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Introduction

Cette theése est consacrée a I’enrichissement du modele mathématique classique
des structures intelligentes, en tenant compte des effets thermiques, et a son étude
analytique et numérique. Par cette expression, on se réfere typiquement a des structures
se présentant sous forme de capteurs ou actionneurs, piézoélectriques et/ou magnétos-
trictifs, avec une géométrie de plaque ou de coque. L’influence de la température se
traduit par des couplages supplémentaires, donnant lieu aux phénomenes de thermoé-
lasticité (couplage thermo-mécanique), pyroélectricité (couplage thermo-€lectrique) et
pyromagnétisme (couplage thermo-magnétique).

Le présent manuscrit est divisé en quatre parties. Dans la premicre partie, nous
présentons les concepts mathématiques et mécaniques fondamentaux utilisés dans ce
travail. La deuxieme partie est consacrée au traitement analytique des problémes ma-
thématiques rencontrés, posés dans un domaine tridimensionnel, et a la déduction de
modeles bidimensionnels grace a la méthode des développements asymptotiques en
considérant un domaine en forme de plaque dont I’épaisseur tend vers zéro. Dans la
troisiéme partie, on focalisera notre attention sur le traitement numérique d’un pro-
bleme de plaque en flexion, qui se présente sous la méme forme dans tous les modeles
bidimensionnels déduits dans la partie précedente et qui tient compte d’un effet d’iner-
tie de rotation. Enfin, dans la quatrieme partie, nous présentons une premiere approche
numérique du probleme de plaque en flexion en utilisant une méthode de discrétisation
non conforme.

Nous considérons dans ce document les matériaux magnéto-électro-thermo-
élastiques (METE) comme matériaux intelligents ; I’exemple le plus classique est donné
par un composite BaTiO3-CoFe,0; (titanate de baryum et ferrite de cobalt). Le cou-
plage mécanique entre les composantes piézoélectrique et magnétostrictive dans une
structure faite d’un tel matériau donne lieu a I’ ainsi dit effet magnéroélectrique, qui n’est
pas présent dans les composantes individuelles. Cet effet se manifeste, par exemple,
dans des composites multi-couche [39, 40], dans des structures faites d’une matrice
homogene dans laquelle des particules de formes différentes (pour la plupart ellipsoi-
dales) sont dispersées [28,29], ou bien dans des structures fibreuses, ou des cylindres
paralleles sont insérés dans la matrice homogene [4]. De plus, dans la plupart de la
littérature on consideére un modele linéaire : dans ce contexte, le couplage magnéto-
élastique étant exprimé par une loi de comportement linéaire entre la contrainte et le
champ magnétique, le mot “magnétostrictif”’ est remplacé par piézomagnétique ; nous
suivrons la méme approche et adopterons la méme convention. Dans certains cas, 1’in-
fluence de la température sur de telles structures ne peut pas étre négligée : en effet,
la pyroélectricité et le pyromagnétisme peuvent €tre importants en ce qui concerne les
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performances de récolte d’énergie (voir, e.g., Kim et al. [40]). Il faut alors rajouter
I’équation provenant du bilan de I’énérgie au modele usuel. Pour une description dé-
taillée des couplages et des phénomenes multiphysiques ayant lieu dans ces structures,
ainsi que de leurs applications, nous renvoyons aux références [2], [12], [35], [36], [42].

Une caractéristique distinctive des problémes rencontrés dans les applications est la
présence de plusieurs parametres, ce qui montre la coexistence de différentes échelles :
par exemple, I’épaisseur d’une couche piezoélectrique/piézomagnétique peut étre petite
par rapport aux autres dimensions de la structure, I’influence de la température peut étre
importante seulement sur certaines inconnues, etc. La superposition de deux phéno-
menes de propagation d’ondes caractérisés par des vitesses completement différentes,
comme dans le cas des ondes élastiques et électromagnétiques, entraine un traitement
numérique impraticable du probleme. Cette question peut se résoudre en ayant recours
au modele quasi-statique — ou 1’on désigne par cette expression 1’hypotheése que les
champs électrique et magnétique puissent s’exprimer comme gradients des potentiels
correspondants — qui est justifié par une procédure d’adimensionnalisation sur les
équations du probléme. L' adimensionnalisation met en évidence un petit parameétre ¢,
i.e., le rapport entre la vitesse maximale de propagation d’une onde élastique dans le
milieu et la vitesse de la lumiere. Une telle procédure a été effectuée dans [38] sans
considérer les effets de la température ; une hypothese quasi-statique a priori a été faite
dans [5] et [45] dans le cas d’un matériau thermo-piézoélectrique, dans [1] et [4] dans
le cas d’un matériau METE.

Dans ce manuscrit, apres la présentation du modele mathématique et la justification
de sa cohérence au sens de la thermodynamique des milieux continus, nous montrons
d’abord [9] que le systeme d’équations aux dérivées partielles qui régit le probleme dans
sa formulation la plus générale (auquel on se référera dans la suite comme probléme
dynamique) est bien posé dans des espaces fonctionnels opportuns. Pour cela, nous
travaillons dans le cadre de la théorie de Hille-Yosida. Une adimensionnalisation des
équations du probléme dynamique est alors effectuée, de telle fagcon a (i) étendre
les résultats d’Imperiale et Joly [38] et (i) justifier I’hypothése quasi-statique utilisée
dans [1], [4], [5] et [45]. Ensuite, nous montrons que le probléme quasi-statique est aussi
bien posé, grace a la méthode de Faedo-Galerkin, en suivant 1’approche de Lions [43],
voir e.g. [45] pour ce type de problemes.

Dans le chapitre suivant, nous nous intéressons au probléme de la modélisation
d’une plaque constituée d’un matériau METE dans le cas quasi-statique. Plus précisé-
ment, on consideére un domaine d’épaisseur 4%, & étant un petit parametre adimensionnel
tendant vers zéro. Nous avons recours a la méthode des développements asymptotiques
en puissances du petit parametre afin d’obtenir un modele bidimensionnel de plaque.

Dans ce contexte, notre approche est semblable a celle présentée par Séne [57],
ou I’on considere les cas d’un milieu piézoélectrique en régime purement statique
(ol toutes les variations temporelles sont négligées) et en régime dynamique (ou I’on
considere, en plus du bilan de la quantit¢é de mouvement, le syst¢tme complet des
équations de Maxwell). En particulier, le méme auteur a présenté séparément 1’étude
du cas statique dans [58] et I’étude du cas dynamique dans un article successif en
collaboration avec A. Raoult [53]. Dans ce dernier travail, des effets magnétiques sont
pris en compte, en exprimant — en plus des lois de comportement caractérisant un
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milieu piézoélectrique — le champ d’induction magnétique B en fonction du champ
magnétique H par la relation usuelle B = uH, u étant la perméabilité magnétique
(scalaire) du milieu; en revanche, les effets de la température sont négligés.

Nous considérons ici quatre types différents de conditions aux limites portant sur les
inconnues électromagnétiques, chacun visant a modéliser le comportement de la plaque
comme capteur ou actionneur, de nature piézoélectrique ou piézomagnétique [64]. On
obtient par conséquent quatre modeles de plaque : le modele capteur-actionneur, selon
lequel la plaque se comporte comme un capteur piézoélectrique et un actionneur piézo-
magnétique ; le modele actionneur-capteur, se référant & un comportement de capteur
piézomagnétique et actionneur piézoélectrique ; le modele actionneur, auquel cas on a
un comportement d’actionneur a la fois piézoélectrique et pi€ézomagnétique ; et enfin,
le modele capteur, se référant a un comportement de capteur a la fois piézoélectrique et
piézomagnétique. Les modeles déduits grace a la méthode des développements asymp-
totiques sont validés en montrant des résultats de convergence faible lorsque € — 0 de
la solution du probléme de départ vers la solution du probléme formulé sur le domaine
bidimensionnel. Les quatre modeles bidimensionnels sont déduits en considérant des
hypotheses de scaling différentes sur les potentiels électrique et magnétique [63]. En
revanche, ils présentent tous des caractéristiques communes : en premier lieu, le champs
de déplacement est toujours de type Kirchhoftf-Love ; en second lieu, la variation de
température est toujours indépendante de la coordonnée d’épaisseur; enfin, chaque
probléme se découple en un probléme de flexion — régissant 1I’évolution du déplace-
ment transversal de la plaque et tenant en compte un effet d’inertie lié a la courbure
moyenne de la surface moyenne déformée — et un probléme membranaire totalement
ou partiellement couplé.

En ce qui concerne le traitement numérique des modeles de plaque déduits, nous
choisissons de concentrer notre attention sur le probléme de flexion, dont la structure
est la méme dans tous les quatre modeles et dont 1’étude mathématique et numérique,
compte tenu de sa formulation, est d’intérét en tant que tel. Pour cela, aprés avoir
donné la preuve d’existence et unicité de la solution en s’inspirant de 1’approche
de Raviart et Thomas [54], nous effectuons une étude numérique du probleme en
utilisant une discrétisation conforme en espace avec des éléments finis de classe C'
— en particulier, nous utilisons des éléments de type HCT (Hsieh-Clough-Tocher),
voir e.g. [15]; la discrétisation en temps est de type Newmark. Nous remarquons que
I’utilisation d’éléments HCT requiert 1’ application d’un schéma de quadrature opportun
dans I’'implémentation de la discrétisation. Notre analyse numérique est ensuite validée
avec des tests numériques effectués sous I’environnement FreeFEM++ [37].

Dans le dernier chapitre, nous présentons succinctement des perspectives futures
de recherche pour ce qui concerne les aspects numériques. En effet, il est connu qu’un
traitement numérique avec des éléments finis de classe C! est cher du point de vue
computationnel. Il est alors intéressant d’utiliser une méthode non conforme (mixte ou
hybride) ; nous nous concentrons sur une méthode de type HHO (voir e.g. [18], [19]) et
décrivons une premieére approche du probléme de flexion rencontré dans les chapitres
précédents avec cette méthode.

Cette these a été partiellement financée par I’Agence Nationale de la Recherche, dans le contexte du
projet ARAMIS (Projet «Blanc», N. ANR 12 BS01-0021) (Analysis of Robust Asymptotic Methods in
Numerical Simulation in Mechanics).



Notations et Conventions

Tout au long de ce manuscrit, une fonction et sa valeur seront notées avec la méme
lettre. On notera les quantités scalaires et les points en caracteres ordinaires, les champs
vectoriels et tensoriels (quel que soit leur ordre) en gras. On conviendra d’utiliser le
mot fenseur comme synonyme de “transformation linéaire entre espaces vectoriels”,
comme d’habitude en mécanique des milieux continus.

Soit E? un espace affine euclidien tridimensionnel et V3 son espace vectoriel des
translations associé. Dans toute la thése on supposera qu’un repére cartesien R =
{0;¢1,¢2,¢3}, avec 0 € E3 et {c, ¢z ¢3} une base orthonormée de V3, ait été fixé
une fois pour toutes dans E3. Pour simplicité de notation, R* désignera alors I’un des
ensembles E3, V3 ou R? méme, selon le contexte (on écrira x € R pour un point
et v € R? pour un vecteur). De méme, on ne fera pas de distinction entre un tenseur
et sa représentation en composantes (matricielle pour les tenseurs du second ordre)
par rapport a la base cartesienne fixée. Les indices latins prennent leurs valeurs dans
I’ensemble {1,2,3}, les indices grecs dans 1’ensemble {1,2}. On utilise parfois la
convention d’Einstein sur la sommation sur les indices répétés.

Ci-apreés nous donnons la liste des notations principales utilisées, sauf avis
contraire explicite.

— N* := N\{0}, R* := R\{0}.

— Ry ={xeR:x>0},R} =R \{0}.

— Q : sous-ensemble ouvert, borné, connexe de R3, avec frontiere 0Q Lipschitz-
continue.

— Q:=QuU 0Q: fermeture de Q.

— (x1, x2, x3) : coordonnées cartesiennes d’un point x € Q.

— vjp : restriction a U < Q de la fonction v définie sur € a valeurs réelles.

olely
— 0% = ——f——Fa—=—7- @ dérivée partielle d’ordre m > 1 de v, ou
0x710x5%0x5°
| Xy OX3
a = (ag,aza3) € N3 est un multi-indice satisfaisant la| = a1 +ay+a3 =m.
— Oiv = 0v/0x;, Ojjv = 0% /0x;0x; : dérivées partielles de premier et second
ordre de v.
— Vo : gradientde v: Q — R.

— 0, 0;v : dérivée temporelle ! de v définie sur Q x (0,7), T > 0.

1. Puisque toutes les formulations sont valides dans un domaine de référence fixe, il s’agit toujours
d’une dérivée partielle.

vii



viii

u = (u;) : représentation en composantes d’un vecteur.
S?={veR’:|v|=1}.

u-v, [ul,u x v,u®v : produit scalaire euclidien de u, v € R3, norme euclidienne
de u, produit vectoriel de u et v, produit tensoriel de u et v.

Vu, divu, V x u: gradient, divergence et rotationnel de u: Q — R3.

End(E) : espace des endomorphismes d’un espace normé E.

Lin : espace vectoriel des tenseurs du second ordre (endomorphismes de RY).

Lin : espace vectoriel des tenseurs du troisi¢eme ordre (applications linéaires de
R? dans Lin).

Lin : espace vectoriel des tenseurs du quatriéme ordre (endomorphismes de
Lin).

A = (A;j) : représentation en composantes d’un tenseur A € Lin.
B = (Bjj) : représentation en composantes d’un tenseur B € Lin.
C= (G jke) © représentation en composantes d’un tenseur C € Lin.

trA, detA, A*, AT : trace, déterminant, cofacteur et transposé d’un tenseur
A € Lin.

3
A:B:=tr(AB") = Z A;jB;j : produit scalaire tensoriel de A, B € Lin.
i,j=1
|[All2 == VA:A : norme d’un tenseur A € Lin induite par le produit scalaire
tensoriel.

Sym : sous-espace de Lin des tenseurs symétriques.

Skw : sous-espace de Lin des tenseurs anti-symétriques.

Sym™ : ensemble des tenseurs symétriques et définis positifs.
sym A, skw A : parties symétrique et anti-symétrique de A € Lin.

div A : divergence du champ tensoriel A: Q — Lin.
1
e=e(u) =symVu = E(Vu + Vu’) : tenseur de déformation linéarisé.

C*(Q) : espace des fonctions indéfiniment différentiables sur Q.

C™([0,T]; H) : espace des fonctions différentiables avec différentielle continue
jusqu’a ’ordre m, de ’intervalle réel [0, 7] a valeurs dans un espace de Hilbert

H.
dkv
W)
t H

LP(U) : espace de Lebesgue des fonctions scalaires, avec 1 < p < coetU < Q.

gy = ma S
Hl) Hcm([O,T],H) O<k<xm <0<lt1£T

LP(U) = [LP(U)]* : espace de Lebesgue des fonctions vectorielles ou tenso-
rielles, avec k > 3 entier opportun, selon le contexte.

1/p
HUHL,,(Q) = <J;2 lo(x)|P dx) sip < +00;

[v] (@) = inf{C = 0: [v(x)| < C pour presque tout x € Q}.
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3 1/p
I¥lLe (@) = (Z L Jvi (x)|P dx) sip < +00;
i=1

[V[[L(q) = inf{C = 0 : |[v(x)| < C pour presque tout x € Q}.

3 1/p
|AllLr @) = (Z L |Aij (x)[P dx) sip < +00;

ij=1
|A Lo (q) = inf{C = 0 : [|A(x)[2 < C pour presque tout x € Q}, ol A: Q —
Lin. On peut évidemment remplacer | - |, par une norme matricielle quelconque.
WP (Q) : espace de Sobolev des fonctions scalaires, 1 < p < 00, m > 1 entier.

WP (Q) == [W™P(Q)]® : espace de Sobolev des fonctions vectorielles,
1 < p < oo, m=1entier.

1/p
ol () = j (@) + 3 (0% (@)Pydx | sip <+
Q a|<m
ooy = max{o] e (ay [VolLe o)
3 1/p
Wlwmr@ = | jg<|vi<x>|p+ S 0T (P)dx | sip < +oo;
i=1 |a|<m

V] wm. (@) = max{[v|L=(q), | VV[Le@)}-
H™(Q) = W™(Q), H"(Q) == W™(Q).
H(curl, Q) == {v e L*(Q) : V x v € L*(Q)}, ol V x v est pris au sens des
distributions.
5 5 1/2
”VHH(CHYLQ) = (HVHLZ(Q) +[V x VHLZ(Q)) .

v]o,0 = “UHU(Q), v]meo = HUHH’"(Q)-

Vo = [VlLz (@) [VImo = [V]am(q)-
D(Q), D(0,T) : espaces des fonctions indéfiniment différentiables a support

compact inclus, respectivement, dans Q et dans (0, 7).

W, " (Q) : fermeture de D(Q) dans WP (Q).

WP (Q) : fermeture de [D(Q)]* dans W™ (Q).

0
Hi'(Q) : fermeture de D (Q) dans H™(Q).
H!'(Q) : fermeture de [D(Q)] dans H™(Q).

LP(0,T;H) = {v: (0,T) — H, JT v (2)]|F, dr < +oo},
ol 1 < p < ooet H estun espace dOe Hilbert sur R muni de la norme | - ||z ;
L®(0,T;H) == {v: (0,T) > H : 3C = O tel que
|v(#)||# < C pour presque toutz € (0,7)} .
T 1/p
lvllze o,7;0) = . |v(z) |5 dr Sip < +00;

|v]| Lo ,7;m) = inf{C = 0 : [ju(t)|z < C pour presque tout z € (0,T)}.



— HY0,T;H) = {v € L*(0,T;H) : v' € L*(0,T;H)}, v’ désignant la dérivée
faible de v.
/
— Pl = (10 ran + 10 Bagr)

— H*(0,T;H) = {ve H'(0,T;H) : v/ e H'(0,T; H)}.

— HUHH2(0,TH = (H HHI orm T 0”12, OTH)) /2, ot v” désigne la dérivée
faible de v'.

— H™ : espace dual de ’espace de Hilbert H.

— {,, )+ m : crochet de dualité entre H* et H.

— L(H,, H;) : espace des opérateurs linéaires et continus de H; dans H,, avec H;
et H, des espaces de Hilbert. On écrit L(H) lorsque H; = H, = H.

| Au] 11,

— ||l g(r by = sup
(H1.H2) wer\foy e

— R(A) : image de I'opérateur linéaire A: H; — H,.

— p(A
'op

— u, — u: convergence faible de la suite {u, },ery € H versu € H.

= {1 € R: A — Al est une bijection de H sur H} : ensemble résolvant de

) =
érateur linéaire A: H — H.
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Chapitre 1

Eléments d’Analyse Fonctionnelle

Nous rappelons dans ce premier chapitre les outils mathématiques essentiels utilisés
dans la suite de ce document, sans en présenter un exposé détaillé, pour lequel nous
renvoyons aux ouvrages cités. Le chapitre est divisé en trois sections. La premiere est
consacrée au rappel de certaines propriétés générales des espaces de Sobolev : théoreme
de compacité, théoréme de trace, inégalités de Poincaré-Friedrichs et de Korn; en
particulier, le théoreme de compacité est utilisé dans le Chapitre 5, le théoréme de
trace et les inégalités de Poincaré-Friedrichs et de Korn dans les Chapitres 3 et 4.
Dans la deuxieme section, nous rappelons quelques résultats portant sur les opérateurs
compacts autoadjoints et définis positifs, utilisés dans le Chapitre 5. Enfin, des éléments
de théorie des semi-groupes et le théoréme de Hille-Yosida, utilisé dans le Chapitre 3,
font 'objet de la troisieme section.

Une présentation détaillée pour ce qui concerne les espaces de Sobolev peut se
trouver dans les ouvrages de Brezis [11], Girault et Raviart [31] ou Necas [47]. Des
chapitres consacrés, en général, a la théorie des opérateurs compacts autoadjoints se
trouvent, e.g., dans les ouvrages de Brezis [11], Raviart et Thomas [54], Sanchez Hubert
et Sanchez Palencia [56]. Ce dernier ouvrage, avec ceux de Brezis [11] et de Pazy [48],
donne aussi une présentation de la théorie des semi-groupes et de son application a
la résolution d’équations différentielles abstraites (portant sur des inconnues a valeurs
dans un espace de Hilbert).

1.1 Espaces de Sobolev

On rappelle dans cette section quelques propriétés générales des espaces de Sobolev.

Théoréme 1.1. Soit m € N*. Pour tout 1 < p < 400, W™P(Q) est un espace de
Banach. Lorsque p = 2, W™2(Q) = H™(Q) est un espace de Hilbert. Le méme
résultat vaut respectivement pour WP (Q) et pour H™ (Q).

Proposition 1.1. Soit m € N*. Pour tout 1 < p < +00, WP (Q) est un espace réflexif.
Le méme vaut pour WP (Q).

Théoreme 1.2 (Rellich-Kondrakov). Pour tout 1 < p < +oo, linjection canonique
WP (Q) < LP(Q) est compacte; autrement dit, toute partie bornée de WP (Q) est
relativement compacte dans LP (Q). Le méme résultat vaut pour WP (Q) et LP (Q).



Rappelons en outre le théoréme suivant, qui permet de donner un sens aux valeurs au
bord 0Q pour des fonctions v € H™(Q) a travers la notion de trace.

Théoreme 1.3. Soit m € N*. I existe un unique opérateur linéaire et continu
T: H™(Q) — L?(0Q) tel que, pour tout x € 0K et pour toute fonction v € C*(Q),

(Tv)(x) = v(x).
On appelle T opérateur de trace.

Corollaire 1.1. Soit @ un multi-indice tel que |@| < m — 1. Alors il existe un unique
opérateur linéaire et continu To: H™(Q) — L*(0Q) tel que pour toute fonction

veCP(Q),
Tov = 0%.
Grace a la notion de trace, on peut alors donner un sens aux valeurs au bord 0Q des
fonctions de 1’espace H™(Q), ainsi que de toutes leurs dérivées jusqu’a I'ordre m — 1.
L’espace Hé (Q) peut donc étre caractérisé comme le noyau de ’opérateur de trace
T: H'(Q) — L?*(0Q), c’est a dire
H)(Q) = {ve H(Q): oo =0}, ol v = Tv.
De facon analogue, en écrivant v au lieu de 7v et de méme pour les dérivées 0;v, et en
notant 0,0 = Z?:l n;0;v la dérivée normale de v sur 0Q2, on a
H3(Q) = {v e H*(Q) : v = 0,0 = 0 sur 0Q}.

Rappelons ensuite les inégalités de Poincaré-Friedrichs et de Korn, deux outils essen-
tiels dans I’approche variationnelle des problémes aux limites. Considérons la semi-

norme
1/2

H(Q) 50 olma = | Y] f 00(x)Pdx |
jor|=m
ol v peut étre considérée comme fonction scalaire ou vectorielle. On a alors le résultat
suivant.

Théoreme 1.4 (Inégalité de Poincaré-Friedrichs). Pour tout m € N*, il existe une
constante C(m, Q) > 0 telle que

[o]mo < C(m,Q)|v|ma, Vv e H'(Q).
On en déduit I’équivalence de la semi-norme | - |, & la norme || - |, sur I’espace
HJ'(Q).

Etant donnée v: Q — R3, I’inégalité de Korn fait intervenir le gradient symétrique
e(v) = 3 (Vv+ VvT). Soit Ty = 0Q une partie de la frontiere de Q de mesure
strictement positive. En notant H' (Q, Ty) :== {v € H'(Q) : v = 0 sur Iy}, le résultat
s’énonce de la fagon suivante.

Théoreme 1.5 (Inégalité de Korn). I/ existe une constante C(Q,Ty) > O telle que
[vlLa < C(Q.To)le(v)|oq VveHY(QT).
On a alors que la semi-norme
H' (Q. ) 3 v e(V)oa

est une norme équivalente a la norme | - ;.o sur H'(©,Ty). Une démonstration de
I’inégalité de Korn est donnée, e.g., dans ’ouvrage de Duvaut et Lions [23].



1.2 Opérateurs Compacts, Autoadjoints et Positifs

Considérons un espace de Hilbert H sur les réels, séparable, muni du produit
scalaire (-, -) et de la norme associée || - ||, une suite {u, }neny = H d’éléments de H
et un opérateur linéaire A: u € H — Au € H satisfaisant les hypothéses suivantes :

(a) A est compact,i.e.

u, —u dans H =— Au,, —» Au dans H;
(b) A est autoadjoint, i.e.
(Au,v)g = (u,Av)g, Vu,v € H,;
(c) A estdéfini positif, i.e.
(Au,u)g >0 Yue H et Au+#0siu#0.

En particulier, la compacité de A implique que A est continu, soit A € L(H).

On rappelle que les valeurs propres d’un opérateur autoadjoint sont réelles et que
deux vecteurs propres associés a deux valeurs propres différentes sont orthogonaux.
L’hypothese (c) implique, en particulier, que toutes les valeurs propres de A sont
strictement positives.

Théoreéme 1.6. Sous les hypothéses (a), (b), (¢) il existe une suite décroissante de
valeurs propres de A tendant vers zéro :

A>A>->A,>--—0.
Pour chaque valeur propre A;, le sous-espace propre (fermé)
E;i={ue H:Au= Au}

est de dimension finie (A; est de multiplicité finie), et les sous-espaces E; sont mu-
tuellement orthogonaux. En convenant que chaque A; soit répété autant de fois que sa
multiplicité, on obtient une base orthonormale {ey }xen de H formée de vecteur propres
de A.

Introduisons maintenant un autre espace de Hilbert séparable V, avec produit
scalaire (-, -)y et norme associée | - ||y, tel que V — H avec injection compacte et dense
(c’est a dire, dont I’image est dense dans H). Soient V* et H* les espaces duaux de V et
de H, respectivement. En identifiant H a son dual, grace au théoreme de Riesz-Fréchet,
ona:

VcH~H*cV?*

ol I’injection H* < V* est compacte et dense. On a clairement
{fyvyyxy = (f.v)a lorsque f € H.

Considérons le produit scalaire (-, -)y comme une forme bilinéaire a: V x V — R sy-
métrique, continue et coercive (i.e. il existe M, & > 0 tels que |a(u, v)| < M|u|v|v]v,
la(v,0)| = a|v|}, Yu,v e V):

a(u,v) = (w,v)y, VYuveV.



Réciproquement, étant donnée une forme bilinéaire dans V possédant de telles pro-
priétés, on peut la considérer comme produit scalaire dans V. D’apres le théoréme de
Riesz-Fréchet, pour tout u € V il existe alors un unique f € V* tel que

a(u,v) = (w,v)y = {fyvyyxy, YveV.
Cela permet de définir les opérateurs A € L(V,V*) et A=l € L(V*,V) tels que
Au=f, u=A"'f,

et d’écrire alors

a(u,v) = (Au,v)yxy = (f,V)vxy.
Comme a(, -) est le produit scalaire sur V, ’opérateur A définit une isométrie entre V
etV* etona:

| Auly - A7 fly 1
|Al zvyey = sup ——— <M, [A7 wey) = sup T < —.
wev\joy  lullv revivgoy  If v @

On définit maintenant la restriction Ay de A @ H comme la restriction de A au domaine
D(Ag) ={veV c H:AveH}

c’est a dire, D(Ap ) contient les éléments de V, regardés comme éléments de H, tels
que leurs images soient des éléments de H < V*. On a donc

Agv = Av, Vv e D(An).

L'opérateur inverse A;l : H — D(Ay) < H est alors bien défini, et on peut montrer
que A;{l possede les propriétés (a), (b) et (c). En appliquant donc le Théoréeme 1.6 a
Apg, on déduit I’existence d’une infinité dénombrable de valeurs propres strictement
positives de A, notées 1/1; = l/wf, tellesque 0 < A} < Ap <+~ < A < --- et
que les vecteurs propres associés constituent une base orthonormale de H. Grace a ce
résultat, on peut finalement démontrer le théoréme suivant.

Théoreme 1.7. L'opérateur Ay posséde une infinité dénombrable de valeurs propres
Strictement positives

Li=wl i=12...,
telles que

O<1<s << A< > 4o,

ou chaque valeur propre est répétée autant de fois que sa multiplicité. Les vecteurs
propres correspondants e; peuvent étre choisis de telle sorte qu’ils forment une base
des espaces H, V et V* orthonormale dans H et orthogonale dans V et V*, avec

1
leilly = 1. leily =@l e = —.

Ainsi, étant donné un élément v € V, on peut écrire
v = Z Vier, avec |of = Z Viw? < +oo,
keN keN

tandis que, pour f € V*, ona

F2
f=Y Fex avec |flhe=> - <+
keN keN Pk



1.3 Théorie des Semi-groupes

La notion de semi-groupe généralise la formule usuelle utilisée pour résoudre des
problémes d’évolutions de la forme

u
— +Au=0, >0,
a o (1.1)

u(0) = uy,

ol u: Ry — E est une fonction a valeurs dans un espace normé E de norme | - | et
de dimension finie. Si A € End(E), on sait que la solution de ce systéme s’écrit sous la
forme

u(t) = e uy,
R, 3t +> e A" € End(E) étant I’exponentielle d’endomorphisme. On veut retrouver
une formule analogue lorsque E est remplacé par un espace de Hilbert H de dimension
infinie. On donne d’abord la définition suivante.

Définition 1.1. Soit H un espace de Hilbert de norme | - ||. On appelle semi-groupe
continu de contractions sur H (ou simplement semi-groupe) une famille d’opérateurs
{S(1)}s=0 € L(H) possédant les propriétés suivantes :

(@) [[S(t)| z(wy <1 Vit =0 /(contraction);
(b) S(O)I[, S(tl +t2)=S(l1>OS(l‘2) Vt1,tp = 0;

(c) lim+ |S(t)u —ul|lg =0 VYu e H (continuité en 0).
t—0

La propriété (a) est liée au fait que, souvent, I’énergie de la solution de (1.1) (dont
t — |u(z)|% fournit une mesure) décroit au cours de I'évolution : [u(t1)|g < ||u(t2)||£
pour f, > t;. De plus, on déduit de (b) et de (c) que la fonction ¢ — S(7)u € H est en
fait continue sur R, pour tout u € H. Rappelons maintenant la notion de générateur
infinitésimal d’un semi-groupe.

Définition 1.2. Le générateur infinitésimal —A du semi-groupe {S(t)},>o est 'opéra-
teur défini par

S(t)u —

u
—Au = lim fortement dans H;

t—0t

le domaine de A est alors défini comme 1’ensemble

D(A):{ueH:HIim meH}.

t—0t t
On a les trois résultats suivants.

Lemme 1.1. Pour tout u € D(A), la dérivée de la fonction R* 3t+— S(t)ue H existe
dans le sens de la norme | - | et on a

dscg)” — —S()Au= —AS()u, 1> 0; (12)

de plus,

Stu—u=— J: S(t)Audr.



Lemme 1.2. Pour toutue Hett e Ry, ona

Stu —u= —ALZ S(t)udr.

Lemme 1.3. L'opérateur A est fermé et D(A) est dense dans H.

Ainsi, la fonction u: Ry 3t — u(t) = S(t)up € H est la solution du probleme
aux valeurs initiales (1.1) lorsque —A est le générateur du semi-groupe {S()};>0 et
que up € D(A). Le lemme suivant donne une condition nécessaire pour que — A soit le
générateur d’un semi-groupe de contractions.

Lemme 1.4. Si —A est le générateur d’un semi-groupe de contractions, alors A est
accrétif, ¢’est a dire
(Au,u)g =0, VYue D(A).

Le théoréme suivant donne une caractérisation des générateurs de semi-groupes de
contractions.

Théoreme 1.8 (Lumer-Phillips).

(i) Si A est un opérateur accrétif et qu’il existe A > 0 tel que R(A + AI) = H (i.e.,
A + Al est surjectif), alors —A est le générateur d’un unique semi-groupe de
contractions.

(ii) Si —A est le générateur d’un semi-groupe de contractions, alors A est accrétif et
R(A + AI) = H pour tout A > 0. De plus, — 2 € p(A).

Les deux propositions suivantes sont des conséquences du théoreme de Lumer-
Phillips.

Proposition 1.2.
(i) Soit A un opérateur surjectif de D(A) dans H, tel que (Au,u)p > C|u|3, pour

tout u € D(A), pour une constante C > 0. Alors —A est le générateur d’un
semi-groupe de contractions.

(ii) Le méme résultat vaut pour un opérateur A accrétif tel que 0 € p(A).

Proposition 1.3. Soit A un opérateur satisfaisant les deux conditions suivantes :

(i) il existe une constante C = 0 telle que
(Aw,u)g + Clul3; =0, VYue D(A);

(ii) il existe une constante B > C telle que R(A + BI) = H.

Alors —A est le générateur d’un semi-groupe fortement continu (non nécessairement
de contractions).

On définit maintenant la notion d’opérateur maximal monotone.

Définition 1.3. Soit A: D(A) € H — H un opérateur linéaire (non nécessairement
continu). On dit que A est maximal monotone si A est accrétif et I + A est surjectif,
c’est a dire, respectivement :

(Au,u)g =0 Yue D(A), R(I+A)=H.



Grace au théoreme de Lumer-Phillips, étant donné un semi-groupe continu de
contractions {S(f)},>0, il existe un unique opérateur maximal monotone A tel que —A
soit le générateur infinitésimal de {S(7)};>0, et on écrit alors S(r) = Sa(r).

On conclut cette section en donnant I’énoncé du théoreme de Hille-Yosida, ainsi
qu’une version de ce théoréeme adaptée aux problemes d’évolutions non-homogenes.

Théoreme 1.9 (Hille-Yosida). Soit A un opérateur maximal monotone dans un espace
de Hilbert H. Alors, pour tout uy € D(A), il existe une unique fonction

ue C'(RT H) n C°(RT; D(A))
vérifiant (1.1). De plus, on a les estimations

du

E(t)

— | Au(t)] i < |Auoir. Vi > 0.

(0l < Lol
H
Théoréme 1.10. Soit H un espace de Hilbert, A: D(A) ¢ H — H un opérateur

linéaire maximal monotone, et T > 0. Alors, pour tout uy € D(A) et pour tout
feCY[0,T]; H), le probléme

2—?(;) L Au(t) = £(), 10,
u(0) = u

admet une unique solution
ue C'([0,T]; H) n C°([0,T]; D(A)).

De plus, u est donnée par la formule
t

u(t) = Sa(t)up + J Sa(t —s)f(s)ds,

0

{Sa(?)}i>0 étant le semi-groupe de contractions engendré par — A.



Chapitre 2

Eléments de Mécanique des
Milieux Continus

Dans ce chapitre on rappelle quelques notions de mécanique des milieux conti-
nus utilisées dans le Chapitre 3. La premiere section est consacrée a des rappels de
thermodynamique classique (bilan de 1’énergie, inégalité de Clausius-Duhem, énergie
libre de Helmholtz, inégalité de dissipation réduite, lois de comportement admissibles).
Concernant ces notions, on mentionne comme références les ouvrages de Frémond [25]
et de Gurtin, Fried et Anand [34], et I’ article de Coleman et Noll [16]. Dans la deuxieme
section on rappelle la notion de tenseur acoustique et son rdle dans 1’étude de la propa-
gation d’ondes dans un milieu élastique et linéaire. Un exposé détaillé de ces concepts
peut se trouver dans 1’article de Gurtin [33].

2.1 Thermodynamique Classique

Considérons un corps continu occupant la région d’espace Q@ — R? dans sa confi-
guration de référence ; soit £ — Q une partie arbitraire de Q.

