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Résumé : Cette thése porte sur 'analyse et I'homogénéisation d’équations aux dérivées
partielles (EDP) posées sur des réseaux avec des applications en trafic routier. Deux
types de travaux ont été réalisés : le premier axe de travail consiste & considérer des
modéles microscopiques de trafic routier et d’établir une connexion entre ces modéles et
des modeles macroscopiques du genre de ceux introduit par Imbert et Monneau [IM13].
Une telle connexion va permettre de justifier rigoureusement les modéles macroscopiques
du trafic routier. En effet, les modéles microscopiques décrivent la dynamique de chaque
véhicule individuellement et sont donc plus faciles a justifier du point de vue modélisation.
Par contre, ces modéles ne sont pas utilisables pour décrire le trafic a grande échelle (des
villes par exemple). Les modéles macroscopiques font le jeu inverse : ils sont fort pour
décrire le trafic & grande échelle mais du point de vue modélisation, ils sont compliqués &
mettre en oeuvre pour prédire toutes les situations du trafic (par exemple trafic libre ou
congestionné). Le passage du microscopique au macroscopique est fait en s’appuyant sur
la théorie des solutions de viscosité et en particulier les techniques d’homogénéisation. Le
second axe consiste a considérer une équation d’Hamilton-Jacobi avec une jonction qui
bouge en temps. Cette équation peut décrire la circulation des voitures sur une route avec
la présence d’un véhicule particulier (plus lent que les voitures par exemple). On prouve
I'existence et 'unicité (par un principe de comparaison) d’une solution de viscosité pour
cette EDP.

Abstract : This thesis deals with the analysis and homogenization of partial differential
equations (PDE) posed on networks with application to traffic. Two types of work are
done : the first line of work consists to consider microscopic traffic models in order
to establish a connection between these models and macroscopic models like the one
introduced by Imbert and Monneau [IM13]|. Such connection allows to justify rigorously
the macroscopic models of traffic. In fact, microscopic models describe the dynamic of
each vehicle individually and so they are easy to justify from the modelization point of
view. On the other hand, these models are complicated to implement in order to describe
the traffic at large scales (cities for example). Macroscopic models do the opposite : they
are effective for describing the traffic at large scales but from the modelization point of
view, they are incapable to predict all traffic situations (for example free or congested
flow). The passage from microscopic to macroscopic is done using the viscosity solutions
theory and in particular homogenization technics. The second line of work consists to
consider a Hamilton-Jacobi equation coupled by a junction condition which moves in
time. This equation can describe the circulation of cars on a road with the presence of a
particular vehicle (slower than the cars for example). We prove existence and uniqueness
(by a comparison principle) of viscosity solution of this PDE.
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Chapitre 1

Introduction

Cette these porte sur 'analyse et I’homogénéisation d’équations aux dérivées partielles
(EDP) posées sur des réseaux avec des applications en trafic routier. Cette introduction
est divisée en deux parties : dans la premiére partie, on explique de maniére détaillée les
modéles de trafic microscopiques et macroscopiques et puis on présente une bibliographie
sur la théorie des solutions de viscosité. La deuxiéme partie de cette introduction sera
consacrée a présenter les résultats de cette these.

Nous commencons cette introduction en décrivant les deux grandes familles de mo-
déles qui existent pour décrire le trafic routier : les modéles microscopiques et les modéles
macroscopiques.

1.1 Les modéles microscopiques

Les modéles microscopiques étudient la dynamique de chaque voiture individuelle-
ment. Pour modéliser les trajectoires des véhicules, on distingue trois classes de modéles :
— les modéles de type poursuite ("car following model") qui décrivent comment les
véhicules adaptent leur position, leur vitesse ou leur accélération en fonction des
véhicules environnants. Dans ce type de modéle, le comportement du conducteur
dépend de la situation devant lui : s’il n’est pas précédé par un autre véhicule, il
circule librement ("free flow"). Sinon, il doit adapter son comportement de conduite
en fonction de la distance avec le véhicule "leader". De nombreux modéles de
poursuite ont été proposés jusqu'a présent, citons par exemple [BHN'95, Pip53,
CHM58, GHR61, BM99, New61, THH00, NS92|.

— les modéles avec changement de voie qui décrivent la maniére dont les véhicules
changent de voie de circulation. Les comportements de changement de voie sont
les plus difficiles & comprendre, & mesurer et & modéliser. Il existe deux types de
changement de voie :

i) les changements de voie de confort qui visent & améliorer le confort du conducteur
et éviter une voie a vitesse limitée par exemple. Un véhicule effectue généralement
un changement de voie de confort afin de circuler a la vitesse qu’il désire.



ii) les changements de voie obligatoires qui visent a rejoindre une voie pour re-
joindre une destination spécifique. Lorsqu’un véhicule approche d’une bifurca-
tion, son choix d’itinéraire peut le contraindre a rejoindre une voie spécifique. Il
effectue alors un changement de voie dit "obligatoire".
Plusieurs modéles de changement de voie sont proposés dans la littérature, citons
par exemple [ABAKM96, LD06, LL08, Hid02].
— les modéles d’insertion qui régissent la maniére dont les véhicules s’insérent dans
une voie. Lorsqu’un véhicule s’approche d’'un " cédez-le-passage " ou d'un "stop",
il s’engage uniquement si l'intersection est libre et que les conditions élémentaires
de sécurité sont respectées. C’est sur ce principe que repose les modéles d’insertion.
La réponse est binaire : le véhicule s’engage ou le véhicule ne s’engage pas.
Les modéles d’acceptation de créneaux [YK96, Lee06, MF89| sont & la base de nom-
breux modéles d’insertion : ils considérent que le véhicule non prioritaire s’engage
si et seulement si aucun véhicule prioritaire ne se situe dans une zone de priorité.
Le modéle considére donc deux zones de priorité dont les longueurs ne sont pas
nécessairement identiques. Si un véhicule prioritaire se situe dans I'une de ces deux
zones, alors le véhicule non-prioritaire attendra que le véhicule prioritaire ait quitté
la zone de priorité avant de s’engager.
Les modéles microscopiques combinent généralement ces trois types de modéles. L’avan-
tage de ’approche microscopique est sa facilité du point de vue modélisation car les
indicateurs de trafic des modéles microscopiques comme la vitesse ou la distance inter-
véhiculaire sont individuels. Par contre, ces modeéles ne sont pas utilisables a grande
échelles et les temps de calcul générés lors de la simulation seraient beaucoup trop longs
surtout s’il existe une congestion ou si la modélisation intégre de gros réseaux maillés.
Dans cette thése, on s’interesse seulement & des modéles microscopique du type "car
following model" sur une seule route, voila pourquoi on présente quelques modeéles de ce
type. Afin d’unifier les notations dans les exemples qui suivent, on utilisera les notations
suivantes :
— U; représente la position du véhicule ¢ et U; 1 > Uj.
— U, représente la vitesse du véhicule i.
- Ui” représente 1'accélération du véhicule .
— T représente le temps de réaction du conducteur i pour prendre en compte les
variations du comportement de son véhicule leader U;y .

Modéle de Gazis, Herman et Rothery (GHR). Le modéle de Gazis, Herman et
Rothery (GHR) [GHR61]| est I'un des premiers travaux sur la modélisation du conducteur.
Ce modéle est également connu sous le nom modéle General Motors (GM). Son expression
est donnée par :

’ m

, (A S) ,

U/ (t+T) = p (Ui - Ui®)
Z (Uisa(t) = Us(t)" N Z

ou 3, m et [ sont des constantes de calibration pour chaque état du véhicule et du trafic.

L’inconvénient de ce modéle est que son utilisation demande la calibration des paramétres



B, I et m pour chaque situation du véhicule et du trafic. D’ou la nécessité d’avoir des
données expérimentales qui sont difficiles & obtenir. De plus, d’aprés [BM99] , les travaux
réalisés sur ce modeéle présentent des contradictions au niveau des paramétres 3, [ et m.

Modéle de Kometani : Collision Avoidance model Le modéle Collision Avoidance
a été présenté dans [KS59|. Son but est de déterminer l'interdistance de sécurité permet-
tant au conducteur d’éviter les collisions lorsque son véhicule meneur freine de fagon
imprévisible. Cette interdistance minimale est donnée par I'expression

Usi1 () = Us (1) = @ (Uyy (8))° + B (U] (4 T)?) + AU (¢ + T) + 6

ol « et [ représentent, respectivement, I'inverse de la capacité maximale de décélération
des véhicules i+ 1 et i. Les constantes de calibration « et § représentent, respectivement,
I'inverse du temps de réaction et une distance. Le temps 7" nécessaire a la prise en compte
d’une modification de la vitesse du conducteur peut étre interprété comme un temps de
réaction.

L’avantage de ce modeéle est la focalisation sur la distance de sécurité qui est un critére
trés important dans I’étude de la sécurité du trafic. Par contre, son inconvénient réside
dans ’absence de la prise en compte du critére de 'anticipation spatiale.

Les modéles a vitesse optimale : Optimal velocity Model (OVM) Ces modéles
considérent que la vitesse d’un véhicule dépend plutot d’une vitesse qui est fonction de
la distance entre celui-ci et son leader. Le premier modéle de ce genre a été proposé par
Newell [New61]| et est de la forme suivante :

U (t+T)=V (U (t) = U (t)) (1.1.1)

ou V est la vitesse optimale. Généralement, V est une fonction croissante, borné et
positive. Par un développement de taylor de 1’équation (1.1.1), on obtient le modéle
suivant

1"

U (6) = a (V Ui (8) = Us (8)) = UL (1)) (11.2)

1
ola= T est la sensibilité du conducteur 7. Les modéles qui en découlent sont maintenant

connus sous l'appellation "Optimal Velocity Model" (OVM). Il a été démontré que ce
type de modéle est apte a décrire différentes situations de trafic. En 1995, Bando et al
[BHN'95] a proposé une fonction de vitesse optimale donnée par

Vip) = VWQMW (tanh (p — S.) + tanh (S,))

ou S, représente une interdistance critique. Dans cette thése, on considérera les modéles
(1.1.1) et (1.1.2) perturbés en négligeant le temps de réaction. Dans ces modéles, on
multiplie le terme V (U;;41 — U;) par une fonction qui simule une perturbation locale a
Porigine. Cette fonction peut dépendre du temps (cas d’'un feux tricolore) ou non (cas
d’un péage par exemple).



1.2 Les modéles macroscopiques

Les modéles macroscopiques sont issus d’une analogie hydrodynamique de 1’écou-
lement. L’objet de ces modéles est de pouvoir caractériser le comportement global du
trafic, & une échelle d’étude relativement importante. Ils sont donc tout particuliérement
utilisés dans le cadre de la modélisation de grands réseaux. L’application des modéles
macroscopiques couvre la simulation du trafic pour la gestion des infrastructures et de la
dynamique du trafic ainsi que I’évaluation des politiques de ces gestions a posteriori. Le
modeéle le plus connu (et présent dans la thése) est le modéle LWR (Lighthill-Whitham-
Richars) qui a été introduit dans [Ric56, LW55|. Ce modéle fait intervenir trois variables :
le flux, la densité et la vitesse moyenne. Il est donné par I’équation suivante :

pi+ (F(p), = 0 (12.1)

ou p(t,z) représente la densité des voitures en un point = de l'espace et a l'instant ¢, f
est une fonction qui décrit le flux et définie par f(p) = pV (p), ou V représente la vitesse
moyenne des véhicules. La fonction f est aussi connue par le diagramme fondamental. Le
diagramme fondamental essaie de reproduire des situations d’équilibre d’un site donné. I1
représente les caractéristiques du réseau sur lequel roule les véhicules. Plusieurs modéles
de fonction flux ont été proposés et en général ils doivent répondre aux observations
suivantes :
— Lorsque la densité des véhicules est suffisamment faible, ces véhicules peuvent cir-
culer a la vitesse désirée, appelée vitesse libre.
— En augmentant le nombre de véhicules dans la section, les interactions deviennent
plus importantes et les vitesses pratiquées diminuent.
— Quand la section est saturée et donc la densité est maximale, la vitesse et le flux
sont nuls.
On cite quelques formes proposées dans la littérature pour le diagramme fondamental :

Modéle de Greenshields. Greenshields [GCM™35] a supposé que la vitesse est une
fonction décroissante de la densité. La vitesse dans ce modéle est donnée par 'expression
suivante :

V(p) = Vinas (1— P )

Pmazx

ol Vinaz €t pmaa Teprésente respectivement la vitesse moyenne maximale et la densité
maximale. On obtient alors un diagramme fondamental concave qui fait apparaitre deux
régimes : Le régime fluide pour lequel le flux augmente si la densité augmente et un ré-
gime congestionné pour lequel le flux diminue si la densité augmente. La limite entre les
deux parties coincide avec un état critique caractérisé par un flux de trafic maximal qui
est atteint pour une densité critique p.. L’avantage de ce modeéle vient de sa simplicité car
le modéle est linéaire. Par contre, la densité critique de ce modéle n’appartient pas a l'in-
tervalle proposé dans les études expérimentales de Bourrel [Bou03| ([0.2pmaz, 0-3pmaz])-



Vmax

pmax [

FIGURE 1.1 — Représentation schématique de la vitesse de Greenshields.

Modéle de Greenberg. Greenberg [Greb9| a proposé une relation logaritmique entre
la vitesse et la densité donnée par

Vv (P) = Vinaz IOg <pm%> .

Le point fort de ce modéle est que la densité critique est inférieure a celle introduite par
Greenshields [GCM™35] ce qui constitue une amélioration de son modéle. Toutefois elle
reste supérieure a la valeur 0,3p,4, donnée dans [Bou03.

Le principal inconvénient de ce modéle est que la vitesse tend vers 'infini lorsque la
densité tend vers zéro d’aprés I’équation. Cela montre son incapacité & prédire la vitesse
pour de faibles densités.

Modéle de Underwood. Underwood [Und08| a développé un modéle exponentiel
pour pallier les inconvénients des modéles de Greenberg et de Greenshields dans le cas
ot le trafic est libre (faible densité et vitesse élevée). Ce modéle est donnée par

Vv (p) = Vinaz €xXp <_£> .
Pc
ou p. est la densité optimale, c’est-a-dire la densité qui correspond au flux maximal. Le
principal inconvénient de ce modéle est que la vitesse devient nulle seulement lorsque la
densité tend vers I'infini. Par conséquent, ce modéle ne peut pas étre utilisé pour prédire
la vitesse & haute densité.
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FIGURE 1.2 — Représentation schématique de la vitesse de Greenberg.
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FI1GURE 1.3 — Représentation schématique de la vitesse d’'Underwood.

Dans cette thése, on retrouve seulement le modele LWR, voila pourquoi on ne parlera
pas d’autres modéles macroscopiques. Le lecteur souhaitant découvrir d’autres modéles
peut se référer par exemple a [AR00, Zha02, HBO1].

Remarquons qu’en introduisant la fonction de Moskowitz [MN63], on peut voir que le
modéle LWR (1.2.1) peut étre vue comme une équation d’Hamilton Jacobi. La fonction
de Moskowitz M donne le nombre total de véhicules s’étant écoulés au point x entre un
temps initial et le temps ¢ > 0. Elle est définie par

x

M(t,m:g(t)—/p(t,y)dy,

0



ou

g (t) = / £ (p(5.0)) ds.
0

On obtient donc la formulation Hamilton-Jacobi :
My + H (M,) =0,

H(p)=~f(-p).

Dans cette thése, le probléme macroscopique considéré dans les trois premiers cha-
pitres est un modéle de type LWR intégré complété par une condition au point 0. Dans
ce paragraphe, on présente le modeéle pour un domaine plus général (la jonction) et la
formulation Hamilton-Jacobi de ce modéle est faite dans la sous section 1.4.

La jonction. Considérons n > 1 vecteurs unitaires e; € R2. On définit les n branches
de la jonction comme étant les demi-droites générées par ces vecteurs unitaires. Pour
i =1,...,m, on définit les branches entrantes a la jonction

Ji = (—00,0] - €; et J = J;\ {0}.
Pour i =m + 1,...,n, on définit les branches sortantes de la jonction
Ji = (0,400] - e; et J& = J;\ {0}.
La jonction J est définie par
J=UL,J;.

