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Résumé

Cette thése donne une étude systématique des espaces de Sobolev, Besov et Triebel-
Lizorkin sur le tore quantique TY pour une matrice d d anti-symétrique réelle . Ces
espaces partagent beaucoup de propértés avec leurs analogues classiques. Nous prouvons
le théoréme de réduction pour tous ces espaces et une inégalité de Poincaré pour les es-
paces de Sobolev. Nous montrons aussi que l'espace de Soboly (T9) coincide avec
I'espace de Lipschitz d'ordrek étudié par Weaver. Nous démontrons les inégalités de p-
longement pour eux, incluant le plongement d'espaces de Besov et d'espaces de Sobolev.
Nous obtenons une caractérisation générale a la Littlewood-Paley pour les espaces de
Besov et Triebel-Lizorkin, qui implique des caractérisations concrétes par les semigroupes
de Poisson et de chaleur ainsi par des di érences. Certains d'entre elles sont nouvelles,
méme dans le cas commutatif; par exemple, celle d'espaces de Besov et Triebel-Lizorkin
par le semigroupe de Poisson améliore le résultat classique. En conséquence de la carac-
térisation d'espaces de Besov par des di érences, nous étendons les récents résultats de
Bourgain-Brézis -Mironescu et Maz'ya-Shaposhnikova sur les limites de normes de Besov
au cadre quantique. La méme caractérisation implique que I'espace de Bes® ., (T9)
avec > 0 est l'analogue quantique de I'espace de Zygmund usuel d'ordre Nous étu-
dions aussi l'interpolation de ces espaces, et en particulier, déterminons explicitement le

K -fonctionnel du couple (Lp(T%); WX(T%), ce qui est l'analogue quantique du résultat
classique de Johnen et Scherer. En n, nous montrons que les multiplicateurs de Fourier
complétement bornés sur tous ces espaces coincident avec ceux sur les espaces correspon-
dants sur le tore usuel. Nous prouvons également que les multiplicateurs de Fourier sur les
espaces de Besov sont completement déterminés par ceux sur les sous-esphgesssociés

a leurs composantes dans la décomposition de Littlewood-Paley.

Mots-clefs

Tore quantique, espaced , non commutatifs, potentiels de Bessel et de Riesz, espaces de
Sobolev (potentiels), espaces de Besov, espaces de Triebel-Lizorkin, espaces de Hardy, car-
actérisation, semigroupes de Poisson et de chaleur, inégalités de plongement, interpolation,
multiplicateurs de Fourier (complétement bornés).







Abstract

This thesis gives a systematic study of Sobolev, Besov and Triebel-Lizorkin spaces on a
noncommutative d-torus T for a skew symmetric reald d-matrix . These spaces share
many properties with their classical counterparts. We prove, among other basic properties,
the lifting theorem for all these spaces and a Poincaré type inequality for Sobolev spaces.
We also show that the Sobolev spac&V¥ (T9) coincides with the Lipschitz space of order
k, already studied by Weaver. We establish the embedding inequalities of all these spaces,
including the Besov and Sobolev embedding theorems. We obtain Littlewood-Paley type
characterizations for Besov and Triebel-Lizorkin spaces in a general way, as well as the
concrete ones in terms of the Poisson, heat semigroups and di erences. Some of them are
new even in the commutative case, for instance, our Poisson semigroup characterization
of Besov and Triebel-Lizorkin spaces improves the classical ones. As a consequence of the
characterization of the Besov spaces by di erences, we extend to the quantum setting the
recent results of Bourgain-Brézis -Mironescu and Maz'ya-Shaposhnikova on the limits of
Besov norms. The same characterization implies that the Besov spacB; .; (TY) with

> 0is the quantum analogue of the usual Zygmund class of order. We investigate the
interpolation of all these spaces, in particular, determine explicitly the K-functional of the
couple(Lp(Td); Wg(Td)), which is the quantum analogue of a classical result due to Johnen
and Scherer. Finally, we show that the completely bounded Fourier multipliers on all these
spaces do not depend on the matrix , so coincide with those on the corresponding spaces
on the usual d-torus. We also give a quite simple description of (completely) bounded
Fourier multipliers on the Besov spaces in terms of their behavior on thel ,-components
in the Littlewood-Paley decomposition.

Keywords

Quantum tori, noncommutative L p-spaces, Bessel and Riesz potentials, (potential) Sobolev
spaces, Besov spaces, Triebel-Lizorkin spaces, Hardy spaces, characterizations, Poisson
and heat semigroups, embedding inequalities, interpolation, (completely bounded) Fourier
multipliers.
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Introduction

Cette thése étudie l'analyse sur le tore quantique. Le tore quantique est un exemple
fondamental dans la théorie d'algébre d'operateur. Elle est probablement la classe la
plus intéressante et la plus accessible aux objets d'étude dans la théorie de géométrie
non commutative ([18]), puisqu'elle posséde aussi une structure di érentielle. Il existe
de nombreux travaux étendus dans ce cadre (voir, par exemple, la série d'articles par
Rie el [63]). Cependant, trés peu de travaux avaient été faits sur son aspect analytique.
Cette lacune est probablement due aux nombreuses di cultés que I'on peut rencontrer en
travaillant avec les espaced ;, non commutatifs, et qui apparaissent inévitablement si I'on
veut faire de l'analyse.

L'article [17] est le premier travail systématique sur l'analyse harmonique sur le tore
quantique. 1l étudie certains aspects importants de l'analyse harmonique dans ce cadre,
comprennant les inégalités maximales, les convergences en moyenne et ponctuelles corre-
spondantes des séries de Fourier quantiques, les multiplicateurs de Fourier complétements
bornés sur les espacds, et la théorie des espaces de Hardy &MO . Il s'inspirait directe-
ment de récents progrés de I'analyse harmonigue non commutative. [17] devint possible
par le développement des inégalités de martingales et ergodiques non commutatives et
la théorie de Littlewood-Paley-Stein pour les semi-groupes Markoviens quantiques, qui
ont été réalisés grace aux e orts de nombreux chercheurs; nous renvoyons le lecteur a
[56, 31, 36, 37, 61, 62, 52], et [32, 44, 45, 33, 34].

Cette thése vise a étudier les espaces de fonctions sur le tore quantique. Elle est donc
la continuation naturelle de [17]. Les espaces a étudier sont les espaces de Sobolev, Besov
et Triebel-Lizorkin. Dans le cadre classique, ces espaces sont fondamentaux dans beau-
coup de branches des mathématiques, telles que I'analyse harmonique, les EDP, l'analyse
fonctionelle et la théorie d'approximation. Nos références pour la théorie classique sont
[1, 42, 49, 53, 73, 74]. A notre connaissance, ils n‘avaient jusqu'a présent jamais été é-
tudiés dans le cas quantique, sauf dans deux cas particuliers. Les espaces de Sobolev avec
la norme L, ont été étudiés par Spera [65], en vue d'applications a la théorie de Yang-
Mills pour le tore quantique [66] (ou [26, 39, 58, 64] pour les travaux associés). D'autre
part, inspirés par la géométrie non commutative de Connes [18], ou plus précisément, la
partie sur les espaces métriques non commutatifs, Weaver [78, 79] a développé les classes
de Lipschitz d'ordre  pour 0 < 1 sur le tore quantique. Le fait que seuls ces deux cas
aient été étudiés montre une fois de plus les di cultés associées a la non commutativité
qui ont été évoquées précédemment.

Une de ces dicultés est a souligner : elle est pertinente pour cette thése, et est
le manque d'un analogue non commutatif de la fonction maximale ponctuelle usuelle.
Cependant, la technique de fonction maximale joue un réle primordial dans la théorie
classique des espaces de Besov et Triebel-Lizorkin (ainsi que dans la théorie des espaces de
Hardy). Elle n'est plus disponible dans le cadre quantique. Nous nous e or¢ons d'inventer
de nouveaux outils, comme dans les travaux cités précédemment sur les inégalités de
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martingales non commutatives et la théorie quantique de Littlewood-Paley-Stein, ou la
méme di culté apparaissait déja.

Un puissant outil utilisé dans [17] est la méthode de transférence. Elle transfére les
problémes sur le tore quantique aux problémes correspondants dans le cas des fonctions a
valeurs opérateurs sur le tore usuel, de maniére a utiliser des résultats existants dans ce
dernier cas ou a adapter les arguments classiques. Cette méthode est e cace pour plusieurs
problémes étudiés dans [17], incluant les inégalités maximales et les espaces de Hardy. Elle
est encore utile dans certaines parties de cette these, par exemple, pour les espaces de Besov
qui peuvent étre étudiés a travers les espaces de Besov a valeurs vectorielles classiques par
des moyens de transférence, les espaces de Banach concernés étant des espgcesn
commutatifs sur le tore quantique. Mais elle est ine cace pour les autres. Par exemple,
les inégalités de plongement de Sobolev ne peuvent pas étre prouvées par transférence.
D'autre part, si nous voulons étudier les espaces de Triebel-Lizorkin sur le tore quantique
via transférence, nous devons d'abord développer la théorie des espaces de Triebel-Lizorkin
a valeurs opérateurs sur le tore classique. Cette derniére théorie est aussi di cile que la
premiére. Contrairement a [17] , la méthode de transférence va jouer un réle trés restreint
dans cette thése. Cependant, nous allons utiliser les multiplicateurs de Fourier de maniére
cruciale. Nous développons une analyse di érentielle intrinséque sur le tore quantique,
sans se réféerer fréquemment au tore usuel via transférence. C'est un grand avantage de la
méthode présente par rapport a celle de [17]. Nous espérons que I'étude menée ici ouvre
de nouvelles perspectives d'applications, et motive d'autres travaux de recherche sur le
tore quantique ou dans des circonstances similaires.

Cette thése est constituée de sept chapitres, rédigés en anglais. Elle se base sur un tra-
vail en commun avec Quanhua Xu et Zhi Yin. Dans cette introduction, nous rappellerons
dans un premier temps les connaissances fondamentales et les notations (voir les sections
respectives suivantes pour plus de détails), et donnerons les dé nitions des espaces a étudi-
er. Ensuite nous décrirons les principaux résultats prouvés dans la thése en les classi ant
en cing familles.

0.1 Notations et dé nitions

Soientd 2et = ( k) une matriced d anti-symétrique réelle. Rappelons que le
tore non commutatif A de d générateurs est l[aC -algébre universelle, engendrée pad
opérateurs unitairesUy;:::; Uq Véri ant la relation de commutation suivante

Soit U=(Uy; :Ug). Pourm=(my; ;mg) 2 Z9 notons
um=up U

Un polynédme enU est une somme nie :
X
X = mU™: m 2 C:
m2zd

Pour un tel polyndbme x, nous dé nissons (x) = . Alors, s'étend en un état tracial
déle sur A . Soit TY l'algébre de von Neumann obtenue par la représentation GNS de
On dit que TY est le d-tore quantique associé a: Remarquons que si = 0; alors
A = C(TY et T9 = L, (TY; ou TY est le d-tore habituel. En conséquence, un d-tore
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guantigue est une déformation du d-tore habituel muni de la mesure de Haar normalisée.
Il est donc naturel d'espérer queT? partage beaucoup de propriétés ave@?: Les espaces
L, non commutatifs associés ard sont notés Ly(T9). La transformation de Fourier de
x 2 L1(TY) est dé nie par

R(m)= (U™ x; m2z%
L'opérateur x est, bien sdr, uniquement déterminé par sa série de Fourier:

X
X R(M)U™:
m22zd

La structure di érentielle de T9 est modelée sur celle d&9. Soit

X
S(T9 = amU™ : famg,,z¢ rapidement décroissant :
m2zd

C'est la déformation de I'espace des fonctions in niment di érentiables surT9. Comme
dans le cas commutatif, S(T%) a une topologie localement convexe naturelle. Son espace
dual topologique SqTY) est I'espace de distributions surT9. Les dérivées partielles sur
S(TY) sont déterminées par

@) =2 iy et @Uk)=0; k6j; 1 jk d

Ng est dé nie par @'*  @. L'ordre de D™ estjmj; = mi+ +mg. = @+ +@
est le Laplacien surT9. Par dualité, les dérivées et la transformation de Fourier transférent
aussi surSqTY).

Pour une fonction :Z9! C, notonsM le multiplicateur de Fourier associé surT¢ :

M f(m)y=(m)P(m)

pour tous les polyndmes trigonométriquest sur T9. On dit que  est un multiplicateur
sur Lp(Td) si M s'étend en une application bornée sun_p(Td). Les multiplicateurs de
Fourier sur T9 sont dé nis de la méme maniére. Nous utilisons le méme symbol pour
le multiplicateur correspondant sur T9. Pour une fonction sur RY, nous notons  plutét
que , un multiplicateur de Fourier sur Lp(T9) ou Lp(T9).

Deux multiplicateurs spéciaux vont apparaitre fréquemment : le potentiel de Bessel
J =(1 (2 ) ?) zetceluideRieszl =( (2 ) ?) z. lls sont dé nis par

X X
J (x)= 1+ jmj?)zR(mM)U™ et | (x)= jmj R(m)u™;
m2zd m2zd

pour toute distribution x sur T9: Ici le potentiel de Riesz est dé ni pour les distributions
x avec®(0) = 0: Notons aussiJ ()= 1+ jjd)zsurR%etl ()= jj surRYnfog:
Alors J () etl () sontles symboles de] etl| respectivement.

Fixons une fonction de Schwartz' sur RY vériant la propriété de décomposition
usuelle de Littlewood-Paley :

8
supp’ f 2t j j 20

'> Osurf :21<jj<2g;

X k
27 ky=1; 6o0:
" k2z
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Pour tout k 0, notons '  la fonction dont la transformation de Fourier est égale a
' (2 %). Pour une distribution x sur T9, dé nissons

X
‘e X = "2 *m)k(m)UuM :
m2zd

Alors x 7! 'e,  x est le multiplicateur de Fourier avec le symbole' (2 ).

Nous pouvons maintenant dé nir les quatre familles d'espaces de fonction suf? &
étudier. Soientl p;qg 1 etk2N; 2R.

Les espaces de Sobolev

WE(TY) = x2SYT%:D™x 2 Lp(T?) pour tout m 2 N§ avecjmj; Kk :

Les espaces de Sobolev Potentiels

Hp(TH = x2SqTY:J x2 Ly(TY :
Les espaces de Besav

- - x k l
Bpg(TH = x2SATh: j0)j9+ 2% ke xki a<1
k 0

Les espaces de Triebel-Lizorkin poup < 1

. X 1
Fo® (Th= x289TY: jRO)i*+ 2% jec xj*? <1
k 0

Munis de leurs normes naturelles, tous ces espaces deviennent des espaces de Banach.
Notons que Fp?c (T9) est I'espace de Triebel-Lizorkin colonne, qui a des versions ligne et
de melange: F," (T9) consiste de tous le tels que x 2 Fg© (T9, muni de la norme
kxka:r = kx ka;c ; 'espace de mélangd, (T9) est dé ni par

(

Fl (TH+ F" (T sil p<2
Fy (T9) = p (T + Fy" (T7) P

FoC (THO\ R (T si2 p<1;
muni de la norme
8
< inf kkup:c + kszp:r IX=y+z sil p<2

kxkg =
o 7 max(kxke e 5 Kxkg ) si2 p<1:

Nous rappelons également les espaces de Hardy sur le tore quantique, dé nis dans [17].
Pour un élément x dans L1(T9), son intégrale de Poisson est dé nie par (notong j la
norme euclidienne deR¢)

X .
Pr(x) = R(M)r!'™u™: 0 r< 1L
m2zd

Sag-fonction de Littlewood-Paley associée est

Z
S0= Dppia nar

N
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Pourl p< 1 ;posons
kxkps = jR(0)j + kSC(X)kLp(Td):

L'espace de Hardy coIonneHg(Td) est alors dé ni par
Ho(T) = x 2 La(T9 : kxkug < 1

L'espace de Hardy ligneH [J(Td) est dé ni comme l'espace dex tels quex 2 H g(Td) muni
de la norme naturelle. Les espaces de Hardy mélange sont dé nis de la facon suivante : si
1 p<2

Hp(T% = H5(T9) + HL(TY)

muni de la norme
kxkn, = inf fkykug + kzkpe @ x = y+ z;y 2H (T2 2 H{(TYg;

etsi2 p<1;
Hp(TY) = HE(TY)\H [(TY

muni de la norme d'intersection
kxky, = max kaHB; kaHB :
Rappelons aussi queBMO%(TY) (dans [17]) est la dualité deH$(TY) avec la norme

1
max jw(0)j; sup Prjx Pr(X)j® 2, ;
0r<1

et que BMO' (TY) est I'ensemble dex tel que x 2 BMOS(TY), avec
kxkemor = kx Kgmoc :
Alors l'espace mélangeBMO( TY) est l'intersection :
BMO(TY) = BMO ¢(T9)\ BMO'(TY);

muni de la norm
kxkemo = max(kxksmoc; kxkgmor):

Nous allons utiliser fréquemment la notation A . B, qui représente l'inégalité A
cB pour une constantec. Les constantes correspondantes dans toutes telles inégalités
dépendent possiblement de la dimensioml, les fonctions de test' ou , les indices , p
ou g, etc. mais ne dépendent jamais des function$ ou distributions x en considération.
A B signiealors A. B et A& B au méme temps.

0.2 Propriétés fondamentales

Une propriété fondamentale commune aux espaces de Sobolev, Besov and Triebel-Lizorkin
est le théoreme de réduction par le potentiel de Bessel ou Riesz. Celui-ci est évident pour
les espaces de Sobolev Potentier(Td) par dé nition. Le théoréme de réduction par

le potentiel de Riesz de I'espace de Sobolev PotentieHIp(Td) peut étre montré par la
caractérisation deH (T9) suivante :
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Théoreme 0.1. Soitl p 1 . Alors

1

kxka,  JRO)P+ K (x  RO)KE *;

ou les constantes équivalentes dépendent seulement dest d.

Pour les espaces de Sobolev, nous obtenons une inégalité de type Poincaré, qui assure
le théoréme de réduction dew (T9). Pour x 2 WX(T%), posons

1

X 1

.o _ m P .

Xiwy = kDMxkp © :
m2Nd;jmji=k

Nous prouvons dans le chapitre 2 le résultat suivant. Soulignons que la preuve di ere de
l'argument standard dans le cas classique.

Théoréme 0.2. Soitl p 1 . Alors pour x 2 Wpl(Td),
kx  ®(0)kp . jxjwplz
Plus généralement, sik 2 N et x 2 WX(T¢) aveck(0) = 0, alors
jxjwé . jijpk; 80 j<k:
Par conséquent,jk(0)j + jijpk est une norme équivalente suWF')‘(Td).

Pour les espaces de Besov et Triebel-Lizorkin, le théoréme de réduction est aussi valable
pour le potentiel de Riesz et les dérivées partielles. De plus, ce théoréme de réduction est
valable méme pour les dérivées partielles d'ordre fractionnel, dé nies de la fagcon suicante
: Pour a2 R., nous dé nissonsDi,( ) = (2 i) pour 2 RY, et D? le multiplicateur
de Fourier associé suirY. PosonsDs = D1,  Dga, €t D2 = D* D3¢ pour tout
a=(a;; ;aqg) 2 RY. Notons que sia est un nombre entier positif, D? = @, donc cette
généralisation de dérivées partielles ne pose pas de con it de notation.

Théoreme 0.3. Soientl p;q 1 , 2R

() Pourtout 2R,J etl sontdesisomorphismes entrd, (T etB,, (T%.

p;q(

(i) Soita2 RY. Six 2 By(TY), alors D2 2 By ¥*(TY) et
a o .
kD XkB p;cll ajq - kX kB pg "
(i) Soit > 0. Alors x 2 B,4(T9Y si et seulement siD; x 2 B,, (T9) pour tout
pig i Piq

i=1; :d. En outre, dans ce cas,
.
kkap;q j R(0)j + kD; kap.q
i=1 ’
Théoreme 0.4. Soientl p<1l et 2R.

() Pourtout 2 R,J etl sontdesisomorphismes entré,® (T%) etF, ©(T%. En
particulier, J etl sont des isomorphismes entre}:p?C (TY) et Hg(Td).
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(i) Soita2 RY. Six 2 F ¢ (TY), alors D 2 Fp | ¥°(Td) et

kDaxkaj aipe - KXKgje

(i) Soit > 0. Alors x 2 Fj°(TY si et seulement siD; x 2 F, (T% pour tout
i=1; ;d. En outre, dans ce cas,

xd
kxka:c j ®(0)j+ kD; xka c -
i=1

Nous démontrons aussi queNf (T9) est 'analogue de la classe de Lipschitz classique
d'ordre k pour T9. Pour u 2 RY, dénissons  x = ,(X) Xx,ouz=(€ 1; ;g2 il
et , est l'automorphisme deTY déterminé par U 7! zyU; pour1 | d. Alors pour un
entier positif k, ¥ est I'opérateur di érentiel d'ordre k sur T9, associé au. Notons que

K est aussi le multiplicateur de Fourier de symboles, otiey,( )= €2 'Y 1. Le module
d'ordre k de L p-lissité dex 2 L,(T9) est dé ni par

L K(x;")= sup Kx
i o< P
Nous démontrons alors que pourl p 1 etk 2 N,

LK™ X
sup pak ) kD ™ xkp :
b

m2Nd;jmji=k

En particulier, nous retrouvons le résultat de Weaver [78, 79] sur la classe de Lipschitz sur
Tdquandp=1 etk=1.

Les autres résultats concernent la relation entre les quatre familles d'espaces de fonc-
tion. La majeure partie sont les suivants :

(i) Pour 1<p< 1,HK(TY = WK avec des normes équivalentes.
(i) Pour 1 p 1 et 2 RY nous avons les inclusions suivantes :
Bpp(TH  Hy(TH B(TH sil p 2
Bpo(TH  Hy(ThH Bpp(T) si2 p 1
(i) Pour 1 p<1;B (T Fi (T B maxpa (T9:
(iv) Pour 1<p< 1 et 2R,F,(T%= H, (T avec des normes équivalentes.

En conséquence, nous en déduisons que I'espace de Sobolev potenﬂigl(Td) admet
une caractérisation de Littlewood-Paley pourl<p< 1.

0.3 Caractérisations

La seconde famille de résultats sont diverses caractérisations des espaces de Besov et
Triebel-Lizorkin. C'est la partie la plus di cile et la plus technique dans cette thése. Dans

le cadre classique, toutes les preuves existantes que nous connaissons pour ces caractéri-
sations utilisent des techniques de fonction maximale de facon cruciale. Comme évoqué
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précédemment, ces techniques ne sont plus disponibles maintenant. En remplacement,
nous utilisons frequemment les multiplicateurs de Fourier. Soulignons que nos résultats
sont meilleurs que ceux existants dans la littérature, méme dans le cas classique.

lllustrons cela en énoncant une caractérisation générale des espaces de Besov. $oit
une fonction de Schwartz auxiliaire telle que

supph f 2RY:jj 4g et h=1 surf 2R%Y:jj 2g

Soit o; 1 2 R. Soit une fonction in niment di érentiable sur RY n f0g véri ant les
conditions suivantes :
8 . . . 1 . . .

jj>0surf 2"~ | 20

F Y(hl )2 Ly(RY;

sup2 o F I (@)), <1:

j2No
La premiére condition de non annulation sur est une condition Tauberienne. L'intégrabilité
de la transformation inverse de Fourier peut étre réduite a un critére plus commode grace
a l'espace de Sobolev potentieH, (RY) avec > % Nous utiliserons la méme notation
pour que pour' . En particulier, | est la transformation inverse de Fourier de (2 ¥),
et € est le multiplicateur de Fourier sur T% avec le symbole (2 ¥). Pour les paramétres
continus, nous allons utiliser la notation similaire : étant donné" > 0, notons - la fonc-
tion qui a la transformation de Fourier () = ("), et € le multiplicateur de Fourier sur
T9 associé a (). Nous avons donc

Théoreme 0.5. Soient 1 p;g 1 , 2 Ret g< < 1. Supposons que
véri e 'hypothése précédente. Alors une distributionx sur T9 appartient & Bp;q(Td) si et

seulement si )

ke xk, T <1
k 0

Dans ce cas, nous avons

X 1
kxks, . jR(0)j%+ 2 k& xkp T
k 0

De la méme facgon, pour toute distributionx sur Td,
Z,

no 1
kxks,,  jR(0)j%+ . va e yada.

p "

Deux exemples précis et importants pour la fonction sont donnés par les semi-groupes
de Poisson et de la chaleur. Rappelons qui; (x) dé nit l'intégrale de Poisson circulaire
d'une distribution x sur T9 :

X .
Pr(x) = R(m)r!'™u™: 0 r< 1L
m2zd

Nous introduisons aussi le noyau de la chaleur circulair&V de T¢ :

X .
W, (z) = pimezm. 722790 r< 1
m2zd
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Alors pour x 2 STY) nous posons

X o
W, (x) = R(m)rim*um™: 0 r< L
m2zd

Pour une distribution x sur T9 et k 2 Z, soit

K X mi K
JPr(x) = CmikR(m)r!™ *u™: 0 r< 1;
m22zd
ou
1

Cmk =jmj (mj k+1) sik O et Cuk= (mi+1) Gm K si k< 0

Notons que J X est la dérivée d'ordrek associée & sik 0, et est l'intégration d'ordre
( k) sik < 0. De méme, nous pouvons dé nirJ X W, (x).

Théoréme 0.6. Soientl p:q 1 , 2 Retk2 Z. Pour une distribution x sur T9,
nous avons :

(i) Sik> , alors

Z 1 1
da 3
i id ak ) k q q.
kxkg,, jmjiok(jh(m)J + . 1 J " Pr(Xk) 01 ¢
X
ou Xg = X R(M)U™.
jmj<k
(i) Sik> -, alors
21 (k ) 1k g dr 3
H +q q = q.
kxkg,, max JR(m)j* + . @ ™ 2 IIW ) p

L'utilisation des opérateurs intégraux (correspondant ak négatif) dans I'énoncé précé-
dent semble completement nouveau, méme dans le cas= 0 (le cas commutatif). Des
analogues des Théoremes 0.5 et 0.6 sont aussi valables p(ﬁgc (TY. Pour les espaces
de Triebel-Lizorkin, une autre amélioration de notre caractérisation par rapport a celle
classique est I'hypothése faite sukk : dans le cas classiquek doit étre plus grand que
d+ max( ; 0), mais ici nous ne requérons qud > :

Théoreme 0.7. Avec la méme notation que dans les deux théorémes précités, toutes les
normes suivantes sont equivalentes a la norme d&;° (T9) :

[N

X
j 1(0); + 2k e xj? b
k 0 p
Z, w1
FOTEREIL Xz L 2

o .

z 2 dr %

1
max jl(m)j + @ 2k I IkP(xy) T — :pour k > :
jmj<k 0 1 r p

1 d 1
max jla(m)j + @ 02k DI kw2 % i pourk> 5
jmj2<k 0 1 p
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La caractérisation de I'espace de Besov classique par di érences est aussi étendue au
cadre quantique. Ce résultat ressemble au précédent en termes de dérivées du semi-groupe
de Poisson.

Théoréme 0.8. Pourl p;q 1 et 2R;k2 NavecO< <k , nous posons
Z 1 K dn 1
— n .n q .

Alors x 2 Bp;q(Td) si et seulement sikkap:;!q <1,et kkap;q j B(0)j + kkap:;q

La caractérisation de I'espace de Besov par diérences montre qué; ., (T9) est
l'analogue quantique de la classe de Zygmund classique. En particulier, pofr< < 1,
Bia (TY9) est la classe de Holder d'ordre , déja étudiée par Weaver [79].

Dans le cadre non commutatif, le comportement de la limite de la quantitékxkg
lorsque ! kou ! O fait I'objet d'une série de publications récentes. Elles ont eté
initiées par Bourgain, Brézis et Mironescu [13, 14] qui considéraient le cas! 1 (k=1).
Leur travail a été simpli é et étendu par Maz'ya et Shaposhnikova [41]. Ici, nous obtenons
l'analogue suivant de leurs résultats pourT? :

Corollaire 0.9. Pourl p 1 ,1 qg<1 etO< <k aveck2N,

ol

X

. 1 1

Il!mk(k Jakxkgy kD ™MxKp ;
m2Nd;jmji=k

.1 1
Il!m0 akxkg i Q Tkxkp

avec des constantes dépendant seulement deet k.

0.4 Interpolation

Notre troisieme famille de résultats concernent l'interpolation. Comme dans le cas usuel,
l'interpolation des espaces de Besov est vraiment simple, et celle des espaces de Triebel-
Lizorkin peut étre réduite facilement au probléme correspondant des espaces de Hardy.
Nous en faisons la liste de la fagcon suivante :

Bpf (TN Bpky (T 4 = Bp(Th; 08 15 = ) o+ 1
dy. dy - dy. 1_1 .
Bp;qO(T )a Bp;ql(T ) :q - Bp;q(T )1 a_ % + aa
po qO(Td) Bpl ql(Td) q = Bp;q(Td); 06 1; :(1 ) ot 1
11, o
P P P g G® G ’
1 1
d — dy. — . —
Do QO(T ); Bpl Q1(T ) = Bp;q(T )i = ) ot L B_ Po + a
1. ger:
q 04 1 '

Fy® (T9; Fy© (T L= Fo (T = Fy°(T9; F° (T9) 1ip l<p<1;

Fpo T Fp (T = Bpa(T): 1 pa 1 ; 06 g
=(1 ) ot 1
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FLOSTOF T L= BT =@ ) ov hil<p< 1
p

Ici 'espace F,¢ (T9) est dé ni comme la dualité de F, *° (TY). Alors par la propriété de
réduction de I'espace de Triebel-Lizorkin,J est aussi un isomorphisme entrd=;¢ (T9) et
BMOS(TY):

La tache vraiment di cile concerne l'interpolation des espaces de Sobolev pour laquelle
nous avons seulement obtenu des résultats partiels. Le couple le plus intéressant est
WE(TY); Wk (TY) . Rappelons que linterpolation complexe de ce couple reste toujours
ouverte méme dans le cas commutatif (un probléme ouvert connu de longue date; il a été
explicitement formulé par P. Jones dans [27, p. 173]), alors que son interpolation réelle a été
déterminée par DeVore et Scherer [21]. Nous ne savons pas, malheureusement, comment
prouver l'analogue quantique du théoréme de DeVore et Scherer. Cependant, nous pouvons
étendre la formule deK -fonctionnel du couple Lp(RY); Wg(Rd) obtenue par Johnen et
Scherer [30] au tore quantique. Ce résultat s'écrit de la facon suivante :

Théoreme 0.10. Soientl p 1 etk 2 N. Alors
KOOGS Lp(Th:;WETY)  "KjR(0)j+ 1 5(x"); 0<" 1
avec des constantes dépendant seulement deet k.

En conséquence, nous déterminons les espaces d'interpolation réelle di%(Td); Wg(Td) ,
qui sont les espaces de Besov.

Pour le couple HpOO(Td); lel(Td) ; notons que si ¢ = 1, ce qui suit est facile a
déduire :

Hpo (T Hp (TY) = Hp(TY et H, (TY; H, (T9) . Hp (TY;

1_ 1

pour 5 = p—0.+ 51 parce gueJ est une isomeétrie entrer(Td) et Lp(Td) pour tout

1 p 1 .Si o6 g1;linterpolation réelle de ce couple est déduite par l'interpolation
réelle correspondante d'espaces de Besov. Le résultat est

Hpo (T Hpt (T = BT =@ ) o+ 1t

Pour l'interpolation complexe, nous considérons le coupleH gy, (T9: H Hll(Td) , OUH Hll(Td)
est dé ni par

Hp,(TH = x2SqT% :J x2H(TY) avec x , = J x S
Hi

et Hgwo (T9) est dé ni de la méme facon, par laBMO-norme deJ x.
Alors nous avons le résultat suivant

Théoreme 0.11. Soient ¢; 12 Retl<p< 1. Alors

1
Hafio (T HIA (T 1 = Hy (T =@ 5) o+ 2

Par le théoréme de réitération, le théoréme précédent implique le suivant :

Corollaire 0.12. Soient0< < 1, o, 12 Retl<pg;pr< 1. Alors

Hpoo(Td); lel(Td) = Hp(Td); =1 ) ot 1; B: 0 + a3
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Ce corollaire donne le résultat partiel de l'interpolation complexe de W (T%); Wi (T9)
pour1<po<pi< 1:Pourkp= kjetpy=1;nousavons besoin de considerer les espaces
de Hardy-SobolevW,o (T%) et W (T9). s sont dé nis par les normes :

X
sup kD™Mxkgwo et kD ™xky ,
0j mj1 k 0j mj1 k

respectivement. Nous pouvons prouver que pour touk 2 N, Wy (T9) = HEyo (T9) et
W (T9) = HE (TY). Alors nous obtenons

Théoréme 0.13. Soientk 2 Net1<p< 1 . Alorspour X = W (T9) ouX = Wg(T9),

Weno (T%; X L= WH(TH) = Weyo (T9); X

s
Conségquemment, pour tout0< < letl<pg< 1,
1 1

Woo (T WE(TS) = W(T) = Wi (T WIT) 0 o= ==+

0.5 Plongements

La quatrieme famille de résultats concernent le plongement des espaces dé nis précédem-
ment. Un résultat typique est I'analogue de l'inégalité de plongement de Sobolev classique
pour W (T9).
Théoréme 0.14. Supposons qud<p< 1:Si 2R*':;p<d et p% = % 5, alors nous
avons:

Hp(T9  Lp (T9:

1

De la méme facon, sik 2 N;kp <d et p% =5 5 alors nous avons :

WE(TY) L, (TY:

D'autre part, si p <d (ou kp < d), les espaces de Sobolev sont plongés dans les
espaces de Holder-Zygmund, ce qui coincide bien avec les théorémes de Sobolev classiques.

Théoréme 0.15. Supposons quelk p< 1 et; p>d . Alors pour 1= % nous
avons

Hp(Td) Bit1 (T%:
De la méme facon, sil<p< 1 etk 2 N;kp >d, alors nous avons pour 1 = k %

WE(TY) Byt (TY):
Pour les espaces de Besov, nous avons

Théoréme 0.16. Supposonsquet p p1 1 ;1 g g 1 ;et %: 1 <.
Alors nous avons l'inclusion suivante :

d dy .
Bp:q(T ) Bp11:Q1(T )
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Des inégalités de plongement similaires sont aussi valables pour les espaces de Triebel-
Lizorkin, ainsi que Fj, (T%) = H, (T avec des normes équivalentes pout < p < 1.
Combinée avec l'interpolation réelle, l'inégalité de plongement deBp;q(Td) assure l'inégalité
de plongement des espaces de Sobolev. Nos preuves des inégalités de ces plongements
sont basées sur le procédé célébre de semi-groupe de Varopoulos [76] pour la théorie de
Littlewood-Sobolev, qui était déja employé par Junge et Mei [34] dans leur étude des
espaces de BMO sur les semi-groupes quantiques Markoviens.