Soit £: Q x R% — R une source de chaleur volumique et q: Q xRy - R3un
flux de chaleur. On suppose d’abord que le milieux est rigide et en état d’équilibre
mécanique (c’est a dire, il n’est sollicité par aucun systeéme de chargements). Le bilan
de I’énergie sous forme intégrale s’écrit alors

E(P) = Q(P) pour toute partie P < Q,

ol E(P) est I’énergie interne de la partie P, et

Q(P) = —J q-ndS+J hdP,
oP P

n étant la normale sortante de 0P. On en déduit le bilan de I’énergie sous forme locale :

€ = —divq+ h dans Q. 2.1

L’inégalité de Clausius-Duhem s’écrit
S(P) = D(P) pour toute partie P < Q,

9
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est Ientropie de la partie #, définie a partir de sa densité volumique s: Q x R} — R,
et

D(P) = _LP T-'q-ndS + L T~'hdp

est la dissipation thermique, avec T > 0 la température absolue. On en déduit 1’ inégalité
de Clausius-Duhem sous forme locale :

§> —div(T"'q) + T"'h dans Q. (2.2)
En multipliant (2.2) par T et en utilisant (2.1), on en déduit que
0<Ts—(—divq+h)—T 'q-VI' =Ts—€é—-T"'q-VI.
En introduisant 1’énergie libre de Helmholtz
Y =¢€—Ts, (2.3)
I’inégalité précédente peut se réécrire comme
W < —sT —T 'q-VT dansQ (2.4)

On appelle cette derniere 1’inégalité de dissipation réduite. Elle impose des restrictions
sur le choix des lois de comportement qui caractérisent ¢, s et q. En effet, si I’'on
suppose que

¥ =y(T,VT), s=s(T,VT), q=4q(T,VT), (2.5)

en demandant, suivant le postulat de Coleman et Noll [16], que I’inégalité (2.4) soit
vérifiée pour tout processus admissible, ¢’est a dire, pour tout couple (T, VT) € R¥ x R3

ettout (T, VT) e RxR3, compte tenu des hypotheses constitutives (2.5), (2.4) se réécrit :
(Ory + )T + Oyryy - VT + T 'q- VT <0 dans Q,

d’ou ’on déduit que :

— D’énergie libre ¢ est indépendante de VT :
ovry =0 < ¢y =y(T);
— [Dentropie s est, par conséquent, indépendante de VT aussi, et de plus
s = () = ~¥/(T);
— le flux de chaleur q est tel que
q(T,VT)-VT <0, VY(T,VT)eR* x R%, (2.6)

Proposition 2.1. L’inégalité (2.6) implique I’existence (voir, e.g., [27]) d’un tenseur
K(T,VT) € Lin, dit tenseur de conductivité, rel que

q(T,VT) = —K(T, VT)VT. (2.7)
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Démonstration. On introduit, pour tout 7 > 0 fixé, la fonction q(-) == (7, -), puis les
deux applications de classe C! suivantes :

R*su— q(u)-u=a(u)€eR,

[0,1] 3 a — q(au) = a(a) € R?, Vu e R fixé.
Puisque a(0) = 0, et que a(u) < 0 d’aprés (2.6), le point u = 0 est un point critique
(maximum global) de a(-), et on a la condition de stationnarité

d 3
O a(0 +nh)|, _, =0, VheR’,

d’ot q(0) = 0. On a donc que le flux de chaleur doit s’annuler lorsque le gradient de
température est nul. De plus, a(0) = 0, d’ou

1

d(u) — a(1) — a(0) + L a'(a) dar — (E Dg(au) dcz) u

D@(v) € Lin désignant la différentielle de q en v € R>. Tl suffit alors de poser
1
K(T,VT) — — f D§(aVT) da
0

pour trouver la représentation (2.7). La condition (2.6) se réécrit alors :
K(T,VT)-VT >0, VY(T,VT)eR* x R%
O

Avec le choix ¢ (T) = —AT(InT — 1) pour Iénergie libre, A > 0 étant la chaleur
spécifique, on obtient alors €(7) = AT et s(T) = AInT; de plus, en choisissant
K(T,VT) = «I, avec k > 0 la conductivité et I I'identité sur R3, le bilan de 1’énergie
(2.1) prend la forme usuelle de 1’équation de la chaleur :

AT = kAT + h  dans Q.

Dans le cas d’un milieu déformable, I’'inégalité de Clausius-Duhem a la méme
forme que dans le cas d’un milieu rigide ; en revanche, le bilan de I’énergie s’écrit

E(P) = Q(P) + IT*(P) pour toute partie P < Q,

I (P) = La:e(a) ap,

o: Q x R, — Sym étant le tenseur des contraintes de Cauchy etu: Q x R, — R3 le
champ de déplacements; sa version locale devient

€ =—divq+o:e(u)+h dans Q.
Par conséquent, la nouvelle forme de I’inégalité de dissipation réduite (2.4) est

W < —sT —T7'q-VT +o:e(u) dansQ,



12

avec le méme choix (2.3) de I’énergie libre . On peut ensuite appliquer les mémes
arguments que dans le cas d’un milieu rigide pour déduire les restrictions aux lois de
comportement, ou les quantités concernées sont, dans ce cas, ¥, s, ( et le tenseur de
Cauchy o.

Enfin, si I’on considére un milieu thermo-piézoélectrique (voir e.g. [13]), le bilan
de I’énergie s’écrit

E(P) = O(P) + ITI*(P) + [1¢(P) pour toute partie P < Q,

I1°(P) ::f D EdP,
P

D étant le déplacement électrique et E le champ électrique, d’ou la version locale
é = —divq+o:e@)+D-E+h dans Q.

L’inégalité de Clausius-Duhem a toujours la forme (2.2). Dans ce cas, le role de I’ énergie
libre de Helmholtz i est joué par la fonction auxiliaire G := € — T's — D - E, appelée
parfois enthalpie électrique dans la littérature.

2.2 Tenseur Acoustique et Propagation d’Ondes

On considere ici un milieu de densité p = p(x) et linéairement élastique, c’est a
dire qu’il est caractérisé par la loi de comportement

o(xt) = C(x)e(n)(x,7), Y(x,1)eQ xRy,

ou C = C(x) € Lin est le tenseur d’élasticité.

La notion de tenseur acoustique est centrale dans 1’étude de la propagation d’ondes
dans un milieu linéairement élastique. Fixons x € Q et soit v € S? un vecteur de norme
unitaire. Puisque C € LLim, I’application

R*sa— p 'Cla®@v]v e R,

est un endomorphisme de R, soit un tenseur du second ordre. On définit alors le tenseur
acoustique A(v) € Lin associé a la direction v :

A(v)a=p 'Cla®@v]y, VaeR’ (2.8)

En composantes, on a
Aix(v) = p~ ' Cijrevyvi.
On rappelle deux propriétés de A(v) démontrées dans [33] :
— A(v) est symétrique pour tout v € S? si et seulement si C est symétrique ;

— A(v) est défini positif pour tout v € S? si et seulement si C est fortement
elliptique.

Lorsque le milieu est constitué¢ d’un matériau isotrope, avec modules de Lamé u et A,
on peut montrer que A(v) admet la représentation

AV)=cr@v+a(I-vevy),
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ol ¢ et ¢ sont les vitesses d’onde :

2u+ A
P L S
P P

De plus, cf et c% sont les valeurs propres de A(v).

Pour mieux expliquer la définition (2.8), ainsi que la terminologie utilisée pour c;
et ¢y, considérons maintenant, sous I’hypotheése d’homogénéité du milieu, une onde
progressive plane, c’est a dire, un champ de déplacements u: Q x R, — R’ de la
forme

u(x,t) =ap(v-x—ct), X:=x-—o, (2.9)
ou :
(i) ¢: R — R est une fonction de classe C2, telle que ¢” # 0;

(ii) a, v € S? sont deux vecteurs de norme unitaire, appelés respectivement direction
du mouvement et direction de propagation ;

(iit) la quantité scalaire c est appelée vitesse de propagation.

L'onde est dite longitudinale lorsque a x v = 0, transversale lorsque a-v = 0, élastique
si u donné par (2.9) satisfait I’équation du mouvement

pu = divC[Vu] dans Q x RY, (2.10)

ou les forces non-inertielles sont nulles. Compte tenu de 1’expression (2.9), un calcul
direct donne
divC[Vu] = ¢"Cla®v]v, pii = pc’¢"a,

de telle sorte que (2.10) prend la forme d’une équation aux valeurs propres :
A(v)a = c?a. (2.11)

Ainsi, pour toute direction fixée v € S2, si une onde progressive de la forme (2.9) se
propage dans le milieu, la relation (2.11), appelée condition de propagation de Fresnel-
Hadamard, est satisfaite. Cela signifie donc que 1’amplitude de 1'onde doit étre un
vecteur propre de A(v), et que le carré de la vitesse de propagation doit étre la valeur
propre associée.
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Chapitre 3

Problemes Dynamique et
Quasi-Statique

Ce chapitre est consacré a la présentation du modele mathématique, des problémes
dynamique et quasi-statique, et a la démonstration d’existence et unicité des solutions
respectives. Les deux problemes sont posés, a priori, sur un domaine tridimensionnel
de forme arbitraire, borné, connexe et avec frontieére Lipschitz-continue. Nous traitons
le probleme dynamique dans le cadre de la théorie de Hille-Yosida, le probleme
quasi-statique avec la méthode de Faedo-Galerkin. Le passage du probléme dynamique
au probleme quasi-statique est justifié par 1’adimensionnalisation des équations de
départ, qui fait apparaitre I'influence d’un petit parametre 6, le rapport entre la
vitesse maximale de propagation d’une onde élastique dans le milieu et la vitesse
de la lumiere. Nous donnons aussi un apercu sur 1’étude de la convergence de la
solution du probléme dynamique vers celle du probléme quasi-statique lorsque 6 — 0,
en exprimant les données initiales concernant les champs électrique et magnétique
adimensionnalisés en fonction des données initiales correspondantes du probléme non
adimensionnalisé.

Cette présentation est donnée en reproduisant le texte intégral d’un article publié
dans larevue Mathematical Models and Methods in Applied Sciences, Vol. 25, pp. 2633-
2667 (2015). La bibliographie concernant ce chapitre est contenue entierement dans
Iarticle.
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AND QUASI-STATIC EVOLUTION

FRANCESCO BONALDI

Institut Montpelliérain Alexander Grothendieck, UMR-CNRS 5149,
Université de Montpellier, Place Eugéne Bataillon, 34095 Montpellier Cedex 5, France
francesco.bonaldi @univ-montp2.fr

GIUSEPPE GEYMONAT

Laboratoire de Mécanique des Solides, UMR-CNRS 7649,
Ecole Polytechnique, Route de Saclay, 91128 Palaiseau Cedex, France
giuseppe.geymonat@Ims.polytechnique.fr

FRANCOISE KRASUCKI

Institut Montpelliérain Alexander Grothendieck, UMR-CNRS 5149,
Université de Montpellier, Place Eugéne Bataillon, 34095 Montpellier Cedex 5, France
francoise.krasucki @univ-montp2.fr

We present a mathematical model for linear magneto-electro-thermo-elastic continua, as sensors and
actuators can be thought of, and prove the well-posedness of the dynamic and quasi-static problems.
The two proofs are accomplished, respectively, by means of the Hille-Yosida theory and of the Faedo-
Galerkin method. A validation of the quasi-static hypothesis is provided by a nondimensionalization
of the dynamic problem equations. We also hint at the study of the convergence of the solution to the
dynamic problem to that to the quasi-static problem as a small parameter — the ratio of the largest
propagation speed for an elastic wave in the body to the speed of light — tends to zero.

Keywords: piezoelectricity; magnetostriction; pyroelectricity; pyromagnetism; smart structures; sen-
sors; actuators; nondimensionalization; multiscale problems; semigroups.

Introduction

When an elastic structure is subjected to a system of external loads, it undergoes a passive
deformation. In the case of the so-called smart structures, the strain state is constantly
under control by means of sensors and actuators, usually made of piezoelectric and/or
magnetostrictive materials and integrated within the structure. In this paper, we consider
magneto-electro-thermo-elastic materials as smart materials. The mechanical coupling of
piezoelectric and magnetostrictive components in such structures gives rise to the so-
called magnetoelectric effect, which is not present in the individual components. Typical
geometries where such an effect may take place are given, for instance, by multilayer
composites [20,21], by structures made up of a homogeneous matrix within which particles
of various form (mostly ellipsoidal) are dispersed [12,13], or even fibrous materials, where
parallel cylinders are inserted into the homogeneous matrix [1]. For a detailed description
of the couplings and the multiphysics phenomena occurring in such structures, as well as of
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their applications, see, e.g., references [2], [9], [16], [17], [23] and [26]. In most literature,
the coupling between mechanical and magnetic effects is expressed by a linear constitutive
equation, and thus the word ‘magnetostrictive’ is replaced by piezomagnetic; we will adopt
the same point of view and convention in the sequel.

The goal of this work is to enrich the classic models of piezoelectric and piezomagnetic
sensors, by taking account of the temperature influence, which in some cases cannot be
neglected; for instance, the effects of pyroelectricity and pyromagnetism may be relevant
for what concerns energy harvesting performances [21]. To this purpose, it is necessary to
add one further equation to the model, i.e., the energy balance. A distinctive feature of the
problems encountered in applications is the presence of several parameters, which show the
coexistence of different scales: for instance, the thickness of the piezoelectric/piezomagnetic
layer may be small with respect to the other dimensions of the structure, the temperature in-
fluence may be relevant only on certain unknowns or on certain parts of the multi-structure,
etc. In most situations, the superimposition of two wave propagation phenomena charac-
terized by completely different velocities, as is the case with elastic and electromagnetic
waves, entails an unworkable numerical treatment of the problem. This issue can be ad-
dressed by resorting to a quasi-static model, where the expression ‘quasi-static’ refers to
the assumption that the electric and magnetic fields can be expressed as gradients of the
corresponding potentials. This assumption is justified by means of a nondimensionalization
procedure, carried out on the equations of the problem, which points out the influence of a
small parameter 6 — namely, the ratio between the largest propagation speed for an elastic
wave in the body and the speed of light. Such a procedure was performed in [18] for a
piezoelectric material without considering the temperature effects; an a priori quasi-static
assumption was made, e.g., in [4] and [25] in the case of a thermo-piezoelectric material,
whereas the same hypothesis for a magneto-electro-thermo-elastic material was made in [1]
and [3].

In this paper, after discussing modeling aspects, attention is focused on the well-
posedness of the problem in its most general setting — referred to as dynamic problem
in the sequel — whose proof is accomplished by virtue of the Hille-Yosida theory (Section
1). In Section 2, a formal nondimensionalization of the equations is performed, so as (i)
to extend the results by [18] and (ii) to justify the quasi-static assumption of [1], [3], [4]
and [25]; then, the well-posedness of the quasi-static problem is obtained by virtue of the
Faedo-Galerkin method, along the lines of Lions and Miara [24, 25]. Finally, we provide
another justification of the convergence of the solution to the dynamic problem to that of the
quasi-static problem as § — 0. We conclude with a discussion about the rigorous mathe-
matical justification of this convergence and an overview about addressed and unaddressed
problems related to the mathematical modeling of smart materials. Typical numerical values
of the material parameters involved in the problem are listed in Table 1 of the Appendix.
These values have been obtained from [22] taking into account the corrections pointed out
by [14], [21] and [32] and adding an estimation of the calorific capacity from [20] and of
the thermal conductivity from [27].
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Notation

In what follows, we always assume a cartesian frame to have been fixed once and for all in the
usual three-dimensional euclidean point space. Thus, we identify with (and denote by) R?
both this space and its associated translation vector space. Throughout the paper, Q — R3
denotes an open, bounded, connected region, with Lipschitz-continuous boundary 0€,
occupied by a continuum made of magneto-electro-thermo-elastic material in its reference
configuration. The typical point of Q is denoted by x and time by ¢#. A function and its
typical value are denoted by the same letter. Time derivative of (scalar, vector or tensor)
field @ is denoted by either ® or ¢,®=. Scalars are denoted by light-face letters, vector
and tensor fields of any order by bold-face letters. The word ‘tensor’ is used as a synonym
of ‘linear transformation between vector spaces’, as is customary in continuum mechanics.
Unless noted otherwise, the matrix representation of tensor A (with respect to the fixed
cartesian base) is denoted by [A]. The scalar product of tensors A and B is denoted® by
A : B, of vectors a and b by a - b, the cross product by a x b, and the euclidean norm
of a by |a|. The symmetric part of second-order tensor A is denoted by sym A, the linear
space of symmetric second-order tensors by Sym. At times, we also make use of Einstein’s
summation convention, whereby the summation symbol is suppressed and summation over
all possible values of an index is signaled implicitly by the fact that it occurs twice in a
monomial term. The following notations are also used:

12(Q) = [L2(Q)]F for k = 3,6, H'(Q) = [H'(Q)],
L2(T) = [L2(D)]® for I < 0Q, H(curl Q)= {veL*Q):V xveL*Q)},

where H'(Q) is the usual Hilbert-Sobolev spacee.

1. Dynamic Problem

The system of field equations we resort to consists of the point-wise momentum balance
equation for three-dimensional continua, Maxwell’s equations and the energy balance equa-
tion, in its version adapted to deformable electromagnetic materials (see, e.g., [10] for the
case of a thermo-piezoelectric material):

(pii —dive = f xeQ t>0,
divD = p, xeQ t>0,
divB =0 xeQ, t>0,
. (1.1
D-VxH=-J xeQ >0,
B+VxE=0 xeQ >0,
é+divq—o:ée—-D-E—-B-H=1h xeQ >0,

where p is the mass density, p. the free electric charge volume density, o the Cauchy
stress tensor, D the electric displacement, B the magnetic induction, € the internal energy

2All three denote a partial derivative, as all formulations hold in a fixed reference domain.
bBy definition, A : B := tr(ABT) = Z? j=14AijBij for A and B arbitrary second-order tensors.
cSee [6] and, in particular, [7] and [15] for a detailed description of H(curl, Q).
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per unit volume, q the heat influx, f the body force, J an external current density, - an
external heat supply, € = e(u) = sym Vu the strain tensor, u the displacement field, E the
electric field and H the magnetic field. Equations (1.1), to (1.1)5 are usually referred to as,
respectively, Gauss’s law, Gauss’s law for magnetism, Ampere’s circuital law and Faraday’s
law of induction. We explicitly remark that p, and J obey the following continuity equation
(conservation of electric charge):

pe+divI=0, xeQ t>0. (1.2)

Boundary and initial conditions will be detailed later.

1.1. Constitutive Assumptions

The model presented here is formulated in terms of four unknowns: the displacement field u,
the electric field E, the magnetic field H and the absolute temperature 7. However, in most
situations, it is more convenient to replace T by the temperature variation 6 with respect to
a reference value Tj. In this section we introduce the linear coupled constitutive equations
relating the set of state quantities (e, E, H, ), with e = sym Vu, to the corresponding set
of dual quantities (o-,D, B, s) where s is the entropy per unit volume, and show that these
equations are consistent with continuum thermodynamics (see, e.g., [8] or [10]).

The point-wise version of the Second Principle of Thermodynamics (entropy imbalance)
reads

§>—div(T 'q)+T7'h, xeQ >0, (1.3)
with T > 0 the absolute temperature. Upon introducing the electromagnetic enthalpy
G=€e—Ts—D-E-B-H 1.4

it is easy to arrive at the following version of the entropy imbalance, which does not involve
the heat supply A:

G+sT—0o:é+D-E+B-H+T 'q-VI <0; (1.5)

for this reason, (1.5) is often referred to as reduced dissipation inequality. The inequality
suggests that the quantities in the need of constitutive specifications are electromagnetic
enthalpy, entropy, stress, electric displacement, magnetic induction and heat influx. We
make the following constitutive assumptions:
G=G(eEHTVT), s=s(eEHTVT), q=q(e, EHT,VT),
oc=0c(eEHT,VTI), D=D(EHTVT), B=B(eEHT,VT),

with which (1.5) takes the form

OvrG - VT + (0.G — o) : € + (6rG + 5)T + (gG + D) - E +

. (1.6)
+(aG+B)-H+ T 'q-VI' <0



20

and require, as in [11], that (1.6) be satisfied whatever the local continuation of any
conceivable process; that is, on deﬁmng the state ® == (¢,E,H,T,VT) € Sym x R? x
R3 x R x R3, (1.6) must hold whatever ® at whatever state . It follows that:
ovrG =0 < G = G(e, EH,T),
s(e EH,T) = —0rG(e, EEH,T), c(e EHT) = 0.G(e, EHT),
D(e, EH,T) = —0gG(e, ELH,T), B(e, EH,T) = —0uG(e, EEH,T),
q(e, EH,T,VT) - VT < 0.

(1.7)

We have now to assign the expression of G in terms of the state quantities. With a view
toward getting linear constitutive equations, we introduce the temperature variation 6, by
writing

T(x,t) =Ty +0(x,1), xeQ t>0,

sup O(x,1)/To « 1 Vi >0,
xeQ

with Ty > O the (constant) reference temperature of the body; we replace T by 6 in the list
of state quantities and choose?

1 1 1
G =G(e,EH0) = (ECePTERTH,B9> te—SXE-E— SMH-H+
1.8
L (1.8)
—aE-H—(p~E+m~H)9—§cU6’.

Let© == (e, E, H, 6) € SymxR3 xR3 xR. It follows from (1.7) that (see, e.g., [3], [21], [33]):

o =0(0)=Ce—P'E—-R'H- B,
D:D(:) Pe + XE + oH + pé, 19
B = B( )=Re+aE+MH+m9

—s(@) =B:e+p-E+m-H+c0.

In constitutive equations (1.9), C = (Cijre), P = (Pijx), R = (Rij), X = (Xi5),
M = (M), B = (Bij), « = (a;j), p = (pi), m = (m;) and ¢, represent, respec-
tively, the elasticity tensor, the piezoelectric tensor, the piezomagnetic tensor, the dielectric
permittivity tensor, the magnetic permeability tensor, the thermal stress tensor, the magneto-
electric tensor, the pyroelectric vector, the pyromagnetic vector, and the calorific capacity,
defined such that ¢, T be the specific heat per unit volume of the material. Moreover, it can
be shown that, whatever the values of the other state variables, the heat influx is null as long
as the temperature gradient is; thus, mimicking the constitutive assumption of classic heat
conduction, we can generally represent q as

= q(6,V6) = —K(O, V6)Ve

dPhysical meaning and hypotheses on the constitutive parameters are set forth hereinafter.
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with K = K(@, V@) a second-order tensor. In order to satisfy (1.7)¢, K must obey the
following general condition, for any fixed ®:

KVO-V0 >0, VYVOeR>.

In the sequel, we shall consider K independent of the state variables. Hence, in addition to
constitutive relationships (1.9), we have Fourier’s law:

q = q(V6) = —KV6. (1.10)

In (1.10), K = (K;;) is the thermal conductivity tensor.

1.2. Assumptions on the Material Parameters

The symmetry and positivity conditions we require to be satisfied by density and constitutive
parameters are listed below.

e The density p is positive:
p>0 peL*(Q). (1.11)
o The fourth-order elasticity tensor C = (Cjj) is symmetric and positive definite:
Cijke = Cjike = Creij = Cijex, Cijke € L*(Q),
Cijk[bkgbij = CZi,j |bij|2, for all bij = bji eR, C>0.
o The third-order piezoelectric tensor® P = (P;jx) is symmetric with respect to the
two last indices:

Pijk = Pirj, Pijk € L7 (Q).

o The third-order piezomagnetic tensor R = (R;jx) is symmetric with respect to the
two last indices:

Rijk = Rikjs Rijrx € L*(Q).
e The second-order dielectric permittivity tensor X = (X;;) is symmetric and posi-
tive definite:
Xij = Xji»  Xij € L7(Q),
Xl-jajai = le |al~ 2, for all a; € R, X >0.

e The second-order magnetic permeability tensor M = (M;;) is symmetric and
positive definite:

Mij = Mj,', M,'j € LOC(Q),

Mjjaja; > pY,; |a;|*, foralla; € R, u > 0. (1.12)

By ‘third-order tensor’ we mean a linear transformation of the vector space of all second-order tensors into R3. For
P a third-order tensor, its transpose PT maps R onto the space of second-order tensors. In cartesian components,
the following identity holds:
T — ..
Pl = Prij-
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The second-order thermal stress tensor B = (;;) is symmetric:
Bij = Bji» Bij € L*(Q). (1.13)
The second-order magneto-electric tensor @ = (a;;) is symmetric:
aij = @ji, @ € L7(Q).
The pyroelectric vector p = (p;) is such that
pi € L*(Q). (1.14)
The pyromagnetic vector m = (m;) is such that
m; € L*(Q). (1.15)
The calorific capacity c, is positive:
>0, ¢, e L*(Q). (1.16)

The second-order thermal conductivity tensor K = (Kj;) is symmetric and positive
definite:

Ki' = Kji, K,‘j € LOO(Q),

Kl-jajai = KZi |a,-|2, for all a; € R, K > 0.
The following symmetric matrix, referred to in the sequel as coupling matrix
(see [25])

[X] [e] [p]
[M] = | [e] [M] [m]
[p]" [m]" <,

is positive definite, i.e., there exists a constant .# > 0 such that

[M]x-x > .#|x]>, V¥xeR'=R®xR}xR,

or, more explicitly,

Xijajai + Ml’jb]’bi + Za/ijajbi + 2(pkak)d + Z(Mkak)d + Cyd2 =

> C(a;a; + bib; + d*), for all a;, b;,d € R. (117

1.3. Field and Boundary Equations

Before making explicit the complete system of governing equations, we make some remarks
on the energy balance equation. From (1.4) and (1.7), it follows that

é=c:e+Ts+D-E+B- -H;

with which the energy balance (1.1)4 takes the form

Ts+divq = h;

by (1.9), and (1.10), the last equation reads

T(cvé+ﬂzé+p-E+m-H)—diVKVé’:h,
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where T = Ty + 6. The left-hand side of this equation contains nonlinear terms (products
of 6 and time derivatives of the unknowns); upon neglecting them and setting r = h /Ty,
we obtain the following linearized version of the energy balance:

. ) . . 1
c,ﬁ—i—ﬂ:e—&—p-E—i—m-H—FodiVKV9=r. (1.18)

All in all, by virtue of (1.9) and (1.10), the system of field equations (1.1) in the list of
unknowns U = (u, E, H, §) becomes":

pu — divCe(u) + divP"E + divRTH + divBo = £ xeQ >0,
div (Pe(u) + XE + aH + pb) = p, xeQ, t>0,
div (Re(u) + ¢E + MH + m@) = 0 xeQ, t>0,
XE + Pe(it) + oH + p6—V x H= —J xeq >0 119
MH + Re() + @E + mf + V xE = 0 xeQ >0,
cvé+ﬁ:e(ﬁ)+p-E+m-H—%OdivKVezr xeQ t>0.

Remark 1.1. Note that (1.19) contains twelve scalar equations in ten scalar unknowns.
Nevertheless, as we shall show in subsection 1.4, equations (1.19), and (1.19); actually just
play the role of compatibility conditions on initial and boundary data, as well as on the free
electric charge density p,.

This system is equipped with the following initial conditions, for any x € Q:
E(x.0) = Eg(x). H(x,0) = Hy(x)
u(x,0) = up(x), a(x,0) = u;(x), 6(x,0) = Gp(x),

and with suitable boundary conditions. In particular, let + > 0 and let n be the outer unit
normal vector field on 0Q. As in [34], we consider four time-independent partitions of 0Q:
(FmD, | ), (FeD’ reN), (l"gD, F_[/N) and (FID’ FtN) withT',p, I'ep l"gD and I';p of strictly
positive surface measure. We assign boundary values pertaining to mechanical quantities on
I'wp and I, y, to electrical quantities on I'.p and I', v, to magnetic quantities on I'yp and
I'yn and to thermal quantities on I'; p and I'; y. Namely, we assume that the body is clamped
along I';;,p and subjected to surface traction g on I',,, 7. Next, it is subjected to a vanishing
temperature variation along I';p and to heat influx o on I';x. Furthermore, the body is in
contact with a perfect conductor on I'.p and with an infinitely permeable medium on I'yp,
whereas it carries an electric charge surface density d on I', ;v and a magnetic charge surface
density b on I'yn. Hence, for any ¢t > 0, we have

(1.20)

a(ﬂ)n:g onl,,n, u=0 onI,,p,
D((L:l)-nzd onl,y, Exn=0onl,p, (1.21)
B(U) n=b onT,y, Hxn=0onTIyp,
—q(f) n=ponl;y, 6=0 onl;p.

fHenceforth, to point out the unknowns of the problem, we replace the list of state quantities o) by the list of
unknowns U (and V@ by 0) in the constitutive relationships.
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Along with boundary conditions, we introduce the following spaces:
H (Q) ={veH (Q):v=00nT,p}.
H!,(Q)={veH'(Q):v=00nT,p},
and use analogous definitions for H!  (Q) and H ; p(Q) &; finally, let
H.p(curl, Q) == {ve H(cur,Q) : vxn=0onT,p}
and analogously for H,p (curl, Q) (see, again, [7] and [15]).

1.4. Existence and Uniqueness

In order to establish the well-posedness of the problem, we work in the context of the
semigroup theory; in particular, we resort to the Hille-Yosida theorem for abstract linear
differential equations with a source term [6], whose statement is recalled in the appendix.
The main results of this subsection are summarized in the following statement.

Theorem 1.1. Let T > 0. Assume the initial and boundary values have the following
regularity properties:
(o, uy, Eo, Ho, 6) € H! [ (Q) x H! [ (Q) x Hep(curl, Q) x Hyp (curl, Q) x H!(Q),
div(Ce(ug) — PTEg — RTHg — Bby) € L*(Q), divKVé, € L*(Q),
ge C([0.TLEL?(Tan)), €€ C([0.T]: L* (D)),
d(t)e LY (T,y) and b(.t)e L'(Tyy) Vte|0,T].

Also, let the source terms be such that

fe C([0,T];L*(Q)), pe e H'(0,T;L*(Q)) n C°([0,T]; L*(Q)),

Je CY([0,T;L*(Q)), reC([0,T]; L*(Q)),

and let the following compatibility conditions hold:

J d(-,0)dr + J (Pe(ug) + XE + aHy + pbp) - ndl = f pe(0)dQ,
TFen Fen Q

(1.22)
J b(-,0)drl" + J (Re(ug) + @Ey + MHy + mé)) - ndIl = 0.
qu r_(/l)
Finally, let the following electromagnetic complementarity hypothesis hold:
rgD = reN and FeD = l"gN. (123)

Then, problem (1.19)-(1.20)-(1.21) admits a unique strong solution (u, E, H, 0) satisfying
ue C([0,T);L3(Q)) ~ C}([0,T]; H., ,(Q)),
Ee C'([0.T];L*(©)) n C°([0,T]; Hep (curl, 2)),
He C!([0,T];L*(Q)) n C([0,T]; gD(curl, Q)),
0 C'([0,T]; L2(Q)) n CO([0,T]; H},, (Q)).

eIn particular, spaces H; p(Q)and H; p (Q) will be employed later, in the formulation of the quasi-static problem.
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Proof. The proof is subdivided into six steps.

Step 1. With a view toward applying the Hille-Yosida theorem to our case, we have first of all
to reduce our system of field equations into a system of evolution equations. Thus, we rewrite
system (1.19) disregarding time-independent Maxwell’s equations (1.19), and (1.19); and
boundary conditions (1.21),; and (1.21)5;; we shall come back to these equations later.
Therefore, we have

pu — divCe(u) + divP'E + divR"H + divBe = £ xeQ, >0,

XE + Pe(u) + aH + pd — Vx H= -] xeQ >0,
MH + Re(it) + ¢E + mé + VX E =0 xeq >0 (12
. ‘ . -1
c,,6’+ﬂ:e(u)+p-E+m~H—FdivKVﬁzr xeQ, t>0.
0

with boundary conditions as in (1.21), except (1.21), | and (1.21)5 ;.

Step 2. As we deal with non-homogeneous boundary conditions, we must introduce trace
liftings of the boundary values concerning the displacement field u and the temperature
variation 6. To do so, we resort to the following auxiliary problem — actually, to a one-
parameter family of static problems, where the parameter is time:

For any ¢ > 0, find @ and 6 such thath

div (Ce(@) — B8) = 0, xeQ
1 ~ (1.25)
B:e(a) — —divKVo =0, x€Q,
Tp
with boundary conditions:
Ce(1) — B6)n = Tun,  0=0 onlyp,
( eA(u) BO)n=g onl,y u on Typ (1.26)
KVO -n=p on Iy, 6=0 onl;p

Constitutive parameters and boundary values are the same as in (1.19). By resorting to the
Lax-Milgram theorem (see [19]) we see that, if boundary values are such that
g€ C([0.T;LA(Tun)). o€ C([0.T]: L* (Tun)),
then problem (1.25)-(1.26) admits a unique solution (4, 9 ) with
ie C([0.T]: H,,,(Q)),
9 CI0.T]: H1p(@)  C0.7): HE(E), e

with Hg(Q) = {6¢€ L*(Q):divKV6 e L?(Q)}. On denoting Vv := J,4, we have
V|, = 0. We use functions U, v and 6 as trace liftings of boundary values (1.21),

hHere we write @i and 6 in place of, respectively, u(-, ) and §(~, t) for the sake of notation.
iThat @ € C3([0, T]; HR(Q)) follows from the fact that & € C3([0, T];[H) ,(©)]*) and from the second
equation of (1.25).
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and (1.21)4. We shall come back to boundary conditions (1.21), ; and (1.21); ; later on.

Step 3. Let v := J,u and
H=H! ,(Q) x L(Q) x L}(Q) x L*(Q) x L*(Q).

Then we can define

u
v
U=|E| U:[0T] - H.
H
0
We also introduce the trace-lifting vector
u u
v v
U=10 and U=U-U=|E |eH.
0 H
6 7

We endow the Hilbert space H with the following scalar product:

(Ul,UZ)H = J Ce(ul) : e(llz) dQ Jrf Vi - v dQ +

e @ (1.28)

-‘FJ E,-E,dQ -‘v—f H;  -H,dQ —|—J 610, dQ,
Q Q Q

for all Uy, U, € H. Also, we define the domain D(A) of the differential operator A which
is introduced hereinafter:
D(A) = {U e H: div (Ce(w) ~ P'E — R'H - ) € LA(Q), e(v) € LX()
VxEel?(Q), VxHeL*Q), divKVe e L*(Q),
(Ce(u) —P'E—R"H — B0)n = 0and KV6 -n = 0on Ty,
u=0andv=0onTl,,p, 6§ =0onI;p,

Exn=0onTI.p, HXHZOOHFQD}.

(1.29)
Step 4. We are now in a position to write system (1.24) in the form of a differential equation:
du -
M—+ AU =F, (1.30)
dt
0
~ f
~ dUu
F :F—ﬂU—ME, F=1|-J|,
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with
[ (0] [0] [0] [0] , A
0] 1) 0] [0] [0 ~div(Ce(w) - PTE ~ R'H - 30)
M= | [0] [0] [X] [e] [p] |. AU = Pe(v) ~ V x H
0] [0] [e] [M] [m] Re(v) +1V x E
[0] [0] [p]" [m]" « B :e(v) - —divKVo
0

Note that, by (1.27), F € C'([0,T];H) which is in accordance with the hypotheses
of the Hille-Yosida theorem. By the hypotheses set forth in subsection 1.2, [M] is a
symmetric and positive definite matrix, thus if M is regarded as an endomorphism of
YV = R3 x R? x R? x R? x R, itisasymmetric and positive definite linear operator. There-
fore, M admits a unique square root M'/2, which is symmetric and positive definite as
well. We can then set

‘7 — Ml/Zﬁ’
so as to give (1.30) the form:
E + 8‘7 = F, B = Mfl/zy{Mfl/Z’ F = M71/2ﬁ.

