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Chapter 1
Introduction

A constrained optimization problem involves minimizing an objective function
over a set of constraints. If the objective function and constraints are linear,
this problem is called a linear optimization problem, otherwise, it is a nonlinear
optimization problem. Optimization problems can be found in many areas such
as science and technology, economics, industrial production and so on. Since the
first appearance of the simplex algorithm for solving a linear optimization problem
by G. Dantzig in 1947, developing algorithms for solving optimization problems
has become an active area in optimization research. Moreover, the development of
computers led to the birth of many linear and nonlinear optimization solvers. This
thesis is focused on the numerical solution of the nonlinear optimization problems.

In this work, we consider nonlinear optimization problems under this form:

minimize  f(x)
subject to ¢(x) =0, (1.1)
x>0

I

where f : R” — R and ¢ : R® — R™ are smooth functions. Any differentiable
optimization problem with equality and inequality constraints can be reformulated
under this standard form by possibly adding nonnegative slack variables and by
splitting free variables into positive and negative parts.

A constrained optimization algorithm focuses on two tasks: minimizing the
objective function and satisfying the constraints. When the set of the optimal
solutions is nonempty, many efficient algorithms in the literature are proposed to
find an optimal solution of the problem. But in practice, infeasible instances also

appear quite a lot. They can arise, for example, in mathematical modeling, from



1.1. The sequential quadratic programming method

varying the parameters of a model to study the system response. Infeasibility may
also appear when solving a sequence of subproblems in an algorithm like a branch-
and-bound method. Even if the problem is feasible, algorithm may encounter
difficulties in finding a feasible point. In all these cases, an efficient solver should
quickly return an infeasible stationary point, with the goal to avoid a long sequence
of iterations or a convergence to a spurious solution. In this context, a rapid
infeasibility detection is an important issue in nonlinear optimization since many
contemporary methods either fail or take an excessive number of computational
time to notify that a problem is infeasible, see, e.g., [118]. The first part of this
thesis focuses on developing a numerical method to rapidly detect the infeasibility
in the framework of a primal-dual method.

In the literature, the local convergence analysis of nonlinear optimization
algorithms is handled under the following usual assumptions: linear independence
constraint qualification (LICQ), second order sufficient conditions (SOSCs) and
strict complementarity. These assumptions imply that the Jacobian of the
optimality system to solve is locally nonsingular, an essential property of
Newtonian methods to get a superlinear or a quadratic rate of convergence.
However, in practice, these assumptions are not always satisfied, for example,
in mathematical programming with equilibrium constraints (MPECs) or when
the optimal solution is not isolated. In these degenerate cases, a regularization
technique must be applied to recover a rapid rate of convergence. In this thesis,
we analyze the local behaviors of two regularization techniques incorporated in
two primal-dual algorithms to deal with the lack of SOSCs or of any constraint
qualification.

In the following section, we summarize the state of the art of optimization
methods used to handle problem (1.1).

1.1 The sequential quadratic programming
method

The sequential quadratic programming (SQP) is one of the most effective methods
for nonlinear constrained optimization. This method, which was first proposed
by Wilson in his PhD [152], generates iterates by solving a sequence of quadratic

subproblems. For solving (1.1), at an iterate xy, a basic SQP algorithm defines a

2 Infeasibility detection and regularization strategies in nonlinear optimization



1. Introduction

search direction d as a solution to the quadratic minimization problem

min Vf(zr) d+ 5d" V2, L(xk, yr, 2)d
st c(zg) + Ve(zg) Td =0,
T+ d Z O,

where L(z,y,2) = f(x) +y c(x) — 2T, for (z,y,2) € R"™F" is the Lagrangian
function associated to (1.1).

The solvers FILTER [67] and SNOPT [79] are two of the most popular
implementations of SQP methods. Both of them contain two phases: a main phase
and a feasibility restoration phase which is devoted to minimize the constraint
violations. There is a switching technique between these two phases. FILTER uses
the feasibility of a trust region subproblem to activate the feasibility restoration
phase. Whereas, SNOPT transforms the standard SQP algorithm into a Sl; QP
[66] when the problem seems to be infeasible. Gould and Robison [87, 88], Byrd
et al. [40] and Burke et al. [30] proposed exact penalty SQP methods with only
one single optimization phase. A steering rule [39] is used to update the penalty
parameter in these methods. In particular, an additional subproblem is solved
to choose a penalty parameter that ensures balanced progress toward feasibility
and optimality. However, since the above SQP methods require the solution of a
general quadratic problem with large cost, the size of problems that can be solved in
practice is limited. Moreover, the indefinite Hessian matrix used in these methods
may cause difficulties (see, e.g. [84]). To overcome these obstacles, Fletcher
and Sainz de la Maza [68] proposed the sequential linear-quadratic programming
(SLQP) method which was further developed by Chin and Fletcher [43] and Byrd
et al. [37]. The former possesses a filter method and a feasibility restoration phase
to deal with infeasibility. By contrast, the latter is a penalty function method and
is implemented in the KNITRO/ACTIVE code [38].

The local convergence analysis of SQP methods has been studied widely,
see, e.g., [66, 88, 130, 137, 145]. However, these analyses focus mostly on the
feasible instance under some usual assumptions. Byrd et al. [40] and Burke et al.
[30] proposed first local convergence analysis for infeasible problems. The rapid
convergence is mostly based on the rules to update the penalty parameters. More
specifically, the spirit of the steering rules is used to update the penalty parameter
in Byrd et al. [40]. The update of penalty parameter in the algorithm of Burke
et al. [30] is considered twice at each iteration after the solutions of quadratic

optimization subproblems.
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1.2. The quadratic penalty method and the augmented Lagrangian method

On the other hand, the local convergence analysis of optimization algorithms
without linear independence constraint qualification (LICQ) and constraint
qualifications in general was investigated by stabilized SQP. Wright [153]
and Fisher [65] demonstrated the superlinear convergence of their algorithms
under the Mangasarian-Fromovitz constraint qualification (MFCQ) and strict
complementarity. Qi and Wei [126] introduced a weaker condition than LICQ
and used it together with strict complementarity. The later works of Anitescu [6]
and of Wright [155, 156] dropped the strict complementarity. Both MFCQ and
strict complementarity were removed in the studies of Hager [93], Wright [157],
Izmailov and Solodov [101], Gill et al. [80], Arreckx and Orban [17].

1.2 The quadratic penalty method and the

augmented Lagrangian method

The quadratic penalty method is proposed firstly by Courant [48] in 1943. This
approach is to solve a sequence of unconstrained problem created by a combination
of the objective function f and the [y feasibility measure of the constraints. For

example, with the following equality constrained minimization

min f(x) (1.2)
st. c(z) =0,
the quadratic penalty method solves a sequence of subproblems
0 0y(x) = [(2) + o @) (13)
min - g (2) = f(z) + 5 [le(@)I, .

where the penalty parameter o > 0 is forced to decrease to zero. Lootsma [110] and
Murray [114] demonstrated that the small value of o can raise numerical difficulty.

This one comes from the third term in the Hessian matrix of penalty function ¢, (-)

V29, (x) = V2 f(z) + =D ci(z)Viei(z) + Vc( )WWelx)'.

=1

(This term becomes increasingly ill-conditioned as o tends to zero.) This
inconvenience of the quadratic penalty method caused it to be shunned by
practitioners for a long time. To overcome this difficulty, some kinds of auxiliary

variable is introduced to obtain well-conditioned systems in framework of both
primal algorithm (Broyden and Attia [27, 28], Gould [85, 86]) and primal-dual

4 Infeasibility detection and regularization strategies in nonlinear optimization



1. Introduction

algorithm (Armand et al. [16]).

Augmented Lagrangian method were proposed independently by Hestenes [96]
and Powell [125] in 1969 as another alternative to deal with the ill-conditioning
associated with the quadratic penalty method. At each iteration, with a fixed
penalty parameter o and an estimate of Lagrange multiplier A\, the augmented
Lagrangian method performs minimization with respect to x of the following

unconstrained problem

min  Lao(z) = f(z) + A ez) + i||c(x)\|2. (1.4)

rER™

After that, the penalty parameter and the Lagrange multiplier will be updated
based on the satisfaction of constraints. If the constraints have decreased
sufficiently, the penalty parameter o is not changed in the next iteration and

the Lagrange multiplier A* is updated by the formula

A+=A+@
g

I

where z is an approximate solution of (1.4). Otherwise, we decrease the penalty
parameter to ensure that the next iterate takes more emphasis on decreasing the
constraint violations. Simultaneously, the new Lagrange multiplier At will be kept
as the previous one A. The augmented Lagrangian method of Powell and Hestenes
was proposed only for the equality constrained minimization (1.2). In the early
1970s, Rockafellar [131, 132] and Buys [31] extended this method to inequality
constrained optimization. Di Pillo and Grippo [54, 55] developed algorithms
based on this method for problems in both framework of equality and inequality
constrained optimizations.

The global convergence of the augmented Lagrangian method has been
discussed in both the convex case (see, e.g., [99, 104, 105]) and the general
non-convex case (see, e.g., [21, 44, 122, 131, 133]) under assumptions on the
boundedness of the sequence of the Lagrange multiplier. The merit functions
to globalize the augmented Lagrangian method have been used in two forms: the
primal merit function (see, e.g., Byrd et al. [32], Gill el al. [78], Schittkowski
[134, 135], Tapia [138]) and the primal-dual merit function (see, e.g. Gill and
Robinson [76, 77], Gill et al. [81], Armand and Omheni [12]). Some softwares have
been implemented based on the augmented Lagrangian method to solve problem
(1.1).  MINOS [115] used the projected augmented Lagrangian method which

involves a sequence of sparse, linearly constrained subproblems. The objective
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1.2. The quadratic penalty method and the augmented Lagrangian method

functions of these subproblems include a modified Lagrangian term and a modified
quadratic penalty function. It is most successful in problems with nonlinear
objective and linear or near-linear constraints. On the other hand, LANCELOT
[45] is more effective on problems with relatively few constraints. It uses a
gradient projection method with trust region to solve bound-constrained nonlinear
subproblems

min £y ,(z) subject to <z <.
zeR™ 77

This type of subproblems is also addressed by ALGENCAN [3, 5]. However, it
uses the line search method for the globalization. PENNON [106] is based on an
augmented Lagrangian approach and can solve nonlinear optimization problems
with the semi-definite matrix constraints. In this software, a combination of the
line search and trust region method is used to solve a sequence of unconstrained
optimization problem in which the inequality constraints is treated by the barrier
function. SPDOPT-AL [12] combined the Newton-type method and a line search
strategy.

We note that these augmented Lagrangian methods were studied mainly for
feasible optimization problems. Recently, Martinez and Prudente [112] modified
the algorithm in ALGENCAN [3] by changing the convergence tolerances for
subproblems.  They defined an adaptive stopping criterion for subproblems
depending on the constraints, the penalty parameter and the multipliers. The
algorithm will return a notification of infeasibility when the penalty parameter
becomes very small. The numerical examples show that the new modification
is better than the original ALGENCAN. Birgin et al. [25] give a necessary and
sufficient condition to characterize the infeasibility of a problem. The tolerance
sequence is also chosen adaptively. In particular, this sequence depends on the
constraints, the penalty parameter and the multipliers. The numerical experiments
demonstrate the advantages of this new algorithm compared to the original
augmented Lagrangian method [23] in the infeasible case. Gongalves el al. [83]
introduced an algorithm based on the general class of Kort-Bertsekas Lagrangian
function [21, 105]. Similarly to [25], a necessary and sufficient condition to indicate
the infeasibility of problem is also given. From some numerical comparisons on

feasible and infeasible problems, three types of augmented Lagrangian function

m

L(z,\, o) = f(z) + 1 Z Wi(oci(z), i),

04
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1. Introduction

where
t(e® — 1) + 5[max{0, s}?,
ts + cosh(s) — 1 if ¢ + sinh(s) > 0,
W(s,t) = { |tsinh™'(—t) 4+ cosh(sinh ' (—t)) =1  otherwise, ’

ts +ts? + s° if s >0,

ts/(1—s) otherwise.

are as efficients as the Powell-Hestenes-Rockafellar (PHR) augmented Lagrangian
function (1.4) for feasible instances. Moreover, they detect infeasibility in less
iterations than PHR. Birgin et al. [26] modified ALGENCAN in the way to
update the penalty parameter. Instead of using the minimum of the inequality
constraints and its multipliers, this new algorithm uses their products to measure
complementarity. It converges to the minimizers of a feasibility measure. The
numerical results show that the performances of ALGENCAN and this new
algorithm are nearly the same. The augmented Lagrangian method of Armand and
Ombheni [12] may detect infeasibility when the sequence of dual variables becomes
unbounded and the penalty parameter is forced to zero. The main drawback is
that the infeasibility can take a long time to be detected.

Under some classical assumptions, the local convergence results of augmented
Lagrangian method in the feasible problems have been demonstrated, see e.g.
(12, 20, 21, 24, 31, 82, 123, 124]. The local behavior of augmented Lagrangian
algorithms in infeasible problems has never been mentioned in literature. On the
other hands, Hager [93], Wright [153, 157], Gill el al. [80] investigated the local
behavior of augmented Lagrangian method without the conventional assumption

related to the linearly independence of vectors of gradient constraints.

1.3 The interior point method

The (primal) interior point method was proposed by Frisch [73] in 1955 to solve

the optimization problems with inequality constraints

min  f(z)

s.t. c(x) > 0. (15)

Infeasibility detection and regularization strategies in nonlinear optimization 7



1.3. The interior point method

The idea of this method is to solve a sequence of unconstrained problems

TER?

min  P,(z) = f(z) — uzn::log ¢i(z), (1.6)

where the barrier parameter p > 0 is driven to zero. Fiacco and McCormick
[64] showed that under some standard assumptions, a solution of problem (1.6)
x*(p) converges to z* and C(T”(H)) converges to z*, where x* and z* are optimal
solution and optimal Lagrange multiplier associated to the constraints of the
problem (1.5), respectively. This primal interior point method has fallen into
disuse after the appearance of SQP methods and has not been recovered because
it suffers of several drawbacks. Omne of them is due to the increasing of the ill
conditioning associated with the minimization P, when p approaches zero (see,
e.g., [110, 114]). The success of the Karmarkar’s algorithm [102] in solving the
linear optimization problems [103] and the impressive computational performance
of primal-dual interior point methods for linear programming [111] motivated the
concentration of the optimization community in extending these methods to the
general nonlinear problem (1.1) (see, e.g., [71, 84, 116]). In particular, by defining

z; = pu/c;i(x), the optimality conditions of problem (1.6) can be rewritten as

Vfi(x)—Ve(r)z=0

1.7
C(x)z — pe =0, (17)

where C(x) = diag(c(x)). We note that this system is equivalent to the perturbed
KKT conditions for problem (1.5) if we introduce nonnegative slack variables s €

R™. to get the following problem

min  f(x) 3 logs
i=1
s.t. c(x) —s=0.

(1.8)

One of the most visible advantages of this formulation is that the starting point
can be chosen more easily than in the original formulation (1.6).

The interior point methods were implemented in some softwares. LOQO
[146] uses a line search strategy to obtain the global convergence. KNITRO [38]
processes two strategies: a line search in which a linear system is solved by direct
factorization and a trust region in which a linear system is solved by conjugate
gradient method. TPOPT [149], on the other hand, invokes the filter technique
for globalization. SPDOPT [13] is a combination of interior point method and

8 Infeasibility detection and regularization strategies in nonlinear optimization



1. Introduction

augmented Lagrangian method with a line search strategy.

In literature, there are two approaches of interior point methods. The first
approach called barrier-SQP method computes a search direction d, by applying
Newton’s method directly to the KKT conditions of (1.8). After that, a step
length «, is determined to maintain the positivity of slack variables s. The second
one called barrier-penalty method uses a classical way to treat equality constraints
(the constraint-removal spirit of the 1960s). In particular, the equality constraints
of (1.8) are eliminated and introduced as a penalty term of a composite function.

Consequently, this approach tends to solve unconstrained minimization problem

p
mip f() — Y logs + silete) = s
Regardless of which approaches are used, a globalization strategy such as line
search, trust region and filter (or a combination of these strategies) must be applied
to ensure the global convergence. Wéchter and Biegler [148] gave an example to
show that barrier-SQP methods using line search (see, e.g., [1, 2, 7, 15, 60, 74,
108, 109, 113, 146, 159]) may converge to false solutions. In contrast, line search
strategy applied to barrier-penalty methods is not affected by this failure, see,
e.g., [8, 13, 18, 42, 70, 76, 77, 82, 139, 161]. Further discussions on interior point
methods using trust region and filter strategies can be found in the literature,
see, e.g., [34-36, 46, 47, 52, 75, 141, 150, 163] (trust region methods) and [19, 67,
69, 144, 149] (filter methods). Castro and Cuesta [41], Friedlander and Orban [72]
considered the regularization techniques for interior point method in the framework
of convex quadratic programs.

Byrd et al. [35], Chen and Goldfarb [42] mentioned about the infeasibility
in their researches. The filter line search method of Wéchter and Biegler [149]
possesses a feasibility restoration phase. Besides finding a new acceptable iterate
to the filter, the significant role of this phase is to detect (local) infeasibility.
Recently, Curtis [49] proposed a method which is a combination of penalty method
and interior point method to solve problem (1.5). Numerical results demonstrate
that this approach maybe efficient to detect infeasibility. Nocedal et al. [118]
presented a trust region interior point method with two phases: a main phase (solve
the barrier problem (1.8) with 4 — 0) and a feasibility phase (minimization the
feasibility violation measure). Numerical experiments showed that the new method
is better than the older one KNITRO/CG [38] in detecting infeasible problems and

there is no loss robustness in solving feasible problems. The capability to detect
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infeasibility of SPDOPT [13] is closely related to the behaviors of the penalty
parameter and of dual variables. In particular, an infeasible stationary point is
declared by this algorithm if the sequence of dual variables tends to infinity and the
penalty parameter converges to zero. Nevertheless, the fast infeasibility detection
has not been studied in both of these algorithms. Very recently, Dai et al. [50]
introduce a primal-dual interior point method with the fast convergence to a KKT
point or to an infeasible stationary point.

Local convergence analyses of the primal-dual interior point methods were
demonstrated under some standard assumptions in papers [9, 14, 59, 89, 90, 139,
160, 163]. These researches concentrated on demonstrating the superlinear and
quadratic convergence or on studying the behavior of the primal-dual interior
point methods in the neighborhood of the central path defined by (1.7). On
the other hands, Ralph and Wright [127] showed the superlinear convergence
of an algorithm for solving a monotone variational inequality under a constant-
rank constraint qualification without any assumption about the uniqueness of the
multipliers. In [128], they argued that the result in the previous paper still hold
without the constant-rank condition. The research of Wright [154] can be seen
as an extension of [127, 128] to general nonconvex nonlinear problems. In his
work, the analysis was done under the MFCQ assumption. We note that all
of these algorithms impose a centrality condition on the iterates. Vicente and
Wright [147] proposed an algorithm with quadratic rate of convergence under
a weaker constraint qualification (MFCQ) and the strict complementarity. The
primal variables and their multipliers are modified as some components approach
zero. On the other hand, the full step is permitted even if the non-negativity of
constraints are not valid. Wright and Orban [158] showed the uniqueness of the
local minimizer of the barrier problem (1.6) under assumptions MFCQ and strict
complementarity. Without the latter, the distances between the minimizers and
the solution of the problem (1.6) are estimated in terms of the barrier parameter p.
Another interior point method was introduced by Yamashita and Yabe [162] where
the quadratic convergence was obtained by assuming the linear independence of
gradients of equality constraints and the strict complementarity.

The whole content of this thesis is organized as follows. The current chapter
is a general introduction of this dissertation. The next chapter recalls some basic
backgrounds and notations which will be used throughout the thesis. Especially,
an original proof of the first and the second order necessary optimality conditions
based on penalty function will be given. Chapter 3 introduces a new augmented

Lagrangian method for solving problem (1.2). In chapter 4, we develop the result in
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previous chapter to the general optimization problem (1.1) by taking into account
the interior point method and the augmented Lagrangian method. Two next
chapters are devoted to study the local properties of regularized methods in the
absence of classical assumptions.

In addition to theoretical researches, we implemented algorithms in this
dissertation in language C. In particular, the algorithms in Chapter 3 and Chapter
4 can be seen as the developments of SPDOPT [12, 13] with the aim of detecting
infeasibility.

Infeasibility detection and regularization strategies in nonlinear optimization 11
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Chapter 2
Preliminaries

In this chapter, we introduced notations and concepts which will be used frequently
in the next chapters. Some backgrounds related to real analysis, linear algebra and
optimization problem are also recalled without specific demonstration, unless the
proof is original. Finally, we mention a useful tool to compare the performances

of several algorithms which will be helpful in Chapters 3 and 4.

2.1 Elementary notations and concepts

Throughout this dissertation, scalars and vectors are denoted by lowercase letters,
matrices are denoted by capital letters and the capitalization of vector name
indicates the diagonal matrix formed by placing elements of that vector on
the diagonal, e.g., X = diag(x). For notational convenience, we often omit
transpose notation and write (2,9,2) = (x7,y",27)". The identity matrix is
denoted by I and e stands for the vector of all ones with an arbitrary size.
The ith component of a vector x € R" will be denoted by [z]; or z; if there is
no ambiguity. Vector inequalities are understood componentwise, for example
x > 0 means that x; > 0, for all # = 1,...,n. The notations R” and R
respectively stand for the nonnegative and the positive orthants, ie. R?} =
{fx € R" : x > 0} and R}, = {z € R" : z > 0}. The minimum and the
maximum of vectors which have the same size are understood componentwise, i.e.,
min{z,y} = (min{z,y},...,min{z,,y,})". Given two vectors x,y € R", their

Euclidean scalar product is denoted by z 'y and is defined by

'y =Yz
=1
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2.1. Elementary notations and concepts

We denote 2 L y, if 2Ty = 0. The associated Iy norm is ||z||= (2 x)2. A property
that holds for the Euclidean norm [5 is the Cauchy-Schwarz inequality, which states
that

[ yI< [yl

The open Euclidean ball centered at x € R™ with radius » > 0 is denoted by
B(z,r), that is
B(z,r)={y €R": [y —=zf|<r}.

The Hadamard product of two vectors = and y, denoted by x oy, is defined by
[xoyl; =xy;, foralli=1,... n.

The positive part of a real vector z is a vector in R" defined by z, = max{z, 0},
where the maximum is understood componentwise.

For two nonnegative scalar sequences {ay} and {b }, we use the Landau symbols
ar = O(by) if there exists a constant C' > 0 such that ar < Cby, for all k € N
and ay = o(bg) if there exists a sequence {¢;} such that kh_g)lo er = 0 and ay < epby
for all & € N. If a;, = O(by), we also write that b, = Q(ax). Finally, we use the
notation a, = ©(bg) to indicate that ay = O(bx) and by, = O(ay).

For a function f and an iterate xy, to simplify the notation we denote f, =
f(xy). Likewise, f* stands for f(z*), and so on. The notation g(z) stands for
the gradient of f at z, while the transpose of the Jacobian of ¢ at = is denoted
by A(z) = Ve(z). The Lagrangian associated to the problem (1.1) is defined by
L(w) = f(z) +y c(x) — 2"z, where w = (z,y,2) is the vector of primal-dual
variables and (y,z) € R™*™ is the vector of Lagrange multipliers corresponding
to the constraints. The notations V,£(-) and V2 L(-) are used to stand for the
gradient and the Hessian matrix of £(-) with respect to the primal variable x.

For a rectangular matrix M € R™*", the induced matrix norm is defined by
[M|= max{||Mxl]: ||z[|< 1}.

Let M be a symmetric matrix. The smallest eigenvalue is denoted by Apin(M).
The notation M > 0 (resp., > 0) stands for M positive definite (resp., M positive
semidefinite). For two symmetric matrices A and B with the same size, we use the
notation A > B (resp., A = B) to mean that A — B > 0 (resp., A— B = 0). The
inertia of a symmetric matrix M is the integer triple that indicates the numbers

ny,n_ and ng of positive, negative and zero eigenvalues of this matrix, respectively,
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that is
In(M) = (n4, n_,no).

For a closed set C' C R"™, the distance from x € R™ to C' is defined by
d(z,C) = min|lz — &J.

In some certain situations, the set is clearly defined by the context, so we frequently
omit this set in the notation of distance function, i.e., d(x) = d(z, C'). In chapters 5

and 6, for a vector x, the notation z denotes any element of C' such that ||z — Z||=
d(z,C).

2.2 Linear Algebra

We recall a property related to the minimum eigenvalue of symmetric matrices.

Proposition 2.1. Let A € R™" and B € R™" be two real symmetric matrices.
Then,
/\min(A> + /\min(B) S )\min(A + B)

Proof. This result can be seen as a consequence of the interlacing property of
eigenvalues, see, e.g. Horn [98, Theorem 4.3.1]. For the sake of completeness, we
give a simple proof here. Let u € R™ with ||ul|= 1 be an eigenvector of A+ B
corresponding to the eigenvalue A\ := A\pnin(A + B), i.e., (A + B)u = Au. It implies
that A = u' (A + B)u. By noting that for all z € R", one has

)\min(A)Ha:HQS 2" Az and )\min(B)HxH2§ 2" Bx.
These above facts imply that
Amin(A) 4+ Amin(B) = Amin(A) 4+ Apin(B) [[u]?< u" (A + B)u = X = Auin(A + B).

O

We have the following properties about the relation between the positive
definiteness and inertia. The proof can be found in [70, Lemma 4.1], [51, Theorem
3.
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Lemma 2.2. Let H € R™" be a symmetric matriz, A € R™™ and 6 > 0. Define

the matrices

H A
K=H+ L AAT and M= :
5 AT oI

(i) The matriz K is positive definite if and only if In(M) = (n,m,0).