Le point z = 0 est appelé point de la jonction. La définition de la jonction étant compléte,

i=m+1

i=m+2

i=1
izz\
L
\
i=m

FIGURE 1.4 — Une jonction.

on peut énoncer le modéle macroscopique de trafic sur la jonction. On présente au début
les variables utilisées dans ce modéle :



— La fonction p’ (¢, ) qui représente la densité au temps ¢ et a la position x sur la
branche <.

— Pour tout i = 1,...,n, f* : R — R est une fonction qui décrit le trafic sur la
branche i de la jonction. De plus, il existe une valeur critique p. tel que f* est
croissante sur (—oo, p] et f? est décroissante sur [p%, +00). On suppose aussi que

lirf f?(p) = —oo, (un exemple de cette fonction f est le diagramme fondamental
p—+oo

de Greenshields).
— On suppose qu’il existe une suite (’yz)z tel que,
— pour ¢ = 1,...,m, 7; représente la proportion des voitures qui entrent dans la
jonction en venant de la branche 1.
— pour i = m + 1,...,n, y; représente la proportion des voitures qui sortent de la
jonction vers la branche 1.
Le probléeme macroscopique est donné par, pour tout ¢ > 0,

pi + (fi (Pz))x =0 size J pourtout i =1,...n
fllfz’ (0 (1,0)) —min(_min iif;') (o (£,07)), min”n%fé (v (t,o+))) (1.2.2)

1=1,....m 7y i=m+1,.

ou f}) est la fonction demande définie par

i . ft(p) SiPSPi,
I w) {f%pz) sip>

et ffg est la fonction d’offre définie par

iy ) sip <k
75 {fi(p) sip > pl.

La deuxiéme condition dans (1.2.2) signifie que le flux qui passe par le point 0 est égal au
minimum entre le flux qui arrive (qui correspond a la fonction demande) et celui qui peut
sortir (qui correspond a la fonction offre). Cette condition est présentée dans [Leb05].

1.3 Connexion micro-macro

Généralement, les modeles microscopiques sont considérés plus précis car la dyna-
mique de chaque véhicule est décrite individuellement d’une maniére assez précise. Au
contraire, les modéles macroscopiques sont plus compliqués & justifier du point de vue
modélisation et sont basés sur des hypothéses difficilement vérifiables, d’ou la nécéssité
d’établir une connexion entre les modéles microscopiques et les modéles macroscopiques
dans le but de justifier ces derniers en se basant sur la modélisation des premiers.

Plusieurs techniques ont été proposées pour les connexions micro-macro et la dériva-
tion d’'un modéle macroscopique a partir d'un modéle microscopique a été étudiée par
plusieurs auteurs. En 1970, Payne [Pay71]| a utilis¢ la méthode d’expansion du gradient



pour dériver un modéle LWR & partir d’'un modéle de Newel [New61]|. Les auteurs de
[HHSTO02] ont établi une connexion micro-macro en supposant que les variables macro-
scopiques en un point x de ’espace peuvent étre définies par les variables microscopiques
si un véhicule est présent en x. Sinon, les variables macroscopiques en = sont définies par
interpolation linéaire. Dans [AKRMO2|, les auteurs ont dérivé un modéle Aw-Rascale a
partir d’un modéle du second ordre du type "follow the leader". Le lecteur peut se référer
également a |[CS15, Ros14, DFR15| pour approfondir ce sujet.

Dans cette thése, on utilise la technique de I'homogénéisation |[LPV86, FIMO09b,
GIM15| pour établir la connexion micro-macro. Dans tous les travaux de cette thése, on
prouve aprés un changement d’échelle convenable que la primitive de la mesure empirique
de la position des véhicules converge vers une solution d'un probléme d’Hamilton-Jacobi
défini sur une jonction. La solution de ce dernier représente la primitive de la densité des
véhicules du probléme macroscopique.

1.4 Les solutions de viscosité

Dans cette theése, les équations étudiées sont de type Hamilton-Jacobi. On utilise
donc la notion de solution de viscosité pour définir des solutions & ces équations. On va
faire une introduction de cette notion et on donne quelques références pour approfondir
la connaissance de cette théorie. La notion de solutions de viscosité a été introduite par
M.G Crandall et P.LL Lions [CL83, Cra81| pour traiter les équations d’Hamilton-Jacobi
du premier ordre. Le mot "viscosité" vient de la motivation de définir ces solutions
par la méthode de viscosité évanescente. Cette notion de solution fournit des résultats
d’existence, d’unicité et de stabilité pour une grande variété d’EDP non linéaires. Un
bon exemple qui a été utilisé par les auteurs [Bar97, Car04, Bar94, Koi| pour illustrer la
puissance de cette notion est la fameuse équation eikonal sur 'intervalle [—1,1],

|Du| =1
{“(—1) —u (1) =0. (1.4.1)

On remarque donc qu’il y a un probléme d’unicité et de stabilité des solutions généralisées
(solutions presque partout). La théorie des solutions de viscosité résoud ce probléme. En
effet, pour cette nouvelle définition de solution, la seule solution de (1.4.1) est u = 1—|z],
donc le probléme d’unicité est résolu. Pour une présentation générale et compléte de cette
théorie, on renvoie a [CIL92, Barl3, Car04, Bar94, Bar97, DI02, Koi|. Dans la suite, on
décrit plus précisement quelques aspects de cette théorie qui seront utilisés dans cette
these :

Homogénéisation. La théorie de I’homogénéisation des équations d’Hamilton-Jacobi
a été dévéloppée depuis les travaux de Lions, Papanicolaou et Varadhan [LPV86] et il
est difficile de donner une liste compléte de références. Citons par exemple [AB03, BSO01,
BS00a, BS00b, CSWO05, Eva89, Eva92, 1sh99, LS05, Mil87, Roq98, FIM09a, IMROS,
FIMO09b, IMO8]|.



La plupart des travaux d’homogénéisation utilisent la méthode de la fonction test
perturbée introduite par Evans [Eva89|. La construction des correcteurs est liée au com-
portement en temps long des solutions des équations d’Hamilton-Jacobi. Ce type de
probléme a été étudié par plusieurs auteurs, le lecteur est renvoyé a [BS00a, Roq98,
BS00a, Fat98, Roq98, BR03|. Citons enfin les articles [FIM09b, FIM09a, FIM12b| pour
des résultats d’homogénéisation pour les opérateurs non locaux.

Dans notre travail, on a emprunté des idées de ces travaux comme les résultats sur les
solutions de viscosité pour des opérateurs non locaux, la fonction de distribution cumu-
lative, et I'idée d’injecter le systéme d’EDOs dans une seule EDP et puis d’homogénéiser
cette EDP.

Dans cette thése, on utilise également la technique de 1'homogénéisation spécifiée.
Au contraire de I’homogénéisation classique qui va moyenniser les phénoménes et donc
oublier les petits défauts, le but de '’homogénéisation spécifiée est de décrire ces défauts
de maniére précise. On prouve aprés un changement d’échelle que la solution converge
vers la solution de I’'Hamiltonien effectif attendu dont le flux a Iorigine est limité au sens
de Imbert et Monneau [IM13]. En d’autres termes, ’homogénéisation dans notre travail
fournit une condition de jonction au point de discontinuité de I’'Hamiltonien effectif.
L’idée principale pour compléter ce travail est de construire un correcteur qui converge
vers la fonction test particuliére introduite dans [IM13]. La technique de construction de
ce correcteur repose sur ’étude du probléme de la cellule sur un domaine tronqué avec
des bonnes conditions aux bords et ensuite de passer a la limite sur la taille du domaine
comme dans [GIM15, AT15] (voir Section 1.5 pour plus de détails).

Solutions de viscosités pour des équations avec un terme intégro-différentiel.
[BI0O8, BBP97, AT96, Son86, Awa9la, Awa9lb, JK06]|. Les auteurs ont étendu la notion
de solutions de viscosité pour ce type d’équations. Par exemple, Alvarez et Tourin [AT96]
ont obtenu 'éxistence des solutions par la méthode de Perron introduite par Ishii [Ish87].
Barles et Imbert [BIO8| ont prouvé un principe de comparaison en utilisant une nou-
velle définition des solutions de viscosité qui combine fonctions test et sous-différentiels.
Dans cette thése, on utilise la notion de solution de viscosité des équations non-locales
introduite par Slepcev [Sle03, FIMO09b].

Equations d’Hamilton-Jacobi ot ’Hamiltonien est discontinu. Il est naturel de
tomber sur des équations d’Hamilton-Jacobi pour lesquelles le Hamiltonien est discontinu
par rapport a la variable d’espace car ce type d’équations intervient dans des domaines
trés variés comme la théorie du contréle, I’économie ou le trafic routier. . Notons qu’il
existe plusieurs travaux sur les équations d’Hamilton-Jacobi avec un hamiltonien dis-
continu [BBC13, BBC14, RSZ14, RZ13, CR07, Dup92, DE04, GS06, IM13, GH13|. Du
point de vue solution de viscosité, l'existence des solutions ne présente pas une grande
difficulté car la méthode de Perron s’applique facilement. De méme, dans la plupart des
cas, la stabilité des solutions ne présente pas un probléme. Par contre, la difficulté prin-
cipale qu’on rencontre si I’hamiltonien est discontinu est de pouvoir prouver un principe
de comparaison car la technique de dédoublement des variables [Cra81, Lio82, Bar94| ne
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s’applique pas.

Par exemple, les auteurs [IM13] ont démontré un principe de comparaison pour une
équation d’Hamilton-Jacobi en construisant une fonction test, "vertex test function". Plus
récemment, une autre méthode pour obtenir le principe de comparaison a été proposé
dans [BBCI16].

Ajoutons que les auteurs dans [LS16]| ont proposé une autre preuve mais dans le cas
stationnaire.

Equation d’Hamilton-Jacobi sur les réseaux. L’étude du trafic routier sur les
réseaux est un sujet important et a été étudiée par plusieurs auteurs [BK08, EFNS08,
GPO06| essentiellement d’'un point de vue lois de conservation scalaires. La théorie des
équations d’Hamilton-Jacobi sur les réseaux est beaucoup plus récente et a connu une
grande évolution. Les premiers travaux ont été obtenus dans [Sch06] pour l'équation
eikonale. Quelques années plus tard, des travaux sur la méme équation sont apparus
dans [CSM12, SC13]. Les auteurs dans [IMZ13, ACCT13] ont étendu les résultats au cas
ou I’Hamiltonien est convexe par rapport a la variable gradient et leur approche repose
surtout sur la théorie du contréle optimal. Dans [ACCT13], un probléme de controle
optimal a été étudié dans R? en supposant que les trajectoires du systéme contrdlé restent
dans le réseau. Dans [CMS13], les auteurs ont étudié¢ la méthode de viscosité évanescente
pour les équations d’Hamilton-Jacobi sur des jonctions (le réseau le plus simple, voir en
dessous).

Dans [BBC13, BBC14] , les auteurs ont étudié un probléme de controle régional,
c’est-a-dire avec des dynamiques et des cotits réguliers de chaque c6té de I'hyperplan
mais sans imposer une hypothése de compatibilité ou de continuité le long de I’hyperplan.
Dans cette thése, on utilisera les résultats obtenus par Imbert et Monneau dans [IM13,
IM14| ou les auteurs ont considéré une équation d’Hamilton-Jacobi discontinue et ont
introduit la notion de "fluz-limited solutions" (voir aussi [LS16|). Le lien entre la théorie
développée dans [BBC13, BBC14| et les "fluz-limited solutions" dans [IM13, IM14] est
exploré dans [BBCI16|. En particulier, [BBCI16] contient une preuve plus simple du
principe de comparaison que dans [IM13].

Dans le reste de ce paragraphe, on montre, comment on obtient une équation d’Hamilton-
Jacobi a partir de (1.2.2) (voir [IMZ13|) et puis on présente les résultats obtenus pour
cette équation dans [IM13]. On définit

i _ 1
U'(t,x) =g (t) + v

, 19
Ul(t,e)=g(t)— = [ o' (ty)dy sizefi=1,..,m
7z
e
0

p(t,y)dy sizeJi=m+1,..,n

ou

Jj=1

g(t) = —/ij (p7 (S,O_)) ds.
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Remarque 1.4.1 (Interprétation trafic routier de U?). Soit 1 et xo deux point de J;.

On remarque que
T2

UW@ﬁlﬂWMZ/ﬁ&ww
Tl

et donc la fonction U* peut étre interprétée comme une fonction qui labélise les voitures
sur la branche i.

Pour ¢ = 1...m, et en utilisant I’équation (1.2.2) pour = # 0, on a
0
Uit 5 (0002) =d'(0) = 5 [ #i(by)dy + 28 (6 (1 2)

x
0

= O+ % [ (70 (), do+ = (0 (0.)
=4 (t)+ %fi (p' (£,07)). (1.4.2)
De méme, pour i =m + 1,...,n, on a
Ui+ ,Yl £ U =g (1) + 7l (o (1,0%)). (1.4.3)

Le but est de montrer que les égalités (1.4.2) et (1.4.3) sont nulles. Rappelons d’abord
que, pour z = 1,...,m, on a
) i (4 t,O’
v = mf (' (t,07) (1.4.4)
Zl f(p7 (t,07))

J=

et pouri =m+41,...n
y = nfi (' t.07) (1.4.5)
> fI(p (t,07))

j=m+1

D’autre part, en utilisant le fait que le flux de voitures entrant est égal au flux de voitures
sortant, on obtient que

m

D (07) = zn: F (07 (,07)) . (1.4.6)

7=1 j=m+1

Les égalités (1.4.4),(1.4.5) et (1.4.6) impliquent directement que

A T
Ul + ¥fl (v'U.) =0 pour tout i = 1,...,n.
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Pour x € J, on définit
u(t,x) = U (t,z) siz e J.
Par un simple calcul, on obtient que
ur + H; (uy) =0 stz e J;

ou H; (p) = —%fi (='p)-

D’autre part, la deuxiéme équation de (1.2.2) et la définition de g impliquent que

) 1 .y ) 1 . .y
ut (t,0) = min (Z:IBHl’m ?ﬁ) (_fylalu (t, 0)) 7i:mH+111I7lm7n yfé (—fyla%u (t, O)))
ott Ou (t,0) = lim  wy, (t,2). On déduit donc la formulation suivante
z—0,z€J;

ut (t,0) + max ( max H;' (0'u(t,0)), max H; (du(t, 0))> = 0.
i=1,....m i=m+1,...,n

Une extension de l'équation (1.2.2) peut étre obtenue en ajoutant dans la deuxiéme

équation une constante —A dans le minimum. Cette constante peut étre vue comme un

limiteur du flux (voir [IM13]). Du point de vue trafic routier, cela signifie que le flux

des voitures au point de jonction ne peut pas dépasser —A. En particulier, pour que la

constante — A limite effectivement le flux des voitures, il faut que

“A< min <max Ly (p)> . (1.4.7)

i=1,..,n \ peR ~*
En effet, si (1.4.7) n’est pas vraie, alors

. . 1./ _ . Loy
min (_A’irﬂ}.?m?fl) (p (t,O )) ’i:mIzl—lll}...,n?fS (P (t,0+))> =

min (‘min %f}; (pi (t, 07)) ,  in %fé (pi (t, 0+))) .

=1,..., i=m+1,...,n

Plus précisément, on obtient ’équation d’Hamilton-Jacobi suivante :

{ut +H;(ug) =0 sizelJ! (148)
up+ Fa(uy) =0 siz=0
o uy (t,0) = (81u(t, 0), ..... ,anu(t,(])) et pour p € R™,
Fa (o) = mox (A, o 1 () _max 7 (90).
On associe a (1.4.8) une condition initiale :
u(0,2) = ug (x) . (1.4.9)
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Pour définir la notion de solutions de viscosité pour I’équation (1.4.8), Imbert et Monneau
[IM13] ont introduit la classe des fonctions test suivante : pour 7' > 0, on définit Jr =
(0,7) x J et la classe des fonctions test sur Jr par

C (Jr) = {¢ € C(Jr), lavéstriction de ¢ sur (0,T) x J; est C' pour tout i = 1,...,n }.

