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�y�{���} �#�B�D�L�H�S�P�V�O�E �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �z�y�}

�y�{���}���y �'�S�F�R�V�F�O�D�Z���%�P�N�B�J�O �7�F�S�T�V�T �5�J�N�F���%�P�N�B�J�O �4�Q�F�D�J�n�b�D�B�U�J�P�O �� �� �� �� �� �� �� �� �� �� �z�y�~
�y�{���}���z �.�J�O�J�N�B�Y �'�J�M�U�F�S �%�F�T�J�H�O �W�J�B �U�I�F �&�Y�D�I�B�O�H�F �.�F�U�I�P�E �� �� �� �� �� �� �� �� �� �� �� �� �� �� �z�y�~
�y�{���}���{ �" �3�P�C�V�T�U �Œ�V�B�O�U�J�[�B�U�J�P�O �4�D�I�F�N�F �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �z�y�•

�y�{���~ �4�U�B�U�F �P�G �U�I�F �"�S�U �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �z�y�€
�y�{���• �4�V�N �P�G �1�S�P�E�V�D�U �(�F�O�F�S�B�U�J�P�O �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �z�y�•
�y�{���€ �*�O�U�F�H�S�B�U�F�E �)�B�S�E�X�B�S�F �'�*�3 �'�J�M�U�F�S �%�F�T�J�H�O �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �z�y�•

�y�{���€���y �0�V�U�Q�V�U �'�P�S�N�B�U �B�O�E �5�% �"�D�D�V�S�B�D�Z �4�Q�F�D�J�n�b�D�B�U�J�P�O �� �� �� �� �� �� �� �� �� �� �� �� �� �� �z�y�•
�y�{���€���z �$�P�N�Q�V�U�J�O�H �U�I�F �0�Q�U�J�N�B�M �'�J�M�U�F�S �0�V�U �P�G �U�I�F �*���0 �'�P�S�N�B�U �4�Q�F�D�J�n�b�D�B�U�J�P�O �� �� �� �� �z�z�‚

�y�{���• �&�Y�B�N�Q�M�F�T �B�O�E �3�F�T�V�M�U�T �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �z�z�‚
�y�{���•���y �8�P�S�L�J�O�H �&�Y�B�N�Q�M�F �B�O�E �&�Y�Q�F�S�J�N�F�O�U�B�M �4�F�U�V�Q �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �z�z�‚
�y�{���•���z �4�U�F�Q�T �y �B�O�E �z �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �z�z�z
�y�{���•���{ �.�"�5�-�"�#� �T �P�W�F�S�X�I�F�M�N�J�O�H �D�I�P�J�D�F �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �z�z�z
�y�{���•���| �"�V�U�P�N�B�U�J�O�H �U�I�F �$�I�P�J�D�F �-�F�B�E�T �U�P �#�F�U�U�F�S �1�F�S�G�P�S�N�B�O�D�F �� �� �� �� �� �� �� �� �� �� �� �� �z�z�{

�y�{���y�‚ �$�P�O�D�M�V�T�J�P�O�T �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �z�z�}

�y�| �*	—	•	’	—	’	•	Ž �*	–	™	ž	•	œ	Ž �3	Ž	œ	™	˜	—	œ	Ž �'	’	•	•	Ž	›	œ ������
�y�|���y �4�Q�F�D�J�G�Z�J�O�H �B �-�J�O�F�B�S �5�J�N�F �*�O�W�B�S�J�B�O�U �'�J�M�U�F�S�T �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �z�z�•
�y�|���z �%�F�n�b�O�J�U�J�P�O�T �B�O�E �/�P�U�B�U�J�P�O�T �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �z�z�•
�y�|���{ �8�P�S�T�U���$�B�T�F �1�F�B�L �(�B�J�O �P�G �B�O �-�5�* �'�J�M�U�F�S �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �z�z�•
�y�|���| �&�S�S�P�S �"�O�B�M�Z�T�J�T �P�G �%�J�S�F�D�U���'�P�S�N �-�5�* �'�J�M�U�F�S �*�N�Q�M�F�N�F�O�U�B�U�J�P�O�T �� �� �� �� �� �� �� �� �� �� �� �� �� �� �z�{�y

�y�|���|���y �'�J�O�B�M �3�P�V�O�E�J�O�H �P�G �U�I�F �*�O�U�F�S�O�B�M �'�P�S�N�B�U �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �z�{�z

�W�J�J�J



�y�|���|���z�3�P�V�O�E�J�O�H �B�O�E �Œ�V�B�O�U�J�[�B�U�J�P�O �&�S�S�P�S�T �J�O �U�I�F �4�V�N �P�G �1�S�P�E�V�D�U�T �� �� �� �� �� �� �� �� �z�{�z
�y�|���|���{ �&�S�S�P�S �"�N�Q�M�J�n�b�D�B�U�J�P�O �J�O �U�I�F �'�F�F�E�C�B�D�L �-�P�P�Q �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �z�{�{
�y�|���|���| �1�V�U�U�J�O�H �*�U �"�M�M �5�P�H�F�U�I�F�S �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �z�{�|

�y�|���} �4�V�N �P�G �1�S�P�E�V�D�U�T �$�P�N�Q�V�U�B�U�J�P�O�T �G�P�S �-�5�* �'�J�M�U�F�S�T �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �z�{�}
�y�|���}���y �&�S�S�P�S �"�O�B�M�Z�T�J�T �G�P�S �B �-�B�T�U���#�J�U �"�D�D�V�S�B�U�F �4�0�1�$ �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �z�{�~

�y�|���~ �*�N�Q�M�F�N�F�O�U�B�U�J�P�O �B�O�E �S�F�T�V�M�U�T �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �z�{�•

�7 �$�P�O�D�M�V�T�J�P�O�T �B�O�E �'�V�U�V�S�F �8�P�S�L�T ������
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�-�J�T�U�J�O�H�P�G �n�b�H�V�S�F�T

�z���y �"�S�D�I�J�U�F�D�U�V�S�F �B�O�E �E�J�F �P�G �U�I�F �9�J�M�J�O�Y �9�$�z�‚�~�| �D�I�J�Q�� �*�N�B�H�F �F�Y�U�S�B�D�U�F�E �G�S�P�N �<�y�>�� �� �� �� �� �� �~
�z���z �"�S�D�I�J�U�F�D�U�V�S�F �B�O�E �E�J�F �P�G �B �9�J�M�J�O�Y �7�J�S�U�F�Y �• �D�I�J�Q�� �*�N�B�H�F �F�Y�U�S�B�D�U�F�E �G�S�P�N �<�~�>�� �� �� �� �� �� �� �~
�z���{ �0�S�H�B�O�J�[�B�U�J�P�O �P�G �M�P�H�J�D �S�F�T�P�V�S�D�F�T �P�O �9�J�M�J�O�Y �E�F�W�J�D�F�T�� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �•
�z���| �0�W�F�S�W�J�F�X �P�G �B �4�-�*�$�& �P�O �9�J�M�J�O�Y �E�F�W�J�D�F�T�� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �•
�z���} �0�S�H�B�O�J�[�B�U�J�P�O �P�G �M�P�H�J�D �S�F�T�P�V�S�D�F�T �P�O �*�O�U�F�M �E�F�W�J�D�F�T�� �*�N�B�H�F �F�Y�U�S�B�D�U�F�E �G�S�P�N �<�•�>�� �� �� �� �� �� �y�‚
�z���~ �0�W�F�S�W�J�F�X �P�G �B�O �"�-�. �P�O �*�O�U�F�M �E�F�W�J�D�F�T�� �*�N�B�H�F �F�Y�U�S�B�D�U�F�E �G�S�P�N �<�•�>�� �� �� �� �� �� �� �� �� �� �� �y�y
�z���• �0�W�F�S�W�J�F�X �P�G �B �%�4�1 �T�M�J�D�F �P�O �9�J�M�J�O�Y �E�F�W�J�D�F�T�� �*�N�B�H�F �F�Y�U�S�B�D�U�F�E �G�S�P�N �<�}�>�� �� �� �� �� �� �� �� �� �y�z
�z���€ �0�W�F�S�W�J�F�X �P�G �B �7�B�S�J�B�C�M�F �1�S�F�D�J�T�J�P�O �%�4�1 �#�M�P�D�L �P�O �*�O�U�F�M �E�F�W�J�D�F�T�� �*�N�B�H�F �F�Y�U�S�B�D�U�F�E �G�S�P�N �<�y�‚�>�� �y�{
�z���• �5�I�F �C�J�U�T �P�G �B �n�b�Y�F�E���Q�P�J�O�U �G�P�S�N�B�U� �I�F�S�F(m;`) = ( 7; � 8)�� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �y�|
�z���y�‚ �*�O�U�F�S�G�B�D�F �U�P �'�M�P�1�P�$�P �P�Q�F�S�B�U�P�S�T �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �y�~
�z���y�y �1�B�S�U�J�B�M �$�M�B�T�T �E�J�B�H�S�B�N �G�P�S �U�I�F �'�M�P�1�P�$�P �G�S�B�N�F�X�P�S�L�� �"�D�D�F�O�U �J�T �Q�V�U �P�O �U�I�F �P�Q�F�S�B�U�P�S�T �P�G

�J�O�U�F�S�F�T�U �U�P �U�I�F �X�P�S�L �Q�S�F�T�F�O�U�F�E �J�O �U�I�J�T �U�I�F�T�J�T�� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �y�€
�z���y�z �&�Y�B�N�Q�M�F �P�G �B �N�B�U�I�F�N�B�U�J�D�B�M �G�V�O�D�U�J�P�O �B�O�E �J�U�T �D�P�S�S�F�T�Q�P�O�E�J�O�H �'�M�P�1�P�$�P �P�Q�F�S�B�U�P�S �� �� �� �� �y�•
�z���y�{ �&�Y�B�N�Q�M�F �P�G �B �'�M�P�1�P�$�P �P�Q�F�S�B�U�P�S �B�Q�Q�S�P�Y�J�N�B�U�J�O�H �B �N�B�U�I�F�N�B�U�J�D�B�M �G�V�O�D�U�J�P�O �� �� �� �� �� �� �y�•
�z���y�| �$�M�B�T�T �E�J�B�H�S�B�N �G�P�S �U�I�F �'�M�P�1�P�$�P �G�S�B�N�F�X�P�S�L �X�J�U�I �G�P�D�V�T �P�O �U�I�F �5�B�S�H�F�U �I�J�F�S�B�S�D�I�Z �� �� �� �� �z�‚

�{���y �&�Y�B�N�Q�M�F �P�G �B �N�V�M�U�J�Q�M�Z���B�D�D�V�N�V�M�B�U�F �V�O�J�U �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �z�€
�{���z �5�I�F �N�V�M�U�J�Q�M�Z���B�D�D�V�N�V�M�B�U�F �V�O�J�U �J�O �J�U�T �D�P�N�C�J�O�B�U�P�S�J�B�M �B�O�E �Q�J�Q�F�M�J�O�F�E �W�F�S�T�J�P�O�T �� �� �� �� �� �� �{�y
�{���{ �5�I�F �N�V�M�U�J�Q�M�Z���B�D�D�V�N�V�M�B�U�F �V�O�J�U �S�F�U�J�N�F�E �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �{�~
�{���| �"�O �F�Y�B�N�Q�M�F �P�G �B �'�*�3 �n�b�M�U�F�S �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �{�€

�|���y �$�P�O�T�U�S�V�D�U�P�S �o�s�P�X �P�W�F�S�W�J�F�X �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �|�z
�|���z �4�V�(�S�B�Q�I �P�G �'�1�"�E�E�4�J�O�H�M�F�1�B�U�I �P�Q�F�S�B�U�P�S �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �|�}
�|���{ �" �[�P�P�N �J�O �P�O �U�I�F �4�V�(�S�B�Q�I �P�G �'�1�"�E�E�4�J�O�H�M�F�1�B�U�I �P�Q�F�S�B�U�P�S �� �� �� �� �� �� �� �� �� �� �� �� �� �� �|�~
�|���| �5�I�F �8�S�B�Q�Q�F�S �P�Q�F�S�B�U�P�S �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �}�y
�|���} �4�V�(�S�B�Q�I �G�P�S �B �T�J�N�Q�M�F���Q�S�F�D�J�T�J�P�O �o�s�P�B�U�J�O�H���Q�P�J�O�U �E�J�W�J�E�F�S �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �}�•

�}���y �'�1�(�" �E�F�T�J�H�O �o�s�P�X �G�S�P�N �T�Q�F�D�J�n�b�D�B�U�J�P�O �U�P �I�B�S�E�X�B�S�F �J�N�Q�M�F�N�F�O�U�B�U�J�P�O �� �� �� �� �� �� �� �� �� �~�z
�}���z �$�P�O�T�U�S�V�D�U�P�S �o�s�P�X �P�W�F�S�W�J�F�X �J�O�D�M�V�E�J�O�H �S�F�T�P�V�S�D�F �F�T�U�J�N�B�U�J�P�O �� �� �� �� �� �� �� �� �� �� �� �� �� �� �~�}

�~���y �5�I�F �#�J�U�I�F�B�Q �D�M�B�T�T �J�O �U�I�F �D�M�B�T�T �E�J�B�H�S�B�N �G�P�S �U�I�F �'�M�P�1�P�$�P �G�S�B�N�F�X�P�S�L �� �� �� �� �� �� �� �� �� �� �•�‚
�~���z �%�P�U �E�J�B�H�S�B�N �G�P�S �B �n�b�Y�F�E���Q�P�J�O�U �W�B�S�J�B�C�M�FX �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �•�‚
�~���{ �%�P�U �E�J�B�H�S�B�N �G�P�S �U�I�F �N�V�M�U�J�Q�M�J�D�B�U�J�P�O �P�G �U�X�P �n�b�Y�F�E���Q�P�J�O�U �W�B�S�J�B�C�M�F�TX �B�O�EY �� �� �� �� �� �� �� �•�y
�~���| �%�P�U �E�J�B�H�S�B�N �G�P�S �U�I�F �N�V�M�U�J�Q�M�J�D�B�U�J�P�O �P�G �U�X�P �n�b�Y�F�E���Q�P�J�O�U �W�B�S�J�B�C�M�F�TX �B�O�EY�� �#�J�U�T �J�O �U�I�F

�T�B�N�F �D�P�M�V�N�O �I�B�W�F �U�I�F �T�B�N�F �X�F�J�H�I�U�� �5�I�F �C�J�U�T �J�O �U�I�F �D�P�M�V�N�O�T �B�S�F �D�P�M�M�B�Q�T�F�E�� �� �� �� �� �� �•�z

�~���} �$�M�B�T�T�J�D�B�M �B�S�D�I�J�U�F�D�U�V�S�F �G�P�S �F�W�B�M�V�B�U�J�O�Hsin(X) u X � X3

6 �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �•�z
�~���~ �%�P�U �E�J�B�H�S�B�N �G�P�S �B �C�J�U�I�F�B�Q �T�I�P�X�J�O�H �J�U�T �C�B�T�J�D �B�U�U�S�J�C�V�U�F�T �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �•�~

�Y�J



�~���• �&�Y�B�N�Q�M�F �P�G �C�J�U�I�F�B�Q�T �D�P�N�J�O�H �G�S�P�N �'�M�P�1�P�$�P� �T �*�O�U�.�V�M�U�J�Q�M�J�F�S� �D�P�S�S�F�T�Q�P�O�E�J�O�H �U�P �B�O �J�O�U�F��
�H�F�S �N�V�M�U�J�Q�M�J�F�S� �X�J�U�I �U�I�F �U�X�P �J�O�Q�V�U�T �P�O �{�z �C�J�U�T�� �'�J�H�V�S�F �~���•�B �J�M�M�V�T�U�S�B�U�F�T �U�I�F �N�V�M�U�J�Q�M�J�F�S �J�N��
�Q�M�F�N�F�O�U�F�E �V�T�J�O�H �P�O�M�Z �M�P�P�L���V�Q �U�B�C�M�F�T� �X�J�U�I �U�I�F �P�V�U�Q�V�U �I�B�W�J�O�H �U�I�F �G�V�M�M �Q�S�F�D�J�T�J�P�O �	�~�| �C�J�U�T�
��
�'�J�H�V�S�F �~���•�C �T�I�P�X�T �U�I�F �N�V�M�U�J�Q�M�J�F�S �J�N�Q�M�F�N�F�O�U�F�E �V�T�J�O�H �O�P�U �K�V�T�U �M�P�P�L���V�Q �U�B�C�M�F�T� �C�V�U �B�M�T�P
�U�I�F �F�N�C�F�E�E�F�E �N�V�M�U�J�Q�M�J�F�S �C�M�P�D�L�T�� �5�I�F �D�P�S�S�F�T�Q�P�O�E�J�O�H �C�J�U�I�F�B�Q �J�T �P�G �B �D�P�O�T�J�E�F�S�B�C�M�Z �T�N�B�M�M�F�S
�T�J�[�F�� �'�J�H�V�S�F �~���•�D �J�M�M�V�T�U�S�B�U�F�T �U�I�F �T�B�N�F �P�Q�F�S�B�U�J�P�O� �C�V�U �U�I�F �P�V�U�Q�V�U �J�T �U�S�V�O�D�B�U�F�E �U�P �{�z �C�J�U�T��
�0�O�M�Z �U�I�F �Q�B�S�U�J�B�M �Q�S�P�E�V�D�U�T �X�I�J�D�I �G�P�S�N �Q�B�S�U �P�G �U�I�F �n�b�O�B�M �S�F�T�V�M�U �B�S�F �D�P�N�Q�V�U�F�E� �B�O�E �U�I�V�T
�T�I�P�X�O �J�O �U�I�F �n�b�H�V�S�F�� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �•�•

�~���€ �&�Y�B�N�Q�M�F �P�G �C�J�U�I�F�B�Q�T �D�P�N�J�O�H �G�S�P�N �'�M�P�1�P�$�P� �T �'�J�Y�3�F�B�M�,�$�. �P�Q�F�S�B�U�P�S� �D�P�S�S�F�T�Q�P�O�E�J�O�H
�U�P �N�V�M�U�J�Q�M�J�D�B�U�J�P�O�T �C�Z �U�I�F �D�P�O�T�U�B�O�U�Tcos( 3�p

4 ) �B�O�Elog(2)��S�F�T�Q�F�D�U�J�W�F�M�Z�� �5�I�F �J�O�Q�V�U�T �U�P
�U�I�F �N�V�M�U�J�Q�M�J�F�S�T �I�B�W�F �X�J�E�U�I�T �P�G �{�z �C�J�U�T�� �5�I�F �U�F�D�I�O�J�R�V�F �V�T�F�E �G�P�S �U�I�F �N�V�M�U�J�Q�M�J�D�B�U�J�P�O�T �J�T
�U�I�F �U�B�C�V�M�B�U�J�P�O���C�B�T�F�E �,�$�. �N�F�U�I�P�E�� �5�I�J�T �J�T �N�V�D�I �N�P�S�F �F�m�n�b�D�J�F�O�U �U�I�B�O �U�I�F �U�Z�Q�J�D�B�M �N�V�M��
�U�J�Q�M�J�D�B�U�J�P�O �P�G �'�J�H�V�S�F �~���•�� �.�P�S�F �E�F�U�B�J�M�T �P�O �U�I�J�T �U�P�Q�J�D �B�S�F �Q�S�F�T�F�O�U�F�E �J�O �$�I�B�Q�U�F�S �€���� �� �� �•�€

�~���• �&�Y�B�N�Q�M�F �P�G �C�J�U�I�F�B�Q�T �D�P�N�J�O�H �G�S�P�N �'�M�P�1�P�$�P� �T �'�J�Y�'�*�3 �P�Q�F�S�B�U�P�S� �D�P�S�S�F�T�Q�P�O�E�J�O�H �U�P �B �M�B�S�H�F
�'�*�3 �n�b�M�U�F�S�� �5�I�F �B�S�D�I�J�U�F�D�U�V�S�F �P�G �U�I�F �n�b�M�U�F�S �J�T �C�B�T�F�E �P�O �D�P�O�T�U�B�O�U �N�V�M�U�J�Q�M�J�D�B�U�J�P�O�T �C�Z �U�I�F �D�P��
�F�m�n�b�D�J�F�O�U�T �P�G �U�I�F �n�b�M�U�F�S�� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �•�€

�~���y�‚ �&�Y�B�N�Q�M�F �P�G �C�J�U�I�F�B�Q�T �D�P�S�S�F�T�Q�P�O�E�J�O�H �U�PX� 1
6X3��Q�S�F�T�F�O�U�F�E �J�O �U�I�F �C�F�H�J�O�O�J�O�H �P�G �$�I�B�Q��

�U�F�S �~�� �5�I�F �V�Q�Q�F�S �Q�B�S�U �P�G �U�I�F �J�N�B�H�F �Q�S�F�T�F�O�U�T �U�I�F �C�J�U�I�F�B�Q �D�P�S�S�F�T�Q�P�O�E�J�O�H �U�P �B�O �B�S�D�I�J�U�F�D��
�U�V�S�F �U�I�B�U �J�N�Q�M�F�N�F�O�U�T �U�I�F �Q�S�F�W�J�P�V�T�M�Z �Q�S�F�T�F�O�U�F�E �P�Q�U�J�N�J�[�B�U�J�P�O�T�� �5�I�F �M�P�X�F�S �Q�B�S�U �P�G �'�J�H��
�V�S�F �~���y�‚ �T�I�P�X�T �I�P�X �N�V�D�I �P�G �U�I�F �B�S�D�I�J�U�F�D�U�V�S�F �D�B�O �C�F �F�M�J�N�J�O�B�U�F�E� �J�O �U�I�F �D�P�O�U�F�Y�U �P�G �B �y�~��
�C�J�U �T�J�O�F���D�P�T�J�O�F �P�Q�F�S�B�U�J�P�O �D�P�N�Q�V�U�J�O�H �K�V�T�U �S�J�H�I�U�� �5�I�J�T �P�Q�U�J�N�J�[�B�U�J�P�O �J�T �E�F�U�B�J�M�F�E �J�O �$�I�B�Q��
�U�F�S �•�� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �•�•

�~���y�y �%�P�U �E�J�B�H�S�B�N �G�P�S �B �{���z �D�P�N�Q�S�F�T�T�P�S �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �€�z
�~���y�z �%�P�U �E�J�B�H�S�B�N�T �G�P�S �T�P�N�F �F�Y�B�N�Q�M�F�T �P�G �D�P�N�Q�S�F�T�T�P�S�T �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �€�{
�~���y�{ �&�Y�B�N�Q�M�F �P�G �U�X�P �C�J�U�I�F�B�Q�T� �P�O�F �T�V�N�N�J�O�H �y�~ �O�V�N�C�F�S�T �P�G �W�B�S�J�P�V�T �M�F�O�H�U�I�T �	�B�U �N�P�T�U �y�~ �C�J�U�T�


�B�O�E �B�O�P�U�I�F�S �P�O�F �T�V�N�N�J�O�H �{�z �O�V�N�C�F�S�T �P�G �W�B�S�J�P�V�T �M�F�O�H�U�I�T �	�B�U �N�P�T�U �{�z �C�J�U�T�
 �� �� �� �� �� �€�~
�~���y�| �$�P�N�Q�S�F�T�T�J�P�O �T�U�B�H�F�T �G�P�S �U�I�F �C�J�U�I�F�B�Q �P�G �'�J�H�V�S�F �~���y�{�B �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �€�€
�~���y�} �$�P�N�Q�S�F�T�T�J�P�O �T�U�B�H�F�T �G�P�S �U�I�F �C�J�U�I�F�B�Q �P�G �'�J�H�V�S�F �~���y�{�C �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �€�•
�~���y�~ �;�P�P�N �J�O �P�O �U�I�F �U�P�Q �Q�B�S�U �P�G �'�J�H�V�S�F �~���y�| �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �•�y
�~���y�• �5�I�F �C�J�U�I�F�B�Q �P�G �B �z�{���C�J�U �*�O�U�.�V�M�U�J�Q�M�J�F�S �B�O�E �J�U�T �D�P�N�Q�S�F�T�T�J�P�O �� �� �� �� �� �� �� �� �� �� �� �� �� �� �•�{
�~���y�€ �5�I�F �C�J�U�I�F�B�Q �P�G �B �{�z���C�J�U �*�O�U�.�V�M�U�J�Q�M�J�F�S �B�O�E �J�U�T �D�P�N�Q�S�F�T�T�J�P�O �� �� �� �� �� �� �� �� �� �� �� �� �� �� �•�{
�~���y�• �5�I�F �C�J�U�I�F�B�Q �P�G �B �}�{���C�J�U �*�O�U�.�V�M�U�J�Q�M�J�F�S �B�O�E �J�U�T �D�P�N�Q�S�F�T�T�J�P�O �� �� �� �� �� �� �� �� �� �� �� �� �� �� �•�|
�~���z�‚ �$�P�N�Q�M�F�Y �N�V�M�U�J�Q�M�J�D�B�U�J�P�O �B�T �U�X�P �C�J�U �I�F�B�Q�T�� �%�J�m�G�F�S�F�O�U �D�P�M�P�S�T �J�O �U�I�F �C�J�U �I�F�B�Q �J�O�E�J�D�B�U�F �C�J�U�T

�B�S�S�J�W�J�O�H �B�U �E�J�m�G�F�S�F�O�U �J�O�T�U�B�O�U�T�� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �•�~

�•���y �"41� 41���C�J�U �U�P82���C�J�U �J�O�U�F�H�F�S �N�V�M�U�J�Q�M�J�F�S �G�P�S �9�J�M�J�O�Y �7�J�S�U�F�Y �~ �E�F�W�J�D�F�T�� �� �� �� �� �� �� �� �� �y�‚�‚
�•���z �"53� 53���C�J�U �U�P53���C�J�U �U�S�V�O�D�B�U�F�E �N�V�M�U�J�Q�M�J�F�S �G�P�S �9�J�M�J�O�Y �7�J�S�U�F�Y �~ �E�F�W�J�D�F�T�� �� �� �� �� �� �� �� �y�‚�z
�•���{ �"53� 53���C�J�U �U�P53���C�J�U �U�S�V�O�D�B�U�F�E �N�V�M�U�J�Q�M�J�F�S �G�P�S �"�M�U�F�S�B �4�U�S�B�U�J�Y�7 �E�F�W�J�D�F�T�� �� �� �� �� �� �� �� �y�‚�{
�•���| �.�V�M�U�J�Q�M�J�D�B�U�J�P�O �P�G �U�X�P �T�J�H�O�F�E �O�V�N�C�F�S�TX �B�O�EY �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �y�‚�~

�€���y �%�P�U �E�J�B�H�S�B�N �G�P�S �U�I�F �N�V�M�U�J�Q�M�J�D�B�U�J�P�O �P�G �U�X�P �n�b�Y�F�E���Q�P�J�O�U �W�B�S�J�B�C�M�F�TX �B�O�EY �� �� �� �� �� �� �� �y�y�‚
�€���z �%�P�U �E�J�B�H�S�B�N �G�P�S �U�I�F �N�V�M�U�J�Q�M�J�D�B�U�J�P�O �P�G �B �n�b�Y�F�E���Q�P�J�O�U �W�B�S�J�B�C�M�F�TX �B�O�E �U�I�F �D�P�O�T�U�B�O�U10110101�

�X�J�U�I �U�I�F �[�F�S�P�T �J�O �U�I�F �D�P�O�T�U�B�O�U �P�V�U�M�J�O�F�E �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �y�y�y

�Y�J�J



�€���{ �%�P�U �E�J�B�H�S�B�N �G�P�S �U�I�F �N�V�M�U�J�Q�M�J�D�B�U�J�P�O �P�G �B �n�b�Y�F�E���Q�P�J�O�U �W�B�S�J�B�C�M�F�TX �B�O�E �U�I�F �D�P�O�T�U�B�O�U10110101�
�X�J�U�I�P�V�U �U�I�F �[�F�S�P �S�P�X�T �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �y�y�z

�€���| �"�M�J�H�O�N�F�O�U �P�G �U�I�F �U�F�S�N�T �J�O �U�I�F �'�J�Y�3�F�B�M�,�$�. �N�V�M�U�J�Q�M�J�F�S �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �y�y�z
�€���} �5�I�F�	�&�5���"���)������ �P�Q�F�S�B�U�P�S �X�I�F�OX �J�T �T�Q�M�J�U �J�O �{ �D�I�V�O�L�T �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �y�y�{

�•���y �&�V�M�F�S� �T �J�E�F�O�U�J�U�Z �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �y�z�‚
�•���z �5�I�F �W�B�M�V�F�T �G�P�Ssqo�J�O �F�B�D�I �P�D�U�B�O�U �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �y�z�z
�•���{ �"�O �J�M�M�V�T�U�S�B�U�J�P�O �P�G �P�O�F �J�U�F�S�B�U�J�P�O �P�G �U�I�F �$�0�3�%�*�$ �B�M�H�P�S�J�U�I�N �� �� �� �� �� �� �� �� �� �� �� �� �� �� �y�z�|
�•���| �"�O �J�M�M�V�T�U�S�B�U�J�P�O �P�G �U�I�F �F�W�P�M�V�U�J�P�O �P�G �U�I�F �B�O�H�M�Fz�U�I�S�P�V�H�I�P�V�U �U�I�F �J�U�F�S�B�U�J�P�O�T �� �� �� �� �� �� �� �y�z�~
�•���} �"�O �V�O�S�P�M�M�F�E �J�N�Q�M�F�N�F�O�U�B�U�J�P�O �P�G �U�I�F �$�0�3�%�*�$ �N�F�U�I�P�E�� �#�J�U�X�J�E�U�I�T �G�P�S �U�I�Fc �B�O�Es�E�B�U��

�B�Q�B�U�I�T �S�F�N�B�J�O �D�P�O�T�U�B�O�U� �X�I�J�M�F �U�I�F �C�J�U�X�J�E�U�I �P�G �U�I�Fz�E�B�U�B�Q�B�U�I �E�F�D�S�F�B�T�F�T �C�Z1 �C�J�U �B�U �F�B�D�I
�M�F�W�F�M�� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �y�z�•

�•���~ �5�I�F �U�S�B�E�F���P�G �C�F�U�X�F�F�O �V�T�J�O�H �S�P�V�O�E�J�O�H�T �B�O�E �U�S�V�O�D�B�U�J�P�O�T �G�P�S �U�I�Fc �B�O�Es�E�B�U�B�Q�B�U�I�T �� �� �y�z�•
�•���• �5�I�Fz�E�B�U�B�Q�B�U�I �D�B�O �C�F �S�F�E�V�D�F�E �C�Z �J�U�T �N�P�T�U �T�J�H�O�J�n�b�D�B�O�U �C�J�U �B�U �F�B�D�I �J�U�F�S�B�U�J�P�O �� �� �� �� �� �� �y�{�‚
�•���€ �"�O �J�N�Q�M�F�N�F�O�U�B�U�J�P�O �P�G �U�I�F �V�O�S�P�M�M�F�E �$�0�3�%�*�$ �N�F�U�I�P�E �X�J�U�I �S�F�E�V�D�F�E �J�U�F�S�B�U�J�P�O�T �� �� �� �y�{�z
�•���• �"�O �J�M�M�V�T�U�S�B�U�J�P�O �P�G �U�I�F �U�B�C�V�M�B�U�F �B�O�E �N�V�M�U�J�Q�M�Z �N�F�U�I�P�E �G�P�S �D�P�N�Q�V�U�J�O�H �U�I�F �T�J�O�F �B�O�E �D�P�T�J�O�F �y�{�{
�•���y�‚ �" �Q�P�T�T�J�C�M�F �J�N�Q�M�F�N�F�O�U�B�U�J�P�O �G�P�S �U�I�F �U�B�C�V�M�B�U�F �B�O�E �N�V�M�U�J�Q�M�Z �N�F�U�I�P�E �G�P�S �D�P�N�Q�V�U�J�O�H �U�I�F

�T�J�O�F �B�O�E �D�P�T�J�O�F �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �y�{�}
�•���y�y �" �C�J�U�I�F�B�Q �D�P�S�S�F�T�Q�P�O�E�J�O�H �U�Pz� z3

6 ��G�P�S �B �T�J�O�F���D�P�T�J�O�F �B�S�D�I�J�U�F�D�U�V�S�F �X�J�U�I �U�I�F �J�O�Q�V�U �P�O �|�‚
�C�J�U�T �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �y�{�~

�•���y�z �5�I�F �H�F�O�F�S�J�D �Q�P�M�Z�O�P�N�J�B�M �F�W�B�M�V�B�U�P�S���C�B�T�F�E �N�F�U�I�P�E �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �y�{�€

�y�‚���y �'�J�Y�F�E���Q�P�J�O�Uarctan(yx) �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �y�|�|
�y�‚���z �5�I�F �C�J�U�T �P�G �U�I�F �n�b�Y�F�E���Q�P�J�O�U �G�P�S�N�B�U �V�T�F�E �G�P�S �U�I�F �J�O�Q�V�U�T �P�Gatan2�� �� �� �� �� �� �� �� �� �� �� �� �y�|�|
�y�‚���{ �0�O�F �D�B�T�F �P�G �T�Z�N�N�F�U�S�Z���C�B�T�F�E �S�B�O�H�F �S�F�E�V�D�U�J�P�O�� �5�I�F �• �P�U�I�F�S �D�B�T�F�T �B�S�F �T�J�N�J�M�B�S�� �� �� �� �� �� �y�|�•
�y�‚���| �{�% �Q�M�P�U �P�Gatan2�P�W�F�S �U�I�F �n�b�S�T�U �P�D�U�B�O�U�� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �y�|�€
�y�‚���} �4�D�B�M�J�O�H���C�B�T�F�E �S�B�O�H�F �S�F�E�V�D�U�J�P�O �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �y�|�•
�y�‚���~ �"�O �J�N�Q�M�F�N�F�O�U�B�U�J�P�O �P�G �U�I�F �V�O�S�P�M�M�F�E �$�0�3�%�*�$ �N�F�U�I�P�E �J�O �W�F�D�U�P�S�J�O�H �N�P�E�F �� �� �� �� �� �� �y�}�‚
�y�‚���• �5�I�F �F�S�S�P�S�T �P�O �U�I�Fxi �yi �B�O�Ea i �E�B�U�B�Q�B�U�I�T ���� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �y�}�z
�y�‚���€ �"�S�D�I�J�U�F�D�U�V�S�F �C�B�T�F�E �P�O �U�X�P �G�V�O�D�U�J�P�O�T �P�G �P�O�F �W�B�S�J�B�C�M�F �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �y�}�z
�y�‚���• �1�M�P�U�T �P�G1

x �P�O[0:5;1] �	�M�F�G�t�
�B�O�E1
p arctan(z) �P�O[0;1] �	�S�J�H�I�U�
 ���� �� �� �� �� �� �� �� �� �� �� �� �y�}�{

�y�‚���y�‚ �5�I�F �F�S�S�P�S�T �P�O �U�I�F �S�F�D�J�Q�S�P�D�B�M���N�V�M�U�J�Q�M�Z���U�B�C�V�M�B�U�F �N�F�U�I�P�E �E�B�U�B�Q�B�U�I �� �� �� �� �� �� �� �� �� �� �� �y�}�|
�y�‚���y�y �"�S�D�I�J�U�F�D�U�V�S�F �C�B�T�F�E �P�O �B �n�b�S�T�U �P�S�E�F�S �C�J�W�B�S�J�B�U�F �Q�P�M�Z�O�P�N�J�B�M �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �y�}�•
�y�‚���y�z �"�S�D�I�J�U�F�D�U�V�S�F �C�B�T�F�E �P�O �B �T�F�D�P�O�E �P�S�E�F�S �C�J�W�B�S�J�B�U�F �Q�P�M�Z�O�P�N�J�B�M �� �� �� �� �� �� �� �� �� �� �� �� �� �� �y�}�•
�y�‚���y�{ �&�S�S�P�S�T �P�O �U�I�F �n�b�S�T�U �P�S�E�F�S �C�J�W�B�S�J�B�U�F �Q�P�M�Z�O�P�N�J�B�M �B�Q�Q�S�P�Y�J�N�B�U�J�P�O �J�N�Q�M�F�N�F�O�U�B�U�J�P�O �� �� �� �� �y�~�y
�y�‚���y�| �&�S�S�P�S�T �P�O �U�I�F �n�b�S�T�U �P�S�E�F�S �C�J�W�B�S�J�B�U�F �Q�P�M�Z�O�P�N�J�B�M �B�Q�Q�S�P�Y�J�N�B�U�J�P�O �J�N�Q�M�F�N�F�O�U�B�U�J�P�O �� �� �� �� �y�~�z

�y�y���y �" �I�J�H�I���M�F�W�F�M �W�J�F�X �P�G �U�I�F �H�F�O�F�S�B�U�P�S �B�O�E �P�G �U�I�F �W�B�S�J�P�V�T �N�F�U�I�P�E�T �B�O�E �U�I�F�J�S �C�J�U�X�J�E�U�I �S�B�O�H�F�T�� �y�~�•
�y�y���z �4�D�B�M�J�O�H �S�B�O�H�F �S�F�E�V�D�U�J�P�O �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �y�•�y
�y�y���{ �5�I�F �C�J�Q�B�S�U�J�U�F �N�F�U�I�P�E �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �y�•�{
�y�y���| �5�I�F �U�X�P �B�S�D�I�J�U�F�D�U�V�S�F�T �G�P�S �U�I�F �U�B�C�V�M�B�U�J�P�O �P�G �P�V�U�Q�V�U�T �	�G�P�S �D�B�T�F�T �X�I�F�O �U�I�F �N�F�U�I�P�E �F�S�S�P�S

�F�Y�D�F�F�E�T �U�I�F �B�E�N�J�U�U�F�E �W�B�M�V�F�
 �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �y�•�|
�y�y���} �5�I�F �U�X�P �D�B�T�F�T �P�G �U�I�F �V�O�E�F�S�o�s�P�X �B�S�D�I�J�U�F�D�U�V�S�F �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �y�•�~
�y�y���~ �5�B�C�V�M�B�U�F���B�O�E���N�V�M�U�J�Q�M�Z �N�F�U�I�P�E �B�S�D�I�J�U�F�D�U�V�S�F �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �y�•�€

�Y�J�J�J



�y�y���•�4�F�D�P�O�E �P�S�E�F�S �U�B�C�V�M�B�U�F���B�O�E���N�V�M�U�J�Q�M�Z �N�F�U�I�P�E �B�S�D�I�J�U�F�D�U�V�S�F �G�P�S �U�I�F �S�F�D�J�Q�S�P�D�B�M �G�V�O�D�U�J�P�O�� �y�€�‚
�y�y���€ �/�F�X�U�P�O���3�B�Q�I�T�P�O �J�U�F�S�B�U�J�W�F �N�F�U�I�P�E �B�S�D�I�J�U�F�D�U�V�S�F �G�P�S �U�I�F �S�F�D�J�Q�S�P�D�B�M �G�V�O�D�U�J�P�O�� �� �� �� �� �� �y�€�}
�y�y���• �" �H�S�B�Q�I�J�D�B�M �J�M�M�V�T�U�S�B�U�J�P�O �P�G �U�I�F �/�F�X�U�P�O���3�B�Q�I�T�P�O �B�O�E �)�P�V�T�F�I�P�M�E�F�S �N�F�U�I�P�E�T �� �� �� �� �� �y�€�€
�y�y���y�‚ �)�B�M�M�F�Z �J�U�F�S�B�U�J�W�F �N�F�U�I�P�E �B�S�D�I�J�U�F�D�U�V�S�F �G�P�S �U�I�F �S�F�D�J�Q�S�P�D�B�M �G�V�O�D�U�J�P�O�� �� �� �� �� �� �� �� �� �� �� �� �y�•�‚

�y�z���y �*�O�U�F�S�G�B�D�F �U�P �U�I�F �Q�S�P�Q�P�T�F�E �U�P�P�M�� �5�I�F �J�O�U�F�H�F�S�Tm�l �B�O�Ep �B�S�F �C�J�U �X�F�J�H�I�U�T��m�B�O�El �E�F�O�P�U�F
�U�I�F �N�P�T�U �T�J�H�O�J�n�b�D�B�O�U �B�O�E �M�F�B�T�U �T�J�H�O�J�n�b�D�B�O�U �C�J�U�T �P�G �U�I�F �J�O�Q�V�U��p �E�F�O�P�U�F�T �U�I�F �M�F�B�T�U �T�J�H�O�J�n�b��
�D�B�O�U �C�J�U �P�G �U�I�F �S�F�T�V�M�U�� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �y�•�€

�y�z���z �5�I�F �C�J�U�T �P�G �U�I�F �n�b�Y�F�E���Q�P�J�O�U �G�P�S�N�B�U �V�T�F�E �G�P�S �U�I�F �J�O�Q�V�U�T �P�G �U�I�F �4�0�1�$ �� �� �� �� �� �� �� �� �� �y�•�•
�y�z���{ �5�I�F �B�M�J�H�O�N�F�O�U �P�G �U�I�Fai � xi �G�P�M�M�P�X�T �U�I�B�U �P�G �U�I�Fai �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �z�‚�y
�y�z���| �"�M�J�H�O�N�F�O�U �P�G �U�I�F �U�F�S�N�T �J�O �U�I�F �,�$�. �N�F�U�I�P�E �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �z�‚�|
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�5�I�J�T �4�F�D�U�J�P�O �J�O�U�S�P�E�V�D�F�T �B �G�F�X �O�P�U�J�P�O�T �S�F�M�B�U�F�E �U�P �U�J�N�J�O�H �B�O�E �U�I�F �T�Z�T�U�F�N �V�T�F�E �C�Z �U�I�F �Q�J�Q�F�M�J�O�J�O�H �G�S�B�N�F��
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�4�J�H�O�B�M�T �D�B�O �C�F �P�S�E�F�S�F�E �J�O �B �M�F�Y�J�D�P�H�S�B�Q�I�J�D �P�S�E�F�S �V�T�J�O�H �U�I�F �G�P�M�M�P�X�J�O�H �S�F�M�B�U�J�P�O�T�I�J�Q�� �" �T�J�H�O�B�Ms1� �X�J�U�I

�U�J�N�J�O�H(c1; t 1)� �J�T �C�F�G�P�S�F �B �T�J�H�O�B�Ms2� �X�J�U�I �U�J�N�J�O�H(c2; t 2)� �J�G

(c1; t 1) < (c2; t 2) ()
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c1 = c2 �B�O�Et 1 < t 2
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�B�E�E�J�U�J�P�O�� �'�P�S �B �U�B�S�H�F�U �G�S�F�R�V�F�O�D�Zf � �U�I�F �D�P�S�S�F�T�Q�P�O�E�J�O�H �D�Z�D�M�F �M�B�U�F�O�D�Z �J�T1=f �� �5�I�F �B�E�E�J�U�J�P�O �C�F�U�X�F�F�O �B
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�Q�B�J�S(c;t ) �B�O�E �B �U�J�N�F �E�F�M�B�Zd �J�T �E�F�n�b�O�F�E �B�T��

(c ; t ) + d =
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c+
�

t + d
dob j

�
;

t + d
dob j
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t + d
dob j
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�*�O�&�R�V�B�U�J�P�O �{���z�dob j �J�T �E�F�n�b�O�F�E �B�Tdob j = 1=f � df f � �X�I�F�S�Fdf f �J�T �U�I�F �U�J�N�F �E�F�M�B�Z �P�G �B �S�F�H�J�T�U�F�S

�B�O�Ef �J�T �U�I�F �V�T�F�S���T�Q�F�D�J�n�b�F�E �U�B�S�H�F�U �G�S�F�R�V�F�O�D�Z� �X�J�U�I �U�I�F �D�P�S�S�F�T�Q�P�O�E�J�O�H �D�Z�D�M�F �M�B�U�F�O�D�Z �P�G1=f ��

�5�I�F �B�E�E�J�U�J�P�O �C�F�U�X�F�F�O �B �M�F�Y�J�D�P�H�S�B�Q�I�J�D �Q�B�J�S(c1; t 1) �B�O�E �B�O�P�U�I�F�S �P�O�F(c2; t 2) �D�B�O �C�F �Q�F�S�G�P�S�N�F�E �B�T��

(c1 ; t 1) + ( c2 ; t 2) = (c1 + c2; t 1) + t 2 �	�{���{�
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�G�P�S �F�B�D�I �D�S�F�B�U�F�E �C�J�U�I�F�B�Q��

�' �D�P�N�Q�S�F�T�T �B �C�J�U�I�F�B�Q�� �U�I�J�T �D�S�F�B�U�F�T �B�O �B�S�D�I�J�U�F�D�U�V�S�F �D�P�N�Q�V�U�J�O�H �U�I�F �T�V�N �P�G �B �C�J�U�I�F�B�Q��

�5�I�F �B�D�U�J�P�O�T �P�G �B�E�E�J�O�H �P�S �T�V�C�U�S�B�D�U�J�O�H �D�P�O�T�U�B�O�U �C�J�U�T �P�S �T�J�H�O�B�M�T �U�P �U�I�F �C�J�U�I�F�B�Q �C�S�J�O�H�T �V�Q �U�I�F �N�B�U�U�F�S

�P�G �I�P�X �U�I�F�T�F �C�J�U�T �B�S�F �N�B�O�B�H�F�E�� �$�P�O�T�U�B�O�U �C�J�U�T �D�B�O �D�P�N�F �G�S�P�N �W�B�S�J�P�V�T �T�P�V�S�D�F�T� �B�N�P�O�H �X�I�J�D�I �U�I�F �N�P�T�U

�D�P�N�N�P�O �B�S�F �S�P�V�O�E�J�O�H �B�O�E �T�J�H�O �N�B�O�B�H�F�N�F�O�U�� �"�T �U�I�F�Z �B�S�F �L�O�P�X�O �J�O �B�E�W�B�O�D�F� �J�U �X�P�V�M�E �C�F �X�B�T�U�F�G�V�M �U�P

�I�B�O�E�M�F �U�I�F�N �J�O �U�I�F �T�B�N�F �X�B�Z �B�T �U�I�F �C�J�U�T �X�I�J�D�I �B�S�F �U�I�F �S�F�T�V�M�U �P�G �T�P�N�F �D�P�N�Q�V�U�B�U�J�P�O�� �*�O �P�S�E�F�S �U�P �I�B�O��

�E�M�F �U�I�F �D�P�O�T�U�B�O�U �C�J�U�T� �'�M�P�1�P�$�P� �T �C�J�U�I�F�B�Q �G�S�B�N�F�X�P�S�L �J�O�D�M�V�E�F�T �B �N�V�M�U�J���Q�S�F�D�J�T�J�P�O �J�O�U�F�H�F�S���n�b�Y�F�E���Q�P�J�O�U

�O�V�N�C�F�S �X�I�J�D�I �B�D�D�V�N�V�M�B�U�F�T �U�I�F�T�F �C�J�U�T�� �5�I�J�T �J�T �B �U�F�D�I�O�J�R�V�F �D�P�N�J�O�H �G�S�P�N �U�I�F �M�J�U�F�S�B�U�V�S�F �P�O �N�V�M�U�J�Q�M�J�F�S�T

�B�O�E �N�V�M�U�J���J�O�Q�V�U �B�E�E�F�S�T �<�y�•�>�<�|�z�>�� �)�P�X�F�W�F�S� �U�Z�Q�J�D�B�M �J�N�Q�M�F�N�F�O�U�B�U�J�P�O�T �N�B�O�B�H�F �U�I�F �D�P�O�T�U�B�O�U �C�J�U�T �C�Z

�I�B�O�E� �X�I�J�D�I �J�T �B �U�F�E�J�P�V�T �B�O�E �F�S�S�P�S���Q�S�P�O�F �Q�S�P�D�F�T�T�� �5�I�F �J�N�Q�M�F�N�F�O�U�B�U�J�P�O �J�O �'�M�P�1�P�$�P �I�B�O�E�M�F�T �U�I�F�N

�B�V�U�P�N�B�U�J�D�B�M�M�Z��

�4	’	•	—	Ž	• �/	ž	–	‹	Ž	›	œ

�&�W�F�O �J�G �J�U �J�T �Q�P�T�T�J�C�M�F �U�P �D�S�F�B�U�F �C�J�U�I�F�B�Q�T �U�I�B�U �B�S�F �C�B�T�F�E �P�O �X�P�S�L�J�O�H �E�J�S�F�D�U�M�Z �X�J�U�I �Q�P�T�J�U�J�W�F �P�S �O�F�H�B�U�J�W�F

�C�J�U�T �<�~�‚�>� �U�I�F �G�P�M�M�P�X�J�O�H �B�E�W�P�D�B�U�F�T �U�I�B�U �U�I�F �N�B�O�B�H�F�N�F�O�U �P�G �U�X�P� �T �D�P�N�Q�M�F�N�F�O�U �T�J�H�O�F�E �O�V�N�C�F�S�T �D�P�N�F�T

�B�U �B �M�P�X �D�P�T�U��

�4�J�H�O �F�Y�U�F�O�T�J�P�O�T �B�S�F �N�B�O�B�H�F�E �V�T�J�O�H �U�I�F �D�P�O�T�U�B�O�U �W�F�D�U�P�S�� �*�U �J�T �B �N�V�M�U�J���Q�S�F�D�J�T�J�P�O �J�O�U�F�H�F�S �X�I�J�D�I �B�D�D�V��

�N�V�M�B�U�F�T �U�I�F �D�P�O�T�U�B�O�U �C�J�U�T���O�V�N�C�F�S�T �B�E�E�F�E �U�P �U�I�F �C�J�U�I�F�B�Q��

�"�E�E�J�O�H �B �T�J�H�O�F�E �T�J�H�O�B�M �U�P �U�I�F �C�J�U�I�F�B�Q �S�F�R�V�J�S�F�T �J�U�T �T�J�H�O �F�Y�U�F�O�T�J�P�O� �X�I�F�O �U�I�F �.�4�# �P�G �U�I�F �T�J�H�O�B�M �J�T

�M�F�T�T �U�I�B�O �U�I�B�U �P�G �U�I�F �C�J�U�I�F�B�Q�� �5�I�F �T�J�H�O���F�Y�U�F�O�T�J�P�O �D�B�O �C�F �E�P�O�F �V�T�J�O�H �U�I�F �D�M�B�T�T�J�D�B�M �U�F�D�I�O�J�R�V�F �P�G �4�F�D��

�U�J�P�O �z���z���z� �P�O �Q�B�H�F �y�|�� �5�I�J�T �J�T �B�M�M �E�P�O�F �B�U �U�I�F �D�P�T�U �P�G �D�P�N�Q�M�F�N�F�O�U�J�O�H �P�O�F �C�J�U� �B�T �U�I�F �D�P�O�T�U�B�O�U �J�T �B�E�E�F�E

�U�P �U�I�F �D�P�O�T�U�B�O�U �W�F�D�U�P�S�� �"�T �B�S�F �B�M�M �U�I�F �D�P�O�T�U�B�O�U�T �D�P�N�J�O�H �G�S�P�N �T�J�H�O �F�Y�U�F�O�T�J�P�O�T�� �5�I�F�S�F�G�P�S�F� �U�I�F �D�P�T�U

�P�G �N�B�O�B�H�J�O�H �T�J�H�O�F�E �O�V�N�C�F�S�T �J�T �J�O �U�I�F �X�P�S�T�U �D�B�T�F �B �M�J�O�F �P�G �C�J�U�T �P�G �M�F�O�H�U�I �F�R�V�B�M �U�PMSB�@bitheap�

LSB�@bitheap+ 1� �Q�M�V�T �P�O�F �D�P�N�Q�M�F�N�F�O�U�F�E �C�J�U �G�P�S �F�B�D�I �T�J�H�O �F�Y�U�F�O�T�J�P�O�� �5�I�J�T �D�B�O �U�V�S�O �P�V�U �U�P �C�F �R�V�J�U�F

�J�O�T�J�H�O�J�n�b�D�B�O�U� �J�O �U�I�F �H�S�B�O�E �T�D�I�F�N�F �P�G �U�I�J�O�H�T��

�4�V�C�U�S�B�D�U�J�P�O �P�G �B �T�J�H�O�F�E �O�V�N�C�F�S �J�T �I�B�O�E�M�F�E �J�O �B �T�J�N�J�M�B�S �N�B�O�O�F�S�� �8�I�F�O �T�V�C�U�S�B�D�U�J�O�H �B �U�X�P� �T �D�P�N�Q�M�F��

�N�F�O�U �T�J�H�O�F�E �O�V�N�C�F�S��

�' �U�I�F �J�E�F�O�U�J�U�Z� X = X + 1 �J�T�V�T�F�E

�' �J�U�T �D�P�N�Q�M�F�N�F�O�U �J�T �B�E�E�F�E �U�P �U�I�F �C�J�U�I�F�B�Q� �T�J�H�O �F�Y�U�F�O�E�F�E��

�*�O �B�E�E�J�U�J�P�O� �B �D�P�O�T�U�B�O�U1 �C�J�U �J�T �B�E�E�F�E �B�U �U�I�F �-�4�# �X�F�J�H�I�U �P�G �U�I�F �T�J�H�O�B�M��
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�#	’	•	œ

�*�O �'�M�P�1�P�$�P� �B�#�J�U�D�B�O �C�F �T�F�F�O �B�T �B �X�S�B�Q�Q�F�S �B�S�P�V�O�E �B�4�J�H�O�B�M�� �&�B�D�I �C�J�U �I�B�T �T�F�W�F�S�B�M �B�U�U�S�J�C�V�U�F�T��

�' �U�I�F�T�J�H�O�B�M�X�I�J�D�I �J�U �X�S�B�Q�T��

�' �U�I�F �3�)�4 �	�S�J�H�I�U���I�B�O�E �T�J�E�F�
 �B�T�T�J�H�O�N�F�O�U�� �U�I�J�T �J�T �V�T�F�E �G�P�S �J�N�Q�M�F�N�F�O�U�J�O�H �U�I�F �V�O�E�F�S�M�Z�J�O�H �T�J�H�O�B�M �G�P�S
�U�I�F �C�J�U��

�' �B�6�*�%�	�V�O�J�R�V�F �J�E�F�O�U�J�n�b�F�S�
�� �U�I�J�T �J�T �V�T�F�E �U�P �J�E�F�O�U�J�G�Z �U�I�F �C�J�U�T �J�O �U�I�F �C�J�U�I�F�B�Q� �B�T �X�F�M�M �B�T �J�O �U�I�F �S�F��
�T�V�M�U�J�O�H�7�)�%�-�D�P�E�F��

�' �B�O�B�N�F�� �U�I�J�T �J�T �B�M�T�P �V�T�F�E �G�P�S �J�E�F�O�U�J�G�Z�J�O�H �U�I�F �C�J�U�T �J�O �U�I�F �C�J�U�I�F�B�Q� �X�J�U�I �F�B�T�J�F�S �B�D�D�F�T�T��

