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Résumé de la These

Ma these de doctorat traite de I’étude théorique des phénomenes électriques
et thermiques qui se produisent dans des nanostructures supraconductrices qui
sont 1’objet de plusieurs lignes de recherche de la physique de la matiere con-
densée. Nous nous focalisons sur quatre dispositifs basés sur les supraconduc-
teurs et de minces barrieres isolantes ou le transport de la charge et de la chaleur
est gouverné par I’effet tunnel quantique.

Nous commencons par analyser une jonction métal Normal-Isolant-Supracon-
ducteur (N-I-S). En principe, aucun courant a une particule ne peut s’écouler dans
ce circuit quand le voltage de polarisation est en dessous du gap d’énergie de
S. Pourtant, un courant de fuite en dessous du gap est observé dans la courbe
caractéristique courant-voltage (I-V) expérimental de ce dispositif, méme a tres
basses températures. Nous montrons que I’absorption de photons de I’environne-
ment électromagnétique a haute température connecté a la jonction est une origine
possible du processus de tunnel a un électron en dessous du gap. Nous considérons
une jonction N-I-S connectée a 1’environnement soit directement soit indirecte-
ment au moyen d’une ligne de transmission résistif a basse température. Nous
analysons analytiquement et numériquement le courant en dessous du gap dans
ces deux circuits.

Ensuite nous considérons un transistor hybride a un électron (SET) constitué
d’une ile de métal normal N contrdlée avec une tension de grille et connectée, au
moyen de deux jonctions a effet tunnel, a deux fils supraconducteurs S polarisés
en tension (S-I-N-I-S). Lorsque I’on fait varier le voltage de N correctement dans
le temps, un courant contrdlable a un électron s’écoule entre les deux supracon-
ducteurs. En principe, la réflexion d’Andreev, c’est-a-dire 1’effet tunnel a deux
électrons de N a S, peut étre interdite. Expérimentalement, ce processus a deux
particules contribue aussi au courant total a travers le SET. Nous montrons que
I’échange de photons entre ce dispositif et I’environnement électromagnétique ou
il est disposé rend la réflexion d’Andreev énergétiquement possible. De plus,
nous discutons comment cet effet limite la précision du processus de tunnel a un
électron nécessaire pour les applications métrologiques.

Ensuite nous nous focalisons sur les caractéristiques thermodynamiques des
jonctions supraconductrices a effet tunnel. Nous discutons d’abord des capacités
de refroidissement électronique des dispositifs a double jonction S1-I-N-I-S1 et
S2-1-S1-1-S2, ou les supraconducteurs S2 et S1 ont un gap d’énergie différent.
Aprés nous étudions le design et le fonctionnement d’un nanoréfrigérateur électro-

Xiii



Xiv Résumé de la These

nique a cascade basé sur une combinaison de ces deux structures. Nous montrons
numériquement que une ile de métal normal peut étre réfrigérée au dessous de 100
mK a partir d’une température de 500 mK. Nous discutons ensuite de la réalisation
pratique et des limitations d’un tel dispositif.

Enfin, nous considérons la dynamique d’une jonction a sauts de phase quan-
tique (QPSJ) connectée a une source de micro-ondes. En ce qui concerne une
jonction Josephson ordinaire, une QPSJ peut montrer des marches de Shapiro du-
als, c’est-a-dire des plateaux de courant bien définis situés a des multiples entiers
de la fréquence des micro-ondes dans la courbe caractéristique I-V. Aucune obser-
vation expérimentale n’a abouti jusqu’a maintenant. Les fluctuations thermiques
et quantiques peuvent nettement étaler la courbe I-V. Pour comprendre ces ef-
fets, nous déterminons la caractéristique I-V d’une QPSJ polarisée en courant,
irradiée avec des micro-ondes et connectée a un environnement résistif et induc-
tif. Nous montrons que I’effet de ces fluctuations est gouverné par la résistance de
I’environnement et par le rapport entre I’énergie de phase-slip et I’énergie induc-
tive. Nos résultats sont importants pour les expériences qui visent a I’observation
des marches de Shapiro duals dans les QPSJ pour la définition du courant quan-
tique standard.
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Introduction

General Scientific Context

Miniaturization of solid state electronic components has known a fast growth
during the last 25 years. The constant improvement of the lithographic techniques
allows the fabrication of devices at the nanometric scale with a wide range of
possible applications. Nowadays, such nanostructures are the building blocks of
most of the electronic equipment commonly used in science, in the industry as
well as in the daily life. For instance, the central processing unit (CPU) of a mod-
ern computer is an integrated circuit containing billions of nanosized transistors,
distributed over a surface of a hundred of squared millimeters.

The development of nanoelectronics proceeded in parallel with the enhance-
ment of the efficiency of the refrigeration techniques. The possibility to rou-
tinely achieve cryogenic temperatures, even well below a Kelvin, allowed to de-
crease significantly the thermal noise in the electrical circuits and to create new
nanoscale devices, such as very accurate nano-sensors and Carnot-type nano-
machines, thereby widening the range of applicability of nanoelectronics.

In this context, the progressive reduction of the size of the solid state elec-
tronic components together with the use of very low temperatures gave rise to a
wealth of phenomena related to the quantum mechanical nature of the electrons
in the nanoscale systems. To design the cryogenic electronic nanostructures and
to understand and improve their functioning one has to face up to new fundamen-
tal quantum effects, typically related to the nanometric size and to the particle-
particle interactions. The quantized conductance observed in quantum point con-
tacts and the weak localization in disordered nanostructures are two examples of
quantum phenomena caused by the nanoscale size of the devices. These two quan-
tum mechanical effects show up when the wave-length and the phase-coherence
length, respectively, of the electrons are comparable with the size of the involved
conductors. On the other hand, interaction effects give rise, for instance, to the
Coulomb blockade phenomenon, which is related to the discreteness of the elec-
tric charge.

More recently, it has been realized that the energy transfer and relaxation pro-
cesses in nanostructured electronic devices are not only determined by phonons.
Rather, the black body radiation produced by the external electromagnetic en-
vironment, where the nanostructures are embedded, can play an important role,

Xvii



Xviii Introduction

especially at subkelvin temperatures. Understanding and controlling this kind of
interaction is crucial for the thermoelectric applications of the nanoscale circuits.
The exchange of energy by means of photons between the main system and the
environment can be detrimental, limiting the performances of the nanostructured
devices. On the other hand, a properly engineered environment can be fundamen-
tal in the implementation of a certain particular function arising from the interplay
between the electronic nanostructure and the environment itself.

The use of superconducting metals in the fabrication of nanoelectronic de-
vices has opened the road for new technological possibilities. The peculiarity of
this kind of materials is that they show quantum properties also at the macro-
scopic scale. The dissipationless current of Cooper pairs and the presence of the
energy gap in the density of states of a superconductor are fundamental for the
realization of a huge number of applications. New quantum mechanical features
can be accessed and are expected when their size is decreased till the nanoscale,
e.g., the observation of both phase-slip tunneling events and energy filtering ef-
fects. Particularly interesting is the combination of nanostructured superconduc-
tors with normal metals which allows to build devices aimed to have accurate
charge (metrology) and heat (nanorefrigeration) transfer.

Summary

The aim of this Ph.D. thesis is to study, from a theoretical point of view, the
electric and thermal phenomena occurring in some superconducting nanostruc-
tures which are the object of various research lines in condensed matter physics.
Specifically, we focus on four different devices based on superconductors and in-
sulating tunnel barriers where both charge and heat transport are governed by the
quantum tunneling effect.

In the first chapter, we start by considering a voltage-biased Normal metal-
Insulator-Superconductor (NIS) tunnel junction. No single-particle current is ex-
pected to flow in this circuit when the applied voltage V' is below the superconduct-
ing energy gap A of S, |eV| < A. However, in real experiments, a subgap leakage
current is observed in the current-voltage characteristic of the NIS junction, even
at very low temperatures. Such a current limits the applications of this supercon-
ducting device based on the existence of the energy gap. We show that the absorp-
tion of photons from the high-temperature external electromagnetic environment
connected to the junction is a possible origin of the single-particle tunneling be-
low the gap. Specifically, we first consider a NIS junction directly coupled to
the environment and then we focus on a circuit where a low-temperature lossy
transmission line is inserted between them. For both these circuits, we analyze
analytically and numerically the subgap leakage current by means of the so-called
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P(E) theory developed by G.-L. Ingold and Yu. V. Nazarov [1]. In particular, we
find that such an environment-assisted current is exponentially suppressed as the
length and the resistance per unit length of the line are increased. These results
have been obtained in close collaboration with Prof. J. P. Pekola and Dr. V. F.
Maisi from the “Low Temperature Laboratory” of the Aalto University (Finland)
and published in Physical Review B, vol. 88, p. 174507 (2013).

In the second chapter, we go beyond the single NIS junction considering a
hybrid single-electron transistor (SET) constituted by a gate-controlled normal-
metal island (N) connected to two voltage-biased superconducting leads (S) by
means of two tunnel junctions (SINIS). In the Coulomb blockade regime, this
device is expected to work as a perfect charge pump: a controlled single-electron
current flows between the two superconductors by properly changing in time the
gate potential of N. In principle, the Andreev reflection, i.e., the tunneling of two
electrons from N to S can be ideally suppressed when the charging energy Ec of N
is larger than the energy gap A of S. Actually, in real experiments, this two-particle
tunneling process also contributes to the total current trough the SET, even though
the condition E¢- > A holds. We show that the exchange of photons between the
SINIS device and the high-temperature electromagnetic environment where it is
embedded makes the Andreev reflection energetically possible. We discuss how
this effect limits the single-electron tunneling accuracy needed for metrological
applications. Also the achievement of these results has been possible thanks to
the fruitful collaboration with Prof. J. P. Pekola and Dr. V. F. Maisi. A paper
about this project is in preparation and will be soon submitted to a peer reviewed
international journal, such as Physical Review B.

In the third chapter, we focus on the thermodynamical features of the super-
conductor-based tunnel junctions. We start by describing the electronic cooling
capabilities of the S{INIS; and S,IS{IS, double-junction devices, where S, and
S are different superconductors with energy gaps A, > A;. We then study the
design and operation of an electronic nanorefrigerator based on a combination of
these two structures, namely the S;IS|INIS|IS; device. Thanks to the cascade ex-
traction of hot-quasiparticles, we show numerically that the normal-metal central
electrode N can be cooled down to about 100 mK starting from a bath tempera-
ture of 500 mK. We discuss the practical implementation, potential performance
and limitations of such a device, proving that it is more efficient than a S{INIS;
cooler. This project has been carried on in collaboration with Dr. F. Giazotto and
M. Camarasa-Gomez from the “NEST Laboratory” of “Scuola Normale Superi-
ore” of Pisa (Italy), and with Prof. H. Courtois and Dr. C. B. Winkelmann from
“Institut Néel” of Grenoble. Our findings have been published in Applied Physics
Letters, vol. 104, p. 192601 (2014).

In the forth chapter, we consider the dynamics of a quantum phase-slip junc-
tion (QPSJ) — a dual Josephson junction — connected to a microwave source with
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frequency wp,w. With respect to an ordinary Josephson junction, a QPSJ can sus-
tain dual Shapiro steps, consisting of well-defined current plateaus at multiple
integers of ey /7 in the current-voltage (I-V) characteristic. The experimental
observation of these plateaus has been elusive up to now. We argue that ther-
mal as well as quantum fluctuations can smear the [-V characteristic considerably.
In order to understand these effects, we derive, by means of the Keldysh for-
malism, the I-V curve of a current-biased QPSJ under microwave irradiation and
connected to an inductive and resistive environment. We find that the effect of
these fluctuations is governed by the resistance of the environment and by the ra-
tio of the phase-slip energy and the inductive energy. Our results are of interest
for experiments aiming at the observation of dual Shapiro steps in QPSJ devices
for the definition of the quantum current standard. In this project, the supervision
of Dr. G. Rastelli from the “Quantum Transport Group” of the University of Kon-
stanz (Germany) has been essential. The obtained results are presented in a paper
available in arXiv.org (1502.04878). We have also submitted the manuscript to
Physical Review B.

In the fifth chapter, we finally list our main findings and in the appendices
at the end of the manuscript provide the details of some derivations/calculations
discussed in the first four chapters. The latter and the corresponding appendices
are independent. Consequently, the physical meaning of the used symbols may
change.



CHAPTER 1

Leakage Current of a

Superconductor-Normal Metal Tunnel
Junction Connected to a
High-Temperature Environment

Introduction

The peculiar nature of single-particle electronic transport through a normal
metal-insulator-superconductor (NIS) junction is at the origin of several interest-
ing applications [see Fig. 1.1(a)]. Such junctions are widely used in experiments
of mesoscopic physics as a spectroscopic tool [2,3], as a very sensitive thermome-
ter [4—6] and as a key element in nano-refrigeration [4, 7, 8]. Furthermore, NIS
junctions are currently investigated in view of achieving a high accuracy when
controlling the current through a single-electron SINIS turnstile. Such a device
is one of the interesting candidates for the completion of the so-called quantum
metrological triangle, i.e., it can be used to obtain a precise realization of cur-
rent [9, 10]. These applications are all based on the existence of the Bardeen-
Cooper-Schrieffer (BCS) energy gap A in the density of states (DoS) of the su-
perconductor [11]. Ideally one would expect no single-electron current to flow
through a NIS junction at low temperature as long as the bias voltage V satisfies
the inequality —A < eV < A, see Fig. 1.1(b).

In practice, the subgap current is different from zero. This is a central prob-
lem which limits the performance of applications based on energy-selective single-
particle transport in NIS junctions. The presence of unwanted accessible states in
the subgap region manifests itself as a smearing of the junction’s current-voltage
(I-V) characteristic as well as of its differential conductance. Giaever was the first
to experimentally study the NIS junction. He noticed that this deviation from the
ideal behavior was present even if the junction was kept at a temperature much

1



2 Leakage Current of a NIS Junction. ..

el;jRr/A

eV /A
(a) (b)

Figure 1.1: (a) Optical microscope picture (left; colored) and scanning electron
micrograph (right; black and white) of a NIS junction made of aluminum (low
contrast) and copper (high contrast), the superconductor and the normal metal
respectively [16]. (b) Plot of the current-voltage characteristic of an ideal NIS
junction for different values of its temperature, kgTjyn /A: 0O (blue thick line), 0.1
(red), 0.2 (green), 0.4 (purple), 0.6 (orange), 0.9 (cyan). The black dashed line is
V = Rrl;. The inset shows the zero-temperature BCS density of states Ng(E) as
a function of the rescaled energy E /A.

lower than the critical one 7, of the superconductor [12]. A possible source of
subgap leakage currents is the occurrence of many-electron tunneling processes,
such as Andreev reflection [13—15]. However, these many-electron processes are
strongly suppressed if the tunnel resistance R7 of the junction is chosen high
enough and do not account for the observed residual subgap transport either.

Dynes modified the BCS superconducting DoS introducing a single phe-
nomenological dimensionless parameter, Ypynes » in order to fit the behavior of the
subgap quasi-particle tunneling current through a Josephson junction [17]. The
modified DoS, normalized to the corresponding normal-state DoS at the Fermi
energy, is given by

N (E) = |Re (1.1)

E/A+ iYbynes ]
\/ (E/A+ iYoynes)? — 1

It can be seen that Ypynes indeed accounts for the broadening of the DoS around
A and the occurrence of states within the gap, see Fig 1.2. This expression is
frequently used in both numerical and analytical calculations [18], but concerning
the microscopic origin of the Dynes parameter Ypynes , for temperatures far below
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Figure 1.2: (a) Plot in logarithmic scale of the Dynes DoS Eq. (1.1) as a function
of the rescaled energy E /A for different values of YDynes: 10~° (blue), 10~* (red),
1072 (green), 10~! (purple). Notice that NE Y1(0) ~ Ybynes and NSDy " (EA) ~
1/2,/PDynes- Also shown is the ideal BCS DoS, Ng(E), (yellow thick line). (b)
Close view of the subgap region of the zero-temperature /-V characteristic for
different Dynes parameters. From the flatter to the steeper curve, Ypynes is equal
to 0 (blue), 107 (red), 10~* (green), 1073 (purple), 10~2 (orange).

T, relatively little is known. In general, the smearing of the DoS can be energy-
dependent.

Recently it was realized that the exchange of energy between the NIS junc-
tion and its surrounding electromagnetic environment may be one of the causes of
the smearing of the BCS DoS [16, 19]. Indeed, under certain conditions, energy
absorption from such an environment enables the crossing of the tunnel barrier
by single electrons even for |V| much less than A/e. Within this framework an
analytical expression for Ypynes has been obtained in terms of the parameters char-
acterizing the NIS junction’s environment [16]. In this particular case, the Dynes
parameter found describes the smearing at all energies.

Following the idea of photon-assisted tunneling demonstrated in Ref. [16],
we generalize the approach here for an external circuit characterized by an ar-
bitrary impedance Z(w), kept at a temperature Tg,, that is not necessarily the
temperature Tjy, of the NIS junction, see Fig. 1.3(a). We obtain expressions for
the subgap leakage current and the subgap Dynes parameter yg“yl;es, valid for en-
ergies smaller than the gap A. Then we turn our attention to the circuit depicted
in Fig. 1.3(b), where we study the effects of the insertion of a lossy transmission

line, meant to act as a frequency-dependent filter, between the cold junction and
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Figure 1.3: Circuit representation of the two studied configurations. (a) A NIS
junction at temperature Tjy, is connected in parallel to its capacitance C and to an
impedance Z(w) which represents the high-temperature environment at temper-
ature Teny > Tjun . The whole circuit is biased by the constant voltage V. (b) A
transmission line of length ¢ is inserted between the junction and the impedance
Z(w) of circuit (a). It is described by the parameters Ry, Cy and Ly, the resistance,
the capacitance and the inductance per unit length, respectively, as well as by its
temperature 7jipe Which is assumed equal to Ty, .

the high-temperature external impedance Z(®) . In particular we use our results to
understand under which conditions the transmission line will behave as a filter ca-
pable of reducing the photon-assisted tunneling induced by the high-temperature
external impedance and thus reducing yls)“yt;]es to values that are compatible with
the accuracy requirements for applications such as the SINIS turnstile.

1.1 NIS junction coupled to a high-temperature
environment

1.1.1 Single-particle current

We start by considering the basic circuit illustrated in Fig. 1.3(a) where a
NIS junction is connected in series to an effective high-temperature impedance
Z(®). The junction itself is characterized by a tunnel resistance Ry in parallel
with a capacitance C. The entire circuit is voltage biased. This constitutes a min-
imal model for a junction embedded in an external electromagnetic environment
at temperature Teqny, Which can be much higher than the temperature Tjy, of the
junction.

According to the so-called P(E) theory [1], the single-particle tunneling cur-
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Figure 1.4: NIS junction connected to an external electromagnetic environment.
(a) The exchange of the energy E = i between the junction and the effective
impedance Z(®) occurs by means of a certain number of photons. (b) The absop-
tion of just one photon with frequency (A — eV)/h allows one electron to over-
come the insulating barrier even if the bias voltage eV is below the energy gap
A.

rent through a NIS junction coupled to an external environment is given by
Is(V) = — dE/dE’ Ns(E') 1= £ (E' )]

X {f(E—eV) —f(E—i—eV)} P(E—E'). (1.2)

Here, the energy E refers to the electrons of the normal metal, E’ is the energy
of the superconductor quasi-particles, Ng(E’) is the BCS density of states of the
superconducting wire divided by the normal-metal DoS at the Fermi level and
f(E) = [ePmE 1171 is the Fermi-Dirac distribution with Bjuy = 1/kgTjyn the in-
verse temperature of the junction. Expression (1.2) does not take into account the
higher order processes in tunneling which will be ignored throughout this chapter.
The validity of this assumption will be discussed in Sec.1.3.

The function P(E) in Eq. (1.2) is the probability density that the tunneling
electron exchanges an amount of energy E with the environment. This process
takes place through the emission or absorption of photons [see Fig 1.4]. It is
defined as

P(E) = / dr &1/ 1) (1.3)
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i.e., it is the Fourier transform of the exponential of the correlation function

* Re | Zot
J(t) = 2/0+ ‘%" [ZRK((D)}

X {coth (%ﬁemha)) [cos (or) — 1] —isin (a)t)} ) (1.4)

Here Zot(w) is the total impedance seen by the junction, resulting from the con-
nection in parallel of C and Z(®), Rx = h/e* is the quantum resistance and
ﬁenv = 1/kBTenv .

The function J(¢) determines the strength of the coupling between the NIS
junction and the environment. Indeed if J(¢) = 0, the probability density P(E)
is equal to a Dirac delta §(E) and the single-particle tunneling current is elas-
tic. Expression (1.2) then reduces to the standard expression for single-particle
tunneling in NIS junctions valid in the absence of environment. The environment-
induced inelastic tunneling processes occur only when J(¢) # 0. In general, the
time intervals where the inelastic effects are important are related to the energy
ranges where P(E) # 0. The order of magnitude of J(z) sets the number of pho-
tons responsible for the single-particle tunneling. Depending on this number, the
coupling between the NIS junction and the multi-mode environment can be con-
sidered weak or strong. We will treat both regimes of weak and strong coupling
in more detail.

In order to analyze the smearing of the NIS junction’s /-V characteristic due
to the presence of the high-temperature environment, we will ignore the thermal
smearing induced by finite temperature of the N and S electrodes. This is an ade-
quate approximation under standard experimental conditions where Tjy, < A/kp.
Hereafter we will set the temperature of the junction Tjy, to zero. Under this as-
sumption the single-particle current (1.2) becomes

1 +eVd +°°d , , , L5

Ins(V) >~ — E E " Ns(E") P(E-FE") . .
ns(V) Ry ) X s(E') P( ) (1.5)
We furthermore will focus on the subgap region of the /-V curve considering
leV| < A. As a result, the integration variables |E| < E’ in (1.5), and we can
approximate P(E —E') =~ P(—E'") . The resulting integral over E can be performed

immediately to yield
Vv
BR2(V) ~ Yeny > (1.6)
T

where the factor 7,y is given by the integral

o0
Yw =2 [ dE'Ns(E') P(—E'). (1.7)
A
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We see that for the parameter Yy, Eq. (1.7), and hence the subgap current given
by Eq. (1.6) to be nonzero, the function P(E) should be nonzero for energies
E < —A. This reflects the fact that under subgap conditions eV,kgTjy, < A, a
nonzero single-particle current occurs only if the tunneling electrons absorb an
energy = A from the environment. For instance, }epy = O for elastic tunneling in
the absence of an environment, when P(E) = §(E). We also expect Ypy to vanish
when the temperature of the environment kpT¢py, is much less than the energy gap
A. Indeed, due to detailed balance [1], P(—E) = e E/*sTew p(E) | the function
P(E) is strongly suppressed for negative energies E < —kpTeny . This means that
the integral in (1.7) will vanish unless the environment is sufficiently hot, kg Tepy 2=
A.

In order to make a connection with the aforementioned approach due to
Dynes, we linearize the usual expression for elastic single-particle tunneling in
a NIS junction, using the Dynes DoS (1.1) to characterize the superconducting
electrode:

_ —T/_J:odE’ NPT E) [1- £ (B {f(E'—eV) —f(E'—i—eV)} .

By means of this expression, one obtains the linear subgap current-voltage rela-
tionship

Comparing this result with Eq. (1.6) above, we conclude that, in the linear regime,
Yenv can be related to the Dynes parameter in the subgap region, y]s)ynes , according

2 2 ) )
t0 Yenv = \/ J/S“b “b +1). We see in particular that the two parameters

Dynes Dynes
coincide yf’) 'es = Yenv Whenever yenv,}/]s)“y?]es < 1. This shows that fluctuations
of a high- temperature electromagnetic environment constitute a possible micro-
scopic source of the phenomenological Dynes parameter, at least under subgap
conditions, eV, kpTju, < A.

1.1.2 Weak and strong coupling regimes

As we have seen above, the strength of the coupling between the NIS junction
and the environment is determined by the function J(7). Let us assume that this
function is small, in a sense to be detailed below. Expanding the exponential
function exp[J(¢)] up to the first order in J(¢), Eq. (1.3) becomes

P(E) ~ Z%h/:”dt oE/ [1 +J(t)] . (1.8)
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The evaluation of the integral over time in (1.8) gives!

e

P(E) 2

12

X { coth (%ﬁenvha)> —1 5(%—1—&))
oo (spana) 1] 5 (5 )
— 2k coth (%Benvh@ 5(E) } . (1.9)

We see that the function P(E) has an elastic contribution and an inelastic one in-
volving the exchange of exactly one photon between the junction and the environ-
ment. In fact the first and the fourth terms represent the elastic tunneling involving
zero and one virtual photon, respectively. The second and third terms are related
to the process of absorption and emission of one real photon, respectively. We
define this one-photon regime as weak coupling. On the other hand, the coupling
becomes strong whenever the single-photon exchange between the junction and
the environment is no longer the dominant effect. In this case, the higher-order
terms cannot be neglected in the series expansion of exp [J(¢)], indicating that
multi-photon processes have to be taken into account.

We proceed by determining the time interval where the expansion (1.8) holds.
Given the fact that J(r = 0) = 0, we expect this to be the short time interval [1].
We set Z(®) = R for simplicity and introduce the dimensionless time 7 =¢/RgC
as well as the ratio p = R/Rg . The quantity exp {Re[J(7,p)]} decays monoton-
ically with increasing time 7, starting from unity at T = 0, see Figs. 1.5(a) and
1.5(b). The rate at which it decays depends on p : the larger p, the faster it decays,
in agreement with Ref. [1]. We determine the relevant short time interval by de-
termining the characteristic time 7jog , at which the quantity exp {EKe [J (1, p)] }
dropped by 10% .2 Figure 1.5(c) shows Tjog as a function of the parameter p,
keeping Teny and C fixed. The line 719 (p) separates the weak coupling regime
found at short times from the strong coupling regimes reached for longer times.
As expected [1], with increasing p, the separatrix Tjg¢ (p) decreases as 1/p, and

then saturates at a value 15 ~ +/fi/kpTenRgC for p > py ~ Ts. As shown in
Fig. 1.5(d), the curve 799 (p) shifts up when decreasing the temperature of the

Inote that the function P(E) given by Eq. (1.9) is normalized

2we consider the real part of J() because (i) it is responsible for the decay of the function P(E)
and (ii) typically Re[J(¢)] 2 Sm[J(7)] in the time interval T. < T < 75 where the photon-assisted
tunneling is relevant.
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environment, T¢yy , thereby increasing the time interval where the expansion (1.8)
holds.

