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Resumé
Dans cette thèse nous étudions la relation entre la conformation et la

dynamique de la chromatine en nous basant sur une classe de modèles

de polymères aléatoirement réticulé (AR). Les modèles AR permettent de

prendre en compte la variabilité de la conformation de la chromatine sur

l'ensemble d'une population de cellules. Nous utilisons les outils tels que les

statistiques, les processus stochastiques, les simulations numériques ainsi que

la physique des polymères a�n de déduire certaines propriétés des polymères

AR a l'équilibre ainsi que pour des cas transitoires. Nous utilisons par la suite

ces propriétés a�n d'élucider l'organisation dynamique de la chromatine pour

diverses échelles et conditions biologiques.

Au chapitre trois de ce travail, nous développons une méthode générale

pour construire les polymères AR directement à partir des données expéri-

mentales, c'est-à-dire des données de capture chromosomiques (CC). Nous

montrons que des connections longue portées persistantes entre des do-

maines topologiquement associés (DTA) affectent le temps de rencontre

transitoire entre les DTA dans le processus d'inactivation du chromosome X.

Nous montrons de plus que la variabilité des exposants anormaux – mesurée

en trajectoires de particules individuelles (TPI) – est une conséquence directe

de l'hétérogénéité dans la position des réticulations.

Au chapitre quatre, nous utilisons les polymères AR a�n d'étudier la

réorganisation locale du génome au point de cassure des deux branches

d'ADN (CDB). Le nombre de connecteurs dans le modèle de polymère AR est

calibré à partir de TPI, mesurées avant et après la CDB. Nous avons trouvé

que la perte modérée de connecteur autour des sites de la CDB affecte de

façon signi�cative le premier temps de rencontre des deux extrémités cassées

lors du processus de réparation d'une CBD. Nous montrons comment un

micro-environnement génomique réticulé peut con�ner les extrémités d'une

cassure, empêchant ainsi les deux brins de dériver l'un de l'autre.

Au chapitre cinq, nous déduisons une expression analytique des pro-

priétés transitoires et a l' équilibre du modèle de polymère AR, représentant

une unique région DTA. Les expressions ainsi obtenue sont ensuite utilisées

a�n d'extraire le nombre moyen de connexions dans les DTA provenant des

données de CC, et ce à l'aide d'une simple procédure d'ajustement de courbe.

Nous dérivons par la suite la formule pour le temps moyen de première

rencontre (TMPR) entre deux monomères d'un polymère AR. Le TMPR est un

temps clé pour des processus tels que la régulation de gènes et la réparation

de dommages sur l'ADN.



Au chapitre six, nous généralisons le modèle AR analytique a�n de pren-

dre en compte plusieurs DTA de tailles différentes ainsi que les connectivités

intra-DTA et extra-DTA. Nous étudions la dynamique de réorganisation de

DTA lors des stages successifs de différentiations cellulaires à partir de don-

nées de CC. Nous trouvons un effet non-négligeable de la connectivité de

l'inter-DTA sur les dynamiques de la chromatique. Par la suite nous trouvons

une compacti�cation et une décompacti�cation synchrone des DTA à travers

les différents stages.



Abstract
In this dissertation we study the relationship between chromatin conforma-

tion and dynamics using a class of randomly cross-linked (RCL) polymer

models. The RCL models account for the variability in chromatin conforma-

tion over cell population. We use tools from statistics, stochastic process,

numerical simulations and polymer physics, to derive the steady-state and

transient properties of the RCL polymer, and use them to elucidate the

dynamic reorganization of the chromatin for various scales and biological

conditions. We introduce the biological background and polymer physics in

chapter 1, followed by a list of results obtained in this thesis in chapter 2.

In chapter 3 of this dissertation work, we develop a general method to

construct the RCL polymer directly from chromosomal capture (CC) data.

We show that persistent long-range connection between topologically asso-

ciating domain (TAD) affect transient encounter times within TADs, in the

process of X chromosome inactivation. We further show that the variability

in anomalous exponents, measured in single particle trajectories (SPT), is a

direct consequence of the heterogeneity of cross-link positions.

In chapter 4 we use the RCL polymer to study local genome reorganiza-

tion around double strand DNA breaks (DSBs). We calibrate the number of

connectors in the RCL model using SPT data, acquired before and after DSB.

We �nd that the conservative loss of connectors around DSB sites signi�cantly

affects �rst encounter times of the broken ends in the process of DSB repair.

We show how a cross-linked genomic micro-environment can con�ne the two

broken ends of a DSB from drifting apart.

In chapter 5 we derive analytical expressions for the steady-state and

transient properties of the RCL model, representing a single TAD region. The

derived expressions are then used to extract the mean number of cross-links

in TADs of the CC data, by a simple curve �tting procedure. We further

derive formula for the mean �rst encounter time (MFET) between any two

monomers of the RCL polymer. The MFET is a key time in processes such as

gene regulation.

In chapter 6 we generalize the analytical RCL model, to account for

multiple TADs with variable sizes, intra, and inter-TAD connectivity. We study

the dynamic reorganization of TADs, throughout successive stages of cell

differentiation, from the CC data. We �nd non-negligible effect of inter-TAD

connectivity on the dynamics of the chromatin. We further �nd a synchronous

compaction and decompaction of TADs during differentiation.
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1Introduction

1.1 The dynamic landscape of the

mammalian chromatin

DNA double helix

11 nm300 nm

2 nm

1400 nmchromosome

Nucleosome core
8 histone molecules

700 nm

30 nm

A B

C

Figure 1.1 DNA folding Hierarchy. A. The double strand DNA is folded onto nucleosomes
(bead-string model, 10-11 nm �ber) and further folded into the chromatin (30 nm
�ber). Figure adapted from [10]. B. electron microscopy image of the bead-string
chromatin, with nucleosomes indicated by arrows. Adapted from [78]. C. electron
microscopy image of the 30 nm �ber of the chromatin. Scale-bar=50 nm. Adapted
from [78].

The DNA in mammalian nucleus is the focal point of sub-cellular activities.

Continuous and rapid changes to three-dimensional organization of the DNA

are due to process such as transcription, repair, and monitoring the integrity

of the genomic content. The organization, function, and dynamics of the

DNA are, thus, intimately linked. Polymer physics is the framework in which

the complex relationship between DNA organization and dynamics can be

studied in a rational manner. However, it is prohibitively dif�cult to construct

a polymer model, which can capture the many complexities of genomic

organization and dynamic.

The mammalian nucleus contains about6� 109 DNA base-pairs (bp), with

each bp of size 0.3 nm, the total DNA in the cell reaches a length of roughly

2 m, which is compacted in a nucleus of about 10�m in diameter. Such

high level of compaction is achieved by an intricate mesh-work of proteins

and DNA, which constitute the chromatin. The �rst level of chromatin

compaction is due to nucleosomes (Fig. 1.1A), consisting of 150-170 DNA

7



1.1 The chromatin landscape Chapter 1 Introduction

bp wounded 1.6 times on histone protein octamers complexes, and forming

the 10 nm nucleosomal �ber, also referred to as the bead-string model [60].

An additional level of compaction is due to higher-order folding of DNA-

histone complexes into the 30 nm �ber. Much less is known about the folding

principles of the genome beyond this level.

Experimental sub-cellular measurement techniques [36, 76, 29] revealed

that protein-mediated kilo-bp (kbp) and mega-bp (mbp) genomic loops are

main contributors to further compact the chromatin, and are key features

of genome three-dimensional organization [85]. The juxtaposition of two

distal genomic segments can arise due to the activity of transcription factors

and other genome structural remodeling proteins, in processes such as gene

regulation and DNA repair, but can also originate from random collisions

and DNA entanglement [49, 76, 57]. As a result, genomic loops can take

on either stable con�guration, which persist throughout cell cycles [49], or

transient, having a lifetime ranging from 2-35 minutes [43].

On a genome-wide scale, proximity ligation methods, known as the

chromosome Conformation Capture (CC) techniques, provide a snapshot of

the three-dimensional organization of the chromosome. Starting with the

Chromatin Conformation Capture (3C) method [25] and its successors (the

4C [111], 5C [31], and Hi-C [85]). This CC family of techniques, developed

in the last two decades, record genomic looping events simultaneously over

a population of millions of nuclei. The common, principle steps of the

CC methods are shown in Fig. 1.2A. The 3C method provides the contact

frequency between two speci�c genomic loci, the 4C then extended this

examination to a single known loci vs. all others, and the 5C and Hi-C

methods generalized the formers by providing pairwise contact frequencies

between all genomic segments (known and unknown) at a resolution of

1-3kpb.

1.1.1 Topologically Associating Domain
Shortly after its introduction, the 5C techniques was used to discover [65] that

mammalian X chromosomes fold into discrete mega-base regions of enriched

segment-segment interactions (Fig. 1.1B). These contact-enriched regions

were termed Topologically Associating Domains (TADs), and were later found

to be a common feature of all chromosomes[29, 76]. The mechanism driving

the formation of TADs is unknown, and our understanding of internal TAD

organization and its affect on cellular processes is largely incomplete. The

internal TAD organization is highly variable between cells of similar type

[87], whereas TAD boundaries are mostly conserved during cell cycle and
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Figure 1.2 The Chromosomal Capture experiments. A. principle steps of the CC experiments
include cross- linking by formaldehyde (blue, upper left) of genomic segment (white
and purple) harboring recognition sequences (lines) of restriction enzymes, such as
EcoRI and HindIII. Restriction enzyme then digest the cross-linked segments (upper
right), and the digested DNA undergoes ligation in dilute solution (bottom right)
to form a ligation product (star). The ligation products are detected, following the
reversal of cross-links (bottom left). B. The encounter frequency matrix produced
by the 5C experiments (extract from [76]). In this example, the genomic segment
harbors 10 Topologically Associating Domains (TADs).C. Two sample cross sections
of the EF matrix in panel B, showing long-range persistent peaks (left panel),
corresponding to dashed blue line in panel B, and encounter enrichment (right),
corresponding to dashed black line in panel B.

between cell of similar type[89, 76, 36]. Disruption of these boundaries

resulted in merging of TADs [112, 89, 76] and mis-regulation of genes. TADs

have also been found to be a unit of correlated gene regulation and DNA

replication [84, 27]. Higher order folding hierarchy of TAD have also been

discovered, where TADs cluster to form meta-TADs [36, 82].

Two distinct features of the CC maps are encounter enrichment at TAD

position and isolated high amplitude local maxima (Fig. 1.2C). The exact

origin of the peaks of CC maps are unknown but have been found to indicate

a conserved genomic interactions between distal loci, which are involved in

conserved and cell type-speci�c gene activity [36, 76, 70], or originating from

conserved structural features of the chromatin, such as at TAD boundaries

[96, 59].
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1.2 Coarse-grained polymer models Chapter 1 Introduction

1.1.2 Limitations of the CC data
Despite the deep insight into genome organization, brought about with

the CC experimental results, interpretation of the CC encounter matrices

remains dif�cult. An interpretation of the 3D genome organization in terms of

the CC maps must take into account both probabilistic nature of cross-linking

and ligation, and population averaging of CC data. The CC maps, thus,

represent a large section of the looping con�guration space of chromosomes

of a particular cell type and state over a population. Indeed, TADs are only

visible in population CC, and are not present in single-cell CC data [73,

99]. In addition, the CC matrices provide only static encounter information,

completely deprived of any temporal data and dynamics, which leaves open

the question of how TADs are formed and interact over time. Moreover,

CC reads do not translate immediately into genomic distances between

interacting loci, and cannot be used to infer the size of the folded chromatin

in the nucleus.

The missing temporal dimension in the CC data calls for complementary

methods to elucidate the origin of TAD formation, chromatin organization,

and dynamics. Methods such as single particle tracking (SPT) [101, 39, 26,

44, 9, 63] can provide only limited information for a restrictive number of

tagged loci over time. It is at this point, that polymer models come into play.

The encounter probabilities, computed from the CC matrices, provide rich

grounds on which the steady-state statistical properties of a given polymer

model can be veri�ed and, thus, act as a candidate mechanical model for

representing chromatin. The trajectories from SPT, then, can provide the

complementary temporal information to validate transient properties of a

suggested polymer model, e.g., the �rst encounter times between monomers.

1.2 Polymer models as coarse-grained

representation of the chromatin
The structural complexity of the chromatin and its interactions renders a

study into the relationship between its structure and equilibrium and transient

properties prohibitively dif�cult. Therefore, rigor in structural description

is sacri�ced in favor of mathematical tractability by studying mechanical

polymer models, stripped of many details, as a coarse-grained representation

of the chromatin.

A coarse-grained polymer model consists of sequence of connected units

(monomers), where each monomer collectively represents a geneomic seg-

10



Chapter 1 Introduction 1.2 Coarse-grained polymer models

ment at a given coarse-graining scale (Fig. 1.3A). The choice of scale affects

the amount of details captured by the model, and can often times be dictated

by the resolution of the experimental measurements at hand.

monomer spring
A

0 50 100 150
Monomer position

0

.01

.02

.03

.04

0.05
TAD D
TAD E
TAD F
Rouse

B

Figure 1.3 Polymer models as coarse-grained representation of the chromatin A. Two lev-
els of coarse-graining of a sample chromatin segment (purple) to construct a polymer
model consisting of monomers (spheres) connected by harmonic springs (bars). For
the white polymer in this example, only nearest-neighboring monomers are con-
nected to form the Rouse polymer. B. The encounter probability between genomic
segments of TAD D (blue), TAD E (red) and TAD F of the mammalian X chromosome
in Fig. 1.2B, decays with genomic distance and cannot be captures by the Rouse
polymer (dashed), which does not account for long-range interactions.

The most tractable models for representing the dynamics of complex

macromolecules are the bead-string polymer models [30, 68]. These models

consist of N similar beads (monomers) of unit mass, located at position

R = [ r1; r2; ::; rN ]T in dimension d and connected arbitrarily by Hookean

springs (Fig. 1.3A). According to the linear force law of Hookean springs,

forces between connected monomers are derived from the quadratic potential

� (R ) =
�
2

R T MR ; (1.1)

where � = dkB T
b2 is the spring constant, related to the standard-deviation bof

the spring between connected monomers,kB is the Boltzmann's constant, and

T is the temperature. The matrix M = C � � is the Laplacian of the graph

representation of the polymer [40], C is a diagonal N � N matrix containing

the degree of connectivity (number of connectors) of each monomer, and� is

the N � N graph adjacency matrix, containing 1 at cell m; n when monomers
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1.2 Coarse-grained polymer models Chapter 1 Introduction

m and n are connected. The matrixM contains all the information about

the internal connectivity of the polymer, where cells i; j of M are

M ij =

8
>>>>>><

>>>>>>:

� 1; ji � j j = 1;

� 1 r i ; r j are connected,(ji � j j > 1);

�
NX

j 6= i

M ij ; i = j:

(1.2)

Random and independent collisions of monomers with particles of their

surrounding �uid (e.g., the nucleoplasm) result in an additional �uctuating

force with no preferred direction. The distribution of this random force is a

Gaussian with mean 0 and variance2�k B T � (t � t0) in a short time interval t � t0,

and � is the friction coef�cient, which describes the affect of the resistance

of �uid particles to monomers' displacement (Stocks' law). Taken together,

the dynamics of the polymer in the solvent is described by the over-dumped

Langevin equation [30]

dR (t)
dt

= �
1
�

r � (R (t)) +
p

2�k B T
�

d! (t)
dt

= � d
D
b2

MR (t) +
p

2D
d! (t)

dt
; (1.3)

where D = kB T
� is the diffusion coef�cient and ! (t) are standard Brownian

motion with mean 0 and standard-deviation 1.

When only nearest-neighbor monomer connectivity is considered, the

resulting polymer is the Rouse polymer [30], de�ned by the tri-diagonal

connectivity matrix M

M ij =

8
>>><

>>>:

� 1; ji � j j = 1;

�
NX

j 6= i

M ij ; i = j;
(1.4)

which represent the linear polymer's backbone, and the potential energy of

the Rouse polymer is

� Rouse(R ) = �
�
2

NX

n
(rn � rn� 1)2: (1.5)
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In the Rouse polymer, the vector between any two monomers is Normally

distributed, with probability density function given by [30]

f m;n =

 
d

2�b 2jm � nj

! d=2

exp

 

�
d(rm (t) � rn (t))2

2jm � nj

!

: (1.6)

When krm (t) � rn (t)k ! 0, where � is the radius of an encounter sphere, the

EP,Pm;n , between monomersm and n is then

Pm;n /

 
d

2�b 2jm � nj

! d=2

: (1.7)

The Rouse polymer describes well the statistics of long polymers [30, 45]

(on a scale of Mbp) in solutions where hydrodynamics and exclusion forces

are screened out. However, the lack of monomer connectivity beyond that of

nearest neighboring monomers renders the Rouse polymer as inadequate in

representing long-range genomic loops (Fig. 1.3B), such as in TADs.

1.2.1 Steady-state statistics of bead-string polymer

models with general connectivity
The adequacy of a polymer model for representing CC data can be testes by

comparing the steady-state EP of the polymer model to that of the empirical

data. In system 1.3, the coordinates of all monomers are coupled, which poses

dif�culties in deriving steady-state properties e.g., the variance and encounter

probability. Decoupling of system 1.3 is done by �nding an orthonormal

eigenbasisV = [ v0; v1; ::; vN � 1] and de�ning a new coordinate system U =

V R such that the potential 1.1 is transformed to

� (U ) =
�
2

(V T U )T M (V T U ) =
�
2

U T � U (1.8)

where � = V MV T = diag(� 0; � 1; ::; � N � 1) are the eigenvalues of the con-

nectivity matrix M (Eq. 1.2). We therefore obtain a convenient set of

Ornstein-Uhlenbeck equations

dU
dt

= �
1
�

r � (U ) +
p

2D
d!
dt

= � d
D
b2

� U +
p

2D
d!
dt

; (1.9)
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1.2 Coarse-grained polymer models Chapter 1 Introduction

in the so called normal coordinatesU = [ u0; u1; ::; uN � 1]T [30], which repre-

sents the dynamics of theN modes of motion of the polymer [30]. In this

coordinate system, the variance between monomersrm and rn is de�ned as

� 2
mn (t) = h(rm � rn )2i =

N � 1X

p=1

(vm
p � vn

p )2hup(t)2i =
N � 1X

p=1

b2
�
1 � e� 2dDt

b2
�

� 2
p

:(1.10)

where vm
p is the m-th row of vp in the eigenbasisV . In general monomer con-

nectivity, the major dif�culty is to obtain V and � analytically and therefore

compute 1.10 for t ! 1 to obtain the variance at steady-state. However, the

eigenvalues can be computed for some particular polymer topologies such as

rings, stars, cubes [40, 35] and other organized structure, but otherwise, one

has to resort to procedures of numerical diagonalization [34].

1.2.2 Transient statistics of polymer with general

monomer connectivity
The �rst encounter time between two genomic loci is a key time in processes

of gene activation/silencing [39, 94, 66], RNA transcription and antibody

coding, to name only a few. The �rst encounter time of two monomers r1; rN

of a polymer chain is de�ned as

� � = inf f t > 0; jr1(t) � rN (t)j < � g; (1.11)

and was �rst studied by Wilemski and Fixman [110] for the two end monomers

of a Rouse chain, and later by many others [22, 23].

�

Spring

Monomer

Figure 1.4 The encounter between two monomers (red, yellow) at a distance � in a poly-
mer model with general connectivity.
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Chapter 1 Introduction 1.2 Coarse-grained polymer models

A general expression for the mean �rst encounter (MFET) was also

derived in [8], and is given by

h� � i �
1
� �

0
=

j
 j

4��
R

C� P e� � (U )dU
; (1.12)

where � �
0 is the �rst non-vanishing eigenvalue of the forward Fokker-Planck

equation [91], associated with the stochastic system 1.9 in normal coordi-

natesU . The term j
 j is the value of integral over the whole con�guration

space of the polymer and can be computed when the eigenvalues and eigen-

vectors of the connectivity matrix are known. For the Rouse polymer

j
 j =
Z

e� � (R )dR =

 
(2� )(N � 1)

Q N � 1
p=1 � p

! d=2

: (1.13)

with

� p = 4� sin2(p�= 2N ); p = 1::N � 1: (1.14)

In [8], the distribution of the �rst encounter time in expression 1.12

was shown to be well approximated by a sum of exponentials, where a

single exponential is suf�cient for short polymers in an open domain, and

more terms are needed for long polymers or to account for boundary effects

for polymers in con�ned domains. This result was validated by Brownian

simulations in free and con�ned domains [3], and further for the � polymer

[5], which included long-range monomer interactions.

In general polymer connectivity, where long-range monomer connectivity

is permitted, the computation of the C � P integral 1.12 is challenging,

because the eigenvalues of the connectivity matrix must �rst be computed.

1.2.3 Polymer models with long-range monomer

connectivity
Polymer models with long-range monomer connectivity were also considered

as coarse-grained representation of the chromatin. In [16], a random looping

model was studied numerically, where monomers m; n are connected by

a �xed connector, based on monomers' distance along the chain. In that

model, the authors provided analytical expression for the MSD, and their

simulation results agreed with average loops lengths observed experimentally.

On the same line, dynamic loop model [45] was studied numerically, where

monomers can connect to form a loop only when they are located within the
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1.2 Coarse-grained polymer models Chapter 1 Introduction

encounter distance, and the loops are reversible. Dynamic loop formation was

also considered in the strings and binders switch model [11], in which loop

formation is mediated by diffusing molecules that must be present at binding

sites at the moment of encounter. This model provides means of mapping a

range of polymer folding phenomena based on the distribution of binding

sites. However, loops are either stable or unstable collectively, and depend

on binding site af�nity and the concentration of binding molecules. Polymer

melts with random connectivity were studied numerically on a discrete lattice

in [98] with the aim of exploring the diffusion properties of the melt. The

numerical study of the polymer models above obscures the dependence of

dynamic behavior on model parameters, the dynamics in free domain, and

require heavy numerical simulations. Nevertheless, the models mentioned

above capture one of the key characteristics of an ensemble of chromatin, i.e.,

variability of polymer conformation in the ensemble as a result of random

looping.

The � polymer [5] provides an analytical asymptotic expressions for the

statistical properties of a polymer with long-range monomer interactions.

The � polymer provides means of constructing a polymer, having a potential

energy, which decays with monomer distance, and is based on a prescribed

anomalous exponent1 � 1=� . In the polymer model by Giorgetti et al. [39],

both attractive and repulsive potentials were placed between monomer pairs,

and the strength of these potentials was deduced from the 5C EP matrices. In

the two models above, the potential between monomers cannot, in general,

be linked with any physical contact between genomic segments, or loop

formation, and thus the structure of the polymer remains obscure.

Polymer models to predict 3D chromatin organization were also con-

structed from CC [105] and single cell Hi-C[99], and predict encounter

probability which agreement with population Hi-C. However, it is unclear

how to interpret the resulting structure, or to what extant does the predicted

3D structures reliably represent the dynamic chromatin conformation land-

scape or a characteristic chromosome conformation. Other notable polymer

models include the well known fractal globule [72], random copolymer [67],

and polymer with folding principles based on the epigenetic state of the

chromatin [62].

1.2.4 The RCL polymer model
Before listing the results of this dissertation in the next Chapter, I now give

a short description of the RCL polymer. The RCL polymer is a member of

the general Gaussian models [40], represented byN monomers connected
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Chapter 1 Introduction 1.2 Coarse-grained polymer models

sequentially by harmonic spring, and an additional Nc connectors between

random monomer pairs (Fig. 1.5). In each realization of the polymer, the

choice of monomer pairs to connect is randomized. This added level of

random connectivity serves to capture the heterogeneity in con�gurations

seen in an ensemble of chromatin, and the added connectors serve to mimic

the effect of binding molecules (e.g., CTCF).

onomer

Random connector

Spring

Figure 1.5 The RCL polymer model. A set of N monomers (blue sphere) connected sequen-
tially by harmonic springs (blue bars) to form the backbone, and an additional set of
connectors (green) is added between random monomer pairs in each realization of
the polymer.

The potential energy of the RCL is a generalization of the potential in

1.1, de�ned as the sum of the potential energy of the deterministic linear

backbone and random potential from added random connectors,

� (R ) =
�
2

R T (M + B(� ))R ; (1.15)

where M is the Rouse matrix (Eq. 1.4), B (� ) is the random added con-

nectivity matrix, describing the position of Nc added random, non-nearest

neighboring (NN) monomer pairs,

Bm;n (� ) =

8
><

>:

� 1; rm ; rnare connected,jm � nj > 1;

�
P N

j 6= m Bm;j (� ); m = n;
(1.16)
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and the choice of m and n is randomized for each realization of the polymer.

The connectivity fraction 0 � � � 1 is related to Nc by

Nc(� ) = b�
(N � 1)(N � 2)

2
c; (1.17)

and is de�ned as the fraction of the maximal possible choices of non NN

monomers pairs to connect. Put differently, it is a fraction of the total number

of cells in the upper triangular part of N � N matrix, excluding the super

diagonal. The dynamics of monomers of the RCL polymer is given by the

Langevin equation

dR
dt

= �
1
�

r � (R ) +
p

2D
d!
dt

; (1.18)

where ! are standard Brownian motion with mean 0 and standard-deviation

1. As we shall see in subsequent chapters, this simple construction of the RCL

polymer can account for many of the features of the chromatin organization

and dynamics.
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2Summary of results

In this chapter I give a short summary and a list of results for each of the

chapters in this dissertation work.

2.1 Chapter 3: Transient chromatin

properties revealed by the randomly

cross-linked polymer model
In Chapter 3 I present a computational procedure to construct a bead-spring

polymer model directly from the 5C data. The polymer captures two hall-

marks of the 5C data: long-range persistent interactions and encounter

enrichment, which accounts for TAD-like structures (see Fig. 1.2). I use this

polymer model to elucidate the relationship between genome organization

and transient properties, such as the mean �rst encounter time between

genomic segments. We refrain from providing three-dimensional structure to

interpret the data as in [62, 99, 104, 64], and focus on extracting the mean

number of cross-links in a given genomic segment. This information is not

contained in the 5C data. To demonstrate the construction process, I use a

subset of the 5C data of the X chromosome of female mice embryonic stem

cells [39, 76], harboring two TADs (TAD D and E), which span a genomic

region of about 1 mbp.

