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Résumé

Dans cette thése on s’intéresse a un modéle mathématique décrivant I’adaptation
du développement des populations de moustiques face a l'usage intensif des in-
secticides durant la nuit (moustiquaires imprégnées, répulsifs en spray, répulsifs
avec diffuseur électrique, .. .).

Le modéle proposé dans cette thése est structuré en age et dépend du temp-
s/moment ot le moustique pique pour prendre son repas. Ceci nous conduit
a des modéles du type ultra parabolique. Le terme de renouvellement de la
population de moustiques est non-local, comme pour tous les problémes démo-
graphiques, mais comporte ici un noyau qui permet a la nouvelle génération
d’adapter son temps de piqure (repas). Ceci est di a la sélection de certains
moustiques qui piquent plus tot ou plus tard que les autres moustiques, suite a
la pression imposée par 'usage intensif des pesticides a I'intérieur des habitats
et en particulier durant la nuit. Les conditions aux bords par rapport au mo-
ment de piqure (repas) seront périodiques car selon les espéces, les moustiques
prennent toujours leurs repas au méme moment de la journée.

Le modéle non linéaire de diffusion par a4ge non local avec conditions aux
limites périodiques est donné par:

(

Dp — 0Ap + pup = m(z)u(a,t, z)p, (a,t,7) € Quy,
p((l,t,O) :p(avta 24)7 ((l,t) S (O,GT) X (OaT)7
0.p(a,t,0) = 0.p(a,t,24), (a,t) € (0,a3) x (0,77,
a T+
p0.60) = [ 8a) [ K splatos)dsda, (1.0 € (0.7) x (0.29),
0 r—n
\ p(aa()?x) :p0<a7$)7 (

ot Qq; = (0,a4) x (0,T) x (0,24) et

t —pla,t
Dp(a7t7x) = hH(l)p (CL—|—57 +€,$) p(a, 7513)
e— c
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est la dérivée directionnelle de p par rapport a la direction (1,1, 0).

Les principaux résultats peuvent étre classés dans 4 parties.

Dans une premiére partie, nous étudions le probléme structuré par 1’age
(0.1) modélisant la plasticité des moustiques dans un environnement naturel,
c’est-a-dire u = 0. Nous étudions d’abord le spectre d’un opérateur A qui est
le générateur infinitésimal d’un Cy-semigroupe. On montre que I'opérateur n’a
qu’'une seule valeur propre réelle \q algébriquement simple et est plus grande
que n’importe quelle partie réelle des autres valeurs propres.

Par la théorie des semigroupes, on montre que le semigroupe 7'(t) généré par
A a 'expression asymptotique

T(t)¢(a,a:) :erte_hoaT(Oya>C)\0/ / K I s / —Xo(a—0)
T(8,a)p(6, s)dddsda + o(eP0~))

ot T(7,5) = e~ J7 #)peBls—) 1\ — )\lin)} (A=Xo)(I—B,)~! et € est un nombre
—A0

positif tel que o(A) N {A|Ag — e < ReX < Ao} = Ao.

Grace a ce développement asymptotique, nous montrons que si A\g > 0, il
n’y a pas de solution d’équilibre stable non négative; quand A\g = 0, il existe
une infinité de solutions d’équilibre stables non triviales; quand Ay < 0, seules
des solutions d’équilibre réguliéres triviales 0 existent.

Enfin, nous présentons des simulations numériques pour la population de
moustiques lors de 'usage de moustiquaires imprégnées d’insecticide. On peut
voir que 'utilisation de moustiquaires imprégnées d’insecticide peut amener
les moustiques a changer leurs habitudes et leur temps de piqure.

Dans la deuxiéme partie, nous étudions le probléme de contréle optimal de
(0.1) avec m(z) = 1. Notre objectif principal est de prouver qu’il existe un
controle optimal u(a,t,z) dans le cas d’usage limité d’insecticides, c’est-a-dire
que u(a,t,x) est limité par deux fonctions ¢ (a,t,z) et ¢ (a,t, x).

Le probléme de controle optimal se formule comme suit:

(O Mm{ /

soumis a u(a,t,x) € U,

u(a,t, z)p“(a,t, :U)dtd:vda} ,

a4t

U = {u(a,t,2) € L2(Qu)| s1(ast,2) < ula,t,2) < ola,t,2) ae. in Qu,},

ot §1(a,t,a:), §2(G,t,x) < LOO(QGT)> §1(a,t,£€) < §2(&,t,l’) < 0 a.e. in QaT et



p“(a,t,x) est la solution du modele EDP.

Nous montrons d’abord l'existence de solutions ainsi que le principe de
comparaison pour un systéme généralisé lié a notre probléme d’age structuré.
Ensuite, nous prouvons 'existence du controle optimal pour la meilleure récolte
(OH). Enfin, nous établissons les conditions nécessaires d’optimalité.

Dans la troisiéme partie, nous étudions la controlabilité exacte locale d'un
probléme structuré en age modélisant la capacité des vecteurs du paludisme a
changer leur temps de morsure et éviter les conditions environnementales stres-
santes engendrées par 1'utilisation des pulvérisateurs a l'intérieur des habita-
tions et des moustiquaires imprégnées d’insecticide. L’existence d’une solution
stable non positive ps(a, ) a été obtenue par les résultats dans la premiére
partie. Nous cherchons a trouver un controle tel que la solution p(a,t,z) du
probléme structuré par age puisse étre égale a la solution stable p,(a, z) aprés
un temps limité, disons p(a, T, x) = ps(a,x). Pour ce faire, nous transformons
le probléme en un probléeme de zéro exacte controlabilité, c’est-a-dire

( Dp — 6Ap + p(a)p = m(z)u(a, t,z)(p + ps), (a,t,7) € Qq,,
p(a,t,0) = p(a,t,24), (a,t) € (0,a3) x (0,7,
Oxp(a,t,0) = O.p(a,t,24), (a,t) € (0,a4) x (0,7,
p(0,t,x) = /0 T5(@) ) K(z,s)p(a,t,s)dsda, (t,z) e (0,T) x (0,24),
L p(a,O,x) = ﬁo(aax)a (CL,:L‘) € (OvaT) X (O’ 24)7

ou ﬁO(aa .%') = pO(aa l’) - ps(aa il?)

Nous établissons une nouvelle inégalité de Carleman pour (0.1). Ensuite,
nous démontrons notre résultat en étudiant I’équation d’Euler-Lagrange. Fi-
nalement, nous faisons une simulation numérique en comparant la situation
sans controle avec celle ot il y a un controle spécifique. Nous pouvons trouver
que quand il n’y a pas de controle, la solution p(a, t, z) ne peut pas étre proche
de la solution stable ps(a,z) et nous pouvons trouver un controle tel que la
solution p(a,t,x) est proche de ps(a,z) at=T.

Dans la quatriéme partie, nous nous intéressons au probléme de la plasticité
du moustique dans le cas de mortalité non linéaire, c¢’est-a-dire

Dp— 62p+ pla, w(t, 2)p = u(a, wit, 2))p,  (a,t,2) €Q,
at T+

pOta) = [ 8@) [ Klzoplat s)dsda, (t.0) € RY xR,
0 z—n

p(a,0,2) = po(a,z), (a,z) € (0,a4) x R.
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ot @ = (0,a4) x RT x R. Nous supposons que le taux de fécondité est impor-
tant et que le taux de mortalité naturel est faible. Nous étudions ensuite le
comportement en temps long de la population mature w(t, x) = fa? pla,t, x)da
ol ag est ’age de maturité, sous différentes stratégies de controle. Premiére-
ment, nous prouvons que s’il n’y a qu'un contréle limité avec les insecticides,
la population mature de moustiques ira a l'infini. D’un autre coté, si le con-
trole insecticide est trés important, cela signifie que le taux de mortalité total
p(a, w) —u(a,w) est important. Ensuite, la population va doucement tendre
vers 0. En fait, une situation plus réaliste est que la population ne peut pas
étre infiniment grande ou trés petite en raison de la limitation de la stratégie
de controle par insecticides. Cela signifie que la population mature w(¢,x)
peut atteindre certains états d’équilibré. Ainsi, dans le cas intermédiaire, nous
dérivons un modéle temporel pour la population mature, c¢’est-a-dire

at
—0Aw = / (—p(a, w) + u(w))p(a, t, x)da
+Mﬁ/+oo [/77 Fw(t —ag,x — 2z — 8)dz| fra(s)ds,
pour t >0,z € R et

at
w(s,r) = / po(a + s,x)da, for s € [—ap,0] and = € R,

ag

qui peut étre gouverné par une sous-équation

—0Aw > — g(w) + u(w)w
+ Mp /+OO [/W “Fw(t —ag,x — z — s)dz] fsao(8)ds,

et une super-équation
— 0Aw <u(w

+ Mp /+OO [/n “w(t — ag,x — z — s)dz] fsae(s)ds.

Nous prouvons l'existence de fronts de déplacement pour la sous-équation et
I'utilisons pour prouver que la population mature atteindra finalement un
équilibre entre les états positifs de la sous-équation et de la super-équation.

Pour conclure cette derniére section nous effectuons des simulations numériques
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pour illustrer nos résultats théoriques.

Mots clés: modéle structuré en dge, comportement asymptotique,
controlabilité, résistance comportementale, méthode adjointe, con-
trole optimal






Abstract

This dissertation is concerned with an age structured problem modelling mos-
quito plasticity. The main results can be divided into four parts.

The first part presents an age structured problem modelling mosquito plas-
ticity in a natural environment. We first investigate the analytical asymptotic
solution through studying the spectrum of an operator A which is the in-
finitesimal generator of a Cy-semigroup. Additionally, we get the existence
and nonexistence of nonnegative steady solutions under some conditions.

In the second part, we study the optimal control of an age structured prob-
lem. Firstly, we prove the existence of solutions and the comparison principle
for a generalized system. Then, we prove the existence of the optimal control
for the best harvesting. Finally, we establish necessary optimality conditions.

In the third part, we investigate the local exact controllability of an age
structured problem modelling the ability of malaria vectors to shift their biting
time to avoid the stressful environmental conditions generated by the use of
indoor residual spraying (IRs) and insecticide-treated nets (ITNs). We estab-
lish a new Carleman’s inequality for our age diffusive model with non local
birth processus and periodic biting-time boundary conditions.

In the fourth part, we model a mosquito plasticity problem and investi-
gate the large time behavior of matured population under different control
strategies. Firstly, we prove that when the control is small, then the matured
population will become large for large time and when the control is large, then
the matured population will become small for large time. In the intermedi-
ate case, we derive a time-delayed model for the matured population which
can be governed by a sub-equation and a super-equation. Finally, we prove
the existence of traveling fronts for the sub-equation and use it to prove that
the matured population will finally be between the positive states of the sub-
equation and super-equation.

Keywords: age structured model, asymptotic behaviour, control-
lability, behavioural resistance, adjoint method, optimal control
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Chapter 1

Introduction

Throughout the human history, people have always been combating against
many infectious diseases, such as malaria, dengue, yellow and Chikungun-
ya fever, encephalitis and the diseases have caused uncounted mortality of
mankind. One of the most studied diseases is malaria, which is mainly trans-
mitted by Anopheles gambiae and Anopheles funestus and is caused by a
species of parasite that belongs to the genus Plasmodium [18] . This pathol-
ogy affects millions of people over the world, being predominant in equatorial
region, e.g., Amazon rainforest, sub-saharan Africa and South East Asia. The
Plasmodium is transmitted by female Anopheles mosquitoes when they bite
and, thus, feed on human blood. As the statistical data show, malaria affects
more than 100 tropical countries, placing 3.3 billion people at risk [98] and one
African child’s life is taken by malaria every minute [99].

During the past decades, many researchers studied the pathology of these
infectious diseases and tried to control the transmission of them. To reduce hu-
man’s suffering from malaria, people have been seeking efficient ways to control
the malaria transmission for many years. The main strategies of controlling
malaria are insecticide treated nets (ITNs) and indoor residual spraying (IRs)
[18, 50, 68, 98]. Control mechanims acting on disease dynamics take into
account the behaviourally characteristics of mosquito population, such as an-
throphagy, endophily, endophagy, physiological susceptibility to pyrethroids,
and night-biting preference. The effectiveness of these strategies depends on
the susceptibility of the vector species to insecticides and their behaviour, ecol-
ogy and population genetics [87]. Therefore, in the past decades, pyrethroid-
treated bed nets are widely deployed in Africa, the estimated percentage of
households with one impregnated net having increased from 3% in 2000 to
53% to 2012 [99]. By using these strategies, we see that the control of malaria
has made slow but steady progress and the overall mortality rate has dropped
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by more than 25% since 2000 [68].

However, mosquitoes are adapting due to insecticide pressure related to
(ITNs) and (IRs) usage. The recent reports on Malaria transmission shown
that the long-term use of residual spraying (IRs) and insecticide-treated nets
(ITNs) has been driving mosquito physiological and behavioural resistance
[26, 28, 76, 87, 89, 96]. Many mosquito species exhibit high levels of phenotypic
plasticity that can be expressed on host preference, biting activity, etc. Such
heritable phenotypic plasticity allows individuals mosquitoes to flexibly adapt
their behaviour according to the environmental conditions. The development
of a crepuscular, outdoor feeding phenotype among anopheline population has
been observed in areas of intensive use of IRs and ITNs. This adjust on
biting time can jeopardize the success of Malaria control and promotes parasite
evolution [38] and is more difficult to avoid than physiological ones that can
be controlled by taking the form of rotation of a different class of insecticide
[77].

Whereas, more realistic problems are always related to the bitting time.
Thus, one of the most important thing we need to pay attention to is that the
long-term use of residual spraying (IRs) and insecticide-treated nets (ITNs)
leads to the emergence of insecticide-resistant Anopheles mosquitoes [28, 76,
96] which has great influence on the biting time of mosquitoes. Formerly, the
maximum of anophelines aggressiveness was typically observed in the middle
of night. In 1990, Fontenille [35] showed that the An. funestus biting peak
occurred from 01:00 to 03:00 indoors and from 02:00 to 05:00 outdoors. But,
after the implementation of long-lasting insecticidal nets (LLINs), Anopheles
funestus showed a behavioural change in biting activity that An. funestus
reached a peak of aggressiveness between 08:00 and 9:00, remaining anthro-
pophilic and endophilic, while adopting diurnal feeding, essentially on humans
[87]. Meanwhile, in the study [103], Anopheles arabiensis showed early biting
activities in Ethiopia after use of (LLINs )both indoors and outdoors; and 80
percent of this vector were captured before 22:00 with a peak activity between
19:00 to 20:00. In southern Benin, the researchers obtained the similar results
that 26.4% of An. funestus were caught after 06:00 by scaling up of universal
coverage with (LLINs). And, in the recent papers [70, 74, 87, 103| showed
substantial diurnal and early biting activity and more frequent outdoor biting.
All these studies showed An. funestus has adapted its biting time to the new
situation.

The emergence of the new biting time behavioural adaptation of mosquitoes
in response to insecticidebased vector control interventions may make control
tools ineffective, close awareness in the context of pre-elimination of malaria



and also constitute a risk to people who are so accessible. Since mosquito
behaviour is an essential component for assessing vectorial capacity to trans-
mit malaria, the emergence of the new biting time behaviour can significantly
increase the risk for malaria transmission and represents a new challenge for
malaria control. One of the most challenging problems in science is to model
biological phenomena. The great number of parameters involved in the dy-
namics of a biological population makes deduction of a general model quite
difficult.

Hence, it is very important and necessary to consider the bitting time in the
following researches of the control of mosquitoes and researches on the popula-
tion dynamics of mosquitoes become essential. Here it is intended to develop a
mathematical model based on partial differential equations to understand and
study possible adaptations of Anopheles species.

Therefore, in this dissertation, we are going to model mosquito population
adaption by additional vector control strategies about the bitting time. This
model is an ultra-parabolic partial differential equation with nonlocal terms
corresponding to birth and selection processus. The density of mosquitoes
p(a,t,z) will depend on time ¢, age a and also bitting time x. The introduc-
tion of the variable z in the system has the objective of illustrate mosquito
biting behaviour, which will be of great importance in the following research
on mosquitoes control. We suppose that the continuous usage of (ITNs) and
(IRs) can reduce the fitness of mosquito populations by reducing its oviposition
rate or increasing its mortality rate. The model also incorporates the idea that
individuals have some amount of plastic adaptability that permits mosquito-
adaptation to stressful situations and these stress-induced modifications are
inherited. Selection also occurs in the renewal process allowing persistence of
the adapted species and maximizing the mosquito fitness. The new generation
of mosquitoes can adapt to ensure its survival and reproduction, changing the
biting time in order to maximize its fitness. As for Chapters 2-4 of this dis-
sertation, we first consider a linear model describing the dynamics of a single
species population with age dependence, bitting time dependence and spatial
structure as follows

(

Dp — 0Ap + pup = m(z)u(a,t, z)p, (a,t,7) € Quy,
p((l,t,O) :p(avta 24)7 ((l,t) S (O,GT) X (OaT)7
O:p(a,t,0) = 0.p(a,t,24), (a,t) € (0,a3) x (0,77,
a T+
p0.0) = [ 6a) [ K splatos)dsda, (1.0 € (0.7) x (0.29)
0 T—n
\ p(aa()?x) :p0<a7$)7 (
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where Q,, = (0,a;) x (0,T) x (0,24) and

t - /
Dp(a,t, z) :m%p<a+g, +ex)—plat x)
e— c

is the directional derivative of p with respect to direction (1,1,0). For p(a,t,x)
smooth enough, it is easy to know that

opla.t.2) | Opla.t.2)
ot oa

Dp(a,t,x) =

Here, p(a,t,z) is the distribution of individuals of age a > 0 at time ¢t > 0
and bitting at time x € [0,24], a; means the life expectancy of an individual
and T is a positive constant. m(z) is the characteristic function of w, where
w € (0,24) is a nonempty open subset. As we announced, the mosquitoes
can adapt their bitting time. Thus, we set their adapting model to be a A
diffusion with a diffusive coefficient . Moreover, $(a) denotes the natural
fertility-rate of individual of age a and p(a) denotes the natural death-rate
(more assumptions will be made later). In fact, the new generation is also
able to adapt the bitting time in order to maximize its fitness. Let 1 be the
maximum bitting time difference which the new generation can reach and we
model the adaption of the new generation by a kernel K(x,s) as defined as
below

K(z,s) =

(z — 5)2e =9 5 € (0,24),
0, else.

The control function u(a, t, x) represents the insecticidal effort, such as the use
of (ITNs) and (RIs).

The study of population dynamics equations can be traced back to the
works of Malthus [66] in 1798. Malthus introduced the simplest population
dynamics model which he supposed that the rate of population growth is pro-
portional to the size of the population, that is,

P'(t) = aP(t),t > 0,

where @ € R is the intrinsic growth constant. An more realistic improved
model was proposed by Verhulst [92]| in 1838, that is,

P'(t) = aP(t) — yP*(t),t > 0,

where o € R is the intrinsic growth constant, while % is called the environ-

mental carrying capacity (v > 0). But, one of the deficiencies of the above

4



ordinary differential equation models is that they do not take into account an
age structure which can influence population size and behaviour in realistic
situations. In 1911, one of the most important improvements is that Sharpe
and Lotka [81] first proposed the age-structured continuous model without
diffusion as follows

Dp(a,t) + pla)p(a,t) = 0,a € (0,a4),t > 0,

where a; is the maximal age for the population species and p(a) is the mor-
tality rate and depends only on age a. Whereas, more realistic problems
are always related to some general continuous models with diffusion for age-
structured populations. Therefore, in the following few decades, the study of
age-dependent population dynamics with diffusion has been intensively devel-
oped by mathematical researchers. Some of the main results of this develop-
ment need to be mentioned. In 1973, Gurtin and MacCamy [44] took into
consideration diffusion for age-structured populations and extended in [45] af-
ter 4 years. Under appropriate boundary conditions, Gurtin and MacCamy
investigated the following problem

Dp(a,t,z) + p(a, P(t,r))p(a, t,z) — kAp(a,t,x) = 0,
ay
P(t,x) = / p(a,t, z)da,
0

p(0,t,x) = /OaT B(a, P(t,z))p(a,t,x)da,

where (a,t,x) € (0,a;) x (0,+00) x ©, & C R". Another important study
worth to mention is that a book of analysis and control of age-dependent
population dynamics was written by Anita [13] in 2000. This book is the first
book devoted to the control of continuous age structured population dynamics
and it introduces the most important problems, approaches and results in the
mathematical theory of age-dependent models. In this book, Anita [13] studied
the following system from many interesting aspects

Dp(a,t ac) kAp+u(a t,x)p = f(a,t,x), (a,t,z) € Qr,

E)p(a t,x) on X,
p(0,t, ) / B(a)p(a,t,z)da (t,xz) € (0,T) x Q,
p(a,0,2) = po(a x) (a,z) € (0,a4) x Q,

where Qr = (0,a3) x (0,T) x Q, X7 = (0, at) x (0,7') x 092. In the recent years,
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there are many works devoted to an age structure model with and without
diffusion |3, 4, 5, 6, 7, 13, 34, 105]. One important direction is the optimal
control of an age structured problem which has been widely studied, one refers
to [11, 12, 15, 34, 53, 58, 59, 105]. Meanwhile, the study of the controllability
of partial differential equations of an age structure model also plays a very
important role, one can refer to [16, 31, 36, 57, 90]. For an overview on age
structured population dynamics models and their mathematical analysis, we
refer to [37, 51, 55, 95].