(ii) For all u € R™\{0} such that A™u =0, u" Hu > 0 if and only if there exists
a number § > 0 such that the matriz K is positive definite.

A square real matrix () is said to be orthogonal if
Q'Q=QQ" =1

We recall spectral decomposition theorem of a symmetric matrix.

Proposition 2.3 (Spectral Decomposition ). Let A € R"™"™ be a symmetric

matrix. There exist n eigenvalues A1, ..., \, in R and n eigenvectors uy, ..., u, in
R™, such that

A= Z )\zUzUzT = QAQT7
i=1
where D = diag(A1, ..., A\n) € R™™ and Q = (uy, ..., u,) is orthogonal.
We recall Singular Value Decomposition (SVD) theorem which will be useful.

Proposition 2.4 ([98],Theorem 7.3.2). Let A be an n x m real matriz and let
r = rank(A). Assume that ATA = VAV in which V is an m x m orthogonal
matriz, A = X%, where ¥ = diag(o1,...,0,,0m_), Op_, is the zero vector of size
m—r and oy > ... > o, > 0. Let define 3, = diag(oq,...,0,) € R™™ and

partition V = (Vl V2>, in which Vi € R™ 7. Then there exists a partitioned
<U1 UQ) , where Uy € R™" such that

Y. 0\ (V"
a-om ) (5 0) ().
2

We recall some results about the norm of the inverse matrix.

orthogonal matriz U =

Proposition 2.5 ([53], Theorem 3.1.4). Let A and B be two n x n real matrices.
If A is nonsingular and ||A~Y(B — A)||< 1, then B is nonsingular and

1A~

1B < -
1= [[A=1(B = A
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Proposition 2.6 ([98], Corollary 5.6.16). Let A € R™™. If there exists a matric

norm ||| such that |I — A||< 1, then the matriz A is nonsingular and
AT =31 - AF
k=0

The determinant of block matrices has the following property.

Proposition 2.7. Let A, B,C, D be real matrices. If D is nonsingular, we then

have

A B
det (C’ D) = det(S) det(D),

where S = A — BD™'C is the Schur complement of D.

Proof. The result follows from the following formula
A B\ (S BD'\ (I 0
¢ p) \o I C D)’

The next important result is about the nonsingularity of a Jacobian matrix

]

related to a bound constrained optimization problem and it will be useful in the

local analysis of our algorithms.

Proposition 2.8. Let H € R™™" be symmetric, x € R", z € R" and

H -1
M= ,

where X = diag(x) and Z = diag(z).
Ifo<axz Ll z2>0 mn{zg;+2z :i=1...,n} > 0 and for all u € ker(Z),

uw' Hu > 0, then the matriz M is nonsingular.

Proof. A usual proof, see, e.g., [64], is to show that M is injective. We propose
here another quite simple proof.

Without loss of generality, we may assume that z = (21,0), = (0, x2) where
(z1,22) € RP x R"P and (21, 22) > 0, for some 0 < p < n. Using this partition, let

us write the symmetric matrix H under the form

Hy, H
H— 11 a2 ’
Hy  Hap
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where Hiy, Hyy are symmetric matrices and His = H2T1. Since z; > 0, it follows

from the assumption that for all nonzero vector u € R" 77,

UTHQQU = (0 UT) H (2) > 07

which implies that Hy, > 0. By making a permutation of the first and the third

column blocks, we have

Hy Hy —I 0
Hyy H 0 I
|det M| = |det o
Zy 0 0 0
0 0 0 X,
—I Hyy Hy O
0 Hyp Hn —I
et 22 g ’
0 0 Z 0

0 0 0 X5
= det<H22> det(Zl) det(Xg)

>0,

which implies the nonsingularity of the matrix M. O

2.3 Real analysis

This section is devoted to some basic backgrounds of real analysis which will be
used in studying the local behavior of algorithms. Firstly, we recall the notion of

Lipschitz continuity.

Definition 2.9. A function f : R"™ — R™ is Lipschitz continuous on a set D C R"
if there exists L > 0 such that for every xz,y € D,

1/ () = Fl< Lz = yll

The next Lemma is a direct consequence of the Lipschitz continuity.

Proposition 2.10 ([53], Lemma 4.1.12). Let F' : R" — R™ be a continuously

differentiable function in the open convexr set D C R". Assume that the Jacobian
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matriz of F' at w is Lipschitz continuous on D. Then, for any w,w’ € D,
/ / / L /112
1F(w’) = F(w) = Flw)(w' —w)l|< Sllw —w]]".

The next result give us upper and lower bounds of ||F(w) — F(w’)]].

Proposition 2.11 ([53], Lemma 4.1.16). Under the assumptions of Proposition
2.10, assume that F'(w)~" exists for some w € D. Then, there exists € > 0 and
0 < ay < ay such that for all w,w" € B(w,e) N D,

ay[lw — w'||< [[F(w) = F(w')[[< agflw —w].

We now present a well-known result in multivariable calculus which permits us

to represent some variables via some other ones.

Theorem 2.12 (Implicit Function Theorem). Let F : R"™™ — R" be a

continuously differentiable function and a point (x*,y*) € R™™ satisfying

F(az*,y*) = 0. If the Jacobian matriz F.(z*,y*) = {%(z*,y*)} _is nonsingular,
J )

then there exist positive constants 0, and a unique contz’nuoﬁsly differentiable
function ¢ : B(y*,e) = R™ such that for all (x,y) € B(z*,§) x B(y*,¢),

F(z,y) =0 if and only if y = ¢(x).
Finally, we end this section with some definitions about the rate of convergence.

Definition 2.13 ([21] Rate of convergence). Let {z,,} be a sequence in R™ which
converges to x* € R™. If there exist constants p > 1 such that ||z — z*||=
O(||lzg — x*||?), then {z}} is said to converge to x* at least superlinearly with order
(or rate of) p. If ||zg1 — 2*||= Q||zx — 2*||P), then {z}} is said to converge to z*
at most superlinearly with order p. This sequence is said to converge superlinearly
with order p, where p > 1, if it converges both at most and at least superlinearly
with order p.

If [|zp1 — 2*||= O(||zr, — x*||*), then the convergence is said to be quadratic.

2.4 Optimization problem

Let us consider two kinds of optimization problem: the optimization problem with
only equality constraints (1.2) and the general optimization problem (1.1). To

simplify, we introduce notions related to the general optimization problem (1.1).
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Similar concepts and definitions can be easily extended to (1.2).

The feasible set F of (1.1) is a set of points x that satisfy the constraints, i.e.,
F={zxeR":¢(x) =0and z > 0}.
At a feasible point € F, we define the set of active bound as
A(x) ={i:z; =0}
The linearized cone at a feasible point x € F is given by
L(z) ={d €R":Ve(x)'d=0 and d; >0, forall j € A(x)}.

We recall the notion of constraint qualifications. These are sufficient conditions
under which the linearized cone at a feasible point equals to the tangent cone at
this point. We introduce here the two most famous constraint qualifications which

will be used throughout this thesis.

Definition 2.14 (LICQ). The linear independence constraint qualification is
satisfied at a feasible point x € R™ if the set of the gradients of active constraints
{Vei(z):i=1,...,m}U{e; :i € A(x)} is linearly independent.

Definition 2.15 (MFCQ). The Mangasarian-Fromovitz constraint qualification
is satisfied at a feasible point x € R™ if the set of equality constraint gradients
{Vei(z) 11 =1,...,m} is linearly independent and there exists a vector d € R™
such that Ve(z)"d = 0 and d; > 0 for all i € A(x).

It is worth noting that the MFCQ holds at z* if and only if there does not exist
(y,2) # 0 such that z; > 0, for all i € A and

Ve(z)y+ Yz =0.
jeA

The LICQ is stronger than the MFCQ in the sense that the MFCQ can be implied
by the LICQ. In the framework of equality constrained problem (1.2), these two
constraint qualifications are equivalent and can be interpreted as full rank of the

Jacobian matrix Ve(x).

Example 2.16. We consider two feasible sets

Fi={zeR|(z; - 1) +25-1=0,2, > 0,25 >0}
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(a) LICQ is satisfied at A. MFCQ is not (b) MFCQ holds at C, but LICQ does not
valid at B. hold at this point

Fig. 2.1: Illustration of LICQ and MFCQ

and
Fo={r e R?*|(z; —1)* + (22 +1)* =2=0,2; > 0,25 > 0}.

The LICQ is valid at A = (2,0) € F; and does not hold at C' = (0,0) € F;. The
MFCQ does not hold at B = (0,0) € F;, but it holds at C' = (0,0) € F.

We now give some definitions about local and global minimizers.

Definition 2.17. A point z* is a global minimizer of the problem (1.1) if x* € F
and f(z*) < f(z) for all x € F.

A point z* is a local minimizer of the problem (1.1) if z* € F and there exists a
positive number ¢ such that f(z*) < f(x) for all z € B(z*,¢) N F.

In practice, it is difficult to find global solutions. Hence, optimization
algorithms aim to seek local ones. Throughout this thesis, the term “optimal
solution” is meant to be a local minimizer. In numerical optimization, the aim
is to solve the first order optimality conditions. A solution of these conditions is
called a stationary point. We recall here some definitions of stationary points of

the optimization problem (1.1).

Definition 2.18 (Fritz-John point). A point z € R™ is called a Fritz-John (FJ)
point of problem (1.1) if there exists a nonzero vector (u,y,z) € Ry x R™ x R"
such that

ug(z) + A(x)y—2=0, ¢(r)=0 and 0<z Ll z>0.

When we consider a FJ point in a relation with constraint qualifications, we

have the following definitions
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Definition 2.19 (KKT point). A point € R™ is called a Karush-Kuhn-Tucker
(KKT) point of problem (1.1) if there exists (y, z) € R™"™ such that

gx)+Alx)y—2=0, c(z)=0 and 0<zxzLlz>0. (2.1)

Definition 2.20 (Singular stationary point). A point z € R"™ is called a singular
stationary point of problem (1.1) if there exists a nonzero vector (y, z) € R™ x R"
such that

Alx)y—2=0, ¢(z)=0 and 0<xz Ll z2>0.

In other word, a singular stationary point of problem (1.1) is a feasible point
at which the MFCQdoes not hold.

Definition 2.21 (Infeasible stationary point). A point =z € R" is called an
infeasible stationary point of problem (1.1) if there exists z € R™ such that

c(x) #0, A(x)e(r)—2z=0 and 0<z Ll z>0.

An infeasible stationary point is not feasible for problem (1.1) and is a

stationary point of the feasibility problem

min  gle(x)|?
st. x>0.

We introduce a condition related to the constant rank in a neighborhood of a

minimizer which will be used to state the second order necessary conditions.

Definition 2.22 (WCR, [4]). The weak constant-rank (WCR) property holds at
x* € F, if the rank of the matrix [Vei(2),..., Ve (x), e, ..., €;,] is constant for

all 2 in a neighborhood of x*, where A(z*) = {iy,...,i,}.

The next theorem states necessary conditions for z* to be a local minimizer.
The proof of the first order conditions is based on the use of a mixed-penalty
function and was proposed by P. Armand in his Master’s course. We propose here
to complete the proof for the second order necessary conditions. Other proofs
which used different kinds of penalty function without the log barrier term can be
found in (see, e.g., of Bertsekas [22], Giiler [92], Andreani et al. [4]).

Theorem 2.23 (Necessary optimality conditions). Suppose that x* is a local
minimizer of (1.1) and that the function f and c¢ are twice continuously

differentiable in a neighborhood of x*. Then x* is a Fritz-John point of this problem.
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Moreover, if MFCQ and WCR hold at x*, then there exists (y*,z*) € R™*"
such that w* = (z*,y*, 2*) satisfies (2.1) and d"V? L(w*)d > 0, for all d € R"
satisfying Ve(x*)'d = 0 and d; = 0 for all i € A(x*).

Proof. Let x* € F be a local minimum of (1.1). To simplify the notation, let
us denote A = A(z*) = {i1,...,7,} and A° = {1,...,n}\A. Let us choose
€€ (0,52}4{,} x}), such that for all z € BN F, f(2*) < f(x), where B is the closed
ball in R™ of radius € and center z*.
Let us define B, = {z € B: x > 0}. Let k € N* and define the quadratic
barrier penalty function on By by
k 2 L& 1 |4
() = f(2) + Slle(@) "~ i_zllogxi + 7 lle =27
Let us show that ¢y, has a global minimum over B. Select an index ¢ € {1,...,n}.

For all x € B, we have
- 1
pu(2) 2 f = (n—1)logy — - logz;,

where f is the minimum of f over B and + is an upper bound on all the components
of z over B,. It follows that op(z) tends to infinity when = approaches the
boundary of the nonnegative orthant. Therefore, for all » € R the sublevel set
{z € By : pp(x) < r}is compact and thus ¢, has at least one global minimum
T € By,

Let K C N* be such that the subsequence {z}r tends to z € B. Let us show
that x = z*. For k € N* define 7} by
xk if 1 € A,

~ (2

=y
slee)s ifie A

The sequence {Z;} converges to z* and ||, — 2*||< £ |la — 2*||< £ for all k € N*,
which implies that {Z;} C By. Because zy is a global minimum of ¢ over B, we
have @i (zr) < @i(Tx) for all k € N*. The continuous differentiability of ¢ implies
that there exists L > 0 such that ||c(z)||= ||c(z) —c(x®)||< L||x —2*||, for all x € B.
Using the two previous facts, the choice of € and the upper bound +, then defining

the constants p = |A| and M = 2max{ LQ;Q + % + (n —p)log 2, p}, for all k& > 3

Infeasibility detection and reqularization strategies in nonlinear optimization 23



2.4. Optimization problem

we then have

k 1 .
f@n) + S llet@a)lP+ e — 27|

N k. . 1, . 1 [Zr]: 1 [Tk
< ) + =le(@E)P+= 17, — || —= log —= — — log —=~
@) + Ge@lP 4 gllee — ol 5 log 1= 1 S log 1
L?¢* & n—p. v p
< 7 — log = + > logk
S f@)+ Gt el
M
where we use the inequality 1 < logk, for k > 3.
On one hand, we deduce that for all k& > 3,
2 . 2M
le(@)IP< 2 (F(#) ~ () + oy logh:

By taking the limit £ — oo in K, we deduce that ¢(z) = 0. We also have z > 0,
because xp > 0 for all £ € N*. We have proved that z € B N F, therefore
f(z*) < f(z). On the other hand, we have

1 M
flan) + llox = 2 1< f(@0) + - log k.

By taking the limit & — oo in K, we obtain f(Z) + [z — 2*[|*< f(2*) < f(Z), and
thus z = z*. Since this property holds for any limit point of the sequence {xy},
the whole sequence converges to x*.

Having proved that {zy} — z*, the minimization of ¢ over B, is an
unconstrained minimization problem for k large enough. Then, there exists ky € N*
such that for all k& > ko, Vr(zr) = 0 and the matrix VZp. () is positive
semidefinite. The first order optimality conditions Vg (x,) = 0 can be rewritten

under the form

Vf(zr) + Ve(z)ye — 2 + |2k — 2% |2 (2 — 2%) = 0, (2.2)
1
clxg) = LYk (2.3)
1
szk = —€. (24)
k
where we introduced the vectors y, = ke(zrg) and z, = %Xk_ le. Let
us rewrite the equation (2.2) under the form Agv, = 0 where A, =

A
(Vi) Ve(r) —I g —a*|2(zx —2)) and v = (1 y[ 2] 1) . By
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dividing by ||v|| and by taking the limit for some subsequence we obtain
WV f(z")+ Ve(xM)y* — 2" =0

for some (u*,y*, z*) € R " The equation (2.4) implies that zf = 0 for all
i € A°. Therefore, z* is a Fritz John point of the problem.

We now assume that MFCQ and WCR are satisfied at x*. Let us show that the
sequence {(yx, zx)} is bounded. Indeed, if this sequence is unbounded, by dividing
the both sides of equations (2.2) and (2.4) by ||(yk, z)|| and by taking the limit

for some subsequence, we obtain

for some nonzero vector (y,z) € R™. This implies that the MFCQ is not valid
at z*.

Because {(yk,zr)} is bounded, there exists a subset £ C N such that
kier}qc(yk,zk) = (y*, 2z%) and (z*,y*, z*) satisfies (2.1).

Let us now show that the second order necessary optimality conditions are
satisfied at (z*,y*, 2*). We use the same kind of proof as in the paper of Andreani
et al. [4]. Let d € R™ such that

Ve(z*)'d=0,i=1,...,m and d; =0, forall j € A (2.5)

Since the MFCQ 1is wvalid at «*, without loss of generality, we
can assume that there exist vectors e;,...,e; such that the set of
vectors  {Vey(x*),..., Ve (2%),€,,...,6,} is  linearly independent and
rank([Vei (z%), ..., Ven(27), €50, .,€])) = m + ¢, where 0 < ¢ < p. This
fact and the continuity of the gradients implies that for all £ in a neighborhood
of «* the set of vector {Ve (x),...,Ven(x),e,...,€;,} is linearly independent.

For all x € R"™, we define the matrix
M(z) = [Vei(x), ..., Ven (), 6,0, €4,]

The WCR implies that for all i = 1,...,m,j = 1,...,p, the vectors V¢;(x) and

e;; are linear combinations of the columns of M (x) for all z in a neighborhood of

Infeasibility detection and regularization strategies in nonlinear optimization 25



2.4. Optimization problem

x*. In particular, since {z}} converges to x*, for all j =q¢+1,...,p,
€ = Z[O‘k]ivci(xk) + Z[Oék]iei (2.6)
i=1 ieJ

for some oy, € R™H1,

For each k € N, let d;. be the orthogonal projection of d onto the nullspace of
M(ﬂ?k)T, i.e.,
dp = (I — M () (M (zx) "M (25)) " M (zx) ")d.

From the property of the orthogonal projection and (2.6), we get

Veilwy) 'dy =0,i=1,...,m and [dy);=0,j€ A (2.7)
for every k € N. The convergence of {(xy, zx) }rexc to (z*, 2*) gives us

limdy = (1~ M(@") (M) M(a") " M (") d = d

where, the last equality comes from (2.5).
Reminding that z; is an unconstrained minimum of the function ¢ for all
k € N, we then have

0 < d} VZop(xp)dy

— dT < Z kei(xp) Ve ZBk)) dy,

1 n
+ k|| Ve(w) T dyl|” z +2((wr — ) Tdi)? + [lze — 2| de|?
]:1
<d, <V2f Ty, jtz:kcZ x1) Vi ) + 3||zk — 2 ||?||di %,
=1 JéZA

where the last inequality comes from (2.7) and the Cauchy-Schwarz inequality. By
taking the limit with noting that {(zx, yk, 2x) bkexr — (2%, 9", 2%), {dk}rexr — d
and [z*]; > 0 for j & A, we obtain d' V2, _L(z*,y*, 2*)d > 0 which completes the
proof. O]

Conversely, second order sufficient conditions (SOSCs) permits us to conclude

that KKT point is a (strict) minimizer.

Definition 2.24 (SOSCs). Let w* satisfy KKT condition (2.1). The second order
sufficient conditions hold at w* if u'V2, L(w*)u > 0 for all u # 0 satisfying

26  Infeasibility detection and regularization strategies in nonlinear optimization



2. Preliminaries

Ve(z*)Tu =0 and u; = 0 for all i € A.

Let N4 be a matrix whose columns created by a basis for the null space of
Ve(z*)T. The second-order necessary (sufficient) conditions can be expressed under
the condition that the reduced Hessian matrix of Lagrangian N [ V2 L(w*)N 4 is

positive semidefinite (positive definite).

S

e e e e e e e e~
g

Fig. 2.2: Validity of SOSCs Fig. 2.3: Failure of SOSCs

Sometimes, the SOSCs are too restricted and hard to satisfy in a large number
of optimization problems. In this case, the local convergence analysis can be
performed under a local error bound condition. More details on this can found
in Pang [120] which is a survey of the broad theory and rich applications of error

bounds for inequality and optimization problems.

Definition 2.25. Let C' be a nonempty closed subset in R” and ¢ : R" — R,
be a function satisfying ®(x) = 0 if and only if z € C. The function ® provides a
local error bound of C' at z* € C' if there exist x > 0,7 > 0 such that

Vo e B(z*,r), d(z,C) < k®(z).

In local convergence analysis of algorithms, we also assume the satisfaction of
the strict complementarity (SC) at a primal-dual solution w*, i.e. zf > 0 for all

1 € A. Formally, it is stated in the following definition.

Definition 2.26 (Strict Complementarity (SC)). Let w* satisfy KKT conditions
(2.1). The strict complementarity (SC) is satisfied at w* if

min{z; + z' :i=1,...,n} > 0.
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2.5 Performance profiles

For the purpose of objectively comparing algorithms, we often use the performance
profiles which proposed by Dolan and Moré [56]. Suppose that we have a set of
solvers S and we want to compare their performances on a set of problem P in
term of computing time (we can apply this comparision to other measures, e.g.,
the number of function evaluations, number of factorizations). For each problem
p and solver s, we define ¢, ; as computing time required to solve problem p by

solver s.

Function evaluations

]_ ”J_\/—/_/_l_,‘
=
0.8/ff .
06 y
=
S 04, .
02] |
0 1 2 3 4 5 6
T
— A — B — (C

Fig. 2.4: Performance profile comparing three solvers on a set of 132 problems

The performance ratio for a problem p and solver s is defined by

tps
min{t,,:s € S}’

if p is solved by s

Tps =

400 otherwise.

In other words, this is the ratio between the performance on problem p by solver
s and the best performance by all solvers on this problem. For each solver s, we
define

1
pS(T) - 7|{p SV Tp,s < T}|7
Ty

then p(7) is the fraction of the test problems which are solved by the solver s
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within a factor 7 € R of the performance of the best solver. In this manuscript,
we use the logarithmic scale for the 7—axis to present p; as a function of 7 for
each solver s. The leftmost and the rightmost values of the graph plotting the
performance profiles of solvers give us the efficiency and the robustness of solvers,
respectively. We say that a solver is effective if it takes less time to solve a
given problem. If this solver succeeds in finding an optimal solution, then it is
a robust solver for solving this problem. Figure 2.4 gives us the performance
profile comparing the number of function evaluations of three solvers A, B and C
on a set of 132 problems. We can see that A is the most efficient solver and C is

the most robust solver.
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Chapter 3

An Augmented Lagrangian
method for equality constrained
optimization with rapid

infeasibility detection capabilities

In this chapter we concentrate on the rapid detection of the infeasibility in the
framework of a solution of an equality constrained optimization problem (1.2) by
means of a primal-dual augmented Lagrangian method. The new algorithm can
be seen as an improvement of Armand and Ombheni [12]. We propose to introduce
a new parameter, called feasibility parameter, whose role is to control the progress
of the iterates to the feasible set. This parameter scales the objective function
relatively to the constraints until a nearly feasible point is detected. From a
formal point of view, the algorithm can be interpreted as the numerical solution
of the Fritz-John optimality conditions, but with a perturbation of the constraints
due to the augmented Lagrangian parameters (Lagrange multiplier and quadratic
penalty term). The feasibility parameter is updated dynamically. In particular, its
value depends on the norm of the residual of a primal-dual system related to the
minimization of the feasibility measure. This leads to a superlinear or quadratic
convergence of the sequence of iterates to an infeasible stationary point. To our
knowledge, this is the first local convergence result in the infeasible case of an

augmented Lagrangian method.
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3.1 Algorithm

We consider the equality constrained optimization problem
minimize pf(z) subject to c(z) =0, (P,)

where f : R" — R and ¢ : R” — R™ are smooth, and where p > 0. For the value
p = 1, the problem (P;) is referred as the original problem (1.2). For the value
p = 0, any feasible solution is optimal for (Py). The parameter p is then called as
the feasibility parameter.

The augmented Lagrangian associated with (P,) is defined as
Lpo(@, ) = pf() + ATelw) + 2 lo(a) |1, (3.1)

where A € R™ is an estimate of the vector of Lagrange multipliers associated
with the equality constraints and o > 0 is a quadratic penalty parameter. Recall
that when 2* is a KKT point for (P,), with an associated vector of Lagrange
multipliers \*, if the sufficient second order optimality conditions hold at z*, then
x* is a strict local minimum of £,,(-,\*) provided that o is small enough, see,
e.g., [21, Proposition 1.26]. This result serves as a basis of augmented Lagrangian
methods, in which the augmented Lagrangian is minimized while the parameters
A and o are updated in an appropriate manner, see, e.g., [117, Chapter 17].

The first order optimality conditions for minimizing £, (-, \) are

pg(z) + A(x) ()\ + %c(:r;)) = 0.

By introducing the dual variable y € R™ and the notation w := (z,y), these

optimality conditions can be reformulated as

@WAWJ%:<w@HAww>:Q

c(x) +o(A—y)

This formulation of the optimality conditions for minimizing (3.1) serves as a basis
of our algorithm. Note that by setting A = y, we retrieve the optimality conditions
of problem (P,).

Let us define the regularized Jacobian matrix of the function ® with respect

to w by

A(z)"  —ol
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where 6 > 0 is a regularization parameter and where

H,p(w) = pV3f(2) + > y:Vie(x) + 01
i=1
is the regularized Hessian of the Lagrangian associated with (P,). During
the iterations, the regularization parameter is chosen to control the inertia of
regularized Jacobian matrix of ®. It is well known that In(J,,¢(w)) = (n,m,0) if

and only if the matrix
Kpoo(w) := Hyg(w) + 2A(2)A(z)"

is positive definite (see, e.g., Lemma 2.2). A link with the augmented Lagrangian

is given by the following formula:

Ky op(w) =V2,L,,(x,y — Le(x)) + 61

The algorithm is a Newton-type method for the solution of the optimality
system & = 0 and it follows the one proposed in [12]. The globalization scheme
of the algorithm uses two kinds of iteration. At a main iteration, called outer
iteration, all the parameters A\, p and o are updated and a full Newton step for
the solution of ® = 0 is performed. If the norm of the residual ||®|| at the trial
iterate is deemed sufficiently small, then the new iterate is updated and a new
outer iteration is called, otherwise the parameters are fixed to their current values
and a sequence of inner iterations is applied in order to reduce sufficiently ||®||.
The inner iteration algorithm is a backtracking line search applied to a primal-dual
merit function, whose first order optimality conditions correspond to ¢ = 0.