2.1.1 Result 1: The chromatin is represented by a

polymer model with random short-range and

persistent long-range connectors
I present a method to construct a polymer model, with a combination of

random and persistent connectors, directly from the empirical encounter

probability (EP) of the 5C data [76]. I use connectors to resolve a reverse

engineering problem, which is to recover the degree of connectivity from the

EP-decay rate. To do so, I coarse-grain the 5C data at a resolution of 3 kb, in

accordance with the median restriction fragment of the HindIII restriction

enzyme used for generating the 5C data [39, 76]. The resulting polymer

model is composed ofN = 307 monomers, with TAD D (1-106) and TAD

107-307 (Fig. 2.1A). Then, I �tted a model of the form c0jm � nj � � , c0; � > 0

(see Eq. 1.7) to the experimental EPs of TAD D and E, and obtainedh� D i =

0:74; h� E i = 0:8, indicating that Rouse polymer (� = 1:5) is inadequate in
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Figure 2.1 Reconstruction of the chromatin by RCL polymer model A. The 5C encounter
data [76] of TAD D and E is represented by a polymer model ofN = 307 monomers
with monomer 1-106 (orange) representing TAD D and 107-207 representing TAD
E (blue). The polymer model consist of random short-range connectors (green)
within each TAD, and �xed long-range (red) within and across TADs. B. Decay�
exponent obtained from �tting a model of the form c0m� � , with m the monomer
distance and c0 a constant, to each one of the 307 monomers in panel A, for the
experimental data (red), a polymer model with only �xed connectors (green), and
a model with random and �xed connectors (blue). C. The encounter probability
surface of the experimental 5C (left) versus that of the calibrated polymer model
(right). D. Anomalous exponents� m (m = 1 ::307) of the calibrated RCL model
shows high variability around the mean value of 0.4.
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Chapter 2 Summary of results 2.1 Transient chromatin properties

representing the empirical EP (see also Fig. 1.3B). I generalize the potential

1.1 to include the linear backbone, random, and �xed long-range connectors

� (R ) =
�
2

X

m
(rm � rm� 1)2 +

�
2

X

G

(rm � rn )2 +
1
2

X

Smax

� mn (rn � rm )2; (2.1)

where � is the spring constant of both the linear backbone and random

connectors,G is a set ofNc randomly chosen non nearest-neighboring (NN)

monomer pairs, Smax is a set of monomer indices pairs representing positions

of persistent �xed connectors, and kmn are spring constant for persistent long-

range connectors, which I calibrated from the 5C data. In each realization

of the polymer I randomize the choice of monomer pairs to connect (the

set G in Eq. 2.1) to capture the effect of CTCF binding molecules and

their heterogeneous positions in a large population of cells. I obtained the

positions of persistent loops by thresholding the 5C data, using a threshold

value computed from the NN monomers' EP (super and sub-diagonals of the

5C EP matrix). I �nd 24 persistent connectors within and between TADs.

By numerical simulations of system 1.3, I establish a relationship be-

tween the decay� exponent and Nc, the number of connectors. Using that

relationship, I �nd that the experimental � D = 0:74; � E = 0:8 correspond to

6 and 10 connectors in TAD D and E, respectively. This result shows that the

addition of only a few connectors is suf�cient for reproducing the empirical

EP of TADs. A comparison of the decay� exponents of the 5C data to a model

with only long-range versus a model with a combination of random and �xed

connectors, favors the latter (Fig. 2.1B).

2.1.2 Result 2: Long-range persistent connectors

between TADs a�ect transient encounter

times of monomers within TADs
Using stochastic simulations of the calibrated RCL model, I computed the

histogram of the conditional �rst encounter time and probability of three key

loci, corresponding to the genomic elements called Tsix/Xite, Chic1, and Linx.

The pairwise conditional encounter of these loci initiates a cascade of events

leading to production of proteins, which coat the X chromosome, and lead to

its inactivation in female mammalian cells [76]. I show that the conditional

EP is nearly 50% between loci pairs when both TAD D and E are present,

whereas when TAD E is not considered and the connectors between TADs are

removed, the probability shifts and the conditional encounter time increases
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2.2 Two Loci SPT Chapter 2 Summary of results

by 50%. This result is a consequence of removal of persistent long-range

connectors between TADs and demonstrates how TADs can cross-regulate. I

�nd the �rst encounter times to be Poissonian, which agree with theoretical

results [8].

2.1.3 Result 3: The variability in anomalous

exponents of monomers within TADs is

caused by heterogeneous TAD organization
I computed the Mean-Squared-Displacement (MSD) of loci in both TAD D

and E from simulations of the calibrated RCL model, where the position

of connectors is randomized in each realization and persistent long-range

connectors are included. I found large �uctuations in the values of anomalous

exponents (Fig. 2.1D) around a mean value of 0.42, and around 0.4 when

TAD E is removed. This result links the heterogeneity in internal chromatin

organization in a population to the large variability in anomalous exponent

measured experimentally. I attribute the sub-diffusive behavior of loci to the

presence of persistent long-range connectors.

2.2 Chapter 4: Two loci single particle

trajectories analysis, constructing a

�rst passage time statistics of local

chromatin exploration
A large body of work deals with the statistics extracted from SPTs, the

characterization of locus motion, and inference of the characteristics of

local locus environment [9, 14, 48, 108] to mention only a few. Less well

dealt with is the analysis of the correlated motion of two tagged loci and

its interpretation in terms of the local genome organization. In particular,

when the two tagged loci on the same chromosomal arm are tracked, the

connection between local chromatin architecture and transient �rst encounter

times remains largely unexplored. However, several work do exists and are

insightful [62].

In Chapter 4 of this dissertation I study chromatin reorganization using

the transient �rst encounter time (FET) and �rst dissociation time (FDT)

of two tagged loci (Fig. 2.2A). I study genome con�nement, organization

and reorganization based on the transient mean FET (MFDT) and mean
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Chapter 2 Summary of results 2.2 Two Loci SPT

FDT (MFDT) from the experimental histograms of recurrent FET and FDT,

reported in two data sets. The �rst dataset, generated in [26], provides

simultaneous recording of two tagged loci on yeast genome, positioned at

genomic separation ranging from 25-100 kbp. The second dataset, provided

by Hauer et al. [44], contains simultaneous recording of two tagged loci 50

kbp apart, before and after the induction of double strand breaks (DSB) by

the Zeocin drug. Zeocin is a radiomimetic substance, which induces DSB

uniformly in the nucleus.
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Figure 2.2 First encounter and dissociation of two tagged loci reveal chromatin reorgani-
zation principles A. First association (left) and dissociation (right) of two tagged
loci (green and yellow spheres) at the encounter distance� , recorded in [26] for
genomic separation distance� 2 [25; 100:8]kbp. B. The mean �rst encounter time
(MFET) h� E i for all genomic strains in panel A, plotted against � , shows that h� E i is
independent of � above 250 nm. C. First association (left) and dissociation (right)
of two tagged loci (green and yellow spheres), recorded in [44], before and after
the induction of DSB (red crosses) by Zeocin drug. D. A plot of h� E i before for
untreated (blue) and zeocin treated (orange) cases, shows thath� E i is independent
of � above 250 nm. E. A sketch of the randomly cross-linked (RCL) polymer of
100 monomers used for the study of genome reorganization following a single DSB
between monomersm50 and m51 (red). F. The mean distancehd(m50; m51)i between
monomers m50; m51 computed from simulation of the RCL polymer in panel E for
the unbroken (blue) and the DSB (orange) case.
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2.2 Two Loci SPT Chapter 2 Summary of results

2.2.1 Results 1: The two tagged loci are con�ned

in a region of 250 nm in radius
I collected the histograms of the FET and FDT of trajectories of the data set

in [26], and �tted an exponential distribution to it. The MFET and MFDT are

the reciprocal of the decay rates of the �tted distributions [8]. By varying

the encounter distance� , I �nd that the MFDT and MFET are independent

of � above 250 nm (Fig. 2.2B). I �nd a similar con�nement length scale in

the data set [44] by repeating the FET and FDT analysis on the distribution

(Fig. 2.2C) of the chromatin before and after the induction of DSB (Fig.

2.2D). This result implies that 250 nm is a characteristic length-scale for

chromatin con�nement. I use the transient statistics and analytical formulas

derived from polymer model in con�ned domains [3] to compute the radius

of con�nement for the polymer itself to be 0.5 �m .

2.2.2 Result 2: Genome reorganization following

DSB involves conservative loss of connectors

around damaged sites
I use the RCL polymer to zoom in on a the process of local genome reorga-

nization following a single DSB induction. The chromatin undergoes local

expansion around DSB sites caused by recruitment of repair protein, push

aside undamaged DNA, untangle the DNA, and evict histones to facilitate

access to damaged sites. To calibrated the number of random connectors in

the RCL polymer I use SPT data [9], in which the standard deviation of loci

distance before and after DSBs were measures to be 0.14�m and 0.23 �m

respectively. I simulated the RCL model of 100 monomers and computed

the variance of the distance of monomersm50 and m51 before and after the

induction of DSB between them and the removal of all cross-links to these

monomers (Fig. 2.2E). I �nd that 130 connectors are in good agreement

with measurements in [9]. I �nd that only 4% of the total connectors are lost

following a DSB. The MFET of the two broken ends in simulations were on a

scale of 1-2 second, in line with experimental measurements [44, 26].

2.2.3 Result 3: The cross-linked micro-environment

of DSB con�ne the two broken ends
I computed, hd(m50; m51)i , the mean distance between monomerm50; m51

as a function of the initial number of connectors in the RCL polymer (Fig.
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2.2F). The result curve shows how in the local cross-linked environment serve

to con�ne the two broken ends from drifting apart. These results provides

quantitative measure for the local reorganization of the genome following

DNA breaks, in terms of loss of cross-links.

2.3 Chapter 5: Statistics of randomly

cross-linked polymer models to

interpret chromatin conformation

capture data
In Chapters 3 and 4 I presented simulations of a RCL polymer, where either a

combination of stable and random loops are added to it, or a sudden break in

the chain occurs. These two situations render calculation of exact solutions

to both steady-state and transient statistics dif�cult. In Chapter 5 I derive

analytical expressions for the statistics of RCL polymers, representing the

internal connectivity of a single TAD-like region, in which all monomers share

a similar average level of connectivity (number of connectors). The resulting

analytical expressions I derived are suitable for extracting the mean number

of cross links directly from the CC data and construct a polymer, which repro-

duces the steady-state CC encounter data. This analytical approach allow to

replace heavy numerical simulations to extract the polymer's connectivity, by

a simple curve �tting of the expressions I derived for the EP to the empirical

5C EP data.

2.3.1 Result 1: The eigenvalues of the RCL

random connectivity matrix are linear

transformation of the Rouse eigenvalues
I adopt a mean-�eld approach to compute the spectrum of the random matrix

B(� ), in which I replace the random matrix B(� ) in Eq. 1.18 by its structural

averagehB(� )i , where averaging is performed over all possible choices ofNc

non NN connected monomer pairs. I constructed the matrixhB(� )i based on

the probability density of the monomer connectivity, which I show to be the

hyper geometric. I further show that hB(� )i commutes with M and, therefore,
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2.3 Statistics of randomly cross-linked polymer models Chapter 2 Summary of results

diagonalizable by the Rouse eigenbasis [30], such that� = V hB(� )i V T , and

� = diag[� 0(� ); � 1(� ); ::; � N � 1(� )], are the new RCL eigenvalues, given by

� p(� ) =

8
><

>:

0; p = 0;

N� + (1 � � )4 sin2
�

p�
2N

�
; p > 0:

(2.2)

The term N� in 2.2 is the mean number of connectors for each monomer,

which is approximately � 1(� ),for N � 1.

I, therefore, obtain a decoupled Ornstein-Uhlenbeck (OU) [91] system

of equations describing the dynamics of the modes of the RCL polymer

dU
dt

= � d
D
b2

� U +
p

2D
d�
dt

: (2.3)

2.3.2 Result 2: The variance and encounter

probability between monomers of the RCL

polymer
Using the properties of the OU system 2.3 at steady-state I derived an expres-

sion for the variance � 2
m;n (� ) between monomersm and n

� 2
m;n (� ) =

8
><

>:

b2 (( � m � n
0 (N;� )� 1)2 � 2� m + n � 1

0 (N;� )+2 � 2m � 1
0 (N;� ))

� 2m � 1
0 (N;� )( � 0 (N;� )� � 1 (N;� ))(1 � � )

; m � n;
b2 (( � n � m

0 (N;� )� 1)2 � 2� m + n � 1
0 (N;� )+2 � 2n � 1

0 (N;� ))
� 2n � 1

0 (N;� )( � 0 (N;� )� � 1 (N;� ))(1 � � )
; m < n;

(2.4)

with

� 0(N; � ) = 1 +
N�

2(1 � � )
+

s �
1 +

N�
2(1 � � )

� 2

� 1;

� 1(N; � ) = 1 +
N�

2(1 � � )
�

s �
1 +

N�
2(1 � � )

� 2

� 1: (2.5)

I derive an approximation for � 2
m;n (� ), when � � 1

� 2
m;n (� ) �

b2
p

N�

�
1 � exp(�j m � nj

p
N� )

�
: (2.6)

The expression for the EP between monomersm and n is, therefore

Pm;n (� ) =

 
d

2�� 2
m;n (� )

! d
2

; (2.7)

with � 2
m;n (� ) de�ned in 2.4.
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2.3.3 Result 3: The mean-square radius of gyration

(MSRG) of the RCL polymer
I further derived an analytical expression for hR2

G(� )i , the MSRG, which characterizes

the size of the RCL polymer

hR2
G(� )i =

b2

N 2(1 � � )( � 0 � � 1)

h(1 + 2 � 0)N (1 + N )
2� 0

(2.8)

+
N (2(1 + � 0)2 � � 3

0 )
1 � � 2

0
�

� 3
0 (1 � 1

� 2N
0

)

(1 � � 2
0 )2 +

2(1 + � 0)(1 � 1
� N

0
)

(1 � � 0)2

i
;

where here we set� 0 = � 0(N; � ); � 1 = � 1(N; � ), and the asymptotic approximation of

2.8 for Nc(� ) � N 2

2 is

hR2
G(� )i �

3b2

4(1 � � )
p

N�
: (2.9)

2.3.4 Result 4: The Mean square displacement of

monomers of the RCL polymer
I obtain an expression for the MSD, which is approximated in three different time-

scales based on the polymer relaxation times� p(� ) = b2

D� p (� )

hhr 2
m (t)ii �

8
>>>>><

>>>>>:

2dDcm t + db2Erf[
p

2DN�t=b 2 ]

2
p

N� (1� � )
; � N � 1(� ) � t � � 1(� );

db
p

2dDtp
� (1� � )

�
1 � exp(� 2dDN�t=b 2 )

2

�
; t � � N � 1(� );

2dDcm t + db2

2
p

N� (1� � )
; t � � 1(� );

(2.10)

where Erf[t] is the error function. I conclude that the homogeneous behavior of MSD

for the RCL polymer model gives an anomalous exponent� = 0 :5, similar to the

Rouse model, and is a result of the mean-�eld approach used here.

2.3.5 Result 5: The mean �rst encounter time

between monomers of the RCL polymer
I derive and expression for the MFET between any two monomersm and n of

the RCL polymer

h� �
m;n (� )i =

1
4�D�

 
2�� 2

m;n (� )

�b 2

! d
2

; (2.11)
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and approximated it by

h� �
m;n (� )i �

b2 �
1 � exp(�j m � nj

p
N� )

� d=2

4
p

N��D� (�b 2)d=2
+ O(N� ); (2.12)

where jm � nj � N , and � � 1.

Taken together, the expressions I derived in Results 1-5 provides rich set of tools

to construct a RCL polymer directly from the CC data, where only one parameter� ,

the connectivity fraction remains free and is found by �tting expression 2.7 to the CC

encounter data. Once� is obtained, computation of steady-state length scales (Eq.

2.8) and encounter times (Eq. 2.11) are straightforward. Results 1-5 were veri�ed

by Brownian simulations, which showed in excellent agreement with the theory.

2.4 Chapter 6: Chromatin reorganization

during cell di�erentiation captured by

randomly cross-linked polymer models

of multiple topologically associating

domains
The internal connectivity within TADs, as seen in the results of Parts I-III of

this dissertation, affects the dynamic behavior of the polymer and its compaction.

However, connectivity across TADs, sparse as it may be (Fig. 1.2A), must be taken

into account in polymer models, to arrive at a more complete description of the

folding pattern and dynamic of the chromosome. In the Chapter 6 of this thesis

I present a generalization of the analytical RCL model of one TAD (Chapter 5) to

multiple TADs of variable size, inter and intra-connectivities. I use the generalized

model to study the affect of inter-TAD connectivity on the statistical properties of the

chromatin throughout 3 stages of cell differentiation.
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I generalize the construction of single TAD-like RCL polymer toNT diagonal

blocks, by chaining NT RCL polymers ofN i monomers each. The construction of a

single TAD in Section III is generalized into block matrices representations:

R =

2

6
6
6
6
6
6
6
6
6
6
4

[R(1) ]

[R(2) ]

:

:

:

[R(NT ) ]

3

7
7
7
7
7
7
7
7
7
7
5

; U =

2

6
6
6
6
6
6
6
6
6
6
4

[U(1) ]

[U(2) ]

:

:

:

[U(NT ) ]

3

7
7
7
7
7
7
7
7
7
7
5

; M =

2

6
6
6
6
6
6
6
6
6
6
4

[M 1] 0 0 ::: 0

0 [M 2] 0 ::: 0

0 0 [M 3] ::: 0

: : 0 ::: :

: : ::: :

0 : : ::: [M NT ]

3

7
7
7
7
7
7
7
7
7
7
5

; (2.13)

V =

2

6
6
6
6
6
6
6
6
6
6
4

[V1] 0 0 ::: 0

0 [V2] 0 ::: 0

0 0 [V3] ::: 0

: : 0 ::: :

: : ::: :

0 : : ::: [VNT ]

3

7
7
7
7
7
7
7
7
7
7
5

; � =

2

6
6
6
6
6
6
6
6
6
6
4

[� 1] 0 0 ::: 0

0 [� 2] 0 ::: 0

0 0 [� 3] ::: 0

: : 0 ::: :

: : ::: :

0 : : ::: [� NT ]

3

7
7
7
7
7
7
7
7
7
7
5

: (2.14)

where each [M i ] is a Rouse matrix 1.4 of a chain ofN i monomers, and [U (i ) ] =

[u(i )
0 ; u(i )

1 ; :::; u(i )
N i

] and [� (i ) ] represent the normal coordinates and eigenvalues for

chain i , respectively. Corresponding to theNT blocks, the connectivity fraction

� = f � ij g is represented by a symmetricNT � NT matrix, from which we obtain the

block matrix of added random connectivity hB (�) i .

2.4.1 Result 1: The distribution of the square

radius of gyration in each TAD is

approximately Normal
The distribution P(R2

g) of the square radius of gyration (SRG) for each TAD is given

by [34]

P(R2
G) =

1
2�

Z 1

�1
exp(i c�R 2

g)Det(1N k � 1 +
i cd�b 2

2Nk
[� k ]� 1) � d=2d�; (2.15)

where i c is the complex unit, 1N k � 1 is Nk � 1 � Nk � 1 matrix of ones, [� k ] is

the block diagonal matrix of eigenvalues for TAD k except the �rst, and Det is the

determinant operator. I approximate the integral in 2.15 to obtain the distribution

of the SRG

P(R2
G) =

s
dN 2

k

4�b 4Tr([� k ]� 2)
exp

0

B
@�

�
R2

g � b2Tr([� k ]� 1 )
N k

� 2

4b4Tr([� k ]� 2)=dN2
k

1

C
A ; (2.16)
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where Tr is the trace operator. I then computed the mean SRG (MSRG) of TADk

and obtained

hR2
gi (k) �

b2

(1 � � kk )( � (k)
0 (�) � � (k)

1 (�))
; (2.17)

which is a Gaussian distribution, and the terms

� (k)
0 (N; �) = y(k) (N; �) +

q
y(k) (N; �) 2 � 1;

� (k)
1 (N; �) = y(k) (N; �) �

q
y(k) (N; �) 2 � 1;

y(k) (N; �) = 1 +
P NT

k=1 � kj N j

2(1 � � kk )
; (2.18)

couple the connectivities � kj of all TADs j = 1 ::NT connected to TADk.

2.4.2 Result 2: The encounter probability of

monomers within and between TADs
I �rst show that the equation of motion in normal coordinates u(k) are decoupled for

all internal modes

du(k)
m

dt
= � d

D
b2

0

@� (k)
m (1 � � kk ) +

NTX

j =1

N j � kj

1

A u(k)
m +

p
2D

d� (k)
m

dt
; (2.19)

whereas the centers of massesu(k)
0 , remain coupled.

du(k)
0

dt
= � d

D
b2

0

@N j � kj u(k)
0 �

NTX

j =1

� kj

q
NkN j u(j )

0

1

A +
p

2D
d� (k)

0

dt
; (2.20)

where � (k)
0 are standard Brownian motions.

I then obtained an expression for variance between monomersm and n of TAD

k using the steady-state properties of Eq.2.19 and the MSRG (Eq. 2.17)

� 2
m;n (�) =

8
>><

>>:

hR2
G i (k) � (� ( k )

0 (N; �) m � n � 1)2 � 2� ( k )
0 (N; �) m + n � 1

� ( k )
0 (N; �) 2m � 1

+ 2
�
; m � n;

hR2
G i (k) � (� ( k )

0 (N; �) n � m � 1)2 � 2� ( k )
0 (N; �) m + n � 1

� ( k )
0 (N; �) 2n � 1

+ 2
�
; m < n:

(2.21)

I further obtain an approximate expression for the variance between monomersm(k)

and n(j )of TADsk and j respectively

� 2
m ( k ) n ( j ) (�) = hR2

G i (k) (1 + � (k)
0 (N; �) 1� 2m ) + hR2

G i (j ) (1 + � (j )
0 (N; �) 1� 2n )

+ b2

0

@ 1

N i
P NT

l6= k Nk � kl
+

1

N j
P NT

l6= j Nk � jl

1

A : (2.22)
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I obtain an expression for the EP within and between TADs by substituting 2.21

or 2.22 in

P (k) (m; n) /

 
d

2�� 2
m ( k ) ;n ( j ) (�)

! d=2

: (2.23)

Expression 2.23 is con�rmed by numerical simulations of a generalized RCL

polymer harboring 3 TADs (Chap. 6, Fig. 6.3B).

2.4.3 Result 3: TADs of the X chromosome

compact and de-compact synchronously

throughout di�erentiation
I use the generalized RCL model to study the reorganization of TADs throughout

cell lineage commitment in 3 subsequent stages of cell differentiation 1) embryonic

stem cell 2) neuronal precursors, and 3) embryonic �broblast (Chap. 6 Fig. 6.4).

I �t expression 2.23 to the 5C data of TADs D, E, and F [76], coarse-grained at

6 kbp resolution, and obtain the matrix � , the number of connectors within and

between TADs, for all three stages of differentiation (Fig. 6.4B). I computed the

radius of gyration for each TAD using the �tted � , and found that the 3 TADs

compact in the transition from embryonic stem cells to neuronal precursors, and

then de-compact in the differentiation to embryonic �broblasts (Fig. 6.4C). This

compaction is associated with acquisition of connectors within and between TADs.

This result shows the synchronous activity of TADs, where the inter-TAD affects

their compaction. I thus demonstrate the applicability of the generalized RCL in

modeling structural reorganization in the chromatin throughout differentiation, in

which inter-TAD connectivity plays a signi�cant role, and show how the RCL model

can interpolate between 5C snapshots of chromosome organizations (Fig. 6.4D).
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Capture data." PLoS computational biology 13.4 (2017): e1005469.

Abstract
Chromatin organization can be probed by Chromosomal Capture (5C) data, from

which the encounter probability (EP) between genomic sites is presented in a large

matrix. This matrix is averaged over a large cell population, revealing diagonal

blocks called Topological Associating Domains (TADs) that represent a sub-chromatin

organization. To study the relation between chromatin organization and gene

regulation, we introduce a computational procedure to construct a bead-spring

polymer model based on the EP matrix. The model permits exploring transient

properties constrained by the statistics of the 5C data. To construct the polymer

model, we proceed in two steps: �rst, we introduce a minimal number of random

connectors inside restricted regions to account for diagonal blocks. Second, we

account for long-range frequent speci�c genomic interactions. Using the constructed

polymer, we compute the �rst encounter time distribution and the conditional

probability of three key genomic sites. By simulating single particle trajectories of

loci located on the constructed polymers from 5C data, we found a large variability of

the anomalous exponent, used to interpret live cell imaging trajectories. The present

polymer construction provides a generic tool to study steady-state and transient

properties of chromatin constrained by some physical properties embedded in 5C

data.
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3.1 Introduction
Chromatin is organized in heterogeneous sub-regions of various sizes, as recently

revealed by Chromosome Capture (5C) data [24, 31]. This multiscale organization

is generated by short and long-range genomic interactions between DNA segments,

observed in the statistics of a large number of cells. Mammalian chromatin at a

resolution of 3kb, [76, 29] contains an organization at 1Mbp scale, where several

sub-structures are enriched with intra-connectivity, re�ecting an increased encounter

probability (EP) between genomic segments. This increased EP is described in the

two-dimensional encounter frequency (EF) matrix, containing diagonal blocks called

Topologically Associating Domains (TADs) [76, 39]. TADs are associated with gene

regulation [76], DNA replication timing [84], DNA entanglement or cross-linking by

molecules such as cohesin, CTCF [81] and condensin [76]. Cross-linking between

chromatin sites are precisely the events sampled by Chromosome Capture data (3C,

4C, 5C, HiC) [76, 61], and single cell HiC con�rms that positions of cross-links can

vary between cell types and phases [73]. In that context, TADs represent average

chromatin conformations, characterized by a higher numbers of binding molecules

compared to non-TAD regions.

Over the past ten years, polymer models have been used to analyze statistics

hidden in Chromosome Capture (CC) data and to characterize the decay of the

encounter probability with the genomic distance s. For example, the EP between two

monomers A; B for a (linear) Rouse polymer decays with s� 3=2, thus the exponent

is 3/2 [30]. A range of decay exponents lower than 3=2 can be produced by other

polymer models, where stable transient loops are formed between segments [16].

By varying the number of loops, a large range of chromatin con�gurations can be

generated and the associated polymer characteristics are re�ected in the EP decay

exponent. By including transcriptional information, dynamic-loop model [52, 16]

can reproduce chromatin looping associated with transcriptional activity. Similar

polymer models describe chromosomal territories [18], suggesting that inactive

genes are located inside these territories. The strings-and-binders-switch polymer

model consists of reversible binding between speci�c genomic segments located in

close proximity, when an additional diffusing molecule is present at the binding site.

