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Toutefois, la mise à disposition de résultats expérimentaux et 

d'outils d'évaluation robustes pour cette technologie reste nécessaire pour disposer d'une 

analyse globale sur le plan environnemental.

Le but de ce projet est d’optimiser une technologie innovante de stockage d'énergie thermique 

basée sur un échangeur eau – matériaux à changement de phase (MCP). Ce système est couplé 

à l’architecture énergétique multi-sources d’un  îlot composé de trois bâtiments à énergie 

positive situé à Lyon : l’îlot HIKARI. 
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𝑵𝑴𝑩𝑬 =
∑ (𝒚𝒔𝒊𝒎𝒖𝒍𝒂𝒕𝒆𝒅,𝒊 − 𝒚𝒎𝒆𝒂𝒔𝒖𝒓𝒆𝒅,𝒊)

𝒏
𝒊=1

𝒚̅𝒎𝒆𝒂𝒔𝒖𝒓𝒆𝒅 × (𝒏 − 𝒑)
× 100 

𝑪𝑽(𝑹𝑴𝑺𝑬) =
1

𝒚̅𝒎𝒆𝒂𝒔𝒖𝒓𝒆𝒅
× √

∑ (𝒚𝒔𝒊𝒎𝒖𝒍𝒂𝒕𝒆𝒅,𝒊 − 𝒚𝒎𝒆𝒂𝒔𝒖𝒓𝒆𝒅,𝒊)
2𝒏

𝒊=1

(𝒏 − 𝒑 − 1)
× 100 Typically, models are declared to be 

calibrated if they produce MBEs 

within ±10% and CV(RMSE)s within 

±30% 

[ASHRAE guideline 14 - 

Measurement of Energy and Demand 

Savings]. 
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L’analyse des résultats de ces simulations a notamment abouti sur des recommandations de 

dimensionnement et d’usage pour l’Ilot HIKARI et des bâtiments futurs intégrant la technologie 

de stockage étudiée.
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𝑄 = 𝐶𝑝 𝑚 (𝑇2 − 𝑇1) 

𝑄 𝑚 𝐶𝑝

𝑇1 𝑇2

𝜌 𝐶𝑝

𝑄𝑙 = 𝛥𝐻𝑙  𝑚  

𝑄𝑙

𝑚 Δ



 

™



𝐶 + ℎ𝑒𝑎𝑡 ⇄ 𝐴 + 𝐵 







2.3.2.1 The subcooling phenomenon  

 

 

2.3.2.2 The segregation phenomenon  



2.3.2.3 Thermal life cycle  

2.3.2.4 Incompatibility with storage containers: Corrosion or volume change  

2.3.2.5 Flammability and odor  



2.3.3.1 Macroencapsulation  

2.3.3.2 Microencapsulation  

2.3.3.3 Impregnation of porous building materials 



2.3.3.3.1 Direct incorporation  

2.3.3.3.2 Immersion  

2.3.3.4 Shape stabilized PCM  





2.4.1.1 Examples of active systems 

2.4.1.1.1 Zalba et al. system  







2.4.1.1.2 Stathopoulos et al. system  



 



 

 

 

 

 

2.4.2.1 Examples of studies on passive systems technologies 

2.4.2.1.1 Goia et al. study (2013) 



𝜗𝑠𝑢𝑟𝑓
𝑃𝐶𝑀 𝜗𝑠𝑢𝑟𝑓

𝐶𝐺 𝐼𝑡
𝑃𝐶𝑀 𝑎𝑛𝑑 𝐼 𝑡

𝐶𝐺



2.4.2.1.2 Cellat et al. prototype (2015) 



 

 

 



2.5.1.1 The design 



•

•

•

  

  

  

    





2.5.1.2 The systems

Epconsumption (Office + Dwellings + Commercial) / year   (Epproduced locally) / year 

Epconsumption

Epproduced locally

 

 

 

 

 

 



2.5.1.2.1 PV systems 



2.5.1.2.2 Cogeneration system 



 

 

2.5.1.2.3 Absorption chiller 



2.5.1.2.4 Ventilation 

2.5.1.2.5 Storage 
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𝐶𝑝)

3.3.3.1 The DSC method  

𝐶𝑝,𝑎𝑝𝑝 = {

𝐶𝑝,𝑠 (𝑓𝑜𝑟 𝑡ℎ𝑒 𝑠𝑜𝑙𝑖𝑑 𝑝ℎ𝑎𝑠𝑒, 𝑤ℎ𝑒𝑟𝑒  𝑇 < 𝑇𝑠)

𝐶𝑝(𝑇) (𝑓𝑜𝑟 𝑡ℎ𝑒 𝑝ℎ𝑎𝑠𝑒 𝑐ℎ𝑎𝑛𝑔𝑒,𝑤ℎ𝑒𝑟𝑒 𝑇𝑠 < 𝑇 < 𝑇𝑙)

𝐶𝑝,𝑙   (𝑓𝑜𝑟 𝑡ℎ𝑒 𝑙𝑖𝑞𝑢𝑖𝑑 𝑝ℎ𝑎𝑠𝑒, 𝑤ℎ𝑒𝑟𝑒  𝑇 > 𝑇𝑙)



𝐶𝑝(𝑇)

𝐶𝑝(𝑇) =
(𝐷𝑆𝐶(𝑇)𝑠)

𝜑

𝐷𝑆𝐶(𝑇)𝑠

𝜑



3.3.4.1 MATLAB Simulink 

 

 

 



 

 

3.3.4.2 TRNSYS 





{
𝑇𝑒𝑚𝑝𝑒𝑟𝑎𝑡𝑢𝑟𝑒 
𝑐ℎ𝑎𝑛𝑔𝑒 𝑟𝑎𝑡𝑒 

𝑖𝑛 𝑛𝑜𝑑𝑒

} = {
𝐶𝑜𝑛𝑑𝑢𝑐𝑡𝑖𝑜𝑛 
𝑡𝑟𝑎𝑛𝑠𝑓𝑒𝑟𝑠 
𝑖𝑛 𝑛𝑜𝑑𝑒

} {
𝐶𝑜𝑛𝑣𝑒𝑐𝑡𝑖𝑣𝑒 
𝑡𝑟𝑎𝑛𝑠𝑓𝑒𝑟𝑠 
𝑖𝑛 𝑛𝑜𝑑𝑒

} + {
𝐴𝑑𝑣𝑒𝑐𝑡𝑖𝑜𝑛 
𝑡𝑟𝑎𝑛𝑠𝑓𝑒𝑟𝑠 
𝑖𝑛 𝑛𝑜𝑑𝑒

}



𝜌 ∶ ’

𝐶𝑝 ∶

𝑉:

𝑇 ∶

t ∶

 

T𝑖 ∶

T𝑖−1 : ∶

T𝑖+1

𝑅 =
 𝐿/𝑛

𝑆 ∙ 𝜆
 

𝐿/𝑛:

 𝜆 ∶

{
𝑇𝑒𝑚𝑝𝑒𝑟𝑎𝑡𝑢𝑟𝑒 
𝑐ℎ𝑎𝑛𝑔𝑒 𝑟𝑎𝑡𝑒 

𝑖𝑛 𝑛𝑜𝑑𝑒

} =  𝜌𝐶𝑝𝑉𝑑𝑇

{
Conduction 
transfers 
in node

} =  
T𝑖−1 − 2 ∙ T𝑖 + T𝑖+1

𝑅

{
Advection 
transfers 
in node

} =  m ̇ 𝐶𝑝 (T𝑖−1 − 2 ∙ T𝑖 + T𝑖+1)



T𝑖 ∶

T𝑖−1 : ∶

T𝑖+1

𝐶𝑝 ∶

m ̇ :

∆T𝑤−𝑝 ∶

𝑅 =
 1

𝑆 ∙ ℎ
 

h ∶

 

3.3.6.1 Model assumptions 

𝑇𝑖,𝑗
̅̅ ̅̅ =

(𝑇𝑖,𝑗
𝑡 + 𝑇𝑖,𝑗

𝑡−𝑑𝑡)

2

{
Convective 
transfers 
in node

} =
(∆𝑇𝑤−𝑝)

𝑅
 



𝑇𝑤,𝑛
𝑡−𝑑𝑡̅̅ ̅̅ ̅̅ ̅̅ ̅̅

𝑇𝑤,𝑛
̅̅ ̅̅ ̅



3.3.6.2 The heat transfer coefficient calculation 

(
𝐷ℎ

𝑅𝑐,𝑜𝑢𝑡
).