�%�V�S�J�O�H �D�P�N�Q�S�F�T�T�J�P�O� �B�O�P�U�I�F�S �B�U�U�S�J�C�V�U�F �J�T �T�F�U�� �U�I�F �D�P�N�Q�S�F�T�T�P�S� �X�I�J�D�I �D�P�N�Q�S�F�T�T�F�T �U�I�F �C�J�U �	�B�M�P�O�H

�X�J�U�I �Q�P�T�T�J�C�M�Z �P�U�I�F�S �C�J�U�T�
�� �5�I�J�T �B�U�U�S�J�C�V�U�F �J�T �P�Q�U�J�P�O�B�M�� �&�B�D�I �C�J�U �J�O �U�I�F �C�J�U�I�F�B�Q �J�T �T�V�N�N�F�E���V�Q �C�Z �B �D�P�N��

�Q�S�F�T�T�P�S� �B�O �F�Y�D�F�Q�U�J�P�O �U�P �U�I�J�T �S�V�M�F �C�F�J�O�H �U�I�F �C�J�U�T �X�I�J�D�I �B�S�F �P�O �U�I�F �M�B�T�U �D�P�N�Q�S�F�T�T�J�P�O �M�F�W�F�M� �X�I�J�D�I �N�B�L�F

�V�Q �U�I�F �T�V�N �P�G �U�I�F �C�J�U�I�F�B�Q��
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�5�I�F �D�P�N�Q�S�F�T�T�P�S�T �B�S�F �U�I�F �C�B�T�J�D �C�V�J�M�E�J�O�H �C�M�P�D�L�T �G�P�S �S�F�E�V�D�J�O�H �U�I�F �T�J�[�F �P�G �U�I�F �C�J�U�I�F�B�Q �E�V�S�J�O�H �U�I�F �D�P�N��

�Q�S�F�T�T�J�P�O �Q�S�P�D�F�T�T �	�X�I�J�D�I �X�J�M�M �C�F �Q�S�F�T�F�O�U�F�E �J�O �E�F�U�B�J�M �J�O �4�F�D�U�J�P�O �~���z�
�� �5�I�F �Q�S�J�O�D�J�Q�M�F �C�F�I�J�O�E �U�I�F �D�P�N��

�Q�S�F�T�T�P�S�T �J�T �U�I�B�U �U�I�F�Z �U�B�L�F �B�T �J�O�Q�V�U�T �B �D�F�S�U�B�J�O �O�V�N�C�F�S �P�G �C�J�U�T �B�O�E �U�I�F�Z �S�F�U�V�S�O �U�I�F�J�S �T�V�N� �P�O �B �T�N�B�M�M�F�S

�O�V�N�C�F�S �P�G �C�J�U�T��

�5�I�F �N�P�T�U �D�M�B�T�T�J�D�B�M �D�P�N�Q�S�F�T�T�P�S �J�T �U�I�F �G�V�M�M �B�E�E�F�S� �B�M�T�P �L�O�P�X�O �B�T �B �{���U�P���z �	�{���z�
 �D�P�N�Q�S�F�T�T�P�S� �J�M�M�V�T�U�S�B�U�F�E

�J�O �'�J�H�V�S�F �~���y�y�� �*�U �U�B�L�F�T �B�T �J�O�Q�V�U�T �U�I�S�F�F �C�J�U�T �P�G �B �H�J�W�F�O �X�F�J�H�I�Uw� �B�O�E �S�F�U�V�S�O�T �U�I�F�J�S �T�V�N �B�T �U�X�P �C�J�U�T �B�U

�X�F�J�H�I�U�Tw �B�O�Ew+ 1�� �*�O �H�F�O�F�S�B�M� �B �D�P�N�Q�S�F�T�T�P�S �U�B�L�F�T �B�T �J�O�Q�V�U �B�U �M�F�B�T�U �U�X�P �C�J�U�T� �X�I�J�D�I �D�B�O �I�B�W�F �E�J�G��

�G�F�S�F�O�U �X�F�J�H�I�U�T �	�O�P�U �O�F�D�F�T�T�B�S�J�M�Z �D�P�O�U�J�H�V�P�V�T�
� �B�O�E �S�F�U�V�S�O�T �B �T�N�B�M�M�F�S �O�V�N�C�F�S �P�G �C�J�U�T� �X�I�J�D�I �B�S�F �B�M�T�P

�E�J�T�U�S�J�C�V�U�F�E �P�W�F�S �E�J�m�G�F�S�F�O�U �X�F�J�H�I�U�T �	�O�P�U �O�F�D�F�T�T�B�S�J�M�Z �B�M�M �E�J�T�U�J�O�D�U�
�� �$�P�N�Q�S�F�T�T�P�S�T �T�I�P�V�M�E �I�B�W�F �B �M�P�X�F�S

�O�V�N�C�F�S �P�G �C�J�U�T �B�U �U�I�F �P�V�U�Q�V�U �U�I�B�O �B�U �U�I�F �J�O�Q�V�U� �U�I�V�T �S�F�E�V�D�J�O�H �U�I�F �T�J�[�F �P�G �U�I�F �C�J�U�I�F�B�Q�� �5�I�F�Z �T�I�P�V�M�E

�B�M�T�P �I�B�W�F �B �M�P�X�F�S �I�F�J�H�I�U �B�U �U�I�F �P�V�U�Q�V�U �U�I�B�O �B�U �U�I�F �J�O�Q�V�U �	�U�I�F �U�F�S�N �I�F�J�H�I�U �J�T �V�T�F�E �I�F�S�F �X�J�U�I �U�I�F �T�B�N�F

�D�P�O�O�P�U�B�U�J�P�O �B�T �G�P�S �U�I�F �C�J�U�I�F�B�Q� �J�O �4�F�D�U�J�P�O �~���y���y�
��

�4�P�N�F �F�Y�B�N�Q�M�F �D�P�N�Q�S�F�T�T�P�S�T �B�S�F �J�M�M�V�T�U�S�B�U�F�E �J�O �'�J�H�V�S�F �~���y�z��
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�' �5�I�F �~���U�P���{ �	�~���{�
 �D�P�N�Q�S�F�T�T�P�S �U�B�L�F�T �B�T �J�O�Q�V�U �~ �C�J�U�T �P�G �B �D�F�S�U�B�J�O �X�F�J�H�I�Uw �B�O�E �S�F�U�V�S�O�T �U�I�F�J�S �T�V�N
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�W�F�S�Z �C�B�T�J�D �F�Y�B�N�Q�M�F �J�T �D�P�O�T�J�E�F�S�F�E� �X�J�U�I �U�I�F �I�F�M�Q �P�G �'�J�H�V�S�F�T �€���y �U�I�S�P�V�H�I �€���{��
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X �B�O�EY�� �5�I�J�T �J�T �T�J�N�J�M�B�S �U�P �U�I�F �J�M�M�V�T�U�S�B�U�J�P�O �J�O �'�J�H�V�S�F �~���{�� �*�O �B �O�B�J�W�F �J�N�Q�M�F�N�F�O�U�B�U�J�P�O �P�G �U�I�F �N�V�M�U�J��

�Q�M�J�D�B�U�J�P�O� �U�I�F �n�b�H�V�S�F �T�I�P�X�T �U�I�F �~�| �Q�B�S�U�J�B�M �Q�S�P�E�V�D�U�T �U�I�B�U �I�B�W�F �U�P �C�F �n�b�S�T�U �D�P�N�Q�V�U�F�E� �B�O�E �U�I�F�O �B�E�E�F�E

�U�P�H�F�U�I�F�S��

�)�P�X�F�W�F�S� �B�T �U�I�J�T �J�T �B �D�P�O�T�U�B�O�U �N�V�M�U�J�Q�M�J�D�B�U�J�P�O� �P�O�F �P�G �U�I�F �N�V�M�U�J�Q�M�J�D�B�O�E�T �D�B�O �C�F �S�F�Q�M�B�D�F�E �X�J�U�I �J�U�T

�W�B�M�V�F� �L�O�P�X�O �J�O �B�E�W�B�O�U�B�H�F�� �'�P�S �F�Y�B�N�Q�M�F�Y �D�B�O �C�F �S�F�Q�M�B�D�F�E �X�J�U�I �U�I�F �€���C�J�U �D�P�O�T�U�B�O�U�Ð�Ï�Ð�Ð�Ï�Ð�Ï�Ð�� �5�I�J�T

�J�T �J�M�M�V�T�U�S�B�U�F�E �J�O �'�J�H�V�S�F �€���z� �X�I�F�S�F �U�I�F �X�I�J�U�F���n�b�M�M�F�E �C�J�U�T �S�F�Q�S�F�T�F�O�U �D�P�O�T�U�B�O�U �‚ �C�J�U�T �B�O�E �U�I�F �C�M�B�D�L���n�b�M�M�F�E
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�B�O�E �D�P�V�M�E �U�I�F�S�F�G�P�S�F �C�F �F�M�J�N�J�O�B�U�F�E �G�S�P�N �U�I�F �I�F�B�Q��

�'�J�H�V�S�F �€���{ �J�M�M�V�T�U�S�B�U�F�T �U�I�F �N�V�M�U�J�Q�M�J�D�B�U�J�P�O� �X�I�F�S�F �U�I�F �Q�B�S�U�J�B�M �Q�S�P�E�V�D�U�T �U�I�B�U �B�S�F �F�R�V�B�M �U�P �[�F�S�P �I�B�W�F

�C�F�F�O �F�M�J�N�J�O�B�U�F�E�� �" �D�P�N�Q�B�S�J�T�P�O �C�F�U�X�F�F�O �'�J�H�V�S�F �€���y �B�O�E �'�J�H�V�S�F �'�J�H�V�S�F �€���{ �T�I�P�X�T �U�I�F �C�B�T�J�D �P�Q�U�J�N�J�[�B��

�U�J�P�O�T �U�I�B�U �D�B�O �C�F �N�B�E�F �P�O �B �N�V�M�U�J�Q�M�J�D�B�U�J�P�O�T �X�J�U�I �B �D�P�O�T�U�B�O�U�� �$�P�N�Q�B�S�J�O�H �U�I�F�N �B�M�T�P �T�I�P�X�T �U�I�F �T�B�W�J�O�H�T

�X�I�J�D�I �D�B�O �C�F �B�D�I�J�F�W�F�E �J�O �U�F�S�N�T �P�G �S�F�T�P�V�S�D�F�T �S�F�R�V�J�S�F�E �G�P�S �U�I�F �J�N�Q�M�F�N�F�O�U�B�U�J�P�O��

�0�G �D�P�V�S�T�F� �U�I�J�T �J�T �P�O�M�Z �B �U�P�Z �F�Y�B�N�Q�M�F� �B�O�E �N�P�S�F �D�P�N�Q�M�F�Y �U�F�D�I�O�J�R�V�F�T �G�P�S �N�V�M�U�J�Q�M�J�D�B�U�J�P�O�T �C�Z �D�P�O��

�T�U�B�O�U�T �D�B�O �C�F �F�W�F�O �N�P�S�F �F�m�n�b�D�J�F�O�U�� �5�I�F �S�F�T�U �P�G �$�I�B�Q�U�F�S �€ �Q�S�F�T�F�O�U�T �T�V�D�I �B �U�B�C�M�F���C�B�T�F�E �U�F�D�I�O�J�R�V�F��

�$�P�O�T�J�E�F�S �U�I�F �N�V�M�U�J�Q�M�J�D�B�U�J�P�O �C�F�U�X�F�F�O �B �n�b�Y�F�E���Q�P�J�O�U �O�V�N�C�F�SX �B�O�E �U�I�F �S�F�B�M �D�P�O�T�U�B�O�UC�� �"�T �U�I�F�S�F

�B�S�F �B �n�b�O�J�U�F �O�V�N�C�F�S �P�G �W�B�M�V�F�T �U�I�B�UX �D�B�O �U�B�L�F �	2w� �U�P �C�F �Q�S�F�D�J�T�F� �X�I�F�S�Fw �J�T �U�I�F �C�J�U���X�J�E�U�I �P�GX�
� �U�I�F

�T�J�N�Q�M�F�T�U �N�F�U�I�P�E �G�P�S �N�V�M�U�J�Q�M�Z�J�O�H �C�Z �B �D�P�O�T�U�B�O�U �J�T �U�P �E�J�S�F�D�U�M�Z �U�B�C�V�M�B�U�F �B�M�M �U�I�F �Q�P�T�T�J�C�M�F �S�F�T�V�M�U�T�� �6�T�J�O�H

�y�‚�•



�

�
�-�+�<�8�' �¥�W�ˆ�V���3�; �&�-�!�+�8�!�1 �(�3�8 �;�,�' �1�<�£	§�6�£�-�$�!	§�3�2 �3�( �;�>�3 �)�?�'�&�f�6�3�-�2�; �=�!�8�-�!�#�£�'�9X �!�2�&Y

�N�V�M�U�J���Q�S�F�D�J�T�J�P�O �T�P�G�t�X�B�S�F� �U�I�F �P�V�U�Q�V�U �W�B�M�V�F�T �D�B�O �C�F �D�P�N�Q�V�U�F�E �X�J�U�I �B �T�V�m�n�b�D�J�F�O�U�M�Z �M�B�S�H�F �Q�S�F�D�J�T�J�P�O �T�P

�U�I�B�U �U�I�F �P�Q�F�S�B�U�P�S �S�F�U�V�S�O�T �U�I�F �D�P�S�S�F�D�U�M�Z �S�P�V�O�E�F�E �S�F�T�V�M�U�T��

�'�P�S �M�P�P�L���V�Q �U�B�C�M�F �C�B�T�F�E �'�1�(�"�T� �U�I�J�T �J�T �U�I�F �C�F�T�U �B�T �J�U �H�F�U�T� �C�P�U�I �J�O �U�F�S�N�T �P�G �E�F�M�B�Z� �B�T �X�F�M�M �B�T �S�F�T�P�V�S�D�F

�D�P�O�T�V�N�Q�U�J�P�O�� �5�I�F �V�O�E�F�S�M�Z�J�O�H �B�T�T�V�N�Q�U�J�P�O �J�T� �P�G �D�P�V�S�T�F� �U�I�B�U �U�I�F �X�J�E�U�I �P�Gw � a � �X�I�F�S�Fa �E�F�O�P�U�F�T

�U�I�F �O�V�N�C�F�S �P�G �J�O�Q�V�U�T �U�P �U�I�F �-�6�5�T �	�~ �P�O �N�P�T�U �D�P�O�U�F�N�Q�P�S�B�S�Z �U�B�S�H�F�U �'�1�(�" �E�F�W�J�D�F�T�
�� �5�I�F�S�F�G�P�S�F� �G�P�S

w � 6� �U�I�F �D�P�O�T�U�B�O�U �N�V�M�U�J�Q�M�J�F�S �D�P�O�T�V�N�F�T �P�O�F �-�6�5 �Q�F�S �P�V�U�Q�V�U �C�J�U�� �*�U �T�I�P�V�M�E �B�M�T�P �C�F �O�P�U�F�E �U�I�B�U �G�P�S �B

�S�F�B�M���W�B�M�V�F�E �D�P�O�T�U�B�O�UC �U�I�J�T �N�F�U�I�P�E �J�T �N�P�S�F �B�D�D�V�S�B�U�F �U�I�B�O �V�T�J�O�H �B �D�P�S�S�F�D�U�M�Z �S�P�V�O�E�F�E �N�V�M�U�J�Q�M�J�F�S �X�I�J�D�I

�J�O�Q�V�U�T �U�I�F �D�P�O�T�U�B�O�U �S�P�V�O�E�F�E �U�P �B �H�J�W�F�O �U�B�S�H�F�U �P�V�U�Q�V�U �Q�S�F�D�J�T�J�P�Op�� �5�I�J�T �J�T �C�F�D�B�V�T�F �U�I�F �M�B�U�U�F�S �N�F�U�I�P�E

�B�D�D�V�N�V�M�B�U�F�T �U�X�P �S�P�V�O�E�J�O�H �F�S�S�P�S�T�� �P�O�F �G�P�S �U�I�F �D�P�O�T�U�B�O�U �B�O�E �P�O�F �G�P�S �S�P�V�O�E�J�O�H �U�I�F �P�V�U�Q�V�U �U�Pp �C�J�U�T��

�)�P�X�F�W�F�S� �U�I�J�T �N�F�U�I�P�E �I�B�T �P�O�F �N�B�K�P�S �E�J�T�B�E�W�B�O�U�B�H�F�� �*�O �H�F�O�F�S�B�M� �G�P�S �B�O �J�O�Q�V�U �P�G �T�J�[�Fw = 6+ w0

�J�U �S�F�R�V�J�S�F�T2w0
�-�6�5�T �Q�F�S �P�V�U�Q�V�U �C�J�U�� �'�P�S �P�C�W�J�P�V�T �S�F�B�T�P�O�T� �U�I�J�T �N�F�U�I�P�E �E�P�F�T �O�P�U �T�D�B�M�F �X�F�M�M �X�J�U�I �U�I�F

�J�O�D�S�F�B�T�F �P�G �U�I�F �J�O�Q�V�U �T�J�[�F��

�0�O�F �B�O�T�X�F�S �U�P �U�I�J�T �Q�S�P�C�M�F�N �J�T �B �N�F�U�I�P�E �J�O�T�Q�J�S�F�E �G�S�P�N �U�I�F �,�$�. �N�F�U�I�P�E �J�O �<�z�~�>��X�I�J�D�I �X�B�T �M�B�U�F�S

�J�N�Q�S�P�W�F�E �C�Z �<�y�{�|�>� �B�O�E �F�Y�U�F�O�E�F�E �U�P �N�V�M�U�J�Q�M�J�D�B�U�J�P�O�T �C�Z �B �S�F�B�M �D�P�O�T�U�B�O�U �J�O �<�{�€�>�� �*�O �<�z�~�>� �P�O�M�Z �J�O�U�F�H�F�S

�D�P�O�T�U�B�O�U �B�S�F �U�B�S�H�F�U�F�E�� �*�O �U�I�F �G�P�M�M�P�X�J�O�H� �U�I�F �N�F�U�I�P�E �Q�S�F�T�F�O�U�F�E �B�M�T�P �I�B�O�E�M�F�T �S�F�B�M �D�P�O�T�U�B�O�U�T��

�5�I�F �Q�S�P�C�M�F�N �X�J�U�I �E�J�S�F�D�U �U�B�C�V�M�B�U�J�P�O �J�T �U�I�F �F�Y�Q�P�O�F�O�U�J�B�M �J�O�D�S�F�B�T�F �P�G �U�I�F �T�J�[�F �P�G �U�I�F �U�B�C�M�F �X�J�U�I �U�I�F

�T�J�[�F �P�G �U�I�F �J�O�Q�V�U�� �5�P �H�F�U �B�S�P�V�O�E �U�I�J�T �Q�S�P�C�M�F�N� �U�I�F �N�F�U�I�P�E �I�F�S�F �T�Q�M�J�U�T �U�I�F �J�O�Q�V�UX �J�O�U�Pn �D�I�V�O�L�T

X0;X1;X2; : : :Xn� 1 �P�G �T�J�[�F�T �F�R�V�B�M �U�Pa � �X�I�F�S�Fn = dw
a e�� �5�I�F�S�F�G�P�S�F�X �D�B�O �C�F �X�S�J�U�U�F�O �B�T��

X = 2� p � (2(n� 1)a � Xn�1 + : : : + 22a � X2 + 2a � X1 + X0) �	�€���y�


�y�y�‚



�

�
�-�+�<�8�' �¥�W�‰�V���3�; �&�-�!�+�8�!�1 �(�3�8 �;�,�' �1�<�£	§�6�£�-�$�!	§�3�2 �3�( �! �)�?�'�&�f�6�3�-�2�; �=�!�8�-�!�#�£�'�9X �!�2�& �;�,�' �$�3�2�9�;�!�2�;10110101�T �>�-�;�, �;�,�' �A�'�8�3�9

�-�2 �;�,�' �$�3�2�9�;�!�2�; �3�<�;�£�-�2�'�&

�X�I�F�S�FXi 2 f 0; : : : ;2a � 1g�� �5�I�F �Q�S�P�E�V�D�U �C�F�U�X�F�F�OX �B�O�E �U�I�F �D�P�O�T�U�B�O�UC �C�F�D�P�N�F�T��

C� X = 2� p � (2(n� 1)a �C� Xn� 1 + : : : + 22a �C� X2 + 2a �C� X1 + C� X0) �	�€���z�


�4�F�F�J�O�H �B�T �F�B�D�I �P�G �U�I�F �T�V�C���Q�S�P�E�V�D�U�T �J�O �&�R�V�B�U�J�P�O �€���z �I�B�T�U�I�F �W�B�S�J�B�C�M�F �N�V�M�U�J�Q�M�J�D�B�O�E �P�G �T�J�[�Fa � �U�I�F�Z

�D�B�O �F�B�D�I �C�F �F�m�n�b�D�J�F�O�U�M�Z �U�B�C�V�M�B�U�F�E�� �&�B�D�I �P�G �U�I�F �T�V�C���Q�S�P�E�V�D�U�T �D�P�O�T�V�N�F�T �P�O�F �-�6�5 �Q�F�S �P�V�U�Q�V�U �C�J�U�� �'�J�H��

�V�S�F �€���| �T�I�P�X�T �U�I�F �B�M�J�H�O�N�F�O�U �P�G �U�I�F �T�V�C���Q�S�P�E�V�D�U�T�� �"�T �U�I�F �D�P�O�T�U�B�O�U �J�T �S�F�B�M� �F�B�D�I �P�G �U�I�F �T�V�C���Q�S�P�E�V�D�U�T

�I�B�T �B�O �J�O�n�b�O�J�U�F �O�V�N�C�F�S �P�G �U�S�B�J�M�J�O�H �C�J�U�T� �B�O�E �U�I�V�T �O�F�F�E�T �U�P �C�F �S�P�V�O�E�F�E �U�P �B�O �J�O�U�F�S�N�F�E�J�B�S�Z �Q�S�F�D�J�T�J�P�O

p+ g� �X�I�F�S�Fg �S�F�Q�S�F�T�F�O�U�T �U�I�F �O�V�N�C�F�S �P�G �F�Y�U�S�B �H�V�B�S�E �C�J�U�T�� �5�I�F �F�S�S�P�S �P�G �T�V�D�I �B �N�V�M�U�J�Q�M�J�F�S �J�T �U�I�F�S�F�G�P�S�F��

e = n� 2� p� g�1 �	�€���{�


�&�R�V�B�U�J�P�O �€���{ �T�I�P�X�T �U�I�F �S�F�B�T�P�O �G�P�S �D�P�N�Q�V�U�J�O�H �U�I�F �Q�S�P�E�V�D�U �X�J�U�I �U�I�F �F�Y�U�S�B �H�V�B�S�E �C�J�U�T�� �U�I�F �F�S�S�P�S �J�T

�Q�S�P�Q�P�S�U�J�P�O�B�M �U�P2� g �B�O�E �D�B�O �U�I�F�S�F�G�P�S�F �C�F �N�B�E�F �B�T �T�N�B�M�M �B�T �O�F�F�E�F�E �C�Z �J�O�D�S�F�B�T�J�O�Hg��

�6�O�M�J�L�F �U�I�F �D�M�B�T�T�J�D�B�M �,�$�. �N�V�M�U�J�Q�M�J�F�S� �O�P�U �B�M�M �U�I�F �U�B�C�M�F�T �I�B�W�F �U�I�F �T�B�N�F �T�J�[�F� �B�T �T�I�P�X�O �J�O �'�J�H�V�S�F �€���}��

�5�I�F2� ka �G�B�D�U�P�S�T �T�I�J�G�t �U�I�F �T�V�C���Q�S�P�E�V�D�U�T �U�P �U�I�F �S�J�H�I�U�� �5�I�F �M�F�B�E�J�O�H �[�F�S�P�T �O�F�F�E �O�P�U �C�F �T�U�P�S�F�E� �B�O�E �D�B�O

�C�F �D�P�N�Q�F�O�T�B�U�F�E �G�P�S �U�I�S�P�V�H�I �U�I�F �B�M�J�H�O�N�F�O�U �P�G �U�I�F �T�V�C���Q�S�P�E�V�D�U �J�O �U�I�F �n�b�O�B�M �T�V�N��

�"�E�E�J�O�H �U�I�F �T�V�C���Q�S�P�E�V�D�U�T �U�P�H�F�U�I�F�S �J�T �E�P�O�F �X�J�U�I �U�I�F �I�F�M�Q �P�G �B �C�J�U�I�F�B�Q�� �"�M�M �U�I�B�U �J�T �M�F�G�t �U�P �E�P �J�T �U�P
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X = 2� p � (22a � X2 + 2a � X1 + X0)

C� X =

2� p+2a �C� X2

+ 2� p+aC� X1

+ 2� p �C� X0
a �C�J�U�T
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�4�Z�O�U�I�F�T�J�T �S�F�T�V�M�U�T �B�S�F �T�I�P�X�O �J�O �U�I�F �G�P�M�M�P�X�J�O�H �T�F�D�U�J�P�O�T� �X�I�F�S�F �U�I�F �D�P�O�T�U�B�O�U �N�V�M�U�J�Q�M�J�F�S�T �B�S�F �U�I�F �C�B�T�J�T

�P�G �M�B�S�H�F�S �P�Q�F�S�B�U�P�S�T� �T�V�D�I �B�T �T�V�N�T �P�G �Q�S�P�E�V�D�U�T �C�Z �D�P�O�T�U�B�O�U�T �P�S �E�J�H�J�U�B�M �n�b�M�U�F�S�T �	�'�*�3 �B�O�E �*�*�3�
�� �5�I�F �M�B�S�H�F�S

�P�Q�F�S�B�U�P�S�T �B�S�F �N�P�S�F �S�F�M�F�W�B�O�U �U�P �T�I�P�X �U�I�F �P�Q�U�J�N�J�[�B�U�J�P�O�T �U�I�B�U �D�B�O �C�F �B�D�I�J�F�W�F�E� �U�I�B�O �K�V�T�U �J�O�E�J�W�J�E�V�B�M �U�F�T�U�T

�P�O �U�I�F �N�V�M�U�J�Q�M�J�F�S�T��
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X = x1 x2 x3 x4 x5 x6 x7 x8 x9 x10x11x12x13x14x15x16x17x18

T2 : � p+g(C� X2)

X2

T1

X1

T0

X0

+

=p+ g
]C� X2

=p� a + g
]C� X1

=p� 2a + g
]C� X0

=p+ g
ep � C� X
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�8�I�J�M�F�1�B�S�U�T �* �B�O�E �*�* �G�P�D�V�T �P�O �M�P�X���M�F�W�F�M �Q�S�P�C�M�F�N�T �D�P�O�D�F�S�O�J�O�H �U�I�F �C�B�D�L���F�O�E �P�G �B �H�F�O�F�S�B�U�P�S �G�P�S �B�S�J�U�I��

�N�F�U�J�D �P�Q�F�S�B�U�P�S�T� �U�I�F �M�F�W�F�M �P�G �B�C�T�U�S�B�D�U�J�P�O �J�T �S�B�J�T�F�E �J�O �1�B�S�U �*�*�*�� �*�U �G�P�D�V�T�F�T �P�O �U�B�L�J�O�H �B�E�W�B�O�U�B�H�F �P�G �U�I�F

�G�F�B�U�V�S�F�T �J�O�U�S�P�E�V�D�F�E �J�O �U�I�F �U�X�P �Q�S�F�W�J�P�V�T �Q�B�S�U�T �G�P�S �D�S�F�B�U�J�O�H �T�U�B�U�F �P�G �U�I�F �B�S�U �J�N�Q�M�F�N�F�O�U�B�U�J�P�O�T �G�P�S �O�F�X

�B�S�J�U�I�N�F�U�J�D �P�Q�F�S�B�U�P�S�T�� �5�I�F �D�S�F�B�U�J�P�O �P�G �F�B�D�I �O�F�X �P�Q�F�S�B�U�P�S �B�E�E�F�E �U�P �'�M�P�1�P�$�P� �T �M�J�C�S�B�S�Z �J�T �H�V�J�E�F�E �C�Z �J�U�T

�N�P�U�U�P�� �0�Q�F�S�B�U�P�S�T �T�I�P�V�M�E �C�F �E�F�T�J�H�O�F�E �T�Q�F�D�J�n�b�D �U�P �U�I�F�J�S �D�P�O�U�F�Y�U �	�B�Q�Q�M�J�D�B�U�J�P�O �B�O�E �U�B�S�H�F�U �Q�M�B�U�G�P�S�N�
� �B�O�E

�T�I�P�V�M�E �O�P�U �N�J�N�J�D �P�U�I�F�S �J�N�Q�M�F�N�F�O�U�B�U�J�P�O�T �	�U�Z�Q�J�D�B�M�M�Z �U�I�P�T�F �G�P�S �$�1�6�T�
��

�1�B�S�U �*�*�* �J�T �E�J�W�J�E�F�E �J�O�U�P �U�X�P �N�B�J�O �Q�B�S�U�T�� �$�I�B�Q�U�F�S�T �y�y �B�O�E �• �E�F�B�M �X�J�U�I �V�O�J�W�B�S�J�B�U�F �G�V�O�D�U�J�P�O�T� �X�I�J�M�F

�$�I�B�Q�U�F�S �y�‚ �D�P�O�T�J�E�F�S�T �U�I�F �D�I�B�M�M�F�O�H�F�T �P�G �E�F�T�J�H�O�J�O�H �I�B�S�E�X�B�S�F �J�N�Q�M�F�N�F�O�U�B�U�J�P�O�T �G�P�S �N�V�M�U�J�W�B�S�J�B�U�F �G�V�O�D��

�U�J�P�O�T�� �"�N�P�O�H �U�I�F �T�J�O�H�M�F���J�O�Q�V�U �G�V�O�D�U�J�P�O�T �B�S�F �B�M�H�F�C�S�B�J�D �G�V�O�D�U�J�P�O�T �T�V�D�I �B�T �U�I�F �S�F�D�J�Q�S�P�D�B�M� �U�I�F �T�R�V�B�S�F

�S�P�P�U �P�G �B �O�V�N�C�F�S �P�S �U�I�F �S�F�D�J�Q�S�P�D�B�M �T�R�V�B�S�F �S�P�P�U� �J�O �$�I�B�Q�U�F�S �y�y�� �4�P�N�F �F�M�F�N�F�O�U�B�S�Z �G�V�O�D�U�J�P�O�T �B�S�F �T�U�V�E��

�J�F�E �J�O �$�I�B�Q�U�F�S �•�� �U�I�F �T�J�O�F �B�O�E �D�P�T�J�O�F �U�S�J�H�P�O�P�N�F�U�S�J�D �G�V�O�D�U�J�P�O�T�� �"�O�P�U�I�F�S �U�S�J�H�P�O�P�N�F�U�S�J�D �G�V�O�D�U�J�P�O� �U�I�F

�U�X�P���J�O�Q�V�U �B�S�D�U�B�O�H�F�O�U �	�D�P�N�N�P�O�M�Z �S�F�G�F�S�S�F�E �U�P �B�Tatan2�
� �J�T �U�I�F �B �V�T�F���D�B�T�F �G�P�S �U�I�F �T�U�V�E�Z �P�G �N�V�M�U�J���J�O�Q�V�U

�G�V�O�D�U�J�P�O�T� �Q�S�F�T�F�O�U�F�E �J�O �$�I�B�Q�U�F�S �y�‚�� �5�I�J�T �F�Y�Q�P�T�F�T �U�I�F �E�J�m�n�b�D�V�M�U�J�F�T �P�G �E�F�T�J�H�O�J�O�H �G�P�S �U�I�J�T �D�M�B�T�T �P�G �G�V�O�D��

�U�J�P�O�T��
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�,�W�F�D�Q �V�F�D�U�F�H�O�\ �E�H �G�H�Q�L�H�G �W�K�D�W �W�K�H �V�X�S�U�H�P�H �J�R�D�O �R�I �D�O�O �W�K�H�R�U�\ 	y
�W�R �P�D�N�H �W�K�H �L�U�U�H�G�X�F�L�E�O�H �E�D�V�L�F �H�O�H�P�H�Q�W�V 	w �V�L�P�S�O�H �D�Q�G 	w �I�H�Z 	w
�S�R�V�V�L�E�O�H �Z�L�W�K�R�X�W �K�D�Y�L�Q�J �W�R �V�X�U�U�H�Q�G�H�U �W�K�H �D�G�H�T�X�D�W�H �U�H�S�U�H�V�H�Q�W�D�W�L�R�Q
�R�I �D �V�L�Q�J�O�H �G�D�W�X�P �R�I �H�[�S�H�U�L�H�Q�F�H��
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�(�Y�H�U�\�W�K�L�Q�J �V�K�R�X�O�G �E�H �P�D�G�H 	w �V�L�P�S�O�H 	w �S�R�V�V�L�E�O�H�� �E�X�W �Q�R�W �V�L�P�S�O�H�U��
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�4�J�O�F �B�O�E �$�P�T�J�O�F

�5�I�F �T�J�O�F �B�O�E �U�I�F �D�P�T�J�O�F �G�V�O�D�U�J�P�O�T �B�S�F �W�F�S�Z �D�P�N�N�P�O �B�O�E �W�F�S�Z �V�T�F�G�V�M �J�O �E�J�T�D�J�Q�M�J�O�F�E �T�V�D�I �B�T �T�J�H�O�B�M �Q�S�P��

�D�F�T�T�J�O�H� �I�J�H�I���Q�F�S�G�P�S�N�B�O�D�F �D�P�N�Q�V�U�J�O�H �P�S �D�P�N�Q�V�U�F�S �H�S�B�Q�I�J�D�T� �U�P �N�F�O�U�J�P�O �P�O�M�Z �B �G�F�X�� �"�T �T�V�D�I� �U�I�J�T

�D�I�B�Q�U�F�S �T�V�S�W�F�Z�T �B�O�E �D�P�N�Q�B�S�F�T �U�I�S�F�F �T�U�B�U�F���P�G���U�I�F���B�S�U �N�F�U�I�P�E�T �G�P�S �D�P�N�Q�V�U�J�O�H �U�I�F�T�F �G�V�O�D�U�J�P�O�T�� �5�I�F

�D�P�O�U�F�Y�U �J�T �U�I�B�U �P�G �N�P�E�F�S�O �'�1�(�"�T� �X�J�U�I �M�B�S�H�F �M�P�P�L���V�Q �U�B�C�M�F�T� �F�N�C�F�E�E�F�E �N�V�M�U�J�Q�M�J�F�S�T �B�O�E �F�N�C�F�E�E�F�E

�N�F�N�P�S�Z �C�M�P�D�L�T�� �5�I�F �G�P�D�V�T �J�T �P�O �I�J�H�I���U�I�S�P�V�H�I�Q�V�U �B�O�E �S�F�T�P�V�S�D�F���F�m�n�b�D�J�F�O�U �J�N�Q�M�F�N�F�O�U�B�U�J�P�O�T �P�G �U�I�F �T�J�O�F

�B�O�E���P�S �U�I�F �D�P�T�J�O�F �G�V�O�D�U�J�P�O�T �G�P�S �U�I�F�T�F �Q�M�B�U�G�P�S�N�T�� �5�I�F �S�F�T�V�M�U�J�O�H �B�S�D�I�J�U�F�D�U�V�S�F�T �B�S�F �J�N�Q�M�F�N�F�O�U�F�E �B�T �O�F�X

�'�M�P�1�P�$�P �P�Q�F�S�B�U�P�S�T� �B�O�E �U�I�F �G�S�B�N�F�X�P�S�L �J�T �V�T�F�E �G�P�S �U�I�F�J�S �U�F�T�U�J�O�H �B�O�E �D�P�N�Q�B�S�J�T�P�O�� �4�P�N�F �B�Q�Q�M�J�D�B�U�J�P�O�T

�S�F�R�V�J�S�F �U�I�F �D�P�N�Q�V�U�B�U�J�P�O �P�G �P�O�F �P�G �U�I�F �U�X�P �G�V�O�D�U�J�P�O�T� �C�V�U �U�I�F�S�F �B�S�F �N�B�O�Z �J�O�T�U�B�O�D�F�T �X�I�F�S�F �C�P�U�I �P�G

�U�I�F�N �B�S�F �S�F�R�V�J�S�F�E� �G�P�S �F�Y�B�N�Q�M�F �D�P�N�Q�V�U�B�U�J�P�O�T �U�I�B�U �S�F�R�V�J�S�F �S�P�U�B�U�J�P�O�T�� �5�I�F�S�F�G�P�S�F� �U�X�P �P�G �U�I�F �N�F�U�I�P�E�T

�F�Y�Q�M�P�S�F �U�I�F �P�Q�Q�P�S�U�V�O�J�U�J�F�T �G�P�S �P�Q�U�J�N�J�[�B�U�J�P�O �X�I�F�O �D�P�N�Q�V�U�J�O�H �B �G�V�T�F�E �T�J�O�F���D�P�T�J�O�F �J�N�Q�M�F�N�F�O�U�B�U�J�P�O��

�.�B�O�Z �P�G �U�I�F �B�W�B�J�M�B�C�M�F �N�F�U�I�P�E�T �G�P�S �D�P�N�Q�V�U�J�O�H �U�I�F �T�J�O�F���D�P�T�J�O�F �G�V�O�D�U�J�P�O�T �B�S�F �C�B�T�F�E �P�S �V�T�F �P�O�F �P�G

�U�I�F �Q�S�P�Q�F�S�U�J�F�T �P�G �U�I�F �D�P�N�Q�M�F�Y �F�Y�Q�P�O�F�O�U�J�B�M �G�V�O�D�U�J�P�O��

ej(x+y ) = ejx + ejy �	�•���y�


�5�I�F �H�F�P�N�F�U�S�J�D�B�M �J�O�U�F�S�Q�S�F�U�B�U�J�P�O �P�G �&�R�V�B�U�J�P�O �•���y �J�T �U�I�B�U �B �S�P�U�B�U�J�P�O �C�Z �U�I�F �B�O�H�M�Fx+ y �D�B�O �C�F �P�C��

�U�B�J�O�F�E �C�Z �U�X�P �S�P�U�B�U�J�P�O�T� �P�O�F �C�Z �U�I�F �B�O�H�M�Fx �B�O�E �P�O�F �C�Z �U�I�F �B�O�H�M�Fy��

�&�V�M�F�S� �T �J�E�F�O�U�J�U�Z �D�B�O �C�F �V�T�F�E �U�P �F�T�U�B�C�M�J�T�I �U�I�F �D�P�O�O�F�D�U�J�P�O �C�F�U�X�F�F�O �U�I�F �D�P�N�Q�M�F�Y �F�Y�Q�P�O�F�O�U�J�B�M �G�V�O�D�U�J�P�O

�B�O�E �U�I�F �U�S�J�H�P�O�P�N�F�U�S�J�D �G�V�O�D�U�J�P�O�T �	�J�M�M�V�T�U�S�B�U�F�E �J�O �'�J�H�V�S�F �•���y�
��

ejx = cos(x)+ j � sin(x) �	�•���z�
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ejx = cos(x)+ j � sin(x)

sin(x)
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(
sin(x+ y) = sin(x) cos(y) + cos(x) sin(y)

cos(x+ y) = cos(x) cos(y) � sin(x) sin(y)
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�J�O�H �T�F�D�U�J�P�O�T� �B �N�F�U�I�P�E �G�P�S �D�P�N�Q�V�U�J�O�H �U�I�F �T�J�O�F �B�O�E �D�P�T�J�O�F �V�T�J�O�H �B �D�P�B�S�T�F�S �E�F�D�P�N�Q�P�T�J�U�J�P�O �J�T �F�Y�Q�M�P�S�F�E��
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�"�T �T�V�D�I� �U�I�F �G�V�O�D�U�J�P�O�T �D�P�N�Q�V�U�F�E �B�S�F �U�I�Fsin(p � x) �B�O�E���P�Scos(p � x)�� �5�I�F �B�S�H�V�N�F�O�Ux �J�T �B �n�b�Y�F�E��

�Q�P�J�O�U �O�V�N�C�F�S �C�F�M�P�O�H�J�O�H �U�P[� 1;1) �B�O�E �V�T�J�O�H �U�X�P� �T �D�P�N�Q�M�F�N�F�O�U �O�P�U�B�U�J�P�O�� �5�I�J�T �J�O�Q�V�U �G�P�S�N�B�U �J�T

�D�I�P�T�F�O �C�F�D�B�V�T�F �J�U �N�B�Q�T �U�I�F �Q�F�S�J�P�E�J�D�J�U�Z �P�G �U�I�F �U�S�J�H�P�O�P�N�F�U�S�J�D �G�V�O�D�U�J�P�O�T �U�P �U�I�F �Q�F�S�J�P�E�J�D�J�U�Z �P�G �U�I�F �U�X�P� �T
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�5�I�F�S�F �J�T� �I�P�X�F�W�F�S� �P�O�F �Q�S�P�C�M�F�N �X�J�U�I �U�I�F �P�V�U�Q�V�U �S�B�O�H�F�� �U�I�F �B�T�Z�N�N�F�U�S�Z �P�G �U�I�F[� 1;1) �S�B�O�H�F�

�X�I�F�S�F� 1 �J�T �S�F�Q�S�F�T�F�O�U�B�C�M�F� �C�V�U1 �J�T �O�P�U�� �5�I�F �T�J�O�F �B�O�E �D�P�T�J�O�F �I�B�W�F �U�I�F �D�P���E�P�N�B�J�O[� 1;1]�� �*�O �P�S�E�F�S

�U�P �B�W�P�J�E �P�W�F�S�o�s�P�X� �U�I�F �W�B�M�V�F1 �N�V�T�U �B�D�U�V�B�M�M�Z �S�F�Q�S�F�T�F�O�U�F�E �B�T0:11� � � 12 = 1� 2wout� �X�I�F�S�Fwout �J�T �U�I�F

�X�J�E�U�I �P�G �U�I�F �P�V�U�Q�V�U�� �5�I�F �W�B�M�V�F� 1 �T�I�P�V�M�E �D�P�O�T�F�R�V�F�O�U�M�Z �C�F �S�F�Q�S�F�T�F�O�U�F�E �B�T� 1+ 2wout��

�8�J�U�I �U�I�F�T�F �D�P�O�T�J�E�F�S�B�U�J�P�O�T �J�O �N�J�O�E� �U�I�F �G�V�O�D�U�J�P�O�T �D�P�N�Q�V�U�F�E �J�O �U�I�F �S�F�T�U �P�G �$�I�B�Q�U�F�S �• �B�S�F�T�D�B�M�F�E�

�B�O�E �B�S�F �B�D�U�V�B�M�M�Z�� (
(1� 2w) � sin(px)

(1� 2w) � cos(px)
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�F�Y�J�T�U�J�O�H �D�P�N�Q�V�U�B�U�J�P�O�T��

�"�M�M �U�I�F �N�F�U�I�P�E�T �P�G �$�I�B�Q�U�F�S �• �V�T�F �n�b�Y�F�E���Q�P�J�O�U �S�F�Q�S�F�T�F�O�U�B�U�J�P�O�T�� �#�F�U�X�F�F�O �U�I�F �U�S�J�H�P�O�P�N�F�U�S�J�D �G�V�O�D��

�U�J�P�O�T� �Q�F�S�J�P�E�J�D�J�U�Z �B�O�E �U�I�F�J�S �P�V�U�Q�V�U �J�O �U�I�F[� 1;1] �J�O�U�F�S�W�B�M� �N�P�T�U �J�N�Q�M�F�N�F�O�U�B�U�J�P�O�T �T�I�P�V�M�E �C�F�O�F�n�b�U �B�O�E

�B�S�F �B �H�P�P�E �N�B�U�D�I �G�P�S �B �n�b�Y�F�E���Q�P�J�O�U �E�B�U�B�Q�B�U�I�� �"�T �T�V�D�I� �B �o�s�P�B�U�J�O�H���Q�P�J�O�U �J�N�Q�M�F�N�F�O�U�B�U�J�P�O �P�G �U�I�F �T�J�O�F����

�D�P�T�J�O�F �G�V�O�D�U�J�P�O�T �T�I�P�V�M�E �C�F�O�F�n�b�U �G�S�P�N �B �D�P�O�W�F�S�T�J�P�O �U�P �n�b�Y�F�E���Q�P�J�O�U�� �5�I�F �P�W�F�S�I�F�B�E �J�O�D�V�S�S�F�E �C�Z �U�I�F

�o�s�P�B�U�J�O�H���Q�P�J�O�U �J�N�Q�M�F�N�F�O�U�B�U�J�P�O �P�G �U�I�F�T�F �G�V�O�D�U�J�P�O�T �I�B�T �B�M�S�F�B�E�Z �C�F�F�O �T�U�V�E�J�F�E �J�O �U�I�F �M�J�U�F�S�B�U�V�S�F�� �5�B�L�F �G�P�S

�F�Y�B�N�Q�M�F �<�|�‚�>� �X�I�J�D�I �E�F�B�M�T �X�J�U�I �U�I�J�T �Q�S�P�C�M�F�N��

�*�O �U�F�S�N�T �P�G �U�I�F �B�D�D�V�S�B�D�Z �P�G �U�I�F �D�P�N�Q�V�U�F�E �S�F�T�V�M�U�T� �B�M�M �U�I�F �P�Q�F�S�B�U�P�S�T �T�I�P�V�M�E �C�F�I�D�L�W�K�I�X�O� �X�I�J�D�I �N�F�B�O�T

�U�I�B�U �U�I�F�Z �B�S�F �M�B�T�U���C�J�U �B�D�D�V�S�B�U�F�� �5�I�J�T �F�O�T�V�S�F�T �U�I�B�U �B�M�M �U�I�F �D�P�N�Q�V�U�F�E �C�J�U�T �B�S�F �D�P�S�S�F�D�U� �B�O�E �U�I�F�S�F�G�P�S�F �U�I�F�S�F

�B�S�F �O�P �X�B�T�U�F�E �S�F�T�P�V�S�D�F�T�� �5�I�F �F�S�S�P�S �	e�
� �X�J�U�I �S�F�T�Q�F�D�U �U�P �U�I�F �U�S�V�F �N�B�U�I�F�N�B�U�J�D�B�M �S�F�T�V�M�U �J�T �M�F�T�T �U�I�B�U �U�I�F

�X�F�J�H�I�U �P�G �U�I�F �-�4�# �P�G �U�I�F �S�F�T�V�M�U��e < 2� w�� �6�T�J�O�H �N�P�S�F �Q�S�F�D�J�T�J�P�O �X�P�V�M�E �D�P�N�Q�V�U�F �C�J�U�T �U�I�B�U �U�I�F �V�T�F�S

�D�B�O�O�P�U �C�F�O�F�n�b�U �G�S�P�N�� �6�T�J�O�H �M�F�T�T �Q�S�F�D�J�T�J�P�O �X�P�V�M�E �N�F�B�O �U�I�B�U �T�P�N�F �P�G �U�I�F �P�V�U�Q�V�U �J�T �X�S�P�O�H� �B�O�E �U�I�F�S�F��

�G�P�S�F� �U�I�F �V�T�F�S �D�B�O�O�P�U �C�F�O�F�n�b�U �G�S�P�N �B �Q�B�S�U �P�G �U�I�F �P�V�U�Q�V�U �F�J�U�I�F�S��

�"�T �B �M�B�T�U �T�Q�F�D�J�n�b�D�B�U�J�P�O� �B�M�M �U�I�F �B�S�D�I�J�U�F�D�U�V�S�F�T �D�P�O�T�J�E�F�S�F�E �B�S�F �Q�J�Q�F�M�J�O�F�E �J�N�Q�M�F�N�F�O�U�B�U�J�P�O�T� �X�I�J�D�I �P�V�U��

�Q�V�U �P�O�F �S�F�T�V�M�U �F�B�D�I �D�Z�D�M�F �	�P�O�D�F �U�I�F �Q�J�Q�F�M�J�O�F �J�T �G�V�M�M� �P�G �D�P�V�S�T�F�
�� �"�O �B�M�U�F�S�O�B�U�J�W�F �X�P�V�M�E �C�F �U�P �I�B�W�F �T�F��

�R�V�F�O�U�J�B�M �B�S�D�I�J�U�F�D�U�V�S�F�T� �X�I�J�D�I �P�V�U�Q�V�U �B �S�F�T�V�M�U �B�G�t�F�S �B �H�J�W�F�O �O�V�N�C�F�S �P�G �D�Z�D�M�F�T�� �4�P�N�F �P�G �U�I�F �N�F�U�I�P�E�T �U�P

�C�F �Q�S�F�T�F�O�U�F�E �D�P�V�M�E �C�F �B�E�B�Q�U�F�E �U�P �G�V�O�D�U�J�P�O �U�I�J�T �X�B�Z� �C�V�U �U�I�J�T �J�T �P�V�U �P�G �U�I�F �T�D�P�Q�F �P�G �U�I�J�T �D�I�B�Q�U�F�S��
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�5�I�F �D�P�N�Q�V�U�B�U�J�P�O �P�G �U�I�F �T�J�O�F���D�P�T�J�O�F �G�V�O�D�U�J�P�O �D�B�O �C�F �T�Q�F�E���V�Q �V�T�J�O�H �B�O �B�S�H�V�N�F�O�U �S�F�E�V�D�U�J�P�O� �X�I�J�D�I

�J�T �C�B�T�F�E �P�O �T�P�N�F �P�G �U�I�F �C�B�T�J�D �U�S�J�H�P�O�P�N�F�U�S�J�D �J�E�F�O�U�J�U�J�F�T�� �5�I�J�T �B�M�M�P�X�T �G�P�S �B �G�B�T�U�F�S �B�O�E �M�F�T�T �E�F�N�B�O�E�J�O�H

�B�S�D�I�J�U�F�D�U�V�S�F �J�O �U�F�S�N�T �P�G �S�F�T�P�V�S�D�F�T� �B�U �U�I�F �D�P�T�U �P�G �B �G�F�X �D�P�N�Q�B�S�J�T�P�O�T�� �5�I�F �B�S�H�V�N�F�O�U �S�F�E�V�D�U�J�P�O �B�Q�Q�M�J�F�T

�G�P�S �B�M�M �P�G �U�I�F �N�F�U�I�P�E�T �B�O�B�M�Z�[�F�E �J�O �$�I�B�Q�U�F�S �•�� �*�U �S�F�M�J�F�T �P�O �E�J�W�J�E�J�O�H �U�I�F �J�O�Q�V�Ux �J�O�U�P �U�X�P �Q�B�S�U�T� �J�U�T �{

�N�P�T�U �T�J�H�O�J�n�b�D�B�O�U �C�J�U�T �B�O�E �U�I�F �S�F�T�U �P�G �U�I�F �O�V�N�C�F�S�� �5�I�F �N�P�T�U �T�J�H�O�J�n�b�D�B�O�U �C�J�U�T �B�S�F �E�F�O�P�U�F�Es� �G�P�S �T�J�H�O�
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sin(px) = sin(py0)
cos(px) = cos(py0)
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sin(px) = cos(py0)
cos(px) = sin(py0)
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sin(px) = cos(py0)
cos(px) = � sin(py0)
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sin(px) = sin(py0)
cos(px) = � cos(py0)
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q� �G�P�S �R�V�B�E�S�B�O�U �B�O�Eo �G�P�S �P�D�U�B�O�U� �X�I�J�M�F �U�I�F �M�P�X�F�S �C�J�U�T �P�Gx �B�S�F �E�F�O�P�U�F�E �B�Ty� �X�J�U�Iy 2 [0; 1
4)���5�I�J�T �J�T

�J�M�M�V�T�U�S�B�U�F�E �J�O �'�J�H�V�S�F �•���z�� �5�I�F�S�F�G�P�S�F� �U�I�F �T�J�O�F���D�P�T�J�O�F �G�V�O�D�U�J�P�O�T �D�B�O �O�P�X �C�F �D�P�N�Q�V�U�F�E �P�O�M�Z �G�P�Ssin(p �

y0) �B�O�Ecos(p � y0)� �X�I�F�S�F

y0=

(
1
4 � y �J�Go = 1

y �P�U�I�F�S�X�J�T�F��
�	�•���}�


�X�J�U�Iy02 [0; 1
4)���5�I�F �n�b�O�B�M �W�B�M�V�F�T �G�P�S �U�I�F �T�J�O�F���D�P�T�J�O�F �G�V�O�D�U�J�P�O�T �D�B�O �C�F �S�F�D�P�O�T�U�S�V�D�U�F�E �V�T�J�O�H �5�B�C�M�F �•���y�

�X�I�J�D�I �J�T �C�B�T�F�E �P�O �T�P�N�F �C�B�T�J�D �U�S�J�H�P�O�P�N�F�U�S�J�D �J�E�F�O�U�J�U�J�F�T� �T�V�D�I �B�Tsin(p � x) = cos(p2 � p � x) �F�U�D����

�5	‘	Ž �$�0�3�%�*�$ 	–	Ž	•	‘	˜	•

�5�I�F �n�b�S�T�U �N�F�U�I�P�E �G�P�S �D�P�N�Q�V�U�J�O�H �U�I�F �T�J�O�F���D�P�T�J�O�F �G�V�O�D�U�J�P�O�T �U�I�B�U �J�T �B�O�B�M�Z�[�F�E �J�O �$�I�B�Q�U�F�S �• �J�T �U�I�F �D�M�B�T��

�T�J�D �$�0�3�%�*�$ �N�F�U�I�P�E�� �5�I�F �G�P�D�V�T �J�O �4�F�D�U�J�P�O �•���{ �J�T �P�O �J�U�T�U�R�W�D�W�L�R�Q �P�R�G�H�� �$�I�B�Q�U�F�S �y�‚ �T�I�P�X�T �I�P�X �U�I�F

�Y�H�F�W�R�U�L�Q�J �P�R�G�H�D�B�O �C�F �V�T�F�E �G�P�S �U�I�F �D�P�N�Q�V�U�B�U�J�P�O �P�G �U�I�F �B�S�D�U�B�O�H�F�O�U��

�5�I�F �$�0�3�%�*�$ �B�M�H�P�S�J�U�I�N �E�F�D�P�N�Q�P�T�F�T �U�I�F �J�O�Q�V�U �B�O�H�M�Fy0�J�O �B �C�B�T�F �G�P�S�N�F�E �C�Z �U�I�F �B�O�H�M�F�Txi =

arctan(2� i)� �V�T�J�O�H �B �O�P�O���S�F�T�U�P�S�J�O�H �B�M�H�P�S�J�U�I�N �<�•�z�>�� �"�T �T�V�D�I�y0�D�B�O �C�F �F�Y�Q�S�F�T�T�F�E �B�T��

y0=
¥

å
i=0

di � xi �	�•���~�


�8�I�B�U �J�T �M�F�G�t �U�P �E�P �J�T �U�P �F�Y�Q�S�F�T�T �U�I�F �S�P�U�B�U�J�P�O �C�Zy0�B�T �B �T�F�S�J�F�T �P�G �S�P�U�B�U�J�P�O�T �C�Z �U�I�F �B�O�H�M�F�Tdi � xi � �V�T��

�J�O�H �&�R�V�B�U�J�P�O�T �•���{ �B�O�E �•���~�� �5�I�F �T�U�B�S�U�J�O�H �Q�P�J�O�U �J�T �U�I�F �Q�P�J�O�U(c0;s0)� �B�O�E �B�U �F�B�D�I �S�P�U�B�U�J�P�O �U�I�F �Q�P�J�O�U

(ci+ 1;si+1 ) �J�T �P�C�U�B�J�O�F�E �G�S�P�N(ci ;si)� �C�Z �B �S�P�U�B�U�J�P�O �P�Gdi � xi �	�B�T �J�M�M�V�T�U�S�B�U�F�E �J�O �'�J�H�V�S�F �•���{�
��

 
ci+ 1

si+ 1

!