We now return to the inelastic tunneling of single electrons through the NIS
junction. Under subgap conditions kgTjun,eV < A, the energy E relevant for
the photon-assisted tunneling processes is in the interval A < E < kpTeny. The
upper bound corresponds to the largest energy the junction can absorb from the
environment. In time domain, we thus have to consider the interval 7. < T < Tx
where Ty = li/ARgC and 7. = h/kpTenyRxC . This interval is represented by the
colored strip in Fig. 1.5(c). Note that on the logarithmic scale used here, the lower
bound 7. almost coincides with the value 75 at which the separatrix saturates for
large values of p . The intersection between 75 and the 10% curve 194 (p) defines
the characteristic resistance pa separating the weak and strong coupling regimes.
When p < pa, coupling is weak and only single-photon absorption processes
occur (green area); if p ~ pa both single- and multi-photon processes occur during
single-electron tunneling (yellow-orange area); as soon as p > pa, multi-photon
processes become dominant (red area). In particular, the two limiting cases p <
Pa,Pwm and p >> pa, P are equivalent to the conditions R/Rg < A/kgTeny and
R/Rg > A/kpT.ny respectively.

1.1.3 Subgap leakage current: weak coupling

We start by dealing with the weak coupling case. Since we are interested
in the subgap region of the I-V characteristic, kgTju,,eV < A, the behavior of
the function P(E) at energies E > —A is irrelevant. Therefore we can ignore
the elastic contributions in Eq. (1.9). Evaluating the integral over frequencies in
Eq. (1.9), the relevant contribution to the function P(E) for energies E # 0 reads

PE) = 2 Re[Zot (E/1)] <1+n(E)> | 010

Rk E

Here n(E) = [eﬁenvE — 1]~ ! is the Bose-Einstein distribution of the photons of the
environment.
The probability density (1.10) can be used to get a limiting expression for
Yenv »
o — 4 - JE Ny(E) Re[Zo(E/R)] n(E) .
A Rk E

Let us apply this result to the example of a purely resistive external environment.
This model has been used before to study devices based on tunnel junctions in con-
nection with experiments [16,20,21]. Replacing the external impedance Z(®) of
the circuit of Fig. 1.3(a) by a pure resistance R, the real part of the total impedance

(1.11)
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Figure 1.5: (a) Plot of exp{Re[J(7,p)]} versus the dimensionless time T =¢/RgC
for different values of the dimensionless resistance p = R/Rg: 0.001 (black),
0.005, (purple), 0.01 (blue), 0.05 (green), o (red). Each curve is obtained using
Teny = 5 K, and C = 10 fF. Also shown are the thresholds +7. = % /kpTenyRxC
(red dashed line) and +1, = +//ARkC (dark green dashed line). The latter time
refers to Aluminum with A ~ 200 peV. The horizontal magenta dashed line indi-
cates exp{RelJ(7,p)]} = 0.9. (b) Close view of the plot in panel (a). (c) - (d) Plot
of the separatrix 7jog () as a function of p = R/Rk , defined as the solution of the
equation exp {EKe [J (T10%, p)] } = 0.9 with C fixed. Both plots are in double loga-
rithmic scale. (c) For a fixed value of Tupy, T109 (p) separates the weak and strong
coupling regions (black thick line). The colored strip indicates the time interval
bound by 7, (dark green dashed line) and 7. (red dashed line). The intersection
between T, and the separatrix T (p) defines the resistance ps. The asymptotic
expression for 7jg¢ (p) valid for p — 0 and proportional to 1/p is also shown (blue
dashed line). Its intersection with the line corresponding to 7s ~ +/fi/kpTenyRgC
defines the threshold resistance pg,. On the logarithmic scale used here, Tg almost
coincides with 7.. (d) As the temperature of the environment, ¢y, is decreased,
the curve Tjpg () moves up, thereby increasing the weak coupling region.
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Figure 1.6: (a) Plot of the rescaled function RxP(E) /R, Eq. (1.10), versus the en-
ergy E /A for different values of the ratio ARC/h. (b) Plot of the rescaled param-
eter Rg%eny/R as a function of kT, /A for different values of the ratio ARC /h.
Solid lines are obtained by a numerical integration of Eq. (1.11) using Eq. (1.12).
Dashed lines refer to the asymptotic }.ny given by Eq. (1.13).

is
R

1+ (wRC)? "
Numerical integration of Eq. (1.11) using Eq. (1.12) is straightforward. Results for
Rk Yenv/R as a function of kT, /A are shown in Fig. 1.6(b) for various values of
the parameter ARC /1. We see that },y increases monotonically with temperature.
Also shown is the asymptotic linear temperature dependence of Y., reached for
temperatures kpTeny > A,

Re [Ztot(w)] (112)

R kpT.
’}/env ~ zn_R_K Aenv

ARC /1
1+ (ARC/h)?

(1.13)

This high-temperature expression is correct up to a constant shift ~ A /kp along the
temperature axis (see Fig. 1.6(b)). From Fig. 1.6(b) we see that as the parameter
ARC/h is increased, the slope characterizing the limiting dependence decreases:
photon-assisted inelastic tunneling is effectively reduced by increasing the junc-
tion capacitance. Note that in the limit ARC/h < 1 the result (1.13) tends to
¥D =27 (R/Rk)(kpTeny/A) . This formula has been already obtained in Ref. [16]
using P(E) theory under similar conditions, but for any bias voltage, using a high-
temperature expansion for the environment, see also Ref. [22]. Consequently, the
subgap parameter 12, coincides with the Dynes parameter YDynes - In other words,
within this limiting case, the thermal energy kpT.,y determines the NIS junction’s
I-V characteristic even around the superconducting gap, e|V| ~ A, as illustrated
in Ref. [16].
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1.1.4 Subgap leakage current: strong coupling

We do not aim to present a general analysis in the strong coupling limit. In
the particular case where Re[Z(®)] is strongly peaked around @ = 0, the prob-
ability density P(E) can be calculated explicitly [1] and results for the parameter
Yenv Obtained. Let us illustrate this by considering a purely resistive environment.
When the resistance is big, R > RxA/kpTeny (see Sec.1.1.2), the impedance (1.12)
becomes

Re[Ziot ()] = <g> (o) . (1.14)

As a result, the function P(E) is given by

2

: (E _ EC)
P E ~ - N 07
(E) P 4kpTeny Ec

~ (1.15)

Vv 4'ﬂ:kBTenVEC
Here we defined the charging energy Ec = ¢?/2C. Inserting the function (1.15)
in equation (1.7), we find

2
: oo (E+Ec)

Tenv = \ ﬂECkBTenV A aE NS(E) =P 4'ECkBTenV a 16)
Note that this result depends on R implicitly only, through the requirement R >
RxA/kpTeny . Direct numerical integration of (1.16) yields %y as a function of
kpTeny /A and Ec/A, as shown in Figs. 1.7(a) and 1.7(b). Some remarks are in
order at this point. First of all, for Ec < A, the integral in Eq. (1.16) can be
evaluated approximately, Yeny ~ e~2°/%8TenEc A in the weak coupling regime,
large values of the capacitance lead to a reduction of the parameter ¥.,,. Upon
increasing the ratio Ec/A, Yy Will first increase, then it decreases again when
Ec/A > 1, which is a manifestation of the Coulomb blockade. As a function of
temperature, Yy increases monotonically, similarly to the weak coupling limit.
However, rather than reaching an asymptotic linear dependence, }.ny saturates at
Yenv = 1 for temperatures kpTeny Ec > A?: the noise is so strong that features of
the order of the gap A are washed out.

1.2 NIS junction coupled to a high-temperature
environment by means of a transmission line

In the previous section we have studied the subgap leakage current in a NIS
junction which is directly coupled to the external environment Z(®). We have
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Figure 1.7: (a) Plot of the parameter Y.y as a function of kgTen, /A obtained con-
sidering the numerical integration of Eq. (1.16). Each curve refers to a certain
fixed value of the ratio Ec/A (see legend). (b) Numerical plot of the same quan-
tity, Eq. (1.16), as a function of E¢ /A for different values of the ratio kgTeny /A,
as indicated.

seen that a reduction of the subgap leakage current is possible when the capaci-
tance of the junction, C, is increased and/or the resistance of the environment, R,
is decreased. Unfortunately, in real experiments R, and in particular C, cannot
be chosen arbitrarily and one needs other means to achieve the accuracy require-
ments for the aforementioned NIS junction’s applications. We therefore consider
the circuit of Fig. 1.3(b) where the junction is indirectly coupled to the external
noisy impedance Z(@®) via a low-temperature, lossy transmission line acting as a
frequency-dependent filter.

1.2.1 Voltage fluctuations in the presence of a transmission line

In order to find the correlation function J(z) in the presence of the transmis-
sion line, we follow the method developed in Ref. [23] to solve the intermediate
problem of the propagation of the noise generated by the high-temperature envi-
ronment with impedance Z(®) through the line towards the junction, as shown in
Fig. 1.8. The line has a length length ¢ and is described by the parameters Ry,
Co and Ly, the resistance, the capacitance and the inductance per unit length re-
spectively. We ignore the thermal noise produced by the impedance Z;(®) and by
the line, assuming both components at zero temperature. The high-temperature
element produces current noise 81 which in turn induces voltage noise 6V .

To understand how the potential drop 8V, across Z;(®) is connected to
0V =Z(w) 61, we start considering the potential V(x) and the current /(x) at a
given point x along the transmission line. They satisfy the two partial differential
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Figure 1.8: Sketch of the circuit discussed in Sec. 1.2.1.

equations,
Vv al
aix> = (%) [Ro—ia)Lo] : a(;> — iwCo V().
Combining them one obtains the wave equation
9%V (x) 2
I —K* (o) V(x), (1.17)

where K?(®) = ®*LyCo +i®R(Cy is the wave vector squared of the signal which
propagates along the line. A general solution of Eq. (1.17) is given by

V(x) =A K@ g omik(@)x (1.18)

Consequently the current along the line is

[Aeﬂ((w)x _Be—il((a))x 7 (119)

with Ze (@) = i(Ry — iwLy) /K(®). The parameters A and B can be determined
by means of the boundary conditions

V(0) = Z(0) [z(z) + 51] = Z(w) I(£) + 8V
V(0)=—Z;(w) 1(0) ,

assuming that the current flows in the counter-clockwise direction in the circuit of
Fig. 1.8. After some algebra, one obtains

A = —7(,2((0) B
s _ (2@ 8V 1
- (Zw<w>+2<w>) K@~ 7, (@) Jal(@) K@)
where
 Zo(0) —Z(o)  Ze(0) - Z;(0)
MO =z 2O Zw)+2w)
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are the reflection coefficients. As a result, the potential drop 6V; =V (0) =A+B
across the impedance Z;(®) depends on the noise 8V according to the relation

oV;=T(w) oV . (1.20)
In this last equation we introduced 7'(®), the transmission function

2 Z-(0) Z;() 1
[Zoo(w) +Z<w)} [Zw(w) +z,<w)} e~ iK(@) )1 (@) do(o) K@)
(1.21)

Assuming that the potential 8V satisfies the quantum fluctuation-dissipation the-
orem,

T(w)=

(8v(1)v(0)) =2he Fe[Z(0)]

) 1 — e Benvhi ’

the spectral density function of the potential (1.20) is

Re [Z(a))]

2ho [ oo

2
) (1.22)

(8v(1) 8v4(0)) = |T(w)
(0]

This expression describes the propagation of the noise from Z(®) to the noiseless

impedance Z;(®) through the noiseless transmission line. The voltage-voltage

correlation function (1.22) is in agreement with the general formula given in

Ref. [23].

1.2.2 Correlation function for the transmission line circuit

We use Eq. (1.22) to calculate the modified correlation function Jr(¢) which
appears in Eq. (1.3). According to Ref. [1], J(¢) is defined as the correlation
function

J0) = (@:(1)9s(0) — 9(0)9s(0)) . (1.23)

where the phase @y(7) is the time integral of the potential 6V;(t) across the NIS
junction,

0:(t) %/; 5V, (7) dr.

In other words,
(00 @) = () 5 (umsvo) . a2

Using the fluctuation-dissipation relation (1.22) in (1.24), we rewrite Eq. (1.23) as
a function of T'(w), Z(w) and Ty . Taking the impedance Z;(®) to be the one of
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a capacitance C, the modified function Jr(7) reads

I A

x { coth (%ﬁemhw> |cos (@r) — 1] — isin (ar) } . (129

Here T¢(®) is the function 7 (w), Eq. (1.21), with Z;(®) = Z¢(w) = —1/iaC.
Since the transmission line is considered noiseless, its temperature Tjjne should be
low, Tjine < A/kp . In what follows we set Tjjpe = 0.

1.2.3 The transmission function

In order to understand the effect of the insertion of the transmission line in
the circuit of Fig. 1.3(a), a discussion about the general behavior of To(w) is
necessary. In general, the modulus squared of the transmission function (1.21) is
characterized by a series of resonance peaks, whose properties depend on 7, Ry,
Co, and Ly as well as on the external impedance Z (a)) . To have an idea of the

behavior of ’Tc(a)) g , let us consider the case of a purely resistive environment,
Z(w) =R.

Figure 1.9 illustrates the behavior of |T¢(®) ]2 as a function of ®@RC for dif-
ferent values of the dimensionless parameters zo = \/Lo/Co/R, co = £Cp/C and

ro = ¢Ro/R. Also shown is the Lorentzian result

|Te(@)|* = 1/[1+ (0RC)?] (1.26)
found for ¢ = 0, i.e., in the absence of the transmission line. In other words,
Eq. (1.26) describes the spectrum of the transmitted signal through a lumped RC
low-pass filter. In order for the line to be an efficient filter, we require ]Tc(a)) ‘2 to
be below this Lorentzian curve in the relevant frequency ranges. We see that both
the position and the width of the resonance peaks are proportional to 7/2cozp:
the longer is the transmission line, the denser around zero and the sharper are
the peaks. Their height decreases rapidly as the dimensionless frequency @wRC is
increased. This can be seen in particular when the line has no losses, ro = 0, see
Figs. 1.9(a) — 1.9(d). Although the Lorentzian curve is approached for lossless
lines when ¢ or z( is reduced, we observe no real reduction below it.

A significant reduction of the height of the peaks is possible if the line which
connects the NIS junction and the environment is lossy, ro # 0. Indeed, we see
from Figs. 1.9(e) and 1.9(f) that the bigger is rg the smaller are the local maxima of

T (o) ‘2. Moreover, the transmission function is even much smaller than 1/[1 +
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Figure 1.9: Plots of the transmission function }Tc(a)) ’2 as a function of the di-
mensionless variable ®RC. Each panel corresponds to a different set of the pa-
rameters zg, co, and ro: (@) ro =0, co=1, z0 = (7,5,4,3); (b) ro =0, 20 =5,
co=(10,7,5,3);(c) ro=0,co=1,20=(0.8,0.6,0.5,0.3);(d) ro =0, 20 = 0.7,
co = (10,7,5,3); (e) zo = 10, ¢o = 1, ro = (1,2,3,4); (f) z0 = 10, ¢o = 1,

ro = (7,9,10,12).
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the function ‘Tc(a)) }2 in the limit £ — 0, given by Eq. (1.26).

(a)RC) } when the condition rg > zg is satisfied, as is seen in Figs. 1.9(f) and 1.10.
Therefore, within this particular limit, the insertion of a resistive transmission line
may be convenient.

1.2.4 Subgap leakage current: weak coupling

We expect that the single- and multi-photon regimes, weak and strong cou-
pling respectively, are strongly related to the resistance per unit length, Ry . Let us
analyze the situation proceeding as in Sec.1.1.2. We consider the function 7o (p)
for a purely resistive environment. In Fig. 1.11 we plot 7j94 (p) as a function of
the dimensionless resistance p for different values of Ry. We see that the lossier
the transmission line is, the more the weak coupling region spreads out. The resis-
tance p,, given by the intersection between 7jg¢, (p) and the line corresponding to
the dimensionless time 7, = /i/ARkC, significantly shifts towards higher values
of p as Ry is increased; the lossy line indeed protects the junction from the high-
temperature external environment. Hereafter, we will therefore focus on a highly
resistive transmission line and only the weak coupling regime will be treated.

With the help of Eq. (1.25), the function P(E) for the circuit of Fig. 1.3(b)
can be obtained in the weak coupling regime. Proceeding as in Sec. 1.1.3, we find

P(E) =~ 2 ’TC(E/h)’2 %[Zlgf/h)] <1+Z(E)>. (1.27)

Evaluating the relation (1.27) for negative energies and inserting the result into
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Eq. (1.7), the parameter 7py can be written as

o0

'}/env:4 R dE NS(E) ’TC(E/FQ’ZSRC[Z(E/FZ)] n(E) )

Rk E

(1.28)

We next specialize to the case of large resistance per unit length, Ry. In order
to obtain a limiting expression for |7¢() ‘2 for Ry — oo, let us assume that the
inductive properties of the line are negligible compared to Ry. Since the relevant
frequency scale is given by A /7, this means that the condition Ry > LoA /% should
hold. Within this RC limit, we find that the wave vector K(®) of the signal prop-
agating through the transmission line has an imaginary part equal to \/ ®RoCp/2.
As a result, the amplitude of the noise is exponentially attenuated along the line
(see Egs. (1.18) and (1.19)) being proportional to exp [ — (1/20RCp] . We see
that the bigger ¢ and Ry are, the smaller is the voltage noise which reaches the
junction. In particular, an exponential suppression of the propagating signal is
achieved when the inequality ¢ /2ARyCp/h > 1 is valid as well. This additional
condition allows us to write the equation’

e—iK(w)ﬂ_Al(w))Lz(w) eiK(w)g‘z _ eem{lﬁﬂlllﬂz e—ZZW

— 2%Re [M A eiE\/Za)ROCO} efzx/szoco}
~ 4 V2ORCY (1.29)

Then the modulus squared of the transmission function 7¢(®) becomes

2

2 —/ 2(DROC0/2
’ Zoo(®) Zc (@) eV (130)

’TC((D> =~

[zm(w)ﬂ(w)} [Zm(w)—i—Zc(a))
where Zo.(®) =~ (1+1i)y/Ro/2m0C for a line in the RC limit. Combining the two
conditions used so far, we find that the approximated function (1.30) holds when
the resistance of the transmission line, /Ry, is much bigger than its characteristic
impedance Zo = /Lo /Cp.

Increasing the resistance per unit length, R, one also expects that interfer-
ence effects become negligible. Indeed, when Ry is very big, the amplitude of
the signal across the junction is much smaller than its starting value and its re-
flected counterpart vanishes rapidly before reaching the noise source again. In
terms of our description of the transmission line given in Sec. 1.2.1, this hap-
pens when the reflection coefficients A (@) and A;(®) tend to 1. In fact, in this

3approximating the expression inside the braces with the factor 4 guarantees that T(0) = 1.
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Figure 1.11: Plot of the dimensionless time 7jo4 (p) as a function of the dimen-
sionless resistance p = R/Rx for different values of the resistance per unit length,
Ry, of the transmission line (see legend). Also shown is the curve 7194 (p), valid
for the circuit of Fig. 1.3(a) (black dashed line). The value of the other parameters
are: A ~ 200 ueV (energy gap of Aluminum), T,y =5 K, C=101fF, Cy =6 &,
Lo=up, ¢ =10 um.

limit, the potential drop (1.18) tends to 0 across the junction and to 8V across the
impedance Z(w) . For a purely resistive environment, this regime is reached when
Ry is such that the two inequalities R?> < iR /2CoA and ARyC?/hCo > 2 hold,
in other words, when the resistance of the environment, R, is much smaller than
RoC/2Cy. Equation (1.30) then reduces to the asymptotic expression

2 RC, R
}Tc(w)‘ = ¢ W20RGo [1 + (2+ ﬁé) (WRC) + (1 + wCOORZ) (wRC)?
—1
1 2C » | Ro 1 G Ro
—+ 222 ) (wRC —+ % ) (wRC
- <R+R0C)( ) 2wC0+<R+R0C>( ) 2(DC()}

e—é«/ZwROCO
1+ a)RQCZ/C() '

Unlike the lumped RC low-pass filter described by the 1/w—decaying Eq. (1.26),
in this case we see that the amplitude of the transmitted frequencies relevant for
the photon-assisted tunneling is exponentially suppressed as the length, ¢, and the
resistance per unit length, Rp, of the line are increased. By means of Eq. (1.31),
the integral in Eq. (1.28) can be evaluated approximately with the result*

R 1 T e*f ZAR()C()/FL
Yenv == 4 — AT 5 . (1.32)
RK e /kpTeny —1 K\/ZAR()C()/;'Z 1+AR0C /hCO

4when ¢ and Ry are large, £ /2ARyCy/h > 1, the main contribution to the integral Eq. (1.28)
is obtained for E ~ A. Then the following approximations hold: VEZ —A? ~ v2AVE — A,
explE /kpTeny| =~ exp[A/kpTeny]; VE/AX 1/2+E/2A.

12

(1.31)
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Figure 1.12: Plot of the parameter %y, Eq. (1.28), as a function of the length of
the transmission line ¢. The red solid line is obtained by means of the numerical
integration of Eq. (1.28) for a purely resistive environment. The blue dashed line is
the plot of the asymptotic parameter given by the Eq. (1.32). These two curves are
plotted for different values of the resistance per unit length Ry (/m) (as indicated
in the graph). All the plots are obtained considering the gap parameter of the
aluminum, A ~ 200 ueV. The other parameters are: Tepy =5 K, C=10fF, R =
10.Q.,C0 :68(),L0 = Up.

We notice that also the asymptotic parameter Y,y decreases exponentially in terms
of ¢ and Ry ; the dependence on the junction capacitance C is rather weak. The
insertion of a highly resistive and noiseless transmission line between the NIS
junction and the high-temperature environment indeed helps to suppress the sub-
gap leakage current. The plot of Fig. 1.12 shows the exponential decay for a set
of values of Ry and / that can be used in real experiments. Particularly interest-
ing is the region where 108 Q/m <Ry < 10'°Q/m and 10 um < ¢ < 10? um.
A transmission line with these values of Ry and ¢ allows one to go far below
Yenv = y]S)uybneS ~ 1077, i.e., a value of Yenv Which guarantees the achievement of the
accuracy requirements for the superconducting gap-based technological applica-
tions of the NIS junction [10].

1.3 Multi-particle tunneling

Our analysis focuses on the single-particle subgap current through the NIS
junction. We ignore the contribution due to higher order processes in tunneling,
such as Andreev reflection [13—15]. Hence, in order to establish the validity of our
single-particle tunneling assumption, one has to compare the parameter Y.,y char-
acterizing the leakage current with the dimensionless Andreev subgap conduc-
tance g4 = G4Rr . In ballistic junctions, second-order perturbation theory yields
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the standard two-particle subgap conductance
Ga =~ Rk /[R7 (k)] , (1.33)

where k%S is the number of conduction channels in the tunnel barrier. Two-
electron tunneling can be ignored as long as Y%y > Rk /RTk%S. Typical esti-
mates [15] yield Rg /RrkzS ~ 1077

On the other hand, in the diffusive case the electrons reflected by the barrier
are backscattered by the impurities randomly situated close to the barrier in the
normal metal. Interference between the electrons in a region characterized by the
coherence length &y = /hD/max {eV,kpTy,}, where D is the diffusion coeffi-
cient, affects the two-particle tunneling probability [24,25]. As a result, G4 is
given by

Ga ~ Ry/R% (1.34)

where Ry is the resistance of the diffusive normal metal over a length &y . General
estimates are hard to give in this situation, since the result is strongly geometry-
dependent; the condition Yeny > Ry /R will be more stringent than the one for the
ballistic case, especially under subgap conditions where &y and hence Ry can be
large.

Should Andreev reflection become dominant, one can always suppress it ef-
ficiently using the Coulomb blockade feature [15] that suppresses two-particle
tunneling more strongly than single-particle tunneling.

1.4 Conclusions

In conclusion, we studied the single-particle tunneling current through a
voltage-biased NIS junction. Due to the presence of the superconducting energy
gap A in the BCS density of states, when the junction is kept at the temperature
Tiun << A/kg no current is expected to flow within the subgap region —A < eV <A.
Actually, even if the higher order tunneling processes are suppressed, a small sub-
gap current is still measured experimentally. This leakage current limits the accu-
racy in applications involving NIS junctions. The origin of the leakage current is
the exchange of energy exceeding the gap A between the junction and the external
high-temperature environment in which it is embedded. We studied this mecha-
nism analytically and numerically. In particular, we found that a low-temperature
and lossy transmission line inserted between the junction and the environment re-
duces exponentially the subgap leakage current acting as a frequency-dependent
filter. This indirect configuration helps to achieve the required suppression of
noise.



CHAPTER 2

Effect of Photon-Assisted Andreev
Reflection in the Accuracy of a
SINIS Turnstile

Introduction

The experimental realization of a quantum electric current standard is one
of the scientific and technological challenges of the present time. This is a key
goal in metrology because it would lead to a modern definition of Ampere as
well as to the most accurate comparison of the fundamental constants Rx = h/e?
and Kj = 2e¢/h [26]. Among the devices proposed until now [27-32], the hybrid
SINIS single-electron transistor (SET) depicted in Fig. 2.1 is one of the most in-
teresting candidates [33]. Such a device is formed of a normal-metal (N) island
joined to two superconducting (S) electrodes via two tunnel junctions with capaci-
tances Cg for the source (S) and Cp for the drain (D). The entire structure is biased
with a constant voltage Vp — Vg = V. The amount of electric charge localized on
the island is controlled using a gate potential Vi (¢), capacitively coupled to N by
means of a gate with capacitance Cy. Typically, the charging energy of the island
Ec = €*/2Cs, with Cy = Cs + Cp + C,, governs the tunneling processes in the
SET, i.e., the system works in the Coulomb blockade regime. Additional energy
filtering is provided by the two outer superconductors which protect the device
against unwanted tunneling events. In this context, if the single-electron tunnel-
ing is the dominant process, a periodic V,(¢) signal with frequency f generates an
electric current / through the SET which is equal to ef. In other words, the SET
is a frequency-to-current converter. However, high-order tunneling events occur
in addition to the single-particle ones. They limit the conversion accuracy of this
electronic turnstile thereby acting as error sources. The main contribution to the
total error is usually provided by elastic and inelastic cotunneling [34,35] as well
as Andreev reflection and Cooper-pair cotunneling [36,37]. From the theoreti-

23
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cal point of view, it has been shown that all these processes may be eliminated
efficiently thereby reaching the metrological requirements [36]. Nevertheless,
in real experiments the achievement of the accuracy needed for the completion
of the so-called quantum metrological triangle remains a difficult task. In par-
ticular, a residual Andreev tunneling current affects the I-V characteristic of the
SET turnstile although the increase of the charging energy E¢, with respect to the
gap parameter A of the superconductors leads to a decrease of Andreev reflection
probability [37]. Such a two-electron current noise may be due to the effect of the
high-temperature electromagnetic environment the SINIS device is coupled with.
The energy provided by such an external thermal bath to the SET via the exchange
of photons can promote tunneling of particles through the single junction [16,38].
In this chapter, we show that, indeed, the environment-assisted Andreev reflection
limits the turnstile accuracy, unless it is properly taken care of.

source island drain

Cs Cp

i v s

[T 1,

V)2 I Ce § I Vp=V/2

Figure 2.1: Hybrid SINIS single-electron transistor (SET). The black parts stand
for the insulating barriers of the tunnel junctions.