𝑁𝑢 = 3.66 + 4.12 ∙  (
𝐷ℎ

𝑅𝑐,𝑜𝑢𝑡
− 0.205)

0.569

ℎ =
𝑁𝑢 ∙ 𝜆

𝑅𝑐,𝑜𝑢𝑡

𝑅𝑐,𝑜𝑢𝑡 𝜆

3.3.6.3 Water layer 

𝜌𝑤  ∶

𝐶𝑝𝑤 : ∶

V𝑤,𝑗 :

dt 

𝑇𝑤,𝑗
̅̅ ̅̅ ̅ ∶

𝑇𝑚,𝑗
̅̅ ̅̅ ̅ : 

ṁ ∶

h ∶

 

𝜌𝑤 . 𝐶𝑝𝑤 . 𝑉𝑤
𝑑𝑡

⋅ 2. (𝑇𝑤,𝑗
̅̅ ̅̅ ̅ − 𝑇𝑤,𝑗

𝑡−𝑑𝑡) = 𝑚̇ ⋅ 𝐶𝑝𝑤 ⋅ (𝑇𝑤,𝑗−1
̅̅ ̅̅ ̅̅ ̅̅ − 2 ∙ 𝑇𝑤,𝑗

̅̅ ̅̅ ̅ + 𝑇𝑤,𝑗+1
̅̅ ̅̅ ̅̅ ̅̅ ) +

(
ℎ ⋅ 2 ⋅ 𝜋 ⋅ 𝑚𝑟 ⋅ 𝐿

𝑛
+

2 ∙ 𝜋 ⋅ 𝑘 ⋅ (𝐿/𝑛)

ln
(𝑚𝑟)

(𝑚𝑟 − 𝑟/2)

) ⋅ (𝑇𝑚,𝑗
̅̅ ̅̅ ̅ − 𝑇𝑤,𝑗

̅̅ ̅̅ ̅) ; 



L:

𝑇𝑤,𝑗
𝑡−𝑑𝑡 𝑇𝑤,𝑗−1

̅̅ ̅̅ ̅̅ ̅̅ + 𝑇𝑤,𝑗+1
̅̅ ̅̅ ̅̅ ̅̅ 𝑇𝑤,𝑗

̅̅ ̅̅ ̅ 

𝜌𝑤 . 𝐶𝑝𝑤 . 𝑉𝑤
𝑑𝑡

⋅ (𝑇𝑤,𝑗
̅̅ ̅̅ ̅ − 𝑇𝑤,𝑗

𝑡−𝑑𝑡) =
(𝑇𝑤,𝑗−1
̅̅ ̅̅ ̅̅ ̅̅ − 2𝑇𝑤,𝑗

̅̅ ̅̅ ̅ + 𝑇𝑤,𝑗+1
̅̅ ̅̅ ̅̅ ̅̅ )

2. 𝑅𝑉,𝑤,𝑗
+

(𝑇𝑚,𝑗
̅̅ ̅̅ ̅ − 𝑇𝑤,𝑗

̅̅ ̅̅ ̅)

2. 𝑅𝐻,𝑚,𝑗
;

𝑅𝑉,𝑤,𝑗 =  
1

𝑚̇∙𝐶𝑝𝑤

 

𝑚̇ ∙ 𝐶𝑝𝑤

𝑅𝐻,𝑚,𝑗 =
1

ℎ⋅2⋅𝜋⋅𝑚𝑟⋅(𝐿/𝑛)
  

ln
(𝒎𝒓)

(𝑚𝑟−𝑟/2)

2𝜋⋅𝜆⋅(𝐿/𝑛)

𝑇𝑤,𝑗
𝑡−𝑑𝑡 = 𝑇𝑤,𝑗 ·̅̅ ̅̅ ̅̅ ̅ [1 + (

𝑑𝑡

𝜌𝑤 . 𝐶𝑝𝑤 . 𝑉𝑤
) ∙ (

2

2. 𝑅𝑉,𝑤,𝑗
+

1

2. 𝑅𝐻,𝑚,𝑗
)] −

𝑑𝑡

2. 𝜌𝑤 . 𝐶𝑝𝑤 . 𝑉𝑤 · 𝑅𝑉,𝑤,𝑗
∙ (𝑇𝑤,𝑗−1

̅̅ ̅̅ ̅̅ ̅̅ + 𝑇𝑤,𝑗+1
̅̅ ̅̅ ̅̅ ̅̅ ) +

𝑑𝑡

2. 𝜌𝑤 . 𝐶𝑝𝑤 . 𝑉𝑤 · 𝑅𝐻,𝑚,𝑗
⋅ (𝑇𝑚,𝑗

̅̅ ̅̅ ̅);

𝑏𝑤 =
𝑑𝑡

2. 𝜌𝑤 . 𝐶𝑝𝑤 . 𝑉𝑤 · 𝑅𝑉,𝑤,𝑗

𝑐𝑤 =
𝑑𝑡

2. 𝜌𝑤 . 𝐶𝑝𝑤 . 𝑉𝑤 · 𝑅𝐻,𝑚,𝑗
 

𝑎𝑤 = 1 + 2 ∙ 𝑏𝑤 + 𝑐𝑤



 

 

 

3.3.6.4 PCM layer 

3.3.6.4.1 First PCM node (i=1) 

𝜌𝑝 ∶

𝐶𝑝𝑝 : ∶

V𝑝,𝑗 :

dt 

𝑇𝑖,𝑗
̅̅ ̅̅  : 

 

L:

𝑇𝑤,1
𝑡−𝑑𝑡 = 𝑎𝑤 · 𝑇𝑤,1

̅̅ ̅̅ ̅ − 𝑏𝑤(𝑇𝑤,𝑖𝑛𝑙𝑒𝑡
̅̅ ̅̅ ̅̅ ̅̅ ̅ + 𝑇𝑤,𝑗+1

̅̅ ̅̅ ̅̅ ̅̅ ) − 𝑐𝑤 ⋅ (𝑇𝑚,1
̅̅ ̅̅ ̅̅ )

𝑇𝑤,𝑗
𝑡−𝑑𝑡 = 𝑎𝑤 ∙ 𝑇𝑤,𝑗

̅̅ ̅̅ ̅ − 𝑏𝑤(𝑇𝑤,𝑗−1
̅̅ ̅̅ ̅̅ ̅̅ + 𝑇𝑤,𝑗+1

̅̅ ̅̅ ̅̅ ̅̅ ) − 𝑐𝑤 ⋅ (𝑇𝑚,𝑗
̅̅ ̅̅ ̅)

𝑇𝑤,𝑛
𝑡−𝑑𝑡 = 𝑎𝑤 · 𝑇𝑤,𝑛

̅̅ ̅̅ ̅ − 𝑏𝑤 (𝑇𝑤,𝑗−1
̅̅ ̅̅ ̅̅ ̅̅ + 𝑇𝑤,𝑛

𝑡−𝑑𝑡̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅) − 𝑐𝑤 ⋅ (𝑇𝑚,𝑛
̅̅ ̅̅ ̅̅ )

