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Introduction

1.1 Motivations biologiques

Cette introduction s’inspire des articles ([HCD™ 16] et (RLWT 17].

Les champignons parasites de plantes (phytopathogenes) représentent une menace crois-
sante pour la sécurité alimentaire mondiale [PT10], [FHB™12|, [RLW™17]. La plupart des
champignons combinent la faculté de produire des spores infectieuses par voies sexuée
et asexuée. Les épidémies sont ainsi propagées par deux types de spores a partir des
memes hotes. Les spores sexuées et asexuéef] different généralement par leurs formes,
leurs tailles, et par conséquent leurs capacités a se disperser. Les spores produites via
reproduction sexuée ont souvent de plus grandes capacités de propagation en termes
de dispersion et/ou de survie [Bonb8|, [Wil75]. Chez beaucoup d’especes, la fusion ef-
fective des gametes peut uniquement se produire entre individus haploides portant des
alleles de types sexuels différents (+ et —). Ce phénomene se nomme hétérothallisme
[BLVD™11]. Chez les champignons hétérothalliques haploides, la production de spores
sexuées résulte alors obligatoirement de I'intéraction de deux individus de types sexuels

compatibles (4 et —).

De nombreux champignons phytopathogenes, dont certains sont considérés comme des
menaces majeures pour la sécurité alimentaire mondiale, sont hétérothalliques. L’exemple
le plus connu concerne le mildiou de la pomme de terre, qui a été a 'origine de la Grande
Famine de 1845 en Irlande et qui sévit encore aujourd’hui partout sur la planete [RP16].
Cette maladie est causée par Phytophthora infestans, un oomycete hétérothallique. Un
autre exemple notable concerne la maladie sud-américaine des feuilles de ’hévéa, qui est
historiquement connue pour avoir ruiné la production industrielle en latex de Ford au
Brésil dans les années 1940. Cette maladie est causée par le champignon Microcyclus ulet,
présumé hétérothallique [WFAT02]. Plus récemment, ’agent responsable de la chalarose
du fréne, Hymenoscyphus fraxineus, est un champignon hétérothallique. Cette maladie
mortelle du fréne envahit actuellement I’Europe a une vitesse de 75 km/an [GHP™14].
La figure montre 'avancée du front de propagation de la maladie en France entre
2008 et 2012. Avec 'avenement des études génomiques, de plus en plus d’especes au-

paravant classées comme asexuées sont a présent reconnues capables de reproduction

1. Dorénavant, on dénomme les spores produites par reproductions sexuée et asexuée comme des

spores “sexuées” et “asexuées”, ce qui constitue un petit abus de langage.
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sexuée et dans certains cas possedent des genes d’hétérothallisme opérationnels [EB14].

Fi1Gc. 1.1 — Propagation de la chalarose du fréne

Year of first report

Il 2008
I 2009
I 2010
B 2011
2012
2013
2014
2015

0 50 100 150 200 km
|

Chez les champignons hétérothalliques haploides, la reproduction sexuée nécessite de
trouver un partenaire, ce qui peut s’avérer compliqué pour une population de faible
densité. La production de spores via reproduction sexuée requiert ainsi une densité suf-
fisante de parasites pour qu’il y ait effectivement rencontre et appariemment de deux
individus sexuellement compatibles. Une telle corrélation positive entre une composante
du taux de croissance per capita (reproduction sexuée) et de la densité de population est
appelée effet Allee [APET49]. La limitation en partenaire a été reportée comme étant
le mécanisme le plus commun conduisant a un effet Allee [GBGC09|. Les effets Allee
peuvent donner lieu a des densités critiques en-dessous desquelles la population peut
s’éteindre, ce qui correspond & un effet Allee dit fort [THO5|. Par ailleurs, les effets Allee
sont connus pour influencer la vitesse de propagation d’especes invasives a la fois néga-
tivement (critical initial area, [LK93]) et positivement : [RGHKI2] ont montré qu’avec
un effet Allee, la population se propage comme un front poussé, ce qui empéche 1’érosion

de la diversité génétique. A l'inverse des fronts tirés qui sont entrainés par l'extrémité
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du front, les fronts poussés sont entrainés par la totalité du front. Par conséquent, la
découverte d'un partenaire sexuel comme un prérequis a la reproduction et a la disper-

sion mérite une attention particuliere.

En dépit de I'importance de ces especes pour le bien-étre de 'homme, il y a tres peu
d’études sur leffet de la reproduction sexuée en épidémiologie végétale [CMAT14]. Les
dynamiques épidémiologiques font traditionnellement 1'hypothese de la reproduction
aséxuée ou clonale du parasite. Il n’y a, a I’heure actuelle, aucun modele épidémiolo-
gique générique pour des especes capables de produire des spores sexuées et asexuées
distinctes a partir du méme hote. Ceci limite notre compréhension de ces épidémies et

leur controle.

Les cercosporioses jaunes et noires du bananier (causées respectivement par Mycos-
phaerella musicola et Mycosphaerella fijiensis) sont un bon exemple de maladies ou une
meilleure appréhension de I'impact épidémiologique des spores sexuées et asexuées serait
utile. La cercosporiose jaune, causée par M. musicola, a été identifiée pour la premiere
fois a Java en 1902. Elle s’est rapidement répandue tout au long de la zone intertro-
picale. La cercosporiose noire, causée par M. fijiensis, est apparue dans les iles Fiji en
1963. Dans les années 1970, elle est rapportée en Amérique centrale (Honduras) et en
Afrique (Gabon) ou elle se propage a une vitesse de 100 km/an environ [HCRP*10].
Depuis 2011, M fijiensis s’est installée dans la plupart des régions productrices de ba-
nanes (dont les Antilles Frangaises) ou il semble qu’elle ait remplacé M. musicola. Ces

deux maladies sont responsables d’importantes pertes économiques.

Le cycle de vie des cercosporioses du bananier est présenté en Figure [I.1] Les spores se
déposent a la surface des feuilles de bananier ou elles germent et forment du mycélium.
Quand un mycélium pénetre I’épiderme de la feuille, au travers les stomates, il forme
une lésion et croit en consommant les cellules de la plante voisines du point d’infec-
tion. Apres une phase de latence, les lésions produisent des spores asexuées (conidies).
Ces spores sont dispersées par éclaboussures et infectent les feuilles voisines dans un
rayon de quelques metres seulement. Si deux mycéliums de types sexuels compatibles
se rencontrent sur la méme feuille, la reproduction sexuée a lieu et permet la pro-
duction de spores sexuées (ascospores). Les spores sexuées sont dispersées par le vent
sur une distance comprise entre quelques centaines de metres et quelques kilometres

[RSBT14]. Dans la plupart des bananeraies, les bananiers produisent régulierement de
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nouvelles feuilles saines de sorte que la densité de tissu végétal (sain et infecté) peut
étre considérée relativement constante pour le parasite. M. fijiensis produit moins de
spores asexuées et plus de spores sexuées que M. musicola, ce qui pourrait expliquer la
supériorité écologique de M. fijiensis [Sto80)], [Fou82]. Cependant, de par un manque de
modele adéquat, notre compréhension des contributions des deux types de spores dans

les dynamiques épidémiologiques de ces deux especes reste limitée.

Fi1G. 1.2 —  cycle de vie de Mycosphaerella Fijiensis

Fungus sporodochia on beaf Pseudo cercospora-type

necratic areas
on leaf

Perithecia with asci
ancd ascospores

in leaf

Banana plant Severe spotting  Patterns of Lesions on leaf Spore gesmination and  Healthy banana plant

saverely infected  and necrosis spotting on penetration of leaf
leeaf through stemata
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1.2 Modélisation

1.2.1 Mise en équation du modele

Soit i(t,x) la densité de feuilles infectées au temps ¢ > 0 et a la position z € (—o0,+ c0)
(i.e. on considere un cas monodimensionnel en espace pour simplifier). Soit n la densité
totale de feuilles, une constante. Pour simplifier, nous faisons I’hypothese raisonnable
(au moins dans un cadre agricole) que chaque feuille perdue est immédiatement rempla-
cée par une feuille saine. Notons que le terme “feuille” est une abréviation de “la partie
de la feuille qu'une lésion occupe” (ou site d’infection), de sorte que des infections mul-
tiples ne peuvent se produire dans le modele. Aussi, i(t,z) représente une densité de

lésions.

Soit «v le nombre de spores asexuées (conidies) produites par feuille infectée par unité de
temps, et 0 < p < 1 leur infectivité, c’est a dire la probabilité qu’'une spore asexuée en
contact avec une feuille saine parvienne a l'infecter. De méme, soit ¢ le nombre de spores
sexuées (ascospores) produites par feuille infectée par unité de temps, et 0 < ¢ < 1 leur
infectivité. Soit M le taux de mortalité des feuilles infectées. On suppose que seules les
spores sexuées diffusent et que les spores asexuées ne diffusent pas. Soit u(¢,z) la densité

de spores sexuées, de coefficient de diffusion &, et de taux de dépot sur les feuilles .

En l'absence de reproduction sexuée (et donc de diffusion du pathogene), la dyna-
mique épidémiologique (locale) est régie par un simple modele SIS avec transmission
fréquence-dépendante. Cette formulation est particulierement adaptée aux bananeraies
ou la densité d’hotes est relativement élevée [RLWT17]. En utilisant l'indice ¢ pour

dénoter la dérivée par rapport au temps, le modele est :

iy = pai(n — i) /n — Mi.

La production de spores sexuées est conditionnée par la présence locale d’un partenaire
sexuel. Soient i™ et i~ les densités de lésions de types sexuels + et — respectivement
(i =47 +147). De méme, soient u™ et u~ les densités de spores sexuées de types sexuels
+ et — respectivement (u = u* + w ). En utilisant 'indice x pour dénoter les dérivées

spatiales, le modele est :
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i = (quu* +pait)(n—i” —i")/n— Mi",
iy = (quu~ +pai ) (n—i" —i")/n— Mi,
uf = ot (i /n) — put + Kud,,
u; = oi” (iY/n) — pu + Kug,,

ou les fractions entre parentheses représentent les probabilités de rencontres de parte-

naires sexuels compatibles.

Nous faisons ensuite ’hypothese raisonnable d’un sexe-ratio équilibré, soit i =i~ = i/2
et um =wu~ =wu/2. Il vient alors:
iv = (quu+ pai)(n—i)/n— Mi, (1.1)

)
U = 01 <—> — U+ KUgy.
2n

1.2.2 Paramétrisation

Afin d’évaluer si les prédictions du modele sont compatibles avec les données observées,
nous avons paramétrisé le modele pour la cercosporiose noire des bananiers [RLW™17],
d’apres [Sto80], [Fou82|, [Robl12], [Lanl5]. On se concentre ici uniquement sur des ordres

de grandeur, car une paramétrisation plus fine demanderait des expériences dédiées.

On montre d’abord que tous les parametres, excepté le coefficient de diffusion, peuvent
étre estimés a travers des mesures relativement communes en Pathologie Végétale.
L’agent responsable de la cercosporiose noire (M. Fijiensis) produit en moyenne 200
spores asexuées par lésion. La durée moyenne d’infection est de 65 jours (incluant la
période de latence laissée implicite pour simplifier). Ainsi, on a o = 200/65 ~ 3 spores
asexuées par jour. De plus, ce champignon produit environ 4000 spores sexuées par 1é-
sion, d’ou 0 = 4000/65 =~ 60 ascospores par jour. Les spores de Erysiphe necator, agent
pathogene responsable I'oidium de la vigne (un ascomycete comparable a M. fijiensis),

soulevées dans 'atmosphere retombent dans les 30 minutes [BCLOS|]. Aussi, on prend
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1 = 48 par jour. On suppose que l’'efficacité d’infection est la méme pour les ascospores

que pour les conidies: p = ¢ = 0.01 [Lanl5].

Le coefficient de diffusion peut étre estimé par le flux de genes en génétique des popu-
lations (I'écart-type de la distribution des distances parent-progéniture, [Mal01]). Plus
précisément, la théorie des clines génétiques neutres permet d’estimer le flux de genes
chez M. Fijiensis & 1.2 km/génération’/? [RLCT13]. La période qui sépare I'infection
de la feuille de I’émission d’ascospores (environ 50 jours) représente une grande partie
du temps de génération du parasite pendant lequel il ne diffuse pas, ce qui est pris en
compte dans la partie immobile du modele (variable 7). Pour estimer le coefficient de
diffusion des ascospores (variable ), on considére uniquement le temps réel de diffusion

(30 minutes en moyenne). Cela donne x =~ 1.22 x 48 ~ 70 km? jour™! (3 km? heure™!).

Le tableau résume les parametres du modele, leurs significations et leurs ordres

de grandeurs.

TAB. 1.1 — Dimensional variables and their estimated values for M. fijiensis.
Notation Définition Unité Valeur
t temps
x position spatiale
n densité totale d’hote km 2
i(z,t) densité d’hotes infectés
u(x,t) densité de spores sexuées
Q taux de production de spores asexuées jour! 3

taux de production de spores sexuées jour™! 60
P infectivité des spores asexuées aucune .01
q infectivité des spores sexuées aucune .01
K coefficient de diffusion des spores sexuées km? jour™' 70
1 taux de dépot des spores sexuées jour™! 48
M taux de mortalité des infectés jour™*

c vitesse de propagation km jour—!
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1.2.3 Adimensionnement

Soit L 1’échelle spatiale et T' I’échelle temporelle qui nous intéressent dans le processus

d’invasion. En re-normalisant les variables, on pose:

avec
2 1 d Koy 2pa . 2M
a = —— E = — = _— = —_— m = ——-.
qoT’ uT’ ul?’ qo’ qo

En omettant les astérisques pour alléger les notations, le modele (1.1]) devient :

aiy = (u+bi)(1 — i) — mi, (1.2)

eup =12 — u + d*uy,.
Soit

_ 1

5
a  2u

Pour M. fijiensis, ¢ = 5.71 107°, a = 9.13 1073, b = 0.1 et d = 1.2 1072 avec L = 100
km et T = 365 jours. On a £/a = 6.25 107> < 1, ce qui correspond au cas ¢ < a.
Cependant, cette relation pourrait étre inversée chez des especes ot les spores diffusent

bien plus longtemps dans ’environnement avant d’entrer en contact avec un hote.

Aussi, nous considérerons par la suite a et € comme potentiellement petits I'un par

rapport a lautre (temps rapide et temps lent, [AdLPPT08]|).

1.3 Systemes de réaction-diffusion

1.3.1 Deéfinition
Cette introduction s’inspire de [Mur02/, [LLHO0Y].

Un systeme de réaction-diffusion est un modele mathématique qui décrit 1’évolution
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des concentrations d’une ou plusieurs substances spatiallement distribuées et soumises
a deux processus: un procéssus de réactions chimiques locales, dans lequel les différentes
substances se transforment, et un processus de diffusion qui provoque une répartition
spatiale de ces substances. Bien que principalement appliqués a la chimie, ces systemes
de réaction-diffusion permettent aussi de décrire des modeles biologiques et écologiques,
tels que la dynamique des populations, les invasions biologiques et 1’écologie de la conser-
vation. D’un point de vue écologique, un systeme de réaction-diffusion est pergu comme
la description de la dynamique d’une population sous l'effet de deux forces: la disper-
sion et la croissance (naissances-déces) ([Roql3]). Grace a deux approches différentes
[Mur02], [LLHQ9], I'une basée sur une loi de conservation en physique mathématique, et
I'autre sur une marche aléatoire en processus stochastiques, nous pouvons donner une
formulation de ces modeles de réaction-diffusion. Voyons ici uniquement la premiere

approche.

Considérons qu'une population ayant pour densité u(t,x) vive et se déplace dans une
région donnée. Pour décrire le mouvement de cette population au cours du temps, nous
introduisons le flux de population J(¢,z) € R™, ou n est la dimension de l'espace. A
chaque temps t et a chaque position x, le flux J(¢,z) est un vecteur qui pointe dans la
direction du mouvement a cette position. Ce flux se mesure en m 257!, et sa norme
|.J(t,z)] est proportionnelle & la quantité de particules qui se déplace dans cette direction

par unité de temps.

On suppose que la densité et le flux de population sont des fonctions régulieres du
temps et de I'espace. Considérons un volume test (arbitraire) {2 de frontiere I' et suppo-
sons que les flux intérieurs et extérieurs a €2 sur I' sont équilibrés. La loi de conservation
affirme que le taux de variation de u dans €2 est égale au taux de variation du aux
naissances, morts et intéractions plus le flux dans 2. Mathématiquement, cela s’écrit

donc:

%/ﬂu(t,x) dv = —/FJ(t,x) -nds+/f(u(t,x)) dv,

Q

ou n est le vecteur normal unitaire orienté vers lextérieur a I'. Le théoreme de la

divergence affirme que

/J(t,x)-ndS:/V-J(t,x).n dVv,
r Q
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ce qui nous permet d’obtenir

/Q(%— (u)+ V- J) dV = 0.

