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Introduction

Cette thèse est consacrée à l’enrichissement du modèle mathématique classique
des structures intelligentes, en tenant compte des effets thermiques, et à son étude
analytique et numérique. Par cette expression, on se réfère typiquement à des structures
se présentant sous forme de capteurs ou actionneurs, piézoélectriques et/ou magnétos-
trictifs, avec une géométrie de plaque ou de coque. L’influence de la température se
traduit par des couplages supplémentaires, donnant lieu aux phénomènes de thermoé-
lasticité (couplage thermo-mécanique), pyroélectricité (couplage thermo-électrique) et
pyromagnétisme (couplage thermo-magnétique).

Le présent manuscrit est divisé en quatre parties. Dans la première partie, nous
présentons les concepts mathématiques et mécaniques fondamentaux utilisés dans ce
travail. La deuxième partie est consacrée au traitement analytique des problèmes ma-
thématiques rencontrés, posés dans un domaine tridimensionnel, et à la déduction de
modèles bidimensionnels grâce à la méthode des développements asymptotiques en
considérant un domaine en forme de plaque dont l’épaisseur tend vers zéro. Dans la
troisième partie, on focalisera notre attention sur le traitement numérique d’un pro-
blème de plaque en flexion, qui se présente sous la même forme dans tous les modèles
bidimensionnels déduits dans la partie précedente et qui tient compte d’un effet d’iner-
tie de rotation. Enfin, dans la quatrième partie, nous présentons une première approche
numérique du problème de plaque en flexion en utilisant une méthode de discrétisation
non conforme.

Nous considérons dans ce document les matériaux magnéto-électro-thermo-
élastiques (METE) commematériaux intelligents ; l’exemple le plus classique est donné
par un composite BaTiO3-CoFe2O4 (titanate de baryum et ferrite de cobalt). Le cou-
plage mécanique entre les composantes piézoélectrique et magnétostrictive dans une
structure faite d’un telmatériau donne lieu à l’ainsi dit effetmagnétoélectrique, qui n’est
pas présent dans les composantes individuelles. Cet effet se manifeste, par exemple,
dans des composites multi-couche [39, 40], dans des structures faites d’une matrice
homogène dans laquelle des particules de formes différentes (pour la plupart ellipsoï-
dales) sont dispersées [28, 29], ou bien dans des structures fibreuses, où des cylindres
parallèles sont insérés dans la matrice homogène [4]. De plus, dans la plupart de la
littérature on considère un modèle linéaire : dans ce contexte, le couplage magnéto-
élastique étant exprimé par une loi de comportement linéaire entre la contrainte et le
champ magnétique, le mot “magnétostrictif” est remplacé par piézomagnétique ; nous
suivrons la même approche et adopterons la même convention. Dans certains cas, l’in-
fluence de la température sur de telles structures ne peut pas être négligée : en effet,
la pyroélectricité et le pyromagnétisme peuvent être importants en ce qui concerne les
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performances de récolte d’énergie (voir, e.g., Kim et al. [40]). Il faut alors rajouter
l’équation provenant du bilan de l’énérgie au modèle usuel. Pour une description dé-
taillée des couplages et des phénomènes multiphysiques ayant lieu dans ces structures,
ainsi que de leurs applications, nous renvoyons aux références [2], [12], [35], [36], [42].

Une caractéristique distinctive des problèmes rencontrés dans les applications est la
présence de plusieurs paramètres, ce qui montre la coexistence de différentes échelles :
par exemple, l’épaisseur d’une couche piezoélectrique/piézomagnétique peut être petite
par rapport aux autres dimensions de la structure, l’influence de la température peut être
importante seulement sur certaines inconnues, etc. La superposition de deux phéno-
mènes de propagation d’ondes caractérisés par des vitesses complètement différentes,
comme dans le cas des ondes élastiques et électromagnétiques, entraîne un traitement
numérique impraticable du problème. Cette question peut se résoudre en ayant recours
au modèle quasi-statique – où l’on désigne par cette expression l’hypothèse que les
champs électrique et magnétique puissent s’exprimer comme gradients des potentiels
correspondants – qui est justifié par une procédure d’adimensionnalisation sur les
équations du problème. L’adimensionnalisation met en évidence un petit paramètre δ,
i.e., le rapport entre la vitesse maximale de propagation d’une onde élastique dans le
milieu et la vitesse de la lumière. Une telle procédure a été effectuée dans [38] sans
considérer les effets de la température ; une hypothèse quasi-statique a priori a été faite
dans [5] et [45] dans le cas d’un matériau thermo-piézoélectrique, dans [1] et [4] dans
le cas d’un matériau METE.

Dans ce manuscrit, après la présentation du modèle mathématique et la justification
de sa cohérence au sens de la thermodynamique des milieux continus, nous montrons
d’abord [9] que le système d’équations aux dérivées partielles qui régit le problème dans
sa formulation la plus générale (auquel on se référera dans la suite comme problème
dynamique) est bien posé dans des espaces fonctionnels opportuns. Pour cela, nous
travaillons dans le cadre de la théorie de Hille-Yosida. Une adimensionnalisation des
équations du problème dynamique est alors effectuée, de telle façon à (i) étendre
les résultats d’Imperiale et Joly [38] et (ii) justifier l’hypothèse quasi-statique utilisée
dans [1], [4], [5] et [45]. Ensuite, nousmontrons que le problème quasi-statique est aussi
bien posé, grâce à la méthode de Faedo-Galerkin, en suivant l’approche de Lions [43],
voir e.g. [45] pour ce type de problèmes.

Dans le chapitre suivant, nous nous intéressons au problème de la modélisation
d’une plaque constituée d’un matériau METE dans le cas quasi-statique. Plus précisé-
ment, on considère un domaine d’épaisseur hε , ε étant un petit paramètre adimensionnel
tendant vers zéro. Nous avons recours à la méthode des développements asymptotiques
en puissances du petit paramètre afin d’obtenir un modèle bidimensionnel de plaque.

Dans ce contexte, notre approche est semblable à celle présentée par Sène [57],
où l’on considère les cas d’un milieu piézoélectrique en régime purement statique
(où toutes les variations temporelles sont négligées) et en régime dynamique (où l’on
considère, en plus du bilan de la quantité de mouvement, le système complet des
équations de Maxwell). En particulier, le même auteur a présenté séparément l’étude
du cas statique dans [58] et l’étude du cas dynamique dans un article successif en
collaboration avec A. Raoult [53]. Dans ce dernier travail, des effets magnétiques sont
pris en compte, en exprimant – en plus des lois de comportement caractérisant un
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milieu piézoélectrique – le champ d’induction magnétique B en fonction du champ
magnétique H par la relation usuelle B “ µH, µ étant la perméabilité magnétique
(scalaire) du milieu ; en revanche, les effets de la température sont négligés.

Nous considérons ici quatre types différents de conditions aux limites portant sur les
inconnues électromagnétiques, chacun visant à modéliser le comportement de la plaque
comme capteur ou actionneur, de nature piézoélectrique ou piézomagnétique [64]. On
obtient par conséquent quatre modèles de plaque : le modèle capteur-actionneur, selon
lequel la plaque se comporte comme un capteur piézoélectrique et un actionneur piézo-
magnétique ; le modèle actionneur-capteur, se référant à un comportement de capteur
piézomagnétique et actionneur piézoélectrique ; le modèle actionneur, auquel cas on a
un comportement d’actionneur à la fois piézoélectrique et piézomagnétique ; et enfin,
le modèle capteur, se référant à un comportement de capteur à la fois piézoélectrique et
piézomagnétique. Les modèles déduits grâce à la méthode des développements asymp-
totiques sont validés en montrant des résultats de convergence faible lorsque ε Ñ 0 de
la solution du problème de départ vers la solution du problème formulé sur le domaine
bidimensionnel. Les quatre modèles bidimensionnels sont déduits en considérant des
hypothèses de scaling différentes sur les potentiels électrique et magnétique [63]. En
revanche, ils présentent tous des caractéristiques communes : en premier lieu, le champs
de déplacement est toujours de type Kirchhoff-Love ; en second lieu, la variation de
température est toujours indépendante de la coordonnée d’épaisseur ; enfin, chaque
problème se découple en un problème de flexion – régissant l’évolution du déplace-
ment transversal de la plaque et tenant en compte un effet d’inertie lié à la courbure
moyenne de la surface moyenne déformée – et un problème membranaire totalement
ou partiellement couplé.

En ce qui concerne le traitement numérique des modèles de plaque déduits, nous
choisissons de concentrer notre attention sur le problème de flexion, dont la structure
est la même dans tous les quatre modèles et dont l’étude mathématique et numérique,
compte tenu de sa formulation, est d’intérêt en tant que tel. Pour cela, après avoir
donné la preuve d’existence et unicité de la solution en s’inspirant de l’approche
de Raviart et Thomas [54], nous effectuons une étude numérique du problème en
utilisant une discrétisation conforme en espace avec des éléments finis de classe C1

– en particulier, nous utilisons des éléments de type HCT (Hsieh-Clough-Tocher),
voir e.g. [15] ; la discrétisation en temps est de type Newmark. Nous remarquons que
l’utilisation d’élémentsHCT requiert l’application d’un schéma de quadrature opportun
dans l’implémentation de la discrétisation. Notre analyse numérique est ensuite validée
avec des tests numériques effectués sous l’environnement FreeFEM++ [37].

Dans le dernier chapitre, nous présentons succinctement des perspectives futures
de recherche pour ce qui concerne les aspects numériques. En effet, il est connu qu’un
traitement numérique avec des éléments finis de classe C1 est cher du point de vue
computationnel. Il est alors intéressant d’utiliser une méthode non conforme (mixte ou
hybride) ; nous nous concentrons sur une méthode de type HHO (voir e.g. [18], [19]) et
décrivons une première approche du problème de flexion rencontré dans les chapitres
précédents avec cette méthode.

Cette thèse a été partiellement financée par l’Agence Nationale de la Recherche, dans le contexte du
projet ARAMIS (Projet «Blanc», N. ANR 12 BS01-0021) (Analysis of Robust Asymptotic Methods in
Numerical Simulation in Mechanics).



Notations et Conventions

Tout au long de ce manuscrit, une fonction et sa valeur seront notées avec la même
lettre. On notera les quantités scalaires et les points en caractères ordinaires, les champs
vectoriels et tensoriels (quel que soit leur ordre) en gras. On conviendra d’utiliser le
mot tenseur comme synonyme de “transformation linéaire entre espaces vectoriels”,
comme d’habitude en mécanique des milieux continus.

Soit E3 un espace affine euclidien tridimensionnel et V3 son espace vectoriel des
translations associé. Dans toute la thèse on supposera qu’un repère cartesien R “
to; c1, c2, c3u, avec o P E3 et tc1, c2, c3u une base orthonormée de V3, ait été fixé
une fois pour toutes dans E3. Pour simplicité de notation, R3 désignera alors l’un des
ensembles E3, V3 ou R3 même, selon le contexte (on écrira x P R3 pour un point
et v P R3 pour un vecteur). De même, on ne fera pas de distinction entre un tenseur
et sa représentation en composantes (matricielle pour les tenseurs du second ordre)
par rapport à la base cartesienne fixée. Les indices latins prennent leurs valeurs dans
l’ensemble t1, 2, 3u, les indices grecs dans l’ensemble t1, 2u. On utilise parfois la
convention d’Einstein sur la sommation sur les indices répétés.

Ci-après nous donnons la liste des notations principales utilisées, sauf avis
contraire explicite.

— N˚ – Nzt0u, R˚ – Rzt0u.
— R` – tx P R : x ě 0u, R˚̀ – R`zt0u.
— Ω : sous-ensemble ouvert, borné, connexe de R3, avec frontière BΩ Lipschitz-

continue.
— Ω– ΩY BΩ : fermeture de Ω.
— px1, x2, x3q : coordonnées cartesiennes d’un point x P Ω.
— v|U : restriction à U Ď Ω de la fonction v définie sur Ω à valeurs réelles.

— Bαv –
B|α|v

Bxα1
1 Bxα2

2 Bxα3
3

: dérivée partielle d’ordre m ě 1 de v , où

α ” pα1, α2, α3q P N3 est un multi-indice satisfaisant |α|– α1`α2`α3 “ m.
— Biv – Bv{Bxi, Bi jv – B2v{BxiBx j : dérivées partielles de premier et second

ordre de v .
— ∇v : gradient de v : ΩÑ R.
— 9v , Btv : dérivée temporelle 1 de v définie sur Ωˆ p0,Tq, T ą 0.

1. Puisque toutes les formulations sont valides dans un domaine de référence fixe, il s’agit toujours
d’une dérivée partielle.

vii



viii

— u “ puiq : représentation en composantes d’un vecteur.
— S2 – tv P R3 : |v| “ 1u.
— u ¨v, |u|, uˆv, ubv : produit scalaire euclidien de u, v P R3, norme euclidienne

de u, produit vectoriel de u et v, produit tensoriel de u et v.
— ∇u, divu, ∇ˆ u : gradient, divergence et rotationnel de u : ΩÑ R3.
— EndpEq : espace des endomorphismes d’un espace normé E.
— Lin : espace vectoriel des tenseurs du second ordre (endomorphismes de R3).
— Lin : espace vectoriel des tenseurs du troisième ordre (applications linéaires de
R3 dans Lin).

— Lin : espace vectoriel des tenseurs du quatrième ordre (endomorphismes de
Lin).

— A “ pAi jq : représentation en composantes d’un tenseur A P Lin.
— B “ pBi jkq : représentation en composantes d’un tenseur B P Lin.
— C “ pCi jk`q : représentation en composantes d’un tenseur C P Lin.
— trA, det A, A˚, AT : trace, déterminant, cofacteur et transposé d’un tenseur

A P Lin.
— A : B – tr pABT q “

3ÿ

i, j“1
Ai jBi j : produit scalaire tensoriel de A,B P Lin.

— }A}2 –
?

A : A : norme d’un tenseur A P Lin induite par le produit scalaire
tensoriel.

— Sym : sous-espace de Lin des tenseurs symétriques.
— Skw : sous-espace de Lin des tenseurs anti-symétriques.
— Sym` : ensemble des tenseurs symétriques et définis positifs.
— symA, skwA : parties symétrique et anti-symétrique de A P Lin.
— divA : divergence du champ tensoriel A : ΩÑ Lin.

— e “ epuq “ sym∇u “ 1
2
p∇u` ∇uT q : tenseur de déformation linéarisé.

— C8pΩq : espace des fonctions indéfiniment différentiables sur Ω.
— Cmpr0,Ts; Hq : espace des fonctions différentiables avec différentielle continue

jusqu’à l’ordre m, de l’intervalle réel r0,Ts à valeurs dans un espace de Hilbert
H .

— }v}Cmpr0,T s;Hq – max
0ďkďm

ˆ
sup

0ďtďT

››››
dkv
dtk
ptq

››››
H

˙
.

— LppUq : espace de Lebesgue des fonctions scalaires, avec 1 ď p ď 8 et U Ď Ω.
— LppUq – rLppUqsk : espace de Lebesgue des fonctions vectorielles ou tenso-

rielles, avec k ě 3 entier opportun, selon le contexte.

— }v}LppΩq –
ˆż

Ω

|vpxq|p dx
˙1{p

si p ă `8 ;

}v}L8pΩq – inftC ě 0 : |vpxq| ď C pour presque tout x P Ωu.



ix

— }v}LppΩq –

˜
3ÿ

i“1

ż

Ω

|vipxq|p dx

¸1{p
si p ă `8 ;

}v}L8pΩq – inftC ě 0 : |vpxq| ď C pour presque tout x P Ωu.

— }A}LppΩq –

˜
3ÿ

i, j“1

ż

Ω

|Ai jpxq|p dx

¸1{p
si p ă `8 ;

}A}L8pΩq – inftC ě 0 : }Apxq}2 ď C pour presque tout x P Ωu, où A : Ω Ñ
Lin. On peut évidemment remplacer } ¨ }2 par une norme matricielle quelconque.

— Wm,ppΩq : espace de Sobolev des fonctions scalaires, 1 ď p ď 8, m ě 1 entier.
— Wm,ppΩq – rWm,ppΩqs3 : espace de Sobolev des fonctions vectorielles,

1 ď p ď 8, m ě 1 entier.

— }v}Wm,ppΩq –

¨
˝
ż

Ω

p|vpxq|p `
ÿ

|α|ďm

|Bαvpxq|pq dx

˛
‚

1{p

si p ă `8 ;

}v}Wm,8pΩq – maxt}v}L8pΩq, }∇v}L8pΩqu.

— }v}Wm,ppΩq –

¨
˝

3ÿ

i“1

ż

Ω

p|vipxq|p `
ÿ

|α|ďm

|Bαvipxq|pq dx

˛
‚

1{p

si p ă `8 ;

}v}Wm,8pΩq – maxt}v}L8pΩq, }∇v}L8pΩqu.
— HmpΩq– Wm,2pΩq, HmpΩq– Wm,2pΩq.
— Hpcurl,Ωq – tv P L2pΩq : ∇ ˆ v P L2pΩqu, où ∇ ˆ v est pris au sens des

distributions.

— }v}Hpcurl,Ωq –
´
}v}2L2pΩq ` }∇ˆ v}2L2pΩq

¯1{2
.

— |v|0,Ω – }v}L2pΩq, }v}m,Ω – }v}HmpΩq.
— |v|0,Ω – }v}L2pΩq, }v}m,Ω – }v}HmpΩq.
— DpΩq, Dp0,Tq : espaces des fonctions indéfiniment différentiables à support

compact inclus, respectivement, dans Ω et dans p0,Tq.
— Wm,p

0 pΩq : fermeture de DpΩq dans Wm,ppΩq.
— Wm,p

0 pΩq : fermeture de rDpΩqs3 dans Wm,ppΩq.
— Hm

0 pΩq : fermeture de DpΩq dans HmpΩq.
— Hm

0 pΩq : fermeture de rDpΩqs3 dans HmpΩq.

— Lpp0,T ; Hq–
"
v : p0,Tq Ñ H,

ż T

0
}vptq}pH dt ă `8

*
,

où 1 ď p ă 8 et H est un espace de Hilbert sur R muni de la norme } ¨ }H ;
L8p0,T ; Hq– tv : p0,Tq Ñ H : DC ě 0 tel que

}vptq}H ď C pour presque tout t P p0,Tqu .

— }v}Lpp0,T ;Hq –
ˆż T

0
}vptq}pH dt

˙1{p
si p ă `8 ;

}v}L8p0,T ;Hq – inftC ě 0 : }vptq}H ď C pour presque tout t P p0,Tqu.
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— H1p0,T ; Hq – tv P L2p0,T ; Hq : v 1 P L2p0,T ; Hqu, v 1 désignant la dérivée
faible de v .

— }v}H1p0,T ;Hq –
´
}v}2

L2p0,T ;Hq ` }v 1}2L2p0,T ;Hq
¯1{2

.

— H2p0,T ; Hq– tv P H1p0,T ; Hq : v 1 P H1p0,T ; Hqu.
— }v}H2p0,T ;Hq –

´
}v}2

H1p0,T ;Hq ` }v2}2L2p0,T ;Hq
¯1{2

, où v2 désigne la dérivée
faible de v 1.

— H˚ : espace dual de l’espace de Hilbert H .
— x ,̈ ¨yH˚,H : crochet de dualité entre H˚ et H .
— LpH1, H2q : espace des opérateurs linéaires et continus de H1 dans H2, avec H1

et H2 des espaces de Hilbert. On écrit LpHq lorsque H1 “ H2 “ H .

— }A}LpH1,H2q – sup
uPH1zt0u

}Au}H2

}u}H1

.

— RpAq : image de l’opérateur linéaire A : H1 Ñ H2.
— ρpAq– tλ P R : A´ λI est une bijection de H sur Hu : ensemble résolvant de

l’opérateur linéaire A : H Ñ H .
— un á u : convergence faible de la suite tununPN Ă H vers u P H .
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Chapitre 1

Éléments d’Analyse Fonctionnelle

Nous rappelons dans ce premier chapitre les outils mathématiques essentiels utilisés
dans la suite de ce document, sans en présenter un exposé détaillé, pour lequel nous
renvoyons aux ouvrages cités. Le chapitre est divisé en trois sections. La première est
consacrée au rappel de certaines propriétés générales des espaces de Sobolev : théorème
de compacité, théorème de trace, inégalités de Poincaré-Friedrichs et de Korn ; en
particulier, le théorème de compacité est utilisé dans le Chapitre 5, le théorème de
trace et les inégalités de Poincaré-Friedrichs et de Korn dans les Chapitres 3 et 4.
Dans la deuxième section, nous rappelons quelques résultats portant sur les opérateurs
compacts autoadjoints et définis positifs, utilisés dans le Chapitre 5. Enfin, des éléments
de théorie des semi-groupes et le théorème de Hille-Yosida, utilisé dans le Chapitre 3,
font l’objet de la troisième section.

Une présentation détaillée pour ce qui concerne les espaces de Sobolev peut se
trouver dans les ouvrages de Brezis [11], Girault et Raviart [31] ou Nečas [47]. Des
chapitres consacrés, en général, à la théorie des opérateurs compacts autoadjoints se
trouvent, e.g., dans les ouvrages de Brezis [11], Raviart et Thomas [54], SanchezHubert
et Sanchez Palencia [56]. Ce dernier ouvrage, avec ceux de Brezis [11] et de Pazy [48],
donne aussi une présentation de la théorie des semi-groupes et de son application à
la résolution d’équations différentielles abstraites (portant sur des inconnues à valeurs
dans un espace de Hilbert).

1.1 Espaces de Sobolev
On rappelle dans cette section quelques propriétés générales des espaces de Sobolev.

Théorème 1.1. Soit m P N˚. Pour tout 1 ď p ă `8, Wm,ppΩq est un espace de
Banach. Lorsque p “ 2, Wm,2pΩq “ HmpΩq est un espace de Hilbert. Le même
résultat vaut respectivement pour Wm,ppΩq et pour HmpΩq.
Proposition 1.1. Soit m P N˚. Pour tout 1 ă p ă `8,Wm,ppΩq est un espace réflexif.
Le même vaut pour Wm,ppΩq.
Théorème 1.2 (Rellich-Kondrakov). Pour tout 1 ď p ď `8, l’injection canonique
W 1,ppΩq ãÑ LppΩq est compacte ; autrement dit, toute partie bornée de W 1,ppΩq est
relativement compacte dans LppΩq. Le même résultat vaut pour W1,ppΩq et LppΩq.

2
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Rappelons en outre le théorème suivant, qui permet de donner un sens aux valeurs au
bord BΩ pour des fonctions v P HmpΩq à travers la notion de trace.
Théorème 1.3. Soit m P N˚. Il existe un unique opérateur linéaire et continu
T : HmpΩq Ñ L2pBΩq tel que, pour tout x P BΩ et pour toute fonction v P C8pΩq,

pTvqpxq “ vpxq.
On appelle T opérateur de trace.
Corollaire 1.1. Soit α un multi-indice tel que |α| ď m ´ 1. Alors il existe un unique
opérateur linéaire et continu Tα : HmpΩq Ñ L2pBΩq tel que pour toute fonction
v P C8pΩq,

Tαv “ Bαv.
Grâce à la notion de trace, on peut alors donner un sens aux valeurs au bord BΩ des
fonctions de l’espace HmpΩq, ainsi que de toutes leurs dérivées jusqu’à l’ordre m ´ 1.
L’espace H1

0 pΩq peut donc être caractérisé comme le noyau de l’opérateur de trace
T : H1pΩq Ñ L2pBΩq, c’est à dire

H1
0 pΩq “ tv P H1pΩq : v|BΩ “ 0u, où v|BΩ – Tv.

De façon analogue, en écrivant v au lieu de Tv et de même pour les dérivées Biv , et en
notant Bnv – ř3

i“1 niBiv la dérivée normale de v sur BΩ, on a
H2

0 pΩq “ tv P H2pΩq : v “ Bnv “ 0 sur BΩu.
Rappelons ensuite les inégalités de Poincaré-Friedrichs et de Korn, deux outils essen-
tiels dans l’approche variationnelle des problèmes aux limites. Considérons la semi-
norme

Hm
0 pΩq Q v ÞÑ |v|m,Ω –

¨
˝ ÿ

|α|“m

ż

Ω

|Bαvpxq|2 dx

˛
‚

1{2

,

où v peut être considérée comme fonction scalaire ou vectorielle. On a alors le résultat
suivant.
Théorème 1.4 (Inégalité de Poincaré-Friedrichs). Pour tout m P N˚, il existe une
constante Cpm,Ωq ą 0 telle que

}v}m,Ω ď Cpm,Ωq|v|m,Ω, @v P Hm
0 pΩq.

On en déduit l’équivalence de la semi-norme | ¨ |m,Ω à la norme } ¨ }m,Ω sur l’espace
Hm

0 pΩq.
Étant donnée v : ΩÑ R3, l’inégalité de Korn fait intervenir le gradient symétrique

epvq – 1
2
`∇v` ∇vT

˘
. Soit Γ0 Ă BΩ une partie de la frontière de Ω de mesure

strictement positive. En notant H1pΩ, Γ0q – tv P H1pΩq : v “ 0 sur Γ0u, le résultat
s’énonce de la façon suivante.
Théorème 1.5 (Inégalité de Korn). Il existe une constante CpΩ, Γ0q ą 0 telle que

}v}1,Ω ď CpΩ, Γ0q|epvq|0,Ω, @v P H1pΩ, Γ0q.
On a alors que la semi-norme

H1pΩ, Γ0q Q v ÞÑ |epvq|0,Ω
est une norme équivalente à la norme } ¨ }1,Ω sur H1pΩ, Γ0q. Une démonstration de
l’inégalité de Korn est donnée, e.g., dans l’ouvrage de Duvaut et Lions [23].
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1.2 Opérateurs Compacts, Autoadjoints et Positifs
Considérons un espace de Hilbert H sur les réels, séparable, muni du produit

scalaire p ,̈ ¨qH et de la norme associée } ¨ }H , une suite tununPN Ă H d’éléments de H
et un opérateur linéaire Λ : u P H ÞÑ Λu P H satisfaisant les hypothèses suivantes :
(a) Λ est compact, i.e.

un á u dans H ùñ Λun Ñ Λu dans H;

(b) Λ est autoadjoint, i.e.

pΛu, vqH “ pu,ΛvqH, @u, v P H;

(c) Λ est défini positif, i.e.

pΛu, uqH ě 0 @u P H et Λu ‰ 0 si u ‰ 0.

En particulier, la compacité de Λ implique que Λ est continu, soit Λ P LpHq.
On rappelle que les valeurs propres d’un opérateur autoadjoint sont réelles et que

deux vecteurs propres associés à deux valeurs propres différentes sont orthogonaux.
L’hypothèse (c) implique, en particulier, que toutes les valeurs propres de Λ sont
strictement positives.

Théorème 1.6. Sous les hypothèses (a), (b), (c) il existe une suite décroissante de
valeurs propres de Λ tendant vers zéro :

λ1 ą λ2 ą ¨ ¨ ¨ ą λn ą ¨ ¨ ¨ Ñ 0.

Pour chaque valeur propre λi, le sous-espace propre (fermé)

Ei – tu P H : Λu “ λiuu
est de dimension finie (λi est de multiplicité finie), et les sous-espaces Ei sont mu-
tuellement orthogonaux. En convenant que chaque λi soit répété autant de fois que sa
multiplicité, on obtient une base orthonormale tekukPN de H formée de vecteur propres
de Λ.

Introduisons maintenant un autre espace de Hilbert séparable V , avec produit
scalaire p ,̈ ¨qV et norme associée } ¨ }V , tel que V Ă H avec injection compacte et dense
(c’est à dire, dont l’image est dense dans H). SoientV˚ et H˚ les espaces duaux deV et
de H , respectivement. En identifiant H à son dual, grâce au théorème de Riesz-Fréchet,
on a :

V Ă H » H˚ Ă V˚,

où l’injection H˚ Ă V˚ est compacte et dense. On a clairement

x f , vyV˚,V “ p f , vqH lorsque f P H .

Considérons le produit scalaire p ,̈ ¨qV comme une forme bilinéaire a : V ˆ V Ñ R sy-
métrique, continue et coercive (i.e. il existe M , α ą 0 tels que |apu, vq| ď M}u}V }v}V ,
|apv, vq| ě α}v}2V @u, v P V ) :

apu, vq “ pu, vqV, @u, v P V .
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Réciproquement, étant donnée une forme bilinéaire dans V possédant de telles pro-
priétés, on peut la considérer comme produit scalaire dans V . D’après le théorème de
Riesz-Fréchet, pour tout u P V il existe alors un unique f P V˚ tel que

apu, vq “ pu, vqV “ x f , vyV˚,V, @v P V .

Cela permet de définir les opérateurs A P LpV,V˚q et A´1 P LpV˚,Vq tels que
Au “ f , u “ A´1 f ,

et d’écrire alors
apu, vq “ xAu, vyV˚,V “ x f , vyV˚,V .

Comme ap ,̈ ¨q est le produit scalaire sur V , l’opérateur A définit une isométrie entre V
et V˚, et on a :

}A}LpV,V˚q “ sup
uPVzt0u

}Au}V˚
}u}V ă M, }A´1}LpV˚,Vq “ sup

f PV˚zt0u
}A´1 f }V
} f }V˚ ă 1

α
.

On définit maintenant la restriction AH de A à H comme la restriction de A au domaine

DpAHq– tv P V Ă H : Av P Hu;
c’est à dire, DpAHq contient les éléments de V , regardés comme éléments de H , tels
que leurs images soient des éléments de H Ă V˚. On a donc

AH v “ Av, @v P DpAHq.
L’opérateur inverse A´1

H : H Ñ DpAHq Ă H est alors bien défini, et on peut montrer
que A´1

H possède les propriétés (a), (b) et (c). En appliquant donc le Théorème 1.6 à
AH , on déduit l’existence d’une infinité dénombrable de valeurs propres strictement
positives de AH , notées 1{λi “ 1{ω2

i , telles que 0 ă λ1 ď λ2 ď ¨ ¨ ¨ ď λk ď ¨ ¨ ¨ et
que les vecteurs propres associés constituent une base orthonormale de H . Grâce à ce
résultat, on peut finalement démontrer le théorème suivant.

Théorème 1.7. L’opérateur AH possède une infinité dénombrable de valeurs propres
strictement positives

λi “ ω2
i , i “ 1, 2, . . . ,

telles que
0 ă λ1 ď λ2 ď ¨ ¨ ¨ ď λi ď ¨ ¨ ¨ Ñ `8,

où chaque valeur propre est répétée autant de fois que sa multiplicité. Les vecteurs
propres correspondants ei peuvent être choisis de telle sorte qu’ils forment une base
des espaces H , V et V˚ orthonormale dans H et orthogonale dans V et V˚, avec

}ei}2H “ 1, }ei}2V “ ω2
i , }ei}2V˚ “

1
ω2
i

.

Ainsi, étant donné un élément v P V , on peut écrire

v “
ÿ

kPN
Vkek, avec }v}2V “

ÿ

kPN
V 2
k ω

2
k ă `8,

tandis que, pour f P V˚, on a

f “
ÿ

kPN
Fkek avec } f }2V˚ “

ÿ

kPN

F2
k

ω2
k

ă `8.
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1.3 Théorie des Semi-groupes
La notion de semi-groupe généralise la formule usuelle utilisée pour résoudre des

problèmes d’évolutions de la forme
$
&
%

du
dt
` Au “ 0, t ą 0,

up0q “ u0,
(1.1)

où u : R` Ñ E est une fonction à valeurs dans un espace normé E de norme } ¨ }E et
de dimension finie. Si A P EndpEq, on sait que la solution de ce système s’écrit sous la
forme

uptq “ e´Atu0,

R` Q t ÞÑ e´At P EndpEq étant l’exponentielle d’endomorphisme. On veut retrouver
une formule analogue lorsque E est remplacé par un espace de Hilbert H de dimension
infinie. On donne d’abord la définition suivante.

Définition 1.1. Soit H un espace de Hilbert de norme } ¨ }H . On appelle semi-groupe
continu de contractions sur H (ou simplement semi-groupe) une famille d’opérateurs
tSptqutě0 Ă LpHq possédant les propriétés suivantes :
(a) }Sptq}LpHq ď 1 @t ě 0 (contraction) ;
(b) Sp0q “ I, Spt1 ` t2q “ Spt1q ˝ Spt2q @t1, t2 ě 0 ;
(c) lim

tÑ0`
}Sptqu ´ u}H “ 0 @u P H (continuité en 0).

La propriété (a) est liée au fait que, souvent, l’énergie de la solution de (1.1) (dont
t ÞÑ }uptq}2E fournit une mesure) décroît au cours de l’évolution : }upt1q}E ď }upt2q}E
pour t2 ą t1. De plus, on déduit de (b) et de (c) que la fonction t ÞÑ Sptqu P H est en
fait continue sur R`, pour tout u P H . Rappelons maintenant la notion de générateur
infinitésimal d’un semi-groupe.

Définition 1.2. Le générateur infinitésimal ´A du semi-groupe tSptqutě0 est l’opéra-
teur défini par

´Au “ lim
tÑ0`

Sptqu ´ u
t

fortement dans H;

le domaine de A est alors défini comme l’ensemble

DpAq “
"

u P H : D lim
tÑ0`

Sptqu ´ u
t

P H
*
.

On a les trois résultats suivants.

Lemme 1.1. Pour tout u P DpAq, la dérivée de la fonction R˚̀ Q t ÞÑ Sptqu PH existe
dans le sens de la norme } ¨ }H et on a

dSptqu
dt

“ ´SptqAu “ ´ASptqu, t ą 0; (1.2)

de plus,

Sptqu ´ u “ ´
ż t

0
SpτqAu dτ.
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Lemme 1.2. Pour tout u P H et t P R`, on a

Sptqu ´ u “ ´A
ż t

0
Spτqu dτ.

Lemme 1.3. L’opérateur A est fermé et DpAq est dense dans H .

Ainsi, la fonction u : R` Q t ÞÑ uptq “ Sptqu0 P H est la solution du problème
aux valeurs initiales (1.1) lorsque ´A est le générateur du semi-groupe tSptqutě0 et
que u0 P DpAq. Le lemme suivant donne une condition nécessaire pour que ´A soit le
générateur d’un semi-groupe de contractions.

Lemme 1.4. Si ´A est le générateur d’un semi-groupe de contractions, alors A est
accrétif, c’est à dire

pAu, uqH ě 0, @u P DpAq.
Le théorème suivant donne une caractérisation des générateurs de semi-groupes de

contractions.

Théorème 1.8 (Lumer-Phillips).

(i) Si A est un opérateur accrétif et qu’il existe λ ą 0 tel que RpA` λIq “ H (i.e.,
A ` λI est surjectif), alors ´A est le générateur d’un unique semi-groupe de
contractions.

(ii) Si´A est le générateur d’un semi-groupe de contractions, alors A est accrétif et
RpA` λIq “ H pour tout λ ą 0. De plus, ´λ P ρpAq.

Les deux propositions suivantes sont des conséquences du théorème de Lumer-
Phillips.

Proposition 1.2.

(i) Soit A un opérateur surjectif de DpAq dans H , tel que pAu, uqH ě C}u}2H pour
tout u P DpAq, pour une constante C ą 0. Alors ´A est le générateur d’un
semi-groupe de contractions.

(ii) Le même résultat vaut pour un opérateur A accrétif tel que 0 P ρpAq.
Proposition 1.3. Soit A un opérateur satisfaisant les deux conditions suivantes :

(i) il existe une constante C ě 0 telle que

pAu, uqH ` C}u}2H ě 0, @u P DpAq;
(ii) il existe une constante β ą C telle que RpA` βIq “ H .

Alors ´A est le générateur d’un semi-groupe fortement continu (non nécessairement
de contractions).

On définit maintenant la notion d’opérateur maximal monotone.

Définition 1.3. Soit A : DpAq Ă H Ñ H un opérateur linéaire (non nécessairement
continu). On dit que A est maximal monotone si A est accrétif et I ` A est surjectif,
c’est à dire, respectivement :

pAu, uqH ě 0 @u P DpAq, RpI ` Aq “ H .
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Grâce au théorème de Lumer-Phillips, étant donné un semi-groupe continu de
contractions tSptqutě0, il existe un unique opérateur maximal monotone A tel que ´A
soit le générateur infinitésimal de tSptqutě0, et on écrit alors Sptq “ SAptq.

On conclut cette section en donnant l’énoncé du théorème de Hille-Yosida, ainsi
qu’une version de ce théorème adaptée aux problèmes d’évolutions non-homogènes.

Théorème 1.9 (Hille-Yosida). Soit A un opérateur maximal monotone dans un espace
de Hilbert H . Alors, pour tout u0 P DpAq, il existe une unique fonction

u P C1pR`; Hq X C0pR`; DpAqq
vérifiant (1.1). De plus, on a les estimations

}uptq}H ď }u0}H,
››››

du
dt
ptq

››››
H

“ }Auptq}H ď }Au0}H, @t ě 0.

Théorème 1.10. Soit H un espace de Hilbert, A : DpAq Ă H Ñ H un opérateur
linéaire maximal monotone, et T ą 0. Alors, pour tout u0 P DpAq et pour tout
f P C1pr0,Ts; Hq, le problème

$
&
%

du
dt
ptq ` Auptq “ f ptq, t ą 0,

up0q “ u0

admet une unique solution

u P C1pr0,Ts; Hq X C0pr0,Ts; DpAqq.
De plus, u est donnée par la formule

uptq “ SAptqu0 `
ż t

0
SApt ´ sq f psq ds,

tSAptqutě0 étant le semi-groupe de contractions engendré par ´A.



Chapitre 2

Éléments de Mécanique des
Milieux Continus

Dans ce chapitre on rappelle quelques notions de mécanique des milieux conti-
nus utilisées dans le Chapitre 3. La première section est consacrée à des rappels de
thermodynamique classique (bilan de l’énergie, inégalité de Clausius-Duhem, énergie
libre de Helmholtz, inégalité de dissipation réduite, lois de comportement admissibles).
Concernant ces notions, on mentionne comme références les ouvrages de Frémond [25]
et de Gurtin, Fried et Anand [34], et l’article de Coleman et Noll [16]. Dans la deuxième
section on rappelle la notion de tenseur acoustique et son rôle dans l’étude de la propa-
gation d’ondes dans un milieu élastique et linéaire. Un exposé détaillé de ces concepts
peut se trouver dans l’article de Gurtin [33].

2.1 Thermodynamique Classique

Considérons un corps continu occupant la région d’espace Ω Ă R3 dans sa confi-
guration de référence ; soit P Ă Ω une partie arbitraire de Ω.

Soit h : Ω ˆ R˚̀ Ñ R une source de chaleur volumique et q : Ω ˆ R` Ñ R3 un
flux de chaleur. On suppose d’abord que le milieux est rigide et en état d’équilibre
mécanique (c’est à dire, il n’est sollicité par aucun système de chargements). Le bilan
de l’énergie sous forme intégrale s’écrit alors

9EpPq “ QpPq pour toute partie P Ă Ω,

où EpPq est l’énergie interne de la partie P, et

QpPq– ´
ż

BP
q ¨ n dS `

ż

P
h dP,

n étant la normale sortante de BP. On en déduit le bilan de l’énergie sous forme locale :

9ε “ ´divq` h dans Ω. (2.1)

L’inégalité de Clausius-Duhem s’écrit

9SpPq ě DpPq pour toute partie P Ă Ω,

9
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où
SpPq–

ż

P
s dP

est l’entropie de la partie P, définie à partir de sa densité volumique s : Ωˆ R˚̀ Ñ R,
et

DpPq– ´
ż

BP
T´1q ¨ n dS `

ż

P
T´1h dP

est la dissipation thermique, avecT ą 0 la température absolue. On en déduit l’inégalité
de Clausius-Duhem sous forme locale :

9s ě ´divpT´1qq ` T´1h dans Ω. (2.2)

En multipliant (2.2) par T et en utilisant (2.1), on en déduit que

0 ď T 9s ´ p´divq` hq ´ T´1q ¨ ∇T “ T 9s ´ 9ε ´ T´1q ¨ ∇T .

En introduisant l’énergie libre de Helmholtz

ψ – ε ´ T s, (2.3)

l’inégalité précédente peut se réécrire comme

9ψ ď ´s 9T ´ T´1q ¨ ∇T dans Ω (2.4)

On appelle cette dernière l’inégalité de dissipation réduite. Elle impose des restrictions
sur le choix des lois de comportement qui caractérisent ψ, s et q. En effet, si l’on
suppose que

ψ “ ψpT,∇Tq, s “ spT,∇Tq, q “ qpT,∇Tq, (2.5)

en demandant, suivant le postulat de Coleman et Noll [16], que l’inégalité (2.4) soit
vérifiée pour tout processus admissible, c’est à dire, pour tout couple pT,∇Tq P R˚̀ ˆR3

et tout p 9T,∇ 9Tq P RˆR3, compte tenu des hypothèses constitutives (2.5), (2.4) se réécrit :

pBTψ ` sq 9T ` B∇Tψ ¨ ∇ 9T ` T´1q ¨ ∇T ď 0 dans Ω,

d’où l’on déduit que :
— l’énergie libre ψ est indépendante de ∇T :

B∇Tψ “ 0 ðñ ψ “ ψpTq;
— l’entropie s est, par conséquent, indépendante de ∇T aussi, et de plus

s “ spTq “ ´ψ1pTq;
— le flux de chaleur q est tel que

qpT,∇Tq ¨ ∇T ď 0, @pT,∇Tq P R˚̀ ˆ R3. (2.6)

Proposition 2.1. L’inégalité (2.6) implique l’existence (voir, e.g., [27]) d’un tenseur
KpT,∇Tq P Lin, dit tenseur de conductivité, tel que

qpT,∇Tq “ ´KpT,∇Tq∇T . (2.7)
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Démonstration. On introduit, pour tout T ą 0 fixé, la fonction q̄p¨q– qpT, ¨q, puis les
deux applications de classe C1 suivantes :

R3 Q u ÞÑ q̄puq ¨ u — apuq P R,
r0, 1s Q α ÞÑ q̄pαuq— apαq P R3, @u P R3 fixé.

Puisque ap0q “ 0, et que apuq ď 0 d’après (2.6), le point u “ 0 est un point critique
(maximum global) de ap¨q, et on a la condition de stationnarité

d
dη

ap0` ηhq|η“0 “ 0, @h P R3,

d’où q̄p0q “ 0. On a donc que le flux de chaleur doit s’annuler lorsque le gradient de
température est nul. De plus, ap0q “ 0, d’où

q̄puq “ ap1q “ ap0q `
ż 1

0
a1pαq dα “

ˆż 1

0
Dq̄pαuq dα

˙
u,

Dq̄pvq P Lin désignant la différentielle de q̄ en v P R3. Il suffit alors de poser

KpT,∇Tq– ´
ż 1

0
Dq̄pα∇Tq dα

pour trouver la représentation (2.7). La condition (2.6) se réécrit alors :

KpT,∇Tq ¨ ∇T ě 0, @pT,∇Tq P R˚̀ ˆ R3.

�

Avec le choix ψpTq “ ´λTpln T ´ 1q pour l’énergie libre, λ ą 0 étant la chaleur
spécifique, on obtient alors εpTq “ λT et spTq “ λ ln T ; de plus, en choisissant
KpT,∇Tq “ κI, avec κ ą 0 la conductivité et I l’identité sur R3, le bilan de l’énergie
(2.1) prend la forme usuelle de l’équation de la chaleur :

λ 9T “ κ∆T ` h dans Ω.