[
 
 
 
 
 
𝑇𝑤,1

𝑡−𝑑𝑡

⋮
𝑇𝑤,𝑗

𝑡−𝑑𝑡

⋮
𝑇𝑤,𝑛

𝑡−𝑑𝑡]
 
 
 
 
 

=

[
 
 
 
 
𝑎𝑤 −𝑏𝑤 0 … 0
−𝑏𝑤 ⋱ ⋱ ⋱ ⋮
0 ⋱ 𝑎𝑤 ⋱ 0
⋮ ⋱ ⋱ ⋱ −𝑏𝑤

0 ⋯ 0 −𝑏𝑤 𝑎𝑤 ]
 
 
 
 

×

[
 
 
 
 
𝑇𝑤,1
̅̅ ̅̅ ̅

⋮
𝑇𝑤,𝑗
̅̅ ̅̅ ̅

⋮
𝑇𝑤,𝑛
̅̅ ̅̅ ̅]

 
 
 
 

+

[
 
 
 
 
−𝑐𝑤 0 ⋯ ⋯ 0

0 ⋱ ⋱ ⋮
⋮ ⋱ ⋱ ⋱ ⋮
⋮ ⋱ ⋱ 0
0 ⋯ ⋯ 0 −𝑐𝑤]

 
 
 
 

×

[
 
 
 
 
𝑇𝑚,1
̅̅ ̅̅ ̅̅

⋮
𝑇𝑚,𝑗
̅̅ ̅̅ ̅

⋮
𝑇𝑚,𝑛
̅̅ ̅̅ ̅̅ ]

 
 
 
 

+

[
 
 
 
 
−𝑏𝑤 · 𝑇𝑤,𝑖𝑛𝑙𝑒𝑡

̅̅ ̅̅ ̅̅ ̅̅ ̅

0
⋮
⋮
0 ]

 
 
 
 

 +

[
 
 
 
 

0
⋮
⋮
0

−𝑏𝑤 · 𝑇𝑤,𝑖𝑛𝑙𝑒𝑡
̅̅ ̅̅ ̅̅ ̅̅ ̅]

 
 
 
 

  

𝜌𝑝. 𝐶𝑝𝑝. 𝑉𝑝

𝑑𝑡
. (𝑇1,𝑗

̅̅ ̅̅ − 𝑇1,𝑗
𝑡−𝑑𝑡) =

𝑛 ⋅ λ ⋅ 𝜋 ⋅ (𝑟1)2

𝐿
∙ (𝑇1,𝑗−1

̅̅ ̅̅ ̅̅ ̅ − 2𝑇1,𝑗
̅̅ ̅̅ + 𝑇1,𝑗+1

̅̅ ̅̅ ̅̅ ̅) + 
2𝜋 ⋅ λ ⋅ (𝐿/𝑛)

ln
(𝑟 2⁄ )
(𝑟1)

⋅ (𝑇2,𝑗
̅̅ ̅̅̅ − 𝑇1,𝑗

̅̅ ̅̅ );



𝑇1,𝑗
𝑡−𝑑𝑡 𝑇1,𝑗−1

̅̅ ̅̅ ̅̅ ̅ + 𝑇1,𝑗+1
̅̅ ̅̅ ̅̅ ̅ 𝑇2,𝑗

̅̅ ̅̅̅ 

𝑇𝑤,𝑛
𝑡−𝑑𝑡̅̅ ̅̅ ̅̅ ̅̅ ̅̅   

𝑇1,𝑗
𝑡−𝑑𝑡 = 𝑇1,𝑗 ·̅̅ ̅̅ ̅̅ [1 + (

𝑑𝑡

𝜌𝑝. 𝐶𝑝𝑝. 𝑉𝑝
)(

2

𝑅𝑉,1,𝑗
+

1

𝑅𝐻,1,𝑗
)] −

𝑑𝑡

𝜌𝑝. 𝐶𝑝𝑝. 𝑉𝑝 · 𝑅𝑉,1,𝑗
(𝑇1,𝑗−1
̅̅ ̅̅ ̅̅ ̅ + 𝑇1,𝑗+1

̅̅ ̅̅ ̅̅ ̅) −

𝑑𝑡

𝜌𝑝. 𝐶𝑝𝑝. 𝑉𝑝 · 𝑅𝐻,1,𝑗
⋅ (𝑇2,𝑗

̅̅ ̅̅̅);

𝑅𝑉,1,𝑗 = 
L

𝑛 ⋅ λ ⋅ 𝜋 ⋅ (𝑟1)2

𝑅𝐻,1,𝑗 =
ln

(𝑟 2⁄ )
(𝑟1)

2𝜋 ⋅ λ ⋅ (𝐿/𝑛)

𝜌𝑝. 𝐶𝑝𝑝. 𝑉𝑝
𝑑𝑡

. (𝑇1,𝑗
̅̅ ̅̅ − 𝑇1,𝑗

𝑡−𝑑𝑡) =
(𝑇1,𝑗−1
̅̅ ̅̅ ̅̅ ̅ − 2𝑇1,𝑗

̅̅ ̅̅ + 𝑇1,𝑗+1
̅̅ ̅̅ ̅̅ ̅)

𝑅𝑉,1,𝑗
+ 

(𝑇2,𝑗
̅̅ ̅̅̅ − 𝑇1,𝑗

̅̅ ̅̅ )

𝑅𝐻,1,𝑗
; 

 

 

 

𝑎𝑝 = 1 + 2 ∙ 𝑏𝑝 + 𝑐𝑝

𝑏𝑝 =
𝑑𝑡

𝜌𝑝. 𝐶𝑝𝑝. 𝑉𝑝 · 𝑅𝑉,1,𝑗

𝑅𝑉,1,1 = 
1

ℎ ⋅ 𝜋 ⋅ (𝑟1)2
+

L

2 ⋅ 𝑛 ⋅ 𝜆 ⋅ 𝜋 ⋅ (𝑟1)2

𝑎𝑝_1 = 1 + 𝑏𝑝 + 𝑐𝑝 + 𝑑𝑝



3.3.6.4.2 Second PCM node (i=2) 

𝑐𝑝 =
𝑑𝑡

𝜌𝑝. 𝐶𝑝𝑝. 𝑉𝑝 · 𝑅𝐻,1,𝑗

𝑇1,1
𝑡−𝑑𝑡 = 𝑎𝑤 · 𝑇1,1

̅̅ ̅̅ ̅ − 𝑏𝑝 ∙ (𝑇1,𝑗+1
̅̅ ̅̅ ̅̅ ̅) − 𝑐𝑝 ⋅ (𝑇2,1

̅̅ ̅̅ ̅) − 𝑑𝑝 ⋅ (𝑇𝑖𝑛𝑙𝑒𝑡
̅̅ ̅̅ ̅̅ ̅)

𝑇1,𝑗
𝑡−𝑑𝑡 = 𝑎𝑤 ∙ 𝑇1,𝑗

̅̅ ̅̅ − 𝑏𝑝(𝑇1,𝑗−1
̅̅ ̅̅ ̅̅ ̅ + 𝑇1,𝑗+1

̅̅ ̅̅ ̅̅ ̅) − 𝑐𝑝 ⋅ (𝑇2,𝑗
̅̅ ̅̅̅)