In Chapters 2-4 of this dissertation, we mainly focus on the study of the

following three aspects of system (1.1):

1 mathematical analysis of this model,

2 optimal control of this model;

3 local exact controllability of this model.

In Chapter 5 of this dissertation, we then adapt the model (1.1) to a non-
linear one by setting that the natural death-rate p and the control term u are
depending on age a and the matured population fa‘? pla,t, z)da, where ag is
the matured age. In Chapter 5, we mainly focus on the large-time behavior of
the matured population of mosquitoes by the usage of ITNs and IRs. We can
see detailed presentation of the model and settings in Section 1.4.

In the following of this chapter, we state the main results of this disserta-
tion.

1.1 Mathematical analysis of an age structured
problem

It is well known that mathematical analysis of an age structured problem
modeling phenotypic plasticity in mosquito behaviour in a natural environment
plays an important role in the study of the control of mosquitoes. Therefore,
in Chapter 2, we consider the system (1.1) corresponding to u(a,t,z) = 0 to
model the plasticity of mosquitoes in a natural environment, namely without
any intervention of human activities, such as (IRs) and (ITNs). That is,

(

Dp — 6Azp + p(a)p = 0, (a,t,7) € Quy,
p((l,t,O) :p(avta 24)7 ((l,t) € (O,GT) X (OaT)7
O:p(a,t,0) = 0.p(a,t,24), (a,t) € (0,a3) x (0,77,
a T+
p0.60) = [ 6a) [ Koo tos)dsda, (1.0 € (0.7) x (0.29),
0 r—n
\ p(aa()?x) :p0<a7$)7 (
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Notice that in our model, the boundary condition is assumed to be periodic
and the fertility term is nonlocal with the kernel K (z, s). In fact, both Dirichlet
boundary condition and local fertility term are very popular in mathematical
modeling, such as dynamics population models of a single species with age
dependence and spatial structure. We now review some known results about
such models, that is, replacing the period}lc boundary condition and the fertility

term by the Dirichlet condition and / B(a)p(a,t,xz)da respectively. Chan

0
and Guo [22] considered this model in the semigroup framework, by setting
the fertility-rate § and the mortality-rate pu being independent of the space
variable z, that is,

Dp — KA,p+ p(a)p =0, (a,t,z) € (0,a3) x (0,T) x Q,
p(a,t,.ﬁ)‘ag =0, (a’t) € (0>aT) x (0,7),
at
p(0,t,2) = / Ba)p(a,t,x)da, (t,x)€ (0,T) x Q,
p(a,0,z) :p?)(a,x), (a,z) € (0,a4) x €,

where €2 is a limited smooth domain in R™. They identified the infinitesimal
generator and studied its spectral properties, which could be used to get the
asymptotic behavior of the solutions. Then, Guo and Chan [42] removed the
independence setting of 3, u, that is,

Dp — KA,p+ p(a,x)p =0, (a,t,z) € (0,a3) x (0,T) x Q,
p(a,t,.T)laQ = Oa (a’t) S (OaaT) X (OaT)a
ay
p0.t5) = [ Blaoiplatopda, (t.2) € 0.T) <9
p(a,0,z) = p?)(a,:c), (a,z) € (0,a4) x Q

They got the asymptotic expression of the solution by analyzing the spectrum
of the infinitesimal generator. We also refer to the works of Langlais [56], for
the study of the long-time behaviour of the model where g and i depend on
the distribution p. The controllability problems on this model are also very
attractive. Ainseba and Anita [5, 13| studied the local exact controllability of
such model with the Dirichlet boundary condition and the local fertility term.
The control problem with Neumann boundary condition can be referred to

6, 7].

We are interested in the ways on which Guo and Chan [22, 42| studied
the asymptotic behaviour of the population model in [22, 42| throught the
analysis of the spectrum of the infinitesimal generator and using some positive
semigroup theories. In this dissertation, we mainly focus on the asymptotic

7
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behavior in Chapter 2. The key step for our paper is to find, for any initial
po(a,z) € D(A), the asymptotic expression p(a,t, ).

Before presenting our results, we need to introduce some useful notations.
Let X = L?((0,a4) x (0,24)) with the usual norm and the operator A : X —
X defined as

d¢(a, x)
da

Agb(a? ZL‘) == + 6Agb(a,x) - M(a)gzﬁ(a,x),‘v’(ﬁ(a, SL’) S D(A)v (13>

where

D(A) = {¢(a,z)|¢, Ap € X, ¢(a,0) = ¢(a,24), 0:¢(a, 0) = Ox9(a, 24),
at x+n
6(0,) = / 8(a) / K (z, 5)6(a, s)dsda). (1.4)
0 r—n
From the definition of the operator A, the system (1.2) can be transformed
into an evolutionary equation on the space X:

dp(a,t, x)
dt
p(a'> 07 1‘) = pO(a7 'T)

= Ap(a'? t? x)?

For the following notations, we can refer to Marek [67, p.609] and Clement
[25] for instance. If A is a linear operator from X into X, then p(A) denotes the
resolvent set of A, that is, p(A) is the set of all complex numbers A for which
(AI—A)~! is a bounded automorphism of A (let R(\, A) = (AI—A)~! called the
resolvent operator), where I denotes the identity operator. The complement
of p(A) in the complex plane is the spectrum of A, and it is denoted by o(A).
We denote by 7(A) the spectral radius of A, that is,

Y(A) =sup{|A]: A€ o(A)}.

If A is an infinitesimal generator of a Cy-semigroup 7'(t) on the space X, the
spectral bound s(A) can be denoted by

s(A) = sup{|\| : ReX € o(A)}.
And the growth bound of the semigroup 7'(¢) can be shown as
o1 .1
w(A) = 1151>1£ n log [|T(t) | 22((0,a:) % (0,24)) = tl}—i-moog log | T'(t) |2 ((0,a) x (0,24))

We assume the following assumptions throughout Chapter 2:
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(1) wla) € Lh((0,ap) and [ p)dp = 0
(32) B(a) € L((0,a1)), mes{ala € [0.ai], 3(a) > 0} > 0
(J3) po(a,z) € L=((0,at) x (0,24)), po(a,z) > 0.
The following theorems are the main results of Chapter 2 and they will be
proved in Chapter 2.

Theorem 1.1. For any initial po(a,x) € D(A), the semigroup solution of
(1.2) has the following asymptotic expression:

p(a,t,z) =e*'eT(0, a) C’AO/ / K(z,s / e M@= T (5 q)

po(o, s)dsdado + o(ePo—o)
where Ao, Cy,and T(7,s) will be defined in Chapter 2.

The steady state of our model is very important, especially for our further
researches about the control problem. The steady state of (1.2) is denoted by
ps, and should be a solution of

Oaps(a,z) — 6Aps(a, z) + p(a)ps(a,z) =0,  (a,x) € (0,a4) x (0,24),
ps(a,0) = ps(a,24), a€ (0,at),
&Eps(a 0) = 9.ps(a,24), a € (0,a4),
ps(0,z) = [ B(a ij: K(z, s)ps(a, s)dsda, x € (0,24).
(1.5)
Furthermore, p,(a,x) satisfies
ps(a,z) >0 a.e. (a,z) € (0,a) x (0,24). (1.6)

Theorem 1.2. Consider (1.5) with Ay satisfying Theorem 1.1.

(1) If Ao > 0, then there is no nonnegative solution of (1.5) satisfying (1.6).

(2) If A\ = 0, then there exists infinitely many nontrivial solutions of (1.5)
satisfying (1.6). Furthermore, for any nonzero steady state ps(a, x), there
exists po > 0 such that

ps(a,x) > po >0, a.e. (a,x) € (0,a1) x (0,24),

where a; € (0, a4).
(3) If Ao < 0, then only trivial solutions ps of (1.5) satisfying (1.6) exist, that
18
ps(a,z) =0 a.e. (a,x) € (0,a) x (0,24).
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The rest of Chapter 2 is organized as follows. In Section 2.1, we make
some preparations which are necessary in what follows and we prove that A is
an infinitesimal generator of a Cy-semigroup T'(¢). In Section 2.2, we get the
asymptotic behavior of (1.2) by analyzing the spectrum of the semigroup 7'(t).
Many abstract theories about semigroups used in this part can be referred
to [25, 80, 104]. According to the asymptotic behaviour, we investigate the
existence of steady states in Section 2.3. In Section 2.4, we present numerical
simulations when there are insecticide-treated bed nets (ITNs).

1.2 Optimal control of an age structured prob-

lem

In Chapter 3, we focus on the study of (1.1) with m(z) =1 for all z € (0, 24),
that is,

( Dp —6Ap + p(a)p = u(a, t,z)p, (a,t,2) € Qa,,
p((l,t,O) :p(avta 24)7 (aat) € (O,GT) X (OaT)7
O,p(a,t,0) = 0.pla,t,24), (a,t) € (0,a3) x (0,7,
a T+
p0.0) = [ 60) [ Koot s)dsda, (t.0) € (0.7) x (0.29)
0 r—
| p(0,0,0) = pola,z), (a.2) € (0,a) x (0,24)

Our main goal is to prove that there exists an optimal control u(a,t,z) in
limited conditions, that is, u(a, t, z) is bounded by two functions ¢ (a, t,z) and
& (a, t, z) such that the insecticidal efficiency reaches the best. Since the control
function wu(a,t,x) is negative, it means that we can deal with the following
optimal problem

(OH)  Mazimize {— /Q

subject to u(a,t,x) € U,

u(a,t, z)p"(a,t, x)dtdmda} ,

a4t

U= {U(d,t,ﬂf) S L2(Q¢H)| §1<a,t7$) < u(a,t,x) < §2<(I,t,l’> a.e. in Qaf}u

where ¢i(a,t,z), ¢(a,t,z) € L®(Qq,), si(a,t,7) < G(a,t,x) <0 a.e. in Qq
and p“(a,t,z) is the solution of system (1.7). Here, we say that the control

10
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u* € U is optimal if

J

for any u(a,t,r) € U. The pair (u*(a,t,z),p" (a,t,r)) is an optimal pair and

u*(a,t,x)p“*(a,t,m)dtdmdaS/ u(a, t, z)p*(a,t, z)dtdzda,

H'T Qa.i.

u*(a,t,z)p" (a,t, x)dtdzda is the optimal value of the cost functional.
Qua,
Let us recall some history about the optimal control researches. Since

1985 when Brokate [21] first proposed the optimal control of the population
dynamical system with an age structure, it has been widely concerned and
extensively studied by more and more researchers in the past few years. It
is worth mentioning that the researches of Gurtin and Murphy [46, 47| about
the optimal harvesting of age structured populations provide an important
basis for subsequent researches of the optimal control problem. As is well
known, the optimal harvesting problem governed by nonlinear age dependent
population dynamics with diffusion was considered by Anita [13|, where he
mainly discussed the impact of the control in homogeneous Neuman boundary
conditions. For more rich results about the optimal control of an age structure
with non-periodic boundary conditions, one can refer to [11, 12, 34, 105] and
references cited therein. Note that the above results are about non-periodic
boundary conditions.

However, we have seen from the practical significance of biology that it is
advantageous to consider age-structured models with periodic boundary con-
ditions and nonlocal birth processes. We would like to refer to [10, 73] for some
studies about the optimal control problem with periodic boundary conditions.
We also refer to [15, 53, 59, 58| as reviewing references of the optimal control
problem. Let us now mention some of our work about other aspects of system
(1.7) with periodic boundary conditions and nonlocal birth processes. In [63],
large time behaviour of the solution for such age structured population model
was considered. Moreover, we considered the local exact controllability of such
age structured problem in [64]. In Chapter 3, we study the optimal control of
system (1.7).

From the biological point of view, we make the following hypotheses through-
out Chapter 3: .

(J1) p(a) € L2.((0,a4)), / p(a)da = +oo and p(a) > 0 a.e. in (0, at);

loc
0
(32) Bla) € L=((0,a))), B(a) = 0 a.e. in (0,a;);
(J3) pola,z) € L*((0,a4) x (0,24)), po(a,z) > 0 a.e. in (0,at) x (0,24).
Now we state our main results in Chapter 3.

11
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Theorem 1.3. For anyu(a,t,x) € U, there exists a unique solution p*(a,t,z) €
L*(Qa.) of the system (1.7).

Theorem 1.4. Problem (OH) admits at least one optimal pair (u*(a,t,z),
p*(a,t, z)).

Theorem 1.5. Let (u*(a,t,x),p*(a,t,x)) be an optimal pair for (OH) and
q(a,t,x) be the solution of the following system

(

+n
Dy +68q - pla)q+ 5(a) [ Ko s)al0.t.5)ds = —u'g —
q(a,t,0) = q(a,t,24), (a,t) € (0,a4) x (0,7,
0:q(a,t,0) = 0.q(a,t,24), (a,t) € (0,a:) x (0,7),
q(at,t,xz) =0, (t,z) € (0,T) x (0,24),
( a(a, T, z) =0, (a,z) € (0,a;) x ( ,24?. |
8

Then, one has

§1<a,t, .1'), Zf Q(&,t,l’) > _17
u*(a,t,x) = ‘
§2((l,t7l’), if q(a,t,x) <-L

Chapter 3 is organized as follows. In Section 3.1, we prove the existence
of solutions and the comparison result for a linear model which is (1.7) in
general settings. Section 3.2 is devoted to the proof of the existence of an
optimal control of system (1.7) by Mazur’s Theorem. Section 3.3 focuses on
the necessary optimality conditions.

1.3 Local exact controllability of an age struc-
tured problem

In Chapter 4, we study the local exact controllability of an age structured prob-
lem modelling phenotypic plasticity in mosquito behaviour. That is, we prove
the existence of a control u(a,t,x) of system (1.1) such that the population of
mosquitoes can reach a steady state.

We first recall some results of Theorem 1.2. Let pg(a,z) be a nontrivial
steady-state of (1.1) and be a solution of (1.5). By a result of Theorem 1.2,
we have steady states

ps(a,x) =0, for Ay <0,

ps(a,z) >0, for Ao =0,

12
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where )\ is the unique real eigenvalue of the infinitesimal generator governed
by (1.1) with u(a,t,z) = 0 (refer to Chapter 2 for the details).

In Chapter 4, we only consider the later case, that is, ps(a, z) such that
ps(a,x) > po >0, ae. (a,z)€ (0,a1) x (0,24),

where pg is positive constant and a; € (0,a). The objective of Chapter 4
is to prove the existence of a control u(a,t,z) such that the solution of (1.1)
satisfies

p(a,T,x) =ps(a,x), ae. (a,z) € (0,a1) x (0,24),
pla,t,z) >0, a.e. (a,t,7) € Qq,-

Obviously, the last inequality is because biological reasons: p(a,t, ) represents

the density of a population. We can see that our main problem is equivalent
to the exact null controllability problem of the following system

(

Dp — 6Ap + p(a)p = m(z)u(a, t,z)(p + ps), (a,t,7) € Qq,,

p(a,t,0) = p(a,t,24), (a,t) € (0,a3) x (0,7),
{ axp(av t, 0) = ?xp(a, t, 2;{2;7 (aa t) € (07 aT) X (Oa T)7

p(0,t,x) = /0 B(a) . K(x,s)p(a,t,s)dsda, (t,z) € (0,T) x (0,24),
L p(a,O,&Z) :ﬁ0<a7$)7 (

where By(a,) = po(a, ) — ps(a, 7).

In the last years many works were devoted to the controllability of partial
differential equations of parabolic type [16, 31, 36, 57, 90]. For an overview on
age structured population dynamics models and their mathematical analysis
we refer to [37, 51, 55, 95|. The controllability of age structured problems
modeling demographical processes was considered in |3, 4, 5, 6, 7, 13|. The
nonlocal birth process in these models is nonlocal with respect to the age
variable a, that is,

pmxwzl”ﬁmmmxww

The local exact controllability of the age structured problem with diffusion
was established in [5|. The main proof is based on Carleman’s inequality
for the adjoint equation, one can refer to [4, 8, 13]. For the linear Lotka-
McKendrick model without spatial structure, Viorel Barbu et al. established
an observability inequality for the backward adjoint system [17] to get the
exact controllability.

13
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In Chapter 4, we discuss the local exact controllability of (1.1) with time-
biting periodic boundary conditions and nonlocal birth process with respect
to chronological age and biting-time. In Chapter 4, we also get a Carleman’s
inequality for our periodic boundary case.

Let a4 be a finite positive number. From the biological point of view, we

make the following assumptions throughout Chapter 4:
a

(1) 4(a) € Lh((0,a9) and [ u(p)dp = o
(J2) B(a) € L>((0,a1)), there0 exists ag,a; € (0,a;) such that f(a) = 0 a.e.
a € (0,a0) U(a,ay), fla) >0 ae. a€ (ag,ar);
(J3) po(a,x) € L=((0,at) x (0,24)), po(a,z) > 0 and po(a, ) # 0 a.e.(a,x) €
(0,ay) x (0,24).
The following theorem is the main result of Chapter 4.

Theorem 1.6. If |[pg(a, )| L>((0,a)x(0,24)) 8 small enough, then there exists
u(a,t,z) € L*(Qq,) such that the solution of (1.9) satisfies

pla,T,z) =0, a.e.(a,x) € (0,01) x (0,24),
pla,t,z) > —ps(a, z), a.e.(a,t,r) € Qq,-

Chapter 4 is organized as follows. In Section 4.1, we give some preparations
which are important and necessary in what follows. In particular, we get a
Carleman inequality corresponding to our problem with periodic boundary
condition. Section 4.2 focuses on the local exact controllability of (1.1), that
is, we would prove Theorem 1.6 with the help of a system with an ordinary
initial value. In Section 4.3, we present numerical simulations of (1.1).

1.4 Large-time behavior of an age structured
model

In Chapter 5, we adapt our model (1.1) and investigate the dynamics of the
mosquitoes population with the usage of (ITNs) and (IRs). Let u(a,w) > 0
be the natural death-rate of individuals of age a and the matured population

ay
w(t,z) = / p(a,t, z)da.
ao

We set that the (ITNs) and (IRs) are only useful to matured population, that
is, u(a,w) = 0 for a € [0,a9) and u(a,w) = u(w) for a € [ag, at). Therefore,

14



1.4. Large-time behavior of an age structured model

we model the mosquito plasticity problem as the following system

Dp — 62p + playw(t, 2)p = ula, wit, 2)p,  (at.2) € O,
a x4+
p(0,,2) — / "8@) [ Kz s)pla,t, s)dsda, (t,7) € R* x R,
0 r—
p(a,O,x) :po(a,x), ! (a,x) c (O,CLT) x R.

(1.10)
where @ = (0,a;) x RT x R.

Let us recall some history about the single species with age structure re-
searches. Before 1990, many researchers considered diffusion into a time delay
model by simply adding a diffusion term to the corresponding delay ordinary
differential equation model, see Memory [69] and Yoshida [102]. But, in the
nature biology, individuals have not been at the same point in time at previous
times. Thereupon, in 1990, Britton [20] first proposed to address the problem
for a delayed Fisher equation on an infinite domain. More details in Chapter
5.2 will be given to see how we derive our problem into a time-delayed prob-
lem. Since it is so important for an age structure model to derive a reaction
diffusion equation with time delay, more and more researchers have widely
concerned and extensively studied about this problem in the past few years,
see [40, 83, 85, 86].

Meanwhile, as for the reaction diffusion equations with time delay, there
are rich results about local delay and nonlocal delay. For the reaction diffusion
equations with local time delay, the KPP and bistable nonlinear diffusion equa-
tions with a discrete delay were considered by Schaaf [82]. In [97], more general
reaction-diffusion systems with finite delay were studied by using the classical
monotone iteration technique and the sub- and supersolutions method. For
more rich results about the reaction-diffusion equations with discrete delay ,
one can refer to |23, 24, 29, 33, 84| and references cited therein. It is worth
mentioning that the research of Ma and Zou [65] provided a more generalized
method than Chen [23, 24] for a class of discrete reaction-diffusion monostable
equation with delay.

By the practical significance of biology, it is advantageous to consider the
reaction diffusion equations with nonlocal delays. We would like to mention
the work of Britton [19, 20|, since they first attempted to study the perodic
traveling wave solutions in reaction-diffusion equations with nonlocal delays.
Since then, there are many researchers devoted to proving the existence of
traveling wave solutions of these type equations mainly by three methods:
the perturbation theory [1, 40|, the geometric singular perturbation theory
[2, 14, 40, 78|, the monotone iteration method [30, 72, 86, 93, 94]. In fact, the
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posterior results concerning about the existence of traveling wave solutions in
Chapter 5 are due to the monotone iteration method [86, 94].

In Chapter 5, we consider that the bitting behavior of mosquitoes is periodic
with 24 hours a day. It means that we consider the initial value pg(a,z)
satisfying

pola,z +24) = po(a,x),z € R

and the solution p(a,t, x) satisfying
p(a,t,z +24) = p(a,t,z),a € (0,at),t € RT,z € R.