Let us remark that V € D(8) if and only if U € D(A), since BV = M~Y2AU for any
V = M'20. Also, it is easy to check that, if M is symmetric and positive definite as an
endomorphism of V with respect to the natural scalar product in V, then M is self-adjoint
and positive definite as a linear operator of H into itself with respect to scalar product (1.28).
Indeed, for any Uj, U, € H, by definition (1.28) it results

(MULUy) g =f Ce(u) : e(up) dQ + J pvi - V2 dQ + J MEx; - x, dQ,
Q Q Q

where in the last term, x,, = (Ey, H,, Gy)T, y = 1,2. Now, the last two terms correspond
exactly to the submatrix of [ M] obtained by eliminating the first row and the first column,
and this submatrix is symmetric and definite positive since [M] is. By the hypotheses listed
in subsection 1.2, C is symmetric and positive definite as well. Hence we have

(MUL )y = (U, MUy, VUL U € H,
(MU, U),, = min{p_,.#,1} |U|%, YU € H,

where p_ := infg p and .# denotes the coercivity constant of M€ (see (1.17)).

Step 5. In order to show that the problem

— +8V=F, t>0
dr (L.31)
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is well-posed for any Vo € D(8B), we have to prove that 8 is maximal monotone. Note that,
since M : H — H is a self-adjoint positive definite operator (as well as M~'/2), we have,
for any V = Mg,

~ ~

(BV.V), = MPAMT2V, V), = (AMTPV M7V, = (AU, U) .

Thus, B is monotone if and only if A is monotone.

Monotonicity. The proof reduces to showing that A is monotone. For any U e D(A),
after integration by parts, we find:

(AU U), =— LQ (Ce(®) — P’E — R"H — 6)n - vdl — Tio LQ(KV& n)d dr

1 ~
+J E><H-ndl"+—JKV9~V9dQ.
20 Tp Jo

The first two integrals in the sum vanish, due to homogeneous boundary conditions; also,
1/Ty SQ KV6 - Vo dQ > 0 since K is positive definite, thus:

(AD.0), >f

E><H~ndl":f
oQ

TeD

E><H~ndF+J ExH- -ndl =

Fen

=f ExH-ndI“—i—J E x H-ndl,
I‘(,D

I“,JD

where the last equality holds by assumption (1.23). Taking into account the chain of identities
ExH-n=—-E xn-H=H x n-E and boundary conditions (1.21),, and (1.21); », the
right-hand side of the last inequality vanishes as well, hence:

VU € D(A), (AU, U), >0,
i.e., A is monotone and so is B.
Maximality. The operator 8 + I, with I the identity, is surjective from D(8) into H,
i.e., the problem
BV+V=F or, equivalently, AU + MU = F (1.32)

admits a solution V € D(8) (U € D(A)) for any F € H. Using the notation F =
(F1, Fy, F3, Fy, Fs), the first equation of system AU + MU = F reads

v=u-F, (1.33)
which can be substituted into the other equations to give
—divCe(Q) + divPTE + divRTH + div 86 + pii = F, + pF},
Pe(li) — V x H + XE + oH + pd = F3 + Pe(F)),
Re(ti) + V x E + ¢E + MH + mé = F, + Re(F)),
~ 1 ~ ~
,B:e(u)—FdivKV0+p-E+m-H+cU0=F5 + B :e(F)).
0

(1.34)
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Furthermore, (1.34), allows us to express E in terms of u, H, 6 and source terms F3 and
Fy; after substituting this expression in the remaining equations, resorting to the weak
formulation of the obtained system and applying the Lax-Milgram lemma, we obtain a
solution

(0, H,0) € H. ,(Q) x Hyp(curl, Q) x H',(Q)

for any F' € H, satisfying the homogeneous boundary conditions appearing in the def-
inition of D(A). Of course, by (1.33), V € HinD (Q) as well; also, one can verify that
E € H,.p(curl, Q) by taking the curl of the expression giving E in terms of the other un-
knowns and using equation (1.34);.

Step 6. By taking the divergence of (1.24),, considering the continuity equation (1.2)
and integrating in time, we getJ

divD(x,7) — divD(x,0) = p.(x,1) — pe(x,0), x€Q, r>0.
Now, the point-wise version of hypothesis (1.22); reads
divD(x,0) = p.(x,0), xeQ,
hence we recover
divD(x,1) = pe(x,1), x€Q, >0,
i.e., equation (1.19),. By (1.22),, a completely analogous argument yields
divB(x,7) = divB(x,0) =0, xe€Q >0,

i.e., equation (1.19);. Therefore, equations (1.19), and (1.19); are not actually independent
of (1.19), and (1.19)s, but they are a consequence of them and of (1.22).
O

Remark 1.2. The physical meaning of (1.22) is the following: the total volume electric
charge must equal the total surface electric charge at + = 0, and hence at any ¢+ > O;
analogously, the total surface magnetic charge must vanish at ¢ = 0, and hence at any ¢ > 0.

1.5. Energy Functional

An energy evolution equation satisfied by the solution (u, E, H, 8) of (1.24) can be formally
derived. Indeed, upon defining

1 . 1 1
&E(1) ::—J pu-udQ+—f Ce(u):e(u)dQ+_J XE - EdQ+
2 Q 2 Q 2 Q

1 1
+—JMH-HdQ+—J c,,GZdQ—i—J oFE - HdO+
2 Jo 2 Jo Q

+ L(p 'E)0dQ + L(m TH)0dQ,

JHere we make explicit the dependence on x and ¢ for more clarity.
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and
. . 1
L(t) ::Jf«udQ—JJ~EdQ+Jr9dQ+J g-udl + — o8dIl, (1.35)
Q Q Q | PN To I'inv
then by taking the time derivative of &, using equations (1.24) and integrating by parts, we
get

E(1) + ij KV6-V0dQ = L(1), V> 0. (1.36)
To Jo

The left-hand side of (1.36) can be thought of as the actual internal power, whereas the
right-hand side as the actual external power. The word ‘actual’ (in place of virtual) is used
here to stress the fact that (1.36) is not the variational formulation of system (1.24); indeed,
it has been derived considering the solution of (1.24).

Remark 1.3. Note that the free electric charge density p., as well as boundary values b
and d, do not appear in (1.35), since they just intervene in compatibility conditions (1.22).

2. Quasi-static Problem
2.1. Nondimensionalization of the Equations

With a view toward justifying the quasi-static hypothesis, i.e., the existence of two scalar
fields ¢ and { — respectively, the electric and magnetic potentials — such that

E=-Vy and H=-V¢ @2.1)

we nondimensionalize system (1.19) disregarding equations (1.19), and (1.19)5, which do
not involve time derivatives of the unknowns; we shall come back to these equations later on.
Let V;(x,v) denote the square root of the j-th eigenvalue of the acoustic tensork associated
with propagation direction v and evaluated at x, and let

L= sup |[x—y|, Vi:= max sup sup Vj(x,v), T = £
X, yeQ J=123 xeQ v|=1 Vi

be, respectively, the characteristic size of 2, the maximum propagation speed for an elastic
wave in Q and the typical time for an elastic wave to travel along distance L. Following
Imperiale and Joly [18], we introduce!:

pa = sup p(x). Py = sup/IPOP()T [o. Ry = sup/IRCOR(2)7 o
X€E

xXeQ xeQ

ay = sup|a(x)2 p+ = sup[p(x)], m.y = sup [m(x)],
xXeQ XeQ xeQ

cos =supcy(x). By =sup B2 Ky = sup[K(x)].
xeQ xeQ xeQ

kWe recall that the acoustic tensor A,, associated with unit vector v (the propagation direction), a tensor field over
Q, is the second-order tensor defined by the following condition:

Aya = p’lC[a®v]v, Va e R3,

where p is the density and C the elasticity tensor.
'In the subsequent definitions, we use the notation |Al, := +/A : A for the norm of any second-order tensor A.
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and rewrite density and constitutive parameters as:
p(x) = pi pr (). C(x) = p+ Vi Cr(5), P(x) = PL P ()
R(X) = R+R (
a(x) =aia, ( , (
Cv(x - cv-&-cvr(%) s ﬂ x) ﬁJrBr(%) > K(x) = KJrKr(%) .
As for the unknowns, we write:
u(xr) = Lu (£ 7),  E(x1) = E*E (£, 7).,
H(x,1) = H*H, (7, 7). 0(x0) =T*0:(3 7).

where €p and pg are, respectively, the electric permittivity and magnetic permeability of
the vacuum, and E*, H* and T* are to be properly chosen. We recall that the speed of light

7)
)

is given by ¢p = (eo,uo)*%.
All in all, equations (1.19); and (1.19), to (1.19)s become (we still denote by x and ¢
the scaled space and time variables):

. P E*
ori, —divCe(u,) + div PTEr—l-
p+v+
R H*
+ | = divR’H, + BT div 8,6, = f,,
p+V3i p+ Vi
P (Y+H* .
X,E, +[OE]Pe( )+[€0E*]a,H,+
s v [V ][]
+ [_ pr0r — VxH, =-],
eoE* E*
0 2.2)
: R, a E*] .
MrHr R r N rEr
+[M0H*] e(u)+[#0H*]af +

e [55] irov-

oy | Lo | Bt | 20 o B

cy IT* Cy T
m+H* .
-H — | divK,VE, =
i [CU+T*] (- Hr) = [V+£CU+T0] Y -

All equations hold for x € Q and ¢ > 0, with Q = {x/£ : x € Q}, and all coefficients
between square parentheses are dimensionless. We now choose the units of measurement
E*, H* and T* in order that the following equalities hold:

P E* P p+E*  p,T*
[enE* — /fH*’ + _ + , + _ P+ )
€0 Ho p+V_~2_ eoE* cy T* eoE*
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This yields

Ef =V 25 mr v, B o, |2 2.3)
€0 Mo Cy+

Note that this choice of E*, H* and T* ensures symmetry of all other coupling coefficients
as well, namely,

ﬂ+T* . ﬂ+ R+H* . R+ Q+H* (I+E* m+T* m+H*

psVE e T* p V2 uoH*  €E*  poH*' poH* ¢y T*
Upon setting

Vi

€0

0=
we can rewrite equations (2.2), and (2.2); respectively as follows:

VxE,=-6 (M,H, + «kRye(u,) + atco oK, + um,9r>,

. . . . 2.4)
VxH, =6 (XrEr + XPre(ur) +aicoa,Hy +5p 0, + Jr) >

with
R, . my . Py P+

—9U':—’X‘:—7§:: .
Viv/Hop+ V/HOCo + Vieop+ VE€oCo

Considering the numerical values of density and elastic moduli for the most classic example
of magneto-electro-thermo-elastic composite, i.e., BaTiO3—CoFe, 04 with a volume fraction
of BaTiO3 equal to 0.6 (see Table 1 in the Appendix), it results

V. ~5980m/s, py = 5600kg/m?,
which give, along with the values of the other constitutive parameters,
o~2- 1075, ayco)~0.75, k~078 v=~03 xy=~9 ¢~23.

Therefore, if the right-hand sides of equations (2.4) remain bounded for any # > 0, then, in
the limit 6 — 0, we obtain

VXE,=0 and V xH, =0,
which means that there exist an electric potential ¢, and a magnetic potential ,- such that
E, =—-Vy, and H, = -V{,

i.e., the quasi-static hypothesis (2.1).
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As a result, we can remove equations (1.19), and (1.19)5 from system (1.19), introduce the
new list of unknowns U = (u, ¢, £, @) and rewrite (1.9)-(1.10) as

o(U) = Ce(u) + P'Vy + R'VZ — B6,

U) = Pe(u) — XVy — aV{ + péb,
U) =Re(u) — aVyp — MV{ + mb,

s(U)=PB:e(u)—p-Vo—m-V +¢,0,

q(0) = —KVe.

Also, (1.19) becomes
pu—dive(U) =f x€Q,
divD(U) = pe xeQ,
divB(U) =0 xeQ,

s(U) + idiV q@) =r x€Q,
To

with initial conditions

u(x,0) = u(0) = up in Q,
u(x,0) = u(0) = u; in Q,
6(x,0) = 6(0) = Gy inQ,

and boundary conditions

t>0,
t>0,
t>0,

t >0,

ocUn=g onl,y, u=0onl,p,
DU) n=d onl.y, ¢=0o0nTl,p,
B(U) - n=>b onTyy, ¢=0onT,p,

—q(@) - n=ponl;y, 6=0onl;p.

(2.5)

(2.6)

2.7)

(2.8)

Let us remark (see [25]) that there is no need to impose initial conditions on ¢ and ¢, since
they are formally given by the unique solution (¢, o) of the following system, for given

(ug, Bp) ™

mThis statement will be detailed in Remark 2.3 and proven in Lemma 2.1.

(Pe(ug) — XVgo — aVio + pbo) = pe(0)
(Re(uo) —aVygyg— MV +mby) =0
)
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2.3. Energy Functional

As in the case of problem (1.24), we can define a quasi-static energy
1 1
Eys(t) = 2J pu-adQ + = J Ce(u) : e(u)dQ +
1 1
+—JXVga-Vgon—k—fMVg-V{dQ—k—fc092d§2+ (2.9)
2 Jo 2 Jo 2 Jo

+ L aVy V7 dQ — Jg(p V)0 dQ — L(m V)0 dQ

and a quasi-static external power

Lys(t) ::Lf-lidﬂ +Lpe¢dg +er9<19+

| . . (2.10)
+J g-udl + — QQdF—J dgodl"—f bl dll
Y To LN TFen Tyn
to get the evolution equation (see [25])
. 1
Egs (1) + 7 f KV -V0dQ = Ly(t), Vi >0. (2.11)
0 Ja

Remark 2.1. Note that E(r) = E,,(¢) for any ¢ > 0, and that, unlike in the case of (1.36),
here the time derivatives of p,, d and b are present in the expression of the actual external
power on the right-hand side of (2.11).

2.4. Existence and Uniqueness

Set Ty = 1 for simplicity and denote by (-, -) the scalar product® in L?(Q) or L?(Q). For
any fixed t € (0,T), a weak version of (2.6)-(2.8) takes the following form:

A(U®G),V) = L(V), 2.12)
forall V = (v,y, &) € H,, ,(Q) x H,;,(Q) x H),(Q) x H/, (), with
U(1) € H,,p(Q) x Hop(Q) x Hypy(Q) x Hp(Q),

where

AU @), V) = (pa(t),v) + c(a(r),n) + (co6(t),n) — d(§(),m) — e(£(1),m)+
+au(u(t),v) + be(1),v) — by, u(r)) + f(£(1).v) — f(&u(t)+
—c(v.0(1)) + ap(@(t).¥) + ag(£(2). &) + g(£(1).¥) + g(e(1). £)+ 013
—d(¥,0(1)) — e(£,0(1)) + ag(6(1).m),
L(V) = (£(1),v) + (r(1). 1) + (pe(t).¥) + (8(1) V)L2(r,n) +
+(0(). 1) r2(r, ) — (@), ) 215y — (D(1), E) L2 (1, 0)-

"We shall denote by | - | the corresponding norm, unless noted otherwise. The scalar product in L?(T') or L2(T'),
for I'  0Q, will be denoted analogously, with a proper subscript.
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where the bilinear forms a, (-, -), as&(., ), ag(-, Yyag(-), b(-), e(-),d( ), el ), £ ),
g(-, ) are defined as follows:

ay(w,v) = JQ Ce(u) : e(v)dQ, a,(p,¥) = J;; XV - Vi dQ,

a({,€) = LMvg-vng, ag(6,n) = LKV0~V77dQ,

by ) = L IV e(u)dQ  c(un) = JQ 7B - e(u) de, 2.14)
d(e,n) = L np - Ve dQ, e(dn) = L nm - V¢ dQ,

f(&u) = JQ R'Vee(w)dQ, gy, Q) = L aVy - V7 dQ.
Remark 2.2. Note that time derivatives of the unknowns are present in some terms in the
definition of A(U (), V). We shall give a precise meaning to such terms, as well as to initial
conditions (2.7), in the statement of the existence and uniqueness theorem; furthermore we
point out that all the terms containing first-order time derivatives are integrated against
neH Q).

Remark 2.3. As noted previously, initial conditions on ¢ and ¢ are given by equations
(2.6), and (2.6)3, along with the corresponding boundary conditions. Hence, (¢o, o) €
H! (Q) x H! () is the unique solution to the following boundary value problem:

g

ag (@0, ¥) + ag(Go, €) + (o, ¥) + g(90,€) = (pe(0),¥) — (d(0),4) 2(r, )+
—(b(0), €)2(r,n) + D(W,w0) + f(€,u0) + (¥, 00) + (&, 60), (2.15)
V(. €) € Hyp (Q) x Hyp (Q).

Lemma 2.1. Problem (2.15) is well-posed.

Proof. Hypothesis (1.17) implies that the submatrix

([X] [fr]>

[e] [M]

of [M¢] is symmetric and positive definite. Let W == H,;,(Q) x H,,(€2). Then, by defi-
nitions (2.14), the left-hand side of (2.15) is a continuous and coercive bilinear form (yet
symmetric) over W x W, and by the continuity of the trace operator, Poincaré’s and Cauchy-
Schwarz inequalities, the right-hand side of (2.15) is a bounded linear functional over W.

The result follows by the Lax-Milgram theorem.
O

Before giving the statement of well-posedness for the quasi-static problem, we introduce
the spaces H¥ , (Q) and H}, (Q) as the dual spaces of, respectively, H} ,(Q) and H/,(Q),
i.e., the spaces of continuous linear functionals over H! (Q) and H!,(Q). As H! (Q)
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and H/,) (Q) are dense and continuously embedded in L?(Q) and L?(Q) respectively, then
we have [6,28]

H),,(Q) < 12(Q) = [L2(Q)]" < H,,(Q),
Hlp(Q) « LX(Q) ~ [LX(Q)]" < H};,(Q).

where we have used an analogous notation for the dual spaces of L?(Q) and L?(Q), and
the identification is realized by means of the Riesz-Fréchet representation theorem, being
L?(Q) and L*(Q) the pivot spaces. In the sequel, we adopt an analogous notation: the linear
actions of £ € H*  (Q) or £ € HY (Q) on the corresponding elements v € H} ,(Q) and
n € H!,(Q) are denoted by (¢, v) and (¢, n7), without including subscripts, as meaning will
be clear from the contexte.

The results about existence and uniqueness for the quasi-static problem are summarized
in the following statement.

Theorem 2.1. Let T > 0. Assume the following regularity properties on the initial data:
(ug, uy, 6) € H! /(Q) x L*(Q) x H',(Q),
the following regularity properties on source and boundary values:

fe L2(0,T;L*(Q)),

pe € H'(0,T; L2(Q)) n C°([0,T]; L*(Q)),
reL*(0,T; L*(Q)),

ge H2(0 T;L*(Twn)) 0 CH[0, T]; L2(Tun),
de H'(0,T; L*(T.n)) n C°([0,T]; L*(Ten))s
be H'(0,T; L*(Tyn)) n CO([0,T]; L*(Tyn)),
o€ L*(0,T; L*(T;n)),

and the following compatibility conditions:

g(0) = o (ug, o, £0,60)n  on [y,
d(0) = D(ug, o, £0.60) - n on L.y,
b(0) = B(ug, @0, £0,60) -n  on 'y,
0(0) = —q(6o) - n on I;y.

Then, problem (2.12) admits a unique solution U = (u, p, ¢, 0) such that:

ue L?(0,T;H! [ (Q)) n CO([0,T]; L*(Q)),
ue L2(0,T;L2(Q)),
pu e L*(0,T;H! (Q)),

e L*(0,T; H!(Q)),
(€ L2(0 T; H;D(Q)),

eeLZ(OT H!,(Q)),
b+ B e() p- V¢ —m- V(e L2(0,T; H% (Q)).

°Clearly, if £ € L?(Q) then (£, v) = (¢, v), ¥ve H! ,(Q) and analogously for £ € L?>(Q) and y € H!,, (Q).
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Remark 2.4. Based on the solution regularity, the left-hand side terms (pu(z),v) and
(cp8(),m) + c(u(t),n) — d(¢(t),n) — e(£(t),n) in (2.12) are actually to be thought of as
duality pairings.

Proof. We split the proof into six steps.

Step 1. First we consider, as in Step 2 of the proof of Theorem 1.1, the following aux-
iliary problem for any ¢ > 0:

divCe(u) =0, xeQ,
Ce(i)n=g onl,y, (2.16)
u=0 onT,.p.

Analogously to (1.25)-(1.26), provided
ge H*(0,T;L*(T,un)) N C' ([0, T); L (Toun ),
this problem admits a unique solution
ue H(0,T;H,,,(Q) n C'([0,T];H,,5(Q)). 2.17)

Let W := u — 0; we rewrite (2.12) in terms of the list of unknowns U = (w, ¢, Z,0). Then,
by (2.13), we have

A(U(1),V) = L(V), (2.18)

withp

L(V) =L(V) = (). V)12(r,n) — (0 0l(2),¥)+

— (B :e(u(r)),n) + (Pe(u(r)), Vy) + (Re(u(r)), V¢)

(1), V) = (p 0ui(2), V) + (pe(t), ) + (r(t),n) — (B : e(u(r)),n)+
(Pe(u(r)), V¢) + (Re(u(r)), V€) +

(0(t):m) L2,y — (d(1)¥) L2ru ) — (B(1). ) 200, )

= (f
+
+
Step 2. Let {vi}, and {n};” | be orthonormal bases for spaces H! ,(Q) and H!(Q),
respectively. Fix p € N and define V,(QI'up) = span{vy,...,v,}, Vo(QTip) =

span{n, . ..,n,}. These spaces are such that their union for all p € N is mutually dense in
H! ,(Q) and H),,(Q), respectively. Define

U, (1) = ) we (Vi 0,p(1) = > (0. (2.19)
k=1 =

Furthermore, let (¢, (t), £, (7)) be the unique solution to the following problem:

Given (W,(1),0,(1)) € H J(Q) x H!(Q),
find (@, (1), p (1)) € HL ) (Q) x Hng(Q) such that

PNote that, by (2.17), p 8;,1i € L2(0, T; L?(Q)).
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aw(@p(t)’w)+a((§p(t)’§)+ 9(Lp(1),0) + 9(pp(1), &) =
= (pe(),¢) = (d(®):¥)12(r.n) = (B(0): E) 12,0 +b(lﬁ u, (1) + f(&up (1) +
+d(y, 6, (1)) + ( () (Pe(u(r)), V¢) + (Re(u(1)), V¢),
V(v.€) € Hyp(Q) x Hyy, ( )-

By (2.18), the sets of coefficients {u (1)};_, and {#(r)}}_, are determined by the solution

of the following system of ordinary differential equations:
(p 0, (1), Vie) + au (W (1), Vi) + bgp (1), Vi) + f(£p (1), Vi) — c(Vi: 0, (1)) =
= (F(t),vi) — (p Osti(2), Vi), Vke{l,...,p},
{eobp (t)omicy + (@, (1), i) — d(p (0),mi) — e(Lp(0) k) + a6 (0 (1), mi) =
= (r(t). i) — (B = e(@(t)). i) + (o(t). mic) 2r, ) VhE{L ..., P}

(2.20)

(2.21)
with initial conditions such that the following strong convergences hold:
ﬁp (0) = l_lp,o —uy in H;nD (Q),

04, (0) =1, — u; in L2(Q), (2.22)
0,(0) = 0,0 — 6y inH(Q),

where iy = @(0) = u(0)—1(0) = ug—1(0), & = ,(0) = u(0)—&,(0) = u; —a,(0).
The linear ordinary differential equations theory guarantees (see [31]) that there exists
t, > 0 such that system (2.21)-(2.22) admits a local solution in time interval [0, 7, ].

Step 3. We rewrite the energy functional associated with the problem in terms of the
bilinear forms introduced above:

28(1) = (p ou(t), (1)) + a, (W(t),0(1)) + Quie (¢(1), £ (1), (1)),
where
Quie : Hyp(Q) x Hyp (Q) x LP(Q) - R,
Quee (W, &,m) = ap (W) + ag (&) + (comm) +29(, &) — 2d(Y, ) — 2e(&.7)

is the quadratic form associated with the coupling matrix. Note that by hypothesis (1.17),
there exist a coercivity constant .# > 0 and a continuity constant 9t > 0 (depending on
the lowest and greatest eigenvalues of M, respectively) such that

MV + [VEI* + [n]?) < Quee (W, &) < W[V [? + [ VEI* + [n]?),  224)
forall (¢, &,n) € H!,(Q) x Hng(Q) x L2(Q).

One can prove that an evolution equation analogous to (2.11) is satisfied by the energy
&, associated with (U, ¢, {p, 6,,), namely,

01Ep(t) + ag(0,(1),0,()) = Lp(2). (2.25)

Indeed, first multiply (2.21), by u; (¢), (2.21), by ¥, (¢), then make the sum on k ranging
from 1 to p; finally, take the time derivative of (2.20) and replace ¥ by ¢, (¢). By adding

(2.23)
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the three equations thus obtained, we get (2.25) with
28, (1) = (p 00y (1), 01, (1)) + tu (Wy (1), Wy (1)) + Quee (0 (1), £p (1), 6 (1)),

Ly (1) = (£(1), 08, (1)) = (p 0 8(1), 00, (1)) + (pe (1), 0 (1)) + (r (1), 6, (1)) +
—(B :e(u(r)),0,(r)) + (Pe(u(r)), Vo, (1)) + (Re(u(t)), V¢, (1)) +
—(d(),0p () 12(run) = (B0 Lo (1) 12(r, ) + (0(0), 05 (1) 121,00
Step 4. We shall prove now that the solution Ep of (2.25) is bounded for any ¢ € [0,,,] by
a constant depending on 7', which allows_ us to extend the tirrEt interval to [0, T]. First, we
look for a bound on the external power L, (¢) depending on &, (¢). We use the continuity

of the trace operator, Poincaré’s and Young’s inequalities to infer the existence of constants
¢r.1, ¢r,2 and ¢, 3 such that:

Ly(1) <Colt) + %(na,up()nz (e + DIVl P+
2+ DIVG 0 + nepu)\F) D196, 0)1,

2Co(1) = [£(0)> + | 2eB(0) > + [ e (I + 18 : e(@(1))[* + [Pe(@(r)) |+

+[Re(@(r)) > + | (1)]* + (1) + (1)

1
”LZ(F ~N) HLZ([*(N) 5_()HQ( )HLZ(DN)

Let K > 0 denote the coercivity constant of ag(--). We select 6y such that
K=K-— ‘5" 2 ;3 > 0. By (2.24) we can determine a constant C > 0 such that

(Cr,l + D[Vep (O + (75 + DIVE (0] + 6,0 <
< COuie (@ (1), £ (1), 0, (1)) < 2C Ep(1).
Hence, there exist Cy(¢) and C; such that
0:Ep (1) + K[ VO, (1)[* < Lp(t) < Cot) + C1Ep (1), Vi € [0,1,],
which gives, upon integrating in time,

&yl +KJ V6, (s)|Pds < & (0)+Lt(co(s)+c15,,(s))ds,

for any + € [0,7,]. Now, note that &,(0) contains the terms (p d,u,(0),5,d,(0)),
a, (U, (0),u,(0)), (¢y0,(0), 8,(0)), which are bounded by (2.22). To bound the remaining
terms, we have to find bounds on |[Vg,(0)| and |VZ,(0)]. This can be accomplished by
taking r = 0 in (2.20), replacing y and ¢ by, respectively, ¢, (0) and ¢, (0), and then using
hypothesis (1.17), Cauchy-Schwarz and Young’s inequality, together with the continuity of
the trace operator; all in all (we omit details), one finds that there exist a constant ¢ > 0
depending on the material parameters such that

[Vep (0)[> + V¢, (0 < ¢ (H/Oe(O)H2 + 14O 72 r, ) + 1600) 72 r, )

+[Pe(@(0))[* + |Re(@i(0))[> +2(|6,(0)|* + | V&, (0)] )),
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and since the right-hand side is bounded by (2.22), | V¢, (0)|| and ||V{,,(0)| are bounded.
Hence, &,(0) is bounded. Moreover, as Cy(t) depends only on the data, we can integrate
up to T > 0 and get

t T
J Co(s)ds < f Co(s)ds = Co,
0 0

HfHL2 0,T;L%(Q +Hpe HL2 0,T;L2(Q)) +H HL2 0,T;L2(Q)) +Hpattﬁ”i2(0TL2(Q))+
+HB : e( )HLZ 0,7T; LZ(Q + HPe( )||L2(0TL2 Q)) + HRC( )HL2 0TL2 +

+[d[7 + 617

(0,7;L%2(Ten)) (O,T;LZ(I“(,N)) HQHLZ(OT L2 (Ten )

All in all, we finally obtain the existence of positive constants K , k1 and k; such that
t t
Ep(t) + KJ V6, (s)[ds < ki + sz Ep(s)ds, Vre[0,1,],
0 0

whence, by Gronwall’s lemma, for any ¢ € [0, t,,] it results
Ep(t) < ke < ke < too, VT € [t), +0). (2.26)

Hence, as the solution of (2.25) is uniformly bounded in [0, tp], we can extend the maximal
existence interval to [0, 7]. As a consequence, we also get

T
KJ V6, (s)|*ds < kyekT. (2.27)
0

Step 5. From the last two bounds, we infer the weak convergence of subsequences still
denoted (u,, ¢p, {p, )) as follows:

u, —u in L2(0,7;H! ,,(Q)),

ou, — du in L2(0,T; L2( )

op — ¢ in L2(0,T; H! ,(Q)), (2.28)
L=< mﬁmTﬂlm»

0, — 0 in L2(0,T; Hl (Q)).

[l

Moreover, to get an estimate on p d,u,,, we select v e H! | (Q) such that ”VHHIInD @ <L

the projection theorem for separable Hilbert spaces allows us to write v = v! + v2, with

vl e span{v,}¥_, and (v, Vk)Hil'nD (@ = O0fork =1,...,p. Then, (2.21); implies that

(000, (1), v) = {p O, (1), V') = — au (U, (1), ¥') = blep (1), V') = f(&p (1), v')+
+e(v!,6,(1) + (£(0). V') = (p deti(1), v1),
whence, by using Cauchy-Schwarz and Young’s inequalities, integrating in time and taking

into account the boundedness of the energy &, (1), we infer the existence of positive constants
k3 and k4 depending on the material parameters such that

(2 attﬁPHLz(O,T;HjTD(Q)) < kiksTe" + ky (HinZ(O,T;LZ(Q)) + e azt‘AIHiZ(o,T;LZ(Q)))’



41

therefore p d;,1,, is bounded in L2(0,7; H* ; (Q)) and hence it admits a subsequence still
denoted p 0;;u), such that

p 0ty — pO U in  L2(0,T;HF ,(Q)). (2.29)

Now, let £, (1) = c,0,(t) + B : d,e(u(t)) — p - Vo(t) — m - V£ (¢); with an analogous
procedure, if we take n € H),(Q) with Il @ < 1 and write = nt+ 0%l e
span{n1, ..., 1} and (1%, T]k)HlD(Q) =0fork =1,...,p, then (2.21), reads

Ep(0).m) = Ep()n') =
= —ag(0p(t),n") + (r(t).n") + (B e((1))n") + (0(1).7") L2,

whence, by using Cauchy-Schwarz and Young’s inequalities, together with the continuity
of the trace operator, integrating in time and taking into account (2.27), we can determine
two positive constants ks and kg depending on the material parameters such that

IZpll 201, (@) < ksIVOp 120 702(0)) + Ko (HrHiz(OJ;Lz(Q))Jr

calo) 2 2 .
+ Hﬁ . e(u)HLZ(O’T;LZ(Q)) + HQHLZ(O,T;LZ(FWN))) s

E,, is thus bounded and admits a subsequence still denoted &, such that

[1]

» —E in L*0,T; HY%) (Q)). (2.30)

Now, spaces V,, (@, Tup) and V, (Q, I p ) are dense, respectively, in H! (Q) and H),,(Q).
By multiplying (2.20) and the equations of system (2.21) by a test function A € D (0, T), in-
tegrating in time, passing to the limit, taking into account (2.28)-(2.29)-(2.30) and exploiting
the arbitrariness of A, we obtain

A(U(1),V) = L(V),

VY e H ,(Q) x H,)(Q) x H,(Q) x H!,(Q). 1€ (0.T).

Again, from (2.28)-(2.29)-(2.30), we infer the regularity properties of the solution:

ue L?(0,T;H! ,(Q)) n CO([0,T]; L*(Q)),

o e L*(0,T;L(Q)),

poue L2(0,T;HY (Q))

@e L*(0,T;H},(Q)),

{e L*(0,T; H) ,(Q)),

0 € L2(0,T; H),(Q)), .

cd+B:oe(@) —p-Vo—m-V, e L*(0,T; H* (Q))

It remains to show that the weak limits w, J,u and 6 satisfy the imposed initial conditions
u(0) = up, d;u(0) = u; and 6(0) = Gy. As in [25], to prove that u(0) = up, we choose
A e C'([0,T]) such that 21(0) = 1 and A(T) = 0; an application of (2.28) yields

JT(ﬁ,ﬁp(t),V)/l(t) dr — T(&,ﬁ(r),v)/l(t) dr, WveH!  (Q):
0 0
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upon integrating by parts, we get

T T

(W, (1), V)’ (1) dt — —(W(0),v) — J @(r), v) ' (¢) dr.

0

~(@ (0. - |

0
Now, since Sg (u,(2),v)A'(t)dt — Sg (u(t), v)A’(t) dt by (2.28), we have

(W, (0),v) — (@W(0),v), VveH,,(Q)
ie., u,(0) — u(0) in L?(Q). By (2.22); and the uniqueness of limit we get u(0) = u.
Analogously we show that ¢,u(0) = u; and 6(0) = 6.

Step 6. The solution a(t) is unique. By contradiction, if there exist two solutions
(¥, o*, £*, 0%) and (Wy, s, L O ) OF (2.18), et W i= U — Uy, f = @* — @y, & = ¥4,
n = 0% — 0,,then W := (w,, &, 17), and consider the problem

ow —divo(W) =0,

divD(W) = 0,

divB(W) = 0,

s(W) +divq(n) =0,
with vanishing initial and boundary conditions. Denote by &(W(¢)) the energy associated
with W at time ¢; then, by (2.11) we get

E(W(1)) < E(W(1)) + ag(n(1).n(1)) = O,

whence, by integration, E(W()) < &(W(0)) = 0. This implies in turn that
ag(n(t),n(¢)) = 0 and thus W = 0. O

3. Another justification of the quasi-static assumption

In this subsection, we outline a study of the limit as 6 — 0 of the solution to problem
(1.19)-(1.20)-(1.21). We start by rewriting the nondimensionalized system (2.2):

pri, —divC,e(u,) + y divP E, + «divRI H, + ydivB,6, = f,,
XrEr + XPre(ilr) +a4co a’rHr + gprér —6 'V x H, =-J,,

. . . . 3.1

M, H, + «R,e(it,) + aycoa,E, +vm, 6, + 6 'VxE, =0,

cor0r +y B, ew) +¢(pr-E)+v(m,-H,) — 2divK, V0, =r,,
where we have set4

K
y = _ B 30, l=—" ~16-107".
Vin/P+Coy ViLey To

aTo calculate A, we take Tp = 297 K as a reference temperature, as in [20]; for what concerns the thermal

conductivity, we take the weighted average of the values provided in [27], since numerical values for the BaTiO3—
CoFe;04 composite with volume fraction 0.6 of BaTiO3 are not available in literature. As for the length scale, we
take £ = 3 cm.
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We recall that all the equations hold for x € 9 (we use an analogous notation for boundary
partitions) and ¢ > 0, and that x and ¢ are dimensionless. The boundary conditions are

u =0 on me,

{a',(ﬂr)nr =g, on Iij, E-xn.,=0 on IieD, (32)
—q,(6;) -n, = o, onTlyy, H, xn, =0 onIyp,
6, =0 on f,D,

where ’LNI, = (u,,E,,H,,0,), n, is the outer unit normal vector field over o0, o (’L?r) =
C,e(u,) — kRTH, — yPTE, — yB,6, and q,(6,) = —K, Vh,. Again, we omit boundary
conditions on the normal components of the magnetic induction B, and of the electric
displacement D, as they just impose compatilibility conditions on the choice of initial
values u?, E2, H? and 6? and of the initial nondimensional electric charge density p .