=

 
cos(di � xi) � sin(di � xi)

sin(di � xi) cos(di � xi)
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si
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�X�I�F�S�F �U�I�F �E�J�S�F�D�U�J�P�O �P�G �U�I�F �S�P�U�B�U�J�P�O �J�T �E�F�U�F�S�N�J�O�F�E �B�T��

t0 = 0

ti+ 1 = ti + di � xi

di+ 1 =

(
1 when ti � y0

� 1 otherwise
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�&�R�V�B�U�J�P�O �•���• �D�B�O �C�F �T�J�N�Q�M�J�n�b�F�E �C�B�T�F�E �P�O �U�X�P �S�F�N�B�S�L�T�� �'�J�S�T�U �P�G �B�M�M� �U�I�F �W�B�S�J�B�C�M�F�Tdi = � 1� �B�O�E �U�I�F

�D�P�T�J�O�F �B�O�E �T�J�O�F �G�V�O�D�U�J�P�O�T �B�S�F �F�W�F�O �B�O�E �P�E�E� �S�F�T�Q�F�D�U�J�W�F�M�Z�� �5�I�F�S�F�G�P�S�F�cos(di � xi) = cos(xi) �B�O�Esin(di �

xi) = di � sin(xi)�� �4�F�D�P�O�E�xi = arctan(2�i )� �U�I�F�S�F�G�P�S�Ftan(xi) = 2� i �� �#�Z �U�B�L�J�O�Hcos(xi) �B�T �B �G�B�D�U�P�S�
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ci+ 1

si+ 1

!

= cos(xi) �

 
1 � di � 2�i

di � 2�i 1
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si
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�B�E�E�F�O�E�� �5�P �P�C�U�B�J�O �B �N�V�M�U�J�Q�M�J�F�S���M�F�T�T �B�M�H�P�S�J�U�I�N� �$�0�3�%�*�$ �E�P�F�T �O�P�U �N�V�M�U�J�Q�M�Z �C�Zcos(xi) = 1p
1+2 �2 i �

�B�O�E�J�O�T�U�F�B�E �P�G �&�R�V�B�U�J�P�O �•���• �D�P�N�Q�V�U�F�T �B �Q�T�F�V�E�P���S�P�U�B�U�J�P�O� �B�T �T�I�P�X�O �J�O �'�J�H�V�S�F �•���{��
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1 � di � 2� i

di � 2� i 1
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�&�R�V�B�U�J�P�O �•���€ �D�B�O �B�M�T�P �C�F �T�J�N�Q�M�J�n�b�F�E� �C�Z �Q�F�S�G�P�S�N�J�O�H �B �W�B�S�J�B�C�M�F �D�I�B�O�H�F��zi = y0� ti ��

z0 = y0

zi+ 1 = zi � di � xi

di+ 1 =

(
1 when zi � 0

� 1 otherwise

�	�•���y�y�


�5�I�F�S�F�G�P�S�F�di �J�T �H�J�W�F�O �C�Z �U�I�F �T�J�H�O �P�Gzi �� �'�J�O�B�M�M�Z� �U�I�F �T�J�O�F���D�P�T�J�O�F �G�V�O�D�U�J�P�O�T �D�B�O �C�F �D�P�N�Q�V�U�F�E �V�T�J�O�H �U�I�F

�G�P�M�M�P�X�J�O�H �J�U�F�S�B�U�J�P�O��

8
>><

>>:

c0 = 1
P i=0

n

p
1� 2� 2�i

s0 = 0

z0 = y0 �U�I�F�S�F�E�V�D�F�E �B�S�H�V�N�F�O�U

�	�•���y�z�B�
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>>>><

>>>>:

ci+ 1 = ci � 2� i � di � si

si+ 1 = si + 2� i � di � ci

zi+ 1 = zi � di � wi ; �X�I�F�S�Fwi = arctan(2� i)

di = + 1 �J�Gzi > 0; �F�M�T�F� 1

�	�•���y�z�C�


�X�I�J�D�I �D�P�O�W�F�S�H�F �U�P��8
><

>:

cn�!¥ = cos(y0)

sn�!¥ = sin(y0)

zn�!¥ = 0

�	�•���y�{�


�"�T �D�B�O �C�F �T�F�F�O �J�O �&�R�V�B�U�J�P�O �•���y�z� �U�I�F �N�V�M�U�J�Q�M�J�D�B�U�J�P�O�T �C�Z �U�I�Fcos(xi) �G�B�D�U�P�S�T �U�I�B�U �B�S�F �E�S�P�Q�Q�F�E �C�F��

�U�X�F�F�O �&�R�V�B�U�J�P�O�T �•���• �B�O�E �•���y�‚ �B�S�F �D�P�N�Q�F�O�T�B�U�F�E �G�P�S �C�Z �J�O�J�U�J�B�M�J�[�J�O�H �T�V�J�O�H �U�I�F �G�B�D�U�P�SK =
n
Õ
i= 0

p
1� 2� 2�i ��

�5�I�F�S�F�G�P�S�F� �U�I�F�Z �J�O�D�V�S �O�P �B�D�U�V�B�M �D�P�T�U�� �"�O �J�M�M�V�T�U�S�B�U�J�P�O �P�G �U�I�F �F�W�P�M�V�U�J�P�O �P�G �U�I�Fz�B�O�H�M�F �U�I�S�P�V�H�I�P�V�U �U�I�F

�J�U�F�S�B�U�J�P�O�T �P�G �U�I�F �$�0�3�%�*�$ �B�M�H�P�S�J�U�I�N �J�T �Q�S�F�T�F�O�U�F�E �J�O �'�J�H�V�S�F �•���|��

�" �G�V�M�M�Z �V�O�S�P�M�M�F�E �J�N�Q�M�F�N�F�O�U�B�U�J�P�O �P�G �U�I�F �$�0�3�%�*�$ �N�F�U�I�P�E �J�O �J�U�T �S�P�U�B�U�J�P�O �N�P�E�F �I�B�T �C�F�F�O �J�N�Q�M�F��

�N�F�O�U�F�E� �B�O�E �J�T �V�T�F�E �G�P�S �E�J�T�D�V�T�T�J�P�O�T �B�O�E �D�P�N�Q�B�S�J�T�P�O�T �J�O �U�I�F �G�P�M�M�P�X�J�O�H�� �5�I�F �J�N�Q�M�F�N�F�O�U�B�U�J�P�O �J�T �G�V�M�M�Z

�Q�J�Q�F�M�J�O�F�E �B�O�E �J�M�M�V�T�U�S�B�U�F�E �J�O �'�J�H�V�S�F �•���}��

�5�I�F�S�F �B�S�F �B �G�F�X �S�F�N�B�S�L�T �U�P �C�F �N�B�E�F �S�F�H�B�S�E�J�O�H �U�I�F �J�N�Q�M�F�N�F�O�U�B�U�J�P�O� �J�O �U�I�F �D�P�O�U�F�Y�U �P�G �'�1�(�"�T�� �'�J�S�T�U

�P�G �B�M�M� �U�I�Fxi = arctan(2� i) �U�F�S�N�T �V�T�F�E �G�P�S �U�I�F �J�U�F�S�B�U�J�P�O�T �P�Ozi �B�S�F �D�P�O�T�U�B�O�U�T�� �"�T �T�V�D�I� �U�I�F�Z �B�S�F �G�P�M�E�F�E

�J�O�U�P �U�I�F �M�P�H�J�D �P�O �U�I�F �'�1�(�"� �B�O�E �O�F�F�E �O�P�U �C�F �T�U�P�S�F�E �J�O �E�F�E�J�D�B�U�F�E �U�B�C�M�F�T�� �4�F�D�P�O�E �P�G �B�M�M� �&�R�V�B�U�J�P�O �•���y�z

�J�O �J�U�T �D�V�S�S�F�O�U �G�P�S�N �J�T �E�F�T�J�H�O�F�E �G�P�S �J�O�Q�V�U �B�S�H�V�N�F�O�U�T �H�J�W�F�O �J�O �S�B�E�J�B�O�T�� �5�I�J�T �N�F�B�O�T �U�I�B�U �B �T�D�B�M�J�O�H �P�G �U�I�F

�D�P�O�T�U�B�O�U�T �V�T�F�E �J�O �&�R�V�B�U�J�P�O �•���y�z �J�T �S�F�R�V�J�S�F�E� �O�B�N�F�M�Z �G�P�S �U�I�Fxi �G�B�D�U�P�S�T�� �'�P�S�U�V�O�B�U�F�M�Z� �U�I�J�T �D�B�O �C�F �E�P�O�F

�B �Q�S�J�P�S�J� �B�O�E �E�P�F�T �O�P�U �J�O�D�V�S �B�O�Z �B�E�E�J�U�J�P�O�B�M �D�P�T�U�� �" �T�D�B�M�J�O�H �C�Z1 � 2� w �	�X�I�F�S�Fw �J�T �U�I�F �B�D�D�V�S�B�D�Z�
 �J�T

�B�M�T�P �S�F�R�V�J�S�F�E� �B�T �N�F�O�U�J�P�O�F�E �J�O �4�F�D�U�J�P�O �•���y�� �5�I�J�T �D�B�O �B�M�T�P �C�F �J�O�U�F�H�S�B�U�F�E �J�O �U�I�F �J�O�J�U�J�B�M �T�U�B�U�F� �J�O �U�I�F �U�P�Q

�y�z�}
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�Q�B�S�U �P�G �&�R�V�B�U�J�P�O �•���y�z�� �" �M�B�T�U �S�F�N�B�S�L �S�F�M�B�U�F�T �U�P �O�V�N�C�F�S �P�G �J�U�F�S�B�U�J�P�O�T �S�F�R�V�J�S�F�E �G�P�S �D�P�O�W�F�S�H�F�O�D�F�� �*�O

�&�R�V�B�U�J�P�O �•���y�{� �U�I�F �D�P�O�W�F�S�H�F�O�D�F �J�T �H�J�W�F�O �G�P�Sn �! ¥ �� �)�P�X�F�W�F�S� �P�O�M�Z �B �C�P�V�O�E�F�E �O�V�N�C�F�S �P�G �J�U�F�S�B�U�J�P�O�T

n �J�T �S�F�R�V�J�S�F�E �G�P�S �P�C�U�B�J�O�J�O�H �B �G�B�J�U�I�G�V�M �S�F�T�V�M�U �P�O �U�I�F �P�V�U�Q�V�U �B�D�D�V�S�B�D�Zw�� �6�T�V�B�M�M�Z�n �J�T �O�P�U �N�V�D�I �M�B�S�H�F�S

�U�I�B�Ow� �B�O�E �N�P�S�F �E�F�U�B�J�M�T �P�O �I�P�X �J�U �J�T �E�F�U�F�S�N�J�O�F�E �B�S�F �H�J�W�F�O �J�O �U�I�F �G�P�M�M�P�X�J�O�H �T�F�D�U�J�P�O�T��

�y�z�~
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�*�O �P�S�E�F�S �U�P �F�O�T�V�S�F �U�I�F �N�P�T�U �F�m�n�b�D�J�F�O�U �B�S�D�I�J�U�F�D�U�V�S�F �J�O �U�F�S�N�T �P�G �S�F�T�P�V�S�D�F�T �B�O�E �J�O �U�F�S�N�T �P�G �T�Q�F�F�E� �X�I�J�M�F

�T�U�J�M�M �N�F�F�U�J�O�H �U�I�F �B�D�D�V�S�B�D�Z �T�Q�F�D�J�n�b�D�B�U�J�P�O� �U�I�F �Q�P�T�T�J�C�M�F �F�S�S�P�S�T �Q�F�S�G�P�S�N�F�E �E�V�S�J�O�H �U�I�F �D�P�N�Q�V�U�B�U�J�P�O�T �O�F�F�E

�U�P �C�F �E�F�U�F�S�N�J�O�F�E�� �5�I�F�S�F �B�S�F �U�X�P �Q�P�T�T�J�C�M�F �U�Z�Q�F�T �P�G �F�S�S�P�S�T�� �U�I�F �N�F�U�I�P�E �F�S�S�P�S �B�O�E �U�I�F �S�P�V�O�E�J�O�H �F�S�S�P�S�T��

�5�I�F �S�P�V�O�E�J�O�H �F�S�S�P�S�T �B�S�F �U�I�F�N�T�F�M�W�F�T �D�P�N�J�O�H �G�S�P�N �U�X�P �T�P�V�S�D�F�T�� �U�I�F �S�P�V�O�E�J�O�H���U�S�V�O�D�B�U�J�P�O �P�Q�F�S�B�U�J�P�O�T

�Q�F�S�G�P�S�N�F�E �E�V�S�J�O�H �U�I�F �D�P�N�Q�V�U�B�U�J�P�O�T �B�O�E �U�I�F �n�b�O�B�M �S�P�V�O�E�J�O�H �P�G �U�I�F �P�V�U�Q�V�U�T �U�P �U�I�F �U�B�S�H�F�U �B�D�D�V�S�B�D�Z2� w��

�)�F�O�D�F� �U�I�F �U�P�U�B�M �F�S�S�P�S �D�B�O �C�F �F�Y�Q�S�F�T�T�F�E �B�T��

etotal = ( ef inal�Bround+ eround)+ emethod �	�•���y�|�


�y�z�•



�$�M�B�T�T�J�D�B�M�M�Z� �B�O �F�S�S�P�S �C�V�E�H�F�U �J�T �F�T�U�B�C�M�J�T�I�F�E �X�I�F�O �Q�F�S�G�P�S�N�J�O�H �U�I�F �F�S�S�P�S �B�O�B�M�Z�T�J�T�� �"�T �U�I�F �B�D�D�V�S�B�D�Z

�T�Q�F�D�J�n�b�D�B�U�J�P�O �J�T �G�B�J�U�I�G�V�M �S�P�V�O�E�J�O�H� �P�S �M�B�T�U �C�J�U �B�D�D�V�S�B�D�Z� �U�I�F �N�B�Y�J�N�V�N �B�M�M�P�X�F�E �F�S�S�P�S �N�V�T�U �C�F �T�N�B�M�M�F�S

�U�I�B�O2�w ��

etotal < 2� w

�5�I�F �P�V�U�Q�V�U �W�B�M�V�F�Tcn �B�O�Esn �B�S�F �S�P�V�O�E�F�E �U�P �U�I�F �P�V�U�Q�V�U �Q�S�F�D�J�T�J�P�O2� w�� �5�I�J�T �P�Q�F�S�B�U�J�P�O �F�O�U�B�J�M�T �B�O

�F�S�S�P�Sef inal�Bround� 2� w� 1�� �5�I�J�T �U�I�F�S�F�G�P�S�F �S�F�R�V�J�S�F�T �U�I�B�Ueround+ emethod< 2� w� 1��

�5�I�F �N�F�U�I�P�E �F�S�S�P�Semethod�P�G �U�I�F �$�0�3�%�*�$ �N�F�U�I�P�E� �B�T �Q�F�S �&�R�V�B�U�J�P�O�•���y�z �J�T�Q�S�P�Q�P�S�U�J�P�O�B�M �U�P �U�I�F

�N�B�H�O�J�U�V�E�F �P�Gzi � �B�U �U�I�F �N�P�N�F�O�U �X�I�F�O �U�I�F �J�U�F�S�B�U�J�P�O�T �B�S�F �T�U�P�Q�Q�F�E�� �" �C�P�V�O�E �P�Oemethod�D�B�O �C�F �D�P�N��

�Q�V�U�F�E �V�T�J�O�H �O�V�N�F�S�J�D�B�M �N�F�U�I�P�E�T�� �5�I�J�T �J�T �I�P�X �U�I�F �O�V�N�C�F�S �P�G �J�U�F�S�B�U�J�P�O�Tn �J�T �E�F�U�F�S�N�J�O�F�E�� �*�U �S�F�Q�S�F�T�F�O�U�T

�U�I�F �T�N�B�M�M�F�T�U �J�O�U�F�H�F�S �G�P�S �X�I�J�D�Iemethod< 2�w � 2�� �5�I�F �S�F�N�B�J�O�J�O�H �Q�B�S�U �P�G �U�I�F �F�S�S�P�S �C�V�E�H�F�U �J�T �B�M�M�P�D�B�U�F�E

�U�P�X�B�S�E�T �U�I�F �S�P�V�O�E�J�O�H �F�S�S�P�S�Teround��

�*�O �P�S�E�F�S �U�P �D�P�N�Q�F�O�T�B�U�F �G�P�S �U�I�F �J�O�F�W�J�U�B�C�M�F �S�P�V�O�E�J�O�H �F�S�S�P�S�T� �U�I�F �D�P�N�Q�V�U�B�U�J�P�O�T �P�O �U�I�Fc�s�B�O�Ez�E�B�U��

�B�Q�B�U�I�T �B�S�F �Q�F�S�G�P�S�N�F�E �V�T�J�O�H �B�O �J�O�D�S�F�B�T�F�E �B�D�D�V�S�B�D�Z�� �5�I�F �D�P�N�Q�V�U�B�U�J�P�O�T �B�S�F �E�P�O�F �V�T�J�O�Hg �F�Y�U�S�B �H�V�B�S�E

�C�J�U�T� �X�I�J�D�I �X�J�M�M �B�D�D�V�N�V�M�B�U�F �U�I�F �F�S�S�P�S�T� �J�O�T�U�F�B�E �P�G �U�I�F�N �B�D�D�V�N�V�M�B�U�J�O�H �J�O �U�I�F �C�J�U�T �S�F�U�V�S�O�F�E �B�U �U�I�F �P�V�U��

�Q�V�U��

�$�P�O�D�F�S�O�J�O�H �U�I�Fz�E�B�U�B�Q�B�U�I� �U�I�F �F�S�S�P�S�T �J�O�U�S�P�E�V�D�F�E �B�U �F�B�D�I �J�U�F�S�B�U�J�P�Oi �D�P�N�F �G�S�P�N �U�I�Fxi = arctan(2� i)

�D�P�O�T�U�B�O�U �G�B�D�U�P�S�T�� �"�T �U�I�F�Z �D�B�O�O�P�U �C�F �T�U�P�S�F�E �X�J�U�I �J�O�n�b�O�J�U�F �B�D�D�V�S�B�D�Z� �U�I�F �O�F�Y�U �C�F�T�U �U�I�J�O�H �U�P �E�P �J�T �U�P �D�P�N��

�Q�V�U�F �U�I�F�N �V�T�J�O�H �N�V�M�U�J���Q�S�F�D�J�T�J�P�O �T�P�G�t�X�B�S�F �B�O�E �U�I�F�O �T�U�P�S�F �U�I�F �D�P�S�S�F�D�U�M�Z �S�P�V�O�E�F�E �P�Ow+ g �C�J�U�T�� �5�I�F�S�F��

�G�P�S�F� �U�I�F�Z �J�O�U�S�P�E�V�D�F �B�O �F�S�S�P�S �X�I�J�D�I �J�T �C�P�V�O�E�F�E��exi < 2� w� g� 1�� �"�G�t�F�Sn �J�U�F�S�B�U�J�P�O�T� �U�I�F�T�F �B�D�D�V�N�V�M�B�U�F

�B�O�E �D�B�O �C�F �C�P�V�O�E�F�E �C�Zn� 2� w� g� 1��

�$�P�O�D�F�S�O�J�O�H �U�I�Fc �B�O�Es�E�B�U�B�Q�B�U�I�T� �B �S�F�D�V�S�S�F�O�D�F �G�P�S�N�V�M�B �G�P�S �U�I�F �S�P�V�O�E�J�O�H �F�S�S�P�S�T �Q�F�S�G�P�S�N�F�E �X�I�F�O

�D�P�N�Q�V�U�J�O�H �U�I�F �T�J�O�F �B�O�E �U�I�F �D�P�T�J�O�F �D�B�O �C�F �G�P�S�N�V�M�B�U�F�E�� �5�I�F �M�P�X�F�S �Q�B�S�U �P�G �&�R�V�B�U�J�P�O �•���y�z �D�B�O�C�F �F�Y��

�Q�S�F�T�T�F�E �B�T �G�P�M�M�P�X�T� �X�I�F�O �U�B�L�J�O�H �J�O�U�P �D�P�O�T�J�E�F�S�B�U�J�P�O �U�I�F �F�S�S�P�S�T��

(
eci+ 1 = eci � 2� i � di � esi + etrunc

esi+ 1 = esi + 2� i � di � eci + etrunc
�	�•���y�}�


�X�I�F�S�F �U�I�F �U�J�M�E�F �T�Z�N�C�P�M�T �E�F�O�P�U�F �U�F�S�N�T �X�J�U�I �F�S�S�P�S�� �&�Y�Q�B�O�E�J�O�H �&�R�V�B�U�J�P�O �•���y�} �H�J�W�F�T��

(
eci+ 1 = ci + ec�Bi� 2� i � di � (si + es�Bi)+ etrunc

esi+1 = si + es�Bi+ 2� i � di � (ci + ec�Bi) + etrunc
�	�•���y�~�


�5�I�F�S�F�G�P�S�F� �U�I�F �F�S�S�P�S�T �P�O �U�I�Fc �B�O�Es�E�B�U�B�Q�B�U�I�T �D�B�O �C�F �E�F�n�b�O�F�E �B�T��

(
ec = eci � ci

es = esi � si
�	�•���y�•�


�y�z�€



�C�J�U�X�J�E�U�I

�J�U�F�S�B�U�J�P�O�T

�C�J�U�X�J�E�U�I

�J�U�F�S�B�U�J�P�O�T

�
�-�+�<�8�' �Ž�W�¤�V���,�' �;�8�!�&�'�f�3�( �#�'�;�>�'�'�2 �<�9�-�2�+ �8�3�<�2�&�-�2�+�9 �!�2�& �;�8�<�2�$�!	§�3�2�9 �(�3�8 �;�,�'c �!�2�&s �&�!�;�!�6�!�;�,�9

�'�S�P�N �&�R�V�B�U�J�P�O�T �•���y�~ �B�O�E �•���y�•� �B�O�E �D�P�O�T�J�E�F�S�J�O�H �B �D�P�N�N�P�O �F�S�S�P�S �C�P�V�O�E �G�P�Sec �B�O�Ees �E�F�O�P�U�F�Eecs� �B�O

�J�U�F�S�B�U�J�W�F �E�F�n�b�O�J�U�J�P�O �D�B�O �C�F �E�F�E�V�D�F�E��
(

ecs�B0 = 2� w� g� 1

ecs�Bi+ 1 = ecs�Bi+ 2� i � ecs�Bi+ etrunc
�	�•���y�€�


�5�I�F �U�F�S�Netrunc �S�F�Q�S�F�T�F�O�U�T �U�I�F �F�S�S�P�S �F�O�U�B�J�M�F�E �C�Z �D�P�N�Q�V�U�J�O�H �U�I�F2� i � di � ci �B�O�E2�i � di � si �U�F�S�N�T �J�O

�&�R�V�B�U�J�P�O�•���y�z �V�T�J�O�H�B �U�S�V�O�D�B�U�J�P�O �B�O�E �J�T �C�P�V�O�E�F�E �C�Z2� w� g��

�*�O�E�F�F�E� �U�I�J�T �F�S�S�P�S �D�P�V�M�E �C�F �E�J�N�J�O�J�T�I�F�E �C�Z �V�T�J�O�H �B �S�P�V�O�E�J�O�H �J�O�T�U�F�B�E �P�G �B �U�S�V�O�D�B�U�J�P�O�� �5�I�J�T �I�B�T �B�O

�J�N�Q�B�D�U �P�G �S�F�R�V�J�S�J�O�H �P�O�F �F�Y�U�S�B �C�J�U �G�P�S �U�I�F �B�E�E�F�S�T �V�T�F�E �G�P�S �U�I�F �D�P�N�Q�V�U�B�U�J�P�O�T�� �*�O �S�F�U�V�S�O� �J�U �E�J�W�J�E�F�T �U�I�F

�F�S�S�P�S �C�Z �B �G�B�D�U�P�S �U�I�B�U �J�T �M�F�T�T �U�I�B�O �U�X�P� �B�O�E �U�I�F�S�F�G�P�S�F �S�F�R�V�J�S�J�O�H �P�O�F �M�F�T�T �J�U�F�S�B�U�J�P�O �P�G �U�I�F �$�0�3�%�*�$ �B�M��

�H�P�S�J�U�I�N�� �*�O �U�I�F �H�S�B�O�E �T�D�I�F�N�F �P�G �U�I�J�O�H�T� �U�I�F�S�F �J�T �O�P �B�D�U�V�B�M �C�F�O�F�n�b�U �J�O �E�P�J�O�H �U�I�J�T�� �P�O�F �T�F�U �P�G �B�E�E�J�U�J�P�O�T

�J�T �T�B�W�F�E� �X�I�J�D�I �J�T �Q�S�P�Q�P�S�U�J�P�O�B�M �U�P� 3(w+ g) �-�6�5�T� �X�I�J�M�F �B�E�E�J�O�H �P�O�F �F�Y�U�S�B �C�J�U �U�P �B�M�M �U�I�F �S�F�N�B�J�O�J�O�H

�P�Q�F�S�B�U�J�P�O�T� �X�I�J�D�I �I�B�T �B �D�P�T�U �Q�S�P�Q�P�S�U�J�P�O�B�M �U�P� 3(w+ g) �-�6�5�T�� �5�I�J�T �U�S�B�E�F���P�G �J�T �J�M�M�V�T�U�S�B�U�F�E �J�O �B �H�S�B�Q�I��

�J�D�B�M �N�B�O�O�F�S �J�O �'�J�H�V�S�F �•���~�� �5�I�F �S�F�D�U�B�O�H�M�F �P�O �U�I�F �M�F�G�t �S�F�Q�S�F�T�F�O�U�T �U�I�F �T�P�M�V�U�J�P�O �V�T�J�O�H �S�P�V�O�E�J�O�H�T� �X�I�J�M�F

�U�I�F �P�O�F �P�G �U�I�F �S�J�H�I�U �D�P�S�S�F�T�Q�P�O�E�T �U�P �U�I�F �T�P�M�V�U�J�P�O �V�T�J�O�H �U�S�V�O�D�B�U�J�P�O�T�� �*�O �C�P�U�I �J�N�B�H�F�T� �U�I�F �H�S�B�Z �B�S�F�B�T �S�F�Q��

�S�F�T�F�O�U �U�I�F �D�P�N�Q�V�U�B�U�J�P�O�T �Q�F�S�G�P�S�N�F�E �	�B�O�E �I�F�O�D�F �U�I�F �S�F�R�V�J�S�F�E �S�F�T�P�V�S�D�F�T�
 �B�O�E �U�I�F �X�I�J�U�F �B�S�F�B�T �S�F�Q�S�F�T�F�O�U

�U�I�F �P�O�F�T �X�I�J�D�I �B�S�F �T�B�W�F�E �	�D�P�N�Q�V�U�B�U�J�P�O�T �B�T �X�F�M�M �B�T �S�F�T�P�V�S�D�F�T�
��

�5�I�F �S�P�V�O�E�J�O�H �F�S�S�P�S�T �E�V�F �U�P �D�P�N�Q�V�U�B�U�J�P�O�T �P�O �U�I�Fc �B�O�Es�E�B�U�B�Q�B�U�I�Tecs�Bn�D�B�O �C�F �E�F�U�F�S�N�J�O�F�E �V�T�J�O�H

�O�V�N�F�S�J�D�B�M �N�F�U�I�P�E�T�� �*�U �D�B�O �C�F �P�C�T�F�S�W�F�E �U�I�B�Uecs�Bn�J�T �H�F�O�F�S�B�M�M�Z �M�B�S�H�F�S �U�I�B�Oez�� �5�I�F�S�F�G�P�S�F� �J�U �J�Tecs�Bn�U�I�B�U

�X�J�M�M �C�F �V�T�F�E �U�P �E�F�U�F�S�N�J�O�F �U�I�F �O�V�N�C�F�S �P�G �H�V�B�S�E �C�J�U�Tg� �B�O�E �U�I�V�T �U�I�F �B�D�D�V�S�B�D�Z �P�G �U�I�F �D�P�N�Q�V�U�B�U�J�P�O�T�� �U�I�F

�T�N�B�M�M�F�T�U �J�O�U�F�H�F�S �U�I�B�U �F�O�T�V�S�F�Tecs�Bn< 2�w �2 ��

�y�z�•



�
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�5�I�F �$�0�3�%�*�$ �J�N�Q�M�F�N�F�O�U�B�U�J�P�O �D�B�O �C�F �G�V�S�U�I�F�S �J�N�Q�S�P�W�F�E �C�B�T�F�E �P�O �B�O �S�F�N�B�S�L �D�P�O�D�F�S�O�J�O�H �U�I�Fz�E�B�U�B��

�Q�B�U�I�� �*�U �D�B�O �C�F �P�C�T�F�S�W�F�E �U�I�B�U �U�I�Fxi = arctan(2� i) �D�P�O�T�U�B�O�U �G�B�D�U�P�S�T �B�S�F �P�G �U�I�F �T�B�N�F �P�S�E�F�S �P�G �N�B�H�O�J��

�U�V�E�F �B�U �F�B�D�I �J�U�F�S�B�U�J�P�Oi �B�T �U�I�Fzi �U�F�S�N�T�� �5�I�F�S�F�G�P�S�F�zi �I�B�Ti � 1 �M�F�B�E�J�O�H �[�F�S�P�T�� �5�B�L�J�O�H �J�O�U�P �D�P�O�T�J�E�F�S�B�U�J�P�O

�U�I�B�U �B �n�b�Y�F�E���Q�P�J�O�U �G�P�S�N�B�U �J�T �V�T�F�E� �U�I�F �D�P�N�Q�V�U�B�U�J�P�O�T �P�O �U�I�Fz�E�B�U�B�Q�B�U�I �D�B�O �C�F �Q�F�S�G�P�S�N�F�E �P�O �P�O�F �M�F�T�T

�C�J�U �B�U �F�B�D�I �J�U�F�S�B�U�J�P�O� �X�J�U�I�P�V�U �J�N�Q�B�D�U�J�O�H �U�I�F �D�P�S�S�F�D�U�O�F�T�T �P�G �U�I�F �S�F�T�V�M�U�T�� �5�I�F �S�F�T�P�V�S�D�F�T �S�F�R�V�J�S�F�E �G�P�S �U�I�F

�$�0�3�%�*�$ �J�N�Q�M�F�N�F�O�U�B�U�J�P�O �B�S�F �S�F�E�V�D�F�E �C�Z �B�Q�Q�S�P�Y�J�N�B�U�F�M�Z1
6���"�O �J�M�M�V�T�U�S�B�U�J�P�O �P�G �U�I�F �E�F�D�S�F�B�T�J�O�H �T�J�[�F �P�G

�U�I�Fz�E�B�U�B�Q�B�U�I �J�T �Q�S�P�W�J�E�F�E �J�O �'�J�H�V�S�F �•���•��

�"�O�P�U�I�F�S �C�F�O�F�n�b�D�J�B�M �T�J�E�F���F�m�G�F�D�U �J�T �U�I�F �S�F�E�V�D�U�J�P�O �P�G �U�I�F �D�S�J�U�J�D�B�M �Q�B�U�I�� �5�I�F �E�B�U�B �E�F�Q�F�O�E�F�O�D�Z �C�F�U�X�F�F�O

�y�{�‚



�J�U�F�S�B�U�J�P�O�T�G�P�M�M�P�X�T �U�I�F �Q�B�U�Izi �! di �! zi+ 1�� �"�Tzi �H�F�U�T �T�I�P�S�U�F�S�di �D�B�O �C�F �D�P�N�Q�V�U�F�E �G�B�T�U�F�S �B�O�E �B �O�F�X

�J�U�F�S�B�U�J�P�O �P�Oci+ 1 �B�O�Esi+1 �D�B�O �C�F �T�U�B�S�U�F�E �C�F�G�P�S�F �U�I�F �Q�S�F�W�J�P�V�T �P�O�F �I�B�T �F�O�E�F�E�� �5�I�F �N�P�N�F�O�U �U�I�F �C�J�U�T �P�G

ci �B�O�Esi �U�I�B�U �B�S�F �S�F�R�V�J�S�F�E �G�P�S �D�P�N�Q�V�U�J�O�Hci+ 1 �B�O�Esi+ 1 �B�S�F �S�F�B�E�Z� �U�I�F �D�P�N�Q�V�U�B�U�J�P�O�T �D�B�O �C�F �M�B�V�O�D�I�F�E

�B�O�E �F�Y�F�D�V�U�F �J�O �Q�B�S�B�M�M�F�M�� �*�U �J�T �V�O�G�P�S�U�V�O�B�U�F �U�I�B�U �M�B�U�F�S �J�U�F�S�B�U�J�P�O�T� �X�I�F�Odi �D�B�O �C�F �D�P�N�Q�V�U�F�E �U�I�F �G�B�T�U�F�T�U�

�D�B�O �C�F�O�F�n�b�U �M�F�T�T �G�S�P�N �U�I�J�T �T�Q�F�F�E���V�Q� �B�Tci �B�O�Esi �H�F�U �T�I�J�G�t�F�E �J�O�D�S�F�B�T�J�O�H�M�Z �U�P �U�I�F �S�J�H�I�U��

�5�I�F�T�F �T�V�C�U�M�F�U�J�F�T �X�P�V�M�E �S�F�R�V�J�S�F �B �E�F�M�J�D�B�U�F �N�B�O�J�Q�V�M�B�U�J�P�O �B�O�E �T�L�J�M�M�G�V�M�O�F�T�T �J�O �N�B�O�B�H�J�O�H �U�I�F �Q�J�Q�F�M�J�O�F

�T�Q�F�D�J�n�b�D�B�U�J�P�O�� �5�I�F �$�0�3�%�*�$ �J�N�Q�M�F�N�F�O�U�B�U�J�P�O �V�T�F�T �U�I�F �Q�J�Q�F�M�J�O�J�O�H �G�S�B�N�F�X�P�S�L �U�I�B�U �Q�S�F�T�F�O�U�T �U�I�F �P�O�F

�J�O�U�S�P�E�V�D�F�E �J�O �$�I�B�Q�U�F�S �|�� �)�P�X�F�W�F�S� �B �O�J�D�F �T�J�E�F���F�m�G�F�D�U �P�G �Q�P�S�U�J�O�H �U�I�F �P�Q�F�S�B�U�P�S �U�P �U�I�F �O�F�X �Q�J�Q�F�M�J�O�F

�G�S�B�N�F�X�P�S�L �J�T �U�I�B�U �U�I�J�T �J�O�I�F�S�F�O�U �T�Z�O�D�I�S�P�O�J�[�B�U�J�P�O �J�O�T�J�E�F �U�I�Fz�B�O�E �U�I�Fc �B�O�Es�E�B�U�B�Q�B�U�I�T �G�P�M�M�P�X�T �O�B�U�V��

�S�B�M�M�Z �B�O�E �S�F�R�V�J�S�F�T �O�P �F�m�G�P�S�U �P�O �U�I�F �T�J�E�F �P�G �U�I�F �E�F�T�J�H�O�F�S��

�3	Ž	•	ž	Œ	Ž	• �*	•	Ž	›	Š	•	’	˜	—	œ �$�0�3�%�*�$

�)�B�M�G �P�G �U�I�F �J�U�F�S�B�U�J�P�O�T �J�O �U�I�F �$�0�3�%�*�$ �N�F�U�I�P�E �D�B�O �C�F �U�S�B�E�F�E���P�G �G�P�S �B �T�J�O�H�M�F �S�P�U�B�U�J�P�O �C�Z �U�I�F �S�F�N�B�J�O�J�O�H

�B�O�H�M�Fzi �B�U �U�I�B�U �Q�P�J�O�U����5�I�F �L�F�Z �I�F�S�F �J�T �U�P �T�U�P�Q �U�I�F �S�P�U�B�U�J�P�O�T� �B�T �T�P�P�O �B�Tsin(zi) �D�B�O �C�F �B�Q�Q�S�P�Y�J�N�B�U�F�E �C�Z

zi �B�O�Ecos(zi) �D�B�O �C�F �B�Q�Q�S�P�Y�J�N�B�U�F�E �C�Z1 �P�O �U�I�F �U�B�S�H�F�U �P�V�U�Q�V�U �B�D�D�V�S�B�D�Z�� �"�U �X�I�J�D�I �Q�P�J�O�U �U�I�F �S�F�N�B�J�O��

�J�O�H �S�P�U�B�U�J�P�O�T �D�B�O �C�F �S�F�Q�M�B�D�F�E �C�Z��

(
ci+ 1 = ci + zi � si

si+ 1 = si � zi � ci
�	�•���y�•�


�8�J�U�I �U�I�F �D�P�O�T�J�E�F�S�B�U�J�P�O�T �P�G �4�F�D�U�J�P�O �•���{���z� �J�U �D�B�O �C�F �S�F�N�B�S�L�F�E �U�I�B�Uzi �J�T �P�G �B �T�J�[�F �T�M�J�H�I�U�M�Z �M�B�S�H�F�S �U�I�B�O
w+ g

2 ��

�0�O�U�I�F �J�N�Q�M�F�N�F�O�U�B�U�J�P�O �T�J�E�F� �J�O �P�S�E�F�S �U�P �I�B�W�F �B�O �P�Q�U�J�N�B�M �T�P�M�V�U�J�P�Oci �B�O�Esi �D�B�O �C�F �U�S�V�O�D�B�U�F�E �U�P

�U�I�F �T�B�N�F �B�D�D�V�S�B�D�Z �B�Tzi � �C�F�G�P�S�F �U�I�F �N�V�M�U�J�Q�M�J�D�B�U�J�P�O�� �5�I�J�T �N�F�B�O�T �U�I�B�U �U�I�F �U�X�P �N�V�M�U�J�Q�M�J�F�S�T �S�F�R�V�J�S�F�E �B�S�F

�F�B�D�I �P�G �T�J�[�Fw+ g
2 � w+ g

2 ���'�P�S �B�M�M �Q�S�B�D�U�J�D�B�M �Q�V�S�Q�P�T�F�T� �G�P�S �J�O�Q�V�U �T�J�[�F�T �P�G �V�Q �U�P �{�z �C�J�U�T �U�I�F �M�B�T�U �S�P�U�B�U�J�P�O �D�B�O

�C�F �J�N�Q�M�F�N�F�O�U�F�E �V�T�J�O�H �U�X�P18� 18���C�J�U �N�V�M�U�J�Q�M�J�F�S �C�M�P�D�L�T� �X�I�J�D�I �D�B�O �B�M�T�P �J�O�U�F�H�S�B�U�F �U�I�F �U�X�P �B�E�E�J�U�J�P�O�T��

�"�O �J�M�M�V�T�U�S�B�U�J�P�O �P�G �U�I�F �E�J�B�H�S�B�N �T�D�I�F�N�B�U�J�D �P�G �U�I�F �J�N�Q�M�F�N�F�O�U�B�U�J�P�O �J�T �Q�S�F�T�F�O�U�F�E �J�O �'�J�H�V�S�F �•���€��

�*�O �P�S�E�F�S �U�P �F�O�T�V�S�F �U�I�F �D�P�S�S�F�D�U�O�F�T�T �P�G �U�I�F �S�F�T�V�M�U�T� �U�I�F �F�S�S�P�S �B�O�B�M�Z�T�J�T �I�B�T �U�P �C�F �B�E�B�Q�U�F�E �B�D�D�P�S�E�J�O�H�M�Z��

�'�P�S �F�Y�B�N�Q�M�F� �U�I�F �T�D�B�M�J�O�H �G�B�D�U�P�S �I�B�T �U�P �C�F �N�P�E�J�n�b�F�E �U�P �B�D�D�P�V�O�U �G�P�S �B �T�N�B�M�M�F�S �O�V�N�C�F�S �P�G �J�U�F�S�B�U�J�P�O�T�� �5�I�F

�B�Q�Q�S�P�Y�J�N�B�U�J�P�O �P�Gsin(zi) u zi �B�O�Ecos(zi) u 1 �D�B�O �C�F �K�V�T�U�J�n�b�F�E �C�Z �D�P�O�T�J�E�F�S�J�O�H �U�I�F �5�B�Z�M�P�S �T�F�S�J�F�T �G�P�S �U�I�F

�U�X�P �G�B�D�U�P�S�T�� (
sin(z) u z� z3

3! + z5

5! + : : :

cos(z) u 1� z2

2! + z4

4! + : : :
�	�•���z�‚�


��"�T�B �T�J�E�F���O�P�U�F� �S�F�N�B�S�L �U�I�B�U �<�y�y�>� �X�I�J�D�I �J�O�U�S�P�E�V�D�F�E �U�I�F �J�E�F�B �P�G �S�F�E�V�D�F�E �J�U�F�S�B�U�J�P�O�T� �B�M�T�P �T�I�P�X�F�E �I�P�X �U�I�F
�T�D�B�M�F �G�B�D�U�P�S �D�P�N�Q�F�O�T�B�U�J�P�O �D�B�O �C�F �B�W�P�J�E�F�E �C�Z �D�I�P�P�T�J�O�H �B �T�Q�F�D�J�n�b�D �T�I�J�G�t �T�F�R�V�F�O�D�F �U�I�B�U �D�P�N�Q�F�O�T�B�U�F�T �G�P�S �U�I�F �T�D�B�M�F
�G�B�D�U�P�S�� �5�I�J�T �X�B�T �B�M�T�P �S�F�N�B�S�L�F�E �J�O �<�€�}�>

�y�{�y
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�"�T �T�P�P�O �B�Tjzj < 2
� w� g

2 ��U�I�F �U�X�P �G�V�O�D�U�J�P�O�T �D�B�O �C�F �B�Q�Q�S�P�Y�J�N�B�U�F�E �V�T�J�O�H �P�O�M�Z �U�I�F �n�b�S�T�U �U�F�S�N �J�O �U�I�F�J�S

�D�P�S�S�F�T�Q�P�O�E�J�O�H �T�F�S�J�F�T�� �/�P�U�J�D�F� �B�T �X�F�M�M� �U�I�B�U �U�I�F �J�U�F�S�B�U�J�P�O�T �P�O �U�I�Fsin(z) �E�B�U�B�Q�B�U�I �D�P�V�M�E �B�D�U�V�B�M�M�Z �C�F

�T�U�P�Q�Q�F�E �F�W�F�O �G�B�T�U�F�S� �B�U �B�Q�Q�S�P�Y�J�N�B�U�F�M�Z �P�O�F �U�I�J�S�E �P�G �U�I�F �U�P�U�B�M �J�O�J�U�J�B�M �O�V�N�C�F�S �P�G �J�U�F�S�B�U�J�P�O�Tw+ g
3 ��P�O�D�F

jzj < 2
� w�g

3 ���5�I�J�T �D�P�V�M�E �S�F�T�V�M�U �J�O �T�B�W�J�O�H�T �P�G �B�C�P�V�U1
6 �P�G�U�I�F �S�F�T�P�V�S�D�F�T �S�F�R�V�J�S�F�E �G�P�S �D�P�N�Q�V�U�J�O�H �U�I�F �T�J�O�F

�E�B�U�B�Q�B�U�I��

�5	‘	Ž �5	Š	‹	•	Ž�� 	Š	—	• �.	ž	•	•	’	™	•	¢���#	Š	œ	Ž	• �1	Š	›	Š	•	•	Ž	• �1	˜	•	¢	—	˜	–	’	Š	• �.	Ž	•	‘	˜	•

�5�I�F �T�F�D�P�O�E �N�F�U�I�P�E �G�P�S �D�P�N�Q�V�U�J�O�H �U�I�F �T�J�O�F���D�P�T�J�O�F �G�V�O�D�U�J�P�O�T �J�T �C�B�T�F�E �P�O �B �D�P�B�S�T�F�S �E�F�D�P�N�Q�P�T�J�U�J�P�O

�P�G �U�I�F �J�O�Q�V�U �B�O�H�M�F�� �5�I�F �N�B�J�O �H�P�B�M �J�T �U�P �U�B�L�F �B�E�W�B�O�U�B�H�F �B�T �F�m�n�b�D�J�F�O�U�M�Z �B�T �Q�P�T�T�J�C�M�F �P�G�D�O�O�U�I�F �B�W�B�J�M�B�C�M�F

�y�{�z



�
�-�+�<�8�' �Ž�W�Ž�V���2 �-�£�£�<�9�;�8�!	§�3�2 �3�( �;�,�' �;�!�#�<�£�!�;�' �!�2�& �1�<�£	§�6�£�@ �1�'�;�,�3�& �(�3�8 �$�3�1�6�<	§�2�+ �;�,�' �9�-�2�' �!�2�& �$�3�9�-�2�'

�S�F�T�P�V�S�D�F�T �P�O �B �N�P�E�F�S�O �'�1�(�"�� �M�P�P�L���V�Q �U�B�C�M�F�T� �F�N�C�F�E�E�F�E �N�V�M�U�J�Q�M�J�F�S�T �B�O�E �F�N�C�F�E�E�F�E �N�F�N�P�S�J�F�T��

�5�I�F �S�F�E�V�D�F�E �J�O�Q�V�Uy0�J�T �G�V�S�U�I�F�S �T�Q�M�J�U �J�O�U�P �U�X�P �D�I�V�O�L�T�� �J�U�T �N�P�T�U �T�J�H�O�J�n�b�D�B�O�Ua �C�J�U�T� �E�F�O�P�U�F�E �I�F�S�F��

�B�G�t�F�St� �B�O�E �J�U�T �M�F�B�T�U �T�J�H�O�J�n�b�D�B�O�U �C�J�U�T� �E�F�O�P�U�F�Eyred�� �5�I�F �-�4�# �Q�B�S�Uyred �U�I�F�S�F�G�P�S�F �C�F�M�P�O�H�T �U�Pyred 2

[0;2� (a+ 2))�� �5�I�F �J�E�F�B �J�T �U�P �V�T�Ft �J�O �P�S�E�F�S �U�P �B�E�E�S�F�T�T �B �U�B�C�M�F �U�I�B�U �T�U�P�S�F�Tsin(p � t) �B�O�Ecos(p � t)�� �5�I�F

�T�J�O�F �B�O�E �D�P�T�J�O�F �D�P�S�S�F�T�Q�P�O�E�J�O�H �U�P �U�I�F �S�F�N�B�J�O�J�O�H �Q�B�S�U �P�G �U�I�F �J�O�Q�V�Uyred �J�T �D�P�N�Q�V�U�F�E �C�Z �n�b�S�T�U �N�V�M�U�J�Q�M�Z��

�J�O�Hyred �C�Zp�� �5�I�F�O� �U�I�F �T�J�O�F���D�P�T�J�O�F �P�G

z= p � yred

�B�S�F �P�C�U�B�J�O�F�E �U�I�S�P�V�H�I �B �Q�P�M�Z�O�P�N�J�B�M �B�Q�Q�S�P�Y�J�N�B�U�J�P�O �U�F�D�I�O�J�R�V�F�� �5�I�F �n�b�O�B�M �S�F�T�V�M�U�T�sin(y0) �B�O�Ecos(y0)

�D�B�O �C�F �S�F�T�U�P�S�F�E �G�S�P�N �U�I�F �Q�S�F�W�J�P�V�T�M�Z �D�P�N�Q�V�U�F�E �U�F�S�N�T� �C�B�T�F�E �B�T �X�F�M�M �P�O �&�R�V�B�U�J�P�O �•���{ �G�P�S �U�I�F �T�J�O�F���D�P��

�T�J�O�F �P�G �B �T�V�N �P�G �B�O�H�M�F�T��

�5�I�F �U�F�D�I�O�J�R�V�F �D�I�P�T�F�O �J�O �U�I�F �D�P�O�U�F�Y�U �P�G �U�I�F �T�J�O�F���D�P�T�J�O�F �G�V�O�D�U�J�P�O�T �G�P�S �U�I�F �Q�P�M�Z�O�P�N�J�B�M �B�Q�Q�S�P�Y�J�N�B��

�y�{�{



�U�J�P�O�J�T �C�B�T�F�E �P�O �U�I�F �5�B�Z�M�P�S �T�F�S�J�F�T �B�C�P�V�U �U�I�F �Q�P�J�O�U0� �B�M�T�P �L�O�P�X�O �B�T �U�I�F �.�B�D�M�B�V�S�J�O �T�F�S�J�F�T�� �"�O�P�U�I�F�S

�P�Q�U�J�P�O �J�T �U�I�F �V�T�F �P�G �B �H�F�O�F�S�J�D �Q�P�M�Z�O�P�N�J�B�M �B�Q�Q�S�P�Y�J�N�B�U�J�P�O� �B�T� �G�P�S �F�Y�B�N�Q�M�F� �U�I�F �P�O�F �E�F�T�D�S�J�C�F�E �J�O �<�{�}�>��

�)�P�X�F�W�F�S� �V�T�J�O�H �U�I�F �5�B�Z�M�P�S �T�F�S�J�F�T �B�M�M�P�X�T �U�B�L�J�O�H �B�E�W�B�O�U�B�H�F �P�G �U�X�P �J�N�Q�P�S�U�B�O�U �Q�S�P�Q�F�S�U�J�F�T �P�G �U�I�F �T�J�O�F���D�P��

�T�J�O�F �G�V�O�D�U�J�P�O�T�� �U�I�F �T�J�O�F �J�T �B�O �P�E�E �G�V�O�D�U�J�P�O �B�O�E �U�I�F �D�P�T�J�O�F �J�T �B�O �F�W�F�O �G�V�O�D�U�J�P�O�� �5�I�F�S�F�G�P�S�F �I�B�M�G �P�G �U�I�F

�D�P�F�m�n�b�D�J�F�O�U�T �B�S�F �[�F�S�P�� �"�O�P�U�I�F�S �Q�S�P�Q�F�S�U�Z �U�I�B�U �J�T �C�F�O�F�n�b�D�J�B�M �J�T �U�I�B�U �U�I�F �n�b�S�T�U �U�X�P �U�F�S�N�T �J�O �U�I�F �T�F�S�J�F�T �D�P�S�S�F��

�T�Q�P�O�E�J�O�H �U�P �U�I�F �T�J�O�F���D�P�T�J�O�F �G�V�O�D�U�J�P�O�T �J�O�W�P�M�W�F �N�V�M�U�J�Q�M�J�D�B�U�J�P�O�T �C�Z �Q�P�X�F�S�T �P�G2� �P�S �C�Z1
3���5�I�F �G�P�S�N�F�S

�D�B�O �C�F �J�N�Q�M�F�N�F�O�U�F�E �U�I�S�P�V�H�I �T�I�J�G�t�T �C�Z �B �D�P�O�T�U�B�O�U �R�V�B�O�U�J�U�Z� �B�O�E �E�P �O�P�U �S�F�R�V�J�S�F �B�O�Z �S�F�T�P�V�S�D�F�T�� �5�I�F

�M�B�U�U�F�S �D�B�O �C�F �J�N�Q�M�F�N�F�O�U�F�E �U�I�S�P�V�H�I �F�m�n�b�D�J�F�O�U �N�F�U�I�P�E�T� �M�J�L�F �U�I�F �P�O�F �E�F�T�D�S�J�C�F�E �J�O �<�{�|�>� �X�I�J�D�I �I�B�W�F �M�P�X

�S�F�T�P�V�S�D�F �E�F�N�B�O�E�T��

�*�O �P�S�E�F�S �U�P �T�J�N�Q�M�J�G�Z �U�I�F �F�W�B�M�V�B�U�J�P�O �P�Gsin(z) �B�O�Ecos(z) �U�I�F �O�V�N�C�F�S �P�G �U�F�S�N�T �P�G �U�I�F �5�B�Z�M�P�S �T�F�S�J�F�T

�V�T�F�E �T�I�P�V�M�E �C�F �L�F�Q�U �B�T �T�N�B�M�M �B�T �Q�P�T�T�J�C�M�F�� �*�O �U�I�J�T �D�B�T�F� �B �S�F�B�T�P�O�B�C�M�F �U�S�B�E�F���P�m�G �C�F�U�X�F�F�O �U�I�F �T�J�[�F �P�G �U�I�F

�U�B�C�M�F�T �G�P�Ssin(p � t) �B�O�Ecos(p � t) �B�O�E �U�I�F �O�V�N�C�F�S �P�G �U�F�S�N�T �J�O �U�I�F �5�B�Z�M�P�S �T�F�S�J�F�T �	�B�O�E �U�I�F�S�F�G�P�S�F �U�I�F

�O�V�N�C�F�S �B�O�E �T�J�[�F �P�G �U�I�F �S�F�R�V�J�S�F�E �N�V�M�U�J�Q�M�J�D�B�U�J�P�O�T�
 �M�F�B�E�T �U�P �O�F�H�M�F�D�U�J�O�H �U�F�S�N�T �C�F�Z�P�O�Ez3

3! ��

(
sin(z) u z� z3

6

cos(z) u 1� z2

2

�	�•���z�y�


�*�O�P�S�E�F�S �G�P�S �U�I�F �Q�P�M�Z�O�P�N�J�B�M �B�Q�Q�S�P�Y�J�N�B�U�J�P�O �U�P �C�F �Q�S�F�D�J�T�F �F�O�P�V�H�I� �U�I�F�S�F �J�T �P�O�F �D�P�O�T�U�S�B�J�O�U �U�I�B�U �N�V�T�U

�C�F �T�B�U�J�T�n�b�F�E��
z4

24
� 1:02� 2�w � g

�X�I�J�D�I�J�N�Q�M�J�F�T��

4� (a+ 2) � 2 � w+ g

�5�I�J�T �F�Y�Q�S�F�T�T�J�P�O �D�B�O �C�F �V�T�F�E �U�P �E�F�U�F�S�N�J�O�F �U�I�F �T�J�[�Fa �P�G �U�I�F �J�O�Q�V�U �P�G �U�I�F �U�B�C�M�F�T �T�U�P�S�J�O�Hsin(p � t) �B�O�E

cos(p � t)�� �6�T�J�O�H �&�R�V�B�U�J�P�O�T �•���{ �B�O�E �•���z�y��U�I�F �W�B�M�V�F�T �G�P�Ssin(p � y0) �B�O�Ecos(p � y0) �D�B�O �C�F �D�P�N�Q�V�U�F�E �B�T��

