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Première partie

Introduction
La théorie des algèbres de von Neumann tire ses origines de la physique. En

effet, en mécanique quantique, l’algèbre a priori commutative des observables d’un
système doit en fait être remplacée par une algèbre d’observables non-commutatives.
Pour modéliser ces nouvelles observables, on utilise des opérateurs sur un espace
de Hilbert. C’est en cherchant à élaborer un cadre mathématique adéquat pour
la mécanique quantique que Murray et von Neumann introduisent et développent à
partir de 1936 la théorie des algèbres d’opérateurs qu’on appelle aujourd’hui algèbres
de von Neumann.

Avec le temps, de plus en plus de liens sont découverts entre la théorie des
algèbres de von Neumann et d’autres branches des mathématiques telles que la
théorie ergodique, la théorie des groupes et de leurs représentations, les probabilités
libres ou encore, de façon plus surprenante, la théorie des nœuds et la topologie en
basse dimension grâce à la découverte remarquable du polynôme de Jones.

Durant les années 70, la théorie des algèbres de von Neumann vit une petite ré-
volution. Le développement de la théorie modulaire par Tomita et Takesaki, puis les
travaux remarquables de Connes sur les facteurs injectifs vont permettre de donner
une classification complète des algèbres de von Neumannmoyennables, une propriété
étroitement liée à la notion de moyennabilité pour les groupes. Ce développement
s’accompagne de progrès similaires et tout aussi remarquables en théorie ergodique.

Aujourd’hui, la plupart des problèmes relatifs aux algèbres de von Neumann
moyennables sont résolus. En revanche, le cas non-moyennable demeure largement
incompris. Ainsi, le problème d’isomorphisme des facteurs de groupes libres est tou-
jours ouvert. Des développements récents, grâce notamment à la théorie de la défor-
mation/rigidité de Popa, ont toutefois permis de démontrer des résultats de rigidité
impressionnants. Ainsi, certaines actions ergodiques peuvent être entièrement re-
construites à partir de leur algèbre de von Neumann. Il y a là un contraste frappant
avec le cas moyennable, où au contraire, toute l’information est oubliée.

1 Définition des algèbres de von Neumann
Dans cette section nous définissons les algèbres de von Neumann et énonçons

leurs premières propriétés.
L’exemple fondamental d’algèbre de von Neumann sera B(H), l’algèbre des opé-

rateurs bornés sur un espace de Hilbert H. Cette algèbre est munie d’une opération
particulière : l’opération d’adjonction T 7→ T ∗. C’est donc un exemple particulier
d’∗-algèbre au sens de la définition suivante :

Définition 1.1. Une ∗-algèbre est une C-algèbre A (avec unité) munie d’une opé-
ration a 7→ a∗ qui est :

(i) involutive : (a∗)∗ = a.
(ii) anti-linéaire : (λa+ µb)∗ = λ̄a∗ + µ̄b∗.

(iii) anti-multiplicative : (ab)∗ = b∗a∗.
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Par analogie avec le cas de B(H), on dit qu’un élément a d’une ∗-algèbre A est
normal lorsque a∗a = aa∗, auto-adjoint lorsque a∗ = a et positif lorsqu’il existe
b ∈ A tel que a = b∗b.

Définition 1.2. Soit M une ∗-algèbre. On dit que M est une algèbre de von Neu-
mann lorsqu’il existe une norme || · || sur M telle que :

(i) Pour tout x, y ∈M , ‖xy‖ ≤ ‖x‖‖y‖.
(ii) Pour tout x ∈M , ‖x∗x‖ = ‖x‖2.

(iii) (M, ‖ · ‖) est un espace de Banach dual, i.e. il existe un espace de Banach
(E, ‖ · ‖E) tel que (M, ‖ · ‖) = (E, ‖ · ‖E)∗.

Cette définition peut sembler étrange au premier abord car on demande seule-
ment l’existence de la norme et de l’espace de Banach E sans les inclure dans la
structure de M . En réalité, et c’est une des premières propriétés remarquables des
algèbres de von Neumann, la norme et l’espace de Banach E sont nécessairement
uniques. Autrement dit, ils sont déterminés par la structure algébrique de M . Plus
précisément, on a le théorème suivant.

Théorème 1.3. Soit M une algèbre de von Neumann. Alors il existe une unique
norme ‖ · ‖ sur M qui vérifie les conditions de la définition précédente.

De plus, si (Ei, ‖ · ‖Ei), i = 1, 2 sont deux espaces de Banach tels que (Ei, ‖ ·
‖Ei)∗ = (M, ‖ · ‖), alors il existe un et un seul isomorphisme θ : (E1, ‖ · ‖E1) →
(E2, ‖ · ‖E2) dont l’application duale vérifie θ∗ = idM .

En raison de cette propriété, on notera à partir de maintenant M∗ l’espace de
Banach qui vérifie (M∗)∗ = M . On l’appellera le prédual de M . On préfère voir les
éléments de M∗ comme des formes linéaires sur M grâce à l’inclusion canonique de
M∗ dans son bidual (M∗)∗∗ = M∗. En général, M∗ est beaucoup plus gros que M∗.
Notons qu’une algèbre de von Neumann admet donc, en plus de la topologie issue de
la norme ‖ · ‖, une autre topologie naturelle : la topologie faible-∗ issue de la dualité
avec M∗.

Nous nous intéressons maintenant à l’exemple le plus fondamental d’algèbre de
von Neumann.

Proposition 1.4. Soit H un espace de Hilbert. Alors l’∗-algèbre B(H) est une
algèbre de von Neumann.

La norme de B(H) n’est pas difficile à deviner. Il s’agit de la norme d’opérateur :

||T || = sup
||ξ||=1

||Tξ||.

Le prédual B(H)∗ est quant à lui lié à la notion d’état d’un système en mécanique
quantique. En effet, les physiciens définissent l’état d’un système quantique par
un vecteur normalisé ξ ∈ H considéré à une phase près. Autrement dit, ils ne
s’intéressent qu’à la forme linéaire

ωξ : T 7→ 〈Tξ, ξ〉.

Pour toute observable du système, représentée par un opérateur T ∈ B(H), la
quantité ωξ(T ) donne la valeur moyenne de cette observable lorsqu’elle est mesurée
dans l’état ξ.
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Proposition 1.5. Soit H un espace de Hilbert. Alors le prédual B(H)∗ ⊂ B(H)∗
est le sous-espace fermé de B(H)∗ engendré par les ωξ pour ξ ∈ H.

L’exemple de l’algèbre de von Neumann B(H) est fondamental en raison du
théorème suivant. Il montre que toute algèbre de von Neumann peut être représen-
tée comme une algèbre d’opérateurs sur un espace de Hilbert (mais de façon non
canonique).

Définition 1.6. SoitM une algèbre de von Neumann. Soit N une sous-∗-algèbre de
M . On dit que N est une sous-algèbre de von Neumann de M lorsque N est fermée
pour la topologie faible-∗ de M . Dans ce cas, N est une algèbre de von Neumann,
la norme de N est la restriction de la norme de M et le prédual N∗ est le quotient
de M∗ par le sous-espace

N⊥ = {ω ∈M∗ | ω|N = 0}

Théorème 1.7. Toute algèbre de von Neumann est isomorphe à une sous-algèbre
de von Neumann de B(H) pour un certain espace de Hilbert H.

En réalité, c’est essentiellement ainsi, c’est-à-dire comme des sous-∗-algèbres de
B(H) qui sont fermées pour la topologie faible-∗, que von Neumann a historiquement
défini les algèbres qui portent son nom. Il a en outre démontré le célèbre théorème
du bicommutant qui donne encore un exemple frappant d’interaction entre structure
algébrique et structure topologique.

Théorème 1.8. Soit M une sous-∗-algèbre de B(H). Alors les deux propriétés
suivantes sont équivalentes.

(i) M est une sous-algèbre de von Neumann de B(H), i.e. M est fermée pour la
topologie faible-∗ de B(H).

(ii) M = (M ′)′ où, pour toute partie A ⊂ B(H), on note

A′ = {T ∈ B(H) | ∀S ∈ A, TS = ST}.

2 Algèbres de von Neumann commutatives
Dans cette section, nous allons voir qu’il y a une correspondance parfaite entre

algèbres de von Neumann commutatives et espaces mesurables. Pour cela, nous
introduisons la catégorie suivante qui est la bonne catégorie pour faire de la théorie
de la mesure. La notion d’espace localisable généralise la notion d’espace σ-fini.

Définition 2.1. La catégorie des espaces mesurables est la catégorie définie de la
façon suivante.

(i) Les objets sont les espaces mesurés (X,B, µ) qui sont localisables, i.e. qui
peuvent s’écrire comme une somme directe (non nécessairement dénombrable)
d’espaces mesurés de mesure finie.

(ii) Les morphismes entre deux objets (X,B, µ) et (Y, C, ν) sont les classes, modulo
égalité presque partout, de fonctions mesurables θ : X → Y définies presque
partout et telles que θ−1(C) est de mesure nulle pour tout C ∈ C de mesure
nulle.
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Donnons une description différente de cette catégorie.

Définition 2.2. Une algèbre de Boole est un ensemble ordonné A tel que :
(i) Toute partie de A admet une borne inférieure et une borne supérieure (notées

avec les symboles ∧ et ∨ respectivement, on note 0 et 1 le plus petit élément
et le plus grand élément de A).

(ii) Les opérations ∧ et ∨ sont distributives l’une par rapport à l’autre.
(iii) Pour tout a ∈ A, il existe un élément ac ∈ A tel que a ∨ ac = 1 et a ∧ ac = 0.
Un morphisme entre deux algèbres de Boole est une application qui préserve les
opérations ∧ et ∨.

Une mesure sur une algèbre de Boole A est une application µ : A → R+ ∪
{+∞} telle que pour tout a ∈ A et toute partition (ai)i∈I de a (même infinie non
dénombrable) on a

µ(a) =
∑
i∈I

µ(ai).

L’algèbre de Boole A est dite mesurable si pour tout a ∈ A avec a 6= 0, il existe
une mesure µ sur A telle que 0 < µ(a) < +∞.

Théorème 2.3. Soit (X,B, µ) un objet de la catégorie des espaces mesurables. Alors
le quotient Bµ = B/{A ∈ B | µ(A) = 0} est une algèbre de Boole mesurable.
Pour tout morphisme θ : (X,B, µ) → (Y, C, ν), l’application réciproque θ−1 induit
un morphisme d’algèbres de Boole de Cν vers Bµ. Le foncteur ainsi défini est une
équivalence de catégorie.

À partir de maintenant, on appellera espace mesurable et on notera simplement
X un objet abstrait de la catégorie des espaces mesurables. Un morphisme entre
deux objets f : X → Y est une application mesurable. On note P(X) l’algèbre
de Boole associée à X par le théorème ci-dessus. Les éléments de P(X) seront
appelées parties de X et on utilisera les notations ensemblistes usuelles ∅, X, ⋃,⋂ pour désigner respectivement, son plus petit élément, son plus grand élément,
le supremum, l’infinimum etc. Enfin, par mesure sur X on entend une mesure sur
P(X).

On associe à chaque espace mesurable X, l’∗-algèbre L∞(X) des classes de fonc-
tions mesurables bornées à valeurs dans C. L’involution ∗ est donnée par la conju-
gaison complexe.

Théorème 2.4. Soit X un espace mesurable. Alors L∞(X) est une algèbre de von
Neumann commutative. Réciproquement, toute algèbre de von Neumann commuta-
tive est de cette forme.

En effet, L∞(X) est une algèbre de von Neumann car L∞(X), muni de la norme
usuelle ‖·‖∞, est l’espace de Banach dual deM(X), l’espace des mesures complexes
sur X.

Réciproquement, si M est une algèbre de von Neumann commutative alors l’en-
semble des projections auto-adjointes P(M) = {p ∈ M | p = p∗ = p2} est une
algèbre de Boole mesurable. On peut donc l’identifier à P(X) pour un espace me-
surable X, puis montrer que M s’identifie à L∞(X).

Enfin, mentionnons que les applications mesurables de X vers Y s’identifient pré-
cisément aux morphismes d’algèbres de L∞(Y )→ L∞(X) qui préservent l’involution
et qui sont continus pour la topologie faible-∗.
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En raison de cette équivalence entre espaces mesurables et algèbres de von Neu-
mann commutatives, la théorie des algèbres de von Neumann est souvent considérée
comme une généralisation non-commutative de la théorie de la mesure. Les projec-
tions continuent à jouer un rôle crucial dans l’analyse des algèbres de von Neumann
non-commutatives et il est souvent utile de les voir comme les parties d’un prétendu
“espace mesurable non-commutatif”. De même pour la notion suivante de poids, qui
généralise la notion de mesure.

Définition 2.5. Soit M une algèbre de von Neumann. Soit M+ = {x ∈ M | ∃y ∈
M, x = y∗y} le cône positif de M .

Un poids sur M est une application ϕ : M+ → R+ ∪ {∞} qui vérifie :
(i) ϕ(0) = 0 et ϕ(λx+ µy) = λϕ(x) + µϕ(y) pour tout λ, µ > 0 et x, y ∈M+.

(ii) ϕ(x) = supi ϕ(xi) pour toute suite (xi)i∈I ∈M+ qui croît vers x ∈M+.
On dit que ϕ est semi-fini lorsque {x ∈M+ | ϕ(x) < +∞} engendre un sous-espace
∗-faiblement dense dans M . On dit que ϕ est fidèle lorsque ϕ(x) = 0 implique que
x = 0 pour tout x ∈M+.

Lorsque M = L∞(X) pour un espace mesurable X, il y a une correspondance
parfaite entre les poids surM et les mesures sur X grâce à la théorie de l’intégration.

∀f ≥ 0, ϕ(f) =
∫
X
fdµ.

La propriété (ii) est la traduction de la propriété de convergence monotone.
Lorsque ϕ est un poids fini, i.e. ϕ(1) < +∞, il s’étend naturellement en une

forme linéaire ϕ ∈M∗. Lorsque ϕ(1) = 1, on dit que ϕ est un état. Une paire (M,ϕ)
constituée d’une algèbre de von Neumann et d’un état ϕ sur M est l’analogue non-
commutatif d’un espace de probabilité.

3 Facteurs et classification en types
Une fois que l’on a introduit les algèbres de von Neumann, la question qui se pose

naturellement est celle de leur classification à isomorphisme près. Afin de s’attaquer
à ce problème, Murray et von Neumann s’intéressent à une classe très spéciale d’al-
gèbres de von Neumann, qui sont les moins commutatives possible au sens suivant.

Définition 3.1. Soit M une algèbre de von Neumann. On dit que M est un facteur
lorsque le centre de M , i.e.

Z(M) = {a ∈M | ∀b ∈M, ab = ba}

est réduit aux scalaires, i.e. Z(M) = C.

L’étude des facteurs est fondamentale pour la raison suivante. Si M est une
algèbre de von Neumann quelconque, alors Z(M) est une algèbre de von Neumann
commutative et s’écrit donc Z(M) = L∞(X) pour un certain espace mesurable X.
Murray et von Neumann montrent alors que M se désintègre de façon unique en un
champ de facteurs au-dessus de X. La conclusion est que pour classifier toutes les
algèbres de von Neumann il suffit de classifier les facteurs.

Pour analyser la structure des facteurs, Murray et von Neumann posent la défi-
nition suivante.
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Définition 3.2. Soit M une algèbre de von Neumann. On dit que deux projections
p, q ∈ P(M) sont équivalentes et on note alors p ∼ q, lorsqu’il existe u ∈M tel que

p = u∗u et q = uu∗.

Bien sûr, cette définition est sans intérêt dans le cas commutatif. Elle devient
fondamentale lorsque M est un facteur en raison du théorème suivant.

Théorème 3.3. Soit M un facteur (σ-fini). Il existe un poids τ sur M , unique à
multiplication par un scalaire λ ∈ R∗+ près, tel que :

∀p, q ∈ P(M), p ∼ q ⇐⇒ τ(p) = τ(q)

De plus, l’ensemble des valeurs que prend le poids τ sur les projections de M
coïncide, à une renormalisation près, avec l’un des ensemble suivants :

{0, 1, 2, . . . , n}, n ∈ N, et on dit alors que M est de type In
{0, 1, 2, . . . ,∞} I∞
[0, 1] II1
[0,+∞] II∞
{0,+∞} III

Les facteurs de type In, n ∈ N∪ {∞} sont bien connus. En effet, on montre que
ce sont exactement les algèbres de la forme B(H) pour H un espace de Hilbert (de
dimension n). Le poids τ du théorème est alors donné (à un scalaire près) par la
trace définie par

tr(T ) =
∑
i∈I
〈Tξi, ξi〉 pour tout T ∈ B(H)+

où (ξi)i∈I est une base orthonormée quelconque de H. La trace d’une projection est
égale à son rang et deux projections sont équivalentes si et seulement si elles ont le
même rang.

Pour les facteurs de type II, tout se passe comme si le rang des projections
pouvait varier continûment au lieu de ne prendre que des valeurs entières discrètes.
Par analogie avec le cas des facteurs de type I, le poids τ est toujours appelé trace.
Quand le facteurM est de type II1, la trace τ est finie et on peut donc la normaliser
de sorte que τ(1) = 1. Elle s’étend alors en une forme linéaire τ ∈ M∗ qui vérifie
τ(xy) = τ(yx) pour tout x, y ∈M .

Reste le cas des facteurs de type III. Ce sont les seuls facteurs pour lesquels le
poids du théorème 3.3 est purement infini et toutes les projections non nulles sont
donc équivalentes. Pour cette raison, von Neumann considéra les facteurs de type III
comme étant pathologiques et douta même pendant un moment de leur existence.
En réalité, les facteurs de type III sont très intéressants mais la richesse de leur
structure ne peut être révélée que grâce à la théorie modulaire que nous verrons plus
loin.

4 Exemples
Dans cette partie, on donne des exemples de constructions intéressantes d’al-

gèbres de von Neumann en lien avec la théorie des groupes et la théorie ergodique.
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Définition 4.1. Soit Γ un groupe discret. Considérons l’espace de Hilbert `2(Γ).
Pour tout g ∈ Γ, définissons un opérateur unitaire ug ∈ B(`2(Γ)) par

(ug · ξ)(h) = ξ(g−1h) pour tout ξ ∈ `2(Γ).

L’algèbre de von Neumann de Γ, notée L(Γ), est la sous-algèbre de von Neumann
de B(`2(Γ)) engendrée par les unitaires {ug | g ∈ Γ}.

Un fait remarquable est que l’algèbre de von Neumann L(Γ) possède une trace
canonique.

Proposition 4.2. Soit Γ un groupe discret. Soit δe ∈ `2(Γ) la suite qui vaut 1 sur
l’élément neutre e ∈ Γ et 0 ailleurs. Pour tout x ∈ L(Γ), posons

τ(x) = 〈xδe, δe〉.

Alors τ est un état tracial fidèle sur L(Γ).

Lorsque Γ est commutatif, L(Γ) est aussi commutative et doit donc être de la
forme L∞(X) pour un certain espace mesurable X. En fait, L(Γ) est canoniquement
isomorphe à L∞(Γ̂) où Γ̂ est le dual de Pontryagin de Γ, i.e. le groupe compact formé
par les caractères Γ̂ = hom(Γ,U) équipé de sa mesure de Haar (qui s’identifie à la
trace τ sur L(Γ) précédemment décrite).

Lorsque Γ n’est pas commutatif, la dualité de Pontryagin classique ne fonctionne
plus et Γ̂ est en général trop petit. Si Γ est suffisamment non-commutatif, L(Γ)
devient un facteur. Plus précisément, on a la caractérisation suivante.

Proposition 4.3. Soit Γ un groupe discret. Alors L(Γ) est un facteur si et seulement
si Γ est à classes de conjugaison infinies, i.e. pour tout g ∈ Γ, g 6= e, l’ensemble
{hgh−1 | h ∈ Γ} est infini.

Notons que lorsque L(Γ) est un facteur, il est nécessairement de type II1 et
la trace du théorème 3.3 est précisément celle donnée par la proposition 4.2. Des
exemples de groupes à classes de conjugaison infinies sont donnés par les groupes
libres Fn, n ≥ 2, ou bien le groupe S∞ des permutations de N à support fini.

Maintenant, nous allons voir une autre construction d’algèbres de von Neumann
à partir d’une action d’un groupe discret sur un espace mesurable, qui nous donnera
en particulier des exemples de facteurs de type III.

Définition 4.4. Une action d’un groupe discret Γ sur un espace mesurable X est
un morphisme de groupes σ : Γ→ Aut(X) et on note σ : Γ y X.

On dit que l’action σ est libre lorsque pour tout g ∈ Γ et tout A ⊂ X, on a

σ(g)|A = idA ⇐⇒ g = e ou A = ∅.

On dit que l’action σ est ergodique lorsque les seules parties de X qui sont
invariantes par σ sont ∅ et X.

À partir d’une action σ d’un groupe discret Γ sur un espace mesurable X, on
obtient une action, qu’on note encore σ, de Γ sur L∞(X) définie par

σg(f) = f ◦ σ−1
g .
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On peut alors à partir de cette donnée construire une algèbre de von Neumann
L∞(X) oσ Γ qui est le produit croisé de Γ et de L∞(X). Plutôt que de détailler la
construction de L∞(X)oσ Γ, contentons-nous simplement de dire qu’elle est engen-
drée par une copie de L∞(X) et une copie de L(Γ) qui sont liées par les relations

∀g ∈ Γ, ∀f ∈ L∞(X), ugfu
∗
g = σg(f),

où les (ug)g∈Γ sont les unitaires canonique de L(Γ).

Proposition 4.5. Si l’action σ : Γ y X est libre et ergodique alors L∞(X) oσ Γ
est un facteur.

Maintenant, nous allons déterminer le type du facteur L∞(X) oσ Γ pour une
action libre et ergodique σ. Ce type sera lié à l’existence de mesures sur X qui sont
invariantes sous l’action σ. L’ergodicité de l’action assure que si une telle mesure
invariante non triviale (i.e. qui n’est ni la mesure nulle ni la mesure purement infinie)
existe, alors elle est nécessairement unique. Ceci se démontre grâce au théorème de
Radon-Nikodym. Une telle mesure s’étend alors naturellement en un poids tracial
sur L∞(X)oσ Γ. On a alors la classification suivante :

Théorème 4.6. Soit σ : Γ y X une action libre et ergodique. Le facteur L∞(X)oσΓ
est :
— de type I si et seulement si X est discret. Dans ce cas, il est de type In si Γ est

fini de cardinal n et de type I∞ sinon. La mesure de comptage est une mesure
invariante non triviale.

— de type II si et seulement si X est diffus et admet une mesure invariante non
triviale µ. Dans ce cas, il est de type II1 si µ est finie et de type II∞ sinon.

— de type III si et seulement si X ne possède pas de mesure invariante non
triviale.

Ce théorème fournit de nombreux exemples de facteurs de type III puisqu’une
action générique n’admet pas de mesure invariante non triviale.

Enfin, pour terminer cette section, mentionnons que pour une action libre σ : Γ y
X, le produit croisé L∞(X)oσ Γ ne dépend en fait que de la relation d’équivalence
orbitale

R = {(x, g · x) | x ∈ X, g ∈ Γ} ⊂ X ×X.

Ainsi, la construction du produit croisé ne retient que la partition de X en orbites
et oublie a priori une grande partie de l’information sur l’action σ.

5 Théorie modulaire
La théorie modulaire développée par Tomita, Takesaki et Connes [Co72, Ta73,

CT76] est la clé qui a permis de comprendre la structure des facteurs de type III.
Le point de départ de la théorie est une découverte de Tomita. Il a montré qu’on

pouvait associer canoniquement, à chaque poids semi-fini fidèle ϕ sur une algèbre
de von Neumann M , un groupe à un paramètre d’automorphismes

σϕ : R 3 t 7→ σϕt ∈ Aut(M)
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qu’on appelle le flot modulaire de ϕ. Ce flot mesure le défaut de tracialité de ϕ. En
particulier, il est trivial si et seulement si ϕ est une trace.

Plus tard, durant sa thèse, Connes montre une version non-commutative du
théorème de Radon-Nikodym qui permet de comprendre comment le flot modulaire
σϕ dépend du choix du poids ϕ. Il montre, en particulier, que si ψ est un autre
poids semi-fini fidèle sur M , les flots modulaires σϕ et σψ sont égaux modulo le
groupe Inn(M) des automorphismes intérieurs de M . Autrement dit, le groupe à un
paramètre

δM : R 3 t 7→ [σϕt ] ∈ Out(M) = Aut(M)/Inn(M)
ne dépend pas du choix de ϕ.

Ces résultats, combinés à la théorie de la dualité de Takesaki pour les produits
croisés, ont permis d’aboutir au théorème suivant, qui est le Graal de la théorie
modulaire.

Théorème 5.1 ([Ta73, CT76]). Soit M une algèbre de von Neumann. Alors, il
existe un quadruplé (N, τ, θ, ι) tel que :

(i) N est une algèbre de von Neumann.
(ii) τ est une trace semi-finie fidèle sur N

(iii) θ : R∗+ y N est une action continue qui vérifie τ ◦θλ = λ−1τ pour tout λ ∈ R∗+.
(iv) ι : M → N θ est un isomorphisme de M sur l’algèbre des points fixes

N θ = {x ∈ N | ∀λ ∈ R∗+, θλ(x) = x}.

De plus, si (N ′, τ ′, θ′, ι′) est un autre quadruplet qui vérifie les mêmes conditions alors
il existe un unique isomorphisme π : N → N ′ qui conjugue (τ, θ, ι) et (τ ′, θ′, ι′).

L’algèbre de von Neumann N est appelée le cœur de M et est notée c(M).
Lorsque M est commutative, i.e. de la forme L∞(X) pour un certain espace me-
surable X, alors c(M) est aussi commutative. Notons c(X) l’espace mesurable dé-
fini par L∞(c(X)) = c(L∞(X)). L’espace c(X) s’identifie alors au fibré de Radon-
Nikodym de X. C’est le fibré au-dessus de X, de groupe structural R∗+, et dont
les sections correspondent aux mesures semi-finies fidèles sur X. Le théorème de
Radon-Nikodym affirme que ce fibré c(X) est principal. De plus, c(X) est équipé
d’une mesure semi-finie fidèle τ canonique qui est dilatée par l’action de R∗+. L’inté-
rêt de cette construction est qu’elle est complètement canonique. Ainsi, toute action
σ : Γ y X d’un groupe discret Γ induit naturellement une action c(σ) : Γ y c(X)
qui a l’avantage de préserver la mesure τ . Cette action induite, qu’on appelle exten-
sion de Maharam, est fondamentale pour comprendre les actions qui n’admettent
pas de mesure invariante.

Un phénomène similaire se produit pour une algèbre de von Neumann M quel-
conque. Le cœur c(M), qui est donc l’analogue non-commutatif du fibré de Radon-
Nikodym, est tracial et on peut retrouver M à partir de c(M) en prenant l’algèbre
des points fixes c(M)θ. Ainsi, en théorie, pour classifier les algèbres de von Neu-
mann quelconques, il suffit de classifier les actions de R∗+ qui dilatent la trace sur
des algèbres de von Neumann traciales (N, τ).

Enfin, notons que même lorsque M est un facteur, le cœur c(M) n’est pas né-
cessairement un facteur. Cela permet de définir un nouvel invariant.

Définition 5.2. Soit M un facteur. Le flot des poids de M est la restriction de
l’action θ au centre Z(c(M)) de c(M).
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Comme Z(c(M)) est commutative, on peut toujours voir le flot des poids comme
une action ergodique de R∗+ sur un espace mesurable. On montre que M est de type
I ou II si et seulement si son flot des poids est isomorphe à l’action de R∗+ sur lui-
même par multiplication. En revanche, toute autre action ergodique de R∗+ peut-être
réalisée comme le flot des poids d’un facteur de type III. On dit ainsi qu’un facteur
M est :
— de type III1 lorsque son flot des poids est trivial (i.e. action triviale sur un

espace à un point), ou autrement dit, lorsque c(M) est un facteur.
— de type IIIλ, λ ∈ ]0, 1[ lorsque son flot des poids est périodique de période λ,

c’est-à-dire isomorphe à l’action de R∗+ sur le groupe quotient R∗+/λZ.
— de type III0 dans tous les autres cas, c’est-à-dire quand son flot des poids n’est

pas transitif.

6 Classification des facteurs
Nous avons déjà vu que les facteurs de type I sont complètement compris et

classifiés. Murray et von Neumann s’intéressent ensuite logiquement aux facteurs de
type II1. Ils démontrent le théorème suivant.

Théorème 6.1. À isomorphisme près, il n’existe qu’un seul facteur R de type II1
qui vérifie la propriété suivante : il existe une suite croissante de sous-∗-algèbres de
dimension finie Qn ⊂ R, n ∈ N telle que ⋃n∈NQn est dense dans R pour la topologie
faible-∗.

On dit d’un facteur qui vérifie cette propriété d’approximation qu’il est hyperfini.
Ainsi, il n’existe, à isomorphisme près, qu’un seul facteur hyperfini de type II1. Il
peut être réalisé, par exemple, comme l’algèbre de von Neumann L(S∞) du groupe
S∞ des permutations à support fini de N.

La question qui se pose alors est : existe-t-il des facteurs II1 qui ne soient pas
hyperfinis ? Murray et von Neumann répondent à cette question en montrant que
le facteur L(F2) n’est pas hyperfini. Ils montrent ainsi qu’il existe au moins deux
facteurs II1 non-isomorphes.

Un progrès majeur survient avec les travaux de Connes dans les années 1970. Il
démontre qu’un facteur de type II1 est hyperfini si et seulement s’il est moyennable,
une propriété en apparence beaucoup plus faible et analogue à la notion de moyen-
nabilité pour les groupes. Il en déduit en particulier que le facteur L(Γ) d’un groupe
Γ à classes de conjugaisons infinies est hyperfini si et seulement si Γ est moyennable.

De plus, ce théorème de Connes, combiné à la théorie modulaire expliquée précé-
demment, a permis de donner une classification complète des facteurs moyennables
de type quelconque. Le cas le plus difficile, celui des facteurs de type III1, a été
complété par Haagerup.

Théorème 6.2 ([Co75b, Ha85]). Il existe, à isomorphisme près, un unique facteur
moyennable (à prédual séparable) de chacun des types suivants : In, n ∈ N, I∞, II1,
II∞, et IIIλ, λ ∈]0, 1].

Les classes d’isomorphisme de facteurs moyennables de type III0 sont entièrement
classifiés par leur flot des poids, et donc en correspondance bijective avec les flots
ergodiques non transitifs de R∗+.
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Ce résultat de classification clôt donc tout un chapitre de la théorie et on peut
aujourd’hui dire que le monde des algèbres de von Neumann moyennables est to-
talement compris et finalement assez pauvre puisque tous les facteurs de type II1
provenant de groupes moyennables ou d’actions de groupes moyennables sur des
espaces mesurés sont isomorphes.

En revanche, la situation est radicalement différente dans le cas non moyennable.
D’abord parce que l’on sait très peu de choses comme le montre la question suivante
de Murray et von Neumann qui reste encore ouverte de nos jours.

Question 1. Les facteurs de groupes libres L(Fn), n ≥ 2 sont-ils tous isomorphes ?

Mais aussi parce que, contrairement au cas moyennable, on voit apparaître des
phénomènes de rigidité spectaculaires. Ainsi, certaines familles d’actions peuvent
être entièrement reconstruites à partir de leur algèbre de von Neumann. Ce genre
de résultat est obtenu grâce à la théorie de la déformation/rigidité de Popa. Citons
par exemple le théorème suivant de Ioana.

Théorème 6.3 ([I11]). Soit Γ un groupe à classes de conjugaisons infinies qui a la
propriété de Kazhdan. Soit (X,µ) = (X0, µ0)Γ le processus de Bernoulli indexé par
Γ sur un espace de probabilité non trivial (X0, µ0). Considérons l’action Γ y X par
décalage de Bernoulli. Si une action libre ergodique Λ y Y vérifie

L∞(X)o Γ ∼= L∞(Y )o Λ

alors Γ ∼= Λ et les actions Γ y X et Λ y Y sont conjuguées.

Une autre conjecture de rigidité, énoncée par Connes, demeure largement ou-
verte :

Conjecture 6.1. Soit Γ un groupe à classes de conjugaisons infinies qui a la pro-
priété de Kazhdan. Alors pour tout groupe Λ, on a L(Λ) ∼= L(Γ) si et seulement si
Λ ∼= Γ.