We are interested in how the insecticidal control u(a,w) ( such as ITNs and
IRs) effects the matured population of mosquitoes, that is, the large time
behavior of w(t, z). From the biological point of view, we make the following
hypotheses throughout this paper:

(J1) The death rate p(a,w) > 0 satisfies that

,U(Uw w) _ {Ml(a)v a € [07@0):
pe(a, w), a € [ag, az),

where py(a) € L>(0,aq), pu2(a, w) is continuous with respect to a and w,
pi2(a, w) € Lis (ag, as) for every w > 0 and [J pu(a, w)da = 400 for every
w > 0. As a matter of fact, the natural death population can not exceed
the amount of matured population, that is, 0 < f;ﬁf p(a, w)p(a,t, x)da <
w(t,z). Thus, we assume 0 < fa?u(a,w)p(a,t,w)da < g(w) for some
smooth continuous function g(w).

(J2) The birth rate 5(a) satisfies

8(a) = {0, a € [0, ap),

67 ac [a07aT)a

where [ is a positive constant.
(J3) The insecticidal control u(a,w) < 0 satisfies that

wla,w) = {0, a € [0, ap),

w(w), a € lag, ay),
where u(w) is a C? function in w.
(J4) po(a,x) € L=([0, at] xR), po(a,-) >% 0 for every a € [0, a4] and po(a, z+
24) = po(a, x) for x € R.
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1.4. Large-time behavior of an age structured model

(J5) We assume that sup,>qi(a, w) < p(a) where fi(a) € L§;.([0,at)) and
B(a) is sufficiently large such that [ S(a)e” Jo e dq is sufficiently
large for every w > 0 which can ensure that there are mosquitos sur-
viving forever.

We give some comments about these hypotheses. Notice that in (J1),
the condition [ yu(a, w)da = +oc for every w > 0 ensures a; being the life

expectancy of an individual, that is,
plas,t,z) =0,t e R", 2z €R

(refer to [13]). From Theorem 1.7, the last assumption (J5) implies that if there
is only less insecticidal control, the matured population of mosquitoes will go
to infinity. In biological meaning, (J5) means that the fertility-rate is large
and the natural death-rate is small and then the population will keep growing.
On the other hand, if the insecticidal control is very large, it means that the
total death-rate pu(a, w) +u(a, w) is large and [ B(a)e” Jo (wlpw)tulpw)dp g, ig
small in some sense. Then, the population will be decaying to 0 for large time.
Such threshold can be more clear for some other population models, one can
refer to [7].

Now we state the main results of Chapter 5.

Theorem 1.7. (i) If sup,>¢ [u(w)| is small enough, then one has that
w(t,x) — 400, ast — +oo.
(i) If inf,>o |u(w)| is large enough, then one has that
w(t,x) = 0, ast — +oo.

In fact, a more realistic situation is that the population can not be infinite
large or very small because of the limitation of insecticidal control strategy. It
means that the matured population w(t, x) may reach some balanced states.
In Section 5.2, we will derive a time-delayed model for w(t, x), that is, w(¢, x)
satisfies

wy — 0Aw = /aT(—u(a, w) + u(w))p(a, t, z)da

ao

+Mp /+OO {/77 zQe_ZQw(t —ag, T — 2 — 5)dz| fsa,(s)ds,
' (1.11)
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1. Introduction

fort >0, x € R and

aj
w(s, ) = / po(a + s,x)da, for s € [—ap,0] and = € R. (1.12)
ao
Since 0 < f;f p(a,w)p(a,t,z)da < g(w) by (J1), one has that w(t, x) is gov-
erned by the following sub-equation and super-equation

— 0Aw > — g(w) + u(w)w

+ Mg /+Oo [/n e w(t —ag,x — z — s)dz} f(;ao(s)d(sl, .

and

2

+oo Ui

wy — 0Aw <u(w)w + Mﬁ/ [/ e w(t — ag, v — 2 — s)dz} fsao(8)ds.
NS [

(1.14)

As we announced, the insecticidal control will be enhanced as the popu-
lation of mosquitoes increasing and finally the population of mosquitoes will
reach a balanced state, that is, the death-rate will offset the birth-rate in some
sense. Therefore, we assume that both sub-equation and super-equation can
reach a balanced state, that is,

(H1) there is wy > 0 such that —g(ws) + u(wq)we + M EMiws = 0, —g(w) +
w(w)w + MBMyw > 0 for 0 < w < we, —¢'(wa) + v (wa)wa + u(wsy) +
MpBM,; <0 and g(0) = ¢'(0) = u(0) =0,

(H2) there is w3 > 0 such that u(ws)ws + MSMyws = 0.

Here, M, = [ I 22 dz f54,(s)ds. Since g(w) > 0 for w > 0, it is obvious

that wy < ws.

We then derive the existence of traveling fronts of the sub-equation. In fact,
the traveling front can describe the invasion of one steady state to another. It
implies that the area in which the matured population of mosquitoes is close
to wo will invade the area with less mosquitoes.

Theorem 1.8. Assume that (H1) hold. There ezists a ¢* > 0 such that for
every ¢ > c*, the equation

— 0Aw = — g(w) + u(w)w

—|—Mﬁ/+oo [/n e Fw(t — ag, v — 2z — $)dz| fsa(s)ds (1.15)
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1.4. Large-time behavior of an age structured model

for (t,x) € RT x R, admits a traveling front ¢(x + ct) connecting 0 and w,.

Now, let us come back to the problem (1.11) with (1.12). Notice that
w(s,z+24) = w(s,z) for s € [—ay,0] and = € R since py(a, x + 24) = po(a, x)
for a € [0,a;] and z € R. We assume that the matured population is not large
at the initial time, that is,

w(s,x) <ws, s € [—ap,0], z€R.

Assume further that —g(w) + u(w)w satisfies
(H3) for every v € (0,1), there exist a = a(y) > 0 and o = a(y) > 0 such
that for any 6 € (0,7] and w € [0, wy],

(1=0)(—g(w)+u(w)w) = (=g((1 = )w)+u((1-0)w)(1-)w) < —afuw®.

Theorem 1.9. Assume that (H1), (H2) and (H3) hold. For problem (1.11)
with the initial value (1.12), it holds that for each v € (0, 1), there exist T > 0,
p >0 and o > 0 such that for each € € [0,~], the following functions

w(t,z) > (1 —ece P)p(x + ct + oge™), fort > T,

wy < w(t,z) < ws, ast — +oo.

Theorem 1.9 means that the population of matured mosquitoes will finally
reach a balance between wy and ws.

The rest of Chapter 5 is organized as follows. In Section 5.1, we analyze
the large time behavior of the matured population when the control is small
and when it is large, that is, we prove Theorem 1.7. Section 5.2 is devoted to
the proof of the existence of traveling fronts for the sub-equation and the proof
of Theorem 1.9. In Section 5.3, we present numerical simulations of (1.10).
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Chapter 2

Mathematical analysis of an age
structured problem

In this chapter, we first study the long time behaviour of the mosquito popula-
tion without the intervention of human activities. It implies that in the general
model (1.1), we set u(a,t,z) = 0. Our goal is to find an asymptotic expression
for the mosquito population under no control, that is, Theorem 1.1. From the
asymptotic expression, we can get the existence and nonexistence of the steady
state. Finally, we do numerical simulations for the mosquito population when
there are insecticide-treated bed nets (ITNs). One can see that the usage of
ITNs can lead to a change in the mosquitoes bitting time.

2.1 Preliminaries

In this section, we give some auxiliary lemmas as a preparation for our main
results that will be derived later. In fact, we have to prove that A is an
infinitesimal generator of a Cy-semigroup 7'(t).

At the beginning of this section, we study the following system

( Dp — 0Ap + /L(CL)]? =0, (avtv :L') € Qap
p(a,t,0) = p(a,t,24), (a,t) € (0,a4) x (0,7,
) O.p(a,t,0) = 0.p(a,t, 24) (a,t) € (0,a4) x (0,7, (2.1)
p(0,1,7) c/ Blayp(a,t,x)da, ()€ (0,T) x (0,24)
[ p(a,0,2) = po(a,z), (a,z) € (0,a4) x (0,24),
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2. Mathematical analysis of an age structured problem

where C' can be any constant. Defining the operator F : X — X as:

Fo(a,z) = _8c/)g;, ) 5AG(a, ) — p(a)d(a, z),Yo(a,z) € D(F),  (2.2)

where

D(F) = {é(a, 2)6, Ad € X, $(a,0) = d(a, 24), ,6(a, 0) = D, (a, 24).
6(0,1) = C / ' Ba)é(a, z)da},

we can rewrite (2.1) as

dp(a,t,x)
dt
p(a,0,x) = po(a,x).

= ]Fp(a7 t? x)?

Define an operator
ay "
I :/ CB(a)e e Jo 1P Bagy, (2.3)
0

where the operator B : L*((0,24)) — L*((0,24)) is defined as
Bu(z) = dAu(x),

for u(x) satisfying
{ w(0) = u(24),
u'(0) = u'(24).

Lemma 2.1. The operator F defined by (2.2).

(1) F has a real dominant eigenvalue XO, that s, Xo 15 greater than any real
parts of the eigenvalues of IF.

(2) For the operator F5,0 1 s an eigenvalue with an eigenfunction ¢o(x). Fur-
thermore, v(95,) = 1.

Proof. (1) We denote by (i, ¢;)i>o0 the eigenvalues and the eigenfunctions of
the following problem

9i(0) = ¢;(24),
0:¢i(0) = 0,¢:(24),
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2.1. Preliminaries

where fo ¢?(x)dr =1, 1 > 0, and ¢g(x) > 0 with z € (0,24). It is obvious
that Ay = 0 and ¢q(z) is a fixed positive constant. We also assume that
0= XO < Xl S X2 S

Let F' be the operator in L?(0, ay) defined as

Fo(@) = -2 _(@oa). vo € D(P),
where
D(F) = {6(a)lé, Fé € L*(0,24), / B(a)é(a)dal}.

Let {/):j}jzo be the eigenvalues of F', that is, the solutions of the following
equation

a; N "
1-— C/ B(a)e o= Jo #P)de gy — . (2.4)
0

We assume that /):0 > Re/)zl > Re/)\\z > ..., even if it means re-arrange /):j.

Now, we divide two steps to consider the following equation

(M= F)¢ =1, Vi) € X. (2.5)

Step 1, for any i, j > 0, A + \; # Xj, define
¢(CL, [L’) = Z R(A + Xi» F) <¢(CL, 1’), qb,(l’))(bl(l'),
i=0

where (¢(a, z) fo (a,z)p;(x)dx, R(\,F) = (Al — F)~!, the resol-
vent operator of F F irstly, we prove that ¢(a,x) € X is well defined. Since
F is the infinitesimal generator of a bounded strongly continuous semigroup
from [52], there exist constants M, w > 0 such that

M
||R(>\, F)H S m, for Re) > w.

Recalling that \; — 0o as i — oo, there is a constant N such that Re(A+);) >
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2. Mathematical analysis of an age structured problem

w when ¢ > N. Then, one can compute that

IR + i, F) (0, 03)]?

M= 11

IN

IR0+ R ool + [ ] 3 ol

1=0 i=N-+1

M

IR+ i, F) (@, 60 || + {RB(A ) —

e

I
=)

7

<.

It implies that ¢(a,z) € X is well defined. Secondly, we prove ¢(a,z) is a
solution of (2.5). For any n > 0,

(AL=F) Y RO+ X, F) (@ (a, ), ¢i()) i)

1=0

=Y DR+ X, F)((a,2), ¢i(2))¢i(z) = FRO+ X, F) {1 (a, ), ¢i(@)) ()]

1=0

=Y RO+ X, F)(0(a,2), 6:()) ds(x) = FROA+ X, F)(¢(a, ), ¢(x)) di()

=0

— RO+ X, F){(¥(a, 7), ¢i(2)) 0 Ay ()]
= Z((A + X)L = F)R(A+ X, F)(¥(a, @), ¢i(2)) i(x)

—Z )¢i(x)
—>w(a, x), n— 0.

Since F' and A are both closed operators on X, one can infer that FF is closed.
Hence,

(AL =F)¢ = 1.

That is, ¢(a, x) is a solution of (2.5). Furthermore, it can be shown that ¢ is
the unique solution of (2.5), and thus A € p(F), the resolvent set of F and

ROF) =Y RO+ X, F)(0(a, ), ¢i()) ¢i(x).

1=0
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2.1. Preliminaries

Step 2 for some i, j such that A+ \; = )\], it is easy to check that ¢(a, x) =
e~ (WHAia dﬁqﬁ (z) satisfies (AL — F)¢ = 0, that is, A = A; — A; € o(F). In
partlcular )\0 )\0 — )Xo is the dominant eigenvalue of F, with eigenfunction

‘bio (a, SL’) = e*XO*foa H(P)dp¢0(x)_

It is easy to check that C'¢o(z) is the eigenfunction of the eigenvalue 1 of
J5,, where Xo = Ao — Ao. Let any ¢(z) € L2(0,24) be expanded as

= Z ;¢i()
i=0
Then,

gjxo(lﬁ(il?) = Zai /aT Cﬁ(a)efx)ae* foaﬂ(P)dpeBa¢i(x)da

_ZC“/ C«B —(No+Xi) ag —fou P)dpda¢( )

Since \; > )\ and then XO + N> /)\\0, it follows from (2.4) that
/a CpB(a)e” (Ro+Xs) Ja o= [ 1p)dp g,y < 1.
0

Thus, v(95,) = 1. O

Following the proof of lemma 1 in [42] carefully, we can get the following
lemma:

Lemma 2.2. For any 0 < sg < ay, there ezists a unique mild solution u(s,z),
0 < 7 < ay — sg to the evolution equation on X for any initial function

¢(x) € L*((0,24))

{W = (=n(s0 + ) + Bu(s, z),
'LL(T, -T) = ¢($),

where the operator By is considered to be the Laplace operator with periodic
boundary condition. Define solution operators of the initial value problem by

T(s0,7,8)0(x) = u(s,x),  Vo(z) € L*((0,24)),
then T(so, T, s)p(x) is a family of uniformly linear bounded compact positive
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2. Mathematical analysis of an age structured problem

operators on X and is strongly continuous about 7,s. Furthermore,
r'T(So, T, s) =e 17 M(50+p)dpeIB(3_7_)’

Bs

where €*° is the positive analytic semigroup generated by the operator B.

Proof. Define an operator H,, : C([r,35], L*((0,24))) — C([r,3s], L*((0,24)))
as:

3o (u(s.2)) = 0 Do(a) — [ " B0 (50 + 0 Yu(o, 2)dor

where 0 <5 < a3 — so. Then follow the proof of Lemma 1 in [42] step by step,
we can get our result, so we omit the details here. O

Lemma 2.3. The operator A defined by (1.3) and (1.4) is the infinitesimal
generator of a Cy-semigroup T(t) on the space X.

Proof. First note that a Cy-semigroup 7'(¢) implies that there exists a constant
w and M > 1, so that

IT@t)| < M, vt=>0.

Our strategy here is to apply the generalized Hille-Yoside Theorem (refer to
Theorem 8.2.5 of [101] and Corrollary 3.8 of [75]), that is, to prove: (i) A is
closed and D(A) = X; (ii) for any A > w, A € p(A), and

M
[R"(AA)]| < Do n=123---.

(i) One can compute that

(Ad(a, ), d(a, 7))
(20D | 5A(a, ) ~ pla)ola, ), ola, 2)

aT 24 a; 24 ay 24
/ (bdadx — / / a)¢*dads + 6§ / Apodadx
0

/ / 24—¢dadx—|—(5 / " /0 N Adpdadz
1

<= ¢2(0,x)dx
0

[\]

(2.6)

26



2.1. Preliminaries

Z%/ (/ / K(z,5)6(a, s)dsdx>2dx
<77/24 (/ %(a) ) (/0T /H K2(x,s)¢2(a,s)dads> da

<N / B2(a)dal(a, ), $(a, 7)),

for some constants N > 0, which also implies that A is an m-dissipative oper-
ator when \ € p(A) for all sufficiently large A > 0. In fact, if this claim holds,
A is a closed operator, and combining with the m-dissiptiveness of A, we know
that, for all sufficiently large A\, (A —\I) is dissipative and R(I—(A—AI)) equals
the whole space X. Thus from Theorem 4.6 in [75], it follows that D(A — AI)

is dense in X and so is D(A), since X is a Hilbert space.

(ii) Now, we prove that A\ € p(A) for all sufficiently large A > 0. In order

to do this, we deal with the following equation
(AL —A)p(a,z) = Y(a,z), Yy € X,

that is,

{%é‘;x = O\ﬂLM( )la, 2) +048¢(a,2) + (0, 2),
= fo a f:cxjnn K(:p, S)¢(a7 S)dea'

Let T(0,7,5) = T(7,s) = e~ J- #P)dpB=7) and by Lemma 2.2, one has

oasa) = e T0.0)00,) + [ eXDTE, a0, 0)
0

and

$(0, ) — / / K(z,5)e7*T(0,a)¢(0, s)dsda

/ / K(x,s / e N5, a)ip(6, s)dddsda.

Then define the operator By : L?((0,24)) — L*((0,24)) by

Bole) = [ 5@ [ K(es)e T0,0)0(s)dsda

(2.8)

Here, notice that B,(¢(x)) is nonlocal in x with ¢(z), since the part of the
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2. Mathematical analysis of an age structured problem

operation By on ¢(z) is the integral f;fnn K(x,5)T(0,a)¢(s)ds. This is different
of [22| and [42], whose related operators are local. Therefore, A € p(A) if and
only if 1 € p(B,). Furthermore, it follows from (2.7) and (2.8) that

a; z+n a
0,2) =(I — By K —Ma=0)g(§ 8, s)dddsd
0.0 == 3" [ gt [ KGes) [T a5y,
and

at T+ a
ROV A)0(a,0) = T0.0) (0= B2)" [ 5(a) [ Kl e
0 z—n 0
T(d, a)(0, s)dddsda + / e NIT(S, a)p (6, 2)ds.  (2.9)
0
By the definitions of K(z,s) and T(0,a), we can show that

||B)\H < H /OL]L ﬁ(a)eﬂ\aeff(f#(p)dpeﬂ%ada”,
0

which implies that
lim ||B,| = 0.
A—+00

Hence, for all sufficiently large A > 0, (I — B,) ! exists and is bounded. Thus
1 € p(B,) which is equivalent to A € p(A).
From (2.6) , one can obtain after some computations that

A—w)

This completes the proof. n

2.2 Asymptotic behavior

In this section, we study the asymptotic behavior of solutions of (1.2) by
analyzing the spectrum of the semigroup. It means that we will prove Theorem
1.1.

Now, we state the asymptotic expression which indicates the asymptotic
behavior.

Theorem 2.4. (1) For the eigenvalues of the operator A, there is only one
real eigenvalue Ao which is algebraically simple and is larger than any
real part of the other eigenvalues.
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2.2. Asymptotic behavior

(2) The semigroup T'(t) has the asymptotic expression

x+n

ay
T s = Aot _)‘Oa‘J" 0’ C .
(B)é(a, 2) =e'e™T(0,0)Ci / B(a) /
T(0,a)p(6, s)dddsda + o(e(AO*E)t)

K(x,s) / e~ Ho(@=9)
0

where Cy, = Alin; (A= X)(I—By)"! and € is any positive number such
—A0
that o(A) N{A|Ag — e < ReX < Ao} = Ao holds.
Proof. (1) It will be done in two steps: (i) prove that A has only one real
eigenvalue A\g and )\ is larger than any real part of the other eigenvalues; (ii)

prove that A is algebraically simple by showing T'(t) is compact for ¢ > a;.
(i) Define

]
E={¢e I2(0.24)) / K 9)6(s)ds > Cola)),

where C' > 0 is a sufficiently small constant.
Recall F in (2.3) and denote the restrictions of By, F\ on E by B, Ty
respectively. Then from (2.8) and (2.3),

By > T

Given any nonnegative function ¢(z), ¥(x) € L*([0,24]), both not identical to
zero, then from [9] and [71], (e®%¢, ) > 0 for all @ > 0. From the expression
of By and K(x,s), it follows that

(Brg, 1) > 0, for all real A > 0. (2.10)

Furthermore, if ¢(z) € E, from assumption (J1), (J2) and the expression of
F,, we know that

(Brg, ) > (Frg,v) > 0, for all real X > 0.

From Lemma 2.1, there is a Ao such that 7(J5,) = 1 and 1 is an eigenvalue
of F5, with the eigenfunction ¢o(z). Remembering that ¢o(z) is a positive
constant, it is easy to check that ¢o(z) € E, even if it means reducing C.
Hence,

grxo% = F5,%0 = ¢o,

which implies
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2. Mathematical analysis of an age structured problem

Moreover, since 7(?%) <7(J3,) = 1, one obtains that

1(F5,) =1

Therefore we conclude that

v(Bs,) = v(B5,) = (F5,) =1

On the other hand, limy_, ;. 7(B,) = 0 and hence by continuity there exists
a real Ay such that

’V(BAO) = 1.

Since B, is a compact positive operator, by Krein-Rutman Theorem there
exists a nonnegative ¢,,(x) € L?(0,24) such that

BA0¢A0($) = (b/\o(x); (211)

it means that

U(gko) 7£ .