(
sin(p � y0) u sin(p � t) � cos(z)+cos(p � t) � sin(z)

cos(p � y0) u cos(p � t) � cos(z)� sin(p � t) � sin(z)
�	�•���z�z�


�&�R�V�B�U�J�P�O �•���z�z �D�B�O�C�F �F�W�B�M�V�B�U�F�E �J�O �B �N�P�S�F �F�m�n�b�D�J�F�O�U �X�B�Z �C�Z �P�C�T�F�S�W�J�O�H �U�I�B�Ucos(z) �J�T �D�M�P�T�F �U�P1� �B�T

�U�I�F �B�S�H�V�N�F�O�Uz�J�T �R�V�J�U�F �T�N�B�M�M �	z 2 [0;2� a� 2)�
�� �5�I�F�S�F�G�P�S�F� �U�I�F �N�V�M�U�J�Q�M�J�D�B�U�J�P�Osin(p � t) � cos(z)

�D�B�O �C�F �U�S�B�E�F�E���P�G �G�P�S �B �T�N�B�M�M�F�S �N�V�M�U�J�Q�M�J�D�B�U�J�P�O �B�O�E �B�E�E�J�U�J�P�O� �B�O�E �C�F �F�W�B�M�V�B�U�F�E �B�Tsin(p � t) + sin(p �

t)(cos(z)� 1)�� �"�T �T�V�D�I� �&�R�V�B�U�J�P�O �•���z�z �D�B�O�C�F �S�F�Q�M�B�D�F�E �C�Z��

(
sin(p � y0) u sin(p � t) � sin(p � t) � z2

2 + cos(p � t) � sin(z)

cos(p � y0) u cos(p � t) � cos(p � t) � z2

2 � sin(p � t) � sin(z)
�	�•���z�{�


�"�O �J�M�M�V�T�U�S�B�U�J�P�O �P�G �U�I�F �N�F�U�I�P�E �J�T �Q�S�F�T�F�O�U�F�E �J�O �'�J�H�V�S�F �•���•��

�y�{�|
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�
�-�+�<�8�' �Ž�W�ˆ�‡�V�� �6�3�9�9�-�#�£�' �-�1�6�£�'�1�'�2�;�!	§�3�2 �(�3�8 �;�,�' �;�!�#�<�£�!�;�' �!�2�& �1�<�£	§�6�£�@ �1�'�;�,�3�& �(�3�8 �$�3�1�6�<	§�2�+ �;�,�' �9�-�2�' �!�2�& �$�3�9�-�2�'

�" �Q�P�T�T�J�C�M�F �J�N�Q�M�F�N�F�O�U�B�U�J�P�O �P�G �U�I�F �N�F�U�I�P�E �P�G �4�F�D�U�J�P�O �•���| �U�V�O�F�E �G�P�S �B�O �F�m�n�b�D�J�F�O�U �N�B�Q�Q�J�O�H �P�O �'�1��

�(�"�T �J�T �Q�S�F�T�F�O�U�F�E �J�O �U�I�F �G�P�M�M�P�X�J�O�H��

�5�I�F �n�b�S�T�U �S�F�N�B�S�L �J�T �U�I�B�U �U�I�F �U�F�S�Ny0= 1
4 � y �D�B�O�B�D�U�V�B�M�M�Z �C�F �P�C�U�B�J�O�F�E �B�T �U�I�F �P�O�F� �T �D�P�N�Q�M�F�N�F�O�U �P�Gy

�	: y�
�� �5�I�J�T �I�B�T �U�I�F �E�J�T�B�E�W�B�O�U�B�H�F �P�G �J�O�U�S�P�E�V�D�J�O�H �B�O �F�S�S�P�S� �N�B�O�B�H�F�E �J�O �U�I�F �F�S�S�P�S �B�O�B�M�Z�T�J�T �C�F�M�P�X�� �"�T �B�O

�B�E�W�B�O�U�B�H�F� �J�U �B�W�P�J�E�T �P�O�F �F�Y�U�S�B �B�E�E�J�U�J�P�O �B�O�E �B �D�B�S�S�Z �Q�S�P�Q�B�H�B�U�J�P�O��

�'�J�H�V�S�F �•���y�‚ �T�I�P�X�T �B�O �J�M�M�V�T�U�S�B�U�J�P�O �P�G �U�I�F �Q�S�P�Q�P�T�F�E �J�N�Q�M�F�N�F�O�U�B�U�J�P�O�� �"�T �D�B�O �C�F �T�F�F�O �J�O �U�I�F �n�b�H�V�S�F�

�U�I�F �E�B�U�B�Q�B�U�I�T �B�S�F �T�J�[�F�E �T�P �B�T �U�P �D�P�N�Q�V�U�F �K�V�T�U �S�J�H�I�U� �U�I�F�S�F�G�P�S�F �T�B�U�J�T�G�Z�J�O�H �U�I�F �B�D�D�V�S�B�D�Z �D�P�O�T�U�S�B�J�O�U�T �X�I�F�O

�y�{�}



�
�-�+�<�8�' �Ž�W�ˆ�ˆ�V�� �#�-�;�,�'�!�6 �$�3�8�8�'�9�6�3�2�&�-�2�+ �;�3z� z3

6 �T�(�3�8 �! �9�-�2�'�c�$�3�9�-�2�' �!�8�$�,�-�;�'�$�;�<�8�' �>�-�;�, �;�,�' �-�2�6�<�; �3�2 �‹�‡ �#�-�;�9

�V�T�J�O�H �U�I�F �M�F�B�T�U �B�N�P�V�O�U �P�G �S�F�T�P�V�S�D�F�T�� �5�I�F �J�N�Q�M�F�N�F�O�U�B�U�J�P�O �V�T�F�T �U�S�V�O�D�B�U�F�E �N�V�M�U�J�Q�M�J�F�S�T�� �"�M�T�P� �U�I�F �J�O��

�Q�V�U�T �U�P �U�I�F �N�V�M�U�J�Q�M�J�F�S�T �B�S�F �U�S�V�O�D�B�U�F�E �U�P �U�I�F �U�I�F �B�D�D�V�S�B�D�Z �P�G �U�I�F �S�F�T�V�M�U�T� �X�I�J�D�I �J�T �J�O�E�J�D�B�U�F�E �J�O �'�J�H�V�S�F

�•���y�‚ �C�Z �U�I�F �H�S�B�Z �T�R�V�B�S�F�T �U�I�B�U �D�P�O�U�B�J�O �B �5 �J�O�T�J�E�F��

�$�P�O�D�F�S�O�J�O�H �U�I�F �D�P�N�Q�V�U�B�U�J�P�O �P�Gsin(p � yred) �B�O�Ecos(p � yred)� �U�I�F �U�F�S�Nz2 �J�T �P�C�U�B�J�O�F�E �C�Z �V�T�J�O�H �B

�E�F�E�J�D�B�U�F�E �T�R�V�B�S�F�S �P�S �B �U�B�C�M�F� �X�I�J�D�I �J�T �N�P�S�F �F�m�n�b�D�J�F�O�U �U�I�B�O �U�I�F �F�R�V�J�W�B�M�F�O�U �N�V�M�U�J�Q�M�J�F�S��

�*�O �P�S�E�F�S �U�P �D�P�N�Q�V�U�Fsin(z) = z� z3

6 ��U�X�P �B�Q�Q�S�P�B�D�I�F�T �B�S�F �Q�P�T�T�J�C�M�F �G�P�S �U�I�Fz3

6 �U�F�S�N���"�T �P�O�M�Z �B �G�F�X

�C�J�U�T �B�S�F �O�F�F�E�F�E� �G�P�S �T�N�B�M�M �T�J�[�F�T �P�Gz�U�B�C�V�M�B�U�J�P�O �D�B�O �C�F �V�T�F�E�� �$�V�S�S�F�O�U�M�Z� �U�I�J�T �J�T �E�P�O�F �G�P�Sz�V�Q �U�P �y�‚ �C�J�U�T��

�'�P�S �M�B�S�H�F�S �T�J�[�F�T� �U�I�F �B�S�D�I�J�U�F�D�U�V�S�F �E�F�T�D�S�J�C�F�E �J�O �$�I�B�Q�U�F�S �~� �P�O �Q�B�H�F �•�z� �G�P�S �J�M�M�V�T�U�S�B�U�J�O�H �U�I�F �P�Q�Q�P�S�U�V�O�J�U�J�F�T

�C�S�P�V�H�I�U �B�C�P�V�U �C�Z �C�J�U�I�F�B�Q�T �D�B�O �C�F �V�T�F�E�� �*�O �'�J�H�V�S�F �•���y�‚ �U�I�J�T �J�T �T�I�P�X�O �B�T �U�I�F �E�B�T�I�F�E �C�P�Y� �n�b�M�M�F�E �X�J�U�I

�H�S�B�Z�� �*�U �D�B�O �C�F �J�N�Q�M�F�N�F�O�U�F�E �B�T �B �C�J�U�I�F�B�Q� �B�O �F�Y�B�N�Q�M�F �P�G �X�I�J�D�I �J�T �T�I�P�X�O �J�O �'�J�H�V�S�F �•���y�y��

�5�B�C�M�F �•���z �Q�S�F�T�F�O�U�T �B �C�S�F�B�L�E�P�X�O �P�G �U�I�F �S�F�R�V�J�S�F�E �Q�S�F�D�J�T�J�P�O�T �G�P�S �T�J�[�J�O�H �U�I�F �E�B�U�B�Q�B�U�I �J�O �U�I�F �J�N�Q�M�F��

�N�F�O�U�B�U�J�P�O �G�P�S �'�J�H�V�S�F �•���y�‚� �D�P�O�T�J�E�F�S�J�O�H �B�O �J�O�Q�V�U �B�O�E �P�V�U�Q�V�U �P�G �T�J�[�Fw�� �5�I�Fz
2

2 �D�P�M�V�N�O�B�M�T�P �E�F�n�b�O�F�T �U�I�F

�T�J�[�F �P�G �U�I�F �U�X�P �M�F�G�t �N�V�M�U�J�Q�M�J�F�S�T �P�O �U�I�F �n�b�H�V�S�F�� �5�I�Fyred �D�P�M�V�N�O �E�F�n�b�O�F�T �U�I�F �T�J�[�F �P�G �U�I�F �U�X�P �S�J�H�I�U�N�P�T�U

�N�V�M�U�J�Q�M�J�F�S�T�� �"�M�M �U�I�F �E�B�U�B �P�G �5�B�C�M�F �•���z �J�T �D�P�N�Q�V�U�F�E �C�Z �U�I�F �P�Q�F�S�B�U�P�S �H�F�O�F�S�B�U�P�S��

�y�{�~



w a
yred�z z2

2
z3

6cos(p � t) � sin(z)�sin(p � t) � sin(z)
�™�ž �œ �™�ž �™�™�ž
�š�œ �ž �š�š �™�• � 
�›�š �  �š�  �™�¡ �™�¢
�œ�¢ �™�¢ �›�œ �š�› �™�š
�œ�  �™�š �œ�¢ �š�Ÿ �™�œ
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�5�I�J�T �T�F�D�U�J�P�O �B�O�B�M�Z�[�F�T �U�I�F �Q�P�T�T�J�C�M�F �F�S�S�P�S�T �Q�S�P�E�V�D�F�E �E�V�S�J�O�H �U�I�F �D�P�N�Q�V�U�B�U�J�P�O�T �P�G �U�I�F �T�J�O�F �B�O�E �D�P�T�J�O�F

�G�V�O�D�U�J�P�O�T �X�J�U�I �U�I�F �N�F�U�I�P�E �P�G �4�F�D�U�J�P�O �•���|�� �"�T �J�O �U�I�F �D�B�T�F �P�G �4�F�D�U�J�P�O �•���{���y� �U�I�F �F�S�S�P�S�T �D�B�O �C�F �T�Q�M�J�U �J�O�U�P

�U�X�P �D�B�U�F�H�P�S�J�F�T�� �N�F�U�I�P�E �F�S�S�P�S�T �B�O�E �S�P�V�O�E�J�O�H �F�S�S�P�S�T�� �5�I�F �G�P�S�N�F�S �I�B�W�F �B�M�S�F�B�E�Z �C�F�F�O �B�O�B�M�Z�[�F�E� �U�P �E�F�U�F�S��

�N�J�O�F �U�I�F �W�B�M�V�F �P�G �U�I�F �Q�B�S�B�N�F�U�F�Sa��

�$�P�O�D�F�S�O�J�O�H �U�I�F �S�P�V�O�E�J�O�H �F�S�S�P�S�T� �U�I�F�S�F �B�S�F� �B�H�B�J�O �U�X�P �T�P�V�S�D�F�T�� �U�I�F �n�b�O�B�M �S�P�V�O�E�J�O�H �U�P �U�I�F �U�B�S�H�F�U �P�V�U��

�Q�V�U �Q�S�F�D�J�T�J�P�O �	�X�I�J�D�I �J�T �P�G �U�I�F �P�S�E�F�S �P�G2�w �1 �
 �B�O�E �U�I�F �D�P�N�Q�V�U�B�U�J�P�O�T �U�I�B�U �B�S�F �Q�B�S�U �P�G �U�I�F �E�B�U�B�Q�B�U�I��

�&�B�D�I �P�G �U�I�F �S�F�T�V�M�U�T �U�I�B�U �B�S�F �P�C�U�B�J�O�F�E �G�S�P�N �B �U�B�C�M�F �J�O�U�S�P�E�V�D�F �B�O �F�S�S�P�S �U�I�B�U �J�T �C�P�V�O�E�F�E �C�Z2� w� g�1 � �P�O

�B�O �J�O�U�F�S�N�F�E�J�B�S�Z �B�D�D�V�S�B�D�Z �V�T�J�O�Hg �F�Y�U�S�B �H�V�B�S�E �C�J�U�T�� �&�W�F�S�Z �U�S�V�O�D�B�U�J�P�O �P�G �U�I�F �J�O�Q�V�U�T �U�P �U�I�F �N�V�M�U�J�Q�M�J�F�S�T�

�T�I�P�X�O �B�T �U�I�F �H�S�B�Z �C�P�Y�F�T �X�J�U�I �5�T �J�O�T�J�E�F �U�I�F �J�O �'�J�H�V�S�F �•���y�‚� �J�O�U�S�P�E�V�D�F �B�O �F�S�S�P�S �P�G �U�I�F �P�S�E�F�S �P�G2� w� g��

�5�I�F �T�B�N�F �J�T �U�S�V�F �G�P�S �U�I�F �U�S�V�O�D�B�U�F�E �N�V�M�U�J�Q�M�J�F�S�T �B�O�E �U�I�F �T�R�V�B�S�F�S�� �'�J�O�B�M�M�Z� �D�P�N�Q�V�U�J�O�Hy0�B�T: y �B�O�E �P�N�J�U��

�U�J�O�H �U�I�F �D�B�S�S�Z �Q�S�P�Q�B�H�B�U�J�P�O �J�O�U�S�P�E�V�D�F�T �B�O �F�S�S�P�S �P�G �U�I�F �P�S�E�F�S �P�G2� w� g�� �"�E�E�J�O�H �B�M�M �U�I�F �F�S�S�P�S�T �U�P�H�F�U�I�F�S�

�J�U �D�B�O �C�F �T�F�F�O �U�I�B�U �U�I�F�S�F �J�T �B �C�P�V�O�E �P�G15� 2�w � g �P�O �U�I�F �U�P�U�B�M �F�S�S�P�S�� �5�I�F�S�F�G�P�S�F� �B �O�V�N�C�F�S �P�Gg = 4

�F�Y�U�S�B �H�V�B�S�E �C�J�U�T �T�V�m�n�b�D�F�T �G�P�S �U�I�F �J�N�Q�M�F�N�F�O�U�B�U�J�P�O �P�G �U�I�F �E�B�U�B�Q�B�U�I�� �*�U �T�I�P�V�M�E �C�F �O�P�U�J�D�F�E �U�I�B�U �U�I�F �W�B�M�V�F

�P�Gg �O�P �M�P�O�H�F�S �E�F�Q�F�O�E�T �P�O �U�I�F �J�O�Q�V�U �T�J�[�Fw� �D�P�O�U�S�B�S�Z �U�P �$�0�3�%�*�$��
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�5�I�F �n�b�O�B�M �N�F�U�I�P�E �U�I�B�U �J�T �F�Y�Q�M�P�S�F�E �G�P�S �D�P�N�Q�V�U�J�O�H �U�I�F �T�J�O�F���D�P�T�J�O�F �G�V�O�D�U�J�P�O�T �J�T �C�B�T�F�E �P�O �U�I�F �H�F�O�F�S�J�D

�Q�P�M�Z�O�P�N�J�B�M �F�W�B�M�V�B�U�J�P�O �U�F�D�I�O�J�R�V�F �Q�S�F�T�F�O�U�F�E �J�O �<�{�}�>�� �5�I�J�T �P�Q�F�S�B�U�P�S �J�T �D�B�Q�B�C�M�F �P�G �D�P�N�Q�V�U�J�O�H �F�J�U�I�F�S

�U�I�F �T�J�O�F� �P�S �U�I�F �D�P�T�J�O�F �G�V�O�D�U�J�P�O�T�� �5�I�F �D�I�P�J�D�F �C�F�U�X�F�F�O �U�I�F �U�X�P �J�T �E�P�O�F �V�T�J�O�H �B�O �F�Y�U�S�B �J�O�Q�V�U �J�O �U�I�F

�B�S�D�I�J�U�F�D�U�V�S�F�� �X�I�F�O �J�U �J�T �T�F�U� �U�I�F �T�J�O�F �G�V�O�D�U�J�P�O �J�T �D�P�N�Q�V�U�F�E� �F�M�T�F �U�I�F �P�V�U�Q�V�U �J�T �U�I�F �D�P�T�J�O�F �G�V�O�D�U�J�P�O �P�G
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�H�F�U �G�S�F�R�V�F�O�D�J�F�T�� �"�T �U�I�F �Q�S�F�D�J�T�J�P�O �J�O�D�S�F�B�T�F�T� �U�I�F �N�V�M�U�J�Q�M�J�F�S�� �B�O�E �U�B�C�M�F�� �C�B�T�F�E �N�F�U�I�P�E�T �C�F�D�P�N�F �N�P�S�F

�S�F�M�F�W�B�O�U�� �5�I�F �M�P�X�F�S �N�B�Y�J�N�V�N �G�S�F�R�V�F�O�D�J�F�T �P�G �U�I�F�6�L�Q�$�Q�G�&�R�V�B�O�E�6�L�Q�2�U�&�R�V�N�F�U�I�P�E�T �B�S�F �E�V�F �U�P �U�I�F

�B �D�P�N�Q�M�F�Y �Q�J�Q�F�M�J�O�F� �B�O�E �E�P �O�P�U �S�F�o�s�F�D�U �T�P�N�F �J�O�U�S�J�O�T�J�D �M�J�N�J�U�T �P�G �U�I�F �B�M�H�P�S�J�U�I�N�T �U�I�F�N�T�F�M�W�F�T�� �0�O�D�F �B�M�M

�U�I�F �G�F�B�U�V�S�F�T �P�G �U�I�F �U�B�S�H�F�U �E�F�W�J�D�F�T �B�S�F �G�V�M�M�Z �F�Y�Q�M�P�J�U�F�E� �T�V�D�I �B�T �U�I�F �S�F�H�J�T�U�F�S�T �J�O�T�J�E�F �U�I�F �F�N�C�F�E�E�F�E �N�V�M��

�U�J�Q�M�J�F�S �C�M�P�D�L�T� �T�J�N�J�M�B�S �G�S�F�R�V�F�O�D�J�F�T �D�B�O �C�F �B�D�I�J�F�W�F�E�� �" �S�F�N�B�S�L �U�I�B�U �I�B�T �U�P �C�F �N�B�E�F �J�T �U�I�B�U �X�I�F�O �D�P�N��

�Q�B�S�J�O�H �U�I�F�6�L�Q�$�Q�G�&�R�V�B�O�E�6�L�Q�2�U�&�R�V�N�F�U�I�P�E�T� �U�I�F �G�P�S�N�F�S �D�P�N�Q�V�U�F�T �C�P�U�I �G�V�O�D�U�J�P�O�T� �X�I�J�M�F �U�I�F �M�B�U�U�F�S

�D�P�N�Q�V�U�F�T �P�O�M�Z �P�O�F �P�G �U�I�F�N�� �4�P� �U�X�P �J�O�T�U�B�O�D�F �P�G�6�L�Q�2�U�&�R�V�B�S�F �S�F�R�V�J�S�F�E �J�O �P�S�E�F�S �U�P �P�V�U�Q�V�U �U�I�F �T�B�N�F

�S�F�T�V�M�U�T �B�T�6�L�Q�$�Q�G�&�R�V�� �5�I�F �H�B�J�O�T �P�G �D�P�N�Q�V�U�J�O�H �C�P�U�I �G�V�O�D�U�J�P�O�T �B�U �P�O�D�F �U�I�F�S�F�G�P�S�F �C�F�D�P�N�F�T �F�W�J�E�F�O�U��
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�"�Q�Q�S�P�B�D�I�M�B�U�F�O�D�Z�G�S�F�R�V�F�O�D�Z�3�F�H���� �-�6�5�T �#�3�"�. �%�4�1
�Q�S�F�D�J�T�J�P�O�� �™�ž �C�J�U�T

�$�0�3�%�*�$ �™�  �œ�Ÿ�  �¡�ž�¡�� �™�™�›�™ �¢ �¢
�$�0�3�%�*�$ �™�œ �š�Ÿ�Ÿ �Ÿ�Ÿ�ž�� �™�¢� �ž �¢ �¢
�$�0�3�%�*�$ �Ÿ �™�¡�œ �œ�™� �� �™�¢�¡�¡ �¢ �¢
�$�0�3�%�*�$ �› �¡�Ÿ �š�ž�š�� �™�š�š�™ �¢ �¢

�3�F�E���$�0�3�%�*�$ �™�› �›�ž�  �ž�š�•�� �Ÿ�™�¡ �¢ �š
�3�F�E���$�0�3�%�*�$ �œ �š�›�  �™�¢�ž�� �Ÿ�™�› �¢ �š

�4�J�O�"�O�E�$�P�T�œ �š�¡�  �™�¢�Ÿ�� �š�¡�Ÿ �¢ �•
�4�J�O�"�O�E�$�P�T�› �™�™�œ �™�ž� �� �ž�•�¢ �¢ �š

�4�J�O�0�S�$�P�T�	�E���š�
 �¡ �š�•�™ �™�›�ž�� �™� �› �™ �š
�Q�S�F�D�J�T�J�P�O�� �š�œ �C�J�U�T

�$�0�3�%�*�$ �š�  �œ�›�¡���¡ �™�¡�¡�ž�� �š�™�œ�œ�¢ �¢
�$�0�3�%�*�$ �š�› �š�•�™���¢ �™�Ÿ�š�™�� �š�™�™�œ�¢ �¢
�$�0�3�%�*�$ �™�š �™� �¢���• �¡�™�¡�� �š�™�œ�ž �¢ �¢
�$�0�3�%�*�$ �• �™�¢�›���  �œ�œ�š�� �š�¢� �¡ �¢ �¢

�3�F�E���$�0�3�%�*�$ �š�¢ �š�Ÿ�›���œ �™�œ�¢�™�� �™�œ�œ�ž�¢ �œ
�3�F�E���$�0�3�%�*�$ �™�™ �š�š�š���ž �ž�Ÿ�œ�� �™�œ�›�  �¢ �œ
�3�F�E���$�0�3�%�*�$ �• �š�š�š���ž �š�š�œ�� �™�œ�Ÿ�¢ �¢ �š

�4�J�O�"�O�E�$�P�T�• �š�ž�š �™�¡�Ÿ�� �œ�œ�™ �› �Ÿ
�4�J�O�"�O�E�$�P�T�› �™�Ÿ�¡ �™�¡�›�� �œ�Ÿ�š �™ �Ÿ

�4�J�O�0�S�$�P�T�	�E���š�
 �¡ �š�•�™ �š�¢�š�� �š�Ÿ�¡ �š �š
�4�J�O�0�S�$�P�T�	�E���š�
 �Ÿ �™� �¢ �™�Ÿ� �� �š�Ÿ�  �š �š

���!�#�£�' �Ž�W�¤�V���3�1�6�!�8�-�9�3�2 �3�( �;�,�' �;�,�8�'�' �;�'�$�,�2�-�7�<�'�9 �3�2 ���-�8�;�'�?�f�Œ�W ���1�!�£�£ �6�8�'�$�-�9�-�3�2�9�W
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�"�Q�Q�S�P�B�D�I �M�B�U�F�O�D�Z�G�S�F�R�V�F�O�D�Z�3�F�H���� �-�6�5�T �#�3�"�. �%�4�1
�Q�S�F�D�J�T�J�P�O�� �›�š �C�J�U�T

�$�0�3�%�*�$ �›�Ÿ �œ�¢�›���• �›�œ�¡�•�� �›�•�¡�™ �¢ �¢
�$�0�3�%�*�$ �›�š �š�›�¢���¢ �›�™�š�¢�� �›�•�•�¡ �¢ �¢
�$�0�3�%�*�$ �™�ž �™�ž�š���œ�™�•�›�š�� �›�•�¢�¡ �¢ �¢
�$�0�3�%�*�$ �Ÿ � �ž���ž �ž�¡� �� �›�•�¢�  �¢ �¢

�3�F�E���$�0�3�%�*�$ �š�œ �š�•�ž���  �š�™�ž�¢�� �š�š�›�œ �¢ �œ
�3�F�E���$�0�3�%�*�$ �™�• �š�™�Ÿ���™�™�™�œ�¡�� �š�š�¡�• �¢ �œ
�3�F�E���$�0�3�%�*�$ �Ÿ �™�™�š���™�ž�™� �� �š�š�š�• �¢ �œ

�4�J�O�"�O�E�$�P�T �™�¢ �š�•�› �•�›�•�� �Ÿ� �¡ �› �¡
�4�J�O�"�O�E�$�P�T �œ �™�™�¢ �›�™�™�� �¡�¡�ž �™ �¡

�4�J�O�0�S�$�P�T�	�E���›�
 �™�œ �š�•�™ �œ�œ�œ�� �•�›�ž �œ �•
�4�J�O�0�S�$�P�T�	�E���›�
 �¡ �™�œ�ž �›�¢�ž�� �•�›�œ �œ �•

�Q�S�F�D�J�T�J�P�O�� �œ�¢ �C�J�U�T
�$�0�3�%�*�$ �œ�• �›�Ÿ�• �•�¢�Ÿ�¢�� �•�š� �¡ �¢ �¢
�$�0�3�%�*�$ �š�• �™�œ�¡ �š�¡�œ� �� �•�š�œ�• �¢ �¢

�3�F�E���$�0�3�%�*�$ �›�Ÿ �š�•�š �›�ž�¡�•�� �›�Ÿ�ž�  �¢ � 
�3�F�E���$�0�3�%�*�$ �š�š �š�™�™ �š�œ�›� �� �›�œ�Ÿ�ž �¢ � 
�3�F�E���$�0�3�%�*�$ �¡ �™�š�› �¡�›�™�� �›�›�›�¡ �¢ � 

�4�J�O�"�O�E�$�P�T�	�C�J�U �I�F�B�Q�
�™�™ �š�ž�ž � �¡�•�� �™�ž�œ�œ �› �™�š
�4�J�O�"�O�E�$�P�T�	�U�B�C�M�Fz3=6�
 �  �š�›�š �•�¢�¢�� �¡�œ�¡ �œ �™�š
�4�J�O�"�O�E�$�P�T�	�C�J�U �I�F�B�Q�
�œ �™�•�œ �ž�™�š�� �š� �š�ž �¢ �™�š

�4�J�O�"�O�E�$�P�T�	�U�B�C�M�Fz3=6�
 �œ �™�•�ž �›�¡�•�� �š�š�ž�  �š �™�š
�4�J�O�0�S�$�P�T�	�E���›�
 �™�• �š�•�™ �ž�š� ���Ÿ�š�• �œ � 
�4�J�O�0�S�$�P�T�	�E���›�
 �¡ �™�›�š �›�Ÿ�ž���ž�Ÿ�• �œ � 

�Q�S�F�D�J�T�J�P�O�� �œ�  �C�J�U�T
�4�J�O�"�O�E�$�P�T�	�C�J�U �I�F�B�Q�
�™�› �š�›�š �™�›�š�š�� �š�›�ž�¡ �™�š �™�Ÿ
�4�J�O�"�O�E�$�P�T�	�C�J�U �I�F�B�Q�
�ž �™�›�š �¡�Ÿ�š�� �š�™�›�› �™�š �™�Ÿ

�4�J�O�0�S�$�P�T �™�• �š�•�¢ �Ÿ�›�œ�� � �Ÿ�¡ �™�Ÿ �™�¢
�4�J�O�0�S�$�P�T �¡ �™�š�œ �œ�›�™�� � �š�› �™�Ÿ �™�¢
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�"�U�B�O�z

�5�I�F�B�U�B�O���G�V�O�D�U�J�P�O�J�T �X�J�E�F�M�Z �V�T�F�E �J�O �E�J�H�J�U�B�M �T�J�H�O�B�M �Q�S�P�D�F�T�T�J�O�H�� �&�Y�B�N�Q�M�F�T �P�G �B�Q�Q�M�J�D�B�U�J�P�O�T �J�O�D�M�V�E�F �S�F��

�D�P�W�F�S�J�O�H �U�I�F �Q�I�B�T�F �P�G �B �T�J�H�O�B�M� �P�S �S�F�D�U�B�O�H�V�M�B�S �U�P �Q�P�M�B�S �D�P�P�S�E�J�O�B�U�F�T �D�P�O�W�F�S�T�J�P�O �	�D�P�N�Q�V�U�J�O�H �U�I�F �Q�P�M�B�S

�B�O�H�M�Farctan( y
x)��P�G �B �O�V�N�C�F�S �H�J�W�F�O �C�Z �J�U�T �D�P�P�S�E�J�O�B�U�F�T(x;y)�
�� �*�O �U�I�F �G�P�M�M�P�X�J�O�H� �U�I�F �J�N�Q�M�F�N�F�O�U�B�U�J�P�O

�P�G �B�U�B�O�z �X�J�U�I �n�b�Y�F�E���Q�P�J�O�U �J�O�Q�V�U�T �B�O�E �P�V�U�Q�V�U�T �J�T �T�U�V�E�J�F�E��

�5�I�F �D�M�B�T�T�J�D�B�M �$�0�3�%�*�$ �T�I�J�G�t���B�O�E���B�E�E �B�M�H�P�S�J�U�I�N �J�T �D�P�N�Q�B�S�F�E �U�P �U�X�P �N�V�M�U�J�Q�M�J�F�S���C�B�T�F�E �U�F�D�I�O�J�R�V�F�T��

�5�I�F �n�b�S�T�U �N�F�U�I�P�E �D�P�N�Q�V�U�F�T �U�I�F �B�U�B�O�z �G�V�O�D�U�J�P�O �V�T�J�O�H �U�X�P �T�J�O�H�M�F���W�B�S�J�B�C�M�F �G�V�O�D�U�J�P�O�T�� �U�I�F �S�F�D�J�Q�S�P�D�B�M

�B�O�E �U�I�F �B�S�D�U�B�O�H�F�O�U� �F�B�D�I �F�W�B�M�V�B�U�F�E �V�T�J�O�H �C�J�Q�B�S�U�J�U�F �P�S �Q�P�M�Z�O�P�N�J�B�M �B�Q�Q�S�P�Y�J�N�B�U�J�P�O �N�F�U�I�P�E�T�� �5�I�F �T�F�D��

�P�O�E �N�F�U�I�P�E �V�T�F�T �B �C�J�W�B�S�J�B�U�F �Q�J�F�D�F�X�J�T�F �Q�P�M�Z�O�P�N�J�B�M �B�Q�Q�S�P�Y�J�N�B�U�J�P�O �P�G �E�F�H�S�F�F �P�O�F �P�S �U�X�P�� �&�B�D�I �P�G �U�I�F

�N�F�U�I�P�E �C�F�O�F�n�b�U�T �G�S�P�N �B�O �B�S�H�V�N�F�O�U �S�F�E�V�D�U�J�P�O� �X�I�J�D�I �J�T �B�M�T�P �E�J�T�D�V�T�T�F�E�� �"�M�M �U�I�F �B�M�H�P�S�J�U�I�N�T �Q�S�P�E�V�D�F

�G�B�J�U�I�G�V�M�M�Z �S�P�V�O�E�F�E �S�F�T�V�M�U�T��

�%	Ž	•	’	—	’	•	’	˜	—	œ 	Š	—	• �/	˜	•	Š	•	’	˜	—	œ

�5�I�F �G�V�O�D�U�J�P�O �X�I�J�D�I �J�T �J�N�Q�M�F�N�F�O�U�F�E �J�O �U�I�F �G�P�M�M�P�X�J�O�H �J�Tatan2(y;x) = arctan(y=x)�� �*�U �J�T �Q�B�S�U �P�G �U�I�F

�T�U�B�O�E�B�S�E �N�B�U�I�F�N�B�U�J�D�B�M �M�J�C�S�B�S�Z �B�O�E �S�F�U�V�S�O�T �B�O �B�O�H�M�Fa 2 [� p;p]�� �" �E�J�m�G�F�S�F�O�D�F �C�F�U�X�F�F�O �J�U �B�O�E �U�I�F

�D�P�N�Q�P�T�J�U�J�P�O �P�G �U�I�F �E�J�W�J�T�J�P�O �B�O�E �U�I�Farctan�G�V�O�D�U�J�P�O �	�U�I�B�U �S�F�U�V�S�O�T �B�O �B�O�H�M�F �J�O[� p=2;p=2]�
 �J�T �U�I�B�U

atan2(y;x) �L�F�F�Q�T �U�S�B�D�L �P�G �U�I�F �S�F�T�Q�F�D�U�J�W�F �T�J�H�O�T �P�Gx �B�O�Ey�� �*�U �J�T �V�T�F�E �U�P �D�P�N�Q�V�U�F �U�I�F �Q�I�B�T�F �P�G �B �D�P�N�Q�M�F�Y

�O�V�N�C�F�Sx+ iy� �B�T �T�I�P�X�O �J�O �'�J�H�V�S�F �y�‚���y��

�5�I�F�J�O�Q�V�U�T �B�O�E �P�V�U�Q�V�U�T �P�G �U�I�F �G�V�O�D�U�J�P�O �B�S�F �C�P�U�I �n�b�Y�F�E���Q�P�J�O�U �B�O�E �P�Ow �C�J�U�T��

�" �T�U�S�B�J�H�I�U�G�P�S�X�B�S�E �T�J�N�Q�M�J�n�b�D�B�U�J�P�O �P�G �U�I�F �G�S�B�D�U�J�P�O �D�B�O �C�F �V�T�F�E�arctan(ky
kx) = arctan(yx)��U�I�F�S�F�G�P�S�F

�U�I�F �S�B�O�H�F �P�G �U�I�F �J�O�Q�V�U�T �J�T �O�P�U �S�F�B�M�M�Z �S�F�M�F�W�B�O�U�� �*�U �J�T �J�N�Q�P�S�U�B�O�U� �I�P�X�F�W�F�S� �U�I�B�U �U�I�F �J�O�Q�V�U�Tx �B�O�Ey �C�P�U�I
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(x;y)

a = atan2(y;x)

�
�-�+�<�8�' �ˆ�‡�W�ˆ�V�
�-�?�'�&�f�6�3�-�2�;arctan(yx)

�T

�C�J�U�Q�P�T�J�U�J�P�O�‚ ���y ���z ���X

�C�J�U�X�F�J�H�I�U 20 2� w

�
�-�+�<�8�' �ˆ�‡�W�‰�V���,�' �#�-�;�9 �3�( �;�,�' �)�?�'�&�f�6�3�-�2�; �(�3�8�1�!�; �<�9�'�& �(�3�8 �;�,�' �-�2�6�<�;�9 �3�(atan2
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�U�I�F �V�T�F �P�G �B �Q�J�F�D�F�X�J�T�F �B�Q�Q�S�P�Y�J�N�B�U�J�P�O �C�Z �C�J�W�B�S�J�B�U�F �Q�P�M�Z�O�P�N�J�B�M�T�� �5�I�F �Q�S�F�T�F�O�U�F�E �F�Y�Q�F�S�J�N�F�O�U�T �B�S�F �M�J�N��

�J�U�F�E �U�P �Q�P�M�Z�O�P�N�J�B�M�T �P�G �U�I�F �n�b�S�T�U �B�O�E �T�F�D�P�O�E �E�F�H�S�F�F �C�F�D�B�V�T�F �U�I�F �O�V�N�C�F�S �P�G �N�V�M�U�J�Q�M�J�F�S�T �J�O �C�J�W�B�S�J�B�U�F

�Q�P�M�Z�O�P�N�J�B�M�T �J�O�D�S�F�B�T�F�T �R�V�B�E�S�B�U�J�D�B�M�M�Z �X�J�U�I �U�I�F �E�F�H�S�F�F �P�G �U�I�F �Q�P�M�Z�O�P�N�J�B�M�� �"�T �T�V�D�I�atan2(y;x) �D�B�O �C�F

�B�Q�Q�S�P�Y�J�N�B�U�F�E �C�Z �U�I�F �Q�P�M�Z�O�P�N�J�B�M�TP1(y;x) = ax+ by+ c �B�O�EP2 = ax+ by+ c+ dx2 + ey2 + f xy�

�S�F�T�Q�F�D�U�J�W�F�M�Z�� �5�I�F�T�F �N�F�U�I�P�E�T �B�S�F �S�F�G�F�S�S�F�E �U�P �B�T �5�B�Z�M�P�S �y �B�O�E �5�B�Z�M�P�S �z� �J�O �U�I�F �G�P�M�M�P�X�J�O�H�� �5�I�F�J�S �B�S�D�I�J�U�F�D��

�U�V�S�F�T �B�S�F �E�F�Q�J�D�U�F�E �C�Z �'�J�H�V�S�F�T �y�‚���y�y �B�O�E �y�‚���y�z��

�4�P�N�F �J�O�U�F�S�F�T�U�J�O�H �D�P�N�Q�B�S�J�T�P�O�T �D�B�O �C�F �N�B�E�F �S�F�H�B�S�E�J�O�H �U�I�F �B�T�Z�N�Q�U�P�U�J�D �D�P�N�Q�M�F�Y�J�U�Z �P�G �F�B�D�I �P�G �U�I�F

�B�Q�Q�S�P�B�D�I�F�T� �X�J�U�I �S�F�T�Q�F�D�U �U�P �U�I�F �P�V�U�Q�V�U �Q�S�F�D�J�T�J�P�O�� �5�I�F �B�S�F�B �B�O�E �E�F�M�B�Z �P�G �$�0�3�%�*�$ �B�S�F �L�O�P�X�O �U�P

�C�F �R�V�B�E�S�B�U�J�D �J�O �U�I�F �Q�S�F�D�J�T�J�P�O�� �5�I�F �P�U�I�F�S �N�F�U�I�P�E�T �B�S�F �U�B�C�M�F���C�B�T�F�E�� �U�I�F�J�S �B�S�F�B �J�T �F�Y�Q�P�O�F�O�U�J�B�M �J�O �U�I�F

�Q�S�F�D�J�T�J�P�O�� �)�P�X�F�W�F�S �U�I�F�J�S �E�F�M�B�Z �T�I�P�V�M�E �C�F �T�V�C���R�V�B�E�S�B�U�J�D� �X�J�U�I �U�I�F �C�J�W�B�S�J�B�U�F �B�Q�Q�S�P�B�D�I �I�B�W�J�O�H �T�I�P�S�U�F�S

�M�B�U�F�O�D�Z� �C�V�U �M�B�S�H�F�S �U�B�C�M�F�T�� �0�O�F �P�G �U�I�F �P�C�K�F�D�U�J�W�F�T �J�T� �U�I�V�T� �U�P �T�U�V�E�Z �U�I�F �S�F�M�F�W�B�O�U �Q�S�F�D�J�T�J�P�O �E�P�N�B�J�O�T �P�G

�F�B�D�I �P�G �U�I�F �N�F�U�I�P�E�T� �J�O �4�F�D�U�J�P�O �y�‚���€��

�5�I�J�T �X�P�S�L �Q�S�F�T�F�O�U�F�E �J�T �E�F�T�J�H�O�F�E �T�Q�F�D�J�n�b�D�B�M�M�Z �X�J�U�I �'�1�(�"�T �J�O �N�J�O�E� �B�O�E �J�O�U�F�H�S�B�U�F�E �B�T �O�F�X �P�Q�F�S�B�U�P�S�T

�J�O �U�I�F �'�M�P�1�P�$�P �G�S�B�N�F�X�P�S�L��

�3	Š	—	•	Ž 	›	Ž	•	ž	Œ	•	’	˜	—	œ

�*�O �U�I�F �G�P�M�M�P�X�J�O�H� �U�I�F �J�O�Q�V�U�T �B�O�E �U�I�F �P�V�U�Q�V�U�T �B�S�F �n�b�Y�F�E���Q�P�J�O�U �O�V�N�C�F�S�T �J�O[� 1;1) �P�Ow �C�J�U�T�� �5�I�F �O�P��

�U�B�U�J�P�O�T �P�G �4�F�D�U�J�P�O �z���z���y �B�S�F �V�T�F�E�� �"�T �T�V�D�I� �U�I�F �J�O�Q�V�U�T���P�V�U�Q�V�U�T �B�S�F �P�O �U�I�F �G�P�S�N�B�U �T�n�b�Y(0; � w+ 1)�� �U�I�F

�T�J�H�O �C�J�U �I�B�T �X�F�J�H�I�U20 �B�O�E �U�I�F �-�4�# �I�B�T �X�F�J�H�I�U2�w + 1��

�1	Š	›	’	•	¢ 	Š	—	• �4	¢	–	–	Ž	•	›	¢

�5�I�Farctan�J�T �B�O �P�E�E �G�V�O�D�U�J�P�O� �B�O�E �U�I�J�T �Q�S�P�Q�F�S�U�Z �D�B�O �C�F �F�Y�Q�M�P�J�U�F�E �U�P �F�B�T�J�M�Z �S�F�E�V�D�F �U�I�F �J�O�Q�V�U�T �U�P �U�I�F

�Q�P�T�J�U�J�W�F �R�V�B�E�S�B�O�U�� �5�I�F�S�F �J�T �B �T�Z�N�N�F�U�S�Z �C�F�U�X�F�F�Ox �B�O�Ey��

arctan(y=x) = p=2� arctan(x=y) �	�y�‚���y�


�*�Gy > x� �U�I�F �U�X�P �J�O�Q�V�U�Tx �B�O�Ey �D�B�O �C�F �T�X�B�Q�Q�F�E� �T�P �U�I�F �D�P�N�Q�V�U�B�U�J�P�O �J�T �S�F�E�V�D�F�E �U�P �U�I�F �n�b�S�T�U �P�D�U�B�O�U

�	x� 0; y � 0; y < x�
�� �4�J�N�J�M�B�S �S�B�O�H�F �S�F�E�V�D�U�J�P�O �G�P�S�N�V�M�B�T �D�B�O �C�F �V�T�F�E �P�O �U�I�F �P�U�I�F�S �R�V�B�E�S�B�O�U�T�� �'�J�H�V�S�F

�y�|�~



x

y

8
<

:

x < 0
y < 0
y < x

) atan2(y;x) = � p
2 � atan2(jxj; jyj)

�
�-�+�<�8�' �ˆ�‡�W�Š�V���2�' �$�!�9�' �3�( �9�@�1�1�'�;�8�@�f�#�!�9�'�& �8�!�2�+�' �8�'�&�<�$	§�3�2�W ���,�' �• �3�;�,�'�8 �$�!�9�'�9 �!�8�' �9�-�1�-�£�!�8�W

�y�‚���{ �F�Y�F�N�Q�M�J�n�b�F�T �P�O�F �T�V�D�I �Q�S�P�D�F�T�T��

�5�I�J�T �U�Z�Q�F �P�G �B�S�H�V�N�F�O�U �S�F�E�V�D�U�J�P�O �J�T �N�V�D�I �F�B�T�J�F�S �X�I�F�O �V�T�J�O�H �C�J�O�B�S�Z �B�O�H�M�F�T�� �'�P�S �F�Y�B�N�Q�M�F� �U�I�F �n�b�O�B�M

�B�E�E�J�U�J�P�O �X�J�U�Ip
2 �C�F�D�P�N�F�T�B�O �B�E�E�J�U�J�P�O �P�G1

2 �U�P�B �O�V�N�C�F�S �J�O[� 1;1)�� �5�I�J�T �J�T �B�O �F�Y�B�D�U �P�Q�F�S�B�U�J�P�O� �X�J�U�I

�B �D�B�S�S�Z �Q�S�P�Q�B�H�B�U�J�P�O �P�G �P�O�M�Z �P�O�F �C�J�U�� �0�O �U�I�F �P�U�I�F�S �I�B�O�E� �B�E�E�J�O�Hp
2 �X�P�V�M�E �S�F�R�V�J�S�F �B �G�V�M�M���X�J�E�U�I �D�B�S�S�Z

�Q�S�P�Q�B�H�B�U�J�P�O� �B�O�E �F�O�U�B�J�M �B �T�Z�T�U�F�N�B�U�J�D �F�S�S�P�S �E�V�F �U�P �U�I�F �S�P�V�O�E�J�O�H �P�G �U�I�F �J�S�S�B�U�J�P�O�B�M �O�V�N�C�F�Sp
2 ��

�*�O�P�S�E�F�S �U�P �P�C�U�B�J�O �U�I�F �B�C�T�P�M�V�U�F �W�B�M�V�F�Tjxj �B�O�Ejyj� �U�I�F �O�F�H�B�U�J�W�F �J�O�Q�V�U �W�B�M�V�F�T �N�V�T�U �C�F �O�F�H�B�U�F�E�� �0�O�F

�F�Y�D�F�Q�U�J�P�O �J�T �U�I�F �W�B�M�V�F� 1� �X�I�J�D�I �I�B�T �O�P �P�Q�Q�P�T�J�U�F �J�O �U�X�P� �T �D�P�N�Q�M�F�N�F�O�U �B�S�J�U�I�N�F�U�J�D� �B�O�E �N�V�T�U �C�F �T�B�U��

�V�S�B�U�F�E�� �5�I�F�S�F �B�S�F �U�X�P �Q�P�T�T�J�C�M�F �J�N�Q�M�F�N�F�O�U�B�U�J�P�O�T �G�P�S �U�I�J�T �P�Q�F�S�B�U�J�P�O�� �B �G�V�M�M���T�J�[�F �T�V�C�U�S�B�D�U�J�P�O� �X�I�J�D�I

�N�B�L�F�T �U�I�F�N �F�Y�B�D�U� �P�S �B �C�J�U�X�J�T�F �D�P�N�Q�M�F�N�F�O�U� �X�I�J�D�I �J�T �T�N�B�M�M�F�S �B�O�E �I�B�T �M�P�X�F�S �M�B�U�F�O�D�Z� �C�V�U �D�P�N�F�T �B�U �U�I�F

�D�P�T�U �P�G �B�O �F�S�S�P�S �P�G �U�I�F �P�S�E�F�S �P�G �N�B�H�O�J�U�V�E�F �P�G �U�I�F �M�B�T�U �C�J�U�� �5�I�F �U�X�P �P�Q�U�J�P�O�T �B�S�F �S�F�M�F�W�B�O�U� �E�F�Q�F�O�E�J�O�H �P�O

�U�I�F �T�V�C�T�F�R�V�F�O�U �B�M�H�P�S�J�U�I�N��

�4	Œ	Š	•	’	—	•	›	Š	—	•	Ž 	›	Ž	•	ž	Œ	•	’	˜	—

�5�I�F �W�B�M�V�F �P�Gz = y
x �D�B�O�C�F�D�P�N�F �W�F�S�Z �M�B�S�H�F �E�V�F �U�P �U�I�F �E�J�W�J�T�J�P�O �C�Zx� �B�Tx �H�P�F�T �U�P0�� �0�O �U�I�F �M�F�G�t �T�J�E�F �P�G

�U�I�F �Q�M�P�U �P�Gatan2�P�W�F�S �B �R�V�B�E�S�B�O�U� �T�I�P�X�O �J�O �'�J�H�V�S�F �y�‚���|� �U�I�J�T �U�S�B�O�T�M�B�U�F�T �U�P �N�V�D�I �M�B�S�H�F�S �T�M�P�Q�F�T �X�I�F�Oy

�J�T �T�N�B�M�M��

�5�I�J�T �J�T �Q�S�P�C�M�F�N�B�U�J�D �G�P�S �3�F�D�J�Q�.�V�M�U�"�U�B�O �B�O�E �5�B�Z�M�P�S �y �B�O�E �z �N�F�U�I�P�E�T�� �5�I�J�T �S�B�O�H�F �S�F�E�V�D�U�J�P�O �D�B�O �C�F

�B�D�I�J�F�W�F�E �V�T�J�O�H �B�O �B�S�D�I�J�U�F�D�U�V�S�F �T�J�N�J�M�B�S �U�P �U�I�F �P�O�F �E�F�Q�J�D�U�F�E �J�O �'�J�H�V�S�F �y�‚���} �<�}�y�>��

�5�I�F �B�S�D�I�J�U�F�D�U�V�S�F �D�P�O�T�J�T�U�T �P�G �n�b�S�T�U �D�P�V�O�U�J�O�H �U�I�F �O�V�N�C�F�S �P�G �M�F�B�E�J�O�H �[�F�S�P�T �X�I�J�D�I �B�S�F �J�O �D�P�N�N�P�O

�C�F�U�X�F�F�Ox �B�O�Ey�� �5�I�J�T �B�N�P�V�O�U �J�T �E�F�O�P�U�F�Es�� �5�I�F�O� �C�P�U�Ix �B�O�Ey �D�B�O �C�F �T�D�B�M�F�E �V�Q �C�Z �B �T�I�J�G�t �M�F�G�t �P�Gs

�y�|�•



�
�-�+�<�8�' �ˆ�‡�W�‹�V�Š�� �6�£�3�; �3�(atan2�3�=�'�8 �;�,�' �)�8�9�; �3�$�;�!�2�;�W

�C�J�U�T� �V�T�J�O�H �U�I�F �J�E�F�O�U�J�U�Z��

arctan
�

2s � y
2s � x

�
= arctan

� y
x

�

�X�I�J�D�I�B�M�T�P �J�N�Q�M�J�F�T �U�I�B�U �U�I�F �S�F�T�V�M�U�J�O�Hx �T�B�U�J�T�n�b�F�Tx � 1
2��

�5	‘	Ž �$�0�3�%�*�$ �.	Ž	•	‘	˜	•

�5�I�F �$�0�3�%�*�$ �N�F�U�I�P�E �G�P�S �D�P�N�Q�V�U�J�O�H �U�I�F �B�S�D�U�B�O�H�F�O�U �X�B�T �J�O�U�S�P�E�V�D�F�E �J�O �<�y�z�}�>� �U�P�H�F�U�I�F�S �X�J�U�I �U�I�F

�N�F�U�I�P�E �G�P�S �U�I�F �D�P�N�Q�V�U�B�U�J�P�O �P�G �U�I�F �T�J�O�F �B�O�E �D�P�T�J�O�F� �E�J�T�D�V�T�T�F�E �J�O �$�I�B�Q�U�F�S �•�� �"�O�P�U�I�F�S �S�F�M�F�W�B�O�U �B�O�E

�D�P�N�Q�S�F�I�F�O�T�J�W�F �S�F�G�F�S�F�O�D�F �J�T �<�•�z�>�� �*�O �U�I�F �W�F�D�U�P�S�J�O�H �N�P�E�F� �U�I�F �B�M�H�P�S�J�U�I�N �J�T �J�O�J�U�J�B�M�J�[�F�E �B�T��

8
><

>:

x1 = xr

y1 = yr

a0 = 0

�	�y�‚���z�


�X�J�U�I �U�I�F �N�B�J�O �J�U�F�S�B�U�J�P�O �C�F�J�O�H��

8
><

>:

xi+1 = xi � 2� isiyi

yi+1 = yi + 2� isixi

a i+ 1 = a i � si arctan2� i

�	�y�‚���{�


�X�I�F�S�Fsi �J�T �D�I�P�T�F�O �T�P �B�T �U�P �B�O�T�X�F�S �U�I�F �D�P�N�Q�B�S�J�T�P�Oyn � 0 �B�O�E �U�I�F�S�F�G�P�S�F �J�T �E�F�n�b�O�F�E �B�Tsi = � �T�H�O(yi)��

�y�|�€



jxj jyj

�#�-�;�>�-�9�'����

��� ��

���,�-���� ���,�-����

s

x�U y�U 0 1
x0

1
y

s= 0

s= 1

s= 2

s= 3
�O�P�S�N�B�M�J�[�F�E

�E�P�N�B�J�O

�
�-�+�<�8�' �ˆ�‡�W�Œ�V���$�!�£�-�2�+�f�#�!�9�'�& �8�!�2�+�' �8�'�&�<�$	§�3�2

�5�I�F �J�U�F�S�B�U�J�P�O �J�O �&�R�V�B�U�J�P�O �y�‚���{ �D�P�O�W�F�S�H�F�T �B�T �G�P�M�M�P�X�T��

8
>>><

>>>:

xi �! K
p

x2 + y2 ��X�J�U�IK =
¥

Õ
i= 1

p
1+ 2� 2i � 1:1644:::

yi �! 0

a i �! arctanyr
xr

�	�y�‚���|�


�5�I�F�N�F�U�I�P�E �J�T �E�F�T�J�H�O�F�E �U�P �X�P�S�L �X�J�U�I �S�B�E�J�B�O �B�O�H�M�F�T� �C�V�U �D�B�O �C�F �N�P�E�J�n�b�F�E �U�P �Q�S�P�E�V�D�F �B �C�J�O�B�S�Z �B�O��

�H�M�F �J�G �U�I�F �D�P�O�T�U�B�O�U�Tarctan2� i �B�S�F �F�Y�Q�S�F�T�T�F�E �J�O �U�I�J�T �G�P�S�N�B�U�� �"�T �B �T�N�B�M�M �P�Q�U�J�N�J�[�B�U�J�P�O� �U�I�F �J�U�F�S�B�U�J�P�O�T �D�B�O
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� �U�I�F �J�U�F�S�B�U�J�P�O�T �D�B�O �C�F �T�U�P�Q�Q�F�E �B�U
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�C�Fp = � w� g� �X�I�F�S�Fg �J�T �U�I�F �O�V�N�C�F�S �P�G �F�Y�U�S�B �H�V�B�S�E �C�J�U�T�
�� �*�O �P�S�E�F�S �U�P �E�F�n�b�O�F �U�I�F �n�b�Y�F�E���Q�P�J�O�U �G�P�S�N�B�U

