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Chapitre 1

Introduction

This thesis will focus on three topics related to the SLE(k) processes. The first
part is about the dipolar SLE(k) process and the conformal restriction measure on
the strip ; the second part is about the connectivity property of the Brownian loop
measure ; and the third part is about the generalized integral means spectrum of the
inner whole plane Loewner processes driven by a Lévy process.

The conformally invariant scaling limits of a series of planar lattice models can
be described by the one-parameter family of random fractal curves SLE(k), which
was introduced by Schramm. These models include site percolation on the triangu-
lar graph, loop erased random walk, Ising model, harmonic random walk, discrete
Gaussian free field, FK-Ising model and uniform spanning tree. Using SLE, mathe-
maticians can get many exponents related to these lattice models, which physicists
predicted using non-rigorous methods. For example, Schramm,Werner and Lawler
got the intersection exponents of the plane Brownian motion, and then proved Man-
delbrot’s conjecture about the Hausdorff dimension of Brownian frontier points. Also
the arm exponent of these lattice can be obtained by studying some crossing events
related to the SLE(k) process. During the past twenty years, the theory of SLE(k)
process has developed very quickly. And more relations to physical models has been
established such as the random surface theory created by Jason Miller and Scott
Sheffield and the discrete holomorphic function theory concerning the lattice mod-
els. It is of no doubt that SLE process will continue to play the most important role
in this area.

Let us now give the structure of this thesis. In chapter one, we will recall some
basic facts about the SLE(k) process. And this include some background related
to complex analysis and stochastic analysis. Also the definition of SLE process and
some properties will be given.

Chapter two will be devoted to the introduction of the dipolar SLE(k) process
and to the construction of the conformal restriction measure on the strip(which is
called the dipolar conformal restriction measure). It is known that chordal SLE(k)
process is generated by a random curve in a simply domain that connects two bound-
ary points, radial SLE(k) process is a random curve in a simply connected domain



that connects an inner point and a boundary point, and the whole plane SLE(k)
process is a random curve in the complex plane from a point to infinity. In this
chapter we will see that dipolar SLE(k) process is a random curve that connects a
boundary point to a boundary arc. And the dipolar SLE(k) also satisfies some nice
properties as the chordal SLE(k) process. Then we will use dipolar SLE process and
study the conformal restriction measure in the strip. This is a measure supported
on the compact sets of the strip that satisfies conformal restriction properties. To
be more precise, let us describe briefly the conformal restriction measure which we
study in this thesis : let S be the strip of width 7 in the plane, i.e,

S={z=z+iyeC:2eR0<y<7}.

We are going to study closed random subsets K of S that have the following form :

(1) K is a connected compact set of S such that K NR = {0} and S\ K has two

connected components whose boundaries contain 400 and —oo respectively.

(2) For any connected compact subset A of S such that ANR, =0, S\ A is

simply connected and d(0, A) > 0, the law of ®4(K) conditioned on the event
{K N A =0} is the same as the law of K, where ®, is the unique conformal
map from & N\ A to S that fixes +oo and —oo and lim, o (Pa(z) — 2) =
—lim, , o (Pa(z) — 2).
The law of such a set is called a dipolar restriction measure, which is the analogy
of the chordal restriction measure defined in [9] and the radial restriction measure
defined in [23].

In chapter three we will give an an introduction to the Brownian loop measure
and prove a formula predicted by Cardy and Gasma about the total mass that
the Brownian loop in the upper half plane disconnects two given points from the
boundary. Intuitively the Brownian loop measure is just a measure induced by a
planar Brownian path starting from some point in the plane and conditions on
returning at the same point. Given two points in the upper half plane, according
to the property of the planar Brownian motion, these two points are not on the
Brownian loop almost surely. So there are four position relations about the two
points and the Brownian loop. We will see that only the case that two points are
enclosed by the loop at the same time has the finite mass. In order to give the
formula of this finite mass, the SLE bubble measure and its relation to Brownian
bubble measure will be recalled. In fact SLE bubble measure is just the measure
obtained by passing the two boundary points of chordal SLE to the same boundary
point and then rescaling.

In chapter four, we study the generalized spectrum of the inner whole plane
Loewner processes driven by Lévy process. Given an univalent function ¢ defined
on the unit disk with ¢/(0) = 1, and p,q € R, the generalized integral spectrum of
¢ is defined as follows.

log f," |55 19|¢/ (re®®)|Pdo
. (2)

Be(p,q) := limsup ¢

o(p0) 1+ |log(r — 1)]



Usually it is difficult to determine the generalized integral spectrum for a simply
domain, since it is difficult to get the exact form of a conformal map from the unit
disk to the domain. But for some random univalent functions, it is possible to use
some methods to compute the averaged generalized integral means spectrum
which is defined as the following :

_ log [y B[l 517|¢'(re”) |76

. (2)

B.(p,q) := limsup ¢ )
o2 0) ot [ Tog(r — 1)]

For the inner whole plane SLE (f;);>0, fo is a conformal map on the unit disk with
derivative equal to one at 0, we can compute its average generalized integral means
spectrum. The situation happens the same when we replace the driving process by
a Lévy process. In the fourth chapter we will first give the expressions of G(z, 2) =
E[%] for some special values (p,q) and some special Lévy driven processes,
and then get the generalized integral means spectrum.






Chapitre 2

SLE processes

In this chapter, we recall the basic knowledge about the Schramm Loewner Evo-
lution(SLE). We will recall some basic facts in complex analysis.
We will use the following notations :

H:={z=2+4+1i1yeC:y>0}

D:={z€C:|z| <1},D; :={z€C:|z| > 1}.

2.1 Chordal Loewner Process

A conformal map on a planar domain is a one-to-one holomorphic function.
Recall that a planar domain D is called simply connected if any closed curve in D
is homotopic to a point. For such domains we have Riemann’s conformal mapping
theorem :

Theorem 1 (Riemann mapping theorem). Given a simply connected domain D C C
and a point zg € D, then there exists a unique conformal map ¢ from D onto D such
that $(0) = zy and ¢'(z9) > 0.

Definition 2 (see Chapter 3 in [10]). A connected compact set A C H is called a H-
hull if H~ A is simply conneccted and A = A NH. By Riemann’s mapping theorem,
giwen a H-hull, there ezists a unique conformal map ga(z) from H~ A onto H such
that Zlggo(gA(z) —2) = 0. And also we have a(A) = le)rgo 2(ga(z) — z) > 0, which is

called the capacity of A. We call ga the normalised conformal map corresponding
to A.

Given a non-selfcrossing curve [0, 00) — H such that v(0) = 0 and (o) = oo,
then for any given ¢ > 0, the compact set K; enclosed by ~(0,¢] is a H-hull. Denote
by a(t) the capacity of K; and g; the corresponding normalised conformal map of
K;. We have the following Loewner’s theorem.

Lemma 3 (see Chapter 4 in [10]). With above notations,



2.2. RADIAL LOEWNER PROCESS

(1) t— al(t) is strictly increasing and a(t) — oo ast — 0o ;

(2) The limit W, = lim g1(2) ezists and t — W, is a continuous func-
2€HNK¢,z—7(t)

tion from RT to R ;
(3) If v is parameterized in such a way that a(t) = 2t, then g, satisfies the
differential equation

2
gt(Z) - VVt7

We call the chordal Loewner differential equation. And this is what
Oded Schramm found to define SLE. We have seen that, starting from a non-
selfcrossing curve, we can get a continuous function W; such that the corresponding
family of conformal maps satisfies the chordal Loewner equation . Conversely,
given a continuous function W;, by solving the differential equation. For given z,
define

Orge(2) = go(z) = 2. (2.1.1)

7(z) := sup{t > O,OI£ISiI§1t lgs(z) — W(s)| > 0},

and B
Ky ={zeH:7(z) <t},H :=H\ K.

Then we have

Lemma 4 (see Chapter 4 in [I0]). Suppose W (t) : [0,7] — R is a continuous
function. And g4(z) is the solution of the ODE . Define K; and H; as above,
then

(1) For anyt € [0,T], g:(z) : H — H is a conformal(holomorphic and injective)

map ;

(2) For anyt € [0,T], K; is a H-hull;

(3) At z = o0, gi(2) has the Laurent expansion g(z) =z + 2 + O(#)
We call (g¢ : 0 <t <T)and (K¢ : 0 <t < T) the chordal Loewner pro-
cess(Loewner chain) driven by W.

Remark 5. Usually, for a given continuous function W, the Loewner chain driven by
W is not generated by a curve.

2.2 Radial Loewner Process

Definition 6. If a compact set K C D satisfies 0 ¢ K, K = KND and D\ K s
simply connected, we call K is a D-hull.

By Riemann mapping theorem, for a D-hull, there exists a unique conformal
map gx : D~ K — D such that gx(0) = 0, g% (0) > 0. We call gx the normalized
conformal map corresponding to K. By Schwarz lemma we have ¢}(0) > 1 and
g5 (0) = 1 if and only if K C OD. Define the capacity of K as follows :

cap(K) = log g5 (0).



2.2. RADIAL LOEWNER PROCESS

Suppose that v : [0,7] — D is a non-selfcrossing curve with (0) = 1, v(0,7) C D
and 0 ¢ 7. Define K; the hull enclosed by v[0,t], ¢:(z) : D N\ K; — D, ¢(0) =
0,¢,(0) > 0 is the normalised conformal map.

Lemma 7 (see Chapter 4 in [10]). With the above notations,
(1) a(t) is a strictly increasing continuous non-negative function ;

(2) The limit \(t) := lim gt(z) € ID exists, and we can choose a
z€D~~[0,t],z—(¢)
W)

continuous real-valued function Wy such that A(t) = ™).
(3) If v is parameterized such that a(t) = t, we have the following Loewner

differential equation :
A 2
) = )i

We call (2.2.1)) the radial Loewner differential equation. Conversely, starting
from a continuous real-valued function W;, consider the differential equation (2.2.1).
For given z € D \ {1}, define

7(2) = sup{t > 0, min |g,(2) — exp{{W(s)}| > 0},

go(2) = 2. (2.2.1)

and
K, ={2€D:7(2) <t},D, =D\ K,.

Lemma 8 (see Chapter 4 in [10]). Suppose W(t) : [0,T] — R is a continuous real-
valued function. And g,(z) is the solution of the ODE . Define Ky and D, as
above, then

(1) For anyt € [0,T), g:(2) : Dy — D is a conformal map ;

(2) For anyt € [0,T], K; is a D-hull;

(3) At z =0, gi(2) has the Taylor expansion gi(z) = e’z + O(|z[*).
We call (g : 0 <t <T) and (K¢ : 0 <t < T) the (inner)radial Loewner
process(Loewner chain) driven by W.

Remark 9. Denote by fi(2) := g, '(2), then f,(z) satisfies the so-called reverse
Loewner differential equation :

() = 211(2) 2% 022)
fo(z) = z, for Vz € D. 2.

Remark 10. If we let §;(z) = —, where g;(2) is defined as in Lemma , we can get

Qt(%)

N TP
atgt(z) = gtg(%)atgt(
I R TP )
“2m* N ad

)

z

= z

ge\;



2.3. WHOLE PLANE LOEWNER PROCESS

where )\, = )\it and §o(z) = z. Also we have fi(z) := §; '(2) = —, where f,(z) =
g; '(2). And we can check that

atft( ) = th( )Z+At
fo(z) = z for ¥z e D,

So the outer radial Loewner process driven by W; is defined as follows :

{atgxz) = —u(z) 2 {@ﬁ( 2) = 2fl(2) 2

) (2.2.3)
go(2) =z, for Vz € D,. fo(z) = z for Vz € D,.

Notice that for the outer radial Loewner process, ¢g; maps the complement of the
hull in D, onto D, . Here we can easily define the hulls in D, .

2.3 Whole Plane Loewner process

The proof of Bieberbach’s conjecture in fact used the whole plane Loewner theory.
In 1923 Loewner proved a part of the conjecture, De Branges proved the conjecture
completely with the help of Loewner’s method.

Definition 11. If a compact set K C C satisfies C\K is simply connected, we call
K is a C-hull. Still by Riemann’s mapping theorem, there exists a unique conformal
map F : C\D — C~ K such that

lim > 0.
2Z—$00 z
In fact, if 0 € K, we have Fk(z) = fx;(*l)’ where frx(z) is the conformal map

from D to {1 : 2z € C~ K} with fg(0) = 0, f5(0) > 0. We call gx = Fy' the
normalised conformal map corresponding to K. Denote by cap(K) = — log|[f}(0)] =
log[lim, e 253 which is called the capacity of K .

Similarly, for a non-selfcrossing curve v : (—oo0,+00) — C with y(—o0) =
0,7(4+00) = oo. For any t € R, denote by K; the hull enclosed by v[—o0,t] and
denote by ¢; the normalised conformal map and a(t) = cap(K;). In fact if we define
D, :={1/z : z € D}, then there exists a unique function § from D, to the unit
disk D such that g;(0) > 0 and g;(0) > 0. And let g,(z) := m, we can get that

1
g1(00) = o0, lim 2

— > 0.
z—00 % gt(())

And this is unique. Suppose that t < s, we have D, C D, and then Dy C D,. We
have g; 0 g;'(D) C D and then by Schwarz Lemma we have

3:(0) < g,(0).



2.3. WHOLE PLANE LOEWNER PROCESS

Lemma 12 (see Chapter 4 in [10]). Take the above notation, then
(1) a(t) is a strictly increasing function and a(—o00) = 0, a(+00) = 400 ;

(2) The limit A(t) := lim g+(2) exists and there exists a continuous real-
z—y(t),z€C\ K¢

valued function W such that \(t) = et ;
(3) If a(t) =t, then g:(z) satisfies the Loewner differential equation

Ohgi(z) = gt(z)ii—%
lim efg(z) = z,Vz € C\ {0}.

t—

(2.3.1)

We call (2.3.1) the (outer) whole plane Loewner differential equation.
(4) Yz € C~ {0}, we have
lim elgi(z) = z.
——00

Since (4) can not be found in any references, here we give the proof of (4).

Proof. Notice that(4) is equivalent to say that lim e~~~ = 2z holds for any

to—oco  9t(1/2)
z € C~ {0}, ie
lim e 'g(z) =2, VzeC.

t——o0

Here g; is defined just before the lemma. We define fi(2) = §71(2) : D — C, and let
hy(z2) := €' fi(2), then hy(0) = 0, h,(0) = 1. By Koebe distortion theorem we have

2] ST
e = s T
And then we have
1 e L)
Craer S a—Ee 232)

And then 5
_3e(2)]
|2

(1= 1ge(=))* <e < (L+13(2)])

Since |g;(z)| < 1 for any ¢ and z. Then we have {e‘tgtiz)

And we know that if #, — —oo and et %2 h(z), then by (2.3.2]) we have that

z

|h(2)| = 1 and then h = 1 since h(0) = 1. O

:t € R} is a normal family.

Remark 13. Denote by fi(z) := g; '(z), then f,(z) satisfies the so-called reverse
Loewner differential equation :

{@ft(fc‘) = 2f{(z) 25

ltlim file™tz) =z, VzeDy,. (2.3.3)
——00



2.3. WHOLE PLANE LOEWNER PROCESS

Conversely, starting from a continuous real-valued function W;, consider the dif-
ferential equation ({2.3.1). For given z € C \ {0}, define

7(z) = sup{t : min |gs(z) —exp{iW(s)}| > 0},

and )
Ky :={2€C:7(2) <t},C; :=C\ K.

Lemma 14 (see Chapter 4 in [10]). Suppose W : R — R is a continuous real-valued
function. And g,(2) is the solution of the ODE (2.3.1)). Define K; and C; as above,
then

(1) For anyt € R, g,(z) : Cy — Dy is a conformal map ;

(2) For anyt € R, K; is a C-hull;

(3) At z = 00, gi(z) has the Laurent expansion g,(z) = e 'z + O(ﬁ)
We call (g,)(or f(2) = g;'(2)) and (K,) the outer whole plane Loewner pro-
cess(Loewner chain) driven by W.

In fact, we have an inner version of the whole plane Loewner process.
To express the motivation, we still start from a non-selfcrossing curve v from oo to
0 such that y(—o0) = oo and y(+o0) = 0. D; := C \ y[—00, 1], then there exists
a unique function g, : Dy — D such that ¢;(0) = 0 and g;(0) > 0. By Koebe’s one
quarter theorem, we have

L ! < g;(0) < L

1d(0,0D,) = " = q(0,0D,)
So we have lim;_, ;o ¢;(0) = 400 and lim;,_, ¢;(0) = 0, and we assume g;(0) = €'
and g;(y(t)) = A¢. Define 4(t) = %, we get the same case as in Lemma . And
this time g;(z) = m, where g;(z) here is like Lemm and satisfies

~ ~ e+t (2
Org(2) = gt(z);i—%
lim e'g,(z) =2, Vze C~{0}.

t——o00

Where A\, = §,(3(t)) = 1/);. Changing to g,(z), we have

At t(2
atgt(z) = gt(Z) )\ziritgzg
tlim e'gi(z) =2, VzeC
——00

And f,(z) := g; '(2) satisfies

{(9tft(2) = 2fi(2) 55t

lim fi(e'z) =2z, VzeD.
t——o00

And so we summarize as follows :

10



2.4. APPROXIMATE WHOLE PLANE LOEWNER PROCESS BY RADIAL
LOEWNER PROCESS

Lemma 15. Tuake above notation,

{atgm = gi(2) {@ﬁ(z) = 2fi(z) 23

lim e 'gy(z) =2, VzeC. lim fi(efz) =z, VzeD.
t——o00 t——o0

To continue the procedure, we assume that v is a simple curve from 0 to oo such
that v(—o0) = 0 and y(+00) = co. Dy := C ~ 4[t, 00|, then there exists a unique
function g, : Dy — D such that ¢,(0) = 0 and ¢;(0) = e~* > 0. This time if we let
3(t) = v(—t), then 7 is like Lemma [15] And we can get,

{@g&z) = gi(2) 2 {@ﬁ(z) = 2 f{(2)32 2.34)
. t . . ¢ - LD
tginooe gi(2) =z, VzeC. tEeroo file7tz) =z, VzeD.

where A\ = ¢:((¢)). Similarly, starting from a real-valued continuous function W4,
let \; = exp{iW;}. We call the solution of above differential equation (2.3.4) the
inner whole plane Loewner process(chain) driven by W;.