A first hint that the limit solution of (3.1) as 6 — 0 is such that V x E, = 0 and
V x H, = 0 can be obtained by expressing the L?—norm of V x E? and of V x H? in terms
of the L2—norm of V x Eg and of V x Hy. Indeed, for any x € Q, we have

X 1 1 €0 1)
Eg(—)——on—— —Ey(x) = ——Ey(x),
L E*() Vi P+() Vf\/m()
whence

VHOP+

Upon integrating the squared euclidean norm of both members of this equality, we find

[Fos (3

X oL
V x Eg (Z) = Vi—v X E()()C).

2
dQ = £* f IV x E2(y)?dQ =
Q

DIV XEL, = 2 9 x Bl
L2 () Vil'l()p+ 1L2(Q)
that is to say,
IV 5 B ) = e IV % Eolli2(a):
V+ \V/ :qu+-£
analogously, we obtain
0
|V x HY [V > Holl2(q)-

by = o
T Q) ng 60,0+-’.:

The denominators appearing on the right-hand sides of these equalities are, of course, not
dimensionless, and have the following numerical values:

V2 uops £L~52-100Vvm~ 2 =067y vim12,
V2 eopr L ~138-10°Am™1? = 0(67¥%) Am~12,
therefore, unless |V x Eql|p2(q) = 0(672)Vm~ /2 and |V x Hollp2(0) = 0(673)Am~1/2,

which is never the case in applications, we have

0

r“]}(@) =0.

. 0 13
(%13}) (A ErHLZ(Q) = ;12}) |V x H
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Conclusions

We presented a mathematical model to describe linear magneto-electro-thermo-elastic ma-
terials, as well as the proofs of the well-posedness for the problem formulated in its most
general setting (dynamic) and for the quasi-static problem, based on the assumption that the
electric and magnetic fields can be expressed as gradients of the corresponding potentials.
We set forth a first validation of this hypothesis by carrying out a formal nondimension-
alization procedure on the equations of the dynamic problem. A rigorous mathematical
justification analogous to that set forth in [18] for a piezoelectric material needs further
work, since the dynamic problem has been solved in the context of the Hille-Yosida theory,
obtaining a smooth solution in time, whereas the solution of the quasi-static problem has
been obtained in a weak form by the Faedo-Galerkin method.

A problem that has already been addressed [5] is the deduction of a plate model for
a magneto-electro-thermo-elastic sensor/actuator, based on the quasi-static assumption, by
means of the asymptotic expansion method, taking into account another small parameter
¢ tending to zero and characterizing the ratio of the plate thickness to the plate diameter.
Another interesting extension for what concerns applications is the study of a laminated
structure (plate-like or shell-like) including a thin magneto-electro-thermo-elastic layer; for
the case of a piezoelectric layer see, e.g., [29] and [30].

Finally, in view of applications, a natural problem to be dealt with at a later stage is to
come up with efficient numerical methods to perform simulations of the equations involved
in the problem.

Appendix
Numerical Values of the Materials Constants

The table below lists numerical values of the material constants for a BaTiO3—CoFe,O4
composite with 0.6 volume fraction of barium titanate. We took Table 1 in [22] as a reference.
The two diagonal components M1y and M, of the magnetic permeability tensor assume
negative values in [22]. This would contradict our hypothesis (1.12), but it is actually a
widespread error in literature, based on the incorrect determination of the sign of these
coeflicients for the pure cobalt ferrite CoFe,Oy4, as pointed out in [14], [20], [21] and [32].
Therefore, we corrected the values of these two components by changing their sign. In
our notation, 8 denotes the thermal stress tensor, whereas in [22] it denotes the thermal
expansion tensor. For y the thermal expansion tensor and C the elasticity tensor, the thermal
stress tensor B is given by the relation B = Cy, which we used to infer the values of the
thermal stress components. Also, since no constitutive assumption concerning entropy, as
well as heat influx, is made in [22], numerical values for the calorific capacity and the
thermal conductivities are unavailable in [22]. However, an estimate of these values can be
retrieved, respectively, from [20] and [27].
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Table 1. Material properties of a magneto-electro-thermo-elastic BaTiO3—CoFe;O4 composite with 0.6 volume
fraction of BaTiO3.

Elastic moduli Magnetic permeabilities
Ci111 = Cap (GPa) 200 | My = My (1074 Ns2/C?) | 1.5
Ci122 (GPa) 110 M3z (1074 Ns2/C?) 0.75
C1133 = C2233 (GPa) 110 Piezomagnetic constants
C3333 (GPa) 190 R311 = R322 (N/A m) 200
Ca323 = C3131 (GPa) 45 R333 (N/Am) 260
C1212 (GPa) 45 R113 (N/Am) 180
Piezoelectric constants Magnetoelectric constants
P311 = P33 (C/m?) 3.5 | aj =an (10712 Ns/VO) 6
P333 (C/m?) 11 a3 (10712 Ns/VC) 2500
Dielectric permittivities Pyroelectric constant
Xi1 = X2 (1072 C%H/Nm?) | 09 p3 (1073 C/m2 K) ‘124
X33 (1079 C2/N m?) 7.5 Pyromagnetic constant
Thermal stresses mj (1073 N/AmK) 5.92
Bii =B (10 N/Km?) | 4.86 Density
B33 (10° N/Km?) 432 p (kg/m?) 5600
Thermal conductivities Calorific capacity
K33 (W/mK) 2.85 ¢y (J/m? K?) 325

The Hille-Yosida Theorem

The statement of the Hille-Yosida theorem for a linear non-homogeneous differential equa-
tion employed in the paper is the following (see [6]).

Theorem 3.1. Let H be a Hilbert space, A : D(A) < H — H a linear operator with
domain D(A), a linear subspace of H. Let A be a maximal monotone operator. Then, for
any Uy € D(A) and F € C'([0,T]; H), the problem

d—U—kﬂU:F, t>0,
dr
U(0) = Uy

admits a unique strong solution

U e CY[0,T];H) n C°([0,T]; D(A)).
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Chapitre 4

Capteurs et Actionneurs en forme
de Plaque

Nous formulons maintenant le probléme quasi-statique sur un domaine en forme de
plaque, d’épaisseur h* = eh étant h une longueur de référence et & un petit parametre
qui tendra vers z€ro, et utilisons la méthode des développements asymptotiques en
puissances d’e afin d’en déduire un modele de plaque bidimensionnel. Dans ce qui suit
on considere quatre types de conditions aux limites différents pour ce qui concerne
les inconnues électromagnétiques, chaque ensemble de conditions aux limites visant a
modéliser un comportement de capteur et/ou actionneur de type piézoélectrique et/ou
piézomagnétique. L analyse asymptotique requiert un choix précis des mises a I’échelle
concernant les potentiels électrique et magnétique, suivant les conditions aux limites
caractérisant le probleme de départ [63]. Dans tous les quatre problémes limites, le
champs de déplacement est de type Kirchhoff-Love, la variation de température est
indépendante de la coordonnée d’épaisseur, et chaque probleme est découplé — un
aspect typique de la théorie des plaques — en un probléme de flexion et un probléme
membranaire totalement ou partiellement couplé; la nature de ce dernier couplage
est liée aux conditions aux limites du probleme de départ. En particulier, 1’équation
d’évolution qui caractérise le probleme de flexion tient compte d’un effet d’inertie
de rotation. Nous montrons, de plus, que les solutions des quatre problémes limites
bidimensionnels ainsi obtenus sont les limites faibles des correspondantes solutions
des probleémes quasi-statiques de départ lorsque £ — 0.

Nous présentons ci-apres la version étendue d’un article publié dans la revue
Mathematics and Mechanics of Solids, écrit en collaboration avec G. Geymonat, F.
Krasucki et M. Serpilli.

4.1 An Asymptotic Plate Model for Magneto-Electro-
Thermo-Elastic Sensors and Actuators
In this paper, we consider a linear model of magneto-electro-thermo-elastic plates,

behaving either as piezoelectric sensors or piezomagnetic actuators, based on the
quasi-static assumption on the electric and magnetic fields, whereby both fields can be
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expressed as gradients of the corresponding potentials. This assumption was justified
by means of a nondimensionalization of the equations governing the problem in its
general setting in [9], wherein a proof of well-posedness for this problem, along with
its quasi-static counterpart, was also accomplished.

The behavior of the plate-like body under study, as to whether it represents a sensor
or an actuator, of piezoelectric or piezomagnetic nature, is determined by four differ-
ent sets of boundary conditions [64]. Based on the three-dimensional formulations
of the four corresponding problems, we apply the asymptotic expansion method as
the thickness of the plate approaches zero, in the case of a homogeneous anisotropic
material. Accordingly, we obtain four different two-dimensional plate models: the
sensor-actuator model (referring to a plate behaving as a piezoelectric sensor and a
piezomagnetic actuator), the actuator-sensor model (referring to a plate behaving as a
piezoelectric actuator and a piezomagnetic sensor), the actuator model (according to
which the plate behaves as a piezoelectric and piezomagnetic actuator) and the sensor
model (according to which the plate behaves as a piezoelectric and piezomagnetic
sensor). We validate the asymptotic procedure carried out in each of the four cases
by showing weak convergence results. The four two-dimensional plate problems are
obtained, as in [63], with different scaling assumptions on the electric and magnetic
potentials. On the other hand, they all present common features: for one, the displace-
ment field is always of Kirchhoff-Love type; for two, the temperature variation field is
always independent of the thickness coordinate; for three, each problem decouples into
a flexural problem — governing the evolution of the transversal displacement of the plate
and taking account of an inertia effect involving the mean curvature of the deformed
middle surface — and a certain partially or totally coupled membrane problem. In the
sensor-actuator model, the membrane problem involves in-plane displacement, tem-
perature variation and electric potential: it is therefore a thermo-piezoelectric problem,
the applied magnetic potential playing the role of source term. In the actuator-sensor
case, the roles of the two potentials are exchanged with respect to the sensor-actuator
case, and thus we find a thermo-piezomagnetic membrane problem, the applied electric
potential being part of source terms !. In the actuator case, the membrane problem is
thermo-elastic, as it just involves in-plane displacement and temperature variation, both
the applied electric and magnetic potentials playing the role of source terms. Finally, in
the sensor case, the membrane problem is completely coupled, meaning that it involves
in-plane displacement, temperature variation, electric potential and magnetic potential;
it is then a magneto-electro-thermo-elastic problem. Numerical values of the reduced
coeflicients can be explicitly computed in each of the four cases; as an example, we
reported in Table 4.1 of Appendix 2 the values of such coefficients in the actuator case.

Notation

Throughout the paper, @ — R? denotes a smooth domain in the plane spanned by
vectors e = (1,0) and e, = (0, 1), with boundary y; yy < vy is a measurable subset
of y, with strictly positive length measure; y; = y\yy is the complement of yy with
respect to y; finally, 0 < & < 1 is a dimensionless small real parameter which shall

1. We shall not treat this case in detail for the sake of brevity.
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tend to zero. For each ¢, we define

QF == w x (—h®, k%), T :i=y x (—h® h®)
¢ =y x (—h® h®), T% = x {+h},

with #® > 0. Hence the boundary of QF is partitioned into the lateral face I'® and the
upper and lower faces I'Y and I'“ ; the lateral face is itself partitioned as I = I'§ U I,
with T¥ = y; x (—h® h®). Moreover, we let re = [{ Iy = 0Q°\I§, the
complement of I'§ with respect to 0€2°. For notational convenience, at times we left
tacit the time-dependence of a field ®. For the sake of brevity, a one-parameter family
of fields {® (&)}~ is referred to as sequence. Scalars are denoted by light-face letters,
vector and tensor fields of any order by bold-face letters. Let H' (Q¢) == [H'(Q#)]*;
for 2¢ < 0Q¢, we define

and denote their respective duals as H*(Q% E°) and H*(Q% Z°). For v a vector

|®|[1.q- denote, respectively, the L?(Q?)-norm and the H'(Q?)-norm of ® (analogous
notations are used for the L?(Z¢)-norm of ®, with Z¢ a subset of IQ). We also
employ Einstein’s usual summation convention; Greek indices take the values 1 and 2,
Roman indices range from 1 to 3.

4.1.1 Constitutive Laws

In magneto-electro-thermo-elastic materials the mechanical, electric, magnetic and
thermal behaviors are coupled. In the case of the quasi-static approximation for
Maxwell’s equations, the electric field E¥ and the magnetic field H® can be ex-
pressed through two potential functions, i.e., Ef = —07¢® and HY = —07(°,
where ¢® and {* denote, respectively, the electric potential and the magnetic po-
tential. Thus, the magneto-electro-thermo-elastic state is defined by the quadruplet
U® = (u®, ¢° (% 6°) where u® = (u7) and 6° represent, respectively, the displace-
ment field and the variation of temperature. The interaction between these four different
behaviors is described by the following set of constitutive laws:

o (U7) = Cijicer, (W) + PrijOg o° + Riij 0 d® — Bijb*,

Dia(rua) lkfek[( ) - Xijaf‘»og - ai_iafgs + pio?%,
Bf((u“?) lkl’ekg( ) aija}gﬂog - All'ja}séﬁ’3 + m;6%,
SE(UT) = Bijef;(0®) — pidf ¢® — midf {® + cu0%,

dF (6°) = —Kyyoter.

where 0 = (o7;) is the Cauchy stress tensor, e®(u®) = (ef;(u?)), with ef;(u®) =
G+ uf + 07uy), is the linearized strain tensor, D* = (Dy’) is the electric displacement
field, B® = (B?) is the magnetic induction field, S* is the thermodynamic entropy and
q° = (g7) is the heat flow vector. C = (Cijre), P = (Piji), R = (Riji), X = (Xij),
M = (M), B = (Bij), @ = (@ij), p = (pi), m = (m;), c, and K = (Kj;) represent,
respectively, the elasticity tensor, the piezoelectric tensor, the piezomagnetic tensor,
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the dielectric permittivity tensor, the magnetic permeability tensor, the thermal stress
tensor, the magneto-electric tensor, the pyroelectric vector, the pyromagnetic vector,
the calorific capacity of the material and the thermal conductivity tensor. Moreover,
we suppose the material properties of the (generally anisotropic) magneto-electro-
thermo-elastic plate-like body under study to satisfy the usual symmetry, positivity and
boundedness conditions, for which we refer to [9]. We recall here the most important
hypotheses:

— The following symmetric matrix (see [9], [45])

X a p
M= ¢ M m
pT m’ ¢,
is positive definite, which implies in particular that

X[jajai + M[jbjbi + 2a/,~ja_,~b,~ = C(a,-ai + bibi), forall a;, b; e R, C > 0.
4.1)
This condition is verified when the components of the coupling constitutive
parameters a, p and m are small, which is the case, for instance, for the usual
BaTiO3-CoFe, 04 composite (see Table 1 in [9]).

— Without loss of generality we assume that the mass tensor (see [49], [50])

i ef 0 O
pP=1 0 pf 08
0 0 pf

is diagonal and positive definite 2. Hence, p? > 0 and pf € L*(Q?).

4.1.2 Governing Equations

The magneto-electro-thermo-elastic plate is subjected to body forces f* = (f7) :
Q? x (0,T) — R3, an electric charge density pZ : Q% x (0,7) — R and heat source
re : Qf x (0,T) — R. The state U* solves the following system of field equations:

peHEE — diveo® (U?) = f? in Q° x (0,7),
diveD? (U°) = pf in Qx (0,7), 42
div'B®(U?®) = 0 in Q x (0,T), @2
S#(U?) + £diviq®(6°) = r*  inQ® x (0,T),

with Ty > 0 a constant reference temperature. The boundary conditions are posed
on 0Q% x (0,T); we recall that 0Q° = s vre oIy v Iy, For simplicity we
consider homogeneous boundary conditions on I'§ x (0,T), concerning displacements
and temperature, and non-homogeneous boundary conditions on r'ex (0,T), concerning
surface forces g° = (g;°) and surface heat flow 0. Hence, one has

{ o?(U®)n® =g on e x 0,7), u®=0 on FS x (0,T), (4.3)

q°(6°)-n® = o° onl?x (0,T), 6°=0 on Iy x (0,7).

2. Note that the mass tensor depends on &.
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As already shown in [63] (see, also, [53] for the case of a piezoelectric material with
magnetic effects), we specify four possible sets of electromagnetic boundary conditions,
leading to four different magneto-electro-thermo-elastic plate models:

(BC), : D(U?) -nf =d* onl® x (0,T), ¢°=0 on I x (0,7),
BS(U®)-n® =0 onl*x(0.T), ¢°=¢% onT% x (0.7),

D?(U?)-n® =0 onl?® x (0,7), € =¢™¢ onT% x (0,7),
(BC)y: =
Be(U?) - 0 x (

¥
n® = b® onl¥? x 0,7), [ = on Iy x (0, T),
(BC)s : D?(U®)-n® =0 onl® x (0,T), ¢°=¢™¢ onl% x (0,7),
71 BE(UF)-nf =0 onT® x (0,T), §8={ onF8 x (0,7),
D(U?) -nF =d° onl?x (0,T), ¢*=0 on Ie < (0,7),

B : ~
(BC)s { B?(U?) -n® =b° onl®x (0,T), (=0 on rg (0.7),

where n® = (n?) is the outer unit normal vector to 0Q°. Boundary conditions (BC);
lead to a plate which behaves simultaneously as a piezoelectric sensor and a piezomag-
netic actuator, namely the sensor-actuator model. Boundary conditions (BC), lead
to a plate behaving simultaneously as a piezomagnetic sensor and a piezoelectric ac-
tuator, namely the actuator-sensor model. Boundary conditions (BC)3 are associated
with the actuator model, according to which the plate behaves as a piezoeletric and
piezomagnetic actuator. Finally, boundary conditions (BC)4 are related to the sensor
model, whereby the plate behaves as a piezoelectric and piezomagnetic sensor.

The initial conditions are posed in Q°. Let ug, uf, 6 be, respectively, the displace-
ment, the velocity and the temperature at time ¢ = 0; we have

Note that there is no need to impose initial conditions ¢f == ¢*(0) and {§ = £*(0),
since they are formally given by the solution of the following system of equations:

diveD® (U*)(0) =
diveBE (U*)(0) =

f(szfekg( o) — Xij07gf — @ij 07 {5 +Pi9§) = Pgs

' . ;! 4.4
: <lefek[( ug) — @i 07 g — Mij0 L5 + mieo) =0

equipped with suitable boundary conditions.

4.1.3 General Weak Formulation

In order to give a weak formulation of the problems introduced in the previous
subsection, we follow Lions [43]. Given a certain magneto-electro-thermo-elastic state
U?* = (u®, ¢° %, 0°), for all test functions > V& = (v&,y%, £%,n%) and for any fixed

3. The space of test functions shall be precised case by case, according to the specific problem under

study.
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€ (0,T) we introduce the following bilinear form:

AZ(U (1), V?) = (p%5°,v°) + c(n, 8°) + co(6°,7°) — d(n°, ¢°) — e(n®, {)+
+au (07, v) + b(9?,v¥) — b(y®,u®) + f(L7,vF) — f(£7,u®)+
—c(6%v%) + ag (0%, 0°) + ag(£7,6°) + g(£°,¢°) + g(¢*, £%)+
—d(6%, %) — e(6%,£°) + ag(6°,7°),

where (-, -) is the scalar product in L?(Q#) and the bilinear forms a,(-,-), day (- ),
ag(--),ag(s-), b(-,-), c(--),d(~-), e(~), f(-,-), g(-,-) are defined as follows:

e f Cijreei (u®)ey; (vF)dx®, ap(¢%,y°) = L‘Xija}sfpgafl//‘gdxe,

1
f M;;07 07 £°dx®, ag(6%,n%) = —J K;;070°07n®dx®,
J To Joe J
b(y®,u®) = Lg Pijogytel;(u®)dx®,  c(n®u’) = LE n® Bije;; (u®)dx®,
d(n?, ¢%) = JQF n°pro; ¢°dx®, e(n®,¢%) = JQS n°mi 0y £ dx®,

e e B IR A

Besides, for a given magneto-electro-thermo-elastic state U* = (u?, ¢%, (%, 6°) , we
define the energy functional of the system:

= {pu u®) + a, (0, u°) + ag (¢, ¢°) + az (5, (%) + (c; 6%, 6°)+
—2d(9€, ¢°) —2e(6°%,0%) +29(£% ¢°)}

In the sequel we shall distinguish among the four variational evolution problems
arising from the different possible boundary conditions presented in the previous
subsection.

1) The sensor-actuator model. We let /¢ = [% — {A £, where {A € is a trace lift-
ing in H'(Q?) of the magnetic boundary potentials {*+¢ acting on T'%. The weak
formulation of (4.2)-(4.3) with electromagnetic boundary conditions (BC); takes the
following form

Find U® = (v, ¢%, [%,0°) e H'(Q°,T¢) x H'(Q%,T¢)x
H'(Qf,T%) x H'(Q#,T#), such that, for all

Ve e H'(Q5,TF) x H'(Q8,TE) x H'(Q,T%) x H'(Q°,T%),

A% (U (1), VE) = LE(V*), t € (0,T)

(4.5)

with initial conditions (ug, uf, 65) and

LE(V) = (F2v°) + (85 V) aqiey + (F20%) — (050%) ooy + (PE0°) +
(A 0) ey — g (85 6°) — F(E5V) + e, 087 — g(£.0%),
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As already shown in [9], for all weak solutions U*® = (u®, ¢*, {_ €, 0%) of problem (4.5),
the energy solves the evolution equation

E°(1) + ag(6°(1), 6°(1)) = Ly (1),

with LL(1) = (£5,0°) + (25.0°) 2 5oy + (65 0%) — (d%6%) 12 g, + (75,60°) —
%0(9‘9, 98)L2(fs) —ag(010%,0%) — f(£%,0%) + e(6%,0:4%) — g(0:1 L%, ¢%).

2) The actuator-sensor model. We let ¢° = ¢° — ¢°, where ¢° is a trace
lifting in H'(Q®) of the electric boundary potentials ¢*¢ acting on I'S. The weak
formulation of (4.2)-(4.3) with electromagnetic boundary conditions (BZ?)Z takes the
following form

Find U¢ = (v, ¢°,£%,6°) e H'(Q°,T¢) x H'(Q°,T'%)x
H'(Q#,T%) x H'(Q?,T¥) such that, for all

Ve e H(Q,TF) x Hl(QS, I'?) x H'(Q%,TE) x H'(Q#,T¢),

AZ(UZ(1),V?) = LE(V?), te (0,T)

(4.6)

with initial conditions (ufj, uf, 6§) and

L5(V?®) = (f%,v®) + (g° VS)LZ(fs) + (r®,n%) — TLO(QS’ UE)LZ(ﬁs) + (p%,¥°)+
—(b%,6%) 2oy — A (@5, 0°) — b(@%, V) + d(n®, 0,:0%) — g(£%, &),

For all weak solutions U?® = (u?, g%, £%, %) of problem (4.6), the energy solves the
evolution equation .
E°(1) + ag(6°(1),0°(1)) = Ly (1),

with LZ (1) = (f%,0°) + (g°, U)a ey + (06 ¢°) — (b, {F)papey + (r%,0°) —
TLO(Qg, 9$)L2(fs) —ay(019%, %) — b(°,0%) + d(0°,0,9°) — g(L%,0:9%).

3) The actuator model. The weak formulation of (4.2)-(4.3) with electromagnetic
boundary conditions (BC)3 takes the following form

Find U® = (v, %, [%,0°) € H'(Q°,T%) x H'(Q,T'%)x

x H'(Q#,T%) x H'(Q#,T¢) such that, for all

Ve e H(Q5,TF) x H'(Q°,T) x H'(Q%,T%) x H'(Q°,T¢),
A%(UA(1),V?) = L(V?®), t€ (0.T)

“.7)

with initial conditions (ug, u?, 65) and
LE(VE) = (£5,v%) + (8% V) pa(pey + (7
—ag(85,0%) = f(5,v%) + e(n®, 0:8%) — g({*,u®)+
—ap(@%,¢°) — b(@%,v°) + d(n®, 0,;¢0°) — g (£, &°).

For all weak solutions U?® = (u?, ¢%, Z €,60°) of problem (4.7), the energy solves the
evolution equation

(r*.0°) = 75.(0% %) ey + (P 0°)+

+
_l’_

E° (1) + ag(6°(1).6°(1)) = LL (1)
with L3(1) = (F0°) + (8°0%) ey + (55 ¢°) + (2.6%) — (0%, 60%) oy, —
ac(0,85.8°) — F(£2,0°) + (6, 0,8°) — 9(6:8%.¢°) — a,(818°.6°) — b(G".0°) +
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d(gg, at@g> - g({s’ az‘ﬁg)-

4) The sensor model. The weak formulation of (4.2)-(4.3) with electromagnetic bound-
ary conditions (BC)4 takes the following form

Find U® = (v, 9%, (%,6°) € H'(Q°,T%) x H'(Q,T%)x
xH'(Qf,TE) x H'(Q®,T¥) such that, for all

Ve e H(Q°,TF) x H'(Q%,TF) x H'(Q%,TF) x H'(Q#,T¢),
AZ(UE(1),V?) = LE(V?), te (0,T)

(4.8)

with initial conditions (uf, uy, 6§) and

LE(V2) = (£5,v°) + (85, V) ey + (r51°) — 1 (05,7%) 2 ey + (05 9°)+
— (b, fg)Lz(fs) - (a°, ‘VS)LZ(fg)

For all weak solutions U?® = (u?, ¢, £%, 0%) of problem (4.8), the energy solves the
evolution equation .
&°(1) + ag(6°(1),6°(1)) = Lg (1),

with Lg (1) = (£2,0°) + (g°, U)o ey + (06 ©%) = (D%, 0%) ey — (A%, 07) 2oy +
(re,0%) — Tlo(Qge 9€)L2(fs)-

So far, we have only assigned initial conditions on u® and 6 since, as pointed out
in (4.4), initial conditions ¢ and l ; are given by the solution of a suitable variational
problem, according to the case under study; for instance, in the first case (sensor-
actuator), we have

Find (@5, (%) € H'(Q%,T%) x H'(QF, ') such that,
for all (y*,£%) € H'(Q%,TE) x H'(Q#,T%),

ag (g w°) + ag(5.€°) + g(5.v°) + 9(¢5, £°) = (p2(0),v°)+
—(d(0) %) o oy — ag(EE0%) + F(E505) — e(605.£7) — g(5.0°) + (65, u°);
(4.9)

in the other cases, analogous weak formulations can be given.

4.1.4 Existence, Uniqueness and Regularity

We state here a result of well-posedness for the problem in the sensor-actuator case,
the other cases being analogous. The problem in its general setting has been dealt with
in [9], to which we refer for the proof.

Theorem 4.1. Suppose QF has Lipschitz-continuous boundary. Assume the following
regularity properties on the initial data:

(ué,uf, 05) e HY(QTE) x L*(Q°) x H' (QTE),



the following regularity properties on source and boundary values:

\

fe e L2(0,T; L*(Q7)),

p% € H'(0.T; L*(Q7)) n C°([0, T]; L*(©Q%)),
ré e L2(0,T; L*(Q9)),

g € H2(0,T;L2(T®)) n C' ([0, T];LA(T?)),
d® € H'(0,T; L*(T¢)) n C°([0, T]; L3(T

b® € H'(0,T; L*(I'?)) n CO([0, T]; L*(T'#)),
o € L2(0,T; L2(T'#)),

and the following compatibility conditions:

Then, problem (4.5) admits a unique solution (u

g”(0) = 0-(“()";007(0"98) n® on ts’
d®(0) =D? (uo, 900, £5,65) -m®  onT?,
( BS( uy, ‘100’ 50’06) n® on ES,
(0) =q*(6;) -m onT?.

€ %, (%, 6°) such that

u® e L*(0,T; L*(Q%)),

peue € L2(0,T; H*(QF,T¥)),
{ ¢® e L*0,T;H (Q7,IY)),
[f e L*(0,T; H'(Q#,T%)),
0° € L*(0,T; H'(Q*,T%)),

\

One can also prove the following result.

u® e L2(0,T; H'(Q#,T¢)) n CO([0, T]; L*(Q*)),

co0° + B e(0F) —p- VEG® —m - V(" € L2(0,T; H*(QF,T%)).
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(4.10)

Theorem 4.2. Besides (4.10), suppose the following further conditions are satisfied

by the initial data and the domain:

(i)

i) uZ, 6% and the domain Qf are such that problem (4.9) admits a solution
0’ 70
(0. 8) € HH(QF) n HY(Q®,TE) x HX(QF) n H'(QF,T%).

uf € H(Q%) n H'(Q*,T?),
u? e H'(Q,T),
05 € H*(QF) n H'(Q,T%),

Secondly, assume the following further regularity properties on the source and

boundary values:

¢ e H'(0,T;L2(Q?)) n CO([0, T]; L2(Q?)),
Pe € H2(0 T;L%(Q%)) n C'([0,T]; L*(Q7)),
re H'Y(0,T; L*(Q%)) n C°([0,T]; L*(Q?)),

g € H2(0,T;L2([%)) n C'([0,T]; L3(T*)),
d¢ € HX(0,T; L*(T¢)) n C1([0,T]; L2(T*®)),
b® € H?*(0,T; L*(T?)) n C!([0,T]; L*(T?)),
o € HY(0,T; L2(T%)) n CO([0,T]; LA(T#)),
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and on the constitutive parameters:

ijkf € Wl’OO(QS),
Pijk € Wl’oo(Qg),
Rijk € Wl’OO(QE),
Bij € WI’OO(QS),
Kij € Wl’OO(QE).

Then, problem (4.5) admits a unique solution (u®, ¢®, (¢, 6) such that

(u® e CO[0,T]; H'(Q5,T%)) n C'([0,T]; L2(Q#)),
u® e L2(0,7;H'(Q%,T¥)),
u® e L2(0,T; L2(Q?)),
¢° e H'(0.T: H'(Q%TF)) n C°([0.T]; H' (Q° 0)),
{°eH'(0.T; H'(Q, i))mCo([, T, H'(Q",T7)),

0° € H'(0,T; H'(Q%,T%)) n CO([0,T]; H' (Q*, rg)).

N

Let us explicitly remark that condition (i) is automatically satisfied when Q¢ is convex
(see, e.g., [32)).

We just provide the main ideas of the proof, which is always based on the Faedo-
Galerkin method, as in the case of Theorem 4.1 (see Thm. 2.1 in [9]). For typographical
reasons, from here until the end of the current subsection we reckon to fix a value of
£ and drop this index from all the mathematical objects involved. As compared with
the procedure carried out in [9], according to the further regularity hypotheses on
the initial data, here we introduce bases {vi};? |, {nx};, and {&x}}2, for spaces
H?(Q) n H'(QTy), H*(Q) n H'(Q,Ty) and H*(Q) n H'(Q,T4), respectively. At
this stage, the proof can be split in two parts. In the first part, we fix p € N and define
u, (1), ¢p(t), {p(t) and 6, (1) as linear combinations with time-dependent coefficients of
Voo s Voo - ps &1, ..., &p and again 7y, . . ., 7, respectively. Then, we require
such coefficients to satisfy the following strong convergences:

u,(0) > uy in H3(Q) n HY(Q,T),
u,(0) > uw inHY(QT, )
¢p(0) = ¢o in H*(Q) n H'(Q T), (4.11)
{p(0) > ¢ in HX(Q) n H'(QTy),
(0) — 6o in H*(Q) n H'(QTy),

where (¢, o) is the solution of (4.9). Thus, as in [45], the mapping ¢t —
(wp(1), 0p(2), {p(1),0,(1)) is determined as the solution of a well-posed finite-
dimensional system of ordinary differential and algebraic equations, with initial condi-
tions satisfying (4.11). Finally, weak convergence results as p — 40 are established
using procedures and estimates completely analogous to those carried out in steps (i),
(if) and (iii) of the proof of Theorem 4.3: that is to say, respectively, finding a bound on
the external power depending on the energy, then finding a bound on the initial energy
and eventually applying Gronwall’s lemma to find a bound on the energy at time ¢. The
weak limits provide the sought solution of (4.5) in certain spaces of the form L2(0, T; H)
with H a suitable Hilbert space. In the second part of the proof, in-time regularity of
the solution is increased, by applying exactly the same arguments of the first part to
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the list of unknowns 0, U = (0;u, d;¢, 0;(, 9,0). One finally finds analogous bounds
on &(0;U, (1)) and on the quadratic form ay(0,6,(t), 0:0,(t)), where (0, U, (1)) de-
notes the energy associated with 0, U, (¢). Hence, further weak convergence results as
p — o0 are obtained and, as a consequence, one finds a solution with further in-time
regularity properties.

It is worth to point out that the regularity hypotheses on initial data and constitutive
parameters are essential to obtain bounds on & (0, U, (0)) (in particular, on |0;,u,, (0) 0,0
and |0,;0,(0)|o,0), so that one can apply Gronwall’s lemma to get an estimate on
&E(0:U,(1)). Indeed, when looking for a bound of |d;,u,, (0)]o,q, one has to deal with
a term of the form

|div(Ce(u,(0)) + P" Ve, (0) + R"V,(0) — B6,(0)) ‘O,Q’

and so the additional assumptions ensure this L?()-norm to be well-defined. Similarly,

a term of the form
|divKV6,(0)|, o

has to be dealt with when looking for a bound on |0;6,,(0)]o,q.

4.1.5 Scaled Evolution Problems

In order to perform an asymptotic analysis, we need to transform problems (4.5),
(4.6), (4.7), (4.8), posed on a variable domain Q?, onto problems posed on a fixed
domain Q (independent of &). We suppose that the thickness of the plate #® depends
linearly on &, so that h* = gh. Accordingly, we let

Q= wx (—hh),
F() = Yo X (—h, h),A F] =Y X (—h, h),
Iy =wx{th}, T =Ty ul].

Moreover, for 2 < 0Q, we define the following functional spaces

H'(QE) = {ve H(Q); v =00nE},
H'(Q,E) = {v=(y) e H'(Q); v=00nZF}.

Hence, we apply the following change of variables (see [14]):
78 ix=(£x3) € Q> x° = (Fex3) €Q, with ¥ = (xqa).

By using the bijection 7%, one has 0 = J, and 0§ = é(%.
Let us suppose that the data verify the following scaling assumptions:

fa(x0) = fa(x0),  f5(x%1) = ef3(x1), x€,

9a(x%,1) = ga(x,1), g5 (x%,1) = €g3(x,1),  x€T,

g5(x%.1) = ega(x.1), g5(x°1) = e%g3(x,1), x €T,

PE(x%,1) = pe(x,t), r2(x%,1) =r(xt), x€Q

d®(x%,1) = d(x,t), b®(x%,t) = b(x,1), 0% (x%,t) = o(x, 1), xeTly,
d®(x%t) = ed(x,t), b°(x%1) =eb(x1), ©°(x°%1) =eo(xt), xely.

We assume the following scalings for the mass densities p?, as in [45] (see also [7]):

p5(x%) = p(x),  p5(x°) = °p(x), xeQ
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Remark 4.1. The in-plane and transversal components of the mass tensor are scaled
differently. These assumptions aim at obtaining a scaled evolution problem that couples
the three components of the displacement field. In particular [7], the £> dependence of
p5 allows, as an example, for an upward shift in the purely elastic transversal vibration
frequencies of the plate as the scaling parameter goes to zero. Thus, the limit model
is sensitive to inertia effects along the transversal direction, as it will be shown in the
presentation of the flexural problems.

We distinguish the four cases of study for what concerns the scalings of the un-
knowns and test functions. In particular, since the mechanical and thermal loads
and boundary conditions remain unvaried in any case, the scalings of the unknown
displacements u? and temperature 6° and their associated test functions shall always

be
us (x%,1) = uq(&)(x,1) forall x* = n6x e Q°, 1€ (0,T),
uf (x%,1) = e luz(e)(x, 1) forall x* = n°x € Q" te(0,7),
¢ (x%,1) = 0()(x,1) forall x* = nx e Q°, 1€ (0,T),

hence the associated scaled strain tensor field k(&) = (k;;(€)), with «;;(g) € L*(Q)
and scaled temperature gradient y (&) = (y;(&)), with y;(g) € L*(Q) are always given
by

Kap(€) = eqp((€)), Ka3(8) = Lea3
Ya(&) = 0ab(e), y3(e) = 1030(¢).