Il faut de plus rappeler la définition de I’enveloppe semi-continue supérieure et inférieure
u* et u, d’une fonction u localement bornée sur (0,7") x J,

u* (t,x) = limsup w(s,y) et uy(t,z)= liminf u(s,y).
(s:y)=(t,) (s,y)—(t,)

Définition 1.4.1. Soit w: [0,7) x R — R.
— On dit que u est une sous-solution (resp. sur-solution) de (1.4.8) si pour tout
¢ € C(Jr) tel que u* — ¢ admet un maximum local (resp. u, — ¢ admet un
minimum local ) en (¢g, ), on a

(resp. > 0) en (to,xg) sixg€ J;
(resp. > 0) en (tg,xo) sizg=0.

— On dit que u est une sous-solution (resp. sur-solution) de (1.4.8),(1.4.9) sur [0,T") x .J
si de plus, on a

u* (0,2) <wup(x) (resp. us(0,z) > ug(xz) ) pour tout x € J.
— On dit u est une solution de viscosité si u est une sous et sur-solution.

Un des résultats majeur de [IM13] (qui repose sur un principe de comparaison) est le
suivant :

Théoréme 1.4.1. Supposons que ug est uniformément continue. Alors il existe une
unique solution de viscosité pour [’équation (1.4.8),(1.4.9) tel que pour tout T > 0, il
existe une constante Cp > 0 tel que

lu(t,z) —up (x)| < Cr pour tout (t,z) € [0,T) x J.

1.5 Reésultats de cette thése

On présente dans cette sous-section les résultats de la thése en laissant les détails
pour les chapitres suivants.
1.5.1 Homogénéisation d’un modéle du premier ordre

Le but de ce travail [FSZ17b] est de dériver un modeéle de trafic macroscopique a partir
d’un modéle microscopique. L'idée est de redimensionner le probléme microscopique, qui
décrit les dynamiques de chaque véhicule individuellement dans le dessein d’obtenir un
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modéle macroscopique qui décrit la dynamique de la densité des véhicules. La motivation
pour dériver des modéles macroscopiques a partir des modéles microscopiques est que les
modéles macroscopiques sont plus adaptés & simuler le trafic & grandes échelle. De plus,
les modeéles microscopiques sont fondés sur des hypothéses facilement vérifiables et donc
la dérivation d’'un modéle macroscopique permet de le justifier rigoureusement.

Dans ce travail, on suppose qu’il existe une perturbation locale qui ralentit les véhi-
cules et on veut comprendre l'influence de cette perturbation sur la dynamique macro-
scopique. Cette perturbation peut étre constante en temps et dans ce cas, elle représente
par exemple un péage ou un accident de voiture prés de la route. Elle peut dépendre
du temps (périodiquement) et représenter, par exemple, un feu de circulation. Nous

AN

perturbation: rayon=r

(Ui —U;)

FIGURE 1.5 — Représentation schématique du modéle microscopique.

désignons par Uj(t) la position du véhicule j et on suppose que la vitesse de chaque
véhicule est donnée par une fonction V. Pour obtenir le résultat d’homogénéisation, on
procéde comme dans [FIM09b, FIM09a, FIM12b, FS15, FSZ17a| et on remet a 1’échelle
le modéle microscopique qui décrit les dynamiques de chaque véhicule pour obtenir un
probléme macroscopique qui décrit la densité des véhicules. Si la perturbation locale se
situe au voisinage de zéro, c’est naturel d’obtenir & I’échelle macroscopique une équation
d’Hamilton-Jacobi avec une condition au point de jonction z = 0, (voir la figure 1.7, —u?
est la densité des véhicules et ’Hamiltonien effectif H est défini plus loin), car le rayon
de la perturbation converge & zéro quand on change 1’échelle.

Dans ce travail [FSZ17b], on utilise les idées développées dans [FIM09b| pour passer
du modéle microscopique au modéle macroscopique. La difficulté principale est que le
cadre de notre travail n’est pas périodique et donc la construction des correcteurs est
plus compliquée. En particulier, on utilise les idées développées par Achdou et Tchou
dans [AT15| et par Galise, Imbert et Monneau dans [GIM15] et dans les cours de Lions
au collége de France [Liol4] et qui consiste a construire des correcteurs sur des domaines
tronqués.

Le modéle microscopique. On considére le modéle microscopique du premier ordre
suivant,

Ui(t) =V (Ui (t) = Uz (1) - 6 (£, U;(1)) , (1.5.1)
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perturbation: rayon==sr

FIGURE 1.6 — La perturbation aprés le changement d’échelle.
uf +H(ul) =0 1o} uf + H(ug) =0
|

point de jonction

FIGURE 1.7 — Représentation schématique du modéle macroscopique.

ou Uj : [0,4+00) — R est la position du véhicule j et Uj sa vitesse. La fonction ¢ :
R x R — [0,1] représente une perturbation locale au voisinage du point zero. V est
la vitesse optimale de ce modeéle (voir [BT10]). On suppose que V et ¢ vérifient les
hypothéses suivantes (voir Figures 1.8 et 1.9) :

Hypothése (A)
(A1) V : R — R™ est lipschitzienne, positive.
(A2) V est croissante sur R.
(A3) Il existe hy € (0, +00) tel que pour tout h < hg, V(h) = 0.
(A4) 11 existe hpaz € (ho, +00) tel que b > hpaz, V(R) = V(hmaz) = Vinaz-
(Ab) Il existe pg € [—1/hg,0) tel que la fonction p — pV(—1/p) est décroissante
sur [—1/hg, po) et croissante sur [po, 0).
(A6) La fonction ¢ : R x R — [0, 1] est lipschitzienne et il existe > 0 tel que
¢(t,x) =1 si |z| > r. On suppose aussi que ¢ est Z-périodique en temps.

Remarque 1.5.1. Les hypothéses (A1)-(A2)-(A3)-(A5) sont satisfaites par plusieurs
fonctions de vitesse optimale. Le fait que V' donne la vitesse d’un véhicule justifie [’hy-
pothése que V' est réguliere, continue et positive, car le véhicule avance toujours dans
notre modéle. De plus, un véhicule roule plus vite s’il y a plus d’espace devant lui ce qui
explique U'hypothése (A2). L’hypothése (A8) découle du fait que l’on suppose qu’aucune
collision aura lieu et pour cela on a introduit une distance de sécurité hg a notre modéle :
st la distance entre le véhicule i et le véhicule i + 1 est inférieure a hg, le conducteur i
doit s’arréter. L’hypothése (A5) est utilisée pour obtenir enfin un Hamiltonien effectif qui
satisfait les propriétés dans [IM13] pour utiliser les résultats de cet article. Finalement,
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on a ajouté (A4) car on a besoin de travailler avec une fonction V' & support compact. Un
exemple de vitesse optimale est celle du modeéle de Newell [New61] (voir aussi [Edi61])
est donné par :

S’th ho,

0
h—ho\" .
V(h) _ Vmax (1 — €Xp < ( b > >> 81 hO <h < hmaxa

hmaaz - h " .
e (10 (= (222270 ))

avec n € N\{0} et b € [0,400).

V
‘/'NL(L’L'

0 hO hmax h

FIGURE 1.8 — Représentation schématique de la vitesse optimale V.

La fonction ¢ peut étre vue comme la modélisation d’un feu tricolore situé au point
zéro, et un exemple de fonction peut étre donné pour ¢ € [0, 1], par

1 si|z| >r

o (t,z) = Mz—i—%(t) six € [0

Lﬁo(mx +oo(t) size (0]

avec ¢g une fonction Z-périodique définie de la maniére suivante

4t si0<t< %, la fin du feux rouge
bo(t) 1 si i <t< %, feux vert
olt) = .
—4t+3 si % <t< %, feux orange
0 si % <t<1, feux rouge.

Le modéle macroscopique. On présente maintenant le probléme macroscopique qui
est une équation d’Hamilton-Jacobi avec une condition au point de jonction x = 0. Cette
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équation a été introduite par Imbert et Monneau dans [IM13|. On introduit au début
I’Hamiltonien effectif : soit kg = 1/hg, on définit

—p — ko si p < —ko,

— —1

H(p) = V<;)uﬂsi%§p§0, (1.5.2)
p sip>0.

L’Hamiltonien H est continu, coercitif <| |lim H(p) = —i—oo) et d’aprés (A5), il
pl—+0o0
existe un unique point pg € [—ko, 0] tel que

H est décroissant sur (—o0,py), (1.5.3)
H est croissant sur (pg, +00). o
H
—ko o
0 p
Hy
FIGURE 1.9 — Représentation schématique de H.
Le probléme limite est
ud +E(u2) =0 si (t,z) € (0,400) x (—00,0)
u) + H(ud) =0 si (t,z) € (0,400) x (0,400) (1.5.4)
uf + Fg (ud(¢,07),ul(¢,0M)) =0 si (t,2) € (0,+00) x {0} o
u®(0,2) = up(z) siz eR,
ol A est une constante a déterminer et F; est definie par
FZ(pbm) = max (Z, ﬁ+(p1),ﬁ_ (pz))
avec
(po) sip < po,

F(p)={ i) S%pfpo et F+(p):{ %(Z) sip > po.
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On suppose que la condition initiale vérifie la propriété suivante :

(A0) — ko < (uo), <0
qui signifie que la densité initiale des voitures est positive et inférieure a ko. Dans (1.5.4),
—uY est la densité des voitures (voir sous-section 1.4 pour les détails). D’aprés le Théo-
réme 1.4.1, il existe une unique solution de viscosité u" de (1.5.4).

On rappelle maintenant un théoréme qui permet de réduire la classe des fonctions
test au point de jonction z = 0 a une seule fonction test (voir [IM13, Théoréme 2.5]). Ce
résultat sera utilisé en particulier dans la preuve d’homogénéisation au point de jonction.
Il s’agit d’une définition équivalente a la définition de sous et sur-solution au point de
jonction. Considérons le probléme suivant :

ug + H(uz) =0 pourt e (0,T) et z € R\{0}. (1.5.5)

Théoréme 1.5.1 (Réduction de la classe des fonctions test). Soit A € [Hp,+00) avec
Hy = ming H. Soit pf: € R la solution de

) =H () =A=HT (") =T ") (1.5.6)

et fizons une fonction test ¢0 tel que la réstriction de ¢° sur Rt et sur R~ soit C et qui
satisfait

oh(0%) = pi.
Soit u: (0,T) x R — R,

i) si u est une sous-solution semi-continue supérieurement de (1.5.5), alors u est une
sous-solution de

ug (t,0) + Fry, (ug(t,07),uz(¢,07)) = 0.

it) Soit A > Hy et tg € (0,T), si u est une sous-solution semi-continue supérieure de
(1.5.5) et si pour toute fonction test ¢ touchant u par au-dessus en (tg,0) avec

p(t,z) = (1) + ¢°(x), (L5.7)
pour une certaine fonction 1 € C*(0,+00), on a
@1 + Fa (¢2(t0,07), 02 (t0,07)) <0 en (t,0),
alors u est une sous-solution de
up + Fy (u$(t0,0_),u$(to,0+)) =0 en (to,0).

i1) Soit tog € (0,T"), si u est une sur-solution semi-continue inférieurement de (1.5.5)
et si pour toute fonction test ¢ satisfaisant (1.5.7) touchant u par en-dessous en (to,0)
on a

Sot"i_FA (@z(t070_)7¢$(t070+)) >0 en (to,O),
alors u est sur-solution de

up + Fp (ux(to,Of),ux(to,OJr)) =0 en (to,0),
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Résultat principal. On introduit la fonction de distribution cumulative (voir [FIM09b]),

(D Fly-U)+> (-1+Fy-U®)) |,

>0 1<0

avec

1 sizx>0
F(f”)_{o siz < 0.

I

|

L T
7% s 0 Zu I

FI1GURE 1.10 — Représentation de la fonction p.

On remarque que p (t,U;(t)) = — (j + 1) et donc la fonction p est la primitive de la
mesure empirique de la position des voitures. Par un changement d’échelle, on définit p°

t
tel que p° (t,y) = ep (— g), voir les figures 1.5.1 et 1.5.1. Le résultat principal de ce
€

travail est

Théoréme 1.5.2. Supposons qu’ a linstant initial, on a pour tout i € 7Z,
Ui(0) < Uit1(0) — ho.

On suppose de plus qu’il existe R > 0 tel que pour tout i € Z, si |[U;(0)] > R, on a
Ui+1(0) = U;(0) = h,

avec h > hg. On définit la fonction ug par ug(x) = —x/h pour tout x € R. Alors il existe
A € [Hy,0] tel que la fonction p° converge vers l'unique solution u® de (1.5.4).
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o)

.

FIGURE 1.11 — Représentation de la fonction p°.

Remarque 1.5.2. Comme dans [FSZ17a], on peut démontrer qu’il existe une constante
C > 0 tel que

0< U1 (t)—-U; (1) <C.
On déduit donc que
0 < €UZ‘+1 (t) — EUZ' (t) < eC. (1.5.8)

De plus, on remarque que la fonction p* donne & chaque position €U; (t) au temps et un
label €. L’ équation (1.5.8) implique que la distance entre deux véhicules consécutifs tend
vers zéro quand € tend wvers zéro, ce qui peut étre vu comme un passage du MICTO QU
macro. Il est naturel donc que p° converge la fonction qui labélise les véhicules a l’échelle
macroscopique, qui est u®, la solution de (1.5.4).

De plus, nous avons obtenu les deux résultats naturels suivants : le premier concerne
le limiteur de flux A et qui affirme que la limitation de flux du trafic au point de jonction
x = 0 est plus importante si & I’échelle microscopique, I'impact de la perturbation locale
sur la vitesse est plus important.

Proposition 1.5.1 (Monotonicité du limiteur de flux). Supposons que l’hypothése (A) est
satisfaite et soit ¢1, ¢y : RT x R — [0,1] deux fonctions satisfaisant (A6). Soit Ay et Ag
leur limiteur de flux respectifs donnés par le Théoreme 1.5.2. Si pour tout (t,z) € R x R,
on a

¢1(t7 .ZU) S ¢2(t7 x)v
alors

A > A,
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Remarque 1.5.3. Nous rappelons (voir sous-section 1.4) que l’équation (1.4.8) est dé-
rivée par du modéle macroscopique de trafic suivant

f(p(t,07)) = min (=4, fp (p (,07)) , fs (p (£,07)))

ol p est la densité des voitures , f est la fonction qui décrit le flux et fp, fs sont respec-
tivement les fonctions offre et demande de f. On remarque donc que si ¢1 < ¢a, le flux
est plus limité pour ¢1.

Le deuxiéme résultat concerne les bornes de la densité des véhicules. En effet, la
solution u" de I'équation (1.5.4) est la primitive de la densité et donc le résultat suivant
implique que la densité des voitures est bornée.

Proposition 1.5.2. Supposons que les hypotheéses (A0)-(A) sont satisfaites. Soit u® la
solution de l’équation (1.5.4), alors pour tout (t,z) € RT x R,

—ko < ul <0.

Ce résultat implique aussi qu’on utilise la définition de I’'Hamiltonien effectif H (1.5.2)
seulement pour p € [—kg, 0]. Toutefois, on a définit H de maniére a ce qu'’il soit coercitif
pour pouvoir utiliser les résultats de [IM13] et pour la construction des correcteurs.
Notons donc que la définition de H pour p ¢ [—kg,0] n’est pas unique.

Le chemin pour obtenir le résultat de convergence. On explique maintenant en
quelques étapes, comment obtenir le résultat.
i) Injection du systéme d’EDO dans une EDP :
comme dans [FIM12b, FIM09b]|, on injecte le systéme d’équations différentielles
ordinaires dans une équation aux dérivées partielles. On cherche donc & construire
un opérateur non-local M qui vérifie

Mlp(t,)] U (8) = =V Ups1 — Uy). (1.5.9)

En effet, si I'on construit M qui vérifie (1.5.9), on obtient que p est une solution
de viscosité discontinue de

ug + M [u(t,-)] (z) - ¢ (t,z) - |ug| =0 sur (0,+00) x R.