2.4 Approximate Whole Plane Loewner Process by
Radial Loewner Process

In this section, we will give a relation between radial Loewner process and whole
plane Loewner process, which will be very important in our computation of the
spectrum of the random whole plane Loewner chains.

Given a real-valued continuous function W; : R — R, and let \; := exp{iW¥;}. For
any given s € R, define conformal maps (gﬁs)) as follows : gt(s)(z) =elzift < —s;
it t > —s, gﬁs)(z) is defined as the solution to the outer radial Loewer differential

equation(2.2.3) with initial condition ¢'*)(z) = €.

—S

Lemma 16 (see Chapter 6 in [10]). Take the above notations, then as s tends to +oo,
(ggs)) converges locally uniformly to a limit which we will denote by (g;). Moreover

(gt) is the outer whole plane Loewner process driven by Wy( see Lemma[14]).

We can use above lemma to prove that the inner whole plane Loewner process
can also be approximated by the modified inner radial Loewner process. For given

s € R, define conformal maps (glfs)) as follows : for t > s, gt(s)(z) =etz;fort < s,

gt(s) is the solution to the modified inner radial Loewner differential equation

which is defined as follows :

9:(z) + A1)

Ohge(z) = gt(z)m

(2.4.1)

with the initial condition g{*(z) = e~z

11



2.5. DRIVEN BY JUMP FUNCTIONS

Lemma 17. With ggs) defined as above, we have

lim ¢\ (z) = g(z)

s——400

locally uniformly, where (g;) is the inner whole plane Loewner process (see (2.3.4)))
driven by W;.

Proof. Define §*(z) = %(1) and \(t) = ﬁ Then §° satisfies Lemma . We
93
have that as s — 400, §§S) converges to a limit g;, where g, is the outer whole plane

Loewner process driven by W;( see Lemma . So gﬁs) converges locally uniformly
to a limit g(z) := ﬁ(l). We only need to check that g,(z) satisfies (2.3.4)). O

2.5 Driven by jump functions

Suppose that W, is a function that is right continuous and has left limit at very
point, then the corresponding Loewner equation (2.1.1)),(2.2.1) and driven by
W, still have the solution g; which is conformal. This is because that we only need
to consider the equation on the intervals on which W is continuous and then use the
conclusions in the previous sections. And also the corresponding conclusions in the
previous section still holds with slight modifications.

2.6 Stochastic Analysis

In this section we recall some facts from stochastic analysis.

Definition 18. A standard Brownian motion is a stochastic process (By)i>o such
that
(]) B() =0 5
(2) For any 0 < t; <ty <t3<..<t,,By, — By,By, — Byy,.... By, — By, _, are
independent ;
(3) For any 0 < s < t,B; — By ~ N(0,t — s), where N(0,t — s) denotes the
normal distribution with mean 0 and variance t — s ;
(4) Almost surely, the sample path t — By is continuous.

Definition 19. A Lévy process is a stochastic process (Li)i>o such that
(1) Ly =0(a.s);
(2) For any 0 < t; <ty <tz < .. < tn,Ly, — Ly, Ly — Lyy, ..., Ly, — Ly, , are
independent ;
(3) For any 0 < s <t, Ly — Ly has the same law as L;_;

Notice that Brownian motion is a special Lévy process. The essential difference
with Brownian motion is that jumps are allowed. The characteristic function of a
Lévy process L; has the form

E[e’l] = ¢=©) (2.6.1)

12



2.6. STOCHASTIC ANALYSIS

where 7 is called the Lévy symbol and is a continuous complex function of £ € R,
satisfying n(0) = 0 and n(—¢§) = n(&). If n(—=¢&) = n(&), we call L; a symmetric Lévy
process. For Brownian motion, the Lévy symbol is n(§) = % More generally,the

function N
(&) = |€7|

is the Lévy symbol of the so-called a—stable process.

,a € (0,2]

Definition 20. A stochastic process (My)i>o on a filtered probability space (Q, F, (Fi)i>0, P)
is called a martingale if

(1) For anyt >0, My is Fy-measurable and integrable ;

(2) For any s < t, E[M;|Fs] = M a.s.

Given a filtered probability space (€2, F, (Ft)i>0, P), a non-negative random vari-
able T is called a stopping time if for any ¢ > 0, the event {T" < t} is measurable
with respect to F;.

A stochastic process (M) is called a local martingale if there exists a se-
quence of increasing sopping times 7,, — oo such that for any n € N,(Maz, )i>0 is a
martingale.

[t6 calculus is very important in stochastic analysis. Here we will not give the
definition of stochastic integral with respect to Brownian motion, even for Lévy
process. But we will give 1t6’s formula which will be used many times in this thesis.

Theorem 21 (see Proposition 1.6 of Chapter VITI in [18]). Suppose that f(t,z) is
a function defined on [0,00) x R, and f is C' with respect to t, and C? with respect
to x. If a stochastic process Y; can be written as dY; = X;dB; + Z;dt, then

0 0 102 0
df (t,Y;) = (a—{(t, Y,) + 8_£<t’ Y1) Z + 58—;;(15, Y,))dt + a—i(t, Y}) XdBy.

In particular, if f(t,Y}:) is a local martingale, the drift term in above formula is equal
to zero.

We also have an integral version of It6’s formula. It can stated as the following :

Theorem 22. Suppose that L, is a Lévy process, then for any C? function f,

M/ = f(L) - ) - [ AF(L)ds

is a local martingale. In particular,if f(L;) is a local martingale, then Af = 0. Here
A is the generator corresponding to the Lévy process Ly which is defined as

o BT - =)
Af(x) = ltlfél ; :

Remark 23. In fact, if f(t, L;) is a local martingale, then 0,f = —Af, here when A
acts on f, it is considered as an function of the second variable x.

13



2.7. CHORDAL SCHRAMM LOEWNER EVOLUTION

For martingales, the following stopping theorem is very useful to determine the
expectation of some random variables.

Theorem 24 (see section 3 of Chapter I1 in [18]). If (M;)o<i<r is a martingale and
sup E[M,] < oo, then E[M] = E[M,].

0<t<T

2.7 Chordal Schramm Loewner Evolution

In 1999(]20]), Oded Schramm founded that by assigning the driven process to
be the one-dimensional standard Brownian motion, the Loewner chains can be used
to be the candidate for describing the scaling limits of some lattice models in statis-
tic physics. What he defined is called the Schramm Loewner evolution (SLE)
process. Now we give the detailed definition of SLE.

Definition 25 (see [20]). Given k > 0, let W; = \/kBy, we call the random Lowner
chain driven by Wy the chordal SLE(k) process from 0 to oo in H.

Proposition 26 (see [19]). Suppose {g;(z) : t > 0} and {K; : t > 0} are the chordal
SLE process from 0 to oo in H. Then
(1) (scaling invariance)For any r > 0, the process §,(z) = r~2gn(\/rz) has the
same distribution as g;(z) considered as stochastic processes indexed by (t,z).
In particular, t — K; has the same distribution as t — r_%Krt as H-hulls.
(2) (Markov property) Suppose that T is a stopping time about the filtration gen-
erated by Wy. Then Gi(z) = gior 0 g- (2 + W,) — W, is independent with
{g:: 0 <t <7}, and has the same distribution as g;(z).

Remark 27. By (1), we can define the SLE for any triple (D, z,w) where D is a
simply connected domain with z,w € dD by choosing any conformal map f from H
to D that sends 0 to z and sends oo to w and then defining the SLE process in D
from z to w as the the image of the SLE process in H from 0 to oco.

In fact, chordal SLE(k) process is almost surely generated by a curve. And the
property of the curve depends on the parameter k.

Theorem 28 (see [19] and [12]). Suppose that (K; : t > 0) is the chordal SLE(k)
process from 0 to oo in H. Almost surely, there exists a continuous non self-crossing
curve y in H such that v(0) = 0, y(c0) = oo and for any t > 0, K, is equal to the
complement of the unbounded component of HI\. ~[0,t] in H, i.e. the chordal SLE(k)
process is almost surely generated by a curve. We call v the SLE(k) trace.

Theorem 29 (see [19]). Suppose v is the SLE(k) trace from 0 to oo in H, then
(a) If k € (0,4], almost surely v is a simple curve;
(b) If k € (4,8), almost surely vy is a self-touching curve and encloses H, but for
any given point z € H ~ {0}, almost surely z & v ;
(c) If K € [8,00), almost surely v[0,00] = H, i.e. v is a space-filling curve.

14
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~—

For some special values k, the SLE(k) trace satisfies some special properties. The

most interesting case is Kk = 6 and kK =

wloo

Proposition 30 (see [14][11]). Suppose that v is the SLE(k) trace from 0 to co in
H

(a) If kK =6, for any H-hull K with 0 & K, define
T = inf{t > 0:v(t) € K},

then v[0, 7x) has the same distribution as the SLE(6) in H ~ K from 0 to co
upon hitting K. This is called the local property of SLE(6).
(b) If k = §, for any H-hull K with 0 ¢ K. Define ®x(z) = gx(z) — gx(0),

where g (z) is the normalised conformal map corresponding to K. Then
P[yN K =] = &) (0)%. (2.7.1)
Notice that for two H-hulls K1, Ky that don’t contain 0,

®K1U¢);< (K2) = (bKQ o ¢K1’ ¢II(1U(I>;(1(K2)(O) = (plf(g(o)(blf(l (O)

1
1

Then conditioned on v N K = 0, v has the same distribution as the SLE(3)
from 0 to oo in H ~ K. This is called the restriction property of SLE(%).

Given z € H, for k € (0, 8), we have known that z ¢ v a.s. So it makes senses to
ask the question about the probability that z lies to the left(right) side of . In fact
Oded Schramm has got a formula for this.

Proposition 31 (see [21]). Given z = x +iy € H, x € (0,8). Suppose that v is the
SLE(k) trace from 0 to oo in H. Then the probability that y passes the left of z is

x

p<z>=c/y (1+ 1)

o0

_4
K

dt, (2.7.2)

where C'= C(k) is the constant that make the total integral above equal to 1.

Notice that for k =4, p(z) =1 — %(Z); for k = g, p(z) = %(1 + £). There are

&
some other properties which we will not list here, they can be found in[19].

Remark 32. The properties we have given here are those that will be used in the
proof of the main results of this thesis. There are also many other nice properties of
SLE(k) such as the reversibility, duality and Hausdorff dimension etc. We will not
give them here.
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2.8 Radial and Whole Plane SLE

In this section, we will introduce the radial SLE and whole plane SLE process.

Definition 33. Suppose that (B; : t € R) is a two-sided Brownian motion, we
call the inner(outer) Loewner process (chain) driven by Wy = \/kB; the inner
(outer) radial SLE(k) process from 1 to 0(co) in D(D, ) (see section[2.). And the
inner (outer) whole plane Loewner process (chain) driven by Wy = \/kB; the inner
(outer) whole plane SLE(k) process from 0(c0) to 0o(0) in C(see section[2.3).

Remark 34. For any triple (D, z,w), where D is a proper simple connected domain
of C with z € D and w € 0D, there exists a unique conformal map ¢ from D onto
D with ¢(0) = z and ¢(1) = w. We can define the radial SLE(k) in D from w to z
as the image of the radial SLE(x) in D from 1 to 0 under the map ¢.

In fact, radial SLE(x) and whole plane SLE(x) have many of the same properties
as the chordal SLE(k). By the Markov property of Brownian motion, for radial
SLE(k), the Markov property also holds.

Proposition 35 (see [10|[11]). Suppose T is a stopping time with respect to the
filtration generated by Wy = /KBy and (g;) is the radial SLE(k) process from 1 to
0 in D. Then Gi(2) := giyr 0 g7 (2N;) /A has the same distribution as gi(z) and is
independent with {g; : 0 <t < 7}. Here \; = exp{iWW,;}.

But for the whole palne SLE(k) the scaling property holds.

Proposition 36 (see [10] [I1]). Suppose that (g, K; : t € R) is the (outer) whole
plane SLE(k), and r € R. then (gir(€"2),e " Ky : t € R) has the same distribution
as (gi, Ky : t € R).

Remark 37. So given two different points z,w € C, we can define the whole plane
SLE(k) in C from z to w as the image under any conformal map from C to C that
send oo to z and 0 to w.

Theorem 38 (see [10]). Almost surely, the (inner)radial SLE(k) is generated by a
curve 7y from 1 to 0, which we call the (inner) radial SLE(k) trace. And
(1) If k € (0,4], v is a simple curve a.s;
(2) If k € (4,8), v is a selftouching but non-selfcrossing curve a.s. Also D =
o K, where K, is the radial SLE(k) hulls. But for a given z € DN {1}, z & v
a.s.
(3) If k € [8,00), then D = 7[0,00] a.s, i,e v is a space-filling curve almost
surely.

Remark 39. For the whole plane SLE(k), it is also generated by a curve almost
surely and the phase of the curve has the same behavior as the radial SLE(k).

For special values Kk = 6 and kK = %, the locality and restriction property also
hold for radial SLE process.
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Proposition 40 (see Chapter 6 in [10]). Suppose that «y is the radial SLE(k) trace
from 1 to 0 in D.
(a) If k =6, for any D-hull K with 1 ¢ K, define

T = inf{t > 0:7(t) € K},

then v[0, 7k ) has the same distribution as the radial SLE(6) in D~ K from 1
to 0 upon hitting K. This is called the local property of radial SLE(6).
(b) If k = %, for any D-hull K with 1 ¢ K. Define ®(z) = gx(2)/gx (1), where

9k (2) is the normalised conformal map corresponding to K. Then
Ply N K = ] = [@4(0)| 5] @ (1)]5. (28.1)
Notice that for two D-hulls Ky, Ko that don’t contain 1,

rcuagl ey = P © P

Q)/I{IU@[_(II(KZ)(O) - ¢,I<2 (0)@}(1 (O)’ ¢,I<1U(I>I_(1(K2)<1) - ¢II(2(]‘)®II(1<]‘)

Then conditioned on yNK = (), v has the same distribution as the SLE(%) from
1 to 0 in D~ K. This is called the restriction property of radial SLE(%).

For whole plane SLE(6), the locality also holds.

Proposition 41 (see Chapter 6 in [10]). Suppose v is a (outer)whole plane SLE(6)
curve from 0 and oo and suppose w € C~ {0}. Let t* be the first time t that [0, ]
disconnects w from oco. Then (y(t) : 0 <t < t*) has the same distribution of a whole
plane SLE(6) path from 0 to w stopped at the first time that it disconnects w from
0.

Moreover the frontier points of the whole plane SLE(6) have the same distribution
as the frontier points of planar Brownian motion. This is a very deep result that
connects SLE and Brownian motion.

Theorem 42 (sece Chapter 6 in [I0]). Let v be a (outer) whole plane SLE(6) path
from 0 to co. Let D be a simply connected domain other than C containing the
origin. Define

Tp = inf{t : y(t) € OD}.

Let By denote a complex Brownian motion starting at the origin and define
op = inf{t: B, € 0D}.

Then v(1p) and B(op)) have the same distribution, i.e., the measure on 0D induced
by v(1p) is the harmonic measure in D started at 0.

It is easy to see from the definition that when stopping (outer)whole plane SLE(k)
at some time, the remaining of the trace is the radial SLE(x) in the complement of
the trace.
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Proposition 43. Let (¢;, K; : t € R) be the whole plane SLE(k) from 0 to oo.
Suppose that tg € R is a stopping time with respect to the filtration generated by
By (Here Wy = \/kBy is the driven process and By is a standard two-sided Brownian
motion ). Then conditioned on (Kt < to), (K¢ : t > to) has the distribution of a
radial SLE(k) in C~\ Ky, from () to oc.

Proof. For any t > 0, define
oW

file) = Grrto(2)

Then fi(c0) = 0 and
eth’ ‘f‘ft(?«')
(9 - T s O
tft(z> ft(z>ezwt . ft(z)
where W/ = W (ty) — W(t + to) = /By, which has the distribution of a standard
one dimensional Brownian motion. O

In fact chordal SLE(k) and radial SLE(k) are equivalent in some sense.

Theorem 44 (see Chapter 6 in [I0][13]). Suppose that (K)o is a chordal SLE(k)
process from —1 to 1 in'D. and (K)o is a radial SLE(k) process from —1 to 0 in
D. Define
Ti=sup{t >0:0¢ K;},7 :=sup{t >0:1¢& K;}.