Dans le cas d’un milieu déformable, l’inégalité de Clausius-Duhem a la même
forme que dans le cas d’un milieu rigide ; en revanche, le bilan de l’énergie s’écrit

9EpPq “ QpPq ` ΠspPq pour toute partie P Ă Ω,

ΠspPq–
ż

P
σ : ep 9uq dP,

σ : ΩˆR` Ñ Sym étant le tenseur des contraintes de Cauchy et u : ΩˆR` Ñ R3 le
champ de déplacements ; sa version locale devient

9ε “ ´divq` σ : ep 9uq ` h dans Ω.

Par conséquent, la nouvelle forme de l’inégalité de dissipation réduite (2.4) est

9ψ ď ´s 9T ´ T´1q ¨ ∇T ` σ : ep 9uq dans Ω,
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avec le même choix (2.3) de l’énergie libre ψ. On peut ensuite appliquer les mêmes
arguments que dans le cas d’un milieu rigide pour déduire les restrictions aux lois de
comportement, où les quantités concernées sont, dans ce cas, ψ, s, q et le tenseur de
Cauchy σ.

Enfin, si l’on considère un milieu thermo-piézoélectrique (voir e.g. [13]), le bilan
de l’énergie s’écrit

9EpPq “ QpPq ` ΠspPq ` ΠepPq pour toute partie P Ă Ω,

ΠepPq–
ż

P
9D ¨ E dP,

D étant le déplacement électrique et E le champ électrique, d’où la version locale

9ε “ ´divq` σ : ep 9uq ` 9D ¨ E` h dans Ω.

L’inégalité deClausius-Duhema toujours la forme (2.2). Dans ce cas, le rôle de l’énergie
libre de Helmholtz ψ est joué par la fonction auxiliaire G – ε ´ T s ´ D ¨ E, appelée
parfois enthalpie électrique dans la littérature.

2.2 Tenseur Acoustique et Propagation d’Ondes
On considère ici un milieu de densité ρ “ ρpxq et linéairement élastique, c’est à

dire qu’il est caractérisé par la loi de comportement

σpx, tq “ Cpxqepuqpx, tq, @px, tq P Ωˆ R`,
où C “ Cpxq P Lin est le tenseur d’élasticité.

La notion de tenseur acoustique est centrale dans l’étude de la propagation d’ondes
dans un milieu linéairement élastique. Fixons x P Ω et soit ν P S2 un vecteur de norme
unitaire. Puisque C P Lin, l’application

R3 Q a ÞÑ ρ´1Crab νsν P R3,

est un endomorphisme deR3, soit un tenseur du second ordre. On définit alors le tenseur
acoustique Apνq P Lin associé à la direction ν :

Apνqa – ρ´1Crab νsν, @a P R3. (2.8)

En composantes, on a
Aikpνq “ ρ´1Ci jk`νjνi .

On rappelle deux propriétés de Apνq démontrées dans [33] :
— Apνq est symétrique pour tout ν P S2 si et seulement si C est symétrique ;
— Apνq est défini positif pour tout ν P S2 si et seulement si C est fortement

elliptique.
Lorsque le milieu est constitué d’un matériau isotrope, avec modules de Lamé µ et λ,
on peut montrer que Apνq admet la représentation

Apνq “ c2
1ν b ν ` c2

2pI´ ν b νq,
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où c1 et c2 sont les vitesses d’onde :

c2
1 “

2µ` λ

ρ
, c2

2 “
µ

ρ
.

De plus, c2
1 et c2

2 sont les valeurs propres de Apνq.
Pour mieux expliquer la définition (2.8), ainsi que la terminologie utilisée pour c1

et c2, considérons maintenant, sous l’hypothèse d’homogénéité du milieu, une onde
progressive plane, c’est à dire, un champ de déplacements u : Ω ˆ R` Ñ R3 de la
forme

upx, tq “ a ϕpν ¨ x´ ctq, x – x ´ o, (2.9)

où :
(i) ϕ : RÑ R est une fonction de classe C2, telle que ϕ2 ı 0 ;
(ii) a, ν P S2 sont deux vecteurs de norme unitaire, appelés respectivement direction

du mouvement et direction de propagation ;
(iii) la quantité scalaire c est appelée vitesse de propagation.
L’onde est dite longitudinale lorsque aˆν “ 0, transversale lorsque a ¨ν “ 0, élastique
si u donné par (2.9) satisfait l’équation du mouvement

ρ:u “ divCr∇us dans Ωˆ R˚̀ , (2.10)

où les forces non-inertielles sont nulles. Compte tenu de l’expression (2.9), un calcul
direct donne

divCr∇us “ ϕ2Crab νsν, ρ:u “ ρc2ϕ2a,

de telle sorte que (2.10) prend la forme d’une équation aux valeurs propres :

Apνqa “ c2a. (2.11)

Ainsi, pour toute direction fixée ν P S2, si une onde progressive de la forme (2.9) se
propage dans le milieu, la relation (2.11), appelée condition de propagation de Fresnel-
Hadamard, est satisfaite. Cela signifie donc que l’amplitude de l’onde doit être un
vecteur propre de Apνq, et que le carré de la vitesse de propagation doit être la valeur
propre associée.



Deuxième partie

Modélisation Mathématique
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Chapitre 3

Problèmes Dynamique et
Quasi-Statique

Ce chapitre est consacré à la présentation du modèle mathématique, des problèmes
dynamique et quasi-statique, et à la démonstration d’existence et unicité des solutions
respectives. Les deux problèmes sont posés, a priori, sur un domaine tridimensionnel
de forme arbitraire, borné, connexe et avec frontière Lipschitz-continue. Nous traitons
le problème dynamique dans le cadre de la théorie de Hille-Yosida, le problème
quasi-statique avec la méthode de Faedo-Galerkin. Le passage du problème dynamique
au problème quasi-statique est justifié par l’adimensionnalisation des équations de
départ, qui fait apparaître l’influence d’un petit paramètre δ, le rapport entre la
vitesse maximale de propagation d’une onde élastique dans le milieu et la vitesse
de la lumière. Nous donnons aussi un aperçu sur l’étude de la convergence de la
solution du problème dynamique vers celle du problème quasi-statique lorsque δ Ñ 0,
en exprimant les données initiales concernant les champs électrique et magnétique
adimensionnalisés en fonction des données initiales correspondantes du problème non
adimensionnalisé.

Cette présentation est donnée en reproduisant le texte intégral d’un article publié
dans la revueMathematicalModels andMethods in Applied Sciences, Vol. 25, pp. 2633-
2667 (2015). La bibliographie concernant ce chapitre est contenue entièrement dans
l’article.
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We present a mathematical model for linear magneto-electro-thermo-elastic continua, as sensors and
actuators can be thought of, and prove the well-posedness of the dynamic and quasi-static problems.
The two proofs are accomplished, respectively, by means of the Hille-Yosida theory and of the Faedo-
Galerkin method. A validation of the quasi-static hypothesis is provided by a nondimensionalization
of the dynamic problem equations. We also hint at the study of the convergence of the solution to the
dynamic problem to that to the quasi-static problem as a small parameter – the ratio of the largest
propagation speed for an elastic wave in the body to the speed of light – tends to zero.

Keywords: piezoelectricity; magnetostriction; pyroelectricity; pyromagnetism; smart structures; sen-
sors; actuators; nondimensionalization; multiscale problems; semigroups.

Introduction
When an elastic structure is subjected to a system of external loads, it undergoes a passive
deformation. In the case of the so-called smart structures, the strain state is constantly
under control by means of sensors and actuators, usually made of piezoelectric and/or
magnetostrictive materials and integrated within the structure. In this paper, we consider
magneto-electro-thermo-elastic materials as smart materials. The mechanical coupling of
piezoelectric and magnetostrictive components in such structures gives rise to the so-
called magnetoelectric effect, which is not present in the individual components. Typical
geometries where such an effect may take place are given, for instance, by multilayer
composites [20,21], by structures made up of a homogeneous matrix within which particles
of various form (mostly ellipsoidal) are dispersed [12,13], or even fibrous materials, where
parallel cylinders are inserted into the homogeneous matrix [1]. For a detailed description
of the couplings and the multiphysics phenomena occurring in such structures, as well as of
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their applications, see, e.g., references [2], [9], [16], [17], [23] and [26]. In most literature,
the coupling between mechanical and magnetic effects is expressed by a linear constitutive
equation, and thus the word ‘magnetostrictive’ is replaced by piezomagnetic; we will adopt
the same point of view and convention in the sequel.

The goal of this work is to enrich the classic models of piezoelectric and piezomagnetic
sensors, by taking account of the temperature influence, which in some cases cannot be
neglected; for instance, the effects of pyroelectricity and pyromagnetism may be relevant
for what concerns energy harvesting performances [21]. To this purpose, it is necessary to
add one further equation to the model, i.e., the energy balance. A distinctive feature of the
problems encountered in applications is the presence of several parameters, which show the
coexistence of different scales: for instance, the thickness of the piezoelectric/piezomagnetic
layer may be small with respect to the other dimensions of the structure, the temperature in-
fluence may be relevant only on certain unknowns or on certain parts of the multi-structure,
etc. In most situations, the superimposition of two wave propagation phenomena charac-
terized by completely different velocities, as is the case with elastic and electromagnetic
waves, entails an unworkable numerical treatment of the problem. This issue can be ad-
dressed by resorting to a quasi-static model, where the expression ‘quasi-static’ refers to
the assumption that the electric and magnetic fields can be expressed as gradients of the
corresponding potentials. This assumption is justified by means of a nondimensionalization
procedure, carried out on the equations of the problem, which points out the influence of a
small parameter δ – namely, the ratio between the largest propagation speed for an elastic
wave in the body and the speed of light. Such a procedure was performed in [18] for a
piezoelectric material without considering the temperature effects; an a priori quasi-static
assumption was made, e.g., in [4] and [25] in the case of a thermo-piezoelectric material,
whereas the same hypothesis for a magneto-electro-thermo-elastic material was made in [1]
and [3].

In this paper, after discussing modeling aspects, attention is focused on the well-
posedness of the problem in its most general setting – referred to as dynamic problem
in the sequel – whose proof is accomplished by virtue of the Hille-Yosida theory (Section
1). In Section 2, a formal nondimensionalization of the equations is performed, so as (i)
to extend the results by [18] and (ii) to justify the quasi-static assumption of [1], [3], [4]
and [25]; then, the well-posedness of the quasi-static problem is obtained by virtue of the
Faedo-Galerkin method, along the lines of Lions and Miara [24, 25]. Finally, we provide
another justification of the convergence of the solution to the dynamic problem to that of the
quasi-static problem as δ Ñ 0. We conclude with a discussion about the rigorous mathe-
matical justification of this convergence and an overview about addressed and unaddressed
problems related to themathematical modeling of smart materials. Typical numerical values
of the material parameters involved in the problem are listed in Table 1 of the Appendix.
These values have been obtained from [22] taking into account the corrections pointed out
by [14], [21] and [32] and adding an estimation of the calorific capacity from [20] and of
the thermal conductivity from [27].

17



Notation
In what follows, we always assume a cartesian frame to have been fixed once and for all in the
usual three-dimensional euclidean point space. Thus, we identify with (and denote by) R3

both this space and its associated translation vector space. Throughout the paper, Ω Ă R3

denotes an open, bounded, connected region, with Lipschitz-continuous boundary BΩ,
occupied by a continuum made of magneto-electro-thermo-elastic material in its reference
configuration. The typical point of Ω is denoted by x and time by t. A function and its
typical value are denoted by the same letter. Time derivative of (scalar, vector or tensor)
field Φ is denoted by either 9Φ or BtΦ a. Scalars are denoted by light-face letters, vector
and tensor fields of any order by bold-face letters. The word ‘tensor’ is used as a synonym
of ‘linear transformation between vector spaces’, as is customary in continuum mechanics.
Unless noted otherwise, the matrix representation of tensor A (with respect to the fixed
cartesian base) is denoted by rAs. The scalar product of tensors A and B is denotedb by
A : B, of vectors a and b by a ¨ b, the cross product by a ˆ b, and the euclidean norm
of a by |a|. The symmetric part of second-order tensor A is denoted by symA, the linear
space of symmetric second-order tensors by Sym. At times, we also make use of Einstein’s
summation convention, whereby the summation symbol is suppressed and summation over
all possible values of an index is signaled implicitly by the fact that it occurs twice in a
monomial term. The following notations are also used:

L2pΩq– rL2pΩqsk for k “ 3, 6, H1pΩq– rH1pΩqs3,
L2pΓq– rL2pΓqs3 for Γ Ă BΩ, Hpcurl,Ωq–  

v P L2pΩq : ∇ˆ v P L2pΩq( ,
where H1pΩq is the usual Hilbert-Sobolev spacec.

1. Dynamic Problem
The system of field equations we resort to consists of the point-wise momentum balance
equation for three-dimensional continua, Maxwell’s equations and the energy balance equa-
tion, in its version adapted to deformable electromagnetic materials (see, e.g., [10] for the
case of a thermo-piezoelectric material):

$
’’’’’’’’’&
’’’’’’’’’%

ρ:u´ divσ “ f x P Ω, t ą 0,
divD “ ρe x P Ω, t ą 0,
divB “ 0 x P Ω, t ą 0,
9D´ ∇ˆH “ ´J x P Ω, t ą 0,
9B` ∇ˆ E “ 0 x P Ω, t ą 0,
9ε ` divq´ σ : 9e´ 9D ¨ E´ 9B ¨H “ h x P Ω, t ą 0,

(1.1)

where ρ is the mass density, ρe the free electric charge volume density, σ the Cauchy
stress tensor, D the electric displacement, B the magnetic induction, ε the internal energy

aAll three denote a partial derivative, as all formulations hold in a fixed reference domain.
bBy definition, A : B – trpABT q “ ř3

i, j“1 Ai jBi j for A and B arbitrary second-order tensors.
cSee [6] and, in particular, [7] and [15] for a detailed description of Hpcurl, Ωq.

18



per unit volume, q the heat influx, f the body force, J an external current density, h an
external heat supply, e “ epuq “ sym∇u the strain tensor, u the displacement field, E the
electric field and H the magnetic field. Equations (1.1)2 to (1.1)5 are usually referred to as,
respectively, Gauss’s law, Gauss’s law for magnetism, Ampère’s circuital law and Faraday’s
law of induction. We explicitly remark that ρe and J obey the following continuity equation
(conservation of electric charge):

9ρe ` div J “ 0, x P Ω, t ą 0. (1.2)

Boundary and initial conditions will be detailed later.

1.1. Constitutive Assumptions

Themodel presented here is formulated in terms of four unknowns: the displacement field u,
the electric field E, the magnetic field H and the absolute temperature T . However, in most
situations, it is more convenient to replace T by the temperature variation θ with respect to
a reference value T0. In this section we introduce the linear coupled constitutive equations
relating the set of state quantities pe,E,H, θq, with e “ sym∇u, to the corresponding set
of dual quantities pσ,D,B, sq where s is the entropy per unit volume, and show that these
equations are consistent with continuum thermodynamics (see, e.g., [8] or [10]).

The point-wise version of the SecondPrinciple of Thermodynamics (entropy imbalance)
reads

9s ě ´div pT´1qq ` T´1h, x P Ω, t ą 0, (1.3)

with T ą 0 the absolute temperature. Upon introducing the electromagnetic enthalpy

G – ε ´ T s ´ D ¨ E´ B ¨H (1.4)

it is easy to arrive at the following version of the entropy imbalance, which does not involve
the heat supply h:

9G ` s 9T ´ σ : 9e` D ¨ 9E` B ¨ 9H` T´1q ¨ ∇T ď 0; (1.5)

for this reason, (1.5) is often referred to as reduced dissipation inequality. The inequality
suggests that the quantities in the need of constitutive specifications are electromagnetic
enthalpy, entropy, stress, electric displacement, magnetic induction and heat influx. We
make the following constitutive assumptions:

G “ Gpe,E,H,T,∇Tq, s “ spe,E,H,T,∇Tq, q “ qpe,E,H,T,∇Tq,
σ “ σpe,E,H,T,∇Tq, D “ Dpe,E,H,T,∇Tq, B “ Bpe,E,H,T,∇Tq,

with which (1.5) takes the form

B∇TG ¨ ∇ 9T ` pBeG ´ σq : 9e` pBTG ` sq 9T ` pBEG ` Dq ¨ 9E`
` pBHG ` Bq ¨ 9H` T´1q ¨ ∇T ď 0

(1.6)
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and require, as in [11], that (1.6) be satisfied whatever the local continuation of any
conceivable process; that is, on defining the state Θ – pe,E,H,T,∇Tq P Sym ˆ R3 ˆ
R3 ˆ Rˆ R3, (1.6) must hold whatever 9Θ at whatever state Θ. It follows that:

B∇TG “ 0 ðñ G “ Gpe,E,H,Tq,
spe,E,H,Tq “ ´BTGpe,E,H,Tq, σpe,E,H,Tq “ BeGpe,E,H,Tq,
Dpe,E,H,Tq “ ´BEGpe,E,H,Tq, Bpe,E,H,Tq “ ´BHGpe,E,H,Tq,

qpe,E,H,T,∇Tq ¨ ∇T ď 0.

(1.7)

We have now to assign the expression of G in terms of the state quantities. With a view
toward getting linear constitutive equations, we introduce the temperature variation θ, by
writing

Tpx, tq “ T0 ` θpx, tq, x P Ω, t ą 0,
sup
xPΩ

θpx, tq{T0 ! 1 @t ą 0,

with T0 ą 0 the (constant) reference temperature of the body; we replace T by θ in the list
of state quantities and choosed

G “ Gpe,E,H, θq “
ˆ

1
2

Ce´ PTE´ RTH´ βθ

˙
: e´ 1

2
XE ¨ E´ 1

2
MH ¨H`

´ αE ¨H´ pp ¨ E`m ¨Hqθ ´ 1
2

cvθ2.

(1.8)

Let rΘ– pe,E,H, θq P SymˆR3ˆR3ˆR. It follows from (1.7) that (see, e.g., [3], [21], [33]):

σ “ σprΘq “ Ce´ PTE´ RTH´ βθ,

D “ DprΘq “ Pe` XE` αH` pθ,
B “ BprΘq “ Re` αE`MH`mθ,

s “ sprΘq “ β : e` p ¨ E`m ¨H` cvθ.

(1.9)

In constitutive equations (1.9), C “ pCi jk`q, P “ pPi jkq, R “ pRi jkq, X “ pXi jq,
M “ pMi jq, β “ pβi jq, α “ pαi jq, p “ ppiq, m “ pmiq and cv represent, respec-
tively, the elasticity tensor, the piezoelectric tensor, the piezomagnetic tensor, the dielectric
permittivity tensor, themagnetic permeability tensor, the thermal stress tensor, themagneto-
electric tensor, the pyroelectric vector, the pyromagnetic vector, and the calorific capacity,
defined such that cvT0 be the specific heat per unit volume of the material. Moreover, it can
be shown that, whatever the values of the other state variables, the heat influx is null as long
as the temperature gradient is; thus, mimicking the constitutive assumption of classic heat
conduction, we can generally represent q as

q “ qprΘ,∇θq “ ´KprΘ,∇θq∇θ,

dPhysical meaning and hypotheses on the constitutive parameters are set forth hereinafter.

20



with K “ KprΘ,∇θq a second-order tensor. In order to satisfy (1.7)6, K must obey the
following general condition, for any fixed rΘ:

K∇θ ¨ ∇θ ě 0, @∇θ P R3.

In the sequel, we shall consider K independent of the state variables. Hence, in addition to
constitutive relationships (1.9), we have Fourier’s law:

q “ qp∇θq “ ´K∇θ. (1.10)

In (1.10), K “ pKi jq is the thermal conductivity tensor.

1.2. Assumptions on the Material Parameters

The symmetry and positivity conditions we require to be satisfied by density and constitutive
parameters are listed below.

‚ The density ρ is positive:

ρ ą 0, ρ P L8pΩq. (1.11)

‚ The fourth-order elasticity tensor C “ pCi jk`q is symmetric and positive definite:

Ci jk` “ Cjik` “ Ck`i j “ Ci j`k, Ci jk` P L8pΩq,
Ci jk`bk`bi j ě Cři, j |bi j |2, for all bi j “ bji P R, C ą 0.

‚ The third-order piezoelectric tensore P “ pPi jkq is symmetric with respect to the
two last indices:

Pi jk “ Pik j, Pi jk P L8pΩq.
‚ The third-order piezomagnetic tensor R “ pRi jkq is symmetric with respect to the
two last indices:

Ri jk “ Rik j, Ri jk P L8pΩq.
‚ The second-order dielectric permittivity tensor X “ pXi jq is symmetric and posi-
tive definite:

Xi j “ X ji, Xi j P L8pΩq,
Xi ja jai ě Xř

i |ai|2, for all ai P R, X ą 0.

‚ The second-order magnetic permeability tensor M “ pMi jq is symmetric and
positive definite:

Mi j “ Mji, Mi j P L8pΩq,
Mi ja jai ě µ

ř
i |ai|2, for all ai P R, µ ą 0. (1.12)

eBy ‘third-order tensor’ wemean a linear transformation of the vector space of all second-order tensors intoR3. For
P a third-order tensor, its transpose PT maps R3 onto the space of second-order tensors. In cartesian components,
the following identity holds:

PT
i jk “ Pki j .
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‚ The second-order thermal stress tensor β “ pβi jq is symmetric:

βi j “ β ji, βi j P L8pΩq. (1.13)

‚ The second-order magneto-electric tensor α “ pαi jq is symmetric:

αi j “ α ji, αi j P L8pΩq.
‚ The pyroelectric vector p “ ppiq is such that

pi P L8pΩq. (1.14)

‚ The pyromagnetic vector m “ pmiq is such that
mi P L8pΩq. (1.15)

‚ The calorific capacity cv is positive:

cv ą 0, cv P L8pΩq. (1.16)

‚ The second-order thermal conductivity tensorK “ pKi jq is symmetric and positive
definite:

Ki j “ K ji, Ki j P L8pΩq,
Ki ja jai ě K

ř
i |ai|2, for all ai P R, K ą 0.

‚ The following symmetric matrix, referred to in the sequel as coupling matrix
(see [25])

rMcs–
¨
˝
rXs rαs rps
rαs rMs rms
rpsT rmsT cv

˛
‚

is positive definite, i.e., there exists a constant M ą 0 such that

rMcsx ¨ x ě M |x|2, @x P R7 ” R3 ˆ R3 ˆ R,
or, more explicitly,

Xi ja jai ` Mi jbjbi ` 2αi ja jbi ` 2ppkakqd ` 2pmkakqd ` cvd2 ě
ě Cpaiai ` bibi ` d2q, for all ai, bi, d P R. (1.17)

1.3. Field and Boundary Equations

Before making explicit the complete system of governing equations, we make some remarks
on the energy balance equation. From (1.4) and (1.7), it follows that

9ε “ σ : 9e` T 9s ` 9D ¨ E` 9B ¨H;

with which the energy balance (1.1)6 takes the form

T 9s ` divq “ h;

by (1.9)4 and (1.10), the last equation reads

T
´

cv 9θ ` β : 9e` p ¨ 9E`m ¨ 9H
¯
´ divK∇θ “ h,
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where T “ T0 ` θ. The left-hand side of this equation contains nonlinear terms (products
of θ and time derivatives of the unknowns); upon neglecting them and setting r – h{T0,
we obtain the following linearized version of the energy balance:

cv 9θ ` β : 9e` p ¨ 9E`m ¨ 9H´ 1
T0

divK∇θ “ r . (1.18)

All in all, by virtue of (1.9) and (1.10), the system of field equations (1.1) in the list of
unknowns rU – pu,E,H, θq becomesf:

$
’’’’’’’’’’&
’’’’’’’’’’%

ρ:u´ divCepuq ` divPTE` divRTH` div βθ “ f x P Ω, t ą 0,
div pPepuq ` XE` αH` pθq “ ρe x P Ω, t ą 0,
div pRepuq ` αE`MH`mθq “ 0 x P Ω, t ą 0,
X 9E` Pep 9uq ` α 9H` p 9θ ´ ∇ˆH “ ´J x P Ω, t ą 0,
M 9H` Rep 9uq ` α 9E`m 9θ ` ∇ˆ E “ 0 x P Ω, t ą 0,

cv 9θ ` β : ep 9uq ` p ¨ 9E`m ¨ 9H´ 1
T0

divK∇θ “ r x P Ω, t ą 0.

(1.19)

Remark 1.1. Note that (1.19) contains twelve scalar equations in ten scalar unknowns.
Nevertheless, as we shall show in subsection 1.4, equations (1.19)2 and (1.19)3 actually just
play the role of compatibility conditions on initial and boundary data, as well as on the free
electric charge density ρe.

This system is equipped with the following initial conditions, for any x P Ω:
Epx, 0q “ E0pxq, Hpx, 0q “ H0pxq,

upx, 0q “ u0pxq, 9upx, 0q “ u1pxq, θpx, 0q “ θ0pxq,
(1.20)

and with suitable boundary conditions. In particular, let t ą 0 and let n be the outer unit
normal vector field on BΩ. As in [34], we consider four time-independent partitions of BΩ:
pΓmD, ΓmN q, pΓeD, ΓeN q, pΓgD, ΓgN q and pΓtD, ΓtN qwith ΓmD , ΓeD ΓgD and ΓtD of strictly
positive surface measure.We assign boundary values pertaining to mechanical quantities on
ΓmD and ΓmN , to electrical quantities on ΓeD and ΓeN , to magnetic quantities on ΓgD and
ΓgN and to thermal quantities on ΓtD and ΓtN . Namely, we assume that the body is clamped
along ΓmD and subjected to surface traction g on ΓmN . Next, it is subjected to a vanishing
temperature variation along ΓtD and to heat influx % on ΓtN . Furthermore, the body is in
contact with a perfect conductor on ΓeD and with an infinitely permeable medium on ΓgD ,
whereas it carries an electric charge surface density d on ΓeN and a magnetic charge surface
density b on ΓgN . Hence, for any t ą 0, we have

$
’’’&
’’’%

σp rUqn “ g on ΓmN, u “ 0 on ΓmD,

Dp rUq ¨ n “ d on ΓeN, Eˆ n “ 0 on ΓeD,
Bp rUq ¨ n “ b on ΓgN, Hˆ n “ 0 on ΓgD,
´qpθq ¨ n “ % on ΓtN, θ “ 0 on ΓtD .

(1.21)

fHenceforth, to point out the unknowns of the problem, we replace the list of state quantities rΘ by the list of
unknowns ĂU (and ∇θ by θ) in the constitutive relationships.
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Along with boundary conditions, we introduce the following spaces:

H1
mDpΩq–

 
v P H1pΩq : v “ 0 on ΓmD

(
,

H1
tDpΩq–

 
v P H1pΩq : v “ 0 on ΓtD

(
,

and use analogous definitions for H1
eDpΩq and H1

gDpΩq g; finally, let
HeDpcurl,Ωq– tv P Hpcurl,Ωq : vˆ n “ 0 on ΓeDu

and analogously for HgDpcurl,Ωq (see, again, [7] and [15]).

1.4. Existence and Uniqueness

In order to establish the well-posedness of the problem, we work in the context of the
semigroup theory; in particular, we resort to the Hille-Yosida theorem for abstract linear
differential equations with a source term [6], whose statement is recalled in the appendix.
The main results of this subsection are summarized in the following statement.

Theorem 1.1. Let T ą 0. Assume the initial and boundary values have the following
regularity properties:

pu0, u1,E0,H0, θ0q P H1
mDpΩq ˆH1

mDpΩq ˆHeDpcurl,Ωq ˆHgDpcurl,Ωq ˆ H1
tDpΩq,

div
`
Cepu0q ´ PTE0 ´ RTH0 ´ βθ0

˘ P L2pΩq, divK∇θ0 P L2pΩq,
g P C3pr0,Ts; L2pΓmN qq, % P C3pr0,Ts; L2pΓmN qq,

dp ,̈ tq P L1pΓeN q and bp ,̈ tq P L1pΓgN q @t P r0,Ts.
Also, let the source terms be such that

f P C1pr0,Ts; L2pΩqq, ρe P H1p0,T ; L2pΩqq X C0pr0,Ts; L2pΩqq,
J P C1pr0,Ts; L2pΩqq, r P C1pr0,Ts; L2pΩqq,

and let the following compatibility conditions hold:
ż

ΓeN

dp ,̈ 0q dΓ `
ż

ΓeD

pPepu0q ` XE0 ` αH0 ` pθ0q ¨ n dΓ “
ż

Ω

ρep ,̈ 0q dΩ,
ż

ΓgN

bp ,̈ 0q dΓ `
ż

ΓgD

pRepu0q ` αE0 `MH0 `mθ0q ¨ n dΓ “ 0.
(1.22)

Finally, let the following electromagnetic complementarity hypothesis hold:

ΓgD “ ΓeN and ΓeD “ ΓgN . (1.23)

Then, problem (1.19)-(1.20)-(1.21) admits a unique strong solution pu,E,H, θq satisfying
$
’’’’&
’’’’%

u P C2pr0,Ts; L2pΩqq X C1pr0,Ts; H1
mDpΩqq,

E P C1pr0,Ts; L2pΩqq X C0pr0,Ts; HeDpcurl,Ωqq,
H P C1pr0,Ts; L2pΩqq X C0pr0,Ts; HgDpcurl,Ωqq,
θ P C1pr0,Ts; L2pΩqq X C0pr0,Ts; H1

tDpΩqq.

gIn particular, spacesH1
eDpΩq andH1

gDpΩqwill be employed later, in the formulation of the quasi-static problem.
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Proof. The proof is subdivided into six steps.

Step 1.With a view toward applying theHille-Yosida theorem to our case, we have first of all
to reduce our system of field equations into a system of evolution equations. Thus, we rewrite
system (1.19) disregarding time-independent Maxwell’s equations (1.19)2 and (1.19)3 and
boundary conditions (1.21)2,1 and (1.21)3,1; we shall come back to these equations later.
Therefore, we have

$
’’’’’&
’’’’’%

ρ:u´ divCepuq ` divPTE` divRTH` div βθ “ f x P Ω, t ą 0,
X 9E` Pep 9uq ` α 9H` p 9θ ´ ∇ˆH “ ´J x P Ω, t ą 0,
M 9H` Rep 9uq ` α 9E`m 9θ ` ∇ˆ E “ 0 x P Ω, t ą 0,

cv 9θ ` β : ep 9uq ` p ¨ 9E`m ¨ 9H´ 1
T0

divK∇θ “ r x P Ω, t ą 0.

(1.24)

with boundary conditions as in (1.21), except (1.21)2,1 and (1.21)3,1.

Step 2. As we deal with non-homogeneous boundary conditions, we must introduce trace
liftings of the boundary values concerning the displacement field u and the temperature
variation θ. To do so, we resort to the following auxiliary problem – actually, to a one-
parameter family of static problems, where the parameter is time:

For any t ě 0, find pu and pθ such thath
$
&
%
div

`
Ceppuq ´ βpθ

˘ “ 0, x P Ω,
β : eppuq ´ 1

T0
divK∇pθ “ 0, x P Ω, (1.25)

with boundary conditions:
#`

Ceppuq ´ βpθ
˘
n “ g on ΓmN, pu “ 0 on ΓmD,

K∇pθ ¨ n “ % on ΓtN, pθ “ 0 on ΓtD .
(1.26)

Constitutive parameters and boundary values are the same as in (1.19). By resorting to the
Lax-Milgram theorem (see [19]) we see that, if boundary values are such that

g P C3pr0,Ts; L2pΓmN qq, % P C3pr0,Ts; L2pΓmN qq,
then problem (1.25)-(1.26) admits a unique solution ppu, pθ q with

pu P C3pr0,Ts; H1
mDpΩqq,

pθ P C3pr0,Ts; H1
tDpΩqq X C3pr0,Ts; H∆

KpΩqq,
(1.27)

with H∆
KpΩq –

 
θ P L2pΩq : divK∇θ P L2pΩq(i. On denoting pv – Btpu, we have

pv|ΓmD
“ 0. We use functions pu, pv and pθ as trace liftings of boundary values (1.21)1

hHere we write pu and pθ in place of, respectively, pup ,̈ tq and pθp ,̈ tq for the sake of notation.
iThat pθ P C3pr0, T s; H∆

KpΩqq follows from the fact that pu P C3pr0, T s; rH1
mDpΩqs3q and from the second

equation of (1.25).
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and (1.21)4. We shall come back to boundary conditions (1.21)2,1 and (1.21)3,1 later on.

Step 3. Let v – Btu and

H– H1
mDpΩq ˆ L2pΩq ˆ L2pΩq ˆ L2pΩq ˆ L2pΩq.

Then we can define

U –

¨
˚̊
˚̊
˝

u
v
E
H
θ

˛
‹‹‹‹‚
, U : r0,Ts Ñ H.

We also introduce the trace-lifting vector

pU –

¨
˚̊
˚̊
˚̋

pu
pv
0
0
pθ

˛
‹‹‹‹‹‚

and rU – U ´ pU “

¨
˚̊
˚̊
˚̋

ru
rv
E
H
rθ

˛
‹‹‹‹‹‚
P H.

We endow the Hilbert space H with the following scalar product:
`
U1,U2

˘
H
–

ż

Ω

Cepu1q : epu2q dΩ `
ż

Ω

v1 ¨ v2 dΩ`

`
ż

Ω

E1 ¨ E2 dΩ `
ż

Ω

H1 ¨H2 dΩ `
ż

Ω

θ1θ2 dΩ,
(1.28)

for all U1,U2 P H. Also, we define the domain DpAq of the differential operator A which
is introduced hereinafter:

DpAq–
!

U P H : div
`
Cepuq ´ PTE´ RTH´ βθ

˘ P L2pΩq, epvq P L2pΩq,
∇ˆ E P L2pΩq, ∇ˆH P L2pΩq, divK∇θ P L2pΩq,`
Cepuq ´ PTE´ RTH´ βθ

˘
n “ 0 and K∇θ ¨ n “ 0 on ΓtN,

u “ 0 and v “ 0 on ΓmD, θ “ 0 on ΓtD,

Eˆ n “ 0 on ΓeD, Hˆ n “ 0 on ΓgD
)
.

(1.29)

Step 4.We are now in a position to write system (1.24) in the form of a differential equation:

M drU
dt
`A rU “ rF, (1.30)

rF – F ´A pU ´M dpU
dt
, F –

¨
˚̊
˚̊
˝

0
f
´J
0
r

˛
‹‹‹‹‚
,
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with

rMs “

¨
˚̊
˚̊
˝

rIs r0s r0s r0s r0s
r0s ρrIs r0s r0s r0s
r0s r0s rXs rαs rps
r0s r0s rαs rMs rms
r0s r0s rpsT rmsT cv

˛
‹‹‹‹‚
, AU –

¨
˚̊
˚̊
˚̊
˚̋

´v
´div

´
Cepuq ´ PTE´ RTH´ βθ

¯

Pepvq ´ ∇ˆH
Repvq ` ∇ˆ E

β : epvq ´ 1
T0

divK∇θ

˛
‹‹‹‹‹‹‹‚
.

Note that, by (1.27), F̃ P C1pr0,Ts;Hq which is in accordance with the hypotheses
of the Hille-Yosida theorem. By the hypotheses set forth in subsection 1.2, rMs is a
symmetric and positive definite matrix, thus if M is regarded as an endomorphism of
V – R3 ˆ R3 ˆ R3 ˆ R3 ˆ R, it is a symmetric and positive definite linear operator. There-
fore, M admits a unique square root M1{2, which is symmetric and positive definite as
well. We can then set

rV –M1{2 rU,

so as to give (1.30) the form:

drV
dt
` BrV “ F, B –M´1{2AM´1{2, F –M´1{2 rF .

Let us remark that rV P DpBq if and only if rU P DpAq, since BrV “ M´1{2A rU for any
rV “ M1{2 rU. Also, it is easy to check that, ifM is symmetric and positive definite as an
endomorphism ofV with respect to the natural scalar product inV , thenM is self-adjoint
and positive definite as a linear operator ofH into itself with respect to scalar product (1.28).
Indeed, for any U1,U2 P H, by definition (1.28) it results

`MU1,U2
˘
H
“
ż

Ω

Cepu1q : epu2q dΩ`
ż

Ω

ρv1 ¨ v2 dΩ`
ż

Ω

Mcx1 ¨ x2 dΩ,

where in the last term, xγ – pEγ,Hγ, θγqT , γ “ 1, 2. Now, the last two terms correspond
exactly to the submatrix of rMs obtained by eliminating the first row and the first column,
and this submatrix is symmetric and definite positive since rMs is. By the hypotheses listed
in subsection 1.2, C is symmetric and positive definite as well. Hence we have

`MU1,U2
˘
H
“ `

U1,MU2
˘
H
, @U1,U2 P H,

`MU,U
˘
H
ě mintρ´ ,M , 1u }U}2H , @U P H,

where ρ´ – infΩ ρ and M denotes the coercivity constant ofMc (see (1.17)).

Step 5. In order to show that the problem
$
’&
’%

drV
dt
` BrV “ F, t ą 0

rVp0q “ rV0

(1.31)
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is well-posed for any rV0 P DpBq, we have to prove that B is maximal monotone. Note that,
sinceM : H Ñ H is a self-adjoint positive definite operator (as well asM´1{2), we have,
for any rV “M1{2 rU,

`BrV, rV˘
H
“ `M´1{2AM´1{2rV, rV

˘
H
“ `AM´1{2rV,M´1{2rV

˘
H
“ `A rU, rU

˘
H
.

Thus, B is monotone if and only if A is monotone.

Monotonicity. The proof reduces to showing that A is monotone. For any rU P DpAq,
after integration by parts, we find:

`A rU, rU
˘
H
“´

ż

BΩ

`
Cepruq ´ PTE´ RTH´ βrθ

˘
n ¨ rv dΓ ´ 1

T0

ż

BΩ
pK∇rθ ¨ nqrθ dΓ

`
ż

BΩ
EˆH ¨ n dΓ ` 1

T0

ż

Ω

K∇rθ ¨ ∇rθ dΩ.

The first two integrals in the sum vanish, due to homogeneous boundary conditions; also,
1{T0

ş
Ω K∇rθ ¨ ∇rθ dΩ ě 0 since K is positive definite, thus:

`A rU, rU
˘
H
ě
ż

BΩ
EˆH ¨ n dΓ “

ż

ΓeD

EˆH ¨ n dΓ `
ż

ΓeN

EˆH ¨ n dΓ “

“
ż

ΓeD

EˆH ¨ n dΓ `
ż

ΓgD

EˆH ¨ n dΓ,

where the last equality holds by assumption (1.23). Taking into account the chain of identities
EˆH ¨ n “ ´Eˆ n ¨H “ Hˆ n ¨ E and boundary conditions (1.21)2,2 and (1.21)3,2, the
right-hand side of the last inequality vanishes as well, hence:

@rU P DpAq, `A rU, rU
˘
H
ě 0,

i.e., A is monotone and so is B.

Maximality. The operator B ` I, with I the identity, is surjective from DpBq into H,
i.e., the problem

BrV ` rV “ F or, equivalently, A rU `M rU “ F (1.32)

admits a solution rV P DpBq (rU P DpAq) for any F P H. Using the notation F “
pF1,F2,F3,F4, F5q, the first equation of system A rU `M rU “ F reads

rv “ ru´ F1, (1.33)

which can be substituted into the other equations to give
$
’’’’’&
’’’’’%

´divCepruq ` divPTE` divRTH` div βrθ ` ρru “ F2 ` ρF1,

Pepruq ´ ∇ˆH` XE` αH` prθ “ F3 ` PepF1q,
Repruq ` ∇ˆ E` αE`MH`mrθ “ F4 ` RepF1q,
β : epruq ´ 1

T0
divK∇rθ ` p ¨ E`m ¨H` cvrθ “ F5 ` β : epF1q.

(1.34)
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Furthermore, (1.34)2 allows us to express E in terms of u, H, θ and source terms F3 and
F1; after substituting this expression in the remaining equations, resorting to the weak
formulation of the obtained system and applying the Lax-Milgram lemma, we obtain a
solution

pru,H, rθq P H1
mDpΩq ˆHgDpcurl,Ωq ˆ H1

tDpΩq
for any F P H, satisfying the homogeneous boundary conditions appearing in the def-
inition of DpAq. Of course, by (1.33), rv P H1

mDpΩq as well; also, one can verify that
E P HeDpcurl,Ωq by taking the curl of the expression giving E in terms of the other un-
knowns and using equation (1.34)3.

Step 6. By taking the divergence of (1.24)2, considering the continuity equation (1.2)
and integrating in time, we getj

divDpx, tq ´ divDpx, 0q “ ρepx, tq ´ ρepx, 0q, x P Ω, t ą 0.

Now, the point-wise version of hypothesis (1.22)1 reads

divDpx, 0q “ ρepx, 0q, x P Ω,
hence we recover

divDpx, tq “ ρepx, tq, x P Ω, t ą 0,

i.e., equation (1.19)2. By (1.22)2, a completely analogous argument yields

divBpx, tq “ divBpx, 0q “ 0, x P Ω, t ą 0,

i.e., equation (1.19)3. Therefore, equations (1.19)2 and (1.19)3 are not actually independent
of (1.19)4 and (1.19)5, but they are a consequence of them and of (1.22).

Remark 1.2. The physical meaning of (1.22) is the following: the total volume electric
charge must equal the total surface electric charge at t “ 0, and hence at any t ą 0;
analogously, the total surface magnetic charge must vanish at t “ 0, and hence at any t ą 0.

1.5. Energy Functional

An energy evolution equation satisfied by the solution pu,E,H, θq of (1.24) can be formally
derived. Indeed, upon defining

Eptq– 1
2

ż

Ω

ρ 9u ¨ 9u dΩ` 1
2

ż

Ω

Cepuq : epuq dΩ` 1
2

ż

Ω

XE ¨ E dΩ`

`1
2

ż

Ω

MH ¨H dΩ` 1
2

ż

Ω

cvθ2 dΩ`
ż

Ω

αE ¨H dΩ`

`
ż

Ω

pp ¨ Eqθ dΩ`
ż

Ω

pm ¨Hqθ dΩ,

jHere we make explicit the dependence on x and t for more clarity.
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and

Lptq–
ż

Ω

f ¨ 9u dΩ´
ż

Ω

J ¨ E dΩ`
ż

Ω

rθ dΩ`
ż

ΓmN

g ¨ 9u dΓ ` 1
T0

ż

Γt N

%θ dΓ, (1.35)

then by taking the time derivative of E, using equations (1.24) and integrating by parts, we
get

9Eptq ` 1
T0

ż

Ω

K∇θ ¨ ∇θ dΩ “ Lptq, @t ą 0. (1.36)

The left-hand side of (1.36) can be thought of as the actual internal power, whereas the
right-hand side as the actual external power. The word ‘actual’ (in place of virtual) is used
here to stress the fact that (1.36) is not the variational formulation of system (1.24); indeed,
it has been derived considering the solution of (1.24).

Remark 1.3. Note that the free electric charge density ρe, as well as boundary values b
and d, do not appear in (1.35), since they just intervene in compatibility conditions (1.22).