Since (2.10), the operator B, is semi-nonsupporting. From Theorem 4.3 of
[67], we learn that (B,) is strictly monotone decreasing with respect to real
A. This is equivalent to the uniqueness of the real eigenvalue of operator A.
That is,

o(A) #£ 2.

When A > g and 7(B)) < 7(By,) = 1, (I — B,) ! exists and is positive,
and hence R(A, A) is positive from (2.9). Thus, )\, is larger than any real part
of the other eigenvalues.

(ii) Integrating along the characteristic, we obtain

T(a—t,0,t)po(a—t,z), a>t,
at T+n
7(0,0, a)/ B(a) K(z,s)p(a,t — a, s)dsda, a < t.
0 T

-n

pla,t,xz) =

When ¢ > ay,
T(t)¢(a,z) = T(0,0,a) /OaT B(a) /i ! K(x,s)[T(t — a)ol(a, s)dsda.
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Let ¢,, weakly converge to ¢ in X. By the compactness of T(0,0,a), one has

a; z+n
70.0.0) [ 8a) [ Kla )T~ a)(6, = 0)(a.s)dsdal o

—0, n — +o0.

On the other hand,
at z+n
17(0,0,a) / B(a) / K(z,s)[T(t — a)(dn — @)](a, s)dsda|| r2(j0,24))
0 z—n

at z+n
< 70,0, a)| / B(a) / K (2, $)[T(t - a)(dn — &))(a, s)dsdall 2o
0 z—n
< M||pn, — ¢||L2([0,24])

is bounded. Using the dominant convergence theorem, we get
lim [T()(6, — 6] = 0.

That is, T'(t)¢, converge strongly to T'(t)¢. Thus, T'(t) is compact.

By the results of [25], the semigroup T'(¢) generated by A, is a positive
semigroup and

)\0 = S(A) = WO(A)

where s(A), wo(A) denote the spectral bound of A and the growth bound of
the semigroup 7'(t) respectively. Since T'(t) is compact, it is known from [25]
that

Wess(A) = —o0.

Furthermore, from Theorem 9.10 in [25], it is easy to get that
Ao = {A|ReX = s(A)}.
It means that \g is a pole of the resolvent of R(\, A). Thus,
7(Bxy) =1

is a pole of R(A,B,,). Moreover, by (2.10), one obtains that B,, is a non-
semisupporting operator. Since Theorem 1 in [80], one can obtain that

7(BA0> =1
is an algebraically simple eigenvalue of B),,. This is equivalent of Ay being an
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algebraically simple eigenvalue of A.
(2) From (1), we have that

O'(A) N {/\|/\0 — & S Re) S )\0} = Ao,

and T'(t) is a compact operator. Then from Theorem 5 of [104], there are
constants C' and Tj, such that

|T(t) — T(t)Py || < Ce ™ > T,

where T'(t) is the semigroup generated by A, P,, is the mapping from X to
B,,, and B,, is the eigenvalue space of Ay of A. Furthermore,

T#)p = T(t) Py + o(e""). (2.12)
Since \g is an algebraically simple eigenvalue of A, it is known from [49] that
Py, ¢ = lim (A — X\g)R(\, A)o. (2.13)
)\—>>\0
Combining (2.12) and (2.13),
T(t)p = e lim (A — Ag)R(A, A)p + o(e™* "),
)\4))\0

Then, using the expression (2.9) of R(A, A)g,

at x+n
T(t)¢o(a,x) :eAOte_/\OaT(O,a)CAO/O B(a) / K(z,s)

/ e =T (5 a) (0, s)dddsda
0
+ o(ePo=9),

[

Remark 2.5. Here, we can see that Theorem 1.1 is a direct result of Theorem
2.4, so the proof of Theorem 1.1 is complete.

2.3 Existence of steady states

As for the steady states (1.5) satisfying (1.6), our main result is Theorem 1.2.
In this section, we prove Theorem 1.2 directly according to Theorem 2.4.
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Proof. Firstly, let Ay be as defined in Theorem 2.4. Then, we look for the
steady states (1.5) in the following three cases according to the sign of .

(1) When \g > 0, we argue this case by a contradiction. Assume that
ps(a, x) is a nonnegative solution of (1.5) satisfying (1.6). It is easy to see that
ps(a,x) = p(a,t,x) is also a solution of the following system

( Dp(a,t,x) — §Ap(a,t,z) + p(a)p(a,t,x) =0, (a,t,7) € Qq,,
p(a,t,0) = p(a,t,24), (a,t) € (0,a4) x (0,7,
O.p(a,t,0) = O,p(a,t,24), (a,t) € (0,a3) x (0,7),

a x+n
p0.ta) = [ 80) [ Klooplat s)dsda, (t.0) € (0.T) x (0.29)
0 z—n
| p(a,0,7) = ps(a, z), (a,z) € (0,a4) x (0,24)

Then by a result of Theorem 1.1, one can have the following asymptotic ex-
pression

at z+n
pla,t, ) :ekote_’\oa‘J'(O,a)C,\o/ 5(@)/ K(x,s)
0 z—n
/ eI T (g, a)po(o, s)dsdado + o(eP0~)).
0
Thus,

Ips(as )l 20,00 x 020 = 1 [[p(as 8, )] 12((0,00)x (0,207 = +00,

which is a contradiction. Thus, there is no nonnegative solution of (1.5) satis-
fying (1.6).

(2) When A\ = 0, it means that 0 € o(A). From the definition of A, every
eigenfunction related to 0 and its multiplications by any constant are solutions
of (1.5).

Recalling (2.11) from the proof of Theorem 2.4, there is a nonnegative
function ¢y, (z) € L*(0,24) such that

at z+n
B0 (@) = [ 8la) [ Kes)e 0 T(0.a)6, (s)dsda = b, (o)
0 z—n
By Lemma 2.2, one knows that J(0,a) is a bounded operator on X. Using
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Cauchy-Schwarz inequality, for arbitrary xo € (0,24), one obtains

|60 (%) = Do (0]
/0 | fla) n K(x,5)e”"T(0, a)py, (s)dsda

x—n

at zo+n
_/ B(a) / f((;[o7 S>€—/\oaj~(0’ a)¢AO<S)dea
0 x

0—"n

a z+n
<Ioell=oan /0 T/ K (z,5)T(0,a)¢x(s)dsda
ay xo+7 e
- / / K (20, 5)T(0, )¢z, (s)dsda
0 Jaeo—n

/oaT /:j(K (2, 5) = K(20,5))T(0, a)dxo (s)dsda

<|IB(a)|lLe=(0.a5)

+116(@)l|z=0.ap)

at x+n
/ K(x,$)T(0,a)px, (s)dsda
To—"n

at x+n
+ 1B(a) | 2o 0.a1) / K(xg,$)T(0,a)px,(s)dsda

zo+n
<|B(a)[| Lo 0,0 1K (@, 8) = K(0, 8)|| L2(2—n,2+m)[|T(0, a)Pro (5) || 22((0,04)x (0,20))

1
z+n 2
F1B@ =0 ( / |K<xo,s>|2ds> 170, @) () 200 020

0—"n

1
T+n 2
T 18(@) =0 ( L >|ds> 170, )0 () 200 020

o+n
<C|B(a)|| 0,00 |1 K (2, ) = K (20, 5) || L2(—n,a-+m) | P20 (5) || 22(0,2)

z+n é
T C1B(@) =0 ( [ i) ds) 1620 (5)l| 2020

0—"n

z+n 3
T C1B(@) 10 ( / \K<xo,s>\2ds) 162081220021

o+n
—0, as r — xp.

Thus, ¢, (z) is continuous about x. Then, from the proof of Lemma 2.3, it is
easy to check that

Cb(a? $) = ‘J’(O’ a’)¢)\0 ($)

is an eigenfunction of the eigenvalue A\g = 0 of A. Therefore, the steady states
are
ps(a,x) = cT(0,a)py,(x) > 0, for any constant ¢ > 0.
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By a result of Lemma 2.2, we know that T(0,a) is strongly continuous with
respect to a. Hence, p;(a, z) is continuous about a, z in (0, a4) x (0,24).

Consider smooth function v(a,x) such that
v(a,z) = elo MOy (0. 2) >0, ae (a,z) € (0,a3) x (0,24).

Then, from (1.5), v(a, z) satisfies

Ouv — 6Av =0, (a,z) € (0,a3) x (0,24),
U(a’7 0) = ,U(a7 24)? a G (07 aT)? (2 14)
0,v(a,0) = 0,v(a,24), a€ (0,a4), '

v(0,2) = [ B(a) f;j: K(x,s)e” Jo 1oy (q, s)dsda, = € (0,24).
From the strong maximum principle,
v(a,z) > 0, for(0,a;) x (0,24).

Then,
at x+n “
(0, ) = / 8(a) / K (z, 5)e= 5 10y s)dsda > 0, forz € (0,24).
0 z—n

Assume by contradiction that v attains its minimum 0 at (ag, 0), that is,
v(ap,0) =0, for some ag € (0, az).

Then,
0,v(ap,0) =0, and d,v(ag,0) > 0.

Since v(a, 0) = v(a, 24) for a € (0, at), one has that
v(ag,24) =0, dyv(ag,24) = O0and J,v(ag,24) < 0.
Since 0,v(a,0) = d,v(a,24) for a € (0,a;), we obtain that
0,v(ag, 0) = 0,v(ag,24) = 0.
Since v(a,z) > 0 for (0,a;) x (0,24),
Av(ag, 0) = 0ypv(ag, 0) > 0.

Thus,
(0,v — §AV)(ag,0) <0
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which is a contradiction of the first equation of (2.14). So that,
v(a,0),v(a,24) >0, for a € (0,a4).
By v(0,z) = [ B(a) f;fnn K (x, s)e™ Jo me)doy(q. s)dsda, one also has that
v(0,0),v(0,24) > 0.
Therefore, we can conclude that for any a; < ay,
psla,x) = e~ Jo 1Py (g 2) > 0, ae. in [0,a1] x [0,24]
since foa p(p)dp < oo for a < a;. Finally, there exists py > 0 such that
ps(a,z) > po >0, a.e. (a,z) € (0,a1) x (0,24).
(3) When Ay < 0, it follows from the arguments of (1) that
1ps(a )l z2(0anx 0200 = i [P, )| 22(0,00) (0,207 = 0.

Thus,
ps(a,x) =0 a.e. (a,z) € (0,at) x (0,24).

2.4 Numerical simulations

In the following, we consider the mosquito plasticity with the usage of insecticide-
treated bed nets (ITNs), that is, we consider

;

Dp - 5Aacp + :u(a)p = u(x)p, (aa t,ZE) € QaT;
pla,t,0) = p(a,t,24), (a,t) € (0,a4) x (0,T),
< O:p(a,t,0) = 0.p(a,t,24), (a,t) € (0,a3) x (0,77,
a T+
p0.60) = [ 6a) [ K splatos)dsda, (1.0 € (0.7) x (0.29)
0 r—
| p(a,0,2) = po(a, ), ! (a,z) € (0,a;3) x (0,24)

We provide some numerical simulations to illustrate the interaction between
the solution of (2.15) and the usage of ITNs. We assume that a; = 1, that is,
a € [0,1). We consider system (2.15) with the parameters taking the values as
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2.4. Numerical simulations

follows
§=0.001, n=10.1 B(a)=50e""1 D" and u(a) = 0.5¢>.

We set that the mosquitoes are alive between 21:00 pm and 3:00 am at the
initial time and the mosquitoes reach the bitting peak at 24:00. That is, we

set that
po(a, z) = 0.5¢(0:625(z—12))? ~10(a—0.4)2

We consider that people use ITNs when they sleep from 22:00 pm to 2:00 am,
that is, we set the usage of I'TNs by

25, x € [10,14],
u(z) =
0, else.

Then, in figures 1-3, we plot the solution of (2.15). We can see that the
bitting peak of mosquitoes shifts to the 7:00 pm and 7:00 am.
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t=0

12:00
3:.00

21:00 24:00

0.08 —

12:00
3:.00

: o100 24:00
0.2 1500 18:00 :
0 12:00 :
a X

Figure 1: the solution p(a,t,z) of (2.15) for t = 0 and ¢t = 0.2 with ITNs.
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t=0.4

12:00

3:.00

—

' 21:00 24:00
1500 18:00
0 1200

a X

t=0.6

0.03 —
0.02 —

0.01 —

12:00

. 18:00
6 4a0q 1500

Figure 2: the solution p(a,t,z) of (2.15) for t = 0.4 and ¢ = 0.6 with ITNs.
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t=0.8

0.015 —

0.01

0.005

12:00

0 12:00 15:00

<1073

Figure 3: the solution p(a,t,z) of (2.15) for ¢t = 0.8 and ¢ = 1 with ITNs.
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Chapter 3

Optimal control of an age
structured problem

In this chapter, we set the control term wu(a,t,x), such as ITNs and IRs, is
bounded according to reality that the insecticide strategy can not be used
unlimited. Our goal is to prove that there exist an optimal control u(a,t,x)
such that the insecticidal efficiency is the best. We also give the necessary
optimality conditions.

3.1 Preliminaries

In this section, we study some properties of the following system, which is (1.7)
in general settings,

( Dp—0Ap+ pla,t,z)p = f(a,t,x), (a,t,2) € Qu,,
p(a,t,0) = p(a,t,24), (a,t) € (0,a3) x (0,7,
Oxp(a,t,0) = 0.p(a,t,24), (a,t) € (0,a4) x (0,77,
a x+
p0.00) = [ 6a) [ K splatos)dsda, (1.0 € (0.7) x (0.29)
0 T—
| p(a,0,7) = po(a, ), ! (a,z) € (0,a;) x (0,24),

where (3, po are under the assumptions (J2), (J3), p and f satisfy
ulat, ) € LE(0,ap) x [0,7) % [0,24]), p(a,t,2) > 0 e, in Qu,  (3.2)

fla,t,z) € L2(Qaf), fla,t,r) >0 ae. in Q.

Especially, we prove that there exists a unique solution of system (3.1) and
the comparison principle for system (3.1).
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3. Optimal control of an age structured problem

Before going further, we need an auxiliary lemma, which can be proved by
following the proof of [13, Lemma A2.7|.

Lemma 3.1. For any yo(z) € L*(0,24), g(t,z) € L*((0,T) x (0,24)), there
exists a unique solution

y(t,x) € L*((0,T); H'(0,24)) U L;

loc

((0,7); H*(0,24))

of the following system

y(t,0) = y(t, 24), te(07)
J(1,0) = o/ (¢, 24), t e (0,T),
y(0,z) = yo(x), x € (0,24).

Remark 3.2. [t is known that there exists an orthogonal basis {p;}jen C
L*(0,24) and {\;} CRT, \g =0, \; = +00 as j — +00 such that

—Apj(x) = Njp;(z), in (0,24),
p;(0) = p(24),
£1(0) = )(24),

We can replace the basis in the proof of [13, Lemma A2.7] by our {@;};en and
follow the same proof to get Lemma 3.1.

Let us first deal with the case when p satisfies
(A) IZS LOO(QGJ;)? ﬂ(a,t,.’ﬂ) >0 a.e. In Qay

Lemma 3.3. For any fived f(a,t,z) € L*(Q,,), b(t,xz) € L*((0,T) x (0,24)),
there exists a unique solution py(a,t,z) € L2(QaT) of the following system

( Dp — 6Ap + p(a,t,x)p = f(a,t,2), (a,t,z) € Qa;
p(a,t,0) = p(a,t,24), (a,t) € (0,a:) x (0,7),
O.p(a,t,0) = 0,p(a,t,24), (a,t) € (0,a3) x (0,7, (3.3)
p(0,t,x) = b(t, x), (t,xz) € (0,T) x (0,24),

| p(a,0,2) = po(a, ), (a,z) € (0,a4) x (0,24),

where p is under (A).

Proof. Fix any q(a,t,z) € LQ(QQT), we first prove that the following system
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has a unique solution py4(a,t, x),

;

Dp —5Ap+ pg = f, (a,t,x) € Qay,
p(a,t,0) = p(a,t,24), (a,t) € (0,a4) x (0,77,
dp(a,t,0) = d,p(a,t,24), (a,t) € (0,a;) x (0,T), (3.4)
p(0,t,2) = b(t, x), (t,z) € (0,T) x (0,24),
| p(a,0,7) = po(a, ), (a,z) € (0,a3) x (0,24)

Let S be an arbitrary characteristic line of equation
S = {(ao +s,t0 + 5);5 € (0,)},

where (ag, t9) € {0} x (0,7)U(0,a4) x {0} and (ag+ o, to+a) € {a+} x (0,T)U
(0,a+) x {T'} and define

p(s,x) = plag + s,tg + s,2), (s,x) € (0,a) x (0,24),

@s,x) qlag + s,to + s,2), (s,x) € (0,a) x (0,24), (3.5)
f(s,x) = f(ap+ s,to+ s,2), (s,2) € (0,a) x (0,24), '
a(s,z) = plag + s,to + s,x), (s,x) € (0,a) x (0,24).

According to Lemma 3.1, the following system admits a unique solution

p e L*(0,a); H'(0,24)) N L?1,.((0, a); H*(0, 24)),

(% _Af= [ —Tig, (s,2) € (0,a) x (0,24),
0.0(s,0) = 0,p(s,24), s e (0,a),
p(s,0) = p(s,24), s € (0,a),

- b(te,z), a9=0, x € (0,24),
p(0,7) =
polag, ), to=0, x € (0,24).

\

(3.6)
In fact, multiplying the first equation of system (3.6) by p and integrating on
(0,5) x (0,24), one has

Hﬁ(S)H%%O,M) SHﬁ((DH%?(O,M) +If - /75”%2((0,a)x(0,24))

+ [ IO, s € 0,0l
0
Then by a lemma from Bellman (see in Appendix) we get

Hﬁ(S)H%?(ogzl) < C(llp(o )HL2 (024) T ||f /MJ”L2( (0,0)(0,24)) )e”, Vs € [0,a]. (3.7)
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3. Optimal control of an age structured problem

Now let us denote
Poglao + s, to+s,2) =p(s,z), (s,z) € (0,a) x (0,24)
for any characteristic line S. It follows from Lemma 3.1 and (3.7) that
Pog € L*(S1H'(0,24)) N L%0c(S; H*(0,24))

for almost any characteristic line S, and p; , satisfies

( Dpyg — 0Apyg + p(a, t,z)q = f(a,t,z), (a,t,z) € Qu,,
prgla,t,0) = pyg(a,t, 24), (a,t) € (0,a4) x (0,T),
Oupg(a,t,0) = Ouppg(a,t,24), (a,t) € (0,a;) x (0,T),  (3.8)
pb,q(07t’l‘) = b(t, z), (t,z) € (0, T) x (0,24),

. pb7q(a,0,flf) :pD(aax)> (a,fl?) S (O,GT) (0724).

Now we prove that
pb,q(a’ tv l’) € LQ(QaT)'

It is known that there exists an orthonormal basis {p;}en C L?(0,24) and
{\}CRT, Ao =0, \; = 400 as j — 400 such that

—Ap;(z) = A\jpj(x), in (0,24),

;(0) = ¢(24),
5(0) = ¢;(24).

Then, one has that
fla,t,x) — p(a,t,x)q(a,t, )

= v(a,t)p;(x), in L*(0,24), ae. (a,t) € (0,a;) x (0,T),
7j=1
r) =Y V(t)p;(z), in L*(0,24), ace. t € (0, 7),

= Zpé(a)goj(x), in L*(0,24), a.e. a € (0,ay).

Furthermore, py,(a,t, z) has the following expression
Dogla,t,x) Zpbq a,t)p;(x), in L*(0,24) a.e. (a,t) € (0,a;) x (0,7T).
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By substituting py4(a,t, ) into (3.8), one gets that p{;’q(a,t) satisfies

Dy, + N, =v(a,1), (a,1) € (0,a1) x (0,T),
P (0,1) = (1), te(0,7)
Ph,4(a,0) = py(a), a € (0,a).

One can follow the computation of Lemma 4.1 in Anita [13,p 113 — 114] and
get that pyg(a,t, ) € L*(Qq,) satisfies

||Pb,q||%2(QaT) < eT(||p0||%2((0,a]»)><(0,24)) + ||b||%2((O,T)><(O,24)) +[If = MQH%Z(QQT))-
(3.9)

For an arbitrary q(a,t,z) € L*(Q,,), we have obtained that system (3.4)
has a solution pyg € L*(Qq,). Define pyq(a,t,z) = 1/Apyq(a,t, z) for a suffi-
ciently large constant A. Let us set a mapping II : L*(Qq,) — L*(Qq,) by

1 _
H(Qi<a7 ta l’)) = Xpb,qi<a7 ta l’) - pb,qi(aa t? :E)

Take any two functions ¢, ¢o € LQ(QGT) and then py 41 — Py g2 satisfies

[ D(Pogi — Prg2) — OA (Dot — Dog2) + S —q2) =0, (a,t,7) € Qq,,
(ﬁb,ql - ﬁb,tﬂ)(aa 2 O) = (pb,ql - ﬁb,q2>(aa t, 24)7 (av t) S (07 aT) X (07 T)v
ar(pb,ql - ﬁb,q?)(a’v t? 0) = aw(ﬁb,ql - ﬁb,q2)<a7 t? 24)? (a7 t) S (07 aT) X (07 T)?
(Dbt — Pbg2)(0,t,2) =0, (t,x) € (0,T) x (0,24),

N (pb,ql - pb,q?)(a’ O7I) =0, (CL, l‘) S (07 aT) X (07 24)'

(3.10)
By the result of (3.9), one has

€T

1Db,q1 _pb,tﬂH%?(QaT) < 7(”#((]1 - (12)”%2(@”)), m LZ(QaT)-

Obviously, when 7" is small enough and since A is sufficiently large, py4(a,t, )
is a contraction mapping with respect to ¢(a,t, z). Consequently, there exists
a unique solution py(a,t,z) = Apy(a,t,x) of system (3.3) for sufficient small T'.
However, one can extend T by following previous steps for ¢ € (T',2T"). Thus,
system (3.3) has a unique solution py(a,t,z) € L*(Qa,). O

One can follow the same idea of the proof of |13, Lemma 4.1.2] to get the
following Lemma.