Due to the different electromagnetic source terms and boundary conditions (see, e.g.,
[63]), the scalings related to the electric and magnetic potentials ¢ and £ shall vary
throughout the asymptotic procedure; of course, the same holds for the scalings of
the corresponding test functions. The scaled gradients of the electric and magnetic
potentials will be denoted, respectively, by 7(g) = (1;(g)), with 7;(g) € L?(Q), and
x(&) = (xi(e)). with yi(e) € LA(Q).

In general, with an arbitrary magneto-electro-thermo-elastic state V = (v, 4, &,17),
we associate, respectively, the tensor field x(&;v) = («;j(&;v)) and vector fields

T(&¢) = (nu(&:y)), x(&:€) = (xi(e:€)) and y(e51) = (vi(esn)).

1) The sensor-actuator model. With the unknown magneto-electro-thermo-elastic

state U € H'(Q°,T) x H'(Q%,TF) x H'(Q%,T%) x H'(Q,TF), we associate

the scaled magneto-electro-thermo-elastic state U (&) = (u(e), p(&),l(g),0(g)) €
H'(QTy) x H'(QTy) x H' (QT4) x H'(Q,T), where

¢ (x%,1) = @(e)(x,1) forall x* = xex € Q°, € (0,T),

- -—-&

2(x%,t) = el(g)(x,t) forall x* =nxeQ, te(0,T). (12)

Moreover, with these scalings we associate, respectively,

Trz(8> = aa/‘p(g)v 7'3(8) = éaﬁo(‘c")’
Xa(€) = &0a{(8), x3(g) = 03{(e),

We let () == x(&;Z(g)) and g == V.
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We can now reformulate the problem on the fixed domain €. It follows that for every
& > 0 the scaled magneto-electro-thermo-elastic state U (&) is the unique solution to
the scaled problem:
Find U (g) e H(Q, Ty) x HY(QTy) x HY(Q,T+) x H'(Q,T),
{ such that, for all V e H'(Q, Ty) x H'(Q.Ty) x H'(Q 1) x H (QTy),
Ae)(U(e) (1), V) = Li(e)(V), 1€ (0.T),
(4.13)
with initial conditions (g, uj, 90) where

Ae)(U(e)(1). V) = (pii(e). V) + c(e)(m0(e)) + co(6(e),n) — d(e) (1, $(e))+

—e(e)(m L(e ))+au( )(u(e),v) + b(e)(p(e),v) — ble)(, u(e))+
+/(e)(L(e).v) = f(£)(§ u(e)) — c(e)(6(e). V) + ag(e)(¢(e).¥)+

+ag(e)(L(e).§) +9(e)(L(e).¥) + g(e)(e(e).§) — d(&)(6(e),¥)+
—e(£)(0(e).§) + ag(e)(0(£).n),

) )
Li(e)(V) = (£.v) + (8 V)2 + () — 7(0 n)Lz(f)+(p ) — () oy +
—ag(e)(.€) — f(e )({ V) +e(e)(m.0,) — g(&)(L.y).

The new bilinear forms are defined as follows:
a(&)W(EY) = | Caomelo)mslemids. ay(e)ple).v) =j Xty ()m (e 0)dx
ac(e)(0).) = | M) xi(es ) = | Km@mtema
bl u(e) = | Pymlenvisge)dn  cle)nule) = Lnﬁinij( )i,
de)nple)) = | (e, ()1.£(e)) = | mmon(e)dr
Fle)eule) = | Rupulengledds ge)(¢e)) = | ayxs(entenix

We denote by E(e)(r) the scaled energy of the system associated with a weak
solution U () = (u(e), p(e),{(g),0(¢)):

&(e)(r) = —{ pu(e),u(e)) + au(e)(ule), u(e)) + ay(&)(p(e)+
+o(8)) +a{( &)({(8).£(8)) + (c0(8), 0(&))+
—2d(e)(0(s), ¢(2)) — 2e(e)(6(2). £(£)) +29(£)(L (), ¢())} -

Following [9], it is easy to prove that, for all weak solutions U(g) :=
(u(e), p(&), Z(g),0(&)) of problem (4.13), the scaled energy solves the evolution equa-
tion

&()(1) + an(e) (0(2).0(s)) = LE(£) (1) (4.14)
with
Ly (@)(0) = (£(2)) + (8 5())gae + (P 9(2)) — (d 0(6)) agry +
+(r, 0(e)) — %OA(Q,H(S )ip) — a2(8)(0id, L () — f(2) (& ule))+

(
+e(e)(0(¢), 0:L) — g(£) (014, p(&)).
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2) The actuator-sensor model. We assume the following scalings for ¢® and {®:

% (x%,1) = szo(s)(x,t) forall x =n°x e Q, t€ (0,7), (4.16)

C5(x5, 1) = C(e)(x 1) forallx® =nxeQ, te(0,T).

Moreover, the components of the scaled vector fields 7(¢) = (7;(g)) and x(g) =
(xi(&)) are now defined by

Ta(€) = e0ap(e), T3(€) = O30(8),
Xa(&) = 0al(e), xs(e) = é& (&)

nd T = V@. The scaled magneto-electro-thermo-elastic

We let T(e) = 7(&;¢(¢)) a
), {(€),0(¢)) is the unique solution to the following scaled

state U (g) = (u(e), ¢(e
problem:

Find U(e) e H' (QTy) x HY(QT4) x H'(QTy) x H'(QTp), such that
forall Ve H (QTy) x H'(QTy) x HY(QTy) x H'(Q,Ty),
Ae)(U(e)(1),V) = La(e)(V), 1 € (0.7),
4.17)
with initial conditions (g, uy, 6p), where

La(e)(V) = (£.9) + (& Vo) + (1) = (@) oy + (Pesth) — (B.€) oy +
—ag(&)(@.¢) = b(e)( V) + d(&)(n, 0r9) = g(&)(€, §).

3) The actuator model. We assume the following scalings for ¢® and £?:

¢°(x%,1) = e@(e)(x,1) forall x* = 7°x € Q' te (0,7),

72 (x%,1) = £l(e)(x,1) forallx* = n°x € Q’, 1€ (0,T). +-18)

Moreover, the components of the scaled vector fields 7(e) = (7;(¢)) and y (&) =
(xi(e)) are now defined by

To(€) = €0a9(€), T3(8) = O3p(e),
Xao(€) =¢e0,l(8), x3(e) = 03l(e).

The scaled magneto-electro-thermo-elastic state U (&) = (u(e), §(&), l(€),0(g)) is
the unique solution to the following scaled problem:

Find U(e) e H'(QTy) x H'(QT4) x H'(QT4) x H'(QTy), such that
forall V e H (QTy) x H'(QT4) x HY(QT4) x HY(QT),
A(e)(U(e)(1),V) = La()(V), t € (0.T),
(4.19)
with initial conditions (ug, uy, 6y), where

L3(e)(V) = (£ v) + (g Vv )LZ(A) (r,m) — TLO(Q’U)y(f)*‘(PeJ//)*'

—ag(8)(Lw) = f(&)(Gv) + () (1,0 ) — g(&) (& 9)+
—ay(&)(p.¥) — b(e) (@ V) + d(&)(n,0:¢) — 9(£)(§, @)

4) The sensor model. We assume the following scalings for ¢® and {*:

0% (x%,1) = ¢(&)(x,1) forallx* = 7fxeQ’, 1€ (0,T),

éjg(xg’t) = ((8)()6, t) forall x¢ = néx e 58’ te (0’ T) (420)
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Moreover, the components of the scaled vector fields 7(e) = (7;(¢)) and y (&) =
(xi(&)) are now defined by

The scaled magneto-electro-thermo-elastic state U (&) :
the unique solution to the following scaled problem:
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Find U (e) e H'(Q, Ty) x H'(QTy) x H'(QTy) x H'(Q,Ty), such that
forall V = (v,y,&n) e HY(QT)) x H' (QTy) x H'(QTo) x H'(QT),
A(e)(U(e)(1).V) = La(&)(V), 1€ (0.7),
4.21)
with initial conditions (ug, uy, 6p), where

Lie)(V) = (£3) + (& Vo) + () = - (en) oy +

+H(pest0) = (. €) 20y — (d¥) 28y

4.1.6 Convergence Results

Preliminarily, we introduce the functional spaces

X(Q) = {£ € L*(Q), 03¢ € L*(Q)} = H' (—h, h; L*(w)),
Xo(Q) = {€ € L*(Q), 03¢ € L*(Q), £ =0on Ty},

usually employed in the asymptotic analysis of actuator piezoelectric plates (see, e.g.,
[58]). Also, let
Vi (Q) = {ve H(QTy); e;3(v) = 0}

denote the space of Kirchhoff-Love displacements, and

Vi (w,70) = {ve = (vq) € H (0); vy = 0 on yp},
Vs(w, y0) = {v3 € H*(w); v3 = 0 and 6,03 = 0 on ¥},

where v = (v,) is the outer unit normal vector to y. We recall that 7 = (—vy, v1)
represents the unit tangent vector to 7.

As we shall prove in the following subsections, the limit displacement field is always
a Kirchhoft-Love field; thus, for consistency reasons, we consider initial conditions such
that (see [45])
u(e)(0) = up € H(Q) n Vg1 (Q),
é’tu(s)(o =uj € VKL(Q), (4.22)
6(£)(0) = 6y € H*(Q) n H'(Q,Ty).

4.1.6.1 The Sensor-Actuator model

Theorem 4.3. Under assumption (4.22), the sequence {U (&)} -, weakly converges
to the limit U == (8,$,L,0) in the space L*(0,T;H'(Q)) x L*(0,T; H(Q)) x
L*(0,T;X(Q)) x L*>(0,T; H'(Q)).



63

Proof. For the sake of clarity, the proof is divided into four parts. The first three
parts are devoted to showing that the sequence associated with the scaled energy
{E(&)(t)}e>0 is uniformly bounded; the proof of the weak convergence result is then
accomplished in the fourth part.

(i) BoundsAon Ly (). First we reAwrite (g il(e))Lz(f) = o (g, u(s))Lz(f) —(g u(s))Lz(f)
and f(g)(&,u(e)) = o[f(e)(&u(e))] — f(e)(6:4,u(e)). By using, in expression

(4.15), Cauchy-Schwarz, Poincaré’s, Korn’s and Young’s inequalities, along with the
continuity of the trace operator, we obtain the existence of positive constants C; and
0o such that

LEE)(U(E) < Gole) + 5 {le)iq + k()G + 7)o + 10() Ba+

() g+ doly ()P + at<g,u<s>>Lz® —alf(e) . u(e))]

where 2Co(1) = 3 o + 18 . + [peld o + 14 -+ R g +
on the domain and the data (not on £). Denoting by K > 0 the coercivity constant of
ag (-, ), with a view toward applying (4.14), we choose &) such that K == K — % > 0.
By the definition of the scaled energy and the positive definiteness hypothesis (4.1),
there exists a positive constant C; such that

0 ot |6’t,\/| depends

[u(e)[5.0 + k(@)q + T(e)50 + 16(e)50 + LE()q < C2E(e).

hence there exists C3 > 0 such that
LL(5) < Colt) + GE(®) + (B u(e))yaqp — AL (&) E ()]
(ii) The sequence {E(£)(0)} &0 is uniformly bounded. We have:

26()(0) = (pur, uy) + au(e)(uo. wo) + a,(£)(¢o(e). ¢o(#)) + as(£)(fo(e). do(e)) +
+(coblo, o) — 2d(e)(Bo, wo(e)) — 2e(&)(6o. So(e)) + 29(e) (So(e), wo(e)),

where (¢o(&), {o(€)) is the solution to the following variational problem

Find ((¢o(e). Zo(2)) € H' (@ To) x H'(.T)
such that for all (¥, &) € H'(QTy) x H'(Q,T4),
ag(e)(po(e).¥) + ag(e)(do(e). €) + g(e)(Go(e).¥) + g (&) (¢o(e). §) =
= (pe(0).¥) = (d(0).¢) 21y — ac(e) (G0 &) + f(&) (&, o) — e(e) (6o, )+
—g(&)(o.¥) + d(€)(0o, ) + b(e) (¥, wo).
(4.23)
By virtue of condition (4.1) (with constant ¢;), Cauchy-Schwarz, Poincaré’s and
Korn’s inequalities (with constant ¢;) and Young’s inequality (with constant d1), one
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has that

er {[role) o + LHole) B} <
< ag(8)(po(8), po(e)) + ag(e)(Lo(e), Lo(e)) + 29(8)(Lo(8), po(e)) <
<o {!To(s)|0,9(|/3e(0)|0,9 +1d(0)]o,r + [Vuolo.a + 60lo.c + [Vdolo.0)+

+ |xo(€)]o,a(|Vaolo,a + [6olo.a + \Vfolo,g)} <

0351 _
< ) ka+ o) faf +

C3 2
+35- POl + 1d(0)

2+ [Vuoldg + 160l + Va0l -

Finally, on choosing ¢; such that ¢; — 637‘5‘ > 0, we get the uniform boundedness of
ITo(€)]o.0 and |xo(&)]o.o. Now, we remark that e;3(ug) = O by hypothesis (4.22),

which implies

au(&)(uo, up) = J Cijiekke(€)(o)kij(€) (o) dx = f Capyskys(€) (o) kap () (uo)dx,
Q Q
so that, by the properties of C, we have
au(€)(ug,uo) < ¢[Vug[g

for some constant ¢ > 0. Consequently, by virtue of the above bounds, there exists a
constant ¢4 > 0 such that E(&)(0) < ¢y, i.e., the sequence {E(g)(0)}e~0 is uniformly
bounded.

(iii) The sequence {E(&)(t)}e=0 is uniformly bounded. Upon integrating the
energy evolution equation (4.14) in (0,7), using the results of steps (i) and (ii), the
continuity of the trace operator and Korn’s inequality, we infer that

t

E(e)(t) + I?L [y (£)(s)[5.0.ds < E(£)(0) + fo Lg(e)(s)ds <
< c

<ci+ Jot <C0(s) + C3E(e)(s)+

+0s(g(s) u(e) ()2 — 3s[f(8)(2(5),“(8)(3))]>ds <
RORa+ S0 ) +
+%(C552 + 0663)|K(s)(1‘)|aQ + C3 L E(e)(s)ds.

Since |k (£)(1)[3 , is bounded (up to a constant) by &(g)(r), it is sufficient to select
suitable values of 95 and d3 to get the following estimate:

1

E)(0) + ELI 7 (e)(5)ads < Cs(1) + Cs fot E(e)(s)ds < Co + c3f0 E(e)(s)ds,
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with C == sup;c(o,1) Cs(t). Thanks to Gronwall’s inequality, there exist two positive
constants m and k such that

E(e)(t) < mek" and KJ ¥ (£)(s)|g.q ds < me* forallt € (0,T).

(iv) Weak convergences. We are now in a position to establish the weak convergence
result. From the bound on the energy we infer that the sequences {k (&) } £>0, {xX (&)} &0,
{r(&)}e=0and {y(&)}«>0 are uniformly bounded in L?(0, T; L?(Q)), therefore we have
the following weak convergences (up to a subsequence):

kij(g) — &; in L*(0,T; L*(Q)),
Xi(e) — % in L*(0,T; L*(Q)),
7i(g) — T, in L?(0,T; L*(Q)),
yi(e) — in L?(0,T; L*(Q))

Moreover, by means of Korn’s and Poincaré’s inequalities and from the definition
of k;j(€), 7;(€) and y;(e), we infer that |u(e)|iq. |¢(€)|1,0 and |0(e)|1,q are also
bounded, so that

u(e) —a in L?(0,T;H(Q)),
u(e) —a in L*(0, T,LZ(Q)),
¢(e) = ¢ in L*(0,T;H'(Q)),
6(g) — @ in L?(0,T; H'(Q)).

Upon writing
{e) ) = | oad(e) i m)dus

it follows that |£(¢)|o.a0 < 2h|038(e)|0.a < ce™, by virtue of the boundedness of
ii(€). This implies that both /(g) and £ (&) are bounded in L?(Q) and thus,

(e) —\gf in L%(0,T;X,(Q)),
() = ¢ in L*(0,T;X(Q)).

EANRAY!

This completes the proof. O

Theorem 4.4. The weak limit U(t) = (a(t), §(1), £(¢),8(r)) is the solution to the limit
variational problem:

Find U (1) € VKL(Q) x H'(Q,To) x X(Q) x H'(Q,Ty), t € (0,T) such that
Ay N( 1), V) = Li(V), forall 'V € Vg (Q) x H'(Q,To) x Xo(Q) x H'(Q,Ty),
={tonTy,

(4.24)
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~

A (1), V) = L {(C porere B(0) + B g0 (0) + Riyg032(0) — Blgfit) ) eap(v) +

~

(= Phreear (@(1) + Xhpdp@(t) + Gla0sZ(r) = PAO)) Cath+
+ (—ﬁgaﬁeaﬁ(ﬁ(z)) + L 0,B(1) + ML03E(r) — ﬁiéé(t)) O+
+ (Blgeap (1) — Ao (1) — Phoad(r) + E20(1) ) n+
+K500(t)0an + pi’i,-(t)vi} dx,

LiV) = (89) + (& V)i + (1) = 35 (00) 12y + (e ) = () .

The reduced magneto-electro-thermo-elastic coefficients C oo Xéﬁ, K! op P(lmﬁ, (143’
pr il R;aﬁ and a a(ﬁ are listed in Appendix 1.

Proof. For the sake of clarity the proof is split into three parts.
(i) By the definition of «;;(¢), ¥i(€), 7i(g) and ¥;(¢), and thanks to the results of
Theorem 4.3, there exists two constants Cy; and Ck such that

leap(u(e))|on < Cre T, leas(u(e))|on < eCrnes”, |ess(u(e))lon < £7Care*T,
10 (8)|0,0 < LCreCKT, 03¢ ()00 < CreCKT,
|0ap(€)|0.a < CpreCkT, |030(€)]0.a < eCpeCKT,
1020(8)|0.0 < CpreCKT, |036(€)|0.0 < eCpeCkT.
(4.25)

From the first set of inequalities (4.25);, we get that e;3(u(g)(t)) — 0 in L*(Q) for
almosteveryt € (0,T). Also, asu(g)(¢t) — a(¢) in H' (Q), we have that e;3 (u(e)(t)) —
e;3((z)) and so e;3(0(¢)) = O by uniqueness of the limit. This implies that 033 = 0,
i.e., 13(X, x3) = @3(X) is independent of x3. We also have that d3ii, = —0,i3, i.e.,
o (%, x3) = fig (%) — x304i13(%). Consequently, i(r) € Vg (). Moreover, we obtain
that ¢4 (u(2) (1)) — Kag (1) = eap (1)) in L2(Q), Leya(u(z)(1)) — ke (1) in L(Q),
Less(u(e)(r)) — 0in L*(Q) and, also, ﬁe33 (u(e)(t)) — k33(t) in L*(Q).

From the second set of inequalities (4.25),, we have that £0,¢ (£)(¢) — 0in L*(Q)
and &3¢ (e) (1) — B52(1) in L(Q).

From the last sets of inequalities (4.25)3 4, since ¢ (&) (t) — @(t) in H'(Q), we infer
that O, ¢(£)(t) — To(t) = 0a@(t) in L*(Q) and, also, d3¢(&)(t) — 0in L?(Q), i.e.,
o(1) = g(x)(¢ )1smdependentofx3 Besides, 103¢(¢)(t) — 73(t) in L?(Q). Similarly,

) Oar

since 8(&)(t) — 6(¢) in H'(Q), we obtain that 0,0(&)(r) — ya( = 0,0(t) in L*(Q),
6329(8)0) — 0 in L*(Q), i.e., 6(t) = 6(%)() and, finally, 1050(¢)(r) — y3(t) in
L*(Q).

(ii) Computations of ki3, T3 and 3. Let us multiply problem (4.13) by £ and let & tend
to zero. We get the following equation:

C3333k33 + 2Cq333Ka3 + P33373 + Capazeap () + Pa330a@ + Ra33038 — B3zl =

By multiplying problem (4.13) by &, choosing test functions v3 = ¢ = = ¢ = 0 and
letting € tend to zero, we have that

Ca333Kk33 + 2Ca3p3K33 + P30373 + Copaseop (1) + Pra3Oo @ + R3a303¢ — Pa3ld =
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Similarly, by multiplying problem (4.13) by € and choosing test functions v; = n =
¢ = 0, when & tends to zero, we find

—P333k33 — 2P3a3Ka3 + X333 — Pyageap(li) + Xa30a@ + 3303 — p3f = 0.

Finally, if we multiply by & and choose test functions v; = ¢ = & = 0, we obtain the
last equation
K33y3 + K430,8 = 0.

By combining the whole set of equations above we are now in a position to characterize
ki3, 73 and y3. Letl! = (1 ll) be the vector whose components are defined by / (1, = 2Ka3
and l; = k33, and (d;j) = (Cigjg)_], then

1= —dy {(Caﬁﬂ 4 K'Py j3Pgaﬁ> eap(@) + (Pajs — k' P3j3X"3) @+
+ (Rajz — k' Pyjaas) 038 — (B3 — k' P3japhy) 6},

7y = K (Phopeap(8) = X308 — hsZ + 940,

vz = =K' .0,0.

a3

(4.26)

Coefficients k/, Péaﬁ, X! ., a4, py and K/ are defined in Appendix 1.

(iii) Definition of the limit problem. We let test functions be V = (v,¢,&,1) €
Vi (Q) x H'(QTy) x Xo(Q) x H'(Q,Ty) in problem (4.13) and let & — 0, by
substituting expressions (4.26), we obtain, as customary, the limit evolution problem

Find U (1) € Vi (Q) x H'(QTy) x X(Q) x H'(QTy), ¢ € (0,T) such that
L {(Clporear @) + PLoplod(t) + Rypos(e) = Bhgi(r)) eap(v)+
+ (= Phreor (@) + Xlplp@(t) + Eladsl(0) = PLA() ) datr+
(R peap(8(1)) + @hsla(r) + M0 (1) — Y(1) ) 036+
+ (Bipeaplit) — desd(6) = phoad(t) + 216(0)) n+
+R50p0(1)0an + plji(t)vi} dx = Li(V),
\ l={¢FonTy, forall V e Vi (Q) x HY(Q,Ty) x Xo(Q) x H'(Q,Ty)

(4.27)

Problem (4.27) is formally equivalent to (4.24), presented in the statement of Theorem
4.4.

O

The limit evolution problem

In this section we present the variational and differential formulations of the evolu-
tion problem for a sensor-actuator magneto-electro-thermo-elastic plate. The primary
unknowns of the limit problem are collected into the limit magneto-electro-thermo-
elastic state U (t) = (@(2), §(1), £(1), (1)) € Vir (Q) x H'(Q,To) xX(Q) x H (Q,Tp),



68

whose components take the following form:

3(32, 3) = M3()?),
¢(%, x3) = ¢(%), (4.28)
0(%, x3) = 9(X).

In the case of a homogeneous material the reduced magneto-electro-thermo-elastic
coefficients altﬁm, X(lxﬁ, Kcllﬁ, P}mﬁ, o P, M3, R1  and &' . are constant functions
and, thus, the limit evolution problem decouples 1nto two variational subproblems,
namely, the flexural problem, which gives u3, and the thermo-piezoelectric membrane
problem, which gives the triplet (ugy, ¢, ). Moreover, we can characterize explicitly
the limit magnetic potential £ as a second order polynomial function of x3.

Indeed, by choosing test functions V = (0,0, &,0) in (4.27), after an integration

by parts along x3, we get the expression of the limit magnetic potential ¢

= > F (@), (4.29)
k=0
where .
h2R! Rl
3¢ 3
L=+ —= 7 ——— P Oaptz, 7 = M = ab —=— Oaplt3.
M33 2h 33

with (&) = £ H and [[{]] = ¢ — ¢ representing, respectively, the mean value
and the jump functlon between the top and bottom boundary values of . As the careful
reader can notice, the limit magnetic potential becomes a known function depending on
the transversal displacement u3 of the plate and on the values of the magnetic potentials
¢, applied on the upper and lower surfaces I'y.

By virtue of the characterization (4.29) of the limit magnetic potential , we can
now rewrite the limit evolution problem. After an integration by parts along x3, we
obtain a two-dimensional problem defined over the middle surface w of the plate:

Find U = (ug (1), us(t), ¢(1), 9(t)) € Vi (w, v0) x Va(w,y0) ¥
x H' (w, y0) x H'(w,y0) such that
2hf { N (Wi (1) 8(0), 9(0))eap (Vi) + pita(1)oq | d+

w

< ZhJ {—5é(uﬂ (1), ¢(1). (1)) 2ats + 0:S" (ugy (¢), $(2), 9 (1)) — ag(ﬁ(r))aan} dx
3 ~
—i—% ) {Mclxﬁ(m(t))&aﬁm + PO (1)0qu3 + %plb(t)m} di = L(V),

| for all V = (v, 3,4, 17) € Vi (w, %) x V3(w,70) x H'(w,70) x H'(w,%0),

with

Li(V) = f {ﬁvi — Ma0aU3 + Pet¥ + ?77} dx + J{Nivi — Ny O3 — J:,b — 577} dy

1

— [ {Rplcheantvn) + aale1oms — bIETn } s
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The initial conditions are given by

1(0) = tip = (Ua,0 — X300U3,0,U3,0)s
1 = (Uay1 — X300u3,1,U3,1),
o

(N, Jﬁ), (Méﬂ), (D)), S" and (§.) represent, respectively, the membrane stress tensor,
the moment tensor, the reduced electric displacement vector, the reduced thermody-
namic entropy and the reduced heat flow vector of the plate, whose components are
defined by the constitutive laws below:

[ Nig=Cloreor(un) + Pl 200 — B0,
5(1z = ﬁémem(ug) — )?éﬁaﬁgb + pN(lyl?,

$ 8= Bl seap(un) — Phiad + 10,

M}lﬁ = Al

£ aﬁo-.,-ao-‘ru%
o = — K} 5089,

\

nl pl
o 61 + R3(YB R3o"r

Al
where Aaﬁa"r : aBot A7l

Moreover, the two-dimensional applied thermo-electro-mechanical loads are
N h
fi(r) = f hfi(t)dX3 +g7 (1) +g; (1),
h
malt) = | xafalt)des + hlgf (0 - g, ()

h h
30 = | a0dx o) = | nga@dn

h N h
Pelt) = f_h pe(t)dxs — d* (1) — (1), (1) = f_h d(1)dxs,

h h
70 = | ridn—g" 0 =g 0, 80 =1 | olan

CTo o

where v* = v|r, = v(X, +h) denotes the restriction of v to I';.

The variational problem above can be split into two two-dimensional decoupled
problems: namely, the flexural problem and the thermo-piezoelectric membrane prob-
lem. The flexural problem reads as follows:

( Find us(r) € V3(w, y0), t € (0,T) such that
2h°

.. 3 . -
KN . {Méﬁ(ug(t))ﬁaﬁw + P03 (1) Ogus + ﬁpm(t)vg} dx =

= f {f’gv3 - maaav3} dx + {%03 - n(la(lv3} d%
w

71

A

 for all v3 € V3(w, yp).

The two-dimensional thermo-piezoelectric membrane problem takes the following



70

form
Find (ug (1), ¢(1), 9(1)), € VH(w ¥0) x H'(w,70) x H'(w,70), t € (0,T)
such that 2 f [N (a2 (1), 60 0(0) e (vi) + pia (1) | d+

20 {=DL i (00(0,9(0)20 + 08" (w1, 8(010(0)n — 34(0(0)) 20}
— [ {Fata+ 5ot~ Ruopli€lea(vi) ~ Falleoons + G + Asll{lpn} e+
+J {aavct _CZ//_ 577}617,

for all (vi, ¥, 1) € Vi (w,0) x H (w,y0) x H' (w, ).

We are now in a position to write the decoupled flexural and thermo-piezoelectric
membrane problems into their differential form by using Green’s formulae on w.
The transversal displacement u3 solves the following flexural differential problem:

Field equation:

22 0ap M5 — 22 plagiis + 2hpiis = T in wr,
Initial conditions:

uz(0) = us0, u3(0) = u3 in wr,
Boundary conditions:

22 {poatizva — (CaMLg)vp — Or(MLsvats)} = G3 onyi x (0.T),

(FDP)!

—Méﬁv(,vﬁ = NgVa ony; x (0,7),
uz = Oyuz =0 onyo x (0,T),

\

where 73 = ]?3 + OgMq and Gz = g3 — Ma Ve + Or (NaTa)-
The thermo-electro-mechanical state (ug(7), ¢(7),9(¢)) solves the following
thermo-piezoelectric membrane differential problem:

Field equations:

2h(piie — OpNsg) = fo + Ry 5061l inwr,
2h0a D), = Pe + @ [0al]] in wr,
2h(0,S" + 0adl) = F + ml[[{] in wr,
Initial conditions:

{ ua(0) = ug0, U (0) = ug,1, 3(0) =9 inwr,

Boundary conditions:

20N v = Ga — Rl gvll<]] onyi x (0,T),
2hD}va = d + &lyvalll]] onyi x (0.7),
2hGeVe = 0 ony; x (0,T),

=¢=9=0 onyy x (0,T).

\

It is important to remark that the information regarding the piezomagnetic behavior of
the plate is now contained in the source terms appearing on the right-hand side of the
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equations, depending on the jump of the applied magnetic potentials at the upper and
lower faces of the plate.

4.1.6.2 The Actuator-Sensor model

Theorem 4.5. Under assumption (4.22), the sequence {U(g)}, ., weakly con-
verges to the limit U = (&, @, £, 0) in the space L*(0,T; H'(Q)) x L*(0,T;X(Q)) x
L*(0,T; H'(Q)) x L*>(0,T; H'(Q)).

Proof. Again, the proof relies on the uniform bound of the scaled energy {&E(&)(7)} 20,
which can be established by procedures analogous to those used in steps (i), (i) and (iii)
of the proof of Theorem 4.3, taking into account the different scalings on the electric
and magnetic potentials. This result implies that the sequences {k(&)}s=0, {x¥(&)}e>0,
{t(&)}e>0 and {y(&)}«>0 are uniformly bounded in L?(0, T; L?(Q)), therefore we have
the following weak convergences (up to a subsequence):

Moreover, by means of Korn’s and Poincaré’s inequalities and from the definition of
kij (), xi(e) and y;(e), we infer that |u(e)|1q, [{(&)]1,q and |6(€)|1,q are also
bounded, so that

in L2(0,T; H'(Q)
in L?(0,T; LZ(Q)
in L2(0,T; H'(Q)
in L2(0,T; H'(Q)).

|
.=

|

D N

TN N N N
\_/\o:)/\_/\_/
D =

Upon writing
X3
Fe)En) = | (o) )i

it follows that |¢(g)[o,0 < 2h|038(¢)|o.a < ce™, by virtue of the boundedness of
(). This implies that both @(&) and ¢ (&) are bounded in L?(Q) and thus,

@(e) — ¢ in L*(0,T;Xo(Q)),
o(e) — ¢ in L?(0,T;X(Q)).

This completes the proof. O

Theorem 4.6. The weak limit U (1) = (a(r), @(t), £(t), 8(1)) is the solution to the limit
variational problem:

Find U(1) € Vg1 (Q) x X(Q) x H'(QTo) x H (QTy), t € (0,T) such that
A (U 1), V) = Lo(V), forall 'V € Vg1 (Q) x Xo(Q) x H'(QTy) x H' (Q,Tp),

§=¢tonTy,
(4.30)
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where

~ ~ ~ ~

Ao (U (1), V) = L {((t‘iﬁmem(ﬁ(r))+P3zaﬁ83¢(t)+R§aﬁé’gZ(t)— ﬁgﬁé(z)) Cap(V)+

(—Popeap(ln) +32002(r) + Xadag(e) — p30(r) ) sur+

( (6()) + M25052 (1) + a,ﬁw( ) = (1)) Cuk+

(Bpean(8(1)) — Basg(r) — moat(e) + 30(0)) nt
+K5050(1)00m + piz'i(t)u,-} dx,

Lo(V) = (V) + (8 V)2 + () — (0.1 2y — (B €) 127y

p2
- Rcw"r €or

+
+
+

M?, K'. R2

The reduced magneto-electro-thermo-elastic coefficients 2 op Kep Roop

apot’

B(ZB, > ]3%, P32a,3 and & “(13 are listed in Appendix 1.

Proof. For the sake of clarity the proof is split into three parts.
(i) By the definition of «;;(¢), T;(€), xi(€) and ¥;(¢), and thanks to the results of
Theorem 4.5, there exists two constants Cy; and Ck such that

leap(u(e))]oe < Crre*T,  |eas(u(e))loa < eCue T, less(u(s))loq < e2CperT,

100 0(&)]0.0 < LCMe kT, |030(e)|0,0 < CpeCkT,
100l (€)]0.a < CrreCkT, |03¢ (&) |00 < sCMeCKT,
1020(8)|0.0 < CpreCKT, |0360(&)]0.0 < 8CpeCKT

4.31)

From the first set of inequalities (4.31);, we get that e;3(u(g)(t)) — 0 in L?*(Q) for
almosteveryt € (0,T). Also, asu(g)(¢t) — a(¢) in H' (Q), we have that e;3 (u(e)(t)) —
e;3((z)) and so e;3(0(¢)) = O by uniqueness of the limit. This implies that 033 = 0,
i.e., 13(X, x3) = @3(X) is independent of x3. We also have that d3ii, = —0,i3, i.e.,
o (%, x3) = fig (%) — x304i13(%). Consequently, i(r) € Vg (). Moreover, we obtain
that ¢4 (u(2) (1)) — Kag (1) = eap (1)) in L2(Q), Leya(u(z)(1)) — ke (1) in L(Q),
Less(u(e)(r)) — 0in L*(Q) and, also, ﬁe33 (u(e)(t)) — k33(t) in L*(Q).

From the second set of inequalities (4.31),, we have that £, ¢(g)(t) — 0in L*(Q)
and d3¢(g)(t) — 03¢(t) in L*(Q).

From the last sets of inequalities (4.31)3 4, since £(&)(t) — Z(t) in H'(Q), we
infer that 0,4 (£)(t) — ¥a(t) = 0ul(t) in L*(Q) and, also, 03 (¢)(t) — 0 in L*(Q),
ie, Z(t) = Z(%)(t) is independent of x3. Besides, 103¢(e)(t) — x3(t) in L2(Q).
Similarly, since (&)(t) — 6(t) in H'(Q), we obtain that 0,0(£)(t) — Fa(t) = 0ab(t)
in L*(Q), 030(e)(t) — 0 in L*(Q), i.e., 8(t) = 6(%)(t) and, finally, 10:0(e)(r) —
y3(t) in L2(Q).

(ii) Computations of ki3, x3 and 3. Let us multiply problem (4.13) by £ and let &
tend to zero. We get the following equation:

C3333k33 + 2Ca333Ka3 + Ra33 x3 + Capazeap () + R3304 + P33303¢ — B33 = 0

By multiplying problem (4.13) by &, choosing test functions v3 = ¢ = = ¢ = 0 and
letting € tend to zero, we have that

Ca333k33 + 2Ca3p3kp3 + R3a3 X3 + Copaseop(B) + Rra30ol + P3a303@ — Ba3d =
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Similarly, by multiplying problem (4.13) by € and choosing test functions v; = n =
¢ = 0, when ¢ tends to zero, we find

—R333k33 — 2R303Ka3 + M33 X3 — Ragpeap() + Ma300l + a33038 — m3f = 0.

Finally, if we multiply by & and choose test functions v; = ¥ = & = 0, we obtain the
last equation
K33y3 + Kq30,0 = 0.

