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Premiére partie
Introduction

La théorie des algebres de von Neumann tire ses origines de la physique. En
effet, en mécanique quantique, 'algebre a priori commutative des observables d’un
systeme doit en fait étre remplacée par une algebre d’observables non-commutatives.
Pour modéliser ces nouvelles observables, on utilise des opérateurs sur un espace
de Hilbert. C’est en cherchant & élaborer un cadre mathématique adéquat pour
la mécanique quantique que Murray et von Neumann introduisent et développent a
partir de 1936 la théorie des algebres d’opérateurs qu’on appelle aujourd’hui algebres
de von Neumann.

Avec le temps, de plus en plus de liens sont découverts entre la théorie des
algebres de von Neumann et d’autres branches des mathématiques telles que la
théorie ergodique, la théorie des groupes et de leurs représentations, les probabilités
libres ou encore, de fagon plus surprenante, la théorie des noeuds et la topologie en
basse dimension grace a la découverte remarquable du polynéme de Jones.

Durant les années 70, la théorie des algebres de von Neumann vit une petite ré-
volution. Le développement de la théorie modulaire par Tomita et Takesaki, puis les
travaux remarquables de Connes sur les facteurs injectifs vont permettre de donner
une classification complete des algebres de von Neumann moyennables, une propriété
étroitement liée a la notion de moyennabilité pour les groupes. Ce développement
s’accompagne de progres similaires et tout aussi remarquables en théorie ergodique.

Aujourd’hui, la plupart des problemes relatifs aux algebres de von Neumann
moyennables sont résolus. En revanche, le cas non-moyennable demeure largement
incompris. Ainsi, le probléeme d’isomorphisme des facteurs de groupes libres est tou-
jours ouvert. Des développements récents, grace notamment a la théorie de la défor-
mation /rigidité de Popa, ont toutefois permis de démontrer des résultats de rigidité
impressionnants. Ainsi, certaines actions ergodiques peuvent étre entiérement re-
construites a partir de leur algebre de von Neumann. Il y a 1a un contraste frappant
avec le cas moyennable, ou au contraire, toute I'information est oubliée.

1 Définition des algebres de von Neumann

Dans cette section nous définissons les algebres de von Neumann et énongons
leurs premieres propriétés.

L’exemple fondamental d’algebre de von Neumann sera B(H), I’algebre des opé-
rateurs bornés sur un espace de Hilbert H. Cette algebre est munie d’une opération
particuliere : 'opération d’adjonction T — T*. C’est donc un exemple particulier
d’x-algebre au sens de la définition suivante :

Définition 1.1. Une x-algébre est une C-algeébre A (avec unité) munie d’une opé-
ration a — a* qui est :

(i) involutive : (a*)* = a.

(ii) anti-linéaire : (Aa + pb)* = Xa* + jib*.

(iii) anti-multiplicative : (ab)* = b*a*.



Par analogie avec le cas de B(H), on dit qu'un élément a d’une *-algebre A est
normal lorsque a*a = aa*, auto-adjoint lorsque a* = a et positif lorsqu’il existe
b € A tel que a = b*b.

Définition 1.2. Soit M une x-algebre. On dit que M est une algébre de von Neu-
mann lorsqu’il existe une norme || - || sur M telle que :

(i) Pour tout z,y € M, |[zy[| < [lz|[|ly]-
(ii) Pour tout = € M, ||z*z|| = ||z|*.

(iii) (M, ]| - ||) est un espace de Banach dual, i.e. il existe un espace de Banach
(B, [ 1lg) tel que (M, [ [) = (B, [| - [le)"-

Cette définition peut sembler étrange au premier abord car on demande seule-
ment 'existence de la norme et de ’espace de Banach E sans les inclure dans la
structure de M. En réalité, et c’est une des premieres propriétés remarquables des
algebres de von Neumann, la norme et 'espace de Banach E sont nécessairement
uniques. Autrement dit, ils sont déterminés par la structure algébrique de M. Plus
précisément, on a le théoréme suivant.

Théoréeme 1.3. Soit M une algebre de von Neumann. Alors il exviste une unique

norme || - || sur M qui vérifie les conditions de la définition précédente.
De plus, si (Ei | - ||g,), i@ = 1,2 sont deux espaces de Banach tels que (E;, || -
\e,)* = (M, || - |I), alors il existe un et un seul isomorphisme 6 : (Ey,| - ||g,) —

(Eo, || - ||g,) dont Uapplication duale vérifie 0* = id .

En raison de cette propriété, on notera a partir de maintenant M, ’espace de
Banach qui vérifie (M,)* = M. On Uappellera le prédual de M. On préfere voir les
¢éléments de M, comme des formes linéaires sur M grace a 'inclusion canonique de
M, dans son bidual (M,)* = M*. En général, M* est beaucoup plus gros que M,.
Notons qu’une algebre de von Neumann admet donc, en plus de la topologie issue de
la norme || - ||, une autre topologie naturelle : la topologie faible- issue de la dualité
avec M,.

Nous nous intéressons maintenant a I’exemple le plus fondamental d’algebre de
von Neumann.

Proposition 1.4. Soit H un espace de Hilbert. Alors [**-algébre B(H) est une
algebre de von Neumann.

La norme de B(H) n’est pas difficile a deviner. 1l s’agit de la norme d’opérateur :

T = sup [[T¢]].
l€ll=1

Le prédual B(H). est quant a lui lié a la notion d’état d’'un systéme en mécanique
quantique. En effet, les physiciens définissent I'état d’un systéme quantique par
un vecteur normalisé & € H considéré a une phase pres. Autrement dit, ils ne
s'intéressent qu’a la forme linéaire

we : T — (TE,E).

Pour toute observable du systéme, représentée par un opérateur 7' € B(H), la
quantité we (1) donne la valeur moyenne de cette observable lorsqu’elle est mesurée
dans 'état &.



Proposition 1.5. Soit H un espace de Hilbert. Alors le prédual B(H). C B(H)*
est le sous-espace fermé de B(H)* engendré par les we pour § € H.

L’exemple de 'algebre de von Neumann B(H) est fondamental en raison du
théoreme suivant. Il montre que toute algebre de von Neumann peut étre représen-
tée comme une algebre d’opérateurs sur un espace de Hilbert (mais de fagon non
canonique).

Définition 1.6. Soit M une algebre de von Neumann. Soit /N une sous-x-algebre de
M. On dit que N est une sous-algebre de von Neumann de M lorsque N est fermée
pour la topologie faible-x de M. Dans ce cas, N est une algebre de von Neumann,
la norme de N est la restriction de la norme de M et le prédual N, est le quotient
de M, par le sous-espace

N+t ={we M, |wy =0}

Théoreme 1.7. Toute algebre de von Neumann est isomorphe d une sous-algébre
de von Neumann de B(H) pour un certain espace de Hilbert H.

En réalité, c’est essentiellement ainsi, c¢’est-a-dire comme des sous-*-algebres de
B(H) qui sont fermées pour la topologie faible-*, que von Neumann a historiquement
défini les algebres qui portent son nom. Il a en outre démontré le célebre théoréme
du bicommutant qui donne encore un exemple frappant d’interaction entre structure
algébrique et structure topologique.

Théoréme 1.8. Soit M une sous-x-algébre de B(H). Alors les deuz propriétés
suivantes sont équivalentes.

(i) M est une sous-algébre de von Neumann de B(H), i.e. M est fermée pour la
topologie faible-x de B(H).

(ii) M = (M')" o1, pour toute partie A C B(H), on note

A'={TeB(H)|VSeA TS=ST}.

2 Algebres de von Neumann commutatives

Dans cette section, nous allons voir qu’il y a une correspondance parfaite entre
algebres de von Neumann commutatives et espaces mesurables. Pour cela, nous
introduisons la catégorie suivante qui est la bonne catégorie pour faire de la théorie
de la mesure. La notion d’espace localisable généralise la notion d’espace o-fini.

Définition 2.1. La catégorie des espaces mesurables est la catégorie définie de la
facon suivante.

(i) Les objets sont les espaces mesurés (X, B, u) qui sont localisables, i.e. qui
peuvent s’écrire comme une somme directe (non nécessairement dénombrable)
d’espaces mesurés de mesure finie.

(ii) Les morphismes entre deux objets (X, B, u) et (Y, C,v) sont les classes, modulo
égalité presque partout, de fonctions mesurables 6 : X — Y définies presque
partout et telles que 6~1(C) est de mesure nulle pour tout C' € C de mesure
nulle.



Donnons une description différente de cette catégorie.

Définition 2.2. Une algébre de Boole est un ensemble ordonné A tel que :

(i) Toute partie de A admet une borne inférieure et une borne supérieure (notées
avec les symboles A et \/ respectivement, on note 0 et 1 le plus petit élément
et le plus grand élément de A).

(ii) Les opérations A et \/ sont distributives l'une par rapport a l'autre.
(iii) Pour tout a € A, il existe un élément a® € A tel que aVa®=1et a Aa®=0.

Un morphisme entre deux algebres de Boole est une application qui préserve les
opérations A et V.

Une mesure sur une algebre de Boole A est une application p : A — R, U
{+0o0} telle que pour tout a € A et toute partition (a;);c; de a (méme infinie non

dénombrable) on a
pla) = 3 ().

iel
L’algebre de Boole A est dite mesurable si pour tout a € A avec a # 0, il existe
une mesure u sur A telle que 0 < p(a) < +o00.

Théoréme 2.3. Soit (X, B, ) un objet de la catégorie des espaces mesurables. Alors
le quotient B* = B/{A € B | u(A) = 0} est une algébre de Boole mesurable.
Pour tout morphisme 0 : (X, B, 1) — (Y,C,v), Uapplication réciproque 0~ induit
un morphisme d’algébres de Boole de C¥ wvers B. Le foncteur ainsi défini est une
équivalence de catégorie.

A partir de maintenant, on appellera espace mesurable et on notera simplement
X un objet abstrait de la catégorie des espaces mesurables. Un morphisme entre
deux objets f : X — Y est une application mesurable. On note P(X) lalgebre
de Boole associée & X par le théoreme ci-dessus. Les éléments de PB(X) seront
appelées parties de X et on utilisera les notations ensemblistes usuelles 0, X, U,
(N pour désigner respectivement, son plus petit élément, son plus grand élément,
le supremum, l'infinimum etc. Enfin, par mesure sur X on entend une mesure sur
B(X).

On associe a chaque espace mesurable X, I’+-algebre L>°(X) des classes de fonc-
tions mesurables bornées a valeurs dans C. L’involution * est donnée par la conju-
gaison complexe.

Théoréme 2.4. Soit X un espace mesurable. Alors L>(X) est une algébre de von
Neumann commutative. Réciproquement, toute algebre de von Neumann commuta-
tive est de cette forme.

En effet, L>(X) est une algebre de von Neumann car L°°(X '), muni de la norme
usuelle ||+ ||, st I'espace de Banach dual de M(X), 'espace des mesures complexes
sur X.

Réciproquement, si M est une algebre de von Neumann commutative alors 1’en-
semble des projections auto-adjointes P(M) = {p € M | p = p* = p*} est une
algebre de Boole mesurable. On peut donc l'identifier & B(X) pour un espace me-
surable X | puis montrer que M s’identifie a L>°(X).

Enfin, mentionnons que les applications mesurables de X vers Y s’identifient pré-
cisément aux morphismes d’algebres de L>°(Y) — L*(X) qui préservent l'involution
et qui sont continus pour la topologie faible-x.
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En raison de cette équivalence entre espaces mesurables et algebres de von Neu-
mann commutatives,; la théorie des algebres de von Neumann est souvent considérée
comme une généralisation non-commutative de la théorie de la mesure. Les projec-
tions continuent a jouer un role crucial dans 'analyse des algebres de von Neumann
non-commutatives et il est souvent utile de les voir comme les parties d'un prétendu
“espace mesurable non-commutatif”. De méme pour la notion suivante de poids, qui
généralise la notion de mesure.

Définition 2.5. Soit M une algebre de von Neumann. Soit M+ = {z € M | Jy €
M, x = y*y} le cone positif de M.
Un poids sur M est une application ¢ : MT — R, U {oco} qui vérifie :

(i) ©(0) =0 et p(A\x + py) = Ap(x) + up(y) pour tout A\, u >0 et x,y € M.
(i) ¢(z) = sup; p(z;) pour toute suite (x;);e; € MT qui croit vers x € M™.

On dit que ¢ est semi-fini lorsque {x € M | p(z) < 400} engendre un sous-espace
«-faiblement dense dans M. On dit que ¢ est fidéle lorsque p(z) = 0 implique que
x = 0 pour tout x € M.

Lorsque M = L*(X) pour un espace mesurable X, il y a une correspondance
parfaite entre les poids sur M et les mesures sur X grace a la théorie de I'intégration.

=0, elf)= [ fdu

La propriété (ii) est la traduction de la propriété de convergence monotone.

Lorsque ¢ est un poids fini, i.e. p(1) < 400, il s’étend naturellement en une
forme linéaire ¢ € M,. Lorsque ¢(1) = 1, on dit que ¢ est un état. Une paire (M, )
constituée d’une algebre de von Neumann et d’un état ¢ sur M est 'analogue non-
commutatif d’un espace de probabilité.

3 Facteurs et classification en types

Une fois que I'on a introduit les algebres de von Neumann, la question qui se pose
naturellement est celle de leur classification a isomorphisme pres. Afin de s’attaquer
a ce probleme, Murray et von Neumann s’intéressent a une classe tres spéciale d’al-
gebres de von Neumann, qui sont les moins commutatives possible au sens suivant.

Définition 3.1. Soit M une algebre de von Neumann. On dit que M est un facteur
lorsque le centre de M, i.e.

Z(M)={a€e M |¥Ybe M, ab= ba}
est réduit aux scalaires, i.e. Z(M) = C.

L’étude des facteurs est fondamentale pour la raison suivante. Si M est une
algebre de von Neumann quelconque, alors Z(M) est une algebre de von Neumann
commutative et s’écrit donc Z(M) = L*(X) pour un certain espace mesurable X.
Murray et von Neumann montrent alors que M se désintegre de fagon unique en un
champ de facteurs au-dessus de X. La conclusion est que pour classifier toutes les
algebres de von Neumann il suffit de classifier les facteurs.

Pour analyser la structure des facteurs, Murray et von Neumann posent la défi-
nition suivante.
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Définition 3.2. Soit M une algébre de von Neumann. On dit que deux projections
p,q € P(M) sont équivalentes et on note alors p ~ ¢, lorsqu’il existe u € M tel que

p=u'u et qg=uu.

Bien stir, cette définition est sans intérét dans le cas commutatif. Elle devient
fondamentale lorsque M est un facteur en raison du théoreme suivant.

Théoréme 3.3. Soit M un facteur (o-fini). Il existe un poids T sur M, unique d
multiplication par un scalaire X € RY pres, tel que :

Vp,q e P(M), p~q < 7(p) =1(q)

De plus, l'ensemble des valeurs que prend le poids T sur les projections de M
coincide, a une renormalisation pres, avec l'un des ensemble suivants :

{0,1,2,...,n}, n € N, et on dit alors que M est de type I,

{0,1,2,...,00} Lo
0, 1] 11,
[0, 400 I
{0, +00} 111

Les facteurs de type I,,, n € NU {oco} sont bien connus. En effet, on montre que
ce sont exactement les algebres de la forme B(H) pour H un espace de Hilbert (de
dimension n). Le poids 7 du théoréme est alors donné (a un scalaire pres) par la
trace définie par

tr(T) = (T¢,&) pour tout T' € B(H)*
iel
ou (&)ier est une base orthonormée quelconque de H. La trace d’'une projection est
égale a son rang et deux projections sont équivalentes si et seulement si elles ont le
méme rang.

Pour les facteurs de type II, tout se passe comme si le rang des projections
pouvait varier continiment au lieu de ne prendre que des valeurs entieres discretes.
Par analogie avec le cas des facteurs de type I, le poids 7 est toujours appelé trace.
Quand le facteur M est de type Iy, la trace 7 est finie et on peut donc la normaliser
de sorte que 7(1) = 1. Elle s’étend alors en une forme linéaire 7 € M, qui vérifie
T(zy) = 7(yx) pour tout x,y € M.

Reste le cas des facteurs de type III. Ce sont les seuls facteurs pour lesquels le
poids du théoreme 3.3 est purement infini et toutes les projections non nulles sont
donc équivalentes. Pour cette raison, von Neumann considéra les facteurs de type III
comme étant pathologiques et douta méme pendant un moment de leur existence.
En réalité, les facteurs de type III sont tres intéressants mais la richesse de leur
structure ne peut étre révélée que grace a la théorie modulaire que nous verrons plus
loin.

4 Exemples

Dans cette partie, on donne des exemples de constructions intéressantes d’al-
gebres de von Neumann en lien avec la théorie des groupes et la théorie ergodique.
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Définition 4.1. Soit I' un groupe discret. Considérons I'espace de Hilbert ¢*(T).
Pour tout g € I, définissons un opérateur unitaire u, € B(¢*(T")) par

(g - €)(h) = €(g"h) pour tout € € (T).

L’algebre de von Neumann de I', notée L(T'), est la sous-algebre de von Neumann
de B((*(T)) engendrée par les unitaires {u, | g € T'}.

Un fait remarquable est que Ialgebre de von Neumann £(I") possede une trace
canonique.

Proposition 4.2. Soit T' un groupe discret. Soit 6. € (*(T') la suite qui vaut 1 sur
l’élément neutre e € T' et 0 ailleurs. Pour tout x € L(I"), posons

T(x) = (e, Oe).
Alors T est un état tracial fidéle sur L(T').

Lorsque I' est commutatif, £(I') est aussi commutative et doit donc étre de la
forme L*(X) pour un certain espace mesurable X. En fait, £(I') est canoniquement
isomorphe a Loo(f‘) ou I est le dual de Pontryagin de T', i.e. le groupe compact formé
par les caracteres [ = hom(T", U) équipé de sa mesure de Haar (qui s’identifie a la
trace 7 sur L(I") précédemment décrite).

Lorsque I' n’est pas commutatif, la dualité de Pontryagin classique ne fonctionne
plus et [ est en général trop petit. Si I' est suffisamment non-commutatif, £(T")

devient un facteur. Plus précisément, on a la caractérisation suivante.

Proposition 4.3. Soit I un groupe discret. Alors L(T') est un facteur si et seulement
si I' est a classes de conjugaison infinies, i.e. pour tout g € I', g # e, l’ensemble

{hgh™' | h € T'} est infini.

Notons que lorsque L£(I') est un facteur, il est nécessairement de type II; et
la trace du théoreme 3.3 est précisément celle donnée par la proposition 4.2. Des
exemples de groupes a classes de conjugaison infinies sont donnés par les groupes
libres F,,, n > 2, ou bien le groupe S, des permutations de N a support fini.

Maintenant, nous allons voir une autre construction d’algebres de von Neumann
a partir d'une action d’un groupe discret sur un espace mesurable, qui nous donnera
en particulier des exemples de facteurs de type III.

Définition 4.4. Une action d’un groupe discret I sur un espace mesurable X est
un morphisme de groupes o : I' = Aut(X) et on note o : I' v X.
On dit que 'action o est libre lorsque pour tout g € I' et tout A C X, on a

o(g)la=idy < g=e€ ou A=0.

On dit que l'action o est ergodique lorsque les seules parties de X qui sont
invariantes par o sont () et X.

A partir d’une action o d'un groupe discret I' sur un espace mesurable X, on
obtient une action, qu’on note encore o, de I' sur L*(X) définie par

Ug(f):foag_l‘

13



On peut alors a partir de cette donnée construire une algebre de von Neumann
L*(X) x, I' qui est le produit croisé de I' et de L*°(X). Plutét que de détailler la
construction de L*°(X) x, I, contentons-nous simplement de dire qu’elle est engen-
drée par une copie de L*°(X) et une copie de L£(I') qui sont liées par les relations

Vgel, Vfe LX), Ug fuy = og(f),
ol les (u,)ger sont les unitaires canonique de £(I').

Proposition 4.5. Si laction o : I' ~ X est libre et ergodique alors L>°(X) x, I’
est un facteur.

Maintenant, nous allons déterminer le type du facteur L>(X) x, I' pour une
action libre et ergodique o. Ce type sera li¢ a I'existence de mesures sur X qui sont
invariantes sous l'action o. L’ergodicité de 'action assure que si une telle mesure
invariante non triviale (i.e. qui n’est ni la mesure nulle ni la mesure purement infinie)
existe, alors elle est nécessairement unique. Ceci se démontre grace au théoreme de
Radon-Nikodym. Une telle mesure s’étend alors naturellement en un poids tracial
sur L>(X) x, I'. On a alors la classification suivante :

Théoréme 4.6. Soit o : I' ~ X une action libre et ergodique. Le facteur L>°(X)x,I"
est :

— de type 1 si et seulement si X est discret. Dans ce cas, il est de type 1, si T est
fini de cardinal n et de type I, sinon. La mesure de comptage est une mesure
invariante non triviale.

— de type 11 si et seulement si X est diffus et admet une mesure invariante non
triviale . Dans ce cas, il est de type 11y si pu est finie et de type 11, sinon.

— de type 111 si et seulement si X ne possede pas de mesure invariante non
triviale.

Ce théoreme fournit de nombreux exemples de facteurs de type III puisqu’'une
action générique n’admet pas de mesure invariante non triviale.

Enfin, pour terminer cette section, mentionnons que pour une action libre o : I' ~
X, le produit croisé L>(X) x, I ne dépend en fait que de la relation d’équivalence
orbitale

R={(zr,g-2)|zeX, gel'} C X xX.

Ainsi, la construction du produit croisé ne retient que la partition de X en orbites
et oublie a priori une grande partie de 'information sur 'action o.

5 Théorie modulaire

La théorie modulaire développée par Tomita, Takesaki et Connes [Co72, Ta73,
CT76] est la clé qui a permis de comprendre la structure des facteurs de type III.

Le point de départ de la théorie est une découverte de Tomita. Il a montré qu’on
pouvait associer canoniquement, a chaque poids semi-fini fidele ¢ sur une algebre
de von Neumann M, un groupe a un parametre d’automorphismes

0¥ :R>tw of € Aut(M)
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qu’on appelle le flot modulaire de ¢. Ce flot mesure le défaut de tracialité de ¢. En
particulier, il est trivial si et seulement si ¢ est une trace.

Plus tard, durant sa these, Connes montre une version non-commutative du
théoreme de Radon-Nikodym qui permet de comprendre comment le flot modulaire
0% dépend du choix du poids ¢. Il montre, en particulier, que si ¥ est un autre
poids semi-fini fidele sur M, les flots modulaires 0% et ¢% sont égaux modulo le
groupe Inn(M) des automorphismes intérieurs de M. Autrement dit, le groupe a un

parametre
oy Rt [of] € Out(M) = Aut(M)/Inn(M)

ne dépend pas du choix de .

Ces résultats, combinés a la théorie de la dualité de Takesaki pour les produits
croisés, ont permis d’aboutir au théoréeme suivant, qui est le Graal de la théorie
modulaire.

Théoréme 5.1 ([Ta73, CT76]). Soit M une algébre de von Neumann. Alors, il
existe un quadruplé (N,T,0,1) tel que :
(i) N est une algébre de von Neumann.
(ii) 7 est une trace semi-finie fidéle sur N
(iii) 0 : R% ~ N est une action continue qui vérifie Tofy = A~LT pour tout X € R .
)

(iv) ¢: M — N? est un isomorphisme de M sur l’algébre des points fives
Nl ={z e N|VAeR:, O)(z) = x}.

De plus, si (N',7/,0',) est un autre quadruplet qui vérifie les mémes conditions alors
il existe un unique isomorphisme w: N — N’ qui conjugue (7,0,1) et (7/,0',1).

L’algebre de von Neumann N est appelée le ceur de M et est notée c(M).
Lorsque M est commutative, i.e. de la forme L*°(X) pour un certain espace me-
surable X, alors ¢(M) est aussi commutative. Notons ¢(X) ’espace mesurable dé-
fini par L=(c(X)) = ¢(L>(X)). L’espace ¢(X) s’identifie alors au fibré de Radon-
Nikodym de X. C’est le fibré au-dessus de X, de groupe structural R%, et dont
les sections correspondent aux mesures semi-finies fideles sur X. Le théoréme de
Radon-Nikodym affirme que ce fibré ¢(X) est principal. De plus, ¢(X) est équipé
d’une mesure semi-finie fidele 7 canonique qui est dilatée par I'action de R7. L’inté-
rét de cette construction est qu’elle est complétement canonique. Ainsi, toute action
o :I' ~ X d'un groupe discret I' induit naturellement une action ¢(o) : I' ~ ¢(X)
qui a 'avantage de préserver la mesure 7. Cette action induite, qu’on appelle exten-
sion de Maharam, est fondamentale pour comprendre les actions qui n’admettent
pas de mesure invariante.

Un phénomene similaire se produit pour une algebre de von Neumann M quel-
conque. Le coeur ¢(M), qui est donc "analogue non-commutatif du fibré de Radon-
Nikodym, est tracial et on peut retrouver M a partir de ¢(M) en prenant ’algebre
des points fixes ¢(M)?. Ainsi, en théorie, pour classifier les algébres de von Neu-
mann quelconques, il suffit de classifier les actions de R’ qui dilatent la trace sur
des algebres de von Neumann traciales (N, 7).

Enfin, notons que méme lorsque M est un facteur, le coeur ¢(M) n’est pas né-
cessairement un facteur. Cela permet de définir un nouvel invariant.

Définition 5.2. Soit M un facteur. Le flot des poids de M est la restriction de
l'action € au centre Z(c(M)) de c(M).
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Comme Z(c(M)) est commutative, on peut toujours voir le flot des poids comme
une action ergodique de R’ sur un espace mesurable. On montre que M est de type
I ou II si et seulement si son flot des poids est isomorphe a I'action de R7 sur lui-
méme par multiplication. En revanche, toute autre action ergodique de R* peut-étre
réalisée comme le flot des poids d’un facteur de type III. On dit ainsi qu'un facteur
M est :

— de type III; lorsque son flot des poids est trivial (i.e. action triviale sur un
espace a un point), ou autrement dit, lorsque ¢(M) est un facteur.

— de type III, A €]0, 1] lorsque son flot des poids est périodique de période A,
c’est-a-dire isomorphe a I'action de R* sur le groupe quotient R / P

— de type IlI, dans tous les autres cas, c¢’est-a-dire quand son flot des poids n’est
pas transitif.

6 Classification des facteurs

Nous avons déja vu que les facteurs de type I sont completement compris et
classifiés. Murray et von Neumann s’intéressent ensuite logiquement aux facteurs de
type II. Ils démontrent le théoréme suivant.

Théoréme 6.1. A isomorphisme prés, il n'existe qu’un seul facteur R de type 11
qui vérifie la propriété suivante : il existe une suite croissante de sous-x-algebres de
dimension finie ), C R, n € N telle que U,,ey @n est dense dans R pour la topologie
faible-x.

On dit d’un facteur qui vérifie cette propriété d’approximation qu’il est hyperfini.
Ainsi, il n’existe, a isomorphisme pres, quun seul facteur hyperfini de type I1;. Il
peut étre réalisé, par exemple, comme 'algebre de von Neumann £(S.,) du groupe
So des permutations a support fini de N.