L’opérateur non-local convenable qui vérifie (1.5.9) est donné par

+o00
M[U](z) = / J)E (U + 2) — U(2)) dz — Vi

. 2
avec
0 siz>0
E(z)=4¢ 1/2 si —1<2<0 et J=V'surR.
3/2 siz<-—1
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On déduit donc que p° est une solution de viscosité de

uf + M* [%t’)] (x)- ¢ (z, g) “Jug| =0 sur (0,+00) x R, (1.5.10)
+oo
MUI@) = [ IEE U +e) — U@) ds = Vs

Remarque 1.5.4 (Formulation Lagrangienne). Une autre méthode pour injecter
le systéeme d’EDO dans une EDP est de considérer la formulation lagrangienne
comme dans [FS15], en considérant la fonction

v:[0,T]xR =R, v(t,y)=Uy ).
Cette fonction satisfait pour tout (t,y) € [0,T] x R

Ut(t7y) =V (’U(t,y + 1) — ’U(t,y)) . ¢ (t,’l)(t,y)) ’
{ v(0,y) = vo(y). (1.5.11)

La difficulté de cette formulation est que la fonction ¢ est évaluée en v(t,y) et
non en un point physique de la route. La notion de jonction dans ce cas n’est pas
bien définie et c’est pour cela que nous avons décidé d’utiliser une autre formulation
(1.5.10) (dans laquelle la perturbation sera évaluée sur un point physique de la route)
en utilisant la méme technique que dans le papier de Forcadel, Imbert et Monneau
[FIM09b], c’est-a-dire en utilisant la primitive de la mesure empirique des positions
des véhicules. De cette maniere, on peut utiliser les résultats de Imbert et Monneau
[IM13] pour les hamiltoniens quasi-convexes avec des conditions de jonction

ii) Convergence de la solution continue : la seconde étape consiste & montrer
que 'unique solution u® de ’équation

 +Me [@] () ¢ (g g) Jug| =0 (1.5.12)

u(0, ) = uo(),

converge localement uniformément vers la solution de (1.5.4). L’existence de la
solution du probléme (1.5.12) peut étre obtenue facilement par la méthode de
Perron [IMROS8, Preuve du Theéréme 6|, [AT96] ou [Imb05] aprés la construction
des barriéres. La preuve du principe de comparaison est similaire a la preuve du
principe de comparaison dans [FIM09b].

Théoréme 1.5.3. Supposons que les hypotheéses (A0) et (A) sont satisfaites. Il
eriste une unique solution u® de (1.5.12) qui satisfait (pour une certaine constante
Ky)

uo(x) < uf(t,x) < wuglx) + Kit.
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La preuve de convergence repose sur la construction de bons correcteurs [LPV86,
FIM12b, IMROS8, IM08| qui seront utilisé dans la méthode de la fonction test per-
turbée introduite par Evans dans [Eva89]|. La forme particuliére de I’équation limite
(1.5.4) nécessite la construction de deux correcteurs, un pour = # 0 et ’autre pour
z = 0.

— Si z # 0 : on utilise ’Ansatz classique

W (tz) = uO (t,2) + v <£ g) . (1.5.13)

En effet, en utilisant le fait que u® est solution de (1.5.12) et en notant A\ =
—u? (t,r) et p = ul (¢,7), Uexpression (1.5.13) implique que pour = # 0, un
correcteur v doit vérifier : pour tout p € [—ko, 0], il existe un unique A € R, tel
qu’ il existe une solution bornée v de

Mp[v](z) - [ve +pl = A,z €R,
v est Z—periodique,
avec

—+00

M,[U](z) :/ J(Z)E(U(x—i—z)—U(a:)—{—p-z)dz—gvmm.

On remarque facilement que A = H (p) et que I'on peut choisir v = 0.
— Siz =0 : dans ce cas, formellement, en utilisant le Théoréme 1.5.1, on suppose
qu’au voisinage de zéro,

u’ (t7 J}) =’ (tv 0) +ﬁ+$1{$>0} +ﬁ_l’1{$<0}

ol p, et p— sont deux constantes qui vérifient

—_— _+ _ J—
E(M) :E, (7+) :f
H(p-)=H (p-) =4
Sur ce voisinage, on utilise I’Ansatz suivant
t
uf (t,x) = u® (£,0) 4 ew (, :E) : (1.5.14)
e e

Formellement, en utilisant (1.5.14), on a

t x . 0
- — | = t — t,0
Wy <€7€> ug (t,z) —ug (t,0)

o | @ el (£2) + Fa r-m)
Y [#] @) (¢, 2) |6 (é g) iy (15.15)
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De plus, on a que

e [M] @) = /+oo J(E <us (tyx +ez) —uf (t,x)) gy gvmm

€ —0 €

(e (D)ot
_M[ ( )] (). (1.5.16)

t
et s = — et en combinant (1.5.15)-(1.5.16),
€

D’oi, en utilisant les notations y =

on obtient que

ws (s,) + M [w (s,)] (y) - ¢ (s,9) - lwy (s,9)| = A

Théoréme 1.5.4. Il existe une unique constante X = A tel qu’ il existe une
solution w de

wy + M [w(t, )] () (L, ) |we| = A (1.5.17)
t
et tel que we® (t,x) = w (g g) satisfait localement uniformément :

w” (t,x) — W (@) = Draliasoy +P-2l{zcoy-
Pour construire le couple (A, w), on utilise Iidée introduite par Achdou, Tchou
[AT'15] et Galise, Imbert et Monneau |[GIM15|, qui consiste & considérer un pro-
bléme dans la cellule sur un domaine tronqué puis de passer a la limite quand
la taille du domaine tend vers U'infini. Pour prédire les bonnes pentes & l'infini,
il faut donc imposer de bonnes conditions aux bords. Dans notre cas, I’équation
(1.5.17) étant non-locale, il est difficile d’imposer ces conditions aux bords. C’est
pour cette raison que nous introduisons un nouvel Hamiltonien qui sera égal &
I'opérateur non-local dans l'intervalle [— R, R] et qui sera remplacé par un hamil-
tonien local en dehors de [-R — 1, R + 1] afin de pouvoir imposer des conditions
aux limites. Plus précisément, pour | € (r,4+00),r << l et r < R << [, on
considére le probléme suivant : trouver A; g tel qu’il existe une solution wh de

R L Gr (t,a:, [whE (1, .)],wng) =M\ si(ta) €Rx (=10

B H (b = Mg si (t,z) € R x {1}
B E (Wb = Ng si (t,2) € R x {1}
wh® est 1-periodique en ¢

Gr(t,,[U],q) = Yr(z) - ¢(t,z)  MU](2) - |q| + (1 — Yr(2)) - H(q),
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et Yp € O, Yr: R — [0,1], avec

Y = 1 sur [-R,R]
B= 0 alextérieur de [-R—1,R+1],

et
Yr(z) <1Vzr ¢ [-R,R).

Le limiteur du flux effectif A est alors construit comme la limite quand [ tend
vers +oo puis R tend vers +oo de A g. La fonction wh® permet de construire la
fonction w du Théoréme 1.5.4 avec les bonnes pentes a 'infini. On a également
le résultat suivant qui caractérise le limiteur du flux
Théoréme 1.5.5 (Limiteur du flux effectif). Supposons que I’hypothese (A) est
satisfaite. On définit l’ensemble de fonctions suivant

S = {w tel que Im € Lip(R) et C >0 tel que [w —m||peor) < C}.
Alors on a
A=inf{\ € R: 3w €S solution de (1.5.17) }.

La construction de ces correcteurs nous permet de prouver le résultat de conver-
gence en utilisant la méthode de la fonction test perturbé et le Théoréme 1.5.1,
Théoréme 1.5.6. Supposons que les hypothéses (A0)-(A) sont satisfaites. Pour
e > 0, soit u® la solution de viscosité de (1.5.12). Il existe A € [Hy,0] donnée
par le Théoréme 1.5.4 tel que u® converge localement uniformément vers l'unique
solution de viscosité u® de ’équation (1.5.4).

iii) Lien entre le systéme d’EDO et I’EDP : enfin, le résultat principal de ce
travail (Théoréme 1.5.2) est obtenu par le principe de comparaison pour 1'équation
(1.5.12). En effet, posons ug (x) = —x/h avec h > hg. On sait d’aprés I'étape i) que
p° est solution de (1.5.10). De plus, on peut démontrer que

07 (0,2) — o ()| < f(e)

avec f(e) — 0 quand ¢ — 0. D’on, en utilisant le principe de comparaison de
I’équation (1.5.12), on obtient que

u® (t,z) — fe) < p°(t,x) <u®(t,x)+ f(e) (1.5.18)

ot u est I'unique solution de viscosité de I’équation (1.5.12) pour ug (z) = —z/h.
En passant a la limite quand e — 0 dans (1.5.18) et en utilisant 1’étape ii), on
obtient notre résultat.

On présente maintenant trés rapidement un travail trés similaire au travail précédent.
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1.5.2 Homogénéisation d’un modéle d’ordre un avec deux vitesses dif-
férentes

On présente une premiére généralisation au cas ou les vitesses sont différentes avant
et aprés la jonction. On considére le modeéle microscopique d’ordre un suivant

Uj(t) = ViU (8) = U (£)) (Us (1)) + Va(Ujia (8) = Uj(8) (1 = o (U(1))) , (1.5.19)

ou Vj et V5 sont les deux vitesses optimales du modéle et ¢ est une fonction de transition
lipschitzienne,

go(a:)z{l six < —r

0O siz>r.

Comme dans le travail précédent, on montre que la fonction de distribution cumulative
converge vers la solution d'une équation d’Hamilton-Jacobi avec une condition au point
de jonction. La différence ici est que 'on obtient deux Hamiltoniens effectifs différents
car a I’échelle microscopique, on a deux vitesses optimales différentes. Plus précisément,
I’équation limite est

u) + Hy(ud) =0 si (t,z) € (0,400) x (—00,0)
uf + Ha(ul) =0 si (t,z) € (0,400) x (0,+00)
uf + Fr(ul(t,07),u2(t,07) =0 si (t,z) € (0,+00) x {0}
u®(0, 1) = ug(z) si xeR

avec
J— _+ —_—
Fa(pr,p2) = maxx (A, (), 7y (12))

ol ﬁf et H, représentent respectivement la partie croissante de H;p et décroissante
de Hs. La différence principale avec [FSZ17b| est qu’on doit définir deux opérateurs
non-locaux et donc la construction des correcteurs sera un peu plus compliquée.

1.5.3 Homogénéisation d’'un modéle du second ordre

On présente maintenant les résultats de [FSZ17a). On considére un modéle microsco-
pique d’ordre deux et on prouve comme dans le travail précédent que la primitive de la
mesure empirique converge vers la solution de I’équation (1.5.4). L’intérét de travailler
avec un modeéle du second ordre est qu’il est plus réaliste car il considére ’accélération du
véhicule. Cependant, le fait de travailler avec un modéle du second ordre ajoute beaucoup
de difficultés techniques. En effet, on a une combinaison entre les difficultés provenant du
fait d’avoir un modéle contenant une perturbation locale, mais aussi du fait qu’il s’agit
d’un modéele du second ordre. La différence principale avec [FSZ17b| est I'injection du
systéme d’EDO dans un systéme d’EDP. En effet, on utilise I'idée de définir une nouvelle
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variable qui dépend de la position et de la vitesse des véhicules, pour obtenir un systéme
de deux systémes d’EDOQO, et puis d’'injecter ce systéme dans un systéme de deux EDPs
(voir [FS15]). On donne dans ce paragraphe les principales différence de ce travail avec le
précédent [FSZ17b]. On considére un modeéle microscopique du second ordre qui simule
la présence d’une perturbation locale. Le modéle considéré est une version modifiée du
modéle de Bando et al dans [BHNT95|. Plus précisément, on considére un modele de
poursuite "follow-the-leader" de la forme suivante

Uj(t) = a (V(Uj+1(t) = Uj(1) - & (U;(1) — Uj(t)) . (1.5.20)

La plupart des notations de ce modéle sont les mémes que dans (1.5.1). La différence
ici est que l'on considére un probléme du second ordre et donc on introduit UJ (t) qui
représente l'accélération du véhicule j. De plus, la constante a représente la sensibilité
des conducteurs. On suppose que I’hypothése (A) (voir sous-section 1.5.1) est satisfaite
pour ce modéle. Pour simplifier la présentation, on supposera que ¢ ne dépend pas du
temps. On ajoute '’hypothése (A’7) & (A) et on note (A”)=(A)+(A’7).

(A’7)(Monotonicite) a > 4[[V'||, [l + 41l [Vl -

Remarque 1.5.5 (Remarque sur (A’7)). L’hypothése (A’7) implique que pour tout
(b,x) € R%, la fonction

f:z»—)%z—ZV(b—i—z)qb(:r—z)

est croissante. Ce résultat est important car il implique que le systéme que l’on considérera
plus tard dans ce travail est monotone au sens de Ishii et Koike [IK91], ce qui implique
Uunicité de la solution que l’on considére. Dans certains travauz, cette hypothése a un
sens physique comme dans le cas d’un modéle de Frenkel-Kontorova [FIM12b]. Dans
notre cas, d’un point de vue modélisation, cette hypothése signifie que les conducteurs
sont capables d’adapter leur vitesse assez rapidement pour éviter les collisions. Dans le
cas ot il n’y a pas de perturbation (¢ = 1), cette hypothése est en particulier utilisée dans
certains travauzr pour obtenir la stabilité du systéeme d’EDO.

Le théoréme suivant est le résultat principal de ce travail.

Théoréme 1.5.7. Supposons que Uhypothése (A) est satisfaite. Alors, il existe une
unique constante A € [Hy,0] tel que p° converge localement uniformément vers l'unique
solution de (1.5.4)

Puisque le modéle macroscopique est le méme que dans le premier travail (1.5.4),
on explique directement le chemin de convergence. Pour chaque point, on donne les
différences avec le premier travail.
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Le chemin pour obtenir le résultat de convergence.
i) Injection du systéme d’EDO dans une EDP : on utilise I'idée de [FIM09a,
FIM12b, FS15| et on considére pour tout j € Z,

1.
Ei(t) =U;(t) + EUj(t) avec «a = g.

En utilisant cette nouvelle fonction, on obtient le systéme d’EDP suivant qui est
équivalent a (1.5.20) pour tout j € Z, pour tout ¢ € (0, +00),

{@-(t):a( () = U;(1))
Z5(t) = a (Us(t) = Z5(0) + 2V (Uya(t) = Us (1) - & (Us (1))

et puis on introduit la fonction de distribution cumulative de (Z;);, définie par

e F(y—eEi(t/e) + > (—1+ F(y — <5, (t/e)))

7>0 7<0
On construit donc deux opérateurs non-locaux M et L tel que
{ (p(t,U; (1)), [o (t,)]) (U;) = =Uj ()
L(E,0(t,E5 1), [ )]) (E; () = —E; (1)

pour déduire que (p°,0°) est une solution de viscosité discontinue pour (¢,x) €
(0, +00) x R,

6

ug + M*® < 5 (t,x), [i—g(t, )]) () |Jug| =0

g+ (2 S0 [ e ) @ gl -o

La définition des opérateurs non-locaux est un peu compliquée donc on préfére de
ne pas entrer dans ces détails qui n’ont pas un impact direct sur l'idée générale de
la preuve.

ii) Convergence de la solution continue.
(A0) (Borne du gradient.) Soit ug et & deux fonctions lipschitziennes tel que

—ko < (up)z <0

—ko < (§)z <

et

0 <& (x) —up(z) <e.
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On considére I'équation suivante

u§ + M? (“?(t,:v), E(t, )D () - uz[ =0

i+ (250, [ S ) -t =0 (15.21)
UE(O’ 'T) = uo(x)

£°(0,2) = &5()

et on démontre le théoréme suivant

Théoréme 1.5.8. Supposons que U'hypothése (A’) est satisfaite. Pour € > 0, soit
(uf, £%) la solution de (1.5.21). Alors il existe A € [Hy, 0] tel que u et £ convergent
localement uniformément vers l'unique solution de viscosité u® de (1.5.4).
Remarque 1.5.6. Classiquement, l'existence et ['unicité de la solution de l’équa-
tion (1.5.21) sont obtenues par Perron et par le principe de comparaison qui est
obtenu en utilisant la monotonicité du systéme (voir (A’7)).