In an extension of this model, genomic segments having similar epigenomic state can

directly interact [55], revealing the phase diagram of polymer con�gurations. These

models are used to interpret the contact probability decay in the Hi-C data [83, 75,

56, 77]. In a new class of polymer model, each monomer interacts with any other

through a potential well [39, 102], where pairwise interaction between monomers

is represented by either an attractive or repulsive potential. The parameters of the

model are extracted from data by minimizing the chi-square norm between the EP

empirical and Monte-Carlo simulation matrices. However, this highly connected

model does not translate easily into molecular binding because the nature of these
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potential wells does not have a direct physical interpretation. When this model is

applied to the region containing the X inactivation center of mammalian embryonic

stem cells, it predicted novel ensemble of polymer con�gurations, representing TAD

structures present in the 5C data. Other minimization procedures were used to

inter-chromosomal distances at a large-scale resolution of 1Mbp [104].

Polymer models have also been used to interpret single particle trajectories

(SPTs) of tagged DNA locus [28, 38, 92, 20, 51, 50, 7], revealing that chromatin is

constantly remodeled. SPTs are characterized by their anomalous behavior, which

can deviate signi�cantly from classical diffusion and are usually quanti�ed by the

mean-square displacement (MSD). In that context, a model with a minimal number

of parameters is still needed to account for both types of data: 1) the EPs decay rate

and 2) dynamical parameters such as the anomalous exponent extracted from SPTs.

In the absence of a systematic procedures to convert the EP into a polymer model

with a similar EP decay rate as the one presented in the 5C data, the connection

between 1) and 2) was left open.

We present here a general computational and algorithmic procedure to estimate

parameters of a randomly cross-linked polymer model following the 5C protocol.

The procedure consists in constructing an ensemble of polymer models from the

EP of 5C by randomly cross-linking monomers and in resolving the dif�culty of

assigning the minimal number of sparse interactions between monomer pairs. These

interactions can be directly interpreted as binding molecules. The construction

of the polymer model starts with the Rouse model [30], which consists of beads

linearly connected by harmonic spring. We started with the coarse-grained Rouse

polymer that describes accurately the statistics of the chromatin below a scale of few

Mbp [88, 17]. To further constrain monomer interactions, we determine monomer

connectivity from the 5C data of mammalian X chromosomes. The construction

procedure is divided into two steps: �rst, to account for heterogeneity in the 5C data,

we added a minimal required number of connectors (cross-links) between genomic

sites chosen at random that can reproduce TAD blocks. We show that the number of

random connectors to be added is uniquely determined from data. However, this

step is insuf�cient to recover the EP decay peaks contained in the 5C data. Thus, in

the second step, we account for consistent long-range interaction present in the EP

matrix within and between TADs. We calibrate our model by requiring that the EP

matrix, constructed from simulations of the polymer, has the same decay exponent

(for each monomer) as that of the empirical data. These calibrated polymer models

allow us to study transient properties and to estimate the conditional encounter

probability and the �rst encounter time between three speci�c genomic sites.

Although the generalized Gaussian polymer model we are using here is well

known, our reconstruction using minimal number of short and long-range con-

nectors, derived from empirical EP, is new and permits generating novel statistics

describing transient gene regulation. By exploring the statistics of simulated SPTs
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(by computing the anomalous exponent [28, 38, 92, 20]), we further show that the

large heterogeneity of the anomalous exponent present in live cell imaging can be

explained by random binding locations on the chromatin that can vary from cell to

cell.

3.2 Results

3.2.1 The encounter probability of coarse-grained

5C data
We previously described how we construct a polymer model from a symmetrized 5C

matrix M (Fig 3.1A). By symmetrizing the EP matrix, we averaged-out asymmetrical

�uctuations. The 5C data we used represent a sub-region of the X chromosome

(� 92kbp), that was previously segmented into two regions called Topological

Associating Domains (TADs) D and E [76]. The matrix M was further coarse-grained

by binning the encounter frequencies into 307 monomers of3kbp[39], where TAD

D (resp. TAD E) is represented by the �rst 106 monomers (resp. 107-307), as

shown in Fig 3.1A. We introduce a general polymer model (Fig 3.1B) with arbitrary

con�guration, the properties of which will be extracted from empirical 5C matrix M .

The encounter probabilities between monomerm and monomer n are computed

from the experimental 5C matrix M (see Material and Methods) by

Pe(jm � njjn) =
M n;n + jm� nj + M n;n �j m� nj

P N
m=1 M n;m

; (3.1)

which depend on the genomic distancejm � nj (Fig 3.1C). Although the average

encounter probabilities decays with jm � nj for each n, they contain peaks that re�ect

consistent long-range interactions between monomers. To quantify the decay of the

EP, we �tted its average value Pe(jm � nj) = 1
N

P N
n=1 Pe(jm � njjn) (black dotted

line in Fig 3.1C) with the function

~P(jm � nj) =
C

jm � nj �
; (3.2)

where C and � > 0 are two constants. For a Rouse polymer, the EP function~P is

characterized by a decay exponent� = 3=2 [30]. Fitting 3.2 to data, revealed that

� = 0 :77, from which we concluded that the polymer model should be modi�ed to

account for higher compaction than allowed by a Rouse polymer [5].

To better account for the heterogeneity in the EP of each monomer, we plotted

the distributions of the exponent � n for n = 1 ::307along the polymer (Fig 3.1D blue

dots). The exponents� n were extracted by �tting the function 3.2 to the empirical

EPs 3.1. The large variability in � n , n = 1 ::307 re�ects the local heterogeneity

of the chromatin architecture at the current scale (a monomer represents 3kbp).

36



Chapter 3 Transient chromatin properties 3.2 Results

Figure 3.1 Statistics of Conformation Capture data . A. Average encounter frequency map
of two 5C replica spanning � 1Mbp genomic region containing two Topologically
Associating Domain (TAD) D (monomers 1-106) and TAD E (monomers 107-307)
[76], where the map was coarse-grained into 307 monomers of size 3kbp [39]. B.
Schematic representation of a polymer model with randomly connected monomers.
C. Empirical encounter probability Pn , for monomer n plotted with respect to the
genomic distance d [monomer units], reveals long-range interactions (localized
peaks). Pn are �tted with functions Ad� � , where � is the decay exponent andA
the normalization factor. For the mean encounter probability �P, the value of the
parameters areA = 0 :08 and � = 0 :77 (thick red curve). D. Distribution of the � n

exponents (n = 1 ::307) (blue dots): Monomers m24, m100, m162 (red square dots)
with � 24 = 0 :22, � 100 = 0 :46, and � 162 = 0 :33, respectively, accounts for high peaks
(�rst and last), while the middle one corresponds to the boundary between TADs. E.
Encounter probability Pn for monomers n=24, 100, and 162, corresponding to local
minima shown in box D.
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The average value� for TAD D and E was found to be� D = 0 :81 and � E = 0 :74,

respectively. The local minima of � deviated signi�cantly from the mean values

(Fig 3.1D red squares), where the deviation is 2-3 times the standard deviation

computed from the � values in each TAD. The minima may represent chromatin

features (Fig 3.1E) such as speci�c long-range interactions or boundary between

chromatin sub-domains. Indeed, point m100 (around monomers 102-107 in Fig

3.1D red) is located at the boundary between TAD D and E, whilem24 and m162 are

characterized by strong long-range interactions (Fig 3.1E).

To conclude, the distribution of � values extracted from the EP is quite heteroge-

neous, which can disclose chromatin subregions and long-range strong interactions.

We shall account in the next two sections for these characteristic features and include

in the polymer model both random and persistent long-range connections between

monomers.

3.2.2 Encounter probability in the random loop

polymer model
To determine the level of connectivity of the generalized Rouse polymer which

reproduce the EP-decay using a prescribed exponent� , we �rst studied the case

of one TAD-like region using the simulation of a 307 monomer chain. For each

realization, we added connectors between random non-nearest neighbor monomer-

pairs in the subregion 103-203 (Fig 3.2A). The subregion 103-203 occupies the mid

part of the 307 monomer in this synthetic example, and does not translates into

biological meaningful subregion. The number of connectors, or the connectivity

percentage� (fraction of the number of connected monomer-pairs to the maximum,

described in Materials and Methods), was increased in the range0 � 2%. By adding

connectors, the EP between distant monomers has increased, as presented in the

EP-matrix (Fig 3.2B). In contrast, outside the region 103-203 the EPs were similar to

the case� = 0 (linear chain), showing that the connected region did not affect the

EP in the non-connected ones. At this stage, we have shown that adding random

connectors allows recovering the shape of TAD regions.

To �nd the minimal numbers of connectors necessary to recover a given TAD,

we aim at elucidating the relationship between the connectivity percentage � and the

decay exponent� . For that purpose, we simulated an ensemble of polymers to their

relaxation time (Materials and Methods), and used the equilibrium con�guration

to estimate the EP of each monomer for� 2 [0; 2]%. We calculated the exponent�

by �tting the function 3.2 to the simulated encounter probability data: the values

of � n for n 2 [103; 203]decreased with � . Indeed, for � � 0:2%, the coef�cients � n

decreases below the Rouse exponent (equals to� Rouse = 1 :5), indicating compact

polymer con�gurations. For � = 2%, the mean decay exponent� n and n = 103 � 203

was �� = 0 :47, with a minimal value 0.42 obtained for the boundary monomers
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Figure 3.2 Statistics of simulated generalized Rouse polymer chain for various connectiv-
ity in one and two sub-regions A. Schematic bead-spring chain connected at ran-
dom positions (two-sided green arrows) between non-nearest-neighbor monomers.
B. Encounter frequency maps of a 307 monomers chain. Connectors are added
randomly between monomers 103-202 for each realization. The connectivity �
(number of connectors) increases from 0 to2%. C. Distribution of � n (n = 1 ::307)
�tted by the function Ad� � , where d is the distance along the chain [monomer units],
to the encounter probabilities of numerical simulation. D. Average value of� for
monomers in the interval 103-202 with respect to the connectivity percentage � . E.
Schematic polymer chain, where two de�ned regions: monomers 1-106 (TAD 1, or-
ange circles) and monomers 107-307 (TAD 2, blue circles), are randomly connected
(green arrows). No connections were added between the two TAD regions. Lower
panel: three snapshot realizations of a random loop chain with TAD 1 (orange)
and TAD 2 (blue) and random connectors (green) for three increasing values of
connectivity � = 0 ; 0:2; 1%. F. Encounter frequency maps showing two TAD regions
for an increasing number of random connectors. G. Distribution of � � exponent
for � 2 [0; 2]%, showing the border (n=106) effect between TADs. H. Average �
over TAD 1 (blue) and TAD 2 (orange) for xi 2 [0; 2]. The curves decrease until
plateau at 0.42 (0.24) for TAD 1 (resp. TAD 2). We use these curves to recover the
connectivity percentage� of the experimental TAD D, with � D = 0 :74 (resp. TAD E
with � E = 0 :81) for which � D = 0 :23%(resp. � E = 0 :12%.)
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103 and 203 (Fig 3.2C). These results con�rm that polymer condenses when �

increases, as con�rmed by computing the mean radius of gyrationRg [30], showing

a decay from Rg = 11:9 for � = 0 to Rg = 11 at � = 2% (measured for 307

monomers, Fig 3.2D). Values of� outside the TAD region (monomers 1 to 102

and 204-307) were mostly unchanged, �uctuating around � = 1 :5, con�rming that

statistical properties of a Rouse chain are unaltered when connectors are added to

the middle region ( n = 103 � 203). Finally, the average value of � n (computed over

n = 103 � 203) versus � is shown in Fig 3.2D and, as we shall see, will serve to

extract the connectivity percentage� from the empirical data.

To reproduce the two TADs D and E of the X-chromosome, we started with a

polymer of 307 monomers and added connectors randomly (green arrows) between

monomers 1-106 and between monomers 107-307, as described in Fig 3.2E upper

panel). This partition follows the empirical TAD segmentation described in [76, 39]

at the scale 3kbp of the polymer model. Three polymer realizations for � = 0 ; 0:2; 1%

are shown in Fig 3.2E bottom panel, showing polymer condensation into two distinct

regions. The EF matrix shows that two TAD-like regions, named TAD1 and TAD2

(Fig 3.2F), emerge as the connectivity � increases from 0 to 2%. To extract the

exponent � (Fig 3.2G, colored curves) we �tted the function 3.2 to the EP matrix

for each monomer inside TAD1 and 2. In both cases, the exponent� decreased

below � Rouse = 1 :5 (� = 0% blue curve) and for � = 0 :2%, 11 and 39 random

connectors were added for TAD1 and TAD2, respectively. The boundary between

TADs is characterized by an abrupt decay of the� value, re�ecting high long and

short-range encounters. The average� exponent (averaged over each TAD), plotted

with respect to the connectivity � (Fig 3.2H), was used to determine the number

of connectors necessary to reconstruct the empirical data. Indeed, we extracted

from the EP matrix (Fig 3.1A) that � D = 0 :81; � E = 0 :78 the associated connectivity

percentages� D = 0 :12; � E = 0 :23, respectively (Fig 3.2H). To conclude, we obtain

the minimal number of random connectors to be added on a generalized Rouse

polymer such that the decay exponents of the reconstructed and empirical EP-matrix

are as close as possible.

3.2.3 Incorporating long-range empirical

interactions in the polymer model
A key feature present in the 5C EF-matrix (Fig 3.1A) is the ensemble of persistent long-

range interactions between monomers (Fig 3.1C). To account for these interactions,

we connected monomers corresponding to off-diagonal local maxima of the EF

matrix, for which their EP exceeds that of nearest neighboring monomers threshold

(Materials and Methods). We found 24 long-range connections: 7 (resp. 13) within

TAD D (resp. E) and 4 across the two (see SI for the list of monomers pairs) as

shown in Fig 3.3A. We adjusted the spring constant� m;n between monomer m and
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n corresponding to consistent long-range interactions, based on the values of their

EPs (Materials and Methods). The scaled coef�cient� m;n are summarized in the

SI, and were found to be 1.1 to 3 times higher than the spring constant assigned to

connectors of the linear backbone (� = 0 :97). As revealed by simulations of a Rouse

polymer with �xed long-range connectors, the polymer con�guration are condensed,

characterized by a radius of gyration of about Rg = 9 :1 (compared to Rg = 12 for

the Rouse chain). Three realizations of the polymer are shown in Fig 3.3A.

Figure 3.3 Effect of persistent long-range connectors on polymer folding. A. Upper panel:
schematic representation of the bead-spring polymer model with added �xed con-
nectors (red) representing speci�c long-range monomer interactions (peaks) shown
in Fig. 3.1C. Lower panel: three different realizations of the same polymer, showing
TAD D (orange), TAD E (blue), and �xed connectors (red). B. Simulated (blue)
and experimental (red) � exponent of the �tted encounter probability. The polymer
model contains only speci�c long-range interactions. Average� values for TAD D
and E are� D = 1 :02 (resp. � E = 0 :99).

To quantify the effect of adding consistent long-range connections on the EP

decay, we simulated a Rouse chain containing 307 monomers with the addition of

�xed monomer connectivity extracted from the peaks of the empirical EP-matrix. We

computed the decay exponents� n of each monomer by �tting the function 3.2 to the

EPs from simulations, and compared it to the ones computed from the experimental

data (Fig 3.3B). To estimate the quality of the reconstruction, we use theL 1-norm,

de�ned for a function f by jf j1 =
P

k jf (k)j, and computed the difference between

the experimental � Exp and simulated � Sim curves normalized by the norm j� Exp k1

and we �nd

k� Exp � � Sim k1

k� Exp k1
= 0 :312: (3.3)

The experimental values� n (Fig 3.3B red) were generally lower than the ones ob-

tained from simulations (blue), indicating that the reconstructed chromatin polymer

is less condensed for both TADs. The mean� values for TAD D and E were quite

41



3.2 Results Chapter 3 Transient chromatin properties

similar with � D = 1 :02 and � E = 0 :99. Therefore, we conclude that long-range

connectors are insuf�cient to reproduce the statistics of the 5C data.

3.2.4 Combination of random loops and long-range

interactions to construct a polymer model of a

TAD
We previously evaluated separately the effect of adding random connectors and

�xed long-range interactions on the EPs. We computed the decay exponent� and

compared it with coarse-grained 5C data. We now combine these two constraints,

such that speci�c and non-speci�c connectors are added to each realization of a

generalized Rouse polymer (Fig 3.4). We �rst �nd the connectivity percentage

matching that of the experimental data in each TAD � D = 0 :23%and � E = 0 :12%.

These values summarize the contribution from the two types of connectors (Fig

3.2H). For long-range speci�c interactions (Fig 3.3), we previously obtained � D =

1:02; � E = 0 :99, corresponding to � D = 0 :12%; � E = 0 :07%(Fig 3.2H) for TAD D and

E, respectively. Therefore, we attributed the remaining percentages to the addition

of random connectors, that is � D = 0 :11; � E = 0 :05. The number of added random

connectors corresponding to� D = 0 :11%; � E = 0 :05%are 6 and 10 in TAD D and E,

respectively.

To reconstruct the polymer, we started with a Rouse chain (Fig 3.4A (gray))

and added 24 connectors between monomer pairs corresponding to peaks of the EP

matrix (red). Three polymer realizations, simulated with the two types of connectors,

are shown in Fig 3.4B, characterized by a radius of GyrationRg = 6 :4. We computed

the EF-matrix (Fig 3.4C) that showed similarity with the experimental data (compare

Fig 3.1A with Fig 3.4B), for which two TAD-like structures are visible. We �nd a

satisfactory agreement between simulations and experimental data, measured by

the Kolmogorov-Smirnov distanceDMax = 0 :06 computed on the cumulative density

function between the reconstructed and experimental data, as shown in S1 Fig).

We further quanti�ed the similarity between the two matrices by comparing

the decay exponent for each monomer� n ,(n = 1 ::307) from numerical simula-

tions to those of the experimental data. We used the function 3.2 to �t the EP

of monomers 1 � 307 after long time polymer simulations (Materials and Meth-

ods). The �tted value for � shows an good agreement with the experimental �

values (Fig 3.3C). Comparing the normalized difference between� signals we �nd

k� Exp � � Sim k1=k� Exp k1 = 0 :2 (compared with 0.312 Fig 3.3B). To conclude, ac-

counting for long-range deterministic and short-range stochastic interactions leads

to a more accurate polymer model for chromatin reconstruction. The quality of this

approximation is measured by the decay norm of the� exponent between the data

and the simulations, also con�rmed by the Kolmogorov-Smirnov distance as shown

in S1 Fig C and to be compared with S1 Fig D.
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Figure 3.4 Coarse-grained reconstruction of chromatin using extracted random loops and
connectors corresponding to peaks of the 5C data . A. Schematic polymer model,
where TAD D (orange, monomers 1-106), and TAD E (blue, monomers 107-307) are
recovered by random loops (green arrows) using the connectivity� and persistent
long-range connectors (red bars). B. Three realizations of the polymer model. C.
Encounter frequency matrix of the simulated polymer model, showing two TADs
where off-diagonal points indicate �xed connectors. D. Comparison between �
computed from experiments and simulations data.
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3.2.5 Encounter probabilities and distribution of

search times of three genomic sites
We showed previously how to construct a polymer, the statistical properties of which

match the ones extracted from 5C data. However, the 5C data cannot be used to study

transient properties of the chromatin, as they represent a static genomic encounter

interactions averaged over cell population. We shall now use the calibrated polymer

described above, constrained by the steady-state properties of the 5C data (Fig 3.5A),

to evaluate transient properties of the chromatin.

We focus here on the 5C data harboring the Xist loci, which is the master

regulator of X chromosome inactivation (XCI), and its antisense transcript, Tsix,

which plays a key role in modulating Xist expression during mouse development

[39, 76]. Tsix is believed to play a key role in the choice of the Xist allele that will

be expressed during X inactivation. Thus, we decide to estimate how chromatin

conformation within TADs can contribute to this transcriptional variability using

the present polymer model. We estimated the �rst encounter time distribution and

the probability that monomer 26 (position of the Linx) meets monomer 87 (Xite)

before monomer 62 (Chic1). These monomers represent three key sites on the X

chromosome [39, 76], located in TAD D. We show three realizations in Fig 3.5A and

indicate the location of the three sites inside TAD D (yellow) and E (blue).

We started the polymer simulations from the steady-state distribution and

performed around 10,000 runs. As predicted by the narrow escape theory [48,

8], the encounter time between two of the three monomers is Poissonian, and we

con�rmed this result by simulating the distributions (Fig 3.5B). The reciprocal of the

mean encounter time is by de�nition [90] the encounter rate that we extract in Fig

3.5B-D. We found also that the encounter probability, computed from the encounter

rates (rate divided by the sum of the rates) as between Linx and Chic1 isP = 0 :55,

while the mean encounter times between each pair (Linx-Chic1) and (Xist-Linx) are

comparable of the order of 131s (table C in Fig 3.5).

Finally, to check the impact of TAD E on the encounter time inside TAD D, we ran

another set of stochastic simulations, after removing TAD E (Fig 3.5D). Surprisingly,

the encounter probability was inverted compared to the case of no deletion, while

the mean time was increased by almost50%to 195s (Linx to Chic1) and 205s (Linx

to Xite). This result suggests that speci�c long-range interactions between TAD D

and E (table in S1 Text) serve to modulate the probability and the encounter time

between the three key genomic sites. This result further indicates that the search

time inside a TAD can be in�uenced by neighboring chromatin con�gurations.
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Figure 3.5 Transient properties of the chromatin: Conditional mean time and probability
for three sites to meet . A. (upper panel) Representation of the polymer model for
TAD D (orange, monomers 1-106), where the locus Linx (monomer 26, red) meets
Chic1 (monomer 62, cyan) and Xite/Tsix (monomer 87, gray), respectively. Random
connectors (green arrows) and speci�c long range-connectors (red bar) are added,
following the connectivity � . Fixed connectors (red bars) correspond to speci�c peaks
of the 5C data. Two realizations (bottom panel) of the polymer model containing
TAD D and E, show the encounter of Linx (magenta) with Chic1 (cyan), and Xite/Tsix
(gray), respectively. The color code is from the upper panel. B. Histogram of the
conditional encounter times between Linx and Chic1 (upper panel, green),and Linx
and Xite/Tsix (bottom panel, blue) with TAD D and E. C. Two polymer realizations
with a single TAD D (monomers 1-106, orange), showing the encounter between
Linx (magenta) and Xite/Tsix (gray, left panel), and the encounter between Linx
and Chic1 (cyan, right panel). D. Histogram of the conditional encounter times for a
polymer with only TAD D, showing an exponential decay as in sub-�gure B.
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3.2.6 Statistics of single loci trajectories in the

reconstructed polymer model
To further study the statistical properties of loci trajectories, we simulated the three

loci monomer 26 (Linx), monomer 87 (Xite) and 62 (Chic1), following classical

single particle tracking experiments (Fig 3.6A). We used the calibrated polymer

model reconstructed in section Encounter probabilities and distribution of search

times of three genomic sites. Starting from an equilibrium con�guration following a

relaxation time, we estimated the mean-square displacement (MSD) and computed

the anomalous exponent over all realizations. The MSD of a stochastic processX (t)

is computed by averaging over trajectoryX i (t) realizations [90],

hjX (t) � X (0)j2i = lim
Np !1

1
Np

NpX

i =1

jX i (t) � X i (0)j2 (3.4)

and for short time, we use the asymptotic behavior

hjX (t) � X (0)j2i � At � ; (3.5)

where A is a constant and � is called the anomalous exponent. In practice, we

computed the MSD from the estimator 1
Np

P Np
i =1 jX i (t) � X i (0)j2, where the number

of trajectories Np is of the order 1000. We �tted the function At � to the MSD 3.5,

computed on the simulated trajectories and then extracted� .

We explore now the consequence of computing the MSD, when averaging

over a cell population. To reproduce this situation, we consider a class of polymer

con�gurations C6;10 obtained by �xing the number of random connectors 6, and 10

for TAD D and E respectively. However, their positions in each realization is allowed

to vary, generating a variability. We shall now estimate the anomalous exponent

� w of a locus for a given con�guration w 2 C6;10 and then compute the average

< � w > w2 C6;10 over the ensembleC6;10. We shall emphasize that long-range speci�c

connectors (table in S1 Text) are also accounted for in the polymer ensembleC6;10.

For two speci�c con�gurations from C6;10, one with TADs E+ D (Fig 3.6A Upper)

and the other TAD D alone (Fig 3.6A Lower), we show SPTs for each monomer

m = 26; 62; 87, projected in two dimensions. We then computed the MSD curves by

averaging over all realization (Fig 3.6B). Further, the distribution of the anomalous

exponents is shown in Fig 3.6C. Interestingly, we found that each locusm = 26; 62; 87

had a different mean anomalous exponent� D + E
26 = 0 :39; � D + E

62 = 0 :4; � D + E
87 = 0 :31,

revealing the intrinsic heterogeneity present in the chromatin. The � values we have

computed for all monomers are indeed heterogeneous, as can be seen in histograms

of Fig 3.6B (right column), 6C and S2 Fig A-B left columns. Values are spreading in

the range 0.3 to 0.5, however there is a peak in the histogram between values 0.4 to

0.45.
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Figure 3.6 Statistics of SPTs simulated from the reconstructed polymer model . A. Repre-
sentation of the polymer model described in Fig 3.5 for TAD D (orange, monomers
1-106). Trajectories for the three loci Linx (monomer 26, red) Chic1 (monomer 62,
cyan) and Xite/Tsix (monomer 87, gray). B. MSD of trajectories shown in A for
TAD D+E (left,upper) and TAD D alone (left, lower). The anomalous exponents
for the three loci are � 26 = 0 :39; � 62 = 0 :4; and � 87 = 0 :31 (TAD D+E), while the
anomalous exponent become� � E

26 = 0 :46; � � E
62 = 0 :4; � � E

87 = 0 :43, when TAD E is
removed. The histograms of the anomalous exponent (right column) is computed
by averaging over 500 realizations with different random connectors positions. C.
Box plot of the anomalous exponents (25-75%) computed over 500 realizations by
changing the random connectors locations.
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To evaluate how the anomalous exponent is in�uenced by persistent long-range

interactions present in the EP data, we repeated polymer simulations and MSD

analysis by removing TAD E. The distribution of the anomalous exponent� shows

that removing TAD E results in the loss of low values, which characterize high

chromatin connectivity (Fig 3.6B, right). We found the following changes in the

anomalous exponents: � D
26 = 0 :46; � D

62 = 0 :4; � D
87 = 0 :43. This result shows how

speci�c long-range interactions affect the local chromatin dynamics and locus motion.

Finally, the anomalous exponent averaged over all monomers is� D + E = 0 :425,

whereas for TAD D and E we found� D = 0 :433; � E = 0 :42. However, when TAD E is

removed, the average anomalous exponent for all monomers in TAD D is� D = 0 :458.

