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Laplacien hypoelliptique et formule des traces
tordue

Résumé
Dans cette thèse, on donne une formule géométrique explicite pour les intégrales

orbitales semisimples tordues du noyau de la chaleur sur un espace symétrique, en
utilisant la méthode du laplacien hypoelliptique développée par Bismut. On montre
que nos résultats sont compatible avec les résultats classiques de la théorie de l'indice
équivariant local sur les espaces localement symétriques compacts.

On utilise notre formule explicite pour évaluer le terme dominant dans l'asympto-
tique quand d ! + 1 de la torsion analytique équivariante de Ray-Singer associée
à une famille de �brés vectoriels platsFd sur un espace localement symétrique com-
pact. On montre que le terme dominant peut être calculé à l'aide deW-invariants
au sens de Bismut-Ma-Zhang.

Mots clefs : laplacian hypoelliptique, intégrale orbitale tordue, formule des traces
tordue, torsion analytique équivariante.

Hypoelliptic Laplacian and twisted trace formula

Abstract
In this thesis, we give an explicit geometric formula for the twisted semisimple

orbital integrals associated with the heat kernel on symmetric spaces. For that
purpose, we use the method of the hypoelliptic Laplacian developed by Bismut. We
show that our results are compatible with classical results in local equivariant index
theory.

We also use this formula to evaluate the leading term of the asymptotics asd !
+ 1 of the equivariant Ray-Singer analytic torsion associated with a family of �at
vector bundlesFd on a compact locally symmetric space. We show that the leading
term can be evaluated in terms of theW-invariants constructed by Bismut-Ma-
Zhang.

Keywords : Hypoelliptic Laplacian, twisted orbital integral, twisted trace for-
mula, equivariant analytic torsion.
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Introduction (en français)

L'objet de cette thèse est de donner une formule géométrique explicite pour les
intégrales orbitales semisimples tordues associées au noyau de la chaleur, en utilisant
la méthode du laplacien hypoelliptique développée dans [B11].

On utilise notre formule explicite pour évaluer le terme dominant dans l'asympto-
tique quand d ! + 1 de la torsion analytique équivariante de Ray-Singer associée
à une famille de �brés vectoriels platsFd sur un espace localement symétrique com-
pact. On montre que le terme dominant peut être calculé à l'aide deW-invariants
au sens de [BMZ17].

Table des matières

i. Un groupe réductif réel 1

ii. Laplacien hypoelliptique et espaces symétriques 2

iii. Intégrales orbitales semisimples 3

iv. Intégrales orbitales tordues 3

v. Résultats de la thèse 5

vi. Intégrales orbitales tordues et théorème de l'indice local 6

vii. Torsion analytique équivariante de Ray-Singer sur Z 7

viii. Asymptotique de la torsion équivariante de Ray-Singer 8

ix. Structure de la thèse 9

i. Un groupe réductif réel. Soit G un groupe réductif réel connexe d'algèbre de
Lie g, et soit � 2 Aut( G) une involution de Cartan deG. Soit K l'ensemble des
points �xes de � dansG. Alors K est un sous-groupe maximal compact deG. Soit
k l'algèbre de Lie deK , et soit p � g l'espace propre de l'action de� associé à la
valeur propre � 1. La décomposition de Cartan deg est donnée par

(i-1) g = p � k:

Alors on a

(i-2) [p; p]; [k; k] � k; [k; p] � p:

Soit B une forme bilinéaire symétrique non-dégénérée qui est invariante parG et �
telle queB soit positive surp et négative surk.

On posem = dim p, n = dim k.
Soit X = G=K l'espace symétrique associé. On notep : G ! X la projection

canonique, donc il est unK -�bré principal sur X . Le scindage (i-1) induit une forme
de connexion sur ceK -�bré principal.

Le groupeK agit sur p par l'action adjointe, on a

(i-3) TX = G � K p:

Alors B induit une métrique riemannienne surX telle que la forme de connexion
sur p : G ! X induit la connexion de Levi-Civita r T X .

On a que X ' Rm est de courbure sectionnelle nonpositive. On noted(�; �) la
distance riemannienne surX .
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ii. Laplacien hypoelliptique et espaces symétriques. Soit � E : K ! Aut( E)
une representation unitaire de dimension �nie deK , et soit F = G � K E le �bré
vectoriel associé surX avec une connexion unitairer F . En particulier, k induit un
�bré vectoriel N sur X .

Le �bré vectoriel TX � N est canoniquement trivial surX . Soit b� : bX ! X
l'espace total deTX � N . On a bX ' X � g.

Soit Ug l'algèbre enveloppante deg, et soit Cg 2 Ug l'opérateur de Casimir associé
à B, qui est dans le centre deUg. Si e1, � � � , em+ n est une base deg, et si e�

1, � � � ,
e�

m+ n est la base duale deg relativement à B, alors

(ii-1) Cg = �
m+ nX

i =1

e�
i ei :

Le Casimir Cg induit un opérateur elliptique Cg;X agissant surC1 (X; F ). Soit L X

l'opérateur qui di�ère par une constante explicite de l'action de
1
2

Cg;X sur C1 (X; F ).

Pour t > 0, on note exp(� tL X ) l'opérateur de la chaleur associé.
Par [B11, Sections 0.1, 0.3 et 0.6], le laplacien hypoelliptiqueL X

b est une défor-
mation de L X , de sorte que sib ! 0, L X

b converge dans le sens adéquat versL X .
On rappelle la construction deL X

b en abrégé.
Soit bD g;X l'opérateur de Dirac de Kostant [Kos97] associé à(g; B). Alors bD g;X agit

sur C1 (X; F ), et son carré est égal à� 2L X . Dans [B11, Chapitre 2], l'auteur a dé�ni
un opérateur de Dirac généraliséDX

b , b > 0 agissant surC1 ( bX ; b� � (� �(T � X � N � ) 

F )) en utilisant bD g;X et une version de l'opérateur de Dirac sur la �breTX � N .

Dans [B11, Section 2.13], le laplacien hypoelliptiqueL X
b sur bX est dé�ni par

(ii-2) L X
b = �

1
2

bD g;X; 2 +
1
2

DX; 2
b :

Par [B11, Proposition 2.15.1], on a

(ii-3) [DX
b ; L X

b ] = 0:

Soit � T X � N le Laplace usuel le long des �bresTX � N . La formule explicite
suivante deL X

b est établie dans [B11, Section 2.13],

L X
b =

1
2

j[Y N ; YT X ]j2 +
1

2b2
(� � T X � N + jY j2 � m � n) +

N � � (T � X � N � )

b2

+
1
b

�
r C1 (T X � N; b� � (� � (T � X � N � )
 F ))

Y T X + bc(ad(Y T X ))

� c(ad(Y T X ) + i� ad(Y N )) � i� E (Y N )
�

:

(ii-4)

Par un résultat de Hömander [Hör67],L X
b est un opérateur hypoelliptique. La

structure de L X
b est proche de la structure du laplacien hypoelliptique étudiée dans

le travail de Bismut [B05] et de Bismut-Lebeau [BL08]. En fait, étant donnée une
variété riemannienneM , la théorie générale du laplacian hypoelliptique [B05] peut
donner une famille d'opérateurLbjb> 0 sur TM interpolant le laplacien elliptique sur
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M (lorsque b ! 0) et le �ot géodésique surTM (lorsque b ! + 1 ). Alors on peut
espérer que l'opérateurL X

b a des propriétés similaires.
Des méthodes d'analyse ont été développées par Bismut pour obtenir les propriétés

convenables de la résolvante deL X
b . Pour t > 0, soit exp(� tL X

b ) l'opérateur de la
chaleur associé àL X

b . Dans [B11], on a démontré queexp(� tL X
b ) possède un noyau

de la chaleur lisseqX
b;t, et que le noyauqX

b;t converge dans le sens adéquat vers le
noyau deexp(� tL X ) lorsqueb ! 0.

Dans la section 3 de la présente thèse, nous rappelons la construction deL X
b sur

bX en plus de détail. Dans la sous-section 3.7, nous rappelons aussi des résultats sur
qX

b;t établis dans [B11, Chapitres 4 et 11].

iii. Intégrales orbitales semisimples. Soit Isom(X ) le groupe de Lie d'isométries
de X , et soit Isom(X )0 la composante connexe de l'identité. Nous avons l'homomor-
phisme évidentG ! Isom(X )0.

Si � 2 Isom(X ), soit d� la fonction de déplacement surX associée à� . Alors d�

est une fonction convexe. Comme dans [E96],� est dit semisimple sid� atteint sa
valeur in�mum m� dansX , et � est dit elliptique si � a des points �xes dansX . Si �
est semisimple, soitX (� ) � X l'ensemble minimisant ded� , qui est une sous-variété
convexe deX .

Dans [B11, Chapitres 3 et 4], on a donné une interprétation géométrique pour les
intégrales orbitales associées à un élément semisimple
 2 G. Ainsi que X (
 ) est un
espace symétrique associé au centralisateurZ (
 ) de 
 . Alors l'espace total du �bré
normal NX (
 )=X peut être identi�é avec X . Etant donné un opérateur dont le noyau
de Schwartz a une propriété de décroissance gaussienne appropriée, son intégrale
orbitale associée à
 peut être écrite comme intégration le long de la �breNX (
 )=X .
En particulier, les intégrales orbitalesTr [
 ][exp(� tL X )], Tr s

[
 ][exp(� tL X
b )] sont bien

dé�nies. Ces intégrales orbitales sont dites elliptiques et hypoelliptiques.
Dans [B11, Chapitre 4], on a montré que les intégrales orbitalesTr [
 ][exp(� tL X )],

Tr s
[
 ][exp(� tL X

b )] coïncident pour t > 0, b > 0. En utilisant ce fait, dans [B11,
Chapitre 6], on a donné une formule géométrique explicite pourTr [
 ][exp(� tL X )],
qui est obtenue en calculant la limite deTr s

[
 ][exp(� tL X
b )] lorsqueb ! + 1 .

En utilisant ce résultat, Shu Shen [S18] a donné une démonstration de la conjecture
de Fried pour des espaces compacts localement symétriques, complétant le travail
de Moscovici et Stanton dans [MS91].

iv. Intégrales orbitales tordues. Soit � le sous-groupe compact deAut( G) qui
se compose des automorphismes de(G; B; � ). Si � 2 � , soit � � le sous-groupe fermé
de � engendré par� . On pose

(iv-1) G� = G � � � ; K � = K o � � :

Si � 2 � , on dé�nit la conjugation tordue C � sur G telle que si
; h 2 G,

(iv-2) C � (h)
 = h
� (h� 1):



4 BINGXIAO LIU

Alors C � dé�nit une action de G sur G. Si 
 2 G, on dénote[
 ]� l'orbite de 
 . Soit
Z (
� ) le stabilisateur de
 sous l'action deG par C � . Alors on a

(iv-3) Z (
� ) = f g 2 G : 
�g = g
� 2 G� g:

On a l'identi�cation

(iv-4) [
 ]� ' Z (
� )nG:

Comme l'action de� préserveK et B , G� agit sur X isométriquement. Soit
 2 G
tel que 
� soit semisimple, et soitX (
� ) � X l'ensemble minimisant ded
� . On
montre queX (
� ) est aussi un espace symétrique et que[
 ]� est un sous-ensemble
fermé dansG. Dans la sous-section 1.5, nous étendons les constructions géométriques
de [B11, Chapitre 3] à notre cas.

Nous supposons également queE s'étend comme représentation unitaire deK � :
la question de l'existence de tels relèvements sera examinée plus en détail dans la
section 2. L'action deG� sur X se relève àF .

Soit Q� une algèbre d'opérateurs agissant surCb(X; F ) qui commutent avecG�

et qui ont une propriété de décroissance gaussienne appropriée.
Dans la section 4, nous montrons que si
� est semisimple, siQ 2 Q � a pour le

noyau q 2 C(G; End(E)), on peut dé�nit une intégrale Tr [
� ][Q] par la formule

(iv-5) Tr [
� ][Q] =
Z

Z (
� )nG
Tr E [� E (� )q(g� 1
� (g))]dg:

Comme indiqué par la notation,Tr [
� ][Q] ne dépend que de la classe de conjugaison
[
� ] de 
� dans G� . On les appelle intégrales orbitales tordues [L80, Fli82, C84,
ArC89, Lip15, BeLi17]. Dans la sous-section 4.2, nous donnons aussi une description
géométrique pourTr [
� ][Q].

Les opérateursL X , L X
b commutent avec l'action deG� . Donc exp(� tL X ) est dans

Q� , alors on a l'intégrale orbitale tordue correspondanteTr [
� ][exp(� tL X )]. Dans la
sous-section 4.3, nous étendons la dé�nition des intégrales orbitales tordues aux
intégrales orbitales tordues hypoelliptiquesTr s

[
� ][exp(� tL X
b )].

Soit � un sous-groupe discret cocompact deG tel que � (�) � � . Pour simpli�er,
nous supposons que� est sans torsion, de sorte queZ = � nX est une variété lisse
compacte équipée d'une action de� � .

Le �bré vectoriel F descend en un �bré vectoriel surZ que nous notons encore
F . L'action de � � sur Z se relève au �bréF . Si Q 2 Q � , alors Q descend en un
opérateurQZ agissant surC1 (Z; F ).

Dans la sous-section 1.8, nous montrons que si
 2 � , 
� est semisimple, de telle
sorte queTr [
� ][Q] est bien dé�nie. De plus,� \ Z (
� ) est un sous-groupe discret
cocompact deZ(
� ), de telle sorte que� \ Z (
� )nX (
� ) est compact.

Soit C l'ensemble des classes de conjugaison tordues de� dé�nies à la De�nition
1.8.2. Dans la sous-section 4.5, d'après Langlands [L80], Flicker [Fli82] et Bergeron-
Lipnowski [BeLi17], nous récupérons une version tordue de la formule des traces de
Selberg [Sel56],

(iv-6) Tr[ � Z QZ ] =
X

[
 ]
�

2 C

Vol(� \ Z (
� )nX (
� ))Tr [
� ][Q]:
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Dans la suite, on considère le cas oùQ = exp( � tL X ), t > 0.

v. Résultats de la thèse. Dans la section 4, nous établissons une identité fonda-
mentale qui dit que, pourb > 0, t > 0,

(v-1) Tr [
� ][exp(� tL X )] = Tr s
[
� ][exp(� tL X

b )]:

En fait, en utilisant (ii-3), on montre que la dérivée du côté droit de (v-1) par
rapport à b > 0 est nulle, alors le côté droit ne dépend pas deb. Donc (v-1) est une
conséquence du fait que le noyauqX

b;t converge dans le sens adéquat vers le noyau de
exp(� tL X ) lorsqueb ! 0.

Nous faisons alorsb ! + 1 dans (v-1). L'évaluation de la limite du côté droit
se concentre autourX (
� ), où la description géométrique des intégrales orbitales
tordues joue un rôle important.

Décrivons plus en détail notre résultat principal. Si
� est semisimple, après conju-
gaison, on peut supposer que

(v-2) 
 = eak� 1; a 2 p; k 2 K; Ad(k� 1)�a = a:

On pose

(v-3) K (
� ) = Z (
� ) \ K:

Soit z(
� ), k(
� ) algèbres de Lie deZ(
� ), K (
� ). On a le scindage

(v-4) z(
� ) = p(
� ) � k(
� );

où p(
� ) est l'intersection dez(
� ) et p.
On posez0 = ker ad(a). Alors z(
� ) � z0. Soit z?

0 l'orthogonal à z0 dans g. Soit
z?

0 (
� ) l'orthogonal à z(
� ) dansz0, alors on a le scindage

(v-5) z?
0 (
� ) = p?

0 (
� ) � k?
0 (
� ):

Dans la sous-section 5.1, pourY k
0 2 k(
� ), nous dé�nissons une fonction analytique

J
� sur k(
� ) par la formule

J
� (Y k
0 ) =

1
j det(1 � Ad( 
� )) jz?

0
j1=2

bA(iad(Y k
0 )jp(
� ))

bA(iad(Y k
0 )jk(
� ))

�
1

det(1 � Ad(k� 1� )) jz?
0 (
� )

det(1 � exp(� iad(Y k
0 ))Ad( k� 1� )) jk?

0 (
� )

det(1 � exp(� iad(Y k
0 ))Ad( k� 1� )) jp?

0 (
� )

� 1=2

:

(v-6)

Le résultat essentiel de cette thèse est le suivant.

Théorème 1. Pour t > 0, on a l'identité suivante :

Tr [
� ][exp(� tL X )] =
exp(�j aj2=2t)

(2�t )p=2
Z

k(
� )
J
� (Y k

0 )Tr E [� E (k� 1� ) exp(� i� E (Y k
0 ))]

exp(�j Y k
0 j2=2t)

dYk
0

(2�t )q=2
:

(v-7)
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Si � = Id G, nous récupérons la formule obtenue dans [B11, Théorème 6.1.1].
En utilisant (v-7), on peut aussi obtenir des formules pour les intégrales orbitales
tordues plus générales.

Notez que les fonctionsbA sur p et k (avec des rôles di�érents) apparaissent dans la
fonction J
� (Y k

0 ). Le caractère de(E; � E ) apparaît aussi naturellement dans (v-7).
La formule (v-7) présent des analogies avec la formule du point �xe de Lefschetz
d'Atiyah-Bott [AB67, AB68], où on a le bA-genre équivariant et le caractère de Chern
équivariant.

Soit A un endomorphisme auto adjoint deE qui commute avec l'action deK � .
On considèreA comme une section parallèle deEnd(F ) commutant avec l'action de
G� . On pose

(v-8) L X
A = L X + A:

Le Théorème 1 s'étend au cas deexp(� tL X
A ).

vi. Intégrales orbitales tordues et théorème de l'indice local. L'opérateur
L X descend en un laplacienL Z sur Z . Soit D Z l'opérateur de Dirac surZ . Par [B11,
Sections 7.2 et 7.3], à une constante près,D Z;2 coïncide avec2L Z . Le nombre de
Lefschetz� � (F ) est donné par

(vi-1) � � (F ) = Tr s[� Z exp(� tD Z;2=2)]:

Soit � Z l'ensemble des points �xes de� dans Z. Alors� � (F ) peut être calculé par
le théorème du point �xe de Lefschetz de Atiyah-Bott [AB67, AB68], de telle sorte
que

(vi-2) � � (F ) =
Z

� Z

bA � (TZj � Z ; r T Z j � Z )ch� (F; r F ):

Dans le Lemme 1.8.7, on montre que� Z est l'union de � \ Z (
� )nX (
� ) � Z
avec elliptique 
� , 
 2 � . Dans la section 7, nous véri�ons que si nous évaluons le
côté droit de (vi-1) en utilisant (iv-6), (v-7), nous récupérons l'équation (vi-2). Pour
ce faire, nous devons explorer en détail la théorie de la représentation du groupe
K � .

Dans la section 2, à la suite de [L80, C84, Bou87, DK00, BeLi17], nous donnons
une classi�cation des représentations deK � à l'aide des racines deK , pour nous per-
mettre d'évaluer le caractère deK � dans la partie droite de (v-7). Plus précisément,
on construit un élément� 2 Aut( K ) d'ordre �ni, de telle sorte que les représenta-
tions de K � puissent être transformées en représentations deK � . Alors � agit sur
l'ensemble des poids dominantsP++ .

SoientIrr( K � ), Irr(� � ) les ensembles des classes d'équivalence des représentations
unitaires irréductibles deK � , � � . Dans la sous-section 2.4, nous montrons que

Irr(� � )nIrr( K � ) '
� orbites dansP++ sous l'action du

groupe �ni engendré par�
	

:(vi-3)
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vii. Torsion analytique équivariante de Ray-Singer sur Z . Si E est une re-
présentation deG� , alorsF = G� K E est un �bré vectoriel plat sur X , et F descend
en un �bré vectoriel plat sur Z . Soit r F;f la connexion plat canonique surF , et soit
(
 �(Z; F ); dZ;F ) le complexe de de Rham associé. SoitdZ;F; � l'adjoint formal de dZ;F .
On pose

(vii-1) D Z;F = dZ;F + dZ;F; � :

À un endomorphisme auto adjoint près, l'opérateur2L Z coïncide avec le laplacien
de HodgeD Z;F; 2. Soit N � � (T � Z ) l'opérateur de nombre sur
 �(Z; F ). Soit P? la pro-
jection orthogonale sur(ker D Z;F )? , l'espace orthogonal àkerD Z;F dans 
 �(Z; F ),
et soit [D Z;F; 2]� 1 l'inverse deD Z;F; 2 agissant sur(ker D Z;F )? .

Pour s 2 C et Re(s) assez grand, on pose

(vii-2) #� (gT Z ; r F;f ; gF )(s) = � Tr s
�
N � � (T � Z ) � [D Z;F; 2]� sP?

�
:

Alors #� (gT Z ; r F;f ; gF )(s) s'étend en une fonction méromorphe des 2 C, qui est
holomorphe ens = 0.

On dé�nit la torsion analytique équivariante de Ray-Singer par la formule

(vii-3) T� (gT Z ; r F;f ; gF ) =
1
2

@#� (gT Z ; r F;f ; gF )
@s

(0):

Si � = Id G, il s'agit simplement de la torsion analytique ordinaire de Ray-Singer
[RS71, RS73], on la note parT (gT Z ; r F;f ; gF ).

Dans la sous-section 7.8, comme dans [BMZ17, Section 8], nous obtenons une
formule géométrique pour les intégrales orbitales tordues pour le noyau de la chaleur
qui apparaîssent dans l'évaluation de la torsion analytique équivariante de Ray-
Singer. On obtient alors des résultats surT� (gT Z ; r F;f ; gF ).

Si 
 est sous la forme dans (v-2), on pose

(vii-4) � (
� ) = rk C(Z (
� )) � rkC(K (
� )) 2 N:

L'entier � (
� ) ne dépend que de la class[
 ]� .

Proposition 1. Si une des trois hypothèses est véri�ée :

(1) m est pair et � preserve l'orientation dep;

(2) m est impair et � ne preserve pas l'orientation dep;

(3) Pour 
 2 � , � (
� ) 6= 1,

alors on a

(vii-5) T� (gT Z ; r F;f ; gF ) = 0

La Proposition 1 étend des résultats dans [MS91, Corollaire 2.2], [Lot94, Propo-
sition 9], [BL95, Théorème 3.26], [B11, Section 7.9], [BMZ17, Théorème 8.6].
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viii. Asymptotique de la torsion équivariante de Ray-Singer. Dans la sec-
tion 9, nous utilisons le Théorème 1 pour obtenir une version locale de l'asymptotique
de la torsion analytique équivariante de Ray-Singer lorsque le �bré vectorielF tend
vers l'in�ni en un sens adéquat.

Bergeron et Venkatesh [BeV13] ont considéré le comportement asymptotique de
la torsion analytique d'espaces localement symétriques par revêtement �ni. Müller
[Mül12] a initié l'étude de la torsion analytique de Ray-Singer pour les puissances
symétriques d'un �bré vectoriel plat donné sur les variétés hyperboliques. Bismut-
Ma-Zhang [BMZ17] et Müller-Pfa� [MüP13] ont également étudié la suite de �brés
vectoriels plats associés aux multiples d'un poids dominant qui induisent les repré-
sentations correspondantes de la forme compacteU de G. Ici, nous nous intéressons
à l'asymptotique de la torsion analytique équivariante de Ray-Singer pour un espace
localement symétrique compactZ . Ce problème a déjà été considéré par Ksenia Fe-
dosova [Fed15] par des méthodes d'analyse harmonique sur le groupe réductifG. Ici,
comme dans [BMZ17], nous allons utiliser la formule explicite du Théorème 1.

Nous supposons que l'action de� sur G s'étend en un automorphisme deU. On
pose

(viii-1) U� = U o � � :

Dans la suite, nous supposons que(E; � E ) est une représentation unitaire deU� . En
utilisant l'astuce unitaire de Weyl, cette représentation s'étend en une représentation
de G� , alors on obtient un �bré vectoriel plat F sur X ou Z équipé d'une action
de � � . On considère principalement la torsion analytique équivariante associée à
l'action de � .

Dans la sous-section 8.2, en conséquence de (v-7) et (vi-3), nous nous ramenons
au cas oùE est U-irréductible, et où le poids� de E est �xé par � . D'abord, on
peut construire une famille de représentationsEd deU associée à� , en remplaçant�
par d� , d 2 N. Ensuite, par (vi-3), on peut étendre chaqueEd en une représentation
de U� , mais en générale, l'extension n'est pas unique. On utilise l'idée de [BMZ17]
pour donner une façon canonique de construire les extensions.

Soit M � la variété de drapeaux associée à� , de telle sorte queU� agit holomor-
phiquement surM � , et que cette action se relève au �bré en droite canonique associé
L � ! M � . Alors pour d 2 N, U� agit sur H (0;0)(M � ; Ld

� ). Nous obtenons une famille
de représentations irréductibles(Ed; � Ed ) de U� donnée parH (0;0)(M � ; Ld

� ), d 2 N.
Soit Fd le �bré vectoriel plat associé à l'action deG� sur Ed, et soit D Z;F d l'opéra-

teur dé�ni dans (vii-1) pour le �bré Fd. Dans [BMZ17], on a introduit une condition
de non-dégénérescence, et on a montré que si cette condition est véri�ée, il y a des
constantesc > 0, C > 0 telles que pourd 2 N,

(viii-2) D Z;F d � cd2 � C:

Dans [BMZ17], un résultat important est la construction duW-invariant, où on
a montré que sous ladite condition de non-dégénérescence, le terme dominant de
l'asymptotique deT (gT Z ; r Fd ;f ; gFd ) lorsqued ! + 1 est donné par leW-invariant,
qui peut être calculé localement.
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Dans la dernière partie de la présente thèse, on se consacre à l'extension de ce
résultat en cas de la torsion équivariante. Dans la sous-section 9.3, on montre que
sous la même condition de non-dégénérescence, quandd ! + 1 , l'asymptotique de
T� (gT Z ; r Fd ;f ; gFd ) peut être évaluée à l'aide de formes di�érentielles explicitesW
�

associées à des éléments elliptiques
� , 
 2 � , qui sont exactement lesW-invariants
au sens de [BMZ17, Sections 2 et 8]. Les invariantsW
� forment un ensemble �ni
d'invariants sur les points �xes de� sur Z .

Une di�érence entre notre résultats et les résultats de [BMZ17, Section 8] est
la présence de facteurs oscillants de la formeexp(c
� d

p
� 1), c
� 2 R. En fait, en

calculant le terme dominant de l'asymptotique deT� (gT Z ; r Fd ;f ; gFd ) par (v-7), il
faut évaluer l'asymptotique deTr Ed [� Ed (k� 1� exp(iy=d))] avec k 2 K , y 2 k(
� )
lorsque d ! + 1 . Quand on utilise le théorème du point �xe de Berline-Vergne
[BV85] pour ce faire, on voir que le terme dominant deTr Ed [� Ed (k� 1� exp(iy=d))]
est une somme �nie des intégrales de Duistermaat-Heckman [DH82, DH83] associées
les points �xes dek� 1� sur M � . Si z 2 M � est �xé par k� 1� , l'action de k� 1� sur
L �;z est représentée par un nombreh 2 S1, alors pour d 2 N, l'action de k� 1� sur
Ld

�;z est représentée parhd, qui est justement un facteur oscillant susdit.
Dans la Proposition 9.3.1, en utilisant (viii-2), nous montrons que la contribution

des éléments non-elliptiques
� , 
 2 � à l'asymptotique de la torsion analytique
équivariante de Ray-Singer est exponentiellement petite.

Nos résultats sont compatibles avec les résultats de Ksenia Fedosova [Fed15]. Dans
[Fed15], on a considéré l'asymptotique de la torsion analytique de Ray-Singer pour
des orbifolds hyperboliques compacts. En utilisant la formule des traces de Selberg,
elle a montré que les éléments elliptiques de� contribuaient à l'asymptotique de la
torsion analytique de Ray-Singer par un pseudo-polynôme end contenant également
des facteurs oscillants, et que la contribution des éléments non-elliptiques dans� est
exponentiellement petite.

ix. Structure de la thèse. La thèse est structurée de la manière suivante. Dans la
section 1, nous introduisons une extensioneG de G par un groupe compact d'auto-
morphismes� , et nous établissons les constructions géométriques associées à l'action
des éléments semisimples deeG sur X .

Dans la section 2, nous classi�ons les représentations irréductibles deK � , et nous
donnons une formule de caractère de Weyl pourK � .

Dans la section 3, nous rappelons la construction du laplacien hypoelliptique as-
socié à(G; K ), et les propriétés de son noyau de la chaleur dans [B11].

Dans la section 4, nous dé�nissons les intégrales orbitales tordues associées à un
élément semisimple
� . Dans la sous-section 4.5, nous dérivons la version tordue de
la formule des traces de Selberg pour les espaces localements symétriques compacts.

Dans la section 5, nous montrons le résultat essentiel de la présente thèse, et nous
donnons quelques extensions.

Dans la section 6, nous rappelons la formule explicite du noyau de la chaleur
hypoelliptique sur l'espace vectoriel euclidien, et nous montrons que notre formule
est compatible avec les calculs de [B11, Section 10.6].
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Dans la section 7, nous montrons la compatibilité de notre formule avec les résul-
tats de la théorie de l'indice équivariant local. Dans la sous-section 7.8, nous obtenons
des résultats sur l'évaluation de la torsion analytique équivariante de Ray-Singer sur
les espaces localement symétriques compacts.

Dans la section 8, nous construisons une suite de représentationsEd de G� et une
famille de �brés vectoriels platsFd sur Z .

En�n, dans la section 9, nous calculons l'asymptotique de la torsion analytique
équivariante de Ray-Singer lorsqued ! + 1 .

Dans tout la thèse, siE = E+ � E � est un espace vectorielZ2-gradué, et si� = � 1
dé�nit cette structure Z2-graduée surE, si A 2 End(E), on dé�nit la supertrace de
A par

(ix-1) Tr s[A] = Tr E [�A ]:

Si A est une algèbreZ2-graduée, sia; b 2 A , on note [a; b] le supercommutateur
de a; b, de tell sorte que

(ix-2) [a; b] = ab� (� 1)deg(a) deg(b)ba:

Si B est une autre algèbreZ2-graduée, on noteA b
B le produit tensoriel Z2-gradué
de A et B.
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Introduction

The purpose of this thesis is to give an explicit geometric formula for the twisted
semisimple orbital integrals associated with the heat kernel. For that purpose, we
use the method of the hypoelliptic Laplacian developed in [B11].

We also show that our results are compatible with classical results in the local
equivariant index theory for compact locally symmetric spaces. In the last part of
the present thesis, we use this formula to evaluate the leading term in the asymptotic
expansion asd ! + 1 of the equivariant Ray-Singer analytic torsion associated with
a family of �at vector bundles Fd on a compact locally symmetric space.

0.1. A real reductive group. Let G be a connected real reductive group with Lie
algebrag, and let � 2 Aut( G) be a Cartan involution. Let K be the �xed point set
of � in G. Then K is a maximal compact subgroup ofG. Let k be its Lie algebra,
and let p � g be the eigenspace of� associated with the eigenvalue� 1. The Cartan
decomposition ofg is given by

(0.1.1) g = p � k:

And we have

(0.1.2) [p; p]; [k; k] � k; [k; p] � p:

Let B be aG and � -invariant nondegenerate bilinear form ong, which is positive
on p and negative onk. Put m = dim p, n = dim k.

One main geometric object in this thesis is the symmetric spaceX = G=K. The
form B induces a Riemannian metric onX , so that X ' p with nonpositive sectional
curvature. Let d(�; �) denote the Riemannian distance onX .

0.2. Hypoelliptic Laplacian and symmetric spaces. If (E; � E ) is a unitary
representation ofK of �nite dimension, then F = G � K E is a Hermitian vector
bundle onX . In particular, p, k descends to the vector bundlesTX , N on X . Then
TX � N is canonically trivial on X . Let b� : bX ! X be the total space ofTX � N ,
so that bX = X � g.

Let Ug be the enveloping algebra ofg, and let Cg 2 Ug be the Casimir operator
associated withB . Then Cg lies in the center ofUg. Also Cg descends to an elliptic
operator Cg;X acting on C1 (X; F ). Let L X be the operator which di�ers by an

explicit constant from the action of
1
2

Cg;X on C1 (X; F ). For t > 0, let exp(� tL X )

be the associated heat operator.
As explained by Bismut in [B11, Sections 0.1, 0.3 and 0.6], the hypoelliptic Lapla-

cian L X
b is considered to be a deformation ofL X , so that asb ! 0, L X

b converges in
the proper sense toL X . We introduce brie�y the construction of L X

b jb> 0.
Let bD g;X be the Dirac operator of Kostant [Kos97] associated with(g; B), whose

square coincides with� 2L X acting on C1 (X; F ). In [B11, Section 2.12], the author
de�ned a generalized Dirac operatorDX

b ; b > 0 acting onC1 ( bX ; b� � (� �(T � X � N � ) 

F )) by combining bD g;X and a version of Dirac operator along the �berTX � N .
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The hypoelliptic Laplacian L X
b on bX is de�ned as

(0.2.1) L X
b = �

1
2

bD g;X; 2 +
1
2

DX; 2
b :

Let � T X � N be the standard Laplace along the �berTX � N . The following
explicit formula of L X

b is established in [B11, Section 2.13],

L X
b =

1
2

j[Y N ; YT X ]j2 +
1

2b2
(� � T X � N + jY j2 � m � n) +

N � � (T � X � N � )

b2

+
1
b

�
r C1 (T X � N; b� � (� � (T � X � N � )
 F ))

Y T X + bc(ad(Y T X ))

� c(ad(Y T X ) + i� ad(Y N )) � i� E (Y N )
�

:

(0.2.2)

The structure of L X
b is very closed to the structure of the hypoelliptic Laplacian

studied in the work of Bismut [B05] and Bismut-Lebeau [BL08].
In [B11], the proper functional analytic machinery was developed in order to

obtain the analytic properties of the resolvent and of the heat kernel ofL X
b .

Let exp(� tL X
b ) be the heat operator associated withL X

b . In [B11], Bismut proved
that there is a smooth heat kernelqX

b;t associated withexp(� tL X
b ), and that asb ! 0,

the kernel qX
b;t converges in the proper sense to the kernel ofexp(� tL X ).

In section 3 of the present thesis, we recall the construction ofL X
b jb> 0 on bX with

more details, and in subsection 3.7, we also recall some results onqX
b;t established in

[B11, Chapters 4 and 11].

0.3. Semisimple orbital integrals. Let Isom(X ) be the Lie group of isometries
of X , and let Isom(X )0 be the connected component containing the identity. We
have the obvious homomorphism of Lie groupsG ! Isom(X )0.

If � 2 Isom(X ), let d� (x) = d(x; � (x)) be the displacement function associated
with � . As in [E96], � is called semisimple ifd� reaches its in�mum valuem� in X ,
and � is called elliptic if � has �xed points in X . If � is semisimple, letX (� ) � X
be the minimizing set ofd� , which is a convex submanifold ofX .

In [B11, Chapters 3], given a semisimple element
 2 G, Bismut showed thatX (
 )
is a symmetric space associated with the centralizerZ (
 ) of 
 , then he constructed
a normal coordinate system forX based onX (
 ). Based on this, Bismut gave a
geometric interpretation for the associated orbital integrals, so that it can be written
as an integration along the �ber of normal bundleNX (
 )=X of X (
 ). In particular,
the orbital integrals Tr [
 ][exp(� tL X )], Tr s

[
 ][exp(� tL X
b )] are well-de�ned. These

orbital integrals are said to be respectively elliptic and hypoelliptic.
In [B11, Section 4.6], Bismut showed that fort > 0; b > 0, Tr [
 ][exp(� tL X )],

Tr s
[
 ][exp(� tL X

b )] coincide. Then by makingb ! + 1 in Tr s
[
 ][exp(� tL X

b )], Bismut
obtained an explicit geometric formula forTr [
 ][exp(� tL X )].

Using this formula, Shu Shen [S18] gave a full proof of the Fried conjecture for
compact locally symmetric spaces, completing the work of Moscovici and Stanton
[MS91].
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0.4. Twisted orbital integrals. Let � be the compact subgroup ofAut( G) con-
sisting of the automorphisms of(G; B; � ). If � 2 � , let � � be the closed subgroup
of � generated by� . Put

(0.4.1) G� = G o � � ; K � = K o � � :

If � 2 � , we de�ne the � -twisted conjugation C � on G such that if h; 
 2 G,

(0.4.2) C � (h)
 = h
� (h� 1):

Then C � gives an action ofG on itself. Let Z (
� ) � G be the twisted centralizer
of 
 2 G, and let [
 ]� be the orbit of 
 2 G by the action C � . We have

(0.4.3) [
 ]� ' Z (
� )nG:

Then the twisted orbital integrals [L80, Fli82, C84, ArC89, Lip15, BeLi17] are re-
ferred to certain integrals onZ(
� )nG.

The group G� acts onX isometrically. Let 
 2 G be such that 
� is semisimple,
and let X (
� ) � X be the minimizing set ofd
� . In subsection 1.5, we extend
the geometric constructions in [B11, Chapter 3] to our case, so thatX (
� ) is the
symmetric space associated withZ (
� ).

We also assume thatE extends as a unitary representation ofK � , the question
of the existence of such lifts will be revisited in more detail in section 2. Then the
action of G� on X lifts to F . Let Q� be an algebra of operators which commute
with G� and have the proper Gaussian decay.

In section 4, forQ 2 Q � , one has a geometric formulation for the twisted orbital
integral Tr [
� ][Q]. In particular, the elliptic heat kernel has well-de�ned twisted
orbital integral Tr [
� ][exp(� tL X )]. In subsection 4.3, we extend the de�nition of
twisted orbital integrals to the hypoelliptic orbital integrals Tr s

[
� ][exp(� tL X
b )].

Let � be a cocompact discrete subgroup ofG such that � (�) � � . For simplicity,
we assume that� is torsion free, so thatZ = � nX is a compact smooth manifold
equipped with an action of� � .

The vector bundleF descends to a vector bundle onZ , which we still denote it
by F . The action of � � on Z lifts to F . If Q 2 Q� , then Q descends to an operator
QZ acting on C1 (Z; F ).

In subsection 1.8, we show that if
 2 � , 
� is semisimple. LetC be the twisted
conjugacy classes of� de�ned in De�nition 1.8.2. In subsection 4.5, following Lang-
lands [L80], Flicker [Fli82] and Bergeron-Lipnowski [BeLi17], we rederive a twisted
version of Selberg's trace formula [Sel56],

(0.4.4) Tr[ � Z QZ ] =
X

[
 ]
�

2 C

V(
� )Tr [
� ][Q];

where the factorV(
� ) is a volume term only depending on the class[
 ]
�
.

0.5. The results of this thesis. In subsection 4.4, we establish the fundamental
identity which says that, for b > 0, t > 0,

(0.5.1) Tr [
� ][exp(� tL X )] = Tr s
[
� ][exp(� tL X

b )]:



14 BINGXIAO LIU

We then makeb ! + 1 in (0.5.1), and the right-hand side can be localized near
X (
� ). The geometric formulation of the twisted orbital integrals established in
section 4 plays an essential role here.

If 
� is semisimple, after conjugation, we may and we will assume that
 = eak� 1,
wherea 2 p; k 2 K and Ad(k)a = �a . Put K (
� ) = Z (
� ) \ K , and let k(
� ) be its
Lie algebra. In subsection 5.1, we de�ne an analytic functionJ
� (Y k

0 ) in Y k
0 2 k(
� )

by an explicit formula.
Our main result of this thesis is as follows.

Theorem 0.5.1. For t > 0, the following identity holds:

Tr [
� ][exp(� tL X )] =
exp(�j aj2=2t)

(2�t )p=2
Z

k(
� )
J
� (Y k

0 )Tr E [� E (k� 1� ) exp(� i� E (Y k
0 ))]

exp(�j Y k
0 j2=2t)

dYk
0

(2�t )q=2
:

(0.5.2)

If � = Id G, we recover the formula obtained in [B11].

0.6. Connections with equivariant local index theory. The operator L X de-
scends to a LaplacianL Z on Z . Let D Z be the classical Dirac operator onZ . By
[B11, Sections 7.2 and 7.3],D Z;2 coincides with2L Z up to an explicit constant. The
Lefschetz number is given by

� � (F ) = Tr s[� Z exp(� tD Z;2=2)]:(0.6.1)

Let � Z be the �xed point set of � in Z. Then � � (F ) can be computed by the
Lefschetz �xed point theorem of Atiyah-Bott [AB67, AB68], so that

� � (F ) =
Z

� Z

bA � (TZj � Z ; r T Z j � Z )ch� (F; r F ):(0.6.2)

In section 7, we verify that when evaluating the right-hand side of (0.6.1) using
(0.4.4), (0.5.2), we recover equation (0.6.2). To do this, we have to explore in more
detail the representation theory ofK � .

In section 2, following [L80, C84, Bou87, DK00, BeLi17], we give a classi�cation
of representations ofK � in terms of a root data of K , so that we can evaluate
the character ofK � in the right-hand side of (0.5.2). More precisely, we construct
an element� 2 Aut( K ) of �nite order, so that the representations ofK � can be
transformed to representations ofK � . Also � acts on the set of dominant weights
P++ .

Let Irr( K � ), Irr(� � ) be the sets of the equivalence classes of the irreducible unitary
representations ofK � , � � respectively. In subsection 2.4, we show

Irr(� � )nIrr( K � ) '
� orbits of P++ under the action of

the �nite group generated by �
	

:(0.6.3)
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0.7. Equivariant Ray-Singer analytic torsion of Z . If E is a representation of
G� , then F = G � K E is a �at vector bundle on X , and F descends to a �at vector
bundle on Z with a canonical �at connection r F;f . In this case, the operator2L Z

is just the Hodge LaplacianD Z;F; 2 up to a known self-adjoint endomorphism.
Let N � � (T � Z ) denote the number operator on
 �(Z; F ). Let [D Z;F; 2]� 1 be the

inverse ofD Z;F; 2 acting on the orthogonal space ofkerD Z;F in 
 �(Z; F ).
For s 2 C, Re(s) large enough, set

(0.7.1) #� (gT Z ; r F;f ; gF )(s) = � Tr s
�
N � � (T � Z ) � [D Z;F; 2]� s

�
:

By standard heat equation methods,#� (gT Z ; r F;f ; gF )(s) extends to a meromorphic
function of s 2 C, which is holomorphic nears = 0.

Put

(0.7.2) T� (gT Z ; r F;f ; gF ) =
1
2

@#� (gT Z ; r F;f ; gF )
@s

(0):

The quantity (0.7.2) is called the equivariant Ray-Singer analytic torsion of the de
Rham complex(
 �(Z; F ); dZ;F ). If � is the identity map, this is just the ordinary
Ray-Singer analytic torsion [RS71, RS73].

In subsection 7.8, as in [BMZ17, Section 8], we obtain an explicit formula for
the twisted orbital integrals for the heat kernel that appears in the evaluation of
T� (gT Z ; r F;f ; gF ). Then we get some nontrivial algebraic conditions onp and �
such that T� (gT Z ; r F;f ; gF ) vanishes.

0.8. Asymptotics of equivariant Ray-Singer analytic torsions. In section 9,
we will use our explicit formula to obtain an explicit local version of the asymptotics
of the equivariant Ray-Singer analytic torsion when the vector bundleF tends to
in�nity in the proper sense.

Bergeron and Venkatesh [BeV13] has considered the asymptotic behaviour of an-
alytic torsion of locally symmetric spaces under �nite coverings. Müller [Mül12]
initiated the study of Ray-Singer analytic torsion for symmetric powers of a given
�at vector bundle on hyperbolic manifolds. Also Bismut-Ma-Zhang [BMZ17] and
Müller-Pfa� [MüP13] studied the case where one considers a sequence of �at vector
bundles associated with multiples of a given highest weight de�ning a representation
of the compact formU of G. Here, we will be concerned with the asymptotics of
the equivariant Ray-Singer analytic torsion for a compact locally symmetric space
Z . This problem has already been considered by Fedosova [Fed15] using methods of
harmonic analysis on the reductive groupG. Here, as in [BMZ17], we will exploit
instead the explicit formula of Theorem 0.5.1.

We assume that the action of� on G extends to U. Put U� = U o � � . In the
sequel, we assume that(E; � E ) is a unitary representation ofU� . This representation
extends to a representation ofG� .

In subsection 8.2, as a consequence of (0.5.2) and (0.6.3), we show that we may
assume that E is also U-irreducible, so that the highest weight� of E is �xed
by � . Let M � be the �ag manifold associated with� . We show that U� acts
holomorphically on M � and that this action lifts to the associated canonical line
bundle L � ! M � . Then for d 2 N, U� acts onH (0;0)(M � ; Ld

� ). We get a family of
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irreducible representations(Ed; � Ed ) of U� given by H (0;0)(M � ; Ld
� ). The �at vector

bundlesFd are the ones associated with the action ofG� on Ed.
In subsection 9.3, we show that under nondegeneracy condition, asd ! + 1 , the

asymptotics ofT� (gT Z ; r Fd ;f ; gFd ) can be evaluated in terms of explicit formsW
�

associated with elliptic elements
� , 
 2 � , which are the W-invariant de�ned in
[BMZ17]. A di�erence from the result in [BMZ17, Section 8] is that the coe�cients
of W
� have oscillating factors of the formexp(c
� d

p
� 1), c
� 2 R.

Also, in Proposition 9.3.1, we show that under the above nondegeneracy condition,
the contribution of non-elliptic elements
� , 
 2 � to the asymptotic equivariant
Ray-Singer analytic torsion is exponentially small.

Our results are compatible with the results of Ksenia Fedosova [Fed15], where she
considered the asymptotics of Ray-Singer analytic torsions for compact hyperbolic
orbifolds. Using Selberg's trace formula, she showed that the elliptic elements of
� contributed to the asymptotic Ray-Singer analytic torsion by a so-called pseudo-
polynomial in d containing the oscillating factors in the same way, and that the
contribution of non-elliptic elliptic elements in � is exponentially small.

0.9. The organization of the thesis. The thesis is organized as follows. In section
1, we introduce an extensioneG of G by a compact group of automorphism� , and
we establish the associated geometric structures on the symmetric spaceX .

In section 2, we classify the irreducible representation ofK � in terms of root data
of K , and we give a Weyl character formula.

In section 3, we recall the construction of the hypoelliptic Laplacian associated
with (G; K ) and the properties of its heat kernel proved in [B11].

In section 4, we de�ne the twisted orbital integrals associated with
� . In sub-
section 4.5, we rederive a twisted version of Selberg trace formula for the locally
symmetric space.

In section 5, we prove the main result of the present thesis, and give some exten-
sions.

In section 6, we recall the explicit formula for the hypoelliptic heat kernel on the
Euclidean vector space, and we show that in this case, our formula is compatible
with the computations in [B11, Section 10.6].

In section 7, we show the compatibility of our formula for twisted orbital integrals
to the results in local equivariant index theory.

In section 8, we construct a sequence of representationsEd of G� and an associated
sequence of �at vector bundlesFd on Z .

Finally, in section 9, we compute the asymptotics of equivariant Ray-Singer ana-
lytic torsions asd ! + 1 .
Notation: if E = E+ � E � is a Z2-graded vector space, and if� = � 1 de�nes the
Z2-grading, if A 2 End(E), we denote byTr s[A] the supertrace ofA.