2.1 Electronic transport in a SINIS turnstile

In the Coulomb blockade regime, the electronic transport in the SINIS device
of Fig. 2.1 is determined by the charging energy Ec. For a symmetric device,
Cs = Cp = C, assuming that initially the excess electric charge localized on the
island is —ne, with n an integer, the energy cost to add (+4, in) or remove (—N,
out) N extra-electrons to or from the central normal-metal electrode is given by

EF*(n,N) = EQua(n£N) = EQuq(n) =
= ECsz:%eVNj:ZEC(n—ng)N, 2.1)
if the tunneling process occurs through the drain (D), and
E{ " (n,N) = Elpa(nEN) = Ejeq(n) =
= EcN’F %eVNj: 2Ec(n—ng)N (2.2)
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Figure 2.2: Close view of the overlapping region between the Coulomb diamonds
for n =0 and n = 1 obtained using (a) Ec/A=1, (b) Ec/A=0.6,and (c) Ec/A =
2. Also shown are the single- (dashed blue lines) and two-particle (dashed red
lines) thresholds and the optimal loop (solid black lines) at eV ~ A from ng = ng |
tong =ngs.

when the insulating barrier of the source (S) is overcome (see Appendix A). In
Egs. (2.1), and (2.2), the total energy of the island Eiis]and(n +N), with i = S, D,
is the difference between the electrostatic energy due to the Coulomb interactions
involving also the induced charge, and the work done by all the voltage sources
to increase or decrease n with the tunneling of N particles through one of the

insulating layers; n, = C,V, /e is the gate-induced charge [1,39].

2.1.1 Single-electron tunneling

Due to the energy gap in the BCS density of states of a superconductor,
single-electron tunneling events (N = 1) are energetically allowed above the gap,
1.e., when the changes in energy Eqgs. (2.1), and (2.2) are smaller than —A. On the
contrary, above —A the excess charge —ne of the island remains fixed to its initial
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value. Per each n, the threshold conditions EN°U(n,1) = —A and ENV°"(n,1) =
—A give rise to four crossing lines in the plot of the total bias voltage V as a func-
tion of the gate-induced charge n,. The four intersection points between these
lines are the edges of the so-called Coulomb diamond which is a stability region
for the system. This means that no single-electron tunneling process can occur
for the values of V' and n, within its area. Unlike the case of a fully normal SET,
NININ, the Coulomb diamonds for a SINIS device corresponding to different n
overlap (see Appendix A). Specifically, when E¢c ~ A, the stability region for a
given n shares two distinct portions of the V' vs ng plane with the n+1 and n—1
diamonds, i.e., in each overlapping area at most two different values of n are sta-
ble. This feature is at the basis of the generation of a controlled and synchronized
single-electron current through the hybrid single-island structure of Fig. 2.1. In
this regard, let us consider, for instance, the plot of Fig. 2.2(a) where a close view
of the Coulomb diamonds corresponding to n = 0 and n = 1 and their shared part
are shown. In principle, to have a cycle corresponding to a single-particle transfer
from the source to the drain, ng has to move along a closed path in the V' vs n,
plane which connects the diamonds where n = 0 and n = 1 are stable. Thanks
to the presence of the overlapping region, this kind of connection can be realized
avoiding the part of the plane where both n =0 and n = 1 are unstable. As a result,
each single-electron tunneling event to/from the central island can be controlled
by means of the gate potential V,. During each cycle of n, along the working loop,
the bias voltage V is usually kept fixed close to A/e. For this optimal value, the
superconducting energy gap A guarantees an efficient suppression of thermally-
activated tunneling events and quasi-particle excitations as well as elastic and in-
elastic cotunneling processes [33,36]. A typical loop used in real experiments
with these features is shown in Fig. 2.2(a). Starting from ng = ng 1, the number of
excess electrons localized on island, whose initial value is n = 0, remains constant
until the threshold Si,(0, 1), defined by the equation EI(0,1) = —A, is crossed.
At that point one electron can enter in the central electrode via the source junction
and n passes from 0 to 1. Once ng = n, > is reached, the closed path is covered
backward. The extra electron on the island can tunnel out through the drain only
after overcoming the threshold Dy (1, 1), given by the equation Ef"(1,1) = —A.
When n, is again equal to ng 1, the island is back in its initial state and a new
cycle can start. Since per each cycle exactly one electron is transferred from the
source to the drain, driving ng from n, 1 to ng > and back to n, | with a signal with
frequency f allows to generate the single-electron current I = ef.
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2.1.2 Andreev reflection and higher-order processes

In addition to single-electron tunneling events, the current flowing through
a SINIS transistor is, in general, also affected by the Andreev reflection, i.e., the
transfer of two-electrons per unit of time inside or outside the island [13,40]. This
second-order tunneling process is insensitive to the energy barrier provided by the
superconducting gap. This means that the rate of the transitions n — n+ 2 can
be relevant although the device is working at the optimal bias, eV ~ A. As a re-
sult, the Coulomb diamonds for the Andreev reflection events are obtained just
imposing that the energies Egs. (2.1) and (2.2) for N = 2 are smaller than zero
(see Appendix A). However, as shown in Figs. 2.2(b) and 2.2(c), the energy A,
together with the charging energy E¢, plays an important role in the determination
of the two-electron tunneling probability. If the ratio Ec/A is smaller than 1, the
Andreev diamonds are contained within the single-particle stability regions. In
this case, we see from Fig. 2.2(b) that the optimal loop crosses the two-particle
threshold S;,(0,2), given by the equation E"(0,2) = 0, before the single-electron
line Si,(0, 1), while going from ng | to ny5. When n, is decreased back to ng 1,
the closed path overcomes Doy (1, 1) after Doy (1,2), the line corresponding to
EP"(1,2) = 0. It follows that, in this regime, the control of single-electron tun-
neling is compromised by the Andreev transitions 0 — 2 and 1 — —1. On the
other hand, when E¢/A > 1, the single-particle diamonds are smaller than the
ones for Andreev reflection. Now, the two-particle thresholds can be avoided, as
shown in Fig. 2.2(c), thereby suppressing the probability to increase/decrease the
charge of the island by two electrons per each tunneling event (see Appendix A
for more details).

However, higher-order processes, such as the cotunneling of one electron and
one Cooper-pair [36], can occur while ng covers the loop of Fig. 2.2(c). They can
limit the single-electron transfer accuracy even if Ec/A > 1. In particular, the
more the system stays in the overlapping region where more than one charge state
is stable, the bigger the effect of unwanted transitions would be. To decrease the
influence of the higher-order error events, the signal n,(f) which is usually used to
go from n, | to ng > and back to ng | is a square-wave. This choice guarantees that
the time spent in between ng | and ng 5 is minimized. On the other hand, the period
T = 1/f of ng(t) has to be long enough in order for the single-particle tunneling
processes to take place. If the number n changes by one electron with the rate I';,,
then the tunneling error or probability that the charge of the island remains the
same is € ~ exp(—I'1./2f). In particular, the requirement £ < &ner = 1078 has
to be satisfied for the definition of the quantum current standard. This means that
the operation frequency has to be f ~ 20 MHz in order to have the metrological
current / = el"1, ~ 100 pA [36].
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2.2 Environment-assisted Andreev reflection

2.2.1 The effect of the electromagnetic environment on the
electronic transport

As discussed in the previous section, the tunneling processes involving more
than one electron may be reduced biasing the SINIS turnstile at the optimal value
eV ~ A, considering Ec/A > 1 and using for ng(t) a square-wave-like signal which
oscillates with frequency f between the two induced gate charges ng 1 and ng 5 of
Fig. 2.2(c). Under these conditions, one expects to measure the current / = ef
with a relatively high accuracy. In principle, it should be possible even going
below the relative error &y required by the metrological applications. However,
in real experiments, the achievement of the accuracy needed for the definition of
the quantum current standard still remains a difficult task.

The coupling of the hybrid turnstile with its surrounding high-temperature
electromagnetic environment may be a detrimental source of error [16]. Indeed, as
discussed in Chapter 1, the absorption/emission of energy from/to such a thermal
bath allows the tunneling of electrons, even when the overcoming of the insulating
barrier results to be energetically forbidden for a well isolated SET. Nevertheless,
the environment-assisted tunneling of quasi-particles can be efficiently suppressed
using, for instance, an on chip capacitively coupled ground plane [16] and/or by
means of a highly-resistive transmission line [38]. The main contribution to the
leakage current observed in the I-V characteristic is typically due to the Andreev
reflection. Although large charging energies, Ec > A, should reduce the probabil-
ity for this two-particle process to occur, the tunneling of Cooper-pairs still can
have a strong influence on the current flowing through the transistor [9,37]. The
enhancement of the Andreev tunneling events due to the coupling of the system
with the external bath may account for this behavior. To understand under which
conditions the environment-assisted Andreev reflection can be relevant, we con-
sider the circuit of Fig. 2.3 where we introduce the effective impedances Z; (),
Z>(w) and Z;(w) to model the thermal bath. We assume also that the two junc-
tions in the system have the same tunnel resistance Rr.

2.2.2 Single-photon-assisted two-electron tunneling rate

In order to find the tunneling rate of the Andreev reflection process under the
effect of the electromagnetic environment, we start by considering the tunneling
Hamiltonian

Ar = ¥ tip (.o +vpP-po) dko . 2.3)
k.p,c
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i

source drain

XX

Figure 2.3: Circuit representation of the hybrid S-I-N-I-S single-electron transis-
tor (SET). The two NIS junctions constituting the device have the same capaci-
tance C and tunnel resistance Ry and are connected to the source Vg = —V /2 and
drain Vp = V /2 voltages via the impedances Z; (®) and Z,(®) respectively. The
normal metal island is controlled by means of the gate voltage V, via the capac-
itance Cy. The gate impedance Z,(w) together with Z;(w) and Z(®) represent
the electromagnetic environment at temperature Tepy .

w|<
LI <

which accounts for the transfer of two electrons between the normal-metal island
and one of the superconducting electrodes of the SINIS SET of Fig. 2.3. Equation
(2.3) is written in terms of the creation '}7376 (dl: ) and annihilation § s (dk,c)
operators of quasiparticles (electrons) in S (N) with wave vector p (k) and spin
o =1,]. The tunnel matrix elements 7 p, in general, depend on p and k. The BCS
coherence factors uy and vy, are spin-independent and satisfy the relations

1 < A
2_q_2_1 Sp _
up=1-vp > (1 + £p> ,  UpVp (83_A2>1/2 , (2.4)

where &, is the energy of an electron in S with momentum p measured with re-
spect to the Fermi level, and &, = (@3 +A2)1/ 2 is the quasiparticle energy. The

translation operator ¢/%m in Eq. (2.3) accounts for the change of the charge of the
electrodes due to the environment-assisted tunneling of one electron. Consider-
ing the environment as an infinite ensemble of quantum harmonic oscillators with
temperature T¢ny (Caldeira-Leggett model [41-43]), the fluctuating phase Qepy can
be written as

¢env = Z(pl = Zpl (CA; +6l> (2.5)
A A

where the phase @, represents the position operator of the harmonic oscillator A
with mass C), and characteristic frequency w; = 1/4/L;C;. The coupling term
is py = (e/h)\/1/2C; w,,, and the operators 6}; and ¢, create and annihilate one
photon with energy 7w, (see Appendix B). Hereafter, we assume that the cou-
pling of the SINIS with the environment is weak, meaning that at most a single
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photon is involved in the exchange of energy between the system and the thermal
bath [38]. In other words, we consider the limit where p; < 1 and the series ex-
pansion of the charge translation operator Eq. (2.5) in Ay can be truncated at the
first order, i.e., eiPerv ~ 1 4 (env- The validity of this assumption will be discussed
in the following.

Let us focus on the Andreev process 1 — —1, characterized by the transfer of
two electrons from the normal metal island to the superconducting drain electrode
as a Cooper pair. According to perturbation theory in Hr, the total probability
amplitude to have such a second-order event in the system of Fig. 2.3 is given by

<f/l|HT|m7L> (my|Hrliz) Y
Moo =L T (2.6)
mjy lx
for fixed values of the environmental index A, and of the initial wave vectors Kk
and k,. Here the initial state is

|i7t> = |kl T7k2 ¢>N® |npairSaR>S® |n)L + 1>env s (2-7)

with two electrons in N with opposite spin and momenta k; and kj, np,irs Cooper
pairs in S and no quasiparticle excitations, and n; + 1 photons with energy f®;
in the environment. On the other hand, the final state is

‘f?t> = |M7MN ® |npairs + 17R>S ® |n)L>env ) (2.8)

with an additional Cooper pair in S, two less electrons in N and one less photon in
the Caldeira-Leggett bath. The transition from the state (2.7) to the state (2.8) is
determined by all the possible intermediate virtual states |m, ) such that a quasi-
particle with momentum p is created in S after the annihilation of one of the two
electrons in N. As illustrated in Fig. (2.4), only one of the two tunneling electrons
can absorb the energy of the only available photon, in the weak coupling limit. As
a result, for a fixed wave vector p of the virtual quasiparticle in S, only the four
intermediate states

1) = [ki 1. RN @ |npaies; P)s @ |13 + Lenv

2,) = |ki T, RN @ [Apairs: P)s @ |12 ) env

32) = Bk lv® |npair57p> ® |ny + Deny

|47L> |M ko ¢>N ® |npa1rS7p> ® ‘nl>env ) (2.9)

can give a non-zero contribution to A{}l k,- The difference between the energies
Cm, of these virtual states and the energy {;, —in of the initial state |i}) deter-
mine the amplitude Eq. (2.6). The imaginary part n = h#l"_,¢/2 accounts for the
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Figure 2.4: Feynman diagrams of the two possible single-photon absorption pro-
cesses giving rise to the environment-assisted Andreev reflection.

lifetime broadening of |i;) due to the competing single-electron tunneling pro-
cesses occurring with rate I'j ;9. According to perturbation theory in the tunnel-
ing Hamiltonian A7, the first-order rate, describing one electron going out of the
island through the drain, can be written as

Dynes :LéR_K/‘Eg”(]J)‘W
120" 2w nRr Jo A
in terms of the Dynes density of states of a superconductor [17],

E/A + iYDynm
VI(E/A+ iYoe)* — 1

which depends on the phenomenological Dynes parameter Y,,,., (see Chapter 1).
In Eq. (2.10), EY"(1,1) = 2Ec(ng — 1/2) — eV /2 is the energy cost that has to
be payed by the voltage sources in order for the transition 1 — 0 to occur [see
Eq. 2.1)]; Rx = h/ €2 is the resistance quantum. The Dynes rate Eq. (2.10) is
valid in the zero-temperature limit, kg TsiNis << A, and takes into account the most
relevant single-electron error sources, such as the environment.

Using Egs. (2.7), (2.8), and (2.9), the amplitude Eq. (2.6) reads

Ao, =11 fo v/ Tea Py Y (pvp) Spa . (2.12)
P

dE (2.10)

NP™(E/A) = |Re , 2.11)

for a low-temperature hybrid single-electron transistor, kpTsNis << A, and as-
suming constant tunneling matrix elements, fp = tf;p = to (point tunnel junc-
tion). In Eq. (2.12), we introduced the Fermi-Dirac distribution function fx =
[exp(&x /kpTsints) + 1]~ ! for the normal metal electrons and the sum of the interm-
ediate-state denominators
1 1
C 7 + C ;
8p_5k1+ln gp_gkz_hwl +in
1 . 1
& — &, +in €& —hwy +in

SPJ =

(2.13)
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Here &5 = &p +ED"(1, 1) is the virtual state energy and & is the energy of an elec-
tron in N with momentum k measured with respect to the Fermi level. Summing

over all the possible initial states and considering the spin degeneracy, one obtains

the total rate
el’lV
AR - Z Z ’Akl ko
kl,kz A

§k1 k» +h0)&) R (2.14)

where &¢ | = &k, + &k, —ED"(1,2) is determined by the energy cost E}*(1,2) =
4Ecng — eV needed for the second-order transition 1 — —1 to occur [see Eq. (2.1)].
The environment-assisted Andreev rate Eq. (2.14) is written in terms of the prob-
ability

= tg fk]sz p% n) Z (upvp) (btp/vp/) Sp,)L S;k)/J .

’Ak] ko
p.p

Approximating the sums over ki, k,, p and p’ by the corresponding integrals, as-
suming that n is given by the Bose-Einstein distribution, npg(®; ) = [exp(hw,, /
kpTeny) — 1]~ 1, and using the properties of the Dirac delta function, Eq. (2.14) can
be written as

1 1 Rk -
Fenv ~ ﬁ@( ) B dék] dékz dgpdép/

Rt -
~1
X i Ji (quP) (up/vp/) "BE (_gﬁhkz) (_gﬁhkz)
< (Sp8p) Zplw,l (&€ 1o+ . (2.15)
Here Sp and Sl*)’ are S, ; and S;,y 5 evaluated for hw, = _élglkz' As shown in

the Appendix B, the sum over A in Eq. (2.15) can be related to the effective total
impedance of the electromagnetic environment Z(®), resulting from the con-
nection in parallel of Cy and Z(®) = Z(w) + Z(w) + Z,(w), by means of the
fluctuation dissipation theorem. It follows that Eq. (B.8) allows to recast I'{R’ in
the form

1 A
Fenv ~ / /
AR (zn)3hRK,/V( ) G, ds, [ dey ey

< (VA G R) Caw) ()
% npp (=& k,) Re [Ziot (& x,/h)] - (2.16)

In this last expression, we used the BCS relation for upvp given in Eq. (2.4) and
the quasiparticle energies &, and &y as integration variables. We also introduced
the number of conducting channels .4 of the junctions. The environment-assisted
Andreev rate Eq. (2.16) is valid in the single-photon regime, p,; < 1. For a purely
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resistive environment, Z(®) = R, this condition corresponds to (R/Rk ) (kpTeny/A)
< 1 (see Chapter 1).

Assuming that the system is working at the optimal point, eV = A, and the
charging energy is large, Ec > A, Eq. (2.16) becomes

A> A [(RgY [0 oo

X (\/sg—Az \/gg,_M)_] (& ) (sp S;;,) . 2.17)

in the high-temperature limit, kpTeny >> ER"(1,2) =4Ecn, — A with (1/4) Sng <
(3/4), and for

R

Re [Ziot ()] = e

(2.18)

The last equation is ~ R under the conditions we are considering. In Eq. (2.17), we
introduced the high-temperature Dynes parameter 12, = 27(R/Rx) (kpTeny /A) [16,
38], which is the only term of I' " which depends on the parameters characteriz-
ing the environment, R and Ty .

2.2.3 Results

Using Eq. (2.18), the numerical integration of Eq. (2.16) is relatively straight-
forward. Figure 2.5(a) shows the photon-assisted Andreev rate, Eq. (2.16), as a
function of the gate-induced charge n,, for a single-electron transistor biased at
the optimal voltage, eV = A, and with charging energy Ec > A. Each curve is ob-
tained for different values of the temperature of the environment 7¢p,. The other
parameters are fixed to the values of sample S3 of Ref. [37], as indicated in the
figure. We see that the probability to have the tunneling of a Cooper-pair can
be different from zero also away from the two-particle tunneling threshold, un-
like the case without environment. In particular, the exchange of energy with the
thermal bath in which the SET is embedded can make the Andreev reflection rele-
vant even around the single-particle threshold. As a result, although the boundary
of the Coulomb diamond corresponding to the transition 1 — —1 is avoided by
means of the loop of Fig. 2.2(c), a Cooper pair can tunnel through the barrier of
the drain, while n, goes back to ng 1, before crossing the 1 — 0 line. The de-
crease of Tepy leads to smaller values of I'(R [see Fig. 2.5(a)], as well as the use
of an electromagnetic environment with a smaller resistance R [see Fig. 2.5(b)].
Whereas, in the latter case, the whole Andreev rate curve is shifted down propor-
tionally to the ratio between initial and final resistances, the modulus of the first
derivative of Eq. (2.16) for ny > A/4E¢ increases proportionally to Tepy.
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Figure 2.5: Photon-assisted Andreev rates, given by the numerical evaluation of
Eq. (2.16), as a function of the gate-induced charge n, with A = 210 peV (Alu-
minum), Ry = 430kQ, .4 = 100, and Y., = 107, In panel (a), for each rate
R=1100Q and E¢/A = 1.4; the values of T¢py are: 70 mK (red), 140 mK (blue),
780 mK (green), 1.5 K (orange), 3 K (purple), 4.2 K (gray); the dashed black
line is the Andreev rate valid in the absence of environment (see Ref. [36]). In
panel (b), for each curve Tpy = 1.5K and Ec/A = 1.4; the resistances R are:
1100 Q (red), 10 Q (blue), 0.1 Q (green), 0.001 Q (orange). In panel (c), for fixed
R = 1100 Q, the curves with the same color are obtained using the same charg-
ing energy, Ec/A: 1.4 (red lines), 1.8 (blue lines), 2.5 (green lines); the values of
Teny are: 4.2 K (solid curves), 500 mK (dashed curves), and 100 mK (dot-dashed
curves). In all the three panels, also shown are the single- and two-particle thresh-
olds, 1/2 — A/4E¢ (light blue vertical dotted lines), and A/4E¢ (light red vertical
dotted lines) respectively.
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The dependence of the photon-assisted Andreev rate, Eq. (2.16), on the charg-
ing energy Ec is shown in Fig. 2.5(c). The increase of the ratio Ec/A > 1 allows
to reduce the effect of the two-particle tunneling on the total electric current sus-
tained by the SINIS turnstile. In particular, the lower is the effective temperature
of the environment with respect to the critical temperature of the superconductor,
the larger is the reduction of I'Y} upon increasing Ec/A. Notice that the main
effect of the change of the charging energy Ec is the shifting of the environment-
assisted Andreev rate along the induced-gate charge axis by the difference be-
tween the initial and final inverse ratios A/4E¢.

Assuming that the number of electrons of the metallic island of the circuit
of Fig. 2.3 decreases because of the tunneling of quasi-particles and Cooper pairs
only, the total rate can be written as

Dyn: env
o =~ T + 205N .

—

As a result, the error €. = 2I'%R/ FTL";B determines how much the environment-
assisted Andreev reflection affects the charge transport in the SINIS transistor.
In particular, the condition €, < 1078 is required for the metrological applica-
tions [26]. Figure (2.6) shows the ratio €, obtained from a numerical evalua-
tion of Egs. (2.16) and (2.10), as a function of ng. We see that &, is a non-
monotonic function of ng. Starting from the two-particle threshold occurring for
ng = AJ4Ec, this error first decreases exponentially as ng is increased. Then,
close to the single-particle threshold, it rises up again reaching a local maximum
value around ng = 1/2 — A/4E¢. For larger ny it tends exponentially to zero. Be-
cause of this kind of behavior, €. can be smaller or of the order of 10~® when
A/4Ec < ng <1/2—A/4Ec, and, at the same time, much larger than the value re-
quired by metrology around the single-particle threshold. Consequently, the time
spent by the signal used to drive ng around n, = 1/2 — A/4E¢ has to be as small
as possible in order to minimize the environment-assisted Andreev reflection.

From the experimental point of view, the determination, with a relatively
high accuracy, of the values of the effective parameters of the environment, R
and Teyy, is a tough challenge. The use of the Dynes parameter Y., which in
general depends also on R and T¢,y, 1S preferred because it can be determined from
the measured current-voltage characteristic of the SINIS turnstile. In this regard,
the high-temperature two-particle tunneling rate Eq. (2.17) allows to study the
photon-assisted Andreev reflection in terms of %, only. In Fig. 2.6(d), we plot
the error €, obtained using Eq. (2.17) as a function of n,. We see that the Dynes
parameter, which typically ranges from 10~* to 1077, strongly affects T’ AR in the
range A/4Ec < ny < 1/2—A/4Ec. On the contrary, Y., plays a minor role in the
reduction of €. when n, is close to the single-particle threshold.
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Figure 2.6: Plot of the ratio €, as a function of the gate-induced charge n, with
A =210 ueV (Aluminum), R7 = 430 kQ, and .4 = 100. In panel (a), for each
rate Yoyne, = 1072, R=10Q and Ec/A = 1.4; the values of T,y are: 70 mK (red),
140 mK (blue), 350 mK (green), 780 mK (orange), 1.5 K (purple), 4.2 K (gray).
In panel (b), for each curve ¥,,.. = 107>, Tepy = 1.5K and Ec/A = 1.4; the re-
sistances R are: 1100 Q (red), 10 Q (blue), 0.1 Q (green), 0.001 Q (orange). In
panel (c), for fixed Yy = 1073 and R = 10 Q, the curves with the same color are
obtained using the same charging energy, Ec/A: 1.4 (red lines), 1.8 (blue lines),
2.5 (green lines); the values of T¢yy are: 1.5 K (solid curves), and 500 mK (dashed
curves). In panel (d), the Dynes parameter },,., is equal to 10~# (solid lines) and
10~7 (dashed lines). The curves with the same color are obtained using the same
charging energy, Ec/A: 1.4 (red lines), 1.8 (blue lines), 2.5 (green lines). In all
the four panels, the single- and two-particle thresholds, 1/2 — A/4E¢ (light blue
vertical dotted lines), and A/4E¢ (light red vertical dotted lines) respectively are
also shown.
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2.3 Conclusions

In this chapter, we studied the environment-assisted Cooper pair tunneling
in a SINIS turnstile working in the Coulomb blockade regime. Specifically, we
derived the Andreev reflection rate when only a photon of the thermal bath is
involved in the process. We found that the single-photon absorption enhances
the two-electron tunneling from N to S. In particular, the probability per unit of
time to have Andreev events is different from zero even for values of the induced
gate charge n, close to the single-particle threshold 1/2 — A/4E¢. As aresult, the
single-electron current, which is expected to be the dominant one in the device
when n, follows the loop shown in Fig. 2.2(c), is also affected by the tunneling
of Cooper pairs due to the environment. The influence of this source of error
on the total current can be reduced by decreasing the effective resistance R and
temperature Tgqy Of the environment or, equivalently, the Dynes parameter Y.
The achievement of the metrological accuracy is also possible with the increasing
of the charging energy Ec with respect to the superconducting energy gap A.

However, the effect of the photon-assisted Andreev reflection can be relevant
close to the single-particle threshold, although the error at the extreme points of
the loop of Fig. 2.2(c) is below the value required by metrology. This means that
the time spent by 7, () around 1/2 — A/4E¢ while covering the optimal loop has
to be as small as possible. As discussed in Ref. [36], the use a square-wave signal
to drive the gate voltage V,(¢) seems a promising solution for this problem.