Puisque cette relation est vraie pour tout volume €2 arbitrairement choisi, il s’ensuit que

ou

— — V-J=0. 1.3
L fw) + (13)
Par ailleurs, I'approche classique de la diffusion, a savoir la seconde loi de Fick, af-
firme que le flux de population J est proportionnel a I'opposé gradient de la densité de

population. Ainsi, nous avons

J = —DVu. (1.4)

Notons que, pour que les unités coincident dans , le coefficient de diffusion D doit
s’exprimer en longueur?temps~!. Bien que ce coefficient dépende potentiellement de ’es-
pace z, nous le supposerons indépendant du milieu dans toute notre étude. En outre, le
signe moins dans indique que les transports par diffusion vont nécessairement des

fortes densités vers les faibles densités.

S’il y a également une advection a vitesse v, alors la loi de Fick est modifiée de la

manieére suivante
J = —=DVu + vu. (1.5)

En combinant la loi de conversation (|1.3)) avec (|1.5]), nous obtenons donc le modele de

réaction-advection-diffusion

ou
E—l—v-(vu):Au—i-f(u)- (1.6)

Dans toute notre étude, nous ne nous intéresserons qu’a des modeles sans advection,
c’est a dire avec v = 0. Ainsi, en combinant et , nous obtenons le modele de
réaction-diffusion
%:DAu—l—f(u) , t>0, e QCR", (1.7)
o == ' L2

dispersion  ¢1gissance
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N 2 2
o U = (UpyeeeyUp), Au(t,z) = g—mu(t,x) +-F %u(t,x) pour x = (21, ,x,) € R est
le Laplacien de u, D est une matrice symétrique, f est une fonction a valeurs dans R™,
et avec conditions initiales et conditions au bord bien choisies. Nous nous intéresserons

uniquement au cas ou le coefficient de diffusion est constant et indépendant de ’espace.

S’il n’y a ni advection (v = 0), ni croissance de population (f = 0), alors le mo-
dele ((1.7) est tout simplement ’équation de la chaleur.

Dans ce cas simple, si une concentration est soumise a une diffusion spatiale en une
dimension d’espace initialement concentrée a l'origine, elle satisfait le probleme aux

données itiniales suivant

ur = Dug, , u(0,x) = dp(x). (1.8)

La solution fondamentale (en dimension un), qui peut étre obtenue par transformation

de Fourier, est donnée par
1 22
u(t,x) = et , (1.9)

2V Dt

Avec une donnée initiale quelconque, le probleme de réaction-diffusion

wy = Dwy, , w(0,z) = h(z) (1.10)

admet pour solution

w(t,x) = (hxu(t,.)) (), (1.11)

ou la convolution est donnée par

(heut))(e) = [ hy)ute =) dy (112)
= 2\/71T_Dt /_+OO h(y)ef(jfg?2 dy. (1.13)

Cette convolution de la solution fondamentale avec une donnée initiale quelconque est

aussi vraie pour des opérateurs linéaires généraux, comme par exemple pour I’équation
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de réaction-advection-diffusion (1.6). La solution de I'équation de la chaleur (sans advec-
tion) est représentée a la figure 1.3 & plusieurs temps, pour une donnée initiale de type
créneau. On remarque au passage 'effet régularisant de ’équation de la chaleur. Méme
en prenant une donnée initiale tres peu réguliere (ici, on a une fonction continue mais
dérivable uniquement presque partout), la solution est contintiment différentiable. On
remarque également que la variance de la Gaussienne augmente en fonction du temps,

et donc que la localisation des individus devient incertaine.

Fi1c. 1.3 —  Solution de I’équation de la chaleur a différents temps
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1.3.2 Cas particuliers

Depuis des années, une grande attention a été portée aux modeles de réaction-diffusion
du type (1.7)), qui décrivent par exemple la répartition d’'une population dans 'espace

au cours du temps. En fonction de la forme que prend le terme source f, correspondant
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par exemple a un processus de natalité-mortalité, plusieurs cas d’équations de réaction-
diffusion peuvent se produire. Nous soulignons ici trois prototypes (parmi d’autres)
pouvant décrire la dynamique d’une population. Considérons un modele de réaction-
diffusion décrivant la croissance et la dispersion d’une population n(¢,z) dans une échelle
spatiale a une dimension. Les mouvements aléatoires, couplés a la croissance de la
population, donnent lieu a I’équation de réaction-diffusion

on ’n

Avec une croissance de population logistique

f(n) = m(1 - %) (1.14)

ou r est le taux de croissance intrinseque de la population et K la capacité d’accueil du
milieu (exprimée en nombres d’individus), nous obtenons la célebre équation de Fisher-
KPP (Fisher-Kolmogorov, Petrovsky,Piskunov, [KPP37]) qui est le cas le plus simple

de nonlinéarité pour les équations de réaction-diffusion.

Cependant, certaines populations peuvent avoir un taux de croissance per capita moindre

aux faibles densités, telles qu’en moyenne, elles ne peuvent pas s’autoremplacer quand

leurs densités sont faibles. Lorsque ce taux de croissance per capita @ n’atteint plus

son maximum en n = 0, on parle alors d’effet Allee, en hommage au biologiste Warder
Clyde Allee qui introduisit cette notion en 1938. Dans ce cas, la fonction de croissance

de population est

f(n) :rn<1 - %) (n ;(O>, (1.15)

ou C' est la densité critique en dessous de laquelle le taux de croissance de la population

devient négatif.

Cet effet peut étre du a la difficulté de rencontrer un partenaire a faible densité ou
4 une mauvaise résistance aux phénomenes climatiques extrémes [Roql13], et traduit la

nécessité d’avoir assez d’individus autour de soi pour favoriser la reproduction.

Il convient cependant de distinguer deux formes d’effet Allee: l'effet Allee faible et

Ieffet Allee fort. L’effet Allee faible est caractérisé par le fait que la croissance de la
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population est positive, c’est a dire quand la fonction de croissance f est positive. On
dira alors que f est de type monostable. L’effet Allee fort est caractérisé par le fait que
la croissance est négative pour les faibles valeurs de n, c’est a dire quand la croissance
est négative aux faibles densités. La fonction de croissance f est alors négative proche

de 0 et positive proche de 1, et on dira que f est de type bistable ou multistable.

Effectuons un changement de variables, tel que la densité de population soit divisée
par sa capacité d’accueil et que le temps et 'espace deviennent des échelles de temps

et de longueur caractéristiques, a savoir

Les nouveaux parametres engagés deviennent ainsi sans dimension. En ométtant les

astérisques pour simplifier les notations, on obtient les modeles adimensionnés suivants

— = o +u(l —u), (1.16)

et
— =— +u(l —u)(1—a). (1.17)

Pour résumer, nous étudierons donc les trois cas de figures suivants, en fonction de

la forme que prend le taux de croissance f :

- f est de type KPP (modele sans effet Allee) si f(0) = f(1) = 0, f > 0 sur (0,1)
et f(u) < £ (0)u sur [0,1]. Le prototype est alors 'équation (1.16]).

- f est de type monostable (modele avec effet Allee faible) si f(0) = f(1) = 0 et
f>0sur (0,1).

- f est de type bistable ou multistable (modele avec effet Allee fort) s’il existe 0 <
ry <o <z, <1tels que f(0) = f(z;) = f(1) =0 pour tout ¢ € {1,--- ,n}, f <0 sur
(0,x1) et f > 0 sur (x,,1). Le prototype est alors I’équation ((1.17)).
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Ces différentes fonctions sont représentées a la figure 1.4 ci-dessous

Fic. 1.4 —  Graphiques des différents cas de figure du taux de croissance f
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1.3.3 Ondes progressives

Lorsque 'on cherche les solutions d’une équation de réaction-diffusion, que ce soit dans
sa forme la plus générale possible ou dans des cas particuliers comme ([1.16)) ou
(1.17)), il est fréquent de chercher ces solutions sous la forme d’ondes progressives. On
appelle onde progressive une onde qui se déplace dans l'espace sans changement de
forme. De ce fait, si une solution u(t,x) d'une équation de réaction-diffusion représente
une onde progressive, la forme de la solution est la méme au cours du temps et la
vitesse de propagation du front d’onde, que 'on note communément c, est constante.

Mathématiquement, ces solutions s’expriment par la relation

u(te) =U(x —ct) =U(z2), z=uz—ct, (1.18)
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ou z est parfois appelée la variable d’onde et U(z) le profil d’onde. On note généra-
lement (U,c) une telle onde progressive. Au cours du temps, une onde progressive se
déplace a vitesse constante ¢ dans la direction des z positifs. Une onde se déplacant
dans la direction des x négatifs est de la forme u(x + ct). Une onde progressive a pour
caractéristique de joindre deux états d’équilibre, notés U(+00) = uy et U(—00) = u_
et tels que u, # u_. Ces solutions, dont le profil U reste constant et se déplace a vitesse
|c|, décrivent par exemple I'invasion d’une population de 'état u_ vers 'état u, lorsque
¢ > 0, et de I'état u, vers I'état u_ lorsque ¢ < 0. Afin que U(z) ait un sens physique
réaliste, puisqu’elle représente par exemple des densités de population, le profil d’onde
doit étre positif et borné pour tout z. Notons enfin que 'on peut étendre la notion

d’onde progressive aux dimensions supérieures par la relation

u(t,r) =U(x-€—ct), £€€S", (1.19)

ol S"~! désigne la sphere unité de R™ et £ la direction de propagation du front. Enfin,
ces notions s’étendent également a des systemes de réaction-diffusion, c’est a dire quand

les inconnues u et U sont des fonctions a valeurs vectorielles.

De nos jours, de nombreux articles traitent l'existence et la non-existence de telles
ondes [VVV94]. De nombreuses méthodes d’analyse ont été étudiées afin de répondre a

cette question. Parmi les plus connues, citons les quatre suivantes:

1. Les méthodes topologiques, avec en particulier la méthode de Leray-Schauder ba-
sée sur la théorie du degré topologique vérifiant le principe de rotation non nulle et
I'invariance par homothopie.

2. Les méthodes issues de la théorie des bifurcations.

3. Les méthodes de réduction d'un systeme d’équation du second ordre a un systeme
d’équations différentielles ordinaires du premier ordre et de nombreuses méthodes d’ana-
lyse des trajectoires du systeme (dans le cas d’ondes monodimensionnelles).

4. Les méthodes basées sur des propriétés de monotonie.

Si les méthodes 1 et 2 mentionnées précédemment ne seront pas développées dans la
suite, prenons quelques instants pour parler de la méthode 3, sans doute la plus cou-

ramment utilisée.
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Une solution u(t,x) d’'une équation de réaction-diffusion a une dimension, décrite par son
profil d’onde U(z) vérifiant (1.18) et les conditions limites U(—o00) = u_, U(+00) = uy,

satisfait nécessairement 1’équation différentielle

DU"(2) +cU (2) + f(U(2)) = 0. (1.20)

En posant V = U, Péquation (1.20) peut étre réduite au systeme d’équations différen-

tielles du premier ordre

’

u =V

V. =—cV - f(U).

(1.21)

Par conséquent, la recherche d’ondes progressives pour un systeme de réaction-diffusion
de type (1.7)) se réduit a ’étude des trajectoires du systeme ([1.21]).

Résultats classiques pour I’équation de Fisher-KPP

Considérons que le terme source f est du type KPP ([1.14)). En modele adimensionné,
I'équation de réaction-diffusion étudiée est donc (|1.16)). Fisher [Fis37] a prouvé que sous
certaines conditions sur la vitesse de propagation, il existe ou non une onde progressive

connectant deux états d’équilibre du systeme.

En effet, les états d’équilibre du systeme différentiel relatif & un taux de crois-
sance logistique f sont P, = (0,0) et P, = (1,0). En linéarisant le systéme, on remarque
que P; = (0,0) est un équilibre stable pour ¢ > 0. C’est une spirale stable pour ¢ > 2, et
un noeud stable pour ¢ > 2. Le point P, = (1,0) est quant & lui toujours un point selle.
L’existence d’ondes progressives revient donc a trouver une orbite hétérocline joignant
les points d’équilibres (1,0) et (0,0). En étudiant le portrait de phase, on voit que la
seule orbite hétérocline possible est lorsque 1'on a une connexion (noeud stable-point
selle), & savoir des lors que ¢ > 2. Pour ¢ < 2, le profil d’onde U change de signe, ce
qui n’a aucun sens physique des lors qu’il est négatif, puisqu’il représente une densité
de population. Par conséquent, de telles ondes progressives ne peuvent exister que si
c > 2, et n’existent pas si ¢ < 2. La vitesse d’onde minimale telle qu’il y ait existence
d’une onde progressive est donc ¢ = 2. Cette condition nécessaire est également suffi-

sante (voir exercice “trapping region” dans [LLH09]). En termes dimensionnés, la vitesse
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d’onde minimale est ¢* = 21/ f'(0) = 2v/rD. Ainsi, des lors que ¢ > ¢*, on a donc exis-
tence d’une infitinité (un continuum) d’ondes progressives, c’est a dire une infinité de
solutions (U,c) de (1.20]). Ce résultat se généralise au cas d’'une fonction f monostable,

méme si 'hypothese f(u) < f (0)u n’est plus satisfaite. La vitesse minimale s’exprime
alors également par la relation ¢* = 24/ f'(0).

De plus, Aronson et Weinberger [AW78| montrent qu’il existe une relation entre la
vitesse minimale d’onde et le taux de propagation (spread rate défini ci-apres). Ici, le
taux de propagation se réfere au taux auquel une population localement introduite (i.e.
de densité nulle en dehors d'un compact) se propage vers l'extérieur. Mathématique-
ment, c* représente le taux de propagation si, en considérant qu'une population est
initialement située dans une région suffisamment grande, une source en mouvement de
cette population se développant a une vitesse inférieure a ¢* rencontre I'état d’équilibre
relatif a la capacité d’accueil u = 1, et une source en mouvement se développant a une
vitesse supérieure a ¢* rencontre I’état d’équilibre non envahi u = 0. Ces affirmations se
traduisent mathématiquement comme suit : pour tout 0 < € < ¢*, on a

lim  sup w(t,x)=0 (1.22)

E=r400 | 1> (c* et

et
lim  sup J|u(t,x) — 1 =0. (1.23)

E=400 |p|< (c*—e)t

Ce résultat traduit le fait que pour I’équation de Fisher KPP, le taux de propagation

est exactement la vitesse minimale d’onde ¢ = 2v/rD.

Résultats classiques pour I’équation bistable

Considérons que le terme source f est de type bistable ([1.15). En modele adimen-
sionné, I'équation de réaction-diffusion étudiée est donc (1.17)). Fife et McLeod [FMT77]
ont prouvé qu'il existe une unique (contrairement aux cas monostable et KPP) onde
progressive (U,c) ou 'unique vitesse de propagation dépend du signe de fol f(s) ds,
positivement ou négativement selon les conditions aux limites sur U. En effet, en consi-
dérant une fonction f € C'([0,1]) de type bistable, ils prouvent que chaque solution
u = U(z—ct) du systeme de réaction-diffusion de type avec U € [0,1], U(—o0) =0

et U(+o0) = 1 satisfait nécessairement que U’(z) > 0 pour z = x — ¢t fini. Or, a tout
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profil d’onde U satisfaisant une équation différentielle du second ordre en z, est associé
un systeme différentiel du premier ordre dans le plan de phase. Cette correspondance
permet d’établir I'existence et 1'unicité d’une onde progressive. De plus, en multipliant

par U'(z) > 0 I'équation différentielle

U'+cU + f(U)=0

et en intégrant par rapport a z, il vient

[T == [ s as

[e.9]

Ceci prouve en effet que ¢ > 0 (resp. < 0) des lors que folf(s) ds < 0 (resp. > 0).

Avec conditions aux limites U(—o0) =1 et U(400) = 0, alors ¢ est du méme signe que

fol f(s) ds.

Une fois 'existence et 'unicité d’une unique onde progressive établies, ils se sont inté-
ressés au comportement asymptotique des solutions quand ¢ — 400, et ont établi les

trois résultats majeurs suivants.

Le premier résultat affirme que si une solution a initialement la méme allure qu'un
front d’onde, alors elle va se propager uniformément comme un tel front d’onde en
temps long. Le “a initialement la méme allure” signifie simplement que la solution est
plus petite qu'une certaine valeur aq loin vers la gauche, et plus grande qu'une certaine

valeur «; loin vers la droite. Mathématiquement, le résultat s’énonce:
Théoreéme. Soit f € C1[0,1] satisfaisant

£0)=f(1), f(0)<o0, f(1)<0,

flu) <0 pour 0<u < ay,

flw) >0 pour ay <u <1,

o0 <ay <o < 1.
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Supposons qu’il existe une solution de type onde progressive (U,c) au systéme de réaction-
diffusion bistable associé. Soit ¢ la donnée initiale a ce probléme satisfaisant 0 < o < 1,
et supposons

lggfljop o(x) < ayp, l;r_rg&fgp(:v) > 0.
Alors, pour des constantes zy, K et w avec K et w strictement positives, la solution

u(t,x) du systéme de réaction-diffusion satisfait

lu(t,x) — Uz — ct — )| < Ke ™",

Autrement dit, cette solution approche une onde progressive uniformément en x et ex-

ponentiellement en ¢t quand t — +o0.