To represent the contribution of a single cell experiments in a population,

we simulated SPTs for a �xed polymer con�guration (we chose an ensemble of

connectors in C6;10). We computed the MSD of all loci n = 1 ::307that can be divided

into 3 classes: low medium and high anomalous exponent (SI). The distribution

of the anomalous exponents of all sites is quite uniform (S2 Fig). We then varied

the connector positions and computed the spread of the anomalous exponents (Fig

3.6C). This result shows that changing the connectors position account for the

variability of the anomalous exponents. This result clari�es how the local chromatin

organization affects the MSD when computed across cell population [28]. Indeed,

random connectors model molecular binding that can vary from cell-to-cell.

To conclude, the construction of polymer models from 5C data can now be used

to simulate SPTs of any loci of interest and thus to explore the inherent statistical

variability found experimentally (Fig 3.6C). The present results can be used to

interpret the variability of the MSD found in SPTs of live cell imaging, where the

same locus in different cells can exhibit a different anomalous exponent, depending

not only on the locus position, but also on the intrinsic variability due to the random

arrangements of binding molecules between cells.

3.3 Discussion
We presented here a general method to construct a coarse-grained polymer model

from the 5C encounter probability (EP) matrix. This construction preserves the

statistical properties of the 5C data, such as the decay rate of the EP of each

monomer. The present approach is not used to study the con�guration space of

chromatin geometry, because it is too large to be fully sampled by elementary polymer

models. However, we used this approach to generate statistics of passage times

and radius of gyration, which characterize more accurately chromatin dynamics

and are not contained in the 5C data. We built here a coarse-grained polymer

model of the chromatin based on Rouse and we disregarded the repulsion forces

between monomers and possible cross over of bonds that certainly in�uences the

dynamics of the chromatin and statistical results. Future models should clearly
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examine the effect of repulsion forces on the present reconstruction, especially to

study re�ned spatial scales below few kbp. We added connectors between random

monomer-pairs to characterize sub-con�gurations present in 5C data. Connectors

are represented by springs between monomer-pairs and account for the chromatin

architectures. By adding connectors between random monomers, we were able to

recover TAD sub-regions. By randomizing connectors positions, we could reproduce

the inherent variability in chromatin architecture of nuclei population captured in

5C experiments.

Using our methodology, the characteristics of the reconstructed polymer are de-

rived directly from the empirical data and do not require any minimization procedure

[39]. One of the key result here is to determine the number of connectors directly

from the experimental EP decay (Fig 3.2). Connectors can directly be interpreted as

molecular interactions mediated by proteins such as cohesin, condensing and CTCF

bindings. For example, cohesin could bind at random places scattered along the

chromatin at 5C data acquisition time. These bounds could generate TADs, as shown

here using simulations (Fig 3.2). 5C Contact maps represent steady-state distribution

obtained from looping events in large ensemble of millions of cells, where TAD struc-

tures appears. The present approach differs from classical reconstruction methods,

where 3D structures of a genome are inferred from 5C contact frequency data [105,

32, 42, 54]. Previous models explored the effect of connectors between regions of

the chromatin [11, 77] and examined the consequences on the EP-decay rate, but

the positions and the number of these connectors were not derived from data. Here,

we use connectors to resolve a reverse engineering problem, which is to recover

the degree of connectivity from the EP-decay rate (Fig 3.2). The relation between

the mean number of connectors and the decay exponent� of the EP (Eq 3.2) is

found using simulations in section Encounter probability in the random loop polymer

model. The decay exponent of the EP characterizes the polymer scaling statistics

[11] and for this reason, the present model extends the key switch-and-binders

model developed in [11].

It was surprising to �nd that a TAD subregion could in�uence the encounter

distribution between monomers located in different TADs (Fig 3.5). Indeed, the

distribution of looping time in free space depends only on the distance between

monomers, while in con�ned domain, the nuclear boundary has an effect [53, 8,

5]. We found here that this modulation of loop regulation is due to long-range

inter-TAD interactions, that are present in the 5C data and accounted for here in the

construction of the polymer model. Indeed, we reported (SI) signi�cant inter-TAD

interactions between three monomer pairs: 86-234, 86-260, 24-285, where spring

constants, representing long-range interactions are at least twice larger than other

interactions. The threshold procedure described in Material and Methods (Eq 3.11)

disregards the peaks of the 5C data for which the EP falls below the nearest-neighbor

threshold Tth . The peaks in the 5C belowTth were ignored because we interpret
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them as transient events, or a statistic that was not shared by the majority of the

chromatin events or it could simply be due to some random �uctuations in the data.

Long-range stable interactions can signify cohesin-CTCF mediated genomic loops

[49] and have also been found in other mammalian chromosomes [29].

Finally, the present polymer reconstruction allows probing the dynamics of

single particle trajectories (SPTs). We use our reconstructed polymer model to

explore transient properties and the encounter time distribution between any two

sites. Additionally, we simulated single particle trajectories from a reconstructed

polymer model (Fig 3.4) and estimated the anomalous exponents, following the

routine procedure in experimental SPTs. The present analysis reveals that the

variability of the anomalous exponent of a given loci is due to the heterogeneity of

the local polymer con�gurations constructed from the 5C data. This heterogeneity

is simulated here as the random cross-links between monomer pairs. Indeed, for a

Rouse polymer or any uniformly connected polymers, the anomalous exponent is

constant [5, 109, 108].

We suggest that the inherent �uctuations of the chromatin interactions can be

due to the random positions of binding molecules. Indeed, even for a �xed number of

connectors, there still remains an intrinsic variability of monomer binding positions,

leading to the same EP decay rate. This structural heterogeneity originating from

connector positions certainly in�uences the anomalous exponents and can be used to

re-interpret experimental SPTs [41, 2, 28, 102]. The present method and algorithms

are generic and can be used to reconstruct a polymer model at a given scale (number

of monomers and number of bps coarse-grained in a monomer) in a limit of few Mbp.

Analyzing chromatin condensation and its transient properties can now integrate

chromosomal capture data and SPTs statistics.

3.4 Materials and Methods

Presentation of a generalized Rouse polymer model

with long and short-range connections
The Rouse model [30] describes a polymer as a collection of beadsRn (n = 1 :::N )

linearly connected by harmonic springs and driven by Brownian motion. The energy

of the polymer is given by [30]

� Rouse(R1; ::; RN ) =
1
2

N � 1X

j =1

� (Rj � Rj +1 )2; (3.6)

where � = 3kB T
b 2 and b is the standard deviation of the distance between adjacent

monomers,  is the friction coef�cient, kB the Boltzmann coef�cient, and T the

temperature.
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To account for a sub-chromatin regionCN , characterized by a higher EP than

the rest, we will add connectors between monomer-pairs chosen randomly (with

uniform distribution) inside this subregion such that an additional potential

� Rand (R1; ::; RN ) =
1
2

X

j;k 2CN

� (Rj � Rk )2; (3.7)

is added to � Rouse, where CN is the ensemble of indices de�ning the sub-region. The

number of connectors is a free parameter, that will be determined from experimental

5C data.

In addition, to account for consistent long-range interactions, re�ected by peaks

in EP matrix (Fig 3.1C), we will �x connectors between monomer-pairs by adding

a spring constant � m;n between monomer m and n, so that the associated energy

related to the peak interactions is described by

� P eaks(R1; :::; RN ) =
1
2

X

n;m 2 SMax

� n;m (Rn � Rm )2: (3.8)

We will discuss below how the spring constant � m;n is computed from empirical

data. In summary, the total energy of a polymer containing random connectors and

prescribed peaks, is the sum of three energies 3.6-3.7 and 3.8:

(3.9)

�( R1; ::; RN ) = � Rand (R1; ::; RN ) + � P eaks(R1; :::; RN ) + � Rouse(R1; ::; RN )

and the stochastic equation of motion for n = 1 ; ::; N is

dRn

dt
= �r Rn �( R1; ::; RN ) +

p
2D

d! n

dt
; (3.10)

where D = kB T
 is the diffusion constant,  is the friction coef�cient, and ! n are

independent 3-dimensional Brownian motion with mean 0 and standard deviation

1.

3.4.1 Polymer parameter calibration from 5C data
To account for the 5C-data, comprised of a subsection of the X-chromosome from

female mice embryonic stem cells reported in [76], showing TAD D and E as two

diagonal blocks (Fig 3.1A), we use the coarse-graining procedure of [39], with a

polymer of length N = 307. Each monomer represents a genomic segment of3kbp

and is connected to its 2 nearest neighbors by a harmonic spring (see subsection

above). TAD D (resp. E) is represented by the range of monomers from 1 to

ND = 106 (resp. 107 to 307), and NE = 201 for TAD E.

To reproduce the empirical EP extracted from data (see formula 3.1), we

connected non-nearest neighbor pairs of monomers chosen randomly with uniform
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probability 1
N1

(resp. 1
N2

)) where N1 = ( ND � 2)(ND � 1)=2 (resp. N2 = ( NE �

2)(NE � 1)=2). The number of connectors in each TAD is a percentage� of the

total possible number of non nearest neighbor pairs, for TAD D (resp. E), we have

CD = � D
N1
100 (resp. E CE = � E

N2
100) and � D ; � E 2 [0; 100], which will be extracted

from data. Random connectors were not added between monomers belonging to

different TADs.

The procedure of adding random loops to a Rouse polymer is implemented

using the energy of random loops, as described in the previous subsection. Finally,

24 connectors were added (SI) in all polymers, corresponding to the selected peaks

present in the EP matrix, obtained in the following procedure: we located the

positions of peaks that form a subsetSMax of the ensemble of the off-diagonal

local maxima in the EP-matrix, such that their EP is higher than a thresholdTth . In

practice, we assumed that the encounter probability between neighboring monomers

is almost not affected by the global chromatin structure. Therefore, any EP value in

the matrix M i;j above the thresholdTth (equals to the the EP of the nearest neighbor

monomers) is considered to be a stable loop. The thresholdTth is de�ned as follows:

Tth =
P

i M ii � 1 + M ii +1P
i;j M ij

: (3.11)

In a second step, we determine the spring constants� m;n between monomer m and

n in the ensembleSMax from the empirical EP Pm;n at each peak position. We recall

that for a Rouse chain the joint probability density function of beads Rm and Rn is

given by [30, p.15]

�( Rm ; Rn ; � m;n ) =

 
3

2�b 2� m;n

! 3=2

exp

 

�
3(Rm � Rn )2)

2b2� m;n

!

(3.12)

where � m;n = jm � nj. We assume that the encounter probability between neigh-

boring monomers is not affected by global polymer structure, thus for the nearest

neighbors � m;n = 1 the EP occurs at small distances such that the exponential term

is almost 1, that is

Pm;n =
�

3
2�b 2

� 3=2

�
�

� m;m +1

2�

� 3=2

; (3.13)

We approximate the chromatin structure as a polymer chain with a variance b2

between adjacent monomers. Thus, the constant�b is estimated as the mean EP over

the sub- and super-diagonals:

�
3

2� �b2

� 3=2

�
X

i

(Pii � 1 + Pii +1 ) =
P

i M ii � 1 + M ii +1P
i;j M ij

= Tth (3.14)

52



Chapter 3 Transient chromatin properties 3.5 Supporting Information

To account for long-range interactions, we applied formula 3.13 to estimate the

effective spring constant from the empirical EP ~P, so that

� m;n = 2 � ~P2=3
m;n : (3.15)

Finally, the energy related to peak interactions is described by

� P eaks(R1; :::; RN ) =
1
2

X

n;m 2 SMax

� n;m (Rn � Rm )2: (3.16)

3.4.2 Numerical simulations of the reconstructed

polymer model
Using the reconstruction method described in the two previous subsections, we

generate polymer realizations, each differs in the position of random connectors

inside a TAD. To generate statistics from the EP matrix, we started from an initial

random walk con�guration and simulated the polymer until its equilibrium after a

relaxation time � R . The time � R is determined for each realization from the formula

� R = 1=(� min � 1), where � min is the minimal positive spring constant, and � 1 is the

smallest non-vanishing eigenvalue of the polymer's connectivity matrix [40], which

we computed numerically (in practice it is of the order of thousands of simulation

steps with � t = 0 :01s).

For the numerical simulations, we divide Eq 3.10 by
p

D and the spring con-

stants are scaled by the friction coef�cient such that � = dkB T
b 2 = dD

b2 , in dimension

d = 3 . The encounter frequency matrix of the 307monomers is computed at time

� R , where two monomers are considered to have encountered if their distance is less

than � . The time step for all simulations is � t = 10 � 2s. The value of the parameterb

is computed using formula 3.14. Using the b value in the relation � = 3kB T=b2 [30],

we computed the spring constant for random connectors and the linear backbone of

the polymer. The spring constants for persistent long-range connectors were esti-

mated using Eq. 3.15 and are summarized in the table in S1 Text, other simulation

parameters are summarized in Table 3.1.

3.5 Supporting Information
This supplementary information contains three sections. In the �rst section, we

summarize in a table the spring constants associated to long-range connections used

in Fig 3.3-3.6 of the main text. In the second section, we present the procedure for

comparing the experimental encounter probability (EP) matrix with simulations. In

the third section, we discuss the distribution of anomalous exponents and the Mean-

Square-Displacement (MSD) computed over the simulated single particle trajectories
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Parameter Value Description
d 3 Dimension
b 0.6 [�m ] STD of distance between adjacent

monomers
D 4 � 10� 2 [ �m 2=s] Monomer diffusion coef�cient [3]
� 0.03 [�m ] Encounter distance
 3:1 � 10� 5 Ns=m Friction coef�cient [3]
� 3 � 10� 5 N=m Spring constant

� t 10� 2s Time step

Table 3.1 Values of simulation parameters

(SPTs). These trajectories are generated by the polymer model reconstructed from

the 5C data. This part links chromosomal capture data to SPTs.

3.5.1 Values for the spring constants of long-range

monomer interaction
Table 3.2 summarizes the values of the spring constants� m;n that we computed from

the EP matrix (see Materials and methods) for simulating long-range connectors

between monomer m and n. The right column indicates which TADs are connected

by the monomer-pairs. The values are 1.1 to 3 times higher than the spring constant

of randomly added connectors, and for adjacent monomers in the linear backbone

(nearest-neighbor connection) of the polymer (� = 3 � 10� 5Nm � 1).

3.5.2 Comparison of the experimental and

simulation encounter data
We now compare the EP matrices about the steady-state of our models and the

experimental data. We compare the experimental EP matrix (S3.7A Fig) with the

simulation of the model with persistent and random connectors (S3.7 Fig B). The

simulated EP matrix is much smoother than the experimental 5C EP matrix.

To estimate the similarity between the EP matrices, we computed the cumulative

distribution function (CDF) of the monomer encounters. The CDF is computed by

averaging the EP between all monomersm and n from an encounter frequency

matrix M . For each row of M , we start from the diagonal entry and average counts

at symmetrical positions. The EP is given by

P(jm � njjn) =
M n;n + jm� nj + M n;n �j m� nj

P N
m=1 M n;m

; (3.17)
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Spring const. value� 10� 5[Nm � 1] connecting TADs
� 14;10 3.9555 D $ D
� 48;44 4.1396 D $ D
� 54;50 3.6777 D $ D
� 60;56 5.9841 D $ D
� 69;65 3.1722 D $ D
� 79;75 3.0864 D $ D
� 95;91 4.6673 D $ D

� 113;109 3.2280 E $ E
� 126;117 3.4386 E $ E
� 144;136 3.6859 E $ E
� 151;50 3.2399 E $ D
� 161;157 3.4420 E $ E
� 190;162 8.3386 E $ E
� 205;201 3.5671 E $ E
� 217;213 3.1621 E $ E
� 234;86 4.2015 D $ E
� 259;255 3.4765 E $ E
� 260;86 7.2143 D $ E
� 275;116 3.5335 E $ E
� 279;275 3.2174 E $ E
� 285;24 8.4070 D $ E
� 293;289 4.7508 E $ E
� 302;294 7.1703 E $ E
� 305;301 3.1879 E $ E

Table 3.2 Spring constants for long-range interactions. Long-range �xed connectors added
between monomers pairs indices (left column) and their computed spring constant
(middle column, see Methods in main text), form connections within and between
TADs as indicated in the right column

We average overN = 307 rows of the matrix, leading the CDF de�ned by

F (k) =
1
N

kX

m=1

NX

n=1

P(jm � njn): (3.18)

We use Eq 3.18) to compare the EP matrices, by computing the CDF for the experi-

mental F (k)Exp and the simulation F (k)Sim data respectively. Finally, we shall use

the Kolmogorov-Smirnov (KS) distance, de�ned by

Dmax = max
k

jF (k)Exp � F (k)Sim j: (3.19)

The KS distance is computed for the simulation of the model with persistent long-

range connectors (subsection 3.2.3 of the main text) that we compare with the model

with persistent long-range and random connectors (subsection 3.2.4 of the main
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text). In S3.7 Fig C, we show the CDF of the model with only persistent connectors

givesDmax = 0 :15. The CDF of the model that contain both persistent and random

connectors (S3.7 Fig D), leads to an improved agreement with experimental data

indicated by the value Dmax = 0 :06 at a level of 0.001 (P-Value= 0.06).

Figure 3.7 Simulations and experimental 5C encounter matrices . A. Three-dimensional
representation of the empirical encounter probability matrix B. Three-dimensional
representation of the simulation encounter probability matrix for polymer with
persistent long-range and random connectors.C. Cumulative distribution function of
monomer encounters for a polymer model with only persistent long-range connectors,
simulations (blue) vs. experimental (orange) data. The Kolomogorov-Smirnov
distance isDmax = 0 :15. D. Cumulative distribution function of monomer encounter
for a polymer model with persistent long-range and random connectors, simulations
(blue) vs. experimental (orange) data. The Kolmogorov-Smirnov distance isDmax =
0:06.

3.5.3 MSD and anomalous exponent statistics for

single polymer realization
We describe in this section the MSD along single monomer trajectories for polymer

realizations having connectivity matching the one calibrated from the 5C data based
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on 6 and 10 randomly connectors for TAD D and E, respectively (this construction is

already described in Fig 3.4 of the main text). Long-range connectors are included,

as listed in Table 3.2. The anomalous exponent values for each single monomer

trajectory is estimated by �tting a power law to the MSD:

f (t) = At � : (3.20)

To each MSD curve, we computed the two parametersA and � (anomalous expo-

nent). The values of the anomalous exponents are distributed in [0,1]. However, if

we average over realizations of random connector positions, the anomalous expo-

nents are concentrated around the mean 0.42 (Fig 3.6 of the main text), as shown

for three realization in S3.8 Fig.

We classify the curves into low, medium and high MSD trajectories, by dividing

equally the range of values at time35s into 3 regions (S3.8A Fig right column) for

each realization. The majority of the MSD curves (92.3%) saturate for long-time

simulations (blue in S3.8A Fig right column), while a fraction 7.3% had a mix

saturated an linear behavior. Finally, only a small fraction of 0.5% curves (red) are

characterized by a rapid increase. S3.8A Fig right column shows an example of the

MSD curves with three realizations.

We repeated the MSD analysis and the computation of the anomalous exponent

when TAD E was removed. We found that the values of the anomalous exponent

remained distributed in the range [0,1] (S3.8B Fig left column), similar to the

case where TAD E is included. The MSD curves were divided into 3 classes as

described above (S3.8B Fig right column), and we found that the majority of them

(87%) saturate (blue), the medium class included 12% of the curves (green), which

displayed mixed saturated and rapid MSD increase. Only 1% of the MSD curves

were classi�ed into high class (red curves), displaying rapid MSD increase, similar

to the case with TAD E included.

We conclude that the distribution of anomalous exponents extracted from SPTs

depends on the polymer con�guration generated by random connectors. In addition,

the distribution of MSDs in TAD D was sensitive to the in�uence of TAD E (as shown

in comparing S3.8A Fig with B). The exact scaling law that connect the anomalous

exponent measured in SPTs with the EP decay exponent of the Chromosomal Capture

data remains unknown, although it is now clear that increasing the chromatin

connectivity, leading to a higher decay exponent is characterized by a smaller

anomalous exponent.

3.5.4 Computational tools
The data analysis and stochastic simulations were performed using our codes on

Matlab 2015. The source codes and description are now available on our website
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Figure 3.8 MSD and anomalous exponent of polymer realizations . A. Distribution of the
anomalous exponent for 3 polymer realizations (left column). The MSD curves for
each realization is shown in the right column. MSD curves are classi�ed into 3
classes: low (blue), medium (green) and high (red) based on the MSD value at time
35 sec.B Distribution of anomalous exponent (right column) for TAD D, when TAD
E is removed. The distribution in each class is given by low (blue, 85%) medium
(green, 12% of curves) and high (red, 1% of curves).
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http://bionewmetrics.org/. For the chromatin visualizations in Figs 3.2-3.5 of the

main text, we use the UCSF Chimera software version 1.11.
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Abstract
Stochastic single particle trajectories are used to explore the local chromatin organi-

zation. We present here a statistical analysis of the �rst contact time distributions

between two tagged loci recorded experimentally. First, we extract the association

and dissociation times from data for various genomic distances between loci and

we show that the looping time occurs in con�ned nanometer regions. Second, we

characterize the looping time distribution for two loci in the presence of multiple

DNA damages. Finally, we construct a polymer model that accounts for the local

chromatin organization before and after a double-stranded DNA break (DSB), to

estimate the level of chromatin decompaction. This novel passage time statistics

method allows extracting transient dynamic at scales from one to few hundreds of

nanometers, predicts the local changes in the number of binding molecules following

DSB and can be used to better characterize the local dynamic of the chromatin.

4.1 Introduction
Analysis of single particle trajectories (SPTs) of a tagged single locus revealed that

chromatin dynamics is mostly driven by stochastic forces [44, 9]. The statistic of

a locus motion has been characterized as sub-diffusive [1, 58, 28, 107, 71] and

con�ned into nano-domains. The con�nement is probably due to an ensemble of

local tethering forces, generated either at the nuclear periphery [106], or internally

[7], where binding molecules such as CTCF or cohesin play a key role [62, 69].

Chromatin dynamics is involved in short-range loop formation in the sub-Mbp scale,

and contributes to processes such as gene regulation. However, the analysis of

the chromatin dynamics in the sub-Mbp scale is insuf�cient to describe processes

involving long-range chromatin looping (above Mps scale), such as in homologous
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dsDNA repair. When two neighboring loci located on the same chromosome arm are

tracked simultaneously over time, their correlated position can be used to explore

the local chromatin organization in the range of tens to hundreds of nanometers (of

the order of the genomic distance between the loci).

Statistical parameters, characterizing short-range chromatin motion, have been

studied in stochastic polymer models, starting with the Rouse polymer [30], copoly-

mers [55], the beta polymer [4], and polymer models with additional diffusing

or �xed binding molecules [17, 16, 45, 94]. The extracted statistical parameters

are the diffusion coef�cient, local tethering forces, the radius of gyration, radius of

con�nement [44, 9], and the distribution of anomalous exponents of tagged loci

along the chromatin, which characterizes the deviation from pure diffusion [94, 58].

Here we analyze the transient statistics of two loci SPTs and use it to explore

the local chromatin reorganization, following DSB and its con�ning geometry. Thus,

we further contribute to the global chromatin reorganization explored in [44]. We

adopt here the formalism of Brownian polymer dynamics, as we have already shown

[7] that the auto-correlation function of a single locus decays exponentially, but not

as power laws, as would be predicted by the fractional Brownian motion description

[19]. Speci�cally, we explore the chromatin state from the transient statistics of

recurrent visits of two tagged loci. This approach is new and is not contained in

other work involving two spots trajectories, which use equilibrium thermodynamic

models for steady-state encounter frequency [46], or speci�c chromatin arrangement

[66]. We study the distributions of 1) the �rst encounter time (FET) and 2) the �rst

dissociation time (FDT) of two tagged loci. The FET is de�ned as the �rst arrival

time of one locus to the neighborhood of the second, while the FDT is the �rst time

the two loci are separated by a given distance. The statistics of FDT and FET is not

contained in moments associated with each locus separately, but revealed by their

correlated motion.

This article is organized as follow: in the �rst part, we introduce and estimate

the FET and FDT distribution from SPTs of two loci (data from [26]). In the second

part, we analyze empirical data of loci motion before and after the induction of DNA

damages by Zeocin (data from [44]). The local effects of DSBs on the loci motion

was not the goal in [44], but multiple DSBs and single stand breaks (caused by

Zeocin), together with a strong DNA damage checkpoint response can trigger global

chromatin changes. We shall study here the consequences of multiple tether losses

on the chromatin not just around the break site, on the local loci motion. In the third

part, we use a randomly cross-linked (RCL) polymer model [16, 94] to simulate

the trajectories of two loci following a DSB on the DNA strand between them and

evaluate the number of binding molecules required to restrict their motion. We thus

use the RCL polymer to explore the chromatin reorganization on the scale of a single

DSB. In the last section, we estimate the number of binding molecules required

to obtain SPTs with the same statistics as the measured ones. We conclude that
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the statistics of two correlated loci provide complementary information about local

chromatin organization, not contained in the statistics of individual non-correlated

loci. The present method is general and can be applied to any SPT of any number of

loci. It can further be used to reveal characteristic lengths, local chromatin dynamics,

remodeling following DSB and estimate the changes in the number of molecular

interactions.

4.2 Results

4.2.1 First passage time analysis
The construction of the present statistical method is based on the �rst passage time

for two loci entering and exiting a small ball of radius � (that can vary continuously).

We will thus estimate the FET and FDT (introduced above). The statistics of these

times contain information about the local chromatin organization at a scale of one

to few hundreds of nanometers, because the �uctuations in loci distance depend not

only on their stochastic dynamics but also on the restricted geometry. We now brie�y

recall the published data we will used to construct the analysis. In the data of [26],

two �uorescently tagged loci are tracked over a course of 60-120 s. We only used

recording for which the time interval did not exceed 1 s. The experiment is repeated

for seven DNA strains of genomic length between the tagged loci between 25-100

kbp. We also use the dataset reported in [44], which tracks two tagged loci located

on yeast chromosome III, at a genomic distance of 50 kbp, at time intervals of 300

ms for a total of 60 s. The trajectories of two loci are tracked after the induction of

DSB breaks uniformly over the genome by Zeocin 500�g=ml .

We �rst analyze trajectories of two tagged loci of [26], when they are separated

by various genomic distances:� = 25 :3; 42:3; 51:3; 71, and 100.8 kbp. The distance

d(t) = dist (X (t); Y (t)) between the two trajectories X (t) and Y(t) �uctuates in

time, thus we estimate the distribution of the FET � E and the FDT � D (Fig. 4.1A).