𝑇1,𝑛
𝑡−𝑑𝑡 = 𝑎𝑤 · 𝑇1,𝑛

̅̅ ̅̅ ̅ − 𝑏𝑝(𝑇1,𝑗−1
̅̅ ̅̅ ̅̅ ̅) − 𝑐𝑝 ⋅ (𝑇2,𝑛

̅̅ ̅̅ ̅) − 𝑑𝑝 ⋅ (𝑇1,𝑛
𝑡−𝑑𝑡̅̅ ̅̅ ̅̅ ̅̅ ̅̅ )

[
 
 
 
 
 
𝑇1,1

𝑡−𝑑𝑡

⋮
𝑇1,𝑗

𝑡−𝑑𝑡

⋮
𝑇1,𝑛

𝑡−𝑑𝑡
]
 
 
 
 
 

=

[
 
 
 
 
 
𝑎𝑝_1 −𝑏𝑝 0 … 0

−𝑏𝑝 ⋱ ⋱ ⋱ ⋮

0 ⋱ 𝑎𝑝 ⋱ 0

⋮ ⋱ ⋱ ⋱ −𝑏𝑝

0 ⋯ 0 −𝑏𝑝 𝑎𝑝_1]
 
 
 
 
 

×

[
 
 
 
 
𝑇1,1
̅̅ ̅̅ ̅

⋮
𝑇1,𝑗
̅̅ ̅̅

⋮
𝑇1,𝑛
̅̅ ̅̅ ̅]

 
 
 
 

+

[
 
 
 
 
−𝑐𝑝 0 ⋯ ⋯ 0

0 ⋱ ⋱ ⋮
⋮ ⋱ ⋱ ⋱ ⋮
⋮ ⋱ ⋱ 0
0 ⋯ ⋯ 0 −𝑐𝑝]

 
 
 
 

×

[
 
 
 
 
𝑇2,1
̅̅ ̅̅ ̅

⋮
𝑇2,𝑗
̅̅ ̅̅̅

⋮
𝑇2,𝑛
̅̅ ̅̅ ̅]

 
 
 
 

+

[
 
 
 
 
−𝑑𝑝 · 𝑇𝑤,𝑖𝑛𝑙𝑒𝑡

̅̅ ̅̅ ̅̅ ̅̅ ̅

0
⋮
⋮
0 ]

 
 
 
 

+

[
 
 
 
 
 

0
⋮
⋮
0

−𝑑𝑝 · 𝑇𝑤,𝑛
𝑡−𝑑𝑡̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅

]
 
 
 
 
 

 

𝜌𝑝. 𝐶𝑝𝑝. 𝑉𝑝
𝑑𝑡

. (𝑇2,𝑗
̅̅ ̅̅̅ − 𝑇2,𝑗

𝑡−𝑑𝑡) =
𝑛 ⋅ λ ⋅ 𝜋 ⋅ [𝑟2 − (𝑟1)2]

𝐿
∙ (𝑇2,𝑗+1

̅̅ ̅̅ ̅̅ ̅ − 2𝑇2,𝑗
̅̅ ̅̅̅ + 𝑇2,𝑗−1

̅̅ ̅̅ ̅̅ ̅) +

2𝜋 ⋅ λ ⋅ (𝐿/𝑛)

ln
(𝑟 2⁄ )
(𝑟1)

⋅ (𝑇1,𝑗
̅̅ ̅̅ − 𝑇2,𝑗

̅̅ ̅̅̅) +
2𝜋 ⋅ λ ⋅ (𝐿/𝑛)

ln
(3𝑟 2⁄ )
(𝑟/2)

⋅ (𝑇3,𝑗
̅̅ ̅̅̅ − 𝑇2,𝑗

̅̅ ̅̅̅); 

 

 

𝑑𝑝 =
𝑑𝑡

𝜌𝑝. 𝐶𝑝𝑝. 𝑉𝑝 · 𝑅𝐻,1,1



𝜌𝑝 ∶

𝐶𝑝𝑝 : ∶

V𝑝,𝑗 :

dt 

𝑇𝑖,𝑗
̅̅ ̅̅  : 

 

L:

𝑇2,𝑗
𝑡−𝑑𝑡 𝑇2,𝑗−1

̅̅ ̅̅ ̅̅ ̅ + 𝑇2,𝑗+1
̅̅ ̅̅ ̅̅ ̅ 𝑇1,𝑗

̅̅ ̅̅  𝑇3,𝑗
̅̅ ̅̅̅  

𝑅𝐻,1,𝑗 =
ln

(𝑟 2⁄ )
(𝑟1)

2𝜋 ⋅ λ ⋅ (𝐿/𝑛)

𝑅𝐻,2,𝑗 =
ln

(3𝑟 2⁄ )
(𝑟/2)

2𝜋 ⋅ λ ⋅ (𝐿/𝑛)

𝜌𝑝. 𝐶𝑝𝑝. 𝑉𝑝
𝑑𝑡

. (𝑇2,𝑗
̅̅ ̅̅̅ − 𝑇2,𝑗

𝑡−𝑑𝑡) =
(𝑇2,𝑗+1
̅̅ ̅̅ ̅̅ ̅ − 2𝑇2,𝑗

̅̅ ̅̅̅ + 𝑇2,𝑗−1
̅̅ ̅̅ ̅̅ ̅)

𝑅𝑉,2,𝑗
+

(𝑇1,𝑗
̅̅ ̅̅ − 𝑇2,𝑗

̅̅ ̅̅̅)

𝑅𝐻,1,𝑗
+

(𝑇3,𝑗
̅̅ ̅̅̅ − 𝑇2,𝑗

̅̅ ̅̅̅)

𝑅𝐻,2,𝑗
  

𝑅𝑉,2,𝑗 =
L

𝑛 ⋅ λ ⋅ 𝜋 ⋅ [𝑟2 − (𝑟1)2]

𝑇2,𝑗
𝑡−𝑑𝑡 = 𝑇2,𝑗 ·̅̅ ̅̅ ̅̅ [1 + (

𝑑𝑡

𝜌𝑝. 𝐶𝑝𝑝. 𝑉𝑝
)(

2

𝑅𝑉,2,𝑗
+

1

𝑅𝐻,2,𝑗
+

1

𝑅𝐻,1,𝑗
)] −

𝑑𝑡

𝜌𝑝. 𝐶𝑝𝑝. 𝑉𝑝 · 𝑅𝑉,2,𝑗
(𝑇2,𝑗−1
̅̅ ̅̅ ̅̅ ̅ + 𝑇2,𝑗+1

̅̅ ̅̅ ̅̅ ̅) −

𝑑𝑡

𝜌𝑝. 𝐶𝑝𝑝. 𝑉𝑝 · 𝑅𝐻,1,𝑗
⋅ (𝑇1,𝑗

̅̅ ̅̅ ) −
𝑑𝑡

𝜌𝑝. 𝐶𝑝𝑝. 𝑉𝑝 · 𝑅𝐻,2,𝑗
⋅ (𝑇3,𝑗

̅̅ ̅̅̅)



𝑒𝑝 = 1 + 2 ∙ 𝑓𝑝 + 𝑔𝑝 + ℎ𝑝

𝑓𝑝 =
𝑑𝑡

𝜌𝑝. 𝐶𝑝𝑝. 𝑉𝑝 · 𝑅𝑉,2,𝑗

𝑔𝑝 =
𝑑𝑡

𝜌𝑝. 𝐶𝑝𝑝. 𝑉𝑝 · 𝑅𝐻,1,𝑗

𝑇2,1
𝑡−𝑑𝑡 = 𝑒𝑤 · 𝑇2,1

̅̅ ̅̅ ̅ − 𝑓𝑝(𝑇2,𝑗+1
̅̅ ̅̅ ̅̅ ̅) − 𝑔𝑝 ⋅ (𝑇1,1

̅̅ ̅̅ ̅) − ℎ𝑝 ⋅ (𝑇3,1
̅̅ ̅̅ ̅) − 𝑖𝑝 ⋅ (𝑇𝑤,𝑖𝑛𝑙𝑒𝑡

̅̅ ̅̅ ̅̅ ̅̅ ̅)