Il y a aussi des situations ou la solution se propage comme une paire d’ondes pro-
gressives se déplacant dans des directions opposées. Ceci est énoncé dans le résultat

suivant.

Théoreme. Soit f satisfaisant les hypothéses du théoreme précédent, en supposant de

plus que

/Olf(u) du > 0.

Supposons la donnée initiale @ vérifiant 0 < o < 1, et

limsup p(x) < ag, p(x) > a1 +n  pour|z| < L,

|x|—o00
ou n et L sont des réels strictement positifs. Alors, si L (dépendant de n et f) est
suffisamment grand, on a pour des constantes xg, x1, K et w avec K et w strictement

positives, les deux inégalités

lu(t,z) — Uz — ct — )| < Ke ™", x <0,
lu(t,x) — Uz —ct —xy)| < Ke ", x> 0.

Enfin, ils considerent le cas ou la solution se propage comme une combinaison de fronts
d’onde d’intervalles différents mais adjacents. Pour simplifier, le résultat suivant est

énoncé pour seulement deux fronts d’onde.
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Théoreme. Soit f(u;) =0 et f'(u;) <0, i =123, ot u; < uy < uz. Supposons qu’il
existe deux fronts d’onde Uy(x — cit) et Us(x — cot) d’intervalles respectifs (uy,us) et
(ug,u3). Supposons c; < co. Soit oy le plus petit zéro de f plus grand que uy, et g le

plus grand zéro de [ plus petit que a. Supposons que u; < p(x) < ug, et

lim sup p(z) < oy, liminf p(z) > as.

T——00 T—+00

Alors, il existe des constantes x1, 9, K et w, avec K et w strictement positives, telles
que

lu(t,z) — Uy(z — 1t — x1) — Ug( — cot — 3) + ug| < Ke ™.

En particulier, notons que cette derniére inégalité entraine que

uy  pour B <cq,
li tt) =
tgilou(ﬁ t) Uy pour ¢ < f < co,

us  pour co < 3.

Autrement dit, cette solution approche une combinaison d’ondes progressives uniformé-

ment en x et exponentiellement en ¢ quand ¢ — +o0.
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Dans un second chapitre, nous commencons par une étude mathématique de notre
systeme de réaction-diffusion. De prime abord, nous effectuons une étude qualitative tres
informelle du systeme dynamique en étudiant les null clines associées a notre systeme
et en exhibant une région invariante. Ces deux études nous permettent de poser les
jalons et de faire les premieres hypotheses nécessaires pour la suite. En effet, I'existence
d’une région invariante nous donne une borne pour un couple de solutions de notre
systeme. Cette borne nous sert a démontrer que toute solution locale a notre systeme
est en réalité globale. De plus, l'existence d'une région invariante dite “contractante”
nous permet d’obtenir des informations sur la stabilité de certains équilibres de notre
systeme. Dans un second temps, nous prouvons que notre systeme de réaction-diffusion
admet des solutions dans un cadre fonctionnel abstrait. Une fois cette existence justifiée,
nous prouvons que la solution précédemment trouvée existe pour tout temps. Enfin, nous
étudions le comportement asymptotique des solutions lorsque les petits parametres e
et a, considérés comme des temps rapides, tendent vers 0. Nous précisons de quelle
maniere une solution a notre systeme de réaction-diffusion converge vers une solution

d’un modele approché, avec des simulations numériques pour illustrer cette convergence.
pPp ) q p g

Dans un troisieme chapitre, nous nous intéressons a la recherche d’ondes progressives
pour notre modele de réaction-diffusion dans le cas monostable en remarquant que
notre systeme est coopératif. Nous définissons ces notions et montrons en quoi elles
favorisent 'existence d’ondes progressives dans notre modele de réaction-diffusion issu
de 'exemple des cercosporioses du bananier. Nous vérifions enfin que cette théorie s’ap-
plique a notre systeme d’étude vu comme un systeme monostable et coopératif, et qu’il
est ainsi possible de conclure a l'existence et a la non existence de solutions de type

ondes progressives.
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2.1 Introduction

We are interested in modeling the spread of a fungal plant pathogen subject to mate
limitation [HCD™16|. Specifically, we consider (after ecological considerations) the fol-

lowing system of equations:

aiy = (u+bi)(1 —14) —mi 2.1)

cup =12 —u+ d*ugy,

In Section the methods of [Smol2] are used to explore the dynamical behavior of
in the parameter space. We first study the spatially independent version of ,
hereafter the dynamical system. Finding the equilibrium points of the dynamical sys-
tem and characterizing their stability allow us to delimit three regions in the parameter
space: extinction of the pathogen population, invasion by the pathogen (monostable
case), and extinction or invasion depending on initial conditions (bistable case). In the
monostable case, locating the equilibria of the dynamical system allows us to construct
an invariant region in the reaction diffusion system, specifically a contracting rectangle
in the phase plane. From [Smol2], an orbit that enters a contracting rectangle must
enter a smaller rectangle in finite time. Providing this smaller rectangle is also contrac-

ting, the procedure can be repeated and may converge to an equilibrium point.

The existence and uniqueness of solutions to (2.1)) will be thoroughly addressed in

Section [2.3]

2.2 Qualitative study

In this section, we work on the space BC of continuous and bounded functiong'] follo-
wing the results of [Smol2] and [LSKT96]. The dynamical system associated with the
reaction diffusion system ([2.1)) is:

[(w+bi)(1— 1) —mil/a=: f(iu),
u = (1% —u)/e =: g(i,u).

i (2.2)

1. we prove similar results with an analysis on a different functionnal space in section
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We also note F' = (f
g

) the vector field of system ([2.2]).

2.2.1 Study of the null clines and equilibria of the dynamical

system

In this subsection, we concentrate our attention on the mere dynamical system (2.2).
The goal is to identify the stable and unstable equilibria in (2.2)), so as to eventually
characterize the natural equilibria in the original model (2.1).

The null clines are defined as the curves corresponding to f(i,u) = 0 and g(i,u) = 0.
The equilibria of system correspond to intersections of the null clines, that is any
pair (i,u) such that

(u+bi)(1—4)—mi=0

2

1 —u=0.

This system reduces to i[(i + b)(1 — ) — mi] = 0, that is i[s* + (b — 1)i + (m — b)] = 0.

Thus, the (real valued) equilibria are

(0,0), (i"u” =(@)%), (iTut=(%)?).

with

L 1=bx/(1-02—4(m—b) 1—-bxt /(b+1)2—4m
- — 5 7

1
2

whenever m <

W. Ifm > (b21)2’ then only one (real valued) equilibrium subsists,

namely (0,0).

Remark 1 The distinction whether

2 2
m < (b+1) or = (b+1)
4
means that there is a threshold value @ for the mortality rate m below (resp. above)

for which births through sexual and asexual reproduction (i.e. through linear and non-

linear reproduction) can (resp. cannot) compensate mortality. Note that the relevant

(b+1)?
4

value comes out as the cumulated effect of a nonlinear dynamics.
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Hence, several cases can be distinguished:

e Case b > m:

Subcase b < 1:

In this case, we automatically have m < %. Besides, we then have 1 — b <

V(1 —b)2 — 4(m — b). Hence, it follows i~ < 0 < *. Even if i~ is an equilibrium

mathematically, it is not biologically meaningful, since we only consider positive popu-
lation densities. Therefore, we filter out this equilibrium in this case. The two relevant
equilibria here are (0,0) and (i*,(i7)?).

Fic. 2.1 —  Null clines for the monostable case

null clines

null cline F
null cline G

0.9 4
0.8 o
0.7 —_
0.6

0.5

U axis

0.4 o
0.3 o
0.2

0.1

T T
o 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
i anis

Subcase b > 1:

Subsubcase m = b:

In this subsubcase, we have either :* = ¢ = 0 for b = m = 1, or ¢+ = 0 and
i—=1—>b<0for b > 1. In any case, the only relevant equilibrium is (0,0), which

eventually means that populations collapse.
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Fi1G. 2.2 —  Null clines for the extinction case

null clines

0.9—_
0.8
G.?—_
0.6

0.5

U axis

0.4
0.3
0.2 o

0.1

null cline F
null cline G

] 0.1 0.2 0.3 0.4 0.5
i axis

Subsubcase m < b:

0.9 1

We are in the same case as for m < b < 1, namely with two relevant equilibria (0,0)

and (i7,(i7)?). Thus, the null clines have the same shape.

e Case b < m:

Subcase b < 1:

Subsubcase m < w < 1:

Since 1 —b>0and 1 —b > /(1 — b)2 —4(m — b) > 0, we have 0 < i~ < i*. Here, the

three equilibria are biologically meaningful.
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Fiac. 2.3 — Null clines for the bistable case

null clines

null cline F
null cline G

U axis

Subsubcase m > %:

Since 1 —b < 0 and 1 — b > /(1 —0)2 —4(m —b), we have i~ < it < 0. Still for
the sake of biological meaning, we do not consider the equilibria i~ and 7*. In this case,
the only relevant equilibrium is (0,0). The population density collapses. The null clines

have the same shape as for m =b > 1.

Subcase b > 1:

Only the trivial equilibrium (0,0) is relevant, either in the case m < % orm > %.

2.2.2 Stability of the dynamical system equilibria

We follow the previous classification to explore the stability of equilibria. The remarkable
regions mentionned below, namely the bistable, monostable and extinction regions, are

representend on 2.4 below
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Fic. 2.4 -

Graph of the remarkable regions in the parameter space




44

Mathematical study of the reaction-diffusion system

e Case b>m:

e Subcase b < 1:

In this case, we noticed that we have two equilibria (0,0) and (i",u"). A simple analy-

sis proves that (0,0) is unstable while (i*,u™) is stabld’] Indeed, the Jacobian matrix

JF(i,u) of the system is
—2bi+b—m—u 1—4
JF (iu) = . )

£

Thus, we have

bem —2bit4bom—ut | _ i+
JF(0,0) = 8 L JFGT ") = o e

3 13

Hence, the equilibrium (0,0) is unstable (saddle point) because JF'(0,0) has one positive
(and one negative) eigenvalue whenever b > m and has zero as an eigenvalue whenever

b=m.

Besides, the equilibrium (i",u™) is stable since JF(iT,u™) has two positive eigenva-

lues since

b+1)(b—1—+/(1—b)%—4(m—1b))

Tr(JF(ituh)) = 5

<0

and

1 =02+ (26 +2b — 4m)a + (b+ 1 — 2ab)/(1 — b)%2 — 4(m — b)

> 0.
2a

A(JF(ituh)) =

This case is refered to as the monostable case.

e Subcase b > 1:

e Subsubcase m = b:

2. We prove the stabilities in this subcase. We do not write the Jacobian matrices in the subsequent

cases for the reader’s convenience.
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Only (0,0) is an equilibrium. This equilibrium is stable (attracting node) and leads

to the extinction of the population.

e Subsubcase m < b:

This subsubcase is similar to the case 1 > b > m, namely the monostable case.

e Case b<m:

e Subcase b < 1:

(b+1)2

e Subsubcase m < <L

In this case, we have the three equilibria (0,0), (:7,u”) and (i*,u™), where (0,0) and

(it,u't) are stable and (i~,u") is unstable. This case is referred to as the bistable case.

e Subsubcase m > %:

This case is similar to the same subsubcase for b < 1 and leads to the extinction

of the population.

e Subcase b > 1:

Regardless of the comparison between m and %, the two equilibria (i*,u™) and
(17,u”) are negative (or equal to (0,0)) and thus not biologically meaningful. Since
(0,0) is the only nonnegative equilibrium and is stable, an extinction of the population

occurs.

As a conclusion, and since the case where populations go extinct is biologically tri-

vial, the only two remaining nontrivial cases require in any circumstance the constraint

(b+1)2
4

situation where b > m whenever b > 1 or 1 > b > m, and the bistable case is reached

m < , while with this restriction in mind, the monostable case corresponds to the

when b < m (the constraint b < 1 being automatically satisfied in this latter case). All
other situations converge to the trivial equilibrium (0,0) in equation ([2.2]).
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The remainder part of this text is devoted to the study of the reaction diffusion system
(2.1)), i.e. of the dynamical system ([2.2)) where diffusion in the i-variable has been added.

Here and below we shall keep the same distinction, and keep on refering to the cases

(b+1)?
4

monostable case, and to the case b < m (and m <

, which is necessarily satisfied) as the

(b+1)2
4

b>mor1l>b>m (and, of course, m <

, the condition b < 1 being

then automatically satisfied) as the bistable case.

From now on, we always refer to one of the above cases as a region of the following
graph in Figure 2.4. Thus, the yellow region corresponds to the bistable case, the green
region corresponds to the monostable case and the blue region corresponds to the ex-

tinction case.
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2.2.3 Invariant region for the reaction-diffusion system in the

monostable case

In this subsection, we aim at proving that there exists a bounded invariant region for
the dynamical system . Using a result by [Smo12], this allows us to deduce that the
original reaction diffusion system possesses the same invariant region, a result that
is crucial in our subsequent analysis. Note that we only treat here the monostable case
(green region in Figure 2.4), namely when the birth rate is greater than the mortality

so that a single nontrivial equilibrium arises. Hence, we assume that
b>m whenever b<1, and b>m whenever b > 1.

There are only two equilibria, which are (0,0) and (i*,u™). The bistable case will not
be addressed in this section. We refer to section for an analysis of the bistable
case, based on results by [FM77] concerning reaction diffusion systems with bistable

equilibria.

Proposition 1 The first quadrant {i > 0, u > 0} is an invariant region for the pure

dynamical system .

Proof : We define F' = <f> the vector field associated with system 1’
g

-1
On the edge ¢ = 0 where the outward unit normal vector is n := ( 0 > , we have

Thus, F.n = —f(0u) = —% < 0ifu > 0.
. ) 0
On the edge u = 0 where the outward unit normal vector is n := ( 1) , we have

f(i,0) = 2i(1 — i) — mi,

a

9(1,0) = —2.

Thus, F.n = —¢(i,0) = —é <0if7>0.
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0
When i =u=0, F = (O) and there is no flow.

Therefore, the positive quadrant is positively invariant, which means that if «(0) > 0
and (0) > 0, then u(t) > 0 and i(t) > 0 for all ¢ > 0.

O

Now, we aim at finding a bounded positively invariant region 3 for the reaction diffusion
system (2.1), that is a domain ¥ such that if u(0) € ¥ and (0) € X, then u(t) € ¥
and i(t) € X for all £ > 0. In fact, we will construct an invariant rectangle as such a

bounded positively invariant region.

For convenience, let us rewrite system (2.1)) as:

vy = Dvg, + F(tv), (2.3)
where
0 O
D = (2.4)
0 d?/e
and
(u—+bi)(1—1i)—mi
_ a
F(tw) = 2% , (2.5)
€

with initial condition

v(0,2) = (;) (0,2) = (;()) (2). (2.6)

From now on and until the end of this subsection, we assume that the reaction-diffusion
problem ([2.3)-(2.6) admits a local (in time) solution that is continuous (say) in the
space variable x. We refer to the subsequent sections for the proof of this local existence

result.

Definition 1 A closed subset ¥ C R? is called a (positively) invariant region for the

local solution of , (@), if any solution v(t,x) satisfying v°(x) € ¥ for all x, satisfies
v(t,x) € ¥ for all x € R and for all time t for which v(t,x) is defined.
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We base our analysis on Corollary 14.8 from [Smol2] to construct such an invariant

region X..

Lemma 1 Consider system with initial condition (@ Any region of the form

2= {v: Bk(v) <0} (2.7)

1s tnvariant for , provided the vector field F points strictly into X on 0%, i.e. for
all v € 0%,
Vo (v)- F(v) <0

where @, = 0 defines a hyperplane in R?, V®,, is the outward oriented normal vector

on 0% and the region [ay,bg] is a subset of @) = 0.

Remark 2 We will refer to such an invariant region as an invariant rectangle.

Construction of the invariant region.

Recall that only two equilibria are biologically meaningful, namely (0,0) and (i*,u™).
We restrict our attention to the monostable case (green region in Figure 2.4), namely
{1>b>m}U{b>m,b> 1} We are interested in defining a rectangle in R? that
does not include the equilibrium (0,0). We define &y, = 4 (v) = Py (i,u) so that for each
k =1,..4, ®, = 0 defines a hyperplane in R?, the intersection of the ®,’s forms the

boundary of ¥ and V®,’s give the outward oriented normal vectors to 0%, as follows:

Oy =1—k
by =u—ky
b3 =—1+ 0
by = —u-+dy

where ki, ko, 01, 05 are constants that we choose such that 1 > k; > 4", 1 > ky > u™,
0<d; <it and 0 < 3 < u'. Besides, we also impose the following constraints on the

parameters, namely (ko + bk1)(1 — k1) — mk; < 0 and (k;)? < ko, as well as (6;)% > 4§,
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and (02 + b61)(1 — d1) — mdy > 0. Those choices are possible by taking (ki,ks) = (4,u)
in the (non empty) region {f < 0} N {g < 0} of the plane, and (d1,02) = (7,u) in the
(non empty) region {f > 0} N{g > 0} of the plane, delimited by the null clines of ({2.1]).

