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Résumé

La théorie des processus de branchement multi-type en environnement i.i.d. est consi-
dérablement moins développée que dans le cas univarié, et les questions fondamentales
ne sont pas résolues en totalité a ce jour. Les réponses exigent une compréhension pro-
fonde du comportement des produits des matrices i.i.d. a coefficients positifs.

Sous des hypotheses assez générales et lorsque les fonctions génératrices de probabi-
lité des lois de reproduction sont “linéaire fractionnaires”, nous montrons que la proba-
bilité de survie a 'instant n du processus de branchement multi-type en environnement

£ . s 1
— — 00,
aléatoire est proportionnelle a o lorsque n

La démonstration de ce résultat suit I’approche développée pour étudier les processus
de branchement uni-variés en environnement aléatoire i. i. d. Il utilise de fagon cruciale
des résultats récents portant sur les fluctuations des normes de produits de matrices
aléatoires i.i.d.

Mots clés: Multi-type branching process, Survival probability, Random environment,
Critical case, Exit time, Markov chains, Product of random matrices.
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Abstract

The theory of multi-type branching process in i.i.d. environment is considerably less
developed than for the univariate case, and fundamental questions are up to date un-
solved. Answers demand a deep understanding of the behaviour of products of i.i.d.
matrices with non-negative entries.

Under mild assumptions, when the probability generating functions of the reproduc-
tion laws are fractional-linear, the survival probability of the multi-type branching process
in random environment up to time 7 is proportional to % asn — oo.

Techniques for univariate branching processes in random environment and methods
from the theory of products of i.i.d. random matrices are required.

Keywords: Multi-type branching process, Survival probability, Random environment,
Critical case, Exit time, Markov chains, Product of random matrices.
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Introduction

A search of any Mathematical library may reveal a number of volumes devoted to
branching processes. Let us mention two books among the most fundamental ones where
we found many informations : the ones by T. E. Harris [Harris, 1963] and K. B. Athreya &
P. E. Ney [Athreya et Ney, 1972]. Not long after, P. Jagers [Jagers, 2005] introduced general
branching processes in a more systematic way.

Branching processes are stochastic processes describing the dynamics of a popula-
tion of individuals which reproduce and die independently, according to some specific
probability distributions. They have numerous applications in population biology and
phylogenetics. There are many types of branching processes : discrete time, continuous
time, single-type or multi-type (with finitely or infinitely many types), individual repro-
duction rules may depend on the actual size of the population (population size-dependent
branching process), immigration at any generation may disturb the evolution of the size
of the population, etc. The method employed in branching processes allow questions
about extinction and survival in ecology and evolutionary biology to be addressed.

The study of branching processes began in the 1840’s with Irénée-Jules Bienaymé
and was advanced in the 1870’s with the work of Reverend Henry William Watson and
Francis Galton. The simplest and most frequently applied branching process is named
after Galton and Watson (or GW-process for short), itis a fundamental example of discrete-
time Markov chain.

Informally, we may describe that a population of individuals evolves in discrete time
as follows. A Galton-Watson branching process starts with one initial ancestor, sometimes
itis possible to have a random number of initial ancestors, in which case it will be explicitly
stated. This single ancestor produces a certain number of offspring according to a given
probability distribution. All the individuals of the population are assumed to be of the
same type and only live for a single unit time period; but at the end of their life-length,
each of them produces a random number (possible 0) of offspring. The number of children
born by an individual does not depend on how many other individuals are present.
The number of offspring for distinct individuals are mutually independent, and also
independent of the offspring of other individuals from earlier generation. Furthermore,
they are identically distributed, with common distribution. And the system regenerates.

The following figure allows us to visuallize a Galton-Watson process in the image of
a tree, in which case it starts with one founding ancestor and has two children of the first

generation, two children of the second generation, four children of the third generation
and so on.
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Ficure 1 — Galton-Watson tree.

The expression “single” type refers to the fact that all individuals are of single type
such as the same gender, same cell type, or same geotype or phenotype while in the multi-
type process, each parent may have offspring of different types. For instance in genetics,
genes can be classified as wild or mutant types and mutation change a wild type into a
mutant type.

More rigorously, let us introduce a probability space (€, §,P) and, for any n > 0,
denote by Z,, the random number of individuals in the nth generation of this population;
the numbers Z,, are random variables defined on (Q, &, IP) and may present the population
size of animals, plants, cells, or genes at time n or generation n. At each generation n,
each individual i € {1, ..., Z,} has N} children, where (Nl.”,i >1,n> O) are i.i.d. random
variables with distribution u = (u(k))k>0. The number of individuals at generation n + 1 is
therefore :

Zns1 =Ny +N; +..+ N7,

with the convention if Z,, = 0 then Z,,.1 = 0. Since this is a sum of i.i.d. random variables,
its distribution depends only on the value of Z,, and neither on past values nor on time r;
in other words, the sequence (Z,),>0 is a time-homogeneous Markov chain on the set of
natural numbers IN. Having defined the process, we want to know the probability that the
random sequence Zy, Z1,Z», .. eventually goes to zero. In order to answer this question,
we take into account the recursive structure of the process which makes it amenable
to generating function method. Under some assumptions of the offspring distribution
u, we find some important information about the process, for instance the extinction
probability, when Z,, = 0 for some n > 1, or the asymptotic behavior of the process when
n tends to infinity. Moreover, according to the mean number m of offspring, the process is
dinstinguished into three classes : super-critical (m > 1), critical (m = 1) and sub-critical

20
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(m < 1). It is known that for subcritical and critical case, omitting the trivial cases, the
population has probability 1 to get extinction while the supercritical process has some
positive probability to explode.

In the multi-type case, when the population contains many different type of particles,
the process becomes a vector Markov process and the mean number of offspring changes
into matrix form M. In this case, the criteria to distinguish three classes depends on the
value of the Perron root p(M) of the mean matrix M : sub-critical (p(M) < 1), critical
(p(M) = 1) and super-critical (p(M) > 1).

Furthermore, it is natural that the offspring distribution y does not stay the same
over generation but varies with time, in a deterministic way which is fixed once and
for all; several contributions do exist in this direction, in single-type or multi-type cases,
let us mention for instance [Church, 1971], [Kersting, 2017] and references therein. It is
also natural to consider that these distributions have some random fluctuations, then
to replace the distribution u by a sequence of random distributions (u,),>0. We arrive
in a new scheme of a Branching Process in Random Environment (BPRE). The simplest
case in the one when the (u,,),>0 are assumed to be i.i.d. random probability measures.
Others situations may be explored, for instance Markovian random environment; we
refer to [Athreya et Karlin, 1971a] and [Athreya et Karlin, 1971b] for general results in
these directions.

The case of single-type in random environment is the object of several works over the
last 40 years. There are three cases of extinction, the speed of convergence to extinction
is smaller with the appearance of some new phenomenons (for instance the sub-critical
case is decomposed into three sub-cases).

The goal of this thesis is to find the asymptotic behavior of the survival probability of
a critical multi-type Galton-Watson branching process in i.i.d. environment. Before going
further to multi-type BPRE, we first pass through single-type BPRE; we present briefly
in Chapter 3 the more important contributions about extinction in this case, under quite
general and natural hypotheses. In fact, the behavior of the single-type BPRE is mainly
determined by the properties of its associated random walk, whose increments are the
logarithm of the mean of (random) offspring distributions. Therefore, further studies on
random walk interact the evolution on studies on BPRE. Several limit theorems studied
over the three classes of BPRE do exist for single-type BPRE [Kozlov, 1977], [Afanasyev
et al., 2005], [Geiger et al., 2003]... It is natural to expect a similar result in multi-type
case. However, it is not so easy since many useful tools known for ordinary random
walks on the real line with i.i.d. increments have no analogues in the case of dependent
increments. More precisely (but not exactly), the associated random walk in multi-type
case is composed by the logarithms of the norms of products of matrices. Therefore,
studies on limit theorems of products of matrices and fluctuations of the logarithm of
their norm are required.

In this thesis, we investigate the asymptotic behavior of the probability of non-
extinction up to time n of critical multi-type BPREs and obtain an optimal result in
the case of linear fractional generating functions. To formulate our main results, we first
introduce some standard notations and definitions.

We fix an integer d > 2 and denote R (resp. IN¥) the set of d-dimensional column
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and row vectors (with the abuse of notation) with real (resp., non-negative integers)
coordinates; for any column vector x = (xi)1<i<q € R?, we denote ¥ the row vector
X = (x1,...,x4). Let 1 (resp. 0) be the column vector of R? whose all coordinates equal

1 (resp., 0). We fix a basis {¢;,1 <i <d} in R? and denote |.| the corresponding L! norm
d

defined by |x] := Z |x;| for any column vector x = (x;)1<i<4. Let C be the cone of vectors in
i=1
RY with non-negative coordinates

C={xeR¥:x;>0foralll<i<d)
and X be the standard simplex defined by
X:={xeC:|x =1}

Let S be the set of d X d matrices with non-negative entries such that each column contains
at least one positive entry; its interior is S* := {g = (g(}, )1<i j<a/g(i j) > 0}. Endowed
with the standard multiplication of matrices, the set S is a semigroup and S* is the ideal
of S, more precisely, for any g € S* and h € S, it is evident that gh € S*.

We consider the following actions :

— the left linear action of S on C defined by (g, x) — gx for any g € Sandx €C,
— the left projective action of S on X defined by (g,x) - g-x := £ forany g € S and
xeX

For any ¢ = (¢(i, )1<i,j<d € S, let

v(g) == 1r£11<rb(2g1 ])> and |g|:= max (Zg(z ]))

then |- |is a norm on S and for any x € C,

IgXI

0 <o(g) Il < Igx| < Igl Ixl.
We set N(g) := max (%g), |g|> ; notice that N(g) > 1 for any g € S.

We consider a sequence of i.i.d. S-valued random matrices (g,),>0 defined on (Q2, ¥, IP)
with the same distribution y on S; let Ly = Id and L, := g,...g1 for any n > 1. The
associated “random walk” on R is defined by Sg :=a and S, = S,(x,a) := a + log |L,x| for
any n > 1, where a € R is fixed. We are interested in 7 := min{n > 1: S, < 0}, the first
time the random process (S,),>1 becomes non-positive.

Furthermore, from Theorem II.1 in [Hennion et Hervé, 2008], under conditions P1-P3
introduced below, there exists a unique probability measure v on X such that for any
bounded Borel function ¢ from X to R,

(L=v)(p) = / / P(g - Xv(dx)u(dg) = / Pp()v(dx) = v(p).

Such ameasure is said to be p-invariant. Moreover, the upper Lyapunov exponent (defined
in section 2.4) associated with y is finite and is expressed by

Y= /S /X p(g, X)v(dx)u(dg),
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INTRODUCTION

where p(g, x) = log|gx| for any (g,x) € S x X.

Let Py, the probability measure on (€, #) conditioned on the event [Xy = x,Sg = a].
We specify the main hypotheses concerning the distribution u of the matrices under which
we obtain the main results of this thesis.

HYPOTHESES
P1. There exists €9 > 0 such that [ N(g)®u(dg) < oo.

P2. (Strong irreducibility). There exist no affine subspaces A of R? such that A N C is
non-empty, bounded and invariant under the action of all elements of the support of .

P3. There exists ng > 1 such that u**(S*) > 0.
P4. The upper Lyapunov exponent y,, of u is equal to 0.
P5. There exists 0 > 0 such that u{g € S : Vx € X, log|gx| > 0} > 0.

Let V be the harmonic function defined in Proposition 1.1, section 1.5. Then, we obtain
the following result.
Theorem 1 Assume P1-P5. Then for any x € Xanda > 0,
2V (x,a)
oV2nn

Py q(T > n) ~ as n — +oo,

1 . . . .
where 6% = liIIl flEx[Sfl] is the variance of the semi-markovian random walk (S,,)n>0. Moreover,
n—+0oo

there exists a constant ¢ such that forany x € X,a > 0andn > 1,
VP, 4(1 > 1) < cV(x,a).

As a direct consequence, we prove that the sequence (US(;E)”ZL conditioned on the

event T > n, converges in distribution to the Rayleigh law as stated below. It is not of
direct interest for our study of critical multi-type BPRE, but it is a natural question once
the estimate of the tail of the distribution of 7 is obtained.

Theorem 2 Assume P1-P5. Foranyx € X,a>0andt >0,

. Su 2
<« =1 -
ngerPx,a<W_t|T>n> 1 exp( 202>'
Using these results, we are able to make some significant progess regarding the main
topic of this thesis.

Respecting the common notation used in multi-type case, we denote by p the number
of types and then the multi-type Galton-Watson process is a temporally homogeneous
vector Markov process (Z,,),>0 whose states are row vectors in IN’. We always assume that
Zp is non-random. For any 1 < i < p, the i-th component Z, (i) of Z, may be interpreted as
the number of objects of type i in the n-th generation.

We consider a measurable function & = f; from IR to the set of multivariate probability
generating functions f: = ( fél))lsisp defined by :

26 =3 ps?,

aeNP
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INTRODUCTION

for any s = (si)1<i<p € [0, 1]7, where
(i) a = (a;)i € NP and s* = 57" ...sg’g;
(if) pg)(a) = pg) (a1,...,ap) is the probability that an object of type 7 in environment &
has a; children of type 1,..., @, children of type p.
Let (&4)n>0 be a sequence of real valued i.i.d. random variables defined on (Q, ¥, IP).

The Galton-Watson process with p types of particles in a random environment (&;,),>0
describes the evolution of a particle population Z; = (Z;(i))1<i<p for n > 0.

We assume thatforanyn >0,i=1,...,pand £ € R, if &, = £ then each of the Z, (i) par-
ticles of type i existing at time n produces offspring in accordance with the p-dimensional

generating function féi)(s) independently of the reproduction of all other particles.

If Zy = &; then Z; has the generating function :

+o00
fig®) = 2 Pyl
a€NP
To simplify notation, we put f, = f¢,. In general, if Z, = (@;)1<i<p, then Z,;;1 is the sum of
a1 +...+a, independent random vectors, where q; particles of type i have the generating
function f,gl) fori=1,...,p. Itis obvious that if Z, = 0, then Z,;1 = 0.

As in the classical one-type case, the asymptotic behavior of the quantity above is
controlled by the mean of the offspring distributions. We assume that the offspring dis-
tributions have finite first and second moments; the generating functions féz), EeR 1<
i < p, are thus C2-functions on [0, 1]? and we introduce

a9
(i) the random mean matrices M, = (M (i, )<ij<p = ( sz( )) taken from the
] ..
L]
vector-valued random generating function f,(s) at s = 1, namely
OfM) )
dsq ds,
M, = :
fo” (1) fo (1)
851 o QSP

These matrices M, belong to the semi-group S of p X p matrices with non-negative
entries. For any 1 < i,j < p, the coefficient M, (i, j) of the mean matrix M, is the
mean number of offspring of type j produced by individual of type i at generation
n.

. . 0
(ii) the random Hessian matrices B,(f) = (B,(ql)(k, D<ki<p = (3:{(;5[ (1)> ,1<i<p,taken
k1

from the real-valued random generating function f,,(li)(s) ats =1.

For any 1 <i < p, the random variables M, and BY arei.i.d. in n. The common law of
the M,, is denoted by u.
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INTRODUCTION

Recall that L, = M,_1...Mp in this context. By [Furstenberg et Kesten, 1960], if

1
E(max(0,log|Mpl|)) < +oo, then the sequence (n log ILn|> converges [P-almost surely to

nx>1

- .1 . .
some constant limit y,, := hrJ]rn ;lE[log |L,|]. Furthermore, if there exists a constant B > 0
n—+0oo

1 .
such that B < Mu(i,j) £Band 0 < BY(k,1) < B P-almost surely for any 1 < i,7,k, 1 < p,
then the process is positively regular and not singular (see Section 2.2 for the definitions

of these notions); hence, by [Kaplan, 1974], the process (Z,),>0 becomes extinct IP-almost
surely if and only if y, < 0. These conditions seem to be a bit too strong, see (0.0.1) below.

In the present work, we focus our attention on the so-called critical case, thatis y, = 0,
and specify the speed of extinction of the Galton-Watson process. Then we introduce some
proper subset of the interior S™ of the semi-group S which is of interest in the sequel : for
any constant B > 1, let S*(B) denote the set of p X p matrices g = (g(i, j))1<i j<p With positive
coefficients such that forany 1 <7, j,k,[ <p,

1 _gGj)
5 < o) < B. (0.0.1)

~

Additionally, we consider “linear-fractional multi-dimensional generating functions”
f = fym of the form :

1
f(S) = f)/,M(S) =1- mM(l - S), (002)

for any s € [0,1]7, where 7 = (y,...,y) € R? with y > 0 and M € S*. For such a function
f = fym, wesety = y(f) and M = M(f) and notice that M(f) equals the mean matrix

o0 )
( 7 D 1<ij<p’

With the functions f, being linear-fractional generating functions, we specify hypo-
theses concerning the distribution u of the mean matrices M,, = M(f,),n > 1 and the
random variables y(f,),n > 0.

H1. There exists €9 > 0 such that [ N()®u(dg) < co.

H2. (Strong irreducibility). There exists no affine subspaces A of R such that A N C is
non-empty, bounded and invariant under the action of all elements of the support of .

H3. There exists B > 1 such that u(S*(B)) = 1.
H4. The upper Lyapunov exponent 'y, of u is equal to 0.
HS5. There exists 0 > 0 such that u(Es) > 0, where

Es:={geS"|VxeX, logligl > o).

1
He6. There exists B" > 1 such that B <Y(fu) <B" P—as.foranyn > 1.
We recall the result when p = 1.

Theorem 3 [Geiger et Kersting, 2000](Critical case)
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Suppose that Elog f;(1) = 0,

f/l(l)
fry?

0 <E(log f/(1)? < +00 and ( (1+1og, f’(l))) < +oo.

Then, for some 0 < f < +09,

lP(Zn>0)~£ as n — +oo.

\n

Here comes the main results of this thesis.

Theorem 4 Assume that the random variables f, are linear fractional generating functions and
that hypotheses H1-H6 hold. Then, for any i € {1, ..., p}, there exists a number f; € (0, +o0) such
that
lirP VnP(Z, # 01Z = &) = Bi. (0.0.3)
n—+oo

For general generating functions, we obtain the following weaker result.

Theorem 5 Assume that the random variables f, are C>~functions on [0, 1]P such that
1. there exists A > 0 such that for any i, k,1 € {1,...,p},

2 £ 9
8Sk851 (1) < ATSk(l) P- a.s.

()
2. the distribution p of the matrices M,, = (ags"j (1)) satisfies hypotheses H1-H5.
P

1<i,j<
Then, there exist constants 0 < ¢1 < ca < +o00 such that foranyie(l,...,p}, andn > 1,

C2

\n

Notice that by recent work [Vatutin et Dyakonova, 2017], statement (0.0.3) holds in fact
true even when the f, are not assumed to be linear fractional generating functions. The
authors in [Vatutin et Dyakonova, 2017] apply the proof presented in this thesis, adding
an extension to the multitype case of Geiger & Kersting’s decomposition of the extinction
probability and taking into account the residual term which appears in this expression.

c ~ -
ﬁ <P(Z, #01Zp = &) <

This thesis is organised as follow : Chapter 1 provides the conditioned limit theorems
on products of matrices, which is an important tool to find the asymptotic behavior of ex-
tinction probability in BPRE. We recall general results about fluctuations of 1-dimensional
random walk with i.i.d. increments (section 1.1 and 1.2). Then we present general results
for products of random matrices and and fix the notations (section 1.3 and 1.4). The main
part of Chapter 1 is section 1.5. Chapter 2 concerns in more detail Galton-Watson bran-
ching processes in fixed and in random environment. Section 2.4 is the main part of this
chapter with the article that concerns the topic of this thesis. Chapter 3 gives some si-
mulations of the considered Galton-Watson process and the thesis ends with conclusions
with questions for future research.
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Chapitre 1

Random walks on R and products of
matrices

Many limit theorems which arose for the last 60 years, initiated by [Furstenberg
et Kesten, 1960], [Guivarc’h et Raugi, 1985], [Le Page, 1982]... and recently [Benoist et
Quint, 2016], describe the asymptotic behavior of random walks with i.i.d. increments,
for instance the strong law of large numbers, the central limit theorem, the invariant
principle... Moreover, the fluctuations of these processes are well studied, for example
functional central limit theorems for random walks conditioned on staying positive, or
the decay of the probability that the processes stay inside the half real line up to time n
or . A vast literature exists on this subject, see for instance [Bolthausen, 1976], [Iglehart,
1974b], [Iglehart, 1974a], [Iglehart, 1975] or [Kaigh, 1976] and references therein. The
Wiener-Hopf factorization is usually used in this case and so far, it seems to be impossible
to adapt in non-abelian context.

Recently, much efforts are made to apply the analogue results above for the logarithm
of the norm of the product of i.i.d. random matrices since it behaves similarly to a sum of
ii.d. random variables. Let us mention also the works by [Hennion, 1984] and [Hennion
et Hervé, 2008] for matrices with positive entries. However, the studies on the subject
of fluctuation was quite sparse a few years ago. Thanks to the approach of [Denisov
et Wachtel, 2015] for random walks in Euclidean spaces and motivated by branching
processes, I. Grama, E. Le Page and M. Peigné recently progressed for invertible matrices
( [Grama et al., 2014]). Here we propose to develop the same strategy for matrices with
positive entries by using [Hennion et Hervé, 2008].

In this chapter we tend to find the asymptotic behavior of the random process S, =
log|M,, ...M;x|, where M, are independent and identically distributed (i.i.d.) random
positive matrices and x is a random vector in R**. Notice that the increments S, — S,,_1
of this random process are not i.i.d. which is the main difference from classical random
walks on R.

First, we discuss random walks with i.i.d. increments and second, investigate the
Wiener-Hopf method used to obtain those results and the difficulties arising in the case of
non-i.i.d. increments, in particular for processes (S;).>0 over products of random matrices
as introduced above. Third, we consider the results obtained for products of random
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1.1. RANDOM WALKS WITH LI.D. INCREMENTS

positive matrices. Last but not least, some brief knowledge about Lyapunov’s exponent
is recalled for later use in an article put at the end of the present chapter.

1.1 Random walks with i.i.d. increments

The theory and applications of random walks are omnipresent in the modern proba-
bility literature, and random walks perhaps present the simplest and the most important
examples of stochastic processes. Let (Q, F,P) be a probability space. If we think of
X1,Xp, ... defined on (Q, , IP) as the gains or losses of a gambler on successive plays of a
gambling game, his cumulative gains or losses on the first n plays equal the partial sums

S,:=5+X1+...+X,,

where S is the initial fortune of the gambler. The behavior of the “random walk” (S,,),
describes the evolution of the gambler’s fortune. The simplest non-trivial case is to let
Xj, X2, ... be independent with distribution u and the basic operation that forms the nth
convolution powers are i, u? = p*p, ..., g = p*u 0.

When Sy = 0, one says that the random walk (S;),>0 starts from 0. One of the main
tool to study random walks is the characteristic function of the increments X,,, defined by

((t) == E[exp(itX,)] = /eitxy(dx);

it contains all the information on the distribution . Since the increments are i.i.d., we can
interprete the characteristic function of S, as follows

E[exp(itS,)] = / e (dx) = p(b).

Thanks to this expression, the asymptotic properties of (S,).>0 are closely related to the
local behavior near 0 of the function {I. The basic dichotomy of transience or recurrence
for random walks can be expressed in terms of characteristic functions, which extends to
locally compact abelian groups, like how the Fourrier analysis does to the general setting
of random walks on groups.

The transience-recurrence dichotomy of random walks depends on the existence of
the Green potential,

+00
G(x,dy) ==Y P"(x,dy).
n=0
If the Green potential is a Radon measure, that if G(x, K) = ZZ:(’) P*"(x,K) < 400 for every
x € R and any compact set K C IR, then the according random walk is transient, otherwise
the random walk is recurrent.
furthermore, since random walks are particularly simple and important Markov pro-
cesses, their potential theory is developed accordingly, where the concept of harmonic
function plays a crucial role to illustrate generalized results of classical potential theory.
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1.2. WIENER-HOPF FACTORIZATION METHOD

Formally, a function f is harmonic if it satisfies the equation Pf = f, where P is the
transition operator of the random walk (S;),>0; in other words, for every x € R,

fx) = /R FW)PC,dy) = /R Fx+ Du(dz).

Nevertheless, while the Fourrier and potential theory are classical tools, the coupling
method is more recent : we consider two independent processes on the same probability
space with given distributions, and seek to compare those distributions by comparing
the processes themselves directly. Proving the convergence theorem for Markov chains
and renewal theorems are two of the most successful applications of the coupling method
[Lindvall, 1992].

Much of the core of classical probability theory is concerned with the limit theory of
a sequence of partial sums S,, for example the following classical limit theorems : the
strong law of large numbers, the central limit theorem, the law of iterated logarithm, the
large deviation theorems... Informally, we concern with S, as n — +o0. As the number
of steps increases, the influence of each step decreases. Thus, we may expect a setting
of a stochastic process in continuous time and state-space, which is indeed true. In the
simplest case when the X, have finite variance then the limiting process obtained is a
Brownian motion. The necessary tool to handle the passage to the limit is the theory
of weak convergence of probability measures, see Billingsley [Billingsley, 1968] for an
excellent reference.

It frequently happens that we need to deal with a random walk in which we want
to condition on some event by time 7, that this event may have small probability and
vanishing in the limit. The classical method used to study the rate of convergence of a
random walk on Markov chain is spectral theory. If the transition matrix of the chain
is P, then the nth step transition matris is P". Using Perron-Frobenius theorem, we can
decompose the transition matrix as P = I + R, where IT is the diagonal matrix of the
Perron root 1 and the convergence behavior of P" is determinded by the second greatest
eigenvalue of P. Random walks in random environment is a variant of random walk to
model aspects of natural phenomena.

1.2 Wiener-Hopf factorization method

The idea of taking a function which is defined on a strip in the complex plane and
expressing it as a product of two functions in which each functions is defined in a half-
plane intersecting at this strip and analytic in their interior allows us to use the powerful
tools of complex analysis. It may be traced to the work of Wiener-Hopf [Paley et Wiener,
1987] and is known as the Wiener-Hopf factorization [Feller, 1968].

Let (X,,)s.>1 be a a sequence of real valued ii.d. random variables on (Q, ¥, IP). We
consider the random walk on R defined by So =0and S, := X; +...+ X, foreveryn > 1,
where the X arei.i.d. random variables with distribution u. Let C denote the characteristic
function of the Xj.

In order to study the first passage of a random walk to some given set A, it is often
useful to consider the joint distribution of the couple (N, Sy), where N is the hitting time
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1.2. WIENER-HOPF FACTORIZATION METHOD

of the random walk to A. Thus, to get some information about the distribution of this
couple, it is natural to keep in mind the “time” for all the process (S,),>0 and to consider
the process (1, S5,),>0 on IN X R; the characteristic function of this couple is a function
®(s, t) of two variables s and t, defined by @ : (s, t) — Y15 E[s"¢!*%], for every s €] -1, 1]
and t € R. It holds, foreverys €] —1,1[ and t € IR,

(s, t) = ZIE[s”eZtS ]= Zs“ﬁ(t)” = —1C ok (1.2.1)

n=0

In this subsection, we study the first passage of (Sn)n=0 to the subset ]0, +oo[ and its
complement ]| — oo, 0]. Namely, with the convention inf ) = +co, we define

I":=infln >0:5, >0} and I":=inf{n >0:S, <0}.
Set I = I; = 0 and for every k > 1, let [, [ be respectively the (strict) ascending and
descending k''-ladder epoch of the walk (S,,),>0, defined inductively by
fr=infln>15_;:5,>S: } and  [L:=infln>[_;:S5, <5 }.

For k > 0, the random variables [ and I are stopping times with respect to the random
walk (Sn)nZO-

By [Spitzer, 1976], we know that the random walk (S;),>0 may have three main
behavior :.

1. Either S, = +oco TP-a.s.; in this case E(I*) < +oo (in particular P(I* < +c0) = 1)

and P(I~ < +o00) < 1.
2. Either S, —» —oo IP-a.s.; in this case [E(I”) < +o0 and P(I" < +o0) < 1.
3. Or (Sy)nx0 oscillates, namely

liminfS, = —0 [P-a.s. and limsupS, =+co P-as.

n—eo n—>+00
In this case IP(I~ < +00) = P(I* < 4+00) =1 and E(I") = E(I*) = +c0.

For instance, assume that [E(|Xy|) < +o0; cases (1), (2) and (3) correspond respectively to
the conditions [E(X}) > 0, E(X;) < 0 and [E(X) =0

From now on, we assume that (S,),>0 oscillates, that is the stopping times [~ and [*
are finite [P-a.s.; this property holds in particular when the X,, have finite expectation
and are centered. In this case, for k > 0, all the random stopping times [; and I;_ are finite
IP-a.s. By a straightforward argument, one may check that the random variables [ - I_,,
fork > 1, arei.i.d. with the same distribution as I* (similarly the random variables l -l
for k > 1, are i.i.d. with the same distribution as [7). Furthermore, the random sums Sl;
and Sl; are well defined and the random variables Sl,j — Sll-:—ll for k > 1, (resp., the random
variables Sl; - Sl;_l, for k > 1) are also i.i.d. with the same distribution as S+ (resp., S;-).

For every sin [0, 1] and every t € IR, it holds
—_— }

Z]E[Sn ztS - E an itSy +E

an itS, ]
n=I+
'l*—l -

+00
- E an itS, + ]E[Sl+eit51+] ZIE[SkeitSk],

k=0
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1.2. WIENER-HOPF FACTORIZATION METHOD

which implies

I*-1

]E[Z s'e ltSn IE[Z s'e ztSn - E[Sl+eit51+]}_l. (1.2.2)

The random vectors (X1, X», ..., X,;) and (X, X;—1, ..., X1) have the same distribution :
this is the so-called duality property. By using the definition of I* and duality property, we
obtain

It-1
E[) s = ZIE[S” #Sn 1+ > p] (1.2.3)
= ZIE[s”eitS";Sl <0,...,5, <0]
+00 ‘
= Z]E[s”e”s" ;81 < Sp-1,..., 8, <0]
= Z]E neitSu; Jk > 01 = I1]
+00 +00 s
= X:Z:JE[SZI:eZ on=10]
n=0 k=0
= Z]E e, (1.2.4)
Notice that
{1-E[s T = Z(]E etk = Z]E e ] (1.2.5)
{1—E[s" et )1 = Z(]E[s’*eif51+])k - Z E[s%e . (1.2.6)
k=0 k=0

From (1.2.2), (1.2.4) and (1.2.5), we obtain
IE[ZS” ltSn] _ 1 IE[SI eltS,—]} 1{1 IE[SI elt51+]}

Therefore, from (1.2.1), it yields
1-sC(t) = (1 — E[s" " )1 - E[s" 5+ )), (1.2.7)

in which the right side contains two characteristic functions of measures which are sup-
ported on | — oo, 0] and ]0, +oo[, respectively.
We take into account some basic formal calculations which may be useful later :

1 +00 +00 xn
1_x:Zx” and log(l—x):—zg
n=0 n=0
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1.2. WIENER-HOPF FACTORIZATION METHOD

too 4

which implies 1-x = exp(log(1-x)) = exp <— Z %) . Therefore, we may also decompose

n=1

formally 1 — sC(t) as

+00

1-sC(t) = exp ( - Z %E[eiﬂ;n])
n=1

+oo 4, ‘ too 4 ‘
= exp [— > %E[elfsn iSu>01=) %]E[e”s" ;Sn < 0]]

n=1 n=1
+00 Sn ) +00 Sn ‘

= exp |- Z ;]E[e”S”;Sn >0]| exp |- Z ;lE[eltS”;Sn <0]|, (1.2.8)
n=1 n=1

in which the right side contains also two characteristic functions of measures supported
on ] — o0,0] and ]0, +oo[, respectively. Some may call these functions the left and right
Wiener-Hopf factors. Thus, comparing decompositions (1.2.5), (1.2.7) and (1.2.8) yields

+o0 -1 +o00
- - itS st
1-E[s" 5] = {,?_0 E[s’ ek ]} = exp [— E ;E[elts";sn < O]]

n=1

and
+00 s -1 +o0 §h
+ 7 + 1o+ 1
1-— ]E[Sl elt51+] = {kz(; E[Slke I ]} = exp [— z; ;:[E[eltSrl’- Sn > 0]] .
= n=

This is the so-called “Wiener-Hopf factorization” which furnishes a simple beautiful but
also powerful expression of the quantities E[s" ¢ ] and ]E[sﬁe”fsl+ ].
To be continued, notice that by (1.2.3) and (1.2.5) it holds

+00
an]E[eitSn;l+ > n] — {1 _ E[Sl’eitsr]}—ll

n=0

and similarly,

+00
> S"E[e"; 17 > n] = {1 - E[s e ) (1.2.9)

n=0
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We set t = 0in (1.2.9) and obtain

> P >n) = {1-E[ )T
n=0
= exp (Z %]P(Sn > O))
n=1
= exp (ZSZ <]P(Sn >0) — ;)) exp (; SZ)
n=1 n=1
o §" 1 1
= exp (nz:; m (]P(Sn >0)— 2)) exp (—2 log(1 - s))
= ! exp i s <]P(Sn >0) - 1) . (1.2.10)
1-s on 2

With the assumptions [E(X;) = 0 and E(X2) < +oo, the central limit theorem for ran-
dom walks on R yields lim;,_, 1. IP(S;; > 0) = % ; consequently % (IP(Sn > 0) — %) = % as
n — +oo. Under a stronger assumption E(X2™) < +oco for some 6 €]0,1[, a straight-
forward generalization of the Berry-Essen’s theorem [Chow et Teicher, 2012] yields
|]P(Sn >0) - %‘ < nb% for some constant C > 0, which implies

+00

1 1
E ‘ (Su > 0)

n=1

< +o00. (1.2.11)

Property (1.2.11) holds in fact under the hypothesis E(X2) < +oo, the proof is quite
technical (see [Spitzer, 1976]).