If A is a Z2-graded algebra, ifa; b 2 A , [a; b] will be our notation for the super-
commutator of a; b, so that

(0.9.1) [a; b] = ab� (� 1)deg(a) deg(b)ba:

If B is anotherZ2-graded algebra, we denote byA b
B the Z2-graded tensor product
of A and B.
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1. The symmetric space X = G=K and semisimple isometries

This section is to introduce a compact subgroup� of Aut( G) and establish the
geometric structures ofX associated with semisimple elements of the semidirect
product of G and � .

This section is organized as follows. In Subsection 1.1, we introduce the real re-
ductive groupG and the symmetric spaceX . We describe the semisimple isometries
of X .

In subsection 1.2, we introduce a compact subgroup� of Aut( G) and the semidi-
rect product eG of G and � . We show that X is a quotient space ofeG.

In subsection 1.3, we describe the semisimple elements ineG and their centralizers.
In subsection 1.4, if
� , 
 2 G, and if � 2 � is semisimple, we get a representation

of X (
� ) in a global geodesic coordinate system.
In subsection 1.5, we describe the normal bundleNX (
� )=X . We get a normal

coordinate system based onX (
� ) that identi�es X to the total space ofNX (
� )=X .
In subsection 1.6, we introduce the return map along the geodesics inX (
� ) that

connectsx, 
� (x), x 2 X (
� ). We also interpret X (
� ) as the �xed point set of a
symplectic di�eomorphism of the total space of the cotangent bundle ofX .

In subsection 1.7, we recall a pseudodistance onX , bX , and we extend the estimates
obtained in [B11, Section 3.9] to our case.

Finally, in subsection 1.8, we introduce a cocompact discrete subgroup� of G
preserved by� , and we show that if
 2 � , 
� is semisimple. We also introduce the
locally symmetric spaceZ , and describe the �xed point set of� in Z .

If H be a Lie group of �nite dimension, letH 0 be the connected component of
H containing the identity element ofH . In the sequel, we will callH 0 the identity
component ofH .

1.1. Symmetric space and displacement function. Let G be a connected real
reductive group [K02, Ÿ7.2], and let� be a Cartan involution ofG whose �xed point
set K is a compact maximal subgroup ofG. Then K is connected. Letg be the Lie
algebra ofG, and let k be the Lie algebra ofK . The Cartan decomposition ofg is
given by

(1.1.1) g = p � k:

The vector spacesp,k are the eigenspaces corresponding to the eigenvalues� 1, 1 of
� acting on g. Then we have

(1.1.2) [k; p] � p; [k; k]; [p; p] � k:

Put

(1.1.3) m = dim p; n = dim k:

Then dim g = m + n.
Let B be a nondegenerate� and G invariant bilinear symmetric form on g which

is positive onp and negative onk. Let h�; �i be the scalar product ong de�ned by
� B(�; � �).
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For g; g0 2 G, put

(1.1.4) C(g)g0 = gg0g� 1 2 G:

Let Ad(�), ad(�) denote respectively the adjoint actions ofG, g on g. We also use
Ad(g) abusively to denote the conjugationC(g) on G.

Let X be the symmetric spaceG=K. The tangent bundleTX is given by

(1.1.5) TX = G � K p:

The scalar productB jp induces a Riemannian metricgT X on TX . Then G and �
act on X isometrically. In the following, let d(�; �) denote the Riemann distance on
X .

Let ! g be the canonical left-invariant1-form on G with values in g, then

(1.1.6) d! g = �
1
2

[! g; ! g]:

Let ! k; ! p be the k; p components of! g with respect to (1.1.1). Then

(1.1.7) ! g = ! k + ! p:

By (1.1.1), (1.1.2), equation (1.1.6) splits as

(1.1.8) d! p = � [! k; ! p]; d! k = �
1
2

[! k; ! k] �
1
2

[! p; ! p]:

The projection p : G ! G=K de�nes a K � principal bundle on X , and the
connection form corresponding to the splitting (1.1.1) is just! k. Let 
 be the
associated curvature, then by (1.1.8),

(1.1.9) 
 = �
1
2

[! p; ! p] 2 � 2(p� ) 
 k:

By (1.1.5), ! k induces an Euclidean connectionr T X on TX . By the �rst identity
in (1.1.8), r T X is the Levi-Civita connection of(TX; gT X ). Let RT X be its curvature.
If a; b; c2 p, by (1.1.5), (1.1.9), RT X is just the equivariant representation of the
map a; b; c2 p ! � [[a; b]; c] 2 p. If a; b2 p,

(1.1.10) h� [[a; b]; b]; ai = �h [a; b]; [a; b]i :

By (1.1.10), we deduce thatX has nonpositive sectional curvature. Given a point
x 2 X , the exponential mapTxX ! X is a covering. SinceX is simply connected,
then this map one to one. In particular, ifx = p1 2 X , then the exponential map
expx : p ! X given by Y p 2 p ! expx (Y p) = exp( Y p) � x is a di�eomorphism
betweenp and X .

If (E; � E ) is an orthogonal (or a unitary) representation ofK on an Euclidean (or
a Hermitian) spaceE of �nite dimension, then F = G � K E is an Euclidean (or a
Hermitian) vector bundle on X . The connection form! k induces an Euclidean (or
a Hermitian) connectionr F on F .

The action of G on X lifts to an action on F , so that if g; h 2 G,x = ph 2 X ,
f 2 E, then

(1.1.11) g : Fx ! Fgx (h; f ) ! (gh; f ):
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Let C1 (G; E) be the set of smooth functions onG valued in E. The right mul-
tiplication of K on G induces an action ofK on C1 (G; E), such that for k 2 K ,
s 2 C1 (G; E),

(1.1.12) (k:s)(g) = � E (k)s(gk):

Let C1
K (G; E) be the subspace ofC1 (G; E) of the sections �xed byK . Let C1 (X; F )

be the vector space of the smooth sections ofF over X . Then we have

(1.1.13) C1 (X; F ) = C1
K (G; E):

Also the left action of G on itself induces an action ofG on C1 (X; F ) such that
if s 2 C1

K (G; E), if g; h 2 G, then

(1.1.14) (hs)(g) = s(h� 1g):

Moreover, r F is G-invariant.
Put

(1.1.15) N = G � K k:

We call N the normal bundle onX . Let r N be the connection onN associated
with ! k.

By (1.1.5), (1.1.15), we have

(1.1.16) TX � N = G � K g:

Let r T X � N be the connection onTX � N associated with! k, equivalently, r T X � N =
r T X �r N . As in [B11, Section 2.2], the map[g; a] 2 G� K g ! (pg;Ad(g)a) 2 X � g
gives an identi�cation of vector bundles

(1.1.17) TX � N ' X � g:

In the whole thesis, let � : X ! X be the total space ofTX to X , and let
b� : bX ! X be the total space ofTX � N to X . We also denote by� : bX ! X the
obvious projection.

Let Uk be the enveloping algebra ofk. Let v1; � � � ; vn be a orthonormal basis ofk
with respect to � B jk, then the Casimir operatorCk 2 Uk of K with respect to B jk
is given by

(1.1.18) Ck =
nX

i =1

v2
i :

Then Ck lies in the center ofUk.
We denote byCk;E 2 End(E) the corresponding Casimir operator acting onE,

so that

(1.1.19) Ck;E =
nX

i =1

� E;2(vi ):

In particular, let Ck;k 2 End(k); Ck;p 2 End(p) be the Casimir operators associated
with the adjoint actions of K on k, p respectively. Moreover, we can regardCk;p as
a section ofEnd(TX ).
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Let RicX be the Ricci tensor ofX , let SX be its scalar curvature. Then by [B11,
(2.6.8)], we have

(1.1.20) RicX = Ck;p; SX = Tr p[Ck;p]:

Let Isom(X ) be the Lie group of isometries ofX . Then we have a group homo-
morphism G ! Isom(X ).

De�nition 1.1.1. If � 2 Isom(X ), the displacement functiond� of � is the function
on X de�ned as

(1.1.21) d� (x) = d(x; �x ) ; x 2 X:

Put m� = inf x2 X d� (x).

SinceX has nonpositive sectional curvature, by [E96, Chapter 1, Example 1.6.6],
d� is a continuous nonnegative convex function andd2

� is a smooth convex function.

De�nition 1.1.2. We say � 2 Isom(X ) is semisimple ifd� (x) reaches its in�mum
m� in X . A semisimple isometry� is called elliptic if it has �xed points in X , i.e.
m� = 0. If � is semisimple, putX (� ) = f x 2 X j d� (x) = m� g.

Remark 1.1.3. If � is semisimple,X (� ) is just the set of all critical points of d2
� ,

which is a convex subset ofX . If � is elliptic, then X (� ) is the set of �xed points
of � .

If x(s), s 2 [0; 1] is a smooth path inX , let _x(s) denote its tangent vector atx(s).
If f 2 C1 (X ), let r f denote the gradient off with respect to gT X .

Lemma 1.1.4. Take � 2 Isom(X ) and x 2 X such thatd� (x) > 0. Let x(s); s 2
[0; 1] be the unique geodesic inX joining x and � (x) with constant speed. Then

(1.1.22) r d� (x) =
1

d� (x)
(( � � 1)� _x(1) � _x(0)):

Proof. At �rst, we have

(1.1.23) r d� (x) =
1

2d� (x)
r d2

� (x):

Then the calculus on the length of the geodesic shows the identity in (1.1.22). This
completes the proof of our lemma. �

As a consequence, if� is a semisimple isometry ofX with m� > 0. Fix a point
x 2 X , let x(s); s 2 [0; 1] be the unique geodesic inX joining x and � (x) with
constant speed. Thenx 2 X (� ) if and only if � � _x(0) = _x(1). In this casem� is just
the length of the path x(�).
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1.2. A compact subgroup of Aut( G). Let Aut( G) be the Lie group of automor-
phism of G [Hoc52, Theorem 2], and letaut(G) be its Lie algebra. Let1 denote
the unit element ofG, and let 1G be the identity automorphism ofG. We have the
injective group morphism,

(1.2.1) Aut( G) ,! Aut( g):

De�nition 1.2.1. The semidirect product ofG and Aut( G) is given by

(1.2.2) G o Aut( G) := f (g; � ) j g 2 G; � 2 Aut( G)g;

with the group multiplication:

(1.2.3) (g1; � 1) � (g2; � 2) = ( g1� 1(g2); � 1� 2):

The unit element is (1; 1G). Also (g; � )� 1 = ( � � 1(g� 1); � � 1).

We can viewG and Aut( G) as Lie subgroups ofG o Aut( G). In particular, G is
a normal subgroup ofG o Aut( G). We have the exact sequence of Lie groups,

(1.2.4) 1 ! G ! G o Aut( G) ! Aut( G) ! 1:

We have the corresponding exact sequence of Lie algebras,

(1.2.5) 0 ! g ! g � aut(G) ! aut(G) ! 0:

Then g is an ideal ofg � aut(G).
We will often use the notationg� instead of (g; � ). Let C(� ) be the inner auto-

morphism of G o Aut( G) associated with� . Then C(� ) is an involution.

De�nition 1.2.2. Put

(1.2.6) � := f � 2 Aut( G) : �� = ��; � preserves the bilinear formBg:

Then � is a compact Lie subgroup ofAut( G), and let e be its Lie algebra. The
action of � on g preserves the splitting (1.1.1) and the scalar product ofg. In
particular, � contains all the inner automorphisms de�ned by elements inK .

Let eG be the preimage of� under the projection G o Aut( G) ! Aut( G). Then
eG = G o � . Let ~g be its Lie algebra, then

(1.2.7) ~g = g � e;

Moreover, the adjoint action ofe on g preserves the splitting (1.1.1).

Remark 1.2.3. In general, the groupeG is not necessary to be reductive. An example
is the Euclidean spaceRn . In this case eG = Rn o O(n) and the corresponding Lie
algebra ~g = Rn � so(n) with a twisted Lie bracket. One can show that~g is not a
reductive Lie algebra. We will return to this case in section 6.

The group automorphismC(� ) maps eG into itself, i.e., if � 2 � , g 2 G,

(1.2.8) C(� )(g� ) = � (g)�:

Let eK be the �xed set of C(� ) in eG. Then

(1.2.9) eK = K o � :
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Let ~k be the Lie algebra ofeK , by (1.2.9),

(1.2.10) ~k = k� e:

We have a splitting of ~g associated withC(� ),

(1.2.11) ~g = p � ~k;

where p;~k are the eigenspaces ofC(� ) in ~g corresponding to eigenvalues� 1, 1 re-
spectively.

If � 2 � , let � � be the closed subgroup of� generated by� . Let G� be the
closed subgroup ofeG generated byG and � , and let K � be the closed subgroupeK
generated byK and � . Then we have

(1.2.12) G� = G o � � ; K � = K o � � :

If � is chosen and �xed, letg� , k� be the Lie algebras ofG� , K � . Then the
analogues of (1.2.7) - (1.2.11) for the groups� � , G� , K � hold.

If ~g 2 eG, let eZ (~g) be the centralizer of~g 2 eG in eG. If � 2 � , put

Z (~g) = eZ(~g) \ G;

Z � (~g) = eZ(~g) \ G� :
(1.2.13)

In particular, if ~g 2 G (resp. G� ), Z (~g) (resp. Z � (~g)) is just the centralizer group
of ~g in G (resp. G� ). We denote respectively byeZ 0(~g), Z 0(~g), Z �; 0(~g) the identity
components of eZ(~g), Z (~g), Z � (~g), and we denote respectively by~z(~g), z(~g), z� (~g)
their Lie algebras. Then,

z(~g) = ~z(~g) \ g;

z� (~g) = ~z(~g) \ g� :
(1.2.14)

Given � 2 � , the map g 2 G ! � (g) 2 G descends to a di�eomorphism ofX :
x 2 X ! � (x) 2 X . By (1.1.5), (1.2.6), the tangent map of� is given by the map
(g; f ) ! (� (g); � (f )) with g 2 G; f 2 p. Then � 2 Isom(X ).

Recall that the left actions of G on X are also isometries. TheneG acts on X
isometrically.

Proposition 1.2.4. We have the identi�cation of manifolds,

(1.2.15) X = eG=eK:

Proof. We know that eG acts onX transitively. Put x = p1 2 X , and let eGx � eG be
the centralizer ofx. If g� 2 eG is such that g� (x) = x then gx = x, this is equivalent
to g 2 K , so that eGx = eK . Then we haveX = eG=eK . This completes the proof of
our proposition. �

Remark 1.2.5. The group injection G ! eG induces the identi�cation betweenG=K
and eG=eK described above and its inverse is given by the canonical projectioneG ! G.



HYPOELLIPTIC LAPLACIAN AND TWISTED TRACE FORMULA 23

A consequence of Proposition 1.2.4 is that if~g 2 eG, there exist uniquef 2 p,
~k 2 eK such that

(1.2.16) ~g = ef ~k:

If � 2 � , using the same arguments as in the proof of Proposition 1.2.4, we get

(1.2.17) X = G� =K � :

We always use the identi�cations in (1.2.15), (1.2.17) without speci�c mention. We
also usep denote both the projectionseG ! X and G� ! X .

By (1.2.15), (1.2.17), we get

(1.2.18) TX = eG � eK p = G� � K � p:

Remark 1.2.6. By [H79, Chapter 4, Ÿ3, Remark 2], the group actions ofeG on X give
a closed Lie subgroup ofIsom(X ). The kernel of this group morphismeG ! Isom(X )
is given by f ~k 2 eK : Ad(~k)jp = 1pg = ker(Ad : eK ! O(p)).

It also follows from the Cartan �xed point theorem and the same arguments as
in [E96, Proposition 1.13.14] thateK is maximal compact subgroup ofeG.

If the representation � E : K ! Aut( E) lifts to a representation of eK , which is
still denoted by � E , then we have

(1.2.19) F = eG � eK E:

As in (1.1.11), the action of� 2 � on F is given by � (g; f ) ! (� (g); � E (� )f ).
As in (1.1.13), we have

(1.2.20) C1 (X; F ) = C1
eK

( eG; E):

Then eG acts onC1 (X; F ). If s 2 C1 (X; F ) is represented by a section inC1
K (G; E),

then by (1.1.14), if � 2 � � , g 2 G,

(1.2.21) (�s )(g) = � E (� )s(� � 1(g)):

Also r F is invariant under the action of eG.

Lemma 1.2.7. Let Ck;E be the Casimir operator de�ned in(1.1.19). If (E; � E ) is
a repesentation of eK , if � 2 � , then

(1.2.22) � E (� )Ck;E = Ck;E � E (� ):

The endomorphismCk;E descends to a parallel section ofEnd(F ) over X which
commutes with� .

Proof. If v 2 k, we have

(1.2.23) � E (� )� E (v) = � E (� (v)) � E (� ):

Then using the fact that � acting on k preservesB and (1.1.19), (1.2.23), we get
(1.2.22).

By (1.2.21), (1.2.22), the second part of our lemma is clear. This completes the
proof of our lemma. �
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Remark 1.2.8. If (E; � E ) lifts to a representation of K � , then the analogues of
(1.2.19) - (1.2.22) still hold for the pair(G� ; K � ).

If we take E = k with the adjoint action, then by (1.1.15), we get

(1.2.24) N = eG � eK k = G� � K � k:

1.3. The decomposition of semisimple elements in eG.

De�nition 1.3.1. We say an element~g 2 eG to be semisimple(resp. elliptic) if its
isometric action onX is semisimple(resp. elliptic).

If ~g 2 eG, then d~g is invariant by the action of eZ(~g). Recall that if ~g is semisimple,
X (~g) is the minimizing set ofd~g.

We can extend the results in [B11, Theorem 3.1.2] to our case.

Theorem 1.3.2. We assume that
 2 eG is semisimple. If g 2 eG, x = p(g) 2 X ,
then x 2 X (
 ) if and only if there exist a 2 p; k 2 eK such that Ad(k)a = a and

 = C(g)(eak� 1). In this case, m
 = jaj.

Proof. Using Lemma 1.1.4 and by (1.2.6), (1.2.15), the proof of our theorem is just
a modi�cation of the proof of [B11, Theorem 3.1.2]. �

By Theorem 1.3.2,
 2 eG is elliptic if and only if it is conjugate in eG to an element
of eK . An element 
 2 eG is said to be hyperbolic if it is conjugate ineG to ea; a 2 p.

Remark 1.3.3. Since� preserves the splitting in (1.1.1), the conjugation of� on eG
preserves semisimple elements ineG. Moreover, it preserves elliptic elements and
hyperbolic elements ineG.

If a 2 g, put

(1.3.1) eZ(a) = f g 2 eG : Ad(g)a = ag:

If a 2 p, by [B11, Proposition 3.2.8], and using the uniqueness of Cartan decom-
position in (1.2.16), we get

(1.3.2) eZ(ea) = eZ(a):

Remark 1.3.4. In general, a modi�cation of [B11, Proofs of Theorem 3.2.6 and
Proposition 3.2.8] shows that (1.3.2) holds fora 2 g.

The Lie algebra of eZ(a) is given by

(1.3.3) ~z(a) = f f 2 ~g : [f; a ] = 0g:

Let Z (a) be the centralizer ofa in G and let z(a) be its Lie algebra. Then

(1.3.4) Z (a) = eZ(a) \ G; z(a) = ker(ad( a)jg) = ~z(a) \ g:

We now assume that
 = eak� 1 2 eG is such that

(1.3.5) a 2 p; k 2 eK; Ad(k)a = a:
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By Theorem 1.3.2,
 is semisimple, andx = p1 2 X (
 ).
If h 2 eZ(
 ), then h(X (
 )) = X (
 ). As in [E96, Theorem 2.19.23] and [B11,

eq.(3.1.7)], we have the result as follows.

Proposition 1.3.5. We have

(1.3.6) eZ(
 ) = eZ(ea) \ eZ (k):

Proof. It is clear that eZ(ea) \ eZ (k) � eZ (
 ), we only need to prove the reverse
direction. We adapt the proofs of [B11, Theorem 3.2.6 and Proposition 3.2.8] to get
this conclusion.

Take h 2 eZ(
 ). Let f 2 p and k0 2 eK be such thath = ef k0 as in (1.2.16). Then
hx = pef 2 X (
 ). Put y = 
x = pea 2 X (
 ), then h
x = 
hx 2 X (
 ).

Put ys = pesa; s 2 [0; 1] the unique geodesic inX joining x and y and x t =
petf ; t 2 [0; 1] the unique geodesic connectingx and hx. SinceX (
 ) is geodesically
convex, then the pathsy�; x � lie in X (
 ). Also we have two other geodesics
x �; hy�

in X (
 ). These four geodesics form a geodesic rectangle inX (
 ) with the vertexes
x; y; hx; 
hx = h
x .

Let ct (s); 0 � s � 1 be the geodesic connectingx t and 
x t for all t. In particular,
if s; t 2 [0; 1],

(1.3.7) c0(s) = ys; c1(s) = hys; ct (0) = x t ; ct (1) = 
x t :

If t 2 [0; 1], let E f (t) be the energy function associated with the geodesicsct (�),
i.e.,

(1.3.8) E f (t) =
1
2

d2

 (x t ):

In particular, E f (t) is a constant function int, so that

(1.3.9) E 00
f (0) = 0 :

Put Js = @
@tj t=0 ct (s) the Jacobi �eld along ys. By (1.3.7), in the trivialization

given by parallel transport,
•Js � ad2(a)Js = 0;

J0 = f; J 1 = Ad( k� 1)f;
(1.3.10)

where the di�erentials _J; •J are taken with respect to the Levi-Civita connection
along y�.

Also we have

(1.3.11) E 00
f (0) =

Z 1

0

�
j _Jsj2 + j[a; Js]j2

�
ds:

By (1.3.9), (1.3.10), (1.3.11), we get

(1.3.12) f 2 z(a) \ p; Ad(k)f = f:

Applying (1.3.12) to h = ef k0, h
 = 
h , we obtain

(1.3.13) eAd( k0)ak0k� 1 = eak� 1k0:
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Using the uniqueness of Cartan decomposition in (1.2.16), we get

(1.3.14) Ad(k0)a = a; k0k� 1 = k� 1k0:

By (1.3.12), (1.3.14), we geth 2 eZ(ea) \ eZ (k). This completes the proof of our
proposition. �

In general, if 
 2 eG is semisimple, then by Theorem 1.3.2, there existg 2 eG,
a 2 p, k 2 eK such that

(1.3.15) 
 = geak� 1g� 1; Ad(k)a = a:

Put

(1.3.16) 
 h = geag� 1; 
 e = gk� 1g� 1:

The element
 h (resp. 
 e) is called the hyperbolic (resp. elliptic) part of
 . Then

 = 
 h 
 e = 
 e
 h. By Proposition 1.3.5,

(1.3.17) eZ(
 ) = eZ(
 e) \ eZ (
 h):

Theorem 1.3.6. Let 
 = 
 e
 h = 
 h 
 e be the semisimple element given in(1.3.15),
(1.3.16). If there exist g0 2 eG, a0 2 p, k0 2 eK such that

(1.3.18) Ad(k0)a0 = a0; 
 = g0ea0
(k0)� 1(g0)� 1:

Then

(1.3.19) 
 e = g0ea0
(g0)� 1; 
 h = g0(k0)� 1(g0)� 1:

Proof. We can rewrite the identities in (1.3.15), (1.3.18) as follows,

(1.3.20) 
 = geak� 1g� 1 = g0ea0
(k0)� 1(g0)� 1:

Put h = g� 1g0, by (1.3.20),

(1.3.21) hea0
(k0)� 1h� 1 = eak� 1:

We only need to prove that

(1.3.22) hea0
h� 1 = ea ; h(k0)� 1h� 1 = k� 1:

Put 
 0 = eak� 1.
There is uniquef 2 p and k002 eK such that h = ef k00. Put x = p1; y = ph, then

by Theorem 1.3.2,x; y 2 X (
 0), and 
 0x; 
 0y 2 X (
 0).
Put x(s) = pesf ; s 2 [0; 1] the geodesic connectingx and y. If t 2 [0; 1], put

~l(t) = peta ; l(t) = hpeta0
. Then ~l(�) is the unique geodesic joiningx and 
 0x, and l(�)

is the unique geodesic joiningy and 
 0y.
Furthermore, we have the fourth geodesic given by
 0x(�) joining 
 0x and 
 0y. All

the vertexes and geodesics lie inX (
 0). Then they form a geodesic rectangle in
X (
 0), so that the same arguments using the Jacobi �eld and energy function as in
the proof of Proposition 1.3.5 show that

(1.3.23) ef 2 eZ(a) \ eZ (k):
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By (1.3.21), (1.3.23),

(1.3.24) eAd( k00)a0
k00(k0)� 1(k00)� 1 = eak� 1:

Then

(1.3.25) Ad(k00)a0 = a ; k00(k0)� 1(k00)� 1 = k� 1:

It follows from (1.3.25) that

(1.3.26) k00ea0
(k00)� 1 = ea ; k00(k0)� 1(k00)� 1 = k� 1:

Let C(ef ) act on both sides of identities in (1.3.26), we get (1.3.22). This completes
the proof of our theorem. �

1.4. The minimizing set X (
� ). In this subsection, we �x 
 2 G; � 2 � such
that 
� is semisimple ineG. Recall that X (
� ) is the minimizing set ofd
� , so that
X (
� ) is a eZ(
� )- invariant closed convex subset ofX . Recall that the groupG� is
the closed subgroup ofeG generated byG and � .

Since�� = �� , if x 2 X ,

(1.4.1) d� (
 )� (�x ) = d
� (x):

If 
 2 K , then X (
� ) is preserved by� .
If g 2 G,

(1.4.2) C(g)( 
� ) = g
� (g� 1)� 2 G� :

Let C � : G ! G be such that if g; h 2 G,

(1.4.3) C � (g)h = gh� (g� 1) 2 G:

Fix g0 2 G such that x0 = p(g0) 2 X (
� ). By Theorem 1.3.2, there existsa 2 p,
k 2 K such that

(1.4.4) Ad(k)a = �a; 
 = C � (g0)(eak� 1):

As in (1.3.15), put ~
 h = g0eag� 1
0 ; ~
 e = C � (g0)(k� 1)� , then

(1.4.5) 
� = ~
 h~
 e = ~
 e~
 h:

By (1.3.17) and using the fact thatg0 2 G, we get

(1.4.6) Z (
� ) = Z (~
 h) \ Z (~
 e) = C(g0)(Z (ea) \ Z (k� 1� )) :

Let z(k� 1� ) be the Lie algebra ofZ (k� 1� ). Then

(1.4.7) z(k� 1� ) = f f 2 g j Ad(k)f = �f g:

By (1.3.4), (1.4.6), we get

(1.4.8) z(
� ) = Ad( g0)(z(a) \ z(k� 1� )) :

Proposition 1.4.1. As submanifolds ofX , we have

(1.4.9) X (
� ) = g0(X (ea) \ X (k� 1� )) � X:
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Proof. If y = pg 2 X (
� ), by Theorem 1.3.2, there existsa0 2 p; k0 2 K such that

� = C(g)(ea0

(k0)� 1� ). Also by Theorem 1.3.2, Proposition 1.3.6,

(1.4.10) p(g� 1
0 g) = g� 1

0 y 2 X (ea) \ X (k� 1� ):

Then

(1.4.11) X (
� ) � g0(X (ea) \ X (k� 1� )) :

If y = pg 2 X (ea) \ X (k� 1� ). By Theorem 1.3.2, there exista0 2 p, k1; k2 2 K
such that

(1.4.12) ea = C(g)(ea0
k� 1

1 ) ; Ad(k1)a0 = a0 ; k� 1 = C � (g)(k� 1
2 ):

By (1.3.17), (1.4.4), we havek� 1
2 � 2 C(g� 1) eZ (ea) = eZ(a0) \ eZ (k1). Put k0 =

k2k1 2 K , then eak� 1� = gea0
(k0)� 1�g � 1 with Ad(k0)a0 = �a 0. Thus y = pg 2

X (eak� 1� ) and g0y 2 X (
� ). This completes the proof of our proposition. �

We can usex0 = pg0 as the base point to get a global geodesic coordinate forX .
Indeed, we have a di�eomorphism,

(1.4.13) � g0 : Ad(g0)p ! X; y 7! exp(y)x0:

In the case wheng0 = 1, this coordinate system is just(expx ; p) de�ned in subsection
1.1.

Proposition 1.4.2. In the coordinate system de�ned by� g0 , we have,

(1) g0X (ea) = Ad( g0)(z(a) \ p);

(2) g0X (k� 1� ) = Ad( g0)(z(k� 1� ) \ p).

Proof. The �rst identi�cation is proved in [B11, Theorem 3.2.6]. We only prove the
second one. Clearly,Ad(g0)(z(k� 1� ) \ p) � g0X (k� 1� ).

If b 2 p is such that � g0 (Ad( g0)b) 2 g0X (k� 1� ), then there existsk0 2 K such
that

(1.4.14) k� 1 exp(� (b)) = exp( b)k0:

We can rewrite (1.4.14) as

(1.4.15) exp(Ad(k� 1)�b )k� 1 = exp(b)k0:

Then we get

(1.4.16) Ad(k� 1� )b= b ; k0 = k� 1:

From (1.4.16),b2 z(k� 1� ) \ p. This completes the proof of our proposition. �

Theorem 1.4.3. In the coordinate system de�ned by� g0 , we have

(1.4.17) X (
� ) = z(
� ) \ Ad(g0)p:

Proof. This is just a consequence of (1.4.8) and Propositions 1.4.1, 1.4.2. �
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Remark 1.4.4. Sincez(
� ) = ~z(
� ) \ g, we can rewrite (1.4.17) as

(1.4.18) X (
� ) = ~z(
� ) \ Ad(g0)p:

We have another Cartan decomposition ofg associated withg0,

(1.4.19) g = Ad( g0)p � Ad(g0)k:

Put pg0 (
� ) := z(
� ) \ Ad(g0)p and kg0 (
� ) := z(
� ) \ Ad(g0)k. Since� preserves
the splitting (1.1.1), by (1.4.7),(1.4.8), we get

(1.4.20) z(
� ) = pg0 (
� ) � kg0 (
� ):

Then in the coordinate(� g0 ; Ad(g0)p), (1.4.17) is equivalent to

(1.4.21) X (
� ) = pg0 (
� ):

Recall that eZ (
� ) acts onX (
� ) isometrically.

De�nition 1.4.5. We de�ne a map ~p : eZ(
� ) ! X (
� ) by

(1.4.22) ~p(~g) = ~gx0:

Note that if g0 = 1, the map ~p in (1.4.22) is just the restriction ofp to eZ(
� ).

Lemma 1.4.6. The action of Z (
� ) on X (
� ) is transitive, and the stabilizing
subgroup ofx0 is given by Z(
� ) \ C(g0)K . Moreover, Z 0(
� ) acts on X (
� )
transitively.

Proof. Let g 2 G be such thatx = p(g) 2 X (
� ), by Theorem 1.4.3, there existsy 2
pg0 (
� ) such that p(g) = exp( y)x0. Clearly, exp(y) 2 Z 0(
� ), so that ~p(exp(y)) = x.
Then Z 0(
� ) acts onX (
� ) transitively, so doesZ(
� ).

If g 2 Z(
� ) �xes x0, then

(1.4.23) C(g� 1
0 )g 2 K;

this is equivalent to that g 2 Z(
� ) \ C(g0)K . The proof of our lemma is completed.
�

In the sequel, we put

K g0 (
� ) = Z (
� ) \ C(g0)K;

K �
g0

(
� ) = Z � (
� ) \ C(g0)K � ;

eK g0 (
� ) = eZ(
� ) \ C(g0) eK:

(1.4.24)

Theorem 1.4.7. We have the identi�cation of Z (
� )-manifolds,

X (
� ) ' Z (
� )=Kg0 (
� )

' eZ (
� )=eK g0 (
� ):
(1.4.25)

As submanifolds ofX , we have

X (
� ) = Z (
� )=Kg0 (
� ) � x0

= eZ(
� )=eK g0 (
� ) � x0 � X:
(1.4.26)
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Proof. This is a consequence of Lemma 1.4.6. �

Corollary 1.4.8. Induced by the map~p, we also have the identi�cation ofZ 0(
� )-
manifolds,

X (
� ) ' Z 0(
� )=(Z 0(
� ) \ C(g0)K )

' eZ 0(
� )=( eZ 0(
� ) \ C(g0) eK ):
(1.4.27)

Moreover, the groupsZ 0(
� ) \ C(g0)K , eZ 0(
� ) \ C(g0) eK coincide with the identity
componentsK 0

g0
(
� ), eK 0

g0
(
� ) of K g0 (
� ), eK g0 (
� ) respectively.

The group embeddingsK g0 (
� ) ! Z (
� ) and eK g0 (
� ) ! eZ (
� ) induce respec-
tively the isomorphisms of �nite groups,

K 0
g0

(
� )nK g0 (
� ) ' Z 0(
� )nZ (
� );

eK 0
g0

(
� )n eK g0 (
� ) ' eZ 0(
� )neZ(
� ):
(1.4.28)

Proof. The identi�cations (1.4.27) is clear.
Using the fact that X (
� ) is contractible, we get that Z 0(
� ) \ C(g0)K and

eZ 0(
� ) \ C(g0) eK are connected. Then

K 0
g0

(
� ) = Z 0(
� ) \ C(g0)K;

eK 0
g0

(
� ) = eZ 0(
� ) \ C(g0) eK:
(1.4.29)

SinceK and eK both are compact, the groups in (1.4.28) are �nite. By (1.4.25),
(1.4.27), (1.4.29), we get (1.4.28). The proof of this corollary is completed. �

Remark 1.4.9. In (1.4.25), (1.4.26), (1.4.27), (1.4.28), (1.4.29), we can replaceeZ(
� ),
eK g0 (
� ) together with their identity components by Z � (
� ), K �

g0
(
� ) and their

identity components. In particular, we have

(1.4.30) K �; 0
g0

(
� ) = Z �; 0(
� ) \ C(g0)K � :

Remark 1.4.10. Note that the representation ofX (
� ) in (1.4.26) does not depend
on the choice of the base pointx0.

We also can choose a representative~g0 2 eG for the point x0 2 X (
� ), and the
analogues of the above results with respect to~g0 can be obtained immediately.

Using Propositions 1.4.1 and 1.4.2, Theorem 1.4.3 and by (1.4.19), if we use the
Cartan decomposition (1.4.19) instead of (1.1.1) and we use the left transitionLg0

to identify subsets ofX , we can reduce our assumption of
 in (1.4.4) to the simple
case whereg0 = 1.

Then we can rewrite (1.4.4) as follows,


 = eak� 1; Ad(k)a = �a;

a 2 p; k 2 K:
(1.4.31)
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In the following sections, we will only consider this simple case, and we will drop
the subscript g0 in all the associated notation.

1.5. The normal coordinate system on X based at X (
� ). In this subsection,
we always assume that
� 2 eG is of the form given in (1.4.31). Thenx = p1 2
X (
� ).

By (1.4.8) with g0 = 1, a lies in the center ofz(
� ). Let za;? (
� ) be the orthogonal
subspace toa in z(
� ), let pa;? (
� ) be the orthogonal subspace toa in p. Then we
have

(1.5.1) za;? (
� ) = pa;? (
� ) � k(
� ):

Moreover,za;? (
� ) is an ideal ofz(
� ).
Let Z a;? ;0(
� ) be the connected Lie subgroup ofZ 0(
� ) that corresponds the Lie

algebraza;? (
� ). Note that if a 6= 0, we have

(1.5.2) Z 0(
� ) ' Z a;? ;0(
� ) � R;

whereeta maps into tjaj 2 R.
As in [B11, Theorem 3.3.1], letX a;? (
� ) be the image ofZ a;? ;0(
� ) by the pro-

jection p, which is a convex submanifold ofX (
� ). Then we have

(1.5.3) X a;? (
� ) = Z a;? ;0(
� )=K 0(
� ):

If a 6= 0, by (1.5.2), (1.5.3), we have the identi�cation of RiemannianZ 0(
� )-
manifolds,

(1.5.4) X (
� ) ' X a;? (
� ) � R;

so that the action ofeta on X (
� ) corresponds to the translation bytjaj on R, and
the action of 
� on X (
� ) is just the translation by jaj.

Let z? (
� ) be the orthogonal subspace ofz(
� ) in g with respect to B . Put

(1.5.5) p? (
� ) = z? (
� ) \ p; k? (
� ) = z? (
� ) \ k:

Then the splitting (1.4.20) with g0 = 1 shows that

(1.5.6) z? (
� ) = p? (
� ) � k? (
� ):

The normal bundle ofX (
� ) in X is given by

NX (
� )=X = Z(
� ) � K (
� ) p? (
� );

= eZ(
� ) � eK (
� ) p? (
� ):
(1.5.7)

Let NX (
� )=X be the total space ofNX (
� )=X ! X (
� ). By (1.5.7), a point in
NX (
� )=X is represented by a pair(g; f ) with g 2 Z(
� ) or eZ(
� ) and f 2 p? (
� ).

Let P
� : X ! X (
� ) be the orthogonal projection fromX into X (
� ). As in
[B11, Theorems 3.4.1 and 3.4.3], we can de�ne a normal coordinate system onX
based atX (
� ) as follows.

Theorem 1.5.1. We have the di�eomorphism ofeZ(
� )-manifolds,

(1.5.8) � 
� : NX (
� )=X �! X;
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de�ned by

(1.5.9) � 
� (g; f ) = p(gexp(f )) 2 X:

Under this di�eomorphism, the action of
� on X is represented by the map(g; f ) 7!
(exp(a)g;Ad(k� 1)�f ), and the projectionP
� is given byP
� (g; f ) = ( g;0).

Proof. The proof of this theorem is the same as the �rst part of the proof of [B11,
Theorem 3.4.1]. �

Proposition 1.5.2. If (g; f ) 2 N X (
� )=X , then

(1.5.10) d
� (� 
� (g; f )) = d
� (� 
� (1; f )) ;

Moreover, there exists a constantc
� > 0, for f 2 p? (
� ) with jf j � 1, such that

(1.5.11) d
� (� 
� (1; f )) � j aj + c
� jf j:

There existC0

� > 0; C00


� > 0 such that, for f 2 p? (
� ), if jf j � 1,

(1.5.12) jr d
� (� 
� (1; f )) j � C0

� ;

and if jf j � 1,

(1.5.13) jr d2

� (� 
� (1; f ))=2j � C00


� jf j:

In particular, the function d2

� =2 is a Morse-Bott function, whose critical set is

X (
� ), and its Hessian onX (
� ) is given by the symmetric positive endomorphism
on p? (
� ),

(1.5.14) r T X r d2

� =2 =

ad(a)
sinh(ad(a))

(2 cosh(ad(a)) � (Ad( k� 1)� + � � 1Ad(k))) :

Proof. As we have seen, the geometric structures ofX associated with
� are the
same as the ones considered in [B11, Chapter 3], we can adapt the proof of [B11,
Theorem 3.4.1] to prove this proposition. We here only give the detail of the geo-
metric part of the proof.

The equality in (1.5.10) comes from the factg 2 eZ(
� ).
For f 2 p? (
� ), if t 2 R, set

(1.5.15) ' f (t) = d
� (petf ):

It is a convex function fromt 2 R to R � 0.
First we assume that
� is elliptic, i.e. a = 0, 
� = ~
 e. Since 1 � Ad(~
 e) is

invertible on p? (
� ), there is c
� > 0 such that

(1.5.16) j(1 � Ad(~
 e)f j � c
� jf j:

Use the results of [E96, Proposition 1.4.1], we have

(1.5.17) d
� (� 
� (1; f )) = d(� 
� (1; f ); � 
� (1; Ad(~
 e)f )) � j (1 � Ad(~
 e)f j:

Then we get (1.5.11) for this case. Using the convexity of' f (t), we can also get
(1.5.12), (1.5.13) whena = 0.
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Let us assume that
� is non-elliptic, i.e. a 6= 0. Let f 2 p? (
� ) be such that
jf j = 1. By (1.5.15), ' f (0) = jaj > 0. Then ' f (t) is a smooth convex function.

The curvespetf ; 
�pe tf for t 2 R are two geodesics inX orthogonal to X (
� ).
Let ct (s); s 2 [0; 1] be the unique geodesic connectingpetf and 
�pe tf . We have
c0(s) = pesa.

Put Jf;s = @
@tj t=0 ct (s) the Jacobi �eld along c0(s). As in (1.3.10), in the trivial-

ization given by parallel transport, we have
•Jf;s � ad2(a)Jf;s = 0;

Jf; 0 = f ; J f; 1 = Ad( k� 1� )f = Ad(~
 e)f:
(1.5.18)

The unique solution of (1.5.18) is given by

(1.5.19) Jf;s = cosh(sad(a))f +
sinh(sad(a))
sinh(ad(a))

(Ad( k� 1)� � cosh(ad(a))) f:

As in (1.3.8), setE f (t) = 1
2 ' 2

f (t). Then we have

(1.5.20) E 00
f (0) = jaj' 00

f (0):

Also we have,

(1.5.21) E 00
f (0) =

Z 1

0
(j _Jf;s j2+ j[a; Jf;s ]j2)ds:

Thus E 00
f (0) continuously depends onf 2 p? (
� ). By (1.5.19), there existsC > 0

such that if f 2 p? (
� ), jf j = 1, then E 00
f (0) � C.

Now we can proceed the proof using the same arguments as in [B11, eq.(3.4.22) -
eq.(3.4.28)], when replacingk� 1 by k� 1� , we get (1.5.11) - (1.5.13).

The identity (1.5.14) follows from (1.5.19) and [B11, eq.(3.4.29)].
The proof of our proposition is completed. �

Remark 1.5.3. If x 2 X (
� ), under the identi�cation in Theorem 1.5.1, by (1.5.11)
the displacement functiond
� is increasing at least linearly along the normal �ber at
x. This property will be used in the geometric interpretation of the twisted orbital
integrals in section 4.

The group K (
� ) (resp. eK (
� )) acts on the left on K (resp. eK ). We de�ne
a vector bundle p? (
� )K (
� ) � K (resp. p? (
� ) eK (
� ) � eK ) on K (
� )nK (resp.
eK (
� )n eK ) by the relation, for f 2 p? (
� ), k 2 K (resp. eK ) and h 2 K (
� ) (resp.
eK (
� )),

(1.5.22) (f; k ) � (Ad( h)f; hk ):

We also de�ne the right action ofk 2 K (resp. eK ) on p? (
� ) � K (resp. p? (
� ) � eK )
is the multiplication on K (resp. eK ) from the right side by k.

By Theorem 1.5.1, we can de�ne two maps as follows,

%
� :(g; f; k ) 2 Z (
� ) � K (
� ) (p? (
� ) � K ) ! gef k 2 G;

~%
� :(g; f; k ) 2 eZ(
� ) � eK (
� ) (p? (
� ) � eK ) ! gef k 2 eG:
(1.5.23)
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Theorem 1.5.4. The map %
� in (1.5.23) a di�eomorphism of left Z (
� )-spaces
and of right K -spaces, and~%
� is a di�eomorphism of left eZ (
� )-spaces and of right
eK -spaces. The projectionp is represented by(g; f; k ) 7! (g; f ). Moreover, under
this di�eomorphism, we have

p? (
� )K (
� ) � K = Z(
� )nG;

p? (
� ) eK (
� ) � eK = eZ(
� )neG:
(1.5.24)

Proof. The �rst two statements in our theorem follow from Theorem (1.5.1). The
identi�cations in (1.5.24) are just consequences of the di�eomorphisms in (1.5.23).

�

Remark 1.5.5. In Theorems 1.5.1 and 1.5.4 and in Proposition 1.5.2, we also can
replace Z(
� ); eZ (
� ); K (
� ); eK (
� ) by their identity components. These results
are also true forZ � (
� ); K � (
� ) and their identity components. In particular, we
have

p? (
� )K 0 (
� ) � K = Z 0(
� )nG;

p? (
� ) eK 0 (
� ) � eK = eZ 0(
� )neG;

p? (
� )K �; 0 (
� ) � K � = Z �; 0(
� )nG� :

(1.5.25)

If ~
 2 eG, let [~
 ] � eG be the conjugacy class of~
 in eG, i.e.,

(1.5.26) [~
 ] = f C(~g)~
 : ~g 2 eGg:

Proposition 1.5.6. If ~
 2 eG is semisimple, then the conjugacy class of~
 in eG is
a closed subset.

Proof. We can assume that~
 = 
� given by (1.4.31). Then the above geometric
constructions are applicable.

We suppose thatf ~
 i gi 2 N � [
� ] is a Cauchy sequence ineG with the limit ~g0 2 eG.
In particular, we have, asi ! + 1 ,

(1.5.27) d(p~
 i ; p~g0) ! 0:

By (1.5.24), for i 2 N, there existsgi = ef i ki , f i 2 p? (
� ), ki 2 eK such that

(1.5.28) ~
 i = g� 1
i 
�g i :

By (1.5.27), (1.5.28), we get, asi ! + 1 ,

(1.5.29) d(
�pe f i ; gi p~g0) ! 0:

Use the triangle inequality for the distanced on X , by (1.5.29), we get, asi ! + 1 ,

(1.5.30) d(
�pe f i ; pef i ) ! d(p1; peg0):
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Using (1.5.11), (1.5.30), we get the setf f i gi 2 N is a bounded set inp? (
� ). Then
we can assume that there existf 0 2 p? (
� ), k0 2 eK such that, asi ! + 1 ,

(1.5.31) f i ! f 0; ki ! k0:

Put g0 = ef 0
k0 2 eG, then asi ! + 1 ,

(1.5.32) gi ! g0:

By (1.5.28), we get

(1.5.33) ~g0 = ( g0)� 1
�g 0 2 [
� ]:

This completes the proof of our proposition. �

Let dx be the volume element onX induced by the Riemannian metric. Recall
that Y p 2 p ! expp1(Y p) 2 X de�nes a global geodesic coordinate ofX . Let dYp

be the volume element on the Euclidean spacep. Then there is a positive smooth
function � on p such that � (0) = 1 and, under the identi�cation of manifolds,

(1.5.34) dx = � (Y p)dYp:

By [B11, eq. (4.1.12)], there existc > 0; C > 0 such that

(1.5.35) � (Y p) � cexp(CjY pj):

Let dk be the normalized Haar measure ofK . Put

(1.5.36) dg = dxdk:

Then dg is a left-invariant Haar measure onG. SinceG is unimodular, dg is also
right-invariant.

Let dy be the volume element onX (
� ) induced by Riemannian metric, letdf be
the volume element on the Euclidean spacep? (
� ). Then dydf is a volume element
on Z 0(
� ) � K 0 (
� ) p? (
� ) which is Z 0(
� )-invariant. By Theorem 1.5.1, there is a
smooth positiveK 0(
� )-invariant function r (f ) on p? (
� ) such that we have the
identity of volume elements onX ,

(1.5.37) dx = r (f )dydf;

with r (0) = 1 . Moreover, by [B11, (3.4.36)], there existC > 0; C0 > 0 such that for
f 2 p? (
� ),

(1.5.38) r (f ) � C exp(C0jf j):

Let dk00 be the Haar measure onK 0(
� ) that gives volume1 to K 0(
� ), and let
du0 be the K � invariant volume form on K 0(
� )nK , so that

(1.5.39) dk = dk00du0:

Set

(1.5.40) dz0 = dydk00:

Then dz0 is a left invariant Haar measure onZ 0(
� ). Combining (1.5.37) - (1.5.40),
we get

(1.5.41) dg = r (f )dz0dfdu0:
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Also by (1.5.25),r (f )dfdu0 can be viewed as a measure onZ 0(
� )nG such that

(1.5.42) dg = dz0 � r (f )dfdu0:

Then dv0 = r (f )dfdu0 is exactly the measure onZ 0(
� )nG that is canonically
associated withdg and dz0.