7 Aperçu des principaux résultats
Mes travaux de thèses ont portés sur diverses propriétés de rigidités des algèbres

de von Neumann, ainsi que des relations d’équivalences mesurées.

Solidité des produits croisés Bernoulli de type III
Dans [Oz03], Ozawa a découvert une propriété de rigidité remarquable des al-

gèbres de von Neumann qu’il a appelée solidité. L’intérêt principal de cette notion
est qu’un facteur solide non moyennable est nécessairement premier au sens suivant :

Définition 7.1. Un facteurM est dit premier s’il n’est pas de type I et s’il n’admet
pas de décomposition de la forme M = P ⊗Q avec P et Q des facteurs qui ne sont
pas de type I.

Le célèbre théorème d’Ozawa, démontré dans [Oz03], affirme que l’algèbre de von
Neumann L(Γ) d’un groupe hyperbolique quelconque Γ est solide. En particulier,
les facteurs de groupes libres L(Fn), n ≥ 2 sont premiers.
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Dans la deuxième partie de ce mémoire, reposant sur l’article [Ma16a], je dé-
montre un résultat de solidité relative (voir Section 8) pour des produits croisés
Bernoulli de type III qui généralise un théorème de Chifan et Ioana [CI10] en type
II. Plus précisément, si l’on se donne une algèbre de von Neumann A0 munie d’un
état normal fidèle ϕ0, alors pour tout groupe discret Γ, on a une action naturelle
de Γ sur le produit tensoriel infini (A0, ϕ0)⊗Γ qui généralise l’action usuelle par dé-
calage de Bernoulli de Z sur (X0, µ0)⊗Z, où (X0, µ0) est un espace de probabilité.
Le produit croisé correspondant M = (A0, ϕ0)⊗Γ o Γ est appelé le produit croisé
Bernoulli de (A0, ϕ0) par Γ.

Théorème 7.2. Soit A0 une algèbre de von Neumann moyennable munie d’un état
normal fidèle ϕ0. Alors, pour tout groupe discret Γ, le produit croisé Bernoulli M =
(A0, ϕ0)⊗Γ o Γ est solide relativement à L(Γ). En particulier, M est un facteur
premier dès que Γ est non-moyennable et A0 6= C

Ce résultat est dû à Chifan et Ioana lorsque ϕ0 est une trace. Je l’étends au
cas où ϕ0 est un état fidèle normal quelconque et où A0 est donc possiblement de
type III. J’obtiens ainsi de nombreux nouveaux exemples de facteurs premiers de
type III ainsi que les premiers exemples de relations d’équivalences ergodiques de
type III solides et non-moyennables. La preuve est une adaptation de la preuve
originale de Chifan et Ioana. Elle repose sur une version non-traciale d’un argument
de déformation/rigidité de Popa [Po08]. Elle utilise aussi la version non-traciale de
sa théorie de l’entrelacement obtenue dans [HI15] (voir aussi l’appendice).

Trou spectral et facteurs pleins
La troisième partie de ce mémoire repose essentiellement sur [Ma16b], [HMV16]

et [Ma17a]. Elle traite de la propriété de trou spectral et de la notion de facteur
plein. Un facteur M est dit plein [Co74] lorsque l’application

Ad : U(M)→ Aut(M),

qui à un unitaire u ∈ U(M) associe l’automorphisme intérieur Ad(u) : x 7→ uxu∗,
est ouverte sur son image. Cela signifie que pour toute suite généralisée d’unitaires
(ui)i∈I on a Ad(ui) → id si et seulement s’il existe une suite de scalaires zi ∈
U = ker Ad telle que ui − zi → 0 quand i → ∞. Lorsque M est plein, le sous-
groupe Inn(M) = {Ad(u) | u ∈ U(M)} ⊂ Aut(M) est fermé et le groupe quotient
Out(M) = Aut(M)/Inn(M) est séparé pour la topologie quotient.

La notion de facteur plein a permi à Murray et von Neumann de donner le premier
exemple de facteur de type II1 qui ne soit pas hyperfini. En effet, ils ont démontré
que le facteur L(F2) est plein alors qu’un facteur hyperfini ne l’est jamais. Il s’agit
donc d’une notion importante qu’on peut voir comme une propriété de rigidité plus
forte que la non moyennabilité. Elle est intimement liée à la notion d’ergodicité forte
en théorie ergodique. Par exemple, un facteur produit croisé L∞(X)oF2 issu d’une
action libre et ergodique F2 y X est plein si et seulement si l’action est fortement
ergodique (toute partie de X presque invariante par l’action est presque triviale).

Le résultat principal de cette partie est une caractérisation de type trou spectral
des facteurs pleins qui généralise un résultat de Connes dans le cas II1 [Co75b,
Théorème 2.1] aux facteurs de type quelconque. Le trou spectral permet de mieux
exploiter la rigidité des facteur pleins et d’étudier plus finement la topologie de
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Out(M). La preuve du trou spectral que l’on donne ici est grandement simplifiée
par rapport à la preuve originale de [Ma16b] et elle repose sur un résultat de trou
spectral local plus général [Ma17a]. Voici les principales applications.

La première application donne une condition nécessaire et suffisante, facile à
vérifier, pour que le cœur d’un facteur de type III1 soit plein.

Théorème 7.3 ([Ma16b]). Soit M un facteur de type III1. Alors c(M) est plein si
et seulement si M est plein et le morphisme canonique δM : R → Out(M) est un
homéomorphisme sur son image.

Grâce à un renforcement du trou spectral, obtenu conjointement avec Cyril Hou-
dayer et Peter Verraedt, nous obtenons aussi le résultat suivant qui n’était connu
auparavant que pour les facteurs semi-finis [Co75b, Corollary 2.3].

Théorème 7.4 ([HMV17]). Soient M et N deux facteurs pleins. Alors M ⊗N est
aussi un facteur plein.

Enfin, la troisième application est un résultat d’unique décomposition McDuff
qui généralise un résultat similaire de Popa dans le cas tracial [Po06, Theorem 5.1].

Théorème 7.5 ([HMV17]). Soient M et N deux facteurs pleins infinis, et P et
Q deux facteurs moyennables infinis. Supposons qu’il existe un isomorphisme Ψ :
M ⊗ P → N ⊗ Q. Alors il existe un unitaire u ∈ N ⊗ Q tel que Ψ(M) = uNu∗ et
Ψ(P ) = uQu∗.

Relations d’équivalences stables et facteurs McDuff
Soit R le facteur hyperfini de Murray et von Neumann. Alors, il est facile de voir

que R⊗R est aussi hyperfini et donc R ∼= R⊗R. Un facteurM de type II1 à prédual
séparable est dit McDuff [McD69] lorsque M ∼= M ⊗ R. La propriété de ne pas
être McDuff est donc une propriété de rigidité plus forte que la non moyennabilité.
De façon analogue, on dit qu’une relation d’équivalence ergodique R de type II1
est stable [JS87] lorsque R ∼= R ⊗ R0 où R0 est l’unique relation d’équivalence
ergodique hyperfinie de type II1. Par exemple, pour toute action F2 y X libre et
ergodique préservant une mesure de probabilité, la relation d’équivalence orbitale
associée n’est pas stable et le produit croisé L∞(X)o F2 n’est pas McDuff.

Le théorème principal de cette partie donne une caractérisation locale de type
“trou spectral” de la non-stabilité.

Théorème 7.6. Soit R une relation ergodique préservant la mesure sur un espace
de probabilité (X,µ). Alors R n’est pas stable si et seulement s’il existe une partie
finie K du pseudo-groupe plein [[R]] et une constante κ > 0 telles que

‖vp− pv‖2 ≤ κ
∑
u∈K
‖uv − vu‖2 + ‖pu− up‖2

pour tout v ∈ [[R]] et p ∈ P(X).

Cette caractérisation renforce la caractérisation obtenue dans [JS87] qui montre
seulement que le membre de gauche de cette inégalité tend vers 0 dès que le membre
de droite tend vers 0. La démonstration repose sur un argument de maximalité.

Grâce à cette caractérisation renforcée, il devient possible de démontrer le résul-
tat suivant.
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Théorème 7.7 ([Ma17b]). Soit R et S deux relations d’équivalences ergodiques de
type II1. Alors R⊗ S est stable si et seulement si R est stable ou S est stable.

Notons qu’il est aussi possible de démontrer un analogue du Théorème 7.6 pour
les facteurs II1 non McDuff. Mais cette caractérisation s’avère insuffisante pour dé-
montrer la conjecture suivante, analogue au Théorème 7.7.

Conjecture 7.1. Soit M et N deux facteurs de type II1. Alors M ⊗N est McDuff
si et seulement si M est McDuff ou N est McDuff.

Cependant, je donne quelques résultats partiels qui permettent de démontrer la
conjecture pour tous les exemples concrets connus.
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Notations and conventions
Let M be a von Neumann algebra. We never assume that the predual M∗ of M

is separable unless explicitly stated. We use the following notations.
— P(M) is the set of all self-adjoint projections of M ,
— U(M) is the unitary group of M ,
— Ball(M) is the unit ball of M ,
— M+, M+

∗ are the positive cones of M and M∗ respectively and M+, M+
∗ are

the extended positive cones [Ha77a].
By weak∗ topology on M , we mean the weak∗ topology with respect to its pre-
dual M∗. For us, the strong topology is the topology induced by the seminorms
‖x‖ϕ = ϕ(x∗x)1/2 for ϕ ∈ M+

∗ . The ∗-strong topology is the topology induced by
the seminorms ‖x‖ϕ + ‖x∗‖ϕ for ϕ ∈ M+

∗ . We never use the σ-weak/ultraweak,
σ-strong/ultrastrong terminology.

We denote by (c(M), θ, τ) the non-commutative flow of weights of M and we
identifyM with the fixed point subalgebra c(M)θ [Ta73, CT76]. There is a canonical
order preserving bijection from M+

∗ to the set {h ∈ c(M)+ | ∀λ > 0, θλ(h) = λ−1h}
which sends every normal weight ϕ ∈M+

∗ to the unique h ∈ c(M)+ such that τ(h·)
is the dual weight of ϕ. The operator h will simply be denoted by ϕ. In other words,
we view M+

∗ as a subset of c(M)+. When ϕ is faithful and semifinite, t 7→ ϕit is a
one parameter group of unitaries in U(c(M)) and we have σϕt (x) = ϕitxϕ−it for all
x ∈M .

Let A be the ∗-algebra of all τ -measurable operators affiliated with c(M). Then
M+
∗ ⊂ A and its linear span is

L1(M) = {ω ∈ A | ∀λ > 0, θλ(ω) = λ−1ω}

which is naturally identified with the predual M∗. For every ω ∈ L1(M) = M∗, we
let 〈ω〉 = ω(1).

The space of half-densities

L2(M) = {ξ ∈ A | ∀λ > 0, θλ(ξ) = λ−1/2ξ}

is a Hilbert space for the inner product 〈ξ, η〉 = 〈ξη∗〉 where ξη∗ ∈M∗. The Hilbert
space L2(M), equipped with the left and right action of M ⊂ A by multiplication,
the antilinear involution J : ξ 7→ ξ∗, and the positive cone L2(M)+ = L2(M) ∩ A+,
is identified with the standard form of M [Ha73]. If ϕ ∈ M+

∗ , then ϕ1/2 ∈ L2(M)+.
Conversely, if ξ ∈ L2(M), then ξ∗ξ ∈ M+

∗ . We say that ξ is left ϕ-bounded when
there is a constant κ > 0 such that ξ∗ξ ≤ κϕ. This is equivalent to ξ ∈Mϕ1/2. We
say that ξ is ϕ-bounded if both ξ and ξ∗ are left ϕ-bounded.

A topological group is a group G equipped with a topology (not necessarily Haus-
dorff) making the map (g, h) ∈ G×G 7→ gh−1 continuous. A topological group G is
said to be complete if it is complete with respect to the uniform structure generated
by the following sets

UV = {(g, h) ∈ G×G | gh−1 ∈ V and g−1h ∈ V},

where V runs over the neighborhoods of 1 in G. If H is a subgroup of G, then it is
a topological group for the induced topology. If H is normal in G then G/H is also

21



a topological group with respect to the quotient topology. If G is complete and H
is closed in G, then H and G/H are complete.

Let M be a von Neumann algebra. Then the restriction of the weak∗ topology,
the strong topology and the ∗-strong topology all coincide on U(M) and they turn
U(M) into a complete topological group. If moreover M∗ has separable predual,
then U(M) is Polish.

The group Aut(M) of all ∗-automorphisms ofM acts onM∗ by θ(ϕ) = ϕ◦θ−1 for
all θ ∈ Aut(M) and all ϕ ∈ M∗. Following [Co74, Ha73], Aut(M) is equipped with
the u-topology. This is the topology of pointwise norm convergence on M∗, meaning
that a net (θi)i∈I in Aut(M) converges to the identity idM in the u-topology if and
only if for all ϕ ∈M∗ we have ‖θi(ϕ)− ϕ‖ → 0 as i→∞. This turns Aut(M) into
a complete topological group. When M∗ is separable, Aut(M) is Polish. The group
Aut(M) also acts naturally on the non-commutative flow of weights (c(M), θ, τ),
hence also on L2(M). We have θ(ϕ1/2) = θ(ϕ)1/2 for every ϕ ∈ M+

∗ . Then, by the
Powers-Størmer inequality, the u-topology is also the topology of pointwise norm
convergence on L2(M).

We denote by Ad : U(M)→ Aut(M) the continuous homomorphism which sends
a unitary u to the corresponding inner automorphism Ad(u). We denote by Inn(M)
the image of Ad. We denote by Out(M) = Aut(M)/Inn(M) the quotient group
and by πM : Aut(M)→ Out(M) the quotient map. The group Inn(M) is equipped
with the restriction of the u-topology while Out(M) is equipped with the quotient
topology. Finally, we denote by Inn(M) the closure of Inn(M) in Aut(M).

Part II

Solidity of type III Bernoulli
crossed products

In [Oz03], Ozawa discovered a remarkable rigidity property of von Neumann
algebras that he called solidity. The main interest of this notion is that any solid
non-amenable factor is prime, i.e. not a tensor product of two non type I factors.
Ozawa’s celebrated result states that the group von Neumann algebra L(Γ) of any
hyperbolic group Γ (e.g. free groups) is solid.

In this chapter, which is based on [Ma16a], we generalize a theorem of Chifan
and Ioana [CI10] by proving that for any, possibly type III, amenable von Neumann
algebra A0 6= C, any faithful normal state ϕ0 and any discrete group Γ, the associ-
ated Bernoulli crossed product von Neumann algebra M = (A0, ϕ0)⊗Γ o Γ is solid
relatively to L(Γ). In particular, M is solid if and only if L(Γ) is solid and M is
prime if and only if Γ is non-amenable. This gives many new examples of solid or
prime type III factors as well as the first examples of solid non-amenable type III
equivalence relations.

The proof is based on an adaptation of a deformation/rigidity argument to the
type III context and follows the lines of Chifan and Ioana’s original proof. We also
use the type III generalization of Popa’s intertwining theory [HI15] which is exposed
in details in the Appendix.
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8 Relative solidity
In [Oz03], N. Ozawa introduced the notion of solid von Neumann algebras. It

is easy to check that in the II1 case, the definition of solidity given in [Oz03] is
equivalent to the following one (see Proposition 8.4).

Definition 8.1. Let M be a von Neumann algebra. We say that M is solid if
every properly non-amenable subalgebra with expectation Q ⊂ 1QM1Q has discrete
center.

Equivalently, M is solid if and only if every subalgebra with expectation Q ⊂M
is a direct sum of an amenable von Neumann algebra and a family (possibly empty)
of non-amenable factors. This clearly shows the analogy with the notion of solid
ergodicity for equivalence relation discovered in [CI10].

In this section, we are interested in a relative version of solidity. We refer to the
Appendix for Popa’s intertwining theory and the explanation of the symbol ≺M .

Definition 8.2. Let M be a von Neumann algebra and N ⊂M a subalgebra with
expectation. We say that M is solid relatively to N if every properly non-amenable
subalgebra with expectation Q ⊂ 1QM1Q such that Q ⊀M N has discrete center.

Clearly, a von Neumann algebra M is solid if and only if it is solid relatively to
C. The following property justifies the terminology.

Proposition 8.3. Let P ⊂ N ⊂ M be inclusions of von Neumann algebras with
expectations. If M is solid relatively to N and N is solid relatively to P then M is
solid relatively to P . In particular, if M is solid relatively to N and N is solid then
M is solid.

Proof. Take a properly non-amenable subalgebra with expectationQ ⊂ 1QM1Q such
that Q has diffuse center. We have to show that Q ≺M P . SinceM is solid relatively
toN , we already know thatQ ≺M N . Take a nonzero partial isometry v ∈ I lM(Q,N)
and πv : pQp→ qNq the associated embedding. Then D = πv(pQp) ⊂ qNq is again
a subalgebra with expectation which is properly non-amenable and it has diffuse
center. Since N is solid relatively to P , this implies that D ≺N P . Take a nonzero
w ∈ DlN(D,P ). Since q is the N -support of v, we have vw 6= 0. And we have
vw ∈ DlM(Q,D)DlN(D,P ) ⊂ DlM(Q,P ). Hence Q ≺M P .

Next we present other possible formulations of relative solidity.

Proposition 8.4. Let M be a von Neumann algebra and N ⊂M a subalgebra with
expectation. The following are equivalent:

1. M is solid relatively to N .
2. For every diffuse subalgebra with expectation Q ⊂ 1QM1Q such that Q′ ∩

1QM1Q is non-amenable we have Q′ ∩ 1QM1Q ≺M N .
3. For every non-amenable subalgebra with expectation Q ⊂ 1QM1Q such that

Q′ ∩ 1QM1Q is diffuse we have Q ≺M N .

Proof. (1)⇒ (2). Suppose that Q′ ∩ 1QM1Q ⊀M N . Take A ⊂ Q a diffuse abelian
subalgebra with expectation. Then P = A ∨ (Q′ ∩ 1QM1Q) has diffuse center and
P ⊀M N . Hence P is amenable by (1). Therefore Q′ ∩ 1QM1Q is also amenable.
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(2) ⇒ (3). Let P = Q′ ∩ 1QM1Q. Then P is diffuse and since Q is non-
amenable and Q ⊂ P ′ ∩ 1QM1Q we have that P ′ ∩ 1QM1Q is non-amenable. Hence
P ′ ∩ 1QM1Q ≺M N by (2). Therefore Q ≺M N .

(3)⇒ (1). Let Q ⊂ 1QM1Q be a properly non-amenable subalgebra with expec-
tation such that Q has diffuse center. Then Q′ ∩ 1QM1Q is also diffuse. Hence by
(3), we have Q ⊀M N . Therefore M is solid relatively to N .

Note that [CI10, Theorem 2] as well as [Bo12, Theorem B] and [Bo12, Theorem
C] are examples of relative solidity results. Relative solidity can be used to prove
primeness or fullness even when true solidity fails. This can happen for example
when it is combined with the following absorption property.

Definition 8.5. Let M be a von Neumann algebra and N ⊂M a subalgebra with
expectation. We say that N ⊂ M is absorbing if for every diffuse subalgebra with
expectation Q ⊂ 1QN1Q, we have Q′ ∩ 1QM1Q ⊂ 1QN1Q.

Example 1 ([Po04, Section 3]). Let (A,ϕ) be a von Neumann algebra with a faithful
normal state ϕ and σ : Γ→ Aut(A,ϕ) a ϕ-preserving action of a discrete group Γ,
let M = A oσ Γ be the crossed product von Neumann algebra. Suppose that the
action σ is mixing, i.e.

∀a, b ∈ A, lim
g→∞

ϕ(aσg(b)) = ϕ(a)ϕ(b).

Then the inclusion L(Γ) ⊂M is absorbing.

Other examples of this absorption phenomenon come from some group inclusions
as well as free products [Po83] and amalgamated free products [IPP08, Theorem 1.1].

Lemma 8.6. Let N ⊂ M be an absorbing inclusion. Let Q ⊂ 1QM1Q be a diffuse
subalgebra with expectation. If Q ≺M N then there exists a nonzero partial isometry
v ∈M such that vv∗ ∈ Q∨(Q′∩1QM1Q), v∗v ∈ N and v∗(Q∨(Q′∩1QM1Q))v ⊂ N .
In particular, we have Q ∨ (Q′ ∩ 1QM1Q) ≺M N .

Proof. Take a nonzero partial isometry v ∈ I lM(Q,N) and let πv : pQp → qNq be
the associated embedding. We then have vv∗ ∈ (pQp)′∩pMp, v∗v ∈ πv(pQp)′∩qMq
and

v∗(pQp ∨ ((pQp)′ ∩ pMp))v ⊂ πv(pQp) ∨ (πv(pQp)′ ∩ qMq)
Since πv(pQp) is diffuse, and N is absorbing, then πv(pQp)′ ∩ qMq = πv(pQp)′ ∩
qNq ⊂ qNq. Moreover, we have pQp ∨ ((pQp)′ ∩ pMp) = p(Q ∨ (Q′ ∩ 1QM1Q))p so
that vv∗ ∈ Q∨ (Q′∩ 1QM1Q) and v∗(Q∨ (Q′∩ 1QM1Q))v ⊂ qNq as we wanted.

Proposition 8.7. Let M be a von Neumann algebra and N ⊂M a subalgebra with
expectation. Suppose that M is solid relatively to N and the inclusion N ⊂ M is
absorbing. Let P ⊂ 1PM1P be any non-amenable factor with expectation such that
P ⊀M N . Then P is prime. If P has moreover a separable predual then it is full.

Proof. Suppose that P = P1⊗P2 where P1 and P2 are two diffuse factors. Since P is
non-amenable then one of them, say P1, is non-amenable. SinceM is solid relatively
to N , by Proposition 8.4, we must have P2 ≺M N . Since N ⊂M is absorbing, this
implies that P = P2 ∨ (P ′2 ∩ P ) ≺M N by Lemma 8.6. Contradiction.

Now we suppose that P has separable predual and we show that P is full. On
the contrary, suppose that P is not full. Then, by [HU15, Theorem 3.1], there exists
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a decreasing sequence of diffuse abelian subalgebras Qi ⊂ P with expectation such
that P = ∨

i∈N(Q′i ∩ P ). Suppose that for some i, we have Q′i ∩ 1PM1P ≺M N .
Note that Qi ⊂ Q′i ∩ 1PM1P . So by Lemma 8.6, we know that there exists a
nonzero partial isometry v ∈ M such that e = v∗v ∈ Q′i ∩ 1PM1P , f = vv∗ ∈ N
and v(Q′i ∩ qMq)v∗ ⊂ fNf with expectation. Note that for all j ≥ i, we have
Qj ⊂ Qi ⊂ Q′i ∩ 1PM1P with expectation and Qj is diffuse. Hence, since N is
absorbing we have v(Q′j ∩ 1PM1P )v∗ ⊂ (vQjv

∗)′ ∩ fMf ⊂ fNf . Therefore for all
j ≥ i, we have v(Q′j ∩ 1PM1P )v∗ ⊂ fNf . Thus v(∨i∈N(Q′i ∩ 1PM1P ))v∗ ⊂ fNf . In
particular ∨i∈N(Q′i∩1PM1P ) ≺M N . Since P ⊂ ∨i∈N(Q′i∩1PM1P ) with expectation
we get P ≺M N . But this is not possible by assumption on P . Hence we must have
Q′i ∩ 1PM1P ⊀M N for all i. By relative solidity and using Proposition 8.4, this
implies that Q′i ∩ 1PM1P is amenable for all i. In particular, Q′i ∩ P is amenable
for all i. Hence P = ∨

i∈N(Q′i ∩ P ) is also amenable. From this contradiction we
conclude that P is full.

9 Coarse inclusions
Let M ⊂ N be an inclusion of von Neumann algebras with a faithful normal

conditional expectation EM : N → M . Then EM gives rise to an inclusion of M -
M -bimodules L2(M) ⊂ L2(N). We say that the inclusion M ⊂ N is coarse 1 if,
for some choice of a faithful normal conditional expectation EM : N → M , the
M -M -bimodule

L2(N)	 L2(M) = {ξ ∈ L2(N) | ξ ⊥ L2(M)}

is weakly contained in the coarse M -M -bimodule L2(M)⊗ L2(M).
The following key lemma is an abstract non-tracial version of an argument used

in [Po08, Lemma 5.1]. See also [HI15b, Theorem 4.1].

Lemma 9.1. Let M ⊂ N be an inclusion of σ-finite von Neumann algebras with
expectation. Suppose that the inclusionM ⊂ N is coarse. Let P ⊂M be a subalgebra
with expectation and suppose that P is properly non-amenable. Let ω be any free
ultrafilter on N. Then we have P ′ ∩Nω ⊂Mω.

Proof. Let EM : N →M be a faithful normal conditional expectation as in the defi-
nition of a coarse inclusion. Let Eω : Nω → N the canonical conditional expectation
and EMω : Nω →Mω the conditional expectation induced by EM .

Now, suppose, by contradiction, that there is Y ∈ P ′ ∩Nω with Y 6= 0 and such
that EMω(Y ) = 0. We have EM(Y ∗Y ) ∈ P ′ ∩M . Let c ∈ P ′ ∩M be an element
such that q = EM(Y ∗Y )1/2c is a nonzero projection in P ′ ∩M . Then Y c ∈ P ′ ∩Nω

and EMω(Y c) = 0 and we have EM((Y c)∗(Y c)) = q. So, without loss of generality,
we can directly suppose that q = EM(Y ∗Y ) ∈ P ′ ∩M is a nonzero projection. We
will show that the P -P -bimodule qL2(M) is weakly contained in the P -P -bimodule
L2(N)	L2(M). Let V : L2(M)→ L2(N) and W : L2(N)	L2(M)→ L2(N) be the
inclusion of bimodules. Note that V V ∗ = 1−WW ∗ = eM . Pick a sequence (yn)n∈N
representing Y and define a completely positive map

Φ : B(L2(N)	 L2(M))→ B(L2(M))

1. We thank R. Boutonnet for suggesting this name.
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T 7→ lim
n→ω

(V ∗y∗nWTW ∗ynV ) in the weak* topology.

We have

Φ(1) = lim
n→ω

(V ∗y∗n(1− eM)ynV ) = EM(Y ∗Y )− EM(Y ∗)EM(Y ) = q

Hence Φ takes its values in qB(L2(M)q ' B(qL2(M)) which means that we can view
Φ as a unital completely positive map from B(L2(N)	L2(M)) to B(qL2(M)). And
since Y ∈ P ′∩Nω we see that Φ preserves the P -P -bimodule representations. Hence
the P -P - bimodule qL2(M) is weakly contained in L2(N)	 L2(M). Since P is with
expectation in M , we have an inclusion of P -P -bimodules L2(P ) ⊂ L2(M). Hence
the P -P -bimodule qL2(P ) is weakly contained in L2(N) 	 L2(M). By the coarse
inclusion property, this implies in particular that qL2(P ) is weakly contained in the
coarse P -P -bimodule. We conclude easily that qP is amenable and this contradicts
the assumption that P is properly non-amenable.

10 Spectral gap rigidity for non-tracial von Neu-
mann algebras

In this section, we prove an abstract non-tracial version of Popa’s spectral gap
rigidity principle [Po08, Lemma 5.2]. We start by recalling the notion of symmetric
malleable deformations, or s-malleable deformations [Po04]. Let M be a von Neu-
mann algebra. A malleable deformation of M is a pair (M̃, θ) where M ⊂ M̃ is
an inclusion with expectation and θ : R → Aut(M̃) is a continuous action of R.
The deformation (M̃, θ) is said to be symmetric if there exists β ∈ Aut(M̃) such
that β|M = Id and for all t ∈ R, β ◦ θt ◦ β = θ−t. We will say that a subalgebra
Q ⊂M with expectation is rigid relatively to the deformation (M̃, θ) if θ converges
uniformly on the unit ball of Q: for every ∗-strong neighborhood V of 0 in M̃ there
exists t0 > 0 such that

∀t ∈ [−t0, t0],∀x ∈ (Q)1, θt(x)− x ∈ V .

Now we can state the main theorem of this section.

Theorem 10.1. Let M be a σ-finite von Neumann algebra, (M̃, θ) a symmetric
malleable deformation of M and Q ⊂ M a subalgebra with expectation. Suppose
that

(i) The inclusion M ⊂ M̃ is coarse.
(ii) Q is finite.

(iii) Q′ ∩ 1QM1Q is properly non-amenable.
Then Q is rigid relatively to the deformation (M̃, θ) and Q ≺

M̃
θ1(Q).

Proof. We proceed in 4 steps following the lines of Popa’s original argument. In
fact, only step 1 is different from the tracial case.

Step 1 - The subalgebra Q is rigid relatively to (M̃, θ).
Suppose that Q is not relatively rigid. Then we can find a ∗-strong neighborhood

of 0 in M̃ denoted by V , a sequence xn ∈ (Q)1 and a sequence of reals tn → 0 such
that θtn(xn)− xn /∈ V for all n. Let ω be any free ultrafilter on N. Since Q is finite
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the sequence (xn)n∈N defines an element x in the ultraproduct Qω ⊂ Mω ⊂ M̃ω.
Also, since tn → 0 we have ||ϕ ◦ θtn − ϕ|| → 0 for all ϕ ∈ M̃∗. Using this, we obtain
an automorphism of M̃ω defined by

Θ((yn)ω) = (θ tn
2

(yn))ω.

Note that the choice of xn and tn we made implies that Θ2(x) 6= x. Now, observe
that Θ(y) = y for all y ∈ M̃ because tn → 0. In particular, if we let P = Q′∩1QM1Q
then we have Θ(P ) = P and therefore Θ(P ′ ∩ 1QM̃ω1Q) = P ′ ∩ 1QM̃ω1Q. Since
x ∈ P ′ ∩ 1QM̃ω1Q, we get Θ(x) ∈ P ′ ∩ 1QM̃ω1Q. Lemma 9.1 applies to the coarse
inclusion 1QM1Q ⊂ 1QM̃1Q and shows that

P ′ ∩ 1QM̃ω1Q ⊂ 1QMω1Q.

Therefore we get Θ(x) ∈ Mω. Now, choose a symmetry β for (M̃, θ) and extend
it naturally to an automorphism β ∈ Aut(M̃ω). Then β fixes Mω and we have
(β ◦ Θ ◦ β)(x) = Θ−1(x). Since x ∈ Mω and Θ(x) ∈ Mω, we conclude that Θ(x) =
Θ−1(x). And this contradicts the fact that Θ2(x) 6= x. Therefore Q is rigid relatively
to the deformation (M̃, θ).

Step 2 - For sufficiently small t there exists a nonzero θt(Q)-Q-intertwiner.
Since Q is finite and with expectation, we can take ψ a faithful normal state on

M̃ such that Q is in the centralizer M̃ψ. By Step 1, Q is rigid relatively to (M̃, θ).
Hence we can find t0 small enough so that for all |t| ≤ t0 we have

∀u ∈ U(Q), Re(ψ(θt(u)u∗)) ≥ ψ(1Q)
2 > 0.

Now take C ⊂ (M̃)1 the weak∗ closed convex hull of {θt(u)u∗ | u ∈ U(Q)} and let
wt ∈ C the unique element which minimizes ||wt||ψ. Then, we have wt ∈ θt(1Q)M̃1Q
and by the above inequality wt 6= 0. Since Q ⊂ M̃ψ we have ||θt(u)wtu∗||ψ = ||wt||ψ
for all u ∈ U(Q). Therefore, by the uniqueness of wt we have

∀x ∈ Q, θt(x)wt = wtx.

So wt is indeed a nonzero θt(Q)-Q-intertwiner.
Step 3 - If there exists a nonzero θt(Q)-Q-intertwiner then there exists a nonzero

θ2t(Q)-Q-intertwiner.
Take a nonzero θt(Q)-Q-intertwiner wt ∈ θt(1Q)M̃1Q so that

∀x ∈ Q, θt(x)wt = wtx.

Take a symmetry β ∈ Aut(M̃) for (M̃, θ). Let P = Q′ ∩ 1QM1Q. Note that for all
d ∈ P , the element wtdβ(w∗t ) is a θt(Q)-θ−t(Q)-intertwiner. Indeed, for all x ∈ Q,
we have

θt(x)wtdβ(w∗t ) = wtdxβ(w∗t ) = wtdβ(xw∗t ) = wtdβ(w∗t θt(x)) = wtdβ(w∗t )θ−t(x).