Now, let us briefly explain how to get the asymptotic behavior of the probability
P(I” > n); indeed, by (1.2.10) and (1.2.11), one may write

isnﬂj(l_ >n) = e (1 + o(s))

=0 V1 -5
+00 1 1
witha := Z . (]P(Sn >0) — 2> and o(s) — 0ass — 1. By a Tauberian theorem for power
n=1
series [Feller, 1968], it follows that % Z,’j:l P~ > k) ~ j;_n as n — +oo; using the fact that

the sequence (IP(I” > n)),>1 decreases, one concludes
o

Vi

The same approach leads to a more general statement (we refer to [Le Page et Peigné,

1997] for the details). For every a > 0, let 7, be the first entrance time in | — oo, —a] of the
random walk (5,,):>0 starting from O :

P >n) ~

as n — +oo.

T, :=inf{n >0: S, < —a}.
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1.3. PRODUCT OF RANDOM MATRICES

For a = 0 it holds 7, = I". One may prove that there exists a positive constant ¢, such that

c
P(t, >n) ~ —= as n— +oo.

\n

The constant ¢, may be expressed in terms of the renewal function of the increasing ladder
random walk (S;+),>0 and its behavior at infinity is controlled as follows : there exists a
positive constant ¢ such that ¢, ~ ca as a4 — +oo. Furthermore, the function a - ¢, is
harmonic for S, killed at leaving ]0, +ool.

It is worth mentioning that Wiener-Hopf method is powerful as one does not need to
impose any moment conditions on the random walk; indeed, other estimates as above
exist for random walks belonging to the domain of attraction of any stable distribution.
Nevertheless, it is based on the fact that (IR, +) is abelian and that its bounded characters
are the functions x +— ¢ for t € R. The fact that the increments are independent and
identically distributed is crucial in order to use the characters of the group as test functions ;
the decompositions (1.2.7) and (1.2.8) and the pairwise identification of the factors are
based on this key point.

In the following sections, we obtain a similar result for the process (log |M,, - - - M1x])n>1
where M,, are i.i.d. d X d random matrices with non-negative entries and x is an arbitrary
vector in (R**)4. By classical cocycle properties introduced to study products of random
matrices, the random variable log |M,, - - - M1 x| may be decomposed into the sum of real va-
lued random variables Y} ; unfortunately, the “increments” My of the product of matrices
M --- M, are ii.d. but this property fails for the increments Y}. Let us emphasize that the
process (log|M,, - - - M1x|)n>1 is not a Markov chain on R. Nevertheless, the matrices M
act projectively on some compact space X (see the next paragraph); this action yields to
some Markov chain (X,).>0 on X, starting from x. The key point of this construction is
to notice that the process (X, log |[M,, - - - M1x]),>0 becomes a Markov chain on X X R and
that the distribution of the increment Y} = log|My - -- Mix| — log |[Mj_; - - - M x| depends
only on Xj_;. The process (X,,log|M,, - - - M1x|)u>0 is called a semi-markovian random walk
on X X R; for short, one often say that (log |M,, - - - M1x]),>0 is a Markov walk on R.

This explains why we have to use a different approach from the Wiener-Hopf factori-
zation to study the fluctuations of the process (log|M,, - - - M1x|),>0. Recently in [Denisov
et Wachtel, 2015], D. Denisov and V. Wachtel developed a new strategy to get such results
for the first exit time of cones in the context of random walks on the Euclidean space
RY,d > 2; it is based on the weak invariance principle for random walks, with a control
of the rate of convergence. Grama, E. Le Page and M. Peigné adapted their approach to
sums of dependent real valued random variables and applied it to a wide class of Markov
walks on R, including the processes (log|M,, - - - M1x|),>1 mentioned above.

1.3 Product of random matrices
Product of random matrices is the object of many investigations and many limit

theorems exist in this context : for instance, the law of large numbers, the central limit
theorem, the large deviations principle (see [Bougerol et Lacroix, 1985] and references
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1.3. PRODUCT OF RANDOM MATRICES

therein). Unfortunately, since there is not any type of Wiener-Hopf factorization which is
available in the theory of fluctuations of products of random matrices, it remains to be
studied. In 2015, Denisov-Wachtel presented a new approach to studies of random walks
in Euclidean spaces and their fluctuations with respect to some cones. This approach is
totally different from the others before and based on weak functional limit theorems for
random walks, with a control of the rate of convergence.

In the following subsections, we introduce some notations used in the article presented
in this chapter and present some elements of proofs.

1.3.1 On the semi-group of matrices with non-negative entries

We fix an integer d > 2 and denote IR? the set of d-dimensional column vectors with
real coordinates; for every column vector x = (x;)1<i<s € R?, we denote % the row vector
X :=(x1,...,x4). Let 1 (resp. 0) be the column vector of R? whose all coordinates equal 1
(resp. 0). We fix a basis {e;, 1 < i < d}in R? and denote | - | the corresponding L'-norm and
(, ) the usual scalar product on R,

Let S be the general linear semi -group of d X d matrices with non-negative coefficients
such that each column contains at least one positive element; we denote S* the interior
of S, that is the set of matrices with all strictly positive coefficients. Let us endow S with
the L!-norm : for every matrix M in S, where M = (M(i, f)); j» then the norm of matrix M
is defined as follows

d
M) := max ;M(l, -

For any M, N € S, it holds |[MN| < |[M] |N|. Set C := R*) and X:={x e C: |x| = 1}.

Matrices in S act linearly on the cone C, this property is crucial in the sequel; they also
act on X as follows :

VM e S5 VxeX M-x::LMx.
|Mx|
We mention [Hennion, 1997] for further information about a distance denoted by d that
we endow X with. This distance d is a variant of the Hilbert metric, bounded on X and
every element g in S acts on (X, d) as a contraction. We summarise its construction and its
major properties as follows. For every x, y in X, we write :

m(x,y) = sup{A e R*|Vie(l,...,d}, Ay < xi)
= min{;IVi =1,...,d such that y; > 0}

It follows that 0 < m (x, y) < 1 and we define
d(xy) =¢[mxy)m ()],

1-—
where ¢ is the one-to-one function on [0, 1] defined by ¢ (s) := -=

1+s
For M € S, let c (M) := sup {d (M-x,M-y),x,yEX}.
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Proposition 1.3.1 [Hennion, 1997] The function d is a distance on X which satisfies the
following properties.

1. supld(x,y) | x, ye X} =1.
2. For every M = (M(i, j))i,; € S,

_ IM(, j)M(k, I) — M(, )Mk, j)I
M) = IaX MG, )Mk, D) + MG, DM, )
In particular c(M) < 1 for every M € S*(B).
3. dM-x,M-y) < c(M)d(x,y) < c(M) for every x, y € Xand M € S.
4. ¢(MN) < c(M)c(N) for every M, N € S.

1.3.2 On some sub-semigroup of S* and its contraction properties

We consider some proper subset of S* which is of interest in the sequel : for every
constant B > 1, let $7(B) denote the set of d X d matrices M = (M(i, f))1<; j<a With positive
coefficients such that forany 1 <17, j,k, 1 <d,

1 < M(, j) <B.
B = Mk,

By Proposition 1.3.1, there exists kg € [0, 1] such that ¢(M) < «xp for every M € S*(B).

Indeed, we consider the function D : (x, y,z,t) — Iig;i: on the compact set [%, BJ*. Since D

is continuous on the given compact set, D attains its maximum here, that is the constant
xy —zt
Kp:=  max Iy | belongs to [0, 1] and depends on B.
(yzbeld Bl Xy + zt|
Denote by Ts+(p) the semigroup generated by the elements in S*(B). The following
lemma is the key argument to control the asymptotic behavior of the norm of products of

matrices in S*(B).

Notation. Let ¢ > 0 and ¢, ¢ be two functions of some variable x; we shall write ¢ < Y (or
simply ¢ < 1) when ¢(x) < cy(x) for any value of x. The notation ¢ = Y (or simply ¢ < )
means ¢ < Y < ¢.

Since [M| < |[M|" < d|M] for any matrix M in S, where |M|" := Z?,j:l M(i, ), then without
loss of generality, we locally use the norm | - |" in Lemma 1.3.2 and the same notation | - |
for the new norm.

Lemma 1.3.2 There exists c > 1 which depends on B such that for every M,N € Ts+p) and
x, yeX,

1. |Mx| = M| and | §M]| = |M],

2. [jMx| = M|,

3. [MN| = |[M]||NI.
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1.3. PRODUCT OF RANDOM MATRICES

We begin with the proof of Furstengberg-Kesten [Furstenberg et Kesten, 1960] and
then present an alternate proof which is based on spectral theory of matrices and contains
ideas from geometric arguments; this new proof may be used in work in progress on
stochastic dynamical systems generated by affine maps in R?.

The proof of Furstengberg-Kesten is based on the following simple result.

Lemma 1.3.3 For every n > 1, any matrices My, ..., M, in S*(B), letting L,, :== M, ... My, it

holds : . L)
C L L] 2
Vi, jki1=1,...,d B2 Lk S < B-.

Proof. For n = 1, it is obvious. For n > 2, setting L,,_1» = Mj,_1 ... M (with the convention
L1,2 = I), it holds

LG, j) _ 2rsmt Ma(i,)Lu-12(r,)Ma(s, )
Lu(k, ) — >0emi My(k, r)Ly—12(r, $)Ma(s, ])
> ore=1 Mmax My(i’, j)Ly-1 (7, s) max M1(1 i)

< 1<i’,j’<n
< 7 -
er 1 1<IZI,1},ILHM n(?’ r] )Ln—l,Z(rl s) l;{’t}gan(l /] ")
< B2
Similarly,
" M L M, 7

Lt ) 2=t o, M 209, i, M)y
LoD = iy max Mu@, )lur2(r9) max M(?,j) = B2

O
Proof of Lemma 1.3.2. By Lemma 1.3.3, for every M € Ts+gyand 1 <, j, k,I < d, it holds

MG, ) E Mk,

which yields

M| = ZM(Z ) Mk 1. (1.3.1)
i,j=1

Then, further properties can be easily deduced from (1.3.1). Indeed, the assertions we
need are obvious by noticing that for any x, y € X and for any M, M’ € S*(B),

d
. dSBZ
|Mx| = E M@, j)x; < M|,
i,j=1

d

. d2BZ
JMx = Z yiM(@, j)xj =< M|,
i,j=1
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1.3. PRODUCT OF RANDOM MATRICES

d
/ . . 1 4B /
IMM'| = )~ MG, )M’ (j k) "< IMIIM'].
i,jk=1

O
We present an alternative proof of Lemma 1.3.2 which is based on the analysis of
the spectrum of elements of S*(B); we expect that this approach may be useful for a
larger class of matrices. We only get into the details for the assertion [Mx| < |M], the other

assertions are easy consequences.

Before getting into the proof, let us state a useful lemma.

Lemma 1.3.4 Ford > 2, there exists a compact set included in the interior of X, denoted by X,
such that M - x € Xp for every M € Ts+g)y and x € X.

Proof. Step 1 : Assume that the matrix M belongs to S*(B), where M = (M(i, /)1, j<4- For
everyi,j=1,...,d,
MG, ) 1

<M . 6]’, ei> = d )
> k=1 M(k, j) Zk 1 I]\\/I/I((z ]])

d
Thus M -e¢; € [i‘ L} . Fix eg > 0 such that

which implies that (M - ej, ey € [ B’ 141

1
B’ 1+ }
[d%; p%l} C [ep;1 — el and set Xg := XN [eB;l —eg]?;itholds M - x € X5 for every x € X
and M € S*(B).

Step 2 : If M € Ts+p), then there exists some k > 1 such that M = M; ... M; with
My, ..., My € S7(B). For k = 1, the vector M - x belongs to Xg by Step 1. For k > 1,
the Vector M, ... My - x belongs to X which yields M- x = M; - (Ma... M - x) € Xp.
O

Remark. First, we recall general results on spectral theory of matrices. Let M € Ts+ ),
then its characteristic polynomial is Py1(A), expressed by

Pup(A) = det(M — AI) = (A = A)* ... (A — A,)%,

where Ay, ..., A, are eigenvalues of M with respective algebraic multiplicities ay, ..., a.
For 1 < j < m, we denote by H,, the real part of the characteristic space of A; :

Hjy.

]

Re (Ker(M iyl jl)“f)
- {x eRY| Ay e RY, x + iy € Ker(M — )\jl)"‘f}
= {v+z7 | ve Ker(M—)\jI)“f} .
It is noticable that H,; are M-invariant subspaces of RY. By Cayley-Hamilton’s theorem,

it holds that C¥ = 69’171:1 Ker(M — A;I)*, which implies

R'=@&H
—_ ! A].
=1
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1.3. PRODUCT OF RANDOM MATRICES

Since M has positive entries, by Perron-Frobenius’ theorem, its spectral radius is the simple
real dominant eigenvalue, denoted by Ay;. Without loosing generality, we suppose that
Am = Aq, then a; = 1. Corresponding with Ay is the eigenvector uy in X. Since Ay is
dominant, all the other eigenvalues A; have modulus stricly less than Ay, for 2 < k < m.

SetHy := 69;-”:2 H A and notice that Hy; € C°U{0}. Indeed, if there exists some u € C such
that u € Hy and |u| = 1, then d(M" - u, M" - up) = c(M™)d(u, upm) < %, so that M" - u — up
as n — +oo. This contradicts the fact that u € Hy and Hy is an M-invariant subspace of
RY.

Therefore, by the inclusion Hy; € C° U {0}, there exists a positive constant 6p (Which
only depends on B) such that |cos(#,0)| = [(u,v)| < 1 — 6p for every u € Hy and v € Xp
such that |u| = 1.

Alternative proof of Lemma 1.3.2. Recall that Xz is defined in Lemma 1.3.4. We begin
to prove a part of the first assertion of Lemma 1.3.2, that there exists a positive constant

C
Cp such that |Mx] = IM| for every M € Ts+p) and x € X.

Let us fix x € X. The inequality |[Mx| < |M] is obvious; let us prove the converse
inequality, up to a multiplicative constant. If M € 5*(B), the conclusion follows from the
definition of S*(B) (IMx| > ;|M]). Assume that M = M; ... My, where My, ..., My € S*(B)

fork > 2;set My x_y = M; ... My_1, then M = M; y_1 My, which yields [Mx] = ‘Mllk_llﬁ—:j‘d x
|Mjx| with ﬁ’;il € Xp by Lemma 1.3.4. The conclusion follows if we can prove that
VN € Ts+), Yy € X3 INy| > ClBINI. (1.3.2)
Indeed, the assertion follows by taking into account that (1.3.2) implies
My = ]Ml,k_llM:fd X M
> ClB|M1,k—1| X élel
> M

where the last inequality follows from the fact that |[AB| > |A||B| for two matrices A and B.

It remains to prove inequality (1.3.2); we fix N € T+ and y € Xp. With the convention
1=(1,...,1), for A € R, notice that (A1 + C°) N Xp # 0 if and only if there exists a positive
constant ep that depends on B such that eg < A <1 - €. The vector y can be decomposed
asy = Al +y’,whereeg <A <1-epand y’ € Hy C C°U{0}; consequently Ny = AN1+Ny’
with Ny’ € Hy € C°U{0}. The L2-norm of the vector Ny satisfies the following inequalities :

INyIlE = AZINTI3 + INY'I + 2A¢N1, Ny)
AZINIG + INY/I5 + 24 cos(NT, Ny )INTILIINY Il

> A2IN1IB + INY'IB - 21211 - 6 INLILINY Il

2
= 22(1- (=002 INUIB + (AL - om)INL ~ INY/ )
> € (1 (- 53)2)||N1||§.
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1.4. LYAPUNOV EXPONENT FOR PRODUCT OF MATRICES IN S*

Hence, for every x € C, the double inequality [|x]> < |x| < Vd||x|l, and the fact that
|M| = |M1] yield

1-(1-06p)?

3 INI,

INyl > [INyll > eg /1 — (1 — 65)?IN1ll2 > €

which is the inequality (1.3.2) with Cz! := €5/ %.

1.4 Lyapunov exponent for product of matrices in S*

In this section, we give the definition of the upper Lyapunov exponent y which gives
the exponential rate of growth of the norm of products of i.i.d. matrices. We only speak
of Lyapunov’s exponent for positive matrices. For the case of invertible matrices, readers
can find in [Bougerol et Lacroix, 1985].

Let L, denote the left product L, := M, ... M;, where My, M,,... are ii.d. random
matrices in ST with common distribution u, defined on the probability space (Q, ¥, P).
It is well known that |L,| < [M,]...|M;l|. If E(log® |[M;]) < +co then log™ |L,| is integrable.
Furthermore for any n,p > 1,

E[log* ILnip]l = E[log|Myip...My41...Mi]]
E[log IMy+p...Mp+1| + log [M},...M]]
E[log |Ly|] + E[log |Ly|].

IA

Therefore, the sequence (E[log |L,|];>1)n>1 is sub-additive and
LElog ILull — 7y = inf —Ellog Ly]
p LOB V= 0 o8
asn — +oo with y, € RU {—co}.
Definition 1.4.1 If E[log" |[M;|] < 400, then the upper Lyapunov exponent associated with u

is the element 7y, of R U {—oo} defined by y,, = lirP %IE[log |Lul].

The convergence of the quantity %]E[log IL4|] towards y, may be strengthened as follows.

Theorem 1.4.2 [Bougerol et Lacroix, 1985] [Benoist et Quint, 2016] If E[log™ |M;]] < +co,
then

.1 _
nli)rfm " log|Ly| =y, P-as.

The upper Lyapunov exponent of u has an explicit expression, under stronger as-
sumptions on the semi-group generated by the support of u (namely, conditions P1-P3
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1.5. CONDITIONED LIMIT THEOREMS FOR PRODUCTS OF POSITIVE RANDOM
MATRICES

introduced below); from Theorem II.1 in [Hennion et Hervé, 2008], under these condi-
tions, there exists a unique probability measure v on X such that for every bounded Borel
functionp : X - R,

(u*v)(p) = /S /X P(g - X)v(dx)u(dg) = /x Pl)v(dx) = v(@).
Such a measure is said to be y-invariant. The Lyapunov exponent y, is expressed by
7= [ | ptgomdnug),
s Jx
where p(g, x) = log|gx| for any (g, x) € S x X.
1.5 Conditioned limit theorems for products of positive random
matrices

This section presents the article published in 2018 in the journal “Latin American
Journal of Probability and Mathematical Statistics". For the sake of unification, we change
the notation S in the following article into S*.
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Conditioned limit theorems for products of positive
random matrices

Thi Da Cam Pham

Institut Denis-Poisson, Université de Tours, Université d’Orléans, CNRS, Tours, France.
Parc de Grandmont,
37 200 Tours, France.

E-mail address: Thi-Da-Cam.Pham@lmpt.univ-tours.fr

Abstract. Inspired by a recent paper of I. Grama, E. Le Page and M. Peigné, we
consider a sequence (g, )n>1 of 1.i.d. random dx d-matrices with non-negative entries
and study the fluctuations of the process (log |gy, - - - g12|)n>1 for any non-zero vector
z in R? with non-negative coordinates. Our method involves approximating this
process by a martingale and studying harmonic functions for its restriction to the
upper half line. Under certain conditions, the probability for this process to stay
in the upper half real line up to time n decreases as ﬁ for some positive constant
c.

1. Introduction

Many limit theorems describe the asymptotic behaviour of random walks
with i.i.d. increments, for instance the strong law of large numbers, the central
limit theorem, the invariant principle... Besides, the fluctuations of these processes
are well studied, for example the decay of the probability that they stay inside
the half real line up to time n or functional central limit theorems for random
walks conditioned to stay positive. A vast literature exists on this subject, see
for instance Bolthausen (1976), Iglehart (1974a), Iglehart (1974b), Iglehart (1975),
Kaigh (1976) or Shimura (1983), and references therein. The Wiener-Hopf factor-
ization is usually used in this case and so far, it seems to be impossible to adapt in
non-abelian context. Recently, much efforts are made to apply the results above for
the logarithm of the norm of the product of i.i.d. random matrices since it behaves
similarly to a sum of i.i.d. random variables. Many limit theorems arose for the last
60 years, initiated by Furstenberg and Kesten (1960), Guivarc’h and Raugi (1985),
Le Page (1982)... and recently Benoist and Quint (2016). Let us mention also the
works by Hennion (1984) and Hennion and Hervé (2008) for matrices with positive
entries. However, the studies on the subject of fluctuation was quite sparse a few
years ago. Thanks to the approach of Denisov and Wachtel (2015) for random walks
in Euclidean spaces and motivated by branching processes, I. Grama, E. Le Page

2000 Mathematics Subject Classification. 60J80, 60F17, 60K37.

Key words and phrases. Exit time, Markov chains, Product of random matrices.
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68 Thi Da Cam Pham

and M. Peigné recently progressed for invertible matrices (Grama et al. (2014)).
Here we propose to develop the same strategy for matrices with positive entries by
using Hennion and Hervé (2008).

d

We endow R? with the norm | - | defined by |z| := Z |z;| for any column vector
i=1
x = (2;)1<i<d- Let C be the cone of vectors in R? with non-negative coordinates
C:={zxecR?:Vl<i<duxz >0}
and X be the standard simplex defined by
X:={zeC,|z| =1}.
Let S be the set of d x d matrices with non-negative entries such that each column
contains at least one positive entry; its interior is ST := {g = (9(i, j))1<i,j<a/9(i, J) >
0}. Endowed with the standard multiplication of matrices, the set S is a semigroup
and ST is the ideal of S, more precisely, for any g € St and h € 9, it is evident
that gh € ST.
We consider the following actions:

e the left linear action of S on C defined by (g,z) — gz for any g € S and
rzeC,
e the left projective action of S on X defined by (g,z) — g-x := I%I for any

g€ SandxeX.
For any g = (9(4,7))1<i,j<d € S, without confusion, let

d d
v(g) = 1rgnjigd(;g(i,:i)) and |[g] :== gfgd(;g(z}j)),

then | - | is a norm on S and for any = € C,
0 <w(g) |2 < lgz| < lg| |zl. (1.1)

We set N(g) := max (ﬁ, |g|); notice that N(g) > 1 for any g € S.

On some probability space (Q,F,P), we consider a sequence of i.i.d. S-valued
matrices (gp )n>0 with the same distribution pon S. Let Lo = Idand L,, :== gy, ... g1
for any n > 0. For any fixed = € X, we define the X-valued Markov chain (X7%),,>0
by setting X% := L,, - « for any n > 0 (or simply X,, if there is no confusion). We
denote by P the transition probability of (X,)n>0, defined by: for any = € X and
any bounded Borel function ¢ : X — C,

Pol(z) == /S o(g - 2)u(dg) = Elp(Ls - 7).
Hence, for any n > 1,
Pr(z) = Blp(Ly - 7).

We assume that with positive probability, after finitely many steps, the sequence
(Ly)n>1 reaches S7T. In mathematical term, it is equivalent to writing as

P| JLnestT| >0
n>1

On the product space SxX, we define the function p by setting for any (g, z) € SxX,
plg, ) := log |gz|.
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Conditioned limit theorems for products of positive random matrices 69

Notice that gz = e?(9%) g.z; in other terms, the linear action of S on C corresponds
to the couple (g-x, p(g,x)). This function p satisfies the cocycle property p(gh, x) =
p(g,h-x)+ p(h,x) for any g, h € S and = € X and implies the basic decomposition
for any z € X

n
log |Lnx| =Y plgk, Xi_1)-
k=1
For any a € R and n > 1, let Sy := a and S,, = Sp(z,a) :==a+ > 1_; p(gr, Xx—1)-
Then the sequence (X, Sy)n>0 is a Markov chain on X x R with transition prob-

ability P defined by: for any (z,a) € X x R and any bounded Borel function
P:XxR—=C,

By(z,a) = /S g~ z,a+ plg, x))u(dg).

For any (z,a) € X xR, we denote by P, , the probability measure on (2, F) condi-
tioned to the event [Xo = z, Sy = a] and by E, , the corresponding expectation; for
the sake of brevity, by P, we denote P, , when Sy = 0 and by E, the corresponding
expectation. Hence for any n > 1,

P(z,a) = B[Y(Ly - ,a + log | Ln])] = Eg.a[t)(Xn, Sp)]-

Now we consider the restriction Py to X x Rt of P defined by: for any (z,a) €
X x RT and any bounded function ¢ : X x R — C,

f’#ﬂ(%a) = P(wlxXRj)(xva)-

Let us emphasize that ﬁ+ may not be a Markov kernel on X x RT.

Let 7 := min{n > 1 : S, < 0} be the first time the random process (Sp)n>1
becomes non-positive; for any (z,a) € X x RT and any bounded Borel function
P: X xR —=C,

Pip(z,a) = By o[(X1,81);7 > 1] = E[tb(g1 - @, a + p(g1,@));a + plgr, x) > 0.

A positive ﬁ+-harmonic function V is any function from X x R* to R* satisfying
P,V =V. We extend V by setting V(x,a) = 0 for (z,a) € Xx R . In other words,
the function V' is Py-harmonic if and only if for any x € X and a > 0,

V(z,a) =E; o[V(X1,51);7 > 1]. (1.2)

From Theorem II.1 in Hennion and Hervé (2008), under conditions P1-P3 intro-
duced below, there exists a unique probability measure v on X such that for any
bounded Borel function ¢ from X to R,

(u#v)(p) = /S /x (g - 2)(de)u(dg) = /X o(@)v(dz) = v(p).

Such a measure is said to be p-invariant. Moreover, the upper Lyapunov exponent
associated with p is finite and is expressed by

= / / plg,2)v(dx)u(dg). (1.3)

Now we state the needed hypotheses for later work.
HYPOTHESES

P1 There exists &g > 0 such that / N(g)% u(dg) < +oo.
S
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P2 There exists no affine subspaces A of R such that A N C is non-empty and
bounded and invariant under the action of all elements of the support of u.

P3 There exists ng > 1 such that p*™(S1) > 0.

P4 The upper Lyapunov exponent v, is equal to 0.

P5 There exists 6 > 0 such that p{g € S : Va € X,log|gz| > 6} > 0.

Condition P1 requires exponential moments of the quantity log N(g). Condition
P2 roughly speaking requires that the dimension of the smallest closed semigroup
which contains the support of p can not be reduced. Condition P3 is called “Con-
traction property”, it says that there is a positive probability that after a finite
number ng of times, the product of ny matrices has positive coefficients, then those
products are contracting. Condition P4 does not imply that the event [ > n]
occurs with positive probability when n tends to infinity, so P5 ensures this fact.

In this paper, we establish the asymptotic behaviour of P, (7 > n) by studying
a ﬁJr-harmonic function V. More precisely, Proposition 1.1 concerns the existence
of a ]3+—harmonic function and its properties whereas Theorem 1.2 is about the
limit behaviour of the exit time 7.

Proposition 1.1. Assume hypotheses P1-P5.
(1) For any x € X and a > 0, the sequence (E%a[Sn; T > n]) Lo comverges to
n>0

the function V(x,a) := a — By oM, for (M,)n>o is a martingale defined
i Proposition 2.0.

(2) For any x € X the function V(z,-) is increasing on RT.

(3) There exist ¢ >0 and A > 0 such that for any v € X and a > 0,

%\/(a—A) <V(z,a) <c(1+a).

(4) For any x € X, the function V (x,.) satisfies liT
a—r+00
(5) The function V is ?+ -harmonic.

The function V' contains information of the part of the trajectory which stays in
R* as stated in Theorem 1.2.
Theorem 1.2. Assume P1-P5. Then for any x € X and a > 0,
2V (x,a)

Pyo(T >n) ~ — == as n — +o0,
oVv2mn

o1 . . . .
where 0? := lim —E,[S2] is the variance of the semi-markovian random walk
n—-+oo N

(Sn)n>0. Moreover, there exists a constant ¢ such that for any x € X, a > 0 and
n>1,

VNP o(T > n) < cV(z,a).

As a direct consequence, we prove that the sequence (L,Sﬁ)nzh conditioned to
the event 7 > n, converges in distribution to the Rayleigh law as stated below.

Theorem 1.3. Assume P1-P5. For any x € X, a > 0 and t > 0,

, S, t?
nll}r_‘r_looIP’x,a (\/% <t|7T> n) =1—exp (_W> .
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In section 2, we approximate the chain (S,),>0 by a martigale and in section
3, we study the harmonic function V' and state the proof of Proposition 1.1. We
use the coupling argument to prove Theorem 1.2 and Theorem 1.3 in section 4. At
last, in section 5 we check general conditions to apply an invariant principle stated
in Theorem 2.1 in Grama et al. (2014).

Throughout this paper, we denote the absolute constants such as C, ¢, c1,ca, ...
and the constants depending on their indices such as c.,c,,.... Notice that they
are not always the same when used in different formulas. The integer part of a real
constant a is denoted by [a].

2. Approximation of the chain (S,),>0

In this section, we discuss the spectral properties of P and then utilise
them to approximate the chain (Sy),>0. Throughout this section, we assume that
conditions P1-P4 hold true.

2.1. Spectral properties of the operators P and its Fourier transform.
Following Hennion (1997), we endow X with a bounded distance d such that g acts
on X as a contraction with respect to d for any g € S. For any x,y € X, we write:

— i Tiy,
m(z,y) = @?d{yi lyi > 0}

and it is clear that 0 < m (z,y) < 1. Forany z,y € X, let d (z,y) := ¢ (m (z,y) m (y,x)),

where ¢ is the one-to-one function defined for any s € [0,1] by ¢ (s) := 1—;8 Set-
s
ting ¢(g) := sup{d (9,9 -y),z,y € X} for g € S; the proposition below gives

some more properties of d and ¢(g).

