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Cette introduction est divisée en quatre sections. La section 1 rappelle les définitions
de base sur les cartes planaires sans aléa ni décoration. La section 2 introduit les cartes
aléatoires non décorées avec quelques exemples. On essaie de dégager 'idée de 'universalité
en s’appuyant sur la classe d’universalité de la carte brownienne. On retrace aussi les
premieres étapes de sa construction, qui servira comme repere pour la discussion a propos
des cartes décorées. La section 3 définit les modeles de cartes décorées abordés dans ce
mémoire, et explique les motivations (surtout physiques) pour leur étude. Enfin la section 4
donne un résumé par chapitre du reste de ce mémoire, et explicite des liens précis entre les
modeles abordés.



8 Chapter I. Introduction

1 Définitions et conventions de base

On regroupe dans cette section les définitions nécessaires pour que cette introduction puisse
étre lue de facon autonome. Pour un panorama plus détaillé, on réfere aux nombreux livres
et notes de cours dédiés a ce sujet, par exemple [LZ04, Miel4, Curl7, Eynl6].

Grosso modo, une carte planaire est un graphe muni d’une structure planaire. Il y a
plusieurs fagons de formaliser cela, voir par exemple [LLZ04, Section 1.3]. La définition la
plus intuitive est probablement la suivante:

Definition. Considérons les plongements propres (i.e. sans croisement d’arétes) d’un graphe
fini et connexe dans la sphere. Une carte planaire est une classe d’équivalence de ces
plongements modulo les homéomorphismes de la sphére qui préservent 1’orientation.

La Figure I.1(a) donne trois plongements propres d’'un méme graphe dans le plan, dont
les deux derniers représentent la méme carte planaire,! mais pas le premier. Pour mettre
en évidence la différence entre les deux premiers dessins, on peut les découper le long des
arétes, et observer que les composantes connexes ainsi obtenues ne sont pas entourées du
méme nombre d’arétes.

1.1 Les faces et leurs degrés

On appelle les composantes connexes ainsi obtenues les faces de la carte, et le nombre
d’arétes qui entourent une face le degré de la face. L’ensemble des sommets et 1’ensemble
des arétes d'une carte sont hérités de son graphe sous-jacent. Au contraire, ’ensemble des
faces est une structure propre a la carte. Les cardinaux de ces trois ensembles sont reliés
par la relation d’Euler:

#sommet + #face — # aréte = 2 (L.1)

La constante 2 a droite est appelée caractéristique d’Fuler de la sphere. D’autre part, un
simple comptage du nombre d’arétes donne la contrainte suivante, qui est utile pour étudier
les cartes avec degrés des faces controlés:

> deg(f) =2 #aréte. (I.2)

fetace

On peut inverser la procédure de découpage ci-dessus pour donner une définition al-
ternative des cartes planaires: une carte planaire est un recollement de polygones (i.e. un
couplage parfait entre les arétes des polygones) tel que la surface qui en résulte est homéo-
morphe a la sphere.? La Figure 1.1 donne un exemple d'un tel recollement. Cette définition
met en évidence le fait que pour tout n fixé, le nombre des cartes planaires ayant n arétes
est fini.

1.2 Dual d’une carte

A chaque carte planaire m on peut associer une carte duale m' qui échange les roles des
sommets et des faces de m. Plus précisément, on place un sommet dual dans chaque face

1On représente une carte planaire, objet qui vit sur la sphére, dans le plan en utilisant la projection
stéréographique. Cela revient a choisir arbitrairement une face de la carte comme la face externe.
2La sphéricité est caractérisée par le caractéristique d’Euler 2. Voir [MTO01, Section 3.1].
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Figure 1.1 — Trois différents plongements propres d’un méme graphe dans le plan. Les deux
premiers plongements ne correspondent pas d la méme carte: en découpant les dessins le long
des arétes, on observe que les degrés des faces sont {3,3,6} dans le premier cas, mais {3,4,5}
dans le deuxiéme cas.

de m, et pour chaque aréte e de m, on trace une aréte duale e qui relie les sommets duaux
dans les deux faces adjacentes a e comme dans la Figure [.2. Chaque face de la carte duale
contient exactement un sommet de m. (Cela est témoigné par la symétrie de role du nombre
de sommets et du nombre de faces dans la relation d’Euler.) Le passage au dual est une
involution sur I’ensemble des cartes planaires. Un point fixe de cette involution est dit
autodual.

mf

Figure 1.2 — Une carte m et son dual mt. Les fléches indiquent les coins racines.

1.3 Carte enracinée: absence de symétrie

Une carte peut admettre des automorphismes non triviaux. (Par exemple la premiere carte
dans la Figure 1.1 est invariante sous la symétrie miroir.) Cela rend compliqué leur énuméra-
tion, ou plus généralement la construction de bijections sur les cartes. Pour contourner ce
probléme, on considere les cartes enracinées, i.e. munies d’un coin distingué (la racine).> On

3Un coin désigne la section angulaire entre deux arétes consécutives autour d’un sommet. Une autre
convention couramment utilisée consiste a distinguer une aréte orientée pour enraciner la carte. On peut
bien siir passer de 'un a l'autre bijectivement. L’avantage d’utiliser un coin racine est que le choix de la
racine de la carte duale est canonique, voir la Figure 1.2.
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appelle la face contenant ce coin la face racine, et le sommet incident a ce coin le sommet
racine.

Une carte enracinée n’a pas d’automorphisme non trivial. En effet, la racine permet de
définir une numérotation canonique des sommets (par exemple a ’aide d’un parcours en
largeur), des arétes et des faces de la carte. Donc un automorphisme de la carte qui fixe la
racine fixe aussi tous les sommets, arétes et faces, i.e. il est égal a l'identité. En pratique,
cette absence d’automorphisme est souvent utilisée pour choisir de facon arbitraire (mais
déterministe) un sommet/aréte/face parmi tous ceux qui satisfont une certaine propriété :
il suffit de choisir celui du plus petit numéro sous une certaine numérotation canonique fixée
en avance. Dans les Chapitres Il et V, c’est cet argument qui nous permettra d’enraciner
les petites cartes issues de certaines décompositions récursives de cartes.

1.4 Cartes a bord

Les décompositions récursives des cartes, qui sont a la base de tres nombreuses études
combinatoires des cartes, nécessitent la considération des cartes avec un bord. On définit
une carte a bord enracinée comme la méme structure qu'une carte planaire enracinée sans
bord, mais avec un point de vue différent: dans une carte enracinée a bord, on considere la
face racine comme la face externe et les autres faces comme les faces internes. Le degré de
la face externe est appelé périmetre de la carte a bord. Par définition, le sommet racine est
toujours sur le bord.

(b)

Figure 1.3 — (a) Une carte bipartie avec un bord général, et des faces internes de degrés 2, 4
et 6. (b) Une quadrangulation a bord simple. Dans les deux cas, la fléche représente la racine.

La face externe d’une carte a bord peut avoir des points de pincement comme dans
I'exemple de la Figure 1.3(a), autrement dit, plusieurs coins de la face externe peuvent
partager le méme sommet. Parfois il est commode de se restreindre aux cas ou cela n’arrive
pas. On dit alors que le bord de la carte est simple. Une carte a bord simple est aussi
appelée carte du polygone, ou carte du p-gone si I'on veut spécifier le périmetre p.

1.5 Cartes biparties, p-angulations

Comme pour les graphes, une carte est dite bipartie si ses sommets peuvent étre coloriés par
deux couleurs de sorte qu’une aréte relie toujours deux sommets de couleurs différentes. Une
carte planaire est bipartie si et seulement si toutes ses faces sont de degré pair. Si toutes
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les faces sont du méme degré p, la carte est appelée p-angulation (triangulation si p = 3,
quadrangulation si p = 4, etc.). Lorsque cela est vrai a 'exception de la face externe, on
parle d’une p-angulation d bord. La Figure 1.3 donne un exemple (a) d'une carte bipartie
avec un bord non simple, et (b) d’une quadrangulation du 12-gone (bord simple).

Dans ce mémoire, une carte sera toujours supposée planaire et enracinée. Le
graphe sous-jacent d’une carte peut contenir des cycles (arétes dont les deux
extrémités coincident) et des arétes multiples.

2 Rappels sur les cartes aléatoires non décorées

2.1 La classe d’universalité des cartes uniformes

Cartes aléatoires uniformes La classe la plus naturelle — et en effet la plus étudiée —
de carte aléatoire est celle de carte aléatoire uniforme. Au sens strict, une carte aléatoire
uniforme est un élément choisi uniformément dans un ensemble fini de cartes. Les ensembles
les plus souvent considérés sont ceux définis par une contrainte sur les degrés de faces, plus la
valeur d’un ou plusieurs paramétres de taille.* On notera par N I'ensemble de ces parameétres.
Voici quelques exemples.

(i) L’ensemble des cartes générales ayant n arétes. (N =n)
(ii) L’ensemble des quadrangulations ayant n faces. (N =n)
(iii) L’ensemble des triangulations du p-gone ayant n faces. (N = (n,p))
)

(iv) L’ensemble des cartes biparties a bord de périmétre 2p ayant ny faces de degré 2, ny
faces de degré 4, ..., et ng faces de degré 2d. (N = (nq,...,nq,p))

Les parametres de taille consistent en un seul entier n dans les cas (i) et (ii), mais un couple
d’entiers (n,p) dans le cas (iii).?

Cartes aléatoires de Boltzmann Au sens large, la classe d’universalité des cartes aléa-
toires uniformes inclut aussi certaines cartes aléatoires de Boltzmann. La loi d’une carte
aléatoire de Boltzmann est construite a partir d’une carte aléatoire uniforme en remplacant
une ou plusieurs contraintes de taille par des poids de Boltzmann qui pénalisent les grandes
cartes. Dans I'exemple (iii) ci-dessus, on peut reldcher la contrainte sur le nombre de faces
n, et donner un poids t a chaque face. Alors on obtient une triangulation de Boltzmann du

p-gone t de loi
t#face(to)

P,(t=ty) = TQ) ol Z,(t) = Zt#face(to)
D to

et la somme porte sur toutes les triangulations du p-gone. On dit que la valeur du parametre
t > 0 est admissible si la fonction de partition Z,(t) est finie. De la méme fagon, on peut

4Le cardinal d'un tel ensemble de cartes a systématiquement une expression simple en intégrale de
matrices. Cela explique pourquoi ces ensembles de cartes sont relativement facile a étudier.

°0On ne peut pas fixer le nombre de faces comme parametre de taille dans le cas (i) puisque, sans
constrainte sur les degrés des faces, I’ensemble des cartes ayant n faces est infini. Ce probleme n’existe pas
dans le cas (ii) puisque la relation (I1.2) donne #aréte = 2 - # face.



12 Chapter I. Introduction

définir une carte bipartie de Boltzmann a bord de périmétre 2p en donnant un poids ¢ a
chaque face de degré 2k (k =1,...,d) dans I'exemple (iv) ci-dessus:

1 % htace de degré 2k
Hq# ace de degré 2k(mp) (13)

]Pp(m:mo): Fp(q) 2 k

ou le jeu de poids q = (qi,...,qq) est dit admissible si la fonction de partition F,(q) :=
Zmo szl q]z# face de degré 2k(mg) est finie.

Dans la suite de cette introduction, on utilisera la notation générique Cn pour désigner
une famille de cartes de taille N, et I'on notera par w(m) un poids de Boltzmann défini sur

les cartes m € Cy. Alors la loi d'une carte de Boltzmann générique s’écrit

w(myg N
Py(m=my) = (Z ) ol Zn= Y w(myg).
N moGCN
Les deux exemples ci-dessus correspondent respectivement aux poids w(t) = t#face® et
w(m) = [T¢_, qF e 4 48 2™ Notons que cela inclut aussi les cartes aléatoires uniformes,

qui correspondent au cas ou w(m) = 1.

Universalité des cartes uniformes Du point de vue de la physique statistique, les cartes
uniformes et les cartes de Boltzmann ne sont que deux descriptions microscopiques (i.e.
description micro-canonique et description canonique) d’'un méme systéme macroscopique.
On s’attend donc a I’émergence d’un méme objet aléatoire dans la limite thermodynamique.
Cela signifie qu'une carte uniforme et ses cartes de Boltzmann associées, proprement remises
a I’échelle, doivent converger vers la méme limite quand leurs tailles convergent vers I'infini.
De plus, on s’attend a ce que cet objet limite soit universel, i.e. il ne dépend pas de la plupart
des détails microscopiques du modele. Il est en général difficile de prouver rigoureusement la
convergence d’une classe de modele de physique statistique vers une limite thermodynamique
universelle. Remarquablement, cela a été fait en grande partie pour les modeles dans la
classe d’universalité des cartes uniformes, et dans un sens tres fort de limite d’échelle des
cartes.

2.2 La carte brownienne et ses variantes

Plus précisément, considérons l’ensemble Cy des cartes biparties sans bord ayant N faces de
degrés bornés par 2d. Soit my la carte de Boltzmann définie sur Cy par le poids w(m) =
[1§_, g, face de deeré 2Mm) " Si les paramétres (qi, ..., qq) sont critiques (on reviendra dans la

section 2.4 sur la définition de la criticité), alors on a le résultat de limite d’échelle suivant:

Theorem I.A (convergence vers la carte brownienne [LLG13]). Soit V(my) 'ensemble des
sommets de my, vu comme un espace métrique sous la distance de graphe dg.. Alors il existe
une constante ¢ > 0 dépendant de la famille (my)n>1 telle que

(V(mzv% ]\:Mdgr) —— (M, D)

N—o0
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en loi par rapport d la distance de Gromov-Hausdorff,°® ou (M, D) est la carte brownienne,
un espace métrique compact (aléatoire) défini indépendemment de (my)n>1.

Ce théoreme contient en particulier le résultat fondateur de la limite d’échelle de la quad-
rangulation uniforme a N faces [LG 13, Miel3], qui correspond au cas ol g = gdx 2. 1l a aussi
été démontré que d’autres familles de cartes convergent dans le sens de Gromov-Hausdorft
vers la carte brownienne, confirmant 1'universalité de cette derniere. Citons ici la triangu-
lation uniforme [LG13], les triangulations et quadrangulations uniformes avec contraintes
locales [BLG13, ABAL7, ABW17], les cartes uniformes [BJM14] ou les cartes biparties uni-
formes [Abrl6] (& N arétes). Voir aussi [Marl6] pour une généralisation du théoreme I.A
ou la famille (my)n>1 est remplacée par une famille de cartes a degrés de faces prescrits.

Les résultats de convergence ci-dessus traitent des cartes planaires sans bord, i.e. cartes
définies sur la sphere. Des convergences similaires ont aussi été établies pour les familles
de cartes définies sur une surface S autre que la sphére, comme le disque [BM17], le plan
[CLG14] ou le demi-plan [BMR16]" et, si 'on se contente de la convergence le long des
sous-suites, toutes les surfaces compactes orientables [Bet10]. Les limites d’échelles ainsi
obtenues sont en général homéomorphes a la surface de départ S [LGP08, CLG14, Bet15b,
Bet12], a condition que la normalisation des distances soit “standard” (voir discussions dans
[Bet15b, BMR16]). Mise a part cette différence de la topologie globale, ces surfaces continues
sont similaires localement autour d’un point typique. Elles représentent donc la méme
classe d’'universalité. Elles sont appelées surfaces browniennes dues a leurs constructions
qui s’appuient sur I'arbre continu brownien (voir [Ald91]).

Une feuille de route vers la carte brownienne D’un point de vue physique (qui sera
expliqué dans la section 3.2), le but de I’étude des cartes aléatoires décorées est la construc-
tion des limites d’échelle similaires a la carte brownienne. Cependant, ce but semble hors
de portée a I'heure actuelle. Pour comprendre les obstacles qui empéchent la généralisation
du résultat de limite d’échelle aux cartes aléatoires décorées, soulignons quelques étapes clés
dans la démonstration des convergences vers la carte brownienne:

(i) Enumération de différentes familles de cartes.

(ii) Construction de bijections entre cartes et arbres étiquetés qui encodent bien la dis-
tance de graphe dans la carte.

(iii) Limite d’échelle du diameétre et du profil de distance.

)
(iv) Convergence au sens de Gromov-Hausdorff de cartes le long de sous-suites.
)

(v

(vi) Unicité de la limite.

Propriétés des géodésiques dans les limites des sous-suites.

6La distance de Gromov-Hausdorff dg g, entre deux espaces métriques compacts (E,d) et (E’,d’) mesure
Perreur minimale qu’il faut commettre sur la métrique pour déformer (F,d) en (E’,d’). En particulier, elle
est définie de facon intrinséque, i.e. indépendemment de toute paramétrisation de FE et E’. L’ensemble des
(classes d’isométrie d’) espaces métriques compacts muni de dg . est un espace métrique polonais (séparable
et complet). Pour ces raisons, la distance de Gromov-Hausdorff est la distance du choix pour formuler la
convergence en loi des espaces métriques aléatoires. Cependant, ce mémoire ne prouvera aucun résultat de
convergence sous dgy , et 'on renvoie les lecteurs & [BBIO1] pour la définition précise de cette distance.

"Ces deux cas nécessitent une légére modification de la distance de Gromov-Hausdorff puisque le plan et
le demi-plan ne sont pas compacts. Voir [BBIO1].
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A Theure actuelle, la tentative d’appliquer ce schéma de preuve aux cartes décorées est
bloquée a I’étape (ii): il existe bien des bijections qui encodent les cartes décorés par des
objets plus simples (y compris des arbres étiquetés), mais aucune d’entre elles ne permet
de lire facilement la distance de graphe dans la carte. Les paragraphes suivants détaillent
davantage ce qui est connu sur I’énumération et le codage bijectif des cartes non décorées.
On renvoie les lecteurs a [Miel4] pour de plus amples informations sur le reste de la liste.

2.3 Enumération de cartes

L’énumération (et 'étude mathématique en général) des cartes est initiée dans les an-
nées 1960 par une série de travaux de Tutte [Tut62b, Tut62c, Tut62a, Tut63] et Brown
[Bro63, Bro64, BT64, Bro6ba, Bro65b] motivés par le théoréme (conjecture a 1'époque)
des quatre couleurs. L’approche de Tutte et Brown consiste a traduire une décomposition
récursive d’une classe Cy de cartes en une équation fonctionnelle dite a une variable cat-
alytique satisfaite par la série génératrice f(x) := >y #Cx - 2. Ensuite, ils résolvent cette
équation en utilisant une technique appelée la méthode quadratique. On renvoie a [GJ83,
Section 2.9] pour une introduction & cette méthode. Cette méthode d’énumération est en
général tres calculatoire, mais aussi tres robuste dans le sens ou elle permet d’énumérer de
nombreuses familles de cartes de fagon quasi-systématique [BMJO6]. Elle a également été
généralisée pour énumérer les cartes décorées. Voir [BBM17] et les références contenues.
Dans le chapitre V, on l'appliquera dans le cas des triangulations décorées par le modele
d’Ising.

Une autre approche d’énumération des cartes a été développée par des physiciens dans les
années 1970 [tH74, BIPZ78]. Cette approche réduit le probléeme d’énumération des cartes
au calcul de certaines intégrales de matrices en exploitant le fait que les coefficients du
développement asymptotique de ces intégrales comptent exactement les cartes. On renvoie
a [LZ04, Chapter 3] pour une présentation introductive et a [Eynl6] pour un exposé plus
complet.

Quelques formules énumératives Malgré la complexité calculatoire des deux méthodes
d’énumération ci-dessus, les formules énumératives qu’elles géneérent s’averent souvent assez
simples et explicites. Par exemple, on reverra dans le chapitre II que la fonction de partition
de la quadrangulation de Boltzmann de périmetre 2p (gr = ¢dy2 dans la définition (I.3))

s’écrit ( )
2p R 2(R—1
Z,(9) = — RP (L.4)
D p+1 p+2
ot R = Y1129 gt 1 solution positive minimale de I'équation R — 3gR? = 1. Lorsque

6g
p = 1, la formule ci-dessus devient Z;(g9) = 5(4R — R?) avec R — 1 = 3gR?. Puisque les
quadrangulations & bord de périmetre 2 sont en bijection avec les quadrangulations sans
bord, Z;(g) est aussi la fonction génératrice des nombres # Q, de quadrangulations a n
faces. En utilisant la formule d’inversion de Lagrange, il n’est pas difficile d’en déduire que

40, — > gn_ ! (2:> (L5)

:n+2 n-+1

Les résultats (1.4) et (I.5) sont connus (sous forme déguisée) depuis les premiers travaux
de Tutte [Tut62¢, Tut63]. Mais la raison derriére la simplicité de ces formules resta longtemps
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mystérieuse. Par exemple, 'expression (I.4) montre que Z,(g) admet une paramétrisation ra-
tionnelle, c’est-a-dire le graphe de la fonction Z,(g) est contenu dans une courbe paramétrée
de la forme {(Q(R), Z,(R)): Re C}, ol § et Z, sont deux fractions rationnelles que I’on
lit facilement & partir de (I.4) et I'équation R — 3gR? = 1. Une paramétrisation similaire
peut étre écrite pour les fonctions de partition de beaucoup d’autres modeles de cartes
de Boltzmann, et, comme on le verra dans le chapitre V, de cartes décorées par le mod-
eles d’'Ising. L’existence de la paramétrisation rationnelle est partiellement expliquée dans
[Eyn16, Chapter 3| en utilisant le paramétre de Zhukovsky. 11 sera intéressant de savoir dans
quelle mesure cette preuve se généralise. Mentionnons aussi une approche alternative qui
essaie de comprendre ces paramétrisations a l'aide des systemes dynamiques intégrables en
temps discret [Brol6].

Bijections Un autre aspect surprenant des résultats de Tutte est que les cardinaux de
nombreuses familles de cartes s’écrivent comme un produit de facteurs simples comme
dans (L1.5), voir aussi [Fusl5, Theorem 1-4| pour quelques formules générales. Cette ob-
servation invite a chercher une interprétation bijective de ces formules qui fera intervenir
des objets combinatoires comptés par leurs facteurs. Par exemple, le nombre de Catalan
Cat,, := n%rl (27?) en facteur dans (I1.5) suggere une bijection entre I'ensemble des quadrangu-
lations a n faces et une modification de la famille des arbres plans enracinés a n arétes (ou
d’une des 65 autres familles combinatoires comptées par Cat,, voir [Sta99, Exercise 6.19]).

Une telle bijection a effectivement été découverte par Cori et Vauquelin [CV81]. Mais
elle ne fut popularisée que dix-sept ans plus tard, quand Schaeffer [Sch98] I'a généralisée
et reformulée sous une forme plus maniable. Schaeffer a en fait développé deux types de
bijections, I'une encode une carte par un arbre étiqueté (i.e. avec des nombres entiers attachés
a certains sommets), et l'autre encode une carte par un arbre bourgeonnant (i.e. avec des
fleches attachées a certains coins de I'arbre). Chacun des deux types de bijection a été repris
et vastement généralisé par une longue liste de travaux ultérieurs que l'on ne va pas citer
explicitement ici, voir [Fusl5, Bet1ba] et les références contenues.

Les bijections du premier type ci-dessus s’averent plus adaptées a I'étude de la limite
d’échelle des cartes, puisqu’elles étiquettent un sommet de I’arbre directement par sa distance
du graphe a la racine dans la carte correspondante.® Dans ce mémoire on utilisera une
instance de ce type de bijections due & Bouttier, Di Francesco et Guitter [BDFG04], et 'on
réfere a la section 2.2 du chapitre II pour une description plus précise.

2.4 Caractéristiques d’une carte aléatoire

Criticité d’une carte de Boltzmann Nous avons mentionné que le théoreme [.A n’est
vrai que si les poids (qi, - . ., qq) des cartes de Boltzmann bipartie en question sont critiques.
Dans le contexte de cartes a degrés de faces bornés, cela signifie que les poids (¢i, .. ., qq)
sont mazimalement admissibles, c’est-a-dire la fonction de partition Z,(q1,. .., qq) est finie
pour ces poids, mais ne le sera plus des que 'on augmente I'un des qz. Autrement dit,
(q1,--.,qa) est sur le bord du domaine de convergence de la série multivariée Z,(q1, . .., qq)-

8Pour certaines familles particulieres de cartes aléatoires, il est aussi possible d’utiliser les bijections aux
arbres bourgeonnants pour approximer la distance du graphe pour ensuite établir la limite d’échelle, voir
[ABA17].
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Par exemple, la fonction de partition Z,(g) des quadrangulations de Boltzmann de
périmetre 2p (équation (1.4)) est finie si et seulement si la série R = R(g) converge, c’est-a-
. 1 . o . . _ 1
dire pour g < 15. Donc une quadrangulation de Boltzmann critique a pour poids g. = 15,

et sa fonction de partition vaut

_ 2 2p ~ l P —5/2
Zp(9e) = (p+2><p+1)<p> e EEP (L6)

On constate d’abord que Z,(g.) est finie, donc la phase critique existe effectivement. Dans
le cas p = 1 (le cas général est similaire), cela est une conséquence de 'exposant 5/2 dans
I’asymptotique suivante du nombre de quadrangulations a n faces:

2 1 2n 2
#Q, = 3" ~ 12" T2 1.7
< n+2 n+1 (n) n—oo /T " (7

En effet, 'exposant 5/2 implique que la série Z;(g) = >, ¢"# Q,, est sommable & son rayon
de convergence g. = % Remarquons que les deux asymptotiques ci-dessus ont le méme
exposant 5/2. Mais ce n’est qu'une coicidence dans la phase critique. Dans la phase sous-

critique g < ¢g., (1.4) implique immédiatement

9) e S AR (18)

Lorsque les degrés de faces de la carte ne sont plus bornés, une suite de poids (q1, go, - - .)
est toujours dite critique si elle est maximalement admissible. Mais cela ne garantit plus
la convergence de la carte de Boltzmann correspondante vers la carte brownienne comme
dans le théoreme [.A. Une condition de second moment supplémentaire (voir la section 2.3
du chapitre II) est nécessaire (et suffisante) pour assurer que la limite d’échelle soit la carte
brownienne [Marl6]. Sans cette condition, on peut construire des exemples qui convergent
vers d’autres limites [LGM11]. Au fond, c’est la condition de second moment qui permet
I’application du théoréme central limite.

L’exposant de périmeétre et ’exposant de volume Nous allons voir dans le chapitre I1
(théoreme 11.1) que les exposants 5/2 et 3/2 dans (1.6) et (I.8) — appelés exposants de
périmélre — sont universels parmi les cartes de Boltzmann (non décorées) qui satisfont la
condition de second moment invoquée dans le paragraphe précédent. L’exposant 5/2 dans
(I.7) — appelé exposant de volume — est également universel, voir par exemple [AC15,
Eq. (4)]. Les valeurs 5/2 et 3/2 de ces exposants sont donc une signature de la classe
d’universalité de la carte brownienne. En général, ces exposants fournissent une caractérisi-
tique relativement accessible des modeles de cartes décorées qui permet d’identifier leurs
classes d’universalité. Dans le chapitre I et V, on les calculera pour les cartes décorées par
un modele O(n) ou par le modele d’Ising, respectivement. Et on verra dans la section 4.5
que le résultat de ces calculs est en accord avec I'universalité de ces deux classes de cartes
décorées.

Autres statistiques des cartes Il existe beaucoup d’autres statistiques des cartes qui
permettent de caractériser la classe d’universalité de la carte brownienne. Mais le calcul
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de leurs analogues pour les cartes décorées peut s’avérer difficile, notamment quand ces
derniers sont liés a la structure métrigue de la carte, comme les exposants de la croissance
du périmetre ou du volume associés a une boule métrique.

D’autre part, on peut souvent accéder aux statistiques de périmetre ou de volume as-
sociées aux composantes connexes de spins sur une carte décorée. Dans le chapitre III on
calculera la loi de la limite d’échelle attendue du volume a l'intérieur d’une boucle (qui est
la contrepartie de l'interface de spins dans un modele de boucles) sur une quadrangulation
décorée par un modele O(n) critique (théoreme 111.12). On prouvera aussi la limite d’échelle
du périmetre d’une certaine interface de spins dans le chapitre V (théoreme V.3). L’analogue
de ces résultats pour les cartes non décorées est fourni par la percolation de Bernoulli sur une
carte de Boltzmann, qui est maintenant un sujet bien étudié (voir [Ric17] et les références
contenues).

3 Cartes aléatoires décorées

Dans ce mémoire, on appelle carte aléatoire décorée un modele recuit de physique statistique
défini sur une carte aléatoire, qui a la formulation générale suivante.”

Soit Cy une famille de cartes de taille N comme dans notre discussion sur les
cartes non décorées. On se donne un modele de spin défini sur les cartes m € Cy,
qui affecte un poids w(m, o) a chaque configuration ¢ dans un certain ensemble
de configurations ©(m). Alors un modele de carte aléatoire décorée est défini
par la loi de probabilité

1

Pr((m,0) = (my,00)) = - w(mo,00) (L9)

ounZy= Y > w(m,o) est supposé finie.
meCy c€0(m)
Le modele est recuit dans le sens ou la configuration de spins o est générée aléatoirement
en méme temps que la carte m sous-jacent. Plus précisément, la loi du couple (m, o) est
caractérisée par les deux conditions suivantes:

(i) La loi marginale de m donne a chaque carte une probabilité proportionnelle a la fonc-
tion de partition Z(m) := 3>, cqm) w(m, o), autrement dit, Py(m = mg) = %ﬂ;ﬁ)
(ii) Sachant m, la loi conditionnelle de o est celle du modele de spins classique sur m.
La condition (ii) signifie que le poids w(m, o) est défini par la méme formule que le modele de
spins o sur le réseau déterministe m, avec éventuellement un facteur supplémentaire wg(m)
du type Boltzmann.

3.1 Modéeles abordés dans ce mémoire

Pour clarifier la discussion abstraite ci-dessus, donnons tout de suite les définitions des trois
modeles spécifiques abordés dans ce mémoire.

9Pour alléger le langage, on utilisera délibérément le terme modéle de spins pour désigner un modele de
physique statistique général qui décore les cartes, bien que la configuration de ce dernier puisse ne pas étre
composée de spins.
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Carte bipartie a bord avec un modéle O(n) de boucles (chapitre IT et III). On
considere I’ensemble C des cartes biparties de périmetre 2p, ou le parametre de taille N = p
est le demi-périmetre. Une configuration du modele O(n) sur une carte m est un ensemble
o =€ = {l,0ls,...} de chemins fermés disjoints sur le dual de m et qui ne visitent que les
faces internes de degré quatre.'® Pour une suite q = (q1, ¢o, . . .) de réels positifs et h,n > 0,
on définit le poids d’un couple (m, £) par

wann(m, £) = l I~ hﬂ [H Qdeg(f)/2] 7 (1.10)
f

lel

ou |l| est la longueur (i.e. nombre de faces visitées) de la boucle ¢, et le second produit
parcourt toutes les faces internes non visitées par une boucle. Autrement dit, chaque face
vide de degré 2k contribue un poids g9 et chaque face visitée (de degré quatre) contribue
un poids h. Finalement, un poids n est affecté a chaque boucle. Pour la différencier de son
analogue pour les cartes non décorées, on notera par

O(n
Fy(a,hn) == wyy') (m, L)
(m,2)

la fonction de partition des cartes biparties décorées de périmetre 2p par modele O(n).

Dans le chapitre III on restreindra ce modele au cas ou gy = gdy 2, c’est-a-dire les faces
vides sont toutes de degré quatre. Dans ce cas, une configuration (q,£) de poids non nul
sera appelée une O(n)-quadrangulation.

Carte générale avec la percolation de Fortuin-Kasteleyn (chapitre IV). Pour ce
modele, Cy est I'ensemble des cartes (planaires et sans bord) ayant N = n arétes. Une
configuration de percolation de Fortuin-Kasteleyn (FK-percolation) sur une carte est sim-
plement un sous-graphe — i.e. un sous-ensemble d’arétes — de la carte. Dans sa généralité,
le poids d'une carte m décorée par un configuration g de FK-percolation s’écrit

FK p #aréte(s) #c.c.(g) 4#sommet(m)
wnq’t(m, g) = <1—p) q 9 t (111)

ou #c.c.(g) est le nombre de composantes connexes du sous-graphe g, et p € (0,1), ¢,t >0
sont des parametres. Les lecteurs familiers avec la FK-percolation reconnaitront que les deux
premiers facteurs dans le membre de droite de (I.11) donnent la définition classique de la FK-
percolation. Le dernier facteur t*sommet(™) ne change pas la loi conditionnelle de g sachant
m et contribue seulement a un facteur du type Boltzmann dans la loi marginale de m.

Le chapitre IV est consacré au cas particulier de ce modele ou 1%}) =gett=1//q
Comme on verra dans la discussion avant 1’équation (I.17), ce choix de parameétres est
critique dans le sens ou la carte aléatoire décorée définie par ces parametres est autoduale

en loi. Dans ce cas on écrit ngK au lieu de wf: f;t, et le couple (m, g) sera appelé carte cFK.

Triangulation du polygone avec le modele d’Ising (chapitre V). Soit Cyy I'ensemble
des triangulations du [-gone pour un entier [ > 1 fixé. On considere les configurations de

190n imposera aussi une condition de rigidité sur les boucles, mais elle est sans importance & ce stade de
la discussion. Voir chapitre II pour les détails.
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spins définies sur les faces de la triangulation: o : face(t) — {+,-}. Le poids du couple
(t,0) est donné par

wifing(t, 0_) P mono(t,o) o face(t) (112)
ou #mono(t, o) est le nombre d’arétes monochromatiques dans la configuration o, c’est-a-
dire le nombre d’arétes de t adjacentes a deux faces du méme spin. De nouveau on voit que
le facteur v*™°"°(t9) donne la définition du modele d’Ising classique (sans champ extérieur),
et le facteur supplémentaire t*2°() ne dépend que du volume de la triangulation. Le couple
(t,0) sera appelé Ising-triangulation.

Pour que la définition de # mono(t, o) ait du sens, on doit compléter le modele avec une
condition au bord. En effet, puisque les spins sont sur les faces de la triangulation, il faut
préciser le signe du spin a l'extérieur de chacune des arétes du bord pour savoir si cette aréte
est monochromatique ou non. On s’intéresse ici a la condition au bord de Dobrushin qui
place p spins + et ensuite ¢ spins - (avec p + ¢ = [) dans le sens des aiguilles d’'une montre
autour du bord de la triangulation, voir la Figure 1.6(a) sur la page 26. On appelle une
[sing-triangulation munie d’une telle condition au bord Ising-triangulation du (p,q)-gone.
On note

Zpa(V,t) = w8 (¢, o)
(to)

la fonction de partition des Ising-triangulations du (p, ¢)-gone.

Nous allons revenir sur une comparaison entre ces trois modeles dans la section 4.5.
Ces trois modeles font intervenir des modeles classiques de spins ou de boucles en physique.
Il y a bien d’autres décorations intéressantes a étudier, dont la plupart correspondent aux
(variantes de) diverses spécifications du polyndme de Tutte de la carte sous-jacente, voir par
exemple [BBM11, BBMI17].

3.2 Motivations pour I’étude des cartes décorées

Motivé par la démonstration du théoreme des quatre couleurs, Tutte a naturellement étendu
son étude énumérative de cartes aux cartes coloriées, qui fut ensuite généralisée aux cartes
décorées par leurs polyndmes de Tutte. Ceci a ouvert tout un champ de recherche en
combinatoire. Toutefois, le but initial, qui était de montrer le théoreme des quatre couleurs,
n’a jamais été atteint de cette facon.

Suite & une observation de 't Hooft [tH74], Brézin, Itzykson, Parisi et Zuber [BIPZ78]
se rendirent compte que la fonction de partition des cartes aléatoires de Boltzmann donne
exactement le terme dominant du développement asymptotique de certaines intégrales de
matrices.!! Cela a été généralisé plus tard par Boulatov et Kazakov [[Kaz86, BK87] aux
cartes décorées par le modele d’Ising. Cependant, ce lien avec les intégrales de matrices
a servi comme un outil d’analyse des cartes plutét qu'une motivation pour les étudier,
puisqu’il existe de méthodes plus efficaces pour 1’évaluation des intégrales de matrices (qui
sont toutefois difficiles & rendre rigoureuses mathématiquement, voir [Dei99]).

1T observation de 't Hooft était en fait plus précise et reliait tous les termes du développement asymp-
totique aux cartes de genre supérieur. Mais on va se concentrer aux cartes planaires (i.e. de genre zéro)
ici.
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La vraie motivation physique pour les cartes décorées n’est arrivée que dans les années
1980 comme une méthode de discrétisation de la théorie de gravité quantique de Liouville
en deux dimensions (2D-LQG). Cette théorie modélise la fluctuation quantique du champ
de gravité par une métrique aléatoire sur ’espace-temps en deux dimensions. L’interaction
entre ce champ de gravité et la matiere, traditionnellement modélisée par un autre champ
décrit par la théorie conforme des champs (CFT), est alors incorporée comme un couplage
entre la loi de cette métrique et la loi du champ de matiere. Il est généralement accepté, et
prouvé dans certains cas [Smi0l, Smil0, CS12], que les modeles de spins comme le modele
O(n) ou le modele d’Ising convergent en limite d’échelle vers un champ décrit par la CFT.
Alors une maniere naturelle de construire la 2D-LQG est de définir une discrétisation de la
métrique aléatoire de ’espace-temps, puis de la coupler avec un modele de spins.

Il est connu, par exemple par I’étude numérique des équations différentielles partielles,
que les triangulations, et par extension d’autre cartes, fournissent une bonne discrétisation de
I'espace-temps. La distance géodésique dans I’espace-temps continu est devenue la distance
du graphe dans sa discrétisation. Avec l'idée de couplage avec un modele de spins, cela
nous conduit a nous intéresser a la limite d’échelle des cartes aléatoires décorées au sens de
Gromov-Hausdorff, mentionné dans la note 6 de bas de page. De ce point de vue, les cartes
aléatoires non décorées sont une modélisation de la fluctuation quantique de ’espace-temps
en absence de matitre, appelée la gravité pure.'* Cela explique le choix de la loi uniforme
pour les cartes non décorées: en absence de 'influence de la matiere, il n’y a pas de raison
de préférer une géométrie de l'espace-temps plutdt qu'une autre.

Un autre aspect de I’étude des cartes décorées concerne les propriétés de la décoration,
c’est-a-dire le modele de spins qui vit sur la carte. Gréace a la moyenne sur la géométrie
du réseau, ces modeles de spins sur réseaux aléatoires sont en général plus accessibles que
leurs contreparties sur réseaux déterministes: par exemple ils sont souvent plus intégrables
(dans le sens ou la fonction de partition est explicite, voir la section suivante), la propriété
de Markov spatiale est plus facile a formuler, etc. De plus, la physique théorique prédit
une relation exacte — la fameuse relation de KPZ (Knizhnik-Polyakov-Zamolodchikov
[KPZ88]) — qui relie les exposants critiques de modeles sur réseaux aléatoires a leurs con-
treparties sur réseaux déterministes. Une motivation pour étudier les cartes décorées est
donc de vérifier si cette prédiction est toujours valide, et si oui, de comprendre le mécanisme
derriere.

Dans les cas favorables, on peut calculer non seulement des exposants critiques, mais
aussi des limites d’échelle de statistiques comme le périmetre ou le volume des composantes
connexes de spins. Alors il sera intéressant de les comparer aux lois déduites directement
des surfaces aléatoires continues décrites dans [Shel6a, DMS14, MS15, DKRV16], qui sont
les limites d’échelle conjecturées des cartes décorées par modeles de spins.

Mises a part les motivations physiques, les cartes décorées sont aussi intéressantes en
combinatoire et en probabilités grace a leur riche structure qui permet de tester des nouvelles
techniques applicables aux autres domaines des mathématiques. Quelques exemples de
telles techniques abordées dans ce mémoire sont la résolution d’équations fonctionnelles a
plusieurs variables catalytiques, combinatoire analytique de séries génératrices multivariées,
ou I'étude asymptotique des marches aléatoires avec distribution de pas a queue lourde. Voir

12]] y a d’autres motivations physiques pour les cartes non décorées, en particulier la généralisation de
I'intégrale de Feynman dans la dite “théorie des cordes” [Pol81], qui est en quelque sorte censée fournir aussi
une théorie de gravité quantique.
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I’appendice A du chapitre V.

3.3 Questions directrices de ce mémoire

D’un point de vue physique, une conclusion déduite d'un modele de physique statistique n’est
intéressante que si elle est universelle, c’est-a-dire indépendante des détails microscopiques
du modele, puisqu'un modele malléable ne capture jamais tous les détails de la nature. Un
modele en physique statistique est dit exactement soluble ou intégrable si 'on peut calculer
explicitement sa fonction de partition, puisqu’elle permet d’accéder facilement & beaucoup
de propriétés macroscopiques du systeme. Il y a deux themes autour desquels tournent
beaucoup de recherches en physique statistique. Le premier consiste a identifier et explorer
les propriétés macroscopiques des classes d'universalité a l'aide des solutions des modeles
intégrables, et le deuxieme cherche a vérifier que l'universalité existe réellement pour un
certain type de modeles.

Le deuxiéme probleme est en général assez difficile. Heureusement pour les modeles
de cartes aléatoires non décorées, on observe une abondance de modeles intégrables. Par
exemple les modeles de cartes biparties de Boltzmann, qui forment une famille a une infinité
de parametres, sont tous intégrables et peuvent étre résolus de fagon uniforme (voir les
sections 2.2-2.4 du chapitre II). Cette propriété d’intégrabilité est a la base de toute la
théorie qui meéne a la construction de la carte brownienne.

Il semble que cette intégrabilité persiste aussi dans beaucoup de modeles de cartes dé-
corées. Cela nous mene au fil conducteur des travaux présentés dans ce mémoire: via 1’étude
d’exemples de modeles intégrables de cartes décorées, on essaie de

(i) Explorer les propriétés de différentes classes d’universalité du 2D-LQG.

(ii) Vérifier I'universalité en comparant les résultats obtenus a partir de différents modeles
microscopiques qui appartiennent a la méme classe d’universalité selon la prédiction
physique.

Les travaux dans ce mémoire concernent principalement le point (i). Plus précisément, ils
exploitent différentes méthodes de résolution exacte des trois modeles abordés, développées
respectivement dans les travaux récents [BBG12¢, Shel6b, BBM11], pour établir un nombre
de propriétés géométriques de ces modeles. Dans la section suivante, on donnera la liste
des propriétés étudiées pour chacun de ces modeles, en précisant leurs liens avec la limite
d’échelle attendue du modele. A la fin de la section, on abordera briévement le point (ii) —
la vérification d’universalité — en se penchant sur le lien entre les trois modeles étudiés.