Then if k = 6, {K;, : 0 < t < 7} has the same distribution as {K; : 0 <t < 7} ; If
K # 6, there exist two sequences of stopping times (Th,n > 1)1 T and (T,,,n > 1) 1
T such that {K; : 0 <t <T,} and {K,: 0 <t <T,} are absolutely continuous with
each other.

We have seen in section [2.4] that whole plane Loewner process can be approxi-
mated by radial Loewner process. So the whole plane SLE(k) can also be approxi-
mated by radial SLE(x). We will use this to give a result which will be very important
in computing the spectrum of whole plane SLE(k) process.

The definition of the (outer) radial SLE(x) can be extended to ¢ € R by consid-
ering stochastic ODE :

Alt) + 9:1(2)
At) = g:(2)

where A(t) = exp{i\/kB;} and B, is a two-sided Brownian motion. Then

Org¢(2) = gi(2) go(2) = 2,Vz € Dy,

Lemma 45. Let (g; : t € R) be the (outer) radial SLE(k) defined above, then the
map z — g_(z) has the same distribution as z — g; *(2zA(t))/A(t). And so the
solution of the equation

fi(2) + A(t)
fi(z) — )‘(t)’

has the same distribution as g; ' (zA\(t))/A(t).

O fi(z) = fi(2) fo(z) = 2,Vz € Dy, (2.8.2)
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Lemma 46. Suppose that (f; 1t € R) is defined as (2.8.2), then

law)

lim e 'f()

t—+o00 FO( )
where Fo(z) = hy'(2) and (hy : t € R) is the outer whole plane SLE(k) process.

Proof. Given s > 0, recall the definition of glgs) in Lemma . For t > —s, it is the
solution of the following differential equation :

9 @A) +a”
g =g s gl = e

A(t) — g
Then (g&gt) 1 < s) satisfies

@gizg%%g -, ghi=cz
951 — At)
where A(t) = \(— ) A(t). So by the uniqueness of solution the ODE, we have
g(_st) (IT) filg [() ). Let t = s and combing g(g = e°z, we have

i) = (0))7(2),
(t)

where (gy’)"!(2) is the inverse of g(()t). By Lemma , as t — 400, the conformal
map g(()t) converges locally uniformly to ho(z), where (h; : t € R) is the outer whole

(t)

plane SLE(x). Therefore the inverse of g5’ converges to hy'(z). O

Also the (inner) radial SLE(x) can be extended to ¢t € R by considering stochastic

ODE : N?
rgi(2) = gt(z)%,

where A\(t) = exp{i\/kB;} and B, is a two-sided Brownian motion. Then

Lemma 47. Let (g; : t € R) be the (inner) radial SLE(k) defined above, then the
map z — g_(z) has the same distribution as z — g; *(2zA(t))/A(t). And so the
solution of the equation

go(2) = 2,Vz € D,

Oifi(z) = ful2)

—“Et) fol2) = 2,Vz €D, (2.8.3)

ft(Z
—A(t)’

fi(z
has the same distribution as g; ' (z\(t))/A(t).
15 defined as , then

law
( )Ho( ),

R

Lemma 48. Suppose that (f; :t € R

~—

lim e fi(2)

t—4o00

where Hy(z) = hy'(2) and (hy : t € R) is the inner whole plane SLE(k) process.
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Proof. Given s > 0, recall the definition of gt(s) in Lemma . For t > s, it is the
solution of the following differential equation :

dg”) = gV Pl g = e
=)
So by the uniqueness of solution of the ODE, we have g,fs)(z) () t(g(()s)(z)). There-
fore €' f;(2) (law) et g ((g8)71). Let t = s, we get
¢ hi(2) = ()7 e)
Then combining Lemma [17] and let ¢ — 400, we finish the proof. O]

2.9 Driven by a Lévy process

Since a Lévy process has a modification which is left continuous and has right
limit, by section we can consider the Loewner process driven by a Lévy process.
And by the Markov property of Lévy process, the random Loewner chain we get also
satisfies the Markov property( notice that it may not be generated by a continuous
curve now since Lévy process may have jumps). In fact, most of the conclusions of
SLE process in the previous section still holds for the Loewner chain driven by a
general Lévy process. Especially we emphasize that Lemma (48| still holds for Lévy
driven processes. This will used in the computation of the avarage spectrum of the
inner whole plane Loewner processes driven by a Lévy process.
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Chapitre 3

Dipolar Conformal Restriction
Measure

In this chapter, we will use dipolar SLE(k) process to construct a conformal
restriction measure on the strip S, which is defined as follows :

S={z=z+iyecC: 2R 0<y <7} (3.0.1)

This dipolar conformal restriction is a "dipolar version" of the results derived in the
the paper [9] by Lawler,Schramm,and Werner("chordal version") and the paper [23]
by Hao Wu("radial version"). The goal is to describe the law of a random set on the
strip that satisfies a certain restriction property.

We are going to study closed random subsets K of & that have the following

form :

(1) K is a connected compact set of S such that K NR = {0} and S \. K has
two connected components that one of their boundaries contains +oo and the
other contains —oo ;

(2) For any connected compact subset A of S such that ANR, =0, S\ A is
simply connected and d(0, A) > 0, the law of ®4(K) conditioned on the event
{K N A =0} is the same as the law of K, where ®, is the unique conformal
map from S N\ A to S that fixes +00 and —oo and lim, o (Pa(z) — 2) =
—lim, , (Pa(z) — 2).

The law of such a set is called a dipolar restriction measure, which is the analogy
of the chordal restriction measure defined in [9] and the radial restriction measure
defined in [23].

The main result of this chapter is the following characterization of all the dipolar

restriction measures.

Theorem 49. (1) A dipolar conformal restriction measure is fully characterized
by two real parameters («, ) such that

P[K N A = 0] = [/,(0)]° exp{—aS(4)}
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where A is any connected compact subset of S such that ANR, =0, S~ A is
simply connected and d(0, A) > 0, and ®4 is the conformal map from S \ A
to S that fizes £oo and S(A) is the capacity of A(see the definition in section
[3.8). We denote this restriction measure by P(a, S3).

(2) For any B > g, the measure P(Béé:ff),ﬁ) exists and if K is a sample of this
measure, then K MR, contains only one point X +1m and the random variable

has the density function(up to a constant)

p(z) = (cosh gy%(%ﬂ)_

We will prove this theorem step by step in the following sections. It is necessary
to give an introduction to the chordal conformal restriction measure and radial
conformal restriction measure.

3.1 Chordal conformal restriction measure

Let H := {z 4+ iy € C:y > 0} be the upper half plane and (2 is the collection of
subset K of H that satisfies the following conditions :

(1) K a connected closed set, K "R = {0} ;

(2) H \ K has two connected unbounded components.
Let Aj, be the collection of H-hulls and A} := {A € A, : 0 ¢ A}. Suppose Fy, is the
o -algebra on () generated by the class below :

{{K:KNA=0}:Aec A}

If a probability measure P on (€2, F},) satisfies : for any A € A}, conditioned on
KNA=10, ®,(K) has the same law as K. Here K is a sample of P. We call P
the conformal restriction measure on H. Notice that if two probability measures
P.P’ on (9, F;,) satisfies for any A € A5, PIKNA = 0] = P'[K N A = (], then
P=P.

Theorem 50 (see [9]). The conformal restriction measure on H can be characterized
as follows.
(1) If P is a conformal restriction measure on H | there exists a unique f € R
and 3 > 2 such that for any A € A;

PKNA={]=d,(0)",

where ®4(z) is the conformal map from H . A onto H that fizes 0 and oc.

So the conformal restriction can be characterized by one parameter 3, which
is denoted by P(p).
(2) P(B) exists if and only if 3> 2.

Notice that by Proposition , chordal SLE(%) has the law P(g).
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3.2 Radial conformal restriction measure

Similarly, we have the radial conformal restriction. Still we denote by D := {z €
C : |z] < 1} the unit disk and Q the collection of subsets of D that satisfies the
following conditions :

(1) K is a connected closed set, K N oD = {1};

(2) 0 € K and H \ K is connected.
Denote by A, the collection of D-hulls and A} := {A € Ay : 1 ¢ A}. Suppose Fy is
the g-algebra on € that is generated by the class below :

{{K:KNA=0}:Aec A}

If a probability measure P on (2, F;) satisfies for any A € A%, conditioned on
KNA =1, ®4(K) has the same law as K. Here K is a sample of P . We call
P a conformal restriction measure on D ( or a radial conformal restriction
measure). Notice that if two probability measures P, P’ on (2, F,) satisfy that for
any Aec A5, PIKNA=0]=P[KNA=0], then P =P

Theorem 51 (see[23]). The radial conformal restriction measure can be character-
1zed as follows.

(1) If P is a radial conformal restriction measure on D, there are two parameters
(o, B) such that for A € A3,

P[KNA=0]=[2,0)]"|2,D)],

where ® 4 is the conformal map from D~ A onto D that fizes O and 1. Then
a radial conformal restriction measure can be characterized by two parametres

(v, B), which is denoted by P(a, 3).
(2) P(a, B) exists if and only if 5 > g and a < %((\/246 +1-1)>—4).

By Proposition , we know that radial SLE(3) has the law P(%, 2).

3.3 Dipolar Loewner Process

In this section, the dipolar Loewner process will be given(the reader can also
refer|24]). Just like the chordal Loewner process, this is a differential equation that
describes the evolution of the conformal map corresponding a curve in S.

The upper half plane is denoted by H , the strip with width 7 is just defined
as and the upper boundary of S is denoted by R,. We will frequently use
the conformal map ¢g(z) := e* — 1 from S to H that sends —o0, 0, +00 to —1,0, 0o
respectively.

Definition 52. A compact connected subset A C S is called a S-hull (dipolar
compact hull) if A=ANS, ANR, =0 and S \ A is simply connected. Denote
by As the collection of all S-hulls.
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3.3. DIPOLAR LOEWNER PROCESS

Lemma 53. For any A € Ay, there exists a unique conformal map g from S ~ A
onto S such that ga(£o0) = 0o and

im [ga(z) — 2] = — lim [g4(2) — 2] < oc.

Proof. (1)Existence. Define f(z) = e*, then f(A) is a H-hull with 0 ¢ f(A). Then
by section , there exists a unique conformal map ¢4y from H ~\ f(A) onto H

such that 5 )
) z
dp(0) =0, lim LA

Z—00 Z

Let h(z) := log [¢(a)(e7)], then
h:SNA—S, h(—o0) = —00, h(+00) = +00,
h(R) =R, h(R+im) =R +im,

= 17 ) qslf(A)(()) <L

. L Sra(€) _
and B
lim [A(z) — 2] = lim log ra(e) = log ¢s4)(0) < 0.

Z——00 zZ——00 z

Therefore ga(z) := h(z) — 5 log @ (4)(0) satisfies

lim [ga(z) — 2] = —% log Gb}(A)(O)a

Z—+00

1
lim [ga(2) — 2] = 3 log ¢}(A)(O)-

Z—r—00

And g4(z) fixes R and R + i7.
(2)Uniqueness. If g; and g, both satisfy the conditions, let h(z) = g1 0 g5 *(2) :
S — S and
h(R) =R, h(R+im) =R +im (*)
lim [A(z) — 2] = — lim [h(2) — 2] (%)
Z——00

z—400

By (x) we get that h(z) = z 4 ¢, where ¢ a real number. By (xx), we get c =0. [

We call S(A) = ligl [ga(z) — 2] the capacity of A and g4 the normalised
Z—+00

conformal map with respect to A. Notice that S(A) > 0 and the equality holds if
and only if A C R. Another useful conformal map about S-hulls is : VA € A;, there
exists a unique conformal map &4 : § ~ A — S such that

$,4(0) =0,P4(+00) = 00, Pa(—00) = —00
Indeed we just let ®4(z) := ga(z) — ga(0).

Just like the chordal case, start from a non-selfcrossing curve [0, c0) C S such
that the S-hulls created by 7 is strictly increasing. In the purpose of simplifying the
procedure, we assume that v is a simple curve and v(0,00) C S. Then for any ¢ > 0,
K, :=~v[0,t] is a S-hull. Let S; := § \ K;. Denote by S(t) the capacity of v[0, ¢] and
g+(2) the corresponding normalised conformal map. Then we have
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3.3. DIPOLAR LOEWNER PROCESS

Lemma 54. With above notations,
(a) S(t) is a strictly increasing continuous function ;

(b) The limit W, :=  lim  ¢4(2) exists and is a continuous function ;
z2€8S¢;z—(t)

(¢) If the curve is parameterized such that S(t) = t, then the conformal maps
9:(2) satisfies the following differential equation :

0:g+(2) = coth M

, 90(z) =z, (3.3.1)
where coth(z) = (e + e %)/(e* — e™?).
We call (3.3.1)) the dipolar Loewner equation.

Proof. Recall the proof of Lemmal[53] let f(2) := e* and 5(¢) = f(v(¢)). Then 70, ]
is a H-hull and let g; be the normalised conformal map of 4[0, ¢]. Then by Lemma
we have

(2) = Tog [3(e") — 5:(0)] — 5 lomg}(0), S(r) =~ log g{(0),

and the limit W, := lim g+(z) exists and is continuous. Also by Lemma
z€H~NA([0,t],2—5(t)

Bl g,(0) is continuous with respect to ¢. Therefore S(¢) is continuous. Since K, is
strictly increasing, S(t) is strictly increasing. And the limit

Wy=lim g(z)= lim log [gt(ez) - f]t(o)} - llog 9:(0)

z€St;2—(t) z€8St;2—7(t) 2

= lim log [g¢(z) — 3:(0)] — %bg 9:(0)

z€H~NA[0,t],2—7(t)

= log [W; — 3:(0)] — %log 9:(0).

exists and is continuous with respect to t. We are left to prove (c¢). Notice that for
fixed t > 0, Im (g; *(2) — z) is a bounded harmonic function and therefore we have

el‘

1
I (g (z) —2) = —= [ 1
m (g, (2) — 2) /It m——

™

Im (g, " (x))dz,

where I, is the interval of the image of [0, ¢] under g;. Since a holomorphic function
is determined by its imaginary part up to a constant. We have

1 er
—1 —z=—— I —1 d C.
g9 (2) == W[tez—ez m (g, (z))dz +
Since

—t as z— 400

gfl(Z)—2—>{

t as z — —00,
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3.3. DIPOLAR LOEWNER PROCESS

we have

Then ) o
_ € € _
g '(2)— 2= "0 ) e—e Im (g; ' (z))da. (3.3.2)

For fixed h > 0, apply above equation to g; ¢ (2) = gern 0 g; (), we have

1 e’ +e*
27

gro g n(z) —z = Im [g, o g7}, (x)]dx. (3.3.3)

zZ _ px
It,he e

Here I, is the interval of the image of ~v[t,t + h] which contains W}, . Notice that

1
o

h Im [g; 0 g;rlh(a:)]d:z:.

Iyn

Replace z by g4 (2) in (3.3.3)),

1 g Z)—x _
0(2) = gun(e) =~ [ coh 2= T fg o g3, ()
t,h

By using the integral middle theorem to both the real parts and imaginary parts of
above equation and then divided by h and passing A to 0, we have

9; gi(2) = coth M

Similarly, we can also get the differential equation for the left derivative by letting
h < 0. ]

Conversely, starting from a real-valued continuous function W (t) on R, consider

the dipolar Loewner equation (3.3.1)). For a given z € S, define
7(z) := sup{t > O,Orggt lgs(2) — W(s)| > 0},

and
K ={2€8:7(2) <t},S5 =S\ K;.

Then we have

Lemma 55. Suppose W (t) : [0,00) — R is a continuous function. And g,(z) is the
solution of the ODE . Define K; and S; as above, then

(1) For anyt >0, g,(z) : Sy — S is a conformal map ;

(2) For anyt >0, K; is a S-hull;

(3) At z = o0, g:(z) has the Laurent expansion gi(z) = z £t + O(ﬁ)
We call (g: : t > 0) and (K : t > 0) the dipolar Loewner process(Loewner
chain) driven by W.
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3.4. DIPOLAR SCHRAMM LOEWNER EVOLUTION

Proof. Notic that the blow up time of (3.3.1) is the first time that ¢;(z) — W(t) =
0, 27 and
z/2 —z/2
z e’“+e
coths = =5 =5

So e*/? = ¢7%/2 & ¢ = 1 & 2z = 2kmi. If z € R + 4w, we have Im (g,(2)) = m, so
the maximal interval that the ODE lives is [0,7(2)). Since the vector field
coth(z/2) is holomorphic, we can get g;(z) is holomorphic.

Fix T'> 0 and w € S, consider the following initial value problem :

fe(w) = W(T —t)

0, filw) = — coth : fow) = w
Since I 5
vy siny
—Im coth 5 = 2 — T2 > 0,
this ODE will not blow up in [0, 7.
Let hy(w) = fr_(w), then hy(w) satisfies
h _
O¢hi(w) = coth M, hr(w) =w

Therefore g:(ho(w) = ht(w),0 < t < T). In particular gr(ho(w)) = w, this shows
that gr(z) is surjective. By the unique dependence on the initial value of ODE;,
we can see that g is injective. So gr(z) is a conformal map from Sr onto S. By
expanding at +o0o, we can see that for fixed T, if |z| is large enough, gr(z) will not
blow up. Therefore K is compact and a S-hull. Also by expanding at +00, we have
the Laurent expansion. O

Remark 56. Usually, given a continuous function, the corresponding dipolar Loewner
process(chain) is not generated by a non-selfcrossing curve.