When replacingZ 0(
� ), K 0(
� ) by Z (
� ), K (
� ), one can de�ne measuresdk0,
du, dz, dv on K (
� ), K (
� )nK , Z (
� ), Z (
� )nG such that the analogues of (1.5.39)
- (1.5.42) still hold.

Let dn be the normalized Haar measure onK 0(
� )nK (
� ) such that

(1.5.43) dk0 = dk00dn:

By the normalization of dk00, dk0, we have

(1.5.44)
Z

K 0 (
� )nK (
� )
dn = Vol( K (
� )) = 1 :

Moreover, using (1.4.28) for the groupsK � (
� ) and Z � (
� ), we get

(1.5.45) dz = dz0dn:

Using the canonical projectionZ 0(
� )nG ! Z (
� )nG, and by (1.4.28), we get

(1.5.46) dv0 = dndv:

Let d� be the normalized Haar measure of� � . Put

(1.5.47) d~g = dgd�:

This de�nes a bi-invariant Haar measure onG� . If d~k is the normalized Haar
measure onK � , then d~k = dkd� .

Let d~k� be the normalized Haar measure onK � (
� ), let d~u� be theK � � invariant
measure onK � (
� )nK � such that

(1.5.48) d~k = d~k� d~u� :

Set

(1.5.49) d~z� = dyd~k� :

Then d~z� is a left invariant Haar measure onZ � (
� ). Furthermore,

(1.5.50) d~g = dxd~k = r (f )dydfd~k� d~u� = d~z� � r (f )dfd ~u� :

Then d~v� = r (f )dfd ~u� is a measure onZ � (
� )nG� .
Also the analogues of (1.5.47) - (1.5.50) can be formulated for the groupseG, eK ,

e� , eZ (
� ) and the orbit spaceeZ(
� )neG.
In the sequel, we will always use these measures for the associated integrations.
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1.6. The return map along the minimizing geodesic in X (
� ). In this sub-
section, we still assume that
� 2 eG is of the form given in (1.4.31).

Recall that � : X ! X is the total space of the tangent bundleTX to X . Let X �

be the total space of the cotangent bundleT � X . We still use� denote the canonical
projection from T � X to X . Let p be the generic element ofT � X , and then # = � � p
is a smooth1-form on X � . Put ! = dX �

#, which is the canonical symplectic form
on X � . The identi�cation of the �bres TX and T � X by the metric gT X identi�es
the manifoldsX and X � .

Put H(x; p) = 1
2 jpj2 the Hamiltonian on X � . Let V be the Hamiltonian vector

�eld associated with H . Then V is the generator of geodesic �ow. Letf ' tgt2 R be
the corresponding1� parameter subgroup of di�eomorphisms ofX � , which preserves
the symplectic form. When identifyingX and X � , we may consider' t as a �ow of
symplectic di�eomorphisms ofX . If (x; Y T X ) 2 X , if (x t ; YT X

t ) = ' t (x; Y T X ), then
t 2 R ! x t 2 X is the unique geodesic inX such that x0 = x; _x0 = Y T X .

The action of 
� lifts to X and X � . Since
� is isometry, these actions correspond
by the identi�cation through the metric gT X . Then 
� preserves the symplectic form
of X or X � . Now we study the symplectic di�eomorphism(
� )� 1' 1 of X .

Set

(1.6.1) F 
� = f z 2 X : (
� )� 1' 1(z) = zg:

The elementa 2 p de�nes a constant section ofX � g. By (1.1.17), we can viewa
as a smooth section ofTX � N . Let aT X , aN the corresponding parts of this section
in TX , N respectively. Recall that we have a global geodesic coordinate system
centered at x = p1 which identi�es p with X by Y p 2 p ! exp(Y p)x. By [B11,
Proposition 3.2.4], we have

(1.6.2) aT X (Y p) = cosh(ad(Y p))a; aN (Y p) = � sinh(ad(Y p))a:

De�nition 1.6.1. Let i a : X ! X be the embedding

(1.6.3) x 2 X ! (x; aT X ) 2 X :

We get the extension of [B11, Proposition 3.5.1] to our case.

Lemma 1.6.2. we have

(1.6.4) F 
� = i aX (
� ):

Proof. For x 2 X (
� ), let g 2 Z 0(
� ) be such that pg = x. Then aT X (x) is given
by [g;(Ad( g� 1)a)p]. By (1.4.6), we getaT X (x) = [ g; a]. Then

(1.6.5) ' 1((x; aT X )) = [ gea; a] = 
� (x; aT X (x)) 2 X :

We get i aX (
� ) � F (
� ).
If (x; Y T X ) 2 F (
� ), then x t is a geodesic connectingx and 
� (x) such that

(
� )� Y T X
0 = Y T X

1 . Since _x t = Y T X
t , we get that x is a critical point of d2


� . By
Remark 1.1.3, we getx 2 X (
� ). Furthermore, Y T X = aT X (x). This completes the
proof of our lemma. �
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Let z0 = z(a), and put

(1.6.6) p0 = ker ad(a) \ p; k0 = ker ad(a) \ k:

Let z?
0 , p?

0 , k?
0 be the orthogonal spaces toz0, p0, k0 in g; p; k with respect to B , then

(1.6.7) z0 = p0 � k0; z?
0 = p?

0 � k?
0 :

By (1.4.8), the spacez(
� ) is a Lie subalgebra ofz0. Also p(
� ), k(
� ) are
subspaces ofp0, k0 respectively. Let z?

0 (
� ), p?
0 (
� ), k?

0 (
� ) be the orthogonal
spaces toz(
� ), p(
� ), k(
� ) in z0, p0, k0. Then

(1.6.8) z?
0 (
� ) = p?

0 (
� ) � k?
0 (
� ):

Moreover, the actionad(a) gives an isomorphism betweenp?
0 and k?

0 . Let � be the
isomorphism fromp?

0 � k?
0 to p?

0 � p?
0 given by

(1.6.9) � (e; f ) = ( e;� ad(a)f ):

The connectionr T X on TX induces a splitting

(1.6.10) TX ' � � (TX � TX ):

In (1.6.10), the �rst copy is identi�ed with its horizontal lift, and the second copy
is the tangent bundle along the �bre, which is the kernel ofd� : TX ! TX .

If x 2 X (
� ), then (x; aT X ) 2 F 
� . The di�erential d(( 
� )� 1' 1) is an automor-
phism of T(x;a T X )X . Let g 2 Z(
� ) be such thatx = pg. We identify T(x;a T X )X with
the vector spacep � p by the left action g on T(p1;a)X .

We also have the extension of [B11, Theorem 3.5.2].

Proposition 1.6.3. The following identity holds at(x; aT X ) 2 F 
� ,

(1.6.11) d(( 
� )� 1' 1)jp� p =
�
� � 1Ad(k) 0

0 � � 1Ad(k)

�
exp

��
0 1

ad2(a) 0

��
:

In particular, we have

d((
� )� 1' 1)jp0 � p0 =
�
� � 1Ad(k)jp0 � � 1Ad(k)jp0

0 � � 1Ad(k)jp0

�

d(( 
� )� 1' 1)jp?
0 � p?

0
= � �

�
� � 1Ad(
 )

�
jz?

0
� � � 1:

(1.6.12)

The eigenspace ofd(( 
� )� 1' 1) associated with the eigenvalue1 is just TF 
� '
p(
� ) � f 0g � p0 � p0.

Proof. We adapt the proof of [B11, Theorem 3.5.2] to prove our proposition.
Let xs; s 2 [0; 1] be the unique geodesic connectingx and 
� (x) with constant

speed. LetJs 2 Txs X be a Jacobi �eld along this geodesic which satis�es

(1.6.13) •J + RT X
xs

(J; _x) _x = 0;

Using the splitting (1.6.10) ofTX , the di�erential d' 1 at (x; aT X ) is given by the
linear map (J0; _J0) ! (J1; _J1).
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We trivialize the tangent space alongxs to the vector spaceTxX by the parallel
transport with respect to the Levi-Civita connection. Then (1.6.13) becomes the
di�erential equation for Js 2 p

(1.6.14) •J � ad2(a)J = 0;

this is equivalent to

(1.6.15)
@
@s

�
Js
_Js

�
=

�
0 1

ad2(a) 0

� �
Js
_Js

�
:

Then we have

(1.6.16)
�
J1
_J1

�
= exp

� �
0 1

ad2(a) 0

� � �
J0
_J0

�
:

By (1.6.16), we get (1.6.11). If we take(J0; _J0) 2 p0 � p0, we get the �rst identity
in (1.6.12).

If (J0; _J0) 2 p?
0 � p?

0 , then (Js; _Js) 2 p?
0 � p?

0 . Put

(1.6.17) Hs = � � 1(Js; _Js) 2 p?
0 � k?

0

Then (1.6.14) is equivalent to

(1.6.18) _H + [ a; H] = 0;

so that

(1.6.19) H1 = Ad( e� a)H0:

By (1.6.17), (1.6.19), we get the second identity in (1.6.12).
The second identity of (1.6.12) shows that the kernel ofd(( 
� )� 1' 1) � 1 in p � p

is just the kernel ofd(( 
� )� 1' 1) � 1 in p0 � p0. Then, by (1.4.8) for g0 = 1 and the
�rst identity in (1.6.12), we get that this kernel coincides with p(
� ) � f 0g. Since
F 
� is the �xed point set of (
� )� 1' 1, then the kernel ofd(( 
� )� 1' 1) � 1 is just
TF 
� . This completes the proof of our proposition. �

Recall that bX is the total space ofTX � N and � : bX ! X denote the nat-
ural projection. The �ow f ' tgt2 R lifts to a �ow of di�eomorphisms of bX . If
(x; Y T X ; YN ) 2 bX , set

(1.6.20) (x t ; YT X
t ; YN

t ) = ' t (x; Y T X ; YN );

then x t is just the geodesic starting atx with speedY T X
t , and Y N

t is the parallel
transport of Y N along x t .

Recall that k(k� 1� ) is the eigenspace ofk corresponding to the eigenvalue1 of
Ad(k� 1� ). Clearly K 0(
� ) acts onk(k� 1� ). Put

(1.6.21) N (k� 1� ) = Z 0(
� ) � K 0 (
� ) k(k� 1� ):

Then N (k� 1� ) is a subbundle ofN jX (
� ) . Let N (k� 1� ) be the total space of
N (k� 1� ). Let bi a be the embedding(x; Y N ) 2 N (k� 1� ) ! (x; aT X ; YN ) 2 bX .

Set

(1.6.22) bF 
� = f z 2 bX ; (
� )� 1' 1z = zg:
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As in [B11, Section 3.6] and Lemma 1.6.2, we have

Proposition 1.6.4. We have the following identities,

N (k� 1� ) = f Y N 2 N jX (
� ) j Ad(k� 1� )Y N = Y N g;

� bF 
� = F 
� ;

bF 
� = bi aN (k� 1� ):

(1.6.23)

Proof. The �rst identity in (1.6.23) follows from (1.6.21), and the second one follows
from (1.6.1), (1.6.20), (1.6.22). Using the �rst two identities in (1.6.23) and by
Lemma 1.6.2, we get the third identity. �

1.7. A pseudodistance on X . If x; x0 2 X , let � x0

x be the parallel transport from
Tx0X into TxX with respect to r T X along the unique geodesic joiningx0 et x. We
recall a de�nition in [B11, Section 3.8] as follows.

De�nition 1.7.1. If (x; f ); (x0; f 0) 2 X , set

(1.7.1) � ((x; f ); (x0; f 0)) = d(x; x0) + j� x0

x f 0 � f j:

We call it a pseudodistance onX .

If x0 = p1 2 X , put

(1.7.2) dx0 ((x; f ); (x0; f 0)) = d(x; x0) + j� x
x0

f � � x0

x0
f 0j:

Then dx0 is a distance onX . By [B11, eqs. (3.8.9), (3.8.10)], there existsC > 0
such that

(1.7.3) j� ((x; f ); (x0; f 0)) � dx0 ((x; f ); (x0; f 0)) j � Cd(x; x0):

By Lemma 1.6.2, ifx =2 X (
� ), for any t 2 R,

(1.7.4) (
� )� 1' t (x; Y T X ) 6= ( x; Y T X ):

If (x; Y T X ) 2 X with x =2 X (
� ), jY T X j = 1, set

(1.7.5) (x0; YT X 0) = 
� (x; Y T X ):

Then for t 2 R, we have

(1.7.6) ' t (x; Y T X ) 6= ' � t (x0; YT X 0):

Proposition 1.7.2. Given � > 0, there existsC
�;� > 0 such that if x 2 X is such
that d(x; X (
� )) � � , if Y T X 2 TxX; jY T X j = 1, for t > 0, then

(1.7.7) � (' t (x; Y T X ); ' � t 
� (x; Y T X )) � C
�;� :

Proof. Using Lemma 1.1.4 and Proposition 1.5.2, an easy modi�cation of the proof
of [B11, Theorems 3.9.1] gives a proof of our proposition.

�

Similarly, following the same arguments of the proofs of [B11, Theorems 3.9.2 -
3.9.4 ], we also have their analogues as follows.
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Proposition 1.7.3. Given �; M > 0, there existsC
�;�;M > 0 such that if x 2 X is
such thatd(x; X (
� )) � � , if Y T X 2 TxX , for 0 � t � M ,

(1.7.8) � (' t (x; Y T X ); ' � t 
� (x; Y T X )) � C
�;�;M :

Proposition 1.7.4. Given � > 0; � > 0, there existsC
�;�;� > 0 such that if
f 2 p? (
� ), jf j � � , x = � 
� (1; f ), jY T X � aT X j � � ,

(1.7.9) � (' 1=2(x; Y T X ); ' � 1=2
� (x; Y T X )) � C
�;�;� :

Given � > 0, there existsC� > 0 such that if f 2 p? (
� ), jf j � 1, x = � 
� (1; f ),
Y T X 2 TxX , jY T X j � � , then

(1.7.10) � (' 1=2(x; Y T X ); ' � 1=2
� (x; Y T X )) � C� (jf j + jY T X � aT X j):

For x; x0 2 X , we still denote by� x0

x the parallel transport from Nx0 into Nx along
the unique geodesic connectingx0 to x with respect to r N .

Take (x; Y ) 2 bX . Set

(1.7.11) (x0; Y 0) = 
� (x; Y ):

Put

(1.7.12) x t = b�' t (x; Y ); x0
t = b�' � t (x0; Y 0):

Let Y N
� , Y N 0

� be the parallel transports ofY N , Y N 0 alongx t , x0
t with respect to r N .

The same as in [B11, Theorem 3.9.5], there existsc
� > 0 such that f 2 p? (
� ),
jf j � 1, x = � 
� (1; f ), if jY T X � aT X j � 1, then

(1.7.13)
�
� �

x0
1=2

x1=2
Y N 0

1=2 � Y N
1=2

�
� �

�
�(Ad( k� 1� ) � 1)Y N

�
� � c
� (jf j + jY T X � aT X j)jY N j:

We can extend� to a pseudodistance onbX . Combining Proposition 1.7.4 and
(1.7.13), an estimate can be established for this pseudodistance onbX .

1.8. The locally symmetric space Z . Let � be a cocompact discrete subgroup
of G.

Lemma 1.8.1. If � is a cocompact discrete subgroup ofG, then any 
 2 � is
semisimple, and� \ Z (
 ) is a cocompact discrete subgroup ofZ (
 ). More generally,
if � 2 � , � (�) � � , if 
 2 � , then 
� 2 eG is also semisimple, and� \ Z (
� ) is a
cocompact discrete subgroup ofZ (
� ).

Proof. The �rst part of this lemma was proved in [M17, Proposition 3.9]. Also if

 2 � , � (�) � � , by [Sel60, Lemmas 1,2],� \ Z (
� ) is a discrete cocompact subgroup
of Z (
� ). We only need to prove that
� is semisimple. We will adapt the proof of
[M17, Proposition 3.9] to obtain this conclusion.

Recall that p : G ! X is a proper projection. Since� is cocompact, we choose
and �x a compact fundamental domainU � G for � nG. Then we have

(1.8.1) G = � � U:
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There is a sequencef gi gi 2 N � G such that

(1.8.2) d
� (pgi ) ! m
� asi ! + 1 :

Using (1.8.1), there exists a sequencef 
 i gi 2 N � � such that hi = 
 i gi 2 U. Then
the convergence becomes

(1.8.3) d(phi ; 
 i 
� (
 � 1
i )p� (hi )) ! m
� :

Since U is compact, we may and we will assume thatf hi gi 2 N is a convergent
sequence with limith 2 U.

As in [M17, eq.(3.47)], we have

d(ph; 
 i 
� (
 � 1
i )p� (h)) � d(ph; phi ) + d(phi ; 
 i 
� (
 � 1

i )p� (hi ))

+ d(
 i 
� (
 � 1
i )p� (hi ); 
 i 
� (
 � 1

i )p� (h))

= 2d(ph; phi ) + d(pgi ; 
�pg i ):

(1.8.4)

By (1.8.2), the right-hand side of (1.8.4) converges tom
� as i ! + 1 , then the
set f d(ph; 
 i 
� (
 � 1

i )p� (h))gi 2 N is bounded. Note that 
 i 
� (
 � 1
i ) 2 � , since � is

discrete, the set of such
 i 
� (
 � 1
i ) is �nite. This implies that there exist in�nite 
 m i

such that 
 m i 
� (
 � 1
m i

) = 
 0 2 � . Then m
 0� = m
� , and we have

(1.8.5) m
� = d(ph; 
 0p� (h)) = d(p(
 m i h); 
�p (
 m i h)):

Therefore,
� is semisimple. �

De�nition 1.8.2. If 
 1; 
 2 2 � , we say that 
 1 � 
 2 if there exists 
 2 � such that

(1.8.6) 
 2 = C � (
 )
 1:

which is the same as,

(1.8.7) 
 2� = C(
 )( 
 1� ):

By (1.8.7), one veri�es that � is an equivalence relation. We denote byC the set of
equivalence classes in� . Let [
 ]

�
be the equivalence class of
 2 � . If 
� is elliptic,

we say that [
 ]
�

is an elliptic class. LetE be the set of elliptic classes inC.

The map 
 0 2 � 7! (
 0)� 1
� (
 0) 2 [
 ]
�

induces the identi�cation

(1.8.8) [
 ]
�

' � \ Z (
� )n� :

Lemma 1.8.3. The setE is �nite.

Proof. Let U � G be the compact fundamental domain for� nG as in the proof of
Lemma 1.8.1.

Put

(1.8.9) V = p� 1(p(U)) = U � K:

Then V is a compact subset ofG. We denote byV � 1 the set of the inverses of
elements inV. Then V � 1 and V � � (V � 1) are compact inG.
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For any [
 ]
�

2 E, there exists
 0 2 [
 ]
�

such that 
 0� has �xed points in p(V) =
p(U). Let g
 2 U such that pg
 is �xed by 
 0� . Then we get

(1.8.10) 
 0 2 UK� (U� 1) \ � � V � � (V � 1) \ � :

SinceV � � (V � 1) is compact and� is discrete,V � � (V � 1) \ � is a �nite set. This
completes the proof of our lemma. �

Remark 1.8.4. If we take � = 1G, then the setE is just the set of conjugacy classes
of elliptic elements in� , which is a �nite set.

Proposition 1.8.5. We have

(1.8.11) inf
[
 ]

�
2 CnE

m
� > 0:

Proof. Suppose that we have a sequence of[
 i ]� 2 CnE, i 2 N such that m
 i � ! 0
as i ! + 1 .

Let U � G be the compact fundamental domain in the proof of Lemma 1.8.3.
Then for each class[
 i ]� , there exists
 0

i 2 [
 i ]� , x i 2 p(U) such that

(1.8.12) d
 0
i � (x i ) = m
 i � :

SinceU is compact, we may and we will assume thatf x i gi 2 N is a convergent sequence
with the limit x 2 p(U).

The triangle inequality shows

(1.8.13) d(x; 
 0
i � (x)) � d(x; x i ) + d(x i ; 
 0

i � (x i )) + d(
 0
i � (x i ); 
 0

i � (x)) :

By the assumption, there existsi 0 2 N such that if i � i 0, then

(1.8.14) d(x; 
 0
i � (x)) � 1=2:

Since� is discrete, there exists only �nite number of
 0
i such that (1.8.14) holds,

then this contradicts the assumption thatm
 i � ! 0 as i ! + 1 . This completes
the proof of our proposition. �

Set

(1.8.15) c� ;� = inf
[
 ]

�
2 CnE

m
� :

By Proposition 1.8.5, we have

(1.8.16) c� ;� > 0:

Lemma 1.8.6. There existc > 0, C > 0 such that for R > 0, x 2 X , we have

(1.8.17) ] f 
� non-elliptic : 
 2 � ; d
� (x) � Rg � C exp(cR):
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Proof. If x 2 X , R > 0, let BR(x) be the metric ball centred atx of radius R. Then
by (1.5.34), (1.5.35), there existsc0 > 0, C0 > 0 such that, for x 2 X , R > 0,

(1.8.18) Vol(BR(x)) � C0exp(c0R):

If � is torsion free, then using the same arguments as in the proof of [MüP13,
Proposition 3.2], we get (1.8.17). Note that it also a special case of [MM15, eq.(3.19)].

If � is not torsion free, let E(�) � � be the set of elliptic elements in� . By
Remark 1.8.4,E(�) is a disjoint union of �nite conjugacy classes in� . Then by
Proposition 1.5.2, there existsc0 > 0 such that if 
 2 E(�) , x 2 X , then

(1.8.19) c0d(x; X (
 )) � d
 (x):

Put

(1.8.20) c� = c� ;1G > 0:

Let " be such that

(1.8.21) 0 < " <
1
4

min(c� ; c� ;� ):

By (1.8.15), (1.8.20), (1.8.21), if
; 
 0 2 � , 
� , 
 0� are non-elliptic, and if 
 � 1
 0 is
non-elliptic, then if x 2 X , we have

(1.8.22) 
�B " (x) \ 
 0�B " (x) = ; :

If 
�B " (x) \ 
 0�B " (x) 6= ; , then 
 � 1
 0 is elliptic, and there existsx0 2 �B " (x)
such that

(1.8.23) d(x0; 
 � 1
 0x0) � 2":

Put r = ( 2
c0

+ 1) " + 1
8 . By (1.8.19), 
 � 1
 0 has �xed points in �B r (x). We can �x "

small enough such thatr < 1.
Let U � G be a compact fundamental domain for� nG, and let V1 be the closed

1-tube neighbourhood ofp(U) in X . The same arguments in the proof of Lemma
1.8.3 show that

(1.8.24) l(U) = ] f 
 2 � : 
 has �xed points in V1 � X g

is �nite. If 
 2 � , then l(U) = l(
U ).
Fix x 2 X , R > 0. If 
 2 � is such that

(1.8.25) d(x; 
� (x)) � R:

Then

(1.8.26) 
�B " (x) � BR+ " (x):

There exists
 0 2 � such that

(1.8.27) �B r (x) � p(
 0U):

Let 
 2 � be such that 
� is not elliptic. Set

(1.8.28) I (
� ) = f 
 0 2 � : 
 0� non-elliptic, 
�B " (x) \ 
 0�B " (x) 6= ;g :

By the arguments (1.8.22) - (1.8.24), we get

(1.8.29) ]I (
� ) � l (U):
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By (1.8.26), (1.8.28), (1.8.29), we get

] f 
� non-elliptic : 
 2 � ; d
� (x) � Rg

� l(U)Vol( BR+ " (x))=Vol(B " (x)) :
(1.8.30)

By (1.8.18), (1.8.30), we get (1.8.17). �

Put Z = � nX = � nG=K . By [ALR07, Example 1.20],Z is a compact orbifold.
Recall that the vector bundleF on X is de�ned by a K -representation(E; � E ) in
subsection 1.1. ThenF descends to an orbifold vector bundleF on Z . In particular,
the tangent bundle TX descends to the orbifold tangent bundleTZ, and N also
descends to a orbifold bundle, which we still denote it byN .

We now assume that� is torsion free, so thatZ is a smooth compact manifold.
Let � 2 � be such that � (�) = � . Then the action of � � preserves� , and � � acts
isometrically on Z .

Let � Z � Z is the �xed point set of � in Z . If g 2 G, we denote by[g]X (resp.
[g]Z ) the corresponding point inX (resp. Z ). If A � X , we denote by[A]Z � Z the
image ofA � X under the canonical projectionX ! Z .

Lemma 1.8.7. Then [g]Z 2 � Z if and only if there is an elliptic element
�; 
 2 �
such that[g]X 2 X (
� ) � X . If 
 1; 
 2 2 � are in the same class inC, then we have

(1.8.31) [X (
 1� )]Z = [ X (
 2� )]Z � Z:

If 
 1; 
 2 are not in the same class inE, then we have

(1.8.32) [X (
 1� )]Z \ [X (
 2� )]Z = ; :

Proof. For any g 2 G, if [g]Z 2 � Z, then there are
 0 2 � and k0 2 K such that

(1.8.33) � (g) = 
 0gk0:

Then 
 � 1
0 � (g) = gk0, this implies that [g]X 2 X is a �xed point of 
 � 1

0 � , so that

 � 1

0 � is elliptic.
If x 2 X and 
� (x) = x, then [x]Z = [ � (x)]Z 2 Z . This completes the proof of

the �rst part of our lemma.
If 
 1; 
 2 are in the same class inC, then by (1.8.7), there is
 2 � such that

(1.8.34) 
 1� = 

 2�
 � 1:

Then we have

(1.8.35) X (
 1� ) = 
X (
 2� ) � X;

so that (1.8.31) holds.
Suppose that [
 1]

�
, [
 2]

�
are in E. If [X (
 1� )]Z \ [X (
 2� )]Z 6= ; in Z , since


 1�; 
 2� are elliptic, we can �nd 
 2 � and x 2 X such that

(1.8.36) 
 � 1
 1� (
 )� (x) = 
 2� (x) = x:

Then 
 � 1
2 
 � 1
 1� (
 )� (x) = � (x). Since� is torsion free, then
 2 = 
 � 1
 1� (
 ), which

says that [
 1]
�

= [ 
 2]
�
. Then we get (1.8.32). �



46 BINGXIAO LIU

Using Lemma 1.8.7, we get that

(1.8.37) � Z = [ [
 ]
�

2 E [X (
� )]Z :

Moreover, the right-hand side in (1.8.37) is a disjoint union.
By Lemma 1.8.1,� \ Z (
� ) is a cocompact discrete subgroup ofZ (
� ). Moreover,

since� is torsion free,� \ Z (
� ) is also torsion free. Then� \ Z (
� )nX (
� ) is a
compact smooth manifold

Take [
 ]
�

2 E, let 
 2 � be one representative of[
 ]
�
. If x 2 X (
� ), if 
 0 2 � is

such that 
 0x 2 X (
� ), then a similar argument like (1.8.36) gives that
 0 2 Z(
� ).
Thus the projection X ! Z induces an identi�cation between� \ Z (
� )nX (
� )
and [X (
� )]Z � Z . Then (1.8.37) can be rewritten as

(1.8.38) � Z = [ [
 ]
�

2 E � \ Z (
� )nX (
� );

Let C(Z; F ) be the vector space of continuous sections ofF on Z . We can identify
this vector space with the subspace ofC(X; F ) consisting of continuous sections over
X which are left � � invariant, i.e.,

(1.8.39) C(Z; F ) = C(X; F )� :

By (1.2.20), (1.8.39), we obtain

(1.8.40) C(Z; F ) = CK (G; E)� :

We now assume that(E; � E ) lifts to a representation ofK � . If s 2 CK (G; E)� ; � 2
� � , then �s 2 Cb

K (G; E) is given by (1.2.21). If
 2 � ; g 2 G, then

(�s )( 
g ) = � E (� )s(� � 1(
g ))

= � E (� )s(� � 1(
 )� � 1(g))

= � E (� )s(� � 1(g)) = ( �s )(g):

(1.8.41)

Then �s 2 CK (G; E)� . The action of � 2 � � descends to an action� Z on C(Z; F ).

Proposition 1.8.8. Take [
 ]
�

2 E with the representative
 2 � . Under the identi-
�cation in (1.8.38), the action of � on the bundles over� Z restricted to [X (
� )]Z is
given by the action of
� on the corresponding vector bundles over� \ Z (
� )nX (
� ).

Proof. Take x0 = p(g0) 2 X (
� ). There is k 2 K such that

(1.8.42) 
 = C � (g0)(k� 1):

By Proposition 1.4.1 and (1.8.42), we have

(1.8.43) X (
� ) = g0(X (k� 1� )) :

By (1.2.19), (1.8.43), we have the identi�cation of vector bundles corresponding
to the identi�cation in (1.8.38),

(1.8.44) F j [X (
� )]Z ' � \ Z (
� )n g0
�
Z (k� 1� ) � K (k � 1 � ) E

�
:

If g 2 Z(k� 1� ), by (1.8.42), we get

(1.8.45) � (g0g) = 
 � 1g0gk� 1:
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Put x = p(g0g) 2 X (
� ) and z = [ g0g]Z 2 [X (
� )]Z . The computation on an
small neighbourhood ofz is equivalent to do the computation on a neighbourhood
of x. If v 2 Fz ' E , then

� (z; v) = ( � (z); �v )

= [( � (g0g); � E (� )v)]Z

= [( g0g; � E (k� 1� )v)]Z 2 F� (z) :

(1.8.46)

Take the lift of [(g0g; � E (k� 1� )v)]Z around x, we have

(1.8.47) [(g0g; � E (k� 1� E )v)]Z = g0k� 1�g � 1
0 (x; v) = 
� (x; v):

This completes the proof of our proposition. �

Remark 1.8.9. If � is not torsion free, thenZ is a compact orbifold. In this case,
(1.8.37) still holds, but the union in the right-hand side of (1.8.37) is not a disjoint
union any more.

For 
 1; 
 2 2 � , if 
 1�; 
 2� are elliptic, if 
 � 1
2 
 1 is elliptic, then we have

(1.8.48) X (
 1� ) \ X (
 2� ) = � � 1(X (
 � 1
2 
 1)) :

If 
 � 1
2 
 1 is not elliptic, then we have

(1.8.49) X (
 1� ) \ X (
 2� ) = ; :

These identities are compatible with the corresponding results in the proof of Lemma
1.8.6.
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2. A classification of representations of K �

This section is devoted to a proper classi�cation of the irreducible representations
of K � , and the question of lifting representations ofK to representations ofK � .

This section is organized as follows. In subsection 2.1, we reduce the classi�cation
of representations ofK � to the classi�cation of representations of a subgroupK � 0

of K o Aut( K ).
In subsection 2.2, we recall a Weyl character formula for non-connected compact

Lie group obtained in [DK00].
In subsection 2.3, we give a classi�cation of the irreducible unitary representations

of a �nite extension K � of K by the orbits in the set of dominants weights.
Finally, in subsection 2.4, we give a constructive correspondence between represen-

tations of K � 0 and representations ofK � , so that a classi�cation of representations
of K � is established. In the last part, we give a criterion for the extension of a
K -representation to aK � -representation to exist.

In this section, we use the same notation as in subsections 1.1 and 1.2.

2.1. Irreducible representations of K � . Fix � 2 � , let � � be the closed sub-
group of Aut( G) generated by� . Recall that eK = K o � and K � = K o � � .

Since� preserve the groupK , we have the natural homomorphism of Lie groups:

(2.1.1) f : � � ! Aut( K ):

Put H = ker f . Let � � 0 � Aut( K ) be the image off . The group � � 0 is a compact
subgroup ofAut( K ) generated byf (� ).

De�nition 2.1.1. Let K � 0 be the closed subgroup ofK o Aut( K ) which is generated
by K and f (� ).

Then

(2.1.2) K � 0 = K o � � 0:

The homomorphismf extends trivially to a homomorphism from K � onto K � 0,
which we still denote byf .

We regard H as a closed Lie subgroup ofK � , then it lies in the center of K � .
Then

(2.1.3) K � 0 = K � =H:

If (E; � E ) is an irreducible unitary representation ofK � 0, then using f , one can
get a corresponding irreducible unitary representation ofK � . Conversely, if(E; e� E )
is an irreducible unitary representation ofK � , then Schur's lemma says that for
~h 2 H , e� E (~h) is a scalar operator inAut( E). Let 1E be the identity map of E.

Proposition 2.1.2. For an irreducible unitary representation(E; e� E ) of K � , there
exists an1-dimensional representation(L; e� L ) of � � such that the representations
(E 
 L; e� E 
 L ) is an irreducible representation ofK � satisfying that if ~h 2 H ,
� E 
 L (~h) = 1E .
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Proof. The restriction of e� E to H can be regarded as a1-dimensional representation
of H over C. Let (L; e� L ) be its dual representation. We can extend(L; e� L ) to the
group � � . One can verify that (L; e� L ) is just the representation we want. This
completes the proof of our proposition. �

Let � E , � L , � E 
 L be the characters of these representations ofK � appeared above,
then, on K � , we have

(2.1.4) � E 
 L = � L � � E :

In particular, the values of � L depend only on the factor in� � , i.e., if ~g 2 K � ,
k 2 K , then

(2.1.5) � E (~gk) = ( � L (~g)) � 1� E 
 L (~gk):

By (2.1.3), the representationE 
 L in Proposition 2.1.2 can be regarded as an
irreducible unitary representation ofK � 0. Then in most cases where we need to deal
with the characters of representations, it is enough to work on representations of
K � 0 instead of representations ofK � .

2.2. Finite extension of K and a Weyl character formula. Let bK be a com-
pact Lie group such that the identity component bK 0 = K . Then bK=K is a �nite
group.

Let T � K be a maximal torus ofK with Lie algebra t. Let W(K; T ) be the
associated Weyl group. LetkC, tC be the complexi�cation of k; t. Let R(k; t) � t �

be the associated (real) root system. LetR+ (k; t) � R(k; t) be a system of positive
roots with the simple root system�( k; t). If there is no risk of confusion, we use the
notation W, R, R+ , � instead ofW(K; T ), R(k; t), R+ (k; t), �( k; t).

Note that if ! 2 W

(2.2.1) det(! ) = ( � 1)jR+ n! �R+ j :

Let c be the Weyl chamber de�ning the positive root systemR+ . Let P++ � t �

be the set of dominate weights with respect toR+ . As in [DK00, eq. (3.15.2)], put

(2.2.2) N bK (c) = f bg 2 bK j Ad(bg)(c) = cg:

Then N bK (c) is a closed Lie subgroup ofbK with Lie algebra t. Let N bK (c)0 be the
identity component ofN bK (c). Then N bK (c)0 = T. Moreover, ifu 2 N bK (c), the action
Ad(u) on t � preservesR+ .

By [DK00, Proposition (3.15.1)], the injectionsN bK (c) ! bK and T ! K induces
an isomorphism of �nite groups:

(2.2.3) N bK (c)=T ! bK=K

In particular, N bK (c) \ K = T.
As in (1.3.1), if v 2 k, set

(2.2.4) bZ(v) = f bg 2 bK : Ad(bg)v = vg:

By [DK00, Proposition (3.15.2)], there existsv 2 c such that

(2.2.5) bZ(v) = N bK (c):
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Using [DK00, Lemma (3.15.3)], ifu 2 N bK (c), then there existsz 2 N bK (c) which is
arbitrary close to u such that S = K 0(z) is a torus in K , i.e., z is a regular element
in bK , and z commutes with u. One can verifyS is a subtorus ofT. Moreover, if bg
and z are in the same connected component ofbK , then bg is conjugate by an element
of K to an element ofzS. Then a consequence of (2.2.3) is that the character of a
representation of bK is determined by its restriction to the subgroupN bK (c).

Set

(2.2.6) � k =
1
2

X

� 2 R+

�:

Then if u 2 N bK (c),

(2.2.7) Ad(u)� k = � k:

For a subsetQ � R, put

(2.2.8) kQ = � � 2 Qk� :

In particular, set

(2.2.9) n = kR+ :

If u 2 N bK (c), set

(2.2.10) W(uT) = f ! 2 W j Ad(u)j t commutes with ! g:

If ! 2 W(uT), then Ad(u) preserves the subspacekR+ n! �R+ .
Let the function � in u 2 N bK (c) be given by

� (u) = det(1 � Ad(u� 1))n

=
X

! 2 W (uT )

det(! ) det(Ad( u� 1)) jkR + n! �R +
:(2.2.11)

Note that � is just the function de�ned in [DK00, eq.(3.15.11)], and that the second
equation in (2.2.11) follows from [DK00, eq.(4.13.32)].

Lemma 2.2.1. If u 2 N bK (c), t 2 T, then

(2.2.12) � (tu) =
X

! 2 W (uT )

det(! ) det(Ad( u� 1)) jkR + n! �R +
e2�i! �� k� 2�i� k(t):

Proof. Since the actionsAd(u� 1), Ad(t � 1) and Ad(t � 1u� 1) on k preserve the sub-
spacekR+ n! �R+ , then

det(Ad( t � 1u� 1)) jkR + n! �R +

= det(Ad( t � 1)) jkR + n! �R +
det(Ad(u� 1)) jkR + n! �R +

:
(2.2.13)

Also we have

(2.2.14) det(Ad( t � 1)) jkR + n! �R +
= e� 2�i

P
� 2 R + n! �R +

� (t):
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Then it is enough to show that

(2.2.15)
X

� 2 R+ n! �R+

� = � k � ! � � k;

which is a classical result of the root system theory of Lie groups [DK00, Section
4.9]. �

Let (E; � E ) be an irreducible unitary representation ofbK . Set

(2.2.16) E(n) = f e 2 E : � E (v)e = 0 for all v 2 ng:

Similarly, if ! 2 W(uT), set

(2.2.17) E(! � n) = f e 2 E : � E (v)e = 0 for all v 2 k! �R+ g:

By (2.2.2), (2.2.10), the subspacesE(n), E(! � n) are invariant by the action of
N bK (c).

When we regard(E; � E ) as a unitary representation ofK , each irreducible compo-
nent corresponds a highest weight� 2 P++ . Let 
( E; � E ) be the set of these highest
weights. SinceN bK (c) preservesR+ , N bK (c) also preserves
( E; � E ). By the discus-
sion in [DK00, pp. 307], since(E; � E ) is bK -irreducible, the set
( E; � E ) consists of
one single orbit under the adjoint action ofN bK (c).

Lemma 2.2.2. If (E; � E ) is an irreducible unitary representation of bK and also an
irreducible representation ofK . Let � 2 P++ be its highest weight with respect to
R+ . Then � is �xed by the adjoint action ofN bK (c).

Proof. In this case,

(2.2.18) 
( E; � E ) = f � g:

Then our lemma follows from that ifu 2 N bK (c), Ad(u)j t preserves the set
( E; � E ).
�

If � 2 
( E; � E ), let E � be the subspace ofE associated with the weight� . By
[DK00, Corollary (4.13.2)]

(2.2.19) E(n) = � � 2 
( E;� E )E � :

Let � E be the character of(E; � E ). By [DK00, eq.(4.13.34)], ifu 2 N bK (c), then

(2.2.20) � (u)� E (u) =
X

! 2 W (uT )

det(! ) det(Ad( u� 1)jkR + n! �R +
Tr[ � E (u)jE (! �n) ]:

Now we suppose that(E; � E ) is an irreducible unitary representation of bK and
also an irreducible representation ofK with the highest weight � . By Lemma 2.2.2
and (2.2.19), we have

(2.2.21) E(n) = E � :
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If ! 2 W(uT), then E(! � n) = E ! �� . If u 2 N bK (c), t 2 T, by (2.2.12), (2.2.20),
(2.2.21), we get

� (tu)� E (tu)

=
X

! 2 W (uT )

det(! ) det(Ad( u� 1)) jkR + n! �R +

� Tr[ � E (u)jE ! � � ]e2�i (! �� k+ ! �� � � k)(t):

(2.2.22)

If u = 1, (2.2.22) becomes the classical Weyl character formula forK .

2.3. Representations of the principal extension of K . We assume thatK is
compact, semisimple, connected and simply connected. Then the centerZ (K ) of K
is a �nite Abelian group.

The identity component of Aut( K ) is just the group of inner automorphism
Inn(K ). The outer automorphism group ofK is de�ned as

(2.3.1) Out(K ) = Aut( K )=Inn(K ):

Choosing a basis of Chevalley, any automorphism� of associated Dynkin diagram
could be lift to an automorphism ofK canonically, which we still denote by� . Then
we get an embeddingOut(K ) ,! Aut( K ), so that we can identify Out(K ) with
its image in Aut( K ), which is a �nite group and acts onInn(K ) canonically. By
the results in [Bo04, Chapter VIII, Ÿ4.4 and Chapter IX, Ÿ4.10], we have the group
isomorphism

(2.3.2) Aut( K ) = Inn( K ) o Out(K ):

As in (1.2.4), we get an exact sequence of Lie groups from (2.3.2),

(2.3.3) 1 ! Inn(K ) ! Aut( K ) ! Out(K ) ! 1:

Moreover, the groupOut(K ) acts on K . Note that the decomposition in (2.3.2)
depends on the choice of maximal torusT and the root system(R; R+ ).

Set

(2.3.4) bK = K o Out(K );

which is so-called the principal extension ofK . We can regard bK as a model group
for the group K � 0.

Remark 2.3.1. In fact, we can drop the assumption thatK is simply connected.
If � 2 R, let V(� ) denote the2� dimensional real vector subspace ofk such that
its complexi�cation is just k� + k� � . If � 2 � , we �x a v� 2 V(� ) such that
B(v� ; v� ) = � 1. The pair (� ; (v� )� 2 � ) is called a framing of(K; T ). Let O be the
subgroup ofAut( K ) that leave (� ; (v� )� 2 � ) stable. ThenAut( K ) is the semi-direct
product of Inn(K ) and O as in (2.3.2). In particular, O is isomorphic toOut(K ).
We refer to [Bo04, pp. 324] for more detail.

Let � 2 Out(K ) with order N0. We denote byh� i the �nite cyclic group generated
by � in Out(K ). Let K � be the closed subgroup ofbK generated byK and � . Then

(2.3.5) K � = K o h� i :
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In the sequel, we classify the irreducible complex representations ofK � by explicit
constructions.

Let Irr( K � ) be the set of the equivalent classes of the irreducible complex repre-
sentations ofK � . Let CN0 be the set of allN th

0 roots of 1.
Let (E; � E ) be an irreducible unitary representations ofK � , and let � E be its

character. We can decompose it as a direct sum of irreducible unitary representations
of K , written as:

(2.3.6) E = � d
i =1 E i :

Let � i 2 P++ be the highest weight ofE i .
In the following, let (E � ; � E � ) be an irreducible unitary representation ofK with

the highest weight� 2 P++ and let � � be the corresponding character. Then (2.3.6)
can be rewritten as

(2.3.7) E = � d
i =1 E � i :

When restricting to K , we have

(2.3.8) � E =
dX

i =1

� � i :

Lemma 2.3.2. (1) If k 2 K , put � E � ;� � 1
(k) = � E � (� � 1(k)) 2 Aut( E). Then

(E � ; � E � ;� � 1
) is an irreducible representation with the highest weight� � 2 P++ .

(2) If (E; � E ) is a representation ofK � , if W � E is a K -invariant subspace which
is an irreducible representation ofK with the highest weight� , then � E (� )W
is also aK -invariant subspace ofE, and it is an irreducible representation of
K with the highest weight� � .

Proof. These two statements follow from that ift 2 T, v 2 E � , then

(2.3.9) � E (� � 1(t))v = e2�i� (� � 1(t))v = e2�i� � (t)v:

�

Lemma 2.3.3. Let (E; � E ) be a �nite-dimensional unitary representation ofK �

such that it can be written as a direct sum ofm copies ofE � as K -representation.
If there existsd 2 N> 0 such that� d � � = � , then there exists aK -invariant subspace
W of E such that(W; � E ) is irreducible representation ofK with the highest weight
� , and W is invariant under the action of � E (� d)

Proof. Since� is �xed by the adjoint action of � d, then the representation(E � ; � E � ) is
isomorphic to(E � ; � E � ;� d

), there isJ 2 GL(E � ) such that J � � E � (k) = � E � (� d(k)) � J .
By the Schur's lemma, the mapJ is unique up to a non-zero constant multiplication.
Then

(2.3.10) HomK ((E � ; � E � ); (E � ; � E � ;� d
)) = CJ � End(E � ):
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By the assumption in the lemma, we haveE = E � m
� . Then for k 2 K

(2.3.11) � E (k) =

2

6
6
4

� E � (k) 0 � � � 0
0 � E � (k) � � � 0
...

...
. . .

...
0 0 � � � � E � (k)

3

7
7
5

We also have

(2.3.12) � E (� d)� E (k) = � E (� d(k)) � E (� d):

Let � ij 2 End(E � ) be the (i; j ) block of � E (� d) under this decomposition. By
(2.3.12), we get

(2.3.13) � ij 2 HomK ((E � ; � E � ); (E � ; � E � ;� d
)) :

Then by (2.3.10), there existsaij 2 C such that � ij = aij J . Put A � d = ( aij ) 2
Mm� m (C), which is a non-zero complex matrix.

SinceJ is an isomorphism, there exists a non-zero vectorv 2 E � and a 2 C� such
that Jv = av. Also there exists a non-zerow = ( w1; � � � ; wm ) 2 Cm and b2 C such
that A � d w = bw. Put ev = ( w1v; � � � ; wmv) 2 E. Then ev 6= 0, and we have

(2.3.14) � E (� d)ev = abev:

Since � E (� d) is invertible, then ab 6= 0. Let W be the smallest subspace ofE
invariant by K -actions containingev. Then W is a representation ofK , and it is
stable by the action� E (� d).

Now we show thatW as K � representation is isomorphic to(E � ; � E � ).
Suppose thatw1 6= 0. Let P1 be the projection fromE to the �rst copy of E � .

Then for any k 2 K ,

(2.3.15) P1� E (k) = � E � (k)P1:

Put PW = P1jW : W ! E � . Then (2.3.15) implies thatPW is a morphism between
these two K � representations. SincePW ev = w1v 6= 0 2 E � , we get that PW is
surjective. We only need to show thatPW is injective.

If u 2 W, there are someck 2 C for �nite numbers of k 2 K such that u =P
k ck � E (k)ev. Then

PW � E (� d)u = abw1

X

k

ck � E � (� d(k))v

= bw1

X

k

ck � E � (� d(k))Jv

= bJ
X

k

ck � E � (k)w1v

= bJPW u:

(2.3.16)

If PW u = 0, then

(2.3.17) PW � E (� d)u = 0:
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By (2.3.16), we get

(2.3.18) bw1J
X

k

ck � E � (k)v = 0:

Sincebw1 6= 0, we get

(2.3.19)
X

k

ck � E � (k)v = 0:

In the same time, thei th -component of� E (� d)u is given by

(2.3.20)
X

j

aij wj J
X

k

ck � E � (k)v:

Using the identity
P

j aij wj = bwi , (2.3.19) is equivalent tou = 0, so that PW is
injective. Then (W; � E ) is isomorphic toE � as K -representations. This completes
the proof of our lemma. �

As an analogue of the results in [DK00, pp. 307], we have the following result.