Lemma 3.4. For any by(t,x), by(t,z) € L*((0,T) x (0,24)), 0 < by(t,z) <
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ba(t,x) a.e. in (0,7) x (0,24), one has
0 < py,(a,t,z) < ppy(a,t,z), ae inQ,,

where py, (a,t,x) and py,(a,t,z) are the solutions of system (3.3) under (A)
with by(a,t,z) and be(a,t,x) respectively.

Lemma 3.5. There exists a unique solution p(a,t,x) € LZ(QaT) of system
(3.1) under (A).

Proof. Let us define an operator & : L2((0,T) x (0,24)) — L*((0,T) x (0,24))
by
at x+n
(Tb) (1, 7) = / 5(a) / K(z,)po(a,t, s)dsda, ac. in (0,T) x (0,24).
0 z—n

For any fixed b; € L2((0,T) x (0,24)) (i = 1,2), let py,,py, € L*(Q,) be the
solutions of system (3.1) with by (a, t, ), ba(a, t, ) respectively. Let v(a,t,x) =
o, (a,t,x) — pp,(a,t,z), then v(a,t, z) satisfies

( Dv—6Av+ p(a, t,z)v =0, (at,z)€ Qay
v(a,t,0) =v(a,t,24), (a,t) € (0,a:) x (0,7),
0,v(a,t,0) = 0v(a,t,24), (a,t) € (0,a3) x (0,7, (3.11)
v(0,t,2) = bi(t,x) — bao(t,x), (t,x) € (0,T) x (0,24),

| v(a,0,2) =0, (a,z) € (0,a;3) x (0,24).

Then it follows by the computation of Lemma 4.1 in Anita [13, p 116] that
T 2 LI 2
M\ —At
| e O B apoandt < 5 [ 100 = Ol

2
for any A > 0. Consider L?((0,T)x(0,24)) with the norm ||b|| = <f0 e M|b(t) L2(0 04 dt) :
for any b € L*((0,T) x (0,24)). Then one has

I|1Fb; — ff"l)2||2
Ty [ ok 2
- / | / B(a) / K (2, 5) (0 (0,1, 5) — pr(a, 1, 8))dsdal gy dt
0 0 xr—
a; T !
<c / 8 (a)da / o) a0 020t
c [
=~ / 8(a)dalb, — b,
0
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where C'is an appropriate positive constant related to K(z, s). One can choose
A large such that

A > C’/aT f*(a)da
0

and then ¥ is a contraction mapping on L*((0,T) x (0,24)) with the norm || -||.
This completes the proof. n

From Lemma 3.5, one gets that the operator & is a contraction mapping.
Moreover, combined with Lemma 3.4, one can follow the rest of the proof of
[13, Lemma 4.1.1] to get the following comparison principle for (3.1).

Lemma 3.6. If p;(i € 1,2) are the solutions of the following systems

( Dpz - 6Apz + Mi(a7t7x)pi = fia (a,t,$) S Qap
pi(aat70) = pi<a7t7 24)7 (a7t) S (OaaT) X (O7T)>
< Oxpia,t,0) = dypi(a,t,24), (a,t) € (0,a4) x (0,7,
at xT+n
pi(0,t,x) = / Bi(a) K(z,s)pi(a,t,s)dsda, (t,z)€ (0,T) x (0,24),
0 r—n
| pi(a,0,7) = poia, v), (a,z) € (0,a4) x (0,24),

where p11 > o, fr < fo, b1 < B2, por < po2 and piy, po satisfy (A), then
0< pl(awtal‘) < p2(a7t7x) a.e.in QaT'

By referring to the proof of [13, Theorem 4.1.3, Theorem 4.1.4] for the case
when p(a,t, ) satisfies (3.2), one can define

pN(a,t,z) = min{u(a,t,z), N}, for any N € N*,

and denote py(a,t,z) to be the solution of system (3.1) with uy. Passing to
the limit as N — +oo for py(a,t, ), one can get the solution of system (3.1).
Then by the results of Lemma 3.5 and Lemma 3.6, we can get the following
lemma.

Lemma 3.7. There is a unique solution p(a,t,z) € L*(Qa,) of system (3.1)
with p satisfying (3.2). If p;(i € 1,2) are the solutions of system (3.1) with 1,
fi: Bi, por and pa, fa, Ba, poa respectively (p1, po satisfy (3.2)) and py > po,
J1 < f2, B1 < B2, por < poz2, then

0 <pi(a,t,z) <pafat,x) ae. in Qq.

Remark 3.8. According to Lemma 3.7 , we obtain the result of Theorem 1.3
directly.
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3.2 Existence of an optimal control

In this section, our main job is to obtain the existence of an optimal control
of (1.7) by Mazur’s Theorem, that is, we prove Theorem 1.4.

Proof of Theorem 1.4. Let ¥ : U — R* be defined by
U(u) = / u(a,t,x)p*(a,t, x)dtdzda.
Qay
Then by the definition of u(a,t,x), we have
/ Gi(a,t,x)p(a,t, z)dtdrda < ¥(u) <0,
o

where p(a, t, z) is a solution of system (1.7) withu = 0, p = 0, 8 = [|8(a)|| L (0,a1)
Po = HPOHL‘X’((O,aT)X(O,M)), that is,

4 Dp—(;ApZO, (a,t,%)GQaT,
p(a,t,0) = p(a,t,24), (a,t) € (0,a4) x (0,7,
O:p(a,t,0) = 0.p(a,t,24), (a,t) € (0,a4) x (0,7,
at z+n
p(0,t,x) = / o} K(xz,s)p(a,t,s)dsda, (t,z)¢€ (0,T) x (0,24),
0 r—n
| p(a,0,7) = po, (a,z) € (0,a4) x (0,24).

(3.12)

Thus, we can assume that d = inf,cy U(u), and there exists a sequence {uy} €
U, N € N* such that

V(uy) - d, N — +oo. (3.13)

Since the result of Lemma 3.7, one obtains 0 < p"~(a,t,7) < p(a,t,z) a.e.in Qq,.
Thus there exists a subsequence which still be denoted by {uy} such that

p'N — p*  weakly in LQ(QQT).

Here, let p* satisfy the following system

(

Dp* — §Ap" = u;p*, (a,1,2) € Quy,
pUi(a,t,0) = p*i(a,t,24), (a,t) € (0,a3) x (0,7,
0.p"(a,t,0) = O,p"i(a,t,24), (a,t) € (0,a4) x (0,77,
at T+n
p"(0,t, ) :/ B(a) K(z,s)p“i(a,t,s)dsda, (t,z)€ (0,T) x (0,24),
0 z—n
[ p"(a,0,7) = po, (a,z) € (0,a) x (0,24)
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3.2. Existence of an optimal control

Then, by Mazur’s Theorem, one has that Ve > 0, there exists AN > 0,
ZZZVNH )\gv = 1 such that

kn

lp* = > ANp

i=N+1

L2(Qa1) S g, kN Z N+ 1.

Denote py(a,t,z) = ZQNH MVpti(a,t, ), we obtain

5N — p* in L2(Qaf>‘

Now we consider the sequence {uy } yen+ of controls {u;}. Here uy(a,t,x)

is defined by

”

kn N u; kn
A A ui(a, t, z)pi(a, t, @ _ _
szN—&-l 7 ( )p ( )(G/,t, x)7 Zf z : )\i\fpuz 7£ 0’

k .
N ZZQNH )‘fvpu’ i=N+1
un(a,t,z) =

kn

\ i=N+1

It is easy to check that uy € U. Thus, one learns that there exists a subse-
quence {uy }nen+ such that

uy = u* weakly in LQ(QGT).

Obviously, py(a,t, ) is a solution of

( Dp—6Ap+ p(a)p = ty(a,t,2)p, (a,t,2) € Qu,,
p((l,t,O) :p(avta 24)7 (aat) € (OvaT) X (OaT)7
O.p(a,t,0) = 0.p(a,t,24), (a,t) € (0,a3) x (0,7,
a x4
p0.60) = [ 6a) [ K splatos)dsda, (t.0) € (0.7) x (0.29),
0 r—
| p(a,0,7) = po(a, ), ! (a,z) € (0,a;3) x (0,24)

Passing to the limit in (3.14), we get

(

Dp* — 0Ap* + p(a)p* = u*p*, (a,t,z) € Qq,,
p*(a,t,0) = p*(a,t,24), (a,t) € (0,a3) x (0,7,
0.p*(a,t,0) = 0,p*(a,t,24), (a,t) € (0,a4) x (0,77,
at T+n
p*(0,t, ) :/ B(a) K(z,s)p*(a,t,s)dsda, (t,z)e€ (0,T) x (0,24),
0 z—n
| »"(a,0,7) = po(a, ), (a,z) € (0,a4) x (0,24)



3. Optimal control of an age structured problem

It means that p*(a, t, ) is the solution of system (1.7) corresponding to u*(a, t, z).
By the result of U(uy) — d, as N — +o00, one has

kn kn
DN T(w) = > Md=d.

i=N-+1 i=N+1
Therefore, we have

kn

> AN ()

i=N+1

kn
— Z )\ZN/ ui(a,t, z)p"i(a,t, v)dzdtda

i=N-+1 Qay
= / un(a,t,z)pn(a,t,x)dxdtda
Qo

— u*(a,t, z)p*(a,t,x)dzxdtda
Qa;

=W (u").

Using (3.13) and the last equation, we can conclude that d = W(u*). ]

3.3 Necessary optimality conditions

In this section, our goal is to obtain the necessary optimality conditions of
(OH) which is Theorem 1.5.

Proof of Theorem 1.5. First of all, we can get that system (1.8) has a unique
solution ¢(a,t,z) € LQ(QQT) by the same method as in the proof of the existence
and uniqueness of solutions of system (1.7) in Section 2, so we omit the details
here.

Since (u*, p*) is an optimal pair for (OH), we have

/ wp* dtdeda < / (u* + ev)p® Tdtdxda
Qay Qa;

for any € > 0 small enough, arbitrary v(a,t,z) € L>(Q,,) such that

v(a,t,x) <0, if u*(a,t,x) = g(a,t, x),
v(a,t,x) >0, if u*(a,t,x) =q¢(a,t, x),
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3.3. Necessary optimality conditions

which implies

u*tev _ u*
/ u*z%dtdxda + / vp* Tdtdzda > 0. (3.15)
Qu, Qu;

Let X i
pu +sv(a’ t> :E) - pu (CL> ta 33‘)

)
9

2%(a,t,x) =
y(a,t,x) = ez°(a, t, ),
then y*(a, t, x) satisfies

(

Dy® — 0Ay° + p(a)y® = u'y® + evp* =, (a,t,2) € Qa;
y©(a,t,0) = y°(a,t,24), (a,t) € (0,a4) x (0,7,
0.y (a,t,0) = 0,y°(a, t,24), (a,t) € (0,a4) x (0,7,
at T+n
0.0 = [ B0 [ Ko (atos)dsda, () € (0.7) x (0,24),
0 z—n
[ ¥°(a,0,2) =0, (a,x) € (0,a;) x (0,24)

Multiplying the first equation by y* and integrating on @Q; = (0,a4) x (0,t) x
(0,24), one obtains

t
||y6<t)||%2((0,a4r)><(0,24)) < C/o Hys(é”)H%%(o,af)x(o,m))ds+5 0 w[p* =y |dsdada.
t

Then by the result of Lemma 3.7 and Bellman’s Lemma (see in Appendix), we
get

1= (D)1 Z2((0.0)x (0,2

t
§52/Q |U|2T92dtd$d@+(1+0)/o 19 () 720,00 0,247 45
at

<g2eHON / lv|*pdtdrda
Qu;

where p(a,t,x) is a solution of system (3.12), ¢t € [0,7] and C' is a positive
constant. This implies that

Y — 0 in L=(0,T;L*((0,a;) x (0,24))) as e —07. (3.16)
So the following convergence holds

P =t in L2(0,T5 L2((0, a5) % (0,24))) as e = 0%,
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3. Optimal control of an age structured problem

Recalling the definition of 2°(a, t, x), one has that 2°(a, t, x) satisfies

Dzf — §AZ° + p(a)z® = u*z® + vp? +e, (a,t,x) € Qq,,
2%(a,t,0) = 2%(a,t,24), (a,t) € (0,a3) x (0,7),
0,2%(a,t,0) = 0,2%(a, t,24), (a,t) € (0,a4) x (0,7,
at T+
FOta)= [ B0) [ Koo ot s)dsda, () € 0.T) x (0.20),
0 z—n
| 2°(a,0,2) =0, (a,z) € (0,a4) x (0,24)
Let h®(a,t,x) = z°(a,t,x) — z(a,t,z), where z(a,t,x) is a solution of the

following system

( Dz — Az + pu(a)z = u*z 4+ vp*’, (a,t,z) € Qq,,
2(a,t,0) = z(a,t,24), (a,t) € (0,a3) x (0,7),
0x2(a,t,0) = 0,2(a,t,24), (a,t) € (0,a4) x (0,7,
at x+n
A0.t0) = [ o) [ K atdsde, (t0) € 0.1) x 0.29)
0 z—n
[ 2(a,0,2) =0, (a,z) € (0,a4) x (0,24)

Following the above proof step by step, we can get that

Hhe(t)H%z((o,a”x(oﬂ)) < e(1+c)t/Q [v|?|y* |Pdtdzda.
ot

Using (3.16), one obtains
¥ — 2 in L®(0,T; L*((0,a;) x (0,24))) as ¢ —0".

Passing to the limit in (3.15), it follows

J

for arbitrary v(a,t,r) € L>(Qq,) such that

u*zdtdxda + / vp" dtdrda > 0, (3.17)

a-i- Q(ZT

~—

v(a,t,z) <0, if u*(a,t,x) = w(a,t, x),
v(a, t,z) >0, if u*(a,t,x) = (a,t, x).

Multiplying the first equation of system (1.8) by z(a,t,z) and integrating on
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3.3. Necessary optimality conditions

Qa;, We get

/er

:/ (—u*q —u*) z(a,t, x)dtdzda.
Q

et

(Dq + 0Aq — p(a)q + B(a) /fﬂ+77 K(x,s)q(0,t, s)ds) z(a,t, xz)dtdrda
@

Then by some calculations, one obtains

/ vp“*thdxda:/ u*zdtdzda. (3.18)
Q

at Qa.r

Combining (3.17) with (3.18), we learn that

/ vp" (q + 1)dtdrda > 0, (3.19)
Q

at

for arbitrary v(a,t,x) € L>(Qq,) such that

—~

a,t,x) <0, if u*(a,t,z)=(a,t, x),

v
{ v(a,t,x) >0, if u*(a,t,x) =q(a,t, x).

Now, for any (a,t,z) € Qq., if p* (a,t,2) # 0 holds, we can conclude that

ai(a,t,x), if qa,t,z) > —1,
u*(a,t,x) = _
Gwla,t,z), if g(a,t,x) < —1.

In the rest of this section, we just to consider the set B = {(a,t,z) €
Qa|p* (a,t,z) = 0}. Take any function w(a,t,2) € L®(Q,,) such that
w(a,t,r) # 0 for (a,t,r) € B and w(a,t,z) = 0 for (a,t,r) € Q, — B
and v* +w € U. Let z(a,t,x) = p* % — p*" and then it satisfies

( Dz —6Az+ p(a)z = u(a, t,z)z +wla, t,x)z, (a,t,x) € Qas
z(a,t,0) = z(a,t,24), (a,t) € (0,a4) x (0,7,
Opz(a,t,0) = 0,2(a,t,24), (a,t) € (0,a3) x (0,7),
at z+n
2(0,t,x) = / S(a) K(z,s)z(a,t,s)dsda, (t,z) e (0,T) x (0,24),
0 T—n
[ 2(a,0,2) =0, (a,z) € (0,a3) x (0,24)

By the uniqueness result, one can infer that z(a,t,r) = 0 a.e. in Q,,. This im-
plies that we can change u* in B with arbitrary values in [¢1(a, t, ), s (a, t, z)]
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3. Optimal control of an age structured problem

and the value of the related cost functional of (OH) remains the same. Then
the conclusion is obvious and the proof is complete. O
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Chapter 4

Local exact controllability of an
age structured problem

In this chapter, we investigate the local exact controllability of the mosquito
model. Our goal is to prove and numerically simulate that there exists a control
u(a,t,z) such that the mosquito population whose initial value is close to a
positive steady state can reach the steady state at a finite time.

4.1 Preliminaries

Let us start with some nations. Here 7% € (0, +00), then we define

e (@) _ o2l e 0,247

T —t)

¢(t7 ZE) =

where A\ is an appropriate positive constant and ¢ (x) will be defined in the
following lemma.

In order to derive the Carleman inequality of our problem, we need the
following lemma.

Lemma 4.1. Let wy C w be a nonempty bounded set of (0,24). Then there
exists a function ¢ € C?([0,24]) such that

U(x) # 0,

¥(0) = ¥(24) = 0,
U(0) = ' (24),
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4. Local exact controllability of an age structured problem

[P ()] > >0, Vre (0,24)\ wo, (4.1)
where B 1s a positive constant.

Remark 4.2. To prove Lemma 4.1, we construct a function 1 (x) such that
for any fized wy and (a,b) C wy for 0 < a < b < 24:

(11— erp(—5i 3a+b +VCh), xelo,2%h),

1, T = 3a4+b’

sy | 1T ), e (e
€Tr) =

—1 +exp(2—%), v € [afb, bty

__ 3bta

_17 r = Z_ )
—1+€.flfp< 3b+a + \/C2> <3b:a724]7

\

where Cy = (222)2 and Cy = (24 — 322)2,
Now we check that 1)(x) € C?([0,24]) and it satisfies Lemma 4.1. By some
calculations, one can obtain

$(0) = ¥(24) = 0,
W'(0) = ¥'(24) = 1,

( exp( 3a+b + v 01) - 3a+b z € [0, 3a:—b>’

a 1 3a+b a+b
w’(x) _ — exp(2 — 2(2: 3a+b))(m73aT+b)2’ T € ( { ;?],
—b_—“exp(Z 2(3b+u.a m))(z 31a+b) , T € [aT, Z_a),
exp( 3b+a _'_ V 02) 5a+b x E <3b4+a7 24],

( eq;p( 3a+b —1—\/01)( - 3a+b — ($_2%)3>7 x € [0 3a4+b 7
b

Y
—bTexp(Q Q(zi@))(z(gg_b@)él - (z—@P)’ VS (3(12_ ’aTb]’
a

77[1”(1') = b—a (2 b—a

—efL’p 2(3b+a x))(Z(:c b3¢;l+b)4 - (If%)3)’ xr G [QT—H)) 3b2_ )7
L 633]7( 3b+a + V CQ)( (z— 3a+b)4 + (m_%)s)ﬂ S (3b2—a’24]’
lim ¢"(z)= lim ¢"(z)=0,
$—>3a+b a;_>3a+b+
lim ¢"(z)= lim ¢"(x)=0,
cc—)aT"'b_ x—>“+b+
lim ¢"(x)= lim «¢"(z)=0.
x_>a+3b* T a+3b+
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4.1. Preliminaries

Then it is easy to see that the lemma holds.

Now, let z(t,z),g(t,z) € L*((0,T*) x (0,24)), we consider the following
periodic boundary value problem.