Proposition 2.1. Hennion (1997) The quantity d is a distance on X satisfying the
following properties:
(1) sup{d(z,y) : xz,y € X} = 1.
) o —y| < 2d(x,y) for any x,y € X.
) c¢(g) <1 for any g € S, and c(g) < 1 if and only if g € ST.
(4) d(g-z,9-y) <clg)d(z,y) <clg) for any and z,y € X.
(5) c(gh) <c(g)c(h) for any g,h € S.

From now on, we consider a sequence (gn )n>0 of i.i.d. S-valued random variables,
we set ay := p(gk, Xk—1) for kK > 1 and hence S, = a+ > ;_,a; for n > 1. In
order to study the asymptotic behavior of the process (Sy)n>0, we need to consider
the “Fourier transform” of the random variables ay, under P,z € X, similarly for
classical random walks with independent increments on R. Let P; be the family of
“Fourier operators” defined for any ¢t € R, z € X and any bounded Borel function
v: X —=C by

Pro(@) = [ 0% plg - 2)u(dg) = B, [e"0o(X0)] (21)
and for any n > 1,

P'p(x) = E[e" 181l o(L, - )] = Eq e o(X)]. (2.2)
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Moreover, we can imply that

PUPlg(a) = E|etolonesnn@nnlor,, )]

= B [etemntrtenn) o (X, )| (23)
and when ¢ = 1, we obtain
E, [eitS”] = Pl(x) and E, [eit(‘“"’“+”'+“m+”)} = P"Pl'1(x).

We consider the space C(X) of continuous functions from X to C endowed with
the norm of uniform convergence |.|o. Let L be the subset of Lipschitz functions
on X defined by

L:={p € CX):lplL = [plo +m(p) < +o0},

where m(p) = SUp.,yex %. The spaces (C(X),]| - |oo) and (L,| - |r) are
wpy A

Banach spaces and the canonical injection from L into C'(X) is compact. The norm
of a bounded operation A from L to L is denoted by |A|r 1 := sup ¢y, [Ap[r. We
denote L’ the topological dual of L endowed with the norm |- |1 corresponding to
| - |1; notice that any probability measure v on X belongs to L'.

For further uses, we state here some helpful estimations.

Lemma 2.2. For g € S, z,y,z € X such that d(z,y) < 1,

lp(g,2)| < 2log N(g), (24)
and for any t € R,

jettr(en) — (62| < (4min2lt|log N(g), 1} +2C1t])d(y, =), (2.5)
where C' = sup{Zlog -1~ : 0 < u < 3} < +o0.

Proof. For the first assertion, from (1.1), we can imply that |log|gz|| < log N(g).
For the second assertion, we refer to the proof the Theorem III.2 in Hennion and
Hervé (2008).
d
The following Proposition is a combination of several results stated in Hennion
and Hervé (2008); for the sake of completeness, we present below the main steps of
its proof. Denote e(t) := [ min{2|t|log N(g),2}u(dg). Notice that lim;_, e(t) = 0.
Proposition 2.3. Under hypotheses P1, P2, P3 and P4, for any t € R, the
operator Py acts on L and there exists on X a unique P-invariant probability measure
v. Furthermore,

(1) If I : L — L denotes the rank one operator defined by 11(p) = v(p)1 for

any function ¢ € L and R := P — 11, the operator R : L — L satisfies

I[IR = RII =0,
and its spectral radius is less than 1. In other words, there exist constants
C >0 and 0 < k <1 such that |R™| 1, < Cr"™ for anyn > 1.

(2) There exist e >0 and 0 < r. < 1 such that for any t € [—¢, €], there exist a
complex number \; close to 1 with modulus less than or equal to 1, a rank
one operator Il; and an operator Ry on L with spectral radius less than or
equal to r. such that

Pt = )\th + Rt and Hth = Rth =0.
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Moreover, Cp := sup |P}'|r—1 < +00.
—e<t<e
n>0

(3) Foranyp>1,

supsup E;|p(gn+1, Xn)|P < +o0. (2.6)
n>0zeX

Proof. (a) We first check that P, acts on (L, |- |) for any ¢ € R. On one hand,
|Piploo < |@|oo for any ¢ € L. On the other hand, by (2.5) for any z,y € X such
that = # y,

eitr(9,@) _ oitp(g,y)

|Pro(z) — Pro(y)| o) | P E) —elg-y)
e N (R ”*’ a(.y) D“(dg)
< lplattz( + 20100 + | ('*"(i& 2 eld s e y)) u(dg).
< ploo(4e(t) + 2C1E) +m(e),

which implies m(Pyp) < |¢|oo(4e(t) + 2Ct) + m(p) < +00. Therefore Pyp € L.

(b) Let p*™ be the distribution of the random variable L,, and set

*n d(g "L, 9 y) *n
c(pu™) :=sup /7(1# gz, yeXxFy,.
o= [ S
By hypothesis P3 and Proposition 2.1 (3), it holds ¢(-) < 1. Furthermore, c(u*(™m+m) <
e(p*™)e(p*™) for any m,n > 0; in other words, the sequence (c(p*"))p>1 is sub-

multiplicative. Thus, its limit £ := lim (c(p*")) " does exist and is strictly less

n——+oo
than 1.
The existence and unicity of an invariant probability measure v on X is a direct
consequence of this contraction property, this is Theorem II-1 in Hennion and Hervé
(2008).

(¢) Now, let us achieve the proof of assertion (1) of the Proposition. Let IT be the
rank one projection on L defined by Il = v(¢)1 for any ¢ € L. Let R:= P — 1L
By definition, we obtain PII = IIP = IT and II? = II which implies IIR = RII = 0
and R" = P" —1II for any n > 1.

The same argument as in (a), with ¢ = 0 yields

m(P"g) < m(p)e(u™).
Notice that P"(¢ — IIp) belongs to Kerll for any ¢ € L and n > 0 and that
m(p) < |olL < 3m(p) for any ¢ € Kerll. Hence |[P"(¢ — )| < 3c(u™™)|o|L
which yields

|R" |z = |P" =1z = [P"(I = I)|p—1 < 3e(u™™).

Therefore, the spectral radius of R is less than or equal to k given above.

(d) By Hypothesis P1, the function ¢ — P, is analytic near 0. The theory of
perturbations (see Dunford and Schwarz (1958) Chapter VII, section 6) allows to
extend the decomposition P = II+ R to the operator P, when t is close to 0. Indeed,
for € > 0 small enough, there exists r. € [0, 1] such that, for any t € [—¢; €], the
operator P, may be decomposed as P; = M\Il; + Ry, where the spectral radius of
R; is less than or equal to r. and )\; is the unique eigenvalue of P; with modulus
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greater than r.; furthermore, the eigenvalue \; is simple. In order to control P},
we ask A} to be bounded. Notice that by Hypothesis P1, the function ¢ — P; is
analytic near 0. To prove that the sequence (P}"); is bounded in L, it suffices to
check |A;| <1 for any ¢ € [—¢, €.

When ¢(z) = 1(z), equality (2.2) becomes

PMi(z) = E [eiw@mw)} = \MILA(z) + RML(x). (2.7)

By the theory of perturbations, since ¢ — P, is analytic around 0, the same holds
for the map t — A;; thus, its local expansion near 0 is

t2
At = 1+tAg+5Ag[1+o(1)]. (2.8)

Taking the first derivative of (2.7) with respect to ¢, we may write for any n > 0,
. d
E(ip(Ly, z)e b)) = 2 PP (x)
d
= & T + Ri1(@)
= AP NILA () + AP () 4 (RY)'1(x)
Recall that A\g = 1, pl(z) = 1 and |R™|r—1 < Cr?; hence,

iE(p(Ln, x)) = nXj + M1 (x) — [(RY)'1(x)]i=o0,

1
which readily imply A\j =i liar_l —E[p(Ly, )] =iy, = 0.
n—+oo n
Similarly, by taking the second derivative of (2.7), one may write

, a2
—E(p(Ln,z)%e"Fn?)) = oz (ArTlel(2) + Ri'l(2))

=n(n — DAP2(N)2 () + n AP NI () +
+ 20PN 1 (2) 4+ AP 1(2) + (RY) 1 ().
This equality for t = 0 yields
—E(p(Ln, 2)*) = nAg + Mi1(x) + [(R})"1(2)]i=0

1
so that \j = — ll)ril E]E[p(Ln,x)Q] = —o?. Notice that \j = —0? < 0 by Lemma
n [e o]
5.3 in Bougerol and Lacroix (1985).
Therefore, for ¢ close to 0, expression (2.8) becomes

2
Ae=1- %t2(1 +o(1)),

hence || < 1 for ¢ small enough.

(e) In particular, inequality (1.1) implies |p(g,x)| < log N(g) for any = € X.
Therefore, for any p > 1, x € X and n > 1, Hypothesis P1 yields

p! . p!
Eo|p(gns1s Xn)|P < %Ezeéo\p(gm X)) < %EN(Q)(SO < +00.
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2.2. Martingale approzimation of the chain (Sp)n>0-

As announced in the abstract, we approximate the process (S, ),>0 by a martingale
(M,,)n>0- In order to construct the suitable martingale, we introduce the operator
P and then find the solution of the Poisson equation as follows. First, it is neccessary
to introduce some notation and basic properties. Let go = I and X_; := Xy. The
sequence ((gn, Xn—1))n>0 is a Markov chain on S x X, starting from (Id,z) and
with transition operator P defined by: for any (g,z) € S x X and any bounded
measurable function ¢ : S x X — R,

Po(g,z) = /S 0 y)P((9.2).dhdy) = /S o(h, g - 2)u(dh) (2.9)

(in other words, the measure P((g, ), dhdy) on S x X equals 6., (dy)u(dh)).
Notice that by (2.4), under assumption P1, for any g € S and x € X, the function
h s p(h,g-x) is p-integrable, so that Pp(g, x) is well defined.

Lemma 2.4. The function p: © / p(g,2)u(dg) belongs to L and for any g € S,
s
rzeXandn >0,

P plg.x) = P'p(g - w). (2.10)

Proof. (1) For any z € X, definition of p and (2.4) yield

p@) < /S | og gzl (dg) < /5 2log N (g)u(dg) < (o) /5 2N (g)" u(dg) < +o0,

where ¢(dg) is a constant depending on dy. Hence |p|oc < +00. For any z,y € X
such that d(z,y) > 3, we can see that

lp(g,2) — p(g,y)| < |p(g,z) — p(g,v)|2d(z,y) < 8log N(g)d(z,y). (2.11)

For any z,y € X such that d(z,y) < %, applying Lemma III.1 in Hennion and
Hervé (2008), we obtain

1
- <2log——— <2 2.12
[p(g, ) = plg,y)| < 2log - ) S Cd(z,y), (2.12)

where C' is given in Lemma 2.2. For any z,y € X, by (2.11) and (2.12) we obtain

p(x) - ()] < /S 10(9:2) — plg, )] u(dg)
< [ [8logN(g) + 2C)d(a,y)udg).
S
p(z) - p(v)|

Thus m(p) = sup < 400
(p) z,yeX,x#y d(I, y)

(2) From (2.9) and definition of p, it is obvious that

Pp(g,w):[gp(h7g-w)u(dh) =plg- ),
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which yields
Polg.a) = P(Pp)g.x) = / (Pp) (k. 4)P((g. x), dkdy)
SxX
- /S ()P (9. ). dkdy)
— /Sﬁ(k (9-2))u(dk) = Pp(g - ).

By induction, we obtain ﬁan(g,x) = P"p(g - ) for any n > 0.
O
Formally, the solution 6 : S x X — R of the equation § — P = p is the function

+oo
0:(g,z)— Z?np(gm).
n=0

Notice that we do not have any spectral property for P and p does not belong to
L. However, we still obtain the convergence of this series by taking into account
the important relation (2.10), as shown in the following lemma.

+o0o
Lemma 2.5. The sum 6 = Zﬁnp erists and satisfies the Poisson equation p =
n=0
6 — P8. Moreover,
|Pfloo = sup |0(g,z) — p(g, )| < +o0; (2.13)
geS,zeX
and for any p > 1, it holds
sup sup E;|0(gnt1, Xn)|P < +00. (2.14)
n>0zeX

Proof. (1) Since P acts on (L,| - |r) and p € L from Lemma 2.4, we obtain
Pp € L. Thanks to definition of p, (1.3) and P4, it follows that

o) = [ ptawias) = [ [ otg.apidsintdg) = 5, o

Proposition 2.3 and the relation (2.10) yield for any x € X and n > 0,

P p(g,x) = P"plg-2) = Up(g - 2) + R"p(g - ) = v(p) + R"plg - x) = R"p(g - )

and there exist C' > 0 and 0 < k < 1 such that for any z € X and n > 0,
[R"p(a)| < |R"Bl,, < IR, p |7l < O,

Hence for any g € S and z € X,

+oo
> Pplg,x)
n=1

1—k

+oo +oo C
SZ\P”ﬁ(g~x)|§CZR”= < +00.
n=0 n=0
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+oo
Therefore, the function 6 = Zﬁnp exists and obviously satisfies the Poisson
n=0

equation p = 6 — P. Finally, it is evident that

too
> P'p(g,)

n=1

sup |0(g,2) — plg,)| = sup < +o0.

geS,zeX geS,zeX

(2) Indeed, from (2.6), (2.13) and Minkowski’s inequality, the assertion arrives.
O

Now we contruct a martingale to approximate the Markov walk (Sy,)n>0. Hence,
from the definition of S, and the Poisson equation, by adding and removing the
term P0(go, X_1), we obtain

Sp = a+p(g,Xo)+ ...+ p(gn, Xn-1)
n—1
= a +ﬁ9(go,X,1) 7?0(.9”7)(”71) + Z [9(gk+17Xk) 7?9(9}67)(]@,1)] .
k=0

Let Fo:={0,Q} and F,, :=0{gr : 0 < k <n} forn > 1.

Proposition 2.6. For anyn >0, z € X, a > 0 and p > 2, the sequence (M,)n>0
defined by

n—1
My =Sy and My, := Mo+ Y [0(gks1, Xi) — PO(gk, Xi—1)] (2.15)
k=0
is a martingale in LP(Q, Py o, (Fpn)n>0) satisfying the properties:
sup [Sp, — M, | < 2|PO|loc Py q-a.s. (2.16)
n>0
supn*% supE; o|M,|P < 4o0. (2.17)

n>1 zeX

From now on, we set A :=2|P0|..
Proof. By definition (2.15), martingale property arrives.
(1) From the construction of M, and (2.13), we can see easily that

sup |S, — M,,| = sup ’FG(gO,X_l) — FG(ngn_l)’ <2 |ﬁ9|oo <400 P, ,-as..
n>0 n>0

(2) Denote &, := 0(gry1, Xx) — PO(gx, Xp—1). Thus M,, = Mg—FZZ;é &. Using
Burkholder’s inequality, for any p > 1, there exists some positive constant ¢, such
that for 0 < k < n,

p 1
3 P

(Em,a|Mn|p)% < Cp Exya

n—1

2
E &k
k=0

Now, with p > 2, applying Holder’s inequality, we obtain

, n—1 %
<n'Tw (Z |§k|p> ;
k=0

n—1

2
>
k=0

which implies
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£ 1
o
b _ y
<n2 By Y |GIP<n® sup  Egalél”.
=0 0<k<n—1

Em,a

n—1
>
k=0
Since (M,,), is a martingale, by using the convexity property, we can see that for

any k > 0,

— p p
POk, Xi)| = [Baa 1000011, Xi) ]| < B 1000041, X0 P17,

which implies E, , |ﬁ9(gk, Xk_1)|p < E; . |0(gr+1, Xk)[P. Therefore, we obtain

1 3 1
(E:L‘,a|Mn|p) g S cp <n12) Sup E:E,u|€k|p> S Cpn% Sup (Ez,a|£k|p) '

0<k<n—1 0<k<n—1

IA

cpn% sup [(Em7a|9(gk+1,Xk)|p) 1 + (Ez,a ?G(Qk,kalﬂp) 1/17}

0<k<n-—1

=

< 2cpn% sup (Ew,a|0(gk+lan)|p)
0<k<n—1

5 sup  Eg 4|0(gk+1, Xx)|? and the
0<k<n—1

Consequently, we obtain E, 4| M, |? < (2¢,)Pn

assertion arrives by using (2.14).

O

3. Proof of Proposition 1.1

In this section we construct explicitly a fﬂ.—harmonic function V' and study
its properties. We begin with the first time the martingale (M, )n>0 (2.15) visit
| — 00, 0], defined by

T = min{n > 1: M, <0}.

The equality v, = 0 yields lim infS = —oo P, 4-almost surely for any z € X
n——+oo
and a > 0. Thus, by Lemma 2.6, lim+inf M, = —oo P, 4-almost surely so that
n—-—+oo

T < +oo P, 4-a.s. for any € X and a > 0.

3.1. On the properties of T and (Mpy)y.-

We need to control the first moment of the random variable |Mpn,| under Py; we
consider the restriction of this variable to the event [I' < n] in Lemma 3.1 and
control the remaining term in Lemma 3.4.

Lemma 3.1. There exists g > 0 and ¢ > 0 such that for any e € (0,&0),n > 1,z €
X and a > n%_‘?,

E, a[|MT|;T < n} <2
: =

Proof. For any € > 0, consider the event A, := {0<rl?<ax . |€k| < n%_%}, where
&k = 0(grr1, Xi) — PO(gr, X—1); then

Ez,a[|MT|;T < n} -~ E,. {\MT\;T < n,An] +Eqq {\MT\;T < n,A;](gl)
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On the event [T' < n] N A,, we have |Mr| < |&r—1| < n2~2¢. Hence for any ¢ € X
and a > n%_a,

Ex,a |:‘MT|7T S naAni| S Ez,a |:|§T71|;T S nvAn S n%_2€ S (32)

nE
Let M := max |Mjg]; since |[Mp| < M} on the event [T < n], it is clear that, for
T 1<k<n "

anyxeXar;deEO,

IN

Evo|[MrliT SnAs] < oM A7)

IN

Ez.o {Mn*, MY > n%+25’A; + H%JFQEPL,I(A%)
+oo Ly
< /%HE Pouo(M: > t)dt +2n2 TP, ,(AS).  (3.3)

We bound the probability P, ,(A%) by using Markov’s inequality, martingale defi-
nition and (2.14) as follows: for any p > 1,

n—1
Pra(45) < 3 Poa (16l >0 >)
k=0

1 n—1
Tl o\ EL a p
n(%,ga)p ;;) ) |€k|
9p n—1
< g 2 Beal0(ger, Xl
" k=0
_ %
n§71726p :

For any a > n%_‘f, it follows that

CpQ

1
n2+26Pw7a(A%) < angspw,a(A%) < ns—1-2ep—3¢’

(3.4)

Now we control the integral in (3.3). Using Doob’s maximal inequality for mar-
tingales and (2.17), we receive for any p > 1,

[N

1 n
* _ p R
Po(M;; > 1) < B, [IMol?] < e,

which implies for any a > nte,

b2
2 Cp a

“+o00
c n
. < L < . :
/n%“f FolMy > 1)t < p—1p3+2e)(p-1) = p—1n2ep—3e (3.5)
Taking (3.3), (3.4) and (3.5) altogether, we obtain for some ¢},
. . , a a
E"E»a {‘MT"T < n’An} < Cp <n25p—36 + ng—l—Zsp—?)a) ’ (36)

Finally, from (3.1), (3.2) and (3.6), we obtain for any a > nz~¢,

) a , a 1 1
Ex,a“MTLT < ”} < ne + Cp} <n26p—4s + ng—1—2ap—4a> )
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Fix p > 2. Then there exist ¢ > 0 and gy > 0 such that for any ¢ € (0,g) and
a>nie,
E,. [|MT|,T < n] <o
n
which proves the lemma.
(I

For fixed ¢ > 0 and @ > 0, we consider the first time v, . when the process
(|Mk|)k>1 exceeds 2nz7¢. Let (Bt)t>0 be a standard Brownian motion on the
probability space (2, B(Q),P) and for any a > 0, let 7°™ be the first time the process
(a+0DB;)i>0 becomes non-positive. It is connected to Lemma 4.3 where P(72™ > n)
is controlled uniformly in @ under condition a < 6,,4/n with lim,,_,  », 6, = 0 which
we take into account here by setting

Vpe i=min{k > 1: | M| > 2n77°}.

Notice first that for any € > 0,z € X and ¢ > 0 the sequence (v c)n>1 tends to
+oo a.s. on (Q,B(Q),P;,). The following lemma yields a more precise control of
this property.
Lemma 3.2. For any ¢ € (0, %), there exists c. > 0 such that for any x € X, a > 0
andn > 1,

Pyo(Vne >n'"F) < exp(—c.n®).
Proof. Let m = [B?n!=2¢] and K = [n®/B?] for some positive constant B. By

(2.16), for n sufficiently great such that A < n2~¢, we obtain for any z € X and
a >0,

Py o(Vn,e > nl_e) < Pug < max | M| < 2n§‘_5>
1<k<nl-—=
1_
= Foe <1§caéxK|Mkm| = E)
1_
< Pug <1I<I}€3%XK [Skm| < 3n2 8) . (3.7

Using Markov property, it follows that, for any x € X and a > 0, from which by
iterating K times, we obtain

1<k bER,zE

K
1 1
<3nz7°%) < <3nz"° . .
P ( max [Sm| < 3n ) < ( swp Py (15wl < 3n )) (3.8)

Denote B(b;r) = {c: |b+¢| <r}. Then for any x € X and b € R

Sm
s (15l < 304) =2 (52 e Bioyvmira) ).
where r,, = 3"57:. By the central limit theorem for (S,,), (Theorem 5.1 property

iii) Bougerol and Lacroix (1985)), we obtain as m — 400,

sup — 0,

beER,zEX

P, (Sﬁ € B(b/m; m) -/ o (a0

where ¢,2(t) = o 127r exp (—%) is the normal density of mean 0 and variance o

2

on R. Since r, < ¢;B~! for some constant ¢; > 0, we obtain
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n 2 2
sup Doz (u)du < Doz (u)du 'n_ < a

p—— )
bER /IB(b/\/E;rn) —rn T oV2r ~ Bov2w

Choosing B and n great enough, for some ¢. < 1, we obtain

sup Py (|Sm| < 3775‘8) < sup

/ do2(u)du + o(1) < g..
beR,zeX beER JB(b/\/m;Ts)

Implementing this bound in (3.8) and using (3.7), it follows that
sup Pm,a(yn,e > nl—s) < qf < q‘?_ <ce
a>0,zeX

—cen®

for some positive constants ¢ and c..

O
Lemma 3.3. There exists ¢ > 0 such that for any € € (0, %), rzeX, a>0 and
n>1,

sup Eu of|Mgl; Vne > nl_e] < (1 + a)exp(—cn®)
1<k<n

for some positive constant c. which only depends on ¢.

Proof. By Cauchy-Schwartz inequality, for any x € X, a > 0and 1 <k <mn,

Ew,a [‘Mk|a Un,e > 77/175] S \/EI,G‘M/CP]PI,G(VTL,E > nlie)'

By Minkowsky’s inequality, (2.16) and the fact that 1E,|S,|> — 0% as n — 400,
it yields

Epo| Mi|2 <a+ A+ /B, 082 <at+A+eVk<a+A+cyn

for some ¢ > 0 which does not depend on z. The claim follows by Lemma 3.2.
O

Lemma 3.4. There exists ¢ > 0 and g9 > 0 such that for any € € (0,¢9), z € X,
a>0andn>1,
Eyo[Mp;T > n] < c¢(1+a). (3.9)
and
lim T lim Eyo[My; T >n] = 1. (3.10)

a——+o00 @ n—+oo

Proof. (1) On one hand, we claim
/

—E& CE —E&
Epo[Mp;T > nyvpe <n'™¢] < <1 + ne) Eaq [Mpa-e; T > [n'~°]](3.11)

and delay the proof of (3.11) at the end of the first part. On the other hand, by
Lemma 3.3, there exists ¢ > 0 such that for any € € (0, %), re€X,a>0andn >1,

Epo[My;T > nvpe >n' 7] < sup E,, [|Mk\; Vpe > nl_g}
1<k<n
< (14 a)exp(—cn®). (3.12)
Hence combining (3.11) and (3.12), we obtain for any z € X and a > 0,
/

Eyo[Mp;T >n] < (1 + CE) Esq I:M[nl—a];T > [nlfs]] + (1 + a) exp(—cen®).
ne ’
(3.13)
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Let k; := {n(l_s)]} for 7 > 0. Notice that ky = n and [kjl-fs] < kjy1 for any j > 0.

Since the sequence ((M;,)1{7>y))n>1 is a submartingale, by using the bound (3.13),
it yields

/
Epo[My; T > k1] < <1 + 55) E;q I:M[kll—g];T > [kll_g]] + (1 4+ a) exp(—ceki)
1

!
< (1 + kCEE) Ey o[Miy; T > ko] + ¢(1 + a) exp(—cok7).
1

Let ng be a constant and m = m(n) such that k,, = [n(l_s)m] < ng. After m
iterations, we obtain

EyoMy;T >n] < A, (IEWI[M;C"L;T > k] + c(1 + a)Bm), (3.14)
where
A, = ﬁ 1+ e < exp(ZEC/ L_E) (3.15)
m ] k/‘s_l -_— £ 1 _ n752 ) .
]:1 J 0
and
is exp (—c.kS_ —€
Bpn=> D (“cehi-) <0 (3.16)

U c’ — —e2
J:1(1+k:5)(1+k§n) 17”08

from Lemma 5.6 in Grama et al. (2014). By choosing ng sufficient great, the first
assertion of the lemma follows from (3.14), (3.15) and (3.16) taking into account
that

Ew,a[Mkm;T > km] < Ex,a[Mng;T > nO] < Em,aano| <a+ec

Before proving (3.11), we can see that there exist ¢ > 0 and 0 < g9 < % such that
for any € € (0,g9), z € X and b > nz=e,

E,[Mny;T > n] < (1 + %) b. (3.17)
Indeed, since (M,,, F,,)n>1 is a P, - martingale, we obtain
Epp[Mp; T < n| = Eq p[Mp; T < n]
and thus

Ex,b[M'rﬁT > Tl] = Em7b[Mn] - Ex,a[Mn§T < n]
= b—Eva[MT;T S TL]
= b+ E,[|Mr|; T <n. (3.18)

Hence (3.17) arrives by using Lemma 3.1. For (3.11), it is obvious that

[n'~°]
Ego|My;T >n,vpe < nl_e} = Z Es [Mn;T >n,vpe =k|. (3.19)
k=1
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Denote Uy, (z,a) 1= Ey o[M,,; T > m]. For any m > 1, by the Markov property
applied to (X,,)n>1, it follows that

Eoo| My T > n,vpe = k] - /Ey,b[Mn_k;T >n— k|
Px,a(Xk (S dy,Mk edb; T > k,l/mg = k)

= E,. [Un,k(Xk,Mk);T >k Upe = k} (3.20)

From the definition of v, ., we can see that [v, . = k] C {|Mk| > n%‘s} , and by us-

ing (3.17), on the event [T > k, vy, . = k] we have Uy, (Xp, My) < (1 + ﬁ) M;,.

Therefore (3.20) becomes
c
EyolMp;T >n,vp e =k < (1 + (”W) EpoMg; T > k,vpe =k (3.21)

Combining (3.19) and (3.21), it follows that, for n sufficiently great,

[n' ]
. 1— ¢ ) _
]Ex,a[MmT > Ny Vne <n 6] < ;::1 (1 + (nk)5> Em,a[Mva > kv Une = k}
[t ¢]
<

C/
14 = ; =
< +’I’LE> Z Ex,a[Mk7T>k77Vn,€ k]?
k=1
for some constant ¢, > 0. Since (M, 1{psp))n>1 is a submartingale, for any = € X,
a>0and 1 <k < [nt=e],
By oM T > kyvp e = k] < Eqgq {M[nke};T > [0, vne = k]

This implies

/
Epo[My;T > n,vpe <n'™f] < (1 + C) B [Mpn-e;T > [n' %], vne = K]

’
< (1 + Ci) E: .o I:M[nlfs];T > [nl—s]] .

(2) Let § > 0. From (3.15) and (3.16), by choosing ng sufficiently great, we
obtain A,, <1+ ¢ and B, < . Together with (3.14), since (M,1i75pn))n>1 is a
submartingale, we obtain for k,, < ng,

Eyo[Mn;T > n] < (1+96) (Em[Mno;T > no) + (1 + a)5).

Moreover, the sequence E; ,[M,,;T > n] is increasing, thus it converges P, ,-a.s.
and

lim E,o[M,;T >n] < (1+96) (E%G[Mno; T > nol +c(1+ a)a).

n——+oo
By using (3.18), we obtain
a< lir_~r_1 Eyo[Mp;T > n] < (1+9) (a + Ey| My, | + (14 a)é).
n—-—+0oo

Hence the assertion follows since § > 0 is arbitrary.
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3.2. On the stopping time 7.
We now state some useful properties of 7 and S;. Denote 7, := min{n >1: 5, <
—a} and Ty, := min{n > 1: M,, < —a} for any a > 0.

Lemma 3.5. There exists ¢ > 0 such that for any x € X, a >0 andn > 1,
Ez o[Sn, 7> n] <c(l+a).

Proof. (2.16) yields Py(7, < Tara) = 1 and A+ M,, > S, > 0 on the event
[T > n]. By (3.9), it follows that

EyolSn;m>n] < Epo[A+ My;T>n]
S Ez,a+A[Mn; T > Tl]
<

a(l+a+A) <cl+a).

d
Proposition 3.6. There exists ¢ > 0 such that for any © € X and a > 0,
Ey.alS-| < c(14a) < 400
and
EyolM:| <c(l+a) < +4o0. (3.22)
Proof. By (2.16), since (M,,), is a martingale, we can see that
—E;o[Sr7<n] < —EuqM;7<n|+A
= Euo[Mp;m>n] —Ego[My]+ A
< EgolSn;T > n] +2A.
Hence by Lemma 3.5, for any x € X and a > 0,
EoollSrlim <n] < EpglSenal
= Euo[Sn;7>n]—E;.[Sr;7<n]
< 2E4 q[Sn;T > n]+ 24
< ¢(l+a)+ 24
By Lebesgue’s Monotone Convergence Theorem, it yields
E, o|S-| = ngrfoo Euo[lS-;7 <n] <c(14a)+24 < +o0.
By (2.16), the second assertion arrives.
U

3.3. Proof of Proposition 1.1.
By definition of 7,, we can see that E, ;M, = a + E,M,, and P, (7t > n) =
Py (1, > n).
(1) By (3.22) and Lebesgue’s Dominated Convergence Theorem, for any z € X
and a > 0,
lim E, o [My7<n]=E;M; =a—V(z,a),

n——+oo

where V(z,a) is the quantity defined by: for z € X and a € R,

—E,M,, if a>0,
Viz,a):= { 0 if a<0.
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Since (My,, Fpn)n>1 is a P, ,-martingale,
Epo[Mp;7>n] = EaoMy—Epo[Mp;7 <n] =a—E,o[M;;7 <n](3.23)

which implies
lim E,q[M,;7>n]=V(z, a).

n—-+4oo
Since |S,, — M| < A P,-a.s. and lirj} P, o(7 > n) =0, it follows that
n——+oo
lim E,o[Sn;7>n]= lim E, [My;7>n]=V(z,a).
n—-+4oo n——+oo

(2) The assertion arrives by taking into account that 0 < a < a’ implies 7, < 74/

and
Ezla + Sp;7a > n] <Egld' + Sy 7ar > 1.