On the basis of the results presented in Chapter 1, further reduction of the
Andreev rate is expected when a zero-temperature and highly-resistive transmis-
sion line is inserted between the environment and the SINIS turnstile. Additional
work is required in this direction.
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CHAPTER

Design of an Efficient
Superconducting Junctions-Based
Cascade Electron Refrigerator

Introduction

Electronic heat transport at the mesoscopic scale has been in the spotlight
during the last few years [4]. In particular, efforts have been made to develop dit-
ferent types of solid-state electronic refrigerators based on superconducting tun-
nel junctions [44]. Unlike Peltier coolers which are typically used to decrease the
temperature 7 of a certain object from room temperature, 7 ~ 300 K, down to
T ~ 170 K [45], superconducting refrigerators can efficiently work in the cryo-
genic or subkelvin region, 7 < 1 K [7]. On the other hand, thanks to their meso-
scopic size, these superconducting devices allow to realize the cooling directly on
the chip, thereby giving the possibility to avoid the use of relatively macroscopic
and costly coolers like the traditional adiabatic-demagnetization and dilution re-
frigerators. As a result, they are suitable, for instance, to cool down the thin-film
sensors of the calorimeters and bolometers used for astronomical observations,
which typically require temperatures ~ 100 mK and are embedded in space satel-
lites, see Fig. 3.1(a).

Among the proposed devices since the first observation of the electronic cool-
ing in the normal metal-insulator-superconductor (NIS) tunnel junction [7], the
SINIS and S,ISIS, double-junction structures have been widely used for cooling
microscopic as well as macroscopic objects, see Fig. 3.1 [8,46—48]. Applying a
voltage bias across these two devices, the hot electrons/quasiparticles can be ex-
tracted from the normal metal N or the small-gap superconductor S; and injected
into the outer superconductor S or the large-gap superconductor S, respectively.
Consequently, the electronic temperatures of N and S; can become smaller than
the bath temperature Ty, at which S and S, are kept. In both cases, the energy

39
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Figure 3.1: (a) Micrograph of a typical x-ray bolometer constituted by a squared
thin bilayer of molybdenum and copper (sensor) supported by a silicon nitride
membrane. Four “Y”’-shaped fingers connects the membrane to four NIS refriger-
ators [49]. (b) Scanning electron microscope picture of a silicon nitride membrane
cooled by four pairs of NIS refrigerators. One of them is indicated with a circle.
A “cube” of neutron transmutation doped germanium is glued on top of the mem-
brane and refrigerated [46]. (c) - (d) Sketch of a S{INIS; (c) and a S;IS{1S, (d)
double junction refrigerators. The indicated quantities are the voltage biases (V)
and V»), the temperatures of the electrodes and of the central islands (77, 7, and
Ty), and the tunnel resistances of the junctions (R and R»).

gap in the BCS density of states of the outer involved superconducting metals can
make the cooling powers or heat currents Oy and Q5 of N and S positive func-
tions in a certain voltage range [4,8]. In other words, S and S, act as energy filters,
allowing the efficient evacuation of the most energetic electrons from N and S;.

For a SINIS refrigerator, by exploiting aluminum (Al) as superconducting
material (S) with critical temperature 7, ~ 1 K and copper (Cu) as normal metal
(N), the cooling of the electrons in N down to the temperature 7y ~ 100 mK can
be routinely achieved starting from Tg y = Ty, = 300 mK [8,44]. The decrease
of the electronic temperature of a superconductor by quasiparticle tunneling in a
S2IS11S, configuration has also been demonstrated using aluminum (S;) and tita-
nium (S1) [50]. In that case, a titanium strip with 7, ~ 510 mK was cooled from
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Figure 3.2: Sketch of the S;IS{INIS{IS, cascade cooler discussed in this chap-
ter. The optional elements contained into the two dashed boxes enable to reach
precisely the optimum bias in both the NIS; and the S;IS; junctions.

Tpah ~ 520 mK to 77 ~ 320 mK. In order to operate over a wider temperature
range, the use of alternative superconducting materials and/or architectures is re-
quired. For instance, a S;IS{1S, nanorefrigerator based on vanadium (V) as outer
superconductor with a critical temperature of about 4 K was used to efficiently
cool down electrons in an Al island from 1 K to about 0.4 K [48]. On the basis
of these experimental results, one may expect that a certain combination of the
SINIS and S;1S;1S; coolers should be capable to reach a temperature ~ 100 mK
when the initial one is 1 K.

In this chapter, we theoretically and numerically discuss the feasibility and
performances of a multistage superconducting refrigerator, hereafter called cas-
cade cooler, resulting from a sort of merging of the SINIS and S,IS{IS, devices,
arranged in a symmetric configuration, see Fig. 3.2. By using suitable materials
and values of the involved parameters, we show that it is possible to cool down
a normal metal island with improved performances with respect to more conven-
tional SINIS refrigerators.

3.1 Superconducting electron refrigerators

We first discuss the behavior of the single NIS; and S,IS; junctions con-
stituting the cascade cooler of Fig. 3.2. Specifically, we focus on the cooling
capabilities of the S{INIS; and S,IS1S, double-junction refrigerators sketched in
Figs. 3.1(c) and 3.1(d).
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Figure 3.3: Dimensionless charge current eR;ly;/A; (a) and cooling power
e*R) Qm / A% (b) of a NIS; junction, with resistance R, as a function of the di-
mensionless applied bias voltage eV;/A;. The curves in (a) and (b) are obtained
by the direct numerical integration of Eqgs. (3.1) and (3.2) respectively using the
following bath temperatures: 0.3 K (green dotted), 0.6 K (red dashed), and 1.1 K
(blue solid). For both panels (a) and (b) the superconductor S is aluminum with
energy gap A; = 200 peV, and the Dynes parameter is 7, = 107°.

3.1.1 (SINIS cooler

The charge current Iy and the heat current Qp; flowing from N to S; through
a NIS; junction, biased with the voltage Vi, are given by [4]

S
Iy = i B dEN](E—eVI)[f](E—eV])—fN(E)], (3.1
) Foo
Oni = elel [ AEEN(E—eV)) [u(E) - AE-eV)].  (32)

Here fy = fn(E,Ty), and fi = f1(E,T}) are the quasiparticle energy distribution
functions in N, and S; at temperatures 7y and 7} respectively. By assuming that
the inelastic electron-electron interaction drives each individual part of the junc-
tion into a quasi-equilibrium regime, both fy and f; can be considered equal to
the corresponding Fermi-Dirac distributions, fy 1 = [exp(E /kgTy 1) + 1]7". The
charge and heat currents Iy; and Qy; are also determined by the energy depen-
dence of the function N; (E), i.e., the dimensionless density of states (DOS) of S;.
For a realistic description of the NIS; junction, N;(E) is given by the Bardeen-
Cooper-Schrieffer (BCS) DOS smeared by the Dynes parameter y; [51],

E-I—l"}’l AI(T1>

NI(E,TI) = |Re
\/[E-i-i 7 AT = A (T7)

, (3.3)
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where the energy gap A of S; is a function of 77. A non-zero y; for Sy induces
heating in N because of the available quasiparticle states inside the energy gap. In
other words, the broadening of the BCS DOS given by the Dynes parameter limits
the energy filtering provided by the energy gap of an ideal BCS superconductor.
As a result, the cooling vanishes at an electron temperature Ty ~ 2.5 T, )/12/ > In
practice, y; ranges typically from 1072 to 10~/ [16].

Figure 3.3 shows the voltage bias dependence of the charge and heat currents
in a NIS; junction given by Eqgs.(3.1) and (3.2). For subgap bias, |V|| < A /e,
we see that the heat current QNI is positive, meaning heat removal from N into
S1. At low temperatures, kgTy 1 < Ay, the maximum cooling power occurs when

e|Vi| ~ Ay —0.66 kpTy [44,52]. At this optimum value, the corresponding charge
current reads
VkpTn A

IN] opt = 0.48 T (34)
As every tunneling event removes an energy of about kg Ty, the related heat current
Q'Nhopt is about (In1,p/e)kpTy. In general, Q'leopt is a non-monotonic function
of the bath temperature, and reaches its maximum value when Ty, ~ 0.447, [4].
On the other hand, when e|V;| > Aj, Eq. (3.2) becomes negative and the electrode
N is heated with a power —Qp1 close to IV} /2. On the contrary, for any value of
the bias voltage Vi, the superconductor S| receives the heat —Owv =1Vi +On; >
0, with

) 1 Foo
O = ﬁ/_m dE (E —eVy) N\(E —eVy) [fi(E —eV1) — fN(E)],

which is lost in the bath.

From Fig. 3.3(b), we also see that the cooling power Eq. (3.2) is an even
function of the applied bias voltage V. This means that both positive and negative
values of V; allow to remove, in the same way, the most energetic electrons which
lie above the Fermi level. Such a symmetry of Qp; is a peculiar feature of the
NIS; junction, and can be exploited in the symmetric S;INIS; device. Indeed,
in the double-junction structure of Fig. 3.1(c), the heat can go out of the normal
metal island through both junctions thereby increasing the cooling power, whereas
the charge current can flow only in a well defined direction for a given V;. As a
result, the SINIS configuration is more efficient than a single NIS junction [8].

At the thermal equilibrium, the heat balance for the central island in the
S{INIS; cooler is

20N+ PN, =0. (3.5)

Here the factor 2 accounts for the fact that the heat is removed simultaneously
through both junctions, see Fig. 3.1(c). In writing Eq. (3.5), we also take into
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Figure 3.4: Calculated temperature 7y of the normal metal island for an Al-Cu
SINIS refrigerator (see Fig. 3.1(c)) as a function of the dimensionless bias voltage
eV /A for different values of the bath temperature Tpo: 1.0 K (solid blue), 0.7 K
(dashed red), 0.5 K (dotted green), 0.3 K (dot-dashed purple). The values of the
other parameters are [8]: Ax; = 180 ueV, Ry = 1 kQ, Lo, =4 x 10° Wm 3K,
Qcu=5.25x 1072 um3, and y; = 107°.

account the exchange of energy between the electrons and the phonons in N by
introducing the power [53]

where Xy and Qy are the material-dependent electron-phonon coupling constant
and the volume of the normal metal respectively. The energy rate Eq. (3.6) starts to
be relevant as soon as Ty # Tpan. In particular, when Ty < Toath, ! ngh is negative,
meaning that the phonons transfer energy to the electrons, thereby increasing their
temperature 7y and reducing the cooling efficiency of the S{INIS; structure. In
other words, the interplay between 2Qy; and B determines the smallest Ty
that can be achieved. Keeping fixed the value of the parameters 77 = Ty, A1,
T, Ri, N, QN and Vi, the integral equation (3.5) can be solved numerically and
the temperature of the normal metal 7y obtained. Figure 3.4 shows the trend of
the calculated Ty as a function of the bias voltage V| for a S{INIS; refrigerator
based on Al (S;) and Cu (N). Starting from V| = 0, we see that the temperature
of the central island drops as V is increased, eventually reaching the minimum
value Ty ;nin when eV =~ 2Aa1.2 The smallest temperature which can be achieved
depends on Ty,. For instance, choosing the parameters of the system as in the
experiment reported in Ref. [8], when Ty, = 1 K, no cooling occurs, see Fig 3.4.
On the contrary, the copper island reaches the temperature 123 mK while keeping

Ithis condition is typically satisfied when cooling occurs.
’the factor 2 is related to the presence of two junctions in the SINIS structure.
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Figure 3.5: Dimensionless charge current eRyIj5/A; (a) and cooling power
e2R172Q‘N1712 / A% (b) of a S{IS; tunnel junction, with resistance R;, as a function
of the dimensionless applied bias voltage eV, /(A — A1 ). The curves in (a) and (b)
are obtained by the direct numerical integration of Eq. (3.7) and (3.8) respectively
using the following bath temperatures: 0.8 K (green dotted), 1.3 K (red dashed),
and 1.6 K (blue solid). For both panels (a) and (b) the superconductor S is alu-
minum, with energy gap A; ~ 200 ueV, and the superconductor S; is vanadium
with energy gap Ay ~ 821 eV, i.e., Ay/A; is 4.105. The Dynes parameters are
Yi2=107°.

the aluminum electrodes at the bath temperature Th,, = 300 mK. Biasing the
S{INIS; cooler with a voltage higher than 2A,;, the normal metal N heats and
eventually overcomes Tpy.

3.1.2 (SISIS cooler

In a S1IS; junction biased with a voltage V;, the charge current /1, and heat
current Q15 flowing from S; to S, can be written as [50, 54, 55]

+o0

Iy = 6%2 [ Ny(E) Na(E — o) [ (E — V)~ A(E)] . BT
~+oo

Opn = elez : dE E N1 (E) Ny(E —eVs) [f1(E) — fo(E —eV3)] . (3.8)

Similarly to Egs. (3.1) and (3.2), in the quasi-equilibrium regime, f; = fi(E,T})
and f, = f>(E, T) are the Fermi-Dirac distribution functions of the electrons in S|
and S, at temperatures 77 and 75 respectively. On the other hand, the DOSs N (E)
and N, (E) are given by Eq. (3.3) with energy gaps A » and Dynes parameters ; »
respectively. In Fig. 3.5, we show the trend of Egs. (3.7) and (3.8) as a function
of the applied bias voltage V2. We note the sharp maximum occurring at the
difference between the energy gaps, e|Vo| = Ay — A;. This peak shows up only
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at non-zero temperatures and corresponds to electrons occupying states above the
gap A; in S; which tunnel to the empty states above the gap A; in S;. Besides
the dependence on temperature, the height of the peak is strongly affected by
the Dynes parameters 7, » as well. Indeed, the DOSs N »(F) in Egs. (3.7) and
(3.8) are =~ (2\/'}/1—72)*1 for energies E close to the superconducting gaps Aj 7. In
particular, we have calculated the charge current to be

—/ AN
Tpopt & e—Rz‘Q e MIT 10 (7 4+ /) (3.9)

when e|V,| = A, — Aj and under the condition Ay /A| > Ty /T1 > 1. The details of
the derivation of Eq. (3.9) are in Appendix C. It is worth emphasizing that 115,
depends logarithmically on y; and 7». Compared to Eq. (3.4) which is valid for the
NIS; case, the charge current Eq. (3.9) is smaller by a factor ~ exp(—A; /kgT}).?
The related heat current is about A (712, /e) (see Appendix C), meaning that
every tunneling event removes a heat A; from S;. This is the maximum amount
of heat O that can be extracted from S;.

In addition to the optimal value e|V2| = Ay — Ay, the heat current Eq. (3.8) is a
positive function whenever e|V,| < A, + A and negative otherwise, see Fig. 3.5(b).
On the contrary, the energy current from S, to Sy,

o0

Ry ) o dE (E —éVy) Ni(E) N2(E —eVa) [fo(E —eVa) — fi1(E)] ,

01 =

is always less than zero, i.e., the superconducting electrode S; can not be cooled.

As for the NIS; case, Q1» is a symmetric function of the bias voltage with
respect to the vertical axes [see Fig. 3.5(b)]. Then the cooling power of S; can
be increased by means of the S;ISIS, double junction configuration depicted in
Fig. 3.1(d). When this system reaches the thermal equilibrium, the heat balance
for the inner superconductor S| can be written as

2012+ Py, n =0 (3.10)

In this case, the quasi-particles in S| exchange energy with the phonons of the

3note that the order of magnitude of Eq. (3.9) is determined by exp(—A; /kpTy). The latter can
be much smaller than the logarithmic factor |In (\/ﬁ + \/%) | if the parameters Y12, Ay and T
are equal to the values typically measured in real experiments. Indeed, |In (\/ﬁ +V7r ) | remains
bound to ~ 1 for 1077 < T2 < 1072, whereas exp(—A; /kgT;) ranges from 10~* to 10~! when S;
is aluminum, Ax; = 200 peV, and its temperature 0.3 K < T3 < 1 K.
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Figure 3.6: Calculated temperature 77 of the superconducting island Sy for a V-Al
SISIS refrigerator (see Fig. 3.1(d)) as a function of the dimensionless bias voltage
eV, /A for different values of the bath temperature Tyap: 1.0 K (solid blue), 0.7 K
(dashed red), 0.5 K (dotted green), 0.3 K (dot-dashed purple). The values of the
other parameters are [48]: Ay/a1 = 580 ueV, Ap; =200 ueV, Ry =2kQ, X1 =
0.2 x 10° Wm 3K, Q1 = 1.08 x 1072 um?, and 35 = 107>,

lattice with the power [56]

pS = > dE E de €*sign(€) N{(E) Ny (E + ¢
qp-ph 96 £(5) k3 J— . sign(e) Ni(E) Ni( )
Az(T]> £
——17 th F(E)—F,(E
% ( E(E—l—{;‘)) 0 (ZkBTbath) 1( ) 1( +£)
— FI(E> Fl(E+8>+1} . (3.11)

Here Xg and Qg are the material-dependent electron-phonon coupling constant
and the volume of the superconductor S; respectively. We also introduced the
function Fy(€) = fi(—&,T1) — fi(€,T1). At Tyan < T1 < A/kp, one obtains that
the power exchanged between quasiparticles and phonons, Eq. (3.11), is reduced
by a factor of 0.98exp (—A/kpT)) with respect to that of the normal state [56].
In other words, in a superconductor, the energy gap around the Fermi level sup-
presses the efficiency of the electron-phonon coupling.

Solving numerically the integral equation Eq. (3.10) for fixed values of the
parameters 1o = Thah, A12, Y12, R2, Xs, s and V5, one can obtain the temper-
ature 77 of the inner superconductor S; as a function of the applied bias voltage
V,. In Fig. (3.1.2), we plot the calculated 77 vs V, for a S;IS{1IS, cooler based
on V/Al (S;) and Al (S;) [48], for different bath temperatures. We see that T;
decreases upon increasing V> and reaches its minimum value 7 ,,;, when eV, =
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2(Avsa1 — Aar). Depending on Tyy, the smallest temperature 77 i, changes. In
particular, considering Ty, = 1 K, the inner superconductor can be cooled down
to ~ 400 mK, as it has been also verified experimentally [48].

3.2 Superconducting cascade electron refrigerator

3.2.1 System and thermal equilibrium equations

We consider now an electron cooler based on tunnel junctions arranged in
a symmetric configuration, i.e., SpIS;INIS{IS,, as displayed in Fig. 3.2. The
structure includes two superconductors St and S, with respective energy gaps Aj >
so that A; < A,. Ry and R, denote the normal-state resistances of the individual
S1IN and S;IS; junctions, respectively. The present structure actually consists of a
SINIS micro-cooler to which one superconducting tunnel contact has been added
at each end. In the following, the cascade cooler S, electrodes are voltage-biased
at a voltage £V, so that the inner superconducting islands (S;) reach a voltage
+V;. Here, we also assume that inelastic electron-electron interaction drives each
individual part of the the system into a quasi-equilibrium regime. Therefore, the
electron populations in N and S; can be respectively described by a Fermi-Dirac
energy distribution function at temperatures 7y and 77, which can largely differ
from the bath temperature 7y,4. The outer superconductor S; is considered at
thermal equilibrium with the phonon bath so that 75 = Tya,.

In the series configuration that we first consider, the charge currents flowing
through all junctions are necessarily equal,

In1 = 11> (3.12)
The thermal balance in N reads
20N1+ Pl =0, (3.13)

the factor 2 coming from the presence of two symmetric cooling NIS junctions.
On the other hand, the thermal balance in each S| reads

Q12+ QN+ Pop o = 0, (3.14)

where we have taken into account the heat —Q1y > 0 deposited by the S{IN junc-
tion into the superconductor 1. The behavior of the cascade cooler is governed
by the above three non-linear integral equations. It depends strongly on differ-
ent parameters such as the dimensionless Dynes parameters 7; >, the N and S
volumes ¥y 1, the choice of the materials, the bath temperature, and the junction
resistances Rj >. As for the latter, it is crucial that the two cooling junctions NIS;
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Figure 3.7: Calculated temperature of the normal metal, 7y (solid line), and of
the superconductor Sy, 71 (dotted lines), for a V-Al-Cu cascade cooler and for
an Al-Cu SINIS refrigerator (dashed lines) as a function of eV /Ay, at a bath
temperature Ty, = 1 K (blue curves), 0.7 K (red), 0.5 K (green), and 0.3 K (pur-
ple). The parameters are ¥, = 107, Ry =500 Q, R|/Ry = 100, V| = ¥y =
1072 um3, Ap; = 200 peV, Ay = 821 ueV, I = 0.2 x 10° Wm 3K, and
Tou =2 % 10° Wm3K™>.

and SIS, reach together their optimum cooling point at a given global bias V. A
first naive assumption would be to assume that the currents at the optimum bias
point are close to the Ohm’s law value, so that the resistance balance would read
(A —A1)/Ry = A1 /R;. This is actually incorrect, as the current through the S>15;
junction is far from being Ohmic and depends strongly on the Dynes parameters.

In order to be more specific, let us consider as a first combination of mate-
rials vanadium, aluminum and copper. Based on its critical temperature of about
4 K, vanadium brings a good efficiency for electronic cooling from a bath tem-
perature around 1 K [48]. An aluminum island cooled in this way can reach a
temperature close to the operation range of usual aluminum-based SINIS cool-
ers. A cascade combination of V-Al,O3-Al and Al-Al,O3-Cu junctions therefore
seems promising. Figure 3.7 compares the behavior of a Al-Cu SINIS refrigerator
(dashed lines) to a V-AI-Cu cascade cooler (solid lines) with usual parameters val-
ues, a common tunnel resistance R} = 500 Q and a resistance ratio Ry /R, = 100,
close to the optimum (see below). From Fig. 2, the electronic cooling of the N
island (full lines) is more efficient in the cascade system, which performs well
up to 0.7 K, whereas the SINIS refrigerator (dashed lines) is little efficient. At a
bath temperature of 1 K, the SIN stage is inefficient, while the SIS stage operates
well. The capability of the cascade refrigeration scheme is illustrated by the large
quasiparticle cooling obtained in S; at every bath temperature below 1 K (dotted
lines).
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Figure 3.8: (a) Calculated minimum temperature of the normal metal Ty ;;,, (red
triangles) and the related temperature of low-gap superconductor 77 (purple disks)
of a V-Al-Cu cascade cooler at its optimum bias point as a function of the ratio
R /R, for a bath temperature Ty, = 0.5 K. (b) Related dimensionless voltage
drops eVi opr/Aar (blue; left axis) and eVs o /Ay a1 = €Va o / (Ay — Agg) (green;
right axis) across the S{IN and S;IS; junctions, respectively, as a function of
R|/R;. The bath temperature considered here is 0.5 K. The other parameters
are identical to the ones of Fig. 3.7. Also shown are the predictions eV ,, =
A1(Ti) — 0.66 kpTy (dashed blue line) and eV ,pr = Ao (Tvah) — A1(T1) (dashed
green line).

3.2.2 The role of the tunnel resistance ratio

Still in the case of a V-Al-Cu device, Figure 3.8 displays the minimum achiev-
ed electronic temperature in N (7y) [panel (a)] and the voltage drops V; ,,; and
V2 opr [Panel (b)] across the two S1IN and S>1S; junctions at the minimum temper-
ature Ty versus the junctions’ resistance ratio Ry /R,. A bath temperature Tpa Of
0.5 K and a fixed resistance R of 500 Q is considered here. At large R; /R, value,
the S;IN junctions dominate and the optimum cooling is obtained at a voltage
drop V; close to the expected value (A; —0.66 kgTy)/e. At small Ry /R, value, it
is the S71S; junctions that dominate, and the optimum cooling is obtained at V,
close to the expectation (A, — Aj)/e. Overall, the best performance is obtained
in the region where the two kinds of junctions can operate close to the optimum.
Here, the parameters are 7, = 107> and 10~* and #y = 10~2 um?>. We have used
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Figure 3.9: Calculated normal metal temperature 7y in a cascade cooler for
Thah = 0.5 K as a function of the dimensionless bias voltage eV /A4, in different
cases: Al-Cu one-stage cooler (orange), V-Al-Cu (dotted red) with identical vol-
umes for N and S, V-Al-Cu (blue) and Nb-Al-Cu (green) with volumes adapted
to the resistances’ ratio so that #; /%y = R; /2R,. The ratio R| /R, is set at the op-
timal value in every case: 100 (V-Al-Cu), 30 (Nb-Al-Cu), 80 (V-Al-Cu, adapted
volumes’ ratio) respectively. We use Ay, = 1407 ueV, Ry = 1kQ. The other
parameters are identical to Fig. 3.7, including #y = 1072 um?3.

the well-accepted material-specific values Xa; = 0.2 X 10°Wm K™ and Xy, =
2 x 10°Wm 3K ™. In this case, we achieve a good and somewhat constant per-
formance for a resistance ratio between 10 and 200. This order of magnitude is
consistent with the factor exp(A; /kpTi) between the currents Iy op and I12 oy at
an identical junction resistance R ». The relatively large span of this region stems
from the existence of the singularity in the electric current as a function of the bias
voltage. This rectifies any imbalance that might occur in the structure, similarly
to what happens for an asymmetric pair of NIS junctions in series [57]. At higher
bath temperature, the window for optimal resistance ratio gets narrower, and is
slightly shifted towards lower values.

Let us now discuss practical issues in a cascade cooler’s design. As stated
above, the performance of the cascade cooler configuration strongly depends on
the value of the ratio R /R;. Due to the smaller value of the current I}, through
a S1IS; junction compared to the current Iy through a S{IN junction of com-
parable normal-state conductance, the resistance R has to be made significantly
smaller than R; in order to get an efficient cascade cooler. Optimal values of the
R /R, ratio for bath temperatures and material configurations of experimental in-
terest therefore lie in the range ~ 15 — 150, while depending strongly on subtle
parameters like the Dynes parameters of S; >. From the fabrication point of view,
it might be difficult to tune the R; /R, ratio at its optimum with a good degree of
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precision. This leads to the practical necessity of tuning the voltage V| indepen-
dently from the the main bias voltage V. One possible solution to this problem is
to tunnel-couple to each S electrode an additional superconductor S}, as shown
in Fig. 3.2. Biasing with a second positive (negative) voltage U these two tuning
junctions would enable to add (subtract) some current in the S1IS, junctions com-
pared to the S{IN ones. The S{INIS; current can then be tuned from zero to the
double of its value at zero bias U. The latter limitation comes from the fact that
the voltage U needs to be always sub-gap in order to prevent any extra heating of
the S; electrode.

3.2.3 Different materials and volume ratios

For practical sample fabrication issues, one would preferably use the same
tunnel barrier characteristics (in particular transparency) for the two tunnel barri-
ers between S on one side, and N or S; on the other side. Sticking to a particular
value of the tunnel resistance ratio, and using similar thicknesses for N and Sy,
thus leads to a volume ratio #] /7y between the superconductor S; and the nor-
mal metal N approximately equal to half the inverse of the resistance ratio R /R;.
Furthermore, the values of the two superconductors’ gaps can also be varied, for
instance replacing vanadium with niobium (Nb). Figure 3.9 shows the results for
the electron temperature 7y obtained with the two materials’ choices V-Al-Cu, and
Nb-Al-Cu, at Ty, = 0.5 K, relating or not the volumes’ ratio to the resistances’
ratio. The optimal resistance ratios were adjusted in every case to, respectively,
30 for Nb-Al-Cu, 80 for V-Al-Cu when the volume ratio is adapted to the resis-
tance ratio, and 100 for V-Al-Cu with identical volumes #; and #y. Imposing a
larger volume 7] affects only slightly the performance of the whole device, with
a minimum electronic temperature rising from 134 to 138 mK for the V-Al-Cu
material combination. This value increases to 147 mK when V is replaced by Nb.
A larger gap value does not necessarily provide an improved cooling, because it
also reduces the available heat current in the SIS, junction.