4 Résumé des méthodes et des résultats

Cette section esquisse un plan des chapitres restants de ce mémoire en récapitulant les
résultats principaux de chaque chapitre et les outils utilisés pour les obtenir.
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4.1 1II: Diagramme de phase de la carte de Boltzmann bipartie
décorée par un modele O(n)

Ce chapitre vise a clarifier quelques points techniques dans 1’établissement du diagramme de
phase du modele de carte bipartie décorée par le modele O(n) défini par (1.10). Ce modele
est une légere extension de la quadrangulation décorée par un modele O(n) rigide examinée
dans [BBG12¢].

Le diagramme de phase des O(n)-quadrangulations est établi dans [BBG12¢] en étudiant
une équation fonctionnelle — appelée équation de boucle (loop equation) — satisfaite par
la fonction résolvante du modele (grosso modo, c’est la série génératrice des fonctions de
partition F,(q, h,n) indexées par le demi-périmetre p). Une étape de ce raisonnement con-
siste a identifier une solution analytique de I’équation de boucle, calculée explicitement dans
[BBG12¢], a la solution combinatoire définie par le modele de cartes. Cette identification
revient a supposer que ’équation de boucle a au plus une solution qui satisfait une contrainte
de positivité (voir la proposition I1.8). Cette hypothese, bien que plausible, n’est pas immé-
diate vue la forme de I’équation. On en propose une justification qui s’appuie sur un critere
d’admissibilité (i.e. finitude de la fonction de partition) dit & T. Budd (proposition II.A).

Dans le méme chapitre on donne aussi la réponse affirmative, dans le contexte du modele
O(n) rigide, a une conjecture sur la positivité de la densité spectrale associée a la fonction
résolvante formulée dans [BBG12a]. La preuve de cette partie repose sur une équation
intégrale satisfaite par la densité spectrale et sur un argument de continuité qui étend la
positivitié de la densité spectrale du bord de son domaine de définition a tout le domaine
(lemmes I11.10 et I1.14). Enfin, on combine ce résultat de positivité avec le paragraphe
précédent pour donner une caractérisation des quatre phases du modele en terme de la
solution analytique de 1’équation de boucle (proposition I1.2). Cette caractérisation est
utilisée dans [BBG12¢] en conjonction avec la solution explicite de I’équation de boucle pour
tracer le diagramme de phase du modele sur quadrangulations (g = ¢dr2) donnée dans
la Figure [.4. Le chapitre II n’entre pas dans le détail du tracé du diagramme de phase,
mais justifie simplement 'existence des quatre phases non vides définies par leurs valeurs
respectives de 'exposant de périmetre a données par

Fp(a,h,n) ~ Cy*p™*

ouC,y>0et
3/2  si(q,h,n) est sous-critique
2—10b si(q,h,n) est critique non générique et dense (1.13)
a= .
2+40b si(q,h,n) est critique non générique et dilué
5/2  si(q,h,n) est critique générique

avec n € (0,2) et b:= Larccos(%) € (0, 3).

Mis a part le critere d’admissibilité de Budd et 'argument de bootstrap de positivité,
ce chapitre repose essentiellement sur ’analyse complexe classique appliquée a I'équation de
boucle (I1.4). Dans la section 2 du chapitre II, on détaille une maniere d’obtenir ’équation
de boucle a partir de la décomposition en gasket, la bijection de Bouttier-Di Francesco—
Guitter (BDG), et une transformation d’arbres due a Janson et Stefansson (JS). On décide
d’inclure cette section parce que ces outils seront utilisés de facon essentielle dans le chapitre

suivant pour étudier les tailles de boucles du modele O(n).
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noA
Criti non admissible
que Non-p4,. .

“fully ... dense
packed” a=2-0 "
1 critique

... dilué

sous-critique a=2+Db

a=3/2

générique

a=5/2

b:= L arccos(%)

ge =1/12 g

Figure 1.4 — Diagramme de phase du modéle des O(n)-quadrangulations pour une valeur
donnée de n € (0,2). (Le dessin reste qualitativement le méme pour tout n € (0,2).) Les
trois phases critiques forment une ligne qui sépare la phase sous-critique et l’ensemble des
paramétres non admissibles. Si g = 0, le modeéle est dit fully packed, c’est-a-dire toutes les
faces internes sont visitées par les boucles.

4.2 TIII: La cascade des périmétres d’une O(n)-quadrangulation
critique

Ce chapitre continue I’étude de la carte décorée par un modele O(n) rigide dans le cas
des O(n)-quadrangulations (qx = ¢gdx2) et d'un point de vue probabiliste. On fixe un jeu
de parametres (g, h,n) critique non générique (dense ou diluée) et s’intéresse aux tailles
et a la structure d’emboitement des boucles du modele O(n). On encode cette structure
d’emboitement par un arbre plan enraciné dont chaque sommet est associé a une unique
boucle du modeles O(n) de la fagon suivante: la racine de I'arbre est associée a une boucle
virtuelle autour de la quadrangulation; les enfants de la racine sont associés aux boucles les
plus a extérieur du modele O(n) — c’est-a-~dire celles atteignables a partir du bord de la
quadrangulation sans traverser d’autres boucles — classées par 1'ordre décroissant de taille
(en cas d’égalité, on ordonne selon une certaine regle déterministe); récursivement, si un
sommet u de 'arbre est associé a la boucle [, alors on associe aux enfants de u les boucles
a 'intérieur de [ atteignables depuis [ sans traverser d’autres boucles, et classées par 'ordre
décroissant de taille. Ensuite, on affecte a chaque sommet de I’arbre une étiquette a valeurs
entieres qui est le demi-périmetre de sa boucle associée.

On obtient ainsi un arbre plan enraciné étiqueté comme dans la Figure I1.5. On le
complete en ajoutant récursivement un nombre infini dénombrable d’enfants d’étiquette
zéro a chaque sommet. On dénote par U 1’ensemble des sommets de I'arbre infini — connu
comme [‘arbre de Ulam — et voit I'étiquetage comme une fonction y : ¥4 — N que l'on
appelle la cascade des périmétres de la O(n)-quadrangulation. Le résultat principal du
chapitre I1I est la convergence en loi suivante: si xP) est la cascade de périmetres de la
O(n)-quadrangulation de Boltzmann de périmetre 2p, alors

Laow) s (Za(w)) e (114)

D ueY Pp—00
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Figure 1.5 — A gauche : une O(n)-quadrangulation du 24-gone. A droite : Uarbre qui encode
la structure d’emboitement des boucles, étiqueté par les demi-périmeétres.

ou Z, est une cascade multiplicative (fonction aléatoire a valeurs réelles sur ) dont la loi
de reproduction est donnée en terme d’un processus de Lévy a-stable sans sauts négatifs,
et a est lié a Pexposant de périmetre a dans (I.13) par & = a — 1/2. La loi de repro-
duction explicite de Z, permet aussi le calcul de la limite de la martingale mathusienne
de la cascade multiplicative, qui fournit un candidat a la limite d’échelle du volume de la
O(n)-quadrangulation.

La preuve de la convergence (I.14) est réalisée en trois temps. D’abord on utilise la
décomposition en gasket et les bijections de BDG et de JS du chapitre précédent pour
montrer (I.14) dans le sens des marginales fini-dimensionnelles. Ensuite, on 'améliore en
une convergence en norme (> sur les k premieres générations de 'arbre U/ en montrant la
convergence de la transformée de Biggins de la cascade de périmetres ). Cette étape utilise
une identité sur I'espérance d’'une certaine fonctionnelle additive d’une marche aléatoire
continue a gauche. Cette identité est intéressante en elle-méme. FEnfin on étend cette
convergence en norme /> sur toutes les générations de 'arbre U a 'aide d’un argument de
(sur-)martingale pour le processus de branchement y?). Cette étape repose sur une estimée
du volume de la O(n)-quadrangulation obtenue récemment par Budd [Bud17].

4.3 1V : Limite locale de la carte cFK

La plupart de ce court chapitre est consacrée a la démonstration de la convergence locale
(voir la chapitre IV pour la définition) des cartes cFK. Notez que la définition de la criticité
pour ce modele, qui est synonyme d’autodualité, n’est pas le méme que celle dans le chapitre
précédent. Leur lien sera expliqué dans la section 4.5. La preuve de la convergence locale
suit largement la méthode esquissée dans le papier original [ShelGb], mais utilise une re-
formulation de la bijection de hamburger-cheeseburger (aussi introduite dans [ShelGb]) qui
permet d’encoder directement les cartes cFK infinies.

Apres la preuve de la convergence locale, on utilise cette version de la bijection pour
établir quelques propriétés de base de la limite locale (qui est une carte décorée infinie du
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plan): sa topologie, sa récurrence, et l'ergodicité de la loi sous la translation de la racine.
Cette partie s’appuie d’une part sur la théorie ergodique de graphes aléatoires développée
dans [BC12], et d’autre part sur un critere de récurrence de limites locales planaires dii &
Gurel-Gurevich et Nachmias [GGN13].

4.4 V: Modele d’Ising critique sur une triangulation de polygone

La premiere moitié du chapitre V traite la combinatoire énumérative des Ising-triangulations.
Rappelons qu’on considere des triangulations du disque a bord simple et munies d’'une con-
dition au bord de Dobrushin. On commence par établir une équation fonctionnelle satisfaite
par la série génératrice
Z(u,v;v,t) == > zpqa(v, )ul?,
p,q=0

ot on rappelle que z, ,(v, t) est la fonction de partition des Ising-triangulations du (p, ¢)-gone.
Cette équation est déduite d’une décomposition récursive classique de Tutte.!® Deux équa-
tions essentiellement équivalentes a la ndtre (mais écrites pour deux modeles plus généraux
qui ont des bords non nécessairement simples) ont déja été résolues indépendamment dans
[BBM11] et [Eyn16, Chapter 8]. La solution présentée ici est une simplification de la méth-
ode d’élimination de variables catalytiques employée dans [BBM11]. La solution de [Fyn16]
est en fait plus systématique et moins calculatoire, mais je n’était pas au courant de cette
méthode lors de la résolution de 1’équation fonctionnelle.

On se concentre ensuite sur un cas critique (v, t.) du couple de parametres (v,t). Il est
choisi en vue du résultat suivant de [BBM11] qui suggere un comportement particulier a
ces valeurs de parametres: pour tout v > 1 fixé, le poids total des Ising-triangulations du
(1,0)-gone ayant n faces satisfait

[t"]210(r, 1) o~ ct;"n"? (I.15)

ou l'exposant de volume 8 = 7/3 si v = v, et § = 5/2 sinon. On verra dans la section 4.5
que (v, t.) est le point critique non générique dilué d’une triangulation décorée par un
modele O(1). La solution Z(u,v) = Z(u,v; v, t.) de '’équation fonctionnelle est donnée par
une paramétrisation rationnelle explicite de la forme u = a(H), v = 4(K) et Z = Z(H, K).
Dans 'appendice A.2 du chapitre V, on développe une méthode systématique pour ’analyse
de singularité (plus précisément, pour la localisation des singularités dominantes) des séries
génératrices données par une paramétrisation rationnelle.'* Avec cette méthode, on extrait
les asymptotiques suivantes de la fonction de partition d’Ising-triangulation :

~ g —T/3
2pa(Veyte) ~ ay,u.?
pa(Ve: te) g dp Ue

(1.16)

a, ~ bu?
P psoo c P

—4/3

13Le fait que I’on puisse obtenir une équation close dépend de maniére cruciale de la stabilité de la condition
au bord de Dobrushin sous la décomposition de Tutte. C’est la raison pour laquelle cette condition au bord
est particulierement intéressante.

1La classe des séries génératrices admettant une paramétrisation rationnelle n’est pas extrémement
grande, mais elle admet de bonnes propriétés de cloture, notamment par rapport aux équations de sub-
stitution comme S(zG(x)) = G(z): si dans cette équation G(z) admet une paramétrisation rationnelle,
alors S(x) aussi. Ce type d’équations intervient naturellement quand on veut relier les cartes & bord simple
aux cartes a bord général, ou relier les triangulations générales aux triangulations simples.
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S+

v\_!
(b) s M
Figure 1.6 — (a) Une triangulation décorée par le modéle d’Ising avec une condition au bord
de Dobrushin. (b) La région explorée aprés n étapes du processus d’épluchage. Le processus

de périmétre est défini par les longueurs EX et ST comme (X,,,Y,) = (E} — S}, E, — S;).

La deuxieme moitié du chapitre V exploite la série génératrice explicite de 2, ,(v., t.) et
les asymptotiques ci-dessus pour étudier la géométrie des interfaces d’Ising dans une Ising-
triangulation du (p, ¢)-gone dans la limite ot ¢ — oo et ensuite p — oco. L’outil principal
de cette étude est un processus d’épluchage (peeling process) qui explore les faces de la
triangulation le long de 'interface macroscopique qui relie les deux points du bord ou la
condition au bord + et la condition au bord - se rencontrent.'” On associe & ce processus
d’épluchage un processus de périmétres (X, Yy )n>0 qui compte les nombres nets d’arétes +
et d’arétes - ajoutées au bord de la triangulation inexplorée apres n étapes d’exploration,
voir la Figure 1.6(b).

La loi P, , du processus d’épluchage de 'Ising-triangulation du (p, ¢)-gone admet une ex-
pression explicite en terme des fonctions de partition z, (v, t.). A Paide des asymptotiques
(L.16), on calcule facilement ses limites faibles P, o := limy 00 Pp g €t Pog oo 1= limy 00 Pp oo
Puisque (X,,, Y, )n>0 est une fonction mesurable du processus d’épluchage, on peut parler de
sa loi sous P o, 0u sous Po o, qui s’interprete comme la loi du processus de périmetre sur la
limite locale de I'Ising-triangulation du (p, ¢)-gone quand ¢ — oo ou quand ¢,p — co. On
verra dans le chapitre V :

(i) Sous Py o, le processus (X,,Y,)n>0 est une marche aléatoire de dérive (u,pu), ou
1 est strictement positive. Géométriquement, cela implique que presque stirement,
I'interface entre les spins + et les spins = du bord ne revient sur le bord qu’un nombre
fini de fois. De plus, apres renormalisation, la fluctuation (X, — p, Y, — it)n>0 converge
en loi vers deux processus de Lévy 4/3-stables indépendants.

(ii) Sous P, o, le processus (P,)n>0 = (p+ X, )n>0 est une chaine de Markov récurrente, et
par conséquent atteint zéro en temps fini presque stirement. Géométriquement, cela
signifie que la composante connexe des faces de spin + qui inclut le bord + est presque
stirement finie. De plus, on calculera la limite d’échelle en loi du temps de premiere
visite de zéro par (P,),>o (interprétée comme le périmetre de la composante connexe

15En réalité une telle interface n’est pas uniquement définie, puisqu’un nombre arbitraire d’arétes non
monochromatiques peuvent se rencontrer & un sommet. Pour fixer 1'idée, dans le chapitre V on choisira soit
Pinterface la plus a gauche soit celle la plus a droite. Mais on s’attend a ce qu’il n’y ait pas de différence
macroscopique entre tous les choix possibles.
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des faces de spin +).

Enfin on esquisse une feuille de route vers la construction de limite locale de la triangulation
aléatoire du (p, ¢)-gone, qui sera incluse dans la version finale du travail en cours d’ou le
contenu du chapitre V est tiré.

4.5 Relations entre les modeéles abordés

On finit cette introduction avec une discussion sur le lien entre les trois modeles abordés. En
fait les deux derniers modeles (carte cFK et Ising-triangulation) peuvent étre vus comme des
spécifications du premier (O(n)-quadrangulation) si I’on se permet de modifier les classes de
cartes sur lesquelles vivent les modeles de spins. Plus précisément, considérons la variante
suivante de O(n)-quadrangulation, définie toujours dans le cadre présenté au début de la
section 3:

Soit Cy 'ensemble des triangulations a bord de périmetre N = p. Une configuration de
boucles sur t € C, est un ensemble £ = {{;,(5,...} de chemins fermés disjoints sur le dual
de t ne visitant pas la face externe, de sorte que les faces internes de t soient de I'un des

deux types suivants:

Pour g, h,n > 0, le poids du couple (t, £) est défini par

1|
g, (te #face t)Hn< ) )

1434

Autrement dit, on donne un poids ¢ a chaque face interne non visitée, un poids h a
chaque face interne visitée, et un poids n a chaque boucle. On appellera ce modele O(n)-
triangulation. Sa fonction de partition sera notée FpA(g, h,n).

Cartes cFK comme O(n)-triangulations fully packed. Rappelons qu'une configura-
tion de FK-percolation sur une carte m est simplement un sous-graphe g de m. Le sous-
graphe dual de g est le sous-graphe g’ de m' tel qu'une aréte duale e appartient a g si et
seulement si e n’appartient pas a g, voir la Figure 1.7(b).

Une bijection due a Tutte associe a chaque carte m une quadrangulation q en reliant
chaque sommet de m aux sommets duaux voisins et en oubliant les arétes de m comme dans
la Figure 1.7(c). Chaque face f de la quadrangulation correspond a une aréte e de la carte
m, qui divise f en deux triangles. Et I'aréte duale ef divise f en deux triangles le long de
I'autre diagonale. Par conséquent, si g est un sous-graphe de m, alors I'union de g, g’ et g
forme une triangulation. Elle est naturellement munie d’une configuration de boucles qui
visite toutes ses faces en traversant toutes les arétes de g, mais aucune aréte de g ou g'
comme dans la Figure .7(d).

Modulo une subtilié concernant ’enracinement, la construction ci-dessus fournit une
surjection de l’ensemble des configurations de la carte cFK dans I'ensemble des O(n)-
triangulations du 2-gone fully packed, telle que chaque image a exactement deux antécédents.
On verra dans le chapitre IV que la relation d’Euler implique que wi™ (m, g) = V@ on#e
est le nombre de boucles sur la triangulation correspondant a (m, g). Noter que cela implique
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e *-- - <
@ (m,g) (b) (mf, g")
(c) q @ t=gUgluqg

Figure 1.7 — (a) Une carte m munie d’un sous-graphe g. Les arétes appartenant d g sont
en ligne pleine, et les autres arétes en pointillé. (b) Le couple dual. (c¢) La quadrangulation
associée a m par la bijection de Tutte. (d) La O(n)-triangulation associée a (m,g).

en particulier que le poids ngK est autodual. Par conséquent, la carte cFK est effectivement
une spécification de la O(n)-triangulation & bord de longueur 2. Plus précisément,

F20,h, /@) =2 Y 25( /) - 2" (117)

n>0

Ce lien a été utilisé dans plusieurs travaux [BLR17, GMSI15, GS17] pour calculer des
statistiques concernant les boucles d’'une O(n)-triangulation fully packed via la bijection de
hamburger-cheeseburger pour les cartes cFK. Ce sera intéressant de les comparer aux statis-
tiques des boucles trouvées dans le chapitre I1I et [BBD16], obtenues avec une méthode qui
repose sur la décomposition en gasket. Un accord entre les deux fournirait une confirmation
de I'universalité des modeles de cartes décorées. Pour finir, remarquons que le lien décrit
ci-dessus s’étend aux cartes décorées par une FK-percolation non autoduale définies par
(I.11), dont la contrepartie sera la O(n)-triangulation avec brisure de symétrie de domaine
définie dans [BBG12a].

Modeéle d’Ising sur les sommets d’une triangulation comme un modele O(1).
Pour faire un lien avec la O(n)-triangulation, il convient de considérer un modele d’Ising dont
les spins sont sur les sommets de la triangulation, avec une condition au bord de Dirichlet ou
les spins sur tous les sommets du bord sont fixés a +. On considere de telles configurations
de spins sur I'ensemble C,, des triangulations a bord de périmetre p (notez que I'on n'impose
plus un bord simple ici), et 'on définit le poids wifing’*(t, o) = pmorolto)#face(t) comme pour
I'Ising-triangulation avec spins sur les faces. Soit 27 (v, t) la fonction de partition associée.

Une configuration de boucles sur cette Ising-triangulation est donnée par les interfaces
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d’Ising, tracées selon la regle locale suivante :

ANA A

Une face dans les deux premiers cas contribue 3/2 arétes monochromatiques au modele
d’Ising (chaque coté du triangle est compté comme 1/2 aréte puisqu’une aréte est partagée
par deux triangles) et une face non visitée au modele O(n). Et une face dans les deux
derniers cas contribue 1/2 aréte monochromatique et une face visitée. On en déduit que si
V32t = g et vY/?t = h, alors on a 1’égalité de poids entre le modele d’Ising-triangulation et
de O(1)-triangulation & un facteur v?/2 preés, et par conséquent

FXg,h,1) =v PPz (1)

Si Ton croit a I'universalité, alors d’apres (1.16) on aura z; o(v:,t;) ~ ag (uf)"Pp~7/3, ou
) p—>00

c)c

les constantes af, w; ainsi que la position précise du point critique (v}, t%) sont a priori
différentes de leurs analogues pour le modele avec les spins sur les faces, mais ’'exposant
de périmetre a = 7/3 reste le méme. C’est en accord avec la valeur de a pour la O(1)-
quadrangulation au point critique non générique dilué donnée par (1.13) : % = 2—1—% arccos(%).

L’étape suivante naturelle sera de calculer I’exposant de périmetre pour toute valeur du
couple (v,t), et de les comparer au diagramme de phase de la O(1)-quadrangulation dans
la Figure 1.4. D’autre part, on peut étudier I'analogue de l'exposant de volume pour la
O(1)-quadrangulation et le comparer & (I.15). Ces comparaisons peuvent étre étendues aux
caractéristiques plus géométriques des deux modeles. Ce sera une piste pour les travaux
futurs.
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Phase diagram of O(n)-decorated
Boltzmann maps

1 Introduction . . . . . . ...
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2.1 Gasket decomposition . . . . ... .o L o
2.2 Enumeration of non-decorated maps via the BDG bijection . . . . . .
2.3 Janson and Stefansson’s tree transformation . . .. . ... ... ...

2.4 Back to the non-pointed gasket . . . . . .. .. ...
3 Admissibility criteria and phase diagram . . . . . . .. .. ... ... ...

3.1 An analytic condition for admissibility . . . . ... ... .. .. ...
3.2 Positivity bootstrap: subcritical and generic critical case . . . . . ..
3.3 Positivity bootstrap: non-generic critical case . . . . . ... ... ..

3.4 Proof of Proposition I1.2 . . . . . ... ... ... ... ... ... ..
4 Proofs of technical lemmas . . . . . . . . . ... ... 0oL
4.1 Integral equation for the spectral density (Lemma I1.6) . . . . . . ..
4.2 Resolvent in non-generic critical phase (Lemma IL.11) . . . . . . . ..

4.3 There are only two non-generic critical phases (Lemma I1.13)

This Chapter is adapted from the appendiz of [Bud17].

1 Introduction

In this chapter we consider a class of random loop-decorated bipartite maps extending
slightly the rigid loop-decorated quadrangulations considered by Borot, Bouttier and Guitter
in [BBG12¢]. Recall from Chapter I that we always consider maps that are planar and rooted.
The root is represented by a distinguished corner. It identifies a distinguished external face
(the other faces being internal faces), whose degree is called the perimeter of the map.
For p > 1, we denote by M, the set of bipartite maps of perimeter 2p. A (rigid) loop
configuration on a bipartite map is a set £ = {{1, (5, ...} of disjoint undirected simple closed
paths in the dual map which only visit internal faces of degree four, and with the additional
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constraint that when a loop visits a face, it must cross it through opposite edges. In other
words, the internal faces of m can only be of the following types

=0 L1

The pair (m, £) will henceforth be called a loop-decorated map with a boundary. Let LM,
be the set of the loop-decorated maps (m, £) with m € M,,.

Given a sequence q = (g1, g2, . ..) of non-negative real numbers, A > 0 and n > 0, we
define the weight wqp (M, £) of a loop-decorated map with a boundary (m, £) to be

W hn (M, £) [th ] ll;[qdeg(m], (IL1)

lel

where |¢| is the length of the loop ¢, the second product is over the internal faces not visited
by a loop. Then the rigid loop model partition function F,(q,h,n) can be defined as the
total weight

Fp(q7 h7 n) = Z wq,h,n<ma E) (112)
(m£)eL M,

It is not hard to see that F,(q,h,n) < oo for all p > 1 if and only if this is true for at least
one p (see discussion below (I1.8)), and in that case we call the triple (q, h,n) admissible.
When (q, h,n) is admissible, the weights wq (M, £) give rise to a probability measure
on LM, when normalized by 1/F,(q, h,n). The geometric properties of the random loop-
decorated map thus defined is the subject of the next chapter. This chapter concentrates on
establishing analytic criteria which characterize the admissibility of the parameters (q, h, n)
and the phase to which they belong. We will consider parameters (q, h,n) in the domain

D := [0, 00)¢ x (0, 00) x (0,2)

where q € [0,00)? means that g, > 0 for k < d and ¢, = 0 for k > d. First let us introduce
the four phases of the model.

Theorem II.1 (asymptotics of F,(q, h,n) [BBG12c]). Assume that (q,h,n) € D is admis-
sible, then

Fy(q,h,n) ~ CA%p-atl/2) (I1.3)

p—o0

where C' > 0 and v > 0 both depend on (q, h,n). Moreover, the set of admissible parameters
is partitioned into four phases according to the value of the exponent a:

1 if (q,h,n) is subcritical

o 3—b if(a,h,n) is non-generic critical and dense
% +b if (q,h,n) is non-generic critical and dilute
2 if (q,h,n) is generic critical

where b = L arccos(%) € (0,1).
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We will take the above values of « as our working definition of the phases. We will briefly
mention an alternative definition of the phases related to Galton-Watson trees at the end
of Section 2.3, which justifies better their names. Theorem II.1 is given in [BBG12¢] in the
case where g = g0y 2 (i.e. the case of rigid loop-decorated quadrangulation). The derivation
consists of computing explicitly the resolvent function

Weqnn(x) =1+ Z x’Qka(q, h,n)

k>1

by solving a functional equation, which we give later as (I1.4), using complex-analytic meth-
ods. However, to identify a solution of (I1.4) with the resolvent function Wy, defined
above, one must first show that the triple (q, h,n) is admissible. In [BBG12¢| it was as-
sumed that a triple (g, h,n) is admissible if the equation (II.4) has a solution satisfying some
positivity constraint. The main purpose of this chapter is to provide a proof to this equiv-
alence (Proposition I1.8) and its consequences on the phase diagram, which we summarize
in the following proposition.
Consider the set of parameters

D = {(q,h,n,v) e D x (O,w)‘ygh_lﬂ}

D is a closed set inside D x (0, 00). We denote by D (resp. dD) its topological interior (resp.
boundary), which is simply given by replacing < in the above definition by < (resp. =).

Proposition II.2 (Analytic descripgion of the phases). There are explicit real-valued func-
tions f, g, b defined respectively on D, D and D, such that a triple (q,h,n) € D is

(i) subcritical if and only if §(q,h,n,v) >0 and b(q, h,n,v) =1 for some~y € (0, h"1/2).
(ii) generic critical if and only if f(q, h,n,v)=0and b(q, h,n,v) =1 for some v € (0, h~1/2).
(7ii) non-generic critical and dense if and only if g(q,h,n) >0 and h(q, h,n, h_1/2> =1.

(iv) non-generic critical and dilute if and only if g(q,h,n) =0 and h(q, hyn, h*1/2> = 1.

Moreover, the four phases are non-empty and form a partition of the admissible triples in ID.

These characterizations of the phases are also valid for non-decorated maps, that is, when
h =n = 0. However in that case, the two non-generic critical phases are empty, as suggested
by the appearance of h~/2 in their characterizations. The functions f, g and b will be defined
in Section 3 as limits of the solution to the functional equation (I1.4). In [BBG12¢|, these
functions are computed explicitly and used in conjunction of Proposition I1.2 to deduce the
phase diagram in the case ¢, = g0y 2, which is given in Figure I1.1. We will also use some
properties of f and g found from their explicit expressions (Lemma I1.C and the lemmas in
Section 3.3).

2 Functional equation for the resolvent W, ,

For v > 0, let S, = C\ [—7,~], where C = C U {co} is the Riemann sphere. The set S, is
topologically an open disk. We denote by S, the compactification of S, obtained by gluing
a circle to the boundary of S,. The set S, is topologically a closed disk. We parametrize it
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noy, inadmissible

o = § 4 decos(n/2) generic
. dilute itical
subcritical ( ) critic
o =
a=1
1
2 g

Figure I1.1 — Phase diagram of the loop-decorated quadrangulation model [BBG12¢, Budl7]
for a given value of n € (0,2) (the diagram is qualitatively the same for all such n). The
critical phases form a line that separates the sub-critical region (below) and the inadmissible
region (above).

by S, = (C\ (=7,7)) U ({£1} x (—=7,7)). Under this parametrization, we shall denote an
element of {£1} x (—v,7) by x £ 40 with x € (—~,7).

We say that a function W : S, — C is holomorphic on S, if it is holomorphic on S,
and continuous on S,. Since S, is compact, a such W must be bounded. We define the
spectral density associated to W by p(z) = W(Vz_ioggzv(w“o), where x € [—1,1]." Since W is
continuous on S, the spectral density p is always continuous on [—1,0) U (0, 1] and vanishes

at © = +1. It may a priori have a discontinuity of type O(z~!) at = = 0.
Proposition I1.3 (Equation of the resolvent [BBG12c]). If (q,h,n) € [0,00)N x [0,00) x

[0, 00) is admissible, then there exists v € (0, h~Y/2] such that the function W(x) = Wenn(z
satisfies

W is an even holomorphic function on S., such that for all x € (—,7),

W(z —i0) + W(x +i0) + nW(fjx) —nta? = gt (I1.4)
k=1

Moreover, pynn i a non-negative continuous even function on [—1,1].

The rest of this section is devoted to a more or less self-contained proof of Proposition II.3.
The impatient reader can skip directly to Section 3 without much loss of continuity. Most re-
sults in this section have already appeared in various places (e.g. [BBG12¢, MMO7, BDFGO4,
BM17, JS15, CK15]). However we keep a derivation of them here because it uses the same
tools (namely, the gasket decomposition, the Bouttier—Di Francesco—Guitter bijection and
Janson—Stefansson’s tree transform) as those in the next chapter.

2.1 Gasket decomposition

We first recall the gasket decomposition of [BBG12¢]. Given a loop-decorated bipartite map
(m,£) € LM, let [ > 0 be the number of outer-most loops in £, i.e. loops which can be

!This definition differs slightly from the one in the original paper [BBG12c] of Borot, Bouttier and
Guitter, and is related to theirs by #Wage(7) = W(x) and pese(x) = v - p(y~'x).
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reached from the boundary of m without crossing any other loop. The gasket decomposition
consists in erasing all the outer-most loops and all the edges crossed by these loops. This
disconnects the map into [ 4+ 1 connected components:

o The connected component containing the external face is called the gasket of (m,£)
and denoted G(m, £). It is a bipartite map (without loops) with a boundary of length
2p whose internal faces are either directly inherited from m, or one of the [ holes
obtained by removing the outer-most loops and their interior component. Notice that
a hole may have a non-simple boundary, as in Figure I1.2.

e The [ remaining connected components are contained in the holes. More precisely,
inside a hole of degree 2p/, we find an element (m’,£') € LM,,.

To be rigorous, we need to specify a root for each internal map (m’,£'). This can be done
in a deterministic way thanks to the lack of automorphisms of rooted maps (see Section 1.3
of Chapter I). Similarly, the holes can be numbered from 1 to [ in a deterministic fashion.

Therefore, given a bipartite map m of perimeter 2p, the loop-decorated maps (m, £) that
admit m as their gasket can be recovered by gluing either a plain 2k-gon, or a loop-decorated
quadrangulation in LM ;—wrapped in a “collar” of 2k quadrangles traversed by a loop—
into each internal face of m degree 2k. See Figures 3 and 4 in [BBG12¢]. It follows that the
total weight of loop-decorated maps in the set G~(m) C LM,, is

Z w‘l,h,n(mv ’e) = H <Q§deg(f) +n hdeg(f)F%deg(f) (q7 ha TL)>, (115)
(m,£)eG—1(m) f

where the product is over all internal faces of m. In other words, the gasket m receives the
weight of a Boltzmann map (as defined in Section 2.1 of Chapter I):

wa(m) == Y Wana(m,€) =[] d1acy (11.6)
(m,§)eG (i) 7

with the effective weight sequence q = (G1, Ga, - . .) given by

G == qr + nh* Fy(q, h,n). (IL.7)
Summing (II.5) over m gives the fized point equation on the partition function F,(q, h, n):
Fy(Q) = F,(q,0,0) = Z wg(m) = Z Wo,nn(m, £) = Fy(q, h,n). (IL.8)

REM,, (m,£)ELM,,

Figure I1.2 — [llustration of the gasket decomposition. Notice that after removing the outer-
most loops and their interiors, the holes in the gasket may be non-simple faces. See also
[BBG12¢, Figure 4]
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Comparing (I1.7) and (I1.8), we see that for any p, k > 1, Fx(q, h,n) is bounded by a positive
constant times Fj,(q, h,n). Therefore the admissibility condition F,(q,h,n) < oo does not
depend on p.

Equation (I1.8) also shows that if a triple (q, h,n) is admissible for the loop-decorated
Boltzmann map model, then q given by (I1.7) is admissible for the non-decorated Boltzmann
map model. Though less obvious, the converse is also true. More precisely,

Proposition II.A ([Budl7]). If q is an admissible weight sequence, h,n > 0, and q defined

by
QG = Gp — nh* Fr(q) (I1.9)

is non-negative, then the triple (q, h,n) is admissible and F,(q, h,n) = F,(q).

The proof consists of showing that an algorithm that constructs a loop-decorated Boltzmann
map of parameter (q, h,n) from the law of its gasket terminates almost surely. We refer to

[Bud17] for details.
In terms of the resolvent function, (I1.7) and (I1.8) are equivalent to

(o ¢] o 1
Wann(®) =Waoo(z)  and Y g™ =3 g™ +n <Wq7h,n (h:p) - 1) (11.10)
k=1 =1

Comparing this to (I1.4), we see that Proposition I1.3 is true in general if and only if it is
true in the special case h = n = 0, that is, the case of a non-decorated (bipartite) maps.

2.2 Enumeration of non-decorated maps via the BDG bijection

As is mentioned in Chapter I, the problem of enumeration of (non-decorated) bipartite maps
has been solved in many different ways. Here we will present in some detail the approach
that uses the Bouttier—-Di Francesco—Guitter (BDG) bijection [BDFG04] to encode the map
by a labeled forest. We will come back to this bijective encoding in the next Chapter to
study the nesting structure of loops in a loop-decorated bipartite map. Let us recall the
necessary background of this classical bijection, and refer to [BDFG04, MMO07, BM17] for
details.

The BDG bijection in its simplest form deals with pointed maps, that is, a map with
a distinguished vertex p. Let M3 = {(m, p)[m € M, and p is a vertex of m} be the set of
pointed bipartite maps of perimeter 2p. Here we will use a slight variant [BM17, Section
3.3] of the classical BDG bijection in terms of the treatment of the root. For (m,p) € M3,
it constructs a labeled forest (§, L) with two types of vertices (o),(e) as follows.

1. Label each vertex (o) of m by its distance to the distinguished vertex p. Since m is
bipartite, the labels of any two adjacent vertices (o) differ exactly by one.

2. Draw a new vertex (o) in each face f of m, including the external face. Link the new
vertex (o) to a vertex (o) adjacent to f if the next vertex (o) in the clockwise order
around f has a smaller label.

3. Remove the edges of m and the vertex p. It can be shown that the resulting graph is a
tree [BDFGO4]. Let vy be the vertex (o) corresponding to the external face of m. By
removing vy and its adjacent edges, we obtain a forest § of cyclically ordered trees,
rooted at the neighbors (o) of wy.
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+ forget labels

Figure 11.3 — [llustration of the construction of a forest of p mobiles from a pointed bipartite
planar map with a boundary of perimeter 2p. The first mobile in the forest is not specified by
the map and is chosen uniformly at random among all the mobiles.

4. Finally, we choose one of the trees to be the first one, and subtract the labels in all
trees by a constant so that the root vertex (o) of this first tree has label zero.

With a moment of thought on the Step 2. of the above construction, one observes that

(i) The type of a vertex in § is fixed by its location: the odd generations (the roots being
generation 1) contain labeled vertices (o) and the even generations contain unlabeled
vertices (e).

(ii) Each internal face of degree 2k in m gives rise to a vertex (o) of degree k in §, and §
is composed of p trees.

(iii) Given a vertex (o) of degree k, the possible labels on its neighbors (o) in § are exactly
those which, when read in the clockwise order around the vertex (o), can decrease at
most by 1 at each step. And the labels of the p roots satisfy the same constraint.

A labeled forest satisfying the above conditions and having the label zero on the root of
its first tree is called a well-labeled forest of mobiles.? It is clear that the steps 1.-4. do not
construct a bijection from (m, p) to (F, L), because (a) one can move the root corner of m
to any of the 2p corners of the root face without affecting (§, L), and (b) Step 4. requires
an arbitrary choice of the first tree among the p trees of §. However, the effects of these
two problems almost cancel out: in fact one can modify Step 4. so that (m,p) — (§,L)
becomes a 2-to-1 mapping from M3 to the well-labeled forests of p mobiles. See [BM17,
Section 6.1] for details and for a construction of the inverse mapping. Then it follows from
the observation (ii) above that the partition function F; of pointed bipartite Boltzmann
maps is

FP.(CAI) = Z wél(ﬁl) = 2 Z H deeg(v)a (1111)

(th,p)EMS (3,L) vee(3)

where the last sum is on all well-labeled forests of p mobiles.

2Tt is a well-labeled mobile when the forest is a tree.
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As mentioned in Chapter I, the labels are important for keeping track of the distances in
the map m. Since the distances are not our focus here, we will discard the labels. To do so,
we use the fact that, given a vertex (o) of degree k and the label of one of its neighbors (o),
there are exactly %(%{’“) possible labelings of the other neighbors (o) satisfying the condition

(iii) above (see [MMO7, Proof of Proposition 7]). Then it is not hard to see that the number
of labelings that turns a forest § of p trees into a forest of well-labeled mobiles is

1 <2p> 1 1 <2 deg v)
2\ ) yéuiz) 2\ degu ‘
Multiplying the weight of a forest in (II.11) by the number of its possible labelings, we get

oA 2p N _ 1(2k\.
E; (@) = ( ) Z H Qdeg(v) where Q. = 2<k>qk, (I1.12)

P ) 5eTr vee(3)

and TP is the set of forests consisting of p trees. Since the weight of a forest § € TP factorizes
over its p trees, the above sum factorizes as

N 2 ~
)= ( p) (RQ)p where  Rq:=3_ [] dacso) (I1.13)
p teT veeo(t)

is the generating function of well-labeled mobiles.

A remarkable feature of the last identity is that the weight sequence q intervene only via
the generating function Rg, so that the dependency of F;(q) on p takes a universal form. In
particular, its asymptotic Fy(q) ~ ﬁ(Zqu)p p~ /% always has the same exponent 1/2. This
is in contrast with the asymptotics of the non-pointed partition function F,(q) = F,(q, h, n)
given in Theorem I1.1. We postpone the task of relating F,(q) to F;y(q) until Section 2.4, and
derive first some properties of the mobile generating function R4 using a tree transformation
due to Janson and Stefansson.

2.3 Janson and Stefansson’s tree transformation

In [JS15, Section 3], Janson and Stefdnsson discovered a transformation which modify the
edges of a (rooted plane) tree t—seen as a mobile—to form another tree so that each vertex
(o) in t becomes a leaf, and each vertex () of degree k in t becomes an internal vertex with
k children. We refer to [CK15, Section 3.2] for details of this transformation. The curious
reader may have a look at Figure 1.4 below and try to guess how the bijection works.

In the definition (II.13) of Ry, each vertex v of the tree t is assigned a weight depending
on its degree and on the parity of its generation. Namely, the weight of v is Ggegv) if v is
in an even generation (e), and 1 if v is in an odd generation (o). Janson and Stefdnsson’s
transformation is useful in that it modifies the tree so that the weight of a vertex only
depends on its number of children. More precisely, if we set gy = 1, then the weight of
a vertex after the transformation is always ggey(s), Where deg/(v) denotes the number of
children of the vertex v. It follows that

Rqy=>_ wés(t) where wés(t) = [ Gacew)- (T1.14)

teT veV (1)
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URY
WY 17

U
——

Figure 11.4 — [llustration of the Janson & Stefinsson transformation.

where V' (t) denotes the set of all vertices of t.
The weights wgls define a measure of total mass Ry on the set of finite (rooted plane)
trees. When R, < 00, we can define a random tree T'5 by

BT — ¢) = —uwlS(0).

It is classical that a random tree defined by a weight like wgls is a Galton—Watson tree. More
precisely, we have the following result which combines [MMO07, Proposition 1] and [JS15,
Appendix] (see also [CK15, Proposition 3.6]).

Proposition II.4 (Equation for R, [MMO07, JS15]). We have Rq < oo if and only if for

ug(r) ==r— Z Ger”

k>1

the equation uq(r) = 1 has a positive solution. When this is the case, Rq is given by the
smallest such solution, and T'° is a Galton—Watson tree of offspring distribution

mys(k) = GREY, k>0. (I1.15)

Proof. Euler’s relation for trees #vertices = #edges +1 implies Zvev(t)(deg'(v) — 1) =—1lin
any tree t. For any r > 0, let /ng)(k) := @r* 1. Then we have

1 ~ eg’ (v)— r
w0l () =TT darr ™ = T pid(deg'(v) (IL.16)
r veV (1) veV(t)

Assume that uq(r) = 1 has a positive solution and let 7y be the smallest one. Recall that
do = 1. So uq(ro) = 1 readily implies that 152 is a probability distribution on Z>p. Then
(I1.16) implies that ry'wlS coincides with the law of the Galton-Watson tree of offspring

q
distribution ,ugrs(’) on finite trees. Moreover, since uq(0) = 0 and uq is concave, the smallest

positive solution rq is characterized by ug(ro) > 0, which is equivalent to

> kuSy (k) < 1.

k>0
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This implies that the above Galton—Watson tree is either subcritical or critical, thus almost
surely finite. So the distribution ry 1wgls has total mass 1 on the set of all finite trees, and
it follows that Rq = 79 < oc.