(3) Lemma 3.5 and assertion 1 imply that V(z,a) < ¢(1+ a) for any = € X and

a > 0. Besides, (3.23) and (2.16) yield
Epo[Mp;7>n]>a—Ego[Sr;7<n]—A>a—A,
which implies
V(z,a) > a— A (3.24)

Now we prove V(z,a) > 0. Assertion 2 implies V(z,0) < V(z,a) for any z € X
and a > 0. From P5, let Es5 := {g € S : Vz € X,log |gz| > 6} and choose a positive

constant k such that kd > 2A. Hence, for any ¢1,...,9x € Es and any z € X, we
obtain log |gx . .. g1z| > kd > 2A. Tt yields

V(z,0) = ll)r_iI_l E.[Sn; T > n|
> liminf/ / By, ..g1-2,108 |gr...gra|[Sn—k; T > n — klu(dg) . . . u(dgr)
n—+4o0o Ej Ej;

> liminf/ / V(gk...g1-2,2A)u(dg1) - .. p(dgk)
Es Es

n—4oo

k
> A(u(Es) >0,
where the last inequality comes from (3.24) by applying to a = 2A.
14
(4) Equation (3.24) yields lim Viz,a) > 1. By (2.16), it yields that P, (7, <
a— o0 a
Tatq) = 1, which implies
EpolSn;m>n] <Epo[A+My; 7 > n] <Ep o[A+Mp;Ta > n] =Ky gy a[My; T > n).

From (3.10), we obtain lim Viz,a) <1
n—4oo a

(5) For any z € X, a > 0 and n > 1, we set V,,(z,a) := E, 4[S,;7 > n]. By
assertion 1, we can see lirf Vi(z,a) = V(x,a). By Markov property, we obtain
n——+oo

Vot1(z,a) = Ez, |E

S1+ Zp(gk+1:Xk)§Sl >0,...,841 > 0|-7'"1H

k=1

= Em,a [Vn(Xl,Sl);T > 1

].
By Lemma 3.5, we obtain  sup V,,(x,a) < ¢(1 + a) which implies P-a.s.
zeX,a>0

Vi (X1, S1) 1751 S e(1+ S1)175q)-
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Lebesgue’s Dominated Convergence Theorem and (1.2) yield

V(z,a) = nEToo Vogi(z,a) = ngar_lw Eyo[Va (X1, S1);7 > 1]
= Emya[V(Xl,Sl);T > ].]
= P,V(z,a).

4. Coupling argument and proof of Theorems 1.2 and 1.3

Firstly, we check that the weak invariance principle with rate, Theorem 2.1
in Grama et al. (2014), may be applied. The hypotheses C1, C2 and C3 of this
theorem are given in terms of Fourier transform of the partial sums of S,;; combining
the expressions (2.1), (2.2), (2.3) and the properties of the Fourier operators (P;);,
we verify in the next section that these conditions are satisfied in our context. This
leads to the following simpler but sufficient statement.

Theorem 4.1. Assume P1-PJ. There exist
€0 >0, and co >0, _ B
a probability space (2, B()), o
a family (Py)zex of probability measures on (2, B(2)), o
a sequence (ay)r of real-valued random variables on (Q, B(Q)) such that
£((@)/B.) = £((@)n/B2) for any v € X,
e and a sequence (Wi)zZl of independent standard normal random variables
on (Q,B(Q))
such that for any v € X,

P, | sup
1<k<n

In order to simplify the notations, we identify (Q, B(Q)) and (2, B()). Notice
that if (4.1) holds true for gy then it also holds true true for any € < ¢.

Under hypotheses P1-P4, we may apply this Theorem to the sequence (ay)r>0 =
(p(9k, Xk—1))k>0- Thus, the process (log|L,z|),>0 satisfies the following property:
there exists 9 > 0 and ¢ > 0 such that for any € € (0,e0] and z € X

k

(a; — oW;)| > né_e‘)) < ¢con” 0. (4.1)
1

i=

P < sup |log|Lipyx| — 0Byl > n§6>
0<t<1

=P, ( sup |Spy — 0 Bpe| > né_€> < con~*%, (4.2)
0<t<1

where (B;)¢>0 is a standard Brownian motion on the probability space (€2, B(£2),P)
and o > 0 is the variance of the sequence (S,,),>0. For any a > 0, let 72™ be the
first time the process (a + 0B)¢>0 becomes non-positive:

7P —inf{t > 0:a+ oB; <0}.
The following lemma is due to Levy Levy (1937) (Theorem 42.1, pp. 194-195).
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Lemma 4.2. (1) For anya >0 andn > 1,

2 ¢ 2
P(ri™ >n) =P (a inf B, > —a) = / exp (— > 2) ds.
0<u<n av2mn Jo 2no

(2) For any a,b such that 0 <a <b< 400 andn > 1,

P(rP™ > n,a + 0B, € [a,b])

[ (5) o (5

From Lemma 4.2, we can obtain the next result.

Lemma 4.3. (1) There exists a positive constant ¢ such that for any a > 0
andn > 1,

J<e®

n)<c .

~ oyn

(2) For any sequence of real numbers (o), such that o, — 0 as n — +oo,
there exists a positive constant ¢ such that for any a € [0, an/n],

P(Tbm >

a

(4.3)

2a Qi

< c——a. 4.4

oV2mn! = \/n (44)

We use the coupling result described in Theorem 4.1 above to transfer the prop-
erties of the exit time 72™ to the exit time 7, for great a.

]P’(Tgm >n)—

4.1. Proof of Theorem 1.2.

(1) Let e € (0,min{ep; 3}) and (6,),>1 be a sequence of positive numbers such
that 6,, — 0 and 6,n°/* — 400 as n — +oo. For any x € X and a > 0, we have
the decomposition

Po(z,0) =Py o(T >n) = Puo(T > n,vn e >0 7%) + Py >0, v < n'7¢).(4.5)
It is obvious that from Lemma 3.2, we obtain

sup Py o(r >n,vpe > n!=%) < sup Pyo(Vne > nl=%) < e =", (4.6)
zeX,a>0 zeX,a>0

For the second term, by Markov’s property,
Pro(T >nvme <n'™%) = E,, [Pn,un (X s Sup )i T > Vney Vne < n17€4.7)
= I(z,a)+ Jp(z,a),
where

1 _
In(m,a) = Ex,a |:Pn71/n (Xlln,gv SV,L,E)' S < an277_ > Un,esyVn,e S nl €i| 5

Y Py e

1 _
and Jp(z,a) :=Eyq {Pn,,jn (X o Svn )i S > 00?2, 7 > vy o v < nt E} .

Now we control the quantity P,_,,(X,,.,S.,.) by using the following lemma.
The proofs of the lemmas stated in this subsection are postponed to the next
subsection.

Lemma 4.4. (1) There exists ¢ > 0 such that for any n sufficiently great,
zeX and a € [n2¢,0,n2],

2a < ab,,

— | <c—=.
oV2mn| = Vn

]Pz,a(T > ’I’L) - (48)
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(2) There exists ¢ > 0 such that for any x € X, a > n: ¢ andn > 1,

Py o(r >n) < c%. (4.9)
Notice that for any z € X;a > 0and 0 < k < nt=e,
Py (r,a) < Py p(v,0) < Py_pi—<(2,a). (4.10)

By definition of v, . and (2.16), as long as A < n2=e, we have P, ,-a.s.
Sppe =M, . —A>2n2"° —A>n2"" (4.11)

1
Using (4.8) and (4.10), (4.11) with 6,, replaced by 6, (#) * | for n sufficiently
great, on the event {S,,n‘s <Oz, T > Uy oy Ve < nl‘s}, we obtain P, ,-a.s.

2(140(1))S,, .

Pn*’/n,a (Xy'n,e ) Syn,a) =

o\/2mn
Let
L(z,a) = Bua[S, ;7> Vpe,ne <n'7°], (4.12)
J(z,a) = Eue [Synys;syw > 0,0, 7 > Upe, vne < nlff] L (4.13)
Hence
I (z,a) = %Em,a {Syn,s; Sppe < Hnn%,T > Upe,Vne < nl_s}
= 2D o) g (o)),
oV2mn
Jn(z,a) = MJé(x,a).

N
Therefore (4.5) becomes
~ 2(1+0(1))

ov2mn

Py o(T > n) I;(x,a)‘ <C (n*%J,'L(;B,a)> +C’ (efcins) )

The first assertion of Theorem 1.2 immediately follows by noticing that the term J,
is negligible and P, ,(7 > n) is dominated by the term I}, as shown in the lemma
below.

Lemma 4.5.

lim I/ (z,a) = V(x,a) and lim n*J =0,
n——+0o00 n—+oo

where I, and J), are defined in (4.12) and (}.13).
(2) By using Proposition 1.1 (3), it suffices to prove \/nPg (7 > n) < ¢(1+ a)

for n great enough. For n sufficiently great, using (4.9) and (4.11), we obtain P, ,-
a.s.

SVn,E
Py_pn-e(Xo, .50, ) < Cw-

Combined with (4.7), it yields

]P)z,a(T >N, Vne < nl—s) < LI/ (414)

i
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Since 7, < Ty+a P-a.s. and (3.9), it follows that
I (x,0) < Epaya[My, ;T > vne,vne < n' 7 < c(1+a+ A).
Hence (4.14) becomes

Pyo(m > n,vpe < n'=¢) < (I4+a+A). (4.15)

=Sk

n

Combining (4.5), (4.6) and (4.15), we obtain for n great enough,

Ppo(r>n) <e ™ + —(1+a+A4) <d(1+a).

Vn

4.2. Proof of Theorem 1.5.
Let us decompose Py (S, < t1/n|T > n) as follows:

Py.o(Sn < ty/n,7 > n)

=D, D, D, s, 4.16
Py o(7 > n) 1+ En2t s ( )

where
Py o(Sn < t/N,T > n, v, > nt7e)
Py.o(T > n)
D, — Py o(Sn < t/n, 7 >n, Sy > 0\ /N, vy e <)
: Pyo(T>n) ’
P, o(Sn < tv/n, 7 >n, S, < O/, vy e < nl7e)
S Py.o(T > n) '

’

Lemma 3.2 and Theorem 1.2 imply

lim D, =0. (4.17)

n—-+oo
Theorem 1.2 and Proposition 1.1 (3) imply
Py o(T >n,Sn > Opy/n,vpe <nl7e)
v Pyo(T>n)
1
Foar sl
P,o(r>n) ¢

Eva |14+ S0, 57 > Vney S, . > Ony/My Ve < 0]

17
Prv,. (Xun,s’ SVn,s); T > Vne, Sun,g > 0,\/n, Une<n 6}

< ¢
N Pyo(T > n)ovn —nl=e

Eaa [ Sva 3T > Vi Sune > Oui/M e S 017 4 Pra(7 > i)
< c .

V(z,a)vV/1—n—¢
Since Py o(T < +00) =1 and P, 4(vp . < +00) = 0, Lemma 4.5 yields
lim D, = 0. (4.18)

Now we control D, 3. Let Hp,(z,a) := Py o(Sm < t/n,7 > m). We claim the
following lemma and postpone its proof at the end of this section.
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Lemma 4.6. Let ¢ € (0,e0),t > 0 and (0,,)n>1 be a sequence such that 6, — 0
and 0,n°/* — 400 as n — +oo. Then for any x € X, n'/?7¢ < a < 0,\/n and
1<k<n's,

P, (SH <t T >n— k:) )du(l +o(1)).

wex
05\/ 2mn / p 202

It is noticeable that on the event [7 > k, Sy < 0,v/n, vy = k], the random
variable H,,_ (X, Si) satisfies the hypotheses of Lemma 4.6. Hence

]P)z,a(sn < t\/ﬁaT >n, Sn < en\/ﬁ7 Vn,e < nl—e)
= ]Ex,a [Hn—unyg (XVn,57SVnTE);T > Vn,e, Syn e = n N, Vne < TL }

- Eax a {Hn—k(kask);T > kvsk S en\/ﬁa Vne = ki|

s

k=1
2(1+0(1)) [* —u?
m/{) Uu exp 92 dUEx,a{Sun,E;T>Vn,Eu Une S 0/, Une<n

Lemma 4.5 yield as n — 400,
E.q {Sun,s;r > Uney S . < Opv/n v e < nl_s} =V(z,a)(1+ o(1)).

Therefore, Theorem 1.2 yields

t 2
Dy = 2V (z,a)(1+ o(1)) uexp ( u2 ) s
Pyo(T > n)od3v2mn 20

1+01)/ uexp( 2>du (4.19)

The assertion of the theorem arrives by combining (4.16), (4.17), (4.18) and (4.19).

(|
4.3. Proof of Lemma /./.
(1) Fix £ > 0 and let
Ape = sup |Sm) — 0 Bnit| < nz—2e
0<t<
For any z € X, (4.2) implies P,(AS ) < con~2°. Denote a® := a £ n3~2 and
notice that for a € [n27¢,6,/n),
0 <a* <20,vn. (4.20)
Using (4.4) and (4.20), for any = € X and a € [n2 <, 0,,\/n], we obtain
+ —2e + —2e
ca*0, . 2n 2a ca*=0, = 2n
- + <P, >n . 4.21
vn oV 2T ( Tt ) - oV2mn ~ WJn oV 2T ( )

For any a > nz %, we have [7"™ > n] NAS . C [1a > n]NAS . C [T > n|nAS
which yields

Py (7,7 > n) = Pu(A5, o) < Po(7a > 1) < Po(70 > n) + Pa(A5 )
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for any x € X. It follows that

Pyu(7a > n) — Po(t87 > n) < con™ 2, (4.22)
P (70 > n) — Py(7a > n) < con™ 2. ‘
The fact that 6,,n°/* — +o0 yields for n great enough
i-¢
g, > —2¢ (4.23)

NN

From (4.21), (4.22) and (4.23), it follows that for any a € [n2<,6,\/n),

2a Ona Ona

<c(1+0,)n % +c1—= < cp—=.

oV2mn| ~ ( ) Yn = n
(2) For n great enough, condition a > nz~¢ implies at < 2a. From (4.3) and

(4.22) , since n=2¢ < =, for any z € X,

P.(7e >n) —

a
av/n

_ a
+eon ¥ <

7

P.(re >n) <c

4.4. Proof of Lemma J.5.
(1) We prove that lim E,, [MVn ST > UpeyUne < nl_g] = V(z,a). Then, the
n—-+00 ’
assertion arrives by using (2.16) and taking into account that P, (7, < +o00) =1
and Py( lim v,.=4o00)=1. For z € X and a > 0, we obtain
n—-+oo
E; . [MVn’E;T > UperVne < nlfﬂ = E;q I:Ml,nvi/\[nlfa]; T > VUperVne < nlfs]

= Euq [Mun,i/\[nl—e]; T > Upe N [nlfa]]

_Ex,a [MVn,g/\[nI*E]; T > Vpe [nl—sL Un,e > nl_s] .

By using Lemma 3.3,

E; . I:MVTLYE/\[nlfe]; T > Upe A [nl_a], Upe > nl_a] <c(l+ a)e—csns.

Using the facts that (M,),>0 is a martingale and P, ( lim v, = +o<>> =1, we

n—-+oo
obtain
. . 1— o . . 1—
lim E,,q [M,,” ST > Une,Une <N 1 = lim E,, [MVn AT > Vne A0 E]]
n——+oo ? n——+oo )

= a— lim Eac,a [Ml/n,g/\[nlfa]”— < Un,e A [nliEH

n——+oo

= a— lim E;, [MT;T <VpeA [nl_a]]

n——+oo

= a—E,; . M;]=V(z,a).
(2) Let b = a+ A. Remind that M = max |M};|. We obtain

E.r,a Sun,s 5 S

Vn,e Un,et Moy ¢

1 1
> 0un, 7> Ve Ve S0 S By [My, i M, > 0an v <0l

-

[SE

S Ez,b |:M[>:11—5];M[’:ll—5] > Hnn
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e/4

Since 0,n%/* — +00 as n — +o00, it suffices to prove that for any § > 0, z € X and

b eR,
lim n*E, [b MM > n%”} ~ 0.
n——4oo

Obviously, by (3.5),
E, |b+ M, M, > n%""s}

IN

bR, (M > nd*0) + B, [My; g > 0t

—+o0
(b+n5+‘5) P, (M;; > n5+5) +/1 (M > )t
I+

n2

1 1
< ¢ (b + n5+5) n P 4 o POtz HI

Since p can be taken arbitrarily great, it follows that hIE n*J, =0.
n—-+oo

4.5. Proof of Lemma /.6.
Recall that a* = a + n'/272¢ and denote t£ = ¢t + 2n~2¢. For any 1 < k < n'=e,

(T N A € {ra > n— k)N Ay e C (RN Ay
and
{a™+0Bn—i <t7Vn}NAn . C{a+Sn— <tvninNAn e C{a"+0Bn_r <tTV/n}NA, .,
which imply
P ('™ >n—k,a” +0Bn_r <t vn)— P (47 0)
<Pu(ra >n—k,a+ Sy <tvn) < (4.24)
Po (20 > n—k,a™ + 0By_i, <tTv/n) + Py (A5 ).

Moreover, by Lemma 4.2, we obtain

2 t u2
px(Tbm>n_k,a++an, <t n):7/ uex (——)du 1+ o(1)4.25
e k< tTV/n el M (1 + o(1)(4-25)

and similarly,

2
P, (2 > n—k,a” + 0By < Vi) = uexp(—;?)dua +0(1))4.26)

2a /t
o321 Jo
Therefore, from (4.24), (4.25), (4.26) and P, (A5 ) < en™2, it follows that
u2

2a t
— < = —_— — .
P, (Ta >n—kya+ Sy < t\/ﬁ) 03\/%/0 uexp( 202)du(1 +o(1)).1

5. On conditions C1-C3 of Theorem 2.1 in Grama et al. (2014)

Let kgqp, M1, M € N and jo < ... < ja,+Mm, be natural numbers. Denote
OtJ,, = ZleJm ak+1, where Jy, = [Jm-1,Jm),m =1,..., M1+Ms and k > 0. Con-
sider the vectors a; = (aJl,...,aJMl) and a; = (akgap+JM1+17 . ,akgup+JMl+1\42).
Denote by ¢, (s,t) = Eets@ 12 ¢ 4 (s) = Ee*® and ¢, 2(s) = Ee*® the char-
acteristic functions of (a@1,as), @ and ag, respectively. For the sake of brevity, we

denote ¢1(s) = ¢5,1(5), d2(t) = ¢z 2(t) and @(s,t) = ¢4 (s,t).
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Conditioned limit theorems for products of positive random matrices 93

We first check that conditions C1-C3 hold and then prove the needed lemmas.

5.1. Statement and proofs of conditions C1-C83.

C1: There exist positive constants g9 < 1, Ag, A1, A2 such that for any kg, €
R, M;, My € Z, any sequence jo < ... < jan,+M, and any s € RM: ¢ ¢ RM2
satisfying |(s,t)]s < €0,

)\2(M1+]\/f2)
m=1,....,M;+M, )

|6(s,t) — P1(s)P2(t)] < Ao exp(—Aikgap) (1 + max card(Jy,)

C2: There exists a positive constant ¢ such that sup,,>q [an|g2+2s < +o00.
C3: There exist a positive constant C' and a positive number ¢ such that for any
v >0, any z € X and any n > 1,

m+n—1
—1 vV . 2
n arp, E a; | — 0O

i=m

sup < Onp~ 7,

m>0

Proposition 5.1. Condition 1 is satisfied under hypotheses P1-P5.

Proof. First, we prove the following lemma.

Lemma 5.2. There exist two positive constants C and k such that 0 < k < 1 and
[@(s,) — ¢1(s)ga(t)] < CCpHHptoer,

where Cp is defined in Proposition 2.5.

Proof. In fact, the characteristic functions of the ramdom variables a1, as and
(@1,a2) can be written in terms of operator respectively as follows:

d1(s) = Ele"™] = PRT1PI P (),
Ga(t) = Eyfe®] = Proortisn—iplinnl  plinsily ) (5.1)
G(s,t) = BEyle*m+itea] = pio=tplhl  plinlphoo plTinenl | plinsaly (),

Now we decompose ¢(s,t) into the sum of ¢ri(s,t) and @gr(s,t) by using the
spectral decomposition P = Il + R in Proposition 2.3, where

gu(s,t) = po-iplhl piinlgp el plhneely ),
or(s,t) = PRmtPl P Rhser plTintl pliinealy ()

Since II(¢) = v(p)1 for any ¢ € L and P; acts on L, we obtain

én(s,t) = Plo=1plhl  plinly(g)y (PtlfMl“‘ Pl ) .

Then setting 19 (t) = V(PtllJMl“I o PIJM”M2‘1) yields

B(s,t) = ¢1(8)2(t) + dr(s, 1)
= 1(5)p2(t) + @1(s)[12(t) — ¢2(t)] + Pr(s: 1),

which implies

6(s,8) — d1(s5)P2(t)] < |Pr()[[¢2(t) — D2 ()] + |¢r(s, 1) (5-2)
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On the one hand, we can see that |¢1(s)| = ‘ (Pjo_lPs‘;]1| e Pslffflll) (m)‘ < 0113+M1
and |¢g(s,t)] < CprMTM2Cpkkoar. On the other hand, since v is P-invariant

measure and (v — §,)(1) = 0, by using again the expression P = II + R, we obtain

[0a(t) = 6a(t)] = |(v = b,) (Protin 1 pl Il iy

tay

tary

< |- g (me et peel)

P J J
+ ‘(V _ 5m) (ngap-l-JMl 1Pt|1 My +1] o Pl M1+Mz\1

ta,

= |w=a)y@p (Bl )|

tay

P J J
+ ‘(V _ 595) (ngaerJMl 1Pt|1 My +1] . PI M1+Mz\1

ta,

i J J
— (V _ 630) (ngaP‘HMl 1Pt\1 My 1] ) P| M1+1v12|1)’

o
< OCH2gFaertinn =1, (5.3)
Therefore, (5.2) follows.
O
Second, let Ay = max{1,log, Cp}. Since max card(Jp) > 1, we obtain
m=1,...,M1+Ma
Ao (M +Ms)
011;/11+M2 < 9A2(M1+M>) < (1 4 max CaTd(JﬂJ) ,
m=1,...,M;+M;
which implies that
Ao (M +Ms)
— < k.qap
5.0 = o n(0] < Ot (14 e card(7,))
Finally, let Ag = C' and A\; = —log k. Then the assertion arrives.
O

Proposition 5.3. Condition 2 is satisfied under hypotheses P1-P5.

Proof. Condition P1 implies that there exists §, > 0 such that E[N(g)%] <
+0o0 ok
400 and since E[N(g)%] = Elexp(dylog N(g))] = %E[(log N(g))*], we obtain
k=0
Ela,|* < E[(log N(g))*] < 400 for any n > 0 and any k > 0.
(|

Proposition 5.4. Condition 3 is satisfied under hypotheses P1-P5. More precisely,
there exists a positive constant o such that for any r € X and any n > 1,

m+n—1
sup |Varp, ar | —no?| < +oo. 5.4
sup | Vare, ( by ) 6.4
Proof. For any integer m,n > 0, we denote S,,, = zfn?_lak, Vo (X) =
Varp, (X) = E;(X?) — (E;X)? and Cov,(X,Y) = Covp, (X,Y). Then
m4+n—1 m+n—1m+n—k—1

Vie(Smn) = Z Ve(ar) + 2 Z Z Covg(ag, ag+1) (5.5)
k=m k=m =1
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and (5.4) becomes sup,,>q |Va(Smn) — no?| < +oo. We claim two lemmas and
postpone their proofs until the end of this section.

Lemma 5.5. There exist C >0 and 0 < k < 1 such that for any z € X, any k > 0
and any 1 > 0,

|Covy (ar, aryr)| < Cr. (5.6)

Lemma 5.6. There exist C > 0,0 < k < 1 and a sequence (s, )n>0 of real numbers
such that for any x € X, any k >0 and any [ > 0,

|Covy(ak, agy1) — si| < Cr*, (5.7)
1] < CKL. (5.8)

For the first term of the right side of (5.5), by combining Lemma 5.5 and Lemma
5.6, we obtain

|Covg (ag, apy) — si] < OBl (5.9)

Inequality (5.7) implies |V, (ax) — so| < Ck*, which yields for any integer m,n > 0,
m+n—1 m—+n—1 m+n—1 C

]; Vy(ag) — nso| < ; [Vi(ag) — so| < C ; kP < T < +00.(5.10)

For the second term of the right side of (5.5), we can see that

m4+n—1m+n—k—1 m+n—1 +oo
E E Covg(ak, ap41) E E 51
k=m =1 =m I=1
m+n—1m+n—k—1 m4+n—1

IN

S Y [Covelarar) — s+ Y Z |s1]
=m =1

= k=m Il=m+n—k
= Yi(z,m,n)+ Xa(z,m,n). (5.11)

On the one hand, by (5.7) and (5.9), we can see that for any x € X, any m > 0 and
any n > 1,

+oo k +o0o +oo
Yi(x,m,n) < ZZC/{k—l—Z Z O
k=0 1=1 k=01l=k+1

(5.12)

< Zcm +Z

Similarly, on the other hand, by (5. ) we obtaln for any z € X, any m > 0 and any
n>1,

n—1 +oo C

Yo(z,m,n) Z Z Ckl < A=n2 < 4o0. (5.13)

k=0l=n—k
Combining (5.5),(5.10),(5.11),(5.12) and (5.13), we obtain

+oo
Va(Smpn) —n Z S
=0

In fact, by using Lemma 2.1 in Le Page et al. (to appear), Theorem 5 in Hennion
(1997) implies that the sequence (%)nzl converges weakly to a normal law with

sup < 400. (5.14)

m>0
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variance 2. Meanwhile, under hypothesis P2, Corollary 3 in Hennion (1997) implies
that the sequence (|Ry|)n>1 is not tight and thus o2 > 0, see Hennion (1997) for
the definition and basic properties. Therefore, we can see that Var,S, ~ no? with
0? > 0, which yields 3,75 s = o2,

O

5.2. Proof of Lemma 5.5.

[ oz if |z <1, - oo
Let g(z) = { 0 if [ > 2. such that g is C* on R and |g(z)| < |z| for any = € R.

Then g € LY(R) N C}(R). Therefore, the Fourier transform of g is § defined as
follows:

g(t) ::/Re_it”“:q(ac)da:7

and the Inverse Fourier Theorem yields

o) = o /R et (t)dt.

Let gr(x) := Tg(%) for any T' > 0. Then |gr|1 = T|gl1 < +o0. Let hrp(x,y) =
gr(x)gr(y). Then hr(x,y) = gr(x)jr(y). Let V and V' be two iid. random
variables with mean 0, independent of a; for any [ > 0 whose characteristic functions
have the support included in the interval [—eg,eq] for ¢ defined in Cl. Assume
that £ V|" < +oo for any n > 0. Let Z, = ax+V and Z; ; = ax4;+ V" and denote
by ¢1(s), do(t) and ¢(s,t) the characteristic functions of Z, Zy oy and (Zx, Z3 1),
respectively.

We use the same notations introduced at the beginning of this section by setting
$1(5) = E,[e¥9], ¢pa(t) = E,[e*+] and ¢(s,t) = E,[e?sxTiar+] We also denote
© the characteristic function of V, that yields

$1(s) = Ee%] =B *Ee™Y] = ¢1(s)e(s),
Ga(t) = EpeZin] =R Ee™] = ¢a(t)p(t), (5.15)
(%'(57 t) _ E[eisZk+itZ,’c+l] _ ]E[eisakJrimk'H]E[eiSV]E[eitV/} _ (]5(8, t)cp(s)ga(t).

Then we can see that %1 and ;52 have the support in [—&g,£0]. We perturb aj and
a4 by adding the random variables V' and V'’ with mean 0 and the support of their
characteristic functions are on [—eq, £9]. We explicit the quantity Cov,(ag, akt1):

OO’UJc (ak, ak-H) = ]Em [ak, ak_H] — ]EwakEacak_H. (516)
On the one hand, we can see that

Eplarartt] = BolZ1Zy ) = Eolho(Zi; Zi)] + Bl Zi 2y ) — Bolhr(Zi; Z )]

1 7 isZ+itZ,
- (2W)2EI//hT(Sat)e TRt dsdt + Ry

1 7 is itz
_ @T)Z//hT(Syt)Ez {6 Zp+ tzw}dsdtJrRo

_ @%ﬁ//ﬁT(s,t)g(s,t)dsdt—i—Ro,

(5.17)
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Conditioned limit theorems for products of positive random matrices 97

where Ry = E,[ZxZ;, )] — Ex[hr(Zk; Z;,;)]. On the other hand, we obtain

k-t
Eyar =E.Z) = Eug7(Zk) + EiZi — Evgr(Zy)
— o [ o)+ Ry (5.13)
where Ry = E,Zy, — E,g9r(Zk) and
Eearpi =EoZyy = Bagr(Zi) + EuZiyy — Eagr(Zhy)
= %/gT(t)%(t)dt+R2, (5.19)

where Ry = E,Z; ., — Ep97(Z;, ;). From (5.16), (5.17), (5.18) and (5.19), since
BT(Sat) = gr(s)gr(t), we obtain

Cova(ar, apss) — ﬁ / / hur (s, (s, £)dsdt + Ro
(5 [r@neas ) (5 oo r)
= o [ [0 [0 —a@a0] da+m 520)
where R — ROleRglei/gT(t)ag(t)dtfRzi/gT(s)@(s)ds. Since g €

Li(R) and applying Lemma 5.2 for jo = k,j1 = k+1,jo = k+ 2,kgep = I, My =
My =1, we obtain

IN

|Covg(ak, apy)] ﬁ// ‘BT(s,t)‘ ‘QNS(S,t) —51(s)$g(t)‘dsdt+ |R|
< ﬁ//‘%(s,t)‘Iaﬁ(s,t)so(s)so(t)—¢>1(s)¢2(t)gp(s)<p(t)\dsdt+\R|

< s [o(sut) — or(s)oa) [ ar (o) ds)2 IR

sl |t|<eo
< CT’:'+|R|. (5.21)
It remains to bound of |R|. On the one hand, we can see that
. |R1| = [Ex[Zx — 97(Z1)]| = B |[Zk — 90(Z0) 11y 2, 517| < 2T 'Ea| Zif?,
o | [ireas| = Ear(z)] < B2 ) < Bulor] + BV < C,
. |Ra| = [Ex[Z)s) — 97(Zi )| < 277 "Ea|Zp [,
oo [ir0R0d] = Eaor() < Bl + BV <
On the other hand, similarly for |Ry|, we obtain
[Bol = By ||Z1Zis = hr(Zi, Zy)| (Lo + Lyzn) (Lizg, s + Lz, <) |
< E, [|ZkZ,’€+l — hr(Zk, Ziy)| (1[\Zk|>T] + 1[|Z,’€+L|>T])}
< 2B, |ZuZi Lz sy |+ 2Be | ZkZi 2, 5T | -
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For any positive d, let gs = (&Tlv by Holder’s inequality, we obtain
1 1 1
By | ZcZiyilyzgsmy| < (Bal ZkPH20) 777 (Bl ZyaPH20) 777 Pu(1 23] > T)5s
By Minkowski’s inequality,
(ET|Z’€|2+25)T125 < (Ez|ak|2+25)ﬁ + (ET‘V|2+26)ﬁ <C
1 1 1
(EIL‘|Z],(;+Z|2+26) %26 S (Ez|al+k|2+25) 2F26 + (E$|V/|2+25) 2325 <C.

By Markov’s inequality,

1
Po(|Ze] > T) < i Eal 2% < o,

1 C
Po(|Z)al > T) < EEIIZ;HI‘% < Ta

Hence |Ro| < CT~! for T > 1 and thus |R| < CT~1.
Thus, (5.21) becomes |Cov,(ax, axr;)| < CT?*k! + CT~1. By choosing T = k=
with @ > 0, we obtain

|Covy(ay, apyr)| < Ck'T2* 4+ Ok < C' max{x' 2% k°}.

Now we choose a > 0 such that [ — 2a > 0, for example, let a = &, we obtain

4>
|Covy (ak, agti1)| < Ok,
5.3. Proof of Lemma 5.0.