Lemma 4.3. For the solutions of the following problem,

z(t,x) + 0Az(t,x) = g(t,z), (t,z) € (0,T*) x (0,24),
2(t,0) = z(t, 24), t € (0,7%),
0.2(t,0) = 0,2(t, 24), t e (0,7%),

there exist positive C', so such that
T 24 g
/ / —zt —zm + $%¢% 2% + s¢p22)e** dwdt
<C (/ /53¢3z2628"‘dxdt + Hesag\|%2((07T*)X(O,24))) , Vs > s.
0 w
Proof. For convenience, we denote
w(t, ) = e (¢, 1),

Then w(t, z) satisfies

Wy — 504w + Oy — 205N Pw, + 352N (V)2 p*w

— (8sAY") + 05X (V') *p)w = e** Dy (t, ), (4.2)
and
w(T*, z) =w(0,2) =0, z € (0,24).
Define
Liw = 0w,y — sayw + 652N (V) ¢*w, (4.3)
and
Loyw = w; — 288\ pw, — 205\ (V') pw. (4.4)

It follows that (4.2) is equivalent to

Liw + Low = f,(t,z), (t,z) € (0,T*) x (0,24), (4.5)
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where
fo(t, ) = g(t, 2)e’*E® — §sX2 () pw + s\ pw. (4.6)

Taking Lo-norm of (4.5), we obtain

||fs||%2((o,T*)x(o,24)) :||L1w||%2((O,T*)><(O,24)) + ||L2w||%2((O,T*)><(O,24))
+ 2(Liw, Low) 12((0,1+)x (0,24)) - (4.7)

After some calculations, one gets
(Lyw, L2w)L2((o,T*)x(o,24))
T* 24
— / / (8** M (W) P w? + 367N (¢) *pw?) dadt + Xy + Jh,
o Jo
where

T 24
Xy = / / (%sauuﬂ — 052 A2 () 2w + 3075 A () 2" P
0 0

O O T R O e

—82sAH (W) ow? + 208° Ny (V)2 pw® + 67 s\ pw?) dudt,

— 082\

and
-
J1 :/ (5wth — 82 M pw? — 02PN (W) pPw? + §s* Ayl pw?
0
— 262502 (Y 2 pww, + 528A2§((¢')2¢)w2) 2 dt.
T

From the definition of ¢ (z) and z(t,0) = z(t,24), 2,(t,0) = z,(t,24), one gets
that
w(t,0) = w(t,24), w,(t,0) = w,(t,24).

Then, after some calculations, we have

and one can easily prove that

T 24
|X;| < C’/ / ((s°N?¢® + sA*p)w?® + show?)dwdt, s > 1, A > 1,
o Jo
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4.1. Preliminaries

where the constant C' is independent of s and A\. Combining (4.1) with (4.7),
one obtains

Hf8H%2((0,T*)><(0,24))
:HLle%Z((O,T*)X(O,M)) + HL2wH%2((O,T*)x(O,Q4))
T* 24
+2 / / (8°* M (W) P w? + 36% A (¢')* pw?) ddt
o Jo
+2X,

:“Llw||%2((0,T*)><(0,24)) + HL?wH%Q((O,T*)X(O,M))

-
+ 2 / / (8°* M (W) 1 pPw? + 36%s\*(¢)*pw?) dudt
0 wo

-

+2 / / (7$* N (W) Pw? + 362N (V) pw?) dadt
0 [0,24]\wo

+2X;

2||L1w||%2((O,T*)><(O,24)) + ||L2w’|%2((O,T*)><(O,24))
T*
+ 2 / / (62*s* M pPw? + 36232 s\2pw? ) dwdt
0 [0,24]\wo
+ 2X.

Taking A > 0 sufficiently large, by virtue of (4.5) and (4.6), it follows that

T* 24
||L1w||%2((O,T*)><(O,24)) + ||L2w||%2((O,T*)><(O,24)) + /0 /0 (53)\4¢3w2
+ s\2pw?)dxdt
T*
<C (HesagH%2((0’T*)X(0724)) + / / (33)\4¢3w2+s)\2¢w§)d:cdt), Vs > so,
0 wo
(4.8)

where C| 5o are appropriate constants. Then it follows from (4.3), (4.4) and
(4.8) that

T 24 g 1
/ / (—w? + —w?, + s* A w? + s)\2gbwg) dxdt
o Jo 5¢ S

T*
SC (||68ag||%2((0’T*)X(0724)) +/ / (SS/\4¢3U)2 + S)\2¢U)g) dxdt.
0 wo
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4. Local exact controllability of an age structured problem

Recalling w(t, x) = e**®)2(t, 1), then

r 2 ]‘ 3v4 /3.2 2 2sa
2+ NP2 4 s\ 2922 ) e dadt
T*
<C (||€w9||L2( (0,T%)x(0,24)) / / 3/\4¢3 e + 3)\2¢22 QSa)dxdt) )
Vs > So. (49)

Multiplying the equation (4.2) by sA2¢ze***p(x) in ((0,7*) % (0,24)), where
p(z) € C§°(w), p(x) = 1 in wy and integrating by parts with respect to ¢ and

T*
/ / sA\2pzle*  dxdt
0 wo
T*
<C (/ /53)\4¢322€2md$dt + “esagﬂ%2((0,T*)><(0,24))> .
0 w

By using (4.9), we have

x, one gets

T 24 1
/ / o+ SN N 927) e duvdt
T*
<C (/ /33)\4¢3226250¢d1’dt + ||esagH%Q((O’T*)X(O’Q@)) ,Vs > sg.
0 w

This completes the proof. n
According to Lemma 4.3 , we obtain the following estimates directly.

Corollary 4.4. Let z(t,z) be as defined in Lemma 4.3 and recall 1 () which
1s obtained in Lemma 4.1, then there exist positive C, so such that

T* 25a ) ) 83625a ) SeQSa ,
dxdt
/ / ( SAs BT — 05" T = t)Zw> x
3 2sa
< C (/ / 2dl’dt + ||€50‘g||L2( (0,7%) % (0,24)) ) , Vs > S0-

4.2 The optimality system

In this section, we prove our main Theorem 1.6. Before the proof of Theorem
1.6, we first give a lemma which shows some estimates playing an important
role in the proof of Theorem 1.6.
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Let Ty € (0,min{ao, T,a; — a1}), we define the following auxiliary areas
and function:

Dg, = (0,Ty) x (0,24),

H = L>=((0,2Ty) x (0,24)),

Qar, = (0,a1) x (0,2Tp) x (0,24),

G = (0,a;) x (0,Ty) U (0,Tp) x (Tp, 2Ty),

Lo = {To} x (T, 2To) U (To, ay — To) x {To},

and
(a.1.2) e~ 2t 3(Ty — )3, if t <a, (a,t) € G,
SD a’ 737 =
e~ 23Ty —a)®, if a<t, (a,t) €G.
Before going further, we need the following auxiliary lemma.

Lemma 4.5. Let p“(a,t,x) be the solution of the system

(Dp — 6Ap + wu(a)p = mm(a, t)ula,t, z)p, (a,t,z) € Qapy,

p(a,t,0) = p(a,t,24), (a,t) € (0,a4) x (0,27p),
O.p(a,t,0) = 0.p(a,t,24), (a,t) € (0,a4) x (0,27Tp),
p(0,t,x) = b(t, x), (t,x) € (0,275) x (0,24),
| p(a,0,7) = po(a, ), (a,z) € (0,a4) x (0,24),

(4.10)
where b(t,xz) > 0, po(a,x) > 0, m(a,t) is the characteristic of G. Then, the
following optimal control problem

24 1 24
Minimize {/ / olu(a,t,z)p"(a, t, z)|*dvdtda + —/ / Ip" — ps|2d:1:dl}
G Jo € Jry Jo

with w € U, where

U={u€c L*Qp);G(at,v) <ula,t,x) < ((at,r) ae in Qo)

and (1, (3 € L™, has an optimal pair (u*,p*).
Proof. Let

24 1 24
W (u) ;:// gp|u(a,t,x)p“(a,t,x)|2dxdtda+—// Ip" — poPdadL.
G Jo € Jrg Jo

Since u € U and by the comparison principle for (4.10) (which can be referred
to |62, Lemma 2.7]), one has that 0 < p“(a,t,z) < p*2(a,t,x) in Qor,. Then,
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4. Local exact controllability of an age structured problem

there is d > 0 such that
d = inf U(u).

uelU

Thus, there is a sequence {u; };cnr C U such that

1
d<V¥(u) <d+ - and ¥(u;) = d.
i

By similar arguments as the proof of [62, Theorem 1.2|, there exist uy and
pn such that

kn
Z M ui(a,t,z)p" (a,t,z) = un(a, t, 2)pn(a, t, ),
N+1
where Z’;NH AY =1 and there exist u*, p* such that
uy — u* weakly in LQ(QQTO),

py — p"in L2(Q2TO)-

Thus, one has that

kn kn 24
Z MW (uy) = Z )\fv/ / olui(a,t, z)p;i(a, t, r)|*drdtda
aJo

N+1 N+1
kn 1 24
+ )\ZN—/ / Ipi — ps|*daxdl
24 kn
2// go|Z)\fvui(a,t,a:)pi(a,t,a:)|2dadtda:
G0 N+1
1 24 kn
+ —/ / | MV pi — po|*dadl
€ Jro Jo ]%:1

24
= / / elun(a,t, z)pn(a,t, z)*dzdtda
G JO

1 24
+ —/ / PN — ps|*dadl
€ Jry Jo

24
—>// olu*(a,t,z)p*(a,t,r)|*drdtda
aJo

1 24
+ —/ / Ip* —ps|2d:vdl.
€ Jry Jo
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4.2. The optimality system

Since ¥ (u;) — d = inf,cp ¥(u), we have that

24 1 24
/ / olu*(a,t, z)p*(a,t, r)|*drdtda + —/ / Ip* — ps|*dxdl = d.
G Jo € Jro Jo

This completes the proof. n

Let b(t,z) € H and ||b|| Lo ((0,21)x(0,24)) be small enough.

Lemma 4.6. For the following system

a,t,z) € Qary,

€ (0,a4) x (0,2Ty),

€ (0,a4) x (0,2Ty),

€ (0,2T) x (0,24),

€ (0,a4) x (0,24),
(4.11)

where m(a,t) is the characteristic of G, there exists a solution p*(a,t,x) which

(Dp — 60p + p(a)p = min(a, tula, t,2)(p +ps), (a,t
p(a,t,0) = p(a,t,24), (a,t)
O.p(a,t,0) = 0.pla,t,24), (a,t)
p(0,t,x) = b(t, z), (t, )
(pa,0,x) =Py(a, z), (

t,x

a,x)

satisfies

p“(a,t,x) =0, a.e. (a,t,x) €Ty x(0,24),
1Pl 2 (@ary) < CUIP0ll L= ((0,01) % (0,20)) + [l o0 ((0.01)x (0,240))

where C'is an appropriate constant.

Proof. First of all, for any e, we consider the optimal control problem related
to (4.11),

24 1 24
Minimize {/ / olu(a, t,z)(p + ps)|*drdtda + —/ / |p|2d:1:dl} . (4.12)
G Jo € Jro Jo

U, (u) denote the value of the cost function in w. Since the cost function
U_(u) : L*(Qar,) — R is continuous and

lim U (u) = 400,

N

then it follows that u(a,t,x) is bounded. Then by the result of lemma 4.5,
we obtain that there exists at least one minimum point for ¥.. Furthermore,
there is an optimal pair (u.(a,t, ), p-(a,t, z)) for (4.12), which satisfies (4.11),
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4. Local exact controllability of an age structured problem

that is,
poE — 0Ap. + p(a)p. = m(z)m(a, t)u.(p- + ps), (a,t,z) € Qory,
pe(a,1,0) = pa(a,1,24), (a,1) € (0,ay) x (0,2T0),
Oxpe(a,t,0) = 0,p:(a,t,24), (a,t) € (0,a3) x (0,2Tp),
p:(0,t,z) = b(t, x), (t,x) € (0,2T5) x (0,24),
| p=(a,0,2) =Dy(a, v), (a,x) € (0,a;3) x (0,24).

(4.13)
Now we consider the Euler-Lagrange Equation related to (4.11) and define

// o|(ue + Tt(a, t,2))(pr + ps)|*drdtda + = / / ;| dxdl,
To
(4.14)

where 7 is an arbitrary constant, u(a,t,z) € L*([0, a4] x [0,2T] x [0,24]) is an
arbitrary function and p,(a,t, ) satisfies

p

Dp, — 6Ap, + p(a)p, = m(z)m(u. + 70)(pr + ps), (a,t,2) € Qary,
pr(a,t,0) = p.(a,t,24), (a,t) € (0,a4) x (0,27Tp),
Oxp-(a,t,0) = 0.p-(a,t,24), (a,t) € (0,a4) x (0,27p),
p-(0,t,2) = b(t, x), (t,x) € (0,27p) x (0,24),
| p-(a,0,7) =Ppy(a, ), (a,z) € (0,a4) x (0,24).
(4.15)
Note that

pe(a,t,x) = lgr(l)pf(a, t,x).

According to (4.13) and (4.15), we obtain

erT;ps 5ApT e 4 yy(q) Bt ps _ m(:l:)ﬁlugl% + m(z)mu(p, + ps),
PP (g, ,0) = %(a,tﬂ),

OpP=== (a, t,0) = 0,222 (a, t, 24),

brPer(0,t,2) = 0,

b=tz (a,0,z) = 0,

\

where a € (0,a4),t € (0,275), 2 € (0,24). Then defining

z(a,t,z) = lir%pT pa
T—r T

(4.16)
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4.2. The optimality system

it is easy to verify that z(a,t, x) satisfies

(D2 — 6Az + pla)z = mmue.z + mmu(p: + ps), (a,t,z) € Qaory,

z(a,t,0) = z(a,t,24), (a,t) € (0,a4) x (0,27p),
0.2(a,t,0) = 0,2(a,t,24), (a,t) € (0,a4) x (0,27Tp),
2(0,t,z) =0, (t,x) € (0,2T5) x (0,24),
[ 2(a,0,2) =0, (a,z) € (0,a4) x (0,24).

(4.17)
Here, recalling (4.14), (4.16) and deriving I(7) with respect to 7 at 7 = 0, one

24
// o(u(a,t,x))*(p. —i—ps)hm

24
+ 2/ / ouc(a,t,z)u(a,t,r)(p. + ps)*drdtda

// pgllm pfd dl
o

24
=2 / / o(uc(a,t,z))*(p: + ps)z(a, t, x)dzdtda
G JO

has

Pz qwdtda

24
+ 2/ / ouc(a,t, x)u(a,t,r)(p. + ps)>drdtda
G
2 ’ 24
+ —/ / pez(a,t, z)dzdl.
€ Jry Jo
Let g.(a,t,x) € Qar, satisfying:
¢-(a,t,x) = p(a,t, z)u(a, t, z)(p(a,t,x) + ps(a, x)).
Then, one gets:
24
:2/ / q:(a,t, z)m(z)m(a,t)u.(a,t, x)z(a,t, r)dzdtda
G
Sy
+2// ¢-(a, t, x)m(x)m(a, t)u(a, t, r)(p. + ps)dzdtda
G Jo

2 24
—/ / pez(a,t, x)dzdl
o

24
49 / / (1 = m(@)(a, £))puc(pe + ps)(ucz + Alp. + p,))drdtda.
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4. Local exact controllability of an age structured problem

By the first equation of (4.17), it follows after some calculations:
24
I'(0) :2/ / z(a,t,x)(—Dg. — 6Aq. + p(a)q.)dxdtda
aJo
- 2/ d(q:(a,t,24)0,2(a,t,24) — g-(a,t,0)0,2(a, t,0))dtda
e
+ 2/ d(z(a,t,24)0,q-(a,t,24) — z(a,t,0)0.q:(a, t,0))dtda
Y 1
+ 2/ / z(a,t,x)(q:(a,t, ) + —p(a,t, z))dzdl
o Jo €
24
+ 2/ / z(a,t,x)q:(a,t, z)dzda
m\ro Jo
24
+ 2/ / (1 —m(x)m(a,t))pu:(pe + ps)(uez + u(p: + ps))dzdtda.
aJo

Since z(a,t,x) and u(a,t,z) are arbitrary, we can get that g.(a,t,x) is the
solution of

(Dq(a,t,x) + 0Aq(a,t,x) — p(a)g(a,t,x) =0, (a,t,x) € G x (0,24),
q(a,t,0) =q(a,t,24), (a,t) € G,

0:q(a,t,0) = 0,q(a,t,24), (a,t) € G,

q(a,t,z) =0, (a,t,x) € (I'\ Ty) x (0,24),
Lq(a,t,z) = —%pe(a,t,m), (a,t,z) € Ty x (0,24),

(4.18)
where I' = (0, Tp) x {270} U {a;:} x (0,7p) ULy U (ay — Ty, a3) x {Tp} and

(1 = m(z)m(a, t))pue(p: + ps) = 0.
Thus one can get u.(a,t,z) and p.(a,t,x) satisfy
ue(pe + ps(a, z)) = m(x)m(a, t)g.o (a,t, 1), a.e.(a,t,z) € Qop,.  (4.19)

Multiplying the first equation in (4.18) by p. and integrating on Qar,, we
obtain

1 24
/ / ol )| 0) p(,1,2) + pia, 2)) P + / / ip.(a,t, )P dadl
GJw r 0
Ty 24 ai—Ty 24 ’
—— [ [ oo~ [T [ pane0.0dsda
0 0 0 0
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4.2. The optimality system

Now, define
(U.(t, ) =u.(y+t,0+t,2), (t,x)€ (0,Ty) x (0,24),
Pt 0) = pe(y - 4,0+ 7), (4a) € (0,Ty) x (0,24),
ps(t,z) = ps(y + ¢, ), (t,x) € (0,Tp) x (0,24), (4.20)
() =q(y+t,0+tx), (t,z) € (0,Ty) x (0,24),
LA(t) = ply +1), t € (0,1p).

And, let S be an arbitrary characteristic line of equation
S = {(7 + tv 0 + t),t € (Oa TO)}? (7? 9) € (07 ay — TO) X {0} U {O} X (07T0)

Then combining (4.11) with (4.20), we learn that (u.(¢,z), p-(t, z)) satisfies

'ﬁet - 5Aﬁ€ + ﬁ(t)ﬁe = m<x>ﬂ€(t7 fL’) (ﬁs +ﬁs>7 (ta l’) € (07 TO) X (07 24)7
Pe(t,0) = p=(t,24), t € (0,Tp),

axf)/s(t? 0) = 8xﬁ€<t7 24)7 te (07 T0)7

_ bB,z), =0, xe€(0,24),

p5<0,$) = {

Po(v.z), =0, x€(0,24).

\

(4.21)
Furthermore, according to (4.19) and the definition of ¢(a,t,x), one has

_ era(t,m)

a&(t ZL’)(@ +ﬁ8) = m(x)q.et:;(

BT 1 a.e. (t,z) € (0,Tp) x (0,24), (4.22)

where ¢ is the solution of

Qt(t, ) + 0AG(t, x) = u(t)g=(t, ), (t,z) € (0,Tp) x (0,24),

G.(t,0) = q.(t, 24), t e (0,Ty),
q(~) q(~) € (0,Tp) .23)
0:G=(t,0) = 0,q:(t,24), te (0,Ty),
q-(To, z) = —1p.(Tp, x), x € (0,24).

Multiplying the first equation in (4.23) by p.(, ) and integrating on Dr,,

T 1 24
/ / e—QSa(t,x)tB(TO - t)3|a€(t’ :L‘) (ﬁa + 'p’s)|2dmdt + g / |56(T0, $)|2d$
0 w 0

— _/02 (0, 2)3.(0, z)da. (4.24)
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4. Local exact controllability of an age structured problem

2/3
C([0,a+=To])/>

t(TO _ t>625a 5362504 - 5625a - )
20 VC (G4 AL 24 2 ) dudt
/DTO ( (@ 1820 + BT — 6P T KT — 1)

To 3 2sa 2
<c(/ /ﬁ ot + [ g Edadt
To

To 3 25a
< C’/ /t3 3q€dasdt, (4.25)

where ¢.; and ¢, are defined by the following equations respectively,

Then, applying Corollary 4.4, for s > max(sq, C/||| ), we obtain

. oq
Q6t_at’
__a
EXT 637'

On the other hand, multiplying the first equation in (4.23) by ¢.(¢, x), we
obtain

1d

4 24 24
- = ¢ (t,x)dr — 5/ a2, (t, v)dx — / ()@ (t, z)dx = 0,
2 dt ; ;

d 24
T (t,z)dx >0, ae. t € (0,Tp).
0

Then after some calculations, one gets

24 > To 24 era -
(0, z)dx < C/ / ———=q-(t, z)dxdt.
[ eoasc [7 [ it

By the result of (4.25), we have

24,\2 To e2sa -
dx < ————q-(t, x)dxdt. 4.2
| #onwzc [ [ it (4.26)

Using Young’s inequality, (4.22), (4.24) and (4.26), we obtain

T 1 24
/ / e Ty — )i (t, 7) (Be + 5) PPdadt + — / Pe(To, ) *de
0 w 0

< Cl|p(0, 37)”%2((0,24))- (4.27)
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4.2. The optimality system

Then combining (4.25) with (4.27), we get

t(T() _ t>62sa - U 83625a - 862301 - )
———— (& + |Ag]") + q + @2, | dxdt
/DTO ( s (@ +1A%T) t3(To — t)° t(To —t)

< CHﬁe(Oax)H%?(O,M)‘

As a consequence,

‘We||?/V21’2((0,T0)x(0,24)) < CHﬁe(()a x)||%2(0,24)7

2sa

V(t,z) = 5=(t, ), (t,x) € (0,Tp) x (0,24).