3.2.4 Quasiparticle thermalization

Another crucial issue for the present cascade electronic cooler resides in a
proper quasiparticle thermalization in the intermediate superconductor Sy. It is
well known that superconducting-based electronic refrigerators generally suffer
from poor evacuation of highly-energetic quasiparticles in the superconducting
electrodes [58]. To this end, quasiparticle traps of various kinds have been envis-
aged in order to allow their evacuation into nearby-connected normal metal lay-
ers [59,60]. In the present design, the outer superconductor S, actually plays this
role, with an increased efficiency thanks to its singularity in the density of states.
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An incomplete quasiparticle energy relaxation in the superconductor S; should
actually not hinder the cooling in the low-gap superconductor S; compared to
the present quasi-equilibrium calculations. The cascade cooler appears as rather
immune against poor electronic equilibration in S;. Finally, the outer supercon-
ducting electrodes S, can be efficiently thermalized through quasiparticles traps,
just as it is done in the case of conventional superconducting refrigerators [4].

3.3 Conclusions

In conclusion, we have discussed a kind of electronic cooler based on hy-
brid superconducting tunnel junction, i.e., the SoIS{INIS; IS, cascade cooler. The
cascade geometry allows to cool a first superconducting stage, which is used as a
local thermal bath in a second stage. The correct operation of the device strongly
depends on the matching between the resistances of the the two kinds of tunnel
junctions. The resulting constraint can be easily implemented in a practical de-
vice, using of a set of two additional tunnel junctions. Decoupling of local phonon
population from the thermal bath [61] in a suspended metal geometry [62] would
improve performances compared to the situation considered here.
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CHAPTER I

Quantum Phase-Slip Junction Under
Microwave Irradiation

Introduction

The Josephson junction (JJ) is one of the most used superconducting de-
vices in low-temperature condensed matter experiments. A single JJ is the build-
ing block of various sensors and electronic components [39, 63—66] and plays
an important role in quantum computation and information [67-70]. On a more
fundamental level, JJs with small capacitance have become paradigmatic sys-
tems for studying decoherence and dissipation of a quantum particle coupled
to the external world and for analyzing the transition from quantum to classical
states [41-43,71-77].

Many of the JJ applications are based on the Josephson effect: a Cooper-
pair tunneling current /; can flow through a JJ in the absence of an applied bias
voltage. The amplitude of this supercurrent is a non-linear function of the phase
difference ¢ between the two superconductors of the junction, I; = I.sin(¢). The
critical current /. is the maximum Cooper pair current that can be carried by the
junction. A voltage drop V; = (h/2e)d@/dt appears across the junction when ¢
changes as a function of time. The classical dynamics of ¢ is ruled by the equa-
tions of motion for a fictitious particle moving in a tilted washboard potential.
In particular, a phase-locking effect can occur when the JJ is irradiated with mi-
crowaves of frequency wpny [78]. Then the so-called Shapiro steps of constant
voltage V; ,, = m(h/2e) Omy, With m integer, appear in the current-voltage charac-
teristic in addition to the zero-voltage supercurrent state [79, 80]. These steps are
related only to the fundamental constants of physics (the Planck constant 72 and the
electron charge ¢) and are used in metrology to define the quantum voltage stan-
dard [26,81-83]. The necessary metrological accuracy is reached at low tempera-
tures and using junctions with large Josephson energy E; = Pl /(27) ~ 100 meV
(o = h/(2e) is the superconducting flux quantum) and small charging energy
Ec = ¢%/2C ~ 10 neV, where the capacitance of the junction C plays the role of
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the inertial mass in the dynamics of the phase. Moreover, the JJ is typically em-
bedded in a circuit whose resistance R < Rg, with Rg = h/(4e?) = 6.45kQ the
superconducting resistance quantum. Under these conditions, thermal and quan-
tum fluctuations of the phase ¢ are suppressed efficiently [78, 84].

The Josephson junction has an exact dual counterpart, the so-called quan-
tum phase-slip junction (QPSJ) [85-93]. Physical realizations of QPSJ that have
been discussed in the literature are a single Josephson junction with a finite ca-
pacitance [85—88, 93] or a linear chain of such Josephson junctions [93-97], and
a narrow superconducting nanowire [98—104]. With respect to an ordinary JJ, the
role of the phase and the charge in a QPSJ is interchanged. Specifically, Cooper-
pair tunneling is replaced by its dual process, i.e., the slippage by 27 of the phase
difference between two well-defined superconducting regions of the device. As a
consequence, the relations governing the behavior of a QPSJ are exactly dual to
the usual Josephson relations. The voltage V; = V. sin(7g/e) across the QPSJ is a
non-linear function of the charge variable g, where the critical value V. is the max-
imum voltage that the junction can sustain. The Cooper-pair current I; = dg/dt
is different from zero only for time-dependent g. As a consequence, under mi-
crowave irradiation, a QPSJ should sustain a set of current steps, i.e., the dual
Shapiro steps Iy, = meWny /7.

However, experimental evidence for the existence of dual steps has been elu-
sive so far. Indeed, the dual Josephson relations pertain to a QPSJ with a rela-
tively well defined charge ¢, achieved when phase-slips are produced at an ap-
preciable rate, a condition which is not easily compatible with the existence of a
well-defined underlying superconducting state. Actual realizations of a QPSJ are
typically operated in a regime where V. is not large, so that charge fluctuations are
important, and may well mask the dual Shapiro steps.

In this chapter, we study the role of both thermal and quantum fluctuations
of charge on the properties of the dual Shapiro steps. We present the results of a
combined analytical and numerical analysis of a QPSJ irradiated with microwaves
and embedded in a resistive (R) and inductive (L) electromagnetic environment.
We will see, in particular, that an important role is played by the inductance L, the
quantity dual to the capacitance C of a usual Josephson junction. By duality, we
expect that the fluctuations of the charge g are governed by the ratio Uyp/E}, of the
characteristic phase-slip energy Uy = 2¢V,/(27), dual to the Josephson coupling
energy E;, and the inductive energy £, = ®3/(2L), dual to the charging energy Ec
of a Josephson junction [91]. The larger L, the smaller E;, and the larger the ratio
Up/EL, thus favoring a well-defined charge state of the QPSJ. Recent experiments
on nanowires [101, 104] and chains of Josephson junctions [97] typically achieve
Uy/E ratios that are of the order of 1072 =-10~!. We will analyze the microwave
response of a QPSJ in this regime in detail and study in particular the resolution
and accuracy of the dual Shapiro steps.
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Figure 4.1: (a) Circuit of a voltage-biased QPSJ with phase-slip energy Uy =
eV./ in series with a resistance R and an inductance L. The voltage source has
a DC component Vy and an AC one Vi (7). (b) Circuit of a current-biased QPSJ
embedded in a resistive (R) and inductive (L) electromagnetic environment. The
total bias current is the sum of a DC component Iy and an AC one I (7). This
circuit is related to the voltage-biased one in (a) by the Thévenin-Norton theorem
setting Ip = Vo /R and |Inw| = |Vinw|/ v/ R? + L2 @3, (see Appendix D).

4.1 Qualitative discussion of the main results

The observation of the dual Shapiro steps is expected in the current-voltage
characteristic (I;-Vy) of a voltage-biased QPS junction in series with an induc-
tance L and an impedance Z(®) [91], which hereafter we assume to be frequency
independent, i.e., Z(®w) = R [see Fig. 4.1(a)]. However, in this chapter, we will
focus on the equivalent current-biased circuit shown in Fig. 4.1(b) where a QPSJ
is connected in parallel to a resistive (R) and an inductive (L) electromagnetic en-
vironment and is driven by both a DC current source, Iy, and an AC one Iy (1) =
Imw €OS Wyt With amplitude /I, and microwave frequency wy,,. The equivalence
between the two circuits in Fig. 4.1 is provided by the Thévenin-Norton theorem,
as shown in Appendix D. The results for the 1;-V; curve of the QPSJ of Fig. 4.1(b)
that will be discussed in the following are independent of the specific choice of
the external bias.

Let us first discuss the case when the environment is absent, R — oo, in the
circuit of Fig. 4.1(b).! Then the dual Josephson relations describing the current-
biased QPSJ can be straightforwardly integrated. Indeed, from the relation dg/dt =
Iy = Ip+ Inw(t), we obtain g(1) = qo + lot + (Imw/ Omw ) Sin @my?, where qq is the
charge on the QPSJ at time # = 0. Substituting this result into the second relation,

Iconsidering this limit in the voltage-biased circuit shown in Fig.4.1(a) leads to an effective

current-biased QPSJ.
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Figure 4.2: Dual Shapiro steps corresponding to m =0, 1, 2, and 3 for a
QPSJ in the absence of environment. The other parameters are: o = 1.4 and
hOmy /27Uy = 1.

Vy = V,sin(mg/e), we find

-|-<x1
VJ(mW)(wB> =V Z Jm(a> sin (X(H' wBt+mmet> ) (4.1)

m=—oo

where J,, is a Bessel function of the first kind. We defined the parameters a =
Tlnw/(eOmyw) and wp = mly/e as well as the dimensionless charge o = mqo/e.
From this result we see that whenever wp = m®n,y, the QPSJ will sustain a charge-
dependent DC voltage V; ,, = VoJi(@)sin)p. In other words, whenever the DC
bias current Iy equals me®nyw /7, phase-locking occurs, which leads to the ap-
pearance of a dual Shapiro step, located at I; ,,, = me®ny /7 in the DC current-
voltage characteristic of the QPSJ. The width of this step in voltage V; is given by
2V.Ju (). Note that the parameter ¢ acts as the microwave coupling strength: the
effect of the microwaves disappears as o¢ — 0. Figure 4.2 shows the dual Shapiro
steps corresponding to m = 0,1,2,3 for moderate microwave intensity, & = 1.4,
and microwave frequency h@ny /27Uy = 1.

We next turn to the case when the resistance R of the environment is finite.
In this case, the total current /; will contain two additional components. The first
is the current flowing though the resistive-inductive branch of the circuit; it equals
Igp(t) = [di'Y (t —1")Vy(¢'), where V;(t) = V,sin[mq(r) /e] and Y (¢) is the inverse
Fourier transform of the admittance

Y(w)=1/(R—iwL), 4.2)
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of the branch. The second component is a fluctuating current §/(¢) of zero average
and the Fourier components of which satisfy the fluctuation-dissipation theorem

(81(w)8I()) =27 §(w+ ') hw Re[Y (w)] coth (ZZZ’T) )

where T is the temperature of the environment. As a result the charge g on the
QPSJ satisfies the Langevin equation

dq/dt = Iy + Inw(t) — Igp(t) + 81(2) . (4.4)

In particular, the charge acquires a fluctuating component that will affect the shape
of the current-voltage characteristic.

The effect of charge fluctuations as described by Eq. (4.4) has been analyzed
in detail before in the case where microwaves are absent [85,88,92]. When Iy, =
0, Eq. (4.4) reduces to the well-known Langevin problem of the quasi-charge
dynamics in the overdamped regime. The DC current-voltage characteristic of
such a junction has been calculated before in various limits; we briefly recall some
of the results here, focusing on the experimentally relevant limit Uy/E; < 1, see
also Fig. 4.3 .

Let us first neglect the fluctuating component, 8/(t) = 0. As long as the
resistance R is large but finite, so that the dimensionless conductance of the en-
vironment, defined as g = Rp/R, is still small, the DC current-voltage charac-
teristic of the QPSJ is a so-called Bloch nose, in the absence of microwaves. It
consists of a zero-current branch at finite voltage up to V., which bends back to
a low-voltage, finite current branch. Setting 6/ = 0 and considering the limit
gUy/Er, < 1, Eq. (4.4) can be integrated directly [92] to yield the DC voltage

_ov ROl Rol, Rolo\*
VJ(az_o): Q0_9< QO_VC) \/<LO) —V2, 4.5)
g g 8

where 0(V) is the Heaviside step function. The corresponding current-voltage
characteristic is shown in the inset of Fig. 4.3.

However, finite charge fluctuations, 61(r) # 0, prevent the formation of a
sharp feature in the I-V characteristic, even for small g: they give rise to a finite
slope at low current and reduce the maximum voltage to a value lower than V,, thus
smearing the corresponding current-voltage characteristic. When the resistance R
is reduced further so that g > 1, the effect of the environment is stronger. The
Bloch nose is smeared into a smooth curve with a maximum voltage at finite
current. For very large values of g, the current /; at which the QPSJ sustains
the largest voltage approaches the value ®y/2L. This phenomenon is dual to
the phenomenon of Coulomb blockade found in a Josephson junction in a highly
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Figure 4.3: Low-temperature current-voltage characteristics, kgT /Uy = 0.25, of a
QPSJ with Up/Er, = 0.013, embedded in an inductive-resistive environment in the
absence of microwaves. Curves from bottom to top correspond to g = 0.2, 4.2,
and co. The inset shows the case without fluctuations.

resistive environment, where the voltage at which the Josephson junction sustains
the largest current approaches the value 2¢/2C.

We summarize this behavior in the main panel of Fig. 4.3 where we plotted
the QPSJ’s current-voltage characteristic for various values of g at low temper-
ature, kgT /Uy = 0.25, and for small Up/E; = 0.013. We stress that the behav-
ior shown in Fig. 4.3 is essentially nonperturbative in the coupling strength g
characterizing the environment. Indeed, it is well-known that perturbation the-
ory in either g or 1/g is plagued by divergences and describes at best only parts
of the current-voltage characteristic. The complete current-voltage characteristic
can only be obtained including the relevant contributions to all orders.

We are now in a position to state the main results of this chapter, where
we study the combined effect of the application of microwaves and the presence
of charge fluctuations induced by the resistive-inductive environment. We use
an approach that is non-perturbative in both the environmental coupling strength
g and the microwave coupling strength a. As we will see below, this implies
that analytical results can only be obtained in the limit Uy/E;, < 1. On the other
hand, this corresponds to the relevant experimental situation where QPSJs are
studied with relatively low phase-slip rates and not too large inductances. In the
limit Uy/Ep < 1, we find that, at the first order in Uy, the QPSJ’s current-voltage
characteristic in the presence of microwaves can be straightforwardly obtained
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Figure 4.4: [;-V; characteristic obtained from the numerical evaluation of
Eq. (4.38) in the low-conductive regime, g = 0.2. Here, kgT /Uy = 0.25 and
o = 1.4. The dimensionless frequency of the microwaves i@y /27U is equal
to 1. The three curves are obtained using three different values of the inductance
of the environment such that Uy/E; = 0.013 (red dashed line), Uy/E; = 0.051
(blue solid line), Uy/Er = 0.141 (green dotted line). The inset shows the relative
deviation 61, = ml;/me®ny, — 1 for the first Shapiro step, m = 1.

from the DC result without microwaves,

~+o0
V™ (wp) = Y J2(a) VPO (w5 + mamy) | (4.6)

m=—oo

in agreement with a general result recently demonstrated in Ref. [105]. Here VJ(DC)
is given by Eqgs. (4.32) and (4.33). Specifically, this result implies that the current-
voltage characteristic of a QPSJ with Uy/E;, < 1 under microwave irradiation is
obtained by replicating the known, DC characteristic of the QPSJ in the absence
of microwaves at the positions of the current plateaus, I; ,, = me®ny, /7, which are
expected for a QPSJ in the absence of the external electro-magnetic environment.

We focus on the case g < 1, for which dual Shapiro steps are expected. Fig-
ure 4.4 displays a typical current-voltage characteristic obtained in this situation,
taking again g = 0.2, kgT /Uy = 0.25, a microwave frequency hny /27Uy = 1
and o = 1.4. We see that the current-voltage characteristics are strongly modified
in the simultaneous presence of microwaves and charge fluctuations induced by
the environment, combining features of both Fig. 4.2 and 4.3.

Rather than being a set of discrete steps, the current-voltage characteristic is
a continuous curve, connecting subsequent steps, bending back towards a zero-
voltage state in between them. In other words, in the presence of microwaves,
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a replica of the Bloch nose is indeed found for each dual Shapiro step. As ex-
pected, in the presence of charge fluctuations, the width of the steps is smaller
than the value 2V,.J, (&), found for g = 0; also, the dual steps are no longer strictly
horizontal but acquire a small but finite linear slope. Note the role played by the
inductance L, which limits the effects of the charge fluctuations. As is clearly
seen in Fig. 4.4, the larger L, the larger the width of the steps and the smaller their
slopes. This can be seen in particular in the inset of Fig. 4.4, which presents the
relative accuracy 01, = ml;/me @, — 1 for the first Shapiro step, m = 1. The inset
also shows that the accuracy of the dual step is not only limited by charge fluc-
tuations but also by a systematic shift of the step position, down by about 0.0015
in relative accuracy. This is due to the finite overlap of the various replicas. The
shift can be reduced by increasing the microwave frequency so that the replicas
are more separated along the Ij-axis, thus reducing their overlap.

4.2 Current-biased QPSJ

4.2.1 QPSJ Hamiltonian

The Hamiltonian of the current-biased QPSJ in the circuit depicted in Fig. 4.1(b)
is given by
RI(t)

A=—Upcos [ (4+0m)| = 20+ Hens [{02).{02)] . 47

(see Appendix D). Here the charge and phase operators § and ¢ are canonically
conjugate, satisfying the commutation relation [(,§] = 2ie. As a consequence, §
satisfies the equation of motion § = I(¢) and thus corresponds to the total charge
injected into the parallel combination of the QPSJ and the L — R environment.
The first term in Eq. (4.7) describes the nonlinear QPSJ with phase slip energy
Uy, which carries the charge g+ QRL, where the charge variable QRL =Y Q,l
accounts for the charge of the dissipative R-L environment. We thus model it using
an infinite ensemble of harmonic oscillators (Caldeira-Leggett model) [41, 42],
described by the third term of Hamiltonian (4.7),

Q7 1 (i)’

. 4.8
2C 2 * 2L}L 2e ( )
The charge Q; and the phase @, represent the momentum and position, respec-

tively, of the A-oscillator with characteristic frequency @, = 1//L; C,. Accord-
ing to the fluctuation-dissipation theorem,

1, .

!l 0): e (0)) )0 = o Ry (@] coth <2sz) ,

+oo
I:Ienv = Aenv [{Ql}? {gbl}] = }LZ
=1
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where Ig;, = Ogy is the fluctuating current in the R-L environment and [...,...]
denotes the anticommutator. This yields the relation

Rel[Y (0)] = nwz; \/%S(a)z — 7)), (4.9)

linking the parameters of the Caldeira-Leggett bath with the environmental ad-
mittance. Finally, the coupling between the charge operator ¢ and the bias current
I(¢) is given by the second term in (4.7).

Hamiltonian (4.7) has been used to describe QPSJs based on nanowires [91],
Josephson junctions [92] and chains of Josephson junctions [93]. In Appendix
D, we show how Hamiltonian (4.7) can be obtained starting from the well-known
Hamiltonian of a current-biased single Josephson junction embedded in an R-L
environment.

4.2.2 Current-voltage characteristic

The DC current /; flowing through the QPSJ element is given by the dif-
ference between the total DC current Iy and the current flowing through the R-L
impedance of the circuit of Fig. 4.1(b),

I=I—V;/R. (4.10)

Here V; is the DC component of the voltage drop across the QPSJ element. Using
the Josephson relation between ¢ and V; and the Heisenberg equation of motion
for the operator ¢ generated by the Hamiltonian A, this potential reads (see Ap-

pendix D)
_h /d B A
Vi= 2_e<E>Dc —Vc<sm [; (q+QRL)}>DC. @D

The symbol (. ..) denotes the quantum statistical average for the system described
by the Hamiltonian A, Eq. (4.7).

Dual Shapiro steps in the absence of environment

By setting Or; = 0 in Eq. (4.7), the coupling with the environment vanishes
and the system corresponds to an ideal current-biased QPSJ whose Hamiltonian
H) contains only the first two terms of A. Introducing a complete set of discrete
phase-states for the QPSJ, |¢,) = 27|n) with n integer, we can express Hy as

. Uo

Ho=—=).(In) <n+1\+h.c.)—hg—(6t)227cn|n) (n] . (4.12)
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Figure 4.5: Wannier-Stark ladder. The tilt provided by the bias current Iy in-
duces an energy separation fiwp between adjacent phase states indicated by red
horizontal bars. Phase-locking occurs when the resonant condition g = m®y,,y, is
satisfied. For m = 1, a photon with energy Z®y,, is exchanged with the microwave
source.

in the phase representation. When I,y = 0, Eq. (4.12) corresponds to the well-
known Wannier-Stark ladder problem for a particle moving in a tilted tight-binding
lattice, see Fig. 4.5. The tilt I provides an energy difference equal to @p between
two adjacent phase states. The term proportional to U induces transitions between
adjacent phase-states, i.e., phase-slip events. In the absence of microwaves or a
coupling to the environment, we have only coherent Bloch oscillations and the
associated energy difference 7@wp can not be accommodated by the system. Hence
no finite DC component is found for the voltage V; in this case.

Switching on the microwave field, the tilted lattice acquires an additional,
oscillatory slope with amplitude I,y # 0. For this problem, the unitary evolution
operator can be evaluated exactly and it reads

0(t) = 200 oiab Jdt' [Rexp(i2())+K " exp(—i2(1"))] , (4.13)
in which we set
2(t) = wpt + asin (Omwt ) - 4.14)

In Eq. (4.13), we also introduced the number operator /i = Y, n|n) (n| and the
ladder operator K = ¥, |n) (n+1|. After some algebra, the expectation value of
the voltage operator in Eq. (4.11) on the state U(t) |qo), the time evolved initial
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quasi-charge state |qo), is
V™ () = Ve sin[xo+2(1)

+oo
= Vo Y Jn(a)sin(yo+ @pt + mOnyt). (4.15)
m=—oo
Equation (4.15) coincides with Eq. (4.1) and describes the ideal dual Shapiro
steps: a non-vanishing DC-voltage now appears each time the bias-current Iy = I
satisfies the condition I; = me®ny /7, as shown in Fig. 4.2. The dual Shapiro
steps, labeled with the index m = 0, %1, ..., are replicas of the zero-voltage state
obtained with m = 0 and o = 0, rescaled with the corresponding Bessel function
of the first kind J,, (o). The coherent emission/absorption of microwave photons
with energy oy is at the origin of this phenomenon, the well known phase-
locking effect. The local phase states undergo a coherent quantum tunneling upon
exchanging the energy 7in, with the microwave field, see Fig. 4.5.

Perturbation theory

We next analyze the current-voltage characteristic of the QPSJ in terms of
perturbation theory in microwave interaction o and dissipative coupling g. We
show that this approach systematically leads to divergent behaviour. For simplic-
ity, we assume the bath to be at zero temperature.

Applying the unitary transformation Ugyy = exp [—i(f)QRL / 26] to Hamilto-
nian (4.7), we obtain the QPSJ Hamiltonian in the form A, = Hy + H;, in which
we consider as the unperturbed Hamiltonian

N T h[()
Hy=—U (—A)——A, 4.16
0 ocos (—q) =59 (4.16)
and the interaction term
N hl LA A N N

Hy = —%cos(a}nwt)(p+HenV {03} {01+ 0} - 4.17)

In this canonical form, the voltage operator is given by

. T,
VJ:VC<sm (—q>> . (4.18)
e DC

Using the interaction picture, we expand the unitary time evolution operator in

terms of Hj, Eq. (4.17), to calculate V;, Eq. (4.18). After some algebra, for

vanishing microwave strength & = 0, we obtain for the DC component of the

voltage

y(00) _ gve .
/ 2R Iy

(4.19)
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Figure 4.6: Wannier-Stark ladder in the presence of both microwave and environ-
mental photons with energies 7wy, and AE respectively.

This result is indeed linear in g and corresponds to the first order expansion of
the classical solution (4.5). Its validity requires V;/V, < 1, hence Iy > gV, /Ryp.
We conclude that perturbation theory breaks down in the limit of vanishing DC
current bias.

In the presence of microwaves, o # 0, the result (4.19) generalizes to

mw) _ ch2 Jio J}%’l(a)
2Rp I+ me®ny /T’

= —00

4

(4.20)

which shows that the divergent behavior found for Iy — O is repeated at the posi-
tions Iy — meWn,y /7 at which the dual Shapiro steps are expected.

Although the perturbative approach is divergent and is inappropriate to de-
scribe the dual Shapiro steps in the presence of dissipation, it is useful for giving a
simple picture of the QPSJ’s dynamics: the incoherent tunneling of the localized
phase states in the Wannier-Stark ladder generally occurs via the combined emis-
sion and/or absorption of a certain number of photons with energy /in, of the
microwave source and the exchange of an amount of energy AE with the thermal
bath, see Fig. 4.6. One expects that the interplay between the photon-assisted and
environment-assisted phase-slippage causes the smearing of the ideal dual Shapiro
steps. Indeed, the sharp resonance condition Zwp = himn,y associated to the single
microwave photon emission can not be fulfilled anymore as the QPS junction can
now dissipate the energy nwp at any bias current because the energy difference
AE = h(@p — Oy ) is emitted in the environment, see Fig. 4.6.
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4.3 Dual Shapiro’s steps: non-perturbative formal
approach

We now develop a theory to describe the combined effect of charge fluctua-
tions induced by the environment on one hand and microwave irradiation on the
other hand, which is non-perturbative in both g and . To determine the current-
voltage characteristic of the QPSJ by means of Eq. (4.10), we need the DC compo-
nent V; of the potential across the QPSJ given by Eq. (4.11). The quantum statis-
tical average in the r.h.s. of Eq. (4.11) can be calculated by means of the Keldysh
formalism (see Appendix E for a more detailed derivation) [22,92, 106, 107]. In-
troducing the so-called Keldysh closed time-contour C; which goes from ¢ = —oo
to t =ty and back to t = —oo and treating the cosine term in Eq. (4.7) as a per-
turbation, one can obtain an exact series expansion in terms of the QPSJ energy
Up. In this expansion, the contribution of the oscillators forming the harmonic
bath decouples from the contribution of the QPSJ charge g so that one can eval-
uate the quantum statistical averages exactly to each order. We have generalized
this solution taking into account the presence of the microwave signal. The time-
dependent voltage across the QPSJ reads

Vit ey fUp\ fo "2n
J‘SO):Z( 2i> (%) Z/dtl... dtans1Feny Fy , (4.21)
¢ n=0 {m}” -
where the term Fgpy,
ZZ"H Z M t , 2n+1
Fopy = &k o= Onknk/ W k Hsm Z Ne A fk/—fk , (4.22)

accounts for the environment-assisted phase-slip events and Fq,

2n+1
Fq = 6122 o' 2(m) = exp {i Z [anktk + asin(wmwnktk)]} , (4.23)
k=0

is related only to the free dynamics of the charge ¢ as given by Eq. (4.14). The
dichotomic variables 1, = +1, with k = 0,1,...,2n + 1, satisfy the constraint
Zi"gl N = 0 and the sum ) r;, 1 over all the poss1ble configurations of 7y stands
for the product of the 2n+2 sums }.p s -+~ Ypp, o
The functions of time M(t) and A(t) in Eq. (4.22) describe the exchange of
energy between the QPSJ and the external electromagnetic environment. They
determine
J(t) = —M(t) —isign(r)A(t), (4.24)
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i.e., the charge-charge correlation function

J(1) =Y (05(1)0(0) - 07(0)) , (4.25)
A

which quantifies the fluctuations of the tunneling phase due to the thermal bath [1,
108]. In particular, J(¢) gives the coupling strength between the QPSJ and the
environment. For the current-biased configuration of Fig. 4.1(b), we have

+oo ] —iot __ 1
J(1) =2RQ/°° %’%[Y(w)] <16_67—hwﬁ) : (4.26)

where Y (@) is the admittance (4.2) of the circuit and B = 1/kgT the inverse tem-
perature. An exact calculation yields [22,92]

A(r) = g (1 —e—“’RL‘”) , 4.27)
e hory B ] 1 —e Vil

Here v, = 27n/hf is the n-th Matsubara frequency, and gy, = R/L is the fre-
quency scale characterizing the environment fluctuations at vanishing tempera-
ture.