Inversely, if Rq < oo, then Ry'w?® defines a probability distribution on finite trees. From
(I1.16) it is not hard to see that the degree distribution of the root vertex of a random tree

of law R 'wy is 4559 I particular, we have Y5 p$89) (k) = 1, that is, ug(Rq) = 1. O

Alternative definition of the phases. The definition of subcritical, generic critical and
non-generic critical phase is best understood through the above relation between q and the
off-spring distribution pujs. It is classical to call ujs subcritical if its mean m = > kuys(k) is
smaller than 1, and critical if m = 1. The critical case can be further divided into generic
critical, if the second moment my = 3 k?uy5(k) is finite, and non-generic critical otherwise.
By extension, an admissible triple (q, h,n) or its effective weight sequence q is subcritical,
generic critical or non-generic critical if the corresponding jiys is so.>

The distinction between dense and dilute (non-generic critical) phases only appears when
one looks at the 3/2-th moment of the off-spring distribution pys. But this is less standard.
In the sequel we will stick to our working definition of the phases by their values of «.

2.4 Back to the non-pointed gasket

In Section 2.2 we started considering pointed bipartite maps because the BDG bijection
turns them into objects (well-labeled mobiles) that are simple to enumerate. To come back
to the non-pointed maps—which the gasket is—we need to weight each pointed map by
the inverse of its number of vertices. In Chapter III, we will carry this out directly in a
probabilistic setting. But since here we focus on the enumeration, we will perform this
weighting within the partition function. More precisely, let us give an additional weight «
to each vertex except the distinguished one in a pointed map, so that the pointed partition
function becomes

Erqu) = Y u™V ™ (). (IL.17)

Then the non-pointed partition function will be given by F,(q) = I F3(q;u)du. Via the
BDG bijection and Janson & Stefdnsson’s transform, the vertices other than p in a pointed
map are mapped bijectively to the leaves of the trees. Therefore the weight u in the definition
(IL.17) of F3 can be pushed through these mappings, so that (I1.13) and (II.14) become

Fy (G u) = (?) (Rq(u))p where Ry(u) := X;U#leaf(t)wgls(t) :

It follows that

F(@) = <2p> / ' (Ry(w))” du (I1.18)

p

3The term generic is sometimes used to refer to another class of weight sequences for trees [DJW07,
JS11, Korl5]. When restricted to the (admissible) critical case, they correspond to the so-called regular
critical sequences [LG13], which is a subset of generic critical sequences defined above.
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On the other hand, the number of leaves in a tree is related to the degrees of its internal
vertices by (this can also be viewed as a consequence of Euelr’s relation)

#leaf — 1= > (deg’(v) — 1) .
v internal
So multiplying the weight wgls by u*!=1 has the same effect as multiplying the weight of each
internal vertex of degree k by u*~*. It follows that u™'Rq(u) = R, where g (u) := u"1§
for £ > 1. Comparing this to Proposition I1.4, we see that Rq(u) is the smallest positive
solution of the equation u = uq(r) (In particular, it is finite if and only if a such solution
exists). In other words, Ry is the functional inverse of uq on the interval u € [0, u.|, where
Ue 1= MAaX,>( Uq (7). Here the maximum is reached because, denoting by R, the radius of
convergence of ug, either uq(R.) = —o0, in which case the maximum is reached before R,
or uq(R.) > —oo, in which case uq is continuous on the compact interval [0, R.]. Hence
we have the following dichotomy: either Rq(u) < oo for all w € [0,1] (when u, > 1), or

Ry(u) = oo for some u < 1 (when u. < 1). Comparing this to the expressions (II.13) and
(IT.18) of F3(q) and Fy,(q), we see that:

Lemma II.5 (Same admissibility condition for non-pointed and pointed maps). For any
p > 1, the following conditions are equivalent: (i) F,(q) < oo, (ii) Fy(q) < oo, (iii)
Ry < o0.

Moreover, when R, is finite, one can perform a change of variable in (II.18) using the
equation uq(Rq(u)) = u, which yields

G A I I1.19
s = () [y ar. (IL.19)

Now we are ready to prove Proposition I1.3. As observed at the end of Section 2.1, the
gasket decomposition allows one to reduce the problem to the case of h =n = 0.

Proof of Proposition I1.5. Given an admissible triple (q,h,n) € [0,00)" x [0,00) x [0, 00),
the effective weight sequence § satisfies Rq < co. We multiply both sides of (I1.19) by 2~
before summing over p. (Notice that (I1.19) is also valid for p = 0.) Since all terms are
positive, we can interchange the sum and the integral, which yields

Rq (i <2p> ;) Ug (r) dr = /ORq Mdr. (I1.20)

Waoo(@) = [
a0 p=0 \ P 1 —4r/x?

0

for all |x| > v := ,/4Rq. By choosing the determination of the square root with a branch cut

along R, the above integral gives the analytic continuation of Wg 00 on S, = C\ [—7,7].
Moreover, using the fact that u is bounded by 1 on [0, Ry], it is not hard to see that this
analytic continuation extends continuously to x 40 for x € [—7,~]. Thus Wg 0, is an even
holomorphic function on S.,.

With the determination of the square root chosen above, the denominator in (I1.20)

extends to \/1 —4r/(z £i0)? = Fiz~'V4r — 22 for || < V4r (see (I1.33)), it follows that
for all x € (—7,7),

1 1 2

+ = Tr<azyay -
JI=4r/(x—i02  \J1—dr/(z+i0)2 /1—dr/2? frset/

(I1.21)
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Apply this relation to (I1.20), then make the change of variable r = %23, we obtain:

ATz )

One can interchange the sum with the mtegral because all the terms but one have the same
sign. Then it follows from the integral fl > ds = k;?:’“) and the definition (I1.12) of g, that
k
WQ,O,O (ZE + ZO) + WQ,QO (ZE — ZO) = 1‘2 — Z (_?k I‘Qk

k>1

Wq(]o(I—i‘ZO)—i‘quo

1 —47"/352

Combine this with the fixed point equation (II.10), we obtain Equation (I1.4) for a general
admissible triple (q, h,n).

By taking the difference instead of sum of Wy 00(z £ ¢0) in the above calculation, one
obtains the following expression of the spectral density:

1 1 ug(Rgs) - Rqds
Pahn(T) = pgoo(T) = = /{E2 N )

™
Then it is clear that pq s, is continuous at x = 0, even and non-negative on [—1, 1].

It remains to find the range of v, remark that 1/7 is the radius of convergence of the
power series Wqnn(1/2) = 3 Fi(q, h,n)a?*, so Fy(q,h,n) ~ +** up to sub-exponential
factors. On the other hand, (I1.19) requires that uq has a radius of convergence at least
Rq = 7%/4, so up to sub-exponential factors we must have 4%§, ~ g, < 4¥y72*. Inject the
above asymptotics into nh? Fy(q, h,n) < G, we see that 4?h < 1, that is v € (0,h7Y2]. O

Without solving Equation (I1.4), one can also prove (see [BBG12¢, Section 3.2]) that
a =1 and a = 2 respectively in the subcritical and generic critical phase, assuming that «
is defined by the asymptotic in Theorem I1.1, and the phases are defined by the alternative
definition given at the end of Section 2.3. However it is much harder (if possible) to derive
rigorously the value of « in the non-generic phase, or to prove that the non-generic phase
actually exists, without solving (I11.4).%

In the next section, we will analyse in detail the structure of the solutions of (II.4),
in which the parameter v may or may not come from the solution of a map-enumeration
problem.

3 Admissibility criteria and phase diagram

The next few propositions will consider parameters (q, h,n) in the space Dy, := [0, 00)N x
[0,00) x [0,2). Tt extends D = [0,00)? x (0,00) x (0,2) to include non-decorated bipartite
maps with unbounded face degree, that is, the case where h = n = 0 and ¢, > 0 for k
arbitrarily large.

4Nevertheless, [BBG12¢, Section 3.2 and 4.1] contains an argument which shows that in the non-generic
critical case, if the asymptotics of Fj,(q, h,n) has the form given in Theorem II.1, then o must be either
3/2—bor 3/2+b, with b = L arccos(%).
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Proposition I1.B (Existence, uniqueness and continuity in parameters of solution of (I1.4),
[BBG12c]). For all (q,h,n) € Dy and v € (0, h~Y/2], the equation (11.4) has at most one

solution, which we denote by W((lv})m

()

If (q,h,n) € D, then W((:;)m does exist, and the associated spectral density pg, () is jointly

continuous with respect to (x;q,h,n,vy) € [-1,1] x D.

Now we can define the functions f, g and h appeared in Proposition I1.2:

P (@) :
fMﬂmm%zﬁgj%%ﬁ for (q, h,n,v) € D
() (x)

P ] pqzhn
o(q,h,n) = wllg{ (1= 22y

b(a. h,n,7) == W) (00) for (q,h,n,v) € D

q,

for (q, h,n,7v) € 0D

(Recall that b = %arccos(%) € (0, %), and (q, h,n,7y) € 0D is equivalent to (q,h,n) € D
and v = h™1/2))

Given (q, h,n) € D, Proposition I1.B gives one unique solution W of (I1.4) for each
value of v € (0, h~/2]. To find the solution Wg 5, of that enumerates loop decorate maps,
one still needs to determine the value of v by taking into account additional properties of
the combinatorial solution. It was observed numerically in [BBG12¢] that one can select

at most one value of v using the necessary conditions Wéw,)l (00) =1 and pq hn( ) > 0 for
all x € [—1,1]. And it was assumed implicitly that these conditions are also sufficient. In
other words, if one such v € (0, h~'/?] exists, then (q, h,n) is indeed admissible and we have
Wahn = év})m In this section we prove that this is indeed the case (Proposition I1.8)
using the (combinatorial) admissibility condition stated in Proposition IT.A.

3.1 An analytic condition for admissibility

Our approach is based on the following integral equation on the spectral density. It is
basically Equation (I1.4) expressed in terms of p((;}m instead of Wévi)m Its proof is purely
complex-analytic and will be given in Section 4.1.

Lemma II.6 (Integral equation for p hn) Consider (q,h,n) € Dy, and v € (0, h~/?] such
that (11.4) has a solution. Let T = 2h € [0,1]. Then for all x € [—1,1],

(7)() 00 1 ™)

2T po.h 9 ok T2Y* Pann(y)dy
_ 2 Pahn\ ) —1 3 I / 2.0 , I1.22
m (Q1 )’7 + = qr7y k’(x) 11—7 ny A y2 ( )

1 x2k_g2 d . . . o .
where I(z) = 1f e \/137 is an even polynomial with positive coefficients.
We will use the three consequences of Lemma I1.6 collected in the following corollary.
Define

()
~ 19 h, n(x)
p(’Y) (27) — la,

V1—22’

Corollary I1.7. Consider (q,h,n) € Dy, and v € (0, h"Y/2] such that (11.4) has a solution.
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(i) If PE],ZL,n is non-negative and not identically zero on [—1,1], then it only vanishes at
+1.

(i) If (q,h,n) € D, then (11.22) defines an analytic continuation of ﬁgyzm(x) on the disk
~(7)

{z € C: |z| <77}, and the mapping (q,h,n,~y) — P hn 15 continuous with respect
to the topology of uniform convergence on compact subsets of {x € C: |z| < 77'}.

In particular, | is well-defined and continuous on D.

(iii) When n = h =0, (11.22) is the explicit solution of (11.4), for which we have

(%) 04 7 (7
WQ70,D(OO> = Uq <4> and f(qa 07 O) 7) - %u; (4> 5 (1123)

where uq(r) = r — Y32, %(%f)qkrk is the same as the function defined in Proposi-
tion I1.4.

Proof. 1f pg,)w is non-negative and not identically zero, then right hand side of (I1.22) is
™)

strictly increasing on [0, 1] and strictly decreasing on [~1,0]. Thus pg} ,,
(—1,1). On the other hand, Wéw,in is continuous at +v € S, so p((;,)w(:l:l) = 0. This proves
().

For (ii), we start by noticing that y — y p((:,)m(y) is always continuous, thus bounded,
on [—1,1]. For all z € C such that |z| < 2o < 77!, we have

/

Then it follows from the dominated convergence theorem that the right hand side of (I1.22)
has a finite complex derivative at x (Recall that (q,h,n) € D implies ¢ = 0 for k > d).

Eg,)l,n on{reC:|z| <7t}

With a similar dominated convergence argument, we deduce from Theorem II.3 that
(x,q,h,n,7y) — ﬁf]i)m(x) is also jointly continuous when z is in the above domain of analytic
continuation. Fix (q,h,n,7) € D and r < 77! — 2¢ with some ¢ > 0. There exists a
neighborhood V of (q, h,n,~) such that for all (q’, h/,n’,~") € V, we still have r < (7/)"! —¢

for 7/ = (7/)2h’. Then for any sequence of parameters (q\¥), b)) n() y0)).o 4 converging to

cannot vanish on

o 2 P L)

or1— 2222 /1 — 7242

y < /1 21420 |y \ypf]in(y)\

A (T P VT- 7

dy < o0.

Thus it defines an analytic continuation of

) . ) : .
(q,h,n,7) in V, the sequence of functions p! ;) , ; () are analytic and converges pointwise

q
to ﬁg}w on {z € C: |x| < r+¢€}. They are also uniformly bounded. Then it follows from

the Vitali theorem (see e.g. [Hen77, p. 566]) that they converge uniformly on the closed
disk {x € C: |z| < r}. This proves that (q, h,n,v) — ﬁf;,)m is continuous uniformly on all
compacts of the analytic extension.

If (q,h,n,vy) € Zo), then 7 is bounded away from 1 in some neighborhood of (q, h,n, 7).

So f(q,h,n,v) = ﬁg’%?n(l) is well-defined and continuous with respect to its parameters.
)

q,h,n*
The resolvent can be recovered using Cauchy’s integral formula: W(yz) = [, %p(y)dy.

Now let us prove (iii). When n = h = 0, (I1.22) gives explicitly the spectral density p

Alternatively, one can use directly the expression (11.34) of Wév,zn in the proof of Lemma II.6.
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Taking the limits  — oo and & — 1 respectively in (I1.34) and in (I1.22), we get
1 [0.9]
Wéyf)m(OO) D) > (g = k1) Jr(00)
1 o0
and f(qa 0 Oa ’Y 27 Z 6]@ 1 k(l) :

Then (I1.23) follows from the following integral formula:

__7/ y*dy ot 2k
Tl v T\

1 11 —q? dy 2k (2k
and ]k(l):;/q 1—9? \/1—y2:4k<k>

Now we can prove the analytic condition for the admissibility of (q, h,n) discussed at
the beginning of this section is indeed necessary and sufficient.

O

Proposition I1.8 (Admissibility condition). (q, h,n) € Dy is admissible if and only if for
some y € (0, h~=Y/2], the solution of (11.4) exists and satisfies

Wil (e0) =1 and  p) (x) >0 for all x € [1,1]. (11.24)
In this case, the above condition uniquely determines v, and we have W = Wqhn-

Proof. 1f (q,h,n) is admissible, Proposition I1.3 implies that (II.24) has a solution v €

(0, =12,
Inversely, assume that there exists v € (0, h~/2] such that the solution of (I1.4) exists
and satisﬁes (I1.24). Let F" =[x ’2’“])/\/(7) (z) be the coefficients of the Taylor expansion

of W hn at x = oo. Then (I1.24) implies that FO( " =1 and for all k > 1,

1

F(’Y) —
k omi

[ WG de = 2% [ e > 0
where C is any anti-clockwise-oriented cycle around the cut [—v,7]. Let §x = g +n h** F, ,EA’).
Since F{" = 1, we have

o N o 1
Z qu% = Z quzk + nWéW})L n () -n
k=0 k=0 T\ ha

Plug this into (II.4), we see that W hn satisfies the defining equation of Wq% o- Therefore

Wg&o exists and WéLO 0= Wq hn- Then Corollary I1.7(iii) reads

2 5 )
™) _ g 7 ~y
Wq7h,n(00) = Uq (4) and f(q,h,n,y) = %u; (4)

Use again (I1.24), we get uq(ﬁ) = 1 and u&(%) > 0. Since ugq is strictly concave, this

implies that % is the smallest positive solution of the equation uq(r) = 1.
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By Proposition I1.4, a such solution exists if and only if (q, 0, 0) is admissible (in fact this
is an equivalence). So we can apply Proposition I1.3 to (q, 0, 0) and conclude that there exists

€ (0, h~/?] such that W( ‘00 = Wa0- But since W 00(00) =1 and pgo0 > 0, (7 must

also be the smallest positive solution of uq(r) = 1. Thus v = 7' and F,EV) = F(q, O, 0). It
follows that q and (q, h, n) satisfy all the conditions of Proposition IL.A, therefore (q, h,n)

is admissible and Fi(q,h,n) = Fk(q/). It follows that W hn = Wqhn, and 7y is uniquely
determined because (—v, ) is the locus of discontinuity of Wqﬁ’n. O

3.2 Positivity bootstrap: subcritical and generic critical case

In general it is much easier to show f(q, h,n,7v) > 0 or g(q, h,n) > 0 than to show ,oggw >0
on the whole interval [—1, 1]. In [BBG12a, Section 4.6] it was conjectured based on numerical
observation that these two conditions are actually equivalent for spectral densities of loop
models on planar maps. In this subsection and the next, we show that this is indeed true for
the rigid loop model on blpartlte maps. The proof is based on a continuity argument that
bootstrap the positivity of ,oq h ,, hear x = 1 to its positivity on [—1,1]. We believe that this
is the first time a such argument is applied to the enumeration problem of maps, whereas
the methods in the previous sections are relatively well-known in the literature.

Recall that D = {(q, h,n,v) € D x (0,00) ‘7 < h_l/Q} is a set of parameters on which

,of]}w is well-defined and pointwise continuous with respect to the parameters. D and oD,

defined by replacing < in the definition of D with < and =, are the topological interior and
boundary of D as a subspace of D x (0, 00).

For fixed (h,n,~), the spectral density pf;;w is a linear function of the polynomial n +
22 — ¥, @o® on the right hand side of (I1.4). If the polynomial had only the constant

term n (which corresponds to the case q = 61, c.f. the remark after Lemma I1.13), then
the solution of (I1.4) would be W(x) = .5, which has zero spectral density. Thus pq,)m i
a linear function of the coefficients (1 — g1, —¢o, ..., —qq) of the non-constant terms in the

polynomial. In other words, we have for all (q, h,n,~y) € D,

P((;,;Ln =(1- Q1) Z Qkpal 81,hn
k=1

where 0 is the zero sequence, and ; is the sequence whose k-th term is 1 and all other
terms are 0. Dividing by v/1 — 22 and taking the limit x — 1, we get for all (q, h,n,7) € D

f(q,h,n»V):(l_%)f hnW quf(sl dkvhvnﬂ’Y)

Following the methods of [BBG12¢], one can in principle compute each term in the above sum
explicitly. The first term has a relatively simple expression whose sign can be determined.
But going into the details here will lead us too far, so we will simply admit the following:

Lemma II.C. For all h >0, n € (0,2) and v € (0, h~'/?), we have §(0, h,n,~) > 0.

Physically it means that a fully-packed model (q = 0, i.e. every internal face is visited by
a loop) is never generic critical (i.e. f = 0). However the lemma is a bit stronger than the
previous statement because it also includes non-physical values of the parameter ~.
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Let us consider

A= {(q,h,n,’y) elo)‘f(q,h,n,fy) >0}.

We denote by A be the closure of A in D. By continuity, we have f > 0 on AN D. On the
other hand, if f(q, h,n,~v) = 0 for some (q, h,n,v) € D, then by contradiction there exists
some k € {1,...,d} such that g, > 0 and (8, — &y, h,n,7) # 0. (We are using Lemma I1.C
here.) This implies that f takes both positive and negative values in a neighborhood of
(q,h,n,7), and therefore (q, h,n,7) € A. We conclude that

AnD={(a,h,n,7) € D|f(a,h,n,7) > 0}
Lemma 11.9. The set A is connected.

Proof. For each h > 0, n € (0,2) and v € (0, h~'/2), the section {q : (q, h,n,7v) € A} of Ais
a simplex in R? which contains 0 by Lemma II.C. Thus every point in A is path-connected to
a point of the form (0, h, n,~). These points are obviously path-connected to each other. [

Lemma I1.10 (Positivity bootstrap: v < h™1/2). pg,)w >0 for all (q,h,n,v) € A.

Proof. Consider A, = {(q, h,n,v) € A’p((:,)m(x) > 0 forall z € [—1, 1]} By comparing
Fi(q, h,n) to the partition function of non-decorated maps, we see that (q, h, n) is admissible
and subcritical when n < 1 and max(h,qy,...,qq) is small enough. Then Theorem II1.3

provides a «y such that p((;z,n > 0 and f(q, h,n,7y) > 0. Therefore A, # &.

Now fix (q, h,n,v) € A.. We have f(q, h,n,7) = 5(7) (£1) > 0 and, by Corollary I1.7(i),

a,h,n
()

q,h,n

(y)

P nn does not vanish on (—1,1). Thus p is bounded away from zero on the compact

interval [—1, 1]. Then the continuity of (q, h, n,7y) — ,0((;?
pg,:,)ﬂ’n, > 0 for all (q',h',n',~’) in a neighborhood of (q, h,n,7), that is, A, is open in .A.

But Ay is also closed in A, because (q, h,n,v) — p((;,)l,n(ac) is continuous for each z € [—1, 1].

Since A is connected, we conclude that A, = A, that is, pm . > 0 for all (q,h,n,v) € A.

qQ,h,
By the continuity of (z;q, h,n,v) — P((;?L,n(fﬁ), the same holds for all (q, h,n,v) € A. O

),n in Corollary I1.7(ii) implies that

3.3 Positivity bootstrap: non-generic critical case

When v = h~/2 (that is, when (q, h,n,7) € D), the limit which defines f will always be
zero because g is well-defined and finite (see below). However it is different from the case
treated in the previous subsection because pggm no longer has an analytic continuation in
any neighborhood of x = 1. Instead, we will use the function g to capture the behavior of
,ogf,)w in the vicinity of z = 1 and show results that are analogous to the previous subsection.

However, it seems that there is not any analogous result of Lemma II1.6 which helps

determine the behavior of pg}w near r = 1 when v = h~'/2. Instead, we will rely on the

following explicit expression of p((;,)lvn to find its leading order asymptotics when x — 1.

Lemma I1.11 ([BBG12¢] for the case q = g&3). For (q,h,n) € D and v = h™'/2, we have

1 1 1—xz\* 1+ 2\°
o) (o L 1(s <) L (— < ) 11.25
pq7h,n(x) QWMZ' ( q7h,n(x) 1+ 2 th,N( I) 11—z ( : )
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where Lgpn(x) = Pynn(x) — Pynn(x™) and Py, is the polynomial with no constant term
determined by

1 d 1 /14 2\
Pynn <:1:> = Z(Qk — 516,1)72'“:62,{(1 ) +O(1) as x — 0. (11.26)

k=1 -

In other words, Py n(1/x) is the singular part in the Laurent series expansion of the above
function at x = 0.

We will detail the calculation that derives the above result in the next section. It follows
step by step the derivation for the case q = gds in [BBG12¢].
The expression of pq h, n(:z:) can be easily expanded at x = 1, which gives

QbP/ 1 2-bp’ 1
p((l’y})ln(x) _ qhn( )(1_x)1—b_ qhn( )
™4 —n? ™4 —n?

It follows that g is well-defined on ID and we have

(1-2)""+0((1-2)*")  (IL27)

22bP(/1hn( 1)

h, — I1.28
The polynomial P, ,, can be decomposed as
Pypn(®) = (1= @)y Pl(z Z 0y Py(z), (I1.29)
k=2
where P is the polynomial without constant term determined by
1 1 /1+x\°
Pl—)=—|— 1 IL.
k(x) x%(l—az) +o) (11.30)

It is not hard to see that the coefficients of P} are polynomials of b. Therefore Pyp
and g(q, h,n) are continuous functions of (q,h,n) € D. For example, we deduce from

xfz(}f—i)b =2 2+2bz ' +O(1) that P;(z) = 2> 4 2bx. Therefore Pj(—1) = —2(1—5) < 0.

Then it follows from (I1.28) and (I1.29) that
Lemma I1.12. g(0,h,n) > 0 for all h > 0, n € (0,2).

Similarly to Lemma II.C, physically this means that a fully-packed model cannot be non-
generic critical and dilute.

As we will see in Lemma I1.D, the phase of an admissible triple (q, h, n) is determined by
the leading asymptotics of pgnn(z) when x — 17. From (I1.27), it is clear that the leading

asymptotics of p, ) o(z) when z — 17 is of order (1 —z)'~"if P, (—1) # 0, and is of order
(1 — )t if P, hn( 1) =0and P, (1) # 0. The following lemma asserts that these are
the only cases (except for a trivial case) for non-negative weight sequence q. The proof is

purely algebraic and is left to the end of Section 4.

Lemma I1.13 (There are only two non-generic critical phases). For all (q,h,n) € D, the
values Py, (1) and Py, ,(=1) both vanish only when q = ;.



3. Admissibility criteria and phase diagram 49

Remark. When q = §;, each digon (i.e. face of degree two) is given a weight 1. Since
one can replace an edge by arbitrarily many digons without changing the perimeter of a
map, this implies that the total weight of bipartite maps in M, is infinite. Thus the triple
(q, h,n) is never admissible when q = 4.

Now we complete the characterization of the phase diagram following the same scheme
as in the sub- or generic critical case. Consider the set

B= {(q, h,n,v) € 8D‘g(q, h,n) > O}

We denote by B the closure of B in 9D. Thanks to the positivity of g(0,h,n), we can use
the exact same arguments as in the previous section to show that B is connected, and

B= {(q,h,n,v) E@D’g(q,h,n) 20}.

Lemma II.14 (Positivity bootstrap: v = h~1/2). pg’,)m >0 for all (q,h,n,~) € B.

Proof. As in the proof of Lemma I1.10, since B is connected, it suffices to show that B, =
{(q, h,n,v) € B ‘ pg,)m(x) > 0 for all z € [—1, 1]} is non-empty and both closed and open

in B. By Lemma I1.C and I1.12, the quadruple (0, k,n, h~*/2?) is both in A and B for all
h >0 and n € (0,2). Then Lemma I1.10 implies that it is also in B,. Thus B, # @.

As in Lemma I1.10, By is closed in B thanks to the continuity of (q, h,n,v) — pg%n(a:)
for each fixed x. To prove that B, is also open, let us consider

. 1
/)g%,n(l’ ) = u_xg)l_bﬂff}z,n(%)

for (q, h,n,~) € OD. This function is well-defined and continuous on [—1, 1]. Since 1 — 2?2 is

bounded away from zero on [—1/2,1/2], Corollary I1.7(ii) implies that (q, h,n,7y) — /ﬁ%m

is continuous for the uniform norm for functions on [—1/2,1/2]. On the other hand, it is

not hard to see from the explicit expression (I11.25) of pgﬂm that (q, h,n,v) — ﬁfﬁ’n is also

continuous for the uniform norm for functions on [—1, —1/2] and [1/2,1]. We conclude that

(q,h,n,7y) — ,5&,)1771 is continuous for the uniform norm for functions on [—1,1]. Then the
same argument as in Lemma I1.10 shows that B, is open in B. [l

3.4 Proof of Proposition 11.2

Let us recapitulate the relations between the sets of parameters that we have seen so far. To
keep the notation simple, we will write, for example, {(q, h,n,v) € D|b(q, h,n,v) = 1} as
{h = 1}. In other words, the sets considered are subsets of D. Moreover, when the defining
condition of a set involves the function § (resp. g), it is implicitly a subset of the domain of
definition D (resp. dD)°.

First, the definition of § and g trivially implies

{p=>0} C {§>0}u{g>0} (IL.31)

5 Although the limit which defines f exists and is zero on 9D, we consider f to be defined only on D.
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where LI represents the disjoint union. Using the linearity of f and g with respect to the
weight sequence q and their positivity when q = 0 (Lemma II.C and I1.12), we have shown
that

AND = {§>0} and B = {g>0}

And finally the positivity bootstrap (Lemma I1.10 and I1.14) give
AUB C {p>0}

The last three displays combine to AUB C {p > 0} C (AND)UB, which implies that the
inclusion (I1.31) must be an equality. By Proposition 11.8, a triple (q, h,n) € D is admissible
if and only if there is some v such that (q, h,n,v) € {p > 0} N{h = 1}. Then it follows from
the decomposition {p > 0} = {f > 0} U{f =0} {g > 0} LU {g = 0} that the four conditions
in Proposition I1.2 indeed describe a partition of the set of admissible parameters.

On {g > 0} and {g = 0}, we have seen above Lemma II.13 that when z — 17, the
spectral density pfl,)m(:c) is respectively of order (1 — z)'7% and (1 — z)'*® respectively.
On {f > 0} and {f = 0}, since 7 = ¥*h < 1, Corollary I1.7(ii) ensures that thn( x) =
(1 — 2%~ 1/2p( ,)m(x) is analytic at = 1. Therefore pg,)m(x) is of order (1 — x)/? when
f(q, h,n,y) = ,ogyzm(l) > 0, and of order O((1 — )3?) when f = 0. Moreover, it is clear
from (I1.22) that the derivative of p pq ,m at x = 1 is strictly positive. So thn( x) is exactly
of order (1 — z)3/2 when § = 0. To summarize, for all (q, h,n,7) € {f > 0} U {g > 0}, the
spectral density has an asymptotics of the form

Phn(@) ~ C(1—x) (IL.32)

r—1—

with a constant C' > 0 depends on (q, h,n,7), and

1/2if (q,h,n,7) € {f > 0},
1—b if (q,h,n,7) € {g>0},
1+b if (q,h,n,7) € {g=0},
3/2 if (a,h,n,v) € {f =0}

The asymptotics of the coefficients Fpm(q, h,n) := [z~ Wév})m(a:) can be deduced using
the following lemma, which is a simple application of Cauchy’s integral formula and Laplace’s
method. Its proof is left to the reader.

Lemma II.D. We have F Nq,h,n) =~ ! 1x2ppt(;,)m( Ydz. Consequently, if pgz,)w satis-
fies (11.32), then F(q, h n) ~ C' Y% =@t for o = B+ 1/2.

This shows that the four conditions in Proposition 1.2 indeed implies that F,(q, h,n) ~
C 4% p~(@F1/2) with the value of o given in Theorem II.1 as our working definition of the
phases. This completes the proof of Proposition 1.2 (and proves Theorem II.1 too).
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4 Proofs of technical lemmas

4.1 Integral equation for the spectral density (Lemma II.6)

Let Cy be the circle of radius h~/? oriented anti-clockwise. Recall that we consider the
determination of square root such that Re(,/y) > 0 for all y € C\ (—o0,0]. Then we have

2
yy/1— ZZ = disgn(Imy)\/~% — y? (11.33)

whenever y € C\R. First we show that (I1.4) implies the following equation for all z € C\R.

5 f K@yWydy (1131

i oy T
where Jy(x — 132/v 2= and K(z,y) = — h222?2 /T —2h%2

We start by expandmg the definition of K (x,y) and making the change of variable y — hiy
in the integral on the right hand side. This gives

/ -)d
nyioK(m,y)W 1327£ y? —x2y\/1_7y'

: 1 W(1/(hy)) - : . 1
The function y +— T y\/l—'y2y/y2 is meromorphic on C\ {y eR: |yl <~vyor |yl > H} and,
thanks to the parity of W, it has two simple poles of opposite residues at y = +x. Therefore

we can deform Cy to the cut [—v,7] £40 and use (I1.33) and (I1.4) to obtain

—2W(z) = —nJy(z qu—5k1 Ji(x) +

nf K(x,y)W(y)dy

F / 1 20W() dy
2 Y2 — a2 2 —y?
22 dy 0 o . .
T2 / 5 (n — Z(Qk —0p1)y™" — Wy —i0) = W(y + ZO)>
o y k=1
=2mi [ ndo(z) — Y (g — 0k1) Ji(z) — —/1 = 5 Z(2) | . (11.35)
k=1 v €T

where Z(z) := [7, WH=0)FWu+i0) __dy__ can be viewed as the integral of F(y) = ——y —2W)

yi—x \/,Yz_yz yi—x 72—y
on the union of [—v,7] — 0 and [—v,~] 4+ 0. Since F' is a meromorphic function on C \ R
with two simple poles at +z, we can make the deformation of the integration contour in

Figure I1.5 to obtain

2

—r Y-z

I(z) = </c++/> y) dy + 2mi sgn(Im z) <Res— Res)F(y)

Vv7? — y? changes sign when y crosses the real axis at a point |y| > . Therefore for all
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Figure I1.5 — Deformation of the contour of integration of the function F(y) = —= W)

2 .
y2—x V2 —y2

y € R\ [—7,7], we have F(y+1i0)+ F(y —i0) = 0 and thus the integrals on the straight line

parts of C; and C_ cancel each other. Then from F(y) = O(|y|~>) as |y| — oo we deduce that
' - i _ - _ 1 W)
P}grgo (fc+ +fc_> F(y)dy = 0. As W is even, we have yf_i)e_st(y) = gi_e)g F(y) = 5 T

and therefore

Z(x) = 2misgn(Im x) 1 W) __ 2 W(z)

T /v — 22 22 /1_%2'

Combining the above equality with (I1.35), we obtain (I1.34).
Now let us come back to Lemma I1.6. It is easy to see that I is an even polynomial of
degree 2k — 2 with positive coefficients:
1 1 y2k . ZE2k dy k—1 I2j 1 y2(k—1—j)

() ) y?—a? 11—y jz:;) T Jo1 /1 =92 Y

The definitions of I and Jj readily imply that v 2% Jy(vz) — 2* Jo(vz) = 224/1 — S5 1i(x).
It is a simple exercise that Jy(z) = —1. Therefore the discontinuity of J, and x — K(yx,y)
both come exclusively from the factor %\/1 — &. By (I1.33) we have for z € (-1, 1),

: ? L 2 1 1 -

It follows that

—40) — ) 1
Ty =i0) = Jeyz +0) 1w 1= g (),
2mix 4
K(yz—i09y) = K(ye+i0yy) 1y Vi-a* 1

d S -
a 2mix ml—71222y% /1 — 722 «’
where 7 = v2h. Notice that Iy = 0 and I; = 1. Taking the spectral density on both sides of
(I1.34) gives

™y Wiyy)dy

21 p(x) 2 | o 2k n
LG P I . / .
V1—22 (@ W Z ay I (w) + 270 Jy-1co 1 — 122292 /1 — 7232

k=2

Deform the contour v7'Cy to the cut [—1,1] +40 in the above display and we obtain (I1.22).
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4.2 Resolvent in non-generic critical phase (Lemma I1.11)

We fix a set of parameter (q, h,n,7) and drop them from the notation. Recall the equation
of the resolvent:

W is an even holomorphic function on S, such that for all z € (—v,7),

1 2 : 2k
— | =n+x" — .
hx) kz::l%

W(x — i0) + W(z + i0) + nW( (I1.36)

By linearity, we write the solution in the form of W = Wiare + Whon, Where Wiary is
meromorphic on C and satisfies the above equation, and Wy is meromorphic on S, and
satisfies the homogenous equation

1
Whon(Z — 10) + Whon(x + 10) + nWhom(hx) =0 for all x € (—v,7). (11.37)

It is not hard to see that W,ary can be found among the even Laurent polynomials. Write
Wars () = ¢ + X8, (akx% + (hfgﬁ), then we have (2+n)c=n and forall k =1,...,d,

b a

|GV e

Inverting the matrix, we get a, = ﬁ(ém — k), bk = 7= (0k1 — qx) and ¢ =

so that

n(2—n)
4—n? -

In the non-generic critical case, v = h~/2, so the particular solution can be written as

Woars(72) = = (= 20(@) +nQ () +n(2—n))

where Q(z) = X¢_, (qx — 0p.1)7* 2. Following [BBG12c], we look for Whep in the form of

Waen(1) = Zlf#(ux)(x T 1)”) , (11.38)

r+1 r—1

b
where L(x) is a Laurent polynomial. Notice that z — (i—j&) is a holomorphic function on

S, taking real values on R \ [—v,v|. By looking separately at the norm and the argument,
it is not hard to see that for all z € (—,7),

0—1\" /1—a\b —i0—1\* /1—x\" |
<x+20>:< :v) Gt and <x@0>:< ””) e (I139)

z4+i0+1 14+ rz—10+1 14+

Moreover, (i—f})b = (E:;;ﬁ)b, SO

(M—) = ( —|—x> e~ and ([L’ZO"‘) = ( —|—x> e (11.40)
x+10—1 l—x x—10—1 -z
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Combine (I1.39) and (I1.40) with (;jg)b = Gi—i)b, it follows that (I1.37) is equivalent to

l—=x
1+«

(2 cos(mb) L(z) + nL(:c’l)) ( )b + (2 cos(mb)L(—x) + nL(—x’l)) (1 * $>b =0

1—2z

We see that (I1.38) indeed gives a solution of (I1.37) provided that 2 cos(mb) = n and L(x) +
L(z™') = 0.° The second condition is equivalent to saying that the Laurent polynomial L
is of the form L(x) = P(x) — P(z™'), where P is a polynomial without constant term.

It remains to choose P so that W = Wyary + Whon is holomorphic on §V_ In other words,
the poles of Whart and When at © = 0 and & = oo cancel out. Since W satisfies (I1.4), it
suffices to check that the poles at x = 0 cancel out. This amounts to that

Whoart (72) + When (72 + 40)
1 1 1\ /1—2\" 1N /1+2\b .
— — —P — Z7Tb_P<_ >< > —imb 1
4—n2<nQ(93> (x>(1+x>6 AT +0(1)
is bounded as z — 0. That is, nQ(x) = R(x)e”b + R(—a:)e‘”b for a polynomial R such

that ,
P()(52) - R() o

Since @ is even, R must be even too. It follows that R(x) = Q(z), and therefore

P(;>:Q(;>(1i—2>b—l—0(l) asx — 0.

This is the expression of Py ., given in (I11.26).

To compute the spectral density, notice that Wiare has no discontinuity on (—7,7)
(except the pole at 0). Thus p(x) = Wh°’"(7x7102);izvh°m(w“0). Use again (I1.39) and (I1.40), we
get

o) = g (b (1) - e (1)
- (52 - (1))

which is the same as (I1.25) because sin(7b) = /1 — n?/4.

4.3 There are only two non-generic critical phases (Lemma I1.13)

We have seen that P(x) = 22+ 2bx. Thus P/(—1) = —2(1—b) and P/(1) = 2(1+b) are both
non-zero. Then the decomposition (I1.29) of Py, shows that P, (1) = P}, (1) =01is
equivalent to

d / d /
B(1) or Pe(=1)
(L=a)7* = D ar™ ot = Dy :
2% R = 5% B
6The other obvious choice 2 cos(mb) = —n and L(x) = L(z~!) will merely lead to another parametrization

of the same solution.
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which implies

Ser(l ) o

Since g, > 0, to prove Lemma I1.13 it suffices to show that the coefficients of ¢;y** in the
above sum are all positive.

Let Hy be the polynomial such that P/(1) = Hg(b). From the definition (I1.30) of P it
is easy to see that P[(—1) = —Hy(—b). Therefore the coefficients in (IT1.41) can be written

as ;{f}r?) — 12{(‘“1(__;’)). They will be all positive provided the following lemma is true for k > 2.

Lemma I1.15. Hy is an odd polynomial with positive coefficients with respect to the variable
1+b.

Proof. By the definition (I1.30) of P,

pk<1) . <(1 +b)log G ki i)) +0(1)

T 2k 1+

11— g% 1+b 1+
_x%l—l—mz (log(l x)) +0(1),

o () B [ (1) ou)]

= m! dz
h::L’!’“ (1+5b)™ and <log (H—x)yn: > Anma™, then the last line implies

1—x

Write Hi(b) =3,

P e = Z 2k —n—1)canm

I+n<2k

where (¢;);>0 is defined by = T = 2 cz!. Or explicitly, ¢g = 1 and ¢; = 2(—1)! for all [ > 1.
Using the fact that 31 (K — )¢, = 0 if K is even and 1 if K is odd, we get

2k—1 /2k—n
hm,kzz<2(2k_n_lcl>a'nm ZCLZn 1,m

n=0 =0

n 2n4-17

2n+1 . . . . .
Since log g”‘”) = Z——, the coefficient ag,_1,,, is always non-negative, and vanishes if
and only if m is even. So h,,  is also non-negative, and vanishes if and only if m is even. [
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This Chapter is adapted from joint work with Nicolas Curien and Pascal Maillard [CCM17]
(preprint).

1 Introduction

This chapter builds on the previous one and concentrates on the special case of critical
Boltzmann quadrangulations decorated by an O(n) loop model. We have seen that the O(n)-
decorated random quadrangulation has a non-generic critical phase where the exponent «
in the asymptotic (II1.3) of its partition function takes a value strictly between 1 and 2,
the two values that correspond to a subcritical and critical non-decorated Boltzmann map,
respectively. In this chapter we analyze in detail the nested sequence of the perimeters of
the loops and show that it converges towards an explicit multiplicative cascade related to a

o7
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Figure II1.1 — Left: a loop-decorated quadrangulation with a boundary of perimeter 24. Top
right: the topological representation of the quadrangulation as a “cactus” which highlights the
nesting of the loops. Bottom right: the nesting tree labeled by the half-perimeters of the loops.

stable Lévy process with index «. To properly state our results, let us first recall the setup
and main result of Chapter II.

Definition of the model. We work with the specification of the model in Chapter II
when ¢, = gdr2. More precisely, recall that all maps are assumed planar and rooted by
a distinguished corner. This corner identifies a distinguished external face, whose degree
is called the perimeter of the map. A quadrangulation with a boundary is a map q whose
internal faces all have degree four. A (rigid) loop configuration on q is a set £ = {l1,0s,...}
of disjoint undirected simple closed paths in the dual of q which do not visit the external
face, and with the additional constraint that when a loop visits a face of g, it must cross it
through opposite edges. In other words, the internal faces of q can only be of the following

two types

see Figure II1.1. We call the pair (q,£) a loop-decorated quandrangulation with a boundary,
and denote by L£Q, the set of all loop-decorated quadrangulations with a boundary of
perimeter 2p.