Those regions are represented in yellow and blue in Figure 2.5.

F1G. 2.5 — Regions of the phase plane where the constraints on the k;’s (in yel-
low) and the §;’s (in blue) are satisfied

1.2
u B
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0.2 f>0 g>0
1 g>0
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For ®; = 0 <= ¢ = k; and with the condition u < ks due to 5 < 0, since V&, = (1,0),

we have:

(VO - F)(kiu) = f(ki,u) = é[(u + bk1)(1 — k1) — mk

< é[(k,@ bk )(1 — ) — mky] < 0.

For &3 = 0 <= u = ky, and with the condition i < k; due to ®; < 0, since V&, = (0,1),
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we have:

For &3 = 0 <= i = ¢; and with the condition u > d5 due to &, < 0, since VP53 =
(—1,0), we have:

(Vs - F)(S10) = — f(Sr.u) = —% [+ b6,)(1— 61) — mé]

<

Q|-

For &, = 0 <= u = s, and with i > 0; due to ®3 < 0, since V&, = (0, — 1), we have:

1

(V@y - F)(i,05) = —g(i,u) = - [i* — 65]
1
< —g [(52)2 — 52} < 0.
Therefore, defining the rectangle
4
Y= d. (] — 00,0[),
o' () - 000)

Lemma asserts that X is a positively invariant region. In particular, choosing (d7,d2) =

(0,0) and (kq,k2) = (1,1), the biologically relevant rectangle [0,1] x [0,1] is invariant.

Remark 3 In fact, the previous analysis shows that the family of rectangles [1,k1] %
[02,k2] is not only invariant but also contracting. Using this contraction property, and
following [Smo12], we may prove that any solution starting in a rectangle [d1,k1] X [02,k2]
enters some smaller rectangle in finite time. Iterating the procedure, it is intuitively

expected that any solution (i,u) goes to (i*,u™) as time goes to infinity.
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2.3 Mathematical study of the model

In this section, since the parameter values of m, b (and d) do not change the struc-
ture of the system, they do not play any role in this mathematical study. Hence, the
results about local in time existence and uniqueness of solutions, and global existence

of solutions, are both proved for all values of parameters m, b (and d) at once.

2.3.1 Local existence and uniqueness of solutions

We aim at proving that system (2.1) admits local (in time) solutions (i(t,.),u(t,.))
defined for any ¢ € [0,7] where T is the maximum time of existence. We define the

function 1 as
1 ifz €] — o0, — 1]

I(2) =4 ¢ ifze] - L1 (2.8)

0 ifx e[l, 4 o0f

where ¢ is a smooth function joining the constant states 0 and 1. Our main result of

this section is the following.
Theorem 1 There exists a unique solution (i,u) of system (21I) where i and u belong
to C*([0,T],a + H-Y(R)) N C° ([0,T],a + H'(R)| with a = i1 for i and a = (i*)?1

for u.

Proof : Fix T > 0. We work on the functional space C' ([0,7],i*1+ H~'(R)) N
C° ([0,7),i*1 + HY(R)).

Consider two functions i,u € C* ([0,77,i*1+ H-Y(R)) N C° ([0,7],i*1 + H'(R)).
For all t € [0,T7, the functions i(¢,) and u(t,.) belong to (i1 + H*(R)).

Define the change of variables i = i*1+j and u = z'*i—l—, with j,v € C°([0,T],H*(R)).

3. This shorthand notation means that (i,u) € C°((i*1+ H')?) and that (9,i,0;u) € C°((H~1)?).
Besides, 1+ H' denotes functions of the form 1 + v with v € H*.
4. The reader should keep in mind that the letter v now is related to u through the relation v =

(it1)? + v. This is in contrast with the previous paragraphs, where v stands for the pair (i,u).
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The initial system
adii = (u+bi)(1—1i)—mi
cOu = i —u+ d*0u
can be written as
adyj = oag + B + B2(bj +v) — j(bj +v)

(2.9)
eOv = —(1 — dzam)v + v + 77 ‘|‘j2

with
ap = ((i*1)* +bi*t1) (1 —i*1) —mi*l
Br=—(m+(b+i1)i*1)

52 - 1 - ZJFi
Yo = dgam; [(Z+1)2]
v o= 2i"1.

It is easily observed that

1,00
Qp, Q, Q, Yo, Y1 € WL

The key point to our analysis now lies in the fact, by definition of ™ as an equilibrium

point of the vector field F', we also have

g € Hl, Yo e H'.

We may therefore write

N <]> ) ( 0 ) ) (ﬂj,v)/a)
v —%(1 — d?0py) g(jw)/e ’

withP|f, g defined as

f(Gv) = g+ Brj + Pa(bj +v) — j(bj + v);
9(j,v) = Y0 +1j + j°

5. Again, the reader should keep in mind that the letters f and g now stand for functions depending

on (j,v), in contrast with the previous paragraphs where they stand for functions depending on (i,u).
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The point now lies in observing, as we do in the next few lines, that f, g map H! x H!

to itself, in a locally Lipschitz fashion.
Lemma 2 [fu, v € H'(R), then uv € H'(R).

Proof : Since u, v € H'(R), then u, v € L*(R) by Sobolev embedding.
Thus, we have ||uv||z2 < ||ul|z=]|v]|r2 < +00, and uv € L*(R).

Besides, we have V(uv) = (Vu)v + u(Vov) and

IV ()* < [ul*|Vol* + 2ful|v||Vul[Vo] + [0 Vul*
< [ul?| Vol + [ul o] (| Vul” + [ Vo) + [uf*|Vul.

Since u, v € L*(R) and Vu, Vv € L*(R), we deduce that ||V (uv)||p2 < +0o0 and that
V(uwv) € L*(R).

As a conclusion, we have uv € H'(R).

Remark 4 We can even prove the inequality ||uv||m @) < 2||ul| g @)l V|| a1 @)

This, together with the fact that ag and 7y belong to H', proves that f and g are well

defined with values in H'.

For notational convenience, we write without ambiguity respectively j and v instead

of j(t,.) and v(t,.).

For any initial datum (‘70), we define ® : H! x H' — H' x H! through

Vo

. . t .
AN Jo f(iw)
¢ <U> - <e—;(1—d2am)vo> +/0 (e—tj(l—d%m)g(j,v)) (s,:) ds.

where jy and vy are given initial data, fixed throughout this paragraph. More precisely,
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the map & satisfies:

o (CO([0,T],H'(R)))

where

j jO ! f(],'U)
® <U> [t (6_2(1_d28m)%) T /0 (e_tﬂl_d%m)g(jw)) (5.) ds].

We seek a fixed point of this map .

Remark 5 We define @ on (C°([0,T],H'(R)) )2 rather than on

(C*([0,T],H(R))NC" ([0,T],H"(R)) )2. Indeed, the C' nature comes from the fact that
if our solution belongs to (C° ([0,T],H'(R)) )2 and is also C' in time, then the solution
belongs to (C* ([0,7],H " (R)) N C° ([0,T],H'(R)) )2. This justifies that we do our fived
point procedure only on (C’O ([0,T],H'(R)) )2. This functional space is equipped with the

) o)

Remark 6 We also consider the following norm on H' x H*' :

norm

= sup
t€[0,T

(CO([0,T],H(R)))* HY(R)xH'(R)

(r,v1) — G2sv2) [ = g1 — Jellin + o — val[ 7

In what follows, we sometimes denote A := —%(1 — d*0pz).

2

i) We first prove that ® maps (C° ([0,7],H'(R)))” to (C°([0,T],H'(R)) ).

Lemma 3 e maps H' to H' with an operator norm less than 1.

Proof : We recall that:

ve H' <=t e ll, = 1+ €227 € L2
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Besides, e t¢I* € L2 and even L.
Since |e €T < |@]2, then |(1 4 |€]2)ze 1Pa2 < (1 4 |€]2)2]a)2.
Hence, e "G € H' and ey .= F~1(e7EFG) € H'.

Define

—_—

([ rd2E2)~
etAy 1= ¢~ IHEE) G

Thus, we have

(I+d%¢?

[letAull = Jle | < [l a

Moreover, for all w € H*, we have

il = [1(1+ €2l |r2 = [](1+ €2)7u(—€)|lr2 = [|(1 + ) 2u(€)]lr2 = [Jul .

As a conclusion, we deduce the following inequality

le“ulle = [letullg < [l = lulla-

This allows to say that ® maps (C° ([0,7],H'(R)) )2 into itself.
ii) Let us show that ® is a local contraction on (C° ([0,T],H'(R)) )2 for T small enough.

We work on (C° ([0,T],H*(R)) )2 which is a Banach space. Let B = B(0,R) C H'(R)
be a closed ball where R is chosen so that (jo,v9) € B(0,R/2).

U1 V2

Consider <j1> s <j2> with jl; jQ, V1, U2 € B, (26 ||Jz||H1(R)7 HU’LHHI(R) < R, Vi = 1,2)

We first show that f, g are locally Lipschitz functions. First of all, we have
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fGvn) = f(j2,v2)

= B1(j1 — J2) + bB2(j1 — J2) + Ba(v1 — v2)

= b(j1 +J2) (U1 — J2) — Jiv1 + Jova

= Bi(jr — J2) + 0B2(j1 — J2) + Ba(v1 — v2)

= b(j1 4 J2) (1 — J2) + (J2 — Ji)vr + ja(v2 — v1)

= [B1 + bB2 — v1 — b(j1 + J2)] (j1 — J2) + [ B2 — Ja (01 — v2).

Thus, we have

I[f(1v1) = fU2,02)le < ellr — Jallze + cal|vr — o[ 2

< alljr = Jollmr + callvr — val|m

with
c1 = ci(R,bom) = ||f1 + B2 — v1 — b(j1 + J2)|| oo < +00

and

Co = 62(R7b7m> = HBZ _j2HL°° < +OO’

since ||v||z~ < Col|v||m < CoR and ||j1+ 72|~ < 2CoR, where Cj is a Sobolev constant.

Hence, we obtain the following inequality

1f(Gson) = f(G2)llZ2 < Co ([l1 = dallin + [lor = val[7n) - (2.10)

with C; = C1(R,b,m) := 2max(c?,c3) < +o0.

Besides, we have

V[f(r1) = f(G2.02)]
= [B1 4+ bB2 — 01 = 0(j1 + J2) |V (j1 = J2) + [B2 — J2] V(01 — v2)
+ [VBL 4+ bV B2 — Vuy + bV (1 + j2)| (1 — j2) — [V B2 + Via] (01 — v2).
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Hence, it follows

IV (f (r.v1) = f(G2s02)) |12
< allV(i = g2)llze + el [V(vr — vo)l[z2 + eslli1 — Jallpe + cal|vr — va|pee

< (1 +e3)llr — dollmr + (co + ca)||vr — vo|m

with
cg = c3(R,bym) == ||V 31 + bV By — Vuy + bV (j1 + j2)|| 12

and

Cqy = 04(R7bam) = ||Vﬂ2 + Vj2||L2

Thus, we obtain the inequality

VIf o) = fGaw2)lllze < Co (Il = dallin + Mlor — wallfn) (2.11)

with
Cy = Cy(R,b,m) = 2(max(c; + c3,62 + c4))2

To conclude, (2.10) and (2.11)) provide

1/ Grvn) = FGw2)llfn < Cs (i = allip + [lor — vel 7)) -

with
Cg = Cg(R,b,m) = 01 + 02,

Namely
[f(rvr) — fU2v)|[ar < Csl|(J1,v1) — (Jo,v2) || xn- (2.12)
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On the other hand, we have

9(j1,v1) — g(J2,02) = (’Yl(jl — J2) +ji — Jg)

(OO

(71 +51+ j2) (71 — Ja)-

Thus, by similar methods as above, we establish the inequality

g (ir,v1) — g(G202)|[72 < di(llj1 — Gol i + o1 — val[F1)

with 1
= dy(Rhmd) = (Il +2R)" < +o0

and the inequality on the gradient

IVIg(jr,v1) — 9(av2)) i < do(|ls1 — dallFn + [[vr — vol[3n)

with

2 . . . . 2
dy = da(R,bym.g) = 5—2(||71 + 1+ Jallze + IV + Vi + Viallz2)” < +o0.

As a conclusion, we obtain

[lg(71,01) — g(J2,v2) ||t < Ds||(j1,01) — (J2,v2) || mrxar-

with
D3 = Dg(R,b,m,E) = dl + dQ.

Therefore, f and g are locally Lipschitz functions from H' x H! to H!.

Eventually, we have

‘ . ! fr1) = f(2,02)
(I)(]hvl) - (I)(]Q,UQ) = /0 <etas(1d28m)(g<jlavl) . g(jg,U2>>> (‘9) ds.
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Thus:

(s)

o <j1> o (jQ)

U1 (%) -
< /t ( Fivn) = f(ja,v0) )
o [\ F O (gnen) = (a02))
= [ VG = fliaa) s+ =

< /0 (Hf(jwl) — fG2v2)l g + €5 llg(non) — g(j27v2)”H1> (s) ds

(s) ds

HlxH!

g(rv1) = g(as02) |31 (s) ds

t . . t . .
3/03 ) (5) ds+/D3 ) (s) ds

0 U V2 HlxH! 0 U1 V2 HlxH!
< 4T <]1) _ (]2) + D,T <Jl> _ (Jz)

U1 Y2/ |l cocmyscocamy v Y2/ |l cocmyscocam
< (Cy+Dy)T (j> - (j>
v Y2/ 1l coryxcocmm
Thus, we deduce

P (]1) % (]2) (s) <C(R) T (]1) _ (]2)

v Y2/ 1l coganyxoocmy v Y2/ Ml co(myscogay

with
C(R) = C(R,b,m,e) = 03 + Dg.

As a consequence, for T' < ﬁ, ® is a contraction on (CO ([O,T],B(O,R)> )2.

N2
Naturally, similar estimates show that ® maps (C° ([O,T],B(O,R)) into itself provi-
3C(R

ded T < L). Therefore, we deduce that & admits a unique fixed point (‘7> such
v

that @ <]> = (‘7), i.e. for any initial datum (‘70), there exists a unique solution
v v Vo

to system ([2.9). As a consequence, there exists a unique local in time solution
v
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(i,u) € (C°([0,T],H'(R)) )2 to the original system 1)
U

In section [2.2.3] we proved that there exists a bounded invariant region for any pair of
solution (#,u) choosing k; > i* and ks > u™ arbitrarily large. Thus, since it < 1 and

u™ < 1, we can choose k; = ky = 1 which provides us the following property.

Proposition 2 Any (i,u) solution of satisfies |||z~ < 1 and ||u||p~ < 1.

Remark 7 Since i and u lie in [0,1], we deduce that j =i —it1 and v = u — (iT1)?

also satisfy ||jlloe < 1 and ||v||p=~ < 1.

2.3.2 Global existence of solutions

In this section, we prove that the unique solution constructed in the last section is
actually global in time. In other words, this solution is defined for any time t > 0. We
remind the reader that the results presented in this paragraph hold true for any value

of the parameters m, b (and d).

Theorem 2 The solution of system (Z1) is global in time, that is we can choose T =

+00, for any € > 0.

Proof : We prove this result by contradiction. Let us assume that T' < 400, where T'

is the maximum time of existence.

As previously, we work on the system

a0y = ag + f1j + Pa(bj +v) — j(bj +v)
e = —(1 — d?0pe)v + Yo + 117 + 7°

We define

U = (1 — d*0,) 1 (i?) = (1 — dP0pp) M ((iT1)% + 20715 + 57).
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Moreover, define

v="V"+w,

with w € H'(R) and

VO = (1 — d?0,0) H(d*0ue[(iT1)?] + 20715 4 5%) = (1 — d*0) (0 + 71 + 52).

Thus: V0 = U° — (it1)2.

Lemma 4 The operator (1 — d*d,,)~" maps H' into H".

Proof : Let ¢ € H'(R), and recall that H(z) = iei‘f‘. Then:

||(1 - d2am)_1¢HL2 = “H*¢HL2
<[ Hlz: Mol
< [|9l[ .2

< +00.

Besides,

V(1 = d*0ua) 0| 1o = [|(1 = d*00a) 'V
= [[H* V|
< [ H | [Vl 2
<[Vl

< +00.

Lemma 5 There exists a constant C > 0 independent of t and € such that ||w|| ;. < C.



2.3 Mathematical study of the model

Proof : We have w =v — V0 =0 — (1 — d?0,.) "' (90 + 117 + 7%).

Thus, the triangle inequality gives

w2 < Jollzee + [|(1 = d*a) ™" (70 + 715 +5%) || o -

Furthermore, we have

/H$— 0+71j+j2)(y)dy

with H(z) = e .

N
U

Thus, since ||j]|z= < 1 according to Remark [7, we have
|(1 = d®0u0) ™" (0 + i + %) (z)]
< /RH(x — ) |0 + i + 57| ()dy
< (o + =) [ Ha =iy

<1+ ollze + lrllze-

Moreover, ||v||z~ is bounded by a constant independent of ¢ and e.