3.4 Dipolar Schramm Loewner Evolution

In this section, we will introduce the dipolar Schramm Loewner Evolution and
give its properties.

Definition 57. Let k > 0 and (B, : t > 0) be a standard one dimensional Brownian
motion, we call the dipolar Loewner process (chain) driven by W := \/kB; the
diolar SLE(k) process from 0 to R,.

Remark 58. Choose a conformal map f from S onto H that sends +oo and —oo
to z7 and x5 respectively and keeps 0. Then the image of dipolar SLE(k) under
this conformal map is a SLE(k;p, p) process with force points z; and x5, where
p = ik — 3(see [22]). But it is more convenient to deal with dipolar SLE(k) since
there are no force points.
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3.4. DIPOLAR SCHRAMM LOEWNER EVOLUTION

Remark 59. For any triple (D, z, I), where D is a proper simple connected domain
of C with z € 9D and I C 0D is an arc not containing z, there exists a unique
conformal map ¢ from S onto D with ¢(0) = z and ¢(R,) = I. We can define the
dipolar SLE(k) in D from z to I as the image of the dipolar SLE(k) in S from 0 to
R, under the map ¢.

Dipolar SLE(k) also has the Markov property.
Proposition 60 ((Markov property)). Suppose {g;(z) : t > 0} and {K; : t > 0}
are the dipolar SLE(k) process from 0 to R, in S. Suppose that T is a stopping

time about the filtration generated by Wy. Then Gi(2) := gipr 0 g- (2 + W) — W, is
independent with {g; : 0 <t < 7}, and has the same distribution as g;(z).

In fact dipolar SLE(k) is equivalent to chordal SLE(x) in some sense.

Theorem 61 (see [24]). Let (K;);>0 be the dipolar SLE(k) process from 0 to R in
S and (K)o be the chordal SLE(k) from 0 to +o00 in S. Define

Ti=inf{t > 0: K, NR, # 0}, 7 :=inf{t > 0: K, "R, # 0}.

Then if k = 6, {K, : 0 <t < 7} has the same distribution as {K,: 0 <t < 7} ;
if k # 6, there exists two sequences of stopping times (Tp,n > 1)+ 7 and (T,,,n >
1) 1+ 7 such that {K; : 0 <t <T,} and {f(t 0<t< Tn} are mutually absolutely
CcOntinuous.

Proof. Denote by ¢(z) = ¢ —1 : S; — H, then ¢(0) = 0, ¢(+00) = oo and
¢(—o0) = —1. Suppose g;(z) is the chordal SLE(x) maps from 0 to oo in H. For
t <7, h(2) :=g(e®—1): S\ Ky — H satisfies hy(+00) = 00. Define

¢1(2) = loglgi(e” — 1) — gu(=1)].

So ¢u(2) : Sy N Ky — Sy satisfies ¢y (+00) = +00, ¢(—00) = —00 and

lim [¢(2) — 2] = 0, lim [¢(2) — 2] = log g;(~1).

Z—+00

Define

D,(2) = 0u(2) — 5 logg(~1).

Then ®;(2) : S; K, — S, satisfies ¢1(+00) = 400, ¢(—00) = —o0 and
li P = 1l "(—1 0, i = 1l "(—1
Jim [@(2) — 2] = —5logg,(=1) > 0, lim [¢(2) — 2] = 5 log gi(~1).

Since (9tgt(z) = m, we have

—2g,(—1)
(9:(=1) = VEB,)*

8tg£(—1) =

28



3.4. DIPOLAR SCHRAMM LOEWNER EVOLUTION

Therefore
—2

(9:(=1) = VEBy)*

0 log 9;(_1) =

/ ! —2
oedl(=1) = || G v

1., t 1
“glondl = [ o

Since as S-hulls, S(K;) = fot md& Let u(t) := S(K;), use u as the pa-
rameter. Define 3(t) := log[/kB; — g:(—1)] — 3 log g,(—1), then

1
0,®(2) = 0ypu(2) — §8t log 92(_1)

1 [ 2 - 2 |
g(e* = 1) —g(=1) g€ = 1) = VKB gi(=1) = VKB,
1

T a1 = VB

gi(e* — 1) + /KBy — 2g,(—1)
(g:(e* = 1) = V/EB)(g:(—1) — \/EBt)Q'

So
3u<13t(z) :8tq)t(2)6ut = (3tq)t(z)(gt(z) — \/EBt)Q
:gt(ez — 1) -+ \/EBt — 291&(—1)
(ge(e* = 1) =By
Since
gi(e* — 1) — gi(—1) = e#() = Ptz loagi(=1) — (2(2), [or( 1),
VEB — gi(—1) = e’ Vgi(=1).
We can get
e®t(2) 1 oB(t) Dy — B(t(u))
8uq)t(2) = M = coth B .

Let W; := /KBy, then
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3.4. DIPOLAR SCHRAMM LOEWNER EVOLUTION

dp(t) =W ; = (AW, — dg,(2))
1 1
+ = gt(—l)Qd (Wi — gi(—=1), Wy — g:(—1)) — 50 log gl(~1)dt
= ! VEdB; + : dt
Wi — g:(—=1) (W — gi(—1)2
K 1 1 -9
T W2 T 20— g
1 K 1
=gV B D ™

Therefore d3(t(u)) = \/kdB, + (3 — 5)du, where B, is a standard one dimensional
Brownian motion. So if K = 6, {K; : 0 <t < 7} and {K, : 0 < t < 7} have the same
distribution up to a time-change. If k # 6, by Girsanov’s theorem(see [I8]) we can
get the result. O

Remark 62. By the absolutely continuous property in above lemma, we know that
dipolar SLE(k) is also generated by a continuous curve(we call the SLE(k) trace)
almost surely and has the same phase transition depending on k.

In fact for dipolar SLE(k) process, we have the following property.

Proposition 63 (see [24]). Let v be the diolar SLE(k) trace from 0 to R, in S.
Then
(1) If 0 < k < 4, vis a simple curve and [0,00) C Sy U {0} a.s;
(2) If 4 < k < 8, almost surely v is a non-selfcroosing curve and for any given
z € Sy~ {0} but z & 7[0,00) ;
(3) If K > 8, almost surely v[0,00) has Hausdorff dimension 2, i.e. v fills the
area it encloses;
(4) Almost surely the limit m = tlg(r)lo ~(t) exists;
(5) Almost surely, m € R. If denote by m = X +in, then the random variable X
has the density function p(z) = (cosh(g))_%/cm where ¢, = fj;o(cosh(g))_%dx.

Remark 64. By above proposition if (K}):>o is the H-hulls corresponding to dipolar
SLE(k), denote by

Koo = U Kt7
t>0

Then K, is bounded. In fact the author in [24] used the boundness of K, to prove
above proposition.
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3.4. DIPOLAR SCHRAMM LOEWNER EVOLUTION

Just like the chordal SLE, dipolar SLE(6) satisfies local property and dipolar
SLE(%) satisfies restriction property. In [8], the author gave a proof using the con-
formal field theory to find a martingale to prove the restriction property. Here we
use the method in [9] to construct the martingale directly.

It is necessary to give the detailed proof of local property and restriction property
here since we can not find any reference about this although it is direct. The main
point is to determine how the capacity of a hull changes under a conformal map.

Let A € A, be a S-hull such that 0 € A, and ® 4 is the unique conformal map
S~ A — § that fixes 0,+00 and —oo. Suppose that (K; : ¢ > 0) is the dipolar
Loewner chain driven by a continuous function (W; : ¢t > 0). Write 74 := inf{t > 0:
K;NA#(0}. Then for any ¢t < 74, ®4(K;) is a S-hull. Denote by g, the normalised
conformal map corresponding to ®4(K;) and S(t) the capacity of ®4(K}), then g
satisfies the rescaled dipolar Loewner equation :

8,g1(z) = 9,5(t) coth %

where W, = hy(W,) is a continuous function. Denote by hy(2) := g, 0 ®4 o g; *(2),
and A; := g:(A), by Schwarz reflection theorem h;(z) can be analytically extended
to a neighbourhood of W;. We have the following :

Lemma 65. Tuke the notations above, for 0 <t < Ty,
S(A) = S(t) + S(A) -
0pS(t) = hy(Wy)?,

8tht(Wt) = _3h:e/(Wt)a

oy = LEOE _ iy | VOO - O
Proof. By the definition of hy,
i (h(z) —2) = lim (hi(2) ~ 4067 (2))
+ lim (©400,(2) =g () + lim (g;7'(2) — 2)

z—Foo

= E5(1) £ S(A) - ga(0) F .

So hy(z) + ga(0) is the normalised conformal map corresponding to A; and therefore
S(A) =S(t) +S(A) —

For the second equation take the derivative of h;(z) with respect to t, we get

— hy(Wy)
2

Z—Wt

hy(2) = [8,5(t)] coth 2) — R(2) coth

(3.4.1)
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By multiplying Z_th on both side of above equation and let z — W;, we can get

0=08,5(t)

1
— hy(W5).
AR
So atS(t) = h;(Wt)2
The third equation is obtained by passing z — W, in the equation (3.4.1)).
Take the derivative of z on both sides of (3.4.1]) we have

1 h;(z)(hg(Wt)): z - Wi 4 lh;(z) 1
2 sinh (ht(z)—/;t(Wt))

/ . "
3tht(z) = — ht (Z) coth 9 m

Then the fourth equation is obtained by passing z — W; on the both side of above
equation. 0

By above lemma, we can get the local property of dipolar SLE(6) and restriction
property of dipolar SLE(%).

Proposition 66. Suppose that v is the dipolar SLE(k) trace from 0 to R, in S.
(a) If Kk =6, for any S-hull A with 0 & A, define

T4 = inf{t > 0:7(t) € A},

then v[0,74) has the same distribution as the dipolar SLE(6) in S~ A from 0
to Ry upon hitting K. This is called the local property of dipolar SLE(6).
(b) If k = %, for any S-hull A with 0 ¢ A. Define ®4(z) = ga(z) — ga(0), where

ga(2) is the normalised conformal map corresponding to A. Then
5
48

where Ay = gi(A) and S(A) and S(A;) are the capacities of these two hulls.
Notice that for two S-hulls K, Ko that don’t contain 0,

P[KNA={] = |®,(0)]% exp{—-—=S(A)}.

q’mu@;&(l@) = ®p, 0 Pg,, S(K1 U ‘I)f_é(KQ) = S(Ky) + S(Ka),

Then conditioned on v N A = (), v has the same distribution as the dipolar
SLE(%) from 0 to R in S \ K. This is called the restriction property of
dipolar SLE(S).

Proof. Suppose that W; = \/kB; is the driven process of dipolar SLE (k). Using the
same notation as Lemma For t < 74, we see that the driven process of the curve
D4 (y) is Wy = hy(W,). By 1td’s formula and combing Lemma |65, we have

AW, = Ouh (W)t + (W)W + 51 (W)t

K " !/
= (5 — 3)hi (Wy)dt + ht(Wt)\/EdBt-
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3.4. DIPOLAR SCHRAMM LOEWNER EVOLUTION

So if Kk = 6, by a time change, W, is scaled a Brownian motion and this proves the
locality of dipolar SLE(6).
For k = %, define

5
Y, = 1{t<TA}h£(Wt)% exp{—4—88(At)}.
Denote by Ny = logV; = 2log hj(W;) — %S(A;). By lemma |65, we have

1
dhy (W) = 0hy(Wh)dt + by (W) dWy + §hg/(Wt)d (W, W),

_ [% (hé((‘%//tt))) N (hQ(Wt))G— hg(Wt)]dt—Fh;’(Wt)\/gdBt,

and
dS(Ay) = (h;(W}/)2 — 1)dt.

So
5 , 5
dNt = gleg ht(Wt) - @dS(At)

b (hif (W) (hy(W))* — 1
6 (hi(W1))? 6

5 5h”(Wt)\/§
— —(R(W)? = 1)dt + = —dB

25 (h;’(Wt))Q 5hy(Wy) /8
=T B TR W) \/;dBt

Jdt

And then

1 /25 h! (W)
dY; = Yi(dN, + -d < N, N — 4/ Ey, ¢
t +(dNy + 9 < N,N >) 24 thQ(Wt)

Therefore Y; is a local martingale. Since S(A;) > 0 and Ay (W) < 1, we get that Y;
is a martingale. Just using the same method as [9](In fact if we regard h}(W;) as the
probability that a Brownian motion starting from W; in S avoids A; before exiting
S, then for 74 < o0, hy(W;) — 0; for 74 = oo, hy(W;) — 1 and S(A;) — 0.), we can
get limy_,,, Y} = 1{7,—}. So by the optional stopping theorem

dB,.

PIK 1A =0] = B[M,,] = B[Mo] = [2,(0)]f exp{~ 1= S(4)}
[

Remark 67. By above lemma, we have constructed the conformal restriction measure

P(2,3) in Theorem .

487 8
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3.5 Brownian Bridge on the strip

In this section the brownian bridge on the strip & will be given, this is a proba-
bility mesure defined on the space of the curves from 0 to R,. The exact definition
is as follows :

Suppose that p. is the law of a planar Brownian motion (B;) starting from e
and conditioned to first exit S from R,. By the optional stopping time theorem, the
probability that a one dimension Brownian motion started from e hits 7 before 0 is
€/, so the law Ty, converges to a probability measure p§% in the Prohorov sense,
we call this measure the Brownian bridge measure or Brownian excursion measure
from 0 to R, on the strip. In fact this measure is just the normalisation of the
Brownian excursion measure defined in chapter 5 of the book [10]. The measure is
supported on the curves from 0 to R, in the strip §. We can show that ug  satisfies
the conformal restriction property.

Proposition 68. Suppose that K has the law ug _, then for any A € A with0 € A,
P[KNA=0]=d,(0). (3.5.1)

Moreover, by definition K almost surely intersects R, at some point X +im, the law
of X has the density function p(x) = ﬁ

Proof. Let P(€) be the probability that a Brownian motion started from ie hits R,
before R U A. By the conformal invariance of planar Brownian motion,

Im @ 4 (i€)

(e

P(e) = P(B; started from ®4(i€) hits R, before R) =

Then we have

mIm ® 4 (i€) o

. .
P[KNA=1( zlg%zP(e) —lg%z - ",(0).
Notice the Poisson kernel of S is H(z,z 4 im) = —XIm ﬁ, we have

P[B; from ie hits R, at (—oo,x + ir]|B; from ie hits R, before R]

| et 1 [ el sine
=— —Im — dt = - dt.
€ J o T et + et € ) oo €2+ 2etcose+ 1

So the hitting point of the Bridge have the distribution function

1 x t o x t
PX < 2 = lim- € Sme dt = / ¢
e—0€ [ e?+ 2etcose+ 1 o €2 2et+ 1
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3.6 Characterization of the conformal restriction mea-
sure

In this section we will show that a dipolar conformal restriction can be charac-
terized by two parameters.

Let Q be the collection of compact connected subsets K of S such that K "R =
{0} and S \ K has two connected components that each of them contains +oo and
—oo on the boundary respectively. Endow €2 with the o-field generated by the family
of sets of the type {K € Q : KN A = ()} where A € A*. Just like the chordal and
radial case this o-algebra is the same as the o-algebra induced by the Hausdorff
metric on (2. Notice that {{K € Q: KNA=0}: A€ A%} forms an algebra. As the
chordal case[9] and radial case [23], by the unique extension theorem of probability
measures on algebras, we have :

Lemma 69. If P and P’ are two probability measures on Q such that P[K N A =
0] =P[KNA=0] for all A € A%, then P =P'.

R

Just like the chordal case [9], by endowing A* with the Hausdorff metric, the
function A — P[K N A = ()] is continuous and this fact will be used in this section.

To prove the existence of the two values o and (3, it is necessary to introduce the
perfect hull (this notation was first used in [23]) :

Fix x € R~ {0}, suppose (K;(x)):>o is the hulls generated by the driven function
W, = x—coth §t and g, is the corresponding conformal maps. These hulls (K;(z)):>0
are called the perfect hulls from z. We can check that g,(0) = — coth $t.

Lemma 70. With the notations above.
(1) Define hy(z) = g4(2) — 9:(0) = gi(2) + coth 5t, then hy s = hy 0 hy.
(2) Let K be a dipolar restriction sample, then there exists a constant v(x) such
that
P[K N K, = 0] = exp{—v(z)t} Vt > 0.

Proof. For fixed s > 0, by the uniqueness of the solution of the following ODE :

0u(2) = coth TELZT L com T z) = (o),

we can see that both h; ¢ and h; o hy satisfies this ODE, and so we have (1). From
(1), we have hy(Kqii(x) N Ki(x)) = (Ks(x)) for any ¢, s > 0. Then for any t,s > 0,
by the conformal restriction property, we have that

P[KN K (z) =0|KNK(z) = 0]
= PKNh(Ksi(z) N Ki(z)) = 0] = P[K N Kq(z) = 0].
Thus for any t, s > 0, we have

P[K N Kys(x) =0|K N Ky(z) =0] = P[K N K(z) = 0] x P[K N K,(x) =0].