Given n € (0,2), g > 0 and h > 0, we specify the measure wq, of the previous chapter
to the case g, = gdx 2 so that it becomes concentrated on U,>1£Q,. Explicitly,

W nn (4, £) = g 1R/An*e (IIL.1)

where |q| is the number of internal faces of q, |£] is the total length of the loops in £ and
# £ is the number of loops in £. For example, the weight of the quadrangulation presented



1. Introduction 59

in Figure I11.1 is ¢8h**n®. We can normalize this measure and define a probability measure

on LQ, for each p > 1 by

Wy ()

P () = o where  Fy(g,h,n) = > wonn(q,£), (I11.2)

(9,0)eLQ),

provided that the set of parameters (g, h,n) is admissible, that is, F,(g, h,n) is finite (it is
not hard to see that the finiteness does not depend on the value of p > 1).

As seen in the previous chapter, the set of admissible parameters can be partitioned into
phases according to the value of the exponent « in the following asymptotics:

F,(g,h,n) e C P po1/2 (IIL.3)

where C' > 0,k > 0, and « may take the values a = 1 (subcritical), « = 2 (generic critical)
or

a= 2 + iarccos(n/Q) € (1,2)\ {3/2} (II1.4)

(non generic critical). For large p, the geometry of a random map distributed according to

IPg QL » depends heavily on the value of a.

In the subcritical phase, which includes the subcritical (non-decorated) Boltzmann quad-
rangulations (i.e. h = 0 and g < g. := 1/12, see Section 2.4 of Chapter I), the random maps
distributed according to IP’;{’ ,)m are tree-like for large p and are expected to converge in the
scaling limit towards Aldous’ CRT [Bet15b]. In the generic critical phase, which includes the
critical Boltzmann quadrangulations (i.e. h = 0 and g = ¢.), they are believed to converge
towards the Brownian disk [BM17]. In the non-generic critical phase however, the geometry
of these maps remains elusive and the only available information we have is on their gasket
[LGM11] (see Section 2.1 for the definition). The case o = 3 — Larccos(n/2) € (1,3) is
called the dense case because in a suitable scaling limit, the loops are believed to touch
themselves and each other, whereas in the dilute case a = % + %arccos(n/ 2) € (%, 2) they

are believed to be simple and not to touch each other almost surely.

We assume we are given a non-generic critical set of parameters (g, h,n) with
n € (0,2) and g,h > 0 so that (111.3) holds for a value of o € (1,3/2)U(3/2,2)
that is fixed in the rest of this chapter. We shall sometimes drop the implicit
dependence on (g, h,n) in what follows.

Discrete and continuous cascades. We are interested in the perimeters and the nesting
structure of the loops in a random loop-decorated quadrangulation distributed according to
Pg hn @ p — 00. If (g, £) is a loop-decorated quadrangulation with a boundary of perimeter
2p, we can associate with it a random labeled tree as follows. We start with the so-called
Ulam tree'
u— oy
k>0

where a sequence u = (uq,...,u;) € (N*)* represents a vertex in the k-th generation of
the tree. Its [-th child is (uy,...,ug, ). In particular (N*)° = {@}, where & is the empty

'Here and throughout we use the French notation N = {0,1,2,...} and N* = N\{0}.
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sequence representing the root. If u,v € U we write uv for the concatenation of v and v,
and we denote by |u| the length of u. We assign each loop ¢ € £ to a vertex of U in the
following fashion: First, the root vertex @ is associated with an imaginary loop of length
2p surrounding the boundary of q. Next we assign to the children 1,2, 3,--- of & the outer-
most loops of (g, £)—i.e. those loops which can be reached from the boundary of q without
crossing any other loop—ranked by decreasing perimeter (if there is a tie we break it using
a deterministic rule). We then continue genealogically inside each of these loops in the most
obvious way, see FigureIIl.1. Although U is an infinite (even non locally finite) tree, the set
of vertices attached to a loop of £ is a finite subtree of &. Once this is done, we define the
labeling
X:u€eUUw— x(u) eN

which is the half-perimeter of the loop associated to w in (g, £) or 0 if there are no such loop.

We now introduce the limiting continuous multiplicative cascade. Given a distribution
von (ROY let {(£™)is1 : u € U} be an i.id. family of (infinite) random vectors of law
v. The multiplicative cascade with offspring distribution v is then the random process
(Z(u))uey indexed by the Ulam tree such that Z(@) = 1 and such that for any v € ¢ and
any i € N* we have Z(ui) = Z(u) fz(u) We will apply this to a particular law v: Let ((;)i>0
be an a-stable Lévy process with no negative jumps started at 0; in other words for some
constant C' > 0 we have E[exp(—A(;)] = exp(CtA*) for all A > 0. Let 7 denote the hitting
time of —1 of this process. Notice that 7 < oo a.s. because ( does not drift to infinity, and
we have ¢, = —1 since ¢ has no negative jumps. We write (A¢)¥ for the infinite vector
consisting of the sizes of the jumps of ( before time 7, ranked in decreasing order. Then we
define a probability distribution v, on (R,)N" by

E[L1F((AC)T
[ a1 - E E«Hcm} |

T

By the scaling property of stable Lévy processes, the above definition of v, does not depend
on the constant C' > 0 appearing in the normalization of (.

We also define the function ¢,(0) := E [ZQI(ZQ(Z'))Q}, which we call the Biggins trans-
form of the multiplicative cascade Z, after the seminal work of Biggins. We can now state
our main result:

Theorem III.1 (Convergence of the perimeter cascade). Let x'P) be the random labeling
obtained on the Ulam tree when the underlying loop-decorated quadrangulation is distributed
according to ]P’ff })L Then we have the following convergence in distribution

S000),, e (20),,

in £°(U), where Z, is the multiplicative cascade with offspring distribution v,. In addition,
the Biggins transform of the multiplicative cascade Z,, is explicit and equals

n*

sin(7(2 — «))

0= a6~ a)

for0 e (a,a+1) and ¢,(0) =00 otherwise.

Remark IIL.2. Here ¢>(U) is defined as usual as the set of bounded functions on the
countable set U, endowed with the supremum norm. The above convergence is stronger
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than the convergence of finite dimensional marginals, i.e. the weak convergence under the
product topology of R¥. For example, finite dimensional convergence does not exclude
the possibility that the laws of p~'x® (u) and of Z,(u) are significantly different for some
u = u(p) that escapes from any finite subset of U as p — oco.

Properties of the multiplicative cascade Z,. In Section 4 we establish some interesting
properties of the multiplicative cascade Z,. First, in Section 4.1, we define the family
of additive martingales, an important observable of the multiplicative cascade. We also
calculate the rate function of the multiplicative cascade, i.e. the Legendre—Fenchel transform
of log ¢,. In Section 4.2, we study the Malthusian martingale

Z (Za(u))min(Q,Zafl) ‘

|u|l=n

We show that it is uniformly integrable and identify the law of its limit which is found to
be equal to (in the dilute phase a > 3/2) or related to (in the dense phase o < 3/2) an
inverse Gamma law with explicit parameters. As explained there, this strongly supports the
fact (and even gives a path for the proof) that the renormalized volume of a critical O(n)-
decorated map with a boundary also converges towards this law. Finally, in Section 4.3, we
establish LP-convergence of the additive martingales, for suitable p. This ensures that the
multiplicative cascade Z, displays no pathological behavior.
We now outline the proof of Theorem III.1, which comes in three parts:

Convergence of finite dimensional marginals. We have seen in Chapter II that a
loop-decorated quadrangulation (q,£) distributed according to IP’!(]{7 zyn can be split into its
gasket—the part of q outside the outer-most loops of £—and a number of smaller loop-
decorated quadrangulations which, conditionally on the gasket, are independent and follow
the same type of distribution as (q, £). This settles the Markovian branching structure of the
perimeter process x), thus reducing the problem of convergence of its finite dimensional
marginals essentially to the convergence of its first generation (Proposition I11.4).

Moreover, the gasket is a bipartite Boltzmann map with a boundary where each face
of degree 2k receives a weight ¢, (which is a simple function of Fi(g, h,n), see (I11.6)). In
the previous chapter we have computed the partition function of this random map (more
precisely, the pointed version of it, see below) by transforming it into a Galton—Watson
forest using (a variant of) the classical Bouttier-Di Francesco—Guitter bijection [BDFG04]
and a bijection of Janson & Stefdnsson [JS15]. Under our assumption, the resulting forest
consists of p i.i.d. Galton-Watson trees with a critical offspring distribution in the domain
of attraction of the spectrally positive a-stable distribution. In this coding, the loops of the
first generation are transformed into the (large) faces of the gasket and then into the (large)
jumps of the hLukasiewicz path encoding the Galton-Watson forest. The latter naturally
converges to the jumps of an a-stable Lévy process, which explains the appearance of the
process (A¢)} in the definition of v,. The above chain of transformations is summarized in
a diagram at the beginning of Section 2.

One technical issue in this program is that the Bouttier-Di Francesco-Guitter bijection
works particularly well with pointed maps, i.e. maps with a distinguished vertex. For this
reason we start by applying the bijections to the pointed gasket, and only remove the
distinguished point afterwards. This amounts to biasing the pointed gasket by the inverse
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of its number of vertices, which in the continuous setting give rise to the bias 7! in the
definition of the measure v,.

A formula for left-continuous random walks. As we saw in Theorem III.1, the mul-
tiplicative cascade Z, has an explicit and rather simple Biggins transform. This formula is
obtained through a new simple identity about the (biased) first moment of some additive
functionals of left-continuous random walks. This identity may have further applications
and so we present it here: Let S be a left-continuous random walk on Z started from 0, i.e.
S = X1+ -+ X, where (X;);>1 are i.i.d. random variables on {—1,0,1,---}. We denote
by T, the hitting time of —p € Z by S.

Theorem II1.3. Suppose that S does not drift to oo i.e. that T} < oo almost surely. Then
for any positive measurable function f :7Z — R and any p > 2 we have

1 & P
o ;fm)] _E [fomp+ Xl] -

E

From finite dimensional to (*°(/) convergence. We now explain how we strengthen
the finite-dimensional convergence of p~'x®) towards Z, to {>*(U) convergence. One essen-
tially needs that, with high probability, p~'x® is arbitrarily small outside a finite subset of
U, uniformly in p.

We first concentrate on the first £ generations of the tree ¢. Using the identity in Theo-
rem [I[.3, we compute ]E[szk (pflx(p) (u))e}, the discrete analogue of Biggins transform,
and show that it converges to the k-th power of the continuous Biggins transform given in
Theorem II1.1 (Lemma I11.21). This yields a moment estimate on the sizes of all the loops
up to generation k, which implies the ¢* convergence on the first & generations (Proposition
[11.20). In order to strenghten this to ¢>°(U) convergence, we rely on a geometric estimate
on random planar maps: if we denote by V(p) the expected volume (i.e. number of vertices)
of a random loop-decorated quadrangulation under the distribution IP’;’? QL
Markovian structure of the gasket decomposition it is easy to check that

., then using the

> V(x"(u)) is a supermartingale indexed by k > 0,
lu|l=Fk

which gives a uniform control over all generations. This additional ingredient together
with recent estimates on V' (p) due to Budd [Bud17] are at the core of our proof of the ¢>
convergence.

Related works. Understanding the geometry of planar maps decorated with a statis-
tical physics model in one of the major goals in today’s theory of random planar maps
(see [ShelGh, GMSI15, GS17, GS15, BLR17, Chel7, GKMW16] for recent progresses on the
geometry of general random planar maps decorated by a Fortuin-Kasteleyn model). Our
interest in the nested cascades in O(n) model on random quadrangulations was triggered
by the recent work of Borot, Bouttier and Duplantier [BBD16]. They study (in the case of
triangulations) in great detail the number of loops separating the boundary from a typical
point; in our context, this roughly speaking consists in estimating the length of a typical
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branch of the tree coded by the cascade (x®). Our perspective here is different since we
study the full nested tree (rather than one branch) in a scaling limit point of view (rather
than in the discrete setting). In Appendix A we provide more details of the relation be-
tween the two approaches. We also give an alternative explanation of the relation with the
statistics of the number of loops surrounding a small Euclidean ball in a conformal loop
ensemble.

This work obviously builds upon [BBG12¢] where the gasket decomposition was intro-
duced and used to study the phase diagram in Figure II.1. Our study of the gasket in the
non-generic critical case also borrows a lot from [LGMI11] and indeed the law v, can be
interpreted as the sizes of large faces in what would be a “stable map with a boundary”. See
also [BC17] for a geometric study of the duals of the above planar maps.

It was recently shown by Gwynne and Sun [GS15] that random planar maps decorated
with a Fortuin—Kasteleyn statistical mechanics model (which naturally defines an ensemble
of loops) converge in the so-called peanosphere topology to the Liouville quantum sphere
introduced by Duplantier, Miller and Sheffield [DMS14], together with an independent con-
formal loop ensemble. This topology allows in particular to measure the lengths of the loops
in the “quantum metric”, as well as the “quantum volume” of their interior. A well-known
conjecture stipulates that the O(n)-decorated quadrangulations considered in this paper

converge to the Liouville quantum disk with parameter v = y/min(k, 16/x), also introduced

in [DMS14], together with an independent CLE, in the disk. Here, x € (8/3,8) is related
to our parameter a by

3
a-j =4/k —1, (IIL.5)

so that k € (8/3,8) \ {4}. In fact, our Theorem III.1 has an analogue in the continuum,
which we formulate as follows:

Consider a Liouville quantum disk with parameter v = y/min(k, 16/k) conditioned on
having quantum boundary length 1 and an independent CLE,, in the disk, with x € (8/3,8) \
{4}. Then the nesting cascade of the quantum lengths of the CLE loops has the same law
as the multiplicative cascade Z, introduced in this article where « is given by (IIL5).

In fact, recent work of Miller, Sheffield and Werner [MSW17] together with a different
representation of the reproduction law v, which can be derived from [BBCK16] yields this
statement.

2 Convergence of the first generation

The goal of this section is to prove the convergence of the first generation of Y, as stated
in the following proposition:

Proposition II1.4. For any ¢ : {*°(N*) — R bounded and continuous, we have

E [90 (p_lx(p)(i) ti > 1)] —— Elp(Za(i) : 1> 1)].

p—0o0

We will follow the scheme outlined in the introduction, which is summarized in the following
diagram.
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loop-decorated gasket gasket = bipartite size-biased  § 22 , size-biased
quadrangulation | decomposition Boltzmann map Equation (9) random walk) p—oo Lévy process

(q9.8) ~BY)
forest of
uncolored trees| fukasiewicz
(p)
S8

a.hn

Figure II1.2 — A solid arrow A — B indicates a transformation that encodes A by B. A
dashed arrow A --+ B indicates that the random object B is obtained by size-biasing the law
of A. Equation (II1.8) is obtained by composing all these transformations and size-biasing
relations. Using it, we deduce Proposition II1.4 from the classical convergence of random
walks to Lévy processes.

| §2.2

random walk first
passage bridge
(Xn)1<n<r,

pointed bipartite

Boltzmann map
%(p)’.
q

BDG + JS
(forget labels)

2.1 Coding the gasket by size-biased Galton—Watson trees

This section recalls the coding of the gasket by gasket decomposition, the BDG and JS
bijections from Section 2, and summarizes their effect from a probabilistic perspective.

The gasket decomposition Recall that the gasket of a loop-decorated random quadran-
gulation under IP’;? ,)m is a q-Boltzmann map, denoted ‘B((ip ), whose distribution is defined on

the set of bipartite maps of perimeter 2p by normalizing the weights
wél(m) = H qA% deg(f)
f

where the product runs on the internal faces of m, and the weight sequence q = (§i)x>1 iS
related to the O(n) model by

Gr = g0o + nh* Fy(g, h,n). (I11.6)

Moreover, the gasket decomposition has the following Markov property: conditionally on

the sizes (2p1,...,2p;) in the holes of the gasket, the loop-decorated maps inside the holes

(pi)
g,h,n

are mutually independent, and follow the distributions P forio=1,...,L

Coding of the pointed gasket Recall that a pointed map is a map given together with a
distinguished vertex p. We denote by %g’)" the pointed q-Boltzmann map whose distribution
is defined on the set of pointed bipartite maps of perimeter 2p by normalizing the weights
wg(m, p) 1= wg(m). As seen in Section 2.2 and 2.3, the Bouttier-Di Francesco-Guitter
(BDG) bijection and Janson—Stefdnsson’s (JS) transform encode each pointed bipartite map

(m, p) of perimeter 2p by a forest § of p rooted plan trees such that
» Each face of degree 2k (k > 1) in m becomes an internal vertex with & children in §.
» FEach vertex of m except p becomes a leaf of §.

Moreover, the partition function of ‘Bg’ ) s given by F3(q) = (2p) (Rq)?, where Ry is

p
the partition function of a Galton—Watson tree with the offspring distribution pujg given in

Proposition I1.4. It follows that the image of %gp e by the BDG bijection and JS’s transform
is a forest of p i.i.d. Galton-Watson tree of offspring distribution p;g, which we denote
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by 3&2). The fact that the weight sequence q comes from an O(n)-decorated Boltzmann
quadrangulation would constrain the possible tail of the offspring distribution pjs. More
precisely,

Lemma III.A (Tail of pjs. [BBGI12¢]). Assume that q is defined by an admissible triple
(g,h,n) as in (II1.6), then pys has a polynomial tail if and only if (g, h,n) is non-generic
critical. In this case, s is critical (i.e. Y >0 kpys(k) = 1) and has the tail

MJS(k) k:oo Ck_a_l
where o € (1,2) \ {3/2} is given in (I11.4).

Back to the non-pointed gasket To come back to the non-pointed map ‘ng ), we need

to bias the law of the pointed map ‘Bg’ e by the inverse of its number of vertices. Let
Deg# (resp. Degt,,) denote the sequence of degrees of faces (resp. numbers of children) in
a bipartite map (resp. forest), ranked in the decreasing order and padded into an infinite
sequence with zeros. Then according to the two properties of the BDG-JS bijection listed
in the previous paragraph, for any positive measurable function ¢ : N¥" — R we have

1p + gB(}’),'
s (lDegﬂ%é’%)] = : g [ (208 (27)
2 E[1/ #vertex(%gp)”)] #Vertex(%gp)”)
_ 1 ¢ (Degh. (310)) Ly
E[1/(1+#leaf(FD))] | 1+ #leaf(W) | '

2.2 Scaling limit of the face degrees in the gasket

The discussion in the previous section is valid for Boltzmann maps with a general (admissi-
ble) weight sequence, and we now consider a weight sequence q that is derived from a critical
non-generic set of parameters (g, h,n) with exponent o € (1,2) and prove Proposition I11.4
(but the results are valid for any critical non-generic weight sequence ¢ as those considered
in [LGM11], [BCL7], [Curl?, Section 5.1.3]).

Random walk coding We use the well-known random walk coding of forests to study
the right-hand side of (IIL.7). Let S, = X; + --- + X,, be a random walk where (X,,),>1
is an i.i.d. sequence with distribution P(X; + 1 = k) = pjs(k) for £ > 0. Define the first
passage time of (S,,),>0 to the level —p

T,=inf{n >0|S, = —p},

and let L, = ZiTﬁl 1¢x,——1y be the number of negative steps of the walk up to 7). Let
X® be the sequence (X, + 1)1§n§Tp ranked in decreasing order and padded with zeros.

The classical coding of forests by their Lukasiewicz paths shows that the sequence X® has
the same law as Deg’ . (&(]%)) and that jointly we have #Leaf(@ﬁ,’é)) = L, in distribution.
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Therefore (I11.7) can be continued into

1
E[1/ (1 + #leaf(FR))]

1 . @(X(p)>
E[1/(1+4 Lyp)] 1+ L,

¢ (Degl,,(35)) ]

E {90 (;Deg#(%qp))ﬂ - 1+ #leaf(3%)

, (I11.8)

By definition, the first generation of ) is the sequence of half-degrees of the holes in
the gasket, sorted in the decreasing order and padded with zeros. Recall that the faces of
the gasket are either holes or regular faces of degree 4. Therefore, if q is the weight sequence
given by (II1.6), then the first generation of x® differs from %Deg#(%gp )) at most by 2 in
the ¢>°(N*) norm. From the last display and the fact that L, > p it follows that, for any
bounded continuous function ¢ : (*°(N*) — R, we have

0 (p—l ) X(m)
L

1
[1/Ly]

+o(1). (111.9)

Elp(px®@):i>1)] = =

p

as p — oo. With all the reductions we have been through we are now in position to prove
Proposition I11.4.

Proof of Proposition I11.4. Recall from Lemma III.A that the step distribution of the walk .S
is centered and in the domain of attraction of the totally asymmetric stable law of parameter
a. Recall also the notation from the Introduction and in particular that ¢ is a standard
a-stable Lévy process with no negative jumps. We can suppose that ¢ has been normalized
so that by a classical invariance principle we have

1 (d)
*S na> —>
(n ] ), o0 (Ce)e=0

for the Skorokhod topology. With standard arguments, one can show that the above con-
vergence in distribution holds jointly with (using the notation of the Introduction)
1
poT, -2y s and —x® D (A¢) (IIL.10)

pP—00 P pP—00
where the second convergence takes place in the (> (N*) topology. We now give a lemma
controlling L, via T}, in a precise manner:

Lemma II1.5. There is ¢ > 0 depending only on the weight sequence q, such that for all
e>0andp>1,

P(T, <ep) <P(L, <ep”) <exp ( - cg_ﬁ) (III.11)
L
]P’( ?p — ILLJS(O)‘ > po‘/4> < ¢ 'p*% exp(—c \/p) (II1.12)
P
2 Ty -1
and for all K > ———, IP’( > K) < ¢ exp(—cKp). (II1.13)
1135(0) Ly
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We finish the proof of Proposition I11.4 given Lemma I11.5. Equation (II1.12) implies that
L,/T, converges to jys(0) in probability, thus in distribution jointly with (II1.10). Hence

we have
(07

ws(0)- 2 p(ptaw) 2, ! p((AQ)").

L, p—roo T

On the other hand, (IIL.11) implies that the sequence (p*L, D)p>1 is uniformly integrable.
Therefore we can take expectations in the last convergence in distribution and it follows
that

E [Lglsf)(p‘l?f(p))] ~ nas(0)-E [p“LglsO(p‘lX(”)ﬂ

B[L, ] ws(0)-EpL, ]
E |7l ((A¢)Y)] o
e ZURED
With (II1.8) this finishes the proof of the proposition. ]

Proof of Lemma I11.5. The first inequality in (II1.11) follows from L, < T,. For the second
inequality, consider for A > 0 the non-negative martingale

Mn = exXp ( - )\Sn - \I/()\) Z ]I{X¢=1}>
i=1

where W(\) is defined by the equation E [exp(—)\Xl - \IJ(A)]I{XIZ_l})} =1, or explicitly by

Ele=%1] — 1

V(A =—1 1-— .

(A) 0g< AP(X, :_1)>

By Fatou’s lemma, E[My,] = Elexp(Ap — ¥(A)L,)] < 1. Notice that since E[e™**1] >

e MEX] = 1) we always have ¥()\) > 0 as soon as A > 0. We can thus apply the Chernoff
bound and get

P(L, <ep®) < E[exp (5p°‘\11(>\) - \If()\)Lp)} < exp (5pa\lf()\) - )\p). (II1.14)

From our standing assumptions, we know that X; has the power law tail behavior P(X; >
x) ~ Cx~® (xr — o0) and so by standard Abelian theorems its Laplace transform witnesses
the following asymptotic:

E[e M1 =1+ C'A* + o(A%).

It follows that W(A\) ~ C”A* as A — 0. On the other hand, it is easy to see that W(\) ~ A
when A — oo. Therefore there exists a constant ¢’ such that W(A\) < ¢ A for all A > 0.

Then (II1.11) follows from (II1.14) by taking A = c”(sﬁp)*1 with ¢ > 0 sufficiently small.
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For (I11.12), observe that for all 8 > 0 and 6 € (0, «),

?(

; — MJS(O)‘ ) Z P(‘ Z]I{X —1) = MJS(O)’ >p P and T, = ”)

p =1

<P(T, < p’) + i P(‘ Z]l{xz——l} - MJS(O)’ = p_ﬁa>

np =1

< exp(—cpa-t 2exp(—cn ~2Ba
= p(—cpi) + Z p(—eénp )

< exp(—cpa 1)—1—20 1P exp(—épf?=20).

where for (x) we used (II1.11) with e = p?~ and the standard Chernoff bound for i.i.d.
Bernoulli random variables. The constant ¢ depends only on . We obtain (IT1.12) by
taking § = 1/4 and optimizing over .

For (III.13), we start by observing that L, > p, therefore 7, > pK on the event
{T,/L, > K}. Then using the same arguments as for (II11.12), we get for all K > 2/p1;5(0),

T
P(LI’ZK> §3P( S gy > K andTp:n>
p n=pK

=1

ex JS Kn) < '
< %;K p( ¢ (uas(0) — ) ) = 1 —exp —%éﬂJS(OD

3 A formula for left-continuous random walks

In this section, we prove Theorem II1.3 and an analogue of it for spectrally positive Lévy
processes.

3.1 Proof of Theorem II1.3

Throughout the section, we denote by S,, = X; + --- 4+ X, a left-continuous random walk
on Z (that is, (X;);>1 are i.i.d. with X; > —1) and by 7, the hitting time of —p € Z by
S = (Sn)n>0- In particular we have Sy = —p. The proof of Theorem III.3 will make a
heavy use of Kemperman’s formula:

Foralln >1and p > 1, P(T, =n) = BP(SR = —p).
n

See e.g. [Pit06, Section 6.1] (where there the notation S, stands for our S, — n). More
precisely it follows from [Pit06, Lemma 6.1] that if n» > 1 and p > 1, then for any pos-
itive measurable function F'(xy,...,x,) which is invariant under cyclic permutation of its
arguments, we have the extended Kemperman’s formula:

E[F(X1, -, Xa)L{g,on] = TEIF(X1,o+ , Xa)Lis,p)-
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Proof of Theorem II1.53. Let n > 2, we have

An = E [Zn: f(Xz)ﬂ{Tp:n}]

—Pg [Z F(Xo)1 Sn=—p}] by extended Kemperman’s formula
LU
=pE {f(Xl)]l{sn:_p}} by cyclic symmetry
=pE[f(X))P(Sh-1 = —p— X1 |X})] by Markov property
=E [f( 1) P (n—1)P(T, x, =n—1]| Xl)} by Kemperman’s formula.
p+ Xy

Since p > 2, we have T,, > 2 and T},;, > 1 almost surely, for every z € {—1,0,1,...}. Hence,

1 Tp 00 An p 00
_ p
sty

where in the penultimate line we used the fact that 7, < co almost surely to deduce that
the sum inside the expectation is equal to 1. This completes the proof of the theorem. [J

The theorem has the following generalization, whose proof is an easy extension of the
above proof and left to the reader.

Proposition II1.6. Suppose that (S,)n>0 does not drift to +oo. Let m € N, f : Z™ — R,
and g : U724 77 — R be symmetric measurable functions. Then for any p > 1 we have

]I{T >m}
E £ f(Xl 7”. 7X1m)g<<X)¢ 11,00y ip}v .<Tp)
(Tp - 1) T (Tp - m) (z’l,“.%):efl%; 1 VR .

LT, >m)

—E [f(X1,- , X
f(Xa )p+X1+---+Xm

E[g((Xj)jSTp+X1+"‘+Xp )]

where A?p is the set of all ordered m-tuples of distinct elements (m-arrangements) from

{1’... 7Tp}.

3.2 Passing to the limit: An analogous formula for Lévy processes

Let now (1;);>0 be a Lévy process with no negative jumps started from 7y = 0. Denote
by 7(dz) its Lévy measure (supported on R;) and by 7 the hitting time of —1. We are
interested in the mean intensity measure of the jumps An; := 1, — 1, of n up to time 7.

Proposition II1.7. Suppose that 7 < oo almost surely. Let f : R% — R be non-negative,
measurable and such that f(0) = 0. Then we have

E

= [ 1) L rda).

1
;Zf(ATM 1+x

t<t
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Remark III.8. Notice that, somehow surprisingly, the drift and the Brownian component
of the Lévy process do not appear explicitly in the result (as long as the Lévy process does
not drift to oo). However, they do affect the distribution of 7 and of the jumps until time
T.

Also note that Proposition II1.7 admits an obvious extension analogously to Proposi-
tion II1.6.

Proof. We could of course adapt the proof of Theorem II1.3 to the current setting (in the
spirit of [BCP03]) however, we find it shorter to simply argue by approximation. Let S,gn) =
X 1(") + o4+ X ,gn) be a sequence of left-continuous random walks and (a,),>0 & sequence of
positive integers, such that we have
1 aln (d)
(anls[ngj)tzo D )eso (I11.15)

n—oo

in distribution in the Skorokhod topology. In particular this means that nP(X 1(”) > za,) —
7((x,00)) for all z which is not an atom of . Note also that it is always possible to perform
such an approximation in such a way that the walk S™ does not drift towards co. For any
continuous function f on RY with compact support, we then have (where the equality (x)
is justified just below)

Tan
B s & e (3 (o x)

_ -1
Thm]]137111—>120nE |:f( Xl n+X1:| /f )

The statement then follows by a monotone class argument. In order to Justlfy (%) one can
first invoke the Skorokhod embedding theorem and assume that (II1. 15) holds almost surely.
It then follows from standard arguments that = ZT“" f (cle (n)) — = ZKT f(An,) in dis-
tribution as n — oo. It thus remains to prove “niform integrability 1n order to allow con-
vergence of the expectations. Without loss of generality, we can assume that f is supported
in [1,00) and bounded by 1, that is, f < 1y,>13. Define N,g") =F# {1 <i<k: Xi(") > an},
then we can write

Tap, 2 2 2 2
—1y-(n) RN o) v ar(n)
( T, ; f < X; )) < E <TanNTan> < E (TanNn ) Lz, <ny| TE (212113 ’ N, ) ]

Since P(Xf") > ay) is of order 1/n, we can choose A large enough so that IP(Xl(n) >

a,) < 1 —exp(—A/n) for all n. Then the process (N,gn))kzl is stochastically bounded by
(Yi/n)rk>1, where Y is a standard Poisson process of intensity A. Easy estimates show that

E {(suptZl t‘lYt)2] < 00, which gives a uniform bound to the second term on the right-hand
side of the last display. For the first term, we apply Cauchy-Schwarz inequality to get that

n 2 n 4 V2
<T NT(LH)> H{Tangn}] S (E[}/lﬂ ]E (Ta ) ]I{Tangn}]) .

Using estimates similar to those of Lemma III.5 we deduce that E {(n/T )y, <n}} i
bounded uniformly in n. Gathering the estimates we deduce that E [(T T“" v f ( X, (n) )) ]

is bounded uniformly in n. This gives the desired uniform integrability. O

E
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4 Properties of the limiting multiplicative cascade

In this section, we examine in detail the multiplicative cascade Z, defined in the introduc-
tion. The most important quantity of a multiplicative cascade, which determines much of its
asymptotic behavior, is the Biggins transform. We calculate this transform in Section 4.1,
relying on the formula for Lévy processes proved in the previous section (Proposition I11.7).
This allows to define additive martingales which we make explicit. We also calculate the
Legendre—Fenchel transform of the (log-)Biggins transform, which describes the asymptotic
growth of the multiplicative cascade. In Section 4.2, we show that the Malthusian mar-
tingale of the multiplicative cascade is uniformly integrable and calculate the law of its
limit. We conjecture this law to be the asymptotic law of the renormalized volume of the
O(n)-decorated quadrangulations considered in this paper. Finally, in Section 4.3, we study
LP-convergence of the additive martingales.

4.1 The Biggins transform and additive martingales

Figure II1.3 — The various functions ¢ (0) for a« = 1.1, 1.2,..., 1.9, and the line y = 1
(dashed).

In this section we prove the formula for the Biggins transform of the measure v, (see
Figure 111.3 for a plot for different values of «):

sin(7(2

0o (0) =E li; (za(i))el = M for 0 € (o, a +1). (I11.16)

Proof of (I11.16). We use Proposition I11.7 when n = ( is a spectrally positive a-stable Lévy
process for a € (1,2). In this case recall that we have E[e *¢] = exp(C\?) and the Lévy
measure of ( is equal to

C dz

m(dx) = T(—a) ol (>0)-
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Applying the above-mentioned proposition we deduce that

E

1
A
T t<T Ct 1+ F(—a) r+1 +00 otherwise.

/ C /oo x@—a—ldx _ {I‘((x)sii?w(@a)) if 0 e (Oé,Oé + 1)
0

For the last equality, see e.g. [EMOT54, 6.2(3)]. Moreover, it is classical (see e.g. [Ber96,
Chapter VII, Theorem 1]) that for A > 0 we have E[e™>7] = e~ and so

El/7] =E [/OOO e d)\} _ /OO" VO 4N Z O (1 4 a). (ITL.17)

Combining the last two displays with Euler’s reflection formula we indeed compute the
Biggins transform of the measure v, as promised

E [% Ztg(AQ)ﬂ B {Sm(”@_a)) if 0 € (a,a+1)

sin(m(0—a))
E1/7]

+00 otherwise.
We see that the above result does not depend on the normalizing constant C' appearing in
the definition of (. As we already remarked in the introduction, this can more directly be
seen using a scaling argument to show that the law of v, is independent of C. m

Additive martingales. Consider the following family of processes, indexed by 6 € (o, a+
),

Wi (o, 0) "N Za (I11.18)

w:ul=n

It is well-known and easy to show that each of these processes is a non-negative martingale
with respect to the o-field F,, = o(Z,(u), |u| < n). Since for each n € N, W, («a,8) is
an additive functional of (Z,(u))ju=n, they are also called (the) additive martingales of the
multiplicative cascade Z,. Of special importance is the so-called Malthusian martingale
corresponding to the Malthusian parameter 6, which is the smaller solution of the equation
¢a(0) = 1. (Since 0 — ¢,(0) is strictly convex, there are at most two solutions.) One easily
checks that for o € (1,2) \ {3/2}, there are exactly two solutions to this equation, namely
2 and 2a — 1, and so the Malthusian parameter equals

2 if « >3/2 (dilute case)

. . (II1.19)
2 —1 ifa<3/2 (dense case)

0, = min(2,2a — 1) = {

Remark III.9. In particular we deduce that for 6 € ((2a — 1) A2, (2ac — 1) V 2), which is a
non-empty interval as soon as « # 3/2, the multiplicative cascade Z, satisfies

BT ()] = S0, <
uel k=0
In particular Z, belongs to £/(14) almost surely.

In Section 4.2, we prove that the Malthusian martingale is uniformly integrable and
identify the law of the limit. In Section 4.3, we provide moment bounds on Wi («, 6), which
allow to prove convergence in LP of W,,(«, @) for suitable p and 6.
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Remark III.10. In the critical case a« = 3/2—which we do not consider in this paper—the
equation ¢3/5(f) = 1 has only one solution § = 2. It is well-known that in this case, the
martingale W, («, 2) converges to 0 almost surely, but one can still get a non-trivial limit
either by considering the so-called derivative martingale [[Xyp98] or by renormalizing the
martingale W,,(«, 2) appropriately [AS11], the two approaches leading to the same result.

For completeness, we note that the Legendre—Fenchel transform of log ¢, can also be
explicitly evaluated (we leave the calculation to the reader). This allows to determine the
asymptotic growth of the multiplicative cascade, see Biggins [Big79] for further details.

Proposition I11.11. Denote by arccot the branch of the arccotangent taking values in (0, ).
Forz e R,

(log ¢ )*(x) := sup{fz —log ¢a(0)} = ax + Larccot(—%) — Llog(1 + %z) —logsin(mw(2 — «)).
feR
(I11.20)

This function is strictly increasing and its (unique) root is negative if « # 3/2 and 0 if
a=3/2.

4.2 The volume of the map: the law of the Malthusian martingale
limit

Recall the definition of the modified Bessel function of the third kind K, (also called Mac-

donald function), see e.g. [EMOT53, Section 7.2.2]:

Kol = gy (2) = 1(2))
TWFA—v) 1 [ (2/2)"" (2/2)2tv
:fgﬂ Tn—v3 D TmtvsD)| (I11.21)

Recall that o € (1,2) \ {3/2} throughout the paper. Define for every 6 > 0,

2 _
%,9(56') — T SC(O‘ 1/2)/9[(&_1/2(2%1/0).

(= 1/2)
Then 140(0) = 1 for all @ and @, by (I11.21). Note that 1, g(z) = Vae(27/%) for every
0,0 > 0. Also recall the formula [EMOT53, 7.12.23]

1

o0 a2y —(a
Vap(x) = @Z)a,Q(:EQ/a) = 1_‘(()[_1/2)/0 e~ l/yy (at1/2) dy. (111.22)

In particular, 1, is the Laplace transform of the inverse-Gamma distribution with param-
eters @« — 1/2 and 1. The following theorem identifies the law of the Malthusian martingale
limit in terms of the function 1), g:

Theorem II1.12 (Distributions of the Mathusian martingales).

e a > 3/2 (dilute case): The martingale (W, (v, 2))n>0 s uniformly integrable and its
limit has Laplace transform x v ¥, 2((a — 3/2)x), i.e. it follows the inverse-Gamma
distribution with parameters a — 1/2 and oo — 3/2.
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e o< 3/2 (dense case): The martingale (W, (o, 2a — 1)),>0 is uniformly integrable and

its limit has Laplace transform x — wmga,l(ggg/gl_/ig )

Remark II1.13. The above martingale limit should be interpreted as the scaling limit (in
distribution) of the volume (i.e. the number of vertices) of the loop-decorated map. This
interpretation is supported by the following observations:

(i) If m is a random map and m® is its pointed version, then the expected volume of m is
the ratio between the partition function of m® and the partition function of m. Using
this one can show that the expected volume of (q, £) under Pg ,)m scales like p’ when
p — oo (see Theorem II1.B), whereas the expected volume of the gasket scales like
p®. Since 6, > «, this suggests that the volume of (q,£) and the volume inside the
outer-most loops of (g, £) have the same scaling limit. By induction, one can further

restrict to the volume inside the loops of n-th generation without changing the limit.

ii) According to the asymptotics of the expected volume started in the previous point,
g y
conditionally on Y™ (u), the volume inside the loop corresponding to u € U has an
expectation proportional to x® (u)% when p — co. So

Wn(a>9a) = Z Zoé(u)g‘1 ~ i Z X(P)(u)éa

O
w:|lul=n p u:|lu|=n
is approximately the (rescaled) expected volume inside the n-th-generation loops.

In the dense case, the Laplace transform v, 2,1 implicitly appeared in the physics liter-
ature in the same context as this paper [[KS92, Equation (2.5)] (we are grateful to Timothy
Budd for showing this to us, this helped us find the right law!). Note that Theorem II1.12
shows in particular that if o € (1,3/2), the function 1, 2,—1 is the Laplace transform of a
probability distribution, which is not obvious a priori and for which we do not have a direct
proof. In particular, we do not have an explicit expression of its density. Note however
that this probability distribution is related to the Laplace transform of the inverse-Gamma
distribution of parameter o — 1/2 by the subordination relation

Va,2(T) = Va20-1 (960‘71/2).

Remark IT1.14. In order to show uniform integrability of additive martingales, one usually
uses a famous result of Biggins, later improved by Lyons [Lyo97], which states that the
martingale W,,(a, 0) is uniformly integrable if

0(log o) (0) <logpa(0) and E[W:i(w,0)log, (Wi(a,d))] < oo,
where log, () = max(log(x),0). Otherwise, W, (c,8) converges almost surely to 0. Our
proof of uniform integrability bypasses this result.

The main part of the proof of Theorem II1.12 is the following Lemma III.15, which
identifies the function v, ¢ as the solution to a certain functional equation. Together with a
general result on multiplicative cascades (Proposition II1.16 below), this will readily imply
the theorem.

Lemma II1.15. For every o € (1,2), 8 > 0, the function ¢, g satisfies the equation

Vao(r) =F []O‘O[ Voo (2Z,())|, 2 >0, ¥(0)=1. (I11.23)
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Proof. Tt is enough to prove the formula for § = 1, by the relation ¥, ¢(x) = a1 (z'?),
x > 0. We therefore assume ¢ = 1 from now on and write ¢ := 1, 1.

We start by expressing the right-hand side of (I11.23) in terms of the jumps of an a-stable
Lévy process: Let ((;)i>0 be an a-stable Lévy process with no negative jumps started at 0,
more precisely we assume that its cumulant is given by

1ogE[e*A<l]:/°°( 1A —
0

(111.24)

Let 7 denote the hitting time of —1 of . Then (II1.23) reads,

U(x) = B l [T :BAQ], Co 1= (IE H>_1, (I11.25)

t<t T

where the product is over all jump times ¢ less than 7. By (II1.17) and Euler’s reflection

formula,
., — _Sin(ma) _ sin(rla — 1)) (I11.26)
T T

Now derive (I11.25) with respect to x, which gives by the product formula,

Iss@aow'wag) I d@aw)

t<t s<T, s#t

V' (2) = c, B

We the extension of Proposition II1.7 mentioned after its statement, we calculate this as
follows:

00 dy 14y
"(7) = cq ! 7E (xA . I11.27
o) = o [ o) B | T veA0) (1127

In order to calculate the expectation on the right-hand side of (II1.27), we use the fact
that the functional (TT,., ¥ (AA(;)) induces a change of measure of the Lévy process ¢, which
turns it into a non-conservative Lévy process, i.e. a Lévy process with killing. More precisely,
define the subprobability measure P , by

E,.[H] =E [Ht I wmcs)] ,

for every o(((s)o<s<t)-measurable bounded r.v. H;. It is a standard fact that under Py,
the process ( is again a Lévy process with cumulant . given by

Kypz(A) = /Ooo(e_’\yw(xy) — 14+ \y) ya1+1 dy. (T11.28)

It follows from the definition of k. that it is a continuous, strictly increasing function on
[0,00). We may thus define its inverse k), on [ky4(0),00) (note that ry.(0) < 0, so in
particular, r,,,(0) is well defined). The following is well-known:

E lH zp(mg)] = Ey 1] = e "0 ©, (T11.29)

t<T
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It turns out that /1;13:(0) = 2z, or, equivalently, ry ,(22) = 0, as can be easily checked by
elementary computations, using the formula (I11.22) (or by a computer algebra software).
Together with (I11.29), Equation (II1.27) then becomes,

1
"(x) = Ca/ e~ 22(14y),
Oy A
Changing variables y — y/z in the integral, this equation becomes,
o dy 1
/.T :Ca€—2xxa/ i
e VWi

Now recall that 1 (z) = Coa® V2K, 2(22) for some C,, > 0. Then by [EMOT53, 7.11(21)]
we have ¢/(r) = —2C,2* 12K, _3/5(2x). Using this identity, (I11.30) is equivalent to

e, (I11.30)

K, _3,2(2 o ] K, _3/2(2
2 3/2( x) . / o2 3/2( Y) dy,
0

VT Tty VY

or, equivalently,

ex/zKa—S/Q(x/Q) =c /OO ! e‘yey/QKa—ii/Z(y/Q)

N3 “Jo x4y VY
Recall ¢, = sin(m(a—1))/m = sin(r((a« —3/2) +1/2)) /7. Equation (I11.31) is then a special
case of a known formula for Whittaker functions, see e.g. [CPV'08, p335] or [OLBC10,
13.16.6]. This finishes the proof of (I11.23). O

dy. (I11.31)

The following proposition is a general result on multiplicative cascades, for which we
provide a proof for completeness. Although results of this flavor are omnipresent in the
literature and its proof idea, using multiplicative martingales, is by now standard, we could
not find a suitable reference in the literature working under our minimal assumptions.