De plus, les trois théorémes précédents ont des versions compactes si on réduit un peu
les indicespy de Lp, (T9) et By2g, (T9), ou 1 de By (T9). lls étendent le théoréme de
compacité de Rellich-Kondrachof dans la théorie classique de plongement Sobolev.

Théoreme 0.17. (i) Soientl p<p; 1 ;1 q g 1 et %: 1 p%

Alors le plongementB,,.((T%) | B,%, (T%) est compact pourl p <pi.

(i) Sip> 1 g = r% alors H, (T%) | H,*(T9) est compact pourl p <
p:. En particulier, si = k et 1 = ki sont des nombres entiers positifs, alors
WE(TY) | W (TY) est compact.

(i) Sip> 1L p( )>det < ;= 9, alors Hy (T9) | By 4 (T est compact.
En particulier, si = k 2 N, alors WX(T%) | B, , (T% est compact.

0.6 Multiplicateur

La derniére famille de résultats de cette thése décrivent les multiplicateurs de Fourier sur
les espaces précédents. Comme dans le dag traité dans [17], nous nous intéressons
particulierement aux multiplicateurs de Fourier complétement bornés. Tous les espaces
considérés ont une structure naturelle d'espace d'opérateur au sens de Pisier. Inspiré par
le théoréme de transférence de Neuwirth et Ricard [48], les multiplicateurs de Fourier sur
Lp(Td) sont associés aux multiplicateurs de Schur sur la classe de Schatt&y dans [17].
Pour une distribution x sur T9, nous notons sa matrice en bas€U™),,7d :

[X]= U™ U™ = #(m n)dnm " :
m;n 224 m;n 224
Ici k! note la transposée dek = (ky;:::;Kkq), et “estlad d-matrice suivante déduite de
la matrice anti-symétrique
0 1
0 12 13 i 1d
0 0 23 ... 2d
= 2 : : : :
0 0 it 4 1d
0O 0 O :: 0
Soient :Z91 C et M le multplicateur de Fourier associé surTY9. Posons =
m n mnozd- Alors
in~ t
M X = m nb(m n)eln (m n) men 228 =S ([X])’

ou S est le multiplicateur de Schur avec le symbole . Si X est un espace de Banach de
distributions sur T9, notons M(X ) I'espace des multiplicateurs de Fourier bornés suk ; si
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X ade plus une structure d'espaces d'opérateuV,(X ) est I'espace des multiplicateurs de
Fourier completement bornés surX . De la méme fagon, sX est un espace de Schatteh
(ou un sous-espace fermé), nous notord(X ) I'espace des multiplicateurs de Schur bornés
sur X ; avec sa structure naturelle d'espace d'opérateur, nous notons ausdic, (X ) I'espace
de multiplicateurs de Schur complétement bornés suiX. Ces espaces de multiplicateurs
sont équipés avec leurs normes naturelles. Il est démontré dans [17] que, polr p
1, Men(Lp(T9) = Mep(Sp) avec des normes égales. ConséquemmeMgn(Lp(TY)) est
indépendant de :

En utilisant de nouveau le transférence de Neuwirth-Ricard entre les multiplicateurs de
Fourier et de Schur, nous déduisons un résultat similaire pour l'espace de SoboIWF‘j(Td)
et l'espace de Triebel-Lizorkin F ;¢ (T).

Théoreme 0.18. Soientl p 1 ,etk2N; 2 R. Alors
Meo(WX(TY) = Mep(WE(TY) avec des normes égales

et
Mep(F® (Th) = Mep(F,° (T%) avec des normes égales

Notons que, bien qu'il s'agisse d'un espace de fonction commutatif, I'espade, (TY
(correspondant & = 0) est muni de trois structures di érentes d'espace d'opérateur, les
deux premiéres dé nies par les plongements dankp(T9; ;) et Lp(T9; 5" ), la troisiéme
étant le melange des deux. Il en résulte trois espaces d'operateur di érents, notds;* (T9),
Fo' (T9) et F, (T9), respectivement. Le théoréme précédent donne en particulier que
Meo(H5(T) = Mep(HE(T?)) avec des normes égales.

La situation pour les espaces de Besov est trés satisfaisante puisqu'il est bien connu
que les multiplicateurs de Fourier se comportent bien mieux sur les espaces de Besov que
sur les espaces$ , (dans le cas commutatif). Nous prouvons le résultat suivant

Théoréme 0.19. Soient 2 Retl p;q 1 . Soit :2z9! C. Alors estun
multiplicateur de Fourier sur B,4(T9) si et seulement si les' ) sont des multiplicateurs
de Fourier sur Lp(Td) uniformément en k. Dans ce cas, nous avons

i i+ v (k)
M(B ey 1 O Fsup M(Lo(T9)

avec des constantes dépendant seulement de Une version complétement bornée similaire

est également vraie.

En conséquence, les multiplicateurs de Fourier squ;q(Td) sont completement déter-
minés par les multiplicateurs de Fourier suer(Td) associés a leurs composantes dans la
décomposition de Littlewood-Paley. Donc les multiplicateurs complétement bornés sur
Bp;q(Td) dépendent seulement dep. Dans le casp = 1, un multiplicateur est borné sur
Bl;q(Td) si et seulement si il est complétement borné si et seulement si il est la trans-
formation de Fourier d'une fonction dans B?;l (T9). En utilisant un exemple classique de
Stein-Zygmund [70], nous démontrons qu'il existe un qui est un multiplicateur compléte-
ment borné suer;q(Td) pour tout p mais non borné surL p(Td) pour tout p6 2.
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Introduction

This thesis deals with analysis on quantum tori. Quantum or noncommutative torus are
fundamental examples in operator algebras and probably the most accessible interesting
class of objects in noncommutative geometry (cf. [18]). Their algebraic and geometric
aspects have been su ciently well understood; there exist extensive works on these; see,
for instance, the survey paper by Rie el [63]. However, very little had been done about
their analytic aspect. Presumably, this de ciency is due to numerous diculties one
may encounter when dealing with noncommutativeL ,-spaces, since these spaces come up
unavoidably if one wishes to do analysis.

[17] is the rst systematic work on harmonic analysis on quantum tori. It studies
several subjects of harmonic analysis, including maximal inequalities, mean and pointwise
convergences of Fourier series, completely bounded Fourier multipliers ohy-spaces and
Hardy spaces. It was directly inspired by the current development on noncommutative
harmonic analysis, and was made possible by the recent developments on honcommuta-
tive martingale/ergodic inequalities and the Littlewood-Paley-Stein theory for quantum
Markovian semigroups, which had been achieved thanks to the e orts of many researchers;
see, for instance, [56, 31, 36, 37, 61, 62, 52], and [32, 44, 45, 33, 34].

This thesis intends to study function spaces on quantum tori. Thus it is a natural
continuation of [17]. The spaces to be investigated are (potential) Sobolev, Besov and
Triebel-Lizorkin spaces. In the classical setting, these spaces are fundamental for many
branches of mathematics such as harmonic analysis, PDE, functional analysis and approx-
imation theory. Our references for the classical theory are [1, 42, 49, 53, 73, 74]. However,
they have never been investigated so far in the quantum case, except two special cases to
our best knowledge. Sobolev spaces with the >-norm were studied by Spera [65] in view
of applications to the Yang-Mills theory for quantum tori [66] (see also [26, 39, 58, 64] for
some related works). On the other hand, inspired by Connes' noncommutative geometry
[18], or more precisely, the part on noncommutative metric spaces, Weaver [78, 79] devel-
oped the Lipschitz classes of order for 0 < 1 on quantum tori. The fact that only
these two cases have been studied illustrates once more the above mentioned di culties
related to noncommutativity.

Among these di culties, one is to be emphasized: it is notably relevant to this thesis,
and is the lack of a noncommutative analogue of the usual pointwise maximal function.
However, maximal function techniques play a paramount role in the classical theory of
Besov and Triebel-Lizorkin spaces (as well as in the theory of Hardy spaces). They are
no longer available in the quantum setting, which forces us to invent new tools, like in
the previously quoted works on noncommutative martingale inequalities and the quantum
Littlewood-Paley-Stein theory where the same di culty has already appeared.

One powerful tool used in [17] is the transference method. It consists in transferring
problems on quantum tori to the corresponding ones in the case of operator-valued func-
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tions on the usual tori, in order to use existing results in the latter case or adapt classical
arguments. This method is e cient for several problems studied in [17], including the max-
imal inequalities and Hardy spaces. It is still useful for some parts of the present work, for
instance, for Besov spaces which can be investigated through the classical vector-valued
Besov spaces by means of transference, the relevant Banach spaces being the noncommu-
tative L-spaces on quantum tori. However, it becomes ine cient for others. For example,
the Sobolev embedding inequalities cannot be proved by transference. On the other hand,
if one wishes to study Triebel-Lizorkin spaces on quantum tori via transference, one should
rst develop the theory of operator-valued Triebel-Lizorkin spaces on the classical tori. The
latter is as hard as the former. Contrary to [17] , the transference method will play a very
limited role in this thesis. Instead, we will use Fourier multipliers in a crucial way, this
approach is of interest in its own right. We thus develop an intrinsic di erential analysis
on quantum tori, without frequently referring to the usual tori via transference as in the
previous one. This is a major advantage of the present methods over [17]. We hope that
the study carried out here would open new perspectives of applications and motivate more
future research works on quantum tori or in similar circumstances.

This thesis consists of seven chapters, written in English. It is based on a work joint
with Quanhua Xu and Zhi Yin. In this introduction, we will rst recall some necessary
de nitions and notation (see the respective sections below for more details), and give the
de nitions of the spaces to be considered. Then we will describe the main results of the
thesis by classifying them into ve families.

0.1 Notation and de nitions

letd 2and = ( i) be a real skew-symmetricd d-matrix. The d-dimensional
noncommutative torus A is the universal C -algebra generated byd unitary operators
U;;:::; Ug satisfying the following commutation relation

UU =€ WUl 1 [k d
Let U= (U ;Ug). Form=(my ;mq) 2 Z9 set
um=um oy

A polynomial in U is a nite sum:
X
X = mum: m 2 C:
m2zd

For such a polynomial x, we dene (x) = . Then, extends to a faithful tracial state
on A . Let TY be the w*-closure of A in the GNS representation of . This is our d-
dimensional quantum torus. It is to be viewed as a deformation of the usuab-torus T¢,
or more precisely, of the commutative algebral; (T9). The noncommutative L p,-spaces
associated toT9 are denoted byL n(T%). The Fourier transform of an elementx 2 L (T
is de ned hy

R(m)= (U™ x; m2z%

The formal Fourier series ofx is thus given by

X
X R(M)U™ :
m22zd
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The di erential structure of T9 is modeled on that of T9. Let

X
S(TY = amU™ : fan g, 54 rapidly decreasing :
m2zd

This is the deformation of the space of in nitely di erentiable functions on T9. Like in the
commutative case,S(TY) carries a natural locally convex topology. lts topological dual
SqT9Y) is the space of distributions onT9. The partial derivations on S(T9) are determined
by
@Uj)=2 iU, and @Uk)=0; k6j 1 jk d

Denote Ny the set of nonnegative integers. Giverm = (my;:::;mq) 2 N§, the associated
partial derivation D™ isde nedtobe @'*  @'. The order of D™ isjmj; = m+  +my.
Let = @+ + @ be the Laplacian. By duality, the derivations and Fourier transform
transfer to SYTY) too.

Given a function :Z91 C,let M denote the associated Fourier multiplier onT9,

namely, M f (m) = (m)Ib(m) for any trigonometric polynomial f on T9. We call a
multiplier on Lp(Td) if M extends to a bounded map oan(Td). Fourier multipliers on
T9 are de ned exactly in the same way. We still use the same symboM to denote the
corresponding multiplier on T9 too. For a function on RY, we will call rather than

,a @ Fourier multiplier on Lp(Td) or Lp(Td). This should not cause any ambiguity in
concrete contexts.

Two special multipliers will be used frequently: the Bessel potentialJ = (1

(2 ) ?) z and the Riesz potentiall =( (2 ) 2) z. They are de ned by

X
J (x)= (1+ jmj?)ZR(m)u™
m2zd

and X
(x) = jmj R(m)u™
m2zd

for a distribution x on TY: Here the Riesz potential is de ned for distributions x with
®(0) = 0: We denote alsod ( )=(1+ jjdzonR%and!l ()=jj onRYnf0g Then
J ()and! () are the symbols of the Fourier multipliersJ and | , respectively.

Fix a Schwartz function ' on RY satisfying the usual Littlewood-Paley decomposition
property:

8

gsupp 2t 29
> Oonf :2'<jj<2g;

5 ‘(2 %)=1; so0:
k2z

For eachk O let ', be the function whose Fourier transform is equal to' (2 ¥ ). For a
distribution x on T4, de ne

X
't X = " (2 Km)k(m)u™M:
m2zd

Sox 7! ‘e, x is the Fourier multiplier with symbol ' (2 ¥).
We can now de ne the four families of function spaces orT¢ to be studied . Let
1 p;gl andk2N; 2R.
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Sobolev spaces

WE(TY) = x2SYT%:DMx 2 Lp(TY) for eachm 2 N§ with jmjz K :

Potential Sobolev spaces

Hp(TH = x2SqTY:J x2 Ly(TY :
Besov spaces

d . . X K 1
Bpg(TH = x2SATh: j0)j9+ 2% ke xki a<1
K 0

Triebel-Lizorkin spaces forp< 1 :

X
o (Th= x2SYTY: jRO)2+ 2% je x?? <1
k 0

Equipped with their natural norms, all these spaces become Banach spaces. Note that
Fp?C (T9) is the column Triebel-Lizorkin space, which has the row and mixture versions:
Fo" (TY) consists of allx such that x 2 Fj°(T9), equipped with the norm kxke s =
kx ka;c ; the mixture spaceF, (T9) is de ned by

(

Fol (TH+ F (T if 1 p<2
Fy (T9) = o (T + " (T7) P

Fol (THON F" (T if 2 p<i1;
equipped with

8
ke = < inf kyk,:p;c + kzk,:p;r X=y+z if 1 p<2
P max(kxk,:p;c ; kaFp;r ) if 2 p<1:

We also recall the Hardy spaces on quantum tori de ned in [17]. For an elemenk in
L1(TY), its Poisson integral is de ned by (with j j denoting the Euclidean norm of RY)

X .
Pr(x) = R(m)r!'™u™: 0 r< 1L
m2zd

Its associated Littlewood-Paley g-function is

Z, 1
@ 2 2
s%(x) = —P(x)“(@A r)dr “:
M= gh®@ n
Forl p<1 let
kxkyg = jR(0)j + kSC(X)kLp(Td):
The column Hardy spaceHg(Td) is then de ned to be
Ho(Th = x 2 La(T9 : kxkug < 1

The row Hardy spaceH[,(Td) is de ned to be the space of allx such that x 2 H g(Td),
equipped with the natural norm. The mixture Hardy space is

(

HS(TH)+ HL(TY  if 1 p<2
H (T = p(T5) + Hp(T) P

HS(THOVH (T if 2 p<1;
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equipped with the sum and intersection norms, respectively:

( inf kkag+kzkH{):x=y+z if 1 p<2

kxky, =
H max kxki ; kxki if 2 p<1:

Recall also that BMOS(TY) (in [17]) is the duality of H§(TY) with the norm
1
max j®(0)j; sup Prjx P(X)i® 2, ;
0 r<1

and that row BMO'(TY) consists of allx such that x 2 BMOS(TY), equipped with the
norm

kaBMO' = kx kBMOC :

Then the mixture space BMO( TY) is the intersection of the column and row BMO spaces:
BMO(TY) = BMO ¢(T9)\ BMO'(TY);

equipped with
kxkgmo = max(kxkgmo«c; kxkgmor):

We will frequently use the notation A . B, which is an inequality up to a constant:
A c¢B for some constantc > 0. The relevant constants in all such inequalities may
depend on the dimensiond, the test function ' or , the indices , p or g, etc. but never
on the functions f or distributions x in consideration. A B means thusA . B and
A&B.

0.2 Basic properties

A common basic property of potential Sobolev, Besov and Triebel-Lizorkin spaces is a
reduction theorem by the Bessel potential. This is obvious for the potential Sobolev space
Hp(Td) just by de nition. The reduction theorem of Hp(Td) for the Riesz potential is
ensured by a characterization ofH , (T9 norm below:

Theorem 0.1. Letl p 1 . Then

1

kXK, jR(0)jP+ kI (x  ®(0))kp .
where the equivalence constants depend only onand d.

We obtain a Poincaré type inequality, which yields the reduction theorem of Sobolev
spaces. Forx 2 W(TY) let

X 1
Xiwg = kD™xKP " :

m2Nd;jmja=k

Then we show in chapter 2 the following result.



32 Introduction

Theorem 0.2. Letl p 1 . Then forany x 2 Wpl(Td),
kx  ®(0)kp . jijplz
More generally, if k 2 N and x 2 W/(T9) with ®(0) = 0, then
jij‘,-] . jijpk; 80 j<k:
Consequently,j®(0)j + jxjw is an equivalent norm onWX(TY).

Our proof of this inequality greatly di ers with standard arguments for such results in
the commutative setting.

For Besov and Triebel-Lizorkin spaces, the reduction theorem also holds for the Riesz
and Bessel potentials and partial derivatives. Moreover, this reduction theorem of partial
derivatives holds in a generalized sense for the so-called fractional derivatives de ned as
follows: Given a 2 R., we dene Dia( ) = (2 i) for 2 RY and D? to be the
associated Fourier multiplier on T¢. We setD, = D1a, Dga, and D2 = D Df,‘d
for any a = (a;; ;ag) 2 RY. Note that if ais a positive integer, D® = @, so this
generalization of partial derivatives does not cause any con ict of notation.

Theorem 0.3. Letl p;g 1 , 2R.

() Forany 2R, bothJ andl are isomorphisms betweerB,,(T% and B, (T9).

(i) Leta2 RY. If x 2 B,g(TY), then D2x 2 Bpg ¥*(T¢) and

kD 2xk kxkg
p:q

Bp:ti ajl '
(i) Let > 0. Then x 2 B,o(T%) i D;x 2B, (T9 foralli=1; ;d. Moreover,
in this case,

xd
kkap;q j R(0)j + kD; kap.q
i=1 '

Theorem 0.4. Letl p<1 and 2R.

() Forany 2R, bothJ and| are isomorphisms betweerF ;¢ (T9) and F, (T4,
In particular, J and| are isomorphisms betweerf,° (T9) and Hg(Td).

(i) Leta2 RY. If x 2 F;° (TY), then D2 2 Fp | ¥¥(T9) and
kDaxkaj alyc - kxka:c :
(i) Let > 0. Thenx 2 F,¢(T9 i D;x2F, ©(TY foralli=1; ;d. Moreover,
in this case,

xd
ke ] RO)j+ KDy Xke e
i=1

We also show that Wy (T9) is the analogue forT? of the classical Lipschitz class of
orderk. Foru 2 RY, dene  x = ,(X) X, wherez = (e 1; :e? ) and ,is
the automorphism of T9 determined by U 7' zjy; for 1 d. Then for a positive
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integer k, K is the kth di erence operator on T9 associated tou. Note that K is also

the Fourier multiplier with symbol €X, wheree,( )= € ' 1. The kth order modulus
of L p-smoothness of arx 2 Lp(Td) is de ned hy

L X(x") = sup Kx
o<juj "

We then prove thatforany 1 p 1 andk 2 N,

5067

K kD M xkp :

>0 m2Nd;jmji=k

In particular, we recover Weaver's results [78, 79] on the Lipschitz class ofi® whenp = 1
andk =1.

Other results concern the links between these spaces. Part of them are listed as follows:
() For 1<p< 1 ,HKTY = Wk(T9 with equivalent norms.
o d d d d
(i) For 1 p 1 and 2R% B, inp2(T)  Hp(T) By naxp) (T
(i) For 1 p< 1By (T Fi (T By maxp (T9:
(iv) For 1<p< 1 and 2R, F,(T%= H,(T% with equivalent norms.

As a consequence of the last one, we deduce that the potential Sobolev spddg (T9)
admits a Littlewood-Paley characterization for 1<p< 1.

0.3 Characterizations

The second family of results are various characterizations of Besov and Triebel-Lizorkin
spaces. This is the most di cult and technical part of the thesis. In the classical case, all
existing proofs of these characterizations that we know use maximal function techniques
in a crucial way. As pointed out earlier, these technigues are unavailable now. Instead, we
use frequently Fourier multipliers. We would like to emphasize that our results are better
than those in literature even in the commutative case. Let us illustrate this by stating a
general characterization of Besov spaces. Ldb be an auxiliary Schwartz function such
that

supph f 2RY9:jj 4g and h=1 onf 2R%:jj 2g

Let o; 12 R. Let be an innitely dierentiable function on RY n f0g satisfying the
following conditions

8
jj>0onf 2% | 2g
F X(hl )2 Ly(RY;

2 sup2 o F 1 (@)), <1:
i2No

The integrability of the inverse Fourier transforms can be reduced to a handier criterion by
means of the potential Sobolev spacél, (RY) with > g We will use the same notation

for as for'. In particular, | is the inverse Fourier transform of (2 ¥) and & is
the Fourier multiplier on T9 with symbol (2 k). For continuous parameters, we will use
similar notation: given "> 0, - denotes the function with Fourier transform () = ("),

and € denotes the Fourier multiplier on T9 associated to (). Then we have



34 Introduction

Theorem 0.5. Letl p;g 1 and 2 R. Assume o< < 1. Let satisfy the

above assumption. Then a distributionx on T¢ belongs toB,,(T9) i

1
2 k& xkp ! <1
k 0

If this is the case, then
X 1
kxks,,  jR(0)j%+ 2 k& xkp 1
k 0

Similarly, for any distribution x on T¢,
Zy

no 1
kxks . jR(0)j9+ ) va e yada.

p "

Two precise and important examples of above are given in terms of the circular
Poisson and heat semigroup. Recall thaP; (x) denote the Poisson integral of a distribution
x on T¢: X

P (x) = R(m)rmym™: 0 r< 1L
m2zd

Accordingly, we introduce the circular heat kernel W of T¢:

X .
W, (z) = pimezm. 72790 r< 1
m2zd

Then for x 2 SqTY) we put

X o
W, (x) = R(m)rim*um™: 0 r< L
m2zd

Given a distribution x on T9 and k 2 Z, let

K X K
JPr(x) = CrmkR(m)r!™ *y™;, 0 r< 1;
m2zd
where
1

Cmk =Jjmj (mj k+1) if k 0 and Cuyk = (mi+ 1) Gmi k) if k< O:

Note that J X is the k-th derivation relative to r if k 0, and the ( k)-th integration if
k< 0. J¥W,(x) is de ned similarly. Then we have the following

Theorem 0.6. Letl p;q 1 , 2Randk2 Z. Let x be a distribution on T¢.

() If k> , then

Z 4 .
kxkg., max jo(m)j%+ (1 n% ) 3Kp,(x,) ¢ dr 5.
P jmj<k 0 r p

1 r

X
wherexy = x R(m)u™.
jmj<k
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(i) If k> 5, then
Z 1 1

. . _ dar 3
ke, max a(m)jf+ (L N% 2 I W (x) T T

The use of the integration operators (corresponding to negativek) in the above state-
ment seems completely new even in the case= 0 (the commutative case). Counterparts
of Theorems 0.5 and 0.6 hold foer?C (TY too. But they are much more di cult than
Besov spaces. For Triebel-Lizorkin spaces, another improvement of our characterization
over the classical one lies on the assumption ok: in the classical casek is required to be
greater than d + max( ; 0), while we require onlyk > : See the third term below.

Theorem 0.7. With the same assumptions as in the above two theorems, the following
norms are all equivalent to the norm ofF;° (T9:
PROj+ . 2Kje xi?
k 0 P
z 1 dar 3
j R(0)j + . e xjP -t

X
Z
. . 1 2k ) 1k 2 dr % . .
max jk(m)j + @ n J " Pr(Xk) " —— ; for k>
imj<k 0 1 p

z

! 2(k 2 dr ;
max je(m)j + @ )2k 2 3kw (x)

; for k> 5!
jmj2<k 0 1 p

In the classic setting, the characterizations of both Besov and Triebel-Lizorkin spaces
are strongly based on maximal function techniques, which, as pointed out earlier, are not
available in quantum case. Instead, the Fourier multiplier will play an important role.
Moreover, since the noncommutative Triebel-Lizorkin spaces are subspaces of Hilbert-
valued noncommutative L, spaces, we will develop Fourier multiplier theory for such s-
paces. Besides, we will also need variance of square function characterizations of Hardy
spaces developed in [81].

The classical characterization of Besov spaces by di erences is also extended to the
guantum setting. This result resembles the previous one in terms of the derivations of the
Poisson semigroup.

Theorem 0.8. For1 p;q 1 and 2 R;k2 Nwith0< <k , let
Z 1 da" 1
kxkg 7 = . SRR CRD R

Then x 2 Bp;q(Td) i kaBﬁfq <1,and kkap;q j R(0)j + kkap:gG|

The di erence characterization of Besov spaces shows thaB; .; (T9Y) is the quantum
analogue of the classical Zygmund class. In particular, fo0 < < 1, B; 4 (TY) is the
Holder class of order , already studied by Weaver's [79].

In the commutative case, the limit behavior of the quantity kka as ! kor ! O
are object of a recent series of publications. This line of research was initiated by Bourgain,
Brézis and Mironescu [13, 14] who considered the case! 1 (k = 1). Their work was
later simpli ed and extended by Maz'ya and Shaposhnikova [41]. Here, we obtain the
following analogue for T of their results:
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Corollary 09. Forl p 1 ,1 g<1 andO< <k with k2N,
X
. 1 1
Il!mk(k Jikxkgy g kD ™MxKp ;

m2Nd;jmji=k

L1 1
Il!m0 akxkg i a Tkxkp

with relevant constants depending only ord and k.

0.4 Interpolation

Our third family of results deal with interpolation. Like in the classical setting, the
interpolation of Besov spaces is quite simple, and that of Triebel-Lizorkin spaces can be
easily reduced to the corresponding problem of Hardy spaces. Here we list them as follows

B2 (TY): Bk, (TY) q Bpg(T: 06 15 =(1 ) o+ 1

p:a1
1 1

dy. d _ dy. _ .
Boa(T)i Bpa(T) = Boa(T) 4= 4 F &
Bpla(Th: Bpe, (T q - Bpg(Th: 08 15 =(1 ) o+ 1
O S U
P Po P9 G G ’

1 1

dy. dy — dy. _ L )
Bpego(T7): Bpliy (T7) = Bpg(T7); =(1 ) ot 1 B_ 0 + a
1
- = + —;q<1;
q G th

Fy® (T9; Fy© (T9 L= Fo (T = Fy° (T F° (T9) 1ip l<p<1;

Fpo;C(Td); Fpl;C(Td) q = Bp;q(Td); 1 pgl ; 06 g
=(1 ) ot 1

F1°;C(Td); Fll;C(Td) L= Fp;c (TY; =1 ;) o+ Fl;1<p< 1:
p

Here the spaceF € (TY) is de ned to be the duality of F, *° (TY). Then by the reduction
property of Triebel-Lizorkin space, we have thatJ is an isomorphism betweenF, (TY)
and BMO¢(T9).

The really hard task concerns the interpolation of Sobolev spaces for which we have
obtained only partial results. The most interesting couple is W(TY); W (T9) . Recall
that the complex interpolation of this couple remains always unsolved even in the commu-
tative case (a well-known longstanding open problem which has been recorded by P. Jones
in [27, p. 173]), while its real interpolation spaces were completely determined by DeVore
and Scherer [21]. We do not know, unfortunately, how to prove the quantum analogue
of DeVore and Scherer's theorem. However, we are able to extend to the quantum tori
the K-functional formula of the couple Lp(R?); WX(RY) obtained by Johnen and Scherer
[30]. This result reads as follows:

Theorem 0.10. Letl p 1 andk2 N. Then
KOG Lp(TDWe(TY) - "j(0)j + tp(x"); 0<" 1

with relevant constants depending only ord and k.
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As a consequence, we determine the real interpolation spaces of p(T%); WX(TY) ,
which are Besov spaces.

For the couple H,0(T%); H,1(TY) ; note thatif o= 1 we easily have
Hpo (T Hp (T = H(TY and H, (TY; H, (T = Hp (T9);

for £ = 1p—0 + 5-; sinceJ is an isometry betweenH, (T%) and Lp(T%) forall 1 p 1

If o6 1;the real interpolation of this couple is deduced from the corresponding one of
Besov spaces. The result is

Hoo (T Hp (T g = Bpg(TY: =1 ) o+ 1

For the complex interpolation, our method is to consider the couple Hgpo (T9: H Hll(Td) ,
whereH,,} (T9) is de ned as

Hy,(TH= x28qT% 13 x2H(TY) with x , = J X
Hi

and Hgyo (T9Y) is de ned similarly, by the BMO -norm of J x.
Then we have the following

Theorem 0.11. Let o, 12 Randl<p< 1. Then
1 1
Habio (T HWi (T 1 = Hy (T = D ot o

By the reiteration theorem, the above theorem implies the following:

Corollary 0.12. Let0< < 1, ¢, 12Rand1<pg;p1< 1. Then

Hpoo(Td); lel(Td) = Hp(Td); =(1 ) ot 1 B: Po + a:

This corollary also answers partly the question about the complex interpolation of the
couple W0 (T9); Wki(T9) for 1<po<pi< 1 :To deduce the complex interpolation of
the couple Wg (T9); WX (T9) for pp = 1, we need to consider the Hardy Sobolev spaces
Wiyo (T9) and W (T9) instead of Wi (T%) and W (T9). They are de ned by the norms:

X
sup kD™Mxkgwo and kD ™xky ,
0j mj1 k 0j mj1 k

respectively. We can prove that for anyk 2 N, W&o (T%) = HE o (TY) and WY (T9) =
HE (TY). Then we obtain

Theorem 0.13. Letk2 Nand1<p< 1. Thenfor X = W{_(T9) or X = W§(T9),
Weno (T: X 1 = Wg(T9 = Weyo (T%; X
p

Consequently, forany0< < landl<pg<1,

W (T WE(TS) = W(T9) = W (T wi(T) 0 == +
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0.5 Embeddings

The fourth family of results concern the embedding of the preceding spaces. A typical one
is the analogue of the classical Sobolev embedding inequality chF')‘(Td).

Theorem 0.14. Assume thatl<p< 1:If 2R';p<d and pil =
have:

1
5@ then we

Hp(T9  Lp (T9:
1

Similarly, if k2 N;kp<d and - = ¢ K, then we have:

W(TY) L, (TY:

On the other hand, if p>d (or kp > d), Sobolev spaces are embedded into Holder-
Zygmund spaces, which also coincides well with the classic Sobolev embedding theorems.

Theorem 0.15. Assume thatl p<1 and; p>d . Thenfor 1= % we have
Hp(T9) Byt (T9:
Similarly, if 1<p< 1 andk 2 N;kp >d, then we have for 1 = k %,
Wg(TY) Byt (TY):
For Besov spaces, we have
Theorem 0.16. Assumethatl p p1 1 ;1 g @ 1 ;and % = F%.

Then we have the following bounded inclusion:

Bpg(TY)  Bpla (T :

Similar embedding inequalities hold for Triebel-Lizorkin spaces too, sinceF, (T9) =
Hp(Td) with equivalent norms for 1 < p < 1 . Combined with real interpolation, the
embedding inequality of Bp;q(Td) yields that of Sobolev spaces. Our proofs of these em-
bedding inequalities are based on Varopoulos's celebrated semigroup approach [76] to the
Littlewood-Sobolev theory, which were already employed by Junge and Mei [34] in their
study of BMO spaces on quantum Markovian semigroups.

Moreover, the above three theorems have compact versions if we reduce a little the
indices py of Ly, (T%) and B, (T9), or 1 of By, (T%). The one of Sobolev embedding
extends the Rellich-Kondrachof compactness theorem in classic Sobolev embedding theory.

d

Theorem 0.17. (i) Assumethatl p<p; 1 ;1 g q 1 and = 1 o

Then the embeddingB,,(T%) | B,%,(T9) is compact for1 p <pj.

gelf=N

(i) If p> 1 % = ‘% then Hy (T | H,*(TY) is compact for 1 p < ps.
In particular, If additionally = k and 1 = ki are nonnegative integers, then
WX(TY) 1 WX (TY) is compact.

(i) If p> 1;p( 1)>dand < 1= % then H, (T9 ! By 4 (T9 is compact.
In particular, if additionally = k 2 N, then WX(T9) | B, ,; (T9) is compact.
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0.6 Multipliers

The last family of results of the thesis describe Fourier multipliers on the preceding spaces.
Like in the L, case treated in [17], we are mainly concerned with completely bounded
Fourier multipliers. All spaces in consideration carry a natural operator space structure in
Pisier's sense [54]. Inspired by Neuwirth and Ricard's transference theorem [48], Fourier
multipliers on Lp(Td) are related with Schur multipliers on Schatten Class S, in [17].
Given a distribution x on T9, we write its matrix in the basis (U™) 574

x]= U™ UM = f(m n)d"m 0 :
m;n 224 m;n 224
Here k! denotes the transpose ok = (ki;:::;kq) and ~is the following d d-matrix
deduced from the skew symmetric matrix :
0 1
0 12 13 i 1d
0 0 23 ... 2d
2R
0 0 it 4 1d
0O 0 0 :: 0
Now let :z91 C and M be the associated Fourier multiplier on T4, Set =
m n mno2zd- Then
M X = moak(m e ™M =S (X)) 0.1)
whereS the Schur multiplier with symbol . If X is a Banach space of distributions orir'9,

we denote byM(X ) the space of bounded Fourier multipliers onX ; if X is further equipped
with an operator space structure, M¢,(X) is the space of c.b. Fourier multipliers onX.
Similarly, if X is a SchattenL , space (or its closed subspace), we denote (X ) the space
of bounded Schur multipliers on X ; with its natural operator space structure, we denote
also M¢y(X) the space of c.b. Schur multipliers onX. These spaces of multipliers are
endowed with their natural norms. Itis shownin [17] that, for 1 p 1 , Mcy(Lp(T9)) =
Meb(Sp) with equal norms, whenceMcb(Lp(Td)) is independent of :

Using again Neuwirth-Ricard's transference between Fourier multipliers and Schur mul-
tipliers, we deduce similar result for Sobolev spaceNg((Td) and Triebel-Lizorkin spaces
FC (T9).

p

Theorem 0.18. Letl p 1 ,andk2N; 2 R. Then
Meo(WE(TY) = Mep(WE(TY) with equal norms;

and
Mep(Fp© (T9) = Meb(Fp© (T9) with equal norms:

Here we should point out that, even though it is a commutative function space, the
spaceF, (T9) (corresponding to = 0) is endowed with three di erent operator space
structures, the rst two being de ned by its embedding into Lp(Td; '§) and Lp(Td; *5) and
the third one being the mixture of these two, resulting three di erent operator spaces
denoted by F,® (T9) , F," (T%) and F, (T9), respectively. The above theorem gives in
particular that Mcp(H5(T%) = Mcp(H5(T?)) with equal norms.
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The situation for Besov spaces is very satisfactory since it is well known that Fourier
multipliers behave much better on Besov spaces than oi p-spaces (in the commutative
case). We prove the following

Theorem 0.19. Let 2 Randl p;g 1 . Let :29! C. Then is a Fourier
multiplier on B,.((T%) i the ' ®)'s are Fourier multipliers on Lp(T%) uniformly in k. In
this case, we have

. . v(K)
M(Bpq(ry 1 O+ sup M(Lp(T%)

with relevant constants depending only on . A similar c.b. version holds too.