3.6. CHARACTERIZATION OF THE CONFORMAL RESTRICTION MEASURE

Combining the fact that ¢ — K;(x) is continuous, there exists a constant v(z) > 0
such that
P[K N K(z) = 0] = exp{—tv(z)}.

]

In the chordal case, the analogous quantity v(x) should be a constant because of
the scaling-invariance, but here, just like the radial case, we have a different situation
(with one more freedom because of the lack of a restriction condition). In fact, we
will show that v(z) is a smooth function.

Now we are ready to prove the first part of Theorem [49|that we state as following :

Proposition 71. For any dipolar restriction sample K, there exists two constants
a, 8 € R such that for any A € A%,

P[KNA={]=®,(0)exp{—aS(A)} (3.6.1)
where S(A) is the capacity of A.

By lemma for any o, € R, there exists at most one law that satisfies
(3.6.1). The strategy of the proof of above proposition is the same as the strategy
used in [23] : first show that holds for any perfect hulls K;(z) and then show
that the hulls generated by the family of perfect hulls are dense in A% in the sense
of the Hausdorff metric(here the hull generated by two hulls A;, Ay is defined as
A1 U gyl (As)). And then use the continuity of the map A — P[K N A = 0.

We will begin by showing that the function x — v(x) is a smooth function on
R ~\ {0}. And then use the commutation relations derived in Lemma 9 of [23] . It
seems that it is easier to work on the upper half plane because we can write down
the exact form of the conformal maps from subdomains of H onto itself.

Let ¢o(z) = €* — 1 be the conformal map from S to H that sends 400, 0, —c0 to
—1, 0, co respectively. Suppose that K is a sample of the dipolar conformal restriction
measure on the strip, then K := ¢o(K) is a sample of what we call the dipolar
restriction measure on the upper half plane. For z € C, let B(z,r) denote the ball
centered at x with radius r.

For € > 0 small enough and = € (—1,0) U (0, 00), the map

62

Gze(2) =2+ po

is a conformal map from H \ B(z,€) onto H that fix co. Define

1 €2 1 €2 €2
T z(l4x) T z(142)

This is the unique conformal map from H \ B(x,¢) onto H that fixes —1,0, cc.
Denote 3
pe(r) = P[K N B(z,¢) £ 0].

Just as Lemma 5 in [23], we have
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3.6. CHARACTERIZATION OF THE CONFORMAL RESTRICTION MEASURE

Lemma 72. Let K be a dipolar restriction sample in H. For any x € (—1,0)U(0, 00),
the following limits exists
1
() = lim —p(z).

e—0 €

And further \(z) € (0, 00).

Proof. For fixed z € (—1,0) U (0,00), let (K (z) : t > 0) be the perfect hulls
from z, here we mean Kt( ) = wo(Ki(pyt(2))), where K;(¢y'(x)) is the perfect
og(x +1) a

%o
hulls in S from ¢, '(z) = x+ 1) as deﬁned at the beginning Lemma . For
)

small enough € > 0, deﬁn N(e) = [e7?] which is the integer part of ¢~ And
b =g = ... = ¢N = foe Let @ = dn(e) © dn(e)—1 © ... © @1 be the Conformal map
from H := gbl .. O ngN ) (H ) onto H that fixes —1,(),00. Define A.(z) = H\ H.

Then the same as, we have A(z) — K (z) in the Hausdorff sense as ¢ — 0.
Moreover we have that K; (v) C A.(x). Here by compute the capacity we can see
that t, = m In fact

62

el

1 , 1 , 1
Sl (B, ) NH)) = log f1,(0) — 5log f1,(~1) = — log1 -
and so

. . N(e) 2 1
=1 A = lim ————log[1 — :

Now by the conformal restriction property we have
P[K NAdz) = 0] = (1 - pe(a)N.
On the other hand, by Lemma [70, we have
P[KNA(z) =0] = P[KN K, (v) = 0]
= PIKN K (¢y"(x)) = 0] = exp{—v(log(x + 1))t,}, as € — 0.

Therefore )
lim N(e) log(1 — pe(x)) = —WVOO%(I +1)).
This completes the proof. We further get that
Az) = v(log(z + 1)). (3.6.2)

2(1+ )2
O

In fact the function A(z) in the above lemma has a very nice form. In order to
determine the exact form of A(z), we need to find some functional relations satisfied

by A(z). We will give two functional relations in the following two lemmas : one is
the symmetric relation, and the other is the commutation relation.
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3.6. CHARACTERIZATION OF THE CONFORMAL RESTRICTION MEASURE

Lemma 73 (symmetric relation). For any x > 0, the function \ satisfies

1 x
A —
(1+x)* ( l+x

Az) = ). (3.6.3)

Proof. Write E(x,¢) := 5" (B(z,¢)). Denote by I(z) = —% the reflection of the
imaginary axis. Since the law of the conformal restriction measure is invariant under
the reflection of the imaginary axis, we have that

P[K N E(z,e) # 0] = P[K N I(E(x,¢€)) # 0]

Notice that 1) := g0 I 0 p~'(2) = —Zz, we have

P[K N B(x,¢) # 0] = P[K N (B(z,€)) # 0.

Therefore
M@:g%éPmemu@¢m:g%mkm¢w@¢»¢m
i (Pt p[& x "(x)]e
= lim |/ ()| EQW(@PP[KNB(%D( ), [ ()] €e) # 0]

1 T
= A —
(1+2)* ( l1+z

).

Fix z,y € (—1,0) U (0, 00), define

1 .1,
By direct computation, we have that
1 1

1 1 Y
e M R Tl

By exactly the same argument as the Lemma 6, Lemma 7, Lemma 8 in [23|, we can
get the second functional relation satisfied by A(x) which is called the commutation
relations. Since the argument is totally the same as, we omit the proof and just give
the statement.

Lemma 74. The function X is differentiable in v € (—1,0) U (0,00) and satisfies
the following commutation relation : for any x,y € (—=1,0) or z,y € (0, 00),

N F(z,y) + 2My)G(x,y) = N(2)F(y, z) + 2\ (2)G(y, ). (3.6.4)
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3.6. CHARACTERIZATION OF THE CONFORMAL RESTRICTION MEASURE

Combining Lemma [73] and Lemma [74] we can get the exact form of A(z) :

Lemma 75. There exists two constants ¢; and ¢y such that

c1(1 4 x) + cox?
20+ a)

Az) = (3.6.5)

Proof. Fix x, expand the two sides of (3.6.4) and then let y — z, we can get

22(1 + 2)* N (2) + 62(1 + 2)(2x + 1)\ (z)
+ 6(1 + 6z + 62°)N (z) + 12(1 + 2x)A\(z) = 0.

The solution of above differential equation have the following form :

c1 + c3x + 021‘2
)\(.T) = xQ(l + x)?

Since A(z) satisfies (3.6.3]), we can get ¢; = cs. O

Proof of proposition Recall that for the perfect hulls Ky(x) from z, the
corresponding function h;(z) satisfies

hi(z) —x

Ohy(z) = coth , ho(z2) = 2.

From h:(0) = 0 and take the derivative of above differential equation at z = 0, we

can get

1 1

h;(0) = exp{— 1 mt}

Combining P[K N K,(z) = 0] = exp{—v(z)t} and S(K(z)) = t. By (3.6.2), we

have

1
DD R
v(w) =26+ 20 gy 1)z

So if we set a = 2¢9 and 3 = 2¢;, we can see that
P[K N Ki(z) = 0] = exp{—v(2)t} = [h(0)|" exp{—aS(K;(x)))}.

Now we have proved that proposition [71] holds for all the hulls generated by perfect
hulls. Then use the same method as Proposition 3.3 in [9] ,the hulls generated by
perfect hulls are dense in A%, combing the continuity of A — P[K N A = ()], we
proved proposition [71] for all the hulls in A?%.
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3.7. CONSTRUCTION BY POISSON CLOUD

3.7 Construction by Poisson cloud

In this section we will use Brownian bubble measure and SLE($) to construct
P (5(1*5)

B). For a conformal map f, define the modified Schwarzian derivative as

2641
follows :
~ B f///(z) _§ f//(z) 9 1 _f/(z)z
Sf(z)= 702) 2(f’(z)) + — (3.7.1)
Define 6 216
5=pr) = " a=a(r) = E=20=)
A= A(k) = (6—&)2(5—3%;)'

Lemma 76. Suppose that Wy = \/kBy is the driven process of the dipolar SLE(k),
and K is the hull generated by the dipolar SLE(k). Take the same notations as lemma
65, and a(k), B(k), A(k) are as above. Then

t
Y = Lipery b (W) exp{—aS(A) } expi\ / Sh(W,)ds),
0

15 a local martingale. In particular, when k < %, Y, is a martingale and

E[l{TAZOO} eXp{/\ /OO Shs(Ws>d8}] = CI)/A(O)B exp{—aS(A)}

0

Proof. 1t is proved by the standard stochastic analysis. O

Lemma 77. Suppose that u%*(0) is the Brownian bubble measure on the strip at 0

and K is a sample of this law, then
1~
g (K NA#0] = —25®4(0), VA€ AL (3.7.2)

Proof. Denote A = ¢y(A), and A is a compact hull in H. By the definition of the
Brownian bubble measure, we have

PEPO)K N A# 0] = O N A 20 = ~50,(0)

where Sg4 is the Schwarzian derivative. We can check that the normalised conformal
map corresponding to A is

gi(z) = ¢S [gallogz+D) _ 1],

By direct computation, we have Sg¢4;(0) = Sg(0). O
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3.8. CONSTRUCTION FROM ONE-SIDED RESTRICTION MEASURE

Now we can use the above two lemmas to construct the dipolar conformal restric-
tion measure. Just exactly the same argument as [9], we have the following analysis :
Suppose that £ < 8/3 and take the notations at the beginning of this sction. Con-
sider a Poisson point process X on 2 x [0, 00) with mean (intensity) A o x dt, where
dt is Lebesgue measure. As before, let 7 denote the SLE, path, g; the corresponding
conformal maps, and W; the Loewner driving process. We take v to be independent
from X.

Let

={g " (K+W,): (K,t) e X, t€[0,00)},

and let = be the filling of the union of elements of X and v, i,e, Z is the closure of
the domains between X and .

Let A € A%, and let h; be the normalized conformal map from S ~\ ¢;(A) onto
S. By Lemma [77] for any ¢ > 0 on the event v[0,{] N A = 0,

P{K:g " (K+W,)NA#0} | g]
= P[{K:(K+W,)Ng(A)#0}|g]
= —Sh(W)/6,

bub( )

where K is independent from ~ and has law g . Consequently, on the event

7[0,00) N A =),
P[ENA=10]4] :eXp</\/OOO%dt>.
By taking expectation and applying Theorem [76|, we get
P[ENA=0] = ¢,(0)’ exp{—aS(A4)}, (3.7.3)
Using the same method as [9)], we have
Proposition 78. For any k € [0,8/3], the law of =(k) is P(a(k), B(K)).

Notice that 8(k) > 3 and a(k) = «(f) = »32([1#[13' So we have constructed

1—
P (8, ) for 5= 3.

3.8 Construction from One-sided restriction mea-
sure

In proposition [71 we showed that a dipolar conformal restriction is uniquely
characterized by two parameters (o, ) such that for any A € A*, PIKNA = (] =
®',(0)? exp{—aS(A)}. We denote this measure by P(«, ). By Proposition |66 and
Proposition | we know that P(%, 2) and P(0,1) exists. In this section, we will
use dipolar SLE(F@, p) process to construct P(a, 8) for other values of (a, ).
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3.8. CONSTRUCTION FROM ONE-SIDED RESTRICTION MEASURE

Dipolar SLE(k; p) processes are variants of SLE(k) processes. For what we will
use in this chapter, we will here only describe the dipolar SLE(k; p) with one force
point. It is defined as the solution of the dipolar Lowner equation where the
driven function is replaced by the solution to the following SDE systems :

dW,; = £ coth %dt + /kdBy
dV, = coth it (3.8.1)

Wo=0, Vo =z € R\ A0}, J=t > 0.

By the same method as the chordal SLE(k; p) processes, it can be proven that when
k > 0 and p > —2, there is a pathwise unique solution to the above SDE system.
And the SLE(k; p) is almost surely generated by a continuous curve from 0 to R,.

If we take the limit x — 0T (repectively 07), the process has a limit which is
called the dipolar SLE(p) process with force point 07 (respectively 07).

Fix p > 0. Let g,(z) be the dipolar Loewner chain SLE(;p) with force point
0% generated by the driven function (W; : ¢t > 0), where (W}, V;) is the unique
solution of the system in . Recall that dipolar SLE(%; p) is generated by a
curve 7. For any A € A%, let 74 be the first time that ~ hits A. For ant ¢t < 74,
let g; be the normalised conformal map of the dipolar hull ®4(vy(¢)). Denote by
hi(2) = §: o @4 0 g; ' (2) the conformal map from S \ g;(A) onto S that fixes +oo.
Then we have the following lemma.

Lemma 79. . 5
My = |hy(Wy)|5[hy (Vi) | exp{—aS(A) } 2"

1$ a local martingale where
Z; = sinh 2/ sinh 2,
S/;f = ht(‘/;f) - ht(Wt)7 Xt = ‘/t - Wt7

a=2+Eplp+4), A=HpBp+4),

and Ay = g(A) and S(A) is the capacity of As.

Proof. Using Ito formula, combined with lemma [65| we have

Y Y, 5 Y,
dlogsinh Et = [a(coth é)Z(h;(Wt)f + 5 coth éh;’(Wt)
p Y, X, 1 1 Y, 8
— S hi(Wi) coth é coth 7t + g(h;(Wt))Q} dt — 5 coth Eth;(Wt) 4B,
X 2 X 1 1 X
dlogsinh =* = 50t (coth =1)2dt + =dt — =coth=' \/gdBt,
2 12 2 3 2 2 V3
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3.8. CONSTRUCTION FROM ONE-SIDED RESTRICTION MEASURE

, 5(hI(W))2 (h(W)2 =1
dlog hy(W;) = (_6((h2((wf)>)>2 4 2)
HMW)p - W=V, \/§ hy (Wr)
E coth dt > dB
vy 2" T3 )dt + 3w,
/ o dh;(vt) o 1 Xt 2 1 / 2 Y;f 2
dlog hy(V;) = vy 5l(coth =2)° — 1t — S[hy (W) [(coth —)" — 1]dt,

dlog S(Ar) = ([(W)]* — 1)dt.

Let N; = log M,, then we have dM; = M(dN, + %d(N, N),) and we can use the
above results to get that the drift term of dM,; is equal to zero and so M, is a local
martingale.

Remark 80. In order to make the computation process more precise, we give the
detailed procedure of using It6’s formula to prove that M; is a local martingale.

dht(‘/;t) - athtu/;t)dt + h;(Vt)th

ha(Vi) = ha(W5) v, - W,

dt

=(h,(W}))? coth dt — h;(V};) coth

Vi — Wi he(Ve) = he(W2)

2

+ hy(V;) coth dt = (h,(W;))? coth dt.

_ h!
dhy(Wy) = 0,hy (W) dt + h;(Wt)[g coth V1 5 W, - \/gdBt] - (V) gdt

VW, [8 /
— — 3K (W)dt + H(WH)[S coth ———* + \/;dgt] n wgdt

5 Vi—W, 8
=[-Sh/ (W) + ghé(Wt) coth ———=]dt + \[ghi(Wt)dBt

Denote by Y, = h(V;) — hy(W;) and X; =V, — W;, we have

Y, 5 X
dY; = [(W(W3))? coth - + Sh{ (W) — gtht) coth =]t — h;(wt)\/gdBt.
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3.8. CONSTRUCTION FROM ONE-SIDED RESTRICTION MEASURE

Y, 1 Y, 1 Y,
dsinh;t = §cosh5tdYt + gsinhgtd <YY >,
1 (cosh )2 5 Y, p Y, X
— [iﬁ(h;(m)f + ghg(Wt) cosh Et - Zh;(Wt) cosh Et coth 7t

1 .Y 1 Y, 8
+3 sinh Et(h;(Wt))z] dt — 3 cosh éh;(Wt)\/;dBt.

.Y, 1 Y, ) Y, Y, X
dlog sinh é = [é(coth é)Q(hg(Wt))Q + 6 coth Eth;’(Wt) — thg(Wt) coth é coth 7t

1 1 1 Y, 1 Y
(BW))? — 3 ——— L2 (cosh 21y2(n (W) dt - 5 coth —thi(Wt)\/gdBt

- 2 (sinh %)243 g 2

W —

1 Yio 5 D Y, p Y; Xy
- [g(coth 5) (hy(Wh))* + G coth 3h2'(Wt) — Zh;(Wt) coth B coth 5>

1 1 Y, 8
+ g(h;(wt))ﬂdt — 5 coth éh;(Wt)\/;dBt.
Since
dV, = coth Ve = Wi AW, = L coth Wem Ve s \/gdBt,
2 2 2 3
We have

X
dX, = dV, — dW; = (1 + g) coth Sldt — \/gdBt.

X 1 X 1. X,
dSll’lhT = §COSh7dXt+ gSlnh7d< X,X >4

= = L1+ h = \/>8 L. X8
— Z cosh Xt 1+ P X /8 B Zginh 222
cosh (( ) cot dt 3d t) + —sin 3dt

p. (cosh £t)? 1. X, 1 Xt\/g
(1—1—2) S % dt—l—Ssmh 5 dt 2cosh 5 3dBt.