Proposition II1.16. Let (Z,), be a multiplicative cascade with Zy = 1. Suppose that
E[>>°, Z;] = 1. Furthermore, suppose there exists a measurable function ¢ : Ry — [0, 1]
satisfying ¢(0) =1, 1 — ¢(x) ~ x as z — 0, and

Vo >0: ¢z [Hqﬁle

Then the martingale Wy, = 321, =, Zu is uniformly integrable and its limiting random variable
has Laplace transform ¢.

Proof. We first note that (W,,),>0 is a non-negative martingale and thus converges a.s. to
a limit W,. It is easy to show that this implies that max,—, Z, — 0 a.s., as n — oc.

Now introduce for every x > 0 the process M, (x) = [z, ¢(xZy), n > 0. It is well-
known and easy to show that for every x > 0, (M, (x)),>0 is a martingale, called a multi-
plicative martingale associated to the multiplicative cascade (Z,),. It takes values in [0, 1]
and therefore converges a.s. and in L' to a limit M., (x). Furthermore, since 1 — ¢(x) ~
as z — 0 by assumption and max),—, Z, — 0 a.s., as n — oo,

log Moo (x) = lim > logp(zZ,) = lim > (—22,) = —aWs.

[ul=n |u|=n
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This shows that for every x > 0,
¢(x) = Mo(x) = E[Mo ()] = B[],

Hence, ¢ is the Laplace transform of W,,. Moreover, since 1 — ¢(z) ~ = as x — 0, the
r.v. W4 has unit expectation. Scheffé’s lemma then gives that W,, converges in L' to W,
hence the martingale (W),),>¢ is uniformly integrable. O

Proof of Theorem I11.12. By Lemma II1.15 and Proposition I11.16, it suffices to show that
1—tp2(x) ~x/(@—3/2)asz — 0 (if a > 3/2), and 1 -1, 20-1(2) ~ (I'(3/2—a) /T (a+1/2))x
as x — 0 (if & < 3/2). But this is an easy consequence of (II1.21), noting that the second-
order term as z — 0 is the n = 1 term of the first sum if & > 3/2 (v > 1), whereas it is the
n = 0 term of the second sum if o < 3/2 (v < 1). O

4.3 [P-convergence of the additive martingales

The additive martingales introduced in Section 4.1 are important observables of the multi-
plicative cascade Z, and it is vital to know that they do not display pathological behavior.
This is ensured by the following proposition:

Proposition II1.17. Let p > 1 and 0 € (o, + 1) be such that log ¢, (pf) < plog pa(0).
Then the martingale (Wy,(a, 0)),>0 converges in LP.

The proposition will follow from classical results once the following lemma is established:

Lemma II1.18. Let 6 € (o, + 1). Then,
E[(Wi(e,0))’] < oo for everyp < (a+1)/6.

Proof of Proposition I11.17. Let p and 6 as in the statement of the proposition. A clas-
sical result by Biggins [Big92, Theorem 1] then gives the required convergence, provided
E [(Wi(a, 0))P] < co. But by the hypothesis on p and 6, we necessarily have pf < a + 1,
since ¢4 (A) = +o00 for A > o + 1. Lemma II1.18 then implies the result. O

Proof of Lemma I11.18. Throughout the proof, we denote by C' and C. arbitrary positive,
finite constants, whose values may change from line to line. They may depend on « and
the constant C, may furthermore depend on £ > 0 introduced later. Recall the definition
of the multiplicative cascade in terms of a spectrally positive a-stable Lévy process (. It is
well-known that 7, the hitting time of —1 by (, is a positive 1/a-stable random variable.
We collect some well-known estimates on its density, see e.g. [Z0l86, Chapter 2.5]:

P(r € dt) ~ Ct Vo7l t = oo (111.32)
P(r € dt) = exp(—(1 4+ o(1))t ™21, ¢t —0. (I11.33)

We now bound the tail of Wi(a,0). Let  — t,, R, — R, be an arbitrary function for
the moment, whose value we will choose later on. Then, for all x > 0,

1
P(W(a,6) > z) = CE lemmcs)ew}

1 1
= CE |:T125<T(A€S)9>x77.>t1:| + C]E |:7-125<T(ACS)9>$’TSt”C . (11134)
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By (II1.32), we bound the first summand on the right-hand side of (II1.34) for large = by

1 1 i
E |:T12$ST(ACS)9>I7T>tI:| S E |:7—1T>t1:| S C(tx> (1/ +1)' (11135)

As for the second summand, we use Holder’s inequality to get for every € > 0,

1—¢
1 1 1° .
E |:7—123ST(A<3)0>1'7TSt1:| S E |:7_1/€:| P (;(ACS) >xT, T S tx) . (11136)
By (I11.33),
1 3
E [Tl/] <C.. (IT1.37)

We continue with bounding the probability on the right-hand side in (II1.36). Since ( is
a-stable, there is a constant p € (0, 1), such that P(¢; < 0) = p for all s > 0. Applying this
with the Markov property at time 7, we get

plP (Z(Ags)‘) >z, 7 < tm>

s<T

=P (Z(A@e >, 7 <ty (, < —1)

s<ty
<P (Z (AG)" > 2, max(AG)" < 595) + P (max(AG)" > oz, G, < -1)),
s<tg = Stz

where ¢ is some small positive constant. Classical large-deviation estimates for sums of iid
heavy-tailed random variables [Nag79] yield that the first term on the right-hand side is for
large = smaller than any fixed polynomial in z as long as t, < 2°/%~¢ and ¢ is sufficiently
small. As for the second term on the right-hand side, denote by E a process defined as (,
except that all the jumps greater than (dz)'/? are suppressed. Then, by independence of
the large and small jumps,

P (rs@x(Ags)@ > 0z, G < —1) <P(=G, > (52)').

One easily checks that as z — oo, |E[(,]] ~ t,C(6z)~ @D/ = o(§z)"/?) as long as t, =
o(z*/%). Hence, the event in the above probability is a large deviation event. By the finiteness
of the moment generating function of —( for positive values of the argument, the Chernoff
bound easily implies that the probability P(—¢,, > (dz)"/?) decays streched exponentially
in x, as long as t, < xo/0—¢,

Summarizing the previous arguments, the probability

P (Z(Ags)e >z, 7 < tx>

s<T
decreases superpolynomially in x as long as t, < x*/9=¢. Together with (I11.34), (II1.35),
(I11.36) and (II1.37), we have for every ¢ > 0, for large z,
P(Wy(a, 0) > z) < C(t,)~ o+,

as long as t, < x Choosing t, to be equal to this bound, this gives for every ¢ > 0,
for large =, P(Wi(a,0) > x) < Coo~(+®)/%+ This readily implies the statement of the
lemma. O

a/f—¢e
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5 Convergence towards the continuous multiplicative
cascade

In this section we prove our main result Theorem III.1. We do it step by step in order to
emphasize the different requirements for the different types of convergence.

5.1 Finite dimensional convergence

Proposition IT1.19 (Finite dimensional convergence). With the notation of Theorem II1.1
we have the following convergence in distribution in the sense of finite-dimensional marginals

G NP) i uet) s (Zu(w):uel).

p—00

Proof. This is a more or less straightforward corollary of the convergence of the first gen-
eration (Proposition 111.4) together with the Markov property in the gasket decomposition.
Recall the notation of the introduction and in particular Y (@) = p, recall also that
(51-(“): i > 1)uey are independent random variables distributed according to v, and indexed
by U. Fix kg > 1. It follows from Proposition I11.4 that we have

< X(p)(i)

(u)
X(p)(@)>1§i§k0 p—00 (é )1§¢§kzo'

Now, it follows from the gasket decomposition that conditionally on the perimeters (x® (i) :
1 <i < ko) of the first generation of the loops, the loop-decorated quadrangulations filling

in the first ko holes (ranked in decreasing order of their perimeters) in the gasket are inde-

pendent and distributed according to IP’g h T(L)

(mdeed W) (k) — Z, (ko) in distribution and Z, (ko) > 0 almost surely) we can then apply
Proposmon [11.4 once more to these second generation quadrangulations to deduce that

X (i7) (d) (g(@))
X(p)(i) I<i<ke p—=oo \>) J1<j<kg’

and these convergences in law hold jointly for all i € @ U {1,2, ..., ko}. Iterating the above
argument we get that for any finite subtree t C U cont::unln%r the root and for any vertex
u,ui € t we have the joint convergences x®) (ui)/x® in distribution. This implies
the finite dimensional convergence. O]

. Since we have x(kg) — oo in probability

5.2 (> convergence generation by generation

In this subsection we strengthen Proposition I11.19 into a convergence in ¢* for any finite
number of generations. Indeed, the convergence of Proposition I11.19 does not prevent y®
from having x® (u) < p at some vertex u — oo (i.e. u leaves any fixed finite subset of /)
as p — oo. The following statement shows that this is impossible if the height of u stays
bounded. For any k& > 1 let U; be subtree of the first k£ generations in U.

Proposition I11.20. For any k > 1 we have the following convergence in distribution in
Uy for all > «

P NP) i ueth) —2s  (Za(u):ucly).

P—00
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As it will turn out, the last proposition is a consequence of the finite-dimensional con-
vergence (Proposition 111.19) together with a convergence in mean of the sum of powers in
the cascade. More precisely we will use:

Lemma II1.21. For any 0 € (o, + 1) and for any k > 1 we have

> (W)’ ) (Za<u>)1 = Ga(0)".

u€U:|ul=k u€U:|ul=k

E — E

p—o0

Proof. We prove the convergence by induction on k > 1. Using the notation of Section 2.2
and in particular (I11.8) as well as (II1.9) we have

1

. = B[1/L,)

> (X P (w)’

ul=F

1 X, +1\°
+> o).

EL.Z(}

P 1<i<T,

The inequality comes from the fact that some faces (of degree four) of the gasket are not
holes surrounded by a loop and the O(p™!) from the approximation L, ~ L, + 1 (Recall
that p < L, < Tp). By Fatou’s lemma the right-hand side in Lemma [I1.21 is less than
the liminf of the left-hand side. Therefore it suffices to prove that the right-hand side in
the last display converges towards ¢, (). This will be shown using Theorem II1.3 and the
approximation

1 & (Xi+1>0 o 18X 41
13s(0)— > ~ U9 =% : I11.38
35( )Lp i—1 p P Ty i p ( )

Indeed since T, > p, by Theorem III.3 we can write
X, + 1)9 P

1 5 (XZ-+1>9
Tp_lizl p p p"’Xl

Recall that p*P(X; > zp) — 7([z,00)) where m(dz) = Cz™* ! /I'(—a)lz=ey is the Lévy
measure of the a-stable Lévy process . As in the proof of Proposition II1.7, we can use
dominate convergence to get that

E[U©)] /1+ r(de) = ]E[lz(Ag)"].

t<t

Bl - & +0p) = |( |-a+06).

We have already seen in the proof of Theorem I11.4 that p*-E[u;5(0)/L,] — E[1/7]. Provided
that the approximation (II1.38) holds in expectation with an error of order o(p~®), we can
gather the pieces and indeed deduce the desired convergence for k = 1 by the calculation
done in Section 4.1.

To justify (I11.38), for our fixed 6 € (o, + 1), let 7,7" > 1 be such that v < a + 1 and

1,01
St = 1, then
T [ T
E|155(0) - L”U;@)] - E[U;”H <E||ms(0)7" 1] - 73"
p L p
Tp e )\ % . N .
<E||us(0)— —1 -E [(Up ) } (Holder’s inequality)

1
-E [U (79)} 7 (Jensen’s inequality)
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The large deviation bound (II1.12) and (II1.13) imply that E UMJS(O)Tp/LP - 1|7/} tends to 0

faster than p~®'/* as p — 0o. On the other hand, the above calculation shows that E[UIQG)]
is of order p~®. Hence the right-hand side of the last display is of order o(p~®/4=%/7).
By choosing v close enough to 1 this can be made smaller than p~®. This justifies our
approximation (II1.38).

Now assume that the convergence of the lemma takes place up to the k-th generation

and write

Gi(p) = E '

> (p7'x " ()

|u|=Fk

to simplify notation. Then there exists a constant C' = C(k, ) such that Gy (p) < C for all
p > 1, and for any ¢ > 0 there exists py such that for all p > py,

Gr(p) < ¢a(0)F +e.

Using the Markov property of the gasket decomposition at the first generation we get with
the above two inequalities, for all p > 1,

) ("(;“) Gk<x<p><z'>>]

B 0 ®(;)\°
> <X()> Lo oo}

i=1 p

Y

Gr(p) =E

< (%(9)’“ + e) E +CE

i (w; (z’))e i (Z.)@O}]

i=1
By the £ =1 case, the first term on the right-hand side is bounded using

i (X(p)@)e Lo wiiyzpe} i (9&’”(1‘))9} == %a(0).

i—1 p i—1 p

E <E

As for the second term, fix 0" € («, ) then for p > py we can write

> (x&;(z'))en {Xw(im}} < (’;)9_9@ 5 <X<p>(z'>>9/] .

E

i=1 P P p—00

by the k = 1 case proven above (with 6 replaced by ). Taking the limits p — oo and then
e — 0, we get the upper bound

limsup Gy11(p) < o),

p—o0

whereas the lower bound lim inf, o, Giy1(p) > ¢ ()" is trivial from the finite-dimensional

convergence together with Fatou’s lemma. O]

Proof of Proposition I11.20. Since the identity function ¢ : €%(Uy) — (¥ (Uy,) is continuous
for all 8 < @', it suffices to prove the convergence in distribution for all # close enough to a.
Fix 0 € (a,+ 1) and k > 1. Since E {Zueuk(Za(u))a} =14 ¢a(0) 4+ + ¢a(0)" < o0, for
any € > 0 there is a finite subset V' C U}, such that
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According to the convergence in Lemma II1.21, we have

<& (I11.39)

> (W)’

uEZ/Ik\V

limsup E

pP—00

Now if f: £(Uy) — R, is a bounded K-Lipschitz function we have

E[f(Za)]—E [f(Za1y)] ] < KE||7.- Zy

0

1/0
> (Za(u>)9]) < Ke,

uelUi\V

< K- (E
Holder

and similarly E[f(p~'x?)] =~ E[f(p~'xP1y)] up to an error of order ¢ as p — co. From
the finite-dimensional convergence (Proposition I11.19) we deduce that E { fp~! X(p)llv)} —

E[f(Z,1v)] as p — oo. Put all together this shows E [f(p’lx(p))] — E[f(Z)] asp — o0
and proves the desired convergence in distribution. O

5.3 (> convergence

As we already notice, Proposition I11.20 implies the convergence of p~'x?) — Z, in £°(U;,).
However, it does not yet yield the full convergence in ¢>° (i) and the missing estimate is of
the form: for any € > 0, there exists an integer k such that

lim sup P (Elu ceU\ U : XV (u) > 5p) <e. (I11.40)

p—00
In other words, the labels beyond generation k are uniformly small when £ is large. Notice
that if we had replaced p~'y® by the limiting cascade Z,, the estimate would be immediate:
by the remark after (I11.19), the process (Z,) almost surely belongs to /() for a certain
6 > 0. Our way to prove (II1.40) is similar as in the continuous case and we want to find a

supermartingale of the form
(Z f(x<p><u>))
k>0

|ul=F

where f is an increasing function. = The underlying quadrangulation model provides us
naturally one such supermartingale: for p > 1, let V(p) be the expected volume (i.e. number
of vertices) of a random loop-decorated quadrangulation of distribution IP’g’ ,)m Then the
gasket decomposition (Section 2.1) immediately shows that we have the strict inequality for
all p:

<V(p). (I1.41)

- [i;‘/ (x ()

In particular, (3),— V(x®(u)), k > 0) is indeed a supermartingale for the discrete cascade.

Timothy Budd recently proved the following asymptotics of V(p):

Theorem III.B ([Bud17]). Recall that 6, = max(2a—1,2). Then we have V(p) ~ Cp’

p—o0
for some C' > 0 which depends only on the parameters of the model.

With this estimate, one can proceed to the proof of Theorem III.1.
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Proof of the £>°(U) convergence. Recall that we assume n < 2, so that a # % and inf ¢, < 1.
Choose 6 such that ¢,(0) < 1. Then by Lemma II1.21, there exist finite constants C', py
and ¢ < 1 such that

E li <p1X<p>(¢)>6] < {C for all p = 1 (I11.42)

= c forall p>pg

This inequality indicates that the 8-moment decreases exponentially as long as the labels do
not drop below pg too often. To make this idea precise, for u € U let Ny(u) be the number
of ancestors of u which have a label smaller than py. The following lemma controls the size
of X (u) depending on whether Ny(u) is smaller or greater than a threshold m.

Lemma II1.22. (i) For all k > m > 0 we have

0
X(p) (u) "
> 5 (No(u)<m}

ueU:|ul=k

E < Mk, (I11.43)

(i) Consider the set of vertices Ly, = inf{u € U : Nyo(u) > m} where the infimum of a
subset U C U is defined by infU = {u € U : u has no ancestor in U}. Then there
exists ¢ < 1 such that for all p and m,

E| Y V(x"w)

’lLELm

<& Wi(p) (I11.44)

By Markov’s inequality, (I11.43) and (II1.44) imply respectively

m k+1
P (3u €U\l : No(u) <m and xP(u) 2 ep) < e 3 Cmd ™ = 89((61) f :
1>k -
and P(EIUEL{.NO(p)>mandX (u)zgp)gc s
V(ep)

Take the sum of the two inequalities and use the asymptotics of V' in Theorem II1.B to show
that

) ) 0 C mck-‘rl .
hmsup]P’(EIuEZ/{\Z/{k ; Xp(u)zgp) <e <c> + MeT0,

p—00 1—-c

The right-hand side tends to zero when k, m — oo under the constraint % > log_Ci% + €.

This proves the bound (II1.40) and the ¢*°(U) convergence in Theorem III.1 modulo Lemma
I11.22. O
Proof of Lemma I11.22. We prove the bound (II1.43) by induction on k. We write

) <X<p)(u) ) ’ ]1{N0(u)gm}]

ueU:|ul=k p

Mk,m (p) =K

to simplify notation. In the case k = 1 (and m € {0,1}) the only ancestor of the first
generation is the root and the estimate follows from (I11.42). If £ > 1 then we distinguish
according to:
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o If p > po, then for all i > 1 and u € U, we have Ny(iu) = Néi) (u), where Néi) is a copy
of the function Ny defined on the sub-tree rooted at the vertex i. It follows that

-2 (0] 5 ()

) (i
=E Z <X )> My m, (X(p)(i))] (Markov property of the cascade)

o 0
<CmFTm R [Z (p_lx(p) (z)) ] (induction hypothesis)

i=1
< Cmck+1—m

o If p < po, then we have Ny(iu) = Néi) (u) + 1 and hence for m > 1,

i (xoz (z’))e Myt (x (i))]

=1

00 0
< C«m—lck—(m—l) E [Z (p—lx(p) (Z)>

i=1

Mk+1,m<p) =K

< C«mck—i—l—m

For m = 0, we have Mj.1o(p) = 0 since p < py. This completes the induction.

Let us move to the second point of the lemma. To show (I11.44), first remark that (I11.41)
implies the existence of a constant ¢ < 1 such that

lZv( )] <eV(p) (I11.45)

for all p < py. To simplify notation, we will write V(U) = E {ZUGU V(X(p)(u))} for any
subset U C U.

For k > 1,1let L, = inf{u € U : No(u) >k} and L = {ui:u € Ly, i € N*} (Li is the
set of children of Ly). From the definition of Ny(.) it is not hard to see that ) (u) < p, for
all u € Lj. The random sets Ly, Li are so-called optional lines for the filtration generated
by the process x?) (see e.g. [BK04]) and we have

{@}:L0—<L3_jL1%LTjLQ%LJng%"'

where we used the partial order on the subsets of U defined by U < U if each vertex u € U
either is in U or has an ancestor in U. On the one hand, by general theory on optional lines,
if L < L are two optional lines then V(L) > V(L'). On the other hand, since ) (u) < py
for all u € Ly, we can use (I11.45) to deduce that

~ T (X(q) (i)) D
27y L P i

=1

SV (X(p)(u)) ‘K

uE Ly

Gathering the two inequalities we indeed deduce that L,y < &"V(Ly) = &V (p), as
desired. O
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A Relation with other nesting statistics

In this section, we outline the relation of our work to the recent work by Borot, Bouttier
and Duplantier [BBD16] about the number of loops surrounding a typical vertex in a O(n)-
decorated random planar map and to analogous quantities in conformal loop ensembles.

Number of loops surrounding a typical vertex in the O(n)-decorated quadrangu-
lation. We consider a random pointed quadrangulation of (large) perimeter p decorated
with an O(n) loop model, as defined in the introduction of the main text. Borot, Bouttier
and Duplantier [BBD16] have studied the large deviations of the number of loops surround-
ing the marked vertex, by methods from analytic combinatorics. With our notation, their
result reads as follows:

Theorem III.C ([BBDI16], Theorem 2.2). Let N denote the number of loops surrounding
the marked vertex. Then, for all x > 0, as p — 00,

1
log P(N = |21 =
oz og P( |zlogp]) — WJ(M),

2
where J(x) = xlog(

x
nyl+wx

In fact, the result in [BBD16] is more precise in that the authors actually give an asymp-
totic equivalent for P(N = |[zlogp]|). Also note that there is a mistake in the definition of
the function J in [BBD16] (the first = factor is missing).

We now sketch how we can heuristically recover this result from the continuous multi-
plicative cascade Z, of Theorem III.1. Let 6 > 0 be a small constant. We define L5 to be
the set of those vertices u in the Ulam tree for which Z,(u) < ¢ and Z,(v) > ¢ for every
ancestor v of u. (L4 is an optional line, see the proof of Lemma I11.22.) In the discrete set-
ting, these vertices correspond to loops in a O(n)-decorated quadrangulation of perimeter p
whose perimeter is smaller than dp, but the loops surrounding them have perimeter larger
than dp.

Similarly to the definition of the martingale W, («a, 6) in (II1.18) we now define

= >~ Za(u)’da(0)7",

uELs

) + arccot(z) — arccos(% ).

where as usual, |u| denotes the generation of a vertex u in the Ulam tree. One can then
show (for example with the methods from [BIK04]) that E[W?(a,8)] = 1 for every 6 €

(o, argming ¢, (0)) = (o, + 1/2).
As a consequence, we have for such 6,

Z Dol —ul

u€Ls

=E[W(a,0)] =E |} Zu( “] ~ §°E

ueL

Now, as said before, every u € Ls roughly corresponds to a loop in the O(n) model of
perimeter dp and |u| is then the number of loops surrounding it. Assuming we could take
0= % this suggests that

qua N = p? he (a,a+1/2), (I11.46)
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where the sum is on the vertices of the loop-decorated quadrangulation and N(v) is the
number of loops separating the vertex v from the outerface.

We now write (I11.46) in a different form in order to link it to Theorem III.C. First recall
from Section 4.2 (or Theorem II1.B) that the volume of the O(n)-decorated quandrangulation
scales as p%, where ) = min(2,2a — 1). Equation (I11.46) is then equivalent to

E[¢o(0) V] ~ pl=% he (o, 0 +1/2),

where N, as in Theorem II1.C, is now the number of loops surrounding the marked vertex in
a pointed O(n)-decorated quadrangulation. This allows to express the moment generating
function of N by

E[eM] ~ pfe®), (I11.47)

where ko (A\) = ¢ 1 (e7*) — 0y, with ¢ ! the inverse of the restriction of ¢, to (a, a+1/2) and
A < —log ming ¢, (). Now, (I11.4) gives sin(m(2 — a)) = n/2 and 6y — a = 7! arcsin(n/2),
so that we can express ko by
1 1
Ka(A) = (arcsin(gek) - arcsin(Z)) = (arccos(g) - arccos(ge’\)), A < log(2),
T T
(I11.48)
and k4(A) = 400 for A > log(2), by convexity.
Equation (I11.47) now suggests that for every x > 0, as p — oo,

logplogP(N = [zlogp]) — —rq(x),
where k) (z) = supyep{ A — Ka(z)} is the Legendre-Fenchel transform of the function k.
Using the explicit expression in (I11.48), a simple calculation shows:

. 1
ko(x) = =J(rx), x>0,

T

where J is the function from Theorem III.C. This establishes (again, heuristically) that
theorem.

Number of loops in a conformal loop ensemble surrounding a small Euclidean
ball. 'We now show how one can heuristically relate (I11.46) to a similar statement for the
number of loops in a conformal loop ensemble in the unit disk surrounding a small Eu-
clidean ball, thereby recovering (again heuristically) a result by Miller, Watson and Wilson
[MWW16]. The argument is similar to the one by Borot, Bouttier and Duplantier [BBD16],
but may be easier to understand since we avoid here the use of Legendre—Fenchel transforms.
Recall from the introduction that it is conjectured that in a O(n)-decorated quadrangulation
with boundary, the volume measure together with the loops converges in some sense to the
so-called Liouville quantum disk (with parameter v = \/k) together with an independent
CLE, in the disk, where £ is related to our parameter o by o — 3 = 4/k — 1 (see (IIL5)).
For simplicity, we restrict ourselves to the dilute case (o > 3/2, or 8/3 < x < 4). The result
from [MWW16] is the following: Let N, denote the number of CLE, loops surrounding a
fixed Euclidean ball of radius r < 1. Then [MWW16],

E[(0) "] = 77, (I1L.49)
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where
— 4 —3/2
(0 = cos(4m/K) _ cos(m(a — 3/2)) ‘ (I11.50)
cos(my/(1 — 4/K)2 —80/k)  cos(m/(ar — 3/2)2 — (20 — 1))
This function appeared already in [SSW09]. Note that we can express it as
4
b(0) = ba (1 == J(1—4/k)? — 89//1) , (111.51)
K

where ¢, is the Biggins transform of the multiplicative cascade Z,.

Here is an explanation for the relation (II1.51): Denote by pu, the Liouville quantum
gravity measure in the disk. We can then discretize the disk into blocks of p,-mass approx-
imately 62, for example by a dyadic decomposition as in [DS11]. Such a block is then the
analogue of a vertex of the O(n)-decorated quadrangulation of perimeter p, with 6 = 1/p
(recall that in the dilute phase, the volume scales like the perimeter squared).

For each ¢ > 0, denote by v 51/ the number of blocks of diameter approximately & e Tt
is implicit in [DS11] that

Vs guje R 0 Hamlem(1mm/a)?, (I11.52)

For each block b, denote by N (b) the number of CLE loops surrounding the block. Equations
(II1.49) and (II1.52) suggest that

E[Z %(9)_]\[@)] ~ Sgg Vg 61/2¢ X E[’(/}H(Q)_N(gl/c]
b c

= sup 5*2+%(c7(175/4))27% '

c>0

A simple calculation shows that

infz(c— (1—r/4))* - i =1- i + \/(1 —4/K)% — 80/,

c>0 cK

for # small enough. This gives

E[Y" e(6) N m 51 iV AA/R 80 (IIL53)
b

On the other hand, by (I11.46) we expect that

E[Y" 6a(0) N 2677, (IT1.54)

for 0 € (o, 4+ 1/2). Comparing (I11.53) and (II1.54) suggests that ¥, (6) = ¢4(6) if 6 and
f are related through

0= 1+i—\/(1—4//£)2—88/li.

This readily implies (III.51).
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This Chapter is adapted from [Chel7].

1 Introduction

In this chapter we investigate the critical Fortuin-Kasteleyn (cFK) random map model. For
each ¢ € [0,00] and integer n > 1, this model chooses a planar map of n edges with a
probability proportional to the partition function of critical ¢g-Potts model on that map.
Sheffield introduced the hamburger-cheeseburger bijection which maps the ¢cFK random
maps to a family of random words, and remarked that one can construct infinite cFK
random maps using this bijection. We make this idea precise by a detailed proof of the
local convergence. When ¢ = 1, this provides an alternative construction of the UIPQ. In
addition, we show that the limit is almost surely one-ended and recurrent for the simple
random walk for any ¢, and mutually singular in distribution for different values of q.
Firest let use recall some basic defintions.

Subgraph-rooted maps and their dual. Recall from Chapter I that all maps that
we consider are assumed to be planar. Self-loops and multiple edges are allowed in the
underlying graph. A map is a triangulation (resp. a quadrangulation) if all of its faces are

89



90 Chapter IV. Local limit of the critical-FK random map

of degree three (resp. four). The dual map m' of a planar map m is obtained by putting one
dual vertex in each face of m, and for each edge e of m, drawing one dual edge e’ that links
the two dual vertices in the two faces adjacent to e.

A rooted map is a map with a distinguished corner r. We call root edge the distinguished
oriented edge on the left of r, and root vertex (resp. root face) the vertex (resp. face) incident
to r. Rooting a map on a corner (instead of the more traditional choice of rooting on an
oriented edge) allows a canonical choice of the root for the dual map: the dual root is
obtained by exchanging the root face and the root vertex. A subgraph g of a planar map m
is a graph consisting of a subset of the edges of m and of all its vertices. Given a subgraph
g of a map m, the dual subgraph, denoted by g, is the subgraph of m' consisting of all the
edges that do not intersect g. Following the terminology in [Ber(7], we call subgraph-rooted
map a rooted planar map with a distinguished subgraph. Figure [V.1(a) gives an example
of a subgraph-rooted map with its dual.

Local limit. For subgraph-rooted maps, the local distance is defined by
dhoe((m, g), (W', g')) = inf {277 | R € N, Bp(m,g) = Br(m', ¢)} (IV.1)

where Br(m, g), the ball of radius R in (m, g), is the subgraph-rooted map consisting of all
vertices of m at graph distance at most R from the root vertex and the edges between them.
An edge of Bg(m,g) belongs to the distinguished subgraph of Bg(m, g) if and only if it is
in g. The space of all finite subgraph-rooted maps is not complete with respect to di,. and
we denote by M its Cauchy completion. We call infinite subgraph-rooted map the elements
of M which are not finite subgraph-rooted map. Note that with this definition all infinite
maps are locally finite, that is, every vertex is of finite degree.

The study of infinite random maps goes back to the works of Angel, Benjamini and
Schramm on the Uniform Infinite Planar Triangulation (UIPT) [BS01, AS03] obtained as
the local limit of uniform triangulations of size tending to infinity. Since then variants of this
theorem have been proved for different classes of maps [CD06, Kri06, Ménl0, CMM13, BS14].
A common point of the these infinite random lattices is that they are constructed from the
uniform distribution on some finite sets of planar maps. In this work, we consider a different
type of distribution.

cFK random map. For n > 1 we write M,, for the set of all subgraph-rooted maps
with n edges. Recall that in a dual subgraph-rooted maps, the distinguished subgraph g
and its dual subgraph g' do not intersect. Therefore we can draw a set of loops tracing the
boundary between them, as in Figure IV.1(b). Let £(m, g) be the number of loops separating
g and g'. For each ¢ > 0, let Q9 be the probability distribution on M,, defined by

QY (m, g) o g™ (IV.2)

By taking appropriate limits, we can define Q\9 for ¢ € {0, 00}. A critical Fortuin-Kasteleyn
(cFK) random map of size n and of parameter ¢ is a random variable of law Q@ (see
Equation (IV.5) below for the connection with the Fortuin-Kasteleyn random cluster model).
From the definition of the loop number ¢, it is easily seen that the law Q@ is self-dual (which
is why we call it critical):

QY (m, g) = QW (m,g") (IV.3)

Our main result is:
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(m,g) (mf, g") (g|a")
(a) (b)

Figure IV.1 — (a) A subgraph-rooted map and its dual. Edges of the distinguished subgraph
are drawn in solid line, and the other edges in dashed line. The root corner is indicated by an
arrow. (b) Loops separating the distinguished subgraph and its dual subgraph.

Theorem IV.1. For each q € [0,00], we have Q9 — QW in distribution with respect
to the metric dyoe. Moreover, if (m,g) has law Q\), then

o (m,g) = (mf,g") in distribution,

e the map m is almost surely one-ended and recurrent for the simple random walk,

e the laws of m for different values of q are mutually singular.

Background The FK percolation was first proposed under the name random cluster model
in the pioneering work of Fortuin and Kasteleyn [FK72] as a unified reformulation of the
percolation, the Ising/Potts model and the uniform spanning tree. The FK percolation
on deterministic lattices exhibits rich critical behaviors, namely they are believed (and
now partially proved) to give rise to a continuum of universality classes depending on the
value of ¢, see e.g. [Wu82, Gri06]. The famous KPZ formula [KPZ88, DS11] provides an
equation relating critical exponents of a statistical physics model on random lattices, and
their regular-lattice counterpart. This provides one motivation to study FK percolation on
random maps. Another motivation comes from the theory of Liouville quantum gravity, see
[Pol81, ADJ97].

So far two classes of methods have been developed to prove local convergence of fi-
nite random maps. The first one, initially used in [AS03] is based on precise asymptotic
enumeration formulas for certain classes of maps. Although enumeration results about (a
generalization of) ¢cFK decorated maps have been obtained using combinatorial techniques
[Kos89, EK95, BBMI11, GJSZJ12, BBG12¢, BBG12b, BBG12a], we are not going to follow
this approach here. Instead, we will first transform our finite map model through a bijection
into simpler objects. The archetype of such bijection is the famous Cori-Vauquelin-Schaeffer
bijection and its generalizations [Sch98, BDFGO04]. Then we take local limits of these simpler
objects and construct the limit of the maps directly from the latter. This technique has been
used e.g. in [CD0O6, CMNM13, BS14]. In this work the role of the Schaeffer bijection will be
played by Sheffield’s hamburger-cheeseburger bijection [Shel6b] which maps a ¢cFK random
map to a random word in a measure-preserving way. We will then construct the local limit
of ¢cFK random maps by showing that the random word converges locally to a limit, and
that the hamburger-cheeseburger bijection has an almost surely continuous extension for
that limit.
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The ¢FK random maps have also been the subject of the recent works [BLR17] and
[GMS15, GS17, GS15]. These works focused on finer properties of the infinite ¢cFK random
map such as exact scaling exponents or scaling limit of the model. In particular, the scaling
exponents associated with the length and the enclosed area of a loop in the infinite ¢cFK
random map were derived independently. The main purpose of the present paper is to prove
the local convergence of finite cFK maps to the infinite cFK map. We offer a detailed proof
and construct explicitly the infinite-volume version of the hamburger-cheeseburger bijection.
The one-endedness and recurrence of the infinite cFK random map are obtained as a by-
product of this bijection. The fact that the joint law of (m,g) is mutually singular for
different ¢ follows from the various scaling exponents computed in [BLR17] and [GMS15].
By replacing the law of (m,g) by its marginal in m, we improve slightly the result. Our
proof is based on an ergodicity result of the cFK random maps, which is of independent
interest (See Appendix A).

The rest of this chapter is organized as follows. In Section 2 we discuss the law of the
cFK random map in more details and examine three interesting special cases. In Section
3 we first define the random word model underlying the hamburger-cheeseburger bijection.
Then we show that the model has an explicit local limit, and we prove some properties of the
limit. In Section 4 we construct the hamburger-cheeseburger bijection and prove Theorem
[V.1 by translating the properties of the infinite random word in terms of the maps.

2 More on cFK random map

Let (m,g) be a subgraph-rooted map and denote by ¢(g) the number of connected compo-
nents in g. Recalling the definition of ¢(m, g) given in the introduction, it is not difficult to
see that £(m,g) = c(g) + c(g") — 1. However ¢(g') is nothing but the number of faces of g,
therefore by Euler’s relation we have

(m, g) = e(g) + 2¢(g) — v(m), (IV.4)

where e(g) is the number of edges g, and v(m) is the number of vertices in m. This gives the
following expression of the first marginal of Q(@): for rooted map m with n edges, we have

QY (m) oc g2 3 /g g (IV.5)

gCm

The sum on the right-hand side over all the subgraphs of m is precisely the partition function
of the Fortuin-Kasteleyn random cluster model or, equivalenty, of the Potts model on the
map m (The two partition functions are equal. See e.g. [Gri06, Section 1.4]. See also
[BBG12a, Section 2.1] for a review of their connection with loop models on planar lattices).
For this reason, the cFK random map is used as a model of quantum gravity theory in
which the geometry of the space interacts with the matter (spins in the Potts model). Note
that the “temperature” in the Potts model and the prefactor ¢~2*™ in (IV.5) are tuned to
ensure self-duality, which is crucial for our result to hold.

Three values of the parameter ¢ deserve special attention, since the cFK random map
has nice combinatorial interpretations in these cases.
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q=0: QO is the uniform measure on the elements of M,, which minimize the number
of loops . The minimum is /y;, = 1 and it is achieved if and only if the subgraph g is a
spanning tree of m. Therefore under Q(*), the map m is chosen with probability proportional
to the number of its spanning trees, and conditionally on m, g is a uniform spanning tree of
m.

At the limit, the marginal law of g under Q) will be that of a critical geometric Galton-
Walton tree conditioned to survive. This will be clear once we defined the hamburger-
cheeseburger bijection. In fact when ¢ = 0, the hamburger-cheeseburger bijection is reduced
to a bijection between tree-rooted maps and excursions of simple random walk on Z? intro-
duced earlier by Bernardi [Ber(7].

q=1: QW is the uniform measure on M,,. Since each planar map with n edges has 2"
subgraphs, m is a uniform planar map chosen among the maps with n edges. Thus in the
case ¢ = 1, Theorem IV.1 can be seen as a construction of the Uniform Infinite Planar Map
or of the Uniform Infinite Planar Quadrangulation via Tutte’s bijection. It is a curious fact
that with this approach, one has to first decorate a uniform planar map with a random
subgraph in order to show the local convergence of the map. As we will see later, the couple
(m, g) is encoded by the hamburger-cheeseburger bijection in an entangled way.

q = oo: Similarly to the case ¢ = 0, the probability Q(*) is the uniform measure on the
elements of M, which mazimize £. To see what are these elements, remark that each
connected component of g contains at least one vertex, therefore

c(g) < v(m) (IV.6)
And, at least one edge must be removed from m to create a new connected component, so
c(g) < ¢(m) +e(m) —e(g) =n+1—e(g) (IV.7)

Summing the two relations, we see that the maximal number of loops is fy.y = n + 1 and
it is achieved if and only if each connected component of g contains exactly one vertex
(i.e. all edges of g are self-loops) and that the complementary subgraph m \ g is a tree.
Figure IV.2(a) gives an example of such couple (m, g).

This model of loop-decorated tree is in bijection with bond percolation of parameter
1/2 on a uniform random plane tree with n edges, as we now explain. For a couple (m, g)
satisfying the above conditions, consider a self-loop e in g. This self-loop separates the rest
of the map m into two parts which share only the vertex of e. We divide this vertex in
two, and replace the self-loop e by an edge joining the two child vertices. The new edge is
always considered part of g. By repeating this operation for all self-loops in the subgraph
g in an arbitrary order, we transform the map m into a rooted plane tree, see Figure IV.2.
This gives a bijection from the support of Q(>) to the set of rooted plane tree of n edges
with a distinguished subgraph. The latter object converges locally to a critical geometric
Galton-Watson tree conditioned to survive, in which each edge belongs to the distinguished
subgraph with probability 1/2 independently from other edges. Using the inverse of the
bijection above (which is almost surely continuous at the limit), we can explicit the law
Q). In particular, it is easily seen that m is almost surely a one-ended tree plus finitely
many self-loops at each vertex. Therefore it is one-ended and recurrent.
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Figure IV.2 — (a) A subgraph-rooted map which mazximizes the number of
loops £. Colors are used only to illutrate the bijection. (b) The percolation
configuration on a rooted tree associated to this map by the bijection. The
divided vertices, as well as the replaced edges, are drawn in the same color
before and after the bijection.

3 Local limit of random words

In this section we define the random word model underlying the hamburger-cheeseburger
bijection, and establish its local limit.

We consider words on the alphabet © = {a, b, A,B,F}. Formally, a word w is a mapping
from an interval I of integers to ©. We write w € ©f and we call I the domain of w. Let
W be the space of all words, that is,

w=Je! (IV.8)

where I runs over all subintervals of Z. Note that a word can be finite, semi-infinite or bi-
infinite. We denote by @) the empty word. Given a word w of domain I and k € I, we denote
by wy, the letter of index k in w. More generally, if .J is an (integer or real) interval, we denote
by wy the restriction of the word w to I N.J. For example, if w = bAbaFABa € ©{%7} then
wig,6) = baFA € 012345} We endow W with the local distance

D1oe(w,w') = inf {2_R ‘ ReN, wi_gpr) = wLRR)} (IV.9)

Note that the equality w(-gr) = w{_g gy implies that I N [-R,R) = I' N [—R, R), where
I (resp. I') is the domain of the word w (resp. w’). It is easily seen that (W, Dioc) is a
compact metric space.

3.1 Reduction of words

Now we define the reduction operation on the words. For each word w, this operation
specifies a pairing between letters in the word called matching, and returns two shorter
words w* and w.

We follow the exposition given in [Shel6b]. The letters a,b, A, B, F are interpreted as,
respectively, a hamburger, a cheeseburger, a hamburger order, a cheeseburger order and a
flexible order. They obey the following order fulfillment relation: a hamburger order A can
only be fulfilled by a hamburger a, a cheeseburger order B by a cheeseburger b, while a
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flexible order F can be fulfilled either by a hamburger a or by a cheeseburger b. We write
A ={a,b} and A = {A,B,F} for the set of lowercase letters (burgers) and uppercase letters
(orders).