�G�P�S �U�I�Fxi �E�B�U�B�Q�B�U�I� �B�O �P�C�T�F�S�W�B�U�J�P�O �D�B�O �C�F �N�B�E�F �U�I�B�U0 � xi < K
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�P�G�U�I�F �N�P�T�U �T�J�H�O�J�n�b�D�B�O�U �C�J�U �P�Gxi � �B�O�E �N�F�B�O�T �U�I�B�U �B �V�n�b�Y(1;� p) �G�P�S�N�B�U �D�B�O �C�F �V�T�F�E��

�0�O �U�I�Fyi �E�B�U�B�Q�B�U�I� �U�I�F �G�P�M�M�P�X�J�O�H �S�F�M�B�U�J�P�O �I�P�M�E�T��yi < K sina i �� �5�I�F �C�P�V�O�E �P�Oa i � 2�i �S�F�T�V�M�U�T �J�O

jyi j < 2� i+ 1� �X�I�J�D�I �H�J�W�F�T �U�I�F �N�P�T�U �T�J�H�O�J�n�b�D�B�O�U �C�J�U �P�Gyi �� �5�I�F�S�F�G�P�S�F� �B �T�n�b�Y(� i + 2;� p) �G�P�S�N�B�U �D�B�O �C�F

�V�T�F�E �G�P�Syi ��
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�O�P�U�F�Ex̃i �B�O�Eỹi �� �5�I�F �D�P�S�S�F�T�Q�P�O�E�J�O�H �F�S�S�P�S�T �B�S�F �E�F�n�b�O�F �B�Tex
i = x̃i � xi � �B�O�Eey

i = ỹi � yi �S�F�T�Q�F�D�U�J�W�F�M�Z��

�5�I�F �F�S�S�P�S�T �J�O�U�S�P�E�V�D�F�E �J�O �F�B�D�I �J�U�F�S�B�U�J�P�O�ux
i �B�O�Euy

i � �B�S�F �E�V�F �U�P �U�I�F �T�I�J�G�t �P�Q�F�S�B�U�J�P�O�T� �X�I�J�D�I �D�B�V�T�F �T�P�N�F

�P�G �U�I�F �M�F�B�T�U �T�J�H�O�J�n�b�D�B�O�U �C�J�U�T �U�P �C�F �E�J�T�D�B�S�E�F�E�� �5�I�F�Z �D�B�O �C�F �F�Y�Q�S�F�T�T�F�E �B�T��

x̃i+ 1 = x̃i � si2� i ỹi + ux
i

= xi + ex
i � si2� i(yi + ey

i )+ ux
i

= xi+1 + ex
i � si2� iey

i + ux
i

�G�S�P�N �X�I�J�D�I �B �S�F�D�V�S�S�F�O�D�F �G�P�S�N�V�M�B �G�P�S �U�I�F �B�D�D�V�N�V�M�B�U�J�P�O �P�G �F�S�S�P�S�T �P�O �U�I�Fxi �E�B�U�B�Q�B�U�I �D�B�O �C�F �E�F�E�V�D�F�E��

ex
i+ 1 = ex

i � si2� iey
i + ux

i

�6�T�J�O�H �B �D�P�N�N�P�O �V�Q�Q�F�S �C�P�V�O�Eei �G�P�S �C�P�U�Iex
i �B�O�Eey

i � �B�O�E �U�I�F �C�P�V�O�E2� p �G�P�Sux
i � �U�I�F �S�F�D�V�S�S�F�O�D�F �S�F�M�B��

�U�J�P�O �C�F�D�P�N�F�T��

ei+ 1 = ei(1+ 2� i)+ 2� p �	�y�‚���}�
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�S�B�O�H�F �S�F�E�V�D�U�J�P�O�� �*�G �B �T�J�N�Q�M�F �P�O�F� �T �D�P�N�Q�M�F�N�F�O�U �J�T �V�T�F�E� �U�I�F �F�S�S�P�S �J�O�D�S�F�B�T�F�T �U�Pe1 = 2� p�� �5�I�J�T �P�O�M�Z
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�n�b�O�F�E �B�Tp = w� 1�dlog 2ew� 1e�� �5�I�J�T �F�O�T�V�S�F�T �U�I�B�Uyi �J�T �D�P�N�Q�V�U�F�E �B�D�D�V�S�B�U�F�M�Z �F�O�P�V�H�I �T�P �B�T �U�P �F�O�T�V�S�F
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�5�I�F�S�F �J�T �B�M�T�P �B �T�N�B�M�M �P�Q�U�J�N�J�[�B�U�J�P�O �U�I�B�U �D�B�O �C�F �N�B�E�F �P�O �U�I�Fyi �E�B�U�B�Q�B�U�I�� �$�P�O�T�J�E�F�S�J�O�H �U�I�F �G�B�D�U �U�I�B�U

jyi j < 2� i+ 1� �J�U �G�P�M�M�P�X�T �U�I�B�U �U�I�F �U�F�S�N2�i yi �X�I�J�D�I �J�T �B�E�E�F�E �P�S �T�V�C�U�S�B�D�U�F�E �U�Pxi �J�T �T�N�B�M�M�F�S �U�I�B�O2� 2i+ 1��

�5�I�F�S�F�G�P�S�F� �U�I�F �J�U�F�S�B�U�J�P�O�T �P�Oxi �D�B�O �C�F �T�U�P�Q�Q�F�E �B�T �T�P�P�O �B�T2i � 1 > p��

�5�I�F �F�S�S�P�S �B�O�B�M�Z�T�J�T �P�O �U�I�Fa i �E�B�U�B�Q�B�U�I �J�T �R�V�J�U�F �T�U�S�B�J�H�I�U�G�P�S�X�B�S�E�� �5�I�F �F�S�S�P�S�T �B�S�F �J�O�U�S�P�E�V�D�F�E �C�Z �U�I�F

arctan2� i �U�F�S�N�T�� �*�G �U�I�F�T�F �U�F�S�N�T �B�S�F �D�P�S�S�F�D�U�M�Z �S�P�V�O�E�F�E �U�P �U�I�F �Q�S�F�D�J�T�J�P�Opa � �U�I�F�Z �F�B�D�I �D�P�O�U�S�J�C�V�U�F �B�O

�F�S�S�P�S �X�I�J�D�I �J�T �C�P�V�O�E�F�E �C�Z2� pa � 1�� �5�I�F �n�b�O�B�M �S�P�V�O�E�J�O�H �J�O�U�S�P�E�V�D�F�T �B�O �F�S�S�P�S �C�P�V�O�E�F�E �C�Z2� w�� �5�I�F�S�F��
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�S�P�S�T� �X�I�F�S�Fga = 1+ dlog2 ((w� 1) � 0:5)e��

�"�O�P�U�I�F�S �T�N�B�M�M �P�Q�U�J�N�J�[�B�U�J�P�O �J�T �U�I�B�U �U�I�F �n�b�O�B�M �S�P�V�O�E�J�O�H �D�B�O �C�F �S�F�Q�M�B�D�F�E �C�Z �B �U�S�V�O�D�B�U�J�P�O� �B�T �M�P�O�H �B�T
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�y�‚���€ �B�O�E �S�F�R�V�J�S�F�T �U�I�F �Q�S�J�P�S �S�F�E�V�D�U�J�P�O �P�G �U�I�F �J�O�Q�V�U�T �	xr �B�O�Eyr �S�F�Q�S�F�T�F�O�U �U�I�F �S�F�E�V�D�F�E �J�O�Q�V�U�T �J�O �U�I�F

�n�b�H�V�S�F�
�� �"�G�t�F�S �U�I�J�T �T�D�B�M�J�O�H0:5 � xr � 1� �B�O�E �T�J�O�D�F �U�I�F �J�O�Q�V�U �J�T �U�S�B�O�T�Q�P�T�F�E �U�P �U�I�F �n�b�S�T�U �P�D�U�B�O�U� �J�U �D�B�O �C�F

�S�F�N�B�S�L�F�E �U�I�B�Uy � x� �B�O�E �U�I�F�S�F�G�P�S�Fz= y
x 2 [0;1]���0�O �U�I�F�T�F �J�O�Q�V�U �S�B�O�H�F�T� �U�I�F �S�F�D�J�Q�S�P�D�B�M �B�T �X�F�M�M �B�T �U�I�F

�B�S�D�U�B�O�H�F�O�U �B�S�F �S�F�H�V�M�B�S� �B�T �D�B�O �C�F �T�F�F�O �J�O �'�J�H�V�S�F �y�‚���•�� �5�I�F�Z �D�B�O �C�F �B�Q�Q�S�P�Y�J�N�B�U�F�E �V�T�J�O�H �U�B�C�V�M�B�U�J�P�O �P�S

�Q�P�M�Z�O�P�N�J�B�M�T�� �*�U �S�F�N�B�J�O�T �U�P �E�F�U�F�S�N�J�O�F �U�I�F �T�J�[�F �P�G �U�I�F �E�B�U�B�Q�B�U�I� �H�J�W�F�O �C�Z �U�I�F �C�J�U�X�J�E�U�I�T �P�Gr �B�O�Ez� �J�O

�T�V�D�I �B �X�B�Z �T�P �B�T �U�P �F�O�T�V�S�F �B �G�B�J�U�I�G�V�M �S�F�T�V�M�U �B�U �U�I�F �N�J�O�J�N�B�M �D�P�T�U��

�*�O �U�F�S�N�T �P�G �J�N�Q�M�F�N�F�O�U�B�U�J�P�O� �J�U �J�T �B�H�B�J�O �D�P�O�W�F�O�J�F�O�U �U�P �V�T�F �C�J�O�B�S�Z �B�O�H�M�F�T�� �5�I�F �P�V�U�Q�V�U �P�G �U�I�F �C�M�P�D�L

�D�P�N�Q�V�U�J�O�H �U�I�F �B�S�D�U�B�O�H�F�O�U �J�O �'�J�H�V�S�F �y�‚���€ �C�F�M�P�O�H�T �U�P[0;1=4]� �T�P �U�I�F �V�n�b�Y(� 2; � w+ 1) �G�P�S�N�B�U �D�B�O �C�F

�y�}�z



�
�-�+�<�8�' �ˆ�‡�W�Ž�V���£�3�;�9 �3�(1
x �3�2[0:5;1] �l�£�'���m �!�2�&1p arctan(z) �3�2[0;1] �l�8�-�+�,�;�m

�V�T�F�E���5�I�F �U�X�P �N�P�T�U �T�J�H�O�J�n�b�D�B�O�U �C�J�U�T �P�G �U�I�F �S�F�T�V�M�U �D�B�O �C�F �B�E�E�F�E� �F�S�S�P�S���G�S�F�F� �E�V�S�J�O�H �U�I�F �S�F�D�P�O�T�U�S�V�D�U�J�P�O

�T�U�B�H�F��

�3	Ž	•	Š	•	Ž	• 	 	˜	›	”

�5�I�F �N�F�U�I�P�E �P�G �'�J�H�V�S�F �y�‚���€ �J�T �D�M�B�T�T�J�D�B�M�M�Z �V�T�F�E �J�O �T�P�G�t�X�B�S�F �<�|�€��y�y�~�>�� �5�I�F �E�J�W�J�T�J�P�Oz = y
x �D�B�O�C�F �D�P�N��

�Q�V�U�F�E �J�O �U�I�F �X�P�S�L�J�O�H �Q�S�F�D�J�T�J�P�O� �G�P�M�M�P�X�F�E �C�Z �B �I�J�H�I���E�F�H�S�F�F� �P�E�E �Q�P�M�Z�O�P�N�J�B�M� �X�I�J�D�I �J�T �V�T�F�E �G�P�S �U�I�F

�B�D�D�V�S�B�U�F �B�Q�Q�S�P�Y�J�N�B�U�J�P�O �P�Garctan(z)��

�*�O �U�F�S�N�T �P�G �N�F�U�I�P�E�T �E�F�T�J�H�O�F�E �G�P�S �I�B�S�E�X�B�S�F� �T�P�N�F �F�B�S�M�Z �X�P�S�L�T �V�T�F �Q�J�F�D�F�X�J�T�F �M�J�O�F�B�S �B�Q�Q�S�P�Y�J�N�B�U�J�P�O�T

�P�G �V�O�T�Q�F�D�J�n�b�F�E �B�D�D�V�S�B�D�Z �G�P�S �U�I�F �D�P�N�Q�V�U�B�U�J�P�O �P�Garctan(z) �U�P �T�P�N�F �Q�S�F�D�J�T�J�P�O �<�y�‚�|��y�‚�~�>�� �*�O �U�I�F �D�P�O��

�U�F�Y�U �P�G �'�1�(�"�T� �U�I�J�T �U�F�D�I�O�J�R�V�F �J�T �V�T�F�E �J�O �<�}�y�> �X�J�U�I �N�V�M�U�J�Q�B�S�U�J�U�F �U�B�C�M�F�T �<�{�•�> �U�P �S�F�N�P�W�F �U�I�F �O�F�F�E �G�P�S

�N�V�M�U�J�Q�M�J�F�S�T�� �$�P�N�Q�B�S�J�T�P�O�T �U�P �U�I�F �$�0�3�%�*�$ �N�F�U�I�P�E �B�S�F �T�I�P�X�O �G�P�S �y�z���C�J�U �Q�S�F�D�J�T�J�P�O�� �U�I�F�J�S �N�B�J�O �P�V�U��

�D�P�N�F �T�F�F�N�T �U�P �C�F �B �S�F�E�V�D�U�J�P�O �P�G �U�I�F �Q�P�X�F�S �D�P�O�T�V�N�Q�U�J�P�O �U�P �O�F�B�S�M�Z �I�B�M�G�� �4�J�N�J�M�B�S�M�Z� �U�I�F �B�D�D�V�S�B�D�Z �P�G �U�I�F

�B�S�D�I�J�U�F�D�U�V�S�F �J�T �P�O�M�Z �N�F�B�T�V�S�F�E �G�P�S �y�z���C�J�U �Q�S�F�D�J�T�J�P�O �	�y�‚���{ �C�J�U�T �J�O �U�I�F �X�P�S�T�U �D�B�T�F�
�� �*�O �B �G�P�M�M�P�X���V�Q �B�S�U�J�D�M�F

�<�}�‚�>� �U�I�F �E�J�W�J�T�J�P�O �J�T �S�F�Q�M�B�D�F�E �C�Z �B �T�V�C�U�S�B�D�U�J�P�O �J�O �U�I�F �M�P�H�B�S�J�U�I�N�J�D �E�P�N�B�J�O�� �)�P�X�F�W�F�S �U�I�F �B�S�D�I�J�U�F�D�U�V�S�B�M

�S�F�R�V�J�S�F�N�F�O�U�T �B�S�F �D�I�B�O�H�F�E �U�P �U�I�S�F�F �G�V�O�D�U�J�P�O �F�W�B�M�V�B�U�J�P�O�T�� �U�X�P �M�P�H�B�S�J�U�I�N�J�D �D�P�O�W�F�S�T�J�P�O�T �P�O �U�I�F �J�O�Q�V�U�

�B�O�E �P�O�F �D�P�N�Q�V�U�B�U�J�P�O �P�G �U�I�Farctan(2z)�� �'�P�S �U�I�F �F�W�B�M�V�B�U�J�P�O �P�Garctan(2z)� �B �O�P�O���V�O�J�G�P�S�N �E�F�D�P�N�Q�P�T�J��

�U�J�P�O �J�T �V�T�F�E��

�5�I�F �D�P�O�U�S�J�C�V�U�J�P�O�T �P�G �U�I�F �X�P�S�L �Q�S�F�T�F�O�U�F�E �J�O �U�I�J�T �D�I�B�Q�U�F�S �P�W�F�S �<�}�y�> �B�S�F��

�' �B �H�F�O�F�S�B�M�J�[�B�U�J�P�O �U�P �N�P�S�F �Q�S�F�D�J�T�J�P�O�T

�' �B �S�J�H�P�S�P�V�T �F�S�S�P�S �B�O�B�M�Z�T�J�T� �T�P �B�T �U�P �B�D�I�J�F�W�F �M�B�T�U���C�J�U �B�D�D�V�S�B�D�Z

�' �Q�P�M�Z�O�P�N�J�B�M�T �P�G �M�B�S�H�F�S �E�F�H�S�F�F�T� �B�T �J�O �<�{�}�>� �B�S�F �V�T�F�E �G�P�S �U�I�F �B�Q�Q�S�P�Y�J�N�B�U�J�P�O �P�G �U�I�F �V�O�B�S�Z �G�V�O�D��
�U�J�P�O�T �X�I�F�O �O�F�F�E�F�E��

�y�}�{



�
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�5�I�F �F�S�S�P�S�T �G�P�S �U�I�F �D�P�N�Q�V�U�B�U�J�P�O �P�G �U�I�F �S�F�D�J�Q�S�P�D�B�M �B�O�E �B�S�D�U�B�O�H�F�O�U �D�B�O �C�F �E�F�n�b�O�F�E �B�T��

e�U�H�F�L�S= r � 1=x

e�D�W�D�Q= a �
1
p

arctan(z)

�4�P�N�F �P�G �U�I�F �M�F�B�T�U �T�J�H�O�J�n�b�D�B�O�U �C�J�U�T �P�G �U�I�F �Q�S�P�E�V�D�Uy � 1
x �B�S�F�U�S�V�O�D�B�U�F�E���S�P�V�O�E�F�E� �T�P �B�T �U�P �L�F�F�Q �U�I�F

�J�O�Q�V�U �U�P �U�I�F �B�S�D�U�B�O�H�F�O�U �T�N�B�M�M�� �5�I�F�S�F�G�P�S�F� �U�I�F �N�V�M�U�J�Q�M�J�F�S �D�B�O �C�F �U�S�V�O�D�B�U�F�E� �B�O�E �J�U�T �F�S�S�P�S �D�B�O �C�F �E�F�n�b�O�F�E

�B�T��

e�P�X�O�W= z� yr

�6�T�J�O�H �U�I�F �B�C�P�W�F �S�F�M�B�U�J�P�O�T� �U�I�F �U�P�U�B�M �F�S�S�P�S �P�Oz�J�T �D�B�O �C�F �E�F�n�b�O�F�E �B�T �G�P�M�M�P�X�T��

ez = z�
y
x

= z� yr + yr �
y
x

= e�P�X�O�W+ ye�U�H�F�L�S

�"�T0 � y � 1 �J�U �S�F�T�V�M�U�T �U�I�B�U��

jezj � j e�P�X�O�Wj + je�U�H�F�L�Sj

�*�O �P�S�E�F�S �U�P �P�C�U�B�J�O �B �G�B�J�U�I�G�V�M�M�Z �S�P�V�O�E�F�E �S�F�T�V�M�U� �U�I�F �U�P�U�B�M �F�S�S�P�S �B�U �U�I�F �P�V�U�Q�V�Uetotal �N�V�T�U �T�B�U�J�T�G�Z

�y�}�|



etotal < 2� w+1 �� �5�I�F �U�P�U�B�M �F�S�S�P�S �D�B�O �C�F �E�F�n�b�O�F�E �B�T��

e�W�R�W�D�O= a � f (x;y)

=
�

a �
1
p

arctan(z)
�

+
�

1
p

arctan(z) � f (x;y)
�

= e�D�W�D�Q+ e2

�'�S�P�Narctan0(x) = 1
1+ x2 �J�U�D�B�O �C�F �E�F�E�V�D�F�E �U�I�B�U��

arctan(z+ e) � arctan(z) � e
1

1+ x2 :

�'�S�P�N �U�I�J�T� �B�O�E �X�J�U�Iz2 [0;1]� �U�I�F �G�P�M�M�P�X�J�O�H �J�O�F�R�V�B�M�J�U�Z �S�F�T�V�M�U�T��

�
�
�
�
1
p

arctan(z+ e) �
1
p

arctan(z)

�
�
�
� <

1
3

e

�X�I�F�S�F �U�I�F �S�P�V�O�E�J�O�H �V�Q �P�G1
p �U�P13 �B�D�D�P�V�O�U�T�G�P�S �U�I�F �I�J�H�I�F�S �P�S�E�F�S �F�S�S�P�S �U�F�S�N�T�� �5�I�F �Q�S�F�W�J�P�V�T �J�O�F�R�V�B�M�J�U�Z

�N�B�Z �B�M�T�P �C�F �P�C�T�F�S�W�F�E �P�O �'�J�H�V�S�F �y�‚���•�� �"�Q�Q�M�Z�J�O�H �J�U �U�Pz= y
x + ez� �H�J�W�F�T��

je�sj =

�
�
�
�
1
p

arctan(z) �
1
p

arctan(
y
x

)

�
�
�
� <

1
3

jezj

�B�O�E �n�b�O�B�M�M�Z

je�W�R�W�D�Oj <
1
3

je�U�H�F�L�Sj +
1
3

je�P�X�O�Wj + e�D�W�D�Q �	�y�‚���~�


�%	Š	•	Š	™	Š	•	‘ 	•	’	–	Ž	—	œ	’	˜	—	’	—	•

�$�P�O�T�J�E�F�S �n�b�S�T�U �U�I�F �T�J�N�Q�M�F�S �W�F�S�T�J�P�O �P�G �U�I�F �J�N�Q�M�F�N�F�O�U�B�U�J�P�O� �X�I�F�S�F �U�I�F �U�X�P �G�V�O�D�U�J�P�O�T �B�S�F �J�N�Q�M�F�N�F�O�U�F�E

�U�I�S�P�V�H�I �U�B�C�V�M�B�U�J�P�O�� �5�I�F �B�S�D�U�B�O�H�F�O�U �U�B�C�M�F �J�T �D�P�S�S�F�D�U�M�Z �S�P�V�O�E�F�E �U�P �J�U�T �P�V�U�Q�V�U �G�P�S�N�B�U�� �5�I�F�S�F�G�P�S�F

je�D�W�D�Qj � 2�w � �B�O�E �X�I�B�U �J�T �S�F�R�V�J�S�F�E �G�P�S �M�B�T�U���C�J�U �B�D�D�V�S�B�D�Z �J�Tje�W�R�W�D�Oj < 2� w+ 1�� �6�O�G�P�S�U�V�O�B�U�F�M�Z� �B �D�P�S�S�F�D�U�M�Z��

�S�P�V�O�E�F�E �S�F�D�J�Q�S�P�D�B�M �U�B�C�M�F �D�B�O�O�P�U �C�F �V�T�F�E� �C�F�D�B�V�T�F �J�U�T �P�V�U�Q�V�U �I�B�T �U�P �C�F �J�O[1;2)� �B�O�E �O�P�U �J�O(1;2] �X�I�F�O

�U�I�F �J�O�Q�V�U �J�T �J�O[1
2;1)���8�I�B�U �J�T �U�B�C�V�M�B�U�F�E �G�P�Sr �J�T �U�I�F�S�F�G�P�S�F �U�I�F �D�P�S�S�F�D�U �S�P�V�O�E�J�O�H �P�G1

x � 2� w �U�P�U�I�F �G�P�S��

�N�B�U �V�n�b�Y(1; � w)�� �5�I�J�T �F�O�U�B�J�M�Tje�U�H�F�L�Sj � 2� w��

�*�U �J�T �O�P�U �O�F�D�F�T�T�B�S�Z �U�P �V�T�F �B �D�P�S�S�F�D�U�M�Z �S�P�V�O�E�F�E �N�V�M�U�J�Q�M�J�F�S�� �" �U�S�V�O�D�B�U�F�E �N�V�M�U�J�Q�M�J�F�S� �G�B�J�U�I�G�V�M �U�P �B�O �P�V�U��

�Q�V�U �G�P�S�N�B�U �V�n�b�Y(0;� w) �G�P�Sz�X�J�M�M �F�O�U�B�J�Mje�P�X�O�Wj � 2� w�� �5�I�J�T �D�P�N�C�J�O�B�U�J�P�O �P�G �F�S�S�P�S�T �T�B�U�J�T�n�b�F�T �&�R�V�B�U�J�P�O

�y�‚���~���*�O�U�F�S�F�T�U�J�O�H�M�Z� �I�P�X�F�W�F�S� �U�I�J�T �F�S�S�P�S �C�P�V�O�E �J�T �O�P�U �S�F�B�D�I�F�E�� �F�Y�I�B�V�T�U�J�W�F �U�F�T�U�T �	�V�Q �U�Pw = 12�
 �T�I�P�X

�U�I�B�U �M�B�T�U���C�J�U �B�D�D�V�S�B�D�Z �J�T �T�U�J�M�M �B�D�I�J�F�W�F�E �X�J�U�I �B �U�S�V�O�D�B�U�F�E �N�V�M�U�J�Q�M�J�F�S �G�B�J�U�I�G�V�M �U�P �V�n�b�Y(0;� w+ 1)��

�y�}�}



�6�T�J�O�H�B �D�P�S�S�F�D�U�M�Z �S�P�V�O�E�F�E �N�V�M�U�J�Q�M�J�F�S �J�O�D�S�F�B�T�F�T �J�U�T �D�P�T�U� �S�F�R�V�J�S�J�O�H �U�I�F �D�P�N�Q�V�U�B�U�J�P�O �B�O�E �U�I�F �T�V�N�N�B��

�U�J�P�O �P�G �B�M�M �J�U�T �Q�B�S�U�J�B�M �Q�S�P�E�V�D�U�T�� �)�P�X�F�W�F�S� �J�U �Q�S�P�W�J�E�F�T �U�I�F �T�B�N�F �B�D�D�V�S�B�D�Z �G�P�Sz�V�T�J�O�H �P�O�F �M�F�T�T �C�J�U�� �" �P�O�F

�C�J�U �P�Oz�S�F�E�V�D�F�T �T�J�H�O�J�n�b�D�B�O�U�M�Z �U�I�F �T�J�[�F �P�G �U�I�F �C�M�P�D�L �D�P�N�Q�V�U�J�O�H �U�I�F �B�S�D�U�B�O�H�F�O�U� �Q�P�T�T�J�C�M�Z �I�B�M�W�J�O�H �J�U�� �5�I�J�T

�U�S�B�E�F���P�m�G �C�F�U�X�F�F�O �U�I�F �N�V�M�U�J�Q�M�J�F�S �B�O�E �U�I�F �B�S�D�U�B�O�H�F�O�U �C�M�P�D�L �I�B�T �O�P�U �C�F�F�O �G�V�M�M�Z �T�U�V�E�J�F�E �Z�F�U��

�6�T�J�O�H �B �C�M�B�D�L���C�P�Y �Q�P�M�Z�O�P�N�J�B�M �B�Q�Q�S�P�Y�J�N�B�U�J�P�O �T�J�N�J�M�B�S �U�P �U�I�F �P�O�F �J�O �<�{�}�>� �P�S �U�I�F �N�V�M�U�J�Q�B�S�U�J�U�F �N�F�U�I�P�E

�<�{�•�>� �F�O�U�B�J�M�T �U�I�B�U �U�I�F �U�X�P �G�V�O�D�U�J�P�O�T �B�S�F �U�I�F�N�T�F�M�W�F�T �M�B�T�U���C�J�U �B�D�D�V�S�B�U�F�� �*�O �U�I�J�T �D�B�T�F� �U�I�F �D�P�O�T�U�S�B�J�O�Uje�D�W�D�Qj �

2� w �D�B�O �O�P �M�P�O�H�F�S �C�F �F�O�T�V�S�F�E �B�U �B �S�F�B�T�P�O�B�C�M�F �D�P�T�U� �E�V�F �U�P �U�I�F �5�B�C�M�F �.�B�L�F�S� �T �E�J�M�F�N�N�B �<�•�z�>���8�I�B�U �J�T

�Q�P�T�T�J�C�M�F �J�T �B �N�P�S�F �B�D�D�V�S�B�U�F �J�N�Q�M�F�N�F�O�U�B�U�J�P�O �U�I�B�U �X�J�M�M �F�O�T�V�S�Fje�D�W�D�Qj � 3
4 � 2�w + 1���"�O �F�S�S�P�S �C�V�E�H�F�U �P�G

1
42� w+ 1 �J�T�E�J�T�U�S�J�C�V�U�F�E �B�N�P�O�H �U�I�F �N�V�M�U�J�Q�M�J�F�S �B�O�E �U�I�F �S�F�D�J�Q�S�P�D�B�M �U�B�C�M�F�� �8�J�U�I �U�I�F �T�B�N�F �S�F�B�T�P�O�J�O�H� �V�T�J�O�H

�B �V�n�b�Y(1;� w� 1) �G�P�S�N�B�U �G�P�Sr �B�O�E �B �V�n�b�Y(0; � w) �G�P�Sz�N�B�O�B�H�F�T �U�P �T�B�U�J�T�G�Z �&�R�V�B�U�J�P�O �y�‚���~��

�5�I�F �B�O�B�M�Z�T�J�T �J�T �J�N�Q�M�F�N�F�O�U�F�E �J�O �U�I�F �'�M�P�1�P�$�P�	�&�5���1���+�Ñ�P�Q�F�S�B�U�P�S�� �"�O �B�S�D�I�J�U�F�D�U�V�S�F �D�B�O �C�F �C�V�J�M�U

�G�P�S �B�O�Z �T�J�[�Fw �B�O�E �E�F�H�S�F�Fd�� �'�P�Sd = 1� �U�I�F �C�J�Q�B�S�U�J�U�F �N�F�U�I�P�E �P�S �U�I�F �N�V�M�U�J�Q�B�S�U�J�U�F �N�F�U�I�P�E �J�T �V�T�F�E�

�E�F�Q�F�O�E�J�O�H �P�O �X�I�J�D�I �S�F�T�V�M�U �J�O �U�I�F �C�F�T�U �T�B�W�J�O�H�T��

�'�1�(�"��	œ	™	Ž	Œ	’	•	’	Œ �$	˜	—	œ	’	•	Ž	›	Š	•	’	˜	—	œ

�'�P�S �T�N�B�M�M �Q�S�F�D�J�T�J�P�O�T� �U�I�F �G�P�M�M�P�X�J�O�H �P�Q�U�J�N�J�[�B�U�J�P�O�T �N�B�Z �B�Q�Q�M�Z �P�O �'�1�(�"�T �X�I�J�D�I �D�P�O�U�B�J�O �F�N�C�F�E�E�F�E

�N�F�N�P�S�Z �B�O�E �N�V�M�U�J�Q�M�J�F�S �C�M�P�D�L�T��

�5�I�F �I�B�S�E �N�V�M�U�J�Q�M�J�F�S�T �D�P�N�Q�V�U�F �U�I�F �G�V�M�M �Q�S�P�E�V�D�U� �T�P �U�S�V�O�D�B�U�J�P�O �J�T �G�B�J�U�I�G�V�M� �B�O�E �D�P�S�S�F�D�U �S�P�V�O�E�J�O�H

�D�P�N�F�T �B�U �U�I�F �D�P�T�U �P�G �P�O�M�Z �P�O�F �B�E�E�J�U�J�P�O �X�I�J�D�I �D�B�O �C�F �N�B�Q�Q�F�E �J�O �U�I�F �Q�P�T�U���B�E�E�F�S �J�O�D�M�V�E�F�E �J�O �B�M�M �S�F�D�F�O�U

�%�4�1 �C�M�P�D�L�T�� �5�I�F �M�B�U�U�F�S �J�T �S�F�M�F�W�B�O�U �J�G �J�U �T�B�W�F�T �P�O�F �I�B�S�E �N�F�N�P�S�Z �C�M�P�D�L� �G�P�S �J�O�T�U�B�O�D�F �J�O �U�I�F �T�J�U�V�B�U�J�P�O�T

�E�F�Q�J�D�U�F�E �C�F�M�P�X��

�.�F�N�P�S�Z �C�M�P�D�L�T �B�S�F �P�G �n�b�Y�F�E �T�J�[�F �B�O�E �E�V�B�M���Q�P�S�U�F�E� �X�I�J�D�I �N�F�B�O�T �U�I�F�Z �D�B�O �T�U�P�S�F �U�X�P �U�B�C�M�F�T �J�O �B �T�J�O�H�M�F

�C�M�P�D�L�� �5�I�F �M�B�S�H�F�T�U �B�S�D�I�J�U�F�D�U�V�S�F �U�I�B�U �n�b�U�T �J�O �B �T�J�O�H�M�F �z�‚�,�C �C�M�P�D�L �	�9�J�M�J�O�Y �E�F�W�J�D�F�T�
 �J�T �G�P�Sw = 11� �X�J�U�I �B

�S�F�D�J�Q�S�P�D�B�M �U�B�C�M�F �P�G29 � 11�C�J�U�T �B�O�E �B�O �B�S�D�U�B�O�H�F�O�U �U�B�C�M�F �P�G210 � 9 �C�J�U�T� �C�P�U�I �Q�B�D�L�F�E �J�O �B �E�V�B�M���Q�P�S�U

�C�M�P�D�L �D�P�O�n�b�H�V�S�F�E �B�T210 � 20�� �*�O �B �{�~�,�C �C�M�P�D�L �	�"�M�U�F�S�B �E�F�W�J�D�F�T�
� �U�I�F �M�B�S�H�F�T�U �B�S�D�I�J�U�F�D�U�V�S�F �U�I�B�U �n�b�U�T �J�T �G�P�S

w = 12�� �5�I�J�T �D�B�O �J�N�Q�M�F�N�F�O�U �B210 � 12�S�F�D�J�Q�S�P�D�B�M �U�B�C�M�F �B�O�E �B210 � 10�B�S�D�U�B�O�H�F�O�U �U�B�C�M�F�� �*�O �C�P�U�I

�D�B�T�F�T �U�I�F �N�V�M�U�J�Q�M�J�F�S �N�V�T�U �C�F �D�P�S�S�F�D�U�M�Z �S�P�V�O�E�F�E��

�'	’	›	œ	•��	˜	›	•	Ž	› �#	’	Ÿ	Š	›	’	Š	•	Ž �1	˜	•	¢	—	˜	–	’	Š	•��	‹	Š	œ	Ž	• �.	Ž	•	‘	˜	•

�8�I�J�M�F �Q�P�M�Z�O�P�N�J�B�M �B�Q�Q�S�P�Y�J�N�B�U�J�P�O �J�T �B �G�B�J�S�M�Z �D�P�N�N�P�O �B�Q�Q�S�P�B�D�I �	�B�O�E �4�F�D�U�J�P�O �y�‚���} �T�U�B�O�E�T �B�T �U�F�T�U�J��

�N�P�O�Z�
� �X�I�B�U �T�F�U�T �U�I�F �N�F�U�I�P�E �D�P�O�T�J�E�F�S�F�E �J�O �U�I�J�T �T�F�D�U�J�P�O �B�Q�B�S�U �J�T �U�I�F �V�T�F �P�G �B �Q�J�F�D�F�X�J�T�F �C�J�W�B�S�J�B�U�F �Q�P�M�Z��

�O�P�N�J�B�M �B�Q�Q�S�P�Y�J�N�B�U�J�P�O �P�G �E�F�H�S�F�F �y �P�S �z�� �8�F �B�S�F �O�P�U �B�X�B�S�F �P�G �D�P�N�Q�B�S�B�C�M�F �X�P�S�L �J�O �U�I�F �M�J�U�F�S�B�U�V�S�F��

�5�I�F �N�B�J�O �J�E�F�B �J�T �U�P �E�F�D�P�N�Q�P�T�F �U�I�F �E�P�N�B�J�O �P�G �U�I�Farctan(yx) �G�V�O�D�U�J�P�O�J�M�M�V�T�U�S�B�U�F�E �J�O �'�J�H�V�S�F �y�‚���}

�P�O �Q�B�H�F �y�|�•� �J�O�U�P �B �H�S�J�E �P�G �T�R�V�B�S�F�T���S�F�D�U�B�O�H�M�F�T�� �5�I�F �T�V�C���E�P�N�B�J�O�T �B�S�F �J�O�E�F�Y�F�E �C�Z �U�I�F �n�b�S�T�U �G�F�X �N�P�T�U

�y�}�~



�
�-�+�<�8�' �ˆ�‡�W�ˆ�ˆ�V���8�$�,�-�;�'�$�;�<�8�' �#�!�9�'�& �3�2 �! �)�8�9�; �3�8�&�'�8 �#�-�=�!�8�-�!�;�' �6�3�£�@�2�3�1�-�!�£

�T�J�H�O�J�n�b�D�B�O�U �C�J�U�T �P�Gx �B�O�Ey�� �5�I�F�O �B �C�J�W�B�S�J�B�U�F �Q�P�M�Z�O�P�N�J�B�M �J�O �U�I�F �S�F�N�B�J�O�J�O�H �C�J�U�T �J�T �F�W�B�M�V�B�U�F�E �P�O �F�B�D�I �P�G

�U�I�F �T�V�C���E�P�N�B�J�O�T��

�5�I�F�S�F�G�P�S�F� �M�F�Uxh �B�O�Eyh �C�F �U�I�F �O�V�N�C�F�S�T �G�P�S�N�F�E �V�T�J�O�H �U�I�Fk �N�P�T�U �T�J�H�O�J�n�b�D�B�O�U �C�J�U�T �P�Gxr �B�O�Eyr � �S�F��

�T�Q�F�D�U�J�W�F�M�Z�� �"�M�T�P� �M�F�Udx �B�O�Edy �E�F�O�P�U�F �U�I�F �O�V�N�C�F�S�T �G�P�S�N�F�E �P�G �U�I�F�J�S �S�F�T�Q�F�D�U�J�W�F�M�Z �S�F�N�B�J�O�J�O�Hw� k � 1

�M�F�B�T�U �T�J�H�O�J�n�b�D�B�O�U �C�J�U�T��(
xr = xh + dx

yr = yh + dy

�5�I�F �C�J�U�T(xh;yh) �B�S�F �V�T�F�E �U�P �J�O�E�F�Y �U�I�F �U�B�C�M�F �P�G �D�P�F�m�n�b�D�J�F�O�U�T �P�G �U�I�F �C�J�W�B�S�J�B�U�F �Q�P�M�Z�O�P�N�J�B�M�T �B�Q�Q�S�P�Y�J��

�N�B�U�J�O�Hatan2(y;x)� �P�O �F�B�D�I �T�V�C���E�P�N�B�J�O�� �5�I�F�T�F �B�S�F �J�M�M�V�T�U�S�B�U�F�E �J�O �'�J�H�V�S�F�T �y�‚���y�y �B�O�E �y�‚���y�z��

atan2(y;x) � Pxhyh(dx;dy) :

�"�T �D�B�O �C�F �T�F�F�O �G�S�P�N �'�J�H�V�S�F �y�‚���|��P�O �U�I�F �M�F�G�t �Q�B�S�U �P�G �U�I�F �G�V�O�D�U�J�P�O� �T �D�P���E�P�N�B�J�O� �J�U �J�T �C�F�O�F�n�b�D�J�B�M �U�P

�B�Q�Q�M�Z �U�I�F �T�D�B�M�J�O�H �S�B�O�H�F �S�F�E�V�D�U�J�P�O �P�G �'�J�H�V�S�F �y�‚���}�� �5�I�J�T �B�M�M�P�X�T �B�W�P�J�E�J�O�H �U�I�F �Q�S�P�C�M�F�N�B�U�J�D �B�S�F�B�T� �J�O �U�F�S�N�T

�P�G �U�I�F �B�D�D�V�S�B�D�Z �S�F�R�V�J�S�F�E �G�P�S �U�I�F �B�Q�Q�S�P�Y�J�N�B�U�J�P�O��

�5�I�F �n�b�S�T�U �E�F�H�S�F�F �C�J�W�B�S�J�B�U�F �Q�P�M�Z�O�P�N�J�B�MPxhyh �J�T �P�G �U�I�F �G�P�S�N��

Pxhyh(dx;dy) = a� dx+ b� dy+ c

�5�X�P �E�J�m�G�F�S�F�O�U �X�B�Z�T �P�G �P�C�U�B�J�O�J�O�H �U�I�Fa�b �B�O�Ec �D�P�F�m�n�b�D�J�F�O�U�T �B�S�F �F�Y�Q�M�P�S�F�E�� �5�I�F �n�b�S�T�U �V�T�F�T �U�I�F �5�B�Z�M�P�S

�T�F�S�J�F�T �B�Q�Q�S�P�Y�J�N�B�U�J�P�O �B�S�P�V�O�E �Q�P�J�O�U(x0;y0)� �X�I�J�D�I �J�T �U�I�F �D�F�O�U�F�S �P�G �F�B�D�I �P�G �U�I�F �T�V�C���E�P�N�B�J�O�T �J�O�E�F�Y�F�E

�C�Z(xh;yh)��
T1(xr ;yr ) � f (x0;y0)

+ ¶
¶x f (x0;y0)(x� x0) + ¶

¶y f (x0;y0)(y� y0)

�5�I�F �D�P�F�m�n�b�D�J�F�O�U�Ta�b �B�O�Ec �P�G �U�I�F �Q�P�M�Z�O�P�N�J�B�M �D�B�O �C�F �J�E�F�O�U�J�n�b�F�E �C�Z �S�F�Q�M�B�D�J�O�Hf (x;y) �X�J�U�I �U�I�F �B�S�D�U�B�O��

�y�}�•



�H�F�O�U�B�O�E �E�F�W�F�M�P�Q�J�O�H �U�I�F �F�R�V�B�U�J�P�O�T��

a = �y h
x2

h+ y2
h

b = xh
x2

h+ y2
h

c = atan2(yh;xh)

�5�I�F�Q�P�M�Z�O�P�N�J�B�MT1 �C�F�D�P�N�F�T��

T1(xr ;yr ) =
� yh

x2
h + y2

h
dx+

xh

x2
h + y2

h
dy+ atan2(yh;xh)

�4�P�N�F �T�N�B�M�M �P�Q�U�J�N�J�[�B�U�J�P�O�T �D�B�O �C�F �N�B�E�F �G�P�S �U�I�F �J�N�Q�M�F�N�F�O�U�B�U�J�P�O �O�P�U�J�D�J�O�H �U�I�B�U �U�I�F �N�V�M�U�J�Q�M�J�D�B�U�J�P�O�T

a� dx �B�O�Eb� dy �B�S�F �P�G �S�F�E�V�D�F�E �T�J�[�F�T�� �5�I�J�T �J�T �E�V�F �U�Pdx = x� xh < 2� k �	�J�E�F�N �G�P�Sdy�
��

�5�I�F �T�F�D�P�O�E �X�B�Z �P�G �P�C�U�B�J�O�J�O�H �U�I�F �D�P�F�m�n�b�D�J�F�O�U�Ta�b �B�O�Ec �U�B�L�F�T �B �E�J�m�G�F�S�F�O�U �B�Q�Q�S�P�B�D�I� �X�I�J�D�I �J�T �N�P�S�F

�H�F�P�N�F�U�S�J�D�B�M�� �" �n�b�S�T�U �E�F�H�S�F�F �C�J�W�B�S�J�B�U�F �Q�P�M�Z�O�P�N�J�B�M �J�T �B �Q�M�B�O�F�� �5�I�S�F�F �Q�P�J�O�U�T �G�S�P�N �U�I�F �T�V�S�G�B�D�F �P�Gf �E�F�n�b�O�F

�B �V�O�J�R�V�F �Q�M�B�O�F �U�I�B�U �H�P�F�T �U�I�S�P�V�H�I �U�I�F�T�F �U�I�S�F�F �Q�P�J�O�U�T�� �5�I�J�T �Q�M�B�O�F �J�T �B �C�J�W�B�S�J�B�U�F �E�F�H�S�F�F���y �B�Q�Q�S�P�Y�J�N�B�U�J�P�O

�P�G �U�I�F �G�V�O�D�U�J�P�O��

�5�I�F�S�F�G�P�S�F� �J�G �X�F �D�I�P�T�F �U�I�S�F�F �Q�P�J�O�U�T �P�G �U�I�F �G�P�S�N(x;y; f (x;y)) �X�J�U�I(x;y) �J�O�T�J�E�F �U�I�F �T�R�V�B�S�F �T�V�C��

�E�P�N�B�J�O� �U�I�F �F�R�V�B�U�J�P�O �P�G �U�I�F �Q�M�B�O�F �E�F�n�b�O�F�E �C�Z �U�I�F�T�F �U�I�S�F�F �Q�P�J�O�U�T �Q�S�P�W�J�E�F�T �U�I�F �D�B�O�E�J�E�B�U�F �D�P�F�m�n�b�D�J�F�O�U�Ta�

b �B�O�Ec�� �5�I�F �F�R�V�B�U�J�P�O �P�G �U�I�F �Q�M�B�O�F �J�T �H�J�W�F�O �J�O �U�I�F �G�P�S�N��

a � x+ b � y+ g� z+ d = 0

�B�O�E� �U�I�V�T� �U�I�F �W�B�M�V�F �P�G �U�I�F �G�V�O�D�U�J�P�O �J�T �D�P�N�Q�V�U�F�E �B�T��

atan2(yr ;xr ) = z= �
a
g

xr �
b
g

yr �
d
g

�X�I�J�D�I �H�J�W�F�T �U�I�F �F�Y�Q�S�F�T�T�J�P�O�T �G�P�S �D�P�F�m�n�b�D�J�F�O�U�T��a = � a
g �b = � b

g �B�O�Ec = � d
g ��

�5�I�F �Q�B�S�B�N�F�U�F�S�T �G�P�V�S �Q�B�S�B�N�F�U�F�S�T �B�S�F �B�Q�Q�S�P�Y�J�N�B�U�F�E �V�T�J�O�H �U�I�Fk �N�P�T�U �T�J�H�O�J�n�b�D�B�O�U �C�J�U�T �P�G �U�I�F �J�O�Q�V�U�T

xr �B�O�Eyr �� �5�I�F �T�B�N�F �W�B�S�J�B�C�M�F �D�I�B�O�H�F �J�T �Q�F�S�G�P�S�N�F�E �G�P�Sxr �B�O�Eyr �� �5�I�F �D�P�O�T�U�B�O�Uc �N�V�T�U �U�I�F�O �C�F �V�Q��

�E�B�U�F�E �U�P��c = � d
g + axh + byh��

�*�G �U�I�F �U�I�S�F�F �Q�P�J�O�U�T �B�S�F �W�F�S�Z �D�M�P�T�F �U�P(x0;y0) �U�I�J�T �N�F�U�I�P�E�T �H�J�W�F�T �U�I�F �5�B�Z�M�P�S �D�P�F�m�n�b�D�J�F�O�U�T�� �$�I�P�P�T�J�O�H

�B �M�B�S�H�F�S �U�S�J�B�O�H�M�F �J�O�T�J�E�F �U�I�F �T�R�V�B�S�F �T�V�C���E�P�N�B�J�O �B�D�U�V�B�M�M�Z �Q�S�P�W�J�E�F�T �B �C�F�U�U�F�S �B�Q�Q�S�P�Y�J�N�B�U�J�P�O �U�P �U�I�F �G�V�O�D��

�U�J�P�O��

�y�}�€
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�5�I�F �B�Q�Q�S�P�B�D�I �J�T �W�F�S�Z �T�J�N�J�M�B�S �U�P �U�I�F �n�b�S�T�U���P�S�E�F�S �P�O�F�� �5�I�F �N�B�J�O �S�F�B�T�P�O �G�P�S �V�T�J�O�H �B �T�F�D�P�O�E���P�S�E�F�S �Q�P�M�Z��

�O�P�N�J�B�M �J�T �U�P �P�C�U�B�J�O �B �C�F�U�U�F�S �B�Q�Q�S�P�Y�J�N�B�U�J�P�O�� �5�I�J�T� �J�O �U�V�S�O� �F�O�B�C�M�F�T �B �T�N�B�M�M�F�S �W�B�M�V�F �P�Gk� �X�I�J�D�I �T�J�H�O�J�n�b��

�D�B�O�U�M�Z �E�F�D�S�F�B�T�F�T �U�I�F �T�J�[�F �P�G �U�I�F �D�P�F�m�n�b�D�J�F�O�U �U�B�C�M�F��

�'�P�S �U�I�F �T�F�D�P�O�E���P�S�E�F�S �N�F�U�I�P�E�atan2(y;x) �J�T �B�Q�Q�S�P�Y�J�N�B�U�F�E �B�T��

T2(xr ;yr ) � Pxhyh(dx;dy)

� a� dx+ b� dy+ c+ d � (dx)2 + e� (dy)2 + f � dx� dy

�5�I�F �D�P�F�m�n�b�D�J�F�O�U�Ta �U�Pf �B�S�F �B�H�B�J�O �P�C�U�B�J�O�F�E �C�Z �V�T�J�O�H �U�I�F �5�B�Z�M�P�S �T�F�S�J�F�T �G�P�Satan2(yr ;xr )� �B�S�P�V�O�E �B

�Q�P�J�O�U(x0;y0)��

T2(xr ;yr ) = f (x0;y0)

+ ¶
¶x f (x0;y0) � (xr � x0)+ ¶

¶y f (x0;y0) � (yr � y0)

+ 1
2

¶2

¶x2 f (x0;y0) � (xr � x0)2

+ 1
2

¶2

¶y2 f (x0;y0) � (yr � y0)2

+ ¶2

¶x¶y f (x0;y0) � (xr � x0) � (yr � y0)

�#�Z �S�F�Q�M�B�D�J�O�Hf �B�Tatan2(yr ;xr )� �B�O�E �Q�F�S�G�P�S�N�J�O�H �U�I�F �T�B�N�F �W�B�S�J�B�C�M�F �D�I�B�O�H�Fxr = xh + dx �B�O�Eyr =

�y�}�•



yh + dy� �S�F�T�V�M�U�T �J�O��

T2(xr ;yr ) = atan2(yh;xh) + � yh
x2

h+ y2
h
dx+ xh

x2
h+y 2

h
dy

+ xhyh
(x2

h+y 2
h)2 dx2 + � xhyh

(x2
h+ y2

h)2 dy2 + y2
h� x2

h
(x2

h+ y2
h)2 dx2dy2

�&	›	›	˜	› 	Š	—	Š	•	¢	œ	’	œ

�5�I�F �E�J�T�D�V�T�T�J�P�O�T �D�P�O�D�F�S�O�J�O�H �U�I�F �F�S�S�P�S �B�O�B�M�Z�T�J�T �B�S�F �M�J�N�J�U�F�E �U�P �U�I�F �B�Q�Q�S�P�Y�J�N�B�U�J�P�O �P�Gatan2(xr ;yr ) �C�Z

�U�I�F �T�F�D�P�O�E���P�S�E�F�S �5�B�Z�M�P�S �Q�P�M�Z�O�P�N�J�B�M�� �'�P�S �U�I�F �n�b�S�T�U���P�S�E�F�S �N�F�U�I�P�E �U�I�F �B�O�B�M�Z�T�J�T �J�T �B�D�U�V�B�M�M�Z �T�J�N�Q�M�F�S� �B�O�E

�U�I�F �T�B�N�F �B�Q�Q�S�P�B�D�I �D�B�O �C�F �U�B�L�F�O�� �*�M�M�V�T�U�S�B�U�J�P�O�T �G�P�S �U�I�F �T�P�V�S�D�F�T �P�G �F�S�S�P�S�T �P�O �C�P�U�I �E�B�U�B�Q�B�U�I�T �B�S�F �Q�S�P��

�W�J�E�F�E �J�O �'�J�H�V�S�F�T �y�‚���y�{ �B�O�E �y�‚���y�|� �S�F�T�Q�F�D�U�J�W�F�M�Z�� �5�I�F �H�P�B�M �J�T �B�H�B�J�O �U�P �P�C�U�B�J�O �B �G�B�J�U�I�G�V�M �S�F�T�V�M�U� �N�F�B�O�J�O�H

etotal < 2� w� �X�J�U�Ietotal �E�F�O�P�U�J�O�H �U�I�F �U�P�U�B�M �F�S�S�P�S�� �5�I�F�S�F �B�S�F �U�I�S�F�F �N�B�J�O �T�P�V�S�D�F�T �P�G �F�S�S�P�S��

etotal = emethod+ ef inal�Bround+ eround

�5�I�F �N�B�H�O�J�U�V�E�F �P�Gemethod� �U�I�F �N�F�U�I�P�E �F�S�S�P�S� �J�T �E�F�U�F�S�N�J�O�F�E �C�Z �U�I�F �Q�B�S�B�N�F�U�F�Sk�� �5�I�F �5�B�Z�M�P�S �T�F�S�J�F�T

�B�Q�Q�S�P�Y�J�N�B�U�J�P�O �D�P�O�U�B�J�O�T �B�O �J�O�n�b�O�J�U�F �O�V�N�C�F�S �P�G �U�F�S�N�T��

T2(x;y) = c0 + cx�B1x+ cy�B1y

+ cx�B2x2 + cx�B1y�B1xy+ cy�B2y2

+ cx�B3x3 + cx�B2y�B1x2y+ cx�B1y�B2xy2 + cy�B3y3 + : : :

�-�J�N�J�U�J�O�H �U�I�F �B�Q�Q�S�P�Y�J�N�B�U�J�P�O �U�P �U�I�F �T�F�D�P�O�E �P�S�E�F�S �U�F�S�N�T �S�F�T�V�M�U�T �J�O �B�O �F�S�S�P�S �X�I�J�D�I �J�T �P�G �U�I�F �T�B�N�F �P�S�E�F�S

�P�G �N�B�H�O�J�U�V�E�F �B�T �U�I�F �U�F�S�N�T �U�I�B�U �B�S�F �P�N�J�U�U�F�E��

emethod=
¥

å
i= 3

(cx�Bixi + cy�Biyi + å
k;l ; k+ l=i

cx�Bky�Bl xkyl )

�X�I�F�S�F �U�I�Fcx�Bi � �T �B�O�Ecy�Bi�B�S�F �P�C�U�B�J�O�F�E �C�Z �F�Y�Q�B�O�E�J�O�H �U�I�F �5�B�Z�M�P�S �T�F�S�J�F�T��emethod�D�B�O �U�I�F�S�F�G�P�S�F �C�F �C�P�V�O�E�F�E

�C�Z��

emethod�BMax = cx�Bmax
¥
å

i=3
(2� k) i + cy�Bmax

¥
å

i= 3
(2�k ) i

+ cxy�Bmax
¥
å

i=3
(2� k) i

< (cx�Bmax+ cy�Bmax+ cxy�Bmax) 2�3k

1� 2� k

�	�y�‚���•�


cx�Bmax�cy�Bmax�B�O�Ecxy�Bmax �C�F�J�O�H �U�I�F �N�B�Y�J�N�V�N �W�B�M�V�F�T �P�Gcx�cy� �B�O�Ecxy�� �&�R�V�B�U�J�P�O �y�‚���• �D�B�O �C�F �V�T�F�E �U�P

�E�F�U�F�S�N�J�O�F �U�I�F �W�B�M�V�F �P�Gk� �X�I�J�D�I �N�V�T�U �T�B�U�J�T�G�Zk > dw
3 e���#�V�U �U�I�J�T �J�T �B �Q�F�T�T�J�N�J�T�U�J�D �C�P�V�O�E� �B�O�E �J�U �D�B�O �C�F