We now describe the outer iteration algorithm in detail. Initially, a starting
point wg = (g, yo) € R™™ is chosen, then we set \g = o, choose py > 0, o9 > 0
and three constants a € (0,1), £ € N and 7 € (0,1). The iteration counter is set
to k = 0 and an additional index is set to ig = 0. Let F be a flag to indicate if
the algorithm is in the feasibility detection phase or not. Initially the flag is set to
F = 1. A feasibility tolerance ¢ > 0 is chosen.

The algorithm is quite similar to [12, Algorithm 1], except for the first four
steps which are related to the updating of the parameters.

Initially, a primal-dual starting point is defined and the values of the parameters
are choosen. A flag is used to indicate if the algorithm is in the feasibility detection

phase (F = true) or not (F = false).
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Algorithm 1 (Outer iteration)

0. Initialize wy = (zo,yo) € R™™™ and set A\g = yo. Choose parameters py > 0,
090 >0,e>0,a€]0,1], £ € Nand 7 €]0,1[. Set k =0 and ip = 0. Set F = 1.

1. If ||eg||< €, then set F = 0.

2. Choose (; > 0 such that {(,} — 0. If k=0 or
lexl|< amax{les |- (k =€) <j <k} + G (3.2)

then set i1 = k and go to Step 4, otherwise set 151 = .

3. If F = 1, then choose 0 < pry1 < 7pr and set opq = oy, else choose
0 < opy1 < 70p and set pri1 = pr. Set gy = p’;zl)\k and go to Step 5.

4. Choose 0 < 011 < 0k. Set prr1 = pr and Mg = yi.

5. Choose the regularization parameter 0, > 0 such that In(J;) = (n,m,0),
where Ji = Jy 1 0001.0, (Wi). Compute w; by solving the linear system

Tu(wf — wy) = —@(we, Akt1, Pr1; Okra)-
6. Choose ¢ > 0 such that {ex} — 0. If

1@ (wy s Myt Pres s 1) || < gy (3.3)

then set wy,; = w;. Otherwise, apply a sequence of inner iterations to find
wg41 such that

[P (Whs 1, A 15 Pt 1, 1) || < € (3.4)

7. If termination criteria hold for (P,) then stop, else increment k& by 1 and go
to Step 1.

At the first step, the algorithm tests if a nearly feasible point, with regards to
a feasibility tolerance € > 0, has been detected. If it is the case, the algorithm
switches into the normal operating mode of [12, Algorithm 1]. This means in
particular that the feasibility parameter py will remain constant for all further
iterations.

This switching mechanism is necessary to avoid the undesirable situation where
the feasibility measure goes to zero very slowly, while the condition (3.2) is
alternatively satisfied and not satisfied an infinite number of times, leading to
decreasing the feasibility parameter to zero. Moreover, in this situation, it would be

impossible to make the distinction between the satisfaction of the KK'T conditions

34 Infeasibility detection and regularization strategies in nonlinear optimization



3. Rapid infeasibility detection for equality constrained optimization

and the regularity of the constraints.

At the second step, the algorithm tests if a sufficient reduction of the feasibility
measure has been obtained. If it is the case, the feasibility parameter is kept
constant, the Lagrange multiplier estimate is set to the current value of the dual
variable and a new value of the quadratic penalty parameter is chosen. For k > 1,
the index iy, is the number of the last iteration prior to k at which inequality (3.2)
holds. Note that, at Step 4, the quadratic penalty parameter is chosen in such a
way that it could remain constant all along the iterations. But in that case, the
convergence to a KKT point is only linear and the numerical experiments in [12]
have shown that, in practice, it is better to force the convergence of o) to zero.

If the algorithm detects that the constraints have not decreased sufficiently,
because condition (3.2) is not satisfied, then there are two situations. If F = 1,
then the algorithm is still in the feasibility detection phase. In that case, the
feasibility parameter is sufficiently decreased, the quadratic penalty parameter
is kept constant and the Lagrange multiplier estimate is rescaled. This scaling
is important to force the convergence to zero of {\;} when this step is always
executed from some iteration (see Lemma 3.1-(ii)), ensuring that the sequence
of iterates approaches stationarity of the feasibility problem (see Theorem 3.3-
(ii)). The second situation is when F = 0. In that case the algorithm has left
the feasibility detection phase. Then the feasibility parameter is kept constant,
but the quadratic penalty parameter is decreased to penalize the constraints and
the Lagrange multiplier estimate is kept constant as in a classical augmented
Lagrangian algorithm.

The following lemma summarizes the behavior of the algorithm regarding the

feasibility detection strategy and the update rules of the parameters.

Lemma 3.1. Assume that Algorithm 1 generates an infinite sequence {wy}. Let
K C N be the set of iteration indices for which the condition (3.2) is satisfied.

(1) If KC is infinite, then the subsequence {cy}rex converges to zero and {py} is

eventually constant.

(ii) If IC is finite, then liminf||cy||> 0 and both sequences {oypr} and {orAy}

converge to zero.

Proof. For k € N, set 8 = ||¢;,||. We then have for all k € K,

Brr1 < amax{f;: (k—0)1 <j<k}+G
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and for all k& ¢ KC, Bry1 = Bk. It has been shown in [12, Lemma 3.1] that such a
sequence converges to zero. This proves the first conclusion of assertion (i). Since
{¢k }rex converges to zero, then there exists ko € K such that ||cx,||< € and thus
F = 0 for all further iterations. The update rules of the feasibility parameter at
Step 3 and Step 4 imply that py = pg, for all & > kg, which proves the second
conclusion of assertion (i).

To prove conclusion (ii), suppose that K is finite and let ky = max K. For all
k > ko+1, i = kg and Step 3 is executed. It follows that for all & > ko+¢, we have
llek||> allek, ||, therefore lim inf||cg||> 0. We consider two cases. If at some iteration
k, |lck]|< €, then F = 0 for all further iterations. The update of the parameters
at Step 3 implies that both sequences {px} and {\z} are eventually constant and
{ok} tends to zero. It follows that {oxpr} and {oxAr} tend to zero. The second
case is when ||cx||> € for all k& € N, which implies that F = 1 at each iteration.

In that case, for all &k > ko + 1, pry1 < 7Pk, Ory1 = o and Ay = pﬁ’j;: Yko- We

deduce that {px} goes to zero, {o}} is eventually constant and {\;} goes to zero,

which implies that both sequences {oypx} and {ox A} tend to zero. O

At Step 5 of Algorithm 1, the parameter 6, is selected to control the inertia of
the matrix Ji. This issue is important to avoid that the outer iterates converge to
a stationary point which is not a local minimum, see [15].

At Step 6, a tolerance g5, > 0 is chosen to check if a sufficient reduction of the
norm of the optimality conditions at the candidate iterate w; has been obtained.
An example of choice of ¢ is detailed in Section 3.4. If the residual norm is not
smaller than this tolerance, then a sequence of inner iterations is called to compute
the new iterate.

The inner iteration algorithm consists of a minimization procedure of the

primal-dual merit function defined by
v
@A,p,mu(w) - Ep,a(xa )‘) + %”C(ZE) + 0‘(/\ - y)HQa

where v > 0 is a scaling parameter. It is easy to see that w is a stationary point of
this function if and only if ®(w, A, p, o) = 0. This primal-dual merit function was
first introduced by Robinson [129] and Gill and Robinson [76] in framework of SQP
methods. It also used successfully in framework of the quadratic penalty method
[16] and the augmented Lagrangian method [12]. The minimization procedure
is a backtracking line search algorithm quite similar to [12, Algorithm 2]. The

only difference is that in our description of Algorithm 1, the quadratic parameter
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o)1 1s kept constant during the inner iterations, while in [12] it can be increased.
This choice has no impact from a theoretical point of view and simplifies the
presentation of the algorithm. In our numerical experiments, the value of the
quadratic penalty parameter is also kept constant during the inner iterations. We

0o_,,*+
= wy

now describe the detail of the inner algorithm. We set the initial values w
and choose constants v > 0,w € (0,1). We fix A\ = \g11, p = prr1,0 = 0pyq during

the inner iterations.

Algorithm 2 Inner iteration

L If |®(w', A, p,0)||< ek, then set wyy1 = w® and return to Algorithm 1.

2. Choose 6" > 0 such that In(J%) = (n,m,0), where J* = .J,, 4:(w"), and solve
the system Jid' = —®(w, \, p, o) to compute the direction d'.

3. Starting from o' = 1, perform a backtracking line-search to find o € (0, 1]
such that

<p,\7p7g7,,(wi + o/di) < go,\ypyg,,,(wi) + ain<p,\7p7U7,,(wi)Tdi.

Set wit! = w' + o'd".

3.2 (Global convergence analysis

Firstly, we have the following theorem which is similar to [12, Theorem 2.3]. It
shows that if the function f is bounded from below and if the gradient of the
constraints and the regularized Hessian of the Lagrangian stay bounded during
the inner iterations, then the iterate wy,; can be computed in a finite number of

inner iterations.

Theorem 3.2. Suppose that an infinite sequence {w'} is generated by Algorithm
2. Assume also that the sequences {A(w")} and {H,gi(w")} are bounded and that
the matrices K, , p:(w") are uniformly positive definite for i € N. Then, either the

function value f goes to —oco or a subsequence of {®(w', \, p, )} goes to zero.

In view of this result, it will be assumed that the inner iteration algorithm
succeeds in a finite number of iterations in finding wy,; each time it is called at
Step 6 of Algorithm 1.

Theorem 3.3. Assume that Algorithm 1 generates an infinite sequence {wy}.

Assume also that the sequence {(gx, Ax)} is bounded. In any case, the iterates
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approach feasible or infeasible stationarity of problem (Py). More precisely, let
K C N be the set of iteration indices for which the condition (3.2) is satisfied.

Then, at least one of the following situations occurs.

(i) If KC is infinite, then the subsequence {cg}ic tends to zero. In addition, if
{yr}ic is bounded, then the sequence {(gi, Ax)} has a limit point (g, A) such
that g + Ay = 0 for some ij € R™. If {yp}x is unbounded, then {A;} has a

limit point A which is rank deficient.

(ii) If K is finite, then {||ck||} is bounded away from zero and {Agcy} tends to

ZETO.

Proof. First note that the convergence to zero of the sequence {prgr + Aryr} is a
direct consequence of Step 6 of Algorithm 1.

Let us prove outcome (i). Lemma 3.1-(i) implies that limg ¢ = 0 and {px}
is eventually constant. If {y;}x is bounded, then the assumptions imply that the
whole sequence {(gx, Ak, yr/px)}x is bounded and so has a limit point (g, A, )
such that g + Ay = 0, which proves the first part of outcome (i). Suppose now
that {yx}x is unbounded.There exists K’ C K such that y; # 0 for all k£ € K" and

limg ||y ||= co. For k € K, we have

1

[Avunll < i llokge + Aryill+ o5 i1l

where ur, = yi/||yx||. Because {(Ag,u)}is is bounded, this sequence has a limit
point (A, @), with @ # 0. By taking the limit in the previous inequality, knowing
that the two terms of the right-hand side tend to zero, we deduce that Au = 0,
which proves the second part of outcome (i).

For outcome (ii), suppose that /C is finite. Lemma 3.1-(ii) implies that {||cx|}

is bounded away from zero and {oypx, oA} tends to zero. For all k € N, we have

Axer = Ag(cr + or( M — Ux)) — ok ApAk + ok (prgr + AkYr) — Orprgs-
By taking the norm on both sides, for all £ we have

[Akexll < 1 Axllller + ok = yi)ll+orl| Axl[[[ Al -0kl orgr + Aryrll-+ororl gxl
< max{[|Agl], ox, [lgkl[} (2P (wr, Ak, yr: on) [0kl Akl +-oxpr)-

Because the first term of the right-hand side of this inequality is bounded above

and all the terms in the parenthesis tend to zero, we have lim A,c, = 0, which
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concludes the proof. m

To sum up, the next result shows the behavior of the algorithm when the
sequence of primal iterates remains bounded, a usual and mild assumption in a

global convergence analysis.

Theorem 3.4. Assume that Algorithm 1 generates an infinite sequence {wy} such

that the sequence {xy} lies in a compact set.

(1) Any feasible limit point of the sequence {xy} is a Fritz-John point of problem
(P1)-

(7i) If the sequence {xy} has no feasible limit point, then any limit point is an

infeasible stationary point of problem (Py).

Proof. The compactness assumption implies that the sequences {g;} and { A} are
bounded and so Theorem 3.3 applies.

Let z be a limit point of {zx} such that ¢ = 0. From Lemma 3.1-(ii) we have
that the condition (3.2) is satisfied an infinite number of times. It follows from
Lemma 3.1-(i) that there exists kg € N such that for all k& > ko, pr = pr,. Let
J C N such that the subsequence {xy} 7 tends to . Step 6 of Algorithm 1 implies
that the sequence {pg, gx +Aryx } tends to zero. Dividing by ||(pk,, ¥« )| and because

Pk, 7 0, we have
iy Prodk + Aryr
im —————

2% [ (pro )|

=0.

By compactness, the sequence {(pro, Uk)/ || (Pko» ¥x) ||} 7 has a limit point (p, y), such
that ||(p,)||= 1 and pg + Ay = 0, which proves assertion (i).

Suppose now that {z} has no feasible limit point. From Lemma 3.1-(i) we have
that the condition (3.2) is only satisfied a finite number of times. Theorem 3.3-(ii)

implies that A¢ = 0 for any limit point Z of {z}}, which proves assertion (ii). [

3.3 Asymptotic analysis

3.3.1 Asymptotic behavior near the KKT point

In this section, it is assumed that Algorithm 1 generates a convergent sequence
{wy} to a primal-dual solution w* := (z*,y*) € R"*™ of the problem (1.2). In this
case, because {cy} converges to zero, the feasibility parameter becomes constant

after a finite number of iterations and the algorithm is reduced to Algorithm 1 in
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[12] applied to the solution of problem (P,) with a fixed value of p. For a fixed
parameter p > 0 and w := (x,y) € R", we define

Flw) = (pg(x) + A(ﬂf)y)
9(z)

We need some assumptions below in this section.
Assumption 3.1. The sequence {wy} converges to w* and {0} — 0.

Assumption 3.2. The functions f and c are twice continuously differentiable and

their second derivatives are Lipschitz continuous over an open neighborhood of z*.
Assumption 3.3. The Jacobian matrix Ve¢(z*) is of full row rank.

Assumption 3.4. The second order sufficient conditions hold at w*, i.e. for all
u e R if u#0and A(z*)"u = 0, then u"V2, L, (w*)u > 0, where V2 L, (w) =
pVAf(x) + EiLy yViei().

We now state the main result of this section which gives the conditions on the

choice of parameters in Algorithm 1 to get a quadratic convergence rate.

Theorem 3.5. Under Assumption 5.1- 3.4, if the parameters of Algorithm 1 are
chosen such that ¢, = Qo1), 0641 = O(|F(wi)l]) and e = Qopy1), then for

k € N large enough, wy1 = w;i, AMer1 = Y and ||[wiy1 — w*||= O(|Jwr — w*||?).

The proof of this theorem is similar to the one in [12, Theorem 4.5] with noting
that the feasibility parameter becomes constant after a finite number of iterations
and the algorithm is reduced to Algorithm 1 in [12] applied to the solution of
problem (P,) with a fixed value of p.

3.3.2 Asymptotic behavior near the infeasible stationary
point
In this section, we assume that Algorithm 1 generates a convergent sequence {xy}

to an infeasible stationary point.

Assumption 3.5. Algorithm 1 generates an infinite sequence {wg} which

converges to w* = (z*,y*) € R"™™™ where z* is an infeasible stationary point
of problem (Py)).
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3. Rapid infeasibility detection for equality constrained optimization

This assumption is very usual for the analysis of the rate of convergence of a
numerical optimization algorithm. Note that it is equivalent to assume that {zy}
converges to an infeasible stationary point z* and the algorithm always stays in
the feasibility detection phase, i.e., F = 1 for all iteration. Indeed, by Lemma 3.1-
(i), the convergence of {z;} to an infeasible stationary point z* implies that the
condition (3.2) is satisfied for a finite number of iterations. In that case, by
Lemma 3.1-(ii), the sequence {o3 A} tends to zero. Step 3 of Algorithm 1 implies
that if F = 1 at any iteration, then {0y} is eventually constant and on the contrary,
if F = 1 at some iteration, then {o}} — 0. Since {c; + ox (A — yx)} tends to zero,
the sequence {opyx} tends to ¢* # 0 and thus {yx} has a finite limit if and only
if F keeps the value 1 at all the iterations. This indicates that the choice of the
value of the feasibility tolerance e is an important issue related to the behavior
of the algorithm. In practice, € is chosen equal to, or smaller than, the stopping

tolerance of the overall algorithm.

Lemma 3.6. Under Assumption 3.5, the inequality (3.2) is satisfied a finite
number of times, the sequence {py} converges to zero, {o}} is eventually constant
and [|Akl|= O(pr)-

Proof. Assumption 3.5 implies that {c,} converges to a non-zero value. Therefore,
by virtue of Lemma 3.1-(i), the inequality (3.2) is satisfied only a finite number of
times. It follows that Step 3 of Algorithm 1 is always executed for k sufficiently
large and that F = 1 for all iteration. Indeed, for all £k € N we have

erl|< llex + oM — ye) [ Forl| Xl Fowl v -

Step 6 and Lemma 3.1-(ii) imply that the first two terms of the right-hand side of
the inequality tend to zero. Because {y;} is supposed to be convergent, we deduce
that the sequence {0} does not converge to zero, which implies that F = 1 for all
iteration. Therefore, there exists kg € N such that for all k > kg, p, < 7F ko Pko s

0 = 0k, and Ag/pr = Ao/ Pro, the conclusion follows. O

Let o > 0 be the limit value of {o}}. For w = (z,y) € R"™™ let us define

F(w) = (C(Amy ) . (3.5)

We have lim ®(wy, A, pr, o) = ®(w*,0,0,0) = F(w*), therefore y* = ic*.
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Assumption 3.6. The function f and c are twice continuously differentiable and

their second derivatives are Lipschitz continuous over an open neighborhood of x*.

The Hessian matrix of the function }||c||? is defined as
C = Zz CZ'VQCi + AAT

Assumption 3.7. The sufficient second order optimality conditions hold at z* for

the feasibility problem min lle()])?, i.e., the matrix C* is positive definite.
TER™
The following lemma is a direct consequence of these assumptions.

Lemma 3.7. Under Assumptions 3.6 and 5.7, there exist a neighborhood W of
w*, M >0, L >0 and0 < a; < ay such that for all w,w" € W we have

(i) [|F'(w)~H|< M,
(ii) [|F(w') = F(w) = F'(w)(w' — w)[|< §w —w'|?,
(iii) ar|jw —w'|< [[F(w) = Fw')||< asfw = w']|.

Proof. To prove (i) it suffices to show that F’(w*) is nonsingular. By using the

fact that y* = Lc*, we have

o

‘o i Vi A
Flur) = ( A*T —UI) '
By virtue of Proposition 2.7, the matrix F’(w*) is nonsingular if and only if the
matrix *C*, the Schur complement of —ol of the matrix F'(w*), is positive
definite. Thus, item (i) follows from Assumption 3.7. Assumption 3.6 implies
that [ is Lipschitz continuous on W with the Lipschitz constant L. Property (ii)
then follows from the Lipschitz continuity of F’ and from Proposition 2.10. The

assertion (iii) follows from Proposition 2.11. O

The next lemma shows that the matrix J; used at Step 5 of Algorithm 1 is
a good approximation of the Jacobian matrix of F' at w; when the feasibility

parameter goes to zero.

Lemma 3.8. Under Assumptions 3.5-3.7, there exists B > 0 such that for all
k € N large enough,

[ Je = FRlI< Bprsr and || T < 2M,

where M is defined by Lemma 3.7.
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Proof. From the definition of Ji, for all £ € N we have
17k = FLll= lpnsa V2 i+ Ou 1.

Since {x} converges to z* and f is assumed to be twice continuously differentiable
in a neighborhood of x*, the first inequality will be proved if we show that 6, =
0 for k large enough. This is the case if In(Jy) = (n,m,0) or, equivalently, if

K, ., 00(wy) is positive definite for £ large enough. For all & € N we have

KPk+170,0(wk) = Hpkﬂyo(wk)—i_&AkA;

= %C* -+ %(Ck — C*) —+ Hpk+1,0<xkayk — %Ck)

By assumption C* is positive definite and the two other matrices tend to zero
when k tends to infinity. It follows that K, ,0(ws) is positive definite for k large
enough, which proves the first inequality.

Using Lemma 3.7-(i), the inequality just proved and the fact that {p;} tends

to zero, for k large enough we have

-1 -1
1F' (e = FIl < IF Tk — Frl
MBpri

IN

IA
N[

By applying Proposition 2.5 with A = F}, and B = Ji, we then obtain the second
inequality. O]

The last lemma gives an estimate of the distance of the Newton iterate w; to

the solution w*.

Lemma 3.9. Assume that Assumptions 3.5-3.7 hold. The sequence of iterates
generated by Algorithm 1 satisfies

lwi = w*ll= O(llwy — w*[|*) + O(pr+1).

Proof. Let k € N. From the definition of the trial iterate w; at Step 5 of
Algorithm 1, we have

+ * * —1
w, —w' = w, —w — JP(wy, Net1, Prt1, 0)

= J, ((Je — F)(wp — w*) + F(wy, — w*) — Fy
+ Fk - ®(wk7 )‘k-i—la Pk+1, J))
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By using F* = 0, by taking the norm on both sides, then by applying Lemma 3.8,
Lemma 3.7-(ii), finally by using the convergence of {wy} to w*, the boundedness

of {gr} and ||A\¢]|= O(px) from Lemma 3.6, we obtain

[y — w”||

< (U = Fellllwy — w*[|+[|F* = Fy = Fy(w* — wy)]|
+ [ Fi — @(wr, Arr1, prr1, o))

< 2M(Bprsillwe — w45 ok — W |P+prea|lgell+o | A [])

= O(p41) + O(lJwy — w?|]?),

which concludes the proof. m

We now state the main result of this section. This theorem shows the rapid
rate of convergence of Algorithm 1 in the infeasible case. In addition, under a
suitable choice of the parameters, there is no need of inner iterations for k& large
enough. In this case, the cost of the one iteration of the algorithm is reduced to
the solution of the linear system at Step 5, which can be done with O((n + m)?)

arithmetic operations.

Theorem 3.10. Assume that Assumptions 3.5-3.7 hold. Let t € (0,2]. If the
feasibility parameter of Algorithm 1 is chosen so that pri1 = O(||F||'), then

[wir = w*l|= O(|fwy, — w|"). (3.6)

In addition, if prr1 = O(||Fi||*) and if e, = Q(p}) for 0 <t < t, then for k large

enough there is no inner iterations, i.e., w1, = wy .

Proof. The assumption on the value of p;.; and the Lipschitz property of F' from
Lemma 3.7-(iii) imply that

prr1 = O([Jwp — w’||"). (3.7)
Using this estimate in Lemma 3.9, we deduce that
lwi = w|= O(llwe — w™|I'). (3-8)

At Step 6 of Algorithm 1, we have either wy,; = w;" or wy,; is computed by means
of the inner iterations. In the first case, it is clear that (3.6) follows from (3.8).

Suppose now that the second case holds, i.e., the inequality (3.3) is not satisfied
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at iteration £. We then have

10 (wess, Akt st OIS 2 < 1D(wd, At prons o) (3.9)

From (3.8), the sequence {w; } tends to w*, therefore {g;"} is bounded. Using
the second inequality of Lemma 3.7-(iii) and Lemma 3.6, then (3.7) and (3.8), we
deduce that

100w Mt prs | < IEF = Fll+pesallgf 0] A
= O(wf —w') + Olprs1)
— O(fw, —w'|[). (3.10)

Combining (3.9) and(3.10) we obtain
1@ (wrt1, Asr, s, 0)l|= O(lJwr — w|[).

Finally, from the first inequality of Lemma 3.7-(iii), the last estimate, the
boundedness of {gx}, Lemma 3.6 and the estimate (3.7), we have

arflwper —w*l| <[ Foa — F7
= [[Feaal
< [ @(whit, Akt Prrts ) | 4pr4a ]| Gor |40 || Ak |

O([lwx = w|[") + Opr+1)
O(fJwy — w*[),

which proves (3.6).

Let us now prove the second assertion of the theorem. On one hand,
Lemma 3.7-(iii) and (3.6) imply that || Fi11]|= O(||F%||*). By assumption, we have
pri1 = O(||F||"), thus pry1 = O(ph). Since ¢’ < t, we then have p1 = o(pL). On
the other hand, the estimate (3.10) implies that

[® (!, Aest. prsts )| = O(IFll) = Opusa)-

By assumption, g, = Q(p}), therefore for k large enough, the inequality (3.3) is
satisfied. O
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3.4 Numerical experiments

Our algorithm is called SPDOPT-ID (Strongly Primal-Dual Optimization with
Infeasibility Detection) and has been implemented in C. The performances of
SPDOPT-ID are compared with those of SPDOPT-AL [12] on a set of 130 standard
problems from the CUTEr collection [91]. The selected problems are those with
equality constraints and a solution time less than 300 seconds. To create a second
set of 130 infeasible problems, the constraint ¢} + 1 = 0, where c¢; is the first
component of ¢, has been added to each problem. Note that the addition of this
new constraint leads to a twofold difficulty. Indeed, not only the constraints are
infeasible, but their gradients are linearly dependent.