Finite case. A finite word w € © can be seen from left to right as a sequence of events
that happen in a restaurant with time indexed by I. Namely, at each time k£ € I, either
a burger is produced, or an order is placed. The restaurant puts all its burgers on a stack
S, and takes note of unfulfilled orders in a list L. Both S and L start as the empty string.
When a burger is produced, it is appended at the end of the stack. When an order arrives,
we check if it can be fulfilled by one of the burgers in the stack. If so, we take the last such
burger in the stack and fulfills the order. (That is, the stack is last-in-first-out.) Otherwise,
the order goes to the end of the list L. Figure V.3 illustrates this dynamics with an example.

(A

wE| a a B b A F B F a aaBbAFBF
S|l a aa aa aab ab a a a / /
L0 0 0 B B B B BB BB BB

Figure IV.3 — The reduction procedure of a word and the associated arch diagram

We encode the matching of w by a function ¢, : I — I U {—00,00}. If the burger
produced at time j is consumed by an order placed at time k, then the letters w; and wy
are said to be matched, and we set ¢, (j) = k and ¢,,(k) = j. On the other hand, if a letter
wy, corresponds to a unfulfilled order or a leftover burger, then it is unmatched, and we set
(k) = oo if it is a burger (wy, € ) and ¢y, (k) = —oo if it is an order (wy € A).

Moreover, let us denote by w” (resp. @w") the state of the list L (resp. the stack S) at
the end of the above order-fulfillment algorithm. Together they give the reduced form of
the word w.

Definition IV.2 (reduced word). The reduced word associated to a finite word w is the
concatenation w = w w". That is, it is the list of unmatched uppercase letters in w, followed

by the list of unmatched lowercase letters in w.

The matching and the reduced word can be represented as an arch diagram as follows.
For each letter w; in the word w, draw a vertex in the complex plane at position j. For each
pair of matched letters w; and wy, draw a semi-circular arch that links the corresponding
pair of vertices. This arch is drawn in the upper half plane if it is incident to an a-vertex,
and in the lower half plane if it is incident to a b-vertex. For an unmatched letter w;, we
draw an open arch from j tending to the left if ¢,,(7) = —o0, or to the right if ¢, (j) = oo.
See Figure 1V.3.

It should be clear from the definition of matching operation that the arches in this
diagram do not intersect each other. We shall come back to this diagram in Section 4 to
construct the hamburger-cheeseburger bijection.
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Infinite case. Remark that a hamburger produced at time j is consumed by a hamburger
order at time k£ > j if and only if 1) all the hamburgers produced during the interval
[7+ 1,k — 1] are consumed strictly before time k, and 2) all the hamburger or flexible orders
placed during [j + 1,k — 1] are fulfilled by a burger produced strictly after time j. In terms
of the reduced word, this means that two letters w; = a and wy, = A are matched if and only
if W) does not contain any a, A or F. This can be generalized to any pair of burger/order.

Proposition IV.3 ([Shel6b]). For j < k, assume that w; € X and wy € A can be matched.
Then they are matched in w if and only if Wi does not contain any letter that can be
matched to either w; or wy.

This shows that the matching rule is entirely determined by the reduction operator. More
importantly, we see that the matching rule is local, that is, whether ¢,,(j) = k or not only
depends on wy; ). From this we deduce that the reduction operator is compatible with string
concatenation, that is, wo = uv = o for any pair of finite words u, v.

This locality property allows us to define ¢,, for infinite words w. Then, we can also read
@ (resp. w") from ¢, as the (possibly infinite) sequence of unmatched lowercase (resp.
uppercase) letters. However @ is not defined in general, since the concatenation w"w* does

not always make sense.

Random word model and local limit. For each p € [0, 1], let 6®) be the probability
measure on © such that

9P (a) = 9 (b) = le 9®) (n) = 9¥)(B) = 1;19 o®) (F) =L
Here p should be interpreted as the proportion of flexible orders among all the orders.
Remark that, regardless of the value of p, the distribution is symmetric when exchanging a
with b and A with B. As we will see in Section 4, this corresponds to the self-duality of cFK
random maps.
Forn >1,let I, = {—k,...,2n — 1 — k}, and set

Wa= U {weoh

0<k<2n

w =0} (IV.10)

For p € [0,1], let P be the probability measure on W, proportional to the direct product
of ¥ that is, for all w € W,
PP (w) oc [T 0% (w;) (IV.11)
J

where the product is taken over the domain of w. In addition, let P®) = 9@ “” be the
product measure on bi-infinite words. Our proof of Theorem [V.1 relies mainly on the
following proposition, stated by Sheffield in an informal way in [ShelGb].

Proposition IV.4. For all p € [0,1], we have P®) — P®) in law for D1y asn — oc.

3.2 Proof of Proposition 1V.4

We follow the approach proposed by Sheffield in [Shel6b, Section 4.2]. Let W®) be a random
word of law P®)| so that W[g’f 7)1) is a word of length n with i.i.d. letters. By compactness of

o0 )
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(W, D), it suffices to show that for any ball By in this space, we have P®)(By,.) —
P®)(By..). Note that Di,. is an ultrametric and the ball Bioc(w,277) of radius 2~ around
w is the set of words which are identical to w when restricted to [—R, R). In the rest of the
proof, we fix an integer R > 1 and a word w € O R%  Recall that W) has law P®). In
the following we omit the parameter p from the superscripts to keep simple notations.

Recall that the space W, is made up of 2n copies of the set {w € ©*" |w = 0} differing
from each other by translation of the indices. Therefore IP,, can be seen as the conditional
law of Wi_k on—k) on the event {Wi_g2,—x) = 0}, where K is a uniform random variable
on {0,...,2n — 1} independent from W. Moreover, for the word W _k 2n—k) to have w as
its restriction to [— R, R), one must have R < K < 2n — R. Hence,

Py (Broc(w,27)) =P (R < K <20 — Rand Wi_pp) = w | W_r2n_r) = 0)

1 2n—R -
= % Z P (W[—R,R) =w ‘ W[—k,2n—k) = Q))
k=R
1 2n—2R
= % Z P (W[k,k—I—QR) ~w ’ W[()’Qn) = @)
k=0

1 2n—2R -
- [271 ];) 1{‘/V[k,lﬂ—z}z)ﬁw} | W[0,2n) = @‘|

where in the last two steps, we denote by u ~ v the fact that two words are equal up to an
overall translation of indices. On the other hand, set

R—-1
Tw = P(Broc(w,27%) = J[ 6(ws) (IV.12)

k=—R

By translation invariance of W we have

1 2Rk n—2R+1
E % ];) ]I{W[k,kngR)zw} = —2n T w (IV13)

In fact, up to boundary terms of the order O(R/n), the quantity inside the expectation is
the empirical measure of the Markov chain (W[k7k+2R))k20 taken at the state w. This is an
irreducible Markov chain on the finite state space ©*?. Sanov’s theorem (see e.g. [DZ10,
Theorem 3.1.2]) gives the following large deviation estimate. For any e > 0, there are
constants A., C. > 0 depending only on € and on the transition matrix of (W xy2r))k>o0,
such that

1 2n—2R .
P < o > ]l{W[k,HzR)zw} — Tw| > e) < Ae (IV.14)

n o
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for all n > 1. Since i QT;E;:ZR]I{W[k,knR)Nw} — T/ is bounded by 1, we have
1 2n—2R
Py (Broo(w,27%)) = | <E [ 5 L) - ]
| 2n—2R
(‘271 Z {Wikppom=w} €| Wio,2n) = Q))
1 ] 2n—2R
=t P (W[O’Qn) = (Z)) (‘271 ,;) {Wik pyomymw} — T > 6)
<e+ Ai_cen
TR

According to [Shel6h, Eq. (28)], *

lim — logIP’ (W[o,zn) = @) =0

n—oo n,

Therefore the second term converges to zero as n — oo. Since e can be taken arbitrarily
close to zero, this shows that P, (Bloc(w, Q*R)> — Ty aS N —> 00.

3.3 Some properties of the limiting random word

In this section we show two properties of the infinite random word W® which will be the
word-counterpart of Theorem IV.1. Both properties are true for general p € [0, 1]. However
we will only write proofs for p < 1, since the case p = 1 corresponds to cFK random maps
with parameter ¢ = oo, for which the local limit is explicit. (The proofs for p = 1 are
actually easier, but they require different arguments.)

Proposition IV.5 (Sheffield [ShelGb]). For all p € [0,1], almost surely,
(i) W® =0, that is, every letter in WP is matched.

—
(i) For all k € Z, W((f?)o,k) contains infinitely many a and infinitely many b.

Proof. The first assertion is proved as Proposition 2.2 in [Shel6b]. For the second assertion,
—
recall that W(p ) represents a left-infinite stack of burgers. Now assume for some k € Z,

N+1
it contains only N letters a with positive probability. Then, with probability ( ) and

independently of W((_) , all the N + 1 letters in W[,f kN] are A. This will leave the A at
position k+ N unmatched in W, which happens with zero probability according to the first
assertion. This gives a contradiction when p < 1. O]

1Tt has been shown in [GMS15] that P (W[O’gn) = (D) decays as a power of n, with the exact exponent as
a function of p. But we do not need this fact here.
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For each random word W), consider a random walk Z on Z? starting from the origin:

Zy = (0,0), and for all k € Z,

(1,0) WP =a
(=1,0) if Wk(p) is matched to an a
Zir1 = Zi = V.15
y 1 1s matched to a b
(0,—1) it WP | hed

By Proposition 1V.5, Z; is almost surely well-defined for all £ € Z. A lot of information
about the random word W can be read from Z. The main result of [ShelGb] shows that
under diffusive rescaling, Z converges to a Brownian motion in R? with a diffusivity matrix
that depends on p, demonstrating a phase transition at p = 1/2.

Let (X,Y) = Z. Then X represents the net hamburger count and Y the net cheeseburger
count. Set iy =sup{i < 0|X; = —1} and jo = inf {j > 0| X; = —1}. Let Ny be the number
of times that X visits the state 0 between time iy and j5. We shall see in Section 4.2 that Ny
is exactly the degree of root vertex in the infinite cFK-random map. Below we prove that
the distribution of Ny has an exponential tail, that is, there exists constants A and ¢ > 0
such that P(Ny > z) < Ae~ for all x > 0.

Figure IV.4 — The decomposition of N into intervals Sk, Tk].

Proposition IV.6. Ny has an exponential tail distribution for all p € [0, 1].

Proof. First let us consider N, the number of times that X visits the state 0 between time
0 and jo. Remark that at positive time, the process X is adapted to the natural filtration
(Fk)k>0, where Fy, is the o-algebra generated by Wi ). Define two sequences of F-stopping
times (Sy)m>0 and (T3,)m>0 by So = 0, and that for all m > 0,

T,, = inf {k > Sy | Xi # 0}
St = inf {k > Tp | X, = 0}

The sequence S (resp. T') marks the times that X arrives at (resp. departs from) the state
0. Therefore the total number of visits of the state 0 between time 0 and T,,, is 1" (7; — S;),
see Figure [V.4.

By construction, jg is the smallest 7}, such that X7 = —1. On the other hand, we have
Xr,,€ {—1,+1} for all m and

XTm =+1 < WTm =a
X, =—1 & Wp, =Aor Wy, is an F matched to an a

m
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Consider the stopping time
M =inf{m > 0|Wg, = A} (IV.16)

Then we have jo < Ty, and therefore

Ny < ST, (1V.17)

m=0

On the other hand, M is the smallest m such that, starting from time S,,,, an A comes before
an a. Therefore M is a geometric random variable of mean =2

Assume p < 1 so that M is almost surely finite. Fix an integer m > 0. By the strong
Markov property, conditionally to {M = m}, the sequence (T; — S;,i = 0...m — 1) is
i.i.d., and each term in the sequence has the same law as the first arrival time of a in the
sequence (Wy)g>o conditioned not to contain A. In other words, conditionally to {M = m},

(T; — Siyi = 0...m — 1) is an ii.d. sequence of geometric random variables of mean .

24
Similarly, conditionally to {M = m}, T;, — Sy, is a geometric random variable of mean ; +p
independent from the sequence (T; — S;,i = 0...m —1). Then, a direct computation shows

that the exponential moment E[e* ] is finite for some v > 0. And by Markov’s inequality,
the distribution of Nj has an exponential tail when p < 1.

Now we claim that conditionally to the value of Ny, the variable N;~ is uniform on
{1,..., No} which implies that Ny also has an exponential tail distribution. To see why the
conditional law is uniform, consider Ny and N for finite words defined in the same way as
for the infinite word W ). Note that for a finite word w the process X does not necessarily
hit —1 at negative (resp. positive) times. In this case we just replace iy (resp. jo) by the
infimum (resp. supremum) of the domain of w. Then, w s (Ngy, Ny) is a Dyo.-continuous
function defined on the union of U,,>WV,, and the support of Wég). Therefore for any integers
kE<m,

PP (No = m, Ni = k) —— PO (Ng = m, N = k) (IV.18)

But, given the sequence of letters in a word, the law P® chooses the letter of index 0
uniformly at random among all the letters. A simple counting shows that for all 1 <k, &' <m,
we have PP)(Ny = m, Ny = k) = P®)(Ny = m, N = k). Letting n — oo shows that the
conditional law of Ny~ given Nj is unlform under P®). O

4 The hamburger-cheeseburger bijection

4.1 Construction

In this section we present (a slight variant of) the hamburger-cheeseburger bijection of
Sheffield. We refer to [ShelGhb] for the proof of bijectivity and for historical notes.

We define the hamburger-cheeseburger bijection W on a subset of the space W, and it
takes values in the space M of doubly-rooted planar maps with a distinguished subgraph,
that is, planar maps with two distinguished corners and one distinguished subgraph. We
can write this space as

M ={(m,g,s)|(m,g) € M and s is a corner of m} (IV.19)
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Note that the second root s may be equal to or different from the root of m. We define in
the same way M,,, the doubly-rooted version of the space M,,. Its cardinal is 2n times that
of M,,.

We start by constructing U : W, = M, in three steps. The first step transforms a word
in W, into a decorated planar map called arch graph. The second and the third step apply
graph duality and local transformations to the arch graph to get a tree-rooted map, and then
a subgraph-rooted map in M,,.

Step 1: from words to arch graphs. Fix a word w € W,. Recall from Section 3 the
construction of the non-crossing arch diagram associated to w. In particular since w = 0,
there is no half-arch. We link neighboring vertices by unit segments [j — 1, j]| and link the
first vertex to the last vertex by an edge that wires around the whole picture on either side
of the real axis, without intersecting any other edges. This defines a planar map 2 of 2n
vertices and 2n edges. In 2 we distinguish edges coming from arches and the other edges.
The latter forms a simple loop passing through all the vertices.

We further decorate 21 with additional pieces of information. Recall that the word w
is indexed by an interval of the form I, = {—k,...,2n — 1 — k} where 0 < k < 2n. We
will mark the oriented edge r from the vertex 0 to the vertex —1, and the oriented edge s
from the first vertex (—k) to the last vertex (2n —1 — k). If k¥ = 0, then r and s coincide.
Furthermore, we mark each arch incident to an F-vertex by a star *. (See Figure IV.5) We
call the decorated planar map A the arch graph of w. One can check that it completely
determines the underlying word w.

Step 2: from arch graphs to tree-rooted maps. We now consider the dual map A
of the arch graph 2. Let q be the subgraph of A consisting of edges whose dual edge is
on the loop in . We denote by A\ q the set of remaining edges of A (that is, the edges
intersecting one of the arches).

Proposition IV.7. The map A is a triangulation, the map q is a quadrangulation with n
faces and A\ q consists of two trees. O]

We denote by t and t' the two trees in A\ q, with t corresponding to faces of the arch
graph in the upper half plane. Then q,tandt’ form a partition of edges in the triangulation
A. Note that t and t' give the (unique) bipartition of vertices of q. Let m be the planar
map associated to q by Tutte’s bijection, such that m has the same vertex set as t. (The
latter prescription allows us to bypass the root, and define Tutte’s bijection from unrooted
quadrangulations to unrooted maps.) We thus obtain a couple (m,t) in which m is a map
with n edges and t a spanning tree of m. Remark that ' is the dual spanning tree of t in
the dual map m'. This relates the duality of maps with the duality on words which consists
of exchanging a with b and A with B.

Figure IV.5(a) summarizes the mapping from words to tree-rooted maps (Step 1 and 2)
with an example. Note that we have omitted the two roots and the stars on the arch graph
in the above discussion. But since graph duality and Tutte’s bijection provide canonical
bijections between edges, the roots and stars can be simply transferred from the arches in 2
to the edges in m. With the roots and stars taken into account, it is clear that w — (m,t)
is a bijection from W, onto its image.
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Figure IV.5 — Construction of the hamburger-cheeseburger bijection. (a) From
word to tree-rooted map. (b) From tree-rooted map to subgraph-rooted map.

Step 3: from tree-rooted maps to subgraph-rooted maps. Now we “switch the
status” of every starred edge in m relative to the spanning tree t. That is, if a starred edge
is not in t, we add it to t; if it is already in t, we remove it from t. Let g be the resulting
subgraph. See Figure IV.5(b) for an example.

Recall that there are two marked corners r and s in the map m. By an abuse of notation,
from now on we denote by m the rooted map with root corner r. Then, the hamburger-
cheeseburger bijection is defined by W(w) = (m,g,s). Let ¥(w) = (m,g) be its projection
obtained by forgetting the second root corner. We denote by (#F)w the number of letters
F in w, and by ¢ the number of loops associated to the corresponding subgraph-rooted map

(m, g).

Theorem IV.8 (Sheffield [Shel6hb]). The mapping T W, — M, is a bijection such that
(=14 (#F)w for allw € W,. And Q@ is the image measure of PP) by U whenever

_WVa
C24./q

p
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Proof. The proof of this can be found in [ShelGb]. However we include a proof of the
VP
24vq

(#a)w + (#b)w = (#A)w + (#B)w + (#F)w = n. Therefore, when p = Y2

247
#Ha)w—+(#b)w _ #HA)w—+(#B)w w
[P’(p)(w)o(<1)( Jw-+(#b) (1 p>( Jw—+(#B) (p)(#F)

second fact to enlighten the relation p = For w € W,, since w = (), we have

" 4 4 2
1I\N" /1 — p n—(#F)w D (#F)w 2p (#F)w .1
a7 G A OV Cr) B
After normalization, this shows that Q@ is the image measure of P®) by . O

Proposition IV.9. We can extend the mapping ¥ to W — m so that it is P®)-almost surely
continuous with respect to Dioe and dyqe, for all p € [0, 1].

Proof. Observe that if we do not care about the location of the second root s, then the word
w used in the construction of ¥ does not have to be finite. Set

Woo:{we@z

w = and for all k € Z, Wy contains
infinitely many a and infinitely many b

(IV.20)

We claim that indeed, for each w € W, Step 1, 2 and 3 of the construction define a (locally
finite) infinite subgraph-rooted map: as in the case of finite words, the condition w = ()
ensures that the arch graph 2 of w is a well-defined infinite planar map (that is, all the
arches are closed). To see that its dual map A is a locally finite, infinite triangulation,
we only need to check that each face of 2 has finite degree. Observe that a letter a in w
appears in W(_o )" if and only if it is on the left of wy, and that its partner is on the right
of wy. This corresponds to an arch passing above the vertex k. Therefore, the remaining
condition in the definition of W,, says that there are infinitely many arches which pass
above and below each vertex of 2. This guarantees that 2l has no unbounded face. The rest
of the construction consists of local operations only. So the resulting subgraph-rooted map
(m,g) = ¥(w) is a locally finite subgraph-rooted map.

Also, by Proposition IV.5, we have P®)(W,,) = 1. It remains to see that (the extension)
of W is continuous on W' = U, W, U W. Let w™, w € W' so that w™ — w for Dyo. If
w is finite, there is nothing to prove. Otherwise, let (m, g) = ¥(w) and consider a ball B of
finite radius r around the root in the map m. By locality of the mapping A ~» m, the ball
B can be determined by a ball B’ of finite radius r’ (which may depend on m) in A. But
each triangle in A corresponds to a letter in the word, so there exists 7’ (which may depend
on m) such that if w[@a,,ﬂa,,} = wj_p »» then the balls of radius 7’ in A coincide. This proves
that ¥ is continuous on W,.. O

4.2 Proof of Theorem IV.1

Combining Proposition 1V.4, Theorem [V.8 and Proposition IV.9 yields the convergence
statement of the theorem. The self-duality of the infinite cFK random map follows from the
finite self-duality. It remains to show that the infinite cFK random maps are almost surely
one-ended and recurrent for all ¢, and that their laws are mutually singular for different
values of ¢.
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Figure IV.6 — An example of an infinite arch graph, and the associated process
(Xk)rez. We shifted the arch graph horizontally by 1/2 relative to the graph
of X, since the time k for the process X naturally corresponds to the interval
[k — 1, k] in the arch graph.

One-endedness. Recall that a graph g = (V| F) is said to be one-ended if for any finite
subset of vertices U, V' \ U has exactly one infinite connected component. We will prove
that for a word w € W.,, ¥(w) is one-ended. Let 2 (resp. A) be the arch graph (resp.
triangulation) associated to w, and let (m,g) = W(w). By the second condition in the
definition of Wy, (see (IV.20)), there exist arches that connect vertices on the left of w_g to
vertices on the right of wg for any finite number R. Therefore the arch graph 2l is one-ended.
It is then an easy exercise to deduce from this that the triangulation A and then the map
m are also one-ended.

Recurrence. To prove the recurrence of m we use the general criterion established by
Gurel-Gurevich and Nachmias [GGN13]. Notice first that under Q@ the random maps are
uniformly rooted, that is, conditionally on the map, the root vertex p is chosen with proba-
bility proportional to its degree. By [GGN13] it thus suffices to check that the distribution
of deg(p) has an exponential tail. For this we claim that the variable Ny studied in Lemma
IV.6 exactly corresponds to the degree of the root in an infinite cFK random map. From the
construction of the hamburger-cheeseburger bijection, we see that the vertices of the map
m corresponds to the faces of the arch graph in the upper half plane. In particular, the root
vertex p corresponds to the face above the interval [—1,0], and deg(p) is the number of unit
intervals on the real axis which are also on the boundary of this face. On the other hand,
X is the net number of arches that one enters to get from the face above [—1, 0] to the face
above [k — 1, k], see Figure IV.6. So Ny exactly counts the above number of intervals.

Mutual singularity. The basic idea is to construct a measurable function f on infinite
rooted planar maps such that f(m) is almost surely constant for each ¢ € [0, 00], and that
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f(m) = f(q) is an injective function of g. One such function can be defined as follows.
Consider the simple random walk on the map m. We regard it as a sequence of oriented
edges (Ek, k> O) such that Ej is the root edge (1 e. the edge on the left of the root corner),
and such that Ek+1 starts at the vertex where Ej ends. An oriented edge € is pending if the
starting point of € has degree 1. Let

1 n—1
f(m) nh_{go E kz: {Ek is pendmg}

From the ergodicity result in the appendix and Birkhoff’s ergodic theorem, it follows that
f(m) = Q(E, is pending) almost surely. Recall that Ej is the root edge of m. A moment of
look at Figure IV.5 shows that Ej is a pending edge in (m,g) = ®(w) if and only if w_1 = a
and wy € {A,F}. Therefore,

Q(Ey is pending) = P(w_, = a and wy € {A,F})

— 0(a)(6(8) + 6(F)) = 11219 116(1+ ﬂ)

We see that f(q) = f(m) is injective in g.

A Ergodicity of cFK random maps

Here we use the framework set up by Benjamini and Curien in [BC12] and we follow the
exposition in [Curl6, Section 3.1]. Consider the space j\—/l> of all locally finite rooted maps
endowed with a path €= (€,),>0 starting from the root edge. Let cfloc be the natural local
distance on M

hoce((m, &), (W', &")) = inf {277 | Br(m) = Bp(w') and & = &}, for 0 < k < R}

and consider the associated Borel g-algebra. If m is a rooted map, let @, be the law of the
simple random walk starting from the root edge of m. We denote by Q ® Q) the probability
measure

Q®Q(A /Qm dm)

on /ﬁ, where Ay = {(€,)n>0| (M, (€,)n>0) € A}. To simplify notation, we will write Qu(A)
instead of Qn(Ay) in the sequel.

If € is an oriented edge of m, we write m|z for the map obtained by re-rooting m at €.
Observe that if (m, (E,)ns0) is a random variable of law Q ® Q, then

m:m|E1

in distribution. (Remark that the left-hand-side is the same as m|z .) This is a consequence
of the fact that m is the local limit of a sequence of uniformly rooted finite maps. It follows
that the shift operator

7 (m, (€n)nz0) = (Me, (Eng1)n>0)

preserves the measure Q ® Q).



106 Chapter IV. Local limit of the critical-FK random map

Proposition IV.10. The shift operator T is ergodic for Q ® Q.

Proof. Let A be a 7-invariant event for Q ® Q, that is, Q ® Q(AAT1(A)) = 0, where A
denotes the symmetric difference: AAB = (A\ B)U(B\ A). We do the proof in three steps:

(a) Q-almost surely, Qn(A) € {0,1}.

Recall that the simple random walk on m is Q-almost surely recurrent. Therefore, it can be
decomposed into an i.i.d. sequence of excursions from the root edge. An event invariant by
7 is also invariant by the shift operator associated to this i.i.d. sequence. Thus (a) follows
from Kolmogorov’s zero-one law.

(b) Q-almost surely, the value of @Qn(A) is invariant under any re-rooting of the map m.

First let us fix a rooted map m. Let x be the vertex to which the root edge points. Denote
by d the degree of x, and pi, ..., pg the d oriented edges that point away from x. We deduce
from the Markov property of the simple random walk that

Qu(T7'A) = Qu{ (@)nzo | (M, (Ga1)nz0) € A}

d
= Z Qm{ (€n)n>0 ’ (mlz,, (€ng1)n>0) € A and €, = ﬁk}
k=1

=3 G0u{ @z | (Mg, o) € 4} = 53 Qu (4

From

/ Qn(A) = Qu(r7'4)| Q(dm) < Q® Q(AAT'A) =0

we deduce that Q-almost surely,

z_: le—k(A)

QU

Qm(A) =

But according to (a), Qu(A) and Qu, (A) (k =1,...,d) are either 0 or 1. Thus Q-almost
surely, Qu(A) = 1 if and only if for all k = 1,...,d, Qm|ﬁk(A) = 1. In other words, the value
of Qu(A) is unchanged when re-rooting at a neighbor of the root edge. But since the maps
are connected, we obtain (b) by iterating the above argument.

(c) If an event A on the space of (locally finite) rooted maps is Q-almost surely invariant
under re-rooting, then Q(A) € {0,1}.
Consider the measure-preserving mapping ® : w +— m, where (m,g) = ®(w) for some
subgraph g. Via this mapping, a translation of indices in a word w give rise to a re-rooting
of the corresponding map m. Therefore if an event A is Q-almost surely invariant under
re-rooting, then ®~4 is P-almost surely invariant under translation of the indices. But,
under P the letters of w are i.i.d. random variables, so we have Q(A) = P(®~1A) € {0,1}.

Finally, considering A = {m : Qn(A4) = 1} shows that Q ® Q(A) € {0,1}, as desired. O
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Remark. Only the step (c¢) of the proof uses specific features of the cFK random maps,
namely, their representation by an i.i.d. sequence of letters. For any infinite random map
whose law is stationary under 7, the proof of (a) and (b) goes through provided that the
random map is almost surely recurrent. (Note that the proof of (b) depends on (a).) The
case of almost surely transient random maps was treated in [Curl6, Proposition 10]. There,
(a) was proved under the following reversibility condition: if ‘¢ is the root edge of m, oriented
in the opposite direction, then
m = mfe

in distribution. And (b) was replaced by the following variant, which follows directly from
the transience of the map.

(b") Almost surely, @ (A) is unchanged by any finite modification of the map m.
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This Chapter is adapted from joint work with Joonas Turunen [CT17] (in progress).

1 Introduction

In this chapter we consider a Boltzmann random triangulation of polygon coupled to an
Ising model on its faces with a Dobrushin boundary condition having p spin + and ¢ spin -.
A critical point of this model has been identified in [BBM11]. In this work we concentrate on
the behavior of the model at this critical point. First we simplify the method of elimination
of the so-called catalytic variable used in [BBMI11] and compute the partition function of
the model for arbitrary (p,q). In particular, the perimeter exponent is shown to be 7/3
instead of the 5/2 for critical uniform triangulations. Then we use the peeling exploration

109
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to study the interface between the two boundary components. We found that in the limit
P, q — o0, this interface touches the boundary of the triangulation only finitely often almost
surely. Scaling limits of the perimeter process associated to the peeling exploration are also
obtained.

The critical Ising model is one of the simplest combinatorial structures that, when cou-
pled to a random planar map, have a non-trivial impact on the geometry of the latter.
The systematic study of the Ising model on random lattices was pioneered by Boulatov and
Kazakov back in the eighties [[Kaz86, BK8&7]. Using relations to the two-matrix model, they
computed the partition function of the Ising model on random triangulations and quad-
rangulations in the thermodynamic limit, identifying its phase transitions and computing
the associated critical exponents. This approach was later refined and generalized to deal
with Ising models on more general maps as well as the Potts model [EO05, EB99]. A more
mathematical derivation of the partition function on the discrete level was later given by
Bernardi, Bousquet-Mélou and Schaeffer in [BMS02, BBM11]. In these works, the partition
function is shown to be algebraic and admitting a rational parametrization. Our work com-
plements the ones in [BK&7, BBM11] by dealing with Ising-decorated triangulations with
a large boundary and a Dobrushin boundary condition. In addition, we use the peeling
process to derive the scaling limits of quantities which describes the interface geometry of
the Ising configuration.

Let us define our conventions and terminology before stating the main results.

Planar maps. We refer to [Micl4, Curl7] for self-contained introductions to random
planar maps. Here we consider planar maps in which loops and multiple edges are allowed.
A map is rooted when it has a distinguished corner. This corner determines a distinguished
vertex p, called the origin, and a distinguished face f,, called the external face. The other
faces are called internal faces. We denote by F(m) the set of internal faces of a map m.

In the following, all maps are assumed planar and rooted.

A map is a triangulation of the ¢-gon (¢ > 1) if the internal faces all have degree three,
and the contour of its external face is a simple closed path (i.e. it visits each vertex at most
once) of length ¢. The number 7 is called the perimeter of the triangulation, and an edge
(resp. vertex) adjacent to the external face is called a boundary edge (resp. boundary vertez).

color code:
Il =spin+
=spin -
fr te T s (t,o) € BT3.4
AP (0] =18 [Em(t o) =17

root corner

(a) (b)

Figure V.1 — (a) a triangulation t of the 7-gon with 18 internal faces. The boundary will
no longer be simple if one attaches to t the map inside the bubble to its left. (b) a bicolored
triangulation of the (3,4)-gon with 17 monochromatic edges (in dashed lines).
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Figure V.1(a) gives an example of a triangulation of the 7-gon. By convention, the edge
map — the map containing only one edge and no internal face — is a triangulation of the
2-gon.

Bicolored triangulations of the (p,q)-gon. We consider the Ising model with spins on
the internal faces of a triangulation of polygon. The triangulation together with an Ising
spin configuration on it is represented by a couple (t,0) where o € {+,-}7®. An edge
e of t is said to be monochromatic if the spins on both sides of e are the same. When
e is a boundary edge, this definition requires a boundary condition which specifies a spin
outside each boundary edge. By an abuse of notation, we consider the information about
the boundary condition to be contained in the coloring o, and denote by &,,(t, o) the set of
monochromatic edges in (t,0).

In this work, we concentrate on the Dobrushin boundary conditions which

assign a sequence of spins of the form +---+--..= to the boundary edges

in the counter-clockwise order starting from the origin.
Let p and ¢ be respectively the numbers of + and of - in this sequence. Then (t, o) is called
a bicolored triangulation of the (p,q)-gon. Figure V.1(b) gives an example in the case p = 3
and ¢ = 4. We denote by BT, , the set of all bicolored triangulation of the (p, ¢)-gon.

We enumerate the elements of B7,, by the generating function

aWit) = Y plEm (Lo)| 417 (0]
(t,0)EBTpq

where v > 0 is related to the coupling constant of the Ising model, and t is a parameter that
controls the volume of the triangulation. When ¢ = 0 and p is small, the above generating
function has already been computed by Bernardi and Bousquet-Mélou in [BBM11]. (More
precisely, they computed the generating function of a model that is dual to ours. See
Section 3.2 for more details.) Part of their result can be translated in our setting as follows.

Proposition V.A ([BBM11, Section 12.2]). For v > 1, the coefficient of t™ in z1 satisfies
{/{ T2 if v # .

t"|z10(vt) ~
[#"]z1.002) Ket"n™3 ifu =,

n—oo

where v, = 1 4+ 22/7 and t,. = %, and Kk, T are continuous functions of v such that

k(Ve) = ke and T(v.) = t.. In particular, z 0(v,7(v)) < oo for all v > 1.

This suggests that v, = 1+2+1/7 is the unique value of v at which the asymptotic behavior of
the Ising-decorated random triangulation escapes from the universality class of the Brownian
map (corresponding to v = 1). In this work we will concentrate on this critical value of
the parameter, and leave the general case to an upcoming work. In all that follows, we fix
(v,t) = (v, t.) and write 2z, = 2p (Ve te).

Theorem V.1 (Asymptotics of 2,4). The generating function Z(u,v) = 32, ;>0 2p,quPv? can
be computed explicitly and is algebraic. The asymptotics of its coefficients is given by

- ap —q. . —7/3
Zp,q g—00 F<_4/3)uc q
’ u Pp /3

U p 5o T(—1/3)
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20
generating function A(u) = 3,50 apu?, which has the following rational parametrization:

where u, = $(7+ V1)t and b = —Z ()23, and the sequence (a,),>0 is given by its the

1
- 1—H4>
S(1—H)

1 (3)7/3 3H? —8H +9

10\2/) (H?-3H +3)?

. _ 2
u=1a(H) := uc<1 - g(l — H)

A=A(H) =

where u = 0 and u = u,. correspond to H =0 and H = 1 respectively.

Remark. It might be surprising at first glance that the exponents in the asymptotics of 2, ,
and of a, are different. We will see that this difference 1 = 7/3 —4/3 sets the speed at which
the size of the main interface between the + and - clusters increases with the boundary
length. More precisely, Theorem V.2 suggests that when ¢ = oo and p is large, the interface
has a length of order p!, where the exponent 1 comes directly from the difference above. See
Section 5 for more discussion on this interpretation in terms of the interface length.

Boltzmann Ising-triangulation and peeling along the interface. Now let us state
the consequences of Theorem V.1 on the interface geometry of random Ising-decorated
triangulations. Thanks to the finiteness of 2, ,, we can define a probability measure on BT,
by
B, (t o) = —— o)l fdF O
“p,q

Under PP, ,, the law of the spin configuration o conditionally on t is given by the classical Ising
model on t. And when v = 1, the triangulation t follows the distribution of a Boltzmann
triangulation of the (p+ ¢)-gon as introduced in [AS03], with a weight 2¢, per internal face.
For these reasons we call P, , the law of a (critical) Boltzmann Ising-triangulation of the
(p, q)-gon.

We define an interface in a bicolored triangulation to be a non-self-intersecting (but not
necessarily simple) path formed by non-monochromatic edges. Assume that the boundary
of (t,0) is not monochromatic, then there are exactly two boundary vertices at the junction
of the + and - boundary components. One of them is the origin p. We call p' the other one.
We denote by Z the right-most interface from p to p', as shown in Figure V.2(a).!

We consider a peeling process that explores Z by revealing one triangle adjacent to Z at
each step. We will represent this process by a sequence of symbols (S,,),>1 taking values in
the set

S={c",c}uU{L;,L,,R,R; : £ > 0}.

Roughly speaking, the symbols C*,C™ indicate that the newly revealed face points towards
the interior of the unexplored region, while L;,L;,R;,R; indicate that the newly revealed
face comes back to the boundary of the unexplored region, swallowing a sub-triangulation
of perimeter k£ + 1. We refer to Figure V.3 for the geometric pictures corresponding to each
peeling event and to Section 2.2 for the detailed definition of the whole process (S,),>1
(including its termination time).

!The non-monochromatic edges in (t,o) form a subgraph of t which has even degree at every vertex
except for p and p'. Therefore p and p' must belong to the same connected component of this subgraph.
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*

P

A7 (right-most interface) : unexplored

h\‘ swallowed}
- revealed )
explored

p
(a)

Figure V.2 — (a) The right-most interface from p to p* in a bicolored triangulation. For
clarity, only the non-monochromatic edges connected to p are drawn. (b) An illustration of the
peeling process that explores the right-most interface L. Notice that one can read the perimeter
variation (X,,Y,,) from the local configuration: X, = E} — S} and Y,, = E, — S,.

We would like to understand the behavior of the peeling processes (S,,),>0 in the limit of
large perimeter. The regime where p and ¢ go to infinity at comparable speeds is probably
the most natural and interesting one. But currently we do not yet know how to extract
the asymptotics of z,, from its generating function in this regime. Instead, we will look
into the regime where ¢ goes to infinity before p. Let us call P,, the law of the peeling
process (S,)n>o under P, .. In Section 4.1 we will prove that this law converges weakly as
follows (Proposition V.5): P, > Poo.oo, Where P, o and Py o are probability

q—00” Pp,oc p—00
distributions. Geometrically, this is equivalent to the local convergence in distribution of
the explored region in Figure V.2(b), that is, the set of triangles which are either adjacent
to the interface Z, or swallowed by the set of triangles adjacent to Z. More details about
this geometric interpretation will be given in Section 5.

Scaling limits of the perimeter processes in infinite triangulations. We denote
by (P,, Q) the boundary condition of the unexplored region after n peeling steps, and by
(Xn, Y,) their variations, that is, X,, = P, — Py and Y,, = Q,, — Qo. Geometrically, X,, (resp.
Y,,) is the number of edges on the + side (resp. - side) of Z discovered by the peeling process
up to time n, minus the number of + boundary edges (resp. = boundary edges) “swallowed”
by the peeling process. See Figure V.2(b). Consequently, (X,,Y,) only depends on the
configuration of the triangles along the interface Z explored up to time n.

More precisely, it will be clear from the definition of the peeling process that (X,,Y,,) is a
deterministic function of the peeling events (Sy)1<x<n, with a functional relation independent
of the initial condition (p,q). This allows us to define the law of the process (X,, Y,)n>0
under Py, » even if P, = (), = oo almost surely in this case.

Theorem V.2 (Scaling limit of (X,,Y,)n>0). Under Po o, the process (Xn,Yn)n>o is a

random walk on Z* starting from (0,0). Its two components have the same positive drift:

Eoo 00| X1] = Eoo oo Y1] = 1 := %ﬁ‘ Moreover, the fluctuation of (X, Y, )n>o around its mean
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has the following limit in distribution with respect to the Skorokhod topology:

1
n3/4

(thJ — ,unt, YLntJ — unt) (Xu yt)

Y
>0 n—00 >0

where X and Y are two independent spectrally-negative %—stable processes of Lévy measure
ﬁ]l{xo}dx and ﬁl{y<o}dy, for some explicit constants c, > ¢, > 0.

An important point in Theorem V.2 is that u, the common drift of (X,,),>0 and (Y;,)n>0,
is strictly positive. This means that under P o, the peeling process discovers more and
more edges on both sides of the interface Z and comes back to the boundary only finitely
many times. This is in contrast with the behavior of the percolation interface on uniform
random maps of the half plane with the same boundary condition, which comes back to the
boundary infinitely often.

Notice that there is an asymmetry between the fluctuations of the processes (X, ),>0 and
(Y,)n>0. This is not surprising because they are defined by the peeling process that explores
the right-most interface. Nevertheless, this asymmetry is not related to the fact that we have
taken first the limit ¢ — oo and then the limit p — oo. In fact, with Theorem V.1 one can
check that taking the limit p — oo and then the limit ¢ — oo yields the same distribution
Pso.oo- We conjecture that this limit actually arises when p, ¢ — oo at any relative speed.

Conjecture. P, , — P~ weakly whenever p,q — oo.

Proving this conjecture would require one to control on the asymptotics of (zp4)pq>0 When
both p and ¢ vary, which we do not know how to do currently. What we could have done
here is to strengthen the convergence of the measure P,, on the peeling events (8,,),>1 to
the convergence of the underlying bicolored triangulation (t,0) with respect to the local
distance, namely, there exist probability measures on infinite bicolored triangulations, such
that P, , v P, o —— Po . weakly with respect to the local topology.

P—00
However, including the full proof of the local convergence would almost double the length

of this chapter. Instead we will only give a glimpse of it by showing an important interme-
diate result on the behavior of the perimeter process (P,),>o under P, o

Theorem V.3 (Scaling limit of (P,),>0). Under P, , the process (P,)n>o0 is a Markov
chain on Z>y which starts from p and is killed at zero almost surely in finite time. It has
the following limait in distribution with respect to the Skorokhod topology:

1
E(PLth)tzo —555 (Di)izo,

where (Dy)>o s the deterministic drift process (1 + pt)i>o that jumps to zero and gets killed
at a random time ¢ whose law is

P(¢>t) = (1+ ut)~ /3.

Geometrically, the large negative jump of (P,),>o correspond to the first time that the
peeling process hits a boundary vertex close to p', swallowing most of the + boundary edges
and all the + edges along the interface Z discovered thus far. Thus the theorem should be
interpreted as follows: for large p, the total length of the interface Z under P, ., is almost
surely finite and roughly (p. More discussion on the length of the interface is in Section 5.
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The rest of the chapter is organized as follows.

First we derive Tutte’s equation satisfied by the generating function Z(u,v) by consid-
ering a one-step peeling operation (Section 2.1). We iterate this operation to define the
peeling exploration of the right-most interface Z, and the associated perimeter processes
(Section 2.2). In our case, Tutte’s equation is an algebraic equation with two “catalytic”
variables. We exploit the particularities of the Ising model to eliminate one catalytic vari-
able by extracting coefficient (Section 3.1). Then we use the connection between our model
and a model studied in [BBMI11] to import their solutions of the partition functions z;
and z3 (Section 3.2). These solutions can also be obtained independently using a trick
whose idea originates from Tutte (Appendix A.1). Injecting the solution of 214 and z3,
into the equation with one catalytic variable, we can solve it and deduce an explicit ra-
tional parametrization of Z(u,v) (Section 3.3). From this parametrization we deduce the
asymptotics in Theorem V.1 using techniques presented in Appendix A.2.