Pour la construction des correcteurs, on fait comme avant, ¢’est-a-dire, on construit
deux correcteurs.

— Six # 0 : on utilise I’Ansatz

uf (t,x) = ul (t,z) + ew (£>

€ (1) = o (h) +ex (2)

On remarque que les correcteurs w et x ne dépendent pas du temps et cela
revient a la forme de ¢ qui ne dépend pas du temps. En procédant comme en
sous-section 1.5.1, on remarque que le couple (w,x) doit vérifier : pour tout
p € [—ko, 0], il existe un unique A\ € R, tel qu'il existe une unique solution bornée
(w,x) d’un systéme d’équations non-locales. On obtient que pour p € [—kq, 0],

— -1 -1
ona A= H(p)=-V (—) Ip| et on peut choisir (w,x) = (O, Py (—
p &« p
— i & = 0 : comme dans la sous-section 1.5.1, on utilise ’Ansatz suivant
- 0 t x
uf (t,z) =u’ (t,0) +ew [ —, —
c° (1.5.22)

S
g £

€ (t,x) = u® (t,0) + ex (t x)

En faisant le méme calcul formel de Iétape ii) dans la sous-section 1.5.1, on
obtient qu'un correcteur (w,x) doit vérifier le théoréme suivant :

Théoréme 1.5.9. Il existe une unique constante X = A tel qu’il existe une
solution (w,x) de

{M(w (@), X ()]) - [wa] = A
Lz, x (z),[w()]) - [xal = A
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et tel que localement uniformément, on a

(wF,X7) — W (2)
e—0
ou W est la méme fonction donnée dans le Théoréeme 1.5.4.
La construction du correcteur (w, x) est similaire a la construction du correcteur
dans le résultat précédent : on construit le correcteur sur un domaine tronqué
puis on prend [ vers +o00 et R vers +oo : il existe \; g € R tel qu'il existe une
solution (whf, xbf) de

;

Gl w (@), W™ = Mon
Gz, (), [t By = hg T
H (k) = N g L

H (™) = Mg o=

H (wi) = \.g L

H (3" = g =l

avec

Gr(z, w(z), [x],9) = ¥r(x)M (w(z), [X])(@)lgl + (1 — Yr(=))H(q),

Grla,x(@),[w],q) = ¥r(@)L(z,x(),[w]) (@)lq] + (1 — ¥r(z)) H(q).

De plus, ¥p € C*, ¥ : R — [0, 1], avec

W = 1 sur [—-R,R|
B=10 sur(—oo,—R—1JU[R+1,+0),

et
Yr(x) <1Vx ¢ [-R,R].

Remarque 1.5.7. Quand on fait la preuve de convergence, on aura besoin de
démontrer que le gradient des fonctions u® et £° est borné. En comparant les deux
travaux (ce travail et celui d’ordre un), on remarque que la preuve dans ce cas
est plus compliquée car c’est un systéme couplé. Ajoutons aussi que la preuve du
principe de comparaison pour le systeme (1.5.21) est aussi un peu plus compliquée
que celle de ’équation (1.5.12).

iii) Lien entre le systéme d’EDO et I’ EDP : le théoréme suivant implique
directement notre résultat principal. Ce résultat est obtenu en procédant comme
dans le point iii) dans la sous-section 1.5.1 en utilisant le principe de comparaison
pour (1.5.21).
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Théoréme 1.5.10. Supposons que (A’) est satisfaite et que le couple (U;(0),Z;(0));
satisfait

0<E;(0) - Ui(0) < + Uit1(0) — Ei(0) = ho,

et
Ui1(0) = Us(0) < hmag-
On suppose de plus qu’il existe R > 0 tel que, pour tout i € Z, si |U;(0)| > R
Ui+1(0) = Ui(0) = h
et si |Z;(0)] > R
Ei+1(0) — Zi(0) = h,

avec h € [ho, hunaz]. On définit deuz fonctions ug et & par up(x) = £§(z) = —x/h
pour tout x € R. Alors il existe un unique A € [Hy, 0] tel que les fonctions p° et o°
convergent localement uniformément vers l'unique solution u® de (1.5.4).

On présente maintenant les résultats du dernier travail de cette thése.

1.5.4 Un principe de comparaison pour une équation d’Hamilton-Jacobi
sur un domaine qui varie en temps

Le but de ce travail est de démontrer un principe de comparaison pour une équation
d’Hamilton-Jacobi sur un domaine qui varie en temps. Les bornes du domaine, ou les
"points de jonction" du domaine sont des fonctions de classe C''. La motivation pour
considérer cette équation est son application au sujet du trafic routier. En effet, on
montre que 'on peut dériver cette équation & partir d’'un modéle de trafic du premier
ordre qui étudie 'interaction entre un bus et les autres véhicules sur une route. L’idée
consiste a supposer que la grandeur de ce bus, ainsi que sa vitesse, réduisent la densité
des véhicules qui passent a coté du bus. Un court travail d’homogénéisation est aussi
fait pour renforcer I'interprétation trafic routier de cette équation. Les points de jonction
sont au temps ¢ sont les points b; (t) € R et on définit pour ¢ € {1,..., N + 1},

B, = {(t,a:) S (O,T) x R, tel que bifl(t) <z < bl(t)} .

On introduit la "fonction de limitation du flux" (voir [IM13]). Pour i € {1,..., N},
t € R et p = (p1,p2) € R?

Fy, (t,p1,p2) = max (Ai (t), 5y (tp1) s Hip (t7p2))

ol A; est une fonction localement lipschitzienne et H Z+Z (resp. H ;rl,i) est la partie crois-

sante (resp. décroissante) de I'Hamiltonien H;; (resp. H;11 ;) dont la définition est donné
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plus tard. L’équation considérée est

ug + Hi(ugz) =0 si (t,x) € Bj,i=1,..,N+1
d o .
= (u(t, by (1)) + Fa, (t,u;; (t,z),ubt (t,x)) =0 siz=0b(t),i=1..,N (1.5.23)
u(0,2) = up(z) pour z € R,
u 0 . :
ol up = o et u, = 9z sont respectivement la dérivée en temps et en espace de u. De
i
plus, on a
DYt (1) = i t
u BB )= o I )
x>b;(t)
Db (1) =l t,z).
v Bh )= I, e D)
:E<bi(t)

Hypothéses et notations (B).

— (B1) Les fonctions by, ...,by sont des fonctions dérivables tel que b1 > b;. On
désigne par by = —oo et byy1 = +o00. De plus, on suppose que pour tout j €
{1,..., N}, b;» est une fonction localement lipschitzienne.

— (B2) Les Hamiltoniens Hy, ..., Hy4+1 : R — R satisfaient les propriétés suivantes :
pour tout 7 € {1,..., N + 1},

H; est continu,

H,
H; est sur-linéair, c’est-a-dire, lim i (p)

——~ = 400.
lpl—+co  [p]

— (B3) Pour i € {1,...,N + 1} et pour k € {i,i+ 1} , Hy;(t,p) = Hy (p) — b,(t)p. De
plus, on suppose que pour tout i € {1,..., N}, k € {i,i + 1} et pour tout t € RT,
I'Hamiltonien Hy ; (t,-) est quasi-convexe. On désigne par H,jl (t,-) et Hp,;(t,")
respectivement la partie croissante et la partie décroissante de Hy; (t,-).

— (B4) Pour tout i € {1,..., N} , le limiteur de flux A4; : [0,7] — R est une fonction
localement lipschitzienne.

Remarque 1.5.8. On peut démontrer (voir chapitre 5) dans le cas d’une seule fonc-
tion b et d’un seul Hamiltonien H que l’équation (1.5.23) peut-étre dériver d’un modéle
interaction véhicule-bus sur une route simple [Leb05] suivant

pu+ (£ (p)); =0 siw £ b(t)
Ftp(tam) =min (B(1). fo (t.p(t.27)), fs (tp(t.a®))) siz=b()

ot b est une fonction linéaire qui décrit la trajectoire du bus, p est la densité des véhicules
au temps t et en position x, f est une fonction strictement concave (comme le modéle

33



de Greenshield [GCM™ 35]), qui atteint un mazimum strict en une densité critique p,
qui décrit le flux des véhicules et f(t,p) = f(p) =V (t)-p. La fonction B est le limiteur
du fluz passant a coté du bus au temps t. La définition de f implique que pour tout t,
la fonction f (t,-) atteint un unique mazimum en un point p.(t). Les fonctions fp et fg
sont respectivement les fonctions de demande et d’offre définies par

: P pe (1) sip > pe(t)

fD(t’p)_{f(t,p) Sip<ﬁc(t)
et

o ffe) sz ()

fS(t’p)_{f(t,ﬁc(t)) sip < pe(t).

En particulier, on a démontré que H (p) = —f (—p), et on remarque directement que H et
b vérifient les hypothéses (B2) et (B3) en rappelant que la vitesse du bus b’ est constante.

L’équation (1.5.23) est similaire a I’équation introduite par Imbert et Monneau dans
[IM13]. La différence ici est que 1'on considére une jonction qui bouge dans le temps. La
stabilité, ’existence et méme la réduction de la classe des fonctions test pour (1.5.23)
sont facilement obtenues en adaptant les preuves de ces résultats dans [IM13]. Dans ce
travail, on prouve un principe de comparaison pour l’équation (1.5.23). On emprunte
I'idée introduite par les auteurs dans [BBCI16] et on utilise une procédure de localisation
pour insérer la bonne fonction test dans I'étape de dédoublement des variables.

Solution de viscosité de ’équation (1.5.23). Pour définir les solutions de viscosité
du probléme (1.5.23), on commence par définir la classe des fonctions test. Pour T > 0,
soit D = (0,7) x R.

Fonctions test. On note C! (D) la classe des fonctions test. Si ¢ € C! (D), alors
—  est continue.

— La réstriction de ¢ sur J; est O

— Pour tout i = 1, ..., N, la fonction o(t, b;(t)) est C* en temps. De plus,

@ (t,b: (1) = @i (5 (1) + W, (8) @ (1,55 (1))

dt
=y (6,0 (1) +0; () ¢ (£,0i (1)) .

Définition 1.5.1. Soit w: [0,7] x R — R.
i) On dit que u est une sous-solution (resp. sur-solution) de (1.5.23) sur [0,77] x R si
u* (0,7) < up (z) (resp. us (0,2) > ug (x)) et si pour toute fonction test ¢ € C! (D)
touchant u* par au-dessus (resp. touchant wu, par au-dessous) en (tg,xg) € D, on a

o1+ H; (ug) <0 (resp. >0) en (tg,xo) si (to,zo) € J;

d -
2% (0, big (t0)) + Fa, (to,uy ™ uy™) <0 (resp. >0) sixo = b; (to).
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i) On dit que u est une solution de viscosité de (1.5.23) si u est une sous-solution et
une sur-solution de (1.5.23).

Comme dans [IM13, IM14], on arrive a réduire la classe des fonctions test aux points
de jonction.

Théoréme 1.5.11 (Réduction de la classe des fonctions test). Supposons que I’hypothése
(B) est satisfaite. On fize i € {1,...,N} et on suppose que
Az‘ (t) 2 A? (t) = Imax (mﬁn Hi,i (t, ) ,mﬂ%n Hi+1,i (t, )) .

Soit tg € (0,T) et soit piilto)

1,0

i(to)

et qﬁ_li deux constantes satisfaisantes
A;(t — A (t
Hz',z’ (to’pm‘( 0)) = Hm‘ (thpm‘( O)> = Az’ (tO)
A (t At
Hiy 1, (tO,qu,g)) =H,, (toquﬁri?)) = A (to) .-

On considere ’équation d’Hamilton-Jacobi suivante

u + Hy (uy) =0 si (t,x) € Bg,k=1,i+ 1. (1.5.24)

— Soit u: (0,T) x R — R une sous-solution semi-continue supérieure de (1.5.24) et
satisfaisant

u(t,b; (t) = lim sup u(s,y) = lim sup u(s,y). (1.5.25)

(5,9) = (t,bi(1)),y>bi(s) (5,9)= (£,bi(1)),y<bi(s)
Si pour toute fonction test ¢ touchant w par au-dessus en (to,b; (o)) avec

o (tw) = g (1) + g (= b () Lompuyop + Pia ) (@ = bi (£)) Lamp () bip-26)

pour un certain g € C* (0, +00), on a

d ,7 i
%‘P(t&bi (to)) + Fa, (to, ¢l (to,bi (to)) , 4" (to, bi (to))) <0

alors u est une sous-solution de
d . ,
prC (t,b; (t) + Fa, (t,ul,uy®) =0 en (to,b; (t)).

— Soit u : (0,T) x R — R une sur-solution semi-continue inférieure de (1.5.24). Si
pour toute fonction test ¢ touchant u par au-dessous en (to,b; (tg)) avec ¢ définie
comme dans (1.5.26), on a

d i i
a@(toabi (to)) + Fa, (to, ¢y (to,bi (to)) , 4™ (to, bi (to))) >0

alors u est une sur-solution de

d , .
i (t,b; (1) + Fa, (t,uy ", ul™) =0 en (to,b; (to))-

35



Théoréme 1.5.12. Supposons que U'hypothése (B) est satisfaite et que la condition ini-
tiale ugy est Lipschitzienne. Alors il existe une unique solution u de (1.5.23) dans [0, T) xR
et une constante Cp > 0 tel que

lu(t,z) —up (x)] < Crp.

Le résultat principale de ce travail est le théoréme suivant. On donne aprés une idée
de la preuve.

Théoréme 1.5.13 (Principe de Comparaison). Soit T > 0. Supposons que ug est Lip-
schitzienne. Soit u une sous-solution semi-continue supérieure et v une sur-solution semi-
continue inférieure de (1.5.23), et qu’il existe une constante K > 0, tel que pour tout
t€[0,7], on a u(t,x) < up(x) + Kt et v(t,z) > up(x) — Kt, alors on a

u(t,z) <wv(t,x) pour tout (t,z) € [0,T] xR .

Pour prouver le principe de comparaison, nous avons emprunté l'idée de Barles,

Briani, Chasseigne et Imbert [BBCI16| qui consiste a conserver le terme classique

dans la preuve et d’étudier son signe. Comme toujours, on sait que dans le cas d’équations
d’Hamilton-Jacobi discontinues, le probléme quand on fait la preuve vient des points de
jonction. En effet, aprés une procédure de localisation, la preuve ne présente aucun pro-
bléme si le point de maximum n’est pas un point de jonction. Sinon, on doit introduire
la bonne fonction test. Plus précisément, on a procédé de la maniére suivante : on a
introduit d’abord

M = sup  {u(t,z) —v(t,x)}.
(t,2)€[0,T) xR

Le but est de prouver que M < 0. On suppose par absurde que M > 0. Ensuite, pour L
et R deux constantes tel que L < minb; et R > maxby et pour n > 0, nous introduisons

) )

M, = sup {u(t,a:) —ou(t,z) — L} . (1.5.27)
te[0,7) T—t
L<z<R

Si M, < 0 ou M, > 0 et atteint en (t,,z,) avec x, # b; (t,) pour tout 7, on continue
la preuve de maniére classique. Sinon, c’est-a-dire, si M, > 0 et il existe ig tel que
xy = by, (t,) alors dans ce cas, nous avons introduit un nouveau supremum

— s 2
u(t,x) —v(s,x + biy(s) — by (1)) — Tﬁ_ - (t 21])

My = sup

G | —a o= b (0) - (¢~ 1)

Ce nouveau supremum est atteint en (¢,,s,,,) et on a que
xy, # b; (t,) pour tout i # ig.
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L’étape suivante consiste & dédoubler les variables en espace en utilisant la fonction test
2
(= 4 big (5) = biy(t) — y)

2e
x + biy(s) — by (t) —

et puis on continue comme en [BBCI16| en étudiant le signe de

Y . . . . , .
. Notre preuve nécessite donc d’introduire au début un maximum

€
n (t,x). Le choix de M, (1.5.27) est justifié a la fin de la preuve du théoréme lors du
passage aux limites. Plus précisément, si l'on considére le supremum Mg défini par

Mpg = sup {u(t,x) —v(t,z) — S ﬁxQ} .
t€[0,T] T—t
z€R
alors le terme 25x empéche d’obtenir la contradiction a la fin de la preuve.