Hence, θt(wtdβ(w∗t )) is θ2t(Q)-Q-intertwiner. Therefore, we just need to find d such
that wtdβ(w∗t ) 6= 0. Suppose that wtdβ(w∗t ) = 0 for all d ∈ P . Let q ∈ M̃ be the
unique projection such that M̃q is the weak∗ closure of the left ideal M̃wtP . Then
we have qβ(q) = 0. However, note that q ∈ P ′ ∩ 1QM̃1Q (because M̃q is invariant
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by the right multiplication by elements of P so that qx = qxq for all x ∈ P ). Hence
by Lemma 9.1, we get that q ∈ M . Thus, we have q = qβ(q) = 0. Since wt ∈ M̃q,
this contradicts the fact that wt 6= 0 and we are done.

Step 4 - Conclusion.
Take t = 1

2n sufficiently small and choose a nonzero θt(Q)-Q-intertwiner. Then
build recursively nonzero θ2kt(Q)-Q-intertwiners until k = n. This gives a nonzero
θ1(Q)-Q-intertwiner as we wanted.

11 Bernoulli crossed products
In this section, we prove our main results using the spectral gap rigidity principle

of the previous section.
Fix (A0, ϕ0) any von Neumann algebra with a faithful normal state ϕ0. Let

(A,ϕ) = (A0, ϕ0)⊗Γ be the infinite tensor product indexed by Γ where Γ is any
infinite discrete group. Let σ : Γ → Aut(A) be the Bernoulli action of Γ on A
obtained by shifting the tensors. The crossed product von Neumann algebra M =
A oσ Γ is called the non-commutative Bernoulli crossed product of Γ with base
(A0, ϕ0). If A0 6= C and Γ is infinite, it is well known that the Bernoulli action
σ is ergodic (i.e. the fixed point algebra Aσ is trivial) and properly outer (i.e. if
σg(x)v = vx for all x ∈ A and some nonzero v ∈ A then g = 1) and so, in this
case, M = A oσ Γ is a factor. There is a canonical faithful normal conditional
expectation EA : M → A allowing us to extend ϕ to a faithful normal state ϕ on
M by the formula ϕ ◦ EA = ϕ. The action σ preserves the state ϕ so that L(Γ)
is contained in the centralizer Mϕ. An important fact for us is that the Bernoulli
action is mixing:

∀a, b ∈ A, ϕ(aσg(b))→ ϕ(a)ϕ(b) when g →∞.

Therefore, the inclusion L(Γ) ⊂M is absorbing (Example 1).
Now, following [CI10], we define a symmetric malleable deformation of M . Let

(Ã0, ψ0) = (A0, ϕ0) ∗ (L(Z), τ) be the free product von Neumann algebra where τ
is the Haar trace of L(Z). As before, let (Ã, ψ) = (Ã0, ψ0)⊗Γ be the infinite tensor
product and M̃ = Ã o Γ the crossed product with respect to the Bernoulli action.
The von Neumann algebra M̃ contains M with a normal conditional expectation
EM : M̃ → M such that ψ = ϕ ◦ EM . Now, take v the canonical Haar unitary
generating L(Z) and let h ∈ L(Z) be a self-adjoint element such v = eih. For every
t ∈ R, let vt = eith and define an automorphism θ0

t ∈ Aut(Ã0) by θ0
t (x) = vtxv

∗
t .

Then θ0
t induces an automorphism θt of M̃ that fixes the elements of L(Γ) and

preserves ψ. Moreover, the action θ : t 7→ θt ∈ Aut(M̃) is continuous. Let β0 ∈
Aut(Ã0) be the automorphism defined by β0(a) = a for all a ∈ A0 and β0(v) = v∗.
Then β0 induces naturally an automorphism β of M̃ such that β ◦ θt ◦ β = θ−t.
Therefore (M̃, θ) is indeed a symmetric malleable deformation of M . In fact, it is
malleable over L(Γ) meaning that we have the following commuting square relation
for the ψ-preserving conditional expectations:

EM ◦ Eθ1(M) = Eθ1(M) ◦ EM = EL(Γ).

This fact is important since in many cases it allows one to obtain an intertwining
relation in M from an intertwining relation in M̃ . In our specific case we get
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the following dichotomy which was obtained in the tracial case by S. Popa [Po04,
Theorem 4.1 and 4.4] and completed by A. Ioana [I07, Theorem 3.3 and 3.6] (see
also [Hou11, Theorem 7.3, step 3]).

Lemma 11.1. Let Q ⊂ 1QM1Q be a finite subalgebra with expectation. If Q ≺
M̃

θ1(M) then one of the following holds:
(i) Q ≺M L(Γ).

(ii) Q ≺M ⊗FA0 for some finite subset F ⊂ Γ.

Proof. Suppose that Q ⊀M L(Γ) and Q ⊀M ⊗FA0 for every finite subset F ⊂ Γ.
Then by Theorem 23.11, we can find a net ui ∈ U(Q) such that

∀x, y ∈M, EL(Γ)(xuiy∗)→ 0

∀F ⊂ Γ finite ,∀x, y ∈M, E⊗FA0(xuiy∗)→ 0
in the ∗-strong topology. We will contradict the assumption that Q ≺

M̃
θ1(M) by

showing that
∀x, y ∈ M̃, Eθ1(M)(xuiy∗)→ 0.

First, we can suppose that x, y ∈ Ã since L(Γ) ⊂ θ1(M) and M̃ = Ã o Γ. We can
suppose that x = ⊗g∈Kxg and y = ⊗g∈K′yg where K,K ′ ⊂ Γ are finite subsets and
xg, yg ∈ Ã0. Also the result is obvious if both x, y ∈ θ1(A)A since Eθ1(M) ◦ EM =
EL(Γ). So we can suppose that x is orthogonal to θ1(A)A for example. Now, note
that we have the following relation for all g ∈ Γ

Eθ1(A)(Eθ1(M)(xuiy∗)u∗g) = Eθ1(A)(xE⊗K∪gK′A0(uiu∗g)σg(y∗)).

This shows first that if g is outside some finite set F ⊂ Γ, so that the support of x
and σg(y) are disjoint, then

Eθ1(A)(Eθ1(M)(xuiy∗)u∗g) = 0

because x is orthogonal to θ1(A)A. Hence we have a finite sum

Eθ1(M)(xuiy∗) =
∑
g∈F

Eθ1(A)(Eθ1(M)(xuiy∗)u∗g)ug

and each term of this sum converges to 0 because E⊗K∪gK′A0(uiu∗g) → 0. Therefore
we have Eθ1(M)(xuiy∗)→ 0 for all x, y ∈ M̃ as we wanted.

In order to apply our deformation/rigidity principle, we still need to show, as
in the original proof of Chifan and Ioana, that the inclusion M ⊂ M̃ is coarse, i.e.
that the M -M -bimodule L2(M̃) 	 L2(M) is weakly contained in the coarse M -M -
bimodule (see Section 4).

Theorem 11.2. Suppose that A0 is amenable. Then the inclusionM ⊂ M̃ is coarse.

Proof. We will compute the bimodule L2(M̃) 	 L2(M) following [CI10, Lemma 5].
The computations still hold even though ψ is not a trace.

Let A0 ⊆ A0 be a ϕ0-orthonormal base of A0 with 1 ∈ A0. In Ã0 = A0 ∗ L(Z)
consider the set

Ã0 = {vn0a1 · · · vnk−1akv
nk | k ≥ 0, ni ∈ Z \ {0}, ai ∈ A0 \ {1}}.
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Then it is easy to check that the subspaces A0ã0A0 are pairwise ψ0-orthogonal
for ã0 ∈ Ã0. Thus, we have

L2(Ã0)	 L2(A0) =
⊕
ã0∈Ã0

A0ã0A0ψ
1/2
0 .

Now, let Ã be the set of elements of Ã of the form

ã = ⊗g∈Γãg

where ãg ∈ Ã0 for finitely many (and at least one) g and ãg = 1 otherwise. Then
we have

L2(Ã)	 L2(A) =
⊕
ã∈Ã

AãAψ1/2.

Now, focus on the M -M -bimodules Hã = MãMψ1/2 ⊂ L2(M̃) for ã ∈ Ã. We
note that Hã = Hσg(ã) for all g ∈ Γ while Hã and Hã′ are orthogonal when ã and ã′
are not in the same Γ-orbit. So let Ω be the set of Γ-orbits of Ã and for every π ∈ Ω
define

Hπ = Hã

where ã is any element of the orbit π. Then we have an M -M -bimodules decompo-
sition

L2(M̃)	 L2(M) =
⊕
π∈Ω

Hπ.

In order to conclude, it suffices to show that for each π ∈ Ω, Hπ is weakly contained
in L2(M) ⊗ L2(M). So let π be such an orbit, represented by ã ∈ Ã. Write
ã = ⊗g∈Γãg and let F the non-empty finite set of elements g ∈ Γ such that ãg 6= 1.
The stabilizer of ã inside Γ is denoted by

S = {g ∈ Γ | σg(ã) = ã}.

It is a finite subgroup since it must leave the support F invariant. Now let

K = A
⊗Γ\F
0 o S ⊂M.

The von Neumann algebraK is globally invariant by the modular flow of ϕ. So there
exists a unique normal conditional expectation EK from M to K that preserves ϕ.
We will show that there is an isomorphism of M -M -bimodules

Hπ = Hã ' L2(〈M,K〉)

where 〈M,K〉 = (JMKJM)′ ⊂ B(L2(M)) is the basic construction. Let eK ∈ 〈M,K〉
be the Jones projection associated to EK . It is known that the ∗-subalgebraMeKM
is dense in 〈M,K〉. Let ϕ̂ be the unique normal faithful semi-finite weight on 〈M,K〉
which satisfies

∀x, y ∈M, ϕ̂(xeKy) = ϕ(xy).
We have

L2(〈M,K〉) = MeKMϕ̂1/2.

Denote by U : Hã → L2(〈M,K〉) the linear map densely defined by

U(xãyψ1/2) = xeKyϕ̂
1/2
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for all x, y ∈ M which are ϕ-analytic. We claim that U extends to a unitary map
which is an M -M -bimodule isomorphism. In fact U clearly commutes with the left
action, and it also commutes with the right action because for z ∈ M analytic we
have

U(xãyψ1/2z) = U(xãyz′ψ1/2) = xeKyz
′ϕ̂1/2 = xeKyϕ̂

1/2z = U(xãyψ1/2)z.

where z′ = σϕ−i
2

(z) = σψ−i
2

(z) = σϕ̂−i
2

(z) (Note that the modular flows of ψ and ϕ̂

coincide on M with the modular flow of ϕ). So it only remains to check that U
defines indeed a unitary, i.e. that

ψ(y∗1 ã∗x∗1x2ãy2) = ϕ̂(y∗1eKx∗1x2eKy2)

for all x1, x2, y1, y2 ∈ M which are ϕ-analytic. Once again, since the modular flow
of ϕ̂ and ψ coincide on M , we can pass y∗1 to the other side

ψ(y∗1 ã∗x∗1x2ãy2) = ψ(ã∗x∗1x2ãy2σ
ϕ
−i(y∗1))

ϕ̂(y∗1eKx∗1x2eKy2) = ϕ̂(eKx∗1x2eKy2σ
ϕ
−i(y∗1))

and so we just need to check that

∀x, y ∈M,ψ(ã∗xãy) = ϕ̂(eKxeKy) = ϕ(EK(x)y).

In order to prove this, we can suppose, by density, that x and y are of the form

x = (⊗gxg)uγ

y = (⊗gyg)uδ
with γ, δ ∈ Γ, xg, yg ∈ A0 for all g and xg = yg = 1 except for finitely many g.
We also have ã = ⊗gãg with ãg ∈ Ã0 for finitely many (not zero) g and ãg = 1
otherwise. Recall that Ã0 is our orthonormal base.

Now we compute ψ(ã∗xãy). First, if δγ 6= 1 then ψ(ã∗xãy) = 0. So suppose that
δ = γ−1. Then we have

ψ(ã∗xãy) = ψ(⊗g(ã∗gxgãγ−1gyγ−1g)) =
∏
g∈Γ

ψ0(ã∗gxgãγ−1gyγ−1g).

For this product to be nonzero, we must have ãg = ãγ−1g for all g. This means that
σγ(ã) = ã, i.e. γ ∈ S. In this case, the usual computation of free probability gives

ψ(ã∗xãy) =
∏
g∈F

ϕ0(xg)ϕ0(yγ−1g)
∏

g∈Γ\F
ϕ0(xgyγ−1g).

So we have shown that ψ(ã∗xãy) is given by the formula above when δ = γ−1 ∈ S
and is equal to 0 otherwise.

Now, in order to compute ϕ(EK(x)y), we just need to check the formula

EK(x) = EK((⊗gxg)uγ) = 1S(γ)
∏
g∈F

ϕ0(xg)(⊗g∈Γ\Fxg)uγ

and we conclude that the equality

ψ(ã∗xãy) = ϕ(EK(x)y)
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is true in all cases.
Hence, we have shown that there is an isomorphism of M -M -bimodules

Hπ = Hã ' L2(〈M,K〉).

Finally, since K = A
⊗Γ\F
0 o S is the crossed product of an amenable von Neumann

algebra by a finite group S then K is also amenable. Therefore, its commutant
〈M,K〉 is also amenable. In particular, this implies that Hπ is weakly contained in
L2(M)⊗ L2(M) as an M -M -bimodule. Since this is true for all π ∈ Ω, we conclude
that the M -M -bimodule

L2(M̃)	 L2(M) =
⊕
π∈Ω

Hπ

is weakly contained in L2(M)⊗ L2(M) as we wanted.

Theorem 11.3. Let A0 6= C be an amenable von Neumann algebra, ϕ0 a faithful
normal state on A0 and Γ any discrete group. Let M = (A0, ϕ0)⊗Γ o Γ be the asso-
ciated Bernoulli crossed product von Neumann algebra. Then M is solid relatively
to Γ. In particular, M is prime if and only if Γ is non-amenable and M is solid if
and only if L(Γ) is solid.

Proof. We first show that M is solid relatively to L(Γ). Suppose we have a properly
non-amenable subalgebra with expectation Q ⊂ 1QM1Q such that Z = Z(Q) is
diffuse. We have to show that Q ≺M L(Γ). Since L(Γ) ⊂ M is absorbing and
Q ⊂ Z ′ ∩ 1QM1Q, then by using Lemma 8.6, we see that it is enough to show that
Z ≺M L(Γ). By Theorem 10.1 we know that Z ≺

M̃
θ1(M). Hence by Lemma

11.1 we must have Z ≺M L(Γ) or Z ≺M ⊗FA0 for some finite subset F ⊂ Γ. So
we just need to show that the case where Z ≺M ⊗FA0 leads to a contradiction.
Take v ∈ I lM(Z,⊗FA0) and let πv : Zp → q(⊗FA0)q. Let C = πv(Zp) and denote
q = 1C . We have v∗(Z ′ ∩ 1QM1Q)v ⊂ v∗v(C ′ ∩ 1CM1C)v∗v hence Z ′ ∩ 1QM1Q ≺M
C ′ ∩ 1CM1C . Thus, we get Q ≺M C ′ ∩ 1CM1C because Q ⊂ Z ′ ∩ 1QM1Q. Recall
that, by assumption, Q is properly non-amenable. Therefore, we just need to show
that C ′ ∩ 1CM1C is amenable in order to get a contradiction. Let x ∈ C ′ ∩ 1CM1C .
We claim that xg = EA(xu∗g) = 0 for g /∈ FF−1. In fact, since C is abelian and
diffuse (because Z is abelian and diffuse), there exists a net of unitaries ui ∈ U(C)
which tends weakly to 0. Take g /∈ FF−1. Then we have σg(ui) ∈ ⊗Γ\FA0. Hence

∀a, b ∈ A, E⊗FA0(aσg(ui)b)→ 0

in the ∗-strong topology. Since uixg = xgσg(ui) we get

uiE⊗FA0(xgx∗g) = E⊗FA0(xgσg(ui)x∗g)→ 0

in the ∗-strong topology. Thus xg = 0. Therefore we have shown that

C ′ ∩ 1CM1C ⊂
∑

g∈FF−1

Aug

We will show that this implies that C ′∩1CM1C is amenable. Let D = C ′∩1CM1C⊕
(1− 1C)C. Let ED : M → D be a faithful normal conditional expectation. Since A
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is amenable, there is a conditional expectation Ψ : B(L2(A)) → A. Define a map
Φ : B(L2(M))→ D by

Φ(T ) =
∑

g∈FF−1

ED(Ψ(eATu∗geA)ug)

where eA : L2(M) → L2(A) is the Jones projection. Since D ⊂ ∑
g∈FF−1 Aug, a

little computation shows that Φ(x) = x for all x ∈ D. Moreover Φ is completely
bounded (compositions and finite sums of completely bounded maps are still com-
pletely bounded). Therefore, using [Pi93, Corollaire 5], we have that D is amenable
which means that C ′ ∩ 1CM1C is amenable as we wanted.

For the second part of the theorem we can apply Proposition 8.3 and Proposition
8.7 to get the desired conclusion. Note that when Γ is non-amenable and A0 6= C
then M is a non-amenable factor and M ⊀M L(Γ). Indeed, since A0 6= C then A is
diffuse and we can find a diffuse abelian subalgebra with expectation B ⊂ A. Let
ui ∈ B a net of unitaries which tends weakly to 0. Then we have EL(Γ)(xuiy) → 0
in the ∗-strong topology for all x, y ∈M (by density, it suffices to check it for x, y of
the form aug with g ∈ Γ and a ∈ A). Therefore, by Theorem 23.11, we know that
B ⊀M L(Γ). A fortiori, we get M ⊀M L(Γ).

We obtain many new examples of solid type III factors. Note that there was
previously no known example of a non-amenable solid type III factor with a Cartan
subalgebra.

Corollary 11.4. For every countable subgroup Λ ⊂ R∗+, there exists a solid non-
amenable type III factor with separable predual and with a Cartan subalgebra such
that its Sd invariant is Λ. For any topology τ0 on R induced by an injective continu-
ous separable unitary representation of R, there exists a solid non-amenable type III1
factor with separable predual and with a Cartan subalgebra such that its τ invariant
is τ0.

Proof. See ([Co74], Proposition 3.9) and the constructions in ([Co74], Corollary 4.4)
for the first part and ([Co74], Theorem 5.2) for the second part. In both cases, the
examples are obtained by taking Bernoulli crossed products M = (A0, ϕ0) o F2
where F2 is the free group on 2 generators and A0 is some non-trivial amenable
algebra with separable predual. Since L(F2) is solid and non-amenable [Oz03] then
by Theorem 11.3 we know that M is solid and non-amenable. If B0 is a Cartan
subalgebra in the centralizer of A0, then it is not hard to check (using the fact that
the Bernoulli action is properly outer) that ⊗F2B0 is again a Cartan subalgebra of
M .

Using Theorem 11.3 and Proposition 8.7, we can also generalize [CI10, Theorem
7] by removing the assumption that the base equivalence relation is measure pre-
serving and hence we also obtain the first examples of non-amenable solid type III
equivalence relations.

Corollary 11.5. Let (X0, µ0) be a standard probability space, R0 an arbitrary
amenable equivalence relation (not necessarily measure preserving) on X0 and Γ
any countable group. Let R = R0 o Γ be the wreath product equivalence relation on
(X0, µ0)Γ. Then R is solid, i.e. for any subequivalence relation S ⊂ R there exists
a countable partition of (X0, µ0)Γ into S-invariant components Zn, n ∈ N such that
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— S|Z0 is amenable.
— S|Zn is strongly ergodic and prime for all n ≥ 1.

Proof. We can suppose that X0 is not a point and that Γ is infinite (otherwise the
result is obvious). Let X = (X0, µ0)Γ. Let A0 = L(R0) and let ϕ0 be the faithful
normal state on A0 induced by µ0. Let B0 = L∞(X0) ⊂ A0 be the canonical Cartan
subalgebra. Since A0 6= C and Γ is infinite, the Bernoulli action of Γ on (A0, ϕ0)⊗Γ

is properly outer. Using this, it is not hard to check that (B0, ϕ0)⊗Γ ⊂ M =
(A0, ϕ0)⊗Γ o Γ is again a Cartan subalgebra and that we can identify canonically
the Cartan pair (M, (B0, ϕ0)⊗Γ) with the Cartan pair (L(R),L∞(X)).

Let S ⊂ R be a subequivalence relation. Then with the preceding identification
we have that (B0, ϕ0)⊗Γ ⊂ L(S) ⊂ M with expectations. Since the subalgebra
(B0, ϕ0)⊗Γ ⊂ (A0, ϕ0)⊗Γ is diffuse, it is easy to check that (B0, ϕ0)⊗Γ ⊀M L(Γ).
Therefore L(S) ⊀M L(Γ). Hence, we get a sequence of projections zn ∈ Z(L(S))
with ∑n zn = 1 such that L(S)z0 is amenable and L(S)zn is a non-amenable factor
for all n ≥ 1. By Proposition 8.7, L(S)zn is a full prime factor for all n ≥ 1.
By identifying the projections zn with S-invariant measurable subsets Zn ⊂ X we
get the desired conclusion since fullness and primeness of L(S|Zn) = L(S)zn imply
strong ergodicity and primeness of S|Zn .

Part III

Spectral gap and full factors
This chapter is based on [Ma16b], [HMV16] and [Ma17a]. The main result is

a spectral gap characterization of full type III factors which is similar to Connes’
spectral gap characterization of full type II1 factors. We give a proof based on a
more general local spectral gap principle which is considerably simpler than the
original proof of [Ma16b] and which has a wider range of applications.

The main consequences are the following. IfM and N are full factors (possibly of
type III) then M ⊗N is also a full factor. Moreover, the map Out(M)×Out(N)→
Out(M⊗N) is a homeomorphism on its range. In particular, the τ -invariant τ(M⊗
N) can be computed easily from τ(M) and τ(N). We also generalize a theorem of
Jones on fullness of crossed products to factors of arbitrary type. We deduce that
the core c(M) of a type III1 factor M is full if and only if M is full and τ(M) is
the usual topology. Finally, we generalize a theorem of Popa on unique McDuff
decompositions to factors of arbitrary type.
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12 A general local spectral gap theorem
We fixM a von Neumann algebra and ϕ ∈M∗ a normal state. We de not assume

that ϕ is faithful. We let Σϕ ⊂ L2(M) denote the set of all ϕ-bounded vectors, i.e.
Σϕ = ϕ1/2M ∩Mϕ1/2. If ϕ is a faithful normal trace, then Σϕ can be identified with
M .

We are interested in the following spectral gap property.

Definition 12.1. Let N ⊂ M a von Neumann subalgebra and Σ ⊂ Σϕ. We say
that N has a spectral gap with respect to (Σ, ϕ) if there exists a constant κ > 0 and
a finite subset S ⊂ Σ such that for all x ∈ N , we have

‖x− ϕ(x)‖ϕ ≤ κ
∑
ξ∈S
‖xξ − ξx‖.

It is clear that if N has spectral gap with respect to (Σ, ϕ), then any bounded
net (xi)i∈I in N which is Σ-central, meaning that limi ‖xiξ − ξxi‖ = 0 for all ξ ∈ Σ,
must be trivial, meaning that limi ‖xi − ϕ(xi)‖ϕ = 0. The converse is not true in
general. In fact, any strongly ergodic probability measure preserving action Γ y X
which does not have spectral gap provides a counter example by taking N = L∞(X)
and Σ = {ug | g ∈ Γ} inside M = L∞(X)o Γ. Another interesting counter example
is obtained by taking N = M = L(Γ) and Σ = {ug | g ∈ Γ} where Γ is an inner
amenable i.c.c. group Γ such that the II1 factor L(Γ) is full (such a group exists by
[Va09]).

Nevertheless, the main theorem of this section provides a partial converse in the
form of a local spectral gap property.

Theorem 12.2 ([Ma17a]). Let N be a von Neumann subalgebra of M and take
Σ = Σ∗ ⊂ Σϕ. Suppose that every bounded Σ-central net (xi)i∈I in N satisfies
limi ‖xi − ϕ(xi)‖ϕ = 0. Then for any ε > 0, we can find a projection p ∈ N with
ϕ(p) > 1− ε such that pNp has a spectral gap with respect to (pΣp, 1

ϕ(p)pϕp).

The proof is elementary and is based on a maximality argument. But we first
need the following inequalities which are inspired by Namioka’s trick. Item (i) goes
back to [CS78]. Our new input is item (ii).

Lemma 12.3. Let M be any von Neumann algebra. For t ≥ 0 and x ∈ M , we use
the notation ut(x) = u1[t,+∞)(|x|) where x = u|x| is the polar decomposition of x.

(i) Let x, y ∈M and ξ ∈ L2(M). If x and y are self-adjoint or if x = y, we have

1
2‖xξ − ξy‖

2 ≤
∫ ∞

0
‖ut1/2(x)ξ − ξut1/2(y)‖2 dt ≤ 4‖xξ − ξy‖(‖xξ‖+ ‖ξy‖).

(ii) Let x ∈M+ and let ϕ ∈M∗ be any state. We have

‖x− ϕ(x)‖2
ϕ ≤

∫ ∞
0

ϕ(ut1/2(x))ϕ (1− ut1/2(x)) da

Proof. For item (i), see the proof of [CS78, Theorem 2]. With the notations used
there, the case where x and y are self-adjoint follows from the following inequality
for all h, k ∈ [0,+∞[

1
2 |h− k|

2 ≤
∫ +∞

0
|Ft1/2(h)− Ft1/2(k)|2 dt ≤ 4|h− k|(|h|+ |k|).
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The case where x = y follows from the first case by applying it to

x = y =
(

0 x
x∗ 0

)
and ξ =

(
ξ 0
0 ξ∗

)
.

We will now prove (ii). First, note that ut1/2(x) = ut(x2). Moreover, we have
‖x− ϕ(x)‖2

ϕ = ϕ(x2)− ϕ(x)2 and

ϕ(x2) =
∫ ∞

0
ϕ(ut(x2)) dt

Therefore, we only have to show that∫ ∞
0

ϕ(ut(x2))2 dt ≤ ϕ(x)2

In M ⊗M , we have ut(x2)⊗ ut(x2) ≤ ut(x⊗ x). Hence, by appying ϕ⊗ ϕ we get

ϕ(ut(x2))2 ≤ (ϕ⊗ ϕ)(ut(x⊗ x))

and thus, after integrating over t, we finally get∫ ∞
0

ϕ(ut(x2))2 du ≤ (ϕ⊗ ϕ)(x⊗ x) = ϕ(x)2

We deduce from the previous inequalities the following criterion which shows
that it is enough to check the spectral gap inequality on projections.

Lemma 12.4 ([Ma17a]). Let N be a von Neumann subalgebra of M and take Σ =
Σ∗ ⊂ Σϕ. Then N has a spectral gap with respect to (Σ, ϕ) if and only if there exists
a constant κ > 0 and a finite subset S ⊂ Σ such that for any projection p ∈ N we
have

ϕ(p)ϕ(1− p) ≤ κ
∑
ξ∈S
‖pξ − ξp‖2.

Proof. Assume that there exists a constant κ > 0 and a finite subset S ⊂ Σ such
that for any projection p ∈ N we have

ϕ(p)ϕ(1− p) ≤ κ
∑
ξ∈S
‖pξ − ξp‖2.

We can assume that S is self-adjoint. A direct application of Lemma 12.3 shows
that for every element x ∈ N+, we have

‖x− ϕ(x)‖2
ϕ ≤ 4κ

∑
ξ∈S
‖xξ + ξx‖(‖xξ‖+ ‖ξx‖)

Since S ⊂ Σϕ, we can find a constant C > 0 such that for all x ∈ N+ and ξ ∈ S,
we have ‖xξ‖+ ‖ξx‖ ≤ C‖x‖ϕ. Hence, we get

∀x ∈ N+, ‖x− ϕ(x)‖2
ϕ ≤ 4Cκ‖x‖ϕ

∑
ξ∈S
‖xξ − ξx‖
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Now, for every x = x∗ ∈ N with ϕ(x) = 0, write x = x+ − x− where x+, x− ∈ N+

and x+x− = 0. Then we have

‖x‖2
ϕ ≤ 2(‖x+−ϕ(x+)‖2

ϕ+‖x−−ϕ(x−)‖2
ϕ) ≤ 8Cκ‖x‖ϕ

∑
ξ∈S

(‖x+ξ−ξx+‖+‖x−ξ−ξx−‖)

and since ‖x±ξ − ξx±‖ ≤ ‖xξ − ξx‖, we obtain

‖x‖ϕ ≤ 16Cκ
∑
ξ∈S
‖xξ − ξx‖

By applying this inequality to x−ϕ(x), we obtain the desired spectral gap inequality
for every self-adjoint x ∈ N . Finally, since S is self-adjoint, it is easy to obtain the
spectral gap inequality for every element x ∈ N by decomposing it into its real and
imaginary part.

Proof of Theorem 12.2. Fix 0 < ε < 1
4 . Since every bounded Σ-central net is trivial,

there must exist a finite self-adjoint subset S ⊂ Σ and some η > 0 such that for
every projection p ∈ N we have∑

ξ∈S
‖pξ − ξp‖2 ≤ η =⇒ min(ϕ(p), ϕ(1− p)) ≤ ε

Consider the set Λ of all projections e in N such that ϕ(e) ≤ ε and∑
ξ∈S
‖eξ − ξe‖2 ≤ ηϕ(e)

Then Λ is closed for the strong topology, hence it is an inductive set. Therefore,
by Zorn’s lemma, we can choose e a maximal element of Λ. Let p = 1 − e. Take a
projection f ∈ pNp. Suppose that

ϕ(f)ϕ(p− f) > 1
η

∑
ξ∈S
‖f(pξp)− (pξp)f‖2

Then up to replacing f by p− f , we can suppose that ϕ(f) ≤ 1
2 . Now let q = e+ f .

Then we can check that∑
ξ∈S
‖qξ − ξq‖2 ≤

∑
ξ∈S
‖eξ − ξe‖2 +

∑
ξ∈S
‖f(pξp)− (pξp)f‖2 ≤ ηϕ(e) + ηϕ(f) = ηϕ(q)

But, since e is maximal in Λ, we know that q /∈ Λ. Hence we must have ϕ(q) > ε.
Therefore, by the choice of S and η, we must have ϕ(q) ≥ 1 − ε. But ϕ(q) =
ϕ(e) + ϕ(f) ≤ ε+ 1

2 . Since ε <
1
4 , this is a contradiction. Hence, for all projections

f ∈ pNp, we have

ϕ(f)ϕ(p− f) ≤ 1
η

∑
ξ∈S
‖f(pξp)− (pξp)f‖2

Finally, we can use Lemma 12.4 to conclude that pNp has a spectral gap with respect
to (pΣp, 1

ϕ(p)pϕp).

Let us mention the following direct application of Theorem 12.2. It shows that
the local spectral gap property introduced in [BISG15] is actually equivalent to
strong ergodicity.
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Theorem 12.5 ([Ma17a]). Let Γ y (X,µ) be an ergodic measure-preserving action
of a discrete group Γ. Then Γ y X is strongly ergodic if and only if there exists
B ⊂ X with 0 < µ(B) < +∞, a finite set S ⊂ Γ and a constant κ > 0 such that

∀f ∈ L∞(X), ‖f − µB(f)‖µB ≤ κ
∑
g∈S
‖g(f)− f‖µB

where µB is the probability measure on X defined by µB(A) = 1
µ(B)µ(B ∩ A) for all

A ⊂ X.

We finish this section with a lemma which will be useful in applications.

Lemma 12.6. Let N be a von Neumann subalgebra ofM and take Σ ⊂ Σϕ. Suppose
that ϕ1/2 ∈ Σ. Then the following holds:

(i) N has a spectral gap with respect to (Σ, ϕ) if and only if pNp has a spectral
gap with respect to (Σ, ϕ) where p = supp(ϕ).

(ii) If N has a spectral gap with respect to (Σ, ϕ) and ψ is a normal state which
satisfies λ−1ϕ ≤ ψ ≤ λϕ for some λ ≥ 1 then N has a spectral gap with respect
to (Σ, ψ).

(iii) If N has a spectral gap with respect to (Σ, ϕ) and v ∈M is a partial isometry
such that v∗v = supp(ϕ), then N has a spectral gap with respect to (vΣv∗, vϕv∗)
and also with respect to (Σ∪ vΣv∗∪{vϕ1/2}, tϕ+ (1− t)vϕv∗) for all t ∈]0, 1[.