We also compare the condition used to update the parameters in Step 2 of
Algorithm 1, with the one used in [12, Algorithm 1]. The algorithm called
SPDOPT-IDOId, is Algorithm 1, but with the inequality (3.2) which is replaced
by

lexll< amaslley 4G, : (k — 01 < j < k}. (3.11)

We will show that this modification is of importance when solving an infeasible
problem and that the use of (3.2) in place of (3.11), leads to better numerical
performances.

The feasibility parameter is initially set to pp = 1. When F = 1, the feasibility
parameter in Step 3 is updated by the formula

pre1 = min{0.2p5, 0.2|| Fy||%, 1/(k + 1)}.

The assumption on pg; in the statements of Theorem 3.10 are satisfied with ¢ = 2.
The rate of convergence of {wy} to w* is then quadratic. A lower bound of 1076
is applied on this parameter.

The parameters o, and 6, are updated at Step 3, Step 4 and Step 5 as in [12,
Algorithm 1]. In particular, for each k € N we set

Ori1 = min{roy, 7| Fy|, 1/(k + 1)},
i + Ay

Ck
To be able to solve a quadratic problem in only one iteration, we adopt the

where 7 = 0.1 at Step 3 and 7 = 0.2 at Step 4 and F}, =

same procedure as in [16] for the choice of the starting point. Let w = (z, ), where

7 is the default starting point and § = (1,...,1)". Initially, the following linear
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3. Rapid infeasibility detection for equality constrained optimization

system Jy g o(w)d = —®(w, y, 1,0) is solved. If the inequality ||®(w+d,0,1,0)|/,<
||®(w,0,1,0)| s is satisfied, then wy = w + d, otherwise wy = w.

The algorithm is terminated and an optimal solution is declared to be found if
(g + Aryr/ prs i) || oo < € With g, = 1078, Otherwise, if pp < €01, ||cr||> € and
|P(wy, 0,0, 0%)]| < €0, the algorithm returns a notification that an infeasible
stationary point has been found. For SPDOPT-AL, we also add the stopping
condition ||cx||> €, [|Arck||< €1 and oy < €, to terminate this algorithm at an
infeasible stationary point.

As mentioned in Section 3.3.2, the feasibility tolerance at Step 1 is set to € =
€1, 1O get a fast local convergence when the algorithm converges to an infeasible
stationary point.

At Step 2 of Algorithm 1, we choose a = 0.9,¢ = 2 and (;, = 1004p; for all
iteration k.

The sequence of tolerance {e,} in Step 6 is defined by the following formula
er = 0.9 max{||®(w;, Ai, pi, 03)||: (k —4) 4y <i <k} + (.

The convergence to zero of the sequence {&;} is a consequence of [16, Proposition
1]. This choice meets the requirements to get a fast convergence in both feasible
case, i.e., g, = Q(0y41), and in the infeasible case, i.e., g, = Q(p}), with ¢’ = 1.

The symmetric indefinite factorization code MA57 [58] is used to factorize
and regularize the matrix J;. Since this factorization reveals the inertia of the
matrix, the correction parameter 0y, initially set to zero, is increased and a new
factorization is performed until the inertia of J, has the correct value.

The maximum number of iterations, counting both the inner and the outer
iterations, is limited to 3000.

For the standard problems, only 129 problems solved by at least one of three
algorithms are selected for the comparison purpose (problem dixchlng has not
been solved). Figure 3.1 shows the performance profiles of Dolan and Moré [56] on
the numbers of function and gradient evaluations. For 7 > 0, p,(7) is the fraction
of test problems for which the performance of the solver s is within a factor 27 of
the best one. These profiles show that the performances of the three algorithms
are very similar, the difference is not significant. In term of robustness, the three
algorithms solve successfully the same number of problems (128 problems). We
can conclude that the infeasibility detection does not reduce the performances of
the algorithm for solving standard problems.

Figure 3.2 shows the performances of these algorithms in terms of numbers
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of function and gradient evaluations on a set of 126 infeasible problems (the
problems gilbert, hager3, porousl, porous2 have been eliminated since three
algorithms cannot detect the infeasibility). We observe that SPDOPT-ID is the
most efficient algorithm for detecting infeasible problems, with an efficiency rate
of approximately 90%. In any case, the efficiency of SPDOPT-ID and SPDOPT-
IDOId is very significant comparing to SPDOPT-AL. In term of robustness, our
two algorithms are more robust than SPDOPT-AL since they can detect more than
95% of problems, whereas SPDOPT-AL only detects less than 60%. This figure
also shows that SPDOPT-ID is better comparing to SPDOPT-IDOId, justifying

the choice of new criterion for updating parameters.

SPDOPT-AL SPDOPT-ID
5 ‘ ‘ ‘ 5 ‘ ‘ ‘
0
= =
< 5 5
— =
S 20
a0 )
O p—
— _10,
-15 |
TL8 TL6 TL4 TL2 T T8 T6 T4 T2 T
k k

Fig. 3.3: Values of log,,||Axrck|| and log,y|| Fk|| for the last ten iterations of SPDOPT-AL and
SPDOPT-ID. T represents the index of the stopping iteration for each run.

We conclude this section by a comparison of a numerical estimate of the rate of
convergence of the new algorithm SPDOPT-ID and of the original one SPDOPT-
AL, when the sequence of iterates converges to an infeasible stationary point. We
used a graphical representation inspired by [30]. We selected a set of 58 problems
among the collection of infeasible problems, for which both algorithms generate a
sequence converging to an infeasible stationary point. Figure 3.3 shows the last ten
values of ||Agck|| for SPDOPT-AL and of || Fg|| for SPDOPT-ID. We cannot plot
the values || F|| for SPDOPT-AL, because when the sequence of iterates converges
to an infeasible stationary point, {ox} goes to zero and {y;} becomes unbounded.

Under some regularity assumptions, we obviously have ||Apck||= O(||xx — x*||)
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and [[Fy||= O(|Jwx, — w*|]). These curves empirically show that there is a true
improvement of the rate of convergence of the algorithm, from linear to quadratic.

For the solution of these infeasible problems, we observed that for the last
four outer iterations, there is no inner iterations (i.e., wgy; = w;’) for 90% of the
problems. This percentage is more than 93% if one considers the last three outer
iterations. For the infeasible problems for which SPDOPT-ID uses inner iterations
at the last outer iterations, either the algorithm does not terminate successfully
or the quadratic convergence is not observed. These observations confirm the

asymptotic property of our algorithm.

50  Infeasibility detection and regularization strategies in nonlinear optimization



Chapter 4

Rapid infeasibility detection in a
mixed logarithmic
barrier-augmented Lagrangian
method for nonlinear

optimization

This section is devoted to extend the approach in the previous chapter to the
solution of general optimization problem with equality and inequality constraints.
One possibility is to introduce slack variables to inequality constraints and apply
augmented Lagrangian method in the case of simple bounds as in [3]. Armand and
Ombheni [13] proposed a nonlinear optimization algorithm, called SPDOPT, which
is a mix of an interior point method and of an augmented Lagrangian method.
The capability of this algorithm to detect infeasibility is closely related to the
behaviors of the penalty parameter and of the dual variables. Nevertheless, a fast
infeasibility detection has not been observed in practice or theoretically proved
for this algorithm. In order to accelerate the infeasibility detection, the idea of
Chapter 3 will be used to modify SPDOPT. More specifically, a new parameter,
called the feasibility parameter, is introduced to balance the minimization of the
barrier function and the realization of the equality constraints. If a nearly feasible
point is detected, the feasibility parameter remains constant and our algorithm acts
as the original algorithm. When the algorithm tends to an infeasible stationary
point, the feasibility parameter acts as a barrier parameter. In this case, the exact

solution of the perturbed system parametrized by the feasibility parameter defines

o1
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a smooth trajectory. With a suitable rule of updating the feasibility parameter,
the iterates tangentially follow this trajectory. Consequently, when the sequence
of iterates converges to an infeasible stationary point, the algorithm can achieve
a superlinear rate of convergence. To the best of our knowledge, this is the first

local convergence analysis in the infeasible case related to interior point methods.

4.1 Algorithm

In this chapter, we consider the following nonlinear optimization problem
minimize f(z) subject to ¢(z) = 0and z > 0, (4.1)
TeR™

where f : R” — R and ¢ : R® — R™ are twice continuously differentiable functions.

To the problem (4.1), we associate the mixed penalty function

Poran(r) = pf(z) + A e(z) + ;UHC(SC)HQ—WZ;IOg 5, 6 (4.2)
where p > 0 is the feasibility parameter, A € R™ is an estimate of the vector
of Lagrange multipliers associated with the equality constraints, ¢ > 0 is the
quadratic penalty parameter and p > 0 is the barrier parameter. This penalty
function is a mix of the augmented Lagrangian and of the logarithmic barrier
function. It can be interpreted as the augmented Lagrangian associated with the

log-barrier problem
minimize p (f(a:) — ,u; log xz> , subject to c¢(z) = 0. (4.3)
The first order optimality conditions for the minimization of (4.2) are
pg(z) + A(x)(\ + %c(x)) —ppX~te =0. (4.4)

By introducing the dual variables y = A 4+ 2¢(z) and z = puX e, the equation

(4.4) is equivalently formulated as

py(x) + Alx)y — =
O(w, N\, p,o,pn) = | clx)+oX—y) | =0, (4.5)
XZe — pue
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where w := (z,y,2) € RN, with N = n +m + n. This primal-dual system
of equations can be seen as a perturbation of the Fritz-John (FJ) optimality
conditions of problem (4.1) (Definition 2.18). The equality constraints are
perturbed thanks to the term o(\ — y). Note that when A = y, this system
is the primal-dual optimality system associated with the problem (4.3). Each
complementarity product is perturbed thanks to the term pu. An important
feature of our approach is that each time the parameters are updated, either p
is reduced, or p is reduced, but not both. We will see that, under some usual
regularity assumptions, this allows to guarantee the superlinear convergence in
case of convergence to a local minimum or to an infeasible stationary point.

The algorithm involves applying a Newton-type method for the solution of the
system ® = 0, while updating the parameters along the iterations to control the
convergence to a FJ point or to an infeasible stationary point. There are two kinds
of iteration: outer and inner. At an outer iteration, the parameters are updated,
while at an inner iteration the parameters are kept constant. At each iteration,
outer or inner, a candidate iterate w™ is computed as a solution of the following
linear system:

Jp,975(w>(w+ - 'lU) = _(I)<w7 )‘7 pP,0, :U’)

where the matrix is defined as

with .
H,o(z,y) = pV°f(z) + > y:;Viei(z) + 01

i=1

The regularization parameters # > 0 and § > 0 are chosen such that the matrix

Kpos(w) = Hyolr,y) + X7 + 2 A) AT
is positive definite. This property implies that not only the matrix J,s(w) is
nonsingular, but also that the solution of the linear system solved during the inner
iterations is a descent direction for some merit function.
We now describe in detail the outer iteration algorithm. At the beginning, a
starting point wy = (o, Yo, 20) € R*" ™ satisfying vy = (z0, 20) > 0 is chosen, then

we set A\g = 1. Besides, we choose o9 > 0, g > 0, pg = 1 and four constants k,
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B, 7 € (0,1) and [ € N. The outer iteration counter is set to k = 0. A feasibility
tolerance € > 0 must be chosen. A flag is used to indicate if the algorithm is in the
feasibility detection phase (F = 1) or not (F = 0). Initially F = 1, then this value
is kept until a feasible, or nearly feasible, point has been detected. The index i
stores the last iteration number prior to k& at which inequality (4.6) is satisfied. It
is initialized to 7o = 0.

The algorithm can be seen as an extension of [13, Algorithm 1]. The first
four steps are related to the updating of the parameters and are drawn from
the feasibility detection algorithm for the equality constrained case proposed in
Chapter 3.

The first step aims to detect a feasible or nearly feasible point. Whenever this
is the case, the flag is set to F = 0 and this value is kept for all further iterations.
In this case, the algorithm is exactly the same as [13, Algorithm 1]. In particular,
the sequence {px} is eventually constant. It is worth noting that this switching
mechanism is necessary to avoid the undesirable situation in which the condition
(4.6) is alternatively satisfied and not satisfied an infinite number of times, for
example when the feasibility measure decreases very slowly. In this case, it would
be difficult to distinguish between a convergence to a KKT point or to a singular
stationary point. Moreover, in practice, a point is deemed to be feasible if the
norm of the constraints is smaller than some predefined tolerance. Suppose, for
example, that we want to minimize z in R, subject to the constraint e* < 0. Most
of well established softwares for nonlinear numerical optimization return a message
like “optimal solution found” when solving this problem. Hence, it seems natural
to state that the problem is feasible, whenever the feasibility tolerance is small
enough.

Depending on the reduction of the feasibility measure, the trial values p;; and
i for the feasibility and barrier parameters, as well as the new values o, and
A+ for the augmented Lagrangian parameters, are chosen. If the inequality (4.6)
is satisfied, the feasibility parameter is kept constant, new values of the barrier and
quadratic penalty parameters are chosen, the Lagrange multiplier estimate is set
to the current value of the dual variable. As shown in [12], from a theoretical point
of view and in practice, it is better to force the convergence of {0} to zero to get a
rapid rate of convergence. The primal-dual nature of our algorithm allows to avoid
the difficulties related to tiny values of the quadratic penalty parameter, as in a
classical penalty or augmented Lagrangian approach. On the other hand, if the
condition (4.6) is not satisfied, then there are two situations. The first situation is

when the algorithm is still in the feasibility detection phase (F = 1). In that case,
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Algorithm 3 (Outer iteration)

Initialize wy = (7o, Yo, 20) € R*"™™ such that vy = (29, 20) > 0. Choose parameters
e>0,rk€(0,1),8€(0,1), 7€ (0,1),l €N, 09 >0and gy > 0. Set \g = yo,
p():]_,]{?:(), i():OandF:l.

1.

2.

If ||ex]|< €, then set F = 0.
Choose (; > 0 such that {(,} — 0. If k=0 or

lexl|< mmax{les |- (B —1)+ <J <k} + G (4.6)
then set i1 = k and go to Step 4, otherwise set 1511 = 1.

If F = 1, then choose 0 < pif < Bpy, and set 011 = Ok, f) = i, N1 = Pi Ak,
else set p,j = pg, choose 0 < 011 < foy, 0 < u,j < Bk and set A1 = Ag.
Go to Step 5.

Set p; = px, choose 0 < 05,1 < oy, and 0 < pif < Bur. Set Apy1 = Y.

If pi = px, then choose &, = Q(us), else set d, = 0. Choose regularization
parameter ¢ > 0 such that Kp;ek’&k(wk) = 0. Set J, = Jp;,ek,ék(wk)'

Compute w; by solving the linear system

T(wit — wi) = = (Wi, M1, o Ok iy, )- (4.7)

Choose 7 € [T, 1[. Compute oy as the largest o € (0, 1] such that
v + a(vl —vg) > (1 — 73) g, (4.8)

where vy = (z1, 21). Choose a vector ay = (af,al, 2i) € [ag, 1]V such that
v +al o (v —wvp) > 0, where af = (af, a}).

- Set @y = wi +ag o (Wi —wr), (Pks1s 1) = (Prs i) + (o — prs 1} — 1)

Choose e > 0 such that {ex} — 0. If || ®(Wk, Met1, Prsts Okt trsr) || < ks
then set wy,1 = wg. Otherwise, apply the inner iteration algorithm to find
wg41 such that

| (Wht1, Akt1s Prtts Ohr1s fiet1) || < €k (4.9)

If termination criteria hold for (4.1) then stop, else k <— k+1 and go to Step
1.

Infeasibility detection and regularization strategies in nonlinear optimization 55



4.1. Algorithm

the feasibility parameter is sufficiently reduced, while the barrier and quadratic
penalty parameters are kept constant, and then the Lagrange multiplier estimate
is rescaled. When these updates are always done from some iteration, this scaling
of the Lagrange multiplier estimate is useful for the convergence of the iterates to
an infeasible stationary point (see Theorem 4.3-ii). The second situation is when
the algorithm has left the feasibility detection phase (F = 0). In that case, the
feasibility parameter is kept constant, the barrier parameter is reduced as in a
standard interior point method, the quadratic penalty parameter is also reduced
to penalize the constraints violation and the Lagrange multiplier estimate is kept
constant as in a classical augmented Lagrangian algorithm.

At Step 5, the choice of the regularization parameter 6 of the regularized
Jacobian matrix is done as follows. When the feasibility parameter is unchanged,
because (4.6) is satisfied or F = 0, we set d;, = (uy). This choice is imposed by the
global convergence theory of the algorithm in the feasible case, see [15, Theorem
3.3] and [13, Theorem 4.2]. In case the feasibility parameter is reduced, we set
0 = 0. This choice is motivated to get a rapid convergence when the sequence
of iterates converges to an infeasible stationary point, see Lemma 4.8 below.

Once the Newton iterate w; is computed at Step 5, the fraction to the boundary
rule is applied to ensure the positivity of the primal and dual variables. As in [15],
the step length can be selected componentwise to calculate the trial iterate wy.
The values of barrier and feasibility parameters are then updated according to
formulae at Step 7. These formulae avoid too large discrepancies between the
magnitude of these parameters and the one of ||®|| and increase robustness [9].

Finally, at Step 8, if the trial iterate w; satisfies a sufficient reduction of the
residual norm of the perturbed optimality conditions, then wy; = wy. If this is
not the case, a sequence of inner iterations with all the parameters fixed to their
current values will be carried out to find the new iterate wy, .

The inner iteration algorithm (Algorithm 4) is a backtracking line search

applied to the primal-dual merit function

Mp,)\,cr,,u(w) — Qop,)\,o,u(x) + Vlwo,)\ (I, y) + V27Tp,u('r7 Z)7

where ¢, 0. (2) is defined by (4.2),

1 p
Yor(@,y) = o—lle(@) + oA =y)|* and 7, (2, 2) = wlz— puy_log(;z),
i=1

where v; > 0,5 > 0 are scaling parameters. This is motivated by the fact that the
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Algorithm 4 Inner iteration

L If |®(w', A, p, 0, p)||< ek, then set wy,; = w" and return to Algorithm 3.

2. Choose 0" > 0 such that In(.J, i ,(w")) = (n,m,0) and compute the direction
d' = (di,d!, d.) by solving the system J, 5 ,(w')d = —®(w', \, p, 0, j1).

xr Yy Yz
3. Compute & as the largest a € (0, 1] such that
v+ ad, > (1 —T1)v"
where d! = (d’,d.) and T € (0,1).

4. Start from o = @, apply a backtracking line search to find o’ € (0, a] such
that

Moprop(W +a'd) < Mg u(w') +wa’ VM, 5 (W) T d

5. Set w't! = w' + a’d".

first order optimality conditions for minimizing this merit function correspond to
(4.5). To simplify the presentation, we consider that the quadratic parameter o4
remains constant all along the inner iterations, while in [13, Algorithm 2] it can be
increased. This choice has no impact from the theoretical point of view and in our
numerical experiments, the value of this parameter is allowed to increase during the
inner iterations. Once the inner algorithm is triggered we set w® = @ and choose
constants vy, 5 > 0,w € (0,1). We fix the values p = pry1,0 = Op1, 0 = [ler1,
and A = Mgy

We end this section by showing some properties related to the behavior of the

parameters with respect to the feasibility detection by means of the criterion (4.6).

Lemma 4.1. Assume that Algorithm 3 generates an infinite sequence of iterates
{w}. Let K C N be the set of iteration indices at which the inequality (4.6) is
satisfied.

(i) If K is infinite, then {cx}rex converges to zero and {py} is eventually

constant.
(ii) If IC is finite, then liminf||cg||> 0.

In addition, suppose that the sequence {Hp{ﬁk (Tks Yk), gk, Ax} s bounded and that

the matrices Kp:ﬁk’ék (wg) are uniformly positive definite for k € N.
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(1i1) If IKC is infinite, then the sequence {ux} converges to zero.
(iv) If IC is finite, then the sequences {oypr} and {oxAr} converge to zero.

Proof. The outcomes (i) and (i7) are proved in Lemma 3.1, while (iii) is a direct
consequence of [13, Theorem 4.2 (iv)].

To prove (iv), suppose that /C is finite and let us define ky := max K. Two
cases are considered. The first case is when ||cx||< € at some iteration k. We then
have F = 0 for all further iterations. The update of the parameters at Step 3
implies that both sequences {p;} and {\;} are eventually constant and {0} tends
to zero. It follows that the two sequences {oypr} and {opAr} converge to zero.
The second case is when |[|cg||> € for all £ € N, which implies that F = 1 at each
iteration. In that case, for all k > ko + 1, pf < Bpr, Ors1 = Okyy M1 = g, and
Nkl < BprlMell < Bpkllyg, |l By using similar arguments as in the proof of [13,
Theorem 4.2 (iv)] and [15, Theorem 3.3|, we will show that {p;} converges to zero,
which will imply that the two sequences {oypx} and {op A} converge to zero. The
proof is by contradiction by supposing that {py} is bounded away from zero by
some constant p > 0. For all k& > ko, we have p; < Bpp with 8 € (0,1). From
Step 7 of Algorithm 3, for all £ > kg we have

Pri1 = pr+o(pf — pr)
< (1—=(1—=B)ax)px.

N

Because {px} is supposed to be bounded away from zero, this inequality implies
that {ay} converges to zero. We will get a contradiction by showing that {ay} is
bounded away from zero. The inequality (33) in [13, Theorem 4.2] shows that for

all k£ large enough, we have

=
= < .
T Jwg — /o

(4.10)

Recall that the inequality (4.9) is satisfied at each iteration with a sequence {e}
going to zero. Therefore, the sequence {®(wg, Ak, pr, Ok, fix) } converges to zero. In

particular, { X, Zre — prpure} tends to zero. Consequently, for k large enough

[zx)ilzk]i > %, forallz=1,...,n.

Keeping in mind all the assumptions and the previous lower bound on {zy, o z;},

58  Infeasibility detection and regularization strategies in nonlinear optimization



4. Fast infeasibility detection in a mixed logarithmic barrier-AL method

[10, Theorem 1] shows that there exists a constant K; > 0, such that for all £ > 0
1,5 g0 (00) 1< Ko (411)
From the definition of ®(-), for all £k > 0 we have

(I)(’ZUk, )\k-l—la pz_a Ok+1, Mz) = (I)(wlm /\ka Pk Ok+1, HJ;)

+ (0 = Pe)ga » orrr(Nksr — Ae) ' (o — o e ) T

By using (4.7), (4.9), (4.11) and noting that o1 = o = Ony, i = Hr = Hiy,
Mes1 = pi A and pf < pp < 1, for k large enough we then get

||wf: - wk‘” = ||Jp;,9k,5k (wk)_lq)(wka )‘k‘-‘rla pz_v O-k-f—lnuli_)n

< Ky (12w, Ak, i o )1+ = o [(lgiell+ 11k lell) + oo o = LRI
< K ek + gkl +rumollell+or [ Ak])-

Because {e} tends to zero, {gx} is bounded and ||Ax||< B|yk, ||, we deduce that
||w;" —wy]| is bounded from above, which contradicts inequality (4.10) and the fact
that {ay} is supposed to converge to zero. We then deduce that p, — 0, which
completes the proof of (iv). O

4.2 Global convergence analysis

For the global convergence of the inner iterations, we have the following theorem.

Theorem 4.2. [13, Theorem.1] Suppose that an infinite sequence {w'} is
generated by Algorithm 4.Assume also that the sequence {x'} lies in a compact set
of R™ and that the matrices K, i ,(w') are uniformly positive definite for i € N.

Then, the sequence {®(w', \, p,o, 1)} converges to zero.

Roughly speaking, this theorem shows that under some standard assumptions,
the inner iteration algorithm is able to find a new iterate wy; satisfying the
stopping test (4.9) after a finite number of iterations. Hence, we can assume that
the inner iteration algorithm successfully terminates each time it is called at Step 8.

We then have the following result about the global convergence of Algorithm
3.

Theorem 4.3. Assume that all the assumptions of Lemma 4.1 are satisfied and

that Algorithm 3 generates an infinite sequence {wy}. Let K C N be the set of
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iteration indices for which the condition (4.6) is satisfied.

(i) If K is infinite, then py, = p > 0 for k large enough and the iterates approach
stationarity of the problem (4.1), i.e., the sequences {pgr + Axyr — 21}, {ck}x

and {Xyzr} converge to zero.

(i) If IC is finite, then {||ck||} is bounded away from zero and the sequence of
primal iterates approaches stationarity of the feasibility problem, i.e., there

exists a sequence {uy} C R such that lim||(Agcr — ug, Xpug)||= 0.

Proof. Let us denote @y := ®(wy, A, pr, O, ptx) for k € N. Step 8 of Algorithm 3
implies that {®,} converges to zero.

Suppose that K is infinite. Lemma 4.1-(i) shows that {c} tends to zero and
that pr = p for sufficiently large k. The first block of ®; is prgr + Aryr — 2k,
therefore lim pgy + Apyr — 2z = 0. The third block of @y is X Z.e — pppure. Lemma
4.1-(iii) implies that {ug} tends to zero. Therefore { Xz} tends to zero, which
concludes the proof of outcome (i).

Suppose now that /C is finite. Lemma 4.1-(ii) implies that the sequence {||ckl| }
is bounded away from zero. Let us define uy := o2 > 0 for k € N. For all £ € N,

we have

Aper — wp = 0k (prgre + Acye — 2k) — 0upegi + Ar(ck + oA — yi)) — o ARk

and

Xkuk = O'k(Xkae — pk,uke) + OkPLUEE.