Then we turn to the probabilistic part of this chapter and compute the distributional limit
of the peeling process as ¢ — oo and then p — oo (Section 4.1). Theorem V.2 follows from
standard invariance principles about heavy-tailed random walks and some computations
(Section 4.2). The proof of Theorem V.3 (Section 4.3) is much more involved and requires
a technical lemma (Lemma V.10), whose proof is postponed to Appendix A.3. We finish
with discussions about the geometric interpretations of our results (Section 5).

2 Tutte’s equation and peeling along the interface

Recall that we have fixed the critical parameters (v, t.) and defined Z(u,v) = 32, ;0 2p,quPv?
with zg0 = 1 and 2,4 = 2,4(ve, te) for p +¢ > 1. But many of the discussions below will
be valid for any v,t > 0 such that z,,(v,t) < co. In this case we will write (v,t) instead of
(Ve, te).

The primary goal of this section is to derive a recurrence relation for the double sequence
(Zp.q)pq>0, and then a functional equation — the so-called Tutte’s equation (a.k.a. loop
equation, or Schwinger-Dyson equation) — for its generating function. The basic idea,
which goes back to Tutte [Tut62b], is to consider the removal of one face on the boundary,

Rp
+ I/t(; ’1(5(170 a + t- (5 71(5(]70 @

Figure V.3 — A graphical representation of the derivation of Tutte’s equation.
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which relates one bicolored triangulation of polygon to other ones with fewer faces. We will
present a probabilistic derivation of Tutte’s equation. This is a bit more cumbersome than a
direct combinatorial derivation, but will shed light on the relation between Tutte’s equation
and the peeling process, which we define in the second half of this section.

2.1 Derivation of Tutte’s equation

Let p,q > 0 so that the bicolored triangulation (t,0) € BT,+1, has at least one boundary
edge with spin +. We remove the boundary edge e immediately on the right of the origin
(which has spin +), and reveals the internal face f adjacent to it. It is possible that f does
not exist if (p+1,¢) = (2,0) or (1,1). In this case t is the edge map and (t, o) has a weight
v or 1. When f does exist, let x € {+, -} be its spin and v be the vertex at the corner of f
not adjacent to e. There are three possibilities for the position of v.

Event C*: v is not on the boundary of t;
Event R;: v is at a distance k to the right of e on the boundary of t; (0 < k < p)
Event L;: v is at a distance k to the left of e on the boundary of t. (0 <k < q)

These events, as well as the discussion below, are illustrated in Figure V.3.

When the event C* occurs, the unexplored part of (t,0), denoted u, is again a bicolored
triangulation of polygon. If x = +, then u has the boundary condition +’*2-% and the
numbers of monochromatic edges and of internal faces in u are respectively |E,,(t,0)] — 1
and |F(t)| — 1. It follows that for all (ty, 00) € BTp12,,

YlEm(t0,00)] 417 (10)]

1 Zp+2
Pyi1(C” and u = (tg,p) = — IS Comlt1 s _ g Frida
Zptl,q Zptl,g Zp+2,q

In other words, P, ,(C*) = vt Zp” ¢ and conditionally on C*, the law of uis P15 ,. Similarly
when * = -, we have P,y ,(C” ) = t Z” 2 and conditionally on C7, the law of w is P, 4.
When the event R;, occurs for some O < k < p, the vertex v is on the part of boundary
of (t,0) with + spin, and the unexplored part is made of two bicolored triangulations of
polygons joint together at the vertex v. We denote by u the right one and by u” the left
one. Then 1’ has the boundary condition +¥*! and u” the boundary condition +P+1=*-4,

Again one can relate the numbers of monochromatic edges and of internal faces in v’ U u”
to En(t, 0) and F(t). It then follows that for all (t',0") € BTr110 and (t7,0") € BT, 41—k,

Pyt q(RZ u = (t,0') and " = (¢’ 0'/)> _ L e I FORFW)
; ) Y 9

Zp+lq
S0 2ty RS IFON JEn( o] )

= vt

Zp+lg Zk+1,0 Zp+l-kyq

In other words, P11 4(R}) = vt Z’““;i% and conditionally on R}, the maps 1’ and u” are
P q

independent and follow respectively the laws Py110 and Ppiq_p 4.
Similarly, one can work out the probabilities that the events Ry (0 < k < p) or Li
(0 < k < gq) occur:

“k,1 Zp—k,q+1 Rp+1,g—k ?1,k Zp,g—k+1 20,k+1

PerLq(LZ) =uvi Pp+1,q(L;) =t

Pp+1,q(Rk) =1
Zp+1,q Zp+1,q Zp+lg
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In each case, the unexplored part consists of two bicolored triangulations of polygons which
are conditionally independent and follow the law of Boltzmann Ising-triangulations of appro-
priate Dobrushin boundary condition (See Figure V.3). Tutte’s equation simply expresses
the fact that the probabilities of the events C*,C™,L;, Ly, Ry, R, under P, , sum to 1:

p q
+ + + + 4

1 = ]P)erl,q(C ) + Z ]Perl,q(Rk) + Z ]PerLq(Lk) - PpH,q(Lq) + 2 Oép,l 5q,0
kIO k:() )

} 4 . q } } 1
+ IP)p+17q(c ) + Z ]P)p+1,q(Rk) + Z ]P)IH-LC](Lk) - Pp"rl,‘I(Lq) + Z(SIZO 5(1,1 :
k‘IO kZO bl

In each line on the right hand side of this equation, the last term corresponds to the case
where t is the edge map, which does not belong to any of the events. The negative term
is needed to compensate for the fact that R and L} actually represent the same event.
Multiplying both sides by 2,11 4 yields the following recurrence relation, valid for all p, g > 0.

pt+l,q = Vt(zzﬂr?,q + Z Zp14+1,0 Zpat+1,g T Z Zl,q1 Ap+l,g2 — “p+1,0 Zl,q) + v0p1 040

p1+p2=p q1+492=q
+ t(zp7q+2 + Z 20,q14+1 Zp,ga+1 T Z Zp1,1 Zpa,q+1 — Zp,1 207q+1) +0p,0 04,1 5
q1+q2=q p1+p2=p

where p1, ps, g1, g2 are summed over non-negative values. Summing the last display over
p,q > 0, we get Tutte’s equation satisfied by Z(u,v). By exchanging v and v we obtain
another functional equation of Z. The two equations can be written compactly as the
following linear system.

[AUZ] _ [y 1] t(Aiz + (AuZo(u) + Zl(v))AuZ — AuZo(u)Zl(v)> +u V)

AZ| T 1w t<Agz + (A Zo(v) + Z1(w)) AL Z ~ AUZO(U)Zl(u)> +v

where we write Z = Z(u,v) and Zy(u) = [v¥]Z(u,v) for short, and A, f(z) = f(x);f(o)
denotes the discrete derivative with respect to the variable z € {u,v}. Geometrically, the
second equation describes the removal of a boundary edge with spin - next to the origin.
This linear system will be the starting point of the asymptotic analysis of the double sequence
(2p.q)pg>0 i Section 3. But let us first turn our attention to the geometric implications of
the above derivation of Tutte’s equation and define the peeling process mentioned in the

introduction.

2.2 Peeling exploration of the right-most interface

The peeling process along the right-most interface Z is defined by iterating the face-revealing
operation used in the derivation of Tutte’s equation. Formally, a peeling process is a de-
creasing sequence (u,),>o of sub-triangulations of (t, o) delimited by closed simple paths.
Each term u, is called the unexplored map at time n. Since it is delimited by a simple path,
it is itself a bicolored triangulation of polygon. By convention, we include the edge map as a
possible unexplored map. In the literature, the peeling process is often defined as a sequence
of explored maps, that is, the complement of the unexplored maps. For our purposes the
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two definitions are equivalent because for a given bicolored map (t, ), an unexplored map
and its complement contain the same information.

We have already seen in Figure V.3 how revealing an internal face on the boundary splits
(t,0) into one or two unexplored regions delimited by closed simple paths. Thus the only
missing ingredient for us to iterate this operation is a rule that, in the cases where two
unexplored regions appear (i.e. when the peeling event is LE or RE), chooses one of them
to be the next unexplored map. At first glance, the natural choice would be to keep the
unexplored region containing p', the end point of the interface Z. However, this choice does
not fit well with the limit ¢ — oo, p — oo that we would like to take. Instead, we will keep
the unexplored region with greater number of - boundary edges (in case of a tie, choose the
region on the right).

We apply this selection rule inductively to construct the peeling process. We start with
up = (t,0). Let p, be the vertex at the junction between the + and - boundary components
of u, (po = p), then u, ; is obtained by revealing the internal face of u,, adjacent to the
boundary edge of spin + next to p, and, if necessary, choose one of the two unexplored
regions according to the rule in the previous paragraph. This defines the peeling process
(Un)n>0 up to the first time 7 that u, has no more + boundary edge or becomes the edge
map. By induction, u,, has a non-monochromatic Dobrushin boundary condition for all n <
To. As mentioned in the introduction, (P,,@,) denotes the boundary condition of u,, and
(Xn, Yn) = (P, — Py, Qn — Qo). Let S, be the peeling event that occurred when constructing
u,, from u,,_, taking values in the set of symbols S = {C*,C"} U{L;,L;,R;,R; : k£ > 0}. The
above quantities are all deterministic functions of the bicolored triangulation (t, o). We view
them as random variables defined on the sample space Q@ = U, ,B7,,. According to the
discussion in the derivation of Tutte’s equation, under the probability P, , and conditionally
on (P,,Q,), the unexplored map u, is a Boltzmann Ising-triangulation of the (P,, @, )-gon.
We call this the spatial Markov property of P, ,. In particular, the conditional law of S, 1
is determined by (P,,Q,) in the same way as the law of S; is determined by (p,q), as
summarized in Table V.1.

On the other hand, the peeling event S,,;; determines the increment (P, 1 — Py, Qni1 —
@) in the same way as S; determines (Xi,Y)). By induction, the value of (X,,Y,) is
fixed by the sequence of peeling events (Sy)i1<k<n. Combining this with the spatial Markov
property, we see that (P,, Qn)n>0 is a Markov chain under (P,,), >0 (killed at T;). The
transition probabilities of this Markov chain can be deduced from Table V.1.

3 Solution of Tutte’s equation

Inverting the matrix on the right hand side of (V.1), we obtain the following system of
equations:
(V= 1) (wALZ — A Z) = u+t(A2Z + (DuZo(u) + Z1(0)) AuZ — AuZo(u) Z1(v)) (V.2)
(V= D) WAZ = AZ) = v+ t(A2Z + (D Zo(0) + Z1(u)) AuZ — Ay Zo(0) Z1(w)) (V.3)
Remark that both equations are affine in Z. Solving the first one gives the following expres-
sion of Z as a rational function of the univariate series Zy and Zi:
w(Zo(v) — Zo(u)) + (V2 — Dv(u? — tZy(u) Z1(v))
v —u— (V2 — 1)tv(Z°T(u) + Zl(v)>

Z(u,v) = Zy(v) + (V.4)
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s | Ppi1g(81=15) (X1.Y1) ||s | Pprig(S1=5) (X1, Y1)
C |, o2 (1,0) ||c |4 2er? (—1,2)
“p+lg Zptlg
L vt PERERE (0 gy |1 [ (g p ) |0k <)
Zp+1,q “p+1q
R! y,t, L0 Zpkilg (—k,0) || B p Bl katl (—k—1,1) [(0<k<p)
“ptlg Zp+l,g
V4 Z21.0— zZ 20.g—
R;;-‘rk VctcM (=p, —k) || Ry th (—p—1,-k+1)|(0<k< g)
“p+1,q “p+1q

Table V.1 — Law of the first peeling event S; under PP, , and the corresponding (X, Y?).

3.1 Elimination of the first catalytic variable

It turns out one can obtain a closed functional equation for Zy(u) by coefficient extraction.
More precisely, by extracting the coefficients of v and v! in (V.2) and (V.3), seen as formal
power series in v, we get four algebraic equations between Z;(u) (i = 0,1,2,3) and u, with
coeflicients in C[v|[[t]]:

(V= 1) (wAZy — Z1) =t (A Zy + (AZ)*) +u (V.5)
(V= 1) (wAZy = Z5) =t (N 2y + AZoAZy + A7) (V.6)
(= 1) (2 — AZo) =t (Zy + Z3) (V.7)
(V=1 — AZy) = t(Zs + 2120+ 21 2a) + 1 (V.8)

where we write AZ; = A, Z;(u) and z; = 2,9 = 2o, for short. Notice that only (V.8) contains
the unknown Zs, so it can be discarded without loss. On the other hand, the three remaining
equations are linear in (Z1, Z). Thus we can easily eliminate these two unknowns to obtain
a polynomial equation on Zy(u) of the form: (See [CAS] for details of the elimination)

P(Zo(u), u, 21, 21150, t) = 0 (V.9)

This is not yet a closed functional equation for Zy(u) because it involves the series z; ; which
is a priori not related to Zy(u). (It comes from the term A2Z;(u) = W in (V.6).)
To relate them, we can view the above equation as a formal power series in u, and extract
its coefficients. The first two non-zero coefficients yield two equations relating relating 2 ;
to z; (i = 1,2,3) and which are linear in (21, 22). Solving them gives

vz

za= 02— 1)(2t2) —tz—1)— (3v —2)2] + o+ 1)t

(V.10)

Plugging this into P = 0 yields a closed functional equation (with one catalytic variable)
satisfied by Zy(u). This equation can be written as

Zo(u) = 14+ vu? + t R(Zo(u),u, 21, 23; v, t) (V.11)
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where the rational function R = R(y, u, 21, z3; v, t) is given by (See [CAS])

3 2 o 2
R— (12— 1)2t2<(y _) (z) _n (z) ity g s z3> (V.12)

t
- 1)t<21/(y _ 1 (Z)Q —w+ Dl 43— 1)z§)

+v(v+1)(y — 1)% —v(? = DuRy — 1) +v(v —3)z + (V¥ — 1)%P.

Notice that R(Zy(u),u, 21, z3; ,t) is a formal power series of ¢ with coefficients in C(v, u).
Therefore (V.11) determines Zy(u) order by order as a formal power series in t. According
to the general theory on polynomial equations with one catalytic variable [BM.J06, Theorem
3], the generating function Zy(u) is algebraic.? The same holds for Z;(u) and Z(u,v), since
according to (V.5) and (V.4), they are rational functions of Zy(u) and of its coefficients.

3.2 Connection with previous work and solution for z;

In principle, we could apply the general strategy developed in [BM.J06] to eliminate the cat-
alytic variable u from (V.11) and obtain an explicit algebraic equation relating z; (resp. z3)
and t. However, in practice this gives an equation of exceedingly high degree. Instead,
we need to exploit specific features of (V.11) to eliminate u while keeping the degree low.
We will explain how this can be done in Appendix A.1. Here we forego the procedure of
eliminating the catalytic variable u and jump directly to the solution of z;(v,t) (i = 1,2,3)
by importing the corresponding results from [BBM11].

In [BBM11], the quantity 2Q);(2, v, t) is the generating series of vertex-bicolored triangu-
lations with a general (i.e. not necessarily simple) boundary of length ¢ and free boundary
condition. The parameter ¢ counts the number of edges, and v the number of monochro-
matic edges. To avoid confusion, we replace the symbols v and ¢ of [BBMI11] by v* and ¢*
in the following.

Let Z;(v,t) be the generating series of face-bicolored triangulations with a general bound-
ary of length ¢ and monochromatic boundary condition. By using the Kramers-Wannier du-
ality between the low-temperature expansion and high-temperature expansion of the Ising
partition function (see e.g. [BDCI16, Section 1.2]), one can show that if (v*,t*) and (v, 1)
satisfy

=1 —-1)=2 and 2(t°)? = (v — 1)°#?
then for all ¢ > 1,
(t)'Qi(2, V%, t*) = (v — 1)t Zi(v, t). (V.13)

On the other hand, Z;(v,t) is nothing but the version of z;(v,t) where we remove the con-
straint of simple boundary. Let Zo(u) = Zo(v,t;u) = 1+ Y45, Z(v, t)u’. By decomposing
a general boundary triangulation into its “simple boundary core” and general boundary

2To apply literally [BMJ06, Theorem 3] to (V.11), we must be able to write R as a polynomial function
of the discrete derivatives A?Zy(u) (i > 0) and the parameters u, ¢, which is not obvious here. However, it
is clear that the coefficients 21, 22, 23 can be written as polynomials of u and A?Zy(u) (i > 0). So we can
multiply both sides of (V.11) by u?, and view it as a functional equation for the unknown Zo(u) = u3Zy(u).
Then u?R is clearly a polynomial function of u,t and A'Zy(u) = A™*3Zy(u) (i > 0). Therefore [BMJO6,
Theorem 3] applies.
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triangulations attached to the core, we see that Zo(u) = Zy(uZo(u)). Extracting the first
coefficients of u, we get

v

21 =2 29 = Zp+ 22 and 23 = 33 — 3215 + 223 (V.14)

Using (V.13) and (V.14), we can easily translate the results in [BBMI11, Thm. 23] to get
the following rational parametrizations of z;(v,t) (i = 1,3):
(v=95)(S+v—-2)
32(12 — 1)352
5. _ W=9)P(S+v—2) 2 2
t°z = 6102 —1)i52 (35° —vS* —vS+ v —2v),
o, _ w=95PS+v-2) 10 9 2 8 V.15
P2 = Sma T (16057 —1285° — 16(2* — 4v + 3)S (V.15)
+ 32(20% — v +3)S7 — T(16v* — 32v + 27)S° — 2(320° — 64v + 57)S°
+ (32v* — 1280° + 18302 — 110w + 20)S* — 4(7v? — 14v — 2)S*

+ v(v —2)(9” — 18y — 20)8” + 1402 (v — 2)2S — 3 (v — 2)* ).

t* = (453 — 5% — 28 + 1 — ),

These rational parametrizations will be checked in Appendix A.1. The singularity analysis
of these series can also be imported from [BBM11, Claim 24], which gives Proposition V.A.
One can also give a proof to this theorem using the tools provided in Appendix A.2.

3.3 Singularity analysis at the critical temperature

To get Zy(v,t;u), the generating function for Ising triangulations with a monochromatic
boundary of arbitrary length, we plug the rational parametrization (V.15) into Equation
(V.11). This gives us an equation of the form £(Zy,u; v, S) = 0 where £ is a polynomial of
four variables. Under the change of variables @ = tu and § = £ Zy(u), we obtain an equation
of degree 5 in its main variables @ and ¢ (but of degree 21 overall, see [CAS]).

It is well known that a complex algebraic curve has a rational parametrization if and only
if it has genus zero [SWPDOg]. Both the genus of the curve and its rational parametrization,
when exists, can be computed algorithmically, and these functions are implemented in the
ALGCURVES package of MAPLE. It turns out that the genus of the curve £(Zy,u) = 0 is
zero, thus a rational parametrization exists. However, the equation is too complicated for
MAPLE to compute a rational parametrization in its full generality in reasonable time. The
computation simplifies considerably in the critical case (v, t) = (v, t.), where t. corresponds
to S. = 3 in (V.15). In this case, we found the following parametrization of Zy(u) and the
corresponding parametrization of Z;(u) deduced from (V.6).

w=a(H) = ?H(IO —12H + 6H? — H3)
. 1
Zy=Zy(H) := 10(1— (1—f7)H+3H2—H3) <10— 12H+6H2—H3> (V.16)
. 3 3(4 —3H + H?)
7y =7,(H) = 714+ H -
1= Zi(H) 10uc<\/_ * 10—12H+6H2—H3)

where v = 0 is parametrized by H = 0 and u. = g(? + V7 )t, as mentioned in The-
orem V.1. By making the substitution (u, Zo(u), Zi(u)) + ((H),Zy(H), Z,(H)) and
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(v, Zo(v), Z1(v))  ((K), Zo(K), Z1(K)) in (V.4), one obtains a rational parametrization
of Z(u,v) of the form

w=10(H), v=0(K) and Z=Z(HK) (V.17)

where Z (H, K) is the quotient of two symmetric polynomials of degree 10 and 4 respectively.
Its expression is given in [CAS].

Next, we would like to apply the standard transfer theorem of analytic combinatorics
[F'509, Corollary VI.1] to extract asymptotics of the coefficients of Z(u, v). The idea is to use
the rational parametrization to write that Z(u,v) = Z (4~ (u), 4 *(v)) in some neighborhood
of the origin, and to extend this relation to the dominant singularity for one of the variables.
The main difficulty here is, given a rational parametrization of v — Z(u,v), to localize
rigorously its dominant singularity (or singularities), and to show that it has an analytic
continuation on a A-domain at this singularity. We will present a method that solves this
problem in a generic setting in Appendix A.2. For the sake of continuity of exposition,
we first summarize the properties of Z(u,v) and A(u) obtained with this method in the
following lemma, and leave its proof to Appendix A.2.

For x > 0, let D, (resp. D,) be the open (resp. closed) disk of radius x centered at 0.
For x,¢ > 0, the slit disk at x of margin € is defined as D! = D, \[z,z + ¢]. Notice that a
slit disk at x contains a A-domain at x.

Lemma V.4. (i) 3, 50 2pquPv? is absolutely convergent if and only if (u,v) € (Dy,)?.

(ii) There is a neighborhood V of H = 0 such that 4|y is a conformal bijection onto a slit
disk at u. and 4(H) — u. as H tends to 1 in V.

(iii) For eachu € D, the function v — Z(u,v) has its dominant singularity at u. and has
an analytic continuation on a slit disk at u. (whose margin depends on ).

(iv) Similarly, the function A(u) defined by the rational parametrization in Theorem V.1
has its dominant singularity at u. and has an analytic continuation on a slit disk at
Ue.

Now let us carry out the singularity analysis of Z(u,v) and finish the proof of Theo-
rem V.l. By Lemma V.4(ii), the asymptotic expansion of v — Z(u,v) at its dominant
singularity u. is determined by the behavior of its parametrization in a neighborhood of
K = 1. One can check that the first and second derivatives of K — Z (H, K) both vanish at
K = 1. Therefore the function has the Taylor expansion

3 7 4 7
2(H K) = Z<H,1)—aKZ(H’l)a—K)MaKZQ(f’U

On the other hand, we can rewrite the equation v = (K ) as (1—-K)3 = %(1—1%) —1(1-K)*.
In particular, we have 1—K ~ (2)1/3(1—)!/3 as K — 1. Plug this into the Taylor expansion

c

of K — Z(H, K), we obtain the following asymptotic expansion of v — Z(u,v) at v = u,:

(1-K)*+0((1-K)").

Z(u,v) = Z(u,ue) — 0pZ(u, ue)(ue — v) + A(u) (1 — U>4/3 + O((l — U>5/3> ,

Ue Ue

where A(u) is given by the rational parametrization v = 4(H) and

A= A(H) — (3)4/3<a%<2(H,1)+a§<Z(H,1)> :1<3>7/3 9—8H+3H22' (V.18

2 24 12 10\2/) (3—3H + H?)
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Thanks to Lemma V.4(iii), the transfer theorem [FS09, Corollary VI.1] applies to v —
Z(u,v), which implies that for all u € D,,_,

A(u)

Za(w) = °12(w.0) 5 507

u g3 (V.19)

It follows that
Zqg(u) A(u)

Zg(ue) g’ Alue)

This can be interpreted as the pointwise convergence of the generating functions of the

discrete probability distribution ( b4 ) to the generating function of the sequence
Zg(uc) ) p>0
ap

(m) o According to the general continuity theorem [FS09, Theorem IX.1], this im-
e)/p>

plies the convergence of the sequences term by term:

Zp,q . Oy

Zq(“C) 40 A(UC).

for all p > 0. (In fact [F'S09, Theorem IX.1] also assumes the limit sequence to be a proba-
bility distribution a priori, but a careful reading of the proof shows that this assumption is
not necessary.) Compare the last display with (V.19), we obtain the asymptotics of (2,4)4>0
stated in Theorem V.1.

This asymptotics implies in particular that a, > 0 for all p > 0. This positivity property
is in fact used in the proof of Lemma V.4(iv) in Appendix A.2. But there is no viscous circle
in the proof since we have used only the assertions (i)-(iii) of Lemma V.4 to deduce the
asymptotics of (z,,),>0- Now we repeat the same steps to find the asymptotics of (ay,)p>o-

Contrary to K — Z(H, K), the first derivative of H — A(H) does not vanish at H = 1.
This leads to an exponent 1/3 instead of 4/3 for the leading order singularity of A(u) at wu.:

A(u) = Alue) + b(l = 50)1/3 + O((l - “)2/3>

Ue

where b = —(3)1/34'(1) = —27(3)%/3. We apply the transfer theorem again to obtain the

asymptotics of (ap),>0. This completes the proof of Theorem V.1.

4 Limits of the peeling processes

Let us recall that the peeling process of a bicolored triangulation (t,0) is a decreasing
sequence of unexplored maps (u,),>0. This sequence is uniquely determined by the bound-
ary condition of uy and a sequence of peeling events (S,),>1, where S, takes value in the
countable set S. We denote by P, , the law of (S,),>1 when (t,0) is a Boltzmann Ising-
triangulation of the (p, ¢)-gon.

As stated in the introduction, P, , converges weakly to probability distributions when
g — oo and then p — oco. In this section we first construct the limit distributions P, .,
P and establish their basic properties. Then we move on to prove the scaling limits of
the perimeter processes stated in Theorem V.2 and V.3. For convenience, we will denote
by L£,,X (resp. L£,00X and LX) a random variable with the same law as the random
variable X under P, , (reps. under P, o, and Pu ).
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4.1 Construction of P, ., and Py

Proposition V.5 (Convergence of the sequence of peeling events). We have the following
weak convergence with respect to the product topology: P, P Ppoo —— Poo.oo, where

p—00
P, and P o are probability measures on the sequences of peeling events (Sy,)n>1-

Since the first n terms of the process (S,),>1 live in a countable space, the weak con-
vergence of P, , boils down to the convergence of the probability mass of each point. In the
proof below we will compute explicitly the limit of each of these masses, and verify that the
resulting distribution is normalized.

Lemma V.6 (Convergence of the first peeling event). Assume p > 1. The limits

P, (81 =s):= lim P, ,(S; = s) and Poooo(S1 =s) := lim P, (S = s)

q—o0 p—0o0

exist for all s € S, and we have Y. P, (81 =8) = Y Poooo(S1 =58) = 1.
seS seS

Proof. The existence of the limits can be easily checked using the expression of P, ,(S; = s)
in Table V.1 and the asymptotics of z, , provided by Theorem V.1. The explicit expressions
of these limits are summarized in Table V.2.

It is clear that Y csPpoo(S1 =) =1 for all p > 1 if and only if

Yo apt? = Y Y ap1Ppi1 oSt = s)uP

p>0 p>0seS
S Perl,oo(Sl = S) (Xh 1/’1> S Pp+1,oo(sl = S) (Xh le) (a)
1
¢ |, 2 (1,0) ¢ |t — (-1,2)
Ap+1 Apy1 Ug
LY | vetozy gl 0,—k) |Lp |tezopi —2ub=1 | (=1,~k+1) | (k>0)
(p+1
_ 1
RZ Vctczk—i—l,O fp=hil (_ka O) R; tczk,l To=h - (_k - 17 1) (O <k< p)
Ap+1 (p+1 Uc
+ ar i - Ao k-1
Rpsk | VeleZprie —te | (=P, —k) | Rppy | tezppsr —ue | (=p— L=k +1)| (k> 0)
Apt1 Ap+1
S Poo,oo(Sl = S) (Xla Yl) S Poo,oo(sl - S) (Xla }/1) (b)
| Vete _ |t
C 1,0 c|— -1,2
L 1o ol 1.2
Ly Uctcu’(szk (0, —k) || Lp | teu” 20041 (-=1,—k+1)| (k>0
R |veteulzi10 | (—k,0) || Ry | teubzy, (—k—1,1) |(k>0)

Table V.2 — Law of the first peeling event S; under P, ., Px o and the corresponding
(Xh}/l)’
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as formal power series in u. With a straightforward (but tedious) calculation using the data
in Table V.2(a), one can show that the above condition is equivalent to

AyA(u) = Vctc<ZO(u)AiA(u) + 71 (1) AuA(1) + a1 Ay Z (1, uc)> (V.20)

+ 52 <Zo(uc)z4(u) T u () Aw) + a0 (2w, u0) — Zolue) — uZ (uc)))

C

where A, is the discrete derivative operator defined below (V.1). Recall that when v — u,,
we have Z(u,v) = Z(u, uc) + 8,2 (u, u)(v — ue) + A(u)(1 = £)¥3+ 0 ((1 — u%)5/3). Then
one can write down the expansion at v = u, of the first equation in (V.1), and verify that
the coefficient of the dominant singular term (1 — u%)‘l/ 3 gives exactly (V.20). This proves
that > gcsPpoo(S1 =s) =1 for all p > 1.

Similarly, using the data in Table V.2(b) one can show that > csPoo.oo(S1 = s) = 1 if and
only if (v. + 1)t. (M + Zl(uc)) = 1. This equation can be obtained as the coefficient of

Uc

(1—2)"3 in the expansion of (V.20) at u = u,. This completes the proof of the lemma. [J

Proof of Proposition V.5. Usually, to have the convergence P, , — P, o, with respect to the
product topology, we need to define

Ppoo(S1 =81, ,5, =8,) = qllrgoPpyq(Sl =81, ,8, =8,) (V.21)
forallm > 1 and all sq,--- ,s, €S. However here the processes may be terminated in finite

time T}, so to in addition to the above limit, we must also have

P,(S1 =81, ,Sn =8m, Ly =m) = qlggo P, (S1=s1,---,8m =8m,To=m) (V.22)
for all m < n. (Alternatively, one can consider the process (S,,),>0 to jump to some cemetery
state after Tp. Then (V.21) and (V.22) together give the joint distribution of the n first
terms of the process (S,)n>0-)

Now let us verify that this defines a probability distribution. As we have seen at the
end of Section 2.2, the peeling events (si)1<k<, completely determines the perimeter varia-
tions (2, Yk )1<k<n, independently of the initial condition (p,¢q). So according to the spatial
Markov property, (V.21) is equivalent to

PP,OO(SI =81, ,5, = S”) - qlgglo PM(SI = Sl)Pp+th+y1(Sl = 32) o 'Pp+zn71,q+yn71(sl = Sn)

= Pp70<><sl =s1)" Pp+x1,00(sl =83) - 'Pp+xn_1,0<>(sl =s,)

The right hand side of (V.22) is almost identical, except that the last factor in the above
product must be replaced by Pty | 00(S1 = Spm) - im0 Ppia,, gy (To = 0). By definition,
we have Ty = 0 in an unexplored triangulation u of the (p, ¢)-gon either when p = 0 (the
unexplored triangulation has no + boundary edge) or when p+ ¢ = 0 and that u is the edge
map. When ¢ — oo, the second case never occur. This leaves us with

Pp,oo(sl = S1," 7Sm = SmaTO = m)

= Ppoo(S1=81) " Ppiay00(S1 = 82) - Ppiay_1,00(81 = Sm)0ptay, 0
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Then Lemma V.6 implies that the distribution P, o, on the process (S,,),>1 defined by (V.21)
and (V.22) is normalized. In particular, Ty = inf {n > 1: P, = 0} almost surely under P, .
Similarly, we take the limit p — oo in the above equations, and define P o, by

Poo,oo(sl = 81, " 7Sn - Sn) = Poo,oo<Sl = Sl) e 'Poo,oo<sl = sn)-
Observe that in this limit d,,,, o vanishes, so Ty = oo almost surely under Py . O
The above construction of P, o, and Py, » implies immediately the following corollary.

Corollary V.7 (Markov property of P, o, and Py, ). UnderP, «, conditionally on (Sk)1<k<n
and provided that n < Tp, the shifted sequence (Spik)k>0 has the law Pyyx, . Moreover,
(Po)n>0 is a Markov chain and Ty = inf{n > 1: P, = 0} almost surely.

Under Peo oo and conditionally on (Sg)i1<k<n, the shifted sequence (S,1x)k>0 has the law Pog oo
Moreover, (Xy, Yn)n>o0 s a random walk and Ty = oo almost surely.

From the construction of P, o it is not obvious whether T is finite almost surely. The
following lemma answer this question positively by giving an upper bound for the tail of the
distribution of Ty. It will be used as a technical ingredient in Appendix A.3.

Lemma V.8 (Tail of the law of Ty under P, ). There exists v > 0 such that P, (1o >
Cp) < C77 forallp>1 and C > 0. In particular, Ty is finite Py, o -almost surely.

Proof. From Table V.2(a), we read P, (81 = R, ;) = i—iao% for all p > 1. By Theo-
rem V.1, the right hand side decays like p~! when p — oo. Hence there exists ¢ > 0 such
that c

Ppoo(To =1) = Ppoo(S1 =R, ) = »
for all p > 1. On the other hand, P, increases at most by 2 at each step, therefore P,, < p+2n
for all n > 0 almost surely under P, . It follows that for all n > 0,

C
Pp,oo(TO >n+ 1) = Ep,oo [PPn,oo(TO 7é 1)]1{To>n}:| < (1 - D+ 2n)PP,OO<T0 > n) :

By induction, we have P, .(Ty > n) < [I}Z) (1 - Jf%) for all n > 0. Use the inequality

log(l —x) < —x for 0 < x < 1 and bound sum by its Riemann integral, we get

Cp—1 c
Ppoo(To > Cp) < exp (— > ) < exp (—/O Cdx) — (1420)% O

o Pt 2k 1422

4.2 The random walk L (X, Y)n>0

The distribution of the first step Lo (X1, Y1) of this random walk can be readily read from
Table V.2(b). From there it is not hard to compute explicitly its drift and tails, and deduce
Theorem V.2 by standard invariance principles.

Proof of Theorem V.2. First, notice that the law of £ «(X1+Y7) has a particularly simple
expression given by
Poo,oo(Xl + Yi = 1)

(81 € {c*,c}) = (ve + Dtou.?

= POO’
- Poo,oo<sl 6 {L;7 LL7 Rza Ré}) = (VC + 1>tcul§(2k+170 + Zkﬂ) N
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It follows that

o0

Em7w[X1 + Yi] = (VC + 1)tc( — (]{I — 1)11,];712]670 — Z ku’jzm)
k=0 k=0

Zo(te)

= (vc+1>tc( . !

—%wa—%zm»:=%ﬁ (V.23)

C

where the derivatives are computed using the chain rule Z{(u.) = ié((ll)) and (V.16). Similarly,

we deduce from Table V.2(b) and (V.16) the following expression and value of Ey «[X1].

ZO (UC)

Ue

1
_47\/7'

We refer to the accompanying MAPLE file for the computation of the numerical values above.
It follows that Eo oo[X1] = Eoooo[Y1]. This is not obvious a priori, since under Py o the
peeling process always chooses to reveal a triangle adjacent to a + boundary edge, breaking
the symmetry between + and -.

Again from Table V.2(b) we read that Py, (X7 = —k) = (VCZIH_LO + Z’““) t.uk and

Uc

Eoo 00[X1] = 1. ((VC —1) — Z1(ue) — veZy(ue) — uCZ{(uc)> (V.24)

Poooo(Y1 = —k) = (Vezp1 + Ueziyao) teul for all k > 2. By Theorem V.1, their asymptotics
is

. Cy . Cy
Poooo(X1 = —k) W T and Py oo(Yr = —k) W T
agp tc Qo tC
e o= (12 ) b ()t
where c v m +ap T—13) an cy w + veay T(—4/3) ( )
or eXpliCitly, Cp = m27—:-3\/\g<%)1/3 and Cy = mgi%(%)lﬂ% Observe that Cp > Cy. It

follows from a standard invariance principle (see e.g. [JS03, Theorem VIII.3.57]) that the two
components of the random walk (X,,, Y}, ),>0, after renormalization, converge respectively to
the Lévy processes X and Y in Theorem V.2.

Now let us show that these two convergences hold jointly, and that the limits X and
Y are independent. For this we can adapt the proof of a similar result for the peeling of
a UIPT ([Curl5, Proposition 2]). Our proof is based on the observation that the steps of
the random walk satisfy —2 < max(X3,Y7) < 2, so that (X,,),>0 and (Y,,)n>0 never jump
simultaneously. Let us decompose (X,Y) as the sum of two random walks (X, Y©)) and
(XD Y)Y of respective step distributions

(Xl(O)a }/1(0)) = ]1{X1<—2}(X17 le) and (Xl(l)a }/1(1)) = ]1{X12—2}(X1’ le) '

According to the above observation, (X (@Y ©)) only jumps along the z-axis, and (X1, Y'())
V% v < 2and | X - x{V)| <2 for
all k£ > 1.) Thus according to the same invariance principle as before, we have

0 0 0 0
(ﬂ&—EWMﬂ%%—EM%g
t>0

only jumps along the y-axis. (More precisely,

— (Xt, O)tZO

n3/4 ) n3/4 n—oo
in distribution with respect to the Skorokhod topology. Here we have the joint convergence
of the two components because the limit of the second component is a constant. Similarly,
the random walk (X" Y()) converges to (0,)};)i>0 after renormalization.
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The random walks (X©@,Y©) and (XM, Y®M) are still correlated. To recover inde-
pendence, consider their poissonization defined by (Xt(z),fft(l)) = (X%),YJ&)), where 7 €

{0,1} and (V;);>0 is an integer-valued Poisson point process of intensity 1. According to
Lemma V.9, the poissonized random walks converge to the same limit after renormalization,

namely

X —E[X] Vi —E[Y,] .+ (X, 0)
n3/4 ’ n3/4 n—00" ts ¥)t20
t>0

and similarly for (f( n y@ ) By the splitting property of compound Poisson processes,
(X© Y ©®) and (X }7( )) are independent (See [Nel95, Proposition 6.7]). Therefore their
sum (X,Y), after renormalization, converges in distribution to the couple of independent
Lévy processes (X,)). Then we apply Lemma V.9 again to recover the convergence in
Theorem V.2. (Notice that Esg oo[X|nt]] = Eocye0Yne)] = 1 [1t].) O

Lemma V.9 (poissonization and depoissonization). Let (W,,),>¢ be a discrete-time random
process in R (d > 1) and (a,)n>0 be a sequence of positive real numbers such that

mtSFP W] == 0

in probability for all fized T > 0. If (Ny)i>o is a Poisson counting process of intensity 1 and
independent of (W, )n>0, then we have

in probability, where dp_ is the Skorokhod distance on the space of functions on [0, 00) which
are right-continuous and have left limits at every point.

Proof. For t > 0, let WW(t) = a;'W,y and WW(t) = a;'Wy,,. Recall that dp_ is
constructed using dp,,, the Skorokhod distance on the space of functions on [0, m] that are
right-continuous and have left limits at every point. According to the construction of dp__
in [Bil99, Section 16|, the conclusion of the lemma is equivalent to
dp,, (guW ™, gnW ") —0

in probability for all integers m > 1, where g,, : [0, m] — [0, 1] is the regularization function
defined by ¢,,,(t) = min(1,m — t). From the definition of dp, , one sees that the left hand
side is bounded by

ma (sup A(E) 1] . sup (g V) A(E) — (V) 0] ) (V-26)

t<m

where A is any increasing homeomorphism from [0, m] onto itself.

Let A be the increasing homeomorphism from [0, c0) onto itself defined by linearly
interpolating the function ¢ ~ n~'N,, between the times of its jumps. Then we have
WA () = WO(t) for all t > 0. For each m, we modify A™ to produce a homeomor-
phism A from [0,m] onto itself as follows: let t,, be the z-coordinate of the point where
the graph of the function A\ exits the square [0,m — 1/n]?. Define A by A\ (¢) = AW (#)
for t € [0,,,], and by linear interpolation for ¢ € [t,,, m] so that A’ (m) = m. Now consider
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(V.26) when A\ = A", Using the property of A and the fact that g, is 1-Lipschitz, we
can simplify the bound to get

) 1
dp,, (gnW™, g, W) < ( + sup [ AP (¢) —ﬂ) - max (1, sup HW(”)(t)H)
t<m

n t<m

By central limit theorem, \/nsup,,, |\")(¢) —t| converges in distribution to a finite random
variable as n — oo. Thus the assumption of the lemma implies that the right hand side of
the above inequality converges to zero in probability. This completes the proof. O

4.3 The Markov chain £, . (P,)n>0

When p is large, £, o(P,)n>0 approximates the random walk p + Lo oo (X5 )n>0, Which has
a strictly positive drift p. This seems to suggest that £, (P )n>0 escapes to +oo with
positive probability (indeed, as P, increases, the transition probabilities of £, (P, )n>0 gets
closer to those of p + Lo o0 (X )n>0). However, as stated in Theorem V.3, £, (P, )n>0 hits
zero with probability one. There is no contradiction because, despite the weak convergence
P, o — Pooco, the expectation E, [ X1] does not converge to Ey «[X1] as p — oo.

What happens is that with high probability, the process £, o (Fy)n>0 stays close to the
straight line p, = p + pun up to a time of order O(p), and then jump to a neighborhood of
zero in one single step. The jump occurs because the peeling events of type R;Zrk, for any
fixed k € Z, occur with a probability of order ©(p~!) (See Table V.2(a)). To formalize this
phenomenon, let us consider the following stopping times:

T, = inf{n>0: P, <m}

7o = inf{n>0:|P, — Py —un| >z +en} .

where m > 0 is an integer, and x,e > 0 are real numbers. The definition of T}, generalizes
that of Ty under P, o,. The following lemma affirms the one-jump behavior described above.
Its proof is based on technical estimates on the transition probabilities of £, o (Py)n>0 and
will be left to Appendix A.3.

Lemma V.10 (One jump to zero). For all € > 0, limsup P, (75 < T,,) — 0 when x,m —
pP—00
0.

Proposition V.11. For allm € N, the jump time T,, has the same scaling limit as follows.
vVt >0, plggo Ppoo (Trn > tp) = (1 + put) =43 (V.27)
Proof. First observe that Ty > T,,, so by strong Markov property,

n—oo

Ppoo(To — T >n) = Ep o [PPTWOO(TO > n)] < ;I/lg;l( Py oo(Th >n) —— 0.