Therefore, ||w||r~ < C with C independent of ¢ and ¢.

0

This also proves that V' is well defined on H' and [|V°||;2: < C < +oc with a constant
C' that does not depend on 7T'. Let us now establish some bounds that are useful in the

sequel.

Bounds on ||(j,w)||r2 :

j = —(a0+ B1j+ Ba(bj + V' +w) — ji(bj + V° +w))

= — (w0 +Bj+ (B2 — )V + (B2 — J)(bj + w)).

@Ir—*mh—‘
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Thus, we have

j(t) = é(jo + / g+ 5oV + [B1 = VO + b8y — wlj + fow — bj°] (s) ds.)
0

Hence, we deduce

t
vl §H1+%2T+/~”»3/ (7 ()2 + [lw(s)l[2) ds
0

with

1

k1= —||jol| 2
a
1
Ko 1= 5”050 + BaVO|| 12

1 .
Kg i= — max (181 = VO + bBal| e + [|[wllzee + bl|]] £oe, || Bo] e ) -

Furthermore, we have

cdw = ey — 0, V°
= —(1 = d®0a)v + 70 + 715 + 5° — €0:(1 — d*0sa) ™" (Y0 + 71 + 5°)
= —(1 = d®0p0) (v = V°) = e(1 = d?0p) ™ (110 + 25 015)
= —(1 — D) w — 2¢(1 — d?0,) " ((i*1 + 5)B1j) -

Therefore, Duhamel’s formula yields:

t
w(t) — e—ﬁ(l—anmx)wo _ 2/ e_tzs(l_anﬂm)(l — anLELIJ)_l (<Z+1 +]>8tj) (8) dS.
0

Thus, we have the following inequality
t ~
[lw(®)][z2 < [lwol|r> +2/ 171+ jl| e || el £2(s) ds
0

t
§n4+m5T+/~66/ (7 ()lz2 + [[w(s)]]2) ds.
0
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with

Ky = ||wol| 2
Ry = 2”Z+i —|—jHLoo/€2

kg = 2||iT1 + j| oo ks

Here, we used the estimates established above on [|0,7]| 2.

Hence, we obtain

150+ loelle < Ko (14 [ 6 + ) as)
with
Ky = K{(T) := max (/{1 + Ky + (Ko + Kk5) T, k3 + KG)
By Gronwall’s Lemma, we deduce
1G]z < Kie' < oo
Remark 8 We proved in passing that |0jll;. < C(T). A similar proof provides a

similar inequality for ||V (0.7)| 2 as we see below.

Bounds on ||(Vj,Vw)||L2 :

a0y (Vj) = Vag+ jVP1 + vV P + Bov + (bfs — v — 2bj)Vj + (P — j) Vv
=Vag+ VB + (VP +w)VBy + Bo(VP +w) + (bfy — VY —w — 2b5)Vj
+ (B2 — j)VVO + Vw.

Besides, we have

t
V() = Vio + / AVj(s) ds.
0

By the same method as for ||j||z2, we can similarly prove that

10:(V)llzz < A2+ As([IVjllzz + Vel 2)
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and thus

t
IV5(0)]12 < M + AT + Ag / (V33122 + Vew(s)]]52) ds.
0

where the constants A;,Ay,A3 are defined as
1 .
)\1 = —||V]0||L2
a
1 .
Ag 1= E(HVaO + VOVBy + BoVO + BoVVO |12 4+ [|VBL — VVO| oo |7 ]| 22

+ 182 + Vo[ o< [[w]] 2)

1 .
As 1= = (max((1b = ol + 20l + wll=.1)).

Besides,

e(Vw) = — (1 = d8,,) (Vw) — 26(1 — d?0,,) " (V{(i*1 + 5)di5}) -

On the other hand,

V{GET L +5)0} = (V1) + V)0 + (i71 + 5) V(4j).-

Since V(i*1) and Vj belongs to L? and d,j belongs to L= (by Lemma in particular),
then (V(it1) + Vj)9,j € L%

Moreover, i*1+ j € L™ and V(9,j) € L? since it contains the term 9,j which belongs
to L? according to Remark . For the other terms, since we have v € H'(R) accor-
ding to Lemma (and even in L according to Lemmal3)), we have (it1+5)V(9,5) € L?.

From the above bounds, we also have the following inequality

IV{F T+ 1) e < po + s (V]2 + [Vl re).

with

po = [V (" 1) + Vi 2|0l 2o + Aol T + | £
Mg = Imax (”athLoo,)\3H2+i —|—jHLoo>
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In addition, we have

t
Vw(t) = e (-0, — 2 / e T PhD (L 29,,) " (V{(iHT + 5)Dis}) (s) ds.
0

Hence, we obtain

t
IVw(@)]ls < A+ AsT + A6/ (Vi (s)llez + [[Vw(s)l]zz) ds.
0

where
)\4 = ”VU}O”LQ
)\5 s 2#2
)\6 = 2/,63

Eventually, we recover

V5Ol + V(@] < Ko (1 + [ U9 + 19022 ds) .

with
K2 = KQ(T) = max (/\1 + /\4 + ()\2 + )\5)T,/\3 + >‘6)

By Gronwall’s Lemma, we deduce

1(V5,Vw)||r2 < Koe™T < 400.

Conclusion : Taking K = K(T) := max(K1,K>), we proved that ||(j,w)||;n < KefT <
~+00, which is a contradiction with the assumption 7" < +o00, due to the uniform boun-

dedness principle.

Therefore, T = +oc. This proves the global existence of the pair (j,w), namely the
global existence of a pair (j,v) on (C° ([0, + o], H!(R)))*. By bijectivity, we eventually
obtain the global existence of a pair (i,u) on (C’O ([0, 4 00],it1 + Hl(]R)) )2.
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2.4 Approximated systems

2.4.1 Convergence rate when ¢ — 0

In this subsection, we aim at proving that any solution (i,u) of system (2.1)) with € # 0
converges to a solution (I°,U°) of system (2.1)) with e = 0. Note that the equation on
u does not involve the birth and mortality rates: the subsequent analysis holds true for
any value of the parameter m, b (and d). To prove this convergence, we work on the
modified system in (j,w), and prove the subsequent result.

Theorem 3 The solution (j,w) of system with € # 0 converges to the solution
(JO W) of system with € = 0 with a convergence rate O (e_ﬁ +5>. In other
words, for all T > 0, there exists a positive constant Cr (depending on T ) such that for
any t € [0,T], we have

IGia) = (O < Cr (7% <),

Remark 9 The previous theorem provides that any solution (i,u) of converges to
(I°,U°) solution of the reduced system

a(I1%); = (U°+bI%)(1 — I°) — mI°
U° = (1 — d20,,) ' ((1°)?).
Proof : By the previous section, we have

(1 — d*0sz)

. w—2(1— d*dyy) " {1+ §)s } -

0tw:—

By Duhamel’s formula, it follows that :

t
w(t) — e—ﬁ(l—(ﬂ@xa&)wo _ 2/ e_tzs(l_d28$95)<1 — d28$x)_1 (<Z+1 +])atj) (8) dS.
0

According to Lemma[d] we know that (1 — d?9,,) ! maps H' into H' with a norm less

than 1. The same result can be proved if we replace H! by L* using the same scheme
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of proof as Lemma Furthermore, since (i*1+j) is bounded in L* and 8, is bounded
in L2, then (i*1 + j)0,j has a norm less than a constant ¢; depending on T'. Thus, we

have

t—s

< ds

t
@l < e llewol s + /
0

< Crp (eiﬁ —|—£) — 0.

e—0

with Cp = max (||wol|m1,cr).

Let (j,w) be a solution of system (2.9) for ¢ # 0 and (J°,W?) be a solution of sys-
tem ([2.9) for e = 0. We can actually consider W° = 0 according to the inequality above.

For all ¢t € [0, + 00), we have

0(j — J°) = f(jw) — f(J°,0)

with f a locally Lipschitz function with a Lipschitz constant k.

Thus:

10:(G = I e < k(7 = Tl + |lwl] )
<k|lj — IOl + kCor (e*é +g) .

Considering the same initial datum for j and J°, namely j(0,z) = J°(0,x), we have:

t t
||j—J0||H1(t)§/ |l — JO 5 (s) ds—l—kCT/ (e_§+6) ds
0 . 0 t
—k/ 117 — J|1(s) ds + kCy <5t—|—5—€e7)
0

t
< k:/ 17— J°| 2 (s) ds + kCre (t+ 1) .
0 M—/

—0
e—0
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Hence, Gronwall’s Lemma implies

t
1j = TNl (t) < kCre (t+1) + / Cpke (s 1+ 1) S+ 4

0

t
= kCTes(t +1+ kekt/ (s+1)e ™ ds)
’ t
< kCre (t + 1+ ke (t + 1) / e ks ds>
0

—kt
= kCre(t + 1)(1 + ke’“(lTe)>

= kCrp(t + 1)eMe — 0.

e—0

Therefore, a solution (j,w) of system (2.9) with ¢ # 0 converges when ¢ — 0 to a

solution of the approximated system for ¢ = 0 with a convergence rate O <e‘£ + 6).

As a conclusion, by virtue of the correspondance (i,u) with (j,w), the result is pro-

ved.

2.4.2 Application of the Centre Manifold Theorem

In this subsection, we aim at deriving a reduced quasy steady state dynamics, namely
an approximated system whose correctors can be computed at any order. To do so, we
need to check that our system satisfies the assumptions of the Centre Manifold Theorem
in a partial differential equation framework. Even if the book of [Car12] is one of the
pioneering works about applications to the Centre Manifold Theorem, we follow the

PDE extension of [CHL09| and see how this can be applied to our case.

Recall that our initial system is:
adii = (u+bi)(1 —1i) —mi
e =1i% —u+ d*0,,u.
Define the change of variables

i=it1+74, u=("1)?+v, v=V"+uw,
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with 7, v, w € HY(R) and

V= (1= d?000) " (0| (iT1)°] + 2071 + 5%) = (1 = d®a) ™ (0 + M5 + 7).

Hence, we have

Oy = %(Oéo + B1g + Ba2(bj + VO +w) — j(bj + VO -I—w))

o = ULy 9 (1 — @29,,) " {(i*1+ j)dj}

which can be written
8tj = fO(jawag)
(Se)

8tw = %w +gl(j7w>€)

with
K = —(1—d*0,s)

foGaw) = 2(ag+ Brj+ Ba(bj + VO +w) — j(bj + VO + w))
gi(Gw) = =2K {1+ j) fo(jw)}

Let us show that system (.S.) satisfies the assumptions of the following Centre Manifold

Theorem in an infinite dimensional case, stated in [CHL09].

Theorem 4 (Centre Manifold Theorem) Let E and F be two Banach spaces and
take an integer r > 1. Let fo(z,y.e) € CT(E x F x [0,1]; E) and g1(z,y,e) € C"(E x F x
0,1]; F'). Take a bounded linear operator K € L(F'), which is invertible. We assume the
following:

(1) the functions fo, g1 as well as their derivatives up to order r are bounded;

(II) there are a number > 0 and a constant C' > 0 such that for any y € F', we have

Vi >0, Ve €01, [exp GK) yHF < Oyl pexp (_,é) .

Under the above assumptions, for any xo € E, yo € F, € €]0,1], we define X*(t,x0,y0) =
X=(t) and Ye(t,xo,0) = Y(t) as the solution for t > 0 of the differential system

%Xe(t) = fO(XE<t)7Y€(t)’5)7 Xs(o) = o,

(Se)
d

Eya<t) - gya(t) + gl(XE(t>?Y8(t)75>7 YE(O) = Yo,
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Then, there is an €9 > 0 such that for any e < g, the differential system (S.) possesses

a centre manifold in the following sense:

i) there exists a function h(z,e) € C™(E x [0,e0]; F') such that for any € €]0,e0], the
set C, := {(x,h(x,e));x € E} is invariant under the flow generated by (S:) for t > 0.

Besides, we have ||h(z,€)| po(m,r) = O(€) as e — 0.

it) the function h(x,e) satisfies the partial differential equation

D, h(xe) fo(z,h(ze),e) = gh(x,a) + g1(z,h(xe),e),

where Dyh stands for (Dh)/(Dz). On top of that, any bounded function h such that
Al < 1, | Dbz < 1, and such that we have

Doh(2.2) fo (. h(2.6) ) = gﬁ(x,s) b g (@ h(@e).e) + O

in L, for some integer { > 0, also necessarily satisfies

Ih = Rl = = O(e").

iii) the invariant manifold C. may be approzimated in the following sense. There are
functions h; (0 < j <), which may be computed recursively, such that for any integer
¢ <r, we have

¢
= O(e"Y), where h9(ze) = Zeehj(x).

J=1

| (z,e) — h(z,e

)HLOO(E;F)

Note that i, u € C' ([0,7],i*1+ H~'(R)) N C° ([0,7],i*1+ H'(R)), and hence j, v,
w € C([0,T],H7Y(R)) N C° ([0,T],H'(R)).

Let us take E = F = H'(R) and r = 1 so that:

fojwe), g1(jwe) € C* (H'(R) x H'(R) x [0,1] ; H'(R)) .

Note that, since (j,w) belong to a fixed ball of H' x H' whenever T is fixed, the locally
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Lipschitz functions fy and g; may be considered as globally Lipschitz functions in the

subsequent analysis, with a Lipschitz constant that depends on the (fixed) parameter 7.

(I) We previously proved that fy, g1 are locally Lipschitz functions. Since ¢ and u are
bounded functions, so are j and w and so are f; and g; which are polynomial functions
in j and w. Furthermore, the derivatives of fy and g; involve the bounded functions j,

w, 0y, Oyw. Hence, the derivates of fy and g; are also bounded. (1) is satisfied.

(II) We use the proof of Lemma [3| where we stated that e sends H'(R) into itself

with a norm less than 1.

For any w € H'(R), we define

F (exp (é(d28m — 1))w> = exp ( — g(d2§2 + 1))1?)

Thus, we have by Lemma

t t
exp (g(d28m — 1))w < exp(—g)HwHHl.

Hl

Hence, (/1) is satisfied for p=C =1 > 0.

Eventually, by the Centre Manifold Theorem, we have

Jeo > 0, Ve < &g, In(j,e) € C* (H'(R) x [0,e0) ; H'(R)), w = h(je).

We can thus approximate system (S:) by the system:

atjoo = fU (jooah'(joovg)vg)

W = W)

(52°)

with
h(j> ) = ehi(j) + eha () + O(”).
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System (S2°), supplemented with the appropriate initial datum, approximates the real

system (S.) with a convergence rate O(e*/¢) (see [CHLOJ], theorem 2).

Furthermore, we can compute recursively functions hq,hs,... to obtain the expansion

of h in powers of € which describes the centre manifold, with

hi(j) = —K"{g:(5,0)}
ha(5) = K={0511(5) f0(5,0) = 0uwgr(5,0)ha (4) }-

2.4.3 Convergence rate when a — 0 in the bistable case

In this section, we suppose that a is the fast time. We now denote our system as
(S.) to underline the dependence in the parameter a. Here, ¢ > 0 can have any fixed
value and does not play any role in this analysis. We also suppose that we are in the
bistable case (yellow region in Figure 2.4), namely that even if the mortality is greater
than the birth rate, then the sexual reproduction characterized by the nonlinearity on ¢
compensates the lack of births and allows the population to survive. Hence, we assume

the comparisons

b<m< <1

(b+1)?
4

on parameters m and b. We now consider

(5.) adyi = (u+bi)(1 — i) —mi

cOu = i? — u + d?0,u.

Defind% = I° + v where [0 = [°(u) is the positive solution of (u + bi)(1 — i) — mi = 0,

namely the solution of our original system with a = 0. We also note I' = I'(u) the

negative solution of (u + bi)(1 — i) —mi = 0.

6.In this paragraph, we consider that i and u Dbelong to C! ([O,T],i"‘i + Hl(R)) N
C°([0,7],i*1 4 H3(R)) in order to bound dy,u. In other words, we assume that the initial data i°
and u° belong to H3.
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We have

o — b—u—m++/(b—u—m)?+4bu 1 b—u—m—+/(b—u—m)+4bu
20 ’ 20 '
The bistable assumption allows to assert that the functions under the square root of I°

and I' are positive.

We aim at proving that there exists a positive number o > 0 and a positive constant
C'r such that
i — I°|| 0 < Cr(a+ e‘aé).

First of all, we remark that

dIt 1 b+m+u
%——%(14— ).

V(b —m —u)? + 4bu

This derivative is negative. Thus, I'is a decreasing function, and this function is less
than 2(b — m). Hence, —I" is greater than a := 2(m — b) > 0.
We have

ady(i — I°) = —b(i — I°)(i — I') — a0, (I°).

Define y = i — I°. By Duhamel’s formula, we have

y(t) = yoexp (— 1/0 (i — I)(s) ds) _/0 exp (- C_ll/o_s(i—fl)(a) da)as(f(’) ds.

a

Furthermore, we have

70 70
0, (I°) = 8tu% = (& —u+ d2c9mu)%.