The Jacobi-Anger expansion explioesin(x)] = Yt J,,(a) exp[imx] allows
to cast [y in terms of the Bessel functions of the first kind J,,(¢t),

Fo=Y Jmy(0). .. Y iy, (0)exp [i Y (@ + Omwmy) nktk] . (4.29)
my=-—0o° Mop | =—0° k=0

Performing the change of variables 1, = t;_; — f, each time #; can be expressed
asty =ty — Z’,‘l:l T, with k > 1. Then Eq. (4.29) becomes

2n+1
F = Z (HJW> exp <i(x)mwt0 Z nkmk>

{me} \ e k=0
2n+1 k

X exp |—i Y (0p+ Onwmi) Mk Y, T (4.30)
k=0 h=1

where we used the sum rule }; 1y = 0. Unlike the functions M (¢ — ;) and A(ty —
t;) in Eq. (4.22) which depend only on the time difference t — 1, = Zﬁ:] T —
Zl;‘ll,:] T, Eq. (4.30) is a function of the time 7y at which we calculate the volt-
age across the QPSJ. From Eq. (4.30) we observe that the frequency spectrum of
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Eq. (4.21) at the time #y involves integer components of the single fundamental
frequency @ applied to the dual junction. This frequency mixing is due to the
QPSJ which operates as a non-linear capacitance, i.e., it is related to the cosine
dependence of the QPSJ energy as a function of the charge g. Thus, in the steady
state regime, we can extract the DC component by considering the time average
of the general signal as f(¢) = (1/Tiw) tfi+T‘“‘” dt f(t) over a microwave period
Tiw = 27/ Oy Where #; is an arbitrary initial time. Then, the DC voltage reads

1 litTmw 2n+1
= =.. . Ft)=...— dty @m0 Xi—o MMk (4.31)
V. V. a(to) Tow J1;

The latter quantity is different from zero only if the sum rule Zifgl nemy, = 0 1s
satisfied for each arbitrary configuration of the variables {1} at given set of the
integers {my } associated to the expansion of the Bessel functions.

4.4 Lowest order results

A general analysis of the Up-expansion Eq. (4.31) is only possible in limiting
cases. We focus here on the experimentally most relevant limit of relatively small
QPSJ energy Uy, typically encountered in Josephson junction-based QPSJs. Then
Eq. (4.31) can be approximated with its first term. We discuss the range of validity
of this approximation below. Considering n = 0 only, the non-zero dichotomic
variables are 19 = & and 1); = %. Since they have to satisfy the constraint } ; 1 =
Mo+ N1 = 0, it follows that the allowed configurations {1 } = (19, n1) are (—,+)
and (4, —), i.e., Mo and 1 have opposite sign. This means that the time-average
given by Eq. (4.31) is different from zero if the indices mq and m; of the two
possible sums of Bessel functions in Eq. (4.29) are equal.

4.4.1 DC-current-biased QPSJ

Let us first consider the case without microwave irradiation. Setting o¢ = 0
in Eq. (4.31), and retaining the term n = 0 only, the voltage drop on the QPSJ as a
function of wg reads
VJ(DC)

- (op) = ZUo[P(heog) ~ P(~hax)] | (4.32)

2

where we defined the function [1,92]

1 Foo i
PAE)=-— | dr ¢!(7) eiAET (4.33)
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Figure 4.7: Environment-assisted transitions between adjacent states in the
Wannier-Stark ladder lead to the appearance of a finite voltage across the QPSJ
element.

The function P(AE) represents the probability density that the QPSJ absorbs
(AE > 0) or emits (AE < 0) an amount of energy |AE| from or to the external envi-
ronment respectively during a phase-slip event. It is dual to the well-known func-
tion P(E) used to describe charge tunnelling in the presence of an environment [1].
We see that an incoherent phase slippage by A¢ = 27 in the Wannier-Stark Ladder
takes place only if the system exchanges the energy AE = hiwp = (AQ)hily/(2e)
with the environment, see Fig. 4.7. As the energy spectrum of the bath is contin-
uous, the QPSJ has a dissipative behavior for any value of the applied DC-current
L.

The validity of Eq. (4.32) is given by the condition V"% /V. < 1, yield-
ing Upmax[P(hwp)] < 1 [108]. The current-voltage characteristics displayed in
Fig. 4.3 have been obtained from Egs. (4.32) and (4.33) by direct numerical inte-
gration, using the correlation function Eq. (4.26). However, analytical results are
available, for instance, in the limit of low temperature and small conductance so
that BE; /27%g > 1 and BE /2w%g* > 1. Then

VJ(DC)

Ve

IT(g +ifhawp/27m)|?
I(2g)

(wp) ~ u sinh(Bhwg/2) , (4.34)

where u = (BUy/47)(BELe" /2m?g) ¢ with ¥ = 0.577... the Euler constant.
Hence we find a linear conductance Gy at vanishing current /; and voltage V;
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(hwpP /27 < 1), given by

n(EN®/ 1 \*T(2g
GORQ ~ 4(U0B)2(g D (Fg) (ang) r*g(g; eZgy_g . (4.35)

We note that Gy ~ 7228 and thus decreases with decreasing temperature; simi-
larly Go ~ Ezg ~ 1/L?¢ and thus decreases with increasing inductance. Moreover,
G decreases with decreasing g.?

Increasing wp till wg™* ~ 2mg/(hf), we reach the back-bending point cor-
responding to the maximum value

(DC) 28

4 1 1—2¢ ( Uo 2 \2¢ -2

MU= 20 (2m2g)20e 2 4.
max

for g < 1. We see that the lower the temperature 7, the larger is the inductance
L and the smaller the conductance g, the closer Vj max is to the maximum value
V.. Beyond the back-bending point, the system enters into the Bloch oscillation
branch where the bias energy 7iwp becomes dominant with respect to both quan-
tum and thermal fluctuations and the DC-voltage V; vanishes exponentially.

Another interesting limit is the high-conductance regime g > 1. In this limit,
the QPSJ is strongly coupled to the external electromagnetic dissipative environ-
ment and

oL (AE_E )
PAE) = — e exp{ —(AE — EL)?/ (4ELksT)} (4.37)

As a result, the Bloch nose broadens into a Gaussian with a width \/ErkgT and
peaked at the inductive energy Ez, as can be seen in Fig. 4.3. Lowering the tem-
perature such that BE; > 1, P(AE) — 8(AE — Er). As a result, phase-slip events
in a current-biased QPSJ can only occur if the energy hinly/e exchanged with the
inductive environment equals E7. This is the phenomenon dual to the Coulomb
blockade of Cooper pair tunneling in a voltage-biased Josephson junction em-
bedded in a highly resistive environment, where the transfer of Cooper pairs is
possible only if the energy 2eV exchanged with the environment equals to the
charging energy Ec.

’the conductance Gy can become negative, signalling the breakdown of the lowest order result
(4.32).
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4.4.2 Microwave irradiated QPSJ

In the presence of the microwave source, the n = 0 term in the time-averaged
expansion Eq. (4.31) can be written as

o0
Vim™(wp) = Y 12 () VP (0 + momy) - (4.38)

m—=—oo

Comparing Eq. (4.38) with Eq. (4.32), we see that, under the effect of the mi-
crowave radiation, the first-order voltage across the QPS junction is the super-
position of an infinite number of zero-microwave potentials shifted by an integer
multiple m of @wny. Unlike Eq. (4.15), the weight of the m-th term in Eq. (4.38)
is determined by the squared first-kind Bessel function of the m-th order, J2(c).
This result is in agreement with the general theorem proved in Ref. [105]. Since
the sum rule ¥ " J2 (o) = 1 holds, the larger is o the smaller is the amplitude of
the voltage corresponding to m = 0 and consequently the more important is the
contribution of the higher-order terms. In other words, changing the amplitude «,
the constant total weight re-distributes among the infinite terms of Eq. (4.38).
Using Eq. (4.10) in combination with Eq. (4.38), we find that the 1;-V; char-
acteristic of the QPSJ consists of (mpny )-shifted and rescaled copies of the QPSJ’s
characteristic in the absence of microwaves, Eq. (4.32), obtained for I, = 0.
These features occurring at I; ,, = me®myy / T represent the dual or current Shapiro
steps smeared by quantum and thermal fluctuations induced by the thermal bath.
These results are shown in Fig. 4.4, obtained by direct numerical evaluation of
Eq. (4.32) in combination with Eq. (4.38) for g < 1. The plotted smeared I;-
Vj curves result from the competition and interference between the environment-
assisted phase slippage and the pure photon-assisted tunneling of the phase in-
duced by the microwave field. In order for these features to be resolved, the
microwave frequency @y has to be much larger than wp®* ~2mg/(7f3), the bias
current corresponding to the back-bending point (VJ(DC) /Ve)max see Eq. (4.36).
When g > 1, the current-voltage characteristics of the microwave-irradiated
QPSJ typically look like the ones plotted in Fig. 4.8. We find that they consist of
replicas of the smeared current-voltage characteristics for g > 1 and Iy, = 0, see
Fig. 4.3, centered around the positions of the ideal Shapiro steps shown in Fig. 4.2.
Since the I;-V; characteristics for g > 1 are more smeared than the ones found in
the low-conductive case, a higher microwave frequency %@y, /2wUy = 20 has
been used to resolve the various replicas and obtain Fig. 4.8. When increasing the
inductance L for g > 1, the smearing effects are reduced. The inset of Fig. 4.8
shows the relative accuracy 81, = ml;/me@ny — 1 of the structure found at m = 1
when compared to a perfect dual Shapiro step. We see that the high conductance
case does not produce single dual Shapiro steps, but rather a doublet of two steps,
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Figure 4.8: [I;-V; characteristics obtained from the numerical evaluation of
Eq. (4.38) in the high-conductive regime, g = 4.2. Here kgT /Uy = 0.25 and
o = 1.4. The dimensionless frequency of the microwaves iy /27Uy is equal
to 20. The three curves are obtained using three different values of the induc-
tance such that Up/E; = 0.013 (red dashed line), Up/E; = 0.051 (blue solid
line), Up/Er = 0.141 (green dotted line). The inset shows the relative deviation
0l = mlj/memyy — 1 of the structure found for m = 1 with respect to a perfect
first Shapiro step.

located symmetrically around the value mewpy, /7. Combining Eq. (4.38) and
the asymptotic result (4.37), we expect the positions of the steps of the doublets to
approach their asymptotic values me @y, /T + Do /2L with increasing conductance
g. Eventually, a single dual Shapiro step is recovered for L — oo.

4.4.3 Accuracy of the current Shapiro steps

The reduction of quantum and thermal fluctuations affecting the dual Shapiro
steps is crucial for their experimental observation as well as their potential applica-
tions, such as in metrology. In this respect, it is important to analyze the accuracy
of the dual steps. We focus on the relevant regime of low conductance, g < 1,
where actual well-defined dual Shapiro steps are found and examine the smear-
ing of the m-th step by considering the relative deviation 61, = wl;/me®myy, — 1.
Based on the asymptotic results of Eqgs. (4.35) and (4.36), we expect a minimal
smearing when 7" and g are chosen as small as possible and L large.

The behavior of 01, as a function of some of the relevant system parameters
is studied numerically in Fig. 4.9 and Fig. 4.10 for the first dual Shapiro step, m =
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Figure 4.9: Relative deviation 61, for the first Shapiro step m = 1, for kgT /Uy =
0.1 and iy /27Uy = 0.16. The panel (a) corresponds to Up/E; = 0.0032 and
the panel (b) to Uy/Er, = 0.013. The lines correspond to three different microwave
strengths, oc = 1.4, 2.2, 3.2 are for, respectively, the (red) dashed, the (blue) solid
and the(green) dotted line. It is also shown the (blue) dashed-dotted line for the
behavior for the unperturbed Shapiro step for o0 = 2.2 (see text).

1. In these figures, the solid, dashed and dotted lines correspond to three different
microwave strengths @ = 1.4, 2.2, and 3.2. Also shown (dashed-dotted line) is
the behaviour of the unperturbed dual Shapiro step for o = 2.2, i.e., J7(2.2) x

VJ(DC)((DB — Omw ), obtained by subtracting the contributions from all the other
steps corresponding to m # 1 from the signal.

One sees that two phenomena generally limit the accuracy of the steps: (1)
they are smeared around the actual plateau value and (ii) their position is offset
with respect to the expected one. The latter phenomenon is absent for the unper-
turbed step: indeed the shift of the step position is due to the finite overlap of the
m = 1 replica of the Bloch nose with all the other replicas m # 1. This suggests
that increasing the microwave frequency should yield a better accuracy of the step
position as it separates the replicas more, thereby reducing their overlap and, at
the same time, improving their individual resolution. The result of an increasing
of wnw on the step position can be seen by comparing Fig.4.9(b) with Fig.4.10.
We notice, for instance, that when o« = 2.2 the relative offset reduced from about
0.02 in the former to about 0.0004 in the latter by increasing @nyw by a factor of
10.

It is interesting to investigate why the curve for a = 2.2 is less affected by
the offset than the one for o = 1.4, although the step size is the same for both



Lowest order results 75

0.2¢

0.1t

0.0

-0.1}

(mly/ewmy) -1

-0.2¢

—03 . by .
%.10 -0.05 0.00 0.05 0.10

V.]/Vc

Figure 4.10: Relative deviation 81, for the first Shapiro step m = 1, for kgT /Uy =
0.1, homx /27Uy = 2 and Uy/Ep, = 0.013. The lines correspond to three different
microwave strengths, oo = 1.4, 2.2, 3.2 are for, respectively, the (red) dashed, the
(blu) solid and the(green) dotted line. It is also shown the (blue) dashed-dotted
line for the behaviour for the unperturbed Shapiro step for o = 2.2 (see text).

curves. Indeed, the value of the squared Bessel functions le(oc) determining the
m = 1 step width is almost equal for the two curves. However the value Jg(a)
is very different: J3(2.2) ~ 0.01 whereas J3(1.4) ~ 0.32. In other words, the
m = 0 Shapiro step will strongly influence the step m = 1 for @ = 1.4, leading to a
large offset, whereas it influences the m = 1 step much less for oo = 2.2. The step
corresponding to ¢« = 3.2 is more or less structureless, as its weight is very small,
J3(3.2) ~ 0.07.

As far as the smearing is concerned around the actual plateau position, a
comparison between Fig. 4.9(a) and Fig. 4.9(b) shows the effect of the inductance.
Increasing the inductance by a factor of 4 reduces the relative width of the step
from about 0.1 in Fig. 4.9(a) to about 0.05 in Fig. 4.9(b).

4.4.4 The effect of Joule heating

In this section, we discuss an important aspect related to the experiment
aimed to detect dual Shapiro steps, namely the effect of Joule heating in the I-
V characteristic of the QPSJ [97,101, 103, 104].

As we have seen above, we expect to approach the ideal dual Shapiro steps of
Fig. 4.2 under the condition g < 1. This means that the QPSJ is ideally embedded
in a highly-dissipative environment. Such an environment is expected to produce
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Figure 4.11: Effect of Joule heating on the dual Shapiro steps obtained from the
numerical evaluation of Eq. (4.38) in the low-conductive regime, g = 0.2. For
the red dashed I;-V; curve the temperature is fixed to kgT /Uy = 0.25, and the
inductance of the environment is such that Uy /E;, = 0.141, as for the green dotted
line in Fig. 4.4. On the other hand, the blue curve has been determined using the
effective temperatures Tegr which are solution of Eq. 4.39 with kgT,y /Uy = 0.25,
and Uy /h = 4 GHz. We set the parameters ¥ = 10° Wm K> and Q = 10~ m?
in agreement with the recent experiments discussed in Ref. [103]. The inset shows
the rescaled effective temperature Tegr/T as a function of the current through the
QPSJ.

also unwanted Joule heating which in turn would enhance the smearing of the
steps. Indeed, in the low-conductance limit, R > Ry, quantum effects due to
the external bath become small, whereas thermal ones induced by heating may
become dominant. In this context, the effective electronic temperature T¢¢ of the
R-L series can be much larger than the phonon temperature Ty,. For the circuit of
Fig. 4.1(b), the current flowing through the R-L branch is V;/R, then the power
dissipated by the resistance is Py = VJ2 /R, where V; is a function of the temperature
(see Eq. 4.38). It follows that the effective temperature 7¢¢ can be determined by
the self-consistent equation [53]

V7 (Tegr, )
RXQ

In this last relation, X is the material-dependent electron-phonon coupling con-
stant, and Q the volume of R.

Figure 4.11 shows the I-V curve of a QPSJ embedded in an environment
with g < 1 and fixed temperature, kgT /Uy = 0.25, where the Joule heating is not

Tar=Ton + (4.39)
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taken into account, together with the dual Shapiro steps smeared by the voltage-
dependent effective temperature Eq. 4.39 which accounts for the exchange of en-
ergy between the electrons and the phonons in the resistance R. We notice a
reduction of the width of the steps, as one expects, which compromise their ex-
perimental observation. However, this problem can be overcome by increasing
the inductance L of the environment rather than the resistance R. Indeed, L plays
the same role of R in the reduction of the fluctuations, as shown previously. As
the dual Shapiro steps are replicas of the I-V characteristic at low current, we can
estimate the leading dependence for the smearing by considering Eq. 4.35. We

obtain the slope
kpT\* (Ep\**
GoRp ~2g | — — 4.40
e g<U0> <U0> ’ (440

for g < 1. We observe that the smearing due to the temperature can partially be
compensated by increasing the inductance of the environment.

4.5 Conclusions

In this chapter, we discussed the microwave response of a QPSJ embedded in
an inductive-resistive environment. We focused on the regime of relatively small
ratio of phase-slip energy Uy over inductive energy E;. The response consists of a
series of well-defined current Shapiro steps, located at multiples of e,y /7, if the
environmental resistance is sufficiently large, such that the dimensionless conduc-
tance g < 1. These steps are in fact replicas of the QPSJ’s Bloch nose, observed
in the absence of microwaves. Charge fluctuations induced by the environment
smear the steps. This smearing can be reduced by decreasing the dimensionless
environmental conductance g, decreasing the dimensionless temperature kgT /U
and increasing the ratio Uy/Ey, which can be achieved by increasing environmen-
tal inductance L. Finally, we showed that the conductance g can not be decreased
indefinitely, as heating effects may develop in the environment.

The results presented in this chapter are relevant for recent experiments on
Josephson junction chains [97] and nanowires [101, 104]. In these works, typical
phase-slip energies U are in the range of 1 = 10 GHz, whereas the environmental
inductances L are 50 =500 nH. This motivated the parameter choices used in
this chapter: Uy/Ep ranges from 0.001 = 0.1; at typical cryostat temperatures
kT /Uy ~ 0.1 = 0.2. We found that, although dual Shapiro-like features could
be visible experimentally for these parameters, their relative accuracy remains
limited to about 0.001 by fluctuation effects.

To date, a systematic evidence for the existence of dual Shapiro steps is still
lacking. The reason for this might well be that fluctuation effects have so far
masked the steps for QPSJs with intermediate ratios of the parameter Uy/E; and
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not too small conductance g. Work on nanowire-based QPSJs with larger values of
the ratio Up/E and lower conductances g [102,109] seems promising; at the same
time these systems suffer from substantial heating effects [103]. We conclude that
further work is necessary, both on nanowires and on Josephson junction chains.
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Conclusions

In conclusion, we have theoretically studied some phenomena concerning
the electronic charge and heat transport in four different superconducting nanos-
tructures based on tunnel junctions: a single NIS junction, a SINIS turnstile, a
cascade electron refrigerator, and a quantum phase-slip junction. Our main find-
ings, discussed in details in the four previous chapters of this PhD thesis, are the
following:

o first chapter — evaluation of the subgap leakage current observed in the
current-voltage characteristic of a NIS junction and its connection with the
phenomenological Dynes parameter; such a subgap current can be reduced
exponentially and the metrological accuracy reached by means of a highly-
resistive transmission line.

e second chapter — derivation of the photon-assisted Andreev rate in a SI-
NIS turnstile; the single-electron tunneling accuracy in this device can be
increased up to the metrological requirement upon decreasing the Dynes
parameter %,,.., and increasing the charging energy Ec.

e third chapter — study of the operation of an electronic cooler based on a
combination of superconducting tunnel junctions; this device allows to cool
a normal metal island down to about 100 mK starting from a bath tempera-
ture of 500 mK and it is more efficient than the simpler SINIS nanorefrig-
erator.

e forth chapter — determination of the smeared current-voltage characteristic
of a current-biased quantum phase-slip junction under microwave irradia-
tion and connected to an inductive and resistive environment; the smearing,
due to thermal and quantum fluctuations, can be decreased upon increas-
ing the inductance of the environment, thereby allowing the experimental
observation of the dual or current Shapiro steps.
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APPENDIX A

Electron Tunneling in a SINIS
Turnstile

Introduction

In this Appendix, we derive the energy costs Egs. (2.1) and (2.2) and the
threshold voltages which determine the Coulomb diamonds for single- and double-
electron tunneling processes in a SINIS turnstile.

A.1 Energy of a single-island circuit

Let us consider a single metallic island (ISL) capacitively connected to Mg
voltage sources via M; tunnel junctions [see Fig. A.1(a)]. The total energy E of
such a common electrode consists of the difference between two terms [39]. The
first one is the electrostatic energy U due to the Coulomb interactions in terms of
the n excess charges on the island. In terms of the potential V; of ISL, U can be

written as
1 Ms

U=3Y G(Vi-Vi)*. (A.1)
i=1
where V; is the voltage source connected to the i-th junction with capacitance C;.
Since the total charge Q = —ne of the island is the sum of the charges on all the
capacitors Cy,...,Cy,;,Cg,, . .., Cy, of the system,

Mg
O(n) =Y G (Vi—V;) = —ne,
i=1

the voltage V; reads

1 (Y
Vil = & Y CVi—ne| , (A2)
i=1
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where Cy = Y, C; is the total capacitance. The insertion of this last expression in
Eq. (A.1) yields

CiC;j V V —|— (A.3)
2CE, i ZCZ

after some algebra. Now the electron number n appear explicitly in U (n).

Figure A.1: (a) Sketch of a metallic island connected to M; voltage sources via My
tunnel junctions with capacitances Ci,...,Cy, and to k = Mg — M, gate voltages
by means of the capacitors Cy,...,Cq, . (b) Sketch of a single-electron transistor
(SET) constituted by a drain electrode, a source electrode. The voltage gate V,
induces the charge n, = C,V,/e on the central island.

The energy cost for changing n via tunneling events is the other contribution
to the total energy of the island E. If one electron tunnels through the j-th junction,
then the potential of the island changes by AV; = V;(n+1) — Vi(n) = —e/Csx [see
Eq.(A.2)]. This means that the charge C;AV; = —eC; /Cy is added to each capacitor
in order to redistribute the tunneled particle —e. As a result, the work done by all
the voltage sources is

Mg C:
i=1

e Ms
C—Zi_zlci(vi—vj),

which contains the energy related to the tunneling of the electron, —eV;, as well
as the energy cost to have an increment of the charge equal to +eC;/Cy across the
capacitance C;. Summing up over all the tunnel junctions M;, the total work is

My
W:Zm% (A4)
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where 7n; is the number of charges which overcome the j-th junction.
The total energy of the island, with n charges —e localized on it, is then given
by the Gibbs free energy

Mg Mg My Mg
CC V V C V V AS

i.e., the difference between the energy stored into the ISL, Eq.(A.3), and the en-
ergy involved in the change of the number of the extra-charge, Eq.(A.4), acting as
a chemical potential.

A.2 The single-electron transistor (SET)

We describe here the operation of the so-called single-electron transistor
(SET). Using the results derived in the previous section, we discuss under which
conditions a single-electron current can flow through such a device.

A.2.1 Energy cost

We start by applying Eq.(A.5) to the SET illustrated in Fig. A.1(b). Such
a device is constituted by a single metallic island connected to the source (S)
and the drain (D) metallic electrodes, kept at the voltages Vg = —V /2 and Vp =
+V /2 respectively, via two tunnel junctions with capacitances Cs and Cp. The
island is also connected to a gate voltage V, by means of the capacitance Cs.
Tunneling events are forbidden through C,, meaning that V, is used only to control
the potential of the island. With Mg =2 and M; = 1, the total energy (A.5) for this
system reads

\%4 C C ~
ESET(") =Ec (n—ng)2—|— 2— |:nD (Cs—l— 78) —ng (CD—|— Eg)} +U . (A.6)
x

Here we introduced the energy U,
~ 1 Vv Vv 5
U= 2C CSCDV +C5C E —I-Vg +CDCg E —Vg —Ecl’lg ,

which is independent of n, the charging energy Ec = e?/2Cs, the gate-induced
charge ny = V,C, /e and the number of tunneled electrons np and ng through D
and S respectively. For a symmetric device, Cp = Cs = C, Eq.(A.6) gives

1 ~
ESET(I’l> =Ec (I’l - ng)2 + ieV (nD - ns) +U , (A7)
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where U is U with Cp = Cs = C. From Eq.(A.7), it follows that the energy cost
to add (+A, in) or remove (—N, out) N extra-electrons to or from the island is
EiDnjom(",N) = ESDET(nj:N) _ESDET(n) =

1
= EcN*+ VN £2Ec(n—ng)N , (A.8)
if the tunneling process occurs through the drain (np — np £ N), and

Ej?n/om(mN) = EgET(nj:N> _EgET(n) =
1
= EcN*T SEVN£2Ec(n=ngN , (A.9)

when the source channel is involved (ng — ng + N). The energy costs Egs.(A.8)
and (A.9) determine completely the electronic transport in a single-electron tran-
sistor. Since, in real experiments, the main contributions to the charge current
through a SET are given by single- and two-particle tunneling processes, below
we treat the cases N = 1 and N = 2 in more details.