By taking the norm on both sides, for all £ we then get
[ Arcr — wll+ [ Xeunl < (205 + [ grl|+2[| Arl|+ 1kl e]]) max{ |||, orpr, oul| Arll}-

By assumptions, the sequences {gx} and {A;} are bounded. The first assertion of
this proof and Lemma 4.1-(iv) imply that the second term of this inequality tends
to zero. We then deduce that {(Agcr — ug, Xpug)} converges to zero, which ends
the proof. m

The next result summarizes the behavior of the Algorithm 3 under a mild
and usual assumption about the boundedness of the sequence of primal iterates.
It is shown that, under the boundedness of the primal sequence and for an
appropriate choice of the stopping criteria, the algorithm stops after a finite number

of iterations, either on a FJ point or on an infeasible stationary point.
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Theorem 4.4. Assume that Algorithm 3 generates an infinite sequence of iterates
{wy} such that {xy} lies in a compact set. Assume also that the regularization
parameters chosen at Step 5 are such that the matrices Kp{ﬁk,&k(wk) are uniformly
positive definite for k € N.

(i) Any feasible limit point of {xy} is a Fritz-John point of problem (4.1).

(i7) If {xx} has no feasible limit point, then any limit point is an infeasible

stationary point of problem (4.1).

Proof. The compactness assumption implies that the sequence {(gx, Ax)} is
bounded.

Assume that {z;} has a feasible limit point z, i.e., ¢ = 0. Lemma 4.1-(ii)
implies that the updating condition (4.6) is satisfied an infinite number of times.
Let K C N such that limy x;, = z. From Lemma 4.1-(i), we have p, = p for k large
enough. We consider two situations regarding the boundedness of the sequence
{yr}rc. Suppose that {yx}x is bounded. With the compactness of {z;} we have
that the sequence {H ot O (k,yx)} is bounded and so Theorem 4.3 applies. The

sequence {zj} is also bounded. Indeed, for all £ € N, we have

2 lI< lowgr + Axyr — 2ill 4 prgr + Aryrl|-

The first term on the right hand side tends to zero and the second one is bounded.
Consequently, by virtue of Theorem (4.3)-(i), any limit point of the sequence
{Zk, Yk, 21 }c satisfies the FJ conditions. Because p > 0, z is a KKT point of
problem (4.1). The second situation is when {yj}« is unbounded. For all k£ € K,
let (7g, sk) == Hg:j:;l\ Note that s, > 0, because of Step 6 of Algorithm 3. By
taking a subsequence if necessary, we can assume that limy(rg, sg) = (a,b) # 0,

with b > 0. For all k € N we have

1
[Akry = sl < T ool (lorgr + Ay — 2]+ [l prgell)

1 (yr, 2

Because {prgr + Aryr — 2x } converges to zero, {gx} is bounded, {py} is eventually
constant and {y;}x is unbounded, we get Aa — b = 0. For all k£ € N we have
[ Xksk| ! ([[XeZ [+ pkrele]])
| e a——Y k4k€ — PrMkC||TPE K|
| (yr» 21
Because { Xy Zre — prire} tends to zero and {(yx, 2x) }x is unbounded, we also get

Xb=0. We can conclude that Z is a singular stationary point of problem (4.1).
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Let us now consider the second outcome for which any limit point of {xy} is
infeasible. It follows from Lemma 4.1-(i) that the Step 3 of Algorithm 3 is executed
at all iteration k > kg for some ky € N. There are two cases depending on the
boundedness of {yx}. If {yx} is bounded, then the sequence {H A (g, yk)} is
bounded. Therefore, Theorem 4.3-(ii) shows that any limit point z of {4} is an
infeasible stationary point of (4.1). In the second case, {yx} is unbounded. From
the convergence to zero of the sequence {c; + ox(Ap —yx)} and the boundedness of
{A\} (since || Ag]|< || Mgl for all & > kg), we deduce that the sequence {0y} tends
to zero. As a consequence, the sequences {oxpy} and {ox\;} converge to zero. We
then obtain the same conclusion as Lemma 4.1-(iv). It suffices to repeat the proof
of Theorem (4.3)-(ii) to show that any limit point {x}} is an infeasible stationary
point of (4.1). O

4.3 Asymptotic behavior

There are two cases to analyse. The first one is when {wy} converges to a primal-
dual solution of problem (4.1) w* = (z*,y*, 2*). Because the flag F is switched
to zero at some iteration, the feasibility parameter becomes constant after a
finite number of iterations. Consequently, the analysis in [119, Section 1.4] can
be directly applied to demonstrate that under some classical assumptions and a
suitable choice of the parameters, the rate of convergence of the sequence {wy} is

superlinear. In particular, we have the following results.
Theorem 4.5. Assume that the following assumptions are fulfilled:

(i) The functions f and ¢ are twice continuously differentiable and their second

derivatives are Lipschitz continuous over an open neighborhood of x*.
(i) The LICQ (Definition 2.14) is satisfied at x*.
(1) The SOSCs (Definition 2.24) hold at w*.
(iv) The strict complementarity (Definition 2.26) holds at w*.
(v) The sequences {pif}, {ox}, {0x}, {7}, and {e1.} are chosen such that

O < i < Oapu, 01 = O(pg), 6 = O(Mk),kli_{n (1—Tk)5i =0 and &=Q(m).
> k

for some 6, >0 and t, 65 € (0,1).
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Then, for k sufficiently large, we have the following results

1. Algorithm 3 does not need the inner iterations from which implies that wy 1 =

W,

2. The iterates are asymptotically tangent to the trajectory in the sense that
wi = W(ug) +o(ux), where the function w(-) is implied by applying the Implicit
Function Theorem (Theorem 2.12) for the function F : RNT1 — RY

g+ Ay —z
Flo,p)= | cz)
XZe

3. The unit step is accepted by the fraction to the boundary rule, i.e. pry1 =
Wy, = w;

Moreover, if the sequence {(;} is chosen such that (, = Q(ug), then the

inequality (4.6) is satisfied at each iteration.

The second case is when Algorithm 3 generates a convergent sequence {zy}
to an infeasible stationary point z* € R™ of the problem (4.1). This section

concentrates on this case.

4.3.1 Assumptions and basic results

The first assumption is about the regularity of the problem data. This assumption

is standard in our framework.

Assumption 4.1. The function f and c are twice continuously differentiable and

their second derivatives are Lipschitz continuous over an open neighborhood of z*.

To analyse the rate of convergence of the sequence of iterates to an infeasible
stationary point, a natural assumption is that the whole sequence of iterates

converges to such a point.

Assumption 4.2. Algorithm 3 generates an infinite sequence {wy} which
converges to w* = (x*,y*, 2*) € R where z* is an infeasible stationary point
of problem (4.1).

This assumption implies that the algorithm always stays in feasibility detection
phase, i.e., the feasibility flag keeps the value F = 1 all along the iterations. More

precisely, some direct consequences are the following.
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Lemma 4.6. Under Assumption 4.2, F = 1 at each iteration, there exists kg € N
such that for all k > kg, o), = 0 := o, > 0 and py, = p = g, > 0, {pr} converges

to zero and || Aey1||= o(pi).

Proof. Assumption 4.2 implies that {c;} is bounded away from zero. By virtue of
Lemma 4.1-(7), the inequality (4.6) is satisfied only a finite number of times. It
follows that Step 3 of Algorithm 3 is always executed for k sufficiently large. For
all £ € N, we have

lerll< Nlew + oe(Me = yi) [|F0wl| Ael| o yk -

Inequality (4.9) implies that the first term of the right-hand side tends to zero.
The update rule of \; at Step 3 implies that {\;} remains bounded. Since {y;} is
supposed to be convergent, if {0y} goes to zero, then the previous inequality shows
that {cx} goes to zero, which would contradict the initial assumption. This means
that oy is constant for £ large enough and thus F = 1 at each iteration. Hence,
there exists ko € N such that for all k > kg, o) = Oy, ik = fik, and Npy1/pi =
Pi_1---PiyAko- By using the same arguments as in the proof of Lemma 4.1-(iv),

we deduce that the sequence {p} converges to zero. Thanks to the fact that

pX_l < pr, we get || Apy1]|= O(Pg)- U

For w = (z,y,2) € R and p > 0, let us define

py(x) + Alx)y —
F(w,p) = co(x) — oy :
XZe — pue

where o and p are the values defined by Lemma 4.6. From the fact that
lim @ (w, Ai, pr, ok, ) = P(w*,0,0,0,1) = F(w*,0), one has y* = ¢, z* =
%A*c* and 0 < z* L z* > 0.

Let us denote the Hessian matrix of the function

3lcll? at z € R™ by

= a(@)Ve(n) + Ax)A) .
=1
The next assumption related to the second order sufficient optimality conditions

of the feasibility problem

minimize tlle(x)||? subject to z > 0. (4.12)
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Assumption 4.3. The second order sufficient optimality conditions (SOSCs) for
the feasibility problem (4.12) hold at z*, i.e., u' S*u > 0 for all u # 0 satisfying
u; = 0 for all i € A.

Assumption 4.4. Strict complementarity holds at w*, that is
a:=min{z; +z/:1=1,..,n} > 0.

The next lemma summarizes some basic results which are direct consequences

of these assumptions.

Lemma 4.7. Under Assumptions 4.1-4./, there exist positive constants r*, p*, K,
C, L, Ly, Ly and a continuously differentiable function w : (—p*, p*) — R, such
that for all w,w" € B(w*,r*) and for all p,p' € (—p*, p*), we have

(i) |1 Fly(w,p) 7S K,
(7i) F(w,p) =0 if and only if w(p) = w,
(iii) |[w(p) = w(p)ll< Clp =],
() | F(w, p) = By (', p)l|< L([Jw = w'),
(v) Liflw —w'[< |F(w, p) = F(w', p)|[< Laflw — w'[].

Proof. In order to prove (i), we only need to show that the matrix F) (w*,0) is
nonsingular. Let u € RY such that F/ (w*,0)u = 0. By writing u := (uy, us, us)

and by using the fact that y* = %c*, we have

Ly avie A -1\ [w 0
AT —ol 0 [|uz| =10
z* 0 X"/ \ug 0

The third equation of this linear system and Assumption 4.4 imply that [u;]; = 0
for all i € A and [ug]; = 0 for all i ¢ A. Consequently, one has u] uz = 0. The
second equation of the linear system gives us us = %A*Tul. Substituting this
equality into the first equation and premultiplying by u{, we get %UIS*Ul = 0.
By Assumption 4.3 we deduce that u; = 0, from which we deduce that us = 0 and
uz = 0.

The properties (ii) and (iii) are direct consequences of the Implicit Function
Theorem (Theorem 2.12).
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The Lipschitz continuity of F!, property (iv), follows from Assumption 4.1.

The last assertion (v) is a consequence of [53, Lemma 15]. O

Our asymptotic analysis also requires some specifications on the choice of the
feasibility parameter. For all k € N, the trial value of feasibility parameter p; is
chosen such that

1™ < pif < Oapy (4.13)

for some constants 6; > 0, 6, € (0,1) and ¢ € (0,1). From the fact that {p.} goes
to zero, the left inequality of (4.13) implies that

pi = o(pi)- (4.14)
At last, the parameter 75, used in (4.8) must satisfy the following condition:

. Pk
klg&(l Tk)ﬁ = 0. (4.15)

The conditions (4.13) and (4.15) are standard in the asymptotic analysis of this
family of primal-dual methods, see e.g., [14, 15]. The left inequality of (4.13) means
that the parameter of the path w must converge to zero with a subquadratic rate
of convergence (converge at most superlinearly with order 1 +t¢) in order that the
Newton iterates, which converge naturally with a quadratic rate, catch the path
prior the parameter is nearly zero.

For k large enough, we have p; < p; and o, = 0. Therefore, at Step 5 of
Algorithm 3, the regularization parameter of the matrix Jj is set to dx = 0. The
next lemma shows that the matrix J; coincides with the Jacobian of F(-, p}) at

wy when the feasibility parameter goes to zero.

Lemma 4.8. Under Assumptions 4.1-/.4, for all k € N large enough, one has
Je = Ey(wi, pf) and ||J7Y|< K,

where K is defined by Lemma 4.7.

Proof. For the first claim, it suffices to show that 6, = 0 for k£ large enough. This

is true whenever K+, (wg) is positive definite. For all k € N we have

K + (wk) = sz,o(l‘k? yk) + %AkAg + Xk_le

Py ,0,0

1 1
= Sk = 57) + Hyp (o g6 — —cu) + S5+ X2
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The first two matrices tend to zero when k tends to infinity because {(xy,yx)}
and {p] } respectively converge to (z*, 2¢*) and zero. It remains to show that the
matrices %S* + X, 'Z,, are uniformly positive definite for k large enough. Let us
define the n x n diagonal matrix F, whose ith diagonal element is equal to one if
i € A and zero otherwise. Assumption 4.3 means that S* is positive definite on
the null space of E. Therefore, from Lemma 2.2-(ii), there exists v > 0 such that
the matrix %S* + «vFE is positive definite. For £ € N, let us define the diagonal
matrix Z; whose ith diagonal element is [z;];/[zk]; if i € A and zero otherwise.
Because of the strict complementarity assumption, the matrices X, 17 — =) tend
to zero and each nonzero component of =5 goes to infinity. It follows that =, —vFE

is positive semidefinite for all k£ large enough. By writing
1 * -1 1 * = -1 =

we deduce that the matrices £5* 4+ X' Z; are uniformly positive definite for all k
large enough.
The second assertion follows directly from the first claim and Lemma 4.7-

(i). 0

Throughout this section, we assume that Assumptions 4.1-4.4 are satisfied.
The following result gives an estimate of the distance of the Newton iterate to the

trajectory w.

Lemma 4.9. There exists M > 0, such that for all sufficiently large k
lwif = w(pOII< M([wr = w(o) *+0% + [ Mt )-

Proof. Let k € N be large enough such that p, < p* and wy, € B(w*,7*). Define
er == w(p)) — wy. From the linear system (4.7), then using ®(w,\, p, o, p) =
F(w,p) + (0,0AT,0)" and F(w(p{), pi) = 0, we have

wl—ci_ - W(p;c‘r) = _Jk_lq)(wk’ )\k’-i-lv pl-c‘r> g, U) — €k
= T (FW(ph), o) = Flwe, pf) = (0,000,1,0)" = Jyer,)
1
= It [t te pl) = Fowe, pl)erct
+ T (Fl(wis ) = Ti)er = T (0,000, 0)T.

By taking norm on both sides and next applying Lemma 4.7-(iv) and Lemma 4.8,
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we then have .
Jwy —w(pg)[|< §KLH€kH2+KUHAk+1H-

By applying Lemma 4.7-(iii) and by using the inequality p; < pg, we also get

leell < llwe — w(pr) [+ 1w(px) — w(pl)|
< wk = w(pr) [[+Cpr-

Finally, by using the inequality (a + b)? < 2(a® + b*) for two real numbers a and
b, we deduce that

lwi = w(pHII< K L|lwy, — w(pw)[I*+KLC?pi + Ko || Al

Set M = K max{L, LC? o} to complete the proof. O

4.3.2 Asymptotic result

According to Assumptions 4.1-4.4 and Lemma 4.9, the convergence to w* of wy
implies that there exists 7 € (0,7*] such that for all k large enough, wy., w1,
w(pr), w(p}), and w(pry1) belong to B(w*,7) and pp € (0, p*). Without loss of
generality, we can assume that these properties are true for all £ € N. Note that,
by definition of the constant a in Assumption 4.4, we implicitly have r* < a, see
[14, Section 4]. We can then define the positive constant b = ﬁ, which will be
used in Lemma 4.11 below.

The following lemma gives an evaluation of the distance between the next

iterate w1 and the path w.

Lemma 4.10. There exists a constant Cy > 0 such that for all k € N,

[wir = W(prs)[|< Crlll@r = W(prsn) [+ Ak l])- (4.16)

Proof. 1f there is no inner iteration, we then have wg,; = Wy, therefore the
inequality (4.16) holds trivially with C; = 1. Suppose now that wy. 1 is obtained by
applying a sequence of inner iterations. By virtue of Lemma 4.7-(v), Lemma 4.7-
(ii) and Step 8 of Algorithm 3, there exists an index ky € N such that for all
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k2k07

Lilwerr = wlppr)| < [1F(Wirrs prar) = F(W(pres1), pres) |
H(I)(warla Akt 15 Prt1, 0, M) - (O, U)‘g-i-l? O)TH

< en+ ol Al

< N[ @( @, w1, prtrs o ) |40l A |

< |[F(@, prsr) = F(W(prt1), prs1) [|[+20 || A |
< Lo[@g — W(prsr) [|420 | A |-

By defining C := L% max{ Lg, 20}, the inequality (4.16) is true for all & > ky. This

inequality also holds for all k& < kg by increasing the constant C if necessary. [J

The next lemma gives a lower bound on the step length computed by applying
the fraction to the boundary rule (4.8). The proof is given in [14, Corollary 1].

Lemma 4.11. For all k € N, the step length ay. computed by (4.8) satisfies

1—ap <1—75+b|lwg — wif|], (4.17)

1

a—7r

> 0.

where b =

The first step of the asymptotic analysis is to show that the distance of the
iterates to the trajectory w is upper bounded by a constant times the feasibility

parameter.
Lemma 4.12. The iterates wy, generated by Algorithm 3 satisfy
[wr —w(pr)ll= Olpr)-

Proof. First of all, let us prove that there exist constants D; € (0,1), Dy > 0 and
D3 > 0 such that for all k¥ € N,

dpsr < d2 + Dy p;“ dy + Daprsi, (4.18)

k
where dy, := Dsl|wy — w(pg)||. Indeed, if a sequence {d}} satisfies this inequality,
it has been proved in [14, Lemma 7| that d; = O(p,) and thus the conclusion of

the lemma will follow.
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Let us choose k > 0. Invoking inequality (4.16) and Lemma 4.7-(iii), we get

Oy wess = wiprn)ll < M@k = w(p) [+ 1w (ph) = W(prn) I+ A |
< e = wlp)I+Clog = praal+ Akl (4.19)

By using the definition of py,; at Step 7 of Algorithm 3, one has

ok = peal = (1 —aw)(pr — py)
< (1 —o)pe
< (1= 7+ bllwe — will)pw, (4.20)

where the last inequality is due to (4.17). In the same manner, we also have
Wy — w(py) = ax o (wy —w(py)) + (e — ar) o (wx — w(p;))-

Taking the norm on both sides and noting that ||ax||.< 1 and ||e — agl[oc< 1 — ay,

we obtain

1ok = W)l < lakllsollwy = W)l +lle = axlloollws — wlpg)l

< Jhwyd = w141 = o) we = w(p).

Applying Lemma 4.7-(iii), Lemma 4.9 and inequality (4.17) to the previous

inequality, we deduce

1o = w(p)ll < llwy = w(p)l+(1 = ) ([[we = wlpe) [|+Cpr)
< M(Jwx = w(pe) |*+0i + | Aksal])
+ (1= 7+ bllwy, — wi ) (lwr — w(pr)[+Cpr). (4.21)

By using Lemma 4.7-(iii), Lemma 4.9, ||wy — w(pg)||< 27 and py < p*, we obtain

Jwe —wif || < Nwk — wpw) [ +]|w(pr) — w(pi) 141w (o) — wi ]
< lwe = w(pr)[|[+Cpr + M([Jwr — w(pr) I*+05 + [ At )
< Kil|lwp — w(pe)|[+Kapr + M| Mg, (4.22)

where Ky = 14 2M7 and Ky = C' + Mp*. Combining (4.20)-(4.22) into (4.19),

using again ||wy — w(pg)||< 27 and also the inequality ab < 1 (a? +b?) for two real
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numbers a and b, we obtain

Oy lwees = wlpsr)l < Collwe = wpn)IP+(1 — 7o) [lw — w(pr) |
+ G+ 20(1 = )i + Cal A,

where 02 =M -+ bKl + bCKl -+ %bKQ, Cg =M -+ 2bOK2 + bCKl -+ %bKQ and
Cy = M + 2bC'M + 2bM7 + 1. By using the properties (4.14) and (4.15), we get

+
O a1 ~w(prsn)l|< Calluw—w(pe) [-+o (f)) lu—w(pw)+o(pt )+ CallAesa |

Now, we use ||[Ar11]|= o(p{) given in Lemma 4.6 and p} < prpi1 to get

i1 = Wlprs)l|< CoCallw — w(py)|*+o (pZH
k

) fuwx — w(po)l|-+o(pesr).

Multiplying both sides by D5 := C1C}5, for k large enough, we get
dpyr < dj + 0 <pk+1> di, + 0(pr11)-
Pk
By increasing the constant Dy > 0 if necessary, inequality (4.18) is satisfied for all

ke N. ]

Lemma 4.13. The Newton-like iterate w; generated at Step 5 of Algorithm 3
satisfies

lwk — wi |= O(pw).
Proof. Let k € N. In view of Lemmas 4.9, 4.12, 4.6 and the relation (4.14), we get
lwi = w(p)I1< M([lwi — wlpx)[*+0% + [ Mesall) = o(pz). (4.23)

By virtue of Lemmas 4.12, 4.7-(iii), (4.23) and (4.13), we then have

Jwi —wi || < Nwe — w(pr) [+ 11w (pr) = WD) | +IIw(pi) — wil ||
< O(pk) + Clpx — pif|+o(pf)
= O(pk).

]

The following lemma shows that iterate w; is asymptotically tangent to the

trajectory w.
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Lemma 4.14. The candidate iterate wy computed at Step 7 of Algorithm 3 satisfies

[0k = w(pria)l|= o(prs1)-

Proof. Let k € N. A first order Taylor expansion of w at p = 0 and the definition
of pry1 at Step 7 of Algorithm 3 yield

W(ppt1) = W+ W(0)pr+1 + 0(prt1)
= ap(w +w'(0)py) + (1 — ap)(w" +w(0)pr) + o(pr1)
= ap(w(pf) +olpf)) + (1 — ar)(W(px) + o(pk)) + o(pr+1)
= apw(pf) + (1 = ar)w(pr) + o(prs1)-

By using the definition of @, at Step 7 of Algorithm 3, we get

Wp —W(pr1) = ayowy + (e — ar) owy — W(ppi1)
= ago (wy —w(py)) + (e — ar) o (wp — w(pr))
+ (ar — age) o (W(pf) — w(pr)) + o(prr1)-

Taking the norm on both sides, using ||ax||o< 1, |6 — ax|leo< 1 — a and ||ag —
are|lo< 1 — a4 and then invoking Lemma 4.7-(iii), Lemma 4.12 and inequality
(4.23), we deduce that

[0k = w(pps)ll < Nlawlloollwd — WD)+ ]le = anllocllwr — w(pw)]|
+ llar — arellc W (o) = wipr)l[+0(pr+1)
< Jlwd = wlph)II+(1 = o) lwy — w(pr) |
+ C(1 — au)pr + 0(pr+1)
= o(pr) + O((1 — aw)pr) + o(pr+1)- (4.24)

The bound (4.17) on the step length gives
(1 —aw)pr < (1 — 7 + bljwx — wi [ px
Using Lemma 4.13, properties (4.15) and (4.14), we deduce that
(1= ax)pr = o(p) + O(pf) = o(py;)- (4.25)

We conclude by substituting (4.25) into (4.24) and by using the fact that p{ <
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Pk+1- L

We now state the main result of this section, which states that the sequence of

iterates becomes asymptotically tangent to the trajectory w.

Theorem 4.15. Under Assumptions 4.1-4.4, if the feasibility parameter satisfies
(4.13), if the fraction to the boundary parameter satisfies (4.15), if the tolerance is
such that e, = Q(pr+1), then we have the following results

(1) Algorithm 3 asymptotically needs no inner iterations, i.e., Wiy = Wy for k

large enough.

(ii) The iterates generated by Algorithm 3 satisfy
lwy — w(pr)[|= o(pr)-

(iii) The unit step is asymptotically accepted by the fraction to the boundary rule,

i.e., a. = 1 for k large enough.
In particular, {wy} and {pr} have the same rate of convergence, i.e.,
[wr = w™[|= O (py). (4.26)

Proof. To prove the result (i), it suffices to show that the stopping condition in
Step 8 of Algorithm 3 is satisfied for k large enough. According to Lemmas 4.7-(ii),
4.7-(v), 4.14 and 4.6 with noting that p; < pj.1, we have

1@k, A1, prsr, o, )| < N (@rs preyr) — F(W(prra), prsr) — (0,0001,0) 7]
< Loy — W(prar) |40 | A |
= o(pr+1)
< e

The second result (ii) follows directly from (i) and Lemma 4.14.

The proof of the acceptation of the unit step obtained by the fraction to the
boundary rule (4.8) is similar to the one in [15, Lemma 4.20].

From (ii) we have wy — w* = w'(0)pr + o(pg). The strict complementarity
assumption implies that w’(0) # 0, from which we deduce (4.26). ]
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4.4 Numerical experiments

We refer to our algorithm as SPDOPT-ID (Strongly Primal-Dual Optimization
with Infeasibility Detection) which has been implemented in C. We compared it
with SPDOPT [13] on two sets of problems. The standard set consists of 186
problems in the Hock and Schittkowski collection [97] with at least one inequality.
The infeasible set is created from the standard set by adding the constraint 241 =
0 or (1 —uy)? + 1 =0, where ¢; is the first component of ¢ and w; is a bound of
the first variable (z7 < uy or 1 > uy). It is clear that all problems of the latter
set are infeasible.