La question qui se pose alors est : existe-t-il des facteurs II; qui ne soient pas
hyperfinis 7 Murray et von Neumann répondent a cette question en montrant que
le facteur £(IFy) n’est pas hyperfini. Ils montrent ainsi qu’il existe au moins deux
facteurs II; non-isomorphes.

Un progreés majeur survient avec les travaux de Connes dans les années 1970. Il
démontre qu’un facteur de type II; est hyperfini si et seulement s’il est moyennable,
une propriété en apparence beaucoup plus faible et analogue a la notion de moyen-
nabilité pour les groupes. Il en déduit en particulier que le facteur £(I') d’un groupe
I' a classes de conjugaisons infinies est hyperfini si et seulement si I' est moyennable.

De plus, ce théoreme de Connes, combiné a la théorie modulaire expliquée précé-
demment, a permis de donner une classification complete des facteurs moyennables
de type quelconque. Le cas le plus difficile, celui des facteurs de type III;, a été
complété par Haagerup.

Théoréme 6.2 ([Co75b, Ha85)). Il existe, a isomorphisme prés, un unique facteur
moyennable (4 prédual séparable) de chacun des types suivants : 1, n € N, I, 11y,
I, et 111, X €]0,1].

Les classes d’isomorphisme de facteurs moyennables de type 111y sont entiérement
classifiés par leur flot des poids, et donc en correspondance bijective avec les flots
ergodiques non transitifs de R7 .
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Ce résultat de classification clot donc tout un chapitre de la théorie et on peut
aujourd’hui dire que le monde des algebres de von Neumann moyennables est to-
talement compris et finalement assez pauvre puisque tous les facteurs de type II;
provenant de groupes moyennables ou d’actions de groupes moyennables sur des
espaces mesurés sont isomorphes.

En revanche, la situation est radicalement différente dans le cas non moyennable.
D’abord parce que 'on sait tres peu de choses comme le montre la question suivante
de Murray et von Neumann qui reste encore ouverte de nos jours.

Question 1. Les facteurs de groupes libres L(F,,), n > 2 sont-ils tous isomorphes 7

Mais aussi parce que, contrairement au cas moyennable, on voit apparaitre des
phénomenes de rigidité spectaculaires. Ainsi, certaines familles d’actions peuvent
étre entierement reconstruites a partir de leur algebre de von Neumann. Ce genre
de résultat est obtenu grace a la théorie de la déformation/rigidité de Popa. Citons
par exemple le théoreme suivant de Ioana.

Théoréme 6.3 ([I11]). Soit I' un groupe d classes de conjugaisons infinies qui a la
propriété de Kazhdan. Soit (X, ) = (Xo, )" le processus de Bernoulli indexé par
[ sur un espace de probabilité non trivial (Xo, o). Considérons laction I' ~ X par
décalage de Bernoulli. Si une action libre ergodique A ~'Y wvérifie

LX)« T =ZL>®Y)xA
alors ' = A et les actions ' ~ X et A Y sont conjuguées.

Une autre conjecture de rigidité, énoncée par Connes, demeure largement ou-
verte :

Conjecture 6.1. Soit I' un groupe a classes de conjugaisons infinies qui a la pro-
priété de Kazhdan. Alors pour tout groupe A, on a L(A) = L(T") si et seulement si
A=T.

7 Apercu des principaux résultats

Mes travaux de theéses ont portés sur diverses propriétés de rigidités des algebres
de von Neumann, ainsi que des relations d’équivalences mesurées.

Solidité des produits croisés Bernoulli de type III

Dans [0z03], Ozawa a découvert une propriété de rigidité remarquable des al-
gebres de von Neumann qu’il a appelée solidité. L’intérét principal de cette notion
est qu’un facteur solide non moyennable est nécessairement premier au sens suivant :

Définition 7.1. Un facteur M est dit premier s’il n’est pas de type I et s’il n’admet
pas de décomposition de la forme M = P ® (Q avec P et () des facteurs qui ne sont
pas de type L.

Le célebre théoreme d’Ozawa, démontré dans [Oz03], affirme que I'algebre de von
Neumann L(I') d’un groupe hyperbolique quelconque I' est solide. En particulier,
les facteurs de groupes libres L(F,,), n > 2 sont premiers.
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Dans la deuxiéme partie de ce mémoire, reposant sur Uarticle [Mal6a], je dé-
montre un résultat de solidité relative (voir Section 8) pour des produits croisés
Bernoulli de type III qui généralise un théoréme de Chifan et Toana [CI10] en type
II. Plus précisément, si 'on se donne une algebre de von Neumann Ay munie d’un
état normal fidele ¢q, alors pour tout groupe discret I', on a une action naturelle
de T sur le produit tensoriel infini (Ag, ©o)®" qui généralise I’action usuelle par dé-
calage de Bernoulli de Z sur (Xg, 110)%%, ot (Xg, ito) est un espace de probabilité.
Le produit croisé correspondant M = (Ag, po)®" x ' est appelé le produit croisé
Bernoulli de (Ag, o) par T.

Théoreme 7.2. Soit Ay une algébre de von Neumann moyennable munie d’un état
normal fidéle . Alors, pour tout groupe discret I', le produit croisé Bernoulli M =
(Ao, 00)®" x T est solide relativement a L(T'). En particulier, M est un facteur
premier dés que I' est non-moyennable et Ay # C

Ce résultat est dii a Chifan et Ioana lorsque ¢, est une trace. Je 1'étends au
cas ol y est un état fidele normal quelconque et ot Ay est donc possiblement de
type III. J'obtiens ainsi de nombreux nouveaux exemples de facteurs premiers de
type III ainsi que les premiers exemples de relations d’équivalences ergodiques de
type III solides et non-moyennables. La preuve est une adaptation de la preuve
originale de Chifan et Ioana. Elle repose sur une version non-traciale d’'un argument
de déformation/rigidité de Popa [Po08]. Elle utilise aussi la version non-traciale de
sa théorie de I'entrelacement obtenue dans [HI15] (voir aussi I'appendice).

Trou spectral et facteurs pleins

La troisieme partie de ce mémoire repose essentiellement sur [Mal6b], [HMV16]
et [Mal7a]. Elle traite de la propriété de trou spectral et de la notion de facteur
plein. Un facteur M est dit plein [Co74] lorsque 1'application

Ad : UM) = Aut(M),

qui & un unitaire u € U(M) associe 'automorphisme intérieur Ad(u) : = — uxu®,
est ouverte sur son image. Cela signifie que pour toute suite généralisée d’unitaires
(u;)ier on a Ad(u;) — id si et seulement s’il existe une suite de scalaires z; €
U = ker Ad telle que u; — z; — 0 quand i — oo. Lorsque M est plein, le sous-
groupe Inn(M) = {Ad(u) | v € U(M)} C Aut(M) est fermé et le groupe quotient
Out(M) = Aut(M)/Inn(M) est séparé pour la topologie quotient.

La notion de facteur plein a permi a Murray et von Neumann de donner le premier
exemple de facteur de type II; qui ne soit pas hyperfini. En effet, ils ont démontré
que le facteur L£(IFy) est plein alors qu'un facteur hyperfini ne l'est jamais. Il s’agit
donc d’une notion importante qu’on peut voir comme une propriété de rigidité plus
forte que la non moyennabilité. Elle est intimement liée a la notion d’ergodicité forte
en théorie ergodique. Par exemple, un facteur produit croisé L*°(X) x Fy issu d’'une
action libre et ergodique Fo ~ X est plein si et seulement si I'action est fortement
ergodique (toute partie de X presque invariante par Iaction est presque triviale).

Le résultat principal de cette partie est une caractérisation de type trou spectral
des facteurs pleins qui généralise un résultat de Connes dans le cas II; [Co75b,
Théoreme 2.1] aux facteurs de type quelconque. Le trou spectral permet de mieux
exploiter la rigidité des facteur pleins et d’étudier plus finement la topologie de
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Out(M). La preuve du trou spectral que 1'on donne ici est grandement simplifiée
par rapport a la preuve originale de [MalGb] et elle repose sur un résultat de trou
spectral local plus général [MalT7a]. Voici les principales applications.

La premiere application donne une condition nécessaire et suffisante, facile a
vérifier, pour que le cceur d'un facteur de type I1I; soit plein.

Théoréme 7.3 ([MalGb]). Soit M un facteur de type 111;. Alors c¢(M) est plein si
et seulement si M est plein et le morphisme canonique 0y : R — Out(M) est un
homéomorphisme sur son image.

Grace a un renforcement du trou spectral, obtenu conjointement avec Cyril Hou-
dayer et Peter Verraedt, nous obtenons aussi le résultat suivant qui n’était connu
auparavant que pour les facteurs semi-finis [Co75b, Corollary 2.3].

Théoréme 7.4 ([HMV17]). Soient M et N deuz facteurs pleins. Alors M @ N est
aussi un facteur plein.

Enfin, la troisieme application est un résultat d’unique décomposition McDuff
qui généralise un résultat similaire de Popa dans le cas tracial [Po06, Theorem 5.1].

Théoréme 7.5 ([HMV17]). Soient M et N deux facteurs pleins infinis, et P et
Q deuz facteurs moyennables infinis. Supposons qu’il existe un isomorphisme U :
M®P — N®Q. Alors il existe un unitaire w € N ® Q tel que V(M) = ulNu* et
U(P) = uQu*.

Relations d’équivalences stables et facteurs McDuff

Soit R le facteur hyperfini de Murray et von Neumann. Alors, il est facile de voir
que R® R est aussi hyperfini et donc R = R® R. Un facteur M de type II; a prédual
séparable est dit McDuff [McDG69] lorsque M = M ® R. La propriété de ne pas
étre McDuff est donc une propriété de rigidité plus forte que la non moyennabilité.
De fagon analogue, on dit qu’une relation d’équivalence ergodique R de type II;
est stable [JS87] lorsque R = R ® Ry ou Ry est I'unique relation d’équivalence
ergodique hyperfinie de type II;. Par exemple, pour toute action Fo ~ X libre et
ergodique préservant une mesure de probabilité, la relation d’équivalence orbitale
associée n’est pas stable et le produit croisé L>(X) x Fy n’est pas McDuff.

Le théoreme principal de cette partie donne une caractérisation locale de type
“trou spectral” de la non-stabilité.

Théoreme 7.6. Soit R une relation ergodique préservant la mesure sur un espace
de probabilité (X, ). Alors R n’est pas stable si et seulement s’il existe une partie
finie K du pseudo-groupe plein [[R]] et une constante k > 0 telles que

lop —polls < kD Jluv — vulls + [[pu — upl|s
weK

pour tout v € [[R]] et p € P(X).

Cette caractérisation renforce la caractérisation obtenue dans [JS87] qui montre
seulement que le membre de gauche de cette inégalité tend vers 0 des que le membre
de droite tend vers 0. La démonstration repose sur un argument de maximalité.

Grace a cette caractérisation renforcée, il devient possible de démontrer le résul-
tat suivant.
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Théoréme 7.7 ([Mal7b]). Soit R et S deuz relations d’équivalences ergodiques de
type 11y, Alors R ® S est stable si et seulement si R est stable ou S est stable.

Notons qu’il est aussi possible de démontrer un analogue du Théoréme 7.6 pour
les facteurs II; non McDuff. Mais cette caractérisation s’avere insuffisante pour dé-
montrer la conjecture suivante, analogue au Théoréme 7.7.

Conjecture 7.1. Soit M et N deux facteurs de type 11;. Alors M @ N est McDuff
si et seulement si M est McDuff ou N est McDuff.

Cependant, je donne quelques résultats partiels qui permettent de démontrer la
conjecture pour tous les exemples concrets connus.
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Notations and conventions

Let M be a von Neumann algebra. We never assume that the predual M, of M
is separable unless explicitly stated. We use the following notations.

— P(M) is the set of all self-adjoint projections of M,
— U(M) is the unitary group of M,
— Ball(M) is the unit ball of M,

— M, M} are the positive cones of M and M, respectively and M+, M} are
the extended positive cones [Ha77a].

By weak® topology on M, we mean the weak® topology with respect to its pre-
dual M,. For us, the strong topology is the topology induced by the seminorms
|zll, = p(z*2)/? for p € MF. The x-strong topology is the topology induced by
the seminorms ||z[|, + [|z*]|, for ¢ € M. We never use the o-weak/ultraweak,
o-strong/ultrastrong terminology.

We denote by (¢(M),0,7) the non-commutative flow of weights of M and we
identify M with the fixed point subalgebra ¢(M)? [Ta73, C'T76]. There is a canonical
order preserving bijection from M to the set {h € c(M)* | VA >0, Ox(h) = A\7'h}
which sends every normal weight ¢ € M7 to the unique h € ¢(M)* such that 7(h-)
is the dual weight of ¢. The operator h will simply be denoted by ¢. In other words,
we view M as a subset of ¢(M)*. When ¢ is faithful and semifinite, ¢ — ¢ is a
one parameter group of unitaries in U(c(M)) and we have of (z) = @z~ for all
xr e M.

Let A be the x-algebra of all T-measurable operators affiliated with ¢(A/). Then

M C A and its linear span is

L'(M)={we A|VA>0, 0\(w) = A\""w}

which is naturally identified with the predual M,. For every w € Ll(M ) = M., we
let (w) = w(1).
The space of half-densities

L*(M) = {€ € A| YA >0, 6,(¢) = A2}

is a Hilbert space for the inner product (£, 7n) = ({n*) where £n* € M,. The Hilbert
space L?(M), equipped with the left and right action of M C A by multiplication,
the antilinear involution J : £ + ¢*, and the positive cone L*(M)* = L*(M) N A+,
is identified with the standard form of M [Ha73]. If o € M}, then ¢'/? € L*(M)*.
Conversely, if ¢ € L?(M), then £€*¢ € M}. We say that £ is left p-bounded when
there is a constant x > 0 such that £*¢ < k. This is equivalent to & € Mp'/2. We
say that & is p-bounded if both ¢ and &* are left ¢-bounded.

A topological group is a group G equipped with a topology (not necessarily Haus-
dorff) making the map (g,h) € G x G — gh™! continuous. A topological group G is
said to be complete if it is complete with respect to the uniform structure generated
by the following sets

Uy={(g9,h) €GxG|gh ' €Vand g 'h eV},

where V runs over the neighborhoods of 1 in G. If H is a subgroup of G, then it is
a topological group for the induced topology. If H is normal in G then G/H is also
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a topological group with respect to the quotient topology. If G is complete and H
is closed in G, then H and G/H are complete.

Let M be a von Neumann algebra. Then the restriction of the weak* topology,
the strong topology and the x-strong topology all coincide on U (M) and they turn
U(M) into a complete topological group. If moreover M, has separable predual,
then U (M) is Polish.

The group Aut(M) of all x-automorphisms of M acts on M, by 0(p) = pof~ for
all 0 € Aut(M) and all ¢ € M,. Following [Co74, Ha73], Aut(M) is equipped with
the u-topology. This is the topology of pointwise norm convergence on M, , meaning
that a net (6;);e; in Aut(M) converges to the identity idy, in the u-topology if and
only if for all ¢ € M, we have ||6;(p) — ¢|| — 0 as i — oo. This turns Aut(M) into
a complete topological group. When M, is separable, Aut(M) is Polish. The group
Aut(M) also acts naturally on the non-commutative flow of weights (¢(M),6,7),
hence also on L?(M). We have §(¢'/?) = 0(p)'/? for every ¢ € M. Then, by the
Powers-Stgrmer inequality, the u-topology is also the topology of pointwise norm
convergence on L?(M).

We denote by Ad : UU(M) — Aut(M) the continuous homomorphism which sends
a unitary u to the corresponding inner automorphism Ad(u). We denote by Inn(M)
the image of Ad. We denote by Out(M) = Aut(M)/Inn(M) the quotient group
and by my, 1 Aut(M) — Out(M) the quotient map. The group Inn(M) is equipped
with the restriction of the u-topology while Out(M) is equipped with the quotient
topology. Finally, we denote by Inn(M) the closure of Inn(M) in Aut(M).

Part 11
Solidity of type III Bernoulli
crossed products

In [0z03], Ozawa discovered a remarkable rigidity property of von Neumann
algebras that he called solidity. The main interest of this notion is that any solid
non-amenable factor is prime, i.e. not a tensor product of two non type I factors.
Ozawa’s celebrated result states that the group von Neumann algebra £(T') of any
hyperbolic group I' (e.g. free groups) is solid.

In this chapter, which is based on [Mal6a], we generalize a theorem of Chifan
and loana [CI10] by proving that for any, possibly type III, amenable von Neumann
algebra Ag # C, any faithful normal state ¢y and any discrete group I, the associ-
ated Bernoulli crossed product von Neumann algebra M = (A, po)®" x T is solid
relatively to L(T"). In particular, M is solid if and only if £(I") is solid and M is
prime if and only if I" is non-amenable. This gives many new examples of solid or
prime type III factors as well as the first examples of solid non-amenable type III
equivalence relations.

The proof is based on an adaptation of a deformation/rigidity argument to the
type III context and follows the lines of Chifan and Ioana’s original proof. We also
use the type IIT generalization of Popa’s intertwining theory [HI15] which is exposed
in details in the Appendix.
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8 Relative solidity

In [Oz03], N. Ozawa introduced the notion of solid von Neumann algebras. It
is easy to check that in the II; case, the definition of solidity given in [Oz03] is
equivalent to the following one (see Proposition 8.4).

Definition 8.1. Let M be a von Neumann algebra. We say that M is solid if
every properly non-amenable subalgebra with expectation () C 1¢9M1¢ has discrete
center.

Equivalently, M is solid if and only if every subalgebra with expectation () C M
is a direct sum of an amenable von Neumann algebra and a family (possibly empty)
of non-amenable factors. This clearly shows the analogy with the notion of solid
ergodicity for equivalence relation discovered in [CI10].

In this section, we are interested in a relative version of solidity. We refer to the
Appendix for Popa’s intertwining theory and the explanation of the symbol <,,.

Definition 8.2. Let M be a von Neumann algebra and N C M a subalgebra with
expectation. We say that M is solid relatively to N if every properly non-amenable
subalgebra with expectation () C 1M1 such that @) Ay N has discrete center.

Clearly, a von Neumann algebra M is solid if and only if it is solid relatively to
C. The following property justifies the terminology.

Proposition 8.3. Let P C N C M be inclusions of von Neumann algebras with
expectations. If M is solid relatively to N and N is solid relatively to P then M is
solid relatively to P. In particular, if M is solid relatively to N and N 1is solid then
M s solid.

Proof. Take a properly non-amenable subalgebra with expectation () C 1¢9M1¢ such
that @ has diffuse center. We have to show that () <;; P. Since M is solid relatively
to N, we already know that Q <,; N. Take a nonzero partial isometry v € Zt,(Q, N)
and 7, : pQp — ¢Nq the associated embedding. Then D = 7,(pQp) C ¢Nq is again
a subalgebra with expectation which is properly non-amenable and it has diffuse
center. Since N is solid relatively to P, this implies that D <y P. Take a nonzero
w € Dy (D, P). Since ¢ is the N-support of v, we have vw # 0. And we have
vw € DY, (Q, D)DY(D, P) C D4,(Q, P). Hence Q <y P. O

Next we present other possible formulations of relative solidity.

Proposition 8.4. Let M be a von Neumann algebra and N C M a subalgebra with
expectation. The following are equivalent:

1. M is solid relatively to N.

2. For every diffuse subalgebra with expectation () C 1lgM1lg such that Q' N
1gM1g is non-amenable we have Q' N 1ogM1g <p N.

3. For every non-amenable subalgebra with expectation () C 1M1y such that
Q' N1gMlg is diffuse we have Q <y N.

Proof. (1) = (2). Suppose that Q' N 1oM1g Ay N. Take A C @Q a diffuse abelian
subalgebra with expectation. Then P = AV (Q' N 1gM1g) has diffuse center and
P 4y N. Hence P is amenable by (1). Therefore Q' N 19M1g is also amenable.
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(2) = (3). Let P = Q" N1gM1ly. Then P is diffuse and since ) is non-
amenable and Q C P’ N1gM1g we have that P'N19M1g is non-amenable. Hence
P'N1gM1g <p N by (2). Therefore Q < N.

(3) = (1). Let @ C 19M1g be a properly non-amenable subalgebra with expec-
tation such that () has diffuse center. Then Q' N 1gM1g is also diffuse. Hence by
(3), we have @ Ay N. Therefore M is solid relatively to N. ]

Note that [CI10, Theorem 2] as well as [Bo12, Theorem B| and [Bo12, Theorem
C] are examples of relative solidity results. Relative solidity can be used to prove
primeness or fullness even when true solidity fails. This can happen for example
when it is combined with the following absorption property.

Definition 8.5. Let M be a von Neumann algebra and N C M a subalgebra with
expectation. We say that N C M is absorbing if for every diffuse subalgebra with
expectation Q C 19N1g, we have Q' N1oM1g C 19N1g.

Example 1 ([Po04, Section 3]). Let (A, ¢) be a von Neumann algebra with a faithful
normal state ¢ and o : I' — Aut(A, ¢) a p-preserving action of a discrete group T,
let M = A x, I' be the crossed product von Neumann algebra. Suppose that the
action o is mizing, 1.e.

Va,b e A, lim p(aoy(b)) = p(a)p(b).

Then the inclusion £(I') C M is absorbing.

Other examples of this absorption phenomenon come from some group inclusions
as well as free products [Po83] and amalgamated free products [[PP08, Theorem 1.1].

Lemma 8.6. Let N C M be an absorbing inclusion. Let QQ C 1gM1¢q be a diffuse
subalgebra with expectation. If Q <y N then there exists a nonzero partial isometry
v € M such that vv* € QV(Q'N1gM1gy), viv € N and v*(QV(Q'N1lgM1lg))v C N.
In particular, we have QV (Q'N1ogM1lg) <p N.

Proof. Take a nonzero partial isometry v € Z4,(Q, N) and let 7, : pQp — qNgq be
the associated embedding. We then have vv* € (pQp) NpMp, v*v € 7,(pQp) NgMq
and

v (pQp V ((pQp)" N pMp))v C m,(pQp) V (m,(pQp) N qgMq)

Since m,(pQp) is diffuse, and N is absorbing, then 7,(p@Qp) N ¢Mq = 7,(pQp)’ N

qNg C ¢Ng. Moreover, we have pQp V ((pQp)’ N pMp) = p(Q V (Q'N1gM1g))p so
that vo* € QV (Q'N1gM1g) and v*(QV (Q'N1gM1lg))v C ¢Ng as we wanted. [

Proposition 8.7. Let M be a von Neumann algebra and N C M a subalgebra with
expectation. Suppose that M is solid relatively to N and the inclusion N C M is
absorbing. Let P C 1pM1p be any non-amenable factor with expectation such that
P £y N. Then P is prime. If P has moreover a separable predual then it is full.

Proof. Suppose that P = P, ® P, where P, and P, are two diffuse factors. Since P is
non-amenable then one of them, say Pj, is non-amenable. Since M is solid relatively
to N, by Proposition 8.4, we must have P, <, N. Since N C M is absorbing, this
implies that P = P, V (P, N P) <y N by Lemma 8.6. Contradiction.

Now we suppose that P has separable predual and we show that P is full. On
the contrary, suppose that P is not full. Then, by [HU15, Theorem 3.1}, there exists
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a decreasing sequence of diffuse abelian subalgebras (); C P with expectation such
that P = V,;en(Q: N P). Suppose that for some i, we have Q; N 1pM1p <y N.
Note that Q; C Q. N 1pM1p. So by Lemma 8.6, we know that there exists a
nonzero partial isometry v € M such that e = v*'v € Q. N 1pMlp, f = vv* € N
and v(Q; N gMgq)v* C fNf with expectation. Note that for all j > i, we have
Q; C Q; C Q;N1pMlp with expectation and ), is diffuse. Hence, since N is
absorbing we have v(Q; N 1pM1p)v* C (vQv*) N fMf C fNf. Therefore for all
J =14, we have v(Q; N 1pM1p)v* C fNf. Thus v(V;en(Q;N1pM1p))v* C fNf. In
particular V;en(QiN1pM1p) <p N. Since P C V,en(QiN1pM1p) with expectation
we get P <), N. But this is not possible by assumption on P. Hence we must have
Q:N1pM1lp Ay N for all i. By relative solidity and using Proposition 8.4, this
implies that @, N 1pM1p is amenable for all i. In particular, Q; N P is amenable
for all . Hence P = V,;en(Q; N P) is also amenable. From this contradiction we
conclude that P is full. O

9 Coarse inclusions

Let M C N be an inclusion of von Neumann algebras with a faithful normal
conditional expectation E;; : N — M. Then E,; gives rise to an inclusion of M-
M-bimodules L*(M) c L*(N). We say that the inclusion M C N is coarse' if,
for some choice of a faithful normal conditional expectation Ey; : N — M, the
M-M-bimodule

L*(N) & L*(M) = {¢ € LA(N) | € L L*(M)}

is weakly contained in the coarse M-M-bimodule L*(M) ® L*(M).
The following key lemma is an abstract non-tracial version of an argument used
in [Po08, Lemma 5.1]. See also [HI15b, Theorem 4.1].

Lemma 9.1. Let M C N be an inclusion of o-finite von Neumann algebras with
expectation. Suppose that the inclusion M C N is coarse. Let P C M be a subalgebra
with expectation and suppose that P is properly non-amenable. Let w be any free
ultrafilter on N. Then we have P' N N“ C MY.

Proof. Let Epr : N — M be a faithful normal conditional expectation as in the defi-
nition of a coarse inclusion. Let £“ : N¥ — N the canonical conditional expectation
and Epe 1 N¥ — MY the conditional expectation induced by Ej;.

Now, suppose, by contradiction, that there is Y € P'N N“ with Y # 0 and such
that Epe(Y) = 0. We have Ey(Y*Y) € PPN M. Let ¢ € P'N M be an element
such that ¢ = Ep/(Y*Y)"2¢ is a nonzero projection in P’ N M. Then Yc € P'N N¥
and Ejw(Ye) = 0 and we have Ep ((Ye)*(Ye)) = ¢. So, without loss of generality,
we can directly suppose that ¢ = Ep(Y*Y) € PN M is a nonzero projection. We
will show that the P-P-bimodule qL*(M) is weakly contained in the P-P-bimodule
L*(N)o L*(M). Let V : L*(M) — L*(N) and W : L*(N) © L*(M) — L*(N) be the
inclusion of bimodules. Note that VV* =1 — WW* = e),. Pick a sequence (¥, )nen
representing Y and define a completely positive map

® : B(L*(N) o L*(M)) — B(L*(M))

1. We thank R. Boutonnet for suggesting this name.
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T~ lim (V*yrWTW*y,V) in the weak™ topology.
We have

®(1) = lim (V79 (1 — en)ynV) = En (YY) = En(Y*)En(Y) = ¢
Hence ® takes its values in ¢B(L*(M)q ~ B(qL*(M)) which means that we can view
® as a unital completely positive map from B(L*(N) & L*(M)) to B(¢L*(M)). And
since Y € P'NN¥ we see that ® preserves the P-P-bimodule representations. Hence
the P-P- bimodule gL?>(M) is weakly contained in L*(N) & L*(M). Since P is with
expectation in M, we have an inclusion of P-P-bimodules L*(P) c L*(M). Hence
the P-P-bimodule ¢gL?(P) is weakly contained in L?(N) © L*(M). By the coarse
inclusion property, this implies in particular that qLQ(P) is weakly contained in the
coarse P-P-bimodule. We conclude easily that ¢ P is amenable and this contradicts
the assumption that P is properly non-amenable. O

10 Spectral gap rigidity for non-tracial von Neu-
mann algebras

In this section, we prove an abstract non-tracial version of Popa’s spectral gap
rigidity principle [Po08, Lemma 5.2]. We start by recalling the notion of symmetric
malleable deformations, or s-malleable deformations [Po04]. Let M be a von Neu-
mann algebra. A malleable deformation of M is a pair (M,6) where M C M is
an inclusion with expectation and ¢ : R — Aut(M ) is a continuous action of R.
The deformation (M, 6) is said to be symmetric if there exists § € Aut(M) such
that By = Id and for all t € R, o6, 0 8 = 0_,. We will say that a subalgebra
@ C M with expectation is rigid relatively to the deformation (]\7 ,0) if 6 converges
uniformly on the unit ball of @): for every *x-strong neighborhood V of 0 in M there
exists tg > 0 such that

Vt € [—to, to], Vo € (Q)1, bi(x) —x € V.
Now we can state the main theorem of this section.