Le second résultat de ce travail est un résultat d’homogénéisation. On énonce le
résultat sans donner 1’idée de la preuve car elle est trés similaire aux travaux précédents
(méme plus simple). On considére un modéle qui modélise une restriction de la densité
des véhicules (comme un bus ou plus généralement une congestion qui bouge en temps),
pour (t,z) € RT x R,

pr+ (f(p)o(z=b(t)), +(9(p) (1 = (x=b(1)))), =0

ou p est la densité des véhicules, b représente la position de la congestion, f est la fonction
qui décrit le flux a l'extérieur de la zone d’influence de la congestion, g la fonction qui
décrit le flux dans la zone d’influence de la congestion et ¢ est une fonction de transition.
On impose les hypothéses suivantes :

Hypothéses (C).
~ (C1) La fonction f est le diagramme fondamental de Greenshield [GCM™35] et est
définie par

7 () = PVonaa (1— 4 )

pma;t

ol Vqz représente la vitesse moyenne maximale et p,q. est la densité des véhicules
maximale loin du bus.
— (C2) La fonction flux prés du bus g est donnée par

g(p)szmw(l— p)

Omax

Ol Oynae €st la densité maximale des véhicules prés du bus. De plus, on suppose

que Omaz < Pmaz-
— (C3) b est la fonction trajectoire du bus et est donnée par

b(t) =Vt et on suppose que 0 < Vj, < Vs

37



FIGURE 1.12 — Représentation schématique de f (bleu) et de g (rouge) .

~ (C4) La fonction ¢ est une fonction de transition de classe C! et est définie par

b (z) = {0 six €[]

1 sie<—-r—1loux>r-+1.

On suppose que la densité initiale satisfait

0< p(0.2) < Pmaz SL|z| >1r+1
- T oman si|z] <r+1

En posant

on a le résultat suivant : soit u® I'unique solution de

ué + H (u) ¢ (‘T _Evl’t) + F (ug) (1 — ¢ (x ;Vbt>> =0 (t,z) e RT x IR%LM&
uc (0,2) = ug (z) z€R.

On suppose que ug est Lipschitzienne et satisfait

— < <0 i 1
(Coy{ ~Pmaw = (0)y SO sifal > (1.5.29)
—Omaz < (Uo)r <0. si ’l" <r+1.
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Théoréme 1.5.14. Supposons que (C) et (C0) sont satisfaites. Pour ¢ > 0, soit u®
lunique solution de (1.5.28). Alors il existe A € [FO,O} tel que u® converge localement
uniformément vers l'unique solution de viscosité u® de 'équation suivante

ug+ H (uy) =0 stz #b(t)

d ~

(b (1)) + max (A,H+ (uo), H- (u;)) —0 siz=0(t)
u(0,z) =ug (x).

De plus, on a

0
—Pmaz < Uy < 0.

FIGURE 1.13 — Représentation schématique de H (bleu) et de F' (rouge) .
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Chapitre 2

Specified homogenization of a
discrete traffic model leading to an
effective junction condition

N. Forcadel !, W. Salazar!, M. Zaydan !

Abstract

In this chapter, we focus on deriving traffic flow macroscopic models from microscopic
models containing a local perturbation such as a traffic light. At the microscopic scale, we
consider a first order model of the form "follow the leader" i.e. the velocity of each vehicle
depends on the distance to the vehicle in front of it. We consider a local perturbation
located at the origin that slows down the vehicles. At the macroscopic scale, we obtain an
explicit Hamilton-Jacobi equation left and right of the origin and a junction condition at
the origin (in the sense of [IM13|) which keeps the memory of the local perturbation. As
it turns out, the macroscopic model is equivalent to a LWR model, with a flux limiting
condition at the junction. Finally, we also present qualitative properties concerning the
flux limiter at the junction.

AMS Classification : 35D40, 90B20, 35B27, 35F20, 45K05.

Keywords : specified homogenization, Hamilton-Jacobi equations, integro-differential
operators, Slepcev formulation, viscosity solutions, traffic flow, microscopic models, ma-
croscopic models.
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2.1 Introduction

The goal of this chapter is to derive a macroscopic model for traffic flow problems from
a microscopic model. The idea is to rescale the microscopic model, which describes the
dynamics of each vehicle individually, in order to get a macroscopic model which describes
the dynamics of density of vehicles. The main motivation for deriving macroscopic models
from microscopic models comes from the fact that macroscopic models are more adapted
to simulate traffic at large scales. Moreover, microscopic models are based on assumptions
that are easier to verify and therefore to derive a macroscopic model allows to rigorously
verify it.

Several techniques were proposed for the micro-macro connections and the derivation
of a macroscopic model from a microscopic model was studied by several authors. In 1970,
Payne [Pay71]| used the method of expansion of the gradient to derive a LWR model from
a Newel model [New61]. The authors of [HHSTO02] established a micro-macro connection
supposing that the macroscopic variables in a point x of the space can be defined by the
microscopic variables if a vehicle is present at z. Otherwise, the macroscopic variables
x are defined by linear interpolation. In [AKRMO02|, the authors derived an Aw-Rascale
model from a second order model of the type "follow the leader". The reader can also
refer to [CS15, Ros14, DFR15].

The originality of our work is that we assume that there is a local perturbation
that slows down the vehicles and we want to understand how this local perturbation
influences the macroscopic dynamics. This local perturbation can be constant in time
and represent a slowdown near a school or due to a car crash near the road. It can also
depend (periodically) in time and represent for example a traffic light. The schematic
representation of the microscopic model is given in Figure 2.1.

Uy = V(Ui = Uy) U, = V(U ~U))

Perturbation: radius = r
FIGURE 2.1 — Schematic representation of the microscopic model.

We denote by Uj(t), j € Z, the position of the j th vehicle and we assume that the
velocity of each vehicle is given by the function V. In order to obtain our homogenization
result, we proceed as in [FIM09a, FIM09b, FIM12b, FS15] and rescale the microscopic
model which describes the dynamics of each vehicle, to obtain a macroscopic model that
describes the density of vehicles. If the local perturbation is located around zero, at

41



the macroscopic scale it is natural to get an Hamilton-Jacobi equation with a junction
condition at the origin (see Figure 2.2, —u! is the density of vehicles and the effective
Hamiltonian H is defined later in the chapter), since the size of the perturbation goes to
zero when we do the rescaling. This junction condition keeps the memory of the presence
of the local perturbation.

u) + Hul) =0 1o} up + H(ul) =0
|

N

Junction condition

FIGURE 2.2 — Schematic representation of the macroscopic model.

Recently, the theory of Hamilton-Jacobi equations with junction or more generally
on networks has known important developments in particular since the works of Achdou,
Camilli, Cutri, and Tchou [ACCT13] and the work of Achdou and Imbert, Monneau, and
Zidani [IMZ13].

In [ACCT13], an optimal control problem was studied in R? supposing that the
trajectories of the controlled system stay in a network. In [CMS13], the authors studied
the vanishing viscosity method for Hamilton-Jacobi equations on junctions. In [BBC13,
BBC14, AOT16], the authors studied a regional control problem with regular dynamics
and costs on each side of the hyperplane and a condition on the interfaces separating the
regions where the dynamic and running cost are different.

In this chapter, we will use the results obtained by Imbert and Monneau in [IM13,
IM14] where the authors considered a discontinuous Hamilton-Jacobi equation and in-
troduced the notion of "flux-limited solutions" (see also [LS16]). The link between the
theory developed in [BBC13, BBC14| and "flux-limited solutions" in [IM13, IM14] is
explored in [BBCI16]. In particular, [BBCI16]| contains a simpler proof of the comparison
principle than in [IM13]. Finally, let us mention in this context the lectures of Lions at
the "College de France" |Liol6| and the recent work of Lions and Souganidis [LS16].

In this chapter, we will use the ideas developed in [FIM09b| in order to pass from
microscopic models to macroscopic ones. In particular, we will show that this problem
can be seen as an homogenization result. The difficulty here is that, due to the local
perturbation, we are not in a periodic setting and so the construction of suitable correctors
is more complicated. In particular, we will use the idea developped by Achdou and Tchou
in [AT15], by Galise, Imbert, and Monneau in [GIM15] , and in the lectures of Lions at
the "College de France" [Liol4|, which consists in constructing correctors on truncated
domains.

Finally, we would like to mention the work [Sall6] where the second author provided
a numerical scheme for the computation of an approximation of the flux limiter A.
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2.2 Main results

2.2.1 The microscopic model

In this chapter, we are interested in a first order microscopic model of the form
Ui(t) = V (Upsa () — Uy (1)) - 6 (LU 1)) (2.2.1)

where Uj : [0,4+00) — R denotes the position of the j—th vehicle and Uj is its velocity.
The function ¢ : R x R — [0, 1] simulates the presence of a local perturbation around
the origin. We denote by r the radius of influence of the perturbation.

The function V is called the optimal velocity function and we make the following
assumptions on V and ¢ :

Assumption (A)
(A1) V : R — R is Lipschitz continuous, non-negative.
(A2) V is non-decreasing on R.
(A3) There exists a hg € (0, +00) such that for all h < hgy, V(h) = 0.
(A4) There exists hpqz € (ho, +00) such that for all b > hpas, V(R) = V(hpmasz) =:
Vinaz-
(A5) There exists a real pg € [—1/ho,0) such that the function p — pV(—1/p) is
decreasing on [—1/hg,pp) and increasing on [pg,0).
(A6) The function ¢ : R x R — [0, 1] is Lipschitz continuous and there exists r > 0
such that ¢(t,z) =1 for |x| > r. We assume also that ¢ is Z-periodic in time.

Remark 2.2.1. Assumptions (A1)-(A2)-(A3)-(A5) are satisfied by several classical op-
timal velocity functions. To be more precise, since V' gives the velocity of a vehicle it is
normal to assume that the function should be regular, continuous and non-negative (the
vehicles only go forward) which explains assumption (A1). Moreover, a vehicle should go
faster if he has more space in front of it, which explains assumption (A2). Assumption
(A3) comes from the fact that we want to avoid any collisions and we added a safety
distance hy to our model : if a vehicles has less than hg in front of it the vehicles should
not advance. Assumption (A5) plays a crucial role at the macroscopic scale. In fact, the
reader will see later that the macroscopic model is the Hamilton-Jacobi equation with
gunction condition at the point zero introduced by Imbert and Monneau in [IM13]. As-
sumption (A5) provides an essential assumption used by the authors in [IM13] which is
the quasi-convezity of the Hamiltonian. We have added assumption (A4) to work with V'
with a bounded support. But by modifying slightly the classical optimal velocity functions,
we obtain a function that satisfies all the assumptions. For instance, in the case of the
Greenshields based models [GCM" 35](see also [BT10]) :

0 fO'I” h S h07
ho\"
V(h) _ Vinaz (1 - (h) ) for ho < h < hpaaz,

h n
Vinaz (1—<h 0 > ) for h > hpaz,
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withn € N\{0}. Another optimal velocity function, based on the Newell model [New61](see
also [Edi61]), is given by :

0 fO?" h S h07
h—ho\"
V(h) _ Vmaaz (1 — €xp <_ ( b > >> fO?" hO <h S hmaxv

Vinaz (1 — exp (— (W) >> for h > hpmaz,

with n € N\{0} and b € [0,+00). See Figure 2.3 for a schematic representation of an
optimal velocity function satisfying assumption (A).

Remark 2.2.2. We will give an example of the function ¢. We will define ¢ on the
interval [0, 1] since it’s a Z-periodic function. For t € [0,1],
1 if x| >r
t)—1 .
b (t,x) = Gol) 1), | ¢o (t) if x € [-1,0]

wxﬂtqﬁo (t) ifz e (0]

where ¢q is defined in the following form

4t ifo<t< i, The end of the red light time
bo(t) = 1 if% <t < %, Green light time
T —a +3 if % <t < %, Orange light time
0 if% <t <1, Red light time.
v
‘/777,(1,.7,'
0 ho h”ld.’l? h

FIGURE 2.3 — Schematic representation of the optimal velocity function V.
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2.2.2 The macroscopic model

We recall that kg = 1/hg and we define H : R — R, by

*p*kio forp< —ko,

— —1

H(p)=4{ -V <?> lp| for —ko <p <0, (2.2.2)
P for p > 0.

Note that such a H is continuous, coercive <| |lim H(p) = +oo) and because of (A5),
p|—+00

there exists a unique point py € [—ko, 0] such that

H is decreasing on (—oc, po), (2.2.3)
H is increasing on (pg, +00). o
We denote by
Hy = min H(p) = H(po) (2.2.4)

pER

and we refer to Figure 2.4 for a schematic representation of H.

SN

Hy

FIGURE 2.4 — Schematic representation of H.

The macroscopic model of this chapter is the Hamilton-Jacobi equation with flux
limiting condition at the junction point introduced by Imbert and Monneau in [IM13]
and is given by

u —|—E(u2) =0 for (¢t,z) € (0,+00) x (—00,0)
u + H(u) =0 for (t,z) € (0,+00) x (0,+00) (2.2.5)
u + Fy (ud(t,07),ul(t,0%)) =0 for (t,z) € (0,+00) x {0} o
u?(0,x) = up(x) for r € R,
where A has to be determined and F is defined by
Fa(pr, p2) = max (AT (1), 7 (2)) (2:26)
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with

——._ [ H(p) if p < po, —+ [ H(po) ifp<po,
. (p)_{ﬁ(po) if p > po, and H(p) = H(p) ifp>po. (2.2.7)

Remark 2.2.3. We notice that in the case of traffic flow, (2.2.5) is equivalent (deriving
in space) to a LWR model (see [LW55, Ric56, IMZ13, LK99]) with a fluz limiting condi-
tion at the origin. In fact, the fundamental diagram of the model is pV (1/p) and —ul
corresponds to the density of vehicles.

2.2.3 Main result : transition from micro to macro

In this chapter, we will study the traffic flow when the number of vehicles per unit
length tends to infinity by introducing the rescaled "cumulative distribution function" of
vehicles, p®, defined by

ty
£(t,y) = - Z 2.2.8
P (t,y) 6p<€,6> (2.2.8)

where
Y Hy-U@)+>_ (-1+Hy-U)) |, (2.2.9)
>0 <0
with

1 ifz>0

H(z) _{ 0 ez (2.2.10)

The following theorem is the main result of this chapter

Theorem 2.2.4 (Junction condition by homogenization : application to traffic flow).
Assume (A) and that we have for all i € Z,

ho < Ui+1(0) — Ui (0). (2.2.11)
We also assume that there exists a constant R > 0 such that, for alli € Z, if |U;(0)| > R
U;+1(0) — U;(0) = h, (2.2.12)

with h > hg. For the particular initial condition uo(z) = —z/h for all x € R, there exists
A € [Hy,0] such that the function p® defined by (2.2.9) converges towards the unique
solution u® of (2.2.5).
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I

FIGURE 2.5 — Schematic representation of the function p.

o)

.

FIGURE 2.6 — Schematic representation of the function p°.

Remark 2.2.5 (Comparaison with the work [FSZ17a|). We would like first to men-
tion that this work was done before [FSZ17a]. The idea remains the same, to pass from
microscopic model to a macroscopic model, this chapter presents the main idea clearer
than in [FSZ17a] since we consider a first order microscopic model and so we have to
construct only one non-local operator. At the contrary, in [FSZ17a], we have to define
two non-local operators whose definition is complicated (authors have dedicated one sec-
tion for the definition of the non-local operators). This fact will implies that results as
comparison principle, stability and control of oscillations in [FSZ17a] are much more
complicated and it takes long time for the reader to understand the details of each proof.
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Let us mention also that in this chapter, the perturbation depends on the time variable
which represents an improvement espacially from the traffic flow point of view since we
can now imagine a traffic light situation which was unrealizable in [FSZ17a.

2.2.4 Strategy of the proof of the main result

We will show now in three steps the path to obtain the convergence result.