By combining the whole set of equations above we are now in a position to characterize
ki3, x3andys. Let 2 = (112) be the vector whose components are defined by 1(2x = 2Ka3
and lg = k33, and (d;j) = (Cigjg)_], then

= —dij { (Caps + ORyj3Rip) eap(®) + (Rags — ' RyysM}3) dul +
+ (Psjs — U'Ryjaay) 03¢ — (Bjs — U'Rajams) 0},

xs="0 <Rgaﬁeaﬁ(ﬁ) — Mly00d — alyOsg + i),

3 = —K'.0,0.

a3

4.32)

Coefficients ¢/, Rgaﬁ, M., &, m} and K ; are defined in Appendix 1.

(iii) Definition of the limit problem. We let test functions be V = (v,¢,&,1) €
Vi (Q) x Xo(Q) x H'(Q,Ty) x H'(Q,Ty) in problem (4.13) and let & — 0, by
substituting expressions (4.32), we obtain, as customary, the limit evolution problem

Find U (1) € Vg (Q) x X(Q) x H'(QTy) x H'(QT), ¢ € (0,T) such that
L {(Cpreere@(0)) + Ppds(0) + R (1) — B2p8(0) ) eap(v)+
+ (=B peap(@(0)) + 8242a2(0) + Xadspl0) — B36(1)) Gsr+
(R e (@(1)) + M20p2 (1) + G23055(1) — W20(1) ) Cat+
+ (Blgeas B(1)) — R036(0) — i0al(0) + E0()) n+

) —
+Kaﬁﬁlgo9( )0an + pit;(t }dx Ly(V
@=¢TonTy, forallV e VKL(Q) x Xo(Q) x H'(Q,Ty) x H'(Q,Ty)

\

(4.33)

Problem (4.33) is formally equivalent to (4.30), presented in the statement of Theorem
4.6.

O

The limit evolution problem

In this section we present the variational and differential formulations of the evolu-
tion problem for an actuator-sensor magneto-electro-thermo-elastic plate. The primary
unknowns of the limit problem are collected into the limit magneto-electro-thermo-
elastic state U (t) = (@(2), §(1), £(1), (1)) € Vir (Q) x X(Q) x H'(Q,Tp) x H (Q,Tp),
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whose components take the following form:

o (X, x3) = ug(X) — x30qu3(X), ug = (uq),
i3(%, x3) = u3(f)
é:(ia )C3> - S'( )’
0(%, x3) = H(X).

Inthe case of a homogeneous material the reduced magneto -electro-thermo-elastic
coefficients Ciﬁm, Mfyﬁ, Kéﬁ, o’ ﬁaﬁ, m p3, 3aﬁ, X2 and &23 are constant
functions and, thus, the limit evolution problem decouples 1nto two variational sub-
problems, namely, the flexural problem, which gives u3, and the thermo-piezomagnetic
membrane problem, which gives the triplet (ug, ¢, ¢). Moreover, we can characterize
explicitly the limit electric potential ¢ as a second order polynomial function of x3.

Indeed, by choosing test functions V = (0,¢,0,0) in (4.33), after an integration

by parts along x3, we get the expression of the limit electric potential ¢:

(4.34)

2
Z (%)%, (4.35)
where
2P2 f)Z
3aB [[90]] 3ap
O =A@y + —=Loppuz, [ =2, 2= ——20,5u3.
< > 2X33 aﬁ Zh 2X323 i

with () = u and [[¢]] == ¢ — ¢ representing, respectively, the mean value
and the jump functlon between the top and bottom boundary values of ¢. As the careful
reader can notice, the limit electric potential becomes a known function depending on
the transversal displacement u3 of the plate and on the values of the magnetic potentials
o*, applied on the upper and lower surfaces I';.

By virtue of the characterization (4.35) of the limit electric potential @, we can now
rewrite the limit evolution problem. After an integration by parts along x3, we obtain
a two-dimensional problem defined over the middle surface w of the plate:

Find U = (ug (1), u3(t), (1), 9(1)) € Vi (w, y0) x Va(w, y0) %
x H' (w,y0) x H (w, o) such that

2h L (N2 (Wi () 6(0), 90)eap (Vi) + pita(r)oq | di+

+2hf {—Eﬁ(uH(t), s(1),9(1))0aé + 0:S*(ug (1), (1), 9(1))n — GL(9(t ))50,7} dit
3 ~
+% } {Miﬁ(m(t))&aﬁw + PO (t)0qu3 + %pw(t)v3} di = La(V),

{ for all V = (Vi 03, & 1) € Vi (w, y0) x Va(w,v0) x H (w,y0) x H' (w,y0),

with

J — Mg O3 + ’777} dx + J {aivi — N OqV3 — E‘f - 577} dy—
w

1

J Scxﬁ[[‘P]]eaB(VH)Jr%g[[ﬂ]@af pg[[w]]n}dx
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(N (fﬁ), (M(Zlﬁ), (B2), S? and () represent, respectively, the membrane stress tensor,
the moment tensor, the reduced magnetic induction, the reduced thermodynamic en-
tropy and the reduced heat flow vector of the plate, whose components are defined by
the constitutive laws below:

N(fﬁ = CN(Zzﬁ(TTeU'T(uH )+ ﬁ(zraﬁao'g - ﬁiﬂﬁ,
%21 = R2, . eqr(Uy) — Miﬁaﬁg + m2 9,
$ 8% = B2 seap(un) — M3 00 + 20, (4.36)
M(Zw = g(zlﬁ(né’,nug,
o = _Tiol?clyﬁaﬁﬂ’
where A2 = C2 + %. The variational problem above can be split
aBot aBot X2

into two two-dimensional decoupled problems: namely, the flexural problem and the
thermo-piezomagnetic membrane problem.
The flexural problem reads as follows:

Find u3(¢) € V5(w, y0), t € (0,T) such that
2h3

.. 3 . -
T . {Miﬁ(u3(t))aaﬁv3 + p&aug(t)ﬁav_g + ﬁpl@(l)l)g,} dx =

= J {fz% - maawv?s} dx + {6303 - naa(zviv’} d%
w Y1

for all v3 € Va(w, yp).

The two-dimensional thermo-piezomagnetic membrane problem takes the follow-
ing form

Find (un (1), (1), 9(1)). € Vir (,70) x H'(w,30) % H' (0, %0), 1€ (0.7)

suchthat 26 [ (NG (0500 0) o (i) + pita (10} 5+

#20 | {= B2 0 (0). (0. 0(0)2€ + 8w (0,50, 9(0)n — (9(0))2un } d5
= L {fa”a — P3gllelleas(ver) — @sll@lldaé + (F+ ﬁ%[[sb]])n} dit
+ L {Gava — bt — an} a,

| forall (v, & 1) € Vi (w,v0) x H' (w,70) x H' (w,y0).

We are now in a position to write the decoupled flexural and thermo-piezomagnetic
membrane problems into their differential form by using Green’s formulae on w.

The transversal displacement u3 solves a flexural differential problem (FDP)?
analogous to (FDP)! with M}Yﬁ replaced by M? ; defined by (4.36)4.

The thermo-magneto-elastic state (ug (¢), ¢(¢), 9(t)) solves the following thermo-
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piezomagnetic membrane differential problem:

Field equations:

2h(piiq — OpN2g) = fo + P50l inwr,

200, B2 = @2 ,[[0uy] in wr,
2h(0,82 + 0adly) = 7 + P26l in wr,
Initial conditions:
 ua(0) = Ua0, e (0) = ug,1, #(0) =9 inwr, (4.37)
Boundary conditions:
2hN2gvp = Ga — Pl vsllel] ony; x (0,7T),
2hB2vy = b+ a2 valle] ony; x (0,7),
2hGL Ve =0 ony; x (0,7),
Ug=6¢=9=0 onyp x (0,T).

It is important to remark that the information regarding the piezoelectric behavior of
the plate is now contained in the source terms appearing on the right-hand side of the
equations, depending on the jump of the applied electric potentials at the upper and
lower faces of the plate.

4.1.6.3 The Actuator Model

Theorem 4.7. Under assumption (4.22), the sequence {U(g)}, ., weakly con-
verges to the limit U = (&, @, £, 0) in the space L*(0,T; H'(Q)) x L*(0,T;X(Q)) x
L*(0,T;X(Q)) x L*>(0,T; H(Q)).

Proof. As usual, one can determine a uniform bound on the scaled energy {&E(&)(f) } >0
by using the same techniques as in steps (i), (if) and (iii) of the proof of Theorem
4.3, taking into account the different scalings on the electric and magnetic potentials.
From the bound on the energy we infer that the sequences {k(&)}e~0, {X(&)}e=0,
{t(&)}e>0and {y (&) }«>0 are bounded independently of £ in L2(0, T; L?(Q)), meaning
that Kij(é‘) _— Eij, /\_/l'(é‘) — )?i, fi(é‘) — %i and )/i(S) — )71' in LZ(O, T; LZ(Q))
Besides, by means of Korn’s and Poincaré’s inequalities and from the definition of
kij(¢) and y; (&), we infer that [u(e)| .o and |6(e)|1,q are also bounded, so that

u(e) — i in L*(0,T;H'(Q)),
u(e) — i in L*(0,T;L2(Q)),
6(g) — 6 in L?(0,T; H'(Q)).

Since

L)) = | ) i) and g(e)(mx) = [ 0r6e) ()

we obtain that |{(g)]o.o < 2h|03(€)|oo < ce™ and |@(e)|o0 < 2h|03¢(¢)]00 <
ce™”, by means of the boundedness of ¥;(¢) and 7;(g). This implies that 7 (&), Z(&),
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@(¢) and ¢(&) are all bounded in L?(Q) and, thus,

Z(e) = in LX(0,T;X0(Q)),
{(e) = ¢ in LX(0.T:X(Q)),
@(e) — ¢ in L?(0,T;Xo(Q)),
o(e) — ¢ in L*(0,T;X(Q))
This completes the proof. O

Theorem 4.8. The weak limit U (1) = (a(r), @(t), £(t), 8(1)) is the solution to the limit
variational problem:

Fmd (L{( ) eV, L(Q) x X(Q) x X(Q) x H'(Q,Ty), t € (0,T) such that
( ( ), V) = L3(V), forall V € Vi1 (Q) x Xo(Q) x Xo(Q) x H'(Q,Ty),

0 =0 onTy,
(4.38)

AU (), V)= L {(Cpereeore @)+ P pos@(r) + Rypos (1)~ Bpf(t) ) eap(v)+
+ (—ﬁgaﬂeaﬁ(ﬁ(t)) + X3,038(1) + 33,052 (t) — ﬁgé@) O+
+ (-ﬁgaﬁeaﬁ(ﬁ(z» + @3,050(0) + ML) — () ) r+
+ (Bleap(d(r) — 30 (1) — P03 (o) + E0(1) ) 1+
+K00()0an + pii,-(t)vi} dx,

Ly(V) = (£V) + (8 Vizy + (n1) = (@) 2y + (pes ).

~3 ¥3 173 p3 @3
The reduced magneto -electro-thermo-elastic coefficients C apor X33 M3 P3aﬁ, B
ﬁg, N R; op @ , and ¢, ¢ are listed in Appendix 1.

Proof. For the sake of simplicity the proof is split into three parts, numbered from (i)
to (iii).

(i) From definition of «;;(¢), xi(e), T;(¢) and 7y;(e), and thanks to the results of
Theorem 4.7, there exist two constants Cys and Ck such that

leap(u(e))|oa < CaesT,  |eas(u(e))|oq < eCrne T, |ess(u(e))loa < £2Care*T,

10l ()]0.0 < 1CpeCxT,  |034(8)|0.0 < CreCkT,
10ap(8)|0.0 < 2CMmeKT,  |030(e)|0.a < CreCkT,
10a0(€) |00 < CpreCkT, |036(€)|0.0 < eCpeCkT.

(4.39)

From the first set of inequalities (4.39);, we get that e;3(u(g)(¢)) — 0 in L*(Q) for

almostevery ¢ € (0,T), and, sinceu(g)(t) — 1i(¢) in H! (Q), we have that e;3(1i(¢)) = 0.

Consequently, @i(t) € Vxr (). Moreover, we obtain that e,g(u(e)(t)) — kaop(t) =

eapi(1)) in L(Q), Leas (u(2)(1)) — kaa(r) in L(Q), Less(u(z) (1) — 0in L7(Q)
and, also, 2e33( (£)(t)) — k33(t) in L2(Q).

From the second and third sets of inequalities (4.39), 3, we have that €0, { (€)(f) —

0in L2(€2), 03¢ (e) (1) — 038 in L*(Q), edagp(e) () — 0in L*(Q), d3¢(e) (t) — 36(t)
in L2(Q).
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From the last set of inequalities (4.39),, since 6(g)(t) — A(¢) in H'(Q), we
obtain that 0,0(&)(t) — Fa(t) = 0,0(¢) in L*(Q), 330(¢)(t) — 0 in L*(Q), i..,
4(t) = 6(%)(¢) and, finally, 210360(&)(t) — y3(t) in L*(Q).

(ii) Computations of k;3 and 3. Let us multiply problem (4.19) by &2 and let & tend to
zero. We get the following equation:

C3333k33 + 2Ca333Ka3 + Capzzeap () + P333038 + Ra3303¢ — B330 = 0.

By multiplying problem (4.19) by &, we choose test functions vz = ¢ =n =& =0
and we let € tend to zero, we have that

Ca333K33 + 2Ca3p3Kp3 + Copazeop () + P3a303¢ + R30303C — Ba3l = 0.

Finally, if we multiply by & and choose test functions v; = = & = 0, we obtain the
last equation
K33y3 + Kq30,0 = 0.

By solving the linear system above, we can characterize ;3 and 3. Let I’ = (l?) be
the vector whose components are defined by I3 = 2«,3 and lg = k33, and (d;j) =
(C,'3j3)_], then

I} = —dij (Capjzeas(@) + P3j3036 + Raj303¢ — B30)

. (4.40)
Y3 = — K(/ﬁ (30,9.

(iii) Definition of the limit problem. By choosing test functions V = (v,y,&,1) €
Vi1 () x Xo(Q) x Xo(Q) x H'(w, y0) in problem (4.19) and let ¢ — 0, by substituting
expressions (4.40), we obtain, as customary, the limit evolution problem

( Find U (1) € V1 (Q) x X(Q) x X(Q) x H'(Q,Tp), 1 € (0,T) such that

L {(Capoeeor(@(t) + Pposdlt) + Ryposl(t) = Bagh()) eap(v)+
(=P peap(8(0)) + K3038(1) + @3058(0) — 36(1)) s+

d g (—ﬁgaﬁeaﬁ(ﬁ(z)) + 3,050(1) + M358 (1) — %gé(t)) O+

+ (BipeapBiln) — mdosd(r) = B30sé(e) + 36(1) ) n+

+K! 5050(1)00n + pﬁi(t)vi} dx = L3(V),

¢ =¢F, [ =¢FonTy, forall V e Vk1(Q) x Xo(Q) x Xo(Q) x H'(Q,Ty).
(4.41)

\

Thus, the result is achieved.
O

The limit evolution problem

In this section we present the variational and differential formulations of the evolution
problem for an actuator magneto-electro-thermo-elastic plate. The primary unknowns
U= (1,37, 0) e Vi (Q) x X(Q) x X(Q) x H'(Q,Ty) are defined by:

o (%, x3) = ug(X) — x30u3(X), ug = (ug),
1/23 (55, X3) = U3 (55), (4-42)
0(%, x3) = 9(X).
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We consider the case of a homogeneous material. The limit evolution problem
decouples into two variational subproblems, namely, the flexural problem, which gives
u3, and the thermo-elastic membrane problem, which gives the couple (ug, ©). More-
over, we can characterize explicitly the limit magnetic potential  and the limit electric
potential ¢ as second order polynomial functions of x3.

We choose test functions V = (0,4, &,0) in (4.41); after an integration by parts
along x3, and by the continuity of the applied magnetic and electric potential at the
top and bottom faces, we obtain the characterization of the limit electric and magnetic
potentials ¢ and ¢

2 2
B(%x3) = > fA(®)xh, L(Exs) = ) F (), (4.43)
k=0 k=0
where
h* [¢] 1
1O =<y + ?Aaﬁaaﬁ?”& = ET fr= —EAaﬁaaﬁua,
h? l 1
ZO = <§> + Eraﬁaaﬁl/i% Zl = %, Z2 = —5 aﬁﬁaﬁm.
with 13 B3 353 3 33 3 3
An s My P p — @3R3 4 Lo a3 Py — X3R5,
BT TEEEY A3 0 BT T Sy A3y
M3, X5, — (a3,)? M3 X35 — (a3;)°

The limit magnetic and electric potentials depend on the transversal displacement u3 of
the plate and on the values of the known boundary magnetic potentials /% and electric
potentials ¢ .

Thanks to the characterization (4.43) of the limit magnetic and electric potentials,
we can now rewrite the limit evolution problem. After an integration by parts along x3,
we obtain a two-dimensional problem defined over the middle surface w of the plate:

Find U = (ug (t),u3(1),9(t)) € Vi (w,70) x V3(w,y0) x H'(w, 7o), such that

2 J IN 1), D)) e (vir) + i (10}

) +on f {08 un (). 9())n — B (9(0)an y di+

20 ; 3 . 8 S
—|—T y {Mzﬂ(w(r))&aﬁw + pOqliz(1)Oqu3 + ﬁpu3(t)v3} dx = L3(V),
forall V = (vi, v3,1) € Vi (w,y0) x Va(w, y0) x H (w,0), t € (0,T),
with
-LS((‘?> = J {ﬁvi — Mg O3 + ,56'7[’ + 777} dx + J {aivi — N OgV3 — 5’7} dy+
w 71

= [ {(Baopllcl+ PoplieD) contvan) = (300 + 31D } .

The initial conditions are given by

U(0) = 0o = (ta,0 — X30alt3,0, U3,0);
U(0) = 0y = (ua,1 — X300U3,1,3,1),
8(0) = do = do.
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(Nsﬁ), (Mgﬁ), S? and (gl) represent, respectively, the membrane stress tensor, the
moment tensor, the reduced thermodynamic entropy and the reduced heat flow vector
of the plate, whose components are defined by the constitutive laws below:

/Y(:;”B ::NCiﬁO'Teo—T (llH) - ﬁ?lﬁﬂ’
S3 = Bflﬁeaﬁ(uy) + &3,

(4.44)
3 . A3
M op = AQBUT&,-TZQ,
~ 1 ad
13 — (3 D3 n3
where Aaﬁm = Caﬁm — P3043AGT — R3QBFUT.

The variational problem above can be split into two two-dimensional decoupled
problems: namely, the flexural problem and the thermo-elastic membrane problem.
The flexural problem reads as follows:

Find u3(t) € V3(w, y0), t € (0,T) such that
2h?

. 3 . .
=) {Mfw(w(t))(?aﬁvg + P03 (1) Ogu3 + ﬁpu3(t)v3} dx =

= J {]?303 — maé’av3} di + | {g3v3 — ngdqvs} dy,

71

( for all v3 € Va(w, yp).
The two-dimensional thermo-elastic membrane problem takes the following form
( Find (ug (¢), 9(t)),€ Vi (w,y0) x H' (w,y0), t € (0,T) such that
2h L (N (0. 9(0) e (vir) + pia(1)00 } d5+
+20 | {08 (wn (0.0 ~ 34(0(0))0un a5 -
| {Favat et = (Rap e+ Prpliel) eontvin) + (- BL40 + L0 n} i+
+ | {Jave — on}dy.

Y1
for all (v, n) € Vi (w,y0) x H (w, y0).

\

By using Green’s formulae on w, we can derive the differential formulations of the
above problems. The transversal displacement u3 solves a flexural differential problem
(FDP)? analogous to (FDP)! with Méﬁ replaced by foﬁ defined in (4.44)s.

The thermo-elastic state (ug (¢),9(z)) solves the following thermo-elastic mem-
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brane differential problem:

-

Field equations:
2h(piie — OpNyg) = fu + Rgaﬁ [06¢1 + Poplldpe]  inwr,
20(0,8% + 0444) =7 + m3[L] + Pillé]] in wr,
Initial conditions:

{ e (0) = Ug0, tha(0) = g1, 3(0) =y in wr,
Boundary conditions:
Zh/\(aﬁ = Ja — Rgaﬂvﬁ [[g]] - Pga,;‘/ﬁ [[90]] ony; X (0’ T)’
2hglve =0 ony; x (0,T),
Uy =19 =0 onyy x (0,T).

\

As in the sensor-actuator problem, the piezomagnetic and piezoelectric behaviors are
contained in the load terms on the right-hand side of the equations.

4.1.6.4 The Sensor Model

Theorem 4.9. Under assumption (4.22), the sequence {U (&)}, weakly converges
to the limit U = (4, $,7,0) in the space L*(0,T;H'(Q)) x L*(0,T; H'(Q)) x
L2(0,T; H'(Q)) x L*(0,T; H'(Q)).

Proof. By the usual techniques, keeping in mind the different scalings on the elec-
tric and magnetic potentials, we can determine a uniform bound of the scaled en-
ergy {E(&)(t)}e=0. This result implies that the sequences {k(&)}s=0, {x(€)}e>o0,
{r(&)}e=0 and {y(&)}e=0 are bounded independently of & in L?(0,T; L*(Q)), mean-
ing that Kij(g) — Eij, X,’(b‘) — Xi Ti(8> — 7 and yl-(e) — ¥; in LZ(O, T, LZ(Q))
Moreover, by means of Korn’s and Poincaré’s inequalities and from the definition

of kij(&), 1i(e), xi(e) and y;(e), we infer that |u(e)|1,q, [¢(e)]1,0. [{(€)]1,0 and
|6(&)]|1.q are also bounded, so that
u(e) — i in L2(0,T;H'(Q)),
u(e) =i in L2(0,T;L3(Q)),
ole) ~ ¢ in I2(0,T;H'(Q),
{(g) = in L*(0,T; H'(Q)),
6(s) — 6 in L?(0,T; H'(Q)).
O

Theorem 4.10. The weak limit U (1) = (i(r), @(t), £(2),0(1)) is the solution to the
limit variational problem:

Find U (1) € Vk1(Q) x H'(QTo) x H'(Q.To) x H'(Q,To), 1€ (0,T)
such that Ag(U(1),V) = La(V), (4.45)
forall 'V € Vg (Q) x H' (w,y0) x H (w,y0) x H' (w,y0),
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BT 0.V) = | {(Cporearel80)+ Pyl bl0)+ Ryt nl(t)- Bopl) )eop(v)+

+ (~Phreot(6(0) + Ripdpp(t) + &iﬁa Z(r) ~ pa0(1)) Catr+

+ ( ﬁio—rea‘r( (1)) + aaﬂaﬁ<ﬁ( )+ ( ) il é(l‘)) Oul+
(B peap(G(0) — 80uE(0) — Phudl) + S10)) 1+

"'I%(lyﬁaﬁé([)&rﬂ] + Pﬁi(t)vi} dx,
La(V) = (£.¥) (8 V)a(qy + (1) — %O(Q,n)Lz(f)Jr(pe,lp)—(d,w)Lz(f)_(b, )2

The reduced magneto-electro-thermo-elastic coefficients c4 o Xiﬁ, K (11 5 (mﬁ, ,Baﬁ,
phomd Rfmﬁ, Mgﬁ, at and ¢, are listed in Appendix 1.

Proof. For convenience the proof is split into three parts, numbered from (i) to (iii).
(i) From definition of «;;(¢), xi(e), 7i(¢) and y;(&), and thanks to the results of
Theorem 4.3, there exists two constants Cp; and Ck such that

leap(u(€))|oa < Crue“sT,  eqs(u(e))lon < eCpe T, |es(u(e))loa < 2CryeCrT,
|0ae(£)]0.0 < Cr e, 030(&) 0.0 < eCpe“xT,
|aa/§(8)‘0(2 x CMe T ‘03{(8”0(2 < «SCMe T
|0a6(€) 0.0 < Capre€x T 1036(£)|0.0 < eCpre€ T.
(4.46)

From the first set of inequalities (4.46);, we get that e;3(u(g)(t)) — 0 in L?*(Q) for
almosteveryt € (0,T). Also, asu(&)(t) — @(¢) in H' (Q), we have that e;3(u(g)(¢)) —
ei3(0(t)) and so e;3(@(r)) = 0. Thus, @(t) € Vg (Q). Moreover, we obtain that
eap(0(2)(1) — Kap(r) — eap(@(t)) in LA(Q), Lega(u(e)(1)) — kaa(r) in L(Q),
Less(u(e)(r)) — 0in L*(Q) and, also, ﬁe33 (u(e)(t)) — ka33(t) in L*(Q).

From the last sets of inequalities (4.46), 34, since ¢(&)(t) — @(¢) in H'(Q),
we infer that d,¢(g)(t) — Tolt) = 0a@(t) in L?(Q) and, also, d3¢(g)(t) — 0 in
L*(Q), ie., ¢(t) = @(%)(t) is independent of x3. Besides, 103¢(¢)(r) — 73(¢) in
L*(Q). Analogously, since £(&)(t) — Z(t) in H'(Q), we obtain that d,¢(g)(t) —
Falt) = 0aZ(0) in L), 222()(1) > 0in L), . £(1) = ¢()(1) and, ially
103¢(e)(t) — x3(t) in L?(Q). Similarly, since 6(¢)(t) — () in H'(Q), we obtain
that 0,0(&)(t) — Fal(t) = 0,0(t) in L?(Q), 30(e)(t) — 0in L?(Q), i.e., O(t) =
0(%)(¢) and, finally, 1030(£)(t) — y3(t) in L*(Q).

(ii) Computations of k;3, T3, x3 and y3. Let us multiply problem (4.21) by e2andlet e
tend to zero. We get the following equation:

C3333k33+2Cq333Ka3+ P333T3+ R333 Y3+ Cap33€ap () + Po33 00§+ Ra3300 L — B330 =0,

By multiplying problem (4.21) by &, we choose test functions vz = ¢ =n =& =0
and we let € tend to zero, we have that

Ca333k33 + 2Ca3p3kB3 + P30373 + R3a3 X3+
+C0'ﬁa/3e(rﬁ( ) + Po-a3ao"p + R0'(1380'§ ﬁa?g =0.



83

Similarly, by multiplying problem (4.21) by € and choosing test functions v; = n =
¢ = 0, when & tends to zero, we find

—P333k33 — 2P303Ka3 + X33T3 + @33 Y3 — Piageap () + Xo300 @+ @a30,L — p30 = 0.

By multiplying problem (4.21) by € and choosing test functions v; = 7 = ¢ = 0, when
& tends to zero, we find

—R333k33 —2R303Ka3 + M33 X3+ @033 — Ragpeap (1) + @300 $+ Ma300l —m30 = 0.

Finally, if we multiply by € and choose test functions v; = ¢ = & = 0, we obtain the
last equation
K333 + Ka30atl = 0.

By solving the linear system constituted by the equations above, we are now in a position
to characterize k;3, 73, y3 and y3. Let1* = (l?) be the vector whose components are
defined by I, == 2kq3 and [3 := k33, then

IH=— { [di,-Caﬁjz + (a3 Rai3 — M3z P3iz) Pap + (@33 Pais —X§3R3i3)R3aﬁ] eap () +
+ [dl/-jPa/jS — (@43 R3i3 — M33P3i3) Xa3 — (a3 P3i3 — X§3R3i3)01a3] OaP+
+ I:d;jRaj?) — (a3 R3i3 — M3y P3i3) a3 — (a3 P3i3 — X§3R3i3)Ma3] Oal+
+ [_d;jﬁj3 — (@43R33 — M3y P3i3)p3 — (a3 Paiz — X§3R3i3)m3] 5}
73 = —' {[dij(M33 P33 — @33R3j3)Capis — MazPrap + @33R30p] eap(li)+
+ [dij(M§3P3j3 — a',33R3j3)Pm-3 + M§3Xa3 — a'/3301(,3] Oa P+
+ [dij(Mé3P3j3 - a’/33R3j3)Rm'3 + Mg/,3a'a3 - a'/33Ma/3] 5ll§+
+ [ —dij (M Psj3 — @3 R3;3) Bis + Mips — ayms3 ] 6}
x3 = = {[dij(X33Rs/3 — @'33P33)Capiz — X33R3ap + @33 P3ap] €ap(B)+
+[dij(X33R3j3 — a33P3j3) Pais + X33Ma3 — @33Xa3 ] Qadt
+ [dij(X§3R3j3 - C¥§3P3j3)Rm3 + X§3M(z3 - 0,33(1(13] Oal+
+ [ —dij(X33Rs)3 — a3 P3)3) Bis + X33m3 — a'yyp3 ] 6}
V3 = —K;ﬁaé.
4.47)

(iii) Definition of the limit problem. We let test functions be V = (v,¢,&,1) €
Vi (Q) x H'(QTy) x H(QTy) x H'(Q,Tp) in problem (4.21) and let & — 0; by
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substituting expressions (4.47), we obtain, as customary, the limit evolution problem

( Find U (1) € Vg1 (Q) x H'(Q,Ty) x H'(QTy) x H{(Q,T), t € (0,7T)
such that
L {(Cporreore @(0) + P (0) + R g £0) — Bgfi0)) eap(v)+
+ (— Paceeor(i(t)) + Xagdp@(t) + dapdpl(t) — P ~(t)) dath+
(=R e (@(1)) + dp0p0 (1) + Mgapd(s) — i
+ (B geap(@(0)) — ik 2aZ(1) — Phtad(t) + 330(1) ) -+
+RAs0p0(0) 00 + pie(t)o | dx = Ly(V),
| forall V € Vi (Q) x H'(Q.Ty) x H'(Q.Ty) x H'(Q.To).

Thus the main result is achieved. m]

The limit evolution problem

In this section we present the variational and differential formulations of the evolu-
tion problem for a sensor magneto-electro-thermo-elastic plate. The primary unknowns
U(t) = (a(2), 3(1), £(1),8(1)) € VgL (Q) x H(Q,Ty) x H'(Q, T) x H' (€, Ty) satisfy
the following kinematical assumptions

= us (f),
B(%,x3) = (%), (4.48)
g(i’ )C3) = g()z)’
B(%, x3) = ().

The limit evolution problem for a homogeneous material decouples into two vari-
ational subproblems, namely, the flexural problem, which gives u3, and the magneto-
electro-thermo-elastic membrane problem, which gives the quadruplet (ug, ¢, ¢, ).
After an integration by parts along x3, we obtain a two-dimensional problem defined
over the middle surface w of the plate:

Find (up (1), u3(1), ¢(1), 6 (1), 9(t)) € Vi (w,70) x Va(w,y0) x [H' (w,70)],
t € (0,T) such that
2hf [N wr (0 0(0), (1), B(1)eap (Vi) + pi (1) } dE+

20 | (DA a0 0(0). 0. 9020 + B un (0. 60,50 9(0)) 0 } a+

+20 | {08 (an (1), 00), (0,000 — B (0(0)2un | ds+

2h3 . 3 . ~
+T {Miﬁ(u3(l))aaﬁv3 + paau3(l‘)a@v3 + ﬁpu3(t)v3} dx = £4((V),

forall V = (vig, vs, 40, &) € Vi (w,70) x Va(w, o) x [H (w,70)]3, t € (0,T),
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with

Ly(V) = f {Fivi—matavs+ B +7n} di+ f {Givi—naavs—dy—bg—on ) dy.

71

The initial conditions are given by

1(0) = g = (Ua,0 — X300U3,0,U3,0)s

4(0) = @ = (a,1 — X300u3,1,u3,1),
6(0) = Gy = Yo.
(N(fﬁ) (Miﬁ) (D), (B), S*and (gl) represent, respectively, the membrane stress

tensor, the moment tensor, the reduced electric displacement vector, the reduced mag-

netic induction vector, the reduced thermodynamic entropy and the reduced heat flow

vector of the plate, whose components are defined by the constitutive laws below:

N4 = CaﬁareO'T(uH) + P a-¢ + Ra aB 05§ — :Baﬁﬂ

D4 =P} _egr(upg) — Xaﬁéﬁqb — a/a dps + Pad,

B4 =R: _eor(ug) — Ty 059 — Miﬁﬁlgg + mi o,
ﬁaﬁeaﬁ(“H) ﬁ?yaaﬁb - ’%4@505' + 5319,

M op = Caﬁ(ﬁ&ﬁug,

[ Go = —a 7K, K! 508

(4.49)

The variational problem above can be split into two two-dimensional decoupled
problems: namely, the flexural problem and the magneto-electro-thermo-elastic mem-
brane problem.

The flexural problem reads as follows:

( Find u3(¢) € Va(w, o), t € (0,T) such that
2n

. 3 _
EN {Mf’,ﬁ(ug(t))é’algw + p0qi3(1)Ogus + h—pu3( o }dx =

f {f?»”% My 0/03} dx + {5303 - n(ta(lv3} d77
Y1

A<

| for all v3 € V3(w, y0).

The two-dimensional magneto-electro-thermo-elastic membrane problem takes the
following form

( Find (ug (1), ¢(1), (1), 9(t)). € Vi (w,y0) x [H' (w,%0)]%, t € (0,T) such that
21 [ {Ndp(un 0,601 (0.0 eap(vr) + pia (1)} 5+
20 [ {DE (1), 00). (0. 9(0)200 + B (1,000 ). 0()) 00 |
#20 [ {08 n (00050900 — G900} d ~
_ L {ﬁsz + Pl + ?n} dx + f {%vw —dy—be— 5,7} .

Y1
for all (v, ¢, &,1) € Vi (w, y0) X [Hl(a)’ 7’0)]3-
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By means of Green’s formulae on w, we have that the transversal displacement u3 solves
a flexural differential problem (FDP)* analogous to (FDP)' with M/ 5 replaced by
Mi defined in (4.49)s, whereas the membrane magneto-electro-thermo-elastic state
(ug (2), ¢(2),5 (), 9(t)) solves the following magneto-electro-thermo-elastic membrane
differential problem:

Field equations:

2h(piie — OpNtg) = f in wr,
2hda DY = B, in wr,
2hdyBY = —(bT +b7) in wr,
20(0,8* + 04GL) = F in wr,
Initial conditions:

{ e (0) = Ug,0, the(0) = ug,1, 3(0) =9 inwr, (4.50)
Boundary conditions:
2hN§Bv,3 = Jq ony; x (0,T),
2hDive = d ony x (0,T),
2hBYvy = b ony; x (0,T),
2hglve = 0 ony; x (0,T),
Ug=¢p=¢c=9=0 onyy x (0,7).

\

Remark 4.2. Equation (4.50)3 deserves some comments. Indeed, one would expect a
two-dimensional counterpart of Gauss’ law divB = 0 in three dimensions; however,
(4.50)5 involves a source term. This is due to the fact that »™ and b~ represent applied
magnetic inductions whose direction is orthogonal to the plane containing the middle
surface of the plate, whereas the divergence é’agi is taken with respect to the in-
plane coordinates. An analogous situation is that of equation (4.37); of the membrane
thermo-piezomagnetic problem arising in the actuator-sensor model, where the source
term is given by the electric potentials applied on the upper and lower faces of the plate,
due to the magneto-electric coupling.

Conclusions

We set forth an asymptotic two-dimensional plate model for linear magneto-electro-
thermo-elastic sensors and actuators, under the hypotheses of anisotropy and homo-
geneity. A validation of the results obtained by the asymptotic expansion method is
accomplished thanks to weak convergence theorems 4.3, 4.5, 4.7 and 4.9. Each of the
four plate problems originating from the four different boundary conditions presented
decouples into a flexural problem and a partially or totally coupled membrane problem,
depending on how the plate is supposed to behave. As in [63], the four models differ
between one another in the scaling assumptions on the electric and magnetic potentials
(see (4.12), (4.16), (4.18), (4.20)). Although the formulae in Appendix 1 giving the re-
duced material coefficients may appear complex, numerical values of such coefficients
can be easily computed, as reported in Appendix 2 for the usual BaTiO3-CoFe;Oy4
composite.
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Concerning directions for future research, a first important issue to deal with is,
of course, coming up with efficient numerical methods to perform simulations, based
either on the two-dimensional plate problems or on the three-dimensional problem.
Then, another problem of interest is to extend our results to shell-like bodies; in
situations where the geometry is particularly simple, as in the case of cylindrical
shells, one should probably be able to determine analytical solutions by separation of
variables, as in [62]. Finally, a further interesting problem is the study of a whole
laminated structure (plate-like or shell-like) including a thin magneto-electro-thermo-
elastic layer (see, e.g., [59]).