The FET is the �rst time the distance between the two loci becomes less than� , when

the initial distance is larger. The FDT is de�ned as the �rst time that the distance

between the two loci reaches� , when they are initially inside a ball of radius � . The

FET (FDT) are collected between successive dissociation (association) events, after

which we reset the time to t = 0 , by de�nition:

� E = inf f t > 0;d(t) � � jd(0) > � g; (4.1)

and

� D = inf f t > 0;d(t) � � jd(0) < � g: (4.2)

In practice, we constructed the distributions of � E ; � D for a continuum of encounter

distances� that varies in the range 150-500 nm.
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We gathered the distributions of the FET and FDT for seven various DNA

strains of genomic length � = 25 � 108kbp [26] (Fig. 4.1B). As predicted by the

polymer looping theory in con�ned domains [8, 4] (formula 4.5 of the Method), the

distribution (Fig. 4.1C, red curves) follows a single exponential decay, with rate � ,

which is the reciprocal of the mean FET (MFET) between the two loci. Using an

exponential �t to the data for all strains of length � , we �nd that the MFET slightly

decreases from 3.2 s for� = 25 kbp to 2 s for � = 108 kbp (Fig. 4.2A blue circles).

Figure 4.1 Statistics of two loci trajectories . A. Schematic representation of the �rst en-
counter time (FET) � E (upper) and the �rst dissociation time (FDT) � D (lower). The
FET is computed when the two loci are within an encounter distance� when they are
initially apart. The FDT is computed when the distance between two loci is larger
than � when they initially encountered. The genomic distances are� 2 [25:3; 100:8]
kbp between tagged lociB. Experimental setting for tagging seven chromatin strains
by inserting lac and tet �anking operators at their ends on chromosome 4,5 and
14 [26] C. Distribution of the FET (left column) and the FDT (right column) with
respect to � , �tted with a exp(� �t ), with a a constant.

To estimate the effect of chromatin con�nement on transient properties, we

used the formula 4.6, derived for con�ned polymer, to �t the MFET of the two loci

for all � . Because the two loci are located along the same chromosome arm [26],

we model them as the two end monomers of a polymer chains withN monomers.

To �t the MFET data using 4.6, we use � 2 [25; 108] kbp, b = 0 :2 � m, the length

of 1 bp to be 3 � 10� 4 � m, the number of monomers N = (3 � 10� 4� =b) and the

parametersD = 8 � 10� 3 �m 2=s, � = 1 :75� 10� 2 N/m, and � = 0 :2 � m (see Table

4.1). We �nd the value for the con�ned parameters � = 2 :4 �m � 2, and substituting

in 4.7, we �nally obtain the radius of con�nement of A = 0 :5 � m in agreement with

data presented in [26]. Furthermore, the MFET in a con�ned environment does not
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exceed a limit of 2.65 s for all genomic distances between tagged loci (Fig. 4.2A

dashed blue), suggesting that the dynamics has already reached the asymptotic limit

and , thus, the loci are con�ned at all scales. We conclude that the motion of two

loci located in the range 25-108 kbp is largely in�uenced by the local chromatin

con�nement.

The stochastic model for the FDT is the escape problem from a parabolic

potential well [91]. The mean escape time is given by formula 4.9 (Methods), which

shows that the dissociation time increases with the genomic length� . We thus �tted

the mean FDT (MFET) data points using formula 4.9 (Fig. 4.2A, purple squares),

con�rming that the MFDT increases from 1.5 s to 2.5 s when � increases from 25 to

108 kbps (Fig. 4.2A) (Using a Matlab �t, we estimated the parameters of relation

4.9 to be a2 = 0 :01; b2 = 40:36).

Figure 4.2 Effect of the genomic separation distance � and the encounter distance � . A.
The mean �rst encounter time (MFET) data (blue circles) are �tted using eq. 4.6
(blue dashed). The mean �rst dissociation time (MFDT) data (purple squares) is
�tted using eq. 4.9 a2� exp( b2=�) (purple curve), where a2 = 0 :01; b2 = 40:36 B.
The MFETh� E i for 6 strain lengths � kbp, shown in Fig. 4.1B, where the encounter
distance � varies in 0.2 and 0.5 � m. C. MFDT h� D i extracted from Fig. 4.1B and
plotted for all � with respect to the encounter distance� .

To evaluate the sensitivity of our approach to the choice of encounter distance

� , we estimated the FET and FDT when� varied in the range 0:2 � 0:5 � m. For

� 2 0:2 � 0:25 � m, the MFET decreased from 2.7 s for� = 0 :2 � m to a 2.1 s when

� = 0 :25 � m (Fig. 4.2B dashed). In the range � 2 [0:25; 0:5] � m, we �nd that the
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MFET is almost constant, independent of� with an average of 2.1 s (Fig. 4.2B left).

This result shows that it takes around 2 seconds for the two loci to meet and thus

to explore a ball of radius of 0.25 � m. Indeed, the MFET is the time to meet when

almost all points of the domain have been visited [47].

We conclude that any loci explore constantly and recurrently the neighborhood

of the chromatin with a time constant of 2 seconds in a tubular neighborhood of

0.25 � m and this spatial constraint does not depend on the position of the locus.

We note that this result about the exploration and the recurrence exploration is not

contained in the statistics SPT of a single loci, because a reference point is needed.

Finally, we �nd that the MFDT increases with � for all DNA strain of length � (Fig.

4.2C), from an average of 2 s for � = 0 :2 �m to 5 s when � = 0 :5 � m.

4.2.2 Loci dynamics in the presence of

double-strand DNA break
To continue exploring how two loci trajectories provide information about local

chromatin organization, we focus now on the consequences of double-strand DNA

breaks (DSBs) on chromatin dynamic. For that purpose, we analyzed the transient

statistics of two loci, before and after treatment with the radiomimetic drug Zeocin

(data presented in [44]). The Zeocin drug induces uniformly distributed DSBs on

the chromatin, leading to chromatin expansion and enhanced chromatin �exibility

[44]. Thus, we repeated the FET and FDT statistical analysis (Fig. 4.3A) as described

in the previous subsection. As predicted by the polymer model theory, the FET and

FDT follow a Poisson distribution, and we �tted a single exponential (formula 4.5)

to the empirical distributions (Fig. 4.3B). We then computed the MFET and MFDT

for encounter distances� in the range 0:1 � 0:5 � m.

For both the untreated and Zeocin treated data, the MFET graphs in Fig. 4.3C

show two phases: in the �rst, when � 2 [0; 0:2] � m, the MFET decays with the

radius � , while in the second phase (� 2 [0:2; 0:5] � m), it is independent (Fig. 4.3C).

The boundary between the two phases at� = 0 :25 � m indicates that this length is

a characteristic of local chromatin folding and crowding. Interestingly, following

Zeocin treatment, the MFET increases at a scale lower than 0.25� m, compared to

the untreated case, probably due to the local chromatin expansion around DSBs.

Furthermore, the increase of the con�nement length L c, when the chromatin is

decompacted [44] and the restriction of the loci dynamics can be due to repair

molecules.

To further investigate how DSB affect the separation of two loci, we computed

the MFDT for untreated and Zeocin treated cells (Fig. 4.3C), that shows an increase

pattern with � . The MFDT for the untreated case increased from 0.2 to 0.9 s, whereas

the MFDT for Zeocin treated increased from 0.2 to 0.5 s as� increased from 0.15 to

0.5 � m. We conclude that it takes less time for the two loci to dissociate following

66



Chapter 4 Analysis of two loci single particle trajectories 4.2 Results

DSB, probably due to the chromatin decompaction, enhanced mobility and the

activity of repair proteins. This result suggests that repair molecules do not impair

the local chromatin motion.

Figure 4.3 Two loci dynamics before and after Zeocin treatment . A. Two tagged loci (a and
b, circles) separated by a genomic distance� ab = 50 kbp. When the loci are within
a distance� � m (red circle), they are considered to encounter for computing the FET,
and above� (lower) for the FDT. We analyzed the untreated and Zeocin treated cases,
where Zeocin induces DNA damages (red X) at random positions along the DNA.
B the FET (left column) and FDT (right) empirical distributions in the untreated
(upper) and Zeocin treated (lower) cases, �tted by a exp(� �t ) (red curves), where
the reciprocal of � is the MFET and MFDT in their respective cases.R2 values from
the �t are reported in each box C The MFET (left) is plotted with respect to the
encounter distance� for the untreated (blue) and Zeocin treated (orange) cases. For
the MFET (left), both curves are at a plateau at 0.5 s (phase 2) above� > 0:25 � m.
The MFDT (right) increase with � from 0.2 s at � = 0 :15 � m to 0.5 s at � = 0 :5 � m
for the untreated (blue) and Zeocin treated (orange) case.

We conclude that uniformly distributed DSBs impair the MFET only at a scale

below 0.25 � m, suggesting that this scale characterizes the local chromatin orga-

nization, in which undamaged loci can freely move, but become restricted above

it. These �nding con�rms the con�nement found in [44] (Supplementary Fig.5b),
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which reported that a radius of con�nement of 0.23 � m for Zeocin 500 �g=ml

treatment. However, we show here that following DSBs, the local exploration of

the chromatin remain characterized by recurrent motion, and if repair molecules do

affect the encounter time at a spatial scale below 0.25� m, they do not prevent the

dissociation time of the two loci.

4.2.3 Stochastic simulations of a DSB in randomly

cross-linked (RCL) polymer
To further investigate the difference between chromatin reorganization before and

after DSBs, reported above for the two loci dynamics, we now use a Randomly

Cross-Linked (RCL) polymer, generalizing the Rouse polymer model (Methods),

to evaluate the changes in the constraints of SPTs statistics following DSBs. The

parameters of the RCL model are calibrated from experimental data [44], in which

two tagged monomers are tracked before and after DSB induction between the

tagged loci. The tagged loci were tracked over 60 s at a time interval of 300 ms. The

con�nement length [6] is de�ned as

L 2
c = lim

T !1

1
T

TX

k=1

(Rc(k� t) � h Rci )2; (4.3)

and we computed it before and after DSB induction, where Rc(t) is the vector

position between the two tagged loci at time t. As reported in [9], for an unbroken

locus L c = 0 :13 � m, and L c = 0 :23 � m after DSB induction.

To identify the possible local chromatin reorganization underlying this dif-

ference in L c, we simulate a RCL polymer (Methods) with N = 100 monomers,

containing an additional Nc connectors between randomly chosen non-nearest

neighboring monomers [30, 45, 94] (Fig. 4.4A). The added connectors re�ects the

compaction in the coarse-grained representation of the chromatin by molecules such

as cohesin CTCF and condensin [81]. Randomly positioning connectors re�ects the

heterogeneity in chromatin architecture in a population of cells.

We �rst �nd the minimal number of random added connectors Nc by varying

Nc in the range 10-150, for both unbroken loci and after DSB induction. We then

computed L c from simulations (1000 realizations for each Nc) and adjusted Nc

to match the measured one. For each realization, we randomized the choice of

monomer pairs to connect. We simulated each realization until the relaxation

time � R = b2D=(3� 1), where b is the standard-deviation of the vector between

adjacent monomers and� 1 is the smallest non-vanishing eigenvalue of the polymer's

connectivity matrix [40], which we calculated numerically. We empirically found

� 1 to vary between 0.15 when Nc = 10 to 0.8 for Nc = 150, resulting in � R in

the range of 20 minutes to 23 s until polymer relaxation. We then continued the

simulations for an additional 200 steps at � t = 300 ms for a total of 60 s, to match
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Figure 4.4 Local force destabilization following a double-strand DNA break (DSB) . A.
Schematic representation of a randomly cross-linked (RCL) polymer, whereNc

random connectors (red) are initially added to the linear backbone (green) of a
Rouse chain. A DSB is induced between monomersm50 and m51, modeled by re-
moving the spring connectors between them and all random connectors to these
monomers. B. Mean maximal distancehMax (d(m50; m51)) i for both the unbroken
loci (blue) and DSB (orange) simulations, where the shaded are the STD. The black
rectangle indicates the value obtained for Nc = 130 matching L c (eq. 4.3) mea-
surements reported in [9], where we obtain 0.37 � m for the unbroken and 0.86
� m for DSB simulation C. The mean radius of gyration (MRG), hRgi , obtained from
simulations of 100 monomer RCL polymer (blue) and after DSB between monomers
50 and 51 (orange). Three sample polymer realizations are shown forNc = 10; 50,
and 150. For Nc = 130 we obtain hRgi = 0 :15 � m for both casesD. The mean �rst
encounter time (MFET) h� E i for m50 and m51 plotted with respected to Nc, for both
the unbroken (blue) and DSB (orange) simulations. The MFET is displayed on a
semi-log axes, where before DSB we obtainedh� E i = 1 s and 2.8 s following DSB
and the removal of 5 random connectors on average.
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the experimental recorded time [44]. For DSB simulations, we induced a DSB

between monomer 50 and 51 after the relaxation time � R and we then removed the

spring connector between them. To account for the local chromatin decompaction,

we further removed all random connectors to monomers 50 and 51. We discarded

polymer con�gurations where the polymer chain was divided into two separated

chains after the induction of DSB and removal random connector. Simulation

parameters are summarized in Table 4.1, whereNc remains a free parameter.

We computed the average values ofL c for monomers 50 and 51 over each

realization and found a good agreement between simulations and experimental data

when Nc = 130 for both the unbroken ( L c = 0 :13 � m) and broken loci ( L c = 0 :23

� m). After DSB induction, we recover the value L c = 0 :23 � m for Nc = 125, where

5 connectors, on average are removed. Furthermore, the mean maximal distance

between monomers 50 and 51 (Fig. 4.4B) decayed from 0.4 to 0.3� m when Nc

varied between 10 and 150 for the unbroken loci simulation, while it changes from

1.3 � m for Nc = 10 to 0.75 � m for Nc = 150 in the DSB simulations. WhenNc = 130,

the mean maximum monomer distance was 0.33� m and increased to 0.75� m after

DSB induction.

Using the mean radius of gyration, hRgi (Fig. 4.4C), computed for RCL polymer

con�guration, we show that compaction increases with Nc. Thus, hRgi decreased

from 2 � m for Nc = 10 to 0.15 � m at Nc = 130. Note that a single DSB does not

affect the radius of gyration, hRgi , for all Nc 2 [10; 150] (Fig. 4.4C). In that �gure,

we further represented three polymer realizations for Nc = 10; 50; 150. For Nc = 130,

the value of the gyration radius is hRgi = 150 nm for both the unbroken and DSB

(numerical simulations). The average length hL i of loops of the RCL polymer can be

computed using Eq. 4.17, with b = 200 nm, N = 100, and Nc = 130 (Table 4.1), we

found (see Methods) that hL i = 4 :8 �m . This length should be compared to the total

contour length L RCL of the RCL polymer (expression 4.18), and obtainedL RCL = 14

�m . Thus, the average length of loops is roughly a third of the total polymer length.

Looping occur in a con�ned cross-linked micro-environment, where the polymer

is compacted in a ball of radius Rg = 0 :15 �m (Fig. 4.4C) for Nc = 130. A length

of 4.8 �m is converted with a compaction ratio of 50 bp/nm to 240 kbp, falling in

the middle part of the range 2-500 kbp of loops reported between enhancers and

promoters. It would be interesting to compare this size with the one generated by

the interaction of enhancer-promoter in high resolution simulations with b < 200

nm.

To further examine the relationship between the chromatin local architecture

and transient properties of the chromatin, we computed the �rst passage time

(FET) between monomer m50 and m51, before and after DSB induction (Fig. 4.4A).

Each simulation realization was terminated when m50 and m51 enter for the �rst

time within a distance less than � , where we recorded the �rst encounter time, � E .

Terminating each simulation after the �rst encounter, allowed us to randomize the
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position of connectors for any other simulation and thus better account for chromatin

structural heterogeneity. The MFET for the unbroken loci simulations decreases

from 1.1 s to 1 s when Nc increases from 10 to 150, while it decreases from 62 s

for Nc = 10 to 2.6 s for Nc = 150 (Fig. 4.4C) following DSB. Interestingly, when

Nc = 130, only 5 connectors were removed on average to account for a DSB, but

before induction h� E i between m50 and m51 was 1 s and increased to 2.8 s after DSB

induction. These time scales are consistent with data used in �gures 4.1 and 4.2.

We conclude that the empirical con�nement length can be accounted for in the

RCL polymer using aNc = 130 connectors. Following a DSB, the average number of

removed connectors was 5, which represents 4% of the total number of connectors,

Nc. Interestingly, the mean radius of gyration, hRgi � 150nm, is mostly unchanged

between the unbroken and DSB. However, the encounter time� E (Fig. 4.4D changed

from 1 to 2.8 s, showing that removing the key connector could affect the local

encounter time. The drastic effect of changing the number of connectors appears

in the mean maximal distance between the two monomers, increasing from 0.33

� m in the unbroken case to 0.75 � m after DSB, leading to high increase in the local

search time. This search in local restricted environment could be at the basis of the

Non-Homologous end joining (see Discussion).

4.3 Discussion
We introduced here a transient analysis of loci trajectories based on computing the

�rst encounter times between two simultaneously tagged chromatin loci to a small

distance. Because the positions of the loci �uctuate in time but return recurrently

into close proximity, this dynamics generates enough statistical events. We showed

here that this statistics revealed a characteristics length around 250 nm, where the

chromatin constrains the two loci dynamics. This analysis cannot be obtained from

the traditional parameters, extracted from SPTs such as the mean square displace-

ment (MSD) or the anomalous exponent [46], which characterize the dynamics

of individual locus separately. Such parameters were used in the past to study

the deviation from Brownian motion [66]. Further information about chromatin

organization is obtained from individual single loci trajectories [26], such as the

length of constraint characterizing con�nement or the tethering force to account for

the �rst statistical moment and the mean force responsible for con�nement [28, 106,

7, 9, 44, 38].

The statistics of the FET and FDT account for the correlated properties of two

loci and are directly related to the transient properties of the chromatin: the FET

reveals that the recurrent visit time between the loci, depending on the genomic

distance (Fig. 4.1), varies from 1.5 to 2.5 s. We further con�rm that altering the

chromatin integrity by generating DNA damages using the Zeocin drug [44] affects

the MFET at a distance lower than 250 nm (Fig. 4.2B), showing that this scale
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is certainly critical in chromatin remodeling [44]. Above this distance, the MFET

was constant and we interpret this result as a consequence of the local crowding

effect. These results further show that the recurrent visits between two loci can be

modulated by chromatin remodeling. The con�nement length of few hundreds of

nanometers estimated here is compatible with the one extracted from Hi-C data of

the order of 220 nm, using polymer looping in con�ned microdomains [4].

To further explore how chromatin re-organization affects recurrent loci en-

counters, we use the RCL polymer model [94], which is a Rouse polymer with

added random connectors. This approach consists in adding random connectors is

more accurate in representing tethering force than the average computation that

we introduced in [7]. Random cross-linking in the RCL model serves to simulate

the con�ned environment [103] and the heterogeneity in chromatin architecture in

cell population. We used the changes in the length of constraint reported in [44]

to calibrate the number of added random connectors and simulated trajectories

of the RCL before and after the induction of DSB. Interestingly, the consequence

of DSB damages on chromatin reorganization is equivalent to removing 4% of the

connectors in the vicinity of the DSB, leading to an increase of distance between the

two broken part from 0.4 to 0.9 � m, while the mean radius of gyration, hRgi , was

almost unchanged at 0.15� m. However, the MFET increased from 1 to 2.8 s. The

random cross-links in the RCL model thus play the role of the con�ning environment,

which prevents the two ends from drifting apart (Fig 4.4B and C), similarly to the

crowding effect seen in [103] for self-avoiding polymers. Bending elasticity and self

avoidance could be accounted for by altering the number of random connectors.

The present model reveals that the local con�ned decompaction following DSB

prevents the two ends to drift apart, which could have drastic consequences in

dsDNA break repair processes, such as during non-homologous-end-joining (NHEJ),

where the two ends should be re-ligated together. The possible role of stabilizing

the broken ends by maintaining a large number of connectors is probably to avoid

inappropriate NHEJ religations that can lead to translocations or telomere fusion.

We remark that the MFET that we computed here cannot be used to study the other

repair process called homologous recombination, which is based on a long-range

spatio-temporal search for a homologous template [12, 28]. We conclude that the

present �rst passage time statistics, derived from polymer simulations, can be used to

analyze any temporal correlation between loci pairs. It would certainly be interesting

to record three loci simultaneously at different distances and apply our method to it

to obtain re�ne properties of chromatin reorganization.
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4.4 Theory and Methods

4.4.1 Looping times in chromatin polymer models
To analyze the statistics of two loci located on the same chromatin arm, we use

the classical Rouse polymer model that describes a collection of beadsRn (n = 1 :::N )

connected by harmonic springs and driven by Brownian motion [30]. The energy of

the polymer is given by

� Rouse(R1; ::; RN ) =
1
2

N � 1X

j =1

� (Rj � Rj +1 )2; (4.4)

where � = 3kB T
b 2 is the spring constant,b is the standard deviation of the connector

between adjacent monomers, is the friction coef�cient, kB the Boltzmann constant,

and T the temperature.

The �rst encounter time (FET) between two loci is de�ned as the �rst time the

two loci are positioned within a ball of radius � . The distribution of FET between the

two ends of a polymer chain is well approximated by a Poisson process in free and

con�ned domains [4, 8]. In both cases, the distribution of the decay rate constant,

� E , is the reciprocal of the mean �rst encounter time (MFET) h� E i = 1
� E

, and the

probability density function is

p(t) � e� � E t ; (4.5)

In a con�ned domain, the expression for the MFET is

h� c
E i �

21=2

4��D

�
4�=N

� + � (�=N )2 +
4

p
��

h�
2

� tan � 1 �
2
q

�=� tan ( �= 2N )
� i � 3=2

+ O(1); (4.6)

where

� =
12

A4=b2 + 2A2 ; (4.7)

and A is the radius of a sphere con�ning the polymer [4].

4.4.2 Dissociation times in a parabolic potential
To characterize the dissociation time of two loci, we adopt the Kramer's escape over

a potential barrier [91]. The potential can be due to the average forces between

local monomers. We model it as an effective parabolic well truncated at a hightH .
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In the deep circular well approximation of size a0 [91], the escape time for a process
_X = �r U +

p
2D _w is (in two dimensions)

h� D i =
Da2

4�
e

�
D ; (4.8)

where U(r ) = � r 2

a2
0

and the energy isE = U(a) = � and U(0) = 0 . The distribution

of escape time is Poissonian with rate 1
h� D i .

For the effective problem of unlooping to a certain distance, we consider that

this problem is equivalent to the escape of a particle from a well with diffusion

coef�cient ND , where N is the number of monomers. In the present case,N is

proportional to � and we have used the empirical formula:

h� D i = a2Te
b2
T ; (4.9)

where a2 and b2 are two constants.

4.4.3 Computing the average loop size from the

randomly cross-linked (RCL) polymer model
We summarize here our computations for the average length of loops in the RCL

polymer. We de�ne the length of the loop between any two connected monomers, m

and n, as their linear distance jm � nj along the backbone of the polymer. We do

not compute here the average shortest possible loop length between monomerm

and n, which might result from con�gurations of other connected monomers of the

polymer.

Each realization of the RCL polymer is a (uniformly random) choice of Nc

non-neighboring monomer pairs to connect from the ensemble of possibleNL pairs,

given by

NL =
(N � 1)(N � 2)

2
; (4.10)

The ensemble ofNL possible choices of monomer pairs contains the disjoint subsets

f L kg = f (m; n); jm � nj = kg of loops with length 2 � k � N � 2, where the size of

each subsetf L kg is

jL k j = N � k: (4.11)

The fraction pk of each subsetf L kg out of the total NL possibilities is

pk =
jL k j
NL

: (4.12)
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Thus, the number of loops of length k monomers is

E(k) = Ncpk = Nc
jL k j
NL

: (4.13)

The expected length (in non physical units) of a loop is obtained by averaging over

all loops of size k of the RCL polymer,

E (L ) =
N � 1X

k=2

pkk =
N � 1X

k=2

k(N � k)
NL

=
1

NL

 

N
NX

k=1

k �
NX

k=1

k2 � (N � 1)

!

=
1

NL

 
N 2

1 + N
� (N � 1) �

N 3

3
�

N 2

2
�

N
6

!

=
N 3 � 7N + 6

6NL
: (4.14)

To obtain the physical length of the average loop size in�m units, we multiply the

mean length (non-dimensional units, equation 4.14) by standard-deviation (STD)

of the distance between adjacent monomers for the RCL polymer. An analytical

expression is available (Eq. 30 [93]), and can be approximated by

� (N; �; b ) =

 
b2(1 � exp(�

p
N� ))

p
N�

! 1
2

; (4.15)

where

� =
Nc

NL
(4.16)

is the connectivity fraction and b has units of �m . By multiplying Eq. 4.14 by 4.15,

we obtain an approximation for the average loop length

hL i = � (N; �; b )E (L ) =

 
b2(1 � exp(�

p
N� ))

p
N�

! 1
2

 
N 3 � 7N + 6

6NL

!

: (4.17)

We note that the total contour length L RCL of the RCL polymer is computed by

multiplying the number of monomers, N , by expression 4.15

L RCL = N

 
b2(1 � exp(�

p
N� ))

p
N�

! 1
2

: (4.18)

4.4.4 Construction of the randomly cross-linked

(RCL) polymer model
The Rouse polymer [30] describes chromatin below a scale of few Mbp [88, 17].

Starting from a Rouse model [30], the RCL is constructed by adding sparse connected
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pairs (Fig. 4.4A red), chosen with a uniform probability such that the potential for

the polymer is the sum of the � Rouse plus the potential

� Rand (R1; ::; RN ) =
1
2

X

j;k 2CN

� (Rj � Rk )2; (4.19)

where CN is an ensemble of indices from 1 toN . The chromatin is modeled as a

polymer chain with a uniform variance b2 between adjacent monomers. The total

energy of a polymer containing random connectors is the sum of two energies 4.4,

and 4.19

�( R1; ::; RN ) = � Rand (R1; ::; RN ) + � Rouse(R1; ::; RN ); (4.20)

and the stochastic equation of motion for n = 1 ; ::; N is

dRn

dt
= �r Rn �( R1; ::; RN ) +

p
2D

d! n

dt
(4.21)

where D = kB T
 is the diffusion constant,  is the friction coef�cient, and ! n are

independent 3-dimensional Brownian motion with mean 0 and standard deviation 1.

We use this construction to estimate the minimal number of connectors before and

after a dsDNA-breaks.

Simulations of the RCL polymer were performed using codes written in Julia

v0.5.1 [15]. Codes are available on the Bionewmetric website http://bionewmetrics.org/.