Inequality (5.8) follows by setting k£ = in (5.6) and (5.7). It suffices to prove (5.7).
Recall the definition in (5.15) and let

¥(s) = v(Ps1)p(s),

(s, t;1) = v(PPTIP)g(s)p(t),
z@(s,m) = (st —v(s)(t), (5.22)
O(S:t) = ¢(Svt)7¢ (S)¢2(t)a
1 R ~
sir = @T)Q//hT(s,t)@Z)(s,t,l)dsdt.

Then (5.20) implies

(Covy(ar, axsr) — su7] < ‘(er)Q//BT(s,t)[ao(s,t) — B(s,t;D)dsdt| + | ).
We claim that
‘(2;)2 / / hor(s,)[Go (s, £) — J(s,t;mdsdt’ < CxhIT?, (5.23)
which implies
|Covg(ag, apt1) — sir| < CrF'T? + T 1, (5.24)
which yields for any k,m > 1,
|Covg(ag, apst) — Covg(am, ama)| < CrE—Lm=1bp2 4 op=1, (5.25)
By choosing T' = K1 min{k—1,m—1} "o obtain

|Covy(ak, ag+i) — Covg(am, ami)| < Crmin{i5t =) (5.26)
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Hence we can say that (Covy(ak, ar41)); is a Cauchy sequence, thus it converges to
some limit, denoted by s;(x). When k — 400, (5.24) becomes

|Sl(.%') — 8[7T| < oT 1.

Now let T = T'(¢) = =", we obtain |s;(x) — s, 7(¢)| < Ck*. Let £ — +00, we can see
that s; ) — si(x). Since s;7(¢) does not depend on z, so is s;(x), i.e. s(x) = 5.
Now let m — 400 in (5.26), we obtain

|Covy (ak, ap+i) — si| < Cr'T.

Now we prove the claim (5.23). By definitions in (5.15) and (5.22), we obtain

[Go(s, 1) = ds,ti0)| < |85, 0) = (s, 6D + |1(5)da(t) = bls)w(®)] . (5:27)
On the one hand, we can see that
95, 1) = (s, t: )|
=[PP PP (2)p(s)e(t) — v(PoP P )p(s)p(1)]
[P, P P1(z) + R* ' PIIP1(z) + R* ' PR P1(z) — v(P, P P1)|

|RF1P1(2)v(P1) + RFPRITIPA(2)| < Ok (5.28)
On the other hand,
[61(9)2() —(s)e®)| = |[B1(s) = v()a(t) + ¥ (5)[da(t) — V()]
< |8u(s) = vs)| + |a(t) — vi(0)
< 61(s)pls) = ()| + Ioa(t)e(t) = (1)

where as long as k > 2,

|91(s)p(s) — ¢ ()]

[P (z) + R P (2)] ByeY] — v(P1)E, [

< |MP(z) — v(P1)] + R* ' P1(a)]
= |RF'Pa(2)] < OKFL
Similarly, we obtain
‘2&1(3)52(15) - ¢(s)w(t)‘ < OxF1 (5.29)

Therefore, (5.27), (5.28) and (5.29) imply ’qgg(s,t) — (s, t;1)| < CkF1 which
yields the assertion of the claim.
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Chapitre 2

The Galton-Watson branching
process

This chapter discuss single-type and multi-type branching processes in fixed envi-
ronment and in random environment. The original branching process was considered
by Galton and Watson in the 1870’s while seeking a quantitative explanation for the
disappearing family names phenomenon, even in a growing population. In general it
describes the evolution of successive generations of a “population” under the following
assumptions :

1. the initial generation has one member (the ancestor);

2. the number of children of every member in every generation of the population is random
and follows the same offspring distribution denoted p;

3. therandom variables that represent the number of children of each member in all generations
of the population are independent.

The behavior of this process, in particular the probability of the extinction of the
population, is governed by the value m of the expectation of the offspring distribution
p. When m < 1 (subcritical case), the process becomes extinct almost surely, the same
property holds for m = 1 (critical case); however, when m > 1 (supercritical case), the
process may survive indefinitely.

During the 20th century, multi-type Galton-Watson processes was introduced since
in several cases, the individuals involved in a branching process are not all alike. Several
examples are presented in [Mode, 1971]; for instance, we may mention models coming
from

1. Population Genetics : when considering inheritance of alleles, a multi-type bran-
ching process with types corresponding to the genotypes, can be used as a model.

2. Physics : cosmic-ray cascades involve both electrons and photons, with electrons
producing photons and photons producing electrons. Such an example is modeled
by a two-type branching process.

In this model, the population has p types with p > 2 and the offspring distribution is
replaced by a family p = (p')1<i<p of probability measures on IN? and the corresponding
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expectation becomes a matrix M = (1 j)1<; j<p- A natural assumption is to assume that this
matrix M is positive regular : all entries are finite and there exists a natural number n > 1
such that all entries of M" are positive. Then the Perron-Frobenius Theorem ensures that
M has a positive eigenvalue of multiplicity 1 (the Perron-Frobenius root of M), denoted
by p and the modulus of all other eigenvalues of M is strictly less than p. The behavior of
multi-type Galton-Watson processes are similar to the single-type ones and depending to
the value of p that they are distinguished into three cases : when p < 1 (subcritical case),
when p =1 (critical case) and when p > 1 (supercritical case).

Branching processes in random environment (BPRE) were introduced in the 1960’s
(see for instance [Smith et Wilkinson, 1969]) to describe the development of populations
whose evolution may be affected by environmental factors; they became a central topic
of research.

In the single-type case in random environment, the behavior of these processes is

mainly determined by the 1-dimensional random walk generated by the logarithms of
the expected population sizes denoted by my, for k > 0, of the respective generations.
The theory of fluctuations of random walks on R with i.i.d. increments allows to classify
BPRE in three classes - supercritical, critical or subcritical - of single-type BPRE, according
to the fact that the associated random walk tends to +o0, oscillates or tends to —co (see
for instance the fundamental papers [Athreya et Karlin, 1971b] and [Athreya et Karlin,
1971a]). In particular, when E(|log m|) < +oo, the BPRE is supercritical (resp., critical or
subcritical) when [E(log m) > 0 (resp., E(log my) = 0 or E(log my) < 0).
There exist numerous statements concerning the asymptotic behavior of the probability of
non-extinction up to time n, the distribution of the population size conditioned on survival
up to moment 1, large deviation type results (see for instance [Afanasyev, 1993], [Bansaye
et Berestycki, 2008], [Dyakonova et al., 2004]). In the critical case, the branching process
is degenerate with probability one [Athreya et Karlin, 1971b]; with the assumption that
the generating functions of the BPRE are linear-fractional, in 1976, M. V. Kozlov [Kozlov,
1977] proved that the probability of non-extinction up to time 7 is equivalent to ¢1/ Vn
as n — +oo, for some explicit constant c; > 0; in 2003, in the general case, J. Geiger and
G. Kersting [Geiger et al., 2003] strengthened this result. Let us recall that the probability
of non-extinction up to time 7 is equivalent to 1/n when the offspring distribution is
fixed, that is to say it does not vary randomly; in other words, branching processes in
random environment die more slowly. In the supercritical and subcritical cases, similar
studies were done (see for instance [Athreya et Karlin, 1971b], [Athreya et Karlin, 1971a]
and [Geiger et al., 2003]), we do not go into detail about these cases since they are outside
the scope of this thesis.

It is of interest to prove analogues of the statements above for the multi-type BPRE.
The main difficulty which appears is that the role of the random walk associated to the
BPRE in this case is played by the logarithms of the norm of some RP-valued Markov
chain whose increments are governed by i.i.d. random p X p-matrices My for k > 0;
the coefficients of these matrices M are non-negative and correspond to the expected
population sizes of the respective generations, according to the types of the particles and
their direct parents. Therefore, the multi-type BPRE constitute a relevant application area
to the studies of products of random matrices. Nevertheless, as in the single-type case, the
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set of multi-type BPRE is divided into three classes : they are supercritical (resp., critical
or subcritical) when the upper Lyapunov exponent of the associated random matrices is
positive (resp., null or negative) [Kaplan, 1974].

Specification of the asymptotic behavior of the probability of non-extinction up to time
n of the multi-type BPRE is important. As for single-type BPRE, the first case was studied
when the generating functions defining the random environment are linear-fractional ; it
yields to explicit formulas which are easier to tackle.

In [Dyakonova, 1999], E. E. Dyakonova obtained in the critical case an equivalence of
the survival probability at time 1, under the restrictive assumption that the mean matrices
M;j have a concordant deterministic Perron-Frobenius eigenvector. It happens for instance
when the My are upper-triangular matrices with strictly decreasing coefficients on the
diagonal. In this case, the behavior of the BPRE is governed by the one-dimensional
random walk whose increments are the logarithm of the spectral radius of the M ; this
allows one to apply the same techniques as in the single-type case.

To tackle the general case when the action of the random matrices Mj is strongly
irreducible, limit theorems on the fluctuations of the norm of products of random matrices
are required, which were recently achieved in [Grama et al., 2014] and [Grama et al., 2017]
with asymptotic results on the tails of certain hitting time distribution.

Let us briefly mention two main approaches to answer the main question of this chap-
ter : quenched and annealed. Under quenched approach, we fix some w € Q and the
characteristics of a BPRE are treated as random variables whose distributions correspond
to the choice of w; in other words, there is only one layer of randomness and the environ-
ment is fixed with w. The annealed approach studies the mean values of the mentioned
characteristics and can be viewed as an averaged analysis of the more detailed quenched
one. This is the context of the work presented here.

In this chapter, we introduce several classical results for single-type and multi-type
Galton-Watson processes in fixed and in random environment. The principal result is
about the multi-type process in random environment, located at the last section.

2.1 Single-type Galton-Watson process in fixed environment

2.1.1 Model description

Let (Q, &, IP) be a probability space. We are interested in a population which evolves
with time and denote by Z, the number of individuals in the n generation of this
population. At each generation 7, each individual i € {1, ..., Z,} has N}’ children, where
(N;?,i >1,n> O) are ii.d. random variables with distribution IP (N;1 = k), k = 0. The
number of individuals at generation n + 1 is therefore :

Zny1 =N +Ny+..+ N7,
with the convention if Z, = 0 then Z,,;; = 0. Let F;, be the o-algebra generated by Nf‘ for

k <nand! > 0.Since Z,1 is a sum of i.i.d. random variables, its distribution depends only
on the value of Z,, and not on past values. More precisely, (Z,),>0 is a time-homogeneous
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Markov chain. Having defined the process, we want to know some of its properties :
the probability distribution and moments of Z,; the fluctuations of Z, as n — oo; the
probability that the random sequence Zy, Z1, Z,, .. eventually goes to zero. The following
basic result was discovered by Watson and has been rediscovered a number of times since.

What are the basic assumptions?
1. the initial generation numbered 0 has one member (the ancestor),

2. the number of children of every member in every generation of the population is
random and follows a offspring distribution denoted p,

3. the p-distributed random variables that represent the number of children of each
member in all generations of the population are independent.

We denote p = (p(k))r>o the distribution of the random variables N, ;.

We consider some trivial cases.

1. If p(0) = 0 then P(extinction) = 0; furthermore, if p is degenerate, that is p(1) = 1,
then Z,, = 1 P-a.s. for any n > 0.

2. If p(0) = 1 then Z,, = 0 IP-a.s. for any n > 1 and P(extinction) = 1.
3. If 0 < p(0) < 1 and p(0) + p(1) = 1, then P(Z, # 0,Z,+1 = 0) = p(1)"p(0), which

yields
+00 0)
P(extinction) = Y IP(Zy # 0, Zy1 = 0) = 5 fp(l) T
n=0

Therefore it is more interesting to omit these 3 particular cases and assume that p
satisfies the following assumption

0<p0)<1 and p0)+p()<1. (2.1.1)

We also assume that p is non-degenerate, that is p(k) # 1 for any k > 0, and aperiodic that is
gedik € N* | p(k) > 0} = 1.

Denote by f(s) the probability generating function of the offspring distribution p
defined by f(s) = > ;= p(k)sk, and by g,(s), for n > 0, the probability generating function
of the random variable Z,. Obviously go(s) = f(s) and gu(s) = E[s%"]. Moreover, under
condition (2.1.1), the function f is strictly convex.

2.1.2 Classical properties

Proposition 2.1.1 The function g, is the n-fold composition of f, that is, for any n > 0,
1. go(s) =s,
2. gn1(s) = fo fo...of(s)
—

n times
Proof. Easily we see that go(s) = E[s%] = E[s']. The second statement is obtained as
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follows, using the fact that N}’ are independent on F;,_1,

+00 _
gn+1(s) = E (s71) > E SN1+"’+NZ”1[Zn=i]}
i=0 )

+0o0 _
Z E SN1 +...+Nj 1[Zn:i]:|
i=0 )

fﬂi ]E [SN11+.A.+N§"1[ZWZZ.]|7:H}}
i=0

-y []E (sN%)]le (Zy = ).
i=0
Since E (sN ) = f(s), we see that
gn1®) =D [fO)P 2 =) = E [(f6))”] = gu (£5)) -
i=0

By induction, we obtain : ¢, = fo fo..of, which is the n' iterate of function f.
—_—

n times
O

Proposition 2.1.1 enables us to calculate the generating function of Z,,, and hence the
probability distribution of Z, by simply computing the iterates of f. From the point of
view of probability theory, the main value of Proposition 2.1.1 is that it enables us to
calculate the generating function of Z, thanks to what we can obtain various asymptotic
laws of behavior for Z, when n is large.

Proposition 2.1.2 Assume that E((N})?) < co. We set m := E(N}) and 0* := Var(N}). Then,
foranyn >1,
1. B(Z,) = m",

no> when m =1,

2. Var(Z,) = 2 <m”_1 m'—1

) when m# 1.
m—1

2.1.3 Classification of the Galton-Watson process

Definition 2.1.3 A Galton-Watson process with mean offspring number m is said to be super-
critical if m > 1, critical if m = 1, or subcritical if m < 1.

We are interested in the probability of extinction of the population namely the behavior of
the non-decreasing sequence (IP(Z,, = 0)),, whose limit e is called the extinction probability.
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v

v

subcritical critical supercritical

f(1) <1 f(1)=1 (1) > 1

FiGure 2.1 — Three cases

Proposition 2.1.4 If m <1, the extinction probability e is 1. If m > 1, the extinction probability
is the unique non-negative solution less than 1 of the equation f(s) = s.

Proof. One easily checks that f is strictly convex on [0, 1], so there are two cases to consider,
as described in Figure 2.1 :

1. If the slope f’(1) < 1, the graph of f(s) stands above the diagonal line and so, the
equation f(s) = s has no solution other than s = 1.

2. If f/(1) > 1 then the graph of f(s) does intersect the diagonal line at some point
other than (1, 1) so the solution is s* with s* < 1.

It is obvious that (e,,), is a non-decreasing sequence bounded by 1. We also have g,,4+1 (0) =
en+1 — eand g, (0) = e, — e. Since g,+1(0) = £(g1(0)), then e = f(e).

For n = 0, we obtain ¢y = P(Zp=0) = 0 < s". Since f is an increasing function on
[0,1], one gets e; = f(ep) < f(s*) = s*. By induction e, < s* for any n > 0, and letting n
tend to oo, this yields e < s*. This implies e is the smallest non-negative fixed-point of f.

]

2.1.4 Speed of convergence

The first two precise results about the extinction of the GW process are due to [Kol-
mogorov, 1938] and the third one is due to [Kesten et Stigum, 1966].

Theorem 2.1.5 Let (Z,)y>0 be a GW process whose offspring distribution p satisfies (2.1.1) and
has finite second moment.

1. In the subcritical case, the process (Z,)n>0 becomes extinct IP-a.s. and there exists a positive
constant c such that
P(Z, #0) ~cm" as n — +oo. (2.1.2)

2. In the critical case, the process (Z,)n>0 becomes extinct IP-a.s. and

2
P(Zn * 0) ~ 0_27 as n — +oo. (213)
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3. In the supercritical case, the martingale (Z,/m"),s0 converges P-a.s. to some random
variable W which satisfies the two properties :

EW)<1 and P(W=0)=e, (2.1.4)
where e €]0, 1[ is the probability of extinction of (Z,)n0.

The statement concerning the supercritical case holds under a weaker moment assump-
tion (namely when the NI belong to L'In* L') and is due to Kesten and Stigum under
this assumption; it is a bit out of the scope of this thesis, so we omit its proof. We refer
to the book [Athreya et Ney, 1972] and readers can find a proof of another approach
in [Abraham et Delmas, 2016], based on the notion of Galton-Watson trees.

Before giving the proof of the first two statements, let us say a few comments. In the
subcritical and critical cases, the extinction probability at time n converge to 1, exponen-
tially quickly in the subcritical case and only polynomially quickly (with speed 1/n) in
the critical one.

In the supercritical case, since the non-extinction event ((0,,5o(Z» > 1)) has probability
1 — e, the events (W > 0) and (),59(Z, > 1) equal P-almost surely. In other words, for
IP-almost w € Q,

1. either Z,(w) = 0 for n large enough (this occurs with probability ¢);

2. or (Z,(w))u=o tends to +oo exponentially quickly, namely Z,(w) ~ m"Z(w) as n —
+00, with Z(w) > 0 (this occurs with probability 1 — e).

Proof. (1) Notice the two following points :
1. P(Z, > 1) < E[Z,], where E[Z,] = m",

2.
P(Zy11>0) = 1-P(Zy11=0)
= 1- £(g(0))
1 - f(8x(0))
W]P(Zn > 0).

Since f € C®[0,1] and f is continuous, there exists s, € [g,(0),1] such that f'(s,) =
1 - f(gn(0))

1= 2.(0) . Moreover, f'(s,) < f’(1) by strict convexity of f, which yields
—&n

P(Zy1 > 0) < f'(1)P(Z, > 0) = mIP(Z, > 0).

Hence, the sequence (IP(Z, > 0)/m"), is decreasing, thus it converges to some non-
negative limit c.

It remains to check that ¢ > 0. By using the Cauchy-Schwartz inequality, we obtain
E[Z,] = E[Z,1]z,50] < \/ E[Z2]P(Z,, > 0), together with Proposition 2.1.2, it follows that

(E[Zx])* _ (1 - mym™*!
E[Z2] (1 -m")o?+ (1 — m)ym"+1’

P(Z, > 0) >
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which implies

.. P(Zy>0) (1-m)m m(1 —m)
> = 0.
1,1f2+lgf mt 153&2; (1 -m")o? + (1 — mym*+1 2
Hence ¢ > L;m) > 0.
o

(2) In critical case, we can see that 0> = Var& = f’(1). Then by using Taylor expansion
for 1 — x and 1, we obtain f(1 —x) = > % f(n)(a)(—x)”, which yields

n=0 n!

2

fl-x)=1-x+ %xz(l + e(¥)).

Let v, := P(Z; > 0). By the two points in the first part of this proof, we see that lirJJrn v, =0
n—+o0o
and v,41 =1 - f(1 - v,) for any n > 0. Moreover,

1 1 1 1

Ups1  Un 1-f(l-v,) o,
1 1 1

0nl—Zo,(1—e(0y) On

- L [1 + Gzzvn(l + e(vn))] - Ul

Un n
2 2
= e -7,
which implies
1 1 < 11 ) 02
1_1. L 215
) Okr1 Uk 2 219

k=0

Then P(Z, > 0) ~ -2;.

2.2 Multi-type Galton-Watson process in fixed environment

The materials in this section follows the style of [Harris, 1963]. We extend our problem
to a little more difficult level : the Galton-Watson branching processes with many types
of particles. The question considered is whether the asymptotic behavior of the process
change compared to those of the single-type case.

In the reproduction of certain bacteria, the usual form may produce a mutant form
that behaves differently. Another example is about mitochondrial DNA, it represents a
mainstay of evolutionary biology. Normally, a normal mt DNA gives birth to two other
normal mt DNA but someday, it changes. This time it separates into one normal and one
abnormal which we may call mutant mt DNA. The noticeable feature is that only the
normal mt DNA can do this, producing to either two normal, or one normal and one
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mutant. Mutants only can give birth to mutants. This is just a very simple example. It can
be a bit more complicated as follows.

We fix p > 2 and for each generation n > 0, we define Z, as a p-dimensional vector
(Zy(1),...Zu(p)) whose j entry gives the number of individuals of type j in the n'
generation of the branching process. We write (Z,),>0 for the sequence of the random
variables Z, for n > 0. Because all individuals reproduce independently and offspring
distributions do not change between generations, the random vector Z, depends only
on the vector Z,_;. In other words, the Galton-Watson process (Z,),»0 is a temporally
homogeneous vector Markov chain.

Consider a p-dimensional vector & = (ay,...,ap) € INF; the vector & represents the off-
spring of each type created by a individual, with a; equalling the number of offspring of
type1,..., and a, the number of offspring of type p. For every typei = 1,2,...,p,, let p'(@)
be the probability that an individual of type i has a; children of type 1, ..., @ children of
type p. The probability measure p’ is the offspring distribution for individuals of type i.
Let us assume that Zp = &; = (0,...,1,...,0) (all the entries equal 0 except the i" one which
equals 1). Then Z; has distribution p’ whose p-dimensional generating function is of the
form A

fi(s) = fi(sy, . Sp) = Z piay, .. ., ap)syt ...s?”.
aeNpP

It is obvious that if Z, = (ay,...,ap) then Z,41 is a sum of a1 + ... + a;, vectors and if
Zy = 0 then Z,11 = 0. The generating function of Z, given Z; = ¢; is denoted f,, and we

set fu(8) = (f1(8),-- -, fi (5))-
Theorem 2.2.1 The generating function f are functional iterates as follows :

fia® = fEE) . fi6), n=01,...
fo(s) = s, i=1,...,p.

In particular, £,,1(s) = £,[£c(s)] for any n,k = 0,1, ...

Firstly, we state several basic definitions. The multi-type process (Z;),>1 is irreducible
if for every pair of typesiand jin {1,...,p}, there exists some natural number n such that
P[Z,.(j) = 1|1Zo = &] > 0. If for some n the statement holds for all i and j, then the process
is said to be positively regular.

From here to the end of this subsection, we assume that the distribution p has moment
of order 2. Thus, the function f = (f1,..., fP) is twice differentiable, let M = (M(, 7)), be
the matrix of the first moments of the offspring generating function f,

Ifi,..

MG, j) = E[Z1(j)|Zo = &] = T/

i,j=1,...,p.

Assume also that n; j are finite and they are not all equal to 0. A straightforward genera-
lization yields to the formula E[Z, ,(|Z] = ZxM", for any n,k =0,1,2, ...

A vector and a matrix are said to be positive if all their entries are positive.

A Galton-Watson process, or its mean matrix M, are said positively regular when

there exists k > 1 such that M is positive; this condition is stricter than the process
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being positively regular . The process is said to be singular if the generating functions
f'(s1,...,8p), for 1 <i < p, are all linear in sy, ..., s,, with no constant terms; that is to say
each individual has exactly one child.

The following classical result for positively regular matrices will be of interest in the
sequel.

Theorem 2.2.2 [Harris, 1963] (Perron-Frobenius) Let M be a non-negative matrix of order p
such that MF is positive for some positive integer k . Let p be its spectral radius. Then p is a simple
eignevalue of M, greater in module than any other eigenvalues; it corresponds to positive right
and left eigenvectors u = (Ui)1<i<p and v = (vi)1<i<p. Moreover, forn > 1,

M" = pan +Mg,

where My = (Uivih<ii<p and My = M — pMy, with the normalisation Zle uivi = 1. Hence
MiM; = My, MiM; = MoM; = 0and p(Mp) < p(M) = p.

As we may expect, the eigenvalue p plays a role similar to the expectation m in one type
case; more precisely, it is the required indicator of criticality.

Let e = (¢!,...,e") be the extinction vector probability, where ¢ is the extinction
probability given Zy = &; :
&= lim P(Z, = 0|Zy = &).

n—+00

If u and v are two vectors, then u > v (or u > v) if u — v has all its coefficients positive (or
non-negative).

Theorem 2.2.3 Suppose the process is positive regular and not singular. If p < 1, then e = 1. If

p > 1, then 0 < e < 1and e satisfies the equation f(e) = e. Moreover, if eq is any vector in the

unit cube other than 1, then lirP f.(e1) = e. More precisely, the only solutions of the equation
n—+oo

f(e) = e in the unit cube are e and 1.

Remarks. 1. If the process is singular, then M is a Markov matrix with p = 1and E[Z,,] = Z,
for any n > 1. It is obvious that the population survives forever.

2. For process that is not positive regular, problems arise similar to those encountered in
the theory of Markov chains with decomposable matrices, that is matrices similar to a
block-diagonal ones.

Here we state the results for the three regime with speed of convergence. We refer to
Chapter 5 of the book [Athreya et Ney, 1972] for details and comments.

Theorem 2.2.4 Let (Z,)q>0 be a positively reqular multi-type Galton-Watson process with mo-
ment of order 2, that is B(|Z1|?/Zo = &) < +o0 forany 1 <i < p.

1. In the subcritical case (p < 1), the process (Z,)n=0 becomes extinct P-a.s. and for any
1 <i < p, there exists a positive constant c; such that

P(Z, #01Zy = &) ~ cip" as n — +co. (2.2.1)
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2. In the critical case (p = 1), the process (Z,)n>0 becomes extinct P-a.s. and, for any
1 <i < p, there exists a positive constant c; such that

P(Z,, # 0|Z0 = &) ~ % a5 1 — +oo. (2.2.2)

3. In the supercritical case (p > 1), the sequence (Z,/p")us0 converges P-a.s. to Wv where
W is a nonnegative random variable and v is a left eigenvector of M associated with p;
furthermore, P(W = 0|Zg = ;) = €' where e = (¢')1<i<p is the extinction probability of
(Zn)nzo-

The constants ¢; are given explicitly in [Athreya et Ney, 1972], in term of the Hessian
matrices of the generating functions f; and the eigenvectors p and v of the mean matrix M.
The convergence in supercritical case holds under weaker assumption moment (moment
of order L' In* L! are only required), as in the one type case.

2.3 Single-type Galton-Watson process in random environment

In the previous section, we present a model for the size over time of a population
which evolves in a fixed environment. Indeed, the offspring distribution f is always
the same : the members of the population produce and die according to the same law
of chance. Furthermore, they do not interfere with one another. Unfortunately, natural
processes of multiplication are often affected by many factors which introduce variations
over time and also dependencies. In the nature, plant and animal populations depend
on their surrounding environment which is constantly changing. Their survival depends
on environmental conditions such as food, water availability and temperature. Under
favorable environment, the number of offspring increases, otherwise it declines.

In this section, we take into account some variations of the offspring distributions over
time; more precisely, a natural idea is to assume that the environment varies randomly
and i.i.d., that is to replace the offspring distribution u by a sequence of i.i.d. random pro-
bability meausre (u;);>0, or equivalently replace the generating function f by a sequence
(fu)nzo of ii.d. random generating functions. The random variable f, is the generating
function of the random offspring distribution of members of generation n.

One important remark is that there are two level of randomness that arise. Firstly, we
choose a random family of distributions (f,,),>0, then according to these distributions, the
branching process (Z,), evolves stochastically, that is to say the particles at time n take
fu as their reproduction law. After, the number of offspring of each particle is again a
random variable.

2.3.1 Model description

Our population starts with one ancestor. The particles at time 1 produce children with
the offspring distribution f,. Let Z, denotes the size of the population at time n. The
generating function of Z, can be expressed by a product of generating functions :

E (Sglz()/ ceey Zi’l—l/ fO/ s /fn—l) = fi’l—l(s)zn_ll (231)
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which yields
E[s™fo, ., fu-1] = folfiC- - famr(5) )

Limiting to the interesting case, we assume

P(uo(0) <1) =1 and P(uo(0) + o(1) < 1) > 0. (2.3.2)

2.3.2 C(Classification

Given the environment f_ = (fu)n=0, the “quenched” probability of survival g, at time
nis

gu(f) :=P(Zy > Olfo, .-, fu-1) = 1= fo(fi(... f-1(0)...)), n>1. (2.3.3)

The “annealed probability” of extinction at time 7 is obtained averaging on the environ-
ment

P(Z, > 0) = E@u(H) = E(1 = o(A(..- f1(0).-.). (23.4)

Since the sequence (g,(f))n decreases IP-a.s., then it converges IP-a.s. to some limit g(f)
which is called the survival probability conditioned on the environment f. The extinction
of the Galton-Watson process is given by the following statement whose proof is detailed
in [Athreya et Karlin, 1971b].

Theorem 2.3.1 (1) Assume that lE(logfo’(l))Jr < +oo. IfIE(log f(;(l)) < 0 then

P(e()=0) =1
In other words, conditioned on almost all environment f, the process (Z,)us0 becomes extinct a.s.

(2) Assume E(log £}(1))" < +c0 and E(-log(1 — £o(0)) < +c0.! If]E(log f(;(l)) > 0 then

P(q(f) > o) =1.

In other words, conditioned on almost all random environment f_, the process (Zy)n>0 survives
with some strictly positive probability.

Consequently, we may classify the Galton-Watson process in random environment
by the value of Elog f;(1) (when it exists, that is when E(log f;(1))* < +c0). The Galton-
Watson process is said to be :

(i) subcritical if]E(log f(;(l)) <0;
(i) critical if]E(log fo'(l)) - 0;

(iii) supercritical if lE(log f5(1)) > 0 (and E(~log 1 — £(0)) < +o).

1. The condition [E(—log(1— f,(0)) < +o0is not natural at the first sight but it appears in a crucial way in the
proof in [Athreya et Karlin, 1971b]; it is a way to control that the random probability measures corresponding
to the functions fy, fi, ... are not close to the Dirac mass at 0, whose generating function equals 1 on [0, 1].
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2.3.3 The particular case of linear-fractional generating functions

We consider the case when the offspring generating function are linear-fractional, that
is when it is of the form

o " as
1-8 1-gs

f(s):=1- vz €[0,1], (2.3.5)

where0 < a,f < 1and % < 1. In other words, the function f is the generating function

of the probability measure p which is the convex combination ady + (1 — a)G, of the Dirac
mass Op at 0 and the geometric distribution G, with parameter 1 — §; obviously, p is a

probability distribution if and only if
p=1-p.

In the context of random environment, we consider a sequence f_ = (fn)nso of ii.d.
random variables with values in the set of linear-fractional generating functions defined
by :

1-p < 1 (in this case, we have @ = (1 — a)p and

an anx

Vx € [0, 1] M@:l—yﬁ/n_mf

Equivalently, ((a;, f1))n=0 is a sequence of i.i.d. random variables with values in the set

{(,p) 1 0 < a,p < 1and q < 1}. This class of generating offspring functions for

Galton-Watson processes is extensively studied, in fixed and random environment; not
only each function has linear-fractional form but also the iterates fi(f2 ... fu(s)...).

Besides, the first and second moments of f can be found explicitly : f'(1) = (1?@2
and (1) = (12112 ER Then formula (2.3.5) may be rewritten as
Vs €[0,1] 1-£(s) = ( ! + E) )>_1 (2.3.6)
' fa-s 2027 o

The work [Kozlov, 1977] by Kozlov is the first main contribution to the study of the speed

of convergence to the extinction of critical Galton-Watson in i.i.d. random environment;

he considered only linear-fractional offspring distributions. The starting point of his proof

is the following formula for the superposition of linear-fractional generating functions,
j-1

based on (2.3.6) : for any 0 < s <1, setting [[, = 1 and []; := Hfi’(l) for j > 1, it follows
i=0

-1
_ 1 « 1 fO
L= fo(- fua(s)---) = ((15)1_[;1 " =0 szf]{(l)z) |

that

2.3.7)

Thanks to this formula, Kozlov succeeded in translating the probability of survival into
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the language of one dimensional random walks. Namely,

an(f) = P(Z,>0]fo, -, fu-1)
= 1-fo(-+ fu-1(0)---)

-1

n-1
= e+ ne |, (2.3.8)
j=0
where forany j > 1,

]
@) Sj==In(foo...0 fi11)() =D X; with X; =In f/ (1) fori >1;
i=1
N /210
(ii) n; = ij,’_l(l)z'
A similar decomposition exists when the f,, are not linear-fractional ; see [Geiger et Kers-
ting, 2000]. It is well known that, under suitable moment conditions on the X; and n; and
n—1
when the X; are centered, the quantity Z n j+1e_5i behaves as the minimum of the partial
=0
sums Sp = 0,...S;, see [Grincevic¢jus, 1974]; thus, the study of g,(f) is connected to the
fluctuation theory of the one-dimensional random walk (S,,)>0.