Appendix 1

In the sequel we define all the sets of reduced magneto-electro-thermo-elastic coeffi-
cients characterizing the four different models. We recall that, in each of the definitions
below and in the following subsections, (d;;) == (Ci3;3)~', i.e., (d;;) is the inverse
of a second-order tensor whose ij components are C;3;3. Also, the reduced thermal
conductivity tensor (12}1[3) is the same throughout the four models, thus we give its def-
inition once and for all in the list below, along with the definitions of general reduced
coeflicients needed in the following subsections.

Copor = Capor — dijCapizCorj3s Réa,g = R3op — d;ijCopizR3)3,

X;ﬁ = Xp3 + dijP3i3Ppjs3, ﬂ;;; = Baop — dijCapiz B3,
/
Mys = Mps + dijR3i3Rp 3, pél = p3 + dij P33 Bis,
@33 = @33 + dijP3i3R3j3, my == m3 + din3i3,Bj3,
o = Ppap — dijPpisCap;s, ¢y = ¢y + dij Bi3 By,
1
K f’ =
K’ ;= (13’ 1‘43/»3
o Kk ) 1
K,s = Kop — K3 Kp3, C =T 1 \2°
k,aﬁ ¢ M3 X35 — (a3,)
Xy dj; = dij—c'die (M33P3¢3 P33 + X33Ra03R33+

—a’y; (Rse3Pajz + P3aRyj3)) .
Reduced Coefficients for the Sensor-Actuator Model

C(llﬁo—q— = Copor — Caﬂi?)dij (CO'Tj3 + k/P3j3P§m) + klP}‘a/BPg
P! ap = PO'a/ﬁ - Caﬂi3dij (PO'j3 - k/P3j3X(/,—3) - k/P3rzBXI

o o3’

o1’

Riop = Raap — Capizdij (Rsjs — k' P3j3aly) — k' Prapass,
Bag = Bap — Capizdi (B3 — k' P3japs) — k' Paapph,
Xollﬁ = Xop + Paizdij (Pﬁj3 — k,P3j3Xé3) — k'X(,3X53,

T3 = a3 + Paizdij (Rajz — k' Pyjaars) — k' X3l
ﬁé = po + Paizdij (Bj3 — k'P3j3p}) — k' Xasph,
M3y = Msz + Rajzdij (Rs3j3 — k' Pajaaly) — K sz,
iy = m3 + Ryizd;j (Bj3 — k' P3japy) — K azzp’3,

&y = o + Bisdij (Bj3 — k' P3j3p) — k' paphs.



Reduced Coefficients for the Actuator-Sensor Model

Capore = Caporr = Capindij (Corja + U'Ryj3R,.) + £/R3QBR30-77
If;‘;aﬁ = Roap — Capizdij (Roj3 — U'RsjsMys) — ' Raap My,
P3(tﬂ Piap — Capizdij (P3j3 — U'Rj3a3) — U Raapass,

ﬂaﬂ = Bap — Capizdij (Bj3 — C'R3j3p) — K/legmg,
Mgy = Map + Raindi; (Rm - €/R3j3M;/33) ' Ma3 Mg,
A%y == a3 + Raizdij (P3j3 — ' R3j303) — € Moz,
r712 = My + Rm3du (,BJ3 f’R3j3m/3) — f’Ma3m/3,
X323 = X33 + Paiadij (P3jz — O Raj3ay) — Classags,
ﬁ% = p3 + P3;3d;; (ﬂj3 — 5/R3j3m’3) — ' ayzm'3,

8o = ¢y + Bindy (Bj3 — 'R3jzm}y) — 'mzm.

Reduced Coefficients for the Actuator Model

Cc3t,30"r = Cézﬁo—'r = Copor — dijcaﬁi3C0"rj3’
X3 = X3 = Xp3 + dijP3i3Ppjs,

M;3 = M/ p3 + dijR3i3Rp 3,
@33 = CYg3 @33 + d;j P3i3R353,
P;aﬁ Pp(lﬁ PP(Y,B - diiji?aCaﬁj_%

Rgaﬂ = R%aﬁ Riap — dijCapizRsj3,

ﬁ IBQB ﬁaﬁ dle(t,BL3ﬂJ39
p3 p3 D3+ leP3J3ﬁl37

m3 = mh = m3 + dijRsi3 B3,

o = ¢l = ¢y + dij i3 B3
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Reduced Coefficients for the Sensor Model

Ci,Bu’T = Capor — Capi3 [d;jCO—Tjg + (0/33R3,~3 — M3/3P3l-3)P3O—T+
+(a%3P3i3 — X§3R3i3)R3m] — ' P3ap [dij(M§3P313 — a3 R3j3)Copiz+
—M33Pap + @y Raap| — ¢ Raap [dij(Xi5 Raj3+
—a’;P3j3)Capiz — X33 R3ap + a§3P3aﬁ],

meﬁ = Poap — Capi3 [dfjpaﬂ — (@43 R3i3 — M3y P3i3) X3 — (a3 P3i3 — X§3R3i3)aa3] +

—C/P3a/g [d,'j(Mé3P3j3 — ag3R3j3)P0-,~3 + M3/3X0-3 — (153(103] +
—¢'Raqp [dij (X3 Raj3 — @3 P3j3) Pois + X3 Mo3 — a3 Xo3 ]

Ry .5 = Roap — Copiz [dﬁjRaﬂ — (@43 R3i3 — M3 P3i3) @03 — (@4 P3iz — X§3R3i3)Ma3] +
—'P3ap [d,-j (M§3P3j3 — CL'/33R3J'3)R0-1'3 + M§3wo-3 - a'g3Mg—3] +
—¢'R3ap [dij (X3 R3j3 — @3 P3j3) Roiz + XjsMos — ayya03]

ﬁiﬁ = ﬁaﬁ — Caﬁlg [d;jﬂjg + (a’33R3,~3 — M3/3P3i3)]73 + (0’/33P3i3 - X§3R3i3)m3] +
—¢'Psap [dij (M33P3j3 + 03 R3j3) Bis — Myzps + ayyms] +
—¢'R3ap [dij (X3 Raj3 — a3 P3j3) Bis — Xiyms + ayyps3] .

Xiﬁ = Xop + Pai3 [d;jpﬁjg - (a’33R3i3 - M§3P3i3)XB3 — (a’33P3i3 — X§3R3i3)aﬁ3:| +
—'Xa3 [dij (M3 Pyj3 — o3 Raj3) Pais + M3 Xps — oyyaps | +
—Ccags [dij(Xé3R3j3 — a’33P3j3)Pﬁi3 + X§3MB3 — (133XB3] s

&iﬁ = Wap + Pai3 [d;jRﬁjg, - (CL'/33R31'3 - M3’3P3,-3)0zﬁ3 - (CY/33P3,'3 — X§3R3i3)Mﬁ3:| +
—c' X o3 I[d;].RB]g - (a’33R3i3 - M§3P3i3)a/ﬁ3 - (a"33P3,~3 — X§3R3i3)Mﬁ3] +

/ / ! !
—c' a3 [dij (X3 Raj3 — @43 P3j3) Raiz + XjyMas — 3043,

Pa = Pa — Pais [d;jﬁﬂ + (@%3R3i3 — M3y P3i3)p3 + (a3 P3is — X§3R3i3)m3] +
—¢'Xo3 [dij (M} P3j3 — a3 R3j3) Bis — Mizp3 + abyms] +
—c' @3 [dij (X3 Rajs + @43 P3j3) Bis — Xjyms + ayyps3]

My, = Mop + Rai3 [dijﬁﬂ — (@3 R3i3 — M P3iz)aps — (a3 P33 — X§3R3i3)Mﬁ3] +
—c'ays [dij (M3/3P3j3 — Ckg3R3j3)RBi3 + M§3a,33 — a/g3MB3] +
—¢' Mo [dij (X33 Raj3 — a3 P3j3) Rpis + X33 Mgy — zaps],

Ay = ma — Rai3 [[d,{jﬁﬂ — (@43 Rai3 + My P3i3)ps + (a3 Pais — X§3R3i3)m3] +
dij(M33Psj3 — @'y Rsj3) Bis — Myyps + ayms] +
—¢'My3 [dij(X}3Raj3 — a'y3 P3j3) Bis — Xjyms + a'yyps]

—ag3

&= co + Bis [d,'-jﬂﬁ + (@53 R3i3 — M3y P3i3)ps + (a5 P3i3 — X§3R3i3)m3] +
—c'p3 |dij(M}y P33 — 3 Raj3) Bis — Mysps + ayyms| +
—c'm3 [dij(X33Rsj3 — a3 Pyj3) Bis — Xigms + a'yypa]
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Numerical Values of Material Coefficients
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We record in Table 4.1 the numerical values of the material coefficients are pre-
sented for a transversely isotropic magneto-electro-thermo-elastic BaTiO3—CoFe; 04

composite (see [9]).

Elastic moduli Magnetic permeabilities
C1111 = C2222 (GPa) 200 M11 = M22 (1074 NSZ/CZ) 1.5
Ci122 (GPa) 110 M3 (1074 N's2/C?) 0.75
C1133 = Cr33 (GPa) 110 | Piezomagnetic constants
C3333 (GPa) 190 R311 = R3n (N/Am) 200
Cr3o3 = C3131 (GPa) 45 Ri333 (N/Am) 260
C|2]2 (GPa) 45 R]13 (N/Am) 180
Piezoelectric constants Magnetoelectric constants
P31 = Pap (C/m?) 35 | anp=an(1002Ns/VO) | 6
P33; (C/m?) 11 @33 (10712 Ns/VC) 2500
Dielectric permittivities Pyroelectric constant
X11 = X2 (1072 CHNm?) | 0.9 p3 (10° C/m? K) -12.4
X33 (107° CZ/Nm?) 75 Pyromagnetic constant
Thermal stresses m3 (1073 N/AmK) 5.92
Bi1 = Baa (10° N/Km?) | 4.86 Density
B3z (10° N/K m? ) 432 p (kg/m?) 5600
Thermal conductivity Calorific capacity
K33 (W/mK) 2.85 ¢ M3 K?) 325

Table 4.1 — Material properties of a thermo-piezo-electro-magnetic BaTiO3z—CoFe;O4
composite with 0.6 volume fraction of BaTiOs.

Numerical Values of Reduced Material Coefficients

Table 4.2 presents the calculated numerical values of the reduced coeflicients in
the case of a plate behaving as an actuator, both piezoelectric and piezomagnetic. One
can analogously obtain such values also in the other three cases.

Elastic moduli Magnetic permeability
¢}, =C2,(GPa) | 136 M3 (1074 NsCY) | 075
6?122 (GPa) 46 Piezomagnetic constants
C3,,, (GPa) 45 R}, =R, (N/Am) | 495
Piezoelectric constants Magnetoelectric constant
P, =P, (Cim?» |-9.86 @, (1078 Ns/V Q) 175
Dielectric permittivity Pyroelectric constant
X3, (10°CYNm?) | 8.1 P} (107* C/m?K) 2.5
Thermal stresses Pyromagnetic constant
B3, = B3, (10° N/Km?) | 2.36 w3 (1073 N/AmK) | 591
Calorific capacity
& (Im3K?) 423

Table 4.2 — Reduced coefficients for a magneto-electro-thermo-elastic actuator made

up of a BaTiO3—CoFe,;O4 composite with 0.6 volume fraction of BaTiOs.
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Simulation Numérique
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Chapitre 5

Dynamique de Plaques en Flexion
avec Inertie de Rotation

Nous choisissons maintenant de concentrer notre attention sur le probléeme
de flexion qui caractérise tous les quatre problémes de plaque déduits dans le
chapitre précédent. L'intérét de I’étude mathématique et, surtout, numérique de ce
probléme est lié au fait que I’équation d’évolution qui le régit tient compte d’un
effet d’inertie rotationnelle. En effet, I’évolution est décrite par un terme de la forme
aa—:z (aw — BAw), avec a et B des constantes réelles positives. Aprés avoir effectué un
choix opportun des espaces fonctionnels, de telle sorte que le probléme puisse étre
étudié en tant que probleme hyperbolique abstrait, nous en montrons I’existence et
I’unicité de la solution en suivant I’approche de Raviart et Thomas [54]. Ensuite nous
effectuons 1’analyse de ’erreur pour une discrétisation a éléments finis et pour une
approximation en temps de type Newmark. Concernant la discrétisation en espace,
nous utilisons une discrétisation conforme; dans le cas des problemes de plaque, il
s’agit alors de considérer des éléments finis de classe C!; nous choisissons d’utiliser
les éléments HCT (voir e.g. [15]). Notre analyse numérique théorique est complétée et
supportée avec des tests numériques effectués avec le logiciel FreeFEM++.

Ci-apres, nous présentons la version étendue d’un article soumis a la revue Journal
of Numerical Mathematics, écrit en collaboration avec G. Geymonat, F. Krasucki et M.
Vidrascu. Remarquons que, pour simplifier les notations, dans la section suivante
représente le domaine bidimensionnel sur lequel le probleme de flexion est formulé.

5.1 Mathematical and Numerical Modeling of Plate Dynam-
ics with Rotational Inertia

General Notation

We denote by Q — R? a two-dimensional domain with smooth boundary I'; Ty = T
is a measurable subset of I', with strictly positive length measure, and I'j = I'\I'.
The outer unit normal and tangent vector fields on I' are denoted, respectively, by
n = (ny,ny) and T = (—ny, n;). For ¢ a real-valued field defined on Q, &, = Vi - n
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and ;¢ = V¢ - 1 denote its normal and tangential derivatives on I'. The space

dependence of a field is left tacit, unless noted otherwise. The time derivative of a

real- or vector-valued field ¢ is denoted by ¢, of a function ® taking values in a Hilbert
d®

space by ‘i-.

In [10] the equations of plate models for magneto-electro-thermo-elastic sensors
and actuators have been deduced by an asymptotic development with respect to the
thickness 2¢ > 0 of the plate. A peculiar feature of the different models concerns
the flexural problem, governing the evolution of the transversal displacement w of the
plate. It is uncoupled from the membrane problem, it takes into account an inertia
effect involving the mean curvature of the deformed middle surface, and the only
influence of magneto-electro-thermo-elastic behavior of the material appears in the
coefficients A = (Agpor) of the (symmetric) moment tensor M(1) = (Myg(t)) =
—AVVw(t), (VVw(t))ap = Oapw(t) (let us point out that the fourth-order tensor
A = (Agpor) is symmetric and strongly elliptic). The vertical displacement w of the
plate is solution of the following evolution equation:

203
2€p1b—?pAzl)—divdivM=f+divm inQ x (0,7T), (5.1)

equipped with initial conditions
w(0) = wy, w(0) =w; inQ (5.2)

and with suitable boundary conditions. The influence of the rotational inertia on the
lateral vibrations of linearly elastic bar was considered by Lord Rayleigh [55], sect.
186; the extension of this analysis to the flexural motion of isotropic elastic plates
has been done for the first time in 1951 in a seminal paper by R. D. Mindlin [46]
where also the effect of transverse shear deformation is taken into account. Later on,
an evolution model for plates with rotational inertia was deduced by A. Raoult [52]
using the asymptotic expansion method. The influence of these effects has also been
considered in the case of flexural motion of large amplitude.

One can prove the existence and uniqueness of a weak solution (in a suitable
Sobolev-valued distribution space) using a Faedo-Galerkin finite-dimensional approx-
imation (see e.g. [3] and [21]) or else of a Sobolev-valued regular solution with a
(semi)groups approach [56]. In both cases the presence of the rotational inertia term
must be taken into account with an appropriate choice of the Sobolev space. Once
this choice is done, the proof follows a well-known path. In sect. 5.1.1 we give the
proof of the existence and uniqueness of the weak solution since this makes easier the
subsequent numerical analysis. In sect. 5.1.2 we perform, in the appropriate Sobolev
spaces, the error analysis of a finite element spatial discretization and of a Newmark-
type discrete time approximation. Let us remark that our choice allows the application
of the methods developed for linear second-order evolution equations. Based on a
continuous-time Galerkin method (see e.g. [6] or [22]) we can infer optimal error esti-
mates, and then couple with the error estimates for the time discretization of Newmark
type (see e.g. [54]). Note that a conforming space discretization for plates requires C'
elements; our choice are the HCT elements (see e.g. [15]). This theoretical numerical
analysis is complemented with numerical tests performed with FreeFEM++.
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5.1.1 Existence and Uniqueness

The weak formulation of the problem depends on the boundary conditions. For
this, we first define the pivot space

H={ueH(Q):u=00nT,} (5.3)

and the bilinear form b: H x H — R given by

€2
b(u,v) =2£’pj <uv—|—§Vu-Vv> dQ, Vu,veH. (5.4)

Q

Notice that b(-, -) defines a scalar product in H whose associated norm |- |5, is equivalent
to the usual Sobolev norm.
Let V be a Hilbert-Sobolev space such that

(i) VZH*Q)nH,
(if) the embedding V < H is compact.

Thanks to (i), we can endow V with the Hessian L?-norm given by

1/2
o] = (J VVo:VVu dQ) . (5.5)
Q

Let us define the bilinear forma: V x V — R by
a(u,v) = J AVVu:VVo dQ, Vu,veV. (5.6)
Q

By the symmetry and ellipticity properties of A, a(-, -) is symmetric and V-elliptic, i.e.
there exists @ > 0 such that a(v,v) > a|v|? for any v € V. In the numerical examples,
we consider essentially the following situations:

%ﬁpand')erivM-nJr&T(Mnm)=—m-n onTy x (0,7),
(BC);: X Mn-n=0 onTy x (0,7),
w=0uw=0 onTy x (0,7),

%ﬁpﬁnd}—kdivM‘n—%&T(Mn-T)=—m-n onTy x (0,7),
(BC)2:{ Mn-n=0 on 0Q x (0,7),
w=0 onTy x (0,7T).

Boundary conditions (BC); refer to a plate clamped on I'y; in this case we choose
V=V, ={ueH Q) :u=0du=0onTy}. (5.7)

Boundary conditions (BC), feature a plate simply supported on I'y, in which case we

choose
V=V,={ue H(Q):u=0o0nTy} = H*(Q) n H. (5.8)
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In both cases, under the general hypothesis of anisotropic linearly elastic behavior,
the weak formulation of the problem has the following aspect:

For any fixed 7 € (0,7T), find w(z) € V such that

3
f <2€pll')(t)v + %pvu}(t) -Vu + AVVw(t):VVv> dQ
Q (5.9

- f (f(t)o —m(r) - Vo) dQ,
Q

| for all v € V, with initial conditions w(0) = wo, w(0) = wy,

where V = V) or V = V,. If the behavior is isotropic, the case to which we restrict our
attention, the constitutive equation yielding M is given by a tensor A such that

AT =D((1—=v)T+v(rT)I), VT e Sym(2), (5.10)
where Sym(2) denotes the space of symmetric tensors on R?, and

203E
D=—"—""_
3(1 —v?)

is the flexural rigidity of the plate, with E and v, respectively, the Young’s modulus
and the Poisson’s ratio of the material. Equation (5.1) takes then the form

.20
2€pw—TpAw+DAAw:f+divm, (5.11)

and the weak formulation can be rewritten as

( For any fixed ¢ € (0,7), find w(z) € V such that

3
J <2€plb(t)v + %leI)(t) Vo + D(1 —v)VVw(t): VVo +
Q 3 (5.12)

Dy Aw(r) Av)dQ _ L (F(t)o —m(r) - Vo) dQ,

for all v € V, with initial conditions w(0) = wp, w(0) = w;.

In order to show that the general problem (5.9) is well-posed, we identify the time-
dependent linear form on H

Li(v) = L (F(t)o — m(r) - Vo) A,

with the scalar product of an element F () € H (for 0 < t < T) with v € H. This can
be accomplished via the following problem:

Find F(¢) € H such that

b(F(t),v) = L;(v), YveH, (5.13)

Provided f(¢) € L*(Q) and m(z) € L?(Q) for 0 < ¢ < T, problem (5.13) is well-posed
by the Lax-Milgram Lemma. As for problem (5.9), we assume f € L*(0,T; L*(Q))
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and m € L%(0,T;L?*(Q)), so that F € L*(0,T; H); the formulation of the problem
reads then:

d
eV, —sb(w().) -;j(w(t), v) = b(F(1),v), (5.14)
w(0) = wo, E(O) = Wi

Theorem 5.1. Let T > 0 be fixed, wo € V, w; € H and F € L*(0,T; H).

(i)  There exists a unique function w € C°([0,T]; V) n C'([0,T]; H)
satisfying (5.14).
(ii) There exists a constant ¢ = ¢(T, Q) such that

ooy +lwleroryan < (T @) lwol +lwily+ IFl 2oz } -
Remark 5.1. The mappings t — b(w(t),v) and t — a(w(t),v) belong to L>(0,T),

based on (i). Therefore, (5.14), is to be understood in the sense of distributions on
(0, 7).

Proof. (i) We proceed along the lines of Raviart and Thomas [54] (see also [3]).

Step 1. (Uniqueness) Owing to the compactness of the embedding V — H,
there exists an increasing sequence of eigenvalues 0 < A} < Ay < --- < A; < ...
and a Hilbert basis {g;}, orthonormal in H and orthogonal ! in V, of associated
eigenvectors verifying

YoeV, a(giv)=A4;b(gv) (5.15)

(see, e.g., [56]). Let w; = 4/4; and A: V — H be the linear and continuous operator
defined by

YoeV, Av= Z w; b(v, gi)g;. (5.16)
i1
Then we have
|Av]p = a(v,v)"/?. (5.17)

In fact, as a(-, -) defines a scalar product in V, one has, for any v € V,
a(v,v) = Zw;za(v,gi)z = Zwlz b(v,g;)?* = Z b(Av,g:)* = |Avf;.  (5.18)
i=1 i1 i>1

Moreover, for any 6 € R, let

—sinf cos@

Q(@):{ cosf  sin@ }

1. Recall that |g;|, = 1 and |g;i|a = +/A;» with |g;i|a = a(gi,g:)"/?, so that {/l;l/zgi} is an
orthonormal basis of V.
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and for any ¢ > 0, let the linear and continuous operator G(¢): H x H — H x H be
defined for any 0 = (vy,v2) € H x H by

B0)7 = 2, Qi) { Z - Z; ] 9i = (5.19)
[ > Yi
_y( AB(v1gi) cos(wit) + b(v, gi) sin(win) Yo
B g ( {—b(v1, ;) sin(w;t) + b(v, g;) cos(w;t) }gi ) : (5.20)

If w is solution of (5.14), then it verifies

/;_Z’(t) _ 6 < /}Uu:o )

+£ G(t — s) < F?s) ) ds. (5.21)

Indeed, as w € CO([O, T]; V), we have
= D b(w(t)gi)gi,  a(w(t), gi) = A b(w(t). g;)

i>1

so that @;(t) = b(w(t), g;) is the unique solution to the following Cauchy problem:

{&i(r) + (1) = b(F(t), 9:), (5.22)

@;(0) = b(wo, gi), @;(0) = b(wy,g;),

whose explicit form is given by

a;(t) = b(wo, g;) cos(w;t)+ wilb(wl, gi) sin(w; t)+wil Jo sin(w;(t—s)) b(F(s), g;) ds.

Hence «; verifies

w;a;(t) w; b(wo, g;) ] J { 0 }
; = Q(w;t wi(t — ds,
[ (1) ] Qleost) [ b(w, g1 A b(F(s). g1
(5.23)
whose rows, by (5.16) and (5.19), are the i-th components of the corresponding rows

of (5.21). Therefore w is given by the series development

wit) =Y {b(wo, gi) cos(wit) + wiib(wl,g,.) sin(wit)+
—i—i t sin (w;(t — 5)) b(F(s),9:) ds} Ji»

Wi Jo

whence we infer that, if the solution to (5.14) exists, it is unique.

Step 2. (Existence) Let us introduce the subspace V,, of V generated by the
first m eigenvectors gy, . .., gm. We seek a function wy,: t € [0,T] — w;,(t) € Vi
solution to the following second-order system of differential equations:

2

B wm(1).0) + alwm(r).v) = B(F (1)), (5.24)

Yom € Vi, 2

m dw m
wm(0) = wom = 3 b(wo.g1)gi " (0) = wim = Y, b(wi.gi)gi.  (5.25)

i=1 i=1
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On writing

m

Z al gle @; ) = b(wm(t)9 gi)’

i=1
one can repeat the same arguments as in Step 1 to see that «; is solution of (5.22) and
hence verifies (5.23).

Now, {wy,} is a Cauchy sequence in spaces C°([0,7]; V) and C!([0,T]; H) (and

thus it converges in such spaces as they are complete). To see this, let m, p € N with
p > m = 1; from (5.18) we have

2
a(wp (1) — wm (1), wp(t) — wm(r)) + % (wp(t) — wm(t))
b
= Z (/l,-a/,-(t)z + d’i(l‘)z) .
i=m+1

Since Q(w;t) is an orthogonal matrix, we infer from (5.23) that

(i ()% + ai(6)2)' < (s blwo, gi) + bwr, g:)?) > + f |b(F(s), g:)| ds,

whence, by Jensen’s inequality,

/lt-a,-(t)2 + d’,‘(l)z <2 {/1,' b(w(), g,‘)2 + b(wl, g[)z + l‘ft b(F(S), gi)2 ds} ;

finally, on taking the sum on i ranging from m + 1 to p,

a(wp(t) = wm (1), wp (1) — wi (1)) +

d
= (1) = wn (1)

b

<2 Z {a b(wo, 97) +b(w1,g,~)2+tth(F(s),gi)2ds}.

i=m+1 0

Aswo €V, wy € Hand F € L*(0,T; H), the series of the general terms appearing on
the right-hand side are convergent, and hence

T

p
lim Aibw,iz—l—bw,iZ—l—TJ
mww,;l{ (w00 + blan g + 7

b(F(s),g:)* ds} =0.

Finally, as a(-,-) is V-elliptic, {w,,} is a Cauchy sequence in C°([0,7];V) and
C'([0,T]; H). Thus, there exists a function w such that

wm — win C°([0,T]; V) n CY([0,T); H) asm — +oo. (5.26)
It remains to prove that w is solution to (5.14). To see this, take € D (0, T) and select
an integer i = 1. From (5.24), for any m > p, we have
T

T 2 T
Vo eV, f b(wm (1), v) L (1) dt + f a(wy(t), 0)(¢) dr = f b(F (1), 0)0 (1) db,

0 dr? 0 0
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and passing to the limit as m — +00, thanks to (5.26), we get

T dZw T B T
Vo eV, L pw(t).0) S (0 +L a(w(t), o) (t) di _L b(F(t),v)(//(t()Sd;)

As Uu>1 Vi is dense in V, (5.27) holds for any v € V and we get (5.14),. From (5.26)
we also have d q
W (0) — w(0) in V, %(0) — =2(0) in H.

Finally, by (5.25),

dw,,

F(O) = Wi,m — W1 in H,

W, (0) = wom — woin'V,
whence we get (5.14)5 as well.

(i) From the orthogonality of Q(w;) and the definition (5.19), we infer that for
any 0 = (v, v2) € H X H,

12
IG®)0]lHxm = {Z ((01,90)° + (v2, gt)z)} = [0l xn-

i1

Then, from (5.21) one has that

du

)y 1/2 .

1/2
{\Aw<r>\%,+ S0 } < {1Awof} + n )+ [ 1FG)lb s
b

and the result follows from (5.17) and from the V-ellipticity of a(-, -). o

5.1.2 Numerical Analysis
5.1.2.1 Semi-Discrete Problem

Let V,, < V denote a subspace of V of dimension I = I(h) and consider the
following semi-discrete problem: given wo, € Vi and wi, € Vy, find the solution
wyp 1t € [0,T] — wy(t) € Vj, to the following system of ordinary differential equations:

d2
Yo, € Vp, —Zb(wh(l), Uh) + a(wh(t), Uh) = b(F(t), Uh),
dr 4 (5.28)
w
wh(O) = wo’h, d—h<0) = wl’h.

t
We now introduce a basis {¢; }1<i<s of Vj, and denote the time-dependent components
of wy, in this basis by &;(¢), j = 1,...,1. Analogously, we denote the components
in the same basis of wp ), and wy ) respectively by & ; and & ;. Finally, we set
xj(t) = b(F(t), ¢;). Then (5.28) reads
MuE() + Kné(t) = x (1),

() + FuE (1) = (1) 529)
£(0) =&, £(0) = ¢,
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with self-explanatory notation. Matrices My, and K, are respectively the mass matrix
and the stiffness matrix. Their coeflicients are

(Mn)ij = bleigj) and  (Kp)ij = alei¢j), 1<ij<I (5.30)

In the following, we drop the index & when there is no ambiguity.

Remark 5.2. The choice of the scalar product (5.4) in H ensures that M is positive
definite.

Problem (5.29) is the semi-discrete counterpart of (5.14). Under certain in-time reg-
ularity hypotheses on w and adapting the arguments of [6], [22], it is possible to give
an estimate of the error wy () — w(¢). For this, we introduce the elliptic projection
operator I, a linear and continuous operator mapping u € V onto Il,u € Vj, defined
by

Vl)h € Vi, a(Hhu — U, Uh) = 0.

We have the following results.

Theorem 5.2. Let T > 0 be fixed and assume that the solution w of (5.14) verifies
w € C2([0,T); V). Then there exists a constant C = C(T) independent of h such that,
foranyt e [0,T],

dw dw
Jwn(t) — w(t)|+| =2 (1) — ==(1)] <C3 |won — Mpwo| + [w1n — Mwy |+
dr dr 7,
dw 4 d2w
H =)o)+ -1 50| + [ =153 )

Theorem 5.3. Under the assumptions of Theorem 5.2 let the following approximation
hypotheses be satisfied:

YoeV, lim inf [v— o4l =0, (5.31)
h—0 UhEVh
}111_1)1%) [wo,n — woll =0, (5.32)
lim |U)1’h — W1 ’b = 0; (5.33)
h—0

then q q
. wp w
Ve |0, T 1 t) —w(t —(t) — —(¢ = 0.
co7) fim {lon) w0l + |20 - 50 |

This convergence result can actually be improved; under the hypotheses of Theorem
(5.1,

Jim wy, = w in C°([0,7]; V) and in C'([0,T]; H).

5.1.2.2 Time discretization: Newmark’s method

A typical time discretization method widely used for differential systems of the
form (5.29) is the Newmark method (see, e.g., [26]), of which we recall the main
features.

Let N € N; we introduce a time-step Ar = % and a uniform mesh of the interval
[0, T] defined by nodes #,, = nAt, 0 < n < N. We want to compute an approximation
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(f", f") of the pair <§ (t,), € (tn)> The Newmark method consists in making the
following approximation assumptions [26,54]:

é}n-&-l Zén—FAl‘ ((1 _y)én+ygn+l)’
0<n<N-—-1,

§n+l _ é_-n +At§n +At2 (<% _B) én +B£n+l> ,

where we have denoted by é" an approximation of f (tn) and y, B are parameters.
These relationships are implicit, as the acceleration £"*1 needs to be determined in
order to find £7+! and £*!. Typical choices for y and S are

08)=(31) 0= (33):

the first choice corresponds to the assumption of constant acceleration within the time
interval [z,,1,+1), the second one presumes acceleration to be linear over the same
interval.

Applied to (5.29), the Newmark method reads

[N N

ALZQM(g:rH-Z _ 26"-&-1 + g;;n) +(l(<ﬂfn+2+ <% _ zﬂ +,y) §n+l+ <_ + 8- )’> fﬂ) _

= Bx(tni2) + (% 2,3+7> X(thyr) + (% +ﬂy> x(t,), 0<n<N-2,

aM(E - sie) ek (pe 4 (3-8) &) = s+ (3 - 8) o

which is equivalent, on denoting by w; € V;, an approximation of wy(t,) € V, to the
following system:

1 n+2 n+1 n
Yo, € Vi, e b (wh 2w, + wy, vh) +

+a<ﬁw;;+2+ (%—2ﬁ+7> wy ™+ (%Jrﬁ—v) w;’f,vh) =
- b(ﬁF(tn+2) - (% —2,8+7> F(tns1)+
+<%+ﬁ—'y> F(tn),l)h>, 0<n<N-2

1
Vvh eV, b (w}ll — wo,n — At W1, h, l)h) “+a </3w,i + <§ — ﬁ) wo, h, Uh> =

—b </3F(t1) ¥ (% - ﬁ) F(to), vh) .

Hence, at every time step, a linear system of the form

A2
(5.34)
(M + BAPK) " = ",

n
where " € R! is known, has to be solved; provided 8 > 0, M+ BAr>K is a symmetric
and positive definite matrix.
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Concerning the stability of the method applied to (5.29), as well as error estimates,
the following result holds.

Theorem 5.4. Let 8 > 0,0 =7y — % > 0, L a constant independent of h and At, and
0 < & < 1. Then the solution {w}! € Vy,,0 < n < N} of (5.34) verifies the following
estimates:

(i) provided w € C*([0,T]; V) n C3([0,T]; H) and the stability condition

1 +96)?
L if 8> %,

AP Ap < (5.35)
(1+62) —4p 4

it holds

|wZ — w(l‘n)|b < C{‘w(),h — th0|b + \wl,h — thl|b + |(I — Hh)w(l‘n)|b+
In d2
[ (oS ) as}
b

0 dr?
where the constant C = C(T) is independent of h, At and w (it depends on L and €);

3

d’w
t F(S)

b
(5.36)

(i) if 6§ = 0, w € C*[0,T];V) n CH[0,T); H) and (5.35) holds, we have
|wZ — w(tn)|b < C{‘w()’h — th0|b + \wl,h — th1|b + ’(I — Hh)w(l‘n)’b-i-

[ (e el ) o

0 dr?

d*w
dr#

+ AP

b

(s)

(5.37)

where the constant C = C(T) is independent of h, At and w.

When 8 > (1 + §)?/4, the stability condition2 At> A7, < L does not impose real
restrictions on the choice of the time-step, inasmuch as constant L is actually arbitrary.
Thus, provided y > %, for B > % (% + 7)2 the Newmark method is unconditionally
stable. Furthermore, for (y, B) = (%, }‘), condition (5.35); is even unnecessary. We
make this choice of the parameters in the following, in which case the discretization of
(5.29) can be rewritten as

Ar? 1

OW+95W>¢+%—NGW+§AE”+——"“ Osn<N-1
n > g X S USES " (5.38)

£=¢ ¢€=¢

2. We recall that Ay j, is the maximum eigenvalue satisfying the discrete analogous of (5.15).
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with .f";r% = L (" + ¢ and X't = 3 (¢ (tns1) + x(tn)). Upon solving (5.38)
for £"7 1, the update rules are

Seiog) g

n n+1 n
§+1:2§+2_§.

é—n+l _

This scheme is called Newmark’s midpoint approximation. In this situation, Raviart
and Thomas [54] have proved the following error estimate.

Theorem 5.5. Let T > 0 be fixed. Then the solution {w}} € V;,,0 < n < N} given by
(5.38) verifies the following estimates:

(i) ifweC*[0,T];V)nC3([0,T];H),

lw)' — w(tn)]p < C{lwon — Muwolp + |wip — Mpwi|p+

(=T w (i) + L,{ i 3

d d
i) A SE(s)
where C = C(T) is independent of h, At and w;

Jo

(=T G )+ 4|5

(ii) ifwe C*H[0,T];V) n C*[0,T]; H),

|w;: — w(tn)]b < C{|w0,h — th0|b + |w1,h — th1|b+

th 2w 4w
= mmwiels + [0 -mGro)| +an 5

where C = C(T) is independent of h, At and w.

AL?

Jo

5.1.2.3 Space discretization: HCT Elements

The solution of (5.14) belongs to C°([0,T]; V) n C'([0,T]; H), thus we are led to
select finite elements of class C'; in particular, we will use HCT elements.