In particular, P, o (7o — 15y, > €p) prarvess 0 for all m € N and € > 0. This explains why the

scaling limit of p~'7}, does not depend on m.
The rest of the proof is basically a refinement of the estimate of P, (7o > tp) given in
Lemma V.8. The idea is that, before time 7,,, the Markov chain (P, ),>o stays close to the
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line P, = p+ pun. Therefore at time n there is a probability roughly P, ,,,(P1 < m) to jump
below level m at the next step. On the other hand, from Table V.2(a) we can read the exact
expression of P, «(P; < m) and show that for all m > 0, there is a constant ¢, such that

P,oo(Pr <m) o cmp L.

Then (V.27) is obtained by summing the above estimate over all steps up to time tp.

More precisely, let us fix x > 0, m € N and € € (0,u). Take p large enough so that
P, w-almost surely, 75 < T,,. Let &€ = {75 < T,,} be the event of small probability in
Lemma V.10, where the (P,),>0 deviates significantly from p + un before jumping close to
zero. (€ for “exceptional”). Also let N,, = {75 > n} be the event that the trajectory of
(P,)n>0 stays close to the line p, = p 4+ pun up to time n. (N for “normal”). Obviously
(NMp)n>o is an decreasing sequence. Moreover, one can check that

On event N, we have |P, — (Py + un)| < en + x. Combine this with the asymptotics of
P, (P1 < m), we obtain that for P, large enough,

Cm — € Cm T+ €
Py + pun + (en + x) Po+pn—(en+x)’

By Markov property, Ppoo(Ny \ {T0n = n + 1}) = Ppoo(Nn) — Ep oo [IN, PP, 0o (@1 < m)).
Therefore

(1_ en T ))PP,OO(NN) < Pp,OO(Nn\{Tm:n+1})

p+un— (en+x
C — €
1— i P, o (N,).
( p+;m+(en+x)> poo(An)

Combine these estimates with the two inclusions in (V.28), we obtain that on the one hand,

)P,

< Ppoo(Pr <m) <

Cm — €

Cptpn+(entx

Py(Nont) < (1

And on the other hand,

Pp,OO(NnH UE) > Ppeo (VMo \{Tn =n+1})UE)
> PI%OO(Nn \{Tn=n+1}) + PILOO(E \Nn)
Cm 1+ €
> | 1- P P
> (1o RN + B\
Cm 1+ €
> (1- i PN, UE).
N ( p+/~m—(€n+x)> pel )
Notice that N,, C {T},, > n} C N,,UE up to a P, ~o-negligible set. Thus we have by induction
N1 Cm + €
1-— —P < P —P
TT (15 ) = Pnl6) < Bl UE) Py €)

N-1
Cm — €
< Ppoo(Tn>N) < J] (1- o P, (E).
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From the Taylor series of the logarithm we see that for all z > 0, —z —2? < log(1—x) < —=z.
Therefore for any positive sequence (x,,)n>0,

N-1 N-1 N-1
exp(—an—in) < H(l—xn) §exp<—
n=0

n=0 n=0 n=

N-1
0

On the other hand, in the limit p — oo we have p+ug’;i2+m) = ;Tj;(l + o(1)) where o(1) is

uniform over all n € [0, tp|, for any fixed ¢ > 0. It follows that

ip

Cy L€ tr ds Cy L€
_ cm:I:e/ 14 0(1)) ——s log(1 + ut) .
Y s = et [ o) P o )

We also have YP  (——cmte

n=0 5T n(en +$))2 . 0. Combine this with the last three displays, we

conclude that

cm+e€

(1+pt) e

< llggglf Py oo(Thn > tp)

< limsupP, (T, > tp) < (14 pz)” U+ limsup P, ().
p—00 p—o0

Now take the limit m,z — oo. The last term on the right tends to zero thanks to

Lemma V.10. The middle terms liminfP, (7}, > tp) and limsupP, (7}, > tp) do not

depend on m because of the limit P, (7o — 1), > €p) g 0 seen at the beginning of the

proof. Moreover, the increasing sequence (¢p,)m>0 has a limit ¢o,. Thus by sending € — 0,
we obtain

lim P (T > tp) = (L4 put) "
Now it remains to show that in fact we have co = Fu. Using ¢, = [}Lrgo PPpoo(Pr < m)

and the data in Table V.2(a), ¢, can be written as

Coo = lim ¢, = lim lim p (Pp+1,oo(P1 =0)+ Y Ppi1oo(Pr = k))

m—+00 mM—+00 p—+00 =
0 oo
. + - . + -
= Z}E{}oplgppﬂm (51 € {Rpy Bpun}) + ];plggoppp-&-l,oo (51 € {R; 1Ry })

The probabilities can be read from Table V.2(a), which gives

- aq Qo —
+ k k—1
Ppii,00 (Sl < {R'p+k7 Rp+k}) = VeleZptik U, +leZp ks U,
ap+1 (p+1
, k41 ap 1
.
and Pp+1,oo (Sl < {Rpfka Rpfk}) = Vctczp7k+1,0 + tczpfk,l -
Qp+1 Ap41 Ue

for all £ > 0. Then we can evaluate explicitly c,, using Theorem V.1 and the asymptotics
(V.19). After a tedious calculation with several miraculous factorizations by the end, we
obtain

t.I'(—1/3) ap
= —————— ) (— A —ap). 2
e = i et (o o) () — ) (V.20)
The right hand side can be evaluated using the rational parametrization of A(u), and we

find indeed ¢ = 3\% = %p. O
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Remark. With our approach, it is quite amazing to find such a simple exponent 4/3 for
the scaling limit of the jump time 7;,. Currently we do not have any explanation of this
exponent apart from the computation above. Going one step back, one can see that the
value 4/3 relies on the algebraic identity

§ o= (l/c + 1>tc (ZO(UC) . Z{)(Uc) — uCZi(uc)> = _(Vc‘|‘61>tc (Clo + al) (A(UC) - a()) )

2 Ue Ue

together with the fact that Ex oo[X1] = Econo[Y1]. More importantly, we expect the same
phenomenon to appear in any reasonable model of Ising-decorated maps, because the ex-
ponent 4/3, which describes the believed scaling limit of an Ising-decorated map, ought to
be universal. In a work in progress, we have checked that this is indeed the case when
we consider Boltzmann Ising-triangulations with spins on the vertices. It would be very
interesting to have an algebraic or probabilistic explanation of this universality.

5 Discussion

In this section we discuss in more detail how our results should be interpreted geometrically,
and provide a route map for the upcoming proof of the convergence in distribution of the
Boltzmann Ising-triangulations of (p, ¢)-gon with respect to the local distance.

Structure of the explored region. We define the peeling process so that it explores the
bicolored triangulation (t,o) along the right-most interface Z from p to p'. The explored
region consists of faces which are directly revealed at a peeling step, and of faces which are
swallowed when revealing another face (See Figure V.2).

The revealed faces are those which are adjacent to the interface Z, provided that “adja-
cent” is interpreted with a little nuance: an internal face with spin + is revealed by the peeling
exploration as soon as it shares a vertex with Z, while an internal face with spin - is revealed
only when it shares an edge with Z. This asymmetry is still due to our choice of peeling
a boundary edge with spin + at each step: locally, the peeling exploration turns around a
vertex on Z in the anti-clockwise order until it finds the next non-monochromatic edge, as
illustrated in Figure V.4. On the other hand, faces are swallowed when a peeling event of
type L¥ or RF occurs. The swallowed region is always a Boltzmann Ising-triangulation which,
conditionally on the values of the spins on its boundary, is independent of the unexplored
region.

We have seen at the end of Section 2.2 that the first n peeling events (Si)i1<k<, deter-
mines (X,,,Y,). The same reasoning shows that (Sg)1<x<n also determines (the law of) the
explored region at time n. Thus Proposition V.5 should be interpreted as the convergence
in distribution of explored region at any fixed time n, with respect to the discrete topology
on the (countable) set of all possible configurations.

Recall that Tj, the killing time of our peeling process, is the first time that the explored
region cover all the + boundary edges of the original bicolored triangulation. Under P, o,
we have Ty < oo almost surely, in other words, the peeling process finishes exploring the
interface Z in finite time, leaving an unexplored region with infinite monochromatic bound-
ary. On the other hand, 7 = oo almost surely under P, . So in this case Z is infinite
and the peeling process, as discussed after Theorem V.2 gets further and further from the
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T boundary of u, B

Figure V.4 — Since the peeling process always chooses to peel the boundary edge with spin +
on the boundary of the unexplored map u,, the exploration turns anti-clockwise around each
vertex on the right-most interface I, until it finds the next edge on I.

boundary. In the limit n — oo, it leaves two unexplored region with infinite monochromatic
boundaries on both sides of Z. See Figure V.5.

Geometric interpretation of the time of the peeling process. Intuitively, the peeling
process explores the right-more interface Z at a constant speed. Therefore the time n should
be proportional to L,,, the length of the portion of Z explored up to time n. To make this
precise, let us consider the effect of a peeling event S,, on L,,. As shown in Figure V.6, when
S, is of type Lj, or Ry, a piece of the interface Z of variable length is hidden in the region
swallowed by the newly revealed triangle, increasing L,, by a random amount. And in all the
other cases, L, increases by either 0 or 1. To summarize, the variation of L,, conditionally
on S, is given by (assuming that n < Tp):

0 it s, = C* or R},
1 ifs,=C orlL;

Ln - Ln—l = . " . b
Mk it s, =L

1 + Mk if s, = R

where 7;; denotes a random variable having the law of the total length of the interface 7
under Py ; for k,1 > 0.

P()O,()O Pp,oo

Figure V.5 — Topology of the region explored by the peeling process up to time Tj.
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Ly

-
il

Ly
I ﬁ_

Figure V.6 — The increment in the length of T resulted from each type of peeling step.

Under Py oo, the peeling events (S,,),>1 are i.i.d., so are the increments (L,, — Ly—1)n>1.
So by the law of large numbers, we have simply L,, ~ Ex «[L1] - n when n — oo, provided
that the expectation E o[L1] is finite. A sufficient condition for that to hold is:

Conjecture. supE[n; ;] < oo and supE[n ;] < cc.
k>0 k>0

Under P, ., the law of S,, depends on P,_;. However, according to Theorem V.3, in
the limit p — oo and up to time T,, for some large m, the value of P, will stay large with
high probability. So intuitively the laws of the peeling events S, under P, ., remain close
to its limit when p — oo. Then the random time ¢ in Theorem V.3 has the following
interpretation:

Conjecture. The interface length 7, . has the following scaling limit in distribution:

e B wlli] ¢ where  P(C>1) = (1+ut) 3,

p p—00

In particular, the exponent 4/3 is intrinsic to the geometry of the Ising interface in the
scaling limit.

Route map for the proof of local limit The first step of proving the local convergence
of a Boltzmann Ising-triangulation of (p, ¢)-gon would be the construction of (a candidate
for) the limit distribution P, o, and Py . We will denote by £, o (t, ) (resp. Loooo(t, o)) a
random (infinite) bicolored triangulation having the law P, o, (resp. Pog o).

We have seen in Figure V.5 that under P, o or P, , the peeling process does not cover
every finite ball around the origin before being killed. Instead, it leaves either one (under
P,o0) Or two (under Py, o) unexplored regions with infinite monochromatic boundaries. So
By spatial Markov property, the natural candidate for £, »(t, o) (resp. Lo o(t, o)) should
be constructed by gluing one (resp. two independent copies of) infinite Boltzmann Ising-
triangulation to the unexplored region left behind by the peeling process under P, ., (resp.
Poo.oo). From its boundary condition, we see that this infinite Boltzmann Ising-triangulation
must be Lo (t, 0).

The construction of Ly (t, o) will rely on a modified peeling process. Since Py o is
invariant by translation of the origin p along the boundary, the modified peeling process has
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the freedom to peel any edge on the boundary, and do so as long as the boundary of the
unexplored map remains monochromatic (with spin -). When the process discovers a face
of spin +, the boundary of the unexplored region becomes non-monochromatic, then we can
continue peeling using our old peeling process up to the time when the boundary becomes
monochromatic again. In this way, the boundary condition of the unexplored region follows
a renewal process, whose holding time is almost surely finite thanks to Lemma V8.

By choosing carefully the edge to peel when the boundary of the unexplored region is
monochromatic, one can steer the modified peeling process so that it covers any finite ball
almost surely in finite time. This determines the law of Ly (t,0) as a function of the
transition probabilities of the modified peeling process. Then, £, (t,0) is obtained by
gluing an independent copy of Ly« (t, o) to the finite triangulation constructed using Py, .
And L (t,0) is obtained by gluing a copy of L (t,0) and a copy of Lo o(t,0) to a
“ribbon” of bicolored triangles constructed using Poo oo (See Figure V.5.)

A Appendix

A.1 Elimination of the second catalytic variable in Tutte’s equa-
tion

In Section 3.1 we showed how to eliminate one of the two catalytic variables (u,v) in Tutte’s
equation by extracting appropriate coefficients of the series Z(u,v). In the end we obtained
an algebraic equation with one catalytic variable of the form

Zo(u) = 1+ vu* + t R(Zo(u),u, 21, 23; v, t) (V.11")

where R(y, u, 21, 23; v, 1), given explicitly by (V.12), is a polynomial in ¥, u, 2y, z3,¢ and v.

To eliminate the second catalytic variable u, we use a generalization of the quadratic
method used by Tutte in his study of properly colored triangulations [Tut82, Tut95]. It is
later adapted in [BBM11, Section 12] to treat bicolored maps with monochromatic boundary
condition. In our setting, this method consists of finding two rational functions J(u,y),
L(u,y) and a polynomial C(z) whose coefficients do not depend on u or Zy(u), such that
(V.117) can be written in the form

A~ L(u, Zo(u)* = C(J(u, Zo(u)))

where A is some polynomial that may depend on all the variables. Then the square factor
on the left hand side would suggest that C'(x) has a double root, in the same way as the
classical quadratic method (see e.g. [GJ83, Section 2.9]).

With some trial-and-errors, we discovered the following choice of J and L:

ty\ 2 ty
J =wv-1)(t = - =
(wy) = =1(t+ (L) ) -2,
ty
Notice that the mapping (u,y) — (J, L) is invertible. Thus we can make the reverse change
of variable and rewrite (V.11’) as a polynomial equation satisfied by the variables J and L,
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with coefficients in the space of formal power series C(v)[[t]]. As shown in [CAS], we obtain
the following equation as the result:

L* — 205 (J) L? = Cy(J) (V.30)

where L = L(u, Zy(u)), J = J(u, Zy(u)), and Cy, Cy are the following polynomials with
coefficients in C(v)[[t]]:

Co(J) = (v+1)2J% + 2(:—+13)‘] —20 =12 + (11_21)2 : (V.31)
Co(J) = —(v+1)? ((@ F 1) = 20— D)) + 4T + 16(v 1)(t3zl)J) (V.32)

—4J% + 16(v + Vv’ J + 16w

where w = —(v? — 1)%°23 + (¥ — 1)? (2t5z§’ — %t‘*zf - %t‘l) + (v — 3)vt*z; + t*. Notice
that z3 — w is just a linear change of variable for fixed z;.

Now we derive heuristically an algebraic equation satisfied by z; and ¢t. We will check a
posteriori that they lead to the right solution. We can write (V.30) in two ways:

(L —2C5(J)L* = Co(J)  and  (L? — Cy(J))* = Co(J) + C2(J)

If we view ¢ and J as two independent variables, and view L as a function of (¢,J). Then
the above equations suggest that both Cy and Cy + C3, viewed as polynomials of .J, have
double roots. It is well known that this is characterized by their discriminants being zero.

Dy = Discriminant ;(Cy) =0 and Dy = Discriminant ;(Cy + 022) =0

D; and Dy are polynomials in ¢, z; and the auxiliary variable w. Since they both vanish
for the same value of w, their resultant with respect to w must be zero. This provides a
polynomial equation R, satisfied by z;(t) and t. We compute this equation in [CAS]. After
removing irrelevant factors, we get an equation of degree 15 in z; and ¢. Since z(¢) is an
odd function of ¢, one can make the change of variable Z; = t3z; and £ = t? in the equation
satisfied by z;(t). This leads to an equation of degree 6 in Z; and ¢, see [CAS].

The discriminant Dy = 0 provides an equation that relates z3(t) to z1(¢) and ¢. Under
the change of variables %5 = t%25, 2; = t32; and t = t? and after removing irrelevant factors,
it gives a quadratic equation for Z3. In [CAS] we check that this equation, as well as the
equation of degree 6 relating Z; to ¢, are both satisfied by the rational parametrizations
(V.15).

A.2 Singularity analysis via rational parametrization

In this section we present a method to locate the dominant singularity of a combinatorial
generating function from a proper rational parametrization of it. First let us clarify the
definition of a rational parametrization.

Definition. Let £ € C[z,y| be an irreducible polynomial. A couple of rational functions
P = (&,9) is an (affine) rational parametrization of the curve £(x,y) = 0if E(Z(s),Y(s)) =0
for all but finitely many s € C. Here a rational function is seen as a continuous mapping
from C to C. The rational parametrization P is
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e real if  and ¢ can be written with real coefficients.
o proper if P(s) = (x,y) has a unique solution s for all but finitely many (x,y) on &€ = 0.

We call s € C a critical point of P if either #'(s) = 0 or §(s) = oc.

Proper parametrizations are minimal in the following sense. For all irreducible polyno-
mial £(x,y), if £ = 0 has a rational parametrization, then it also has a proper one, and if P
is one proper parametrization of £ = 0, then every rational parametrization of £ = 0 is of
the form P oh with some non-constant rational function h [SWPDO0S, Lemma 4.17]. Tt is not
hard to see that P o h is itself proper if and only if A(s) = %. One can use this property to
move the poles of Z(s), e.g. to place one pole at s = oo, while keeping the parametrization
proper. It is also easy determine whether a given rational parametrization is proper by
looking at its degrees [SWPDO08, Theorem 4.21]. One can check that all univariate rational
parametrizations used in Section 3 are real and proper.

A rational parametrization P = (&,7) is defined with respect to an algebraic equation
& = 0. But it is not immediately clear how P is related to the value of a function ¢ satisfying
E(x,¢(x)) = 0, since a solution of the equation does not necessarily lie on the graph of the
function. To study properties of the function, we want the relation § = ¢oZ. If this relation
holds in a neighborhood of s, € C, we say that (P, s.) parametrizes ¢ locally at z, = Z(s.).

Lemma V.12. Assume that P = (Z,9) is a proper parametrization of E(x,y) = 0.
(i) If a function ¢ satisfies E(x,d(x)) = 0 in a neighborhood of x. € C\ {Z(c0)}, then

there ezists a unique s, € C such that (P, s,) parametrizes ¢ locally at x,.

(ii) For all s, € C such that x, := &(s.) # 00, (P, s«) parametrizes a finite-valued function
¢ locally if and only if s, is not a critical point of P. In this case, ¢ is analytic at x.,.

Proof. (i) Ezistence. Consider a sequence (z,,),>0 of distinct complex numbers converging to
x, such that £(z,, ¢(x,)) = 0 for all n. According to the definition of proper parametrization,
for all n large enough there exists s,, € C such that (z,,, ¢(x,,)) = (Z(sn),(sn)). Let s, be an
accumulation point of (s,,),>n, in C. By the continuity of 2 : C — C, z, = #(s,) # 2(c0),
thus s, € C. The analytic functions ¢ and ¢ o & coincide on a sequence of distinct points
converging to s,, so they must be equal in a neighborhood of s,.

Uniqueness. Assume that (P, s,) parametrize ¢ locally at z,. Since a rational function
is an open mapping, there exists a neighborhood V' of z, such that for all z € V', P(s) =
(x,¢(x)) has a solution close to s.. But these solutions are unique except for finitely many
values of x. Thus there is at most one s, € C having the above property.

(i) If #/(s«) # 0 and §(s.) # oo, then by the implicit function theorem, ¢ := o (27') is a
well defined analytic function such that § = ¢ o Z in a neighborhood of s,.

Inversely, assume §§ = ¢oZ in a neighborhood of s, for some finite-valued function ¢. Then
J(sx) = ¢(x4) # 00. If #/(s.) = 0, then for all x # z, in some neighborhood of z,, Z(s) =«
has at least two distinct solutions. But this gives two distinct solutions to P(s) = (z, ¢(z))
for infinitely many x, contradicting the properness of P. Thus 2'(s,) # 0. O

Proposition V.13. Let ¢(x) = 3 ¢,a™ be a non-polynomial analytic function in a neighbor-
hood of 0 such that ¢,, > 0 for alln. Assume that ¢ satisfies an algebraic equation E(z,y) =0

which has a real proper rational parametrization P = (Z,9) such that &(o0) = oco.

(i) There is a unique so € R such that (P, sg) parametrizes ¢ locally at 0.
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(i) ¢ has a dominant singularity at x. := &(s.), where s. € R is the critical point of P
characterized by Z(s.) > 0 and that P has no other critical point between sy and s..

(1i7) If s is the only critical point of P such that |(s)| = x., then there exists a neighborhood
V' of so such that s, € OV and |y is a conformal bijection from V onto a slit disk at
.. Moreover, ¢ has an analytic continuation on this slit disk.

Proof. (i) The existence and uniqueness of sq is guaranteed by Lemma V.12. But since P
and ¢ are real, sy is also a solution to the problem. So we have sy = Sy by uniqueness.

(ii) Up to the change of variable s <— —s, we can assume that #'(sg) > 0. Let s, = inf{s >
so : #'(s) = 0 or §(s) = oo} and z. = 2(s.), then § o (#7!) is an analytic continuation of
¢ on [0,2.). By Pringhseim’s theorem, the radius of convergence of ¢ is at least z.. It is
well known that the only entire functions that satisfy algebraic equations are polynomials.
Therefore z, < oo = #(c0) according to the hypothesis that ¢ is not polynomial. It follows
that s, < oo and s, is a critical point of P.

If ¢ is analytic at x., then by analytic continuation, the relation § = ¢oZ holds in a neigh-
borhood of s, i.e. (P,s.) parametrizes ¢ locally at z.. This contradicts Lemma V.12(ii).
Therefore z, is a dominant singularity of ¢(x).

(iii) Recall that D, is the open disk of radius r centered at 0. Let U be the connected
component of 271(D,,) containing sy. By continuity, all s on the boundary of U satisfy
|Z(s)| = z.. By analytic continuation, § = ¢oZ on U, therefore Lemma V.12 implies that U
contains no critical point of P. As 2(c0) = oo, U is bounded, i.e. its closure U is compact.

Assume that s, is the only critical point of P such that |Z(s)| = z.. Since there are
only finitely many critical points, there exists a neighborhood N of U in which s, is the
only critical point. Since Z is an open mapping, #(N) contains a neighborhood of D,,,
in particular contains some slit disk DI°. Let V be the connected component of #~(DI¢ )
containing sy. By construction, V' contains no critical point of the parametrization P. In
particular, 2’ does not vanish on V. Combining the open mapping theorem and the fact
Z(00) = 00, one can show that |y is a proper mapping from V' to Dg‘,fc. Then by Hadamard’s
global inversion theorem [IKP13, Theorem 6.2.8], Z|y, is a conformal bijection from V' onto
Dl . In particular, ¢ = § o (27') defines an analytic function on D¢ . O

Proof of Lemma V.j. Recall that we derived in Section 3.3 a rational parametrization of Z
of the form (u,v) = (4(H),a(K)) and Z = Z(H, K). We obtain a rational parametrization
of u — Z(u,u) by taking K = H:

w=a(H) = %H(IO —12H + 6H? — H?)

R 10 — 12H + 6H? — H?
Z=2z(H,H) = 10—14H+7H2—H3Q<H)’

(V.33)

where @ is some polynomial of degree 6. In [CAS], we check by explicit computation that
(1) Hy = 0 is the only value of H such that Z(H, H) = 1 and a(H) = 0.

(2) H. =1 is the (unique) real critical point of the rational parametrization (V.33) such
that 4(H) > 0 and that there are no other critical points on [Hy, H.] = [0, 1].

(3) H. =1 is the unique critical point of (V.33) such that |4(H)| = u..
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Therefore by Proposition V.13, there is a neighborhood V' of Hy = 0 such that H. =1 € 0V
and that 4|y is a conformal bijection from V onto a slit disk D) at u.. It is clear that
U(H) 1 u. when H 1 1 on the real axis. This proves (ii) of Lemma V.4,

To prove (i), we notice that the coefficients z,, are all positive. Thus the monotone
convergence theorem implies

Pt = lim Z(u,u) = limZ(H,H) < oo.
p%oznquc ulTruri (u,u) érTrll ( ) S8

And it follows that =, > 2pquPv? is absolutely convergent for all (u,v) € 512%. On the
other hand, if the series is absolutely convergent for some (u,v) with |u| > u., then by
monotonicity the series Zy(u) = Z(u,0) will have a radius of convergence strictly larger
than wu.. This is not the case because the rational parametrization (V.16) implies that Zy(u)
has a singularity of type (u, — u)*? at u = u,.

Now let us fix a u € D,,, and prove (iii). Since the coefficients of the series v — Z(u,v)
are not necessarily non-negative, Proposition V.13 does not apply. Instead, we will check
(iii) directly using the formula Z(u,v) = Z(a *(u),a '(v)) and the analytic properties of
the function 4. Recall that @ induces a conformal bijection from some neighborhood V' of
H = 0 onto a slit disk DI at u,., which extends bi-continuously to H = 1 by @(1) = u.. Let
U be the preimage of D, by @|yugy, then it suffices to show that

(iii") for each H € U, K — Z(H, K) has no pole in U \ {1}.

Indeed, since the poles of a univariate rational function are isolated, (iii’) implies that K =1
is the only possible pole of K +—» Z (H, K) in some neighborhood U’ of the compact U. Its
image 4(U’) is a neighborhood of the disk D,,. Since @ is a conformal bijection onto Difc,
the composed function v — Z(4"(u), 4" (v)) is analytic on the intersection 4(U’) N D,
which contains a slit disk at u.. On the other hand, v — Z(u,v) must have a singularity
at u., otherwise its radius of convergence would be strictly larger than u., contradicting (i).
We conclude that u, is the unique dominant singularity of v — Z(u,v) for all u € D,,.

In order to prove (iii’), we will show the following stronger statement: the denominator
of Z(H,K) has no zero in U? except at (H,K) = (1,1). We denote by N and D the
numerator and the denominator of Z written in reduced form. The polynomial D cannot
have a zero (H, K) € U which is not a zero of N, otherwise we would have Z (u,v) = 00
when (u,v) — (a(H),0u(K)) € Eic, contradicting the fact that |Z(u,v)| < Z(ue, u.) < 0o
for all (u,v) € Eic. Now assume that (H, K) is a common zero of D and N in U, Then
H must be a zero of Res(H), the resultant of D(H, K) and N(H, K) with respect to K.
In [CAS], we check by explicit computation that H = 0 and H = 1 are the only zeros of
Res(H) in U. Moreover, D(0, K) and N(0, K) has no common zero in U, and K = 1 is
the only common zero of D(1, K) and N(1, K). We conclude that on U, the denominator
D(H, K) only vanishes at (H, K) = (1, 1), therefore (iii’) is true.

The assertion (iv) follows from Proposition V.13 thanks to the known properties of @
and the fact that A has no pole on [Hy, H.] = [0,1]. The application of Proposition V.13
here assumes that the coefficients of the series A(u) = >°,5 a,u” are non-negative. This is
derived in Section 3.3 using only (i)-(iii) of Lemma V.4. O
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A.3 A one-jump lemma for the Markov chain £, . (P,)n>0

Notation: We will denote by x Ay the minimum of x and y, and by z V y their maximum.
When A(\) and B(\) are two families of positive numbers indexed by all A in some set A,
we use the following notations:

A(N) < B(A\) < JC>0suchthat VA e A, A(\) < CB()\),
AN)<B(\) & AN < B(\) and B(\) < A(N).

The proof of following properties of < and < is left as a simple exercise.

Proposition V.14. (a) If A} < By and Ay X Bs, then A1 Ay < B1By and A1+ As < B1+Bs.
(b) More generally, if A(X\) < B(A\) for A € A = U A, where I is some arbitrary index
set, then Yo zea, A(X) <X Xoaen, B(A) fori € I. The same is true when < is replaced by <.
(c) If A =N, then A(\) < B()) is equivalent to A(X\) = O(B()\)) in the limit A — oo.

In particular, A(\) /\:OOB()\) implies A(\) < B()).

Our proof of Lemma V.10 is based on the following estimates on the transition proba-
bilities of the Markov chain £, (P, )n>0. Recall that X,, = P, — 1.

Lemma V.15. We have for all p > 2 and —2 < k < p,

(k4 3)"7/3 if —2<k<p/2
Pp,oo(Xl = _k) = fp(k) = -1 _4/3 . .
ptp—k+1) ifp/2 <k <p
And for all k > —2, Poo oo (X1 = —k) < (k +3)77/5.
In particular, Pp oo (X1 = —k) X Pog oo (X1 = —k) for allp > 2 and =2 < k < p/2.

Remark. One can replace the p/2’s in the lemma by ¢ for any fixed 0 < § < 1. The same
applies to all subsequent lemmas.

Proof. Assume p > 2. We have seen in the proof of Theorem V.2 that Py (X = —k) ~
czk~7/% as k — oo for some numerical constant c,. Therefore by the last property of =, we
have

Poooo( X1 = —k) < (k+3)77/3.

I and

-1

Similarly, we have seen in the proof of Proposition V.11 that P, (X1 = —p) ~ cop~
Ppoo( X1 =—p+1) ~ (c1—co)ptasp — 00,80 Py oo (X1 = —p) X Py oo (X1 = —p+1) < p
On the other hand, for —2 < k < p — 2, one can check from Table V.2(a) that

apyuf "

Ppoo(X1 = —k) = Pog oo (X1 = —k) -
D C

Moreover, the asymptotic of (a,),>0 gives a,u? < p~#/3. Thus for p > 2 and —2 < k < p,

—7/3(p—k)~Y3 . _
Ppoo(Xi = —Fk) < (k+3) p=4/3 ifh<p-2 = fp(k). O
pt if ke{p—1,p}
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Lemma V.10 states that with high probability as p — oo, the process L, (P, )n>0 stays
around its drift within the linear barrier |p, — (p + un)| < en+ x up to T,,, the first time it
jumps to a neighborhood of zero. This would be a classical result if £, o (P, )n>0 was replaced
by the random walk p + Lo 00 (Xy)n>0, and we could find its proof in for example [BB0g].
But by the very definition of the random walk L. (X, )n>0, the transition probabilities
of L, oo(Prn)n>0 are close to that of p + Lo oo(Xn)n>0 as long as P, is far from zero. The
basic idea of our proof is to quantify this closeness between the processes L, o (P )n>0 and
P+ Loo.oo(Xn)n>o-

The mean technical difficulty is that a priori, the convergence of the transition probabili-
ties only implies the convergence of the process L, o (P )n>0 10 P4 Loo 0o (X )n>0 up to finite
time. But we want an estimate about the behavior of £, «(P,)n>0 up to time T, which
is of order ©(p). For this we need to estimate the error committed when we approximate
L, X1 by Lo X1, and control the propagation of this error through the proof that leads
to the random walk result.

As in [BBO08], our proof comes in three steps. First, we give an estimate to the following
truncated exponential moment of the distribution of £, X, defined for all x > 0 and
p € NU {o0}.

@p(A) = Epoo {e/\(WXI)]l{u—XKw}

Lemma V.16. For all 6 > 0, there exist constants ps,xs such that uniformly in p > p;s
(including p = 00), x € |x5,p/2] and X € [2271,1], we have

e_A‘;ng(—)\) -1 /3
and e”\‘sgoi()\) —1 5 AVBAH2 g pmABAT

I\

Proof. To simplify notation, let X, = i — X;. Summing the uniform bound P, (X7 =
—k) < (k+3)773 in Lemma V.15 over k < p/2, we obtain that uniformly in z > 1 and
p =2z,

Pp.oo <:c < Xl < ]2?) < 1:’4/3, E) [Xl]l{xg)hgg}} < 23 and Ep [)V(f]l{;(lgx}} < /3,
(V.34)
Writing ¢” = 1+ z + (¢ — 1 — z), we get that for all A € R,

Where ]1 = Ep,oo [Xl]l{)v(1<x}:| and IQ(>\) - Ep,oo |:(€/\X1 - 1 - )\Xl) ]1{5(1<I}j| By the deﬁni-
tions of p and Lo X1, we have Em7m[)v(1] =0 and P, (X7 = 27) v Poo oo (X1 = 1) for
all fixed z1. Summing over 1 € [ — x,2] N Z, we get

L= Epo0 {Xl]l{)?l@ﬁ}} p—r00 Eoo,00 {Xl]l{)?l@ﬁ}} = —Eoo,00 {Xl]l{)?lziv}} Z—00 0.
Thus for any fixed § > 0, there exist xs, ps large enough so that for all p > ps or p = oo,

where the second bound comes from the second estimate in (V.34). Since I is increasing in
x, it follows that |I;| < § for all # € [2s, p/2]. Combine this with the fact that e~/!(14+¢) < 1
(t € R), we deduce from (V.35) that for all p > ps or p = 00, = € [x5,p/2] and A > 0,

e (=A) = 1< L(=A)  and e Mpl(A) = 1< L(N).
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Now take A € [2z71,1]. Since €' — 1 —¢ < 2¢? for all ¢ < 2, we have
L(=A) = Epo (€M1 =14 /\Xl)]l{ufstlgi}} + Epoo (e =1+ /\Xl)]l{%d?l@}}

Using (V.34), we conclude that Io(=A) A% - A72/3 4 X A3 =< A3,
Similarly, by cutting the interval of X; at % and /2, we get

v AX AX
L(A) < A2 Ep oo [X12]1{X1§§}} +Epoo {6 X11{§<X1<x/2}} +Epoo [6 Xl]l{x/2§)v(1<x}}

< MEpq [Xfﬂ{)zlg%}} L (xl <X, < p/2) + NP, (:c/Z <X, < p/2)
< NB 4 AR2)AB L a4/
— )\4/36)\:0/2 +I_4/36)\z. n

The second step in the proof of Lemma V.10 is to show that the process L, o (Pn)n>0
stays around its mean within the constant barrier |p, — (p + un)| < z up to a time that
is linear in x. Once this is done, we will be in a good position to show that the process
stays within the linear barrier |p, — (p + un)| < en+x up to a time of order ©(p) using the
Markov property. For z > 0, let 7, = 75 = inf{n > 0: |P, — Py — pun| > z}.

Lemma V.17. For all € > 0, denote N = 2z /e. Then there exist constants x. and p. such
that uniformly in p > p., x € [z, p/2] and m > 1,
N
Ppoo(Te < (N+1)ATy) S a7 V6 4 —m~1/3,
p

Proof. Consider the first time that the process (P,),>o makes a large (negative) jump of
order x: J, = inf{n >1: X, — X,,_; < u—z}. We bound the probability of the event
{me < (N +1)AT,} separately in the case {J, < 7.} (large jump estimate) and in the case
{m: < J} (small jump estimate) by writing

Ppoo(Te < (N+1U)AT) < Ppoo(Jo < (N+1)AT,, and J, < 7)) + Ppoo(7e < (N+1)AJ,)

Large jump estimate: union bound.

N
Ppoo(Je < (N+1)AT,, and J, <71,) = Z Ppoo(Jy =n < T, and n < 7y)
n=1

N
< Z Ppoo(Xpn — X1 <p—x,P,>mand P,_y >p—2) (union bound)

n=1
N

= > Enx []P)Pn,l(Xl <pu—zand P, > m)]l{pn71>p_m}} (Markov property)
n=1

< N sup Py(z—pu<—X;<p —m)
p'>p—x

According to Lemma V.15,

p'—m 00 00
Ppoo(t —p< =Xy <p/=m) = 3 flk) < > (k43)7+ 3 p K+ 1)
k=z—p k=z—p k'=m

< B +p'_1 m—1/3
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Recall that z < p/2, so p'~! < p~! uniformly for all p’ > p — z. It follows that
N

Ppoo(Jo < (N+1) AT, and J, <T7,) < N(x_4/3 +p_1m_1/3) < VB B,

p

Small jump estimate: Chernoff bound. Consider the stopping times
=inf{n>0:X,<pun—z} and 7 =inf{n>0:X,>un+z}.

Obviously, 7, = 7, A 7, . Let us first bound the probability of {7, < (N + 1) A J,.} using
Ppoo(Ty < (N+1)AJy) ZPPOO (1, =nandforall k <n, p— (Xy — Xp_1) <x).

Since L0 X1 = LoooX1 in distribution and ¢7()) is the E, -expectation of a com-
pactly supported function of X;, we have o7, () — ¢% () as p’ — co. In other words, the
function p' + 7,(\) is continuous on the compact K = {p': p" > p — x} U {oo}. Hence
there exists p* = p*(\, x) € K such that

goz*()\) = sup @ (A).

p'>p—=x

Consider an i.i.d. sequence of random variables (X}),>o independent of (X,,),>0, such that
L,X] = L,»X; in distribution. Let

5 _ pw— (X, — Xp1) ifn<r7,
" w— X ifn>7;

On {7, =n}, we have X,, — (un —z) = v — (X1 +- 4+ )v(n) < 0. Therefore for all A > 0,

N . . n
Ppoo(Ty < (N+1)AJy) < DY Epo [QA(X1+H.+X"—:£)]1{TI_”} 11 1{5@@:}] (Chernoff bound)
k=1
N n
N
n=1

N y
< oM (1 vV SOZ* ()\)fN) “Ep oo lH <€AXk1{Xk<I})] . (V.36)
k=1

Let F be the natural filtration of the process (Xn>n20- Then 7, is also a F-stopping time.
Moreover, on the event {7, > k}, we have P, ..-almost surely P, > Py+ puk —x > p—z and
thus ¢p, (A) < 5. (A) according to the definition of p*. So by Markov property,

Ep,oo [BAXk+1]1{)V(k+1<I} ‘Fk} = ]l{fg;gk} : (10;):* ()\) + ]1{7';>k} ' @?Dk()\) S 90195* (A) .

Use this bound N times in (V.36), we get

Ppoo(Ty < (N+1)AJ,) < e . (¢$*(A)N V1.
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Recall that N = 2z /e and log(t) <t — 1 for all £ > 0. By Lemma V.16 with § = €/4, there
exist constants x. and p. such that uniformly in p > p., = € [z.,p/2] and X € [2z71,1],

log (e_)‘x/Qcpz*()\)N> = Nlog (e_k‘sgoﬁ*()\)) < x ()\4/3@3”/2 + {L‘_4/3€>\m) :

When z, is large enough, we can take A = %x_l € [2271,1], so that e’ = 2'/3. Then
the right hand side of the above inequality is equal to (%)4/ 34=1/6 11, which is bounded
when z > .. So with this choice of A and for all p > p. and z € [z, p/2], e /2% (A)V is

bounded by a constant that depends only on €. It follows that
Ppoo(Ts < (N+1)A ) = e M2y e = g7 1/6,

Following exactly the same steps, we can prove the same bound for Py, oo (7,f < (N+1)AJ,)
using the estimate for 3 (—A) in Lemma V.16. Combine this with the large jump estimate,

we conclude that
N
Ppoo(Te < (N+ 1) ATy) < o /04 —m 13,
p

]

Proof of Lemma V.10. Consider z > 0and € € (0, 1). Let z, = (2" —1)xz and N;, = (2F—2)%
so that we have 1 =z, N; = 0 and for all k£ > 0,

iL‘k_H—iL'k:Qk.%’, N]H_l—Nk:Qkx/E and .CEk:iC—i—ENk.
Without loss of generality, we assume that (NVi)i>o are integers. (xj)r>1 and (NVi)g>o define
a sequence of disjoint boxes By = {(n, X,) : n € (N, Ngy1] and |X,, — pn| < zx}, which
are all contained in the region |X,, — un| < en + x thanks to the relation zp = x + €Ny
above. See Figure V.7. Let K be the index of the first box exited by (X,,),>o before T,,.
More precisely, let

K., =inf{k>1:3n € (Ng, Npi1] such that n < T,,, and |X,, — un| > x4} .

A X,=(p+en+x
X, (n+e)

Tk41

To=3T
T
T1=x Th—1 X,=(p—e)n—=x

. Nk,1 Nk Nk+1

Sy

Figure V.7 — The boxes By are parallelograms centered around the line X,, = un. They are
all contained between the lines X, = (u+ €)n+z and X, = (u — €)n — x.
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Then we have {75 < T,,} C {Kg,, < oo}. So it suffices to bound the probability of the
latter event. For any k£ > 1, we use the Markov property at time N, to write

Ppoo(Kypm = k) < Ppoo (| XNy, — #pNk| < w1 and In € (Ng, Npga] st n < Ty, [ Xy — pn| > 1)

< ‘5|S<up IP’H#NH(;(EIn < (Ngg1 — N+ 1) ATy, st | X — pun + 6] > xk>
STr—1

Using triangular inequality | X,, — un| > | X,, — un + 0| —|d| and the fact that uNy—x5_1 >0
for all £ > 1, we can continue the above inequality with

< sup Py (Eln < (Ngg1 — Nk + 1) ATy, st | X, — pn| > oy — xk._l)

p'>p

= Sup Pp’,oo(chk—xk_l < (Nk‘-i-l — Ni, + 1) N Tm)

p'>p

Notice that N1 — Ny = 2(xp — x5_1)/e. Moreover, let ko = ko(p, ) = [logy(p/x)] so that
Ty — x5 = 21w € [z,p/2] for all 1 < k < kg. Then by Lemma V.17, there exist constants
z. and p, such that uniformly in p > p., x € [z, p/2], 1 <k < ko and m > 1,

Nii1 — N,
Ppoc( Koy = F) 5 (250) /0 4 SEHL Tk s,
’ p

Summing over k, we get P, (K¢, < ko) < #7/% 4 (Ny, /p) - m~"/%. On the other hand, we
read from the definition of K5, that P, oo (ko < K, < 00) < Ppoo(Ty > Niy) < (Niy/p) 7,
where 79 > 0 is the absolute constant provided by Lemma V.8. Notice that the definition
of ko implies % = (227;2)36 € [(2¢)7',¢7!] provided that = < p/2. Hence by combining the
two previous estimates, we conclude that there is a constant C, depending only on ¢, such
that for all p > p., © € [z, p/2] and m > 1,

Ppoc(KE,, < 00) < Cola™/+m~V/%) + (260

Since {7; < T} C {Kj,, < oo}, it follows that lim sup lim sup P, oo (75 < T7n) < (2€)7. But

m,r—00  p—00
the left hand side is a decreasing function of €, so it must be zero for all € > 0. [
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