𝑇2,𝑗
𝑡−𝑑𝑡 = 𝑒𝑤 ∙ 𝑇2,𝑗

̅̅ ̅̅̅ − 𝑓𝑝(𝑇2,𝑗−1
̅̅ ̅̅ ̅̅ ̅ + 𝑇2,𝑗+1

̅̅ ̅̅ ̅̅ ̅) − 𝑔𝑝 ⋅ (𝑇1,𝑗
̅̅ ̅̅ ) ℎ𝑝 ⋅ (𝑇3,𝑗

̅̅ ̅̅̅)

𝑇2,𝑛
𝑡−𝑑𝑡 = 𝑒𝑤 · 𝑇2,𝑛

̅̅ ̅̅ ̅ − 𝑓𝑝(𝑇2,𝑗−1
̅̅ ̅̅ ̅̅ ̅) − 𝑔𝑝 ⋅ (𝑇1,𝑛

̅̅ ̅̅ ̅) ℎ𝑝 ⋅ (𝑇3,𝑛
̅̅ ̅̅ ̅) − 𝑖𝑝 ∙ (𝑇𝑤,𝑛

𝑡−𝑑𝑡̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅)

ℎ𝑝 =
𝑑𝑡

𝜌𝑝. 𝐶𝑝𝑝. 𝑉𝑝 · 𝑅𝐻,2,𝑗

𝑅𝑉,2,1 =
1

ℎ ⋅ 𝜋 ⋅ [𝑟2 − (𝑟1)2]
+ 

L

2 ⋅ 𝑛 ⋅ λ ⋅ 𝜋 ⋅ [𝑟2 − (𝑟1)2]

𝑒𝑝_1 = 1 + 𝑓𝑝 + 𝑔𝑝 + ℎ𝑝 + 𝑖𝑝

𝑖𝑝 =
𝑑𝑡

𝜌𝑝. 𝐶𝑝𝑝. 𝑉𝑝 · 𝑅𝑉,2,1



3.3.6.4.3 Last PCM nodes (i=m) 

𝜌𝑤  ∶

𝐶𝑝𝑤 : ∶

V𝑤,𝑗 :

dt 

𝑇𝑤,𝑗
̅̅ ̅̅ ̅ ∶

𝑇𝑚,𝑗
̅̅ ̅̅ ̅ : 

ṁ ∶

h ∶

 

L:

[
 
 
 
 
 
𝑇2,1

𝑡−𝑑𝑡

⋮
𝑇2,𝑗

𝑡−𝑑𝑡

⋮
𝑇2,𝑛

𝑡−𝑑𝑡
]
 
 
 
 
 

=

[
 
 
 
 
 
𝑒𝑝_1 −𝑓𝑝 0 … 0

−𝑓𝑝 ⋱ ⋱ ⋱ ⋮

0 ⋱ 𝑒𝑝 ⋱ 0

⋮ ⋱ ⋱ ⋱ −𝑓𝑝
0 ⋯ 0 −𝑓𝑝 𝑒𝑝_1]

 
 
 
 
 

×

[
 
 
 
 
𝑇2,1
̅̅ ̅̅ ̅

⋮
𝑇2,𝑗
̅̅ ̅̅̅

⋮
𝑇2,𝑛
̅̅ ̅̅ ̅]

 
 
 
 

+

[
 
 
 
 
−𝑔𝑝 0 ⋯ ⋯ 0

0 ⋱ ⋱ ⋮
⋮ ⋱ ⋱ ⋱ ⋮
⋮ ⋱ ⋱ 0
0 ⋯ ⋯ 0 −𝑔𝑝]

 
 
 
 

×

[
 
 
 
 
𝑇1,1
̅̅ ̅̅ ̅

⋮
𝑇1,𝑗
̅̅ ̅̅

⋮
𝑇1,𝑛
̅̅ ̅̅ ̅]

 
 
 
 

+

[
 
 
 
 
−ℎ𝑝 0 ⋯ ⋯ 0

0 ⋱ ⋱ ⋮
⋮ ⋱ ⋱ ⋱ ⋮
⋮ ⋱ ⋱ 0
0 ⋯ ⋯ 0 −ℎ𝑝]

 
 
 
 

×

[
 
 
 
 
𝑇3,1
̅̅ ̅̅ ̅

⋮
𝑇3,𝑗
̅̅ ̅̅̅

⋮
𝑇3,𝑛
̅̅ ̅̅ ̅]

 
 
 
 

+

[
 
 
 
 
−𝑖𝑝 · 𝑇𝑤,𝑖𝑛𝑙𝑒𝑡

̅̅ ̅̅ ̅̅ ̅̅ ̅

0
⋮
⋮
0 ]

 
 
 
 

 +

[
 
 
 
 
 

0
⋮
⋮
0

−𝑖𝑝 · 𝑇𝑤,𝑛
𝑡−𝑑𝑡̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅

]
 
 
 
 
 

 

𝜌𝑝. 𝐶𝑝𝑝. 𝑉𝑝
𝑑𝑡

. (𝑇𝑚,𝑗
̅̅ ̅̅ ̅ − 𝑇𝑚,𝑗

𝑡−𝑑𝑡) =
𝑛 ⋅ λ ⋅ 𝜋 ⋅ ((𝑚𝑟)2 − [(𝑚 − 1)𝑟]

2
)

𝐿
∙ (𝑇𝑚,𝑗−1

̅̅ ̅̅ ̅̅ ̅̅ − 2𝑇𝑚,𝑗
̅̅ ̅̅ ̅ + 𝑇𝑚,𝑗+1) + 

2𝜋 ⋅ λ ⋅ (
𝐿
𝑛)

ln
(𝑚𝑟 − 𝑟 2⁄ )

(𝑚𝑟 −
3𝑟
2 )

⋅ (𝑇𝑚−1,𝑗
̅̅ ̅̅ ̅̅ ̅̅ − 𝑇𝑚,𝑗

̅̅ ̅̅ ̅) + 

(

 
 ℎ ⋅ 2 ⋅ 𝜋 ⋅ (𝑚 − 1)𝑟 ⋅ 𝐿

𝑛
+

2𝜋 ⋅ λ ⋅ (
𝐿
𝑛)

ln
(𝑚𝑟)

(𝑚𝑟 −
𝑟
2))

 
 

⋅ (𝑇𝑤,𝑗
̅̅ ̅̅ ̅ − 𝑇𝑚,𝑗

̅̅ ̅̅ ̅) ; 



𝑇𝑚,𝑗
𝑡−𝑑𝑡 𝑇𝑚,𝑗−1

̅̅ ̅̅ ̅̅ ̅̅ + 𝑇𝑚,𝑗+1
̅̅ ̅̅ ̅̅ ̅̅ 𝑇𝑚−1,𝑗

̅̅ ̅̅ ̅̅ ̅̅  𝑇𝑤,𝑗
̅̅ ̅̅ ̅: 

𝑅𝑉,𝑚,𝑗 =
L

𝑛 ⋅ λ ⋅ 𝜋 ⋅ {(𝑚𝑟)2 − [(𝑚 − 1)𝑟]2}

𝑅𝐻,𝑚,𝑗 =
1

ℎ ⋅ 2 ⋅ 𝜋 ⋅ 𝑚𝑟 ⋅ (𝐿/𝑛)
+

ln
(𝑚𝑟)

(𝑚𝑟 − 𝑟/2)