�J�N�Q�S�P�W�F�E �V�T�J�O�H �O�V�N�F�S�J�D�B�M �N�F�U�I�P�E�T�� �T�F�U �U�I�F �W�B�M�V�F �P�Gk� �U�I�F �n�b�M�M �U�I�F �U�B�C�M�F� �U�I�F�O �D�P�N�Q�V�U�Femethod�J�O �F�B�D�I

�Q�P�J�O�U �P�G �U�I�F �E�P�N�B�J�O �V�T�J�O�H �U�I�F �B�D�U�V�B�M �D�P�F�m�n�b�D�J�F�O�U �W�B�M�V�F�T�� �*�G �U�I�F �F�S�S�P�S �J�T �B�C�P�W�F �U�I�F �F�S�S�P�S �C�V�E�H�F�U� �U�I�F�Ok

�y�~�‚
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�J�T �J�O�D�S�F�B�T�F�E�� �5�I�F �P�C�U�B�J�O�F�E �W�B�M�V�F�T �G�P�S �U�I�F �D�P�F�m�n�b�D�J�F�O�U�T �D�B�O �C�F �V�T�F�E �U�P �Q�S�P�W�J�E�F �B �U�J�H�I�U �C�P�V�O�E �P�Oemethod��

�5�I�F �F�S�S�P�S �E�V�F �U�P �U�I�F �n�b�O�B�M �S�P�V�O�E�J�O�Hef inal�Bround�D�B�O �C�F �C�P�V�O�E�F�E �C�Z2�w � �X�I�F�O �U�I�F �n�b�O�B�M �S�F�T�V�M�U �J�T

�S�P�V�O�E�F�E �U�P �U�I�F �P�V�U�Q�V�U �G�P�S�N�B�U��

�&�B�D�I �U�F�S�N �P�GT2(xr ;yr )� �F�Y�D�F�Q�U �G�P�Sc� �B�E�E�T �B�O �F�S�S�P�S �E�V�F �U�P �U�I�F �U�S�V�O�D�B�U�J�P�O���S�P�V�O�E�J�O�H �P�G �U�I�F �N�V�M�U�J��

�Q�M�J�D�B�U�J�P�O�T���T�R�V�B�S�F�T� �B�O�E �B�O �F�S�S�P�S �E�V�F �U�P �U�I�F �U�B�C�V�M�B�U�J�P�O �P�G �U�I�F �S�F�B�M �D�P�F�m�n�b�D�J�F�O�U�T�� �5�I�F �F�Y�Q�S�F�T�T�J�P�O�T �G�P�S �U�I�F

�F�S�S�P�S �U�F�S�N�T �B�S�F �H�J�W�F�O �B�G�t�F�S �U�I�F �W�B�S�J�B�C�M�F �D�I�B�O�H�F� �X�I�J�D�I �J�T �F�S�S�P�S�M�F�T�T�� �'�P�Sa� dx� �U�I�F �F�S�S�P�S �J�T��

ea�dx = ]ea� dx� a� dx

= ( dx� ea+ emultadx) � a� dx

= ( dx(a+ ea�Btable) + emulta�dx) � a� dx

= emulta�dx + dx� ea�Btable

�5�I�F �T�B�N�F �I�P�M�E�T �G�P�Sb � dy �U�F�S�N�� �5�I�F �F�S�S�P�S �E�V�F �U�Pc �J�O �U�I�F �n�b�O�B�M �T�V�N �D�P�N�F�T �G�S�P�N �T�U�P�S�J�O�H �U�I�F �D�P��

�F�m�n�b�D�J�F�O�U �J�O �U�I�F �U�B�C�M�F��ec = ec�Btable�� �'�P�S �U�I�F �T�F�D�P�O�E �P�S�E�F�S �U�F�S�N�T� �U�I�F �F�S�S�P�S �D�B�O �C�F �G�P�V�O�E �J�O �B �T�J�N�J�M�B�S

�N�B�O�O�F�S��

ed�dx2 = êd � dx2 � d � dx2

= ( gdx2 � ed+ emultd�dx2 ) � d � dx2

= (( dx2 + esqrdx2 )(d+ ed�Btable)+ emultd�dx2 ) � d � dx2

= dx2 � ed�Btable+ d � esqrdx2 + esqrdx2 � emultd�dx2

�5�I�F �T�B�N�F �I�P�M�E�T �G�P�Se� dy2�� �-�B�T�U�M�Z� �G�P�Sf � dx� dy �U�I�F �F�S�S�P�S �D�B�O �C�F �F�Y�Q�S�F�T�T�F�E �B�T��

ef �dx�dy = ^f � dx� dy� f � dx� dy

= ( d̂x� dy� ef + emultf �dx�dy) � f � dx� dy

= (( dx� dy+ emultdx�dy)( f + ef �Btable)+ emultf �dx�dy) � f � dx� dy

= dx� dyef �Btable+ f � emultdx�dy + emultdx�dy � emultf �dx�dy

�y�~�y



�
�-�+�<�8�' �ˆ�‡�W�ˆ�‹�V�	�8�8�3�8�9 �3�2 �;�,�' �)�8�9�; �3�8�&�'�8 �#�-�=�!�8�-�!�;�' �6�3�£�@�2�3�1�-�!�£ �!�6�6�8�3�?�-�1�!	§�3�2 �-�1�6�£�'�1�'�2�;�!	§�3�2

�5�I�J�T �H�J�W�F�T �U�I�F �F�Y�Q�S�F�T�T�J�P�O �G�P�Seround��

eround = eadx + ebdy + ec + eddx2 + eedy2 + ef dxdy
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�F�Y�Q�M�P�E�F�T �U�P�P �G�B�T�U� �B�O�E �U�I�J�T �F�W�F�O �J�N�Q�B�D�U�T �U�I�F �M�B�U�F�O�D�Z��
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�5�B�C�M�F �y�‚���{ �T�I�P�X�T �T�P�N�F �T�Z�O�U�I�F�T�J�T �S�F�T�V�M�U�T �G�P�S �Q�J�Q�F�M�J�O�F�E �P�Q�F�S�B�U�P�S�T �B�U �W�B�S�J�P�V�T �G�S�F�R�V�F�O�D�J�F�T� �F�Y�Q�M�P�J�U�J�O�H

�U�I�F �F�N�C�F�E�E�F�E �N�V�M�U�J�Q�M�J�F�S�T �B�O�E �N�F�N�P�S�J�F�T� �X�I�F�O �Q�P�T�T�J�C�M�F�� �5�I�F �N�V�M�U�J�Q�M�J�F�S���C�B�T�F�E �N�F�U�I�P�E�T �N�B�O�B�H�F �U�P

�J�N�Q�S�P�W�F �M�P�H�J�D �D�P�V�O�U� �C�V�U �C�S�J�O�H �O�P �D�M�F�B�S �B�E�W�B�O�U�B�H�F �J�O �U�F�S�N�T �P�G �M�B�U�F�O�D�Z �O�P�S �G�S�F�R�V�F�O�D�Z �D�P�N�Q�B�S�F�E �U�P �B

�Q�J�Q�F�M�J�O�F�E �V�O�S�P�M�M�F�E �$�0�3�%�*�$�� �)�P�X�F�W�F�S� �U�I�J�T �J�T �O�P�U �T�P�N�F�U�I�J�O�H �X�I�J�D�I �J�T �J�O�U�S�J�O�T�J�D �U�P �U�I�F �B�M�H�P�S�J�U�I�N�T�

�C�V�U �N�P�S�F �Q�S�P�C�B�C�M�Z �S�F�o�s�F�D�U�T �X�F�B�L�O�F�T�T�F�T �P�G �'�M�P�1�P�$�P �J�O �N�B�O�B�H�J�O�H �U�I�F �Q�J�Q�F�M�J�O�J�O�H �P�G �T�V�D�I �F�O�U�J�U�J�F�T� �B�U �U�I�F

�U�J�N�F �P�G �Q�F�S�G�P�S�N�J�O�H �U�I�F �F�Y�Q�F�S�J�F�O�D�F�T��

�4�U�J�M�M� �U�I�F �F�Y�D�F�M�M�F�O�U �N�B�U�D�I �C�F�U�X�F�F�O �$�0�3�%�*�$ �B�O�E �'�1�(�" �M�P�H�J�D �D�B�O �B�H�B�J�O �C�F �P�C�T�F�S�W�F�E�� �B�T �U�I�F �U�I�J�S�E

�M�J�O�F �P�G �5�B�C�M�F �y�‚���{ �T�I�P�X�T� �J�U �J�T �Q�P�T�T�J�C�M�F �U�P �Q�B�D�L �U�X�P �y�~���C�J�U �J�U�F�S�B�U�J�P�O�T �J�O �P�O�F �Q�J�Q�F�M�J�O�F �T�U�B�H�F �P�Q�F�S�B�U�J�O�H �B�U

�O�F�B�S�M�Z �|�‚�‚�.�)�[��

�5�I�F �N�P�T�U �O�P�W�F�M �N�F�U�I�P�E� �C�B�T�F�E �P�O �Q�J�F�D�F�X�J�T�F �C�J�W�B�S�J�B�U�F �Q�P�M�Z�O�P�N�J�B�M�T� �T�U�J�M�M �E�P�F�T �O�P�U �N�B�O�B�H�F �U�P �S�F��

�E�V�D�F �U�I�F �M�B�U�F�O�D�Z �B�T �N�V�D�I �B�T �F�Y�Q�F�D�U�F�E�� �5�I�F�S�F �B�S�F �N�B�O�Z �J�N�Q�S�P�W�F�N�F�O�U�T �U�P �C�S�J�O�H �U�P �U�I�J�T �N�F�U�I�P�E� �U�I�F

�n�b�S�T�U �C�F�J�O�H �U�P �S�F�E�V�D�Fk �V�T�J�O�H �E�F�H�S�F�F���z �B�Q�Q�S�P�Y�J�N�B�U�J�P�O �U�F�D�I�O�J�R�V�F�T �U�I�B�U �B�S�F �N�P�S�F �B�D�D�V�S�B�U�F �U�I�B�O �5�B�Z�M�P�S��

�6�O�G�P�S�U�V�O�B�U�F�M�Z� �G�P�S �G�V�O�D�U�J�P�O�T �P�G �U�X�P �P�S �N�P�S�F �J�O�Q�V�U�T� �U�I�F�S�F �E�P�F�T �O�P�U �T�F�F�N �U�P �F�Y�J�T�U �B�O �F�R�V�J�W�B�M�F�O�U �U�P

�U�I�F �3�F�N�F�[ �P�S �N�J�O�J�N�B�Y �Q�P�M�Z�O�P�N�J�B�M �B�Q�Q�S�P�Y�J�N�B�U�J�P�O �B�M�H�P�S�J�U�I�N�T�� �5�I�F �Q�S�P�C�M�F�N �J�T �U�I�B�U �U�I�F �B�M�U�F�S�O�B�U�J�P�O

�Q�S�P�Q�F�S�U�Z �P�O �X�I�J�D�I �3�F�N�F�[ �J�T �C�B�T�F�E �<�•�z�> �J�T �E�J�m�n�b�D�V�M�U �U�P �U�S�B�O�T�Q�P�T�F �J�O �U�X�P �E�J�N�F�O�T�J�P�O�T��

�:�F�U �B�O�P�U�I�F�S �B�E�W�B�O�U�B�H�F �P�G �U�I�F �$�0�3�%�*�$ �N�F�U�I�P�E� �X�I�J�D�I �T�I�P�V�M�E �C�F �O�P�U�F�E� �J�T �U�I�B�U �J�U �N�B�Z �B�M�T�P �D�P�N��
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�Q�V�U�F �U�I�F �N�P�E�V�M�F
p

x2 + y2 �B�M�P�O�H�X�J�U�I �U�I�F �B�O�H�M�F �<�•�z�>�� �5�I�J�T �D�P�T�U�T �P�O�M�Z �P�O�F �B�E�E�J�U�J�P�O�B�M �D�P�O�T�U�B�O�U �N�V�M�U�J��

�Q�M�J�D�B�U�J�P�O �C�Z1=K��

�"�N�P�O�H �P�U�I�F�S �Q�P�T�T�J�C�J�M�J�U�J�F�T �U�P �F�Y�Q�M�P�S�F �B�S�P�V�O�Eatan2� �<�}�}�> �E�F�D�P�N�Q�P�T�F�T �U�I�F �D�P�N�Q�V�U�B�U�J�P�O �J�O�U�P �U�X�P

�T�V�D�D�F�T�T�J�W�F �S�P�U�B�U�J�P�O�T� �B �D�P�B�S�T�F �P�O�F �B�O�E �B �n�b�O�F�S �P�O�F�� �#�P�U�I �n�b�S�T�U �B�Q�Q�S�P�Y�J�N�B�U�Fz = y
x �B�O�E�U�I�F�O �D�P�N�Q�V�U�F

arctan(z)�� �5�I�J�T �J�T �B �N�J�E�E�M�F �H�S�P�V�O�E �C�F�U�X�F�F�O �$�0�3�%�*�$ �B�O�E �N�V�M�U�J�Q�M�J�D�B�U�J�W�F �N�F�U�I�P�E�T��

�" �U�B�C�M�F�� �B�O�E �N�V�M�U�J�Q�M�J�F�S�� �C�B�T�F�E �D�P�N�C�J�O�F�E �S�B�O�H�F �S�F�E�V�D�U�J�P�O �B�O�E �T�D�B�M�J�O�H �N�F�U�I�P�E �D�P�V�M�E �F�O�B�C�M�F �U�I�F

�C�J�W�B�S�J�B�U�F �U�F�D�I�O�J�R�V�F�T �U�P �T�D�B�M�F �C�F�U�U�F�S� �C�V�U �B�H�B�J�O �B�U �U�I�F �F�Y�Q�F�O�T�F �P�G �M�B�U�F�O�D�Z��

�y�~�~
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�4�R�V�B�S�F �3�P�P�U

�5�I�F �X�P�S�L �Q�S�F�T�F�O�U�F�E �J�O �U�I�J�T �D�I�B�Q�U�F�S �X�B�T �E�P�O�F �J�O �D�P�M�M�B�C�P�S�B�U�J�P�O �X�J�U�I �#�P�H�E�B�O �1�B���D�B� �B�O�E �X�B�T �T�V�Q�Q�P�S�U�F�E

�C�Z �U�I�F �"�M�U�F�S�B �&�V�S�P�Q�F�B�O �5�F�D�I�O�P�M�P�H�Z �$�F�O�U�S�F �	�O�P�X �Q�B�S�U �P�G �*�O�U�F�M �1�S�P�H�S�B�N�N�B�C�M�F �4�P�M�V�U�J�P�O�T �(�S�P�V�Q

�	�1�4�(�
� �T�J�O�D�F �U�I�F �B�D�R�V�J�T�J�U�J�P�O �P�G �"�M�U�F�S�B �J�O �z�‚�y�~�
��

�5�I�J�T �D�I�B�Q�U�F�S �B�O�B�M�Z�[�F�T� �B�T �X�F�M�M� �T�P�N�F �P�G �U�I�F �B�W�B�J�M�B�C�M�F �U�F�D�I�O�J�R�V�F�T �G�P�S �D�P�N�Q�V�U�J�O�H �T�J�O�H�M�F���J�O�Q�V�U �G�V�O�D��

�U�J�P�O�T�� �5�I�F�T�F �G�V�O�D�U�J�P�O�T �B�S�F �U�I�F �S�F�D�J�Q�S�P�D�B�M �	�B�M�T�P �D�P�N�N�P�O�M�Z �S�F�G�F�S�S�F�E �U�P �B�T �U�I�F �N�V�M�U�J�Q�M�J�D�B�U�J�W�F �J�O�W�F�S�T�F�

�E�F�O�P�U�F�E �J�O �U�I�F �G�P�M�M�P�X�J�O�H �B�T�U�H�F�L�S���
� �U�I�F �T�R�V�B�S�F �S�P�P�U �	�V�T�U�W�
 �B�O�E �U�I�F �S�F�D�J�Q�S�P�D�B�M �T�R�V�B�S�F �S�P�P�U �	�U�V�T�U�W�
�� �5�I�F

�U�I�S�F�F �G�V�O�D�U�J�P�O�T �B�S�F �T�U�V�E�J�F�E �B�T �U�I�F�Z �T�I�B�S�F �N�B�O�Z �D�I�B�S�B�D�U�F�S�J�T�U�J�D�T �J�O �D�P�N�N�P�O� �B�O�E �T�J�N�J�M�B�S �U�F�D�I�O�J�R�V�F�T

�D�B�O �C�F �B�Q�Q�M�J�F�E �G�P�S �U�I�F�J�S �D�P�N�Q�V�U�B�U�J�P�O�� �5�I�F�T�F �G�V�O�D�U�J�P�O�T �B�S�F �D�S�J�U�J�D�B�M �J�O �N�B�O�Z �E�P�N�B�J�O�T� �S�B�O�H�J�O�H �G�S�P�N
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�P�G �U�I�F �T�U�P�S�B�H�F �F�M�F�N�F�O�U�T� �X�I�J�D�I �J�T �y�‚���y�z �C�J�U�T�� �5�I�F �D�P�S�S�F�D�U�M�Z �S�P�V�O�E�F�E �S�F�T�V�M�U�T �D�B�O �C�F �T�U�P�S�F�E �E�J�S�F�D�U�M�Z �J�O

�U�I�F �U�B�C�M�F�T� �I�B�W�J�O�H �C�F�F�O �Q�S�F�W�J�P�V�T�M�Z �D�P�N�Q�V�U�F�E �V�T�J�O�H �N�V�M�U�J�Q�M�F �Q�S�F�D�J�T�J�P�O �T�P�G�t�X�B�S�F�� �"�O�P�U�I�F�S �Q�P�T�J�U�J�W�F

�B�T�Q�F�D�U �P�G �U�I�J�T �B�Q�Q�S�P�B�D�I �J�T �U�I�B�U �V�O�E�F�S�o�s�P�X �B�O�E �P�W�F�S�o�s�P�X �M�P�H�J�D �D�B�O �C�F �J�O�U�F�H�S�B�U�F�E �B�U �O�P �F�Y�U�S�B �D�P�T�U�� �0�O�F

�N�B�J�O �E�S�B�X�C�B�D�L �P�G �U�B�C�V�M�B�U�J�P�O �J�T �U�I�F �T�J�[�F �P�G �U�I�F �U�B�C�M�F �J�O�D�S�F�B�T�F�T �F�Y�Q�P�O�F�O�U�J�B�M�M�Z �X�J�U�I �U�I�F �T�J�[�F �P�G �U�I�F �J�O�Q�V�U�

�P�O�D�F �U�I�F �y�‚���y�z �C�J�U �S�B�O�H�F �J�T �T�V�S�Q�B�T�T�F�E��

�4�F�W�F�S�B�M �N�F�U�I�P�E�T �U�S�Z �U�P �P�W�F�S�D�P�N�F �U�I�J�T �M�J�N�J�U�B�U�J�P�O �P�G �U�B�C�V�M�B�U�J�P�O���C�B�T�F�E �N�F�U�I�P�E�T� �X�J�U�I �B�T �M�J�U�U�M�F �F�Y�U�S�B

�S�F�T�P�V�S�D�F�T �B�T �Q�P�T�T�J�C�M�F�� �"�N�P�O�H �U�I�F�N �B�S�F �U�I�F �"�5�" �N�F�U�I�P�E �<�y�{�}�>� �U�I�F �J�"�5�" �N�F�U�I�P�E �<�•�€�>� �U�I�F �C�J�Q�B�S�U�J�U�F

�N�F�U�I�P�E �<�{�y�>� �U�I�F �4�#�5�. �N�F�U�I�P�E �<�y�‚�•�>� �4�5�"�. �N�F�U�I�P�E �<�y�y�}�> �B�O�E �U�I�F �H�F�O�F�S�B�M�J�[�F�E �N�V�M�U�J�Q�B�S�U�J�U�F �N�F�U�I��

�P�E�T �<�•�y�>�<�{�•�>�<�}�|�>�� �5�I�F �F�Y�U�S�B �M�P�H�J�D �J�T �V�T�V�B�M�M�Z �D�P�N�Q�P�T�F�E �P�G �B�E�E�J�U�J�P�O�T �B�O�E �C�J�U�X�J�T�F �P�Q�F�S�B�U�J�P�O�T�� �.�P�S�F

�E�F�U�B�J�M�T �P�O �U�I�J�T �D�B�U�F�H�P�S�Z �P�G �B�Q�Q�S�P�B�D�I�F�T �B�S�F �Q�S�P�W�J�E�F�E �J�O �4�F�D�U�J�P�O �y�y���|��

�3�F�M�Z�J�O�H �T�P�M�F�M�Z �P�O �U�B�C�V�M�B�U�J�P�O���C�B�T�F�E �N�F�U�I�P�E�T �F�W�F�O�U�V�B�M�M�Z �C�F�D�P�N�F�T �J�N�Q�S�B�D�U�J�D�B�M� �B�T �U�I�F �J�O�Q�V�U �Q�S�F�D�J��
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�T�J�P�O�J�O�D�S�F�B�T�F�T���3�R�O�\�Q�R�P�L�D�O �D�S�S�U�R�[�L�P�D�W�L�R�Q���E�D�V�H�G �P�H�W�K�R�G�V�Q�S�P�W�F �U�P �T�D�B�M�F �C�F�U�U�F�S�� �5�I�F �Q�P�M�Z�O�P�N�J�B�M �J�U�T�F�M�G

�D�B�O �C�F �P�C�U�B�J�O�F�E �J�O �T�F�W�F�S�B�M �X�B�Z�T� �B�N�P�O�H�T�U �X�I�J�D�I �W�B�S�J�B�U�J�P�O�T �P�O �U�I�F�7�D�\�O�R�U �V�H�U�L	x�P�S�J�H�Q�H�U�L�F �S�R�O�\�Q�R�P�L�D�O

�D�S�S�U�R�[�L�P�D�W�L�R�Q�	�N�J�O�J�N�B�Y �Q�P�M�Z�O�P�N�J�B�M�T� �G�P�S �F�Y�B�N�Q�M�F�
�� �'�P�S �T�N�B�M�M�F�S �C�J�U�X�J�E�U�I�T� �T�P�N�F �S�F�M�F�W�B�O�U �N�F�U�I�P�E�T

�V�T�J�O�H �U�I�F �G�P�S�N�F�S �B�Q�Q�S�P�B�D�I �J�O�D�M�V�E�F �<�y�y�•�>�<�}�•�>�� �5�I�F�T�F �B�S�F �U�S�F�B�U�F�E �J�O �N�P�S�F �E�F�U�B�J�M �J�O �4�F�D�U�J�P�O �y�y���}�� �'�P�S

�M�B�S�H�F�S �C�J�U�X�J�E�U�I�T� �B �S�F�M�F�W�B�O�U �F�Y�B�N�Q�M�F �N�F�U�I�P�E �J�T �U�I�F �P�O�F �Q�S�F�T�F�O�U�F�E �J�O �<�|�y�>�� �5�I�J�T �B�O�E �P�U�I�F�S �N�F�U�I�P�E�T

�U�B�S�H�F�U�J�O�H �M�B�S�H�F�S �C�J�U�X�J�E�U�I�T �B�S�F �U�S�F�B�U�F�E �J�O �4�F�D�U�J�P�O �y�y���~��

�"�T �B�O �B�M�U�F�S�O�B�U�J�W�F �U�P �Q�P�M�Z�O�P�N�J�B�M �B�Q�Q�S�P�Y�J�N�B�U�J�P�O��L�W�H�U�D�W�L�Y�H �P�H�W�K�R�G�V�B�S�F �B�O �P�Q�U�J�P�O �U�P �D�P�O�T�J�E�F�S �G�P�S

�U�B�S�H�F�U�J�O�H �M�B�S�H�F �Q�S�F�D�J�T�J�P�O�T�� �5�I�F�1�H�Z�W�R�Q���5�D�S�K�V�R�Q �P�H�W�K�R�G�J�T �Q�S�P�C�B�C�M�Z �U�I�F �N�P�T�U �Q�P�Q�V�M�B�S �J�O �U�I�J�T �D�M�B�T�T� �B

�[�F�S�P �n�b�O�E�J�O�H �N�F�U�I�P�E �U�I�B�U �E�P�V�C�M�F�T �U�I�F �Q�S�F�D�J�T�J�P�O �P�G �U�I�F �J�O�J�U�J�B�M �B�Q�Q�S�P�Y�J�N�B�U�J�P�O �B�U �F�B�D�I �J�U�F�S�B�U�J�P�O�� �0�C�U�B�J�O��

�J�O�H �M�B�S�H�F�S �H�B�J�O�T �Q�F�S �J�U�F�S�B�U�J�P�O �J�T �Q�P�T�T�J�C�M�F �V�T�J�O�H �I�J�H�I�F�S �P�S�E�F�S �N�F�U�I�P�E�T���+�D�O�O�H�\���V �P�H�W�K�R�G�J�T �U�I�F �O�F�Y�U �J�O

�U�I�F �T�F�S�J�F�T� �B�G�t�F�S �/�F�X�U�P�O� �T �N�F�U�I�P�E� �X�I�J�D�I �I�B�T �B �U�X�P���G�P�M�E �J�O�D�S�F�B�T�F �J�O �Q�S�F�D�J�T�J�P�O �Q�F�S �J�U�F�S�B�U�J�P�O�� �.�P�S�F �H�F�O��

�F�S�B�M�M�Z�n���G�P�M�E �N�F�U�I�P�E�T �F�Y�J�T�U� �L�O�P�X�O �B�T �U�I�F�+�R�X�V�H�K�R�O�G�H�U �P�H�W�K�R�G�V�<�y�•�>�� �*�U�F�S�B�U�J�W�F �N�F�U�I�P�E�T �B�S�F �E�J�T�D�V�T�T�F�E

�J�O �4�F�D�U�J�P�O �y�y���~��

�'�J�H�V�S�F �y�y���y �P�O �Q�B�H�F �y�~�• �B�M�T�P �Q�S�F�T�F�O�U�T �B �S�P�V�H�I �F�T�U�J�N�B�U�J�P�O �P�O �X�I�J�D�I �N�F�U�I�P�E �U�P �B�Q�Q�M�Z� �B�D�D�P�S�E�J�O�H �U�P

�U�I�F �C�J�U�X�J�E�U�I��
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�5�I�F �N�V�M�U�J�Q�B�S�U�J�U�F �N�F�U�I�P�E�T �B�S�F �N�V�M�U�J�Q�M�J�F�S�M�F�T�T �U�F�D�I�O�J�R�V�F�T �G�P�S �U�I�F �F�W�B�M�V�B�U�J�P�O �P�G �G�V�O�D�U�J�P�O�T�� �5�I�F �C�B�T�J�D

�Q�S�J�O�D�J�Q�M�F �J�T �U�P �D�S�F�B�U�F �B�O�E �B�Q�Q�S�P�Y�J�N�B�U�J�P�O �P�G �B �G�V�O�D�U�J�P�Of �V�T�J�O�H �B �T�F�U �P�G �B�m�n�b�O�F �T�F�H�N�F�O�U�T�� �&�B�D�I �P�G �U�I�F

�T�F�H�N�F�O�U�T �S�F�Q�S�F�T�F�O�U�T �U�I�F �B�Q�Q�S�P�Y�J�N�B�U�J�P�O �P�Gf �P�O �B �D�P�S�S�F�T�Q�P�O�E�J�O�H �T�F�H�N�F�O�U �P�G �U�I�F �J�O�Q�V�U �E�P�N�B�J�O�� �5�I�F

�P�S�J�H�J�O�B�M�E�L�S�D�U�W�L�W�H �P�H�W�K�R�G�J�T �C�B�T�F�E �P�O �B �E�F�H�S�F�F �y �Q�P�M�Z�O�P�N�J�B�M �V�T�J�O�H �U�I�F �n�b�S�T�U �U�X�P �U�F�S�N�T �P�G �U�I�F �5�B�Z�M�P�S

�T�F�S�J�F�T�� �F�W�B�M�V�B�U�F�E �B�U �B �H�J�W�F�O �Q�P�J�O�UA �U�I�J�T �S�F�T�V�M�U�T �J�O��

f (x) u f (A)+ f 0(A) � (x � A) �	�y�y���z�


�*�O �P�S�E�F�S �U�P �T�J�N�Q�M�J�G�Z �U�I�F �B�E�E�S�F�T�T�J�O�H �P�G �U�I�F �U�B�C�M�F�T� �U�I�F �J�O�Q�V�U �J�T �T�Q�M�J�U �J�O�U�P �B �Q�P�X�F�S �P�G �z �O�V�N�C�F�S �P�G �T�F�H��

�N�F�O�U�T���T�V�C�J�O�U�F�S�W�B�M�T�� �5�I�F �Q�P�J�O�UA �J�T �T�F�M�F�D�U�F�E �B�T �B�O �F�B�T�Z �U�P �D�P�N�Q�V�U�F �Q�P�J�O�U �J�O�T�J�E�F �F�B�D�I �P�G �U�I�F �J�O�U�F�S�W�B�M�T��

�5�I�F �T�J�N�Q�M�F�T�U �J�T �U�P �D�I�P�P�T�FA �B�T �U�I�F �U�P�Qk �C�J�U�T �P�G �U�I�F �J�O�Q�V�Ux�� �)�P�X�F�W�F�S� �B �C�F�U�U�F�S �C�B�M�B�O�D�F�E �B�Q�Q�S�P�Y�J�N�B��

�U�J�P�O �D�B�O �C�F �P�C�U�B�J�O�F�E �C�Z �D�I�P�P�T�J�O�HA �B�T �U�I�F �N�J�E�E�M�F �P�G �F�B�D�I �P�G �U�I�F �T�V�C�J�O�U�F�S�W�B�M�T��

�*�O �P�S�E�F�S �U�P �B�W�P�J�E �U�I�F �O�F�F�E �G�P�S �B �N�V�M�U�J�Q�M�J�D�B�U�J�P�O �J�O �U�I�F �T�F�D�P�O�E �U�F�S�N �J�O �&�R�V�B�U�J�P�O �y�y���z� �B �D�P�B�S�T�F�S �B�Q��

�Q�S�P�Y�J�N�B�U�J�P�O �J�T �V�T�F�E �G�P�S �U�I�F �E�F�S�J�W�B�U�J�W�F�� �5�I�F �S�F�N�B�J�O�J�O�H �C�J�U�T �P�Gx �B�S�F �E�F�O�P�U�F�E �B�TB = x � A�� �*�O�T�U�F�B�E

�P�G �T�U�P�S�J�O�H �U�I�F �T�M�P�Q�F �G�P�S �F�B�D�I �T�V�C�J�O�U�F�S�W�B�M� �P�O�F �T�M�P�Q�Ff 0(A) u f 0(C) �J�T �T�I�B�S�F�E �G�P�S �B �T�F�U �H�S�P�V�Q �P�G �T�V�C�J�O��

�U�F�S�W�B�M�T��C �J�T �D�I�P�T�F�O �B�T �T�P�N�F �P�G �U�I�F �N�P�T�U �T�J�H�O�J�n�b�D�B�O�U �C�J�U�T �P�GA�� �5�I�F�S�F�G�P�S�F� �U�I�F �T�F�D�P�O�E �U�F�S�N �D�B�O �C�F �D�P�N��

�Q�V�U�F�E �X�J�U�I�P�V�U �S�F�R�V�J�S�J�O�H �N�V�M�U�J�Q�M�J�D�B�U�J�P�O�T� �C�Z �U�B�C�V�M�B�U�J�P�O �V�T�J�O�HB �B�O�EC�� �"�O �J�M�M�V�T�U�S�B�U�J�P�O �P�G �U�I�F �N�F�U�I�P�E
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�J�T �Q�S�F�T�F�O�U�F�E �J�O �'�J�H�V�S�F �y�y���{��

�5�I�F �T�J�[�F �P�G �U�I�F �U�B�C�M�F �T�U�P�S�J�O�H �U�I�F �T�F�D�P�O�E �U�F�S�N �J�O �&�R�V�B�U�J�P�O �y�y���z �D�B�O �C�F �D�V�U �J�O �I�B�M�G �C�Z �U�B�L�J�O�H �B�E�W�B�O��

�U�B�H�F �P�G �T�Z�N�N�F�U�S�Z�� �5�I�F �N�F�U�I�P�E �D�B�O �C�F �G�V�S�U�I�F�S �J�N�Q�S�P�W�F�E� �B�T �E�F�T�D�S�J�C�F�E �J�O �<�y�y�}�> �B�O�E �<�{�•�>� �X�I�F�S�F �C�F�U�U�F�S

�Q�P�M�Z�O�P�N�J�B�M �B�Q�Q�S�P�Y�J�N�B�U�J�P�O�T �B�S�F �B�D�I�J�F�W�F�E�� �5�I�F �N�V�M�U�J�Q�B�S�U�J�U�F �N�F�U�I�P�E �J�T �B �H�F�O�F�S�B�M�J�[�B�U�J�P�O �P�G �U�I�F �C�J�Q�B�S��

�U�J�U�F �N�F�U�I�P�E �<�{�•�>�� �5�I�F �J�E�F�B �J�T �U�P �P�W�F�S�D�P�N�F �U�I�F �F�Y�Q�P�O�F�O�U�J�B�M �H�S�P�X�U�I �P�G �U�I�F �U�X�P �U�B�C�M�F�T �C�Z �T�Q�M�J�U�U�J�O�H �U�I�F

�J�O�Q�V�U �J�O�U�P �T�F�W�F�S�B�M �Q�B�S�U�T� �O�P�U �K�V�T�U �U�I�F �U�I�S�F�F �B�T �J�O �U�I�F �C�J�Q�B�S�U�J�U�F �N�F�U�I�P�E��
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�5�I�F �N�V�M�U�J�Q�B�S�U�J�U�F �N�F�U�I�P�E�T �I�B�W�F �D�P�O�W�F�S�H�F�O�D�F �E�P�N�B�J�O�T �U�I�B�U �B�S�F �D�M�P�T�F �U�P �U�I�F[1;2) �S�B�O�H�F� �G�P�S �U�I�F �U�I�S�F�F

�G�V�O�D�U�J�P�O�T �D�P�O�T�J�E�F�S�F�E �J�O �$�I�B�Q�U�F�S �y�y�� �*�O �H�F�O�F�S�B�M� �U�I�F �R�V�B�M�J�U�Z �P�G �U�I�F �B�Q�Q�S�P�Y�J�N�B�U�J�P�O �Q�S�P�W�J�E�F�E �C�Z �U�I�F

�N�V�M�U�J�Q�B�S�U�J�U�F �N�F�U�I�P�E�T �E�F�D�S�F�B�T�F�T �B�T �U�I�F �E�F�S�J�W�B�U�J�W�F �J�O�D�S�F�B�T�F�T�� �"�Q�Q�M�Z�J�O�H �U�I�F�T�F �N�F�U�I�P�E�T �P�V�U�T�J�E�F �U�I�J�T �S�B�O�H�F

�S�F�R�V�J�S�F�T �U�I�F �D�M�B�T�T�J�D�B�M �S�B�O�H�F �S�F�E�V�D�U�J�P�O �B�O�E �S�F�T�U�P�S�B�U�J�P�O �Q�I�B�T�F�T �P�G �4�F�D�U�J�P�O �y�y���z�� �)�P�X�F�W�F�S� �U�I�J�T �D�P�N�F�T �B�U

�B �D�P�T�U� �B�T �M�F�B�E�J�O�H �[�F�S�P���P�O�F �D�P�V�O�U�F�S�T �B�O�E �C�B�S�S�F�M �T�I�J�G�t�F�S�T �B�S�F �S�F�R�V�J�S�F�E �G�P�S �U�I�F �O�P�S�N�B�M�J�[�B�U�J�P�O� �B�O�E �C�B�S�S�F�M

�T�I�J�G�t�F�S�T �B�O�E �D�P�O�T�U�B�O�U �N�V�M�U�J�Q�M�J�F�S�T �	�G�P�S �T�R�S�U �B�O�E �S�T�R�S�U�
 �B�S�F �S�F�R�V�J�S�F�E �G�P�S �U�I�F �S�F�D�P�O�T�U�S�V�D�U�J�P�O �Q�I�B�T�F��

�5�I�F�S�F�G�P�S�F� �J�U �J�T �J�O�U�F�S�F�T�U�J�O�H �U�P �D�P�O�T�J�E�F�S �B�M�U�F�S�O�B�U�J�W�F �N�F�U�I�P�E�T �U�I�B�U �E�P �O�P�U �S�F�R�V�J�S�F �U�I�B�U �U�I�F �J�O�Q�V�U �C�F

�C�P�V�O�E�F�E �U�P �U�I�F[1;2)� �B�O�E �B�T �T�V�D�I �E�P �O�P�U �S�F�R�V�J�S�F �S�B�O�H�F���S�F�E�V�D�U�J�P�O �B�O�E �S�F�D�P�O�T�U�S�V�D�U�J�P�O �T�U�B�H�F�T�� �5�I�J�T

�T�F�D�U�J�P�O �Q�S�P�Q�P�T�F�T �T�V�D�I �B �C�J�Q�B�S�U�J�U�F���J�O�T�Q�J�S�F�E �N�F�U�I�P�E �B�O�E �B�O�B�M�Z�[�F�T �U�I�F �D�P�N�Q�S�P�N�J�T�F�T �U�I�B�U �J�U �J�N�Q�P�T�F�T� �B�T

�X�F�M�M �B�T �U�I�F �Q�P�U�F�O�U�J�B�M �H�B�J�O�T �J�U �C�S�J�O�H�T �P�O �B �S�B�O�H�F �P�G �J�O�Q�V�U �n�b�Y�F�E���Q�P�J�O�U �G�P�S�N�B�U�T�� �5�I�F �N�F�U�I�P�E �I�B�T �U�X�P

�T�U�B�H�F�T�� �B �n�b�S�T�U �S�F�n�b�O�F�N�F�O�U �T�U�B�H�F� �X�I�J�D�I �J�N�Q�S�P�W�F�T �U�I�F �B�D�D�V�S�B�D�Z �P�G �U�I�F �T�M�P�Q�F �G�P�S �J�O�Q�V�U �S�B�O�H�F�T �U�I�B�U �B�S�F
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�D�M�P�T�F �U�P �U�I�F �E�J�W�F�S�H�F�O�D�F �E�P�N�B�J�O �	�G�P�S �F�Y�B�N�Q�M�F� �G�P�S �U�I�F �S�F�D�J�Q�� �G�V�O�D�U�J�P�O� �U�I�F �T�V�C�J�O�U�F�S�W�B�M�T �D�M�P�T�F �U�P �[�F�S�P�
��

�*�O �U�I�F �T�F�D�P�O�E �T�U�B�H�F� �G�P�S �U�I�F �Q�B�S�U�T �P�G �U�I�F �E�P�N�B�J�O �G�P�S �X�I�J�D�I �U�I�F �N�F�U�I�P�E �D�B�O�O�P�U �T�B�U�J�T�G�Z �U�I�F �B�D�D�V�S�B�D�Z

�D�P�O�T�U�S�B�J�O�U� �E�F�E�J�D�B�U�F�E �D�J�S�D�V�J�U�S�Z �J�T �C�V�J�M�U �U�P �I�B�O�E�M�F �U�I�F�T�F �D�B�T�F�T �T�F�Q�B�S�B�U�F�M�Z�� �5�I�F �B�S�D�I�J�U�F�D�U�V�S�F �Q�B�S�B�N�F�U�F�S�T

�B�S�F �E�F�Q�F�O�E�F�O�U �P�O �B �W�B�S�J�F�U�Z �P�G �G�B�D�U�P�S�T� �U�I�F�S�F�G�P�S�F �U�I�F�T�F �E�F�D�J�T�J�P�O�T �B�S�F �B�V�U�P�N�B�U�F�E �J�O�T�J�E�F �U�I�F �D�P�S�F �H�F�O�F�S�B��

�U�P�S��

�5�I�F �Q�S�P�Q�P�T�F�E �B�S�D�I�J�U�F�D�U�V�S�F �J�T �B�M�T�P �C�B�T�F�E �B�S�P�V�O�E �B �E�F�H�S�F�F �y �Q�P�M�Z�O�P�N�J�B�M� �G�P�S �N�P�T�U �P�G �U�I�F �J�O�Q�V�U �S�B�O�H�F��

�5�I�F �D�P�F�m�n�b�D�J�F�O�U �B�S�F �P�C�U�B�J�O�F�E �V�T�J�O�H �U�F�D�I�O�J�R�V�F�T �B�O�E �P�Q�U�J�N�J�[�B�U�J�P�O�T �T�J�N�J�M�B�S �U�P �U�I�P�T�F �E�F�T�D�S�J�C�F�E �J�O �<�{�•�>��

�'�P�S �J�O�Q�V�U �S�B�O�H�F �X�I�F�S�F �U�I�F �N�F�U�I�P�E �F�S�S�P�S �F�Y�D�F�F�E�T �U�I�F �N�B�Y�J�N�V�N �B�M�M�P�X�B�C�M�F �P�O�F� �B �U�B�C�V�M�B�U�J�P�O �U�F�D�I�O�J�R�V�F

�J�T �V�T�F�E�� �5�I�F �B�D�D�V�S�B�D�Z �P�G �U�I�F �V�T�F�E �Q�P�M�Z�O�P�N�J�B�M�T �D�B�O �C�F �J�N�Q�S�P�W�F�E �C�Z �Q�F�S�G�P�S�N�J�O�H �B �U�X�P �E�J�N�F�O�T�J�P�O�B�M

�T�Q�B�D�F �F�Y�Q�M�P�S�B�U�J�P�O� �M�P�P�L�J�O�H �G�P�S �U�I�F �T�F�H�N�F�O�U �U�I�B�U �N�J�O�J�N�J�[�F�T �U�I�F �P�W�F�S�B�M�M �F�S�S�P�S�� �5�I�J�T �D�P�V�M�E �C�F �W�J�T�V�B�M�J�[�F�E

�B�T �T�N�B�M�M �B�E�K�V�T�U�N�F�O�U�T �U�I�B�U �B�S�F �N�B�E�F �U�Pf (A) �B�O�Ef 0(A)��

�" �C�F�U�U�F�S �B�Q�Q�S�P�Y�J�N�B�U�J�P�O �S�F�T�V�M�U�T �J�O �B �T�N�B�M�M�F�S �F�S�S�P�S �B�O�E �U�I�F�S�F�G�P�S�F �M�F�T�T �Q�P�J�O�U�T �G�P�S �X�I�J�D�I �U�I�F �G�V�O�D�U�J�P�O

�O�F�F�E�T �U�P �C�F �U�B�C�V�M�B�U�F�E�� �5�I�F �F�N�C�F�E�E�F�E �N�F�N�P�S�Z �C�M�P�D�L�T �P�O �'�1�(�"�T �B�S�F �N�P�O�P�M�J�U�I�J�D�� �5�I�V�T� �M�P�X�F�S�J�O�H �U�I�F

�O�V�N�C�F�S �P�G �Q�P�J�O�U�T �G�P�S �X�I�J�D�I �U�B�C�V�M�B�U�J�P�O �J�T �O�F�F�E�F�E �D�B�O �S�F�E�V�D�F �U�I�F �U�P�U�B�M �N�F�N�P�S�Z �C�M�P�D�L�T �V�T�F�E �C�Z �I�B�M�G��

�'�P�S �U�I�F �S�F�D�J�Q�� �B�O�E �S�T�R�S�U �G�V�O�D�U�J�P�O�T� �G�P�S �N�B�O�Z �P�G �U�I�F �J�O�Q�V�U �W�B�M�V�F�T �U�I�F �G�V�O�D�U�J�P�O �P�V�U�Q�V�U �J�T �M�B�S�H�F�S

�U�I�B�O �U�I�F �N�B�Y�J�N�V�N �S�F�Q�S�F�T�F�O�U�B�C�M�F �W�B�M�V�F �P�O �U�I�F �P�V�U�Q�V�U �G�P�S�N�B�U�� �*�O �U�I�F�T�F �D�B�T�F�T� �U�I�F �P�V�U�Q�V�U �J�T �T�B�U�V�S�B�U�F�E��

�5�I�F�S�F �B�S�F �B�M�T�P �D�B�T�F�T �X�I�F�S�F �U�I�F �W�B�M�V�F �D�P�N�Q�V�U�F�E �C�Z �U�I�F �B�S�D�I�J�U�F�D�U�V�S�F �Q�S�P�E�V�D�F�T �B�O �F�S�S�P�S �M�B�S�H�F�S �U�I�B�O �U�I�F

�N�B�Y�J�N�V�N �B�M�M�P�X�F�E �F�S�S�P�S�� �5�I�F �D�I�P�T�F�O �B�Q�Q�S�P�B�D�I �G�P�S �U�I�F�T�F �T�J�U�V�B�U�J�P�O�T �J�T �U�P �V�T�F �U�B�C�V�M�B�U�J�P�O�� �"�O �J�M�M�V�T�U�S�B��

�U�J�P�O �P�G �U�I�F �P�W�F�S�o�s�P�X �B�S�D�I�J�U�F�D�U�V�S�F �J�T �Q�S�F�T�F�O�U�F�E �J�O �'�J�H�V�S�F �y�y���|�� �*�U �D�B�O �C�F �D�P�N�Q�P�T�F�E �C�Z �B �T�J�O�H�M�F �U�B�C�M�F� �P�S
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�D�P�N�Q�S�J�T�F�E�P�V�U �P�G �B �C�B�T�F �B�O�E �B�O �P�m�G�T�F�U� �J�O �B �T�J�N�J�M�B�S �X�B�Z �U�P �U�I�F �T�P�M�V�U�J�P�O �Q�S�P�Q�P�T�F�E �J�O �<�}�|�>� �X�I�J�D�I �B�M�M�P�X�T

�G�P�S �U�I�F �D�P�N�Q�S�F�T�T�J�P�O �P�G �U�I�F �U�B�C�M�F��

�" �T�N�B�M�M �P�Q�U�J�N�J�[�B�U�J�P�O �D�B�O �C�F �Q�F�S�G�P�S�N�F�E �J�O �D�B�T�F�T �X�I�F�S�F �U�I�F �U�P�U�B�M �O�V�N�C�F�S �P�G �Q�P�J�O�U�T �J�O �U�I�F �T�B�U�V�S�B��

�U�J�P�O �B�O�E �U�I�F �J�O�T�V�m�n�b�D�J�F�O�U�M�Z �Q�S�F�D�J�T�F �S�B�O�H�F�T �J�T �M�P�X�F�S �U�I�B�O �U�I�F �O�V�N�C�F�S �P�G �D�F�M�M�T �J�O �U�I�F �N�F�N�P�S�Z �C�M�P�D�L �V�T�F�E
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�5�I�F �M�B�T�U �M�J�O�F �P�G �5�B�C�M�F �y�y���y �Q�S�F�T�F�O�U�T �S�F�T�V�M�U�T �G�P�S �U�I�F �C�J�Q�B�S�U�J�U�F �N�F�U�I�P�E�� �*�U �B�M�T�P �D�P�O�U�B�J�O�T �U�I�F �O�P�S�N�B�M��

�J�[�B�U�J�P�O �B�O�E �E�F�O�P�S�N�B�M�J�[�B�U�J�P�O �T�U�B�H�F�T �	�D�P�N�N�P�O �G�P�S �n�b�Y�F�E���Q�P�J�O�U �N�F�U�I�P�E�T �B�Q�Q�M�J�F�E �U�P �B �H�F�O�F�S�J�D �S�B�O�H�F�
��

�5�I�F �B�D�U�V�B�M �G�P�S�N�B�U �J�T �O�P�U �J�N�Q�P�S�U�B�O�U �	�E�V�F �U�P �U�I�F �O�F�F�E �G�P�S �U�I�F �Q�S�F�� �B�O�E �Q�P�T�U���Q�S�P�D�F�T�T�J�O�H�
� �B�O�E �U�I�F�S�F�G�P�S�F

�P�O�M�Z �P�O�F �M�J�O�F �J�T �T�I�P�X�O�� �*�U �D�B�O �C�F �P�C�T�F�S�W�F�E �U�I�B�U �J�T �I�B�T �B �M�P�O�H�F�S �M�B�U�F�O�D�Z �B�T �D�P�N�Q�B�S�F�E �U�P �U�I�F �P�Q�U�J�N�J�[�F�E

�J�N�Q�M�F�N�F�O�U�B�U�J�P�O�T �P�O �U�I�F �S�J�H�I�U �P�G �U�I�F �U�B�C�M�F�� �"�M�T�P� �U�I�F �N�F�U�I�P�E �S�F�R�V�J�S�F�T �P�O�M�Z �N�F�N�P�S�Z �C�M�P�D�L� �B�O�E �O�P

�N�V�M�U�J�Q�M�J�F�S �C�M�P�D�L�T� �C�V�U �B�M�T�P �D�P�O�T�V�N�F�T �N�P�S�F �M�P�H�J�D �S�F�T�P�V�S�D�F�T �U�I�B�O �B�M�M �U�I�F �P�U�I�F�S �Q�S�F�T�F�O�U�F�E �N�F�U�I�P�E�T�� �*�O

�U�F�S�N�T �P�G �N�F�N�P�S�Z �C�M�P�D�L�T� �U�I�F �N�F�U�I�P�E �P�O �U�I�F �M�B�T�U �M�J�O�F �Q�F�S�G�P�S�N�T �C�F�U�U�F�S �U�I�B�O �U�I�F �Q�S�P�Q�P�T�F�E �N�F�U�I�P�E �G�P�S

�U�I�F �	�y� ���y�|�
 �U�P �	�~� ���•�
 �S�B�O�H�F �P�G �G�P�S�N�B�U�T� �C�V�U �J�T �P�O �Q�B�S �P�S �X�P�S�T�F �G�P�S �U�I�F �S�F�T�U �P�G �U�I�F �G�P�S�N�B�U�T��
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�8�I�J�M�F �U�I�F �N�V�M�U�J�Q�B�S�U�J�U�F �N�F�U�I�P�E�T �I�B�W�F �U�I�F �B�E�W�B�O�U�B�H�F �P�G �S�F�M�Z�J�O�H �T�P�M�F�M�Z �P�O �U�B�C�M�F�T� �U�I�J�T �U�V�S�O�T �J�O�U�P �B �T�I�P�S�U��

�D�P�N�J�O�H �X�J�U�I �U�I�F �J�O�D�S�F�B�T�F �P�G �U�I�F �J�O�Q�V�U �C�J�U�X�J�E�U�I� �X�I�F�O �U�I�F �U�B�C�M�F �T�J�[�F�T �H�S�P�X �D�P�O�T�J�E�F�S�B�C�M�Z�� �5�I�F �N�F�U�I�P�E

�P�G �<�y�y�•�>� �B�M�T�P �C�B�T�F�E �P�O �U�I�F �5�B�Z�M�P�S �T�F�S�J�F�T� �U�S�J�F�T �U�P �F�M�J�N�J�O�B�U�F �U�I�J�T �Q�S�P�C�M�F�N� �U�S�B�E�J�O�H���P�m�G �T�U�P�S�B�H�F �S�F�R�V�J�S�F��

�N�F�O�U�T �G�P�S �K�V�T�U �P�O�F �N�V�M�U�J�Q�M�J�D�B�U�J�P�O�� �5�I�F �N�F�U�I�P�E �J�T �E�F�T�J�H�O�F�E �U�P �D�P�N�Q�V�U�F �T�Q�F�D�J�n�b�D �Q�P�X�F�S �G�V�O�D�U�J�P�O�TxP�
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�X�I�F�S�FP �J�T�P�G �U�I�F �G�P�S�NP = � 2k� �X�J�U�Ik �J�O�U�F�H�F�S�� �5�B�L�J�O�HP = � 1 �	�X�J�U�Ik = 0�
�P = 1
2 �P�SP = � 1

2

�	�X�J�U�Ik = � 1�
�U�I�F �S�F�D�J�Q��� �T�R�S�U �B�O�E �S�T�R�S�U �G�V�O�D�U�J�P�O�T �D�B�O �C�F �P�C�U�B�J�O�F�E��

1:xxx : : : : : : x xxx : : : : : : x

C0 �5�B�C�M�F
x �. �P�E�J�G�Z

�. �V�M�U�J�Q�M�Z

�3�P�V�O�E

exP

x1 x2
x=m

=w+ g
=w+ 1

=w+ g
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�5�I�F �n�b�S�T�U �U�X�P �U�F�S�N�T �P�G �U�I�F �5�B�Z�M�P�S �T�F�S�J�F�T �F�Y�Q�B�O�T�J�P�O �B�S�F �V�T�F�E�� �5�I�F �N�F�U�I�P�E �T�U�B�S�U�T �C�Z �T�Q�M�J�U�U�J�O�H �U�I�F

�J�O�Q�V�Ux �J�O�U�P �U�X�P �Q�B�S�U�Tx = x1 + x2� �X�I�J�D�I �T�B�U�J�T�G�Z1 � x1 < 2 �	�U�I�Fm�N�P�T�U �T�J�H�O�J�n�b�D�B�O�U �C�J�U�T �P�Gx�
 �B�O�E

0 � x2 < 2� m �	�U�I�F �S�F�N�B�J�O�J�O�H �M�F�B�T�U �T�J�H�O�J�n�b�D�B�O�U �C�J�U�T�
�� �5�I�F �5�B�Z�M�P�S �T�F�S�J�F�T �B�S�P�V�O�E �U�I�F �N�J�E�E�M�F �P�G �U�I�F

�J�O�U�F�S�W�B�M �E�F�n�b�O�F�E �C�Zx1 �Z�J�F�M�E�T��

xP u (x1 + 2� m�1 )P +(x 1 + 2� m�1 )P�1 � P� (x2 � 2� m� 1) �	�y�y���{�


�'�B�D�U�P�S�J�O�H �P�V�U �U�I�F �U�F�S�N(x1 + 2� m� 1)P�1 �S�F�T�V�M�U�T �J�O��

xP u (x1 + 2� m� 1)P�1 � [(x1 + 2�m � 1)+ P� (x2 � 2�m � 1)] �	�y�y���|�


�5�I�F �U�F�S�N(x1 + 2� m� 1)P�1 �J�T �E�F�O�P�U�F�E �B�TC� �J�O �L�F�F�Q�J�O�H �X�J�U�I �U�I�F �O�P�U�B�U�J�P�O�T �J�O �<�y�y�•�>� �X�I�J�M�F �U�I�F

�y�•�€



�T�F�D�P�O�E�G�B�D�U�P�S �J�O �&�R�V�B�U�J�P�O �y�y���| �J�T �E�F�O�P�U�F�Ex0= ( x1 + 2� m� 1) + P� (x2 � 2� m� 1)��

(
C = ( x1 + 2� m� 1)P

x0 = x1 + 2� m� 1 + P� (x2 � 2� m�1 )
�	�y�y���}�


C �D�B�O �C�F �P�C�U�B�J�O�F�E �U�I�S�P�V�H�I �U�B�C�V�M�B�U�J�P�O� �V�T�J�O�H �P�O�M�Z �U�I�Fm�C�J�U�T �P�Gx1 �G�P�S �B�E�E�S�F�T�T�J�O�H�� �'�P�S �U�I�F �W�B�M�V�F�T �P�GP