1) Injecting the system of ODEs into a single PDE : as in [FIM12b, FIM09b|,
we inject the system of ordinary differential equations in a partial differential equa-
tion. We look to construct a non-local operator M which satisfies

Mp(t, )] (Uj (1) = =V (Ujs1 = Uj). (2.2.13)

In fact, if we construct M satisfying (2.2.13), we obtain that p is a discontinuous
viscosity solution of

ug + M [u(t, )] (z) - ¢ (t,z) - |uy| =0 on (0,+00) x R.

The "suitable" non-local operator which satisfies (2.2.13) is given by

+o0
M[U](z) = / J()E (U + 2) — U(2)) d — Vi

oo 2
with
0 ifz>0
E(z) = 1/2 if —1<2<0 and J=V"onR. (2.2.14)
3/2 if z < —1,

We deduce that p° is a discontinuous viscosity solution of

« + M [@] (@) (f f) S| =0 on (0,400) xR, (2.2.15)

’
g ¢

with

400
ME[U](z) = /_ J()E (Ulx + 22) — Ulx)) d gvm

Theorem 2.2.6. The cumulative distribution function p defined by (2.2.9) is a
discontinuous viscosity solution of

pr+ Mp(t,)](x) - ¢(t,z) - |pe]| =0  for (t,z) € [0,+00) x R. (2.2.16)

Conversely, if u is a bounded and continuous viscosity solution of (2.2.16) satisfying
for some time T > 0, and for all t € (0,T)

u(t,x) is decreasing in x,
then the points U;(t), defined by u(t,U;(t)) = —(j+1) for j € Z, satisfy the system
(2.2.1) on (0,T).
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2) Convergence of the continuous solution : we couple equation (2.2.15) with
the following initial condition

u®(0,2) = up(z) on R. (2.2.17)

We also assume that the initial condition satisfies the following assumption :

(A0) (Gradient bound) The function ug is Lipschitz continuous and satisfies
—ko = —1/ho < (up)y <0 forall z € R. (2.2.18)

Remark 2.2.7. This condition ensures that initially the vehicles have a security
distance between them and since we are working with a first order model, this se-
curity distance will be preserved. In fact, hy (from assumption (AS3)) is called the
safety distance. However, since we work with Eulerian coordinates, we use kg which
is the inverse of the safety distance. We choose ug a reqular function such that for
all g,

(0, 2) = uo(z)] < f(e),

with f(e) — 0 as € goes to 0. This is explained in (2.2.12).
The second step is to prove that the unique solution u® of the equation

ug +-M° {@] (z) - (é §) Huzl =0 (2.2.19)

u(0,z) = up(z),

converges locally uniformly towards the unique solution of (2.2.5).

Theorem 2.2.8 (Junction condition by homogenization). Assume (A) and (A0).
For e > 0, let u® be the viscosity solution of (2.2.19). Then there exists A € [Hy,0]
such that u® converges locally uniformly to the unique viscosity solution u® of (2.2.5)
(in the sense of Definition 2.3.3).

Existence and uniqueness of solution of (2.2.19) is done Section 2.3. The proof of
convergence relies on the construction of good correctors [FIM12b, IMROS| in order
to use them in the perturbed test function method introduced by evans [Eva89|. The
particular form of the limit equation (2.2.5) requires to construct two correctors,
one for x # 0 and one for x = 0.

— If £ £ 0 : we use the classical Ansatz

t

W (t,2) = O (t,2) + v (—, f) . (2.2.20)
e €

In fact, using the fact that u® is a solution of (2.2.19) and denoting by A =

—uY (t,r) and p = u) (t,2), the expression (2.2.20) implies that for = # 0, a

corrector v must verify : for all p € [—kg, 0], there exists a unique A € R, such
that there exists a bounded solution v of

{ v+ Mp)(z) - Jvp +pl =X, z E€R,

2.2.21
v 18 Z—periodique, ( )
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with
+oo
MU = [ I@E U +2) = U@+ p-2)de — Vi

Proposition 2.2.9 (Homogenization left and right of the perturbation). Assume
(A). Then for every p € [—ko,0], there exists a unique X € R, such that there
exists a bounded solution v of (2.2.21). In particular, we have that A\ = H(p).

If z =0 : in this case, formally, using Theorem 2.3.10 we assume that near zero,

u’ (t,x) = u® (,0) + Py Lpsoy + D lgzco

where p, and p— are the two constants satisfying

. . _
Apy)=H (py) =4 (2.2.22)
H(p-)=H (p-)=A
We then use the following Ansatz
W (1) = O (£,0) + w <£ g) . (2.2.23)

Formaly, using (2.2.23), we have

Moreover, we have

" [M] @) = /+oo J(E (us (t,x +e2) —u (t,:c)) Qs — §Vmw

£

—00

a2 () e
— M [w (é )] (g) . (2.2.25)

t
Therefore, using the notations y = T and s = © and combaining (1.5.15)-
£ £
(1.5.16), we obtain that

Wy (Svy) + M [w (87 )] (y) : ¢(5)y) ’ |wy (S)y)| = A
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Theorem 2.2.10 (Existence of a global corrector for the junction). Assume
(A). We consider for A € R, the following problem

{ wy + Mw(t,)|(z) - ¢(t,z) - [wa| =X for (t,z) e RXR. (2.2.26)

w 18 1 — pertodic in time

i) (General properties) There exists a constant A € [Hy,0] such that there erists
a solution w of (2.2.26) with A = A and such that there exists a constant C' and
a globally Lipschitz continuous function m such that for all x € R anft >,

lw(t,z) —m(z)| < C. (2.2.27)
ii) (Bound from below at infinity) If A > Hy, then there exists a o such that for
every v € (0,79), we have

{ w(t,z +h) —w(t,e) 2 (b —Ph—C  Jorazrandh20, o, o0

w(t,r —h) —w(t,x) > (=p_ —y)h—C forx < —r and h > 0.

i11) (Rescaling w) For € > 0, we set

t
Et) =& IR )
w(t, x) w<6 6)

then (along a subsequence €, — 0) we have that w® converges locally uniformly
towards a function W = W (x) which satisfies

HW,)=A for all z € R\{0}, o
In particular, we have (with W(0) =0)
W(.’L‘) = ﬁ+l‘1{$>0} +ﬁ7:131{$<0}. (2.2.30)

iv) (Uniqueness of the flux limiter A) We define the following set of functions
S ={w s.t. Im € Lip(R) and C > 0 s.t. ||w (t,) — m||peow) < C for allt >0} .
Then we have

A=inf{\A€R:3 w €S solution of (2.2.26) }.

v)(Monotonicity of the fluz-limiter A) Let ¢1, s : RT x R — [0,1] be two func-
tions satisfying (A6). Let A1 and Ay be their respective flur limiters given by
Theorem 2.2.8. If, for all (t,x) € R x R, we have

¢1(t) J") < ¢2(t7 .73‘),
then

s
Y
2
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3) Link between the system of ODEs and the PDE : finally, the main result
of this work (Theorem 2.2.4) is obtained by the comparison principle for equation
(2.2.19). In fact, if up (z) = —x/h with h > hg , we know from step 1 that p° is a
solution of (2.2.15). Moreover, we can prove that

1p7(0,2) —uo ()| < £ (¢)

with f(¢) — 0 as ¢ — 0. Hence, using the comparison principle for equation
(2.2.19), we obtain that

ut (t,z) — f(e) < p°(t,x) <u®(t,x)+ f(e) (2.2.31)

where ° is the unique viscosity solution of (2.2.19) with ug (z) = —z/h. Passing
to the limit as ¢ — 0 in (2.2.31) and using step ii), we obtain our result.

2.2.5 Organization of the chapter

Section 2.3 contains the definition of the viscosity solutions for the problems we
consider in the entire chapter and it also contains some results for those problems. Section
2.4 contains the proof of the point 1) of Subsection 2.2.4. Point 2 of Subsection 2.2.4 is
divided into two sections : in Section 2.5 , we construct correctors and in Section 2.6 we
prove the convergence result. Finally, Section 2.7 contains the proof of the main Theorem
2.2.4 i.e. point 3) of Subsection 2.2.4.

2.3 Viscosity solutions for (2.2.19) and (2.2.5)

2.3.1 Definition of the non-local operators
In this subsection, we recall the definition of the non-local operators. For p € R,
+00 3
MpyUl(z) = / JR)EU(z+2)—U(x)+p-2)dz — EVWW. (2.3.1)
In particular, for p = 0, we obtain the non-local operator M,
+00 3
MU(z) = / JEVE (U +2) = U@) dz — > Vinas. (2.3.2)
—00

Finally, for £ > 0, we recall the definition of the non-local operator M?¢,

+oo
Me[U(z) = / JZ)E(U(x+ez)—U(x))dz — gvma@. (2.3.3)

—0o0
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To each operator M, (resp. M, M? ), we associate the operator Mp (resp. M, M¢)
which is defined in the same way except that the function E' is replaced by the function
FE, defined by

. 0 ifz>0
B(z)={ 1/2 if —1<2<0 (2.3.4)
3/2 ifz< —1.

Remark 2.3.1. Using the fact that E and V' are bounded, we get that for every function
U and every x € R, we have for p € R,

3
~My =~ Vinas < My[U] () < 0. (2.3.5)
2.3.2 Definitions of viscosity solutions

We will use the following notations for the upper and lower semi-continuous envelopes
of a locally bounded function w :

u*(t,z) = limsup u(s,y) and wu.(t,z)= liminf u(s,y).
s—ty—x s—t,y—x

In order to give a general definition for all the non-local problems we consider, we will
give the definition for the following equation, with p € R, for all (¢,z) € (0, +00) x R,

{ up + (@) - Mplu(t, )[(@) - ¢, ) - |p + ua| + (1 = ¥(2)) - H(uz) =0

w(0, 2) = o (x), (2.3.6)

with ¢ : R — [0, 1] a Lipschitz continuous function.

Definition 2.3.1 (Viscosity solutions for (2.3.6)). Let 7" > 0. An upper semi-continuous
function (resp. lower semi-continuous) u : [0,4+00) x R — R is a viscosity sub-solution
(resp. super-solution) of (2.3.6) on [0,7] x R, if u(0,z) < up(x) (resp. u(0,x) > up(z))
and for all (t,z) € (0,T) x R and for all ¢ € C?([0,7] x R) such that u — ¢ reaches a
maximum (resp. a minimum) at the point (¢, x), we have

pr+ (@) ot ) - Mplu(t,)]() - [p+ @l + (1 = ¥(2)) H(pa) <0

(vesp. o+ (@) - 9l ) - Mylult, ))(a) - [p+ pol + (1 = () H(p2) = 0).

We say that a function wu is a viscosity solution of (2.3.6) if u* and wu, are respectively a
sub-solution and a super-solution of (2.3.6).

Remark 2.3.2. We use this definition in order to have a stability result for the non-local
term. We refer to [Sle03] for such kind of definition and to [FIMO09b, Proposition 4.2].
For the readers convenience we give the stability result and its proof.
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Proposition 2.3.3 (Stability of the solutions of (2.3.6)). Let (uy)n be a sequence of uni-
formly bounded upper semi-continuous functions (resp. lower semi-continuous functions)
and let W denote limsup*u, (resp. u = liminf,u, ). Let (t,, Tn,pn) — (to, 2o, p) in R? be
such that wy, (ty, x,) — u(to, xo) (resp. un(tn,xn) — u(to,xo)). Then

i 50D My i () 2 My, )] (50) (237
(resp. tming 88t (o) < Fplutto, o) ). (235)

In order to prove Proposition 2.3.3, we use the following lemma which proof can be

found in [Sle03].
Lemma 2.3.4. 1 Let (fn)n be a sequence of measurable functions on R, and consider
7 = limsup* f,
and
f = liminf, f,. (2.3.9)
Let (an)n be a sequence of R converging to zero. Then
LUfn>a\{f>0}) =0 as n— +oo
and
LA{f>0\{fn >an}) =0 as n— +oo,
where L(A) denotes the Lesbeque measure of measurable set A.

Proof of Proposition 2.3.3. We just do the proof for u. Let £ > 0. Using (2.2.14), we have
that

1 3 1
E(B) = 51{ser-1,01 + 5ls<-1} = 5ls<0p + Lp<1}-

We get that
/RJ(Z)E(Un(tm T + 2) — Up(tn, Tpn) + pp-2)dz
- /]R J(2)E(@(to, 20 + 2) — Tl(to, 20) + p.2)dz
= /RJ(Z) {1t (b ot 2)—tim (o) +pm2<—1} — Laa(to,m0+2)— (ko o) +p2<—1} § 42 (2.3.10)

1
N /R §J(z) {1{un(tn,xn+z)fun(tn,xn)+pn~Z<0} - 1{ﬂ(to:xo+Z)*ﬂ(t0»xo)+P~z<0}} dz

o4



Using Lemma 2.3.4, we have for n big enough,

/R J(2) { Lu(to wo+2)—u(toz0) +p.z>—1} = L{uun (tnstnt2)—tin(tnan) tpn.2>—1} § 2

g
> —/ J(2) 1A, N\AG)} = —3
R

1
/jo(z) {1{ﬂ(to,x0+z)—ﬂ(to,xo)+p.220} - 1{“”(tn7xn+z)_un(tn7$n)+pn-220}} dz (2.3.11)

> _%/[RJ(Z)l{Bn(z)\B(z)} > —%,
with
An(z) = Aun(tn,zn + 2) — up(tn, Tn) + pp.z > —1}
W{a(to, zo + z) — ulto, xo) + p.z > —1}
A(z) = Aulto,zo + z) — ulto, zo) + p.z > —1}
and

Bn(z) = {un(tnyxn + Z) - un(tnaxn) + pn-z 2 0}
U{a(to, xo + 2) — ulto, xo) + p.z > 0}
B(z) = {u(to, o + z) — u(to, o) + p-z > 0}.

Using (2.3.10) and (2.3.11), we deduce that
My, [tn (tn; )} (2n) = Mp[u(to, -)/(z0) — &, (2.3.12)
for n big enough. This implies (2.3.7).
]

Definition 2.3.2 (Class of test functions for (2.2.5)). We denote by J := (0,4+00) X R,
JE == (0,4+00) x [0, +00) and J := (0,00) x (—00, 0]. We define a class of test functions
on Jy by

C'(Jso) = {9 € C(Js), the restriction of ¢ to JI and to J is C'}.

Definition 2.3.3 (Viscosity solutions for (2.2.5)). Let H be given by (2.2.2) and A € R.
An upper semi-continuous (resp. lower semi-continuous) function u : [0, +00) x R — R is
a viscosity sub-solution (resp. super-solution) of (2.2.5) if (0, x) < ug(x) (resp. u(0,x) >
ug(w)) and for all (t,2) € Jo and for all ¢ € C!(J) such that

u < ¢ (resp. u > @) in a neighbourhood of (t,x) € J» and wu(t,x) = ¢(t, ),

we have
@i(t, ) + H(pe(t,2)) <0 (vesp. > 0) if z #0,
or(t,z) + Fy(pa(t,07), 02(t,07)) <0 (resp. >0) if 2 =0.
We say that a function w is a viscosity solution of (2.2.5) if u* and w, are respectively

a sub-solution and a super-solution of (2.2.5). We refer to this solution as an A—flux
limited solution.
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2.3.3 Results for viscosity solutions of (2.3.6)

Proposition 2.3.5 (Comparison principle for (2.3.6)). Assume (A0) and (A). Let u be
a sub-solution of (2.5.6) and v be a super-solution of (2.3.6). Let us also assume that
there exists a constant K > 0 such that for all (t,z) € [0,T] x R,

u(t,z) <wup(x) + Kt and —o(t,x) < —up(x) + Kt. (2.3.13)
Then we have u(t,x) < wv(t,z) for all (t,z) € [0,T] x R.

Proof. The only difficulty in proving the comparison principle comes from the non-local
term, but in our case the proof is similar to the proof of [FIM09b, Theorem 4.4|. For the
readers convenience we give the details of the proof of Proposition 2.3.5.

Let us introduce

M= sup A{u(t,x) —v(t,z)}.
(t,z)€[0,T]xR

We want to prove that M < 0, we argue by contradiction and assume that M > 0.