2𝜋 ⋅ λ ⋅ (𝐿/𝑛)
 

𝑅𝐻,𝑖−1,𝑗 =
ln

(𝑚𝑟 − 𝑟 2⁄ )
(𝑚𝑟 − 3𝑟/2)

2𝜋 ⋅ λ ⋅ (𝐿/𝑛)

𝜌𝑝. 𝐶𝑝𝑝. 𝑉𝑝

𝑑𝑡
. (𝑇𝑚,𝑗

̅̅ ̅̅ ̅ − 𝑇𝑚,𝑗
𝑡−𝑑𝑡) =

(𝑇𝑚,𝑗−1
̅̅ ̅̅ ̅̅ ̅̅ − 2𝑇𝑚,𝑗

̅̅ ̅̅ ̅ + 𝑇𝑚,𝑗+1)

𝑅𝑉,𝑚,𝑗
+

(𝑇𝑚−1,𝑗
̅̅ ̅̅ ̅̅ ̅̅ − 𝑇𝑚,𝑗

̅̅ ̅̅ ̅)

𝑅𝐻,𝑚−1,𝑗
+ 

(𝑇𝑤,𝑗
̅̅ ̅̅ ̅ − 𝑇𝑚,𝑗

̅̅ ̅̅ ̅)

𝑅𝐻,𝑚,𝑗
  

𝑇𝑚,𝑗
𝑡−𝑑𝑡 = 𝑇𝑚,𝑗 ·̅̅ ̅̅ ̅̅ ̅ [1 + (

𝑑𝑡

𝜌𝑝. 𝐶𝑝𝑝. 𝑉𝑝
)(

2

𝑅𝑉,𝑚,𝑗
+

1

𝑅𝐻,𝑚,𝑗
+

1

𝑅𝐻,3,𝑗
)] −

𝑑𝑡

𝜌𝑝. 𝐶𝑝𝑝. 𝑉𝑝 · 𝑅𝑉,𝑚,𝑗
(𝑇𝑚,𝑗−1
̅̅ ̅̅ ̅̅ ̅̅ + 𝑇𝑚,𝑗+1

̅̅ ̅̅ ̅̅ ̅̅ ) −

𝑑𝑡

𝜌𝑝. 𝐶𝑝𝑝. 𝑉𝑝 · 𝑅𝐻,𝑚−1,𝑗
⋅ (𝑇𝑚−1,𝑗

̅̅ ̅̅ ̅̅ ̅̅ ) −
𝑑𝑡

𝜌𝑝. 𝐶𝑝𝑝. 𝑉𝑝 · 𝑅𝐻,𝑚,𝑗
⋅ (𝑇𝑤,𝑗

̅̅ ̅̅ ̅) ; 

𝑅𝑉,𝑚,1 =
1

ℎ ⋅ 𝜋 ⋅ {(𝑚𝑟)2 − [(𝑚 − 1)𝑟]2}
+ 

L

2 ⋅ 𝑛 ⋅ 𝜆 ⋅ 𝜋 ⋅ {(𝑚𝑟)2 − [(𝑚 − 1)𝑟]2}



𝑜𝑝 = 1 + 2 ∙ 𝑝𝑝 + 𝑞𝑝 + 𝑟𝑝

𝑝𝑝 =
𝑑𝑡

𝜌𝑝. 𝐶𝑝𝑝. 𝑉𝑝 · 𝑅𝑉,𝑚,𝑗

𝑞𝑝 =
𝑑𝑡

𝜌𝑝. 𝐶𝑝𝑝. 𝑉𝑝 · 𝑅𝐻,𝑚−1,𝑗

𝑇𝑚,𝑗
𝑡−𝑑𝑡 = 𝑜𝑤 ∙ 𝑇𝑚,𝑗

̅̅ ̅̅ ̅ − 𝑝𝑝(𝑇𝑚,𝑗−1
̅̅ ̅̅ ̅̅ ̅̅ + 𝑇𝑚,𝑗+1

̅̅ ̅̅ ̅̅ ̅̅ ) − 𝑞𝑝 ⋅ (𝑇𝑚−1,𝑗
̅̅ ̅̅ ̅̅ ̅̅ ) 𝑟𝑝 ⋅ (𝑇𝑤,𝑗

̅̅ ̅̅ ̅)

𝑇𝑚,𝑛
𝑡−𝑑𝑡 = 𝑜𝑤 · 𝑇𝑚,𝑛

̅̅ ̅̅ ̅̅ − 𝑝𝑝(𝑇𝑚,𝑗−1
̅̅ ̅̅ ̅̅ ̅̅ ) − 𝑞𝑝 ⋅ (𝑇𝑚−1,𝑛

̅̅ ̅̅ ̅̅ ̅̅ ̅) 𝑟𝑝 ⋅ (𝑇𝑤,𝑛
̅̅ ̅̅ ̅) − 𝑠𝑝 ⋅ (𝑇𝑤,𝑛

𝑡−𝑑𝑡̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅)

𝑟𝑝 =
𝑑𝑡

𝜌𝑝. 𝐶𝑝𝑝. 𝑉𝑝 · 𝑅𝐻,𝑚,𝑗

𝑇𝑚,1
𝑡−𝑑𝑡 = 𝑜𝑝 ⋅ (𝑇𝑚,𝑗)

̅̅ ̅̅ ̅̅ ̅̅ − 𝑝𝑝 ⋅ (𝑇𝑚,𝑗+1
̅̅ ̅̅ ̅̅ ̅̅ ) − 𝑞𝑝 ⋅ (𝑇𝑚−1,𝑗

̅̅ ̅̅ ̅̅ ̅̅ ) − 𝑟𝑝 ⋅ (𝑇𝑤,𝑗
̅̅ ̅̅ ̅) − 𝑠𝑝 ⋅ (𝑇𝑤,𝑖𝑛𝑙𝑒𝑡

̅̅ ̅̅ ̅̅ ̅̅ ̅)

𝑜𝑝_1 = 1 + 𝑝𝑝 + 𝑞𝑝 + 𝑟𝑝 + 𝑠𝑝

𝑠𝑝 =
𝑑𝑡

𝜌𝑝. 𝐶𝑝𝑝. 𝑉𝑝 · 𝑅𝑉,𝑚,1



 

 

 

3.3.6.4.4 Other PCM nodes  

𝜌𝑝 ∶

𝐶𝑝𝑝 : ∶

V𝑝,𝑗 :

dt 

𝑇𝑖,𝑗
̅̅ ̅̅  : 

 

L:

[
 
 
 
 
 
𝑇𝑚,1

𝑡−𝑑𝑡

⋮
𝑇𝑚,𝑗

𝑡−𝑑𝑡

⋮
𝑇𝑚,𝑛

𝑡−𝑑𝑡]
 
 
 
 
 

=

[
 
 
 
 
 
𝑜𝑝1

−𝑝𝑝 0 … 0

−𝑝𝑝 ⋱ ⋱ ⋱ ⋮

0 ⋱ 𝑜𝑝 ⋱ 0

⋮ ⋱ ⋱ ⋱ −𝑝𝑝

0 ⋯ 0 −𝑝𝑝 𝑜𝑝𝑛 ]
 
 
 
 
 

×

[
 
 
 
 
𝑇𝑚,1
̅̅ ̅̅ ̅̅

⋮
𝑇𝑚,𝑗
̅̅ ̅̅ ̅

⋮
𝑇𝑚,𝑛
̅̅ ̅̅ ̅̅ ]

 
 
 
 

+

[
 
 
 
 
−𝑞𝑝 0 ⋯ ⋯ 0

0 ⋱ ⋱ ⋮
⋮ ⋱ ⋱ ⋱ ⋮
⋮ ⋱ ⋱ 0
0 ⋯ ⋯ 0 −𝑞𝑝]