A.2.2 Single-electron tunneling

According to Egs.(A.8) and (A.9), the change of the energy of the island
caused by the transfer of one electron (N = 1) through the insulating barriers of D
and § is given by the relations

. 1
ENout(y 1) = Ec+ eV +2Ec(n—ny) , (A.10)
and
, 1
EiMout(y 1) = EcF 5eV +2Ec(n—ny) , (A.11)

respectively. Tunneling events occur only if the energy of the island is minimized.
Namely when the bias voltage V = Vp — Vg and the gate-induced charge n, are
such that Egs. (A.10) and (A.11) are negative. The ensemble of values of the
two parameters V and n, which make the charge flow possible depends on the
electronic properties of the metallic electrodes as well as of the island.

Let us first consider a SET entirely fabricated using normal metals, i.e., the
NININ double junction. Imposing EIV°U(n, 1) < 0 and E°U(n,1) < 0, we see
that the charge of the island changes by one electron if V' is larger or smaller than
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Figure A.2: (a) Coulomb diamonds for a SET with normal-metal electrodes. The
stability regions forn = —1, n =0, n = 1, and n = 2 are in yellow, red, green,
and blue respectively. The white diamonds are the regions which are unstable for
the indicated values of n. (b) Sketch of a Coulomb diamond for an island with n
electrons. In each side of the diamond are indicated the name of the thresholds
(outside) and the increase/decrease of n (inside). S (source) and D (drain) indi-
cates which electrode of the SET is involved in the tunneling in/out of the island.
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: (A.12)

Here the superscript of each voltage indicates which channel is involved in the
tunneling, drain (D) or source (S), and the direction of the transferred electron,
going inside (in) or outside (out) the island. For a fixed value of the charge settled
on the central electrode, Q = —n*e, Eqs. (A.12) are crossing lines in the Carte-
sian plane V vs n,. The resulting four intersection points are the edges of the
so-called Coulomb diamond corresponding to n = n*. According to the inequali-
ties Egs. (A.12), single-electron tunneling is forbidden for the values of V' and n,
belonging to the area of such a n*-diamond. The charge particle can overcome the
tunnel barrier only if the bias and gate voltages are outside such a stability region
for n = n*. Figure A.2(a) shows the Coulomb diamonds for different values of n.
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We see that the n-diamond shares only one point with the n + 1-diamond. Such
a common value results from the crossing of four threshold lines occurring when
V =0and ny =n=+1/2. As aresult, the one-electron tunneling can be controlled
by means of the gate voltage V,. However, since V = 0, the direction of the cor-
responding single-particle current is random and its time average is zero, as it can
be seen with the help of Fig. A.2(b). In other words, if ng oscillates in time with
the frequency f, the resulting current through the normal-metal transistor is non-
synchronized with the variation of the gate voltage V, and even almost frequency
independent [1,33]. As a result, the control of the single-electron tunneling be-
comes a difficult task. On the other hand, considering V # 0 fixed and changing n,
in such a way that the system goes from the n-diamond to the n 4 1-diamond, the
instability regions where more than one value of n become accessible and an un-
controlled single- or multi-electron current can flow through the NININ SET. The
increase of the number of islands and voltage gates helps to overcome this prob-
lem, but the system becomes more complex and more difficult to control [9,27].

Figure A.3: Scanning electron micrograph of a SINIS turnstile [9].

When superconducting materials are used in the fabrication of the SET, a
single-island device can sustain a single-electron current [9]. Excluding a double
tunnel junction device completely superconducting, SISIS, where the Cooper-pair
current represents an unavoidable and relevant source of error, we focus here on
the hybrid SINIS structure of Fig. 2.1 where single-electron transport is usually
dominant. Figure A.3 shows an image of the SINIS device used in Ref. [9].

Since tunneling events occurs only if the energy gap A of the superconduc-
tor(s) is overcome, the transfer of charge inside or outside the island is energeti-
cally favorable for ENV°U(n, 1) < —A and EV*"(n,1) < —A. Then, in this case,
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the threshold voltages reads

: 1
eV < e‘/tﬁ’éré(n,l):4EC(ng—n—§)—ZA,

1
eV > thIli’é’gt(n, 1) =4Ec (ng —n+ 5) +2A

i 1
eV > evtfl:lsnc<n7 1) = —4Ec (ng —n— 5) +2A,
1
eV < thfl:guCt(n, 1) =—4E¢ (ng —n-+ 5) —2A. (A.13)

Figure A.4 shows the Coulomb diamonds arising from Eqgs. (A.13). In comparison
with Fig. A.2(a), the stability regions are wider and overlap. In the overlapping
region, two different charge state are stable. Its area decreases as the charging
energy is increased and it reduces to a single point as in Fig. A.2(a) in the limit
Ec > A, i.e., when the superconducting gap becomes irrelevant.

A.2.3 Two-electron tunneling

When two electrons per unit of time, N = 2, enter or leave the central elec-
trode of a SET through one of the two insulating barriers, the change of energy of
the island, according to Eqgs.(A.8) and (A.9), reads

ENO(n,2) = 4Ec+ eV +4Ec(n—ny) (A.14)
or .

EMNou(y 2) = 4EcF eV +4Ec(n—ny) (A.15)
depending on which side of the SET is involved, the drain D with Vp =V /2 or the
source S with Vg = —V /2 respectively. Like the single-electron case discussed in

the previous section, imposing that Egs. (A.14) and (A.15) are negative, we obtain
the threshold conditions and voltages

eV < thfl)’i"(n, 2) =4E¢ (ng —n— 1) ,

ev. > th]}?’O“t(n, 2) =4E¢ (ng —n+ 1) ,

eV > eVi(n,2) = —4Ec (ng —n— 1) :

eV < th‘fl’O“t(n, 2) = —4E¢ (ng —n+ 1) , (A.16)

which define the Coulomb diamonds or stability regions, upon changing the num-
ber of extra electrons n, when the two-electron tunneling can occur. Equations
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Figure A.4: Coulomb diamonds for a SINIS hybrid SET with (a) Ec = 0.3A,
(b) Ec = A, and (c) Ec = 2A. Note that increasing the charging energy E¢ the
diamonds become thinner along n, and larger along eV /A.

(A.16) hold for both the normal, NININ, and the hybrid, SINIS, structures. In-
deed, the energy cost for the two-particle tunneling process between a normal
metal and a superconductor, the so-called Andreev reflection, does not depend on
the superconducting energy gap A.

To analyze in details the interplay between single- and two-particle tunnel-
ing events, we focus here again on the SINIS turnstile. How relevant can be
the Andreev reflection in the determination of the total current flowing through
this superconducting device strongly depends on the ratio between the charging
energy Ec and A. Let us start by considering Ec < A. In this regime, the Andreev-
tunneling diamonds are smaller than the single-electron ones [see Fig. A.5(a)].
For the optimal bias voltage eV ~ A, the Andreev reflection always affects the
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Figure A.5: Coulomb diamonds for one- (blue solid line) and two-electrons (red
dashed line) tunnel processes in an SINIS hybrid SET. (a) When Ec < A the
threshold for the single-particle tunneling is crossed before the two-particle one.
(b) On the contrary, for Ec > A Andreeyv reflection occurs before the quasi-particle
tunneling.

single-electron current. A loop crossing the two single-electron thresholds and
passing over the overlapping region, like the one shown in Fig. A.5(b), inevitably
touches the Andreev lines as well. Although these two-particle tunneling thresh-
olds could be avoided in the limit E¢c < A, under this condition in the overlapping
region also the charge states with n # 0,1 would be stable, and consequently the
possibility to have only the single-electron tunneling would be compromised. Go-
ing back to the loop of Fig. A.5(b), we see that in the forward direction (increasing
ng) the threshold 0 — 2 is crossed before 0 — 1. As a result, the probability that
the charge of the island goes from O to 1 before n, > is different from zero. A
similar situation occurs when 7, is driven backward (decrease of ng), namely the
1 — O transition can take place when the loop overcomes the Andreev line 1 — —1
rather than the single-particle one.

On the other hand, for Ec > A the two-particle tunneling stability regions
contain the diamonds determined by Egs. (A.13) [see Fig. A.6(a)]. In this case,
we can have two possible loops for eV ~ A, as shown in Fig. A.6(b). We first
consider L1. Increasing the induced gate charge starting from ng; > 0 and with
n = 0, we observe that the 0 — 1 transition occurs before the two-electron one
0 — 2. In principle, Andreev reflection is suppressed. However, if the tunneling
of one electron into the island through the source junction is slower than the time
needed for ng(t) to reach the 0 — 2 threshold, then the localized charge can be-
come —2e, rather than —1e. Eventually, this can affect the total current flowing
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Figure A.6: Coulomb diamonds for one- (blue solid line) and two-electrons (red
dashed line) tunnel processes in an SINIS hybrid SET. (a) When E¢c < A the
threshold for the single-particle tunneling is crossed before the two-particle one.
(b) On the contrary, for Ec > A Andreeyv reflection occurs before the quasi-particle
tunneling.

through the SINIS. Indeed, one of the two added electrons can go out through
the drain even before going back to ng 1 because at ng > the charge state n = 2 is
unstable. Decreasing ng from ng 5 to ng 1, similar tunneling events occur. As a re-
sult, the maximum value of the frequency of the oscillating voltage gate V,(¢) and
consequently the maximum amplitude of the total current I = ef can be limited
by the tunneling time. In other words, for L1 the control of the single-electron
tunneling can be tough. To overcome these issues, it is convenient to consider the
loop L2 of Fig. A.6(b) where the Andreev-tunneling thresholds are avoided. In-
deed, in this case, one expects to have an efficient single-electron hybrid turnstile
where Andreev reflection can be suppressed.



APPENDIX B

Calderra-Legget Model and
Fluctuation-Dissipation Theorem

According to the Caldeira-Legget model, the impedance Z(w) of an electric
circuit can be modeled as an ensemble of infinite quantum harmonic LC oscillators
with Hamiltonian

The charge O and phase (h/e) @, operators play the role of the momentum and
position respectively of the particle/oscillator A with mass C and characteristic
frequency (1)72L = 1/L;C, . Each oscillator A of the ensemble/environment affects
both the charge O and phase ¢ of the circuit. In particular, the total phase fluc-
tuation @cpy Of ¢ due to Z(®) is given by the superposition of all the phases of
the oscillators of the environment, i.e., Peny = Y5, @3- Since @, is the position
operator of an harmonic oscillator, @,y can be written as

o = 1P (¢ +e) - (B.1)

in terms of the creation 6; and annihilation ¢, operators of one photon. In Eq. (B.1),
we introduced the coupling term p, = (e/h)+/h/2C; @, . In the Heisenberg pic-
ture, Qeny depends explicitly on time, with 6}; (1) =etiont 6}; and &, (1) = e~'@!
The first time-derivative of Eq. (B.1) gives the fluctuating voltage operator

¢.

N hd n
Fens (1) = = LoD _ ZP?L i [ -a0)] . B2
whose mean value over the eigenstates of H.,y is zero. On the other hand, the
voltage-voltage correlation function 8Veny (f,0) = ({Veny(t), Venv(0) } ) is
h 2
3en (1.0 = (1) L papus (0n) (i0) G000 ®3)
AN
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with
t Cy.(1,0) = <{ [a} (1) -y (:)] , [a}(@ —g (0)] }> . (B.4)

The symbols {, } and (...) in Eq. (B.4) indicate the anti-commutator and quantum
mean value over the eigenstates of H..y respectively. Assuming that the number
of photons of the environment is infinite, the terms in Eq. (B.3) which create or
destroy more than one photon can be neglected. Consequently, the correlation
function §Veny (2,0) becomes

2
SVeny (,0) =~ (z) Y 07 0F (¢4 +e7 ') (1+2my) , (B.5)
A

where n,, is the mean value of photons with frequency @, ; Teny 1s the temperature
of the environment. The Fourier transform of Eq. (B.5) gives the spectral density
function of the thermal bath,

R n\ ) 1 hoy
[8Ven(1,0)], = (E) ;plw'l coth (EkBTenv)

x 2n[d(w—wy)+o(w+ )] . (B.6)

To obtain Eq. (B.6) we assumed that n, is given by the Bose-Einstein distri-
bution function npg (@, ) = [exp(hw, /kaTeny) — 1]~! which satisfies the relation
1 —|—2nBE(x) = COth(x/Z).

On the other hand, the Fourier-transformed correlation function [§Veny (7,0)] ®
satisfies the quantum fluctuation-dissipation relation

[6Veny (£,0)] , = 27 Re[Z(w)] coth (%]Z—‘;) : (B.7)

Comparing Eq. (B.6) with Eq. (B.7), we finally get the expression

Selz(0) = X Y piop (B0 ) +d(0+w)], B
A

which allows to relate the macroscopic impedance Z(®) with the microscopic
quantities characterizing the environment.
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APPENDIX

Current and Heat Peak 1n a S{IS»
Josephson Junction

Introduction

In this appendix we show how to estimate the charge and heat currents flow-
ing through a SIS, Josephson junction with energy gaps A; and A, > A; when
the bias voltage is equal to (A —Ap)/e, i.e., we derive the optimal current /12 ,,,
Eq. (3.9), and the corresponding cooling power le’opt ~ A1(2,0p/€).

C.1 Current peak

We start by considering Eq. (3.7). Rescaling the energy variable E with A
and imposing that eV> = Ay — A1, we get
Ay [T € £
Il2,0pt = % - dx N1 ()C) N2 (x— A_l) |:f2 (x— A_l) _fl (x)] y (Cl)
where we introduced the new variable x = E/A; and the energy difference € =
Ay — A;. The BCS density of states in Eq. (C.1) are

g
Ni(x) = Ll L N(x——=) = ‘ . (C2)
21 Ay \/ 2 2
e\ _ (A
(%) - (&)
and the Fermi-Dirac distribution functions read
fl(x) = e(Al/kBTl)x+ 1:| -1 , f2 (x_ Ai) — [e(AI/kBTz)(X—S/AI) + 1]_] )
1

(C.3)
Figure C.1 shows the plots of Egs. (C.2) and (C.3) as well as the product N;(x)
N (x —€/A;) and the difference f, (x —€/A;) — fi(x). In particular, we see from
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Figure C.1: (a) Plot of the density of states Eqs. (C.2): Nj(x) (red dotted
line) and N, (x—€/A;) (blue dashed line). It is also shown their product,
Ny (x)Ny (x—€/A1) (green solid line). (b) Plot of the Fermi-Dirac distribution
functions Egs. (C.3): fi(x) (red dotted line) and f> (x—&/A;) (blue dashed
line). The green solid line is the difference f> (x —&/A;) — fi(x). In both pan-
els 0 = Z(Az/A]) —1.

Fig. C.1(a) that the integral Eq. (C.1) can be different from zero only when x < —1
and x > 6 = 2(Ay/A1) — 1. As aresult, the current at the peak can be written as

_ 7<0 >0
11270171 - Il2,0pt + Il2,0pt

Aq -1 A4 oo
= — dx ... — dx ... C4
eR, /_oo Xt eR, /s Yo €H

. . <0 >0 . . . o,
i.e., the sum of twp integrals, Iy opt and Iy opt? involving negative and positive
values of x respectively.

C.1.1 Positive energies

Let us first consider Il>2?0 - Assuming that Ny (x) ~ 1 when x > &, namely the

ratio Ay /A is large enough,l and that the temperatures are small, k77 < kpTh <
A1, then one finds

Ay [t
11>2(.,)opr ~ esz 5 dx NZ( _Ail) [e_(Al/kBTZ)(x_E/AI) — e W/ksT)x| (. 5)

Lthis approximation is valid, for instance, when S; is Vanadium and S; is Aluminum with
A /A 4.
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We see that only the exponentially-decaying tails of the Fermi functions (C.3)
contribute to the current Eq. (C.5). It follows that the order of magnitude of the

integral I3 o is determined by the divergence of N>[x — (€/A;)] occurring for

x=0 [see i:ig. C.1(a)]. Then, Eq. (C.5) can be written as

I>O

N [ Ay +°° (A1 /kpTy)(x—/A1) _ ,—(A1/ksTi)x
12,0pt = €R2 2A1 / \/ [ ] (C 6)

using the approximation vx2 —a? ~ v/2a\/x — a. The integral Eq. (C.6) can be
calculated by means of the formula

o0 e*bx T
dx = \/j efab .
a X—a b

We finally obtain the current

0 ~
B oL 2 [

A]/kBTz AZ/AI /kBT2 Al/kBTI /kBTl ]

(C.7)

C.1.2 Negative energies

We now estimate 11<200 - Let us take into account the actual smearing of the
density of states by shifting Eqs. (C.2) by the Dynes parameters ;> < 1,

N = —nl N5<x_i it

(x—m)*— A'): et ) (1 2
\/( B YZ> (A]>(C.8)

As for the derivation of Eq. (C.6), if kgT| < kpT> < A| we can use the approxima-
tion vx2 — a? ~ v/2a\/x — a because the Fermi-Dirac functions Egs. (C.3) provide
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an exponential decay to ;5

Al -1 |—1—’}’1| 1
I ~ —/ d
12,0pt Ry oy T ]

¢ With the increasing of |x|. As a result, we can write

T
€R2/ \/_\/x-i—l—j/l \/_2%_1/2 Vi+1—p

« [em, JksTi)x _ (A1 /kpT2)(x—e /Ay >]

B [ Ao /+°° 1
n €R2\/_ 2A1 x—l—l—)/l \/x—l—l—}/z

% [ (A /kpTi)x Al/kBTg)(x+£/A])] . (C.9)
The integral Eq. (C.9) is of the form
foo —cx
] dx\/ra—\/m:A—l—B (C.10)
where
A = —“In [2—(a+b)+2\/ab+1—(a+b)} (C.11)

—+oo
B = ¢ dx e “In [2x—(a—i—b)—i—2 x2—(a—|—b)x—i—ab} (C.12)
1
are obtained integrating by parts. A further integration by parts of Eq. (C.12)

allows to write B = By + B, with

B, = ceC{ —ab+1—(a+b)+ [1 —%(a+b)]

« In [2—(a+b)+2\/ab+1—(a+b)}} (C.13)

T : 1
B, = ¢ dxe‘x{—\/x2—(a+b)x+ab+ [x—i(cﬁ—b)}
1

x In lzx (atb)+2/x2 - a+b)x+ab” (C.14)
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In other words, A and B; are first and second order terms of the series expansion
of Eq. (C.10). Imposing thata =1—7; and b =1 — 79, Egs. (C.11) and (C.13)
become

A = —e_cln(j/1+'}/2—|—2\/7172) (C.15)
1
By = ce© —\/?’1724-5(71+?’2)1ﬂ(71+1’2+2\/7172)

Q

1
ce” 5(?’1 +p)n(n+r+2ynn) .

Their ratio,
|A| N 2 1

Bl cri+p) n+n

is much larger than 1 because the Dynes parameters y; » < 1. It turns out that A,
Eq. (C.15), is the leading term and Eq. (C.9) can be written as

> 1

Al /A
0 ~ 1 2 | —A/kgT (A ST (A /A
Il<2,0pt ~ €—R25 —‘1 [6 1/kpTy _ o= (A1 /kpT2)(A2/ 1)]

X [_ln(71+72+2\/7172>} : (C.16)

C.1.3 Total charge current

The total charge current is given by the sum of Egs. (C.7) and (C.16). How-
ever, the leading term is / 1<200 - because of its logarithmic dependence on ¥ » < 1.
Assuming Ay /A > T, /Ty > 1, then we find

A1 A
Ioop = Ly = Ry 2\ A ¢ Al/kBT'[—IH(Y1+Y2+2\/%Y2)]

- _ﬂl /& —A1/kpTy 2

VAIA
— _—eRl 2 A1 /ksTy ln(\/ﬁ—l—\/ﬁ).
2
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C.2 Heat peak

We consider now the heat Eq. (3.8). We write it in terms of the dimensionless
variable x = E /A and evaluate it for eV, = Ay — Ay:

= AT N N £ C.17
O =gy [ Zaxxmame (=) o= (v )] - e

As for Eq. (C.1), the functions N (x), N> (x —€/A1), fi(x) and f> (x —€/A;) are

given by Eqgs. (C.2) and (C.3). Due to the trend of the densities of states of S; and
S», see Fig. C.1(a), the heat current Eq. (C.17) is the sum of two contributions,

Q1270pt - Q12 ,opt Q]Z ,opt

o0
/ dx . dx ..., (C.18)

2Rz 2Rz

which involve negative and positive energies. Proceeding as in the previous sec-
tion, we estimate le opt and Q]2 opt 1O be

{ {1kBTl } o~ (A1/kT1)d kpTy

Olop = 2R2 2 A Al

_ l@ —(A1/kpTa)(A2/Ar) @
[2 A +5} ¢ A (- (C.19)

and

AP 1 [A -
Q12opt ~ 62R22 A [e M/ksTi _ (Al/kBTZ)(AZ/Al)]

x [— VI —In(n+p+2VnPp yz)} : (C.20)

We obtained Eqgs. (C.19) and (C.20) by means of the formulas
too  yx gbx 1 T
d —ab -

/a x\/x—a <2b+a) \/;’

+oo xe —cx
~ A+B,
/1 VX —adVyX— !

and
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with

A = —e_c{ (1—a)(l—b)+(a+b)1n[\/l—a+\/l—b]}

_ _eC{\/WHZ—%—Vz)IH(\/WJr\/%)}

B — —ce‘%{(—3a—3b+2) (—a)(1=b)

+ (—3a*—3b*—2ab+4a+4b) In [\/1 —a+V/1 —b} }

12

1
—c e"z {(—4+3% +3p)Vnr+4(n +Vz)ln(\/ﬁ+\/%)} ,

respectively. Comparing Egs. (C.19) and (C.20), we see that the total heat current

le’opt is determined by sz?opt. If Ay/Ay > T»/T; > 1, we finally find

- - A A
Q]270Pt%Q1<2(?opt ~ —ﬁ A_]e Ay /kgT) ln(\/ﬁ—l—\/ﬁ)

12,0pt -
e 0P
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APPENDIX D

QPSJ Hamiltonian for an
Underdamped Josephson Junction

Introduction

In this appendix, we will show how to obtain the Hamiltonian Eq. (4.7) of the
current-biased quantum phase-slip junction (QPSJ) of Fig. 4.1(b) from that one of
the Josephson junction of Fig. D.1(a) and we will prove that the two circuits of
Fig. 4.1 are equivalent.

D.1 Current-biased representation

D.1.1 The QPSJ Hamiltonian

We start by considering the circuit depicted in Fig. D.1(a). Neglecting the
contribution of the quasi-particle excitations, the Hamiltonian of a Josephson
junction (JJ) biased by a time-dependent current I(7) = Iy + Iy cOS(@mwt), in
parallel with a capacitance C and an R-L environment is given by the sum of the
charging energy, the non-linear Josephson energy and the energy of the environ-
ment [see Eq. (4.8)],

S . NE .

H, = oo Umdt’l(t’) +OrRL+0QO| —Ejcos(@)+ Heny - (D.1)
The phase operator ¢ is the phase difference between the two superconductors
forming the junction and Q is its conjugate charge operator [@, 0] = 2ei, i.e., the
charge tunneling through the junction. In Eq. (D.1), we also introduced Qgri, =
Y, O, which accounts for the charge noise produced by the R-L environment, as
discussed in Sec. 4.2.

The equivalence between Hamiltonian (D.1) and the QPSJ Hamiltonian (4.7)
can be demonstrated through the following steps. First, we apply the gauge and
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Figure D.1: Current-biased (a) and voltage-biased (b) Josephson junction with
Josephson energy E; in parallel with a capacitance C and embedded in a resistive
(R) and inductive (L) electromagnetic environment. In both circuit, the total bias
is the sum of a DC component, I (a) and V; (b), and an AC one, Inw() (a) and
Vo (1) (b).

the unitary transformations

A

1
U,(t) = exp [—i(f)/ dt'I(t')/Ze} and  Ueny = exp [—iPOry/2e]
respectively to Eq. (D.1) and we get

N )? n hl(t
H Q——chos(q))—g

=50 O+ Hey [{O2} A0+ 03] . (D2)

Here the first and second term correspond to the standard Hamiltonian A; of an
isolated JJ, where Q gives now the charge localized across the capacitance of
junction C. In the tight-binding regime, E; > E¢, I—AIS becomes

NV ( T A) h[(t) ~

Hy =—Upcos(—=4) = — ¢+ Hen [{02}. {02+ 0} . (D@3

where ¢ is the quasi-charge operator of the QPSJ and

Up = 8y/Ejhwy,/m exp(—+/8E;/Ec) =26V, /21 (D.4)

the half-bandwidth of the first Bloch band of H;. Within this limit, an energy gap
of the order of the plasma frequency nw, = /8E;Ec separates the first from the
second Bloch band. We neglect the possibility of inter-band Landau-Zener transi-
tions assuming the low temperature and bias current limit (k7' 7ily/2e, hlpmy /2e)
< hw), as well as considering an off-resonance microwave field, Wy < ).
Finally, we apply the inverse unitary transformation U_.! to Eq. (D.3) and we

obtain the effective low-energy Hamiltonian

T RI(t)

e

A= —Upcos [ ((?+QARL):| - 2—€¢ ‘i‘l:lenv [{Ql}v{(p&}] . (D.5)
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This is the energy operator (4.7) introduced in Sec. 4.2, describing a current-biased
quantum phase-slip junction coupled to an external R-L electromagnetic environ-
ment, as depicted in Fig. 4.1(b).

D.1.2 The quasi-charge equation of motion

According to the Heisenberg picture, the Hamiltonian operator (D.5) gener-
ates the following first order differential equations for the time-dependent observ-

ables §, ¢, 0z, and @y :

4= ), (D.6)
%i—f =V, sin [S(MQRL)], (D.7)
Zﬁe% = V. sin[g(é+QRL)]+C—j- (D.9)

Here we used the commutation relation [(,§] = 2ei. In general, the dynamics of
the quasi-charge operator ¢ appearing in the non-linear potential —Ujcos(mq/e)
contained in its Hamiltonian determines the I;-V; characteristic of a QPSJ. If we
describe the circuit of Fig. 4.1(b) by means of Eq. (D.5), then § = §+ Orr. As
a result, the potential V; across the QPS junction in Fig. 4.1(b) is V.sin[m(§ +
Or1)/e] and is related to the phase difference ¢ between the two superconductors
of the JJ [see Eq. (D.7)]. On the other hand, the time derivative of q,

94 _dq, O _ ;. y 90 (D.10)

dt dt dt N dt

represents the current /; flowing through the QPS junction rather than dg/dt,
which gives the total bias current [see Eq. (D.6)].