Consequently, the Fourier multipliers on Bp;q(Td) are completely determined by the
Fourier multipliers on Lp(Td) associated to their components in the Littlewood-Paley
decomposition. So the completely bounded multipliers oan;q(Td) depend solely onp.
In the case ofp = 1, a multiplier is bounded on Bl;q(Td) i it is completely bounded
i it is the Fourier transform of an element of B, (T%). Using a classical example of
Stein-Zygmund [70], we show that there exists a which is a completely bounded Fourier
multiplier on B,,(T9) for all p but bounded on L(T9) for nop 6 2.



Chapter 1

Preliminaries

This chapter collects the necessary preliminaries for the whole paper. The rst two sections
present the de nitions and some basic facts about noncommutative. ,-spaces and quantum
tori which are the central objects of the paper. The third one contains some results on
Fourier multipliers that will play a paramount role in the whole paper. The last section
gives the de nitions and some fundamental results on operator-valued Hardy spaces on
the usual and quantum tori. This section will be needed only starting from chapter 4 on
Triebel-Lizorkin spaces.

1.1 Noncommutative L,-spaces

Let M be a von Neumann algebra equipped with a normal semi nite faithful trace and
Sy, be the set of all positive elements< in M with  (s(x)) < 1 , where s(x) denotes the
support of x, i.e., the smallest projection e such that exe= x. Let Sy be the linear span
of S;',l . Then every x 2 Sy has nite trace, and Sy is a w*-dense -subalgebra ofM .

Let 0<p< 1. Forany x 2 Sy, the operator jxjP belongs toS;, (recalling jxj =
(x x)%). We de ne

kxkp = (jxiP) P

One can check thatk k, is a norm on Sy . The completion of (Sv ;k kp) is denoted
by Lp(M ), which is the usual noncommutative L ,-space associated tq{M ; ). For con-
venience, we setL; (M) = M equipped with the operator norm k ky . The norm of
Lp(M ) will be often denoted simply by k k,. But if dierent L ,-spaces appear in a same
context, we will sometimes precise their norms in order to avoid possible ambiguity. The
reader is referred to [57] and [83] for more information on noncommutative. ,-spaces.

The elements ofL,(M ) can be described as closed densely de ned operators ¢h (H
being the Hilbert space on whichM acts). A closed densely de ned operatorx on H is
said to be a liated with M if ux = xu for any unitary u in the commutant M °of M . An
operator x aliated with M is said to be measurable with respect taM ; ) (or simply
measurable) if for any > 0 there exists a projectione 2 B(H) such that

eH) Dom(x) and (€’)

where Dom(x) de nes the domain of x: We denote by Lo(M ; ), or simply Lo(M ) the
family of all measurable operators. For such an operatox, we de ne

s(x) = (el (ixj); s> 0
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where €7 (x) = 1(s:1)(X) is the spectrum projection of x corresponding to the interval
(s;1); and
i(X)=inffs>0: g(x)<tg; t> 0:

The function s 7! ¢(x) is called the distribution function of x and the ((x) the generalized
singular numbers of x. Similarly to the classical case, forO<p< 1;0<q 1 ;the
noncommutative Lorentz spacel p,q(M ) is de ned to be the collection of all measurable
operators x such that z,

1

_ 1 qdt 2 _

Clearly, Lp:;p(M) = Lp(M ). The spacelLp;; (M) is usually called a weakL y-space,0 <
p<1;and
1
kxKp;1 =sups s(x)r:
s>0

Like the classical L p-spaces, noncommutativel ,-spaces behave well with respect to
interpolation. Our reference for interpolation theory is [8]. Let 1 po < p1 1 ,
1 gl andO< < 1 Then

Lpo(M); Lpi(M) = Lp(M) and Lpy(M); Lpy(M) .\ = Lpig(M); (1.1)

1
< - T
where P Po P

Now we introduce noncommutative Hilbert space-valuedL ,-spacesL (M ;H®) and
Lp(M ;H"), which are studied at length in [32]. LetH be a Hilbert space andv a norm
one element ofH. Let p, be the orthogonal projection onto the one-dimensional subspace
generated byv. Then de ne the following row and column noncommutative L p-spaces:

Lo(M;HT) =(pv  Im)Lp(B(H)M );
Lo(MH) = Lp(B(H)M (v 1w );

where the tensor productB(H) M is equipped with the tensor trace while B(H) is
equipped with the usual trace. Forf 2 L,(M ;H®),

1
kf kLp(M He) = k(f f)szp(M )-

A similar formula holds for the row space by passing to adjoints: f 2 Lp(M ;H") i

f 2 Lp(M;H®), and kf k. m;ury = KF ki miHey. It is clear that Lp(M;H®) and
Lp(M ;H") are 1-complemented subspaces df,(B(H) M ) for any p. Thus they also
form interpolation scales with respect to both complex and real interpolation methods:
Letl po;pr 1 andO< < 1 Then

Loo(MH); Lp (MHS) = Lp(M S HE);
(1.2)
Loo(MiH) Ly (M HS) = Lp(M HE);
where% = % t oo The same formulas hold for row spaces too.
1.2 Quantum tori
letd 2and = ( ) be a real skew symmetricd d-matrix. The associated d-
dimensional noncommutative torusA is the universal C -algebra generated byd unitary
operators Uq;:::; Uy satisfying the following commutation relation

UUj = € 19 UjUy; ik =1;:0:5d: (1.3)
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We will use standard notation from multiple Fourier series. Let U = (Uy;  ;Ug). For
m=(my :mg) 2 Z% we de ne

um=um  uge

A polynomial in U is a nite sum

X
X = mU™ with 5 2C;

m2zd

that is, ., = O for all but nite indices m 2 Z9: The involution algebra P of all such
polynomials is dense inA : For any polynomial x as above we de ne

X)= o

where 0 = (0; ;0). Then, extends to a faithful tracial state on A . Let T9 be the
w -closure ofA in the GNS representation of . This is our d-dimensional quantum torus.
The state extends to a normal faithful tracial state on T¢ that will be denoted again by
. Recall that the von Neumann algebraT¢ is hyper nite.
Any x 2 L1(T9) admits a formal Fourier series:

X
X R(M)U™:
m2zd
where
R(m)= ((UM) x); m22z¢

are the Fourier coe cients of x. The operator X is, of course, uniquely determined by its
Fourier series.

We introduced in [17] a transference method to overcome the full noncommutativity of
quantum tori and use methods of operator-valued harmonic analysis. Lef? be the usual
d-torus equipped Witrﬂznormalized Haar measuredz. Let N = L4 (T9 " T9, equipped with
the tensor trace = dz . It is well known that for every O<p< 1 ;

Lp(N 5 ) = Lp(T%Lp(Th):

The space on the right-hand side is the space of Bochnar-integrable functions from Td
to Lp(Td). In general, for any Banach spaceX and any measure spacd ; ), we use
Lpo(; X) to denote the space of Bochnep-integrable functions from to X. For each
z2 7% dene , to be the isomorphism of T determined by

L(U™ = z"UM =z ZYuM U (1.4)
Since ( ;(x))= (x) forany x 2 T9: , preserves the trace: Thus for every0O<p< 1 ;
k 2(x)kp = kxkp; 8x 2 Lp(TY: (1.5)

Now we state the transference method as follows (see [17]).

Lemma 1.1. For any x 2 Lp(Td), the function ® : z 7! ,(x) is continuous from T¢ to
Lp(Td) (with respect to the w*-topology forp= 1 ). If x 2 A , it is continuous from Td
to A .
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Corollary 1.2. (i) LetO<p 1 :Ifx2 Lp(Td); then® 2 Lp(N ) and krj, = kxkp;
that is, x 7! ® is an isometric embedding fromLp(Td) into L,(N ): Moreover, this
map is also an isomorphism fromA into C(T%; A ).

(i) Let ¥9 = fr : x 2 Tdg: Then ¥ is a von Neumann subalgebra oN and the
associated conditional expectation is given by
z
EF)2)= 2z wfw)dw; z2T% f 2N :
T

Moreover, E extends to a contractive projection fromL,(N ) onto Lp(‘i'd) for 1
p 1

(i) Lp(Td) is isometric to Lp(i'd) foreveryO<p 1

1.3 Fourier multipliers

Fourier multipliers will be the most important tool for the whole work. Now we present
some known results on them for later use. Given a function : Z9! C,let M denote the

associated Fourier multiplier on T9, namely, i f (m) = (m)fo(m) for any trigonometric

polynomial f on T9. We call a multiplier on Lp(T9) if M extends to a bounded map
on Lp(Td). Fourier multipliers on T9 are de ned exactly in the same way, we still use
the same symbolM to denote the corresponding multiplier on T¢ too. Note that the

isomorphism , de ned in (1.4) is the Fourier multiplier associated to the function given
by (m)= z™M.

It is natural to ask if the boundedness ofM on Lp(Td) is equivalent to that on Lp(Td).
This is still an open problem. However, it is proved in [17] that the answer is a rmative
if boundedness" is replaced by complete boundedness"”, a notion from operator space
theory for which we refer to [23] and [55]. All noncommutative L ,-spaces are equipped
with their natural operator space structure introduced by Pisier [54, 55].

We will use the following fundamental property of completely bounded (c.b. for short)
maps due to Pisier [54]. LetE and F be operator spaces. Then a linearmag :E! F
isc.b.i Ids, T:Sp[E]! Sp[F]is bounded for somel p 1 . In this case,

Here Sp[E] denotes the E-valued Schatten p-class. In particular, if E = C, S5[C] =
Sp is the noncommutative L ,-space associated tdB ("), equipped with the usual trace.
Applying this criterion to the special case whereE = F = L,(M ), we see that a mapT
onLp(M)iscb.i Ilds, T:Lp(B(2)M )! Lp(B('2)M ) is bounded. The readers
unfamiliar with operator space theory can take this property as the de nition of c.b. maps
betweenL p-spaces.

Thus is a c.b. multiplier on Ly(TY) if M is c.b. on Lp(TY), or equivalently, if
Ids, M is bounded onLp(B(*2)” T9). Let M(Lp(T%) (resp. Mcy(Lp(T?))) denote the
space of Fourier multipliers (resp. c.b. Fourier multipliers) on Lp(Td), equipped with the
natural norm. When =0, we recover the (c.b.) Fourier multipliers on the usual d-torus
Td. The corresponding multiplier spaces are denoted bi(L p(T%)) and Mcy(Lp(T9)). Note
that in the latter case ( = 0), Lp(B(T2)” T9) = Lp(T%Sp), thus is a c.b. multiplier on
Lp(T9 i M extends to a bounded map onLp(T%; Sp).

The following result is taken from [17].
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Lemma 1.3. Letl p 1 . Then Mg(Lp(T%)) = Mep(Lp(T%)) with equal norms.

Remark 1.4. Note that Mgy(L1(T9) = Mep(L1 (TY)) coincides with the space of the
Fourier transforms of bounded measures oif %, and M¢y (L 2(T9)) with the space of bounded
functions on Z9.

The most e cient criterion for Fourier multipliers on Lp(Td) forl<p< 1 isMikhlin's
condition. Although it can be formulated in the periodic case, it is more convenient to
state this condition in the case of RY. On the other hand, the Fourier multipliers on T¢
used later will be the restrictions to Z9 of continuous Fourier multipliers on RY. As usual,
form=(my; ;mg) 2 Nd (recalling that Ny denotes the set of nonnegative integers), we

set
DM = @11 @M;

where @ denotes thekth partial derivation on qu. Also put jmj; = mq + + my. The

Euclidean norm of RY is denoted byj j: jj= 2+ + 2.

De nition 1.5. A function : RY ! Cis called a Mikhlin multiplier if it is d-times
di erentiable on RY nf0g and satis es the following condition

k ky =sup j j™:jD™ ()j: 2RYnf0g; m2 NJ;jmj; d < 1:

Note that the usual Mikhlin condition requires only partial derivatives up to order
[%] +1 (see, for instance, [25, section I1.6] or [67, Theorem 4.3.2]). Our requirement above
up to order d is imposed by the boundedness of these multipliers on UMD spaces. We
refer to section 4.1 for the usual Mikhlin condition and more multiplier results on T¢.

It is a classical result that every Mikhlin multiplier is a Fourier multiplier on Lp(Rd)
for1<p< 1 (cf. [25, section I1.6] or [67, Theorem 4.3.2]), so its restriction _, is a
Fourier multiplier on Lp(Td) too. It is, however, less classical that such a multiplier is
also c.b. oan(Rd) or Lp(Td). This follows from a general result on UMD spaces. Recall
that a Banach spaceX is called a UMD space if theX -valued martingale di erences are
unconditional in Lp(; X) forany 1<p < 1 and any probability space ( ;P). This is
equivalent to the requirement that the Hilbert transform be bounded on Lp(Rd;X) for
1<p< 1. Any noncommutative L,-space withl<p< 1 isa UMD space. We refer to
[10, 15, 16] for more information.

Before proceeding further, we make a convention used throughout the paper:

Convention.  To simplify the notational system, we will use the same derivation symbols
for RY and TY. Thus for a multi-index m 2 Ng, D™ = @' @, introduced previously,
will also denote the partial derivation of order m on T4, Similarly, = @+ + @ will
denote the Laplacian on bothRY and T9. In the same spirit, for a function on RY, we
will call  rather than . a Fourier multiplier on Lp(Td) or Lp(Td). This should not
cause any ambiguity in concrete contexts. Considered as a map dnp(Td) or Lp(Td), M
will be often denoted byf 7! € f orx 7! € x.

Note that the notation € f coincides with the usual convolution when is good enough.
Indeed, let € be the 1-periodization of the inverse Fourier transform of whenever it exists
in a reasonable sense:

X
€(s) = F Y )s+m); s2RY:
m2zd
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Viewed as a function onT9, € admits the following Fourier series:

X
€(z) = (m)z™:
m2zd

Thus for any trigonometric polynomial f,
Z
e f@=  Saw Df (w)ydw; z2 T9:
T

The following lemma is proved in [43, 85] (see also [12] for the one-dimensional case).

Lemma 1.6. Let X be a UMD space andL<p< 1. Let be a Mikhlin multiplier. Then
is a Fourier multiplier on Lp(T9 X ). Moreover, its norm is controlled by k ky, p and
the UMD constant of X .

Since Sy is a UMD space forl<p < 1, combining Lemmas 1.3 and 1.6 and Remark
1.4, we obtain the following result.

Lemma 1.7. Let be a function onR¢Y.

() If F () is integrable on RY, then is a c.b. Fourier multiplier on Lp(Td) for
1 p 1 . Moreover, its c.b. norm is not greater than F () 1

(i) If is a Mikhlin multiplier, then is a c.b. Fourier multiplier on Lp(Td) for 1<
p < 1 . Moreover, its ¢c.b. norm is controlled by k ky and p.

1.4 Hardy spaces

We now present some preliminaries on operator-valued Hardy spaces o and Hardy
spaces onTY. Motivated by the developments of noncommutative martingale inequalities
in [56, 36] and quantum Markovian semigroups in [32], Mei [44] developed the theory of
operator-valued Hardy spaces orRY. More recently, Mei's work was extended to the torus
case in [17] with the objective of developing the Hardy space theory in the quantum torus
setting. We now recall the de nitions and results that will be needed later. Throughout
this section, M will denote a von Neumann algebra equipped with a normal faithful tracial
state andN = L1 (T9 ™ with the tensor trace. In our future applications, M will be
Td,

A cube of T% is a product Q = 1 l4, where eachl; is an interval (= arc) of T.
As in the Euclidean case, we usgQj to denote the normalized volume (= measure) ofQ.
The whole T9 is now a cube too (of volumel).

We will often identify TY with the unit cube 19 = [0; 1)9 via (€? 'S; ;€2 is¢) §
(s1; ;sqg). Under this identi cation, the addition in 19 is the usual addition modulo 1
coordinatewise; an interval of | is either a subinterval of | or a union [b; 1][ [O; a] with
O<a<b< 1, the latter union being the interval [b 1; a] of | (modulo 1). So the cubes
of 19 are exactly those ofT9. Accordingly, functions on T9 and 19 are identi ed too; they

are considered asl-periodic functions onRY. Thus N = Ly (T M = L; (19 ™
We de ne BMOS(TY: M ) to be the space of allf 2 L»(N) such that
z L2 .1
kf kemoc = max  f - su —  f(z) — fwdwdz?’® <1:
oMo T R 10 o P Qo M
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The row BMO'(T%;M ) consists of allf such that f 2 BMOS(TY:M ), equipped with
kf kemor = kf Kksmoc. Finally, we de ne mixture space BMO(TY; M ) as the intersection
of the column and row BMO spaces:

BMO(T%; M ) =BMO ¢(T% M )\ BMO'(T%M);

equipped with kf kgmo = max( kf kgmo ¢ ; kf kgmor):
As in the Euclidean case, these spaces can be characterized by the circular Poisson
semigroup. LetP; denote the circular Poisson kernel ofTd:

X o
P (2) = pimizm: z2T% 0 r< 1 (1.6)
m2zd

The Poisson integral off 2 L1(N) is
z X -
Pr(f)(2) =  Pr(zw D (w)dw = (m)rimizm:
T m2zd

Here denotes, of course, the Fourier transform of :
Z

(m) = Tulf(z)z Mz

It is proved in [17] that
1% 1% )
su —  f(z) = f(w)dw“dz sup P/ (jif P (f)j? 1.7
o lecoube 9 o (2) 9 o (w) Mo r<F>1 r(j r(F)i9) (1.7)

with relevant constants depending only ond. Thus

Z -

kfkemoc max ki(O)kv ; sup Pi(jf P (f)j?)
0 r<1l

Now we turn to the operator-valued Hardy spaces onTY which are de ned by the
Littlewood-Paley functions associated to the circular Poisson kernel. Forf 2 Li(N)
de ne 7

L ;

s¢(f )(z) = @P; (f)(2) 2(1 rydr *; z2 T
0
Forl p<1,let
HS(TEM ) = £f 2 La(N) @ Kf kg < 19 ;
where
Kf kig = KIXO)ky vy + ks®(F )KL ,(n):
The row Hardy space HF,(Td; M) is de ned to be the space of allf such that f 2
Hg(Td; M ), equipped with the natural norm. Then we de ne

(

H (T M ) = HE(TEM )+ HL(TEM)  if 1 p<2

HS(TEM)VH ((TEM) if 2 p<1;

equipped with the sum and intersection norms, respectively:

(

inf kgkue + khkyr :f = g+h  if 1 p<2
Kf K, = P P

max kkag?kkaL if 2 p<1l:

The following is the main results of [17, Section 8]
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Lemma 1.8. () Letl<p< 1. Then Hp(Td; M) = Lp(N) with equivalent norms.
(i) The dual space ofH§(T9 M ) coincides isomorphically withBMOS(TY; M ).
(i) Letl<p< 1. Then
(BMO(TE M ); HY(TEM )1 = H(TEM)
(BMO(TEM ); HI(TEM ) 1, = HE(TEM):
Similar statements hold for the row and mixture spaces too.

By transference, the previous results can be transferred to the quantum torus case.
The Poisson integral of an elementx in L1(T9) is de ned by

X .
Pr(x) = R(m)r!™u™: 0 r< 1L
m2zd

Its associated Littlewood-Paley g-function is
Z 1 1

)= @P(X) A rydr ’

Forl p<1 let
kxkpg = jR(0)j + kSC(X)kLp(Td):

The column Hardy spaceHg(Td) is then de ned to be
Ho(Th = x 2 La(T9 : kxkug < 1
On the other hand, inspired by (1.7), we de ne

BMOS(TY) = x2L(TY : sup Prjx P(x)j® o<1 ;
0 r<1

equipped with the norm
1
kxkgmoec =max j®(0)j; sup Py jx Pr(x)j? Ta
0r<1

The corresponding row and mixture spaces are de ned similarly to the preceding torus
setting.

Lemma 1.8 admits the following quantum analogue:
Lemma 1.9. (i) Let 1<p< 1. Then Hy(T9 = Lp(T9) with equivalent norms.
(i) The dual space ofH$(T9) coincides isomorphically withBMO¢(T¢).
(i) Letl<p< 1. Then
(BMOS(T); HE(T?) 1 = H3(T%) = (BMO “(T%); Hi(T)1

Similar statements hold for the row and mixture spaces too.
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In the above de nition of Hg(Td), the Poisson kernel can be replaced by any reasonable
smooth function. Let be a Schwartz function onR% and j be the function whose Fourier
transform is (2 1 ). The map x 7! § x is the Fourier multiplier on T9 associated to

ij- Now we de ne the square function associated to of an elementx 2 L1(TY) by
X 1
)= 0§ x* 7
i o
The following lemma is the main result of [81]. We will need it essentially in the case of
p=1.

Lemma 1.10. Letl p<1,andlet be a Schwartz function that does not vanish in
f 11 j j<29 Thenx2HE(T9 i s°(x) 2 Lp(T9). In this case, we have

kxkpg  j ®(0)j + ks® (X)k_(7ay

where the equivalence constants depend only ahp and






Chapter 2

Sobolev spaces

This chapter starts with a brief introduction to distributions on quantum tori. We then
pass to the de nitions of Sobolev spaces oY and give some fundamental properties of
them. Two families of Sobolev spaces are studiedWF')‘(Td) and the fractional Sobolev
spacesH , (T%). We prove a Poincaré type inequality for Wx(T9) forany1 p 1 . Our
approach to this inequality seems very di erent from existing proofs for such an inequality
in the classical case. We show thaW{ (T9) coincides with the Lipschitz class of orderk,
studied by Weaver [78, 79]. We conclude the chapter with a section on the link between
the gquantum Sobolev spaces and the vector-valued Sobolev spaces on the usdaorus
Td.

2.1 Distributions on quantum tori

In this section we give an outline of the distribution theory on quantum tori. Let

X
S(TY = amU™ : fan g, 54 rapidly decreasing :
m2zd

This is a w*-dense -subalgebra of TY and contains all polynomials. We simply write
S(Td) = S(TY), the algebras of in nitely di erentiable functions on T9. Thus for a general
, S(T9) should be viewed as a noncommutative deformation o8(T%). We will need the
di erential structure on S(TY), which is similar to that on S(T9).
According to our convention made in section 1.3 and in order to lighten the notational
system, we will use the same derivation notation onT9 as onTY, Forevery1 | d,
de ne the following derivations, which are operators onS(T9):

@U))=2 iU and @U)=0 for k6 j

These operators@ commute with the adjoint operation , and play the role of the partial

the associated partial derivationD™ is @' @'¢. We also use to denote the Laplacian:
= @+ + @ The elementary fact expressed in the following remark will be frequently
used later on.
Restricted to Lo(TY), the partial derivation @ is a densely de ned closed (unbounded)
operator whose adjoint is equal to  @. This is an immediate consequence of the following
obvious fact (cf. [64]):

Lemma 2.1. If x;y 2 S(T9), then (@(x)y) = (x@(y)) forj =1, ;d.
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Thus = (Q@a+ +@Q@),so is a positive operator onL»(T9) with spectrum
equal tof4 ?jmj?:m 2 z9g.

Remark 2.2. Given u 2 RY let e, be the function on RY dened by e,( ) = € U |
whereu  denotes the inner product ofRY. The Fourier multiplier on TY associated to
e, coincides with  in (1.4) with z = (€? Y1; €2 1Ua)_ This Fourier multiplier will play
an important role in the sequel. By analogy with the classical case, we will call it the
translation by u and denote it by Ty: Tu(x) = 2(x) for any x 2 S(TY). Then it is clear
that

@

_ @ .
@—PTU(X) = Tu(@x); so @PTU(X) - @x: (2.1)

Following the classical setting as in [22], we now endov®(TY) with an appropriate

topology. For eachk 2 Ng de ne a norm px on S(TY) by

pk(X)= sup kD™Mxk; :
0j mjx k

The sequencd pgx o induces a locally convex topology orS(TY). This topology is metriz-
able by the following distance:

A2 kp(x )

d(x;y) =
bYI=  Tepx )

with respect to which S(T9) is complete, an easily checked fact. The following simple
proposition describes the convergence i$(TY).

Proposition 2.3. A sequencefx,g S (TY) converges tox 2 S(T9) if and only if for
everym 2 N9, D™x, ! D™x in T

Proof. Without loss of generality, we assumex = 0. Suppose thatx, ! 0in S(T9). Then
for m 2 N§ and " > 0, there exists an integerN such that for everyn N;

22 kpe(xn)  Ljmip "
. — ] mj1
d(xn; 0) oo 1+ Px(Xn) 2 1+
Thus, pjmj,(xn) ", sokDMxjk; ", which meansD™x, ! 0Oin Td:

Conversely, agsume that for everym 2 Nd D™x,! 0in T9 For"> 0let Ng be an
integer such that .y, 2 K < 5. SinceD™Mxp ! O for jmj;  No; there existsN 2 N
such that for n > N;

Ro 2 Kpe(xn) _ "
o 1 plxn) 2
Consequently,d(xpn;0) <™. O

De nition 2.4. A distribution on T9 is a continuous linear functional on S(T%). SqT9)
denotes the space of distributions.

As a dual space,SqTY) is endowed with the w*-topology. We will use the bracket
h; i to denote the duality between S(TY) and SYTY): hF; xi = F(x) for x 2 S(TY) and
F 2 SqTY). We list some elementary properties of distributions:

(1) For1 p 1 ,the spacely(T9) naturally embeds into S{TY): an elementy 2 L(T9)
induces a continuous functional onS(T9Y) by x 7! (yx).
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(2) S(TY) acts as a bimodule onSqTY): for a;b2 S(TY) and F 2 SYTY), aFbis the
distribution de ned by x 7! hF; bxai.

(3) The partial derivations @ extend to SqTY) by duality: h@F; xi = h F; @xi. For
m 2 N4, we use againD™ to denote the associated partial derivation onS{T9).

(4) The Fourier transform extends to SqT9): for F 2 STY and m 2 z9, P(m) =
hF; (UM) i. The Fourier series of F converges toF according to any (reasonable)
summation method: X

F= Bmyu™:
m2zd

2.2 De nitions and basic properties

We begin this section with a simple observation on Fourier multipliers onS(T%) and SqT9).
Let :z91 C be afunction of polynomial growth. Then its associated Fourier multiplier
M is a continuous map on bothS(T9) and S{TY). Here and in the sequel, a generic
element of S{TY) is also denoted byx. Two speci c Fourier multipliers will play a key
role later: they are the Bessel and Riesz potentials.

De nition 2.5. Let 2 R. Dene J onRYand!l onRYnf0g by
J()=@+jjAHz and | ()=]j]

Their associated Fourier multipliers are the Bessel and Riesz potentials of order, denoted
by J& and | , respectively.

By the above observation,J is a Fourier multiplier on SYT9), and | is also a Fourier
multiplier on the subspace of S{TY) of all x such that ®(0) = 0. Note that

J =1 (@2)2)zand!l =( (2) ?) z:
De nition 2.6. Letl p 1 ,k2Nand 2R.
() The Sobolev space of ordeik on T¢ is de ned to be
WE(TY) = x2SYT%:D™x 2 Lp(TY) for eachm 2 N§ with jmjz Kk ;

equipped with the norm

1

X 1
kxky = kD™MxkE "
0j mj1 K

(i) The potential (or fractional) Sobolev space of order is de ned to be
Hp(TH = x2SqTY:J x2Ly(TY ;

equipped with the norm
kxkn, = kJ xKp:

In the above de nition of kkag, we have followed the usual convention forp = 1
that the right-hand side is replaced by the corresponding supremum. This convention will
be always made in the sequel. We collect some basic properties of these spaces in the
following:
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Proposition 2.7. Letl p 1 ,k2Nand 2R.
() Wi(T9) and H, (T9) are Banach spaces.

(i) The polynomial subalgebraP of T is dense inWX(T9) andH, (T%) for 1 p<1.
Consequently,S(T9) is dense inWX(T9) and H, (T9).

(i) Forany 2 R,J isanisometry from H,(T%) onto H, (T%). In particular, J
is an isometry from H, (T%) onto L,(TY).

(iv) H,(T% H,(TY continuously whenever <

Proof. (iii) is obvious. It implies (i) for H, (T9).
(i) It suces to show that WXK(TY) is complete. Assume thatfx,g WE(TY is a
Cauchy sequence. Then for everymj;  k; fD™x,g is a Cauchy sequence ier(Td), S0
D™xn ! ym in Lp(TY). Particularly, fD™xngn converges toyy in S{TY). On the other
hand, sincex, ! Yo in Lp(Td), for every x 2 S(T9) we have (x,D™x) !  (yoD™x):
Thus fD™x,hgn converges toD™yp in SqTY). Consequently, D™yo = ym for jmj:.  k:
Hence,yo 2 W(T9) and xn I yo in WX(TY).
(ii) Consider the square Fejér mean
X jmaj jmaj

b m-.
N +1 N+1 2(mU

Fn(x) =

m2Zz9;max;j jmj;j N

By [17, Proposition 3.1],limyi1 Fn(X) = X in Lp(Td). On the other hand, Fy commutes
with D™: Fy(D™x) = DMFy (). We then deduce thatlimyin  Fn(X) = x in Wg(TY)
for every x 2 WX(TY). Thus P is dense inWX(T9). On the other hand, Fy and J
commute; so by (iii), the density of P in L(T%) implies its density in H,, (T).

(iv) It is well known that if < O, the inverse Fourier transform of J is an integrable
function on RY (see [67, Proposition V.3]). Thus, Lemma 1.7 implies thatJ is a
bounded map oan(Td) with norm majorized by F 1(J ) L1(RY)" This is the desired
assertion. O

The following shows that the potential Sobolev spaces can be also characterized by the
Riesz potential.

Theorem 2.8. Letl p 1 . Then

1

kxkp,  jR(0)]P+ kI (x  R(0)KP

where the equivalence constants depend only onand d.

Proof. By changing to , we can assume > 0. It suces to show kI xkp, k J xkp
for »(0) = 0. By [67, Lemma V.3.2], 3— is the Fourier transform of a bounded measure on
RY, which, together with Lemma 1.7, yieldskl xkp . kJ xkp.

To show the converse inequality, let be an in nite di erentiable function on RY such
that () =10 forjj %and()zlforjj 1, and let = J 1| . Then the
Fourier multiplier with symbol |  coincides with J on the subspace of distributions
on T9 with vanishing Fourier coe cients at the origin. Thus we are reduced to proving
F ()2 Ly(RY). To that end, rst observe that for any m 2 NJ,

1
m .
() j jjmj1+2 )
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Consider rst the cased 3. Choose positive integers and k such that g 2<°<
and k > % Then by the Cauchy-Schwarz inequality and the Plancherel theorem,
z , £ . 2 .
jF * (9ids jsi 2 ds jsi?jF * (9)j’ds
jsi<1 JsJ<>% 7 si<l

D™ ()%

Nl

%12N8;jmjl=‘

_ 1 g
i LA
On the other hand,

Z 2 Z Z
jF 1 (s)ids jsj %ds jsijF 1 (9)j%ds
1 jsj 1 jsj 1
X Z
,ip™ ()j’d . 1

jsi

m2Nd;imj1=k

Thus F 1( ) is integrable ford 3.

If d 2, the second part above remains valid, while the rst one should be modied
since the required positive integer does not exist ford 2. We will considerd = 2 and
d =1 separately. Ford = 2, choosing0<"< 3, we have

Z z 1 Z 1
iF 1 (s)jds jsj Z'ds ° isiZjiF L (9)j%ds *. kI ky:
jsi<1 jsi<1 Re
Writing 1" = |" 111 and using the classical Hardy-Littlewood-Sobolev inequality (see [67,
Theorem V.1]) and the Riesz transform, we obtain
Z 1 1
KI" ka. kIt kg kr Kq. —d ‘. 1;
? ! LR NI
where 37 ? (sol<q< 1). Thus we are done in the casal = 2.

It remains to deal with the one-dimensional case. Write
()=@+ Hz ()= ()+ () () 2Rnfog;

where ()=0( 2 asjj!1 . Since 1is in nitely di erentiable and supported by
[ 1; 1], its inverse Fourier transform is integrable. So is the Fourier transform of a nite
measure onR. On the other hand, as 2 Ly(RY), F ( ) is a bounded continuous
function, so it is integrable on [ 1; 1]. On the other hand, by the second part of the
preceding argument ford 3, we see thatF 1( ) is integrable outside [ 1; 1] too,
whenceF 1( ) 2 L1(RY). We thus deduce that is the Fourier transform of a nite
measure onR. Hence the assertion is completely proved. O

Theorem 2.9. Let 1<p< 1. Then HX(TY) = Wk(T9) with equivalent norms.

Proof. This proof is based on Fourier multipliers by virtue of Lemma 1.7. For anym 2 NJ
with jmj;  k, the function , dened by () = (2 i)™ ™M1+ jj?) %, is clearly a
Mikhlin multiplier. Then for any x 2 S{TY),

kD™M™xkp = kM (I%x)kp . kJ*xkp;
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whencekkag . kkag. To prove the converse inequality, choose an in nite di erentiable

functon onRsuchthat =0onf :jj 4 'gand =1onf :jj 2 g Let
o (il S

and ()= i)k 1 j d

1+ )z
1+ (2)j1jk+ + (q)j q*

These are Mikhlin multipliers too, and

()=

J*x=M x+M @x+ +M @x):

It then follows that

xd 1
kckyp . kxkB+ k@xkB * k xkyy
=1

The assertion is thus proved. O

Remark 2.10. Incidentally, the above proof shows thatif1<p < 1, then

1

kx k kxkP + k kP P
Wk XKp @X P
=1

with relevant constants depending only onp and d.