Theorem 10.1. Let M be a o-finite von Neumann algebra, (M,H) a symmetric
malleable deformation of M and Q C M a subalgebra with expectation. Suppose
that

(i) The inclusion M C M is coarse.
(il) @ is finite.
(ili) @ N1gM1g is properly non-amenable.
Then Q is rigid relatively to the deformation (M, 0) and Q <5; 61(Q).

Proof. We proceed in 4 steps following the lines of Popa’s original argument. In
fact, only step 1 is different from the tracial case.

STEP 1 - The subalgebra Q is rigid relatively to (M, 0).

Suppose that () is not relatively rigid. Then we can find a *-strong neighborhood
of 0 in M denoted by V, a sequence z,, € (Q)); and a sequence of reals ¢,, — 0 such
that 6;, (x,) — x, ¢ V for all n. Let w be any free ultrafilter on N. Since @ is finite
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the sequence (z,)nen defines an element x in the ultraproduct QY C MY C M©.
Also, since t, — 0 we have ||[¢ o8, — || = 0 for all ¢ € M,. Using this, we obtain
an automorphism of M* defined by

O((yn)*) = (015 (yn))*

Note that the choice of z;, and t, we made implies that ©%(z) # z. Now, observe
that ©(y) = y for all y € M because t,, — 0. In particular, if we let P = Q'NlgMlg
then we have ©(P) = P and therefore ©(F' N 1oM“1g) = P' N 1gM“1q. Since
x € PN lQMle, we get O(z) € P'n 1QM“1Q Lemma 9.1 applies to the coarse
inclusion 19M1g C lQM 1o and shows that

P'N1gM“1lg C 1gM¥“1q.

Therefore we get ©(z) € M“. Now, choose a symmetry 3 for (M,0) and extend
it naturally to an automorphism g € Aut(M “). Then [ fixes M* and we have
(80O o0 p)(r) =0"Yz). Since x € M* and O(z) € M*, we conclude that O(x) =
©~'(z). And this contradicts the fact that ©*(z) # . Therefore @ is rigid relatively
to the deformation (M, 6).
STEP 2 - For sufficiently small t there ezists a nonzero 0,(Q)-Q-intertwiner.

__ Since @ is finite and with expectation, we can take ¢ a faithful normal state on
M such that @ is in the centralizer M¥. By Step 1, @ is rigid relatively to (M, @).
Hence we can find ¢, small enough so that for all [¢t| < ¢, we have

Y(1q)

5 > 0.

Vu € U(Q), Re(Y(O(u)u*)) >

Now take C C (M), the weak* closed convex hull of {6;(u)u* | u € U(Q)} and let
wy € C the unique element which minimizes ||w||,. Then, we have w; € 6,(1g)M1g

and by the above inequality w; # 0. Since Q@ C MY we have ||0;(u)wu*||y = ||Jwi| |y
for all u € U(Q). Therefore, by the uniqueness of w; we have

Vo e Q, O(x)w = w.

So wy is indeed a nonzero 6;(Q)-Q-intertwiner.

STEP 3 - If there exists a nonzero 0,(Q)-Q-intertwiner then there exists a nonzero
01 (Q)-Q-intertwiner. -

Take a nonzero 6,(Q)-Q-intertwiner w; € 6,(1g)M1g so that

Vo e Q, O(x)w = w.

Take a symmetry 3 € Aut(M) for (M,0). Let P = Q' N 1gM1g. Note that for all
d € P, the element widf(w;) is a 0;(Q)-0_(Q)-intertwiner. Indeed, for all z € @,
we have

0 (x)widf(w;) = wedzf(w]) = wdB(xw;) = wdB(w; 0y (x)) = wedf(w;)0_(z).

Hence, 0;(w;dB(wy)) is 02(Q)-Q-intertwiner. Therefore, we just need to find d such
that wtdﬁ(wt) # 0. Suppose that w;dB(w;) = 0 for all d € P. Let ¢ € M be the
unique projection such that Mgq is the weak™ closure of the left ideal Mw;P. Then
we have ¢f3(q) = 0. However, note that ¢ € P' N 1QM1Q (because Mg is invariant
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by the right multiplication by elements of P so that gz = gxq for all z € P). Hence
by Lemma 9.1, we get that ¢ € M. Thus, we have ¢ = ¢f(q) = 0. Since w; € Mg,
this contradicts the fact that w; # 0 and we are done.

STEP 4 - Conclusion.

Take ¢ = 5= sufficiently small and choose a nonzero 6;(Q)-Q-intertwiner. Then
build recursively nonzero f,1,(Q)-Q-intertwiners until & = n. This gives a nonzero
01 (Q)-Q-intertwiner as we wanted.

]

11 Bernoulli crossed products

In this section, we prove our main results using the spectral gap rigidity principle
of the previous section.

Fix (Ag, po) any von Neumann algebra with a faithful normal state ¢q. Let
(A, ) = (A, ©0)®" be the infinite tensor product indexed by I' where T' is any
infinite discrete group. Let o : I' — Aut(A) be the Bernoulli action of I' on A
obtained by shifting the tensors. The crossed product von Neumann algebra M =
A %, I' is called the non-commutative Bernoulli crossed product of I" with base
(Ao, p0). If Ag # C and T is infinite, it is well known that the Bernoulli action
o is ergodic (i.e. the fixed point algebra A“ is trivial) and properly outer (i.e. if
og(x)v = vz for all x € A and some nonzero v € A then g = 1) and so, in this
case, M = A x, I' is a factor. There is a canonical faithful normal conditional
expectation E4 : M — A allowing us to extend ¢ to a faithful normal state ¢ on
M by the formula ¢ o E4 = ¢. The action o preserves the state ¢ so that £(I")
is contained in the centralizer M¥. An important fact for us is that the Bernoulli
action is mizing:

Va,b e A, p(acy(b)) — ¢(a)p(b) when g — oo.

Therefore, the inclusion £(I') C M is absorbing (Example 1).

Now, following [CI10], we define a symmetric malleable deformation of M. Let
(Ao, o) = (Ao, @o) * (L(Z),T) be the free product von Neumann algebra where 7
is the Haar trace of £(Z). As before, let (A, 1)) = (Ao, 100)€" be the infinite tensor
product and M = A x T the > crossed product with respect to the Bernoulli action.
The von Neumann algebra M contains M with a normal conditional expectation
Ey 0 M — M such that ¥ = ¢ o E);. Now, take v the canonical Haar unitary
generating £(Z) and let h € L(Z) be a self-adjoint element such v = e™. For every
t € R, let v, = €™ and define an automorphism 6 € Aut(Ag) by 9(z) = veavy.
Then 67 induces an automorphism 6, of M that fixes the elements of £(I') and
preserves ¢. Moreover, the action 0 : t — 60, € Aut(M) is continuous. Let 5y €
Aut(A) be the automorphism defined by Go(a) = a for all a € Ag and By(v) = v*.
Then Sy induces naturally an automorphism § of M such that S o6, 03 = 6_,.
Therefore (M ,0) is indeed a symmetric malleable deformation of M. In fact, it is
malleable over £(I') meaning that we have the following commuting square relation
for the ¢-preserving conditional expectations:

EM @) E91(M) = E91(M) e} EM = EL(F)'

This fact is important since in many cases it allows one to obtain an intertwining
relation in M from an intertwining relation in M. In our specific case we get
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the following dichotomy which was obtained in the tracial case by S. Popa [Po04,
Theorem 4.1 and 4.4] and completed by A. Ioana [I07, Theorem 3.3 and 3.6] (see
also [Houll, Theorem 7.3, step 3]).

Lemma 11.1. Let Q C 1oM1q be a finite subalgebra with expectation. If Q <y
01(M) then one of the following holds:

() @ < L(I').

(il) Q@ <pm ®pAg for some finite subset F' C T'.

Proof. Suppose that @ 4y L(I') and Q £y ®pAp for every finite subset F' C T
Then by Theorem 23.11, we can find a net u; € U(Q) such that

Va,y € M, Egmy(zuy™) — 0

VE CT finite \Vz,y € M, Eg, 4, (zusy*) — 0

in the *-strong topology. We will contradict the assumption that @) <y 01(M) by
showing that N
Va,y € M, Eg ) (zuy”) — 0.

First, we can suppose that z,y € A since £(I') C (M) and M = A x . We can
suppose that = ®gexry and y = @yexry, where K, K’ C I' are finite subsets and
T4,y € Ag. Also the result is obvious if both z,y € 6;(A)A since Eo,(m) 0 En =
Ezmr). So we can suppose that « is orthogonal to 6;(A)A for example. Now, note
that we have the following relation for all g € T’

Eg, () (Eoy (o) (vuiy™)uy) = Egy ) (0Eg o, (itig) g (y7)).
This shows first that if ¢g is outside some finite set F' C I', so that the support of =
and oy(y) are disjoint, then
Eg, (4)(Eg, () (zuiy™)uy) = 0

because z is orthogonal to 61(A)A. Hence we have a finite sum

Eog, () (zw;y™) Z Eg, (4)(Eg, (m (xuiy*)u;)ug
geF

and each term of this sum converges to 0 because Eg 0,0 4o (ujuy) — 0. Therefore
we have Eg, () (zuy*) — 0 for all z,y € M as we wanted. O

In order to apply our deformation/rigidity principle, we still need to show, as
in the original proof of Chifan and loana, that the inclusion M C M is coarse, i.e.

that the M-M-bimodule L?(M) & L?(M) is weakly contained in the coarse M-M-
bimodule (see Section 4).

Theorem 11.2. Suppose that Aq is amenable. Then the inclusion M C M s coarse.

Proof. We will compute the bimodule L?(M) & L3(M) following [CI10, Lemma 5).
The computations still hold even though v is not a trace.

Let Ay C Ay be a pg-orthonormal base of Ay with 1 € Ay. In Ay = Ay x L(Z)
consider the set

Ay = {v"0ay - 0™ g™ | k>0, n€Z\{0}, a €A\ {1}}.
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Then it is easy to check that the subspaces ApagAg are pairwise yg-orthogonal
for ag € Ay. Thus, we have

L (AO) 6L AO @ Aoa,vo’l/J

ao EAQ

Now, let A be the set of elements of A of the form

where @, € Ay for finitely many (and at least one) g and &, = 1 otherwise. Then
we have

L*(A) o L*(A) = @ AaAy! /2.
acA
Now, focus on the M-M-bimodules H; = MaMy/2 c L3(M) for a € A. We
note that Hz = Hy ) for all g € I' while H; and Hj are orthogonal when a and o’

are not in the same T-orbit. So let € be the set of [-orbits of A and for every 7 €
define
H,=H;
where a is any element of the orbit 7. Then we have an M-M-bimodules decompo-
sition
L* (M) e L* (M) = P H.
TEQ

In order to conclude, it suffices to show that for each m € 2, H, is weakly contained
in L>(M) ® L*(M). So let 7= be such an orbit, represented by @ € A. Write
G = ®geray and let F' the non-empty finite set of elements g € I' such that a, # 1.
The stabilizer of @ inside I" is denoted by

S={gel|o,a) =a}.
It is a finite subgroup since it must leave the support F' invariant. Now let
K =AY x5 c M

The von Neumann algebra K is globally invariant by the modular flow of . So there
exists a unique normal conditional expectation Ex from M to K that preserves .
We will show that there is an isomorphism of M-M-bimodules

H, = H; ~ L*((M, K))

where (M, K) = (Jy K Jyr)' € B(L?(M)) is the basic construction. Let ex € (M, K)
be the Jones projection associated to Ex. It is known that the x-subalgebra M e M
is dense in (M, K'). Let ¢ be the unique normal faithful semi-finite weight on (M, K)
which satisfies

Va,y € M, p(rexy) = p(zy).
We have
L*((M,K)) = Mex M@'/2.
Denote by U : Hz — L*({M, K)) the linear map densely defined by

Uzayy'?) = vegyp!/?
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for all z,y € M which are yp-analytic. We claim that U extends to a unitary map
which is an M-M-bimodule isomorphism. In fact U clearly commutes with the left
action, and it also commutes with the right action because for z € M analytic we
have

U(zay'z) = U(ziy2v"?) = verys' V2 = vegyp'?z = Ulzayp'/?)z.

where 2/ = 0%,(2) = ¢%,(2) = 0%,(2) (Note that the modular flows of ¥ and ¢
2 2 2

coincide on M with the modular flow of ¢). So it only remains to check that U
defines indeed a unitary, i.e. that

Y(yia* rimaays) = P(yiexTiToekys)

for all zq,x9,y1,y2 € M which are gp-analytic. Once again, since the modular flow
of ¢ and 9 coincide on M, we can pass yj to the other side

V(Y@ T 22ays) = P(a v T20Y207,(y7))
Pyrexaivoexys) = PlexriTaexy207;(y1))
and so we just need to check that
Va,y € M, y(azay) = ¢lexrexy) = o(Ex(r)y).
In order to prove this, we can suppose, by density, that x and y are of the form
T = (®)uy

Y = (®gyy)us

with 7,0 € I', zg4,y, € Ag for all g and z;, = y, = 1 except for finitely many g.
We also have a = ®,a, with a, € A, for finitely many (not zero) g and ag =1
otherwise. Recall that .%To is our orthonormal base.

Now we compute ¥ (a*zay). First, if §y # 1 then ¢(a*zay) = 0. So suppose that
§ = y~1. Then we have

(@ zay) = Y(®(ayTeay-1gYs-14)) = I1 Vo (g gln-1gYy-1g)-
gel

For this product to be nonzero, we must have a, = a,-1, for all g. This means that
o,(a) = a, ie. v € S. In this case, the usual computation of free probability gives

(a*zay) = [] eolzg)poyy-14) 11 @o(zgyy-1g).

ger gel\F

So we have shown that 1 (a*zay) is given by the formula above when § = vt € S
and is equal to 0 otherwise.
Now, in order to compute p(Ex(z)y), we just need to check the formula

Ex(z) = BEx((®g2g)uy) = 15(7) T[] @o(2e)(@ger\rag)u,

geF

and we conclude that the equality
(@ zay) = o(Ex(z)y)
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is true in all cases.
Hence, we have shown that there is an isomorphism of M-M-bimodules

H, = H; ~ L*((M, K)).

Finally, since K = A? P\ 5 S is the crossed product of an amenable von Neumann
algebra by a finite group S then K is also amenable. Therefore, its commutant
(M, K) is also amenable. In particular, this implies that H, is weakly contained in
L*(M)® L*(M) as an M-M-bimodule. Since this is true for all 7 € €, we conclude
that the M-M-bimodule

L*(M) o L*(M) = @ Hx

e
is weakly contained in L*(M) ® L*(M) as we wanted. O

Theorem 11.3. Let Ay # C be an amenable von Neumann algebra, vy a faithful
normal state on Ag and T any discrete group. Let M = (A, ¢0>®F x I' be the asso-
citated Bernoulli crossed product von Neumann algebra. Then M is solid relatively
to I'. In particular, M is prime if and only if ' is non-amenable and M 1is solid if
and only if L(T") is solid.

Proof. We first show that M is solid relatively to £(I"). Suppose we have a properly
non-amenable subalgebra with expectation Q C 1M1y such that Z = Z(Q) is
diffuse. We have to show that @ <y, L£(I'). Since £(I') C M is absorbing and
Q C Z'N1gMlg, then by using Lemma 8.6, we see that it is enough to show that
Z <u L(T'). By Theorem 10.1 we know that Z < 6,(M). Hence by Lemma
11.1 we must have Z <, L(I') or Z <) ®pAp for some finite subset F' C I'. So
we just need to show that the case where Z <), ®rAg leads to a contradiction.
Take v € Z4,(Z,@rAg) and let 7, : Zp — q(®@pAg)q. Let C = 7,(Zp) and denote
q = 1lc. We have v*(Z' N 1gM1g)v C v*'v(C' N 1eM1c)v*v hence Z' N1gM1lg <um
C'N1cMl1e. Thus, we get Q@ <p C' N 1cM1e because @@ C Z' N 1ogM1g. Recall
that, by assumption, () is properly non-amenable. Therefore, we just need to show
that C'N1cM1c is amenable in order to get a contradiction. Let x € C'"N1cM1c.
We claim that z, = Ex(zu}) = 0 for g ¢ FF~'. In fact, since C' is abelian and
diffuse (because Z is abelian and diffuse), there exists a net of unitaries u; € U(C)
which tends weakly to 0. Take g ¢ FF~'. Then we have o,4(u;) € ®p\pAo. Hence

Va,b € A, Eg, 4, (acy(u;)b) — 0

in the *-strong topology. Since u;x, = z,0,(u;) we get

*

uiEg, 4, (Tg7;) = Ega, (T404(wi)zy) — 0
in the *-strong topology. Thus x, = 0. Therefore we have shown that

C'NlcMlcC Y, Auy,

geFF-1

We will show that this implies that C'N1oM1c is amenable. Let D = C'N1cM1c®
(1 —1¢)C. Let Ep : M — D be a faithful normal conditional expectation. Since A
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is amenable, there is a conditional expectation ¥ : B(L*(4)) — A. Define a map
® : B(L*(M)) — D by

O(T)= > Ep(¥(eaTuzea)uy)

geFF—1

where e4 : L*(M) — L?*(A) is the Jones projection. Since D C Y cpp-1 Aug, a
little computation shows that ®(x) = x for all x € D. Moreover ® is completely
bounded (compositions and finite sums of completely bounded maps are still com-
pletely bounded). Therefore, using [Pi93, Corollaire 5], we have that D is amenable
which means that C' N 1¢M 1o is amenable as we wanted.

For the second part of the theorem we can apply Proposition 8.3 and Proposition
8.7 to get the desired conclusion. Note that when I is non-amenable and Ay # C
then M is a non-amenable factor and M A, L(I'). Indeed, since Ay # C then A is
diffuse and we can find a diffuse abelian subalgebra with expectation B C A. Let
u; € B a net of unitaries which tends weakly to 0. Then we have E.(zuy) — 0
in the *-strong topology for all z,y € M (by density, it suffices to check it for z, y of
the form au, with ¢ € I' and @ € A). Therefore, by Theorem 23.11, we know that
B Ay L(T). A fortiori, we get M Ay L(T). O

We obtain many new examples of solid type III factors. Note that there was
previously no known example of a non-amenable solid type III factor with a Cartan
subalgebra.

Corollary 11.4. For every countable subgroup A C R, there exists a solid non-
amenable type 111 factor with separable predual and with a Cartan subalgebra such
that its Sd invariant is A. For any topology 79 on R induced by an injective continu-
ous separable unitary representation of R, there exists a solid non-amenable type 111,
factor with separable predual and with a Cartan subalgebra such that its T invariant
is To.

Proof. See (|[Co74], Proposition 3.9) and the constructions in ([Co74], Corollary 4.4)
for the first part and ([Co74], Theorem 5.2) for the second part. In both cases, the
examples are obtained by taking Bernoulli crossed products M = (A, po) x Fo
where Fy is the free group on 2 generators and Ay is some non-trivial amenable
algebra with separable predual. Since L£(IFy) is solid and non-amenable [0z03] then
by Theorem 11.3 we know that M is solid and non-amenable. If B, is a Cartan
subalgebra in the centralizer of Ay, then it is not hard to check (using the fact that
the Bernoulli action is properly outer) that ®p, By is again a Cartan subalgebra of
M. O

Using Theorem 11.3 and Proposition 8.7, we can also generalize [C110, Theorem
7] by removing the assumption that the base equivalence relation is measure pre-
serving and hence we also obtain the first examples of non-amenable solid type I11
equivalence relations.

Corollary 11.5. Let (Xo, o) be a standard probability space, Ry an arbitrary
amenable equivalence relation (not necessarily measure preserving) on Xy and T’
any countable group. Let R = Ryl be the wreath product equivalence relation on
(Xo, o))" Then R is solid, i.e. for any subequivalence relation S C R there exists
a countable partition of (Xo, o)t into S-invariant components Z,,n € N such that
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— 8|z, is amenable.

— 8|z, 1is strongly ergodic and prime for all n > 1.

Proof. We can suppose that X is not a point and that I' is infinite (otherwise the
result is obvious). Let X = (X, uo)". Let Ag = L(Ry) and let g be the faithful
normal state on Ay induced by pg. Let By = L*™(X,) C Ap be the canonical Cartan
subalgebra. Since Ay # C and I is infinite, the Bernoulli action of I" on (A, gpo)gr
is properly outer. Using this, it is not hard to check that (By,)%" € M =
(Ag, 00)®" x T is again a Cartan subalgebra and that we can identify canonically
the Cartan pair (M, (By, ¢o)®") with the Cartan pair (£(R), L>(X)).

Let § C R be a subequivalence relation. Then with the preceding identification
we have that (B, ¢0)®" C L£(S) € M with expectations. Since the subalgebra
(Bo, ©0)%" C (Ao, ¢0)®" is diffuse, it is easy to check that (By,p0)®" #4u L(T).
Therefore £(S) Ay L(T'). Hence, we get a sequence of projections z, € Z(L(S))
with -, z, = 1 such that £(S)z, is amenable and £(S)z, is a non-amenable factor
for all n > 1. By Proposition 8.7, £(S)z, is a full prime factor for all n > 1.
By identifying the projections z, with S-invariant measurable subsets 7, C X we
get the desired conclusion since fullness and primeness of £(S|z,) = £(S)z, imply
strong ergodicity and primeness of Sz, . n

Part II1
Spectral gap and full factors

This chapter is based on [Mal6b], [HMV16] and [Mal7a]. The main result is
a spectral gap characterization of full type III factors which is similar to Connes’
spectral gap characterization of full type II; factors. We give a proof based on a
more general local spectral gap principle which is considerably simpler than the
original proof of [Mal6b] and which has a wider range of applications.

The main consequences are the following. If M and N are full factors (possibly of
type I1I) then M ® N is also a full factor. Moreover, the map Out(M) x Out(N) —
Out(M ® N) is a homeomorphism on its range. In particular, the T-invariant 7(M ®
N) can be computed easily from 7(M) and 7(/N). We also generalize a theorem of
Jones on fullness of crossed products to factors of arbitrary type. We deduce that
the core ¢(M) of a type III; factor M is full if and only if M is full and 7(M) is
the usual topology. Finally, we generalize a theorem of Popa on unique McDuff
decompositions to factors of arbitrary type.
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12 A general local spectral gap theorem

We fix M a von Neumann algebra and ¢ € M, a normal state. We de not assume
that ¢ is faithful. We let X, C L*(M) denote the set of all p-bounded vectors, i.e.
Y, = 2M N M2 If ¢ is a faithful normal trace, then ¥, can be identified with
M.

We are interested in the following spectral gap property.

Definition 12.1. Let N C M a von Neumann subalgebra and ¥ C ¥,. We say
that N has a spectral gap with respect to (3, ¢) if there exists a constant £ > 0 and
a finite subset S C X such that for all x € N, we have

lz = p(@)ll, < 8 3 flo€ — &x]).

£es

It is clear that if NV has spectral gap with respect to (X, ¢), then any bounded
net (x;)ier in N which is X-central, meaning that lim; ||z, — £x;|| = 0 for all £ € 3,
must be trivial, meaning that lim; ||z; — ¢(x;)||, = 0. The converse is not true in
general. In fact, any strongly ergodic probability measure preserving action I' ~ X
which does not have spectral gap provides a counter example by taking N = L>(X)
and ¥ = {u, | g € I'} inside M = L*°(X) xI'. Another interesting counter example
is obtained by taking N = M = L(I') and ¥ = {u, | ¢ € I'} where I' is an inner
amenable i.c.c. group I' such that the II; factor £(I") is full (such a group exists by
[Va09]).

Nevertheless, the main theorem of this section provides a partial converse in the
form of a local spectral gap property.

Theorem 12.2 ([Mal7al). Let N be a von Neumann subalgebra of M and take
Y = X" C X,. Suppose that every bounded X-central net (x;),e;r in N satisfies
lim; ||z; — ¢(xi)||, = 0. Then for any € > 0, we can find a projection p € N with
©(p) > 1 — e such that pNp has a spectral gap with respect to (pXp, ﬁpgop).

The proof is elementary and is based on a maximality argument. But we first
need the following inequalities which are inspired by Namioka’s trick. Item (i) goes
back to [CS78]. Our new input is item (ii).

Lemma 12.3. Let M be any von Neumann algebra. Fort > 0 and x € M, we use
the notation uy(x) = ulp 4o0)(|7|) where © = ulz| is the polar decomposition of x.

(i) Let z,y € M and ¢ € L*(M). If z and y are self-adjoint or if x =y, we have
1 o)
FllzE =&yl < /0 /2 (2)€ = Eupra(y)|I* dt < 4ll€ = Eyll (=€ + [yl
(i) Let x € M and let ¢ € M, be any state. We have
lz = (@)l < /O (g2 ()e (1 = up/2(z)) da
Proof. For item (i), see the proof of [CS78, Theorem 2]. With the notations used
there, the case where x and y are self-adjoint follows from the following inequality
for all h, k € [0, +o0]

1 +00
§|h—/f|2§/0 |Fujz(h) — Fap (k) dt < Alh —K|(|h] + [K]).
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The case where z = y follows from the first case by applying it to

xzyz(f* g) and§:<g 50*>

We will now prove (ii). First, note that wu,2(z) = w;(x?). Moreover, we have
lz = o(@)[3 = (=) — p(x)* and

Therefore, we only have to show that

| elua®)? at < p(a)?
0
In M ® M, we have u;(2?) ® us(2?) < uy(x @ ). Hence, by appying ¢ ® ¢ we get

puy(2))” < (9 @ @) (ue(r @ 7))

and thus, after integrating over t, we finally get

/000 <P(ut(x2))2 du < (p@p)(z®@x) = go(x)Z

]

We deduce from the previous inequalities the following criterion which shows
that it is enough to check the spectral gap inequality on projections.

Lemma 12.4 ([Mal7a]). Let N be a von Neumann subalgebra of M and take > =
¥* C X,. Then N has a spectral gap with respect to (X, @) if and only if there exists
a constant k > 0 and a finite subset S C X such that for any projection p € N we
have

pp)e(1—p) <k |IpE = Epll*.

£es

Proof. Assume that there exists a constant x > 0 and a finite subset S C ¥ such
that for any projection p € N we have

pp)e(1—p) <k |IpE = Epll*.