�U�I�B�U �D�P�S�S�F�T�Q�P�O�E �U�P �U�I�F �U�I�S�F�F �G�V�O�D�U�J�P�O�T�x0�D�B�O �C�F �P�C�U�B�J�O�F�E �U�I�S�P�V�H�I �C�J�U�X�J�T�F �N�B�O�J�Q�V�M�B�U�J�P�O�T �P�Gx1 �B�O�E

x2�� �&�R�V�B�U�J�P�O �y�y���| �D�B�O �C�F �F�W�B�M�V�B�U�F�E �B�T��

xP u C� x0 �	�y�y���~�


�B�U �U�I�F �D�P�T�U �P�G �P�O�F �B�E�E�J�U�J�P�O� �P�O�F �U�B�C�V�M�B�U�J�P�O �B�O�E �B �G�F�X �M�P�H�J�D �P�Q�F�S�B�U�J�P�O�T� �X�I�P�T�F �D�P�N�Q�M�F�Y�J�U�Z �E�F�Q�F�O�E �P�O

�U�I�F �U�B�S�H�F�U �G�V�O�D�U�J�P�O�� �'�J�H�V�S�F �y�y���~ �Q�S�F�T�F�O�U�T �U�I�F �B�S�D�I�J�U�F�D�U�V�S�F �P�G �U�I�F �D�P�S�S�F�T�Q�P�O�E�J�O�H �B�S�J�U�I�N�F�U�J�D �P�Q�F�S�B�U�P�S� �T

�J�N�Q�M�F�N�F�O�U�B�U�J�P�O��

�*�O �P�S�E�F�S �U�P �E�F�U�F�S�N�J�O�F �U�I�F �X�J�E�U�I�T �P�G �U�I�F �T�J�H�O�B�M�T �P�O �U�I�F �E�B�U�B�Q�B�U�I�T �J�O �'�J�H�V�S�F �y�y���~� �U�I�F �F�S�S�P�S�T �Q�F�S��

�G�P�S�N�F�E �n�b�S�T�U �I�B�W�F �U�P �C�F �B�O�B�M�Z�[�F�E�� �5�I�F �N�F�U�I�P�E �F�S�S�P�S �P�G �U�I�F �U�F�D�I�O�J�R�V�F �J�O �&�R�V�B�U�J�P�O �y�y���~ �J�T �E�V�F �U�P �U�I�F

�U�F�S�N�T �U�I�B�U �I�B�W�F �C�F�F�O �M�F�G�t �P�V�U �J�O �U�I�F �5�B�Z�M�P�S �T�F�S�J�F�T �F�Y�Q�B�O�T�J�P�O �B�O�E �D�B�O �C�F �S�P�V�H�I�M�Z �F�Y�Q�S�F�T�T�F�E �B�T��

emethod= P� (P� 1) � (x1 + 2� m� 1)P� 2 �
1
2

� (x2 � 2�m � 1)2 �	�y�y���•�


�5�I�J�T�S�F�T�V�M�U�T �J�O �B �C�P�V�O�E �G�P�S �U�I�F �N�F�U�I�P�E �F�S�S�P�S �P�G �B�Q�Q�S�P�Y�J�N�B�U�F�M�Z

emethodu 2� 2m� 3+ log2(jP�(P� 1)j) �	�y�y���€�


�5�I�F �N�F�U�I�P�E �F�S�S�P�S �D�B�O �C�F �S�F�E�V�D�F�E �C�Z �T�U�P�S�J�O�H �J�O �U�I�FC �U�B�C�M�F �B �D�P�S�S�F�D�U�J�P�O �U�F�S�N�� �5�I�F�S�F�G�P�S�F� �J�O �&�R�V�B��

�U�J�P�O �y�y���~C �J�T�S�F�Q�M�B�D�F�E �C�Z��

C0= C+ P� (P� 1) � xP� 3
1 � 2� 2m�4

�*�O �U�I�F �B�S�D�I�J�U�F�D�U�V�S�F �P�G �'�J�H�V�S�F �y�y���~� �U�I�F �C�M�P�D�L �M�B�C�F�M�F�E���[ �0�R�G�L�I�\���N�B�J�O�M�Z �D�P�O�T�J�T�U�T �P�G �J�O�W�F�S�U�J�O�H �U�I�F

�C�J�U�T �P�Gx2� �B�O�E �D�P�O�D�B�U�F�O�B�U�J�O�H �U�I�F�N �U�P�H�F�U�I�F�S �X�J�U�I �U�I�P�T�F �P�Gx1� �J�O �U�I�F �D�P�S�S�F�D�U �P�S�E�F�S �	�T�F�D�P�O�E �M�J�O�F �P�G

�&�R�V�B�U�J�P�O �y�y���}�
�� �5�I�J�T �J�T �U�S�V�F �G�P�S �B�M�M �U�I�F �U�I�S�F�F �G�V�O�D�U�J�P�O�T �U�B�S�H�F�U�F�E �C�Z �U�I�F �H�F�O�F�S�B�U�P�S� �U�I�F �F�Y�Q�S�F�T�T�J�P�O�T �P�Gx0

�G�P�S �U�I�F �S�F�D�J�Q��� �T�R�S�U �B�O�E �S�T�R�S�U �C�F�J�O�H��

8
><

>:

x0
recip = x1 + 2� m � x2

x0
sqrt = x1 + 2� m� 2 + 2� 1 � x2

x0
rqsrt = x1 + 2� m� 1 + 2� m�2 � 2� 1 � x2

�	�y�y���•�


�5�I�F �D�P�N�Q�V�U�B�U�J�P�O�T �B�S�F �Q�F�S�G�P�S�N�F�E �X�J�U�Ig �F�Y�U�S�B �H�V�B�S�E �C�J�U�T�� �*�O �U�F�S�N�T �P�G �J�N�Q�M�F�N�F�O�U�B�U�J�P�O� �U�I�FC0

�U�B�C�M�F �J�T �P�G �T�J�[�F2m � (w + g)���C�J�U�T� �X�I�F�S�Fw �J�T �U�I�F �J�O�Q�V�U���P�V�U�Q�V�U �X�J�E�U�I�� �5�I�F �N�V�M�U�J�Q�M�J�D�B�U�J�P�O �J�T �P�G �T�J�[�F

(w + g) � (w + g)� �B�O�E �B �U�S�V�O�D�B�U�F�E �N�V�M�U�J�Q�M�J�F�S �D�B�O �C�F �V�T�F�E �U�P �P�C�U�B�J�O �U�I�F �S�F�T�V�M�U �P�Ow+ g �C�J�U�T�� �$�P�N��

�y�•�•



1:xxx : : : : : : x xxx : : : : : : x

D �5�B�C�M�F
G �5�B�C�M�F x �. �P�E�J�G�Z

�

+

�

�3�/�%

exP

x1 x2
x

F x0

w+ g=

=w� m =w+ 1=2m+ 2

=w+ g=w+ g

=w+ g

=m

�
�-�+�<�8�' �ˆ�ˆ�W�•�V���'�$�3�2�& �3�8�&�'�8 �;�!�#�<�£�!�;�'�f�!�2�&�f�1�<�£	§�6�£�@ �1�'�;�,�3�& �!�8�$�,�-�;�'�$�;�<�8�' �(�3�8 �;�,�' �8�'�$�-�6�8�3�$�!�£ �(�<�2�$	§�3�2�W

�Q�B�S�F�E �U�P �X�I�B�U �J�T �E�F�T�D�S�J�C�F�E �J�O �<�y�y�•�>� �U�I�F �F�S�S�P�S �B�O�B�M�Z�T�J�T �S�F�W�F�B�M�T �U�I�B�U �U�I�F�S�F �J�T �B �U�S�B�E�F���P�m�G �X�I�F�O �D�I�P�P�T�J�O�H

�U�I�F �O�V�N�C�F�S �P�G �H�V�B�S�E �C�J�U�Tg�� �4�P�N�F �S�F�T�P�V�S�D�F �T�B�W�J�O�H�T �D�B�O �C�F �N�B�E�F �X�I�F�O �J�N�Q�M�F�N�F�O�U�J�O�Hx0� �C�Z �Q�F�S�G�P�S�N��

�J�O�Hx2 � 2� m�1 �B�T �B �P�O�F� �T �D�P�N�Q�M�F�N�F�O�U�� �5�I�J�T� �I�P�X�F�W�F�S �S�F�R�V�J�S�F�T �P�O�F �N�P�S�F �H�V�B�S�E �C�J�U �G�P�Sg �B�O�E �P�O�F

�N�P�S�F �C�J�U �G�P�Sm�� �5�I�F �O�F�U �H�B�J�O �J�T �O�P�U �P�C�W�J�P�V�T� �U�I�F�S�F�G�P�S�F �U�I�J�T �B�Q�Q�S�P�B�D�I �J�T �O�P�U �D�I�P�T�F�O �B�O�E �U�I�Fg �D�B�O �C�F

�T�F�U �U�P �B �W�B�M�V�F �P�G �z� �X�I�J�M�Fm�D�B�O �C�F �D�I�P�T�F�O �B�Tm= dw
2 e��

�4	Ž	Œ	˜	—	• �0	›	•	Ž	› �.	Ž	•	‘	˜	•

�5�I�F �V�T�F �P�G �P�O�M�Z �U�X�P �U�F�S�N�T �P�G �U�I�F �5�B�Z�M�P�S �T�F�S�J�F�T �F�Y�Q�B�O�T�J�P�O �J�O �U�I�F �n�b�S�T�U �P�S�E�F�S �U�B�C�V�M�B�U�F���B�O�E���N�V�M�U�J�Q�M�Z

�N�F�U�I�P�E �M�J�N�J�U�T �U�I�F �B�D�D�V�S�B�D�Z �U�I�B�U �J�U �D�B�O �B�D�I�J�F�W�F�� �5�B�L�J�O�H �J�O�U�P �D�P�O�T�J�E�F�S�B�U�J�P�O �U�I�F �D�P�O�T�U�S�B�J�O�Uemethod�

2� 2m� 3 < 2� w� �J�N�Q�M�J�F�E �U�I�B�Um � w
2 ���'�P�S �U�I�F �M�B�S�H�F�S �Q�S�F�D�J�T�J�P�O�T� �U�I�F �T�J�[�F �P�G �U�I�FC0�U�B�C�M�F �C�F�D�P�N�F�T �B

�M�J�N�J�U�J�O�H �G�B�D�U�P�S�� �5�I�F�V�H�F�R�Q�G �R�U�G�H�U �W�D�E�X�O�D�W�H���D�Q�G���P�X�O�W�L�S�O�\ �P�H�W�K�R�G�J�T �B�O �F�Y�U�F�O�T�J�P�O �P�G �U�I�F �N�F�U�I�P�E �J�O

�4�F�D�U�J�P�O �y�y���}���y� �B�O�E �U�S�J�F�T �U�P �P�W�F�S�D�P�N�F �T�P�N�F �P�G �J�U�T �T�I�P�S�U�D�P�N�J�O�H�T��

�y�€�‚



�5�I�F�N�F�U�I�P�E �N�B�L�F�T �V�T�F �P�G �U�I�F �n�b�S�T�U �U�I�S�F�F �U�F�S�N�T �P�G �U�I�F �5�B�Z�M�P�S �T�F�S�J�F�T�� �"�T �J�O �U�I�F �D�B�T�F �P�G �U�I�F �n�b�S�T�U �P�S�E�F�S

�N�F�U�I�P�E� �U�I�F �J�O�Q�V�Ux �J�T �T�Q�M�J�U �J�O�U�P �U�X�P �Q�B�S�U�Tx1 �	�U�I�F �U�P�Qm�.�4�#�T�
 �B�O�Ex2 �	�U�I�F �S�F�N�B�J�O�J�O�H �-�4�#�T�
� �X�J�U�I

1 � x1 < 2 �B�O�E0 � x2 < 2�m �� �5�I�F�S�F�G�P�S�F� �B�O �B�Q�Q�S�P�Y�J�N�B�U�J�P�O �B�S�P�V�O�E �U�I�F �Q�P�J�O�Ux = x1 + 2�m � 1

�S�F�T�V�M�U�T �J�O��

xP u( x1 + 2� m�1 )P +(x 2 � 2� m� 1) � (x1 + 2� m�1 )P� 1 � P

+
1
2

� (x2 � 2� m� 1)2 � (x1 + 2�m � 1)P� 2 � P� (P � 1) �	�y�y���y�‚�


�*�G(x1 + 2�m � 1)P� 2 �J�T�G�B�D�U�P�S�F�E �P�V�U��

xP u( x1 + 2� m� 1)P�2 � [(x1 + 2�m � 1)2

+ ( x2 � 2� m�1 ) � (x1 + 2�m � 1) � P+
1
2

� (x2 � 2� m� 1)2 � P� (P� 1)] �	�y�y���y�y�


�5�I�F �U�F�S�N�T �P�G �&�R�V�B�U�J�P�O �y�y���y�y �D�B�O �C�F �H�S�P�V�Q�F�E �J�O �B �N�P�S�F �D�P�O�W�F�O�J�F�O�U �X�B�Z� �S�F�T�V�M�U�J�O�H �J�O��

xP u( x1 + 2� m� 1)P� 2 � [(x1 + 2� m� 1)2

+ P� (x2 � 2�m � 1) � (x1 + 2� m� 1 +
1
2

� (P� 1) � (x2 � 2�m � 1))] �	�y�y���y�z�


�5�I�F �T�B�N�F �L�J�O�E �P�G �O�P�U�B�U�J�P�O�T �D�B�O �C�F �V�T�F�E �G�P�S �U�I�F �T�F�D�P�O�E �P�S�E�F�S �N�F�U�I�P�E� �B�T �J�O �&�R�V�B�U�J�P�O �y�y���~ �G�P�S �U�I�F �n�b�S�T�U

�P�S�E�F�S �N�F�U�I�P�E��

D = (x 1 + 2� m� 1)P� 2 x0= x1 + 2� m� 1 +
1
2

� (P� 1)(x2 � 2� m� 1)

G = (x 1 + 2� m� 1)2 F = x2 � 2� m� 1 �	�y�y���y�{�


�5�I�F�S�F�G�P�S�F� �&�R�V�B�U�J�P�O �y�y���y�z �D�B�O �C�F �F�W�B�M�V�B�U�F�E �B�T��

xP u D � [G+ P� F � x0] �	�y�y���y�|�


�*�O �U�F�S�N�T �P�G �U�I�F �J�N�Q�M�F�N�F�O�U�B�U�J�P�O� �U�I�F �U�F�S�N�TD �B�O�EG �D�B�O �C�F �S�F�B�E �T�J�N�V�M�U�B�O�F�P�V�T�M�Z �G�S�P�N �B �U�B�C�M�F� �J�O��

�E�F�Y�F�E �C�Zx1�� �5�I�F �U�F�S�NF �D�B�O �C�F �P�C�U�B�J�O�F�E �U�I�S�P�V�H�I �C�J�U �N�B�O�J�Q�V�M�B�U�J�P�O�T� �C�Z �o�s�J�Q�Q�J�O�H �U�I�F �.�4�# �P�Gx2 �B�O�E

�T�U�P�S�J�O�H �U�I�F �O�F�X �T�J�H�O �P�GF� �G�P�S �M�B�U�F�S �V�T�F�� �5�I�F �U�F�S�Nx0�D�B�O �B�M�T�P �C�F �P�C�U�B�J�O�F�E �U�I�S�P�V�H�I �C�J�U �N�B�O�J�Q�V�M�B�U�J�P�O�T

�	�B�O�E �B�O �B�E�E�J�U�J�P�O� �G�P�S �S�T�R�S�U�
��

8
><

>:

x0
recip = x1 + 2� m+ x2

x0
sqrt = x1 + 2� m�1 + 2� m� 3 � 2� 2 � x2

x0
rqsrt = x1 + 2� m � 2�m � 3 � 3� x2 � 2�2

�	�y�y���y�}�


�y�€�y



�*�O�B�E�E�J�U�J�P�O� �B �S�F�D�U�B�O�H�V�M�B�S �N�V�M�U�J�Q�M�J�D�B�U�J�P�O �J�T �B�M�T�P �S�F�R�V�J�S�F�E� �C�F�U�X�F�F�OF �B�O�Ex0�� �#�P�U�I �P�G �U�I�F �N�V�M�U�J�Q�M�J�D�B��

�U�J�P�O�T �D�B�O �C�F �U�S�V�O�D�B�U�F�E �U�P �B �T�N�B�M�M�F�S �J�O�U�F�S�N�F�E�J�B�S�Z �Q�S�F�D�J�T�J�P�O�� �"�O �J�M�M�V�T�U�S�B�U�J�P�O �P�G �B �Q�P�T�T�J�C�M�F �J�N�Q�M�F�N�F�O�U�B��

�U�J�P�O �J�T �Q�S�F�T�F�O�U�F�E �J�O �'�J�H�V�S�F �y�y���•� �G�P�S �U�I�F �S�F�D�J�Q�� �G�V�O�D�U�J�P�O �	�X�I�F�S�FP = � 1�
��

�5�I�F �N�F�U�I�P�E �F�S�S�P�Semethod�J�O�I�F�S�F�O�U �U�P �U�I�F �T�F�D�P�O�E �P�S�E�F�S �U�B�C�V�M�B�U�F �B�O�E �N�V�M�U�J�Q�M�Z �N�F�U�I�P�E �J�T �P�G �U�I�F

�P�S�E�F�S �P�G �N�B�H�O�J�U�V�E�F �P�G �U�I�F �U�F�S�N�T �X�I�J�D�I �X�F�S�F �M�F�G�t �P�V�U �P�G �U�I�F �5�B�Z�M�P�S �T�F�S�J�F�T �F�Y�Q�B�O�T�J�P�O� �B�O�E �D�B�O �C�F �F�Y��

�Q�S�F�T�T�F�E �B�T��

emethod� P� (P� 1) � (P � 2) � (x1 + 2� m� 1)P�3 �
1
6

� (x2 � 2� m� 1)3 �	�y�y���y�~�


�5�I�F�S�F�G�P�S�F� �U�I�F �N�F�U�I�P�E �F�S�S�P�S �D�B�O �C�F �C�P�V�O�E�F�E �B�Te � 2� 3m�5 + log2 jP(P� 1)(P�2 )j �	�X�J�U�IP �U�B�L�J�O�H

�U�I�F �W�B�M�V�F�T� 1�12 �B�O�E� 1
2 �G�P�S �U�I�F �S�F�D�J�Q��� �T�R�S�U �B�O�E �S�T�R�S�U �G�V�O�D�U�J�P�O�T� �S�F�T�Q�F�D�U�J�W�F�M�Z�
�� �$�P�N�Q�B�S�F�E �U�P �U�I�F �n�b�S�T�U

�P�S�E�F�S �N�F�U�I�P�E �X�I�J�D�I �Q�S�P�E�V�D�F�T �B �S�F�T�V�M�U �U�I�B�U �J�T �D�P�S�S�F�D�U �X�J�U�I�J�O �B�Q�Q�S�P�Y�J�N�B�U�F�M�Z2m�C�J�U�T� �U�I�F �T�F�D�P�O�E �P�S�E�F�S

�N�F�U�I�P�E �I�B�T �B�O �B�D�D�V�S�B�D�Z �P�G �B�Q�Q�S�P�Y�J�N�B�U�F�M�Z3m�C�J�U�T��

�5�I�F �N�V�M�U�J�Q�M�J�D�B�U�J�P�O�TF � x0�B�O�E �C�F�U�X�F�F�OD �B�O�E �U�I�F �U�F�S�N �C�F�U�X�F�F�O �T�R�V�B�S�F �C�S�B�D�L�F�U�T �D�B�O �C�F �U�S�V�O�D�B�U�F�E

�T�P �B�T �U�P �T�B�W�F �S�F�T�P�V�S�D�F�T�� �5�I�J�T �F�O�U�B�J�M�T �S�P�V�O�E�J�O�H �F�S�S�P�S�T� �X�I�J�D�I �N�F�B�O�T �U�I�B�U �B �M�B�S�H�F�S �J�O�U�F�S�N�F�E�J�B�S�Z �Q�S�F�D�J�T�J�P�O�

�V�T�J�O�Hg �F�Y�U�S�B �H�V�B�S�E �C�J�U�T� �J�T �S�F�R�V�J�S�F�E �G�P�S �U�I�F �E�B�U�B�Q�B�U�I�T��

�5�I�F �F�S�S�P�S �C�V�E�H�F�Uetotal < 2� w �	�X�I�F�S�Fw �J�T �U�I�F �P�V�U�Q�V�U �Q�S�F�D�J�T�J�P�O�
 �J�T �D�M�B�T�T�J�D�B�M�M�Z �E�J�W�J�E�F�E �B�Tetotal =

ef inalRound+ emethod+ eround�� �5�I�F �n�b�O�B�M �S�P�V�O�E�J�O�H �J�O�D�V�S�T �B�O �F�S�S�P�S �C�P�V�O�E�F�E �C�Z2� w� 1� �X�I�J�D�I �N�F�B�O�T

�U�I�B�U �U�I�F �N�F�U�I�P�E �B�O�E �U�I�F �S�P�V�O�E�J�O�H �F�S�S�P�S�T �N�V�T�U �T�B�U�J�T�G�Zemethod+ eround < 2� w� 1�� �'�J�O�E�J�O�H �B �C�P�V�O�E �P�O

emethod�E�F�U�F�S�N�J�O�F�T �U�I�F �W�B�M�V�F �P�Gm� �X�I�J�M�F �n�b�O�E�J�O�H �B �C�P�V�O�E �P�Oeround �H�J�W�F�T �U�I�F �O�V�N�C�F�S �P�G �H�V�B�S�E �C�J�U�Tg��

�&�R�V�B�U�J�P�O �y�y���y�| �D�B�O�C�F �S�F�X�S�J�U�U�F�O �T�P �B�T �U�P �S�F�o�s�F�D�U �U�I�F �T�P�V�S�D�F�T �G�P�S �U�I�F �F�S�S�P�S�T��xP u eD � [G� P� gF � x0]�

�X�I�F�S�F �U�I�F �U�J�M�E�F�E �P�Q�F�S�B�U�J�P�O�T �B�S�F �B�Q�Q�S�P�Y�J�N�B�U�J�P�O�T �P�G �U�I�F �U�S�V�F �N�B�U�I�F�N�B�U�J�D�B�M �G�V�O�D�U�J�P�O�T�� �5�I�F �N�V�M�U�J�Q�M�J��

�D�B�U�J�P�O �C�Z �U�I�F �G�B�D�U�P�SP �E�P�F�T �O�P�U �J�O�U�S�P�E�V�D�F �B�O �F�S�S�P�S� �B�T �U�I�F �D�P�O�T�U�B�O�U �J�T �B �Q�P�X�F�S �P�G �U�X�P �G�P�S �U�I�F �U�I�S�F�F

�G�V�O�D�U�J�P�O�T �D�P�O�T�J�E�F�S�F�E�� �5�I�F �U�F�S�NG �J�T �B�M�T�P �X�J�U�I�P�V�U �F�S�S�P�S� �B�T �U�I�F �T�R�V�B�S�F �D�B�O �C�F �T�U�P�S�F�E �J�O �U�I�F �U�B�C�M�F �X�J�U�I��

�P�V�U �B�O�Z �B�Q�Q�S�P�Y�J�N�B�U�J�P�O�T�� �*�O�U�S�P�E�V�D�J�O�H �O�P�U�B�U�J�P�O�T �G�P�S �U�I�F �F�S�S�P�S �U�F�S�N�T� �U�I�F �F�R�V�B�U�J�P�O �D�B�O �C�F �G�V�S�U�I�F�S �F�Y��

�Q�S�F�T�T�F�E �B�T

xP u (D+ etab) � [G� P� (F � x0+ emult)] + emult

�&�Y�Q�B�O�E�J�O�H �U�I�J�T �F�Y�Q�S�F�T�T�J�P�O �B�O�E �H�S�P�V�Q�J�O�H �U�I�F �U�F�S�N�T �H�J�W�F�T��

xP u D � [G� P� F � x0] � D � P� emult + etab � [G� P� (F � x0+ emult)] + emult

�G�S�P�N �X�I�J�D�I �U�I�F �S�P�V�O�E�J�O�H �F�S�S�P�S �D�B�O �C�F �J�E�F�O�U�J�n�b�F�E �B�T��

eround = � D � P� emult + etab � [G� P� (F � x0+ emult)] + emult

�5�B�L�J�O�H �J�O�U�P �B�D�D�P�V�O�U �U�I�F �G�B�D�U �U�I�B�U �U�I�F �G�P�S �U�I�F �U�I�S�F�F �G�V�O�D�U�J�P�O�T �T�U�V�E�J�F�E �U�I�F �D�P�S�S�F�T�Q�P�O�E�J�O�H �W�B�M�V�F�T �P�GP

�y�€�z



�B�S�F� 1�12 �B�O�E� 1
2��B�O�E �V�T�J�O�H �U�I�F �V�Q�Q�F�S �C�P�V�O�E�T �G�P�S �U�I�F �U�F�S�N�TD�G�F �B�O�Ex0� �B �C�P�V�O�E �D�B�O �C�F �G�P�V�O�E

�G�P�Seround��

eround � eround = emult � (1� P)+ etab � (1� P� emult)

�$�P�O�T�J�E�F�S�J�O�H �U�I�B�U �U�I�F �T�B�N�F �J�O�U�F�S�O�B�M �Q�S�F�D�J�T�J�P�O �J�T �S�F�R�V�J�S�F�E �G�P�S �U�I�F �U�B�C�V�M�B�U�J�P�O�T �B�O�E �G�P�S �U�I�F �U�S�V�O�D�B�U�F�E

�N�V�M�U�J�Q�M�J�D�B�U�J�P�O�T �	etab = emult = 2� w� g�
� �B�O�E �U�I�B�U � �U�I�F�O �U�I�F �O�V�N�C�F�S �P�G �F�Y�U�S�B �H�V�B�S�E �C�J�U�T �N�V�T�U �T�B�U�J�T�G�Z��

g � 2+ dlog2(2� P� P� 2� w� g)e

�5�I�J�T �S�F�N�B�J�O�T� �I�P�X�F�W�F�S� �B �Q�F�T�T�J�N�J�T�U�J�D �C�P�V�O�E �P�Og��
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�"�T �U�I�F �C�J�U�X�J�E�U�I �P�G �U�I�F �J�O�Q�V�U �J�O�D�S�F�B�T�F�T� �N�F�U�I�P�E�T �C�B�T�F�E �P�O �Q�P�M�Z�O�P�N�J�B�M �B�Q�Q�S�P�Y�J�N�B�U�J�P�O�T �S�F�R�V�J�S�F �B�O

�J�O�D�S�F�B�T�J�O�H �O�V�N�C�F�S �P�G �U�F�S�N�T �G�P�S �T�B�U�J�T�G�Z�J�O�H �U�I�F�J�S �B�D�D�V�S�B�D�Z �S�F�R�V�J�S�F�N�F�O�U�T� �B�O�E �U�I�F�S�F�G�P�S�F �B�O �J�O�D�S�F�B�T�J�O�H

�B�N�P�V�O�U �P�G �P�Q�F�S�B�U�J�P�O�T �B�O�E �S�F�T�P�V�S�D�F�T�� �5�I�F �N�F�U�I�P�E �Q�S�F�T�F�O�U�F�E �J�O �<�|�y�> �U�S�J�F�T �U�P �P�W�F�S�D�P�N�F �U�I�J�T �J�T�T�V�F �V�T�J�O�H

�B�O �B�Q�Q�S�P�B�D�I �N�B�E�F �P�V�U �P�G �U�I�S�F�F �T�U�F�Q�T��

�y�� �S�B�O�H�F �S�F�E�V�D�U�J�P�O �P�G �U�I�F �J�O�Q�V�U

�z�� �F�W�B�M�V�B�U�J�P�O �P�G �U�I�F �G�V�O�D�U�J�P�O �P�O �U�I�F �S�F�E�V�D�F�E �B�S�H�V�N�F�O�U �	�V�T�J�O�H �B �Q�P�M�Z�O�P�N�J�B�M �B�Q�Q�S�P�Y�J�N�B�U�J�P�O�


�{�� �Q�P�T�U���Q�S�P�D�F�T�T�J�O�H� �X�I�J�D�I �S�F�D�P�O�T�U�S�V�D�U�T �U�I�F �n�b�O�B�M �S�F�T�V�M�U

�5�I�F �N�B�J�O �S�F�B�T�P�O �G�P�S �U�I�F �B�S�H�V�N�F�O�U �S�F�E�V�D�U�J�P�O �J�T �U�P �S�F�O�E�F�S �U�I�F �T�F�D�P�O�E �T�U�F�Q� �U�I�F �F�W�B�M�V�B�U�J�P�O� �M�F�T�T

�D�P�T�U�M�Z�� �5�I�F �X�F�J�H�I�U �P�G �U�I�F �I�J�H�I�F�S �P�S�E�F�S �U�F�S�N�T �H�F�U�T �T�I�J�G�t�F�E �U�P�X�B�S�E�T �U�I�F �U�B�S�H�F�U �Q�S�F�D�J�T�J�P�O� �B�O�E �U�I�F�S�F�G�P�S�F

�S�F�N�P�W�F�T �U�I�F �O�F�F�E �U�P �F�W�B�M�V�B�U�F �T�P�N�F �P�G �U�I�F�N��

�5�I�F �S�B�O�H�F �S�F�E�V�D�U�J�P�O �U�B�L�F�T �U�I�F �J�O�Q�V�Ux� �X�J�U�I1 � x < 2� �B�O�E �S�F�U�V�S�O�Tx02 (� 2�k ;2� k)� �P�C�U�B�J�O�F�E

�B�Tx0 = x � x̂ � 1� �X�I�F�S�Fx̂ �D�B�O �C�F �S�F�B�E �G�S�P�N �B �U�B�C�M�F �B�O�E �J�T �Bk + 1 �C�J�U �B�Q�Q�S�P�Y�J�N�B�U�J�P�O �P�G1
x ���5�I�F̂x �J�T

�B�E�E�S�F�T�T�F�E �V�T�J�O�Hx� �T �U�P�Qk �N�P�T�U �T�J�H�O�J�n�b�D�B�O�U �C�J�U�T��

�5�I�F �F�W�B�M�V�B�U�J�P�O �T�U�F�Q �V�T�F�T �B �Q�P�M�Z�O�P�N�J�B�M �B�Q�Q�S�P�Y�J�N�B�U�J�P�O �J�O �P�S�E�F�S �U�P �F�W�B�M�V�B�U�F �U�I�F �G�V�O�D�U�J�P�Of �	�U�I�F

�S�F�D�J�Q��� �T�R�S�U �P�S �S�T�R�S�U �G�V�O�D�U�J�P�O�T�
 �B�U �U�I�F �Q�P�J�O�Ux0��

f (x0) = C0 + C1 � x0+ C2 � (x0)2 + C3 � (x0)3 + : : :

�5�I�F �D�P�F�m�n�b�D�J�F�O�U�TC0�C1�C2�C3� �*�D�B�O �C�F �P�C�U�B�J�O�F�E �G�S�P�N �U�I�F �5�B�Z�M�P�S �T�F�S�J�F�T �E�F�W�F�M�P�Q�N�F�O�U�� �'�P�S �U�I�F �F�W�B�M�V��

�B�U�J�P�O �J�U�T�F�M�G� �U�I�F �S�F�E�V�D�F�E �J�O�Q�V�Ux0�J�T �T�Q�M�J�U �G�P�V�S���X�J�T�F �J�O�U�Px0
1 � 2� k �*x0

4 � 2�4 k� �F�B�D�I �P�G �T�J�[�Fk�� �3�F�Q�M�B�D�J�O�Hx0

�y�€�{



�X�J�U�I�J�U�T �D�I�V�O�L�T �J�O �U�I�F �F�Y�Q�S�F�T�T�J�P�O �P�Gf (x0) �B�O�E �S�F�N�P�W�J�O�H �U�I�F �U�F�S�N�T �X�J�U�I �X�F�J�H�I�U�T �M�F�T�T �U�I�B�O2� 4k �S�F�T�V�M�U�T

�J�O��

f (x0) = C0 + C1 � x0+ C2 � (x0
2)2 � 2� 4k + 2C2 � x0

2 � x0
3 � 2� 5k + C3 � (x0

2)3 � 2� 6k

�5�I�F �M�B�T�U �T�U�F�Q� �U�I�F �Q�P�T�U���Q�S�P�D�F�T�T�J�O�H �S�F�R�V�J�S�F�T �U�I�F �N�V�M�U�J�Q�M�J�D�B�U�J�P�O �C�Z �B �G�B�D�U�P�S �X�I�J�D�I �D�B�O �C�F �P�C�U�B�J�O�F�E �J�O

�B �T�J�N�J�M�B�S �X�B�Z �B�Tx̂�� �'�P�S �U�I�F �S�F�D�J�Q�� �G�V�O�D�U�J�P�O� �U�I�J�T �U�F�S�N �J�Tx̂� �G�P�S �U�I�F �T�R�S�U �J�U �J�T1p
x̂
��B�O�E �n�b�O�B�M�M�Z �G�P�S �U�I�F �S�T�R�S�U

�J�U �J�T
p

x̂��

�5�I�F�S�F�J�T �P�O�F �N�B�J�O �B�E�W�B�O�U�B�H�F �U�P �U�I�J�T �N�F�U�I�P�E�� �'�P�S �U�I�F �S�B�O�H�F �P�G �J�O�Q�V�U �C�J�U�X�J�E�U�I�T �J�U �J�T �B�T�T�J�H�O�F�E �U�P

�J�O �'�J�H�V�S�F �y�y���y� �P�O �Q�B�H�F �y�~�•� �U�I�F �T�N�B�M�M �N�V�M�U�J�Q�M�J�D�B�U�J�P�O�T �B�O�E �U�B�C�M�F �n�b�U �X�F�M�M �X�J�U�I �U�I�F �S�F�T�P�V�S�D�F�T �B�W�B�J�M�B�C�M�F

�P�O �U�I�F �U�B�S�H�F�U �'�1�(�" �E�F�W�J�D�F�T�� �"�O�P�U�I�F�S �B�E�W�B�O�U�B�H�F �J�T �S�F�Q�S�F�T�F�O�U�F�E �C�Z �U�I�F �G�B�D�U �U�I�B�U �U�I�F �Q�S�F�� �B�O�E �Q�P�T�U��

�D�P�N�Q�V�U�B�U�J�P�O �Q�I�B�T�F�T �B�S�F �G�B�J�S�M�Z �T�J�N�Q�M�F��
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�5�I�F �/�F�X�U�P�O���3�B�Q�I�T�P�O �N�F�U�I�P�E �J�T �Q�S�P�C�B�C�M�Z �U�I�F �C�F�T�U �L�O�P�X�O �J�U�F�S�B�U�J�W�F �T�D�I�F�N�F�� �*�U �J�T �B �S�P�P�U���n�b�O�E�J�O�H

�N�F�U�I�P�E �B�O�E �I�B�T �R�V�B�E�S�B�U�J�D �D�P�O�W�F�S�H�F�O�D�F�� �5�I�F �N�F�U�I�P�E �J�U�T�F�M�G �D�B�O �C�F �E�F�E�V�D�F�E �T�U�B�S�U�J�O�H� �P�O�D�F �B�H�B�J�O� �G�S�P�N

�U�I�F �5�B�Z�M�P�S �T�F�S�J�F�T �F�Y�Q�B�O�T�J�P�O �B�S�P�V�O�E �B �Q�P�J�O�Uxn� �B�O�E �V�T�J�O�H �P�O�M�Z �U�X�P �U�F�S�N�T��

f (x) = f (xn)+ f 0(xn) � (x� xn)

�" �S�P�P�U �P�Gf (x) �T�B�U�J�T�n�b�F�Tf (x) = 0� �U�I�F�S�F�G�P�S�F��

f (xn) + f 0(xn) � (x� xn) � 0

�5�I�J�T �F�R�V�B�U�J�P�O �D�B�O �C�F �T�P�M�W�F�E �G�P�Sx� �S�F�T�V�M�U�J�O�H �J�O��

x � xn �
f (xn)
f 0(xn)

�5�I�J�T�D�B�O �C�F �V�T�F�E �G�P�S �U�I�F �S�F�D�V�S�S�F�O�D�F �S�F�M�B�U�J�P�O� �X�I�J�D�I �F�R�V�B�U�F�T �U�P��

xn+ 1 = xn �
f (xn)
f 0(xn)

�	�y�y���y�•�


�X�I�F�S�F�F�B�D�Ixn �J�T �U�X�J�D�F �B�T �D�M�P�T�F �U�P �U�I�F �S�P�P�U �B�T �U�I�F �P�O�F �J�O �U�I�F �Q�S�F�W�J�P�V�T �J�U�F�S�B�U�J�P�O��

�5�I�F �F�S�S�P�S �E�V�F �U�P �U�I�F �N�F�U�I�P�E �D�B�O �C�F �F�Y�Q�S�F�T�T�F�E �V�T�J�O�H �B �S�F�D�V�S�S�F�O�D�F �S�F�M�B�U�J�P�O��

en+ 1 = e2
n +

f 00(xn)
2� f 0(xn)

�	�y�y���y�€�


�X�I�J�D�I�Q�P�J�O�U�T �U�P �U�I�F �R�V�B�E�S�B�U�J�D �D�P�O�W�F�S�H�F�O�D�F �P�G �U�I�F �N�F�U�I�P�E��

�y�€�|



1:xxx : : : : : : x xxx : : : : : : x

x1
x

�*�O�J�U���"�Q�Q�S�P�Y�� �

�

�

�3�/�%

gf (x)

2

=
m

=w

=w+ g

=w+ g

=m

=w+ g

=w

�
�-�+�<�8�' �ˆ�ˆ�W�¥�V���'�>�;�3�2�f���!�6�,�9�3�2 �-�;�'�8�!	§�=�' �1�'�;�,�3�& �!�8�$�,�-�;�'�$�;�<�8�' �(�3�8 �;�,�' �8�'�$�-�6�8�3�$�!�£ �(�<�2�$	§�3�2�W

�'�P�S �U�I�F �T�B�L�F �P�G �D�M�B�S�J�U�Z� �U�I�F �E�J�T�D�V�T�T�J�P�O�T �J�O �U�I�F �S�F�T�U �P�G �U�I�F �T�F�D�U�J�P�O �B�S�F �F�Y�F�N�Q�M�J�n�b�F�E �V�T�J�O�H �U�I�F �S�F�D�J�Q�S�P��

�D�B�M �G�V�O�D�U�J�P�O�� �*�U �J�T� �I�P�X�F�W�F�S� �R�V�J�U�F �T�U�S�B�J�H�I�U���G�P�S�X�B�S�E �U�P �B�E�B�Q�U �U�I�F �T�B�N�F �Q�S�P�D�F�E�V�S�F�T �U�P �U�I�F �P�U�I�F�S �U�X�P

�G�V�O�D�U�J�P�O�T�� �5�I�F �n�b�S�T�U �T�U�F�Q �J�O �U�I�F �F�W�B�M�V�B�U�J�P�O �J�T �U�P �n�b�O�E �U�I�F �S�F�D�V�S�S�F�O�D�F �S�F�M�B�U�J�P�O�� �*�O �P�S�E�F�S �U�P �D�P�N�Q�V�U�F

�U�I�F �S�F�D�J�Q�S�P�D�B�M �P�G �B �O�V�N�C�F�Sa� �B �G�V�O�D�U�J�P�Of �X�I�J�D�I �T�B�U�J�T�n�b�F�Tf ( 1
a) = 0 �J�T �S�F�R�V�J�S�F�E�� �" �H�P�P�E �D�B�O�E�J�E�B�U�F �J�T

f (x) = 1
x � a���"�Q�Q�M�Z�J�O�H �U�I�F �S�F�D�V�S�S�F�O�D�F �S�F�M�B�U�J�P�O �J�O �&�R�V�B�U�J�P�O �y�y���y�• �U�P �U�I�F �D�B�O�E�J�E�B�U�F �G�V�O�D�U�J�P�Of �H�J�W�F�T

�U�I�F �G�P�M�M�P�X�J�O�H �J�U�F�S�B�U�J�P�O��

xn+1 = xn � (2 � a� xn) �	�y�y���y�•�


�&�R�V�B�U�J�P�O �y�y���y�• �D�B�O �C�F �V�T�F�E �G�P�S �J�N�Q�M�F�N�F�O�U�J�O�H �U�I�F �B�S�D�I�J�U�F�D�U�V�S�F �U�I�B�U �F�W�B�M�V�B�U�F�T �U�I�F �S�F�D�J�Q�S�P�D�B�M �P�G �B

�O�V�N�C�F�S�� �'�P�S �U�I�F �C�J�U�X�J�E�U�I �S�B�O�H�F�T �P�O �X�I�J�D�I �U�I�F �N�F�U�I�P�E �J�T �U�P �C�F �B�Q�Q�M�J�F�E �	�B�D�D�P�S�E�J�O�H �U�P �'�J�H�V�S�F �y�y���y�


�P�O�F �J�U�F�S�B�U�J�P�O �J�T �T�V�m�n�b�D�J�F�O�U� �B�T �M�P�O�H �B�T �U�I�F �J�O�J�U�J�B�M �B�Q�Q�S�P�Y�J�N�B�U�J�P�O �J�T �B�D�D�V�S�B�U�F �F�O�P�V�H�I�� �5�X�P �U�S�V�O�D�B�U�F�E

�N�V�M�U�J�Q�M�J�D�B�U�J�P�O�T �B�O�E �B �T�V�C�U�S�B�D�U�J�P�O �B�S�F �S�F�R�V�J�S�F�E� �X�I�J�D�I �N�B�L�F�T �G�P�S �B �G�B�J�S�M�Z �T�J�N�Q�M�F �B�S�D�I�J�U�F�D�U�V�S�F� �B�T �T�I�P�X�O

�J�O �'�J�H�V�S�F �y�y���€�� �*�O �P�S�E�F�S �U�P �F�O�T�V�S�F �U�I�B�U �U�I�F �U�B�S�H�F�U �B�D�D�V�S�B�D�Z �B�U �U�I�F �P�V�U�Q�V�U �J�T �F�O�T�V�S�F�E� �B�O �B�O�B�M�Z�T�J�T �P�G �U�I�F

�F�S�S�P�S�T �J�T �Q�F�S�G�P�S�N�F�E �J�O �U�I�F �G�P�M�M�P�X�J�O�H��

�5�I�F �U�P�U�B�M �F�S�S�P�S �J�Tetotal = ef inalRound+ emethod+ erounding� �X�J�U�I �U�I�F �D�P�O�T�U�S�B�J�O�U �U�I�B�Uetotal < 2� w��

�y�€�}



�5�I�F�n�b�O�B�M �S�P�V�O�E�J�O�H �I�B�T �B�O �F�S�S�P�Sef inalRound< 2�w �1 �� �5�I�F �J�O�J�U�J�B�M �B�Q�Q�S�P�Y�J�N�B�U�J�P�O �J�T �D�I�P�T�F�O �J�O �T�V�D�I �B

�X�B�Z �T�P �B�T �U�P �C�F �D�P�S�S�F�D�U�M�Z �S�P�V�O�E�F�E �U�Pm = dw+ 1
2 e�	�X�I�J�D�I�N�F�B�O�T �U�I�B�U �U�I�F �P�V�U�Q�V�U �J�T �B�D�D�V�S�B�U�F �U�Pw+ 1

�C�J�U�T�
�� �5�I�F�S�F�G�P�S�F� �U�I�F �B�D�D�V�N�V�M�B�U�J�P�O �P�G �S�P�V�O�E�J�O�H �F�S�S�P�S�T �N�V�T�U �T�B�U�J�T�G�Zeround < 2� w� 2�� �&�R�V�B�U�J�P�O �y�y���y�•

�D�B�O�C�F �S�F�X�S�J�U�U�F�O �T�P �B�T �U�P �T�I�P�X �U�I�F �S�P�V�O�E�J�O�H �F�S�S�P�S�T��

xn+ 1 u exn � (2 � ga� exn) �	�y�y���z�‚�


�5�I�J�T �D�B�O �G�V�S�U�I�F�S �C�F �F�Y�Q�B�O�E�F�E �B�T��

xn+ 1 = ( xn + etab) � [2� a� (xn + etab)+ emult] + emult

�B�O�E �J�G �U�I�F �U�F�S�N�T �B�S�F �G�B�D�U�P�S�F�E��

xn+ 1 = xn � (2 � a� xn) + etab � (2� a� (xn + etab))+ emult � (1+ etab+ xn) � etab � a� xn

�G�S�P�N �X�I�J�D�Ieround �D�B�O �C�F �J�E�F�O�U�J�n�b�F�E �B�T��

eround = etab � (2� a� (2xn + etab))+ emult � (1+ etab+ xn)

�*�G �U�I�F �C�P�V�O�E�T �G�P�S �U�I�F �U�B�C�V�M�B�U�J�P�O �B�O�E �N�V�M�U�J�Q�M�J�D�B�U�J�P�O �F�S�S�P�S�T �B�S�F �V�T�F�E�etab = 2�m � 1 �B�O�Eemult = 2�w �g �

�B �C�P�V�O�E �D�B�O �C�F �P�C�U�B�J�O�F�E �G�P�Seround��

eround � eround = 2� m�1 � (2� a� (2xn + 2� m�1 ))+ 2� w�g � (1+ 2� m� 1 + xn) �	�y�y���z�y�


�5�I�F �n�b�S�T�U �U�F�S�N �J�O �&�R�V�B�U�J�P�O �y�y���z�y �J�T�P�G �U�I�F �P�S�E�F�S �P�G �N�B�H�O�J�U�V�E�F �P�G2� 2m�1 �	�U�B�L�F �J�O�U�P �D�P�O�T�J�E�F�S�B�U�J�P�O �U�I�F

�D�B�O�D�F�M�M�B�U�J�P�O �C�F�U�X�F�F�O �U�I�F �U�F�S�N�Ta �B�O�Exn�
�� �5�I�F�S�F�G�P�S�F� �B �O�V�N�C�F�S �P�Gg = 3 �F�Y�U�S�B �H�V�B�S�E �C�J�U�T �X�J�M�M �T�V�m�n�b�D�F

�G�P�S �U�I�F �D�P�N�Q�V�U�B�U�J�P�O�T �P�O �U�I�F �E�B�U�B�Q�B�U�I��

�" �P�Q�U�J�P�O �U�P �C�F �U�B�L�F�O �J�O�U�P �D�P�O�T�J�E�F�S�B�U�J�P�O �G�P�S �U�I�F �J�O�J�U�J�B�M �B�Q�Q�S�P�Y�J�N�B�U�J�P�O �J�T �U�I�F �C�J�Q�B�S�U�J�U�F �N�F�U�I�P�E��

�'�P�S �V�Q �U�P �B�Q�Q�S�P�Y�J�N�B�U�F�M�Z �{�z �C�J�U�T� �J�U �G�B�M�M�T �J�O�U�P �U�I�F �S�B�O�H�F �P�G �C�J�U�X�J�E�U�I�T �U�I�B�U �B�S�F �T�V�J�U�B�C�M�F �B�O �F�m�n�b�D�J�F�O�U �J�N��

�Q�M�F�N�F�O�U�B�U�J�P�O �V�T�J�O�H �U�I�F �C�J�Q�B�S�U�J�U�F �N�F�U�I�P�E�� �" �Q�P�T�T�J�C�M�F �D�P�N�Q�S�P�N�J�T�F �J�T �U�P �B�E�E �B�O�P�U�I�F�S �J�U�F�S�B�U�J�P�O �P�G �U�I�F

�/�F�X�U�P�O���3�B�Q�I�T�P�O �N�F�U�I�P�E�� �5�I�J�T �S�F�T�V�M�U�T �J�O �T�N�B�M�M�F�S �N�V�M�U�J�Q�M�J�D�B�U�J�P�O�T �B�O�E �U�B�C�V�M�B�U�J�P�O�T �C�F�J�O�H �S�F�R�V�J�S�F�E�

�C�V�U �J�O�D�S�F�B�T�F�T �U�I�F �M�B�U�F�O�D�Z �B�O�E �E�P�V�C�M�F �U�I�F �P�W�F�S�B�M�M �O�V�N�C�F�S �P�G �P�Q�F�S�B�U�J�P�O�T��

�)	Š	•	•	Ž	¢ �*	•	Ž	›	Š	•	’	Ÿ	Ž �.	Ž	•	‘	˜	•

�5�I�F �/�F�X�U�P�O���3�B�Q�I�T�P�O �N�F�U�I�P�E �P�G �4�F�D�U�J�P�O �y�y���~���z �J�T �U�I�F �n�b�S�T�U �J�O �B �D�M�B�T�T �P�G �N�F�U�I�P�E�T� �H�F�O�F�S�B�M�M�Z �L�O�P�X�O

�B�T �U�I�F �)�P�V�T�F�I�P�M�E�F�S �N�F�U�I�P�E�T�� �*�G �U�I�F �/�F�X�U�P�O���3�B�Q�I�T�P�O �N�F�U�I�P�E �I�B�T �R�V�B�E�S�B�U�J�D �D�P�O�W�F�S�H�F�O�D�F� �C�S�J�O�H�J�O�H

�B�U �F�B�D�I �J�U�F�S�B�U�J�P�O �B �P�O�F���G�P�M�E �J�N�Q�S�P�W�F�N�F�O�U �J�O �U�I�F �B�D�D�V�S�B�D�Z �P�G �U�I�F �S�F�T�V�M�U� �U�I�F �H�F�O�F�S�B�M�J�[�F�E �N�F�U�I�P�E �I�B�T �B

�y�€�~



n���G�P�M�E �J�O�D�S�F�B�T�F �I�F�O�D�F �B �G�B�T�U�F�S �D�P�O�W�F�S�H�F�O�D�F �S�B�U�F �<�y�•�>�� �5�I�F �T�F�D�P�O�E �N�F�U�I�P�E �J�O �U�I�F �D�M�B�T�T �J�T �L�O�P�X�O �B�T �U�I�F

�)�B�M�M�F�Z �N�F�U�I�P�E�� �X�I�J�D�I �I�B�T �D�V�C�J�D �D�P�O�W�F�S�H�F�O�D�F��

�*�O �P�S�E�F�S �U�P �E�F�E�V�D�F �U�I�F �N�F�U�I�P�E� �B�T �X�J�U�I �/�F�X�U�P�O� �T �N�F�U�I�P�E� �U�I�F �T�U�B�S�U�J�O�H �Q�P�J�O�U �J�T �5�B�Z�M�P�S� �T �T�F�S�J�F�T�

�F�W�B�M�V�B�U�F�E �B�S�P�V�O�E �U�I�F �Q�P�J�O�Uxn �B�O�E �V�T�J�O�H �U�I�F �n�b�S�T�U �U�I�S�F�F �U�F�S�N�T��

f (x) u f (xn)+ f 0(xn) � (x � xn)+
1
2

� f 00(xn) � (x� xn)2

�"�H�B�J�O��B �S�P�P�U �I�B�T �U�P �T�B�U�J�T�G�Zf (x) = 0� �U�I�F�S�F�G�P�S�F��

f (xn)+ f 0(xn) � (x� xn) +
1
2

� f 00(xn) � (x� xn)2 u 0

�3�F�H�S�P�V�Q�J�O�H�U�I�F �U�F�S�N�T �S�F�T�V�M�U�T �J�O��

x u xn �
f (xn)

f 0(xn) + f 00(xn)�(x� xn)
2

�6�T�J�O�H�U�I�F �/�F�X�U�P�O���3�B�Q�I�T�P�O �J�U�F�S�B�U�J�P�O� �G�S�P�N �X�I�J�D�Ix� xn u � f (xn)
f 0(xn) ��S�F�T�V�M�U�T �J�O �U�I�F �J�U�F�S�B�U�J�P�O �G�P�S�N�V�M�B��

xn+ 1 = xn �
2� f (xn) � f 0(xn)

2� ( f 0(xn))2 � f (xn) � f 00(xn)
�	�y�y���z�z�


�X�I�J�D�I �J�T �L�O�P�X�O �B�T �U�I�F �)�B�M�M�F�Z �J�U�F�S�B�U�J�W�F �N�F�U�I�P�E�� �5�I�F �F�S�S�P�S �J�O�I�F�S�F�O�U �U�P �U�I�F �N�F�U�I�P�E �D�B�O �C�F �E�F�E�V�D�F�E

�T�J�N�J�M�B�S �U�P �4�F�D�U�J�P�O �y�y���~���z �B�O�E �J�U�T �S�F�D�V�S�S�F�O�D�F �G�P�S�N�V�M�B �J�T��

en+ 1 = e3
n �

f 000(xn)
6� f 0(xn)

�	�y�y���z�{�


�X�I�J�D�I�Q�P�J�O�U�T �U�P �U�I�F �D�V�C�J�D �D�P�O�W�F�S�H�F�O�D�F �P�G �U�I�F �N�F�U�I�P�E��

�*�O �H�F�O�F�S�B�M� �U�I�Fn+ 1���T�U �N�F�U�I�P�E �J�O �U�I�F �)�P�V�T�F�I�P�M�E�F�S �D�M�B�T�T �P�G �N�F�U�I�P�E�T �I�B�T �B�O �J�U�F�S�B�U�J�P�O �P�G �U�I�F �G�P�M�M�P�X��

�J�O�H �G�P�S�N��

xn+ 1 = xn + ( n+ 1) �

�
1

f (xn)

� (n)

�
1

f (xn)

� (n+ 1)
�	�y�y���z�|�


�X�I�F�S�F�U�I�F �T�V�Q�F�S�T�D�S�J�Q�U(n) �T�J�H�O�J�n�b�F�T �U�I�Fn���U�I �P�S�E�F�S �E�F�S�J�W�B�U�J�W�F�� �4�F�U�U�J�O�Hn �U�P0 �S�F�T�V�M�U�T �J�O �U�I�F �/�F�X�U�P�O��

�3�B�Q�I�T�P�O �N�F�U�I�P�E� �X�I�J�M�F �T�F�U�U�J�O�H �J�U �U�P1 �H�J�W�F�T �)�B�M�M�F�Z� �T �N�F�U�I�P�E� �X�I�J�D�I �D�B�O �C�F �F�B�T�J�M�Z �W�F�S�J�n�b�F�E�� �*�O �U�F�S�N�T

�P�G �U�I�F �F�S�S�P�S�T� �U�I�F �)�P�V�T�F�I�P�M�E�F�S �N�F�U�I�P�E�T �Q�S�P�W�J�E�F �Bn+ 1���G�P�M�E �J�O�D�S�F�B�T�F �J�O �U�I�F �B�D�D�V�S�B�D�Z �P�G �U�I�F �S�F�T�V�M�U �B�U