We summarize in Table 4.1 the values of parameters used in simulations

Parameter Value Description
N 100 number of monomers
b 200 nm STD of adjacent monomers distance
D 8 � 10� 3 �m 2=s Diffusion coef�cient [4]
� 0.2 � m Encounter distance
� 1:75� 10� 2 N/m Spring constant[3]
 3:1 � 10� 4 Ns/m friction coef�cient [3]

Table 4.1 values of simulation parameters
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Abstract
Polymer models are used to describe chromatin, which can be folded at different

spatial scales by binding molecules. By folding, chromatin generates loops of

various sizes. We present here a statistical analysis of the randomly cross-linked

(RCL) polymer model, where monomer pairs are connected randomly, generating

a heterogeneous ensemble of chromatin conformations. We obtain asymptotic

formulas for the steady-state variance, encounter probability, the radius of gyration,

instantaneous displacement and the mean �rst encounter time between any two

monomers. The analytical results are con�rmed by Brownian simulations. Finally,

the present results are used to extract the mean number of cross-links in a chromatin

region from conformation capture data.

5.1 Introduction
DNA in the nucleus is constantly remodeled by regulatory factors, and compacted

genomic regions form transient and stable loops [76, 101]. Looping is thus a key

event in chromatin regulation: although rare for a single polymer, it is frequent

in a population of hierarchy folded genome. Genome organization is probed by

chromatin Conformation Capture (CC) techniques [25, 95, 65], which give access to

simultaneous looping events in an ensemble of millions of chromatin segments. This

experimental approach provides contact frequency matrices at various scale from

few kilo- to Mega-base-pairs. Analysis of these matrices remains dif�cult, but already

revealed that mammalian genomes contain Mbp "blocks" of enriched connectivity,

called Topologically Associating Domains (TADs) [76, 29]. The role of TADs and

their organization remains unclear, although they are involved in gene regulation

[76, 95] and replication. TADs appear by averaging encounters over an ensemble of
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millions of samples [65] and represents steady-state looping frequencies, but does

not contain neither information about the size of the folded genomic section nor any

transient genomic encounter times.

To reconstruct chromatin at a given scale and explore its transient properties,

polymer models are used as a coarse-grained representation. The Rouse model [30],

characterized by nearest neighbors interactions, predicts an encounter probability

(EP) that decays with jm � nj � 3=2 between monomer m and n, but cannot account

for long-range interactions, observed inside TADs [94, 76]. Other polymer models

include attractive and repulsive forces between monomers [97, 17, 16, 45, 5, 61], to

account for long-range interactions, and have been used to probe the heterogeneous

steady-state organization of the chromatin [55, 11].

We study here a randomly cross-linked (RCL) polymer model used in [94] to

describe the ensemble of steady-state chromatin conformations, present in CC data

[76, 25, 29]. Cross-links could be generated by either binding molecules (CTCF

[76]) or by a hypothetical loop extrusion mechanism [37], but this exact formation

mechanism is not the focus of the present model. Randomly cross-linked polymers

were previously studied on a scale of a single protein molecule [100] and for cross-

linked networks [86], where monomer connectivity modulate the energy landscape.

The steady-state statistical properties of cross-linked polymers is similar to other

physical areas, such as resistor networks, where analytical formula were derived

for the mean-square distance between resistor with prescribed connectivity, such as

rings and stars [40, 34]. Other applications came from the dynamic of random loop

models in polymer physics [17, 21, 53] or fractal networks [74].

The RCL polymer con�guration space was so far mostly explored numerically

[45, 53, 11, 33]. However, computing the encounter probability and the mean �rst

encounter time, which are key quantities of interest to extract chromatin dynamics

from the CC, was left open. We derive here formulas for the EP, the variance, and

the radius of gyration of the RCL polymer, that we use in a key step of chromatin

reconstruction using polymer models. The present model can be used to determine

from CC empirical EP, the average number of cross-links, a quantity inaccessible

from CC experiments. We further derive an asymptotic formula for the mean

�rst encounter time between any two monomers, which plays a key role in gene

regulation [57]. Our asymptotic derivations are further con�rmed by Brownian

simulations.

A general procedure to extract the average number of cross-links in a genomic

section based on the EP decay of the 5C data [94] is available, but it requires

to perform heavy iterative simulations. Using the present analysis, we derive an

analytical formula that allow us to determine the number of loops or connectors

directly from the EP of CC data.
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Figure 5.1 Properties of a Randomly-Cross-Linked (RCL) polymer.(a) RCL polymers are com-
posed of a linear backbone ofN monomers (spheres), andNc(� ) random connectors
(dashed) between non-nearest neighboring monomers pairs.(b) Eigenvalues of the
RCL polymer (Eq. 5.16) with N = 50 monomers, and Nc(� ) = 5 (blue), 25 (red),
and 50 (yellow) connectors. (c) Variance of the monomers distance: analytical
(dashed, Eq.5.28) versus simulations (Eq.5.13), between monomer 1 and monomers
2-50 of the RCL polymer, 500 realizations with N = 50; b =

p
d; D = 1 ; � t = 0 :01s,

for Nc(� ) = 5 (blue), 25 (yellow) and 50 (green) added random connectors, com-
puted after 104 steps, corresponding to the slowest relaxation time� 0 (see Eq.5.22).
(d) Mean square radius of gyration,hR2

G(� )i , with N = 20 (blue), 50 (yellow), and
100 (green) monomers: analytical (dashed, Eq. 5.32), where Nc(� ) 2 [5; 50], versus
stochastic simulations of 5.13 (continuous).
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5.2 Results

5.2.1 The RCL polymer model
A linear polymer in dimension d (d = 3) consists of N monomers at positions

R = [ r1; r2; :::; rN ]T , connected sequentially by harmonic springs [30], and we

added spring connectors between random non-nearest neighboring (NN) monomer

pairs (Fig. 5.1a). The energy of the RCL polymer, introduced in [21, 17], is the sum

of the spring potential of linear backbone and that of random connectors

� G(R ) =
�
2

NX

n=2

(rn � rn� 1)2 +
�
2

X

G

(rm � rn )2; (5.1)

where � = dkB T=b2 is the spring constant,b the standard-deviation of the connector

between connected monomers,kB is the Boltzmann's constant, andT the temper-

ature. The ensembleG is composed ofNc randomly chosen indicesm; n among

the non-NN monomers and this set is re-computed for each polymer realization

to account for the large polymer conformational space. The connectivity fraction

0 � � � 1, is the fraction of the total connector numbers NL = (N � 1)(N � 2)
2 , de�ned

by

Nc(� ) = b�N L c: (5.2)

For each polymer realization, we chooseNc(� ) pairs from NL possible NN

monomers, thus, leading each time to a new ensemble of indices inG (equation 5.1).

The dynamics of the resulting polymer model (vector R ) is given by Smoluchowski

limit of the Langevin equation, which is the sum of Brownian motion and the gradient

force induced by the potential energy (equation 5.1),

dR
dt

= �
1
�

r � G(R ) +
p

2D
d!
dt

= �
d
b2 D

�
M + B G(� )

�
R +

p
2D

d!
dt

; (5.3)

where D = kB T
� is the diffusion constant, � is the friction coef�cient, ! are inde-

pendent Brownian motion with mean 0 and variance 1, and M is the N � N Rouse

matrix [30]

M m;n =

8
>>>>><

>>>>>:

�
X

j 6= m

M m;j ; m = n;

� 1 jm � nj = 1;

0; otherwise:

(5.4)
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For a given connectivity fraction, � , the square symmetric matrix B G(� ) with

random connectivity is given by

B G
mn (� ) =

8
>>>>>><

>>>>>>:

� 1; jm � nj > 1; and connected in G;

�
NX

i 6= j

Bmj (� ); m = n;

0; otherwise.

The steady-state properties of an ensemble of RCL polymers are contained in

the mean-�eld model, where we replace the matrix B G(� ) in Eq. 5.3 by its average

hB G(� )i (averaging over all realizations G of non NN monomer pairs when the

number of connectors Nc(� ) is �xed). We construct hB G(� )i using the probability

density of the monomer connectivity.

For a �xed number of connector Nc(� ), the probability that monomer m has

k � (N � 2) non-NN connections is obtained by choosingk position in row m of the

matrix B G(� ) (excluding the super- and sub- and the diagonal), and the remaining

Nc � k connectors in any row or column n 6= m, thus:

P rm (k) =

8
>>><

>>>:

CN c ( � ) � k
N L � ( N � 3) Ck

N � 3

CN c ( � )
N L

; 1 < m < N ;

CN c ( � ) � k
N L � ( N � 2) Ck

N � 2

CN c ( � )
N L

; m = 1 ; N;
(5.5)

where the binomial coef�cient is C j
i = i !

( i � j )! j ! . This probability is the hyper-geometric

distribution for the number of connections for monomer m. The mean number of

connectors for each monomer is, therefore

� m (� ) =

8
<

:

(N � 3)N c (� )
NL

� (N � 3)�; 1 < m < N ;
(N � 2)N c (� )

NL
� (N � 2)�; m = 1 ; N:

(5.6)

Using the mean values in 5.6, we obtain the expression for the matrixhB G(� )i

hB G
mn (� )i =

8
>>><

>>>:

� �; jm � nj > 1;

� m (� ); m = n;

0; otherwise;

(5.7)

which can be decomposed as the sum

hB G(� )i = � (N I d � M � 1N ); (5.8)

where I d is the N � N identity matrix, and 1N is a N � N matrix of ones. To study

the mean properties of the RCL polymer, we study the stochastic process 5.3 using

the average matrix hB (� )i in relation 5.8.
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5.2.2 Eigenvalues of the RCL polymer.
To study the steady-state properties of system 5.3, we diagonalize the averaged

connectivity matrix M + hB (� )i . Using Rouse normal coordinatesU = [ u0; u1; ::uN � 1]

[30], de�ned as

U = V R ; (5.9)

where

V = ( � n
p ) =

8
<

:

q
1
N ; p = 0;

q
2
N cos

�
(n � 1

2) p�
N

�
; otherwise.

(5.10)

The Rouse orthonormal basisV [30] diagonalizes M to

V MV T = � = diag(� 0; � 1; :::; � N � 1); (5.11)

where

� p = 4 sin2
�

p�
2N

�
; p = 0 ; ::; N � 1; (5.12)

are the eigenvalues of the Rouse matrix (relation 5.4). Substituting hB G(� )i for

B G(� ) in system 5.3 and multiplying it from the left by V in 5.10, we obtain the

mean-�eld equations

dU
dt

= �
d
b2 D

h
� + V hB G(� )i V T

i
U +

p
2D

d�
dt

; (5.13)

where � = V ! are independent Brownian motion with mean 0 and variance 1. From

identity 5.8, the matrix hB G(� )i commutes with M and, therefore, is diagonalizable

using the same orthonormal basisV :

V hB G(� )i V T = diag( 0(� ); :::;  N � 1(� )) : (5.14)

Using 5.8 and 5.14, we obtain the eigenvalues

 p(� ) =

8
<

:

0; p = 0;

� (N � � p); 1 � p � N � 1:
(5.15)

To conclude, the eigenvalues of system 5.13 are the sum of eigenvalues of the Rouse

matrix M and hB G(� )i :

� p(� ) =  p(� ) + � p = N� + 4(1 � � ) sin2
�

p�
2N

�
: (5.16)
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The stochastic system 5.13 consists ofN � independent equations. For � = 0 ,

we recover the Rouse polymer [30], whereas for � = 1 , we obtain a fully connected

polymer, with a circular matrix M + hB G(� )i , for which all eigenvalues equal to

N except for the �rst vanishing one. Using relations 5.9, 5.16 and 5.10 in 5.1, the

energy of the RCL polymer is written as

� G(U ) =
�
2

N � 1X

p=1

� p(� )u2
p: (5.17)

The statistics of the RCL system (relation 5.3), can be recovered from 5.13 in the

diagonalized form (expression 5.17), by scaling � with the ratio of mean number of

random connectors to the mean of total number of connectors:

� � = �
Nc(� )

N + Nc(� )
: (5.18)

The ensemble of eigenvalues eigenvalues 5.16 for RCL polymers, forN = 50

monomers, andNc(� )=5, 25, and 50 added random connectors is shown in Fig.5.1b.

5.2.3 Encounter probability (EP) between

monomers of the RCL polymer.
The RCL polymer belongs to the class of generalized Gaussian chain models, studied

in [97, 40, 53, 34], for which the EP between any two monomers m and n at

equilibrium is given by

Pm;n (� ) =

 
d

2�� 2
m;n (� )

! d
2

: (5.19)

To compute expression 5.19 explicitly, we estimate now the variance� 2
m;n (� ) =

h(rm � rn )2i in normal coordinates (Eq. 5.9):

� 2
m;n (� ) =

N � 1X

p=0

�
� m

p � � n
p

� 2
hu2

p(� )i : (5.20)

Although computational methods to study the steady-sate variance of Gaussian

models were introduced already in [34], we provide here a computation of the

variance using the normal coordinates (Eq. 5.9) and the eigenvalues (Eq. 5.16),

which we will use below to compute time-dependent polymer properties.

The time-dependent variance is computed from the decoupled Ornstein-Uhlenbeck

equations 5.13 [91], we obtain

hu2
p(� )i =

b2

� p(� )

�
1 � exp

�
�

2D� p(� )t
b2

��
: (5.21)
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The relaxation times � 0 � � 1(� ) � ::� N � 1(� ) are

� p(� ) =
b2

2D� p(� )
; (5.22)

and the slowest, � 0(� ), corresponds to the diffusion of the center of mass. At steady-

state,

hu2
p(� )i =

b2

2(1 � � )
�
y(N; � ) � cos

� p�
N

�� ; (5.23)

where

y(N; � ) = 1 +
N�

2(1 � � )
: (5.24)

Substituting relations 5.10 and 5.23 into 5.20, we get

� 2
m;n (� ) =

N � 1X

p=0

b2
�

cos
�

p(m� 1
2 )�

N

�
� cos

�
p(n� 1

2 )�
N

�� 2

N (1 � � )(y(N; � ) � cos(p�
N ))

: (5.25)

For N � 1, the sum 5.25 is approximated by an integral (Euler Mac-Lauren formula),

� 2
m;n (� ) =

Z �

� �

b2
�
cos(x(m � 1

2)) � cos(x(n � 1
2))

� 2
dx

2� (1 � � )(y(N; � ) � cos(x))

=
I

jzj=1

� b2(z � zm+ n )2(zm � zn )2dz
4�i (1 � � )(z � � 0(N; � ))( z � � 1(N; � ))z2(m+ n)+1

; (5.26)

where the boundaries of integration [0; � ] are transformed in the complex plane

using the contour of the unit disk parameterized by z = eix , and we de�ne

� 0(N; � ) = y(N; � ) +
q

y2(N; � ) � 1;

� 1(N; � ) = y(N; � ) �
q

y2(N; � ) � 1: (5.27)

When � 0(N; 0) = 1 , we recover from expression 5.25 the variance,� 2
m;n (0) =

b2jm � nj, of the Rouse chain (Nc(� ) = 0 ) [30]. The integrand in 5.26 is symmetric

in m and n and has a pole of order 2(m + n) + 1 at z = 0 and simple poles at

z = � 0(N; � ); z = � 1(N; � ). Becausey(N; � ) � 1, we have � 0(N; � ) � 1, which is

outside the contour jzj = 1 , and � 1(N; � ) � 1; for all N , � � 0. The pole � 0(N; � ) is

not in the disk and does not contribute to the residues of 5.26. For � > 0, we solve
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the integral 5.26 to obtain an exact expression for the variance. With the notations

� 0 = � 0(N; � ); � 1 = � 1(N; � ), we have

� 2
m;n (� ) =

8
>>>>><

>>>>>:

b2
�
(� m� n

0 (N; � ) � 1)2 � 2� m+ n� 1
0 + 2 � 2m� 1

0

�

(1 � � )( � 0 � � 1)� 2m� 1
0 (N; � )

; m � n;

b2
�
(� n� m

0 � 1)2 � 2� m+ n� 1
0 + 2 � 2n� 1

0

�

(1 � � )( � 0 � � 1)� 2n� 1
0

; m < n:

(5.28)

For 0 < � � 1, k > 1, we approximate the terms 5.27 by

� k
0 (N; � ) � exp(k

p
N� );

� k
1 (N; � ) � exp(� k

p
N� ); (5.29)

and use 5.29 in expression 5.28, to obtain the asymptotic expression for the variance

� 2
m;n (� ) �

b2
p

N�

�
1 � exp(�j m � nj

p
N� )

�
: (5.30)

To check the range of validity of formula 5.28, we use Brownian simulations (Fig.

5.1c), computed after a relaxation time � 0 (104 numerical steps) for N = 50; Nc =

5; 25 and 50. Substituting relation 5.28 in 5.19, we obtain a novel expression for

the steady-state EPPm;n (� ) between any two monomers. We then compare the

EP obtained from Brownian simulations of RCL polymer for N = 20; 50 with the

analytical formula 5.19 for Nc(� ) = 25 ; 50 connectors (Fig. 5.2a), which shows a

very good agreement.

5.2.4 Mean square radius of gyration (MSRG) of

the RCL polymer.
The MSRG,hR2

G(� )i , characterizes the size of the RCL polymer, and can be computed

from the expression of the variance 5.28 by the following formula [30]

hR2
G(� )i =

1
N 2

NX

m=1

mX

n=1

� 2
m;n (� ): (5.31)

To compute the sum 5.31, we use elementary formula for the sum of geometric series.

Using relation 5.28 in 5.31 and with the notations � 0 = � 0(N; � ); � 1 = � 1(N; � ), we

obtain

hR2
G(� )i =

b2

N 2(1 � � )( � 0 � � 1)

h(1 + 2 � 0)N (1 + N )
2� 0

+
N (2(1 + � 0)2 � � 3

0 )
1 � � 2

0

�
� 3

0 (1 � 1
� 2N

0
)

(1 � � 2
0 )2 +

2(1 + � 0)(1 � 1
� N

0
)

(1 � � 0)2

i
: (5.32)

85



5.2 Results Chapter 5 Statistics of the RCL polymer model for one TAD

Figure 5.2 Properties of the RCL polymer(a) Encounter probability between monomers 1 and
2-50, simulated from (Eq. 5.3). The statistics of the simulations is recorded after the
slowest relaxation time (Eq. 5.22). Parameters areN = 50 monomers, Nc(� ) = 25
(green diamonds) and 50 (blue circles) connectors. We average over 500 realizations
(changing each time the ensembleG) and compare with the analytical formula
Eq. 5.19 (dashed curves) with D = 1 ; d = 3 ; b =

p
d; � = b=10; � t = 0 :01s. The

encounter probability of the Rouse polymer where Nc(� ) = 0 (dotted black), which
cannot account for long-range connectivity. (b) Mean square displacement (MSD)
simulations for a RCL polymer, whereN = 50 monomers andNc(� ) = 5 (blue), 25
(yellow), and 50 (green) added connectors. The formulas (Eq. 5.35) is shown in
dashed. (c) The MSD in panel (b) for short time-scales (0-1 s) in log-log form ,
shows slight deviation between simulations of the polymer as in (a) and formula Eq.
5.35, for Nc = 5 (blue), 25 (yellow), and 50 (cyan) random connectors, where the
deviation is more prominent for low connectivity.

In the low connectivity case, Nc(� ) � N 2

2 , we use 5.29 in 5.32 and discarding terms

of higher order in O(N � 1), we obtain the asymptotic expansion

hR2
G(� )i �

3b2

4(1 � � )
p

N�
: (5.33)

In Fig. 5.1d, we compare formula 5.32 with hR2
G(� )i computed from Brownian

simulations for N = 20; 50, and 100 monomers andNc(� ) 2 [5; 50] added random

connectors and both agree.
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5.2.5 Mean Square Displacement (MSD) of a

single monomer of the RCL polymer.
Using the normal coordinate system 5.9 in dimensiond, the MSD of monomers in

the RCL polymer is given by

hr 2
m (t)i = h

0

@
N � 1X

p=0

� m
p up(t)

1

A

2

i =
2dDt

N
+

N � 1X

p=1

(� m
p )2hu2

pi = 2dDcm t +

2db2

N

N � 1X

p=1

cos2
�

p� (m� 1
2 )

N

� �
1 � exp(� 2D� p (� )t

b2 )
�

� p(� )
; (5.34)

where we usedhup; uqi = 0 , 8p 6= q and Dcm = D
N . Averaging over all monomers

and approximating the sum in 5.34 by an integral (Eurler Mac-Lauren formula) for

N � 1, we obtain

hhr 2
m (t)ii = 2dDcm t +

2db2

N 2

N � 1X

p=1

�
1 � exp(� 2dD� p (� )t

b2 )
�

� p(� )

NX

m=1

cos2
�

p� (m � 1=2)
N

�

= 2dDcm t +
db2

�

Z �

0

1 � e
�

� 2dD� x ( � ) t
b2

�

� x (� )
dx

= 2dDcm t +
db2

p
�N� (1 � � )

Z p
2dDN�t=b 2

0
exp(� g2)dg

= 2dDcm t +
db2Erf [

p
2DN�t=b 2]

2
p

N� (1 � � )
; (5.35)

where Erf [t] is the error function. Equation 5.35 characterizes the MSD for interme-

diate time scale � N � 1(� ) � t � � 1(� ). For short time scalet � � N � 1(� ), the MSD is

approximated by

hhr 2
m (t)ii =

b2 R
p

2dDN�t=b 2

0 exp(� g2)dg
p

�N� (1 � � )

�
b
p

2dDt
p

� (1 � � )

 

1 �
exp(� 2dDN�t=b 2)

2

!

: (5.36)

Thus, for N� � 1, the MSD behaves like

hhr 2
m (t)ii /

db
p

2dDt
p

� (1 � � )
: (5.37)

We conclude that the homogeneous behavior of MSD for the RCL polymer model

gives an anomalous exponent� = 0 :5, similar to the Rouse model due to the mean-

�eld approximation. This result is in contrast with the spectrum of anomalous

exponents obtained for each con�guration [94]. Finally, for long time scales ( t �
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� 1(� )), (slow diffusion of the polymer's center of mass), the error function in 5.35 is

almost constant and, therefore,

hhrm (t)2ii � 2dDcm t +
db2

2
p

N� (1 � � )
: (5.38)

5.2.6 Mean First Encounter Time (MFET) h� � (� )i

between monomers of the RCL polymer.

Figure 5.3 Transient RCL polymer properties: (a) Two monomers m (red) and n (purple) meet
when they enter a ball of radius � . Random connectors (dashed arrows) are added
to a linear Rouse chain. (b) Stochastic simulations (dots) of the MFET between
monomer 1 and monomers 2-20 of RCL polymers withN = 20 (blue), 50 (yellow)
and 100 (green) monomers, with Nc(� ) = 25 random connectors, agree with the
formula in Eq. 5.43 (dashed). Parameters: � = b=10; D = 1 ; b =

p
3; � t = 0 :01s, the

RCL system is 5.3 (we used Eq. 5.43 with� � , Eq. 5.18).

We compute here the mean time for two monomers of the RCL polymer to enter

for the �rst time in a ball of radius � > 0, at which they can possibly interact (Fig.

5.3a). The MFET for both the Rouse and� -polymer [5, 79] were computed [8]

using the regular expansion with respect to � > 0 of the �rst eigenvalue � �
0 of the

Fokker-Planck operator associated to the stochastic equation 5.13, so that

h� � (� )i �
1

D� �
0(� )

: (5.39)

The �rst order approximation in � is given by [8]

� �
0(� ) =

4��
R

C� P e� � G(U)dU

j ~
( � )j
+ O(� 2); (5.40)
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where � G(U) is the diagonalized potential 5.17, j ~
( � )j is the integral over the entire

RCL con�guration space, computed using Gaussian integrals

j ~
( � )j =
Z

e� � G(U)dU =
Z NY

p=1

e� �
2 � p (� )u2

p (� )dU

=

 
(2� )N � 1

Q N � 1
p=1 �� p(� )

! d
2

: (5.41)

The integral over the spaceC � P of closed RCL polymer ensemble with �xed

connector between monomersm and n and additional Nc(� ) random connectors in

relation 5.40, is computed directly and gives [9]

Z

C� P
e� � G(U)dU =

Z
e� � G(U) �

0

@
NX

p=1

(� m
p � � n

p )u2
p

1

A dU

= (2 � )
( N � 2) d

2

0

@�
2

b2
N � 1Y

p=1

e� (�� p (� )) � 2
m;n (� )

1

A

d
2

; (5.42)

where � is the delta function. Using relations 5.41 and 5.42 in 5.39, we obtain

the MFET between any two monomersm and n of the RCL polymer for a given

connectivity fraction, � , in dimension d = 3 :

h� �
m;n (� )i =

1
4�D�

 
2�� 2

m;n (� )

�b 2

! 3
2

; (5.43)

Using 5.30 into 5.43, we obtain the new looping formula

h� �
m;n (� )i �

b2 �
1 � exp(�j m � nj

p
N� )

� d=2

4
p

N��D� (�b 2)d=2
+ O(N� );

where jm � nj � N , and � � 1. The analytical formula 5.43 agrees with Brownian

simulations of the MFET for the RCL polymer (Eq. 5.3) with N = 20; 50; and 100

monomers, andNc(� ) = 25 added random connectors (Fig. 5.3b).

5.2.7 Applications of the RCL polymer model to

chromatin reconstruction.
We derived here several analytical formulas for the variance, encounter probability,

radius of gyration, mean-square displacement and the mean �rst encounter time

of RCL polymer models. These formulas can be used to extract parameters from

CC experiments [29, 76]. Formula 5.19 can be used to �t the empirical encounter

probability to extract the connectivity fraction � . This parameter has a direct in-

terpretation and represents the mean number of cross-links, that can be mediated

by CTCF molecules present in a genomic region. The parameter� depends on the
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coarse-grained scale [94] and is used directly to estimate the radius of gyration

(Eq. 5.32) of any region of interest. This radius characterizes the size of the folded

genomic region relative to other genomic segments. It also provides insight into

the relative compaction of TADs and local organization of the chromatin in the cell

nucleus.

To demonstrate the applicability of the present method, we coarse-grained the

5C data reported in [76] of male neuronal progenitors NPC-E14 cells, replicate 1.

Coarse-graining was performed at a scale of 3kbp according to the method presented

in [39]. The assumptions of the RCL model, require that monomers share similar

average connectivity, and thus we took only a subset of the 5C data containing TAD

H. The TAD did not contain any long-range persistent loops (peaks) and we decided

to test the present model. The length of the genomic section in TAD H is 679 kbp,

which after coarse-graining resulted in a polymer of N = 226 monomers. We �t

the EP (Eq. 5.19) of each of the 226 monomers as explained in [94] (Materials

and Methods) and obtained an average connectivity of� = 0 :0022, corresponding

Nc(� ) = 56 added connectors, that could be interpreted as the number of binding

molecules. Fitting the EP of TAD H with a power law ajm � nj � � led to � = 0 :77,

showing that the Rouse (� =1.5) model is inadequate to represent the empirical EP.

With persistence length of b = 0 :05 �m and N = 226; � = 0 :0022in Eq. 5.32, we

predicted that the radius of gyration is 43 nm for TAD H. Thus, the 679 kbp TAD H

is compacted into a ball of volume 3:4 � 105 nm3 (2 bp per nm3).