2. Quasi-static Problem
2.1. Nondimensionalization of the Equations

With a view toward justifying the quasi-static hypothesis, i.e., the existence of two scalar
fields ϕ and ζ – respectively, the electric and magnetic potentials – such that

E “ ´∇ϕ and H “ ´∇ζ, (2.1)

we nondimensionalize system (1.19) disregarding equations (1.19)2 and (1.19)3, which do
not involve time derivatives of the unknowns; we shall come back to these equations later on.
Let Vjpx, νq denote the square root of the j-th eigenvalue of the acoustic tensork associated
with propagation direction ν and evaluated at x, and let

L – sup
x, yPΩ

|x ´ y|, V` – max
j“1,2,3

sup
xPΩ

sup
|ν|“1

Vjpx, νq, T –
L
V`

be, respectively, the characteristic size of Ω, the maximum propagation speed for an elastic
wave in Ω and the typical time for an elastic wave to travel along distance L. Following
Imperiale and Joly [18], we introducel:

ρ` – sup
xPΩ

ρpxq, P` – sup
xPΩ

b
}PpxqPpxqT }2, R` – sup

xPΩ

b
}RpxqRpxqT }2,

α` – sup
xPΩ
}αpxq}2, p` – sup

xPΩ
|ppxq|, m` – sup

xPΩ
|mpxq|,

cv` – sup
xPΩ

cvpxq, β` – sup
xPΩ
}βpxq}2, K` – sup

xPΩ
}Kpxq}2,

kWe recall that the acoustic tensor Aν associated with unit vector ν (the propagation direction), a tensor field over
Ω, is the second-order tensor defined by the following condition:

Aνa – ρ´1C rab νsν, @a P R3,

where ρ is the density and C the elasticity tensor.
lIn the subsequent definitions, we use the notation }A}2 –

?
A : A for the norm of any second-order tensor A.
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and rewrite density and constitutive parameters as:

ρpxq “ ρ` ρr
`
x
L
˘
, Cpxq “ ρ`V 2` Cr

`
x
L
˘
, Ppxq “ P` Pr

`
x
L
˘
,

Rpxq “ R`Rr

`
x
L
˘
, Xpxq “ ε0 Xr

`
x
L
˘
, Mpxq “ µ0 Mr

`
x
L
˘
,

αpxq “ α`αr

`
x
L
˘
, ppxq “ p`pr

`
x
L
˘
, mpxq “ m`mr

`
x
L
˘
,

cvpxq “ cv`cvr
`
x
L
˘
, βpxq “ β`βr

`
x
L
˘
, Kpxq “ K`Kr

`
x
L
˘
.

As for the unknowns, we write:
upx, tq “ L ur

`
x
L ,

t
T
˘
, Epx, tq “ E˚Er

`
x
L ,

t
T
˘
,

Hpx, tq “ H˚Hr

`
x
L ,

t
T
˘
, θpx, tq “ T˚θr

`
x
L ,

t
T
˘
,

where ε0 and µ0 are, respectively, the electric permittivity and magnetic permeability of
the vacuum, and E˚, H˚ and T˚ are to be properly chosen. We recall that the speed of light
is given by c0 “ pε0µ0q´ 1

2 .
All in all, equations (1.19)1 and (1.19)4 to (1.19)6 become (we still denote by x and t

the scaled space and time variables):
$
’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’&
’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’%

ρr:ur ´ divCrepurq `
«

P`E˚

ρ`V 2`

ff
divPT

r Er`

`
«

R`H˚

ρ`V 2`

ff
divRT

r Hr `
«
β`T˚

ρ`V 2`

ff
div βrθr “ fr,

Xr
9Er `

„
P`
ε0E˚


Prep 9urq `

„
α`H˚

ε0E˚


αr

9Hr`

`
„

p`T˚

ε0E˚


pr

9θr ´
„?

µ0H˚?
ε0E˚

 „
c0
V`


∇ˆHr “ ´Jr,

Mr
9Hr `

„
R`
µ0H˚


Rrep 9urq `

„
α`E˚

µ0H˚


αr

9Er`

`
„

m`T˚

µ0H˚


mr

9θr `
„ ?

ε0E˚?
µ0H˚

 „
c0
V`


∇ˆ Er “ 0,

cvr 9θr`
„

β`
cv`T˚


βr : ep 9urq`

„
p`E˚

cv`T˚


ppr ¨ 9Erq`

`
„

m`H˚

cv`T˚


pmr ¨ 9Hrq´

„
K`

V`Lcv`T0


divKr∇θr “ rr .

(2.2)

All equations hold for x P pΩ and t ą 0, with pΩ – tx{L : x P Ωu, and all coefficients
between square parentheses are dimensionless. We now choose the units of measurement
E˚, H˚ and T˚ in order that the following equalities hold:

?
ε0E˚ “ ?µ0H˚,

P`E˚

ρ`V 2`
“ P`
ε0E˚

,
p`E˚

cv`T˚
“ p`T˚

ε0E˚
.
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This yields

E˚ “ V`
c
ρ`
ε0
, H˚ “ V`

c
ρ`
µ0
, T˚ “ V`

c
ρ`
cv`

. (2.3)

Note that this choice of E˚, H˚ and T˚ ensures symmetry of all other coupling coefficients
as well, namely,

β`T˚

ρ`V 2`
“ β`

cv`T˚
,

R`H˚

ρ`V 2`
“ R`

µ0H˚
,

α`H˚

ε0E˚
“ α`E˚

µ0H˚
,

m`T˚

µ0H˚
“ m`H˚

cv`T˚
.

Upon setting

δ –
V`
c0
,

we can rewrite equations (2.2)2 and (2.2)3 respectively as follows:

∇ˆ Er “ ´δ
´

Mr
9Hr ` κRrep 9urq ` α`c0 αr

9Er ` υmr
9θr
¯
,

∇ˆHr “ δ
´

Xr
9Er ` χ Prep 9urq ` α`c0 αr

9Hr ` ς pr
9θr ` Jr

¯
,

(2.4)

with

κ –
R`

V`
?
µ0ρ`

, υ –
m`?
µ0cv`

, χ –
P`

V`
?
ε0ρ`

, ς –
p`?
ε0cv`

.

Considering the numerical values of density and elastic moduli for the most classic example
ofmagneto-electro-thermo-elastic composite, i.e., BaTiO3–CoFe2O4 with a volume fraction
of BaTiO3 equal to 0.6 (see Table 1 in the Appendix), it results

V` » 5980m/s, ρ` “ 5600 kg/m3,

which give, along with the values of the other constitutive parameters,

δ » 2 ¨ 10´5, α`c0 » 0.75, κ » 0.78, υ » 0.3, χ » 9, ς » 2.3.

Therefore, if the right-hand sides of equations (2.4) remain bounded for any t ą 0, then, in
the limit δ Ñ 0, we obtain

∇ˆ Er “ 0 and ∇ˆHr “ 0,

which means that there exist an electric potential ϕr and a magnetic potential ζr such that

Er “ ´∇ϕr and Hr “ ´∇ζr,

i.e., the quasi-static hypothesis (2.1).
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2.2. Quasi-static Problem

As a result, we can remove equations (1.19)4 and (1.19)5 from system (1.19), introduce the
new list of unknownsU – pu, ϕ, ζ, θq and rewrite (1.9)-(1.10) as

σpUq “ Cepuq ` PT∇ϕ` RT∇ζ ´ βθ,

DpUq “ Pepuq ´ X∇ϕ´ α∇ζ ` pθ,
BpUq “ Repuq ´ α∇ϕ´M∇ζ `mθ,

spUq “ β : epuq ´ p ¨ ∇ϕ´m ¨ ∇ζ ` cvθ,

qpθq “ ´K∇θ.

(2.5)

Also, (1.19) becomes

$
’’’’’&
’’’’’%

ρ:u´ divσpUq “ f x P Ω, t ą 0,
divDpUq “ ρe x P Ω, t ą 0,
divBpUq “ 0 x P Ω, t ą 0,

9spUq ` 1
T0

divqpθq “ r x P Ω, t ą 0,

(2.6)

with initial conditions
$
&
%

upx, 0q “ up0q “ u0 in Ω,
9upx, 0q “ 9up0q “ u1 in Ω,
θpx, 0q “ θp0q “ θ0 in Ω,

(2.7)

and boundary conditions

$
’’&
’’%

σpUqn “ g on ΓmN, u “ 0 on ΓmD,

DpUq ¨ n “ d on ΓeN, ϕ “ 0 on ΓeD,
BpUq ¨ n “ b on ΓgN, ζ “ 0 on ΓgD,
´qpθq ¨ n “ % on ΓtN, θ “ 0 on ΓtD .

(2.8)

Let us remark (see [25]) that there is no need to impose initial conditions on ϕ and ζ , since
they are formally given by the unique solution pϕ0, ζ0q of the following system, for given
pu0, θ0q m

$
’’’’&
’’’’%

divDpUp0qq “ div pPepu0q ´ X∇ϕ0 ´ α∇ζ0 ` pθ0q “ ρep0q in Ω,
divBpUp0qq “ div pRepu0q ´ α∇ϕ0 ´M∇ζ0 `mθ0q “ 0 in Ω,
DpUp0qq ¨ n “ dp0q on ΓeN, ϕ0 “ 0 on ΓeD,
BpUp0qq ¨ n “ bp0q on ΓgN, ζ0 “ 0 on ΓgD .

mThis statement will be detailed in Remark 2.3 and proven in Lemma 2.1.
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2.3. Energy Functional

As in the case of problem (1.24), we can define a quasi-static energy

Eqsptq– 1
2

ż

Ω

ρ 9u ¨ 9u dΩ` 1
2

ż

Ω

Cepuq : epuq dΩ`

` 1
2

ż

Ω

X∇ϕ ¨ ∇ϕ dΩ ` 1
2

ż

Ω

M∇ζ ¨ ∇ζ dΩ` 1
2

ż

Ω

cvθ2 dΩ`

`
ż

Ω

α∇ϕ ¨ ∇ζ dΩ´
ż

Ω

pp ¨ ∇ϕqθ dΩ´
ż

Ω

pm ¨ ∇ζqθ dΩ

(2.9)

and a quasi-static external power

Lqsptq–
ż

Ω

f ¨ 9u dΩ `
ż

Ω

9ρeϕ dΩ `
ż

Ω

rθ dΩ`

`
ż

ΓmN

g ¨ 9u dΓ ` 1
T0

ż

Γt N

%θ dΓ ´
ż

ΓeN

9dϕ dΓ ´
ż

ΓgN

9bζ dΓ
(2.10)

to get the evolution equation (see [25])

9Eqsptq ` 1
T0

ż

Ω

K∇θ ¨ ∇θ dΩ “ Lqsptq, @t ą 0. (2.11)

Remark 2.1. Note that Eptq “ Eqsptq for any t ě 0, and that, unlike in the case of (1.36),
here the time derivatives of ρe, d and b are present in the expression of the actual external
power on the right-hand side of (2.11).

2.4. Existence and Uniqueness

Set T0 “ 1 for simplicity and denote by p ,̈ ¨q the scalar productn in L2pΩq or L2pΩq. For
any fixed t P p0,Tq, a weak version of (2.6)-(2.8) takes the following form:

ApUptq,Vq “ LpVq, (2.12)

for allV “ pv, ψ, ξ, ηq P H1
mDpΩq ˆ H1

eDpΩq ˆ H1
gDpΩq ˆ H1

tDpΩq, with
Uptq P H1

mDpΩq ˆ H1
eDpΩq ˆ H1

gDpΩq ˆ H1
tDpΩq,

where
ApUptq,Vq– pρ:uptq, vq ` cp 9uptq, ηq ` pcv 9θptq, ηq ´ dp 9ϕptq, ηq ´ ep 9ζptq, ηq`

`aupuptq, vq ` bpϕptq, vq ´ bpψ, uptqq ` f pζptq, vq ´ f pξ, uptqq`
´cpv, θptqq ` aϕpϕptq, ψq ` aζ pζptq, ξq ` gpζptq, ψq ` gpϕptq, ξq`
´dpψ, θptqq ´ epξ, θptqq ` aθpθptq, ηq,

LpVq– pfptq, vq ` prptq, ηq ` pρeptq, ψq ` pgptq, vqL2pΓmN q`
`p%ptq, ηqL2pΓt N q ´ pdptq, ψqL2pΓeN q ´ pbptq, ξqL2pΓgN q.

(2.13)

nWe shall denote by } ¨ } the corresponding norm, unless noted otherwise. The scalar product in L2pΓq or L2pΓq,
for Γ Ă BΩ, will be denoted analogously, with a proper subscript.

34



where the bilinear forms aup ,̈ ¨q, aϕp ,̈ ¨q, aζ p ,̈ ¨q, aθp ,̈ ¨q, bp ,̈ ¨q, cp ,̈ ¨q, dp ,̈ ¨q, ep ,̈ ¨q, f p ,̈ ¨q,
gp ,̈ ¨q are defined as follows:

aupu, vq–
ż

Ω

Cepuq : epvq dΩ, aϕpϕ, ψq–
ż

Ω

X∇ϕ ¨ ∇ψ dΩ,

aζ pζ, ξq–
ż

Ω

M∇ζ ¨ ∇ξ dΩ, aθpθ, ηq–
ż

Ω

K∇θ ¨ ∇η dΩ,

bpψ, uq–
ż

Ω

PT∇ψ : epuq dΩ, cpu, ηq–
ż

Ω

ηβ : epuq dΩ,

dpϕ, ηq–
ż

Ω

ηp ¨ ∇ϕ dΩ, epζ, ηq–
ż

Ω

ηm ¨ ∇ζ dΩ,

f pξ, uq–
ż

Ω

RT∇ξ : epuq dΩ, gpψ, ζq–
ż

Ω

α∇ψ ¨ ∇ζ dΩ.

(2.14)

Remark 2.2. Note that time derivatives of the unknowns are present in some terms in the
definition of ApUptq,Vq. We shall give a precise meaning to such terms, as well as to initial
conditions (2.7), in the statement of the existence and uniqueness theorem; furthermore we
point out that all the terms containing first-order time derivatives are integrated against
η P H1

tDpΩq.
Remark 2.3. As noted previously, initial conditions on ϕ and ζ are given by equations
(2.6)2 and (2.6)3, along with the corresponding boundary conditions. Hence, pϕ0, ζ0q P
H1
eDpΩq ˆ H1

gDpΩq is the unique solution to the following boundary value problem:

aϕpϕ0, ψq ` aζ pζ0, ξq ` gpζ0, ψq ` gpϕ0, ξq “ pρep0q, ψq ´ pdp0q, ψqL2pΓeN q`
´pbp0q, ξqL2pΓgN q ` bpψ, u0q ` f pξ, u0q ` dpψ, θ0q ` epξ, θ0q,

@pψ, ξq P H1
eDpΩq ˆ H1

gDpΩq.
(2.15)

Lemma 2.1. Problem (2.15) is well-posed.

Proof. Hypothesis (1.17) implies that the submatrix
ˆrXs rαs
rαs rMs

˙

of rMcs is symmetric and positive definite. Let W – H1
eDpΩq ˆ H1

gDpΩq. Then, by defi-
nitions (2.14), the left-hand side of (2.15) is a continuous and coercive bilinear form (yet
symmetric) overWˆW , and by the continuity of the trace operator, Poincaré’s and Cauchy-
Schwarz inequalities, the right-hand side of (2.15) is a bounded linear functional over W .
The result follows by the Lax-Milgram theorem.

Before giving the statement of well-posedness for the quasi-static problem, we introduce
the spaces H˚mDpΩq and H˚tDpΩq as the dual spaces of, respectively, H1

mDpΩq and H1
tDpΩq,

i.e., the spaces of continuous linear functionals over H1
mDpΩq and H1

tDpΩq. As H1
mDpΩq
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and H1
tDpΩq are dense and continuously embedded in L2pΩq and L2pΩq respectively, then

we have [6, 28]

H1
mDpΩq Ă L2pΩq » “

L2pΩq‰˚ Ă H˚mDpΩq,
H1
tDpΩq Ă L2pΩq » “

L2pΩq‰˚ Ă H˚tDpΩq,
where we have used an analogous notation for the dual spaces of L2pΩq and L2pΩq, and
the identification is realized by means of the Riesz-Fréchet representation theorem, being
L2pΩq and L2pΩq the pivot spaces. In the sequel, we adopt an analogous notation: the linear
actions of ` P H˚mDpΩq or ` P H˚tDpΩq on the corresponding elements v P H1

mDpΩq and
η P H1

tDpΩq are denoted by x`, vy and x`, ηy, without including subscripts, as meaning will
be clear from the contexto.

The results about existence and uniqueness for the quasi-static problem are summarized
in the following statement.

Theorem 2.1. Let T ą 0. Assume the following regularity properties on the initial data:

pu0, u1, θ0q P H1
mDpΩq ˆ L2pΩq ˆ H1

tDpΩq,
the following regularity properties on source and boundary values:

$
’’’’’’’’’&
’’’’’’’’’%

f P L2p0,T ; L2pΩqq,
ρe P H1p0,T ; L2pΩqq X C0pr0,Ts; L2pΩqq,
r P L2p0,T ; L2pΩqq,
g P H2p0,T ; L2pΓmN qq X C1pr0,Ts; L2pΓmN qq,
d P H1p0,T ; L2pΓeN qq X C0pr0,Ts; L2pΓeN qq,
b P H1p0,T ; L2pΓgN qq X C0pr0,Ts; L2pΓgN qq,
% P L2p0,T ; L2pΓtN qq,

and the following compatibility conditions:
$
’’&
’’%

gp0q “ σpu0, ϕ0, ζ0, θ0qn on ΓmN,

dp0q “ Dpu0, ϕ0, ζ0, θ0q ¨ n on ΓeN,
bp0q “ Bpu0, ϕ0, ζ0, θ0q ¨ n on ΓgN,
%p0q “ ´qpθ0q ¨ n on ΓtN .

Then, problem (2.12) admits a unique solutionU “ pu, ϕ, ζ, θq such that:
$
’’’’’’’’’&
’’’’’’’’’%

u P L2p0,T ; H1
mDpΩqq X C0pr0,Ts; L2pΩqq,

9u P L2p0,T ; L2pΩqq,
ρ:u P L2p0,T ; H˚mDpΩqq,
ϕ P L2p0,T ; H1

eDpΩqq,
ζ P L2p0,T ; H1

gDpΩqq,
θ P L2p0,T ; H1

tDpΩqq,
cv 9θ ` β : ep 9uq ´ p ¨ ∇ 9ϕ´m ¨ ∇ 9ζ P L2p0,T ; H˚tDpΩqq.

oClearly, if ` P L2pΩq then x`, vy “ p`, vq, @v P H1
mDpΩq and analogously for ` P L2pΩq and η P H1

tDpΩq.
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Remark 2.4. Based on the solution regularity, the left-hand side terms pρ:uptq, vq and
pcv 9θptq, ηq ` cp 9uptq, ηq ´ dp 9ϕptq, ηq ´ ep 9ζptq, ηq in (2.12) are actually to be thought of as
duality pairings.

Proof. We split the proof into six steps.

Step 1. First we consider, as in Step 2 of the proof of Theorem 1.1, the following aux-
iliary problem for any t ě 0:

$
&
%

divCeppuq “ 0, x P Ω,
Ceppuqn “ g on ΓmN,

pu “ 0 on ΓmD .

(2.16)

Analogously to (1.25)-(1.26), provided

g P H2p0,T ; L2pΓmN qq X C1pr0,Ts; L2pΓmN qq,
this problem admits a unique solution

pu P H2p0,T ; H1
mDpΩqq X C1pr0,Ts; H1

mDpΩqq. (2.17)

Let u – u´ pu; we rewrite (2.12) in terms of the list of unknownsU – pu, ϕ, ζ, θq. Then,
by (2.13), we have

ApUptq,Vq “ LpVq, (2.18)

withp

LpVq– LpVq ´ pgptq, vqL2pΓmN q ´ pρ Bttpuptq, vq`
´ pβ : eppuptqq, ηq ` pPeppuptqq,∇ψq ` pReppuptqq,∇ξq

“ pfptq, vq ´ pρ Bttpuptq, vq ` pρeptq, ψq ` prptq, ηq ´ pβ : eppuptqq, ηq`
` pPeppuptqq,∇ψq ` pReppuptqq,∇ξq`
` p%ptq, ηqL2pΓt N q ´ pdptq, ψqL2pΓeN q ´ pbptq, ξqL2pΓgN q.

Step 2. Let tvku8k“1 and tηku8k“1 be orthonormal bases for spaces H1
mDpΩq and H1

tDpΩq,
respectively. Fix p P N and define VppΩ, ΓmDq – spantv1, . . . , vpu, VppΩ, ΓtDq –
spantη1, . . . , ηpu. These spaces are such that their union for all p P N is mutually dense in
H1

mDpΩq and H1
tDpΩq, respectively. Define

upptq–
pÿ

k“1
ukptqvk, θpptq–

pÿ

k“1
ϑkptqηk . (2.19)

Furthermore, let pϕpptq, ζpptqq be the unique solution to the following problem:

Given pupptq, θpptqq P H1
mDpΩq ˆ H1

tDpΩq,
find pϕpptq, ζpptqq P H1

eDpΩq ˆ H1
gDpΩq such that

pNote that, by (2.17), ρ Bt tpu P L2p0, T ; L2pΩqq.
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aϕpϕpptq, ψq ` aζ pζpptq, ξq ` gpζpptq, ψq ` gpϕpptq, ξq “
“ pρeptq, ψq ´ pdptq, ψqL2pΓeN q ´ pbptq, ξqL2pΓgN q ` bpψ, upptqq ` f pξ, upptqq`

`dpψ, θpptqq ` epξ, θpptqq ` pPeppuptqq,∇ψq ` pReppuptqq,∇ξq,
@pψ, ξq P H1

eDpΩq ˆ H1
gDpΩq.

(2.20)

By (2.18), the sets of coefficients tukptqupk“1 and tϑkptqupk“1 are determined by the solution
of the following system of ordinary differential equations:

$
’’’’&
’’’’%

xρ Bttupptq, vky ` aupupptq, vkq ` bpϕpptq, vkq ` f pζpptq, vkq ´ cpvk, θpptqq “
“ pfptq, vkq ´ pρ Bttpuptq, vkq, @k P t1, . . . , pu,
xcv 9θpptq, ηky ` cpBtupptq, ηkq ´ dp 9ϕpptq, ηkq ´ ep 9ζpptq, ηkq ` aθpθpptq, ηkq “
“ prptq, ηkq ´ pβ : eppuptqq, ηkq ` p%ptq, ηkqL2pΓt N q, @k P t1, . . . , pu,

(2.21)

with initial conditions such that the following strong convergences hold:
$
&
%

upp0q “ up,0 Ñ u0 in H1
mDpΩq,

Btupp0q “ up,1 Ñ u1 in L2pΩq,
θpp0q “ θp,0 Ñ θ0 in H1

tDpΩq,
(2.22)

where u0 – up0q “ up0q´pup0q “ u0´pup0q, u1 – Btup0q “ 9up0q´Btpup0q “ u1´Btpup0q.
The linear ordinary differential equations theory guarantees (see [31]) that there exists
tp ą 0 such that system (2.21)-(2.22) admits a local solution in time interval r0, tps.

Step 3. We rewrite the energy functional associated with the problem in terms of the
bilinear forms introduced above:

2Eptq “ pρ Btuptq, Btuptqq ` aupuptq, uptqq `QMc pϕptq, ζptq, θptqq,
where

QMc : H1
eDpΩq ˆ H1

gDpΩq ˆ L2pΩq Ñ R,
QMc pψ, ξ, ηq “ aϕpψ, ψq ` aζ pξ, ξq ` pcvη, ηq ` 2gpψ, ξq ´ 2dpψ, ηq ´ 2epξ, ηq (2.23)

is the quadratic form associated with the coupling matrix. Note that by hypothesis (1.17),
there exist a coercivity constant M ą 0 and a continuity constant M ą 0 (depending on
the lowest and greatest eigenvalues ofMc , respectively) such that

M
`}∇ψ}2 ` }∇ξ}2 ` }η}2˘ ď QMc pψ, ξ, ηq ď M

`}∇ψ}2 ` }∇ξ}2 ` }η}2˘ , (2.24)

for all pψ, ξ, ηq P H1
eDpΩq ˆ H1

gDpΩq ˆ L2pΩq.
One can prove that an evolution equation analogous to (2.11) is satisfied by the energy

Ep associated with pup, ϕp, ζp, θpq, namely,

BtEpptq ` aθpθpptq, θpptqq “ Lpptq. (2.25)

Indeed, first multiply (2.21)1 by u1
k
ptq, (2.21)2 by ϑ1

k
ptq, then make the sum on k ranging

from 1 to p; finally, take the time derivative of (2.20) and replace ψ by ϕpptq. By adding
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the three equations thus obtained, we get (2.25) with

2Epptq– pρ Btupptq, Btupptqq ` aupupptq, upptqq `QMc pϕpptq, ζpptq, θpptqq,
Lpptq– pfptq, Btupptqq ´ pρ Bttpuptq, Btupptqq ` p 9ρeptq, ϕpptqq ` prptq, θpptqq`

´pβ : eppuptqq, θpptqq ` pPeppuptqq,∇ϕpptqq ` pReppuptqq,∇ζpptqq`
´p 9dptq, ϕpptqqL2pΓeN q ´ p 9bptq, ζpptqqL2pΓgN q ` p%ptq, θpptqqL2pΓmN q.

Step 4. We shall prove now that the solution Ep of (2.25) is bounded for any t P r0, tps by
a constant depending on T , which allows us to extend the time interval to r0,Ts. First, we
look for a bound on the external power Lpptq depending on Epptq. We use the continuity
of the trace operator, Poincaré’s and Young’s inequalities to infer the existence of constants
cr,1, cr,2 and cr,3 such that:

Lpptq ďC0ptq ` 1
2

´
}Btupptq}2 ` pc2

r,1 ` 1q}∇ϕpptq}2`

`pc2
r,2 ` 1q}∇ζpptq}2 ` }θpptq}2

¯
` δ0

2
c2
r,3}∇θpptq}2,

2C0ptq– }fptq}2 ` }ρ Bttpuptq}2 ` } 9ρeptq}2 ` }β : eppuptqq}2 ` }Peppuptqq}2`
`}Reppuptqq}2 ` }rptq}2 ` } 9dptq}2

L2pΓeN q ` } 9bptq}
2
L2pΓgN q `

1
δ0
}%ptq}2

L2pΓt N q.

Let K ą 0 denote the coercivity constant of aθp ,̈ ¨q. We select δ0 such that
rK – K ´ δ0

2 c2
r,3 ą 0. By (2.24) we can determine a constant C ą 0 such that

pc2
r,1 ` 1q}∇ϕpptq}2 ` pc2

r,2 ` 1q}∇ζpptq}2 ` }θpptq}2 ď
ď C QMc pϕpptq, ζpptq, θpptqq ď 2C Epptq.

Hence, there exist C0ptq and C1 such that

BtEpptq ` rK}∇θpptq}2 ď Lpptq ď C0ptq ` C1Epptq, @t P r0, tps,
which gives, upon integrating in time,

Epptq ` rK
ż t

0
}∇θppsq}2ds ď Epp0q `

ż t

0
pC0psq ` C1Eppsqqds,

for any t P r0, tps. Now, note that Epp0q contains the terms pρ Btupp0q, Btupp0qq,
aupupp0q, upp0qq, pcvθpp0q, θpp0qq, which are bounded by (2.22). To bound the remaining
terms, we have to find bounds on }∇ϕpp0q} and }∇ζpp0q}. This can be accomplished by
taking t “ 0 in (2.20), replacing ψ and ξ by, respectively, ϕpp0q and ζpp0q, and then using
hypothesis (1.17), Cauchy-Schwarz and Young’s inequality, together with the continuity of
the trace operator; all in all (we omit details), one finds that there exist a constant c ą 0
depending on the material parameters such that

}∇ϕpp0q}2 ` }∇ζpp0q}2 ď c
´
}ρep0q}2 ` }dp0q}2L2pΓeN q ` }bp0q}

2
L2pΓgN q`

`}Peppup0qq}2 ` }Reppup0qq}2 ` 2p}θpp0q}2 ` }∇upp0q}2q
¯
,
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and since the right-hand side is bounded by (2.22), }∇ϕpp0q} and }∇ζpp0q} are bounded.
Hence, Epp0q is bounded. Moreover, as C0ptq depends only on the data, we can integrate
up to T ą 0 and get

ż t

0
C0psqds ď

ż T

0
C0psqds “ C0,

2C0 – }f}2
L2p0,T ;L2pΩqq`} 9ρe}2L2p0,T ;L2pΩqq`}r}2L2p0,T ;L2pΩqq `}ρ Bttpu}2L2p0,T ;L2pΩqq`

`}β : eppuq}2
L2p0,T ;L2pΩqq ` }Peppuq}2

L2p0,T ;L2pΩqq ` }Reppuq}2
L2p0,T ;L2pΩqq`

`} 9d}2
L2p0,T ;L2pΓeN qq ` } 9b}

2
L2p0,T ;L2pΓgN qq `

1
δ0
}%}2

L2p0,T ;L2pΓt N qq.

All in all, we finally obtain the existence of positive constants rK , k1 and k2 such that

Epptq ` rK
ż t

0
}∇θppsq}2ds ď k1 ` k2

ż t

0
Eppsqds, @t P r0, tps,

whence, by Gronwall’s lemma, for any t P r0, tps it results
Epptq ď k1ek2t ď k1ek2T ă `8, @T P rtp,`8q. (2.26)

Hence, as the solution of (2.25) is uniformly bounded in r0, tps, we can extend the maximal
existence interval to r0,Ts. As a consequence, we also get

rK
ż T

0
}∇θppsq}2ds ď k1ek2T . (2.27)

Step 5. From the last two bounds, we infer the weak convergence of subsequences still
denoted pup, ϕp, ζp, θpq as follows:

$
’’’’’&
’’’’’%

up á u in L2p0,T ; H1
mDpΩqq,

Btup á Btu in L2p0,T ; L2pΩqq,
ϕp á ϕ in L2p0,T ; H1

eDpΩqq,
ζp á ζ in L2p0,T ; H1

gDpΩqq,
θp á θ in L2p0,T ; H1

tDpΩqq.

(2.28)

Moreover, to get an estimate on ρ Bttup , we select v P H1
mDpΩq such that }v}H1

mDpΩq ď 1;
the projection theorem for separable Hilbert spaces allows us to write v “ v1 ` v2, with
v1 P spantvkupk“1 and pv2, vkqH1

mDpΩq “ 0 for k “ 1, . . . , p. Then, (2.21)1 implies that

xρ Bttupptq, vy “ xρ Bttupptq, v1y “ ´ aupupptq, v1q ´ bpϕpptq, v1q ´ f pζpptq, v1q`
` cpv1, θpptqq ` pfptq, v1q ´ pρ Bttpuptq, v1q,

whence, by using Cauchy-Schwarz and Young’s inequalities, integrating in time and taking
into account the boundedness of the energyEpptq, we infer the existence of positive constants
k3 and k4 depending on the material parameters such that

}ρ Bttup}L2p0,T ;H˚
mDpΩqq ď k1k3Tek2T ` k4

´
}f}2

L2p0,T ;L2pΩqq ` }ρ Bttpu}2L2p0,T ;L2pΩqq
¯
,
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therefore ρ Bttup is bounded in L2p0,T ; H˚mDpΩqq and hence it admits a subsequence still
denoted ρ Bttup such that

ρ Bttup á ρ Bttu in L2p0,T ; H˚mDpΩqq. (2.29)

Now, let Ξpptq – cv 9θpptq ` β : Btepuptqq ´ p ¨ ∇ 9ϕptq ´ m ¨ ∇ 9ζptq; with an analogous
procedure, if we take η P H1

tDpΩq with }η}H1
tDpΩq ď 1 and write η “ η1 ` η2, η1 P

spantη1, . . . , ηku and pη2, ηkqH1
tDpΩq “ 0 for k “ 1, . . . , p, then (2.21)2 reads

xΞpptq, ηy “ xΞpptq, η1y “
“ ´aθpθpptq, η1q ` prptq, η1q ` pβ : eppuptqq, η1q ` p%ptq, η1qL2pΓt N q,

whence, by using Cauchy-Schwarz and Young’s inequalities, together with the continuity
of the trace operator, integrating in time and taking into account (2.27), we can determine
two positive constants k5 and k6 depending on the material parameters such that

}Ξp}L2p0,T ;H˚
tDpΩqq ď k5}∇θp}L2p0,T ;L2pΩqq ` k6

´
}r}2

L2p0,T ;L2pΩqq`
` }β : eppuq}2

L2p0,T ;L2pΩqq ` }%}2L2p0,T ;L2pΓmN qq
¯

;

Ξp is thus bounded and admits a subsequence still denoted Ξp such that

Ξp á Ξ in L2p0,T ; H˚tDpΩqq. (2.30)

Now, spaces VppΩ, ΓmDq and VppΩ, ΓtDq are dense, respectively, in H1
mDpΩq and H1

tDpΩq.
By multiplying (2.20) and the equations of system (2.21) by a test function λ P Dp0,Tq, in-
tegrating in time, passing to the limit, taking into account (2.28)-(2.29)-(2.30) and exploiting
the arbitrariness of λ, we obtain

ApUptq,Vq “ LpVq,
@V P H1

mDpΩq ˆ H1
eDpΩq ˆ H1

gDpΩq ˆ H1
tDpΩq, t P p0,Tq.

Again, from (2.28)-(2.29)-(2.30), we infer the regularity properties of the solution:
$
’’’’’’’’’&
’’’’’’’’’%

u P L2p0,T ; H1
mDpΩqq X C0pr0,Ts; L2pΩqq,

Btu P L2p0,T ; L2pΩqq,
ρ Bttu P L2p0,T ; H˚mDpΩqq
ϕ P L2p0,T ; H1

eDpΩqq,
ζ P L2p0,T ; H1

gDpΩqq,
θ P L2p0,T ; H1

tDpΩqq,
cv 9θ ` β : Btepuq ´ p ¨ ∇ 9ϕ´m ¨ ∇ 9ζ P L2p0,T ; H˚tDpΩqq

It remains to show that the weak limits u, Btu and θ satisfy the imposed initial conditions
up0q “ u0, Btup0q “ u1 and θp0q “ θ0. As in [25], to prove that up0q “ u0, we choose
λ P C1pr0,Tsq such that λp0q “ 1 and λpTq “ 0; an application of (2.28) yields

ż T

0
pBtupptq, vqλptq dt Ñ

ż T

0
pBtuptq, vqλptq dt, @v P H1

mDpΩq;

41



upon integrating by parts, we get

´pupp0q, vq ´
ż T

0
pupptq, vqλ1ptq dt Ñ ´pup0q, vq ´

ż T

0
puptq, vqλ1ptq dt .

Now, since
şT
0 pupptq, vqλ1ptq dt Ñ şT

0 puptq, vqλ1ptq dt by (2.28), we have

pupp0q, vq Ñ pup0q, vq, @v P H1
mDpΩq,

i.e., upp0q á up0q in L2pΩq. By (2.22)1 and the uniqueness of limit we get up0q “ u0.
Analogously we show that Btup0q “ u1 and θp0q “ θ0.

Step 6. The solution Uptq is unique. By contradiction, if there exist two solutions
pu˚, ϕ˚, ζ˚, θ˚q and pu˚, ϕ˚, ζ˚, θ˚q of (2.18), setw – u˚´u˚,ψ – ϕ˚´ϕ˚, ξ – ζ˚´ζ˚,
η – θ˚ ´ θ˚, then W – pw, ψ, ξ, ηq, and consider the problem

$
’’&
’’%

ρ:w´ divσpWq “ 0,
divDpWq “ 0,
divBpWq “ 0,
9spWq ` divqpηq “ 0,

with vanishing initial and boundary conditions. Denote by EpWptqq the energy associated
with W at time t; then, by (2.11) we get

9EpWptqq ď 9EpWptqq ` aθpηptq, ηptqq “ 0,

whence, by integration, EpWptqq ď EpWp0qq “ 0. This implies in turn that
aθpηptq, ηptqq “ 0 and thus W “ 0.

3. Another justification of the quasi-static assumption
In this subsection, we outline a study of the limit as δ Ñ 0 of the solution to problem
(1.19)-(1.20)-(1.21). We start by rewriting the nondimensionalized system (2.2):

$
’’’’&
’’’’%

ρr:ur ´ divCrepurq ` χ divPT
r Er ` κ divRT

r Hr ` γ div βrθr “ fr,
Xr

9Er ` χ Prep 9urq ` α`c0 αr
9Hr ` ς pr

9θr ´ δ´1 ∇ˆHr “ ´Jr,
Mr

9Hr ` κRrep 9urq ` α`c0 αr
9Er ` υmr

9θr ` δ´1 ∇ˆ Er “ 0,
cvr 9θr ` γ βr : ep 9urq ` ς ppr ¨ 9Erq ` υ pmr ¨ 9Hrq ´ λ divKr∇θr “ rr,

(3.1)

where we have setq

γ –
β`

V`
?
ρ`cv`

» 30, λ –
K`

V`Lcv`T0
» 1.6 ¨ 10´7.

qTo calculate λ, we take T0 “ 297 K as a reference temperature, as in [20]; for what concerns the thermal
conductivity, we take the weighted average of the values provided in [27], since numerical values for the BaTiO3–
CoFe2O4 composite with volume fraction 0.6 of BaTiO3 are not available in literature. As for the length scale, we
take L “ 3 cm.
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We recall that all the equations hold for x P pΩ (we use an analogous notation for boundary
partitions) and t ą 0, and that x and t are dimensionless. The boundary conditions are

#
σrp rUrqnr “ gr on pΓmN,

´qrpθrq ¨ nr “ %r on pΓtN,

$
’’’’&
’’’’%

ur “ 0 on pΓmD,

Er ˆ nr “ 0 on pΓeD,
Hr ˆ nr “ 0 on pΓgD,
θr “ 0 on pΓtD,

(3.2)

where rUr – pur,Er,Hr, θrq, nr is the outer unit normal vector field over BpΩ, σrp rUrq –
Crepurq ´ κRT

r Hr ´ χPT
r Er ´ γβrθr and qrpθrq – ´Kr∇θr . Again, we omit boundary

conditions on the normal components of the magnetic induction Br and of the electric
displacement Dr as they just impose compatilibility conditions on the choice of initial
values u0

r , E0
r , H0

r and θ0
r and of the initial nondimensional electric charge density ρ0

er
.

A first hint that the limit solution of (3.1) as δ Ñ 0 is such that ∇ ˆ Er “ 0 and
∇ˆHr “ 0 can be obtained by expressing the L2–norm of ∇ˆE0

r and of ∇ˆH0
r in terms

of the L2–norm of ∇ˆ E0 and of ∇ˆH0. Indeed, for any x P Ω, we have
E0
r

ˆ
x
L
˙
“ 1

E˚
E0pxq “ 1

V`

c
ε0
ρ`

E0pxq “ δ

V 2`
?
µ0ρ`

E0pxq,

whence

∇ˆ E0
r

ˆ
x
L
˙
“ δL

V 2`
?
µ0ρ`

∇ˆ E0pxq.

Upon integrating the squared euclidean norm of both members of this equality, we find
ż

Ω

ˇ̌
ˇ̌∇ˆ E0

r

ˆ
x
L
˙ˇ̌
ˇ̌
2

dΩ “ L3
ż

pΩ
|∇ˆ E0

rpyq|2 dpΩ “

“ L3}∇ˆ E0
r}2L2ppΩq “

δ2L2

V 4`µ0ρ`
}∇ˆ E0}2L2pΩq,

that is to say,

}∇ˆ E0
r}L2ppΩq “

δ

V 2`
a
µ0ρ`L

}∇ˆ E0}L2pΩq;

analogously, we obtain

}∇ˆH0
r}L2ppΩq “

δ

V 2`
a
ε0ρ`L

}∇ˆH0}L2pΩq.

The denominators appearing on the right-hand sides of these equalities are, of course, not
dimensionless, and have the following numerical values:

V 2`
a
µ0ρ`L » 5.2 ¨ 105 Vm´1{2 “ Opδ´1qVm´1{2,

V 2`
a
ε0ρ`L » 1.38 ¨ 103 Am´1{2 “ Opδ´3{5qAm´1{2,

therefore, unless }∇ˆE0}L2pΩq“Opδ´2qVm´1{2 and }∇ˆH0}L2pΩq“Opδ´8{5qAm´1{2,
which is never the case in applications, we have

lim
δÑ0

}∇ˆ E0
r}L2ppΩq “ lim

δÑ0
}∇ˆH0

r}L2ppΩq “ 0.
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Conclusions
We presented a mathematical model to describe linear magneto-electro-thermo-elastic ma-
terials, as well as the proofs of the well-posedness for the problem formulated in its most
general setting (dynamic) and for the quasi-static problem, based on the assumption that the
electric and magnetic fields can be expressed as gradients of the corresponding potentials.
We set forth a first validation of this hypothesis by carrying out a formal nondimension-
alization procedure on the equations of the dynamic problem. A rigorous mathematical
justification analogous to that set forth in [18] for a piezoelectric material needs further
work, since the dynamic problem has been solved in the context of the Hille-Yosida theory,
obtaining a smooth solution in time, whereas the solution of the quasi-static problem has
been obtained in a weak form by the Faedo-Galerkin method.

A problem that has already been addressed [5] is the deduction of a plate model for
a magneto-electro-thermo-elastic sensor/actuator, based on the quasi-static assumption, by
means of the asymptotic expansion method, taking into account another small parameter
ε tending to zero and characterizing the ratio of the plate thickness to the plate diameter.
Another interesting extension for what concerns applications is the study of a laminated
structure (plate-like or shell-like) including a thin magneto-electro-thermo-elastic layer; for
the case of a piezoelectric layer see, e.g., [29] and [30].

Finally, in view of applications, a natural problem to be dealt with at a later stage is to
come up with efficient numerical methods to perform simulations of the equations involved
in the problem.

Appendix
Numerical Values of the Materials Constants

The table below lists numerical values of the material constants for a BaTiO3–CoFe2O4
compositewith 0.6 volume fraction of barium titanate.We tookTable 1 in [22] as a reference.
The two diagonal components M11 and M22 of the magnetic permeability tensor assume
negative values in [22]. This would contradict our hypothesis (1.12), but it is actually a
widespread error in literature, based on the incorrect determination of the sign of these
coefficients for the pure cobalt ferrite CoFe2O4, as pointed out in [14], [20], [21] and [32].
Therefore, we corrected the values of these two components by changing their sign. In
our notation, β denotes the thermal stress tensor, whereas in [22] it denotes the thermal
expansion tensor. For γ the thermal expansion tensor andC the elasticity tensor, the thermal
stress tensor β is given by the relation β “ Cγ, which we used to infer the values of the
thermal stress components. Also, since no constitutive assumption concerning entropy, as
well as heat influx, is made in [22], numerical values for the calorific capacity and the
thermal conductivities are unavailable in [22]. However, an estimate of these values can be
retrieved, respectively, from [20] and [27].
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Table 1. Material properties of a magneto-electro-thermo-elastic BaTiO3–CoFe2O4 composite with 0.6 volume
fraction of BaTiO3.

Elastic moduli Magnetic permeabilities
C1111 “ C2222 (GPa) 200 M11 “ M22 (10´4 N s2/C2) 1.5

C1122 (GPa) 110 M33 (10´4 N s2/C2) 0.75
C1133 “ C2233 (GPa) 110 Piezomagnetic constants

C3333 (GPa) 190 R311 “ R322 (N/Am) 200
C2323 “ C3131 (GPa) 45 R333 (N/Am) 260

C1212 (GPa) 45 R113 (N/Am) 180
Piezoelectric constants Magnetoelectric constants
P311 “ P322 (C/m2) -3.5 α11 “ α22 (10´12 N s/VC) 6

P333 (C/m2) 11 α33 (10´12 N s/VC) 2500
Dielectric permittivities Pyroelectric constant

X11 “ X22 (10´9 C2/Nm2) 0.9 p3 (10´5 C/m2 K) -12.4
X33 (10´9 C2/Nm2) 7.5 Pyromagnetic constant
Thermal stresses m3 (10´3 N/AmK) 5.92

β11 “ β22 (106 N/Km2 ) 4.86 Density
β33 (106 N/Km2 ) 4.32 ρ (kg/m3) 5600

Thermal conductivities Calorific capacity
K33 (W/mK) 2.85 cv (J/m3 K2) 325

The Hille-Yosida Theorem

The statement of the Hille-Yosida theorem for a linear non-homogeneous differential equa-
tion employed in the paper is the following (see [6]).