However, if one allows the above sum to run over all partial derivations of orderk,
then p can be equal tol or 1 . Namely, foranyl p 1 ,

1

X 1
kxkwy  kxkp + kD™xkp *
m2Ng;jmji=k

with relevant constants depending only ond. This equivalence can be proved by standard
arguments (see Lemma 2.15 below and its proof). In fact, we have a nicer result, a
Poincaré-type inequality:

xd
kxKp . k@xkp
j=1
for any x 2 WF}(Td) with ®(0) = 0. Sokxkp can be removed from the right-hand side of
the above equivalence. This inequality will be proved in the next section.

We concluds this section with an easy description of the dual space dNF‘,((Td). Let
LY = Lp(TY equipped with the norm kxky = kxj KB °
i=1 j=1
The map x 7! (DMX)oj mj, k establishes an isometry fromW,';(Td) into L’g‘. Therefore,
the dual of Wg(T¢) with 1 p < 1 is identi ed with a quotient of L, where p°is the
conjugate index of p. More precisely, for every™ 2 (W")‘(Td)) there exists an element
Y = (Ym)mang;0j mjy k 2 Lpo such that

N — X myy- k(Tdy.
(x) = (YmD™x); 8x 2 Wy(T%); (2.2)
0j mj1 k
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and
k® k(ka) =inf kykl_g.o;

the in mum running over all y 2 LB‘O as above.
(WK(TY) can be described as a space of distributions. Indeed, lét2 (WX(T9)) and
y 2 L% be a representative of as in (2.2). Dene "y 2 SqT¢) by

X o
'y = ( 1MDMyp: (2.3)
0j mjp k

Then X

Ty(x) = (ymD™x) = "(x); x 2 S(TY:
0j mj; k

So " is an extension of y; moreover,

k‘k(WFI)() = min fk ykLg0 .~ extends 'y given by (2.3)g:

Conversely, suppose is an element of SYTY) of the above form "y for somey 2 L’F}‘O.
Then by the density of S(T%) in Wg(T%), * extends uniquely to a continuous functional
on W(T9). Thus we have proved the following

Proposition 2.11. Letl p<1 and Wpok(Td) be the space of those distributions
which admit a representative’y as above, equipped with the norrmf fk yk N 1Y as in (2.3)g.
P

Then (WX(T9)) is isometric to Wo*(T9).

Note that the duality problem for the potential Sobolev spaces is trivial. SinceJ is
an isometry betweenH , (T9 and Lp(Td), we see thatforl p<1 and 2 R, the dual
space ofH, (T%) coincides with H , (T%) isometrically.

2.3 A Poincaré-type inequality

For x 2 WK(TY) let

X 1

P _ m P .

Xiwy = kD™xKp © :
m2Nd;jmji=k

Theorem 2.12. Letl p 1 . Thenforany x 2 Wpl(Td),
kx  ®(0)kp . ijwpl:
More generally, if k 2 N and x 2 W/(T9) with ®(0) = 0, then
Xiy; - Xiwg: 80 j<k
Consequently,jk(0)j + jxng is an equivalent norm onWF')‘(Td).

The proof given below is quite dierent from standard approaches to the Poincaré
inequality. We will divide it into several lemmas, each of which might be interesting in its
own right. We start with the following de nition which will be frequently used later. Note
that the function e, and the translation operator T, have been de ned in Remark 2.1.
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De nition 2.13. Givenu2 R%let d, = e, 1. The Fourier multiplier on T¢ de ned by
dy is called the di erence operator by u and denoted by .

Remark 2.14. Note that e, is the Fourier transform of the Dirac measure  at u. Thus
Ty is an isometry and  is of norm 2 on Lp(Td) foranyl p 1

Lemma 2.15. Letl1 p 1 ,andjk 2N withj<k . Then for any x 2 Wg(T9),
. 1 L. L
Kiwj - kxKp kJXJ\';Vpk:

Proof. Fix x 2 Wk(T9) with %(0) =0. For any u; 2 RY we have

z 1
du( ) @F"U()roz @rdru() @rrU()rO
2.z, &
= . @gdsu( ) dsdr:
Since @ &
@rdru( )=¢ey( )2 iu ) and @gdsu( )= esu( )2 iu )%
letting u = te; with t> 0 and g the jth canonical basic vector ofRY, we deduce
212,
uX  t@x = Teu(t?°@x)ds dr:
0 0
Thus z,2

r t2
2 v .
th@xkp k uxkp+t* KTsu(@x)kpdsdr  2kxkp + 5 K@xkp :
Dividing by t and taking the in mum over all t> 0, we get
q_
k@xkp 2 kxkpk@xkp: (2.4)

This gives the assertion for the casg = 1 and k = 2. An iteration argument yields the
general case. O

Lemma 2.16. Letj 2fl, ;dgandx?2 WpZ(Td) such thatm; 6 0 wheneverk(m) 6 0
for m 2 29. Then
kxkp  ck@xkp;

where c is a universal constant. More generally, for anyx 2 WpZ(Td) with ®(0) =0
xd
kxkp € K@xkp:
1

Proof. Assumej = 1. Consider the one-dimensional heat kernel of:

1 X m2_m
Wi (z1) = riz;t; z272T;0 r< 1
mi27

W! is also viewed as a function onTY, independent of (zo;  ;z4). So its associated
Fourier multiplier on S{TY) is given by

1 — X m2;m.
W;(x) = R(m)ry™:
m2zd
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As usual, Wi(x) can be expressed as a convolution:
4
Wi = Wizaw, ) wO)dws;

where we have identied ; W1(x) with Wi(x) via the transference in (1.4). On the other
hand, as a Fourier multiplier on T9, W, admits the following function as symbol

Wi()=e*™ % with r=e*™;
where W- is the one-dimensional heat kernel oR:

1 s2
Wi(sy) = pﬁe 7 2R

By the classical Poisson summation formulaWw} is the 1-periodization of W#:

X . "
Wi(z) = Wi(sg+ my) with z;= €St and r=e 4™; (2.5)
mi2Z

Thus
kWik ,m=1; 0 r< &

It follows that W} is a contraction onLp(T9) foranyl p 1 and0 r< 1,
Now let x 2 W2(T¢) such that m; 6 0 whenever(m) 6 0 for m 2 Z%. Let r 2 (0; 1)
to be determined later. Then
Z1 g z

1 -1 dr
1 - @1 - ar,
X OWLK) = gWidr= g5 W@

It follows that

kiko K Wi, (X)ko '3920 k@xks

We will show that 1
KW, (X)Kp > kxKp (2.6)

for su ciently small rq. Admitting this inequality, we then deduce
logrg _
kxkp 5 k@xkp ;

proving thus the rst inequality of the lemma.
Let us show (2.6). By the assumption onx,
VA A
Wi (x) = Tero(lel by we)dwy = ) Wi (zawy 1) 1 w(X)dwy:

Hence,

KWy, (X)kp Wi, kxKp :

1 L1(T)
We must estimate the Li-norm of W,, 1. To this end, by (2.5) and with ro = e 4 ™o,
we have
Z Z 1 VA
2 is X
TWro(Zl)dzl = W, (€7 'St)ds; =

1
2

N

1 —1.
. Wi (sp+ mp)ds; = 1:
mi27Z 2
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Thus
Z1 Z1
X 2 1 2 1
Wro 1 L.(T) L W--O(Sl + ml) L W"o(tl + ml)dt]_ ds;
mi27 2 2
A
p= e “ids;
0
X Z % Z %
+ L W2 (s1+ mg) Wi (ty + my) dspdty
m12Znf0g 2 2
1 X 1 mijmy ¢
p=—"t P==€ o —F—  p—=;
0 m12Znf0g 0 0 0

where ¢ is a universal constant. Therefore, (2.6) follows if"y is su ciently large, or
equivalently, if rg is su ciently small. So the rst inequality of the lemma is proved.

The second one is an immediate consequence of the rst. Indeed, |&y,; .y, , be
the trace preserving conditional expectation from T9 onto the subalgebra generated by
(Us;  ;Uq 1). Letx%= Ey,. .y, ,(X) andxg = x x°% Then my 6 0 wheneverkg(m) 6 0
for m 2 Z9. Thus

kxgkp  CK@Xqkp = ck@xkp:

Since x® depends only on(Uz;  ;Ug 1), an induction argument then yields the desired
inequality. O

Lemma 2.17. The sequencsj ijpk Ok 1 IS increasing, up to constants. More precisely,
there exists a constantcyx such that

Xiwg  CaxiXiges i Bk L

Proof. The proof is done easily by induction with the help of the previous two lemmas.
Indeed, we have (assuminge(0) = 0)

Xjwg - kxkpiXjwe - (Xjwe
Thus the assertion is proved fork = 1. Then induction gives the general case. O

Proof of Theorem 2.12. By the preceding lemma, it remains to showkxk . jijpl for any

X 2 Wpl(Td) with %(0) = 0. By approximation, we can assume thatx is a polynomial. We
proceed by induction on the dimensiond. Consider rst the cased=1. Then

X
X = R(mp)UMt
m12Znf Og
e y= l(my) Uy :
m12Znf Og 2 Imy
Then @y = x and @y = @x. Thus Lemma 2.16 implieskxkp . k@xKkp.
Now consider a polynomialx in (Ui;  ;Ug). As in the proof of Lemma 2.16, let
x%= Ey,. wu, ,(X) and xg = x  x% The induction hypothesis implies
% 1 1

ko . xGwp = KEuy s ((@OKE T Xiwg
j=1
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where we have used the commutation betweeky,. .y, , and the partial derivations.
To handle the term x4, recalling that myq 6 0 wheneverkg(m) 6 0 for m 2 Z9, we

introduce
1

— % um:
2 img da(m)

Ya =
m22zd

Then @yq = Xq. So by (2.4) and Lemma 2.16,

q —
kXgKp . kyakp K@YdKp - k@yakp = K@xdKp:

Thus we are done, so the theorem is proved. O

2.4 Lipschitz classes

In this section we show that Wf (T9) is the quantum analogue of the classical Lipschitz
class of orderk. We will use the translation and di erence operators introduced in Re-
mark 2.1 and De nition 2.13. Note that for any positive integer k, TX = Ty, and ¥ is

the kth di erence operator by u 2 RY.

De nition 2.18. Let k be a positive integer andx 2 Lp(Td) with 1 p 1 . The kth
order modulus of L ,-smoothness ofx is de ned by

I 5(x")= sup Kx

o<iuj P

Remark 2.19. Itis clear that ! §(x;") 2*kxkp and ! §(x;") is nondecreasing in". On
the other hand, ! F%(x; ") is subadditive in "; for k 2, ! F'§(x; ") is quasi subadditive in the
sense that there exists a constant = ¢, such that | K(x;" + ) c(1 §5(") + 1 K(x; ).

The following is the main result of this section. It shows that W[ (T¢) is the Lipschitz
class of orderk. We thus recover a result of Weaver [78, 79] fok = 1.

Theorem 2.20. For any x 2 Wk(T9), we have

D I
SUp i Xiwg

where the equivalence constants depend only @hand k.
We require the following lemma for the proof.

Lemma 2.21. For any x 2 Ly(T9),

! k(X. ||) ! k(X. II)
P2 = sup "
nk 0<"pl nk

lim
“1°0

Proof. The assertion fork = 1 is a common property of increasing and subadditive func-

tions (in "), and easy to check. Indeed, for any0 < "; < 1, choosen 2 N such that

n "< (n+1) . Then

L30G™) n+1 1506 )
1 n 1
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whence the result fork = 1. The general case is treated in the same way. Instead of being
subadditive, ! §(x;") is quasi subadditive in the sense thatl 5(x;n")  nk1 5(x;") for any
n 2 N. The latter follows immediately from

k — k k. k —
dny = €u di; SO o = Tju

Thus the lemma is proved. O

Proof of Theorem 2.20. If the assertion is proved for allp < 1 with constants independent
of p, the casep= 1 will follow by letting p!1 . So we will assumep< 1 .

We rst consider the casek = 1 whose proof contains all main ideas. As in the proof
of Lemma 2.15, for anyu 2 RY, we have

du( ) = — Oy ()dt = ew()(2 fu )dt; 2 R™:
o @t 0

In terms of Fourier multipliers, this yields

Z,
uX = Tw(u r x)dt;
0

whereu r x = u1@x + + ug@x. Since the translation Ty, is isometric, it then follows
that
L .2 . o 2 def . . i
k uxkp Juj j@xjo+  +j@xj° ? = juikr xkp; (2.7)
whence .
Fo(x; "
lim L) kr  xKkp:
"0

To show the converse inequality, by the density ofP in W(T%) (see Proposition 2.7), we
can assume thatx is a polynomial. Givenu 2 R% dene on RY by

O=d() opu()
Then the Fourier multiplier on TY associated to is
€ x= X Uurx
Thus if juj =",

Ku r xkp !p(x;")+sup k yx u r xkp:
juj="

Sincex is a polynomial,

K ux urxkp _

lim sup ; 0:

juj="
Foru=(" 0, 0), we then deduce
' «
kaxk, fim Lolx).

Hence the desired assertion fok = 1 is proved.
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Now we consider the casd > 1. (2.7) can be easily iterated as follows:

xd xd
k fxkp j Ui k@ § xkp=jui  k § '@xkp

i=1 j=1
j uj Xk Ui X
jmji=k
So ‘
o™y o
SUp——p— . Xjwg -
-0

The converse inequality is proved similarly to the casek = 1. Let m 2 NJ with jmj; = k.
For eachj with m; > 0O, using the Taylor formula of the function d-¢ (recalling that
(e1; :ey) denotes the canonical basis oRY), we get

Mx = om @ x+o("™);

which implies
Y _
ax =" kDMx+0("*) as "! O
j=0
Thus by the next lemma, we deduce
kDMxkp, " K ax p+o(l) . " G +o(l) ;
j=0

whence the desired converse inequality by letting' ! 0. So the theorem is proved modulo
the next lemma. O

Lemma 2.22. Letu;; ;ux 2 RY. Then

X .
- k.
uzg ug — ( 1)JDJTUD up
Df 1; kg
where the sum runs over all subsets dfl; ;kg, and where
B X X 1
Up = Uj;, Up = —Uj !
j2D j2pJ
Consequently, for" > 0 and x 2 Lp(TY),
k L .
sup uy uX Fo(x"):

jugj "odjug "
Proof. This is a well-known lemma in the classical setting (see [6, Lemma 5.4.11]). We

outline its proof for the convenience of the reader. The above equality is equivalent to the
corresponding one with  and T replaced byd, and e,, respectively. Setting
X X

V= ‘ur and w = u ;
2D *2D
foreachO | Kk, we have
A X oY
de - = ( DIPT e
=1 Df 1, kg ‘2D

( 1)k Ple, (ey) :
Df 1; :kg
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The left hand side is nonzero only forj = 0. Multiply by ( 1)k I :( and sum over

0 j k;then replacingu- by Y gives the desired equality. O

Remark 2.23. It might be interesting to note that in the commutative case, the proof of
Theorem 2.20 shows

I « ' «
sup — = p6") iy 1eOST)
" n "o " P
o< 1 !

So Lemma 2.21 is not needed in this case.

2.5 The link with the classical Sobolev spaces

The transference enables us to establish a strong link between the quantum Sobolev spaces
de ned previously and the vector-valued Sobolev spaces oif®. Note that the theory of
vector-valued Sobolev spaces is well-known and can be found in many books on the subject
(see, for instance, [2]). Here we just recall some basic notions. In the sequ#, will always
denote a (complex) Banach space.

Let S(TY; X) be the space ofX -valued in nitely di erentiable functions on T9 with
the standard Fréchet topology, and S{T% X) be the space of continuous linear maps
from S(T9) to X. All operations on S(TY) such as derivations, convolution and Fourier
transform transfer to S{TY; X ) in the usual way. On the other hand, Lp(Td;X) naturally
embeds intoSYTY; X) for 1 p 1 , whereLp(T9 X) stands for the space of strongly
p-integrable functions from T9 to X .

De nition 2.24. Letl p 1 ,k2Nand 2R.

(i) The X -valued Sobolev space of ordek is
WE(T9X) = f28YT%X): D™ 2 Lp(T% X) for eachm 2 N§ with jmj; K

equipped with the norm

X 1

— p p.

kf kW'g( - o . kkDmf kLp(Td;x) .
] mj1

(i) The X -valued potential Sobolev space of order is
Hp(THX) = £ 2SATEX) 10 2 Ly(T%X)

equipped with the norm
kf ka = kJ kap(Td;X):

Remark 2.25. There exists a parallel theory of vector-valued Sobolev spaces oRY.
In fact, a majority of the literature on the subject is devoted to the case of RY which
is simpler from the pointview of treatment. The corresponding spaces areNrf,‘(Rd;X)
and Hp(Rd;X). They are subspaces oSYRY;X). The latter is the space of X -valued
distributions on RY, that is, the space of continuous linear maps fromS(RY) to X. We
will sometimes use the spaceS(RY; X ) of X -valued Schwartz functions onRY. We set
WgE(RY) = WE(RY C) and HE(RY) = HX(RY; C).
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The properties of the Sobolev spaces off? in the previous sections also hold for the
present setting. For instance, the proof of Proposition 2.9 and Lemma 1.6 give the following
well-known result:

Remark 2.26. Let X be a UMD space. ThenW)X(T9; X) = Hg(T% X) with equivalent
norms forl<p< 1.

Let us also mention that Theorem 2.12, the Poincaré inequality, transfers to the vector-
valued case too. It seems that this result does not appear in literature but it should be
known to experts. We record it explicitly here.

Theorem 2.27. Let X be a Banach spaceand p 1 , k2 N. Then

1

X
k(0)K, + KD™EK raxy

m2Nd;jmji=k
is an equivalent norm onWF',‘(Td; X) with relevant constants depending only ord and k.

Now we use the transference method in Corollary 1.2. It is clear that the mapx 7! »
there commutes with @, that is, @& = &x (noting that the @ on the left-hand side is
the j th partial derivation on T9 and that on the right-hand side is the one onT¢). On the
other hand, the expectation in that corollary commutes with @ too. We then deduce the
following:

Proposition 2.28. Letl p 1 . The mapx 7! e is an isometric embedding from
WE(TY) and H, (T9) into W_I'J‘(Td;Lp(Td)) and Hp(_Td;Lp_(Td)), respectively. Moreover,
the ranges of these embeddings afecomplemented in their respective spaces.

This result allows us to reduce many problems about\/vg(Td) to the corresponding
ones aboutW,(T% L(T%). For example, we could deduce the properties ofVx(T) in
the preceding sections from those oWF‘,((Td; Lp(Td)). But we have chosen to work directly
on T4 for the following reasons. It is more desirable to develop an intrinsic quantum theory,
so we work directly on T9 whenever possible. On the other hand, the existing literature
on vector-valued Sobolev spaces often concerns the caseRSf, for instance, there exist few
publications on periodic Besov or Triebel-Lizorkin spaces. In order to use existing results,
we have to transfer them fromRY to T9. However, although it is often easy, this transfer
may not be obvious at all, which is the case for Hardy spaces treated in [17] and recalled in
section 1.4. This di culty will appear again later for Besov and Triebel-Lizorkin spaces.

Remark 2.29. The preceding discussion on vector-valued Sobolev spaces @ can be
also transferred to the quantum case. We have seen in section 1.3 that all noncommutative
L ,-spaces are equipped with their natural operator space structure. ThusWF')‘(Td) and
Hp(Td) becomes operator spaces in the natural way. More generally, given an operator
spaceE, following Pisier [54], we de ne the E -valued noncommutative L ,-spacelL ID(TO'; E)
(recalling that T% is an injective von Neumann algebra). Similarly, we de ne theE -valued
distribution space S{TY:E) that consists of continuous linear maps fromS(T¢9) to E.
Then as in De nition 2.6, we de ne the corresponding Sobolev spaceSNF‘,((Td;E) and
Hp(Td; E). Almost all previous results remain valid in this vector-valued setting since
all Fourier multipliers used in their proofs are c.b. maps. For instance, Theorem 2.9 (or
Remark 2.26) now becomedi 5(T% E) = WX(T%E) forany 1<p < 1 and any OUMD
spaceE (OUMD is the operator space version of UMD; see [54]). Note that we recover
WE(T%E) and H, (TS E) if =0 and if E is equipped with its minimal operator space
structure.






Chapter 3

Besov spaces

We study Besov spaces ol in this chapter. The rst section presents the relevant
de nitions and some basic properties of these spaces. The second one shows a general
characterization of them. This is the most technical part of the chapter. The formulation
of our characterization is very similar to Triebel's classical theorem. Although modeled
on Triebel's pattern, our proof is harder than his. The main diculty is due to the
unavailability in the noncommutative setting of the usual techniques involving maximal
functions which play an important role in the study of the classical Besov and Triebel-
Lizorkin spaces. Like for the Sobolev spaces in the previous chapter, Fourier multipliers
are our main tool. We then concretize this general characterization by means of Poisson,
heat kernels and di erences. We would like to point out that when =0 (the commutative
case), these characterizations (except that by di erences) improve the corresponding ones
in the classical case. Using the characterization by di erences, we extend a recent result
of Bourgain, Brézis and Mironescu on the limits of Besov norms to the quantum setting.
The chapter ends with a section on vector-valued Besov spaces GFf'.

3.1 De nitions and basic properties

We will use Littlewood-Paley decompositions as in the classical theory. Let be a Schwartz
function on RY such that

8 o
%supp 2Y 00 2g

> Oonf :2l<jj<2g; (3.1)
E "2 ky)y=1: 860:

k2z

Note that if m 2 Z9 with m60,"' (2 Xm)=0 forall k< 0, so

"2 *m)=1; m2z9nfog:

k 0
On the other hand, the support of the function' (2 ¥ ) is equaltof :2¢ 1 j j 2<*1g,
thus supp' (2 ¥)\ supp' (2 1 )= : whenverjj kj 2; consequently,
el .
2=r@ @)y koo (3.2)

ji=k 1
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Therefore, the sequencé' (2 X )gx ¢ is a Littlewood-Paley decomposition of T%, modulo
constant functions.
The Fourier multiplier on SqTY) with symbol ' (2 ¥ ) is denoted byx 7! 'ex x:

X k
'®g X = "2 “m)k(m)umM:
m2Zzd

As noted in section 1.3, the convolution here has the usual sense. Indeed, lei be the
function whose Fourier transform is equal to' (2 ¥ ), and let 'e; be its 1-periodization,
that is,

1 x 1
ex(s) = k(s+ m):
m2zd

Viewed as a function onT9 by our convention, ‘e, admits the following Fourier series:

1 X 1 k m
ex(z) = 2 *m)z":
m2Zzd

Thus for any distribution f on T¢,

X
ey f(2)= "2 Km)(m)z™:
m2zd
We will maintain the above notation throughout the remainder of the paper.
We can now start our study of quantum Besov spaces.

Deniton 3.1. Letl p;q 1 and 2 R. The associated Besov space of¢ is de ned
by
Bp;q(Td) = X2 SO(Td) : kkap:q <1 ;

where « )
kke,, = R(0)j%+ 2% ke xkd *:
’ k 0
Let By, (T?) be the subspace 0B, (T9) consisting of allx such that 2¢ k'ey xk,! 0

ask!'!1l

Remark 3.2. The Besov spaces de ned above are independent of the choice of the function
', up to equivalent norms. More generally, letf g, o be a sequence of Schwartz
functions such that

8 . . +
3 SuPp Wi 2ty 2%
SUIO F (k))

(k)(m)— 1;8m2 z9nfog:

Let = F I &) and & be the periodization of . Then

1

X 1
kxks,,  ®(0)j9+ k 29K k& xkd
0
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Let us justify this remark. By the discussion leading to (3.2), we have (with'e 1 =0)

kel
€& x= & ' X
j=k 1
By Lemma 1.7,
el
k& xkp. ke  xkp
j=k 1

It then follows that

[

X 1 X
jRO)j%+ 2% ke xk§ T. jRO)T+ 2% Ke, xkd
k 0 k 0

1
q

The reverse inequality is proved similarly.
Proposition 3.3. Letl p;g 1 and 2R.
(i) Bpg(TY) is a Banach space.
(i) Bpg(TY By (TY) for r>q and B, (TY) B, (T for < andl r 1

e . . d d
(i) P isdense inB, (T and B, (T%) forl1 p 1 andl qg<1.

P:Co

(iv) The dual space opr;q(Td) coincides isomorphically with Bpo;qo(Td) forl p 1
and1l q<1,wherep®denotes the conjugate index op. Moreover, the dual space
of B, (TY) coincides isomorphically with B 0., (T).

Proof. (i) To show the completeness oB p;q(Td), let f x,g be a Cauchy sequence in;q(Td).
Then f%,(0)g converges to somep(0) in C, and for everyk 0, f'ex Xxng converges to
someyy in Lp(TY). Let X
y=%0)+  y:

k 0
Since W is supported infm 2 29 : 2 1 < jmj < 2¢*1g, the above series converges in
SqTY). On the other hand, by (3.2), asn!1 , we have

Il Il

ex Xnp = ex g Xp! ex Y] ='ex VY.
j=k 1 i=k 1

We then deduce thaty 2 B,(T9) and x, !y in B(T%.
(ii) is obvious.
(iif) We only show the density of P in Bp;q(Td) for nite g. For N 2 N let

XN = R(0) + ' X
j=0

Thenby (3.1),'ex (x xny)=0fork N 1,'%e (X Xxn)='ek xfork>N +1, and

ey (X Xn)='en X ey en X, 'en+1 (X XN)=en+1 X ens1 ey X, We

then deduce X

kx xnki 2 2% ke xkd! 0 asN!1
P k N
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(iv) In this part, we view Bq(T%) asBp (T?) whenq= 1 . Lety 2 B o(T%). De ne
y(X)= (xy) forx 2P . Then

R _ X b1
Iy(X)] = %(0)¥(0) + ‘e X ey
k 0 j=k 1
_ X b1
j ®(0)p(0)j + Tk X & Y
k 0 j=k 1

kx kBp;q kykg .
p

g0

Thus by the density of P in B,,(T¢), *y de nes a continuous functional on B, (T).

To prove the converse, we need a more notation. Given a Banach spacg, let " (X)
be the weighted direct sum of(C; X; X; ) in the "g-sense, that is, this is the space of alll
sequencega; Xo;X1; ) with a2 C and xx 2 X, equipped with the norm

X 1
jald+ 29 kxkd *:
k 0
If g= 1, we replace 4(X) by its subspacec,(X) consisting of sequencesa; Xo; X1; )
such that 2€ kxxk ! Oask!1 . Recall that the dual space of 4 (X) is ‘qo (X ). By
de nition, B,(T¢) embeds into*,(Lp(T%) via x 7! (2(0);'e0 X;'e1 X; ). Now let
be a continuous functional on Bp;q(Td) for p < 1 . Then by the Hahn-Banach theorem,
" extends to a continuous functional on‘q(Lp(Td)) of unit norm, so there exists a unit
element(b;yo;y1; ) belonging to‘qo (Lpo(Td)) such that

X
“(x) = bk(0) + (Yi'ek X); X2 Bpg(TY:

k 0
Let X
y=Db+ (e 1 Ykt'ek Ykt ek Vi)
k 0
Then clearly y 2 Bpo;qo(Td) and * = 'y whenp < 1. The same argument works for

p= 1 too. Indeed, for" as above, there exists a unit elementb;yy;y1; ) belonging to
o (L1 (T9 ) such that

“(x) = bR(0) + X hyi; ‘e Xi; X 2 Bpg(TY):
k0

Let y be de ned as above. Theny is still a distribution and

1

. . X , 0 o
IO + k Osz’k Kex YK oy ©<1:

Since it is a polynomial, ',y belongs toL1(T9); and we have
klek ykL1 (Td) = klek ykLl(Td):
Thus we are done forp= 1 too. O

To proceed further, we require some elementary lemmas. Recallthat ()= (1+ j j?)z
and!l ()=7jj.
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Lemma 3.4. Let 2 Randk 2 Ng. Then

F 30 ,- 2% and F X1 ") . 2K

where the constants depend only on, and d. Consequently, forx 2 Lp(Td) with
1 p1,

kJ (ex X)kp. 2ke xkp and kI ('ex Xx)kp. 2K Kex xkp:
Proof. The rst part is well-known and easy to check. Indeed,

F Q) =2 F Y@ +jiH7)
the function (4 ¥+ j2z' is a Schwartz function supported byf :2 1 j j 2g, whose
all partial derivatives, up to a xed order, are bounded uniformly in k, so

sup F X4 *+j j9z') [ <1:
k O

Similarly, . ) .
F ‘k)l=2 F A ')1:

Since' k= "k("k 1+ "kt ' k+1), by Lemma 1.7, we obtain the second part. O

Given a2 R., we dene Dia( ) =(2 i;)@for 2 RY and D? to be the associated
Fourier multiplier on T9. We setDy = D14  Dga, and D2 = D  DJ for any
a=(a;; ;ag) 2 RY. Note that if ais a positive integer, D? = @, so there does not
exist any con ict of notation. The following lemma is well-known. We include a sketch of
proof for the reader's convenience (see the proof of Remark 1 in Section 2.4.1 of [74]).

Lemma 3.5. Let be a compactly supported in nitely di erentiable function on RY. As-
sume ; 2 Ry anda2 RY such that > 4, > 4 and jaj; > d. Then the
functions | and D, belong toH, (RY).

Proof. If is a positive integer, the assertion clearly holds in view oH, (R%) = W, (RY).

On the other hand, | 2 Lp(R%) = H(RY) for > 4. The general case follows by

complex interpolation. Indeed, under the assumption on and , we can choose 1 2 N,
1; 02 Rand 2 (0;1) such that

d d
;1> 1 = 0> = = 1; =1 ) ot 1

>
1 2

For a complex numberz in the strip fz2 C:0 Re(z) 1lgdene
Fo()= e )jjo araz (.
Then

sup Fip L, o L, and sup Fi4ip

1 - 1 1
2R 2R H, H,

It thus follows that
| =F 2 (LaR%; Hy (RY)

The second assertion is proved in the same way. O

The usefulness of the previous lemma relies upon the following well-known fact.
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Remark 3.6. Let > §andf 2 H,(RY. Then

1
F (), f H,
The veri cation is extremely easy:
z x Z
F i) .= F (f)(s) ds+ F (f)(s) ds
jsi 1 K 0 2k<jsj 2k+1
z X z 1
F }(f)(s) %ds+ 2% F 1(f)(s) %ds °
jsi 1 K 0 2k<jsj 2k+1
f H,

The following is the so-called reduction (or lifting) theorem of Besov spaces.
Theorem 3.7. Letl p;g 1 , 2R.

() Forany 2 R,bothJ and| are isomorphisms betweerB,.,(T%) and B T9).

p;q( (S| (

(i) Leta2 RY. If x 2 B,g(TY), then D2x 2 Bpd ¥:(T¢) and

a .
kD XkBp;oj| ajp - kaBp;q .

(i) Let > 0. Then x 2 B,o(T%) i D;x 2B, (T9 foralli=1; ;d. Moreover,
in this case,
X
kkap;q j ®(0)j + . kD; kap;q
1=
Proof. (i) Let x 2 Bg;q(Td) with ®(0) = 0. Then by Lemma 3.4,
X 1
kl xky = 26C k3 (e x)kp 1 °
piq

1
K 1o qa a_ .
- 2" Kex xkp = kxkg_,, :

Thus J is bounded fromB,.((T%) to B, (T%), its inverse, whichisJ , is bounded too.
The case ofl is treated similarly.
(i) By Lemma 3.5 and Remark 3.6, we have

F Y(Da' k) =241 F YDy ) . 2493
Consequently, by Lemma 1.7,

ke, Doxkp. 24%ike, xkp;8 O;

whence
kDakap;é aip - Kxkg
(iii) One implication is contained in (ii)). To show the other, choose an in nitely
di erentiable function :R! Ry such that (s) = 0 if jgj < ZFLH and (s) =1 if
jsi 5 Fori=1; ;d let ionR"be dened by
()= 1 i)l i

(i + + (did @74)
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whenever the rst denominator is positive, which is the case whenj j 2 1. Then for
anyk 0, ;' kisawell-de ned in nitely di erentiable functionon RYnf : ; =0g. We
have

Fl(i'k)lzzk Fl(‘)l;

where K o\
()= 1 (2* 0)j i
@i+ + @aid (@10
The function ' is supportedinf :2 1 j j 2g. An inspection reveals that all its

partial derivatives of order less than a xed integer are bounded uniformly in k. It then
follows that the Li-norm of F (' ) is majorized by a constant independent ofk, so

F YW 1 2 ko,
and by Lemma 1.7,

Since

we deduce
xd
kex xk. 2% ke D, xkp;

which implies

xd
kkap;q . jR(0)j + B kD, kap;q
1=
Thus (iii) is proved. O
The following result relates the Besov and potential Sobolev spaces.

Theorem 3.8. Letl1 p 1 and 2 RY Then we have the following continuous
inclusions:

d d dy.
Bp;min(p;Z)(T ) Hp (T ) Bp;max(p;Z)(T )

Proof. By Propositions 2.7 and 3.7, we can assume = 0. In this case, H{;‘(Td) = Lp(Td).
Let x be a distribution on T9 with %(0) = 0. Since

X =

we see that the inclusionB ., (T%)  Lp(T*) follows immediately from triangular inequality.
On the other hand, the inequality

K'ex xkp. kxkp; k O

yields the inclusion Lp(Td) Bg;l (T9). Both inclusions can be improved in the range
l<p< 1.

Let us consider only the case2 p < 1. Then the inclusion Lp(T9)  BJ,(T%
can be easily proved by interpolation. Indeed, the two spaces coincide isometrically when
p=2. The other extreme casep = 1 has been already proved. We then deduce the case
2<p< 1 by complex interpolation and by embeddingBJ, (T¢) into 1 (Lp(T9)).
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The converse incIusiont;z(Td) Lp(Td) is subtler. To show it, we use Hardy spaces
and the equality Lp(T9) = Hp(T9) (see Lemma 1.9). Then we must show

max(kxkyg ; kxkpr) - kkag_Z:

To this end, we appeal to Lemma 1.10. The function there is now equal to' . The
associated square function ok is thus given by

= fe xPt
“(X) = I X)= “-
k 0

Recall the following well-known inequality
X 1

. 2 =
Xk)© 2 )
k 0 k 0

1
2 3
kakp

for xx 2 Lp(Td) and 2 p 1 . Note that this inequality is proved simply by the
triangular inequality in Lg(Td). Thus

X
oxkng K % (x)kp Ker xk2 2= kikgo
k 0 '

Passing to adjoints, we gethkH'r) . kaBS-z' Therefore, the desired inequality follows. [

3.2 A general characterization

In this and next sections we extend some characterizations of the classical Besov spaces
to the quantum setting. Our treatment follows Triebel [74] rather closely.