With a default starting point zg and zy = (1,...,1)T, 9 is defined as the least
squares solution of gy + Agy — 20 = 0. The barrier parameter is initialized by
po = 0.1. If this parameter is updated with a trial value u; < ., we adopt the
rule described in [15, Algorithm 2].

The feasibility parameter is initially set to pg = 1. When F = 1, a trial value
of the feasibility parameter in Step 3 is updated as follows

pi = min{0.2p;, i }.

This choice of p; satisfies the requirement (4.13) with ¢ = 0.4,6; = 1,0, = 0.2. A
lower bound of 1071 is also imposed on this parameter.

For the fraction to the boundary rule, the choice 7, = max{0.99,1 — pyu}
verifies condition (4.15). The regularization parameter J; is updated by the
following rule: if F = 1 and the condition (4.6) is not satisfied, then §; = oy;
otherwise, &, = max{10™2u, 1078}. Tt is easy to verify that all assumptions of d
in the global and the local analysis are fulfilled. The parameters o5 and 6 are
updated as in [13, Algorithm 1].

If || (gr + Aryr/pr — 21/ Pis Chos T © 21/ P1) |00 < Evol With £, = 1078 the algorithm
is terminated and an optimal solution is declared to be found. Otherwise, if
llck|l> €ions || P(wE, 0,0, 0k, fix) |00 < v and pr < £, the algorithm is stopped
at an infeasible stationary point. For SPDOPT, the stopping conditions ||cx||>
Eeoly || AkCE © T || 0o < €40 and oy, < €, are added to terminate this algorithm at an
infeasible stationary point.

For the aim of getting a fast local convergence when the algorithm converges to
an infeasible stationary point, the feasibility tolerance at Step 1 is set to € = &,,,.
At Step 2 of Algorithm 3, we choose k = 0.9, [ = 2 and (}, = 100y p;. for all iteration
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k. The sequence of tolerance {ex} in Step 8 is defined by the following formula
ex = 0.9max{||®(wi, \i, pi, 04, i)||: (k—4)4 <i < k}+10min{ay, o} "2 s 1pesi.

By applying [16, Proposition 1], it is easy to see that {e,} converges to zero. This
choice meets the requirements to get a fast convergence in the feasible case, for
which we must have e, = Q(p4+1) (see, [119, Theorem 4.4.1]) and in the infeasible
case, for which we must have g, = Q(pg+1) (see, Theorem 4.15).

The linear solver MA57 [58] is used for all the algorithms. The maximum
number of iterations, counting both the inner and the outer iterations, is limited
to 3000.

Function evaluations Gradient evaluations

0 2 4 6 8 10 06 2 4 6 8 10

— SPDOPT-ID -- SPDOPT

Fig. 4.1: Performance profiles comparing the two algorithms on the set of standard problems

For the standard problems, only 182 problems solved by at least one of two
algorithms are selected for the comparison purpose (problems hs099, hs102, hs103
and s332 have not been solved). Figure 4.1 gives us the performance profiles
of Dolan and Moré¢ [56] on the numbers of function and gradient evaluations.
These profiles show that SPDOPT-ID and its predecessor SPDOPT have their
own strengths in terms of efficiency and robustness. In particular, SPDOPT is
slightly more efficient than SPDOPT-ID (14%). SPDOPT-ID is slightly more
robust than SPDOPT, because it solves 180 problems, while SPDOPT solves 178
problems. We can conclude that the infeasibility detection does not impact the

performances of the original algorithm (SPDOPT) for solving standard problems.

Figure 4.2 shows the performances of these algorithms in terms of numbers

of function and gradient evaluations on a set of 174 infeasible problems
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Function evaluations Gradient evaluations
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Fig. 4.2: Performance profiles comparing the two algorithms on the set of infeasible problems

(the problems hs044, hs057, hs064, hs083, hs084, hs099, hs105, s220,
s331, s332, s357, s376 have been eliminated since two algorithms cannot
detect the infeasibility). We observe that SPDOPT-ID is the most efficient
algorithm for detecting infeasible problems. In particular, the efficiency rate of
SPDOPT-ID is over 95%. In terms of robustness, SPDOPT-ID is also more robust
than SPDOPT since it can detect more than 93% of problems (174 problems),
while the rate of SPDOPT is only 40%.

Finally, we observed that amongst these 174 problems, there are 139
(respectively 137 and 133) for which there is no inner iteration during the last
three (respectively four and five) last outer iterations. These observations confirm

the asymptotic property (i) of Theorem 4.15.
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Chapter 5

Local convergence of a
primal-dual method for bound

constrained optimization without

SOSCs

The current chapter deals with the convergence of an interior point algorithm for

solving a bound constrained optimization problem of the form:
mini]%lize f(z) subject to x > 0, (5.1)
z€R"”

where f : R” — R is a twice differentiable function. In the literature, the local
convergence analysis is usually done under the second order sufficient conditions
(SOSCs) and the strict complementarity (SC) assumptions. However, in practice,
the SOSCs are not satisfied. For example, suppose that we minimize the function
f(x) = je(2)]]?, where ¢ : R® — R™ is smooth with m < n. For any solution
r € R™ such that * > 0 and c¢(x) = 0, the matrix V?f(z) = Ve(z)Ve(z)' is
singular, i.e., the SOSCs does not holds at this solution.

We propose to replace this assumption by a weaker one based on a local error
bound condition. This condition can be seen as a natural extension of the local
error bound condition in unconstrained optimization. In addition, because the
Jacobian matrix can be locally singular or nearly singular, we need to introduce a
regularization technique to our algorithm in order to get a superlinear or quadratic
rate of convergence. These regularization techniques are usual for solving nonlinear

equations [61, 63, 164], for unconstrained optimization [11, 95, 107, 143] and for

7



5.1. Local algorithm

constrained optimization [41, 72, 142]. Our algorithm belongs to the class of
interior point methods. The local convergence analysis for this algorithm differs
from previous ones in the literature on some following points. Firstly, there is no
requirement on the proximity to the central trajectory of iterates in our algorithm
as in analyses of Armand and Benoist [9], Byrd et al. [33], Gould et al. [89, 90].
In fact, the central path does not exist because of the absence of the conventional
assumption - the second order sufficient conditions. Our analysis is proceeded
under a weaker assumption concerning the gradient of the objective function.
Secondly, we demonstrate that the regularization technique will not affect the rapid
convergence of the interior point method. More specifically, with a suitable choice
of parameters, we will show that our method converges superlinearly to the solution
under milder conditions than classical conditions. In the literature, Tseng and
Yun [142] demonstrated the linear convergence of their regularized algorithm. Our
research can be seen as a continuation of Armand and Lankoandé [11] for bound
constrained optimization. We will apply their idea of regularization parameter
update and follow a similar process to demonstrate the fast convergence. Besides,
the appearance of constraints makes some differences between our analysis and
the one of [11]. In particular, we introduce some upper bounds on the inverse
of a regularized Jacobian matrix. One of these bounds is a generalization of [10,
Theorem 1].

5.1 Local algorithm

Let w = (z,2) € R* be a vector of primal variables and Lagrange multipliers
associated to the constraints of problem (5.1). The first order optimality conditions

of this problem can be written as
Fw)=0 and w >0,

where F : R?™ — R?" is defined by

F(w) = (Vf o ) ,
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In order to solve the problem (5.1), we introduce a regularized primal-dual interior

point algorithm, by considering a sequence of problems of the form

. 0 -
min flz)+ —kH:c — 2 ||*— Zlogxi,
x:c€>RD 2 i=1

where x; is the iterate at iteration k, pp is the barrier parameter and 6 is
the regularization parameter. These problems belong to the class of proximal
algorithms for solving the nonlinear optimization problems, see e.g., Parikh and
Boyd [121].

From an initial point wy = (xg,29) > 0 and p_; > 0, the regularization and

the barrier parameters are chosen such that for all £ € N,

O =l F(wi)]”, (5.2)

e = Yo min{ || F(w) |77, pr_1}, (5.3)

where v, > 0, 72, 0 € (0,1). The choice of the regularization parameter is related
to the one in [11, 143]. The sequence {0y} is chosen such that

max {0, ~Amin (V2f(28) + X' Z4) b < 0k < Brmax {0, X (V2F (20) + X' 21) },

(5.4)
where 8 > 1 is a given constant. We will propose a simple algorithm to satisfy
condition (5.4), see Algorithm 6 in Section 5.4. A Newton iterate wy = (z;, z)

is then computed by solving the linear system

Hy+ 0 —I\ (xf —ap| Vf(ze) — 2k (5.5)

Zk Xk Z]j — 2k Xkae — MUg€ ' .
where Hj, = V2f(x;) + 0,.I. We note that (5.4) and 65 > 0 imply that the matrix
H, + X, Y7 + 0,1 is positive definite, which will be useful to guarantee that
the Newton direction is a descent direction of some merit function. To maintain

the strict feasibility of the iterates, the fraction to the boundary rule is applied:
compute a step-length «y, as the greatest o € (0, 1] such that

wy + a(w) —wy) > (1 — 1) wy, (5.6)
where 7 € (0,1) is chosen such that

1 =7 = O([[F(wi)[))- (5.7)
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The new iterate is then set according to
Wiy = Wy + (Wi —wy). (5.8)

In the sequel, the algorithm defined by (5.2)-(5.8) will be called as the local

algorithm.

5.2 Local convergence analysis

5.2.1 Assumptions and preliminary results

Let X = {z € R™ : z is a solution of (5.1)} be the set of primal solution and
S ={(x,Vf(x)):z € X} be the set of primal-dual solution of (5.1). We assume
that the original minimization problem has a local solution z* € X. We remind

that A := {i : f = 0} is the index set of active bounds. Let us denote by A° the
af
D’

index set of inactive bounds. The partial derivatives are denoted by 0;f =
fori=1,...,n.
The local analysis of the local algorithm will be done under the following

assumptions.

Assumption 5.1. The function f is twice continuously differentiable and their

second derivatives are Lipschitz continuous over an open neighborhood of X.

Let z* = V f(2*) be a vector of Lagrange multipliers associated to the bound

constraints at z*.

Assumption 5.2. Strict complementarity holds at w* = (z*, 2*) (Definition 2.26),

ie,a:=min{z; +z :i=1,...,n} >0.

We note that if SC holds at w*, then it also holds at another solution belonging
to some neighborhoods of this solution. Indeed, for all ¢« € A, we have 2} =
0; f (z*) > 0. From Assumption 5.1 related to the continuity of V f, we deduce that
there exists a neighborhood of z* such that for all i € A, 0, f(z) is positive for all
x belonging to this neighborhood. Hence, if w € § is near w*, SC is satisfied at w.

We now introduce our new assumption related to the local error bound

condition.

Assumption 5.3. The Hadamard product x oV f(x) provides a local error bound
at x* € X, i.e., there exist k > 0 and r > 0 such that

d(x,X) < kl||lzoVf(z)| forall x e B(z", ). (5.9)
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The local error bound condition (5.9) is a natural extension of the one in
unconstrained optimization. Indeed, in unconstrained optimization, one has A =
(). By virtue of Assumption 5.2, there exists € > 0 such that for all x € B(z*, ¢),
x > §. Hence, the condition (5.9) can be restated under the form: there exist
k>0 and r € (0,¢) such that for all x € B(w*,r), one has d(z, X) < g[|V f(x)].
This is known as local error bound condition for the unconstrained optimization

problem

min f(z).

zeR"
The next result gives us a necessary and sufficient condition for this local error

bound condition.

Proposition 5.1. The Hadamard product x o V f(x) provides a local error bound
at * € X as in (5.9) if and only if the function F provides a local error bound
at some w* € S in the sense that there exist constants b > 0 and n > 0 such that

d(w,S) < b||F(w)||, for all w € B(w*,n).

Proof. Assume that the Hadamard product zo V f(x) provides a local error bound
at ©* € X, i.e., there exist constants r > 0 and x > 0 such that (5.9) holds. Recall
that for v € R™ and v € R", we have

uwov=UVe and |uowv|=[Uv[[<[U][lv]|<[fu]v],

where U = diag(u) and V = diag(v). For all x € B(z*,r) and z € R", we then

have

[z o V(@) = [lzo (Vf(z) - 2) + XZell
< lz o (Vf(x) = 2) [+ X Ze]l
< l2l[[Vf(z) = zl|+[| X Ze]
< ([l l+r + D F(w)]]

Let M := g(||z*|[+r + 1) > 0 and w = (z,2) € B(w*,r). By combining the last
inequality and (5.9), we then get

|z = zl|= d(z, &) < kllz o Vf(z)[|[< MI[F(w)]. (5.10)

From Assumption 5.1, there exists /1 > 0 such that |V f(z) — Vf(y)||< Lz — v,
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for all z,y € B(z*,r). We then get

Iz = V@) < llz = V@) [+[Vf(2) = V(@)
< [F(w)ll+hlz -]
< (L+ L M)||F(w)|. (5.11)

Let b = M + 1+ [{M. By definition of the distance function and noting that
(z,Vf(x)) € S, then using the two inequalities (5.10) and (5.11), we have

d(w,S) < |lw—= (2, Vf(2)) < |z =zl +[lz = VA(@)[|< 0l F(w)]],

which implies that F' provides the local error bound at w*.
Conversely, we suppose that there exist b > 0 and n > 0 such that
d(w,S) < b||F(w)| for all w € B(w*,n). Let us define r = \/177? where [y is

27
ll

the Lipschitz constant related to V f in the ball B(z*,n). Let © € B(z*,r) and set
w = (z,Vf(x)). By virtue of Assumption 5.1, we get

lw — w*|*= |lz = 2P+ V f(z) = V (@) *< (L + 1) [z — 2"[*<
which implies that w € B(w*,n). Consequently, we obtain
d(z, X) < d(w,S) <b||F(w)||= bllz o V[ (z)],

meaning that the Hadamard product x o V f(z) provides a local error bound. [J

We recall the second order sufficient conditions (SOSCs) for problem (5.1)
which are used very often in local convergence analysis of optimization algorithms:
the SOSCs are satisfied at w* if u' V2f(z*)u > 0 for all u # 0 satisfying u; = 0
for all i € A. The next result shows us that the SOSCs are sufficient conditions

for our local error bound condition.

Proposition 5.2. Under Assumptions 5.1, 5.2, the SOSCs imply that the local

error bound condition defined in Assumption 5.3 holds.

Proof. The SOSCs and Assumptions 5.1, 5.2 imply that S = {z*}. By virtue of 2.8,
the matrix F'(w) is nonsingular in a neighborhood of w*. The Taylor’s expansion

of F' at w* gives us

F(w) = F(w*) + F'(w*)(w — w*) + o(|Jw — w*||).
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We then imply that

[F'(w) |

w,8) = Jw— < I o

[ (w)],

from which F' provides a local error bound at w*. It implies from Proposition 5.1
that Assumption 5.3 is also satisfied. O

Conversely, the following example shows us that Assumption 5.3 is milder than
the SOSCs.

Example 5.3. Let consider optimization problem in R?

min  f(z) := ;(xl — 1y)? (5.12)

st. »>0.

For all x € R", we have

Ty — X2 9 1 -1
Vf(x) = and V7f(z) = .
@) (_mlw) @) (_1 1)
The set of primal solutions of (5.12) satisfying the strict complementarity condition
is
X ={(\A):A>0}

We note that the matrix V2 f(x) is indefinite for all z € R2 Tt follows that the
SOSCs are not satisfied at any z* € X. We now show that z o V f(z) provides a
local error bound at z* = (A, \) € X, for A > 0 from which we imply the existence

of local error bound condition (5.9). Indeed, let r = A > 0, for all x € B(z*,r),

we note that x > 0 and

1
x1+x22§(xf+x§+)\2)2

| >

Using the inequality (a + 0)* < 2(a® + b?) for positive real numbers a,b and the
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above one, for all x € B(z*,7), we obtain

d(z, X)* = |z — z|*

1
= (21 — x9)? (see Figure 5.1)

2
A

I
>

which implies that the local error bound (5.9) holds at z* with k = £ and r

Fig. 5.1: The projection onto the solution set X = {(\,\) : A > 0}.

Some local error bound conditions are introduced in the literature. For
example, Wang et al. [151] proposed a local error bound condition used in
the framework of a trust region method for minimizing a nonlinear function
over a convex set by means of inequalities. This local error bound condition is
deduced from the notion of weak sharp minima [29] and is used for analyzing the
convergence and the finite termination of their algorithm. Tseng [140] defined a
local error bound condition for the complementarity problem: there exist constants

ry > 0 and s > 0 such that
d(z,X) < ky||min{z, Vf(z)}|| whenever |min{z, Vf(z)}|< r. (5.13)

This error bound condition differs from ours, in the sense that it is not related
to the choice of an optimal solution. Despite this difference, we now show that

if the error bound condition of Tseng is satisfied, then at any optimal solution
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r* € X at which Assumptions 5.1 and 5.2 hold, the local error bound condition of

Assumption 5.3 is satisfied, but the converse is not true.

Proposition 5.4. Under Assumptions 5.1-5.2, the local error bound condition of
Tseng (5.13) implies that the local error bound condition of Assumption 5.3 is

satisfied, but the converse is not true.

Proof. Suppose that there exist k1 > 0 and 7 > 0 such that (5.13) holds. Recall
that from the SC Assumption 5.2, we have

. ko el
a = min {Ztghrga:i,rzrg}&f(:c )} > 0.
By continuity, there exists 0 < r < ry such that for all x € B(z*, )

min{z;,0;f(x)} =x; and 0;f(x) > for all i € A

[\CR S

and

min{z;, 0;f(x)} = 0;f(x) and z; > g for all i ¢ A.

From these facts, for all x € B(z*,r), we get
d(z, X)* < wf[|min{z, V f(z)}]*

(5 s e

i€A i¢g A

<Kﬁ(g;x%(2@f@ﬂf3+§:(jm)2@fmf)

i¢gA a
2 2
= (22 o Vi@

which implies that the condition (5.9) is satisfied with the constant x = 2

We now show that the converse is not true. Let us consider the problem (5.1)
in R? where f(z) = —e ™ + 1(z, — 1)%>. The unique solution of this problem
is * = (0,1) with the dual solution z* = (1,0). The SOSCs are satisfied at z*,
which imply that (5.9) holds. The gradient of f is given by Vf(x) = (e= ™, x5 —1).
Assume that the condition (5.13) is true. Then there exist positive constants 1, 7
such that d(x, X) < kq||min{z, Vf(z)}| for all z satisfying ||min{xz, V f(z)}||< 7.
Let us take Z; > 0 sufficiently large such that z; > max{1, ki }e "', e~ < ry. By
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setting & = (Z1, 1), we then get
- _ _ T .
min{z, V £(2)}|= H(min{xl, e}, min{1,0}) H — e <y,

However, one notes that d(z, X) = Z; > rkie™™ = kq||min{z, V f(Z)}|| which is a

contradiction. This means that (5.13) is not valid. O

5.2.2 Regularized Jacobian matrix

In this section, we show that the inverse of a regularized Jacobian matrix is
uniformly bounded. The next lemma is a generalization, in the case of a bound
constrained optimization problem, of [10, Theorem 1]. The statement of this

lemma can be understood in a general context.

Lemma 5.5. Let {Hy} be a sequence of n X n real symmetric matrices and {py}
be a sequence of positive scalars. Let {x)} and {z} be two positive sequences in
R™. Let us define for all k € N, Xy = diag(xy), Zy = diag(zx) and

Hy+pel —1
Jk = .
Zy Xk

Assume that the following properties are satisfied.

(i) The sequences {Hy} and {py} are bounded.

(ii) There exists v > 0 such that for all k € N, max{xy, 2z} > v.
(iii) For allk € N, Hy + X; ' Z), = 0.

(iv) If iminf p, = 0, then for any subsequence {pi}ic converging to zero, there
exist r > 0 and t € (0,1) such that for all k € K, ||x) 0 zx||'< rpk.

Then there exists C' > 0 such that for all k € N the matrix Jy, is nonsingular and

C
J < =,
[ (1< o

Proof. The idea of the proof is based on [10]. Let us show that for all £ € N
the matrix J, is nonsingular. By Proposition 2.7, for all £ € N we have det J, =
det Sy det X, where S, = Hy, + ppl + X, ' Zy. Assumption (iii) and pp > 0 imply
that Sy = 0. We then deduce that det.J, > 0 and the sequence {J; '} is well
defined.
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We now prove the boundedness of the sequence {p.||J;,'||} by a contradiction
reasoning. Taking a subsequence if necessary, we can suppose that the sequence
{pr]| . M|} tends to infinity. From the definition of a matrix norm, there exists
a sequence of unit vectors {v;} C R?" such that ||.J; '||= ||J;, 'vk||. Define for all
keN, u = J, v /||| Tt follows that {u} is a sequence of unit vectors with

lim||pikl]kuk||: 0. By introducing the notation
1 A
U = Pk - R2n and kauk = g s
QK Pk Gk

(Hi + pil)pr — ax = pr),

we have

(5.14)

Zipk + Xk = prGr,

where the sequences {\;} and {(;} converge to zero.
Let us show the existence of a subset Z of {1,...,n} and of an infinite subset

IC of N such that
liminflx,); >0 foralli € Z,
kek

and

]lcler}ac[xk]l =0 forallie J :={1,...,n}\Z.

This is performed by the following process. At first, define Zy = () and Ky = N.
Then, for ¢ from 1 to n we do as follows. If

lim inf [z]i > 0,
then set Z, = Z; 1 U {i} and K; = K;_1, otherwise set Z; = Z; ; and choose
K; C K;_1 such that

Ao i = 0.

Finally, let us define Z :=Z,,, J := {1,...,n}\Z and K := K,,. The construction
of Z and J implies that

: J _

Ilclen’% zp =0 (5.15)

and there exists € > 0 such that for all £ € K large enough

ri> e (5.16)
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Assumption (ii) and (5.15) imply that for k£ € K large enough

max{xy, 2z} = 2/ > v. (5.17)

Let & € K. By reordering the indices, we rewrite =, = (27,z7) € RFEIXII]

2 = (22, 2]) € REXI71 and the matrix J, under the form

H 4 ppl HE -1 0
I H*  H7+pl 0 I
=
zZt 0 Xt 0
0 z7 0 X7

To simply the notation, let us denote

I A o I .
A = Pk, bk o p£7 Cr ‘= ¢y, dk = ng

Qg = )‘7];—7 Bk = >\\k77 Ve = <g7 6k = ];:77

where the sequences {ax}, {8k}, {7} and {0x} converge to zero and
{(a, bg, cx, di) } is a sequence of unit vectors. By using these notations, the system

of equations (5.14) becomes

(Hy + pel)ar + Hy 7 by — ¢ = prau,
H  a, + (H7Y + ppD)by — di = pifr,
ZEap + Xfer = pr,
Z by + Xi dy, = pioy.

This implies that
(H;fz + pkf) ap + Hi by, — ¢, = pray,
dy, = HTax + (H{7 + pel )bk — pifr

= (sz)_l (—Zfak + Pk%) ,

(5.18)

The fourth equation in (5.18) and (5.17) give us ||bg||< L(||zi/ ||[|dk||+pkl|0k]]) for
all k € K large enough. The convergence to zero of {J;}, the boundedness of {dj}
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and {px}, and (5.15) imply that

}1€1€1rn’C br, = 0. (5.19)
Let us show that
Z#( and hrk%/icanak’b 0. (5.20)

Indeed, if this is not the case, the first two equations of (5.18) imply that for all
ke N,

lewll < HGE =+ prd a5 BN+l
ldill < I law | +IHY + prIHbell+pkll Bel-

According to Assumption (i), (5.19) and the negation of (5.20), we obtain

lime, =0 and limd, =0,
kek' keK!

where ' C K such that (5.20) is not true, which is in contradiction with the fact
that {uy} is the sequence of unit vectors, meaning that (5.20) is true.

By substituting the expression of ¢ from the third equation of (5.18) to the
first one, then by premultiplying by a;, we get

1 -1 1 -1

By using the inequality (5.16), the above equality implies that for all £ € K

sufficiently large, we have

-1
ot (H,{I +(xF) "zt + p;J) a

1 1
< ||ak|r(||H,§J||||bk||+uak||+mu) |
Pk €
(5.21)

According to Assumption (iii), we then have
2 Pk o L v (1 N\ 1
lanll*= ZFllals —-af (HE* + (X7) 20+ pid ) .
k k

Combining this inequality and (5.21), and using the boundedness of {Hy}, for all
k € IC sufficiently large, we have

1 1
ol - (supHHM!) e+l el (5.22)
Pr \kek 5
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We consider the two following cases. The first case is when {py }x is bounded
away from zero. This implies that the sequence {pik}’c is bounded. By using this
fact, (5.19) and taking the limit for £ € IC in (5.22), we obtain

i <
limfla||< 0,

which is in contradiction with (5.20). Hence, this case cannot happen.
The second case is when there exists an infinite subset K” C K such that

klir]él pr = 0. We rewrite the fourth equation of (5.18) under the form
c "

-1 -1
b = (Zicj) (— (Z;f) (Z,fX,f) dy + sz5k> :
According to Assumption (iv) and (5.17), the above equation implies that there
exists > 0 such that for all £ € K" large enough, we have

1 1
bl < — d —pilld
0]} < 5 Ik © zelllldiell+ pu |0kl

’T‘l/t 1/t 1
< T ol Nl + el

This implies that for all £ € K” large enough,
1 Tl/t 1/t—1 1
— ||| < — di||[+— |6k ]|-
e U A DY

By using the fact that the sequence {d} is bounded, the sequences { (o, vk, 0x)}
and {,0,16/ "My tend to zero (since t € (0,1)), substituting the last inequality to

(5.22) and taking the limit for & € K", we obtain
o <1 -
liminfflag] < lim fJax]|< 0,

which is again in contradiction with (5.20).
In sum, we proved that the sequence {p.||J; ||} is bounded from which the
proof is completed. []

The next result is a generalization of the previous Lemma for a general

nonlinear optimization problem.