 
 
 
 

×

[
 
 
 
 
𝑇3,1
̅̅ ̅̅ ̅

⋮
𝑇3,𝑗
̅̅ ̅̅̅

⋮
𝑇3,𝑛
̅̅ ̅̅ ̅]

 
 
 
 

+

[
 
 
 
 
−𝑟𝑝 0 ⋯ ⋯ 0

0 ⋱ ⋱ ⋮
⋮ ⋱ ⋱ ⋱ ⋮
⋮ ⋱ ⋱ 0
0 ⋯ ⋯ 0 −𝑟𝑝]

 
 
 
 

×

[
 
 
 
 
𝑇𝑤,1
̅̅ ̅̅ ̅

⋮
𝑇𝑤,𝑗
̅̅ ̅̅ ̅

⋮
𝑇𝑤,𝑛
̅̅ ̅̅ ̅]

 
 
 
 

+

[
 
 
 
 
−𝑠𝑝 · 𝑇𝑤,𝑖𝑛𝑙𝑒𝑡

̅̅ ̅̅ ̅̅ ̅̅ ̅

0
⋮
⋮
0 ]

 
 
 
 

 +

[
 
 
 
 
 

0
⋮
⋮
0

−𝑠𝑝 · 𝑇𝑤,𝑛
𝑡−𝑑𝑡̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅

]
 
 
 
 
 

 

𝜌𝑝.𝐶𝑝𝑝.𝑉𝑝

𝑑𝑡
. (𝑇𝑖,𝑗

̅̅ ̅̅ − 𝑇𝑖,𝑗
𝑡−𝑑𝑡) =

2𝜋⋅λ⋅(𝐿/𝑛)

ln(𝑖𝑟−3𝑟 2⁄ )

(𝑖𝑟−5𝑟/2)

⋅ (𝑇𝑖−1,𝑗
̅̅ ̅̅ ̅̅ ̅ − 𝑇𝑖,𝑗

̅̅ ̅̅ ) +
2𝜋⋅λ⋅(𝐿/𝑛)

ln (𝑖𝑟−𝑟 2⁄ )

(𝑖𝑟−3𝑟/2)

⋅ (𝑇𝑖+1,𝑗
̅̅ ̅̅ ̅̅ ̅ − 𝑇𝑖,𝑗

̅̅ ̅̅ ) 

𝑛⋅𝜆⋅𝜋·{[(𝑖−1)𝑟]
2
−[(𝑖−2)𝑟]

2
}

𝐿
 ⋅ (𝑇𝑖,𝑗+1

̅̅ ̅̅ ̅̅ ̅ − 2𝑇𝑖,𝑗
̅̅ ̅̅ + 𝑇𝑖,𝑗−1

̅̅ ̅̅ ̅̅ ̅) 



𝑇𝑖,𝑗
𝑡−𝑑𝑡 𝑇𝑖,𝑗−1

̅̅ ̅̅ ̅̅ ̅ + 𝑇𝑖,𝑗+1
̅̅ ̅̅ ̅̅ ̅ 𝑇𝑖−1,𝑗

̅̅ ̅̅ ̅̅ ̅ 𝑇𝑖+1,𝑗
̅̅ ̅̅ ̅̅ ̅

𝑅𝑉,𝑖,𝑗 =
L

𝑛 ⋅ 𝜆 ⋅ 𝜋 · {[(𝑖 − 1)𝑟]2 − [(𝑖 − 2)𝑟]2}

𝑅𝐻,𝑖−1,𝑗 =
ln

(𝑖𝑟 − 3𝑟 2⁄ )
(𝑖𝑟 − 5𝑟/2)

2𝜋 ⋅ 𝜆 ⋅ (𝐿/𝑛)

𝑅𝐻,𝑖,𝑗 =
ln

(𝑖𝑟 − 𝑟 2⁄ )
(𝑖𝑟 − 3𝑟/2)

2𝜋 ⋅ 𝑘 ⋅ (𝐿/𝑛)

𝜌𝑝. 𝐶𝑝𝑝. 𝑉𝑝

𝑑𝑡
. (𝑇𝑖,𝑗

̅̅ ̅̅ − 𝑇𝑖,𝑗
𝑡−𝑑𝑡) =

(𝑇𝑖−1,𝑗
̅̅ ̅̅ ̅̅ ̅ − 𝑇𝑖,𝑗

̅̅ ̅̅ )

𝑅𝐻,𝑖−1,𝑗
+

(𝑇𝑖+1,𝑗
̅̅ ̅̅ ̅̅ ̅ − 𝑇𝑖,𝑗

̅̅ ̅̅ )

𝑅𝐻,𝑖,𝑗
 +

(𝑇𝑖,𝑗+1
̅̅ ̅̅ ̅̅ ̅ − 2𝑇𝑖,𝑗

̅̅ ̅̅ + 𝑇𝑖,𝑗−1
̅̅ ̅̅ ̅̅ ̅)

𝑅𝑉,𝑖,𝑗
 

𝑇𝑖,𝑗
𝑡−𝑑𝑡 = 𝑇3,𝑗 ·̅̅ ̅̅ ̅̅ [1 + (

𝑑𝑡

𝜌𝑝. 𝐶𝑝𝑝. 𝑉𝑝
)(

2

𝑅𝑉,𝑖,𝑗
+

1

𝑅𝐻,𝑖,𝑗
+

1

𝑅𝐻,𝑖−1,𝑗
)] −

𝑑𝑡

𝜌𝑝. 𝐶𝑝𝑝. 𝑉𝑝 · 𝑅𝐻,𝑖−1,𝑗
⋅ (𝑇𝑖−1,𝑗

̅̅ ̅̅ ̅̅ ̅) −

𝑑𝑡

𝜌𝑝. 𝐶𝑝𝑝. 𝑉𝑝 · 𝑅𝐻,𝑖,𝑗
⋅ (𝑇𝑖+1,𝑗

̅̅ ̅̅ ̅̅ ̅) −
𝑑𝑡

𝜌𝑝. 𝐶𝑝𝑝. 𝑉𝑝 · 𝑅𝑉,𝑖,𝑗
(𝑇𝑖,𝑗−1
̅̅ ̅̅ ̅̅ ̅ + 𝑇𝑖,𝑗+1

̅̅ ̅̅ ̅̅ ̅)

𝑗𝑝 = 1 + 2 ∙ 𝑘𝑝 + 𝑙𝑝 + 𝑚𝑝

𝑘𝑝 =
𝑑𝑡

𝜌𝑝. 𝐶𝑝𝑝. 𝑉𝑝 · 𝑅𝑉,𝑖,𝑗

𝑙𝑝 =
𝑑𝑡

𝜌𝑝. 𝐶𝑝𝑝. 𝑉𝑝 · 𝑅𝐻,𝑖−1,𝑗

𝑅𝑉,𝑖,1 =
1

ℎ ⋅ 𝜋 ⋅ {[(𝑖 − 1)𝑟]2 − [(𝑖 − 2)𝑟]2}
+ 

L

2 ⋅ 𝑛 ⋅ 𝜆 ⋅ 𝜋 ⋅ {[(𝑖 − 1)𝑟]2 − [(𝑖 − 2)𝑟]2}

𝑗𝑝_1 = 1 + 𝑘𝑝 + 𝑙𝑝 + 𝑚𝑝 + 𝑛𝑝



 

 

3.3.6.4.5 Numerical resolution 

T̅   =  A − 1 (Tt−dt –B)