We give a general characterization in this section. We have observed in the previous
section that the de nition of the Besov spaces is independent of the choice df satisfying
(3.1). We now show that ' can be replaced by more general functions. To state the
required conditions, we introduce an auxiliary Schwartz function h such that

supph f 2RY:jj 49 and h=1onf 2R%:jj 2g (3.3)

Let o; 12 R. Let be an innitely di erentiable function on RY n f0g satisfying the
following conditions

jj>0onf :2'j j 2

F (hl | 1)2L1(Rd); (3.4)
,§sup2 JE N @)),<1:

j2No

The rst nonvanishing condition above on is a Tauberian condition. The integrability
of the inverse Fourier transforms can be reduced to a handier criterion by means of the
potential Sobolev spaceH , (RY) with > d: see Remark 3.6.

We will use the same notation for as for' . In particular,  is the inverse Fourier
transform of (2 X)) and € is the Fourier multiplier on T9 with symbol (2 ¥). Itis to
note that compared with [74, Theorem 2.5.1], we need not require ; > 0 in the following
theorem. This will have interesting consequences in the next section.
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Theorem 3.9. letl p;g 1 and 2 R. Assume o< < 1. Let  satisfy the

above assumption. Then a distributionx on T¢ belongs toB,,(T9) i

1
2 k& xkp ! <1
k 0

If this is the case, then

kxk 'bO'q+X 2 ke xk a4 3.5
Bpg  1R(O0)] k  Xkp (3.5)
k O

with relevant constants depending only ori; ; ; o; 1 andd.

Proof. We will follow the pattern of the proof of [74, Theorem 2.4.1]. Given a functionf
on RY, we will use the notation that fK) = f(2 k) fork 0andf® =0 for k 1.
Recall that fy is the inverse Fourier transform off () and f§ is the 1-periodization of f:

X
f(s) = fr(s+ m):

m2zd

In the following, we will x a distribution x on T9. Without loss of generality, we assume
®(0) = 0. We will denote the right-hand side of (3.5) by kka&q when it is nite. For

clarity, we divide the proof into several steps.

Step 1. In the rst two steps, we assumex 2 Bp;q(Td). Let K be a positive integer to be
determined later in step 3. By (3.1), we have

=X o X miarey b o arw onf :jj 1ig
k=0 k=1 k=K
Then X X
ej X = ej 'ej+k X+ ej ‘ej+k X: (36)
k K k>K

For the moment, we do not care about the convergence issue of the second series above,
which is postponed to the last step. Letajx =2/ k& ‘'ej+x xkp. Then

XX gk, R X g
kaBp;;q aj:k + aj:k : (3.7)
j=0 k K j=0 k>K
We will treat the two sums on the right-hand side separately. For the rst one, by the
support assumption on' and h, for k K, we can write

. : My 4 . :
My G+ y=ok 1 , G+K)( yjo 1 Kk i 1 (i+k)
() ()=2 jz,jlh ()i2 j () (3.9)
=2k 1 )y Gk,
where and are de ned by

()= ~IR() and ()= ()
Note that F 1( ) is integrable onRY. Indeed, write

_ O
0=y

)+ - 0O0) RO): (3.9)
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By (3.4), the inverse Fourier transform of the rst function on the right-hand side is
integrable. The second one is an in nitely di erentiable function with compact support,
so its inverse Fourier transform is also integrable withL ;-norm controlled by a constant
depending only on , h, 1 and K. Therefore, Lemma 1.7 implies that each () is a
Fourier multiplier on Lp(Td) forall 1 p 1 with norm controlled by a constant cy,
depending only , h, 1 and K. Therefore,

ax a2 TKikeik xkp= 2t ) 207K ke xkp : (3.10)
Thus by triangular inequality and Lemma 3.4, we deduce

XX 1 X R 1

j=0 k K k K i=1
X X o L
=¢ 21 ) 220 1k v xk, 1 °
k K j=0
cgkkap;q;

where ¢? depends only , h, K, and ;.

Step 2. The second sum on the right-hand side of (3.7) is treated similarly. Like in step 1
and by (3.2), we write

. . () . ) . . .
M)y G+ )= 5 k(J)O (¢ Grk D G o (ko) )y 0k o (4R )
_ (20 K 2k i ky Gtk
= WH(Z ) ()
(3.11)
whereH = ' ( D+ +' () and where is now de ned by
()=jj> ()
The L1i-norm of the inverse Fourier transform of the function
(1 k24 i K
o e He )

isequalto F (I ,H (2)) .- Using Lemma 3.4, we see that the last norm is majorized

by
FA@IOH) . F @)y

Then, using (3.4), fork > K we get
a2 o ) 207K ke xkp (3.12)
where ¢, depends only on' , ( and the supremum in (3.4). Thus as before, we get

XX 1 K(o )
- Qa 0 .
ajyk CZ 1 2 o kX kB pg !

j=0 k>K
which, together with the inequality obtained in step 1, yields

kka o kkap;q:
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Step 3. Now we prove the inequality reverse to the previous one. We rst assume thaix
is a polynomial. We write
. L ) .
(@) = DRGHK) = RpG+K) () - (3.13)
() ' '
The function ' 1 is an in nitely di erentiable function with compact support, so its
inverse Fourier transform belongs toL1(RY). Thus by Lemma 1.7,

k'ej ka C3kﬁj+K ej ka;
wherecz= F (" 1) ,. Hence,
x 1
kxks . C3 2 KBk & xkp ! U
j=0

To handle the right-hand side, we let =1 h and write hU+X) () = () (+K) (),
Then
2 KRj+k & kaq K XkBrj-q + 2 k®i+k & kaq -
i=0 ' i=0

1 » 1

Thus it remains to deal with the last sum. We do this as in the previous steps with
replaced by , by writing

(+K) () = * (+K) () (G+K) -
k=1

The crucial point now is the fact that (*K)* (*K) =0 forallk K and allj. So
(+K) () = X (G+K) () (+K) .
k>K
that is, only the second sum on the right-hand side of (3.7) survives now:

| Lo X o
(ZJ kej +K ej ka)q ZJ kej +K ej 'ej +k ka .
j=0 j=0 k>K

Let us reexamine the argument of step 2 and formulate (3.11) with (K) instead of
We then arrive at majorizing the norm F 1 (2% ) (2¢)

FL @)@y , F¥),F' @)y

Keeping the notation of step 2 and as for (3.12), we get
K&+k & ‘'gek xkp c2 o ) 20%K ke xkp ;
wherec= F () ,. Thus

* o X 1 2K(o )
J e. e a q s .
L 2 » K&k & ‘'ejuk Xkp c<21 5o kxKey,

el
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Combining the preceding inequalities, we obtain
K(Co )

kxks,,  Cokxkg +CQ T

kkap;q :
ChoosingK so that
2K(o ) 1
e T
we nally deduce
kaB . 2C3ka L
P Bpia

which shows (3.5) in casex is a polynomial.
The general case can be easily reduced to this special one. Indeed, assukr . <

1 . Then using the Fejér meansFy as in the proof of Proposition 2.7, we see that &
KFn (x)kBp;;q Kk kap;OI
Applying the above part already proved for polynomials yields
kFN (x)kBp;q 2c3kFy (x)kBp;;q 203kkap;;q ;
However, it is easy to check that
NIi!En kPN (X)ks,,, = kxkg_,

We thus deduce (3.5) for generak, modulo the convergence problem on the second series
of (3.6).

Step 4. We now settle up the convergence issue left previously. Each tern§; ‘gj.i X is

a polynomial, so a distribution on T9. We must show that the series converges ir8q{T9).
By (3.12), for any L > K , by the Hélder inequality (with ¢®the conjugate index ofq), we
get

. x .
2 k& ‘ejrk xkp C3 2kCo ) 20+1 ke, xkp
k=K +1 k=K +1
x . 1
OgRK;L 2(J+k) k'ej+k ka qa
k=K +1
0 .
C2RK;|_ kaBp;q ;

where “
1
RiL = 20%( o ) .
k=K +1
, . P

Since o< ,RkL ! OasK tendstol . Thus the series .« & ‘'e+x X converges
in Lp(TY), so in STY) too. In the same way, we show that the series also converges in
Bp;q(Td). Hence, the proof of the theorem is complete. O

Remark 3.10. The in nite di erentiability of can be substantially relaxed without
changing the proof. Indeed, we have used this condition only once to insure that the
inverse Fourier transform of the second term on the right-hand side of (3.9) is integrable.
This integrability is guaranteed when is continuously di erentiable up to order [%] +1.
The latter condition can be replaced by the following slightly weaker one: there exists

> % + 1 such that 2 H,(RY) for any compactly supported in nite di erentiable
function  which vanishes in a neighborhood of the origin.
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The following is the continuous version of Theorem 3.9. We will use similar notation
for continuous parameters: given" > 0, - denotes the function with Fourier transform
()= ("), and & denotes the Fourier multiplier on T% associated to ().

Theorem 3.11. Keep the assumption of the previous theorem. Then for any distribution

x on T4,
Z 1 n

kxks,,  jR(0)j%+ , "4l x gd

. (3.14)

The above equivalence is understood in the sense that if one side is nite, so is the other,
and the two are then equivalent with constants independent of.

Proof. This proof is very similar to the previous one. Keeping the notation there, we will
point out only the necessary changes. Let us rst discretize the integral on the right-hand
side of (3.14):

Z, Z,

d" X . d"
" ke xkp 1o 29 k& xkl-:
0 ‘ 211
j=0
Now forj Oand2/ <" 21 we transfer (3.8) to the present setting:
(1 2")

Oy G+ y=2 1k hU+K)y G+k)(y:

j2 j J 1
We then must estimate the Li-norm of the inverse Fourier transform of the function in
the brackets. It is equal to

Fir o, @) = +r 11 h(2%)
where =2 1" 1 The last norm is estimated as follows:
FYr ,h(2%)y . F't ,h +F' , [h h(2%)
FiI .h l+lsup2F1I Ihoh(2%)

Note that the above supremum is nite sincel , [h h( 2 K )]is a compactly supported
in nite di erentiable function and its inverse Fourier transform depends continuously on
. It follows thatfor k K and2 1 1 " 21

2 ke e xkp. 2601 ) 20%0) ke xkp ; (3.15)

which is the analogue of (3.10). Thus, we get the continuous analogue of the nal inequality
of step 1 in the preceding proof.
We can make similar modi cations in step 2, and then show the second part. Hence,

we have proved
Z 1 n

" e, q
. k xKp
To show the converse inequality, we proceed as in step 3 above. By (%.4), there exists
aconstanta> 2suchthat > Oonf :a ! j j ag. Assumealsoa 2 2. Forj O
let Rj = (a 21 ;a2 I*1]. The R;'s are disjoint subintervals of (0; 1]. Now we slightly
modify (3.13) as follows:

1
q

kx kBp;q :

: o V()
V() = (DRG+K) = (G+K) (). » .
h @) h ; 2Rj: (3.16)
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Then
' () NN ()
Fl—l—Fl( )1 sup F'— <1
) 2a ! a2 1
Like in step 3, we deduce
2 nol
kaBp'q . 2 kRj+k & xkp a (_"i' !
Z, w1 x 7 wol
"ke xkp 1 d T+ 2 KBj+k & xkp d b

The remaining of the proof follows step 3 with necessary modi cations as in the rst
part. O

Remark 3.12. Theorems 3.9 and 3.11 admit analogous characterizations foIBp;CO(Td)
too. For example, a distribution x on T¢ belongs toB .. (TY) i

€ x
lim ——P =0:
"0
This easily follows from Theorem 3.11 forq = 1. The same remark applies to the
characterizations by the Poisson, heat semigroups and di erences in the next two sections.

3.3 The characterizations by Poisson and heat semigroups

We now concretize the general characterization in the previous section to the case of
Poisson and heat kernels. We begin with the Poisson case. Recall th&® denotes the
Poisson kernel ofRY and

X R
P.(x)= P x= e 2" IMigpm)um:
m2zd

So for any positive integerk, the kth derivation relative to " is given by
X .
%Pu(x): ( 2 jmj)ke 2" IMig(m)u™:
@ m2zd

The inverse of thekth derivation is the kth integration | ¥ de ned for x with ®(0) =0 by
Z, 2, Z,
| P (x) = P (x)d"y  d"k 1d"k
Tx K 2 .
= (2 jmj) Xe 2" IMigym)um:
m2Z9nf 0g

In order to simplify the presentation, for any k 2 Z, we de ne

Jk= g( for k 0 and JX=1.K for k< O
It is worth to point out that all concrete characterizations in this section in terms
of integration operators are new even in the classical case. Also, compare the following
theorem with [74, Section 2.6.4], in whichk is assumed to be a positive integer in the

Poisson characterization, and a nonnegative integer in the heat characterization.
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Theorem 3.13. Letl p;g 1 , 2 Randk 2 Z such thatk > . Then for any
distribution x on TY, we have
Z, gr t
kxkg . jRO)j%+ Ak ) gkpux) 9= 9
piq 0 p

Proof. Recall that P = P;. Thanks to P( )= e 21 we introduce the function ()=
( sgnk)2 j j)ke 211, Then

(" )= "kake 2"ii=nkgkp.():
It follows that for x 2 B,(T%),
& x="KJkp. x="KIKB.(x):

Thus by Theorem 3.11, it remains to check that satis es (3.4) for some g< < 1. It
is clear that the last condition there is veri ed for any (. For the second one, choosing
k= 1> ,wehavel ,h =( sgnk)2 )xhP. So

Flle ;h |, @)YFYny, P, <1:
The theorem is thus proved. O

There exists an analogous characterization in terms of the heat kernel. LetV- be the
heat semigroup ofRY:

1 isi?
W:(s)= ——e gl

@a")?

As usual, let W- be the periodization of W-. Given a distribution x on T9 let
wW.)=W. x= X Wpﬁm R(m)u™;
(x) ( )R(m)

m2zd

where W =W ;. Recall that
W()=e 477

Theorem 3.14. letl p;g 1 , 2 Randk 2 Z such thatk > 5. Then for any

distribution x on T4,

Zl d" 1
kg, RO+ 2 3 e T

p "

Proof. This proof is similar to and simpler than the previous one. This time, the function
isdenedby ()=( sgnk)4 2 j2)ke 4’ i*. Clearly, it satis es (3.4) for 2k = ;>
and any o< . Thus Theorem 3.11 holds for this choice of . Note that a simple change
of variables shows that the integral in (3.14) is equal to
Z
2 % 1" % ep, x 9
0 p

dll

Qal-

Then using the identity b
7 y= kIl ()

we obtain the desired assertion. O
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Now we wish to formulate Theorems 3.13 and 3.14 directly in terms of the circular
Poisson and heat semigroups of 9. Recall that P, denote the circular Poisson kernel of
T9 introduced by (1.6) and the Poisson integral of a distribution x on T9 is de ned by

X .
Pr(x) = R(m)r’™u™; 0 r< L
m2Zzd

Accordingly, we introduce the circular heat kernel W of T¢:

X .
W, (2) = pmezm z2T7% 0 r< 1L (3.17)
m2zd

Then for x 2 SqTY) we put

X o
W, (X) = R(M)ri™*ym: 0 r< 1
m2zd

As before, J ¥ denotes thekth derivation % if k 0and the ( k)th integration I, X if
k<O X .
JXP(x) = CmxR(m)rim kym .
m2zd
where

Cmk =jmj (mj k+1) if kK 0 and Cuyk = Gmi+ 1) 1(jmj K if k< O:

J KW, (x) is de ned similarly. Since jmj is not necessarily an integer, the coe cient Cp
may not vanish for jmj <k and k 2. In this case, the corresponding term inJ X P; (x)
above cause a certain problem of integrability sincer (M K4 s integrable on (0; 1) only
when (jmj k)q > 1. This explains why we will remove all these terms fromJ X P; (x)
in the following theorem. However, this di culty does not occur for the heat semigroup.

The following is new even in the classical case, that is, in the case of=0.
Theorem 3.15. Letl p;g 1 , 2Randk2 Z. Let x be a distribution on Td,

@) If k> ,then
4

1 dr
; q ak ) k q a
kxkg,,, jmjggjb(mn r,an e P g7
X
wherexy = x R(m)U™.
jmj<k
(i) If k> 5, then
omyits ak 3 gk g dr s
kxks,., e jR(m)j™ + . @ O 2 IIW) g

Proof. We consider only the case of the Poisson kernel. Fix 2 Bp;q(Td) with ®(0) =0.
We rst claim that forany 0<"g< 1,

4 Z .

“wakc ) gkpax) 99
0

Q-

1 d- 1
Ilq(k ) J"k p"(x) q q

0 pll pll
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Indeed, since
X .
JXPu(x) = ( sgnk)2 jmj)<e 2" 1Mpm)u™;
m2Z9nf Og
we have
Z. 1 Z. n 1

) 3kpe) 09 sup @ miemyj ek g 2t imiad @
0 P m2Z9nf 0g 0
& sup jmj jR(m)j:
m2Z9nf 0g
On the other hand, by triangular inequality,
z 1 z 1 I L
k) 3l P(x) o (2 jmj)<je(m)j ok e 2TIma
0 m2Z9nf0g 0

@

. P . x . k 2" OJmJ
sup jmj jR(m)j jmj® e
m2Z9nf0g m2zd
sup jmj jR(m)j:
m2Zzdnf Og
We then deduce the claim.
Similarly, we can show that for any0<rg< 1,

i ak ) gk g dr 3 1 qk ) 1k g dr g
Now we use the relationr = e 2" . If "o > 0 is su ciently small, then
1 r " for "2(0;"p):
So
2 d ! 21 dr 3
ke ) gkp(x) g5 ° sup j(m)j%+ (1 NI ) JEP(x) §o——
0 P 0< jmj<k ro Pl r
Combining this with Theorem 3.13, we get the desired assertion. O

3.4 The characterization by di erences

In this section we show the quantum analogue of the classical characterization of Besov
spaces by di erences. Recall that Ig(x; ") is the L p-modulus of smoothness ok introduced
in De nition 2.18. The result of this section is the following:

Theorem 3.16. Letl p;q 1 and0< <n with n2 N. Then for any distribution

x on T9,
Z 1 n 1

X jR(0)j9 + . " !B(x;")qd 4 (3.18)

Bog "

Proof. We will derive the result from Theorem 3.11, or more precisely, from its proof.
Since > 0, wetake (=0 and 1= n in that theorem. Recall that d,( ) = € 'V 1.
Then the last condition of (3.4) with = d]} is satis ed uniformly in u since

Fodu@)™) = 30F ')y 22F ) g
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We will use a variant of the second one (which is not necessarily veri ed). To this end, let
us come back to (3.8) and rewrite it as follows:

Oy 0790y =2m (zi(jlj())n 07O @ T ku )™ 079

= Nk (i)( ) (J'+k)( );
where and are now de ned by

()= (u(;nh“)() and ()=(u )™ ():

The second condition of (3.4) becomes the requirement that

sup F () ,<1:
u2R%;juj 1

The crucial point hereisthat ( )= dj( )=(u )" (u ), where isan analytic function
on R. This shows that the above supremum is nite.

However, the rst condition of (3.4), the Tauberian condition is not veri ed for a single
d]. We will return back to this point later. For the moment, we just observe that the
Tauberian condition has not been used in steps 1 and 2 of the proof of Theorem 3.9.
Reexamining those two steps with = dj}, we see that all estimates there can be made
independent ofu. For instance, (3.15) now becomes (with 1 = n)

2k ek xkp. 20t 207K ke xkp ;

where the new function is de ned as above. Thus taking the supremum over allu with
juj 1, we get _ _
201006m) . 20 ) 207K ke Ly xkp

Therefore, by Lemma 3.4, we obtain
Z,
RGO

[

dgr &
. . X g

o

P

The reverse inequality requires necessarily a Tauberian-type condition. Although a
single d does not satisfy it, a nite family of d's does satisfy this condition, which we
precise below. Choose é-net fv.g; - L of the unit sphere of RY. Let u =4 1v- and

= 2t 02— v 21t

Then the union of the -'sis equal tof :2 1 j j 2gandjd]j> Oon -. So the
family fd].g; - | satis es the following Tauberian-type condition:

jdlj>0onf :21j | 2g
1
Now we reexamine step 3 of the proof of Theorem 3.9. To adapt it to the present setting,
by an appropriate partition of unity, we decompose’' into a sum of in nitely di erentiable

functions,' ="' 1 + + ' L such that supp' - -. Accordingly, for every j 0, let

NOTRANEGY

1
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Then we write the corresponding (3.16) with (' -;d}}.) in place of (; ) for every = 2
f1, ;Lg. Arguing as in step 3 of the proof of Theorem 3.9, we get

X 21 w1
Ko . BOP+ 9 ) x OS5
P 2q O p
sinceld).). x= 17,.x, we deduce
z 1 d" 1
X g . RO+ "9 sup  fx o-
pa 0 1° L p
z 1 d" 1
jR(0)j9 + . R CER) EETS
Thus the theorem is proved. O

As a byproduct, the preceding theorem implies that the right-hand side of (3.18) does
not depend onn with n > | up to equivalence. This fact admits a direct simple proof and
is an immediate consequence of the following analogue of Marchaud's classical inequality
which is of interest in its own right.

Proposition 3.17.  For any positive integersn and N with n <N and for any "> 0, we
have 7
1

N (v
7 A N D I R D I " Mi

n
Proof. The argument below is standard. Using the identity ' = N " 1 we get
i (%) b ZANRH 9] -

whence the lower estimate. The upper one is less obvious. By elementary calculations, for

any u 2 RY, we have
| |
! i1
n _ann X n 2n n_zndn X n X dn+1.
2u — u + J e]U u -~ u + J €u Gy .
J:O J:0 i=0

In terms of Fourier multipliers, this means
n —»n n n+l .
2u — 2 u + - Tiu .

It then follows that n
o) 5! PG +2 M Dk 2Y):
Iterating this inequality yields
X1 .
n n . n . my.
1o(") 5 LD g2 +2 MRk 27,
j=1
from which we deduce the desired inequality folN = n+1 asJ !'1 . Another iteration
argument then yields the general case. O

Remark 3.18. Theorem 3.16 shows thatif > 0, B; .4 (T9) coincides with the quantum
analogue of the classical Zygmund class of order. In particular, for 0< < 1,B; 4 (T9)
and B, ;Co(Td) are the Lipschitz and little Lipschitz classes of order , already studied by
Weaver [79]. Note that like in the classical setting, ifk is a positive integer, BX 1 (T is
closely related to but di erent from the Lipschitz class W{ (TY) discussed in section 2.4.
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3.5 Limits of Besov norms

In this section we consider the behavior of the right-hand side of (3.18) as ! n. The
study of this behavior is the subject of several recent publications in the classical setting;
see, for instance, [4, 5, 38, 41, 75]. It originated from [14] in which Bourgain, Brézis and
Mironescu proved that foranyl p< 1 and anyf 2 C} (RY)

yd . . L
p 1
i) FOP

. P _ .
Il!m1 1 ) Rt re Js TGP0 = Cpakr f (t)kp:
It is well known that
Z . . Z
p 1 1 w1
J—f.(s) .f(f?jj dsdt ” sup of PO,', P
RE RE JS 1P 0 u2Rd;juj " P

The right-hand side is the norm off in the Besov spaceBrl,;p(Rd). Higher order extensions
have been obtained in [38, 75].

The main result of the present section is the following quantum extension of these
results. Let 7 )

1
kxkg 3. = "oa F‘§(x;")qOI “ (3.19)
0

Theorem 3.19. Letl p 1 ,1 g<1 andO< <k wih k an integer. Then for
X 2 WX(T9),
, 1 L
II!mk(k )qukB,;fq q @jXjwk
with relevant constants depending only ord and k.

Proof. The proof is easy by using the results of section 2.4. Let 2 W(T%) with %(0) = 0.
Let A denote the limit in Lemma 2.21. Then
zZ, . z ;
. wigd 1. d
q | IS(X’ )qT Aq (k a- .

whence 7

1 " q
limsuptk ) " 91 IO(x;")qd A
ok 0

q

n

Conversely, for any > 0, choose 2 (0;1) such that

! k X: n
psk’ ) A ; 8||
Then Z, & (A )
k " q | k X; "\q = 7 (k )C|1
( ) 0 p( ) n q
which implies z
. 1 dar (A )
n q k IR Rl .
|Im!lnkf (k ) . Fo(x") = g
Therefore, .
1 a1 LK™
. n q k Lm\gT — T P ’ .
Il!mk(k ) . (") = = q I!l!mo -
So Theorem 2.20 implies the desired assertion. O
Remark 3.20. We will determine later the behavior of kkap;gq when ! 0O; see Corol-

lary 5.20 below.
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3.6 The link with the classical Besov spaces

Like for the Sobolev spaces ofl'Y, there exists a strong link betweean;q(Td) and the
classical vector-valued Besov spaces ofiY. Let us give a precise de nition of the latter
spaces. We maintain the assumption and notation on' in section 3.1. In particular,
f 7! 'ex f is the Fourier multiplier on T¢ associated to' (2 ¥ ):

X
e f = "2 km)f(m)z™
m2zd

for any f 2 SqT9;X). Here X is a Banach space.
Denition 3.21. Letl p;g 1 and 2 R. Dene

Bp;q(Td;X)z f 2SqTY;X) : kf ke,, <1 ;

where )

X 1
kf kBp;q = ka(O)kg( * 21 e T Ep(Td;X) '
k 0
These vector-valued Besov spaces have been largely studied in literature. Note that
almost all publications concern only the case oRY, but the periodic theory is parallel (see,
for instance, [24, 71]; see also [3] for the vector-valued cas@.p;q(Rd; X) is de ned in the
same way with the necessary modi cations among them the main di erence concerns the

term klb(O)kx above which is replaced by f where is the function whose

Fourier transform is equal to 1 Kol (2 K).

All results proved in the previous sections remain valid in the present vector-valued
setting with essentially the same proofs for any Banach spac&, except Theorem 3.8
whose vector-valued version holds only iX is isomorphic to a Hilbert space. On the other
hand, the duality assertion in Proposition 3.3 should be slightly modi ed by requiring that
X have the Radon-Nikodym property.

Let us state the vector-valued analogue of Theorem 3.15. As said before, it is new even
in the scalar case. The circular Poisson and heat semigroups are extended to the present
case too. For anyf 2 SqTY:X),

Lp(RI;X)

X . X o
P, (f)(2) = AMifm)z™ and W, (f)(z) = AMPomyzM: z2 7% 0 r< L
m2zd m2zd

The operator Jrk has the same meaning as before, for instance, in the Poisson case, we

have X

JFP(f) = Crnk m)rimi kzm
m2zd

where

o . . 1 .
G = + B = < QO
Cnk =jmj (mj k+1) if kK 0 and Cpxk M+ Gm © if k<O
Theorem 3.22. Letl p;qg 1 , 2Randk2 Z. Let X be a Banach space.
(i) If k>  thenforanyf 2 B,4(T9X),

Z, .
da 3
kf ke, ji}ﬁ ki(m)k$ + . @ & 9 3kp(f) Ep(Td;X) e .

X
wheref = f m)z™.
jmj<k
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(i) If k> 5, then for any f 2 B, (T% X),

Z, 1
dr 3
kf kBp;q sup kfb(m)k()l( + o (1 r)(k z)d ‘]rk Wi (f) Ep(Td;X) i

jmj2<k r

The following transference result from T9 to T9 is clear. It can be used to prove
a majority of the preceding results onT9, under the hypothesis that the corresponding
results in the vector-valued case orT9 are known.

Proposition 3.23. Letl p;q 1 and 2 R. The mapx 7! g in Corollary 1.2 is an
isometric embedding fromB ,((T¢) into B,o(T% Lp(T%) with 1-complemented range.

Remark 3.24. As a subspace ofq(Lp(Td)) (see the proof of Proposition 3.3 for the
de nition of this space), Bp;q(Td) can be equipped with a natural operator space structure
in Pisier's sense [54]. Moreover, in the spirit of the preceding vector-valued case, we
can also introduce the vector-valued quantum Besov spaces. Given an operator spake
Bp;q(Td; E) is de ned exactly as in the scalar case; it is a subspace Og(Lp(Td; E)). Then
all results of this chapter are extended to this vector-valued case, except the duality in
Proposition 3.3 and Theorem 3.15.



Chapter 4

Triebel-Lizorkin spaces

This chapter is devoted to the study of Triebel-Lizorkin spaces. These spaces are much
subtler than Besov spaces even in the classical setting. Like Besov spaces, the classical
Triebel-Lizorkin spaces Fp;q(Rd) have three parameters,p;qand . The di erence is that

the “q-norm is now taken before theL ,-norm. Namely, f 2 Fp,(R%) i 0 2K9

fjd a is nite. Besides the usual subtlety just mentioned, more di culties appear in
the noncommutative setting. For instance, a rst elementary one concerns the choice
of the internal "¢-norm. It is a well-known fact in the noncommutative integration that
the simple replacement of the usual absolute value by the modulus of operators does not
give a norm except forq = 2. Alternately, one could use Pisier's de nition of "g-valued
noncommutative L p-spaces in the category of operator spaces. However, we will not study
the latter choice and will con ne ourselves only to the caseg = 2, by considering the column
and row norms (and their mixture) for the internal “,-norms. This choice is dictated by
the theory of nhoncommutative Hardy spaces. In fact, we will show that the so-de ned
Triebel-Lizorkin spaces onT¢ are isomorphic to the Hardy spaces developed in [17].

Another di culty is linked with the frequent use of maximal functions in the commuta-
tive case. These functions play a crucial role in the classical theory. However, the pointwise
analogue of maximal functions is no longer available in the present setting, which makes
our study harder than the classical case. We have already encountered this di culty in
the study of Besov spaces. It is much more substantial now. Instead, our development will
rely heavily on the theory of Hardy spaces developed in [81] through a Fourier multiplier
theorem that is proved in the rst section. It is this multiplier theorem which clears the
obstacles on our route. After the de nitions and basic properties, we prove some charac-
terizations of the quantum Triebel-Lizorkin spaces. Like in the Besov case, they are better
than the classical ones even in the commutative case. We conclude the chapter with a
short section on the operator-valued Triebel-Lizorkin spaces orT? (or RY). These spaces
are interesting in view of the theory of operator-valued Hardy spaces.

Throughout this chapter, we will use the notation introduced in the previous one. In
particular, ' is a function satisfying (3.1)," ®) =" (2 ¥) and b, = ' (.

4.1 A multiplier theorem

The following multiplier result will play a crucial role in this chapter.
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Theorem 4.1. Let 2 R with > % Assume that( ;) o and ( j) o are two sequences
of continuous functions on RY n f0g such that

8 . .
<supp(j i) f 21 jj 2*gsg o

J_sug; i2) H, (R%) 1:
() Let 1<p< 1. Then for any distribution x on T¢,
. . X . 1
2 2 3 - 2% 2 3 :
SN T E e SUp @) 2 Xy
j o ! j o
where the constant depends only op; ;d and ' .
(i) Assume, in addition, that ; = \(2 i) for some Schwartz function withsupp( ) =

f :21 j j 2g Then the above inequality also holds fop = 1 with relevant
constant depending additionally on .

The remainder of this section is devoted to the proof of the above theorem. As one can
guess, the proof is based on the Calderén-Zygmund theory. We require several lemmas.
The rst one is an elementary inequality.

Lemma 4.2. Assume thatf :R9!1 “, andg:RY! C satisfy
Z

f 2 H,(RY,) and Rd(1+ isi®) iF (g)(s)jds< 1 :

Then fg 2 H, (RY; ;) and
VA

f 1+ jsi%) jF *(g)(s)ids:

f9 w, (rery) H, (RY),) Rd(

Proof. The norm k k below is that of *,. By the Cauchy-Schwarz inequality, for s 2 RY,

we have
Z

FMfa)(s) "= F X F a9 © F Ya), , F Mf)(s 0 °F Yot

It then follows thgt

19 = (LIS F fa)(S) s

F 9, @+isP?) F Yf)s ) °F Yg)t) dids
Rz Re
F Y9 , L s tj2) F Uf)(s 1) *ds(+ ) jF Hg)()jdt
, RZ R X
F Ry o (1HIUT) IF Ag)(jdt
Thus the assertion is proved. O

The following lemma is a well-known result in harmonic analysis, which asserts that
every Hormander multiplier is a Calderén-Zygmund operator. Note that the usual Hor-
mander condition is expressed in terms of partial derivatives up to ordel[%] +1, while the
condition below, in terms of the potential Sobolev spaceH , (RY), is not commonly used (it
is explicitly stated on page 263 of [68]). Combined with the previous lemma, the standard
argument as described in [25, p. 211-214], [68, p. 245-247] or [72, p. 161-165] can be easily
adapted to the present setting. We include a proof for the convenience of the reader.
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Lemma 4.3. Let =( j)j o be a sequence of continuous functions oRY n fOg, viewed
as a function from RY to *,. Assume that

sup  (2¥)
k27

H, (RY:) <1: (4.2)

Let k= (Kj)j owith k = F 1( j). Then k is a Calderoén-Zygmund kernel with values in
", more precisely,

Ky .
R ey - 8P @) oy’
Z
su kk(s t) k(s)k,ds. sup (2*)'
tZRB isi> 2jtj ( ) (S)k, sz (2%) H, (RY;2)

The relevant constants depend only on, andd.

Proof. We will follow standard arguments; see, for instance, [25, p. 211-214], [68, p. 245-
247] or [72, p. 161-165] where, instead of (4.2), the usual Hérmander condition in terms
of partial derivatives up to order [%] +1 is assumed. Letk ko. denote the supremum in
(4.2), which can be reformulated as
Z
k K2 =sup (1+]s®) F I (2¢) )(s) %ds<1:
' k2z Rd

Then for 2 RY and k 2 Z, by the Cauchy-Schwarz inequality and the condition > %,
we have

y4
k (Zk ) (k= d|: 1( (2k)' )(S)GZiS ds

R 5 )

Kyt L a2 2 .
(%) H, (R9;2) Rd(:I-"'JSJ) ds ° . k ky :

This clearly implies
R Ly (Rd; ) ° k kg, :
To show the second property of the kernek, we decompose as
X (k) -
k2z

Here and in the rest of the proof, we do not worry about the convergence issue of the
above series; more rigorously, one should rst consider its partial sums, then use a limit
procedure, which is quite formal. For eachk, by (3.2), we write

C = e kD (g (k) y e () T ke (9
Then for s 2 RY,
F A O =F (N F O =2F 1 @) F 1()E"s):

So by Lemma 4.2

Z 1
@+ F oA G 2ds 2. 29K ky ;
R
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where the constant depends only or;d and . Thus for any t 2 R9nf0g,

4 4

F 10 ®)s) ds. 2%k ke 1+ 22 ds 2. (2Kjt)? Kk ko :
jsi> jti jsi> jti

|=

Consequently,
Z

F X ®ys) E 1 ®Wys t) ds. (2"jtj)% K kg, :
isi> 2jtj

This estimate is good only when2Xjtj 1. Otherwise, we need another one by using the
cancellation condition. We have (recalling thate( ) = € 't )

F I My F o W) n=F (e ®Wa a)

=2KF K2 ) F M@ ex))(259)

=2 9F (K@) F W) F OO 2 @)
Thus

Z 1
(@) F IO BN W)y %ds T 2% 24tk ko
R

Then as before, for2¥jtj < 1, we get
Z
F I ®O)s) F o W)s t) ds. 2Xtjk ko :
isi> 2jtj

Combining the previous estimates, we deduce

Z Z
X
sup kk(s t) k(s)kds F I ®ys) F oY ®Wys t)ds
t2R jsj> 2jt] K2z Isi> 2t
X g
k ko. min 2%tz ; 2Xtj . k kz :
k2z2
Hence, the lemma is proved. O

The above kernelk de nes a Calderén-Zygmund operator onRY. But we will consider
only the periodic case, so we need to periodizk:

X
R(s) = k(s+ m):
m2zd

By a slight abuse of notation, we useR; to denote the Calderén-Zygmund operator onTd
associated toR; too: 7

REXS)= Ri(s 0fd

where we have identied T with | =[0; 1). R is the Fourier multiplier on T9 with symbol
j- f 7! ej f.
We haveE = de. If satis es (4.2), then Lemma 4.3 implies

8
S E ‘z(Zd;‘z)

2 sup kR(s t) R(s)k,ds<1:
t21d  fs21%jsj> 2jtjg

<1;
(4.3)
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Now let M be a von Neumann algebra equipped with a normal faithful tracial state
,andletN = L1 (T9 ™M , equipped with the tensor trace. The following lemma should
be known to experts; it is closely related to similar results of [29, 46, 51], notably to [35,
Lemma 2.3]. Note that the sole di erence between the following condition (4.4) and (4.2)
is that the supremum in (4.2) runs over all integers while the one below is restricted to
nonnegative integers.