Corollary 5.6. Let {Hy} be a sequence of n X n real symmetric matrices, { A} be
a sequence of n X m real matrices, and {3z} and {pr} be two sequences of positive

scalars. Let {xy} and {zx} be two positive sequences in R™. Let us define for all
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k e N, X, = dlag(xk), Zy, = dlag(zk) and

Al 0 —&I

Assume that the following properties are satisfied.

(i) The sequences {Hy}, {Ax} and {py} are bounded.

(i) The sequence {0y} is bounded away from zero.

(iii) There exists v > 0 such that for all k € N, max{zy, 2} > v.
(iv) For allk € N, Hy + X' Z), + 5- Ag AL = 0.

(v) If liminf py = 0, then for all KK C N such that the subsequence {py}ic goes to
zero, there exist v > 0 and t € (0,1) such that for all k € K, ||xy o zx|['< rpg.

Then, there exists C' > 0 such that for all k € N the matriz Jy is nonsingular and

C
J < =,
s

Proof. Let k € N. Let us show that for all £ € N the matrix J; is nonsingular. By
Proposition 2.7, we get det J, = det Sy det Dy, where

1 X, 0
Sk = Hy+ prl + X;7' Z + —A4A]l and D= |F .
O, 0 —d&1

From Assumption (iv) and pp > 0, one has S; > 0. Assumption (i) and
the positivity of the sequence {z}} imply that det Dy # 0. We then deduce
that det.J, > 0, therefore the sequence {J, '} is well defined. We now prove
that ||J;']|= O (pik) The definition of a matrix norm implies that there exists

a sequence of unit vectors {vy} C R**™ such that ||J;'||= ||J; 'vk||. Define

Uy 1= Jk_lvk. Introduce the notation

Qg 093
up = | by | €R*™™ and v, = | S,
Ck Vi
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We then have

Hyay, — by, + Agcr, = oy,
Zyay + Xibp = B,

AkTCLk — 5kck = Yk

By eliminating ¢, from the first equation, we have

i (ak) = 7y, (5.23)
br

~ H, I+L1AAT —1 1A
7= kel + 5 Ay and 1y, = Qg + 5 AkVk '
Zy; X Br

where

Lemma 5.5 implies that J,* = O (pik) Assumption (i) and the boundedness of
{vx} imply that the sequence {ry} is bounded. Two above facts and (5.23) give us

_ _ 1
Vst = 1T rel= 1T = O (p) | (5.24)

By using Assumptions (i) and (ii), (5.24) and |¢;||< i(HA;HHakH—l—H%H), we
deduce that

_ _ 1
H‘]k 1H: HJk 1Uk”: HukH: O () .
Pk

O

Remark 5.7. Let {My} be a sequence of n x n real symmetric matrices, { A}
be a sequence of n x m real matrices, and {d;} be a sequence of positive scalars.
Let {zx} and {z;} be two positive sequences in R"™. Let us define for all k& € N,
X, = diag(zy), Zy = diag(zx) and

M, -1 A
Al 0 =,

In [10, Theorem 1], it is shown that the sequence {.J, '} is bounded under the

following assumptions:
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Z1

————————————————— -

1A

124
(a) Theset Fy = {(x1, 21) : max{z1,21} > /V}. (b) The set Fo = {(x1,21) : 121 > v}.

Fig. 5.2: The sets 1 = {(x1, 21) : max{z1, 21} > v} and Fo = {(21,21) : x121 > v} for v > 0.

1. The sequences { M} and {A} are bounded,
2. The sequence {0} is bounded away from zero,

3. There exists v > 0 such that for all k € Nand i € {1,...,n}
[zr]il2k]i > v,

4. There exists A > 0 such that for all k € N and all d € R"

1

d’ (M,c + X' Z +
Ok

AkA;) d > Ald].

This theorem is a direct consequence of Corollary 5.6. Indeed, by assuming that all
above assumptions hold, we will apply this Corollary to deduce the boundedness
of {J'}. For all k, let define H, = M, — M and p, = A. By noting that for all
k, max{[zi]:, [2k)i} > \/[x)ilzk)i = v for all i = 1,... n (see Figure 5.2), then
Corollary 5.6 implies that there exists C' > 0 such that || J;'||< €. This implies
that the sequence {.J; '} is bounded.

We now give a result about the uniform boundedness of the inverse of the
regularized Jacobian matrices near a point w*. This result will be useful to analyze
the local behavior of the Newton method.
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Lemma 5.8. Let w* = (2%, 2%) € R*" such that
0<z"Lz">0 and a:=min{z; +2/|i=1,...n} >0.

Let H : R?*™ — R™" be a continuous function such that for all w € R*, H(w) =
H(w)". Let 0 : R?*™ — R, be a continuous function such that 0(w) > 7|z o z||*,
for all w € R*", for some v > 0 and t € (0,1). Assume that for all w € R3",,
H(w)+ X 'Z = 0. For all w = (z,2) € R*", let us define the matrix

Jw) = (H(w);&(w)[ ;(1)

For allw € RY",, the matriz J(w) is nonsingular and for all e € (0,a), there exists
C > 0 such that for all w € B(w*,e) NR?*"_,
C

1 (w) I < o)
Proof. Let us show that for all w € R2", the matrix J(w) is nonsingular. By
Proposition 2.7, we have det J(w) = det S(w) det X, where S(w) = H(w)+0(w)I+
X~1Z, for all w € RY, . Assumptions z > 0, H(w) + X 'Z = 0 and §(w) > 0
imply that X > 0 and S(w) = 0 . We then deduce that det J(w) > 0, therefore
the matrix J(w) ! is well defined for all w € RY",.

The second part of the lemma is proved by a contradiction reasoning. Suppose
that there exist ¢ € (0,a) and a sequence {w;} C B(w* &) N R such that
for all k € N, H(wg) + X, 'Z, = 0, O(wy,) > 7|lzx o 2]|f, but the sequence of
matrices {6(wy)J(wy) '} is unbounded. The continuity of H and € implies that
the sequences {H(wy)} and {0(wy)} are bounded. Let us define the set A = {i €
{1,...,n} : af = 0}. Definitions of a and of A imply that z} > a for all i ¢ A and
zf >a, forallie A Let ay =a—¢ > 0. For all £ € N, we then have

[z > o] — ||lwg — w*||> ay, foralli¢ A

and

[z1]i > 27 — |Jwp — w*||> ay, forallie A.

From which we get 0 < a; < max{xy, z;} for all £ € N. By virtue of Lemma 5.5,
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there exists C' > 0 such that for all £ € N,

1

1 (wr) ™[] < Cm,

which is in contradiction with the assumption that the sequence {0(wy,)J (wy) "'}

is unbounded. [

We now give another result related to the upper bound of the inverse of
regularized Jacobian matrix at a solution w € S. From this lemma, we can prove

the boundedness of the sequence {d;} given in (5.4), see Lemma 5.10 below.

Lemma 5.9. Let us define
C={w=(r,2) eR*"™:0< a2 L 2z>0}

Let w* € C such that a := min{z} +zf : 1 =1,...,n} > 0. Let H : R* — R"™"
be a continuous function such that H(w) = H(w)" for all w € R®". Assume that
u' H(w*)u > 0, for all u € ker(Z*). For all w = (x,2z) € R*" and p > 0, let us

define the matrix
H(w)+pl -1
Gp(w) = :
Z X

Then, for all € € (0,a), there ezists C > 0 such that for all w € B(w*,e) NC and

p >0, the matriz G ,(w) is nonsingular and

_ 1
IGy(w) 1< Cmax{p, p}.

Proof. Let us define A = {i € {1,...,n} : zf = 0}. It implies that =} > a for all
i ¢ Aand z > a, for all i € A. Let € € (0,a) and let us define a; = a — e > 0.
For all w = (z, 2) € B(w*, ), we then have

>z — ||lw—w"||>a;, foralli¢ A
and
2 > z) — ||lw —w"||>ay, forallie A

Let w = (z, z) € B(w*,e) NC and p > 0. From the definition of the set C and the
two above inequalities, without loss of generality, we may assume that z = (z1,0),
x = (0,25) with (21,22) € R x R"? and (z1, 23) > a1, where p = | A]. Using this
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partition, let us write the symmetric matrix H(w) under the form

H, H

Hiw) = [ 2]

Hy  Ho
where Hyi, Hyy are symmetric matrices and Hip, = H;l. The assumption of H
implies that Hyy = 0. Then, we have Hos+pl > 0. In other word, for all u € ker(Z),
u # 0, one has u' (H(w)+pI)u > 0. By virtue of Proposition 2.8, the matrix G ,(w)
is nonsingular.

By definition of a matrix norm, there exists a unit vector v € R?" such that
|G, (w) = [|Gp(w) tv]|. Define u := G,(w) 'v. By introducing the notation

Uy %1

U2 V2
u= and v = ,

us U3

Uy V4

we have

(Hy1 + pl)uy + Higug — ug = vy,
Hoyuy + (Hao + pl)ug — ug = vy,

Ziuy = vs,
XQU4 = V4.
This implies that
ol
w = 4 vs,

uy = (Hy +pf)71C,
uy = (Hy + pl)Z; s+ Hig(Hog + pI)~'¢ — vy,

Uy = X51U4,
where ( = v9 — H21Z1_11)3 + X2_1114. We then deduce that

ful| <l |[4[Jug ||+ [|ws]] || wa
< Cy+ Col|Hyy + pI||+Cy|(Ho + pI) 7',

where C1 = [|Z7 s ]|+ X5 vl [+ lonll, Co = (|27 ws]| and Cy = (1 + || Hyz))II<]I-
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From the assumptions, we obtain C} < 2/a; +1, Cy < 1/a; and Cy < (14+M)(1+
(M +1)/a1), where M = sup||H (w)||, where B = B(w*,e) N C. Because Hay, = 0,

weB

we then have ||(Hx + pI) || < %. By using ||H11 + pI||< ||Hu||+p < M + p and
the fact that 1 < max{1/t,t}, for all positive number ¢, we conclude that

2 1 1 1
IGy(w) = llull =+ 14 (M 4+ p)+ (14 M) (14 (M +1))
(5] (5] aq p

1
< Cmax{f,p},
p

where C'= (3+ M + (14+M)?) - +2+ M. O

5.2.3 Properties of the Newton iterate w™

Example 5.3 shows that the SOSCs may not be satisfied at any solution at
which the strict complementarity holds. As a consequence, the standard local
convergence analysis of the Newton’s method in the literature cannot be directly
applied. In this section, we will show the rapid convergence of our algorithm
under the milder condition (Assumption 5.3). In order to show the superlinear
convergence of our algorithm, at first we need to analyze the properties of the
Newton step w; — wy, solution of the system (5.5).

To simplify the notation, the iteration index k£ will be removed in this
subsection. Hereafter, Assumptions 5.1-5.3 will be assumed to be satisfied at a
solution point w* € §. The distance of a point w € R"™ to the set S is shortly
denoted by d(w). Under Assumptions 5.1-5.3, there exist positive numbers [, L, b,
and 1 < a such that for all w, w" € B(w*,n)

17 (w) = F(w')|| < llw —w'l], (5.25)
1 (w) = F'(w)[| < Ljw — '], (5.26)
d(w) < b[|[F(w)]- (5.27)

For w € B(w*,n) NR2", let us denote the matrix

Jo(w) = (Wf(m) ;(“9)] ;) — F'(w) + (5 +0) (é g) ,

where the parameters 6 and 6 are chosen as follows. Let 5 > 1, choose

0 <0 < Bmax {0, ~ A (V2f(2) + X '2)}, (5.28)
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such that V2f(z) + X'Z 4+ 61 = 0. Let v, > 0 and o € (0, 1), set
0 = mnl|[F(w)]|”> 0. (5.29)
We will consider the behavior of the Newton iterate w™ solved by the linear system

Jo(w)(w* —w) = —(F(w) - pé). (5.30)
(o) __, . |
where € = € R and the parameter p is set by the following formula
e

0 < p <yl F(w)]'*, (5.31)

for 5 € (0,1).
Firstly, we will show that the sequence {05} defined in (5.4) is bounded by the

distance function.

Lemma 5.10. There exists My > 0 such that for all w € B(w*,n/2) NR2" and
d satisfies (5.28), for some > 1, we have 6 < Mid(w).

Proof. For all w = (z,z) € R*" and p > 0, let us define the matrix

G, (w) = (sz(a:) +pl —I) .

A X

For any w = (z, z) € R3",, let us denote A = —A\yin (V2 f(2) + X1 2).
Let w € B(w*,n/2) "R . If A <0, then § = 0 and the result clearly holds.
Suppose now that A > 0. Recall that w is defined by ||w — w||= d(w). We then

have

|w = w*|| < flw = wl[+|w —w|
< 2fjw —w]

<1,

meaning that w € B(w*,n) N'S. By virtue of Lemma 5.9, the matrix G(w) is

nonsingular and there exists a constant C' > 0 such that
1 1
1GA(@)~Y[|< C max {x A}. (5.32)

Because —\ is an eigenvalue of the matrix V2f(z) + X 'Z, the matrix
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V2f(xz) + X7'Z + A is singular . Proposition 2.7 implies that det Gy(w) =
det X det(V2f(z) + X~1Z + XI) = 0. Therefore, the matrix G (w) is singular. By
applying Proposition 2.6 for the matrix G)\(w) and using (5.26), (5.32), it follows
that

1 < [|Ga(w) ' Ga(w) — I

)
= [Ga(@) ™" (Ga(w) = Ga(w)) |
< [|Ga(@)  II|F" (w) — F'(w)]|

1
< C’max{)\,/\} Lljw — .
This implies that
1
_— {x )\} < CL|w— ).

If X € (0,1), then the definition of ¢ implies that

5 < BA zﬁmin{l,

A} 80T - a)

and the result follows with M; = SCL. Otherwise, if A > 1, then

where m; = sup |[V2f(z)|| and the first inequality is obtained by applying
r€B(w*, %)

Proposition 2.1. By setting M; = Sm2CL, one has
21 2. 1 2 — _
5 < BA = BN = AX:min {)\,)\} < Bm2CL|Jw — @< Mi|w — @|.

]

The next lemma provides an upper bound on the length of the solution of the
linear system (5.30) through the distance from the current iterate to the solution

set.

Lemma 5.11. There exists C; > 0 such that for all w € B(w*,n/2) NR2",, we
have

Jwt —w||< Crd(w).
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Proof. By the choice of 4, for all w € B(w*,n/2) "R, one has V*f(z)+ X 1Z+
01 = 0. The definition of § implies that § > 7, ||z o z||. By virtue of Lemma 5.8,
there exists C' > 1 such that for all w € B(w*,n/2) NR3",,

1o (w) 7| < (5 (5.33)

Let w € B(w*,n/2) NR3", . From the linear system (5.30), we have
wt = w = —Jy(w) " (F(w) - pe)
— Jolw) " (F(@) — (F(w) - pe))
= o)™ [ TFw + t(0 — w)) (0 — w) + el
= )™ [P+ b~ w) ~ F'(w)) (0~ w)dt + py(w) e
+ Jo(w) () (@ — w)

1

— Ja(w) ™ [ (F w4 0 = w) = F(w) (@ = w)dt + po(w) e

+ @ —w— (54 60) Jy(w) ™" (‘”;“”) |

By taking the norm on both sides and using (5.26), we get
- Ly 2 |1, i
lw™ = wl| < | Jo(w) ™ |5 1o = w]*+{|w = w]|+(8 + O)[| Jo(w) (|| & — wl]|
+ ]| Jo(w) [/
Using (5.33) and reminding that ||w — w||= d(w) and C > 1, the last inequality

implies that

|wt —w||< C ((;;d(w) +2+ g) d(w) + \/ﬁg) . (5.34)

From the local error bound condition (5.27), the formula (5.29) of 6 gives us

1
d(w)”

< (5.35)

|
2|3
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The formula of u given by (5.31), F'(w) = 0 and (5.25) imply that

<y F(w) — F(w)||*
S ’)/QllJrad(U))lJra. (536)

By using (5.34)-(5.36) and Lemma 5.10, we deduce that

Lb° M. be ojl4o
Jwh —w|< C (bd(w)l_a +24 1b d(w)' =7 + W) d(w).
27 T gi!

Finally, by using d(w) < ||lw — w*||< 1, we obtain

Lbanl—a ,beJll—&-U\/ﬁ

(1+2B8M;) + 2+
Y1

- uil< ¢ ) o)

which completes the proof. O]

The next result gives us a relation between two distance functions evaluated

at w and wT.

Lemma 5.12. Let C7 > 0 be defined as in Lemma 5.11. There exists Cy > 0 such

that for all w € B (w*, M) NR3" , we have

d(w) < Cod(w)'*.

Proof. Let w € B (w*, m> NR3" . By applying Lemma 5.11, we get

Jot — || < ' = wl+|lw—w’]
< Crd(w) + o — w|
< (Cr 4 Dllw— '

=

2

This means that w™ € B(w*, ?) and the inequality (5.27) can be applied at w™ to
get
d(w?) < b F(w™)]. (5.37)

From the linear system (5.30), the fundamental theorem of calculus permits us to
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— _Jp(w)(wt — —i—,ue—i—/ "(w + tw" — w))(w" — w)dt

(64 0)(at — —i—,ue—i—/ (w + tw* —w)) — F'(w)](w — w)dt.

By taking the norm on both sides, using (5.26) and applying Lemma 5.11, we get

L
[F )] < (6+0)lw" — wl!+§llw+ —w|[*+pv/n
< (6 +0)Cyd(w) + sCfd(w)Q + p/n. (5.38)

The Lipschitz property (5.25) of F', the choice of 6 given by (5.29) and F(w) =0
imply that

0 =l F(w) — F(w)]”
< l7d(w)°. (5.39)

Starting from (5.37), then using (5.38), Lemma 5.10, (5.39) and (5.36), and
reminding that d(w) < 7, we deduce that

d(w*) < b ((Md(w) + ni7d(w)”) old<w> + o Chw)? + il d(w)' )

Sb((Mlnl—a_i_,ylla) Cl+ 2 1 O'_|_\/_,y ll—l—cr) ( )1—4—07

from which the result follows. ]

5.2.4 Convergence of {wy}

In this section, we will demonstrate the convergence of the sequence {wy} to a
solution w € S. Let {wy} be a sequence created by the local algorithm (5.2)-(5.8).
Firstly, we recall a result about the bound on step length oy, see, e.g., [9, Corollary
1].

Lemma 5.13. For all k € N such that w, € B(w*,n) N R, the following
inequality holds
1
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The next lemma shows that if a starting point wg belongs to some neighborhood

of w*, then the whole sequence {wy} converges to a solution of (5.1).

Lemma 5.14. There exist constants 0 < € < & such that if wy € B(w*,&) "R,
then for all k > 1,wy, € B(w*,e) NR3",.. In addition, the sequence {wy} converges
tow € S.

Proof. From the choice of {7} given by (5.7), F'(w) = 0 for all w € S, and (5.25),
there exists C3 > 0 such that for all & € N satisfying w, € B(w*,n) N R, one

has

1 =7, < G| Fwg) — F(wg)]]

By using this inequality and Lemma 5.11, we deduce from (5.40) that for all £ € N

satisfying wy € B(w*,n/2) N R,

C

= Cud(wy), (5.41)

where Cy := Csl + ac—_ln Let us define C5 = C,Cyn*=7 + Cs,

. n 1 _ €
© T { 21+ Cy)’ (205)1/0} A T (542)

For each k, let w; € S such that d(w}) = ||w}} — w;||. By applying Lemmas 5.11
and 5.12, inequality (5.41) and noting that wy1 — w; = (o, — 1)(w} — wy) and
d(wy,) = ||wy, — wg||< n, for all k € N such that wy € B(w*,e) NR2", we have

d(wgs1) < ||wgs1 — o ||
< Jlwir = wi ||+ [lwi — @i
< Cyd(wp) ||lwy — wil|+d(wy)
< C1Cyd(wi)? + Cod(wy)'
< Csd(wy) . (5.43)

The proof of the first assertion is performed by induction on k € N*. Since at each
k € N* the fraction to the boundary rule (5.6) is applied and wy > 0, the sequence

{wy} is positive. For the base case k = 1, by virtue of Lemma 5.11 and reminding
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that d(wg) < ||lwy — w*||< &, we have

lwi = w*|| < [lwy = wq [+ lwg — woll+]wo — w”|
< (1 = ao)|lwg — woll+[wg — woll+|lwo — w”|
< 2Cyd(wg) + &
< (2C) +1)&

=E.

Suppose now that for k > 1, w; € B(w*,e) N R, for all j € {1,...,k}. Let
j € {1,...,k}. By noting that a; € (0,1], Lemma 5.11 and (5.8) imply that

[wjr = wyll= allwy” — wjl|< Crd(w;). (5.44)
By using (5.43), the inequalities d(wp) < € and (1 4+ 0)? > 1+ jo, we get

d(w;) < Csd(w;—1)'*°

(1+0)T -1

< 05 o d<w0)(1+o)j

(140)7 —1

(0550) 7 3
1
2"

IN

IN

(5.45)

where the last inequality is deduced from the definition of £ and & which implies
that C5e7 < Cse” < % By using (5.44) and (5.45), the triangle inequality gives us

k
Jwis1 — w|| < [Jwo — w*|[+ D Jwj1 — wy|
=0

-€

To prove the last part of this theorem, let us take two nonnegative integers p and
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q. From (5.44) and (5.45) we have

pt+q—1
[Wprg = wpll < D [[wpr — wil|
k=p
7p+q71 1
S 018 Z 27
k=p
Cie
— 21771 .

This means that {wy} is a Cauchy sequence and therefore converges to w € R?".,

By virtue of (5.45), we get d(w) = lim d(wy) = 0, meaning that w € S. O

5.2.5 Rate of convergence of {w;}

This section is devoted to evaluate the rate of convergence of the sequence {wy}.
The remainder of this section relies on the proof of [107, Theorem 3.2]. Firstly,
we introduce the lemma below which will be used to demonstrate the superlinear

convergence of {wy}.

Lemma 5.15. If a positive sequence {ay} converges to zero at least superlinearly
with a rate of 1 + o, where o € (0, 1], then there exists a constant C' € (0,1) and
a positive integer k such that, for all k > k

Z ap; < Cay,.

i=1
Proof. Since {a;} converges to zero at least superlinearly with a rate of 1+ o, then
Definition 2.13 implies that there exists M > 0 such that for all k& sufficiently large

ap1 < Ma,lj".

Besides, from the convergence to zero of {a;}, there exists k € N such that for all

k> k
1

(3M)s

ap <
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For all k > k and i € N, let A, = Mag € (0,}) and we have

(1+a)i—1 (1+U)i

S M o ak.

(140)i—1
< (Maj) o ag
S )\Zak’a

where the last inequality is obtained by using the inequality (1+ 0)® > 1+ io. By

taking the sum on both sides, we get

o o .
Z Qi < Z AL,
i—1 i—1

Ak
= ay,.
D Vi
Since A, € (0, %), we then have 1f’j\k € (0, %) And the proof is completed with
C = sup 25 € (0, 1). O
k>k

We have the following result about the superlinear convergence of the sequence

{wy }.

Theorem 5.16. Let Assumptions 5.1-5.3 hold. There exists € > 0 such that if
wy € B(w*, &) NR3",, then the sequence {wy} converges at least superlinearly with

a rate of 1 + o to a solution w € S

Proof. Let €, € be defined as in Lemma 5.14. By virtue of Lemma 5.14, we deduce
that w, € B(w*,e) NR?", for all & € N and the sequence {wy} converges to a
solution w € S. We now analyze the rate of convergence of the sequence {wy}.
Let k € N and let us define dj := wgy1 — wg. From (5.44), we then have

ldi || < Crd(wg). (5.46)
By combining this fact with (5.45), we imply that the series ioj d; is absolutely
i=ko

convergent. Let wy, 1 € S such that ||wg1—wgy1||= d(wgy1). As wiy € B(w*,e)N
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R2",, the property of the distance function and the inequality (5.43) give us

d(wi) < Jlwk — Wy |
< Nlwk = Wi [+ wpr1 — W |
< lldill+Csd(wi) ™+
< dg ||[4-Cse° d(wy,).
From the definition (5.42) of &, we then have C5e% < % The above inequality
implies that
ldi|[= Cod(wy),

where Cs := 1 — C5¢? > 0. Combining this inequality with (5.46) and (5.43),
we deduce that the two sequences {||dx||} and {d(wy)} converges to zero at least
superlinearly with the same rate of 1+o¢. By applying Lemma 5.15 for the sequence
{|ldk|}, there exists C' € (0,1) and k > 0 such that for all k& > k&

[o¢]
> diti
i=1

< S lldusill < Clldl
=1
It follows from the triangle inequality and the above one that for k > k

[o.¢]
Z A1

=0

< ksl + < (14 O)lldisa |

[e.9]
Z dit1+i
i=1

and

> disi

1=0

> (1= C)lldx].

zmm{EMMi
=1

For all k > k, by noting that the limit point @ can be expressed as
W= wy+ Y diyi,
i=0

from the two above inequalities, we obtain

lwen =@l _ [EZodeniwll o 14+C  ldpl|

lwx = @I+ 122 dpsa| 77 T (1= C)H g+

Because {||dx||} converges to zero at least superlinearly, we then obtain from the

above inequality that

lwir — @)= O (Jlwx — @|'*7)
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which completes the proof. m

5.3 Globalization of the local algorithm

In this section, we introduce a simple way to globalize the local algorithm (5.2)-
(5.8). After computing w; from the linear system (5.5) and performing the fraction
to the boundary rule (5.6), we consider the possibility to use an inner algorithm.
At an iteration k, if the iterate wy := wy + a(w; — wy,) satisfies the condition
| F (W) — pré||< el F(wy) — pg—1€]|+Ck, for some ¢ € (0,1) where {(x} converges to
zero, then we set wy 1 = wy. Otherwise, we apply a sequence of inner iterations in
order to find a point wy; such that (5.48) is satisfied. The inner iterations can be
obtained by applying some kinds of globalization techniques used in interior point
methods, see, e.g., Armand and Ombheni [13], Wachter and Biegler [149]. More
specifically, the inner algorithm aims to minimize the function p(z) = f(x) —
i logx; for some fixed parameter ;. Because our main purpose is to study
the fast convergence of our algorithm, we will not mention the inner iteration
scheme in more detail. We will show that if the sequence {wy} converges to some
neighborhood of the solution set, then the rate of convergence is superlinear. In
particular, Algorithm 5 does not need the inner algorithm.