2.3.4 Statements of results

In this section, we just state some main results about the speed to extinction of Galton-
Watson processes in ii.d. random environment. There exists a huge literature on the
subject, in particular the ones with weaker moment assumptions (see [Afanasyev et al.,
2005] and references therein). We begin with a result on critical single-type branching
process in random environment.

Theorem 2.3.2 [Geiger et Kersting, 2000](Critical case) Suppose Elog f5(1) = 0,0 < E(log f'(1))* <

400 and E <%(1 +log, f’(1))) < +o00. Then, for some 0 < p < +o0o,

P(Z, > 0) = E[ga(f)] ~ 5}7 as 1 — 4oo.

Let us emphasize that (IP(Z, > 0))u>0 converges to 0 more slowly than in the fixed
environment, where the speed of convergence to extinction was 1/#, up to some constant.
This can be explained by the averaging effect induced by the random environment.

In the subcritical case, there are three subcases to consider with different speeds of
convergence to extinction; this is an important difference compared to the fixed environ-

ment case. We refer for instance to [Geiger et al., 2003] among many other articles existing
on this subject.

Theorem 2.3.3 (Subcritical case) [Geiger et al., 2003] Let E(log f;(1)) < 0.
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1. Strongly subcritical case.

Assume that
E(f;(1)1og f5(1)) <0 and E(Zilog" Z1) < +oo,

then there exists 0 < p1 < 1 such that

P(Zy > 0) ~ b1 (E( f5(1))” as 1 — +oo.

Moreover,
nl_i)r}rnoo P(Z, =klZ, >0) =q1(k), k=>1,
where
+00 +o00
qu(k) =1 and qul(k) < +00.
k>1 k>1

2. Intermediate subcritical case.
Assume that
E(f5(1)log fo(1)) = 0,
E(f;(1)log? f(1) < +co and E((1 +log™ fj(1)f (1)) < +oo,

then there exists 0 < fp < +oo such that

P(Z, > 0) ~ f/%(lﬁ(f(;a))” as 1 — +oo.

Moreover,
hl}_'l P(Z, =klZ, > 0) = qo(k), k=1,
n—+oo

+00
where Z q2(k) = 1.
k=1

3. Weakly subcritical case.
Assume
0 <E(fo(1)log fo(1)) < +e0
and the distribution of log f;(1) is not supported by any non-centered lattice, and that the
following integrability conditions are satisfied,

o (1) o (1)
E <f6(1)1_6> <400, and E <f6(1)2_6> < +o00.

Then there exists 0 < fz < +oo and y €]0, 1[ such that

P(Z, > 0) ~ %y” as n— +oo. (2.3.9)

Moreover,
hl’i’l P(Z, =klZ, >0)=g3(k), k=1,
n—+oo

+00
where Z q3(k) = 1.
k=1
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Let us just explain briefly how these three subcases appear; we do not get into the details.
Firstly, the function ¢ : t > [E(e 18 £y is well defined, convex on [0, 1] and it satisfies

¢0) =1, ¢(1)=Ef(1), ¢'(0)=E logfy(l) and ¢'(1)=E f5(1)log fo(1).
Consequently,

1. in the strongly subcritical case, the function ¢ strictly decreases on [0, 1], it reaches
its minimum at 1 and ¢’(1) < 0; in particular (1) = Ef;(1) < 1, and by convexity
Elog f;(1) < 0.

2. in the intermediate subcritical case, the function ¢ reaches its minimum at 1 and
¢’(1) = 0; again ¢(1) = Ef;(1) < 1, and by convexity Elog f;(1) < 0.

3. in the weakly subcritical case, the function ¢ reaches its minimum at some ¢y €]0, 1]
and ¢’(tp) = 0; the constant y in (2.3.9) equals ¢(¢p) and belongs to ]0, 1[. Notice
that ¢(1) = Ef;(1) may be greater than 1 in this case.

The proof of Theorem 2.3.3 is based on a classical argument in the theory of random walk :
using the function ¢, one changes the distribution of the increments of the random walk
(logIT,)n>1. In the first sub-case, the new random walk has a negative first moment, which
corresponds to the rate of convergence to 0 of the process (Z;),>1; in the intermediate
one, the new random walk is centered, that’s why the quantity % appears; at last, in
the weakly case, the change of measure yields also to a centered random walk and the
coefficient 1/1%/2 comes from classical results on fluctuations of such random walks.

Eventually, in the supercritical case, a version of Kesten-Stigum’s theorem [Kesten et
Stigum, 1966] completes the picture of analogues in random environment. Many works
were done since the appearence of the couple of seminal papers by K. B. Athreya and S.
Karlin [Athreya et Karlin, 1971b], [Athreya et Karlin, 1971a]; let us state their version in
random environment of Kesten-Stigum’s theorem , base on the fact that (Zn/I1,),>0 is a
martingale.

Theorem 2.3.4 (supercritical case) [Athreya et Karlin, 1971a]l Assume that E(log f;(1)) >
0; then the process (Z,/I1,)n>0 is a non-negative martingale with respect to the filtration
(0(Zo, ..., Zn, fo, f1-- -, fu))n=0 and hence limy, o0 Z,,/T1,, = W exists IP-a.s.

. » ”(1))
Suppose in addition that E ( 0 < +00.2
PP £

Then E[W|f] = 1 and P(W # 0|f) = q(f) P-a.s.

In others words, for almost all environment f_, the process (Z,),>0, given this environment
f, becomes extinct with probability 1 —g(f) or behave as e>"W — +c0 a.s. with probability

q(f)-

2. Notice that weaker moment assumptions of type L' log L! are required, as for the Kesten-Stigum’s
theorem in fixed environment.
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2.4 Multi-type Galton-Watson process in random environment

E.E. Dyakonova studied multi-type Galton-Watson process in random environment
under some restrictive assumption : the mean matrices of the random environment have
a common eigenvector. For example, those matrices are upper triangular with strictly
decreasing entries on the diagonal. In this case, the behavior of the BPRE is governed
by the one-dimensional random walk (S,),>0 with increments log p(M). The strategy of
her proof is based on the same techniques as in single-type case and the study of the
extinction probability g, (f) is connected to the fluctuation theory of the one-dimensional
random walk (S;);>0-

In the general case, that is when the action of the random matrices is strongly irre-
ducible, the one-dimensional random walk (S;),>0 mentioned above is replaced by the
process (log |¥My - - - M,—1])n=0, for some row vector ¥ with positive entries. To control the
fluctuations of this process, we apply the result presented in the previous section. This
is the main “new” ingredient to study the asymptotic behavior of g,(f) in the multitype
case. Nevertheless, we have to restrict our study to the case when the matrices M belong
to some proper subset S*(B) of the semi-group S* of p X p matrices with positive entries;
namely,

1 _ MG,))

S*(B) = {M = (M(i, P)<ij<p | 5= Mk, I) <Bforall1<ijkI<p},

where B is a positive constant. Let us explain how this restriction is neccessarry and
present the main argument we need to achieve the proof; this corresponds to Lemma 3.1
in the article presented at the end of this section.

Firstly, in [Geiger et Kersting, 2000], J. Geiger and G. Kersting prove that for any real
constant C,
ZJE[e—Sn,-sl>c,...,sn>c < +00 2.4.1)
n=0
holds, where S, = Y7 +... + Y}, for i.i.d. random variables Y} on R for k > 1. This is an
important step in their work and they prove that it can be reduced to the case when C = 0.

In this case, inequality (2.4.1) is a direct consequence of the so-called “duality pro-
perty” which states that the random vectors (Y1,...,Y},) and (Y, ..., Y1) have the same
distribution; consequently, the same property holds for the vectors (S, S, ...,S,) and
Y, Yn+Yy1,..., Yy +---+ Yq). Hence,

E[e=S:8,>0,...,5, >0}
—E[e 5 Y, >0,Y1+ Y25 0,... Y+ +Y, >0}
—E[le Y, >0,Y, + Y, 150,..., Y, 4+ +Y; >0}

—E[e5:5, > 5,.1,5,> Spn,...,S5, > o}

=E _e_S" ;n is a strict ladder epoch of the random walk (Sk)kzo] .

By a straightforward argument, one easily deduces that (2.4.1) holds when C = 0.
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After, let us consider the multi-type case in random environment when S, is replaced
by S.(¥) = log|%R,|, where R, = My...M,_1 for any n > 0 and ¥ is a row vector with
positive entries with L'-norm equal to 1 (the set of such ¥ is denoted by X in the following
article). Following the same strategy, we want to overestimate the quantity

IE[ly?Rnl‘l;b’éRll >C,... |tR,|>C|.

The “duality property” L(Mo,...,My-1) = L(M;-1,...,My) yields that two following
events are equal in distribution

dist

[IXRx| > C] [IXMj—1 ... M| > C].

Indeed, firstly, notice that the “right product” Ry is replaced by the left product
M, —1...M,_k; secondly, the quantity [¥M,,_1 ... M,_| cannot be expressed in terms of
%L, and XL,_j as in the case of classical random walks, where L, = M,,_1...Myp. The
difficuty comes from the starting vector %, so in order to overcome this problem, we try
to “forget” x by temporarily replace the quantity |¥R,| by |R,| (and similarly |L,x| by |Lyl,
where x denotes the column vector corresponding to X), which is possible when the ma-
trices M,, belong to S*(B), since in this case the quantities |¥R,| and |R,| are “comparable”
in the following sense (see Lemma 1.3.2) : there exists a positive constant ¢ greater than 1
depending on B such that, for any ¥ € Xand any n > 1,

1 1
Eanl < |¥Ry| £ c|Ry|  (similarly Eanl < |Lyx| < clLy))

(one write |R,| = |%R,;| and |Ly| < |L,.x| for short). As a direct consequence, changing if

necessary the value of c, it also holds |L,,| = IMy—1 ... My_lIL,—| for any 0 < k < n, by using
Lemma 1.3.2. Hence, in distribution

R >l IR > S| B Ml > )
with
[an_l Myl > f] c [|Ln| > Ciwn_k@
C [anxI > C(:;ILn_kxl] .
More generally, it holds
IE[|an|—1;|azR1| >C,...,|KR,y| > c}
< cE [|Lnx|—1;|Lnx| > C%ILn_lxl,...,anxl > C£4|x|]

If C > ¢*, it holds
]E[|an|-1;|ﬂz1| SC ... |fR,| > C}
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<cE [ILnxl‘1 ;n is a strict ladder epoch of the random process (|Lix|)k>0

so that Z E [IfRnl_l; |¥Rq| > C,...,|¥Ry| > C| < +00. The proof is a bit more delicate for
n>0
the other values of C, the details are given in the following article.

To summarize this introduction, the study of the probability of extinction of multi-
type Galton-Watson processes we present here follows the strategy developed by J. Geiger
and G. Kersting and needs two main ingredients : the fluctuation theory for product of
random matrices and a “key lemma” (see Lemma 1.3.2) which allows to compare the
norm of some product of matrices with the norm of vectors obtained by their action on
X.
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We study the asymptotic behavior of the probability of non-
extinction of a critical multi-type Galton-Watson process in i.i.d. ran-
dom environments by using limits theorems for products of positive
random matrices. Under suitable assumptions, the survival probabil-
ity is proportional to 1/y/n

1. Introduction. Branching processes in random environments (BPREs) were in-
troduced in the 1960s (see for instance [22]) to describe the development of populations
whose evolution may be affected by environmental factors; they have been a central topic
of research.

In the single-type case, the behaviour of these processes is mainly determined by the
1-dimensional random walk generated by the logarithms of the expected population sizes
my, k > 0, of the respective generations. The theory of fluctuations of random walks on R
with i.i.d. increments allows one to classify BPREs in three classes - supercritical, critical
or subcritical - of single-type BPRESs, according to the fact that the associated random
walk tends to +o00, oscillates or tends to —oo (see for instance the fundamental papers [2]
and [3]). In particular, when E(|logmyg|) < 400, the BPRE is supercritical (resp., critical
or subcritical) when E(logmy) > 0 (resp., E(logmy) = 0 or E(logmy) < 0). There exist
numerous statements concerning the asymptotic behaviour of the probability of non-
extinction up to time n, the distribution of the population size conditionally to survival
up to moment n, large deviation type results (see for instance [1], [4], [7]). In the critical
case, the branching process is degenerate with probability one [2]; M. V. Kozlov [19]
(for BPREs with linearly fractional generating functions) and J. Geiger and G. Kersting
[10] in the general case strengthened this result and proved that the probability of non-
extinction up to time n is equivalent to ¢;/y/n as n — +o0, for some explicit constant
c1 > 0 (see also [15]). Let us recall that this probability of non-extinction up to time
n is equivalent to 1/n when the offspring distribution is fixed, that is it does not vary
randomly; in other words, branching processes in random environment die more slowly.
In the supercritical and subcritical cases, similar studies have been done (see for instance
[2], [3], [11] and [16]), we do not go into detail about these cases since they are outside
the scope of this paper.

It is of interest to prove analogues of the above statements for the multi-type BPREs

MSC 2010 subject classifications: Primary 60J80; secondary 60F17, 60K37
Keywords and phrases: multi-type branching process, survival probability, random environment, prod-
uct of random matrices, critical case.
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(Zn)n>0. The main difficulty which appears is that the role of the random walk associated
to the BPRE in this case is played by the logarithm of the norm of some RP-valued
Markov chain whose increments are governed by i.i.d. random p x p-matrices My, k > 0;
the coefficients of these matrices M}, are non negative and correspond to the expected
population sizes of the respective generations, according to the types of the particles
and their direct parents. Products of random matrices have been the object of many
investigations and many limit theorems do exist in this context: for instance, the law
of large numbers, the central limit theorem, the large deviations principle (see [5], [20]
and references therein). Unfortunately, the theory of their fluctuations remains a field
in which practically no research has been done and the multi-type BPREs constitute a
relevant application area for this study. Nevertheless, as in the single-type case, the set of
multi-type BPREs may be divided into three classes: they are supercritical (resp., critical
or subcritical) when the upper Lyapunov exponent of the associated random matrices is
positive, null or negative [18].

A problem of particular importance is to specify the asymptotic behaviour of their
probability of non-extinction up to time n. As for single-type BPRESs, the case has been
first studied when the generating functions defining the random environment are linear
fractional; it yields to explicit formulas which are easier to tackle.

In [6], E. E. Dyakonova obtained in the critical case an equivalence of the survival
probability at time n, under the restrictive assumption that the mean matrices M} have
a concordant deterministic Perron-Frobenius eigenvector. It happens for instance when
the M}, are upper-triangular matrices with strictly decreasing coefficients on the diagonal.
In this case, the behaviour of the BPRE is governed by the 1-dimensional random walk
whose increments are the logarithm of the spectral radius of the Mj; this allows one to
apply the same techniques as in the single-type case.

To tackle the “general” case when the action of the random matrices My, is strongly
irreducible (see hypothesis H2 below), limit theorems on the fluctuations of the norm of
products of random matrices were required; they have been recently achieved in [12] and
[13] with asymptotic results on the tails of certain hitting time distribution.

In this paper, we investigate the asymptotic behaviour of the probability of non-
extinction up to time n of critical multi-type BPREs and obtain an optimal result in
the case of linear fractional generating functions. To formulate our main results, we first
introduce some standard notations and definitions.

We fix an integer p > 2 and denote RP (resp., NP) the set of p-dimensional column
vectors with real (resp., non-negative integers) coordinates; for any column vector z =
(xi)1<i<p € RP, we denote & the row vector Z := (x1,...,2p). Let 1 (resp., 0) be the
column vector of R? whose all coordinates equal 1 (resp., 0). We fix a basis {e;, 1 < i < p}
in R? and denote |.| the corresponding L! norm. We also consider the general linear semi
-group St of p x p matrices with positive coefficients. We endow ST with the L'-norm
denoted also by |.|.

The multi-type Galton-Watson process is a temporally homogeneous vector Markov
process (Zp)n>0 whose states are column vectors in NP. We always assume that Zj is
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non-random. For any 1 < ¢ < p, the i-th component 7, (i) of Z, may be interpreted as
the number of objects of type ¢ in the n-th generation.
We consider a measurable function § > f¢ from R to the set of multi-variate probability

generating functions fg = ( féi))lgigp defined by
(5 =3 p(e)s”
aeNP
for any s = (s;)1<i<p € [0, 1]7, where
(i) a—( ;)i € NP and s® = 57" ... sp";
(ii) p€ (a) (@ )(al, ..., 0yp) is the probability that an object of type 4 in environment
¢ has ay chlldren of type 1,...,a; children of type p.

Let (£7)n>0 be a sequence of real valued i.i.d. random variables defined on a proba-
bility space (2, F,P). The Galton-Watson process with p types of particles in a random
environment (&,)n>0 describes the evolution of a particle population Z,, = (Z,(%))1<i<p
for n > 0.

We assume that for any n > 0,7 = 1,...,p and £ € R, if &, = £ then each of the
Z, (i) particles of type i existing at time n produces offspring in accordance with the p-

dimensional generating function féi) independently of the reproduction of other particles
of all types.

If Zy = €; then Z; has the generating function

Z p(l)

aEeNP
In general, if Z,, = (a;)1<i<p, then Z, 41 is the sum of a; +... 4+ o independent random
vectors, where «; particles of type ¢ have the generating function f§ ) for i = 1,...,p. It

is obvious that if Z,, = 0, then L+l = 0.
Denote f, = fe, . By the above descriptions, (written in equation (2.1) in [18]) for
any s = (si)1<i<p, 0 < s < 1,

E (SZ"|Z0, cosZn 1y foy ey fnfl) = fnfl(S)Z"_l
which yields (Lemma 2.1 in [18])
( ’ (Z)7f17'°'7fn—1) = E(SZH‘ZOZéiafOP")fTL—l)

= R faa(s).).
(i)

In partlcular the probability of non-extinction ¢’ at generation n given the environ-

ment fo Sy fot1 18
¢9 = P(Z, £ 0|f i )
(1.1) = 1=l fam1(0)..0) = &L = fo(fil--- far(D)..0)),
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so that
Elq¥) = B[P(Zn # O£, f1,- -, fu1)] = P(Zn # 0|20 = &).

As in the classical one-type case, the asymptotic behaviour of the quantity above
is controlled by the mean of the offspring distributions. We assume that the offspring
distributions have finite first and second moments; the generating functions fé(i),f €
R,1 < i < p, are thus C?-functions on [0, 1]? and we introduce:

. . - o (1)
(i) the random mean matrices M, = (My(7,7))1<ij<p = e taken from
j -
Z’]
the vector-valued random generating function f,(s) at s = 1, namely
o1 () af (1)
ds1 o dsp
M, = :
of (1) oY (1)
ds1 dsp

i ; () ,
(ii) the random Hessian matrices BY = (B,(I)(k:, D)i<ki<p = (m(”) , 1 <i<p,
k,l

taken from the real-valued random generating function fg(i)(s) at s =1.

For any 1 <14 < p, the random variables M, and Bff) are i.i.d. in n. The common law
of the M, is denoted by u.

Let R,, and L,, denote the right and the left product of random matrices My, k > 0,
respectively, R, = MoM; ... M,_1and L, = M,_1... M M.

1
By [9], if E(max(0,log|My|)) < 400, then the sequence <10g|Rn|> converges
n n>1

) >
P-almost surely to some constant limit 7, := BIE —E[log |R,,|]. Furthermore, by [18],
n oo n

1 i
if there exists a constant A > 0 such that 1 < My(i,j) < Aand 0 < Bg)(k’,l) <A

P-almost surely for any 1 < i,5,k,1 < p, then the process (Z,)n>0 becomes extinct
P-almost surely if and only if 7, < 0.

In the present work, we focus our attention on the so-called critical case, that is
m, = 0, and specify the speed of extinction of the Galton-Watson process.

We define the cone C and the space X respectively as follows:

C::{jj:(xly'~-;xp)eRp| Vi:].,...,p, mZZO}’

and

X:={ieC||i|=1}.

In the sequel, we consider:
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e the right and the left linear actions of ST on C defined by:
(Z,9) = Tg and (Z,9) — gz

for any 2 € C and g € ST,
e the right and the left projective actions of S™ on X defined by:
gx
]

- . zg -
for any # € X and g € ST.

d
For any g = (9(4,7))1<ij<a € ST, let v(g) := 121}2(1(2 g(i,j)). Then, for any z € C,
===

(1.2) 0 <v(g) |z| <l|gz| <lg| |z|.

We set N(g) := max (ﬁg), |g|) We also introduce some proper subset of S which is of

interest in the sequel: for any constant B > 1, let ST (B) denote the set of p x p matrices
g = (9(i,7))1<i,j<p with positive coefficients such that for any 1 <i,j,k,1 < p,

1 g(i,g)
BS gk, ) =7

(1.3)

On the product space X x St we define the function p by setting p(Z, g) := log |Zg| for
(Z,9) € X x S*. This function satisfies the cocycle property, namely for any g,h € ST
and 7 € X,

(1'4) p(jvgh) = p(f "9, h) + p(i’,g).

Under hypothesis H3 introduced below, there exists a unique p-invariant measure v
on X such that for any continuous function ¢ on X,

wene) = [ [ ol awtanntas) = [ @) = vie).

Moreover, the upper Lyapunov exponent 7, defined above coincides with the quantity
S5+ P(Z, 9)p(dg)v(dz) and is finite [5].

In the sequel, we first focus our attention on “linear-fractional multi-dimensional gen-
erating functions” f = f, y of the form:

(1.5) f(s) = fym(s) =1 M(1—s),

AT

for any s € [0,1]?, where ¥ = (v,...,7) € RP with v > 0 and M € S*. For such a
function f = f, u, we set v = v(f) and M = M(f) and notice that M(f) equals the

. (2)
mean matrix (%f—(l ) .
% 1<i,j<p
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Here, we specify hypotheses concerning the distribution g of the mean matrices M,, =
M(fn)7 n > 1.

H1. There exists g > 0 such that [¢, N(g)®°u(dg) < oc.

H2. (Strong irreducibility). There exists no affine subspaces A of R® such that ANC is
non-empty, bounded and invariant under the action of all elements of the support of .

H3. There exists B > 1 such that pn(ST(B)) = 1.

H4. The upper Lyapunov exponent m, of j is equal to 0.

H5. There exists § > 0 such that u(Es) > 0, where

Es:={ge ST |VieX, loglzg| >}

If the variables f,, are linear fractional generating functions, then we introduce an addi-
tional hypothesis.

1
H6. There exists B’ > 1 such that o <v(fa) < B P-a.s.

Here comes the main result of this paper.

THEOREM 1.1. Assume that the random variables f,, are linear fractional generating
functions and that hypotheses H1-H6 hold. Then, for any i € {1,...,p}, there exists a
real number B; € (0,+00) such that

(1.6) lim /nP(Z, # 0|Zy = &) = Bi.
n—-+00
For general generating functions, we obtain the following weaker result.

THEOREM 1.2.  Assume that the random variables f,, are C*-functions on [0,1]P such
that

1. there exists A > 0 such that for any i, k,l € {1,...,p},

1y ofs
1)< A 1) P—a.s.
&skﬁsl( ) 7 Osg ( ) a3
(1)
2. the distribution p of the matrices M, = (88]0;‘, (1)>1< B satisfies hypotheses H1-
J <i,j<p

H5.

Then, there ezist real constants 0 < ¢; < ca < 400 such that for any i € {1,...,p}, and
n>1,

C1 ~ ~ C2
1.7 — < P(Z 0Zg=¢;) < —.
( ) \/ﬁ = ( n 7é | 0 z) = \/ﬁ
In particular, under weaker assumptions than in [18], this theorem states that the
process (Zy)n>0 becomes extinct P-a.s. in the critical case. Notice that by a recent work
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[8], equivalence (1.6) holds true even when the f,, are not assumed to be linear fractional
generating functions. The authors in [8] apply the proof in the present paper with two new
ingredients: first, an extension to the multitype case of Geiger & Kersting’s decomposition
of the extinction probability ([10], formula (2.2)) and second, a variation of Lemma 3.1
below, taking into account the residual term which appears in this expression of the
extinction probability.

Notation. Let ¢ > 0 and ¢, be two functions of some variable x; we shall write ¢ % P
(or simply ¢ < ) when ¢(x) < cip(z) for any value of x. The notation ¢ = Y (or simply

C Cc
¢ =) means ¢ X = .
2. Preliminary results.

2.1. Product of matrices with non-negative coefficients. We describe in this section
some properties of the set ST. We first endow X with a distance d which is a variant
of the Hilbert metric; it is bounded on X and any element g € ST acts on (X,d) as a
contraction. We summarize here its construction and its major properties.

For any & = (z)1<i<p, ¥ = (¥i)1<i<p € X, we write

T

Yi

m(i,gj):min{ i=1,...,p such that y; >O}

and we set
d(&,5) = o (m(@ §)m (. 7))

1—
where ¢ is the one-to-one function on [0, 1] defined by ¢(s) := 174_8 For g € ST, we set
s

c(g) =sup{d(@-g,5-9) | %,5 € X}.
We present some crucial properties of d.

PROPOSITION 2.1.  ([17]). The function d is a distance on X which satisfies the fol-
lowing properties:

1. sup{d(z,9) | z,5 € X} = 1.
2. For any g = (g9(i,j))i; € ST
19, 5)g(k, 1) — g(i,D)g(k, 5)|

c(g) = max — - —.
(9) igkle{l,..py g(i,5)g(k, 1)+ g(i,1)g(k, j)

In particular, there exists kp € [0,1) such that c(g) < kp < 1 for any g € ST(B).
3. d(x-g,9-9) <cg)d(@, ) < clg) for any ,§ € X and g € ST(B).
4. clgg') < clg)e(g’) for any g,9" € ST(B).
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The following lemma follows from [9] Lemma 2, and its proof is presented in Section
4. It is the key argument in the sequel to control the asymptotic behaviour of the norm
of products of matrices of S*(B). Let Tg+(p) be the semi-group generated by the set
ST(B).

LEMMA 2.1.  For any g € Tg+(gy and 1 < i,j,k,l <p,

..\ B2
(2.1) 9(i,5) < g(k,1).
In particular, there exist ¢ > 1 such that for any g,h € Ts+(p) and 2,y € X

c - c
1. |gx| < |g| and [7g] < ||,
~ C
2. lygz| =< |gl,
C
3. |gh| < |g[|R|.

2.2. Conditioned product of random matrices. Recall that (M,),>0 is a sequence
of i.i.d. matrices whose law p satisfies hypotheses H1-H5 and R,, = My...M,_1 and
L, = My_1...Mp for n > 1. Consider the homogenous Markov chain (X ),>0 on X,
with initial value Xy = Z € X, defined by

X,=z-R,, n>1.

Its transition probability P is given by: for any £ € X and any bounded Borel function
p: X =R,

Po(Z) = /S+ ©(Z - g)u(dg).

The chain (X,,)n>0 has been the object of many studies, in particular there exists on X
a unique P-invariant probability measure v.

Indeed, by Proposition 2.1, for any Z,y € X and any sequence (g,)n>1 of elements
in ST(B), it follows that

(2.2) AZ-gn. 91,9 Gn---91) < Kp.

This yields supd(Z - gpsk - Gn- - 91,% - gn..-g1) — 0 as n — +o0; the sequence (T -
k>0

91+ gn)n>0 thus converges in X.

In particular, under hypothesis H3, the sequence (Z - Ly, )n>0 converges P-a.s. towards
some X-valued random variable Xo,. It follows that the Markov chain (Z - Ry,)p>0 con-
verges in distribution to the law v of X, which is the unique P-invariant probability
measure on X. Property (2.2) allows one to prove that the restriction of P to some
suitable space of continuous functions from X to C is quasi-compact, which is a crucial
ingredient to study the asymptotic behavior of (Z - Ry,)n>0 ([5], [14], [17]).

In the sequel, we are interested in the left linear action & — TR, of the right products
R, for any & € X. Since it holds

IR, =8Pl 7. R,
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we consider the random process (Sy,)n>0 defined by: for any z € X,a € R and n > 1,
So=50(%,a) ==a and S, =5,(7,a):=a+log|TR,|

Iterating the cocycle property (1.4), the basic decomposition of S, (%, a) arrives:

n—1
(2.3) Su(E,a) = a +log|ERn| = a+ > p(Xy, My).
k=0

Let us emphasize that for any a € R the sequence (X,,, Sy, )n>0 is a Markov chain on X xR
whose transition probability P is defined by: for any (Z,a) € X x R and any bounded
Borel function ¢ : X x R — C,

P’(/J(ju (L) = o+ ¢(9~0 “g,a+ p(‘%ag))ﬂ(dg)
We set R} := R\ {0} and denote P, the restriction of P to X x Rt defined by: for a > 0
and any 7 € X B B
P+((j’,(1), ) = 1XXR+(')P((£7G)7 )

Fix a > 0 and denote by 7 the first time greater than 1 the random process (Sp)n>0
becomes nonpositive:

(2.4) 7:=min{n > 1] S, <O0}.

For any £ € X and a > 0, let us denote Pz, the probability measure on (Q2, F,P)
conditioned to the event [Xo = 7,59 = a] and E;, the corresponding expectation; we
omit the index a when a = 0 and denote P; the corresponding probability. For any n > 0,
let my, = my(Z,a) be the minimum of the values S1(Z,a),...,S,(Z,a) and set

m,(Z,a) =Pz q[my > 0] = Pz o(T > n).

We present a general result concerning the behavior of the tail distribution of the
random variable 7.

The asymptotic behaviour of the probability Pz (7 > n) is established in [13] when
the matrices M, are invertible and in [21] when the M,, has non negative entries, under
several conditions P1-P5; the first step is to establish the existence of a ]5+—harmonic
function h on X x RT. Our hypotheses H1, H2, H4 and H5 are exactly P1, P2, P4 and
P5 in [21] and H3 is obviously stronger than P3. Proposition 2.2 concerns the existence
of the function h and its properties.

PROPOSITION 2.2. ([21]). Under hypotheses H1-H5, for any x € X and a > 0, the
sequence (Eg o[Sp; T > n] L COTVETgEs to a function h(Z, a) which satisfies the following

properties:
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1. For any x € X, the function h(Z,a) is increasing on R .
2. There exists ¢ > 0 and A > 0 such that for any x € X and a > 0,
1
(2.5) -V(a—A) <h(z,a) <c(l+a).
c
Z,a)

3. For any x € X, the function h(Z,a) satisfies EIJP
4. The function h is 15+—harmom'c.

This statement yields to the following theorem about the limit behaviour of Pz (7 > n)

. . U
as n — —+oo; the relation u, ~ v, defines lim — = 1.
n—+00 Uy,

THEOREM 2.1.  (/21]). Under hypotheses H1-H5, for any € X and a > 0,

2
2.6 Pz o(t >n) ~ ——h(Z,a) asn — oo,
(26) o> 1)~ 2 h(3a)
1
where 02 := lim —E,[S?] is the variance of the semi-markovian random walk (Sy)n>0-

n—+oo n
Moreover, there exists a constant ¢ > 0 such that for any T € X, a > 0 and n > 0,

(2.7) VnP; o(T > n) < c h(Z,a).