Theorem 3.1. Let H be a Hilbert space, A : DpAq Ă H Ñ H a linear operator with
domain DpAq, a linear subspace of H. Let A be a maximal monotone operator. Then, for
any U0 P DpAq and F P C1pr0,Ts;Hq, the problem

$
’&
’%

dU
dt
`AU “ F, t ą 0,

Up0q “ U0

admits a unique strong solution

U P C1pr0,Ts;Hq X C0pr0,Ts; DpAqq.
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Chapitre 4

Capteurs et Actionneurs en forme
de Plaque

Nous formulons maintenant le problème quasi-statique sur un domaine en forme de
plaque, d’épaisseur hε “ εh étant h une longueur de référence et ε un petit paramètre
qui tendra vers zéro, et utilisons la méthode des développements asymptotiques en
puissances d’ε afin d’en déduire un modèle de plaque bidimensionnel. Dans ce qui suit
on considère quatre types de conditions aux limites différents pour ce qui concerne
les inconnues électromagnétiques, chaque ensemble de conditions aux limites visant à
modéliser un comportement de capteur et/ou actionneur de type piézoélectrique et/ou
piézomagnétique. L’analyse asymptotique requiert un choix précis des mises à l’échelle
concernant les potentiels électrique et magnétique, suivant les conditions aux limites
caractérisant le problème de départ [63]. Dans tous les quatre problèmes limites, le
champs de déplacement est de type Kirchhoff-Love, la variation de température est
indépendante de la coordonnée d’épaisseur, et chaque problème est découplé – un
aspect typique de la théorie des plaques – en un problème de flexion et un problème
membranaire totalement ou partiellement couplé ; la nature de ce dernier couplage
est liée aux conditions aux limites du problème de départ. En particulier, l’équation
d’évolution qui caractérise le problème de flexion tient compte d’un effet d’inertie
de rotation. Nous montrons, de plus, que les solutions des quatre problèmes limites
bidimensionnels ainsi obtenus sont les limites faibles des correspondantes solutions
des problèmes quasi-statiques de départ lorsque ε Ñ 0.

Nous présentons ci-après la version étendue d’un article publié dans la revue
Mathematics and Mechanics of Solids, écrit en collaboration avec G. Geymonat, F.
Krasucki et M. Serpilli.

4.1 An Asymptotic Plate Model for Magneto-Electro-
Thermo-Elastic Sensors and Actuators

In this paper, we consider a linear model of magneto-electro-thermo-elastic plates,
behaving either as piezoelectric sensors or piezomagnetic actuators, based on the
quasi-static assumption on the electric and magnetic fields, whereby both fields can be
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expressed as gradients of the corresponding potentials. This assumption was justified
by means of a nondimensionalization of the equations governing the problem in its
general setting in [9], wherein a proof of well-posedness for this problem, along with
its quasi-static counterpart, was also accomplished.

The behavior of the plate-like body under study, as to whether it represents a sensor
or an actuator, of piezoelectric or piezomagnetic nature, is determined by four differ-
ent sets of boundary conditions [64]. Based on the three-dimensional formulations
of the four corresponding problems, we apply the asymptotic expansion method as
the thickness of the plate approaches zero, in the case of a homogeneous anisotropic
material. Accordingly, we obtain four different two-dimensional plate models: the
sensor-actuator model (referring to a plate behaving as a piezoelectric sensor and a
piezomagnetic actuator), the actuator-sensor model (referring to a plate behaving as a
piezoelectric actuator and a piezomagnetic sensor), the actuator model (according to
which the plate behaves as a piezoelectric and piezomagnetic actuator) and the sensor
model (according to which the plate behaves as a piezoelectric and piezomagnetic
sensor). We validate the asymptotic procedure carried out in each of the four cases
by showing weak convergence results. The four two-dimensional plate problems are
obtained, as in [63], with different scaling assumptions on the electric and magnetic
potentials. On the other hand, they all present common features: for one, the displace-
ment field is always of Kirchhoff-Love type; for two, the temperature variation field is
always independent of the thickness coordinate; for three, each problem decouples into
a flexural problem – governing the evolution of the transversal displacement of the plate
and taking account of an inertia effect involving the mean curvature of the deformed
middle surface – and a certain partially or totally coupled membrane problem. In the
sensor-actuator model, the membrane problem involves in-plane displacement, tem-
perature variation and electric potential: it is therefore a thermo-piezoelectric problem,
the applied magnetic potential playing the role of source term. In the actuator-sensor
case, the roles of the two potentials are exchanged with respect to the sensor-actuator
case, and thus we find a thermo-piezomagneticmembrane problem, the applied electric
potential being part of source terms 1. In the actuator case, the membrane problem is
thermo-elastic, as it just involves in-plane displacement and temperature variation, both
the applied electric and magnetic potentials playing the role of source terms. Finally, in
the sensor case, the membrane problem is completely coupled, meaning that it involves
in-plane displacement, temperature variation, electric potential and magnetic potential;
it is then a magneto-electro-thermo-elastic problem. Numerical values of the reduced
coefficients can be explicitly computed in each of the four cases; as an example, we
reported in Table 4.1 of Appendix 2 the values of such coefficients in the actuator case.

Notation
Throughout the paper, ω Ă R2 denotes a smooth domain in the plane spanned by
vectors e1 ” p1, 0q and e2 ” p0, 1q, with boundary γ; γ0 Ă γ is a measurable subset
of γ, with strictly positive length measure; γ1 – γzγ0 is the complement of γ0 with
respect to γ; finally, 0 ă ε ă 1 is a dimensionless small real parameter which shall

1. We shall not treat this case in detail for the sake of brevity.



50

tend to zero. For each ε, we define

Ωε – ω ˆ p´hε, hεq, Γε – γ ˆ p´hε, hεq
Γε0 – γ0 ˆ p´hε, hεq, Γε˘ – ω ˆ t˘hεu,

with hε ą 0. Hence the boundary of Ωε is partitioned into the lateral face Γε and the
upper and lower faces Γε` and Γε´; the lateral face is itself partitioned as Γε “ Γε0 Y Γε1 ,
with Γε1 – γ1 ˆ p´hε, hεq. Moreover, we let pΓε – Γε˘ Y Γε1 “ BΩεzΓε0 , the
complement of Γε0 with respect to BΩε . For notational convenience, at times we left
tacit the time-dependence of a field Φ. For the sake of brevity, a one-parameter family
of fields tΦpεquεą0 is referred to as sequence. Scalars are denoted by light-face letters,
vector and tensor fields of any order by bold-face letters. Let H1pΩεq – rH1pΩεqs3;
for Ξε Ă BΩε , we define

H1pΩε,Ξεq–  
vε P H1pΩεq; vε “ 0 on Ξε

(
,

H1pΩε,Ξεq–  
vε “ pvεi q P H1pΩεq; vε “ 0 on Ξε

(
,

and denote their respective duals as H˚pΩε,Ξεq and H˚pΩε,Ξεq. For v a vector
field, |v| denotes the euclidean norm of v; for Φ a scalar or vector field, |Φ|0,Ωε and
}Φ}1,Ωε denote, respectively, the L2pΩεq-norm and the H1pΩεq-norm ofΦ (analogous
notations are used for the L2pΞεq-norm of Φ, with Ξε a subset of BΩε). We also
employ Einstein’s usual summation convention; Greek indices take the values 1 and 2,
Roman indices range from 1 to 3.

4.1.1 Constitutive Laws
In magneto-electro-thermo-elastic materials the mechanical, electric, magnetic and
thermal behaviors are coupled. In the case of the quasi-static approximation for
Maxwell’s equations, the electric field Eε and the magnetic field Hε can be ex-
pressed through two potential functions, i.e., Eεi – ´Bεi ϕε and Hε

i – ´Bεi ζε ,
where ϕε and ζε denote, respectively, the electric potential and the magnetic po-
tential. Thus, the magneto-electro-thermo-elastic state is defined by the quadruplet
Uε – puε, ϕε, ζε, θεq where uε “ puεi q and θε represent, respectively, the displace-
ment field and the variation of temperature. The interaction between these four different
behaviors is described by the following set of constitutive laws:

$
’’’’’&
’’’’’%

σεi jpUεq “ Ci jk`eεk`puεq ` Pki jBεk ϕε ` Rki jBεk ζε ´ βi jθ
ε,

Dε
i pUεq “ Pik`eεk`puεq ´ Xi jBεj ϕε ´ αi jBεj ζε ` piθε,

Bεi pUεq “ Rik`eεk`puεq ´ αi jBεj ϕε ´ Mi jBεj ζε ` miθ
ε,

SεpUεq “ βi jeεi jpuεq ´ piBεi ϕε ´ miBεi ζε ` cvθε,
qεi pθεq “ ´Ki jBεj θε,

where σε “ pσεi jq is the Cauchy stress tensor, eεpuεq “ peεi jpuεqq, with eεi jpuεq –
1
2pBεi uεj `Bεj uεi q, is the linearized strain tensor, Dε “ pDε

i q is the electric displacement
field, Bε “ pBεi q is the magnetic induction field, Sε is the thermodynamic entropy and
qε “ pqεi q is the heat flow vector. C “ pCi jk`q, P “ pPi jkq, R “ pRi jkq, X “ pXi jq,
M “ pMi jq, β “ pβi jq, α “ pαi jq, p “ ppiq, m “ pmiq, cv and K “ pKi jq represent,
respectively, the elasticity tensor, the piezoelectric tensor, the piezomagnetic tensor,
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the dielectric permittivity tensor, the magnetic permeability tensor, the thermal stress
tensor, the magneto-electric tensor, the pyroelectric vector, the pyromagnetic vector,
the calorific capacity of the material and the thermal conductivity tensor. Moreover,
we suppose the material properties of the (generally anisotropic) magneto-electro-
thermo-elastic plate-like body under study to satisfy the usual symmetry, positivity and
boundedness conditions, for which we refer to [9]. We recall here the most important
hypotheses:
— The following symmetric matrix (see [9], [45])

Mc –

¨
˝

X α p
α M m
pT mT cv

˛
‚

is positive definite, which implies in particular that

Xi ja jai ` Mi jbjbi ` 2αi ja jbi ě Cpaiai ` bibiq, for all ai, bi P R, C ą 0.
(4.1)

This condition is verified when the components of the coupling constitutive
parameters α, p and m are small, which is the case, for instance, for the usual
BaTiO3-CoFe2O4 composite (see Table 1 in [9]).

— Without loss of generality we assume that the mass tensor (see [49], [50])

ρε “
¨
˝

ρε1 0 0
0 ρε2 0
0 0 ρε3

˛
‚

is diagonal and positive definite 2. Hence, ρεi ą 0 and ρεi P L8pΩεq.

4.1.2 Governing Equations
The magneto-electro-thermo-elastic plate is subjected to body forces fε “ p f εi q :
Ωε ˆ p0,Tq Ñ R3, an electric charge density ρεe : Ωε ˆ p0,Tq Ñ R and heat source
rε : Ωε ˆ p0,Tq Ñ R. The stateUε solves the following system of field equations:

$
’’&
’’%

ρε:uε ´ divεσεpUεq “ fε in Ωε ˆ p0,Tq,
divεDεpUεq “ ρεe in Ωε ˆ p0,Tq,
divεBεpUεq “ 0 in Ωε ˆ p0,Tq,
9SεpUεq ` 1

T0
divεqεpθεq “ rε in Ωε ˆ p0,Tq,

(4.2)

with T0 ą 0 a constant reference temperature. The boundary conditions are posed
on BΩε ˆ p0,Tq; we recall that BΩε “ Γε` Y Γε´ Y Γε1 Y Γε0 . For simplicity we
consider homogeneous boundary conditions on Γε0 ˆp0,Tq, concerning displacements
and temperature, and non-homogeneous boundary conditions on pΓεˆp0,Tq, concerning
surface forces gε “ pgεi q and surface heat flow %ε . Hence, one has

"
σεpUεqnε “ gε on pΓε ˆ p0,Tq, uε “ 0 on Γε0 ˆ p0,Tq,
qεpθεq ¨ nε “ %ε on pΓε ˆ p0,Tq, θε “ 0 on Γε0 ˆ p0,Tq.

(4.3)

2. Note that the mass tensor depends on ε.
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As already shown in [63] (see, also, [53] for the case of a piezoelectric material with
magnetic effects), we specify four possible sets of electromagnetic boundary conditions,
leading to four different magneto-electro-thermo-elastic plate models:

pBCq1 :
"

DεpUεq ¨ nε “ dε on pΓε ˆ p0,Tq, ϕε “ 0 on Γε0 ˆ p0,Tq,
BεpUεq ¨ nε “ 0 on Γε ˆ p0,Tq, ζε “ ζ ,̆ε on Γε˘ ˆ p0,Tq,

pBCq2 :
"

DεpUεq ¨ nε “ 0 on Γε ˆ p0,Tq, ϕε “ ϕ ,̆ε on Γε˘ ˆ p0,Tq,
BεpUεq ¨ nε “ bε on pΓε ˆ p0,Tq, ζε “ 0 on Γε0 ˆ p0,Tq,

pBCq3 :
"

DεpUεq ¨ nε “ 0 on Γε ˆ p0,Tq, ϕε “ ϕ ,̆ε on Γε˘ ˆ p0,Tq,
BεpUεq ¨ nε “ 0 on Γε ˆ p0,Tq, ζε “ ζ ,̆ε on Γε˘ ˆ p0,Tq,

pBCq4 :
"

DεpUεq ¨ nε “ dε on pΓε ˆ p0,Tq, ϕε “ 0 on Γε0 ˆ p0,Tq,
BεpUεq ¨ nε “ bε on pΓε ˆ p0,Tq, ζε “ 0 on Γε0 ˆ p0,Tq,

where nε “ pnεi q is the outer unit normal vector to BΩε . Boundary conditions pBCq1
lead to a plate which behaves simultaneously as a piezoelectric sensor and a piezomag-
netic actuator, namely the sensor-actuator model. Boundary conditions pBCq2 lead
to a plate behaving simultaneously as a piezomagnetic sensor and a piezoelectric ac-
tuator, namely the actuator-sensor model. Boundary conditions pBCq3 are associated
with the actuator model, according to which the plate behaves as a piezoeletric and
piezomagnetic actuator. Finally, boundary conditions pBCq4 are related to the sensor
model, whereby the plate behaves as a piezoelectric and piezomagnetic sensor.

The initial conditions are posed inΩε . Let uε0, uε1, θε0 be, respectively, the displace-
ment, the velocity and the temperature at time t “ 0; we have

$
&
%

uεpxε, 0q “ uεp0q “ uε0 in Ωε,
9uεpxε, 0q “ 9uεp0q “ uε1 in Ωε,
θεpxε, 0q “ θεp0q “ θε0 in Ωε .

Note that there is no need to impose initial conditions ϕε0 – ϕεp0q and ζε0 – ζεp0q,
since they are formally given by the solution of the following system of equations:
$
&
%
divεDεpUεqp0q “ Bεi

´
Pik`eεk`puε0 q ´ Xi jBεj ϕε0 ´ αi jBεj ζε0 ` piθε0

¯
“ ρεe,

divεBεpUεqp0q “ Bεi
´

Rik`eεk`puε0 q ´ αi jBεj ϕε0 ´ Mi jBεj ζε0 ` miθ
ε
0

¯
“ 0,

(4.4)

equipped with suitable boundary conditions.

4.1.3 General Weak Formulation
In order to give a weak formulation of the problems introduced in the previous

subsection, we follow Lions [43]. Given a certain magneto-electro-thermo-elastic state
Uε – puε, ϕε, ζε, θεq, for all test functions 3 Vε “ pvε, ψε, ξε, ηεq and for any fixed

3. The space of test functions shall be precised case by case, according to the specific problem under
study.
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t P p0,Tq we introduce the following bilinear form:

AεpUεptq,Vεq– pρε:uε, vεq ` cpηε, 9uεq ` cvp 9θε, ηεq ´ dpηε, 9ϕεq ´ epηε, 9ζεq`
`aupuε, vεq ` bpϕε, vεq ´ bpψε, uεq ` f pζε, vεq ´ f pξε, uεq`
´cpθε, vεq ` aϕpϕε, ψεq ` aζ pζε, ξεq ` gpζε, ψεq ` gpϕε, ξεq`
´dpθε, ψεq ´ epθε, ξεq ` aθpθε, ηεq,

where p ,̈ ¨q is the scalar product in L2pΩεq and the bilinear forms aup ,̈ ¨q, aϕp ,̈ ¨q,
aζ p ,̈ ¨q, aθp ,̈ ¨q, bp ,̈ ¨q, cp ,̈ ¨q, dp ,̈ ¨q, ep ,̈ ¨q, f p ,̈ ¨q, gp ,̈ ¨q are defined as follows:

aupuε, vεq–
ż

Ωε
Ci jk`eεk`puεqeεi jpvεqdxε, aϕpϕε, ψεq–

ż

Ωε
Xi jBεj ϕεBεi ψεdxε,

aζ pζε, ξεq–
ż

Ωε
Mi jBεj ζεBεi ξεdxε, aθpθε, ηεq– 1

T0

ż

Ωε
Ki jBεj θεBεi ηεdxε,

bpψε, uεq–
ż

Ωε
Pki jBεkψεeεi jpuεqdxε, cpηε, uεq–

ż

Ωε
ηε βi jeεi jpuεqdxε,

dpηε, ϕεq–
ż

Ωε
ηεpkBεk ϕεdxε, epηε, ζεq–

ż

Ωε
ηεmkBεk ζεdxε,

f pξε, uεq–
ż

Ωε
Rki jBεk ξεeεi jpuεqdxε, gpζε, ψεq–

ż

Ωε
αi jBεj ζεBεi ψεdxε .

Besides, for a given magneto-electro-thermo-elastic state Uε – puε, ϕε, ζε, θεq , we
define the energy functional of the system:

Eεptq– 1
2
 pρε 9uε, 9uεq ` aupuε, uεq ` aϕpϕε, ϕεq ` aζ pζε, ζεq ` pcεv θε, θεq`
´2dpθε, ϕεq ´ 2epθε, ζεq ` 2gpζε, ϕεqu .

In the sequel we shall distinguish among the four variational evolution problems
arising from the different possible boundary conditions presented in the previous
subsection.

1) The sensor-actuator model. We let ζ̄ε – ζε ´ pζε , where pζε is a trace lift-
ing in H1pΩεq of the magnetic boundary potentials ζ ,̆ε acting on Γε˘. The weak
formulation of (4.2)-(4.3) with electromagnetic boundary conditions pBCq1 takes the
following form

$
’’&
’’%

FindUε “ puε, ϕε, ζ̄ε, θεq P H1pΩε, Γε0 q ˆ H1pΩε, Γε0 qˆˆH1pΩε, Γε˘q ˆ H1pΩε, Γε0 q, such that, for all
Vε P H1pΩε, Γε0 q ˆ H1pΩε, Γε0 q ˆ H1pΩε, Γε˘q ˆ H1pΩε, Γε0 q,
AεpUεptq,Vεq “ Lε1 pVεq, t P p0,Tq

(4.5)

with initial conditions puε0, uε1, θε0 q and

Lε1 pVεq– pfε, vεq ` pgε, vεqL2ppΓεq ` prε, ηεq ´ 1
T0
p%ε, ηεqL2ppΓεq ` pρεe, ψεq`

´pdε, ψεqL2ppΓεq ´ aζ ppζε, ξεq ´ f ppζε, vεq ` epηε, Bt pζεq ´ gppζε, ψεq,
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As already shown in [9], for all weak solutionsUε “ puε, ϕε, ζ̄ε, θεq of problem (4.5),
the energy solves the evolution equation

9Eεptq ` aθpθεptq, θεptqq “ L1
Eptq,

with L1
Eptq – pfε, 9uεq ` pgε, 9uεqL2ppΓεq ` p 9ρεe, ϕεq ´ p 9dε, ϕεqL2ppΓεq ` prε, θεq ´

1
T0
p%ε, θεqL2ppΓεq ´ aζ pBt pζε, ζ̄εq ´ f ppζε, 9uεq ` epθε, Bt pζεq ´ gpBt pζε, ϕεq.

2) The actuator-sensor model. We let ϕ̄ε – ϕε ´ pϕε , where pϕε is a trace
lifting in H1pΩεq of the electric boundary potentials ϕ ,̆ε acting on Γε˘. The weak
formulation of (4.2)-(4.3) with electromagnetic boundary conditions pBCq2 takes the
following form
$
’’&
’’%

FindUε “ puε, ϕ̄ε, ζε, θεq P H1pΩε, Γε0 q ˆ H1pΩε, Γε˘qˆ
ˆH1pΩε, Γε0 q ˆ H1pΩε, Γε0 q such that, for all
Vε P H1pΩε, Γε0 q ˆ H1pΩε, Γε˘q ˆ H1pΩε, Γε0 q ˆ H1pΩε, Γε0 q,
AεpUεptq,Vεq “ Lε2 pVεq, t P p0,Tq

(4.6)

with initial conditions puε0, uε1, θε0 q and
Lε2 pVεq– pfε, vεq ` pgε, vεqL2ppΓεq ` prε, ηεq ´ 1

T0
p%ε, ηεqL2ppΓεq ` pρεe, ψεq`

´pbε, ξεqL2ppΓεq ´ aϕppϕε, ψεq ´ bppϕε, vεq ` dpηε, Bt pϕεq ´ gpξε, pϕεq,
For all weak solutions Uε “ puε, ϕ̄ε, ζε, θεq of problem (4.6), the energy solves the
evolution equation

9Eεptq ` aθpθεptq, θεptqq “ L2
Eptq,

with L2
Eptq – pfε, 9uεq ` pgε, 9uεqL2ppΓεq ` p 9ρεe, ϕεq ´ p 9bε, ζεqL2ppΓεq ` prε, θεq ´

1
T0
p%ε, θεqL2ppΓεq ´ aϕpBt pϕε, ϕ̄εq ´ bppϕε, 9uεq ` dpθε, Bt pϕεq ´ gpζε, Bt pϕεq.

3) The actuator model. The weak formulation of (4.2)-(4.3) with electromagnetic
boundary conditions pBCq3 takes the following form
$
’’&
’’%

FindUε “ puε, ϕ̄ε, ζ̄ε, θεq P H1pΩε, Γε0 q ˆ H1pΩε, Γε˘qˆ
ˆH1pΩε, Γε˘q ˆ H1pΩε, Γε0 q such that, for all
Vε P H1pΩε, Γε0 q ˆ H1pΩε, Γε˘q ˆ H1pΩε, Γε˘q ˆ H1pΩε, Γε0 q,
AεpUεptq,Vεq “ Lε3 pVεq, t P p0,Tq

(4.7)

with initial conditions puε0, uε1, θε0 q and
Lε3 pVεq– pfε, vεq ` pgε, vεqL2ppΓεq ` prε, ηεq ´ 1

T0
p%ε, ηεqL2ppΓεq ` pρεe, ψεq`

´aζ ppζε, ψεq ´ f ppζε, vεq ` epηε, Bt pζεq ´ gppζε, ψεq`
´aϕppϕε, ψεq ´ bppϕε, vεq ` dpηε, Bt pϕεq ´ gpξε, pϕεq.

For all weak solutions Uε “ puε, ϕ̄ε, ζ̄ε, θεq of problem (4.7), the energy solves the
evolution equation

9Eεptq ` aθpθεptq, θεptqq “ L3
Eptq,

with L3
Eptq – pfε, 9uεq ` pgε, 9uεqL2ppΓεq ` p 9ρεe, ϕεq ` prε, θεq ´ 1

T0
p%ε, θεqL2ppΓεq ´

aζ pBt pζε, ζ̄εq ´ f ppζε, 9uεq ` epθε, Bt pζεq ´ gpBt pζε, ϕεq ´ aϕpBt pϕε, ϕ̄εq ´ bppϕε, 9uεq `
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dpθε, Bt pϕεq ´ gpζε, Bt pϕεq.

4) The sensor model. The weak formulation of (4.2)-(4.3) with electromagnetic bound-
ary conditions pBCq4 takes the following form
$
’’&
’’%

FindUε “ puε, ϕε, ζε, θεq P H1pΩε, Γε0 q ˆ H1pΩε, Γε0 qˆˆH1pΩε, Γε0 q ˆ H1pΩε, Γε0 q such that, for all
Vε P H1pΩε, Γε0 q ˆ H1pΩε, Γε0 q ˆ H1pΩε, Γε0 q ˆ H1pΩε, Γε0 q,
AεpUεptq,Vεq “ Lε4 pVεq, t P p0,Tq

(4.8)

with initial conditions puε0, uε1, θε0 q and

Lε4 pVεq– pfε, vεq ` pgε, vεqL2ppΓεq ` prε, ηεq ´ 1
T0
p%ε, ηεqL2ppΓεq ` pρεe, ψεq`

´pbε, ξεqL2ppΓεq ´ pdε, ψεqL2ppΓεq

For all weak solutions Uε “ puε, ϕε, ζε, θεq of problem (4.8), the energy solves the
evolution equation

9Eεptq ` aθpθεptq, θεptqq “ L4
Eptq,

with L4
Eptq– pfε, 9uεq` pgε, 9uεqL2ppΓεq`p 9ρεe, ϕεq´ p 9bε, ζεqL2ppΓεq´p 9dε, ϕεqL2ppΓεq`

prε, θεq ´ 1
T0
p%ε, θεqL2ppΓεq.

So far, we have only assigned initial conditions on uε and θε since, as pointed out
in (4.4), initial conditions ϕε0 and ζ̄ε0 are given by the solution of a suitable variational
problem, according to the case under study; for instance, in the first case (sensor-
actuator), we have

$
’’&
’’%

Find pϕε0, ζ̄ε0 q P H1pΩε, Γε0 q ˆ H1pΩε, Γε˘q such that,
for all pψε, ξεq P H1pΩε, Γε0 q ˆ H1pΩε, Γε˘q,
aϕpϕε0, ψεq ` aζ pζ̄ε0 , ξεq ` gpζ̄ε0 , ψεq ` gpϕε0, ξεq “ pρεep0q, ψεq`
´pdεp0q, ψεqL2ppΓεq ´ aζ ppζε0 , ψεq ` f pξε, uε0 q ´ epθε0 , ξεq ´ gppζε0 , ψεq ` dpθε0 , ψεq;

(4.9)
in the other cases, analogous weak formulations can be given.

4.1.4 Existence, Uniqueness and Regularity
We state here a result of well-posedness for the problem in the sensor-actuator case,

the other cases being analogous. The problem in its general setting has been dealt with
in [9], to which we refer for the proof.

Theorem 4.1. Suppose Ωε has Lipschitz-continuous boundary. Assume the following
regularity properties on the initial data:

puε0, uε1, θε0 q P H1pΩ, Γε0 q ˆ L2pΩεq ˆ H1pΩ, Γε0 q,
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the following regularity properties on source and boundary values:
$
’’’’’’’’’&
’’’’’’’’’%

fε P L2p0,T ; L2pΩεqq,
ρεe P H1p0,T ; L2pΩεqq X C0pr0,Ts; L2pΩεqq,
rε P L2p0,T ; L2pΩεqq,
gε P H2p0,T ; L2ppΓεqq X C1pr0,Ts; L2ppΓεqq,
dε P H1p0,T ; L2ppΓεqq X C0pr0,Ts; L2ppΓεqq,
bε P H1p0,T ; L2pΓεqq X C0pr0,Ts; L2pΓεqq,
%ε P L2p0,T ; L2ppΓεqq,

and the following compatibility conditions:
$
’’&
’’%

gεp0q “ σpuε0, ϕε0, ζε0 , θε0 qnε on pΓε,
dεp0q “ Dεpuε0, ϕε0, ζε0 , θε0 q ¨ nε on pΓε,
bεp0q “ Bεpuε0, ϕε0, ζε0 , θε0 q ¨ nε on Γε,
%εp0q “ qεpθε0 q ¨ nε on pΓε .

(4.10)

Then, problem (4.5) admits a unique solution puε, ϕε, ζ̄ε, θεq such that
$
’’’’’’’’’&
’’’’’’’’’%

uε P L2p0,T ; H1pΩε, Γε0 qq X C0pr0,Ts; L2pΩεqq,
9uε P L2p0,T ; L2pΩεqq,
ρε:uε P L2p0,T ; H˚pΩε, Γε0 qq,
ϕε P L2p0,T ; H1pΩε, Γε0 qq,
ζ̄ε P L2p0,T ; H1pΩε, Γε˘qq,
θε P L2p0,T ; H1pΩε, Γε0 qq,
cv 9θε ` β : eεp 9uεq ´ p ¨ ∇ε 9ϕε ´m ¨ ∇ε 9̄ζε P L2p0,T ; H˚pΩε, Γε0 qq.

One can also prove the following result.

Theorem 4.2. Besides (4.10), suppose the following further conditions are satisfied
by the initial data and the domain:

piq
$
&
%

uε0 P H2pΩεq XH1pΩε, Γε0 q,
uε1 P H1pΩε, Γε0 q,
θε0 P H2pΩεq X H1pΩε, Γε0 q,

piiq uε0 , θε0 and the domain Ωε are such that problem (4.9) admits a solution
pϕε0, ζ̄ε0 q P H2pΩεq X H1pΩε, Γε0 q ˆ H2pΩεq X H1pΩε, Γε˘q.

Secondly, assume the following further regularity properties on the source and
boundary values:

$
’’’’’’’’’&
’’’’’’’’’%

fε P H1p0,T ; L2pΩεqq X C0pr0,Ts; L2pΩεqq,
ρe P H2p0,T ; L2pΩεqq X C1pr0,Ts; L2pΩεqq,
r P H1p0,T ; L2pΩεqq X C0pr0,Ts; L2pΩεqq,
gε P H2p0,T ; L2ppΓεqq X C1pr0,Ts; L2ppΓεqq,
dε P H2p0,T ; L2ppΓεqq X C1pr0,Ts; L2ppΓεqq,
bε P H2p0,T ; L2pΓεqq X C1pr0,Ts; L2pΓεqq,
%ε P H1p0,T ; L2ppΓεqq X C0pr0,Ts; L2ppΓεqq,
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and on the constitutive parameters:
$
’’’’&
’’’’%

Ci jk` P W 1,8pΩεq,
Pi jk P W 1,8pΩεq,
Ri jk P W 1,8pΩεq,
βi j P W 1,8pΩεq,
Ki j P W 1,8pΩεq.

Then, problem (4.5) admits a unique solution puε, ϕε, ζ̄ε, θεq such that
$
’’’’’’&
’’’’’’%

uε P C0pr0,Ts; H1pΩε, Γε0 qq X C1pr0,Ts; L2pΩεqq,
9uε P L2p0,T ; H1pΩε, Γε0 qq,
:uε P L2p0,T ; L2pΩεqq,
ϕε P H1p0,T ; H1pΩε, Γε0 qq X C0pr0,Ts; H1pΩε, Γε0 qq,
ζ̄ε P H1p0,T ; H1pΩε, Γε˘qq X C0pr0,Ts; H1pΩε, Γε˘qq,
θε P H1p0,T ; H1pΩε, Γε0 qq X C0pr0,Ts; H1pΩε, Γε0 qq.

Let us explicitly remark that condition piiq is automatically satisfied whenΩε is convex
(see, e.g., [32]).

We just provide the main ideas of the proof, which is always based on the Faedo-
Galerkinmethod, as in the case of Theorem 4.1 (see Thm. 2.1 in [9]). For typographical
reasons, from here until the end of the current subsection we reckon to fix a value of
ε and drop this index from all the mathematical objects involved. As compared with
the procedure carried out in [9], according to the further regularity hypotheses on
the initial data, here we introduce bases tvku8k“1, tηku8k“1 and tξku8k“1 for spaces
H2pΩq X H1pΩ, Γ0q, H2pΩq X H1pΩ, Γ0q and H2pΩq X H1pΩ, Γ˘q, respectively. At
this stage, the proof can be split in two parts. In the first part, we fix p P N and define
upptq, ϕpptq, ζpptq and θpptq as linear combinationswith time-dependent coefficients of
v1, . . . , vp, η1, . . . , ηp, ξ1, . . . , ξp and again η1, . . . , ηp, respectively. Then, we require
such coefficients to satisfy the following strong convergences:

$
’’’’&
’’’’%

upp0q Ñ u0 in H2pΩq XH1pΩ, Γ0q,
9upp0q Ñ u1 in H1pΩ, Γ0q,
ϕpp0q Ñ ϕ0 in H2pΩq X H1pΩ, Γ0q,
ζpp0q Ñ ζ0 in H2pΩq X H1pΩ, Γ˘q,
θpp0q Ñ θ0 in H2pΩq X H1pΩ, Γ0q,

(4.11)

where pϕ0, ζ0q is the solution of (4.9). Thus, as in [45], the mapping t ÞÑ
pupptq, ϕpptq, ζpptq, θpptqq is determined as the solution of a well-posed finite-
dimensional system of ordinary differential and algebraic equations, with initial condi-
tions satisfying (4.11). Finally, weak convergence results as p Ñ `8 are established
using procedures and estimates completely analogous to those carried out in steps piq,
piiq and piiiq of the proof of Theorem 4.3: that is to say, respectively, finding a bound on
the external power depending on the energy, then finding a bound on the initial energy
and eventually applying Gronwall’s lemma to find a bound on the energy at time t. The
weak limits provide the sought solution of (4.5) in certain spaces of the form L2p0,T ; Hq
with H a suitable Hilbert space. In the second part of the proof, in-time regularity of
the solution is increased, by applying exactly the same arguments of the first part to
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the list of unknowns BtU – pBtu, Btϕ, Bt ζ̄, Btθq. One finally finds analogous bounds
on EpBtUpptqq and on the quadratic form aθpBtθpptq, Btθpptqq, where EpBtUpptqq de-
notes the energy associated with BtUpptq. Hence, further weak convergence results as
p Ñ `8 are obtained and, as a consequence, one finds a solution with further in-time
regularity properties.

It is worth to point out that the regularity hypotheses on initial data and constitutive
parameters are essential to obtain bounds onEpBtUpp0qq (in particular, on |Bttupp0q|0,Ω
and |Btθpp0q|0,Ω), so that one can apply Gronwall’s lemma to get an estimate on
EpBtUpptqq. Indeed, when looking for a bound of |Bttupp0q|0,Ω, one has to deal with
a term of the form

ˇ̌
div

`
Cepupp0qq ` PT∇ϕpp0q ` RT∇ζ̄pp0q ´ βθpp0q

˘ˇ̌
0,Ω ,

and so the additional assumptions ensure this L2pΩq-norm to bewell-defined. Similarly,
a term of the form ˇ̌

div K∇θpp0q
ˇ̌
0,Ω

has to be dealt with when looking for a bound on |Btθpp0q|0,Ω.

4.1.5 Scaled Evolution Problems
In order to perform an asymptotic analysis, we need to transform problems (4.5),

(4.6), (4.7), (4.8), posed on a variable domain Ωε , onto problems posed on a fixed
domain Ω (independent of ε). We suppose that the thickness of the plate hε depends
linearly on ε, so that hε “ εh. Accordingly, we let

Ω– ω ˆ p´h, hq,
Γ0 – γ0 ˆ p´h, hq, Γ1 – γ1 ˆ p´h, hq,
Γ˘ – ω ˆ t˘hu, pΓ – Γ˘ Y Γ1.

Moreover, for Ξ Ă BΩ, we define the following functional spaces
H1pΩ,Ξq–  

v P H1pΩq; v “ 0 on Ξ
(
,

H1pΩ,Ξq–  
v “ pviq P H1pΩq; v “ 0 on Ξ

(
.

Hence, we apply the following change of variables (see [14]):

πε : x ” px̃, x3q P Ω ÞÑ xε ” px̃, εx3q P Ωε, with x̃ “ pxαq.
By using the bijection πε , one has Bεα “ Bα and Bε3 “ 1

εB3.
Let us suppose that the data verify the following scaling assumptions:

f εαpxε, tq “ fαpx, tq, f ε3 pxε, tq “ ε f3px, tq, x P Ω,
gεαpxε, tq “ gαpx, tq, gε3 pxε, tq “ εg3px, tq, x P Γ1,

gεαpxε, tq “ εgαpx, tq, gε3 pxε, tq “ ε2g3px, tq, x P Γ˘,
ρεepxε, tq “ ρepx, tq, rεpxε, tq “ rpx, tq, x P Ω
dεpxε, tq “ dpx, tq, bεpxε, tq “ bpx, tq, %εpxε, tq “ %px, tq, x P Γ1,

dεpxε, tq “ εdpx, tq, bεpxε, tq “ εbpx, tq, %εpxε, tq “ ε%px, tq, x P Γ˘.
We assume the following scalings for the mass densities ρεi , as in [45] (see also [7]):

ρεαpxεq “ ρpxq, ρε3pxεq “ ε2ρpxq, x P Ω.
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Remark 4.1. The in-plane and transversal components of the mass tensor are scaled
differently. These assumptions aim at obtaining a scaled evolution problem that couples
the three components of the displacement field. In particular [7], the ε2 dependence of
ρε3 allows, as an example, for an upward shift in the purely elastic transversal vibration
frequencies of the plate as the scaling parameter goes to zero. Thus, the limit model
is sensitive to inertia effects along the transversal direction, as it will be shown in the
presentation of the flexural problems.

We distinguish the four cases of study for what concerns the scalings of the un-
knowns and test functions. In particular, since the mechanical and thermal loads
and boundary conditions remain unvaried in any case, the scalings of the unknown
displacements uεi and temperature θε and their associated test functions shall always
be

uεαpxε, tq “ uαpεqpx, tq for all xε “ πε x P Ωε, t P p0,Tq,
uε3 pxε, tq “ ε´1u3pεqpx, tq for all xε “ πε x P Ωε, t P p0,Tq,
θεpxε, tq “ θpεqpx, tq for all xε “ πε x P Ωε, t P p0,Tq,

hence the associated scaled strain tensor field κpεq “ pκi jpεqq, with κi jpεq P L2pΩq
and scaled temperature gradient γpεq “ pγipεqq, with γipεq P L2pΩq are always given
by

καβpεq– eαβpupεqq, κα3pεq– 1
ε eα3pupεqq, κ33pεq– 1

ε2 e33pupεqq,
γαpεq– Bαθpεq, γ3pεq– 1

εB3θpεq.

Due to the different electromagnetic source terms and boundary conditions (see, e.g.,
[63]), the scalings related to the electric and magnetic potentials ϕε and ζε shall vary
throughout the asymptotic procedure; of course, the same holds for the scalings of
the corresponding test functions. The scaled gradients of the electric and magnetic
potentials will be denoted, respectively, by τpεq “ pτipεqq, with τipεq P L2pΩq, and
χpεq “ pχipεqq, with χipεq P L2pΩq.

In general, with an arbitrary magneto-electro-thermo-elastic stateV “ pv, ψ, ξ, ηq,
we associate, respectively, the tensor field κpε; vq “ pκi jpε; vqq and vector fields
τpε;ψq “ pτipε;ψqq, χpε; ξq “ pχipε; ξqq and γpε; ηq “ pγipε; ηqq.

1) The sensor-actuator model. With the unknown magneto-electro-thermo-elastic
state Uε P H1pΩε, Γε0 q ˆ H1pΩε, Γε0 q ˆ H1pΩε, Γε˘q ˆ H1pΩε, Γε0 q, we associate
the scaled magneto-electro-thermo-elastic state Upεq – pupεq, ϕpεq, ζ̄pεq, θpεqq P
H1pΩ, Γ0q ˆ H1pΩ, Γ0q ˆ H1pΩ, Γ˘q ˆ H1pΩ, Γ0q, where

ϕεpxε, tq “ ϕpεqpx, tq for all xε “ πε x P Ωε, t P p0,Tq,
ζ̄εpxε, tq “ εζ̄pεqpx, tq for all xε “ πε x P Ωε, t P p0,Tq. (4.12)

Moreover, with these scalings we associate, respectively,

ταpεq– Bαϕpεq, τ3pεq– 1
εB3ϕpεq,

χαpεq– εBαζpεq, χ3pεq– B3ζpεq,

We let χ̄pεq– χpε; ζ̄pεqq and pχ – ∇pζ .
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We can now reformulate the problem on the fixed domainΩ. It follows that for every
ε ą 0 the scaled magneto-electro-thermo-elastic state Upεq is the unique solution to
the scaled problem:

$
&
%

FindUpεq P H1pΩ, Γ0q ˆ H1pΩ, Γ0q ˆ H1pΩ, Γ˘q ˆ H1pΩ, Γ0q,
such that, for allV P H1pΩ, Γ0q ˆ H1pΩ, Γ0q ˆ H1pΩ, Γ˘q ˆ H1pΩ, Γ0q,
ApεqpUpεqptq,Vq “ L1pεqpVq, t P p0,Tq,

(4.13)
with initial conditions pu0, u1, θ0q, where

ApεqpUpεqptq,Vq– pρ:upεq, vq ` cpεqpη, 9upεqq ` cvp 9θpεq, ηq ´ dpεqpη, 9ϕpεqq`
´epεqpη, 9ζpεqq ` aupεqpupεq, vq ` bpεqpϕpεq, vq ´ bpεqpψ, upεqq`
` f pεqpζpεq, vq ´ f pεqpξ, upεqq ´ cpεqpθpεq, vq ` aϕpεqpϕpεq, ψq`
`aζ pεqpζpεq, ξq ` gpεqpζpεq, ψq ` gpεqpϕpεq, ξq ´ dpεqpθpεq, ψq`
´epεqpθpεq, ξq ` aθpεqpθpεq, ηq,

L1pεqpVq– pf, vq ` pg, vqL2ppΓq ` pr, ηq ´ 1
T0
p%, ηqL2ppΓq ` pρe, ψq ´ pd, ψqL2ppΓq`

´aζ pεqppζ, ξq ´ f pεqppζ, vq ` epεqpη, Bt pζq ´ gpεqppζ, ψq.
The new bilinear forms are defined as follows:

aupεqpupεq, vq–
ż

Ω

Ci jk` κk`pεqκi jpε; vqdx, aϕpεqpϕpεq, ψq–
ż

Ω

Xi jτjpεqτipε;ψqdx,

aζ pεqpζpεq, ξq–
ż

Ω

Mi j χ jpεqχipε; ξqdx, aθpεqpθpεq, ηq– 1
T0

ż

Ω

Ki jγjpεqγipε; ηqdx,

bpεqpψ, upεqq–
ż

Ω

Pki jτkpε;ψqκi jpεqdx, cpεqpη, upεqq–
ż

Ω

η βi j κi jpεqdx,

dpεqpη, ϕpεqq–
ż

Ω

ηpkτkpεqdx, epεqpη, ζpεqq–
ż

Ω

ηmk χkpεqdx,

f pεqpξ, upεqq–
ż

Ω

Rki j χkpε; ξqκi jpεqdx, gpεqpζpεq, ψq–
ż

Ω

αi j χ jpεqτipε;ψqdx.

We denote by Epεqptq the scaled energy of the system associated with a weak
solutionUpεq “ pupεq, ϕpεq, ζpεq, θpεqq:

Epεqptq– 1
2
 pρ 9upεq, 9upεqq ` aupεqpupεq, upεqq ` aϕpεqpϕpεq`

`ϕpεqq ` aζ pεqpζpεq, ζpεqq ` pcvθpεq, θpεqq`
´2dpεqpθpεq, ϕpεqq ´ 2epεqpθpεq, ζpεqq ` 2gpεqpζpεq, ϕpεqqu .