£es

We can assume that S is self-adjoint. A direct application of Lemma 12.3 shows
that for every element x € NT, we have

lz — @(@)15 < 4k D ll2€ + Sxli(ll=g ] + llg]))

£es

Since S C X, we can find a constant C' > 0 such that for all z € N* and £ € S,

we have |[z¢|| + ||€z|| < C|lz||,. Hence, we get

Vo€ N*, o — (@)} < 4Ckllzll, D [lo€ — x|
£es
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Now, for every x = 2* € N with p(z) = 0, write x =z, — x_ where x,,x_ € N
and x,x_ = 0. Then we have

)12 < 2(z—p(z )2+l —p(z)I2) < 8Ckl|zllp D ([l &—Exy ||+ [la—g—Ex|)
£es

and since ||[z+& — x4 || < ||z€ — x|, we obtain

lll, < 16Ck ) [lx€ — &x]
£es

By applying this inequality to x —¢(x), we obtain the desired spectral gap inequality
for every self-adjoint x € N. Finally, since S is self-adjoint, it is easy to obtain the
spectral gap inequality for every element z € N by decomposing it into its real and
imaginary part. [l

Proof of Theorem 12.2. Fix 0 < e < %. Since every bounded X-central net is trivial,
there must exist a finite self-adjoint subset S C ¥ and some n > 0 such that for
every projection p € N we have

S lIpE = &pl* < n = min(p(p),o(1 —p)) <e
£es

Consider the set A of all projections e in N such that ¢(e) < e and

> lle€ —gell* < np(e)

£es

Then A is closed for the strong topology, hence it is an inductive set. Therefore,
by Zorn’s lemma, we can choose e a maximal element of A. Let p =1 — e. Take a
projection f € pNp. Suppose that

1
(Nl = f) > =3 If(pep) = (pEp) F1?
M ees
Then up to replacing f by p — f, we can suppose that ¢(f) < % Now let g = e+ f.
Then we can check that

7 llgé = &all” < D7 [le€ — Lell> + D 11f (ép) — (pép) fIIP < mple) + ne(f) = nw(q)

ges ges &es

But, since e is maximal in A, we know that ¢ ¢ A. Hence we must have p(q) > «.
Therefore, by the choice of S and 1, we must have p(¢) > 1 —e. But ¢(q) =
o(e) + ¢(f) < e+ 3. Since e < 1, this is a contradiction. Hence, for all projections
f € pNp, we have

o(Felp— 1) < 1523 £ (Ep) — (wEp) £

Finally, we can use Lemma 12.4 to conclude that pNp has a spectral gap with respect
to (pXp, ;GP¥D)- O

Let us mention the following direct application of Theorem 12.2. It shows that
the local spectral gap property introduced in [BISG15] is actually equivalent to
strong ergodicity.
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Theorem 12.5 ([Mal7a]). Let I' ~ (X, ) be an ergodic measure-preserving action
of a discrete group I'. Then I' ~ X s strongly ergodic if and only if there exists
B C X with 0 < pu(B) < +00, a finite set S C I' and a constant k > 0 such that

Ve LX), f —us(Dllue <62 N9(f) = Fllus

geSs

where g is the probability measure on X defined by ug(A) = ﬁu(B NA) for all
ACX.

We finish this section with a lemma which will be useful in applications.

Lemma 12.6. Let N be a von Neumann subalgebra of M and take ¥ C ¥,. Suppose
that 0/ € ¥.. Then the following holds:

(i) N has a spectral gap with respect to (X, ) if and only if pNp has a spectral
gap with respect to (X, ) where p = supp(p).

(ii) If N has a spectral gap with respect to (X,¢) and ¥ is a normal state which
satisfies X\~ < 1) < Ao for some X > 1 then N has a spectral gap with respect

to (2,1).

(iii) If N has a spectral gap with respect to (X, ) and v € M is a partial isometry
such that v*v = supp(p), then N has a spectral gap with respect to (vEv*, vpv™®)
and also with respect to (L UvSv* U{vp/?}, to+ (1 —t)vpv*) for all t €]0,1].

Proof. (i) This follows from the inequalities
|z — o(@)|l, < llprp — (pap)|l, + a2 — 2|

and
|(pxp)§ — E(pap)|| < ||2€ — Ex|

forall z € N and £ € X.
ii) Since p < A\, we have X, C ¥, and since ¢ < Ay, for every © € M we have
¥ ® Y ¥ y

lz = w(@)lly < lle = e(@)lly < A2z — o(@)]l,-
(iii) Let e = vo* and ¢ = vpv*. Then for all z € eMe, we have
lz = ¢(z)lly = llv*av — (v zv)|,.
Moreover, for every £ € X, we have
[0*zvg — Euav|] = [Ja(vv”) — (vsv™)z]].
This shows that eNe has spectral gap with respect to (vXv*, @), hence N has also

spectral gap with respect to (v3v*, ¢) by (i). Now let ¢ = tp+(1—t)¢ with ¢ €]0, 1].
Observe that ¥ U vXv* U {vp!/?} C . Now we check that for all z € M, we have

lz = ¥ (@)lly < llo = e(@)lly + llo = ¢@) s + 2llz(ve"?) = (vp')z].
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13 Full factors

Definition 13.1. [Co74] We say that a factor M is full if every bounded net (z;);es
in M that is centralizing, meaning that lim; ||z, — px;|| = 0 for all ¢ € M,, must be
trivial, meaning that there exists a bounded net (\;);e; in C such that x; — \;1 — 0
strongly as ¢ — oo.

Theorem 13.2 ([Mal6bh]). Let M be a full factor. Then there exists a normal state
©, a finite set S C X, and a constant k > 0 such that for all x € M, we have

lz = e(@)ll, < KD [l0€ — &x].

£es

If M is semifinite, we can choose ¢ to be the trace of pMp for any nonzero finite
projection p € M.

If M if of type 111y, A €]0, 1], we can choose ¢ to be any given normal state.

If M is o-finite and of type 111, we can choose ¢ to be faithful.

Proof. We have to show that M has a spectral gap with respect to (2, ) for some
state ¢ € M,. Let ¢ be a normal state on M. Let e = supp(¢)). Since eMe is full,
every X, -central bounded net in eMe must be trivial. Hence a direct application
of Theorem 12.2 shows that there exists a nonzero projection p € eMe such that
eMe has spectral gap with respect to (pXyp, ﬁpwp). Let p = ﬁpﬂ)p. Observe
that pXyp C 3. Hence eMe has spectral gap with respect to (X, ). Finally, by
Lemma 12.6.(i), M also has a spectral gap with respect to (X, ¢).

Now, suppose that M is semifinite. Let p € M be any nonzero finite projection.
Let 7, be the unique trace of pMp. Then the first part applied to 1) = 7, shows that
M has a spectral gap with respect to (X;,,7,) for some projection ¢ < p. Moreover,
we can take ¢ such that 7,(¢) > % Let r € pMp be any projection which is equivalent
to ¢ and such that p < ¢+ r. Then by Lemma 12.6.(iii), we know that M has a
spectral gap with respect to (3, ) where ¢ = 1(7,+ 7). Since 37, < ¢ < 7, then
by Lemma 12.6.(ii), we conclude that M has a spectral gap with respect to (3., 7,).

Suppose M is of type III, with A\ €]0,1[. The first part shows that M has a
spectral gap with respect to (3., ¢) for some normal state ¢. Let ¢ be any other
normal state on M. Since M is of type III,, we can find a partial isometry v € M
such that vv* = supp(p), v*v = supp(¢)) and

Ap < vt < Al

Then we conclude that M has spectral gap with respect to (X, 1) thanks to Lemma
12.6.

Finally, the last part follows from Lemma 12.6.(iii) and the fact that all nonzero
projections are equivalent in a o-finite type III factor. O]

Definition 13.3. A normal state as in Theorem 13.2 will be called a spectral gap
state.

The next theorem was obtained in [HMV16]. In the case where M or N is
semifinite, it follows easily from Theorem 13.2. But the general case requires more
work. This can be intuitively understood from the following observation. Let (a;);er
and (b;);e; be two bounded sequences in M and N respectively and suppose that
(a; ® b;)ier is centralizing in M ® N. Then it is easy to see that (a;);cr and (b;)ier
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must be central in M and N respectively. However, they may not be centralizing.
Indeed, if ¢ and ¢ are two normal states on M and N respectively, then one might
have for example ||a;o — Apa;|| — 0 and ||b;p — A~ éb;|| — 0 for some A > 0. In fact,
this phenomenon turns out to be the only serious issue and we are able to overcome
it by enhancing the spectral gap inequality of Theorem 13.2 (see Lemma 13.6).

Theorem 13.4 ([HMV16]). Let M and N be two full factors. Then M @ N is a
full factor.

More generally, if M is a full factor and N is any von Neumann algebra, then
M' N (M & N)“ = N¥ for any cofinal ultrafilter w on any directed set I.

Lemma 13.5. Let M be any von Neumann algebra and let x € M and &, € L*(M),
then we have

el = &l 11* + 2 = nla [1* < llo€ = nz]|* + [la™n — &a7[|".

Proof. First we prove the inequality when z is self-adjoint and £ = 7. In that case,
we just have to show that

Hel€ = €l 1* < flag — &af|*.

Since z is self-adjoint, the operators A(x) and p(z) generate a commutative von
Neumann algebra in B(L?(M)). Hence by the classical triangle inequality we have
| (Mz)] = |p(z)] |* < |A(x) — p(x)|*>. Hence by applying the positive linear form (-£, €)
we get [|(|M(@)] = [p(2)))E]1? < |(A(x) — p(2))¢[|* which means that || [z|¢ — €|z | <
|z€ — £x]|? as we wanted.

Now, back to the general case, we work in N = My(C) ® M = My(M) and we

consider
o 0 x* . 5 O 2
y—(x 0>€Nanda—<0 77)EL(N)

Then we have
0 x*n — f:c*)

yd_Oéy:(xf—nac 0

so that ||ya — ayl||? = ||x€ — nz||* + ||z*n — £x*]|*. We also have
=l
0 |a*|

|z[€ — &l 0 )
a—« = * *
sl = el ( 0 2% — nla”|

which means that

so that |[lyla — alyll|* = [/ |z[§ = |z] II* + || [#*|n — n|=*| ||*. Since y is self-adjoint,
the conclusion now follows from the first case.

[]

Lemma 13.6. Let M be a full factor and let ¢ € M, be a spectral gap state. Then
we can find a finite set F C M, with ap'/? = ©'2a* for all a € F, and a constant
k > 0 such that for all x € M and all A > 0 we have

o = p(@)2 < (z laz — a2 + [lzg!? — WW) RNGERD

acF
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Proof. Since ¢ is a spectral gap state, we can find a finite set S C X, and a constant
k > 0 such that for all x € M, we have

lz = p(@)ll, < 5 3 [lo€ — €x]). (13.2)

£es

We can always assume that all the elements of S are self-adjoint. Write S =
{&,...,&). Let & = @Y% Forall j € {1,...,k}, let a; = £~ Y2 so that §; =
a;&p = &,a;. We will show that F' = {ay, ..., a;} satisfies the desired inequality.

By homogeneity, it is sufficient to prove that for all sequences x, € M and
A € Ry (n € N) such that lim, ||z,a; — ajz,|, = 0 for every j € {1,...,k} and
lim,, ||2,£, — A€oy || = 0, we have that lim, ||z, — ¢(z,)1]|, = 0.

Put p, = ||z,|l, € R4 for every n € N. Observe that the sequence (p,)nen may
be unbounded. Since lim,, [|2,§, — A\ &,%n|| = 0, we have that lim,, |, — A, ||z} ||| =
0. For every n € N, write z,, = uy|z,| = up|zn|u) u, = |2} |u, for the polar
decomposition of x, € M. For every j € {1,...,k} and every n € N, we have

||I7’L§J - /\nfjan = ||(xnaj - ajxn)gcp + aj(a?nf@ - /\nggo'rn)”
< ||zna; — ajzallo + |20 — Anoall-

Thus, we obtain lim,, [|z,§; — A\,&;z,|| = 0 for every j € {1,...,k}. By Lemma 13.5
applied to “§ = &;” and “n = A,§;”, and since §; = 7, we also have

2)lzngs — Mzl 2 Nlzals; — &ilaall” + [Aalln]és — &ln DI

Hence we obtain lim, |||z,|§; —&;|z,|]| = 0 and lim,, A, |||z}|&; —&;lx ||| = O for every
j€{1,...,k}. Then (13.2) yields lim, |||z,| — ©(|z,|)1]|, = 0 and lim, \,|||z}| —
o2zl = 0.

Since |||z |||, = ||2nll, = pn for every n € N and since lim,, |||z, | —¢(|z,|)||, = 0,
we have lim,, [, — ¢(|z,|)| = 0. Hence we obtain lim, |||z,| — ps|l, = 0 and by
multiplying by w, on the left, we obtain lim,, ||z,, — pt,u, ||, = 0. Since §; € X, this
yields lim,, [|x,&; — pnung;l| = 0 for all j.

Likewise, since lim,, |y, — Ay ||7h ||| = 0 and since lim, ||\, |2} | — A (|2 ]) 1|, =
0, we have lim,, |1, — Ay(|2;|)| = 0 and hence we obtain lim,, ||\, |2} | — pn|l, = 0.
By multiplying by u) on the right, we obtain lim, ||A,2} — p,u)ll, = 0. Since
& € Xy, this yields lim,, [ A&z, — iy || = imy, || A2t — pouté;l| = 0 for all 5.

Finally, since lim,, ||z,&; — A&, || = 0, we obtain lim,, i, ||u,&; — &u,|| = 0 for
all j € {1,...,k}. Then (13.2) implies that lim,, ||, u, — @(nun)l|l, = 0. Since
lim,, |2, — pntn|l, = 0, Cauchy-Schwarz inequality yields lim,, |¢(z, — pnun)| = 0.
Therefore, we finally obtain lim,, ||z, — ¢(z,)1]|, = 0. O

Lemma 13.7. Let H be any Hilbert space and S : D(S) — H any closed positive
densily defined operator. Let A € B(H) be any selfadjoint bounded operator which
satisfies

VE € D(S), VA >0, (A€ <||(AS —1)E|I%

Then for every Hilbert space K and every closed positive densily defined operator
T:D(T) — K, we have

VneDISRT), (A®Lnn) <|(SeT—1)n|*
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Proof. Write Ay = {T" : t € R} for the von Neumann subalgebra of B(K') generated
by T. Choose an intermediate maximal abelian subalgebra Ay C A C B(K). Then
we can identify (A C B(K)) = (LOO(X, p) € B(LA(X, u))) for some measure space
(X, p). Since T is affiliated with A = L*°(X, u), the spectral theorem for unbounded
operators (see e.g. [KR97, Theorem 5.6.4]) shows that we can assume that 7' = M,
acts by multiplication on L*(X, 1) by some measurable function f : (X, ) — R,.
Then

D(T) = {g e L*(X, p) : /X |fgl* dp < +<>0}-
Let n = Y% & ® g; be any element in the algebraic tensor product D(S) @ D(T).

Identify H ® K = L*(X, u, H) and regard 7 as a function from X to D(S). Then a
simple computation shows that

(Ao V)= [ (An(a).n(x)) du(z)
and

(ST —1)n)* = / N @)s = 1n@)]* du(z).

xe

Hence, we have
VneD(S)@D(T), ((A@Lnn) < (ST -1l

Since S ® T is the closure of S ® T, for every n € D(S ® T), we can find a
sequence 7, € D(S)©D(T) such that n, — nand (SOT)n, — (SRT)n as n — oo.
For every n € N, we have

(A® 1)0a,ma) < I(SOT — Lmall*.

Therefore we obtain
(Ao Dn,n) < [(S®T —1)n|]?

as we wanted. O]
The proof of Theorem 13.4 follows from the following inequality.

Lemma 13.8. Let M be a full factor. Let p € M, be any spectral gap state. Then
there exists a finite subset F C M, with ap'? = ¢'?a* for all a € F, and a
constant k > 0 such that for any von Neumann algebra N, for any ¢,v € N} and
any z € M @ N we have

12 — Ep(2) |20y < & (Z lza — az|2gy + ||2(p @ V)2 = (9 ® ¢)1/22||2> (13.3)
aEF

where E, = ¢ ®idy : M @ N — N is the normal conditional expectation induced by

Proof. We take ' C M and > 0 as in Lemma 13.6. Let S = AY? and let p be the
support of . Let P € B(L*(M) the projection on Cp'/2. Then (13.1) implies that

VE € D(S), VA>0, (Ag,€) < [[(AS — )¢l

where

1
A= E(JpJ —P)=> la—JaJ|*.

a€F
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Indeed, it is enough to check this inequality for € of the form z¢'/? with z € Mp.
Now, let N be any von Neumann algebra and let 1, ¢ € N. Let T = A;/i We
apply Lemma 13.7 to S and T and we obtain

VneDSRT), (Ao Lnn) <|(S®T—1)|*

Since S ® T = A(lpg¢7@®w and since the orthogonal projection P® 1 : L*(M ® N) —

Cp'/? ® L*(N) satisfies P(2(¢p ® ¢)'/2) = E (2)(p @ ¢)/2 for all z € M @ N, we
finally obtain (13.3). O

Proof of Theorem 13.4. Let ¢ € M, be a spectral gap state. Let (x;);e; be a cen-
tralizing net in Ball(M ® N). Let y; = E,(z;) for every i € I. Observe that (v;)ier
is a centralizing net in N. Moreover, (13.3) shows that lim; ||z; — y;||,ey = 0 for any
state ¢» € N,. This means that (x; —y;)p — 0 strongly as i — oo where p € M is the
support of ¢. Since (z;);es is asymptotically central, this shows that (z; —y;)g — 0
strongly as ¢ — oo for any projection ¢ € M which is equivalent to p. Since M is a
factor, we conclude that x; — y; — 0 strongly as i — oc.

Let ¢ € M, be a spectral gap state and ¥ € N, be any state. Denote by
E,: M®N — N the normal conditional expectation induced by ¢ and let e = p®¢q
be the support of ¢ ® 1 in M ® N. We will show that eN“e = e(M' N (M ® N)“)e.
Assume by contradiction that eN¥e C e(M'N (M ® N)¥)e. Let S be the restriction
of Aésééw)“ to the nonzero Hilbert space L*(e(M’' N (M @ N)“)e) © L?(eN“e). Then
S is a closed positived definite operator. Take some A > 0 in the spectrum of S.
Then, for any € > 0, we can find Z € e(M' N (M ® N)“)e such that || Z|| ey~ = 1,
ES(Z) = 0 and ||[((¢ ® )*)2Z — XZ((¢ ® 1)*)"/?|| < e. This means that for
any finite set F© C M, we can find z € M ® N such that ||z|,0y = 1, E,(2) = 0,
12(p @ )2 = AL (p @ ¥)V22]| < 2A7te and |za — az||,ey < € for every a € F.
This however contradicts Lemma 13.4 if € > 0 is small enough (we apply it with
¢ = A7%). Therefore, we must have e(M' N (M ® N)*)e = eN¥e. Since this holds
for every state ¢ € N,, we get p(M' N (M ® N)¥) = pN* where p is the support of
@. Since M is a factor, this finally yields M'N (M ® N)¥ = N. O

14 Owuter automorphism groups of full factors

Note that a net of unitaries (u;);e; in U(M) is centralizing in M if and only if
Ad(u;) — idys as i — oo. This observation implies the following characterization of
fullness.

Proposition 14.1 ([Co74]). Let M be a factor. Then M is full if and only if the
map
Ad - U(M) = Aut(M)

is open on its range. In that case, Inn(M) is closed in Aut(M) and Out(M) is
Hausdorff.

The following theorem is the key result for all this section. It is a generalization
of a result of Jones in the II; case [Jo81].

Theorem 14.2 ([Mal6b]). Let M be a full factor with a spectral gap state p € M,.
Let V be a neighborhood of the identity in Out(M). Then there exists a finite set
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S C ¥, and a constant k > 0 such that for all z € M and all 0 € Aut(M)\ 7,/ (V)
we have

lzlly < 5 2§ = 0()z]. (14.1)

£es

Before we prove Theorem 14.2, let us mention the following closely related result
of Connes. While Connes’ criterion is very general and does not require any as-
sumption on M, Theorem 14.2 is more powerful in the full factor case since it gives
a uniform inequality with the same state ¢, the same set S and the same constant
k for all automorphisms outside some neighborhood of the identity. This will be
crucial for our applications.

Theorem 14.3 ([Co85, Theorem III.1]). Let M be a factor and let 0 € Aut(M) \
Inn(M). Then there exists a state o € M., a finite set S C X, and a constant > 0
such that for all x € M we have

lzlly < 5 llzg — 0(&)z].

£es

For the proof of Theorem 14.2, we first need two technical lemmas. The first one
strengthens slightly [DM71][Proposition 1].

Lemma 14.4. Let M be any von Neumann algebra. Then the invertible elements
are x-strongly dense in the unit ball of M.

Proof. Let Q = {x € M | ||z]| < 1 and x is invertible}. Let @ be the *-strong
closure of (). It is easy to see by the functional calculus that any normal element in
the unit ball of M is in ). Hence, since @ is stable under multiplication, it is enough,
thanks to the polar decomposition, to show that any partial isometry v € M belongs
to Q. By [DM71][Lemma 1], we can find an isometry v € M and a coisometry w € M
such that u = vw(u*u). Therefore, since () contains all projections and is stable by
adjunction and multiplication, it is enough to show that any isometry v € M is in
Q. By the proof of [DM71][Lemma 2], we can find a sequence of projections p, € M
converging to 1 strongly (hence #-strongly) and partial isometries w,, € M such that
vp, + w, is a unitary for all n. Then let z,, = vp, + %wn € Q. We have z,, — v in
the *-strong topology. Hence v € Q. O

The second lemma uses the factoriality in order to transform a convergence on a
corner into a convergence modulo inner automorphisms. Recall that my, : Aut(M) —
Out(M) is the quotient map.

Lemma 14.5. Let M be a factor. Let p € M be a nonzero projection. Let 6; €
Aut(M), i € I be a net of automorphisms such that 0;(€) — & for all &€ € pL*(M)p.
Then we have 7y (6;) — 1.

Proof. After replacing p by a smaller projection if necessary, we can suppose that p is
part of a system of matrix units (ex)res in M with egg = p. Let x; = 32 0i(exo)eor
where the sum is #-strongly convergent. Then for all £ € L?(M) we have 6;(¢)xz; —
;& = 0. Indeed we have

0:(&)x; = biero)b;(eonéen) e
kol
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and
z:€& = bi(exo)(eonéen)en
kL
Thus we get 0;(§)x;—z;& — 0 since by assumption we know that 6;(egren) — eopern
for all £, 1.

We also note that zfz; < 1 and xfz; — 1 strongly hence |z;| — 1 strongly
and therefore we have |z;/¢ — & — 0 for all £&. Similarly, we have 0;'(|zf]) — 1
strongly and therefore 0;(¢)|z}| — 0;(§) — 0 for all £&. By Lemma 14.4, we can find
a net of invertible elements y; in the unit ball of M such that y; — z; — 0 and
0; ' (y;) — 0; ' (x;) — 0 in the *-strong topology. Then we still have 0;(&)y; — y:£ — 0,
lyil€ — & — 0 and 6;(€)|yf| — 0;(§) — 0. Hence, by writing the polar decomposition
vi = wilyi| = |y} |u; with unitaries u;, we get 0;(&)u; — w;€ — 0 for all & € L?*(M).
This shows that Ad(u;)™' 0 6; — 1 in Aut(M) hence mp(6;) — 1 in Out(M). O

Proof of Theorem 14.2. If the conclusion of the theorem does not holds, then we
can find a net z; € M,i € I and a net 6; ¢ m;;(N) such that ||z;||, = 1 and
;& — 6;(§)x; — 0 for all £ € ¥,. Thanks to Lemma 14.4, we can assume that
every x; is invertible. Note that the net (x;);c; is not necessarily bounded. Let
x; = wilx;| = |z} |u;, wi € U(M) be the polar decomposition of z;.

Forall ¢ € ¥, we have 2,6 —6,;(£)z; — 0 and therefore |z;|{—&|z;| — 0 by Lemma
13.5. Since ¢ is a spectral gap state, we get || |z;| —¢(|zi]) ||, = 0. Since ||z;||, =1
this means that || |z;| — 1||, — 0. Therefore, we get (v; — u;)§ = w;(|z;| — 1) = 0
for all £ € X,,.

Similarly, for all £ € X, we have |z}]6,(§) — 0;(§)|z;| — 0 by Lemma 13.5.
Hence, if we let y; = ;' (z}) then we have |y;|€ — &]y;| — 0 for all £ € X, and thus
| lyi] — 1]|, — 0 for the same reason as before. Therefore, we get (y; — 0; ' (u}))¢ =
0 (u)(|ys] — 1)€ — 0 for all € € B, By taking the adjoint and composing with 6;,
we obtain 6;(§)(x; —u;) — 0 for all £ € .

By combining this with the fact that x;§ — 0;(§)z; — 0, we get w;§ — 0;(§)u; — 0
for all ¢ € X,. Let p be the support of ¢. Then %, is dense in pL*(M)p. Hence,
we really have (Ad(u}) o 6;)(€) — & for all £ € pL?>(M)p. By Lemma 14.5, we get
ma(0;) = mar(Ad(u)) 06;) — 1 in Out(M) which is a contradiction since 7y (6;) ¢ V
forall 7 € 1. O

Let M and N be two von Neumann algebras. Then there exist a unique ho-
momorphism ¢ : Out(M) x Out(N) — Out(M & N) such that o(mp(a), 7n(8)) =
Tysn(a ® B) for all (o, B) € Aut(M) x Aut(N). This homomorphism is always
continuous and injective. When M is a full factor, we obtain the following theorem.

Theorem 14.6 ([HMV16]). Let M be a full factor and N any von Neumann al-
gebra. Then the group homomorphism ¢ : Out(M) x Out(N) — Out(M ® N) is a
homeomorphism onto its range.

Before we prove this theorem, let us point out that it allows us in particular to
compute the 7-invariant of tensor products of full factors. Recall that if M is a von
Neumann algebra then the homomorphism dy; = my; 0 0¢ : R — Out(M) does not
depend on the choice of the faithful normal semifinite weight ¢ on M [Co72]. The
T-invariant of M, denoted by (M), is the weakest topology on R which makes the
map 0y, continuous [Co74]. The following is a direct application of Theorem 14.6.
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Corollary 14.7 ([HMV16]). Let M be a full factor and N any von Neumann alge-
bra. Then for every net (t;)ic; in R, we have

ti >0 wrt T((M®N) ifand onlyif t;— 0 w.r.t. 7(M) and 7(N).

Theorem 14.6 follows easily from Theorem 14.2 when M or N is finite. However
in the general case, one encounters the same difficulty as for Theorem 13.4. Thus
the proof will follow the same pattern.