Since ‘il—{f is bounded in L, then if dyu(t,.) is bounded in L™, so is 8,(I°)(t,.). On top
of that, since H*(R) C L*(R) by virtue of Sobolev’s embedding, it is sufficient to prove
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that duu(t,.) € H'(R).

Recall that d,u = 2 — u + d?0,,u. Since i and u belongs to C! (Rﬂi*i + H3(R)),
then O, u(t,) € H'(R). Hence, dyu(t,.) € H (R) C L>(R). Eventually, 9,(1°)(s,.) is
bounded in H' by a constant v depending on 7.

Therefore, we recover

t—s

t t
ol < loll exp (%) + [ wre (= a'%) ds
0

< Cr(a+ e‘aé) —0

a—0
with Cp := max (||yo||#2,%%).

On the other hand, for u solution of (S,) with a # 0 and U° solutio of (Sp), we
have
Ay (u—U°) = ()2 — (I°)? — (1 — d?0ye) (u — U).

Thus, considering that « and U° have the same initial datum, namely u(0,.) = U°(0,.),

Duhamel’s formula gives

(u—U"(t,) = /0 e_(t_s)(l_d%’“f)((i)2 — (INO)Q) (s) ds.

Hence, we have
t
lu— Tl () < / =902 ()2 (FO)2) [ 11(s) dis
0
t
< / i Pl i — 2l (5) ds
0

t
< ,uC’T/ (a + 67%5) ds
0

< apCT(T + é) — 0.

a—0

with g = ||i + I°|| oz

7. Obviously, this function U is not the same as the function U define previously.



2.4 Approximated systems 77

As a conclusion, we proved that (i,u) — (1°,U9). More precisely, we proved that
a—r

(3,u) — (I°0°) || i < Cr(a+ e‘o‘ﬁ).

Remark 10 The above analysis allows to assert that any solution (i,u) of converges
as a — 0 to (I°,U°) solution of

(00 + bIO)(1 — 1) — mI® =0
SO0 — (192 — 00 4 2070,

2.4.4 Approximated system when a =0

In this section, we still study the system

(5.) aiy = (u+bi)(1 —1i) —mi

cup =12 —u+ d*uy,

in the limiting case when ¢ = 0. As in the previous subsection, we still make the

assumption that
(b+1)?
4

b<m< <1

so that we are in the bistable case (yellow region in Figure 2.4).

Existence of traveling waves in the bistable case

In the previous subsection, we proved that system (S,) converges as a — 0 to the

approximated system

(U +bI°)(1 = 1) —mI® =0

(So) N N N N
U0 = (12 — 00 + 200,

This approximation is called the quasi steady state approximation. Recall that [° =
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I°(U°) is defined as the positive solution of (U° + bi)(1 — i) — mi = 0 seen as a second
order polynomial in the variable i. The other solution of this polynomial equation is

filtered out because it is negative and thus does not have any biological meaning.

Let us now rewrite system (Sp) as

jozb—u—m+\/(b—u—m)2+4bu
2b ’
Uy = (fO)Q—u—f—dzum.

where for the sake of simplicity, the unknown U0 has been renamed .

Eventually, this yields the approximated reaction-diffusion equation

Uy = d*ugy + F(u)

where the function F' is defined as

b—u—m+\/(b—u—m)2—|—4bu>2
5 u.

Fu) = (I%2 —u = (

We aim at studying the properties F'.

This function has three zeros, which are 0, U~ and Ut where U* are defined as

U* = %(b%r 1) —m+ %\/(b— 1)2((b+1)% — 4m).

. . 2 .
All these zeros are positive whenever b < m < @. Furthermore, as a function from

R* — R, the function F is differentiable and we have

(b—u—m+/(b—u—m)>+4bu)

b+u+m
- (~1+ N1

F(u) = [

Hence, we have

F(0)= [2—22(b—m+ (b—m)?)(—1+

b+m

= —1 since m > b.
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We can also verify (using an algebraic computing program like Maple) that F'(U~) > 0

and F'(U*) < 0. Thus, whenever b < m < % < 1, the function F' satisfies the

following properties:

F(0) = F(U"), F(0)<0, F(U") <0,
F(u) <0 for 0<u<U",
Flu)>0 for 0<U <u<U".

Therefore, according to the theory of [FMT77] mentionned in the introduction, we can

assert the following result.

Theorem. (borrowed from [FMT77|) There exists a unique traveling wave solution
(U,c) for system when a = 0. The sign of the wave speed ¢ depends on the sign of
the integral f0U+ F(u) du.

Dependence on the wave speed

In the bistable case, the previous result is not sufficient to state whether we have invasion
of a population from an initial location to another one. To decide whether we have
invasion or extinction of a population, we need to have a look at the potential wave

speed ¢, which has the same sign as fom F(u) du. Indeed, we have

Ut (m*,b)
c=0+= GU " mpb) := / F(u,m*,b) du = 0.
0

Hence, we can answer the question of invasion or extinction finding a m* := m*(b)
solution of the integral equation above. Although we cannot have an explicit formula

for this function m*(b), which is implicitely defined as the solution of
U+ (m* b)
GU"mb) = / F(u,m*.b) du = 0,
0

we can have the graph of this function numerically by computing the integral G(U™*,m,b)

and looking at its contour lines.
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In other words, we expect a bistable invasion whenever 0 < m < m*E| and a bistable

extinction whenever m* < m < % <1
In next chapter, we will see that in the monostable case, we can expect to have a
traveling wave connecting (0,0) and (it,u™). We can thus expect to have invasion of a

population from an initial location to another one.

(b+1)2
4

is asymptotically stable. Thus, we have extinction of the population density anyhow.

Nevertheless, whenever 1 > m > or 1 < b < m, the single equilibrium (0,0)

We summarize this discussion on potential traveling waves in Figure 2.6.

8. we will see further that we can also have extinction of the population in a case where the initial

population is too weak. This phenomenon is called sharp transition.
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Fic. 2.6 —  Expected dynamical behavior of the system for a =0

bistable invasion [ monostable invasion

I bistable extinction [ extinction

0.2 0.4 0.6 0.8 1.0 b 1.2
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Dependence on the initial datum

In the bistable case, that is in the yellow region in Figure 2.6, whether invasion occurs
depends on the initial datum. If initially, a population has a low density, then there are
not enough individuals to favor the reproduction, and the mortality predominates births.
Thus, the population density collapses. On the other hand, if initially, the population
density is important enough to favor the reproduction, births predominate mortality
and the population can grow. This phenomenon of critical initial datum size is called
sharp transition. This phenomenon arises in our model as illustrated by the numerical
simulations in Figures and [2.8] The parameter values are a = 0.1, e = 1, b = 0.04,
m = 0.2 so that m > b and € > a, namely a is the fast time and the mortality rate is
greater enough than the birth rate. The initial datum choosed here is a step function
of half-width r.

Fi1G. 2.7 — Population density for an initial datum of half-width r = 0.20

parameter values : a=0.1 - eps=1 - b=0.04 - m=0.2 - dt=0.0025

lattimes0-6-12-18-24-30-36-

08 1 ||
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T T T T T T T T T T T T T
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Uattimes0-6-12-18-24-30-36-

0.8

0.6

0.4

0.2

T T T T T T T T
-30 -20 -10 0 10 20 30
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Fia. 2.8 — Population density for an initial datum of half-width r = 0.15

parameter values : a=0.1 - eps=1 - b=0.04 - m=0.2 - dt=0.0025

lattimes0-6-12- 18 -

0.1

Uattimes0-6-12-18 -

0.25 +

0.2

0.15 4

0.1
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3.1 Introduction

We are interested in modeling the spread of a fungal plant pathogen subject to mate
limitation ([HCD™16], Hamelin et al, 2016). Specifically, we consider (after ecological

considerations) the following system of equations:

(s) aiy = (u+bi)(1 —1i) —mi |

cup =12 —u+ d*uy,

where ¢ = i(t,x) € R and v = u(t,z) € R depend on a time variable ¢ > 0 and on
a dimensional space variable x € R. Here and throughout this chapter, we make the

assumption

b>m.

A simple analysis of this differential system shows that whenever b > m, there exist two
equilibria, namely (0,0) which is unstable, and v = (i,u) with 7 > 0, u > 0 (see below)
which is globally attracting. Our system is thus monostable. Based on this observation,
we aim at proving the existence of traveling wave solutions for this reaction-diffusion
system. Recall that traveling wave solutions of this system are functions ¢, © which pro-
pagate in a single direction with negligible change in shape. In our case, traveling waves
satisfy i(t,x) = I(x — ct) and u(t,x) = U(x — ct) for some given profiles (I,U), where
the quantity c is the associated wave speed, and the profiles (I,U) connect v = (4,u) to
(0,0). The key observation of our analysis, which provides such traveling waves, is that
this system is cooperative, namely the rate of change of ¢ increases when wu increases

and conversely.

For reaction-diffusion models, there exists a wide range of results concerning trave-

ling waves. In our case, our main result is the following:

Main result. There exists a minimal wave speed ¢} > 0 such that for any initial
datum, the following holds:

- whenever ¢ > ¢, there exists a traveling wave W = (I,U) with associated wave speed
¢ connecting v to (0,0).

- whenever ¢ < ¢, there is no traveling wave connecting v to (0,0).
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To prove the existence of traveling waves, a general method consists in seeking hetero-
clinic orbits connecting the two equilibria. More precisely, defining the traveling wave
variable z = x — ct, traveling wave solutions of (S) are functions (I,U) which satisfy a
3-dimensional differential system in z. Starting from this observation, the results about
traveling waves are based on geometric properties of the linearized system and on a glo-
bal nonlinear analysis of the diffusion system, such as the existence of invariant regions

(see for example [Dun83]).

In our case, one of the equations does not involve diffusion. Besides, the reaction-
diffusion equation presents a nonlinear term 72 whose differential vanishes at i = 0. For
these reasons, the linearization methods quoted above do not work in our context and
the linearized system around (0,0) does not provide any information about the equili-
brium and the associated nearby trajectories. Therefore, we give up differential methods
and focus on an “integrated version” of our system, see below. More specifically, we fo-
cus on methods based on monotonicity properties following the approach developped by
Fang and Zhao [FZ14] and Weinberger, Li and Lewis [LWL05] in the special case of a
reaction-diffusion system whose unknown belongs to R? (reference [FZ14] takes care of

reaction-diffusion systems whose unknown may belong to an infinite dimensional space).

Let us now provide a the sketch of proof of our main result.

!

u

Let us define v = ( ) . System (.S) can be written as:

UV = Dvx:c + f(v)a

0 0 a  (u+bi)(1 — i) — m@}>
D= , v) = .
(0 d2/5> fv) ( e i? — u]

The initial condition is

vo(x) = v(0,2) = <;) (0,z) = (:)) (z).

We define the family of time-t maps (Q;):>o by the relation
Q:lvo)(z) = v(t,z).

where
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In other words, (), is the propagator associated with the nonliear system v; = Duv,, +
f(v). It means that Q; takes the initial values v°(z) into the values v(¢,x) at time ¢ of
the solution of (S5). Note in passing that standard nonlinear analysis for the nonlinear
heat system (S) provides existence and uniqueness of solutions of (S) whenever the
initial datum is continuous and bounded, and the associated solution is continuous and
bounded as well (see e.g. [Thi79]). Hence, @, is well defined as an operator on conti-

nuous and bounded functiond.

With this notation, we define a nonnegative function W = (I,U) to be a traveling
wave of the reaction-diffusion system (S) with associated wave speed ¢, whenever there

exists a countable subset > of R such that

QiW)(z) = W(x —ct), Vo € R\X, Vt > 0.

Therefore, introducing the translation operator in space as

T,Wi(z) = W(z —y), Vy €R,

a traveling wave satisfies

W(z) = T_,Q:[W](x), Ve € R\X, Vt > 0.

Hence, W is a traveling wave whenever W is a fixed point of the operator T_.Q);. To
obtain such a fixed point, it is thus natural to construct a recursion iterating the ope-

rator T_,Q); so as to obtain W as the limit of (7_.(;)" in some sense.

On the other hand, since f is cooperative, (J; is monotone (nondecreasing)ﬂ Thus,
it is natural to seek traveling waves on the functional space M of nonincreasing and
bounded functions from R to R2. Now, monotone and bounded functions have good

properties such as the existence of left and right limits at any discontinuity point, the

1. Since Q) maps C,? into itelf, by a simple extension it turns out that @); maps the set of monotone

and bounded functions into itself as well. We shall mainly work on this space later.
2. The ordering on R? which is refered to here is the componentwise ordering
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countability of discontinuity points, the Lebesgue integrability and a certain type of

compactness through the following result that we shall use repeatedly in the sequel:

Theorem. (Helly) Let (v,) be a sequence of monotone functions from R to [—1,1].

There exists a subsequence of (v,) which converges pointwise.

Unfortunately, it turns out that the iteration of T, ); may converge to the null trave-
ling wave while we seek a traveling wave connecting the equilibria o to (0,0), that is a
function W satisfying W (—o0) = v and W (+4o00) = 0.

To avoid the convergence of (T_,Q;)™ to zero, we introduce a function ¢, positive at
—oo and vanishing on R™, representing a minimal threshold, which eventually imposes
the contraint that W (—oo) = v. Based on this choice of ¢, we define the operator R, ,
for any k €]0,1], as

Rep[v)(z) = max {k¢(z),T_oQ:[v](z)}.

In doing so, we sort of construct an equivalent problem to the previous one, guaran-
teeing that the iteration does not collapse to zero. Now, we iterate the operator R,

and take the limit of (R.;)" as n — +o0.

Passing to the limit, we obtain a fixed point of the operator R.j. In a second time,
decreasing the minimal threshold function ¢ to zero by letting k& — 0, we actually ob-

tain a non trivial fixed point of T_ Q).

Technically, we first start proving the main result with the operator Ry, for t = 1
and k = 1. Then, splitting the interval [0,1], we extend the result for ¢ = %, t= %, and
so on for any ¢t = 27", and for any fixed value of £ > 0. Eventually, we obtain the main

result for any time ¢ > 0 by a density argument and by taking the limit & — 0.

The numerical results show that we expect a traveling wave connecting v to 0 in the

region b > m of the (b,m) plane.
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parameter values : a=0.1 - eps=1 - b=0.3 - m=0.2 - dt=0.0025

lattimes0-6-12- 18 - 24 -
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0 e
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The above simulations represent the traveling waves I and U at time ¢ = 0 (with the
black step function near the origin as the initial datum), ¢ = 6 (in blue), t = 12 (in

green) and so on. We notice a rightward propagation whenever we choose b greater than

m.
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3.2 Assumptions and preliminary results

We consider here the functional spaces:

R2:={veR?* 0 <v <0}
M = {v:R — R? v is nonincreasing and bounded}

Mz :={veM,0<v <0}

where the ordering on R? is defined by

(x1,22) < (y1,y2) <= x1 < y; and z2 < Yo

(x1,29) < (Y1,y2) <= 11 < y1 and x3 < Y.

We define for any y € R the translation operator 7, : M — M by

T,vl(z) =v(x —y), VzeR.

We introduce the following properties, which are satisfied by our operator
Q1 =Q: Mz — Ms.

These properties are proved true in section 4.
(A1) @ is translation invariant: 7,0 Q = Qo T,, Vy € R.

(A2) @ is continuous: if vy — v uniformly on every compact set of R where v € M
and vy € My, then Q[v,](z) — Q[v](x) pointwise in R? at any point of continuity z of

Q).
(A3) @ : My — Mj is monotone: if u, v € M are such that u < v, then Q[u] < Q|v].

(A4) Monostability: @ admits two fixed points 0 and ¥ (> 0) with 0 € R? and v € R?.
Besides, for any w € R? such that 0 < w < v, we have lim Q"[w] = v.
n—o0
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Remark 11 For a family of continuous-time semiflows (Q¢)i>0, because of the depen-
dence in time, we actually need an extended version of (A2), also called (A2) for conve-
nience:

i) If t, — t, then Qy, [v](z) — Qq[v](x) pointwise in R* at any point of continuity x of
Q:[v].

ii) If v, — v uniformly on every compact set of R, then Qi[v,](x) — Q4[v](z) pointwise
in R? at any point of continuity T of Q:[v].

We now present more specific properties of bounded and monotone functions from R to
R? that we use throughout the paper. In the Lemma below, the first statement is only
a tool in order to prove the other Lemmas, while the last two statements are necessary

to prove the Theorems stating the existence of traveling waves.

Lemma 6 i) If a sequence v, € M converges to a continuous function v almost eve-
rywhere, then v, converges to v in M uniformly on every compact set.

i) If a sequence v, € M converges to a function v € M almost everywhere, then v,(x)
converges pointwise to v(x) at any point of continuity x of v.

iii) If a sequence v, € M converges to v € M almost everywhere and Q[v|(x) is conti-
nuous almost everywhere, then Q[v,](x) converges pointwise to Q[v](z) at any point of

continuity = of Q[uv].