Proposition 2.3.4. These� i in (2.3.7) are distinct and they form an orbit of length
d in P++ under the action of� . In particular, we haved jN0.

Proof. This proposition follows from Lemmas 2.3.2 and 2.3.3. �

Set � E = � E (� ) 2 Aut( E). If c 2 CN0 , then we de�ne a new irreducible unitary
representation ofK � with the same vector spaceE and the following actions,

� E
c (� ) = c� E ;

� E
c (k) = � E (k); if k 2 K:

(2.3.21)

By (2.3.7), (2.3.21) and Proposition 2.3.4, the representation(E; � E
c ) has the same

orbit in P++ as (E; � E ).
We can de�ne an action ofCN on Irr( K � ) by the map c : � E ! � E

c .

Proposition 2.3.5. Let � be the map which sends the irreducible unitary representa-
tion of K � to its corresponding orbit inP++ , then � induces an1� 1 correspondence
� 0 of two orbit spaces

(2.3.22) � 0 : CNnIrr( K � ) ' h � inP++ :

Proof. We prove that � 0 de�ned in (2.3.22) is a bijection. Firstly, we prove the
surjectivity of � 0.

If � 2 P++ . let [� ] denote the orbit of � under the action of h� i . Let d be the
length of [� ], then djN0. Then

(2.3.23) [� ] = f �; � �; � � � ; � d� 1� g � P++ :

In particular, � d� = � .
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Let (E0; hE0 ; � 0) is an irreducible unitary representation ofK with the highest
weight � , wherehE0 is an invariant Hermitian metric on E0. If i = 1; � � � ; d � 1, put

(2.3.24) E i = E0; � i = � � � i

0 ; hE i = hE0 :

Then (E i ; hE i ; � i ) is an irreducible unitary representation ofK with the highest
weight � i � 2 [� ]. Since� d� = � , there existsJ0 2 Aut( E0) such that if k 2 K , then

(2.3.25) J0� 0(k) = � 0(� d(k))J0:

Since� N0 = 1 and using the Schur's lemma, we get thatJ N0=d
0 2 Aut( E0) is a scalar

operator. Then after a rescaling by a number, we assume that

(2.3.26) J N0=d
0 = Id E0 :

Furthermore, J0 2 U(E0; hE0 ).
Put (E; � E ) = � d

i =0 (E i ; � i ) with hE = � i hE i . Note that as vector spaces,E =
E � d

0 .
Let � E be an automorphism ofE in the following form,

(2.3.27) � E =

2

6
6
6
6
4

0 0 0 � � � 0 J0

IdE0 0 0 � � � 0 0
0 IdE0 0 � � � 0 0
...

...
...

. . .
...

...
0 0 0 � � � IdE0 0

3

7
7
7
7
5

2 U(E; hE ):

We have

(2.3.28) � E;d = diagf J0; � � � ; J0g:

Then

(2.3.29) � E;N 0 = Id E :

Moreover, one can verify that ifk 2 K , then

(2.3.30) � E � E (k) = � E (� (k)) � E :

Set � E (� ) = � E , then (E; � E ) becomes a unitary representation ofK � . In fact,
this representation is irreducible (see (2.3.36) in Remark 2.3.6). By our construction,
we have�( E; � E ) = [ � ].

Next we prove the injectivity of � 0. Suppose that(F; � F ) is an irreducible unitary
representations ofK � that has the same orbit[� ]. We still denote by (E; � E ) the
representation constructed above. Then after an isomorphism ofK � representations,
we can assume thatF = E, � E jK = � F jK . Put

(2.3.31) � F = � F (� ):
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Under the decompositionE = E � d
0 , by Lemma 2.3.2 and the Schur's lemma, we get

the automorphism� F must have a matrix representation as follows,

(2.3.32) � F =

2

6
6
6
6
4

0 0 0 � � � 0 cdJ0

c1IdE0 0 0 � � � 0 0
0 c2IdE0 0 � � � 0 0
...

...
...

. . .
...

...
0 0 0 � � � cd� 1IdE0 0

3

7
7
7
7
5

;

wherec1; � � � ; cd 2 C� are constant. Similar to (2.3.28), we have

(2.3.33) � F;d = c1 � � � cd diagf J0; � � � ; J0g;

and

(2.3.34) (c1 � � � cd)N0=d = 1:

Let c 2 CN0 be such that cd = c1 � � � cd. Then (c� E )d = � F;d . We see that the
character of the representation(E; � E

c ) is the same as the character of(F; � F ) on
K � , then (F; � F ) ' (E; � E

c ) as the representations ofK � . This completes the proof
of our proposition. �

Remark 2.3.6. Let (E = E � d
0 ; � E ) be the irreducible representation constructed in

the proof of Proposition 2.3.5 for[� ] � P++ . Let J0 be the automorphism given in
the above proof, then we can write down a formula of the character� E of (E; � E ):
if k 2 K ,

� E (k) =
d� 1X

i =0

� � i � (k);

� E (k� i ) = 0 ; if d - i ;

� E (k� jd ) =
d� 1X

i =0

Tr E0 [� E0 (� � i (k))J j
0 ]; for j = 1; 2; � � � ; N0=d :

(2.3.35)

The equations in (2.3.35) are compatible with (2.2.20). Also ifdk� is the normalized
Haar measure ofK � , a direct calculation shows that

(2.3.36)
Z

K �
j� E j2dk� = 1:

2.4. Irreducible unitary representations of K � 0. This section is devoted to clas-
sify the irreducible representations ofK � 0. We still use the same notation associated
with K as in subsections 2.2 and 2.3. If there is no risk of confusion, ifk 2 K , we
will denote by Ad(k) both the conjugation ofK by k and the adjoint action of k on
the Lie algebras.

Recall that � � 0 is the compact Abelian group generated byf (� ) 2 Aut( K ). We
also use� abusively instead off (� ) in this section. Let Irr(� � 0) be the set of
irreducible unitary representations of� � 0. Note that the representations inIrr(� � 0)
are 1-dimensional. It is well-known that Irr(� � 0) can be realized as a discrete group.
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Remark 2.4.1. Since � � 0 is a product of a torus and an Abelian �nite group, we
get that Irr(� � 0) is isomorphic to the product of someZk and a �nite subgroup of
S1 � C� .

We de�ne a left group action ofIrr(� � 0) on Irr( K � 0). For (L; � L ) 2 Irr(� � 0), we can
regard (L; � L ) as a representation ofK � 0 through the group projectionK � 0 ! � � 0.
Then the group action of(L; � L ) on Irr( K � 0) is de�ned for (E; � E ) 2 Irr( K � 0) by

(2.4.1) (L; � L ) � (E; � E ) = ( L 
 E; � L 
 � E ):

It is clear that (L 
 E; � L 
 � E ) is also an irreducible unitary representation ofK � 0.
Let Irr(� � 0)nIrr( K � 0) be the orbit space ofIrr( K � 0) under the action ofIrr(� � 0).

Let � be the image off (� ) under the group projectionAut( K ) ! Out(K ), which
is uniquely determined byf (� ).

As in subsection 2.3, after choosing a maximal torusT and the positive root
systemR+ , we have the identi�cation of groups in (2.3.2). Then� can be identi�ed
with an element in Aut( K ), which is still denoted by � . By (2.3.2), there exists
k� 2 K such that

(2.4.2) � = Ad( k� ) � � 2 Aut( K ):

In general,k� can be di�ered by any element inZ (K ). We just �x one choice ofk�

in the sequel.

Proposition 2.4.2. Let (E; � E ) 2 Irr( K � 0). There exists c� 2 C such that the
formulas

e� E (� ) = c� � E ((k� )� 1)� E (� );

e� E (k) = � E (k); if k 2 K;
(2.4.3)

de�ne an irreducible representation(E; e� E ) of K � .

Proof. Put

(2.4.4) A = � E ((k� )� 1)� E (� ) 2 Aut( E):

Then if k 2 K ,

(2.4.5) A� E (k) = � E (� (k))A:

Set
bk = k� � (k� ) � � � � N0 � 1(k� )

= � N0 � 1(k� ) � � � � (k� )k� 2 K:
(2.4.6)

Then

� (bk) = bk 2 K;

� N0 = Ad( bk) 2 Aut( K ):
(2.4.7)

In the same time, we have

(2.4.8) AN0 = � E (bk� 1)� E (� N0 ):
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Then AN0 commutes with � E (� ). If k 2 K , then

(2.4.9) AN0 � E (k) = � E (bk� 1)� E (� N0 )� E (k) = � E (k)AN0 :

SinceE is irreducible asK � 0� representation,AN0 is a scalar operator, so that there
exists c� 2 C such that

(2.4.10) cN0
� AN0 = Id E :

Then we can set

(2.4.11) e� E (� ) = c� A;

so that (2.4.3) de�nes a representation ofK � .
If E has a proper subspace invariant underK � , then this subspace must be invari-

ant under K � 0. We conclude that the representation(E; e� E ) of K � is irreducible. �

Remark 2.4.3. The number c� is determined by (2.4.10), therefore the di�erent
choices of this number are the multiplications of a �xedc� by numbers inCN0 .

Proposition 2.4.4. The construction of representations ofK � from representations
of K � 0 in Proposition 2.4.2 induces an injection

(2.4.12) � : Irr(� � 0)nIrr( K � 0) ! CN nIrr( K � ):

Moreover, � is independent of the choice ofk� and the choice ofc� in Proposition
2.4.2.

Proof. If (L; � L ) 2 Irr(� � 0), the representation (L; � L ) � (E; � E ) is isomorphic to
(E; � E ) as representations ofK . Then their associated representations ofK � con-
structed in Proposition 2.4.2 correspond to the same orbit inP++ . We get that the
map � above is well-de�ned. In particular, the di�erent choices ofk� and c� do not
change the orbit ofE in P++ as K � representations. By Proposition 2.3.5, we see
that � is independent of the choices ofk� and c� .

Now we prove the injectivity of � . Suppose that(E1; � 1) and (E2; � 2) are two
irreducible representations ofK � 0 which have the same image under the map� . Let
(E1; e� 1); (E2; e� 2) be the corresponding irreducible representations ofK � de�ned in
Proposition 2.4.2 with suitable choices ofc� . Then by Remark 2.4.3, we could and
we will assume thatE = E1 = E2; e� E = e� 1 = e� 2.

Let c1; c2 be the two numbers chosen for de�ninge� 1(� ) and e� 2(� ), i.e.,

(2.4.13) c1e� E ((k� )� 1)� 1(� ) = c2e� E ((k� )� 1)� 2(� );

and

(2.4.14) cN0
1 e� E (bk� 1)� 1(� N0 ) = Id E = cN0

2 e� E (bk� 1)� 2(� N0 ):

Let a be a non-zero eigenvalue for� 2(� ) with an eigenvectorv 2 E. Put L =
Cv � E. The equality above shows thatv is also an eigenvector of� 2(� ) for the
eigenvalue

c2

c1
a. Then the complex lineL, with the restriction of � 1 (resp. � 2) to the

Abelian group � � 0, becomes a representation of� � 0, we denote it by(L1; � L
1 ) (resp.
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(L2; � L
2 )). These constructions imply that the representation(E1 
 L1; � 1 
 � L

1 ) of
K � 0 is isomorphic to the representation(E2 
 L2; � 2 
 � L

2 ). This is equivalent to
that (E1; � 1) and (E2; � 2) lie in the same orbit in Irr(� � 0)nIrr( K � 0). This proves the
injectivity of � , so that the proof of our proposition is completed. �

Theorem 2.4.5. We have a canonical bijection between the two orbit spaces:

(2.4.15) Irr(� � 0)nIrr( K � 0) ' CN nIrr( K � ):

Proof. To prove (2.4.15), we only need to prove the surjectivity of� de�ned in Propo-
sition 2.4.4. Take an irreducible representation(E � ; � E � ) of K associated with� 2
P++ . SinceK is a closed subgroup ofK � 0, we have the inducedK � 0-representation
IndK � 0

K (E � ). Now take any K � 0-irreducible componentV of IndK � 0

K (E � ), which is
always of �nite dimension.

By the Frobenius reciprocity [DK00, Theorem (4.7.1)], we have

(2.4.16) HomK � 0(V;IndK � 0

K (E � )) ' HomK (ResK � 0

K V; E� ):

The left-hand side of (2.4.16) is non-empty, then the restriction ofV to K has a
K -irreducible component corresponding to� . Then the K � 0-representationV is sent
to the orbit [� ] by � . This completes the proof of our theorem. �

Remark 2.4.6. In fact, we have the group identi�cation Irr( h� i ) = CN0 . Then we
can rewrite (2.4.15) in an uniform way

(2.4.17) Irr(� � 0)nIrr( K � 0) ' Irr( h� i )nIrr( K � ):

Combining Proposition 2.1.2 and Theorem 2.4.5, we get a bijection,

(2.4.18) Irr(� � )nIrr( K � ) ' CN0 nIrr( K � ):

One important observation to (2.4.17) is that we can get a version of Weyl character
formula for K � from the Weyl character formula given in subsection 2.2 forK � ,
which is in terms of the root data ofK . We will use this observation in subsection
7.3.

We still use the root data ofK �xed in subsection 2.2 and the group identi�cation
(2.3.2). Recall that � is the projection of � in Out(K ). Recall that if (E; � E ) is a
�nite-dimensional unitary representation of K , 
( E; � E ) � P++ denote the set of
the highest weights associated with theK -irreducible components ofE.

Using the correspondence in (2.4.18), we get a criterion for the extension of a
K -representation to aK � -representation to exist.

Proposition 2.4.7. If (E; � E ) is a �nite-dimensional unitary representation of K ,
then we can extend it to a representation ofK � if and only if the following conditions
are satis�ed:

(1) If � 2 
( E; � E ), then � � 2 
( E; � E ), i.e., 
( E; � E ) is a disjoint union of
� -orbits in P++ ;
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(2) If � 2 
( E; � E ), then the multiplicity of E � in E is equal to the multiplicity of
E � � in E.

Moreover, the representationE can be extended to an irreducible representation
of K � if and only if 
( E; � E ) has only one� -orbit and the multiplicity of any
K -irreducible component is1. In this case, the extension is unique up to a1-
dimensional unitary representation of� � .

Proof. This is just a consequence of Propositions 2.1.2, 2.3.5 and 2.4.2 and Theorem
2.4.5. �
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3. The hypoelliptic Laplacian on X

The purpose of this section is to recall the construction of the hypoelliptic Lapla-
cian L X

b , b > 0 on bX in [B11, Chapter 2]. The constructions involve Cli�ord algebras
and the Dirac operator of Kostant [Kos97].

This section is organized as follows. In subsection 3.1, we introduce the general
Cli�ord algebras.

In subsection 3.2, we recall the construction of the �at connections on vector
bundle � �(T � X � N � ) on X .

In subsection 3.3, we introduce the harmonic oscillator on an Euclidean space,
and the correspondingK -invariant operator on g with respect to the bilinear form
B.

In subsection 3.4, we consider the Casimir operator associated withg and the
Dirac operator of Kostant.

In subsection 3.5, we introduce the Dirac operatorDb, b > 0 acting on C1 (G �
g; � �(g� )) and a key formula of its square obtained in [B11, Section 2.11]. We explain
how the operator Db descends to an operatorDX

b acting on C1 ( bX ; b� � (� �(T � X �
N � ) 
 F )).

Finally, in subsection 3.6, we introduce the hypoelliptic LaplacianL X
b de�ned in

[B11, Section 2.13] and the associated Bianchi identity in [B11, Section 2.15].
In subsection 3.7, we introduce results on the heat kernel ofL X

b obtained in [B11,
Chapters 9 and 11].

3.1. Cli�ord algebras. Let V be a real vector space of dimensionm equipped
with a real-valued symmetric bilinear formB. The Cli�ord algebra c(V) of V with
respect toB is an associative algebra generated by1 and a 2 V with the relations,
if a; b2 V,

(3.1.1) ab+ ba= � 2B(a; b):

We will denote by bc(V) the Cli�ord algebra associated with� B .
Then c(V), bc(V) are �ltered by length, their associatedGr � is just � �(V). Also

they are Z2-graded algebras, we can write

(3.1.2) c(V) = c+ (V) � c� (V); bc(V) = bc+ (V) � bc� (V):

Now we assume thatB is nondegenerate. ThenB induces an isomorphism'
betweenV and V � , i.e., if a; b2 V, then ' (a) 2 V � is given by

(3.1.3) h'a; b i = B(a; b):

Let B � be the corresponding bilinear form onV � , i.e., if �; � 2 V � , then

(3.1.4) B � (�; � ) = B(' � 1�; ' � 1� ) = h�; ' � 1� i :

Then B � induces a nondegenerate symmetric bilinear form on� �(V � ), which we still
denote byB � .

If a 2 V, let c(a), bc(a) 2 End(� �(V � )) be given by

(3.1.5) c(a) = ' (a) ^ � i a; bc(a) = ' (a) ^ + i a:
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Then c(a), bc(a) are odd operators, which are respectively antisymmetric, symmetric
with respect to B � .

If a; b2 V, then

(3.1.6) [c(a); c(b)] = � 2B(a; b); [bc(a); bc(b)] = 2 B(a; b); [c(a); bc(b)] = 0 :

By (3.1.6), � �(V � ) is a c(V) b
 bc(V) module. If D 2 c(V) or bc(V), then we denote by
c(D) or bc(D) the corresponding actions on� �(V � ) de�ned in (3.1.5).

De�nition 3.1.1. The symbol map� : c(V) ! � �(V � ) is such that if D 2 c(V), then

(3.1.7) � (D) = c(D)1 2 � �(V � ):

The map � identi�es c(V) with � �(V � ) as vector spaces. Similarly, we have a
symbol map forbc(V).

Let e1, � � � , em be a basis ofV , and let e�
1, � � � , e�

m be the dual basis ofV with
respect toB , so that B(ei ; e�

j ) = � ij . If a 2 V, then

(3.1.8) a =
mX

i =1

B(a; e�
i )ei :

Let e1, � � � , em be the basis ofV � which is dual to the basise1, � � � , em . Then
ei = ' (e�

i ).
If � 2 � p(V � ), then the inverse map of� is given by

(3.1.9) c(� ) =
1
p!

X

1� i 1 ;��� ;i p � m

� (e�
i 1

; � � � ; e�
i p

)c(ei 1 ) � � � c(ei p ) 2 c(V):

Let A (V) be the Lie algebra of endomorphisms ofV that are antisymmetric with
respect toB . Then A(V) embeds as a Lie algebra inc(V). If A 2 A (V), the image
c(A) of A in c(V) is given by

(3.1.10) c(A) =
1
4

X

i;j

B(Ae�
i ; e�

j )c(ei )c(ej ):

If a 2 V, then

(3.1.11) [c(A); c(a)] = c(Aa):

Note that A 2 A (V) de�nes naturally an element� 2 � 2(V � ) by

(3.1.12) � =
1
2

X

i;j

B(Aei ; ej )ei ^ ej :

Then c(� ) = 2 c(A) 2 c(V).
When replacingB by � B , e�

i is changed to� e�
i , and c(ei ) is changed to� bc(ei ).

If A 2 A (V), then it is also antisymmetric with respect to� B . We denote bybc(A)
the corresponding element inbc(V). By (3.1.10), we get

(3.1.13) bc(A) = �
1
4

X

i;j

B(e�
i ; e�

j )bc(ei )bc(ej ):
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Instead of (3.1.11), we have

(3.1.14) [bc(A); bc(a)] = bc(Aa):

If A 2 End(V), then A induces an action on� �(V � ), and this action is given by

(3.1.15) Aj � � (V � ) = �h Aei ; ej i ei i ej :

By [B11, eq.(1.1.14)], ifA 2 A (V), then

(3.1.16) Aj � � (V � ) = c(A) + bc(A):

De�nition 3.1.2. The number operatorN � � (V � ) on � �(V � ) is such that, if � 2 � p(V � ),
then

(3.1.17) N � � (V � ) � = p�:

By [B11, eq.(1.1.15)], we have

(3.1.18) N � � (V � ) �
m
2

=
1
2

c(e�
i )bc(ei ):

If (V 0; B 0) is another pair like (V; B), then (V � V 0; B � B 0) is still another such
a pair. We have the identi�cations of Cli�ord algebras,

(3.1.19) c(V � V 0) = c(V) b
 c(V 0); bc(V � V 0) = bc(V) b
 bc(V 0):

We refer to [LM89], [BGV04, Chapter 3], [B11, Chapter 1] for more detailed
discussions on Cli�ord algebras.

3.2. The �at connections on � �(T � X � N � ). Recall that the map(g; f ) 2 G� g !
Ad(g)f 2 g identi�es the vector bundle TX � N with the trivial vector bundle g on
X . Recall that the connectionr T X � N = r T X � r N is the Euclidean connection of
TX � N induced by the connection form! k. Let r T X � N;f denote the �at connection
on g, i.e. the connection associated with the connection form! g.

By (1.1.7), we get

(3.2.1) r T X � N;f = r T X � N + ad( ! p):

Let r � � (T � X � N � );f be the connection on� �(T � X � N � ) induced byr T X � N;f . Then
by (3.1.16), (3.2.1),

(3.2.2) r � � (T � X � N � );f = r � � (T � X � N � ) + c(ad(�)) + bc(ad(�)) :

Let r T X � N;f; � be the dual connection ofr T X � N;f with respect to the metric on
TX � N , then

(3.2.3) r T X � N;f; � = r T X � N � ad(! p):

Let r � � (T � X � N � );f; � be the associated connection on� �(T � X � N � ). As in (3.2.2),
we get

(3.2.4) r � � (T � X � N � );f; � = r � � (T � X � N � ) � c(ad(�)) � bc(ad(�)) :

Moreover, bothr � � (T � X � N � );f , r � � (T � X � N � );f; � preserve the degree of� �(T � X � N � ).
We recall another connection on� �(T � X � N � ) de�ned in [B11, De�nition 2.4.1],
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De�nition 3.2.1. Put

(3.2.5) r � � (T � X � N � );f � ; bf = r � � (T � X � N � ) � c(ad(�)) + bc(ad(�)) :

By [B11, Proposition 2.4.2],r � � (T � X � N � );f � ; bf is a �at connection on� �(T � X � N � ).

Also the connectionr � � (T � X � N � );f � ; bf
� does not preserve the degree of� �(T � X � N � ).

3.3. The harmonic oscillator on an Euclidean space V. Let V be an Euclidean
space with scalar productgV , let � V denote the associated Euclidean Laplacian on
V, and let c(V), bc(V) be the corresponding Cli�ord algebras. Lete1, � � � , em be an
orthonormal basis of(V; gV ).

Let Y 2 V denote the tautological section ofV, and let Y � denote the metric
dual of Y in V � . If v 2 V, let r v denote the di�erential operator on V along the
vector v.

Let dV be de Rham operator onV, and let dV;� be its formal adjoint. Set

(3.3.1) d = exp( �j Y j2=2)dV exp(jY j2=2);

i.e., d is the Witten twist [Wit82] of dV associated with the functionjY j2=2. We
have

(3.3.2) d = dV + Y � ^ :

Let d
�

be the formal adjoint of d. Then by [B11, eq.(1.6.7)],

(3.3.3) d
�

= dV;� + iY :

Then the corresponding Hodge Laplacian is given by

(3.3.4) [d;d
�
] = � � V + jY j2 � m + 2N � � (V � ) :

Set

DV =
mX

j =1

c(ej )r ej ; EV = bc(Y);

DV 0 =
mX

j =1

bc(ej )r ej ; EV 0 = c(Y):

(3.3.5)

Then DV , EV , DV 0, EV 0 are linear di�erential operators acting onC1 (V) 
 � �(V � ).
In particular, DV is a classical Dirac operator.

By [B11, eq.(1.6.2)], we have

d + d
�

= DV + EV ;

d � d
�

= DV 0+ EV 0:
(3.3.6)

Then

(3.3.7) [d;d
�
] = ( DV + EV )2 = � (DV 0+ EV 0)2:

The kernel of the unbounded operator[d;d
�
] is an one-dimensional line spanned

by the function exp(�j Y j2=2)=� m=4.
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Let c(g), bc(g) be the Cli�ord algebras associated with(g; B), (g; � B ). Then G
acts by automorphisms ofc(g), bc(g), so that if g 2 G, e 2 g, then

(3.3.8) g � c(e) = c(Ad( g)e); g � bc(e) = bc(Ad( g)e):

By restricting B to p, k, we get the Cli�ord algebras c(p), bc(p), c(k), bc(k). By
(1.1.1), (3.1.19), we have

(3.3.9) c(g) = c(p) b
 c(k); bc(g) = bc(p) b
 bc(k):

The scalar producth�; �i of g is given by� B(�; � �). Let e1, � � � , em be an orthonor-
mal basis ofp, and let em+1 , � � � , em+ n be an orthonormal basis ofk. Let e�

1, � � � ,
e�

m+ n be the dual basis ofg with respect to B , then

e�
j = ej for 1 � j � m;

e�
j = � ej for m + 1 � j � m + n:

(3.3.10)

If Y 2 g, we split Y in the form

(3.3.11) Y = Y p + Y k;

with Y p 2 p, Y k 2 k. As in (3.3.5), set

(3.3.12) Dp =
mX

j =1

c(ej )r ej ; Ep = bc(Y p):

By (3.3.4), (3.3.7), we have

(3.3.13)
1
2

(Dp + Ep)2 =
1
2

�
� � p + jY pj2 � m

�
+ N � � (p� ) :

Note that B is negative onk. We de�ne the operatorsDk, Ek by the formulas,

(3.3.14) Dk =
m+ nX

j = m+1

c(e�
j )r ej ; Ek = bc(Y k):

Let Dk0, Ek0 be the operators de�ned in (3.3.5) on the Euclidean space(k; � B jk). By
[B11, eq.(2.8.10)], we have

(3.3.15) Dk = Dk0; Ek = �E k0:

By (3.3.4), (3.3.7), (3.3.15), we have

(3.3.16)
1
2

(� iDk + iEk)2 =
1
2

�
� � k + jY kj2 � n

�
+ N � � (k� ) :

Since K preserves the scalar products onp and k, the above constructions are
K -equivariant.

Then Dp, Ep, Dk, Ek are linear di�erential operators acting on� �(g� ) 
 C1 (g).
Moreover,

(3.3.17) [Dp + Ep; � iDk + iEk] = 0:

Let � g be the Euclidean Laplacian of(g; h�; �i ). By (3.3.13), (3.3.16), (3.3.17), we
get

1
2

�
Dp + Ep � iDk + iEk

� 2
=

1
2

�
� � g + jY j2 � (m + n)

�
+ N � � (g� ) :(3.3.18)
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3.4. The Casimir operator and the Dirac operator of Kostant. Let Ug be
the universal enveloping algebra ofg. If we identify g to the vector space of left-
invariant vector �elds on G, then the enveloping algebraUg is identi�ed with the
algebra of left-invariant di�erential operators on G. Moreover, the adjoint action of
eG on g induces a corresponding action onUg.

Let Cg 2 Ug be the Casimir element ofG associated with the bilinear formB. If
e1, � � � , em+ n is a basis ofg and if e�

1, � � � , e�
m+ n is the dual basis ofg with respect

to B , then

(3.4.1) Cg = �
m+ nX

i =1

e�
i ei :

Also Cg lies in the center ofUg. Following Lemma 1.2.7,Cg commutes with eG.
If e1, � � � , em is an orthonormal basis ofp, and if em+1 , � � � , em+ n is an orthonormal

basis ofk, by (3.3.10), (3.4.1), we have

(3.4.2) Cg = �
mX

i =1

e2
i +

m+ nX

i = m+1

e2
i :

Set

(3.4.3) Cg;H = �
mX

i =1

e2
i :

Recall that the Casimir operatorCk of K was de�ned in (1.1.18), then

(3.4.4) Cg = Cg;H + Ck:

Put � g 2 � 3(g� ) such that if a; b; c2 g,

(3.4.5) � g(a; b; c) = B([a; b]; c):

Since the action ofeg 2 eG preservesB, we have

(3.4.6) Ad(eg)� g = � g:

We can view� g as a closed left and right invariant3-form on G.
Let B � be the bilinear form on� �(g� ) given by (3.1.4). By [B11, eqs.(2.6.4) and

(2.6.11)], we have

B � (� g; � g) =
1
6

m+ nX

i;j =1

B([ei ; ej ]; [e�
i ; e�

j ])

=
1
2

Tr p[Ck;p] +
1
6

Tr k[Ck;k]:

(3.4.7)

Let � k 2 � 3(k� ) be the element de�ned by the same formula as in (3.4.5) with
respect to(k; B jk). Then by (3.4.7), we get

(3.4.8) B � (� k; � k) =
1
6

Tr k[Ck;k]:
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Recall that the Cli�ord elements c(� g), bc(� � g), c(� k), bc(� � k) are given as in
(3.1.9). If e 2 k, let ad(e)jp be the restriction of ad(e) to p. Then bc(ad(e)jp) 2 bc(p).
By [B11, eq.(2.7.4)], we have

(3.4.9) bc(� � g) = � 2
m+ nX

i = m+1

bc(ei )bc(ad(e)jp) + bc(� � k):

De�nition 3.4.1. Let D g 2 c(g) 
 Ug, bD g 2 bc(g) 
 Ug be the Dirac operators,

D g =
m+ nX

i =1

c(e�
i )ei +

1
2

c(� g);

bD g =
m+ nX

i =1

bc(e�
i )ei +

1
2

bc(� � g):

(3.4.10)

The operatorsD g; bD g are the Dirac operators of Kostant [Kos97].

Set

bD g
H =

mX

j =1

bc(ej )ej ;

bD g
V = �

m+ nX

j = m+1

bc(ej )(ej + bc(ad(ej )jp)) +
1
2

bc(� � k):

(3.4.11)

By [B11, eq.(2.7.6)], we have

(3.4.12) bD g = bD g
H + bD g

V :

By [B11, Theorem 2.7.2], we have

(3.4.13) [ bD g
H ; bD g

V ] = 0; bD g;2 = � Cg �
1
4

B � (� g; � g):

We have the analogues of (3.4.11) - (3.4.13) forD g. In particular, we have

(3.4.14) D g;2 = Cg +
1
4

B � (� g; � g):

3.5. The operator DX
b . As we saw in subsection 3.4,bD g is a �rst order di�erential

operator acting onC1 (G; � �(g� )) . Recall that Dp + Ep � iDk + iEk is a di�erential
operator acting on� �(g� ) 
 C1 (g). We have

(3.5.1) C1 (G; � �(g� ) 
 C1 (g)) = C1 (G � g; � �(g� )) :

De�nition 3.5.1. For b > 0, let Db on C1 (G � g; � �(g� )) be the di�erential operator
given by,

(3.5.2) Db = bD g + ic([Y k; Y p]) +
1
b
(Dp + Ep � iDk + iEk):

If Y 2 g, let Y p, Y k denote the tangent vector �elds onG associated withY p,
Y k 2 g. The following identity is obtained in [B11, Section 2.11].
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Theorem 3.5.2 (Bismut) . We have the following formula forD2
b,

D2
b

2
=

bD g;2

2
+

1
2

j[Y k; Y p]j2 +
1

2b2
(� � p� k + jY j2 � m � n) +

N � � (g� )

b2

+
1
b

�
Y p + iY k � i r g

[Y k;Y p ] + bc(ad(Y p + iY k))

+2 ic(ad(Y k)jp) � c(ad(Y p))
�

:

(3.5.3)

As we saw before, the kernelH � � �(g� )
 L2(g) of the operatorDp+ Ep� iDk+ iEk is
one-dimensional and spanned byexp(�j Y j2=2). Let P be the orthogonal projection
operator onH , then by [B11, eq.(2.10.2)], we have

(3.5.4) P
�

bD g + ic([Y k; Y p])
�

P = 0:

Recall that (E; � E ) is a unitary representation ofK � . If s 2 C1 (G� g; � �(g� ) 
 E),
as in (1.1.12), the action ofk 2 K is given by,

(3.5.5) (k:s)(g; Y) = � � � (g� )
 E (k)s(gk;Ad(k� 1)Y):

Let C1
K (G � g; � �(g� ) 
 E) denote the set ofK -invariant sections.

Recall that b� : bX ! X is the total space ofTX � N . Let Y = Y T X + Y N ,
Y T X 2 TX , Y N 2 N be the tautological section ofb� � (TX � N ) over bX .

De�nition 3.5.3. Let H be the vector space of smooth sections overX of the vector
bundle C1 (TX � N; b� � (� �(T � X � N � ) 
 F )).

We can identify H with C1 ( bX ; b� � (� �(T � X � N � ) 
 F )). Let r H be the connection
induced by the connection form! k on X . We can identify the element ofp and TX to
the corresponding horizontal lift inT bX by the connectionr T X � r N . The Bochner
Laplacian � H;X acting on H is given by

(3.5.6) � H;X =
mX

j =1

r H
ej

:

By (3.4.3), (3.5.6), we have the identity of operators acting onH,

(3.5.7) Cg;H = � � H;X :

Let e 2 k, [e; Y] on g is a Killing vector �eld. Let LV
[e;Y ] be the Lie derivative

acting on C1 (g; � �(g� )) , then by [B11, eq.(2.12.4)],

(3.5.8) LV
[e;Y ] = r [e;Y ] � (c + bc)(ad(e)):

By [B11, eq.(2.12.16)], we have the identity of operators acting onH,

(3.5.9) Ck =
m+ nX

j = m+1

(LV
[ej ;Y ] � � E (ej ))2:
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The operators bD g, bD g
H , bD g

V are K � invariant. Let bD g;X , bD g;X
H , bD g;X

V be the cor-
responding di�erential operators on the smooth sections ofH . We still use the
notation Cg to denote the Casimir operator on bX . By [B11, Theorem 2.12.2], we
have the following identities of operators,

Cg = Cg;H + Ck;

bD g;X = bD g;X
H + bD g;X

V ; [ bD g;X
H ; bD g;X

V ] = 0;

bD g;X
H =

mX

j =1

bc(ei )r H
ei

;

bD g;X
V = �

m+ nX

j = m+1

bc(ej )(LV
[ej ;Y ] + bc(ad(ej )jp) � � E (ej )) +

1
2

bc(� � k);

bD g;X; 2 = � Cg �
1
4

B � (� g; � g):

(3.5.10)

Let DT X , ET X , DN , EN be the di�erential operator on b� � (� �(T � X � N � ) 
 F )
along the �ber bX induced byDp, Ep, Dk, Ek. Then the operatorDb de�ned in (3.5.2)
induces an operatorDX

b on C1 (TX � N; b� � (� �(T � X � N � ) 
 F )). By (3.5.2), we
get

(3.5.11) DX
b = bD g;X + ic([Y N ; YT X ]) +

1
b
(DT X + ET X � iDN + iEN ):

By [B11, Theorem 2.12.5], we have

1
2

DX; 2
b =

1
2

bD g;X; 2 +
1
2

j[Y N ; YT X ]j2

+
1

2b2
(� � T X � N + jY j2 � m � n) +

N � � (T � X � N � )

b2

+
1
b

�
r H

Y T X + bc(ad(Y T X ))

� c(ad(Y T X ) + i� ad(Y N )) � i� E (Y N )
�

:

(3.5.12)

The connectionr � � (T � X � N � );f � ; bf is de�ned by (3.2.5). Let r H ;f � ; bf be the connec-
tion on H that is induced by r � � (T � X � N � );f � ; bf , r F . By (3.2.5), (3.5.12), we get

1
2

DX; 2
b =

1
2

bD g;X; 2 +
1
2

j[Y N ; YT X ]j2

+
1

2b2
(� � T X � N + jY j2 � m � n) +

N � � (T � X � N � )

b2

+
1
b

�
r H ;f � ; bf

Y T X � c(i� ad(Y N )) � i� E (Y N )
�
:

(3.5.13)

3.6. The hypoelliptic Laplacian. Let Cg;X be the operator acting onC1 (X; F )
induced by Cg, and we still denote by � H;X the Bochner Laplacian acting on
C1 (X; F ). Then Cg;H descends to� � H;X .
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By (1.1.18), (1.1.19),Ck induces an endomorphismCk;E of E, it descends toCk;F

acting C1 (X; F ). Then

(3.6.1) Cg;X = � � H;X + Ck;F :

We now recall the de�nition of the elliptic operator L X in [B11, De�nition 2.13.1].

De�nition 3.6.1. Let L X be the operator acting onC1 (X; F ),

(3.6.2) L X =
1
2

Cg;X +
1
8

B � (� g; � g):

Then L X commutes with G� .

Let (�; �) denote the Hermitian metric on� �(T � X � N � ) 
 F associated withB �

and gF . The Cartan involution � acts on bX , so that

(3.6.3) � (Y T X + Y N ) = � Y T X + Y N :

Let dv bX be the volume form on bX coming from the Riemann metric onX and the
Euclidean scalar product onTX � N .

Let � (�; �) be the Hermitian form on the space of smooth compactly supported
sections ofb� � (� �(T � X � N � ) 
 F ) over bX ,

(3.6.4) � (s; s0) =
Z

bX
(s � �; s 0)dv bX :

As in [B11, Sections 2.12 and 2.13], we put

(3.6.5) L X
b = �

1
2

bD g;X; 2 +
1
2

DX; 2
b :

The operator L X
b acts onC1 ( bX ; b� � (� �(T � X � N � ) 
 F )).

The following result is taken from [B11, Theorem 2.13.2].

Theorem 3.6.2. The operator L X
b is formally self-adjoint with respect to� (�; �).

Moreover, @
@t+ L X

b is hypoelliptic.

The operator L X
b is called the hypoelliptic Laplacian associated with(G; K ). By

[B11, equation (2.13.5)], forb > 0, we have

L X
b =

1
2

j[Y N ; YT X ]j2 +
1

2b2
(� � T X � N + jY j2 � m � n) +

N � � (T � X � N � )

b2

+
1
b

�
r H

Y T X + bc(ad(Y T X )) � c(ad(Y T X ) + i� ad(Y N ))

� i� E (Y N )
�

:

(3.6.6)

By [B11, Proposition 2.15.1], we have the identity

(3.6.7) [DX
b ; L X

b ] = 0:

As in (1.1.14), the left action ofG� on itself induces actions ofG� on C1 (X; F )
and C1 ( bX ; b� � (� �(T � X � N � ) 
 F )). Since� preserves the bilinear formB and the
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Cartan decomposition (1.1.1), we �nd that G� commutes with bD g;X and DX
b , so

that L X
b commutes with G� .

3.7. The hypoelliptic heat kernel. Let A be a self-adjoint element ofEnd(E)
which commutes with the action ofK � . Then A descends to a self-adjoint parallel
section ofEnd(F ) which commutes with the left action ofG� .

De�nition 3.7.1. Let L X
A be the operator acting onC1 (X; F ),

(3.7.1) L X
A = L X + A:

From [B11, Section 4.4], fort > 0, the operator exp(� tL X
A ) has a smooth kernel

pX
t (x; x0) with respect to the volume elementdx on X .
The section A lifts to bX . As in [B11, eq.(4.5.1)], letL X

A;b be the di�erential

operator acting onC1 ( bX ; �̂ � (� �(T � X � N � ) 
 F )) given by

(3.7.2) L X
A;b = L X

b + A:

In [B11, Sections 4.5 and 11.8], Bismut showed that the heat operatorexp(� tL X
A;b)

is well-de�ned for b > 0; t > 0 with a smooth kernelqX
b;t((x; Y ); (x0; Y 0)) . By [B11,

Section 11.8], givenb > 0, t > 0, qX
b;t((x; Y ); (x0; Y 0)) is rapidly decreasing together

with its derivatives in the variables(x0; Y 0), the decay in the variablex0 is measured
via d(x; x0).

Moreover, using the same argument as in [BGV04, Theorem 2.48], we can get a
Duhamel's formula forqX

b;t((x; Y ); (x0; Y 0)) ,

@
@b

qX
b;t((x; Y ); (x0; Y 0)) =

�
Z t

0

� Z

(x00;Y 00)2 bX
qX

b;t� s((x; Y ); (x00; Y 00))

(
@L X

A;b

@b
)(x00;Y 00)qX

b;s((x00; Y 00); (x0; Y 0))dx00dY00

�
ds:

(3.7.3)

Equivalently, we also have this Duhamel's formula written in operator form,

(3.7.4)
@
@b

exp(� tL X
A;b) = �

Z t

0
exp(� (t � s)L X

A;b)
@L X

A;b

@b
exp(� sL X

A;b)ds:

As in [B11, Sections 4.5], letP be the projection from � �(T � X � E � ) 
 F on
� 0(T � X � E � ) 
 F . For t > 0 and (x; Y ); (x0; Y 0) 2 bX , put

(3.7.5) qX
0;t ((x; Y ); (x0; Y 0)) = PpX

t (x; x0)� � (m+ n)=2 exp(�
1
2

�
jY j2 + jY 0j2

�
)P:

We recall a result established in [B11, Theorem 4.5.2 and Chapter 14].

Theorem 3.7.2. Given M � � > 0, there exist C; C0 > 0 such that for 0 < b �
M; � � t � M; (x; Y ); (x0; Y 0) 2 bX ,

(3.7.6)
�
�qX

b;t((x; Y ); (x0; Y 0))
�
� � C exp

�
� C0(d2(x; x0) + jY j2 + jY 0j2)

�
:
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Moreover, as b ! 0, we have the convergence in anyCk � norm on any compact
subset,

(3.7.7) qX
b;t((x; Y ); (x0; Y 0)) ! qX

0;t ((x; Y ); (x0; Y 0)) :
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4. The twisted orbital integrals

This section is devoted to give a geometric interpretation for the twisted orbital
integrals associated with a semisimple element ineG.

Recall that if � 2 � , � � is the closed subgroup of� generated by� , and that

(4.0.1) G� = G o � � ; K � = K o � � :

Let 
 2 G be such that 
� is a semisimple element inG� . By subsection 1.4, we
may and we will suppose that
� is such that


 = eak� 1; Ad(k)a = �a;

a 2 p; k 2 K:
(4.0.2)

In this section, we always assume that(E; � E ) is a K � -representation.
This section is organized as follows. In subsection 4.1, we introduce an algebra

Q� of invariant kernels onX .
In subsection 4.2, we introduce a geometric formalism of the twisted orbital inte-

grals associated with
� . We show that they vanish on commutators.
In subsection 4.3, when replacingF by � �(T � X � N � ) 
 C1 ;b(TX � N; R) 
 F ,

we introduce the associated algebraQ� of invariant kernels, and we obtain the
corresponding twisted orbital integrals.

In subsection 4.4, we introduce the twisted orbital integrals for elliptic heat kernel
and hypoelliptic heat kernel. We show that they coincide.

Finally, in subsection 4.5, we rederive a twisted version of Selberg trace formula
for the locally symmetric spaceZ .

4.1. An algebra of invariant kernels on X . In [B11, Chapter 4], a vector space
Q of continuous invariant kernels was de�ned. We recall its de�nition and some
properties as follows.

De�nition 4.1.1. Let Q be the vector space of continuous kernelsq 2 C(G; End(E))
satisfying the following two properties:

� There exist C; C0 > 0, such that

(4.1.1) jq(g)j � C exp(� C0d2(p1; pg)); 8 g 2 G:

� For k; k0 2 K , we have

(4.1.2) q(kgk0) = � E (k)q(g)� E (k0):

Recall that dk is the normalized Haar measure onK and that dg = dxdk is a
bi-invariant Haar measure onG.

For q 2 Q and g; g0 2 G, put

(4.1.3) q(g; g0) = q(g� 1g0) 2 End(E):

Let Cb(G; E) be the set of bounded contiuous sections ofE on G, and let Cb
K (G; E)

be the set ofK -invariant sections inCb(G; E). For s 2 Cb
K (G; E), put

(4.1.4) (Qs)(g) =
Z

G
q(g; g0)s(g0)dg0:
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By (1.5.34), (1.5.35), (1.5.36) and the condition in (4.1.1), the integral (4.1.4) is well-
de�ned. Moreover, the conditions (4.1.1) and (4.1.2) guarantee thatQs 2 Cb

K (G; E).
Then q 2 Q de�nes an integral operatorQ acting on Cb(X; F ) commuting with the
action of G on F . Let q(x; x0) 2 Hom(Fx0; Fx ) be the corresponding continuous
kernel onX � X , which is just the descent ofq(g; g0) to X � X .

On Q, the composition of two kernels is given by

(4.1.5) q � q0(g) =
Z

G
q(g0)q0((g0)� 1g)dg0;

which de�nes the operatorQQ0. Then (Q; � ) becomes an associative algebra.
Put � E = � E (� ) 2 Aut( E).

De�nition 4.1.2. Let Q� be the vector subspace of theq 2 Q such that

(4.1.6) q(� (g)) = � E q(g)( � E )� 1 2 End(E):

Equivalently, for any x; x0 2 X ,

(4.1.7) qX (� (x); � (x0)) = �q X (x; x0)� � 1 2 Hom(F� (x0) ; F� (x)):

Then Q� is the subalgebra ofQ consisting all the kernels commuting with the
action of � on C1 (X; F ).

Also we can extendq 2 Q � to a continuous map~q 2 C(G� ; End(E)) by,

(4.1.8) ~q(g� ) = q(g)� E (� ) 2 End(E) ; g 2 G; � 2 � � :

Then we lift it to a continuous kernel de�ned onG� � G� ,

(4.1.9) ~q(g�; h� 0) = ~q((g� )� 1h� 0) 2 End(E):

Then by (4.1.1), (4.1.2), for~g 2 G� , ~k 2 K � , we have

j~q(~g)j � C exp(� C0d2(p1; p~g));

~q(~k~g) = � E (~k)~q(~g); ~q(~g~k) = ~q(~g)� E (~k):
(4.1.10)

Recall that d� is the normalized Haar measure of� � and that d~g = dgd� is a
bi-invariant Haar measure onG� . Then the operatorQ de�ned above is also de�ned
by the kernel ~q, i.e., if s 2 Cb

K � (G� ; E),

(4.1.11) (Qs)(~g) =
Z

G�
~q(~g;~g)s(~g0)d~g0:

4.2. Twisted orbital integrals. If q 2 Q � , and if x 2 X , then 
�q (x; 
� (x)) 2
End(F
� (x)), so that Tr F [
�q (x; 
� (x))] is well-de�ned.

Let h(y) be a compactly supported bounded measurable function onX (
� ). Then
we have an analogue of [B11, Theorem 4.2.1] as follows,

Proposition 4.2.1. The function Tr F [
�q (x; 
� (x))]h(p
� x) is integrable onX .
We have the identity,

Z

X
Tr F [
�q (x; 
� (x))]h(p
� x)dx

=
Z

p? (
� )
Tr E [� E q(e� f 
e �f )]r (f )df

Z

X (
� )
h(y)dy:

(4.2.1)
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Proof. We adapt the proof of [B11, Theorem 4.2.1] to prove our proposition. By
Proposition 1.5.2 and (4.1.1), we have

j� E q(e� f 
e �f )j = j~q(ef ; 
�e f )j

� C exp(� C0d2(pef ; p
�e f ))

= C exp(� C0d2(pef ; p
�e f ))

= C exp(� C0d2

� (� 
� (1; f )))

� C exp(� C0(jaj + c
� jf j)2):

(4.2.2)

By (1.5.38), (4.2.2), the functionTr E [� E q(e� f 
e �f )]r (f ) is integrable inf 2 p? (
� ).
Using Fubini's theorem, we get (4.2.1). This completes the proof of our proposition.