Proof. (i) This follows from the inequalities

‖x− ϕ(x)‖ϕ ≤ ‖pxp− ϕ(pxp)‖ϕ + ‖xϕ1/2 − ϕ1/2x‖

and
‖(pxp)ξ − ξ(pxp)‖ ≤ ‖xξ − ξx‖

for all x ∈ N and ξ ∈ Σ.
(ii) Since ϕ ≤ λψ, we have Σϕ ⊂ Σψ and since ψ ≤ λϕ, for every x ∈M we have

‖x− ψ(x)‖ψ ≤ ‖x− ϕ(x)‖ψ ≤ λ1/2‖x− ϕ(x)‖ϕ.

(iii) Let e = vv∗ and φ = vϕv∗. Then for all x ∈ eMe, we have

‖x− φ(x)‖φ = ‖v∗xv − ϕ(v∗xv)‖ϕ.

Moreover, for every ξ ∈ Σ, we have

‖v∗xvξ − ξv∗xv‖ = ‖x(vξv∗)− (vξv∗)x‖.

This shows that eNe has spectral gap with respect to (vΣv∗, φ), hence N has also
spectral gap with respect to (vΣv∗, φ) by (i). Now let ψ = tϕ+(1−t)φ with t ∈]0, 1[.
Observe that Σ ∪ vΣv∗ ∪ {vϕ1/2} ⊂ Σψ. Now we check that for all x ∈M , we have

‖x− ψ(x)‖ψ ≤ ‖x− ϕ(x)‖ϕ + ‖x− φ(x)‖φ + 2‖x(vϕ1/2)− (vϕ1/2)x‖.
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13 Full factors
Definition 13.1. [Co74] We say that a factor M is full if every bounded net (xi)i∈I
inM that is centralizing, meaning that limi ‖xiϕ−ϕxi‖ = 0 for all ϕ ∈M∗, must be
trivial, meaning that there exists a bounded net (λi)i∈I in C such that xi− λi1→ 0
strongly as i→∞.

Theorem 13.2 ([Ma16b]). Let M be a full factor. Then there exists a normal state
ϕ, a finite set S ⊂ Σϕ and a constant κ > 0 such that for all x ∈M , we have

‖x− ϕ(x)‖ϕ ≤ κ
∑
ξ∈S
‖xξ − ξx‖.

If M is semifinite, we can choose ϕ to be the trace of pMp for any nonzero finite
projection p ∈M .

If M if of type IIIλ, λ ∈]0, 1[, we can choose ϕ to be any given normal state.
If M is σ-finite and of type III1, we can choose ϕ to be faithful.

Proof. We have to show that M has a spectral gap with respect to (Σϕ, ϕ) for some
state ϕ ∈ M∗. Let ψ be a normal state on M . Let e = supp(ψ). Since eMe is full,
every Σψ-central bounded net in eMe must be trivial. Hence a direct application
of Theorem 12.2 shows that there exists a nonzero projection p ∈ eMe such that
eMe has spectral gap with respect to (pΣψp,

1
ψ(p)pψp). Let ϕ = 1

ψ(p)pψp. Observe
that pΣψp ⊂ Σϕ. Hence eMe has spectral gap with respect to (Σϕ, ϕ). Finally, by
Lemma 12.6.(i), M also has a spectral gap with respect to (Σϕ, ϕ).

Now, suppose that M is semifinite. Let p ∈M be any nonzero finite projection.
Let τp be the unique trace of pMp. Then the first part applied to ψ = τp shows that
M has a spectral gap with respect to (Στq , τq) for some projection q ≤ p. Moreover,
we can take q such that τp(q) > 1

2 . Let r ∈ pMp be any projection which is equivalent
to q and such that p ≤ q + r. Then by Lemma 12.6.(iii), we know that M has a
spectral gap with respect to (Σψ, ψ) where ψ = 1

2(τq + τr). Since 1
2τp ≤ ψ ≤ τp, then

by Lemma 12.6.(ii), we conclude thatM has a spectral gap with respect to (Στp , τp).
Suppose M is of type IIIλ with λ ∈]0, 1[. The first part shows that M has a

spectral gap with respect to (Σϕ, ϕ) for some normal state ϕ. Let ψ be any other
normal state on M . Since M is of type IIIλ, we can find a partial isometry v ∈ M
such that vv∗ = supp(ϕ), v∗v = supp(ψ) and

λϕ ≤ vψv∗ ≤ λ−1ϕ.

Then we conclude thatM has spectral gap with respect to (Σψ, ψ) thanks to Lemma
12.6.

Finally, the last part follows from Lemma 12.6.(iii) and the fact that all nonzero
projections are equivalent in a σ-finite type III factor.

Definition 13.3. A normal state as in Theorem 13.2 will be called a spectral gap
state.

The next theorem was obtained in [HMV16]. In the case where M or N is
semifinite, it follows easily from Theorem 13.2. But the general case requires more
work. This can be intuitively understood from the following observation. Let (ai)i∈I
and (bi)i∈I be two bounded sequences in M and N respectively and suppose that
(ai ⊗ bi)i∈I is centralizing in M ⊗ N . Then it is easy to see that (ai)i∈I and (bi)i∈I
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must be central in M and N respectively. However, they may not be centralizing.
Indeed, if ϕ and φ are two normal states on M and N respectively, then one might
have for example ‖aiϕ−λϕai‖ → 0 and ‖biφ−λ−1φbi‖ → 0 for some λ > 0. In fact,
this phenomenon turns out to be the only serious issue and we are able to overcome
it by enhancing the spectral gap inequality of Theorem 13.2 (see Lemma 13.6).

Theorem 13.4 ([HMV16]). Let M and N be two full factors. Then M ⊗ N is a
full factor.

More generally, if M is a full factor and N is any von Neumann algebra, then
M ′ ∩ (M ⊗N)ω = Nω for any cofinal ultrafilter ω on any directed set I.

Lemma 13.5. LetM be any von Neumann algebra and let x ∈M and ξ, η ∈ L2(M),
then we have

‖ |x|ξ − ξ|x| ‖2 + ‖ |x∗|η − η|x∗| ‖2 ≤ ‖xξ − ηx‖2 + ‖x∗η − ξx∗‖2.

Proof. First we prove the inequality when x is self-adjoint and ξ = η. In that case,
we just have to show that

‖ |x|ξ − ξ|x| ‖2 ≤ ‖xξ − ξx‖2.

Since x is self-adjoint, the operators λ(x) and ρ(x) generate a commutative von
Neumann algebra in B(L2(M)). Hence by the classical triangle inequality we have
| |λ(x)|− |ρ(x)| |2 ≤ |λ(x)−ρ(x)|2. Hence by applying the positive linear form 〈·ξ, ξ〉
we get ‖(|λ(x)| − |ρ(x)|)ξ‖2 ≤ ‖(λ(x)− ρ(x))ξ‖2 which means that ‖ |x|ξ− ξ|x| ‖2 ≤
‖xξ − ξx‖2 as we wanted.

Now, back to the general case, we work in N = M2(C) ⊗M = M2(M) and we
consider

y =
(

0 x∗

x 0

)
∈ N and α =

(
ξ 0
0 η

)
∈ L2(N)

Then we have
yα− αy =

(
0 x∗η − ξx∗

xξ − ηx 0

)
so that ‖yα− αy‖2 = ‖xξ − ηx‖2 + ‖x∗η − ξx∗‖2. We also have

|y| =
(
|x| 0
0 |x∗|

)

which means that

|y|α− α|y| =
(
|x|ξ − ξ|x| 0

0 |x∗|η − η|x∗|

)

so that ‖|y|α − α|y|‖2 = ‖ |x|ξ − ξ|x| ‖2 + ‖ |x∗|η − η|x∗| ‖2. Since y is self-adjoint,
the conclusion now follows from the first case.

Lemma 13.6. Let M be a full factor and let ϕ ∈M∗ be a spectral gap state. Then
we can find a finite set F ⊂ M , with aϕ1/2 = ϕ1/2a∗ for all a ∈ F , and a constant
κ > 0 such that for all x ∈M and all λ > 0 we have

‖x− ϕ(x)‖2
ϕ ≤ κ

(∑
a∈F
‖ax− xa‖2

ϕ + ‖xϕ1/2 − λϕ1/2x‖2
)
. (13.1)
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Proof. Since ϕ is a spectral gap state, we can find a finite set S ⊂ Σϕ and a constant
κ > 0 such that for all x ∈M , we have

‖x− ϕ(x)‖ϕ ≤ κ
∑
ξ∈S
‖xξ − ξx‖. (13.2)

We can always assume that all the elements of S are self-adjoint. Write S =
{ξ1, . . . , ξk}. Let ξϕ = ϕ1/2. For all j ∈ {1, . . . , k}, let aj = ξjϕ

−1/2 so that ξj =
ajξϕ = ξϕa

∗
j . We will show that F = {a1, . . . , ak} satisfies the desired inequality.

By homogeneity, it is sufficient to prove that for all sequences xn ∈ M and
λn ∈ R+ (n ∈ N) such that limn ‖xnaj − ajxn‖ϕ = 0 for every j ∈ {1, . . . , k} and
limn ‖xnξϕ − λnξϕxn‖ = 0, we have that limn ‖xn − ϕ(xn)1‖ϕ = 0.

Put µn = ‖xn‖ϕ ∈ R+ for every n ∈ N. Observe that the sequence (µn)n∈N may
be unbounded. Since limn ‖xnξϕ−λnξϕxn‖ = 0, we have that limn |µn − λn‖x∗n‖ϕ| =
0. For every n ∈ N, write xn = un|xn| = un|xn|u∗n un = |x∗n|un for the polar
decomposition of xn ∈M . For every j ∈ {1, . . . , k} and every n ∈ N, we have

‖xnξj − λnξjxn‖ = ‖(xnaj − ajxn)ξϕ + aj(xnξϕ − λnξϕxn)‖
≤ ‖xnaj − ajxn‖ϕ + ‖xnξϕ − λnξϕxn‖.

Thus, we obtain limn ‖xnξj − λnξjxn‖ = 0 for every j ∈ {1, . . . , k}. By Lemma 13.5
applied to “ξ = ξj” and “η = λnξj”, and since ξj = ξ∗j , we also have

2‖xnξj − λnξjxn‖2 ≥ ‖|xn|ξj − ξj|xn|‖2 + ‖λn(|x∗n|ξj − ξj|x∗n|)‖2.

Hence we obtain limn ‖|xn|ξj−ξj|xn|‖ = 0 and limn λn‖|x∗n|ξj−ξj|x∗n|‖ = 0 for every
j ∈ {1, . . . , k}. Then (13.2) yields limn ‖|xn| − ϕ(|xn|)1‖ϕ = 0 and limn λn‖|x∗n| −
ϕ(|x∗n|)‖ϕ = 0.

Since ‖|xn|‖ϕ = ‖xn‖ϕ = µn for every n ∈ N and since limn ‖|xn|−ϕ(|xn|)‖ϕ = 0,
we have limn |µn − ϕ(|xn|)| = 0. Hence we obtain limn ‖|xn| − µn‖ϕ = 0 and by
multiplying by un on the left, we obtain limn ‖xn− µnun‖ϕ = 0. Since ξj ∈ Σϕ, this
yields limn ‖xnξj − µnunξj‖ = 0 for all j.

Likewise, since limn |µn − λn‖x∗n‖ϕ| = 0 and since limn ‖λn|x∗n| −λnϕ(|x∗n|)1‖ϕ =
0, we have limn |µn − λnϕ(|x∗n|)| = 0 and hence we obtain limn ‖λn|x∗n| − µn‖ϕ = 0.
By multiplying by u∗n on the right, we obtain limn ‖λnx∗n − µnu

∗
n‖ϕ = 0. Since

ξj ∈ Σϕ, this yields limn ‖λnξjxn − µnξjun‖ = limn ‖λnx∗nξj − µnu∗nξj‖ = 0 for all j.
Finally, since limn ‖xnξj − λnξjxn‖ = 0, we obtain limn µn‖unξj − ξjun‖ = 0 for

all j ∈ {1, . . . , k}. Then (13.2) implies that limn ‖µnun − ϕ(µnun)1‖ϕ = 0. Since
limn ‖xn − µnun‖ϕ = 0, Cauchy-Schwarz inequality yields limn |ϕ(xn − µnun)| = 0.
Therefore, we finally obtain limn ‖xn − ϕ(xn)1‖ϕ = 0.

Lemma 13.7. Let H be any Hilbert space and S : D(S) → H any closed positive
densily defined operator. Let A ∈ B(H) be any selfadjoint bounded operator which
satisfies

∀ξ ∈ D(S), ∀λ > 0, 〈Aξ, ξ〉 ≤ ‖(λS − 1)ξ‖2.

Then for every Hilbert space K and every closed positive densily defined operator
T : D(T )→ K, we have

∀η ∈ D(S ⊗ T ), 〈(A⊗ 1)η, η〉 ≤ ‖(S ⊗ T − 1)η‖2.
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Proof. Write A0 = {T it : t ∈ R} for the von Neumann subalgebra of B(K) generated
by T . Choose an intermediate maximal abelian subalgebra A0 ⊂ A ⊂ B(K). Then
we can identify (A ⊂ B(K)) =

(
L∞(X,µ) ⊂ B(L2(X,µ))

)
for some measure space

(X,µ). Since T is affiliated with A = L∞(X,µ), the spectral theorem for unbounded
operators (see e.g. [KR97, Theorem 5.6.4]) shows that we can assume that T = Mf

acts by multiplication on L2(X,µ) by some measurable function f : (X,µ) → R+.
Then

D(T ) =
{
g ∈ L2(X,µ) :

∫
X
|fg|2 dµ < +∞

}
.

Let η = ∑p
i=1 ξi ⊗ gi be any element in the algebraic tensor product D(S) � D(T ).

Identify H ⊗K = L2(X,µ,H) and regard η as a function from X to D(S). Then a
simple computation shows that

〈(A⊗ 1)η, η〉 =
∫
x∈X
〈Aη(x), η(x)〉 dµ(x)

and
‖(S � T − 1)η‖2 =

∫
x∈X
‖(f(x)S − 1)η(x)‖2 dµ(x).

Hence, we have

∀η ∈ D(S)�D(T ), 〈(A⊗ 1)η, η〉 ≤ ‖(S � T − 1)η‖2.

Since S ⊗ T is the closure of S � T , for every η ∈ D(S ⊗ T ), we can find a
sequence ηn ∈ D(S)�D(T ) such that ηn → η and (S�T )ηn → (S⊗T )η as n→∞.
For every n ∈ N, we have

〈(A⊗ 1)ηn, ηn〉 ≤ ‖(S � T − 1)ηn‖2.

Therefore we obtain
〈(A⊗ 1)η, η〉 ≤ ‖(S ⊗ T − 1)η‖2

as we wanted.

The proof of Theorem 13.4 follows from the following inequality.

Lemma 13.8. Let M be a full factor. Let ϕ ∈ M∗ be any spectral gap state. Then
there exists a finite subset F ⊂ M , with aϕ1/2 = ϕ1/2a∗ for all a ∈ F , and a
constant κ > 0 such that for any von Neumann algebra N , for any φ, ψ ∈ N+

∗ and
any z ∈M ⊗N we have

‖z − Eϕ(z)‖2
ϕ⊗ψ ≤ κ

(∑
a∈F
‖za− az‖2

ϕ⊗ψ + ‖z(ϕ⊗ ψ)1/2 − (ϕ⊗ φ)1/2z‖2
)

(13.3)

where Eϕ = ϕ⊗ idN : M ⊗N → N is the normal conditional expectation induced by
ϕ.

Proof. We take F ⊂M and κ > 0 as in Lemma 13.6. Let S = ∆1/2
ϕ and let p be the

support of ϕ. Let P ∈ B(L2(M) the projection on Cϕ1/2. Then (13.1) implies that

∀ξ ∈ D(S), ∀λ > 0, 〈Aξ, ξ〉 ≤ ‖(λS − 1)ξ‖2,

where
A = 1

κ
(JpJ − P )−

∑
a∈F
|a− JaJ |2.
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Indeed, it is enough to check this inequality for ξ of the form xϕ1/2 with x ∈Mp.
Now, let N be any von Neumann algebra and let ψ, φ ∈ N+

∗ . Let T = ∆1/2
φ,ψ. We

apply Lemma 13.7 to S and T and we obtain

∀η ∈ D(S ⊗ T ), 〈(A⊗ 1)η, η〉 ≤ ‖(S ⊗ T − 1)η‖2.

Since S ⊗ T = ∆1/2
ϕ⊗φ,ϕ⊗ψ and since the orthogonal projection P ⊗ 1 : L2(M ⊗N)→

Cϕ1/2 ⊗ L2(N) satisfies P (z(ϕ ⊗ φ)1/2) = Eϕ(z)(ϕ ⊗ φ)1/2 for all z ∈ M ⊗ N , we
finally obtain (13.3).

Proof of Theorem 13.4. Let ϕ ∈ M∗ be a spectral gap state. Let (xi)i∈I be a cen-
tralizing net in Ball(M ⊗N). Let yi = Eϕ(xi) for every i ∈ I. Observe that (yi)i∈I
is a centralizing net in N . Moreover, (13.3) shows that limi ‖xi− yi‖ϕ⊗ψ = 0 for any
state ψ ∈ N∗. This means that (xi−yi)p→ 0 strongly as i→∞ where p ∈M is the
support of ϕ. Since (xi)i∈I is asymptotically central, this shows that (xi − yi)q → 0
strongly as i→∞ for any projection q ∈M which is equivalent to p. Since M is a
factor, we conclude that xi − yi → 0 strongly as i→∞.

Let ϕ ∈ M∗ be a spectral gap state and ψ ∈ N∗ be any state. Denote by
Eϕ : M⊗N → N the normal conditional expectation induced by ϕ and let e = p⊗q
be the support of ϕ⊗ψ in M ⊗N . We will show that eNωe = e(M ′ ∩ (M ⊗N)ω)e.
Assume by contradiction that eNωe ( e(M ′ ∩ (M ⊗N)ω)e. Let S be the restriction
of ∆1/2

(ϕ⊗ψ)ω to the nonzero Hilbert space L2(e(M ′ ∩ (M ⊗N)ω)e)	 L2(eNωe). Then
S is a closed positived definite operator. Take some λ > 0 in the spectrum of S.
Then, for any ε > 0, we can find Z ∈ e(M ′ ∩ (M ⊗N)ω)e such that ‖Z‖(ϕ⊗ψ)ω = 1,
Eωϕ(Z) = 0 and ‖((ϕ ⊗ ψ)ω)1/2Z − λZ((ϕ ⊗ ψ)ω)1/2‖ < ε. This means that for
any finite set F ⊂ M , we can find z ∈ M ⊗ N such that ‖z‖ϕ⊗ψ = 1, Eϕ(z) = 0,
‖z(ϕ ⊗ ψ)1/2 − λ−1(ϕ ⊗ ψ)1/2z‖ ≤ 2λ−1ε and ‖za − az‖ϕ⊗ψ ≤ ε for every a ∈ F .
This however contradicts Lemma 13.4 if ε > 0 is small enough (we apply it with
φ = λ−2ψ). Therefore, we must have e(M ′ ∩ (M ⊗N)ω)e = eNωe. Since this holds
for every state ψ ∈ N∗, we get p(M ′ ∩ (M ⊗N)ω) = pNω where p is the support of
ϕ. Since M is a factor, this finally yields M ′ ∩ (M ⊗N)ω = Nω.

14 Outer automorphism groups of full factors
Note that a net of unitaries (ui)i∈I in U(M) is centralizing in M if and only if

Ad(ui)→ idM as i→∞. This observation implies the following characterization of
fullness.

Proposition 14.1 ([Co74]). Let M be a factor. Then M is full if and only if the
map

Ad : U(M)→ Aut(M)

is open on its range. In that case, Inn(M) is closed in Aut(M) and Out(M) is
Hausdorff.

The following theorem is the key result for all this section. It is a generalization
of a result of Jones in the II1 case [Jo81].

Theorem 14.2 ([Ma16b]). Let M be a full factor with a spectral gap state ϕ ∈M∗.
Let V be a neighborhood of the identity in Out(M). Then there exists a finite set
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S ⊂ Σϕ and a constant κ > 0 such that for all x ∈M and all θ ∈ Aut(M) \ π−1
M (V)

we have
‖x‖ϕ ≤ κ

∑
ξ∈S
‖xξ − θ(ξ)x‖. (14.1)

Before we prove Theorem 14.2, let us mention the following closely related result
of Connes. While Connes’ criterion is very general and does not require any as-
sumption on M , Theorem 14.2 is more powerful in the full factor case since it gives
a uniform inequality with the same state ϕ, the same set S and the same constant
κ for all automorphisms outside some neighborhood of the identity. This will be
crucial for our applications.

Theorem 14.3 ([Co85, Theorem III.1]). Let M be a factor and let θ ∈ Aut(M) \
Inn(M). Then there exists a state ϕ ∈M∗, a finite set S ⊂ Σϕ and a constant κ > 0
such that for all x ∈M we have

‖x‖ϕ ≤ κ
∑
ξ∈S
‖xξ − θ(ξ)x‖.

For the proof of Theorem 14.2, we first need two technical lemmas. The first one
strengthens slightly [DM71][Proposition 1].

Lemma 14.4. Let M be any von Neumann algebra. Then the invertible elements
are ∗-strongly dense in the unit ball of M .

Proof. Let Q = {x ∈ M | ‖x‖ ≤ 1 and x is invertible}. Let Q be the ∗-strong
closure of Q. It is easy to see by the functional calculus that any normal element in
the unit ball ofM is in Q. Hence, since Q is stable under multiplication, it is enough,
thanks to the polar decomposition, to show that any partial isometry u ∈M belongs
toQ. By [DM71][Lemma 1], we can find an isometry v ∈M and a coisometry w ∈M
such that u = vw(u∗u). Therefore, since Q contains all projections and is stable by
adjunction and multiplication, it is enough to show that any isometry v ∈ M is in
Q. By the proof of [DM71][Lemma 2], we can find a sequence of projections pn ∈M
converging to 1 strongly (hence ∗-strongly) and partial isometries wn ∈M such that
vpn + wn is a unitary for all n. Then let xn = vpn + 1

n
wn ∈ Q. We have xn → v in

the ∗-strong topology. Hence v ∈ Q.

The second lemma uses the factoriality in order to transform a convergence on a
corner into a convergence modulo inner automorphisms. Recall that πM : Aut(M)→
Out(M) is the quotient map.

Lemma 14.5. Let M be a factor. Let p ∈ M be a nonzero projection. Let θi ∈
Aut(M), i ∈ I be a net of automorphisms such that θi(ξ)→ ξ for all ξ ∈ pL2(M)p.
Then we have πM(θi)→ 1.

Proof. After replacing p by a smaller projection if necessary, we can suppose that p is
part of a system of matrix units (ekl)k,l∈J in M with e00 = p. Let xi = ∑

k θi(ek0)e0k
where the sum is ∗-strongly convergent. Then for all ξ ∈ L2(M) we have θi(ξ)xi −
xiξ → 0. Indeed we have

θi(ξ)xi =
∑
k,l

θi(ek0)θi(e0kξel0)e0l
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and
xiξ =

∑
k,l

θi(ek0)(e0kξel0)e0l

Thus we get θi(ξ)xi−xiξ → 0 since by assumption we know that θi(e0kξel0)→ e0kξel0
for all k, l.

We also note that x∗ixi ≤ 1 and x∗ixi → 1 strongly hence |xi| → 1 strongly
and therefore we have |xi|ξ − ξ → 0 for all ξ. Similarly, we have θ−1

i (|x∗i |) → 1
strongly and therefore θi(ξ)|x∗i | − θi(ξ) → 0 for all ξ. By Lemma 14.4, we can find
a net of invertible elements yi in the unit ball of M such that yi − xi → 0 and
θ−1
i (yi)− θ−1

i (xi)→ 0 in the ∗-strong topology. Then we still have θi(ξ)yi−yiξ → 0,
|yi|ξ − ξ → 0 and θi(ξ)|y∗i | − θi(ξ)→ 0. Hence, by writing the polar decomposition
yi = ui|yi| = |y∗i |ui with unitaries ui, we get θi(ξ)ui − uiξ → 0 for all ξ ∈ L2(M).
This shows that Ad(ui)−1 ◦ θi → 1 in Aut(M) hence πM(θi)→ 1 in Out(M).

Proof of Theorem 14.2. If the conclusion of the theorem does not holds, then we
can find a net xi ∈ M, i ∈ I and a net θi /∈ π−1

M (N ) such that ||xi||ϕ = 1 and
xiξ − θi(ξ)xi → 0 for all ξ ∈ Σϕ. Thanks to Lemma 14.4, we can assume that
every xi is invertible. Note that the net (xi)i∈I is not necessarily bounded. Let
xi = ui|xi| = |x∗i |ui, ui ∈ U(M) be the polar decomposition of xi.

For all ξ ∈ Σϕ, we have xiξ−θi(ξ)xi → 0 and therefore |xi|ξ−ξ|xi| → 0 by Lemma
13.5. Since ϕ is a spectral gap state, we get || |xi| −ϕ(|xi|) ||ϕ → 0. Since ||xi||ϕ = 1
this means that ‖ |xi| − 1‖ϕ → 0. Therefore, we get (xi − ui)ξ = ui(|xi| − 1)ξ → 0
for all ξ ∈ Σϕ.

Similarly, for all ξ ∈ Σϕ, we have |x∗i |θi(ξ) − θi(ξ)|x∗i | → 0 by Lemma 13.5.
Hence, if we let yi = θ−1

i (x∗i ) then we have |yi|ξ − ξ|yi| → 0 for all ξ ∈ Σϕ and thus
‖ |yi| − 1‖ϕ → 0 for the same reason as before. Therefore, we get (yi − θ−1

i (u∗i ))ξ =
θ−1
i (u∗i )(|yi| − 1)ξ → 0 for all ξ ∈ Σϕ. By taking the adjoint and composing with θi,
we obtain θi(ξ)(xi − ui)→ 0 for all ξ ∈ Σϕ.

By combining this with the fact that xiξ− θi(ξ)xi → 0, we get uiξ− θi(ξ)ui → 0
for all ξ ∈ Σϕ. Let p be the support of ϕ. Then Σϕ is dense in pL2(M)p. Hence,
we really have (Ad(u∗i ) ◦ θi)(ξ) → ξ for all ξ ∈ pL2(M)p. By Lemma 14.5, we get
πM(θi) = πM(Ad(u∗i ) ◦ θi)→ 1 in Out(M) which is a contradiction since πM(θi) /∈ V
for all i ∈ I.

Let M and N be two von Neumann algebras. Then there exist a unique ho-
momorphism ι : Out(M) × Out(N) → Out(M ⊗ N) such that ι(πM(α), πN(β)) =
πM⊗N(α ⊗ β) for all (α, β) ∈ Aut(M) × Aut(N). This homomorphism is always
continuous and injective. When M is a full factor, we obtain the following theorem.

Theorem 14.6 ([HMV16]). Let M be a full factor and N any von Neumann al-
gebra. Then the group homomorphism ι : Out(M) × Out(N) → Out(M ⊗ N) is a
homeomorphism onto its range.

Before we prove this theorem, let us point out that it allows us in particular to
compute the τ -invariant of tensor products of full factors. Recall that if M is a von
Neumann algebra then the homomorphism δM = πM ◦ σφ : R → Out(M) does not
depend on the choice of the faithful normal semifinite weight φ on M [Co72]. The
τ -invariant of M , denoted by τ(M), is the weakest topology on R which makes the
map δM continuous [Co74]. The following is a direct application of Theorem 14.6.
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Corollary 14.7 ([HMV16]). Let M be a full factor and N any von Neumann alge-
bra. Then for every net (ti)i∈I in R, we have

ti → 0 w.r.t. τ(M ⊗N) if and only if ti → 0 w.r.t. τ(M) and τ(N).

Theorem 14.6 follows easily from Theorem 14.2 when M or N is finite. However
in the general case, one encounters the same difficulty as for Theorem 13.4. Thus
the proof will follow the same pattern.

Lemma 14.8. Let M be a full factor and let ϕ ∈ M∗ be any spectral gap state.
Let V be a neighborhood of the identity in Out(M). Then we can find a finite set
F ⊂ M , with aϕ1/2 = ϕ1/2a∗ for all a ∈ F , and a constant κ > 0 such that for all
x ∈M , all θ ∈ Aut(M) \ π−1

M (V) and all λ > 0 we have

‖x‖2
ϕ ≤ κ

(∑
a∈F
‖xa− θ(a)x‖2

ϕ + ‖xϕ1/2 − λθ(ϕ)1/2x‖2
)
. (14.2)

Proof. By Theorem 13.2 and Theorem 14.2, we can find a finite set S ⊂ Σϕ and a
constant κ > 0 such that for all x ∈M and all θ ∈ Aut(M) \ π−1

M (V) we have

‖x− ϕ(x)‖ϕ ≤ κ
∑
ξ∈S
‖xξ − ξx‖. (14.3)

and
‖x‖ϕ ≤ κ

∑
ξ∈S
‖xξ − θ(ξ)x‖. (14.4)

We can always assume that all the elements of S are self-adjoint. Write S =
{ξ1, . . . , ξk}. Let ξϕ = ϕ1/2. For all j ∈ {1, . . . , k}, let aj = ξjϕ

−1/2 so that ξj =
ajξϕ = ξϕa

∗
j . We will show that F = {a1, . . . , ak} satisfies the desired inequality.

By homogeneity, it is sufficient to prove that for all sequences xn ∈ M , λn ∈ R+
and θn ∈ Aut(M) \ π−1

M (V) (n ∈ N) such that limn ‖xnaj − θn(aj)xn‖ϕ = 0 for every
j ∈ {1, . . . , k} and limn ‖xnϕ1/2 − λnθn(ϕ1/2)xn‖ = 0, we have that limn ‖xn‖ϕ = 0.

Put µn = ‖xn‖ϕ ∈ R+ for every n ∈ N. Since limn ‖xnϕ1/2 − λnθn(ϕ1/2)xn‖ = 0,
we have that limn |µn − λn‖θ−1

n (x∗n)‖ϕ| = limn |µn − λn‖θn(ξϕ)xn‖| = 0. For every
n ∈ N, write xn = un|xn| = un|xn|u∗n un = |x∗n|un for the polar decomposition of
xn ∈M . For every j ∈ {1, . . . , k} and every n ∈ N, we have

‖xnξj − λnθn(ξj)xn‖ = ‖(xnaj − θn(aj)xn)ϕ1/2 + θn(aj)(xnϕ1/2 − λnθn(ϕ1/2)xn)‖
≤ ‖xnaj − θn(aj)xn‖ϕ + ‖xnϕ1/2 − λnθn(ϕ1/2)xn‖.

Thus, we obtain limn ‖xnξj − λnθn(ξj)xn‖ = 0 for every j ∈ {1, . . . , k}. By Lemma
13.5 applied to “ξ = ξj” and “η = λnθn(ξj)”, we get

2‖xnξj − λnθn(ξj)xn‖2 ≥ ‖|xn|ξj − ξj|xn|‖2 + ‖λn(|x∗n|θn(ξj)− θn(ξj)|x∗n|)‖2.

Hence we obtain limn ‖|xn|ξj−ξj|xn|‖ = 0 and limn λn‖ θ−1
n (|x∗n|)ξj−ξjθ−1

n (|x∗n|)‖ = 0
for every j ∈ {1, . . . , k}. Then (14.3) implies that limn ‖|xn| − ϕ(|xn|)1‖ϕ = 0 and
limn λn‖θ−1

n (|x∗n|)− ϕ(θ−1
n (|x∗n|))1‖ϕ = 0.