Lemma 4.4. Let =( j)j o be asequence of continuous functions oRYnf0g such that

<1: (4.4)

Kk, =sup ()" (mory

Then for 1<p< 1 and any nite sequence(fj) Lp(N),
1 X o1
i% fii2e . kkey, o 0fi%7
i 0 i 0
The relevant constant depends only op, ', andd.

Proof. The argument below is standard. First, note that the Fourier multiplier on T¢ with
symbol ; does not depend on the values of; in the open unit ball of RY. So letting
be an in nite di erentiable function on RY such that () =0 for j | % and ()=1
forjj 1, we seethat j and ; induce the same Fourier multiplier on TY (restricted
to distributions with vanishing Fourier coe cients at the origin). On the other hand, it
is easy to see that (4.4) implies that the sequenc¢ j); o satises (4.2) with ( j); o
in place of . Thus replacing j by  if necessary, we will assume that satis es the
stronger condition (4.2).

We will use the Calder6n-Zygmund theory and considerR as a diagonal matrix with
diagonal entries (Kj);j 1. The Calderon-Zygmund operator associated toR is thus the
convolution operator: 7z

RA)S)= Rs Of (at

for any nite sequencef =(f;) (viewed as a column matrix). Then the assertion to prove
amounts to the boundedness oR on Lp(N ;).

We rst show that R is bounded fromL; (N;S) into BMOS(T%B(2) ™M ). Let f be
a nite sequence inL1 (N;’5), and let Q be a cube ofl9 whose center is denoted byc.
We decomposd asf = g+ h with g=f 1©, where @ = 2Q, the cube with center c and

twice the side length of Q. Setting
Z
a= R(c Of (t)dt;

19n@

we have Z
R(f)(s) a=R(g)(s)+ Id(R(S t) R(c t)h(t)dt

Thus 1 d
— jR(f)(s) aj’ds 2(A+ B);
o] QJ (f)(s) aj ( )
where
1 Z
A= — iR S .zdS;
o] QJ (9)(9)j

" Z

_ 1 *ds:
B= 5 o JR(s ) R t)h()dt ds
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The rstterm A is easy to estimate. Indeed, by (4.3) and the Plancherel formula,
z

X
QA R@(SPes= " Rmygm) ?
m2zd
X X
=" gm) Rm) Rm) gm) KRM)KZ (-, ib(m)i?
m2zd m2 zd

Z
By Jo0s

R e LIgOPds . JOIKTKE, (g

whence
2 .

To estimate B, let h = (h;). Then by (4.3), for any s 2 Q we have
Z > x £ 2
Id(R(s t) R(c t)h(t)dt = Id(Rj (s t) R(c t)hj(t)dt
% Z
R(s B R ijh )i’
19n@

Zj X
kR(s t) R t)k,  jhj(t)j%dt
Idn© ]
Z
2

2
KK ()

Thus
1 z 7z 2
kBkB(\Z)—M @ o E‘(R(S t) R(c t))h(t)dt - ds
1 z 2
9 o Id( (s t) R(c t)h(t) B ()T S

2 .
KEKL, gy

Therefore, R is bounded fromL; (N ;"§) into BMOS(TY;B("2) ™M ).
We next show that R is bounded fromL; (N;"§) into BMO"(T9;B('2) ™M ). Let f;Q
and a be as above. Now we have to estimate

1 z 2
— R(f)(s) a “ds
19 o (F)(s) B("2)M
We will use the same decomopositiof = g+ h. Then
Z
L Ri)s a s 2(A% BY:
QI Q
where
1 z
A%= —  R(g)(s) °ds;
Qe
1 2
BO= — Rs t) R(c t)h(t) dt ds:
Qo 16 (R(s 1) R(c t)h(t)
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The estimate of B?can be reduced to that ofB before. Indeed,

Z Z 5
B v R(s 1) R(c t)h@) dt ds
PN Q) o B(2)M
L5 R '
o, z'd( ¢ D Re nhod | ds
-1 Rs 1) R(c t)h(t)dt ds
iQ o |d( B(2)M

2 .
KKy

However, A% needs a di erent argument. Setting g = (gj), we have
n 1 z X 0
kKAkg(ym =sup = R(9)(9)K (g)(s) ja; ds ;
Q) o

where the supremum runs over alla = (&) in the unit ball of “2(L2(M )). Considering &
as a constant function onl9, we can write

aik(g)= K(aig):

Thus Z X Z
2
K (0)(s)K (g )(s) aya ds= o K (aig)(s) |, ,ds:
iij [
So by the Plancherel formula,

zZ Z X
5 2
K@) nyds  R@EXE) L)t
i |
X X 2
= . I@.(m)ai @ (m) Lo(M ):
m2zd I

On the other hand, by the Cauchy-Schwarz inequality, (4.3) and the Plancherel formula
once more, we have

X X X X
Rmyaam) 7, KRmkz ™ Gagm)d
m2zd i ngzd X i
: aj g(m)a(m) &
i ?22d
X
= a gi(s)gi(s) dsg
X Z

a  fi(s)fi(s) dsa
i €
. .X 2
j G | a kfikD, vy &
. . I 2 X . 2
. JQIKFKE, (v P9 (jaj)
I

i QIkFKE, Ny
Combining the above estimates, we get the desired estimate a%®

KAYg pym - KRG, (nig):
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Thus, R is bounded fromL; (N;'§) into BMO"(T9B("2) M ), sois it from Ly (N;’5)
into BMO(T%:B("2) ™M ).

It is clear that Ris bounded fromL>(N ;%) into L2(B("2) N ). Hence, by interpolation
via (1.2) and Lemma 1.8,R is bounded fromL (N ;5) into L,(B("2) N ) forany 2<p <
1 . This is the announced assertion for2 p < 1. The casel < p < 2 is obtained by
duality. O

Remark 4.5. In the commutative case, i.e.,M = C, it is well known that the conclusion
of the preceding lemma holds under the following weaker assumption on:
Z 1
sup (L+js® F Y @*))s)ldsZ<1: (4.5)
k 0 Rd 1

Like at the beginning of the preceding proof, this assumption can be strengthened to
Z =
sup (Q+jsd) F Y (@) )s) 2ds <1
k2z Rd 1

Then if we considerk = (kj); o as a kernel with values in"; , Lemma 4.3 admits the
following "1 -analogue:

R L (Riy) S 1;

4
sup kk(s t) Kk(s)k,ds<1.
t2Rd jsj> 2jtj

Transferring this to the periodic case, we have

R, o
z

sup kR(s t) R(s)k:,ds< 1.
t21d  fs219:;sj> 2jtjg

\1)<1;

The last two properties of the kernel R are exactly what is needed for the estimates oA
and B in the proof of Lemma 4.4, so the conclusion holds wheM = C. However, we do
not know whether Lemma 4.4 remains true when (4.4) is weakened to (4.5).

Lemma 4.6. Let =( j); o be asequence of continuous functions oRYnf0g satisfying
(4.4). Thenfor 1 p 2andanyf 2H§(T%4M),

X
je

1
jfj° e
j 0

Lp(N) * k kh2 kf kH’c)Z

The relevant constant depends only on, andd.

Proof. Like in the proof of Lemma 4.4, we can assume, without loss of generality, that
satis es (4.2). We use again the Calder6n-Zygmund theory. Now we viewR = (&;); o as
a column matrix and the associated Calderén-Zygmund operatoR as de ned onL (N ):
z
R(f)(s) = ) R(s t)f (t)dt:
[

Thus R maps functions to sequences of functions. We have to show tha is bounded
from Hg(Td; M)to Ly(N;'5)forl p 2 Thisis trivial for p=2. So by Lemma 1.9
via interpolation, it su ces to consider the case p=1. The argument below is based on
the atomic decomposition of H§(TY; M ) obtained in [17] (see also [44]). Recall that an
M C-atom is a function a2 L1(M ;L§(T9Y) such that
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a is supported by a cubeQ T4 19
R

o a(s)ds=0;
RIS

Thus we need only to show that for any atoma

R
ola(s)j’ds

kR(a)kLl(N g) 1:

Let Q be the supporting cube ofa. By translation invariance of the operator R, we can
assume thatQ is centered at the origin. Set® = 2Q as before. Then

kR(a)k,_l(N %) k R(a)leLl(N %) + kR(a)llankLl(N %) . (46)

The operator convexity of the square functionx 7! jxj? implies

z z
ik(a)(s)ids | @i _jR(a)(s)j%ds
@ @

N[

However, by the Plancherel formula,

Z Z X X
RS jR@(Pds=  jfaym)Z= " jRm)a(m)?
@ | X mzzd mZ%d
R e,  damiP= R e ja)ids:
" m2zd ' Q
Therefore, by (4.3)
Z Z

1
2

. . P . .
KR(2)1gkL () = @JR(a)(S)JdS- j§j2 QJa(S)JZdS L
This is the desired estimate of the rst term of the right-hand side of (4.6). For the second,
sincea is of vanishing mean, for everys 629 we can write
Z
R(@)(s)= [R(s t) R(s)a(t)dt:
Q

Then by the Cauchy-Schwarz inequality via the operator convexity of the square function
x 7!jxj?, we have
Z 4
jR(a)(s)j? o kR(s t) R(s)k-,dt o kR(s t) R(s)k,ja(t)j?dt:

Thus by (4.3),
Z
kR(2)1 4, gKL:(N g) = y @jﬁ(a)(S)jds
hZ Z : zZ z N
kR(s t) R(s)k,ja(t)j’dsdt 2

1
2

kR t) R(s)k-,dsdt
o g D R o e

; a1
. jQj*? Qja(s)szs 2 .1

Hence the desired assertion is proved. O
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By transference, the previous lemmas imply the following. According to our convention
used in the previous chapters, the mapx 7! € x denotes the Fourier multiplier associated
to onTY.

Lemma 4.7. Let =( j); satisfy (4.4).

(i) For1<p< 1 we have

X X

‘e .2 1 H -2 i . d
1% Xji Zp. k kn, iXj] Zp, Xj 2 Lp(TY)
j o j o
with relevant constant depending only orp, ' , and d.

(i) Forl p 2we have

1% X Zp. kkhzkkag; X2 Hy(TY)
j o

with relevant constant depending only orl , and d.

We are now ready to prove Theorem 4.1.

Proof of Theorem 4.1. Let j = (' 0 Y+ ' 0+ (+D) By (3.2) and the support
assumption on ; j, we have

L = . e. . — e '
i< jj» S0 § X=5 § X

for any distribution x on T9. We claim that = ( i)j o satises (4.4) in place of
Indeed, givenk 2 Ng, by the support assumption on"' in (3.1), the sequence (2K)' =
( j(2k )" )j ohas atmost ve nonzero terms of indiceg suchthatk 2 j k+2. Thus

k %2 k
") H, (RY; ) j(2 )’ Hz(Rd):
i=k 2
However, by Lemma 4.2,
k 1 i 1 . 1 .
j(2 ) H, (RY) j(2J ) H, (RY) k 2 ] kK+2;

where the relevant constant depends only ord; and' . Therefore, the second condition
of (4.1) yields the claim.

Now applying Lemma 4.7 (i) with j instead of ; and x; = 21 'ej X, we prove part
(i) of the theorem.

To show part (i), we need the characterization of H§(TY) by discrete square functions

stated in Lemma 1.10 with =1 . Let x be a distribution on T% with ®(0) = 0 such
that
i 2 3 :
2 jg xj©2 <1:
j o
Lety = | (x). Then the discrete square function ofy associated to is given by

X X )
sS)?= g yi’= 2 jg xj%:

j o j o
Soy 2 H§(TY) and x
. 1
kykie 2 jg x?°
j 0

1
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We want to apply Lemma 4.7 (i) to y but with a di erent multiplier in place of . To
that end, let ; =2/ I jand =( j); o. We claim that satises (4.1) too. The
support condition of (4.1) is obvious for . To prove the second one, by (3.2), we write

i@y O=ii "0 i@)=ii TeH+ O+ e ()@ )

Sincel (" ( D+ +' D) js an in nitely di erentiable function with compact support,
Z
(@+is?) F A (Ve +r @) (s)ds<1:
R

Thus by Lemma 4.2, _ ‘
j (ZJ )’ H$(RY) - i (ZJ )’ H$(RY) ;
whence the claim.

As in the rst part of the proof, we de ne a new sequence by setting j = j j. Then
the new sequence satis es (4.4) too and

ok yr (ol (ol :
EUCF)) 1(2 ) HZ(Rd)' Jsug 1(2 ) HZ(Rd)' JSU(F)) 1(2 ) HZ(Rd)'

On the other hand, we have
2 & g x=8 y:

Thus we can apply Lemma 4.7 (ii) toy with this new instead of , and as before, we get

. o 1 X 1
22 i% g x?? = % vi*?,
i 0 i 0

k 1

. ﬁug (2 ) H2 (Rd;‘z) kkaE
. X 51

. SUp J(ZJ) HZ(Rd) ZJ Jej XJ 2 1:

i o j o
Hence the proof of the theorem is complete. O

4.2 De nitions and basic properties

As said at the beginning of this chapter, we consider the Triebel-Lizorkin spaces oifd
only for g= 2. In this case, there exist three di erent families of spaces according to the
three choices of the internal” ,-norms.

Denition 4.8. Letl p<1 and 2R.
() The column Triebel-Lizorkin space FIO?C (T9) is de ned by
Fo® (T = x2SqTY tkxkee <1 ;
where

X
kxke e = jR(0)] + 2% j'e xj? :
k 0

-

(i) The row space F," (T¢) consists of allx such that x 2 F,;¢ (T¢), equipped with the
norm kaFp:r = kx ka:c .
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(iii) The mixture space F, (T9) is de ned to be

(

FC(TH+ FP(T9  if 1 p<2
F, (7% = o (T + Fp" (T) p

FO (THON R (TY if 2 p<i1;
equipped with

8
ke = < inf kkup;c + kszp;r IX=y+ 2z if 1 p<2
P max(kxkg e ; Kxkg ) if 2 p<1:

In the sequel, we will concentrate our study only on the column Triebel-Lizorkin spaces.
All results will admit the row and mixture analogues. The following shows that F ;¢ (T9
is independent of the choice of the function' .

Proposition 4.9. Let be a Schwartz function satisfying the same conditiorf3.1) as' .
let B = ® = (2 ). Then

[

X
ocke,eJ RO)j+ 2% 8 xj2
k 0

P

Proof. Fix a distribution x on T% with ®(0) = 0. By the support assumption on ) and
(3.2), we have (with'e 1 =0)

X1
& x= & 'esj X
=1
Thus by Theorem 4.1,
X 1 X X 1
24 e x| 22X j8% eksj X7 7
k 0 ji= 1 ko
X 1
2% j'e xj% 2 .
k 0
Changing the role of' and , we get the reverse inequality. O

Proposition 4.10. Letl p<1 and 2R.
(i) F,°(TY is a Banach space.

(i) F°(TY F,o(TY for <

(i) P is dense inF,° (T9) .

(iv) FIe(T) = H§(TY).

) Bp;min(p;Z)(Td) Fp;c (T% Bp: maX(p;Z)(Td)'

Proof. (i) is proved as in the case of Besov spaces; see the corresponding proof of Propo-
sition 3.3. (ii) is obvious. To show (iii), we use the Fejér means as in the proof of
Proposition 2.7. We need one more property of those means, that is, they are completely
contractive. So they are also contractive oan(B(‘g)*Td), in particular, on the col-
umn subspacelL p(T9;$) too. We then deduce that Fy is contractive on F© (T9 and
limyi  Fn(X) = x for every x 2 Fj© (T9).
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(iv) has been already observed during the proof of Theorem 4.1. Indeed, for any
distribution x on TY, the square function associated td de ned in Lemma 1.10 is given

by

[N

s¢(x) = X e Xj 2:
' = Jex X] :
kK 0

Thus kkag k XkFr??C'
(v) follows from the following well-known property:

2Lp(Th)  Lp(Th9)  “p(Lp(TY)

are contractive inclusions for2 p 1 ; bothinclusions are reversed forl p 2. Note
that the rstinclusion is an immediate consequence of the triangular inequality of L g(Td),
the second is proved by complex interpolation. O

The following is the Triebel-Lizorkin analogue of Theorem 3.7. We keep the notation
introduced before that theorem.

Theorem 4.11. Letl p<1 and 2R.

() Forany 2R, bothJ and!| are isomorphisms betweerF ;¢ (T) and F, (T9).
In particular, J and | are isomorphisms betweerF ;¢ (T¢) and H(T).

(i) Leta2 RY. If x 2 Fj° (TY), then D2 2 Fp | ¥*°(Td) and

kDanFp] ajpic - kaFp;C

(i) Let > 0. Thenx 2 Fy°(T%) i D;x2F, °(T%foralli=1; ;d. Moreover,
in this case,

xd
ke j R(O)j+ KDy Xke e
i=1

Proof. (i) Let x 2 Fj® (T9) with %(0) = 0. By Theorem 4.1,
X 1

kD xke o = 22 )jg e xj% 2
k 0

p

X 1
sup2 kI (2°)' ky, (rey 2% jie xj% 2
k 0 k 0

D"

However, it is easy to see that all partial derivatives of the function2 ¥ J (2K )' , of order
less than a xed integer, are bounded uniformly ink. It then follows that

sup2 X kI (24) Ky, ey < 1
k 0

Thus kJ xka e . kxkge . SoJ is bounded fromF* (T to F, ©(T9), its inverse,
which isJ , is bounded too. | is handled similarly.

If = ,thenF, °(T% = FXT9 = H(TY by Proposition 4.10 (iv).

(i) This proof is similar to the previous one by replacing J by D? and using Lem-
ma 3.5.
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(iif) One implication is contained in (ii). To show the other, we follow the proof of
Theorem 3.7 (iii) and keep the notation there. Since

xd
"k = iDi; "k
i=1
by Theorem 4.1,
xa X _ o1
U 2% je; ‘'ex D, xj? 2 .
i=1 k 0
xd X 1
sup2 k i(2)" Ky, (re 22%C Dje D, xj? 2 .
i=1 k0 k 0
However,
2K i(25) Ky, rey = K ki (rey s
where o
()= 1 (2 0)i i
i + + @aid @i9)
As all partial derivatives of ' , of order less than a xed integer, are bounded uniformly
in k, the norm of ' in H,(RY) are controlled by a constant independent ofk. We then
deduce o o
X _ o1
kxke e . 220 Jjee Dyxj? 7 = kD, XKe o
i=1 k O i=1
The theorem is thus completely proved. O

Corollary 4.12. Let1<p< 1 and 2 R. Then F,(T% = H,(T% with equivalent
norms.

Proof. SinceJ is an isomorphism from F, (T%) onto FJ(T%), and from H, (T%) onto
HO(TY), it su ces to consider the case = 0. But then HI(T%) = L(T%) by de nition,

and Fg(Td) = Hp(Td) by Proposition 4.10. It remains to apply Lemma 1.9 to conclude
FO(Th) = HY(TY). O

We now discuss the duality of F© (T9). For this we need to de ne F;° (TY) that is
excluded from the de nition at the beginning of the present section. Let ", denote the
Hilbert space of all complex sequencea = (ax)k o such that

X
kak= = 2% jaj??<1:

k 0
Thus Lp(T9;°,) is the column subspace of ,(B(*,) TY).

De nition 4.13.  For 2 R we de ne F;¢ (T9) as the space of all distributionsx on T¢

that admit a representation of the form
X :
x= e X with (xk 02 L1 (T% %),
k 0

and endow it with the norm
1

. .o X 2Kk i2 3
kxkg,e = jR(0)j + inf 27 Jex Xkj©?
k 0

where the in mum runs over all representations of x as above.



4.2. Definitions and basic properties 103

Proposition 4.14. letl p<1 and 2 R. Then the dual space of,° (T9) coincides
isomorphically with F o (T).

Proof. For simplicity, we will consider only distributions with vanishing Fourier coe cients
atm=0. We view F;° (TY) as an isometric subspace of p(T%; ;%) via x 7! ('ex  X)k o-
Then the dual space off;° (T9) is identi ed with the following quotient of the latter:

X .
Gpo= y= e Yi:(Wkk 02 Lp(T%7, ) ;
k 0
equipped with the quotient norm
X
kyk =inf  (yk) Lo(Te, ©) ty= 'ek Yk :
k 0
The duality bracket is given by hx;yi = (xy .). If p=1, then Gpo = F; © (T9) by
de nition. It remains to show that Gp = F*° (T9) for 1< p < 1. Itis clear that
Foo “(TY  Gp, a contrqctive inclusion. Conversely, lety 2 G andy = = ‘e yi for
some(yk)k o2 Lgo(T%, ©). Then

ek Y='ek ' 1 Yk 1t '€k ‘e Yk+ 'ek ‘'€k+1 Yk+1:

Therefore, by Lemma 4.7,

1
2K 2 5
2 e Y27
k 0 ji= 1 kO

Thusy 2 F, *° (T%) and kyk, o - kykeo. O
p

Remark 4.15. (i) The above proof shows that F° (T9) is a complemented subspace of
Lp(T9; %) forl<p< 1.

(i) By duality, Propositions 4.9, 4.10 and Theorem 4.11 remain valid forp= 1 , except
the density of P . In particular, F2¢(T9) = BMO ¢(T9).

We conclude this section with the following Fourier multiplier theorem, which is an
immediate consequence of Theorem 4.1 fgg< 1 . The casep = 1 is obtained by duality.
In the case of =0, this result is to be compared with Lemma 1.7 where more smoothness
of is assumed.

Theorem 4.16. Let be a continuous function onRY n f0g such that
k 1
bt IR RCO R

for some > % Then is a bounded Fourier multiplier on F ¢ (T forall1 p 1
and 2 R.

In particular, is a bounded Fourier multiplier on Hg(Td) for 1 p <1 andon
BMOS(TY).
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4.3 A general characterization

In this section we give a general characterization of Triebel-Lizorkin spaces off¢ in the
same spirit as that given in section 3.2 for Besov spaces.

Let o; 1; 2 Rwith > g Let h be a Schwartz function satisfying (3.3). Assume
that is an in nitely di erentiable function on RYnf0g such that

8

ij>00nf 2Y 5] 2g
il 1 .
de(1+ isi) F *(hl  [)(s)ds<1; (4.7)
k 1 kK \1 .
kszu’\lpoz °F * (2%)") H2(Rd)< 1:
Writing ' ="' (" ( D+ + ' M) and using Lemma 4.2, we have
Z
FAC@Y) ey A%is?) F IR (s ds:

So the third condition of (4.7) is weaker than the corresponding one assumed in [74,
Theorem 2.4.1]. On the other hand, consistent with Theorem 3.9 but contrary to [74,
Theorem 2.4.1], our following theorem does not require that ; > 0.

Theorem 4.17. Letl p<1 and 2 R. Assumethat o< < 1 and satises
(4.7). Then for any distribution x on T9, we have

-

_ . . X 2k e 2 5 .
kxka,c j k(0)j + 27 7% Xj . (4.8)
k 0

The equivalence is understood in the sense that whenever one side is nite, so is the other,
and the two are then equivalent with constants independent of.

Proof. Although it resembles, in form, the proof of Theorem 3.9, the proof given below is
harder and subtler than the Besov space case. The key new ingredient is Theorem 4.1. The
main di erences will already appear in the rst part of the proof, which is an adaptation
of step 1 of the proof of Theorem 3.9. In the following, we will x x with ®(0) = 0. By
approximation, we can assume thatx is a polynomial. We will denote the right-hand side
of (4.8) by kaFp:'c .

Given a posifive integer K , we write, as before

() = * () (k) = x (1) (G+K) 4 * (1) G+K) -
k=0 k=1 k=K
Then
kaFp:;c [+11; (4.9)
where
X X ) 1
| = 2218 ek xj??
k K j
X

N

X .
= 22 jej '6j+k ij
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The estimate of the term | corresponds to step 1 of the proof of Theorem 3.9. We use
again (3.8) with  and de ned there. Then applying Theorem 4.1 twice, we have

X X .
| = 2k( 1) 22(J+k) Je] ej+k ij 2

kK K j
X . i
k(1 ) 22 g kg xj? 2

k K j

[N

p

p

X ) 1
k(1 ) ( kp H, 22 jli'j Xj2 2
k K j

X i 1
I 1 2k( 1 ) ( k)l " 22] jlej XJ2 2
=1 k(1 ) Chy xKe c
P

Being an in nitely di erentiable function with compact support, 1 ,' belongs toH, (RY),

thatis, | ,' ,, < 1. Next, we mustestimate (%'  uniformlyin k. To that end,
2 2

for s2 RY, using
Z
F IR ys)?= oF O FOA)s 2dt
Z

F Oy FHOm F s 2 M

for k K, we have
A
(002 = a+js?) F IO )(s) ds
2 Rd Z Z
F YY), @+is? F L) F X )s 2% “dids
ZR Rd z
F YY), @+ F () @+js 2% F ¢ )(s 24) 2dsdt
Rdz Rdz
2 F (), d(1+jt1'2) FoY()(t) dt d(1+jsjz) F 1( )(s) %ds
7 R R
2
C; K Rd(1+jtj2) FY()(t)dt

In order to return back from to , write
=1 ,h+1 | (h®) h):

Note that Z
Rd(l+1t12) F o, (b hyt)ydt=cp .k <1 (4.10)

sincel , (hX h)is anin nitely di erentiable function with compact support. We then
deduce z z

[+ jti?) F o)) dt. [+ ity F A h)()dt

R R

The term on the right-hand side is the second condition of (4.7). Combining the preceding
inequalities, we obtain
z
L@ jiti)) F (1 | h)(t) dt kxke o
R
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The second term Il on the right-hand side of (4.9) is easier to estimate. Using (3.11),
Theorem 4.1 and arguing as in the preceding part for the term I, we obtain

X
.1y 2% 1, (29H |, kxkgge
2 2 p
o
2k Ky .
2 Iy @%)H' | KxKg e ;
2 P
k>K
whereH ="' (2 1)+ ' +' (2). To treat the last Sobolev norm, noting that I H is an
in nitely di erentiable function with compact support, by Lemma 4.2, we have
Z
K \iy K yr 2 1 K yr
Lo @Ry @)y, i) R G mdt @)y
Therefore,
. sup2 Ko (2¢) 2% 0 ) kxke
k>K % KoK P
oo K (4.11)

k o K yr .
CkS>LPJ<p2 (2%) H, 1T 20 kxka,
with some constant c independent of K . Putting this estimate together with that of I, we
nally get

kaFp;;c . kaFp;c .

Now we show the reverse inequality by following step 3 of the proof of Theorem 3.9
(recallingthat =1 h). By (3.13) and Theorem 4.1,

N[

x o
ka,:p:c . L2 H, 22 Birk G Xj?
=0

. 1
2 2 3
29 jBak  § xj°2
j=0

p

R . 1
k xkg e + 24 jej+K ej X)< 2
P ,
j=0

P

Then combining the arguments in step 3 of the proof of Theorem 3.9 and (4.11) with
(K) " in place of , we deduce

K
27 j8 & x22  csup2 ko (2K K) @y 208 ke
o P ek o1 20 e

To remove (2K K ) from the above Sobolev norm, by triangular inequality, we have

@ %) @)y 4 @)+ h@ ) @)

By the support assumption onh and' , h(2k ¥ )* 60 only for k K +2, so the second
term on the right hand side above matters only fork = K +1 and k = K +2. But for
these two values ofk, by Lemma 4.2, we have

h(2k K ) (2k )| CO (2k )-

H l

H2 2
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where c® depends only onh. Thus
@) @), @+ @)

Putting together all estimates so far obtained, we deduce

_ _ k K yr .
kxke,e Kk xkee +c(1+ (o) ksuEz R CAD ﬁkkac :
So if K is chosen su ciently large, we nally obtain
kX ka;C . kX ka;;C ;
which nishes the proof of the theorem. O

Remark 4.18. Note that we have used the in nite di erentiability of only to insure
(4.10), which holds whenever is continuously di erentiable up to order [%] +1. More
generally, we need only to assume that there exists> % +1 such that 2 H, (RY) for
any compactly supported in nite di erentiable function which vanishes in a neighbor-
hood of the origin.

Like in the case of Besov spaces, Theorem 4.17 admits the following continuous version.

Theorem 4.19. Under the assumption of the previous theorem, for any distributiorx on
d
TY z,
kxkege  j R(0)j + "2
0

Proof. This proof is very similar to that of Theorem 4.17. The main idea is, of course, to
discretize the continuous square function:
Z 1 d,. )q_ Z 2 ] dll

V2 i2 2j ; i2
& X 29 1% X
0 =0 211

We can further discretize the internal integrals on the right-hand side. Indeed, by approx-
imation and assuming that x is a polynomial, each internal integral can be approximated
uniformly by discrete sums. Then we follow the proof of Theorem 3.11 with necessary
modi cations as in the preceding proof. The only di erence is that when Theorem 4.1 is
applied, the Li-norm of the inverse Fourier transforms of the various functions in consid-
eration there must be replaced by the two norms of these functions appearing in (4.7). We
omit the details. O

4.4 Concrete characterizations

This section concretizes the general characterization in the previous one in terms of the
Poisson and heat kernels. We keep the notation introduced in section 3.3.

The following result improves [74, Section 2.6.4] at two aspects even in the classical
case: Firstly, in addition to derivation operators, it can also use integration operators
(corresponding to negativek); secondly, [74, Section 2.6.4] requirek > d + max( ; 0) for
the Poisson characterization while we only need >

Theorem 4.20. Letl p<1 and 2R.
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() Let k 2 Z such thatk > . Then for any distribution x on T9,

z

. . 1 w2(k ) k 2 d"
kxkg e | R(0)j + . J. P (X)

N

(i) Let k2 Z such thatk > 5. Then for any distribution x on Td,

) ) Z 1,,2(k 7) kw > dn
kxka;c j R(0)j + . 27 J.5 W (X)

N[

.

The preceding theorem can be formulated directly in terms of the circular Poisson and
heat semigroups ofT9. The proof of the following result is similar to that of Theorem 3.15,
and is left to the reader.

Theorem 4.21. lLetl p<1l, 2Randk2Z.

(i) If k> , then for any distribution x on T9,

Zq

. . d
kxke e max jR(m)j + @ N2 I IFP(xe) 2 .
P jmj<k 0 1 r

N

X
wherexy = x R(M)U™,

jmj<k
(i) If k> 5, then for any any distribution x on T9,

z

1
kxke:c  max jR(m)j + @ r)2k 2 gkw,(x)? dr
P jmj2<k 0 '

1 p-

NI

The proof of Theorem 4.20. Similar to the Besov case, the proof of (ii) is done by choosing
1 =2k > . But(i) is much subtler. We will rst prove (i) under the stronger assumption

that k >d + , the remaining case being postponed. The proof in this case is similar to and
a little bit harder than the proof of Theorem 3.13. Letagain ( )=( sgnk)2 j j)ke 211,

As in that proof, it remains to show that  satis es the second condition of (4.7) for some
1> and > % Sincek >d + , we can choose ; suchthat < 1<k d. We
claim that I, ,hP 2 H, (RY) forevery 12 ($;k 1+ 9). Indeed, this is a variant
of Lemma 3.5 witha = k 1and = hP. The dierence is that this function is not
in nitely di erentiable at the origin. However, the claim is true if  ; is an integer. Then
by complex interpolation as in the proof of that lemma, we deduce the claim in the general

case. Now choose suchthat < < 1(; Jyandset = ; 2. Then > 4 and
by the Cauchy-Schwarz inequality, we have
z Y4

1

d(1+jsj2) F Yl ,hP(s)ds d(1+jsj2)2+ F 1l ,hb(s)%ds’
R R

1 .