Finally, a possible test for the robustness of the RCL to coarse-graining at any

scale, is that the value of the MSRG should persist. By coarse graining, we change the

number N of monomers and the varianceb, which should be known experimentally

for each scale. In the absence of such knowledge, from Eq. 5.30 or 5.33, we see that

to keep the MSRG constant for all scales,b2 needs to be proportional to
p

N� , the

square root of the mean number of connectors. Here the coarse-graining is imposed

by the 5C protocol at resolution 3kb. We change the coarse-graining from 3kb to

10kb resolution of TAD H and we �nd that the number of connectors decreases from

56 at 3kb to 7 at 10 kb and, thus, b2 should increases from 0.025 to 0.075�m at 10

kb resolution.

Another application of the present analysis is the �tting of the MSD (Eq. 5.35)

to single particle trajectories data: by �tting the experimental MSD curves using Eqs.

5.35-5.38, we obtain the degree of connectivity � . We can then interpret the mean

deviation of loci dynamic from pure diffusion as the con�nement due to cross-linked

genomic environment [94, 109, 108].

To conclude, the main goal of this paper was to derive asymptotic formulas to

extract the connectivity � or the mean number of connectors of a polymer model

to account for the block matrices (Topological Associated Domains) present in CC

data (3C,5C and Hi-C). The procedure consists in �tting the EP of the RCL model

(Eq. 5.19) to CC data to extract the value of connectivity, that can later be used in
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formula 5.43 to compute the mean �rst encounter time between any two monomers

and, thus, for any two genes of interest. Encounter times are key for understanding

processes, such as mammalian X chromosome inactivation [76], or non-homologous-

end joining after DNA double-strand break [6, 8].
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6Chromatin reorganization
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models of multiple
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domains

Abstract
The chromatin in mammalian nucleus folds into discrete, contact enriched regions

called Topologically Associating domains (TADs). The folding hierarchy of the TADs

and their internal organization is highly dynamic throughout cellular differentiation,

where structural changes within and between TADs are correlated with gene activa-

tion and silencing. To elucidate the relationship between chromatin conformation

and gene regulation, polymer models are used. Here we introduce a heterogeneous

randomly cross-linked (RCL) polymer model, accounting for multiple interacting

TADs, to study the affect of connectivity within and between TADs on chromatin orga-

nization and dynamics. We derive analytical formula for the steady-state encounter

probability within and between TADs and show the non-negligible affect of inter-TAD

connectivity on the statistical and dynamical properties of the chromatin. We further

show that the RCL model can capture high-order TAD organization resulting from

inter-TAD connectivity. We demonstrate the applicability of the heterogeneous RCL

model to the study the dynamic reorganization of three TADs of the mammalian X

chromosome during three successive stages of differentiation from chromosomal

capture data.

6.1 Introduction
The mammalian chromosome folds into discrete Mega-bp (Mbp) contact enriched

regions termed Topologically associating domain (TADs). Our understanding of

role of TADs remain incomplete and, to date, TADs have been found to participate

in gene regulation [76, 95] and as replication timing units [84]. The regulation

of genes within TADs is affected by the dynamics of genomic loop formation at

sub Mbp scale [25, 29, 76], where DNA loops within TADs are actively formed by
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regulatory factors [101]. However, sparse connectors between TADs (at scale> Mbp)

can signi�cantly affect the chromatin dynamics within TADs and act as a mechanism

for TAD cross-regulation [94, 39]. The mutual affect of TAD on the dynamics of the

chromatin remains largely unexplored.

The genome organization is now routinely probed by chromosome conformation

capture (CC) methods [25, 65, 95], which simultaneously record genomic contacts

(loops) at scales of kilo bp (kbp) to Mbp. TADs appear by averaging encounters over

an ensemble of millions of samples [65, 76] and represents steady-state looping

frequencies, but does not contain neither directly information about the size of the

folded genomic section, nor any transient genomic encounter times. The CC methods

were used to elucidate the dynamic organization of the chromatin throughout cell

differentiation stages [76, 36], where the boundaries of TADs remain stable, but

their internal looping pattern is highly variable. Moreover, the TADs have been found

to form hierarchy into meta TADs, formed by inter TAD connectivity, which was

found to be correlated with transcription state of the chromatin [36].

To study the steady-state and transient properties of the chromatin at a given

scale, polymer models are used as a coarse-grained representation. Starting with

the Rouse polymer [30], composed of a ofN monomers connected sequentially by

harmonic springs. The linear connectivity in the Rouse model neglects complexity

in molecular representation and therefore cannot account for contact enriched TAD

regions. Other polymer models include short and long-range looping [16, 97, 17, 45,

5, 61], self avoiding interactions and random loops [39, 16, 53, 21], and epigenomic

state [55] to demonstrated the formation of TADs.

In this work we study the mutual affect of multiple TAD on the dynamics of

the chromatin. We generalize the construction of a randomly cross-linked (RCL)

polymer model (Chapter 5), to account for multiple connected TADs of variable

size and internal connectivity. The random cross-links in the RCL model can be

due to binding molecules such as CTCF [76] or by loop extrusion mechanism [37],

although the exact mechanism by which they form is not the focus of the present

work. The random position of the cross-links serve to capture the heterogeneity in

chromatin structure in an ensemble of cells.

We derive novel analytical formulas for the encounter probability (EP), variance,

and the radius of gyration of the RCL polymer, that we use to study the polymer

dynamics. We show that TADs and higher order genome organization are affected by

connectivity between TADs, which also affect both steady-state and time-dependent

statistical properties of monomers within each TADs. We further demonstrate the

applicability of the RCL model to study the reorganization of three neighboring

TADs on the mammalian X chromosome throughout successive stages of cellular

differentiation. We derive the average number of connectors within and between

TADs by �tting the novel expression we obtained for the EP, to the empirical 5C data

[76] and �nd a correlated compaction and decompaction of TADs, which is linked to
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gene silencing and activation, respectively. We provide here an analytical framework,

which enables to study a near full representation of the 5C data, derive statistical

properties of the chromatin, and account for the in�uence of multiple connected

TADs on each other.

6.2 Results

6.2.1 The RCL polymer for multiple associating

domains (AD)
In Chapter 5 we have constructed a RCL polymer model for one TAD-like region,

where all monomers share similar average level of connectivity. We now construct

a heterogeneous RCL polymer model, comprised ofNT ADs of variable sizes and

connected randomly within and between ADs. We construct the polymer by stitching

NT successive RCL chains ofN = [ N1; N2; ::; NNT ] monomers, respectively (Fig.

6.1B).

Figure 6.1 The RCL polymer for single and multiple associating domains. A. A schematic
representation of the randomly cross-linked (RCL polymer) for a single Associating
domain (AD). Monomers (circles) are connected linearly by harmonic springs to
form the polymer's backbone (gray). Spring connectors (dashed red) are then added
between randomly chosen non nearest-neighbor monomers. The choice of monomer
pairs to connect is randomized in each realization of the polymer. B. A schematic
representation of the RCL polymer model for three connected ADs (blue, red, white),
where monomers (circles) are randomly connected (dashed red) within and between
ADs by harmonic springs.

The position vector R of monomers is de�ned by N i � d position vectors given

in block matrix form

R =
h
[R(1) ]; [R(2) ]; ::; [R(NT ) ]

i T
: (6.1)
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where the superscript in brackets indicates membership to AD1; ::NT , and the square

brackets indicate a block matrix. The linear polymer backbone is composed ofNT

Rouse matrices, de�ned in a matrix block form by

M = diag([M 1]; [M 2]; ::; [M NT ]) =

2

6
6
6
6
6
6
6
6
6
6
4

[M 1] 0 0 ::: 0

0 [M 2] 0 ::: 0

0 0 [M 3] ::: 0

: : 0 ::: :

: : ::: :

0 : : ::: [M NT ]

3

7
7
7
7
7
7
7
7
7
7
5

; (6.2)

where each [M j ] is a Rouse matrix of the form 5.4 with N j monomers. The total

number of monomers in the heterogeneous RCL polymer model is thus
P NT

j =1 N j .

We further de�ne � = f � ij g, 1 � i; j � NT to be the square symmetric connectivity

fraction matrix within and between ADs. For a given � , the random connectivity

matrix B (� ) is de�ned by

Bmn (�) =

8
>>><

>>>:

� 1; jm � nj > 1; and connected;

�
P N

i 6= j Bmj (�) ; m = n;

0; otherwise,

(6.3)

To construct the average, random connectivity matrix, hB (�) i , we �rst de�ne

the indices bi , to indicate the boundary between successive blocksi and i + 1 ,

1 � i � NT (Fig. 6.2A).

bi =
iX

m=1

Nm ; (6.4)

with b0 = 0 , which de�ne the indices of a grid Tij = ( bi ; bj ), which represent the

bottom right index in each block of hB (�) i (Fig. 6.2A). The block i; j stretches

between Ti � 1;j � 1 + (1 ; 1) to Tij , and we denote it with square brackets as[Tij ]. The

number of added connectors in block[Tij ] is

Nc(� ij ) = b� ij NL c; (6.5)

where NL is the maximal possible number of connected pairs in block[Tij ], given by

NL =

8
>>><

>>>:

(N i � 1)(N i � 2)=2; ji � j j = 0;

N i N j � 1; ji � j j = 1;

N i N j ; otherwise:

(6.6)

We assume here, that the random choice ofNc(� ij ) connected pairs is indepen-

dent between blocks[Tij ]; (i 6= j ), and that all monomer pairs are equally likely to
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Figure 6.2 Construction of the heterogeneous RCL polymer A. Schematic description of 3
Associating domains (ADs),AD 1 (blue) AD 2 (red) and AD 3 (orange) composed
of N1; N2 and N3 monomers connected linearly, and additional random connectors
within and between ADs, determined by � ij the connectivity fraction (Eq. 6.5) .
The indicesbi represent the bottom right end of each AD block and give rise to the
grid points Tij = ( bi ; bj ), which de�ne blocks [Tij ]. (B) Sample con�guration of
the heterogeneous RCL polymer with 3 ADs corresponding to the construction in
panel A. Monomers (spheres) are connected linearly by harmonic springs to form
the backbone and additional connectors (springs) are added randomly between
non-nearest neighboring monomers within and between ADs.
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be chosen within each block. Due to symmetry, we shall only consider here choices

of monomer pairs in the upper triangular part of B (�) . The probability of monomer

bi < m < b i +1 to have k � 0 connectors in [Tii ] is computed by choosingk positions

in row m and the remaining NL � k connectors in any row and column n 6= m,

leading to the hyper-geometric probability

P r ii (k) =

8
>>>><

>>>>:

Ck
N c ( � ii ) C

N c ( � ii ) � k
N L � ( N i � 3)

C
N c ( � ij )

N L

; bi < m < b i +1 ;

C
N c ( � ii )
k C

N c ( � ii ) � k
N L � ( N i � 2)

C
N c ( � ii )
N L

; m = bi ; bi +1 ;
(6.7)

and for [Tij ], j > i

P r ij (k) =
CN j

k CN c (� ij )� k
NL � N j

CN c (� ij )
NL

; (6.8)

where C j
i = i !

( i � j )! j ! is the binomial coef�cient. Thus, the average number of connec-

tors, �� (i;j )
m (�) , for monomer bi < m < b i +1 in each block [Tij ] follows the average of

the hyper-geometric distribution:

�� (i;j )
m =

8
>>><

>>>:

� ij N j ; ji � j j > 1;

� ii (N i � 2); ji � j j = 0 ; m = bi ; m = bi +1 ;

� ii (N i � 3); ji � j j = 0 ; bi < m < b i +1 :

(6.9)

We consider the average number of non nearest neighbor (NN) connectors� m (�)

for monomer bi � m � bi +1 to be the sum of average number of connectors in each

block [Tij ], j = 1 ; ::; NT

� m (�) =
NTX

k=1

�� (i;k )
m = hBmm (�) i =

8
<

:

� 3� ii +
P NT

j =1 N j � ij ; bi � m � bi +1 ;

� 2� ii +
P NT

j =1 N j � ij ; m = bi ; bi +1 :
(6.10)

Therefore, the average connectivity matrix, hB (�) i , is constructed as

hBmn (�) i =

8
>>><

>>>:

� m (�) ; m = n;

0; jm � nj = 1;

� � ij ; bi � m � bi +1 ; bj � n � bj +1 :

(6.11)

The matrix hB (�) i can be de�ned by blocks [Tij ], such that

[Tij ] =

8
<

:

� � ii (1ii + M i ) + I i
P NT

k=1 Nk � ik ; i = j ;

� � ij 1ij ; i 6= j;
(6.12)
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where 1ij is a N i � N j matrix of ones, M i is a Rouse matrix ofN i monomers (Eq.

5.4), and I i is an N i � N i identity matrix.

The mean-�eld stochastic system of equations describing the dynamics of

monomers R is

dR
dt

= � d
D
b2 (M + hB (�) i ) R +

p
2D

d!
dt

; (6.13)

where we replacedB (�) by its averagehB (�) i (average over choices of connected

monomers [93, 17]), ! are Brownian motions with mean 0 and standard-deviation

1.

To study the steady-state properties of system 6.13, we �rst decouple the system

6.13 into independent modes using the normal coordinate transform, de�ned by

U = V R = [ u0; u1; :::]; (6.14)

where

V = diag([V1]; [V2]; ::; [VNT ]); (6.15)

is a diagonal block matrix, and each block[Vi ] is an N i � N i matrix of the form:

[Vi ]m;n =

8
><

>:

q
1

N i
; m = 1;

q
2

N i
cos

�
m�
N i

(n � 1
2)

�
; 1 < m � N i :

(6.16)

We multiply 6.13 from the left by 6.15 to obtain system of equations in the normal

form

dU
dt

= � d
D
b2

�
� + V hB (�) i V T

�
U +

p
2D

d�
dt

; (6.17)

where � = V ! are Brownian motion with mean 0 and standard-deviation 1, and

� = diag([� 1]; [� 2]; ::; [� NT ]); (6.18)

is a NT � NT block diagonal matrix of the eigenvalues of Rouse chains [30] of

N1; N2; ::; NT monomers, de�ned by

[� i ] = diag(� 0; � 1; ::� N i � 1); (6.19)

and

� p = 4 sin2
�

p�
2N i

�
); p = 0 ; ::; N i � 1; (6.20)

are the Rouse eigenvalues.
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From 6.12, each[Tii ] commutes with [M i ] (Eq. 5.4) and therefore the multipli-

cation V hB (�) i V T in the right hand side of 6.17, can be carried out for each block

separately, and we obtained

[Vi ][Tij ][Vj ]T =

8
<

:

� � ii (N i Gii + [� i ]) + I N i

P NT
k=1 Nk � ik ; i = j ;

� � ij
p

N i N j Gij ; i 6= j;
(6.21)

where Gij is a N i � N j matrix of zeros with 1 in the top left cell. The stochastic

differential equation system that describes the dynamic of the normal coordinate

u(i )
m , 1 < m � N i � 1 in AD i is then

du(i )
m

dt
= � d

D
b2

0

@� (i )
m (1 � � ii ) +

NTX

k=1

Nk � ik

1

A u(i )
m +

p
2D

d� (i )
m

dt
; (6.22)

and for the centers of massesu(i )
0

du(i )
0

dt
= � d

D
b2

0

@
NTX

k=1

Nk � ik u(i )
0 �

NTX

k=1

� ik
p

N i Nku(k)
0

1

A +
p

2D
d� (i )

0

dt
; (6.23)

where � (i )
m are d-dimensional standard Brownian motion.

6.2.2 The MSRG for each AD
We now give an expression for the square radius of gyration in each AD for the

case of dominant intra-AD connectivity, i.e., N i � ii � N j � ij ; j 6= i . The distribution,

P(R2
g), of the square radius of gyration is given by [34]

P(R2
g) =

1
2�

Z 1

�1
exp(i c�R 2

g)Det(1N i � 1 +
i cd�b 2

2N i
[� i ]� 1) � d=2d�; (6.24)

where [� i ] is the block diagonal matrix of eigenvalues for chain i except the �rst,

Det is the determinant operator, and i c is the complex unit. We approximate [� i ]

by [Vi ][Tii ][Vi ]T from 6.21 (removing the �rst vanishing row), which allows us to

evaluate the determinant in the integral 6.24 by [34]

Det(1N i � 1 +
i cd�b 2

2N i
[� i ]� 1) � d=2 = exp

0

@d
2

1X

p=1

 

�
2i c�b 2

dNi

! p
Tr([� i ]� p)

p

1

A ; (6.25)

100



Chapter 6 Statistics of the RCL polymer model for multiple TADs 6.2 Results

where T r is the trace operator. We truncate the series in 6.25 atp = 2 and substitute

the resulting expressing in 6.24 to obtain

P(R2
g) =

1
2�

Z 1

�1
exp

 

�
b4� 2

dN 2
i

Tr([�] � 2) + i c� (R2
g �

b2

N i
Tr([� i ]� 1))

!

d�;

=

s
dN 2

i

4�b 4Tr([� i ]� 2)
exp

0

B
@�

�
R2

g � b2T r ([� i ]� 1 )
N i

� 2

4b4Tr([� i ]� 2)=dN2
i

1

C
A : (6.26)

The distribution of the square radius of gyration of each AD i is therefore approxi-

mately Normal, with mean and variance given, respectively, by

hR2
gi (i ) =

b2Tr([� i ]� 1)
N i

; � 2(R2
g) =

2b4Tr([� i ]� 2)
dN 2

i
: (6.27)

For N i � 1, we approximate the trace T r ([� i ]� 1) by an integral, where x = p�=N i ,

and compute it along the unit contour in the complex plane, parametrized by z = ex

Tr([� i ]� 1) =
N i � 1X

p=1

1

� p(1 � � ii ) +
P NT

k=1 Nk � ik

�
N i

2� (1 � � ii )

Z �

� �

dx
y(i ) (N; �) � cos(x)

= �
N i

2� i c(1 � � ii )

I

jzj=1

dz

(z � � (i )
0 (�))( z � � (i )

1 (�))

=
N i

(1 � � ii )( � (i )
0 (�) � � (i )

1 (�)
; (6.28)

where

y(i ) (N; �) = 1 +
P NT

k=1 � ik N j

2(1 � � ii )
; (6.29)

which couples the connectivities of all ADs connected to ADi , and

� (i )
0 (N; �) = y(i ) (N; �) +

q
y(i ) (N; �) 2 � 1;

� (i )
1 (N; �) = y(i ) (N; �) �

q
y(i ) (N; �) 2 � 1: (6.30)

Substituting 6.30 and 6.29 into 6.28 and then into 6.27, we obtain the expression

for the MSRG of ADi

hR2
gi (i ) �

b2

(1 � � ii )( � (i )
0 (�) � � (i )

1 (�))
(6.31)
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6.2.3 Encounter probability of monomers of the

heterogeneous RCL chain
To compute the encounter probability (EP) in the heterogeneous RCL polymer we

distinguish between two cases: encounters of monomers of the same AD (intra

AD), and monomers between ADs (inter-AD). We now derive formulas for the

EP for those two cases under the assumption of non-vanishing connectivity, i.e.,

� ij > 0; 81 � i; j � NT .

Intra-AD encounter probabilities

We �rst derive an expression for the variance between monomers of the same AD. For

monomers 1 � m; n � N i of AD i , we use the normal coordinates 6.14 to compute

h(r (i )
m � r (i )

n )2i =
2

N i
h

0

@
N i � 1X

p=1

cos

 
p(m � 1

2)�
N i

!

up � cos

 
p(n � 1

2)�
N i

!

up

1

A

2

i

=
2

N i

N i � 1X

p=1

 

cos

 
p(m � 1

2)�
N i

!

� cos

 
p(n � 1

2)�
N i

!! 2

hu2
p(�) i : (6.32)

The time-dependent variance of the internal modesp > 0 of the Ornstein-Uhlenbeck

system 6.22 is de�ned as

hu2
p(�) i =

b2
�
1 � exp(� 2� (� p(1 � � ii ) +

P NT
j =1 N j � pj )t)

�

� p(1 � � ii ) +
P NT

j =1 N j � ij
; (6.33)

where the Rouse eigenvalues� p, p = 1 ::N i � 1, are de�ned in 6.19, and hup(�) uq(�) i =

0; 8p 6= q. Taking the limit in 6.33 as t ! 1 , we obtain the value of hu2
p(�) i at

steady-state

hu2
p(�) i =

b2

� p(1 � � ii ) +
P NT

j =1 N j � ij
: (6.34)

Substituting 6.34 in 6.32, we obtain

h(r (i )
m � r (i )

n )2i =
2b2

N i

N i � 1X

p=1

�
cos

�
p(m� 1=2)�

N i

�
� cos

�
p(n� 1=2)�

N i

�� 2

� p(1 � � ii ) +
P NT

j =1 N j � pj
: (6.35)
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For N i � 1 we approximate the sum 6.35 by an integral (Euler-Mclaurin formula),

making a change of variablex = p�=N i , dx = N i
� dp to obtain

h(r (i )
m � r (i )

n )2i =
2b2

N i

N i � 1X

p=1

�
cos(

p� (m� 1
2 )

N i
) � cos(

p� (n� 1
2 )

N i
)
� 2

P NT
j =1 � ij N j + 4(1 � � ii ) sin2( p�

2N i
)

�
Z �

� �

b2
�
cos

�
x(m � 1

2)
�

� cos
�
x(n � 1

2)
�� 2

� (1 � � ii )(y(i ) (N; �) � cos(x))
dx; (6.36)

with y(i ) (N; �) de�ned in 6.29. The integral in 6.36 can be computed in the complex

plane along the contour of the unit disk [93], and we obtain

� 2
m;n (�) =

8
>><

>>:

hR2
gi (i ) � (� ( i )

0 (N; �) m � n � 1)2 � 2� ( i )
0 (N; �) m + n � 1

� ( i )
0 (N; �) 2m � 1

+ 2
�
; m � n;

hR2
gi (i ) � (� ( i )

0 (N; �) n � m � 1)2 � 2� ( i )
0 (N; �) m + n � 1

� ( i )
0 (N; �) 2n � 1

+ 2
�
; m < n;

(6.37)

where hR2
gi (i ) is the MSRG de�ned in 6.31. The EP between monomerm and n of

chain i is, thus

P (i ) (m; n) /

 
d

2�� 2
m;n (�)

! d=2

; (6.38)

Inter-AD encounter probabilities

We now compute the EP between monomers of ADi and j (i 6= j ). We start by

computing the variance of the vector betweenr (i )
m of AD i and r (j )

n of AD j , using the

vectors r (i )
cm ; r (j )

cm , the center of masses for ADi and j , respectively, as

� 2
m ( i ) n ( j ) (�) = h(r (i )

m ) � r (j )
n )2i = h(r (i )

m � r (i )
cm + r (i )

cm � r (j )
cm + r (j )

cm � r (j )
n )2i

= h(r (i )
m � r (i )

cm)2i + h(r (j )
n � r (j )

cm)2i + h(r (i )
cm � r (j )

cm)2i : (6.39)

We compute the variance of the vector between a monomerm of AD i and its center

of mass of using the normal coordinates (Eq. 6.14) at steady-state

h(r (i )
m � r (i )

cm)2i =
b2

2N i (1 � � ii )

N i � 1X

p=1

cos2
�

p�
N i

(m � 1
2)

�

y(i ) (�) � cos(p�
N i

)

�
� b2

2� (1 � � ii )i c

I

jzj=1

(z2m� 1 + 1) 2

z2m� 1(z � � (i )
0 (N; �))( z � � (i )

1 (N; � ))
dz

=
b2(1 + � (i )

0 (N; �) 1� 2m )

(� (i )
0 (N; �) � � (i )

1 (N; �))(1 � � ii )
= hR2

gi (i ) (1 + � (i )
0 (N; �) 1� 2m )) ; (6.40)
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and similarly for AD j

h(r (j )
n � r (j )

cm)2i = hR2
gi (j ) (1 + � (j )

0 (N; �) 1� 2n )) : (6.41)

We compute the variance of the vector between center of masses of ADsi and j by

h(r (i )
cm � r (j )

cm)2i =
h(u(i )

0 )2i
N i

+
h(u(j )

0 )2i
N j

: (6.42)

Under the assumption
P NT

k6= i Nk � ik �
P NT

k=1 � ik
p

N i Nk , we compute the variance

h(u(i )
0 )2i from the Ornstein-Uhlenbeck equation 6.23 at steady-state to be

h(u(i )
0 )2i =

b2

P NT
k6= i Nk � ik

: (6.43)

Substituting expression 6.43 for ADi and j into 6.42, we obtain

h(r (i )
cm � r (j )

cm)2i = b2

0

@ 1

N i
P NT

k6= i Nk � ik
+

1

N j
P NT

k6= j Nk � jk

1

A : (6.44)

Substituting expressions 6.40, 6.41 and 6.44 into 6.39, we obtain the �nal

expression for the inter-AD variance

� 2
m ( i ) n ( j ) (�) =

b2(1 + � (i )
0 (N; �) 1� 2m )

(� (i )
0 (N; �) � � (i )

1 (N; �))(1 � � ii )

+
b2(1 + � (j )

0 (N; �) 1� 2n )

(� (j )
0 (N; �) � � (j )

1 (N; �))(1 � � jj )

+ b2

0

@ 1

N i
P NT

k6= i Nk � ik
+

1

N j
P NT

k6= j Nk � jk

1

A

= hR2
gi (i ) (1 + � (i )

0 (N; �) 1� 2m ) + hR2
gi (j ) (1 + � (i )

0 (N; �) 1� 2n )

+ b2

0

@ 1

N i
P NT

k6= i Nk � ik
+

1

N j
P NT

k6= j Nk � jk

1

A : (6.45)

The EP between monomerm of AD i and n of AD j is then given by

Pm ( i ) ;n ( j ) (�) /

 
d

2�� 2
m ( i ) n ( j ) (�)

! d=2

: (6.46)
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Asymptotic approximation to the heterogeneous RCL variance

To obtain an approximated term for the variance Eq.6.45 we �rst approximate the

terms

� (i )
0 (N; �) m � exp

0

@m

vu
u
t

NTX

k=1

Nk � ik

1

A ;

hR2
gi (i ) �

b2

2(1 � � ii )
q P NT

k=1 Nk � ik

; (6.47)

under the assumption of N i � 1, and substituting in 6.45, to obtain the approxima-

tions to the inter-AD variance

� 2
m ( i ) n ( j ) (�) �

b2
�

1 + exp
�

(1 � 2m)
q P NT

k=1 Nk � ik

��

2(1 � � ii )
q P NT

k=1 Nk � ik

+
b2

�
1 + exp

�
(1 � 2n)

q P NT
k=1 Nk � jk

��

2(1 � � jj )
q P NT

k=1 Nk � jk

+ b2

0

@ 1

N i
P NT

k6= i Nk � ik
+

1

N j
P NT

k6= j Nk � jk

1

A (6.48)

6.2.4 Mean-Square Displacement of monomers of

the heterogeneous RCL polymer
Calculation of the MSD of monomers in ADi follows similar lines as in 5.2.5, where

we replaced N� for a single AD by
P NT

k=1 Nk � ik for multiple ADs. For intermediate

times � N � 1(� ) � t � � 1(� ) (Eq. 5.22)

hhr (i )
m (t)2ii � 2dDcm t +

db2Erf [
q

2dDt
P NT

k=1 Nk � ik =b2]

2
q

(1 � � ii )
P NT

k=1 Nk � ik

; (6.49)

where Dcm = DP N T
k =1

N k
. Expression 6.49 can be further approximated using the

trapezoidal rule as

hhr (i )
m (t)2ii � 2dDcm t +

db
p

dDt
�
1 + exp( � 2dDt

b2

P NT
k=1 Nk � ik )

�

p
2� (1 � � ii )

(6.50)

Expression 6.50 scales as
p

t and highlights the dependence of the MSD curve on

the connectivity between AD i and all other ADs.
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Figure 6.3 Statistical properties of the heterogeneous RCL polymer. A. Encounter fre-
quency matrix of a polymer with 3 AD blocks (AD 1; AD 2; AD 3) of N1 = 50; N2 =
40; N3 = 60 monomers each, result of 5000 simulations of the system 6.17 with
� t = 0 :1s; D = 1 ; d = 3 ; b2 =

p
d. The number of added connectors appears in

each block. Three distinct diagonal ADs are visible (red boxes), where higher order
structures appear (black lines) due to weak inter-AD connectivity. B. Encounter prob-
ability (EP) of the heterogeneous RCL described in panel A, where the simulation
EP (orange) is in agreement with theoretical EP (blue, Eqs. 6.38, 6.46), plotted
for the middle monomer in each AD: monomer 20 (top left), monomer 70 (top
right) and monomer 120 (bottom left). The decreased EP at boundaries of ADs is an
artifact of the use of the center of masses in Eqs. 6.40 and 6.41.C. The mean square
displacement of monomers in each AD of the heterogeneous RCL polymer, simulated
as described in panel A, simulation (full) versus theory (dashed Eq. 6.49) are in
good agreement for time up to 25 s. The MSD for AD 1 overshots att > 15 because
the center of masses of the three AD cannot be fully decoupled (see Eq. 6.23).
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6.2.5 Validation of the analytical expression of the

heterogeneous RCL model
We validate the asymptotic expressions for the steady-state EP within (Eq. 6.38) and

between ADs (Eq. 6.46) by Brownian simulations. We constructed an RCL polymer

with 3 ADs of N1 = 50; N2 = 40; N3 = 60 monomers, and set a dominant number

of connectors in each diagonal AD block, such that the diagonal ADs contain 200%

more connectors than between ADs (Fig. 6.3A). We ran 5000 simulations of system

6.13, with d = 3 ; b =
p

d; D = 1 ; � t = 0 :1s until relaxation. The relaxation time

� (�) was determined as the maximal relaxation time of the �rst mode over all ADs,

de�ned as

� (�) = max
1� i � NT

0

@ b2

2dD
P NT

k=1 Nk � ik + 4(1 � � ii ) sin2( �
2N i

)

1

A ;

which resulted in number of steps of the order of tens of thousands. After time � (�)

we constructed the encounter frequency matrix for 5000 realizations, where we

set the encounter distance to� = b=10. The encounter frequency matrix showed

three distinct diagonal blocks resulting from high internal AD connectivity but also

higher order organization (meta ADs), which resulted from the inter-AD connectivity

(Fig. 6.3A). To validate the expression for the theoretical steady-state EP (Eqs.