Following [9], it is easy to prove that, for all weak solutions Upεq –
pupεq, ϕpεq, ζ̄pεq, θpεqq of problem (4.13), the scaled energy solves the evolution equa-
tion

9Epεqptq ` aθpεqpθpεq, θpεqq “ L1
Epεqptq, (4.14)

with
L1
Epεqptq– pf, 9upεqq ` pg, 9upεqqL2ppΓq ` p 9ρe, ϕpεqq ´ p 9d, ϕpεqqL2ppΓq`

`pr, θpεqq ´ 1
T0
p%, θpεqqL2ppΓq ´ aζ pεqpBt pζ, ζ̄pεqq ´ f pεqppζ, 9upεqq`

`epεqpθpεq, Bt pζq ´ gpεqpBt pζ, ϕpεqq.
(4.15)



61

2) The actuator-sensor model. We assume the following scalings for ϕε and ζε:

ϕ̄εpxε, tq “ εϕ̄pεqpx, tq for all xε “ πε x P Ωε, t P p0,Tq,
ζεpxε, tq “ ζpεqpx, tq for all xε “ πε x P Ωε, t P p0,Tq. (4.16)

Moreover, the components of the scaled vector fields τpεq “ pτipεqq and χpεq “
pχipεqq are now defined by

ταpεq– εBαϕpεq, τ3pεq– B3ϕpεq,
χαpεq– Bαζpεq, χ3pεq– 1

εB3ζpεq.
We let τ̄pεq – τpε; ϕ̄pεqq and pτ – ∇pϕ. The scaled magneto-electro-thermo-elastic
state Upεq – pupεq, ϕ̄pεq, ζpεq, θpεqq is the unique solution to the following scaled
problem:

$
&
%

FindUpεq P H1pΩ, Γ0q ˆ H1pΩ, Γ˘q ˆ H1pΩ, Γ0q ˆ H1pΩ, Γ0q, such that
for allV P H1pΩ, Γ0q ˆ H1pΩ, Γ˘q ˆ H1pΩ, Γ0q ˆ H1pΩ, Γ0q,
ApεqpUpεqptq,Vq “ L2pεqpVq, t P p0,Tq,

(4.17)
with initial conditions pu0, u1, θ0q, where

L2pεqpVq– pf, vq ` pg, vqL2ppΓq ` pr, ηq ´ 1
T0
p%, ηqL2ppΓq ` pρe, ψq ´ pb, ξqL2ppΓq`

´aϕpεqppϕ, ψq ´ bpεqppϕ, vq ` dpεqpη, Bt pϕq ´ gpεqpξ, pϕq.
3) The actuator model. We assume the following scalings for ϕε and ζε:

ϕ̄εpxε, tq “ εϕ̄pεqpx, tq for all xε “ πε x P Ωε, t P p0,Tq,
ζ̄εpxε, tq “ εζ̄pεqpx, tq for all xε “ πε x P Ωε, t P p0,Tq. (4.18)

Moreover, the components of the scaled vector fields τpεq “ pτipεqq and χpεq “
pχipεqq are now defined by

ταpεq– εBαϕpεq, τ3pεq– B3ϕpεq,
χαpεq– εBαζpεq, χ3pεq– B3ζpεq.

The scaled magneto-electro-thermo-elastic state Upεq – pupεq, ϕ̄pεq, ζ̄pεq, θpεqq is
the unique solution to the following scaled problem:
$
&
%

FindUpεq P H1pΩ, Γ0q ˆ H1pΩ, Γ˘q ˆ H1pΩ, Γ˘q ˆ H1pΩ, Γ0q, such that
for allV P H1pΩ, Γ0q ˆ H1pΩ, Γ˘q ˆ H1pΩ, Γ˘q ˆ H1pΩ, Γ0q,
ApεqpUpεqptq,Vq “ L3pεqpVq, t P p0,Tq,

(4.19)
with initial conditions pu0, u1, θ0q, where

L3pεqpVq– pf, vq ` pg, vqL2ppΓq ` pr, ηq ´ 1
T0
p%, ηqL2ppΓq ` pρe, ψq`

´aζ pεqppζ, ψq ´ f pεqppζ, vq ` epεqpη, Bt pζq ´ gpεqppζ, ψq`
´aϕpεqppϕ, ψq ´ bpεqppϕ, vq ` dpεqpη, Bt pϕq ´ gpεqpξ, pϕq.

4) The sensor model. We assume the following scalings for ϕε and ζε:

ϕεpxε, tq “ ϕpεqpx, tq for all xε “ πε x P Ωε, t P p0,Tq,
ζεpxε, tq “ ζpεqpx, tq for all xε “ πε x P Ωε, t P p0,Tq. (4.20)
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Moreover, the components of the scaled vector fields τpεq “ pτipεqq and χpεq “
pχipεqq are now defined by

ταpεq– Bαϕpεq, τ3pεq– 1
εB3ϕpεq,

χαpεq– Bαζpεq, χ3pεq– 1
εB3ζpεq.

The scaled magneto-electro-thermo-elastic state Upεq – pupεq, ϕpεq, ζpεq, θpεqq is
the unique solution to the following scaled problem:
$
&
%

FindUpεq P H1pΩ, Γ0q ˆ H1pΩ, Γ0q ˆ H1pΩ, Γ0q ˆ H1pΩ, Γ0q, such that
for allV “ pv, ψ, ξ, ηq P H1pΩ, Γ0q ˆ H1pΩ, Γ0q ˆ H1pΩ, Γ0q ˆ H1pΩ, Γ0q,
ApεqpUpεqptq,Vq “ L4pεqpVq, t P p0,Tq,

(4.21)
with initial conditions pu0, u1, θ0q, where

L4pεqpVq– pf, vq ` pg, vqL2ppΓq ` pr, ηq ´
1
T0
p%, ηqL2ppΓq`

`pρe, ψq ´ pb, ξqL2ppΓq ´ pd, ψqL2ppΓq.

4.1.6 Convergence Results
Preliminarily, we introduce the functional spaces

XpΩq– tξ P L2pΩq, B3ξ P L2pΩqu ” H1p´h, h; L2pωqq,
X0pΩq– tξ P L2pΩq, B3ξ P L2pΩq, ξ “ 0 on Γ˘u,

usually employed in the asymptotic analysis of actuator piezoelectric plates (see, e.g.,
[58]). Also, let

VKLpΩq– tv P H1pΩ, Γ0q; ei3pvq “ 0u
denote the space of Kirchhoff-Love displacements, and

VHpω, γ0q– tvH “ pvαq P H1pωq; vH “ 0 on γ0u,
V3pω, γ0q– tv3 P H2pωq; v3 “ 0 and Bνv3 “ 0 on γ0u,

where ν “ pναq is the outer unit normal vector to γ. We recall that τ “ p´ν2, ν1q
represents the unit tangent vector to γ.

Aswe shall prove in the following subsections, the limit displacement field is always
aKirchhoff-Love field; thus, for consistency reasons, we consider initial conditions such
that (see [45]) $

&
%

upεqp0q “ u0 P H2pΩq X VKLpΩq,
Btupεqp0q “ u1 P VKLpΩq,
θpεqp0q “ θ0 P H2pΩq X H1pΩ, Γ0q.

(4.22)

4.1.6.1 The Sensor-Actuator model

Theorem 4.3. Under assumption (4.22), the sequence tUpεquεą0 weakly converges
to the limit rU – pũ, ϕ̃, ζ̃, θ̃q in the space L2p0,T ; H1pΩqq ˆ L2p0,T ; H1pΩqq ˆ
L2p0,T ;XpΩqq ˆ L2p0,T ; H1pΩqq.
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Proof. For the sake of clarity, the proof is divided into four parts. The first three
parts are devoted to showing that the sequence associated with the scaled energy
tEpεqptquεą0 is uniformly bounded; the proof of the weak convergence result is then
accomplished in the fourth part.

piqBounds on L1
Epεq. First we rewrite pg, 9upεqqL2ppΓq “ Btpg, upεqqL2ppΓq´p 9g, upεqqL2ppΓq

and f pεqppζ, 9upεqq “ Btr f pεqppζ, upεqqs ´ f pεqpBt pζ, upεqq. By using, in expression
(4.15), Cauchy-Schwarz, Poincaré’s, Korn’s and Young’s inequalities, along with the
continuity of the trace operator, we obtain the existence of positive constants C1 and
δ0 such that

L1
EpεqpUpεqq ď C0ptq ` C1

2

!
| 9upεq|20,Ω ` |κpεq|20,Ω ` |τpεq|20,Ω ` |θpεq|20,Ω`

`|χ̄pεq|20,Ω ` δ0|γpεq|2
)
` Btpg, upεqqL2ppΓq ´ Btr f pεqppζ, upεqqs,

where 2C0ptq– |f|20,Ω`| 9g|20,pΓ`| 9ρe|
2
0,Ω`| 9d|20,pΓ`|r|

2
0,Ω` 1

δ0
|%|2

0,Γ̂
`|Bt pχ|20,Ω depends

on the domain and the data (not on ε). Denoting by K ą 0 the coercivity constant of
aθp ,̈ ¨q, with a view toward applying (4.14), we choose δ0 such that rK – K ´ C1δ0

2 ą 0.
By the definition of the scaled energy and the positive definiteness hypothesis (4.1),
there exists a positive constant C2 such that

| 9upεq|20,Ω ` |κpεq|20,Ω ` |τpεq|20,Ω ` |θpεq|20,Ω ` |χ̄pεq|20,Ω ď C2Epεq,
hence there exists C3 ą 0 such that

L1
Epεq ď C0ptq ` C3Epεq ` Btpg, upεqqL2ppΓq ´ Btr f pεqppζ, upεqqs.

(ii) The sequence tEpεqp0quεą0 is uniformly bounded. We have:

2Epεqp0q “ pρu1, u1q ` aupεqpu0, u0q ` aϕpεqpϕ0pεq, ϕ0pεqq ` aζ pεqpζ̄0pεq, ζ̄0pεqq`
`pcvθ0, θ0q ´ 2dpεqpθ0, ϕ0pεqq ´ 2epεqpθ0, ζ̄0pεqq ` 2gpεqpζ̄0pεq, ϕ0pεqq,

where pϕ0pεq, ζ̄0pεqq is the solution to the following variational problem
$
’’’’’&
’’’’’%

Find ppϕ0pεq, ζ̄0pεqq P H1pΩ, Γ0q ˆ H1pΩ, Γ˘q
such that for all pψ, ξq P H1pΩ, Γ0q ˆ H1pΩ, Γ˘q,
aϕpεqpϕ0pεq, ψq ` aζ pεqpζ̄0pεq, ξq ` gpεqpζ̄0pεq, ψq ` gpεqpϕ0pεq, ξq “
“ pρep0q, ψq ´ pdp0q, ψqL2ppΓq ´ aζ pεqppζ0, ξq ` f pεqpξ, u0q ´ epεqpθ0, ξq`
´gpεqppζ0, ψq ` dpεqpθ0, ψq ` bpεqpψ, u0q.

(4.23)
By virtue of condition p4.1q (with constant c1), Cauchy-Schwarz, Poincaré’s and

Korn’s inequalities (with constant c2) and Young’s inequality (with constant δ1), one
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has that

c1

!
|τ0pεq|20,Ω ` |χ̄0pεq|20,Ω

)
ď

ď aϕpεqpϕ0pεq, ϕ0pεqq ` aζ pεqpζ̄0pεq, ζ̄0pεqq ` 2gpεqpζ̄0pεq, ϕ0pεqq ď
ď c2

!
|τ0pεq|0,Ωp|ρep0q|0,Ω ` |dp0q|0,Γ̂ ` |∇u0|0,Ω ` |θ0|0,Ω ` |∇pζ0|0,Ωq`

` |χ̄0pεq|0,Ωp|∇u0|0,Ω ` |θ0|0,Ω ` |∇pζ0|0,Ωq
)
ď

ď c3δ1
2

!
|τ0pεq|20,Ω ` |χ̄0pεq|20,Ω

)
`

` c3
2δ1

!
|ρep0q|20,Ω ` |dp0q|20,Γ̂ ` |∇u0|20,Ω ` |θ0|20,Ω ` |∇pζ0|20,Ω

)
.

Finally, on choosing δ1 such that c1 ´ c3δ1
2 ą 0, we get the uniform boundedness of

|τ0pεq|0,Ω and |χ̄0pεq|0,Ω. Now, we remark that ei3pu0q “ 0 by hypothesis (4.22),
which implies

aupεqpu0, u0q“
ż

Ω

Ci jk`κk`pεqpu0qκi jpεqpu0qdx“
ż

Ω

Cαβγδκγδpεqpu0qκαβpεqpu0qdx,

so that, by the properties of C, we have

aupεqpu0, u0q ď c |∇u0|20,Ω
for some constant c ą 0. Consequently, by virtue of the above bounds, there exists a
constant c4 ą 0 such that Epεqp0q ď c4, i.e., the sequence tEpεqp0quεą0 is uniformly
bounded.

(iii) The sequence tEpεqptquεą0 is uniformly bounded. Upon integrating the
energy evolution equation (4.14) in p0, tq, using the results of steps piq and piiq, the
continuity of the trace operator and Korn’s inequality, we infer that

Epεqptq ` rK
ż t

0
|γpεqpsq|20,Ω ds ď Epεqp0q `

ż t

0
L1
Epεqpsqds ď

ď c4 `
ż t

0

´
C0psq ` C3Epεqpsq`

`Bspgpsq, upεqpsqqL2ppΓq ´ Bsr f pεqppζpsq, upεqpsqqs
¯

ds ď

ď C4ptq ` 1
2

ˆ
c5
δ2
|pχptq|20,Ω `

c6
δ3
|gptq|2

0,pΓ

˙
`

`1
2
pc5δ2 ` c6δ3q|κpεqptq|20,Ω ` C3

ż t

0
Epεqpsqds.

Since |κpεqptq|20,Ω is bounded (up to a constant) by Epεqptq, it is sufficient to select
suitable values of δ2 and δ3 to get the following estimate:

Epεqptq ` rK
ż t

0
|γpεqpsq|20,Ω ds ď C5ptq ` C3

ż t

0
Epεqpsqds ď C6 ` C3

ż t

0
Epεqpsqds,
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with C6 – suptPp0,T qC5ptq. Thanks to Gronwall’s inequality, there exist two positive
constants m and k such that

Epεqptq ď mekt and rK
ż t

0
|γpεqpsq|20,Ω ds ď mekt for all t P p0,Tq.

(iv) Weak convergences. We are now in a position to establish the weak convergence
result. From the bound on the energywe infer that the sequences tκpεquεą0, tχ̄pεquεą0,
tτpεquεą0 and tγpεquεą0 are uniformly bounded in L2p0,T ; L2pΩqq, therefore we have
the following weak convergences (up to a subsequence):

κi jpεq á κ̃i j in L2p0,T ; L2pΩqq,
χ̄ipεq á ˜̄χi in L2p0,T ; L2pΩqq,
τipεq á τ̃i in L2p0,T ; L2pΩqq,
γipεq á γ̃i in L2p0,T ; L2pΩqq.

Moreover, by means of Korn’s and Poincaré’s inequalities and from the definition
of κi jpεq, τipεq and γipεq, we infer that }upεq}1,Ω, }ϕpεq}1,Ω and }θpεq}1,Ω are also
bounded, so that

upεq á ũ in L2p0,T ; H1pΩqq,
9upεq á 9̃u in L2p0,T ; L2pΩqq,
ϕpεq á ϕ̃ in L2p0,T ; H1pΩqq,
θpεq á θ̃ in L2p0,T ; H1pΩqq.

Upon writing

ζ̄pεqpx̃, x3q “
ż x3

´h
B3 ζ̄pεqpx̃, y3qdy3,

it follows that |ζ̄pεq|0,Ω ď 2h|B3 ζ̄pεq|0,Ω ď cemT , by virtue of the boundedness of
χ̄ipεq. This implies that both ζ̄pεq and ζpεq are bounded in L2pΩq and thus,

ζ̄pεq á ˜̄ζ in L2p0,T ;X0pΩqq,
ζpεq á ζ̃ in L2p0,T ;XpΩqq.

This completes the proof. �

Theorem 4.4. The weak limit rUptq “ pũptq, ϕ̃ptq, ζ̃ptq, θ̃ptqq is the solution to the limit
variational problem:
$
&
%

Find rUptq P VKLpΩq ˆ H1pΩ, Γ0q ˆ XpΩq ˆ H1pΩ, Γ0q, t P p0,Tq such that
rA1p rUptq,Vq “ rL1pVq, for allV P VKLpΩq ˆ H1pΩ, Γ0q ˆ X0pΩq ˆ H1pΩ, Γ0q,
ζ̃ “ ζ˘ on Γ˘,

(4.24)
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where

rA1p rUptq,Vq–
ż

Ω

!́
rC1
αβστeστpũptqq` rP1

σαβBσ ϕ̃ptq` rR1
3αβB3 ζ̃ptq´ rβ1

αβ θ̃ptq
¯

eαβpvq`

`
´
´ rP1

αστeστpũptqq ` rX1
αβBβ ϕ̃ptq ` rα1

α3B3 ζ̃ptq ´ rp1
α θ̃ptq

¯
Bαψ`

`
´
´ rR1

3αβeαβpũptqq ` rα1
α3Bαϕ̃ptq ` rM1

33B3 ζ̃ptq ´ rm1
3 θ̃ptq

¯
B3ξ`

`
´
rβ1
αβeαβp 9̃uptqq ´ rm1

3B3
9̃ζptq ´ rp1

αBα 9̃ϕptq ` rc1
v
9̃θptq

¯
η`

` rK1
αβBβ θ̃ptqBαη ` ρ:̃uiptqvi

)
dx,

rL1pVq– pf, vq ` pg, vqL2ppΓq ` pr, ηq ´ 1
T0
p%, ηqL2ppΓq ` pρe, ψq ´ pd, ψqL2ppΓq.

The reducedmagneto-electro-thermo-elastic coefficients rC1
αβστ , rX1

αβ , rK1
αβ , rP1

σαβ , rβ1
αβ ,

rp1
α rm1

3, rR1
3αβ and rα1

α3 are listed in Appendix 1.

Proof. For the sake of clarity the proof is split into three parts.
piq By the definition of κi jpεq, χ̄ipεq, τipεq and γipεq, and thanks to the results of
Theorem 4.3, there exists two constants CM and CK such that

|eαβpupεqq|0,Ω ď CMeCKT , |eα3pupεqq|0,Ω ď εCMeCKT , |e33pupεqq|0,Ω ď ε2CMeCKT ,

|Bαζpεq|0,Ω ď 1
εCMeCKT , |B3ζpεq|0,Ω ď CMeCKT ,

|Bαϕpεq|0,Ω ď CMeCKT , |B3ϕpεq|0,Ω ď εCMeCKT ,

|Bαθpεq|0,Ω ď CMeCKT , |B3θpεq|0,Ω ď εCMeCKT .
(4.25)

From the first set of inequalities (4.25)1, we get that ei3pupεqptqq Ñ 0 in L2pΩq for
almost every t P p0,Tq. Also, as upεqptq á ũptq inH1pΩq, we have that ei3pupεqptqq á
ei3pũptqq and so ei3pũptqq “ 0 by uniqueness of the limit. This implies that B3ũ3 “ 0,
i.e., ũ3px̃, x3q “ ũ3px̃q is independent of x3. We also have that B3ũα “ ´Bαũ3, i.e.,
ũαpx̃, x3q “ ũαpx̃q ´ x3Bαũ3px̃q. Consequently, ũptq P VKLpΩq. Moreover, we obtain
that eαβpupεqptqq á καβptq “ eαβpũptqq in L2pΩq, 1

ε eα3pupεqptqq á κα3ptq in L2pΩq,
1
ε e33pupεqptqq Ñ 0 in L2pΩq and, also, 1

ε2 e33pupεqptqq á κ33ptq in L2pΩq.
From the second set of inequalities (4.25)2, we have that εBαζpεqptq Ñ 0 in L2pΩq

and B3ζpεqptq á B3 ζ̃ptq in L2pΩq.
From the last sets of inequalities (4.25)3,4, since ϕpεqptq á ϕ̃ptq in H1pΩq, we infer

that Bαϕpεqptq á τ̃αptq “ Bαϕ̃ptq in L2pΩq and, also, B3ϕpεqptq Ñ 0 in L2pΩq, i.e.,
ϕ̃ptq “ ϕ̃px̃qptq is independent of x3. Besides, 1

εB3ϕpεqptq á τ3ptq in L2pΩq. Similarly,
since θpεqptq á θ̃ptq in H1pΩq, we obtain that Bαθpεqptq á γ̃αptq “ Bα θ̃ptq in L2pΩq,
B3θpεqptq Ñ 0 in L2pΩq, i.e., θ̃ptq “ θ̃px̃qptq and, finally, 1

εB3θpεqptq á γ3ptq in
L2pΩq.
(ii) Computations of κi3, τ3 and γ3. Let us multiply problem (4.13) by ε2 and let ε tend
to zero. We get the following equation:

C3333κ33 ` 2Cα333κα3 ` P333τ3 ` Cαβ33eαβpũq ` Pα33Bαϕ̃` R333B3 ζ̃ ´ β33θ̃ “ 0.

By multiplying problem (4.13) by ε, choosing test functions v3 “ ψ “ η “ ξ “ 0 and
letting ε tend to zero, we have that

Cα333κ33` 2Cα3β3κβ3` P3α3τ3`Cσβα3eσβpũq ` Pσα3Bσ ϕ̃` R3α3B3 ζ̃ ´ βα3θ̃ “ 0.
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Similarly, by multiplying problem (4.13) by ε and choosing test functions vi “ η “
ξ “ 0, when ε tends to zero, we find

´P333κ33 ´ 2P3α3κα3 ` X33τ3 ´ P3αβeαβpũq ` Xα3Bαϕ̃` α33B3 ζ̃ ´ p3θ̃ “ 0.

Finally, if we multiply by ε and choose test functions vi “ ψ “ ξ “ 0, we obtain the
last equation

K33γ3 ` Kα3Bα θ̃ “ 0.

By combining the whole set of equations above we are now in a position to characterize
κi3, τ3 and γ3. Let l1 “ pl1

i q be the vector whose components are defined by l1
α – 2κα3

and l1
3 – κ33, and pdi jq– pCi3j3q´1, then

l1
i “ ´di j

!´
Cαβ j3 ` k 1P3j3P13αβ

¯
eαβpũq `

`
Pα j3 ´ k 1P3j3X 1α3

˘ Bαϕ̃`
` `

R3j3 ´ k 1P3j3α
1
33
˘ B3 ζ̃ ´

`
β j3 ´ k 1P3j3p13

˘
θ̃
(
,

τ3 “ k 1
´

P13αβeαβpũq ´ X 1α3Bαϕ̃´ α133B3 ζ̃ ` p13θ̃
¯
,

γ3 “ ´K 1α3Bα θ̃ .

(4.26)

Coefficients k 1, P13αβ , X 1α3, α
1
33, p13 and K 1α3 are defined in Appendix 1.

(iii) Definition of the limit problem. We let test functions be V “ pv, ψ, ξ, ηq P
VKLpΩq ˆ H1pΩ, Γ0q ˆ X0pΩq ˆ H1pΩ, Γ0q in problem (4.13) and let ε Ñ 0, by
substituting expressions (4.26), we obtain, as customary, the limit evolution problem
$
’’’’’’’’’’’’’’’’’&
’’’’’’’’’’’’’’’’’%

Find rUptq P VKLpΩq ˆ H1pΩ, Γ0q ˆ XpΩq ˆ H1pΩ, Γ0q, t P p0,Tq such thatż

Ω

!´
rC1
αβστeστpũptqq ` rP1

σαβBσ ϕ̃ptq ` rR1
3αβB3 ζ̃ptq ´ rβ1

αβ θ̃ptq
¯

eαβpvq`

`
´
´ rP1

αστeστpũptqq ` rX1
αβBβ ϕ̃ptq ` rα1

α3B3 ζ̃ptq ´ rp1
α θ̃ptq

¯
Bαψ`

`
´
´ rR1

3αβeαβpũptqq ` rα1
α3Bαϕ̃ptq ` rM1

33B3 ζ̃ptq ´ rm1
3 θ̃ptq

¯
B3ξ`

`
´
rβ1
αβeαβp 9̃uptqq ´ rm1

3B3
9̃ζptq ´ rp1

αBα 9̃ϕptq ` rc1
v
9̃θptq

¯
η`

` rK1
αβBβ θ̃ptqBαη ` ρ:̃uiptqvi

)
dx “ rL1pVq,

ζ̃ “ ζ˘ on Γ˘, for allV P VKLpΩq ˆ H1pΩ, Γ0q ˆ X0pΩq ˆ H1pΩ, Γ0q
(4.27)

Problem (4.27) is formally equivalent to (4.24), presented in the statement of Theorem
4.4.

�

The limit evolution problem

In this section we present the variational and differential formulations of the evolu-
tion problem for a sensor-actuator magneto-electro-thermo-elastic plate. The primary
unknowns of the limit problem are collected into the limit magneto-electro-thermo-
elastic state rUptq “ pũptq, ϕ̃ptq, ζ̃ptq, θ̃ptqq P VKLpΩqˆH1pΩ, Γ0qˆXpΩqˆH1pΩ, Γ0q,
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whose components take the following form:

ũαpx̃, x3q “ uαpx̃q ´ x3Bαu3px̃q, uH – puαq,
ũ3px̃, x3q “ u3px̃q,
ϕ̃px̃, x3q “ φpx̃q,
θ̃px̃, x3q “ ϑpx̃q.

(4.28)

In the case of a homogeneous material, the reducedmagneto-electro-thermo-elastic
coefficients rC1

αβστ , rX1
αβ , rK1

αβ , rP1
σαβ , rβ1

αβ , rp1
α rm1

3, rR1
3αβ and rα1

α3 are constant functions
and, thus, the limit evolution problem decouples into two variational subproblems,
namely, the flexural problem, which gives u3, and the thermo-piezoelectric membrane
problem, which gives the triplet puH, φ, ϑq. Moreover, we can characterize explicitly
the limit magnetic potential ζ̃ as a second order polynomial function of x3.

Indeed, by choosing test functions V “ p0, 0, ξ, 0q in (4.27), after an integration
by parts along x3, we get the expression of the limit magnetic potential ζ̃ :

ζ̃px̃, x3q “
2ÿ

k“0
zkpx̃qxk3, (4.29)

where

z0 “ xζy `
h2 rR1

3αβ

2 rM1
33

Bαβu3, z1 “ rrζss
2h

, z2 “ ´
rR1

3αβ

2 rM1
33

Bαβu3.

with xζy – ζ``ζ´
2 and rrζss – ζ` ´ ζ´ representing, respectively, the mean value

and the jump function between the top and bottom boundary values of ζ . As the careful
reader can notice, the limit magnetic potential becomes a known function depending on
the transversal displacement u3 of the plate and on the values of the magnetic potentials
ζ˘, applied on the upper and lower surfaces Γ˘.

By virtue of the characterization (4.29) of the limit magnetic potential ζ̃ , we can
now rewrite the limit evolution problem. After an integration by parts along x3, we
obtain a two-dimensional problem defined over the middle surface ω of the plate:
$
’’’’’’’’’’’’’’&
’’’’’’’’’’’’’’%

Find rU “ puHptq, u3ptq, φptq, ϑptqq P VHpω, γ0q ˆ V3pω, γ0qˆ
ˆH1pω, γ0q ˆ H1pω, γ0q such that
2h

ż

ω

!
N 1
αβpuHptq, φptq, ϑptqqeαβpvHq ` ρ:uαptqvα

)
dx̃`

2h
ż

ω

!
´ rD1

αpuHptq, φptq, ϑptqqBαψ ` Bt rS1puHptq, φptq, ϑptqqη ´ rq1
αpϑptqqBαη

)
dx̃

`2h3

3

ż

ω

"
M1

αβpu3ptqqBαβv3 ` ρBα :wptqBαv3 ` 3
h2 ρ:wptqv3

*
dx̃ “ L1p rVq,

for all rV “ pvH, v3, ψ, ηq P VHpω, γ0q ˆ V3pω, γ0q ˆ H1pω, γ0q ˆ H1pω, γ0q,

with

L1p rVq–
ż

ω

!
rf ivi ´ mαBαv3 ` rρeψ ` rrη

)
dx̃ `

ż

γ1

!
rgivi ´ nαBαv3 ´ rdψ ´ r%η

)
dγ

´
ż

ω

!
rR1

3αβrrζsseαβpvHq ` rα1
α3rrζssBαψ ´ rm1

3rr 9ζssη
)

dx̃.
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The initial conditions are given by
$
&
%

ũp0q “ ũ0 “ puα,0 ´ x3Bαu3,0, u3,0q,
9̃up0q “ ũ1 “ puα,1 ´ x3Bαu3,1, u3,1q,
θ̃p0q “ θ̃0 “ ϑ0.

pN 1
αβq, pM1

αβq, p rD1
αq, rS1 and prq1

αq represent, respectively, the membrane stress tensor,
the moment tensor, the reduced electric displacement vector, the reduced thermody-
namic entropy and the reduced heat flow vector of the plate, whose components are
defined by the constitutive laws below:

$
’’’’’’&
’’’’’’%

N 1
αβ – rC1

αβστeστpuHq ` rP1
σαβBσφ´ rβ1

αβϑ,
rD1
α – rP1

αστeστpuHq ´ rX1
αβBβφ` rp1

αϑ,
rS1 – rβ1

αβeαβpuHq ´ rp1
αBαφ` rc1

vϑ,

M1
αβ – rA1

αβστBστu3,

rq1
α – ´ rK1

αβBβϑ,

where rA1
αβστ – rC1

αβστ `
rR1

3αβ
rR1

3στ
ĂM1

33
.

Moreover, the two-dimensional applied thermo-electro-mechanical loads are

rf iptq–
ż h

´h
f iptqdx3 ` g`i ptq ` g´i ptq,

mαptq–
ż h

´h
x3 fαptqdx3 ` hpgὰ ptq ´ gά ptqq,

rgiptq–
ż h

´h
giptqdx3, nαptq–

ż h

´h
x3gαptqdx3,

rρeptq–
ż h

´h
ρeptqdx3 ´ d`ptq ´ d´ptq, rdptq–

ż h

´h
dptqdx3,

rrptq–
ż h

´h
rptqdx3 ´ %`ptq ´ %´ptq, r%ptq– 1

T0

ż h

´h
%ptqdx3,

where v˘ – v|Γ˘ “ vpx̃,˘hq denotes the restriction of v to Γ˘.
The variational problem above can be split into two two-dimensional decoupled

problems: namely, the flexural problem and the thermo-piezoelectric membrane prob-
lem. The flexural problem reads as follows:

$
’’’’’’’&
’’’’’’’%

Find u3ptq P V3pω, γ0q, t P p0,Tq such that
2h3

3

ż

ω

"
M1

αβpu3ptqqBαβv3 ` ρBα:u3ptqBαv3 ` 3
h2 ρ:u3ptqv3

*
dx̃ “

“
ż

ω

!
rf3v3 ´ mαBαv3

)
dx̃ `

ż

γ1

trg3v3 ´ nαBαv3u dγ,

for all v3 P V3pω, γ0q.
The two-dimensional thermo-piezoelectric membrane problem takes the following
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form
$
’’’’’’’’’’’’’’’&
’’’’’’’’’’’’’’’%

Find puHptq, φptq, ϑptqq, P VHpω, γ0q ˆ H1pω, γ0q ˆ H1pω, γ0q, t P p0,Tq
such that 2h

ż

ω

!
N 1
αβpuHptq, φptq, ϑptqqeαβpvHq ` ρ:uαptqvα

)
dx̃`

`2h
ż

ω

!
´ rD1

αpuHptq, φptq, ϑptqqBαψ ` Bt rS1puHptq, φptq, ϑptqqη ´ rq1
αpϑptqqBαη

)
dx̃

“
ż

ω

!
rfαvα ` rρeψ ´ rR3αβrrζsseαβpvHq ´ rαα3rrζssBαψ ` prr ` rm3rr 9ζssqη

)
dx̃`

`
ż

γ1

!
rgαvα ´ rdψ ´ r%η

)
dγ,

for all pvH, ψ, ηq P VHpω, γ0q ˆ H1pω, γ0q ˆ H1pω, γ0q.
We are now in a position to write the decoupled flexural and thermo-piezoelectric
membrane problems into their differential form by using Green’s formulae on ω.

The transversal displacement u3 solves the following flexural differential problem:
$
’’’’’’’’’’’’’’’&
’’’’’’’’’’’’’’’%

Field equation:
2h3

3 BαβM1
αβ ´ 2h3

3 ρBαα:u3 ` 2hρ:u3 “ F3 in ωT ,

Initial conditions:
u3p0q “ u3,0, 9u3p0q “ u3,1 in ωT ,

Boundary conditions:
2h3

3 tρBα:u3να ´ pBαM1
αβqνβ ´ BτpM1

αβνατβqu “ G3 on γ1 ˆ p0,Tq,
´M1

αβνανβ “ nανα on γ1 ˆ p0,Tq,
u3 “ Bνu3 “ 0 on γ0 ˆ p0,Tq,

pFDPq1

where F3 – rf3 ` Bαmα and G3 – rg3 ´ mανα ` Bτpnαταq.
The thermo-electro-mechanical state puHptq, φptq, ϑptqq solves the following

thermo-piezoelectric membrane differential problem:
$
’’’’’’’’’’’’’’’’’’’’’’’&
’’’’’’’’’’’’’’’’’’’’’’’%

Field equations:
2hpρ:uα ´ BβN 1

αβq “ rfα ` rR1
3αβrrBβζss in ωT ,

2hBα rD1
α “ rρe ` rα1

α3rrBαζss in ωT ,

2hpBt rS1 ` Bαrq1
αq “ rr ` rm1

3rr 9ζss in ωT ,

Initial conditions:
uαp0q “ uα,0, 9uαp0q “ uα,1, ϑp0q “ ϑ0 in ωT ,

Boundary conditions:
2hN 1

αβνβ “ rgα ´ rR1
3αβνβrrζss on γ1 ˆ p0,Tq,

2h rD1
ανα “ rd ` rα1

α3ναrrζss on γ1 ˆ p0,Tq,
2hrq1

ανα “ r% on γ1 ˆ p0,Tq,
uα “ φ “ ϑ “ 0 on γ0 ˆ p0,Tq.

It is important to remark that the information regarding the piezomagnetic behavior of
the plate is now contained in the source terms appearing on the right-hand side of the
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equations, depending on the jump of the applied magnetic potentials at the upper and
lower faces of the plate.

4.1.6.2 The Actuator-Sensor model

Theorem 4.5. Under assumption (4.22), the sequence tUpεquεą0 weakly con-
verges to the limit rU – pũ, ϕ̃, ζ̃, θ̃q in the space L2p0,T ; H1pΩqq ˆ L2p0,T ;XpΩqq ˆ
L2p0,T ; H1pΩqq ˆ L2p0,T ; H1pΩqq.
Proof. Again, the proof relies on the uniform bound of the scaled energy tEpεqptquεą0,
which can be established by procedures analogous to those used in steps piq, piiq and piiiq
of the proof of Theorem 4.3, taking into account the different scalings on the electric
and magnetic potentials. This result implies that the sequences tκpεquεą0, tχpεquεą0,
tτ̄pεquεą0 and tγpεquεą0 are uniformly bounded in L2p0,T ; L2pΩqq, therefore we have
the following weak convergences (up to a subsequence):

κi jpεq á κ̃i j in L2p0,T ; L2pΩqq,
τ̄ipεq á ˜̄τi in L2p0,T ; L2pΩqq,
χipεq á χ̃i in L2p0,T ; L2pΩqq,
γipεq á γ̃i in L2p0,T ; L2pΩqq.

Moreover, by means of Korn’s and Poincaré’s inequalities and from the definition of
κi jpεq, χipεq and γipεq, we infer that }upεq}1,Ω, }ζpεq}1,Ω and }θpεq}1,Ω are also
bounded, so that

upεq á ũ in L2p0,T ; H1pΩqq,
9upεq á 9̃u in L2p0,T ; L2pΩqq,
ζpεq á ζ̃ in L2p0,T ; H1pΩqq,
θpεq á θ̃ in L2p0,T ; H1pΩqq.

Upon writing

ϕ̄pεqpx̃, x3q “
ż x3

´h
B3ϕ̄pεqpx̃, y3qdy3,

it follows that |ϕ̄pεq|0,Ω ď 2h|B3ϕ̄pεq|0,Ω ď cemT , by virtue of the boundedness of
τ̄ipεq. This implies that both ϕ̄pεq and ϕpεq are bounded in L2pΩq and thus,

ϕ̄pεq á ˜̄ϕ in L2p0,T ;X0pΩqq,
ϕpεq á ϕ̃ in L2p0,T ;XpΩqq.

This completes the proof. �

Theorem 4.6. The weak limit rUptq “ pũptq, ϕ̃ptq, ζ̃ptq, θ̃ptqq is the solution to the limit
variational problem:
$
&
%

Find rUptq P VKLpΩq ˆ XpΩq ˆ H1pΩ, Γ0q ˆ H1pΩ, Γ0q, t P p0,Tq such that
rA2p rUptq,Vq “ rL2pVq, for allV P VKLpΩq ˆ X0pΩq ˆ H1pΩ, Γ0q ˆ H1pΩ, Γ0q,
ϕ̃ “ ϕ˘ on Γ˘,

(4.30)
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where

rA2p rUptq,Vq–
ż

Ω

!́
rC2
αβστeστpũptqq` rP2

3αβB3ϕ̃ptq` rR2
σαβBσ ζ̃ptq´ rβ2

αβ θ̃ptq
¯

eαβpvq`

`
´
´ rP2

3αβeαβpũptqq ` rα2
α3Bα ζ̃ptq ` rX2

33B3ϕ̃ptq ´ rp2
3 θ̃ptq

¯
B3ψ`

`
´
´ rR2

αστeστpũptqq ` rM2
αβBβ ζ̃ptq ` rα2

α3B3ϕ̃ptq ´ rm2
α θ̃ptq

¯
Bαξ`

`
´
rβ2
αβeαβp 9̃uptqq ´ rp2

3B3 9̃ϕptq ´ rm2
αBα 9̃ζptq ` rc2

v
9̃θptq

¯
η`

` rK1
αβBβ θ̃ptqBαη ` ρ:̃uiptqvi

)
dx,

rL2pVq– pf, vq ` pg, vqL2ppΓq ` pr, ηq ´ 1
T0
p%, ηqL2ppΓq ´ pb, ξqL2ppΓq.

The reduced magneto-electro-thermo-elastic coefficients rC2
αβστ , rM2

αβ , rK1
αβ , rR2

σαβ ,
rβ2
αβ , rm2

α rp2
3, rP2

3αβ and rα2
α3 are listed in Appendix 1.

Proof. For the sake of clarity the proof is split into three parts.
piq By the definition of κi jpεq, τ̄ipεq, χipεq and γipεq, and thanks to the results of
Theorem 4.5, there exists two constants CM and CK such that

|eαβpupεqq|0,Ω ď CMeCKT , |eα3pupεqq|0,Ω ď εCMeCKT , |e33pupεqq|0,Ω ď ε2CMeCKT ,

|Bαϕpεq|0,Ω ď 1
εCMeCKT , |B3ϕpεq|0,Ω ď CMeCKT ,

|Bαζpεq|0,Ω ď CMeCKT , |B3ζpεq|0,Ω ď εCMeCKT ,

|Bαθpεq|0,Ω ď CMeCKT , |B3θpεq|0,Ω ď εCMeCKT .
(4.31)

From the first set of inequalities (4.31)1, we get that ei3pupεqptqq Ñ 0 in L2pΩq for
almost every t P p0,Tq. Also, as upεqptq á ũptq inH1pΩq, we have that ei3pupεqptqq á
ei3pũptqq and so ei3pũptqq “ 0 by uniqueness of the limit. This implies that B3ũ3 “ 0,
i.e., ũ3px̃, x3q “ ũ3px̃q is independent of x3. We also have that B3ũα “ ´Bαũ3, i.e.,
ũαpx̃, x3q “ ũαpx̃q ´ x3Bαũ3px̃q. Consequently, ũptq P VKLpΩq. Moreover, we obtain
that eαβpupεqptqq á καβptq “ eαβpũptqq in L2pΩq, 1

ε eα3pupεqptqq á κα3ptq in L2pΩq,
1
ε e33pupεqptqq Ñ 0 in L2pΩq and, also, 1

ε2 e33pupεqptqq á κ33ptq in L2pΩq.
From the second set of inequalities (4.31)2, we have that εBαϕpεqptq Ñ 0 in L2pΩq

and B3ϕpεqptq á B3ϕ̃ptq in L2pΩq.
From the last sets of inequalities (4.31)3,4, since ζpεqptq á ζ̃ptq in H1pΩq, we

infer that Bαζpεqptq á χ̃αptq “ Bα ζ̃ptq in L2pΩq and, also, B3ζpεqptq Ñ 0 in L2pΩq,
i.e., ζ̃ptq “ ζ̃px̃qptq is independent of x3. Besides, 1

εB3ζpεqptq á χ3ptq in L2pΩq.
Similarly, since θpεqptq á θ̃ptq in H1pΩq, we obtain that Bαθpεqptq á γ̃αptq “ Bα θ̃ptq
in L2pΩq, B3θpεqptq Ñ 0 in L2pΩq, i.e., θ̃ptq “ θ̃px̃qptq and, finally, 1

εB3θpεqptq á
γ3ptq in L2pΩq.
(ii) Computations of κi3, χ3 and γ3. Let us multiply problem (4.13) by ε2 and let ε
tend to zero. We get the following equation:

C3333κ33 ` 2Cα333κα3 ` R333 χ3 ` Cαβ33eαβpũq ` Rα33Bα ζ̃ ` P333B3ϕ̃´ β33θ̃ “ 0.

By multiplying problem (4.13) by ε, choosing test functions v3 “ ψ “ η “ ξ “ 0 and
letting ε tend to zero, we have that

Cα333κ33` 2Cα3β3κβ3` R3α3 χ3`Cσβα3eσβpũq` Rσα3Bσ ζ̃ ` P3α3B3ϕ̃´ βα3θ̃ “ 0.
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Similarly, by multiplying problem (4.13) by ε and choosing test functions vi “ η “
ψ “ 0, when ε tends to zero, we find

´R333κ33 ´ 2R3α3κα3 ` M33 χ3 ´ R3αβeαβpũq ` Mα3Bα ζ̃ ` α33B3ϕ̃´ m3θ̃ “ 0.

Finally, if we multiply by ε and choose test functions vi “ ψ “ ξ “ 0, we obtain the
last equation

K33γ3 ` Kα3Bα θ̃ “ 0.

By combining the whole set of equations above we are now in a position to characterize
κi3, χ3 and γ3. Let l2 “ pl2

i q be the vector whose components are defined by l2
α – 2κα3

and l2
3 – κ33, and pdi jq– pCi3j3q´1, then

l2
i “ ´di j

!´
Cαβ j3 ` `1R3j3R13αβ

¯
eαβpũq `

`
Rα j3 ´ `1R3j3M 1

α3
˘ Bα ζ̃`

` `
P3j3 ´ `1R3j3α

1
33
˘ B3ϕ̃´

`
β j3 ´ `1R3j3m13

˘
θ̃
(
,

χ3 “ `1
´

R13αβeαβpũq ´ M 1
α3Bα ζ̃ ´ α133B3ϕ̃` m13θ̃

¯
,

γ3 “ ´K 1α3Bα θ̃ .

(4.32)

Coefficients `1, R13αβ , M 1
α3, α

1
33, m13 and K 1α3 are defined in Appendix 1.