�F�B�D�I �J�U�F�S�B�U�J�P�O��

��O�B�N�F�E�B�G�t�F�S �U�I�F �&�E�N�P�O�E �)�B�M�M�F�Z� �B�O �&�O�H�M�J�T�I �B�T�U�S�P�O�P�N�F�S� �H�F�P�Q�I�Z�T�J�D�J�T�U� �N�B�U�I�F�N�B�U�J�D�J�B�O� �N�F�U�F�P�S�P�M�P�H�J�T�U� �B�O�E
�Q�I�Z�T�J�D�J�T�U� �C�F�T�U �L�O�P�X�O �G�P�S �D�P�N�Q�V�U�J�O�H �U�I�F �P�S�C�J�U �P�G �)�B�M�M�F�Z� �T �$�P�N�F�U

�y�€�•
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�" �H�S�B�Q�I�J�D�B�M �N�B�O�O�F�S �P�G �W�J�T�V�B�M�J�[�J�O�H �U�I�F�T�F �N�F�U�I�P�E�T �J�T �Q�S�F�T�F�O�U�F�E �J�O �'�J�H�V�S�F �y�y���•�� �5�I�F �)�P�V�T�F�I�P�M�E�F�S

�N�F�U�I�P�E �	�B�O�E �U�I�F�S�F�G�P�S�F �U�I�F �)�B�M�M�F�Z �N�F�U�I�P�E� �B�T �X�F�M�M�
 �S�F�Q�M�B�D�F�T �U�I�F �U�B�O�H�F�O�U �U�P �U�I�F �Q�M�P�U �P�G �U�I�F �G�V�O�D�U�J�P�O

�V�T�F�E �C�Z �/�F�X�U�P�O� �T �N�F�U�I�P�E �X�J�U�I �B �I�J�H�I�F�S �P�S�E�F�S �D�V�S�W�F�� �5�I�J�T �D�V�S�W�F �I�B�T �B �I�J�H�I�F�S �O�V�N�C�F�S �P�G �E�F�S�J�W�B�U�J�W�F�T

�J�O �D�P�N�N�P�O �X�J�U�I �U�I�F �Q�M�P�U �P�G �U�I�F �G�V�O�D�U�J�P�O �B�U �U�I�F �Q�P�J�O�U �X�I�F�S�F �U�I�F �B�Q�Q�S�P�Y�J�N�B�U�J�P�O �J�T �N�B�E�F�� �5�I�J�T �N�F�B�O�T

�U�I�B�U �J�U �n�b�U�T �C�F�U�U�F�S �U�I�F �Q�M�P�U� �B�O�E �U�I�F�S�F�G�P�S�F �H�J�W�F�T �B �C�F�U�U�F�S �B�Q�Q�S�P�Y�J�N�B�U�J�P�O��

�)�P�X�F�W�F�S� �B�T �X�B�T �B�M�T�P �S�F�N�B�S�L�F�E �J�O �<�|�}�>� �G�P�S �U�I�F �S�F�D�J�Q�S�P�D�B�M �U�I�F �G�P�S�N�V�M�B�U�J�P�O �P�G �y�y���z�z �J�T �O�P�U �Q�B�S�U�J�D��

�V�M�B�S�M�Z �V�T�F�G�V�M� �E�V�F �U�P �U�I�F �D�B�O�D�F�M�M�B�U�J�P�O�T �U�I�B�U �B�Q�Q�F�B�S�� �6�T�J�O�H �U�I�F �T�B�N�F �G�V�O�D�U�J�P�Of (x) = 1
x � a��B�T �X�J�U�I

�U�I�F �/�F�X�U�P�O���3�B�Q�I�T�P�O �N�F�U�I�P�E� �S�F�T�V�M�U�T �J�O �U�I�F �O�F�F�E �U�P �D�P�N�Q�V�U�F �U�I�F �S�F�D�J�Q�S�P�D�B�M �E�V�S�J�O�H �U�I�F �F�W�B�M�V�B�U�J�P�O��

�" �T�M�J�H�I�U�M�Z �E�J�m�G�F�S�F�O�U �B�Q�Q�S�P�B�D�I �D�B�O �C�F �U�B�L�F�O �J�O �P�S�E�F�S �U�P �T�P�M�W�F �U�I�J�T �J�T�T�V�F �B�O�E �U�P �P�C�U�B�J�O �B �T�F�D�P�O�E �P�S�E�F�S

�D�V�S�W�F� �B�T �S�F�N�B�S�L�F�E �J�O �<�y�‚�{�> �B�O�E �F�W�F�O �G�V�S�U�I�F�S �C�B�D�L �J�O �<�y�{�{�>�� �5�I�F �T�U�B�S�U�J�O�H �Q�P�J�O�U �J�T �B�H�B�J�O �U�I�F �5�B�Z�M�P�S �T�F��

�S�J�F�T� �F�W�B�M�V�B�U�F�E �B�S�P�V�O�E �U�I�F �Q�P�J�O�Uxn�� �5�I�F �W�B�M�V�F �P�Gx� xn �D�B�O �C�F �X�S�J�U�U�F�O �P�V�U �B�T �B �Q�P�X�F�S �T�F�S�J�F�T �P�Gf (xn)��

(x� xn) = a� f (xn)+ b� ( f (xn))2 + c� ( f (xn))3 + : : : �	�y�y���z�}�


�*�O�T�F�S�U�J�O�H �&�R�V�B�U�J�P�O �y�y���z�} �J�O �U�I�F �5�B�Z�M�P�S �T�F�S�J�F�T �F�Y�Q�B�O�T�J�P�O �B�O�E �V�T�J�O�H �U�I�F �G�B�D�U �U�I�B�Uf (x) = 0 �S�F�T�V�M�U�T �J�O��

0 u f (xn)

+ f 0(xn) � (a� f (xn)+ b� ( f (xn))2 + c� ( f (xn))3 + : : :)

+
f 00(xn)

2
� (a� f (xn) + b� ( f (xn))2 + c� ( f (xn))3 + : : :)2

+ : : : �	�y�y���z�~�


�&�R�V�B�U�J�P�O �y�y���z�~ �D�B�O �C�F �T�F�F�O �B�T �B �F�R�V�B�U�J�P�O� �X�J�U�If (xn) �B�T �B �W�B�S�J�B�C�M�F�� �5�I�F�S�F�G�P�S�F� �U�I�F �D�P�F�m�n�b�D�J�F�O�U�T �P�G

�y�€�€



�U�I�F�U�F�S�N�T �X�J�U�I �U�I�F �T�B�N�F �Q�P�X�F�S �P�O �C�P�U�I �T�J�E�F�T �P�G �U�I�F �F�R�V�B�U�J�P�O �D�B�O �C�F �J�E�F�O�U�J�n�b�F�E� �S�F�T�V�M�U�J�O�H �J�O �U�I�F �G�P�M��

�M�P�X�J�O�H �F�Y�Q�S�F�T�T�J�P�O�T �G�P�S �U�I�Fa�b�c �*�D�P�F�m�n�b�D�J�F�O�U�T �J�O �&�R�V�B�U�J�P�O �y�y���z�}��

a = �
1

f 0(xn)

b = �
f 00(xn)

2� ( f 0(xn))3

c = �
( f 00(xn))2

2� ( f 0(xn))5

: : : �	�y�y���z�•�


�5�I�F�T�F �W�B�M�V�F�T �D�B�O �C�F �S�F�Q�M�B�D�F�E �J�O �&�R�V�B�U�J�P�O �y�y���z�}� �X�I�J�D�I �H�J�W�F �U�I�F �G�P�M�M�P�X�J�O�H �J�U�F�S�B�U�J�W�F �G�P�S�N�V�M�B��

xn+ 1 = xn �
f (xn)
f 0(xn)

�
( f (xn))2 � f 00(xn)

2� ( f 0(xn))3 � : : : �	�y�y���z�€�


�*�O �P�S�E�F�S �U�P �P�C�U�B�J�O �U�I�F �J�U�F�S�B�U�J�P�O �G�P�S �U�I�F �S�F�D�J�Q�S�P�D�B�M� �U�I�F �G�V�O�D�U�J�P�Of (x) �J�T �D�I�P�T�F�O �B�Tf (x) = 1
x � a�

�B�O�E�U�I�F�S�F�G�P�S�F��

xn+1 = xn � (1+ hn � (1+ hn))

hn = 1� a� xn �	�y�y���z�•�


�'�P�S �U�I�F �J�N�Q�M�F�N�F�O�U�B�U�J�P�O �P�G �U�I�F �B�S�D�I�J�U�F�D�U�V�S�F� �J�M�M�V�T�U�S�B�U�F�E �J�O �'�J�H�V�S�F �y�y���y�‚� �&�R�V�B�U�J�P�O �y�y���z�• �J�T �Q�B�S�U�J�B�M�M�Z

�F�Y�Q�B�O�E�F�E �	�X�J�U�Ihn �L�F�F�Q�J�O�H �U�I�F �T�B�N�F �N�F�B�O�J�O�H�
��

xn+1 = xn + xn � (hn + h2
n) �	�y�y���{�‚�


�*�U �D�B�O �C�F �T�F�F�O �U�I�B�U �U�I�Fhn < 2� m� �X�I�F�S�Fm�J�T �U�I�F �T�J�[�F �P�G �U�I�F �J�O�J�U�J�B�M �B�Q�Q�S�P�Y�J�N�B�U�J�P�O�� �5�I�F �B�S�H�V�N�F�O�U�B��

�U�J�P�O �G�P�S �U�I�J�T �G�P�M�M�P�X�T �U�I�F �T�B�N�F �S�F�B�T�P�O�J�O�H �B�T �J�O �<�|�y�>�� �" �T�R�V�B�S�F�S �D�B�O �C�F �V�T�F�E �G�P�S �U�I�F �D�P�N�Q�V�U�B�U�J�P�O �P�Gh2
n�

�B�O�Eh2
n < 2� 2m�� �5�I�F�T�F �B�S�H�V�N�F�O�U�T �B�M�M�P�X �G�P�S �U�I�F �V�T�F �P�G �B �T�N�B�M�M�F�S �T�R�V�B�S�F�S �B�O�E �N�V�M�U�J�Q�M�J�F�S� �X�I�F�O �U�B�L�J�O�H

�J�O�U�P �D�P�O�T�J�E�F�S�B�U�J�P�O �U�I�F �X�F�J�H�I�U �B�M�J�H�O�N�F�O�U �P�G �U�I�F �U�F�S�N�T �J�O�W�P�M�W�F�E �J�O �U�I�F �P�Q�F�S�B�U�J�P�O�T��

�5�I�F �V�T�F �P�G �U�S�V�O�D�B�U�F�E �P�Q�F�S�B�U�J�P�O�T �J�N�Q�M�J�F�T �U�I�F �V�T�F �P�G �B �M�B�S�H�F�S �J�O�U�F�S�N�F�E�J�B�S�Z �Q�S�F�D�J�T�J�P�O �G�P�S �U�I�F �E�B�U�B�Q�B�U�I��

�5�I�F �U�P�U�B�M �S�P�V�O�E�J�O�H �F�S�S�P�S�T �N�V�T�U �T�B�U�J�T�G�Zeround < 2�w �2 � �X�I�F�S�F �U�I�F �S�F�T�U �P�G �U�I�F �U�P�U�B�M �F�S�S�P�S �C�V�E�H�F�U �J�T

�B�D�D�P�V�O�U�F�E �G�P�S �C�Z �U�I�F �F�S�S�P�S �E�V�F �U�P �U�I�F �n�b�O�B�M �S�P�V�O�E�J�O�H �B�O�E �U�I�F �N�F�U�I�P�E �F�S�S�P�S�� �.�B�L�J�O�H �U�I�F �F�S�S�P�S�T �F�Y�Q�M�J�D�J�U

�J�O �&�R�V�B�U�J�P�O�y�y���{�‚ �H�J�W�F�T��

xn+1 = (x n + etab)+ (x n + etab) � (hn � a� etab+ emult + ( hn � a� etab+ emult)2) + emult

�y�€�•
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�G�S�P�N �X�I�J�D�Ieround �D�B�O �C�F �J�E�F�O�U�J�n�b�F�E �B�T��

eround = etab � (1+ hn + h2
n)

+ (x n + etab) � (a� etab+ emult) � (a� etab+ emult � 1� 2� hn)

+ emult �	�y�y���{�y�
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�*�N�Q�M�F�N�F�O�U�B�U�J�P�O

�3�F�T�P�V�S�D�F�V�U�J�M�J�[�B�U�J�P�O �B�O�E �1�F�S�G�P�S�N�B�O�D�F
�	�N��M�
 �"�-�. �T �%�4�1�T�.�™�¢�,�T �-�B�U���! �'�S�F�R��
�¢����™�¢ �5�B�C�V�M�B�U�J�P�O �™ �¢ �› �š�! �›�™�•�.�)�[
�¢����™�• �#�J�Q�B�S�U�J�U�F �š�Ÿ �¢ �› �œ�! �›�™�•�.�)�[
�¢����™�Ÿ �5�B�C�� �.�V�M�U�� �•�œ �™ �™ �•�! �š�¢�¢�.�)�[
�¢����™�¡ �5�B�C�� �.�V�M�U�� �œ�  �™ �™ �ž�! �›�™�¢�.�)�[
�¢����š�š �5�B�C�� �.�V�M�U�� �•�  �™ �› �ž�! �›�™�¢�.�)�[
�¢����š�› �5�B�C�� �.�V�M�U��1st �ž�œ �™ �• �ž�! �›�™�¢�.�)�[
�¢����š�› �5�B�C�� �.�V�M�U��2nd �ž�  �š �™ �Ÿ�! �š�•�¢�.�)�[
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�5�B�Z�M�P�S �š� �š �› �™ �š�›�! �š�ž�Ÿ�.�)�[
�#�J�Q�B�S�U�����/�3 �™� �  �š �• �™�•�! �š� �•�.�)�[
�)�B�M�M�F�Z �™�•�• �› �› �™�•�! �š�›�•�.�)�[
�#�J�Q�B�S�U�����)�B�M�M�F�Z�™�•�¡ �› �™ �™�•�! �š�š� �.�)�[

���!�#�£�' �ˆ�ˆ�W�‰�V���'�9�3�<�8�$�' �<	§�£�-�A�!	§�3�2 �!�2�& �'�9	§�1�!�;�'�& �6�'�8�(�3�8�1�!�2�$�' �3�( �;�,�' �!�8�$�,�-�;�'�$�;�<�8�'�9 �-�1�6�£�'�1�'�2�;�'�& �<�9�-�2�+ �;�,�' �1�'�;�,�3�&�9

�9�;�<�&�-�'�&�W ���,�' �(�<�2�$	§�3�2 �-�9 �;�,�' �8�'�$�-�6�8�3�$�!�£�W ���,�' �;�!�8�+�'�; �&�'�=�-�$�' �-�9 ���@�$�£�3�2�' �� ���¥ �9�6�'�'�&�+�8�!�&�'�W ��2�6�<�; �-�9 �<�2�9�-�+�2�'�&�T �!�2�& �-�2 �;�,�'

�-�2�;�'�8�=�!�£[1;2)

�#�Z �T�V�C�T�U�J�U�V�U�J�O�Heround �B�O�Eemult �X�J�U�I �U�I�F�J�S �C�P�V�O�E�T2�m � 1 �B�O�E2� w�g �S�F�T�V�M�U�T �J�O��

eround � eround = 2�m � 1 � (1+ hn + h2
n)

+ ( xn + 2�m � 1) � [(( � a)2� m�1 + a22� 2m� 2 � a2�m hn)

+ 2� w� g(1 � 2� w� g � 2hn + a2� m)]

+ 2� w� g �	�y�y���{�z�


�5�I�F�U�F�S�N�T �U�I�B�U �E�P �O�P�U �D�P�O�U�B�J�O2� w� g �S�F�T�V�M�U �J�O �B �U�F�S�N �P�G �U�I�F �P�S�E�F�S �P�G2� 3m� 3�� �5�I�F�S�F�G�P�S�F� �J�N�Q�P�T�J�O�H �B

�D�P�O�T�U�S�B�J�O�U �P�G �U�I�F �G�P�S�Ng > 3 �F�O�T�V�S�F�T �U�I�B�U �B �G�B�J�U�I�G�V�M �S�F�T�V�M�U �D�B�O �C�F �P�C�U�B�J�O�F�E�� �5�I�F�T�F �n�b�O�E�J�O�H�T �I�B�W�F �B�M�T�P

�C�F�F�O �D�P�O�n�b�S�N�F�E �U�I�S�P�V�H�I �O�V�N�F�S�J�D�B�M �U�F�T�U�J�O�H��

�3	Ž	œ	ž	•	•	œ

�5�B�C�M�F �y�y���z �T�I�P�X�T �B�O �P�W�F�S�W�J�F�X �P�G �B�M�M �U�I�F �N�F�U�I�P�E�T �T�U�V�E�J�F�E�� �5�I�F �J�O�Q�V�U �J�T �O�P�S�N�B�M�J�[�F�E�x 2 [1;2)� �B�O�E

�U�I�F �C�J�U�X�J�E�U�I�T �S�B�O�H�F �G�S�P�N10�U�P32�C�J�U�T� �B�T �Q�F�S �U�I�F �S�B�O�H�F�T �T�Q�F�D�J�n�b�F�E �J�O �'�J�H�V�S�F �y�y���y� �P�O �Q�B�H�F �y�~�•�� �5�I�F

�U�B�C�V�M�B�U�J�P�O���C�B�T�F�E �N�F�U�I�P�E �N�B�Q�T �X�F�M�M �V�Q �U�P10�C�J�U�T� �U�I�F �C�J�Q�B�S�U�J�U�F �N�F�U�I�P�E �Q�F�S�G�P�S�N�T �X�F�M�M �V�Q �U�P16�C�J�U�T�

�U�I�F �U�B�C�V�M�B�U�F �B�O�E �N�V�M�U�J�Q�M�Z �Q�F�S�G�P�S�N�T �X�F�M�M �V�Q �U�P24�C�J�U�T�� �'�P�S �M�B�S�H�F �Q�S�F�D�J�T�J�P�O�T �U�I�F �N�F�U�I�P�E�T �V�T�F�E �B�S�F��

�U�I�F �5�B�Z�M�P�S���C�B�T�F�E �N�F�U�I�P�E� �U�I�F �/�F�X�U�P�O���3�B�Q�I�T�P�O �N�F�U�I�P�E� �V�T�J�O�H �U�I�F �C�J�Q�B�S�U�J�U�F �N�F�U�I�P�E �G�P�S �U�I�F �J�O�J�U�J�B�M

�B�Q�Q�S�P�Y�J�N�B�U�J�P�O� �B�O�E �U�X�P �W�B�S�J�B�U�J�P�O�T �P�G �U�I�F �)�B�M�M�F�Z �N�F�U�I�P�E� �V�T�J�O�H �F�J�U�I�F�S �U�B�C�V�M�B�U�J�P�O �P�S �U�I�F �C�J�Q�B�S�U�J�U�F
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�N�F�U�I�P�E�G�P�S �U�I�F �J�O�J�U�J�B�M �B�Q�Q�S�P�Y�J�N�B�U�J�P�O��

�*�U �J�T �X�P�S�U�I �N�F�O�U�J�P�O�J�O�H �U�I�B�U �U�I�F �T�F�D�P�O�E �P�S�E�F�S �U�B�C�V�M�B�U�F �B�O�E �N�V�M�U�J�Q�M�Z �N�F�U�I�P�E �C�F�D�P�N�F�T �N�P�S�F �F�m�n�b��

�D�J�F�O�U �P�O �U�I�F �U�P�Q �Q�B�S�U �P�G �J�U�T �J�O�U�F�O�E�F�E �S�B�O�H�F� �B�T �D�P�N�Q�B�S�F�E �U�P �U�I�F �n�b�S�T�U �P�S�E�F�S �N�F�U�I�P�E�� �5�I�J�T �J�T �E�V�F �U�P �U�I�F

�F�Y�Q�P�O�F�O�U�J�B�M �J�O�D�S�F�B�T�F �J�O �U�I�F �T�J�[�F �P�G �U�I�F �U�B�C�M�F�T �S�F�R�V�J�S�F�E�� �*�U �J�T �B�M�T�P �J�O�U�F�S�F�T�U�J�O�H �U�P �T�F�F �U�I�F �D�P�N�Q�S�P�N�J�T�F�T

�B�W�B�J�M�B�C�M�F �G�P�S �U�I�F �M�B�S�H�F �Q�S�F�D�J�T�J�P�O �N�F�U�I�P�E�T�� �5�I�F �/�F�X�U�P�O���3�B�Q�I�T�P�O���C�J�Q�B�S�U�J�U�F �N�F�U�I�P�E �I�B�T �U�I�F �I�J�H�I�F�T�U

�O�V�N�C�F�S �P�G �V�T�F�E �N�F�N�P�S�Z �C�M�P�D�L�T� �C�V�U �B�M�T�P �U�I�F �M�P�X�F�T�U �N�V�M�U�J�Q�M�J�F�S �C�M�P�D�L �D�P�O�T�V�N�Q�U�J�P�O�� �*�U �B�M�T�P �I�B�T �B�O

�B�W�F�S�B�H�F���M�P�X �M�P�H�J�D �D�P�O�T�V�N�Q�U�J�P�O�� �5�I�F �5�B�Z�M�P�S �N�F�U�I�P�E �I�B�T �B �I�J�H�I �N�V�M�U�J�Q�M�J�F�S �D�P�O�T�V�N�Q�U�J�P�O� �C�V�U �B �M�P�X

�N�F�N�P�S�Z �C�M�P�D�L �D�P�O�T�V�N�Q�U�J�P�O�� �*�U �B�M�T�P �I�B�T �U�I�F �I�J�H�I�F�T�U �M�P�H�J�D �D�P�O�T�V�N�Q�U�J�P�O �B�O�E �C�Z �G�B�S �U�I�F �M�P�O�H�F�T�U �M�B�U�F�O�D�Z��

�5�I�F �)�B�M�M�F�Z �N�F�U�I�P�E �T�F�F�N�T �X�P�S�U�I�X�I�J�M�F �J�G �V�T�F�E �J�O �D�P�O�K�V�O�D�U�J�P�O �X�J�U�I �U�I�F �C�J�Q�B�S�U�J�U�F �N�F�U�I�P�E �	�F�W�F�O �J�G �J�U

�S�F�R�V�J�S�F�T �N�P�S�F �M�P�H�J�D �S�F�T�P�V�S�D�F�T�
� �B�T �J�U �S�F�E�V�D�F�T �U�I�F �O�V�N�C�F�S �P�G �N�F�N�P�S�Z �C�M�P�D�L�T �S�F�R�V�J�S�F�E�� �*�U �B�M�T�P �I�B�T �H�P�P�E

�Q�F�S�G�P�S�N�B�O�D�F �J�O �U�F�S�N�T �P�G �T�Q�F�F�E �B�O�E �M�B�U�F�O�D�Z �B�O�E �U�I�F �M�P�X�F�T�U �M�P�H�J�D �V�T�B�H�F��
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�1�B�S�U �*�7 �T�X�J�U�D�I�F�T�U�P �B �O�F�X �B�Q�Q�M�J�D�B�U�J�P�O �E�P�N�B�J�O�� �E�J�H�J�U�B�M �T�J�H�O�B�M �Q�S�P�D�F�T�T�J�O�H�� �5�I�F �n�b�M�U�F�S�T �T�U�V�E�J�F�E �I�F�S�F

�T�I�B�S�F �N�B�O�Z �D�P�N�N�P�O �G�F�B�U�V�S�F�T �B�O�E �S�F�T�F�N�C�M�F �U�I�F �T�U�S�V�D�U�V�S�F �P�G �B�S�J�U�I�N�F�U�J�D �G�V�O�D�U�J�P�O�T� �U�I�B�U �I�B�W�F �C�F�F�O
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�U�I�F �n�b�Y�F�E���Q�P�J�O�U �G�P�S�N�B�U �P�G �U�I�F �J�O�Q�V�U�� �5�I�F �V�T�F �P�G �B �n�b�Y�F�E���Q�P�J�O�U �G�P�S�N�B�U� �N�F�B�O�T �U�I�B�U �U�I�F �J�O�Q�V�U�T �D�B�O �C�F
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�T�J�H�O �F�Y�U�F�O�T�J�P�O� �U�I�F �W�B�S�J�B�C�M�F �Q�B�S�U �P�G �U�I�F �Q�S�P�E�V�D�U �I�B�T �U�I�F �T�B�N�F �.�4�# �B�Tjai j� �K�V�T�U �B�T �J�O �U�I�F �D�B�T�F �P�G �Q�P�T�J�U�J�W�F

ai � xi ��

�5�I�F �F�Y�U�S�B �D�P�T�U �P�G �U�I�F �U�S�B�O�T�G�P�S�N�B�U�J�P�O �J�T �U�I�F �O�F�F�E �U�P �B�E�E �U�I�F �D�P�O�T�U�B�O�U�� �)�P�X�F�W�F�S� �J�O �U�I�F �D�P�O�U�F�Y�U �P�G �B

�4�0�1�$ �B�M�M �P�G �U�I�F�T�F �D�P�O�T�U�B�O�U�T �D�B�O �C�F �B�E�E�F�E �U�P�H�F�U�I�F�S �J�O �B�E�W�B�O�D�F�� �5�I�V�T �U�I�F �P�W�F�S�I�F�B�E �D�P�T�U �P�G �T�V�Q�Q�P�S�U�J�O�H

�T�J�H�O�F�E �O�V�N�C�F�S�T �G�P�S �4�0�1�$�T �J�T �M�J�N�J�U�F�E �U�P �U�I�F �B�E�E�J�U�J�P�O �P�G �P�O�F �T�J�O�H�M�F �D�P�O�T�U�B�O�U�� �" �T�N�B�M�M �P�Q�U�J�N�J�[�B�U�J�P�O �J�T

�U�I�F �J�O�D�M�V�T�J�P�O �P�G �U�I�J�T �B�E�E�J�U�J�P�O �J�O �U�I�F �D�P�N�Q�V�U�B�U�J�P�O�T �P�G �U�I�Faixi ��

�%	Ž	•	Ž	›	–	’	—	’	—	• 	•	‘	Ž �.	˜	œ	• �4	’	•	—	’	•	’	Œ	Š	—	• �#	’	• 	˜	• 	•	‘	Ž �3	Ž	œ	ž	•	•

�" �T�F�D�P�O�E �S�F�N�B�S�L �D�P�O�D�F�S�O�T �U�I�F �.�4�# �P�G �U�I�F �S�F�T�V�M�U� �X�I�J�D�I �D�B�O �B�M�T�P �C�F �D�P�N�Q�M�F�U�F�M�Z �E�F�U�F�S�N�J�O�F�E �C�Z �U�I�F

(ai)0�i < N�� �4�U�B�S�U�J�O�H �B�H�B�J�O �X�J�U�I �U�I�F �C�P�V�O�Ejxi j < M� �U�I�F �.�4�# �P�G �U�I�F �S�F�T�V�M�U �D�B�O �C�F �E�F�E�V�D�F�E �B�T��

�.�4�#ey =

&

log2

 
N� 1

å
i= 0

jai jM

!'

�	�y�z���{�


�z�‚�y
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�N�B�Z �F�O�U�B�J�M �P�W�F�S�o�s�P�X�T� �C�V�U �O�P �S�P�V�O�E�J�O�H �F�S�S�P�S�� �5�I�J�T �N�F�B�O�T �U�I�B�U��

ey =
N� 1

å
i= 0

epi �	�y�z���|�


�U�I�F�S�F�G�P�S�F �U�I�F �U�P�U�B�M �F�S�S�P�S �D�B�O �C�F �F�Y�Q�S�F�T�T�F�E��

e =
N�1

å
i=0

epi �
N� 1

å
i= 0

aixi =
N�1

å
i=0

ei �	�y�z���}�


�6�O�G�P�S�U�V�O�B�U�F�M�Z� �U�I�F �B�D�D�V�N�V�M�B�U�J�P�O �P�G �U�I�Fei �F�S�S�P�S�T �S�F�B�D�I�F�TNe�P�X�O�W� �X�I�J�D�I� �B�T �T�P�P�O �B�TN > 2� �J�T �M�B�S�H�F�S

�U�I�B�O2� p�� �5�I�F�S�F�G�P�S�F �U�I�F �O�B�J�W�F �B�Q�Q�S�P�B�D�I �J�T �O�P�U �M�B�T�U���C�J�U �B�D�D�V�S�B�U�F��

�5�I�F �T�P�M�V�U�J�P�O �D�P�O�T�J�T�U�T� �B�H�B�J�O� �P�G �V�T�J�O�H �B �M�B�S�H�F�S �J�O�U�F�S�N�F�E�J�B�U�F �Q�S�F�D�J�T�J�P�O� �X�J�U�Ig �F�Y�U�S�B �H�V�B�S�E �C�J�U�T�� �"�T

�B �D�P�O�T�F�R�V�F�O�D�F� �U�I�F �F�S�S�P�S �P�G �F�B�D�I �N�V�M�U�J�Q�M�J�F�S �J�T �O�P�X �C�P�V�O�E�F�E �C�Ze�P�X�O�W= 2� p� 1�g � �X�I�J�D�I �D�B�O �C�F �D�P�O��

�U�S�P�M�M�F�E �U�I�S�P�V�H�I �U�I�F �W�B�M�V�F �P�Gg�� �5�I�F�S�F�G�P�S�F� �B �W�B�M�V�F �G�P�Sg �I�B�T �U�P �C�F �E�F�U�F�S�N�J�O�F�E �T�V�D�I �U�I�B�UNe�P�X�O�W<

2� p�1 �� �*�U �J�T �B�M�T�P �O�P�U �O�F�D�F�T�T�B�S�Z �U�P �V�T�F �D�P�S�S�F�D�U�M�Z �S�P�V�O�E�F�E �N�V�M�U�J�Q�M�J�F�S�T� �B�T �M�P�O�H �B�T �B �C�P�V�O�Ee�P�X�O�W�P�G �U�I�F�J�S

�B�D�D�V�S�B�D�Z �D�B�O �C�F �D�P�N�Q�V�U�F�E� �B�O�E �U�I�J�T �C�P�V�O�E �J�T �Q�S�P�Q�P�S�U�J�P�O�B�M �U�P2� g��
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�4�F�F�J�O�H�I�P�X �U�I�F �J�O�U�F�S�N�F�E�J�B�S�Z �D�P�N�Q�V�U�B�U�J�P�O�T �B�S�F �Q�F�S�G�P�S�N�F�E �V�T�J�O�Hp+ g �C�J�U�T� �B �S�P�V�O�E�J�O�H �J�T �O�F�F�E�F�E

�U�P �H�F�U �U�P �U�I�F �U�B�S�H�F�U �P�V�U�Q�V�U �G�P�S�N�B�U�� �*�O �U�I�F �X�P�S�T�U �D�B�T�F� �U�I�F �n�b�O�B�M �S�P�V�O�E�J�O�H �F�O�U�B�J�M�T �B�O �F�S�S�P�Se�È�Q�D�O�B�U�R�X�Q�G
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� �X�I�B�U�F�W�F�S �U�I�F �W�B�M�V�F �P�Gg0�X�J�M�M �C�F�� �5�I�F �J�N�Q�M�F�N�F�O�U�B�U�J�P�O �U�I�F�O �T�V�N�T �U�I�F�T�F

�F�S�S�P�S�T� �B�O�E �V�T�F�T �U�I�J�T �T�V�N �U�P �D�P�N�Q�V�U�F �U�I�F �W�B�M�V�F �P�Gg0�U�I�B�U �X�J�M�M �F�O�B�C�M�F �G�B�J�U�I�G�V�M �S�P�V�O�E�J�O�H�� �0�O�D�Fg0�I�B�T

�C�F�F�O �E�F�U�F�S�N�J�O�F�E� �U�I�F �B�D�U�V�B�M �D�P�O�T�U�S�V�D�U�J�P�O �P�G �U�I�F �N�V�M�U�J�Q�M�J�F�S�T �D�B�O �C�F �D�B�S�S�J�F�E �P�O��

�5�I�F �G�P�M�M�P�X�J�O�H �T�Q�F�D�J�B�M �D�B�T�F�T �B�S�F �N�B�O�B�H�F�E �C�Z �U�I�F �J�N�Q�M�F�N�F�O�U�B�U�J�P�O��

�' �J�Gai = 0� �U�I�F�Oe�P�X�O�W= 0��

�' �J�Gjai j = 1��P�S �N�P�S�F �H�F�O�F�S�B�M�M�Z �J�Gjai j = 2k� �U�I�F�Oe�P�X�O�W= 0 �J�G� p+ k � � p� g �	�T�I�J�G�t �P�Gxi �T�V�D�I
�U�I�B�U �B�M�M �U�I�F �C�J�U�T �X�J�M�M �C�F �L�F�Q�U�
� �P�U�I�F�S�X�J�T�Fe�P�X�O�W= 1 �	�T�I�J�G�t �U�P �U�I�F �S�J�H�I�U� �M�P�T�J�O�H �T�P�N�F �C�J�U�T �E�V�F �U�P
�U�S�V�O�D�B�U�J�P�O�
�� �5�I�J�T �D�B�T�F �D�B�O �S�F�T�V�M�U �J�O �B�O �P�W�F�S�F�T�U�J�N�B�U�J�P�O �P�G �U�I�F �F�S�S�P�S� �B�T �U�I�F �U�F�T�U �T�I�P�V�M�E �D�P�N�Q�B�S�F
�V�T�J�O�Hg0� �X�I�J�D�I �J�T �O�P�U �Z�F�U �L�O�P�X�O��

�' �J�O�U�I�F �H�F�O�F�S�B�M �D�B�T�F� �X�I�F�O �U�I�F �H�F�O�F�S�J�D �,�$�. �B�S�D�I�J�U�F�D�U�V�S�F �J�T �V�T�F�E�e�P�X�O�W= n
2 �	�U�I�F�S�F�B�S�Fn �U�B�C�M�F�T�
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�P�O�F �U�B�C�M�F �J�T �G�V�M�M�Z �O�F�H�M�F�D�U�F�E� �U�I�J�T �F�S�S�P�S �B�O�B�M�Z�T�J�T �J�T �T�M�J�H�I�U�M�Z �Q�F�T�T�J�N�J�T�U�J�D� �C�V�U �J�U �S�F�N�B�J�O�T �T�B�G�F��

�'�J�H�V�S�F �y�z���} �C�J�U�I�F�B�Q�T �G�P�S �U�X�P �D�M�B�T�T�J�D�B�M �n�b�M�U�F�S�T �G�S�P�N �<�}�•�>� �U�I�F �I�B�M�G���T�J�O�F �B�O�E �U�I�F �S�P�P�U���S�B�J�T�F�E �D�P�T�J�O�F�� �5�I�F

�n�b�H�V�S�F �B�S�F �H�F�O�F�S�B�U�F�E �C�Z �'�M�P�1�P�$�P� �B�O�E �Q�S�F�T�F�O�U �U�I�F �C�J�U�I�F�B�Q�T �C�F�G�P�S�F �U�I�F�J�S �D�P�N�Q�S�F�T�T�J�P�O��

�*�U �D�B�O �C�F �P�C�T�F�S�W�F�E �U�I�B�U �U�I�F �T�I�B�Q�F �P�G �U�I�F �C�J�U�I�F�B�Q �S�F�o�s�F�D�U�T �U�I�F �W�B�S�J�P�V�T �.�4�#�T �P�G �U�I�Fai �D�P�O�T�U�B�O�U�T�� �0�O�F

�C�J�U �I�F�B�Q �J�T �I�J�H�I�F�S �U�I�B�O �U�I�F �P�U�I�F�S� �B�M�U�I�P�V�H�I �U�I�F�Z �B�E�E �U�I�F �T�B�N�F �O�V�N�C�F�S �P�G �Q�S�P�E�V�D�U�T� �F�B�D�I �E�F�D�P�N�Q�P�T�F�E

�J�O�U�P �U�I�F �T�B�N�F �O�V�N�C�F�S �P�G �,�$�. �U�B�C�M�F�T�� �5�I�J�T �J�T �E�V�F �U�P �T�Q�F�D�J�B�M �D�P�F�m�n�b�D�J�F�O�U �W�B�M�V�F�T �U�I�B�U �M�F�B�E �U�P �T�Q�F�D�J�n�b�D

�P�Q�U�J�N�J�[�B�U�J�P�O�T�� �'�P�S �J�O�T�U�B�O�D�Fai = 1 �P�Sai = 0:5 �M�F�B�E �U�P �B �T�J�O�H�M�F �B�E�E�J�U�J�P�O �P�Gxi �U�P �U�I�F �C�J�U �I�F�B�Q��ai = 0

�M�F�B�E�T �U�P �O�P�U�I�J�O�H��

�5�I�F �C�J�U�I�F�B�Q�T �P�G �'�J�H�V�S�F �y�z���} �B�M�T�P �D�P�O�U�B�J�O �U�I�F �S�P�V�O�E�J�O�H �C�J�U2� p� 1� �S�F�R�V�J�S�F�E �G�P�S �U�I�F �n�b�O�B�M �S�P�V�O�E�J�O�H�
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�D�P�O�T�U�B�O�U�T �N�B�Z �B�E�E �B �G�F�X �.�4�# �C�J�U�T �U�P �U�I�F �U�B�C�M�F �P�V�U�Q�V�U� �I�F�O�D�F �J�O�D�S�F�B�T�F �J�U�T �D�P�T�U �C�Z �B �G�F�X �-�6�5�T��
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�C�F �E�F�E�V�D�F�E� �J�O �B�O �B�V�U�P�N�B�U�J�D �X�B�Z� �G�S�P�N��

�y�� �U�I�F �'�% �n�b�M�U�F�S �T�Q�F�D�J�n�b�D�B�U�J�P�O

�z�� �U�I�F �E�F�T�J�S�F�E �J�O�Q�V�U���P�V�U�Q�V�U �G�P�S�N�B�U�T �P�G �U�I�F �J�N�Q�M�F�N�F�O�U�B�U�J�P�O��

�" �O�J�D�F �T�J�E�F �F�m�G�F�D�U �J�T �B �I�V�H�F �T�J�N�Q�M�J�n�b�D�B�U�J�P�O �P�G �U�I�F �V�T�F�S �J�O�U�F�S�G�B�D�F� �T�J�O�D�F �U�I�F �V�T�F�S �P�O�M�Z �S�F�R�V�J�S�F�T �U�P �F�Y��

�Q�S�F�T�T �U�I�F�T�F �Q�B�S�B�N�F�U�F�S�T��

�5�I�F �N�F�U�I�P�E �J�T �B�V�U�P�N�B�U�F�E �B�O�E �C�B�T�F�E �P�O �F�S�S�P�S �B�O�B�M�Z�T�J�T �Q�F�S�G�P�S�N�F�E �C�P�U�I �J�O �U�I�F �'�% �B�O�E �5�%�� �*�U

�C�V�J�M�E�T �V�Q�P�O �S�F�D�F�O�U �P�Q�F�O���T�P�V�S�D�F �F�m�G�P�S�U�T �U�I�B�U �B�E�E�S�F�T�T �F�B�D�I �P�G �U�I�F �U�I�S�F�F �T�U�F�Q�T �X�J�U�I �H�V�B�S�B�O�U�F�F�T �P�G �O�V��

�N�F�S�J�D�B�M �R�V�B�M�J�U�Z�� �F�R�V�J�S�J�Q�Q�M�F �E�F�T�J�H�O�F�E �n�b�M�U�F�S�T �V�T�J�O�H �U�I�F �1�B�S�L�T���.�D�$�M�F�M�M�B�O �B�M�H�P�S�J�U�I�N �<�|�|�> �G�P�S �T�U�F�Q �y� �&�V��

�D�M�J�E�F�B�O �M�B�U�U�J�D�F���C�B�T�F�E �D�P�F�m�n�b�D�J�F�O�U �R�V�B�O�U�J�[�B�U�J�P�O �<�z�{�> �G�P�S �T�U�F�Q �z� �B�O�E �U�I�F �4�0�1�$ �P�Q�F�S�B�U�P�S �G�P�S �T�U�F�Q �{�� �5�I�F

�S�P�C�V�T�U�O�F�T�T �S�F�T�V�M�U�T �G�S�P�N �<�|�|�> �N�B�L�F �J�U �Q�P�T�T�J�C�M�F �U�P �B�E�E�S�F�T�T �B �C�S�P�B�E�F�S �D�M�B�T�T �P�G �'�*�3 �n�b�M�U�F�S�T �U�I�B�O �.�"�5�-�"�#

�J�T �B�C�M�F �U�P �E�P�� �5�I�F �R�V�B�O�U�J�n�b�D�B�U�J�P�O �Q�S�P�D�F�T�T �Q�S�F�T�F�O�U�F�E �J�O �<�z�{�> �E�J�S�F�D�U�M�Z �H�J�W�F�T �O�F�B�S���P�Q�U�J�N�B�M �R�V�B�O�U�J�[�F�E �D�P��

�F�m�n�b�D�J�F�O�U�T� �X�I�F�S�F�B�T �.�"�5�-�"�# �V�T�F�T �B �S�B�O�E�P�N �Q�S�P�D�F�T�T �X�I�P�T�F �R�V�B�M�J�U�Z �P�G �U�I�F �P�V�U�Q�V�U �J�T �W�B�S�J�B�C�M�F�� �'�J�O�B�M�M�Z�

�U�I�F �4�0�1�$ �B�S�D�I�J�U�F�D�U�V�S�F �P�m�G�F�S�T �B �H�V�B�S�B�O�U�F�F �P�O �U�I�F �B�D�D�V�S�B�D�Z �P�G �U�I�F �F�W�B�M�V�B�U�J�P�O �P�G �U�I�F �T�J�H�O�B�M �J�O �U�I�F �U�J�N�F

�E�P�N�B�J�O��

�5�I�J�T �J�O�U�F�H�S�B�U�J�P�O �J�T �O�P�O �U�S�J�W�J�B�M �E�V�F �U�P �U�I�F �N�V�U�V�B�M �J�N�Q�B�D�U �P�G �'�% �B�O�E �5�% �Q�B�S�B�N�F�U�F�S�T �P�O �U�I�F �n�b�M�U�F�S

�R�V�B�M�J�U�Z�� �5�I�J�T �J�T �E�F�U�B�J�M�F�E �J�O �4�F�D�U�J�P�O �y�{���€�� �4�F�D�U�J�P�O �y�{���• �T�I�P�X�T �U�I�B�U �U�I�J�T �U�P�P�M �M�F�B�E�T �U�P �I�J�H�I�M�Z �F�m�n�b�D�J�F�O�U �B�S��

�D�I�J�U�F�D�U�V�S�F�T �D�P�N�Q�B�S�F�E �U�P �.�"�5�-�"�#�� �#�F�G�P�S�F �U�I�B�U� �4�F�D�U�J�P�O �y�{���} �J�O�U�S�P�E�V�D�F�T �T�P�N�F �S�F�R�V�J�S�F�E �D�P�O�D�F�Q�U�T�

�X�I�J�M�F �4�F�D�U�J�P�O �y�{���~ �T�V�S�W�F�Z�T �S�F�M�F�W�B�O�U �Q�S�F�W�J�P�V�T �X�P�S�L�T �P�O �U�I�F �T�V�C�K�F�D�U��

�5�I�F �S�F�T�V�M�U�J�O�H �U�F�D�I�O�J�R�V�F �J�T �J�N�Q�M�F�N�F�O�U�F�E �J�O �B�O �P�Q�F�O���T�P�V�S�D�F �$���� �U�P�P�M �U�I�B�U �J�T �B�W�B�J�M�B�C�M�F �G�P�S �E�P�X�O��

�M�P�B�E �G�S�P�N�%�1�1�-�å�����-�"�/�0�,�ã�"�+�0�ø�)�6�,�+�ã�#�/���0�&�)�3�&�2�&�,���+�ã�#�&�)�&�-���&� ���0�0�-�ã�%�1�*�)��

�#	Š	Œ	”	•	›	˜	ž	—	•

�.�B�O�Z �n�b�M�U�F�S�J�O�H �U�B�T�L�T �S�F�R�V�J�S�F �B �G�S�F�R�V�F�O�D�Z �S�F�T�Q�P�O�T�FH(w) �X�I�J�D�I �I�B�T �M�J�O�F�B�S �Q�I�B�T�F�� �'�P�S �'�*�3 �n�b�M�U�F�S�T �V�T�F�E

�J�O �Q�S�B�D�U�J�D�F� �U�I�J�T �N�F�B�O�T �U�I�B�Ufa igN� 1
i= 0 �B�S�F �D�I�P�T�F�O �U�P �C�F �T�Z�N�N�F�U�S�J�D �P�S �B�O�U�J�T�Z�N�N�F�U�S�J�D �X�J�U�I �S�F�T�Q�F�D�U �U�P �U�I�F

�N�J�E�E�M�F �D�P�F�m�n�b�D�J�F�O�U�	�T�
 �<�•�•��4�F�D�� �}���•�>�� �'�P�S �F�Y�Q�M�B�O�B�U�J�P�O �Q�V�S�Q�P�T�F�T� �P�O�M�Z �U�Z�Q�F �* �M�J�O�F�B�S �Q�I�B�T�F �n�b�M�U�F�S�T �B�S�F �D�P�O��

�T�J�E�F�S�F�E �J�O �U�I�F �T�F�R�V�F�M �	�L���H��� �T�Z�N�N�F�U�S�J�D �D�P�F�m�n�b�D�J�F�O�U�T �B�O�E �P�E�EN�
� �C�V�U �U�I�F �N�F�U�I�P�E �X�P�S�L�T �J�O �U�I�F �H�F�O�F�S�B�M

�D�B�T�F �B�M�T�P��

�z�y�}
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�'�S�F�R�V�F�O�D�Z �E�P�N�B�J�O �T�Q�F�D�J�n�b�D�B�U�J�P�O �P�GH �J�T �H�F�O�F�S�B�M�M�Z �D�B�S�S�J�F�E �P�V�U �J�O �U�F�S�N�T �P�G �BL¥ �G�P�S�N�V�M�B�U�J�P�O� �B �Q�S�B�D�U�J�D�F

�X�I�J�D�I �X�J�M�M �B�M�T�P �C�F �G�P�M�M�P�X �I�F�S�F�� �(�J�W�F�OW� �B �D�P�N�Q�B�D�U �T�V�C�T�F�U �P�G[0;p]� �B�O �J�E�F�B�M �G�S�F�R�V�F�O�D�Z �S�F�T�Q�P�O�T�FD�

�D�P�O�U�J�O�V�P�V�T �P�OW� �B�O�E �B �X�F�J�H�I�U �G�V�O�D�U�J�P�OW �Q�P�T�J�U�J�W�F �B�O�E �D�P�O�U�J�O�V�P�V�T �P�W�F�SW�H �I�B�T �U�P �C�F �E�F�U�F�S�N�J�O�F�E

�T�V�D�I �U�I�B�U �U�I�F �X�F�J�H�I�U�F�E �F�S�S�P�S �G�V�O�D�U�J�P�OE(w) = W(w)(D(w) � H(w)) �I�B�T �N�J�O�J�N�B�M �V�O�J�G�P�S�N �O�P�S�N��

d = kE(w)k¥; W = sup
w2W

jE(w)j �	�y�{���{�


�*�O �U�I�F �U�J�N�F �E�P�N�B�J�O� �U�I�F �F�S�S�P�S �D�B�O �T�J�N�J�M�B�S�M�Z �C�F �E�F�n�b�O�F�E �G�P�S �B�O �B�S�D�I�J�U�F�D�U�V�S�F �D�P�N�Q�V�U�J�O�Heyk� �X�I�F�O

�T�V�Q�Q�P�T�F�E �U�P �D�P�N�Q�V�U�Fyk� �B�Te(xk) = jeyk � ykj�� �5�I�F �T�Q�F�D�J�n�b�D�B�U�J�P�O �X�J�M�M �C�F �H�J�W�F�O �B�T �B �C�P�V�O�Ee �P�Oe(xk)��

�5�I�F�S�F �J�T �B �E�F�F�Q �S�F�M�B�U�J�P�O�T�I�J�Q �C�F�U�X�F�F�O �U�I�J�T �C�P�V�O�E �B�O�E �U�I�F �P�V�U�Q�V�U �G�P�S�N�B�U�� �)�P�X �U�P �S�F�M�B�U�F �J�U �U�P �U�I�F

�G�S�F�R�V�F�O�D�Z���E�P�N�B�J�O �B�D�D�V�S�B�D�Z �T�Q�F�D�J�n�b�D�B�U�J�P�O �J�T �Q�S�F�T�F�O�U�F�E �J�O �4�F�D�U�J�P�O�y�{���€��
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�'�J�O�E�J�O�H �U�I�F �P�Q�U�J�N�B�M �T�F�U �P�G �S�F�B�M���W�B�M�V�F�E �U�B�Q�Tfa igN� 1
i= 0 �X�I�J�D�I �N�J�O�J�N�J�[�Fd �J�O �&�R�V�B�U�J�P�O �y�{���{ �J�T�B �D�M�B�T�T�J�D

�"�Q�Q�S�P�Y�J�N�B�U�J�P�O �5�I�F�P�S�Z �Q�S�P�C�M�F�N�� �5�I�F �V�T�V�B�M �B�Q�Q�S�P�B�D�I �U�P �T�P�M�W�F �J�U �J�T �U�P �V�T�F �U�I�F �3�F�N�F�[ �F�Y�D�I�B�O�H�F �B�M�H�P��

�S�J�U�I�N �<�y�‚�}�>� �X�I�J�D�I �J�O �4�J�H�O�B�M �1�S�P�D�F�T�T�J�O�H �J�T �N�P�S�F �D�P�N�N�P�O�M�Z �L�O�P�X�O �B�T �U�I�F �1�B�S�L�T���.�D�$�M�F�M�M�B�O �B�M�H�P�S�J�U�I�N

�<�•�•�>�� �*�U �J�T �B �W�F�S�Z �S�P�C�V�T�U �B�Q�Q�S�P�B�D�I�� �*�O �U�I�F �G�P�M�M�P�X�J�O�H� �U�I�F �J�N�Q�M�F�N�F�O�U�B�U�J�P�O �G�S�P�N �<�|�|�> �J�T �V�T�F�E� �X�I�J�D�I �J�T

�D�B�Q�B�C�M�F �P�G �P�V�U�Q�V�U�U�J�O�H �F�Y�U�S�F�N�F�M�Z �B�D�D�V�S�B�U�F �n�b�M�U�F�S�T��

�%�F�Q�F�O�E�J�O�H �P�O �U�I�F �E�F�T�J�H�O �S�F�R�V�J�S�F�N�F�O�U�T� �U�I�F �U�P�P�M �D�B�O �Q�S�P�E�V�D�F��

�y�� �n�b�M�U�F�S�T �P�G �N�J�O�J�N�B�M �M�F�O�H�U�IN �T�B�U�J�T�G�Z�J�O�H �T�P�N�F �H�J�W�F�O �F�S�S�P�S �D�P�O�T�U�S�B�J�O�U�T �P�OW��

�z�� �G�P�S �B �T�Q�F�D�J�n�b�F�EN� �n�b�M�U�F�S�T �X�I�J�D�I �F�O�T�V�S�F �B �D�F�S�U�B�J�O �U�B�S�H�F�U �F�S�S�P�S �P�O �T�P�N�F �Q�B�S�U �P�GW��

�"�T �B�O �F�Y�B�N�Q�M�F� �D�P�O�T�J�E�F�S �U�I�F �E�F�T�J�H�O �P�G �B �Q�S�P�U�P�U�Z�Q�J�D�B�M �M�P�X�Q�B�T�T �T�Z�T�U�F�N� �B�T �T�I�P�X�O �J�O �'�J�H�V�S�F �y�{���y� �X�J�U�I

�Q�B�T�T�C�B�O�E[0;wp] �B�O�E �T�U�P�Q�C�B�O�E[ws;p]�� �*�U �J�T �E�F�n�b�O�F�E �P�OW= [ 0;wp] [ [ws;p] �X�J�U�I

D(w) =

8
<

:
1; w 2 [0;wp];

0; w 2 [ws;p]:
�	�y�{���|�


�'�P�S �B �T�Q�F�D�J�n�b�D�B�U�J�P�O �P�G �U�I�F �n�b�S�T�U �U�Z�Q�F� �U�I�F �U�B�S�H�F�U �J�T �U�P �N�J�O�J�N�J�[�FN� �X�I�J�M�F �U�I�F �B�Q�Q�S�P�Y�J�N�B�U�J�P�O �F�S�S�P�S

jD � Hj �J�T �V�Q�Q�F�S �C�P�V�O�E�F�E �C�Zdp �P�O �U�I�F �Q�B�T�T�C�B�O�E �B�O�E �C�Zds �P�O �U�I�F �T�U�P�Q�C�B�O�E�� �5�B�L�J�O�H

W(w) =

8
<

:

ds
dp

; w 2 [0;wp];

1; w 2 [ws;p];
�	�y�{���}�


�z�y�~



�S�F�E�V�D�F�T�U�I�F �Q�S�P�C�M�F�N �U�P �n�b�O�E�J�O�H �U�I�F �T�N�B�M�M�F�T�UN �G�P�S �X�I�J�D�I �U�I�F �N�J�O�J�N�B�Y �F�S�S�P�Sd 6 ds�� �5�I�F �S�F�T�V�M�U�J�O�HH

�J�T �T�I�P�X�O �J�O �S�F�E �J�O �'�J�H�V�S�F �y�{���y���" �T�J�N�Q�M�F �X�B�Z �P�G �E�F�U�F�S�N�J�O�J�O�H �J�U �S�F�R�V�J�S�F�T �B�O �J�O�J�U�J�B�M �H�V�F�T�T �G�P�SN�� �,�B�J�T�F�S

�<�~�|�> �H�B�W�F �U�I�F �G�P�S�N�V�M�B

N �
� 10 log10(dpds) � 13

2:324(ws � wp)
;

�X�I�J�D�I �X�B�T �M�B�U�F�S �S�F�n�b�O�F�E �J�O �<�y�y�y�>���5�I�J�T �E�F�H�S�F�F �D�B�O �C�F �N�P�E�J�n�b�F�E �J�U�F�S�B�U�J�W�F�M�Z� �B�O�E �U�I�F �F�Y�D�I�B�O�H�F �B�M�H�P�S�J�U�I�N

�J�T �B�Q�Q�M�J�F�E �V�O�U�J�Md 6 ds�� �.�P�S�F �J�O�G�P�S�N�B�U�J�P�O �D�B�O �C�F �G�P�V�O�E �G�P�S �J�O�T�U�B�O�D�F �J�O �<�y�|��4�F�D�� �y�}���•���y�}���•�>��
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