Pty =07
Then according to the standard theory, we know that

Wy ((0,T) x (0,24)) € L=((0,To) x (0,24)),
and for any € > 0, we may infer that

101200 (010 x (0.247) < ClIP=(0, )1 Z20.24 - (4.28)

The last estimate and the existence theory of parabolic boundary value
problems in L" (see [54]) imply that on a subsequence we have that

Ve(t,z) = v(t,x)  weakly in L*((0,Tp) x (0,24))
pe(t,x) — pU(t,r)  weakly in L>=((0,Ty) x (0,24)),

where (0(t,z),p%(t,x)) satisfies

(57 — 6AF + ip = m()7, (t,z) € (0,Ty) x (0,24),
PU(t,0) = p(t,24), te(0,Ty),
0.p"(t,0) = 0,p°(t,24), te (0,Ty),

5 b(0,z), =0, z€(0,24),
pv(o,x) =9 _
\ Do(v,x), 6=0, z€(0,24),

P(Ty,z) =0 ae. z€(0,24). (4.29)

We claim that there exists a positive constant c; such that
ﬁe(t,l‘) +ﬁs<t7x) >c5 > 07 (t,l’) < (OvTO) X (07 24)7
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4. Local exact controllability of an age structured problem

which will be proved in the last part of the proof. Since
Ue(t, ) (Pe(t, @) + ps(t, ) = m(x)ve(t, z),
we have that
us(t,z) — u(t,x)  weakly in L7 ((0,75) x (0,24)),

where (u(t, z), p%(t, r)) satisfies (4.21) and

it ) = — m(x)v(t, x)

Po(t,x) + ps(t, @)’ (t,x) € (0,Tp) x (0,24).

From the uniqueness of the solution of (4.21), we known that
p'(t,x) =p"(t,2), (t,2) € (0,To) x (0,24).
Furthermore, according to (4.21) and (4.29), we get

' (To,z) =0 a.e. z € (0,24),

||ﬁﬂ”%°°((0,To)><(0,24)) < C(lIp-(0, 5’5)”%00(0,24) + Hm(fcm&w((o%)x(o,24)))~

Then recalling (4.28), one has
12" 17 ((0.170)x (0.247) < ClIP=(0, ) 1300 0,20)-

For (u(a,t,z),p%(a,t,z)) given by (, p%) on each characteristic line, we get
u(a,t,x) € L*((0,a;) x (0,2Tp) x (0,24)),

and p* is the solution of (4.11) satisfying

p“(a,t,x) =0, a.e. (a,t,z) €Ty x (0,24),
1P" [l 220 (@ary) < CIPoll oo ((0,01)x (0,24)) + [l 200 ((0,270) % (0,24)) ) - (4.30)

Now, we prove that there exists a positive constant c5 such that
Pt 2) + Bt 3) > ¢5 > 0 for (t,2) € (0,Ty) x (0, 24).
Let p*(t,x) = p:(t,x) + ps(t, ) and recall that p. satisfies (4.21), one has that
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4.2. The optimality system

p*(t, x) satisfies

(0" — 0O + fi(t)p" = m(@)ip*,  (t,7) € (0,Tp) x (0,24),

p*(t,0) = p*(t,24), te (0,Ty),

Oup*(t,0) = O,p*(t,24), t e (0,Tp), (4.31)
b(0,z) + ps(0,7), =0, x€(0,24),

p*(0,z) = {

X

Po(v,x) + ps(y,x), =0, x€(0,24).
Therefore, our main goal is equivalent to prove that
p*(t,z) >0, (t,x) € [0,Ty] x [0, 24]
by two steps.
Step one, we prove
p*(t,x) >0 for (t,x) € (0,Tp) x (0,24).

Firstly, when v = 0, p*(0,z) = b(f,z) + ps(0,z). Since ps > py > 0 and
16/ oo ((0,270) x (0,24)) 15 small enough, one knows that there exists a constant ¢
such that

p*(0,z) > ¢ > 0.

Secondly, when 6 = 0, p*(0,z) = Py(7y,x) + ps(7,x). Since ps > po > 0 and
|Po(@, ) || Lo ((0,a1)x (0,24)) 18 small enough, we obtain that there exists a constant
c9 such that

p*(0,2) > ¢y > 0.

According to these, we learn that there exists a constant c3 such that
p*(0,2) > c3 > 0.
By the strong maximum principle, it implies that

p*(t,xz) >0, (t,x) € (0,Tp) x (0,24).

Step two, we prove p*(t,z) > 0 in the following four cases where the vari-
ables (t,z) are on the boundary of (0,7p) x (0,24). By the strong maxi-
mum principle, we have that p*(¢,z) can reach the minimum at the boundary
of (0,75) x (0,24). Case 1, if p*(t,x) attains its minimum at (0,x;), then
p*(t,z) > p*(0,z1). Since step one, one knows p*(0,x) > c3 > 0 for = € (0,24).
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4. Local exact controllability of an age structured problem

Thus,

p*(t,x) > 0.
Case 2, if p*(t,z) attains its minimum at (75, x2), then p*(¢,z) > p*(To, z2).
Since p.(t,r) — p°(t,x) weakly in L>®((0,Ty) x (0,24)) and p°(Ty,z) =
0 a.e. x € (0,24), one has that p.(7p,2) — 0 and there exists a constant
¢4 such that p*(Ty, x) > ¢4 > 0. Thus,

p*(t,x) > 0.

Case 3, if p*(t, ) attains its minimum at (¢;,0), then p*(¢,z) > p*(¢1,0). We
assume by contradiction that p*(¢1,0) = 0. Then, it follows from the strong
maximum principle that d,p*(t1,24) < 0. By the third equation of (4.31), we
obtain that d,p*(t1,0) < 0 which contradicts the minimum of p*(¢, x) at (¢1,0).
Thus,

p*(t,xz) > p*(t1,0) > 0.

Case 4, if p*(t,x) attains its minimum at (¢o,24), then p*(¢,z) > p*(tq, 24).
By our periodic boundary condition, we have p*(ts,24) = p*(t2,0). It follows
from case 3 that

p*(t,xz) > p*(t2,0) > 0.

This completes the proof. n

In what follows, we are ready to prove our null exact controllability result.
That is to say, we prove Theorem 1.6.

Proof of Theorem 1.6. For any b(t,z) € H, we denote

O(b) = {/OaT B(a) /;J:] K(z,s)p“(a,t, s)dsda} C L*((0,2Ty) x (0,24)),

where u(a,t,z) € L*((0,at) x (0,2Tp) x (0,24)), p* is the solution of (4.11)
satisfying (4.30) and p*“(a,t,z) = 0, a.e. (a,t,x) € 'y x (0,24). There exists an
element in ®(b) which does not depend on b, and we divide it into two cases
as follows:

o If t > T, then

at T+n
/ B(a)/ K(z,s)p“(a,t, s)dsda = 0.
0 z—n
This is because f(a) = 0, a.e. a € (0,Tp) and p*(a, Ty, x) = 0, for a > Tp.
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o If t <Tj, then

at z+n a;—To z+n
B K(z,s)p“dsda = 8 K(z, s)p“dsda.
/o (a) Ln (z, s)p“dsda / (a) /xn (x,s)p“dsda

To

Thus, this depends only on py and not on b. We also have that

p“(a,2Th,z) =0, ae. € (0,a4) x (0,24),

ay=Ty z+n
/ ﬁ(a)/ K(z,s)p"(a,t,s)dsda < C||B||Lo(0,01) * [1Poll > ((0,05)x (0,24))-
z—7

To
(4.32)
So, for any u(a,t,x) as above we can take
ot 2) 0, a.e. (t,x) € (Ty, 2Tp) % (0,24)
) = a T
Jot Ba) [T K (x, 5)p"(a, 1, s)dsda, ae. (t,x) € (0,Tp) x (0,24)

a fixed point of the multi-valued function ®. By (4.30) and (4.32) we have

||pu||L°°(Q2TO) < OH];O”LO"(OAT)'

Thus, if ||pol|(0,a;) 15 small enough, there exists u(a,t,z) € L*((0,a;) X
(0,2Tp) x (0,24)) and p(a,t,z), such that the solution of (1.9) satisfies

p(a,2Tp,2) =0 ae. (a,z) € (0,a;) x (0,24),
Pl (@ory) < CliPoll=(0.ar) < po0

and in conclusion
p((l,t,l‘) Z —pPo, a.€. (aﬂt?x) € Q2TO'

Hence,
pla,t,x) > —ps(a,x), ae. (a,t,z) € Qar,.

Therefore, we conclude the controllability of (1.1). O

4.3 Numerical simulations

In the following, we provide some numerical simulations to illustrate the local
exact controllability of (1.10). We rescale the bitting time variable x € [0, 24]
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4. Local exact controllability of an age structured problem

intro x € [0,1] and we assume that a; = 1, that is, a € [0,1). We consider
system (1.10) with the parameters taking the values as follows

d =0.001, n=0.1, B(a) = 3ce™01@=04 and p(a) = 0.5e*4,

where c is a constant to be given.
We suppose that p,(a, ) = e~ Jo #(5)95 i5 a steady solution. It implies that

at z+n
1= / B(a)/ K(xz, s)ps(a, s)dsda.
0 z—n
By numerical computation, we can get that
c =~ 15.314.

Then, ps(a, z) is a steady solution of (1.10), as shown in figure 4.

Figure 4: the steady solution p,(a, x) = e~ Jo #(s)ds,

Now, we set that
po(a, ) = ps(a, z) + 0.5¢ **sin(27z) and u(a,t,x) = 0.

In following figures 5 and 6, we plot the solution of (1.10) without control,
that is, u(a,t,z) = 0. We can see that the solution can not converge to the
steady solution.
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4.3. Numerical simulations

=0

Figure 5: the solution p(a,t,z) for t = 0 and ¢ = 0.25 under no control.
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t=0.5

0.8 —

a 0.6 —

0.4 =

0.2

07

Figure 6: the solution p(a,t,z) for t = 0.5 and ¢ = 1 under no control.
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4.3. Numerical simulations

By comparison, we set that
m(z) = 1 for v € [0,1] and u(a,t,z) = 1.2¢~* sin(27z).

In the following figures 7 and 8, we plot the solution of (1.10) under control
u(a,t,z). We can see that the solution converges to the steady solution.
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4. Local exact controllability of an age structured problem

=0

Figure 7: the solution p(a,t,z) for ¢ = 0 and ¢ = 0.25 under control.
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4.3. Numerical simulations

t=0.5

0.8 —

0.6 —

0.4 —

0.2

0.8 —

0.4 =

0.2 1

0.5

Figure 8: the solution p(a,t,z) for ¢ = 0.5 and ¢ = 1 under control.
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Chapter 5

Large-time behavior of an age
structured model

In this chapter, we set that the insecticide strategy such as ITNs and IRs
is only useful for matured mosquitoes according to reality. Our goal is to
investigate the long time behaviour of the matured population of mosquitoes
under different kinds of control u(a,t,x). We deduce a time-delayed model
for the matured population which also has its own interest. At last, we do
numerical simulations for this problem.

5.1 Proof of Theorem 1.7

In this section, our main job is to study the behavior of the matured mosquitos
population when the control |u(w)]| is small enough and large enough.

Let us start with the following assumptions:
a

(A1) (@) € L (0.00), [ w7 (p)dp < oo, where a < ar and J§" (p)dp =
+00; ’
(A2) f*(a) € L=((0,at)), mes{ala € [0,a4], B*(a) > 0} > 0;
(A3) pila,x) € L=((0,a1) x (0,24)), py(a, z) = 0.
Now, we first consider the following system

( Dg— 0Aq + p*(a)g =0, a,t,7) € Quy,
q(a,t,0) = (a t 24) a,t) € (0,a;) x RT,
t

(a1,
(a,t) €
0:q(a,t,0) = 0.q(a, t, 24) (a,t) € (0,a4) x RT, (5.1)
q(0,t,x) C/ B*(a)q(a,t,x)da, (t,x) € RT x (0,24),
(

\ (CL 0 l’) p(] a I) a,x) <07QT> X (0724)7
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5. Large-time behavior of an age structured model

where Q,, = (0,a;) x R* x (0,24) and C' is a positive constant. Define the
operator F: X — X as:

Fo(a,z) = —8‘755;;’ ) SAG(a,z) — 1 (a)d(a, x),Yo(a,z) € D(F), (5.2)

where

D(F) = {¢(a7 :L‘)’(ﬁ, Ag € X, (b(aa O) = ¢(a7 24)7 ax(b(a? O) = ax(b(a? 24)a
00.0)=C [ 5" (a)oa.a)dal.

Then, we can write (5.1) as

dq(a,t,x)
dt
q(a,0,z) = p;(a, ).

= ]FQ(a/7 t? x)’

Define an operator

a-i- P
F\ = / CB*(a)e e~ Jom (P)p Ba g
0

where the operator B : L2((0,24)) — L?((0,24)) is defined as
Bu(z) = dAu(x),

for u(x) satisfying
{ w(0) = u(24),
u'(0) = u'(24).

From [61, Lemma 2.1], one has the following lemma directly.

Lemma 5.1. The operator F defined by (5.2).

(1) The operator F has a real dominant eigenvalue Xo, that s, Xo 1S greater
than any real part of the eigenvalues of .

(2) For the operator 35, 1 is an eigenvalue with the eigenfunction ¢o(z).
Furthermore, v(F5,) = 1, where v(35,) is the spectral radius of F5_, that
is, 7(F5,) = sup{|r| : r is an eigenvalue of F5_}.

Furthermore, one can get the following lemma.

Lemma 5.2. The eigenvalue XO obtained in Lemma 5.1 is such that
(1) if C [T B*(a)e™ 0 W Pdrdg > 1, then Ao > 0.
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5.1. Proof of Theorem 1.7

(2) i C [T B*(a)e= o W Prda < 1, then X < 0.

Proof. We denote by ()i, ¢;)i>0 the eigenvalues and eigenfunctions of the fol-
lowing problem

¢i(0) = ¢5(24),
where fo P?(x)dxr = 1, i > 0, and ¢o(z) > 0 in (0,24). It is obvious that
Ao = 0 and gbo( ) is a fixed positive constant. We also assume that 0 = Xy <

A < g <
Let H be the operator in L*(0, a;) defined as

do(a)

"~ i (@la), ¥ € D(H),

Ho(a) = -

where
D(H) = {¢(a)|6, Ho € L*(0,24), & / 6*(a)p(a)da}.

Let {Xj}jzo be the eigenvalues of H, that is, the solutions of the following
equation

aT ~ —
1- C/ B*(a)e Mo Jo 1 P)degg — 0,
0

We assume that Xo > ReXl > Rexg > ..., even if it means re-arrange Xj.
From |61, Lemma 2.1], one knows that

Ao =20 — Ao = Ao.

It is obvious that if C' f " B*(a (P)drdq > 1, then
o > 0.

If C [ B*(a w (P g < 1, then
Xo < 0.
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5. Large-time behavior of an age structured model

Lemma 5.3. Let q(a,t,x) be the solution of

( Dg—6Aq + p*(a)g =0, (a,t,2) € Qa,
(0,1,0) = gla ,24), (1) € (0,a) x R*,
0.q(a,t,0) = 0.q(a,t,24), (a,t) € (0,a4) x R,
at T+n
000 = [ 5@ [ Kl slalatsidsda, (10) € R x (0,24),
0 z—n
L q(a,0,7) = pyla, v), (a,z) € (0,a4) x (0,24).

(1) If [ B (a)e” Jow@dede, s sufficiently large and

— 5)%e (=9 € (0,24) x (0,24
Koy = =P (25) € 0,20 0.20),
0, else,
then
q(a,t,z) = 400, ast — +oo for every a € [0,a4], x € [0, 24],

where a; € (ao, at).
(2) If J)" p*(a)e” Jo #0dedg is sufficiently small and K, (z, s) = K| where K,
18 a positive constant, then

q(a,t,z) = 0, ast — +oo for every a € [0, a4], x € [0,24].

Proof. By referring to [61, Theorem 1.1], one knows that ¢(a,t,z) has an
asymptotic expression

at x+"7 u
Q(a’ b $) :eAOte_)\oa‘I(Oa a)CAO / B (a> / K, (ZU> 3) / €_>\0(a—0)7(0} a)
0 -7 0
p0<07 S)deCLdO' + O(e(/\O*E)t).

Here, )\ is the algebraically simple real eigenvalue of the operator A : L*((0, a;)
x(0,24)) — L*((0,a4) x (0,24)) defined as

8ola,2) = =220 1 5Ag(a,2) ~ i (@)6la,2), V(e ) € DIA),

D(A) = {6(0,2)/6, A0 € X,0(0,0) = 0(a,24),%:6(a.0) = D,(a, 24),
at T+n
o0.0= [ 5@ [ Kile. )0t sydsdal.
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5.1. Proof of Theorem 1.7

And ) is larger than real part of the any other eigenvalues of the operator A.
T(1,s) = e Jr W @)peBls=7) Oy = /\lirrAl (A=Xo)(I—By)~! , where the operator
—A0

By L*((0,24)) — L*((0,24)) defined as

ay z+n
B;(gb(x))z/o B*(a) / Kl(m,s)e_A“‘J'(O,a)qb(s)dsda.

(1) From the proof of [61, Theorem 3.1], one can take C' in (5.1) sufficiently
small such that
Ao > Ao-

Note that the choice of C' depends on K (z, s). Then, if [j 8*(a)e™Jo #" (P dq
is sufficiently large such that C' foa* B*(a)e=Jo #(Pidrdg > 1, by the result of
Lemma 5.2 (1), one has that

Ao > Xo > 0.
From the asymptotic expression, one gets that
q(a,t,x) = 400, as t — 400 for every a € [0, ag], z € [0, 24].

(2) Similar as the arguments of the proof of [61, Theorem 3.1], one can take
C'in (5.1) sufficiently large and prove that

Mo < o
Then, if [ *(a)e™Jo #' (¥ dq is sufficiently small such that
C'/aT B*(a)e”Jo w0 gg < 1,
0
by the result of Lemma 5.2 (2), one has that
A < XO < 0.
From the asymptotic expression, one has that
q(a,t,z) — 0, as t — 400 for every a € [0, aol, z € [0, 24].

This completes the proof. ]

Following the proof of [13, Lemma 4.2.2] carefully, we can get the following
lemma:
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5. Large-time behavior of an age structured model

Lemma 5.4. If p;(i € 1,2) are the solutions of the following systems

Dpz - 6Apz + :ui(a’a w)p’b = O) (CL, t7 [E) € Qaﬂ
at x+n
pi(0,t,2) = / @(a)/ Ki(z,s)pi(a,t, s)dsda, (t,z) € RT x (0,24),
0 r—n
pi(a,0,z) = poi(a, ), (a,x) € (0,a3) x (0,24),

o

where w(t,xr) = fa?p(a,t,z)da, pi(a, w), po(a,w) € L ([0,a4)) for every
w > 0 and are locally Lipschitz functions with respect to w, [y, Ba satisfy (Az),
Ky, Ky € L*([0,24]%), por, poa satisfy (As) and py > pa, B1 < fBo, Ky < Ky,
po1 < poz, then

0 Spl(a7taw) SPZ(a:t»x) a.e.in QaT'
Proof. Following [13, Theorem 4.2.2|, one can easily get the previous compar-
ison principle. Thus, we omit the details. O
We now extend ¢(a,t,x) to z € R periodically such that
a(a/7 t7x) = Q(a7t7 ‘1.)7 x G [0724]7

q(a,t,z +24) = qla,t,x), v € R.

Then, q¢(a,t,z) satisfies

DG — 6AG + p*(a)g = 0, (a,t,7) € Q,
§(0,t,x) = [ B*(a) [ Ki(x, 9)4(a,t, s)dsda, (t,x) € RT xR,
q(a,0,z) = qo(a, ), (a,z) € (0,a4) X R,
(5.3)
where

go(a,z) = pyla,x),x € [0,24],
do(a,x 4+ 24) = go(a,x),z € R,
Ky(z,s) = Ki(z,s),x € [0,24], s € 0,24],
I?l(x, s) =0,z €[0,24],s <0 and s > 24,
Ky(z+ 24,5 +24) = Ky (2,5),z € R,s € R.

By Lemma 5.3, one has the following lemma.

Lemma 5.5. Let q(a,t,z) be the solution of system (5.3).

86



5.1. Proof of Theorem 1.7

(1) If [ B (a)e™ Jo' 7 0dedq s sufficiently large and

(z — s)2e @) (z,5) € (0,24) x (0,24),

5.4
0, else, (5:4)

Ki(z,s) :{

then
gla,t,z) — 400, ast — 400 for every a € [0,a1] and x € R.

(2) If [ B*(a)e Jo W (P)dedq s sufficiently small and K, (x, s) = K1 where K,
18 a positive constant, then

q(a,t,z) = 0, ast — +oo for every a € [0,a;] and x € R.

Proof of Theorem 1.7. (i) Let p(a,t,x) be the solution of (1.10). From the
assumption (J5), one can take |u(w)| small enough such that

(e, w) — u(w) < sup(p(a, w) — ula,w)) = u*(a),

w>0

and [ B(a)e” Jo w(e)dp g sufficiently large. Let ¢(a,t,x) be the solution of
system (5.3) with u*(a), f(a), Ki(z,s) and qo(a, x) where K;(z,s) is the peri-
odic extension of K;(z,s) defined by (5.4) and go(a,x) = po(a,z). Obviously,
one has

Ki(z,s) < K(z,s).

By Lemma 5.4, one has that
pla.t,z) > qa,t, ).