Lemma 14.8. Let M be a full factor and let ¢ € M, be any spectral gap state.
Let V be a neighborhood of the identity in Out(M). Then we can find a finite set
F C M, with ap'’? = ©'2a* for all a € F, and a constant k > 0 such that for all
v €M, all 0 € Aut(M) \ 73/ (V) and all X > 0 we have

[l < & (Z lza = (a)a]|?, + o' M(@)”Qﬂl?) : (14.2)

acel

Proof. By Theorem 13.2 and Theorem 14.2, we can find a finite set S C X, and a
constant x > 0 such that for all # € M and all § € Aut(M) \ 7, (V) we have

lz — (), < kY l|lwg — &x], (14.3)
£es
and
zll, < &g —0(8)x|. (14.4)
£es

We can always assume that all the elements of S are self-adjoint. Write S =
{&,...,&). Let & = @Y% For all j € {1,...,k}, let a; = £~ Y2 so that & =
a;, = §,a;. We will show that ' = {ay,...,a.} satisfies the desired inequality.
By homogeneity, it is sufficient to prove that for all sequences x,, € M, A\, € R,
and 6,, € Aut(M)\ 73/ (V) (n € N) such that lim,, ||z,a; — 0,(a;)x,||, = 0 for every
j€{1,...,k} and lim, ||z,0Y? — X\.0,(9?)2,]| = 0, we have that lim,, [|2,]|, = 0.

Put p, = ||7.]l, € Ry for every n € N. Since lim,, ||2,0"% — A0, (%), || = 0,
we have that limy, [, — M|, (25) |lo] = limy, [, — M\a]|0n(Ep)2nll] = 0. For every
n € N, write z,, = up|x,| = up|vn|u) u, = |x}|u, for the polar decomposition of
x, € M. For every j € {1,...,k} and every n € N, we have

20&5 = A (E)nll = [[(@na; — Onlaz)zn)e"? + 0n(a;) (@9 = X ("))
< Hxnaj - Qn(aj)xnnso + Hxn‘zpl/2 - Anen(Qpl/Q)%LH'

Thus, we obtain lim,, ||z,&; — A\, (&;)z,|| = 0 for every j € {1,...,k}. By Lemma
13.5 applied to “£ = ¢;” and “n = A\,.0,(&;)”, we get

22ng; — Mabn(E)nll* 2 zal€s — &ilanlII* + [ An(l2710n (&) — On (&) an D™

Hence we obtain lim,, |||2,|{;—&;|z,||| = 0 and lim, .|| 6, (Jz5 )& —&,6, H(|2%])]| = 0
for every j € {1,...,k}. Then (14.3) implies that lim, |||z, | — ¢(Jzs|)1|l, = 0 and
limy, An (167 (J271) — @0 (|3 ])) Ll = 0.

Since |||z,]]|, = Hxn“(p pn, for every n € N and since lim,, |||z,| — ¢(|zn|)1], =
0, we have lim, |p, — ¢(Jz,|)] = 0 and hence we obtain lim, |||z,| — p.], = 0.
Therefore, by multiplying by w, on the left, we obtain lim,, ||z, — p,u,|, = 0 and
since §; € X, we get lim,, [|2,§; — poung;l| =0 for all j € {1,...,k}.
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Likewise, since lim,, [p, — M\o]|0, (25) ||| = 0 and since lim,, [ A\,0,, ' (|2])— )\n@(
0, we have lim,, |, —A0(6,1(|2%]))| = 0. This in turn implies that lim,, | \,0,* (|xn|)
pnll, = 0. By multiplying by 6, (u?) on the left, we obtain lim, ||\,60, " (z}) —
w0, (u)|l, = 0 and since & € X, we get lim, [[A0,(&)Tn — 0n(&) pntn] =
b (206 — pnf ()& l] 0 for all j € {1, k}.

Since lim,, Hxn§ Anbn (&) || = 0, we obtain lim,, p, [[un&; — 0,(&;)un|| = 0 for
all 7 € {1,...,k}. Then (14.4) implies that lim, ||p,u,|l, = 0. Since lim, ||z, —
Hnlin||, = 0, we obtain lim,, ||z,||, = 0 as we wanted. O

Lemma 14.9. Let M be a full factor and ¢ € M, any spectral gap state. Let )V be
a neighborhood of the identity in Out(M). Then there exists a finite subset F' C M,

with ap'’? = ©'2a* for all a € F and a constant k > 0 such that for any von
Neumann algebra N, any ¢, € NF, any z € M@ N and any 0 € Aut(M)\ 7} (V)
we have

||z||i®¢s»e(zuza ()2 + 1206 0 )2 <<so>®¢>1/2z|rz). (14.5)

a€eF

Proof. We take F C M and x > 0 as in Lemma 14.8. Take 6 € Aut(M) \ 73/ (V).
Let S = Aé{; and let p be the support of ¢. Then (14.2) implies that

VE € D(S), VA>0, (Ag,€) < [[(AS — 1)¢|?,

where
A= prJ > 16(a) — JaJ .
acl
Indeed, it is enough to check this inequality for £ of the form x¢'/? with z € Mp.
Now, let N be any von Neumann algebra and let ¢, ¢ € NI. Let T = Al/ ° We
apply Lemma 13.7 to S and T and we obtain

VneD(S®T), (AoLnn) <|[(SeT—1)|*

Since S®@ T = A1/2 we finally obtain (14.5). O

P)RP,pRY?

Proof of Theorem 14.6. We have to show that for any net (o; ® §;)ier in Aut(M) x
Aut(N) such that 7yzy(;®5;) = 1in Out(M®N) as i — oo we have my(a;) — 1
in Out(M) and 7y (f5;) — 1 in Out(N) as i — co. We can always assume that I is
large enough so that there exists a decreasing net (W;);er of *-strong neighborhoods
of 0 in NV which is cofinal, meaning that for every x-strong neighborhood W of 0 in
N there exists ¢ € I such that W, C W.

First, we prove that my(a;) — 1 in Out(M) as i — oo. Assume by contradiction
that this is not the case. Then there exist an open neighborhood V of 1 in Out(M)
and a subnet (o;);es such that my(a;) ¢ V for every j € J. Let ¢ € M, be
a spectral gap state and let ¢ € N, be any state. Since mygy(o; ® 5;) — 1
in Out(M ® N) as j — oo, there exists a net (u;)je; in U(M ® N) such that
Ad(u;) o (o ® B;) = idyzn in Aut(M ® N) as j — oco. In particular, we have
lim; ||uja — aj(a)ujllpey = 0 for every a € M and lim; |luj(p @ 1)Y2 — (aj(p) ®
B; (1)) ?u;]| = 0. Since ||u;| 0 = 1 for every j € J, this contradicts Lemma 14.9.

Secondly, we prove that my(5;) — 1 in Out(N) as ¢ — oo. Since we do not
assume that N is a full factor, this require a bit more work then the first part.
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Since (o) — 1 in Out(M) we have that myzy(; ® idy) — 1 in Out(M ® N)
as i — oo. By assumption, mygn(a; ® 8;) — 1 in Out(M ® N). Thus, we also
have mygn(idy ® 5;) — 1 in Out(M ® N) as i — oo. Hence there exists a net
(v3)ier in U(M ® N) such that Ad(v;)~! o (idy ® 3;) — idyzy in Aut(M ® N) as
i — 0o. Write y; = E,(v;) € Ball(N) for every i € I. By using Lemma 14.4, we can
find for every i € I an invertible element x; € Ball(N) such that y; — z; € W; and
B H(yi) — B; H(xi) € Wi Then we have 2; — y; — 0 and 8; *(y;) — 8; '(2;) — 0 in
the x-strong topology as i — oo. Let z; = w;|z;| be the polar decomposition of x;
with u; € U(N). We will show that Ad(u;)~! o 8; — idy in Aut(N) as i — oo. For
this, it is enough to show that lim; ||u;1)"/? — B;(1)"/?u;|| = 0 for any state ¢ € N,.

First, since Ad(v;) ™! o (idy ® ;) — idygn in Aut(M ® N) as ¢ — oo, we have
lim; [|v;a—av;|| oy = 0 for every a € M and lim; ||v;(p®1)Y2 — (@B ()2, = 0.
Then Lemma 13.8 implies that lim; ||v; — ;]| oy = 0. Since v; is a unitary, this means
that lim; [|zlly = lim; [[gilly = 1. Since lim; [lv;(p @ ¥)'/? — (¢ @ Bi(¥))vil| = 0,
by applying the orthogonal projection P ® 1 : L*(M ® N) — C¢'/? ® L*(N), we
also have lim; ||y;v"/2 — B;(¥)?y;]| = 0 and thus lim; ||z;10'/2 — Bi(v))2x| = 0. In
particular, we obtain lim; ||3; ! (z¥)|l, = lim, [|2|l, = 1. Since z; € Ball(N), this
easily implies that lim; ||z; — wl|y = lim; || 3; (2 — u})||¢ = 0. This, combined with
lim; ||z;901 /% — B; (1) 22| = 0, gives lim; |lup/? — B;i(¥)?u;]| = 0 as we wanted.
This finally shows that 7y (5;) — 1 in Out(N) as i — 0. O

Remark 14.10. Fix M a semifinite factor and p a nonzero finite projection in M
and let ¢ be the trace of pMp.

Suppose that M is full and let V be a neighborhood of the identity in Out(M).
Then Lemma 14.8 shows that we can find a finite set F' C pMp and a constant
x > 0 such that for all § € Aut(M) \ 73/ (V) and all z € M we have

lzll, < & > llva = (a)z],.

a€F

Indeed, this follows from (14.2) applied with A\ = mod(§)~/2.

We point out a striking difference with Theorem 14.3. Indeed, when M is not
full, it is not true in general that for any § € Aut(M) \ Inn(M), we can find a finite
set ' C pMp and a constant x > 0 such that for all z € M we have

lzll, < & > llva = 6(a)z],.

a€eF

A counter-example can be obtained by taking M the hyperfinite II, factor and 6 an
automorphism of M with mod(#) # 1. Then one can find a nonzero partial isometry
v € M* such that va = 6(a)v for all a € M.

15 Fullness of crossed products

In this section, we investigate fullness of crossed product factors. We will need
the following notion.

Definition 15.1. Let M be a factor. Let 0 : G — Aut(M) be a continuous action
of a locally compact group G. We say that o is

(i) Outer if the induced map my; o 0 : G — Out(M) is injective.
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(ii) Fully outer if the induced map mp 00 : G — Out(M) is a homeomorphism on
its range.

Theorem 15.2 ([Jo81, Mal6b]). Let M be a full factor and let o : T — Aut(M) be
a fully outer action of a discrete group I'. Then M x, I is a full factor.

Proof. Since o is outer, then M x, I is a factor. Since o is fully outer, we can find a
neighborhood of the identity V C Out(M) such that mp(g) ¢ V for all g € I'\ {1}.
Choose a spectral gap state ¢ € M,. Let E: M x, " — M be the canonical faithful
normal conditional expectation and use it to lift ¢ to a state on M x, I'. We will
show that ¢ is a spectral gap state of M x, I'.

By Theorem 13.2 and Theorem 14.2, we can find a finite set S C X, and a
constant x > 0 such that for all # € M and all § € Aut(M) \ 7,/ (V), we have

lz = (@)l < £ l|lo€ — &a||?

£es

and

=l < £ > 2§ = 0(E)EN™

£es
Taje v € M 4, G. Let 29 = E(ujz) € M for all g € I'. Then we have
1E(z) — (@)l < 53 [E(2) — EE)|*

£es

and

Vg e T\ {1}, [l2?lf5 < KD [J2%€ — 042 (§)27|?
£es

Now, since for all £ € S, we have
o€ — €x[|* = [|[E(2)€ — EE@)[* + Y [29€ — og-1(£)2?]%,
g€r\{1}
and since
[ = @@ = |E(@) = ¢@)[5 + |z = E@)I5 = [E(z) —e@)Z+ > [l=]3,
gern\{1}
we conclude that for all x € M x, I', we have

lz = p(@)I5 < k3 llog —&af”

¢es
This shows that ¢ is a spectral gap state for M x, G. Hence M x, G is full. m

Theorem 15.3. Let M be a factor and o : T' ~ M an action of a discrete group I.
Suppose that M is not full and that I is amenable. Then we can find a nontrivial
bounded centralizing net (x;)ier in M such that o,(x;) — x; — 0 strongly for all
gel.

Lemma 15.4. Let M be a II; factor and let o : I' ~ M be an action of a dis-
crete group I'. Suppose that every bounded central net (x;);cr in M which satisfies
lim; ||og(x;) — xill2 = 0 for all g € T is trivial. Then there exists a finite set of
unitaries S C U(M), a finite set K C T', and a constant k > 0 such that for all
x € M we have

[l = 7(2)[l2 < & (Zg [uz — zull; + 2;{ log(z) — $|l2)
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Proof. Let N =M x,I'. Let ¥ =U(M) U{u, | g € I'} C N. A direct application
of Theorem 12.2 shows that we can find a projection p € M with 7(p) > %, finite
sets S CU(M) and K C T, and a constant £ > 0 such that for all z € pMp with
7(x) = 0 we have

[z < & (Z Ip(uz — zu)pllz + 3 lIp(ugz — xug)pllz)
u€eS geK

Let v =2p—1 € U(M) and let w € U(M ) be any unitary which satisfies w(1—p)w* <

p. Let 8" = SU{v,w}. Then it is not hard to check that there exists some constant

k' > 0 such that for all z € M we have

lz = 7(@)ll2 < & (Z luz = zullz + 3 llog(x —sz)

ues’ geK

O

Proof of Theorem 15.3. First we deal with the case where M is a II; factor. Since
M is not full, we can find a net (p;);e; of nonzero projections p; € M such that
lim; p; = 0 and lim,; %HupZ —piully =0 for all u e Y(M). Fixe >0and K CI' a
finite subset. Then, since I' is amenable, we can find F' C T" such that [gFAF| < ¢|F|
for all g € K. Let

. 1/2
T; = (W’(})Z) > ag(pi)) eM

geF
Note that ||z;||2 = 1 for all 7 and lim, T(:EZ) = 0. We also have

Z log (w)pi — piog " ()]l — 0

geF

s =} < s’ 2y < s

Moreover, for all g € K, we have

FAF|
7|l < L <
| F|

log(w:) — 3l < llog(7) -

This contradicts the conclusion of Lemma 15.4. Hence, the theorem is proved when
M is a II; factor.

Now, we deal with the general case. Since M is not full, we can find a cofinal
ultrafilter w on some directed set I such that M, is diffuse. Let 7 be the canonical
trace of M, and let o, : I' ~ M, be the trace preserving action of I' induced by o. To
prove the theorem, it is enough to construct a nontrivial bounded asymptotically I'-
invariant net in M,,. If the restricted probability measure preserving action Z(o,,) :
' ~ Z(M,) is not strongly ergodic, then we are done. On the other hand, since I'
is amenable, if the action Z(o,,) is strongly ergodic, then it must be conjugate to
a transitive action of I' on some finite set. Let e be a minimal projection in Z(o,,)
and consider the restricted action 7 : H n e(M,,)e where H < I' is the stablizer
of e (which is of finite index in I'). Since e(M,,)e is a II; factor, the first step of
the proof applies and we can find a nontrivial bounded net (z;);c; in e(M,,)e which
is asympotically H-invariant. Now, take a finite set /' C I' such that the cosets
gH, g € F form a partition of I'. Then o,4(e), g € F is partition of unity in Z(M,,).
Define y; = > cp 04(x;) for all j € J. One checks easily that (y;);cs is a nontrivial
bounded asymptotically I'-invariant net in M,,,. O
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Theorem 15.5. Let M be a factor and let o : I' ~ M be an outer action of a
discrete group I'. Assume that T is abelian. Then M x, T is full if and only if M is
full and o is fully outer.

Proof. The if direction is precisely Theorem 15.2. Let us prove the other direction.
Since I' is abelian hence amenable, it follows from Theorem 15.3 that M must
be full. Let us show that o is fully outer. Assume this is not the case. Then
there exists a net (7;)ier in I' \ {1} such that m,(0,,) = 1 in Out(M) as i — oo.
Then there exists a net of unitaries (u;);er in U(M) such that Ad(w;) o 0, — idpy
in Aut(M) as i — oo. Since I' is abelian, for every v € T', we have still have
Ad(o,(w;)) 0 0y, — idps in Aut(M) as i — oo. This further implies that for every
v €TI', we have Ad(u;0.(u})) — idps in Aut(M) as i — oo.

Fix a cofinal ultrafilter w on I. Since M is full and hence M, = C, there exists
a mapping g : I' — T such that for every v € I', we have that w;o,(u}) — g(v)
strongly as i — w. It is easy to see that g : I' — T is a group homomorphism which
means exactly that ¢ is an element of the dual compact group G = r.

Let N = M x, I'. For every v € I', denote by v, the implementing unitary
in N. We denote by ¢ : G ~ N the dual action of ¢ characterized by 6,(z) = =
for all z € M and 64(v,) = (g,7v)v, for all v € I'. Let us show that ¢ = 1¢ and
Ad(u;v,,) — idy in Aut(N) as i — w.

Firstly, we have that Ad(u;)(v,) = wv,u; — (g,7) vy = 04(v,) strongly as i = w
for every v € I'. Since I' is abelian, this further implies that Ad(w;v.,)(v,) = 74(v,)
strongly as i — w for every v € I'. Since Ad(u;) o 0, — idy in Aut(M) as i — oo,
we have that Ad(w;v,,)(z) — x strongly as i — oo for every x € N. This altogether
implies that Ad(u;v,,) — 7, in Aut(N) as ¢ — oo. Since N is full, Inn(N) is closed
in Aut(/N) and this implies that there exists u € U(N) such that 6, = Ad(u). For
every © € N, since ,(z) = z, we have uru* = z and hence u € M’ N N. But
M' N N = C because o is outer. Thus, u € T and hence §g = idy which implies
that g = 1¢. We finally have that Ad(uv,,) — idy in Aut(N) as ¢ — w. Hence
(wivy, ) € N,. Moreover Ey(u;v,,) = 0 for all i € I because y; € I'\ {1}. This
shows that N, # C contradicting the fullness of N. O

Corollary 15.6 ([Mal6h]). Let M be a factor of type 111;. Then c¢(M) is full if and
only if M is full and 7(M) is the usual topology on R.

Proof. First note that an action of R on a full factor M is fully outer if and only if
its restriction to Z is fully outer. Let 6 : R} ~ ¢(M) be the trace scaling action.
Let 1 be any faithful normal weight on M and let o¥ : R ~ M be its modular flow.

Fix A > 0 and let T = 102’{/\). It follows from Takesaki’s duality that M x_u Z is
T
isomorphic to ¢(M) X, Z. By applying Theorem 15.5, we know that c¢(M) x4, Z is

full if and only if ¢(M) is full and @ is fully outer, while M x_y Z is full if and only
T

if M is full and oV is fully outer. But 6 is always fully outer and o¥ is fully outer

precisely when 7(M) is the usual topology. Hence, we conclude that ¢(M) is full if

and only if M is full and 7(M) is the usual topology. ]

16 Unique McDuff decomposition

In this section, we give an application of Theorem 13.4 to obtain a unique McDuff
decomposition result.
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Following [McDG69, Co75a], we say that a factor M with separable predual is
MecDuff if it absorbs tensorially the hyperfinite type II; factor R, that is, M =
M ® R. We introduce the following terminology.

Definition 16.1. Let M be any McDuff factor with separable predual.

(i) We say that M admits a McDuff decomposition if there exist a non-McDuff
factor M and a non-type I amenable factor P such that M = M ® P.

(i) We say that M has a unique McDuff decomposition if the above decomposition
M = M & P is unique up to stable unitary conjugacy (see Definition 26.1).

Note that there exists McDuff factors with separable predual which do not admit
any McDuff decomposition as Corollary 20.7 shows.

The class of McDuff factors with separable predual that admit a unique McDuff
decomposition is well understood in the type II; case. Indeed, by a theorem of Popa
(see [Po06, Theorem 5.1]), if M is a full factor of type II; with separable predual
and R is the hyperfinite type II; factor, then the tensor product factor M ® R
has a unique McDuff decomposition. Conversely, by a theorem of Hoff (see [Hol5,
Theorem B)), if M is a McDuff factor of type II; with separable predual and with a
unique McDuff decomposition M = M ® R, then its non-McDuff part M must be
full.

We extend this characterization of McDuff factors with a unique McDuff decom-
position to type III factors.

Theorem 16.2 ( [HMV16]). Let M be any McDuff factor with separable predual.
The following conditions are equivalent:

(i) M =M® P, where M is a full factor and P is a non-type I amenable factor.
(ii) M has a unique McDuff decomposition.

Proposition 16.3. Let M be any McDuff factor with separable predual and with
two McDuff decompositions M = M; ® P, = My ® P,. The following conditions are
equivalent:

(i) My < Ms.
(ii) (M, P1) and (M, Py) are stably unitarily conjugate.

Proof. (i) = (ii) By Proposition 26.3 (v), we know that there exists a tensor product
decomposition My = C' ® D such that (M, P) ~o (C,D ® P;). Hence Py is
stably isomorphic to D ® P, and therefore D is amenable. But My, = C' ® D is
not McDuff, hence D must be type I. Therefore, by Proposition 26.3 (ii), we have
(C,DRP,) ~oo (CRD, Py) = (Ms, P). Finally, by Proposition 26.3 (i), we conclude
that (Ml, Pl) ~oo <M27 PQ)

(ii) = (i) follows from Proposition 26.3 (v). O

Proof of Theorem 16.2. (i) = (ii) Assume that M has a McDuff decomposition
M = M ® P where M is a full factor and P is a non-type I amenable factor. Fix a
faithful normal conditional expectation Ep : M — P. Let M = My® F, be another
McDuff decomposition. We want to show that these two decompositions are stably
unitarily conjugate. By Proposition 16.3, it suffices to show that M <, M,.
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Assume first that P, is of type III;. Then Py = R, is the unique Araki-Woods
factor of type III; [Co75b, Co85, Ha85] and hence we can write Py as an infinite
tensor product

(PO’ QO) = ®n€N(M2(C> ® MQ((C)vWM & W>\2> (16'1)

where 0 < A\, A2 < 1, }gi:\\; ¢ Q and wy, = ﬁTrMNC)(diag(l,)\i)) for every i €
{1,2}. Then ¢ € (F). is an almost periodic faithful state satisfying ((F),) NPy =
C1. Indeed, (16.1) implies that (P, ¢) = (Ra,, ©x,) @ (Ry,, ¢a,) Where Ry, is the
Powers factor of type IILy, for every i € {1,2}. Since ((Ry,),, )Ny, = C1 for every
i € {1,2} and since (R, )y, @ (Rr,)ey, C (Fo)y, we indeed have ((Fy),) NPy = C1
(see also [Ha85, Example 1.6]). For every n € N, define the finite dimensional unital
s-subalgebra Q,, C Ry by @, = ®p—_o(M2(C) @ My(C),wy, ® wy,). We show that
there exists n € N such that (Q), N Fp), <um P.

Assume by contradiction that (@), N Py), Am P for every n € N. By [HI15,
Theorem 4.3 (5)], we can find a sequence u,, € U((Q], N ),) such that Ep(u,) — 0
strongly as n — co. Fix a nonprincipal ultrafilter w € §(N)\N. By construction, we
have (u,)* € M,,. Hence we must have (u,)* = (Ep(u,))* by Theorem 13.4. This
contradicts the fact that (Ep(u,))” = 0. From this contradiction, we deduce that
there exists n € N such that (Q/, N Fy), <am P. Since (Q), N Py, ¢|qrnp,) = (Fo, 9),
we have ((Q, N Ry),) N M = My® Q,. Then [HI15, Lemma 4.9] implies that
M <pm My ® Q. Since @, is a type I factor, [HI15, Remark 4.2 (2) and Remark
4.5] imply that M < My. Assume now that Py is any non-type I amenable factor.
Then we can consider MR, = MR (P®Ry) = My®(Py® Rs). Since Py® R is
of type I1I; by [CT76, Corollary 6.8] and amenable, we can apply the result obtained
in the previous paragraph and we obtain M ® Clg, <yzg., Mo ® Clg,. Hence,
by Lemma 26.2, we finally obtain M < M.

(ii) = (i) Assume that M is a McDuff factor with separable predual and with
a McDuff decomposition M = M ® P where M is not McDuff and P is any non-
type I amenable factor. Assuming that M is not full and following the proof of
[Hol5, Theorem BJ, we show the existence of ¥ € Aut(M) such that ¥(P) Ay P.
By Proposition 16.3 and Proposition 26.3, this will prove that M has two McDuff
decompositions that are not stably unitarily conjugate.

Since M is not full, [HU15, Theorem 3.1] shows there exist a diffuse abelian
subalgebra B C M with faithful normal conditional expectation Eg : M — B and
an M-central sequence of mutually commuting projections (g, )nen in B such that
Gn — % weakly as n — oo. Choose a faithful state ¢ € M, such that ¢ o Eg = ¢.
Since P is a non-type I amenable factor, P is McDuff (by combining results in
[CoT72, Co75b, CT76, Co85, Hal85]) and we may write P = Py ® R where R is the
hyperfinite type II; factor and Py = P. Observe that M = M ® Py ® R. Choose
any faithful state ¢y € (Fp), and put ¢ = ¢ ® ¢g @ T € M,.

Write (R, 7) = Qn(M2(C), Trmy (c))- Let m, : My(C) — R be the trace preserv-
ing embedding at the n-th position and put

10 0 1
Pn = Tn <<0 O))’ Un:7rn<<1 0))7 wnzl_zann

By construction, (w,)nen is a sequence of mutually commuting unitaries in U (M.,).
Moreover, since w; = w, for every n € N and since (w,)nen is a centralizing se-
quence, we have that Ad(w,) — idy in Aut(M) as n — oo. Since M has separable
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predual, Aut(M) is a Polish group. Fix a complete metric d on Aut(M) compatible
with the u-topology. We may choose inductively a subsequence (w,, )ren such that
Wy, = Wo and

d(Ad(wpg - - Wy, ), Ad(Wng -+ - Wy, ) < 9~ (k1)

for every k € N. Put W, = wy, -+ wy, € U(M,,) for every k € N. The triangle
inequality yields d(Ad(W,), Ad(W,)) < 277 for all ¢ > p and hence (Ad(W}))pen
is a Cauchy sequence in Aut(M). Since the metric d is complete on Aut(M), the
sequence (Ad(W),))yen converges to ¥ € Aut(M) with respect to the u-topology.

Observe that we now have a new McDuff decomposition M = U(M) = V(M) ®
U(P). It remains to prove that ¥(P) £ P. Note that Wyv,, Wy = (1—2pp, gn,, )Vn, (1—
200, Gny,) = (1 = 2qy, )y, for all £ > k and hence ¥(v,,) = (1 — 2¢y,, )v,, for every
k € N. In particular, for every x € M, we have

[Ep(z¥(vn,))lle = [Ep(2(1 = 2¢n, )vn,)ll,
= |Ep(x(1 — 2¢n,))vn, |l, (since v,, € U(P))
= [|Ep(2z(1 = 2¢.,))lle (since vy, € UM,))
= |o(z(1 — 2gn,))|-

Since g, — 3 weakly as k — oo, we have that limy ¢(z¢,,) = 3¢(x) and hence
lim [[Ep(¥(v,)]l, = Jim [o(x) — 2p(rg,,))| = 0.

Since (¥ (vp,))ken is moreover a centralizing sequence in M, we obtain that
lim |Ep (27 (v, )y) [l = lim [[Ep(27y ¥ (0n,)) |, = 0

for all z,y € span(M - P). By Theorem 23.11, we obtain that W(R) A, P. Finally,
since U(R) C V(P), we conclude that W(P) A\ P. O

Part IV

Stable equivalence relations and
McDuff factors

This chapter is based on the article [Mal7b]. It is motivated by the following
conjecture.