(iii) Definition of the limit problem. We let test functions be V “ pv, ψ, ξ, ηq P
VKLpΩq ˆ X0pΩq ˆ H1pΩ, Γ0q ˆ H1pΩ, Γ0q in problem (4.13) and let ε Ñ 0, by
substituting expressions (4.32), we obtain, as customary, the limit evolution problem
$
’’’’’’’’’’’’’’’’’&
’’’’’’’’’’’’’’’’’%

Find rUptq P VKLpΩq ˆ XpΩq ˆ H1pΩ, Γ0q ˆ H1pΩ, Γ0q, t P p0,Tq such thatż

Ω

!´
rC2
αβστeστpũptqq ` rP2

3αβB3ϕ̃ptq ` rR2
σαβBσ ζ̃ptq ´ rβ2

αβ θ̃ptq
¯

eαβpvq`

`
´
´ rP2

3αβeαβpũptqq ` rα2
α3Bα ζ̃ptq ` rX2

33B3ϕ̃ptq ´ rp2
3 θ̃ptq

¯
B3ψ`

`
´
´ rR2

αστeστpũptqq ` rM2
αβBβ ζ̃ptq ` rα2

α3B3ϕ̃ptq ´ rm2
α θ̃ptq

¯
Bαξ`

`
´
rβ2
αβeαβp 9̃uptqq ´ rp2

3B3 9̃ϕptq ´ rm2
αBα 9̃ζptq ` rc2

v
9̃θptq

¯
η`

` rK1
αβBβ θ̃ptqBαη ` ρ:̃uiptqvi

)
dx “ rL2pVq,

ϕ̃ “ ϕ˘ on Γ˘, for allV P VKLpΩq ˆ X0pΩq ˆ H1pΩ, Γ0q ˆ H1pΩ, Γ0q
(4.33)

Problem (4.33) is formally equivalent to (4.30), presented in the statement of Theorem
4.6.

�

The limit evolution problem

In this section we present the variational and differential formulations of the evolu-
tion problem for an actuator-sensor magneto-electro-thermo-elastic plate. The primary
unknowns of the limit problem are collected into the limit magneto-electro-thermo-
elastic state rUptq “ pũptq, ϕ̃ptq, ζ̃ptq, θ̃ptqq P VKLpΩqˆXpΩqˆH1pΩ, Γ0qˆH1pΩ, Γ0q,
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whose components take the following form:

ũαpx̃, x3q “ uαpx̃q ´ x3Bαu3px̃q, uH – puαq,
ũ3px̃, x3q “ u3px̃q,
ζ̃px̃, x3q “ ςpx̃q,
θ̃px̃, x3q “ ϑpx̃q.

(4.34)

In the case of a homogeneous material, the reducedmagneto-electro-thermo-elastic
coefficients rC2

αβστ , rM2
αβ , rK1

αβ , rR2
σαβ , rβ2

αβ , rm2
α rp2

3, rP2
3αβ , rX2

33 and rα2
α3 are constant

functions and, thus, the limit evolution problem decouples into two variational sub-
problems, namely, the flexural problem, which gives u3, and the thermo-piezomagnetic
membrane problem, which gives the triplet puH, ς, ϑq. Moreover, we can characterize
explicitly the limit electric potential ϕ̃ as a second order polynomial function of x3.

Indeed, by choosing test functions V “ p0, ψ, 0, 0q in (4.33), after an integration
by parts along x3, we get the expression of the limit electric potential ϕ̃:

ϕ̃px̃, x3q “
2ÿ

k“0
f kpx̃qxk3, (4.35)

where

f 0 “ xϕy `
h2 rP2

3αβ

2 rX2
33

Bαβu3, f 1 “ rrϕss
2h

, f 2 “ ´
rP2

3αβ

2 rX2
33

Bαβu3.

with xϕy – ϕ``ϕ´
2 and rrϕss – ϕ` ´ ϕ´ representing, respectively, the mean value

and the jump function between the top and bottom boundary values of ϕ. As the careful
reader can notice, the limit electric potential becomes a known function depending on
the transversal displacement u3 of the plate and on the values of the magnetic potentials
ϕ˘, applied on the upper and lower surfaces Γ˘.

By virtue of the characterization (4.35) of the limit electric potential ϕ̃, we can now
rewrite the limit evolution problem. After an integration by parts along x3, we obtain
a two-dimensional problem defined over the middle surface ω of the plate:
$
’’’’’’’’’’’’’’&
’’’’’’’’’’’’’’%

Find rU “ puHptq, u3ptq, ςptq, ϑptqq P VHpω, γ0qˆV3pω, γ0qˆ
ˆH1pω, γ0qˆH1pω, γ0q such that
2h

ż

ω

!
N 2
αβpuHptq, ςptq, ϑptqqeαβpvHq ` ρ:uαptqvα

)
dx̃`

`2h
ż

ω

!
´ rB2

αpuHptq, ςptq, ϑptqqBαξ ` Bt rS2puHptq, ςptq, ϑptqqη ´ rq1
αpϑptqqBαη

)
dx̃`

`2h3

3

ż

ω

"
M2

αβpu3ptqqBαβv3 ` ρBα :wptqBαv3 ` 3
h2 ρ:wptqv3

*
dx̃ “ L2p rVq,

for all rV “ pvH, v3, ξ, ηq P VHpω, γ0q ˆ V3pω, γ0q ˆ H1pω, γ0q ˆ H1pω, γ0q,
with

L2p rVq–
ż

ω

!
rf ivi ´ mαBαv3 ` rrη

)
dx̃ `

ż

γ1

!
rgivi ´ nαBαv3 ´ rbξ ´ r%η

)
dγ´

´
ż

ω

!
rP2

3αβrrϕsseαβpvHq ` rα2
α3rrϕssBαξ ´ rp2

3rr 9ϕssη
)

dx̃.
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pN 2
αβq, pM2

αβq, p rB2
αq, rS2 and prq1

αq represent, respectively, the membrane stress tensor,
the moment tensor, the reduced magnetic induction, the reduced thermodynamic en-
tropy and the reduced heat flow vector of the plate, whose components are defined by
the constitutive laws below:

$
’’’’’’&
’’’’’’%

N 2
αβ – rC2

αβστeστpuHq ` rR2
σαβBσς ´ rβ2

αβϑ,
rB2
α – rR2

αστeστpuHq ´ rM2
αβBβς ` rm2

αϑ,
rS2 – rβ2

αβeαβpuHq ´ rm2
αBας ` rc2

vϑ,

M2
αβ – rA2

αβστBστu3,

rq1
α – ´ 1

T0
rK1
αβBβϑ,

(4.36)

where rA2
αβστ – rC2

αβστ `
rP2

3αβ
rP2

3στ
rX2

33
. The variational problem above can be split

into two two-dimensional decoupled problems: namely, the flexural problem and the
thermo-piezomagnetic membrane problem.

The flexural problem reads as follows:
$
’’’’’’’&
’’’’’’’%

Find u3ptq P V3pω, γ0q, t P p0,Tq such that
2h3

3

ż

ω

"
M2

αβpu3ptqqBαβv3 ` ρBα:u3ptqBαv3 ` 3
h2 ρ:u3ptqv3

*
dx̃ “

“
ż

ω

!
rf3v3 ´ mαBαv3

)
dx̃ `

ż

γ1

trg3v3 ´ nαBαv3u dγ,

for all v3 P V3pω, γ0q.
The two-dimensional thermo-piezomagnetic membrane problem takes the follow-

ing form
$
’’’’’’’’’’’’’’’&
’’’’’’’’’’’’’’’%

Find puHptq, ςptq, ϑptqq, P VHpω, γ0q ˆ H1pω, γ0q ˆ H1pω, γ0q, t P p0,Tq
such that 2h

ż

ω

!
N 2
αβpuHptq, ςptq, ϑptqqeαβpvHq ` ρ:uαptqvα

)
dx̃`

`2h
ż

ω

!
´ rB2

αpuHptq, ςptq, ϑptqqBαξ ` Bt rS2puHptq, ςptq, ϑptqqη ´ rq1
αpϑptqqBαη

)
dx̃

“
ż

ω

!
rfαvα ´ rP2

3αβrrϕsseαβpvHq ´ rα2
α3rrϕssBαξ ` prr ` rp2

3rr 9ϕssqη
)

dx̃`

`
ż

γ1

!
rgαvα ´ rbξ ´ r%η

)
dγ,

for all pvH, ξ, ηq P VHpω, γ0q ˆ H1pω, γ0q ˆ H1pω, γ0q.

We are now in a position to write the decoupled flexural and thermo-piezomagnetic
membrane problems into their differential form by using Green’s formulae on ω.

The transversal displacement u3 solves a flexural differential problem pFDPq2
analogous to pFDPq1 withM1

αβ replaced byM2
αβ defined by (4.36)4.

The thermo-magneto-elastic state puHptq, ςptq, ϑptqq solves the following thermo-
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piezomagnetic membrane differential problem:
$
’’’’’’’’’’’’’’’’’’’’’’’&
’’’’’’’’’’’’’’’’’’’’’’’%

Field equations:
2hpρ:uα ´ BβN 2

αβq “ rfα ` rP2
3αβrrBβϕss in ωT ,

2hBα rB2
α “ rα2

α3rrBαϕss in ωT ,

2hpBt rS2 ` Bαrq1
αq “ rr ` rp2

3rr 9ϕss in ωT ,

Initial conditions:
uαp0q “ uα,0, 9uαp0q “ uα,1, ϑp0q “ ϑ0 in ωT ,

Boundary conditions:
2hN 2

αβνβ “ rgα ´ rP2
3αβνβrrϕss on γ1 ˆ p0,Tq,

2h rB2
ανα “ rb` rα2

α3ναrrϕss on γ1 ˆ p0,Tq,
2hrq1

ανα “ r% on γ1 ˆ p0,Tq,
uα “ ς “ ϑ “ 0 on γ0 ˆ p0,Tq.

(4.37)

It is important to remark that the information regarding the piezoelectric behavior of
the plate is now contained in the source terms appearing on the right-hand side of the
equations, depending on the jump of the applied electric potentials at the upper and
lower faces of the plate.

4.1.6.3 The Actuator Model

Theorem 4.7. Under assumption (4.22), the sequence tUpεquεą0 weakly con-
verges to the limit rU – pũ, ϕ̃, ζ̃, θ̃q in the space L2p0,T ; H1pΩqq ˆ L2p0,T ;XpΩqq ˆ
L2p0,T ;XpΩqq ˆ L2p0,T ; H1pΩqq.
Proof. As usual, one can determine a uniform bound on the scaled energy tEpεqptquεą0
by using the same techniques as in steps piq, piiq and piiiq of the proof of Theorem
4.3, taking into account the different scalings on the electric and magnetic potentials.
From the bound on the energy we infer that the sequences tκpεquεą0, tχ̄pεquεą0,
tτ̄pεquεą0 and tγpεquεą0 are bounded independently of ε in L2p0,T ; L2pΩqq, meaning
that κi jpεq á κ̃i j , χ̄ipεq á ˜̄χi, τ̄ipεq á ˜̄τi and γipεq á γ̃i in L2p0,T ; L2pΩqq.

Besides, by means of Korn’s and Poincaré’s inequalities and from the definition of
κi jpεq and γipεq, we infer that }upεq}1,Ω and }θpεq}1,Ω are also bounded, so that

upεq á ũ in L2p0,T ; H1pΩqq,
9upεq á 9̃u in L2p0,T ; L2pΩqq,
θpεq á θ̃ in L2p0,T ; H1pΩqq.

Since

ζ̄pεqpx̃, x3q “
ż x3

´h
B3 ζ̄pεqpx̃, y3qdy3 and ϕ̄pεqpx̃, x3q “

ż x3

´h
B3ϕ̄pεqpx̃, y3qdy3

we obtain that |ζ̄pεq|0,Ω ď 2h|B3 ζ̄pεq|0,Ω ď cemT and |ϕ̄pεq|0,Ω ď 2h|B3ϕ̄pεq|0,Ω ď
cemT , by means of the boundedness of χ̄ipεq and τ̄ipεq. This implies that ζ̄pεq, ζpεq,
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ϕ̄pεq and ϕpεq are all bounded in L2pΩq and, thus,
ζ̄pεq á ˜̄ζ in L2p0,T ;X0pΩqq,
ζpεq á ζ̃ in L2p0,T ;XpΩqq,
ϕ̄pεq á ˜̄ϕ in L2p0,T ;X0pΩqq,
ϕpεq á ϕ̃ in L2p0,T ;XpΩqq.

This completes the proof. �

Theorem 4.8. The weak limit rUptq “ pũptq, ϕ̃ptq, ζ̃ptq, θ̃ptqq is the solution to the limit
variational problem:
$
&
%

Find rUptq P VKLpΩq ˆ XpΩq ˆ XpΩq ˆ H1pΩ, Γ0q, t P p0,Tq such that
rA3p rUptq,Vq “ rL3pVq, for allV P VKLpΩq ˆ X0pΩq ˆ X0pΩq ˆ H1pΩ, Γ0q,
ϕ̃ “ ϕ˘, ζ̃ “ ζ˘ on Γ˘,

(4.38)
where

rA3p rUptq,Vq–
ż

Ω

!́
rC3
αβστeστpũptqq` rP3

3αβB3ϕ̃ptq` rR3
3αβB3 ζ̃ptq´ rβ3

αβ θ̃ptq
¯

eαβpvq`

`
´
´ rP3

3αβeαβpũptqq ` rX3
33B3ϕ̃ptq ` rα3

33B3 ζ̃ptq ´ rp3
3 θ̃ptq

¯
B3ψ`

`
´
´ rR3

3αβeαβpũptqq ` rα3
33B3ϕ̃ptq ` rM3

33B3 ζ̃ptq ´ rm3
3 θ̃ptq

¯
B3ξ`

`
´
rβ3
αβeαβp 9̃uptqq ´ rm3

3B3
9̃ζptq ´ rp3

3B3 9̃ϕptq ` rc3
v
9̃θptq

¯
η`

` rK1
αβBβ θ̃ptqBαη ` ρ:̃uiptqvi

)
dx,

rL3pVq– pf, vq ` pg, vqL2ppΓq ` pr, ηq ´ 1
T0
p%, ηqL2ppΓq ` pρe, ψq.

The reduced magneto-electro-thermo-elastic coefficients rC3
αβστ , rX3

33, rM3
33, rP3

3αβ , rβ3
αβ ,

rp3
3, rm3

3, rR3
3αβ , rα3

33 and rc3
v are listed in Appendix 1.

Proof. For the sake of simplicity the proof is split into three parts, numbered from piq
to piiiq.
piq From definition of κi jpεq, χ̄ipεq, τ̄ipεq and γipεq, and thanks to the results of
Theorem 4.7, there exist two constants CM and CK such that

|eαβpupεqq|0,Ω ď CMeCKT , |eα3pupεqq|0,Ω ď εCMeCKT , |e33pupεqq|0,Ω ď ε2CMeCKT ,

|Bαζpεq|0,Ω ď 1
εCMeCKT , |B3ζpεq|0,Ω ď CMeCKT ,

|Bαϕpεq|0,Ω ď 1
εCMeCKT , |B3ϕpεq|0,Ω ď CMeCKT ,

|Bαθpεq|0,Ω ď CMeCKT , |B3θpεq|0,Ω ď εCMeCKT .
(4.39)

From the first set of inequalities (4.39)1, we get that ei3pupεqptqq Ñ 0 in L2pΩq for
almost every t P p0,Tq, and, sinceupεqptq á ũptq inH1pΩq, we have that ei3pũptqq “ 0.
Consequently, ũptq P VKLpΩq. Moreover, we obtain that eαβpupεqptqq á καβptq “
eαβpũptqq in L2pΩq, 1

ε eα3pupεqptqq á κα3ptq in L2pΩq, 1
ε e33pupεqptqq Ñ 0 in L2pΩq

and, also, 1
ε2 e33pupεqptqq á κ33ptq in L2pΩq.

From the second and third sets of inequalities (4.39)2,3, we have that εBαζpεqptq Ñ
0 in L2pΩq, B3ζpεqptq á B3 ζ̃ in L2pΩq, εBαϕpεqptq Ñ 0 in L2pΩq, B3ϕpεqptq á B3ϕ̃ptq
in L2pΩq.
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From the last set of inequalities (4.39)4, since θpεqptq á θ̃ptq in H1pΩq, we
obtain that Bαθpεqptq á γ̃αptq “ Bα θ̃ptq in L2pΩq, B3θpεqptq Ñ 0 in L2pΩq, i.e.,
θ̃ptq “ θ̃px̃qptq and, finally, 1

εB3θpεqptq á γ3ptq in L2pΩq.
(ii) Computations of κi3 and γ3. Let us multiply problem (4.19) by ε2 and let ε tend to
zero. We get the following equation:

C3333κ33 ` 2Cα333κα3 ` Cαβ33eαβpũq ` P333B3ϕ̃` R333B3 ζ̃ ´ β33θ̃ “ 0.

By multiplying problem (4.19) by ε, we choose test functions v3 “ ψ “ η “ ξ “ 0
and we let ε tend to zero, we have that

Cα333κ33 ` 2Cα3β3κβ3 ` Cσβα3eσβpũq ` P3α3B3ϕ̃` R3α3B3 ζ̃ ´ βα3θ̃ “ 0.

Finally, if we multiply by ε and choose test functions vi “ ψ “ ξ “ 0, we obtain the
last equation

K33γ3 ` Kα3Bα θ̃ “ 0.
By solving the linear system above, we can characterize κi3 and γ3. Let l3 “ pl3

i q be
the vector whose components are defined by l3

α – 2κα3 and l3
3 – κ33, and pdi jq –

pCi3j3q´1, then

l3
i “ ´di j

`
Cαβ j3eαβpũq ` P3j3B3ϕ̃` R3j3B3 ζ̃ ´ β j3θ̃

˘
,

γ3 “ ´K 1α3Bα θ̃ .
(4.40)

(iii) Definition of the limit problem. By choosing test functions V “ pv, ψ, ξ, ηq P
VKLpΩqˆX0pΩqˆX0pΩqˆH1pω, γ0q in problem (4.19) and let ε Ñ 0, by substituting
expressions (4.40), we obtain, as customary, the limit evolution problem
$
’’’’’’’’’’’’’’’’’&
’’’’’’’’’’’’’’’’’%

Find rUptq P VKLpΩq ˆ XpΩq ˆ XpΩq ˆ H1pΩ, Γ0q, t P p0,Tq such thatż

Ω

!´
rC3
αβστeστpũptqq ` rP3

3αβB3ϕ̃ptq ` rR3
3αβB3 ζ̃ptq ´ rβ3

αβ θ̃ptq
¯

eαβpvq`

`
´
´ rP3

3αβeαβpũptqq ` rX3
33B3ϕ̃ptq ` rα3

33B3 ζ̃ptq ´ rp3
3 θ̃ptq

¯
B3ψ`

`
´
´ rR3

3αβeαβpũptqq ` rα3
33B3ϕ̃ptq ` rM3

33B3 ζ̃ptq ´ rm3
3 θ̃ptq

¯
B3ξ`

`
´
rβ3
αβeαβp 9̃uptqq ´ rm3

3B3
9̃ζptq ´ rp3

3B3 9̃ϕptq ` rc3
v
9̃θptq

¯
η`

` rK1
αβBβ θ̃ptqBαη ` ρ:̃uiptqvi

)
dx “ rL3pVq,

ϕ̃ “ ϕ˘, ζ̃ “ ζ˘ on Γ˘, for allV P VKLpΩq ˆ X0pΩq ˆ X0pΩq ˆ H1pΩ, Γ0q.
(4.41)

Thus, the result is achieved.
�

The limit evolution problem

In this section we present the variational and differential formulations of the evolution
problem for an actuator magneto-electro-thermo-elastic plate. The primary unknowns
rU “ pũ, ϕ̃, ζ̃, θ̃q P VKLpΩq ˆ XpΩq ˆ XpΩq ˆ H1pΩ, Γ0q are defined by:

ũαpx̃, x3q “ uαpx̃q ´ x3Bαu3px̃q, uH – puαq,
ũ3px̃, x3q “ u3px̃q,
θ̃px̃, x3q “ ϑpx̃q.

(4.42)



79

We consider the case of a homogeneous material. The limit evolution problem
decouples into two variational subproblems, namely, the flexural problem, which gives
u3, and the thermo-elastic membrane problem, which gives the couple puH, ϑq. More-
over, we can characterize explicitly the limit magnetic potential ζ̃ and the limit electric
potential ϕ̃ as second order polynomial functions of x3.

We choose test functions V “ p0, ψ, ξ, 0q in (4.41); after an integration by parts
along x3, and by the continuity of the applied magnetic and electric potential at the
top and bottom faces, we obtain the characterization of the limit electric and magnetic
potentials ϕ̃ and ζ̃ :

ϕ̃px̃, x3q “
2ÿ

k“0
f kpx̃qxk3, ζ̃px̃, x3q “

2ÿ

k“0
zkpx̃qxk3, (4.43)

where

f 0 “ xϕy ` h2

2
ΛαβBαβu3, f 1 “ rrϕss

2h
, f 2 “ ´1

2
ΛαβBαβu3,

z0 “ xζy ` h2

2
ΓαβBαβu3, z1 “ rrζss

2h
, z2 “ ´1

2
ΓαβBαβu3.

with

Λαβ –
rM3

33
rP3

3αβ ´ rα3
33
rR3

3αβ

rM3
33
rX3

33 ´ prα3
33q2

, Γαβ –
rα3

33
rP3

3αβ ´ rX3
33
rR3

3αβ

rM3
33
rX3

33 ´ prα3
33q2

.

The limit magnetic and electric potentials depend on the transversal displacement u3 of
the plate and on the values of the known boundary magnetic potentials ζ˘ and electric
potentials ϕ˘.

Thanks to the characterization (4.43) of the limit magnetic and electric potentials,
we can now rewrite the limit evolution problem. After an integration by parts along x3,
we obtain a two-dimensional problem defined over the middle surface ω of the plate:
$
’’’’’’’’’’’’&
’’’’’’’’’’’’%

Find rU “ puHptq, u3ptq, ϑptqq P VHpω, γ0q ˆ V3pω, γ0q ˆ H1pω, γ0q, such that
2h

ż

ω

!
N 3
αβpuHptq, ϑptqqeαβpvHq ` ρ:uαptqvα

)
dx̃`

`2h
ż

ω

!
Bt rS3puHptq, ϑptqqη ´ rq1

αpϑptqqBαη
)

dx̃`

`2h3

3

ż

ω

"
M3

αβpu3ptqqBαβv3 ` ρBα:u3ptqBαv3 ` 3
h2 ρ:u3ptqv3

*
dx̃ “ L3p rVq,

for all rV “ pvH, v3, ηq P VHpω, γ0q ˆ V3pω, γ0q ˆ H1pω, γ0q, t P p0,Tq,
with

L3p rVq–
ż

ω

!
rf ivi ´ mαBαv3 ` rρeψ ` rrη

)
dx̃ `

ż

γ1

trgivi ´ nαBαv3 ´ r%ηu dγ`

´
ż

ω

!´
rR3

3αβrrζss ` rP3
3αβrrϕss

¯
eαβpvHq ´

`
rp3

3rr 9ϕss ` rm3
3rr 9ζss

˘
η
)

dx̃.

The initial conditions are given by
$
&
%

ũp0q “ ũ0 “ puα,0 ´ x3Bαu3,0, u3,0q,
9̃up0q “ ũ1 “ puα,1 ´ x3Bαu3,1, u3,1q,
θ̃p0q “ θ̃0 “ ϑ0.
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pN 3
αβq, pM3

αβq, rS3 and prq1
αq represent, respectively, the membrane stress tensor, the

moment tensor, the reduced thermodynamic entropy and the reduced heat flow vector
of the plate, whose components are defined by the constitutive laws below:

$
’’’&
’’’%

N 3
αβ – rC3

αβστeστpuHq ´ rβ3
αβϑ,

rS3 – rβ3
αβeαβpuHq ` rc3

vϑ,

M3
αβ – rA3

αβστBστu3,

rq1
α – ´ 1

T0
rK1
αβBβϑ,

(4.44)

where rA3
αβστ – rC3

αβστ ´ rP3
3αβΛστ ´ rR3

3αβΓστ .
The variational problem above can be split into two two-dimensional decoupled

problems: namely, the flexural problem and the thermo-elastic membrane problem.
The flexural problem reads as follows:

$
’’’’’’’&
’’’’’’’%

Find u3ptq P V3pω, γ0q, t P p0,Tq such that
2h3

3

ż

ω

"
M3

αβpu3ptqqBαβv3 ` ρBα:u3ptqBαv3 ` 3
h2 ρ:u3ptqv3

*
dx̃ “

“
ż

ω

!
rf3v3 ´ mαBαv3

)
dx̃ `

ż

γ1

trg3v3 ´ nαBαv3u dγ,

for all v3 P V3pω, γ0q.
The two-dimensional thermo-elastic membrane problem takes the following form

$
’’’’’’’’’’’’’’’’&
’’’’’’’’’’’’’’’’%

Find puHptq, ϑptqq, P VHpω, γ0q ˆ H1pω, γ0q, t P p0,Tq such that
2h

ż

ω

!
N 3
αβpuHptq, ϑptqqeαβpvHq ` ρ:uαptqvα

)
dx̃`

`2h
ż

ω

!
Bt rS3puHptq, ϑptqqη ´ rq1

αpϑptqqBαη
)

dx̃ “
ż

ω

!
rfαvα` rρeψ´

´
rR3

3αβrrζss` rP3
3αβrrϕss

¯
eαβpvHq `

`
rr ` rp3

3rr 9ϕss ` rm3
3rr 9ζss

˘
η
)

dx̃`

`
ż

γ1

trgαvα ´ r%ηu dγ,

for all pvH, ηq P VHpω, γ0q ˆ H1pω, γ0q.

By using Green’s formulae on ω, we can derive the differential formulations of the
above problems. The transversal displacement u3 solves a flexural differential problem
pFDPq3 analogous to pFDPq1 withM1

αβ replaced byM3
αβ defined in (4.44)3.

The thermo-elastic state puHptq, ϑptqq solves the following thermo-elastic mem-
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brane differential problem:
$
’’’’’’’’’’’’’’’’’&
’’’’’’’’’’’’’’’’’%

Field equations:
2hpρ:uα ´ BβN 3

αβq “ rfα ` rR3
3αβrrBβζss ` rP3

3αβrrBβϕss in ωT ,

2hpBt rS3 ` Bαrq1
αq “ rr ` rm3

3rr 9ζss ` rp3
3rr 9ϕss in ωT ,

Initial conditions:
uαp0q “ uα,0, 9uαp0q “ uα,1, ϑp0q “ ϑ0 in ωT ,

Boundary conditions:
2hN 3

αβνβ “ rgα ´ rR3
3αβνβrrζss ´ rP3

3αβνβrrϕss on γ1 ˆ p0,Tq,
2hrq1

ανα “ r% on γ1 ˆ p0,Tq,
uα “ ϑ “ 0 on γ0 ˆ p0,Tq.

As in the sensor-actuator problem, the piezomagnetic and piezoelectric behaviors are
contained in the load terms on the right-hand side of the equations.

4.1.6.4 The Sensor Model

Theorem 4.9. Under assumption (4.22), the sequence tUpεquεą0 weakly converges
to the limit rU – pũ, ϕ̃, ζ̃, θ̃q in the space L2p0,T ; H1pΩqq ˆ L2p0,T ; H1pΩqq ˆ
L2p0,T ; H1pΩqq ˆ L2p0,T ; H1pΩqq.
Proof. By the usual techniques, keeping in mind the different scalings on the elec-
tric and magnetic potentials, we can determine a uniform bound of the scaled en-
ergy tEpεqptquεą0. This result implies that the sequences tκpεquεą0, tχpεquεą0,
tτpεquεą0 and tγpεquεą0 are bounded independently of ε in L2p0,T ; L2pΩqq, mean-
ing that κi jpεq á κ̃i j , χipεq á χ̃i, τipεq á τ̃i and γipεq á γ̃i in L2p0,T ; L2pΩqq.
Moreover, by means of Korn’s and Poincaré’s inequalities and from the definition
of κi jpεq, τipεq, χipεq and γipεq, we infer that }upεq}1,Ω, }ϕpεq}1,Ω, }ζpεq}1,Ω and
}θpεq}1,Ω are also bounded, so that

upεq á ũ in L2p0,T ; H1pΩqq,
9upεq á 9̃u in L2p0,T ; L2pΩqq,
ϕpεq á ϕ̃ in L2p0,T ; H1pΩqq,
ζpεq á ζ̃ in L2p0,T ; H1pΩqq,
θpεq á θ̃ in L2p0,T ; H1pΩqq.

�

Theorem 4.10. The weak limit rUptq “ pũptq, ϕ̃ptq, ζ̃ptq, θ̃ptqq is the solution to the
limit variational problem:
$
&
%

Find rUptq P VKLpΩq ˆ H1pΩ, Γ0q ˆ H1pΩ, Γ0q ˆ H1pΩ, Γ0q, t P p0,Tq
such that rA4p rUptq,Vq “ rL4pVq,
for allV P VKLpΩq ˆ H1pω, γ0q ˆ H1pω, γ0q ˆ H1pω, γ0q,

(4.45)
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where

rA4p rUptq,Vq–
ż

Ω

!́
rC4
αβστeστpũptqq` rP4

σαβBσ ϕ̃ptq` rR4
σαβBσBσ ζ̃ptq´ rβ4

αβ θ̃ptq
¯

eαβpvq`

`
´
´ rP4

αστeστpũptqq ` rX4
αβBβ ϕ̃ptq ` rα4

αβBβ ζ̃ptq ´ rp4
α θ̃ptq

¯
Bαψ`

`
´
´ rR4

αστeστpũptqq ` rα4
αβBβ ϕ̃ptq ` rM4

αβBβ ζ̃ptq ´ rm4
α θ̃ptq

¯
Bαξ`

`
´
rβ4
αβeαβp 9̃uptqq ´ rm4

αBα 9̃ζptq ´ rp4
αBα 9̃ϕptq ` rc4

v
9̃θptq

¯
η`

` rK1
αβBβ θ̃ptqBαη ` ρ:̃uiptqvi

)
dx,

rL4pVq–pf, vq`pg, vqL2ppΓq`pr, ηq ´ 1
T0
p%, ηqL2ppΓq`pρe, ψq´pd, ψqL2ppΓq´pb, ξqL2ppΓq.

The reducedmagneto-electro-thermo-elastic coefficients rC4
αβστ , rX4

αβ , rK1
αβ , rP4

σαβ , rβ4
αβ ,

rp4
α rm4

α, rR4
σαβ , rM4

αβ , rα4
αβ and rc4

v are listed in Appendix 1.

Proof. For convenience the proof is split into three parts, numbered from piq to piiiq.
piq From definition of κi jpεq, χipεq, τipεq and γipεq, and thanks to the results of
Theorem 4.3, there exists two constants CM and CK such that

|eαβpupεqq|0,Ω ď CMeCKT , |eα3pupεqq|0,Ω ď εCMeCKT , |e33pupεqq|0,Ω ď ε2CMeCKT ,

|Bαϕpεq|0,Ω ď CMeCKT , |B3ϕpεq|0,Ω ď εCMeCKT ,

|Bαζpεq|0,Ω ď CMeCKT , |B3ζpεq|0,Ω ď εCMeCKT ,
|Bαθpεq|0,Ω ď CMeCKT , |B3θpεq|0,Ω ď εCMeCKT .

(4.46)
From the first set of inequalities (4.46)1, we get that ei3pupεqptqq Ñ 0 in L2pΩq for
almost every t P p0,Tq. Also, as upεqptq á ũptq inH1pΩq, we have that ei3pupεqptqq á
ei3pũptqq and so ei3pũptqq “ 0. Thus, ũptq P VKLpΩq. Moreover, we obtain that
eαβpupεqptqq á καβptq “ eαβpũptqq in L2pΩq, 1

ε eα3pupεqptqq á κα3ptq in L2pΩq,
1
ε e33pupεqptqq Ñ 0 in L2pΩq and, also, 1

ε2 e33pupεqptqq á κ33ptq in L2pΩq.
From the last sets of inequalities (4.46)2,3,4, since ϕpεqptq á ϕ̃ptq in H1pΩq,

we infer that Bαϕpεqptq á τ̃αptq “ Bαϕ̃ptq in L2pΩq and, also, B3ϕpεqptq Ñ 0 in
L2pΩq, i.e., ϕ̃ptq “ ϕ̃px̃qptq is independent of x3. Besides, 1

εB3ϕpεqptq á τ3ptq in
L2pΩq. Analogously, since ζpεqptq á ζ̃ptq in H1pΩq, we obtain that Bαζpεqptq á
χ̃αptq “ Bα ζ̃ptq in L2pΩq, B3ζpεqptq Ñ 0 in L2pΩq, i.e., ζ̃ptq “ ζ̃px̃qptq and, finally,
1
εB3ζpεqptq á χ3ptq in L2pΩq. Similarly, since θpεqptq á θ̃ptq in H1pΩq, we obtain
that Bαθpεqptq á γ̃αptq “ Bα θ̃ptq in L2pΩq, B3θpεqptq Ñ 0 in L2pΩq, i.e., θ̃ptq “
θ̃px̃qptq and, finally, 1

εB3θpεqptq á γ3ptq in L2pΩq.
(ii) Computations of κi3, τ3, χ3 and γ3. Let us multiply problem (4.21) by ε2 and let ε
tend to zero. We get the following equation:

C3333κ33`2Cα333κα3`P333τ3`R333 χ3`Cαβ33eαβpũq`Pα33Bαϕ̃`Rα33Bα ζ̃´β33θ̃“0.

By multiplying problem (4.21) by ε, we choose test functions v3 “ ψ “ η “ ξ “ 0
and we let ε tend to zero, we have that

Cα333κ33 ` 2Cα3β3κβ3 ` P3α3τ3 ` R3α3 χ3`
`Cσβα3eσβpũq ` Pσα3Bσ ϕ̃` Rσα3Bσ ζ̃ ´ βα3θ̃ “ 0.
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Similarly, by multiplying problem (4.21) by ε and choosing test functions vi “ η “
ξ “ 0, when ε tends to zero, we find

´P333κ33´2P3α3κα3`X33τ3`α33 χ3´P3αβeαβpũq`Xα3Bαϕ̃`αα3Bα ζ̃´ p3θ̃ “ 0.

By multiplying problem (4.21) by ε and choosing test functions vi “ η “ ψ “ 0, when
ε tends to zero, we find

´R333κ33´2R3α3κα3`M33 χ3`αα3τ3´R3αβeαβpũq`αα3Bαϕ̃`Mα3Bα ζ̃´m3θ̃ “ 0.

Finally, if we multiply by ε and choose test functions vi “ ψ “ ξ “ 0, we obtain the
last equation

K33γ3 ` Kα3Bα θ̃ “ 0.

By solving the linear system constituted by the equations above, we are now in a position
to characterize κi3, τ3, χ3 and γ3. Let l4 “ pl4

i q be the vector whose components are
defined by l4

α – 2κα3 and l4
3 – κ33, then

l4
i “´

!”
d1i jCαβ j3`pα133R3i3´M 1

33P3i3qP3αβ`pα133P3i3´X 133R3i3qR3αβ

ı
eαβpũq`

`
”

d1i jPα j3 ´ pα133R3i3 ´ M 1
33P3i3qXα3 ´ pα133P3i3 ´ X 133R3i3qαα3

ı
Bαϕ̃`

`
”

d1i jRα j3 ´ pα133R3i3 ´ M 1
33P3i3qαα3 ´ pα133P3i3 ´ X 133R3i3qMα3

ı
Bα ζ̃`

`
”
´d1i j β j3 ´ pα133R3i3 ´ M 1

33P3i3qp3 ´ pα133P3i3 ´ X 133R3i3qm3

ı
θ̃
)

τ3 “ ´c1
 “

di jpM 1
33P3j3 ´ α133R3j3qCαβi3 ´ M 1

33P3αβ ` α133R3αβ
‰

eαβpũq`
` “

di jpM 1
33P3j3 ´ α133R3j3qPαi3 ` M 1

33Xα3 ´ α133αα3
‰ Bαϕ̃`

` “
di jpM 1

33P3j3 ´ α133R3j3qRαi3 ` M 1
33αα3 ´ α133Mα3

‰ Bα ζ̃`
` “´di jpM 1

33P3j3 ´ α133R3j3qβi3 ` M 1
33p3 ´ α133m3

‰
θ̃
(

χ3 “ ´c1
 “

di jpX 133R3j3 ´ α133P3j3qCαβi3 ´ X 133R3αβ ` α133P3αβ
‰

eαβpũq`
` “

di jpX 133R3j3 ´ α133P3j3qPαi3 ` X 133Mα3 ´ α133Xα3
‰ Bαϕ̃`

` “
di jpX 133R3j3 ´ α133P3j3qRαi3 ` X 133Mα3 ´ α133αα3

‰ Bα ζ̃`
` “´di jpX 133R3j3 ´ α133P3j3qβi3 ` X 133m3 ´ α133p3

‰
θ̃
(

γ3 “ ´K 1α3Bα θ̃ .
(4.47)

(iii) Definition of the limit problem. We let test functions be V “ pv, ψ, ξ, ηq P
VKLpΩq ˆ H1pΩ, Γ0q ˆ H1pΩ, Γ0q ˆ H1pΩ, Γ0q in problem (4.21) and let ε Ñ 0; by
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substituting expressions (4.47), we obtain, as customary, the limit evolution problem
$
’’’’’’’’’’’’’’’’’’’&
’’’’’’’’’’’’’’’’’’’%

Find rUptq P VKLpΩq ˆ H1pΩ, Γ0q ˆ H1pΩ, Γ0q ˆ H1pΩ, Γ0q, t P p0,Tq
such thatż

Ω

!´
rC4
αβστeστpũptqq ` rP4

σαβBσ ϕ̃ptq ` rR4
σαβBσ ζ̃ptq ´ rβ4

αβ θ̃ptq
¯

eαβpvq`

`
´
´ rP4

αστeστpũptqq ` rX4
αβBβ ϕ̃ptq ` rα4

αβBβ ζ̃ptq ´ rp4
α θ̃ptq

¯
Bαψ`

`
´
´ rR4

αστeστpũptqq ` rα4
αβBβ ϕ̃ptq ` rM4

αβBβ ζ̃ptq ´ rm4
α θ̃ptq

¯
Bαξ`

`
´
rβ4
αβeαβp 9̃uptqq ´ rm4

αBα 9̃ζptq ´ rp4
αBα 9̃ϕptq ` rc4

v
9̃θptq

¯
η`

` rK1
αβBβ θ̃ptqBαη ` ρ:̃uiptqvi

)
dx “ rL4pVq,

for allV P VKLpΩq ˆ H1pΩ, Γ0q ˆ H1pΩ, Γ0q ˆ H1pΩ, Γ0q.

Thus the main result is achieved. �

The limit evolution problem

In this section we present the variational and differential formulations of the evolu-
tion problem for a sensormagneto-electro-thermo-elastic plate. The primary unknowns
rUptq “ pũptq, ϕ̃ptq, ζ̃ptq, θ̃ptqq P VKLpΩqˆH1pΩ, Γ0qˆH1pΩ, Γ0qˆH1pΩ, Γ0q satisfy
the following kinematical assumptions

ũαpx̃, x3q “ uαpx̃q ´ x3Bαu3px̃q, uH – puαq,
ũ3px̃, x3q “ u3px̃q,
ϕ̃px̃, x3q “ φpx̃q,
ζ̃px̃, x3q “ ςpx̃q,
θ̃px̃, x3q “ ϑpx̃q.

(4.48)

The limit evolution problem for a homogeneous material decouples into two vari-
ational subproblems, namely, the flexural problem, which gives u3, and the magneto-
electro-thermo-elastic membrane problem, which gives the quadruplet puH, φ, ς, ϑq.
After an integration by parts along x3, we obtain a two-dimensional problem defined
over the middle surface ω of the plate:
$
’’’’’’’’’’’’’’’’’’’&
’’’’’’’’’’’’’’’’’’’%

Find puHptq, u3ptq, φptq, ςptq, ϑptqq P VHpω, γ0q ˆ V3pω, γ0q ˆ rH1pω, γ0qs3,
t P p0,Tq such that
2h

ż

ω

!
N 4
αβpuHptq, φptq, ςptq, ϑptqqeαβpvHq ` ρ:uαptqvα

)
dx̃`

´2h
ż

ω

!
rD4
αpuHptq, φptq, ςptq, ϑptqqBαψ ` rB4

αpuHptq, φptq, ςptq, ϑptqqBαξ
)

dx̃`

`2h
ż

ω

!
Bt rS4puHptq, φptq, ςptq, ϑptqqη ´ rq1

αpϑptqqBαη
)

dx̃`

`2h3

3

ż

ω

"
M3

αβpu3ptqqBαβv3 ` ρBα:u3ptqBαv3 ` 3
h2 ρ:u3ptqv3

*
dx̃ “ L4p rVq,

for all rV “ pvH, v3, ψ, ξ, ηq P VHpω, γ0q ˆ V3pω, γ0q ˆ rH1pω, γ0qs3, t P p0,Tq,
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with

L4p rVq–
ż

ω

!
rf ivi´mαBαv3` rρeψ`rrη

)
dx̃`

ż

γ1

!
rgivi´nαBαv3´ rdψ´rbξ´ r%η

)
dγ.

The initial conditions are given by
$
&
%

ũp0q “ ũ0 “ puα,0 ´ x3Bαu3,0, u3,0q,
9̃up0q “ ũ1 “ puα,1 ´ x3Bαu3,1, u3,1q,
θ̃p0q “ θ̃0 “ ϑ0.

pN 4
αβq, pM4

αβq, p rD4
αq, p rB4

αq, rS4 and prq1
αq represent, respectively, the membrane stress

tensor, the moment tensor, the reduced electric displacement vector, the reduced mag-
netic induction vector, the reduced thermodynamic entropy and the reduced heat flow
vector of the plate, whose components are defined by the constitutive laws below:

$
’’’’’’’’&
’’’’’’’’%

N 4
αβ – rC4

αβστeστpuHq ` rP4
σαβBσφ` rR4

σαβBσς ´ rβ4
αβϑ,

rD4
α – rP4

αστeστpuHq ´ rX4
αβBβφ´ α4

αβBβς ` rp4
αϑ,

rB4
α – rR4

αστeστpuHq ´ rα4
αβBβφ´ M4

αβBβς ` rm4
αϑ,

rS4 – rβ4
αβeαβpuHq ´ rp4

αBαφ´ rm4
αBας ` rc4

vϑ,

M4
αβ – rC4

αβστBστu3,

rq1
α – ´ 1

T0
rK1
αβBβϑ,

(4.49)

The variational problem above can be split into two two-dimensional decoupled
problems: namely, the flexural problem and the magneto-electro-thermo-elastic mem-
brane problem.

The flexural problem reads as follows:
$
’’’’’’’&
’’’’’’’%

Find u3ptq P V3pω, γ0q, t P p0,Tq such that
2h3

3

ż

ω

"
M4

αβpu3ptqqBαβv3 ` ρBα:u3ptqBαv3 ` 3
h2 ρ:u3ptqv3

*
dx̃ “

“
ż

ω

!
rf3v3 ´ mαBαv3

)
dx̃ `

ż

γ1

trg3v3 ´ nαBαv3u dγ,

for all v3 P V3pω, γ0q.
The two-dimensional magneto-electro-thermo-elastic membrane problem takes the

following form
$
’’’’’’’’’’’’’’’’&
’’’’’’’’’’’’’’’’%

Find puHptq, φptq, ςptq, ϑptqq, P VHpω, γ0q ˆ rH1pω, γ0qs3, t P p0,Tq such that
2h

ż

ω

!
N 4
αβpuHptq, φptq, ςptq, ϑptqqeαβpvHq ` ρ:uαptqvα

)
dx̃`

´2h
ż

ω

!
rD4
αpuHptq, φptq, ςptq, ϑptqqBαψ ` rB4

αpuHptq, φptq, ςptq, ϑptqqBαξ
)

dx̃`

`2h
ż

ω

!
Bt rS4puHptq, φptq, ςptq, ϑptqqη ´ rq1

αpϑptqqBαη
)

dx̃ “

“
ż

ω

!
rfαvα ` rρeψ ` rrη

)
dx̃ `

ż

γ1

!
rgαvα ´ rdψ ´ rbξ ´ r%η

)
dγ,

for all pvH, ψ, ξ, ηq P VHpω, γ0q ˆ rH1pω, γ0qs3.
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Bymeans of Green’s formulae onω, we have that the transversal displacement u3 solves
a flexural differential problem pFDPq4 analogous to pFDPq1 withM1

αβ replaced by
M4

αβ defined in (4.49)5, whereas the membrane magneto-electro-thermo-elastic state
puHptq, φptq,ςptq, ϑptqq solves the followingmagneto-electro-thermo-elastic membrane
differential problem:

$
’’’’’’’’’’’’’’’’’’’’’’’’’’’’&
’’’’’’’’’’’’’’’’’’’’’’’’’’’’%

Field equations:
2hpρ:uα ´ BβN 4

αβq “ rfα in ωT ,

2hBα rD4
α “ rρe in ωT ,

2hBα rB4
α “ ´pb` ` b´q in ωT ,

2hpBt rS4 ` Bαrq1
αq “ rr in ωT ,

Initial conditions:
uαp0q “ uα,0, 9uαp0q “ uα,1, ϑp0q “ ϑ0 in ωT ,

Boundary conditions:
2hN 4

αβνβ “ rgα on γ1 ˆ p0,Tq,
2h rD4

ανα “ rd on γ1 ˆ p0,Tq,
2h rB4

ανα “ rb on γ1 ˆ p0,Tq,
2hrq1

ανα “ r% on γ1 ˆ p0,Tq,
uα “ φ “ ς “ ϑ “ 0 on γ0 ˆ p0,Tq.