At the beginning, we choose a starting point wy = (¢, z0) € R?ﬂ and some
constants p—; >0, 5 > 1,7 >0, 72 € (0,1), ¢,0 € (0,1). The outer iteration

counter is set by k& = 0. The outer algorithm is described in Algorithm 5.

Algorithm 5 (kth outer iteration)

1. Update 0 > 0, 0 > 0 by formulas (5.2) and (5.4), respectively. The barrier
parameter u is set by

pe = 2 min{ || E(wy) |77, e ). (5.47)

2. Compute w;i = (z;, 2;7) by solving the linear system (5.5).

3. Compute a step-length oy, € (0, 1] by using (5.6). Set Wy = wy + ak(w,j — w).

4. Choose (i, > 0 such that {(x} — 0. If ||F (@) — uré||< ¢||F (wg) — pg—1€||+Ck, then
set w11 = Wg. Otherwise, apply a sequence of inner iterations to find wg1 € R?ﬁr
such that

[F(wi1) — pel|< el F(wi) — pte—1€][+C- (5.48)
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5.3.1 Global convergence

From now on, we assume that Algorithm 5 generates an infinite sequence of iterates
{wy}. This implies that under some standard assumptions, the inner algorithm
terminates after a finite number of iterations and returns a point wy; satisfying
the condition (5.48), see, e.g., [13, Section 4.1]. The next theorem gives us the
global behavior of Algorithm 5

Theorem 5.17. Assume that {(;} tends to zero and Algorithm 5 generates an
infinite sequence of iterates {wy}. Then, {F(wy)} converges to zero.
Proof. Let M = max{||F(wy) — p_1€||,}, where ¢ = sup (. Since ¢ € (0,1), the

keN
inequality (5.48) implies that for all £ € N

1F (wi) = el < e F(wi) = ppaél|+C
k

< T F(wo) — pel+ D¢

i=0
M

< .
—1—-c

Hence, the limit superior of the sequence {||F(wgi1) — pr€||} is finite. By taking

the limit superior in (5.48) and reminding that lim {; = 0, we have

(1 = ¢) lim supl| F'(wy,) — pe—1€[|< 0,

k—o0

and thus lim sup||F'(wy) — pg—1€||= 0. In addition, the triangle inequality gives us

k—00
[F (wi)|| < [[F(wk) — pr—1€l| 44— ][€]-

By taking the limit superior on both sides and using the convergence to zero of

the sequence {uy} from (5.47), we obtain lim sup||F'(wg)||= 0 which implies that

—00
{F(wy)} converges to zero. O

5.3.2 Asymptotic analysis

In Section 5.2, we demonstrated that the sequence {wy} created by the local
algorithm (5.2)-(5.8) converges superlinearly to a solution @ € S. We will show
that the global scheme (Algorithm 5) does not affect the fast convergence of the

sequence of iterates in some neighborhoods of the point w*. In particular, we prove
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that for k large enough, the iterate w; will be accepted by the acceptance criterion

at Step 4. This implies that there is no need to call the inner iteration algorithm.

_1
Lemma 5.18. Let Assumptions 5.1-5.3 hold and let us choose ¢ = Q(up*").
There exists e, > 0 such that if at an iteration k, w, € B(w*,e,) N R, then

Wiy1 = W

Proof. The assumption on {(;} implies that there exists C7; > 0 such that for all
keN

1

G > Cop ™. (5.49)

where ¢ is defined in (5.42).

Assume that w, € B(w*,g,) N R at some iteration k, we will show that

Let us define

alm

. Cr G c
Cs = bl(Cs +1l°v/n) and &, = min {5, <C;72+ > ’ <W>

Wi+1 = Wg. Indeed, by applying the same argument to get (5.43), we then obtain
d(y,) < Csd(wy,)™. (5.50)

Let Wy € S such that d(wy) = ||@y — @] For all w, € B(w*¢,), by applying
inequalities (5.25), (5.36), (5.50), and (5.27), we then get

IF (@) — pwel| < [|F (@) — F(@) || +pmv/n
< || @y — D || +2l" 7/ nd(wy) 7
< U(Cs + 7l /) d(wp)
< bl(C5 + vglg\/ﬁ)gcg’HF(wk)H
< Cae? | F(wy)]). (5.51)

From the definition (5.47) of {u}, we consider the two following cases. The first
case is when py, = o[ F(wy)||**7, the inequality (5.49) and the definition of ¢,
imply that )

G = Cry | F(wi) |2 Caegl|F (wy)])-

By substituting this inequality to (5.51), we then get

| F(0r) — pr]| < C,
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which implies that wy; = Wy.
The second case is when i = app_1. This means that 1 < ||F(wg)|*.
By using inequalities (5.51) and (5.25) and reminding that F'(wy) = 0, it follows

from the previous inequality that

1F(@r) — péll+epr-llé]] < (Cseg + ev/nl| Fwy) — F(wi) [7)1F (wy)]|
< (Cseg + c7v/nd(w) )| F (wy )]

By using d(wy) < g4, the definition of ¢, implies that Cge] + cl”v/nd(wy)” < e.

The triangle inequality then gives us

1 (@r) — puwe]| < (1 F (wi)l|—pw—1lle]])
< c|| F(we) — px—re]]

< cl[F(w) = pr—r8]| 4

from which the proof is completed. O

We now state the main result of this section which is a direct consequence of
Theorem 5.16 and Lemma 5.18.

Theorem 5.19. Let Assumptions 5.1-5.3 hold. There exists r > 0 such that if
at an iteration ko, wg, € B(w*,r) N R?ﬁ_, then for all k > ko, wgy1 = Wy and the
sequence {wy} converges at least superlinearly with a rate of 1+ o to a solution

weS.

Proof. Let us define

r=min{&,e,},

where £ and ¢, are respectively defined in Theorem 5.16 and Lemma 5.18. Let
ko € N be such that wg, € B(w*,r) NR3", . From the above definition of r and
Lemma 5.18, we have wy; = Wy for all & > ky. This means that Algorithm
5 is reduced to the local algorithm (5.2)-(5.8). We now apply Theorem 5.16 to

conclude the result. ]

5.4 Examples and numerical results

In this section, we give some examples and numerical results to demonstrate the
effectiveness of our method. Our algorithm called SPDOPT-R (Strongly Primal-

Dual OTImization-Regularization) is implemented in C. Initially, a starting point
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wo = (o, 20) is defined, where ¢ is given by user and zy = e. For each k, the

parameters 0y, g, T, are set by

Qk = min{71||F(wk)||U7§}’

|1+a

pe = o mind || F(we)[| 77, per },

T, = max{0.99, 1 — p },

where 71 = 0.1,0 = 0.5,0 = 1073, 75 = 0.1, u_; = 0.1. We note that these choices
of parameters fulfill all assumptions in both global and local convergence analysis
for all k such that || F(wy)||< 1073, At each k, the parameter dj, is chosen by the
following Algorithm 6, where 5 = 100,y = 0.01.

Algorithm 6 Computation of

1. Let My, = V2f(xp) +X,ngk. If M, = 0, then return d§; = 0, else set §° = 6.

[\]

. Set i = 0. If M, + I = 0, then go to Step 4.
3. Set i =i+ 1 and 6° = 35"~ ! until M, + 6°1 = 0. Return §;, = 6°.
4. Set i =i+ 1 and 6" = "'/ until My, + 6'I # 0. Return &, = 86"

We note that the sequence {0} generated by Algorithm 6 satisfies (5.4).
Indeed, let k € N and let us denote \f, = A\pin(V2f(2r) + X, ' Z3). If My, = 0,
then \*. >0 and ; = 0 will satisfy the condition (5.4). Otherwise, if \¥. <0,
let us consider two following cases. The first case is when ¢y is obtained from Step

3. We then have M}, + 0,1 = 0 and M}, + %’“I # 0. This implies that

)
+0, >0 and N+ F <,

Ak min
B

min
We then have

HlaX{O, _)‘rljnin} = _)\k

min < 0 < _B)\ﬁlin = 5maX{O7 _)\rlilin}‘
By using the same argument, we can demonstrate that if d is returned by Step 4,
then it also satisfies (5.4).

In Step 4 of Algorithm 5, we set (, = 1Ou,1€/(1+0) and ¢ = 0.9. We use the
same kind of inner iterations as in [13, Algorithm 2]. The algorithm terminates if

| F(w,)]|eo< 1078, We will compare our SPDOPT-R with SPDOPT [13] in next
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examples.

5.4.1 Example 1: empty active set
We consider the problem (5.1) in R? where

(ZL‘Q — 1)2 if x, € [1,3]
(1 — D)1 —3)* + 5(z2 —1)?  otherwise.

fx) =

Ol N

The first and second derivatives of f are

0
if rq € [1, 3]
To — 1
Vi) = o
(z1 = 1)° (21 = 3)*(z1 — 2) .
otherwise,
Lo — 1
and
00
if xr1 € [1, 3]
) 01
Vif(z) =
(r1 — 1)%(zy — 3)*(72? — 28z, +27) 0 .
otherwise.
0 1

The function f is twice continuously differentiable and the second derivative
V2 f is Lipschitz continuous on R?. The solution set of this problem is X = [1, 3] x
{1} and the active set is empty. Let us choose a constant n € (0,1). For any z] €
[1+4n,3—mn], the local error bound condition (5.9) is provided at z* = (z7,1) € X.
Indeed, let x = (x1,x2) € B(z*,n). We have

xi—n<xz<zi+n and 1—n<uz,.

By noting that 1 +n < ] <3 —n, this implies that

1<z <3 and
L—n
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Fig. 5.3: SOSCs are not satisfied at any solution

Hence, we deduce that z = (z1,1) and

d(z,X) =[x — Z[| = |12 — 1]
1

I—mn
1

=l o V@I,

.’112|l‘2 — 1|

which implies that the local error bound condition (5.9) is validated at x*. We
note, however, that the SOSCs do not hold at any z* € X, since matrix V2f(z) is
singular for all z € R2.

From the starting point 2o = (1.5, 1.5), our algorithm converges to the solution
T = (1.5023, 1) after 5 iterations. SPDOPT takes 21 iteration to converge linearly
to the solution (3,1). Figure 5.4 shows us the behaviors of these algorithms in 5

last iterations. We can see that SPDOPT-R converges superlinearly to Z.

5.4.2 Example 2: nonempty active set

Let us consider the problem (5.1) in R3, where

Fa) = (z2 — 1)? + 323 + 3 if 1 € [1, 3]

ol N

(1 — a1 —3)* + 5(w2 — 1)? + 225 + 23 otherwise.
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IEl &

-10

10

- SPDOPT-R
--SPDOPT

-4 T-3 T2 T-1 T

Fig. 5.4: Illustration of the rate of convergence (T= last iteration)

The first and second derivatives of f are given by

0
Ty — 1 lfIIE[l,?)]
r3 + 1
Vi@ =4, 3
(.1'1 — 1) (1’1 — 3) (fEl — 2)
To— 1 otherwise,
T3 + 1
and
000
010 if x; € [1,3]
) 001
Vif(z) =
(x1 — 1)2(351 — 3)2(795% — 28z, +27) 0 0
0 10 otherwise.
0 0 1

The function f is twice continuously differentiable and the second derivative V2 f

is Lipschitz continuous on R2. The solution set is X = [1,3] x {1} x {0}. Let
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choose a positive radius n € (0, 1]. For any x3 € [1+m,3 —n], the local error bound
condition (5.9) is provided at z* = (z7,1,0) € X. Indeed, for all x € B(z*,n), we

have
ri—n<xy<zi+mn 1—-n<zy and —n<uxj

By noting that 1 +7n <z < 3 —n, this implies that

1
o > 1, and T3t

> 1.
I—n IL—mn

1< <3,

Hence, we deduce that = = (x1,1,0) and then

d(z, X)* = |lo = z||* = (z2 — 1)* + 23

1 1

S W.ﬁf%(ﬂfg — 1)2 + W(l’g -+ 1)21’3
1 2

= WW o Vf(z)|*

from which the Hadamard product x o V f(z) provides a local error bound at x*.

10° o=

- SPDOPT-R
‘4 SPDOPT

T-4 T-3 T%Z T-1 T

Fig. 5.5: Illustration of the rate of convergence (T= last iteration)

By choosing the starting point zq = (2,1.5,1), SPDOPT-R converges to the
solution z = (2.0021,1,0) after 5 iterations. SPDOPT takes 23 iterations to
return the solution (3,1,0). Figure 5.5 shows us that SPDOPT-R and SPDOPT

converges to solutions superlinearly and linearly, respectively.
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5.4.3 Example 3: large scale problem

Let us consider the bound constrained optimization problem (5.1) in R™, where

1 n—1
5(:17n—1)2 if ¥ a7<n
flz) = 1 =

n—1 4 1
- (Z 7? — n) + ~(z, —1)>  otherwise,
8 \i=1 2

The set of primal solutions at which the SC holds is

n—1

2
Xi={zeR}, ) =} <n,z, =1}
1=1
o ] o
—2r : —-2r
—4
:& p—
) &
i To-6F
50 50
2 2
_8
-10r . ~-10F
-12 T-8 T-6 kT—4 T-2 T 12 T-8 T-6
(a) SPDOPT (b) SPDOPT-R

Fig. 5.6: Values of log,y||Fx| for the last ten iterations of SPDOPT and SPDOPT-R when
solving Example 3. T represents the index of the stopping iteration for each run.

We note that the SOSCs are not satisfied at any solution z* of X;. However, the
local error bound condition (5.9) holds at every relative interior point of A;. For
each n = 10, 100, 1000, SPDOPT and SPDOPT-R solve 10 problems which use
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random starting points in [0, 1]”. Figure 5.6 shows us the logarithms of || F'(wy)|| for
the last ten iterations of SPDOPT and SPDOPT-R when solving these problems.
These figures show us that the new algorithm SPDOPT-R converges superlinealy
to solutions x* belonging to X, whereas the rate of convergence of SPDOPT-R is

just linear.

logig [| F|

—127 1 g T_6 T_4 T_2 T

Fig. 5.7: Values of log || Fx|| for the last ten iterations of SPDOPT-R when solving 30 problems
in the form of Example 3 with zo € [1.1,2]™. T represents the index of the stopping iteration for
each run.

We note that for each n = 10, 100, 1000, if we choose random starting points
xo € [1.1,2]", only a linear rate of convergence of SPDOPT-R is observed, see
Figure 5.7. In this case, the sequence of iterates converges to a relative boundary
point of X} at which the local error bound (5.9) is not satisfied. From this
observation, an open question is how to drive the iterates to a “good” neighborhood

on which the local error bound condition (5.7) holds.

118 Infeasibility detection and reqularization strategies in nonlinear optimization



Chapter 6

Local convergence analysis of
regularized primal-dual
algorithms without constraint

qualification

In this chapter, we study the local convergence properties of two regularized
algorithms without any constraint qualification. This study was motivated by
practical observations. Indeed, when solving degenerate problems for which the
linear independence constraint qualification (LICQ) is not satisfied, the algorithm
SPDOPT-AL of Armand and Omheni [12] has good performances and we can
observe superlinear or quadratic convergence. The asymptotic analysis of this
algorithm was made under the classical assumptions of second order sufficient
conditions (SOSCs) and LICQ), but the quadratic convergence without constraint
qualification has not been proved. In this work, we will answer the question raised
by the authors of [12] on the rate of convergence without constraint qualification.
We propose a method to update the parameters of SPDOPT [13] to achieve a fast
rate of convergence of this algorithm without any constraint qualification. The

main characteristics of our study are summarized as follows:

« For equality constrained optimization (1.2), the algorithm of Izmailov and
Solodov [100] used the singular value decomposition (SVD) to identify locally
the rank of the constraints degeneracy. This information is used to create a
system of modified primal-dual optimality conditions with a unique solution.
This algorithm is not really applicable for large scale problems because of

the high computational cost of an SVD factorization. The linear system to
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solve at each iteration in the equality constrained phase of Wright [157] or
in the outer algorithm of Arreckx and Orban [17] is quite similar to the one
of SPDOPT-AL. In addition, since SPDOPT-AL possesses a rule to update
parameters and a condition to call inner algorithm, they will be considered

in our local convergence analysis.

o For the solution of the general nonlinear optimization problem (1.1), by
means of a mixed interior point-augmented Lagrangian method [13], the
quadratic penalty parameter introduces a natural regularization for the linear
system to solve at each iteration. Omne advantage of this regularization
parameter is that the superlinear convergence will be done without any
additional conditions related to constraint qualifications required in other
studies in the literature, for example, the constant-rank condition (Ralph
and Wright [127]), MFCQ (Wright [154], Vicente and Wright [147]) or the
linear independence of gradients of equality constraints (Yamashita and Yabe
[162]). The centrality conditions will not be enforced as in other algorithms,
see, e.g. [127, 128, 162]. Instead, the fraction to the boundary rule is applied
to maintain the strict feasibility of the iterates for the bound constraints. It
is worth noting that this rule is easier to implement and is commonly used

in interior point algorithms.

o In the local convergence analysis of an optimization algorithm, the uniform
boundedness of the inverse of the Jacobian matrix is a key fact, see,
e.g., Byrd et al. [33], Armand and Benoist [9]. However, the lack of
constraint qualification may lead to the unboundedness of the inverse of this
matrix. In this chapter, we will investigate relations between regularized
Jacobian matrices raised by linear systems of primal-dual algorithms and

their regularization parameters.

6.1 An augmented Lagrangian algorithm for

equality constrained optimization

In the two Sections 6.1 and 6.2, we consider the following equality constrained

optimization problem

minimize f(z) subject to ¢(z) =0, (EP)

z€R™
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6. Local analysis of regularized P-D algorithms without constraint qualification

where f: R" — R, c: R" — R™ are smooth functions. The first order optimality

conditions can be written as

F(w) =0, (6.1)

where F': R"" — R"*™ ig defined by

F@M:=<Vf@1;;“®y),

where w = (z,y) € R"™. Armand and Ombheni [12] introduced a primal-dual
algorithm based on the augmented Lagrangian method to solve (EP). Let us

define the augmented Lagrangian function by
T 1 2
Lon(x) = flz)+ A z+ %HC(@H ;

where A € R™ is a vector of Lagrange multipliers associated with the constraints of
(EP) and ¢ > 0 is a quadratic penalty parameter. The main idea of SPDOPT-AL
is to apply a Newton type method to the system g(z)+A(z) (/\ + %c(m)) = (0 which
are the first order optimality conditions for minimizing £, (x). By introducing
the variable y = A\ + %c(x), these conditions can be rewritten under the form
®(w, \,0) =0, where w = (x,y) € R"™™ and

B(w, A o) = (wx) + A(x)y) |

c(z) +o(A—y)

There are two kinds of iterations in SPDOPT-AL. The outers are devoted to
update parameters and to compute a candidate iterate. If the residual ||®| at
the candidate iterate is sufficiently decreased, then the new iterate is set to the
candidate and a new outer iteration is performed. Otherwise, a sequence of inner
iterations will be applied to reduce this residual.

The outer iteration of SPDOPT-AL [12, Algorithm 1] is recalled in Algorithm
7. The algorithm is initialized with a starting point wg := (zg,%0) € R"™™ a
penalty parameter oy > 0 and a Lagrange multiplier estimate A\g = 7y. Some
constants k € (0,1),l € N and p € (0,1) are chosen. The iteration counter is set
to k = 0 and an index ¢ is initially set to i = 0.

The inner iteration algorithm is a backtracking line search applied to a merit
function (see, [12, Algorithm 2]). In our analysis, we will prove that this algorithm

is not called when the iterates belong to some neighborhood of an optimal solution.
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Algorithm 7 (kth outer iteration of SPDOPT-AL)

1. Choose (i > 0 such that {(;} — 0 and set n; = ||cg||+Cx. If k=0 or
le(zi)l|< wmax{n, : (k=) <j <k}, (6.2)
then go to Step 3.
2. Choose 0j11 < pog. Set Agpr1 = Ak, i1 = ix and go to Step 4.
3. Choose 011 < o). Set A\pr1 = Yk, Igr1 = k.

4. Choose a symmetric matrix Hy, such that In(Ji) = (n,m,0) and compute w; by
solving the linear system

Jk(wl—i’i_ - wk) = _(I)(wk7 )‘k—l—hok—‘rl)a (63)

H A
where J, = (Af _UIfHI) .

5. Choose ¢ > 0 such that {e,} — 0. If
1 (wyf s Aer1s orr1) 1< ek, (6.4)

then set wi+1 = w;r. Otherwise, apply a sequence of inner iterations to find wy41
such that

| P (Wht1, At1, Ok+1) || < €k

6.2 Asymptotic analysis for SPDOPT-AL

without constraint qualification

6.2.1 Uniform boundedness of the inverse of a regularized

Jacobian matrix

At each iteration k, the algorithm SPDOPT-AL solves a linear system with a
regularized Jacobian matrix Ji. In SPDOPT-AL, the regularization parameter
o is updated dynamically, i.e., o1 = O(||F(wy)]|). This implies that when the
sequence of iterates {wy} converges to an optimal solution of (EP), the sequence
{ok} will tend to zero. Therefore, we cannot apply Corollary 5.6 of the previous
chapter to deduce the uniform boundedness of the sequence {.J; '}. Nevertheless,

we still have a similar result for the sequence {J; '} as follows.

Lemma 6.1. Let w* = (x*,4*) be a vector in RN, where N = n +m and n,m
are natural numbers. Let H : RN — R™™ be a bounded function such that for
allw € RY, H(w) = H(w)" and let A : R® — R™™ be a Lipschitz continuous
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function. Let p : RN — R, be a bounded function such that if p is not bounded
away from zero, then p(w) = Q(||x — x*||'), for all w = (z,y) € RY, for some
t € (0,1]. For allw € RN, let us define the matriz

Sy [H0) A
T AT —pw)r)

Assume that there exist v > 0 and v > 0 such that for all w € B(w*,r)
1
H(w) + ——A(x)A(z)" = vI. (6.5)

Then, there exists C' > 0 such that for all w € B(w*,r), the matriz J(w) is
C

- -1
nonsingular and ||J(w)™"||< o)

Proof. Let w € B(w*,r) and let us define p := p(w). Let us show that
the matrix J(w) is nonsingular. By Proposition 2.7, we have det J(w) =
det ( (w) + m)A(x)T) det(—pI). The assumption (6.5) and p > 0 imply that
det ( (w) + x)A(x)U > 0 and det(—pl) # 0. It follows that the matrix J(w)

is nonsingular.

H LA(
P

H LA(

To prove the second assertion, let us consider the two following cases. The

first case is when the function p is bounded away from zero. The conclusion

will follow if the inverse of J(w) is bounded. For all w € B(w*,r), let us define

1
M(w) = H(w)+——A(z)A(x)". We deduce from (6.5) that for all w € B(w*,r),

p(w)
M) < -
By noting that
1
M(w)! M () A()
J(w) ™ = LA )T M (w) ! 1 AP(?M( )7tA iI 7
oy M MO A M)A =

1
the boundedness of <||A(:v)||, p(w), ()) and the above inequality imply that
p(w
17 (w)~ = O(1).
We now consider the second case in which there exists a sequence {wy} in

B(w*,r) such that lim p(wy) = 0. To simplify the notation, let us denote Jj :=
J(wyg), Hy = H(wy), Ax := A(zg) and pg := p(wy). The proof is based on a
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contradiction reasoning. We assume that lim pg||.J; '|[|= oo. Let us define r =
rank(A*) < min{m,n}, where A* := A(z*). By Proposition 2.4, the matrix A*

can be expressed under the form

2, 0\ (V)
A =UsVT = (U7 Uy) (0 0) (VIT) , (6.6)
J

where 3, = diag(oy,...,0,), 01 > ... > o0, > 0 are the singular values of A*,
U= (UI Ug) and V = (VZ Vg) are orthogonal matrices, Uz € R™" U, €
R (=7) V€ R™*7 YV, € R For k € N, let us define

G :=U" (A, — AOV.
For k € N, we then have

A=A+ UGV =UX+Gp)VT
S, + Gl G};) (v;)
= UI Uj 5 (67)

where Gt € R™", G12 ¢ R™*m=n) G2 ¢ Rv=mxr G222 ¢ RI=r)x(m=7) From the

Lipschitz continuity of A and ||z} — z*||= O(p,i/t) = O(pr), we get

IGY |I=O(px)  forall i, j=1,2. (6.8)

Since the [s norm is invariant under multiplication with orthogonal matrices, for

all k, one has
17 = Q" Il

U 0
where ) = (O V) and Q'Q = QT Q = I. From the definition of a matrix norm,

there exists a sequence of unit vectors {v,} C R?" such that ||J; '|= QT J; 'Q||=
QT J, 'Quyl|. Define for all k € N, uy, := QT J, 'Quy /|| J 1|, Tt follows that {uy} is
a sequence of unit vectors with lim p%HQTJkQukH: 0. Let k € N. By introducing

the notation

ag €77
b 1

Up, = g € R* and —QTJkQuk = P
CL Pk Tk
dk 5]’6
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