Conjecture 16.1. Let M and N be type 11, factors with separable predual. Suppose
that M @ N = M ® N ® R where R is the hyperfinite type 11, factor. Then we have
MZM®R or NEN®R.

The type II; factors with separable predual satisfying M = M ® R are called
MecDuff factors [McDG69]. By analogy, Jones and Schmidt called an ergodic type II;
equivalence relation R stable if it is isomorphic to R® R where Ry is the hyperfinite
ergodic type II; equivalence relation [JS87].

Our main results are new “spectral gap like” characterizations of McDuff factors
and stable equivalence relations. As an application, we solve the analog of conjecture
16.1 for equivalence relations. We also give some partial results in the von Neumann
algebraic case.
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17 A local characterization of stable equivalence
relations

The notion of stable equivalence relation was introduced and studied by Jones
and Schmidt in [JS87] by analogy with McDuff’s work [McDG69]. In particular, they
obtained the following characterization.

Theorem 17.1 ([JS87]). Let R be an ergodic measure preserving equivalence rela-
tion on a probability space (X, ). Then R is stable if and only if for every finite
set K C [[R]] and every e > 0, there exists v € [[R]] such that

vt +vtv =1,
Vue K, |vu—uvly <e.

The conditions v? = 0 and vv* + v*v = 1 just mean that v generates a copy
of the unique transitive equivalence relation Sy on {0,1}. The condition Yu €
K, |lvu —uv||s < € means that this copy must be almost central.

The main theorem of this section strengthens this characterization by removing
the condition vv* + v*v = 1, thus allowing v to be arbitrarily small. The proof
is based on a maximality argument inspired by [Co75b, Theorem 2.1] and [Co85,
Theorem 2.

Theorem 17.2 ([Mal7b]). Let R be an ergodic measure preserving equivalence
relation on a probability space (X, u). Then R is stable if and only if for every finite
set K C [[R]] and every e > 0, there exists v € [[R]] such that

Vue K, |lvu—uv|a <elv]s.

Proof. Suppose that R satisfies this condition. First, we claim that every corner of
R also satisfies this condition. Suppose this were not the case. Then we can find
a finite set K C p[[R]]p and a constant £ > 0 such that for all v € p[[R]]p with

v? = 0, we have
[l < % Y [lou — wvlf3.
ueK

Since R is ergodic, we can find a finite set S C [[R]] such that 3, cs w*w = p* and
ww* < p for all w € S. Then, for every v € [[R]], we have

[oll5 = llpvll3 + D flwoll3
weS

and for all w € S, we have
[wv]|32(lwe — vwll3 + [[vw]]3) < 2([we —vw|3 + [lup3)-
Hence, we obtain

[oll3 < 21S|(lvpll3 + [lpvll3) +2 3 lwv —vwl)3.
weS
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Moreover, we have

lpvll3 + lvpllz = llpv — vpllz + 2[lpopllz,

hence
[oll3 < 2[Sllpv — vpll3 + 4|S|llpvpll3 + Y [lwo — vwl]3.
weSs

Since v? = 0, we also have (pvp)? = 0. Thus, by assumption, we have

lpvplls < %) [[(pvp)u — w(pop)|l3 < & D [lou —uvlf3.
ueK ueK

Therefore, we finally obtain

[v]l5 < 2[S|[lpv — wpll5 +4[S|k D lvu —woll3 +2 D lwo —vwlf3.
ueK weS

This shows that R does not satisfy the condition of the theorem. Hence the claim
is proved.

Now, we use a maximality argument to show that our condition implies the
condition of Theorem 17.1. Let uy,...,u, € [[R]] be a finite family and let ¢ > 0
and ¢ = 4e. Consider the set A of all (v, Uy, ...,U,) € [[R]]"™ such that

— 02 =0.

— [Uk,vv* +v*v]=0forall k=1,... n.

— Uy, — Upv|la < |||z for all k =1,...,n.

— Uk = ugll2 < d][v]l2.
Recall that d(v,w) = ||[v — w||? is a distance on [[R]]. On A put the order relation
given by

(0,U,...,Uy) < (v, UL,...,U")

if and only if v < o' and ||U], — U2 < 82(||v']|3 — ||v||3) for all k = 1,...,n. Then A
is an inductive set because of the completeness of ([[R]],d). Let v € A be a maximal
element. Suppose that ¢ = vv* + v*v # 1. Thanks to the claim we proved, we can
find a nonzero element w € ¢*[[R]]g*, with w? = 0 such that

|wUy, — Upwl|2 < ellw]|2

[wUg = Ugwllz < eljwl]]
forall k=1,....,n.
Now, let

— p=ww* 4+ ww

— U =pUsp + p*Upp*

— v =v+w

— ¢ =)+ W)V =q+p
Note that (v')? = 0 and [U}, ¢'] = 0 for all k. We also have

WU = Up'll5 < vl = Ugoll; + [wUi = Ugwll; < €*loll5 + ¥ flwll; = 2[l']l5-
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Moreover, we have

105 = Uklla = I [Uk, pllI2
< Uk w2 + [[[Ur, w*w]|l5
= [0k, ww® + w[Uy, w*][l2 + [[[Ug, w*]w + w* U, w]||5
< 2([|[[U w]lla + [I[Ux; w7]ll2)
< defwll

Since ||v/||2 = ||v]|2 + |Jw]|3, this implies that
10 = Ukllz < a* (V112 = [[vll2)
and using the fact that d is a distance, we also get
U — uallz < 11U = Unllz + 10Uk — urll3 < 0*[V/]13.

Therefore v € A and v < v’. This contradicts the maximality of v. Hence we must
have v*v 4+ vv* = ¢ = 1. Finally, since

lvue — wpvll2 < [[vUx — Urvll2 + 2[| Uk — wlf2,

||UUk — UkUHQ S g

and
||Uk — ung S 5 = 46,

we conclude that
|lvug — ugvlls < 9e.

Since such a v exists for every € > 0 and every finite family wuy,...,u,, we have
proved that R satisfies the condition of Theorem 17.1, hence it is stable. O

Theorem 17.2 can be stated in a form which looks like a spectral gap.

Corollary 17.3. Let R be an ergodic measure preserving equivalence relation on a
probability space (X, ). Then R is not stable if and only if there exists a finite set
K C [[R]] and a constant k > 0 such that

lop = pvlla < & D Jluv — vulla + [lup — pul2
ueK

for all v € [[R]] and all p € P(X).

Proof. Suppose that there exists a a finite set K C [R] and a constant £ > 0 such
that

lop = pvlla < & D Jluv — vulla + lup — pul2
ueK

for all v € [[R]] and all p € B(X). Let v € [[R]] such that v* = 0 and take p = v*v.
Then we get

0]l = [lop = pvlla < & D [luv — vulls + [Jup — pullz
ueK
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and since ||lup — pulls < ||[vu — w2 + [Jvu* — u*v||z for all w € K, this shows that
the criterion of Theorem 17.2 is not satisfied, hence R is not stable.

Conversely, if R is not stable then by Theorem 17.2, there exists k > 0 and a
finite set K C [[R]] such that

vl < 5D flow — w2
ueK
for all v € [[R]] with v = 0. Now take any v € [[R]] and any p € B(X). Since
(pupt)? = (ptup)? = 0, then we get

[lpv —vpll2 < |lpop™|l2 + I vp|2

<k Y |lpopt)u — ulpop™) |2 + [|(p vp)u — u(pop)|-
ueK

<K Z lvu — uvl|2 + 2[[pu — up||2-
ueK

This is what we wanted. O

18 Stable product equivalence relations

The following theorem is the main application of the previous characterizations
of stable equivalence relations.

Theorem 18.1. Let R and S be two ergodic p.m.p. equivalence relations. Then the
product equivalence relation R @ S is stable if and only if R is stable or S is stable.

For the proof, we need to explain the currying procedure which allows us to
decompose any element of [[R ® S]] as a function from R to [[S]].

First, recall that for any projection p € B(X ®Y'), there exists a unique measur-
able function px : X — B(Y) such that p(z,y) = (px(z))(y) for a.e. (z,y) € XQY.
This function py is called the curried form of p over X.

Now, let R be a p.m.p equivalence relation on a probability space (X, u). We
denote by ji the canonical faithful semifinite measure on R induced by p. Then
L*(R) = L*(R, ji) can be identified with the canonical L*-space of L(R). For every
r € L(R), we denote by Z the corresponding vector in L*(R). If v € [[R]], then @ is
just the indicator function of the graph of v. Let S be a second p.m.p. equivalence
relation on (Y,v). Then, for any v € [[R ® S]], there exists a unique measurable
function vg : R — [[S]] which satisfies

o(x, 2"y, y) = vr(x,2")(y,y)

for a.e. (z,2',y,y') € R®S. The function vg is called the curried form of v over
R.
For all v,w € [[R ® S]] we have the following formulas

(vw)r(z,2") = Y vr(z, 2 )wr(, ")
'~

for a.e. (x,2”) € R.

This applies in particular to any projection p € PB(X ® V) C [[R ® S]]. In that
case, the curried form pr of p over R is supported on the diagonal and is given by
pr(x, ) = px(z) for a.e. v € X.
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Proof of Theorem 18.1. Clearly, if R or § is stable then R ® § is also stable. Now,
suppose that R and § are not stable. Then, by Corollary 17.3, we can find a constant
k1 > 0 and a finite set K; C [R] such that for all v € [[R]] and all p € B(X) we
have

lop — pvll3 < k1 D Jlow — w3 + |lpu — up|3.
ue Ky

Similarly, we can find a constant k3 > 0 and a finite set Ky C [S] such that for all
v € [[S]] and all f € P(Y) we have

lop — poll3 < &2 D flow — woll3 + |lpu — up|[3.
ueKo

Now, let v € [[R® S]] and let p € P(X ® Y). Let vy : S — [[R]] be the curried
form of v over S, and p; : Y — P(X) be the curried form of p over Y and define
£1:8 = L(R) by

S, y) =iy, )() — (W )u(y,y), forae (y,4)€S.

Similarly, let vy : R — [[S]] be the curried form of v over R, and py : X — B(Y) be
the curried form of p over X and define & : R — L(S) by

&z, 2") = vy, 2 )pa(x) — po(2)vo(x,2'), for ae. (z,2') € R.

Then, for a.e. (z,2',y,7) € R® S, we have

&y, y) (e, 2") =0z, 2y, y )pa',y) — pla,y)o(z, 2y, y')
&, ) (y.y') = Bz, 2y, o )p(x,y) — ple,y)o(z, 'y, y)
[0,0)(z, 2",y y/) = Bz, 'y, (', o) — p(a, y)ol, 2y, o)

= 51(y,y’)(x,x ) + §2<I7$/)(yay)

hence we obtain

1/2 1/2
Jop = pella < ( [ 16 0)1B dotw1))  + ([ It alE ditaa))

But, we also have

a9 diy.) = [l ) = prly)on () oy, )

<rr S [y e — ey y) 3 + lupa ) = pr (9l 4oy, )

ue Ky

=r1 ) [owel) = (e )i+ [p(u® 1) = (ue 1)pll,

ue Ky

and similarly
[ g2 i, a') = [ Jloa(a. 2 )pa(a) = pae)ua(e,2') [} dje, o)

< 3 [ s,y — woa(e, 2+ Jupae) — pale)ulld di(e, )
ueKo

= k2 Y vl ®@u) — 1@up|; + p(1 ©@u) - (1@ upll.

ueKo
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Therefore, we obtain

lop — pvl3 < £ Y Jlou — w3 + |lpu — up|3
weK

with k = 2(k1 + k2) and K = (K; ® 1) U (1 ® K3). By Corollary 17.3, we conclude
that R ® S is not stable. O

19 A local characterization of McDuff factors

In this section, we establish the following analog of Theorem 17.2. However, the
proof is more involved in this context. Even if one is only interested in item (iii),
one still needs first to prove that it is equivalent to (iv)’.

Theorem 19.1. Let M be a factor of type 11y with separable predual. Then the
following are equivalent:

(i) M is McDuff.

(ii) For every finite set F' C M and every € > 0, there exists a partial isometry
v € M such that
vt + o' =1,

Va € F, |lva—av|s <e.

(ili) For every finite set ' C M and every € > 0, there exists a partial isometry
v € M such that
v =0,

Va € F, |lva— av|s < g||v||z.

(iii) For every finite set F' C M and every € > 0, there exists v € M such that

Va € F, |za— ax|s < g||z||2.
(iv) For every finite set F C M and every ¢ > 0, there exists a partial isometry
v € M such that
Va € F, |lva— av|2 < gllvv” —v™0|2.
(iv)" For every finite set F C M and every e > 0, there exists x € M such that

Va € F, x|z |lva — azllz <ellx] - [27]]3-

Proof. The equivalence (i) < (ii) is proved in [McDG69]. Our goal is to show that
(iii) = (ii) but first, we will show that (iii) < (iii)’ < (iv) < (iv)’. For this, we will
prove the following implications (iii) = (iv)’ = (iv) = (iii)’ = (iii).

(iii) = (iv)’. If v satisfies (iii) then x = v also satisfies (iv)’ since |||z| — |z*|||2 =
V3l

(iv)" = (iv). Suppose, by contradiction, that there exists a finite set F' C M and
a constant x > 0 such that for all partial isometries v € M we have

[ov* —v*ol3 < &) [lva — avl3.
a€eF
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Let x € M. Then, the above inequality applied to v = u,(z) yields

lue(a]) = we(lzD3 < & ZF lue(2)a — auy ()3

for all £ > 0. By Lemma 13.5, we then have

1 % o0 N 00
Sl ==l S/O g (|2* ) =g (|2]) |5 dt < RZ/O g2 () a—aug 2 (2)|)3 dt.

acF

For every a € F', Lemma 13.5 also gives
/0 g2 (2)a—aup2 ()|l dt < 4llza—azs(lzallz+azls) < 8llallollz(lz|za—az]2,

Hence, we obtain

Ilo| = Jol < 165 (max lall ) all2 3 lloa — axll
acF

and this contradicts (iv)’.
(iv) = (iii)’. Let F' C M be a finite self-adjoint set and € > 0. Pick v € M a
partial isometry such that

Va € F, |jva— av|2 < g|lvv” —v*v|s.

Let z; = (1 —v*v)v and zo = v(1 — vv*). Note that 22 = 23 = 0. Let x = z; if
|z1]| > ||z2|| and = = x5 otherwise. Then we have

lov* = vvlly = [zl + [|l22]l3 < 2l|2]]3.
Moreover, since F' is self-adjoint, we have
Va € F, ||za — azx||s < 3|lva — avl|s.
Therefore, we obtain
Va € F, |za — az|y < 3v 2|z

(iii)" = (iii). Suppose, by contradiction, that there exists a finite set F' C M and
a constant x > 0 such that for all partial isometries v € M with v? = 0 we have

[l < & flva — avlf3.
acF

We can assume that ' C M7T. Let x € M such that 22 = 0. Then for every ¢ > 0,
we have u;(x)? = 0 hence

23 = [ luae@l dt < w Y [ o (@)a - au s (@) d.

a€F

For every a € F', Lemma 13.5 gives

[ee]
/O g2 (@)a—aup 2 ()] dt < 4]lwa—az||z([zalla+{az]2) < 8llallw|lz]l2]|lza—az]..
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Therefore, we get
el < 8 (ma llallc ) w3 flea — azfl

a€F

and this contradicts (iii)’.

We have now finished the proof of the equivalences (iii) < (iii)’ < (iv) < (iv)".
Next, we will prove that if M satisfies (iii) then pMp also satisfies (iii) for every
nonzero projection p € M. Suppose, by contradiction, pMp does not satisfy (iii).
Then pMp does not satisfy (iv)’. Hence we can find a constant x > 0 and a finite
set F' C pMp such that

Vo € pMp, ||z = [2"[l5 < llz]l2 Y [lax — wall,.
acF

Take S C M a finite set of partial isometries such that 3, cq w*w = p* and ww* < p
for all w € S. Now, take a partial isometry v € M with v?> = 0 and let x = pup.

Then we have
[oll3 = llpvll3 + Y flwoll3
weS

and for all w € S, we have
lwvll < 2(Jwv —vwl]l3 + [vw|3) < 2(lwe —vwl)3 + [Jvp]]3).
Hence, we obtain

[oll3 < 21S|(lopll3 + [Ipoll3) +2 > lwv —vwl)3.
weS

Moreover, we have
lpvll3 + [lopll3 = 2[|z]13 + [lpv — vpll3,
hence

[oll3 < 4S5 + 2IS|llpv — vpll3 +2 Y [lwv — vwlf3.
weS

Now, by assumption, we have

] = |2*[[15 < &llzlla D llaz — zalls.
a€F

Moreover, we have
2| = [polll2 < [lz = poll2 < [lvp — poll2

and
Il = lvplll2 < [|lz* — vpll2 < [lvp — po2.
Hence, by using the fact that v? = 0, we get

[zll2 < [lpvlle < fllpv] = vpllla < [l2] = |2*|ll2 + 2[lvp — poll2
which implies that

)13 < 2&|zll2 D [laz — zallz + 8[lpv — vplf3.
a€F
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Therefore we obtain

[vll5 < 8[S|wllzlla D [laz — zalls + 34]S|lpv — vpll5 +2 D lwv —vw]3.
a€eF weS

which implies that

)13 < 2&|zll2 D [laz — zallz + 8[lpv — vplf5.
a€F

Therefore we obtain

[v]|3 < 8|S|kllzll2 D [laz — zalls + 34|S[[pv — vpll5 +2 Y [lwv — vw]f3.
aeF weS

Finally, using the fact that

[z]l2 > llaz — zalls < ||vll2 Y llav — valls,
a€eF acF
lpv —wpll3 < 2[lv]l2]lpv — vpll
and

lwo —vwl3 < 2][vlla[lwo — vw]l,

we can conclude that

ol < & ) flav — vallo.
a€eF’

for some k' > 0, some finite set F/ C M and all partial isometries v € M with
v? = 0. This shows that M does not satisfy (iii) as we wanted.

Finally, we show (iii) = (ii) by using the same maximality argument that we
used in the proof of Theorem 17.2. The only difference now is that the function
(v,w) = [Jv — w||? is no longer a distance. This is why we replace it by d(v,w) =
|lv — w|;. Let ay,...,a, € Ball(M) be a finite family and let ¢ > 0 and § = 8e.
Consider the set A of all (v, Ay,..., A,) € Ball(M)""! such that

— w is a partial isometry and v? = 0.
— [Ag,vv* +v'v]=0forall k=1,... n.
— |JvAr — Agvl|2 < g||v|e for all k =1,... n.
— Ak = aklly < 4]
On A put the order relation given by

(v, A1,...,A,) < (V, AL, ... A))

if and only if v < o' and ||A), — Agl|1 < 6(||v']|1 — [|v]|1) for all &k =1,...,n. Then
A is an inductive set (because Ball(M) is complete for the distance given by || - ||1).
By Zorn’s lemma, let v € A be a maximal element. Suppose that ¢ = vv* +v*v # 1.
Since, by the previous step, all corners of M also satisfy (iii), we can find a nonzero
partial isometry w € ¢~ Mgq*, with w? = 0 such that

lwAy = Apwllz < efjwl]]

lw Ay = Agwllz < efjwlls

forall k=1,...,n.
Now, let
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— p=ww +ww
— Ay = pAp + pt Apt
— v =v4w
— ¢ =)+ W)V =q+p
Note that (v/)? = 0 and [4}, ¢] = 0 for all k. We also have
[V AL = Al < Ak — Apvlls + [lwAr — Agwllz < €*[lvllz + *llwl3 = *[lv'|l2-

Moreover, by Cauchy-Schwarz inequality, we have

1A% = Arlls < llpArp™ [l + [l Arplls
< plla(lpArp™[l2 + " Axpll2)
< V2|pll2[I[Ax, 2]ll2
< 2v2|plla (I [k, w] |2 + |[Ar, w*]]l2)
< 4v2¢||plls[Jw]l
= 8e|lwll3
= 0ljwlfs.
Since ||v'||1 = [|v]]1 + ||w||1, this implies that
14, — Al < 80— o)
and
1A% — arlly < ([ Ak — Arlly + [ Ak — axlls < 0][V[|1.

Therefore v" € A and v < v'. This contradicts the maximality of v. Hence we must
have v*v 4+ vv* = ¢ = 1. Moreover, since

Hvak — akag S HUAk — AkUHQ + 2HAlc — akHQ,

||UAk — AkUHQ S 19

and
||Ak — akﬂg S 2||Ak - ak||1 S 20 = 166,

we conclude that
lvar, — axvl2 < e+ 8v/e.

Since such a v exists for every ¢ > 0 and every finite family ay,...,a, € Ball(M),
we have proved (ii). O

20 McDuff tensor product factors

Unfortunately, one cannot prove Conjecture 16.1 by following the same pattern
as in Theorem 18.1. The reason is that there is no analog, in the von Neumann
algebraic context, of the currying procedure we used in the proof of Theorem 18.1.
Nevertheless, in this section, we present some partial solutions to Conjecture 16.1
by using a different technique.

For the first result, we point out that all concrete examples of non-McDuff factors
M in the literature do satisfy the assumption that there exists an abelian subalgebra
A C M such that M, C A“ (in fact, this is how we show that they are not McDuff).
For these kind of factors, the problem is solved.
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Theorem 20.1. Let M be a 11y factor with separable predual. Suppose that there
exists an abelian subalgebra A C M such that M, C A* (in particular M is not
McDuff). Then for every 11y factor N with separable predual we have that M @ N
is McDuff if and only if N is McDuff.

Fix once and for all a free ultrafilter w € SN\ N. Recall that a type II; factor
M with separable predual is McDuff if and only if M, is not abelian [McDG9).
Keeping this in mind, our second result solves Conjecture 16.1 under the additional
assumption that (M ® N), is a factor.

Theorem 20.2. Let M and N be type 11 factors with separable predual and suppose
that (M®N),, is a factor. Then both M, and N,, are factors. In particular, if MR N
is McDuff, then M is McDuff or N is McDuff.

For the proof of these theorems, we will use the following lemma which is ex-
tracted from [[V15]. It is inspired by a trick used in [Ha84]. Recall that if M is a von
Neumann algebra, then L*(M%) is in general much smaller than the ultraproduct
Hilbert space L*(M)“ (see [Co75b, Proposition 1.3.1]).

Lemma 20.3. Let M and N be finite von Neumann algebras with separable predual.
Fiz a tracial state T on M and pick an orthonormal basis (e,)nen of (M, T). Let
A = L>2(TY) = L>®(T)®N and for each n € N, let u, € U(A) be the canonical
generator of the nth copy of L=(T). Let V : L*(M) — L*(A) be the unique (non-
surjective) isometry which sends e, to w, for everyn € N.

Then the naturally defined ultraproduct isometry

Ve1)“: L2 (M®N)” = L* (AR N)¥
sends L>((M ® N)®) into L*((A® N)¥).

Lemma 20.3 is useful because it allows us to reduce many problems on sequences
in tensor products M ® N to the case where M is abelian. We now present two
applications of this principle.

The first one slightly generalizes [IV15, Corollary]. We will need it for Theorem
20.1.

Proposition 20.4. Let M and N be finite von Neumann algebras with separable
predual. For any von Neumann subalgebras QQ, P C N such that Q' " N¥ C P¥, we
have

1eQ)N(M®N)*C (M P)~.

Proof. First, we deal with the case where M is abelian, i.e. M = L*(T, u) for some
probability space (T, u). Take (z,)“ in the unit ball of (1 ® Q)' N (M ® N)* and
write x, = (t — 2,(t)) € M @ N = L=(T, u, N) for every n € N. Let ¢ > 0 and
choose a finite set ' C @) and d > 0 such that for every x in the unit ball of N we
have

(Va € F, |[[z,a]lla < 6) = [lo = Ep(z)]2 <.

Since (z,)* € (1® Q) ' N (M ® N)¥, we have

lim p({t € T'|Va € F, ||[za(t), d]l|la < 0}) = L.
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Hence, we have
lim g ({t € T'| [lza(t) — Ep(zn(t))|l2 < €}) = L.

This means that
lim 7, — Eyrgp(@a)lz < e

and since this holds for every ¢ > 0, we conclude that (z,)* € (M ® P)“.

Now, we extend to the general case where M is not necessarily abelian. Let
¢ € L2 ((M®N)*) be an Q-central vector. We want to show that ¢ € L*((M ® P)¥).
By Lemma 20.3, we know that n = (V ® 1)¥(¢) € L*((A® N)). Since (V ® 1)* is
N-bimodular, we know that 7 is ()-central. Hence, by the abelian case, we obtain
that € L*((A® P)¥). But this clearly implies that ¢ € L*((M ® P)~). O

Proof of Theorem 20.1. Suppose that the factor M ® N is McDuff, i.e. (M ® N),
is non-commutative. By Proposition 20.4, we know that (M ® N),, C (A® N), so
that (A® N), is also non-commutative. Thus, we can find z = (z,)* and y = (y,)*
in (A® N), with [|z,]/co, [|Un]|ec < 1 for all n, such that ||[z,y]|o = 6 > 0. Let
A = L*(T, u) with (T, u) a probability space. Write z,, = (t — z,(t)) € AQ N =
LT, i, N) with ||z, (t)]|eo < 1 for all n and ¢. Similarly, let y, = (t — y,(t)). Fix
F C N a finite subset and £ > 0. Since x,y € (A® N),, we know that

lim p({t € T | Va € F, |[[xn(t), alll < e}) = 1

n—w

and
lim p({t € T |Va € F, ||[ya(t). dlll2 < €}) = L.

Moreover, since ||[z, y]||2 = d > 0, we have
lim u({t € T [ [[zn(t), yn(D)]l]2 = 6/2}) > 0.

Hence, for n large enough, the intersection of these three sets is non-empty, i.e. there
exists ¢ such that
Va € F, [[[wa(t),alll: < <.

Va € F, ||[yn(t), d]ll2 <,
[lzn (), yn(B)][l2 = 6/2.

Hence, by iterating this procedure, we can extract a sequence a, = x,, (t;), k € N
and by = yn, (tx), k € N such that a = (ax)* and b = (by)“ are in N, and ||[a, b]||2 >
d/2. Thus N, is not commutative, i.e. N is McDuff as we wanted. ]

The second application is the following lemma which we will need in the proof
of Theorem 20.2.

Lemma 20.5. Let M and N be finite von Neumann algebras with separable predual.
Then we have
Z(N,) C Z(N'N (M & N)).

Proof. First, we treat the case where M is abelian, i.e. M = L*(T, u) for some
probability space (T, ). Let (ax)ren be a || - ||2-dense sequence in (N); and let

N =A{z € (N |vr <k, |[[z,a]l: < 1/k}.
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Let y = (y,)* € Z(N,) with ||y,|e for all n. By [McD69, Lemma 10], there
exists a sequence of sets Uy € w, k € N such that

Vk e N, Vo € Ny, Vn € Uy, ||[yn, x]|]2 < 1/k.

Let = (z,)¥ € 1@ N) N (M & N)¥ with [|z,||cc <1 for all n € N. We want
to show that (1 ® y) = (1 @ y)x. Write x,, = (t — x,(t)) € M @ N = L™(T, u, N)
with [|2,(t)]| < 1 for all t and all n € N. Since x € (1® N)' N (M ® N)*, there
exists a sequence of sets V}, € w such that

p({t € T | za(t) € Np}) > 1—1/K

for all n € V.
Therefore, for all n € U, NV}, we have

p({t € T | lyn za(®)]ll2 < 1/k}) 21— 1/k

which implies that

11 ® Y, 23 = /T s 2 (0113 dpalt) < 5/

Since Uy NV}, € w for all k € N, we conclude that lim,,_,, [|[1 ® yn, z,]||2 = 0 as we
wanted.