Since ‖|xn|‖ϕ = ‖xn‖ϕ = µn for every n ∈ N and since limn ‖|xn| −ϕ(|xn|)1‖ϕ =
0, we have limn |µn − ϕ(|xn|)| = 0 and hence we obtain limn ‖|xn| − µn‖ϕ = 0.
Therefore, by multiplying by un on the left, we obtain limn ‖xn − µnun‖ϕ = 0 and
since ξj ∈ Σϕ, we get limn ‖xnξj − µnunξj‖ = 0 for all j ∈ {1, . . . , k}.
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Likewise, since limn |µn − λn‖θ−1
n (x∗n)‖ϕ| = 0 and since limn ‖λnθ−1

n (|x∗n|)−λnϕ(θ−1
n (|x∗n|))‖ϕ =

0, we have limn |µn−λnϕ(θ−1
n (|x∗n|))| = 0. This in turn implies that limn ‖λnθ−1

n (|x∗n|)−
µn‖ϕ = 0. By multiplying by θ−1

n (u∗n) on the left, we obtain limn ‖λnθ−1
n (x∗n) −

µnθ
−1
n (u∗n)‖ϕ = 0 and since ξj ∈ Σϕ, we get limn ‖λnθn(ξj)xn − θn(ξj)µnun‖ =

‖λnθ−1
n (x∗n)ξj − µnθ−1

n (u∗n)ξj‖ = 0 for all j ∈ {1, . . . , k}.
Since limn ‖xnξj − λnθn(ξj)xn‖ = 0, we obtain limn µn‖unξj − θn(ξj)un‖ = 0 for

all j ∈ {1, . . . , k}. Then (14.4) implies that limn ‖µnun‖ϕ = 0. Since limn ‖xn −
µnun‖ϕ = 0, we obtain limn ‖xn‖ϕ = 0 as we wanted.

Lemma 14.9. Let M be a full factor and ϕ ∈ M∗ any spectral gap state. Let V be
a neighborhood of the identity in Out(M). Then there exists a finite subset F ⊂M ,
with aϕ1/2 = ϕ1/2a∗ for all a ∈ F , and a constant κ > 0 such that for any von
Neumann algebra N , any φ, ψ ∈ N+

∗ , any z ∈M ⊗N and any θ ∈ Aut(M)\π−1
M (V)

we have

‖z‖2
ϕ⊗ψ ≤ κ

(∑
a∈F
‖za− θ(a)z‖2

ϕ⊗ψ + ‖z(ϕ⊗ ψ)1/2 − (θ(ϕ)⊗ φ)1/2z‖2
)
. (14.5)

Proof. We take F ⊂ M and κ > 0 as in Lemma 14.8. Take θ ∈ Aut(M) \ π−1
M (V).

Let S = ∆1/2
θ(ϕ),ϕ and let p be the support of ϕ. Then (14.2) implies that

∀ξ ∈ D(S), ∀λ > 0, 〈Aξ, ξ〉 ≤ ‖(λS − 1)ξ‖2,

where
A = 1

κ
JpJ −

∑
a∈F
|θ(a)− JaJ |2.

Indeed, it is enough to check this inequality for ξ of the form xϕ1/2 with x ∈Mp.
Now, let N be any von Neumann algebra and let ψ, φ ∈ N+

∗ . Let T = ∆1/2
φ,ψ. We

apply Lemma 13.7 to S and T and we obtain

∀η ∈ D(S ⊗ T ), 〈(A⊗ 1)η, η〉 ≤ ‖(S ⊗ T − 1)η‖2.

Since S ⊗ T = ∆1/2
θ(ϕ)⊗φ,ϕ⊗ψ, we finally obtain (14.5).

Proof of Theorem 14.6. We have to show that for any net (αi⊗ βi)i∈I in Aut(M)×
Aut(N) such that πM⊗N(αi⊗βi)→ 1 in Out(M⊗N) as i→∞ we have πM(αi)→ 1
in Out(M) and πN(βi)→ 1 in Out(N) as i→∞. We can always assume that I is
large enough so that there exists a decreasing net (Wi)i∈I of ∗-strong neighborhoods
of 0 in N which is cofinal, meaning that for every ∗-strong neighborhood W of 0 in
N there exists i ∈ I such that Wi ⊂ W .

First, we prove that πM(αi)→ 1 in Out(M) as i→∞. Assume by contradiction
that this is not the case. Then there exist an open neighborhood V of 1 in Out(M)
and a subnet (αj)j∈J such that πM(αj) /∈ V for every j ∈ J . Let ϕ ∈ M∗ be
a spectral gap state and let ψ ∈ N∗ be any state. Since πM⊗N(αj ⊗ βj) → 1
in Out(M ⊗ N) as j → ∞, there exists a net (uj)j∈J in U(M ⊗ N) such that
Ad(uj)−1 ◦ (αj ⊗ βj) → idM⊗N in Aut(M ⊗ N) as j → ∞. In particular, we have
limj ‖uja − αj(a)uj‖ϕ⊗ψ = 0 for every a ∈ M and limj ‖uj(ϕ ⊗ ψ)1/2 − (αj(ϕ) ⊗
βj(ψ))1/2uj‖ = 0. Since ‖uj‖ϕ⊗ψ = 1 for every j ∈ J , this contradicts Lemma 14.9.

Secondly, we prove that πN(βi) → 1 in Out(N) as i → ∞. Since we do not
assume that N is a full factor, this require a bit more work then the first part.
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Since πM(αi) → 1 in Out(M) we have that πM⊗N(αi ⊗ idN) → 1 in Out(M ⊗ N)
as i → ∞. By assumption, πM⊗N(αi ⊗ βi) → 1 in Out(M ⊗ N). Thus, we also
have πM⊗N(idM ⊗ βi) → 1 in Out(M ⊗ N) as i → ∞. Hence there exists a net
(vi)i∈I in U(M ⊗ N) such that Ad(vi)−1 ◦ (idM ⊗ βi) → idM⊗N in Aut(M ⊗ N) as
i→∞. Write yi = Eϕ(vi) ∈ Ball(N) for every i ∈ I. By using Lemma 14.4, we can
find for every i ∈ I an invertible element xi ∈ Ball(N) such that yi − xi ∈ Wi and
β−1
i (yi) − β−1

i (xi) ∈ Wi. Then we have xi − yi → 0 and β−1
i (yi) − β−1

i (xi) → 0 in
the ∗-strong topology as i → ∞. Let xi = ui|xi| be the polar decomposition of xi
with ui ∈ U(N). We will show that Ad(ui)−1 ◦ βi → idN in Aut(N) as i→∞. For
this, it is enough to show that limi ‖uiψ1/2 − βi(ψ)1/2ui‖ = 0 for any state ψ ∈ N∗.

First, since Ad(vi)−1 ◦ (idM ⊗ βi)→ idM⊗N in Aut(M ⊗N) as i→∞, we have
limi ‖via−avi‖ϕ⊗ψ = 0 for every a ∈M and limi ‖vi(ϕ⊗ψ)1/2−(ϕ⊗βi(ψ))1/2vi‖ = 0.
Then Lemma 13.8 implies that limi ‖vi−yi‖ϕ⊗ψ = 0. Since vi is a unitary, this means
that limi ‖xi‖ψ = limi ‖yi‖ψ = 1. Since limi ‖vi(ϕ ⊗ ψ)1/2 − (ϕ ⊗ βi(ψ))1/2vi‖ = 0,
by applying the orthogonal projection P ⊗ 1 : L2(M ⊗ N) → Cϕ1/2 ⊗ L2(N), we
also have limi ‖yiψ1/2 − βi(ψ)1/2yi‖ = 0 and thus limi ‖xiψ1/2 − βi(ψ)1/2xi‖ = 0. In
particular, we obtain limi ‖β−1

i (x∗i )‖ψ = limi ‖xi‖ψ = 1. Since xi ∈ Ball(N), this
easily implies that limi ‖xi− ui‖ψ = limi ‖β−1

i (x∗i − u∗i )‖ψ = 0. This, combined with
limi ‖xiψ1/2 − βi(ψ)1/2xi‖ = 0, gives limi ‖uiψ1/2 − βi(ψ)1/2ui‖ = 0 as we wanted.
This finally shows that πN(βi)→ 1 in Out(N) as i→∞.

Remark 14.10. Fix M a semifinite factor and p a nonzero finite projection in M
and let ϕ be the trace of pMp.

Suppose that M is full and let V be a neighborhood of the identity in Out(M).
Then Lemma 14.8 shows that we can find a finite set F ⊂ pMp and a constant
κ > 0 such that for all θ ∈ Aut(M) \ π−1

M (V) and all x ∈M we have

‖x‖ϕ ≤ κ
∑
a∈F
‖xa− θ(a)x‖ϕ.

Indeed, this follows from (14.2) applied with λ = mod(θ)−1/2.
We point out a striking difference with Theorem 14.3. Indeed, when M is not

full, it is not true in general that for any θ ∈ Aut(M) \ Inn(M), we can find a finite
set F ⊂ pMp and a constant κ > 0 such that for all x ∈M we have

‖x‖ϕ ≤ κ
∑
a∈F
‖xa− θ(a)x‖ϕ.

A counter-example can be obtained by takingM the hyperfinite II∞ factor and θ an
automorphism ofM with mod(θ) 6= 1. Then one can find a nonzero partial isometry
v ∈Mω such that va = θ(a)v for all a ∈M .

15 Fullness of crossed products
In this section, we investigate fullness of crossed product factors. We will need

the following notion.

Definition 15.1. Let M be a factor. Let σ : G→ Aut(M) be a continuous action
of a locally compact group G. We say that σ is

(i) Outer if the induced map πM ◦ σ : G→ Out(M) is injective.
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(ii) Fully outer if the induced map πM ◦σ : G→ Out(M) is a homeomorphism on
its range.

Theorem 15.2 ([Jo81, Ma16b]). Let M be a full factor and let σ : Γ→ Aut(M) be
a fully outer action of a discrete group Γ. Then M oσ Γ is a full factor.

Proof. Since σ is outer, then M oσ Γ is a factor. Since σ is fully outer, we can find a
neighborhood of the identity V ⊂ Out(M) such that πM(g) /∈ V for all g ∈ Γ \ {1}.
Choose a spectral gap state ϕ ∈M∗. Let E : M oσ Γ→M be the canonical faithful
normal conditional expectation and use it to lift ϕ to a state on M oσ Γ. We will
show that ϕ is a spectral gap state of M oσ Γ.

By Theorem 13.2 and Theorem 14.2, we can find a finite set S ⊂ Σϕ and a
constant κ > 0 such that for all x ∈M and all θ ∈ Aut(M) \ π−1

M (V), we have

‖x− ϕ(x)‖2
ϕ ≤ κ

∑
ξ∈S
‖xξ − ξx‖2

and
‖x‖2

ϕ ≤ κ
∑
ξ∈S
‖xξ − θ(ξ)ξ‖2.

Taje x ∈M oσ G. Let xg = E(u∗gx) ∈M for all g ∈ Γ. Then we have

‖E(x)− ϕ(x)‖2
ϕ ≤ κ

∑
ξ∈S
‖E(x)ξ − ξE(x)‖2

and
∀g ∈ Γ \ {1}, ‖xg‖2

ϕ ≤ κ
∑
ξ∈S
‖xgξ − σg−1(ξ)xg‖2

Now, since for all ξ ∈ S, we have

‖xξ − ξx‖2 = ‖E(x)ξ − ξE(x)‖2 +
∑

g∈Γ\{1}
‖xgξ − σg−1(ξ)xg‖2,

and since

‖x− ϕ(x)‖2
ϕ = ‖E(x)− ϕ(x)‖2

ϕ + ‖x− E(x)‖2
ϕ = ‖E(x)− ϕ(x)‖2

ϕ +
∑

g∈Γ\{1}
‖xg‖2

ϕ,

we conclude that for all x ∈M oσ Γ, we have

‖x− ϕ(x)‖2
ϕ ≤ κ

∑
ξ∈S
‖xξ − ξx‖2.

This shows that ϕ is a spectral gap state for M oσ G. Hence M oσ G is full.
Theorem 15.3. Let M be a factor and σ : Γ yM an action of a discrete group Γ.
Suppose that M is not full and that Γ is amenable. Then we can find a nontrivial
bounded centralizing net (xi)i∈I in M such that σg(xi) − xi → 0 strongly for all
g ∈ Γ.
Lemma 15.4. Let M be a II1 factor and let σ : Γ y M be an action of a dis-
crete group Γ. Suppose that every bounded central net (xi)i∈I in M which satisfies
limi ‖σg(xi) − xi‖2 = 0 for all g ∈ Γ is trivial. Then there exists a finite set of
unitaries S ⊂ U(M), a finite set K ⊂ Γ, and a constant κ > 0 such that for all
x ∈M we have

‖x− τ(x)‖2 ≤ κ

∑
u∈S
‖ux− xu‖2 +

∑
g∈K
‖σg(x)− x‖2


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Proof. Let N = M oσ Γ. Let Σ = U(M) ∪ {ug | g ∈ Γ} ⊂ N . A direct application
of Theorem 12.2 shows that we can find a projection p ∈ M with τ(p) > 1

2 , finite
sets S ⊂ U(M) and K ⊂ Γ, and a constant κ > 0 such that for all x ∈ pMp with
τ(x) = 0 we have

‖x‖2 ≤ κ

∑
u∈S
‖p(ux− xu)p‖2 +

∑
g∈K
‖p(ugx− xug)p‖2


Let v = 2p−1 ∈ U(M) and let w ∈ U(M) be any unitary which satisfies w(1−p)w∗ ≤
p. Let S ′ = S ∪{v, w}. Then it is not hard to check that there exists some constant
κ′ > 0 such that for all x ∈M we have

‖x− τ(x)‖2 ≤ κ′

∑
u∈S′
‖ux− xu‖2 +

∑
g∈K
‖σg(x)− x‖2



Proof of Theorem 15.3. First we deal with the case where M is a II1 factor. Since
M is not full, we can find a net (pi)i∈I of nonzero projections pi ∈ M such that
limi pi = 0 and limi

1
τ(pi)‖upi − piu‖1 = 0 for all u ∈ U(M). Fix ε > 0 and K ⊂ Γ a

finite subset. Then, since Γ is amenable, we can find F ⊂ Γ such that |gF4F | < ε|F |
for all g ∈ K. Let

xi =
 1
|F |τ(pi)

∑
g∈F

σg(pi)
1/2

∈M

Note that ‖xi‖2 = 1 for all i and limi τ(xi) = 0. We also have

‖uxiu∗ − xi‖2
2 ≤ ‖ux2

iu
∗ − x2

i ‖1 ≤
1

|F |τ(pi)
∑
g∈F
‖σ−1

g (u)pi − piσ−1
g (u)‖1 → 0

Moreover, for all g ∈ K, we have

‖σg(xi)− xi‖2
2 ≤ ‖σg(x2

i )− x2
i ‖1 ≤

|gF4F |
|F |

≤ ε

This contradicts the conclusion of Lemma 15.4. Hence, the theorem is proved when
M is a II1 factor.

Now, we deal with the general case. Since M is not full, we can find a cofinal
ultrafilter ω on some directed set I such that Mω is diffuse. Let τ be the canonical
trace ofMω and let σω : Γ yMω be the trace preserving action of Γ induced by σ. To
prove the theorem, it is enough to construct a nontrivial bounded asymptotically Γ-
invariant net in Mω. If the restricted probability measure preserving action Z(σω) :
Γ y Z(Mω) is not strongly ergodic, then we are done. On the other hand, since Γ
is amenable, if the action Z(σω) is strongly ergodic, then it must be conjugate to
a transitive action of Γ on some finite set. Let e be a minimal projection in Z(σω)
and consider the restricted action π : H y e(Mω)e where H < Γ is the stablizer
of e (which is of finite index in Γ). Since e(Mω)e is a II1 factor, the first step of
the proof applies and we can find a nontrivial bounded net (xj)j∈J in e(Mω)e which
is asympotically H-invariant. Now, take a finite set F ⊂ Γ such that the cosets
gH, g ∈ F form a partition of Γ. Then σg(e), g ∈ F is partition of unity in Z(Mω).
Define yj = ∑

g∈F σg(xj) for all j ∈ J . One checks easily that (yj)j∈J is a nontrivial
bounded asymptotically Γ-invariant net in Mω.
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Theorem 15.5. Let M be a factor and let σ : Γ y M be an outer action of a
discrete group Γ. Assume that Γ is abelian. Then M oσ Γ is full if and only if M is
full and σ is fully outer.

Proof. The if direction is precisely Theorem 15.2. Let us prove the other direction.
Since Γ is abelian hence amenable, it follows from Theorem 15.3 that M must
be full. Let us show that σ is fully outer. Assume this is not the case. Then
there exists a net (γi)i∈I in Γ \ {1} such that πM(σγi) → 1 in Out(M) as i → ∞.
Then there exists a net of unitaries (ui)i∈I in U(M) such that Ad(ui) ◦ σγi → idM
in Aut(M) as i → ∞. Since Γ is abelian, for every γ ∈ Γ, we have still have
Ad(σγ(ui)) ◦ σγi → idM in Aut(M) as i → ∞. This further implies that for every
γ ∈ Γ, we have Ad(uiσγ(u∗i ))→ idM in Aut(M) as i→∞.

Fix a cofinal ultrafilter ω on I. Since M is full and hence Mω = C, there exists
a mapping g : Γ → T such that for every γ ∈ Γ, we have that uiσγ(u∗i ) → g(γ)
strongly as i→ ω. It is easy to see that g : Γ→ T is a group homomorphism which
means exactly that g is an element of the dual compact group G = Γ̂.

Let N = M oσ Γ. For every γ ∈ Γ, denote by vγ the implementing unitary
in N . We denote by σ̂ : G y N the dual action of σ characterized by σ̂g(x) = x
for all x ∈ M and σ̂g(vγ) = 〈g, γ〉vγ for all γ ∈ Γ. Let us show that g = 1G and
Ad(uivγi)→ idN in Aut(N) as i→ ω.

Firstly, we have that Ad(ui)(vγ) = uivγu
∗
i → 〈g, γ〉 vγ = σ̂g(vγ) strongly as i→ ω

for every γ ∈ Γ. Since Γ is abelian, this further implies that Ad(uivγi)(vγ)→ σ̂g(vγ)
strongly as i→ ω for every γ ∈ Γ. Since Ad(ui) ◦ σγi → idN in Aut(M) as i→∞,
we have that Ad(uivγi)(x)→ x strongly as i→∞ for every x ∈ N . This altogether
implies that Ad(uivγi)→ σ̂g in Aut(N) as i→∞. Since N is full, Inn(N) is closed
in Aut(N) and this implies that there exists u ∈ U(N) such that σ̂g = Ad(u). For
every x ∈ N , since σ̂g(x) = x, we have uxu∗ = x and hence u ∈ M ′ ∩ N . But
M ′ ∩ N = C because σ is outer. Thus, u ∈ T and hence θ̂g = idN which implies
that g = 1G. We finally have that Ad(uivγi) → idN in Aut(N) as i → ω. Hence
(uivγi)ω ∈ Nω. Moreover EM(uivγi) = 0 for all i ∈ I because γi ∈ Γ \ {1}. This
shows that Nω 6= C contradicting the fullness of N .

Corollary 15.6 ([Ma16b]). Let M be a factor of type III1. Then c(M) is full if and
only if M is full and τ(M) is the usual topology on R.

Proof. First note that an action of R on a full factor M is fully outer if and only if
its restriction to Z is fully outer. Let θ : R∗+ y c(M) be the trace scaling action.
Let ψ be any faithful normal weight on M and let σψ : R yM be its modular flow.
Fix λ > 0 and let T = 2π

log(λ) . It follows from Takesaki’s duality that M oσψT
Z is

isomorphic to c(M)oθλ Z. By applying Theorem 15.5, we know that c(M)oθλ Z is
full if and only if c(M) is full and θ is fully outer, while M oσψT

Z is full if and only
if M is full and σψ is fully outer. But θ is always fully outer and σψ is fully outer
precisely when τ(M) is the usual topology. Hence, we conclude that c(M) is full if
and only if M is full and τ(M) is the usual topology.

16 Unique McDuff decomposition
In this section, we give an application of Theorem 13.4 to obtain a unique McDuff

decomposition result.
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Following [McD69, Co75a], we say that a factor M with separable predual is
McDuff if it absorbs tensorially the hyperfinite type II1 factor R, that is, M ∼=
M⊗R. We introduce the following terminology.

Definition 16.1. LetM be any McDuff factor with separable predual.
(i) We say that M admits a McDuff decomposition if there exist a non-McDuff

factor M and a non-type I amenable factor P such thatM = M ⊗ P .
(i) We say thatM has a uniqueMcDuff decomposition if the above decomposition
M = M ⊗ P is unique up to stable unitary conjugacy (see Definition 26.1).

Note that there exists McDuff factors with separable predual which do not admit
any McDuff decomposition as Corollary 20.7 shows.

The class of McDuff factors with separable predual that admit a unique McDuff
decomposition is well understood in the type II1 case. Indeed, by a theorem of Popa
(see [Po06, Theorem 5.1]), if M is a full factor of type II1 with separable predual
and R is the hyperfinite type II1 factor, then the tensor product factor M ⊗ R
has a unique McDuff decomposition. Conversely, by a theorem of Hoff (see [Ho15,
Theorem B]), ifM is a McDuff factor of type II1 with separable predual and with a
unique McDuff decompositionM = M ⊗ R, then its non-McDuff part M must be
full.

We extend this characterization of McDuff factors with a unique McDuff decom-
position to type III factors.

Theorem 16.2 ( [HMV16]). Let M be any McDuff factor with separable predual.
The following conditions are equivalent:

(i) M = M ⊗P , where M is a full factor and P is a non-type I amenable factor.
(ii) M has a unique McDuff decomposition.

Proposition 16.3. Let M be any McDuff factor with separable predual and with
two McDuff decompositionsM = M1⊗P1 = M2⊗P2. The following conditions are
equivalent:

(i) M1 ≺M M2.
(ii) (M1, P1) and (M2, P2) are stably unitarily conjugate.

Proof. (i)⇒ (ii) By Proposition 26.3 (v), we know that there exists a tensor product
decomposition M2 = C ⊗ D such that (M1, P1) ∼∞ (C,D ⊗ P2). Hence P1 is
stably isomorphic to D ⊗ P2 and therefore D is amenable. But M2 = C ⊗ D is
not McDuff, hence D must be type I. Therefore, by Proposition 26.3 (ii), we have
(C,D⊗P2) ∼∞ (C⊗D,P2) = (M2, P2). Finally, by Proposition 26.3 (i), we conclude
that (M1, P1) ∼∞ (M2, P2).

(ii)⇒ (i) follows from Proposition 26.3 (v).

Proof of Theorem 16.2. (i) ⇒ (ii) Assume that M has a McDuff decomposition
M = M ⊗ P where M is a full factor and P is a non-type I amenable factor. Fix a
faithful normal conditional expectation EP :M→ P . LetM = M0⊗P0 be another
McDuff decomposition. We want to show that these two decompositions are stably
unitarily conjugate. By Proposition 16.3, it suffices to show that M ≺M M0.
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Assume first that P0 is of type III1. Then P0 ∼= R∞ is the unique Araki–Woods
factor of type III1 [Co75b, Co85, Ha85] and hence we can write P0 as an infinite
tensor product

(P0, ϕ) =
⊗

n∈N
(M2(C)⊗M2(C), ωλ1 ⊗ ωλ2) (16.1)

where 0 < λ1, λ2 < 1, log λ1
log λ2

/∈ Q and ωλi = 1
1+λiTrM2(C)( · diag(1, λi)) for every i ∈

{1, 2}. Then ϕ ∈ (P0)∗ is an almost periodic faithful state satisfying ((P0)ϕ)′ ∩P0 =
C1. Indeed, (16.1) implies that (P0, ϕ) ∼= (Rλ1 , ϕλ1) ⊗ (Rλ2 , ϕλ2) where Rλi is the
Powers factor of type IIIλi for every i ∈ {1, 2}. Since ((Rλi)ϕλi )

′∩Rλi = C1 for every
i ∈ {1, 2} and since (Rλ1)ϕλ1

⊗ (Rλ2)ϕλ2
⊂ (P0)ϕ, we indeed have ((P0)ϕ)′ ∩P0 = C1

(see also [Ha85, Example 1.6]). For every n ∈ N, define the finite dimensional unital
∗-subalgebra Qn ⊂ R∞ by Qn = ⊗n

k=0(M2(C)⊗M2(C), ωλ1 ⊗ ωλ2). We show that
there exists n ∈ N such that (Q′n ∩ P0)ϕ ≺M P .

Assume by contradiction that (Q′n ∩ P0)ϕ �M P for every n ∈ N. By [HI15,
Theorem 4.3 (5)], we can find a sequence un ∈ U((Q′n∩P0)ϕ) such that EP (un)→ 0
strongly as n→∞. Fix a nonprincipal ultrafilter ω ∈ β(N)\N. By construction, we
have (un)ω ∈ Mω. Hence we must have (un)ω = (EP (un))ω by Theorem 13.4. This
contradicts the fact that (EP (un))ω = 0. From this contradiction, we deduce that
there exists n ∈ N such that (Q′n ∩ P0)ϕ ≺M P . Since (Q′n ∩ P0, ϕ|Q′n∩P0) ∼= (P0, ϕ),
we have ((Q′n ∩ P0)ϕ)′ ∩ M = M0 ⊗ Qn. Then [HI15, Lemma 4.9] implies that
M ≺M M0 ⊗ Qn. Since Qn is a type I factor, [HI15, Remark 4.2 (2) and Remark
4.5] imply that M ≺M M0. Assume now that P0 is any non-type I amenable factor.
Then we can considerM⊗R∞ = M⊗(P⊗R∞) = M0⊗(P0⊗R∞). Since P0⊗R∞ is
of type III1 by [CT76, Corollary 6.8] and amenable, we can apply the result obtained
in the previous paragraph and we obtain M ⊗ C1R∞ ≺M⊗R∞ M0 ⊗ C1R∞ . Hence,
by Lemma 26.2, we finally obtain M ≺M M0.

(ii) ⇒ (i) Assume that M is a McDuff factor with separable predual and with
a McDuff decomposition M = M ⊗ P where M is not McDuff and P is any non-
type I amenable factor. Assuming that M is not full and following the proof of
[Ho15, Theorem B], we show the existence of Ψ ∈ Aut(M) such that Ψ(P ) 6≺M P .
By Proposition 16.3 and Proposition 26.3, this will prove thatM has two McDuff
decompositions that are not stably unitarily conjugate.

Since M is not full, [HU15, Theorem 3.1] shows there exist a diffuse abelian
subalgebra B ⊂ M with faithful normal conditional expectation EB : M → B and
an M -central sequence of mutually commuting projections (qn)n∈N in B such that
qn → 1

2 weakly as n → ∞. Choose a faithful state φ ∈ M∗ such that φ ◦ EB = φ.
Since P is a non-type I amenable factor, P is McDuff (by combining results in
[Co72, Co75b, CT76, Co85, Ha85]) and we may write P = P0 ⊗ R where R is the
hyperfinite type II1 factor and P0 ∼= P . Observe that M = M ⊗ P0 ⊗ R. Choose
any faithful state φ0 ∈ (P0)∗ and put ϕ = φ⊗ φ0 ⊗ τ ∈M∗.

Write (R, τ) = ⊗
N(M2(C),TrM2(C)). Let πn : M2(C)→ R be the trace preserv-

ing embedding at the n-th position and put

pn = πn

((
1 0
0 0

))
, vn = πn

((
0 1
1 0

))
, wn = 1− 2pnqn.

By construction, (wn)n∈N is a sequence of mutually commuting unitaries in U(Mϕ).
Moreover, since w∗n = wn for every n ∈ N and since (wn)n∈N is a centralizing se-
quence, we have that Ad(wn)→ idM in Aut(M) as n→∞. SinceM has separable
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predual, Aut(M) is a Polish group. Fix a complete metric d on Aut(M) compatible
with the u-topology. We may choose inductively a subsequence (wnk)k∈N such that
wn0 = w0 and

d(Ad(wn0 · · ·wnk),Ad(wn0 · · ·wnk+1)) < 2−(k+1)

for every k ∈ N. Put Wk = wn0 · · ·wnk ∈ U(Mϕ) for every k ∈ N. The triangle
inequality yields d(Ad(Wp),Ad(Wq)) < 2−p for all q ≥ p and hence (Ad(Wp))p∈N
is a Cauchy sequence in Aut(M). Since the metric d is complete on Aut(M), the
sequence (Ad(Wp))p∈N converges to Ψ ∈ Aut(M) with respect to the u-topology.

Observe that we now have a new McDuff decompositionM = Ψ(M) = Ψ(M)⊗
Ψ(P ). It remains to prove that Ψ(P ) 6≺M P . Note thatW`vnkW` = (1−2pnkqnk)vnk(1−
2pnkqnk) = (1 − 2qnk)vnk for all ` ≥ k and hence Ψ(vnk) = (1 − 2qnk)vnk for every
k ∈ N. In particular, for every x ∈M , we have

‖EP (xΨ(vnk))‖ϕ = ‖EP (x(1− 2qnk)vnk)‖ϕ
= ‖EP (x(1− 2qnk))vnk‖ϕ (since vnk ∈ U(P ))
= ‖EP (x(1− 2qnk))‖ϕ (since vnk ∈ U(Mϕ))
= |ϕ(x(1− 2qnk))|.

Since qnk → 1
2 weakly as k →∞, we have that limk ϕ(xqnk) = 1

2ϕ(x) and hence

lim
k→∞
‖EP (xΨ(vnk))‖ϕ = lim

k→∞
|ϕ(x)− 2ϕ(xqnk))| = 0.

Since (Ψ(vnk))k∈N is moreover a centralizing sequence inM, we obtain that

lim
k
‖EP (x∗Ψ(vnk)y)‖ϕ = lim

k
‖EP (x∗yΨ(vnk))‖ϕ = 0

for all x, y ∈ span(M ·P ). By Theorem 23.11, we obtain that Ψ(R) 6≺M P . Finally,
since Ψ(R) ⊂ Ψ(P ), we conclude that Ψ(P ) 6≺M P .

Part IV

Stable equivalence relations and
McDuff factors

This chapter is based on the article [Ma17b]. It is motivated by the following
conjecture.

Conjecture 16.1. Let M and N be type II1 factors with separable predual. Suppose
that M ⊗N ∼= M ⊗N ⊗R where R is the hyperfinite type II1 factor. Then we have
M ∼= M ⊗R or N ∼= N ⊗R.

The type II1 factors with separable predual satisfying M ∼= M ⊗ R are called
McDuff factors [McD69]. By analogy, Jones and Schmidt called an ergodic type II1
equivalence relationR stable if it is isomorphic toR⊗R0 whereR0 is the hyperfinite
ergodic type II1 equivalence relation [JS87].

Our main results are new “spectral gap like” characterizations of McDuff factors
and stable equivalence relations. As an application, we solve the analog of conjecture
16.1 for equivalence relations. We also give some partial results in the von Neumann
algebraic case.
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17 A local characterization of stable equivalence
relations

The notion of stable equivalence relation was introduced and studied by Jones
and Schmidt in [JS87] by analogy with McDuff’s work [McD69]. In particular, they
obtained the following characterization.

Theorem 17.1 ([JS87]). Let R be an ergodic measure preserving equivalence rela-
tion on a probability space (X,µ). Then R is stable if and only if for every finite
set K ⊂ [[R]] and every ε > 0, there exists v ∈ [[R]] such that

v2 = 0,

vv∗ + v∗v = 1,

∀u ∈ K, ‖vu− uv‖2 < ε.

The conditions v2 = 0 and vv∗ + v∗v = 1 just mean that v generates a copy
of the unique transitive equivalence relation S2 on {0, 1}. The condition ∀u ∈
K, ‖vu− uv‖2 < ε means that this copy must be almost central.

The main theorem of this section strengthens this characterization by removing
the condition vv∗ + v∗v = 1, thus allowing v to be arbitrarily small. The proof
is based on a maximality argument inspired by [Co75b, Theorem 2.1] and [Co85,
Theorem 2].

Theorem 17.2 ([Ma17b]). Let R be an ergodic measure preserving equivalence
relation on a probability space (X,µ). Then R is stable if and only if for every finite
set K ⊂ [[R]] and every ε > 0, there exists v ∈ [[R]] such that

v2 = 0,

∀u ∈ K, ‖vu− uv‖2 < ε‖v‖2.

Proof. Suppose that R satisfies this condition. First, we claim that every corner of
R also satisfies this condition. Suppose this were not the case. Then we can find
a finite set K ⊂ p[[R]]p and a constant κ > 0 such that for all v ∈ p[[R]]p with
v2 = 0, we have

‖v‖2
2 ≤ κ

∑
u∈K
‖vu− uv‖2

2.