�

By (1.5.24), (1.5.25), and using the fact that the Haar measures ofK , K 0(
� ),
K (
� ) have volume1, we have

Z

p? (
� )
Tr E [� E q(e� f 
e �f )]r (f )df =

Z

Z 0 (
� )nG
Tr E [� E q(v� 1
� (v))]dv0

=
Z

Z (
� )nG
Tr E [� E q(v� 1
� (v))]dv:

(4.2.3)

If we use the kernel~q on G� and the related measures de�ned in subsection 1.5, we
also have,

(4.2.4)
Z

p? (
� )
Tr E [� E q(e� f 
e �f )]r (f )df =

Z

Z � (
� )nG�
Tr E [~q(~v� 1
� ~v]d~v� :

Remark 4.2.2. If E is a representation ofeK and if q commutes with the action of
� on C1 (X; F ), then we can extend~q to eG. If d~v is the corresponding measure on
eZ(
� )neG, then we get

(4.2.5)
Z

p? (
� )
Tr E [� E q(e� f 
e �f )]r (f )df =

Z

eZ (
� )n eG
Tr E [~q(~v� 1
� ~v]d~v:

Let [
� ] denote the conjugation class of
� in G� .

De�nition 4.2.3. We de�ne the orbital integral associated with
� for q 2 Q � by
the formula,

Tr [
� ][Q] =
Z

Z 0 (
� )nG
Tr E [� E q(v� 1
� (v))]dv0

=
Z

p? (
� )
Tr E [� E q(e� f 
e �f )]r (f )df:

(4.2.6)

Integrals like (4.2.3) - (4.2.6) are called twisted orbital integrals.

The same arguments in [B11, Page 80] show thatTr [
� ][Q] only depends on the
conjugacy class of
� in G� . Indeed, if ~h 2 G� , the map g 2 G� ! C(~h)g 2 G�
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induces a mapZ � (
� )nG� ! Z � (C(~h)( 
� ))nG� . Sinced~g is bi-invariant on G� ,
C(~h) maps the volume elementd~v� of Z � (
� )nG� to the corresponding volume
element onZ � (C(~h)( 
� ))nG� . Then the integral in the right-hand side of (4.2.4)
remains the same if we replace
� by C(~h)( 
� ).

Remark 4.2.4. Following Remark 4.2.2, ifE is a representation ofeK and q commutes
with the action of � on C1 (X; F ), then Tr [
� ][Q] only depends on the conjugacy
class of
� in eG.

The following proposition extends [B11, Theorem 4.2.3].

Proposition 4.2.5. For Q; Q0 2 Q � , we have

(4.2.7) Tr [
� ][[Q; Q0]] = 0:

Equivalently, Tr [
� ][�] is a trace on the algebraQ� .

Proof. Using the formalism in (4.2.4) and De�nition 4.2.3, we can adapt the proof
of [B11, Theorem 4.2.3] to prove our proposition.

Let � 
� be the current onG� so that

(4.2.8)
Z

G�
f � 
� =

Z

Z � (
� )nG�
f ((~v)� 1
� ~v)d~v� :

Sinced~v� is invariant under the right-action of G� on Z � (
� )nG� , � 
� is invariant
by conjugation. If q 2 Q � , let ~q be the function on G� given in (4.1.8). Then by
(4.2.4), (4.2.6),

(4.2.9) Tr [
� ][Q] =
Z

G�
Tr E [~q]� 
� = Tr E [~q � � 
� (1)]:

Also we have

(4.2.10) QR(
� ) � 1 = R(
� ) � 1 Q:

As in (4.1.8) - (4.1.11), the current� (
� ) � 1 on G� de�nes an operator R(
� ) � 1 .
Then we can rewrite (4.2.9) as

(4.2.11) Tr [
� ][Q] = Tr [1][QR(
� ) � 1 ]:

By (4.2.10), (4.2.11), we get

(4.2.12) Tr [
� ][[Q; Q0]] = Tr [1][[Q; Q0]R(
� ) � 1 ] = Tr [1][[Q; Q0R(
� ) � 1 ]] = 0:

This completes the proof of our proposition. �
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4.3. In�nite dimensional orbital integrals. Recall that b� : bX ! X is the total
space ofTX � N . In the sequel, ifV is a real vector space and ifE is a complex
vector space, we will denote byV 
 E the complex vector spaceV 
 R E. We use
the same convention for the tensor product of vector bundles.

Let dYp, dYk be the volume elements on the Euclidean vector spacesp, k. Since
K � acts isometrically onp and k, these volume elements areK � � invariant. Then
dY = dYpdYk is a volume element ong which is G� � invariant. Let dYT X ; dYN ; dY
be the corresponding volume elements on the �bres ofTX; N; TX � N over X .

Let C1 ;b(g; R) be the vector space of real valued smooth bounded functions on
g. We replace the �nite-dimensional vector space by the in�nite dimensional space
E = � �(p� � k� ) 
 C1 ;b(g; R) 
 E with the natural group action of K � . Then the
vector bundleF on X is replaced by

(4.3.1) F = � �(T � X � N � ) 
 C1 ;b(TX � N; R) 
 F:

Let Cb( bX ; b� � (� �(T � X � N � ) 
 F )) be the vector space of continuous bounded
sections ofb� � (� �(T � X � N � ) 
 F ) over bX .

The groupK � acts onCb(G� � g; � �(p� � k� ) 
 E), so that if s 2 Cb(G� � g; � �(p� �
k� ) 
 E) then for ~k 2 K �

(4.3.2) (~ks)(~g; Y) = � � � (p� � k� )
 E (~k)s(~g~k; Ad(~k� 1)Y):

Let Cb
K � (G� � g; � �(p� � k� ) 
 E) be the vector space ofK � -invariant continuous

bounded function onG� � g with values in � �(p� � k� ) 
 E . Then we have

Cb( bX ; b� � (� �(T � X � N � ) 
 F )) = Cb
K � (G� � g; � �(p� � k� ) 
 E)

= Cb
K (G � g; � �(p� � k� ) 
 E):

(4.3.3)

De�nition 4.3.1. Let Q� be the vector space of continuous kernelsq(g; Y; Y0) de�ned
on G � g � g with values in End(� �(p� � k� ) 
 E) such that

� If g 2 G; k; k0 2 K; Y; Y 0 2 g, then

q(kgk0; Y; Y0)

= � � � (p� � k� )
 E (k)q(g;Ad(k� 1)Y;Ad(k0)Y 0)� � � (p� � k� )
 E (k0):
(4.3.4)

� If � � � (p� � k� )
 E = � � � (p� � k� )
 E (� ) 2 Aut(� �(p� � k� ) 
 E), then

(4.3.5) q(� (g); �Y; �Y 0) = � � � (p� � k� )
 E q(g; Y; Y0)( � � � (p� � k� )
 E )� 1:

� There exist C; C0 > 0 such that

(4.3.6) jq(g; Y; Y0)j � C exp(� C0(d2(p1; pg) + jY j2 + jY 0j2)) :

We will denote Q�; 1 the subspace ofQ� consisting of smooth kernels.

Since� �(p� � k� ) 
 E is a representation ofK � , as in (4.1.8), we can extendq to
a kernel ~q de�ned on G� � g � g,

(4.3.7) ~q(g�; Y; Y 0) = q(g; Y; �Y 0)� � � (p� � k� )
 E (� ); Y; Y0 2 g; � 2 � � :
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If q 2 Q� , put q((g; Y); (g0; Y 0)) = q(g� 1g0; Y; Y0). If s 2 Cb
K (G� g; � �(p� � k� )
 E),

put

(4.3.8) (Qs)(g; Y) =
Z

G� g
q((g; Y); (g0; Y 0))s(g0; Y 0)dY0dg0:

By (4.3.4), (4.3.6), Q is an operator acting onCb
K (G � g; � �(p� � k� ) 
 E). Recall

that the action of � is given by

(4.3.9) (�s )(g; Y) = � � � (p� � k� )
 E s(� � 1(g); � � 1Y):

Then (4.3.5) is equivalent toQ� = �Q .
Equivalently, the operator Q acts on Cb( bX ; b� � (� �(T � X � N � ) 
 F )) with kernel

q((x; Y ); (x0; Y 0)) .
By [B11, Proposition 4.3.2] and using the fact that� preservesdxdY, Q� is

an associative algebra with respect to the composition of operators. Let[�; �] be the
supercommutator onQ� de�ned by the Z2� graded structure ofEnd(� �(p� � k� ) 
 E),
and let Tr s

� � (p� � k� )
 E [�] be the supertrace onEnd(� �(p� � k� ) 
 E).
If g 2 G, let q(g) be the operator onE de�ned by the kernel q(g; Y; Y0). Let

� E 2 End(E) denote the action of� on E.
Then for g 2 G, � Eq(g� 1
� (g)) acting on E is given by the continuous kernel

� � � (p� � k� )
 E q(g� 1
� (g); � � 1Y; Y0) on g � g. When restricting to the diagonal, this
kernel is also continuous. By (4.3.6),Tr s

� � (p� � k� )
 E [� � � (p� � k� )
 E q(g� 1
� (g); � � 1Y; Y)]
is integrable onY 2 g.

If � Eq(g� 1
� (g)) is trace class, with the decay condition and by [Duf72, Proposi-
tion 3.1.1], we get

Tr s
E[� Eq(g� 1
� (g))] =
Z

g
Tr s

� � (p� � k� )
 E [� � � (p� � k� )
 E q(g� 1
� (g); � � 1Y; Y)]dY:
(4.3.10)

Remark 4.3.2. A su�cient condition for our operator to be a trace class is that the
kernel together with its derivatives in Y; Y0 of arbitrary orders lie in the Schwartz
space ofg � g.

Using (4.3.6), there existsC
� > 0 such that
�
�
�
�

Z

g
Tr s

� � (p� � k� )
 E [� � � (p� � k� )
 E q(g� 1
� (g); � � 1Y; Y)]dY

�
�
�
�

� C
� exp(� C0d2(pg; 
�pg )):
(4.3.11)

By Proposition 1.5.2, along the normal �ber ofX (
� ), the displacement function
d
� is increasing at least linearly with respect to the norm of normal vectors, the
same arguments in Proposition 4.2.1 show that the left-hand side of (4.3.11) is
integrable onp? (
� ). Then we have the analogue of (4.2.1), ifh(y) is a compactly
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supported bounded measurable function onX (
� ),
Z

bX
Tr F [
�q ((x; Y ); 
� (x; Y ))]h(p
� x)dxdY

=
Z

X (
� )
h(y)dy

�
Z

p? (
� )� g
Tr s

� � (p� � k� )
 E [� � � (p� � k� )
 E q(e� f 
e �f ; Y; �Y )]r (f )dfdY:

(4.3.12)

De�nition 4.3.3. We de�ne Tr s
[
� ][Q] as in (4.2.6) forQ 2 Q� , i.e.,

Tr s
[
� ][Q]

=
Z

(Z 0 (
� )nG)� g
Tr s

� � (p� � k� )
 E [� � � (p� � k� )
 E q(v� 1
� (v); Y; �Y )]dvdY

=
Z

p? (
� )� g
Tr s

� � (p� � k� )
 E [� � � (p� � k� )
 E q(e� f 
e �f ; Y; �Y )]r (f )dfdY:

(4.3.13)

Expressions such as (4.3.13) are called twisted orbital supertraces.

If � Eq(g� 1
� (g)) is trace class for anyg 2 G, using (4.3.10), we can rewrite
(4.3.13) as

Tr s
[
� ][Q] =

Z

Z 0 (
� )nG
Tr s

E[� Eq(v� 1
� (v))]dv

=
Z

p? (
� )
Tr E[� Eq(e� f 
e �f )]r (f )df:

(4.3.14)

Proposition 4.3.4. If Q; Q0 2 Q� , then

(4.3.15) Tr s
[
� ][[Q; Q0]] = 0:

Proof. By the above constructions, the proof of our proposition is just an easy
modi�cation of the proof of Proposition 4.2.5. This extends [B11, Theorem 4.3.4].

�

4.4. A fundamental identity. Recall that the operatorsL X
A , L X

A;b are de�ned in
subsection 3.6.

Proposition 4.4.1. For any t > 0, pX
t 2 Q � .

Proof. This follows from [B11, Proposition 4.4.2] and from the fact thatL X com-
mutes with the left action of � . �

It follows from subsection 4.2 and Proposition 4.4.1 that fort > 0, the twisted
orbital integral Tr [
� ][exp(� tL X

A )] is well-de�ned.
Using (3.7.6) and the fact that L X

A;b commutes with � . If b > 0; t > 0, then
qX

b;t 2 Q�; 1 . By subsection 4.3,Tr s
[
� ][exp(� tL X

A;b)] is well-de�ned.
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As an extension of [B11, Theorem 4.6.1], we have a fundamental identity as fol-
lows.

Theorem 4.4.2. For any b > 0; t > 0, the following identity holds,

(4.4.1) Tr s
[
� ][exp(� tL X

A;b)] = Tr [
� ][exp(� tL X
A )]:

Proof. By (3.7.3), (4.3.13) and using Proposition 4.3.4, we get

(4.4.2)
@
@b

Tr s
[
� ][exp(� tL X

A;b)] = � tTr s
[
� ][

@
@b

L X
A;b exp(� tL X

A;b)]:

As in [B11, eq. (4.6.4)-(4.6.7)], we have

(4.4.3)
@
@b

L X
A;b =

1
2

[DX
b ;

@
@b

DX
b ]; [DX

b ; L X
A;b] = 0:

By (4.4.2), we have

@
@b

Tr s
[
� ][exp(� tL X

A;b)] = �
t
2

Tr s
[
� ]

�
[DX

b ;
@
@b

DX
b ] exp(� tL X

A;b)
�

= �
t
2

Tr s
[
� ]

�
[DX

b ;
@
@b

DX
b exp(� tL X

A;b)]
�
:

(4.4.4)

By Proposition 4.3.4 and (4.4.2) - (4.4.4), we get

(4.4.5)
@
@b

Tr s
[
� ][exp(� tL X

A;b)] = 0 :

It is now enough to prove that

(4.4.6) lim
b! 0

Tr s
[
� ][exp(� tL X

A;b)] = Tr [
� ][exp(� tL X
A )]:

By (1.5.11) and Theorem 3.7.2, givent > 0, there exist C; C0 > 0 such that for
0 < b � 1; f 2 p? (
� ); Y 2 (TX � N )ef p1,

(4.4.7)
�
�qX

b;t((ef p1; Y); 
� (ef p1; Y))
�
� � C exp

�
� C0(jf j2 + jY j2)

�

Using (3.7.7), (4.2.6), (4.3.13) and dominated convergence, we get (4.4.6). The
proof of our theorem is completed. �

4.5. A twisted trace formula for Z . Let � be a cocompact discrete subgroup of
G. Let � 2 � be such that � (�) = � . We still assume that the vector bundleF is
given by a �nite-dimensional representation(E; � E ) of K � .

Put Z = � nX = � nG=K . We use the notation in subsection 1.8. Recall that the
vector bundlesTX , N , F over X descend to the orbifold vector bundlesTZ, N , F
over Z . Moreover,� � acts isometrically onZ and its action lifts to an action on the
bundlesTZ, N , F .

For simplicity, we assume that � is torsion free, thenZ is a compact smooth
manifold. Let b� : bZ ! Z be the total space ofTZ � N . Let dz be the volume
element ofZ induced by the Riemannian metric. We still denote bydg the volume
element on� nG induced by dg.
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Let Q 2 Q � with the associated kernelq. The operatorQ descends to an operator
QZ acting on C(Z; F ). Let qZ (z; z0), z; z0 2 Z be the continuous kernel ofQZ over
Z . Then by [B11, eq.(4.8.6)],

(4.5.1) qZ (z; z0) =
X


 2 �


q X (
 � 1z; z0) =
X


 2 �

qX (z; 
z 0)
:

Recall that � Z is the induced action of� on C1 (Z; F ) as in (1.8.41). Then�Q
descends to the operator� Z QZ . We also denote byz; z0 their arbitrary lifts in X .
By (4.5.1), the kernel of� Z QZ is given by

(4.5.2) (� Z QZ )(z; z0) =
X


 2 �

�
q X (
 � 1� � 1(z); z0) =
X


 2 �

�q X (� � 1(z); 
z 0)
:

If Q 2 Q� as in subsection 4.3, the analogues of (4.5.1), (4.5.2) still hold.
Since the operatorsL X

A , L X
A;b commutes withG, they descend to operatorsL Z

A , L Z
A;b

on Z , bZ respectively. Also fort > 0; b > 0, the operatorsexp(� tL Z
A ); exp(� tL Z

A;b)
are trace class. By (4.4.3), we have the following analogue of [B11, Theorem 4.8.1],

Theorem 4.5.1. For any t > 0; b > 0,

(4.5.3) Tr s[� Z exp(� tL Z
A;b)] = Tr[ � Z exp(� tL Z

A )]:

Proof. The di�erential operator DX
b descends to a di�erential operatorDZ

b , so that
the analogue of (3.6.7) still holds.

When replacing the twisted orbital supertraces by the standard supertraces, we
can establish the analogues of (4.4.2) - (4.4.5), so that

(4.5.4)
@
@b

Tr s[� Z exp(� tL Z
A;b)] = 0 :

SinceZ is compact, by Theorem 3.7.2, asb ! 0, Tr s[� Z exp(� tL Z
A;b)] converges to

Tr[ � Z exp(� tL Z
A )]. This completes the proof of our theorem. �

By (4.1.7) and (4.5.2), we have the identity,

(4.5.5) (� Z QZ )(z; z0) =
X


 2 �

qX (z; 
� (z0)) 
�:

By (1.8.40), the kernel(� Z QZ )(z; z0) lifts to G � G, so that

(4.5.6) (� Z QZ )(g; g0) =
X


 2 �

q(g� 1
� (g0)) � E 2 End(E):

If � Z QZ is of trace-class, then

Tr[ � Z QZ ] =
Z

Z
Tr F [(� Z QZ )(z; z)]dz

=
Z

� nG
Tr E [(� Z QZ )(g; g)]dg:

(4.5.7)
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Recall that C is the set of twisted conjugacy classes de�ned in De�nition 1.8.2. If
[
 0]

�
2 C, set

(4.5.8) qX; [
 0 ]
� (g; g0) =

X


 2 [
 0 ]
�

q(g� 1
� (g0)) � E :

Then (4.5.6) can be rewritten as

(4.5.9) (� Z QZ )(g; g0) =
X

[
 ]
�

2 C

qX; [
 ]
� (g; g0):

The function qX; [
 0 ]
� (g; g) is left � � invariant. Put

(4.5.10) Tr[QZ; [
 ]
� ] =

Z

Z
Tr[qX; [
 0 ]

� (z; z)]dz:

Then

(4.5.11) Tr[ � Z QZ ] =
X

[
 ]
�

2 C

Tr[QZ; [
 ]
� ]:

We have

(4.5.12) Tr[QZ; [
 ]
� ] =

Z

� nG
Tr[qX; [
 0 ]

� (g; g)]dg:

By (1.8.8), we get

(4.5.13) Tr[QZ; [
 ]
� ] =

Z

� \ Z (
� )nG
Tr E [� E q(g� 1
� (g))]dg:

We use the notation in subsection 4.2. By (4.5.13), we obtain

(4.5.14) Tr[QZ; [
 ]
� ] = Vol(� \ Z (
� )nZ (
� ))

Z

Z (
� )nG
Tr E [� E q(v� 1
� (v))]dv

Since � is torsion free, � \ Z (
� ) acts freely onX (
� ). By Lemma 1.8.1,� \
Z (
� )nZ (
� ) is a smooth compact manifold. The compact groupK (
� ) acts freely
on the right on � \ Z (
� )nZ (
� ), so that

(4.5.15) Vol(� \ Z (
� )nZ (
� )) = Vol( K (
� ))Vol(� \ Z (
� )nX (
� ))

By (1.5.46) and (4.2.6), we have

(4.5.16)
Vol(K (
� ))

Vol(K )

Z

Z (
� )nG
Tr E [� E q(v� 1
� (v))]dv = Tr [
� ][Q]:

Then usingVol(K ) = 1 , (4.5.14) can be rewritten as

(4.5.17) Tr[QZ; [
 ]
� ] = Vol(� \ Z (
� )nX (
� ))Tr [
� ][Q]:

Remark 4.5.2. The identity (4.5.3) is compatible with Theorem 4.4.2, (4.5.11) and
(4.5.17).
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Let e be an elliptic class inE, let [e] be all the elliptic classes inE which are
C � � conjugate to e by elements ofG. Thus there is k 2 K such that for each
[
 ]

�
2 [e], we haveg
 2 G satisfying

(4.5.18) k = C � (g� 1

 )
:

Without the risk of confusion, if g 2 G, we now denote by[g] the corresponding
point in � nG. We de�ne a right action of k� on � nG by

(4.5.19) R(k� )[g] = [ � � 1(gk)]:

Let (� nG)k� be the �xed points set of R(k� ) in � nG. Then we have the following
identify,

(4.5.20) (� nG)k� =
[

[
 ]
�

2 [e]

�
� \ Z (
� )nZ (
� )

�
� g
 :

This union is a disjoint union. One can verify that (4.5.20) is a re�ned version of
(1.8.38).

By (4.5.14), we have

(4.5.21)
X

[
 ]
�

2 [e]

Tr[QZ; [
 ]
� ] = Vol((� nG)k� )

Z

Z (k� )nG
Tr[ � E q(v� 1k� (v))]dv:

A direct computation shows thatZ (k� ) acts on(� nG)k� on the right. Recall that
K (k� ) = K \ Z (k� ). Let �( k� ) be the subgroup ofK (k� ) of the elements that act
like identity on (� nG)k� . It is a �nite group of � \ K (k� ). Then we get

(4.5.22) Vol((� nG)k� ) =
Vol(K (k� ))

j�( k� )j
Vol((� nG)k�

�
K (k� )) :

Equation (4.5.22) is of special interest in connection with the equivariant index
formulas for orbifolds [V96].
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5. A formula for semisimple twisted orbital integrals

The purpose of this section is devoted to give a proof of Theorem 0.5.1. The
geometric constructions of sections 1 and 4 play an important role in the proof. The
proof is partly composed from [B11, Chapter 9].

This section is organized as follows. In subsection 5.1, we introduce an explicit
function J
� on k(
� ).

In subsection 5.2, we give a proof of our geometric formula.
Finally, in subsection 5.3, we extend our formula to general twisted orbital inte-

grals.

5.1. The function J
� (Y k
0 ) on k(
� ). Recall that the function bA(x) is given by

(5.1.1) bA(x) =
x=2

sinh(x=2)
:

Let H be a �nite-dimensional Hermitian vector space. IfB 2 End(H ) is self-adjoint,

then
B=2

sinh(B=2)
is a self-adjoint positive endomorphism. Put

(5.1.2) bA(B) = det 1=2

�
B=2

sinh(B=2)

�
:

Recall that eG = G o � , eK = K o � . Let e
 2 eG be a semisimple element of the
form e
 = eaek� 1 with a 2 p; ek 2 eK and Ad(ek)a = a. We can write ek� 1 = k� 1� ,
k 2 K , � 2 � . Put 
 = eak� 1 2 G so that e
 = 
� . Recall that � � is the closed
subgroup of� generated by� , and that

(5.1.3) G� = G o � � ; K � = K o � � :

We now recall the notation in subsection 1.6. Letz0 = z(a). Put

(5.1.4) p0 = ker ad(a) \ p; k0 = ker ad(a) \ k:

Recall that z?
0 , p?

0 , k?
0 are the orthogonal spaces toz0, p0, k0 in g; p; k with respect

to B , so that

(5.1.5) z0 = p0 � k0; z?
0 = p?

0 � k?
0 :

Also z(
� ) is a Lie subalgebra ofz0, and p(
� ), k(
� ) are subspaces ofp0, k0

respectively. Recall thatz?
0 (
� ), p?

0 (
� ), k?
0 (
� ) are the orthogonal spaces toz(
� ),

p(
� ), k(
� ) in z0; p0; k0. Then

(5.1.6) z?
0 (
� ) = p?

0 (
� ) � k?
0 (
� ):

For Y k
0 2 k(
� ), ad(Y k

0 ) preservesp(
� ); k(
� ); p?
0 (
� ); k?

0 (
� ), and it is an anti-
symmetric endomorphism with respect to the scalar product.

If Y k
0 2 k(
� ), as explained in [B11, pp. 105], the following function inY k

0 has a
natural square root, which depends analytically onY k

0 ,

(5.1.7) det(1 � exp(� i� ad(Y k
0 ))ad(k� 1� )) jz?

0 (
� ) det(1 � Ad(k� 1� )) jz?
0 (
� ) :
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Remark 5.1.1. If dim z?
0 (
� ) = 1 , then Ad(k� 1� )jz?

0 (
� ) = � 1 and ad(Y k
0 )jz?

0 (
� ) = 0,
the square root is2. If z?

0 (
� ) is of dimension2, if Ad(k� 1)� is a rotation of angle
� and � ad(Y k

0 )jz?
0 (
� ) acts by an in�nitesimal rotation of angle � 0, such a square root

is given by

(5.1.8) 4 sin(
�
2

) sin(
� �

p
� 1� 0

2
):

We will denote the above square root by

(5.1.9)
h

det(1 � exp(� i� ad(Y k
0 ))ad(k� 1� )) jz?

0 (
� ) det(1 � Ad(k� 1� )) jz?
0 (
� )

i 1=2
:

If Y k
0 = 0, then this square root has the valuedet(1 � Ad(k� 1� )) jz?

0 (
� ) .
In (5.1.9), we may as well replacez?

0 (
� ) by p?
0 (
� ) or k?

0 (
� ), where� acts as� 1
or 1. Then the following function A(Y k

0 ) has a natural square root that is analytic
in Y k

0 2 k(
� ),

A(Y k
0 ) =

1
det(1 � ad(k� 1� )) jz?

0 (
� )

�
det(1 � exp(� iad(Y k

0 ))ad(k� 1� )) jk?
0 (
� )

det(1 � exp(� iad(Y k
0 ))ad(k� 1� )) jp?

0 (
� )

(5.1.10)

Its square root is denoted by

A1=2(Y k
0 ) =

�
1

det(1 � ad(k� 1� )) jz?
0 (
� )

�
det(1 � exp(� iad(Y k

0 ))ad(k� 1� )) jk?
0 (
� )

det(1 � exp(� iad(Y k
0 ))ad(k� 1� )) jp?

0 (
� )

� 1=2(5.1.11)

De�nition 5.1.2. Let J
� (Y k
0 ) be the analytic function ofY k

0 2 k(
� ) given by

J
� (Y k
0 ) =

1
j det(1 � Ad( 
� )) jz?

0
j1=2

bA(iad(Y k
0 )jp(
� ))

bA(iad(Y k
0 )jk(
� ))

�
1

det(1 � Ad(k� 1� )) jz?
0 (
� )

det(1 � exp(� iad(Y k
0 ))Ad( k� 1� )) jk?

0 (
� )

det(1 � exp(� iad(Y k
0 ))Ad( k� 1� )) jp?

0 (
� )

� 1=2

:

(5.1.12)

If � = 1G, then the function J
 (Y k
0 ) given by (5.1.12) is exactly the same function

de�ned in [B11, eq. (5.5.5)]
By (5.1.12), there existc
� ; C
� > 0 such that,

(5.1.13) jJ
� (Y k
0 )j � c
� exp(C
� jY k

0 j):
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Example 5.1.3. If G = K , X = G=K is reduced to a point. Let
 = k� 1 2 K; � 2
Aut( K ). In this case, we have forY k

0 2 k(k� 1� ),

J
� (Y k
0 ) =

1
bA(iad(Y k

0 )jk(
� ))
�

det(1 � exp(� iad(Y k
0 ))Ad( k� 1� )) jk? (
� )

det(1 � Ad(k� 1� )) jk? (
� )

� 1=2

:

(5.1.14)

Put p = dim p(
� ), q = dim k(
� ), then r = dim z(
� ) = p + q. Let e1; � � � ; ep

be an orthonormal basis ofp(
� ), and let ep+1 ; � � � ; er be an orthonormal basis of
k(
� ). Let e1, � � � , er be the corresponding dual basis ofz(
� )� . Let z(
� ), z(
� )� be
another copies ofz(
� ), z(
� )� . We underline the obvious objects associated with
z(
� ), z(
� )� .

Put

(5.1.15) � =
rX

i =1

c(ei )ei 2 c(z(
� )) b
 � �(z� (
� )) :

By the splitting (1.1.1) of g, we have

(5.1.16) p � g = p � (p � k):

We denote byy the tautological section of the �rst copy ofp in the right-hand side
of (5.1.16), and byY g = Y p + Y k the tautological section ofg = p � k. We also
denote by dy; dYg = dYpdYk the volume forms onp, g respectively. Recall that
� p� k = � p + � k is the standard Laplacian ong = p � k, i.e., the second factor in
the right-hand side of (5.1.16). Letr H denote di�erentiation in the variable y 2 p,
and let r V denote the di�erentiation in the variable Y g 2 g.

As an analogue in [B11, Section 5.1], letPa;Y k
0

be the di�erential operator acting
on C1 (p � g; � �(g� ) b
 � �(z� (
� ))) de�ned as follows. IfY k

0 2 k(
� ), set

Pa;Y k
0

=
1
2

j[Y k; a] + [ Y k
0 ; Y p]j2 �

1
2

� p� k + � � r H
Y p

� r V
[a+ Y k

0 ;[a;y]] � bc(ad(a)) + c(ad(a) + i� ad(Y k
0 )) :

(5.1.17)

By Hörmander [Hör67], the operator@
@t+ Pa;Y k

0
is hypoelliptic.

Let RY k
0

be the smooth kernel ofexp(�P a;Y k
0
) with respect to the volumedydYg

on p � g. Then for (y; Yg); (y0; Y g0) 2 p � g,

(5.1.18) RY k
0
((y; Yg); (y0; Y g0)) 2 End(� �(z? (
� )� )) b
 c(z(
� )) b
 � �(z� (
� )) :

De�nition 5.1.4. Let cTr s be the supertrace functional onc(z(
� )) b
 � �(z� (
� )) such
that it vanishes on monomials of nonmaximal length, and gives the value(� 1)r

to c(e1)e1 � � � c(er )er . We extend it to a supertrace functional on the vector space
End(� �(z? (
� )� )) b
 c(z(
� )) b
 � �(z� (
� )) by the supertrace onEnd(� �(z? (
� )� )) . We

still denote it by cTr s.

Now we give an important result established in [B11, Theorem 5.5.1].
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Proposition 5.1.5. For Y k
0 2 k(
� ), we have

J
� (Y k
0 ) = (2 � )r=2

Z

p? (
� )� (p� k? (
� ))

cTr s

�
Ad(k� 1� )

RY k
0
((y; Yg); Ad(k� 1� )(y; Yg))

�
dydYg:

(5.1.19)

Proof. Note that the operator Pa;Y k
0

has the same expression as the operator de�ned
in [B11, De�nition 5.1.2].

If � = 1G, then (5.1.19) is just the result of [B11, Theorem 5.5.1]. In the proof
of [B11, Theorem 5.5.1], the computations of the supertrace functional in the right-
hand side of (5.1.19) only depend on the adjoint actions of
 , k� 1 and a and the
fact that they commute with each other.

In general, when replacing
 , k� 1 by 
� , k� 1� , the computations in [B11, Chapter
5] still hold. Then the result of [B11, Theorem 5.5.1] still hold. This completes the
proof of our proposition. �

Remark 5.1.6. If t > 0, if we replaceB by B=t, the function J
� is unchanged.

5.2. A formula for the twisted orbital integrals for the heat kernel. We
assume that (E; � E ) is a unitary �nite-dimensional representation ofK � . Recall
that A 2 End(E) commutes with the action ofK � , and that [
� ] is the conjugacy
class of
� in G� .

Theorem 5.2.1. For any t > 0, the following identity holds:

Tr [
� ][exp(� tL X
A )] =

exp(�j aj2=2t)
(2�t )p=2

�

Z

k(
� )
J
� (Y k

0 )Tr E [� E (k� 1� ) exp(� i� E (Y k
0 ) � tA )]e�j Y k

0 j2=2t dYk
0

(2�t )q=2
:

(5.2.1)

Proof. For b > 0, s(x; Y ) 2 C1
� bX; b� � (� �(T � X � N � ) 
 F )

�
, set

(5.2.2) Fbs(x; Y ) = s(x; bY):

For t > 0, we denote with an extra subscriptt the hypoelliptic Laplacian de�ned
in subsection 3.6 associated with the bilinear formB=t. Then by [B11, eq.(2.14.4)],
we have

(5.2.3) Fp
t t

N � � ( T � X � N � ) =2
L X

b;tt
� N � � ( T � X � N � ) =2

F � 1p
t

= tL Xp
tb:

Using Remark (5.1.6) and by (5.2.3), it is enough to prove (5.2.1) witht = 1. Then
by (4.4.1), we only need to makeb ! + 1 in Tr s

[
� ][exp(�L X
A;b)].

Since all the analytic and geometric constructions of [B11] only depend on the
fact that G acts onX as a group of isometries, replacingG by G� does not change
anything from that point of view. This is why we will freely use the arguments in
[B11, Chapter 9].
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Using Propositions 1.7.2 - 1.7.4 and (1.7.13), and following the arguments in [B11,
Section 15.7], we extend the estimates on hypoelliptic heat kernels of [B11, Theorem
9.1.1]to our case when replacing
 , k� 1 by 
� , k� 1� . Then using Theorem 1.5.1,
and by (4.3.13), asb ! + 1 , Tr s

[
� ][exp(�L X
A;b)] is localized to an integral near

F 
� � X .
Using the rescaling techniques in [B11, Sections 9.2 - 9.5] to the above integral,

we get

lim
b! + 1

Tr s
[
� ][exp(�L X

A;b)]

= exp( �j aj2=2)
Z

(y;Y g ;Y k
0 )

2 p? (
� )� (p� k? (
� )) � k(
� )

cTr s
�
Ad(k� 1� )RY k

0
(( f; Y g); Ad(k� 1� )( f; Y g))

�

Tr E [� E (k� 1� ) exp(� i� E (Y k
0 ) � A)] exp(�j Y k

0 j2=2)dydYgdYk
0 :

(5.2.4)

By (5.1.19), (5.2.4), we get (5.2.1). This completes the proof of our theorem.�

Remark 5.2.2. Let (E; � E ) be a representation ofK . If K has trivial center, and if
k0 2 K , � = C(k0) 2 � , put

(5.2.5) � E (� ) = � E (k0):

Then using (5.2.5), we extend(E; � E ) to a representation ofK � . In this case, we
have the identity of orbital integrals,

(5.2.6) Tr [� ][exp(� tL X
A )] = Tr [k0 ][exp(� tL X

A )]:

5.3. A formula for general twisted orbital integrals. Let � z(
� ) be the stan-
dard Laplacian onz(
� ) with respect to the scalar product induced by the scalar
product of g. For t > 0, let exp(t� z(
� )=2) be the corresponding heat operator with
the Gaussian heat kernel denoted byexp(t� z(
� )=2)((y; Yk

0 ); (y0; Y k0

0 )) . Here the heat
kernel is computed with respect to the volume element onz(
� ) induced by the
scalar product. Lety, Y k

0 denote the elements inp(
� ), k(
� ) respectively.
Then

exp(t� z(
� )=2)((y; Yk
0 ); (y0; Y k0

0 )) =
1

(2�t )(p+ q)=2
exp(�j y � y0j2=2t � j Y k

0 � Y k0

0 j2=2t):
(5.3.1)

Let � y= a be a distribution on z(
� ) = p(
� ) � k(
� ) associated with the subspace
f y = ag. Then J
� (Y k

0 )� E (k� 1� ) exp(� i� E (Y k
0 )) � y= a is a distribution on z(
� ) with

values inEnd(E). Applying the heat operatorexp(t� z(
� )=2 � tA ) to this distribu-
tion, we get a smooth function overz(
� ) with values in End(E). This function can
be evaluated at0 2 z(
� ). Then Theorem 5.2.1 can be rewritten as follows,

Tr [
� ][exp(� tL X
A )] = Tr E

�
exp(t� z(
� )=2 � tA )

[J
� (Y k
0 )� E (k� 1� ) exp(� i� E (Y k

0 )) � y= a]
�
(0)

(5.3.2)
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Let S(R) be the Schwartz space ofR, let Seven(R) be the space of even functions
in S(R). The Fourier transform of h 2 S(R) is given by

(5.3.3) bh(y) =
Z

R
e� 2i�yx h(x)dx:

Take � 2 S even(R), then b� 2 S even(R). We now assume that there existsC > 0 such
that for any k 2 N, there existsck > 0 such that

(5.3.4) jb� (k)(y)j � ck exp(� Cjyj2):

Then � (
p

L X + A) is a self-adjoint operator with a smooth kernel, which we denote
� (

p
L X + A)(x; x0) 2 Hom(Fx0; Fx ), x; x0 2 X . As explained in [B11, pp. 115], we

have

(5.3.5) � (
p

L X + A) 2 Q :

Since � commutes with L X + A, we can get� (
p

L X + A) 2 Q � . Then the corre-
sponding twisted orbital integral Tr [
� ][� (

p
L X + A)] is well-de�ned. From (5.3.4),

the kernel of � (
p

� � z(
� )=2 + A) on z(
� ) has a Gaussian-like decay.

Theorem 5.3.1. The following identity holds:

Tr [
� ]
�
� (

p
L X + A)

�
=Tr E

�
� (

q
� � z(
� )=2 + A)J
� (Y k

0 )

� E (k� 1� ) exp(� i� E (Y k
0 )) � y= a

�
(0):

(5.3.6)

Proof. This is just an analogue of [B11, Theorem 6.2.2]. Using Theorem 5.2.1 and by
(5.1.13), (5.3.2), (5.3.4), an easy modi�cation of the proof of [B11, Theorem 6.2.2]
proves our theorem. �
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6. The case of Euclidean vector space

The purpose of this section is to compute explicitly the twisted orbital integrals
and twisted orbital supertraces for the heat kernels in the case of Euclidean vector
space. As in [B11, Section 10.6], we will show that the formulas �t with our formula
in Theorem 5.2.1.

This section is organized as follows. In subsection 6.1, we recall the explicit
formula for the hypoelliptic heat kernel in the case of an Euclidean vector space.

In subsection 6.2, using the explicit formula of hypoelliptic heat kernel, we com-
pute the associated twisted orbital supertraces, and we show that these computations
are compatible with Theorem 5.2.1.

6.1. An Euclidean vector space. Let E be an Euclidean vector space of dimen-
sion m. We will consider the case whereG = E.

The Cartan involution is given by � (x) = � x for x 2 E, so that K = f 0g. The
Lie algebra ofG is given by

(6.1.1) g = E;

so that

(6.1.2) p = E; k = 0:

The bilinear form B is just the scalar product ofE.
Let O(E) be the orthogonal group ofE, let I(E) be the group of isometries ofE.

Then

(6.1.3) I(E) = E o O(E):

In this case, we have

(6.1.4) Aut( G) = GL( E):

By the de�nition of � in (1.2.6), we get

(6.1.5) � = O( E):

Then

(6.1.6) eG = G o � = I( E); eK = O( E):

Moreover, the adjoint action of� on g is just given by the matrix action on E.
If 
 2 E; � 2 O(E), then 
� 2 eG, then is

Z (
� ) = ker(1 � � );

z(
� ) = ker(1 � � ):
(6.1.7)

Moreover, we have the orthogonal splitting,

(6.1.8) E = ker(1 � � ) � Im(1 � � ):

Let z? (
� ) be the orthogonal space ofz(
� ) in E. Then

(6.1.9) z? (
� ) = Im(1 � � ):

In our case,X = E. For any 
 2 E; � 2 O(E), x 2 X , the action of 
� on X
is given by 
� (x) = �x + 
 2 X . Moreover, TX = E; N = 0. The Euclidean
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connection and the �at connection onTX coincide. Also the displacement function
associated with
� is

(6.1.10) d
� (x) = j
 + � (x) � xj

Lemma 6.1.1. Any element in I(E) is semisimple. The element
� is elliptic if
and only if 
 2 Im(1 � � ).

Proof. Let 
 = 
 1 + 
 2 be the orthogonal decomposition of
 by (6.1.8), where

 1 2 ker(1 � � ); 
 2 2 Im(1 � � ).

By the formula (6.1.10), we see that ifx 2 E, then

(6.1.11) d
� (x) � j 
 1j:

In particular, we have

(6.1.12) d
� ((1 � � )� 1
 2) = j
 1j:

By De�nition 1.1.2, 
� is semisimple, and is elliptic if and only if
 1 = 0, which
is equivalent to that 
 2 Im(1 � � ). �

A similar argument also shows that
� is conjugate to
 1� . This result is just a
version of Theorem 1.3.2 in this case. The minimizing set associate with
� is

(6.1.13) X (
� ) = (1 � � )� 1
 2 + ker(1 � � ):

The normal bundle NX (
� )nX of X (
� ) in X is just z? (
� ). The decomposition
in (6.1.8) is the normal coordinate system de�ned in Theorem 1.5.1.

We consider the trivial vector bundleF = R over X. Now, we recall some results
about the hypoelliptic heat kernel obtained in [B11, Chapter 10]

Let � E;H be the scalar Laplacian onE. Then the operatorL X de�ned by (3.6.2)
over E is given by

(6.1.14) L X = �
1
2

� E;H ;

If x = ( x1; � � � ; xm ) is the canonical coordinate ofE, then

(6.1.15) � E;H =
mX

j =1

@2

@(x j )2
:

For t > 0, let pt (x; x0) be the smooth heat kernel onE associated withexp(t� E;H =2).
Then

(6.1.16) pt (x; x0) =
1

(2�t )m=2
exp(�

1
2t

jx � x0j2):

The bundleTX � N is just E and bX = X = E � E. The �rst copy of E is identi�ed
with X , and the second copy withTX . We use(x; Y ) denote the generic element
of E � E. The operatorL X

b for b > 0 de�ned in (3.6.6) acts onC1 (E � E; � �(E � )) .
Let � E;V be the Laplacian along the second copy ofE and r H be the derivative
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alongX . Let N � � (E � ) be the number operator of� �(E � ). The hypoelliptic Laplacian
L X

b de�ned in (3.6.6) is given by,

(6.1.17) L X
b =

1
2b2

(� � E;V + jY j2 � m) +
N � � (E � )

b2
+

1
b
r H

Y :

For t > 0; b > 0, let qX
b;t((x; Y ); (x0; Y 0)) denote the smooth kernel associated with

exp(� tL X
b ).

Put

Hb;t((x; Y ); (x0; Y 0)) =
b2

2

�
tanh(t=2b2)

�
jY j2 + jY 0j2

�
+

jY � Y 0j2

sinh(t=b2)

�

+
1

2(t � 2b2 tanh(t=2b2))

�
�x0 � x � b2 tanh(t=2b2)(Y + Y 0)

�
�2

:
(6.1.18)

and

K b;t((x; Y ); (x0; Y 0)) =
b2

2 sinh(t=b2)

�
�e� t=2b2

Y � et=2b2
Y 0

�
�2

+
1

2(t � 2b2 tanh(t=2b2))

�
�x0 � x � b2 tanh(t=2b2)(Y + Y 0)

�
�2

:
(6.1.19)

Set

hE
b;t((x; Y ); (x0; Y 0)) =

�
b2et=b2

4� 2 sinh(t=b2)( t � 2b2 tanh(t=2b2))

� m=2

exp
�

� Hb;t((x; Y ); (x0; Y 0))
�
;

kE
b;t((x; Y ); (x0; Y 0)) =

�
b2et=b2

4� 2 sinh(t=b2)( t � 2b2 tanh(t=2b2))

� m=2

exp
�

� K b;t((x; Y ); (x0; Y 0))
�
:

(6.1.20)

By [B11, eq. (10.5.3)], we have the identity

(6.1.21) kE
b;t((x; Y ); (x0; Y 0)) = exp

�
b2

2
(jY j2 � j Y 0j2)

�
hE

b;t((x; Y ); (x0; Y 0)) :

An explicit formula for the kernel qX
b;t((x; Y ); (x0; Y 0)) 2 End(� �(E � )) is given in

[B11, Proposition 10.6.1].

Proposition 6.1.2. For b > 0; t > 0, the following identity holds:

qX
b;t((x; Y ); (x0; Y 0)) =

b� mhE
b;t((x; � Y=b); (x0; � Y 0=b)) exp(� tN � � (E � )=b2):

(6.1.22)

As explained in [B11, Remark 10.5.2], we can see the estimate as in (3.7.6) from
the explicit formula in (6.1.22): givenM � � > 0, there exist C�;M ; C0

�;M > 0 such
that for 0 < b � M; � � t � M; (x; Y ); (x0; Y 0) 2 bX ,

�
�qX

b;t((x; Y ); (x0; Y 0))
�
� �

C�;M exp
�

� C0
�;M (jx � x0j2 + jY j2 + jY 0j2)

�
:

(6.1.23)
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In this case, if we makeb ! 0, we get

Hb;t((x; � Y=b); (x0; � Y 0=b)) !
1
2

�
jY j2 + jY 0j2

�
+

1
2t

�
�x0 � x

�
�2

:(6.1.24)

By (6.1.20), (6.1.22) and (6.1.24), the convergence of the hypoelliptic heat kernels
to the elliptic heat kernel in (3.7.7) is clear in this case.

Remark 6.1.3. The hypoelliptic Laplacian L X
b;t on the Euclidean space serves as a

model operator for general versions, and the heat kernelqX
b;t((x; Y ); (x0; Y 0)) given

by (6.1.22) is a step stone for the estimates (3.7.6) of the general hypoelliptic heat
kernel. We refer to [B11, Sections 13.2, 13.3 and 15.1] for more details.

6.2. Twisted orbital integrals on an Euclidean vector space. Since we have
the explicit formulas for the elliptic heat kernelpt (x; x0) and the hypoelliptic heat
kernel qX

b;t((x; Y ); (x0; Y 0)) , we can calculate their orbital integrals by the de�nitions,
i.e., (4.2.6), (4.3.13).