T̅

𝑇𝑡 𝑑𝑡

𝑇𝑖,𝑗
𝑡−𝑑𝑡 = 𝑗𝑤 ∙ 𝑇𝑖,𝑗

̅̅ ̅̅ − 𝑘𝑝 ∙ (𝑇𝑖,𝑗−1
̅̅ ̅̅ ̅̅ ̅) − 𝑙𝑝 ⋅ (𝑇𝑖−1,𝑗

̅̅ ̅̅ ̅̅ ̅) − 𝑚𝑝 ⋅ (𝑇𝑖+1,𝑗
̅̅ ̅̅ ̅̅ ̅)− 𝑛𝑝 ⋅ (𝑇𝑤,𝑛

𝑡−𝑑𝑡̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅)

𝑇𝑖,𝑛
𝑡−𝑑𝑡 = 𝑗𝑤 · 𝑇𝑖,𝑛

̅̅ ̅̅ − 𝑘𝑝 ∙ (𝑇𝑖,𝑗−1
̅̅ ̅̅ ̅̅ ̅ + 𝑇𝑖,𝑛

𝑡−𝑑𝑡̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ) − 𝑙𝑝 ⋅ (𝑇𝑖−1,𝑛
̅̅ ̅̅ ̅̅ ̅) 𝑚𝑝 ⋅ (𝑇𝑖+1,𝑛

̅̅ ̅̅ ̅̅ ̅)

𝑚𝑝 =
𝑑𝑡

𝜌𝑝. 𝐶𝑝𝑝. 𝑉𝑝 · 𝑅𝐻,𝑖+1,𝑗

𝑇𝑖,1
𝑡−𝑑𝑡 = 𝑗𝑝 ⋅ (𝑇𝑖,𝑗)

̅̅ ̅̅ ̅̅ ̅ − 𝑘𝑝 ⋅ (𝑇𝑖,𝑗+1
̅̅ ̅̅ ̅̅ ̅) − 𝑙𝑝 ⋅ (𝑇𝑖−1,1

̅̅ ̅̅ ̅̅ ̅) − 𝑚𝑝 ⋅ (𝑇𝑖+1,1
̅̅ ̅̅ ̅̅ ̅) − 𝑛𝑝 ⋅ (𝑇𝑖𝑛𝑙𝑒𝑡

̅̅ ̅̅ ̅̅ ̅) 

[
 
 
 
 
 
𝑇𝑖,1

𝑡−𝑑𝑡

⋮
𝑇𝑖,𝑗

𝑡−𝑑𝑡

⋮
𝑇𝑖,𝑛

𝑡−𝑑𝑡
]
 
 
 
 
 

=

[
 
 
 
 
 
𝑗𝑝1

−𝑘𝑝 0 … 0

−𝑘𝑝 ⋱ ⋱ ⋱ ⋮

0 ⋱ 𝑗𝑝 ⋱ 0

⋮ ⋱ ⋱ ⋱ −𝑘𝑝

0 ⋯ 0 −𝑘𝑝 𝑗𝑝𝑛 ]
 
 
 
 
 

×

[
 
 
 
 
𝑇𝑖,1
̅̅ ̅̅

⋮
𝑇𝑖,𝑗
̅̅ ̅̅

⋮
𝑇𝑖,𝑛
̅̅ ̅̅ ]

 
 
 
 

+

[
 
 
 
 
−𝑙𝑝 0 ⋯ ⋯ 0

0 ⋱ ⋱ ⋮
⋮ ⋱ ⋱ ⋱ ⋮
⋮ ⋱ ⋱ 0
0 ⋯ ⋯ 0 −𝑙𝑝]

 
 
 
 

×

[
 
 
 
 
𝑇𝑖−1,1
̅̅ ̅̅ ̅̅ ̅

⋮
𝑇𝑖−1,𝑗
̅̅ ̅̅ ̅̅ ̅

⋮
𝑇𝑖−1,𝑛
̅̅ ̅̅ ̅̅ ̅]

 
 
 
 

+

[
 
 
 
 
−𝑚𝑝 0 ⋯ ⋯ 0

0 ⋱ ⋱ ⋮
⋮ ⋱ ⋱ ⋱ ⋮
⋮ ⋱ ⋱ 0
0 ⋯ ⋯ 0 −𝑚𝑝]

 
 
 
 

×

[
 
 
 
 
𝑇𝑖+1,1
̅̅ ̅̅ ̅̅ ̅

⋮
𝑇𝑖+1,𝑗
̅̅ ̅̅ ̅̅ ̅

⋮
𝑇𝑖+1,𝑛
̅̅ ̅̅ ̅̅ ̅]

 
 
 
 

+

[
 
 
 
 
−𝑛𝑝 · 𝑇𝑤,𝑖𝑛𝑙𝑒𝑡

̅̅ ̅̅ ̅̅ ̅̅ ̅

0
⋮
⋮
0 ]

 
 
 
 

 +

[
 
 
 
 
 

0
⋮
⋮
0

−𝑛𝑝 · 𝑇𝑤,𝑛
𝑡−𝑑𝑡̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅

]
 
 
 
 
 

 

𝑛𝑝 =
𝑑𝑡

𝜌𝑝. 𝐶𝑝𝑝. 𝑉𝑝 · 𝑅𝑉,𝑖+1,1



𝑇𝑤,𝑛
𝑡−𝑑𝑡̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅

T𝑡   =  2 ∙ T̅ − Tt−dt



[                            𝑇 𝑤
,1

𝑡−
𝑑
𝑡

⋮
𝑇 𝑤

,𝑗
𝑡−

𝑑
𝑡

⋮
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); 

1) 

 

2) 















 

- 

- 

 

𝑵𝑴𝑩𝑬 =
∑ (𝒚𝒔𝒊𝒎𝒖𝒍𝒂𝒕𝒆𝒅,𝒊 − 𝒚𝒎𝒆𝒂𝒔𝒖𝒓𝒆𝒅,𝒊)

𝒏
𝒊=1

𝒚̅𝒎𝒆𝒂𝒔𝒖𝒓𝒆𝒅 × (𝒏 − 𝒑)
× 100 

𝑪𝑽(𝑹𝑴𝑺𝑬) =
1

𝒚̅𝒎𝒆𝒂𝒔𝒖𝒓𝒆𝒅
× √

∑ (𝒚𝒔𝒊𝒎𝒖𝒍𝒂𝒕𝒆𝒅,𝒊 − 𝒚𝒎𝒆𝒂𝒔𝒖𝒓𝒆𝒅,𝒊)
2𝒏

𝒊=1

(𝒏 − 𝒑 − 1)
× 100 Typically, models are declared to be 

calibrated if they produce MBEs 

within ±10% and CV(RMSE)s within 

±30% 

[ASHRAE guideline 14 - 

Measurement of Energy and Demand 

Savings]. 









 











 







 







 



1.5, 3 

and 4.5 l/min) 

 

 

 

 

























ℎ)  

ℎ =
𝑁𝑢 ∙ 𝜆

𝐿

𝑁𝑢

𝑁𝑢 = 0.664 ∙ 𝑃𝑟1/3 ∙ 𝑅𝑒1/2

𝑃𝑟 𝑅𝑒

ℎ)











9,37% 3,86% 

10.45 % 4.22 %







6.3.2.2 Three-objectives optimization case 













|𝑥| 𝑥 = (𝑥1, 𝑥2) ∈ 𝑅2

|𝑥| = √𝑥1
2 + 𝑥2

2

|𝑥| 𝑥 = (𝑥1, 𝑥2)  

 𝑥1  𝑥2

 𝑥 = (𝑥1, 𝑥2)
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http://www.observatoirebbc.org/bepos
http://www.ozeninc.com/optislang-multi-objective-optimication/
http://www.rgees.com/technology.php
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