F il shP oy gy

Therefore, the second condition of (4.7) is veried. This shows part (i) in the casek >
d+ O

To deal with the remaining casek > , we need the following:
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Lemma 4.22. Letl p<1 andk; 2 Zsuchthat'>k> . Then for any distribution
x on T9 with ®(0) =0;

Z 1 n 1 Z 1 n 1
w2(k ) J ”k p"(x) 2 C.I. 2 w2 ) J ”\ E. (X) 2 C‘I' 2
0 p 0
Proof. By induction, it su ces to consider the case *~ = k+1. We rst show the lower
estimate:
Z 4 w1 Z, w1
w2k ) jkp. (x) 2d" 3 . n2(k+l ) 3 P, (x) 2d
0 ! p 0 !
To that end, we use 7

JEP(x)= sgnk) "1 JK e (x)d:

Choose 2 (0; k ). By the Cauchy-Schwarz inequality via the operator convexity of
the function t 7! t2, we obtain
w2 Z4
JKPu(x) 2 2 s ) gk e (x) ® d*3

It then follows that
Z Z Z

lu2(k ) J..k p" (X) 2 d"" Zi ! 2(1+ ) J k+1 p (X) 2 1 n2(k ) i
0 0
Z
1 1 2 2 d
= - (k1) gkl p (x) ==
A ) o *)
Therefore,
Z _— z 1
1..2(|< ) 3.k P (x) 2(1 2 ! 2k+1 ) jk+l p (X) 2d7 2
0 p 0
VA 1 2 d 1
2(k+1 ) J k+1 P (X) “ o2 :
0 p
as desired.
The upper estimate is harder. This time, writing P+, ++, = P, P.,, we have
k+lJ k+1 P — sgn(k)2k+l nwk+1 @P" J k B.
=2 @'
= sgn(k)2<t ke, g k.
where ()= 2 jje 21l Thus
z " Z1 "
1112(k+1 ) J..k+1 P. (X) 2d % - 2 k+1 J k+1 p 2d %
0 ) p 0 =" " p
Z1 w1
- 2k+l 2 llZ(k ) e, J "k p" (X) 2 d 2
0 ! p
z 1 > d" 1
2k+l w2k ) e, J "k P. (X) . 2
0

Now our task is to remove - from the integrand on the right-hand side in the spirit of
Theorem 4.1. To that end, we will use a multiplier theorem analogous to Lemma 4.7. Let
H = L2((0; 1); &) and de ne the H-valued kernelk on R% by k(s) = +(s) ,... ,. Itisa
well-known elementary fact that this is a Calderén-Zygmund kernel, namely,
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R L1 (RYH) <1

4
sup kk(s t) Kk(s)kyds<1 .
t2Rd jsj> 2jtj

Thus by Lemma 4.7 (i) (more exactly, following its proof), we obtain that the singular in-
tegral operator associated tok is bounded oan(Td; H€) forany 1< p < 1 ; consequently,

Z, w1 Z, w1
n2k ) e g kpu(x) 2 "z n2(k ) 3 kpa(x) 2 dz . (4.12)
0 p

0 p

whence

z " z
a1 ) ke 28 fatk ) gk p(x) 2

0 P 0 p

N[
N

Thus the lemma is proved forl<p< 1.
The casep = 1 necessitates a separate argument like Lemma 4.7. We will require a
more characterization of H§(TY) which is a complement to Lemma 1.10. It is the following
equivalence proved in [81]:
Let > 0. Then for a distribution x on T% with ®(0) = 0, we have
Z,

2d" 3
Xk (I P).
0

X (4.13)

Armed with this characterization, we can easily complete the proof of the lemma. Indeed,
(M P (1 x)=( sgnk)2 ) K"k JKkP.(x):

Thus by (4.13) with =k ,

Z
2d" 3

! w2(k ) J "k P. (X)
0

k| kag:

It then remains to apply Lemma 4.7 (ii) to | x to conclude that (4.12) holds forp =1
too, so the proof of the lemma is complete. O

End of the proof of Theorem 4.20. The preceding lemma shows that the norm in the right-
hand side of the equivalence in part (i) is independent ok with k > . As (i) has been
already proved to be true fork >d + , we deduce the assertion in full generality. O

We end this section with a Littlewood-Paley type characterizations of Sobolev spaces.
The following is an immediate consequence of Corollary 4.12 and the characterizations
proved previously in this chapter.

Proposition 4.23. Let satisfy (4.7), k> and1<p< 1. Then for any distribution
on T9,

kxky | R(0)j+
Ho Jn( )i

X 1 X 1 O

3 inf 2o WPt T (% 9P, ifl<p<2
k 0 k 0
n X X 0

Tmax e xPP T 2% )¢, 2 pel;
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and
kxky, ] R(0)j+
8 ° 7z

w1 Z w1 0
2d” 2 + Fuak ) JKPu(2) 2d"

p
V4 o

1 ll2(k ) J "k p” (X)

n 1
3 inf w2k ) g kp.(y)

n 21 ol
2 max n2k ) gk pa(x) 2 d 3

0 p 0
The above in ma are taken above all decompositiong = y + z.

4.5 Operator-valued Triebel-Lizorkin spaces

Unlike Sobolev and Besov spaces, the study of vector-valued Triebel-Lizorkin spaces in the
classical setting does not allow one to handle their counterparts in quantum tori by means
of transference. Given a Banach spac¥ , a straightforward way of de ning the X -valued
Triebel-Lizorkin spaces onTY is as follows: forl p<1,1 g 1 and 2R, an
X -valued distribution f on T% belongs toF (T X) if

X
Kf ke, = kI(O)kx + 2K ke, fKY @
k 0

Lp(rey < 1

A majority of the classical results on Triebel-Lizorkin spaces can be proved to be true in
this vector-valued setting with essentially the same methods. Contrary to the Sobolev or
Besov case, the spacED;z(Td; Lp(Td)) is very di erent from the previously studied space
Fo2 (TY). This explains why the transference method is not e cient here.

However, there exists another way of de ning Fp;z(Td; X). Let (rk) be a Rademacher
sequence, that is, an independent sequence of random variables on a probability space
( ;P), taking only two values 1 with equal probability. We de ne Fp;rad(Td;X) to be
the space of allX -valued distributions f on T¢ such that

X
kfke ., = kP(O)kx + re2€ e f
k O

Lp( T9X) <1

It seems that these spaceEp;,ad(Td; X) have never been studied so far in literature. They
might be worth to be investigated. If X is a Banach lattice of nite concavity, then by
the Khintchine inequality,

X
Kke .k BO)ky + 2K o fj2 2

Lp(TdX) -
K 0

This norm resembles, in form, more the previous ondf ke o Moreover, in this case, one
can also de ne a similar space by replacing the internal ,-norm by any "¢-norm.

But what we are interested in here is the noncommutative case, wherX is a noncom-
mutative Lp-space, sayX = Lp(Td). Then by the noncommutative Khintchine inequality
[40], we can show that for2 p<1 (assumingfb(O) =0),

n )
Kike . max X e 12} . X e 12} S
k 0 k 0
Here kky, is the norm of Lp(T9; Lp(T9)). Thus the right hand-side is closely related to the
norm of F, (TY de ned in section 4.2. In fact, if x 7! ® denotes the transference map
introduced in Corollary 1.2, then for 1<p< 1, we have

kaFp (Td) k Eka;rad (Td;Lp(Td)) .



112 Chapter 4. Triebel-Lizorkin spaces

This shows that if one wishes to treat Triebel-Lizorkin spaces onTY via transference, one
should rst investigate the spacesF. (T9: Lp(Td)). The latter ones are as hard to deal
with as F,, (T9).

We would like to point out, at this stage, that the method we have developed in this
chapter applies as well to Fp;rad(Td; Lp(T9)). In view of operator-valued Hardy spaces,
we will call F..q(T% Lp(T?) an operator-valued Triebel-Lizorkin space onT?. We can
de ne similarly its column and row counterparts. We will give below an outline of these
operator-valued Triebel-Lizorkin spaces in the light of the development made in the previ-
ous sections. A systematic study will be given elsewhere. In the remainder of this section,
M will denote a nite von Neumann algebra M with a faithful normal racial state  and
N =Ly (TH™

Denition 4.24. Let1l p< 1 and 2 R. The column operator-valued Triebel-
Lizorkin space FID?C (T9:M ) is de ned to be

Fo® (ThM) = F 2SYTSLa(M)) i Kikee <1

where X 1
KfKeje = KIXO)ky v ) + 2% je, fj2 2 LoN) -
k 0
The main ingredient for the study of these spaces is still a multiplier result like Theo-
rem 4.1 that is restated as follows:

NI

Theorem 4.25. Assume that( j) o and ( j) o satisfy (4.1) with some >
() Let 1<p< 1. Thenforanyf 2SYTd;Ly(M)),

) ) X ) 1
2 e 2.1 ) . 2 . 2 = .
j OZJ JeJ § f )2 Lp(N) JSU(F)) J(2J ) H, ; OZJ J€; fJ 2 Lp(N) "
@iy If ;= \(2 i) for some Schwartz function with supp()=f 21 j j 2g
Then the above inequality holds fop =1 too.

The proof of Theorem 4.1 already gives the above result. Armed with this multiplier
theorem, we can check that all results proved in the previous sections admit operator-
valued analogues with the same proofs. For instance, the dual space &° (T9M)
can be described as a spade; *° (T9;M ) analogous to the one de ned in De nition 4.13.
However, following the H1-BMO duality developed in the theory of operator-valued Hardy
spaces in [81], we can show the following nicer characterization of the latter space in the
style of Carleson measures:

Theorem 4.26. A distribution f 2 SYT% L1(M )) with £(0) = 0 belongs toF ;€ (T M )
[ L 7
sup — 2K jie f(s)j’ds < 1;
Q Q@ og,0(0) M
where the supremum runs over all cubes df9, and wherel(Q) denotes the side length of
Q.
The characterizations of Triebel-Lizorkin spaces given in the previous two sections

can be transferred to the present setting too. Let us formulate only the analogue of
Theorem 4.21.
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Theorem 4.27. Letl p<1, 2Randk2Z.

(i) If k> ,thenforanyf 2SqT9Ly(M)),
Z,

dar 3
Kf ke kMK, vy + 1 02k D 3kp(f) P ° '
Fe max kXmkL o0 PO L
X
wheref = f Amyu™.
jmj<k
(i) If k> 5, then for any f 2 SqTY;Ly(M)),
Z, 2k =) 1k 2 dr %
kf ke e max KMk, v ) + O(1 N2 2 3 Wi (f) * — L






Chapter 5

Interpolation

Now we study the interpolation of the various spaces introduced in the preceding three
chapters. We start with the interpolation of Besov and Sobolev spaces. Like in the clas-
sical case, the interpolation of Besov spaces oh¢ is very simple. However, the situation
of (fractional) Sobolev spaces is much more delicate. Recall that the complex interpo-
lation problem of the classical couple(W}(RY); Wf (RY)) remains always open (see [27,
p. 173]). We show in the rst section some partial results on the interpolation ofwg(Td)
and Hp(Td). The main result there concerns the Hardy-Sobolev spaceWHkl(Td) and
HHl(Td), that is, when the L1-norm is replaced by the nicerH-norm on T9. The spaces
W0 (T9) and Hpgy,o (T9) are also considered. The most important problem left unsolved
in the rst section is to transfer DeVore and Scherer's theorem on the real interpolation of
(WE(RY); WK (RY)) to the quantum setting. The main result of the second section charac-
terizes the K-functional of the couple (L p(T%); Wk(T?)) by the L p-modulus of smoothness,
thereby extending a theorem of Johnen and Scherer to the quantum tori. This result is
closely related to the limit theorem of Besov spaces proved in section 3.5. The last short
section contains some simple results on the interpolation of Triebel-Lizorkin spaces.

5.1 Interpolation of Besov and Sobolev spaces

This section collects some results on the interpolation of Besov and Sobolev spaces. We
start with the Besov spaces.

Proposition 5.1. Let0< < 1. Assumethat; o; 12 Randp;po;p1;q;h;a 2 [1; 1]
satisfy the constraints given in the formulas below. We have

M) Bp(TD: Bpy(T) 44 = Bpa(T): 08 15 =1 ) o+ 1
1 1

(”) Bp;qo(Td); Bp;ql(Td) iq = Bp;q(Td); az Cb + a,
(ii)) B (T Bplg, (T q Bpg(TH: =@ ) o+ 1
L S U S
P Po P9 G &G ’
. 1 1
V) Bplg(TDiBplg (T = Bpg(T):  =(1 ) o+ u PT R Pt
1 1
—= + —;09<1.
q 04 Ch
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Proof. We will use the embedding ofB IO;q(Td) into ‘q(Lp(Td)). Recall that given a Banach
spaceX, "4(X) denotes the weighted 4-direct sum of (C; X; X; ), equipped with the
norm

X 1

k(a;xo;x1; k= jaj9+  2K0 kxkd *:

k 0
Then Bp;q(Td) isometrically embeds into ‘q(Lp(Td)) via the map | dened by I x =
(R(0);'ep x;'e1 X; ). On the other hand, it is easy to check that the range ofl is
1-complemented. Indeed, letP : " (Lp(T%) ! B,4(T9) be de ned by (with ‘e, = 0 for
k 1) X

P(a;xo;x1; )= a+ (‘&g 1+ 'e+ 'eks1) X!
k 0

Then by (3.2), Pl x = x forall x 2 Bp;q(Td). Onthe other hand, letting y = P(a; Xp; X1; ),
we have

2

‘e y= "o (ek 1+ ekt leks1) Xk J O

k=j 2

Thus we deduce thatP is bounded with norm at most 15.
Therefore, the interpolation of the Besov spaces is reduced to that of the spaces

‘q(Lp(Td)), which is well-known and is treated in [8, Section 5.6]. Let us recall the re-
sults needed here. For a Banach spac€ and an interpolation couple (X; X 1) of Banach

spaces, we have

‘%O(X);‘qll(x) :q = \q(x); 08 1 :(1 ) ot 1,

WX (X)) =g Ko X =@ ) o*

Tw(Xo0); b (X1) =g XosX1) 5 =1 ) ot 1 F + @ q<1.

It is then clear that the interpolation formulas of the theorem follow from the above ones
thanks to the complementation result proved previously. O

Remark 5.2. If q = 1, part (iv) holds for Calderén's second interpolation method,
namely,

Bpoi (T%; Bpia (T = Bpi1 (T%; =(1 ) ot 1 B: Po * E:

On the other hand, if one wishes to stay with the rst complex interpolation method in
the caseq = 1, one should replaceB,; (T%) by B¢, (T9):

piCo

Bpleo (T Bpley (T = B (T

Po;Co P1:Co

Now we consider the potential Sobolev spaces. Sinde is an isometry betweenH , (TY
and Lp(Td) forall1 p 1 ,we getimmediately the following

Remark 5.3. Let0< < 1, 2R,1 poyp 1 andi=:—+ . Then

Hoo (T Hp (T9) = Hp (T and Hp (T Hp (T9) ) = Hy(T):
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The interpolation problem of the couple HpOO(Td); lel(Td) for o6 isdelicate. At
the time of this writing, we cannot, unfortunately, solve it completely. To our knowledge,
it seems that even in the commutative case, its interpolation spaces by real or complex
interpolation method have not been determined in full generality. We will prove some
partial results.

Proposition 5.4. Let0O< < 1, o6 12Randl p;qg 1 . Then
Hoo (T Hp (T g = Bpg(TD: =@ ) o+ 1

Proof. The assertion follows from Theorem 3.8, the reiteration theorem and Proposi-
tion 5.1 (i). O
To treat the complex interpolation, we introduce the potential Hardy-Sobolev spaces.

De nition 5.5. For 2 R, dene

Hy,(TH = x2SqT% :J x2H(TY with x , = J x
H1

We de ne Hgyo (TY) similarly.
Theorem 5.6. Let o, 12 Rand1<p< 1. Then

1
Hgfio (T%); Hil (T L Hp(Th; =q B) ot Fl:

We require the following result which extends Lemma 1.7(ii):

Lemma 5.7. Let be a Mikhlin multiplier in the sense of De nition 1.5. Then is a
Fourier multiplier on both H1(T%) and BMO(TY) with norms majorized by cgk ky.

Proof. This is an immediate consequence of Lemma 4.7 (the sequentg ) there becomes
now the single function ). Indeed, by that Lemma, is a bounded Fourier multiplier on
H1(T9), so by duality, it is bounded on BMO(T9) too. O

We will use Bessel potentials of complex order. Forz 2 C, dene J,( )=(1+ j jz)é
and JZ? to be the associated Fourier multiplier.

Lemma 5.8. Lett 2 R. Then J't is bounded on bothH1(T%) and BMO(T¢) with norms
majorized by cq(1 + jtj)q.

Proof. One easily checks thatJ;; is a Mikhlin multiplier and kJitkm  cg(1 + jtj)9. Thus,
the assertion follows from the previous lemma. O

Proof of Theorem 5.6. Let x 2 H, (T¢) with norm less than 1, thatis, J x 2 Lp(T9) and
kJ xkp < 1. By Lemma 1.9, and the de nition of complex interpolation, there exists a
continuous function f from the strip S=fz2C : 0 Re(z) 1gto H1(TY), analytic in
the interior, such that f (7) = J x,

sup f (it cand sup f(1+it ok
t2R 1) awo t2R ( ) s
De ne (with = 1)

F(z)=¢e? )73 @ Do z21f(z): z28:
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Then for any t 2 R, by the preceding lemma,

Ft) o =e 7 3t D1y 5, &

A similar estimate holds for the other extreme point HHll(Td). Therefore,
Xx=F()2 Hglo (TH; HHll(Td) with norm &

We have thus proved
Hp (T Hglo (T HG (T9)

Since the dual space oH1(T9) is BMO(TY), we have
HHll(Td) = Hgyb (T9):
Thus dualizing the above inclusion (for appropriate ; and p), we get
Hedo (T 5 Hgyd (T Hp (T
where( ) denotes Calderén's second complex interpolation method. However, by [7]
Hado (T9) 5 Hgud (TY) Hado (TY) 5 Houd (T  isometrically:

Since
Hyt (T Hgyd (T  isometrically;
we nally deduce
Hafo (T 5 H(TY Hp (T9;
which concludes the proof of the theorem. -

Corollary 5.9. Let0< < 1, o; 12Randl<pg;pp< 1. Then

Hpd(Th Hp (T = H (TY; =@ + o1 o= +
po( ) pl( ) p( ) ( )0 1 p Po p1

Proof. The preceding proof works equally for this corollary. Alternately, in the casepg 6

p1, the corollary immediately follows from the previous theorem by reiteration. Indeed, if
po & p1, then for any o; 12 R there exist ¢; 12 R such that

Thus the previous theorem implies
Hgmo (T HHll(Td) 1 = Hp/(T9; j=0;L
J

The corollary then follows by the reiteration theorem. O
It is likely that the above corollary still holds for all 1  po;p1 1

Conjecture 5.10. Let o, 12 Rand1l<p< 1. Then

HidMD H T 0= Ho (T =@ ) o+ —
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By duality and Wol 's reiteration theorem [80], the conjecture is reduced to showing
that forany 0< < landl<pp< 1,

Ho oM H YT = Hp (T =@ ) o+ 13 ==

SinceH, (T  H,*(T%), Theorem 5.6 implies
Ho (T Hp2 (T H A (TY
So the conjecture is equivalent to the validity of the converse inclusion.

Remark 5.11. The proof of Theorem 5.6 shows that for o; 12 Rand0< < 1,
Hid (T HG (T = Hy (T9; =@ ) o+ 1

We do not know if this equality remains true for the couple Hlo(Td); Hll(Td) .

We conclude this section with a discussion on the interpolation of W/ (T%); W (TY) .
Here, the most interesting case is, of course, that wherpg = 1 and p; = 1. Recall that
in the commutative case, the K-functional of Wy (T9); WK(T9) is determined by DeVore
and Scherer [21]; however, determining the complex interpolation spaces of this couple is
a longstanding open problem.

Note that if 1< po;pr < 1, WE(TY; WK (T reduces to HE (TY); HE (T9) by
virtue of Theorem 2.9. So in this case, the interpolation problem is solved by the preceding
results on potential Sobolev spaces. This reduction is, unfortunately, impossible when one
of pp and py is equal to1 or 1 . However, in the spirit of potential Hardy Sobolev spaces, it
remains valid if we work with the Hardy Sobolev spacesVgyo (T%) and W (T9) instead
of WE (T9) and W{(TY), respectively. Here, the Hardy Sobolev spaces are de ned as they
should be.

Using Lemma 5.7, we see that the proof of Theorem 2.9 remains valid for the Hardy
Sobolev spaces too. Thus we have the following:

Lemma 5.12. For any k 2 N, Wy (T9) = HEyo (TY) and WK (T = HE (T9).
Theorem 5.13. Letk2 Nand1<p< 1. Thenfor X = Wy (T9 or X = W{(TY,

Weno (T9); X 1= WX(TH) = Weyo (T9): X

o

Consequently, for any0< < landl<pg<1,
1 1
W (T WETY = WET = Wi (T WET) o= =

Proof. The rstpartfor X = W}'_‘il(Td) follows immediately from Remark 5.3, Theorem 5.6
and Lemma 5.12. Then by the reiteration theorem, foranyl<p< 1 and0< < 1, we
get
Weo (T W (T9) = Wg(T%) and W (T%; Wi, (T9) = We(TY;
1

where £ = 5—+ 5 and 1= 1T + 1. On the other hand, by the continuous inclusion

H(T9)  Ly(TY), we have

WETD = W (T WE (T W(T; Wi(T9) - wi (T,
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the last inclusion above being trivial. Thus
Wi (T Wi(T9) = We(T9):

Therefore, by Wol 's reiteration theorem [80], we deduce the rst part for X = W{(T9).
The second part follows from the rst by the reiteration theorem. O

Remark 5.14. The second part of the previous theorem had been proved by Marius
Junge by a di erent method; he reduced it to the corresponding problem onH too.

The main problem left open at this stage is the following:

Problem 5.15. Does the second part of the previous theorem hold fopp = 1 ?

5.2 The K-functional of  (Lp; W)

In this section we characterize the K-functional of the couple(Lp(Td); Wg(Td)) for any
1 p 1 andk 2 N. First, recall the de nition of the K-functional. For an interpolation
couple (Xo; X 1) of Banach spaces, we de ne

K(x;"; Xo; X1) =inf  kxokx, + "kXokx, : X = Xo+ X1;X02 Xo; X12 X1

for"> Oandx 2 Xo+ X1. SinceW)(T?)  Lp(T%) contractively, K (x;"; Lp(T%); Wx(T%) =
kxkp for " 1; so only the case" < 1 is nontrivial. The following result is the quantum
analogue of Johnen-Scherer's theorem for Sobolev spaces Bf (see [30]; see also [6, The-
orem 5.4.12]). Recall that! ['§(x; ") denotes thekth order modulus of L -smoothness ofx
introduced in section 3.4.

Theorem 5.16. Letl p 1 andk2 N. Then
KOG Lp(T)We(T)) - "B + 1 p(x"); 0<" 1
with relevant constants depending only ord and k.

Proof. We will adapt the proof of [6, Theorem 5.4.12]. DenoteK (x;"; Lp(T9); Wi (T9))
simply by K (x;"). It su ces to consider the elements of Lp(Td) whose Fourier coe cients
vanish at m = 0. Fix such an elementx. Let x = y+ z with y 2 Lp(T%) and z 2 W}(T?)
(with vanishing Fourier coe cients at 0). Then by Theorem 2.20,

R I (S R G ISR LI

which implies
k « . Ilk .
Fo(6") o K(OG"):

The converse inequality is harder. We have to produce an appropriate decomposition
of x. To this end, let | =[0; 1)4 and de ne the required decomposition by
A Z
y=( 1) o K (x)du; dug and z=x y;

whereu=u;+  + ux. Then
z Z o_
| |
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To handle z, using the formula

o= (DK Tiu
j=0
we rewrite z as
|
¥k _ - Z Z
z=( 1T (k] :( Tju (X)dup  dug:
j=1 I I

All terms on the right-hand side are treated in the same way. Let us consider only the
rst one by setting 7z 7

Z1 = | IT--u(x)dul duy:

Write each u; in the canonical basis ofRY:

xd
uj = Ui;j € -
j=1

We compute @z, explicitly, as example, in the spirit of (2.1):

VA Z
1 X @
z1= - — T (X)du duy:
@z1 N @ u (x)duy k
Integrating the partial derivative on the right-hand side with respect to u;1 yields:
o @7U1T"u (x)du;;1 = "(e1+u ui;lel)(x) = o "(e1+u ui;lel)(x)dui;li

where for the second equality, we have used the fact that «(e,+y u;,e,)(X) iS constant in
Ui1. Thus
1 ¥k Z Z
@z1 = | | "(ey+u uilel)(x)dul duy:
i=1
To iterate this formula, we use multi-index notation. For n 2 N let

[KI"= i=(i1; ;in):1 i+ k; alli's are distinct :
Then for any my1 2 N with m;  k, we have
Z Z
@iz;=" ™ n'[‘,tl(x)dul duy ;

2k !

where
Uit = e+ U (ui%;1+ + ui%nl;l)el:
Iterating this procedure, for any m 2 NS with jmj; = k, we get
m —_n k X X Z My miq .
DMz = i i 1 (X)du;  dug;
i92[kmd it2(k]me
where the u;; 's are de ned by induction

Ui = € + Uj 1 (Uijl;j+ +uijmj;j)ej; j =2; . d:
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Thus we are in a position of appealing Lemma 2.22 to conclude that
DMz . KEROG");
whence
iZiwy - " 06T
Therefore, K (x;"¥) . 1 K(x;"). O

Remark 5.17. The preceding proof shows a little bit more: for anyx 2 W[')‘(Td) with
®(0) =0,

K0T vkt Nz X =Y+ Zzip0) = HO)Z0 ; 0<" L

In particular, this implies
kxkp . 1 E(XG");
which is the analogue for moduli ofL ,-continuity of the inequality in Theorem 2.12 (the

Poincaré inequality). On the other hand, together with Lemma 2.22, the above inequality
provides an alternate proof of Theorem 2.12.

The preceding theorem, together with Theorem 3.16 and the reiteration theorem, im-
plies the following

Corollary 5.18. Let0< < 1, > 0, kikg;k12Nand1 p;q;q 1 . Then
() LT WY ., = Bpg(TY;

(i) WE(T: Bpg (TY) = Bpg(T: k6 3 =(1  )k+ |

(i) W (T); wi (1Y) q = Bpg(Th); ko6 ki =(1  )ko+ ku.

We can also consider the complex interpolation of Lp(T9); WS(T9) . If 1<p< 1,
this is reduced to that of Lp(T9); HX(TY) ; so by the result of the previous section, for
any0< < 1,

Lp(T; W(TY) = H(TY:
Problem 5.19. Does the above equality hold forp = 1? The problem is closely related
to that in Remark 5.11.

We conclude this section with a remark on the link between Theorem 3.19 and The-
orem 5.16. The former can be easily deduced from the latter, by using the following
elementary fact (see [8] p. 40): for any coupléX; X 1) of Banach spaces anc 2 X\ X1

. 1
Il!m1 @a )a

1
X (Xo:X1) g = q akxkx,;

Qal-

. — l .

Il!m0 1 )a x Xo:X1)q = @ akxkx, :

Here the norm of (Xo; X1) ;q is that de ned by the K-functional. Then Theorem 3.19
follows from Theorem 5.16. and the rst limit above. This is the approach adopted in
[38, 47]. It also allows us to determine the other extreme case = 0 in Theorem 3.19,
which was done by Maz'ya and Shaposhnikova [41] in the commutative case. Let us record

this result here.
Corollary 5.20. Letl p 1 andl qg<1. Then for x 2 Bp;(g](Td) with ®(0) =0
for some > 0,

: 1 1

Il!m0 akxkg i q Tkxkp:
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5.3 Interpolation of Triebel-Lizorkin spaces

This short section contains some simple results on the interpolation of Triebel-Lizorkin
spaces. They are similar to those for potential Sobolev spaces presented in section 5.1. It
is surprising, however, that the real interpolation spaces ofF;© (T9) for a xed p do not
depend on the column structure.

Proposition 5.21. Letl p;g 1 and o, 12 Rwith o6 1. Then
Fpo (T Fp (T = BT =@ ) o+ 1
Similar statements hold for the row and mixture Triebel-Lizorkin spaces.

Proof. The assertion is an immediate consequence of Proposition 4.10 (v) and Proposi-
tion 5.1 (i). Note, however, that Proposition 4.10 (v) is stated for p < 1 ; but by duality
via Proposition 4.14, it continues to hold forp= 1 . O

On the other hand, the interpolation of F;¢ (TY) for a xed is reduced to that of
Hardy spaces by virtue of Proposition 4.10 (iv) and Lemma 1.9.

Remark 5.22. Let 2Randl<p< 1. Then

Fl;C (Td), Fl;c (Td) % - Fp;C (Td) — Fl;C (Td), Fl;C (Td) ;p:

T~

Proposition 5.23. Let o, 12Randl<p< 1. Then
. . ) 1
PO FAT) a= BEAY =@ ) or
p

Proof. This proof is similar to that of Theorem 5.6. Let x be in the unit ball of Fj° (T9).
Then by Proposition 4.10,J (x) 2 H g(Td). Thus by Lemma 1.9, there exists a continuous
function f fromthe strip S=fz2C : 0 Re(z) 1gto H‘{(Td), analytic in the interior,
such that f (%) = J (x) and such that

sup f (it ¢ Cysup f(@d+it) ,. c:
o 0 woe €5 SR 1A g

De ne .
F(z)=€e? »°3 @ Do z1f(z): z28:

By Remark 4.15 and Lemma 5.8, for anyt 2 R,

2, 1 .
Fit) g e 797 30 DGty oo @

Similarly,

2 1y2 .
F+it) o e 37 gt Dfa+iy o O
1 1
Therefore,
1 . .
X = F(B) 2 F,o(TYy; By Uo(TY) :
whence

Fo® (T Fy 08T Fyoo(Te)

=112

The converse inclusion is obtained by duality. O






Chapter 6

Embedding

We consider the embedding problem in this chapter. We begin with Besov spaces, then
pass to Sobolev spaces. Our embedding theorem for Besov spaces is complete; however, the
embedding problem ofW{(TY) is, unfortunately, left unsolved at the time of this writing.

The last section deals with the compact embedding.

6.1 Embedding of Besov spaces

This section deals with the embedding of Besov spaces. We will follow the semigroup
approach developed by Varopolous [76] (see also [20, 77]). This approach can be adapted
to the noncommutative setting, which has been done by Junge and Mei [33]. Here we can
use either the circular Poisson or heat semigroup oT 9, already considered in section 3.3.
We choose to work with the latter. Recall that for x 2 SYT9),

X i
Wi, (x) = R(m)rim*um™. 0 r< L
m2zd

The following elementary lemma will be crucial.
Lemma 6.1. Letl p p; 1 . Then
e : dy- :
KW (X)kp, . (1 r)2'pa Pkxkp; X2 Lp(T"); 0 r< L (6.1)
Proof. Consider rstthe casep=1 andp; = 1. Then

X _ X
KW, (x)k1 ™ j(m)j k xki rim

m2zd m2zd

K X X 4k

= kxki r 1. kxkg @+ Kk)ar
k 0 jmj2=k k 0

(1 1) Skxk;:

The general case easily follows from this special one by interpolation. Indeed, the inequality
just proved means that W, is bounded fromL1(T9) to L1 (TY) with norm controlled by
@ r 5. On the other hand, W, is a contraction on Lp(Td) forl p 1 . Interpolating
these two cases, we get (6.1) fot <p<p1= 1. The remaining casep; < 1 is treated
similarly. O
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The following is the main theorem of this section.

Theorem 6.2. Assume thatl p<p:1 1 ;1 q o 1 and; 12 R such that
g = 3 p% Then we have the following continuous inclusion:

d dy .
Bp;q(T ) BP11Q1(T )

Proof. Since Bpll;q(Td) Bpllql(Td), it su ces to consider the case g= ;. On the other

hand, by the lifting Theorem 3.7, we can assumemaxf ; 1g < 0; so that we can take
k =0 in Theorem 3.15. Thus, we are reduced to showing

Zl 1 Z 1
dar 3 1 dr 3
q q q q .,
@0 T WL @D T Wi
To this end, we write W, (x) = WP+ WP (x) and apply (6.1) to get
p,g(g l)
Wi (x) p, - @ r)ziee P WPE(X)
Thus
Z, 1 Z,
@0 Fweol T e Pa PRtE D we e o
0 Pl r ZO r
1 a1 qd 2rdr
=@ ) e 0 P wig g
zZ, 1
a 0w
as desired. O

Corollary 6.3. Assume thatl p<p; 1 ;1 q 1 and =d(% pil). Then

Bpg(Th  Lpug(TY if pp<1 and By (T Ly (TY if pr=1:

Proof. Applying the previous theoremto ;=0 andg= ¢ =1, and by Theorem 3.8, we
get
Bp;l(Td) Bpl 1(Td) Lpl (Td) :

This gives the assertion in the casep; = 1. For p1 < 1, we X p and choose two
appropriate values of (which give the two corresponding values ofp;); then we inter-
polate the resulting embeddings as above by real interpolation; nally, using (1.1) and
Proposition 5.1, we obtain the announced embedding fop; < 1 . O

The preceding corollary admits a self-improvement in terms of modulus of smoothness.

Corollary 6.4. Assume thatl p<p; 1 ; = d(% pil) and k 2 N such thatk >
Then Z.

k") . LK )d—; o<" 1
0

Proof. Without loss of generality, assumek(0) = 0. Then by the preceding corollary and

Theorem 3.16, we have 7
1

d
kxkp, - . s ) —:
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Now let u 2 RY with juj ". Noting that

EC w0 ) 2min 06T EE(G ) 24 506 min( )

we obtain
‘£ d
kK u(X)kp, - LRG ) —+ " TR
ZO.. q Z. g
LROG ) —+ LR ) —
yan 2
d
LR ) —:
Taking the supremum over all u with juj " yields the desired inequality. n

Remark 6.5. We will discuss the optimal order of the best constant of the embedding in
Corollary 6.3 at the end of the next section.
6.2 Embedding of Sobolev spaces

This section is devoted to the embedding of Sobolev spaces. The following is our main
theorem. Recall that B, % (T9) in the second part below is the quantum analogue of the
classical Zygmund class of order ; (see Remark 3.18).

Theorem 6.6. Let ; 12 Rwith > .

() f l<p<pi<1 are such that %: 1 p‘il,then
Hp(Th  H (T continuously:
In particular, if additionally = k and 1 = kj are nonnegative integers, then

WX(TY)  WEH(TY) continuously:
@ii) f1 p<1 issuch thatp( 1)>d and ;= %, then

Hp(T% Byt (TY) continuously:

In particular, if additionally = k 2 N, and if either p> 1or p=1 andk is even,
then

W(TY By (TY) continuously:

Proof. (i) By Theorem 2.9, the embedding of W (T9) is a special case of that oH , (T):
Thus we just deal with the potential spacesHp(Td). On the other hand, by the lift-

ing property of potential Sobolev spaces, we can assume; = 0. By Theorem 3.8 and
Corollary 6.3, we have

Hp(T%  Lqa (TY:

Now choose0 < < 1 and two indicessg;s; with 1< sg;s; < 9 such that

1
+ —:
So S1

Tl
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Let
== = j=0;L
Sj d J
Then interpolating the above inclusions with s; in place ofp for j =0; 1, using Remark 5.3
and (1.1), we get

Hp(TY = Ho(TDiHg (T o Lt Tk (TY ) = Lpp(Th)  Lpy(TY:
(i) By Theorems 3.8 and 6.2, we obtain
Hp (T Bpy (T By (T9:
If k is even,WK(TY)  HX(TY). Thus the theorem is proved. O

Remark 6.7. The casep = dwith 1 =0 is excluded from the preceding theorem. In
this case, it is easy to see thatH, (T%)  Lq(T%) for any g < 1. It is well known in
the classical case that this embedding is false fog = 1 . Consider, for instance, the ball
B =fs2RY:jsj Zgand the function f dened by f(s) = loglog(l + é) Then f
belongs toW{(B) but is unbounded onB. Now extending f to a 1-periodic function on
RY which is in nitely dierentiable in [ %; 3]9nB, we obtain a function in W{(T9) but
unbounded onT¢.