Now we �x 
 2 E; � 2 O(E) such that 
 2 ker(1 � � ). We put e
 = 
� 2 I(E).
By (6.1.7), the centralizer ofe
 in E is

(6.2.1) Z (e
 ) = Z (� ) = ker(1 � � ):

Then we have

(6.2.2) p(e
 ) = z(e
 ) = z(� ); p? (e
 ) = z? (e
 ) = z? (� ); k(e
 ) = 0 :

By (6.1.13), the minimizing set is

(6.2.3) X (e
 ) = ker(1 � � )

Proposition 6.2.1. We have the following identity:

(6.2.4) Tr [e
 ][exp(t� E;H =2)] =
exp(�j 
 j2=2t)

(2�t )p=2

1
det(1 � � )j Im(1 � � )

:

Proof. The kernelpt (x; x0) is given explicitly in (6.1.16), by De�nition 4.2.3, we have

Tr [e
 ][exp(t� E;H =2)] =
Z

z? (e
 )
pt (f; 
 + �f )df

=
exp(�j 
 j2=2t)

(2�t )m=2

Z

z? (e
 )
exp(�

1
2t

j(1 � � )f j2)df

=
exp(�j 
 j2=2t)

(2�t )p=2

1
det(1 � � )jz? (e
 )

:

(6.2.5)

By (6.1.9), (6.2.5), we get (6.2.4). �
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Proposition 6.2.2. For b > 0; t > 0, the following identities hold:

Tr s
[e
 ][exp

�
� tL X

b

�
] = det(1 � e� t=b2

� )jE

�
Z

(f;Y )2 z? (e
 )� E
kE

b;t(( f; Y ); (
 + �f; �Y ))dfdY

=
exp(�j 
 j2=2t)

(2�t )p=2

1
det(1 � � )j Im(1 � � )

:

(6.2.6)

Proof. Since� 2 O(E), its transpose� T = � � 1, then

(6.2.7) Tr s
� � (E � ) [� exp(� tN � � (E � )=b2)] = det(1 � e� t=b2

� )jE :

Using the fact that jY j = j�Y j, (6.1.21) and Proposition 6.1.2, we get the �rst
equality.

The kernel functionkE
b;t((x; Y ); (x0; Y 0)) is given by (6.1.20). We rewrite the split-

ting of E in (6.1.8),

(6.2.8) E = z(e
 ) � z? (e
 ):

If Y 2 E, let Y = Y1 + Y2 be the corresponding orthogonal decomposition. Then
dY = dY1dY2. And � acting on E preserves this decomposition. We recall that

 2 z(e
 ).

By (6.1.20), we get

Z

(f;Y )2 z? (~
 )� E
kE

b;t(( f; Y ); (
 + �f; �Y ))dfdY

=
�

b2et=b2

4� 2 sinh(t=b2)( t � 2b2 tanh(t=2b2))

� m=2

�
Z

z? (~
 )� E
exp(� K b;t(( f; Y ); (
 + �f; �Y ))) dfdY:

(6.2.9)

By (6.1.19), (6.2.8), if f 2 z? (~
 ), we have

K b;t(( f; Y ); (
 + �f; �Y ))

=
1

2(t � 2b2 tanh(t=2b2))

�
�(1 � � )f + b2 tanh(t=2b2)(1 + � )Y2

�
�2

+
tb2 tanh(t=2b2)

t � 2b2 tanh(t=2b2)

�
�Y1 �



t

�
�2

+
1
2t

j
 j2

+
b2e� t=b2

2 sinh(t=b2)
j(1 � et=b2

� )Y2j2:

(6.2.10)
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We can separate the integration in (6.2.9) to the product of three integrals with
respect todf; dY1; dY2. Then we get

Z

(f;Y )2 z? (e
 )� E
kE

b;t(( f; Y ); (
 + �f; �Y ))dfdY

=
exp(�j 
 j2=2t)

(2�t )p=2

1
det(1 � � )jz? (e
 )

(et=b2
)m� p

(1 � e� t=b2 )p

1�
� det(1 � et=b2 � )jz? (e
 )

�
� :

(6.2.11)

Since� 2 O(E), the following identities hold:
�
� det(1 � et=b2

� )jz? (e
 )

�
� =

�
et=b2 � m� p

det(1 � e� t=b2
� )jz? (e
 ) ;

det(1 � e� t=b2
� )jE = (1 � e� t=b2

)p det(1 � e� t=b2
� )jz? (e
 ) :

(6.2.12)

Combining (6.1.9), (6.2.11) and (6.2.12), we get the second identity in (6.2.6). �

Remark 6.2.3. The identities (6.2.4) and (6.2.6) are compatible with the identities
in [B11, Propositions 10.6.2 and 10.6.3].

The last equation in (6.2.6) shows that the twisted orbital supertraceTr s
[e
 ][exp

�
�

tL X
b

�
] does not depend onb > 0, and it is equal to Tr [e
 ][exp(t� E;H =2)], which is a

consequence of Theorem 4.4.2. Now we verify that these results are compatible with
our formula in (5.2.1) for semisimple orbital integrals.

Use the notation in subsection 5.1, we have

(6.2.13) z0 = p0 = E; k0 = 0:

And

(6.2.14) z?
0 (e
 ) = p?

0 (e
 ) = z? (e
 ); k?
0 (e
 ) = z?

0 = 0:

Put p = dim z(e
 ).
Sincek(e
 ) = 0 , the function de�ned in (5.1.12) is just

(6.2.15) Je
 (0) =
1

det(1 � � )j Im(1 � � )
:

Recall that the representationE here is just the trivial representation onR. Then
the right-hand side of (5.2.1) reduces to the same number in (6.2.4):

(6.2.16)
exp(�j 
 j2=2t)

(2�t )p=2

1
det(1 � � )j Im(1 � � )

:
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7. Connections with local equivariant index theory

This section is devoted to verify the compatibility of our formula in Theorem
5.2.1 for the twisted orbital integrals of heat kernels to the Lefschetz �xed point
theorem of Atiyah-Bott [AB67, AB68] on locally symmetric spaces. Recall that the
McKean-Singer formula [McS67] expresses the equivariant index of a Dirac operator
D as a supertrace involving the heat kernel forD 2.

This section is organized as follows. In subsection 7.1, we construct the Dirac
operator D X acting on the twisted spinors over X. We show that under a proper
assumption ofK � , D X is invariant by the action of � � . We show that if 
� is
semisimple but non-elliptic,Tr s

[
� ][exp(� tD X; 2=2)] vanishes.
In subsection 7.2, we introduce the equivariant characteristic forms ofTX and of

N . We state a formula forTr s
[
� ][exp(� tD X; 2=2)] in terms of equivariant character-

istic forms when
� is elliptic.
In subsection 7.3, we establish the main result of subsection 7.2.
In subsection 7.4, we prove the compatibility of our formula to the Lefschetz

formulas for the action of� � on Z = � nX .
In subsection 7.5, we consider the case of de Rham operator ofX .
In subsection 7.6, we consider the case whereG = K . Then we get an identity of

characters ofK � .
In subsection 7.7, we consider the de Rham operator associated with a �at bundle

obtained via a representation ofG� .
Finally, in subsection 7.8, we apply Theorem 5.2.1 to the evaluation of the equi-

variant Ray-Singer analytic torsions overZ .

7.1. The classical Dirac operator on X . Here we will assumep to be even
dimensional and oriented, andK to be semisimple, connected and simply connected.
Recall that dim p = m.

Let Spin(p) be the Spin group ofp. We have the exact sequence of Lie groups,

(7.1.1) 1 �! Z2 �! Spin(p) �! SO(p) �! 1:

If m � 4, Spin(p) is just the universal cover ofSO(p). SinceK is connected and
simply connected, the adjoint representationK ! SO(p) lifts to a homomorphism
K ! Spin(p).

To avoid confusion with the notation in subsection 3.1, let�c(p) denote the Cli�ord
algebra of(p; B jp), and let Sp = Sp

+ � Sp
� be theZ 2-graded complex Hermitian vector

space ofp-spinors. Then we have the classical identi�cation ofZ2 graded algebras
by [ABS64, Part I: Ÿ5],

(7.1.2) �c(p) 
 C ' End(Sp):

Moreover,Spin(p) embeds in�c+ (p). Then Spin(p) acts unitarily on Sp and preserves
the Z2-grading. Therefore,K acts on Sp via a representation� Sp

induced by the
action of Spin(p). In particular, the action of K preservesSp

� .
By (3.1.10), if f 2 k, we have

(7.1.3) � Sp
(f ) = �c(ad(f )jp):
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The group K acts onSO(p), Spin(p) by conjugation. Set

(7.1.4) PSO(X ) = G � K SO(p); PSpin(X ) = G � K Spin(p):

Then the projection in (7.1.1) induces a double cover of principal bundlesPSpin(X ) !
PSO(X ). This gives a spin structure onX . Moreover, Sp descends to the Hermit-
ian vector bundle ST X = ST X

+ � ST X
� of (TX; gT X )-spinors. Let r ST X

denote the
induced connection onST X by the connection form! k.

We �x � 2 � , and we assume that its action onp preserves the orientation. Recall
that K � = K o � � . Then K � acts naturally on PSO(X ).

We will assume that the homomorphismK ! Spin(p) can be extended to a
homomorphismK � ! Spin(p). Then the action ofK � on PSO(X ) lifts to an action
on the bundlePSpin(X ). By [LM89, De�nition 14.10 in Chapter 3], this is equivalent
to say that the action of K � preserves the spin structure.

If e 2 p, then

(7.1.5) � Sp
(� )�c(e)� Sp

(� � 1) = �c(�e ) 2 �c(p):

In particular, we have the unitary representation

(7.1.6) � Sp
: K � ! Aut even(Sp):

We also assume that the representations(E; � E ) of K satisfy the conditions in
Proposition 2.4.7. This representation extends to a representation ofK � , which is
still denoted by � E . In general, this extension is not unique, we just �x one choice.
Now G� acts on sections ofST X 
 F over X , and this action is compatible with its
action on X . Recall that r F is a unitary connection onF with the curvature RF ,
and that r F is invariant under the action ofG� .

Let D X be the classical Dirac operator acting onC1 (X; S T X 
 F ). If e1; � � � ; em

is an orthogonal basis ofTX , then

(7.1.7) D X =
mX

i =1

�c(ei )r ST X 
 F
ei

:

We can writeD X in matrix form with respect to the Z2-splitting of C1 (X; S T X 
 F ),
so that

(7.1.8) D X =
�

0 D X
�

D X
+ 0

�
:

Let � X;H be the Bochner Laplacian acting onC1 (X; S T X 
 F ). Recall that SX

is the scalar curvature ofX , which is a constant given by (1.1.20). By a formula of
Lichnerowicz [Lic62], we have

(7.1.9) D X; 2 = � � X;H +
SX

4
+

1
2

X

1� i;j � m

�c(ei )�c(ej )RF (ei ; ej ):

Let L X be the operator de�ned in (3.6.2), withE replaced bySp 
 E . Then by
[B11, Theorem 7.2.1], we have

(7.1.10)
D X; 2

2
= L X �

1
48

Tr k[Ck;k] �
1
2

Ck;E :
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Put

(7.1.11) A = �
1
48

Tr k[Ck;k] �
1
2

Ck;E :

By Lemma 1.2.7,A commutes with K � . We get

(7.1.12)
D X; 2

2
= L X

A 2 Q � :

Let 
 2 G be such that 
� is semisimple. We still assume that

(7.1.13) 
 = eak� 1; a 2 p; k 2 K; Ad(k)a = �a:

Theorem 7.1.1. If 
� is nonelliptic, i.e., if a 6= 0, for Y k
0 2 k(
� ),

(7.1.14) Tr s
Sp

[� Sp
(k� 1� ) exp(� i� Sp

(Y k
0 ))] = 0 :

For any t > 0, we have

(7.1.15) Tr s
[
� ][exp(� tD X; 2=2)] = 0:

Proof. By [BGV04, Proposition 3.23], we have

(� 1)m=2
�
Tr s

Sp
[� Sp

(k� 1� ) exp(� i� Sp
(Y k

0 ))]
� 2

=

det(1 � Ad(k� 1� ) exp(� iad(Y k
0 ))) jp:

(7.1.16)

If a 6= 0, then a is an eigenvector inp of Ad(k� 1� ) exp(� iad(Y k
0 )) associated with

the eigenvalue1, so that (7.1.14) holds.
To prove (7.1.15), we use the formula in Theorem 5.2.1. Inside the integral in

(5.2.1), we have

Tr s
Sp 
 E [� Sp 
 E (k� 1� ) exp(� i� Sp 
 E (Y k

0 ) � tA )] =

Tr s
Sp

[� Sp
(k� 1� ) exp(� i� Sp

(Y k
0 ))]

� Tr E [� E (k� 1� ) exp(� i� 
 E (Y k
0 ) � tA )]

(7.1.17)

By (5.2.1), (7.1.14), (7.1.17), we get (7.1.15). �

7.2. The elliptic case. We still use the same assumptions as in subsection 7.1. We
can apply the results of section 2.

Let 
� 2 G� be an elliptic element. We may and we will assume that
 = k� 1; k 2
K . Then X (
� ) � X is just the �xed point set of 
� . Recall that X (
� ) is a totally
geodesic submanifold ofX and p1 2 X (
� ). Recall that

(7.2.1) p = dim p(
� ):

On X (
� ), let NX (
� )=X denote the normal ofX (
� ) in X . Then

(7.2.2) TX jX (
� ) = TX (
� ) � NX (
� )=X :

Note that 
� acts isometrically onTX jX (
� ) and preserves (7.2.2). We have

(7.2.3) dim TX (
� ) = p; dim NX (
� )=X = m � p:

In particular, p and m � p are even.
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Let � � 1; � � � ; � � s; 0 < � i � � be the distinct nonzero angles of this action on
NX (
� )=X , which correspond to the distinct angles of the action ofAd(k� 1)� on
p? (
� ). Let NX (
� )=X;� i ; 1 � i � s be the part of NX (
� )=X on which 
� acts by a
rotation of angle � i .

The action of 
� on TX jX (
� ) is parallel, so thatr T X induces metric connections
on the above subbundles ofTX jX (
� ) . Let RT X (
� ) , RNX ( 
�=X ) ;� i , 1 � i � s be the
their curvatures.

If � 2 Rn2� Z, set

(7.2.4) bA � (x) =
1

2 sinh(x+ i�
2 )

Given � i , let bA � i (NX (
�=X );� i ; r NX ( 
�=X ) ;� i ) be the corresponding multiplicative genus.
The equivariant bA-form of (TX jX (
� ) ; r T X jX ( 
� ) ) is given by

bA 
� (TX jX (
� ) ; r T X jX ( 
� ) )

= bA(�
RT X (
� )

2�i
)

sY

i =1

bA � i (NX (
�=X );� i ; r NX ( 
�=X ) ;� i ) 2 
 �(X (
� )) :
(7.2.5)

We have a similar formula for the closed formbA 
� (N jX (
� ) ; r N jX ( 
� ) ).
Note that there are questions of signs to be taken care of, because of the need to

distinguish between� i and � � i , especially for the case where� i = � . We refer to
[AB67, AB68] and also [LM89, Theorem 14.11 in Chapter 3], [BGV04, Chapter 6]
for more detail.

Let o(TX (
� )) , o(NX (
� nX )) be the orientation lines ofTX (
� ), NX (
� )nX respec-
tively. Because of the� 1 sign ambiguity in (7.2.5) explained as above, the di�eren-
tial form bA 
� (TX jX (
� ) ; r T X jX ( 
� ) ) can be regarded as a section of� �(T � X (
� )) 

o(NX (
� )=X ). Since the orientation ofTX is equivalent to the orientation ofp, then
bA 
� (TX jX (
� ) ; r T X jX ( 
� ) ) can be identi�ed naturally to a section of� �(T � X (
� )) 

o(TX (
� )) .

The equivariant Chern character form of the bundle(F; r F ) is given by

(7.2.6) ch
� (F jX (
� ) ; r F jX ( 
� ) ) = Tr[ � E (k� 1� ) exp(�
RF jX (
� )

2�i
)]:

The closed forms in (7.2.5), (7.2.6) onX (
� ) are exactly the ones that appear in
the Lefschetz �xed point formula of Atiyah-Bott [AB67, AB68].

Let the function bA 
� jp (0) on X (
� ) be the component of degree0 of the form
bA 
� (TX jX (
� ) ; r T X jX ( 
� ) ), and let the function bA 
� jk(0) be the component of degree
0 of bA 
� (N jX (
� ) ; r N jX ( 
� ) ). These are constants onX (
� ). Put

(7.2.7) bA 
� (0) = bA 
� jp (0) bA 
� jk(0):
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Using the same arguments as in the proof of [B11, Proposition 7.1.1] and (1.1.9),
one can prove the following identities of di�erential forms onX (
� ),

bA 
� (TX jX (
� ) ; r T X jX ( 
� ) ) bA 
� (N jX (
� ) ; r N jX ( 
� ) ) = bA 
� (0):

ch
� (TX jX (
� ) ; r T X jX ( 
� ) ) + ch 
� (N jX (
� ) ; r N jX ( 
� ) )

= Tr g[ad(k� 1� )]:

(7.2.8)

Let 	 be the canonical section of norm1 in � p(p(
� )� ) 
 o(p(
� )) (respec-
tively � p(T � X (
� )) 
 o(TX (
� ))). For � 2 � �(p(
� )� ) 
 o(p(
� )) (respectively
� �(T � X (
� )) 
 o(TX (
� ))), for 0 � l � p, let � (l ) be the component of� of degree
l. We de�ne � max 2 R by

(7.2.9) � (p) = � max 	 :

Theorem 7.2.1. If 
� = k� 1�; k 2 K , for any t > 0,

Tr s
[
� ][exp(� tD X; 2=2)]

=
1

(2�t )p=2

Z

k(
� )
J
� (Y k

0 )Tr s
Sp 
 E [� Sp 
 E (k� 1� ) exp(� i� Sp 
 E (Y k

0 ) � tA )]

exp(�j Y k
0 j2=2t)

dYk
0

(2�t )q=2

= [ bA 
� (TX jX (
� ) ; r T X jX ( 
� ) )ch
� (F; r F )]max :

(7.2.10)

Proof. The �rst identity in (7.2.10) follows from Theorem 5.2.1. The next section is
devoted to the proof of the second identity in (7.2.10). �

7.3. Proof of the second identity in (7.2.10). Recall that f (� ) 2 Aut( K ) is the
restriction of � to K , and that K � 0 is the closed subgroup ofK o Aut( K ) generated
by K and f (� ).

SinceK is simply connected, by [DK00, Corollary (3.15.5)], if� 2 Aut( K ), K (� )
is a connected Lie subgroup ofK .

Let kreg be the set of regular elements ink. By [DK00, Lemma (3.15.4)] and since
k is semisimple, there existŝ� 0 2 Aut( K ) such that �̂ 0 lies in the same connected
component ofAut( K ) as f (� ) and S = K (�̂ 0) is a torus of K , i.e., �̂ 0 is regular in
Aut( K ). Let s = k(�̂ 0) be the Lie algebra ofS.

By [DK00, Lemma (3.15.4)], there existsv 2 s \ kreg. If t = k(v) � k, then t is a
Cartan subalgebra ofk. Let T � K be the corresponding maximal torus ofK , and
let W be the associated Weyl group. Letc � t be the Weyl chamber that contains
v. Let R be the root system associated with(k; t), and let R+ � R be the positive
root system associated withc.

Since�̂ 0 �xs v, �̂ 0 preservest and c, so it preservesT and R+ . Also s � t, so that
S is a subtorus ofT. In particular,

(7.3.1) S = T(�̂ 0); s = t(�̂ 0):
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As explained in subsection 2.3, using the above root data ofk, we can construct
a group inclusion

(7.3.2) Out(K ) ,! Aut( K );

so that

(7.3.3) Aut( K ) ' Inn(K ) o Out(K ):

By (7.3.2), (7.3.3), we identifyOut(K ) with a �nite subgroup of Aut( K ) that acts
on K and preservesT, R+ .

Let � 2 Out(K ) is the image off (� ) 2 Aut( K ) under the projectionAut( K ) !
Out(K ). By (7.3.3), we identify � with an element in Aut( K ). Recall that

(7.3.4) K � = K o h� i :

Here h� i is the �nite cyclic group generated by� in Out(K ).
There existsk0 2 K (not unique in general) such that

(7.3.5) Ad(k0) � � = �̂ 0 2 Aut( K ):

Put �̂ = k0� 2 K � . By (7.3.1), we have

(7.3.6) S = K (�̂ ); s = t(�̂ ); k0 2 T:

There existsk0 2 K such that

(7.3.7) Ad(k� 1) � f (� ) = Ad( k0) � Ad( �̂ ) 2 Aut( K ):

By (2.4.2), (7.3.5), (7.3.7), we can put

(7.3.8) k� = kk0k0 2 K

so that

(7.3.9) f (� ) = Ad( k� ) � � 2 Aut( K ):

By [Seg68, Proposition I.4] and [BtD85, Proposition 4.3], there existsk1 2 K and
s0 2 S such that

(7.3.10) k0 = k1s0Ad( �̂ )(k� 1
1 ):

Then

(7.3.11) K (k� 1� ) = Ad( k1)(K (s0�̂ )) � K:

Moreover,

(7.3.12) S � K (s0�̂ ):

Lemma 7.3.1. The torus S is a maximal torus ofK (s0�̂ ).

Proof. SinceS is a torus in K (s0�̂ ), if S0 is a torus in K (s0�̂ ) containing S, then S0

is �xed by �̂ 0, so that S = S0. �
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By (7.3.11) and by Lemma 7.3.1,Ad(k1)S is a maximal torus ofK (k� 1� ).
Recall that � k is de�ned in (2.2.6). Since the adjoint actionŝ� , � preserveR+ , we

have

(7.3.13) Ad( �̂ )� k = � � k = � k 2 t � :

Using the scalar product ofk restricting to s, t , we identify s, t with s� , t � , so that
we can regards� as a subspace oft � . By (7.3.6), we have

(7.3.14) s� = t � (�̂ ) = t � (� ):

By (7.3.13), we get

(7.3.15) � k 2 s� :

By [Kos99, Proposition 1.84] and [B11, Proposition 7.5.1], we have

(7.3.16) 4� 2j� kj2 = �
1
24

Tr k[Ck;k] = �
1
4

B � (� k; � k):

Let � k : t ! C be the polynomial function

(7.3.17) � k(t) =
Y

� 2 R+

h2i��; t i :

Let � k, � t be the standard Laplacians ink; t. When acting onAd-invariant functions
on k, we have the identity of di�erential operators

(7.3.18) � k =
1
� k

� t � k:

Recall that r+ = jR+ j and that R+ de�nes a natural orientation on k=t. Let
%k : t ! C be the denominator in Weyl's character formula,

%k(t) =
Y

� 2 R+

(exp(i� h�; t i ) � exp(� i� h�; t i ))

= ( � i )r + det 1=2(1 � Ad(e� t )) jk=t:
(7.3.19)

The function %k(t) can be extended to a function onT.
As in (2.2.2), set

(7.3.20) NK � (c) = f bg 2 K � j Ad(bg)(c) = cg:

Then NK � (c) is a Lie subgroup ofK � , and

(7.3.21) �̂ 2 NK � (c):

In fact, one can verify

(7.3.22) NK � (c) = T o h� i :

Recall that the function � is de�ned on NK � (c) by (2.2.11). By (2.2.6), (7.3.19),
if t 2 T, then

(7.3.23) � (t) = e� 2�i� k(t)%k(t):

Lemma 7.3.2. There existsc(s0�̂ ) 2 S1 such that if t 2 t, then

(7.3.24) det 1=2(1 � exp(� ad(t))Ad( s0�̂ )) jk=t = c(s0�̂ )e� 2�i h� k;t i � (e� ts0�̂ ):
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Proof. Let r � k be the orthogonal space oft. Let c(r) denote the associated Cli�ord
algebra. The adjoint actions ofs0�̂ and T preservesr and its scalar product.

By (2.2.9), we get

(7.3.25) r 
 R C = n � �n:

Sinces0�̂ preservesR+ , it preserves the splitting in (7.3.25). Moreover, ift 2 s, then
the adjoint action of exp(� t) 2 S also preserves the splitting in (7.3.25).

Let � 1; � � � ; � r + be its eigenvalues ofAd(s0�̂ ) on n with corresponding eigenvectors
v1; � � � ; vr + 2 n, which form a C� basis ofn. Then

(7.3.26) Ad(s0�̂ )�vj = �� j �vj ; j = 1; � � � ; r+ :

where �v1; � � � ; �vr + is a basis of�n.
Take � j 2 [0; 2� ) such that � j = e

p
� 1� j . Put

(7.3.27) f j = vj + �vj 2 r; ej =
p

� 1vj �
p

� 1�vj 2 r:

Then f 1, e1, � � � , f r + , er + form a R-basis ofr, and each subspacer j spanned byf j ,
ej is invariant by Ad(s0�̂ ). Moreover, under the oriented basisf j , ej , Ad(s0�̂ ) acts
on r j by the matrix,

(7.3.28)
�
cos(� j ) � sin(� j )
sin(� j ) cos(� j )

�

Put

(7.3.29) A =

2

6
6
6
6
4

0 � � 1 � � � 0 0
� 1 0 � � � 0 0
...

...
. . .

...
...

0 0 � � � 0 � � d

0 0 � � � � d 0

3

7
7
7
7
5

Then A 2 so(r) and Ad(s0�̂ ) = eA 2 SO(r). Moreover,A preserves the splitting in
(7.3.25) and

(7.3.30) Avj =
p

� 1� j vj :

Put Sr = � �(n). By [BGV04, Proposition 3.19],Sr is just the spinor space associ-
ated with r. Let � Sr

denote the action ofc(r) on Sr. Using the identi�cation of Lie
algebras betweenso(r) and c2(r) in [BGV04, Proposition 3.7], so(r) acts on Sr by
� Sr

. In the same time,so(r) acts onSr by its action on n, which we denote by� .
By [BGV04, Lemma 3.29], we have

(7.3.31) � Sr
(A) = � (A) �

1
2

Tr n[A]:

Put

(7.3.32) eg = e� S r
(A ) 2 Spin(r):

Then eg is a lift of Ad(s0�̂ ) 2 SO(r). Another lift is � eg.
If t 2 t, then as in (7.3.31), we have

(7.3.33) � Sr
(� ad(t)) = � (� ad(t)) +

1
2

Tr n[ad(t)]:
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By (2.2.6), (2.2.9), we have

(7.3.34)
1
2

Tr n[ad(t)] = 2 �i h� k; ti :

Note that if g 2 U(n), then

(7.3.35) Tr s
� � n[� (g)] = det(1 � g)jn:

By [BGV04, Proposition 3.24], we have

det 1=2(1 � exp(� ad(t))Ad( s0�̂ )) jr

= � i r + Tr � � n
s [exp(� � Sr

(ad(t))eg]

= � i r + e� 1
2 Tr n [A ] det(1 � e� tAd(s0�̂ )) jn exp(2�i h� k; ti ):

(7.3.36)

By (2.2.11), we get

det(1 � e� tAd(s0�̂ )) jn
= ( � 1)r + det Ad(s0�̂ )jn exp(� 4�i h� k; ti )� (e� ts0�̂ ):

(7.3.37)

Set

(7.3.38) c(s0�̂ ) = � (� i )r + e� 1
2 Tr n [A ] det Ad(s0�̂ )jn 2 S1:

By (7.3.36), (7.3.37), (7.3.38), we get (7.3.24).
�

Remark 7.3.3. Lemma 7.3.2 is an extension of [Bou87, Lemmas 2.3.3 and 3.6.3].

Using (7.3.9) and the fact that� 2 Aut( G), we can extend the action of� on K
to an automorphism ofG, which we still denote by� , i.e.,

(7.3.39) � = Ad(( k� )� 1) � � 2 Aut( G):

Note that � as an automorphism ofG is no longer of �nite order. Moreover,� 2 � ,
and then we can regard̂� as an element ineK .

As in (7.3.11), we get,

(7.3.40) Z (k� 1� ) = Ad( k1)Z (s0�̂ ):

Also
z(k� 1� ) = Ad( k1)z(s0�̂ );

k(k� 1� ) = Ad( k1)k(s0�̂ );

p(k� 1� ) = Ad( k1)p(s0�̂ ):

(7.3.41)

From Proposition 2.1.2 and (2.1.5), we may and we will assume that(E; � E ) is
an irreducible unitary representation ofK � 0.

By Proposition 2.4.2 and (7.3.9), there is an irreducible unitary representation
(E; e� E ) of K � and a constantc� 2 S1 such that

e� E (� ) = c� � E ((k� )� 1)� E (f (� )) ;

e� E (k) = � E (k):
(7.3.42)
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We will denote by � E the character of� E on K � 0, and denote bye� E the character
of e� E on K � .

If h 2 K , by (7.3.8), (7.3.10), (7.3.42), we get

(7.3.43) e� E (k� 1
1 hk1s0�̂ ) = c� � E (hk � 1f (� )) :

Let P++ be the system of dominant weights with respect to the root dataR+ of
(K; T ). Let � 2 P++ be the highest weight of an irreducible component ofE as a
representation ofK , then by [B11, eq.(7.5.7)], when restricting to this irreducible
component, we have

(7.3.44) Ck;E = � 4� 2
�
j� k + � j2 � j � kj2

�
:

Since (E; � E ) is K � 0-irreducible, by Theorem 2.4.5, the set of highest weights
associated with the di�erent K -irreducible components ofE is a � -orbit in P++ . By
(7.3.13), the identity in (7.3.44) holds for allK -irreducible components ofE. Then
by (7.1.11), (7.3.16), the following identity inEnd(E) holds,

(7.3.45) A = 2� 2j� k + � j2:

Recall that 	 is the unit volume form onp(
� ) with values in o(p(
� )) . Let Pf[�]
be the Pfa�an on so(p(
� )) de�ned by 	 .

Proof of the second identity in(7.2.10). If the restricting of (E; � E ) to K is not ir-
reducible, by (2.2.20), (2.3.35), (7.3.42), both sides of the second identity in (7.2.10)
vanish. So we may as well assume that(E; � E ) is an irreducible representation of
K .

Let � 2 P++ be the highest weight of(E; � E ). By Lemma 2.2.2, we have,

(7.3.46) � � � = �:

Moreover, by (7.3.14), (7.3.15), (7.3.46), we have

(7.3.47) � + � k 2 s� :

As in [B11, (7.7.7)], if Y k
0 2 k(
� ),

Tr s
Sp

[� Sp
(k� 1� ) exp(� ic(ad(Y k

0 )))]

= Pf[ad( Y k
0 )jp(
� ) ] bA � 1(iad(Y k

0 )jp(
� ))
� bA � � 1keiY k

0 jp? ( 
� ) (0)
� � 1

:
(7.3.48)

By (5.1.12) and (7.3.48), we have

J
� (Y k
0 )Tr s

Sp
[� Sp

(k� 1� ) exp(� ic(ad(Y k
0 )))]

= ( � 1)dim p? (
� )=2Pf[ad(Y k
0 )jp(
� ) ] bA � 1(iad(Y k

0 )jk(
� ))

bA � � 1kjp? ( 
� ) (0)
� det(1 � exp(� iad(Y 0

k ))Ad( k� 1� )) jk? (
� )

det(1 � Ad(k� 1� )) jk? (
� )

	 1=2

(7.3.49)

Using (7.2.5), (7.3.39), (7.3.40), (7.3.41), if we replace
� by s0�̂ and replaceY k
0

by Ad(k� 1
1 )Y k

0 2 k(s0�̂ ) in the right-hand side of (7.3.49), the identity in (7.3.49)
still holds.
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Combining (5.2.1), (7.3.42),(7.3.45) and (7.3.49), we get

Tr s
[
� ][exp(� tD X; 2=2)]

=
(� 1)dim p? (s0 �̂ )=2c� 1

�

(2�t )p=2
e� 2� 2 t j� + � kj2

Z

k(s0 �̂ )
Pf[ad(Y k

0 )jp(s0 �̂ ) ] bA � 1(iad(Y k
0 )jk(s0 �̂ ))

bA �̂ � 1s� 1
0 jp? ( s0 �̂ ) (0)

� det(1 � exp(� iad(Y 0
k ))Ad( s0�̂ )) jk? (s0 �̂ )

det(1 � Ad(s0�̂ )) jk? (s0 �̂ )

	 1=2

Tr E [e� E (s0�̂ ) exp(� i e� E (Y k
0 ))] exp(�j Y k

0 j2=2t)
dYk

0

(2�t )q=2
:

(7.3.50)

Let 
 z(s0 �̂ ) be the curvature form associated withZ 0(s0�̂ ) ! X (s0�̂ ) as an ana-
logue of
 in (1.1.9), when replacingg by z(s0�̂ ). In particular,

(7.3.51) 
 z(s0 �̂ ) 2 � 2(p(s0�̂ )� ) 
 k(s0�̂ ):

If �; � 2 � �(p(s0�̂ )� ), a; b2 k(s0�̂ ), we de�ne

(7.3.52) h� 
 a; � � bi 0 = � ^ � ha; bi 2 � �(p(s0�̂ )� ):

Also we put

(7.3.53) j� 
 aj0;2 = h� 
 a; � 
 ai 0:

By [B11, eq. (7.5.17)], we have

(7.3.54) Pf[ad(Y k
0 )jp(s0 �̂ ) ] = [exp(�h Y k

0 ; 
 z(s0 �̂ ) i 0)]max :

As in [B11, eq. (7.5.19)], an explicit calculation shows,

(7.3.55) j
 z(s0 �̂ ) j0;2 = 0:

Then we can rewrite (7.3.50) as follows,

Tr s
[
� ][exp(� tD X; 2=2)]

=
(� 1)dim p? (s0 �̂ )=2c� 1

�

(2�t )p=2
e� 2� 2 t j� + � kj2

�
� Z

k(s0 �̂ )

bA � 1(iad(Y k
0 )jk(s0 �̂ )) bA �̂ � 1s� 1

0 jp? ( s0 �̂ ) (0)

� det(1 � exp(� iad(Y 0
k ))ad(s0�̂ )) jk? (s0 �̂ )

det(1 � ad(s0�̂ )) jk? (s0 �̂ )

	 1=2

Tr E [e� E (s0�̂ ) exp(� i e� E (Y k
0 ))] exp(�j Y k

0 + t
 z(s0 �̂ ) j0;2=2t)
dYk

0

(2�t )q=2

� max

:

(7.3.56)
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Set

L t =
� Z

k(s0 �̂ )

bA � 1(iad(Y k
0 )jk(s0 �̂ ))

det 1=2(1 � exp(� iad(Y 0
k ))ad(s0�̂ )) jk? (s0 �̂ )

Tr E [e� (s0�̂ ) exp(� i e� E (Y k
0 ))] exp(�j Y k

0 + t
 z(s0 �̂ ) j0;2=2t)
dYk

0

(2�t )q=2

� max

:

(7.3.57)

Let � k(s0 �̂ ) and � s be the standard Laplacian ink(s0�̂ ) and s respectively. Then we
can rewrite (7.3.57) as

L t =
�

exp(t� k(s0 �̂ )=2)
�

bA � 1(iad(Y k
0 )jk(s0 �̂ ))

det 1=2(1 � exp(� iad(Y 0
k ))ad(s0�̂ )) jk? (s0 �̂ )

e� E (s0�̂ exp(� iY k
0 ))

�
(� t
 z(s0 �̂ ))

� max

:

(7.3.58)

Let R0 be the root system of(k(s0�̂ ); s) and let R0
+ be a positive root system in

R0. Let � k(s0 �̂ )(y); %k(s0 �̂ )(y), y 2 s be the functions de�ned as in (7.3.17), (7.3.19)
with respect to (k(s0�̂ ); s). Put r 0

+ = jR0
+ j.

The function

bA � 1(iad(Y k
0 )jk(s0 �̂ )) det 1=2(1 � exp(� iad(Y 0

k ))ad(s0�̂ )) jk? (s0 �̂ )

e� E (s0�̂ exp(� iY k
0 ))

(7.3.59)

is invariant by adjoint action of K (s0�̂ ). By (7.3.18), we get

L t =
�

1
� k(s0 �̂ )

exp(t� s=2)
�

� k(s0 �̂ )(y) bA � 1(iad(y)jk(s0 �̂ ))

det 1=2(1 � exp(� iad(y))ad(s0�̂ )) jk? (s0 �̂ )

e� E (s0�̂ exp(� iy ))
�

(� t
 z(s0 �̂ ))
� max

:

(7.3.60)

The function appearing in the right-hand side of (7.3.60) is viewed as a function of
y 2 s, which is invariant by the Weyl group W(K 0(s0�̂ ); S), and lifts to a central
function on k(s0�̂ ). This guarantees that the function can be evaluated at� t
 k(s0 �̂ ) .

If y 2 s, then

(7.3.61) bA � 1(ad(y)jk(s0 �̂ )) =
%k(s0 �̂ )(y)
� k(s0 �̂ )(y)

:

By (7.3.17), (7.3.19), (7.3.61), we get

� k(s0 �̂ )(y) bA � 1(iad(y)jk(s0 �̂ )) = ( � i )r 0
+ %k(s0 �̂ )(iy )

= ( � 1)r 0
+ det 1=2(1 � exp(� iad(y))) jk(s0 �̂ )=s:

(7.3.62)
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Using the decompositionk=s = k=t � t=s and (7.3.24), we get

� k(s0 �̂ )(y) bA � 1(iad(y)jk(s0 �̂ )) det 1=2(1 � exp(� iad(y))Ad( s0�̂ )) jk? (s0 �̂ )

= ( � 1)r 0
+ c(s0�̂ ) det 1=2(1 � Ad(s0�̂ )) j t=se2� h� k;yi � (s0�̂ e � iy ):

(7.3.63)

Using (2.2.22) for the representation(E; e� E ) with u = s0�̂ and t = exp( � iy ); y 2 s,
we have

e2� h� k;yi � (s0�̂ e � iy )e� E (s0�̂ exp(� iy ))

=
X

s2 W (s0 �̂ )

det(s) det(Ad(( s0�̂ )� 1)) jkR + ns�R +
Tr[ � E (s0�̂ )jEs� � ]e2� hs�� k+ s��;y i(7.3.64)

Then the right-hand side in (7.3.64) implies that

L t = e2� 2 t j� k+ � j2
�

bA � 1(iad(� t
 z(s0 �̂ ))jk(s0 �̂ ))

det 1=2(1 � exp(it ad(
 z(s0 �̂ )))ad(s0�̂ )) jk? (s0 �̂ )

e� E (s0�̂ exp(it 
 z(s0 �̂ )))
� max

:

(7.3.65)

Then using (7.2.5), (7.2.7), we get

Tr s
[
� ][exp(� tD X; 2=2)]

=
c� 1

�

(2�t )p=2

�
i dim k? (s0 �̂ )=2Âs0 �̂ (0)Â � 1(iad(t
 z(s0 �̂ ))jk(s0 �̂ ))

det 1=2(1 � exp(it ad(
 z(s0 �̂ )))Ad( s0�̂ )) jk? (s0 �̂ ) e� E (s0� exp(it 
 z(s0 �̂ )))
� max

=
c� 1

�

(2�t )p=2

�
bAs0 �̂ (0)( bAs0 �̂ )� 1(iad(t
 z(s0 �̂ ))jk)e� E (s0�̂ exp(it 
 z(s0 �̂ )))

� max

:

(7.3.66)

Also the parametert is killed automatically in the right-hand side of (7.3.66).
Note that the curvature RT X jX ( 
� ) is given by the adjoint action of the connection

form 
 z(
� ) associated withZ 0(
� ) ! X (
� ), and that RF jX (
� ) = � E (
 z(
� )). By
(7.3.41), (7.3.42), (7.3.43), the last identity in (7.3.66) is just

(7.3.67)
�

bA 
� (0)( bA 
� )� 1(N jX (
� ) ; r N jX ( 
� ) )� E (� E (k� 1� exp(�
RF

2�i
)))

� max

Then by (7.2.6), (7.2.8), (7.3.67), we get the second identity in (7.2.10). �

Remark 7.3.4. We make a useful observation here. IfE = C is the trivial represen-
tation of K � 0, then the highest weight� = 0, by (7.3.63), (7.3.64), the function on
s

(7.3.68) y ! � k(s0 �̂ )(y) bA � 1(iad(y)jk(s0 �̂ )) det 1=2(1 � exp(� iad(y))Ad( s0�̂ )) jk? (s0 �̂ )

is an eigenfunction of� s associated with the eigenvalue4� 2j� kj2.
By (7.3.16), (7.3.41), the function ont(
� ) given by

(7.3.69) y ! � k(
� )(y) bA � 1(iad(y)jk(
� )) det 1=2(1 � exp(� iad(y))Ad( 
� )) jk? (
� )
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is an eigenfunction of� t(
� ) associated with the eigenvalue� 1
4B � (� k; � k).

7.4. The local equivariant index theorem on Z. We make the same assump-
tions as in subsections 1.8, 4.5, and we use the corresponding notation. In particular,
we assume� (�) = � .

Recall that Z = � nX is a compact orbifold, and the Abelian group� � acts on
Z . Also the bundle ofTX -spinorsST X descends to the bundle ofTZ-spinorsST Z .
The assumptions in subsection 7.1 makeST Z an equivariant Cli�ord module over
Z with respect to the action of � � . Moreover, the Cli�ord connection r ST Z 
 F is
� � -invariant.

The operator D X descends to the classical Dirac operatorD Z on Z , which acts
on C1 (Z; ST Z 
 F ) and commutes with� � . Similarly, the operator L X

A descends to
an operatorL Z

A . By (7.1.12), we have

(7.4.1)
1
2

D Z;2 = L Z
A :

Let D Z
+ be the corresponding component ofD Z with respect to the decomposition

in (7.1.8). Then D Z
+ is a Fredholm operator.

Let kerD Z be the kernel ofD Z in C1 (Z; ST Z 
 F ), which is naturally a �nite-
dimensional representation of� � . The equivariant index ofD Z (or Lefschetz num-
ber) associated with� is de�ned by

(7.4.2) Ind � � (�; D Z ) = Tr s
ker D Z

[� ]:

We now assume that� is torsion free. ThenZ is a compact smooth manifold.
Recall that � Z � Z is the �xed point set of � , which is a �nite disjoint union of
[X (
� )], [
 ]

�
2 E by (1.8.37). Let bA � (TZj � Z ; r T Z j � Z ), ch� (F; r F ) be the closed

di�erential forms on � Z de�ned by (7.2.5), (7.2.6).
By [AB67, AB68] and [LM89, Theorem 14.11 in Chapter 3],Ind � � (�; D Z ) can be

computed by the Lefschetz �xed point formula of Atiyah-Bott, so that

Ind � � (�; D Z ) = Tr s[� Z exp(� tD Z;2=2)]

=
Z

� Z

bA � (TZj � Z ; r T Z j � Z )ch� (F; r F ):
(7.4.3)

By Proposition 1.8.8, if [
 ]
�

2 E, the action of � on ST Z 
 F j [X (
� )] is equiv-
alent to the action of k� 1� on the corresponding vector bundleST X 
 F over
� \ Z (k� 1� )nX (k� 1� ). Then on each component[X (
� )] of � Z, the following func-
tion is constant,

(7.4.4)
�

bA � (TZj � Z ; r T Z j � Z )ch� (F; r F )
� max

and it is equal to

(7.4.5)
�

bAk � 1 � (TX jX (k � 1 � ) ; r T X jX ( k � 1 � ) )chk � 1 � (F; r F )
� max

:
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Then by (4.5.11), (4.5.17) and using Theorem 7.1.1, Theorem 7.2.1, we get

Tr s[� Z e� tD Z; 2=2] =
X

[
 ]
�

2 E

Vol(� \ Z (
� )nX (
� ))

�
�

bA � (TZj � Z ; r T Z j � Z )ch� (F; r F )
� max

=
X

[
 ]
�

2 E

Z

[X (
� )]

bA � (TZj � Z ; r T Z j � Z )ch� (F; r F ):

(7.4.6)

By (1.8.38), (7.4.6) is equivalent to the second identity in (7.4.3).

7.5. The de Rham operator. In this subsection, we no longer assume thatdim p
is of even dimension or thatK is simply connected. We assume thatG has compact
center. Recall our notationm = dim p.

Let (
 �
c(X ); dX ) be the de Rham complex of smooth forms onX with compact

support. Let dX � be the formal adjoint with respect to theL2 product induced by
the Riemannian structure onX .

Put

(7.5.1) D X = dX + dX � :

Then D X; 2 = [ dX ; dX � ] is the Hodge Laplacian ofX .
Let L X be the operator de�ned in (3.6.2) withE = � �(p� ). By [B11, Proposition

7.8.1], we have,

(7.5.2)
D X; 2

2
= L X �

1
8

B � (� k; � k) �
1
16

Tr p[Ck;p]:

Set

(7.5.3) � = �
1
8

B � (� k; � k) �
1
16

Tr p[Ck;p]:

By (3.4.7), (3.4.8), we also have

(7.5.4) � = �
1
8

B � (� g; � g):

It is a scalar operator on
 c
�(X ). By (7.5.2), (7.5.3), we can write

(7.5.5)
1
2

D X; 2 = L X
� :

Recall that the Casimir operatorCg descends to the operatorCg;X acting on 
 �
c(X ).

By (3.6.2), (7.5.4), (7.5.5), we get

(7.5.6) D X; 2 = Cg;X :

Let e(TX; r T X ) be the Euler form ofTX that is associated with the Euclidean
connectionr T X . If dim X is even-dimensional, then

(7.5.7) e(TX; r T X ) = Pf
�

RT X

2�

�
:

If dim X is odd-dimensional, thene(TX; r T X ) vanishes identically.
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The semisimple element
� is assumed to be in the form in (7.1.13). LetT(
� ) �
K (
� ) be a maximal torus with Lie algebrat(
� ) � k. As in [B17, eq.(8.9)], set

(7.5.8) b(
� ) = f e 2 p(k� 1� ) j [e;t(
� )] = 0 g:

Then

(7.5.9) a 2 b(
� ):

If Y k
0 2 k(
� ), there exists k0 2 K (
� ) such that Ad(k0)Y k

0 2 t(
� ). Then if
v 2 b(
� ), we have

(7.5.10) exp(ad(Y k
0 ))k� 1� Ad(k� 1

0 )v = v:

Theorem 7.5.1. If dim b(
� ) � 1, if t > 0,

(7.5.11) Tr s
[
� ][exp(� tD X; 2=2)] = 0:

In particular, if 
� is nonelliptic, then (7.5.11) holds.

Proof. Note if Y k
0 2 k(
� ), then

Tr s
� � (p� ) [exp(� i� � � (p� )(Y k

0 )) � � � (p� )(k� 1� )]

= det(1 � exp(iad(Y k
0 ))Ad( � � 1k)) jp:

(7.5.12)

If dim b(
� ) � 1, then by (7.5.10), the right-hand side in (7.5.12) vanishes identi-
cally. Using the formula in (5.2.1), we get (7.5.11). If
� is nonelliptic, then a 6= 0.
By (7.5.9), we getdim b(
� ) � 1.

�

Theorem 7.5.2. If 
� is elliptic, for t > 0,

(7.5.13) Tr s
[
� ][exp(� tD X; 2=2)] =

�
e(TX (
� ); r T X (
� ))

� max
:

Proof. Now 
 = k� 1 2 K . Then

(7.5.14) b(
� ) � p(
� ):

Moreover, by [K86, pp. 129],b(
� ) � t(
� ) is a Cartan subalgebra ofz(
� ).
Case 1: if m is odd and� preserves the orientation ofp, or if m is even and�

does not preserve the orientation ofp, then the right-hand side of (7.5.12) vanishes
identically so that the left-hand side of (7.5.13) vanishes. Alsodim p(
� ) is odd, so
that the right-hand side of (7.5.13) vanishes.