Finally, we extend to the general case where M is not necessarily abelian. Let
£ € L*((M®N)®) be an N-central vector. We want to show that ¢ is Z(N,,)-central.
By Lemma 20.3, we know that = (V ® 1)%(¢) € L*((A® N)¥). Since (V ® 1)* is
N-bimodular, we know that n is N-central. Hence, by the abelian case, we obtain
that n is Z(N,,)-central. Since (V ®1)* is N“-bimodular, we conclude that & is also
Z(N,)-central. O

Proof of Theorem 20.2. By Lemma 20.5, we know that Z(N,,) is contained in the
center of NN (M @ N)“ hence it is also contained in the center of (M ® N),. Since
(M ® N), is a factor, this implies that N, is also a factor, and the same argument
shows that M, is a factor.

Now suppose that M & N is McDuff. Then (M ® N),, is nontrivial. Thus M, or
N, is also nontrivial (use [Co75b, Corollary 2.2] or Proposition 20.4). This means
that M, or N, is a nontrivial factor. In particular, M or N is McDuff. O]

Examples of factors with factorial asymptotic centralizers are obtained by taking
infinite tensor products of full II; factors. We provide a proof if this fact for the
reader’s convenience.

Proposition 20.6. Let M = ®,,cxM,, be an infinite tensor product of full type 11,
factors M,,, n € N with separable predual. Then M, is a factor.

Proof. For every n € N, we let
Q=M M ® - IM,®1R®1®---C M.

Suppose that (xy)ren is a nontrivial central sequence in M with |||z = 1 and
T(zg) = 0 for all & € N. Then, since @, is full, we know by [Co75b, Theorem
2.1] that limy, ||z, — Eq/ anm(zr)|l2 = 0 Hence we can find a sequence (n)ren with
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ny, — oo such that ||Eq; (k)2 = s for all k € N. Let y;, = Eq, nm(zy). Since
n, MM is a finite factor, we know that 0 = 7(x;) = 7(yx) is in the weakly closed

convex hull of
{ug” | € U(Q,, N M)},

Hence, there must exist some unitary u, € U(Q;,, N M) such that

) 1 1
uryruy, — yellz > §||yk||2 > =

— 4
which yields ||[[ug, z4]||2 > 1. But, by construction, (uj)ren is a central sequence in
M. This shows that (xj)ken is not in the center of M,,. Therefore M, is a factor. [

Infinite tensor products of full factors were studied in [Pol0]. By combining
[Po10, Theorem 4.1] and Theorem 20.2, we obtain the following Corollary which is
not related to Conjecture 16.1. It provides the first example of a McDulff II; factor
that does not admit any McDuff decomposition (see Definition 16.1).

Corollary 20.7. Let M = @, enM,, be an infinite tensor product of full type 11;
factors M, n € N with separable predual. Suppose that M = N ® R for some factor
N. Then M = N.

Proof. By Proposition 20.6, we know that M, is a factor. By Theorem 20.2, we then
know that N, is also a factor. Moreover, N is not full because of [Pol0, Theorem
4.1]. This means that N, is non-commutative or equivalently that N is McDuff.
Thus N = N ® R= M as we wanted. O

Part V

Appendix : Discrete
correspondences and Popa’s
intertwining theory

In [Po04, Po6], Sorin Popa has developed his intertwining by bimodules theory.
It is a powerful tool to obtain unitary conjugacy between subalgebras of a given
von Neumann algebra and for this reason it is a key ingredient in every deforma-
tion/rigidity based argument. It has been extended to non-tracial von Neumann
algebras in [HI15].

In this appendix, we introduce the notion of discrete correspondence between
arbitrary von Neumann algebras and we use it to give a unified approach to Popa’s
intertwining theory as well as a better understanding of quasinormalizers, discrete
inclusions and quasiregular inclusions. More precisely, to each pair of von Neumann
subalgebras A, B C M, one can associate three closed subspaces of M denoted

DY, (A, B), Dy (A, B) =D\, (B, A)* and Dy(A, B) = D\, (A, B)ND},(A, B)

whose elements are respectively called left discrete, right discrete and (both left and
right) discrete from A to B. When A and B are abelian, this has been studied
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in [PS03]. These subspaces are, in some sense, generated by intertwiners so that
A <y B if and only if D!, (A, B) # 0. But unlike intertwiners, they are particularly
well-behaved and stable under many operations such as reduction to corners, passing
to subalgebras etc. They also satisfy the following multiplicativity relation

Diyy(A, B)Dy (B, C) = Dy (A, ).

In particular, Dy (A) = Dy(A, A) is a von Neumann subalgebra of M. We have
M = Dy(A) if and only if the inclusion A C (M, A) is with expectation. When
A is finite Dys(A) is precisely the quasinormalizer of A inside M. In general, for
subalgebras A and B of arbitrary type, the space Dy;(A, B) measures the possibility
to conjugate A and B inside M up to finite index.
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21 Inclusions with expectation and compatible pro-
jections

We will use a lot the following theorem of Haagerup.

Theorem 21.1 ([Ha77b, Theorem 6.6]). Let N C M be an inclusion of von Neu-
mann algebras. Then the following conditions are equivalent:

(i) There ezists a faithful family of normal conditional expectations E; : M —
N,iel.

(ii) There exists a faithful semifinite normal operator valued weight T : M — N
such that its restriction Tiyion - N' N M — Z(N) is also semifinite.

(iii) For every semifinite normal operator valued weight T : M — N, its restriction
Tinem - N'N M — Z(N) is also semifinite.
When these properties hold, the map T+ Tininn is a bijection from the set of

operator valued weights from M to N to the set of operator valued weights from
N'NM to Z(N).

We will say that N is with expectation inside M if it satisfies the conditions
above. Note that there always exists a largest projection p € N’ N M such that
Np C pMp is with expectation. When N’ N M is o-finite, IV is with expectation in
M if and only if it admits a faithful normal conditional expectation.

We introduce the following notion of compatible projections because they are
particularly well-behaved.

Definition 21.2. Let N C M be an inclusion of von Neumann algebras. We say
that a projection p € M is compatible with N when there exists two projections
e € N and f € N'N M such that p =ef.

We gather the basic properties of compatible projections in the following propo-
sition.
Proposition 21.3. . Let N be a subalgebra of a von Neumann algebra M and p an
N-compatible projection. Then we have :
(i) pNp is a von Neumann subalgebra of pMp.
(if) p(N" N M)p = (pNp)' N pMp.
(iii) p(NV N'0NM)p=pNpV p(N' 0 M)p.
(iv) If a projection q in pMp is pNp-compatible then it is also N-compatible.
)

(v) If N C M is with expectation then pNp C pMp is with expectation.

We now state the main technical result of this section. The assumption that N
is with expectation in M is essential (a counter example is given by taking a diffuse
abelian subalgebra of a type I factor). Recall that the relation p 2 ¢ between two
projections p,q € M means that there exists a partial isometry v € M such that
v*v = p and vv* < q.

Proposition 21.4. Let N C M an inclusion of von Neumann algebras with expec-
tation. Then for any nonzero projection p € M there exists a nonzero N-compatible
projection ¢ € M such that ¢ = p.
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The assumption that the inclusion is with expectation is necessary. A counter
example is obtained by taking N = A a diffuse masa in M = B(H) and taking p a
minimal projection in M.

In order to prove Proposition 21.4, we need a few lemmas.

Lemma 21.5. Let N C M an inclusion of von Neumann algebras with expectation
and suppose that M 1is semifinite. Then there exists a monzero finite projection
e € M which is N-compatible.

Proof. Since N is with expectation then it is also semi-finite. Thus, up to cutting
down by a nonzero finite projection in N, we may suppose that NN is finite. Pick 7y a
normal faithful finite trace on N and 7 a normal faithful semifinite trace on M. Let
T : M — N be the unique n.f.s operator valued weight such that 7 = 79 o T". Since
N is with expectation, we know by Theorem 21.1 that Tjn/qpy : N'N M — Z(N) is
semifinite. This implies that 7/5/ny is semifinite. Therefore we can find a nonzero
projection e € N’ N M which is finite in M and we are done. O]

Lemma 21.6. Let N C M be an inclusion of von Neumann algebras with expecta-
tion. Then there exists a nonzero o-finite projection e € M which is N-compatible.

Proof. Let ¢ be a normal state on N and E : M — N a normal conditional expec-
tation. Then ¢ o E is a normal state on M. Its support is pqg where p € N is the
support of ¢ and ¢ € N’ N M is the support of E. Hence pq is nonzero, o-finite in
M and N-compatible. O

Lemma 21.7. Let M be a finite von Neumann algebra with central valued trace ctr
and let N C M be a von Neumann subalgebra. Suppose that N ¢ Z(M). Then
there exists a nonzero N -compatible projection q € M such that ctr(q) < %

Proof. Let ¢ € N a projection such that ¢ ¢ Z(M). Then ctr(q) is not a projection
(otherwise we would have ¢ = ctr(q) € Z(M)). Thus, replacing ¢ by 1 — ¢ if
necessary, we may suppose that the spectral projection z = 1[07%](ctr(q)) is nonzero.

Then zq is a nonzero N-compatible projection such that ctr(zq) = zctr(q) < % ]

Proof of Proposition 21.4. We deal first with the case where M is finite. Let ctr :
M — Z(M) be the central valued trace of M. Up to cutting down by a central
projection (which is of course N-compatible) we can suppose that ctr(p) > ¢ for some
€ > 0. In particular p has central support 1. If there exists a nonzero N-compatible
projection ¢ € M such that ¢Ng C Z(M)q, then we have ¢(N' N M)q = qMgq.
So in this case we are done because p has central support 1 which means that we
can find a nonzero projection e < ¢ such that e =< p. The projection e will be
N-compatible because e € ¢(N' N M)q. So now suppose that there does not exist
a nonzero N-compatible projection ¢ € M such that gNg C Z(M)q. Then by
applying lemma 21.7 recursively we can obtain a decreasing sequence of nonzero
N-compatible projections g, such that ctr(g,) < 27". Hence, for n big enough we
will have ctr(q,) < e < ctr(p) which means that ¢, 3 p.

Now we deal with the general case where M is not necessarily finite. Let z €
Z(M) be the projection on the type III part of M. Suppose first that pz # 0 and
let f be the central support of pz. By Lemma 21.6, we can find a nonzero o-finite
projection e € M f which is compatible with N f, hence with N. Since M f is of
type 111, we know that p is properly infinite in M f, hence e = pz < p. Now suppose
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that pz = 0. Then M f is semifinite where f is the central support of p. By lemma
21.5, we can find a nonzero finite projection e € M f which is N-compatible. Since
f is the central support of p we can find a nonzero projection r < e such that r =< p.
Now we apply the first part of the proof to the inclusion of finite von Neumann
algebras eNe C eMe and we get a nonzero eNe-compatible projection ¢ such that
q = r. In particular, ¢ is N-compatible and ¢ = p. H

22 Discrete correspondences

Let E and F' be two sets. Then a correspondence from E to F' is simply a relation
between the elements of ' and F, which can be defined by its graph C C E x F.
The notion of correspondence can be generalized to arbitrary measurable spaces.
Indeed, the category of measurable spaces (which is the opposite of the category of
commutative von Neumann algebras) has all products. In particular, if X and Y
are two measurable spaces, we let X x, Y denote their categorical product. It is
always much larger then the usual spatial product unless X or Y is discrete. We call
X %, Y the universal product of X and Y. A correspondence from X to Y is then
defined simply as a measurable subset C C X x, Y. For example the usual spatial
product X ® X is the coarse correspondence. When X is diffuse, it is disjoint from
the identity correspondence which is represented by the diagonal Ay C X x, X.

The notion of correspondences has been further generalized to all von Neumann
algebras by Connes. If M and N are two von Neumann algebras, we denote by
M ®,, N their universal tensor product. It is a von Neumann algebra equipped with
a binormal *-homomorphism ¢ : M ® N — M ®, N which is universal for this
property, i.e. any binormal x-homomorphism from M ® N into some von Neumann
algebra factors uniquely through .. The usual spatial tensor product M ® N is a
quotient of M ®, N and they are equal if and only if M or N is discrete. We then
define a correspondence from M to N as a central projection Z € P(Z(M ®, N™)).

A concrete correspondence from M to N is a normal representation of M @, N*
on a Hilbert space H or equivalently a binormal representation of M ® N on
H also called a M-N-bimodule. The support of this representation is a central
projection in M ®, N which is an abstract correspondence. Therefore, since the
representation theory of von Neumann algebras is not very subtle, there is often no
danger to abuse language and forget the distinction between abstract and concrete
correspondence. We refer the reader to [Po86, Ri74, Pa73] for details and different
point of views on correspondences. In particular, to every representation of M
on a self-dual right N-module, one can associate an M-N-bimodule X ®y L*(N).
The inverse operation associates to every M-N-bimodule H a representation of M
on a self-dual N-module denoted H/L*(N) and defined as the set of all bounded
operators T : L*(N) — H which commute with the right action of N. Finally,
for every normal completely positive map & : M — N, one can perform the GNS
construction to obtain the unique representation m of M on a self-dual N-module
Xo together with a cyclic vector £ € Xg such that ®(z) = (n(2)&e,&e) for all
x € M. We also let Hp = Xo Qn L2(N).

Here is the main definition of this appendix.

Definition 22.1. Let M and N be two von Neumann algebras. Let H be an M-N-
bimodule and let 7 : M ® N™ — B(H) be the associated binormal representation,
we say that H is left discrete if the inclusion 7(M) C w(N™) is with expectation.
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We say that H is right discrete if the opposite N-M-bimodule H is left discrete. We
say that H is discrete if it is both left discrete and right discrete.

Left discreteness passes to submodules and is stable under direct sums. It is
a property of the underlying abstract correspondence and does not depend on the
concrete bimodule representation. For any M-N-bimodule H with the associated
binormal representation m : M ® N — B(H), there exists a largest projection
p € n(M) Nw(N™") such that 7(M)p C pr(N")'p is with expectation. The range
of p is the largest left discrete sub-M-N-bimodule of H. We call it the left discrete
part of H. We define in the obvious way the right discrete part and the discrete part
of H.

We gather some other basic properties in the following proposition.

Proposition 22.2. The following properties are satisfied:

(i) If a A-B-bimodule H 1is left (resp. right) discrete, then so is the pAp-B-
bimodule pH for any projections p € A. Conversely, if pH is left (resp. dis-
crete), then so is the A-B-bimodule zH where z € Z(A) is the central support
of p.

(ii) Let H be a A-B-bimodule and suppose that A is discrete. Then H is always
left discrete, and H is right discrete if and only if B is discrete.

(iii) Let H be an A-B-bimodule where A and B are two finite von Neumann alge-
bras. Then H is left discrete if and only if H decomposes as a direct sum of
sub-A-B-bimodules which are finitely generated as right B-modules.

(iv) Let H be a A-B-bimodule and K a C-D-bimodule with left discrete parts Hy
and K4 respectively. Then the left discrete part of the A @ C-B ® D-bimodule
H ® K is Hd ® Kd.

(v) Suppose that H is a left discrete A-B-bimodule and K is a left discrete B-C-
bimodule. Then H @p K 1is a left discrete A-C-bimodule.

Proof. We only prove (iii) and (v). We leave the others to the reader.

(iii). Suppose that H is left discrete. Let 7 : A® B — B(H) be the binormal
representation associated to the bimodule H. It is enough to prove the result for
Hz for every o-finite projection z in the center of B. Hence we can assume that B
is o-finite. Let 7 be a faithful tracial state on 7(B"") and 7’ the corresponding dual
semifinite trace on w(B™)". Since 7(A) is finite and with expectation in 7(B™"),
we know that 7/ is semifinite on 7(A)’ N w(B™)" (see the proof of Lemma 21.5).
This means that we can find a partition of unity (p;)ier in 7(A)' N7 (B™)" such that
7' (p;) < 400 for all ¢ € I. Then, if we let H; be the range of p; for all i € I, we
have H = @,c; H; and the H; are A-B-bimodules with finite 7-dimension over B.
Finally, for each ¢, since H; has finite 7-dimension over B, we can find a partition
of unity (2;)jes in the center of B, such that for all j, the A-B-bimodule H;z; is
finitely generated as a right B-module and we are done since the other direction is
obvious.

For (v), it is better to use the self-dual module point of view. We prove first the
following.

Claim. Let M and N be two von Neumann algebras. Let X be any right M-module
and let (Y, ) be an N-representation of M. Let p: Ly(X) = Ln(X @ Y) be the
natural normal homomorphism defined by p(T)(§ ® n) = (T€) @ n. If 7(M) is with
expectation in Ly (Y), then p(Ly(X)) is with expectation in Ly (X ®pY).
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Proof of the claim. We can view X as a sub-M-module of M! = @,.; M for some
set I. Then X ®,,Y is then identified with a sub-N-module of Y. Let p € £3,(M7)
be the projection on X so that £/(X) = pLy(MT)p. Then p is just the restriction
to L(X) of the normal homomorphism

id@r: Ly(M) =B((1)@M — LyY") =B(2(1) @ Ly(Y).

Since (M) is with expectation in Ly (Y'), then (id®7)(Ly(M7)) is with expectation
in Lx (Y1), hence p(Ly(X)) = (idew)(pLy (M1)p) is with expectation in Ly (X @y,
Y) = (id®m)(p)Ly(Y?)(id ® 7)(p). This finishes the proof of the claim. O

Now, back to (v), let (X, ;) be the B-representation of A associated to H and
(Y, m) be the C-representation of B associated to K. Then we have a natural
C-representation of A on X ®p Y given by pom : A — Lo(X ®p Y) where
p: Lp(X) = Lo(X ®y Y) is the natural homomorphism induced by . Since
by assumption 7 (A) is with expectation in L5(X) and by the claim, p(Lp(X)) is
with expectation in Lo(X ®pY'), we conclude that p(m(A)) is with expectation in
Lo(X ®@pY). This means that H @3 K 2 X ®@p Y ®¢ L*(C) is left discrete. [

Definition 22.3. We say that a normal completely positive map ® : M — N is left
(resp. right) discrete if the associated bimodule Hg is left (resp. right) discrete.

When M and N are abelian von Neumann algebras, our notion of discrete normal
completely positive map ® is equivalent to the one used in [PS03]. Like in the abelian
case we have the following property

Proposition 22.4. If ®: M — N and V : N — P are left (resp. right) discrete
normal completely positive maps, then so is ¥ o ®.

Proof. This follows from Proposition 22.2.(v) and the fact that Xy.e C Xo ®n
Xy. O

23 Popa’s intertwining theory

If AC M is a von Neumann subalgebra, we let AY = AV A'N M. If A is with
expectation, then there exists a unique faithful normal conditional expectation from
M to AV and we can use it to view L*(AY) as a subspace of L*(M) in a canonical
way.

Proposition 23.1. Let M be a von Neumann algebra. Let A C 1,M1,4 and B C
1gM1p be two von Neumann subalgebras. Let x € 14M1g and define a normal
completely positive map ® : A — 1pM1p by ®(a) = x*ax for all a € M. Suppose
that B C 1gM1p is with expectation. Then the following are equivalent:

(i) For every normal conditional expectation E : 1M1 — B, the completely
positive map Eo ® : A — B is left (resp. right) discrete.

(ii) For some faithful family of normal conditional expectations E; : 1pM1p — B,
the completely positive maps E; 0 ® : A — B are left (resp. right) discrete.

(iii) The A-B-bimodule AVzL?(BY) is left (resp. right) discrete.
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Proof. Let H be the left (resp. right) discrete part of the A-B-bimodule 1,4L*(M)15.
Let E: 13M1 — B be any normal conditional expectation. Use it to view L?(B)
as a sub-B-B-bimodule of L?(BY). Then, the A-B-bimodule Hg.e associated to

E o ® is isomorphic to AzL*(B). Indeed, the following map

axn — algod @B 1N

for a € A and n € L*(B) extends to a well-defined A-B-bimodular unitary U :
AzL*(B) — Hgoo.
In particular, E o ® is left (resp. right) discrete if and only if AzL*(B) C H.

Since H is a AV-BY-module, this is equivalent to

AVapl?(BV) = AVAzL*(B)BY Cc H
where p € B'N15M1p is the support of E. It is now clear that (i) < (ii) < (iii). O

Definition 23.2. Let M be a von Neumann algebra. Let A C 1,M14 and B C
15 M15 be two von Neumann subalgebras with expectation. We say that an element
x € 14M1p is left (resp. right) discrete from A to B if it satisfies the equivalent
conditions above.

We denote the set of all left (resp. right) discrete elements from A to B by
DY, (A, B) (resp. D},;(A, B)). We let Dy (A, B) = D4,(A, B) N D}, (A, B).
The following proposition is not obvious from the definition.

Proposition 23.3. Let M be a von Neumann algebra. Let A C 1,M1,4 and B C

1pM1p be two von Neumann subalgebras with expectation. We have DYy, (A, B)* =
D4, (B, A). In particular, we have Dy (A, B) = Dy (B, A)* = D4, (A, B)ND,(B, A)*.

Proof. Let x € 1,M1p. We have to show that the A-B-bimodule AV2L*(BY) is left
(resp. right) discrete if and only if the A-B-bimodule L*(AV)zBY = JBVa*L*(AY)
is left (resp. right) discrete.

Let H C 14L%(M)1p be the left (resp. right) discrete part of the A-B-bimodule
14L*(M)1p. Let u be any normal faithful semifinite weight on A" such that A is
globally invariant under o* and lift i to a n.f.s. weight on 14M14 still denoted p by
using the unique f.n. conditional expectation on AY. Similarly, let v be any normal
faithful semifinite weight on BY such that B is globally invariant under ¢” and lift
v to a n.f.s. weight on 15M1p. Consider the unbounded positive operator A, on
14L?(M)15 whose graph is the closure of

{7, 1?y) |y € 1aM1p, v(y*y) < +oo and u(yy*) < 400}

Note that for all + € R, the unitary U = A} satisfies U(a&d) = o}t (a)(U§)o, ™ (b)
for all ¢ € 14L*(M)1p. This implies easily that UH is a left (resp. right) discrete
A-B-bimodule. Therefore H is an invariant subspace for U and hence for A,
since t is arbitrary. Now, let a € AY such that p(aa*) < 400 and b € BY such
that v(b*b) < +oo. Then (axbv'/? pu*/2azb) is in the graph of A, ,. Since H is an
invariant subspace of A, ,, this shows that azbv'/? € H if and only if u*/?axb € H.

By density, we conclude that AVzL*(BY) C H if and only if L*(AV)2BY c H. O

75



Remark 23.4. Note that the subspaces D}, (A, B), D},;(A, B) and Dy (A, B) are
strongly closed in M, hence also weakly closed by [Ta03a, Theorem 2.1]. They
are all AY-BY-bimodules. For our investigations on this subspaces, it is enough,
by Proposition 23.3, to focus on DY,(A,B). If p € 14M1, is an A-compatible
projection and g € 13 M1p is a B-compatible projection, then we have the following
useful relation

pDi (A, B)q = Dy (pAp, qBq).
If Ag € A and B C By are inclusions with expectation then

DéM(A? B) - D{/\/[(A()? BO)
We also note that, inside My (M) = My(C) @ M, we have the following relation
D§\4(A, B) X €12 = Dﬁ\dz(M)(A & €11, B (24 622) = (].A & 611>D50M2(M)10<C7 C)(].B & 622)

where C' = (A®611) D (B®622) and 10 = (1A®€11) + 1B ®€22) is the unit of C'. This
allows to reduce almost all questions on general D,(A, B) to the case where A = B
and A C M is unital. In that case, we will use the notation D},;(A) = D},(4, A).

Definition 23.5. Let M be a von Neumann algebra. Let A C 1,M1,4 and B C
1pM1p be two von Neumann subalgebras. An element x € 1,M1p is called a left
A-B-intertwiner if there exists two projections p € A, ¢ € B with pxq = x and a
morphism 7 : pAp — ¢Bgq such that ax = z7(a) for all a € pAp.

Let = be a left A-B-intertwiner. Note that if we take p and ¢ to be the smallest
projections in A and B respectively such that prg = x, then there exists a unique
morphism 7, : pAp — ¢Bq such that ax = zm,(a) for all a € pAp. In that case, we
always have xz* € (A’ N14M1,4)p and z*zx € 7, (pAp) N gMgq. Moreover, if v is the
partial isometry in the polar decomposition x = v|z| then we still have v € Z},(A, B)
and m, = m,.

We denote by Z4,(A, B) the set of all left A-B-intertwiners. We let Z5,(A, B) =

T4, (B, A)* and Ty, (A, B) = T4 ,(A, B) N I5,(A, B). Note that if z € Zy;(A, B), then
7. : pPAp — ¢Bq is an isomorphism and 7 = 7 ..
Proposition 23.6. Let M be a von Neumann algebra. Let A C 1,M1, and B C
1M 1p be two von Neumann subalgebras with expectation. Let x € T,(A, B) and let
Tz : pAp — qBq be the morphism it implements. Then 7, (pAp) is with expectation
in qMq and x € D},;(A, B).

Proof. Let m = 7,. Let E; : 14M14 — A be a faithful family of normal con-
ditional expectations. Then we can define a faithful family of normal conditional
expectations Ef : gMq — w(pAp) by

By (y) = 7 (Bi(za") " Bi(aya”))

Therefore 7(A) is with expectation in ¢gMq. Now let & : A 5 a — z*ax € 15M1p
and let E : 13M1p — B be a normal conditional expectation. We want to show
that Hpoe is left discrete. Recall that it is generated by the vectors of the form
alpop ®p M with a € A and n € L*(B). Observe that pfg.e = Epos. Hence if z is
the central support of p in A, then zHg.e = Hgoe, and in order to show that the
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A-B-bimodule Hg.g is left discrete, it is enough to show that the pAp-B-bimodule
pHgos is left discrete. Now, observe that the map

papéee.e @p N+ T(pap)E(z"z)n

extends to an isomorphism of pAp-B-bimodule from pHg.e to ¢L?*(B) where ¢L*(B)
is equipped with the obvious left pAp-action induced by m. Since mw(pAp) is with
expectation in gMg and in particular in ¢Bgq, then the pAp-B-bimodule pHpop =
qL*(B) is left discrete. Therefore E o ® is left discrete for every normal conditional
expectation E : 13M 15 — B. This shows that 2 € D},(A, B) as we wanted. O

Theorem 23.7. Let M be a von Neumann algebra. Let A C 1,M1,4 and B C
1pM1p be two wvon Neumann subalgebras with expectation. Suppose that Ep :
1pM1g — B is a faithful normal conditional expectation and use it to view L2(B)

as a sub-B-B-bimodule of L*(15M1p). Then every left discrete sub-A-B-bimodule
of 1,L2(M)1p is a direct sum of sub-A-B-bimodules of the form AxzL*(B) with
r € I'(A, B).