Since R is ergodic, we can find a finite set S ⊂ [[R]] such that ∑w∈S w
∗w = p⊥ and

ww∗ ≤ p for all w ∈ S. Then, for every v ∈ [[R]], we have

‖v‖2
2 = ‖pv‖2

2 +
∑
w∈S
‖wv‖2

2

and for all w ∈ S, we have

‖wv‖2
22(|wv − vw‖2

2 + ‖vw‖2
2) ≤ 2(‖wv − vw‖2

2 + ‖vp‖2
2).

Hence, we obtain

‖v‖2
2 ≤ 2|S|(‖vp‖2

2 + ‖pv‖2
2) + 2

∑
w∈S
‖wv − vw‖2

2.
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Moreover, we have

‖pv‖2
2 + ‖vp‖2

2 = ‖pv − vp‖2
2 + 2‖pvp‖2

2,

hence
‖v‖2

2 ≤ 2|S|‖pv − vp‖2
2 + 4|S|‖pvp‖2

2 +
∑
w∈S
‖wv − vw‖2

2.

Since v2 = 0, we also have (pvp)2 = 0. Thus, by assumption, we have

‖pvp‖2
2 ≤ κ

∑
u∈K
‖(pvp)u− u(pvp)‖2

2 ≤ κ
∑
u∈K
‖vu− uv‖2

2.

Therefore, we finally obtain

‖v‖2
2 ≤ 2|S|‖pv − vp‖2

2 + 4|S|κ
∑
u∈K
‖vu− uv‖2

2 + 2
∑
w∈S
‖wv − vw‖2

2.

This shows that R does not satisfy the condition of the theorem. Hence the claim
is proved.

Now, we use a maximality argument to show that our condition implies the
condition of Theorem 17.1. Let u1, . . . , un ∈ [[R]] be a finite family and let ε > 0
and δ = 4ε. Consider the set Λ of all (v, U1, . . . , Un) ∈ [[R]]n+1 such that
— v2 = 0.
— [Uk, vv∗ + v∗v] = 0 for all k = 1, . . . , n.
— ‖vUk − Ukv‖2 ≤ ε‖v‖2 for all k = 1, . . . , n.
— ‖Uk − uk‖2 ≤ δ‖v‖2.

Recall that d(v, w) = ‖v − w‖2
2 is a distance on [[R]]. On Λ put the order relation

given by
(v, U1, . . . , Un) ≤ (v′, U ′1, . . . , U ′n)

if and only if v ≤ v′ and ‖U ′k −Uk‖2
2 ≤ δ2(‖v′‖2

2−‖v‖2
2) for all k = 1, . . . , n. Then Λ

is an inductive set because of the completeness of ([[R]], d). Let v ∈ Λ be a maximal
element. Suppose that q = vv∗ + v∗v 6= 1. Thanks to the claim we proved, we can
find a nonzero element w ∈ q⊥[[R]]q⊥, with w2 = 0 such that

‖wUk − Ukw‖2 ≤ ε‖w‖2

‖wU∗k − U∗kw‖2 ≤ ε‖w‖2

for all k = 1, . . . , n.
Now, let
— p = ww∗ + w∗w

— U ′k = pUkp+ p⊥Ukp
⊥

— v′ = v + w

— q′ = v′(v′)∗ + (v′)∗v′ = q + p

Note that (v′)2 = 0 and [U ′k, q′] = 0 for all k. We also have

‖v′U ′k − U ′kv′‖2
2 ≤ ‖vUk − Ukv‖2

2 + ‖wUk − Ukw‖2
2 ≤ ε2‖v‖2

2 + ε2‖w‖2
2 = ε2‖v′‖2

2.
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Moreover, we have

‖U ′k − Uk‖2 = ‖[Uk, p]‖2

≤ ‖[Uk, ww∗]‖2 + ‖[Uk, w∗w]‖2

= ‖[Uk, w]w∗ + w[Uk, w∗]‖2 + ‖[Uk, w∗]w + w∗[Uk, w]‖2

≤ 2(‖[Uk, w]‖2 + ‖[Uk, w∗]‖2)
≤ 4ε‖w‖2

Since ‖v′‖2
2 = ‖v‖2

2 + ‖w‖2
2, this implies that

‖U ′k − Uk‖2
2 ≤ δ2(‖v′‖2

2 − ‖v‖2
2)

and using the fact that d is a distance, we also get

‖U ′k − uk‖2
2 ≤ ‖U ′k − Uk‖2

2 + ‖Uk − uk‖2
2 ≤ δ2‖v′‖2

2.

Therefore v′ ∈ Λ and v ≤ v′. This contradicts the maximality of v. Hence we must
have v∗v + vv∗ = q = 1. Finally, since

‖vuk − ukv‖2 ≤ ‖vUk − Ukv‖2 + 2‖Uk − uk‖2,

‖vUk − Ukv‖2 ≤ ε

and
‖Uk − uk‖2 ≤ δ = 4ε,

we conclude that
‖vuk − ukv‖2 ≤ 9ε.

Since such a v exists for every ε > 0 and every finite family u1, . . . , un, we have
proved that R satisfies the condition of Theorem 17.1, hence it is stable.

Theorem 17.2 can be stated in a form which looks like a spectral gap.

Corollary 17.3. Let R be an ergodic measure preserving equivalence relation on a
probability space (X,µ). Then R is not stable if and only if there exists a finite set
K ⊂ [[R]] and a constant κ > 0 such that

‖vp− pv‖2 ≤ κ
∑
u∈K
‖uv − vu‖2 + ‖up− pu‖2

for all v ∈ [[R]] and all p ∈ P(X).

Proof. Suppose that there exists a a finite set K ⊂ [R] and a constant κ > 0 such
that

‖vp− pv‖2 ≤ κ
∑
u∈K
‖uv − vu‖2 + ‖up− pu‖2

for all v ∈ [[R]] and all p ∈ P(X). Let v ∈ [[R]] such that v2 = 0 and take p = v∗v.
Then we get

‖v‖2 = ‖vp− pv‖2 ≤ κ
∑
u∈K
‖uv − vu‖2 + ‖up− pu‖2
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and since ‖up − pu‖2 ≤ ‖vu − uv‖2 + ‖vu∗ − u∗v‖2 for all u ∈ K, this shows that
the criterion of Theorem 17.2 is not satisfied, hence R is not stable.

Conversely, if R is not stable then by Theorem 17.2, there exists κ > 0 and a
finite set K ⊂ [[R]] such that

‖v‖2 ≤ κ
∑
u∈K
‖vu− uv‖2

for all v ∈ [[R]] with v2 = 0. Now take any v ∈ [[R]] and any p ∈ P(X). Since
(pvp⊥)2 = (p⊥vp)2 = 0, then we get

‖pv − vp‖2 ≤ ‖pvp⊥‖2 + ‖p⊥vp‖2

≤ κ
∑
u∈K
‖(pvp⊥)u− u(pvp⊥)‖2 + ‖(p⊥vp)u− u(p⊥vp)‖2

≤ κ
∑
u∈K
‖vu− uv‖2 + 2‖pu− up‖2.

This is what we wanted.

18 Stable product equivalence relations
The following theorem is the main application of the previous characterizations

of stable equivalence relations.
Theorem 18.1. Let R and S be two ergodic p.m.p. equivalence relations. Then the
product equivalence relation R⊗S is stable if and only if R is stable or S is stable.

For the proof, we need to explain the currying procedure which allows us to
decompose any element of [[R⊗ S]] as a function from R to [[S]].

First, recall that for any projection p ∈ P(X⊗Y ), there exists a unique measur-
able function pX : X → P(Y ) such that p(x, y) = (pX(x))(y) for a.e. (x, y) ∈ X⊗Y .
This function pX is called the curried form of p over X.

Now, let R be a p.m.p equivalence relation on a probability space (X,µ). We
denote by µ̃ the canonical faithful semifinite measure on R induced by µ. Then
L2(R) = L2(R, µ̃) can be identified with the canonical L2-space of L(R). For every
x ∈ L(R), we denote by x̂ the corresponding vector in L2(R). If v ∈ [[R]], then v̂ is
just the indicator function of the graph of v. Let S be a second p.m.p. equivalence
relation on (Y, ν). Then, for any v ∈ [[R ⊗ S]], there exists a unique measurable
function vR : R → [[S]] which satisfies

v̂(x, x′, y, y′) = ̂vR(x, x′)(y, y′)

for a.e. (x, x′, y, y′) ∈ R ⊗ S. The function vR is called the curried form of v over
R.

For all v, w ∈ [[R⊗ S]] we have the following formulas

(vw)R(x, x′′) =
∑

x′∼Rx
vR(x, x′)wR(x′, x′′)

for a.e. (x, x′′) ∈ R.
This applies in particular to any projection p ∈ P(X ⊗ Y ) ⊂ [[R⊗ S]]. In that

case, the curried form pR of p over R is supported on the diagonal and is given by
pR(x, x) = pX(x) for a.e. x ∈ X.
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Proof of Theorem 18.1. Clearly, if R or S is stable then R⊗S is also stable. Now,
suppose thatR and S are not stable. Then, by Corollary 17.3, we can find a constant
κ1 > 0 and a finite set K1 ⊂ [R] such that for all v ∈ [[R]] and all p ∈ P(X) we
have

‖vp− pv‖2
2 ≤ κ1

∑
u∈K1

‖vu− uv‖2
2 + ‖pu− up‖2

2.

Similarly, we can find a constant κ2 > 0 and a finite set K2 ⊂ [S] such that for all
v ∈ [[S]] and all f ∈ P(Y ) we have

‖vp− pv‖2
2 ≤ κ2

∑
u∈K2

‖vu− uv‖2
2 + ‖pu− up‖2

2.

Now, let v ∈ [[R⊗ S]] and let p ∈ P(X ⊗ Y ). Let v1 : S → [[R]] be the curried
form of v over S, and p1 : Y → P(X) be the curried form of p over Y and define
ξ1 : S → L(R) by

ξ1(y, y′) = v1(y, y′)p1(y′)− p1(y′)v1(y, y′), for a.e. (y, y′) ∈ S.

Similarly, let v2 : R → [[S]] be the curried form of v over R, and p2 : X → P(Y ) be
the curried form of p over X and define ξ2 : R → L(S) by

ξ2(x, x′) = v2(x, x′)p2(x)− p2(x)v2(x, x′), for a.e. (x, x′) ∈ R.

Then, for a.e. (x, x′, y, y′) ∈ R⊗ S, we have

̂ξ1(y, y′)(x, x′) = v̂(x, x′y, y′)p(x′, y′)− p(x, y′)v̂(x, x′, y, y′)
̂ξ2(x, x′)(y, y′) = v̂(x, x′y, y′)p(x, y′)− p(x, y)v̂(x, x′, y, y′)

[̂v, p](x, x′, y, y′) = v̂(x, x′y, y′)p(x′, y′)− p(x, y)v̂(x, x′, y, y′)

= ̂ξ1(y, y′)(x, x′) + ̂ξ2(x, x′)(y, y′)

hence we obtain

‖vp− pv‖2 ≤
(∫
S
‖ξ1(y, y′)‖2

2 dν̃(y, y′)
)1/2

+
(∫
R
‖ξ2(x, x′)‖2

2 dµ̃(x, x′)
)1/2

.

But, we also have∫
S
‖ξ1(y, y′)‖2

2 dν̃(y, y′) =
∫
S
‖v1(y, y′)p1(y′)− p1(y′)v1(y, y′)‖2

2 dν̃(y, y′)

≤ κ1
∑
u∈K1

∫
S
‖v1(y, y′)u− uv1(y, y′)‖2

2 + ‖up1(y′)− p1(y′)u‖2
2 dν̃(y, y′)

= κ1
∑
u∈K1

‖v(u⊗ 1)− (u⊗ 1)v‖2
2 + ‖p(u⊗ 1)− (u⊗ 1)p‖2

2,

and similarly∫
R
‖ξ2(x, x′)‖2

2 dµ̃(x, x′) =
∫
R
‖v2(x, x′)p2(x)− p2(x)v2(x, x′)‖2

2 dµ̃(x, x′)

≤ κ2
∑
u∈K2

∫
R
‖v2(x, x′)u− uv2(x, x′)‖2

2 + ‖up2(x)− p2(x)u‖2
2 dµ̃(x, x′)

= κ2
∑
u∈K2

‖v(1⊗ u)− (1⊗ u)v‖2
2 + ‖p(1⊗ u)− (1⊗ u)p‖2

2.
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Therefore, we obtain

‖vp− pv‖2
2 ≤ κ

∑
u∈K
‖vu− uv‖2

2 + ‖pu− up‖2
2

with κ = 2(κ1 + κ2) and K = (K1 ⊗ 1) ∪ (1⊗K2). By Corollary 17.3, we conclude
that R⊗ S is not stable.

19 A local characterization of McDuff factors
In this section, we establish the following analog of Theorem 17.2. However, the

proof is more involved in this context. Even if one is only interested in item (iii),
one still needs first to prove that it is equivalent to (iv)′.

Theorem 19.1. Let M be a factor of type II1 with separable predual. Then the
following are equivalent:

(i) M is McDuff.
(ii) For every finite set F ⊂ M and every ε > 0, there exists a partial isometry

v ∈M such that
vv∗ + v∗v = 1,

∀a ∈ F, ‖va− av‖2 < ε.

(iii) For every finite set F ⊂ M and every ε > 0, there exists a partial isometry
v ∈M such that

v2 = 0,
∀a ∈ F, ‖va− av‖2 < ε‖v‖2.

(iii)′ For every finite set F ⊂M and every ε > 0, there exists x ∈M such that

x2 = 0,

∀a ∈ F, ‖xa− ax‖2 < ε‖x‖2.

(iv) For every finite set F ⊂ M and every ε > 0, there exists a partial isometry
v ∈M such that

∀a ∈ F, ‖va− av‖2 < ε‖vv∗ − v∗v‖2.

(iv)′ For every finite set F ⊂M and every ε > 0, there exists x ∈M such that

∀a ∈ F, ‖x‖2 · ‖xa− ax‖2 < ε‖|x| − |x∗|‖2
2.

Proof. The equivalence (i) ⇔ (ii) is proved in [McD69]. Our goal is to show that
(iii)⇒ (ii) but first, we will show that (iii)⇔ (iii)′ ⇔ (iv)⇔ (iv)′. For this, we will
prove the following implications (iii)⇒ (iv)′ ⇒ (iv)⇒ (iii)′ ⇒ (iii).

(iii)⇒ (iv)′. If v satisfies (iii) then x = v also satisfies (iv)′ since ‖|x| − |x∗|‖2 =√
2‖x‖2.

(iv)′ ⇒ (iv). Suppose, by contradiction, that there exists a finite set F ⊂M and
a constant κ > 0 such that for all partial isometries v ∈M we have

‖vv∗ − v∗v‖2
2 ≤ κ

∑
a∈F
‖va− av‖2

2.
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Let x ∈M . Then, the above inequality applied to v = ut(x) yields

‖ut(|x∗|)− ut(|x|)‖2
2 ≤ κ

∑
a∈F
‖ut(x)a− aut(x)‖2

2

for all t ≥ 0. By Lemma 13.5, we then have

1
2‖|x

∗|−|x|‖2
2 ≤

∫ ∞
0
‖ut1/2(|x∗|)−ut1/2(|x|)‖2

2 dt ≤ κ
∑
a∈F

∫ ∞
0
‖ut1/2(x)a−aut1/2(x)‖2

2 dt.

For every a ∈ F , Lemma 13.5 also gives∫ ∞
0
‖ut1/2(x)a−aut1/2(x)‖2

2 dt ≤ 4‖xa−ax‖2(‖xa‖2+‖ax‖2) ≤ 8‖a‖∞‖x‖2‖xa−ax‖2,

Hence, we obtain

‖|x∗| − |x|‖2
2 ≤ 16κ

(
max
a∈F
‖a‖∞

)
‖x‖2

∑
a∈F
‖xa− ax‖2

and this contradicts (iv)′.
(iv) ⇒ (iii)′. Let F ⊂ M be a finite self-adjoint set and ε > 0. Pick v ∈ M a

partial isometry such that

∀a ∈ F, ‖va− av‖2 < ε‖vv∗ − v∗v‖2.

Let x1 = (1 − v∗v)v and x2 = v(1 − vv∗). Note that x2
1 = x2

2 = 0. Let x = x1 if
‖x1‖ ≥ ‖x2‖ and x = x2 otherwise. Then we have

‖vv∗ − v∗v‖2
2 = ‖x1‖2

2 + ‖x2‖2
2 ≤ 2‖x‖2

2.

Moreover, since F is self-adjoint, we have

∀a ∈ F, ‖xa− ax‖2 ≤ 3‖va− av‖2.

Therefore, we obtain

∀a ∈ F, ‖xa− ax‖2 < 3
√

2ε‖x‖2.

(iii)′ ⇒ (iii). Suppose, by contradiction, that there exists a finite set F ⊂M and
a constant κ > 0 such that for all partial isometries v ∈M with v2 = 0 we have

‖v‖2
2 ≤ κ

∑
a∈F
‖va− av‖2

2.

We can assume that F ⊂ M+. Let x ∈ M such that x2 = 0. Then for every t > 0,
we have ut(x)2 = 0 hence

‖x‖2
2 =

∫ ∞
0
‖ut1/2(x)‖2

2 dt ≤ κ
∑
a∈F

∫ ∞
0
‖ut1/2(x)a− aut1/2(x)‖2

2 dt.

For every a ∈ F , Lemma 13.5 gives∫ ∞
0
‖ut1/2(x)a−aut1/2(x)‖2

2 dt ≤ 4‖xa−ax‖2(‖xa‖2+‖ax‖2) ≤ 8‖a‖∞‖x‖2‖xa−ax‖2.
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Therefore, we get
‖x‖2 ≤ 8

(
max
a∈F
‖a‖∞

)
κ
∑
a∈F
‖xa− ax‖2

and this contradicts (iii)′.
We have now finished the proof of the equivalences (iii) ⇔ (iii)′ ⇔ (iv) ⇔ (iv)′.

Next, we will prove that if M satisfies (iii) then pMp also satisfies (iii) for every
nonzero projection p ∈ M . Suppose, by contradiction, pMp does not satisfy (iii).
Then pMp does not satisfy (iv)′. Hence we can find a constant κ > 0 and a finite
set F ⊂ pMp such that

∀x ∈ pMp, ‖|x| − |x∗|‖2
2 ≤ κ‖x‖2

∑
a∈F
‖ax− xa‖2.

Take S ⊂M a finite set of partial isometries such that∑w∈S w
∗w = p⊥ and ww∗ ≤ p

for all w ∈ S. Now, take a partial isometry v ∈ M with v2 = 0 and let x = pvp.
Then we have

‖v‖2
2 = ‖pv‖2

2 +
∑
w∈S
‖wv‖2

2

and for all w ∈ S, we have

‖wv‖2
2 ≤ 2(‖wv − vw‖2

2 + ‖vw‖2
2) ≤ 2(‖wv − vw‖2

2 + ‖vp‖2
2).

Hence, we obtain

‖v‖2
2 ≤ 2|S|(‖vp‖2

2 + ‖pv‖2
2) + 2

∑
w∈S
‖wv − vw‖2

2.

Moreover, we have

‖pv‖2
2 + ‖vp‖2

2 = 2‖x‖2
2 + ‖pv − vp‖2

2,

hence
‖v‖2

2 ≤ 4|S|‖x‖2
2 + 2|S|‖pv − vp‖2

2 + 2
∑
w∈S
‖wv − vw‖2

2.

Now, by assumption, we have

‖|x| − |x∗|‖2
2 ≤ κ‖x‖2

∑
a∈F
‖ax− xa‖2.

Moreover, we have

‖|x| − |pv|‖2 ≤ ‖x− pv‖2 ≤ ‖vp− pv‖2

and
‖|x∗| − |vp|‖2 ≤ ‖x∗ − vp‖2 ≤ ‖vp− pv‖2.

Hence, by using the fact that v2 = 0, we get

‖x‖2 ≤ ‖pv‖2 ≤ ‖|pv| − |vp|‖2 ≤ ‖|x| − |x∗|‖2 + 2‖vp− pv‖2

which implies that

‖x‖2
2 ≤ 2κ‖x‖2

∑
a∈F
‖ax− xa‖2 + 8‖pv − vp‖2

2.
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Therefore we obtain

‖v‖2
2 ≤ 8|S|κ‖x‖2

∑
a∈F
‖ax− xa‖2 + 34|S|‖pv − vp‖2

2 + 2
∑
w∈S
‖wv − vw‖2

2.

which implies that

‖x‖2
2 ≤ 2κ‖x‖2

∑
a∈F
‖ax− xa‖2 + 8‖pv − vp‖2

2.

Therefore we obtain

‖v‖2
2 ≤ 8|S|κ‖x‖2

∑
a∈F
‖ax− xa‖2 + 34|S|‖pv − vp‖2

2 + 2
∑
w∈S
‖wv − vw‖2

2.

Finally, using the fact that

‖x‖2
∑
a∈F
‖ax− xa‖2 ≤ ‖v‖2

∑
a∈F
‖av − va‖2,

‖pv − vp‖2
2 ≤ 2‖v‖2‖pv − vp‖2

and
‖wv − vw‖2

2 ≤ 2‖v‖2‖wv − vw‖2,

we can conclude that
‖v‖2 ≤ κ′

∑
a∈F ′
‖av − va‖2.

for some κ′ > 0, some finite set F ′ ⊂ M and all partial isometries v ∈ M with
v2 = 0. This shows that M does not satisfy (iii) as we wanted.

Finally, we show (iii) ⇒ (ii) by using the same maximality argument that we
used in the proof of Theorem 17.2. The only difference now is that the function
(v, w) 7→ ‖v − w‖2

2 is no longer a distance. This is why we replace it by d(v, w) =
‖v − w‖1. Let a1, . . . , an ∈ Ball(M) be a finite family and let ε > 0 and δ = 8ε.
Consider the set Λ of all (v,A1, . . . , An) ∈ Ball(M)n+1 such that
— v is a partial isometry and v2 = 0.
— [Ak, vv∗ + v∗v] = 0 for all k = 1, . . . , n.
— ‖vAk − Akv‖2 ≤ ε‖v‖2 for all k = 1, . . . , n.
— ‖Ak − ak‖1 ≤ δ‖v‖1.

On Λ put the order relation given by

(v, A1, . . . , An) ≤ (v′, A′1, . . . , A′n)

if and only if v ≤ v′ and ‖A′k − Ak‖1 ≤ δ(‖v′‖1 − ‖v‖1) for all k = 1, . . . , n. Then
Λ is an inductive set (because Ball(M) is complete for the distance given by ‖ · ‖1).
By Zorn’s lemma, let v ∈ Λ be a maximal element. Suppose that q = vv∗+ v∗v 6= 1.
Since, by the previous step, all corners of M also satisfy (iii), we can find a nonzero
partial isometry w ∈ q⊥Mq⊥, with w2 = 0 such that

‖wAk − Akw‖2 ≤ ε‖w‖2

‖wA∗k − A∗kw‖2 ≤ ε‖w‖2

for all k = 1, . . . , n.
Now, let
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— p = ww∗ + w∗w

— A′k = pAkp+ p⊥Akp
⊥

— v′ = v + w

— q′ = v′(v′)∗ + (v′)∗v′ = q + p

Note that (v′)2 = 0 and [A′k, q′] = 0 for all k. We also have

‖v′A′k − A′kv′‖2
2 ≤ ‖vAk − Akv‖2

2 + ‖wAk − Akw‖2
2 ≤ ε2‖v‖2

2 + ε2‖w‖2
2 = ε2‖v′‖2

2.

Moreover, by Cauchy-Schwarz inequality, we have

‖A′k − Ak‖1 ≤ ‖pAkp⊥‖1 + ‖p⊥Akp‖1

≤ ‖p‖2(‖pAkp⊥‖2 + ‖p⊥Akp‖2)
≤
√

2‖p‖2‖[Ak, p]‖2

≤ 2
√

2‖p‖2(‖[Ak, w]‖2 + ‖[Ak, w∗]‖2)
≤ 4
√

2ε‖p‖2‖w‖2

= 8ε‖w‖2
2

= δ‖w‖1.

Since ‖v′‖1 = ‖v‖1 + ‖w‖1, this implies that

‖A′k − Ak‖1 ≤ δ(‖v′‖1 − ‖v‖1)

and
‖A′k − ak‖1 ≤ ‖A′k − Ak‖1 + ‖Ak − ak‖1 ≤ δ‖v′‖1.

Therefore v′ ∈ Λ and v ≤ v′. This contradicts the maximality of v. Hence we must
have v∗v + vv∗ = q = 1. Moreover, since

‖vak − akv‖2 ≤ ‖vAk − Akv‖2 + 2‖Ak − ak‖2,

‖vAk − Akv‖2 ≤ ε

and
‖Ak − ak‖2

2 ≤ 2‖Ak − ak‖1 ≤ 2δ = 16ε,
we conclude that

‖vak − akv‖2 ≤ ε+ 8
√
ε.

Since such a v exists for every ε > 0 and every finite family a1, . . . , an ∈ Ball(M),
we have proved (ii).

20 McDuff tensor product factors
Unfortunately, one cannot prove Conjecture 16.1 by following the same pattern

as in Theorem 18.1. The reason is that there is no analog, in the von Neumann
algebraic context, of the currying procedure we used in the proof of Theorem 18.1.
Nevertheless, in this section, we present some partial solutions to Conjecture 16.1
by using a different technique.

For the first result, we point out that all concrete examples of non-McDuff factors
M in the literature do satisfy the assumption that there exists an abelian subalgebra
A ⊂M such that Mω ⊂ Aω (in fact, this is how we show that they are not McDuff).
For these kind of factors, the problem is solved.
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Theorem 20.1. Let M be a II1 factor with separable predual. Suppose that there
exists an abelian subalgebra A ⊂ M such that Mω ⊂ Aω (in particular M is not
McDuff). Then for every II1 factor N with separable predual we have that M ⊗ N
is McDuff if and only if N is McDuff.

Fix once and for all a free ultrafilter ω ∈ βN \ N. Recall that a type II1 factor
M with separable predual is McDuff if and only if Mω is not abelian [McD69].
Keeping this in mind, our second result solves Conjecture 16.1 under the additional
assumption that (M ⊗N)ω is a factor.

Theorem 20.2. LetM and N be type II1 factors with separable predual and suppose
that (M⊗N)ω is a factor. Then bothMω and Nω are factors. In particular, ifM⊗N
is McDuff, then M is McDuff or N is McDuff.

For the proof of these theorems, we will use the following lemma which is ex-
tracted from [IV15]. It is inspired by a trick used in [Ha84]. Recall that ifM is a von
Neumann algebra, then L2(Mω) is in general much smaller than the ultraproduct
Hilbert space L2(M)ω (see [Co75b, Proposition 1.3.1]).

Lemma 20.3. Let M and N be finite von Neumann algebras with separable predual.
Fix a tracial state τ on M and pick an orthonormal basis (en)n∈N of (M, τ). Let
A = L∞(TN) = L∞(T)⊗N and for each n ∈ N, let un ∈ U(A) be the canonical
generator of the nth copy of L∞(T). Let V : L2(M) → L2(A) be the unique (non-
surjective) isometry which sends en to un for every n ∈ N.

Then the naturally defined ultraproduct isometry

(V ⊗ 1)ω : L2(M ⊗N)ω → L2(A⊗N)ω

sends L2((M ⊗N)ω) into L2((A⊗N)ω).

Lemma 20.3 is useful because it allows us to reduce many problems on sequences
in tensor products M ⊗ N to the case where M is abelian. We now present two
applications of this principle.

The first one slightly generalizes [IV15, Corollary]. We will need it for Theorem
20.1.

Proposition 20.4. Let M and N be finite von Neumann algebras with separable
predual. For any von Neumann subalgebras Q,P ⊂ N such that Q′ ∩Nω ⊂ P ω, we
have

(1⊗Q)′ ∩ (M ⊗N)ω ⊂ (M ⊗ P )ω.

Proof. First, we deal with the case where M is abelian, i.e. M = L∞(T, µ) for some
probability space (T, µ). Take (xn)ω in the unit ball of (1 ⊗ Q)′ ∩ (M ⊗ N)ω and
write xn = (t 7→ xn(t)) ∈ M ⊗ N = L∞(T, µ,N) for every n ∈ N. Let ε > 0 and
choose a finite set F ⊂ Q and δ > 0 such that for every x in the unit ball of N we
have

(∀a ∈ F, ‖[x, a]‖2 ≤ δ) =⇒ ‖x− EP (x)‖2 ≤ ε.

Since (xn)ω ∈ (1⊗Q)′ ∩ (M ⊗N)ω, we have

lim
n→ω

µ ({t ∈ T | ∀a ∈ F, ‖[xn(t), a]‖2 ≤ δ}) = 1.
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Hence, we have

lim
n→ω

µ ({t ∈ T | ‖xn(t)− EP (xn(t))‖2 ≤ ε}) = 1.

This means that
lim
n→ω
‖xn − EM⊗P (xn)‖2 ≤ ε

and since this holds for every ε > 0, we conclude that (xn)ω ∈ (M ⊗ P )ω.
Now, we extend to the general case where M is not necessarily abelian. Let

ξ ∈ L2((M⊗N)ω) be an Q-central vector. We want to show that ξ ∈ L2((M⊗P )ω).
By Lemma 20.3, we know that η = (V ⊗ 1)ω(ξ) ∈ L2((A⊗N)ω). Since (V ⊗ 1)ω is
N -bimodular, we know that η is Q-central. Hence, by the abelian case, we obtain
that η ∈ L2((A⊗ P )ω). But this clearly implies that ξ ∈ L2((M ⊗ P )ω).

Proof of Theorem 20.1. Suppose that the factor M ⊗ N is McDuff, i.e. (M ⊗ N)ω
is non-commutative. By Proposition 20.4, we know that (M ⊗N)ω ⊂ (A⊗N)ω so
that (A⊗N)ω is also non-commutative. Thus, we can find x = (xn)ω and y = (yn)ω
in (A ⊗ N)ω with ‖xn‖∞, ‖yn‖∞ ≤ 1 for all n, such that ‖[x, y]‖2 = δ > 0. Let
A = L∞(T, µ) with (T, µ) a probability space. Write xn = (t 7→ xn(t)) ∈ A ⊗ N =
L∞(T, µ,N) with ‖xn(t)‖∞ ≤ 1 for all n and t. Similarly, let yn = (t 7→ yn(t)). Fix
F ⊂ N a finite subset and ε > 0. Since x, y ∈ (A⊗N)ω, we know that

lim
n→ω

µ({t ∈ T | ∀a ∈ F, ‖[xn(t), a]‖2 ≤ ε}) = 1

and
lim
n→ω

µ({t ∈ T | ∀a ∈ F, ‖[yn(t), a]‖2 ≤ ε}) = 1.

Moreover, since ‖[x, y]‖2 = δ > 0, we have

lim
n→ω

µ({t ∈ T | ‖[xn(t), yn(t)]‖2 ≥ δ/2}) > 0.

Hence, for n large enough, the intersection of these three sets is non-empty, i.e. there
exists t such that

∀a ∈ F, ‖[xn(t), a]‖2 ≤ ε,

∀a ∈ F, ‖[yn(t), a]‖2 ≤ ε,

‖[xn(t), yn(t)]‖2 ≥ δ/2.
Hence, by iterating this procedure, we can extract a sequence ak = xnk(tk), k ∈ N
and bk = ynk(tk), k ∈ N such that a = (ak)ω and b = (bk)ω are in Nω and ‖[a, b]‖2 ≥
δ/2. Thus Nω is not commutative, i.e. N is McDuff as we wanted.

The second application is the following lemma which we will need in the proof
of Theorem 20.2.

Lemma 20.5. Let M and N be finite von Neumann algebras with separable predual.
Then we have

Z(Nω) ⊂ Z(N ′ ∩ (M ⊗N)ω).

Proof. First, we treat the case where M is abelian, i.e. M = L∞(T, µ) for some
probability space (T, µ). Let (ak)k∈N be a ‖ · ‖2-dense sequence in (N)1 and let

Nk = {x ∈ (N)1 | ∀r ≤ k, ‖[x, ar]‖2 ≤ 1/k}.
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Let y = (yn)ω ∈ Z(Nω) with ‖yn‖∞ for all n. By [McD69, Lemma 10], there
exists a sequence of sets Uk ∈ ω, k ∈ N such that

∀k ∈ N, ∀x ∈ Nk, ∀n ∈ Uk, ‖[yn, x]‖2 ≤ 1/k.