Remark 6.8. Part (ii) of the preceding theorem implies WS(T9) Ly (T9) for all p> 1.
In the commutative case, representing a function as an inde nite integral of its derivatives,
one easily checks that this embedding remains true fop = 1. However, we do not know
how to prove it in the noncommutative case. A related question concerns the embedding
WE(T9) By (T9) in the case of oddk which is not covered by the same part (ii).

The quantum analogue of the Gagliardo-Nirenberg inequality can be also proved easily
by interpolation.

Proposition 6.9. Letk2 N;1<rp< 1;1 q<1 and 2 N§with0<j ji<k: If
& and }: 1 + —
k r q p

T
then for every x 2 WX(T9)  Lo(T9),

X
kD xk: . kxkg kD ™ xkp,
jmj=k

Proof. This inequality immediately follows from Theorem 5.13 and the well-known relation
between real and complex interpolations:

Lo(T WETD . Lo(T: WE(TY) = wi i1 (T9:

It then follows that
SUSWERS kxkg ok

Applying this inequality to x  ®(0) instead of x and using Theorem 2.12, we get the
desired Gagliardo-Nirenberg inequality. O
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An alternate approach to Sobolev embedding. Note that the preceding proof of
Theorem 6.6 is based on Theorem 6.2, which is, in its turn, proved by Varopolous' semi-
group approach. Varopolous initially developed his method for the Sobolev embedding,
which was transferred to the noncommutative setting by Junge and Mei [33]. Our ar-
gument for the embedding of Besov spaces has followed this route. Let us now give an
alternate proof of Theorem 6.6 (i) by the same way. We state its main part as the following
lemma that is of interest in its own right.
Lemma 6.10. Letl1 p<qg< 1 such that% = % 1. Then

W (T Lga (T9:

Proof. We will use again the heat semigroupW, of T9. Recall that W, = W- with r =
e 4% whereV. is the periodization of the usual heat kernelW- of RY (see section 3.3). It
is more convenient to work with W-. In the following, we assumex 2 S(T9) and %(0) = 0.
Let j= @1 j d Then
Z, Z,
Ix=4 2 . W-(x)d" and jx=4 2 . W-(@x) d™:

We claim that forany 1 p 1
KIV-(@x)ky . " Zkxk, and kiV-(@x)ks . " 2G D kxky; "> O (6.2)

Indeed, in order to prove the rst inequality, by the transference method, it su ces to
show a similar one for the Banach space valued heat semigroup of the usugitorus. The
latter immediately follows from the following standard estimate on the heat kernel W+ of
RY: Z

sup"% r We(s) ds<1:

"> 0 Rd
The second inequality of (6.2) is proved in the same way as (6.1). First, for the casp=1,
we have (recalling that ®(0) =0)

X I
kiv- (@ ks 2 jmjje 1M ji(m)j
m2 Zdnf Og
X . L omii2
2 kxk; jmjje 1™
m2 zdnf Og
d+1

el e’) Fkxke. " T kxki

Interpolating this with the rst inequality for p= 1 , we get the second one in the general
case.
Now let "> 0 and decompose jx into the following two parts:
Z, z.
y=4? W (@xd and z=4 2 . W (@x)d:

Then by (6.2), 7
TG . B D
kyki . kxkp 2tp 7 d 2tp kxkp

and Z.

kzkp . kxkp zd  "zkxkp:
0
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Thus for any t > 0; choosing" such that " ZdT) = t, we deduce
kyky + tkzky . t% dkxky = t kxkp;
where =1 L. It then follows that

k ijq;l k ij(Ll (Td);Lp(Td));l . kap:

Since
xd
X = | @x;
j=1
we nally get
xd xd
j=1 j=1
Thus the lemma is proved. O
Alternate proof of Theorem 6.6 (i). For 1 < p <d, choosepp; p1 such that 1 <pg<p <
pp<d. Let qii = pii 1 fori =0;1 Then by the previous lemma,
W (TY)  Lga (T9; i=0;1L

Interpolating these two inclusions by real method, we obtain
W (T Lgp(TY:

This is the embedding of Sobolev spaces in Theorem 6.6 (i) fok = 1. The casek > 1
immediately follows by iteration. Then using real interpolation, we deduce the embedding
of potential Sobolev spaces. O

Sobolev embedding for p=1. Now we discuss the cas@ = 1 which is not covered by
Theorem 6.6. The main problem concerns the following:

WHTY L ﬁ(Td)i (6.3)

At the time of this writing, we are unable, unfortunately, to prove it. However, Lemma 6.10
provides a weak substitute, namely,

W:E-(Td) L 741 (Td): (6.4)

In the classical case, one can rather easily deduce (6.3) from (6.4). Let us explain the idea
coming from [77, page 58]. It was kindly pointed out to us by Marius Junge. Letf be a
nice real function on T9 with 1’0(0) =0. Forany t 2 R let f; be the indicator function of
the subsetff >t g. Then f can be decomposed as an integral of thi's:

Z .4

f = fodt (6.5)
1

By triangular inequality (with g= %),

kf kq kf kg dt:
1
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However,

Thus by (6.4) for =0,
Kftkg . Kfiky + kr fiky:

It comes now the crucial point which is the following
Z .,
kr fikodt. kr fki: (6.6)
1
In fact, the two sides are equal in view of Sard's theorem. We then get the strong embed-
ding (6.3) in the case = 0. Note that this proof yields a stronger embedding:

Wi (T Lo, (T%: (6.7)

The above decomposition off is not smooth in the sense thatf is not derivable even
though f is nice. In his proof of Hardy's inequality in Sobolev spaces, Bourgain [11]
discovered independently the same decomposition but using nicer functionf; (see also
[60]). Using (6.7) and the Hausdor -Young inequality, Bourgain derived the following
Hardy type inequality (assuming d  3):

X if(m);

(1+ jmj)d 1 - kf kwll(Td):

m2zd

We have encountered di culties in the attempt of extending this approach to the
noncommutative case. Let us formulate the corresponding open problems explicitly as
follows:

Problem 6.11. Letd 2.

(i) Does one have the following embedding

Wi(TY Lo (T%) or Wi(T%) L. (T9?

(i) Does one have the following inequality

X jR(m)]

m2zd

By the previous discussion, part (i) is reduced to a decomposition for operators in
W£(TY) of the form (6.5) and satisfying (6.6). One could be attempted to do this by
transference by rst considering operator-valued functions onRY. With this in mind, the
following observation, due to Marius Junge, might be helpful.

Given an interval | =[s;t] R and an elementa 2 L1(T9Y), we have

@l a= s a  a

where @denotes the distribution derivative relative to R. Let kk_ denote the norm of the
dual spaceCo(R;A ) , which contains L1(R;L1(T9) isometrically. If f is a (nice) linear
combination of 1, a's, then we have the desired decomposition of . Indeed, assume
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P

f="1; i1, e,where {2 R: andthel,, ¢'s are pairwise disjoint projections of
L1 (R)"T9 Let fy = 11 y(f). Then
V4 1
f = fedt
0
So foranyq 1, Z,

Kf kq Kf kqdt:
0

On the other hand, by writing explicitly f; for every t, one easily checks
Zy
k@k_ = k@fk, dt:
0

By iteration, the above qgcomposition can be extended to higher dimensional case for all
functions f of the form = [L; 1g, &, where ; 2 R:, Rj's are rectangles (with sides
parallel to the axes) and1g, €'s are pairwise disjoint projections ofL, (RY)™Td.

The next idea would be to apply Lemma 6.10 to these special functions. Then two
di culties come up to us, even in the commutative case. The rstis that these functions do
not belong to W{; this di culty can be resolved quite easily by regularization. The second
one, substantial, is the density of these functions, more precisely, of suitable regularizations
of them, in W{.

Uniform Besov embedding. We end this section with a discussion on the link between
a certain uniform embedding of Besov spaces and the embedding of Sobolev spaces. Let

0< < 1,1 p<1 with p<d and%:% 5- Then

kxkP Cd;p(d(lp)) kxk';p;;!p X2 Bp(TY; (6.8)
where kkap;;p is the Besov norm de ned by (3.19). In the commutative case, this inequal-
ity is proved in [13] for close to1 and in [41] for general . One can show that (6.8)
is essentially equivalent to the embedding oW (T9) into Lq(T9) (or Lg;p(T%) for d > p
and ; = ¢ §. Indeed, assume(6.8). Then taking limit in both sides of (6.8) as ! 1,
by Theorem 3.19, we get

kxKq - ijwpl

for all x 2 W}(T9) with ©(0) = 0. Conversely, f W (T9)  Lq(T9), then
Lp(T; W (T . Lp(Th: Lg(T)
Theorem 5.16 implies that
Lo(T9); W (TY) o Bpp(TY

with relevant constant depending only ond, here Bp;p(Td) being equipped with the norm
kkB,;Ep . On the other hand, By a classical result of Holmstedt [28] on real interpola-
tion of Ly-spaces (which readily extends to the noncommutative case, as observed in [37,
Lemma 3.7]),

Lp(T; La(T) ., Lep(TY

1 1
with the inclusion constant uniformly controlled by ¢ (1 )a. We then deduce

kxkp . (L )kxkg :
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This implies a variant of (6.8) since Lrp(T9) L (T9).
Since we have proved the embeddingVv) (TY)  Lo(T%) for p> 1, (6.8) holds forp > 1.
Let us record this explicitly as follows:

Proposition 6.12. lLet0< < 1, 1<p< 1 with p<d and rl = g- Then

1
p

T

kap-l ; X2B

kxke . (1) b op(T9

with relevant constant independent of .

In the casep =1, Problem 6.11 (i) is equivalent to (6.8) forp=1 and close to1l.

6.3 Compact embedding

This section deals with the compact embedding. The cas@ = 2 for potential Sobolev
spaces was solved by Spera [65]:

Lemma 6.13. The embeddingH,*(T9) ! H,?(TY) is compact for ;> , O.

We will require the following real interpolation result on compact operators, due to
Cwikel [19].

Lemma 6.14. Let (Xo; X1) and (Yo; Y1) be two interpolation couples of Banach spaces,
and let T : X; ! Y] be a bounded linear operatorj = 0;1. If T : Xo! Ypis compact,
then T : (Xo; X1);p ! (Yo, Y1) p is compact too for any0O< < landl p 1

Theorem 6.15. Assume thatl p<p: 1 ;1 p <py;l g o 1 and

%: 1 p% Then the embeddingB,.((T%) ! B, (T¢) is compact.

Proof. Without loss of generality, we can assumeg = q;. First consider the casep = 2.
Chooset su ciently close to gand 0< < 1 such that

p;q(

Then by Proposition 5.1,
Bz;q(Td) = Bo,,(TY; By (TY) q
By Lemma 6.13,B,.,(T% | B,3(TY is compact. On the other hand, by Theorem 6.2,

B, (T I B,(TY) is continuous. So by Lemma 6.14,

Bog(TY) 1 Bob(T9; Bylh(TY 4 IS compact

However, by the proof of Proposition 5.1 and (1.1), we have
Bos(T: Bl (M) o ¢* (La(TDi Lp(TD g = ¢ (Lsig(T);
where s is determined by

o1, _1,0a ) 9.

S 2 Epl d

Note that tends to 1 ast tends to g, so we can choose such that s > p . Then
Leq(T9) Ly (TY). Thus the desired assertion forp = 2 follows.
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The casep 6 2 but p > 1 is dealt with similarly. Let t and be as above. Choose
r<p (r close top). Then

BZ;Z(Td); Br;t (Td) :q \q (LZ(Td); Lr(Td) q = \q(Lpo:q(Td));

where pg is determined by

If is suciently close to 1, then pp < p that we will assume. ThusLp(T9)  Lp.q(TY).
It then follows that
Bp;q(Td) BZ;Z(Td); Br;t (Td) q :

The rest of the proof is almost the same as the casp= 2, so is omitted.

The remaining casep = 1 can be easily reduced to the previous one. Indeed, rst
embed B ,(T%) into B,2,(T%) for some > 2 (; 1) ( 2 closeto ) and p; determined
by g =, [;’—2 Then by the previous case, the embedding ,2,(T%) ! B,%, (T9) is
compact, so we are done.

Theorem 6.16. Letl<p<pi<1l and; 12R.

(i) If % = p% thenH, (T | H,*(T% is compact forp <pji. In particular, if

additionally = k and 1 = ky are nonnegative integers, thenw s (T¢) | Wr';l(Td)
is compact.

(i) 1f p( )>dand < ;= % then H, (T9) | By 4 (TY is compact. In
particular, if additionally = k 2 N, then Wx(T%) | B, , (T%) is compact.

Proof. Based on the preceding theorem, this proof is similar to that of Theorem 6.6 and
left to the reader. O



Chapter 7

Fourier multiplier

This chapter deals with Fourier multipliers on Sobolev, Besov and Triebel-Lizorkin spaces
on T9. The rst section concerns the Sobolev spaces. Its main result is the analogue for
W (T of [17, Theorem 7.3] (see also Lemma 1.3) on c.b. Fourier multipliers oh(T9);
so the space of c.b. Fourier multipliers onWF'J‘(Td) is independent of . The second
section turns to Besov spaces on which Fourier multipliers behave better. We extend some
classical results to the present setting. We show that the space of c.b. Fourier multipliers
on Bp;q(Td) does not depend (nor on qor ). We also prove that a function on Z9 is

a Fourier multiplier on By.,(T9) i itis the Fourier transform of an element of BY, (T¢).
The last section deals with Fourier multipliers on Triebel-Lizorkin spaces.

7.1 Fourier multipliers on Sobolev spaces

We now investigate Fourier multipliers on Sobolev spaces. We refer to [59, 9] for the
study of Fourier multipliers on the classical Sobolev spaces. IX is a Banach space of
distributions on T9, we denote byM(X ) the space of bounded Fourier multipliers onX ;
if X is further equipped with an operator space structure, M, (X)) is the space of c.b.
Fourier multipliers on X. These spaces are endowed with their natural norms. Recall
that the Sobolev spacesVg(T%), H, (T%) and the BesovB,,(T¢) are equipped with their
natural operator space structures as de ned in Remarks 2.29 and 3.24.

The aim of this section is to extend [17, Theorem 7.3] (see also Lemma 1.3) on c.b.
Fourier multipliers on L(T9) to Sobolev spaces. Inspired by Neuwirth and Ricard's trans-
ference theorem [48], we will relate Fourier multipliers with Schur multipliers. Given a
distribution x on T9, we write its matrix in the basis (U™),,za:

X]= U™ UM = f(m n)"m :
m;n2zd m;n2zd
Here k' denotes the transpose ok = (ki;:::;kg) and ~is the following d  d-matrix
deduced from the skew symmetric matrix
0 1
0 12 13 @i 1d
0 0 23 ... 2d
~~ o : :
0 O d 1d
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Now let :Zz91 C and M be the associated Fourier multiplier on T4, Set =
Then

m N mp2zd:
M X = qoab(m ne" ™M =S (XD (7.1)

where S is the Schur multiplier with symbol

According to the de nition of W/(T9), for any matrix a = (&mn)mn2z¢ and ~ 2 N§
de ne \ ‘
Da= (2 i(m n)) amn m:n2zd -

If x is a distribution on T9, then clearly
MDx =S DI[x]:

We introduce the space

n . 0]
Sk= a=(amn)mn2ze 1 D a2 Sy(2(2%); 8 2NG;0 j Vj1 Kk

and endow it with the norm

X . i
— p p.
kaksy = kD akg
0j i1 k
Ehen Sg is a closed subspace of theé,-direct sum of L copies ofSp(‘z(Zd)) with L =
0j 'i» k 1. The latter direct sum is equipped with its natural operator space structure,
which induces an operator space structure orS'g too.
If = ( mn)mn2ze IS @ complex matrix, its associated Schur multiplier S on Sr'j
isdened by S a=( mnamn)mnazd- Let Mcb(Sg) denote the space of all c.b. Schur
multipliers on SK, equipped with the natural norm.

Theorem 7.1. Letl p 1 andk2 N. Then
Meo(WE(T) = Meu(Syy) with equal norms
Consequently,
Meo(Wg(TY) = Mep(WS(T?) with equal norms

Proof. This proof is an adaptation of that of [17, Theorem 7.3]. We start with an elemen-
tary observation. Let V =diag( ;U"; )poz¢. Forany a=(amn)mnaze 2 B("2(Z%),
let x=V(a 1;0)V 2 B(2(2%) T9, where 1;s denotes the unit of T9. Then
X X o
x =(UMamy U n)m;nzzd = Am:n €m:n umu "= Amn€mn € inmiym n
m;n m;n

where (em:n) are the canonical matrix units of B(*2(2%). So,
[X] = amnemn mn22zd
a matrix with entries in B ("2(Z%). SinceV is unitary, we have

Lp(B(2(zd) 7T = o(B(C2(z4) T T & 5,00z
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Similarly, for ~ 2 Ng,

D x D a (7.2)

Lp(B(2(z9) T = Sp(2(z9) -

Now suppose that 2 Mcp(WE(T%): For a = (amn)mn2ze 2 B(2(Z%), dene x =
V(a 1;4)V as above. Then by (7.1), for’ 2 N§,

(Idg(yzey M XD x)= V(S (D a) 1)V :

It then follows from (7.2) that

X . 1
—_— p =
kS (a)ksla = k(ld B( 2(Z9) M )(D X)kLp(B(‘z(Zd))de) P
ER
1

X R
p
k kob(Wé‘(Td)) kD XkLp(B(‘z(Zd))de) ’
INERS

- k kob (Wé( (Td)) kakslé .

Therefore, is a bounded Schur multiplier on S,‘;. Considering matricesa = ( @m:n )ym:n2zd
with entries in Sy, we show in the same way thatM is c.b. on SF'§, so is ac.b. Schur
multiplier on S§ and

K Kugo(sk) K Kmgwg(ray
To show the converse direction, introducing the following Félner sequence af¢:
Zn = f Npiiop 1,001 Ng? Z29
we de ne two maps Ay and By as follows:
An : TO1 BCENMY) with  x 71 Py (IXD);

where Py : B("2(Z%) ! B(¥M) with (amn) 7! (@mn)min2z, ; and

Zn] . 1 -
By i BCEY) 1 T9 with  enn 7! Z.° inm n)fym n.

Here B(‘jZZNj) is endowed with the normalized trace. BothAy ;Bn are unital, completely
positive and trace preserving, so extend to complete contractions between the correspond-
ing Lp-spaces. Moreover,

Jim By An(x)= x in Lp(T9; 8x 2 Lp(TY):

If we de ne S'g(‘jzz“‘j) as before forSf just replacing Sp(‘z(Zd)) by Sp( M), we see that
An extends to a complete contraction fromW(T¢) into S'S("zz’“), while By a complete
contraction from S'S(“ZZNJ) into WX(T9):

Now assume that is a c.b. Schur multiplier on S¥

o p
multiplier on S'S("ZZN’). We want to prove that M is c.b. on WX(TY). For any x 2

then it is also a c.b. Schur
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Lp(B(2(2%) " T9,

Id M (x), =lim 1d By ld Ay ld M (X)

p(B(2(z9) T Lp(B(2(z9) 19

=lim 1d By Md S I ANK) ey

li I I A iZn i
|mNsup d S (d N (X)) So(2(29) (12N 1))

Imsup S oy 1d - ANKD o 20y, 0200

S X

b X Lp(B(a(z) T

where in the second equality we have used the fact that
Id Ax(d M (x)=I1d S (d An(X);

which follows from (7.1). Therefor, M is c.b. onW¥(T9) and

K Ky iy K Knao (st

The theorem is thus proved. O
Remark 7.2. Letl p 1 and 2 R. SinceJ is a complete isometry frome(Td)
onto Lp(TY), we have

Meo(Hp (T%) = Mep(Lp(T?) with equal norms:
Thus, by Lemma 1.3

Meo(Hp (T9) =M ep(H, (T9) with equal norms:

Note that the proof of Theorem 2.9 shows thatW(T9) = HK(TY) holds completely

isomorphically for L<p < 1 . Thus the above remark implies
Corollary 7.3. Letl<p< 1 andk 2 N.

Meo(WE(TH) = Meo(Lp(T?) with equivalent norms

Clearly, the above equality still holds forp=1 orp=1 if d =1 (the commutative
case) since therNVF';(T) = Lp(T)forall1 p 1 by the (complete) isomorphism

1

Lp(T) 3 x 7! ®(0) + R

R(M)z™ 2 WK(T):

m2Znf0g
However, this is no longer the case as soon a 2, as proved by Poornima [59] in the
commutative case forRY. Poornima's example comes from Ornstein [50] which is still valid
for our setting. Indeed, by [50], there exists a distribution T on T2 which is not a measure
and suchthat T = @ o, @T = @ 1 and @T = @ » for three measures ; on T2. T
induces a Fourier multiplier on T2, which is de ned by the Fourier transform of T and is
denoted byx 7! T x. Then for any x 2 W{(T?),

T Xx=@o x= o @x2Ly(T?;
@T x=@ 1 x= 1 @x2Ly(T?;
@T x=@ 2 x= 2 @x2Ly(T?:
Thus T x 2 W{(T?), so the Fourier multiplier induced by T is bounded onW{(T?). We

show in the same way that it is c.b. too. SinceT is not a measure, it does not belong to
M(L1(T?).
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7.2 Fourier multipliers on Besov spaces

It is well known that in the classical setting, Fourier multipliers behave better on Besov
spaces than orlL y-spaces. We will see that this fact remains true in the quantum case. We
maintain the notation introduced in section 3.1. In particular, ' is a function satisfying
(3.1 and" ®W()="(2 %) for k2 Ng. As usual,’ ) is viewed as a function onZ¢ too.
The following is the main result of this section. Compared with the corresponding
result in the classical case (see, for instance, Section 2.6 of [73]), our result is more precise
since it gives a characterization of Fourier multipliers on Bp;q(Td) in terms of those on
Lp(TY).
Theorem 7.4. let 2 Randl p;q 1 . Let :z9! C. Then is a Fourier

multiplier on B,.((T%) i the ' ®)'s are Fourier multipliers on Lp(T%) uniformly in k. In
this case, we have
M(Bpq(ry 1 (O +sup M(Lp(T)

with relevant constants depending only on . A similar c.b. version holds too.

Proof. Without loss of generality, we assume that (0) =0 and all elementsx considered
below have vanishing Fourier coe cients at the origin. Let 2 M(Bp;q(Td)) and x 2
Lp(T9). Theny = (‘ex 1+ 'ex + 'exs1) X 2 Bpg(T9) and

kyks . ¢ 2¢ kxk, with ¢ =9 41

So

kM (y)ks,, k kyks . ¢ 2 kxkp :

M(B g (T9) M(B pq (T9)

On the other hand, by (3.2),'"exk M (y)= M. u(x) and
kM (y)ks,, 2 Kex M (y)kp=2" kM. (o (X)kp:

It then follows that

kM. (X)kp C M(Bpq (T9Y) kap ;
whence
v(k) .
Jup MLp(TH)  © MB(T)

Conversely, forx 2 B,(T9),

key, M (X)kp = KkM. 4 (ex 1+ 'ex+ 'ex+1) X kp

vk

MLp(ry K(B 1F B* Ban) Xk

We then deduce

v(k) X ;

i
M), 32°su M(Lp(TY) X By

which implies
3 2] jsup v (k)
0

) M(Lp(T9))

M(B g (T9)

Thus the assertion concerning bounded multipliers is proved.
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The preceding argument can be modied to work in the c.b. case too. First note
that for k 0, ' 0 is a c.b. Fourier multiplier on Ly(T9) forall 1 p 1 with c.b.
norm 1, that is, the map x 7! 'ex  x is c.b. onLy(T9). So for anyx 2 Sg[Lp(T9)] (the
Lp(T9)-valued Schatten g-class),

(lds; M. )(x) SqlLp(T9)] K XkSq[Lp(Td)l:

Now let 2 Mcp(Bpo(T%) and x 2 Sq[Lp(T%)]. Dene y as above:y = (‘e 1+ ‘e +
'ek+1) X. Thenfork 2 j k+2,
Kej  YKsyLprey  SKXKs L, roy -
It thus follows that
(ds; M) gy,q oy K Koy (B g (1) KYKs (B, (1)
2
i e
K™ Kty (B (7)) ) 22 Kej  YKgyiLp(rey)
J:

Kk .
C 2 k kMCb(Bp;q (Td)) kxksq[Lp(Td)] .

Then as before, we deduce

iug Mo (Lp(TD)  C Mo (B (T9))
To show the converse inequality, assume
sup 1y T
Then for x 2 Sq[B (T,
Kew M OOksorey "y crep (e 1% et @) Xk, (roy

kK (‘ex 1+ 'ex + 'ek+1) stq[Lp(Td)] :

Therefore,

1

X
- K e q
kM (X)Ks, s, (19 = 2 Kex M (ks ey
k 0

2k k('ek 1+ 'ek + 'ek+1) XkSq[Lp(Td)] a
k 0

3 2 Jkxkg,p, (roy;
We thus get the missing converse inequality, so the theorem is proved. O
The following is an immediate consequence of the preceding theorem.
Corollary 7.5. () M(Bp;q(Td)) is independent of and g, up to equivalent norms.
(i) M(BR.y (T9) = M(Bg, (T9), where p°is the conjugate index ofp.

(i) M(BYa (T M(B,y (TY) for 1 po<ps 2
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(V) M(Lp(TY))  M(Bpg(T).

Similar statements hold for the spaceVy(B .4(TY)).

pial
Theorem 7.4 and Lemma 1.3 imply the following:
Corollary 7.6.  Mch(B(T?) = Men(Bo(T?) with equivalent norms.

Let F(Bg’;1 (T9) be the space of all Fourier transforms of functions inB&’;1 (TY (a
commutative Besov space), equipped with the normkfk = kf ka.l .

Corollary 7.7.  Mcp(B14(T?) = F(BY; (T?) with equivalent norms.

Proof. Let 2 Mcp(BY, (TY) and f be the distribution on T9 such that = . By
Theorem 7.4 and Lemma 1.3, we have
v (K) :
e marey < 1

Recall that the Fourier transform of '  is' (K) and 'e is the periodization of ' . So
k'ekkLl(Td) =k kkLl(Rd) =k kLl(Rd):
Noting that by (3.2), 'ex f = M. @y('ex 1+ 'ex + 'ek+1); we get

k'ek fkl v (k) k'ek 1+ ‘ek + Iek+1 kl 3k’ kLl(Rd)

) .
M(L 1(T9)) M(L1(T9) "

whence

(k)

kf kB?;l 3k’ kLl(Rd) ﬁuc[)) ' M(L1(T9)) .

Conversely, assume = Pwith f 2 B, (T9. Let g2 BY, (T9). Then

kek M (ghki=Kex f gki=Kkex f (‘ex 1+ 'ex+ 'ex+1) gki
k'ex fkik('ex 1+ ‘e + 'exs1) 0k

Thus M (g) 2 B, (T9) and
kM (g)kBg1 3kf kBQ;l kng?;l ;
which implies that is a Fourier multiplier on Bg’;l (T9 and
k kM(Bf;l (tay  3Kf ksg;l :

Consideringg with values in S; , we show that is c.b. too. Alternately, since M(L1(T9)) =
Mcp(L1(T%), Theorem 7.4 yieldsM(BY.,; (T9)) = Mey(B24 (TY), which allows us to con-
clude the proof too. m

We have seen previously that every bounded (c.b.) Fourier multiplier oan(Td) is a
bounded (c.b.) Fourier multiplier on Bp;q(Td). Corollary 7.7 shows that the converse is
false forp=1. We now show that it also is false for anyp 6 2.

Proposition 7.8. There exists a Fourier multiplier ~ which is c.b. onB.o(T9) for any

p;gand but never belongs td\/I(Lp(Td)) forany p6 2 and any .

p;q(
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Proof. The example constructed by Stein and Zygmund [70] for a similar circumstance
can be shown to work for our setting too. Their example is a distribution onT de ned as
follows:

@=" L wn2)? Datwn2)
- T n n n
=2 logn

for some appropriatew, 2 T, where

X
Dn(z) = Z, z2T:
j=0

SincekDnky,(1y logn, we see that 2 BY, (T). Considered as a distribution onT¢,
2 BY, (T9 too. Thus by Corollaries 7.5 and 7.7, = b belongs to Mcy(B,,(T%)) for
any p;gand . However, Stein and Zygmund proved that is not a Fourier multiplier
on L,(T) for any p & 2 if the wy's are appropriately chosen. Consequently, cannot be
a Fourier multiplier on Lp(TY) for any p6 2 and any sinceLy(T) isometrically embeds
into Lp(Td) by an embedding that is also a c.b. Fourier multiplier. O

We conclude this section with some comments on the vector-valued case. The proof
of Theorem 7.4 works equally for vector-valued Besov spaces. Recall that for an operator
spaceE, Bp;q(Td; E) denotes theE -valued Besov space oT9 (see Remark 3.24).

Proposition 7.9.  For any operator spaceE,

M(ByqroiEy | (O +Sup M(Lp(TEE))

with equivalence constants depending only on.

If =0, we go back to the classical vector-valued case. The above proposition explains
the well-known fact mentioned at the beginning of this section that Fourier multipliers
behave better on Besov spaces than ohp-spaces. To see this, it is more convenient to
write the above right-hand side in a di erent form:

v (k) (2k )r

M(Lp(THE)) M(Lp(TO:E)) *

Thus if is homogeneous, the above multiplier norm is independent df, so is a Fourier
multiplier on Bp;q(Td; E) for any p;q; and any Banach spaceE. In particular, the Riesz
transform is bounded oan;q(Td; E).

The preceding characterization of Fourier multipliers is, of course, valid forRY in place
of T9. Let us record this here:

Proposition 7.10.  Let E be a Banach space. Then for any :R4! C,
Ky :
MEpg ey K KmsmeE) TR T ey
where is de ned by

()=" @) 2R
k 1
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7.3 Fourier multipliers on Triebel-Lizorkin spaces

As we have seen in the chapter on Triebel-Lizorkin spaces, Fourier multipliers on such
spaces are subtler than those on Sobolev and Besov spaces. Similarly to the previous
two sections, our target here is to show that the c.b. Fourier multipliers onF ;¢ (T9) are
independent of . By de nition, FIO?C (T9) can be viewed as a subspace of the column space
Lp(T9;"57), the latter is the column subspace ofLp(B(* ) T9). Thus F ¢ (T%) inherits
the natural operator space structure ofL ,(B (5)" T9). Similarly, the row Triebel-Lizorkin
spaceF," (TY9) carries a natural operator space structure too. Finally, the mixture space
Fo (TY) is equipped with the sum or intersection operator space structure according to
p<2orp 2 Note that according to this de nition, even though it is a commutative
function space, the space, (T9) (corresponding to = 0) is endowed with three di erent
operator space structures, the rst two being de ned by its embedding into Lp(Td; *,¢) and
Lp(T9;"5" ), the third one being the mixture of these two. The resulting operator spaces
are denoted by F;¢ (T9) , F," (T9) and F, (T9), respectively. Similarly, we introduce
operator space structures on the Hardy spaCtHg(Td), its row and mixture versions too.
The main result of this section is the following:

Theorem 7.11. Letl p 1 and 2 R. Then

Meo(F® (T9) = Mep(F° (T%) with equal norms
Meo(F® (T9) = Mep(FIS(TY) with equivalent norms

Similar statements hold for the row and mixture spaces.

We will show the theorem only in the casep < 1 . The proof presented below can be
easily modi ed to work for p= 1 too. Alternately, the casep= 1 can be also obtained
by duality from the case p = 1. Note, however, that this duality argument yields only the
rst equality of the theorem with equivalent norms for p= 1 .

We adapt the proof of Theorem 7.1 to the present situation, by introducing the space

n

¢ X o 23 iy
Sg” = a=(amn)mn2zd : 27 'ex a2 25y("2(2)

and endow it with the norm

kaksp:c =
where
Then Sp?C is a closed subspace of the column subspaceS( ", *5(Z%)), which introduces
a natural operator space structure onS;° . Let Mcp(S;° ) denote the space of all c.b. Schur
multipliers on S;¢, equipped with the natural norm.

Lemma 7.12. lLetl p<1 and 2 R. Then

Meo(F® (T9) = Mep(S;%) with equal norms
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Proof. This proof is similar to the one of Theorem 7.1; we point out the necessary changes.
Keeping the notation there, we have fora = (amn)mn2z¢ 2 Sg° andx = V(a 1ra)V 2

B("2(z9) Td
X
2% e x? —ay = @
I Lo (B ('2(z4) " T9)

Nl

g .
K P

Suppose that 2 Mcp(F,© (T%): It then follows that

2% o (V(S () 1)V )2 7?

k
X

1
= 2% M e (V@ 1)V) °2
k

S (3) gp Lp(B(2(24) T9)

Lp(B(2(z9) 1Y

Mao (7 (199 KK, e (19
= k kMCb(Fp;C (Td)) kakSF)C
Therefore, is a bounded Schur multiplier onS;¢ . Considering matricesa = ( @mn ) m:n 2z

with entries in B("2), we show in the same way thatS is c.b. onS;¢, so isac.b. Schur
multiplier on S;° and

K Kmay(s3°) K Kugy e (1)

To show the opposite inequality, we just note that the contractive and convergence
properties of the mapsAy and By introduced in the proof of Theorem 7.1 also hold on
the corresponding F© (T9 or S;¢ spaces. To see this, we také\y for example. Since
it is c.b. between the correspondingL ,-spaces, it is also c.b. fromLp(B(‘z)*Td) to
Lp(B(‘z)*B(‘jZZNj)). Applying this to the elements of the form

0

'eox 0 0

%}2 'es X 0 O :::§
22 e, x 0 0 :::

we see thatAy is completely contractive from F° (T9 to Sg° (B(‘jZZNj)), the latter space
being the nite dimensional analogue of S; . We then argue as in the proof of Theorem
7.1 to deduce the desired opposite inequality. O

Proof of Theorem 7.11. The rst part is an immediate consequence of the previous lemma.
For the second, we need the c.b. version of Theorem 4.11 (i), whose proof is already
contained in section 4.1. To see this, we just note that, lettingM = B(*»(Z9) T¢ and

N = B(2(29) L1 (T T9in Lemma 4.6 we obtain the c.b. version of Lemma 4.7, and
that, in the same way, the c.b. version of Lemma 1.10 holds, i.e., fox 2 Sy[H FC,(Td)];

kxksp[HB(Td)] k b(O) kSp + kSC (X)kSp[Lp(Td)] .

Finally, the previous lemma and the c.b. version of Theorem 4.11 (i) yield the desired
conclusion. 0

Remark 7.13. The preceding theorem and the c.b. version of Theorem 4.11 (i) show
that
Meo(H5(TY) = Mep(HS5(T?) with equivalent norms:

In fact, using arguments similar to the proof of the preceding theorem, we can show that
the above equality holds with equal norms.
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