Proof. Without loss of generality, we assume that 14 = 15 = 1,,. By a straight-
forward maximality argument, it is enough to show that any nonzero left discrete
A-B-bimodule H C L*(M) contains a nonzero A-B-bimodule of the desired form.
Let e € (M, B) be the Jones projection associated to Ez and let Eg : (M, B) — M
be the dual operator valued weight. Let e € A’ N (M, B) be the projection on
H. Then Ae C e(M,B)e is with expectation. This means that Ep is semifinite
on (Ae)' Ne(M,B)e = e(A' N (M, B))e. Hence we can find a nonzero projection
ey € A'N (M, B) such that Eg(e;) < +00. Since ep has central support 1 in (M, B),
we can find a nonzero partial isometry u € e; (M, B)eg. Since Ae; C e1(M, B)ey is
with expectation, then by Proposition 21.4, we can find a nonzero partial isometry
v € e1(M, B)e; such that vv* is compatible with Ae; and v*v < wu*. Since vv* is
compatible with Ae;, we can find a projection ey € e1(A'N(M, B))e; and a projection
p € A such that vv* = pey. Let w = vu. Since w*w < ep and eg(M, B)eg = Beg,
we can write w*w = gepg with ¢ € B. Moreover, there exists a unique *-isomorphism
p : pea(M, B)pes — qBq such that xw = wp(z) for all x € pey (M, B)pes.

Now, let K C L*(M) be the range of e;. Since ey € e(A’ N (M, B))e, then K
is a nonzero sub-A-B-bimodule of H. Since Eg(ez) < EB(el) < +00, we know by
Popa’s push down lemma that w = zep where 2 = Eg(w) € M (see [PP84, Lemma
1.2] and [ILP96, Proposition 2.2]). This means that

K D pK =ran(w) = ran(zeg) = vL*(B).

Since K is an A-module, we get K D AzL*(B). Moreover, we have z = pzq and for
all a € pAp, we have

ax = aBp(w) = Eg(aw) = Eg(wr(aes)) = zplaes) = z7(a)

where 7 : pAp — ¢Bq is the morphism defined by m(a) = p(aey). This shows that
r € !, (A, B) as we wanted.
O

Corollary 23.8. Let M be a von Neumann algebra. Let A C 1,M14 and B C
1gM1p be two von Neumann subalgebras with expectation. Then the left discrete
part of the A-B-bimodule 1,L*(M)1g is given by

D', (A, B)L?(BV) = L*(AV)D,(A, B).
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The following corollary is very useful. Despite the appearances, it does not follow
directly from Proposition 22.4.

Corollary 23.9. Let M be a von Neumann algebra. Let A C 1,M14, B C 1gM1p
and C C 1¢M1¢ be three von Neumann subalgebras with expectation. Then we have

In particular, DY, (A) is a (non self-adjoint) closed subalgebra of 1,M14 and Dy (A)
is a von Neumann subalgebra of 1,M14.

Proof. Let us first show that

Take z € Z4,(A, B) and y € D},(B,C). Let 7, : pAp — ¢Bq be the morphism
implemented by . Let Q = mw.(pAp) C qBq. Note that qy € D}, (¢Bq,C) C
D, (Q,C). Also, we have |z| € Q' N gMg. Hence z = |z|y € D,(Q,C). Let
E : 1¢M1s — C be a normal conditional expectation. Then for all a € pAp, we
have

E(y*z*axy) = E(y*z*zm,(a)y") = E(z"1.(a)2).

The map 7, : pAp — @ is an isomorphism, hence it is left discrete as a completely
positive map. The map m — E(z*mz) is left discrete from @ to C' because z €
D,,(Q,C). Hence, by composition, the map a — E(y*z*azy) is left discrete from
pAp to C. This shows that xy € D}, (pAp, C) C DY,;(A, C) as we wanted.

Now let X be the linear span of Z%,(A, B). By Theorem 23.7, we have

D, (A, B)L*(BV) = XL*(BY).

Therefore, we compute

D', (A, B)D\,(B,C\L*(CV) = D}, (A, B)L*(BY)D,(B, C)
= XL*(BV)DY,(B,C)
= XD, (B,C)L*(CV)
c Dy, (A, C)LA(CV)

This shows that
Dl (A, BYD4y(B,C) € Dy(A,C)

as we wanted. O

Finally, in the finite case, Popa obtained a very useful criterion to show the
existence of left discrete elements. This criterion has been generalized to the case
where the ambient von Neumann algebra M is of arbitrary type by Houdayer and
Isono in [HI15].

Lemma 23.10. Let M be a von Neumann algebra. Let A C 1,M1,4 and B C
1pM1p be two von Neumann subalgebras with expectation. Choose a normal condi-
tional expectation Eg : M — B and use it to view L*>(B) C L*(M). Takex € 1,M1p
and assume that A is finite. Then the following are equivalent:

(i) The left discrete part of the A-B-bimodule AxL*(B) is zero.

78



(ii) There exists a net of unitaries (u;);er in A such that Eg(x*au;bx) — 0 strongly
when i — oo for all a,b € A.

Proof. For simplicity, we assume that 14, = 1z = 1 and that A admits a faithful
normal conditional expectation E4 : M — A and a faithful normal trace 7. We also
assume that Ep is faithful. The proof can easily be adapted to the general case.

(i) = (ii). Suppose that (ii) does not hold. Then we can find ¢ a normal state
on M with po Eg = ¢, ¢ > 0, a finite set F' C A such that

> ||EB(:1:*b*ua93)||z7 >

a,be F
for all u € U(A). Let dy = 3 ,cp axepx*a™ where eg € (M, B) is the Jones projec-
tion. Then EB(dO) = > 4eraxx*a® is bounded where Ep: (M, B) — M is the dual
operator valued weight. Let C be the weak™ closed convex hull of {udou* | v € U(A)}
in (M, B). Observe that [|Eg(d)||s < ||Ep(do)||s for all d € C. Define a faithful
semifinite weight ¢ = 7 0 E4 0 Eg on (M, B). Let d; € C be the unique element of
minimal || - ||y-norm. Then d; must be fixed by U(A). Hence d; € A’ N (M, B).

Let us show that d; # 0. Let 90% € L*(M) be the cyclic vector associated to ¢.
Then for every u € U(A) we have

Z(u*douaxcp%,amgoé> =Y <63x*b*uaxg0%,m*b*uaxg0%> = Y |[Ep(z* b uaz)|[2 >

acF a,beF a,beF

Therefore we also have

Z <d1axg0%, axg0%> > e
a€F

so that d; # 0.

Now, by construction (E4 o Eg)(dy) is bounded. Hence if we let e € A’ N (M, B)
be the support projection of dj, then Ae C e(M, B)e is with expectation, which
means precisely that the range of e is a left discrete A-B-bimodule. Moreover, the
range of e is contained in AzL?(B) by construction. Hence (i) does not hold. [

Theorem 23.11. Let M be a von Neumann algebra. Let A C 14M14 and B C
1gM1p be two von Neumann subalgebras with expectation. Then the following are
equivalent:

(i) A <uy B, i.e. IV,(A, B) # {0}.
(i) Dl (4, B) # {0}.
(iii) 14L*(M)1p contains a nonzero left discrete A-B-bimodule.
If A is finite, then all these properties are equivalent to a fourth one:

(iv) There does not ezist a net of unitaries u; € A, i € I such that E(y*u;x) — 0
strongly for all x,y € 14,M1p and every (or some faithful family of) normal
conditional expectation E : 1gM1p — B.

Remark 23.12. We point out the fact that the condition D},(A4, B) # 0 is often
easier to use than the condition A <j; B because the subspaces D},(A, B) have
good stability properties (see Remark 23.4). We also recall the fact that the relation
< is not transitive. When using D}, (A, B), this issue appears in the following
way: let p be the projection in M defined by the weakly closed left ideal

Mp*t ={x € M | 2D},(A, B) = {0}}.
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We call p the left support of Di,(A, B). We defined similarly the right support of
D!,(A, B). Now, if we know that A <j; B and B <, C' and we want to show that
A <y C, ie. that D, (A, C) # 0, then it is enough to show that the right support
of D},(A, B) intersects the left support of D},(B,C). Indeed, this would imply
that D, (A, B)D,,(B,C) # {0}. Note that these supports are always contained in
Z(Dy(B)) thanks to Corollary 23.9.

24 Discrete inclusions

The following notion of discrete inclusions is different from the notion of dis-
creteness of [ILP96]. We believe that the inclusions studied in [ILP96] should be
called quasiregular instead.

Definition 24.1. We call an inclusion of von Neumann algebras N C M discrete if
it satisfies the following equivalent conditions:

(i) The N-M-bimodule yL*(M),, is discrete.

(ii) For some (hence any) spatial realization M C B(H), the inclusions N C M
and M’ C N’ are both with expectation.

(iii) There exists a faithful family of normal conditional expectations E; : M — N
which are left discrete.

(iv) N is with expectation in M and 1 € DY, (M, N).

For a von Neumann algebra M, it is well-known that the inclusion C C M is
discrete if and only if M is discrete, i.e. M is generated by its minimal projections.
We will prove a relative version of this property for an arbitrary discrete inclusion
N C M. However, in the relative case, the minimal projections are replaced by
projections p € N’ N M such that Np C pMp is irreducible with finite index in the
following sense. This definition is not standard but it is very natural in our context.

Definition 24.2. Let N C M be an inclusion of von Neumann algebras. We say
that N C M is irreducible if N'N M = Z(N) = Z(M). In that case, we define the
index of N C M by

[M: N] =EQ1) € Z(M)*
where E : M — N is the unique normal conditional expectation and E : (M, N) —
M is its dual operator valued weight.

More generally, if N C M is irreducible and z is the largest projection in Z(M)
such that Nz C Mz is with expectation, we let [M : N] = [Mz : Nz|z + oo - 2.
When [M : NJ is bounded, we say that N C M has finite index.

Theorem 24.3. Let N C M be an inclusion of von Neumann algebras. Then
N C M is discrete if and only if there exists a partition of unity (p;)icr in N' N M
such that Np; C p;Mp; is irreducible with finite index for all i € I.

Proof. Suppose first that N C M is an irreducible inclusion with finite index. Let
E: M — N be the unique normal conditional expectation. Then E(1) = [M : N] €
Z(M)*. Hence E : (M,N) — M is a bounded faithful normal operator valued
weight. Therefore, the inclusion M C (M, N) is with expectation which means that
N C M is discrete.
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Now, suppose that there exists a partition of unity (p;)ie; in N’ N M such that
Np; C p;Mp; is irreducible with finite index for all ¢ € I. Then Np; C p;Mp;
is with expectation for all . Hence N C M is with expectation. Moreover, since
Np; C p;Mp; is discrete, then p; € DéiMpi (piMp;, Np;) € D4, (M, N) for all i. Hence
1=3c;pi € DYy(M,N) and N C M is discrete. This proves the if direction.

For the only if direction, it is sufficient, by a standard maximality argument, to
find a nonzero projection p € N'N M such that Np C pMp is irreducible with finite
index. Let NY = NV (N'NM) Since N C M is discrete and NV is with expectation
in M, then N C NV is also discrete. Hence NY C (NV, N) is with expectation. Thus
the inclusion NN M = NN NY C NN (NY,N) = (N'N M, Z(N)) is also with
expectation. This shows that the inclusion Z(N) C N'NM is discrete. In particular,
we have N'N M <nnpy Z(N). Since Z(N) is in the center of N’ N M, this really
means that we can find a nonzero projection p € N’ N M such that p(N' N M)p =
Z(N)p. Note that the inclusion M'p C pN'p is also discrete. Hence, by repeating
the same argument, we can find a nonzero g € (M'p)' NpN'p = p(N'N M )p such that
q(N'NM)qg = Z(M'p)qg = Z(M)q. Since, we already have p(N'NM)p = Z(N)p, we
really have ¢(N'NM)q = Z(M)q = Z(N)gq, or equivalently, the inclusion Nq C ¢Mgq
is irreducible. Let E : ¢Mq — Ng be the unique normal conditional expectation.
Since Nq C ¢Mgq is discrete, then ¢Mqg C (M, N) = p(M, N)q is with expectation.
Hence the restriction of E to

(qMq)' N {gMq,Nq) = (M'N (M, N))q = Z(q¢Mq)

~

is semifinite. Equivalently, this means that [¢M¢q : Ng| = E(1) is a semifinite element
of Z(¢Mq)*. Let e € Z(qMgq) be a nonzero projection such that [¢Mq : Ngle is
bounded. Then Ne C eMe is irreducible with finite index [eMe : Ne] = [¢Mq : Ngle
and we are done. O

Let A and B be two von Neumann algebras. We say that an A-B-bimodule H is
irreducible if m(A) N7 (B™) = Z(n(A)) = Z(n(B™)) where 7 : A® B” — B(H) is
the associated representation. Note that H is irreducible if and only if the inclusion
m(A) € 7(B™) (or equivalently m(B”) C m(A)’) is irreducible. In that case we
define the index of H as the index of the inclusion 7(A) C 7(B"")" (or equivalently
the index of m(B™) C m(A)’) which is an element of the extended positive cone of
Z(n(A)) = Z(x(B™)).

Finally, observe that H is discrete if and only if the inclusion w(A) C w(B™)" is
discrete. Hence, we obtain the following.

Corollary 24.4. Let A and B be two von Neumann algebras. Then a A-B-bimodule
is discrete if and only if it is a direct sum of irreducible bimodules with finite index.

Note that an inclusion of type I von Neumann algebras is irreducible if and only if
it is a trivial inclusion. Hence, a bimodule between two type I von Neumann algebras
A and B is discrete if and only if it is a direct sum of irreducible bimodules and the
irreducible A-B-bimodules are the bimodules of the form L*(#) where 0 : Ae — Bf
is an isomorphism and e and f are two central projections in A and B respectively.

When A and B are infinite factors, an irreducible A-B-bimodule with finite index
is just a bimodule of the form L?(p) where p: A — B is a morphism such that the
inclusion p(A) C B is irreducible with finite index.

In general, irreducible bimodules with finite index should be considered as gen-
eralized symmetries which serve as building blocks for all discrete correspondences.
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25 Quasiregular inclusions

The following notion of quasiregular inclusions coincides, in the case of factors,
with the notion of discrete inclusions of [ILP96].

Definition 25.1. Let N C M be an inclusion of von Neumann algebras with ex-
pectation. We call Dy, (N) the quasinormalizer of N inside M.

We say that the inclusion N C M is quasireqular if it satisfies the following
equivalent conditions:

(i) Dy(N) = M.

(ii) The inclusion N C (M, N) is with expectation.
(iii) The inclusion N C (M, N) is discrete.
(iv) The N-N-bimodule yL*(M)y is discrete.

The terminology is justified by the next theorem which gives an explicit descrip-
tion of the von Neumann algebra Dy, (N) for arbitrary inclusions N C M and also
under more restrictive assumptions. It shows, for example, that a maximal abelian
subalgebra is quasiregular if and only if it is a Cartan subalgebra. Also all inclusions
coming from crossed products are quasiregular.

Theorem 25.2. Let N C M be an inclusion of von Neumann algebras with expec-
tation. The following properties hold.

(i) Dpr(N) is the von Neumann algebra generated by the set of all partial isome-
tries v € M such that there exists a morphism w : pNp — qNq with pvqg = v
and av = vr(a) for all @ € N and w(pNp) C qNq is irreducible with finite
index.

(ii) If N is finite then Dy (N) is the von Neumann algebra generated by the set of
all x € M for which there exists a finite set F' C M such that

:L’NCZNy and NxCZyN.

yel yeF

(iii) If N is abelian then Dy (N) is the von Neumann algebra generated by the set
of all partial isometries v € M such that

{vv*,v*v} C N'NM and Nv = vN.

Proof. For simplicity, we assume that N admits a faithful normal conditional expec-
tation E: M — N and we use it to view L*(N) C L*(M). The general case can be
deduced easily from this case by cutting down with o-finite projections in N’ N M.

(i). Let Q be the von Neumann algebra generated by the set of all z € Z},(N, N)
such that the inclusion 7, (pNp) C gNgq is irreducible with finite index. For all such
x, we have x € Dy;(N, m,.(pNp)). And since 7, (pNp) is irreducible with finite index
in gNg, we have ¢ € Dy (m.(pNp),qNgq). Hence x = xq € Dy;(N, N). This shows
that @ C Dy(N). Conversely, observe that () contains N and N’ N M, hence
Q' N M C @ and there exists a canonical faithful normal conditional expectation
from M to @Q, use it to view L?(Q) C L*(M). Suppose there exists a nonzero discrete
sub-N-N-bimodule H C L*(M) © L*(Q). Thanks to 24.4, we can assume that H is
irreducible with finite index. By Theorem 23.8, it contains a sub-bimodue of the form

82



NzL?(N) for some nonzero x € Z4,(N, N). Let m, : pNp — ¢Ng be the morphism
it implements. The pNp-¢Ng bimodule pN xLQ(N )q is still irreducible with finite
index and it contains L*(m,). This means that m,(pNp) C ¢Ngq is irreducible with
finite index. Take the polar decomposition x = |z*|v, then we get v € Q). Since
@ contains N V N'N M, we also have |z*| € p(N'N M)p C Q. Hence x € @ and
therefore H C L*(Q) as we wanted.

(ii). Take x € M for which there exists a finite set F' € M such that

N C ZNy and NxCZyN.

yelF yeFr

Let E : M — N be a normal conditional expectation and use it to view L*(N)
as subspace of L*(M). Then NxL?(N) C FL*(N) is finitely generated as a right
N-module, hence it is left discrete, or equivalently, x is left discrete. Similarly, we
show that z is right discrete. Thus we have that © C Dy (N).

Now, let () be the von Neumann algebra generated by the set of all such .
Suppose that the discrete N-N-bimodule L*(Dy(N)) © L*(Q) is nonzero. Then it
contains a nonzero sub-N-N-bimodule H which is finitely generated both as a left
and right N-module. By Theorem 23.7, we can find a nonzero x € M such that
NzL?*(N) € H. Then by the Gram-Schmidt algorithm, we can find a finite family
Yi,-.-,Y; € NxN which generate NozL?(N) as a right N-module and such that
E(yfy;) = d;; for all 1 <4,j < ¢. Then for all a« € Nz, we have a = >, y;E(y}a).
Hence Nz C Y%, y;:N. Observe that L?(N)xN is isomorphic to NzL?*(N) as a N-

N-bimodule, hence L?(N)zN is also finitely generated as a left N-module. Hence
by repeating the same argument, we can find another finite family y,11,...,y, such
that N C Yi_ 1 Ny;. By taking F' = {y1,...,y,}, we conclude that x € Q. A
contradiction. Hence, we must have L*(Dy(N)) = L*(Q) and therefore Dy, (N) = Q
as we wanted.

(iii) This follows from (i). Indeed, for a partial isometry v € Z},(N, N), the
inclusion of abelian von Neumann algebras m,(pNp) C m,(¢Nq) is irreducible if and
only if 7,(pNp) = qNgq, so that 7, is a partial isomorphism of N. This happens
exactly when

{vv*,v*v} C N'NM and Nv = vN.
[

Note that one can deduce similar descriptions of Dy (A, B) for any pair of von
Neumann subalgebras A and B by using Remark 23.4. In particular, we have the
following criterion.

Corollary 25.3. Let M be a von Neumann algebra, A C 14M14 and B C 1gM1p
two von Neumann subalgebras with expectation. Then the following are equivalent:

(i) There exist a morphism w : pAp — qBq and a non-zero partial isometry v €
pMgq such that av = vr(a) for all a € pAp and w(pNp) C qNq is irreducible
with finite index.

(if) Dar(A, B) # {0}
(iii) The discrete part of the A-B-bimodule 1,1L*(M)15 is nonzero.
Finally, one can recover all the results of [PS03] and generalize them to the

non-tracial situation. Indeed, our Dy, (A, B) is a generalization of what is denoted
Ny(A, B) in [PS03] for abelian A and B.
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26 Stable unitary conjugacy

In this section, we study the notion of stable unitary conjugacy for tensor product
decompositions [HMV16].

Definition 26.1. Let M be any o-finite factor. A tensor product decomposition of M
is a pair (A;, As) of subalgebras of M such that M = A; ® A;. Two decompositions
(A1, Ay) and (B, By) are said to be:

(i) wnitarily conjugate if there exists u € U(M) such that uA;u* = B; for all
1€ {1,2} We then write (Al,AQ) ~ (Bl, BQ)

(ii) stably unitarily conjugate if there exist type I factors with separable predual
F} and F5 such that the two tensor product decompositions (A; ® Fy, Ay ® Fy)
and (B; ® Fy, By ® F3) are unitarily conjugate in M ® F} ® F». We then write
(A17 AZ) ~ oo (Bl7 BQ)

We will need the following lemma.

Lemma 26.2. Let M and N be any von Neumann algebras and A C 14M14 and
B C 1gM1p be any von Neumann subalgebras with expectation.
The following conditions are equivalent:

(i) A<y B.
(i) A®C <=y B®C.
(i) A®C <,my BSN.

Proof. This follows from Proposition 22.2. ]

We record in Proposition 26.3 below several useful properties of the notion of
stable unitary conjugacy.

Proposition 26.3. Let M be any o-finite factor. The following properties hold
true:

(i) The relations ~ and ~ are equivalence relations.

(ii) If M = Ay ® Ay is a tensor product decomposition of M and if F is a type 1
factor with separable predual then (A1 ® F, Ag) ~o (A1, F® Ay) in M @ F.

(iii) If M = A® F = B® G are two tensor product decompositions of M where
F and G are infinite type 1 factors with separable predual then we can find a
nonzero partial isometry v € M with v'v =p € A and vv* = q € B such that
vpApv* = qBq and vpFpv* = qGq. If both A and B are infinite then we can
choose p=q =1 so that (A, F) ~ (B,G).

(iv) If M = A1 ® Ay = By ® By are two tensor product decompositions of M then
we have (A, A2) ~o (B, Ba) if and only if there exist nonzero projections
pi € A; and q; € B; and a partial isometry v € M with v*v = p = p1ps and
v* = q = q1qa such that vpApv* = qB1q and vpAspv* = qBsq. If A; and
B; are infinite for every i € {1,2} then we can choose p = q = 1 so that

(v) If M = A1 ® Ay = By ® By are two tensor product decompositions of M then
we have Ay <) By if and only if there exists a tensor product decomposition

Bl == O@D such that (Al,A2> ~ o (O, D@Bg)
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Proof. (i) It is obvious that ~ is an equivalence relation and that ~., is symmetric
and reflexive. Let us prove that ~, is transitive. Suppose that (A;, As), (B1, B2)
and (C1,Cs) are three tensor product decompositions of M such that (A1, Ay) ~
(B1, B2) and (B, By) ~o (C1,C5). Then we can find type I factors with separable
predual F; and G; for i € {1,2} such that (A; ® F}, Ay ® Fy) ~ (B1 ® F}, By ® F)
in M@ F,®F, and (B1 ® Gy, Ba®Gs) ~ (C1®G1,Co®Gs) in M @G ® Gy. Then
we naturally have (4; ® F1 @ G1, A, Q@ F, ® Go) ~ (C1 ® F1 ® G1,Cy ® Fy, ® Gg) in
M @ (F1 @ Gl) @ (F2 @ Gg) Hence (Al, AQ) ~oo (Cl, Cg) as we wanted.

(ii) Let G, G2 be two infinite type I factors with separable predual. Then Gy
is isomorphic to G ® F' and F ® G5 is isomorphic to G5. Hence we can find an
automorphism ¢ of G; ® F' ® G5 such that ¢(G1) = G; ® F and ¢(F ® G3) = Gb.
Since G1 ® F'® G4 is a type I factor, ¢ is inner. Hence (G1, F ® Gy) ~ (G1 ® F, G3)
in Gl @F@GQ Therefore (Al@G17A2®F®G2> ~ (A1®F®G1,A2®G2) which
means exactly that (A, F ® Ay) ~o (A1 ® F, Ay) as we wanted.

(i) Take (ex)kien and (fii)kien two systems of matrix units for F' and G
respectively. Choose p and ¢ two nonzero projections in A and B respectively such
that pegg and ¢ foo are equivalent in M. If both A and B are infinite, then we can
take p = ¢ = 1. Take v € M such that v*v = pegy and vv* = ¢fyo and define
V = Y ien froveor. Then we have V¥V = p, VV* = g and V pApV* = ¢Bq and
VpFpV* = qGq.

(iv) Firstly, we prove the “if” direction. Take nonzero projections p; € A; and
¢; € B; and a partial isometry v € M with v*v = p = py1ps and vv* = ¢ = ¢1¢2 such
that v pAipv* = qB1q and v pAspv* = qBsq. Take Fy, Fy two infinite type I factors
with separable predual. Then there exist isometries r; € A;®F; and s; € B;® F; such
that r;rf = p; and s;s7 = ¢;. Then U = (s152)*v(r172) is a unitary in M @ F} ® I}
such that U(A; ® F;)U* = B; ® F;.

Secondly, we prove the “only if” direction. Assume that (A;, As) ~o (B1, Ba).
Then we can find two type I factors with separable predual F}, F; and a unitary
u € UM ® Fi ® Fy) such that u(A; ® F;)u* = B; ® F; for every i € {1,2}. Now, by
applying (iii) to the two tensor product decompositions of N; = uA;u* ® uFu* =
B; ® F;, we see that we can find a nonzero partial isometry v; € N; with vjv; =
up;u® € uAu® and vivf = ¢; € B; (and p; = ¢; = 1 if A; and B; are infinite) such
that (vu) p; Aipi (viw)* = ¢;Biq; and (v;u) piFip; (viu)* = q;F;q; for every i € {1,2}.
Then there is a unique automorphism ¢; of F; such that ¢(x)v;u = vyuzx for all
x € F; and ¢; must be inner because Fj is of type I. Thus, up to replacing v; by w;v;
for some unitary w; € F;, we may assume that v;u commutes with F;. Finally, if we
let V =vvu e MQF ® F, = Ny ® Ny, we see that V' commutes with F; ® F5
which means that V' € M and we have V*V = p = pips, VV* = ¢ = q1¢q2 and
V pAipV* = q;Byq for every i € {1,2}. Moreover, if all A; and B; are infinite then
we can choose p = ¢ = 1 and hence (A;, Ay) ~ (By, Bs).

(v) Suppose that A; <3, B;. Take a nonzero partial isometry v € Z%,(A;, By).
Let 7, : prAipr — @1 Bi1gi be the morphism it implements. By reducing ¢; if
necessary, and reducing v accordingly, we may assume that ¢; is a minimal projection
in some type I subfactor K of B;. Write vvo* = p = pips with py € Ay and
v = q = q1qz with gu € By. Let P = v*Ajv C ¢B1q and Q = P’ N ¢B1g. Since
v*(Az)v must be equal to P’ N gMq and AjandA, generate M, we know that P
and P’ N ¢gMgq must also generate ¢Mq. Hence P and () must generate ¢Bq, i.e.
we have ¢B1q = P ® Q. Now, pick an isomorphism ¢ : ¢;Biqg1 ® K — B; such
that ¢(x ® ¢1) = z for all z € B¢y and let C = ¢(P ® K) and D = ¢(Q).
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Then we have By = C® D, p; € A;, 1 € C, ¢ € D ® By and vpAipv* = qCq
and vpAspv* = ¢(D ® Bs)q. Hence by (iv), we obtain (A, Ay) ~o (C, D ® By).
Conversely, if (A1, As) ~o (C,D ® Bs) with By = C' ® D, then there exist type I
factors F7 and F5 such that A; ® Fy is unitarily conjugate to C'® F} in M ® F1 ® F,
which implies that A; <, C' by Lemma 26.2 and therefore A; <, By. O
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