(4.50)

Remark 4.2. Equation (4.50)3 deserves some comments. Indeed, one would expect a
two-dimensional counterpart of Gauss’ law div B “ 0 in three dimensions; however,
(4.50)3 involves a source term. This is due to the fact that b` and b´ represent applied
magnetic inductions whose direction is orthogonal to the plane containing the middle
surface of the plate, whereas the divergence Bα rB4

α is taken with respect to the in-
plane coordinates. An analogous situation is that of equation (4.37)2 of the membrane
thermo-piezomagnetic problem arising in the actuator-sensor model, where the source
term is given by the electric potentials applied on the upper and lower faces of the plate,
due to the magneto-electric coupling.

Conclusions
We set forth an asymptotic two-dimensional plate model for linear magneto-electro-
thermo-elastic sensors and actuators, under the hypotheses of anisotropy and homo-
geneity. A validation of the results obtained by the asymptotic expansion method is
accomplished thanks to weak convergence theorems 4.3, 4.5, 4.7 and 4.9. Each of the
four plate problems originating from the four different boundary conditions presented
decouples into a flexural problem and a partially or totally coupled membrane problem,
depending on how the plate is supposed to behave. As in [63], the four models differ
between one another in the scaling assumptions on the electric and magnetic potentials
(see (4.12), (4.16), (4.18), (4.20)). Although the formulae in Appendix 1 giving the re-
duced material coefficients may appear complex, numerical values of such coefficients
can be easily computed, as reported in Appendix 2 for the usual BaTiO3-CoFe2O4
composite.
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Concerning directions for future research, a first important issue to deal with is,
of course, coming up with efficient numerical methods to perform simulations, based
either on the two-dimensional plate problems or on the three-dimensional problem.
Then, another problem of interest is to extend our results to shell-like bodies; in
situations where the geometry is particularly simple, as in the case of cylindrical
shells, one should probably be able to determine analytical solutions by separation of
variables, as in [62]. Finally, a further interesting problem is the study of a whole
laminated structure (plate-like or shell-like) including a thin magneto-electro-thermo-
elastic layer (see, e.g., [59]).

Appendix 1
In the sequel we define all the sets of reduced magneto-electro-thermo-elastic coeffi-
cients characterizing the four different models. We recall that, in each of the definitions
below and in the following subsections, pdi jq – pCi3j3q´1, i.e., pdi jq is the inverse
of a second-order tensor whose i j components are Ci3j3. Also, the reduced thermal
conductivity tensor ( rK1

αβq is the same throughout the four models, thus we give its def-
inition once and for all in the list below, along with the definitions of general reduced
coefficients needed in the following subsections.

C1αβστ – Cαβστ ´ di jCαβi3Cστ j3,
X 1p3 – Xp3 ` di jP3i3Ppj3,

M 1
p3 – Mp3 ` di jR3i3Rpj3,

α133 – α33 ` di jP3i3R3j3,

P1pαβ – Ppαβ ´ di jPpi3Cαβ j3,

R13αβ – R3αβ ´ di jCαβi3R3j3,

β1αβ – βαβ ´ di jCαβi3 β j3,
p13 – p3 ` di jP3j3 βi3,

m13 – m3 ` di jR3i3 β j3,

c1v – cv ` di j βi3 β j3,

K 1α3 –
Kα3
K33

,

rK1
αβ – Kαβ ´ K 1α3Kβ3,

k 1 – 1
X 133

,

`1 – 1
M 1

33
,

c1 – 1
M 1

33X 133 ´ pα133q2
,

d1i j – di j´c1di`

`
M 1

33P3`3P3j3 ` X 133R3`3R3j3`
´α133

`
R3`3P3j3 ` P3`3R3j3

˘˘
.

Reduced Coefficients for the Sensor-Actuator Model

rC1
αβστ – Cαβστ ´ Cαβi3di j

`
Cστ j3 ` k 1P3j3P13στ

˘` k 1P3αβP13στ,
rP1
σαβ – Pσαβ ´ Cαβi3di j

`
Pσ j3 ´ k 1P3j3X 1σ3

˘´ k 1P3αβX 1σ3,
rR1

3αβ – R3αβ ´ Cαβi3di j

`
R3j3 ´ k 1P3j3α

1
33
˘´ k 1P3αβα

1
33,

rβ1
αβ – βαβ ´ Cαβi3di j

`
β j3 ´ k 1P3j3p13

˘´ k 1P3αβp13,
rX1
αβ – Xαβ ` Pαi3di j

´
Pβ j3 ´ k 1P3j3X 1β3

¯
´ k 1Xα3X 1β3,

rα1
α3 – αα3 ` Pαi3di j

`
R3j3 ´ k 1P3j3α

1
33
˘´ k 1Xα3α

1
33,

rp1
α – pα ` Pαi3di j

`
β j3 ´ k 1P3j3p13

˘´ k 1Xα3p13,
rM1

33 – M33 ` R3i3di j

`
R3j3 ´ k 1P3j3α

1
33
˘´ k 1α33α

1
33,

rm1
3 – m3 ` R3i3di j

`
β j3 ´ k 1P3j3p13

˘´ k 1α33p13,
rc1
v – cv ` βi3di j

`
β j3 ´ k 1P3j3p13

˘´ k 1p3p13.
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Reduced Coefficients for the Actuator-Sensor Model

rC2
αβστ – Cαβστ ´ Cαβi3di j

`
Cστ j3 ` `1R3j3R13στ

˘` `1R3αβR13στ,
rR2
σαβ – Rσαβ ´ Cαβi3di j

`
Rσ j3 ´ `1R3j3M 1

σ3
˘´ `1R3αβM 1

σ3,
rP2

3αβ – P3αβ ´ Cαβi3di j

`
P3j3 ´ `1R3j3α

1
33
˘´ `1R3αβα

1
33,

rβ2
αβ – βαβ ´ Cαβi3di j

`
β j3 ´ `1R3j3p13

˘´ `1R3αβm13,
rM2
αβ – Mαβ ` Rαi3di j

´
Rβ j3 ´ `1R3j3M 1

β3

¯
´ `1Mα3M 1

β3,

rα2
α3 – αα3 ` Rαi3di j

`
P3j3 ´ `1R3j3α

1
33
˘´ `1Mα3α

1
33,

rm2
α – mα ` Rαi3di j

`
β j3 ´ `1R3j3m13

˘´ `1Mα3m13,
rX2

33 – X33 ` P3i3di j

`
P3j3 ´ `1R3j3α

1
33
˘´ `1α33α

1
33,

rp2
3 – p3 ` P3i3di j

`
β j3 ´ `1R3j3m13

˘´ `1α33m13,
rc2
v – cv ` βi3di j

`
β j3 ´ `1R3j3m13

˘´ `1m3m13.

Reduced Coefficients for the Actuator Model

rC3
αβστ “ C1αβστ “ Cαβστ ´ di jCαβi3Cστ j3,
rX3
p3 “ X 1

p3 “ Xp3 ` di jP3i3Ppj3,

rM3
p3 “ M 1

p3 “ Mp3 ` di jR3i3Rpj3,

rα3
33 “ α133 “ α33 ` di jP3i3R3j3,
rP3
pαβ “ P1pαβ “ Ppαβ ´ di jPpi3Cαβ j3,
rR3

3αβ “ R13αβ “ R3αβ ´ di jCαβi3R3j3,

rβ3
αβ “ β1αβ “ βαβ ´ di jCαβi3 β j3,

rp3
3 “ p13 “ p3 ` di jP3j3 βi3,

rm3
3 “ m13 “ m3 ` di jR3i3 β j3,

rc3
v “ c1v “ cv ` di j βi3 β j3.
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rC4
αβστ – Cαβστ ´ Cαβi3

”
d1i jCστ j3 ` pα133R3i3 ´ M 1

33P3i3qP3στ`
`pα133P3i3 ´ X 133R3i3qR3στ

‰´ c1P3αβ
“
di jpM 1

33P3j3 ´ α133R3j3qCαβi3`
´M 1

33P3αβ ` α133R3αβ
‰´ c1R3αβ

“
di jpX 133R3j3`

´α133P3j3qCαβi3 ´ X 133R3αβ ` α133P3αβ
‰
,

rP4
σαβ – Pσαβ ´ Cαβi3

”
d1i jPσ j3 ´ pα133R3i3 ´ M 1

33P3i3qXσ3 ´ pα133P3i3 ´ X 133R3i3qασ3

ı
`

´c1P3αβ
“
di jpM 1

33P3j3 ´ α133R3j3qPσi3 ` M 1
33Xσ3 ´ α133ασ3

‰`
´c1R3αβ

“
di jpX 133R3j3 ´ α133P3j3qPσi3 ` X 133 Mσ3 ´ α133Xσ3

‰
,

rR4
σαβ – Rσαβ ´ Cαβi3

”
d1i jRσ j3 ´ pα133R3i3 ´ M 1

33P3i3qασ3 ´ pα133P3i3 ´ X 133R3i3qMσ3

ı
`

´c1P3αβ
“
di jpM 1

33P3j3 ´ α133R3j3qRσi3 ` M 1
33ασ3 ´ α133 Mσ3

‰`
´c1R3αβ

“
di jpX 133R3j3 ´ α133P3j3qRσi3 ` X 133 Mσ3 ´ α133ασ3

‰
,

rβ4
αβ – βαβ ´ Cαβi3

”
d1i j β j3 ` pα133R3i3 ´ M 1

33P3i3qp3 ` pα133P3i3 ´ X 133R3i3qm3

ı
`

´c1P3αβ
“
di jpM 1

33P3j3 ` α133R3j3qβi3 ´ M 1
33p3 ` α133m3

‰`
´c1R3αβ

“
di jpX 133R3j3 ´ α133P3j3qβi3 ´ X 133m3 ` α133p3

‰
,

rX4
αβ – Xαβ ` Pαi3

”
d1i jPβ j3 ´ pα133R3i3 ´ M 1

33P3i3qXβ3 ´ pα133P3i3 ´ X 133R3i3qαβ3

ı
`

´c1Xα3
“
di jpM 1

33P3j3 ´ α133R3j3qPβi3 ` M 1
33Xβ3 ´ α133αβ3

‰`
´c1αα3

“
di jpX 133R3j3 ´ α133P3j3qPβi3 ` X 133 Mβ3 ´ α133Xβ3

‰
,

rα4
αβ – ααβ ` Pαi3

”
d1i jRβ j3 ´ pα133R3i3 ´ M 1

33P3i3qαβ3 ´ pα133P3i3 ´ X 133R3i3qMβ3

ı
`

´c1Xα3

”
d1i jRβ j3 ´ pα133R3i3 ´ M 1

33P3i3qαβ3 ´ pα133P3i3 ´ X 133R3i3qMβ3

ı
`

´c1αα3
“
di jpX 133R3j3 ´ α133P3j3qRαi3 ` X 133 Mα3 ´ α133αα3

‰
,

rp4
α – pα ´ Pαi3

”
d1i j β j3 ` pα133R3i3 ´ M 1

33P3i3qp3 ` pα133P3i3 ´ X 133R3i3qm3

ı
`

´c1Xα3
“
di jpM 1

33P3j3 ´ α133R3j3qβi3 ´ M 1
33p3 ` α133m3

‰`
´c1αα3

“
di jpX 133R3j3 ` α133P3j3qβi3 ´ X 133m3 ` α133p3

‰
,

rM4
αβ – Mαβ ` Rαi3

”
d1i jRβ j3 ´ pα133R3i3 ´ M 1

33P3i3qαβ3 ´ pα133P3i3 ´ X 133R3i3qMβ3

ı
`

´c1αα3
“
di jpM 1

33P3j3 ´ α133R3j3qRβi3 ` M 1
33αβ3 ´ α133 Mβ3

‰`
´c1Mα3

“
di jpX 133R3j3 ´ α133P3j3qRβi3 ` X 133 Mβ3 ´ α133αβ3

‰
,

rm4
α – mα ´ Rαi3

”
d1i j β j3 ´ pα133R3i3 ` M 1

33P3i3qp3 ` pα133P3i3 ´ X 133R3i3qm3

ı
`

´c1αα3
“
di jpM 1

33P3j3 ´ α133R3j3qβi3 ´ M 1
33p3 ` α133m3

‰`
´c1Mα3

“
di jpX 133R3j3 ´ α133P3j3qβi3 ´ X 133m3 ` α133p3

‰
,

rc4
v – cv ` βi3

”
d1i j β j3 ` pα133R3i3 ´ M 1

33P3i3qp3 ` pα133P3i3 ´ X 133R3i3qm3

ı
`

´c1p3
“
di jpM 1

33P3j3 ´ α133R3j3qβi3 ´ M 1
33p3 ` α133m3

‰`
´c1m3

“
di jpX 133R3j3 ´ α133P3j3qβi3 ´ X 133m3 ` α133p3

‰
.
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Appendix 2

Numerical Values of Material Coefficients

We record in Table 4.1 the numerical values of the material coefficients are pre-
sented for a transversely isotropic magneto-electro-thermo-elastic BaTiO3–CoFe2O4
composite (see [9]).

Elastic moduli Magnetic permeabilities
C1111 “ C2222 (GPa) 200 M11 “ M22 (10´4 N s2/C2) 1.5

C1122 (GPa) 110 M33 (10´4 N s2/C2) 0.75
C1133 “ C2233 (GPa) 110 Piezomagnetic constants

C3333 (GPa) 190 R311 “ R322 (N/Am) 200
C2323 “ C3131 (GPa) 45 R333 (N/Am) 260

C1212 (GPa) 45 R113 (N/Am) 180
Piezoelectric constants Magnetoelectric constants

P311 “ P322 (C/m2) -3.5 α11 “ α22 (10´12 N s/VC) 6
P333 (C/m2) 11 α33 (10´12 N s/VC) 2500

Dielectric permittivities Pyroelectric constant
X11 “ X22 (10´9 C2/Nm2) 0.9 p3 (10´5 C/m2 K) -12.4

X33 (10´9 C2/Nm2) 7.5 Pyromagnetic constant
Thermal stresses m3 (10´3 N/AmK) 5.92

β11 “ β22 (106 N/Km2 ) 4.86 Density
β33 (106 N/Km2 ) 4.32 ρ (kg/m3) 5600

Thermal conductivity Calorific capacity
K33 (W/mK) 2.85 cv (J/m3 K2) 325

Table 4.1 – Material properties of a thermo-piezo-electro-magnetic BaTiO3–CoFe2O4
composite with 0.6 volume fraction of BaTiO3.

Numerical Values of Reduced Material Coefficients

Table 4.2 presents the calculated numerical values of the reduced coefficients in
the case of a plate behaving as an actuator, both piezoelectric and piezomagnetic. One
can analogously obtain such values also in the other three cases.

Elastic moduli Magnetic permeability
rC3

1111 “ rC2
2222 (GPa) 136 rM3

33 (10´4 N s2/C2) 0.75

rC3
1122 (GPa) 46 Piezomagnetic constants
rC3

1212 (GPa) 45 rR3
311 “ rR3

322 (N/Am) 49.5

Piezoelectric constants Magnetoelectric constant
rP3

311 “ rP3
322 (C/m

2) -9.86 rα3
33 (10´8 N s/VC) 1.75

Dielectric permittivity Pyroelectric constant
rX3

33 (10´9 C2/Nm2) 8.1 rp3
3 (10´4 C/m2 K) 2.5

Thermal stresses Pyromagnetic constant
rβ3

11 “ rβ3
22 (106 N/Km2) 2.36 rm3

3 (10´3 N/AmK) 5.91

Calorific capacity

rc3
v (J/m3 K2) 423

Table 4.2 – Reduced coefficients for a magneto-electro-thermo-elastic actuator made
up of a BaTiO3–CoFe2O4 composite with 0.6 volume fraction of BaTiO3.
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Chapitre 5

Dynamique de Plaques en Flexion
avec Inertie de Rotation

Nous choisissons maintenant de concentrer notre attention sur le problème
de flexion qui caractérise tous les quatre problèmes de plaque déduits dans le
chapitre précédent. L’intérêt de l’étude mathématique et, surtout, numérique de ce
problème est lié au fait que l’équation d’évolution qui le régit tient compte d’un
effet d’inertie rotationnelle. En effet, l’évolution est décrite par un terme de la forme
B2

Bt2 pαw ´ β∆wq, avec α et β des constantes réelles positives. Après avoir effectué un
choix opportun des espaces fonctionnels, de telle sorte que le problème puisse être
étudié en tant que problème hyperbolique abstrait, nous en montrons l’existence et
l’unicité de la solution en suivant l’approche de Raviart et Thomas [54]. Ensuite nous
effectuons l’analyse de l’erreur pour une discrétisation à éléments finis et pour une
approximation en temps de type Newmark. Concernant la discrétisation en espace,
nous utilisons une discrétisation conforme ; dans le cas des problèmes de plaque, il
s’agit alors de considérer des éléments finis de classe C1 ; nous choisissons d’utiliser
les éléments HCT (voir e.g. [15]). Notre analyse numérique théorique est complétée et
supportée avec des tests numériques effectués avec le logiciel FreeFEM++.

Ci-après, nous présentons la version étendue d’un article soumis à la revue Journal
of Numerical Mathematics, écrit en collaboration avec G. Geymonat, F. Krasucki et M.
Vidrascu. Remarquons que, pour simplifier les notations, dans la section suivante Ω
représente le domaine bidimensionnel sur lequel le problème de flexion est formulé.

5.1 Mathematical and Numerical Modeling of Plate Dynam-
ics with Rotational Inertia

General Notation
We denote by Ω Ă R2 a two-dimensional domain with smooth boundary Γ; Γ0 Ă Γ

is a measurable subset of Γ, with strictly positive length measure, and Γ1 “ ΓzΓ0.
The outer unit normal and tangent vector fields on Γ are denoted, respectively, by
n “ pn1, n2q and τ “ p´n2, n1q. For ψ a real-valued field defined on Ω, Bnψ “ ∇ψ ¨ n
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and Bτψ “ ∇ψ ¨ τ denote its normal and tangential derivatives on Γ. The space
dependence of a field is left tacit, unless noted otherwise. The time derivative of a
real- or vector-valued field ϕ is denoted by 9ϕ, of a function Φ taking values in a Hilbert
space by dΦ

dt .

In [10] the equations of plate models for magneto-electro-thermo-elastic sensors
and actuators have been deduced by an asymptotic development with respect to the
thickness 2` ą 0 of the plate. A peculiar feature of the different models concerns
the flexural problem, governing the evolution of the transversal displacement w of the
plate. It is uncoupled from the membrane problem, it takes into account an inertia
effect involving the mean curvature of the deformed middle surface, and the only
influence of magneto-electro-thermo-elastic behavior of the material appears in the
coefficients A “ pAαβστq of the (symmetric) moment tensor Mptq “ pMαβptqq “
´A∇∇wptq, p∇∇wptqqαβ “ Bαβwptq (let us point out that the fourth-order tensor
A “ pAαβστq is symmetric and strongly elliptic). The vertical displacement w of the
plate is solution of the following evolution equation:

2`ρ:w ´ 2`3

3
ρ∆:w ´ div divM “ f ` divm in Ωˆ p0,Tq, (5.1)

equipped with initial conditions

wp0q “ w0, 9wp0q “ w1 in Ω (5.2)

and with suitable boundary conditions. The influence of the rotational inertia on the
lateral vibrations of linearly elastic bar was considered by Lord Rayleigh [55], sect.
186; the extension of this analysis to the flexural motion of isotropic elastic plates
has been done for the first time in 1951 in a seminal paper by R. D. Mindlin [46]
where also the effect of transverse shear deformation is taken into account. Later on,
an evolution model for plates with rotational inertia was deduced by A. Raoult [52]
using the asymptotic expansion method. The influence of these effects has also been
considered in the case of flexural motion of large amplitude.

One can prove the existence and uniqueness of a weak solution (in a suitable
Sobolev-valued distribution space) using a Faedo-Galerkin finite-dimensional approx-
imation (see e.g. [3] and [21]) or else of a Sobolev-valued regular solution with a
(semi)groups approach [56]. In both cases the presence of the rotational inertia term
must be taken into account with an appropriate choice of the Sobolev space. Once
this choice is done, the proof follows a well-known path. In sect. 5.1.1 we give the
proof of the existence and uniqueness of the weak solution since this makes easier the
subsequent numerical analysis. In sect. 5.1.2 we perform, in the appropriate Sobolev
spaces, the error analysis of a finite element spatial discretization and of a Newmark-
type discrete time approximation. Let us remark that our choice allows the application
of the methods developed for linear second-order evolution equations. Based on a
continuous-time Galerkin method (see e.g. [6] or [22]) we can infer optimal error esti-
mates, and then couple with the error estimates for the time discretization of Newmark
type (see e.g. [54]). Note that a conforming space discretization for plates requires C1

elements; our choice are the HCT elements (see e.g. [15]). This theoretical numerical
analysis is complemented with numerical tests performed with FreeFEM++.
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5.1.1 Existence and Uniqueness
The weak formulation of the problem depends on the boundary conditions. For

this, we first define the pivot space

H “ tu P H1pΩq : u “ 0 on Γ0u (5.3)

and the bilinear form b : H ˆ H Ñ R given by

bpu, vq “ 2`ρ
ż

Ω

ˆ
uv ` `2

3
∇u ¨ ∇v

˙
dΩ, @u, v P H . (5.4)

Notice that bp ,̈ ¨q defines a scalar product in H whose associated norm |¨|b is equivalent
to the usual Sobolev norm.

Let V be a Hilbert-Sobolev space such that

piq V Ď H2pΩq X H,
piiq the embedding V ãÑ H is compact.

Thanks to piq, we can endow V with the Hessian L2-norm given by

}v} “
ˆż

Ω

∇∇v :∇∇v dΩ
˙1{2

. (5.5)

Let us define the bilinear form a : V ˆ V Ñ R by

apu, vq “
ż

Ω

A∇∇u :∇∇v dΩ, @u, v P V . (5.6)

By the symmetry and ellipticity properties of A, ap ,̈ ¨q is symmetric and V-elliptic, i.e.
there exists α ą 0 such that apv, vq ě α}v}2 for any v P V . In the numerical examples,
we consider essentially the following situations:

pBCq1 :

$
&
%

2`3

3 ρ Bn :w ` divM ¨ n` BτpMn ¨ τq “ ´m ¨ n on Γ1 ˆ p0,Tq,
Mn ¨ n “ 0 on Γ1 ˆ p0,Tq,
w “ Bnw “ 0 on Γ0 ˆ p0,Tq,

pBCq2 :

$
&
%

2`3

3 ρ Bn :w ` divM ¨ n` BτpMn ¨ τq “ ´m ¨ n on Γ1 ˆ p0,Tq,
Mn ¨ n “ 0 on BΩˆ p0,Tq,
w “ 0 on Γ0 ˆ p0,Tq.

Boundary conditions pBCq1 refer to a plate clamped on Γ0; in this case we choose

V “ V1 “ tu P H2pΩq : u “ Bnu “ 0 on Γ0u. (5.7)

Boundary conditions pBCq2 feature a plate simply supported on Γ0, in which case we
choose

V “ V2 “ tu P H2pΩq : u “ 0 on Γ0u “ H2pΩq X H . (5.8)
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In both cases, under the general hypothesis of anisotropic linearly elastic behavior,
the weak formulation of the problem has the following aspect:

$
’’’’’’’&
’’’’’’’%

For any fixed t P p0,Tq, find wptq P V such that
ż

Ω

ˆ
2`ρ :wptqv ` 2`3

3
ρ∇:wptq ¨ ∇v ` A∇∇wptq :∇∇v

˙
dΩ

“
ż

Ω

p f ptqv ´mptq ¨ ∇vq dΩ,

for all v P V, with initial conditions wp0q “ w0, 9wp0q “ w1,

(5.9)

where V “ V1 or V “ V2. If the behavior is isotropic, the case to which we restrict our
attention, the constitutive equation yielding M is given by a tensor A such that

AT “ D
`p1´ νqT` νptrTq I

˘
, @T P Symp2q, (5.10)

where Symp2q denotes the space of symmetric tensors on R2, and

D “ 2`3E
3p1´ ν2q

is the flexural rigidity of the plate, with E and ν, respectively, the Young’s modulus
and the Poisson’s ratio of the material. Equation (5.1) takes then the form

2`ρ:w ´ 2`3

3
ρ∆:w ` D ∆∆w “ f ` divm, (5.11)

and the weak formulation can be rewritten as
$
’’’’’’’&
’’’’’’’%

For any fixed t P p0,Tq, find wptq P V such that
ż

Ω

ˆ
2`ρ :wptqv ` 2`3

3
ρ∇:wptq ¨ ∇v ` Dp1´ νq∇∇wptq :∇∇v `

`Dν ∆wptq∆v
˙

dΩ “
ż

Ω

p f ptqv ´mptq ¨ ∇vq dΩ,

for all v P V, with initial conditions wp0q “ w0, 9wp0q “ w1.

(5.12)

In order to show that the general problem (5.9) is well-posed, we identify the time-
dependent linear form on H

Ltpvq “
ż

Ω

p f ptqv ´mptq ¨ ∇vq dΩ,

with the scalar product of an element Fptq P H (for 0 ă t ă T) with v P H . This can
be accomplished via the following problem:

Find Fptq P H such that
bpFptq, vq “ Ltpvq, @v P H,

(5.13)

Provided f ptq P L2pΩq and mptq P L2pΩq for 0 ă t ă T , problem (5.13) is well-posed
by the Lax-Milgram Lemma. As for problem (5.9), we assume f P L2p0,T ; L2pΩqq
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and m P L2p0,T ; L2pΩqq, so that F P L2p0,T ; Hq; the formulation of the problem
reads then:

@v P V,
d2

dt2 bpwptq, vq ` apwptq, vq “ bpFptq, vq,

wp0q “ w0,
dw
dt
p0q “ w1.

(5.14)

Theorem 5.1. Let T ą 0 be fixed, w0 P V , w1 P H and F P L2p0,T ; Hq.
piq There exists a unique function w P C0pr0,Ts; Vq X C1pr0,Ts; Hq

satisfying (5.14).
piiq There exists a constant c “ cpT,Ωq such that

}w}C0pr0,T s;Vq`}w}C1pr0,T s;Hq ď cpT,Ωq
!
}w0}`|w1|b`}F}L2p0,T ;Hq

)
.

Remark 5.1. The mappings t ÞÑ bpwptq, vq and t ÞÑ apwptq, vq belong to L2p0,Tq,
based on piq. Therefore, (5.14)1 is to be understood in the sense of distributions on
p0,Tq.
Proof. piqWe proceed along the lines of Raviart and Thomas [54] (see also [3]).

Step 1. (Uniqueness) Owing to the compactness of the embedding V ãÑ H ,
there exists an increasing sequence of eigenvalues 0 ă λ1 ď λ2 ď ¨ ¨ ¨ ď λi ď . . .

and a Hilbert basis tgiu, orthonormal in H and orthogonal 1 in V , of associated
eigenvectors verifying

@v P V, apgi, vq “ λi bpgi, vq (5.15)

(see, e.g., [56]). Let ωi “
?
λi and Λ : V Ñ H be the linear and continuous operator

defined by
@v P V, Λv “

ÿ

iě1
ωi bpv, giqgi . (5.16)

Then we have
|Λv|b “ apv, vq1{2. (5.17)

In fact, as ap ,̈ ¨q defines a scalar product in V , one has, for any v P V ,

apv, vq “
ÿ

iě1
ω´2
i apv, giq2 “

ÿ

iě1
ω2
i bpv, giq2 “

ÿ

iě1
bpΛv, giq2 “ |Λv|2b . (5.18)

Moreover, for any θ P R, let

Qpθq “
„

cos θ sin θ
´ sin θ cos θ


,

1. Recall that |gi |b “ 1 and }gi}a “
?
λi , with }gi}a “ apgi, giq1{2, so that

!
λ
´1{2
i

gi

)
is an

orthonormal basis of V .
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and for any t ě 0, let the linear and continuous operator Gptq : H ˆ H Ñ H ˆ H be
defined for any ~v “ pv1, v2q P H ˆ H by

Gptq~v “
ÿ

iě1
Qpωitq

„
bpv1, giq
bpv2, giq


gi “ (5.19)

“
ÿ

iě1

ˆ tbpv1, giq cospωitq ` bpv2, giq sinpωitqugi
t´bpv1, giq sinpωitq ` bpv2, giq cospωitqugi

˙
. (5.20)

If w is solution of (5.14), then it verifies
¨
˝

Λwptq
dw
dt
ptq

˛
‚“ Gptq

ˆ
Λw0
w1

˙
`
ż t

0
Gpt ´ sq

ˆ
0

Fpsq
˙

ds. (5.21)

Indeed, as w P C0pr0,Ts; Vq, we have
wptq “

ÿ

iě1
bpwptq, giqgi, apwptq, giq “ λi bpwptq, giq

so that αiptq “ bpwptq, giq is the unique solution to the following Cauchy problem:
#
:αiptq ` λiαiptq “ bpFptq, giq,
αip0q “ bpw0, giq, 9αip0q “ bpw1, giq,

(5.22)

whose explicit form is given by

αiptq “ bpw0, giq cospωitq` 1
ωi

bpw1, giq sinpωitq` 1
ωi

ż t

0
sinpωipt´sqq bpFpsq, giq ds.

Hence αi verifies
„
ωiαiptq
9αiptq


“ Qpωitq

„
ωi bpw0, giq

bpw1, giq

`
ż t

0
Qpωipt ´ sqq

„
0

bpFpsq, giq


ds,

(5.23)
whose rows, by (5.16) and (5.19), are the i-th components of the corresponding rows
of (5.21). Therefore w is given by the series development

wptq “
ÿ

iě1

"
bpw0, giq cospωitq ` 1

ωi
bpw1, giq sinpωitq`

` 1
ωi

ż t

0
sin pωipt ´ sqq bpFpsq, giq ds

*
gi,

whence we infer that, if the solution to (5.14) exists, it is unique.

Step 2. (Existence) Let us introduce the subspace Vm of V generated by the
first m eigenvectors g1, . . . , gm. We seek a function wm : t P r0,Ts ÞÑ wmptq P Vm

solution to the following second-order system of differential equations:

@vm P Vm,
d2

dt2 bpwmptq, vq ` apwmptq, vq “ bpFptq, vq, (5.24)

wmp0q “ w0,m “
mÿ

i“1
bpw0, giqgi, dwm

dt
p0q “ w1,m “

mÿ

i“1
bpw1, giqgi . (5.25)
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On writing

wmptq “
mÿ

i“1
αiptqgi, αiptq “ bpwmptq, giq,

one can repeat the same arguments as in Step 1 to see that αi is solution of (5.22) and
hence verifies (5.23).

Now, twmu is a Cauchy sequence in spaces C0pr0,Ts; Vq and C1pr0,Ts; Hq (and
thus it converges in such spaces as they are complete). To see this, let m, p P N with
p ą m ě 1; from (5.18) we have

apwpptq ´ wmptq, wpptq ´ wmptqq `
ˇ̌
ˇ̌ d
dt

`
wpptq ´ wmptq

˘ˇ̌ˇ̌
2

b

“
pÿ

i“m`1

`
λiαiptq2 ` 9αiptq2

˘
.

Since Qpωitq is an orthogonal matrix, we infer from (5.23) that

`
λiαiptq2 ` 9αiptq2

˘1{2 ď `
λi bpw0, giq2 ` bpw1, giq2

˘1{2 `
ż t

0
|bpFpsq, giq| ds,

whence, by Jensen’s inequality,

λiαiptq2 ` 9αiptq2 ď 2
"
λi bpw0, giq2 ` bpw1, giq2 ` t

ż t

0
bpFpsq, giq2 ds

*
;

finally, on taking the sum on i ranging from m ` 1 to p,

apwpptq ´ wmptq, wpptq ´ wmptqq `
ˇ̌
ˇ̌ d
dt

`
wpptq ´ wmptq

˘ˇ̌ˇ̌
2

b

ď 2
pÿ

i“m`1

"
λi bpw0, giq2 ` bpw1, giq2 ` t

ż t

0
bpFpsq, giq2 ds

*
.

As w0 P V , w1 P H and F P L2p0,T ; Hq, the series of the general terms appearing on
the right-hand side are convergent, and hence

lim
m,pÑ`8

pÿ

i“m`1

"
λi bpw0, giq2 ` bpw1, giq2 ` T

ż T

0
bpFpsq, giq2 ds

*
“ 0.

Finally, as ap ,̈ ¨q is V -elliptic, twmu is a Cauchy sequence in C0pr0,Ts; Vq and
C1pr0,Ts; Hq. Thus, there exists a function w such that

wm Ñ w in C0pr0,Ts; Vq X C1pr0,Ts; Hq as m Ñ `8. (5.26)

It remains to prove that w is solution to (5.14). To see this, take ψ P Dp0,Tq and select
an integer µ ě 1. From (5.24), for any m ě µ, we have

@v P Vµ,
ż T

0
bpwmptq, vqd

2ψ

dt2 ptq dt `
ż T

0
apwmptq, vqψptq dt “

ż T

0
bpFptq, vqψptq dt,
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and passing to the limit as m Ñ `8, thanks to (5.26), we get

@v P Vµ,
ż T

0
bpwptq, vqd

2ψ

dt2 ptq dt `
ż T

0
apwptq, vqψptq dt “

ż T

0
bpFptq, vqψptq dt .

(5.27)

As
Ť
µě1Vµ is dense in V , (5.27) holds for any v P V and we get (5.14)2. From (5.26)

we also have
wmp0q Ñ wp0q in V,

dwm

dt
p0q Ñ dw

dt
p0q in H .

Finally, by (5.25),

wmp0q “ w0,m Ñ w0 in V,
dwm

dt
p0q “ w1,m Ñ w1 in H,

whence we get (5.14)3 as well.

piiq From the orthogonality of Qpωitq and the definition (5.19), we infer that for
any ~v “ pv1, v2q P H ˆ H ,

}Gptq~v}HˆH “
#ÿ

iě1

`pv1, giq2 ` pv2, giq2
˘
+1{2

“ }~v}HˆH .

Then, from (5.21) one has that
#
|Λwptq|2b `

ˇ̌
ˇ̌du
dt
ptq

ˇ̌
ˇ̌
2

b

+1{2
ď  |Λw0|2b ` |w1|2b

(1{2 `
ż t

0
|Fpsq|b ds,

and the result follows from (5.17) and from the V -ellipticity of ap ,̈ ¨q. �

5.1.2 Numerical Analysis

5.1.2.1 Semi-Discrete Problem

Let Vh Ă V denote a subspace of V of dimension I “ Iphq and consider the
following semi-discrete problem: given w0,h P Vh and w1,h P Vh, find the solution
wh : t P r0,Ts ÞÑ whptq P Vh to the following system of ordinary differential equations:

@vh P Vh,
d2

dt2 bpwhptq, vhq ` apwhptq, vhq “ bpFptq, vhq,

whp0q “ w0,h,
dwh

dt
p0q “ w1,h .

(5.28)

We now introduce a basis tϕiu1ďiďI of Vh and denote the time-dependent components
of wh in this basis by ξ jptq, j “ 1, . . . , I. Analogously, we denote the components
in the same basis of w0,h and w1,h respectively by ξ0, j and ξ1, j . Finally, we set
χ jptq “ bpFptq, ϕ jq. Then (5.28) reads

#
Mh

:ξptq `K hξptq “ χptq,
ξp0q “ ξ0, 9ξp0q “ ξ1,

(5.29)
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with self-explanatory notation. MatricesMh andK h are respectively the mass matrix
and the stiffness matrix. Their coefficients are

pMhqi j “ bpϕi, ϕ jq and pK hqi j “ apϕi, ϕ jq, 1 ď i, j ď I . (5.30)

In the following, we drop the index h when there is no ambiguity.
Remark 5.2. The choice of the scalar product (5.4) in H ensures thatM is positive
definite.
Problem (5.29) is the semi-discrete counterpart of (5.14). Under certain in-time reg-
ularity hypotheses on w and adapting the arguments of [6], [22], it is possible to give
an estimate of the error whptq ´ wptq. For this, we introduce the elliptic projection
operator Πh, a linear and continuous operator mapping u P V onto Πhu P Vh defined
by

@vh P Vh, apΠhu ´ u, vhq “ 0.

We have the following results.

Theorem 5.2. Let T ą 0 be fixed and assume that the solution w of (5.14) verifies
w P C2pr0,Ts; Vq. Then there exists a constant C “ CpTq independent of h such that,
for any t P r0,Ts,

}whptq ´ wptq}`
ˇ̌
ˇ̌dwh

dt
ptq ´ dw

dt
ptq

ˇ̌
ˇ̌
b

ďC
"
}w0,h ´ Πhw0} ` |w1,h ´ Πhw1|b`

`}pI´ Πhqwptq} `
ˇ̌
ˇ̌pI´ Πhqdwdt

ptq
ˇ̌
ˇ̌
b

`
ż t

0

ˇ̌
ˇ̌pI´ Πhqd

2w

dt2 psq
ˇ̌
ˇ̌
b

ds
*
.

Theorem 5.3. Under the assumptions of Theorem 5.2 let the following approximation
hypotheses be satisfied:

@v P V, lim
hÑ0

inf
vhPVh

}v ´ vh} “ 0, (5.31)

lim
hÑ0

}w0,h ´ w0} “ 0, (5.32)

lim
hÑ0

|w1,h ´ w1|b “ 0; (5.33)

then
@t P r0,Ts, lim

hÑ0

"
}whptq ´ wptq} `

ˇ̌
ˇ̌dwh

dt
ptq ´ dw

dt
ptq

ˇ̌
ˇ̌
b

*
“ 0.

This convergence result can actually be improved; under the hypotheses of Theorem
(5.1),

lim
hÑ0

wh “ w in C0pr0,Ts; Vq and in C1pr0,Ts; Hq.

5.1.2.2 Time discretization: Newmark’s method

A typical time discretization method widely used for differential systems of the
form (5.29) is the Newmark method (see, e.g., [26]), of which we recall the main
features.

Let N P N; we introduce a time-step ∆t “ T
N and a uniform mesh of the interval

r0,Ts defined by nodes tn “ n∆t, 0 ď n ď N . We want to compute an approximation
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´
ξn, 9ξn

¯
of the pair

´
ξptnq, 9ξptnq

¯
. The Newmark method consists in making the

following approximation assumptions [26, 54]:
$
’’&
’’%

9ξn`1 “ 9ξn ` ∆t
´
p1´ γq:ξn ` γ :ξn`1

¯
,

ξn`1 “ ξn ` ∆t 9ξn ` ∆t2
ˆˆ

1
2
´ β

˙
:ξn ` β :ξn`1

˙
,

0 ď n ď N ´ 1,

where we have denoted by :ξn an approximation of :ξptnq and γ, β are parameters.
These relationships are implicit, as the acceleration :ξn`1 needs to be determined in
order to find ξn`1 and 9ξn`1. Typical choices for γ and β are

pγ, βq “
ˆ

1
2
,

1
4

˙
, pγ, βq “

ˆ
1
2
,

1
6

˙
;

the first choice corresponds to the assumption of constant acceleration within the time
interval rtn, tn`1q, the second one presumes acceleration to be linear over the same
interval.

Applied to (5.29), the Newmark method reads

1
∆t2M

`
ξn`2 ´ 2ξn`1 ` ξn

˘`K
ˆ
βξn`2`

ˆ
1
2
´ 2β ` γ

˙
ξn`1`

ˆ
1
2
` β ´ γ

˙
ξn

˙
“

“ βχptn`2q `
ˆ

1
2
´ 2β ` γ

˙
χptn`1q `

ˆ
1
2
` β ´ γ

˙
χptnq, 0 ď n ď N ´ 2,

1
∆t2M

`
ξ1 ´ ξ0 ´ ∆t ξ1

˘`K
ˆ
βξ1 `

ˆ
1
2
´ β

˙
ξ0

˙
“ βχpt1q `

ˆ
1
2
´ β

˙
χpt0q,

which is equivalent, on denoting by wn
h
P Vh an approximation of whptnq P V , to the

following system:

@vh P Vh,
1
∆t2 b

`
wn`2
h

´ 2wn`1
h

` wn
h, vh

˘`
` a

ˆ
βwn`2

h
`
ˆ

1
2
´ 2β ` γ

˙
wn`1
h

`
ˆ

1
2
` β ´ γ

˙
wn
h, vh

˙
“

“ b
ˆ
βFptn`2q `

ˆ
1
2
´ 2β ` γ

˙
Fptn`1q`

`
ˆ

1
2
` β ´ γ

˙
Fptnq, vh

˙
, 0 ď n ď N ´ 2,

@vh P Vh,
1
∆t2 b

`
w1
h ´ w0,h ´ ∆t w1,h, vh

˘` a
ˆ
βw1

h `
ˆ

1
2
´ β

˙
w0,h, vh

˙
“

“ b
ˆ
βFpt1q `

ˆ
1
2
´ β

˙
Fpt0q, vh

˙
.

(5.34)
Hence, at every time step, a linear system of the form

`
M ` β∆t2

K
˘
ξn`1 “ ηn,

where ηn P RI is known, has to be solved; provided β ě 0,M` β∆t2K is a symmetric
and positive definite matrix.
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Concerning the stability of the method applied to (5.29), as well as error estimates,
the following result holds.

Theorem 5.4. Let β ě 0, δ “ γ ´ 1
2 ě 0, L a constant independent of h and ∆t, and

0 ă ε ă 1. Then the solution twn
h
P Vh, 0 ď n ď Nu of (5.34) verifies the following

estimates:

piq provided w P C2pr0,Ts; Vq X C3pr0,Ts; Hq and the stability condition

∆t2 λI,h ď

$
’’’&
’’’%

L if β ě p1` δq2
4

,

4
p1` δ2q ´ 4β

p1´ εq if β ă p1` δq2
4

,

(5.35)

it holds

|wn
h ´ wptnq|b ďC

"
|w0,h ´ Πhw0|b ` |w1,h ´ Πhw1|b ` |pI´ Πhqwptnq|b`

`
ż tn

0

ˆ ˇ̌
ˇ̌pI´ Πhqd

2w

dt2 psq
ˇ̌
ˇ̌
b

` ∆t
ˇ̌
ˇ̌d

3w

dt3 psq
ˇ̌
ˇ̌
b

˙
ds
*
,

(5.36)

where the constant C “ CpTq is independent of h, ∆t and w (it depends on L and ε);

piiq if δ “ 0, w P C2pr0,Ts; Vq X C4pr0,Ts; Hq and (5.35) holds, we have

|wn
h ´ wptnq|b ďC

"
|w0,h ´ Πhw0|b ` |w1,h ´ Πhw1|b ` |pI´ Πhqwptnq|b`

`
ż tn

0

ˆ ˇ̌
ˇ̌pI´ Πhqd

2w

dt2 psq
ˇ̌
ˇ̌
b

` ∆t2
ˇ̌
ˇ̌d

4w

dt4 psq
ˇ̌
ˇ̌
b

˙
ds
*
,

(5.37)

where the constant C “ CpTq is independent of h, ∆t and w.