Let x = (xn)ω ∈ (1 ⊗N)′ ∩ (M ⊗N)ω with ‖xn‖∞ ≤ 1 for all n ∈ N. We want
to show that x(1⊗ y) = (1⊗ y)x. Write xn = (t 7→ xn(t)) ∈M ⊗N = L∞(T, µ,N)
with ‖xn(t)‖∞ ≤ 1 for all t and all n ∈ N. Since x ∈ (1 ⊗ N)′ ∩ (M ⊗ N)ω, there
exists a sequence of sets Vk ∈ ω such that

µ({t ∈ T | xn(t) ∈ Nk}) ≥ 1− 1/k2

for all n ∈ Vk.
Therefore, for all n ∈ Uk ∩ Vk, we have

µ({t ∈ T | ‖[yn, xn(t)]‖2 ≤ 1/k}) ≥ 1− 1/k2

which implies that

‖[1⊗ yn, xn]‖2
2 =

∫
T
‖[yn, xn(t)]‖2

2 dµ(t) ≤ 5/k2.

Since Uk ∩ Vk ∈ ω for all k ∈ N, we conclude that limn→ω ‖[1⊗ yn, xn]‖2 = 0 as we
wanted.

Finally, we extend to the general case where M is not necessarily abelian. Let
ξ ∈ L2((M⊗N)ω) be an N -central vector. We want to show that ξ is Z(Nω)-central.
By Lemma 20.3, we know that η = (V ⊗ 1)ω(ξ) ∈ L2((A⊗N)ω). Since (V ⊗ 1)ω is
N -bimodular, we know that η is N -central. Hence, by the abelian case, we obtain
that η is Z(Nω)-central. Since (V ⊗ 1)ω is Nω-bimodular, we conclude that ξ is also
Z(Nω)-central.

Proof of Theorem 20.2. By Lemma 20.5, we know that Z(Nω) is contained in the
center of N ′ ∩ (M ⊗N)ω hence it is also contained in the center of (M ⊗N)ω. Since
(M ⊗N)ω is a factor, this implies that Nω is also a factor, and the same argument
shows that Mω is a factor.

Now suppose that M ⊗N is McDuff. Then (M ⊗N)ω is nontrivial. Thus Mω or
Nω is also nontrivial (use [Co75b, Corollary 2.2] or Proposition 20.4). This means
that Mω or Nω is a nontrivial factor. In particular, M or N is McDuff.

Examples of factors with factorial asymptotic centralizers are obtained by taking
infinite tensor products of full II1 factors. We provide a proof if this fact for the
reader’s convenience.

Proposition 20.6. Let M = ⊗
n∈NMn be an infinite tensor product of full type II1

factors Mn, n ∈ N with separable predual. Then Mω is a factor.

Proof. For every n ∈ N, we let

Qn = M0 ⊗M1 ⊗ · · · ⊗Mn ⊗ 1⊗ 1⊗ · · · ⊂M.

Suppose that (xk)k∈N is a nontrivial central sequence in M with ‖xk‖2 = 1 and
τ(xk) = 0 for all k ∈ N. Then, since Qn is full, we know by [Co75b, Theorem
2.1] that limk ‖xk − EQ′n∩M(xk)‖2 = 0 Hence we can find a sequence (nk)k∈N with
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nk → ∞ such that ‖EQ′nk∩M(xk)‖2 ≥ 1
2 for all k ∈ N. Let yk = EQ′nk∩M(xk). Since

Q′nk ∩M is a finite factor, we know that 0 = τ(xk) = τ(yk) is in the weakly closed
convex hull of

{uyku∗ | u ∈ U(Q′nk ∩M)}.

Hence, there must exist some unitary uk ∈ U(Q′nk ∩M) such that

‖ukyku∗k − yk‖2 ≥
1
2‖yk‖2 ≥

1
4

which yields ‖[uk, xk]‖2 ≥ 1
4 . But, by construction, (uk)k∈N is a central sequence in

M . This shows that (xk)k∈N is not in the center ofMω. ThereforeMω is a factor.

Infinite tensor products of full factors were studied in [Po10]. By combining
[Po10, Theorem 4.1] and Theorem 20.2, we obtain the following Corollary which is
not related to Conjecture 16.1. It provides the first example of a McDuff II1 factor
that does not admit any McDuff decomposition (see Definition 16.1).

Corollary 20.7. Let M = ⊗
n∈NMn be an infinite tensor product of full type II1

factors Mn, n ∈ N with separable predual. Suppose that M ∼= N ⊗R for some factor
N . Then M ∼= N .

Proof. By Proposition 20.6, we know thatMω is a factor. By Theorem 20.2, we then
know that Nω is also a factor. Moreover, N is not full because of [Po10, Theorem
4.1]. This means that Nω is non-commutative or equivalently that N is McDuff.
Thus N ∼= N ⊗R ∼= M as we wanted.

Part V

Appendix : Discrete
correspondences and Popa’s
intertwining theory

In [Po04, Po6], Sorin Popa has developed his intertwining by bimodules theory.
It is a powerful tool to obtain unitary conjugacy between subalgebras of a given
von Neumann algebra and for this reason it is a key ingredient in every deforma-
tion/rigidity based argument. It has been extended to non-tracial von Neumann
algebras in [HI15].

In this appendix, we introduce the notion of discrete correspondence between
arbitrary von Neumann algebras and we use it to give a unified approach to Popa’s
intertwining theory as well as a better understanding of quasinormalizers, discrete
inclusions and quasiregular inclusions. More precisely, to each pair of von Neumann
subalgebras A,B ⊂M , one can associate three closed subspaces of M denoted

DlM(A,B), DrM(A,B) = DlM(B,A)∗ and DM(A,B) = DlM(A,B) ∩ DrM(A,B)

whose elements are respectively called left discrete, right discrete and (both left and
right) discrete from A to B. When A and B are abelian, this has been studied
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in [PS03]. These subspaces are, in some sense, generated by intertwiners so that
A ≺M B if and only if DlM(A,B) 6= 0. But unlike intertwiners, they are particularly
well-behaved and stable under many operations such as reduction to corners, passing
to subalgebras etc. They also satisfy the following multiplicativity relation

DlM(A,B)DlM(B,C) = DlM(A,C).

In particular, DM(A) = DM(A,A) is a von Neumann subalgebra of M . We have
M = DM(A) if and only if the inclusion A ⊂ 〈M,A〉 is with expectation. When
A is finite DM(A) is precisely the quasinormalizer of A inside M . In general, for
subalgebras A and B of arbitrary type, the space DM(A,B) measures the possibility
to conjugate A and B inside M up to finite index.
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21 Inclusions with expectation and compatible pro-
jections

We will use a lot the following theorem of Haagerup.

Theorem 21.1 ([Ha77b, Theorem 6.6]). Let N ⊂ M be an inclusion of von Neu-
mann algebras. Then the following conditions are equivalent:

(i) There exists a faithful family of normal conditional expectations Ei : M →
N, i ∈ I.

(ii) There exists a faithful semifinite normal operator valued weight T : M → N
such that its restriction T|N ′∩M : N ′ ∩M → Z(N) is also semifinite.

(iii) For every semifinite normal operator valued weight T : M → N , its restriction
T|N ′∩M : N ′ ∩M → Z(N) is also semifinite.

When these properties hold, the map T 7→ T|N ′∩M is a bijection from the set of
operator valued weights from M to N to the set of operator valued weights from
N ′ ∩M to Z(N).

We will say that N is with expectation inside M if it satisfies the conditions
above. Note that there always exists a largest projection p ∈ N ′ ∩ M such that
Np ⊂ pMp is with expectation. When N ′ ∩M is σ-finite, N is with expectation in
M if and only if it admits a faithful normal conditional expectation.

We introduce the following notion of compatible projections because they are
particularly well-behaved.

Definition 21.2. Let N ⊂ M be an inclusion of von Neumann algebras. We say
that a projection p ∈ M is compatible with N when there exists two projections
e ∈ N and f ∈ N ′ ∩M such that p = ef .

We gather the basic properties of compatible projections in the following propo-
sition.

Proposition 21.3. . Let N be a subalgebra of a von Neumann algebra M and p an
N-compatible projection. Then we have :

(i) pNp is a von Neumann subalgebra of pMp.
(ii) p(N ′ ∩M)p = (pNp)′ ∩ pMp.

(iii) p(N ∨N ′ ∩M)p = pNp ∨ p(N ′ ∩M)p.
(iv) If a projection q in pMp is pNp-compatible then it is also N-compatible.
(v) If N ⊂M is with expectation then pNp ⊂ pMp is with expectation.

We now state the main technical result of this section. The assumption that N
is with expectation in M is essential (a counter example is given by taking a diffuse
abelian subalgebra of a type I factor). Recall that the relation p - q between two
projections p, q ∈ M means that there exists a partial isometry v ∈ M such that
v∗v = p and vv∗ ≤ q.

Proposition 21.4. Let N ⊂M an inclusion of von Neumann algebras with expec-
tation. Then for any nonzero projection p ∈M there exists a nonzero N-compatible
projection q ∈M such that q - p.
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The assumption that the inclusion is with expectation is necessary. A counter
example is obtained by taking N = A a diffuse masa in M = B(H) and taking p a
minimal projection in M .

In order to prove Proposition 21.4, we need a few lemmas.

Lemma 21.5. Let N ⊂M an inclusion of von Neumann algebras with expectation
and suppose that M is semifinite. Then there exists a nonzero finite projection
e ∈M which is N-compatible.

Proof. Since N is with expectation then it is also semi-finite. Thus, up to cutting
down by a nonzero finite projection in N , we may suppose that N is finite. Pick τ0 a
normal faithful finite trace on N and τ a normal faithful semifinite trace on M . Let
T : M → N be the unique n.f.s operator valued weight such that τ = τ0 ◦ T . Since
N is with expectation, we know by Theorem 21.1 that T|N ′∩M : N ′ ∩M → Z(N) is
semifinite. This implies that τ|N ′∩M is semifinite. Therefore we can find a nonzero
projection e ∈ N ′ ∩M which is finite in M and we are done.

Lemma 21.6. Let N ⊂ M be an inclusion of von Neumann algebras with expecta-
tion. Then there exists a nonzero σ-finite projection e ∈M which is N-compatible.

Proof. Let ϕ be a normal state on N and E : M → N a normal conditional expec-
tation. Then ϕ ◦ E is a normal state on M . Its support is pq where p ∈ N is the
support of ϕ and q ∈ N ′ ∩M is the support of E. Hence pq is nonzero, σ-finite in
M and N -compatible.

Lemma 21.7. Let M be a finite von Neumann algebra with central valued trace ctr
and let N ⊂ M be a von Neumann subalgebra. Suppose that N 6⊂ Z(M). Then
there exists a nonzero N-compatible projection q ∈M such that ctr(q) ≤ 1

2 .

Proof. Let q ∈ N a projection such that q /∈ Z(M). Then ctr(q) is not a projection
(otherwise we would have q = ctr(q) ∈ Z(M)). Thus, replacing q by 1 − q if
necessary, we may suppose that the spectral projection z = 1[0, 1

2 ](ctr(q)) is nonzero.
Then zq is a nonzero N -compatible projection such that ctr(zq) = zctr(q) ≤ 1

2 .

Proof of Proposition 21.4. We deal first with the case where M is finite. Let ctr :
M → Z(M) be the central valued trace of M . Up to cutting down by a central
projection (which is of courseN -compatible) we can suppose that ctr(p) ≥ ε for some
ε > 0. In particular p has central support 1. If there exists a nonzero N -compatible
projection q ∈ M such that qNq ⊂ Z(M)q, then we have q(N ′ ∩ M)q = qMq.
So in this case we are done because p has central support 1 which means that we
can find a nonzero projection e ≤ q such that e - p. The projection e will be
N -compatible because e ∈ q(N ′ ∩M)q. So now suppose that there does not exist
a nonzero N -compatible projection q ∈ M such that qNq ⊂ Z(M)q. Then by
applying lemma 21.7 recursively we can obtain a decreasing sequence of nonzero
N -compatible projections qn such that ctr(qn) ≤ 2−n. Hence, for n big enough we
will have ctr(qn) ≤ ε ≤ ctr(p) which means that qn - p.

Now we deal with the general case where M is not necessarily finite. Let z ∈
Z(M) be the projection on the type III part of M . Suppose first that pz 6= 0 and
let f be the central support of pz. By Lemma 21.6, we can find a nonzero σ-finite
projection e ∈ Mf which is compatible with Nf , hence with N . Since Mf is of
type III, we know that p is properly infinite in Mf , hence e - pz ≤ p. Now suppose
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that pz = 0. Then Mf is semifinite where f is the central support of p. By lemma
21.5, we can find a nonzero finite projection e ∈ Mf which is N -compatible. Since
f is the central support of p we can find a nonzero projection r ≤ e such that r - p.
Now we apply the first part of the proof to the inclusion of finite von Neumann
algebras eNe ⊂ eMe and we get a nonzero eNe-compatible projection q such that
q - r. In particular, q is N -compatible and q - p.

22 Discrete correspondences
Let E and F be two sets. Then a correspondence from E to F is simply a relation

between the elements of E and F , which can be defined by its graph C ⊂ E × F .
The notion of correspondence can be generalized to arbitrary measurable spaces.
Indeed, the category of measurable spaces (which is the opposite of the category of
commutative von Neumann algebras) has all products. In particular, if X and Y
are two measurable spaces, we let X ×u Y denote their categorical product. It is
always much larger then the usual spatial product unless X or Y is discrete. We call
X ×u Y the universal product of X and Y . A correspondence from X to Y is then
defined simply as a measurable subset C ⊂ X ×u Y . For example the usual spatial
product X ⊗X is the coarse correspondence. When X is diffuse, it is disjoint from
the identity correspondence which is represented by the diagonal ∆X ⊂ X ×u X.

The notion of correspondences has been further generalized to all von Neumann
algebras by Connes. If M and N are two von Neumann algebras, we denote by
M ⊗uN their universal tensor product. It is a von Neumann algebra equipped with
a binormal ∗-homomorphism ι : M � N → M ⊗u N which is universal for this
property, i.e. any binormal ∗-homomorphism from M �N into some von Neumann
algebra factors uniquely through ι. The usual spatial tensor product M ⊗ N is a
quotient of M ⊗u N and they are equal if and only if M or N is discrete. We then
define a correspondence from M to N as a central projection Z ∈ P(Z(M ⊗uN

op)).
A concrete correspondence from M to N is a normal representation of M ⊗uN

op

on a Hilbert space H or equivalently a binormal representation of M � N
op on

H also called a M-N-bimodule. The support of this representation is a central
projection in M ⊗u N

op which is an abstract correspondence. Therefore, since the
representation theory of von Neumann algebras is not very subtle, there is often no
danger to abuse language and forget the distinction between abstract and concrete
correspondence. We refer the reader to [Po86, Ri74, Pa73] for details and different
point of views on correspondences. In particular, to every representation of M
on a self-dual right N -module, one can associate an M -N -bimodule X ⊗N L2(N).
The inverse operation associates to every M -N -bimodule H a representation of M
on a self-dual N -module denoted H/L2(N) and defined as the set of all bounded
operators T : L2(N) → H which commute with the right action of N . Finally,
for every normal completely positive map Φ : M → N , one can perform the GNS
construction to obtain the unique representation π of M on a self-dual N -module
XΦ together with a cyclic vector ξΦ ∈ XΦ such that Φ(x) = 〈π(x)ξΦ, ξΦ〉 for all
x ∈M . We also let HΦ = XΦ ⊗N L2(N).

Here is the main definition of this appendix.

Definition 22.1. Let M and N be two von Neumann algebras. Let H be an M -N -
bimodule and let π : M �N op → B(H) be the associated binormal representation,
we say that H is left discrete if the inclusion π(M) ⊂ π(N op)′ is with expectation.
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We say that H is right discrete if the opposite N -M -bimodule H is left discrete. We
say that H is discrete if it is both left discrete and right discrete.

Left discreteness passes to submodules and is stable under direct sums. It is
a property of the underlying abstract correspondence and does not depend on the
concrete bimodule representation. For any M -N -bimodule H with the associated
binormal representation π : M � N

op → B(H), there exists a largest projection
p ∈ π(M)′ ∩ π(N op)′ such that π(M)p ⊂ pπ(N op)′p is with expectation. The range
of p is the largest left discrete sub-M -N -bimodule of H. We call it the left discrete
part of H. We define in the obvious way the right discrete part and the discrete part
of H.

We gather some other basic properties in the following proposition.

Proposition 22.2. The following properties are satisfied:
(i) If a A-B-bimodule H is left (resp. right) discrete, then so is the pAp-B-

bimodule pH for any projections p ∈ A. Conversely, if pH is left (resp. dis-
crete), then so is the A-B-bimodule zH where z ∈ Z(A) is the central support
of p.

(ii) Let H be a A-B-bimodule and suppose that A is discrete. Then H is always
left discrete, and H is right discrete if and only if B is discrete.

(iii) Let H be an A-B-bimodule where A and B are two finite von Neumann alge-
bras. Then H is left discrete if and only if H decomposes as a direct sum of
sub-A-B-bimodules which are finitely generated as right B-modules.

(iv) Let H be a A-B-bimodule and K a C-D-bimodule with left discrete parts Hd

and Kd respectively. Then the left discrete part of the A⊗C-B ⊗D-bimodule
H ⊗K is Hd ⊗Kd.

(v) Suppose that H is a left discrete A-B-bimodule and K is a left discrete B-C-
bimodule. Then H ⊗B K is a left discrete A-C-bimodule.

Proof. We only prove (iii) and (v). We leave the others to the reader.
(iii). Suppose that H is left discrete. Let π : A� Bop → B(H) be the binormal

representation associated to the bimodule H. It is enough to prove the result for
Hz for every σ-finite projection z in the center of B. Hence we can assume that B
is σ-finite. Let τ be a faithful tracial state on π(Bop) and τ ′ the corresponding dual
semifinite trace on π(Bop)′. Since π(A) is finite and with expectation in π(Bop)′,
we know that τ ′ is semifinite on π(A)′ ∩ π(Bop)′ (see the proof of Lemma 21.5).
This means that we can find a partition of unity (pi)i∈I in π(A)′ ∩π(Bop)′ such that
τ ′(pi) < +∞ for all i ∈ I. Then, if we let Hi be the range of pi for all i ∈ I, we
have H = ⊕

i∈I Hi and the Hi are A-B-bimodules with finite τ -dimension over B.
Finally, for each i, since Hi has finite τ -dimension over B, we can find a partition
of unity (zj)j∈J in the center of B, such that for all j, the A-B-bimodule Hizj is
finitely generated as a right B-module and we are done since the other direction is
obvious.

For (v), it is better to use the self-dual module point of view. We prove first the
following.
Claim. LetM and N be two von Neumann algebras. Let X be any rightM -module
and let (Y, π) be an N -representation of M . Let ρ : LM(X)→ LN(X ⊗M Y ) be the
natural normal homomorphism defined by ρ(T )(ξ ⊗ η) = (Tξ)⊗ η. If π(M) is with
expectation in LN(Y ), then ρ(LM(X)) is with expectation in LN(X ⊗M Y ).
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Proof of the claim. We can view X as a sub-M -module of M I = ⊕
i∈IM for some

set I. Then X⊗M Y is then identified with a sub-N -module of Y I . Let p ∈ LM(M I)
be the projection on X so that LM(X) = pLM(M I)p. Then ρ is just the restriction
to LM(X) of the normal homomorphism

id⊗ π : LM(M I) = B(`2(I))⊗M −→ LN(Y I) = B(`2(I))⊗ LN(Y ).

Since π(M) is with expectation in LN(Y ), then (id⊗π)(LM(M I)) is with expectation
in LN(Y I), hence ρ(LM(X)) = (id⊗π)(pLM(M I)p) is with expectation in LN(X⊗M
Y ) = (id⊗ π)(p)LN(Y I)(id⊗ π)(p). This finishes the proof of the claim.

Now, back to (v), let (X, π1) be the B-representation of A associated to H and
(Y, π2) be the C-representation of B associated to K. Then we have a natural
C-representation of A on X ⊗B Y given by ρ ◦ π1 : A → LC(X ⊗B Y ) where
ρ : LB(X) → LC(X ⊗N Y ) is the natural homomorphism induced by π2. Since
by assumption π1(A) is with expectation in LB(X) and by the claim, ρ(LB(X)) is
with expectation in LC(X ⊗B Y ), we conclude that ρ(π1(A)) is with expectation in
LC(X ⊗B Y ). This means that H ⊗B K ∼= X ⊗B Y ⊗C L2(C) is left discrete.

Definition 22.3. We say that a normal completely positive map Φ : M → N is left
(resp. right) discrete if the associated bimodule HΦ is left (resp. right) discrete.

WhenM and N are abelian von Neumann algebras, our notion of discrete normal
completely positive map Φ is equivalent to the one used in [PS03]. Like in the abelian
case we have the following property

Proposition 22.4. If Φ : M → N and Ψ : N → P are left (resp. right) discrete
normal completely positive maps, then so is Ψ ◦ Φ.

Proof. This follows from Proposition 22.2.(v) and the fact that XΨ◦Φ ⊂ XΦ ⊗N
XΨ.

23 Popa’s intertwining theory
If A ⊂ M is a von Neumann subalgebra, we let A∨ = A ∨ A′ ∩M . If A is with

expectation, then there exists a unique faithful normal conditional expectation from
M to A∨ and we can use it to view L2(A∨) as a subspace of L2(M) in a canonical
way.

Proposition 23.1. Let M be a von Neumann algebra. Let A ⊂ 1AM1A and B ⊂
1BM1B be two von Neumann subalgebras. Let x ∈ 1AM1B and define a normal
completely positive map Φ : A → 1BM1B by Φ(a) = x∗ax for all a ∈ M . Suppose
that B ⊂ 1BM1B is with expectation. Then the following are equivalent:

(i) For every normal conditional expectation E : 1BM1B → B, the completely
positive map E ◦ Φ : A→ B is left (resp. right) discrete.

(ii) For some faithful family of normal conditional expectations Ei : 1BM1B → B,
the completely positive maps Ei ◦ Φ : A→ B are left (resp. right) discrete.

(iii) The A-B-bimodule A∨xL2(B∨) is left (resp. right) discrete.
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Proof. Let H be the left (resp. right) discrete part of the A-B-bimodule 1AL2(M)1B.
Let E : 1BM1B → B be any normal conditional expectation. Use it to view L2(B)
as a sub-B-B-bimodule of L2(B∨). Then, the A-B-bimodule HE◦Φ associated to
E ◦ Φ is isomorphic to AxL2(B). Indeed, the following map

axη 7→ aξE◦Φ ⊗B η

for a ∈ A and η ∈ L2(B) extends to a well-defined A-B-bimodular unitary U :
AxL2(B)→ HE◦Φ.

In particular, E ◦ Φ is left (resp. right) discrete if and only if AxL2(B) ⊂ H.
Since H is a A∨-B∨-module, this is equivalent to

A∨xpL2(B∨) = A∨AxL2(B)B∨ ⊂ H

where p ∈ B′∩1BM1B is the support of E. It is now clear that (i)⇔ (ii)⇔ (iii).

Definition 23.2. Let M be a von Neumann algebra. Let A ⊂ 1AM1A and B ⊂
1BM1B be two von Neumann subalgebras with expectation. We say that an element
x ∈ 1AM1B is left (resp. right) discrete from A to B if it satisfies the equivalent
conditions above.

We denote the set of all left (resp. right) discrete elements from A to B by
DlM(A,B) (resp. DrM(A,B)). We let DM(A,B) = DlM(A,B) ∩ DrM(A,B).

The following proposition is not obvious from the definition.

Proposition 23.3. Let M be a von Neumann algebra. Let A ⊂ 1AM1A and B ⊂
1BM1B be two von Neumann subalgebras with expectation. We have DlM(A,B)∗ =
DrM(B,A). In particular, we have DM(A,B) = DM(B,A)∗ = DlM(A,B)∩DlM(B,A)∗.

Proof. Let x ∈ 1AM1B. We have to show that the A-B-bimodule A∨xL2(B∨) is left
(resp. right) discrete if and only if the A-B-bimodule L2(A∨)xB∨ = JB∨x∗L2(A∨)
is left (resp. right) discrete.

Let H ⊂ 1AL2(M)1B be the left (resp. right) discrete part of the A-B-bimodule
1AL2(M)1B. Let µ be any normal faithful semifinite weight on A∨ such that A is
globally invariant under σµ and lift µ to a n.f.s. weight on 1AM1A still denoted µ by
using the unique f.n. conditional expectation on A∨. Similarly, let ν be any normal
faithful semifinite weight on B∨ such that B is globally invariant under σν and lift
ν to a n.f.s. weight on 1BM1B. Consider the unbounded positive operator ∆µ,ν on
1AL2(M)1B whose graph is the closure of

{(yν1/2, µ1/2y) | y ∈ 1AM1B, ν(y∗y) < +∞ and µ(yy∗) < +∞}.

Note that for all t ∈ R, the unitary U = ∆it
µ,ν satisfies U(aξb) = σit

µ(a)(Uξ)σ−it
ν (b)

for all ξ ∈ 1AL2(M)1B. This implies easily that UH is a left (resp. right) discrete
A-B-bimodule. Therefore H is an invariant subspace for U and hence for ∆µ,ν

since t is arbitrary. Now, let a ∈ A∨ such that µ(aa∗) < +∞ and b ∈ B∨ such
that ν(b∗b) < +∞. Then (axbν1/2, µ1/2axb) is in the graph of ∆µ,ν . Since H is an
invariant subspace of ∆µ,ν , this shows that axbν1/2 ∈ H if and only if µ1/2axb ∈ H.
By density, we conclude that A∨xL2(B∨) ⊂ H if and only if L2(A∨)xB∨ ⊂ H.
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Remark 23.4. Note that the subspaces DlM(A,B), DrM(A,B) and DM(A,B) are
strongly closed in M , hence also weakly closed by [Ta03a, Theorem 2.1]. They
are all A∨-B∨-bimodules. For our investigations on this subspaces, it is enough,
by Proposition 23.3, to focus on DlM(A,B). If p ∈ 1AM1A is an A-compatible
projection and q ∈ 1BM1B is a B-compatible projection, then we have the following
useful relation

pDlM(A,B)q = DlM(pAp, qBq).

If A0 ⊂ A and B ⊂ B0 are inclusions with expectation then

DlM(A,B) ⊂ DlM(A0, B0).

We also note that, inside M2(M) = M2(C)⊗M , we have the following relation

DlM(A,B)⊗ e12 = DlM2(M)(A⊗ e11, B⊗ e22) = (1A⊗ e11)Dl1CM2(M)1C (C,C)(1B ⊗ e22)

where C = (A⊗e11)⊕(B⊗e22) and 1C = (1A⊗e11)+1B⊗e22) is the unit of C. This
allows to reduce almost all questions on general DlM(A,B) to the case where A = B
and A ⊂M is unital. In that case, we will use the notation DlM(A) = DlM(A,A).

Definition 23.5. Let M be a von Neumann algebra. Let A ⊂ 1AM1A and B ⊂
1BM1B be two von Neumann subalgebras. An element x ∈ 1AM1B is called a left
A-B-intertwiner if there exists two projections p ∈ A, q ∈ B with pxq = x and a
morphism π : pAp→ qBq such that ax = xπ(a) for all a ∈ pAp.

Let x be a left A-B-intertwiner. Note that if we take p and q to be the smallest
projections in A and B respectively such that pxq = x, then there exists a unique
morphism πx : pAp→ qBq such that ax = xπx(a) for all a ∈ pAp. In that case, we
always have xx∗ ∈ (A′ ∩ 1AM1A)p and x∗x ∈ πx(pAp)′ ∩ qMq. Moreover, if v is the
partial isometry in the polar decomposition x = v|x| then we still have v ∈ I lM(A,B)
and πv = πx.

We denote by I lM(A,B) the set of all left A-B-intertwiners. We let IrM(A,B) =
I lM(B,A)∗ and IM(A,B) = I lM(A,B)∩ IrM(A,B). Note that if x ∈ IM(A,B), then
πx : pAp→ qBq is an isomorphism and π−1

x = πx∗ .

Proposition 23.6. Let M be a von Neumann algebra. Let A ⊂ 1AM1A and B ⊂
1BM1B be two von Neumann subalgebras with expectation. Let x ∈ I lM(A,B) and let
πx : pAp→ qBq be the morphism it implements. Then πx(pAp) is with expectation
in qMq and x ∈ DlM(A,B).

Proof. Let π = πx. Let Ei : 1AM1A → A be a faithful family of normal con-
ditional expectations. Then we can define a faithful family of normal conditional
expectations Exi : qMq → π(pAp) by

Exi (y) = π
(
Ei(xx∗)−1Ei(xyx∗)

)
.

Therefore π(A) is with expectation in qMq. Now let Φ : A 3 a 7→ x∗ax ∈ 1BM1B
and let E : 1BM1B → B be a normal conditional expectation. We want to show
that HE◦Φ is left discrete. Recall that it is generated by the vectors of the form
aξE◦Φ ⊗B η with a ∈ A and η ∈ L2(B). Observe that pξE◦Φ = ξE◦Φ. Hence if z is
the central support of p in A, then zHE◦Φ = HE◦Φ, and in order to show that the
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A-B-bimodule HE◦Φ is left discrete, it is enough to show that the pAp-B-bimodule
pHE◦Φ is left discrete. Now, observe that the map

papξE◦Φ ⊗B η 7→ π(pap)E(x∗x)η

extends to an isomorphism of pAp-B-bimodule from pHE◦Φ to qL2(B) where qL2(B)
is equipped with the obvious left pAp-action induced by π. Since π(pAp) is with
expectation in qMq and in particular in qBq, then the pAp-B-bimodule pHE◦Φ ∼=
qL2(B) is left discrete. Therefore E ◦ Φ is left discrete for every normal conditional
expectation E : 1BM1B → B. This shows that x ∈ DlM(A,B) as we wanted.
Theorem 23.7. Let M be a von Neumann algebra. Let A ⊂ 1AM1A and B ⊂
1BM1B be two von Neumann subalgebras with expectation. Suppose that EB :
1BM1B → B is a faithful normal conditional expectation and use it to view L2(B)
as a sub-B-B-bimodule of L2(1BM1B). Then every left discrete sub-A-B-bimodule
of 1AL2(M)1B is a direct sum of sub-A-B-bimodules of the form AxL2(B) with
x ∈ I l(A,B).
Proof. Without loss of generality, we assume that 1A = 1B = 1M . By a straight-
forward maximality argument, it is enough to show that any nonzero left discrete
A-B-bimodule H ⊂ L2(M) contains a nonzero A-B-bimodule of the desired form.
Let eB ∈ 〈M,B〉 be the Jones projection associated to EB and let ÊB : 〈M,B〉 →M
be the dual operator valued weight. Let e ∈ A′ ∩ 〈M,B〉 be the projection on
H. Then Ae ⊂ e〈M,B〉e is with expectation. This means that ÊB is semifinite
on (Ae)′ ∩ e〈M,B〉e = e(A′ ∩ 〈M,B〉)e. Hence we can find a nonzero projection
e1 ∈ A′∩〈M,B〉 such that ÊB(e1) < +∞. Since eB has central support 1 in 〈M,B〉,
we can find a nonzero partial isometry u ∈ e1〈M,B〉eB. Since Ae1 ⊂ e1〈M,B〉e1 is
with expectation, then by Proposition 21.4, we can find a nonzero partial isometry
v ∈ e1〈M,B〉e1 such that vv∗ is compatible with Ae1 and v∗v ≤ uu∗. Since vv∗ is
compatible with Ae1, we can find a projection e2 ∈ e1(A′∩〈M,B〉)e1 and a projection
p ∈ A such that vv∗ = pe2. Let w = vu. Since w∗w ≤ eB and eB〈M,B〉eB = BeB,
we can write w∗w = qeB with q ∈ B. Moreover, there exists a unique ∗-isomorphism
ρ : pe2〈M,B〉pe2 → qBq such that xw = wρ(x) for all x ∈ pe2〈M,B〉pe2.

Now, let K ⊂ L2(M) be the range of e2. Since e2 ∈ e(A′ ∩ 〈M,B〉)e, then K
is a nonzero sub-A-B-bimodule of H. Since ÊB(e2) ≤ ÊB(e1) < +∞, we know by
Popa’s push down lemma that w = xeB where x = ÊB(w) ∈M (see [PP84, Lemma
1.2] and [ILP96, Proposition 2.2]). This means that

K ⊃ pK = ran(w) = ran(xeB) = xL2(B).