Remark. The fact that 02 > 0 is a direct consequence of hypotheses H2 and H5 (which
implies in particular that the semi-group generated by the support of p is unbounded);
see [5], chap 6, Lemmas 5.2 and 5.3 and section 8 for more details.

3. Proof of Theorem 1.1.

3.1.  Expression of nonextinction probability. For any 0 < k < n, set Ry, =
My ...Mp,_1 and Ry, := I otherwise. Let Y}, := Ry, - 1. It is known (see Lemma
1 in [6]) that

(q(i))_l o 1+yMy... My 11+ My... Mp_11+ ...+ 7,11
N = .

3.1
(3:-1) R,

Since é; Ry Ry n1 = €My ... M,_11 for any 1 < k < n, we may rewrite (3.1) as

R = s =
3.2 (q,f) = = + = T = = + .
(3.2) eiRnl kZO iRk Yri1n  €Rp1 kzo €iRkYri1n

Notice that, for any fixed k& > 0, the sequence (Y} ,)n>0 converges to some limit Y} o
([9], [17]). Indeed, the matrices M;,I > 1, all belong to ST(B), so do their transposes
and we may write as in (2.2)

sup d(ffk,n,f’k’mrm) < /17]3_]“ e
m>1
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The sequence of row vectors (?k,n)nzo is thus a Cauchy sequence in X, it converges and
so does (Y} n)n>0; we denote Y}, o the limit of this last sequence. Using this key fact, we

prove in Lemma 3.2 that the sequence (qﬁf )) converges to some positive limit
n>1

+oo

. Yk -1
(3.3) 2= @0 AR

in the L'-norm with respect to another probability measure @ia on (9, F), corresponding
to the Doob transform of P associated with the function h given by Theorem 2.1; the
construction of Pz , is described in the following subsection.

3.2. Construction of a new probability measure ]P’ZG conditioned to the environment.

Since the function h is P+ harmonic on X x R*, it gives rise to a Markov kernel Ph on
X x R defined by

Pl = 3 Py (ho)

for any bounded measurable function ¢ on X x RT. The kernels ]3+ and ISﬁ are related
to the stopping times 7 by the following identity: for any 2 € X, a > 0 and n > 1,

(Phyoti.a) = asPr(ho)(i.a)
1
1

hoé(Xpn, Sp); T >n)

hé(Xn, Sn);my > 0).

This new Markov chain with kernel ﬁﬁ allows one to change the measure on the
canonical path space ((X x R)®N 0(Xy,Sp:n>0),0) of the Markov chain (X, Sy )n>0
(1) from P to the measure IP’w « characterized by the property that

(34)  Eza[p(Xo, S0, ., Xp, Sk)] = h(Ta)Ei",a[@(Xo, oy SE) (X, Sk); my > 0]

for any positive Borel function ¢ on (X x R)*+1,

19 denotes the shift operator on (X x R)®N defined by 0(($k,5k)k20) = (Th+1, Sk+1)k>0 for any

(mk-75k)k20 in (X X R)®N
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For any 0 < k < n,
Ej,a[QO(XQ,So, . ,Xk,Sk);mn > O]
= Ej;,a[go(Xg,...,Sk);Sl >0,...,5, > O]
= Egg,a[go(Xo,. . .,Sk);a+p(X0,Mo) > 0,

k-1 n—1
cvat Yy p(Xi, M)+ ) p(Xi, My) > 0]
=0 =k

= E;Cva[E[(p(Xg,...,Sk);S1 >0,...,5 >0,
Sp+ 810605 >0,...,8 + Sp_ 06" >0M,..., M_1]]

= ECE,G @(X(]a C) Sk))
XE[Sk—i-SlOek > 0,...,Sk+5n,k09k > 0|M0,...,Mk,1];mk >0
= Ei,a @(X()a ) Sk)

XPx, 5, (51065 >0, S g 06" > 0);my > 0]

= Eza|le(Xo,.- - Sk)Px, 5, (T >n—k);mg > 0}.
Hence,
Ez o [p(Xo; - -+, Sk);mn > 0]
(3.5) = Eg}’a[tp(Xo, ey Sk)mnfk(Xka Sk); my > 0].

Moreover, in view of Theorem 2.1, the dominated convergence theorem and (3.5), we
obtain for any bounded function ¢ with compact support,

lim Ei,a[@(Xm ceey Sk)]mn > 0]

n—-+o0o
1
= W]E:g’a[(p(Xm RN Sk)h(Xk, Sk); mg > O]
(36) - IE§7@[Q0(XO, ceey Sk)]7

which clarifies the interpretation of }IADf,a.

We formalize in three steps the construction of a new probability measure, denoted
again ﬁg,a, for each £ € X and @ > 0, but defined this time on the bigger o-algebra
0(fny Zn = m > 0). Retaining the notations from the previous parts, the measure @@,a is
characterized by properties (3.4), (3.7) and (3.8).

Step 1. The marginal distribution of @,;w on 0(X,, S, :n>0)is @@@ characterized by
the property (3.4).

Step 2. For any n > 0, the conditional distribution of (fo,--- , f,) under I/P\)j,a given
Xo=29=2,...,Xpn =Tn,S0 =50 =a,...,S, = S, is given by:

Pia(fe € Ap,0 <k <n|X; = 3, S; = 5,0 < i < n)
(3.7) = P(fk S Ak,O < k < n|X1 = il,SZ(.f) = Si,O << n),
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for any measurable sets Ay, ..., A, in Hp and almost all (Z;)o<i<n and (s;)o<i<n With
respect to the law of (Xo,..., Xy, S0,...,5,) under P (and also under ]IAD@Q since, by
formula (3.4), the probability measure I?Pia is absolutely continuous with respect to P on
each o-algebra o(Xo,...,Sp)).

Step 3. The conditional distribution of (Z,,),>0 under I/P\):g,a given féi), f1,...1s the same
as under P, namely

Ei,a (Szn‘ZOa ceey anlv éZ)a flv RN fn71>

(38) = fnfl(s)zn_l =E (Szn|ZOa ceey ZTL*L féZ)a fla ceey fn71> .

3.3. Proof of Theorem 1.1. We follow J. Geiger and G. Kersting’s approach. We fix
1 <47 < p. Forany 2 € X and a > 0 let us denote P:(;,Z,)a the probability measure on

(Q, F,P) conditioned to the event [Xog = &, Sy = a, Zy = ¢&;] and Eg)a the corresponding
expectation.

First, notice that the quantity P(Z, # 0 | Zo = &;) equals E@a(qﬁf)) for any (z,a) € Xx
R*; thus we fix (#,a) € XxR*,p > 1 and 0 < k < n and decompose P(Z,, # 0 | Zo = &;)
as

(3.9) PO(Z, #0) = A, + By, + C,, — Dy,

where
o Ay = Ay(F,a) =P (Z, #0,my, < 0);
o B, = By(&,a,p) =P (Zy # 0,mpy > 0) — Py(Zy # 0,mp, > 0);
e C,=Cy(Z,a,p, k)= [P);Z’L(Zk #+ ﬁ,mpn > 0);
o Dy = Dy(&,a,p, k) =PV (Zy # 0, Z,, = 0,mp, > 0).

We decompose the proof in 5 steps and then conclude, letting first & — 400, then p — 1
and at last a — +o0.

1. The quantity A = A(Z,a) := limsup vnA,(Z,a) tends to 0 when a — +oc.

n—-+o0o

2. The quantity B = B(%,a, p) := limsup /nB,(Z, a, p) tends to 0 when p — +1.

n—-+o0o

3. As n — 400, the sequence (\/ﬁC’n(i, a, p, k))n>0 converges to

h(z,a)

C=C(Z,a,p, k) :=c1 P,(Z # 0).

4. For any p > 1 the quantity D = D(%,a, p, k) := limsup v/nD, (%, a, p, k) tends to 0
n——+00
when k£ — +o0.

5. The sequence (@g)a(Zk # 0))r>0 converges to some limit v (z,a) > 0.
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Step 1. We may write

An#,0) = B (B (Zo # 015" freos fot ) sma < 0)
(3.10) = Esa(a3ma <0).
To control the quantity q,(f ), we use the expression (3.2); Lemma 2.1 yields

n—1

1 1 Yk
— = = + _
q;:) €iRn1 kZO 6iRkYk+17n

> max NL = max !

= 0<k<n—1 | Ry Yii1n 0<k<n—1 | |ZRy]|

1
>
i In|ZR
exp {0<2n<1211(a+ n|z k|)}

so that qg) =< exp(my(Z,a)) and by applying Theorem 2.1 equation (2.7), we obtain

An(faa) = Pél)<Zn # 67mn < _a)
=< Ezlexp(my);m, < —da

+oo
< Y e MPa(—k <mn < —k+1)
k=a
+o00o
< Ze_kpi,k(T > TZ)
k=a
1 X
11 < — -k
(311) < =3 (D
k=a
+oo
where the last inequality comes from (2.5) and (2.7). Notice that the sum Z (k+1)e*
k=a
becomes arbitrarily small for sufficiently great a. Consequently A(Z, a) = limsup v/nA,(z,a) —
n—-+oo

0 as z — +oo.
Step 2. Theorem 2.1 yields

0< Bu(Z,a,p) = B (Zy#0,my > 0) — B (Z, # 0,mp, > 0)

h(z,a) 1 1 oy
~ c - — as n 00
g VP
2
with ¢; = . Hence
oV 2T
~ . ~ ~ 1 p—1
B(Z,a,p) := limsup vnB,(Z,a,p) < c1h(z,a) [1— — )= 0
n——+oo \/ﬁ
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Step 3. Fix 0 < k < n. Using (3.5) and the fact that 1, - and m, ,(Xk, Sk) are
measurable with respect to the o-algebra a(f(i), fis-oy fk—1), we may write
Cu(Z,a,p.k) = PYL(Z) #0,mp, > 0)
= nga (Z1, # 0,my > 0,m,, (X, Si))
= E;(Z)a E(1y, 261 pmi>0mMpon—k (X, Sk) | féi),-~-,fk—1)>

(

= Egcl)a (P(Zk 20/ Te=1) 1m0 Mpn—k (Xk, Sk))
(
(

= Ezq q,(:),mpn > 0)
= Ez, q,(;) | mpn > O) Pz o(mpm > 0)

By (3.6), since k is fixed

lim Ez, (qk)|mpn > 0) Ej,a( “) BY) (2, # 0).

n—+4o00

Hence, by Theorem 2.1

h(ﬁ,a

Step 4. As in the previous step, we may write
Du(#,a,p,k) = PY(Z # 0,2, = 0,mp, > 0)
= P (24 #0,mpm > 0) — V) (Z, # 0,m > 0)
= Baa (0" mpn > 0) = Eaa (a7, mpn > 0)
= E;z, (( @ _ (i)> m,_ 1y (Xn, Sp); mp > O)

! ((q,(j) — 4DYVa(Xn, Sn): mn > 0),

Vip—1n h(z,a) Bz

where the last inequality comes from (2.7). Since 1y, o) and h(X,,, Sy,) are o(So, . . ., Sp)-
measurable, we observe that

\/ﬁDn(ja a, p, k)

MEA50 (7 #0).

PN

\/plfl]/}i:i,a (Q;(g - qv(f )

\/plfl (P2 #0) =B, (2, £ 0)).

Hence

1
D(z,a,p, k) =limsupv/nDy(Z,a,p, k) 2 ——
(3,,p, k) = limsup \/aDn (7,0, p, ) =~ (

so that D(Z,a, p, k) — 0 as k — +o0.
Step 5. We first state the following lemmas whose proofs follow in the next section.

B,(Zy # 0) — v (3, a)>
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LEMMA 3.1. For any € X and a > 0,

“+o00

H/‘ia?,a Z e_Sn < +00.

This allows one to identify the limit of the sequence (@g)a(Zk # 0))k>0-

LEMMA 3.2. For any @ € X and a > 0, the sequence (qg)) . converges to qgé) mn
n>

Ll(Px a); in particular

(3.12) lim _ PV (Z # 0) = Bz 00,
k——+
where q() is given by the expression (3.3).

From Lemma 3.2, it is obvious that ﬁj,aqé? < 1. On the other hand, the expression

of q( ) combined with Lemma 3.1 and the fact that |ZRy| < €iRyYn+1,00 (see Lemma 2.1

property 2) yields E; aqéo) > 0. In other words, for any a > 0

0 < v(F,a) :=E; g < +oo.
This achieves the proof of Step 5.
Let us complete the proof of Theorem 1.1. Letting n — +o0 in expression (3.9) yields,
forany Z € X,a>0,p>1and k > 1,

C— D<11m1nffIP’(Z (Zyn # 0) < limsup vnP?(Z, #0) < A+ B+C — D.

n—+oo n—+o00
Letting first £ — +o00 then p — 1 yields
arh(i@,a)vD(z,a) < hI_I)lJ’i_nf VnP(Z, # 0)

< limsup/nP(Z, # 0)

n—-+o0o

IN

erh(&@,a)v(z,a) + A(E, q).
Since v (%, a) > 0, h(Z,a) > 0 and A(Z,a) < +00, we obtain in particular

0 < liminf /nP(Z, # 0) < limsup vnP(Z, # 0) < +oc.
n—r+00 n—+00

Finally, letting a — 400, we conclude that both limits

lim P9 (Z,#0) and lim ch(Z, a)v'D(Z,a)

n——+0o a—-+00

exist, coincide and belong to ]0, +o0[.
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3.4. Proof of Theorem 1.2. First, for any n > 1 and s = (s1,...,sp), we denote
Fo(s) = feo(fe, (.. (fen,_1(8)) - ..)). By definition of qﬁf), we have for any 0 < k < n,

gy = &(Fy(1) - Fi(2)),
where z = z(k,n) = fe, (... (fe,_,(0))...); the Mean Value Theorem yields
@) = &(Fir(1) — Fi(2)) < &My ... My_11 < |2 Ry,| = exp(Sk(&,0))

so that qg) =< exp(my,(Z,0)) and E[qﬁf)] < E[e™@0)] = Ezle™].
Using the same trick like in (3.11), we can deduce that there exists a constant ¢z such

that
C2

Egle™] = Eqle™smy < 0] ~ 2,
and thus the upper estimate in equation (1.7) arrives.

To obtain the lower estimate in (1.7), for any R-valued multi-dimensional generating
function f(s), s = (s1,...,8p)7, we obtain (see for instance formulas (64) and (65) in

[23])

> g (1= )1 =5

p
(3.13)  f(s <1—<Zaf 1—sl> 1 4 b=t
=1 Zas, (1—s7)

M, (1-5)
14+%,(1-s)
(A,..., A); thus, hypothesis H6 holds for g¢, with B’ = A. Applying inequality (3.13)

with f = f (i), we may write

We set ge, (s) = , where My, is the mean matrix of f¢, (s) and 7¢, =

fé(i)(s) < géi)(s), i=1,...,p,
which yields
(3.14) E[1 — g6 (96, (- - - (9£,-1(0)) .. D] S E[1 = fo(f1(- - - (fa-1(0)) ...))].

The lower estimate in equation (1.7) appears by applying Theorem 1.1 to the left side of
equation (3.14). Therefore, the assertion of the Theorem 1.2 arrives.

4. Proof of lemmas. We first give some hints for the proof of Lemma 2.1 and
describe later the proofs of Lemmas 3.1 and 3.2.
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4.1. Proof of Lemma 2.1. First, using (2.1), we obtain

(4.1) gl = 3 9" glh,0).

ij=1

Further properties can be easily deduced from (4.1). Indeed, the assertions we need are
obvious by noticing that
P p3 BZ

gzl =Y gli, )z =< g,
ij=1
p 2 R2
- . p°B
jgr = > wigli,j)z; =< |gl,
ij=1
p

Ny, o\ DP'B*
lghl = > 9@, 5)hk) "= |gllhl.
1,3,k=1

4.2. Proof of Lemma 3.1. Before going into the proof, we first claim that in the critical
case, for any § > 0 and ¢ given from Lemma 2.1, there exists an integer x = k(d,¢) > 1
such that

(4.2) p(Es) == p*"{g | ¥z € X, log|Zg| > 6} > 0.

Indeed, let 7/ := inf{n > 1 | log|R,| > logc + §}. The random variable 7’ is a stopping
time with respect to the natural filtration (o(Mo, ..., My))k>0; furthermore P(7" <
+00) = 1 since the Lyapunov exponent m, equals 0, which yields

limsup log |R,,| = limsuplog |Z - R,| = 400
n—-+00 n—-+00

(this last property is a direct consequence of the ergodic theorem applied here to the
Birkhof sums log |z - R,,|,n > 0 [5]).

Therefore, for any 6 > 0 and ¢ given from Lemma 2.1, there exists £ > 1 such that
P(7" = k) > 0. Moreover, we also have

P(log |Rx| > logc+6) > P(log|R,| >loge+ 8,7 = k)
= P(log|R,/| >logc+§,7" = k)
= P(r'=k)>0.
Since for any = € X, g € ST(B), |gz| > %, it follows that
{g|log|g| >logec+ 68} C {g | Vi € X,log |Zg| > d}.
Thus,

0 < P(log|Rx| > logec+9d) = p*"{g|loglg| >logc+d}
p{g |VZ € X, log|zg| > 6},

IN
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which is the assertion of the claim (4.2).

Let us go into the proof of Lemma 3.1. For any Z € X, a > 0 and A € (0,1), there
exists some constant C'(\) > 0 such that (¢ + 1)e™* < C(A\)e™ ™ for any ¢ > 0. From
now on, we fix such a A € (0,1) and, for technical reasons which appear in Step 1 below,
assume that 0 < A < ¢g where ¢ is the constant of hypothesis H1. Hence

. +oo 1 +oo
Bra|doe| < 142 Z]Ei,a(e—snh(xn,sn);sl>0,...,Sn>0)

h(:r,a)
< (e (1 +8,); 81 > 0,...,S, > 0)
n=1
+oo
< Va(*w" S1>0,. Sn>0>,
n:l

where c¢ is introduced in inequality (2.5).
We define a function ® for any & € X and a € R as follow:

+oo
O(z,a) = ZE“’Z”‘I (e_’\s";Sl >0,...,5, > 0)

n=1

Notice that for any Z € X, the function ®(Z,.) increases on R. To prove Lemma 3.1, it
is sufficient to check that for any £ € X and a € R

(4.3) O(z,a) < +00.

Let us explain briefly the strategy of our proof, inspired by Lemma 3.2 in [10]. J.
Geiger and G. Kersting first use in a crucial way the so-called “duality principle” (that is
the fact that for a classical random walk (S,),>1 on R the vectors (51, S2,---,Sy,) and
(Sp—Sn—1,5,—Sn—2,...,5,) have the same distribution) and they prove in this context

oo

+
of random walks with i.i.d. increments that the quantity Z E, [e_’\S"; S1>0,...,5,>0]
n=1

is finite when a = 0. Second, they extend this property for any a > 0.

In the multi-dimensional case, it is more complicated to apply the duality principle and
we can only prove at the beginning that the quantity ®(Z,ap) is finite for some ag < 0
(without any control on the value of ag). To extend this property to ®(Z,a) for a > ay,
we use crucially hypothesis H5 ; we refer to Step 2 below, especially inequality (4.4),
and emphasize that the argument holds only when —ay < §). To avoid this difficulty, we
modify the function ® by introducing the functions ®, associated with the xth power of
convolution p** of u. For any = € X,a € R, let

+oo
D(E,a) 1= > Baa (€755, > 0, S > 0).
=1
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The relation is that ®(Z,a) <X ®,(Z,a) for any Z € X, a € R, proved in Step 1 below.
Then, by using the duality principle, we bound from above ®(Z,a) by a new quantity
U, (z) defined below for any & € X and a € R. Finally, we prove ¥, (Z) < +oo by using
the ascending ladder epochs associated to the Markov walk (Ly, - x,log | L,x|)n>0 and the
Elementary Renewal Theorem.

We set Ly = 0 and denote L, := M, _1... My the left product of the matrices
My, ..., M, when n > 1. Set, for any ¥ € X,

+oo
U (%) :== Y E||Lnez| ™ | Lywz| > |Lin_1ywl, - - - s | Lnwz| > 1].
(n—1)

n=1
Property (4.3) is a direct consequence of the four following steps :

1. For any k > 1, there exists a constant C(x) > 0 such that, for any z € X and
a € R,
O(Z,a) < C(k)(1+ Pk(Z,a)).

2. If there exist some k > 1,%¢ € X and ap < 0 such that 0 < ®,,(Zg,ap) < 400, then
Vi e X,Va € R D, (Z,a) < +o0.

3. There exist C'y > 0 and a; < 0 such that for any Kk > 1, Z € X and a < a3

C
D (Z,a) 2 V().

4. Forany k > 1l and 2 € X
\Ijn(j) < +00.

With these steps at hand, we may prove (4.3) as follows. First, for any ag < a1 < 0,
we choose some g such that g > —ag > 0. For each dy, there exists kg > 1 such that
P(log |ZRk,| > do) > 0 (see (4.2) above). Since 9 > —ag, we have Pz 4(S., > 0) > 0,
which implies @, (%o, ap) > 0. On the other hand, since ag < a1, step 3 and step 4 yield
D, (Zg,ap) < +00. Therefore, we can apply step 2 and it yields @ (%, a) < +oo for any
Z € X and a € R. Finally, thanks to Step 1, (4.3) arrives.

Step 1. It is easy to see that

k—1 +o00 k—1
®(Z,a) < ZEiya[e_AST, Sy > 0] + Z ZEi,a[e_AS’“‘*"; Sk >0,...,8, > 0]
r=1 n=1 r=0

IN

400 k—1
. ZE’M (eﬂsnn; S >0,...,8 > 0) X ZsupEZLO (e—AsT) .
n=1 r—0 VX

By Hypothesis H1 and Lemma 2.1, for 0 < r < &,

0 < Egole™] = Egoll Lyl ] < CE[IL |7 < THYE[M 7] < oo
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Hence 0 < ®(Z,a) < C(k)(1+ ®x(Z,a)) with C(k) = k& (1 + P E[|M;]|™]) < +o0.

Step 2. The inequality ®,(Zo,ap) > 0 implies that P(log|ZoR,| > —ag) > 0; we thus fix
d > —ap > 0 and £ > 1 such that p**(Es) > 0. Since ag < 0, this property may hold only
when & is large enough; this happens for instance when the support of u is bounded.
To simplify the notations, we assume that —ag <  where § is given by H5. We set k =
1 and write

0
(I)(.’I?o,ao) = ZE[‘.’foRn‘_)‘; ‘LﬁoRl’ > G_ao, ey ‘.’f’an‘ > 6_(10}

> / ZE[|xogRln| i |Zog| > e,
{g€ST(B):|Zog|>e~*0} 5
| Zog R | > e_ao},u(dg)
> / ZE \ZogR1.| " |Zog] > €0 > 7%, |FggRy 9| > e,

Es =2

[ Tog R | > 6‘“°}M(d9)

+oo
= / EY E[I(i“o - 9)Ron| 5 (&0 - ) Ra| > o0 o8 ol
Es m=1
(@0 - 9)Ry| > e~ 108 1%03l} 1y (dg)
- /E [F0g| @ (Fo0 - g, a0 + log |Fogl)u(dg),
()
so that

(4.4) B(F, a0) > / Fog| (30 - g, ao + &)u(dg).
Es

Consequently, if ®(Zg,ap) < 400 then ®(Zg - g,a9 + J) < 400 for p-almost all g € Ej
and by iterating this argument, there thus exists a sequence (gi)r>1 of elements of Es
such that

vk > 1, @(ig-gl---gk,ao+k5)<+oo.

By Lemma 2.1, for any 2,y € X and ¢ € R

+00
®(Z,a—loge) < ZE[|Rn|_)‘; |Ri| >e % ...,|Ry| >e 9
n=1

< P®(j,a +logo);
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it follows that, by choosing k sufficiently great such that ag + k§ > a + 2log ¢, we have
O(z,a) < ®(To- g1+ gk a+2loge) < (Tg - g1 gk, ao + k) < +oo.

Step 3. For any 0 < k < n, denote L, := M,_1... M}, and L, = I otherwise. Let

¢ > 1 be the constant given by Lemma 2.1. For any = € X and a € R, by using Lemma
2.1, we may write

“+o0o
bo(#a) = S E (|5:RM|*A; iR > e, ..., |ZRu| > e*a)
n=1

)\+oo N e~ e @
< LB (R > o > )

n=1

so that, by duality principle and Lemma 2.1,

+oo —a —a
e e
Ou(@,a) < A E([Lnel ™ | Lokynotyel > =1 [ Lol >
w(T,a) < ¢ Z <| ns| | J( 1)| - | Lns| c

+oo —a
_ e
= C)\ZEHLTM‘ )\; ‘Lm{,(nfl)n‘ X ’L(nfl)n‘ > ’L(nfl)n’ c ’
n=1
e—a
ooy | L] > ]
c
+oo e~ @ e~ @
< C)\ ZE <|L7m|_)\; |L7m| > |L(n—1)n|ch R |Lnn| > CQ)
n=1
e A e e
< AYE (|me| | Lnwz| > |L(n,1),€m|c—4, ey | L] > 7 >
n=1
Consequently, setting a; := —41log ¢ and using the fact that the map a — ®,(Z,a) is non

decreasing for any a € R, one may write ®,(Z,a) < U(Z) as long as a < a;.

Step 4. To simplify the notations, we assume here x = 1; the proof is the same when
k > 2. For any # € X and n > 0, set X/, := L,, -« and S, := log|L,z|; the random
process (X, S )n>0 is a Markov walk on X x R starting from (z, 0) and whose transitions
are governed by the ones of the Markov chain (X],),>0 on X. To study the quantity ¥(z),
we follow the strategy developed in the case of one dimensional random walks on R with
independent increments and we thus introduce the sequence (1;);>0 of ladder epochs of
(S’:’L)TLZO defined by

m =0, nj4+1 = nj+1(x) := min {n > n; : log|Lyz| > log |Lnﬂ7|} , 720
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For any 7 € X, one may write

“+oo
U(z) = ZE(IanI’*;szl\n:m)

n=1

(4.5) - iom <|Lnjx|_>‘).

+oo
Let Q" denote the transition kernel of the Markov walk (X}, S;,)n>0 and G/ := Z Q"
n=0
its Green kernel. The sub-process (X ,S; )j<o is also a Markov chain, its transition
kernel Q;] is given by: for any bounded Borel function ¢ : X x R — C and for any z € X,

a€eR,
Qué(z.a) = E(o(X),a+S)Xg=1x)

+oo
= ZE (¢(Ln z,a+ log |Lnx‘>;771 = n)
n=1

+oo
= Z E[¢(Ln x,a+ log |Ln$|)§

n=1

|Lix| <1, |Lp_qz| < 1,|Lpz| > 1].

Let Gy, denote the Green kernel associated with the process (X,’U, S,’H)jzo; by (4.5)
“+o00
1+9(F) = Y E (|Lnjm|_)‘>
§=0
400 )
= Y [ ] @0y dyia)
/xR

_ /X /R NGl ((2,0), dyda).

The Markov walk (X, S/ ),>0 has been studied by many authors (see for instance
[9], [14] or [13]). All the works are based on the fact that the transition kernel of the
chain (X )n>0 has some “nice” spectral properties, namely its restriction to the space
of Lipschitz functions on X is quasi-compact. In particular, it allows these authors to
prove that the classical renewal theorem remains valid for this Markov walk on X x R

1
as long as it is not centered, that is 7, = lirf —E[log|Ly|] # 0; in this case one may
n——+oo N
prove in particular that, for any Z € X, the quantity G ((z,0),X x [0,a]) is equivalent
to < as a — +00 [14]. For the behavior as a — +oc of G} ((x,0),X x [0, a]), the situation
™
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is way different. On one hand, it is easier since for any j > 1 the random variables
57/7]' are strictly positive, one might thus expect a similar result; on the other hand, the
control of the spectrum of the transition kernel Q;] remains unfortunately unknown in
this circumstance, in particular the transition kernel Q% does not even act on the space
of continuous functions on X. Nevertheless, we have the following weak result with the
postponed proof at the end of this subsection.

Fact 4.1. There exists C > 0 such that for any £ € X and a > 0

“+o0
G ((2,0),X x [0,a]) = Y "P(log|Ly,z| < a) < Ca.
7=0

It follows that

14+ 0(z) = /X/We—mag((x,()),dyda)
+o00

< Y e MG ((2,0),X x [a - 1,a))
.
< A e G ((2,0),X % [0,a))

a=1
—+o00
< Ce Zae_M < 4o0.
a=1

To complete the proof of Step 4, it remains to prove Fact 4.1. First, by definition of Fy,

for any j > 0 and 7 € X, we may write S7/7j+1 - S7’7j > 01, (M,,); setting €5 := 1g; (M),

this yields S{b_ > 6(eg+ ... +¢€j-1) so that

+oo
G ((2,0),X x [0,a]) = > P(X) €X,8) €0,a]|Xy=u2)
j=0

IN

“+o0
> E (10,4 (87,)1X5 = @)
7=0

+o00
< Y E(lg(o+--+5j-1))) .
§=0

To conclude, we use the fact that (g;);>0 is a sequence of i.i.d. random variables; the
Elementary Renewal Theorem for the Bernoulli random walk process [(e9+. . .4+€j-1)]j>0
implies
+o0
G ((2,0), X x [0,a]) < E D 1jq@leo+...+g5-1) | Za.

=1
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4.3. Proof of Lemma 3.2. We claim that

~ 1 1
n—+oo an g0

By definition, the quantities q,(f) are always less than or equal to 1. Therefore, (4.6)
implies that the same property holds Pz ,-almost surely for q((i)) . Hence,

0 _ oo L L1y
lan” — 4| = 0’|~ @ | S 1w T m

Using (4.6) again, we find that Bx}rl I/Ef;c,a|q7(f) —¢W| = 0. In particular,
o ) 0) = lim E-. ¢® =F- @
Jim Pr(Zn #0) = lm Eiag,” = Esads,

which is the assertion of (3.12).
Finally, it remains to verify (4.6). From (3.2) and (3.3),

‘ 1 1 1
¢ % eiltn1
= v = v
% k %
+3)= — - ‘+ T
kzo iRk Y1 €iRpYki100 — il Yit1,00

so that

~ 1 1
Bia|—5 — | < In+ I+ Ko
(@) (@)
dn 00
with
~ 1
In - Eé’:,a eiRnl P
n—1 ~
= iRk (Yitrin — Yit1,00
Jo = 3 Bt Whetn ~ Yeioo)
= (€l Yhy1n) (€iRkYi41,00)
“+oo
= Tk
Kn - Ef a ‘
kz:;L e REY 1,00

By using Lemma 2.1, it is obvious that Lemma 3.1 implies

“+oo
=~ 1
(47) ZEg}’a <|_Rk’> < +00.

k=0

Besides, as a direct consequence of Lemma 2.1

~ 1
4.8 I, < Ef,a ( ) ,
(4.8) R
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o EiRL(Yirin — Yitio0) ) |Yk+1,n_Yk+1,oo|_< 1
(EiREYit1,m)(EiREYk1,00) | — | Ry | ~ |Ry|’

(4.9)

+oo
=~ 1
4.10 Knj Eia o]
(420) ,; ’<\Rk\>

Hence

e (4.7) and (4.8) implies I, — 0 as n — oo.

e since Yy i1 pn(w) = Yit1,00(w) for any w € Q (see Section 3.1), this convergence
holds in particular Pz 4-almost surely; combining (4.7), (4.9) and the the dominated
convergence Theorem, we obtain .J, — 0 as n — +o0.

e by (4.7) and (4.10), the term C; can be made arbitrarily small by choosing [ suffi-
ciently great.
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Chapitre 3

Simulation of Galton-Watson
processes

The interest of this chapter is to simulate :

1. critical single-type process in fixed environment,

2. critical multi-type (two-type and three-type) process in fixed environment,

3. critical single-type process in random environment,

4. critical multi-type (two-type and three-type) process in random environment,

The code simulating the processes are in Python and C languages and accesible on
the webpage of the author.