In order to derive the equation of motion of §, we start by considering the
relation

*q(t) ,dit) d’Q;
L 3 =L o +L; YR (D.11)

obtained from Eq. (D.10) by multiplying by L and deriving with respect to time.
Here the momentum Q) (¢) of the oscillator A satisfies the differential equation

d2QA 2 A 1
- B vl P D.12
2 07 0y, L Vila()l , (D.12)
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according to Eqgs. (D.8) and (D.9), with V;[q(¢)] = V,sin[wq(z)/e]. The solution
of Eq. (D.12) can be written as

Q?L(t) _ QA(AO) —/_tmdl‘/ sin[ay (1 —1')] Vv [(A](l‘/)}

Wy Ly,

and the corresponding first and second derivatives respect to the time ¢ are

A 5(0)
ag, _ 40y sl i-0)] o
i e e ORI
@ = ae a0

- [t o™ 2y g o

where QAELO) (¢) is the homogeneous solution. Introducing the admittance

Y(t—1)=6 (t—t’);cos [w’zit_tl)] , (D.15)

and assuming that its Fourier transform is Y (@) = 1/ (R — i®L), one finds that

eiI_Z(tft/)

cos[wy (t—1")] 1
I P

whose time derivative gives

Lo w: Rl ppon = Ry ol - 16)
LL L% L,

Inserting Eq. (D.13) in Eq. (D.10), one finds that

y [ ar [“”if_t/” Ve =10 +si0 -5t @am
L) .

where we introduced the current noise

A(0) A
do dQOrL
ol(t) = -
; dt dt

produced by the R-L environment. Combining Egs. (D.16) and (D.17) with Egs. (D.14)
and (D.11), we finally obtain the equation of motion for the quasi-charge operator

A

q(r),
d*q(r) N R4a()

L
dt? dt

+Vi[a()] = Vi) +6Vi(r) (D.13)
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written in terms of the potential and the voltage noise

V](t)E{Ld;—(tt)+Rl(t)} and  8Vj(t) = L%}@%—RS[(O

From Eq. (D.18) we see that the time evolution of q in the circuit of Fig. 4.1(b) is
equivalent to the damped dynamics of a quantum phase-particle with mass L and

position § moving in the periodic potential —Upcos(7q/e) under the effect of the
time-dependent and aleatory external force V;(7) + 6V;(t).

D.2 Voltage-biased representation

D.2.1 The QPSJ Hamiltonian

We now focus on the circuit depicted in Fig. D.1(b) where a Josephson junc-
tion is connected in series to a resistance R and an inductance L and is biased with
the voltage V(1) = Vj 4+ Vimw (7) which is the superposition of a DC component V
and a time-dependent term, Vi (1) = Vi sin(@mw? ), oscillating with frequency
®mw. Considering only R as external electromagnetic environment,! the Hamilto-
nian of such a system can be written as [93]

[:I SV = I:I 7+ [:I L+ [:I 4

env °

(D.19)

In other words, HY is the sum of the ordinary JJ energy, H; = Q% /2C — E;cos (),
the inductive energy

A= (I ’ %/tdﬂva’)w — ¢ ’ (D.20)
Eor\2e) | ) oo o=@ '

depending on the phase difference noise @r = Y, @ generated by R, and the
Caldeira-Legget Hamiltonian

aYo = £ < “) , (D.21)
El 2C, 2Ly \ 2e

describing R as an ensemble of harmonic oscillators. The charge Qﬂ and phase
11y, /2e operators are the momentum and position respectively of the oscillator u
with mass C; and characteristic frequency a)ﬁ =1/L,Cy.

Inote that in the current-biased case we assumed that the external environment was formed by
both R and L.
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For E; > Ec = é? /2C, the JJ is in the tight-binding limit and its Hamiltonian
H; becomes

N A T
Ay~ AT = _Uycos (;5,) (D.22)

where § is the quasi-charge operator and Uy the half-bandwidth of the first Bloch
band of Hj [see Eq. (D.4)]. Within this approximation, the Hamiltonian (D.19)
gives the energy of a voltage-biased QPSJ coupled to a resistive dissipative bath
[see Fig. D.1(b)]. This statement becomes evident if two unitary transforma-
tions are applied to the tight-binding version of Eq. (D.19). The first one is the
gauge transformation 0;/ =exp [—ig ['dt'V(t')/h]. It acts only on the Hamil-
tonian (D.20) eliminating the term [*df'V (') from it. Since U} depends on
time, the term —V(¢)§ appears in the new Hamiltonian as well. The second
one is a unitary transformation involving the operators of the environment, i.e.,
UY = exp[—igPr/2e]. On one side it cancels the phase @ from the Eq. (D.20).
On the other side, it shifts the charge Qu in Eq. (D.21) by —§. As a result, one
finally gets

v 1 (hpY o )
o= <2_f) —UOCOS(%) —V(0)§+Ha[{0u—a} {0u}]  (D23)

where the first three terms give the Hamiltonian of a voltage-biased ideal QPSJ
and

I (TR ) R I A
1% _ u i
A% {0 —a}, {0} = u; o +2LM(26) |

The Hamiltonian (D.23) describes the non-coherent tunneling of the phase through
a tilted cosine potential.

D.2.2 The quasi-charge equation of motion

Considering the Hamiltonian (D.23), we see that, in this case, only the quasi-
charge operator ¢ determines the I;-V; characteristic of the QPSJ in the voltage-
biased circuit of Fig. 4.1(a). In order to derive the equation of motion for this
observable, let us first write the corresponding Heisenberg equations for the oper-
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ators ¢, @, QAH, and @y:

% _ _Zﬁe% (D.24)
%‘;—‘f — V.sin Eq@)}-v@)-%(%—f), (D.25)
dc% _ _£f_:t, (D.26)
hd Dy —§

x c‘l’;ﬂ _ Q“Cuq, (D.27)

In this case, V.sin[ng(z)/e| and dg/dt are the potential V;[G(7)] and the cur-
rent I; of the QPS junction. Combining the time-derivative of Eq. (D.24) with
Egs. (D.25) and (D.27) and multiplying both sides by L, one gets

d*q . hdy

On the other hand, inserting Eq. (D.26) into the the time derivative of Eq. (D.27),
we obtain the second order differential equation

hd*¢ Ay 1 dg
L /T S/ T L (D.29)
2e dt? H2e Cydt
The solution of Eq. (D.29) and its first time-derivative read
. (0 : .
heu h(pﬁ) _/t 0 Sin [ou (1 =1)] dg
2e 2e —eo 0, Cy dt'’
hdf ndel t cos |y (t—1)| dg
ndQu _ R AP —/ g SO =0) dg
2e dt 2e dt —oo Cu dt’

where h(f)l(lo) (t)/2e is the homogeneous solution of Eq. (D.29). Inserting Eq. (D.30)
into Eq. (D.28), imposing that
cos [y (t —1)]

G(t—t’)g c. =Z(t—1)=R&(t-1),

i.e., the Fourier transform of the impedance Z (r —t') of the environment is equal
to the resistance R, and defining the voltage noise as

. (0) R
v 1 doy  hddg
5V(t):%:2—e dt 2 dr ’
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we finally obtain the quasi-charge equation of motion

2 A ~

L% -I-R% +Vi[g@)]=V(@)+6V(t), (D.31)

which is similar to Eq. (D.18). Indeed, thanks to the Thévenin-Norton equiva-

lence relations, V (¢) and 8V (¢) are equal to the voltages V;(¢) and 8V;(r) of the

current-biased representation discussed in the previous section. As a result, the

dynamics of the quasi-charges q and ¢ is determined by the same equation in both

representations. In other words, the circuit of Fig. 4.1(a) is equivalent to the circuit
of Fig. 4.1(b).



APPENDIX E

Voltage Across a Microwave Irradiated
Quantum Phase-Slip Junction

Introduction

In this appendix, we give a more detailed derivation of the main results pre-
sented in Secs. 4.3 and 4.4 of Chap. 4 about the voltage across a current-biased
QPS]J, irradiated with microwaves and connected to a resistive (R) and inductive
(L) electromagnetic environment [see Fig. 4.1(b)].

E.1 Perturbative expansion at all orders in Uj:
Keldysh formalism

The I;-V; characteristic of the current-biased QPSJ in the circuit of Fig. 4.1(b)
is determined by the equations

I; = 10—%,
Vo= (Vit))pe = <vcsin [g <@<t>+ZQ1<t>)]> , (B
A DC

i.e., by the time-average (DC component) of the quantum mean value (...) of the
voltage operator V;(t) over the states of the Hamiltonian of the system,

A2 A 2
E(MZQ})] —M—(t)qurZ G ! (h(p’l)] . (E2)
e N 2e n

2C 2 2L)L 2e
We calculated V; using the Keldysh formalism [110-112] which is based on the
time evolution of V;(¢) in the interaction picture along the so-called Keldysh
closed contour Cxk, going forward and then backward in time, from ¢ = —oo to

H= —Upcos

111
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— o0 s =+

L.
>

o
/ot

I A

—0Q KY —
Figure E.1: Keldysh closed time-contour Cx. The forward/backward branch is
indicated with the Keldysh index s = +/—.

a certain time o and then back to t = —oo [see Fig. E.1]. Writing the Hamiltonian
as H = Hy+W where W plays the role of the perturbation, the quantum statistical
average of the generic operator O;(fy) in interaction picture can be written as

(0i(10)) 5 = <TCK [exp (—% dﬂW,-(/)) oA,-(tO)D ED)

Ck I'AIO
Here Tg, is the time-ordering operator on the Keldysh contour Ck, O;(t) = Ug (1)O
Uo(t) and W;(r) = Ug (1)W Up(t) with

Uy(t)=T {exp (—% tdt' I-Alo(t'))} , (E.4)

tin

time evolution operator generated by the unperturbed Hamiltonian Hy. The use of
the contour Ck corresponds to switching adiabatically on and off the perturbation
W in such a way that the initial and final states are the same.

Assuming that the unperturbed Hamiltonian and the perturbation are

N (OR 02 1 [(h@\

Ho = =7, (p+; 2, 2\ 2e ) | E-5)

W = —Uycos E(é—I—ZQA;L)] , (E.6)
¢ 2

respectively, and rewriting the potential operator V;(¢) in Eq. (E.1) using the rela-
tion sin(x) = Y. —+[(10/28) exp(ixno)],

Vi =v. ¥ %exp [zg (é(t)+ZQx(t)> no] ,

No== A

the quantum mean value of the voltage across the QPSJ evaluated at the time # =t
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reads
L S e L)

X

exp [if (é(to) N (m)) 710] > ,
A A

according to Eq. (E.3). Using the definition of the time-ordered evolution oper-
ator on the Keldysh contour and expressing the cosine function in terms of the
dichotomic variable 1 = +, cos(x) = ¥, (1/2)exp(ixn), this last expression
becomes

VJ‘E'ZO> _ J“Z"j%(%)” Z Z Z Z fa{dt] CKdtg...]{:Kdtn

n=0 Moo=+ M=+ m=+ M=
o T ;
X o TewexpS i = Y M |4(t) + Y 0a (%) . (E.7)
! € k=0 A :
Hy

At this point, let us introduce the Keldysh index s; = +/— which refers to the
forward/backward branch of the closed contour Cx. Then, the k-th integral in
Eq. (E.7) can be written as

T—1 T—1 " —ee
dt, = dty = dr” + dt,,
Ck —oo —oo 1
li—1 Ti—1 li—1
_ + - _
= dt; — diy = Y sk dty.
where t: /[~ = ,i" is the time variable referring to the forward/backward branch.

As a result, the time-ordering operator T¢, is replaced by s; and Eq. (E.7) can be
recast in the form

Vi) _ 5 (iUoY v Mo /fo g /tnl
Vc - r;) " Z 2 dtl mdtz... dtn

{me} o B o

T . A

x Y s Sn< exp {l; Y m [q(tik) +ZQx(t;§k)] } > (E.8)
{si} k=0 A Ay

for a given time ordering, for instance |t,| < |t,—1| < --- < |t;1| < |to]. In Eq. (E.8),
we introduced the sums over all the possible configurations of 1, and sy,

Y = Y Y XX

{ne} No=%x M=% == M=%

Y- XYY

{5k} s|1=% sp==% sp==+
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Since the operators ¢ and O, commute, the mean value in Eq. (E.8) is equal to the
product of two terms. The first one,

F,= <exp {zg Y q(t,ik)} > , (E.9)
k=0 Ay

describes an ideal QPS junction. Whereas the second one,

Feny = <exp {lg Y M [EQ;L (t,ik)] } > , (E.10)
k=0 A Ao

accounts for the effect of the external electromagnetic environment. In the follow-
ing, we calculate these two mean values for a fixed value of n.

E.1.1 The mean value F,

The time evolution operator for § in the interaction picture is

D) —exnd — Lo (Mg [ - HE)
Uy (t)—exp{ h(p/tmdt ( > ;

see Egs. (E.5) and (E.4), where we omitted the part depending on the operators
of the environment O, and ¢, because they commute with §. The time operator

U(gl)(t) is the translation operator for 4. Since [@, §] = 2ei, we have

. D A1 ~
i) = v au 0 =a+ | a1
t
= g+ [ dt’ [Ip+ Inwcos (Onwt')]
ti

Imw

= qg+It+

sin (a)rnwt) +gin -

w

Here we introduced the constant quasi-charge g;, determined by means of the
initial conditions. Using this last result, Eq. (E.9) becomes

T, & T & Inw .
F,= <exp {i— q Z nk}> exp {i— Z Nk [Iot,ik + % sin (Comwf,ik) +4in} } .
e A e —0 Col’l’lW

k=0 Ao k

Assuming that gq the mean value of the quasi-charge in the ground state of Hy,
we finally get

¥ L T\ Inw .
F, =exp {l— (qo+ qin) Z nk} exp {z— Z Nk [lotzk 4 MY in ((Umwt,ik)} } .
e =0 e k=0 (Umw
(E.11)
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E.1.2 The mean value Fe¢py

Assuming that the external bath is an ensemble of independent harmonic
oscillators, and introducing the creation, bt , and the annihilation, b, , operators

for a fixed value of the quantum number A, the conjugated variables ¢, and Q;
can be written as

7} ZYA(Z?;-FbA) . Oy = ;—i(bz—bo :

with = \/2e2/Cyhay, , 02 =1/L,C;., [b;,b}] =1 and [§;,0;] = 2ei. Con-
sequently, the Hamiltonian of the environment is

N 2
A, —f Q—i+i LI —f‘jhw b by 4+
T L0, Tar, \2e ) A T AT\ )

The operator Q;, in the interaction picture evolves in time according to

U () — iy i ]
o (1) =exp —%t Zhwl blbl'i'i

A=1
meaning that

0, (1) =UP (1) 0, UP (1) = % (b}e"“’ﬂ —b;Lei‘W> . (E.12)

Before using this relation, let us first rewrite Eq. (E.10) in the form

fo0 T 0 A
Feny = H eXp i— Z nle (tkk) )
€ k=0

A=1

Hy

since the environment is an ensemble of independent harmonic oscillators, [QA,I,
0,/] = 0. In addition, Wick’s theorem allows to recast Fey in the form

2

Foo 1 n.on . oo A 5

Feny = Hexp{_§<§> <Z Z Nk Nk Ql(tkk) Q?L(tkfc)> } . (E.13)
A=l k=0K'=0 o

In order to evaluate F.,y we need the mean value of the product of two charge
operators Q; () at different times, namely the correlation function

< i i M M Oz (1) Qx(lk/)> = i i Mk M <Q;L(tk) Q;L(zk/)> :
Hy Ao

k=0k'=0 k=0k'=0
(E.14)
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Such a thermal average satisfies the symmetry relation

(05 (t) 05 (tw)) = {05 (k) 0. (1) ) -
It follows that the substitution
n k—1
=0k'= =0k'= k=1k'=0

can be used to rewrite Eq. (E.13). Note that the index k" is always smaller than
k meaning that || > |t;|, assuming valid the time ordering |t,| < |t,—1] < ... <
1] < |to|.- When #; # 11, one gets

(0100w, = y { 1 ()19 (1) g ) s (1)

(E.15)
using Eq. (E.12), the mean values

(bawba(w)), =0 (B k(W) =0

0

and imposing that the environment is at the thermal equilibrium, i.e.,
<b§ (k)b (tk’>>ﬁ = np(@y) <b,1 (t)b), (tk’>>ﬁ = 1+ng(wy) ,
0 0

where ng(w,) = [exp(hwy /kpT) —1]7" is the Bose-Einstein distribution func-
tion. In particular, Eq. (E.15) gives

2
N e
(00010)), =(030)), = 7 (o)) ®16)
for #; = ty. At this point, let us define the function

A (te—tp) = <QA () O (trr) — QA%(O)> .

Ay
Using Egs. (E.15) and (E.16), it reads

.o ;;2 { [1 —|—nB(CO,1)] [ —iwy (tk—tk’) _ 1] ‘f‘"B((D)L) [ei(m (lk—lk/) _ 1] }

- % {[2@(@,1) 1] |cos [y (1~ )] ~ 1] ~ isin [ (tk_tk,)}} .
(E.17)

We see that it depends on the difference between #; and ;. Depending on the
position of #; and # on the Keldysh contour Ck, the difference 7, —#;s can be
positive or negative. Four cases are possible considering || > |ty
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Loja=gte=5] = {0a)0a) = G30)), = fal+ (1w —1)]
2. :szf;j,fk/sz_/: = <QAl(tk’)QAl(tk)_Qi(0)> = fa[+ (v —1)]

3. =t =t = (020002 (00) - G3(0) = fu~ (e — 1))

4 =g w=n] = (G0 0) - 050)), = i~ (1 —1)]

As a result, f; can be expressed in terms of the Keldysh index s;, i.e., ) =

S s (e —1)] - )
Adding and subtracting the quantity ¥ p 71w (O3 (0) ), Eq. (E.14) then be-
comes

iimny<é >QA<S"’>> -
Hy

k=0k'=0

Inserting this last formula into Eq. (E.13) and reintroducing the sum over A we
get

n k—1
Feny ZCXP{ -5 <E> [22 Z MMk Z Jalse(e —u)] +
1K=
n 2 oo A9
+ n 03 (0 . (E.18)
(£n) Etao),|

Let us first focus on the sum over A of the function f; in this last expression.
Equation (E.17) gives

1\ =1\’ &
5(;) ZElfA [sw (e — 1) :; 5(;) 252 (Clhwl)

X { [ZnB(w;L) +1] [cos [se oy (v — 1) ] — 1] —isin [sp o (tw —1t)]
(E.19)
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taking also into account the constants which appear in the exponent of Eq. (E.18)
and the definition of ¥ . Since C;iwy =h/wyLy and [*7dw §(|o| —wy)/2 =
1, we rewrite Eq. (E.19) as

2
Afm) =001 tedw

—| = —(S(w—w)
2<e> Za);LL;L/_m y ollel-o )@

A=1

® { [ZnB(a);L) + 1] [cos (s (1w —1)] — 1] — isin [sg @y (1 —fk)}}

and using the properties of the Dirac delta function we obtain

12(2) S22 { ot 1] oot 1] -

oo 1
—isin[sko (v —10)] p Y, L—6(| o] — a);L> :
A=1"2
Introducing the admittance of the environment

FRe[¥ (0)] = gg—‘s('“’g @)

i.e., the real part of the Fourier transform of Eq. (D.15)," we finally obtain the
charge-charge correlation function

el -] =Ro [ %2 e[y (0)] &

® { 205() +1] [cos [se (i — 1) ] = 1] ~isin [sc (10 — )] } (E.20)

with Rg = h/4e? the resistance quantum.

On the other hand, the other sum over A in Eq. (E.18) involving the opera-
tor QAi (0) is divergent. Indeed, if, for instance, the external environment can be
described by means of an effective resistance R and an effective inductance L in
parallel with the QPS junction, the admittance is

1 1 . L
=—| —= with 1, =—
R\ 1+ a)er R

Inote that the same expression of Re [Y(a))} can be also obtained imposing that the noise
current fry. = d QRL /dt satisfies the quantum fluctuation-dissipation theorem, see Eq. (4.9).

1
R+iwL

Re[Y ()] = FRe
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and consequently

1
Foiv = 3
Rg

ho
N E21
R)w o 14027 <2kBT>’ (E-21

which diverges. As a result, since Fgjy, is time independent, Fgp,, and consequently
Vj(to) tend to zero. However, if we focus only on the configurations of 7 such
that

n
Y =0, (E.22)
k=0
then Fgyy # 0 as well as Eq. (E.8). The final expression of Fepy is
n k—1
Fey=expq — Y ) MM J s (tw — )] ¢ (E.23)
k=1k'=0

as long as Eq. (E.22) is satisfied.

E.1.3 Final formula

Once we obtained Eqgs. (E.11) and (E.23), the potential across the junction
(E.8) becomes

) sl fo g 2
= Zz o Y ) Tlo/ dn | dtz.../wdt2n+1

n=0 {m} {si} - -

n.2n+1 I
X exp i kg,o M otk == sin (@)
2n+1 2n+1 k—1
X ( I1 sk> exp{ - Y ) mened[se(te —tk)]} , (E.24)
k=1 k=1 k'=0

if the sum rule (E.22) is used in Eq. (E.18). To get Eq. (E.24) we replaced the
index n with 2n + 1 because

n
Y=l 1. £1=0 < (nisodd).
~ —_—

k=0 n+1 elements
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Note that we used the prime ' symbol in the sum over all 1, configurations in order
to indicate that Eq. (E.22) holds.

Equation (E.24) can be recast further as follows. First let us consider the
correlation function —J(). As can be noticed from Eq. (E.20), it is the sum of an
even real part and an odd imaginary part:

—J(t) = E)?e [— J(t)l—I—i ?m [—J(1)] = M(t) +isign(t)A(r)

/

~~

~
even odd

with
M(t)=Re[—J(r)] and  A(r)= }Sm{-J(:)H .

Writing J(¢) in this way, the following relation holds:

2n+1 k—1 2n+1 k—1 2n+-1
- Z Z M e J [ (e — 1) | Z Y nknk/[ tk’_tk)} + ) ismegk
- =1 K= k=1

(E.25)
To get this expression we used the relation sign|[si (ty — )| = sign(sx) = s and
we defined the function g; as

&k = Z nk/ lk/ — tk (E26)

We see from Eq. (E.25) that the Keldysh index s; appears only in the sum con-
taining gy . As a result, Eq. (E.24) contains the term

(I oo{ gy

{sx} 1

Z Z ( . .52n+]> ST L piS2nt1 Mant1 82011

Sopr1=%

This last relation is the product of 2n+ 1 decoupled elements. Each of them is a
sine function:

Z sy e Sk M8k — ol M8k _ o= iMk8k — 2 gin [nkgk] :
sk==%
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Therefore we arrive at the equation

2n+1 2n+1
Z < H Sk) exp { Z Sknkgk}
{si}

2n+1

= ZH H sin legk}
=1

2n+1
_ (21.)2n+1 10 n+l < H sin gk ) )

n

Inserting it into Eq. (E.24), we finally obtain the series expansion

VJ(tO) - +°o(_1)n UO 2n+1
R/ Ya T (7)

1 1on

fo
Z / dt dtz... dtzn_H

n=0 {ne} o
2n+1 2041 k-1
X < I] sin [g@) exp{ Y Z MM M tk/—tk)}
k=1 =1 k=
2n+1 2n+1
X exp{iwg Y nktk} exp{ioc Y sin(a)mwnktk)} . (E27D)
k=0 k=0

where wp = mly/e and o0 = Iy /e Omy . Equation (E.27) is exact at all orders
in U().

E.2 First-order term

In this section, we focus on the first-order term of the quantum mean value
Eq. (E.27) and calculate its time average. For n =0, N9 = + and 1y = £ are
the only dichotomic variables different from zero. The configurations such that
No+ N1 = 0 [see Eq. (E.22)] are two:

{nk}:{<n0=—,n1=+);(Tio=+,m:—)}.

It follows that Eq. (E.27) gives

(0)
Vo (t 1 (U 1 [To )
7 (to) - <?0> {n?}z dt; sin [g1] exp{no mM(to—tl)}

V. 2i oo
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X exp {in (noto +m t1> } exp {ia [no sin (Omelo) + 11 sin ((Umwll)] } .
(E.28)
Here g1 = n9A(fo —t1) [see Eq. (E.26)]. If we first write sin [1gA(fo — )] in
terms of the complex exponential functions, then sum over Ny = & and n; = £+
and finally put in evidence exp [i iA (to — tl)} , Eq. (E.28) can be written as

(0)
V] (t()) ~ UO o —M(l‘o—tl) —iA (t()—tl)
~ (E) dtl e e

V.

—o0

» [eiwg (to—tl)eia[sin (@mwt0) —sin (@my11) | —h.c.]

4h

—00

+<@) o dt] e*M(l‘o*l‘])eiA(l‘ofl‘])

% |:e—ia)3 (to—tl) e—ia [sin (a)mwto) —sin (wmwtl)] — hC:| s (E29)

i.e., as the sum of two integrals, one the complex conjugate of the other. This last
expression can be further recast making the change of variable T = 79 —#; in the
first integral and 7 = — (to — t1) in the second one. Finally we get the first-order
quantum mean value

J (t()) Uo J(t) ) jiwpT iaT,
i 1 1 mw C. E
2 < ) dte e e —h.c (E.30)

—o0

with
Tmnw = Sin [@my (7 — sign(7) 1) ] + sign(7) sin [@mw fo] -

When the microwave signal is switched off, I, = 0, Eq. (E.30) gives

(DC,0)
_ VJ _ @ e J(t) jowpt _ J(T) —iowpT
=V (a)B) = (47/‘1) /oo dt {e e e\e .

(E.31)
We see that the voltage across the QPSJ is independent of the specific choice of the
time 7 and is determined by the difference between the Fourier transforms of the
charge-charge correlation function J(7) [see Eq. (E.20)] for positive and negative
bias energy hiwp respectively. This result is dual to the well-known expression
of the Cooper-pair current through a Josephson junction in the presence of an
external environment [1].

V](O) (t0)
Ve

Inw=0
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On the other hand, if I,y # 0, the DC component of Eq. (E.30) can be ob-
tained calculating the integral

"+ Tnw
L dty exp {ioc sin [@mw (7 —sign(7)to) | + i orsign(7) sin [@my fo] } :

Tinw Jr

namely the time average over one period of the microwave signal Ty = 27/ Omw,
with ¢’ an arbitrary initial time. In this last expression, the exponential function
can be rewritten in terms of the Bessel functions of the first kind J,(x) using the
Jacobi-Anger expansion,

o0
P sin(x) _ 7, (Cl) oimx
I

We straightforwardly find
. 1 t/+me O g0 si ( ’ )
Yy Y Jm(a)Jm/(a)e’m“’m”—/ dig e’ Omwtosien(D) (m'=m) (g 39
Tinw Jv

The integral in Eq. (E.32) is equal to 0 if m’ £ m and to 1 when m’ =m. As aresult,
the first-order potential across a current-biased QPS junction under microwave
irradiation and embedded in an external electromagnetic environment is

(vaO) + oo
Vv + . .
JV (wp) = (%) Y J,i(a)/ dr[ej(f)e’“’“e’mwmwf—h.c.} . (E:33)

m—=—oo

Using Eq. (E.31), the voltage Eq. (E.33) becomes

VJ(mW,O)

(05)= ¥ 2(0)

m—=—oo

V(DC,O)
[ JV (a)B—l—ma)mW)] . (E.34)
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