When β ě p1 ` δq2{4, the stability condition 2 ∆t2 λI,h ď L does not impose real
restrictions on the choice of the time-step, inasmuch as constant L is actually arbitrary.
Thus, provided γ ě 1

2 , for β ě 1
4
` 1

2 ` γ
˘2 the Newmark method is unconditionally

stable. Furthermore, for pγ, βq “ ` 1
2,

1
4
˘
, condition (5.35)1 is even unnecessary. We

make this choice of the parameters in the following, in which case the discretization of
(5.29) can be rewritten as
$
’&
’%

ˆ
M ` ∆t2

4
K

˙
ξn`

1
2 “Mξn ` ∆t

2
M 9ξn ` ∆t2

4
χn` 1

2 , 0 ď n ď N ´ 1,

ξ0 “ ξ0, 9ξ0 “ ξ1

(5.38)

2. We recall that λI,h is the maximum eigenvalue satisfying the discrete analogous of (5.15).
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with ξn` 1
2 “ 1

2
`
ξn`1 ` ξn

˘
and χn` 1

2 “ 1
2 pχptn`1q ` χptnqq. Upon solving (5.38)

for ξn` 1
2 , the update rules are

9ξn`1 “ 4
∆t

´
ξn` 1

2 ´ ξn
¯
´ 9ξn,

ξn`1 “ 2ξn` 1
2 ´ ξn.

This scheme is called Newmark’s midpoint approximation. In this situation, Raviart
and Thomas [54] have proved the following error estimate.

Theorem 5.5. Let T ą 0 be fixed. Then the solution twn
h
P Vh, 0 ď n ď Nu given by

(5.38) verifies the following estimates:

piq if w P C2pr0,Ts; Vq X C3pr0,Ts; Hq,
|wn

h ´ wptnq|b ď Ct|w0,h ´ Πhw0|b ` |w1,h ´ Πhw1|b`

`|pI ´ Πhqwptnq|b `
ż tn

0

"ˇ̌
ˇ̌pI ´ Πhqd

2w

dt2 psq
ˇ̌
ˇ̌
b

` ∆t
ˇ̌
ˇ̌d

3w

dt3 psq
ˇ̌
ˇ̌
b

*
dsu,

where C “ CpTq is independent of h, ∆t and w;

piiq if w P C2pr0,Ts; Vq X C4pr0,Ts; Hq,
|wn

h ´ wptnq|b ď Ct|w0,h ´ Πhw0|b ` |w1,h ´ Πhw1|b`

`|pI ´ Πhqwptnq|b `
ż tn

0

"ˇ̌
ˇ̌pI ´ Πhqd

2w

dt2 psq
ˇ̌
ˇ̌
b

` ∆t2
ˇ̌
ˇ̌d

4w

dt4 psq
ˇ̌
ˇ̌
b

*
dsu,

where C “ CpTq is independent of h, ∆t and w.

5.1.2.3 Space discretization: HCT Elements

The solution of (5.14) belongs to C0pr0,Ts; Vq X C1pr0,Ts; Hq, thus we are led to
select finite elements of class C1; in particular, we will use HCT elements.

Let Th denote a regular mesh in the sense of Ciarlet [15, 54] of the domain Ω,
K P Th the typical element of Th and Xh a finite element space. Moreover, let
PK “ tvh|K : vh P Xhu. We recall then [15] the following result.

Theorem5.6. Assume that the inclusions PK Ă H2pKq for all K P Th and Xh Ă C1pΩq
hold. Then the following inclusions hold:

Xh Ă H2pΩq,
Xoh “ tvh P Xh : vh “ 0 on Γ0u Ă V2,

Xooh “ tvh P Xh : vh “ Bnvh “ 0 on Γ0u Ă V1.

Remark 5.3. The choices Vh “ Xooh for pBCq1 and Vh “ Xoh for pBCq2 ensure
hypotheses (5.31) to (5.33) of Theorem 5.3 to be satisfied [15].

Finite elements of class C1 are rather complicated and time-consuming, and are
not used too often in practical applications. We choose to start our experiments with
such elements because the theory described is valid for conforming approximations.



104

Figure 5.1 – The HCT element.

Figure 5.2 – The HCT element in detail.

In this context, the HCT is one of the simplest C1 elements (Fig. 5.1). The set of
degrees of freedom (twelve in total) is given by the values of a function, as well as of
its partial derivatives, at the three vertices and by the values of its normal derivatives
at the midpoints of the sides.

From an internal viewpoint, the HCT element is a composite element: a typical
triangle K P Th is split into three sub-triangles Ki (i “ 1, 2, 3), the internal node usually
corresponding to the barycenter of K (Fig. 5.2). A polynomial of degree three is defined
on each sub-triangle, so that the space PK is given by

PK “ tp P C1pKq : p|Ki
P P3pKiq, 1 ď i ď 3u.

The condition p P C1pKq is realized by requiring the continuity of the three polynomial
expansions and of their gradients at the barycenter (marked by a black square in Fig. 5.2),
and the continuity of their normal derivatives at the midpoints of the internal sides.
Thus, the HCT element is a C1 element as a whole, in the sense that a function and its
first derivatives are continuous across the edges of any two adjacent elements of Th.

Let us now provisionally focus on the static counterpart of (5.14), namely,

@v P V, apw, vq “ Lpvq, (5.39)

where we have neglected time dependence. Notice that in this case the pivot space H
is L2pΩq. The discrete version of (5.39) reads

Iÿ

j“1
apϕi, ϕ jqξ j “ Lpϕiq, 1 ď i ď I .

The following theorem [15] yields an estimate of the error between wh and w when
HCT elements are employed in space discretization for (5.39).
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Theorem 5.7. If the exact solution w P V of (5.39) is also in the space H4pΩq, then
there exists a constant C ą 0 independent of h such that

}w ´ wh}H2pΩq ď Ch2|w|H4pΩq. (5.40)

Remark 5.4 (Implementation issues). In finite element methods, a quadrature scheme
is needed to compute the coefficients apϕi, ϕ jq and Lpϕiq, thereby resulting in an ap-
proximated bilinear form ahp ,̈ ¨q and in an approximated linear form Lhp¨q. Generally,
integration over a mesh element is performed using a quadrature scheme for which
all nodes are situated at the interior of the element. However, in the HCT case, a
mesh element features internal interfaces between any two sub-triangles; at these in-
terfaces, the continuity of second partial derivatives is not guaranteed. Hence, one
should use a quadrature scheme that avoids nodes on any such interface. A solution is
to integrate on each sub-triangle and then sum up the three contributions. Moreover,
the following Theorem (first Strang lemma) requires that the integration error and the
interpolation error be of the same order, and hence the quadrature scheme must be
chosen accordingly.

Theorem 5.8. Let the bilinear form ahp ,̈ ¨q be uniformly Vh-elliptic, i.e.

Dα ą 0 : @vh P Vh, ahpvh, vhq ě α}vh}2,
where α is independent of Vh. Then there exists a constant C ą 0 independent of Vh

such that

}w ´ wh} ď C

˜
inf
vhPVh

#
}w ´ vh} ` sup

uhPVh

|apvh, uhq ´ ahpvh, uhq|
}uh}

+
`

` sup
uhPVh

|Lpuhq ´ Lhpuhq|
}uh}

¸
.

If the space PK contains polynomials of degree at most k, a sufficient condition for
ahp ,̈ ¨q to be uniformly Vh-elliptic is that the quadrature scheme used be exact for
polynomials of degree 2k ´ 4 at least [15]. Thus, in our case, we have to use on each
Ki Ă K a quadrature formula exact at least for polynomials of degree two.

5.1.3 Numerical Results
Weperformnumerical tests using the software packageFreeFEM++ 3.42 (see [37]),

in which HCT elements have been implemented along with an adequate quadrature
formula for their use. We will consider two situations:
p1q Ω “ Ω1 “ tpx, yq P R2 : x2 ` y2 ă R2u, Γ0 “ BΩ and pBCq1,

i.e. a circular plate of radius R clamped all over the lateral surface;
p2q Ω “ Ω2 “ p0, aq ˆ p0, bq with a, b ą 0, Γ0 “ BΩ and pBCq2,

i.e. a rectangular plate simply supported all over the lateral surface.
In both situations we assume m “ 0, and in order to get coherent results we fix once
and for all the following set of data:

R “ 5 cm, a “ 6 cm, b “ 8 cm, ` “ 1 mm

ρ “ 5600 kg{m3, E “ 136 GPa, ν “ 0.3,

pi.e. D “ 99.63 N ¨mq.
(5.41)
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}w ´ wh}H2pΩq 4.22 ¨ 10´7 1.20 ¨ 10´7 3.40 ¨ 10´8 9.53 ¨ 10´9

Number of finite elements 115 460 1840 7360
Number of degrees of freedom 398 1483 5723 22483

Table 5.1 – Variation of the H2 norm of the error with the number of finite elements for w
given by (5.43), along with the corresponding number of degrees of freedom. Computations
have been made for f0 “ ´130 N{m2 (this value corresponds to the weight of the plate per
unit area of the middle surface).

5.1.3.1 Statics

In each of the following test cases, we consider nested meshes in order to determine
the behavior of }w ´ wh}H2pΩq with respect to the meshsize h; of course, mesh
refinement is uniform.

Boundary conditions pBCq1
The problem formulation reads in this case

#
D ∆∆w “ f in Ω,
w “ Bnw “ 0 on BΩ, (5.42)

where Ω “ Ω1. We first consider a test case for which f is constant over Ω ( f ” f0);
the closed-form solution of (5.42) is given in this case by

wpx, yq “ f0
64D

pR2 ´ px2 ` y2qq2. (5.43)

As Table 5.1 shows, the implementation of HCT elements in FreeFEM++ 3.42 is quite
effective, as the variation of the H2 norm (regardless of physical dimensions) of the
error with respect to the meshsize is in agreement with error estimate (5.40).

As a second test case, in order to deal with a non-polynomial solution, we consider

wpx, yq “ f0
64D

pR2 ´ px2 ` y2qq2 sinpaxq, (5.44)

a being a constant, which is the solution corresponding to

f px, yq “ f0
64

 ´16axp´8` a2p´R2 ` x2 ` y2qq cospaxq`
` p64` 16a2p2R2 ´ 5x2 ´ 3y2q ` a4p´R2 ` x2 ` y2q2q sinpaxq( .

The variation of the error is shown in Table 5.2, and the convergence is again quadratic.

}w ´ wh}H2pΩq 2.00 ¨ 10´6 6.01 ¨ 10´7 1.70 ¨ 10´7 4.61 ¨ 10´8

Number of finite elements 115 460 1840 7360
Number of degrees of freedom 398 1483 5723 22483

Table 5.2 – Variation of the H2 norm of the error with the number of finite elements for w
given by (5.44), along with the corresponding number of degrees of freedom. Computations
have been made for f0 “ ´130 N{m2 and a “ 0.5 cm´1.
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Boundary conditions pBCq2
The problem formulation is

#
D ∆∆w “ f in Ω,
w “ 0, Mn ¨ n “ 0 on BΩ, (5.45)

where Ω “ Ω2. In this case, when the source term is of the form

f px, yq “ f0 sin
´π

a
x
¯

sin
´π

b
y
¯
,

the closed-form solution is given by

wpx, yq “ W0 sin
´π

a
x
¯

sin
´π

b
y
¯
, W0 “ f0

π4D

ˆ
1
a2 `

1
b2

˙´2
. (5.46)

The variation of the error is shown in Table 5.3, and once more the convergence is
quadratic.

}w ´ wh}H2pΩq 1.30 ¨ 10´7 3.78 ¨ 10´8 1.08 ¨ 10´8 2.96 ¨ 10´9

Number of finite elements 214 856 3424 13696
Number of degrees of freedom 725 2731 10595 41731

Table 5.3 – Variation of the H2 norm of the error with the number of finite elements for w
given by (5.46), along with the corresponding number of degrees of freedom. Computations
have been made for f0 “ ´130 N{m2.

We have represented in Fig. 5.3 the behavior of the error in the three test cases we
illustrated.

(a) (b) (c)

Figure 5.3 – Error H2-norm vs. meshsize in a logarithmic scale for w as in (5.43) (a), (5.44)
(b) and (5.46) (c). The red line represents theoretical behavior, and has slope 2.

5.1.3.2 Dynamics

In order to test the accuracy of the Newmarkmethod combined with HCT elements,
we consider the time evolution of the vertical displacement t ÞÑ whpx0, y0; tq, where
px0, y0q is the center of the plate, as the mesh is uniformly refined – again, we consider
nested meshes – in the two cases pBCq1 and pBCq2. The influence of the time-step ∆t
is also pointed out in some test cases for which it turns out to be relevant. The data
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set is given in (5.41). When the exact solution px, y; tq ÞÑ wpx, y; tq is known, we
consider the evolution of the error

ehptq “ |whpx0, y0; tq ´ wpx0, y0; tq|. (5.47)

When the source term is nonzero, we can consider an exact solution w : Ωˆr0,Ts Ñ R
of the form

wpx, y; tq “ kpx, yqgptq,
where g : r0,Ts Ñ R is a C2-class function and k : Ω Ñ R is solution of the corre-
sponding static problem. In particular, we test the robustness of the numerical method
in the following three cases:
(a) gptq “ αt2,

(b) gptq “ α arctanpβtq,

(c) gptq “ α sinpβtq,
where α and β are constants. Since convergence occurs only for 0 ă t ď T where T is
fixed, we precise in each example the value of T .

Boundary conditions pBCq1
Nonzero source term

The solution (5.43) of (5.42) corresponding to a constant surface load can be
used to derive a closed-form solution of the dynamic problem with a nonzero and
time-dependent source term. A straightforward computation shows that

wpx, y; tq “ f0
64D

pR2 ´ px2 ` y2qq2gptq, (5.48)

with f0 a constant, is solution to the dynamic problem when

f px, y; tq “ f0`ρ

96D

´
3pR2 ´ px2 ` y2qq2 ` 8`2pR2 ´ 2px2 ` y2qq

¯
:gptq ` f0 gptq.

The evolution of the error given by (5.47) corresponding to each of the three choices
of g is shown in Fig. 5.4, and it reflects the expected behavior: the error evolution is
attenuated upon refining the mesh.

Vanishing source term

When f ” 0, we cannot use (5.48). We have thus compared in Fig. 5.5 the evolution
of the numerical solutions in p0, 0q corresponding to three nested meshes, and for two
choices of the time-step (∆t “ 0.05 s and ∆t “ 0.01 s), in the case of nonzero
initial displacement and vanishing initial velocity: w0px, yq “ αpR2 ´ px2 ` y2qq2
and w1 ” 0, with α a constant. An analogous comparison is made in Fig. 5.6, in
the case of vanishing initial displacement and nonzero initial velocity: w0 ” 0 and
w1px, yq “ αpR2 ´ px2 ` y2qq, with α a constant. Notice that, in any case, there is a
complete overlapping between the three solutions; on the other hand, the effect of the
time-step is very remarkable: on the same time interval, for ∆t “ 0.01 s one captures
many more oscillations than for ∆t “ 0.05 s.
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Figure 5.4 – Evolution of the error (in mm) t ÞÑ ehptq with px0, y0q “ p0, 0q, for gptq “ αt2

(a), gptq “ α arctan βt (b), gptq “ α sin βt (c), for α “ 10 and β “ 1 s´1. Continuous line:
13 elements; dashed line: 52 elements; red line: 208 elements. In all cases, f0 “ ´130 N{m2

and T “ 10 s. Time-step: ∆t “ 0.05 s.
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Figure 5.5 – Comparison between three time evolutions (in mm) t ÞÑ whp0, 0; tq for a nonzero
initial displacement and a vanishing initial velocity, for a time-step ∆t “ 0.05 s (a) and a
time-step ∆t “ 0.01 s (b). Continuous line: 13 elements; dashed line: 52 elements; red line:
208 elements. In both cases, α “ 10´6 cm´3 and T “ 0.5 s.
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Figure 5.6 – Comparison between three time evolutions (in mm) t ÞÑ whp0, 0; tq for a nonzero
initial velocity and a vanishing initial displacement, for a time-step ∆t “ 0.05 s (a) and a
time-step ∆t “ 0.01 s (b). Continuous line: 13 elements; dashed line: 52 elements; red line:
208 elements. In both cases α “ 10´2 cm´1s´1 and T “ 0.5 s.

Boundary conditions pBCq2
Nonzero source term

In order to consider a situation with f ‰ 0, one can take, analogously to (5.48),

wpx, y; tq “ W0 sin
´π

a
x
¯

sin
´π

b
y
¯
gptq (5.49)

with W0 as in (5.46), so that w is solution to the dynamic problem with

f px, y; tq “ 2a2b2 f0`
`
b2`2π2 ` a2p3b2 ` `2π2q˘

3π4Dpa2 ` b2q2 ρ sin
´π

a
x
¯

sin
´π

b
y
¯
:gptq`

` f0 sin
´π

a
x
¯

sin
´π

b
y
¯
gptq.

The evolution of the error given by (5.47) corresponding to each of the three choices
of g is shown in Fig. 5.7. Let us remark that in all of the three cases, the behavior
of the error corresponding to the finest mesh (represented by a red line) is almost
imperceptible, inasmuch as it is very close to zero.

Vanishing source term

When f ” 0 the solution can be obtained by separation of variables. Indeed, one
obtains the Fourier development

wpx, y; tq “
ÿ

m,nPN

`
g1
mn cospωmntq ` g2

mn sinpωmntq˘ sin
´mπ

a
x
¯

sin
´nπ

b
y
¯
,

where

ωmn “ π2
ˆ

m2

a2 `
n2

b2

˙gffe
D

2`ρ` 2
3π

2`3ρ
´
m2

a2 ` n2

b2

¯,
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Figure 5.7 – Evolution of the error (in mm) t ÞÑ ehptq, with px0, y0q “ pa{2, b{2q, for
gptq “ αt2 (a), gptq “ α arctan βt (b), gptq “ α sin βt (c), for α “ 10 and β “ 1 s´1.
Continuous line: 12 elements; dashed line: 48 elements; red line: 192 elements. In all cases,
f0 “ ´130 N{m2 and T “ 10 s. Time-step: ∆t “ 0.05 s.

and coefficients g1
mn and g2

mn are determined by initial conditions. We consider then
the following two situations:
— w0px, yq “ α sin

`
π
a x

˘
sin

`
π
b y

˘
and w1px, yq ” 0, in which case the exact

solution is
wpx, y; tq “ α sin

´π
a

x
¯

sin
´π

b
y
¯

cospω11tq;

— w0px, yq ” 0 and w1px, yq “ α sin
`
π
a x

˘
sin

`
π
b y

˘
, in which case the exact

solution is
wpx, y; tq “ α

ω11
sin

´π
a

x
¯

sin
´π

b
y
¯

sinpω11tq.

Given that the exact solution in both cases is p2π{ω11q-periodic in time, in order to
test our numerical method we consider a reasonable value of ω11; say, ω11 “ 10 s´1.
The evolution of the error given by (5.47) corresponding to the first case is shown
in Fig. 5.8 for a time-step ∆t “ 0.05 s and a time-step ∆t “ 0.01 s; an analogous
test has been made for the second case, represented in Fig. 5.9. For ∆t “ 0.05 s, the
obtained behavior is unexpected: mesh refinement results in an amplification of the
error evolution; decreasing the time-step to ∆t “ 0.01 s yields the expected behavior.
Indeed, note that the period τ corresponding to ω11 “ 10 s´1 is approximately equal
to 0.63 s, so that the ratio ∆t{τ is about 0.08 for ∆t “ 0.05 s and about 0.01 for
∆t “ 0.01 s.

Concluding Remarks
Our numerical tests performed using FreeFEM++ 3.42 show that the presence of the

rotational inertia term does not affect the efficiency of the Newmark time discretization
method combined with conforming finite elements such as HCT elements. As is well-
known, HCT elements are computationally expensive; it would then be of interest to use
nonconforming space discretization methods (mixed or hybrid) [8, 51], such as HHO
methods [18, 19]. The study of the use of such methods for plate dynamics problems
in presence of rotational inertia seems particularly interesting and will be carried out
in a forthcoming work.
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Figure 5.8 – Evolution of the error (in mm) t ÞÑ ehptq, with px0, y0q “ pa{2, b{2q, between
the analytical and numerical solutions for a nonzero initial displacement and a vanishing initial
velocity, for a time-step ∆t “ 0.05 s (a) and a time-step ∆t “ 0.01 s (b). Continuous line: 13
elements; dashed line: 52 elements; red line: 208 elements. In both cases, α “ 1 mm and
T “ 0.5 s.

0

0.001

0.002

0.003

0.004

0.005

0.006

0.007

0.008

0 0.1 0.2 0.3 0.4 0.5
0

0.001

0.002

0.003

0.004

0.005

0.006

0.007

0.008

0 0.1 0.2 0.3 0.4 0.5
0

0.001

0.002

0.003

0.004

0.005

0.006

0.007

0.008

0 0.1 0.2 0.3 0.4 0.5

0

0.002

0.004

0.006

0.008

0.01

0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5
0

0.002

0.004

0.006

0.008

0.01

0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5
0

0.002

0.004

0.006

0.008

0.01

0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5

Time (s)

Time (s)

E
rro

r (
m

m
)

E
rro

r (
m

m
)

(a)

0

0.001

0.002

0.003

0.004

0.005

0.006

0.007

0.008

0 0.1 0.2 0.3 0.4 0.5
0

0.001

0.002

0.003

0.004

0.005

0.006

0.007

0.008

0 0.1 0.2 0.3 0.4 0.5
0

0.001

0.002

0.003

0.004

0.005

0.006

0.007

0.008

0 0.1 0.2 0.3 0.4 0.5

0

0.002

0.004

0.006

0.008

0.01

0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5
0

0.002

0.004

0.006

0.008

0.01

0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5
0

0.002

0.004

0.006

0.008

0.01

0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5

Time (s)

Time (s)

E
rro

r (
m

m
)

E
rro

r (
m

m
)

(b)

Figure 5.9 – Evolution of the error (in mm) t ÞÑ ehptq, with px0, y0q “ pa{2, b{2q, between
the analytical and numerical solutions for a vanishing initial displacement and a nonzero initial
velocity, for a time-step ∆t “ 0.05 s (a) and a time-step ∆t “ 0.01 s (b). Continuous line: 13
elements; dashed line: 52 elements; red line: 208 elements. In both cases, α “ 1 mm{s and
T “ 0.5 s.
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Chapitre 6

Introduction aux Méthodes de
Discrétisation HHO pour le
Problème de Flexion

On présente dans ce chapitre quelques préliminaires à l’utilisation d’une méthode
de discrétisation non conforme en espace pour le traitement numérique du problème
de plaque en flexion rencontré dans les deux chapitres précédents. Plus précisement,
il s’agit d’une méthode hybride et d’ordre élevé (HHO, Hybrid High-Order). Les mé-
thodes hybrides d’ordre élevé sont formulées en termes d’inconnues discrètes définies
sur les faces et sur les cellules du maillage (d’où le terme “hybride”), et de telles
inconnues sont des polynômes de degré arbitraire k ě 0 (d’où le terme “élevé”).

La présentation suivante a été largement inspirée par l’ouvrage de Di Pietro et
Ern [17], par les deux articles de Di Pietro, Ern et Lemaire [18, 19], et par l’article de
Di Pietro et Droniou [20]. Nous considérons dans toute la suite le problème (bidimen-
sionnel) de plaque en flexion suivant :

#
´div divM “ f dans Ω,
u “ Bnu “ 0 sur BΩ, (6.1)

où M est le tenseur de moment, lié à l’inconnue u (le déplacement vertical) par la
loi de comportement M “ ´A∇∇u, A étant un champ tensoriel du quatrième ordre
symétrique et uniformément elliptique. Pour simplifier, on considérera toujours A
constant sur Ω.

Rappelons, avec référence au chapitre précédent, la formulation variationnelle de
(6.1) :

Étant donné f P L2pΩq, trouver u P H2
0 pΩq tel queż

Ω

A∇∇u :∇∇v dΩ— apu, vq “ lpvq–
ż

Ω

f v dΩ, @v P H2
0 pΩq. (6.2)

La méthode de discrétisation dans ce chapitre étant non conforme, l’espace de dimen-
sion finie auquel la solution approchée uh appartient n’est pas inclus dans H2

0 pΩq ; le
deuxième gradient ∇∇uh ne serait donc pas défini. C’est pourquoi la méthode est basée
sur un opérateur de reconstruction qui reproduit les propriétés du deuxième gradient au

114



115

niveau discret. On considère dans ce qui suit des maillages réguliers, dont on rappelle
les propriétés dans la section suivante.

6.1 Maillages Réguliers
Soit H Ă R˚̀ un ensemble dénombrable de pas de maillage ayant 0 comme seul

point d’accumulation. Dans la suite, on simplifie la présentation en considérant, pour
chaque h P H , une triangulation Th du domaine Ω satisfaisant les conditions de
régularité usuelles de Ciarlet [15]. Plus précisément, Th est une collection finie de
triangles telle que Ω “ Ť

TPTh T et h – maxTPTh hT , avec hT le diamètre de T . Une
face F est définie comme un segment fermé de Ω de mesure positive et tel que piq soit
il existe T1,T2 P Th tels que F Ă BT1 X BT2, auquel cas F est une interface, soit piiq il
existe T P Th tel que F Ă BT X BΩ, et F est une face de bord. On note F i

h
l’ensemble

des interfaces, F b
h

l’ensemble des faces de bord, et on pose Fh – F i
h
Y F b

h
. Le

diamètre d’une face F P Fh est noté hF . Pour tout T P Th, FT – tF P Fh : F Ă BTu
est l’ensemble des faces du bord de l’élément T et, pour tout F P FT , nTF est la
normale unitaire à F sortante de T . Symétriquement, pour tout F P Fh, on note
TF – tT P Th : F Ă BTu l’ensemble des éléments qui partagent la face F (deux si F
est une interface, un si F est une face de bord).
Remarque 6.1. On peut considérer une situation plus générale, dans laquelle chaque
élément T P Th est un polygone constitué par la réunion d’un nombre fini de triangles
réguliers, au sens définit par Ciarlet [15].

Soit % ą 0 le paramètre de régularité dumaillage, c’est à dire, pour tout h P H [17],

%2hT ď hF ď hT .

On montre [17] qu’il existe un entier NB dépendant de % tel que

@h P H , max
TPTh

cardpFT q ď NB .

Il existe aussi des nombres réelsCtr etCtr,c dépendants de %mais indépendants de h tels
que pour tout T P Th et F P FT , l’on ait les deux inégalités suivantes (respectivement,
inégalité de trace discrète et inégalité de trace continue)

}v}F ď Ctr h´1{2
F }v}T @v P PkdpTq,

}v}BT ď Ctr,c

`
h´1
T }v}2T ` hT }∇v}2T

˘1{2 @v P H1pTq,
(6.3)

où l’on a noté } ¨ }X la norme dans L2pXq avec X Ă Ω (on notera dans la suite p ,̈ ¨qX
le produit scalaire dans L2pXq ou dans L2pXq), et P`

d
pXq l’espace des restrictions à X

des polynômes de degré ď ` en d variables (d “ 1, 2).
Un élément essentiel dans la construction de la méthode de discrétisation sont

les projecteurs orthogonaux L2 sur des espaces de polynômes locaux définis sur des
sous-ensembles bornésU Ă R2. On introduit alors le projecteur L2 comme l’opérateur
π`X : L2pUq Ñ P`

d
pUq défini par

ż

U

π`U v w “
ż

U

vw, @w P P`dpXq.
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Rappelons un résultat de [18] : il existe un nombre réel Cp%, `q ą 0 indépendant de h
tel que, pour tout T P Th, tout s P t1, . . . , ` ` 1u et tout v P HspTq, l’on ait
|v ´ π`T v|HmpT q ` h1{2

T |v ´ π`T v|HmpBT qďCp%, `qhs´m
T |v|H spT q, @m P t0, . . . , s ´ 1u,

(6.4)
où | ¨ |HmpT q et | ¨ |HmpBT q sont les semi-normes dans les espaces respectifs. Dans la
suite, on abrégera comme a À b toute inégalité de la forme a ď Cb avec C ą 0
indépendant de h mais éventuellement dépendant d’autres paramètres.

6.2 Aspects Locaux : Degrés de Liberté, Interpolation et Re-
construction

Soit k ě 2 un entier fixé.

piq L’espace local des degrés de liberté (DDL) est défini comme l’ensemble

Uk
T – Pk2pTq ˆ

#ą

FPFT
Pk`1

1 pFq
+
ˆ
#ą

FPFT
Pk1pFq

+
. (6.5)

Dans la suite on n’écrit pas les indices 1 et 2 afin de simplifier les notations. Pour une
collection générale de degrés de liberté vT P Uk

T , on utilise la notation soulignée

vT “ pvT , pvn,FqFPFT , pvFqFPFT q,
où vT est le DDL lié à l’inconnue de maille, vn,F celui lié à la dérivée normale de
l’inconnue sur la face F, et vF celui lié à l’inconnue sur la face F.

piiq L’opérateur d’interpolation locale IkT : H2pTq Ñ Uk
T est défini par

IkT v “
´
πkT v, pπk`1

F BnTF vqFPFT , pπkF vqFPFT
¯
, @v P H2pTq, (6.6)

où BnTF v désigne la dérivée normale de v sur la face F.
Remarque 6.2. Puisque le bord de T est régulier par morceaux, le théorème de trace
assure que v est bien définie sur chaque face F, ainsi que sa dérivée normale BnTF v .

Pour u, v P H2pTq, posons aT pu, vq– pA∇∇u,∇∇vqT .

piiiq L’opérateur de reconstruction locale pk
∆,T

: Uk
T Ñ Pk`2pTq est défini par

la solution du problème variationnel local suivant :

Trouver pk∆,T vT P Pk`2pTq tel que, pour tout w P Pk`2pTq,
aT ppk∆,T vT , wq “ ´pvT , div divMwqT ´

ÿ

FPFT
pvn,F,MwnTF ¨ nTFqF `

`
ÿ

FPFT

`
vF, divMw ¨ nTF ` Bτ pMwnTF ¨ τq

˘
F
,

(6.7)

où Mw – ´A∇∇w, τ est le vecteur unitaire tangent sur BT et Bτ la dérivée tangentielle
sur BT .
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Remarque 6.3. Onutilise ici la notationMw pour remarquer le fait queMw est un tenseur
de moment de nature virtuelle (l’espace des déplacements virtuels étant constitué de
polynômes de degré k ` 2 sur T), à la différence du tenseur M qui apparaît dans la
forme aT p ,̈ ¨q, introduit au début du chapitre.

Le problème (6.7) admet une solution dans Pk`2pTq, comme aT p ,̈ ¨q est une forme
bilinéaire continue, symétrique et positive sur cet espace. Notons, de plus, que l’opéra-
teur ∇∇ : Pk`2pTq Ñ rPkpTqs4 a pour noyau l’ensemble des polynômes de degré 1 sur
T :

ker∇∇ “ P1pTq.
Une condition nécessaire et suffisante pour l’existence de la solution est alors que la
forme linéaire au second membre de (6.7) s’annule sur les éléments de ker∇∇ ; puisque

Mw “ 0 @w P P1pTq,
la condition est satisfaite. La solution de (6.7) n’est donc pas unique : si pk

∆,T
vT P

Pk`2pTq est une solution, pk
∆,T

vT ` d pour tout d P P1pTq l’est aussi.
Le problème (6.7) est un problème linéaire en dimension finie, égale à

dim Pk`2pTq “ pk ` 4qpk ` 3q{2. On peut expliciter le système d’équations linéaires
correspondant (que l’on peut assimiler à un problème de pseudo-flexion local). Pour
cela, on utilise les formules d’intégration par parties sur les termes du premier et du
second membre, et on obtient le système linéaire suivant :

$
’’’’&
’’’’%

´div divMk
∆,T “ ´div divMvT dans T,

Mk
∆,TnTF ¨ nTF “ MvT nTF ¨ nTF ` Lnvn,F sur chaque F P FT ,

divMk
∆,T
¨ nTF ` BτpMk

∆,T
nTF ¨ τq “

“ divMvT ¨ nT ` BτpMk
vT

nT ¨ τq ` LvF sur chaque F P FT ,

où Mk
∆,T

– ´A∇∇pk
∆,T

vT , MvT – ´A∇∇vT , pLnvn,F, wqF – pvn,F,MwnTF, nTFqF
et pLvF, wqF –

`
vF, divMw ¨ nTF ` Bτ pMwnTF ¨ τq

˘
F
.

Pour déterminer pk
∆,T

vT de façon unique, on rajoute la condition de fermeture
suivante :

π1
T pk∆,T vT “ π1

T vT . (6.8)

Le condition (6.8) s’interprète comme suit. On écrit la solution de (6.7) comme
pk
∆,T

vT “ ũ`a`bx`cy , avec ũ P Pk`2pTq tel que pũ, wqT “ 0 pour tout w P P1pTq, et
a, b, c P R. Puisqu’une base de P1pTq est donnée par t1, x, yu, la condition de fermeture
(6.8) est équivalente au système linéaire suivant :

¨
˚̊
˚̊
˚̊
˚̋

mespTq
ż

T

x
ż

T

y

ż

T

x
ż

T

x2
ż

T

x y
ż

T

y

ż

T

x y
ż

T

y2

˛
‹‹‹‹‹‹‹‚

¨
˚̋

a

b

c

˛
‹‚“

¨
˚̊
˚̊
˚̊
˚̋

ż

T

vT

ż

T

xvT
ż

T

yvT

˛
‹‹‹‹‹‹‹‚
.

Ainsi, les trois constantes a, b, c sont uniquement déterminées en fonction des moments
polynômiaux d’ordre inférieur ou égal à 1 du DDL de maille vT .
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6.3 Consistance Polynômiale Locale

Puisque Pk`2pTq Ă H2pTq, pk
∆,T

IkT est un opérateur linéaire et continu dans H2pTq.
Le lemme suivant donne une propriété remarquable de cet opérateur.

Lemme 6.1. Pour tout v P H2pTq, on a
aT pv ´ pk∆,T IkT v, wq “ 0, @w P Pk`2pTq. (6.9)

Démonstration. On écrit (6.7) pour vT “ IkT v “ pπkT v, pπk`1
F BnTF vqFPFT , pπkF vqFPFT q.

Puisque w P Pk`2pTq et que A un tenseur constant, on en déduit que div divMw P
Pk´2pTq Ă PkpTq, que MwnTF ¨ nTF P PkpFq Ă Pk`1pFq, et que divMw ¨ nTF `
Bτ pMwnTF ¨ τq P Pk´1pFq Ă PkpFq. Par conséquent, pour tout w P Pk`2pTq, on a

aT ppk∆,T IkT v, wq “ ´pv, div divMwqT ´
ÿ

FPFT
pBnTF v,MwnTF ¨ nTFqF `

`
ÿ

FPFT

`
v, divMw ¨ nTF ` Bτ pMwnTF ¨ τq

˘
F
“

“ aT pv, wq,
où la dernière égalité est obtenue en utilisant les formules d’intégration par parties sur
les termes du second membre, ainsi que la propriété de symétrie de A. �

On peut donc appliquer le Lemme de Céa [15] (Chap. 2, § 2.4) à la forme bilinéaire
aT p ,̈ ¨q, continue et coercive sur H2pTq{P1pTq ˆ H2pTq{P1pTq. On obtient

}∇∇v ´ ∇∇pk∆,T IkT v}T ď
c
A`
A´ inf

zPPk`2pT q{P1pT q
}∇∇v ´ ∇∇z}T ,

où A´ et A` sont des constantes positives telles que

@U P Symp2q, A´}U}22 ď AU : U ď A`}U}22.
Grâce au Lemme 6.1, l’opérateur pk

∆,T
IkT possède des propriétés d’approximation

optimales dans Pk`2pTq ; c’est à dire, grâce à l’estimation (6.4) avec ` “ k`2, s “ k`3
et m “ 2,

}∇∇ppk∆,T IkT v ´ vq}T À hk`1
T }v}Hk`3pT q, @v P Hk`3pTq.

6.4 Problème Discret
On introduit maintenant l’espace des DDL globaux

Uk
h –

#ą

TPTh
PkpTq

+
ˆ
#ą

FPFT
Pk`1pFq

+
ˆ
#ą

FPFT
PkpFq

+
, (6.10)

l’espace associé caractérisant les conditions au bord

Uk
h,0 –

 
vh “ ppvT qTPTh, pvn,FqFPFh, pvFqFPFh q P Uk

h :

vF “ vn,F “ 0 pour tout F P Fb
h

(
, (6.11)
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l’opérateur de restriction LT : Uk
h
Ñ Uk

T défini pour tout T P Th, qui envoie les DDL
globaux dans Uk

h
sur les DDL locaux correspondants dans Uk

T .
On introduit la forme bilinéaire globale sur Uk

h
ˆUk

h
:

pahpuh, vhq–
ÿ

TPTh
paT pLTuh, LT vhq,

où la forme bilinéaire locale paT sur Uk
T ˆUk

T s’écrit sous la forme

paT puT , vT q “ aT ppk∆,TuT , pk∆,T vT q ` sT puT , vT q.
La forme bilinéaire sT p ,̈ ¨q, dite de stabilisation locale, prend en compte la non-
conformité de la méthode. En effet, l’application

Uk
T ˆUk

T Q puT , vT q ÞÑ aT ppk∆,TuT , pk∆,T vT q P R
définit une forme bilinéaire continue non coercive sur l’espace discret Uk

T ˆUk
T : cette

forme s’annule sur les éléments uT tels que pk
∆,T

uT P P1pTq. On définit sT p ,̈ ¨q par

sT puT , vT q “
ÿ

FPFT
h´1
F

´
πk`1
F pBnTF pk∆,TuT ´ un,Fq, πk`1

F pBnTF pk∆,T vT ´ vn,Fq
¯
F
`

`
ÿ

FPFT
h´3
F

´
πkFppk∆,TuT ´ uFq, πkFppk∆,T vT ´ vFq

¯
F
`

` h´4
T

´
πkT ppk∆,TuT ´ uT q, πkT ppk∆,T vT ´ vT q

¯
T
, @puT , vT q P Uk

T ˆUk
T .

(6.12)

La forme linéaire dans (6.2) peut être discrétisée grâce à la forme linéaire sur Uk
h

lhpvhq–
ÿ

TPTh
p f , vT qT .

Le problème discret est donc formulé comme suit :

Trouver uh P Uk
h,0 tel que, pour tout vh P Uk

h,0,

pahpuh, vhq “ lhpvhq.
(6.13)

Par la suite, il faudra :
(a) démontrer que le problème (6.13) est bien posé ;

(b) démontrer que le problème (6.13) est consistant ;

(c) obtenir des estimations d’erreur.
La démonstration de ces propriétés dépend de la définition de la forme bilinéaire locale
paT p ,̈ ¨q ; en particulier, on doit montrer que paT p ,̈ ¨q vérifie les propriétés de stabilité et
continuité locales :

Dµ ą 0 indépendant de h tel que, pour tout T P Th et tout vT P Uk
T , l’on ait

µ´1}vT }22,T ď paT pvT , vT q ď µ}vT }22,T ,
(6.14)
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où } ¨ }2,T est la norme discrète locale

}vT }22,T – }∇∇vT }2T`
ÿ

FPFT
h´1
F }vn,F´BnTF vT }2F`

ÿ

FPFT
h´3
F }vF´vT }2F, @vT P Uk

T .

Il faudra ensuite implémenter cette méthode dans un code afin de la comparer avec les
résultats obtenus dans le chapitre précédent.



Conclusions

Nous avons présenté un modèle mathématique de structures de type capteur ou
actionneur, caractérisées par des couplages linéaires multiphysiques (magnéto-électro-
thermo-élastiques), en justifiant sa cohérence au sens de la thermodynamique des
milieux continus. Nous avons montré que les problèmes dynamique et quasi-statique
sont bien posés, le premier dans le cadre de la théorie de Hille-Yosida, le deuxième avec
la méthode de Faedo-Galerkin. Nous avons fourni une première validation de l’hypo-
thèse quasi-statique en effectuant une adimensionnalisation formelle sur les équations
du problème dynamique.

Ensuite, à partir du problème quasi-statique, nous avons présenté un modèle bidi-
mensionnel pour une structure en forme de plaque qui se comporte comme capteur et/ou
actionneur. Le modèle a été déduit grâce à la méthode des développements asympto-
tiques, sous les hypothèses d’anisotropie et homogénéité, et en considérant quatre types
différents de conditions au bord. Nous avons validé les résultats fournis par l’analyse
asymptotique en montrant des théorèmes de convergence faible (Théorèmes 4.3, 4.5,
4.7 et 4.9). Chacun des quatre problèmes de plaque résultant de l’analyse asymptotique
se découple en un problème de flexion et en un problème de membrane totalement ou
partiellement couplé.

Nous avons enfin concentré notre attention sur le problème de flexion, qui tient
en compte un effet d’inertie de rotation, caractérisant tous les quatres problèmes de
plaque et se présentant toujours sous la même forme. Nous avons présenté une étude
mathématique et numérique de ce problème, et l’analyse numérique a été validée
avec des tests effectués sous l’environnement FreeFEM++, en utilisant la méthode
de Newmark du point milieu combiné avec une discrétisation conforme en espace,
caractérisée par des éléments finis HCT.

Concernant des perspectives futures de recherche portant sur les aspects mathé-
matiques, on mentionne d’abord la justification rigoureuse de la convergence de la
solution du problème dynamique vers celle du problème quasi-statique lorsque δ Ñ 0.
En effet, le problème dynamique a été étudié dans le cadre de la théorie de Hille-
Yosida, en obtenant ainsi une solution régulière en temps, tandis que la solution du
problème quasi-statique a été obtenue dans une forme faible grâce à la méthode de
Faedo-Galerkin. La difficulté rencontrée pour ce qui concerne l’étude du problème
quasi-statique dans le cadre de la théorie des semi-groupes est que, à la différence du
terme de couplage thermo-élastique β : ep 9uq, les deux termes de couplage pyroélec-
trique et pyromagnétique p ¨∇ 9ϕ et m ¨∇ 9ζ présents dans la dernière équation du système
(bilan de l’énergie) n’ont pas de “contrepartie symétrique” dans la première équation
du système (bilan de la quantité de mouvement).
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Une direction de recherche concernant les applications peut être l’étude d’une
structure laminée, de type plaque ou coque, contenant une couche de matériau METE;
le cas d’une couche purement piézoélectrique a été traité, e.g., dans [60] et [61].

Enfin, pour ce qui concerne les aspects numériques, comme des éléments finis de
classe C1 sont chers en termes de calculs pour le traitement de problèmes de plaque
en flexion, il est intéressant d’utiliser une méthode de discrétisation en espace de type
non conforme. Nous avons présenté de manière succincte, dans le dernier chapitre, une
première approche de la version statique du problème de flexion avec une méthode
hybride et d’ordre élevé. Une fois l’analyse numérique complétée dans le cas statique,
afin d’étudier le problème dynamique avec inertie de rotation, il sera nécessaire de
coupler une telle discrétisation en espace avec une discrétisation en temps, par exemple
à nouveau de type Newmark. L’étape finale de cette procédure consiste, clairement, à
implémenter la nouvelle méthode numérique de façon efficace.
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