Case 2: if dim b(
� ) � 1, then by Theorem 7.5.1, the left-hand side in (7.5.13)
vanishes. Let! z(
� ) = ! k(
� ) + ! p(
� ) be the left-invariant 1-form on Z 0(
� ) with
values inz(
� ). Recall that 
 z(
� ) is the curvature of the connection formZ 0(
� ) !
X (
� ), i.e.,

(7.5.15) 
 z(
� ) = �
1
2

[! p(
� ) ; ! p(
� ) ] 2 � 2(p(
� )� ) 
 k(
� ):

By (7.5.10), if Y k
0 2 k(
� ), then

(7.5.16) Pf[ad(Y k
0 )] = 0 :
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By (7.5.7), (7.5.15), (7.5.16), we gete(TX (
� ); r T X (
� )) = 0 .
Case 3: if b(
� ) = f 0g, then t(
� ) is a Cartan subalgebra ofz(
� ). We may and

we will assume that eitherm is even and� preserves the orientation ofp, or m is
odd and � does not preserve the orientation ofp. Then dim p(
� ) is even.

By (7.5.12), we get

Tr s
� � (p� ) [exp(� i� � � (p� )(Y k

0 )) � � � (p� )(k� 1� )]

= ( � 1)dim p(
� )=2Pf[ad(Y k
0 )jp(
� ) ]2 bA � 2(iad(Y k

0 )jp(
� ))

det(1 � e� i ad(Y k
0 )Ad(k� 1� ))p? (
� ) :

(7.5.17)

By (5.1.12), we get

J
� (Y k
0 )Tr s

� � (p� ) [exp(� i� � � (p� )(Y k
0 )) � � � (p� )(k� 1� )]

= ( � 1)dim p(
� )=2Pf[ad(Y k
0 )jp(
� ) ]2 bA � 1(iad(Y k

0 )jz(
� ))
�

det(1 � e� i ad(Y k
0 )Ad(k� 1� ))z? (
� )

det(1 � Ad(k� 1� ))z? (
� )

� 1=2

:

(7.5.18)

We use the arguments as in (7.3.51) - (7.3.58). Then

Tr s
[
� ][exp(� tD X; 2=2)] =

(� 1)dim p(
� )=2

(2�t )p=2
e� t�

�
�

exp(t� k(
� )=2)
�

Pf[ad(Y k
0 )jp(
� ) ] bA � 1(iad(Y k

0 )jz(
� ))

� det(1 � e� i ad(Y k
0 )Ad(k� 1� ))z? (
� )

det(1 � Ad(k� 1� ))z? (
� )

� 1=2
�

(� t
 z(
� ))
� max

(7.5.19)

Let � k(
� )(Y k
0 ) be the corresponding function ont(
� ) as in (7.3.17). By (7.3.18),

we get

exp(t� k(
� )=2)
�

Pf[ad(Y k
0 )jp(
� ) ] bA � 1(iad(Y k

0 )jz(
� ))

� det(1 � e� i ad(Y k
0 )Ad(k� 1� ))z? (
� )

det(1 � Ad(k� 1� ))z? (
� )

� 1=2
�

=
1

� k(
� )(Y k
0 )

exp(t� t(
� )=2)
�

� k(
� )(Y k
0 )Pf[ad(Y k

0 )jp(
� ) ]

bA � 1(iad(Y k
0 )jz(
� ))

� det(1 � e� i ad(Y k
0 )Ad(k� 1� ))z? (
� )

det(1 � Ad(k� 1� ))z? (
� )

� 1=2
�

:

(7.5.20)

If we compare the right-hand side of (7.5.20) and the right-hand side of (7.3.60),
we may see that if we replaceG by its compact form, then we can apply the same
arguments as in (7.3.61) - (7.3.66) to evaluate (7.5.20). More precisely, put

(7.5.21) gC = g 
 R C; u =
p

� 1p � k:

The Lie algebrau is called the compact form ofg. By (7.5.21), we have

(7.5.22) gC = uC:
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Also B extends a negative de�nite bilinear form onu and a C-bilinear form on gC.
Let GC and U be the connected group of complex matrices associated with the Lie
algebrasgC and u. SinceG has compact center, by [K86, Proposition 5.3],U is a
compact Lie group.

Let � u 2 � 3(u� ) be de�ned by (3.4.5). One can verify

(7.5.23) B � (� u; � u) = B � (� g; � g):

Since� preserves the splitting (1.1.1), then� is an automorphism of Lie algebra
u. We will assume temporarily that � lifts to an automorphism � of U.

Let U(
� ) be the centralizer of
� in U with Lie algebra u(
� ) � u. Then

(7.5.24) u(
� ) =
p

� 1p(
� ) � k(
� ):

Moreover, t(
� ) is a Cartan subalgebra ofu(
� ). We still use T(
� ) � U denote
the corresponding maximal torus. Similarly, we have

(7.5.25) u? (
� ) =
p

� 1p? (
� ) � k? (
� ):

The root systemR(k(
� ); t(
� )) can be extend to a root systemR(u(
� ); t(
� )) .
Also the positive root systemR+ (k(
� ); t(
� )) can be extended to a positive root
systemR+ (u(
� ); t(
� )) .

Let � u(
� )(Y k
0 ) be the function ont(
� ) de�ned in (7.3.17) with respect tou(
� ).

Then

(7.5.26) � u(
� )(Y k
0 ) = � i dim p(
� )=2Pf[ad(Y k

0 )jp(
� ) ]� k(
� )(Y k
0 ):

The right-hand side in (7.5.20) can be rewritten as

� (� i )dim p(
� )=2

� u(
� )(Y k
0 )

exp(t� t(
� )=2)
�

� u(
� )(Y k
0 ) bA � 1(iad(Y k

0 )ju(
� ))

� det(1 � e� i ad(Y k
0 )Ad(k� 1� ))u? (
� )

det(1 � Ad(k� 1� ))u? (
� )

� 1=2
�(7.5.27)

By (7.3.69) in Remark 7.3.4, the function inY k
0 2 t(
� ),

(7.5.28) � u(
� )(Y k
0 ) bA � 1(iad(Y k

0 )ju(
� ))
� det(1 � e� i ad(Y k

0 )Ad(k� 1� ))u? (
� )

det(1 � Ad(k� 1� ))u? (
� )

� 1=2

is an eigenfunction of� t(
� ) associated with the eigenvalue� 1
4B � (� u; � u), which is

equal to � 1
4B � (� g; � g).

By (7.5.4), (7.5.19), we get

Tr s
[
� ][exp(� tD X; 2=2)] =

(� 1)dim p(
� )=2

(2�t )p=2

�
Pf[ad(� t
 z(
� ))jp(
� ) ]

bA � 1(iad(� t
 z(
� ))jz(
� ))
� det(1 � e� i ad(� t 
 z( 
� ) )Ad(k� 1� ))z? (
� )

det(1 � Ad(k� 1� ))z? (
� )

� 1=2
� max(7.5.29)
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By (7.5.15) and using the same arguments as in the proof of [B11, Proposition
7.1.1], one can prove that

(7.5.30) bA � 1(iad(� t
 z(
� ))jz(
� ))
� det(1 � e� i ad(� t 
 z( 
� ) )Ad(k� 1� ))z? (
� )

det(1 � Ad(k� 1� ))z? (
� )

� 1=2
= 1:

By (7.5.29), (7.5.30), we get

Tr s
[
� ][exp(� tD X; 2=2)] =

(� 1)dim p(
� )=2

(2�t )p=2

�
Pf[ad(� t
 z(
� ))jp(
� ) ]

� max

=
�
Pf

� ad(
 z(
� ))jp(
� )

2�

�
� max

:

(7.5.31)

By (7.5.7), we get (7.5.13).
In general, the adjoint action of� on u does not lift to an automorphism ofU. If

u is semisimple, then by [K86, Theorem 4.26], there exists a �nite cover groupU0 of
U which is simply connected so that� lifts to an automorphism of U0.

If u is not semisimple, letz(u) be the center ofu, then

(7.5.32) u = z(u) � [u; u]:

SinceG has compact center, we have

(7.5.33) z(u) � k:

Also the action of � on u preserves the splitting in (7.5.32). LetZ 0(U) be the
identity component of the center ofU and let Uss be the analytic subgroup ofU
with the Lie algebra [u; u]. Let eUss be the compact universal cover group ofUss.
Then U0 = Z 0(U) � eUss is a compact �nite cover group ofU. The action � on u lifts
to an automorphism ofU0.

Let K 0 � U0 be the analytic subgroup associated with the Lie subalgebrak. Then
K 0 is a �nite cover group ofK . If k 2 K , then Ad(k) on u can be replaced byAd(k0)
with somek0 2 K 0.

We useU0 and k0 2 K 0 instead ofU and k 2 K , the arguments (7.5.26) - (7.5.31)
still hold. This completes the proof of (7.5.13) in full generality. �

Let N � � (p� ) , N � � (T � X ) be the number operators of� �(p� ), � �(T � X ) respectively. If
g is an isometry ofp, then

(7.5.34) Tr s
� � (p� )

�
N � � (p� )g

�
=

@
@b

jb=0 det(1 � g� 1eb):

If the eigenspace associated with the eigenvalue1 is of dimension� 2, then the
quantity in (7.5.34) vanishes. Ifm is even andg preserves the orientation ofp, or if
m is odd andg does not preserve the orientation ofp, then by [B11, eq.(7.9.2)], we
have

(7.5.35) Tr s
� � (p� )

�
(N � � (p� ) �

m
2

)g
�

= 0:
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By Theorem 5.2.1, we obtain

Tr s
[
� ][

�
N � � (T � X ) �

m
2

�
exp(� tD X; 2=2)]

=
1

(2�t )p=2
exp(� t� � j aj2=2t)

Z

k(
� )
J
� (Y k

0 )

Tr s
� � (p� )

��
N � � (p� ) �

m
2

�
exp(� iad(Y k

0 ))ad(k� 1� )
� dYk

0

(2�t )q=2
:

(7.5.36)

Now an extension of [B11, Theorem 7.9.1] can be established.

Theorem 7.5.3. If one of the following three assumptions is veri�ed:

(1) m is even and� preserves the orientation ofp;

(2) m is odd and� does not preserve the orientation ofp;

(3) dim b(
� ) � 2,

then for t > 0, we have

(7.5.37) Tr s
[
� ][

�
N � � (T � X ) �

m
2

�
exp(� tD X; 2=2)] = 0:

Proof. The �rst two cases follows from (7.5.35) and (7.5.36). The third case follows
from (7.5.10), (7.5.12), (7.5.29) and (7.5.36). �

7.6. The case G = K . We now assumeG = K . Then g = k, p = 0. The space
X = G=K is reduced to one point. Then by (1.2.6),

(7.6.1) � = Aut( K )

We now take� 2 Aut( K ). Recall that K � is the compact group generated byK
and � in K o Aut( K ). Let (E; � E ) be a �nite-dimensional unitary representation of
K � . Put e
 = k� 1� , k 2 K .

Let A be the endomorphism ofE de�ned in (7.1.11). Then

(7.6.2) L X
A = 0:

The kernel eq(k) on K � associated withexp(� tL X
A ) is given by

(7.6.3) eq(k) = � E (k) 2 Aut (E):

Recall that the function Je
 (Y k
0 ) is given by (5.1.14).

Theorem 7.6.1. If t > 0, then
Z

k(e
 )
Je
 (Y k

0 )Tr E [� E (k� 1� ) exp(� i� E (Y k
0 ) � tA )]

exp(�j Y k
0 j2=2t)

dYk
0

(2�t )q=2
= Tr E [� E (k� 1� )]:

(7.6.4)

Proof. By (4.2.4), (4.2.6), (5.2.1), we get (7.6.4). This is a special case of Theorem
7.2.1. �
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7.7. The de Rham operator associated with a �at bundle. We still assume
that G has compact center. Let(E; � E ) be a representation ofG� . We use the same
notation � E for the restrictions of this representation toG, to K and to K � .

Recall gC, u are given in (7.5.21). LetUu, UgC be the enveloping algebras ofu,
gC respectively. Recall thatU, GC are the connected groups of complex matrices as-
sociated withu, gC. Then UgC can be identi�ed with the left-invariant holomorphic
di�erential operators on GC. By [K86, Proposition 5.6], GC is still reductive, and
G, U are closed subgroups ofGC. In particular, U is a maximal compact subgroup
of GC.

Let Cu be the Casimir operator ofU associated withB , by (1.1.18), (3.4.2), we
have

(7.7.1) Cu = Cg 2 Ug \ Uu:

The representation(E; � E ) can be regarded as a representation ofu, or a C-linear
representation ofgC. By Weyl's unitary trick [K86, Proposition 5.7], if U is simply
connected, then it is equivalent to consider representations ofG, of U on E, or
holomorphic representations ofGC on E. Also by the arguments in Case 3 of the
proof of Theorem 7.5.2, when replacingU by a �nite cover group of U, we can always
assume that� extends to an automorphism ofU and that the representation ofu
on E can be extended to a representation ofU. Then by (7.7.1), we have

(7.7.2) Cu;E = Cg;E 2 End(E):

Let T0 be a maximal torus ofU with Lie algebra t0 � u. Let R(u; t0) be the
associated root system with the positive roots systemR+ (u; t0). Recall that � u is
de�ned as in (2.2.6). If (E; � E ) is an irreducible unitary representation ofU with
the highest weight� 0 2 t0�, then by (7.3.44), (7.7.2), we get

(7.7.3) Cg;E = � 4� 2(j� u + � 0j2 � j � uj2):

Also by (7.3.16), (7.5.23), we have

(7.7.4) �
1
4

B � (� g; � g) = 4 � 2j� uj2:

The group � � now embeds inAut( U). Put

(7.7.5) U� = U o � � :

Then (E; � E ) is a representation ofU� . We equip E with a Hermitian metric hE

invariant by U� , then hE is also invariant by the action ofK � and � E maps p to
self-adjoint elements inEnd(E).

Put F = G� K E. Let r F be the Hermitian connection induced by the connection
form ! k. Then the map (g; v) 2 G � K E ! � E (g)v 2 E gives the canonical
identi�cation of vector bundles on X ,

(7.7.6) G � K E = X � E:

Then F is equipped with a canonical �at connectionr F;f so that

(7.7.7) r F;f = r F + � E (! p):
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Recall that RF is the curvature of r F ,

(7.7.8) RF = �
1
2

� E ([! p; ! p]):

As in (7.2.8), we claim that if k 2 K , then if x 2 X (k� 1� )

(7.7.9) Tr F
x [� F (k� 1� ) exp(�

RF

2�i
)] = Tr E [� E (k� 1� )]:

Indeed, using (7.7.8), one gets atx = p1 2 X (k� 1� ), s 2 R,

@
@s

Tr E [� � � (p� )
 E (k� 1� ) exp(�
sRF

2�i
)]

=
1

4�i
Tr E

�
[� E (! p); � E (! p)� � � (p� )
 E (k� 1� ) exp(

s� E ([! p; ! p])
4�i

)]
�

= 0:

(7.7.10)

When taking s = 0 and s = 1 in Tr E [� � � (p� )
 E (k� 1� ) exp(� sRF

2�i )], we get (7.7.9).
Let (
 �

c(X; F ); dX;F ) be the de Rham complex associated with the �at vector
bundle (F; r F;f ). Let dX;F; � be the adjoint operator ofdX;F with respect to the L2

metric on 
 �
c(X; F ). The Dirac operatorD X;F of this de Rham complex is given by

(7.7.11) D X;F = dX;F + dX;F; � :

Recall that c(p), bc(p) act on � �(p� ) by (3.1.5). Similarly, c(TX ), bc(TX ) act on
� �(T � X ). We still use e1, � � � , em to denote an orthonormal basis ofp or TX , and
let e1, � � � , em be the corresponding dual basis ofp� or T � X .

Let r � � (T � X )
 F;u be the connection on� �(T � X ) 
 F induced by r T X and r F .
Then the standard Dirac operator is given by

(7.7.12) D X;F =
mX

j =1

c(ej )r � � (T � X )
 F;u
ej

:

By [BMZ17, eq.(8.42)], we have

(7.7.13) D X;F = D X;F +
mX

j =1

bc(ej )� E (ej ):

The Casimir operatorCg descends to an elliptic di�erential operatorCg;X acting
on C1 (X; � �(T � X ) 
 F ), and recall that Cg;E de�nes a smooth section of endomor-
phism of F . As in (3.6.2), set

(7.7.14) L X;F =
1
2

Cg;X +
1
8

B � (� g; � g):

By [BMZ17, Proposition 8.4] and (3.4.8), (7.5.4), we have

(7.7.15)
D X;F; 2

2
= L X;F �

1
2

Cg;E �
1
8

B � (� g; � g):

In particular, D X;F; 2 commutes with the action ofG� .
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We still assume that 
� is a semisimple element given by (7.1.13). Recall that
b(
� ) � p(k� 1� ) is given in (7.5.8) and that the notation[�]max refers to the forms
on X (
� ).

Theorem 7.7.1. For t > 0, the following identity holds:

Tr s
[
� ][exp(� tD X;F; 2=2)]

=
exp(�j aj2=2t)

(2�t )p=2
exp(

t
48

Tr k[Ck;k] +
t

16
Tr p[Ck;p])

Z

k(
� )
J
� (Y k

0 )

Tr s
� � (p� )
 E [� � � (p� )
 E (k� 1� ) exp(� i� � � (p� )
 E (Y k

0 ) +
t
2

Cg;E )]

exp(�j Y k
0 j2=2t)

dYk
0

(2�t )q=2
:

(7.7.16)

If dim b(
� ) � 1, then

(7.7.17) Tr s
[
� ][exp(� tD X;F; 2=2)] = 0:

If 
� is elliptic, then

(7.7.18) Tr s
[
� ][exp(� tD X;F; 2=2)] =

�
e(TX (
� ); r T X (
� ))

� max
Tr E [� E (k� 1� )]:

Proof. The identity in (7.7.16) follows from (5.2.1), (7.5.3), (7.7.15).
As in (7.1.17), one can write

Tr s
� � (p� )
 E [� � � (p� )
 E (k� 1� ) exp(� i� � � (p� )
 E (Y k

0 ) +
t
2

Cg;E )]

= Tr s
� � (p� ) [� � � (p� )(k� 1� ) exp(� i� � � (p� )(Y k

0 ))]

� Tr E [� E (k� 1� ) exp(� i� E (Y k
0 ) +

t
2

Cg;E )]

(7.7.19)

By (7.7.19), the proof of (7.7.17) is exactly the same as the proof of Theorem
7.5.1.

The proof of (7.7.18) is a combination of the proofs of Theorem 7.2.1 and of
Theorem 7.5.2. We still use the same notation as in the proof of Theorem 7.5.2.

The arguments in Case 1 and Case 2 of the proof of Theorem 7.5.2 are still
applicable. Then we reduce the proof of (7.7.18) to Case 3 wheredim b(
� ) = 0 .
Then t(
� ) is the Cartan subalgebra ofk(
� ) and of u(
� ) in the same time.

Using the arguments (7.5.17) - (7.5.27), we get
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Tr s
[
� ][exp(� tD X;F; 2=2)] =

� (� i )dim p(
� )=2

(2�t )p=2
exp(� t� )

�
exp(t� u(
� )=2)

�
bA � 1(iad(Y k

0 )ju(
� ))

� det(1 � e� i ad(Y k
0 )Ad(k� 1� ))u? (
� )

det(1 � Ad(k� 1� ))u? (
� )

� 1=2

Tr E [� E (k� 1� ) exp(� i� E (Y k
0 ) +

t
2

Cg;E )]
�

(� t
 u(
� ))
� max

:

(7.7.20)

We may and we will assume that(E; � E ) is an irreducible unitary representation
of U� . Now we can proceed the arguments in subsection 7.3 to (7.7.20). Using the
corresponding character formula ofU as in (7.3.64) and by (7.5.30), (7.7.3), (7.7.4),
(7.7.9), we get (7.7.18). �

Remark 7.7.2. If we take E = C with the trivial representation, we get Theorem
7.5.1 and Theorem 7.5.2 as consequences of Theorem 7.7.1.

If we take G = K , (7.7.18) reduces to (7.6.4).

Theorem 7.7.3. If t > 0, the following identity holds:

Tr s
[
� ]

�
�
N � � (T � X ) �

m
2

�
exp(� tD X;F; 2=2)

�

=
exp(�j aj2=2t)

(2�t )p=2
exp(

t
48

Tr k[Ck;k] +
t

16
Tr p[Ck;p])

Z

k(
� )
J
� (Y k

0 )

Tr s
� � (p� )
 E

�
�
N � � (p� ) �

m
2

�
� � � (p� )
 E (k� 1� )

exp(� i� � � (p� )
 E (Y k
0 ) +

t
2

Cg;E )
�

exp(�j Y k
0 j2=2t)

dYk
0

(2�t )q=2
:

(7.7.21)

If m is even and� acting on p preserves the orientation, orm is odd and� does
not preserve the orientation ofp, or if dim b(
� ) � 2, then (7.7.21) vanishes.

Proof. The proof of (7.7.21) follows from (5.2.1), (7.5.3), (7.7.15). The proof of the
rest part is the same as the proof of Theorem 7.5.3. �

Corollary 7.7.4. If 
� is elliptic, i.e., 
 = k� 1 2 K , if dim b(
� ) = 0 , then

Tr s
[
� ]

�
�
N � � (T � X ) �

m
2

�
exp(� tD X;F; 2=2)

�
= 0:(7.7.22)
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Proof. As in the proof of Theorem 7.5.2, when
� is elliptic, b(
� ) � t(
� ) is a
Cartan subalgebra ofz(
� ).

If dim b(
� ) = 0 , then dim p(
� ) is even. If 
 preserves the orientation ofp, then
dim p? (
� ) is even. If 
 does not preserves the orientation ofp, then dim p? (
� ) is
odd. By Theorem 7.7.3, we get (7.7.22). �

7.8. Equivariant Ray-Singer analytic torsions on Z . Let Z be the compact
smooth manifold considered in subsection 7.4. The group� � acts onZ isometrically.

The �at vector bundle F de�ned in subsection 7.7 descends to a �at vector bundle
on Z , which we still denote byF on which � � also acts. Also the operatorD X;F

descends to the corresponding operatorD Z;F so that

(7.8.1) D Z;F = dZ;F + dZ;F; � :

Then D Z;F commutes with � � .
Let H �(Z; F ) be the cohomology of(
 �(Z; F ); dZ;F ). By Hodge theory,

(7.8.2) kerD Z;F ' H �(Z; F ):

Recall that the equivariant index ofD Z;F is de�ned in (7.4.2). In this case, we will
change the notation to

(7.8.3) � � (F ) = Tr s
H � (Z;F ) [� ]:

Let N � � (T � Z ) denote the number operator on
 �(Z; F ). By standard heat equation
methods, there existsl with 2l 2 N> 0 such that ast ! 0, for k 2 N,

Tr s
�
N � � (T � Z ) � Z exp(� tD Z;F; 2)

�
=

al

t l
+

al � 1=2

t l � 1=2
+ � � � + a0 + a1=2t1=2+

� � � + ak� 1=2tk� 1=2 + ak tk + o(tk):
(7.8.4)

Let (D Z;F; 2)� 1 be the inverse ofD Z;F; 2 acting on the orthogonal space ofkerD Z;F in

 �(Z; F ).

De�nition 7.8.1. For s 2 C, Re(s) > l , set

(7.8.5) #� (gT Z ; r F;f ; gF )(s) = � Tr s
�
N � � (T � Z ) � Z (D Z;F; 2)� s

�
:

By [See67],#� (gT Z ; r F;f ; gF )(s) extends to a meromorphic function ofs 2 C,
which is holomorphic nears = 0.

De�nition 7.8.2. Put

(7.8.6) T� (gT Z ; r F;f ; gF ) =
1
2

@#� (gT Z ; r F;f ; gF )
@s

(0):

Then (7.8.6) is called the equivariant Ray-Singer analytic torsion of the de Rham
complex(
 �(Z; F ); dZ;F )[RS71, RS73, BG04, BL08].
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For t > 0, as in [BL08, eq.(1.8.5)], put

bt (F; gF ) =
1
2

Tr s

�
�
N � � (T � Z ) �

m
2

�
� Z (1 � tD Z;F; 2=2) exp(� tD Z;F; 2=4)

�

=
1
2

(1 + 2t
@
@t

)Tr s

�
�
N � � (T � Z ) �

m
2

�
� Z exp(� tD Z;F; 2=4)

�
:

(7.8.7)

Then bt (F; gF ) is a smooth function int > 0.
Put

(7.8.8) � 0
� (F ) =

mX

j =0

(� 1)j j Tr H j (Z;F ) [� ]:

By [BL08, eqs.(1.8.7),(1.8.8)], ast ! 0,

(7.8.9) bt (F; gF ) = O(
p

t):

As t ! + 1 ,

(7.8.10) bt (F; gF ) =
1
2

� 0
� (F ) �

m
4

� � (F ) + O(1=
p

t):

Set

(7.8.11) b1 (F; gF ) =
1
2

� 0
� (F ) �

m
4

� � (F ):

Let �( s) be the Gamma function. By [BL08, eq.(1.8.11)], we have

T� (gT Z ; r F;f ; gF ) = �
Z 1

0
bt (F; gF )

dt
t

�
Z + 1

1
(bt (F; gF ) � b1 (F; gF ))

dt
t

� (� 0(1) + 2(log(2) � 1))b1 (F; gF ):
(7.8.12)

By (4.5.11), (4.5.17), we get, fort > 0,

Tr s

�
�
N � � (T � Z ) �

m
2

�
� Z exp(� tD Z;F; 2=4)

�

=
X

[
 ]
�

2 C

Vol(� \ Z (
� )nX (
� ))

Tr s
[
� ]

�
�
N � � (T � X ) �

m
2

�
exp(� tD X;F; 2=4)

�
:

(7.8.13)

For 
 2 � , if 
� is conjugate to an elementeak� 1� as in (7.1.13), put

(7.8.14) � (
� ) = dim b(eak� 1� ):

Then � (
� ) is an integer which depends only the class[
 ]
�

2 C. We also put

(7.8.15) � ([
 ]
�
) = � (
� ):

Proposition 7.8.3. If one of the following three assumptions is veri�ed:

(1) m is even and� preserves the orientation ofp;

(2) m is odd and� does not preserve the orientation ofp;

(3) For 
 2 � , � (
� ) 6= 1,
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then we have

(7.8.16) T� (gT Z ; r F;f ; gF ) = 0

Proof. If m and � verify one assumption of the �rst two cases in Proposition 7.8.3,
then by Theorem 7.7.3 and (7.8.13), we get, fort > 0,

(7.8.17) Tr s[
�
N � � (T � Z ) �

m
2

�
� Z exp(� tD Z;F; 2=4)] = 0:

By (7.8.7), (7.8.17), we get the functionbt (F; gF ) vanishes identically fort > 0. In
particular,

(7.8.18) b1 (F; gF ) = 0 :

By (7.8.12), we get (7.8.16).
Note that if 
 2 � is such that 
� is non-elliptic, then � (
� ) � 1. If the third

assumptions is veri�ed, then if
 2 � , by Theorem 7.7.3, Corollary 7.7.4, the identity
(7.8.17) still holds. Then the same arguments above shows that (7.8.16) holds. This
completes the proof of our proposition. �

Note that Proposition 7.8.3 is just an analogue of some classical results of the
analytic torsion as in [MS91, Corollary 2.2], [Lot94, Proposition 9], [BL95, Theorem
3.26], [B11, Section 7.9], [BMZ17, Theorem 8.6].
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8. A Kirillov formula and the W-invariant

The purpose of this section is to construct a sequence of representations associated
with a given representation ofU� . Also we prove a Kirillov formula to compute the
asymptotic behaviour of associated characters.

Also in we recall the construction of theW-invariant of locally symmetric space
in [BMZ17], which will be applied to the commutatorZ 0(
� ).

This section is organized as follows. In subsection 8.1, we recall a �xed point
formula of Berline and Vergne [BV85] forU� .

In subsection 8.2, whenE is a representation ofU� with a �xed highest weight
� by � , we construct a sequence of representations ofU� using the geometry of the
�ag manifold M � , eventually by replacing� by d� .

In subsection 8.3, we recall the constructions of the formW on X associated
with the group G. This construction will be applied to the symmetric spaceX (
� )
associated withZ 0(
� ) with 
 2 K .

In subsection 8.4, we show that the nondegeneracy condition associated with
G implies the nondegeneracy condition associated withZ 0(
� ) in the case of the
coadjoint orbit of � .

8.1. A �xed point formula of Berline and Vergne. We use the same notation
as in subsections 7.5, 7.7. Recall thatU is the compact form ofG, so that K is a
closed subgroup ofU. We assume that� acts onU as an automorphism. Then� �

acts onU. Recall that

(8.1.1) U� = U o � � :

Let M be a compact complex manifold equipped with a holomorphic action ofU� .
We denote byTM the holomorphic tangent bundle ofM . Let gT M be aU� -invariant
Hermitian metric on TM .

Let L be a holomorphic line bundle onM , let gL be a Hermitian metric on L,
and let r L denote the corresponding Chern connection. Ifr L is the curvature of
r L , then

(8.1.2) c1(L; gL ) = �
r L

2�i
:

In the sequel, we assume thatc1(L; gL ) is a positive(1; 1)-form, i.e., if B 2 TM ,
then � ic1(L; gL )(B; B) de�nes a Hermitian metric on TM . We also assume that
the holomorphic action ofU� on M lifts to a holomorphic unitary action on L.

If y 2 u, let yM be the associated real vector �eld onM , and let LL
y denote the

natural action of y on the smooth sections ofL, which lifts yM to L. Then yM (1;0)

is a holomorphic section ofTM . Let � : M ! u� be the map such that

(8.1.3) LL
y = r L

yM � 2�i h�; y i :

We call � the moment map associated with the action ofU on L.
If y1, y2 2 u, then by [BMZ17, eq.(3.8)], we have

(8.1.4) h�; [y1; y2]i = c1(L; gL )(yM
1 ; yM

2 ):
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Let r T M be the Chern connection onTM , and let RT M be its curvature. If y 2 u,
let LT M

y be the natural action of y on the smooth sections ofTM . Let � T M (y) be
the map given by

(8.1.5) 2�i� T M (y) = r T M
yM � LT M

y :

Set

(8.1.6) � = det TM:

Then � is a holomorphic line bundle onM .
The metric gT M induces a Hermitian metricg� on � , and U� acts holomorphically

and isometrically on� . Also the analogues of (8.1.2) - (8.1.4) hold. Letr � denote
the corresponding Chern connection on� , and let r � be the curvature ofr � . Then

(8.1.7) r � = Tr[ RT M ]:

By (8.1.2), we have

(8.1.8) c1(�; g � ) = �
1

2�i
Tr[RT M ]:

Let � : M ! u� be moment map associated with the action ofU on M and
c1(�; g � ). Then by (8.1.3),

(8.1.9) L �
y = r �

yM � 2�i h�; y i :

By (8.1.5), (8.1.9), we have

(8.1.10) Tr[ � T M (y)] = h�; y i :

Put Ld = L 
 d. If i � 0, H (0;i )(M; L d) is a �nite-dimensional representation ofU� .
By Kodaira's vanishing theorem, ford 2 N such that c1(Ld 
 �; g L d 
 � ) > 0, if i > 0,
H (0;i )(M; L d) vanishes.

If B is a complex(q; q) matrix, put

(8.1.11) jB j = sup
s2 Sp(B )

jsj:

If B is such that jB j < 2� , set

(8.1.12) Td(B) = det
B

1 � e� B
:

If B is Hermitian, no condition onB is necessary to de�neTd(B).
Set

(8.1.13) e(B) = det B:

We �x u0 2 U� . Put

(8.1.14) Z = U� (u0) \ U:

Let Z 0 be the connected component ofZ containing the identity, and let z � u be
the Lie algebra ofZ .

Let u0 M be the �xed point set of M . Then u0 M is a complex submanifold ofM ,
and the groupZ acts holomorphically and isometrically onu0 M .
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If x 2 u0 M , let ei� 1 , � � � , ei� l , 0 � � 1; � � � ; � l < 2� be the distinct eigenvalues of
u0 acting on TxM . Sinceu0 is parallel, these eigenvalues are locally constant on
u0 M . Then TX ju 0 M splits holomorphically as an orthogonal sum of the subbundles
TM � j . The Chern connectionr T M ju 0 M on TM ju 0 M splits as the sum of the Chern
connection onTM � j . Let R� j denote the corresponding curvature.

The equivariant Todd genus is given by

Tdu0 (TM ju 0 M ; gT M ju 0 M ) = Td( �
R0

2�i
)

Y

� j 6=0

� Td
e

��
�

R� j

2�i
+ i� j

�
:(8.1.15)

If y 2 z, let � T M ju 0 M (y) be the restriction of � T M (y) to u0 M , which is given by
the same formula as in (8.1.5) with respect to the action ofZ on TM ju 0 M .

The action of � T M ju 0 M (y) preserves the splitting ofTM ju 0 M . Then the equivariant
Todd genusTdu0

y (TM ju 0 M ; gT M ju 0 M ) is given by the same formula in (8.1.15) when

replacing �
R� j

2�i
by the equivariant curvature �

R� j

2�i
+ � T M � j (y). Also, we denote by

Tdu0
y (TM ju 0 M ) the equivariant cohomology class ofTdu0

y (TM ju 0 M ; gT M ju 0 M ). We
refer to [BV85], [BGV04, Chapter 7] for more details.

If x 2 u0 M , u0 acts on L x by a complex number� L (u0) of modulo 1. The
equivariant Chern character form ofL ju 0 M is given by

chu0
y (L ju 0 M ; gL ju 0 M ) = � L (u0) exp

�
2�i h�; y i + c1(L ju 0 M ; gL ju 0 M )

�
:(8.1.16)

If d 2 N, then

chu0
y (Ldju 0 M ; gL d ju 0 M ) = � L (u0)d exp

�
2�id h�; y i + dc1(L ju 0 M ; gL ju 0 M )

�
:(8.1.17)

For u 2 U� , set

(8.1.18) � L;d (u) = Tr s
H (0 ; � ) (M;L d ) [u]:

By [BV85, Theorem 3.23], ify is in a small neighbourhood ofz, we have

� L;d (u0ey) =
Z

u 0 M
Tdu0

y (TM ju 0 M )� L (u0)d

exp
�
2�id h�; y i + dc1(L ju 0 M ; gL ju 0 M )

�
:

(8.1.19)

8.2. A sequence of unitary representations of U� . Let ureg be the set of regular
elements inu.

Lemma 8.2.1. We have

(8.2.1) u(� ) \ ureg 6= ; :

Proof. If u is Abelian, then 0 2 ureg. If u is not Abelian, as in (7.5.32), ifz(u) is the
center ofu, then

(8.2.2) u = z(u) � [u; u]:

Since[u; u] is semisimple, it is isomorphic to the Lie algebra ofAut( U). In partic-
ular, if � 2 Aut( U), by [DK00, Lemma (3.15.4)],[u; u](� ) contains regular elements
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in [u; u]. By (8.2.2), a regular element in[u; u] is also regular inu. This completes
the proof. �

We �x v 2 u(� ) \ ureg. If t0 = u(v), then t0 is a Cartan subalgebra ofu. Let T0 � U
be the corresponding maximal torus. LetRU be the associated root system, and let
WU be the associated Weyl group. Letc � t0 be the Weyl chamber containingv,
and let P++ (c) be set of the dominant weights onu with respect to c.

Put

(8.2.3) a = t0 \ u(� ):

Then a is a Cartan subalgebra ofu(� ). Let A � U0(� ) be the corresponding maximal
torus.

Let (E; � E ) be an irreducible unitary representation ofU� , and let � E be its char-
acter. Since� preservesRU+ , then by Theorem 2.4.5,� E (� ) permutes the di�erent
U-irreducible components inE. If (E; � E ) is not irreducible as aU-representation,
then if u 2 U, � E (u� ) = 0 .

We may and we will assume that(E; � E ) is also irreducible as aU-representation.
Let � 2 P++ (c) be the highest weight of(E; � E ). Then

(8.2.4) � � � = �:

Then � 2 a� .
Set

(8.2.5) U� (� ) = f u 2 U� : u � � = � g:

Put

(8.2.6) U(� ) = U� (� ) \ U:

Then

(8.2.7) U� (� ) = U(� ) o � � :

Recall that the group NU � (c) is de�ned as in (7.3.20) for the groupU� , then

(8.2.8) NU � (c) � U� (� ):

By [W73, Lemma 6.2.2],U(� ) is a connected compact subgroup ofU. Moreover,
by [P09, Propositions 1.2.20 and 1.2.22], there exists a torus

(8.2.9) T1 � A

such that

(8.2.10) U(� ) = ZU (T1):

It is clear that

(8.2.11) T0 � U(� ):

If � is regular, we haveU(� ) = T0 and T1 = A.
Let u(� ) be the Lie algebra ofU(� ), and let t1 be the Lie algebra ofT1. Then

(8.2.12) t1 � t0 � u(� ):
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Let R1 denote the root system of(u(� ); t0). Then

(8.2.13) R1 � RU :

De�nition 8.2.2. A Weyl chamberc0 relative to (u; t0) is calledT1-admissible if there
exists a Weyl chamberc1 of (u(� ); t0) such that if RU+ , R1;+ are the positive roots
systems ofRU , R1 associated withc0, c1, then

(1) R1;+ = RU+ \ R1;
(2) If � 2 RU+ nR1;+ , � 0 2 R1, if � + � 0 2 RU , then � + � 0 2 RU+ nR1;+ .

By [W73, Lemma 6.2.9], there always existsT1-admissible Weyl chamberc0 of
(u; t0). Put

(8.2.14) b+ =
X

� 2 RU + nR1;+

u� :

One can verify that

(8.2.15) [u(� ); b+ ] � b+ ; [b+ ; b+ ] � b+ :

Set

(8.2.16) M � = U=U(� ):

Then by [W73, Lemma 6.2.13],M � is a complex manifold with

(8.2.17) TM � = U � U(� ) b+ :

Moreover, U acts holomorphically and isometrically onM � . Put n� the complex
dimension ofM � .

In fact, if � is regular, then we can takec0 = c, M � is a complex manifold which
does not depend on� . Put

(8.2.18) M = U=T0:

We have a holomorphic projection

(8.2.19) p� : M ! M � :

Moreover,p� is U-equivariant.
Since� preservesU(� ), the group U� acts onM � . We have the identi�cation of

homogeneous spaces,

(8.2.20) M � = U� =U� (� ):

Use the arguments in [W73, Proof of Lemma 6.2.9], there always exists aT1-
admissible Weyl chamberc0 such that RU+ is preserved by� , and that � is a
dominant weight with respect to c0. Then the action of � preservesb+ , and the
holomorphic action ofU on M � extends to a holomorphic action ofU� on M � .

By (8.2.17), (8.2.20), we get

(8.2.21) TM � = U� � U � (� ) b+ :

Let E b+ � E be the vector space

(8.2.22) E b+ = f w 2 E : if v 2 b+ ; then � E (v)w = 0g

Then E b+ is preserved byU� (� ). Recall that E � is the highest weight line ofE.
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Lemma 8.2.3. We have

(8.2.23) E b+ = E � :

Moreover, the di�erential of the representationE � of U(� ) at 1 2 U(� ) is given by
2�i� : u(� ) ! C.

Proof. Clearly, E � � E b+ . We only need to prove thatdimC E b+ = 1.
We claim that E b+ is an irreducible unitary representation ofU(� ) with highest

weight � . Indeed, if there are two linearly independent, non-zero highest weight
vectors in E b+ as aU(� ) representation, then these two vectors are also the highest
weight vectors with respect to the action ofU on E, so that this is a contradiction
with the assumption that E is U-irreducible.

If � 2 R1;+ , then h�; � i = 0. Let � u(� ) be the element de�ned in (2.2.6) forR1;+ .
Then by the dimension formula [BtD85, Chapter VI, Theorem (1.7)], we have

(8.2.24) dimC E b+ =
Y

� 2 R1;+

h�; � + � u(� ) i
h�; � u(� ) i

= 1:

�

Put

(8.2.25) L � = U� � U � (� ) E � :

Then L � is a holomorphic line bundle overM � with the U� -invariant Hermitian
metric gL � , and c1(L � ; gL � ) is a closed symplectic(1; 1)-form. The action of U� on
M � lifts to a holomorphic unitary action on L � .

By [W73, Theorem 6.3.7],H (0;0)(M � ; L � ) is a unitary representation ofU� iso-
morphic to (E; � E ). If d 2 N> 0, put

(8.2.26) Ed = H (0;0)(M � ; Ld
� ):

Then (Ed; � Ed ) is an irreducible unitary representation ofU� associated with the
highest weightd� 2 P++ (c0). Let � d be the character ofU� associated with(Ed; � Ed ).

By the results in subsection 8.1, the character� d is given by (8.1.19). In the
sequel, ifu 2 U� , we will give an explicit description for the �xed point set ofu in
M � .

Put

(8.2.27) NU (T0)( � ) = f u 2 NU (T0) : Ad( u)j t0 commutes with� j t0g:

Then NU (T0)( � ) is a closed subgroup ofNU (T0). Let NU (A) be the normalizer ofA
in U, then one can verify that

(8.2.28) NU (T0)( � ) = NU (A):

If u 2 NU (T0)( � ), then

(8.2.29) u � � 2 a� :



130 BINGXIAO LIU

If 
 2 U, put u0 = 
� 2 U� , then by [Seg68, Proposition I.4], there existsu 2 U,
t0 2 A such that

(8.2.30) u0 = ut0� (u� 1)�:

Remark 8.2.4. Since in general� is not of �nite order, (8.2.30) is not a direct
consequence of [Seg68, Proposition I.4]. But a slight modi�cation of the proof of
[Seg68, Proposition I.4] will extend its conclusion to our case.

As in (8.1.14), put Z = U(u0), and let z be its Lie algebra. Put

(8.2.31) a0 = t0� 2 A � :

Let U(a0) be the centralizer ofa0 in U, and let U0(a0) be its identity connected
component. Moreover,

(8.2.32) t0 \ u(a0) = a:

Then A is also a maximal torus ofU0(a0).
By (8.2.30), we get

(8.2.33) Z = uU(a0)u� 1; Z 0 = uU0(a0)u� 1:

Then Ad(u)(A) is a maximal torus ofZ .
Let u0 M be the �xed point set of u0 in M , let u0 M � be the �xed point set of u0

in M � . If u0 2 U, let [u0]� , [u0] denote, respectively, the corresponding points inM � ,
M .

Lemma 8.2.5. We have

(8.2.34) u0 M � = Z 0uNU (T0)( � )U(� )=U(� ) � M � :

Moreover, u0 M � has �nite connected components. Ifu0 2 uNU (T0)( � ), then the
connected component of[u0]� is isomorphic to the �ag manifold Z 0=Z0(u0 � � ) as
complex manifolds.

Proof. If � is regular, thenM � = M , and (8.2.34) is just an equivalent version of the
results in [DHV84, I.2 : Lemme (7)] and [Bou87, Lemme 6.1.1]. In general, (8.2.34)
can be regarded as a consequence of [Bou87, Lemma 7.2.2], where the author use a
di�erent formulation. Here we give a proof of our lemma using our notation.

One can verify that the left-hand side of (8.2.34) does not depend on the choice
u and t0 satisfying (8.2.30). Leta0 M � be the �xed point set of a0, by (8.2.30), we
have

(8.2.35) u0 M � = u � a0 M � :

We claim that

(8.2.36) p� (u0 M ) = u0 M � :

Indeed, the �rst set in (8.2.36) is included in the second set. Ifu 2 U is such that
[u]� 2 u0 M � , then

(8.2.37) u� 1u0u 2 U� (� ):
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As in (8.2.30), there existsg 2 U(� ) such that

(8.2.38) g� 1u� 1u0ug 2 A � :

Then [ug] 2 u0 M , and p� ([ug]) = [ u]� .
The same arguments in the proof of [Bou87, Lemme 6.1.1] shows that

(8.2.39) a0 M = U0(a0)NU (T0)( � )=T0 � M:

By(8.2.33), (8.2.35), (8.2.36), (8.2.39), we get (8.2.34).
Recall that NU (T0)( � )=T0 is �nite, by (8.2.11), NU (T0)( � )U(� )=U(� ) is a �nite

set. Then u0 M � is a �nite union of Z 0-orbits in M � .
Fix u0 2 uNU (T0)( � ) and x = [ u0]� 2 u0 M � . Then the centralizer ofx in Z 0 is just

the subgroupZ 0(u0 � � ).
Let t 2 NU � (c0) � U� (� ) be such that

(8.2.40) u0u0 = u0t:

Then by (8.2.21), the action ofu0 on TxM � is identi�ed with the adjoint action of t
on b+ . Then

(8.2.41) Tx
u0 M � = b+ (t):

It is clear that Ad(u0)b+ (t) � z
C
, and then we can take the complex structure on

Z 0=Z0(u0�� ) such that Ad(u0)b+ (t) is identi�ed with the holomorphic tangent bundle
of Z 0=Z0(u0 � � ). This completes the proof of our lemma.

�

Remark 8.2.6. If � 2 a� , let O� � u� denote the coadjoint orbit of� in u� . Then

(8.2.42) O� ' M � :

Moreover, the moment map� on M � is just given by the inclusioni : O� ,! u� .
By [BMZ17, eq.(8.123)], we have

(8.2.43) O� \ (t0)� = WU � �:

The �xed points set of u0 in O� is given byO� \ z� . Then by (8.2.42), we get

(8.2.44) u0 M ' O � \ z� :

Since the set

(8.2.45) u �
�
O� \ a�

�
= O� \ Ad(u)(a� )

is �nite, we get that O� \ z� is a �nite union of Z 0-orbits. From this formalism, we
get another proof of Lemma 8.2.5.

By Lemma 8.2.5, letu0 M j
� , j 2 J be distinct connected components ofu0 M � . In

particular, J is a �nite set. Take uj 2 uNU (T0)( � ) such that

(8.2.46) x j = [ uj ]� 2 u0 M j
� :

Then by Lemma 8.2.5, we have the identi�cation

(8.2.47) u0 M j
� ' Z 0=Z0(uj � � ):
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We will denote

(8.2.48) hj = ( uj )� 1u0uj 2 NU � (c0) � U� (� ):

If j 2 J , set

(8.2.49) nj = dim C Z 0=Z0(uj � � ):

SinceZ acts onu0 M , then we can divideu0 M into di�erent Z -orbits, in particular,
Z will permute the di�erent connected components. Ifj 2 J , let [j ] denote the set
of indexesj 0 in J such that u0 M j 0

� and u0 M j
� lie in the sameZ-orbits.

Let CJ be the set of classes[j ] in J . Suppose that

(8.2.50) CJ = f [j 1]; � � � ; [j s]g:

We will denote the class[j ` ] by � ` , ` = 1; � � � ; s. Moreover, the dimensionnj only
depends on the class[j ], we will denoten� ` = nj ` .

If x 2 u0 M � , there exist j 2 J , z 2 Z such that

(8.2.51) x = zxj :

Then zuj 2 U is a representative of the pointx. By (8.2.48), we have

(8.2.52) u0zuj = zuj hj :

Recall that � L � (u0) : u0 M � ! S1 represents the action ofu0 on L � ju 0 M � . Then by
(8.2.52), we get atx,

(8.2.53) � L � (u0) = � E � (hj ):

By (8.2.53), � L � (u0) is constant on eachZ-orbits, it is a locally constant function
on u0 M � .