Proof : i) Let R > 0 and € > 0. Since v is continuous, there exists n > 0 such that for
all z,y € [-R— 1,R+ 1], [z —y| < n implies |v(z) —v(y)| < {.

Now, v, is monotone and has at most a countable set D of points of discontinuity.
We thus construct an increasing sequence (zg)k—1,. n of real numbers in R\ D, with
N e N*and such that —R—1 <21 < —R, oy <appy <axp+nand R<axy < R+ 1.

Choosing n € N sufficiently large, we have ax {|vn(zk) — v(zi)|} < €.

For = € [—R,R], there exists k € {1,2,..., N} such that x; < x < z41. With this

construction of (), we also have |zx11 — x| < n and |z, — x| <.
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Thus, using the decay of v, we have

vn(2) = v(@)| < |vn(@ps1) — v(@)] + |va(2)) — v(2)|
< |n(@rs1) — (@) | + [0(@p41) — v(2)]
+ [on (@) — v(@e)| + o(zr) — v(2)]
<THIHITI

= €.

ii) Since v is monotone from R to R? v has at most a countable set D of points of
discontinuity. Let 2 € R\D and h > 0. Consider y~ €]z — h,z] and y* € [z,x + h[. Since

vk is nonincreasing, we have

ur(y”) > ve(w) > vr(y™).

Furthermore, v, converges to v almost everywhere on R? and admits left and right

limits. Hence, we can consider that lim wvg(y~) = v(y~) and lim wp(y™) = v(y™)
k—4o00 k—4o00

without loss of generality. Thus,

lim vi(y~) > limsup vy (z) > hmlnka( ) > klim vr(y ™),
—00

k—4o00 k——+o00 k—+o0

that is
v(y~) > limsup vg(x) > hmmka( ) > wv(yh).

k—+o00 k—+oo

Moreover, since z ¢ D, taking the limit h — 0, we have v(y~) = v(y") = v(z). Hence,

lim sup vg(x) = lim inf vy (x) = v(x) for any point of continuity = of v.
k—+o0 k=00

iii) The proof of this point is inspired from [FZ14]. Since v € M, we can find two

continuous functions v, and v,, in M such that for any n € N and any z € R,

v(z+2™") <w,(x) <v(r) <T,(z) <ovx-—27").

Furthermore, vy, — v a.e. provides that for any integer n, min{v,v, } — v, a.e.
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Hence, according to i) and using the continuity of v,, we have the convergence

min{vg,v,} = v, , VreR

The same argument as above implies

max{v,0,} = U, , VreR.

Since @ satisfies (A1)—(A3) where Q[v](x) is continuous almost everywhere, by virtue
of the first inequality and the convergences established above, we deduce the following

series of equalities and inequalities below

Ql(x) = lim Qv](x+27")

n—-+00

= lim Q(.+27)](x)

n—-+4o0o

< lim Q[u,](2)

n——+oo

= limlim Q[min{vy,v, }](x)

< lim Qugl(x)

k—4o00

< lim  lim Qmax{vy, v, }](2)

n—+00 k—+oo

— lim Q[)(x)

n—-+4o0o

< lim Qu)(z —27")

n——+oo

= Qv](x) a.e. z € R.

Therefore, Q[vg](x) — Q[v](z) a.e. and statement ii) of this Lemma gives the conclusion.
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3.3 Existence and nonexistence of traveling waves

In this section, we prove the existence of traveling waves. Take w € R? with 0 < w < ©.

We pick up a continuous function ¢ : R — R? satisfying the following properties:

i) ¢ is a nonincreasing function;
ii) ¢(z) =0 for all = > 0;
i) ¢(—o0) = w.

Let ¢ and k be some real numbers with & €]0,1]. We define the operator R, as follows

Repla](s) := max{ke(s),T_.Qla](s)}.

We also define a recursive sequence of functions a,(c,k,s) by

ao(c,k,s) = kd(s), any1(c,k,s) = Reglan(ck,.)](s)].

For convenience, we denote

R. = R.1, an(c;s) =ay(c,l;s).

In the Lemmas below, we give some properties about the convergence of the sequence

(@n)n>0 constructed above and about its limit a.

Lemma 7 The following statements are satisfied :

i) R.: My — My is monotone: if u,y € My satisfy u > v, then Qu] > Q[v].

i) a,(c; s) is nondecreasing in n, and nonincreasing in both s and c.

iii) For each n, we have a,(c; —o0) > Q"[w][?], and a,(c; +o0) = 0.

i) For each s € R, a,(c;s) converges pointwise to a(c;s) in R* and the limit a(c; s) is

nonincreasing in both s and c.

Proof : This proof is inspired from [FZ14].
i) This statement is just a consequence of the fact that @ : Mz — My is order preser-

ving.

3. here, Q"[w] is identified as a constant function of R2.



Traveling wave solutions in the monostable case

ii) We prove the result by induction. It is clear that

ai(c,s) = max{ao(s),T_Qlao(c,.)](s)} > ao(c,s).

Assume that the property a,(c,s) > a,_1(c,s) holds. Then,

any1(c,s) = max {ao(s),T_.Qlan(c,.)](s)}
> T_oQlan(c,.)](s)
= Qlan(c,)l(s +¢)
> Qlan-1(c,.)](s + ¢) by the induction assumption and (A3)
— T Qlan 1 (e,)](5):

Therefore, an41(c,s) > max {ao(s),T-cQlan-1(c,.)](s)} = an(c,s). This proves that
a,(c,s) is nondecreasing in n. Similarly, using (A3) and the decay of ¢ provides the

decay of u in both s and c.

iii) We prove this result by induction. We have ag(c, — 00) = ¢(—00) = w and ag(c, +

o0) = 0. Since @ is translation invariant, using Lemma@ iii), we have

lim Qlan(c,)](s) = lm Qla,(c,. + 5)](0) = Qla(e, & 00)](0).

s—too s—too

Thus, we have

api1(c, —o00) = lim max{ag(c,s),T_.Qlan(c,.)](s)}

S§—>—00

= max{¢(—00),Q|a,(c, — 00)](0)}
> Qlan(c, — 00)](0)
> Q" w],

By the same argument, we also prove that a,1(c, + 00) = 0.

iv) Since (a,(c,s))n>0 is a sequence of monotone and bounded functions for each s € R?,
Helly’s convergence theorem asserts that it admits a subsequence of functions conver-
ging pointwise on R2. As a limit of a sequence of nonincreasing functions, a(c,s) is

nonincreasing in both s and c.
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In the subsequent Lemma, we prove that the limit a(c,s) is a fixed point of R.. Hence,

the limit can also be seen as some kind of upper traveling wave.

Lemma 8 i) a(c,.) € M and R.a(c,.)](s) = alc,s) at any point of continuity of
R [a(c,.)].

ii) a(c; £00) erist in R? and a(c, — 00) = 0.

i) a(c, + 0o) € R? is a fived point of Q.

i) a(c, + 00) = U <= a,(c,0) > w for some n € N.

Proof : Again, this proof is inspired from [FZ14].

i) As the limit of the sequence (a,(c,s))n>0, the function a(c,s) is also a monotone
(nonincreasing) and bounded function from R to R?, hence it has at most a countable
set of points of discontinuity. The function Q[a(c,.)](s) is also a monotone and bounded
function from R to R?, and hence has at most a countable set X of points of discontinuity.
In Lemmal7iv), we proved that a,(c,s) converges pointwise to a(c,s) in R%. By Lemma
[6]iii), we have Q[an(c,.)](s) = Qla(c,.)](s) at any point of continuity of Q[a(c,.)]. Since
¢ is continuous, we have R.[a,(c,.)](s) — R.[a(c,.)](s) at any point of continuity of
R.[a(c,.)]] Consequently, we have

a(e,s) = nh_I)IOlO ani1(c,s) = im Rla,(c,.)](s) = Rcla(c,.)](s), Vs € R\X.

n—oo
ii) a(c, £+ 0o) exist in R? since a(c,s) is monotone and bounded. Eventually, thanks to
Lemma [7]iii) and the monotonicity in n of a,(c,s), we have

v > a(e, —o0) > lim a,(c, —o0) > lim Q"|w] = 7.
n—00 n—o0o

Thus, a(c, — 00) = .

iii) Since @ is a continuous operator in the sense of (A2), so is R.. Besides, ¢(+00) = 0,

and passing to the limit when s goes to +oco in i) gives the conclusion.

iv) (=) The decay of a and a(c, + 00) = v give lim a,(c,s) = v for any s € R.

n—0o0

Furthermore, since a,(c,.) is a nonincreasing function, we have the inequality

4. The discontinuity points of R.[a(c,.)] are those of Q[a(c,.)] according to the definition of R..
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an(c,82) < ay(c,s1) < 0 for all s; < so. Hence, |a,(c,s1) — 0| < |an(c,s9) — ).

Therefore, a,(c,s) converges to v uniformly for all s in a bounded interval, that is

ay(c,.) converges to v uniformly on every compact set.

In particular, a,y1(c,0) = T_.Q[a,(c,.)](0) converges to v in R% Since v > w, we

deduce that a,(c,0) > ¢(—o00) = w for n sufficiently large.

(«<=) Note that for any s > 0, we have a,(c,s) = T_.Qla,_1(c,.)](s) € R2. Since ¢

is continuous and 7_.Q is continuous from Mj to My (and in particular on R2), we

deduce that a,(c,.) is continuous and we recover liH(l) an(c,s) = an(c,0) € RZ. Thus, by
S—r

continuity, we can find a sufficiently small sy > 0 such that a,(c,s9) > w.

Hence, we have T [an(c,.)] > ¢(.) = ao(c,.). Moreover, since @) is translation inva-

riant, we can also write
T—So [an—l-l(ca‘)] > T—So [an(cv'>] > a0(07')
T*SO [anH(c,.)] Z T*SO*C [Q[an(c7>H Z T*c [Q[CLO(C?')” = CL1<C,.).

By an induction argument, we actually prove that T [a,i¢(c,.)] > as(c,.) holds for all
¢ > 1. Thus, we have a,.¢(c,s0 +t) > as(c,t), Vt € R.

Letting ¢ — +o0, it follows that a(c,so + t) > a(c,t), Vt € R. Furthermore, since a

>
is a nonincreasing function, namely a(c,s +t) < a(c,t) for any s > 0, this implies that

a(c,.) is constant and hence a(c, + 00) = 0.

Remark 12 We stated the last three Lemmas in the convenient case k = 1 but we can
also state and prove them for any k €]0,1]. Thus, a(c.k,s) is both a fized point of Ry

and also an upper traveling wave.

Definition and Lemma As in [LWL0J], we define the wave speed
¢, = sup{c: a(c, + 00) = v}.
associated with a. With this definition, the wave speed satisfies

*
C+ > —0Q.
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Proof : We follow the proof of [FZ14]. Since 0 € w < v and lim Q"[w]| = v, there
n—

—+00

exist p,qg € N* satisfying both Q[¢] < QP[w] and w <« Qq“[%]. Lemma ﬂ implies that

w
P

Q[%] < QPw] <€ ap(c, — ), Ve e R.

Besides, we have T_.Q[a,(c,.)|(s) < apy1(c,s), Ve e R.

Thus, a direct induction gives
(T-cQ)[ap(c,)](s) < apiq(cys), Ve €R.
Hence, we have
w < Q) < Qlay(e, — o0)

= (T-Q)ap(c, — 0]
= lim (T_.Q)"T_4[a,(c,.)](0), Ve e R.

§—>—00

Now, using the decay in c and taking the limit as ¢ — —o0, we recover

w < lim (T-.Q)ay(c.)](0) € lim_ay.y(c0).

c——00 C——

As a conclusion, when c is a sufficiently large negative number, we recover

W K Apyq(c,0). Lemma (8 iv) gives the conclusion.

Remark 13 In the definition of c?., the symbol + means that the wave propagates right-
ward. It 1s also possible to introduce a wave propagating leftward choosing the function

¢ representing the initial condition to be nondecreasing.

Remark 14 Consider ¢ as defined above and Cy the space of continuous functions
from R to R2 equipped with the compact open topology (the uniform convergence on

every compact sets). Let Q) : C; — Cy be continuous and satisfy (A1), (A3) and (A4)
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where My is replaced by Cy. According to arguments in [LZ0], the two following state-

ments are satisfied:

i) If up € Cs, 0 < wp(z) < v and ug(x) = 0, Vo > L for some L € R, then
li " = e

n_>+01017nx2mQ [uo)(x) = 0 for any ¢ > i,

This means that if a wave spreads at a speed c faster than the minimal wave speed

ct, then this wave will only “see” the steady state 0, that is the front of the wave.

i) If ug € Cy, up(x) > m, Vo < M for some m > 0 and M € R, then
nﬁéior’nxgm Q" [uo)(x) = v for any c < ci.
This means that if a wave spreads at a speed c less than the minimal wave speed 7,

then this wave will only “see” the steady state v, that is only the back of the wave.

Hence, a condition for a rightward spreading is determined by whether the speed of

the wave is greater or less than ¢, the minimal wave speed of the discrete-time system
(Qn)nzo on C@.
[ |

We are now ready to state the main theorem of this part, giving the existence or the
nonexistence of traveling waves to the time-one family (Q™),>o representing the reaction-

diffusion system seen as a discrete-time recursion.

Theorem 5 (Traveling waves for the time-one map) Assume that Q) satisfies (Al)—
(A4). Let ¢ be defined as previously. The three following statements are satisfied:

i) For any ¢ > ¢’ , there is a left-continuous traveling wave W (x — cn) connecting v to

0.

i) For any c < ¢, there is no traveling wave connecting v to 0.

ii1) Since QQ maps left-continuous functions to left-continuous functions, the traveling

waves connecting v to 0 satisfy the relation

Q"[Wl(x) =W(x —cn), VreR, Vn>0.

Proof : We follow the proof of [FZ14].

i) Since ¢ > ¢ implies a(c, + 00) < ¥ = a(c, — 00), we deduce that a(c, + oo) is an
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equilibrium of @ (Lemma |8) which is different from . On the other hand, @ has two
different equilibria, which are v and 0. Therefore, setting 6 = (%,%) € R? we have
§ > 0. We also have & — § > 0 and ¥ is the only fixed point of ) in the rectangle of R?
[0 — 6,0]. Since a(c,t,s) for all n > 1 is a decreasing and bounded function connecting
v to 0 ¢ [v — 0,0], we can find a real number s,, such that

1 1
lim a(c,—,s) € [v — §,0], but lim a(c,—,s) < v — 0.
s/ *sn n 5\¢6n, n

Define the sequence of nonincreasing functions f,(s) = a(c,t,s + s,) from R to R
Helly’s theorem asserts that there exists a subsequence (still denoted f,(s)) converging
pointwise to a function W for s € R. Then, combining Lemma |8 1) and Lemma @ iii),
we have (except for the countable set ¥ of points of discontinuity of W) the following
equalities

Wi(s):= lm f,(s)

n—+oo

= lim a(c,g,s%—sn)

n—-+4oo
1
= Jm Ry fale )] (s +50)
- nl—l>r—|r—1c>o RC,% [fn( o Sn)] (8 + Sn>
— nl_lgloo max {%qﬁ(s + 50), T-cQ[f)(5) }
= tim_max {2 6(s + 5.). QUG + o))

=Q[W](s+c¢), Vs € R\X.

Furthermore, we deduce that W (+o00) are necessarily fixed points of Q. Finally, f,,(0%) %
v — ¢ implies that W (+o0) ¥ v — 9§ and f,(07) > v — ¢ implies that W(—o0) > v — 4.
Thus, since v is the only fixed point in [0 —§,0] and 0 ¢ [0 — ,7] is the other fixed point,
we have

W (—o00) =0 and W(+o00) =0

Moreover, we have proved above that the two functions T,.[W] and Q[W] are equal for

all z € R\X. Thus, we have the immediate recursion relation

Q"[W](x) = TrW](x) = W(x —cn), Vn >0, Vo € R\X.
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ii) Suppose that ¢ < ¢} . By contradiction, let us assume that there exists a trave-
ling wave W connecting v to 0. Then by definition of the initial datum ¢, we can find
so € R such that

o(s) < W(s+sp), Vs eR.

According to i), since W is an upper fixed point of T_.Q), it satisfies the inequality

a1(c,s) = max {¢(s),T-.Q[¢](s)} < W(s+so), VseR.

and by an immediate induction,

an(c,s) = max {¢(s),T_.Qlan_1(c,.)](s)} < W(s+s9), Vs €R, Vn > 1.

Hence,

a(c,+o00) = lim lim a,(cs) < lim lim W(s+s9) = W (+00) = 0.

5—+00 n——+00 T s—+oon—+oo

This implies that ¢ > ¢, which is a contradiction with the assumption.

iii) The fact that ¢ maps left-continuous functions to left-continuous functions is proved
in section We refer to [FZ14] for the proof of the fact that this particular property
implies that the relation Q"[W](x) = W(z — cn) is satisfied for all z € R.

We are now ready to state our main result for continuous-time semiflows as mentionned

in introduction.