X 1 P Xt o 1 %(cosh%)28 1 Xt\/g
dlogsinh = == (1 + P)(coth 24)2dt + ~dt — 202 S O 2o 2 [0
ogsinh 57 =5 (L + ) coth )i+ gt = G xz 39 g ot 5y 5B

3 2 X, 1 1 X /8
:i(coth U240t + dt — = coth —t\/det.
12 2 3 2 2 V3
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3.8. CONSTRUCTION FROM ONE-SIDED RESTRICTION MEASURE

1
dhy(W,) = 0,h, (W) dt + hy (Wy)dW, + Eh;”(I/Vt)d < W, W >,

dt

L(R{(W)? 4, (hy(We))* — hy(W2)
(2 h, (W) — (W) + 6 )

_ 1
+ h//(Wt)[ coth Wi 5 tht + \/gdBt] + §h:f//(Wt)§dt

3

:G(hé((ﬂmf;t))) +(his(Wt))G— hy (W) WYL P ooty V™ Vt> @t
+ \/gh;’(wt)dBt.

dlog hy (W) = h,(Wt)dh’(Wt) m[dh;(w})]?

(L (W) ((WR)* =1 h{(Wi) p W, -V,

=(5 (1 (W) 2 6wy 2T )t

8h”<Wt) 1 8 " 2
+ \/;h’ W, dB; — W3[ht (Wy))7dt

(W)
:<_§(h;’(Wt)) (hi (W, ))2—1+h;/<Wt)g
6 (hy(W7))? 6 n(W,) 2

S h (W)
* \/;h’(W)dBt

dh(Vi) = b (Vi)dt + B (Vi)Y

1BV, TRV

dt
2 (sinh £¢)2 2 [sinh %2

= Sh(Vi)[(eoth 1) — 1Jdt — (V)W) [(coth )2 — 1d

- %KC"th %)2 — 1dt - %[hi(Wt)F[(coth %)2 — 1)dt

dlog S(A;) = dla(t) + S(A) — t] = ([h(W3)]* — 1)dt.
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3.8. CONSTRUCTION FROM ONE-SIDED RESTRICTION MEASURE

Using above lemma we can construct a "one-sided" restriction measure, we state
it as a lemma as follows :

Lemma 81. Suppose that ~ s the dipolar SLE(%;p) curve with force point 0F
(respectively 0~ ). Then for any A € A% such that AN (0,00) = O (respectively
AN (—00,0)=10),

PlynA=0]=2,(0)" exp{~aS(A)},

where a = a(p) is the same as Lemma[79 and

3 1
B=B(p) =g +A+cp=5(p+2)(3p+10).
Proof. Use the same notation as Lemma By the same method as [9], we can see
that 0 < h,(W;) < 1 and h}(V;), Z; are uniformly bounded, hence M, is a martingale.
In fact we can regard h}(W;) as the probability that a Brownian bridge in the strip
S from W; avoids ¢:(A).

So if 74 < oo, hy(W;) — 0 as t — 74, and therefore M; — 0,as t — Ta.

If T4 = 00, as t — oo, hy(W;) — 1. Since V; > W, the brownian Bridge of
course will avoid g;(A) if the Brownian bridge from W; avoids ¢;(A) (here we use
the fact that AN (0,00) = ), hence h,(V;) — 1 as t — oo. On the other hand, if
yN A =10, hy(z) tends to the identity map as t — oo, hence S(A4;) — 0 as t — oc.
By comparing with the Bessel process, we can see that Z, — 1 as t — oo. Thus,
almost surely ,

lim Mt = 1{7@4:@}}.

t—TA

By the optional stopping theorem we have
PyNA=0] =E[M,] =M, =d,(0)exp{—aS(A)}.

The proof of the case with 0~ as a force point is the same. m

Remark 82. We call probability measures that satisfies the conditions in Lemma
the one-sided dipolar conformal restriction measure. In fact we can also get
the one-sided restriction measure by adding poisson cloud to SLE(k; p) process for
K € [0, %] Using the same notation as lemma , we only replace the SLE(%, p) in
Proposition [78 by a SLE(k; p) process. Define

a(k, p) = 62—;‘7 b(k, p) = ﬁ(p+4—n),6(ﬁ,p) - g_
k) = (8—3/;),%(6—5), ol p) = (6 — k) (k _;)ﬂ,(pﬂ).
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3.8. CONSTRUCTION FROM ONE-SIDED RESTRICTION MEASURE

Lemma 83. Take notations above,

t

M; = 1{t<TA}(h:€(VVt))a(h;(‘/;f))beXp{_aS(At)}Ztc exp{)‘/o Shs(Ws)d‘S}

1 a local martingale.

The proof of this lemma is just by Ito’s calculus. Using the same method as
Proposition , we can add Brownian bubbles to this SLE(k; p) with force point 0F
(07) to get the one-sided restriction measure with parameters (a(k, p) + b(k, p) +
c(k, p), ok, p)) for k < 3.

Now we are ready to construct the dipolar conformal restriction measure from
one-sided measure.

Proposition 84. For g > g, let p = %(\/245 +1—1)—2> 0. Let v be the dipolar
SLE(%, p) curve with force point 0~. Denote by X the terminal point of ¥ on R,.
Given v, let ¥& be an independent chordal SLE(%, p — 2) curve with force point 0
from 0 to X in the left connected component of S ~ ¥¥. Define K as the closure of
union of the domains between v® and v*. Then the law of K is the dipolar conformal
restriction measure P(a, ), where « is the same as Lemma i.€e.

—ag) =23 _ L ma o1
a=a(f) =g+ erlptd)= (V2 +1-1)"—4).
Proof. We only need to check that
P[KNA=0] =d,(0)°exp{—aS(A)}.

Since 7 is the dipolar SLE(%, p) curve with force point 07, it satisfies the one-
sided restriction property by Lemma BI] we know that this is true for A such that
AN (—o00,0) = 0. Notice that any hull in A* can be generated by two hulls one of
which does not intersect with the positive axis and one of which does not intersect
with the negative axis. So we only need to show that this proposition hold for any
A € A? such that AN (0,00) = 0.

With the same notations as Lemma [T9} Since p > 0, M; is a martingale by
the same analysis as Lemma [81 From the proof of lemma |81}, we notice that when
T4 < 00, My — 0 ast — 74. When 74 = o0, as t — oo, hy(W;) — 1 S(A;) — 0 and
Z; — 1. But the situation is different with respect to h;(V;). By one-sided property
of the chordal SLE(%, p) process, we have

R(V)* = PlYE N A =01y, ast— oo.
Thus by optional stopping theorem,

P[K N A=0] = Bll(;—g Bly" 0 A= 0147 = E[M
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3.8. CONSTRUCTION FROM ONE-SIDED RESTRICTION MEASURE

Remark 85. In fact, our construction from SLE(%, p) have an pre-request : we should
make sure that dipolar SLE(%,p) intersects with R,. According to [I7] and the
equivalent relations between dipolar SLE and chordal SLE(see [22]), we can see that
only if p € (—2,2) , the dipolar SLE(, p) can intersect with R.. So we should
add p € (0,2) in Proposition . Now 3 € (2,2). Therefore 8 € (2,2) we have
constructed P(a(f), 3) for 5 € (3,2) and here a(f) = (V246 +1—1)% — 4).

Remark 86. So far, we can not give the sufficient conditions that («, ) should satisfy
for making sure the conformal restriction measure exists like [9] and [23]. And this
is one of the continuing work of the author.

48



Chapitre 4

On the Brownian Loop Measure

Using SLE as a tool, many problems relating to the properties of the lattice
models have been solved, such as the arm exponents for these models. There are also
some variants of SLE (conformal loop ensemble, Brownian loop measure, Brownian
bubble measure) that describe the scaling limit of the random loops in these models.
Therefore it is natural to use SLE to get properties of these loop measures. One of
theses application is to use SLE(%) to study the properties of the Brownian bubble
measure and Brownian loop measure. In fact, by rescaling and letting the two end
points tends to one common point, one can get the Brownian bubble measure(differ
by a constant).

Recently Beliaev and Viklund [4] got a formula for the probability that two given
points lies to the left of the SLE(%) curve and used it to study some connectivity
functions for SLE(%) bubbles and reconstructed the chordal restriction measure in-
troduced by Lawler, Werner and Schramm [9]. In this chapter, we will follow their
work to use the SLE($) bubble to derive the formula for the total mass of the Brow-
nian loop that disconnects two given points from the boundary. This formula was
predicted by Cardy and Gamsa [7], here the formula we get just differ by a constant
from theirs.

In the following sections, we will give a brief introduction to the topics that will
be used in this paper, which include the Brownian bubble measure, Brownian loop
measure, SLE(x) bubble measure and the relation between these measures. We first
state our the main theorem of this chapter as follows.

Theorem 87. Denote by ,uf;]f‘)p the Brownian loop measure on the upper half plane

and vy is a sample of the Brownian loop. Given two points z = x+iy,w = u+iv € H,
let E(z,w) denote the event that v disconnects both z and w from the boundary of
H. Then we have

P B(z,w)) = — 5—\7;5 - 1—1()773F2(17 %; L ga 2;m) — %01095(77(77 —-1)) (4.0.1)
+ gr(é) (n(n—1))3 . F1(1, g; g,n)- (4.0.2)
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4.1. BROWNIAN LOOP MEASURE AND BUBBLE MEASURE

where
(r —u)’+ (y —v)*
4yv

n=n(z,w)=— : (4.0.3)

and 3F5, oI are the hypergeometric functions.

(4.0.1)) was first given by Cardy using conformal field theory which assumes that
O(n) model has the scaling limit. In fact (4.0.1]) has a nicer form :

1 4 5
pP[E(z,w)] = —1—O[log0 + (1 — o) 3F5(1, 3 1; 3 2;1—0)], (4.0.4)

where

S P - W ) S Bk
R e N e e

and 3Fy is the hypergeometric function.

(4.0.5)

Remark 88. By the conformal invariance of Brownian loop measure (see [15]), for
any simply connected domain D C C with z,w € D, we can get the total mass of the
Brownian loop in D that disconnect both z and w from dD by the conformal map
from D to H. In particular, if D = D, we choose the conformal map ¢(z) = i1= from
D onto H. Then the total mass of the Brownian loop measure in D that disconnects

z,w € D from 0D is

1 . . 4 5 .
—E[loga—i— (1 - O') 3F2(1, §, 1, 5,2, 1-— O')],
where 6 = 6(z,w) = Hf:;fl_}l;.

4.1 Brownian loop measure and bubble measure

In this section, we will introduce several measures on the space of continuous
curves in the plane. To keep the present chapter short, we will not provide the
detailed discussions but instead refer the reader to the fifth chapter of Lawler’s book
[10] and [15] or the appendix of the thesis.

Let u(z,-;t) be the law of a complex Brownian motion (B : 0 < s < t) starting
from z. And p(z,-;t) can be written as

pevit) = [ ntewstyio

where the above integral can be regarded as the integral of functions which take
values in the space of measures. Using the density function of the complex Brownian
motion, we can see that the total mass of u(z,w;t) is 5 exp{—o|z — w|*}.

Let 11(z, w) be the measure defined by pu(z,w) = [;7 p(z, w;t). This is a o—finite
infinite measure. If D C C is a simply connected domain with nice boundary and
z,w € D, we can define pup(z,w) be the restriction of p(z,w) on the space of curves
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4.1. BROWNIAN LOOP MEASURE AND BUBBLE MEASURE

that lie inside D. If z # w, the total measure of up(z,w) is 7Gp(z,w), where
Gp(z,w) is the Green function on D.

If D is a simply connected domain with nice boundary, let B be a complex
Brownian motion starting from z € D and 7p the exit time. Denote pp(z,0D) the
law of (B; : 0 <t < 7p), we can write

,uD(z,aD):/ pp(z, w)dw.

oD

Here we can regard up(z,w) as a measure on the space of curves in D from z to
w € 0D, and the total mass of pup(z,w) is the the poisson kernel Hp(z,w). For
z € D,w € dD, up(z,w) can also be equivalently defined by the limits

pp(z,w) = ll_f)% 2—€MD(Z,U) + eny),

where n,, is the inner normal at w.
And similarly for z,w € 0D, we can also define

pp(z,w) = lim —pup(z + en,, w + eny,)
e—0 262

It can be showed that above limits exists in sense of Prohorov convergence(see Chap-
ter 5 of [10]).
Given z € 9D, the Brownian bubble measure p%"(2) is defined as the limit

bub L :
pp”(2) = lm | mup(z,w).

The Brownian loop measure is defined as following :

1 ~1
C t'y cJo t'y

Since p(z, z) is a measure defined on loops with z as a marked point(called a root),
the Brownian loop measure should be understood as the above integral of measures
by forgetting the root. For any domain D, let ulgc’p be the restriction of the Brownian
loop measure on the space of loops inside D.

For any a € R, define H, := {z+iy € C: y > a}, according to the lowest point of
the Brownian loop, the Brownian loop can be decomposed into the following integral
of Brownian bubbles(see [15]) :

1

loo u :

S = - / M%yb(x + iy)dxdy. (4.1.1)
C

(4.1.1) will be very important in our computation.
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4.2. SLE BUBBLE MEASURE

4.2 SLE bubble measure

In this section we will define the SLE bubble measure and give the relation
between SLE($) bubble and Brownian bubble measure.

Suppose k € (0,4],e > 0 and ~¢ is the SLE(k) curve from 0 to € in the upper
half plane. Let u¢ denote the law of v¢.

Lemma 89. The limit of the following limit exists :

U : -8 ¢
MngE(,.;)(O) = lim ' ", (4.2.1)

e—0

We call ubslf}s(ﬁ)(O) the SLE(k)-bubble measure.

Proof. We only need to show that the limit restricted to some generated alge-
bras that consist of finite mass exists. Here we choose the measurable sets {7 :
~ disconnects z from oo} for fixed z € H. By the definition of the SLE(x) from 0 to

€, we choose the auto-conformal map Fi(z) = ;7 that sends oo to € and fixes 0. We

have
P[y disconnects z from oo] = p(F. *(2)),

where p(z) is the probability that a point z lies to the right side of a chordal SLE(k)
from 0 to oo in H, which is obtained in (2.7.2)).
Therefore

1-8

_ <x2+y2
VTGS (R -1)" gy

So for fix z € H, if we denote p(z) the restriction of € restricted to the curves that
disconnect z from oo, then by the above equation, we know that the limit

lim € ) x (4.2.2)

e—0

u : -8
MBL%(H)(O7Z> = 11_1%61 " (Z)

texists and therefore we can define NEE%(H)(O) as the limit of ,ugi%(n)(O, z) as z tenst
0 zero.

If kK = g, from (4.2.2), we get that the total mass of the SLE(%)—bubble that
disconnects a given point z = x+iy € His }l(zgin )2 = i(lm %)2 which corresponding
to the part (a) of proposition 3.1 in [4]. In fact, [4] also gives the measure of the
SLE($)-bubble that disconnects two points z,w € H from co which we will state as

the following lemma.

Lemma 90 (see [4]). Let E(z,w) be the event that two points z,w € H are discon-
nected from co by a SLE(§) curve from 0 to e, then

P E(z,w)] = ilm (%)Im (i)G(a(z, w))e? + O(e?). (4.2.3)
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4.3. PROOF OF THE NICER FORM

where o 1s defined as (4.0.5)) and

G(t) =1 —t-Fi(1,

C»DI»-P
OJIOT

1) (4.2.4)

Here oF} is the hypergeometric function.
Notice that when x = %, it holds that 1 — % = —2. so we have

PR (O) B (=, w)] = JTm () () =

1 Yyv
z w4 (2?4 y?)(u? + v?)

G(o(z,w)).  (4.2.5)

SLE(%)—bubble measure is very closely related to Brownian bubble, in fact they
only differ by a constant.

Lemma 91. 8
MJ%{M(O) = gﬂgqﬁ%m)(o)-

Proof. By the construction of the Brownian bubble measure at 0 (see the Chapter
5 of Lawler’s book [10]), it is the limit of the unique measure on loops in H rooted
at 0 such that the measure that the sample intersect |z| = r is 7%2 for any » > 0. So
we only need to show that the total mass of the SLE(%)—bubble sample intersecting

2| = ris g&. Define F.(z) = %, the imagine of the circle |z| = r under F, is
2

a circle with center ¢y = ——5— and radius p = . Define the conformal map

Oe(z) = (co, p) onto H with the derivative at oo

equaling to 1. By the conformal restriction property of SLE(%), we have

Hly el =7 =0 = 42 0 Bleo, p) = 0] = 6(0)F.

Therefore we can check that

1 5 5
M]smﬁ?:(ﬁ)( YyNlzl=r#0] = hmE (1—¢.(0)s = ot

4.3 Proof of the nicer form

Given two points 2y = xg+1iyp and wy = ug+1ivy € H. By the symmetric property
of the the Brownian loop measure, we can assume 3y < vg, ug > o without loss of

encrality. By (T1).
00 1 u
P o wn)] = = [ (o + i) o)l dadly

/ / P (2 4 iy) [E (20, wo)]dxdy.
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4.3. PROOF OF THE NICER FORM

Here F(zp,wq) denotes the event that the Brownian loop sample in H disconnects
both zy and wq from the boundary of H.