Since K is an A-module, we get K ⊃ AxL2(B). Moreover, we have x = pxq and for
all a ∈ pAp, we have

ax = aÊB(w) = ÊB(aw) = ÊB(wπ(ae2)) = xρ(ae2) = xπ(a)

where π : pAp → qBq is the morphism defined by π(a) = ρ(ae2). This shows that
x ∈ I lM(A,B) as we wanted.

Corollary 23.8. Let M be a von Neumann algebra. Let A ⊂ 1AM1A and B ⊂
1BM1B be two von Neumann subalgebras with expectation. Then the left discrete
part of the A-B-bimodule 1AL2(M)1B is given by

DlM(A,B)L2(B∨) = L2(A∨)DlM(A,B).
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The following corollary is very useful. Despite the appearances, it does not follow
directly from Proposition 22.4.

Corollary 23.9. Let M be a von Neumann algebra. Let A ⊂ 1AM1A, B ⊂ 1BM1B
and C ⊂ 1CM1C be three von Neumann subalgebras with expectation. Then we have

DlM(A,B) · DlM(B,C) ⊂ DlM(A,C).

In particular, DlM(A) is a (non self-adjoint) closed subalgebra of 1AM1A and DM(A)
is a von Neumann subalgebra of 1AM1A.

Proof. Let us first show that

I lM(A,B) · DlM(B,C) ⊂ DlM(A,C).

Take x ∈ I lM(A,B) and y ∈ DlM(B,C). Let πx : pAp → qBq be the morphism
implemented by x. Let Q = πx(pAp) ⊂ qBq. Note that qy ∈ DlM(qBq, C) ⊂
DlM(Q,C). Also, we have |x| ∈ Q′ ∩ qMq. Hence z = |x|y ∈ DlM(Q,C). Let
E : 1CM1C → C be a normal conditional expectation. Then for all a ∈ pAp, we
have

E(y∗x∗axy) = E(y∗x∗xπx(a)y∗) = E(z∗πx(a)z).
The map πx : pAp→ Q is an isomorphism, hence it is left discrete as a completely
positive map. The map m 7→ E(z∗mz) is left discrete from Q to C because z ∈
DlM(Q,C). Hence, by composition, the map a 7→ E(y∗x∗axy) is left discrete from
pAp to C. This shows that xy ∈ DlM(pAp, C) ⊂ DlM(A,C) as we wanted.

Now let X be the linear span of I lM(A,B). By Theorem 23.7, we have

DlM(A,B)L2(B∨) = XL2(B∨).

Therefore, we compute

DlM(A,B)DlM(B,C)L2(C∨) = DlM(A,B)L2(B∨)DlM(B,C)
= XL2(B∨)DlM(B,C)
= XDlM(B,C)L2(C∨)
⊂ DlM(A,C)L2(C∨)

This shows that
DlM(A,B)DlM(B,C) ⊂ DlM(A,C)

as we wanted.

Finally, in the finite case, Popa obtained a very useful criterion to show the
existence of left discrete elements. This criterion has been generalized to the case
where the ambient von Neumann algebra M is of arbitrary type by Houdayer and
Isono in [HI15].

Lemma 23.10. Let M be a von Neumann algebra. Let A ⊂ 1AM1A and B ⊂
1BM1B be two von Neumann subalgebras with expectation. Choose a normal condi-
tional expectation EB : M → B and use it to view L2(B) ⊂ L2(M). Take x ∈ 1AM1B
and assume that A is finite. Then the following are equivalent:

(i) The left discrete part of the A-B-bimodule AxL2(B) is zero.
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(ii) There exists a net of unitaries (ui)i∈I in A such that EB(x∗auibx)→ 0 strongly
when i→∞ for all a, b ∈ A.

Proof. For simplicity, we assume that 1A = 1B = 1 and that A admits a faithful
normal conditional expectation EA : M → A and a faithful normal trace τ . We also
assume that EB is faithful. The proof can easily be adapted to the general case.

(i) ⇒ (ii). Suppose that (ii) does not hold. Then we can find ϕ a normal state
on M with ϕ ◦ EB = ϕ, ε > 0, a finite set F ⊂ A such that∑

a,b∈F
‖EB(x∗b∗uax)‖2

ϕ ≥ ε

for all u ∈ U(A). Let d0 = ∑
a∈F axeBx

∗a∗ where eB ∈ 〈M,B〉 is the Jones projec-
tion. Then ÊB(d0) = ∑

a∈F axx
∗a∗ is bounded where ÊB : 〈M,B〉 → M is the dual

operator valued weight. Let C be the weak* closed convex hull of {ud0u
∗ | u ∈ U(A)}

in 〈M,B〉. Observe that ||ÊB(d)||∞ ≤ ||ÊB(d0)||∞ for all d ∈ C. Define a faithful
semifinite weight ψ = τ ◦ EA ◦ ÊB on 〈M,B〉. Let d1 ∈ C be the unique element of
minimal || · ||ψ-norm. Then d1 must be fixed by U(A). Hence d1 ∈ A′ ∩ 〈M,B〉.

Let us show that d1 6= 0. Let ϕ 1
2 ∈ L2(M) be the cyclic vector associated to ϕ.

Then for every u ∈ U(A) we have∑
a∈F
〈u∗d0uaxϕ

1
2 , axϕ

1
2 〉 =

∑
a,b∈F
〈eBx∗b∗uaxϕ

1
2 , x∗b∗uaxϕ

1
2 〉 =

∑
a,b∈F

||EB(x∗b∗uax)||2ϕ ≥ ε.

Therefore we also have ∑
a∈F
〈d1axϕ

1
2 , axϕ

1
2 〉 ≥ ε

so that d1 6= 0.
Now, by construction (EA ◦ ÊB)(d1) is bounded. Hence if we let e ∈ A′ ∩ 〈M,B〉

be the support projection of d1, then Ae ⊂ e〈M,B〉e is with expectation, which
means precisely that the range of e is a left discrete A-B-bimodule. Moreover, the
range of e is contained in AxL2(B) by construction. Hence (i) does not hold.

Theorem 23.11. Let M be a von Neumann algebra. Let A ⊂ 1AM1A and B ⊂
1BM1B be two von Neumann subalgebras with expectation. Then the following are
equivalent:

(i) A ≺M B, i.e. I lM(A,B) 6= {0}.
(ii) DlM(A,B) 6= {0}.

(iii) 1AL2(M)1B contains a nonzero left discrete A-B-bimodule.
If A is finite, then all these properties are equivalent to a fourth one:
(iv) There does not exist a net of unitaries ui ∈ A, i ∈ I such that E(y∗uix) → 0

strongly for all x, y ∈ 1AM1B and every (or some faithful family of) normal
conditional expectation E : 1BM1B → B.

Remark 23.12. We point out the fact that the condition DlM(A,B) 6= 0 is often
easier to use than the condition A ≺M B because the subspaces DlM(A,B) have
good stability properties (see Remark 23.4). We also recall the fact that the relation
≺M is not transitive. When using DlM(A,B), this issue appears in the following
way: let p be the projection in M defined by the weakly closed left ideal

Mp⊥ = {x ∈M | xDlM(A,B) = {0}}.
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We call p the left support of DlM(A,B). We defined similarly the right support of
DlM(A,B). Now, if we know that A ≺M B and B ≺M C and we want to show that
A ≺M C, i.e. that DlM(A,C) 6= 0, then it is enough to show that the right support
of DlM(A,B) intersects the left support of DlM(B,C). Indeed, this would imply
that DlM(A,B)DlM(B,C) 6= {0}. Note that these supports are always contained in
Z(DM(B)) thanks to Corollary 23.9.

24 Discrete inclusions
The following notion of discrete inclusions is different from the notion of dis-

creteness of [ILP96]. We believe that the inclusions studied in [ILP96] should be
called quasiregular instead.

Definition 24.1. We call an inclusion of von Neumann algebras N ⊂M discrete if
it satisfies the following equivalent conditions:

(i) The N -M -bimodule NL2(M)M is discrete.
(ii) For some (hence any) spatial realization M ⊂ B(H), the inclusions N ⊂ M

and M ′ ⊂ N ′ are both with expectation.
(iii) There exists a faithful family of normal conditional expectations Ei : M → N

which are left discrete.
(iv) N is with expectation in M and 1 ∈ DlM(M,N).

For a von Neumann algebra M , it is well-known that the inclusion C ⊂ M is
discrete if and only if M is discrete, i.e. M is generated by its minimal projections.

We will prove a relative version of this property for an arbitrary discrete inclusion
N ⊂ M . However, in the relative case, the minimal projections are replaced by
projections p ∈ N ′ ∩M such that Np ⊂ pMp is irreducible with finite index in the
following sense. This definition is not standard but it is very natural in our context.

Definition 24.2. Let N ⊂ M be an inclusion of von Neumann algebras. We say
that N ⊂ M is irreducible if N ′ ∩M = Z(N) = Z(M). In that case, we define the
index of N ⊂M by

[M : N ] = Ê(1) ∈ Z(M)+

where E : M → N is the unique normal conditional expectation and Ê : 〈M,N〉 →
M is its dual operator valued weight.

More generally, if N ⊂M is irreducible and z is the largest projection in Z(M)
such that Nz ⊂ Mz is with expectation, we let [M : N ] = [Mz : Nz]z +∞ · z⊥.
When [M : N ] is bounded, we say that N ⊂M has finite index.

Theorem 24.3. Let N ⊂ M be an inclusion of von Neumann algebras. Then
N ⊂ M is discrete if and only if there exists a partition of unity (pi)i∈I in N ′ ∩M
such that Npi ⊂ piMpi is irreducible with finite index for all i ∈ I.

Proof. Suppose first that N ⊂ M is an irreducible inclusion with finite index. Let
E : M → N be the unique normal conditional expectation. Then Ê(1) = [M : N ] ∈
Z(M)+. Hence Ê : 〈M,N〉 → M is a bounded faithful normal operator valued
weight. Therefore, the inclusion M ⊂ 〈M,N〉 is with expectation which means that
N ⊂M is discrete.
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Now, suppose that there exists a partition of unity (pi)i∈I in N ′ ∩M such that
Npi ⊂ piMpi is irreducible with finite index for all i ∈ I. Then Npi ⊂ piMpi
is with expectation for all i. Hence N ⊂ M is with expectation. Moreover, since
Npi ⊂ piMpi is discrete, then pi ∈ DlpiMpi

(piMpi, Npi) ⊂ DlM(M,N) for all i. Hence
1 = ∑

i∈I pi ∈ DlM(M,N) and N ⊂M is discrete. This proves the if direction.
For the only if direction, it is sufficient, by a standard maximality argument, to

find a nonzero projection p ∈ N ′ ∩M such that Np ⊂ pMp is irreducible with finite
index. Let N∨ = N ∨ (N ′∩M) Since N ⊂M is discrete and N∨ is with expectation
inM , then N ⊂ N∨ is also discrete. Hence N∨ ⊂ 〈N∨, N〉 is with expectation. Thus
the inclusion N ′ ∩M = N ′ ∩ N∨ ⊂ N ′ ∩ 〈N∨, N〉 = 〈N ′ ∩M,Z(N)〉 is also with
expectation. This shows that the inclusion Z(N) ⊂ N ′∩M is discrete. In particular,
we have N ′ ∩M ≺N ′∩M Z(N). Since Z(N) is in the center of N ′ ∩M , this really
means that we can find a nonzero projection p ∈ N ′ ∩M such that p(N ′ ∩M)p =
Z(N)p. Note that the inclusion M ′p ⊂ pN ′p is also discrete. Hence, by repeating
the same argument, we can find a nonzero q ∈ (M ′p)′∩pN ′p = p(N ′∩M)p such that
q(N ′∩M)q = Z(M ′p)q = Z(M)q. Since, we already have p(N ′∩M)p = Z(N)p, we
really have q(N ′∩M)q = Z(M)q = Z(N)q, or equivalently, the inclusion Nq ⊂ qMq
is irreducible. Let E : qMq → Nq be the unique normal conditional expectation.
Since Nq ⊂ qMq is discrete, then qMq ⊂ 〈M,N〉 = p〈M,N〉q is with expectation.
Hence the restriction of Ê to

(qMq)′ ∩ 〈qMq,Nq〉 = (M ′ ∩ 〈M,N〉)q = Z(qMq)

is semifinite. Equivalently, this means that [qMq : Nq] = Ê(1) is a semifinite element
of Z(qMq)+. Let e ∈ Z(qMq) be a nonzero projection such that [qMq : Nq]e is
bounded. ThenNe ⊂ eMe is irreducible with finite index [eMe : Ne] = [qMq : Nq]e
and we are done.

Let A and B be two von Neumann algebras. We say that an A-B-bimodule H is
irreducible if π(A)′∩π(Bop)′ = Z(π(A)) = Z(π(Bop)) where π : A�Bop → B(H) is
the associated representation. Note that H is irreducible if and only if the inclusion
π(A) ⊂ π(Bop)′ (or equivalently π(Bop) ⊂ π(A)′) is irreducible. In that case we
define the index of H as the index of the inclusion π(A) ⊂ π(Bop)′ (or equivalently
the index of π(Bop) ⊂ π(A)′) which is an element of the extended positive cone of
Z(π(A)) = Z(π(Bop)).

Finally, observe that H is discrete if and only if the inclusion π(A) ⊂ π(Bop)′ is
discrete. Hence, we obtain the following.

Corollary 24.4. Let A and B be two von Neumann algebras. Then a A-B-bimodule
is discrete if and only if it is a direct sum of irreducible bimodules with finite index.

Note that an inclusion of type I von Neumann algebras is irreducible if and only if
it is a trivial inclusion. Hence, a bimodule between two type I von Neumann algebras
A and B is discrete if and only if it is a direct sum of irreducible bimodules and the
irreducible A-B-bimodules are the bimodules of the form L2(θ) where θ : Ae→ Bf
is an isomorphism and e and f are two central projections in A and B respectively.

When A and B are infinite factors, an irreducible A-B-bimodule with finite index
is just a bimodule of the form L2(ρ) where ρ : A→ B is a morphism such that the
inclusion ρ(A) ⊂ B is irreducible with finite index.

In general, irreducible bimodules with finite index should be considered as gen-
eralized symmetries which serve as building blocks for all discrete correspondences.
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25 Quasiregular inclusions
The following notion of quasiregular inclusions coincides, in the case of factors,

with the notion of discrete inclusions of [ILP96].

Definition 25.1. Let N ⊂ M be an inclusion of von Neumann algebras with ex-
pectation. We call DM(N) the quasinormalizer of N inside M .

We say that the inclusion N ⊂ M is quasiregular if it satisfies the following
equivalent conditions:

(i) DM(N) = M .
(ii) The inclusion N ⊂ 〈M,N〉 is with expectation.

(iii) The inclusion N ⊂ 〈M,N〉 is discrete.
(iv) The N -N -bimodule NL2(M)N is discrete.

The terminology is justified by the next theorem which gives an explicit descrip-
tion of the von Neumann algebra DM(N) for arbitrary inclusions N ⊂ M and also
under more restrictive assumptions. It shows, for example, that a maximal abelian
subalgebra is quasiregular if and only if it is a Cartan subalgebra. Also all inclusions
coming from crossed products are quasiregular.

Theorem 25.2. Let N ⊂ M be an inclusion of von Neumann algebras with expec-
tation. The following properties hold.

(i) DM(N) is the von Neumann algebra generated by the set of all partial isome-
tries v ∈ M such that there exists a morphism π : pNp → qNq with pvq = v
and av = vπ(a) for all a ∈ N and π(pNp) ⊂ qNq is irreducible with finite
index.

(ii) If N is finite then DM(N) is the von Neumann algebra generated by the set of
all x ∈M for which there exists a finite set F ⊂M such that

xN ⊂
∑
y∈F

Ny and Nx ⊂
∑
y∈F

yN.

(iii) If N is abelian then DM(N) is the von Neumann algebra generated by the set
of all partial isometries v ∈M such that

{vv∗, v∗v} ⊂ N ′ ∩M and Nv = vN.

Proof. For simplicity, we assume that N admits a faithful normal conditional expec-
tation E : M → N and we use it to view L2(N) ⊂ L2(M). The general case can be
deduced easily from this case by cutting down with σ-finite projections in N ′ ∩M .

(i). Let Q be the von Neumann algebra generated by the set of all x ∈ I lM(N,N)
such that the inclusion πx(pNp) ⊂ qNq is irreducible with finite index. For all such
x, we have x ∈ DM(N, πx(pNp)). And since πx(pNp) is irreducible with finite index
in qNq, we have q ∈ DM(πx(pNp), qNq). Hence x = xq ∈ DM(N,N). This shows
that Q ⊂ DM(N). Conversely, observe that Q contains N and N ′ ∩ M , hence
Q′ ∩M ⊂ Q and there exists a canonical faithful normal conditional expectation
fromM to Q, use it to view L2(Q) ⊂ L2(M). Suppose there exists a nonzero discrete
sub-N -N -bimodule H ⊂ L2(M)	 L2(Q). Thanks to 24.4, we can assume that H is
irreducible with finite index. By Theorem 23.8, it contains a sub-bimodue of the form
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NxL2(N) for some nonzero x ∈ I lM(N,N). Let πx : pNp → qNq be the morphism
it implements. The pNp-qNq bimodule pNxL2(N)q is still irreducible with finite
index and it contains L2(πx). This means that πx(pNp) ⊂ qNq is irreducible with
finite index. Take the polar decomposition x = |x∗|v, then we get v ∈ Q. Since
Q contains N ∨ N ′ ∩M , we also have |x∗| ∈ p(N ′ ∩M)p ⊂ Q. Hence x ∈ Q and
therefore H ⊂ L2(Q) as we wanted.

(ii). Take x ∈M for which there exists a finite set F ∈M such that

xN ⊂
∑
y∈F

Ny and Nx ⊂
∑
y∈F

yN.

Let E : M → N be a normal conditional expectation and use it to view L2(N)
as subspace of L2(M). Then NxL2(N) ⊂ FL2(N) is finitely generated as a right
N -module, hence it is left discrete, or equivalently, x is left discrete. Similarly, we
show that x is right discrete. Thus we have that x ⊂ DM(N).

Now, let Q be the von Neumann algebra generated by the set of all such x.
Suppose that the discrete N -N -bimodule L2(DM(N)) 	 L2(Q) is nonzero. Then it
contains a nonzero sub-N -N -bimodule H which is finitely generated both as a left
and right N -module. By Theorem 23.7, we can find a nonzero x ∈ M such that
NxL2(N) ⊂ H. Then by the Gram-Schmidt algorithm, we can find a finite family
y1, . . . , yq ∈ NxN which generate NxL2(N) as a right N -module and such that
E(y∗i yj) = δi,j for all 1 ≤ i, j ≤ q. Then for all a ∈ Nx, we have a = ∑q

i=1 yiE(y∗i a).
Hence Nx ⊂ ∑q

i=1 yiN . Observe that L2(N)xN is isomorphic to NxL2(N) as a N -
N -bimodule, hence L2(N)xN is also finitely generated as a left N -module. Hence
by repeating the same argument, we can find another finite family yq+1, . . . , yr such
that xN ⊂ ∑r

i=q+1Nyi. By taking F = {y1, . . . , yr}, we conclude that x ∈ Q. A
contradiction. Hence, we must have L2(DM(N)) = L2(Q) and therefore DM(N) = Q
as we wanted.

(iii) This follows from (i). Indeed, for a partial isometry v ∈ I lM(N,N), the
inclusion of abelian von Neumann algebras πv(pNp) ⊂ πv(qNq) is irreducible if and
only if πv(pNp) = qNq, so that πv is a partial isomorphism of N . This happens
exactly when

{vv∗, v∗v} ⊂ N ′ ∩M and Nv = vN.

Note that one can deduce similar descriptions of DM(A,B) for any pair of von
Neumann subalgebras A and B by using Remark 23.4. In particular, we have the
following criterion.

Corollary 25.3. Let M be a von Neumann algebra, A ⊂ 1AM1A and B ⊂ 1BM1B
two von Neumann subalgebras with expectation. Then the following are equivalent:

(i) There exist a morphism π : pAp → qBq and a non-zero partial isometry v ∈
pMq such that av = vπ(a) for all a ∈ pAp and π(pNp) ⊂ qNq is irreducible
with finite index.

(ii) DM(A,B) 6= {0}
(iii) The discrete part of the A-B-bimodule 1AL2(M)1B is nonzero.

Finally, one can recover all the results of [PS03] and generalize them to the
non-tracial situation. Indeed, our DM(A,B) is a generalization of what is denoted
Nw
q (A,B) in [PS03] for abelian A and B.
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26 Stable unitary conjugacy
In this section, we study the notion of stable unitary conjugacy for tensor product

decompositions [HMV16].

Definition 26.1. LetM be any σ-finite factor. A tensor product decomposition ofM
is a pair (A1, A2) of subalgebras of M such that M = A1⊗A2. Two decompositions
(A1, A2) and (B1, B2) are said to be:

(i) unitarily conjugate if there exists u ∈ U(M) such that uAiu∗ = Bi for all
i ∈ {1, 2}. We then write (A1, A2) ∼ (B1, B2).

(ii) stably unitarily conjugate if there exist type I factors with separable predual
F1 and F2 such that the two tensor product decompositions (A1⊗F1, A2⊗F2)
and (B1⊗F1, B2⊗F2) are unitarily conjugate in M ⊗F1⊗F2. We then write
(A1, A2) ∼∞ (B1, B2).

We will need the following lemma.

Lemma 26.2. Let M and N be any von Neumann algebras and A ⊂ 1AM1A and
B ⊂ 1BM1B be any von Neumann subalgebras with expectation.

The following conditions are equivalent:
(i) A ≺M B.

(ii) A⊗ C ≺M⊗N B ⊗ C.
(iii) A⊗ C ≺M⊗N B ⊗N .

Proof. This follows from Proposition 22.2.

We record in Proposition 26.3 below several useful properties of the notion of
stable unitary conjugacy.

Proposition 26.3. Let M be any σ-finite factor. The following properties hold
true:

(i) The relations ∼ and ∼∞ are equivalence relations.
(ii) If M = A1 ⊗ A2 is a tensor product decomposition of M and if F is a type I

factor with separable predual then (A1 ⊗ F,A2) ∼∞ (A1, F ⊗ A2) in M ⊗ F .
(iii) If M = A ⊗ F = B ⊗ G are two tensor product decompositions of M where

F and G are infinite type I factors with separable predual then we can find a
nonzero partial isometry v ∈ M with v∗v = p ∈ A and vv∗ = q ∈ B such that
v pAp v∗ = qBq and v pFp v∗ = qGq. If both A and B are infinite then we can
choose p = q = 1 so that (A,F ) ∼ (B,G).

(iv) If M = A1 ⊗ A2 = B1 ⊗ B2 are two tensor product decompositions of M then
we have (A1, A2) ∼∞ (B1, B2) if and only if there exist nonzero projections
pi ∈ Ai and qi ∈ Bi and a partial isometry v ∈ M with v∗v = p = p1p2 and
vv∗ = q = q1q2 such that v pA1p v

∗ = qB1q and v pA2p v
∗ = qB2q. If Ai and

Bi are infinite for every i ∈ {1, 2} then we can choose p = q = 1 so that
(A1, A2) ∼ (B1, B2).

(v) If M = A1 ⊗ A2 = B1 ⊗ B2 are two tensor product decompositions of M then
we have A1 ≺M B1 if and only if there exists a tensor product decomposition
B1 = C ⊗D such that (A1, A2) ∼∞ (C,D ⊗B2).
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Proof. (i) It is obvious that ∼ is an equivalence relation and that ∼∞ is symmetric
and reflexive. Let us prove that ∼∞ is transitive. Suppose that (A1, A2), (B1, B2)
and (C1, C2) are three tensor product decompositions of M such that (A1, A2) ∼∞
(B1, B2) and (B1, B2) ∼∞ (C1, C2). Then we can find type I factors with separable
predual Fi and Gi for i ∈ {1, 2} such that (A1 ⊗ F1, A2 ⊗ F2) ∼ (B1 ⊗ F1, B2 ⊗ F2)
in M ⊗F1⊗F2 and (B1⊗G1, B2⊗G2) ∼ (C1⊗G1, C2⊗G2) in M ⊗G1⊗G2. Then
we naturally have (A1 ⊗ F1 ⊗G1, A2 ⊗ F2 ⊗G2) ∼ (C1 ⊗ F1 ⊗G1, C2 ⊗ F2 ⊗G2) in
M ⊗ (F1 ⊗G1)⊗ (F2 ⊗G2). Hence (A1, A2) ∼∞ (C1, C2) as we wanted.

(ii) Let G1, G2 be two infinite type I factors with separable predual. Then G1
is isomorphic to G1 ⊗ F and F ⊗ G2 is isomorphic to G2. Hence we can find an
automorphism φ of G1 ⊗ F ⊗ G2 such that φ(G1) = G1 ⊗ F and φ(F ⊗ G2) = G2.
Since G1⊗F ⊗G2 is a type I factor, φ is inner. Hence (G1, F ⊗G2) ∼ (G1⊗F,G2)
in G1⊗F ⊗G2. Therefore (A1⊗G1, A2⊗F ⊗G2) ∼ (A1⊗F ⊗G1, A2⊗G2) which
means exactly that (A1, F ⊗ A2) ∼∞ (A1 ⊗ F,A2) as we wanted.

(iii) Take (ek,l)k,l∈N and (fk,l)k,l∈N two systems of matrix units for F and G
respectively. Choose p and q two nonzero projections in A and B respectively such
that pe00 and qf00 are equivalent in M . If both A and B are infinite, then we can
take p = q = 1. Take v ∈ M such that v∗v = pe00 and vv∗ = qf00 and define
V = ∑

k∈N fk0ve0k. Then we have V ∗V = p, V V ∗ = q and V pApV ∗ = qBq and
V pFp V ∗ = qGq.

(iv) Firstly, we prove the “if” direction. Take nonzero projections pi ∈ Ai and
qi ∈ Bi and a partial isometry v ∈ M with v∗v = p = p1p2 and vv∗ = q = q1q2 such
that v pA1p v

∗ = qB1q and v pA2p v
∗ = qB2q. Take F1, F2 two infinite type I factors

with separable predual. Then there exist isometries ri ∈ Ai⊗Fi and si ∈ Bi⊗Fi such
that rir∗i = pi and sis∗i = qi. Then U = (s1s2)∗v(r1r2) is a unitary in M ⊗ F1 ⊗ F2
such that U(Ai ⊗ Fi)U∗ = Bi ⊗ Fi.

Secondly, we prove the “only if” direction. Assume that (A1, A2) ∼∞ (B1, B2).
Then we can find two type I factors with separable predual F1, F2 and a unitary
u ∈ U(M ⊗F1⊗F2) such that u(Ai⊗Fi)u∗ = Bi⊗Fi for every i ∈ {1, 2}. Now, by
applying (iii) to the two tensor product decompositions of Ni = uAiu

∗ ⊗ uFiu∗ =
Bi ⊗ Fi, we see that we can find a nonzero partial isometry vi ∈ Ni with v∗i vi =
upiu

∗ ∈ uAiu∗ and viv∗i = qi ∈ Bi (and pi = qi = 1 if Ai and Bi are infinite) such
that (viu) piAipi (viu)∗ = qiBiqi and (viu) piFipi (viu)∗ = qiFiqi for every i ∈ {1, 2}.
Then there is a unique automorphism φi of Fi such that φ(x)viu = viux for all
x ∈ Fi and φi must be inner because Fi is of type I. Thus, up to replacing vi by wivi
for some unitary wi ∈ Fi, we may assume that viu commutes with Fi. Finally, if we
let V = v1v2u ∈ M ⊗ F1 ⊗ F2 = N1 ⊗ N2, we see that V commutes with F1 ⊗ F2
which means that V ∈ M and we have V ∗V = p = p1p2, V V ∗ = q = q1q2 and
V pAip V

∗ = qiBiq for every i ∈ {1, 2}. Moreover, if all Ai and Bi are infinite then
we can choose p = q = 1 and hence (A1, A2) ∼ (B1, B2).

(v) Suppose that A1 ≺M B1. Take a nonzero partial isometry v ∈ I lM(A1, B1).
Let πv : p1A1p1 → q1B1q1 be the morphism it implements. By reducing q1 if
necessary, and reducing v accordingly, we may assume that q1 is a minimal projection
in some type I subfactor K of B1. Write vv∗ = p = p1p2 with p2 ∈ A2 and
v∗v = q = q1q2 with q2 ∈ B2. Let P = v∗A1v ⊂ qB1q and Q = P ′ ∩ qB1q. Since
v∗(A2)v must be equal to P ′ ∩ qMq and A1andA2 generate M , we know that P
and P ′ ∩ qMq must also generate qMq. Hence P and Q must generate qB1q, i.e.
we have qB1q = P ⊗ Q. Now, pick an isomorphism φ : q1B1q1 ⊗ K → B1 such
that φ(x ⊗ q1) = x for all x ∈ q1B1q1 and let C = φ(P ⊗ K) and D = φ(Q).
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Then we have B1 = C ⊗ D, pi ∈ Ai, q1 ∈ C, q2 ∈ D ⊗ B2 and v pA1p v
∗ = qCq

and v pA2p v
∗ = q(D ⊗ B2)q. Hence by (iv), we obtain (A1, A2) ∼∞ (C,D ⊗ B2).

Conversely, if (A1, A2) ∼∞ (C,D ⊗ B2) with B1 = C ⊗ D, then there exist type I
factors F1 and F2 such that A1⊗F1 is unitarily conjugate to C⊗F1 in M ⊗F1⊗F2
which implies that A1 ≺M C by Lemma 26.2 and therefore A1 ≺M B1.
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Titre : Quelques propriétés de rigidité des algèbres de von Neumann
Mots Clefs : algèbres de von Neumann, facteurs de type III, facteurs pleins, trou
spectral, solidité, relations d’équivalences stables.
Résumé : Dans cette thèse, je m’intéresse à diverses propriétés de rigidité des al-
gèbres de von Neumann. Je démontre d’abord la solidité relative des produits croisés
issus d’actions Bernoulli de type quelconque. Ce résultat généralise un théorème de
Chifan et Ioana en type II. Comme conséquence, dès que le groupe qui agit est
non-moyennable, ces produits croisés sont premiers. Ensuite, je m’interesse aux fac-
teurs pleins. Je montre notamment que tout facteur plein de type III vérifie une
propriété de trou spectral similaire à celle obtenue par Connes dans le cas II1. Grâce
à cela, je généralise un théorème de Jones en donnant une condition suffisante pour
qu’un produit croisé soit plein. Ceci permet de caractériser complètement les fac-
teurs de type III1 dont le cœur est plein. Dans un travail en collaboration avec C.
Houdayer et P. Verraedt, nous montrons également qu’un produit tensoriel de deux
facteurs pleins est encore plein et nous calculons ses invariants de Connes. Enfin, je
m’intéresse aux facteurs McDuff ainsi qu’à leurs analogues en théorie ergodique, les
relations d’équivalences stables. Je donne notamment une nouvelle caractérisation
de type “trou spectral” de cette propriété de stabilité qui permet de démontrer le
résultat de rigidité suivant : un produit direct de deux relations d’équivalences est
stable si et seulement si l’une des deux est stable.

Title : Some rigidity properties of von Neumann algebras
Keys words : von Neumann algebras, type III factors, full factors, spectral gap,
solidity, stable equivalence relations.
Abstract : In this dissertation, we study several rigidity properties of von Neu-
mann algebras. We first prove the relative solidity of Bernoulli crossed products of
arbitrary type. This result generalizes a theorem of Chifan and Ioana in the tra-
cial case. As a consequence, when the acting group is non-amenable, the crossed
product is prime. Next, we study full factors. The main result is a spectral gap
characterization of full type III factors which is similar to Connes’ characterization
in the tracial case. Thanks to this new characterization, we generalize a theorem of
Jones by giving a sufficient condition for a crossed product to be full. In particular,
we obtain a complete characterization of the type III1 factors whose core is full. In a
joint work with C. Houdayer and P. Verraedt, we also show that a tensor product of
two full factors is still full and we compute its Connes invariants. Finally, we study
McDuff factors as well as their counterpart in ergodic theory, the so-called stable
equivalence relations. We obtain a new “spectral gap like” characterization of this
property which allows us to prove the following rigidity result: a direct product of
two stable equivalence relations is stable if and only if one of them is already stable.
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