Let z(uj � � ) be the Lie algebra ofZ 0(uj � � ), and let z? (uj � � ) be the orthogonal
of z(uj � � ) in z. Put

(8.2.54) q(uj � � ) = q \ u(uj � � ):

Let q? (uj � � ) be the orthogonal ofq(uj � � ) in q. Then

(8.2.55) u(uj � � ) = z(uj � � ) � q(uj � � ):

Let Tdu0 (TM � ju 0 M � ; gT M � ju 0 M � ) be the equivariant Todd genus onu0 M � de�ned
in subsection 8.1, and let the function' u0 on u0 M � denote the component of degree
zero ofTdu0 (TM � ju 0 M � ; gT M � ju 0 M � ).

By (7.2.5), (8.1.12), (8.1.15), ifx = [ u]� 2 u0 M � , then

' u0 (x) =
1

det 1=2(Ad( u0)jq? (u�� ))
bA

u0 jq? ( u � � ) (0):(8.2.56)

It is clear that ' u0 is a locally constant function onu0 M � . In particular, if x 2
u0 M j

� , then

(8.2.57) ' u0 (x) = ' u0 (x j ):

Moreover, ' u0 (x j ) only depends on the class[j ] 2 CJ .
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De�nition 8.2.7. Put

(8.2.58) n(u0) = max f nj : j 2 J g :

Let CJ (u0) � CJ be the set of� ` such that n� ` = n(u0).

Recall that � : M � ! u� is the moment map associated with the action ofU on
L � ! M � .

De�nition 8.2.8. If y 2 z, j 2 J , set

(8.2.59) Rj
u0 ;� (y) =

Z

u 0 M j
�

exp
�
2�i h�; y i + c1(L � ju 0 M ; gL � ju 0 M )

�
:

If ` 2 f 1; � � � ; sg, set

(8.2.60) R� `
u0 ;� (y) = ' u0 (x j ` )

X

j 2 � `

Rj
u0 ;� (y):

Note that Rj
u0 ;� (y) is just of the same type as the functions de�ned in [BMZ17,

Section 1.4]. We can verify thatRj
u0 ;� is a Z 0-invariant function on z, and that R� `

u0 ;�

is a Z -invariant function on z. Also Rj
u0 ;� (y) can be computed by the localization

formulas in [BGV04, Chapter 7], [DH82, DH83].
Let � z be the standard Laplace onz, then by [BMZ17, eq.(8.146)], we have

(8.2.61) � zRj
u0 ;� = � 4� 2j� j2Rj

u0 ;� :

Proposition 8.2.9. If y 2 z, as d ! + 1 , then

(8.2.62) � d(ey=du0) = dn(u0 )
X

� ` 2 CJ (u0 )

� E � (hj ` )dR� `
u0 ;� (y) + O(dn(u0 )� 1):

Proof. By (8.1.19), asd ! + 1 , the leading term of � d(ey=du0) is given by the
integrals over the connected components ofu0 M � with maximal dimension n(u0).
Then using (8.1.19), (8.2.53), (8.2.56), (8.2.59), we get (8.2.62). �

8.3. The forms et , dt and the W-invariant. In this subsection, we recall the
construction of the formset , dt introduced in [BMZ17].

Let Sg be the symmetric algebra ofg, which can be identi�ed with the algebra of
real di�erential operators with constant coe�cients on g. Let � : Ug ! Sg be the
symbol map ofUg, which is also an isomorphism of vector spaces. For instance, if
u; v 2 g,

(8.3.1) � (uv) =
1
2

(uv + vu) +
1
2

[u; v]:

Let bp be another copy ofp. Recall that the symbol map of Cli�ord algebras is
de�ned in De�nition 3.1.1, then we get a symbol map

(8.3.2) � : bc(bp) 
 Ug ! � �(bp� ) 
 Sg;

which is an identi�cation of �ltered Z2-graded vector spaces.
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Recall that ! p is the left-invariant 1-form on G with values in p. Let e1, � � � , em

be an orthonormal basis ofp, then be1, � � � , bem is a basis ofbp, and let be1, � � � , bem be
the corresponding dual basis ofbp� . Put

(8.3.3) � =
mX

i =1

bei ei 2 bp� 
 g:

By [BMZ17, eq.(1.8)],� 2 2 � 2(bp� ) 
 k is given by

(8.3.4) � 2 =
1
2

[�; � ] =
1
2

bei bej [ei ; ej ]:

Let � be the corresponding element of� in � �(bp� ) 
 Ug. Then � 2 2 � 2(bp� ) 
 Ug
coincides with� 2 in (8.3.4).

Let j� j2 2 Sg be given by

(8.3.5) j� j2 =
mX

i =1

e2
i :

Let � p be the Laplacian of Euclidean spacep, then

(8.3.6) j� j2 = � p:

By [BMZ17, eq.(1.10)], we have

(8.3.7) j� j2 2 S2g \ S2u; j� j2 = �j i� j2 2 S2gC:

Set

(8.3.8) j� j2 =
pX

i =1

� (bei )2 2 Ug:

By [BMZ17, eq.(1.14)], we have

(8.3.9) j� j2 2 Ug \ Uu; j� j2 = �j i� j2 2 UgC:

Then

(8.3.10) � (j� j2) = j� j2:

Set

(8.3.11) bc(� ) =
mX

i =1

bc(bei )� (bei ) 2 bc(bp) 
 Ug:

Then we have

(8.3.12) � (bc(� )) = �:

Recall that TX � N = G� K g. Note that the Lie bracket ofg lifts to a Lie bracket
on the �ber of TX � N . In the sequel, letgr be a copy ofTX � N equipped with
the Lie bracket on the �ber, so that gr is a family of Lie algebras onX . Also we get
the bundle of enveloping algebras

(8.3.13) Ugr = G � K Ug:

Similarly, put

(8.3.14) Sgr = G � K Sg:
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Let dTX (resp. [T � X ) be another copies ofTX (resp. T � X ) on X . Recall that
r T X is the Levi-Civita connection ofTX .

Let r gr ;bu be the connections on[T � X 
 gr induced by the connection form! k,
and let r Ugr ;bu be the connections on[T � X 
 Ugr induced by ! k. We still denote by
r Ugr ;bu the corresponding connection onbc(dTX ) 
 Ugr .

Then ! p can be considered as a section ofT � X 
 gr , and � , � can be considered

as a section of[T � X 
 gr , [T � X 
 Ugr respectively. By [BMZ17, eq.(1.41)], we have

(8.3.15) r gr ;bu � = 0; r Ugr ;bu � = 0:

De�nition 8.3.1. For t � 0, let A t be the superconnection

(8.3.16) A t = r Ugr ;bu +
p

tbc(� ):

As in [BMZ17, De�nition 1.2], A 2
t is a smooth section of[� �(T � X ) b
 bc(dTX )]even 


Ugr , and � (A 2
t ) is a smooth section of[� �(T � X ) b
 � �( [T � X )]even 
 Sgr .

Recall that the product h�; �i 0 is de�ned in (7.3.52). By [BMZ17, Theorem 1.3 and
eq.(8.70)], we have

A 2
t =

1
4

hbei ; R
dT X bej i bc(bei )bc(bej ) � ! p;2

+ tj� j2 +
t
2

bc(bei )bc(bej )� 2(bei ; bej );

� (A 2
t ) = �

1
2

h! p;2; � 2i 0 � ! p;2 + tj� j2 + t� 2:

(8.3.17)

Let N be a compact complex manifold, and let� N be a smooth real closed non-
degenerate(1; 1)-form on N . We assume thatU acts holomorphically onN and
preserves the form� N . Let � : N ! u� be the moment map associated with the
action of U and � N .

If y 2 u, set

(8.3.18) eR(y) =
Z

N
exp(2�i h�; y i + � N ):

Then eR is U-invariant function, we can extend it to a holomorphic functionuC ! C.
If y 2 uC, let Im(y) denote the component ofy in iu.

The algebraSu acts on eR(y). Then by [BMZ17, eq.(1.24)],

(8.3.19) exp(� tj� j2) eR(y) =
Z

N
exp(� 4� 2t jh�; i� ij 2 + 2�i h�; y i + � N ):

We regardk� as a subspace ofu� by the metric dual of k � u.

De�nition 8.3.2. We say that (N; � ) is nondegenerate (with respect to! p) if

(8.3.20) � (N ) \ k� = ; :

Equivalently, there existsc > 0 such that

(8.3.21) jh�; i� ij 2 � c:

If there is no confusion, we also that say� is nondegenerate (with respect to! p).
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By [BMZ17, eq.(1.27)], if (N; � ) is nondegenerate, there existsC0 > 0, C1 > 0
such that, if y 2 uC,

(8.3.22) j exp(� tj� j2) eR(y)j � C0 exp(� tc + C1jIm(y)j):

De�nition 8.3.3. The Berezin integral
RbB is the linear map from

� �(T � X ) b
 � �( [T � X ) into � �(T � X ) such that, if � 2 � �(T � X ), � 0 2 � �( [T � X ),
Z bB

�� 0 = 0; if deg� 0 < m ;

Z bB

� be1 ^ � � � ^ bem =
(� 1)m(m+1) =2

� m=2
�:

(8.3.23)

More generally, leto(bp) be the orientation line ofbp, which can be identi�ed with

o(p). Then
RbB de�nes a map from� �(T � X ) b
 � �( [T � X ) into � �(T � X ) b
 o(bp).

If B is an antisymmetric endomorphism ofdTX , let ! B 2 � 2( [T � X ) be the form
given by v1; v2 2 dTX ! h v1; Bv2i . By [BMZ17, eq.(1.30)], we have

(8.3.24)
Z bB

exp(� ! B =2) = Pf[
B
2�

]:

Set

(8.3.25) L =
mX

i =1

ei ^ bei :

Let  be the endomorphism of� �(T � X ) 
 R C which maps � 2 � k(T � X ) 
 R C
into (2�i )� k=2� .

De�nition 8.3.4. For t � 0, set

dt = � (2�i )m=2 
Z bB p

t
! p ^ �

2
exp(� � (A 2

t )) eR(0);

et = (2 �i )m=2 
Z bB L

4
p

t
exp(� � (A 2

t )) eR(0):

(8.3.26)

Then dt , et are smooth real forms onX .

Let [�]max be de�ned as in (7.2.9) forX . Then [dt ]max , [et ]max are constant function
on X . By [BMZ17, Theorem 2.10], we have

(8.3.27) (1 + 2t
@
@t

)[et ]max = [ dt ]max :

Also if (N; � ) is nondegenerate, and ifH is a compact subset ofX , there exists
cH > 0 such that, on H , as t ! + 1 ,

(8.3.28) dt = O(e� cH t ); et = O(e� cH t ):
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De�nition 8.3.5. If (N; � ) is nondegenerate, set

(8.3.29) W = �
Z + 1

0
dt

dt
t

:

Then W is a smooth form onX with values in o(TX ). We call it the W-invariant.

As shown in [BMZ17],W appears naturally as the leading term in the asymptotics
of analytic torsions.

Note that the above constructions are universal, so that we can apply to any
reductive group. If 
� 2 G� satis�es (7.1.13), thenZ 0(
� ) is real reductive group.
We can de�ne the formset , dt associated withZ 0(
� ). In particular, the form ! p

is replaced by! p(
� ), and we still have a nondegeneracy condition as in De�nition
8.3.2 for this case.

If the nondegeneracy condition is veri�ed, we will denote the form de�ned in
(8.3.29) by W
� to indicate its relation with 
� .

8.4. A nondegeneracy condition. Recall that M � is the complex manifold de-
�ned in subsection 8.2. As in Remark 8.2.6, we can always identifyM � with the
coadjoint orbit O� in u� . In [BMZ17, Proposition 8.12], the authors gave an equiv-
alent condition for the nondegeneracy of(M � ; � ) with respect to ! p using the Weyl
group of U.

Recall that

(8.4.1) u =
p

� 1p � k:

Using the orthogonal relations, we have

(8.4.2) u� =
p

� 1p� � k� :

Then the nondegeneracy condition of! p is also equivalent to that ifv 2 O � , v always
has a nonzero

p
� 1p� -part in the splitting (8.4.2).

Let 
 2 K , then 
� is an elliptic element inG� . We can also consider it as an
element inU� .

Recall that the �xed point set of 
� in M � is given by

(8.4.3) 
� M � = [ j 2J

� M j

� ;

and that each connected component
� M j
� is complex submanifold ofM � equipped

with a holomorphic action ofU0(
� ).
Note that the function Rj


�;� de�ned in (8.2.59) is just the function (8.3.18) asso-
ciated with the group Z 0(
� ) and the complex manifold
� M j

� .
Recall that Rj


�;� , R� `

�;� are the functions de�ned in De�nition 8.2.8. For t > 0,

let the forms e� `
t , d� `

t on X (
� ) be de�ned in De�nition 8.3.4 with respect to the
function R� `


�;� .
As in Remark (8.2.6), givenj 2 J , the moment map associated with the action

of U0(
� ) on 
� M j
� is just the restriction of � to 
� M j

� , which we will denote by� j .
Given � ` , if for j 2 � ` , � j is nondegenerate with respect to the action ofU0(
� )

on 
� M j
� and ! p(
� ) , then by (8.3.28), ifH is a compact subset ofX (
� ), there exists
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cH > 0 such that, on H and for ` 2 f 1; � � � ; sg, as t ! + 1 ,

(8.4.4) d� `
t = O(e� cH t ); e� `

t = O(e� cH t ):

Put

(8.4.5) W � `

� = �

Z + 1

0
d� `

t
dt
t

:

Then W � `

� is a smooth di�erential form on X (
� ) valued in o(TX (
� )) . Since

dim p(
� ) is odd, by (8.3.17), (8.3.26), (8.4.5), the degree ofW � `

� is odd.

Proposition 8.4.1. Let 
 2 K be as above. If(M � ; � ) is nondegenerate with respect
to ! p, then for j 2 J , (
� M j

� ; � j ) is nondegenerate with respect to! p(
� ) .

Proof. As in Remark 8.2.6, we get

(8.4.6) 
� M ' O � \ u(
� )� :

The splitting (8.4.2) induces a splitting ofu(
� )� ,

(8.4.7) u(
� )� =
p

� 1p(
� )� � k(
� )� :

By De�nition 8.3.2, if (M � ; � ) is nondegenerate, then� (M � ) \ k� = ; , so that
� j (
� M j

� ) \ k(
� )� = ; , which says that(
� M j
� ; � j ) is nondegenerate with respect to

! p(
� ) . This completes the proof of our proposition. �
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9. The asymptotics of the equivariant Ray-Singer analytic torsion

In this section, we compute the asymptotics of the equivariant Ray-Singer analytic
torsion associated with a family of �at vector bundles de�ned by the representations
in subsection 8.2. We extend the results of [Mül12], [BMZ17, Section 8] and [Fed15].

In subsection 9.1, we recall some results on the spectral gap of Hodge Laplacian
obtained in [BMZ17, Section 4] under nondegeneracy condition. Also we establish
estimates on the elliptic heat kernel onX , which allows us to evaluate the contri-
butions of non-elliptic twisted orbital integrals whent is small.

In subsection 9.2, using the formula of Proposition 8.2.9, we compute the asymp-
totics of the elliptic twisted orbital integrals when dim b(
� ) = 1 .

In subsection 9.3, we compute the leading term of the equivariant Ray-Singer
analytic torsion T� (gT Z ; r Fd ;f ; gFd ) as d ! + 1 using the twisted trace formula
on Z established in subsection 4.5. We show that only the elliptic twisted orbital
integrals contribute to the leading terms. Finally, we describe the asymptotics of
the equivariant Ray-Singer analytic torsion in terms of theW-invariants associated
with Z 0(
� ), 
 2 � .

9.1. A lower bound for the Hodge Laplacian on X . Let e1, � � � , em be the
orthogonal basis ofTX or p. Recall that Cg;H is de�ned in (3.4.3). Let Cg;H;E be
its action on E. Then

(9.1.1) Cg;E = Cg;H;E + Ck;E :

Let � H;X be the Bochner-Laplace operator on bundle� �(T � X ) 
 F .
By [BMZ17, eq.(8.39)], we have

D X;F; 2 = � � H;X +
SX

4
�

1
8

hRT X (ei ; ej )ek ; è i c(ei )c(ej )bc(ek)bc(è )

� Cg;H;E +
1
2

�
c(ei )c(ej ) � bc(ei )bc(ej )

�
RF (ei ; ej ):

(9.1.2)

Put

�( E) =
SX

4
�

1
8

hRT X (ei ; ej )ek ; è i c(ei )c(ej )bc(ek)bc(è )

� Cg;H;E +
1
2

�
c(ei )c(ej ) � bc(ei )bc(ej )

�
RF (ei ; ej ):

(9.1.3)

Then �( E) is a self-adjoint section ofEnd(� �(T � X ) 
 F ), which is parallel with
respect tor � � (T � X )
 F . Then we rewrite (9.1.2) as

D X;F; 2 = � � H;X + �( E):(9.1.4)

Let h�; �i L 2 be theL2 scalar product of
 �
c(X; F ). By (9.1.4), if s 2 
 �

c(X; F ), then

(9.1.5) hD X;F; 2s; si L 2 � h �( E)s; si L 2 :

Let � H;X;i denote the Bochner-Laplace operator acting on
 i (X; F ), and let
pH;i

t (x; x0) be the kernel ofexp(t� H;X;i =2) on X with respect to dx0. We will de-
note by pH;i

t (g) 2 End(� i (p� ) 
 E) its lift to G explained in subsection 4.1. Let� X
0

be the scalar Laplacian onX with the heat kernel pX; 0
t .
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Let jjpH;i
t (g)jj be the operator norm ofpH;i

t (g) in End(� i (p� ) 
 E). By [MüP13,
Proposition 3.1], we have, forg 2 G,

(9.1.6) jjpH;i
t (g)jj � pX; 0

t (g):

Let pH
t be the kernel ofexp(t� H;X =2), then

(9.1.7) pH
t = � p

i =1 pH;i
t :

Let qX;F
t be the heat kernel associated withD X;F; 2=2, then by (9.1.4), forx; x0 2 X ,

(9.1.8) qX;F
t (x; x0) = exp( � t�( E)=2)pH

t (x; x0):

We use the same notation as in subsection 8.2. Recall that! p is given in (1.1.7),
and that � : M � ! u� is the moment map associated with the action ofU on
L � ! M � .

Let Ed, d 2 N be the sequence of representations constructed in subsection 8.2. If
� is nondegenerate with respect to! p, by [BMZ17, Theorem 4.4 and Remark 4.5],
there exist c > 0, C > 0 such that, for d 2 N,

(9.1.9) �( Ed) � cd2 � C:

By (9.1.4), (9.1.5), (9.1.9), we get

(9.1.10) D X;F d ;2 � cd2 � C:

Lemma 9.1.1. If � is nondegenerate with respect to! p, there existsd0 2 N and
c0 > 0 such that if d � d0, x; x0 2 X

(9.1.11) jjqX;F d
t (x; x0)jj � e� c0d2 tpX; 0

t (x; x0):

Proof. By (9.1.9), there existd0 2 N, c0 > 0 such that if d � d0,

(9.1.12) �( Ed) � c0d2:

Then if t > 0,

(9.1.13) jj exp(� t�( Ed)=2)jj � e� c0d2 t=2:

By (9.1.6), (9.1.7), (9.1.8), (9.1.13), we get (9.1.11). This completes the proof of our
lemma. �

Let � be a discrete cocompact subgroup ofG such that � (�) = � . Recall that C
is the set of twisted conjugacy classes in� de�ned in De�nition 1.8.2. Recall that E
is the set of elliptic classes inC. Note that by Lemma 1.8.3,E is a �nite set. Recall
that by Proposition 1.8.5,

(9.1.14) c� ;� = inf
[
 ]

�
2 CnE

m
� > 0:

Let qX;E d
t be the heat kernel associated withD X;F d ;2=2. If x 2 X , 
 2 � , set

vt (Ed; 
�; x )

=
1
2

Tr s
� � (T � X )
 Fd

�
�
N � � (T � X ) �

m
2

�
qX;E d

t=2 (x; 
� (x)) 
�
�
:

(9.1.15)
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Lemma 9.1.2. If � is nondegenerate with respect to! p, there existsC0 > 0, c0 > 0
such that if d is large enough, fort > 0, x 2 X , 
 2 � ,

(9.1.16) jvt (Ed; 
�; x )j � C0 dim(Ed)e� c0d2 tpX; 0
t (x; 
� (x)) :

Proof. Using Lemma 9.1.1, by (9.1.15), we get (9.1.16). This completes the proof of
our lemma.

�

Remark 9.1.3. This lemma is an analogue of the estimate in [MüP13, Proposition
5.3].

Proposition 9.1.4. There exist constantsC > 0, c > 0 such that ifx 2 X , t 2 ]0; 1],
then

(9.1.17)
X


 2 � ;
� non� elliptic

pX; 0
t (x; 
� (x)) � C exp(� c=t):

Proof. By [Don79, Theorem 3.3], there existsC0 > 0 such that when0 < t � 1, one
has

(9.1.18) pX; 0
t (x; x0) � C0t � m=2 exp(�

d2(x; x0)
4t

):

By Lemma 1.8.6, (9.1.14), (9.1.18), and using the same arguments as in the proof
of [MüP13, Proposition 3.2], we get (9.1.17). �

9.2. Asymptotics of the elliptic twisted orbital integrals. In this subsection,
we always assume that
 = k� 1 2 K . As we saw in Theorem 7.7.3, Corollary 7.7.4,
if 
� is elliptic, the orbital integral in (7.7.21) vanishes exceptdim b(
� ) = 1 . In
the sequel, we will concentrate on this case, so thatdim p(
� ) is odd.

As in (8.2.1), there exists

(9.2.1) v0 2 k(
� ) \ kreg:

If

(9.2.2) t = k(v0);

then t is a Cartan subalgebra ofk. Let T be the corresponding maximal torus ofK .
Put

(9.2.3) t(
� ) = t \ k(
� ):

Then t(
� ) is a Cartan subalgebra ofk(
� ). Let b(
� ) � p(
� ) be the subspace
de�ned in (7.5.8). Then b(
� ) � k(
� ) is a Cartan subalgebra ofz(
� ).

We can also regard
� as an element ofU� . Then

(9.2.4) u(
� ) =
p

� 1p(
� ) � k(
� ):

Put

(9.2.5) h(
� ) =
p

� 1b(
� ) � t(
� ):
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Then h(
� ) is a Cartan subalgebra ofu(
� ).
Set u0 = 
� 2 U� , if we use the notation in subsection 8.2, thenZ = U(
� ) and

z = u(
� ). We will use the associated notation in subsection 8.2 by replacingu0 by

� .

Let (Ed; � Ed ), d 2 N be the family of irreducible unitary representations ofU�

de�ned in (8.2.26). Then we extend this family to a family of representations ofG� .
Set

(9.2.6) Fd = G � K Ed:

Now we can establish an extension of [BMZ17, Theorem 8.14].

Theorem 9.2.1. Suppose thatdim b(
� ) = 1 . For t > 0, as d ! + 1 ,

d� n(
� )� 1Tr s
[
� ]

�
�
N � � (T � X ) �

m
2

�
exp(� tD X;F d ;2=2d2)

�

= 2
X

� ` 2 CJ (
� )

� E � (hj ` )d[e� `
t=2]max + O(d� 1);

d� n(
� )� 1Tr s
[
� ]

�
�
N � � (T � X ) �

m
2

�
(1 �

tD X;F d ;2

d2
) exp(� tD X;F d ;2=2d2)

�

= 2
X

� ` 2 CJ (
� )

� E � (hj ` )d[d� `
t=2]max + O(d� 1):

(9.2.7)

Proof. To prove (9.2.7), we will adapt the proof of [BMZ17, Theorem 8.14] .
By (7.7.19), (7.7.21), ford 2 N> 0, we get

Tr s
[
� ]

�
�
N � � (T � X ) �

m
2

�
exp(� tD X;F d ;2=2d2)

�

=
dp

(2�t )p=2
exp(

t
48d2

Tr k[Ck;k] +
t

16d2
Tr p[Ck;p])

Z

k(
� )
J
� (Y k

0 =d)

� Tr � � (p� )
s [

�
N � � (p� ) �

m
2

�
� � � (p� )(k� 1� ) exp(� i� � � (p� )(Y k

0 =d))]

� Tr Ed [� Ed (k� 1� ) exp(� i� Ed (Y k
0 =d) +

t
2d2

Cg;E d )] exp(�
jY k

0 j2

2t
)

dYk
0

(2�t )q=2
:

(9.2.8)

By (5.1.12), asd ! + 1 ,

(9.2.9) J
� (Y k
0 =d) =

1
det(1 � Ad(k� 1� )) jp? (
� )

+ O(d� 1):

Let � u be the half of the sum of the positive roots given by the Weyl chamberc0.
By (7.7.2), (7.7.3), we have

(9.2.10) Cg;E d = � 4� 2(jd� + � uj2 � j � uj2):

By (9.2.10), asd ! + 1 ,

(9.2.11)
Cg;E d

d2
! � 4� 2j� j2:
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By (8.2.62) in Proposition 8.2.9, asd ! + 1 ,

d� n(
� )Tr Ed [� Ed (k� 1� ) exp(� i� Ed (Y k
0 =d)]

=
X

� ` 2 CJ (
� )

� E � (hj ` )dR� `

�;� (� iY k

0 ) + O(d� 1):(9.2.12)

Let b? (
� ) � p(
� ) be the space orthogonal to the one-dimensional lineb(
� ) in
p(
� ). Take Y k

0 2 t(
� ), then by [BMZ17, eq.(8.133)],

Tr s
� � (p� ) [

�
N � � (p� ) �

m
2

�
� � � (p� )(k� 1� ) exp(� i� � � (p� )(Y k

0 =d))]

= � det(1 � exp(� iad(Y k
0 =d))) jb? (
� )

det(1 � Ad(k� 1� ) exp(� iad(Y k
0 =d))) jp? (
� )

(9.2.13)

By [BMZ17, eq.(8.134)] and (9.2.13), asd ! + 1 ,

dp� 1Tr s
� � (p� ) [

�
N � � (p� ) �

m
2

�
� � � (p� )(k� 1� ) exp(� i� � � (p� )(Y k

0 =d))]

= � det(iad(Y k
0 )) jb? (
� ) det(1 � Ad(k� 1� )) jp? (
� ) + O(d� 1):

(9.2.14)

Recall that 
 z(
� ) is curvature associated withZ 0(
� ) ! X (
� ). Let b
 z(
� ) 2
� 2(bp(
� )� ) 
 k(
� ) be a copy of
 z(
� ) . Now let L and the Berezin integral be the
ones as in (8.3.15) and (8.3.23) associated withp(
� ). Then by (8.3.24), we have

(9.2.15) � � p=2 det(iad(Y k
0 )) jb? (
� ) = �

� Z bB

L exp(hY k
0 ; 
 z(
� ) + b
 z(
� ) i )

� max

:

By (9.2.14), (9.2.15), we get, asd ! + 1 ,

� � p=2dp� 1Tr s
� � (p� ) [

�
N � � (p� ) �

m
2

�
� � � (p� )(k� 1� ) exp(� i� � � (p� )(Y k

0 =d))]

=
� Z bB

L exp(hY k
0 ; 
 z(
� ) + b
 z(
� ) i )

� max

det(1 � Ad(k� 1� )) jp? (
� ) + O(d� 1):

(9.2.16)

Equation (9.2.16) extends toY k
0 2 k(
� ).

By (9.2.8) - (9.2.14), we get

d� n(
� )� 1Tr s
[
� ]

�
�
N � � (T � X ) �

m
2

�
exp(� tD X;F d ;2=2d2)

�

=
exp(� 2� 2t j� j2)

(2t)p=2

X

� ` 2 CJ (
� )

� E � (hj ` )d

Z

k(
� )

� Z bB

L exp(hY k
0 ; 
 z(
� ) + b
 z(
� ) i )

� max

R� `

�;� (� iY k

0 )

exp(�j Y k
0 j2=2t)

dYk
0

(2�t )q=2
:

(9.2.17)
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Using the same arguments as in [BMZ17, eq.(8.143) - eq.(8.154)], we get

exp(� 2� 2t j� j2)
(2t)p=2

Z

k(
� )

� Z bB

L exp(hY k
0 ; 
 z(
� ) + b
 z(
� ) i )

� max

R� `

�;� (� iY k

0 )

exp(�j Y k
0 j2=2t)

dYk
0

(2�t )q=2
= 2[e� `

t=2]max :

(9.2.18)

By (9.2.17), (9.2.18), we get the �rst identity in (9.2.7). By (8.3.27), we get the
second identity in (9.2.7). The proof of our theorem is completed. �

Proposition 9.2.2. There existsC > 0 such that for d 2 N> 0, 0 < t � 1,
�
�
�
�d

� n(
� )� 1Tr s
[
� ]

��
N � � (T � X ) �

m
2

�
exp(� tD X;F d ;2=2d2)

�
�
�
�
� � C=

p
t

�
�
�
�d

� n(
� )� 1Tr s
[
� ]

��
N � � (T � X ) �

m
2

�
(1 � tD X;F d ;2=d2)

exp(� tD X;F d ;2=2d2)
�
�
�
�
� � C

p
t:

(9.2.19)

Proof. The integral in the right-hand side of (9.2.8) can be rewritten as
Z

k(
� )
J
� (

p
tY k

0

d
)Tr � � (p� )

s [
�
N � � (p� ) �

m
2

�
� � � (p� )(k� 1� )e� i� � � ( p� ) (

p
tY k

0 =d) ]

Tr Ed [� Ed (k� 1� ) exp(� i� Ed (
p

tY k
0 =d+

t
2d2

Cg;E d ))] exp(�
jY k

0 j2

2
)

dYk
0

(2� )q=2
:

(9.2.20)

By (9.2.13), (9.2.14), ifY k
0 2 t(
� ), when d is large andt is small, we get,

dp� 1

t (p� 1)=2
Tr s

� � (p� ) [
�
N � � (p� ) �

m
2

�
� � � (p� )(k� 1� ) exp(� i� � � (p� )(

p
tY k

0 =d))]

= � det(iad(Y k
0 )) jb? (
� ) det(1 � Ad(k� 1� )) jp? (
� ) + O(

p
td� 1):

(9.2.21)

Then we use the estimates in the proof of Theorem 9.2.1, we get the �rst estimate
of (9.2.19).

If Y k
0 2 k(
� ), set

f (Y k
0 ) = J
� (Y k

0 ) det(1 � Ad(k� 1� ) exp(� iad(Y k
0 ))) jp? (
� )

d� n(
� )Tr Ed [� Ed (k� 1� ) exp(� i� Ed (Y k
0 ))] :

(9.2.22)

Then f (Y k
0 ) is analytic function on k(
� ). Let r f (Y k

0 ) be the gradient off on k(
� )
with respect to the Euclidean scalar product ofk(
� ). Then if t > 0,

(9.2.23)
@
@t

f (

p
tY k

0

d
) =

1
t
hr f (

p
tY k

0

d
);

p
tY k

0

2d
i :
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If Y k
0 2 t(
� ), by (9.2.13), (9.2.22), we have

dp� n(
� )� 1

tp=2
J
� (

p
tY k

0 =d)

Tr s
� � (p� ) [

�
N � � (p� ) �

m
2

�
� � � (p� )(k� 1� ) exp(� i� � � (p� )(

p
tY k

0 =d))]

Tr Ed [� Ed (k� 1� ) exp(� i� Ed (
p

tY k
0 =d) +

t
2d2

Cg;E d )]

=
1

p
t
f (

p
tY k

0

d
)

dp� 1

t (p� 1)=2
det(1 � exp(� iad(

p
tY k

0 =d))) jb? (
� ) :

(9.2.24)

Put

~f (t; Y k
0 ; d) =

@
@t

�
f (

p
tY k

0

d
)

dp� 1

t (p� 1)=2
det(1 � exp(� iad(

p
tY k

0 =d))) jb? (
� )

�

=
1
t
hr f (

p
tY k

0

d
);

p
tY k

0

2d
i

dp� 1

t (p� 1)=2
det(1 � exp(� iad(

p
tY k

0 =d))) jb? (
� )

+ f (

p
tY k

0

d
)

@
@t

�
dp� 1

t (p� 1)=2
det(1 � exp(� iad(

p
tY k

0 =d))) jb? (
� )

�

(9.2.25)

A simple computation shows that there existsc0 > 0, C0 > 0, for d 2 N> 0,
0 < t � 1, and Y k

0 2 t(
� ),

(9.2.26)
@
@t

�
dp� 1

t (p� 1)=2
det(1 � exp(� iad(

p
tY k

0 =d))) jb? (
� )

�
� C0exp(c0jY k

0 j):

Each part in the right-hand side of (9.2.25) lifts to a central function ofk(
� ). Then
the estimate as in (9.2.26) still holds forY k

0 2 k(
� ).
Also sincedim b? (
� ) is even, when taking the Taylor expansion of the function

as follows

(9.2.27)
1
t
hr f (

p
tY k

0

d
);

p
tY k

0

2d
i

dp� 1

t (p� 1)=2
det(1 � exp(� iad(

p
tY k

0 =d))) jb? (
� ) ;

the terms of even power ofY k
0 have no negative powers of the parametert in their

coe�cient. Then by (9.2.25), (9.2.26), we get that there existC > 0 such that for
d 2 N> 0, 0 < t � 1,

(9.2.28)

�
�
�
�

Z

k(
� )

~f (t; Y k
0 ; d) exp(�j Y k

0 j2=2)dYk

�
�
�
� � C:

Using the fact that the two quantities in (9.2.19) are related by the operator
1 + 2t @

@t, and by (9.2.24), (9.2.28), we get the second estimate in (9.2.19). This
completes the proof of our proposition. �

Remark 9.2.3. The estimates in (9.2.19) for the twisted orbital integrals can be
viewed as an analogue of the estimates in [BMZ17, Theorem 6.5]
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9.3. Asymptotics of the equivariant Ray-Singer analytic torsions. In this
subsection, we assume that� is torsion free. Recall thatZ = � nX is now a compact
manifold equipped with a group action of� � . We will use the notation in subsections
4.5, 7.8. Then the �at vector bundle Fd descends to a �at vector bundle onZ ,
which we still denote byFd. Also the operatorD X;F d descends to the corresponding
operator D Z;F d . Moreover, the action of� � lifts to Fd so that D Z;F d commutes with
� � . For d 2 N> 0, let

(9.3.1) #� (gT Z ; r Fd ;f ; gFd )(s)

be the function de�ned in De�nition 7.8.1 for �at vector bundle Fd, which is holo-
morphic nears = 0.

Recall that the equivariant Ray-Singer analytic torsion of the de Rham complex
(
 �(Z; Fd); dZ;F d ) is given by

(9.3.2) T� (gT Z ; r Fd ;f ; gFd ) =
1
2

@#� (gT Z ; r Fd ; gFd )
@s

(0):

If � is nondegenerate with respect to! p, then by (9.1.10), we have

(9.3.3) D Z;F d ;2 � cd2 � C:

Then if d is large enough, we have

(9.3.4) H �(Z; Fd) = 0 :

By (7.8.6), (7.8.8), if d is large enough, we have

(9.3.5) � � (Fd) = 0 ; � 0
� (Fd) = 0 :

Let bt (Fd; gFd ), t > 0 be the function de�ned in (7.8.7) for the �at vector bundle
Fd. Then by (7.8.11), (9.3.5), we have

(9.3.6) b1 (Fd; gFd ) = 0 :

By (7.8.9), ast ! 0,

(9.3.7) bt (Fd; gFd ) = O(
p

t):

By (7.8.10), ast ! + 1 ,

(9.3.8) bt (Fd; gFd ) = O(1=
p

t):

Then by (7.8.12), we have

(9.3.9) T� (gT Z ; r Fd ;f ; gFd ) = �
Z + 1

0
bt (Fd; gFd )

dt
t

:
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Proposition 9.3.1. If � is nondegenerate with respect to! p, then there existsc > 0
such that for d large enough,

T� (gT Z ; r Fd ;f ; gFd )

= �
1
2

X

[
 ]
�

2 E

Vol(� \ Z (
� )nX (
� ))

Z d

0
Tr s

[
� ]

�
�
N � � (T � X ) �

m
2

�
(1 � tD X;F d ;2=2d2) exp(� tD X;F d ;2=4d2)

�
dt
t

+ O(e� cd):

(9.3.10)

Proof. By [BMZ17, eq.(7.3)], (9.3.9), we can write

T� (gT Z ; r Fd ;f ; gFd ) = �
Z + 1

1=d
bt (Fd; gFd )

dt
t

�
Z d

0
bt=d2 (Fd; gFd )

dt
t

:

(9.3.11)

By (9.3.3) and using the same arguments as in [BMZ17, Subsection 7.2], we can
get that there existsc > 0 such that

(9.3.12)
Z + 1

1=d
bt (Fd; gFd )

dt
t

= O(e� cd):

By (4.5.5), (7.8.7), (9.1.15), we get

bt (Fd; gFd ) = (1 + 2 t
@
@t

)
Z

Z

X


 2 �

vt (Ed; 
�; z )dz:(9.3.13)

We split the sum in (9.3.13) into two parts:

(9.3.14)
X


 2 � ;
� elliptic

+
X


 2 � ;
� non-elliptic

By (4.5.8), (4.5.10), (4.5.14), we get the integral of the �rst part of sum in (9.3.14)
is just the sum on elliptic classesE in the left-hand side of (9.3.10).

If x 2 X , put

(9.3.15) ht (Fd; gFd ; x) =
X


 2 � ;
� non-elliptic

vt (Ed; 
�; x ):

Then it is enough to prove that

(9.3.16)
Z d

0
(1 + 2t

@
@t

)
Z

Z
ht=d2 (Ed; 
�; z )dz

dt
t

= O(e� cd):

Indeed, using Lemma 9.1.2 and by (9.1.4), there existsC > 0, c0 > 0, c00> 0 such
that if d is large enough,0 < t � d, then

(9.3.17) jht=d2 (Fd; gFd ; x)j � C dim(Ed)e� c0t exp(� c00d2=t):
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By (8.1.19), there existsC0 > 0, l 2 N such that

(9.3.18) dim(Ed) � C0dl :

It is clear that

(9.3.19)
Z

Z
h1=d(Fd; gFd ; z)dz = O(e� cd):

Also
Z d

0
ht=d2 (Fd; gFd ; x)

dt
t

=
Z 1

0
ht=d2 (Fd; gFd ; x)

dt
t

+
Z d

1
ht=d2 (Fd; gFd ; x)

dt
t

(9.3.20)

By (9.3.17), (9.3.18), then
�
�
Z 1

0
ht=d2 (Fd; gFd ; x)

dt
t

�
� � Ce� c00d2=2 dim(Ed)

Z 1

0
e� c00d2=2t dt

t
= O(e� cd);

�
�
Z d

1
ht=d2 (Fd; gFd ; x)

dt
t

�
� � Ce� c00d dim(Ed)

Z d

1
e� c0t dt

t
= O(e� cd):

(9.3.21)

Combining (9.3.19), (9.3.21), we get (9.3.16). This completes the proof of our propo-
sition. �

Remark 9.3.2. As in [BMZ17, Remark 8.15], by (5.1.13), (7.7.21), if
� is not elliptic,
i.e., a 6= 0, then there existsC0 > 0, c0 > 0 such that, for t > 0,

�
�
�
�Tr s

[
� ]

�
�
N � � (T � X ) �

m
2

�
exp(� tD X;F d ;2=2d2)

� �
�
�
�

� C0

� exp(�

jaj2

4t
d2) exp(� c0t):

(9.3.22)

In particular, the constant c0 does not depend on
� . Also by (9.1.14), we have

(9.3.23) jaj � c� ;� :

We can see that the estimate (9.3.16) is compatible with (9.3.22).

For each classei = [ 
 i ]� in E, we �x a k� 1
i 2 K such that the element
 i 2 � is

C � -conjugate tok� 1
i by an element inG. Recall � (ei ) is given by (7.8.15) such that

� (ei ) = dim b(k� 1
i � ).

Put

(9.3.24) C(� ) = f ei 2 E : � (ei ) = 1 g:

Recall that n(k� 1
i � ) is de�ned as in (8.2.58) fork� 1

i � . Set

(9.3.25) m(� ) = max f n(k� 1
i � ) : ei 2 C(� )g;

and set

(9.3.26) C0(� ) = f ei 2 E : � (ei ) = 1 ; n(k� 1
i � ) = m(� )g:

If C(� ) is an empty set, we may setm(� ) = � 1.
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Note that for each k� 1
i , we have a �nite set of di�erential forms W � `

k � 1
i �

de�ned
as in subsection 9.2. We use the corresponding notation as in subsection 8.2. Note
that given f 1(d), f 2(d) two functions in d 2 N, we say that f 1(d) = f 2(d) + o(1) as
d ! + 1 if f 1(d) � f 2(d) ! 0 as d ! + 1 .

Theorem 9.3.3. If � is nondegenerate with respect to! p, as d ! + 1 ,

d� m(� )� 1T� (gT Z ; r Fd ;f ; gFd )

=
X

ei 2 C0(� )

Vol(� \ Z (
 i � )nX (
 i � ))
� X

� ` 2 CJ (k � 1
i � )

� E � (hj ` )d[W � `

k � 1
i �

]max
�

+ o(1):

(9.3.27)

In particular, if C(� ) = ; , as d ! + 1 ,

(9.3.28) T� (gT Z ; r Fd ;f ; gFd ) = O(e� cd):

Proof. If [
 ]
�

is an elliptic class and[
 ]
�

=2 C(� ), then by Theorem 7.7.3, Corollary
7.7.4, we get

(9.3.29) Tr s
[
� ]

�
�
N � � (T � X ) �

m
2

�
exp(� tD X;F d ;2=4d2)

�
= 0:

If ei 2 C0(� ), using Theorem 9.2.1 and by (9.2.19), (9.3.29), asd ! + 1 , we have
Z 1

0
Tr s

[
 i � ]

�
�
N � � (T � X ) �

m
2

�
(1 � tD X;F d ;2=2d2) exp(� tD X;F d ;2=4d2)

�
dt
t

= 2dn(k � 1
i � )+1

X

� ` 2 CJ (k � 1
i � )

� E � (hj ` )d
Z 1

0
[d� `

t=4]max dt
t

+ O(dn(k � 1
i � )):

(9.3.30)

For t > 0, if x 2 X , we have

(9.3.31) qX;E d
t=2 (x; 
 i � (x)) 
 i � =

Z

X
qX;E d

t=4 (x; x0)qX;E d
t=4 (x0; 
 i � (x)) 
 i �dx 0:

The identity in (9.3.31) is equivalent to

(9.3.32) qX;E d
t=2 (x; 
 i � (x)) 
 i � =

�
exp(� tD X;F d ;2=8)qX;E d

t=4 (�; 
 i � (x)) 
 i �
�
(x):

By (9.1.10), (9.3.32), there existsC > 0, c > 0 such that if d is large enough,

jjD X;F d ;2
x qX;E d

t=2 (x; 
 i � (x)) 
 i � jj

� C exp(� cd2t)jjD X;F d ;2
x qX;E d

t=4 (x; 
 i � (x)) 
 i � jj :
(9.3.33)

By (4.2.6), (9.1.4), (9.1.8), (9.3.33), and using the same arguments in the proof of
Lemma (9.1.2) and the estimates of derivatives of heat kernels as in (9.1.18), there
exists c > 0, C > 0 such that , for d large enough, and1 � t � d,

�
�
�
�d

� n(k � 1
i � )� 1Tr s

[
 i � ]
��

N � � (T � X ) �
m
2

�
(1 � tD X;F d ;2=2d2)

exp(� tD X;F d ;2=4d2)
�
�
�
�
� � C exp(� ct):

(9.3.34)
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By (8.4.5), (9.3.34), and using the dominated convergence theorem, asd ! + 1 ,

d� n(k � 1
i � )� 1

Z d

1
Tr s

[
 i � ]

�
�
N � � (T � X ) �

m
2

�
(1 � tD X;F d ;2=2d2)

exp(� tD X;F d ;2=4d2)
�

dt
t

= 2
X

� ` 2 CJ (k � 1
i � )

� E � (hj ` )d
Z + 1

1
[d� `

t=4]max dt
t

+ o(1):

(9.3.35)

By (8.4.5), (9.3.10), (9.3.24), (9.3.25), (9.3.26), (9.3.30), (9.3.35), we get (9.3.27).
Equation (9.3.28) follows from Proposition 9.3.1. This completes the proof of our

theorem. �

Remark 9.3.4. Using the estimates in [BMZ17, Section 7.3], we can re�ne the result
of Theorem 9.3.3 to

d� m(� )� 1T� (gT Z ; r Fd ;f ; gFd )

=
X

ei 2 C0(� )

Vol(� \ Z (
 i � )nX (
 i � ))
� X

� ` 2 CJ (k � 1
i � )

� E � (hj ` )d[W � `

k � 1
i �

]max
�

+ O(d� 1):

(9.3.36)

Remark 9.3.5. The proofs of results in subsections 9.2 - 9.3 hold even if� has elliptic
elements, then the above results can be extended easily to the case where� is just
cocompact discrete and not torsion free, so thatZ is a compact orbifold.

As explained in subsection 0.8, the results in Proposition 9.3.1, Theorem 9.3.3 are
compatible with the results of Ksenia Fedosova [Fed15], where she considered the
asymptotics of Ray-Singer analytic torsions for compact hyperbolic orbifolds, i.e.,
G = Spin(1; 2n + 1) and � may have elliptic elements.
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Titre : Laplacien hypoelliptique et formule des traces tordue

Mots Clefs : laplacian hypoelliptique, intégrale orbitale tordue, formule des traces
tordue, torsion analytique équivariante.

Résumé :
Dans cette thèse, on donne une formule géométrique explicite pour les intégrales orbi-
tales semisimples tordues du noyau de la chaleur sur un espace symétrique, en utilisant
la méthode du laplacien hypoelliptique développée par Bismut. On montre que nos ré-
sultats sont compatible avec les résultats classiques de la théorie de l'indice équivariant
local sur les espaces localement symétriques compacts.
On utilise notre formule explicite pour évaluer le terme dominant dans l'asymptotique
quand d ! + 1 de la torsion analytique équivariante de Ray-Singer associée à une
famille de �brés vectoriels platsFd sur un espace localement symétrique compact. On
montre que le terme dominant peut être calculé à l'aide deW-invariants au sens de
Bismut-Ma-Zhang.

Title : Hypoelliptic Laplacian and twisted trace formula
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Abstract :
In this thesis, we give an explicit geometric formula for the twisted semisimple orbital
integrals associated with the heat kernel on symmetric spaces. For that purpose, we
use the method of the hypoelliptic Laplacian developed by Bismut. We show that our
results are compatible with classical results in local equivariant index theory.
We also use this formula to evaluate the leading term of the asymptotics asd ! + 1
of the equivariant Ray-Singer analytic torsion associated with a family of �at vector
bundlesFd on a compact locally symmetric space. We show that the leading term can
be evaluated in terms of theW-invariants constructed by Bismut-Ma-Zhang.