By the translation invariance of the Brownian bubble measure, we have
p (@ + i) [B (20, wo)] = pz™ (0)[E(z0 — 2, wo — 2)].

By Lemma [91| we have pf™(0) = Sud, ()(0). Therefore by (4.2.5 ([4.2.5),

Yo
1P [E (20, wo)] 57T / / Mgi%(,{ 20 — T — iy, wy — T — 1y)|drdy
Yo

1
s )hn(—-)
zo—x—zy Wy — T — 1Y

G(o(zg — x — iy, wy — x — iy))dxdy. (4.3.1)

So in order to prove the theorem, we only need to compute above integral. Define
two functions as follows :

f(x, y) (Yo — y)(vo — ¥)

= . 4.3.2
oo =7+ (0 — 7] % (w0 — 2 + (o0 — )7 432
xo — Up)? + — )2
gy) == (w0 20) (%o 0) .
(zo — 0)* + (yo + vo — 2y)
45 4(yo — y)(vo — y)
(1, = =; . (4.3.3
2ha 33 (ato—uo)2+(yo+vo—2y)2) (433)
Lemma 92. Tuke the notations as above, for fived y > 0,
2 _ _

/ o, y)de = (o —y) + 0 ~ 4o . (4.3.4)

R (xo — up)? + (2(y0 —y) + vy — yo)

Proof. For fixed y > 0, denote

a=yo—Yy, b=vg—y, c=uy—x9, d=1v9— Y.

Then we have
ab
(o — )% + a?][(ug — x)2 + b?]

fx,y) =
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4.3. PROOF OF THE NICER FORM

Doing the standard calculus as follows.

ab
[ s@ar= | (@0 — 02 + (w0 — 22 + ]
1
—ab /R Er et s
abmw

:ab(a4 —2a2(b* =)+ (0 + 02)2) (b(

m] + belog

b(b* + ¢ — a®) + a(a® + & — b?)
a* — 2a2(b? — ) + (b* + )2

2., 2 12 c+
- t
+al(a®+c ) arctan| P

Replace b by a + d, we can get

And this is what we want.

By (4.3.1)), we have

e B )] = o [ [ 171 = o)z

[ - s = 24 )

5m 42+ (2a+d)?
where
) 2 (ve — _
A = A(Z07 U}(]) = / iyo y) * il il Qdy7
0 (o —u0)?+ (2(yo — y) +vo — Yo)
and
v 2(yo —y) +vo —
B = B(meo) = / Eyo y) L 29(9)@-
0 (20— )%+ (2(yo — y) + vo — Yo)
Lemma 93.
A 1 1 1
= — 10 —_
4 g 0_7

where o is defined as (4.0.5)).

55

b+ —a?) arctan[z]
a

b’ + (c+x)2}>|oooo

(4.3.5)
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Proof. By (4.3.6) we have

© 22—y +d /yO 2y +d
A= dy = . —
/o Q- +a2 " )y 2+ @y+d2?

1 /ngc+d y ; 1 | 2 + (2y0 + d)2
=— =-lo .
2 )y 1+ T 1% ag@

In the second equation we used the variable change y — 39 — v and in the last
equation we used the variable change y — 23’%[. Notice that

A+ 2o+ d)?  (ug—x0)* + (Yo +v0)* 1

c? + d? ~ (ug— o)+ (vo—w0)? o

Lemma 94. . i s
B=-(1- F5(1,=,1;=,2;:1 —
4( 0)3 2( a37 a37 ) U)a

where o is defined as (4.0.5).
Proof. By (4.3.7) and the definition of g(y), we have

B_/yo 2(yo —y) +d 2+ d?
0o A+ 2wo—y)+d)? A+ 2y —y) +d)?
45 4yo —y)((yo — y) +d)
2F1(17_a_7 ) 2
A+ (2yo —y) +d)
_/yo 2u+d A+ d?
o A+ (2y+d)? A+ (2y+d)
2vgtd 2 2
c cy ct+d
d 2+ c2y? 2+ 2y?

)dy

4 5
. F 1 e .
) 2 1( 73a3a

2yg+d

1c®+ d? c Y 4 5 cy? —d?
1 / R Sy

2 2

c
4y (yo+d)
2+ (2yg+d)2

Here the second equation used the variable change y — yo—y, the third equation used

the variable change y — 21’%1, the fifth equation used the variable change % —y

and the sixth equation used the equation about hypergeometric functions below :

/ 2F1((Z,b; c,y)dy:ngQ(a,b,l;c,Q,a:).
0
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4.4. PROOF OF THE GAMSA FORMULA

Now by (4.3.5) and Lemma (93| and Lemma (94| we get (4.0.4)).

4.4 Proof of the Gamsa formula

In this section we will prove the the equivalence of formula and .
First we will recall some identities of the hypergeometric functions which will be
used in our proof. We will assume that our hypergeometric functions are all well
defined. And they satisfies the following identities (see Chapter 8 of [1]) :

oFi(a,b;cx) = (1 —2) Py F(c — a, b ’ 1). (4.4.1)
x_
I'(c)l'(c—a—10
JFi(a, b ;) = FEC)_(G)HC - b; JFi(abiatbtl—cl—x)
F'e)l'la+b—c —a—
+ ( )F((a)F(b) )(1—x) boFi(c—a,c—bjc+1—a—b1l—x) (44.2)
oFy(a,b;cx) = (1 —2) "5 Fi(c — a,c — byc; ). (4.4.3)

Notice that = -5 and o € (0,1). We define a function ¢ on [0, 1] as following.

2 t 4 5 t 4 5
t) = — Fo(1, = 1: =2, ——) — (1 —t)3F5(1, =, 1; =, 2; 1 — ¢
¢() \/§+t—13 2(737 73a at_l) ( )3 2(737 737a )
['(2)? t 2.4
—2log(1l —t) —2—=323 Fi(l, == ——). (444

To prove that (4.0.1) and (4.0.4) are equivalent, it only needs to show that
¢(t) = 0. Notice that ¢(0) = \2/—% — 3F5(1,5,1;2,2;1) = 0, it is left to show that
¢'(t) = 0. Take the following notations.

t 4 5 t

I(t) := F5(1,=,1;:=,2;, ——) — 2log(1l — ¢

() t_13 2(737 73? 7t_1> Og( )7
4 5

J<t) = _(1 _t) 3F2(17_7 ]-7 _72; 1 _t)a
373

[(2)? t 2 4 t
K(t) = —2-3_¢ 1,=; = ——
®) rd)\(-12? b 5igi =)



4.4. PROOF OF THE GAMSA FORMULA

Define a function f(x) = x3F5(1, %,1;2,2;2). It is easy to check that

737 737
45
f(z) = 2F1(1,§;§;9€)
So
Iy 2 oot ~1 2 1 45 t
il A — _ (1l =2~
dt 1—t+f<t—1>(1—t)2 1—t¢ (1—t)221(’3’3’t—1>
2 1 15
= Fi(1,=;=31). 445
1—t¢ 1—7521(’3’3’) (4.4.5)

The last equation is due to (4.4.1)) by assigning a = % b=1,c= g Similarly we
can get that

45 45 2T(2)2 121
Fi(l,=: 21— t) = —oFy (1, = =i t) + =32 475, Fy (=, = =t
21( 373’ ) 21<a3a3a)+3r<z§1> 32 1<3a3a3a)
By letting a = %,b = %,c = % in (4.4.3), the following holds
121 1
2Rz 530 = (1= )7R(0,—5i5.0) = (1-1)7
Therefore ( )
dJ(t) 4 5 2T 2
— = —5F(1,=; =5t t(1—1t)) s. 4.4.6
In the last we deal with the derivative of K (t) w1th respect to t. By letting a =
1 b—% —gin (4.4.1)), we can get
24 t 2 2 4
Fi(l,=;=;——) = (1 —t)3 oF1 (1, =; =; 1).
21(73737t_1) ( )32 1(a3a37)
Consequently,
(2?2 , 2 4
K(t)=—2=2+13,F1(1,5; 53t
() F(%) 2 1( '3 )
And
dK(t) (321 - 2 4 (1 —1)75 — (1,2, 4:1)
—— =23 [ tTE (1,2 o) + L3713
dt F(%) [3 32 1( 7313, >+ 3 3¢ }
2T(3) )
=—= t7s(1—1t) 3. 4.4.7
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4.5. THE OTHER CASES

Combining (I45),(EA06) and (A7), we have

Aty dJ(t) dK(@) 2 1 15 45
'(t) = = — Fi(1,=:=:t) — oFy (1, =; =: 1),
Y= Tt T e hhgigit) - Al i)

Lemma 95.

5 4 5
2— o (1, 52 1—1)2F1(1, 55 55t) =0.
Pl i3t = (1= 2R 5 530)

1
"3’
Proof. By definition we have

45 ZT(n+2)r(?2)
gFl(l,—;—7t):1+ 3 3 tn
33 nzl (3T +3)
Therefore s
45 > [(n+ 2)(2)
tQFl(l,—;—7t): 3 3 tn
33 ; I'($)C(n+ 2)
Similarly

By using the relation I'(x + 1) = z['(z), we can see that the coefficient of t" in the
sum 1s

=0.

T(n+3)03E) Tr+3TGE) Lo+ Hr)
FETn+3) TELn+3) TEe+3)
O

From Lemma 95, we have ¢/(t) = O and therefore ¢ = ¢(0) = 0. This completes
the proof of the equlvalence between and (| -

4.5 The other cases

Given z,w € H, and ~ the sample of the Brownian loop in the upper half plane.
According to the property of Brownian path, almost surely, z,w ¢ 7. So except the
case that v disconnects both z and w from the boundary, there are three other cases :

(1) v disconnects z from the boundary but does not disconnect w from the
boundary ;

(2) ~ disconnects w from the boundary but does not disconnect z from the
boundary ;

(3) v does neither disconnects z from the boundary nor disconnects w from the
boundary.

We will show that the total measure of above three cases are infinite. In fact,
using the same method as [4], we can show the following lemma.
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Lemma 96. Suppose that v is the sample of the SLE(%) from 0 to € and denote
above three cases by Ey(z,w), Es(z,w) and Es(z,w) respectively. Then

PlE (z,w)] = 362((Im 2)2 —Im élm %G(a)) + O(é%), (4.5.1)
P[Ey(z,w)] = %2 [(Im %)2 ~Im %Im %G(U)] + 0, (4.5.2)
PlEs(z,w)] = 1 — %2 [(Im %)2 4 (Im %)2 ~Im élm %G(U)] +O(@).  (453)

The proof of this lemma is the same as in [4]. We only need to prove that for
SLE(3) 7 from 0 to oo, the following holds.

P[y passes the left of z and the right of w]

x u Y v

G(0)).

el el +u

P[y passes the left of w and the right of z|

1 x U Y v

— (L ) - 2

G(9))-

2| |w] 2|+ |w] = u

P[ypasses the right of both z and w]

1 T U Y v

G(o)).

2| = @ |w] = u

where G(0) is the same as (4.2.4). Then using the conformal map Fi(z) = ;% to
convert the SLE(%) from 0 to oo into the SLE($) from 0 to e. Combing above lemma

and the definition of the Brownian bubble measure and lemma [91] we can get

v

BB (0) (B (2, w)) = —[(—2—)? — —

— G .
107 22 4+ 92 2+ y? u? + v? (o(z,w))]

OBz, 0)) = 5l ) = ot Glo )

e (0)(Bs(z,w)) = oo.
By relation (4.1.1)) and calculating the integral on the upper half plane, we can see
that the total mass of the Brownian loop measure on these three sets are infinite.
In fact, we can see intuitively that these three cases all contain the loops with

arbitrary small diameter, while the event E(z,w) in the main theorem exclude these
small loops.
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Chapitre 5

Integral Means Spectrum of the
modified inner Whole plane SLE

In the theory of univalent function, the extremal problems has always been a
very important issue. In this chapter we will recall one of the issues in extremal
problems—spectrum problem. We will first give some basic definitions of the integral
spectrum and the integral means spectrum. And then we will recall some results
about the integral means spectrum of the outer whole plane SLE(x) process. In the
last we will recall the so-called generalized integral means spectrum and give the
integral means spectrum of the inner whole plane Loewner chain driven by some
special Lévy process.

5.1 Spectrum problem
Denote by
D:={zcC:|z|<1},Dy :={z€C:|z| >1}.

There are two classes § and Y of univalent functions which are very important. They
are defined as follows :

S = {¢(2) = z + azz® + azz® + ... is univalent on D}, (5.1.1)

by b
Y= {(z) =2+ — + —Z + ... is univalent on D, }, (5.1.2)
z 2

where "univalent" function we means one-to-one holomorphic function and a, and
b, are the coefficients of the corresponding Taylor expansion and Laurent expansion.

A natural question is which extremal values a,, and b,, can have among these two
classes. First for S, define the Koebe function as follows :

k(z) := ;nz" = i _ZZ>2, (5.1.3)
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It can be verified that ¢ € S and a,, = n. In fact Bieberbach conjectured in 1916
that among S, Koebe is the function that makes |a,| attain the maximal value,i.e.
for any ¢(z) = 2z + a2% + a3z®> + ... € S, |a,| < n holds for any n. This conjecture
was completely proved by De Branges in 1985(see [5]). For ¥, no corresponding
conclusion has been established so far, even the asymptotic behavior of b, is open.
Another extremal problem about univalent function is the spectrum problem. The
spectrum has a close relation with the behavior of harmonic measure. Given p € R,

¢ € X, define B4(p) as follows :

log " ¢/ (re™) P8
Bs(p) := limsup 0 .
olp) = Hm sup == 1]

we call f,(p) the integral means spectrum of ¢ or the corresponding simply con-
nected domain ¢(D ). Define B(p) := sup f4(p). Call B(p) the universal integral
$ED

means spectrum . About B(p), there is the following conjecture :

p—2ifp2<4
B(p) =14 .
Ip| — 1if [p| > 2.

Notice that if p = 1, f |¢'(rei?)|df tends to the length of the boundary |9¢(%)]
as r — 1. Therefore in some sense [,(p) reflects the regularity of the boundary of

¢(%).
For ¢ € S, we can also define the spectrum. Here we use the definition in [6].
Given p,q € R, ¢ € S. Define f,4(p, q) as follows :

log [ | 52519| ¢/ (rei®)|Pdo
: 3(2)

Bs(p, q) := limsup

5P 4) st |log |r — 1|

Call B4(p, q) is the generalized means integral spectrum of ¢ or the correspond-
ing ¢(ID). Notice that for ¢ € 3,

1
¢(1/z)

Usually, for a given simply connected domain D, it is very difficult to compute
the integral means spectrum since it is difficult to get the exact form of the con-
formal map from D onto . But for some random simply connected domains(the
complement of the whole plane SLE(x) hulls), some tools can be used to compute
the average integral means spectrum which is defined as follows :

log [;" E[|¢'(re) |?)d6
Bes(p) := limsup
o(p) 1t |log |r — 1||

log ;" B[/ 52 (re’”)[P]dd
Be(p,q) ;= limsup G
o(p,q) := i su |log |7° —1]]

Bs(p) = By (p, 2p), here ¢(z2) =

(5.1.4)
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5.2. SPECTRUM OF THE LOEWNER PROCESS DRIVEN BY LEVY PROCESS

In the following section, for convenience we will use "spectrum" to denote the
average integral means spectrum.

For the outer whole plane SLE(k) (g; : t € R) ( see the definition B3), fi(2) :
g; () is the conformal map from D, onto C \ K; and f;(cc) = o0, f/(00) =
Therefore e f;(z) € X. So it is natural to consider the spectrum of e~ f;(z). By
the scaling property of whole plane SLE(k) (see Proposition [36| ), we only need to
consider the spectrum of fy. In the seminal paper [3] and the following paer [2],
the authors used the method of finding special solution of some partial differential
equation to compute the spectrum of outer whole plane SLE(x). We stated the result
as follows :

t

Theorem 97 (see[2] and [3]). The spectrum of the whole plane SLE(k) at t =0 is

Biip(t) = —t — 1+1(4+/<;— V(4 + k)2 — 8kt), t <ty

4
4
Bolt) = —t + Zm(4+ﬁ—\/(4+:‘<&)2—81€t), ty <t < ts,
K
(4+ k)
nlt) =t — ——— t3 <t
fiin(t) 165 5
where ]
_ 2
t = 128(4+/<;) (84 k),
3k
t2:_1_§7
t_3(4+/1)2
2T 32k

In [6], the authors analyzed the generalized integral means spectrum of inner
whole plane process and give the exact form of the spectrum for some special values
(p, q) that are on some parabolas.