Theorem 6 (Traveling waves for a time-t map) Tuake (Q:)i>0 a family of continuous-
time semiflows satisfying (A1) — (A4). Let ¢ be defined as previously. The three follo-
wing statements are satisfied:

i) For any ¢ > ¢, there is a left-continuous traveling wave W (x — ct) connecting v to

0.

i) For any c < ci, there is no traveling wave connecting v to 0.
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ii1) Since QQ; maps left-continuous functions to left-continuous functions, then the tra-

veling waves connecting v to 0 satisfy the relation

QiW](x) =W(x —ct), VreR, Vt>0.

We only give a sketch of proof for this result. We refer to [FZ14] for an exhaustive proof.

As previously, we define for any integer p > 1 a sequence

bg(p,c,s) = ¢(8)7 bn(p,c,s) = max {QZ)(S)?T—CQ%[bn—1<p7cv')](8)}'

where ¢ has the same properties as before.

The sequence b, converges pointwise to a function b which has the same properties

as function a (Lemma . Furthermore, we define the minimal wave speed

Cj_’p - sup{c, b(p,C, + OO) = T}}‘

associated with the semiflow Q1.
p

Roughly speaking, we have the following comparison result for the wave speeds c
of Q1 and ¢} , of Q1, for any integer p > 1. The proof of this Lemma can be checked
? P

in [FZ14] in a more abstract case.

. * 1
Lemma 9 For any integer p > 1, we have ¢, , = SCh1-

Based on this key observation, to prove the existence of traveling wave solutions for
continuous-time semiflows, we focus on the maps (Q2-»),>¢ which are used as building
blocks to approximate the family of semiflows (Q;);>0. More precisely, we use the mini-
mal wave speeds and wave profiles associated with (Q5—». It is clear that all we proved for
the semiflow () = @); on the time interval [0,1] can be adapted to the time interval [0,%]
and [%,1] by translation in time. Hence, Lemma |§| allows to determine the wave speed of
any map (Jo-» and as foreseen, the speed associated with (Q5-» is 27" times the speed of
the time one map Q1. Therefore, Theorem [5[ can be adapted to the time 27" map QQy-»
in the natural way, and the same can be done with all maps )p2-» whenever p is an

integer. As a conclusion, since any nonnegative real number ¢t > 0 can be approximated
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by its binary decomposition thanks to a density argument, the result about traveling
waves of the semiflows (Q;);>¢ follows. This is where the continuity in time stated in
(A2)-i) is exploited.

Let us now see a sketch of proof of Lemma [9] Recall that
1, c _ _
—c = Sup{]—J :b(1,¢;+00) = v} = sup{c: b(1,pc, + o0) = v}
p

and

¢, , =sup{c: b(p,c, +00) = v}.

Thus, to prove the Lemma, it is sufficient to verify that b(1,pc, + 00) = b(p,c¢, + 00).

To verify that b(1,pc, + 00) < b(p,c, + 00), thanks to the definition of b, and by virtue

of the translation invariance of @, it is possible to deduce (see [FZ14]) that

bi(1,pc,s) < by(p,c,s), Vs eR.

Hence, an induction allows to obtain
bn(1.pc,s) < bny(p,c,s), ¥n > 1,
which implies, taking the limit n — +o00, that

b(l,pC,S) S b(p,C,S), Vs € R.

Therefore, the first inequality follows letting s — +o0.

Conversely, since b(1,pc,.) is a fixed point almost everywhere of R,., we deduce that
the quantity defined as
b(1,pc,s) = li;n b(1,pc,x),
TEX

where ¥ denotes the points of continuity of b(1,pe,s), is an upper fixed point of R,.
Thanks to this upper fixed point, we define a new threshold function ¢ and a new

sequence of functions, whose initial datum is a translation in space of ¢/ and satisfies
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1) > ¢. This sequence of functions, which is less than a leftward translation of b(1,pc,.)

allows to obtain, for a positive real number sy, the inequality

b(l,pC,S - 51) 2 b(p,C,S)-

Hence, we deduce b(1,pc, + o0) > b(p,c, + 00).
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3.4 Application to reaction-diffusion systems

Let us get back to our system (S) defined at the beginning of this paper. Recall that

(utbi)(1—3)—mi
o= . )

The associated system is cooperative in the sense that the first component f; of f is

In our case

nondecreasing with respect to u and f; in nondecreasing with respect to i.

When b > m, the function f has two equilibria: (0,0) and ¥ = (i,u) where

L—b++/(1=0)2+4(b—m)
5 ;

=i

i =

In the sequel, we identify 0 with the zero vector of R? and we note v = (4,u) the vector

of R? whose values are defined above.

We have v > 0 and v satisfies the condition called (A5). Namely, v attracts all the

solutions of the dynamical system

with
weR? and 0 € w < 0.

Furthermore, f is continuous and locally Lipschitz.

Pi(t)
Py(t)

Define P(t) = (

) the semigroup of the linear heat system v, = Duv,,, i.e.

_(@-yp)? )
i / e T ely) dy if de # 0
R

do(x) if dy=0

Py(t)[0](z) =

d
where D = (Ol 52) and ¢ = (¢1,02).



3.4 Application to reaction-diffusion systems 109

In our case, we have

Qd\ﬁ i uo(y) dy Hxug(x))’

with the Green function H(z) = 5 d\a?t 4d2t

By Duhamel’s formula, the solution of our system (S) can be written:

v(t,x) = P(t)[v(0,.)](x) +/0 Pt —s)[f(v(s,.)](z) ds, Vt>0,VeeR.

It can be proved (see for example [Thi79]) that this integral equation posseses a unique
solution for any initial datum vy € Mjy. We note v(t,.,¢) a solution of system (.5), such
that v(0,.,¢) = ¢ for any function ¢ € M;. We also note @); the semiflow of our system
(S), namely Q:(¢) = v(t,.,¢) for any ¢ € My as before.

We have in our case

Qi[vol(x) = v(t,z,v0)

= P(t)[vo](x) +/O P(t —s)[f(v(s,.,v0))](x) ds, Vt >0, Vx € R.

To apply the construction of the previous section, we need to prove that the semiflow
(); satisfies the conditions (A1) — (A4).

Proof of (A1) : Since the nonlinear heat equation is translation invariant, for each
solution v(t,x) of system (5), the translated function v(t,x — y) is also solution of sys-
tem (). Then, T}, o Q[v](z) = Q; o T, [v](x) for all x, y € R and u € My. Thus, @ is

translation invariant.
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Proof of (A2) and (A3) - Preliminary : We pick up an @ > 0 and define the change

of variable w(t,r) = e*v(t,x). Then, w satisfies the partial differential equation

Wy = Dwa:x + fa(t>w)a

where

fa(tw) = e fle”*w) + aw.

The function f : RZ — R? representing the nonlinearity is locally Lipschitz, continuous
and cooperative. We note k € R? (depending on o) its Lipschitz constant on the com-
pact set R2. Since f is cooperative, the first coordinate of f with respect to its second
variable and the second coordinate of f with respect to its first coordinate are nonde-
creasing. Therefore, choosing o« > 0 arbitrarily large, namely o > k, it appears that

fa(t,.) is a nondecreasing function on R2.

Furthermore, if v € My, then w = e*v € Mgaty, and for all wi, wy € Moary, we

have

I fa(tw1) = fa(twa)llre , < allwy —wal| + e[ f(e™wr) — fe™*wn)|
< al|lw; — wsl| + eatkHe_O‘twl — e_o‘thH

= (a4 k)llwy — wallrz -
Thus f,(¢,.) : R% .. — R2 ., is globally Lipschitz with a Lispchitz constant equal to av+F:.
Therefore, writing Duhamel’s formula for the new reaction diffusion system O,w =

Dw,, + fo(t,w) with initial datum w(0,2) = v(0,2) = vo(x), we have for all £ > 0 and
reR

e Q4[vol(x) = w(t,z,v0)

= P(t)[vo](x) + /o P(t — )| fa(sw(s,.v0))] (z) ds.
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Proof of (A2) : Recall that we need to prove the version of (A2) stated in Remark

for a general time-t map.

i) Assume that a sequence t,, — t. For any vy € My, we have

eM@J%Nw:fwm@d@%ﬂééﬂm—smh@w@mmnﬂﬂds

where

. _ io(w)
P(tn)[ 0]( 2d\/ﬁ/ 4d2zn Uo ) dy (H*uo(x)) |

L z—y)?
Define the sequence of functions g,(t) = 3 d\/‘[%e A uo(y). For any t > 0, this se-

(@=y)?
quence converges pointwise to ; d‘fﬁe{ @ ug(y) € L' (R).

The dominated convergence theorem asserts that

io()
P(ty)[vo](z) — ; @—y? = P(O)[wo](z) ae. xR
T 2d\§ﬁ e " ug(y) dy ’
R

Then, P(t,)[vo] — P(t)[vo] almost everywhere.

n——+0oo
By the continuity of the integral and the boundedness of f,, we deduce by a simi-

lar argument that the integral term converges almost everywhere as well.

Therefore, we have e*™Q; [v)] — e*Q4[vo] almost everywhere, that is
n—+oo
Q1 [vo] —  Qivo] almost everywhere. Eventually, due to the monotonicity of vy,
n—+00

Lemma |§| iii) implies Q, [vo] - Q:[vo] at any point of continuity of Q;[vo].
n—-+00

ii) Let (v7) € MY such that v — vy € M, uniformly on every compact set of
n—-+00
R.

Consider w"™ = e*v™ and w = e*v the respective solutions of the Cauchy problem

2t = DZa:ac + foz(taz)
2(t=10) =z
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with w™(0,.) = wj = v and w(0,.) = wy = vy.

A function z is said to be a sub (resp super) solution of this Cauchy problem whe-

never z satisfies z; — Dz, < (resp >) fo(t,2) with z(t = 0) = 2.

Let us define r, = w™ — w. Since f, is globally Lipschitz, we have

(ro)e = (W" —w)y = D(W" — W)az + fa(t,w") — fa(t,w)
< D(w" —w) e + (a+ k) (w" —w)
= D(rp)es + (@ + k)rp.

This means that r,, is a subsolution of

2t = Dzyp + (4 k)2

2(t =0) = vy — vo.

We also notice that r, is a supersolution of

2t = Dzyp + (0 — k)2

z(t =0) = v§ — vo.

Therefore, the maximum principle, which is independent of the diffusion, asserts that
for all £ > 0, we have

e“IP(R) (v — vo) () < ru(t,z) < e“TPIPE) (v — vo) (2).

By virtue of the dominated convergence theorem, the functions e P(¢) (v —vp) (2) -
n—-+0oo

0 almost everywhere since vj — vy uniformly on every compact set of R.

we have 7, = — Veryw 1 — -
Hence, we have r w"” —w — 0 almost everywhere, that is v —v — 0 al
n—-+o0o n—-+0o

most everywhere. By application of Lemma ﬁ iii), we deduce that v™ —v —+> 0 at any
n—-+0oo

point of continuity of v.

To conclude, since Q[vf] = v™ and Qy[vg] = v, the convergence vj — vy uniformly
n—-+oo

on every compact set implies Q;[vj] — Q[vo] at any point of continuity of Q:[v].
n——+00
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Proof of (A3): Let ¢1,¢02 € M; such that ¢ < ¢9. Take w;,ws two solutions of

2t = chca: + foc(taz)7

with wy(0,.) = ¢1 and wy(0,.) = ¢s.

We have:
e (Qt[¢1] - Qt[¢2]) ()
t
— P(t)[61 — 65] (2) +/ Pt — 8) [ fu(s5:w1(5,)) — fu(s.0a(5,))] () ds.

0
Obviously, P(t)[¢1 — ¢2](z) is nonpositive.
Besides, w1(0,.,01) = ¢1 < ws(0,.,02) = ¢o with wy,wy solutions of the above non-
linear heat system in z. The maximum principle gives wi(s,.,¢1) < wsy(S,.,¢2) for all

s> 0.

Furthermore, since f, is nondecreasing, the integral term is nonpositive as well. Hence,

e Q1] < e Qi) and eventually Q;[d1] < Qi[ba].

As a conclusion, Q; : Mz — Mj is monotone (nondecreasing) for all ¢ > 0.

Proof of (A4): Assume that (A5) holds. Let w € R? such that 0 < w < v. Clearly,
we have Q[0] = 0 and Q[v] = ©.

Furthermore, since @); is nondecreasing (monotone), an immediate recursion provides

0 < Qfw] < 0.

By definition of @Q;, Q}|w] is the solution of the nonlinear heat system at time nt

starting from w, namely v(nt,.,w), and hence

lim Q}[w] = lim v(nt,. w).
n—oo n—oo

On the other hand, Q}[w] = v(nt,.,w) is independent of z (we start from the constant
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initial condition w € R? identified to a constant function of Mj). Thus, v(nt,..w) is also

solution of the pure reaction system 3 = f(y). Since o attracts any solution of this
reaction system, we have lim v(nt,..w) = v and
n—oo
lim Q}w] = lim v(nt,..w) = .
n—o0o n—oo

Eventually, let us verify that ¢); maps left-continuous functions to left-continuous func-
tions. Let v° be a nonincreasing function which is left continuous with a right-handed
limit. We have

Oz7) == i Olx —h) =2°

vi(27) = lim vz — h) = vi(z),

V(2" = hlim+ v2(x 4+ h) exists and satisfies 0%(2) < 0%(z).
—0

Recall that

t

e Q,[v°)(z) = P(t)[v°](x) + / P(t—s) [fa (s,w(s,m,vo(x)))} ds.

0

Functions z — v%(x — h) et x — v°(z + h) are respectively sub and super solutions of

wy = Dwy, + folt,w)
w(0,z) = ()
with w(t,x) := e v(t,x) where v is solution of
v = Dug, + f(t,0)

v(0,z) = v°(x)

Hence, for all solutions w, wg, w, such that
w(0,7) = v°(x), wq(0,2) =0°(x +h), wy(0,x) =°(x — h),
the maximum principle asserts that

wa(t,x) <w(tx) <wy(tx), Vt>0,VeeR,
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which implies
e Qufwy)(w) < e Quw)(z) < e Qu[wy](x).

Taking the limit A — 0 and using Lemma []iii), we have

iy (i) < oy (=) <y ()
Hence, we have

eatQ[flzii%Uo(x + h)] < eatQ[}g%Uo(I)] < eatQ[}lg%Uo(x _ h)}

and eventually

Q[ (2")] < Q[ ()] < Q[ (2]

As a conclusion,

lim wy(t,z) == w(t,z’) <w(tz) =w(t,ae) = limw,(t,z). (3.1)
h—0 h—0

We have proved that ); maps the set of nonincreasing and left continuous with a right-

handed limit functions to itself.

To conclude, since the semiflow (Q;) satisfies assumptions (A1) — (A5), we can as-
sert that our cooperative system in the case where b > m has traveling waves whenever

c > ¢! where ¢’ represents the minimal wave speed.
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PHENOMENES DE PROPAGATION DE CHAMPIGNONS PARASITES DE PLANTES, PAR
COUPLAGE DE DIFFUSION SPATIALE ET DE REPRODUCTION SEXUEE.

Résumé

On considere des organismes qui mixent reproduction sexuée et asexuée, dans une situation
ou la reproduction sexuée fait intervenir a la fois de la dispersion spatiale et de la limitation
d’appariemment. Nous proposons un modele qui implique deux équations couplées, la premiére
étant une équation différentielle ordinaire de type logistique, la seconde étant une équation
de réaction-diffusion. Grace a des valeurs réalistes des différents coefficients, il s’avere que la
deuxieme équation fait intervenir une échelle de temps rapide, alors que la premiere fait in-
tervenir une échelle de temps lente. Dans un premier temps, on montre I'existence et I'unicité
de solutions au systeme original. Dans un second temps, dans la limite ou ’échelle de temps
rapide est considérée infiniment rapide, on montre la convergence vers une dynamique réduite
d’état d’équilibre, dont les termes correctifs peuvent étre calculés a tout ordre. Troisiemement,
en utilisant des propriétés de monotonie de notre systeme coopératif, on montre I'existence

d’ondes progressives dans une région particuliere de I'espace des parametres (cas monostable).

Mots Clefs : systemes de réaction-diffusion, ondes progressives, vitesse d’onde, reproduction

sexuée, effet Allee, systéme coopératif, systéme monostable.

Abstract

We consider organisms that mix sexual and asexual reproduction, in a situation where sexual
reproduction involves both spatial dispersion and mate finding limitation. We propose a model
that involves two coupled equations, the first one being an ordinary differential equation of
logistic type, the second one being a reaction diffusion equation. According to realistic values
of the various coefficients, the second equation turns out to involve a fast time scale, while
the first one involves a separated slow time scale. First we show existence and uniqueness of
solutions to the original system. Second, in the limit where the fast time scale is considered
infinitely fast, we show the convergence towards a reduced quasi steady state dynamics, whose
correctors can be computed at any order. Third, using monotonicity properties of our coope-
rative system, we show the existence of traveling wave solutions in a particular region of the

parameter space (monostable case).

Keywords: reaction-diffusion systems, traveling waves, wave speed, sexual reproduction, Al-

lee effect, cooperative system, monostable system.
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