3.1 How to choose critical distributions?

3.1.1 For single-type process in fixed environment

Let p = [p(0),...,p(d)] be the offspring distribution of the process, where d is the

maximum number of children. Criticality requires that Z?:o kp(k) = 1. We first choose p(k)
for all 1 < k < d, then it remains to find p(0) such that it satisfies the probability property

Siop(k) =1

For instance, let p = [0.5,0.4,0.1] be an offspring distribution, where 0.5 is the proba-
bility to have 0 child, 0.4 is the probability to have 1 child and 0.1 probability to have 2
children. The mean number of children is the value of the first derivative of the offspring
generating function at 1, which is

f(1)=0x05+1x04+2x0.1=06.

Therefore, criticality can be obtained for example in the distribution [0.3,0.4,0.3].
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3.1. HOW TO CHOOSE CRITICAL DISTRIBUTIONS?

3.1.2 For multi-type process in fixed environment

For multi-type-processes, we have to work with the mean matrices. If d is the number
of types in the process, then dxd is the dimension of the mean matrix. In fixed environment,
the criteria is that the Perron root of the mean matrix M equals 1. Notice that what we
need is the offspring distribution in order to apply in Python code. If we start with a mean
matrix with its Perron root 1, then this matrix satisfies the criteria to be in critical case,
but to trace back to the possible offspring distributions is not an easy problem because
we may end up with a systems of many variables which is not easy to solve. Therefore,
we try to find a way that answer the following question : if we adjust the mean matrix,
how does the corresponding offspring distribution change?

Let us consider a two-type-process in the given environment u = (u1, y2), where y;
is a probability measure on IN? that gives the offspring distribution of parent typed i,
for i = 1,2. We assume that p;(1,0) = 1;(0,1) = 0 for any i = 1, 2. Therefore, it is easy to
see that the corresponding mean matrix M has the Perron root p(M) greater than 1. The
mean matrix M here should be checked if it is positively regular. After, we modify u to
u’ by creating a combination of u with some other Dirac mass at (0,0), (0, 1) and (1,0) as
follows :

[Jl' = aié(olo) + bié(l,O) + Ci6(0,1) + di}ii/ (3.1.1)

where a;,b;,c;,d; €]0,1[ and a; + b; + ¢; +d; = 1, for i = 1,2. From the expression (3.1.1)
above, we can calculate the coefficients " of the mean matrix M’ corresponding to
u’. The strategy is : from a super-critical mean matrix with a given distribution, we
construct another new distribution depending on the old one such that the new mean
matrix satisfies the critical criteria. Notice that if M’ = ﬁM then p(M’) = 1. Solving the

. r_ 1 .
equation M’ = p(M)M, we obtain

_ 1
by +dymy = oMM
_1
c1+dimyp = 1M,
_ 1
by +dymyq = 5M2,1
_1
Co +domyp = o122,

which implies

by = (% —d1)my1
c1 = (% —dy)myp
by = (% —dy)my
C = (% —dp)my .

Then, we can choose d; and d, such that 0 < dy,d; < % and find the other coefficients
bi,c1,by, 2. Since a; + b; + ¢; + d; = 1, we can find finally a; for i = 1,2. Notice that we can
always choose d; close enough to % so that b;, ¢; €]0, 1[. With all the found coefficients, we
can construct explicitly the new measure p’.

Example 1 : Two-type process in fixed environment.
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3.1. HOW TO CHOOSE CRITICAL DISTRIBUTIONS?

Let 1 and u; given in Tables 3.3 be two offspring distributions, where x is the number
of children of type 1 and vy is the number of children of type 2. Then, the mean matrix M
is found as

y=0|y=1|y=2
y=0|y=1|y=2 x=0 0 0 0.1
x=0 0 0 0.25 x=1 0 0.1 0.1
x=1 0 0.25 0.5 x=21| 01 0.2 04
TaBLE 3.1 — g TABLE 3.2 — up

TasLE 3.3 — Two-type process in fixed environment

0.75 1.75
M‘( 1.6 15 )

45 + V4705
40

and its Perron root p(M) = . It is obvious that M is positively regular. Solving

the equation M’ = ﬁM by choosing d; = 0.3 and d, = 0.2, we obtain

M ~ 0.2641 0.6162
~\ 05634 0.5282 )’

which yields the new measure described in Table 3.6.

y= 0 y= 1 y= 2

y=0 | y=1|y=2 x=003284 | 02282 | 0.02

x=0 105697 | 0.0912 | 0.075 x=1)02434 | 002 | 0.02

x=10.0391 | 0.075 | 0.15 x=21] 0.02 0.04 | 0.08
TaBLE 3.4 — uj TABLE 3.5 — uj

TaBLE 3.6 — Two-type process in fixed environment

Example 2 : Three-type process in fixed environment.

Let u1, yp and u3 given in Tables 3.10 be three offspring distributions, where x is the
number of children of type 1, y is the number of children of type 2 and z is the number of
children of type 3.

Then, the mean matrix M is found as
1.7 0.6 0.7
M= 06 18 06 |,
05 07 1.7

with the Perron root p(M) ~ 2.966 and we round off ﬁ ~ 0.33715. It is obvious that M
is positively regular. Notice that the new measure is of the following combination.

uio= ahd00 +3150,00) + #0(0,1,0) + 4500,0,)
+{1i15(1,1,0) + a155(1,0,1) + al66(0,1,1) + 6117‘111'. (312)
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3.1. HOW TO CHOOSE CRITICAL DISTRIBUTIONS?

z=0|y=0|y=1 z=1|y=0|y=1
x=0 0 0 x=0 0 0
x=1 0 0 x=1 0 0.3
x=2| 02 0.1 x=21] 02 0.2
TABLE 3.7 — 11
z=0|y=0]|y=1|y=2 z=1|y=0|y=1|y=2
x=0 0 0 0.3 x=0 0 0 0.1
x=1 0 0 0.1 x=1 0 0.2 0.3
TABLE 3.8 — 2
z=0|y=0|y=1 z=1|y=0]y=1 z=2y=0|y=1
x=0 0 0 x=0 0 0 x=0] 02 0.3
x=1 0 0 x=1 0 0.3 x=11] 01 0.1

TABLE 3.9 — u3

TaBLE 3.10 — Three-type process in fixed environment

Solving the equation M’ = mM, taking into account (3.1.2) and by choosing a} =
0.02, a‘% =0.01 and a; = 0.15, we obtain the new measure described in Table 3.14.

z=0 y=0 y=1 z=1 y=0 |y=1
x=0| 0.36855 | 0.00029 x =0 | 0.002005 | 0.07
x=1/]0269155 | 0.12 x=1 0.15 0.006
x=21] 0.004 0.002 x=21| 0004 | 0.004

TasLE 3.11 — g

z=0] y=0 y=1 |y=2 z=1| y=0 |y=1]|y=2
x =0 | 0.23855 | 0.50887 | 0.003 x=010.00629 | 0.04 | 0.001
x=1/0.00629 | 0.04 | 0.001 x=1/| 015 | 0.002 | 0.003
TasLE 3.12 — 5
z=0 y=0 y=1 z=1 y=0 |y=1 z=2|y=0|y=1
x =0 | 0.457267 | 0.021005 x=0|0.198155 | 0.08 x=0]| 0.03 | 0.045
x =11 0.023573 0.03 x=1 0.04 0.045 x=1/0.015 | 0.015

TasLE 3.13 -

TaBLE 3.14 — Three-type process in fixed environment

3.1.3 For single-type process in random environment

Let P! = (pi(k))1<k be offspring distributions, for 1 < i < N, where N is the number of
offspring distributions in the environment and «; the probability to choose the distribution

126



3.1. HOW TO CHOOSE CRITICAL DISTRIBUTIONS?

P'. Let m; = Y ;2 kp'(k). Then the criteria is E[log f’(1)] = 0, that is SN logm; = 0. In
this case, we have to choose P! and also a;.

For instance, given two offspring distributions np and p, the criteria is the value
E(log f;(1)) = 0. We introduce two ways to obtain the criticality : to choose the offspring
distributions with the mean number of children equal 1 or to choose the distribution
a = (ag, a1) such that

E(log fy(1)) = aplog my + aq logm; =0

More precisely, for the first way, we choose g = [0.25,0.5,0.25] and p11 = [0.4,0.2,0.4] with
the mean values corresponding mg = 1 and m; = 1. Therefore, the criteria E(log f;(1)) =
apglogmgy + ajlogm; = 0, no matter the value of a. For the second way, we choose
po = [0.5,0.3,0.2] and p1 = [0.2,0.3,0.5] with mp = 0.7 and m; = 1.3. Then we solve a
system of equations to find «a :

aglogmg + ajlogmy =0,

ag+ap =1,
ag X a1 > 0.
log1.3 —log0.7

The solutionisa = < > . For more samples of distribution,

log1.3 —10g0.7" log 1.3 — log 0.7
we do similarly.
Example 3 : Single-type process in random environment with the offspring distribution
log1.3 —log0.7
log1.3 —10g0.7" log 1.3 — log 0.7
and offspring distribution : [0.5,0.3,0.2] and [0.2,0.3,0.5].

described as follows : environment distribution : o =

3.1.4 For multi-type process in random environment

In fact the probability to fall into a sequence of matrices such that with respect to some
distribution, the corresponding Lyapunov exponent is different from 0 is high. Therefore,
we first calculate the Lyapunov exponent of those matrices, denoted by y. Then using the
technique presented in the part of multi-type in fixed environment with exp(y) instead of
the Perron root p(M), we can obtain a new set of probability measures. The mean matrices
corresponding to those new measures do have the Lyapunov’s exponent 0.

More precisely, given 1 and v the two offspring probability measures, we can calculate
the mean matrices M, and M,. Let @ = (a1, az) be the distribution of the environment,
that is with probability a; we choose u and with probability a, we choose v as the

1
offspring distribution. The Lyapunov’s exponent is y = lim —[E|M;...M,|, where M;

n—+oo 1
are i.i.d. random matrices chosen from the set {My,MV} with distribution a. By using the
technique of combination with Dirac mass applying to exp()’), we can construct a new set
of probability measures {u’,v"} with the corresponding mean matrices M}, and M;,. Since

—_1 — _1 ’ Cp
M, = WM# and M;, = WM"’ the new Lyapunov’s exponent y’ can be explicited as
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3.1. HOW TO CHOOSE CRITICAL DISTRIBUTIONS?

follows

’ : 1 14 14
Yy = nl—l}-i]zloo £E|M1~~.Mn|
1
= lim —logle™"M,...e"" M|
n—+oo 1
1
= lim —loge™'|M,... M|
n—+oo 1

= —y+ lim 1logIMn..-Mﬂ

n—+oo N

0. (3.1.3)

Notice that to obtain criticality, we have to deal with the Perron root and the limit
for Lyapunov’s exponent, which are not found absolutely precisely, thus rounding off
numbers is neccessary. Therefore, criticality considered in python code is relative but
quite fine. Furthermore, the mean matrices should satisfy the strong irreducibility, which
we go into more detail in the next subsection.

Example 4 : Two-type process in random environment.

Environment distribution : [0.4, 0.6].

Offspring distribution : Tables 3.19.

y=0]y=1]y=2
y=0|y=1|y=2 x=0 0 0 0.1
x=0 0 0 0.25 x=1 0 0.1 0.1
x=1 0 0.25 0.5 x=21] 01 0.2 04
TaBLE 3.15 — 1y TaBLE 3.16 — iy
y=0y=1 y=0|y=1]y=2
x=0 0 0 x=0 0 0 0.2
x=1 0 04 x=1 0 0.2 0.1
x=2| 04 0.2 x=21] 02 0.2 0.1
TaBLE 3.17 — 14 TaBLE 3.18 — 1)

TaBLE 3.19 — Two-type process in random environment

The Lyapunov’s exponent is round off to exp(—y) = 0.3995. New measures are descri-
bed in Table 3.24.

Example 5 : Three-type process in random environment.
Environment distribution : [0.4,0.6].

Offspring distribution : Table 3.31. The Lyapunov’s exponent is round off to exp(—=y) =
0.31956. New measures are described in Table 3.38.
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y=0 | y=1 |y=2
y=0 y=1 y=2 x =0 0.18155 | 0.29925 | 0.02
x=0| 045125 | 0.174125 | 0.075 x=1| 03192 0.02 0.02
x =11 0.074625 0.075 0.15 x=2 0.02 0.04 0.08
TasLE 3.20 — pj TasLE 3.21 -y
y=0 | y=1 y=0 | y=1|y=2
x =0 04211 | 0.0897 x=0]0.22625 | 0.2994 | 0.03
x=110.2392 0.1 x=11]032435 | 0.03 | 0.015
x=2 0.1 0.05 x=2 0.03 0.03 | 0.015
TaBLE 3.22 - v} TaBLE 3.23 — v,

TasLE 3.24 — Two-type process in random environment

3.2 Matrices satisfy the strong irreducibility hypothesis

3.2.1 For 2 X 2 matrices

Step 1. Two positive matrices A and B with distinct eigenvectors create a semi-group
T(4,5) which is strong irreducible, that is there is no finite union of proper subspaces U of
T(a,) such that for any ¢ € T(4 p) : g(U) C U. Suppose that there exists a finite union U
such that g(U) c U for any g € U. Denote by x4, x; and xg, xj; the distinct eigenvectors of
the matrices A and B. We consider the projective space P(IR?). Notice that for any x € P(IR?)
such that x # x4, we obtain the convergence in direction A" - x — x4, where x4 is the
dominant eigenvector of A.

Case 1: when {x/, x5} ¢ U, for any x € U, we see that A"x — x4 (! with finite union
because A"x # x4).

Case 2 : when {x/,} € U and when {x3} ¢ U, for any x € U, we see that A"Bx — x4 (!
with finite union).

Case 3 : when {x/;, x3} C U, for any x € U, there exists k such that
Afx € (X, R, Ne(xa)} and ¥} ¢ (x4 R, Ne(xa)},

which yields B"Akx — xp (! with finite union).

Step 2. If a semi-group is strong irreducible, then so are all the bigger semi-groups
that contain it. We prove for instant a set of three matrices. For any positive matrix C,
we consider the semi-group T(4 ) generated by the set of matrices {A, B, C}. Therefore
T C T(ap,c)- Since T4 p) is strong irreducible, so is T(ap ). Indeed, we can verify
this property by using contradiction method. Suppose that T(4 g ) does not satisfy the
strong irreducible property, that is there exists some finite union U such that for any
g € Tapc) : g(U) C U, which yields for any ¢ € T(4 ), §(U) C U, which is contradiction
because T 4 p) is strongly irreducible.
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z=0|y=0|y=1 z=1|y=0|y=1
x=0 0 0 x=0 0 0
x=1 0 0 x=1 0 0.3
x=21] 0.2 0.1 x=21] 0.2 0.2
TABLE 3.25 — 111
z=0|y=0]|y=1|y=2 z=1|y=0|y=1|y=2
x=0 0 0 0.3 x=0 0 0 0.1
x=1 0 0 0.1 x=1 0 0.2 0.3
TABLE 3.26 — 2
z=0|y=0|y=1 z=1|y=0]y=1 z=2y=0|y=1
x=0 0 0 x=0 0 0 x=0| 02 0.3
x=1 0 0 x=1 0 0.3 x=1 0.1 0.1
TaBLE 3.27 — u3
z=0|y=0|y=1|y=2 z=1|y=0|y=1|y=2
x=0 0 0 0.1 x=0 0 0 0.2
x=1 0 0 0.3 x=1 0 0.2 0.2
TABLE 3.28 — v4
z=0|y=0|y=1|y=2 z=1]y=0|y=1|y=2
=0 0 0 0.1 x=0 0 0 0.05
x=1 0 0 0.05 X = 0 0.1 0.1
x=21 005 | 0.15 0.1 x=2| 01 0.1 0.1
TaBLE 3.29 —vp
z=0|y=0|y= z=1|y=0|y=1
x=0 0 0 x=0 0
x=1 0 0 X = 0 0.1
x=21 0.15 0.3 x=2| 0.05 0.4

TaBLE 3.30 —v3

TaBLE 3.31 — Three—type process in random environment

3.2.2 For 3 X 3 matrices

The same idea is applied for 3x3 matrices like in case of 2 X2 matrices. For instance, we
consider two 3 X 3 matrices A and B, where A has three different eigenvalues A; > Ay > A3
with u1,uy,u3 the three associate eigenvectors, and B has three different eigenvalues
y1 > y2 > y3 with vy, 0,03 the three associate eigenvectors, such that A; # Aj, y; #
Ru; # Roj and R(u; A uj) # R Avy), fori # j,k # land i, j,k,I = 1,2,3. In other words,
there does not exist any directions, planes or combination of directions and planes that
stay invariant under the action of products of matrices composed by A and B.
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z=0 y=0 y=1 z=1 y=0 y=
x=0| 044132 | 0.041736 x=0|0.048692 | 0.03
x=110.218252 0.03 x=1 0.04 0.045
x=2 0.03 0.015 x=2 0.03 0.03
TasLE 3.32 — uj
z=0 y=0 y=1 y=2 z=1 y=0 y=1|y=2
x=0| 0.33132 | 0.355208 | 0.03 =0 | 0.051736 | 0.03 | 0.01
x=110.071736 0.01 0.01 x=1 0.05 0.02 | 0.03
TasLE 3.33 — uj
z=0 y=0 y=1 z=1 y=0 |y= z=2|y=0|y=
x =0 | 0.533276 | 0.023692 x=01{0.133252 | 0.05 x=0/| 0.04 | 0.06
x=11| 0.02978 0.01 x=1 0.02 0.06 x=11] 0.02 | 0.02
TasLE 3.34 — s
z=0 y=0 y=1 y=2 z=1 y=0 y= y=2
x=0 0519364 | 0.165208 | 0.02 x=010.011736 | 0.02 | 0.04
x =11 0.013692 0.03 0.06 x=1 0.04 0.04 | 0.04
TabLE 3.35 - v}
z=0 y=0 y=1 y=2 z=1 y=0 y=1] y=2
x=01]0.511974 | 0.048906 | 0.015 x=0|0.013258 | 0.03 | 0.0075
x =1 0.045862 0.15 0.0075 x=1 0.05 0.015 | 0.015
x=2| 0.0075 0.0225 | 0.015 x=2| 0015 |0.015| 0.015
TaBLE 3.36 -1}
z=0 y=0 y=1 z=1 y=0 |y=
x=01| 038643 | 0.025648 x=0|0.020758 | 0.05
x=11 0.0267164 0.1 x=1 0.05 0.01
x=2 0.015 0.03 x=2| 0.005 0.04

TasLE 3.37 -5

TaBLE 3.38 — Three—type process in random environment

3.3 Simulation with tree graphs and stairstep graphs

Notice that all the simulations presented in this section use the offspring distributions
and environment distributions which are introduced in the following subsection.

3.3.1 Tree graphs

The vertical axe of the following graphs corresponds to the number of generation.
Those trees are downward oriented and they represent some possible samples of random
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trees generated with the following distributions.
e Single-type process in fixed environment :
Offspring distribution : [0.3, 0.4, 0.3]. Tree graphs are presented in Figure 3.1.
e Single-type process in random environment :
. C . . log1.3 —log0.7
Environment distribution : [ 13 Tog 07 log13-log WAk

Oftspring distribution : [0.5,0.3,0.2] and [0.2,0.3,0.5]. Tree graphs are presented in
Figure 3.2.

e Two-type process in fixed environment :

Oftspring distribution : Table 3.6. Tree graphs are presented in Figure 3.3.
e Two-type process in random environment :

Environment distribution : [0.4, 0.6].

Oftspring distribution : Table 3.24. Tree graphs are presented in Figure 3.4.
e Three-type process in fixed environment :

Offspring distribution : Table 3.14. Tree graphs are presented in Figure 3.5.
e Three-type process in random environment :

Environment distribution : [0.4, 0.6].

Oftspring distribution : Table 3.38. Tree graphs are presented in Figure 3.6.

3.3.2 Stairstep graphs

The Figure 3.13 describes 100 realizations of critical Galton-Watson branching pro-
cesses in fixed and in random environment over 150 generations, with the according
offspring distributions presented in subsection above. The horizontal axe is for the num-
ber of generations and the verical axe is for the size of the population.

Comments.

As it is supposed to be, the process dies more slowly in random environment rather
than in fixed environment. Notice that there is no absolute comparison between the cases
according to the distributions or to the number of types. However, intuitive prediction
says that with more types of individual, the population dies more slowly and it survives
better in random environment than in fixed environment.

The graphs are plotted in order to visualize the extinction probability. Following the
graphs, it is clear that most of the trajectories end at 0 quickly after around 40 generations
and only a few populations survive. This fact matches the probability of extinction theo-
retically. Moreover, we cannot say anything about the effect of the number of types on the
extinction probability at the moment. To obtain a more persuasive conclusion, we need a
more precise approximation, which can be done by optimizing the codes that simulates
the process. However, this problem is out of the scope of this thesis. Still one question
naturally arises from observing the graphs : what is the first moment that one of the types
gets extinction. This can be the first step to the answer of the question about the effect of
the number of types on the extinction probability.
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3.3.3 Simulation of rate of convergence

In this subsection, we simulate critical Galton-Watson processes given the same off-
spring distributions as in previous subsection, with the maximum number of generations
1e2,1e3,1e4, 1e5 and 1e6. Each experiment is repeated 1e6 times and Table 3.43 gives us
the mean frequencies obtained. Notice that the codes used in simulating those processes
are in C and by the help of the central computer in Insitut Denis Poisson, we could
not calculate precisely the frequency and had to truncate the size of the population if it
exceeds 1e6 in all cases except single-type in fixed environment case, and consider that
this population survives. This truncation undoubtedly perturbs the rate of convergence
showed in Figures 3.14 and 3.15.

In order to understand Figures 3.14 and 3.15, we briefly provide some ordinary com-
ments. The frequencies obtained play the role of survival propbability at time 7, where n
is the maximum number of generations in each experiment. Let g,, and g;, be the survival
probability in fixed and in random environment of a critical single-type Galton-Watson
process. Then, it is well known that g, ~ < and ¢}, ~ C—\/Zﬁ We take the logarithm of base 10

and obtain log(q,) ~ log c1 — log n and log(q;,) ~ logc, — 3 log n. After, we plot the graphs
of these two functions with the variable log n for x-axis and log( frequency(n)) for y-axis.
With the graphs obtained, they should show the difference of slopes between two graphs
(slope —1 in fixed case and —% in random case). However, because of technical contraints,
we have to truncate the size of populations who exceed some certain number (1e6 in this
context) and this truncation creates un effect, that is it increases the frequency of survival.
However, this approach opened a door for further work after.
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oo 000
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Ficure 3.1 - Single-type process in fixed Ficure 3.2 — Single-type process in ran-
environment dom environment
Ficure 3.3 — Two-type process in fixed Ficure 3.4 — Two-type process in ran-
environment dom environment
FiGure 3.5 — Three-type process in fixed FiGure 3.6 — Three-type process in ran-
environment dom environment
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FiGure 3.13 — 100 possible realizations of populations over 150 generations
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n | log(n, 10) | frequency(n) | log(frequency(n), 10)
le2 2 0,969048 -0,01365471
1e3 3 0,996397167 -0,001567516
led 4 0,999693667 -0,000133059
1e5 5 0,999876333 -5,37111e-05
le6 6 0,999968 -1,38976e-05
TaBLE 3.39 — Single-type in fixed environment
n | log(n, 10) | frequency(n) | log(frequency(n), 10)
le2 2 0,956372833 -0,019372769
1e3 3 0,983792 -0,007096713
le4 4 0,983901333 -0,007048451
leb 5 0,983890333 -0,007053306
leb 6 0,984010333 -0,007000341
TabLE 3.40 — Single-type in random environment
n | log(n, 10) | frequency(n) | log(frequency(n), 10)
le2 2 0,975969167 -0,010563903
1e3 3 0,997426 -0,001119315
led 4 0,999567333 -0,000187945
1e5 5 0,999850667 -6,48595e-05
le6 6 0,999828333 -7,45603e-05
TaBLE 3.41 — Multi-type in fixed environment
n | log(n, 10) | frequency(n) | log(frequency(n), 10)
le2 2 0,985623 -0,006289171
1e3 3 0,998218167 -0,000774531
le4 4 0,999616833 -0,000166439
leb 5 0,999612833 -0,000168177
leb 6 0,999616833 -0,000166439

TasLE 3.42 — Multi-type in random environment

TaBLE 3.43 — Frequency
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logifrequency(n), 10}

logifrequency(n), 10}

-15

— Single-type in fixed environment
—— Single-type in random environment
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Ficure 3.14 — Rate of convergence in single-type case
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Ficure 3.15 — Rate of convergence in multi-type case
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Conclusion

In this chapter we revise principal results obtained and presented in section 2.6 and
3.4; we also discuss some questions for future research.

Conditioned limit theorems for products of positive random ma-
trices

The fluctuations of a random sequence S, = a+log|gy ... g1x| are studied, where g; are
iid. random d X d matrices with non-negative entries. The contribution of the paper lies
in the description of some aspects of the fluctuations of S, : the behavior of the probability
that the path Sy,..., S, is positive, and the distribution of S,, conditioned on Sy, ..., S, to
stay positive.

If 7 denotes the first time the random walk (S,,), becomes non-positive, the asymptotic
expansion for P, ,(7 > n) is of order %; the constant c is explicitly presented, it depends
on the P,-harmonic function V(x, a).

Furthermore, it is shown that S,/ v/n conditioned on [t > 1] has asymptotically Ray-
leigh distribution.

The proofs are based on a martingale approximation, on error estimates in the central

limit theorem for dependent random variables, and on a “coupling" of jl\”/% with Brownian

motion.

The survival probability of a critical multi-type branching process
in i.i.d. random environment

The paper investigates the asymptotic behavior of the quantity IP(Z,, > 0) for the multi-
type branching process in ii.d. random environment, under reasonable assumptions.
First, the relation P(Z, > 0) ~ ¢/ +/n for the special case of random linear-fractional
offspring distributions. Second, for a bigger class of random offspring distributions, it
follows that P(Z, > 0) < 1/+/n. The proofs use techniques for univariate BPRE and
methods from the theory of products of i.i.d. random matrices (result obtained from the
article published in ALEA).
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Some questions for future research

There is a huge literature on one type or multi-type Galton Watson processes and
many questions remain open; in this section, we propose to describe some of them,
closely related to the main results of this thesis.

On a local limit theorem for product of random matrices whose norms are
conditioned on staying > 1

Once the behavior at infinity of the quantity P, ,(t > n) is known, a natural question
is to focus on the one of the probabilities P(¥R, € K compact, 7, > n) and to prove
that it behaves as -35. Results in this direction was obtained recently by R. Lauvergnat
[Lauvergnat, 2017] who studied in his PhD thesis fluctuations of a class of Markov walks
(or random walks with Markovian dependent increments). The question is still open for
product of random matrices, works are in progress with E. Le Page. Such a result for
product of positive random matrices would be of interest to describe the probability of
extinction of sub-critical multi-type Galton-Watson processes in random environment, as
in the one type case presented in Chapter 3 of this thesis.

On a central limit theorem for Galton-Watson processes conditioned on non-
extinction at time n

It is known that critical one type Galton-Watson processes (Z,),>0 in random envi-
ronment, conditioned on the event [Z, > 0], do exhibit “super critical behavior”. Let us
briefly explain this.

First, supercritical branching processes (whether classical or in random environment)
obey the growth law Z,,/u"* — W a.s., where W is some typically non-degenerate random
variable (see Kesten-Stigum'’s statement in Chapter 3 of this thesis). Conditioned on the
event [Z, > 0], this kind of behavior can no longer be formulated as a statement on a.s.
convergence, since the conditional probability measures depend on n.

Instead, in random environment, it holds some “central limit theorem” for the size of
the population at time 1, with a random normalization depending on the environment
up to time n. The main ingredient is the fact that the process (Z,,/f;(1)... f,_1(1))u>1 is
a martingale, where fy, f; ... is the ii.d. environment of the branching process. More
precisely,

Zy
L <f6(1) RO e 0) L)

for some positive and finite random variable W (see [Afanasyev et al., 2005] for the details
and interesting comments).

Thus, it is natural to ask whether or not such a result does exist for multi-type Galton-
Watson processes (Z,),>0 in random environment. It is natural to replace the quantity
fo(@) ... f/_1(1) by the product of the random mean matrices of the offspring distributions,
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unfortunately the sequence

741 [z
eSn(®)  \ #R,1
n>1 n>1

is no more a martingale. Nevertheless, we may expect for a weak convergence of
this sequence, which should allow us to conclude as in [Afanasyev et al., 2005]; the
delicate argument related to martingale needs to be settled, using ideas from [Cohn, 1989]
and [Dolgopyat et al., 2017].

On the affine recursion in (R*)",p > 1

We consider the random difference equation X,,+1 = A,4+1X;; + Byt1, where (A, B,) are
ii.d. (S*(B) x R%*)-valued. A direct computation yields for any n > 1,

n
Xy =An...A1 X0+ Y _An... Ae1Br
k=1

A major improvement in critical case for one dimension was done in [Babillot et al.,
1997], when E(log A;) = 0. Under general hypotheses, they proved the existence and
unicity of an infinite Radon measure A which is invariant for the process (X,), on R.
The unicity of A base on the local contractivity of the semi-group of the random affine
mapsx > Ay ... A1x+Y (1 Ay ... Ags1Bg. The demonstration used fine results on random
walsk on affine groups of the real line and especially the fact that these random walks are
transient since the affine group is unimodular.

In higher dimension, several results exist when the products A, ...A; are strongly
contractive, namely when the Lyapunov’s exponent of the product of matrices A, is strictly
less than 0. Nevertheless, the same question for critical case remains open. Under quite
strong hypotheses on the matrices A,, we prove the existence and unicity of an infinite
Radon measure, using some results of products of matrices with non-negative entries
presented in [Le Page et al., 2018], [Pham, 2018] and adapting the strategy developped
in [Brofferio, 2003].
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Résumé :

La théorie des processus de branchement multi-type en environnement i.i.d. est consi-
dérablement moins développée que dans le cas univarié, et les questions fondamentales
ne sont pas résolues en totalité a ce jour. Les réponses exigent une compréhension pro-
fonde du comportement des produits des matrices i.i.d. a coefficients positifs.

Sous des hypotheses assez générales et lorsque les fonctions génératrices de probabi-
lité des lois de reproduction sont “linéaire fractionnaires”, nous montrons que la proba-
bilité de survie a l'instant n du processus de branchement multi-type en environnement
aléatoire est proportionnelle a % lorsque n — oo.

La démonstration de ce résultat suit 'approche développée pour étudier les processus
de branchement uni-variés en environnement aléatoire i. i. d. Il utilise de fagon cruciale
des résultats récents portant sur les fluctuations des normes de produits de matrices
aléatoires i.i.d.

Mots clés :

Multi-type branching process, Survival probability, Random environment, Critical
case, Exit time, Markov chains, Product of random matrices.

Abstract :

The theory of multi-type branching process in i.i.d. environment is considerably less
developed than for the univariate case, and fundamental questions are up to date unsol-
ved. Answers demand a solid understanding of the behavior of products of i.i.d. matrices
with non-negative entries.

Under mild assumptions, when the probability generating functions of the reproduc-
tion laws are fractional-linear, the survival probability of the multi-type branching process

in random environment up to moment 7 is proportional to % asn — oo.

Techniques for univariate branching process in random environment and methods
from the theory of products of i.i.d. random matrices are required.

Keywords :

Multi-type branching process, Survival probability, Random environment, Critical
case, Exit time, Markov chains, Product of random matrices.