Then, from Lemma 5.5 (i), one has that

a; al
w(t, ) > / q(a,t,z)da > / q(a,t,z)da — +o0, as t — +oo.

ag ao

(ii) By the assumptions (J1), (J3), we know that

,LL(CL, UJ) - u(a, w) > ig%/i(av U}) + Ilugf(‘)(_u(ch w))

Then let p*(a) = inf,>o p(a, w) + inf,>o(—u(a, w)) and |u(a,w)| be large e-
nough such that foaT B(a)e=Jo #(P)p is small enough. Let g(a,t,z) be the so-
lution of system (5.3) with u*(a), B(a), Ki(z,s) and go(a, z) where go(a,x) =
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5. Large-time behavior of an age structured model

po(a, ) and K (z,s) = K, := SUD(y, s)erz KK (2, 5). By Lemma 5.4, one has that
pla,t,x) < qla,t,x).

Then, from Lemma 5.5 (ii), one has that
a—t— _
w(t,z) < / q(a,t,z)da — 0, as t — +oo.
ag

This completes the proof. n

5.2 Traveling fronts and Theorem 1.9

In the this section, we first derive a reaction-diffusion equation with time delay
for the system (1.10) by using a similar method developed by So [86]. Then,
we prove the existence of traveling fronts for the sub-equation (1.13)-(1.14)
and Theorem 1.9.

5.2.1 Derivation of the model

In this subsection, we derive a model for the matured mosquitoes population of
system (1.10) with two age classes and a fixed maturation period in a temporal
unbounded domain. By integrating (1.10), one obtains

at
wy—0Aw = p(ag, t, :E)+/ (—p(a, w)+u(w))p(a,t,z)da, t >0, x € R. (5.5)

In the following, we specify p(ag,t,x). For any fixed s > 0, let V*(¢t,z) =
p(t—s,t,x), s<t<ay+s, v€R, wehave

IV*e(t,x)

5 IAVA(t,x) — i (t —s)Vi(tx), s<t<ap+s, z€R. (5.6)

By Fourier transform, let V*(¢,z) = fj;o f(t,e)e " **de, one gets

oV3(t, x) T 0f(te)
_ iex <t < . .
T /Oo 5 e de, s<t<ap+s, xR (5.7)
+o0 )
AVt x) = —/ 2f(t,e)e ™ de, s<t<ag+s, v€R. (5.8)
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5.2. Traveling fronts and Theorem 1.9

By virtue of (5.6), (5.7), (5.8) and after some calculations, we obtain

o) = e | [0 = (rar].

Vi) = [ fre)exp { /0 s mm)df} e, (5.9)

—00

Recalling the form of p(t — s,t,x), we see
+o0 ]
p(0,t,x) =V?3(s,z) = f(s,e)e” " de.
Thus, p(0,t,x) is the Fourier transform of f(s,¢), it means that

1 [t -
f0) =5 [ p0.sp)edy. (5.10)

Using the results of (5.9) and (5.10), we have

p aOat .CE) Vt ao( )
+oo

= f(t —ag,e)exp |:/0a0(—552 _ /M(T))dT:| o~ I

ag
:/ / p(0,t — ap, y)edy exp [/ (—0e? — ,ul(T))dT:| e "“de
0
e~ Jo O mi(r)dr
\/ 47T(S(ZQ
+oo ay y+n (ZL‘ . y)Q
/ V B(a) K(y,s)p(a,t — ao,S)dsda} exp {— } dy.
_ 0 y 4(5@0

o0 -n

By the definition of K(z,s) and (J2), one can get that
400 n )
plao, t,z) = Mﬁ/ [/ e w(t — ag, v — 2 — s)dz} fsae(s)ds, (5.11)
o Loy

where M = e~ Jo*m™dr and fs. (x) = JﬁTeXP(__Q)- Then combining

(5.11) with (5.5), for t > 0, x € R, one gets

—0Aw = /aT(—u(a, w) + u(w))p(a, t, z)da

ao

+o0 n
+ Mﬁ/ {/ e w(t —ag,x — 2 — s)dz foao(s)ds.
o Ly
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5. Large-time behavior of an age structured model

On the other hand, we set the initial value

(ZT a-‘—
w(s,z) = / pla, s, z)da = / po(a + s,z)da, for —ag < s <0.

ao ag
Since po(a,-) ># 0 for every a € [0, a;], one has that
w(s, ) ># 0, for every s € [—ay,0].

Notice that w(t, x + 24) = w(t, ) since p(a,t,x + 24) = p(a, t, ).

5.2.2 [Existence of traveling fronts

In this subsection, we study the sub-equation (1.15) and prove Theorem 1.8.
The purpose of this section is to establish the existence of traveling fronts of
(1.15).

A traveling front of (1.15) is a solution w(t,z) = ¢(z + ct), where ¢ > 0
is the wave speed and ¢ € C'(R;R) is a non-decreasing function satisfying the
following equation

e (€) =00 (€) — 9(¢) +u(9)9(€)
+ Mﬂ/_ [/Tl 2e G — 5 — 2 — cag)dz| fsay(s)ds,  (5.12)

-n

with the boundary conditions

£——o00 £—00

where £ = z + ct. Then, for £ € R, we define the following profile set

I'={¢p e C(R;R)|(1) ¢(§) is non-decreasing;
(2) Jim_6(€) = 0: Jim 6(6) = v}

Notice that since g(w), u(w) and their derivatives are continuous, there exists
a constant b > 0 such that

(=9(0) + u(@)9) — (—=9(¢) + u(¥)¥) + b(¢ — ¢) = 0,

where ¢,9p € T and 0 < ¥(&) < ¢(§) < wy. Furthermore, define H :
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5.2. Traveling fronts and Theorem 1.9

C(R;R) — C(R;R) by

H()(&) =be(¢ )+ u()o(§)
+ M/ [/77 207 3(¢ — 5 — 2 — cag)dz | fsay(s)ds.

It follows that the equation of (5.12) involves the following nonhomogeneous
system of ordinary differential equation

cd (&) = 69" (&) — bp(&) + H()(E), £ €R. (5.14)

By exploring H(¢), we get the following lemma directly.

Lemma 5.6. For any ¢, € I', we have

(1) H(6)(€) 0, for all € € R,

(2) H(¢)(&) is non-decreasing in £ € R.

(3) H(y)(&) < H(9)(€), for all & € R, provided ¢ € C(R;R) is such that
0 < (&) < P(&) < wy, forall§ € R.

Proof. By some simple calculations, it is easy to get these results. Thus, we
omit the proof. O

Now, we define subsolutions and supersolutions for (5.14) as follows.

Definition 5.7. A function ¢ € C(R;R) is called a supersolution of (5.14)
if § and ¢ exist almost everywhere and are essentially bounded on R, and ¢
satisfies

cd (€) > 66" (£) — bp(&) + H(8)(€), ae in R.

A subsolution of (5.14) is defined in a similar way by reversing the inequality

n (5.7).

In the following, we first assume that there exists a pair (¢, ¢), where oel
is a supersolution and ¢ is a subsolution of (5.14) (which is not necessarily in
'), such that
(G1) 0<¢(§) < 6(€) < wy, for all £ € R;

(G2) 6(¢) 20

Our goal is to prove that the equation of (5.12) has a solution ¢(§) satisfy-
ing the boundary conditions (5.13) by the iterative method. It is equivalent to
verify that the equation of (5.14) has a solution ¢(§) satisfying (5.13). Natural-
ly, we start our iteration with a subsolution of (5.12) as the following iteration
scheme:

!/

c3,(€) = 00, (6) = b0u (&) + H(9p1)(€), E€R, n=12,...,  (5.15)
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5. Large-time behavior of an age structured model

with the boundary conditions

lim 9u(€) =0,
gli{gﬁsn(g) = W2,

where ¢o(€) = ¢(€). Among all solutions of (5.15), we choose a special one
and explore its properties as below

13 00
0u(8) = 755 { | et s)ds + /6 I H (8, 1) (5)ds |

Po(§) = ¢(8),

where £ e R,n=1,2,..., and

c— 2+ 46b c+ 2+ 46b
B = — By = —

Following the proof of lemma 3.3, lemma 3.4 and proposition 3.5 in [97] as step
by step, we can get the following Lemma.

Lemma 5.8. The sequence of functions {¢,(€)},—, satisfies

(1) ¢ €T, foralln=1,2,...;

(2) 0% 6(E) < 6u(6) < bur(€) < B(E) < w, for all € R, m=1,2,.
(3) Each ¢,(€) is a supersolution of (5.12);

(4) o(&) = T}nglo¢n(§) is a solution of (5.12) satisfying (5.13).

Now, we summarize the above lemmas and obtain the following Theorem.

Theorem 5.9. Suppose that (5.12) has a supersolution ¢ € I' and a subso-
lution ¢ (which is not necessarily in I') satisfying (G1), (G2). Then (5.12)
has a solution satisfying the boundary conditions (5.13). That is, (5.13) has a
traveling wavefront solution ¢, which connects 0 and the positive equilibrium
Wo.

We see that it is significant for us to prove the existence of a pair of su-
persolution and subsolution of (5.12) satisfying (G1), (G2). In the rest of
this subsection, we will construct such a pair of supersolution and subsolution.
Following the theory of Wang [94], we define the function

Ac(A) = 6A2 = eX + M,(N), (5.16)
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5.2. Traveling fronts and Theorem 1.9

— 0

where M.(\) = MB@‘S“O’\Q_)‘C“O/ z*e~* ¢ *dz. Then, we can get the follow-
-1

ing lemma.

Lemma 5.10. There exist c* and \* such that
(1) As(A*) =0 and
0
)Y
(2) If0 < c<c*, then Ac(N) >0 for any A > 0;
(3) If ¢ > c*, then the equation A.(\) = 0 has two positive real roots A, Az
such that 0 < A\y < Ay and

Ac*<)\)|)\=)\* = 0;

> 0, A< )\1,
Ac(/\) =< <0, A <A< )\2,
<0, A> M.

Proof. By some calculations, we obtain

2 n 2
EAC(A) =26\ — ¢ + M Bl ~Acao / e (—z)e Mdz
O\ -
1

+ Mﬁe5“°)‘2”\0“0(6a0)\ — cap) / e e Mz,

-n

02 "
G_AQAC(/\) =26 + M BN —Acao / 22 % (2 — (200 — cag))?e M dz
-
U
+ MB@MOAZ_)‘C“OQ&@LO/\/ e e Mdy > 0,
-

0

1
a—Ac(/\) =—-\+ Mﬁ(—)\ao)e‘saov_’\c‘m/ e (—2)e Mdz < 0,
c

-n

K 2
A.(0) = M.(0) = Mﬁ/ 22e % dz > 0,
-1

7 ) 7 )
%AC(O) =—c+ Mﬁ/ e (—=2)dz + Mﬂ(—cao)/ e % dz < 0,
-

-n
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- 2 n 2
Ag(N) = 0N% + My(\) = 0A* + M pe’®r / 2e e Mdz > 0,

-n

lim A.(\) = 4o0.

A——+o00

Then it is easy to see that the lemma holds. O]

Lemma 5.11. Let ¢*, \; and Ay be defined as in Lemma 5.10, and choose
p > 0 sufficiently small so that p < \y < A\ + p < Ao. Then for fir ¢ > c*,
there exists a constant L > 1 such that the functions ¢ and ¢ defined by

G(€) = min {ws, wreM*} £ €R (5.17)

¢(§) = maz {0, wy(1 — Le”)eM*} £ €R (5.18)

are a supersolution and a subsolution of (5.12), respectively.

Proof. First of all, we see that it is easy to verify that ¢, ¢ satisfy (G1), (G2).
Now, We begin by proving that ¢ and ¢ are a pair of supersolution and subso-
lution of (5.12). Our strategy here is to prove this part into two steps: (i) ¢ is
a supersolution of (5.12) satisfying ¢ € T'; (ii) there exists a sufficiently large

L such that ¢ is a subsolution of (5.12).
Step(i): Note that ¢ € I' is obvious. If & € (0,4+00). Then ¢(&) = w,,

—/

5’(5) = ¢ (£) = 0. Since the definition of ¢(¢), 0 < ¢(€ — s — 2z — cag) < ws.
Recalling (A1), we have

¢4 (&) = 68 (€) + ba(¢) — H()(&) > 0.
This is because that
¢4 (€) = 66 (€) + ba(€) — H()(&)
o0 n g
=g(ws) — u(wy)wy — Mﬁ/ [/ 22e7 G(E — 5 — 2 — cag)dz| fsa,(s)ds
P

>g(wy) — u(wy)we — M BMiws
=0.

If € € (—00,0). Then §(&) = wpeMe, §(€) = wady M€, ¢ (€) = wad3e M,
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5.2. Traveling fronts and Theorem 1.9

Recalling (5.12), (5.16) and the assumptions (J1), (J3), one obtains

cd (&) = 06 (&) + b(€) — H(9)(8)
=cwah €M — SwuATeME + g(B) — u(P)wqe™®
+oo [ pn b
- Mﬁ/ / 226_22w26’\1(5_5_z_6“°)dz fsa0(8)ds

LJ =1

>(—Ac(Ar) + Mo(Ar))wpe
+oo [ 9 )
—Mﬁ/ / e T wpeMETsTEmCa) o | e (s5)ds

L —TI
—M ()\1)11126 ME ()\1)11)26 Mg
=0.

Therefore, ¢ € T is a supersolution of (5.12).

In +,+00). Then ¢(§) =0, ¢'(§) = ¢"(§) = 0. Since the
—s—z—cag) > 0. Thus,

Step(ii): If £ € (,l)
definition of ¢(§), ¢(§

—60"(€) +bo (&) — H()(E)
:_Mﬁ/+oo [/n 26=2" 9 — 5 — 2 — cao)dz| fran(5)ds

If € € (—oo, 5 In 7). Then (&) = wa(1 — Ler)eMs, ¢'(€) = wa(M — L(p +
A)er)eMs and ¢"(€) = wa(Af — L(p + Ai)%e”)eMs. By Lemma 5.10, one
obtains

Ad(p+ A1) =6(p+ M) —clp+ M)+ Ma(p+ ) <O0.

Notice from the Taylor expansion that g(¢)—u(¢)¢ = g(0)+¢'(0)¢+1g"(61)¢"—
(u(0) + u'(02)¢)¢, where 0 < 01,0, < ¢. Then by the assumption (HI), w

have g(¢) —u(@)¢ < Lo* < Luwie™ € where L = maxueio,us)(|9" ()] + [ (w )D-
Since that p is small such that p < A1, g(¢) —u(¢)¢ < Lw2er™ ¢ Thus,

c@'(§) = 09" (§) + bp(&) — H(9)(€)
=cwz(M — L(p + M)e™)e® — dwn(A] — L(p + Ar)*e)eM€ + g(¢)

+oo
—u(¢)¢ — Mﬁ/_ /_77 2267229(5 — 8 — 2z — cag)dz fsq,(s)ds
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5. Large-time behavior of an age structured model

<cws(A\ — Lip + A)eP)eME — Swy (A2 — L(p + A1)2e”)eME + Luwlelrt s
400 n
_ Mﬂ/ / Z2€—z2w2(1 . Lep(g—s—z—cao))e)\l({—s—z—cao)dzf(sao (s)ds
—eo S
=M wee™s — cwa L(p + A )ePTME — Sup\2eME 4 Gwy L(p 4 Ay )2elP M8

I~ n
+ Tw2ePH e _ 1 Bupgeitertdao—acan / 2 N g,
-n
n
+ Mﬁsze(lH')\l)fe(p+/\1)26ao—(p+)\1)ca0 / 226—z2€—z(p+>\1)d2,
-n
= — weeMEA () + woLePPMEA (p + Ay) + zwge(p—l—)\l)f

L
—wne PN (p 4 Ay) | L+
woe (p 1) ( Ac(p_'_ )\1)

<0.

Here, L is a sufficiently large positive constant. Therefore, ¢ is a subsolution
of (5.12). The proof is complete. O

5.2.3 Proof of Theorem 1.9

In this subsection, we also assume that (H1), (H2), (H3) hold. In order to study
the population of matured mosquitoes, we need the following two results which
are established by Wang et al. [94].

Lemma 5.12. [9/, Theorem 3.3] Equation (1.15) has a unique mild solution
w(t,z) on [0,400] and w(t,z) is a classical solution to (1.15) for (t,x) €
(ag, +00) x R. Furthermore, for any pair of supersolution w(t,z) and sub-
solution w(t,z) of (1.15) on [0,400) with 0 < w(t,z), wW(t,x) < wy for
t € [—ap,+0), v € R, and W(s,x) > w(s,z) for x € R, s € [—ay,0], there
holds

w(t,x) > w(t,x), r€R, t >0,

wlt,2) = wlta) > Ot~ to) | " (t0) = wltor)

forany J >0, x and z € R with |x — z| < J, and t >ty > 0, where

1 1)
O(J,t) = mexp (—Lﬂf—%), J>0,t>0

and Ly = maxo<y<w, |¢ (W) + v (w)w + w(w)|. In particular, if there exists
zo € R such that w(0, xg) > w(0, zo), then w(t,x) > w(t,x) for any x € R and
t>0.
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5.3. Numerical simulations

Lemma 5.13. /94, Lemma 3.7] For each v € (0,1), there exist p > 0 and
o > 0 such that for each € € [0,~], the following function

w(t,z) = (1 —ee ™)p(x + ct + gee ™) (5.19)

is a subsolution of (1.15), where t € R, x € R and ¢ is a traveling front of
(1.15).

Proof of Theorem 1.9. Recalling the equation (1.12) which is the definition of
w(s,x), we have w(s,z) = fa? po(a + s,x)da Z 0 for every s € [—aop,0] and
w(s,z) < ws. Then, by Lemma 5.12, one has that

w(t,x) <ws, fort >0 and z € R.

w(t,x) >0, for t >0 and z € R.

It follows that inf,cg w(T + s,2) > 0 for some fixed 7" > 0 and s € [—ay, 0].
Then, by Lemma 5.13, one can pick € > 0 close 1 enough such that

w(s,x) = (1 —ee P)p(x + cs + oee )
< (1 —¢e)p(x +cs+ oee )

< inf w(T + s, )
z€R

<w(T + s,z), for s € [—ap,0] and z € R.
Therefore, by Lemma 5.12, it follows that
w(T +t,x) > w(t,z), fort >0 and z € R.
Then, using (5.19), one can obtain
w(T +t,x) > we, as t — +o0.

This completes the proof. n

5.3 Numerical simulations

In the following, we provide some numerical simulations to illustrate the inter-
action between the matured population and the control. We rescale the bitting
time variable x € [0,24] into x € [0,1] and we assume that a; = 1, that is,
a € [0,1). We take the matured age ap = 0.1. We consider system (1.10) with
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5. Large-time behavior of an age structured model

the parameters taking the values as follows

0, a € [0,ap),

§ =0.001, n=0.1, B(a)=
n (a) {200’

po(a, x) = 0.5e7 10090 =10(a=0% g0 2 c [0, 1].

Firstly, we take that

0.1ag + 0.5e244,

i(a, w) = {O.la,

a € [0,ap),
a € [ag, 1),

(5.20)

and consider (1.10) under no control, that is, u(a,w) = 0. Then, in figures

9 and 10, we plot the matured population w(t,z). We can see that w(¢,x)

becomes very large as time goes. It implies that if there is no control, the

matured population will be very large.

0.3
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// \\ \
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Figure 9: the matured population w(t,z) for ¢ = 0 and ¢ = 0.25 with no

control.
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Figure 10: the matured population w(t,z) for ¢ = 0.5 and ¢ = 1 with no

control.
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5.3. Numerical simulations

Now, we still take u(a,w) be (5.20) and take the control large as

w(a, w) = {O, a € [0,ap),

—w? =95, a € [ag, 1),

Then, in following figures 11 and 12, we plot the matured population w(t, z).
We can see that w(t, x) becomes very small as time goes. It means that under
large control, the matured population will extinct.

1=0.25
03

t=0
025 B \ = / TR
/ \\ 0.25 \\
pd / \»
/ b

0.15 / k\\ / X
/ \

o \\ 0. / X
N / X
0.05 \ 005 - k R

0
0 01 02 03 04 05 06 OF 08 089 1 0 01 02 03 04 05 06 07 08 09 1
x X

Figure 11: the matured population w(t,z) for t = 0 and t = 0.25 with control
u(a, w).

o
0 01 02 03 04 05 06 OF 08 09 1 0 01 02 03 04 05 06 07 08 08 1
X X

Figure 12: the matured population w(t,z) for t = 0.5 and ¢ = 1 with control
u(a,w).

Finally, we take that

01 3 G 0, 9 07 E 07 Y
,u(a,w):{ ¢ a €0, a) and u(a,w):{ a€0,a)

0.1lag + 0.5¢*1%w, a € [ag, 1), —w?,  a € [ag, 1).

In following figures 13, 14 and 15, we plot the matured population w(t, z). We
can see that w(t,z) is in [5,6] as time goes. It implies that under suitable
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5. Large-time behavior of an age structured model

control, the matured population will be controlled to be bounded and will not

extinct.
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Figure 15: the matured population w(t, x) for t = 1.5 and t = 2.

100



Appendix
Bellman’s Lemma [13]: If z € C([a,b]), ¥ € L'(a,b), ¥(t) > 0 a.e. t €

(a,b), M € R and for each t € [a, b],

then
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