5.2 Spectrum of the Loewner process driven by Lévy
process

In this section, we will analyze the spectrum of the inner Loewner process driven
by Lévy process. Recall (2.3.4), the inner whole Loewner process driven by the real-
valued function W; is defined as the solution of the following ODE :

Dugn(2) = gi(2) 53t Oufi(2) = 2fi(2) 3 (5:2.1)
lim e'g(2) =z, VzeC. lim fi(e7'2) =2, VzeD. o
t—+o00 t—+o00

Here A\ = exp{iW;}.
In this section, we will assume that W, = L, where L; is a Lévy process. We
want to compute the average integral means spectrum of fy, where f; is defined as
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5.2. SPECTRUM OF THE LOEWNER PROCESS DRIVEN BY LEVY PROCESS

(2.3.4). Recall for Lévy driven Loewner process , we still have Lemma |48 since the
proof of Lemma 48| only uses the Markov property of the driven process. Therefore
we have

(law)

thin et fi(z ) = fo( ), (5.2.2)
where f, is defined as follows :
A = AR f s veen, (5.23)

fi(z) = A®)

By the Markov property of Lévy process, we know that for any s <t :

Fi(2) 2 N(5) Frea (Fu(2)/A(5)) (5.2.4)

Donote by f := fy(z), according to the definition, we want to compute

E[lf (=) = Elf' ()2 '(2)],

for p € R. In fact we can study the two-point function for zq, zo € D,

N\'ﬁ

G(z1,7%) = E[zq f'(z)e 1 ['(2)
) 1 f(zl>% f(22>

where p,q € C.
We define a time-dependent, auxiliary two-point function,

G(21, %o, t) == E[zlg %E:;g

where f; is defined as (5.2.3).

This time by (5.2.2)), the two point function G(z1, 22) is the limit

lim eReP=D'G(2), %, 1) = G(21, Z). (5.2.5)

t——+00

Let us introduce the shorthand notation,

JHENE fi(z2)
Xt 21) = = q }/;f Z22) = .
) fz)® ! fi(2)

Then M := E[X;(21)Y:(22)] is a local martingale. In fact by the Markov property
of Lévy process, we know that for any s <t :

Fi(2) " N) fres (Fu(2)A(3))- (5.2.6)
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5.2. SPECTRUM OF THE LOEWNER PROCESS DRIVEN BY LEVY PROCESS

Therefore My = X(21)Y5(22)G (215, 72,5, — 5), Vs < t, where

S Z ~$ z
SRR AR, 1
Notice that
P q p q
dX, =X, - — = — ds,
(1) (1) [2 2 (1—2z,)?% 1—2 s] ’
P q p q
ay; =Y, == - ds,
(22) =Ys(22) {2 2 =z 1= ZQJ N
le s 21,s + 1 dZ2,s 29,5 + 1
—<1s s = 22,5 .
ds ! 21— 1 ds % Zos — 1

Since H (s, L) := X,(21)Ya(22)G (214, Zas, t — 5) is a local martingale for all s < t,
by Remark [23] we have

—AH(S, LS) - 65H(S7 LS))

where A is the generator of the Lévy process L.

b q b q
O.H=H|E -1 _
|:2 2 (1 — 21,3)2 + 1-— Zl,s:|

—Xs(21)Y5(22)0,G (215, Za5, t — )

~ 21+ 1
+X(21)Ys(22)0,, G (21 5, Zas, t — S) 215 21, 1
1,s —

~ Zos+ 1
+X(21)Ys(22)05,G (21 5, Z25, t — 5)22,52’—

22,5 — 1’
where 7 =t — 5. So we have
= _ = I p q p q
_AG ER) Sat_ :G Sy SJt_ a9 o
(215, 72, s) (21,5, 72, s)[2 SR + T Zl,s]

~ i D q D q
+G(Z175, 22,8, t— S)[§ — 5 — ]

_ . s+ 1
—0.G (21,5, Za5,t — 8) + 0., G (21,5, Z25, t — S) 215 s 1
VA

. s+ 1
+05,G (21,5, 22,5, t — s)ZZ,SZi * T (5.2.7)
22,3 -
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Note that by (5.2.5)), it holds that

eof(" 1+ PrhnGa m 0t + I

+ eXP{(u + —)t}at (21,73,1) — 0 as t — +00.

So as t — 400,

epf{E + o DnaGia, m.0 > - L+ LG, ).
Multiplying exp{ (252 + 252)(t — s)} on the two sides of (5.2.7) and passing ¢ to com
we can get
— P9 P q
— AG =G —— ==
(21,22) = G2, 2)[5 — 5 == T 21]
P q P q
G £_3_
TR s T A T
— D o . s+l
+(1% Tq)G(Zl,ZQ) +0,,G(21,%3)21 Zi —
1
0., G20, ) (5.2.8)
29 — 1
Then G(z1, z2) satisfies P(D)G(z1, z2) = 0, where
+1 Z+1
P(D) =A+ 21— 0., + sy 4 P~ 4+ 5 — G
21 — 1 Z9 —
b ¢ __PF 1 (5.2.9)

_(1—21)2+1—21 (1—52)2 1—22‘

Recall the definition of A in Theorem 22 :

Af(x) :lggl .

For k,l € Z,we have
A(Zkfl) ,rk-i-lA(eie(k:—l))

Ee[ez‘(k—l)Lt] _ pilk=1)0

= " lim
tlo t
K llme(k o (e —tn(k=1) _ 1)
tl0 t
= —n(k —1)2"2, (5.2.10)

where 7 is the Lévy symbol of L;(see (2.6.1))).
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5.2.1 Drifted Brownian motion

In this section, we consider the special Lévy process L; = at + /kBy, where a €
R, x > 0 and B, is a standard one-dimensional Brownian motion. By the definition
of the L’evy symbol

E[ei'ELt] _ E[eif(at+\/ﬁBt)] — plagt—t5lE? _ —tn(&)

So .
n(E) = S1€P — iat.

By (.2.10)), we have
A(ZFFY) = —(k — )42 = —g(k: — D2(25 2 + da(k — 1) (5,

So
A= —g(zaz — 20.)% + ia(20, — 30s).

The operator in (5.2.9)) becomes

K 2+1
P(D) = = 5(210: = 2205,)° + 21(S— +ia)0,
21 — 1
Z+1l o
+3(=—— —ia)ds, +p—q+Pp—q
9 — 1
p q P q

— - . 5.2.11
(1—21)2+1—21 (1—22)2_'—1—52 ( )

We want to find a solution of the PDE

P(D)G(z1,22) =0, G(0,0) =1.
Suppose that the solution has the form
G(Zl, 22) = (1 — Zl)a(l — Zg)aP(zlég).
Then we can see that
P(D)[(1 = 21)*(1 = 2)"P(n12)] = (I) + (1) + (I11),

where

(]) = 2122(]_ — Zl)a_l(l — 22)@_1(/£|04|2P(2122) + 2(2122 — 1)P,<2122)),

(I1) = [P(O)(1 = 21)"|(1 — 22)* P(2122),

(IIT) = [P(9)(1 — 2)%|(1 — 21)*P(212);
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and
q p

_ K 9 z21+1 . _
P(0) := 2(2131) +(Z1_1+m)2131+]7 Q+1—z1 A=z)2

LR 52—1—1_. -5 - q o P
77((9) = 2(2282) +(22_1 za> 2282—0—]9 q+1_22 (1_22)2.

Notice that P(9)(1 — z1)* = 0 < P(0)(1 — z2)® = 0. So if P(9)(1 — z)* = 0, we

have
P(D)[(1 = z1)*(1 = )" P(212)] =0
-~ /i|0z|2P(2122) + 2(2’122 — ].)P/(Zlgg) =0
_ __nlal?
= P(leg) = (1 — 2122) 2
So we need to find a such that (1 — 2)* is a solution of P(9)(1 — 2)* = 0.
By computation, we can see that

PO)(1—2)*=A1—-2)"+B1—2)*"+C(1—2)"7?

where
A= —ga2+(1+ia)a+p—q,

1
B = ka? — (§/<a+3>oz—iaoz+q,

e K
c=_"" (2 —) _p.
5 + + 5 a—0p

Notice that A+ B + C' = 0. By choosing p, ¢, a such that A = B = C = 0, we get

rlal?

2

= (1 — Zl)a<1 — 22)6[(]_ — 2’152)_

Since we want to calculate the average spectrum, we need p,q € R, so we need to

get a from A= B =C=0.
Assume a = a1 +ias. By C' =0, we get p = —§a2+(2+§)a. Then by Imp = 0,

we get
Qg (—/1041 + 24 g) = 0.
SOOzQ:Ooral:‘l;—:.
By B =0, we get ¢ = —ka? + (3 + g) a — taa. Then by Im g = 0, we get that

2K 009 — <g + 3) a9 + aop = 0.
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So if ag = 0, we have a = 0, this is the usual case which has been discussed in[0].
So we assume a # 0, then

Kk+4 a(k+4)
ap = g = —
! 2% k(k+2)
and
4+ K 2a
o= 1
2K k+ 2
Then
(k+4)? 4a?
p— T —— 1 —
p p(K7a) 8/€ + (/(\./_'_2>2 )
Kk+4 4a?
— pr— 1 .
q q(ﬁ7a) 2/€ < + (H+2)2>

Notice that §|a|* = p. So with these special values we have

Jf P (1 —z)2?
E[[z] ‘f(z)‘q] 1P

Notice that Rea > 0, then we can get that

lim _
e (1 J2f2)

So in our special case the average (p, ¢)-spectrum is (p,q) = p. We summary our
results as the following theorem :

Theorem 98. Let f(z) = fo(2) where (f;) is the whole-plane Loewner process driven
by \(t) = e HVEB) I 1 q take the following values :

p=p(k,a) = =2 <1 + (5—1—2)2) )

q= Q(R7a> = H+4 (1 + ([{/+2) > ;
then the generalized integral means spectrum [(p,q) of f is equal to p.

Remark 99. In fact we can regard the Loewner process driven by L; = at + /kB;
as a stochastic perturbation of the logarithmic spiral, which corresponds to the case
k = 0. Also note that when k = 0, fj is the just the Koebe function, therefore SLE,
might be looked upon as a stochastic perturbation of the Koebe map as x tends to
0.
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FIGURE 5.2.1 — The logarithmic spiral with a = 5.

5.2.2 Generalized integral means spectrum of the logarithmic
spiral

The logarithmic spiral with parameter a € R is the curve parametrized by

~(t) = eIt ¢ >,

Let Q; = C \9[t, +00) and fi(2) : D — Q; be the Riemann map, i.e. the conformal
map with
f:(0) =0, f;(0) > 0. (5.2.12)

By the Koebe-1/4 theorem, lim;, ., f/(0) = 0 and lim;_, f/(0) = co. Then, there
exists to such that f; (0) = 1. Suppose that fy, (") = y(ty) = e % for some
00 S [0, 271']

Consider now the function f; defined by

fulz) = eHiat £, (emiatyy,
We have f,(0) = 0, f/(0) = €, and
ﬁ(ei(eomt)) _ e(1+ia)(t+to) _ 7(25 + to)-
Hence f, : D — 414, is the Loewner map corresponding to the curve
F(t) = edHiat+o) 4 ¢ R,

Since f,(ei®+a)) = 5(t), the associated process is driven by A(t) = e(®otat).
Define then the curve
n(t) = e ™5(t),t € R,

and the function 3
hi(2) = e fy(e2).
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It is clear that h; is the Loewner map corresponding to 1 and since h;(e') = n(t),
the associated driven function is A(t) = €.

Notice that the curve n can be obtained by a rotation and a time-translation of
the logarithmic spiral «. Thus the generalized integral means spectrum should be
the same for the maps hy and f.

Let us compute the generalized integral means spectrum of f;. We define the
function ® as follows :

2(1+ia)

B(z) i O i on(ik52) _ (il—Z) ST eD.

1+ 2

We know that z — log(z) maps conformally the upper half plane onto the strip S,
and z — e the strip domain Soy /1442y == {7 + iy : 0 <y < 27/(1 + a?)} onto
C with a cut along the whole logarithmic spiral v(¢),t € R. Consequently, ® is a
conformal map from the unit disk to the complement of the whole logarithmic spiral
with ®(1) = 0, d(—1) = 0.

Suppose fo(z) is conformal map corresponding to the whole plane Loewner pro-
cess driven by e at t = 0. We call this the half spiral. Near oo, the half spiral and
whole spiral have the same spectrum. So we can use ® to calculate the spectrum
near oo. s

i(-2)
Since |®(z)| = eT+a Tz (Relog S —almlog 529) 14 Tm log 1+z) [0, 27] is bounded.

i(1—2)
We only need to see eTraz (Relog T).
Then
1-— 2 , _3+a? 1-a2
|D(2)] ~ |1Jr C|TE |9 (2)] ~ (14 2|1 ]
Thus o , ,
|§)((Z))|’q ~ ’1 + z’_p%'i_%’l — Zy’ila 1+a2q
z

Around z = —1, |1 + z|*> = (r? + 2rcos 6 + 1) behaves like (7 — 6)?, so its integral

1 2(a=p) . 2(a=p)
around 7 behaves like 67F 11‘11) s (1 =) PR . Then we havef(p,q) =

—p+ AR 41
Suppose
6(x) = —— D - C (0,—7]
2)=——=": ——
(1-2)? STy

is the Koebe function with ¢(0) = 0, ¢(1) = oo, p(—1) = —1.
Let g be the conformal map from C \ (0, —1] to Qg := C \ 70, o0] with g(0) =
079(_211) = 1. Then fy = g o ¢. Notice that g and ¢’ is bounded near —;11. So near

—1,
|fo /W

Since the spectrum of a half line near the tip is —p — 1. Then we get that near the
tip 1, the spectrum of the half spiral should be 3, = —p — 1.
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FIGURE 5.2.2 — Phases for the generalized integral means spectrum of the logarithmic
spiral.

Since away from oo and the tip 1, the half spiral is rectifiable, then the spectrum
should be [y := 0. We get the following theorem.

Theorem 100. The generalized integral means spectrum of fo where f; is the whole-
plane Loewner process driven by A(t) = €' is given by

ﬁ(pa Q) = maX{ﬁtim o, 51}‘

5.2.3 General Lévy process with special symbols

In this section, we will consider general Lévy process but with special symbols.
We will use the same method as [16] to compute the generalized integral means
spectrum for some special values.

In the following we assume that p = 2 and L; is symmetric(see section .
Suppose G(z, z) has the form

G(z,2) = (1 —2)(1 = 2)h(z, 2).
Substituting into (22)),

—n[(1—=2)(1 = 2)h(z,2)] + (2 + 1)(z2 — 1)20.h+
(Z+1)(z=1)20:h + (3 —q)(222 — 2 —2)h =0. (5.2.13)

Assume

h(z,z) = Zﬁn(x)(zn +2z"), x:=zZ
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By comparing the coefficients before 2", we can get a recursion relation among
0,(x) :( The symmetric assumption ofL; assures that we only need to compare the
coefficient of z™ for n € N)

2x(x = )8,(0) = (1 + 0+ (0 + 29 = n = 6)x )b, (5.2.14)

+ x(nn +n—2+ q) Oni1(X) + (M — 1 — 24 @)0p_1(x) = 0. (5.2.15)

Therefore, we have
(a) If y; = 3 — ¢, only 6 is not equal to 0, and we have

1 |1 — 2|?
0 = — G >) — _—
O<X) 2(1 _X)g_qv <Z7Z) (1 . |Z|2)3_q
So 1 2
: — ¢ o (1 — 243
P, (T = ey 4= (=)
Then the corresponding generalized integral means spectrum is

B(2,9)=3-q.
(b) If 5, = 1—¢q, only 0y and 6; don’t vanish. And they satisfy the ODE system :
(x = D) + (3= a)0o(x) + (g —2)0:(x) =0
2x(x — 1)1 (x) + (q -2+ (6 Q)X>91(x) — 260(x) = 0.

Solving this ODE system(combing the initial values G(0) = 1), we have

Oo(x) = (1_1;;517(1

_ 2
(%) = — g0
Then
_ 1+ |2 2(z+ %)
G(z,2) =|1 — 2( )
B N B A PR T
11—z < 2, 2(2+7)
I - ==,
Ty
Since 1y =1—¢ >0, we have ¢ < 1 and 1+ |2|? + % is uniformly bounded.
Therefore
r=1 J o (1= [2]2)4e q—2 '

We get the corresponding generalized integral means spectrum is
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We summarize above results as the theorem below :

Theorem 101. Suppose f = fo, here (f;) is the inner Loewner process driven by
A\t = exp{iL;}, where Ly is a symmetric Lévy process. Then
(1) If p =2, ;; = 3 — q, the average generalized integral means spectrum f is

B(2,q)=3—q;
(2) If p = 2, ;1 = 4 — q, the average generalized integral means spectrum f is
B(2,q)=4—q.

Remark 102. Here p = 2 is essential, otherwise we will not have the nice form . So
far all the spectrum we have got used the special solution of the PDE. And we can
not get the special for general (p, q).
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Yong HAN

Certains problémes concernant le SLE

Résumé :

Cette thése se concentre sur trois sujets liés aux SLE(x) processus. La premiére partie concerne le processus
dipolar SLE(k) et la mesure de restriction conforme a la bande ; La deuxiéme partie porte sur la propriété de
connectivité de la mesure de la boucle brownienne; Et la troisi€me partie porte sur le spectre des moyens
intégrés généralisés du processus entier intérieur des processus Loewner piloté par un processus Lévy.

Mots clés :dipolar SLE ; dipolar restriction mesure ; la mesure de la boucle brownienne ; le spectre des moyens
intégrés généralisés.

Some problems about SLE

Abstract :

This thesis focuses on three topics related to the SLE(k) processes. The first part is about the dipolar SLE(x)
process and the conformal restriction measure on the strip ; the second part is about the connectivity property
of the Brownian loop measure ; and the third part is about the generalized integral means spectrum of the inner
whole plane Loewner processes driven by a Lévy process.

Keywords : dipolar SLE ; dipolar restriction measure ; Brownian loop measure ; average integral means spec-
trum.
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