6.38 and 6.46), we computed simulation EP by dividing each row of the encounter

frequency matrix by its sum and plotted it against the theoretical EP. In Fig. 6.3

B we show three sample �tted curves of the theoretical EP versus simulation EP

for monomer 20 (upper left), 70 (upper right) and 120 (lower), which are in good

agreement. We further computed the hR2
gi (i ) the MSRG of AD i = 1 ; 2; 3 from

simulation and compared it to expression Eq. 6.31. We �nd the simulation MSRG

is hR2
gi (i ) = 2 :42; 1:5; 2:15 and theoretical hR2

gi (i ) = 2 :38; 1:31; 2:09 for i = 1 ; 2; 3,

respectively, which are in good agreement.

To validate the expression for the theoretical MSD (Eq. 6.49), we simulated

system 6.13 for 500 step past relaxation time� (�) (Eq. 6.51 In Chapter 5) and

computed the MSD for each monomers in each AD. In Fig. 6.3C we plotted the mean

MSD in each AD against the theoretical expression Eq. 6.49 (dashed), which are in

good agreement. The overshoot of the MSD of AD 1, is the result of the fact that

center of masses of ADs cannot be fully decoupled (see Eq. 6.23). The height of the

MSD curve is inversely proportional to the total connectivity of each AD, with AD 1

(Fig. 6.3C, orange, 26 connectors), AD 2 (blue, 46 connectors) and AD 3 (red, 37

connectors).
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6.2.6 Application of the heterogeneous RCL to the

study of genome reorganization from the 5C

data
We now demonstrate the use of the heterogeneous RCL model with 5C data and

study X chromosome reorganization during three stages of differentiation in cell lin-

eage commitment: undifferentiated mouse embryonic stem cells (MESC), Neuronal

precursor cells (NPC) and mouse Embryonic �broblasts (MEF). The differentiation

from MESC through NPC to MEF took place over the course of 84 hours [76]. We

used the average of two replica of a subset of the 5C data [76], harboring 3 topologi-

cally Associating domains (TADs): TAD D, E, and F, which span a genomic section of

about 1.9 Mbp. We coarse-grained the 5C encounter frequency data at a scale of 6

kb, which is twice the median length of the restriction segment of the HindII enzyme

used in producing the 5C data [39, 94]. At this scale we found empirically that

long-range persistent peaks of the 5C encounter data are smoothed-out suf�ciently

to enable us to use expressions 6.38 and 6.46 for �tting the 5C EP. The resulting

coarse-grained encounter frequency matrix includes pair-wise encounter data of

302 genomic segments of equal size. To determine the position of TAD boundaries,

we mapped the TAD boundaries reported in bp ([76] Supplementary Information,

'Analysis of 5C data, section) to genomic segments after coarse-graining. Accordingly,

we constructed an RCL polymer withND = 62; NE = 88; NF = 152 monomers for

TAD D, E and F, respectively. We �tted the EP of each monomer in the coarse-grained

empirical EP matrix using formulas 6.38 and 6.46. In Fig. 6.4A we present the �tted

EP matrices for MESC (left) NPC (middle) and MEF (right).

We computed Nc, the average number of connectors, within and between

each TAD by averaging the connectivity values obtained from �tting the EP over

all monomers to obtain the connectivity matrix � and used relations 6.5 and 6.6.

The mean number of connectors in the differentiation from MESC to NPC showed

an increase by 145-200% (Fig. 6.4B) within and between TADs. The number of

connectors within TAD F increases by 145% from 22 for MESC to 32 in NPC, the

inter-connectivity between TAD F and E increases by 150% from 9 at MESC to 14

for NPC and the connectivity between TAD F and D doubled from 6 connectors for

MESC to 12 for NPC, whereas the number of connectors within TAD E remained

constant of 14. In the differentiation stage between NPC to MEF, the number of

connectors within TADs D, E, and F returned to values comparable to MESC, whereas

the inter-TAD connectivity between TAD F and E decreased from 14 for NPC to 9 for

MEF.

The mean square radius of gyration of the three TADs, throughout differen-

tiation stages, correlated with the acquisition and lose of connectors in all TADs.

We Computed the MSRG (Eq. 6.31) for each TAD using the calibrated connectivity
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Figure 6.4 Dynamic reorganization of the X Chromosome during differentiation. A. Result
of the �t of the expressions 6.38 and 6.46 to the empirical 5C encounter probability
data at a scale of 6kb for 3 TADs (red rectangles) at 3 successive stages of cell
differentiation: Embryonic stem cell (MESC, left), Neuronal precursor cells (NPC,
middle) and Embryonic Fibroblasts (MEF, right). B. The mean number of connectors
found by �tting of the EP as described in panel A, within and between TAD D, E and
F for MESC (left), NPC (middle) and MEF (right). The number of connectors within
TAD F grows from 22 for MSEC to 32 for NPC and drops back to 22 for MEF cells.
The inter-TAD F and D connectivity increases from 9 for MSEC to 14 for NPC and
decreases to 9 for MEF. The number of connectors in TAD E remains 14 throughout
the 3 stages, whereas,the number of connectors for TAD D increases from 6 for MSEC
to 9 for NPC and decreases to 7 for MEF.C. The mean square radius of gyration (left)
at units of b2 decreases for all TADs in NPC stage and increases back to the levels
of MESC for MEF. The compaction ratio (right) computed as the reciprocal of the
MSRG of each TAD to the MSRG of the Rouse chain (Nb2=6) with the same number
of monomers, shows that the compaction in TAD E is higher than in D at NPC stage
despite having a higher MSRG (1.6 and 1.3 for TAD D and E, respectively).D. Three
sample realization of the RCL polymer showing the compaction of TAD D (blue) , E
(red) and F (orange) in the transition from MESC to NPC and decompaction in the
transition to MEF. The shaded areas represents spheres of radius of gyration as in
panel C for each TAD in each stage.
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matrix � , obtained from �tting the experimental 5C EP (Fig. 6.4C, left) in the units

of b2. The MSRG of all TADs decreased from average of 2b2�m at MESC stage to 1.7

b2�m for NPC and increased back to 2b2�m for MEF cells. In the transition from

MESC to NPC, the MSRG of TAD D surpassed that of TAD E (Fig. 6.4C, red squares),

due to the increased in inter-TAD connectivity between TAD E and F at NPC stage.

The value of the MSRG does not disclose the level of compaction in each TAD,

which can indicate physical quantities, such as number of bp pernm3. We, therefore,

computed the compaction ratio (Fig. 6.4C, right), de�ned as the reciprocal of the

ratio between the MSRG of each TAD (Eq. 6.31) and the MSRG of the linear Rouse

chain (Nb2=6, [30]) of the same size. We �nd that TAD F ( N = 154 monomers) has

the highest compaction between the TADs, throughout the 3 stages of differentiation

(Fig. 6.4C, yellow circles), where we �nd it to be 33, 45, and 35 times more compact

than the linear Rouse chain for MESC, NPC, and MEF stages, respectively. TAD E

(N = 88 monomers) was found to be 22, 27, and 23 times more compact than the

linear Rouse chain (Fig. 6.4C right, red squares), despite retaining similar levels of

intra-TAD of 14 connectors throughout stages of differentiation. This effect is due

to the increase in inter-TAD connectivity between TAD E and F at NPC stage. TAD

D (N = 62 monomers) was found to be 15, 21, and 18 times more compact than

the linear Rouse chain (blue squares) for MESC, NPC and MEF stages, respectively.

To conclude, inter-TAD connectivity affects the compaction of TADs and therefore

cannot be neglected in the study of genome reorganization from the 5C data.

6.3 Discussion
In this work we presented a generalization of the analytical RCL model [94, 93] from

one AD region to multiple interacting regions of variable size, intra and inter-AD

connectivities. We, thus, provided an analytical framework for studying a near full

representation of conformation capture (5C and Hi-C) encounter frequency data,

where we account for the affect of both intra and inter-TAD connectivity in the

heterogeneous RCL model. The RCL polymer provides mean of deriving the average

number of cross-links within and between each TAD, length scales, such as the mean

square radius of gyration, which characterizes the size of the folded AD, and the

mean square displacement in multiple ADs. These quantities cannot be derived from

the empirical conformation capture data and requires complementary method, such

as single particle tracking [38, 7].

We demonstrate the applicability of the generalized RCL model to the study of

multiple TAD reorganization, throughout three successive stages of mammalian cell

differentiation: mouse embryonic stem cell (ESC), neuronal precursor cells (NPC)

and mouse embryonic �broblasts (MEF). We �tted expressions 6.38 and 6.46 to

the empirical 5C encounter matrices of three differentiation stages (Fig. 6.4A) and

showed that the RCL model can capture contact enriched TADs and the variability in
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monomer connectivity within each TAD (Fig. 6.4A, super and sub diagonals of EP

matrices). We use the average connectivity we obtained from the �tting procedure

to derive the average number of connectors between and within TADs (Fig. 6.4B). In

the coarse graining scale of 6 kb, our results show that the X chromosome acquires

connectors within and between TADs in the transition between MESC to NPC and

later returns to values comparable to those of MESC at MEF stage. The increasing

connectivity for NPC cells can be associated with the acquisition of LaminB1 ([76],

Figure 3). The increase in the number of connectors in each TAD at NPC stage

further correlates with TAD compaction. Indeed, the MSRG curves (Fig. 6.4C left)

decrease at NPC stage, which indicate higher chromatin compaction for all TADs.

The compaction ratio (in relation to linear Rouse polymer) showed high compaction

at NPC stages (Fig. 6.4C, right) for all TADs, which can be associated with TADs

being in heterochromatin state, suppressed gene expression and lamina associating

domains [80]. The mutual affect of inter-TAD connectivity can clearly be seen, when

the number of connectors for TAD E remain constant at 14, however, the MSRG

and compaction ratio decreased at NPC stage. This result indicates that the a full

description of the 5C data by polymer models must take into account inter-TAD

connectivity. Overall, the RCL polymer captures well the correlated reorganization

of TAD D, E, and F during differentiation. The correlation in TAD reorganization is

in accordance with transcription co-regulation in these TADs [76].

Our construction of the RCL polymer accounts for multiple connected regions

with weak inter-TAD connectivity, in line with experimental CC data [29, 25, 36, 76].

Despite such weak inter-AD connectivity the affect of multiple ADs on the dynamics

of monomers cannot be fully neglected. The analytical expression we derived for

the asymptotic steady-state encounter probability (Eqs. 6.38 and 6.46) are suited

for modeling the 5C empirical encounter probability matrices. We validated the

asymptotic expression for the EP by Brownian simulations, where we showed that

we can capture both TADs and higher order structures (metaTADs [36]), resulting

from inter-TAD connectivity (Fig. 6.3A and B). We further demonstrated how the

dynamics of monomers is affected by the local connectivity between and within ADs,

as can be seen in the MSD curves (Fig. 6.3C). This results provides an explains the

variability in MSD behavior seen experimentally in live cell single particle tracking

experiments [94, 38, 28] in terms of heterogeneous local chromatin organization in

cell population.

To conclude, the analytical framework presented in this work provides means

of studying chromatin structural reorganization on a genome-wide scale. The

generalized RCL model can be used to interpolate between chromatin organization

of cells at successive differentiation stages, directly from experimental chromatin

capture data. The generalized RCL model we presented here can be used with any

ligation proximity experimental data (Hi-C, 5C 4C).
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perspectives

Polymer models are instrumental in advancing our understanding of the relationships

between chromatin conformation, dynamics, and function. The growing sophistica-

tion of polymer models over the past century went hand in hand with advancement

in microscopy and sub-cellular measurement techniques. These techniques, in turn,

exposed the complex relationship between chromatin folding, dynamics, and func-

tion, in all stages of the cell cycle. Polymer models, then, provided the framework in

which the vast amount of experimental data could be reconciled, interpolated, and

explained in a rational manner.

In this dissertation work, I developed and studied a randomly cross-linked (RCL)

polymer models, to elucidate the relationship between chromatin organization and

dynamics, at the sub-chromosome scale and across cell population. Experimental

proximity ligation procedures (the conformation capture) provide rich grounds on

which the prediction of steady-state statistical properties of the polymer could be

validated. However, the missing dimension in these data is time, which hinders study

of the chromatin dynamics directly from these data. Between the well de�ned scale

of the DNA double helix to that of a full chromosome, the chromatin is constantly

remodeled, and the principles governing its folding remain unclear. It is unclear

whether the chromatin ever reaches a steady-state conformation, rather experimental

results suggest otherwise. However, some genomic structures do remain invariant

across populations, but with no unbiased technique to study chromosome-wide

dynamics, the use of polymer models is, thus, necessary. It is at this stage the RCL

polymer comes into play for bridging such gaps.

In Chapter 3 I presented a method to construct a polymer model directly from

the 5C data, and use it to study the relationship between steady-state chromatin

organization and transient encounter times. The method we've proposed has an

advantage over existing ones, because we extract both random short-range and

persistent long-range connectors directly from the data, which allows us to model

any genomic section. Moreover, we extracted the average number of cross-links in a

Topologically associating domain (TAD), which can be directly related to measurable

biological quantities (binding molecules). The presence of long-range persistent

connectors between TADs proved to be non-negligible on the encounter times of

loci within TADs, and revealed the manner by which two neighboring TADs can

cross-regulate. Because sparse long-range connectors strongly affect monomer dy-

namics and, in-turn, gene regulation, a natural continuation of this project would be

to study the effect of loss and re-acquisition of these connectors on chromatin dy-

namics, following DNA damage by e.g. UV irradiation. Application of the presented
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methodology to reconstruct a polymer from single cell Hi-C data is currently under

development.

In Chapter 4 I presented a study into the dynamical reorganization of the

chromatin, by computing transient �rst encounter and dissociation times of two

tagged genomic loci. I show how to extend the possibilities of calibrating the number

of random connectors of the RCL model, from static CC maps (Chapter 3) to dynamic

SPT data. From simulations of the RCL model after DSB, I �nd a conservative loss

of connectors (4%) around DSB sites. A continuation of this study would include

modeling the dynamic reorganization of the chromatin following multiple DSBs.

This reorganization involves many structural changes imposed by repair protein,

which apply pushing forces on the chromatin to facilitate access to damaged sites.

A model for re-acquisition of connectors and compaction of the genome following

repair of damaged site is currently under development. Speci�cally, we would like to

unveil the manner by which looping patterns are restored following large genomic

reorganization in process such as damage repair and cell division (retention of

epigenomic memory [24]).

In chapter 5 I take on an analytical approach for deriving expressions for steady-

state and transient statistics of the RCL polymer, representing a single TAD-like

region. I derived a new expression for the encounter probability (EP), which is

particularly suited for �tting the EP of CC data and to extract the connectivity

fraction. This provides a way to replace heavy numerical simulations by a simple

curve �tting to the EP of the CC, with � , the connectivity fraction, as the only variable.

However, this analytical approach cannot fully replace the one presented in Chapter

3, because persistent connectors are not accounted for in the analysis. Attempts

to derive the statistics of the RCL with as little as 3 persistent connectors, led to

prohibitive complex expressions. Nevertheless, all analytical expressions I derived

can still be applied to TAD regions with little or no persistent connectors, or by coarse-

graining the CC data at resolution of 10kb and above to smooth out the long-range

peaks. The derivation of analytical expression for steady-state and transient statistics

was made possible due to the mean-�eld approach I took. However, this approach

came with the price of a mismatch between the anomalous exponent of 0.5, found

analytically, and about 0.4-0.45, found by simulations in Chapter 3. Nevertheless,

the analytical model remains insightful. The expression I derived for the mean �rst

encounter time between any two monomers is a generalization of the mean �rst

encounter times computed, by many authors, only between the two end monomers

of a polymer chain. The �rst encounter times are directly related to the rate of

gene expression, time of DNA repair. in the RCL model, the average added random

connectivity matrix is uniform, where the genomic distance between monomers

does not affect the choice of monomers to connect. It is, therefore, that the RCL

model captures well the tails of the EP (long-range encounter enrichment in TADs)

as apposed to the method in Chapter 3, from which the initial slope of the EP is well
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captured. The analysis of RCL models, with non-uniform (in monomer distance)

probability density functions, is currently under development. Preliminary study

I conducted showed that the eigenvalues of a non-uniform random connectivity

matrix hB (� )i can be computed, if one constructs it as a Toeplitz matrix embedded

in a circular matrix, where each row is circular shift of the chosen pdf of monomer

connectivity. Retrieving the eigenvalues of the connectivity matrix is the key for

deriving steady-state and transient expressions in Chapter 5. Further development

of the RCL analysis will include derivation of the simultaneous �rst encounters time

of 3 monomers, which describes the encounter of multi-enhancer, as recently shown

in [13].

In Chapter 6 I construct and analyze a generalized RCL polymer model, to

account for several TAD-like regions, having variable intra and inter-TAD connectivity.

As seen in Chapter 3, the organization and dynamics of TADs cannot be studied in

isolation, and sparse connections between TADs must be included in the analysis.

In Chapter 6 the goal was to provide steady-state expressions for the encounter

probability, which enables to simultaneously �t the 5C encounter data in a genome-

wide manner. I achieved this under the assumption of low inter-TAD connectivity,

in which case the center of masses of TADs were regarded as independent. Low

inter-TAD connectivity is in-line with experimental �ndings. The generalized RCL

polymer model was then used to interpolate between snapshot 5C data of three

successive stages of cell differentiation, and provided insight into the dynamic

reorganization in the chromatin (compaction and de-compaction) throughout these

stages. Limitation of time and insuf�cient data prevented me from continuing to

explore whether the patterns of synchronous compaction and de-compaction of

TADs occurs throughout other stages of differentiation, or whether there exists a

recurring such pattern. These question are waiting to be answered in a genome-wide

study I plan to undertake, retrospectively analyzing 5C and Hi-C data upon data

availability. Finally, the multi-TAD model in this Chapter 6 provides a way to deal

with the shortcoming of the models in Chapter 5 and 3, such that persistent, isolated,

and strong interactions could be accounted for analytically in the model. By treating

isolated peaks of the CC data as TADs of very small size and high internal connectivity,

this problem can be partially resolved. I performed a preliminary exploration into

this approach and results were encouraging.

To summarize, the analysis and methods presented in this dissertation can be

used to study genome dynamics, where the complex organization of the chromatin

is accounted for, thus, making a step towards resolving some of the dif�culties

presented in the Introduction. This dissertation was written at a time when new and

existing sub-cellular measurement techniques have emerged and opened up new

avenues for exploring chromatin dynamics and organization. Each such development

enabled to elucidates an aspect of chromatin organization, but unveiled further un-

knowns. It was, therefore, the goal of this dissertation to provide computational and
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analytical tools in polymer physics to illuminate aspects of chromatin organization

and dynamics, and resolve such unknowns.
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Résumé
Dans cette thèse nous étudions la relation entre la confor-
mation et la dynamique de la chromatine en nous basant sur
une classe de modèles de polymères aléatoirement réticulé
(AR). Nous utilisons les outils tels que les statistiques, les
processus stochastiques, les simulations
numériques ainsi que la physique des polymères a�n de dé-
duire certaines propriétés des polymères AR a l'équilibre
ainsi que pour des cas transitoires. Nous utilisons par la
suite ces propriétés a�n d'élucider l'organisation dynamique
de la chromatine pour diverses échelles et conditions
biologiques.
Au chapitre trois nous développons une méthode générale
pour construire les polymères AR directement à partir des
données expérimentales, c'est-à-dire des données de cap-
ture chromosomiques (CC). Nous montrons que des con-
nections longue portées persistantes entre des domaines
topologiquement associés (DTA) a�ectent le temps de ren-
contre transitoire entre les DTA dans le processus
d'inactivation du chromosome X. Nous montrons de plus
que la variabilité des exposants anormaux � mesurée en
trajectoires de particules individuelles (TPI) � est une con-
séquence directe de l'hétérogénéité dans la position des rétic-
ulations.
Au chapitre quatre, nous utilisons les polymères AR a�n
d'étudier la réorganisation locale du génome au point de cas-
sure des deux branches d'ADN (CDB). Nous avons trouvé
que la perte modérée de connecteur autour des sites de la
CDB a�ecte de façon signi�cative le premier temps de ren-
contre des deux extrémités cassées lors du processus de
réparation d'une CBD. Nous montrons comment un micro-
environnement génomique réticulé peut con�ner les
extrémités d'une cassure, empêchant ainsi les deux brins
de dériver l'un de l'autre.
Au chapitre cinq, nous déduisons une expression analytique
des propriétés transitoires et a l' équilibre du modèle de
polymère AR, représentant une unique région DTA. Nous
dérivons par la suite la formule pour le temps moyen de pre-
mière rencontre (TMPR) entre deux monomères d'un polymère
AR. Le TMPR est un temps clé pour des processus tels que
la régulation de gènes et la réparation de dommages sur
l'ADN.
Au chapitre six, nous généralisons le modèle AR analytique
a�n de prendre en compte plusieurs DTA de tailles di�érentes
ainsi que les connectivités intra-DTA et extra-DTA. Nous étu-
dions la dynamique de réorganisation de DTA lors des stages
successifs de di�érentiations cellulaires à partir de données
de CC. Par la suite nous trouvons une compacti�cation et
une décompacti�cation synchrone des DTA à travers les dif-
férents stages.

Mots Clés
processus stochastique, modèles de polymères, dynamique
de la chromatine, mathéématiques appliquées.

Abstract
In this dissertation we study the relationship between chro-
matin conformation and dynamics using a class of ran-
domly cross-linked (RCL) polymer models. We use tools
from statistics, stochastic process, numerical simulations
and polymer physics, to study the properties of the chro-
matin in processes of DNA breaks.
In the third chapter of this dissertation work, we develop
a general method to construct the RCL polymer directly
from chromosomal capture (CC) data. We show that per-
sistent long-range connection between topologically as-
sociating domain (TAD) a�ect transient encounter times
within TADs, in the process of X chromosome inactiva-
tion. We further show that the variability in anomalous ex-
ponents, measured in single particle trajectories (SPT),
is a direct consequence of the heterogeneity of cross-link
positions.
In the forth chapter, we use the RCL polymer to study
local genome reorganization around double strand DNA
breaks (DSBs). We �nd that the conservative loss of
connectors around DSB sites signi�cantly a�ects �rst en-
counter times of the broken ends in the process of DSB
repair. We show how a cross-linked genomic micro-
environment can con�ne the two broken ends of a DSB
from drifting apart.
In the �fth chapter, we derive analytical expressions for
the steady-state and transient properties of the RCL model,
representing a single TAD region. We further derive for-
mula for the mean �rst encounter time (MFET) between
any two monomers of the RCL polymer. The MFET is a
key time in processes such as gene regulation.
In the sixth chapter, we generalize the analytical RCL
model, to account for multiple TADs with variable sizes,
intra, and inter-TAD connectivity. We study the dynamic
reorganization of TADs, throughout successive stages of
cell di�erentiation, from the CC data. We further �nd a
synchronous compaction and decompaction of TADs dur-
ing di�erentiation.

Keywords
stochastic processes, polymer models, chromatin dynam-
ics, applied mathematics.
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