Let 7}, denote a regular mesh in the sense of Ciarlet [15, 54] of the domain Q,
K € 7T, the typical element of 7, and X, a finite element space. Moreover, let
Pk = {vpk : vn € Xp}. We recall then [15] the following result.

Theorem 5.6. Assume that the inclusions Px — H*(K) forall K € T, and X;, « C'(Q)
hold. Then the following inclusions hold:

X © H*(Q),
Xon = {vn € Xp :vp =0 on I} < Vs,
Xooh = {Uh €EXp:vp = anl)h =0 on Fo} c V.

Remark 5.3. The choices V, = X, for (BC); and Vj, = X, for (BC), ensure
hypotheses (5.31) to (5.33) of Theorem 5.3 to be satisfied [15].

Finite elements of class C' are rather complicated and time-consuming, and are
not used too often in practical applications. We choose to start our experiments with
such elements because the theory described is valid for conforming approximations.
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Figure 5.1 — The HCT element.

Figure 5.2 — The HCT element in detail.

In this context, the HCT is one of the simplest C' elements (Fig.5.1). The set of
degrees of freedom (twelve in total) is given by the values of a function, as well as of
its partial derivatives, at the three vertices and by the values of its normal derivatives
at the midpoints of the sides.

From an internal viewpoint, the HCT element is a composite element: a typical
triangle K € 7}, is split into three sub-triangles K; (i = 1, 2, 3), the internal node usually
corresponding to the barycenter of K (Fig. 5.2). A polynomial of degree three is defined
on each sub-triangle, so that the space Pk is given by

Pk = {pe C'(K): pik, €P3(K;), 1 <i <3}

The condition p € C!(K) is realized by requiring the continuity of the three polynomial

expansions and of their gradients at the barycenter (marked by a black square in Fig. 5.2),

and the continuity of their normal derivatives at the midpoints of the internal sides.

Thus, the HCT element is a C! element as a whole, in the sense that a function and its

first derivatives are continuous across the edges of any two adjacent elements of 7.
Let us now provisionally focus on the static counterpart of (5.14), namely,

YoeV, a(w,v)=L(v), (5.39)

where we have neglected time dependence. Notice that in this case the pivot space H
is L?(Q). The discrete version of (5.39) reads

I
Z a(ei,¢j)é; = L(gi), 1<i<I.
j=1

The following theorem [15] yields an estimate of the error between wy, and w when
HCT elements are employed in space discretization for (5.39).



105

Theorem 5.7. If the exact solution w € V of (5.39) is also in the space H*(Q), then
there exists a constant C > 0 independent of h such that

lw — wll g2) < CH*|w]gs o) (5.40)

Remark 5.4 (Implementation issues). In finite element methods, a quadrature scheme
is needed to compute the coefficients a(¢;, ¢;) and L(¢g;), thereby resulting in an ap-
proximated bilinear form ay (-, -) and in an approximated linear form Ly (-). Generally,
integration over a mesh element is performed using a quadrature scheme for which
all nodes are situated at the interior of the element. However, in the HCT case, a
mesh element features internal interfaces between any two sub-triangles; at these in-
terfaces, the continuity of second partial derivatives is not guaranteed. Hence, one
should use a quadrature scheme that avoids nodes on any such interface. A solution is
to integrate on each sub-triangle and then sum up the three contributions. Moreover,
the following Theorem (first Strang lemma) requires that the integration error and the
interpolation error be of the same order, and hence the quadrature scheme must be
chosen accordingly.

Theorem 5.8. Let the bilinear form ay -, -) be uniformly Vj,-elliptic, i.e.
Ja>0: Yo, € Vi an(onvn) = afon|*

where « is independent of Vy,. Then there exists a constant C > 0 independent of Vj,
such that

lw—ws| <C [ inf {|w—op]+ sup la(vp, un) — an(vp, up)| .
A un€Viy (A
L - L
+ sup |L(up) — Ly (up)| ‘
up€Vi, o |

If the space Pk contains polynomials of degree at most k, a sufficient condition for
ap(+,-) to be uniformly Vj,-elliptic is that the quadrature scheme used be exact for
polynomials of degree 2k — 4 at least [15]. Thus, in our case, we have to use on each
K; c K a quadrature formula exact at least for polynomials of degree two.

5.1.3 Numerical Results

We perform numerical tests using the software package FreeFEM++ 3.42 (see [37]),
in which HCT elements have been implemented along with an adequate quadrature
formula for their use. We will consider two situations:

(1) Q=0'={(x,y)eR?:x*+ y? < R?}, T = 0Q and (BC);,
i.e. a circular plate of radius R clamped all over the lateral surface;
(2) Q=02 =(0,a) x (0,b) witha,b > 0,Ty = 0Q and (BC),,
i.e. a rectangular plate simply supported all over the lateral surface.
In both situations we assume m = 0, and in order to get coherent results we fix once
and for all the following set of data:

R=5cm, a=6cm, b=8cm, { =1mm
o = 5600 kg/m3, E =136 GPa, v =0.3, (5.41)
(i.e. D =99.63 N-m).
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lw — wp ] g2 42210771 1.20-1077 [ 3.40-107% [ 9.53 - 107°
Number of finite elements 115 460 1840 7360
Number of degrees of freedom 398 1483 5723 22483

Table 5.1 — Variation of the H? norm of the error with the number of finite elements for w
given by (5.43), along with the corresponding number of degrees of freedom. Computations
have been made for fo = —130 N/m? (this value corresponds to the weight of the plate per
unit area of the middle surface).

5.1.3.1 Statics

In each of the following test cases, we consider nested meshes in order to determine
the behavior of |w — wy|p2(q) with respect to the meshsize h; of course, mesh
refinement is uniform.

Boundary conditions (BC);

The problem formulation reads in this case

5.42
w=0,w=0 ondQ ( )

{D AAw = f inQ
where Q = Q'. We first consider a test case for which f is constant over Q (f = fy);
the closed-form solution of (5.42) is given in this case by

Jo 2 2 2132
,y) = ——(R" — + . 5.43
w(x,y) = (R = (2 + ) (5.43)
As Table 5.1 shows, the implementation of HCT elements in FreeFEM++ 3.42 is quite
effective, as the variation of the H? norm (regardless of physical dimensions) of the
error with respect to the meshsize is in agreement with error estimate (5.40).
As a second test case, in order to deal with a non-polynomial solution, we consider

_ Jo 2 2\)2 o
w(x,y) = 64D(R (x*+ y*))" sin(ax), (5.44)
a being a constant, which is the solution corresponding to
flx,y) = % {—16ax(—8 + a*(—R* + x* + y?)) cos(ax)+

+ (64 + 16a*(2R* — 5x* — 3y*) + a*(—R* + x* + y*)*) sin(ax)} .

The variation of the error is shown in Table 5.2, and the convergence is again quadratic.

[w —wp ]2 2.00-107°]6.01-1077 [ 1.70- 1077 | 4.61- 1078
Number of finite elements 115 460 1840 7360
Number of degrees of freedom 398 1483 5723 22483

Table 5.2 — Variation of the H> norm of the error with the number of finite elements for w
given by (5.44), along with the corresponding number of degrees of freedom. Computations
have been made for fo = —130 N/m? and a = 0.5cm™".
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Boundary conditions (BC);

The problem formulation is

DAAw = f in O,
(5.45)
w=0 Mn-n=0 ondQ
where Q = Q2. In this case, when the source term is of the form
T T
f(x,y) = fosin (ax) sin (by) ,
the closed-form solution is given by
(x, ) Wsin(”)sm(” ) wo— Jo (L] - (5.46)
wix,y) = —X -y, =— | =+ = . .
Y 0 a bY T p\a2

The variation of the error is shown in Table 5.3, and once more the convergence is
quadratic.

lw — wp ]2 1.30-1077 | 3.78-107% | 1.08 - 1078 [ 2.96 - 10~°
Number of finite elements 214 856 3424 13696
Number of degrees of freedom 725 2731 10595 41731

Table 5.3 — Variation of the H? norm of the error with the number of finite elements for w
given by (5.46), along with the corresponding number of degrees of freedom. Computations
have been made for fy = —130 N /m?.

We have represented in Fig. 5.3 the behavior of the error in the three test cases we
illustrated.

3s 4
4 - ) s -
ges g, o g ® -
& - & _ e -
S _ = - b )
B 3 P = -
) = 3 -
RS -~ EN e ! _—
= 7 E e = s e
0 7 065 " 11.88 S -
= —Jrsa = — g P
— *) ~ R
N . -7 — s
I ~ T
-2 24 22 2 18 16 o -28 28 24 -22 -2 18 16 32 3 28 26 -24
logip h logo logyo h
(a) (b) (©

Figure 5.3 — Error H 2_norm vs. meshsize in a logarithmic scale for w as in (5.43) (a), (5.44)
(b) and (5.46) (c). The red line represents theoretical behavior, and has slope 2.

5.1.3.2 Dynamics

In order to test the accuracy of the Newmark method combined with HCT elements,
we consider the time evolution of the vertical displacement 7 — wy, (xo,y0;1), where
(x0, yo) is the center of the plate, as the mesh is uniformly refined — again, we consider
nested meshes — in the two cases (BC); and (BC);. The influence of the time-step At
is also pointed out in some test cases for which it turns out to be relevant. The data
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set is given in (5.41). When the exact solution (x, y;7) — w(x, y;¢) is known, we
consider the evolution of the error
en(t) = |wn(xo0, yost) — w(xo, Yyo3 )| (5.47)

When the source term is nonzero, we can consider an exact solution w: Q x [0,7] — R
of the form

w(x, y31) = k(x y)g (1),
where g: [0,T] — R is a C?-class function and k: Q — R is solution of the corre-

sponding static problem. In particular, we test the robustness of the numerical method
in the following three cases:

@) g(1) = ar?,
(b) g(t) = @ arctan(pr),

(©) g(t) = asin(pt),
where « and S are constants. Since convergence occurs only for 0 < ¢ < T where T is
fixed, we precise in each example the value of T'.

Boundary conditions (BC);

Nonzero source term

The solution (5.43) of (5.42) corresponding to a constant surface load can be
used to derive a closed-form solution of the dynamic problem with a nonzero and
time-dependent source term. A straightforward computation shows that

Jo m2 2 22
;1) = —(R” — t 548
w(x, yir) = 5 (R = (2 + y2) (1) (548)
with fp a constant, is solution to the dynamic problem when
. 7f0510 3(R2 — (52 2132 4 8r2(R? — 2(x2 2 -
Floyst) = 5o (3R = (67 + 7)) + 865 (x" + 7)) )4(1) + fog(0).

The evolution of the error given by (5.47) corresponding to each of the three choices
of g is shown in Fig. 5.4, and it reflects the expected behavior: the error evolution is
attenuated upon refining the mesh.

Vanishing source term

When f = 0, we cannot use (5.48). We have thus compared in Fig. 5.5 the evolution
of the numerical solutions in (0, 0) corresponding to three nested meshes, and for two
choices of the time-step (At = 0.05s and Ar = 0.01s), in the case of nonzero
initial displacement and vanishing initial velocity: wo(x, y) = a(R* — (x? + y?))?
and w; = 0, with @ a constant. An analogous comparison is made in Fig.5.6, in
the case of vanishing initial displacement and nonzero initial velocity: wo = 0 and
wi(x, y) = @(R*> — (x*> + y?)), with @ a constant. Notice that, in any case, there is a
complete overlapping between the three solutions; on the other hand, the effect of the
time-step is very remarkable: on the same time interval, for At = 0.01 s one captures
many more oscillations than for At = 0.05 s.
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Figure 5.4 — Evolution of the error (in mm) t — ey, (t) with (xo, yo) = (0,0), for g(t) = at?
(a), g(t) = aarctan Bt (b), g(t) = asin Bt (c), for @ = 10 and § = 1s~!. Continuous line:
13 elements; dashed line: 52 elements; red line: 208 elements. In all cases, fy = —130 N/ m?

and T = 10 s. Time-step: At = 0.05s.
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Figure 5.5 — Comparison between three time evolutions (in mm) t — wy, (0, 0;7) for a nonzero
initial displacement and a vanishing initial velocity, for a time-step Azt = 0.05s (a) and a
time-step At = 0.01 5 (b). Continuous line: 13 elements; dashed line: 52 elements; red line:
208 elements. In both cases, @ = 107 °cm=3 and T = 0.5 s.
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Figure 5.6 — Comparison between three time evolutions (in mm) ¢t — wy, (0, 0; ¢) for a nonzero
initial velocity and a vanishing initial displacement, for a time-step At = 0.05s (a) and a
time-step At = 0.01 s (b). Continuous line: 13 elements; dashed line: 52 elements; red line:
208 elements. In both cases @ = 1072 ¢cm~'s~'and T = 0.5 5.

Boundary conditions (BC);
Nonzero source term
In order to consider a situation with f # 0, one can take, analogously to (5.48),
(T (T
w(x, y;t) = Wosin (—x) sin (Z y) g(t) (5.49)
a
with Wy as in (5.46), so that w is solution to the dynamic problem with
2a°D? fol (D*0°m* + a* (30* + (*n%))
3n*D(a? + b?)?
Vs T
i — i - t).
+ fosin (ax) sin (by) g(t)
The evolution of the error given by (5.47) corresponding to each of the three choices
of g is shown in Fig.5.7. Let us remark that in all of the three cases, the behavior

of the error corresponding to the finest mesh (represented by a red line) is almost
imperceptible, inasmuch as it is very close to zero.

fx, yst) = psin (gx> sin (%y) g(t)+

Vanishing source term

When f = 0 the solution can be obtained by separation of variables. Indeed, one
obtains the Fourier development

mn nm
w(x, y;t) = 2 (g,l,m cos(Wmnt) + 920, sin(wmnt)) sin (7)6) sin (7 y) ,
m,neN

where

o = 2 <m N nz) D
mn — ) 72 ’
PN 2tp+ 3n6p (2 + 1)



111

444444

Error (mm)
Error (mm)

£ E
Error (mm)

s 4 5 o 1 s
s s s 7 8 9w
Time (s) Time (s) Time (s)

() (b) (©)

Figure 5.7 — Evolution of the error (in mm) t — ey (), with (xo, yo) = (a/2,b/2), for
g(t) = ar* (a), g(t) = aarctan Bt (b), g(t) = asinft (c), fora = 10 and g = 15~
Continuous line: 12 elements; dashed line: 48 elements; red line: 192 elements. In all cases,
fo=—130N/m?and T = 10s. Time-step: At = 0.05 s.

and coefficients g, and g2, are determined by initial conditions. We consider then
the following two situations:

— wo(x,y) = asin(Zx)sin (£y) and wi(x, y) = 0, in which case the exact
solution is

w(x, y;t) = asin <7r ) sin <b ) cos(wi1t);

— wo(x,y) = 0 and w;(x,y) = asin(Zx)sin (£y), in which case the exact
solution is

) @ (N (TN
w(x, y;t) = o sin (;x) sin (Z y) sin(wyt).
Given that the exact solution in both cases is (27/w)-periodic in time, in order to
test our numerical method we consider a reasonable value of wq; say, w;; = 10 51
The evolution of the error given by (5.47) corresponding to the first case is shown
in Fig.5.8 for a time-step At = 0.05s and a time-step Ar = 0.01 s; an analogous
test has been made for the second case, represented in Fig.5.9. For At = 0.05 s, the
obtained behavior is unexpected: mesh refinement results in an amplification of the
error evolution; decreasing the time-step to Ar = 0.01 s yields the expected behavior.
Indeed, note that the period 7 corresponding to wy; = 10s~! is approximately equal
to 0.63 s, so that the ratio Ar/7 is about 0.08 for Ar = 0.05s and about 0.01 for
At = 0.01s.

Concluding Remarks

Our numerical tests performed using FreeFEM++ 3. 42 show that the presence of the
rotational inertia term does not affect the efficiency of the Newmark time discretization
method combined with conforming finite elements such as HCT elements. As is well-
known, HCT elements are computationally expensive; it would then be of interest to use
nonconforming space discretization methods (mixed or hybrid) [8,51], such as HHO
methods [18, 19]. The study of the use of such methods for plate dynamics problems
in presence of rotational inertia seems particularly interesting and will be carried out
in a forthcoming work.
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Figure 5.8 — Evolution of the error (in mm) t — ep(t), with (xo, yo) = (a/2, b/2), between
the analytical and numerical solutions for a nonzero initial displacement and a vanishing initial
velocity, for a time-step Ar = 0.05 s (a) and a time-step Ar = 0.01 s (b). Continuous line: 13
elements; dashed line: 52 elements; red line: 208 elements. In both cases, @ = 1 mm and
T =0.5s.
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Figure 5.9 — Evolution of the error (in mm) t — e (t), with (xo, yo) = (a/2,b/2), between
the analytical and numerical solutions for a vanishing initial displacement and a nonzero initial
velocity, for a time-step At = 0.05 s (a) and a time-step At = 0.01 s (b). Continuous line: 13
elements; dashed line: 52 elements; red line: 208 elements. In both cases, @ = 1mm/s and
T=05s.
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Chapitre 6

Introduction aux Méthodes de
Discrétisation HHO pour le
Probleme de Flexion

On présente dans ce chapitre quelques préliminaires a 1’utilisation d’une méthode
de discrétisation non conforme en espace pour le traitement numérique du probléme
de plaque en flexion rencontré dans les deux chapitres précédents. Plus précisement,
il s’agit d’une méthode hybride et d’ordre élevé (HHO, Hybrid High-Order). Les mé-
thodes hybrides d’ordre élevé sont formulées en termes d’inconnues discretes définies
sur les faces et sur les cellules du maillage (d’ol le terme “hybride”), et de telles
inconnues sont des polyndmes de degré arbitraire k = 0 (d’ou le terme “élevé”).

La présentation suivante a été largement inspirée par ’ouvrage de Di Pietro et
Ern [17], par les deux articles de Di Pietro, Ern et Lemaire [18, 19], et par I’article de
Di Pietro et Droniou [20]. Nous considérons dans toute la suite le probleme (bidimen-
sionnel) de plaque en flexion suivant :

6.1)

—divdivM = f dans Q,
u=ouu=0 sur 09,

ou M est le tenseur de moment, li€¢ a I’'inconnue u« (le déplacement vertical) par la
loi de comportement M = —AVVuy, A étant un champ tensoriel du quatri¢me ordre
symétrique et uniformément elliptique. Pour simplifier, on considérera toujours A
constant sur Q.

Rappelons, avec référence au chapitre précédent, la formulation variationnelle de
6.1):

Etant donné f € L*(Q), trouver u € H3(Q) tel que

J AVVu:VVodQ = a(u,v) = I(v) = J fodQ, VYoe Hj(Q). (6.2)
Q Q

La méthode de discrétisation dans ce chapitre étant non conforme, I’espace de dimen-
sion finie auquel la solution approchée uj, appartient n’est pas inclus dans Hg(Q) ; le
deuxieme gradient VVuy, ne serait donc pas défini. C’est pourquoi la méthode est basée
sur un opérateur de reconstruction qui reproduit les propriétés du deuxieme gradient au
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niveau discret. On considere dans ce qui suit des maillages réguliers, dont on rappelle
les propriétés dans la section suivante.

6.1 Maillages Réguliers

Soit H < R* un ensemble dénombrable de pas de maillage ayant 0 comme seul
point d’accumulation. Dans la suite, on simplifie la présentation en considérant, pour
chaque h € H, une triangulation 7; du domaine Q satisfaisant les conditions de
régularité usuelles de Ciarlet [15]. Plus précisément, 7}, est une collection finie de
triangles telle que Q= UTeT,, Teth = maxreg;, hr, avec hr le diametre de 7. Une

face F est définie comme un segment fermé de Q de mesure positive et tel que (i) soit
il existe 71, T € T, tels que F < 0Ty n 0T,, auquel cas F est une interface, soit (if) il
existe T € Ty, tel que F < 0T n 0Q, et F est une face de bord. On note ?;li I’ensemble
des interfaces, 7"hb I’ensemble des faces de bord, et on pose ¥ = 9‘7 U Th” . Le
diametre d’une face F € ¥, est noté hr. Pour tout T € 7y, Fr == {F € F, : F < 0T}
est I’ensemble des faces du bord de 1’élément T et, pour tout F' € Fr, nyp est la
normale unitaire a F sortante de 7. Symétriquement, pour tout F € %, on note
T = {T € T, : F < 0T} I’ensemble des éléments qui partagent la face F (deux si F
est une interface, un si F est une face de bord).

Remarque 6.1. On peut considérer une situation plus générale, dans laquelle chaque
élément T € 7}, est un polygone constitué par la réunion d’un nombre fini de triangles
réguliers, au sens définit par Ciarlet [15].

Soit 0 > 0le parametre de régularité du maillage, c’est a dire, pour tout & € H [17],
o*hy < hp < hy.
On montre [17] qu’il existe un entier Ny dépendant de o tel que

VheH, maxcard(Fr) < Np.
TeT,
Il existe aussi des nombres réels C;,- et Cy, - dépendants de o mais indépendants de £ tels
que pour tout 7' € 7, et F' € 9, ’on ait les deux inégalités suivantes (respectivement,
inégalité de trace discrete et inégalité de trace continue)

—1/2
lollr < Cor i 0lr Vo € P(T),

(6.3)
)1/2

[ollor < Cire (b7 ollF + hr|Vol7 o e H'(T),

ol 'on a noté || - | x la norme dans L?(X) avec X — Q (on notera dans la suite (-, -)x
le produit scalaire dans L?(X) ou dans L?(X)), et P (X) I’espace des restrictions a X
des polyndmes de degré < € en d variables (d = 1,2).

Un élément essentiel dans la construction de la méthode de discrétisation sont
les projecteurs orthogonaux L? sur des espaces de polyndmes locaux définis sur des
sous-ensembles bornés U < R2. On introduit alors le projecteur L? comme 1’opérateur
n: L2(U) — P4 (U) défini par

f b w :f vw, VwEPZ(X).
U U
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Rappelons un résultat de [18] : il existe un nombre réel C(p,£) > 0 indépendant de &
tel que, pour tout 7 € 7y, tout s € {1,...,£ + 1} ettout v € H*(T), I’on ait

o — 70|y + 1o — 70| gmary < Cl OB 0] sy, Yme {0, s — 13,

6.4)
ot | - |gm(ry et | - [gm(r) sont les semi-normes dans les espaces respectifs. Dans la
suite, on abrégera comme a < b toute inégalité de la forme a < Cb avec C > 0
indépendant de & mais éventuellement dépendant d’autres parametres.

6.2 Aspects Locaux : Degrés de Liberté, Interpolation et Re-
construction

Soit k > 2 un entier fixé.

(i) Lespace local des degrés de liberté (DDL) est défini comme I’ensemble

Uk =B5(T) x { X P’f“(F)} X { X P’l‘(F)}. (6.5)

Fe¥r FeFr

Dans la suite on n’écrit pas les indices 1 et 2 afin de simplifier les notations. Pour une
collection générale de degrés de liberté v, € U ’;, on utilise la notation soulignée

vy = (o1, (Un,F) Ferr» (VF ) Fesr ),

ou ur est le DDL lié a I’inconnue de maille, v, r celui lié¢ a la dérivée normale de
I’inconnue sur la face F, et vy celui lié a I’inconnue sur la face F.

ii) L opérateur d’interpolation locale 1% : H*(T) — U est défini par
Ir =Zr

Iho = (nfv, (ﬂ§+15nTFU)F€7—'T, (ﬂf;v)peﬁ> . Yve HXT), (6.6)

ol Op, - v désigne la dérivée normale de v sur la face F.

Remarque 6.2. Puisque le bord de T est régulier par morceaux, le théoréme de trace
assure que v est bien définie sur chaque face F, ainsi que sa dérivée normale 0,,,..v.
Pour u, v € H*(T), posons ar(u,v) = (AVVu, VVou);.

(iii) Lopérateur de reconstruction locale pk .: Uk — P*T2(T) est défini par

la solution du probléme variationnel local suivant :

Trouver p) ;v € P**(T) tel que, pour tout w € P**3(T),

ar (PZTQT, w) = —(vp,divdivMy)r — Z (Un,F- Mynrp -N7F)p + 6.7)
Fefr )
+ Z (UF,diVMw ‘nrp + 0 (Myngp - T) )F’
Fe¥fr
ou M,, := —AVVuw, 7 est le vecteur unitaire tangent sur 0T et 0, la dérivée tangentielle

sur OT.
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Remarque 6.3. On utilise ici la notation M, pour remarquer le fait que M, est un tenseur
de moment de nature virtuelle (I’espace des déplacements virtuels étant constitué de
polyndmes de degré k + 2 sur T), a la différence du tenseur M qui apparait dans la
forme ar (-, -), introduit au début du chapitre.

Le probléme (6.7) admet une solution dans P**2(T), comme arz (-, -) est une forme
bilinéaire continue, symétrique et positive sur cet espace. Notons, de plus, que ’opéra-
teur VV: P**2(T) — [P¥(T)]* a pour noyau I’ensemble des polynomes de degré 1 sur
T:

ker VV = P!(T).
Une condition nécessaire et suffisante pour 1’existence de la solution est alors que la
forme linéaire au second membre de (6.7) s’annule sur les éléments de ker VV ; puisque

M, =0 VYweP(T),

la condition est satisfaite. La solution de (6.7) n’est donc pas unique : si pZTgT €
PK+2(T) est une solution, pZTgT + d pour tout d € P'(T) est aussi.

Le probléme (6.7) est un probleme linéaire en dimension finie, égale a
dim P**2(T) = (k + 4)(k + 3)/2. On peut expliciter le syst¢tme d’équations linéaires
correspondant (que I’on peut assimiler a un probleme de pseudo-flexion local). Pour
cela, on utilise les formules d’intégration par parties sur les termes du premier et du
second membre, et on obtient le systeme linéaire suivant :

—divdivMk . = —divdivM,, dans 7T,
MIZ’TUTF ‘nrp = My nrp -nrp + "%, p  sur chaque F € Fr,

div Ml&,T ‘nrp + 0r (M]&THTF . T) =

h F € Fr,
= divM,, -nr + 0 (M& ng7 - 7) + Lop sur chaque F € Fr

ou MZ,T = _AVVPZ,TET’ Mvr = —AVVUT, (ann’p, w)F = (Un,Fa MwllTF, nTF)F
et (L)UF, w)F = (UF, divM,, - nrr + 0¢ (MwnTF : T) )F'

Pour déterminer pZ’TgT de facon unique, on rajoute la condition de fermeture
suivante :

ﬂ}pi’TgT = nmhor. (6.8)
Le condition (6.8) s’interpréte comme suit. On écrit la solution de (6.7) comme
pk v = ii+a+bx+cy,aveci € PFT2(T) tel que (i, w)r = 0 pour toutw € P'(T), et
a, b, c € R. Puisqu’une base de P! (T) est donnée par {1, x, y }, la condition de fermeture
(6.8) est équivalente au systeme linéaire suivant :

wn e (o) (e
Joo L L Jy o
Ly ny Lyz Lva

Ainsi, les trois constantes a, b, ¢ sont uniquement déterminées en fonction des moments
polyndmiaux d’ordre inférieur ou égal a 1 du DDL de maille vr.

S
Il

o
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6.3 Consistance Polynomiale Locale
Puisque P**%(T') < H*(T), pX . I% estun opérateur linéaire et continu dans H>(T).
Le lemme suivant donne une propriété remarquable de cet opérateur.

Lemme 6.1. Pour tout v € H*(T), ona

ar(v — pZTf}v, w) =0, YweP(T). (6.9)

U (ﬂF anTFU)FETT’ (ﬂ];"v)FGTT)'
Puisque w € P**2(T) et que A un tenseur constant, on en déduit que divdivM,, €
PK=2(T) < PX(T), que Mynzr - npp € PX(F) < PKTL(F), et que divM,, - npp +
0r Mynrg - 1) € PK=1(F) < P*(F). Par conséquent, pour tout w € P**2(T), on a

’ . P gk, _ (sk k+1
Démonstration. On écrit (6.7) pour v, = I7v = (m

aT(pZ,TZI;"U,w) = —(v,divdivMy,)r — Z (Ong 0, Mulrp - 7F)p +
Fefr
+ D7 (0,divMy -ngp + & (Mynre 7)), =
Fe¥fr
= ar (v, w),

ou la dernicre égalité est obtenue en utilisant les formules d’intégration par parties sur
les termes du second membre, ainsi que la propriété de symétrie de A. O

On peut donc appliquer le Lemme de Céa [15] (Chap. 2, § 2.4) a la forme bilinéaire
ar (-, -), continue et coercive sur H>(T)/P'(T) x H?*(T)/P'(T). On obtient

|VVv — VVpk 507 < \/? zepk+38f>ml<n IVVo — VVz|7,
oll A~ et A™ sont des constantes positives telles que
VU e Sym(2), A |U|3 <AU:U< AU
Grace au Lemme 6.1, ’opérateur pZT! ; possede des propriétés d’approximation

optimales dans pk+2 (T);c’estadire, griace al’estimation (6.4) avec £ = k+2,s = k+3
etm =2,

ko k k+1 k+3
IVV(ParLzo =)l < by ol gresry, Yo e HET(T).

6.4 Probleme Discret

On introduit maintenant 1’espace des DDL globaux

Uk = { X Pk(T)} X { X Pk“(F)} x { X ]Pk(F)}, (6.10)

TeT, Fe¥fr Fe¥fr

I’espace associé caractérisant les conditions au bord

Up o = {v, = ((vr)ress» (vnF)Fes,» (vF)Fes,) € Uj -
UF = Up,r = 0 pour tout F € Ff}, (6.11)



119

I’opérateur de restriction Ly.: U’ ’;l - U ’} défini pour tout T € 75, qui envoie les DDL
globaux dans U ’;l sur les DDL locaux correspondants dans U. '}
On introduit la forme bilinéaire globale sur U’ fl x U fl :

an(uy, v),) = Z ar (Lyw,, Lyv,),
TeTy,

ou la forme bilinéaire locale ar sur U: ’; x U ’; s’écrit sous la forme

~

ar (ZT’ QT) =dar (pZ,TZT’ PZ,TQT) + ST (Zp ET)-

La forme bilinéaire sy (-,-), dite de stabilisation locale, prend en compte la non-
conformité de la méthode. En effet, I’application

Q; X Ql; > (up,vy) = ar (PZ,TET’PZ,TET) eR

définit une forme bilinéaire continue non coercive sur I’espace discret U. ’; x U ’; : cette
) <& k 1 LG
forme s’annule sur les €léments u;- tels que py uy € P'(T). On définit s7(-, -) par

— k k
ST(ZT’ QT) = Z hFl (ﬂFJrl(anTFpZ,TZT - un,F)’ ﬂ-F+l(anTFp§,TET - Un,F))F +
Fe¥fr
-3 k(. k k(. k
+ D) hy (ﬂF (Parir — ur) g (Ppr0r — vF)) -t
Fe¥r
+ h;4 (”;("(PZ,TZT - MT)’ﬂi(pZTQT - UT)>T’ V(up,vp) € Ql; X Ql;-
(6.12)

La forme linéaire dans (6.2) peut étre discrétisée grace a la forme linéaire sur U ’;l
(v, = ) (foor)r.
TeT;,

Le probléme discret est donc formulé comme suit :
Trouver u, € Q’Z’O tel que, pour tout v, € QZO, 6.13)
an(uy, vy,) = ln(vy,).
Par la suite, il faudra :

(a) démontrer que le probleme (6.13) est bien posé;
(b) démontrer que le probléme (6.13) est consistant ;

(c) obtenir des estimations d’erreur.

La démonstration de ces propriétés dépend de la définition de la forme bilinéaire locale
ar (-, -); en particulier, on doit montrer que ar (-, -) vérifie les propriétés de stabilité et
continuité locales :

Ju > 0 indépendant de 4 tel que, pour tout " € 7}, et tout v, € Q’}, I’on ait 6
(6.14)

p o137 < ar(ogvg) < plog 3o
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ol || - ||2,7 est la norme discréte locale

2 k
7 VupeUs.

log 37 = IVVor[7+ D, hp'lonr —Oupporli+ Y, kg lor—vr]
Fe¥fr Fe¥fr

Il faudra ensuite implémenter cette méthode dans un code afin de la comparer avec les
résultats obtenus dans le chapitre précédent.



Conclusions

Nous avons présenté un modele mathématique de structures de type capteur ou
actionneur, caractérisées par des couplages linéaires multiphysiques (magnéto-électro-
thermo-élastiques), en justifiant sa cohérence au sens de la thermodynamique des
milieux continus. Nous avons montré que les problemes dynamique et quasi-statique
sont bien posés, le premier dans le cadre de la théorie de Hille-Yosida, le deuxieme avec
la méthode de Faedo-Galerkin. Nous avons fourni une premiere validation de 1’hypo-
thése quasi-statique en effectuant une adimensionnalisation formelle sur les équations
du probleme dynamique.

Ensuite, a partir du probléme quasi-statique, nous avons présenté un modele bidi-
mensionnel pour une structure en forme de plaque qui se comporte comme capteur et/ou
actionneur. Le modele a été déduit grace a la méthode des développements asympto-
tiques, sous les hypotheses d’anisotropie et homogénéité, et en considérant quatre types
différents de conditions au bord. Nous avons validé les résultats fournis par 1’analyse
asymptotique en montrant des théorémes de convergence faible (Théorémes 4.3, 4.5,
4.7 et 4.9). Chacun des quatre problemes de plaque résultant de 1’analyse asymptotique
se découple en un probléme de flexion et en un probléme de membrane totalement ou
partiellement couplé.

Nous avons enfin concentré notre attention sur le probleme de flexion, qui tient
en compte un effet d’inertie de rotation, caractérisant tous les quatres problémes de
plaque et se présentant toujours sous la méme forme. Nous avons présenté une étude
mathématique et numérique de ce probleme, et ’analyse numérique a été validée
avec des tests effectués sous I’environnement FreeFEM++, en utilisant la méthode
de Newmark du point milieu combiné avec une discrétisation conforme en espace,
caractérisée par des éléments finis HCT.

Concernant des perspectives futures de recherche portant sur les aspects mathé-
matiques, on mentionne d’abord la justification rigoureuse de la convergence de la
solution du probléme dynamique vers celle du probléme quasi-statique lorsque 6 — 0.
En effet, le probleme dynamique a été étudié dans le cadre de la théorie de Hille-
Yosida, en obtenant ainsi une solution réguliere en temps, tandis que la solution du
probléme quasi-statique a été obtenue dans une forme faible grace a la méthode de
Faedo-Galerkin. La difficulté rencontrée pour ce qui concerne 1’étude du probleme
quasi-statique dans le cadre de la théorie des semi-groupes est que, a la différence du
terme de couplage thermo-élastique B : e(u), les deux termes de couplage pyroélec-
trique et pyromagnétique p- V¢ et m- V¢ présents dans la dernidre équation du systeme
(bilan de I’énergie) n’ont pas de “contrepartie symétrique” dans la premiere équation
du systeme (bilan de la quantité de mouvement).
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Une direction de recherche concernant les applications peut étre 1’étude d’une
structure laminée, de type plaque ou coque, contenant une couche de matériau METE;
le cas d’une couche purement piézoélectrique a été traité, e.g., dans [60] et [61].

Enfin, pour ce qui concerne les aspects numériques, comme des éléments finis de
classe C! sont chers en termes de calculs pour le traitement de problémes de plaque
en flexion, il est intéressant d’utiliser une méthode de discrétisation en espace de type
non conforme. Nous avons présenté de maniere succincte, dans le dernier chapitre, une
premiere approche de la version statique du probleme de flexion avec une méthode
hybride et d’ordre élevé. Une fois 1’analyse numérique complétée dans le cas statique,
afin d’étudier le probleme dynamique avec inertie de rotation, il sera nécessaire de
coupler une telle discrétisation en espace avec une discrétisation en temps, par exemple
a nouveau de type Newmark. L’ étape finale de cette procédure consiste, clairement, a
implémenter la nouvelle méthode numérique de facon efficace.
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