Step 1 : the test function. Let us introduce the following test function,

n _eBt(l”_Z/)Q_ 2

p(t,2,y) = ult,z) —v(t,y) +pe —y) - 7 2 “r

where 7, €, and « are small, strictly positive parameters, and B is a constant to be chosen
later. We can notice that we have

lim  p(t,z,y) = —oo.

|2,y =00

In fact, using (2.3.13) and (A0) we have
a2
plt,2,) Soio(r) — uoly) + (e — y) + 2KT — aa? — 2 T I0
(x—y)’

<(ko + |p|)|z — y| + 2KT — ax? — Pt 5
5

Using the fact that our test function is upper semi-continuous we can see that it reaches
a maximum at a finite point that we denote by (¢,Z,7) € [0,7] x R x R. We also have
the following result.

Lemma 2.3.6. For « and n small enough, we have
- Myco:=p(t,z,y)>M/2>0.
~|z—9g]—=0ase—0.

-~ alz] -0 asa— 0.
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Proof of Lemma 2.3.6. By definition of M, for all § > 0, 3(tg,xg) € [0,T] x R such that

M — 6 < u(tg,xg) — v(tg, xp)

= M-0- 2

— ary,

2 Ui
T, %< ulte, x9) — vlte, o) — 75— ”
choosing 7 and « small enough we have 0 < M/2 < M, . . Using this result we can see
that we have

Bt (T —7)°

5z~ < ult,z) —v(t,y) +p(@ —7) < (ko + |p])lT — g +2KT,

owf2—|—e

where we have used (2.3.13) and (A0), this inequality allows us to directly deduce the
rest of the lemma.

O

Step 2 : case t = 0. In this particular case, using Lemma 2.3.6 we have

using the fact that |z — | — 0 as e — 0, we get a contradiction.

Step 3 : case t > 0. By duplication of the time variable and passing to the limit, we
have that there exist two real numbers a,b € R such that

and

0 < —M[ult,)|(z) - (£,7) - [ePp. + 20&| — (@) H (ePPp. + 207)

b > —Mplv(t,)](7) - 6(t,5) - " pel — »(H)H(P'pe),
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with p. = (z — y)/e. Combining these inequalities we obtain

(T —17 2 _ B _
BeFE— I N o(E (@) SE7) - 1P

2e (T —1)2 —
*Mp[u(_’ 1(Z) - o(t,x) - |€ p€+2a§3|
+ () H(ePp.) — (@) H (P p. + 20%)
<Mo|pe| - 1|6'][oo - |2 — e
+ My[o(t,)](@) - ¢, 2) - |e” pe! + 0a(1)
— Mt )](E) - 6(6,7) [ 210
+(T) (E(GBEPE) —ﬁ( Bt e + 20@))

+ [[¢']oo|Z — g1 H (e%p2)
<Molpe| - [|¢/| oo - |2 — gle™
+ My[o(,)](7) - $(F,7) - |7 pe] + 0a(1)
— Mylu(t,)](z) - (L, 2) - %' |pc]
+ [[¢/lloo|Z — g[H (e"7p2),
where we have used (2.3.5), the fact that ¢ is Lipschitz continuous, Lemma 2.3.6, and
the fact that 1 is Lipschitz continuous for the second inequality. Moreover, we have used

Lemma 2.3.6 and the fact that H is Lipschitz continuous for the last inequality.
As in [FIMO09b|, we define

A= {21 Bt 2) - o(E,5) +p(z = 9) < B (ult, 2) = u(f,7) +p(z— 7)) }

However, we know that M, . . is reached at (¢, Z, §), we have that for all z € R, (¢, 2, z) <
o(t, Z,y) meaning that we have

u(t,z) —u(t,z) +p(z —z) < v(t,2) —v(t,9) + p(z — )
t

N (az2 B % - aw2> | (2.3.15)

This implies that
1 )2
A°C{|z| > R.o}, with R?, = — (eBt(:Uy) +a£2> .
' o
We distinguish two cases.

Case 1 : there exists a constant C. > 0, such that for any « small enough we have

1z -9l
2e

> C.. (2.3.16)
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In this case, we have
{|Z - g| > Rs,a} C {|Z| > Es,a} )

with Re o = —|J| + Rz o — +00 as a — 0 (see Da Lio et al. Lemma 2.5 in [DLFMO08]).
This implies that

M, [v(t,-)] (9) :/RJ(z — 9 E (v(t,2) —v(t,§) +p(z — 7)) dz — ngm

_ - _ _ 3
< /IR J(z—9)E (u(t,z) —v(t,z) + p(z — z))dz — ngm + 04a(1).

Using this and the fact that by definition Vp € R |[H(p)| < Vinaz|pl, (2.3.14) becomes

(7 _ )2 T i _
2y g0 2;’) < (2Mo]16lloe + 2Vima | [¢]]oc) E=2)S %y) ¢B 4 0 (1)
+ eBE\pgw(f, z). / J(z—=9).E (u(t,z) —u(t,z) + p(z — x))dz
R
— eBt_\pgw(f, x) / J(z—=2).E (u(t,z) —u(t,z) + p(z — z)) dz
R
(Z—9)* pr
< (20011D6 oo + 3116l 1071122 39) L5 2P 40,1
= —\2 B
+ 2Vmax”¢/"00%63t
Choosing

B = 2Mo||¢'l|o + 3I¢lloo- DT |1 %) + 2Vimaz [/ |oo,

we get a contradiction for v small enough.

Case 2 : there exists a subsequence «,, such that

1z — 9|

5 0 as n— +oo. (2.3.17)
£

In this case, (2.3.14), gives us a contradiction, choosing B = 2Mp||¢'||oc + 2Vimaz||? ||

and passing to the limit as n — 4o0.
|

We now give a comparison principle on bounded sets, to do this, we define for a given
point (tg,zg) € (0,7) x R and for 7, R > 0, the set

Q; g(to, w0) = (to — T, to + ) X (wo — R, 20 + R). (2.3.18)
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Theorem 2.3.7 (Comparison principle on bounded sets for (2.3.6)). Assume (A). Let
u be a sub-solution of (2.3.6) and let v be a super-solution of (2.3.6) on the open set
Q-7 C (0,T) x R. We assume that w (resp. v) is upper semi-continuous (resp. lower

semi-continuous) on QFE' Also assume that
u<v outside QFE
then

u<v on Qg

Démonstration. The proof of this theorem is similar to the one of Proposition 2.3.5, so
we skip it.
O

Lemma 2.3.8 (Existence of barriers for (2.3.6)). Assume (A0) and (A). There exists a
constant K1 > 0 such that

ut(t,z) = Kit +up(z) and u™ (t,z) = ug(z),
are respectively super and sub-solutions of (2.3.6).

Démonstration. We define K1 = My - (|p| + ko) + |Ho|. Let us prove that u™ is a super-
solution of (2.3.6). Using assumption (A0) and the form of the non-local operator and of
H, we have

o (t, 2)(2) Mpluo)(2) - |p + (uo)e| + (1 = 9 (2)) - H((u0)z) = —Mo - [p + (uo)e| + Ho
—Mo(lp| + ko) — [Ho|
_K17

v Iv

where we used (2.3.5) and (2.2.4). The proof for v~ is simpler, it uses (2.3.5) and (2.2.4),
o(t, x)3p(x) Mpluo)(x) - [p + (u0)a| + (1 =¥ (2)) - H((uo)z) < 0.
L]

Applying Perron’s method (see [IMROS8, Proof of Theorem 6], [AT96] or [Imb05] to see
how to apply Perron’s method for problems with non-local terms), joint to the comparison
principle, we obtain the following result.

Theorem 2.3.9 (Existence and uniqueness of viscosity solutions for (2.3.6)). Assume
(A0) and (A). Then, there exists a unique continuous solution u of (2.3.6) which satisfies
(for some constant K )

ug(x) < u(t,z) < wu(w) + Kit
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2.3.4 Results for viscosity solutions of (2.2.5)

Now we recall a result concerning the reduction of the class of test functions at the
junction point for equation (2.2.5). We will also consider the following problem,

ug + H(ug) =0 fort € (0,T) and x € R\{0}. (2.3.19)

Theorem 2.3.10 (Reduction of the class of test functions). (see [IM13, Theorem 2.7]).
Let H,H ' and T given by (2.2.2) and (2.2.7) and consider A € [Hy,+o00) with Hy
defined in (2.2.4). Given arbitrary solutions p4 € R of

EE— _+ —_ EE—
H(py)=H (p)=A=H (@) =H @), (2:3.20)
let us fir any time independent test function ¢°(x) satisfying
9h(0%) = pit.

Given a function u: (0,T) x R — R, the following properties hold true.
i) If w is an upper semi-continuous sub-solution of (2.3.19) and satisfies

u(t,0) = limsup wu(s,y)=  limsup u(s,y), (2.3.21)
(8,y)—(¢,0),yeR? (8,y)—(¢,0),yeR"

then u is a Ho-flux limited sub-solution.

it) Given A > Hy and ty € (0,T), if u is an upper semi-continous sub-solution of
(2.3.19) and satisfies (2.3.21) and if for any test function ¢ touching u from above at
(to, 0) with

p(t,x) = p(t) + ¢°(z), (2.3.22)
for some 1 € C1(0,+00), we have
Sot"i_FA (()D;B(t0707)780$(t070+)) S 0 at (to,O),

then w is an A-flux limited sub-solution at (t,0).
ii1) Given ty € (0,T), if u is a lower semi-continuous super-solution of (2.3.19) and
if for any test function ¢ satisfying (2.3.22) touching u from above at (ty,0) we have

Sot"i_FA ((p$(t070_)78033(t070+)) >0 at (to,O),
then u is an A-flux limited super-solution at (tg,0).

Démonstration. The proof of Theorem 2.3.10 can be founded in [IM13, Theorem 2.5|.
L]

We recall now the comparison principle for equation (2.2.5). To simplify, we will give
the result under assumptions we need in our chapter. Note that authors in [IM13] proved
this result under weaker assumptions.
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Theorem 2.3.11 (Comparison principle for (2.2.5)). Assume (A0). Let v and v be
respectively sub-solution and super-solution of (2.2.5). Let us also assume that there exists
a constant K > 0 such that for all (t,x) € [0,T] x R,

u(t,z) <wg(x)+ Kt and —o(t,z) < —up(z) + Kt.
Then we have u(t,z) < v(t,z) for all (t,x) € [0,T] x R.

2.3.5 Control of the oscillations for (2.2.19)

Theorem 2.3.12 (Control of the oscillations). Let T' > 0. Assume (A0)-(A) and let u
be a solution of (2.2.19), with e = 1. Then for all x,y € R, x > y and for all t € [0,T],
we have
with ko defined in (2.2.18).
Démonstration. In this proof we used the barriers given by Lemma 2.3.8 (with p = 0
and ¢ = 1), which means that the solution u of (2.2.19) with ¢ = 1 satisfies for all
(t,x) €10, +00) x R,

0 <wu(t,x) —ug(xr) < Mokot. (2.3.24)
In the rest of the proof we will use the following notation :

Q={(t,z,y) €[0,T) x R* s.t. 2 > y} .

Proof of the upper inequality for the control of the space oscillations. We
introduce,

N = sup {u(t7 I’) - u(tv y)} :
(t,z,y)eQ

We want to prove that N < 0. We argue by contradiction and assume that N > 0.

Step 1 : the test function. For n,a > 0, small parameters, we define

ot z,y) = u(t,x) — ult,y) — == — az? — ay”

Using (2.3.24), we have that
o(t,z,y) < uo(x) — uo(y) + 2MokoT — al(2® + ) < —a(2® + y*) + 2MokoT,
where we used assumption (A0Q) for the second inequality. Therefore we have

lim  p(t,z,y) = —o0.

|z],|y|—+o0

Since ¢ is upper-semi continuous, it reaches a maximum at a point that we denote by
(t,7,7) € Q. Classically we have for n and o small enough,

N -
0< 5 < @(t7x7y)7
alz|,aly] = 0 as o — 0.

62



Step 2:t>0and > j. By contradiction, assume first that £ = 0. Then we have

7 < u0(@) —uo(7) <0,

where we used that ug is non-increasing, and we get a contradiction. The fact that z > ,
comes directly from the fact that o(t,z, ) > 0.

Step 3 : utilisation of the equation. We split the variables by introducing,

t—s)?

My o = sup {utm —u(s —L—Oé.fQ—OéZ—( —h(t,x }

o ,5€[0.7] (1 ) (7y) T —¢ Y 20 (7 7y)
x>y

where
h(t’x’y) = (t_f)2+(x_j)2+(y_g)2'

Easily, M, . is reached at a point (to, so, Zo,%0). Moreover, we have that

to — 2
0 <My < uo(xo)—'Uo(y0)4—2ﬂ4bk071—-£—97i;@2—
2
t —_
< 2MokoT — (02730) (2.3.25)
12

where we have used in the second inequality the fact that ug is non-increasing. Inequality
(2.3.25) implies that

)
(to = 50)” < 2MykoT
v

and therefore
lim |t0 - 80| =0.
v—0

We denote by

v—0 v—
z = lim xq

v—0
g = lim yo

v—0

We have that
u(to, o) — u(s0,y0) — %% — azj — ayg — h(to, w0,90) > My > ¢ (,7,7) . (2.3.26)
Passing to the limite as v goes to zero in (2.3.26), we obtain that

o (t,z,9) —h(t,2,9) > ¢ (t,2,9) —h(,2,9) > ¢t 2,7). (2.3.27)
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Using the definition of the function h and inequality (2.3.27), we deduce that

t=t
=1z
y=y

We deduce that for v small enough, tg,s9 # 0 and zg > yo. Writting the viscosity
inequalities and passing to the limit as v — 0, we get that

ﬁ < Mu(t,)](®) - [2a9] - ¢(t, 5) — M[u(t, ))(2) - ¢(t, ) - |20z ]

< 2Mo - o[z] + [9)),

passing to the limit as a goes to 0, we obtain a contradiction.

Proof of the lower inequality for the control of the space oscillations Let us
introduce,

N= sup {ulty) —ult,) — 1 ko(z—p)}.
(t,x,y)EQ

We want to prove that N < 0. We argue by contradiction and assume that N > 0.

Step 1 : the test function. For a,n > 0, small parameters we consider the
function

Plt,2,y) = ult.y) — ult,z) — 1~ koo — y) — ala® +9%) — =

We have that

pt,a,y) < uo(y) —uo(x) — ala? +y?) + 2MokoT — ko(x —y) — 1
< —a(x? +y?) + 2MokoT.
Therefore, we have

lim  p(t,z,y) = —oo.

|z],|y|—+o0

Using the fact that ¢ is upper-semi continuous we deduce that ¢ reaches a maximum at
a finite point that we denote (¢, Z,7) € Q. Classically we have for 7 and « small enough,

N _
0 < 5 S @(t7£’7y)7
aolZ|, alg] — 0 as a — 0.
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Step 2 : ¢ >0 and 7 > j. By contradiction, assume that ¢ = 0. Using the fact
that ¢(¢,Z,7) > 0 and (A0), we have
% < u(0,7) — u(0,) — ko(z — ) — 1 < —1,
which is a contradiction. Hence ¢ > 0. Using that ¢(¢,Z,7) > 0, we also deduce that
z> 4.

Step 3 : Utilisation of the equation By duplicating the time variable and passing
to the limit, we get that

s < M )(@) - | = Fo 208 9(6.) = Mu(E. (@) - 9(6.5) - |~ o + 207,
Using the fact that M < 0, if we prove that
M@ = | JOEQET+2) ~ ufi)ds ~ Vs =0, (2325)
R

then we obtain a contradiction. Let us prove (2.3.28). Let z € (ho, hpmaz)- If § + 2 > Z,
using that u is non-increasing in space, we get

u(t, g+ 2) — u(t,g) < u(t,z) —u(t,g) < —ko(z —7) — 1 < —1.
If § + 2 < Z, using the fact that p(t,z,9 + 2) < ¢(f, T, 7), for a small enough, we obtain
u(t, g+ 2) —u(t,§) < —koz + (225 + 2%) < —koz + & (2hnaa§ + higy) < —1.
This implies that we have for all z € (hg, hmaz]
E(u(t,g+ z) —u(t,g)) = g

Injecting this in the non-local term, we get our result.

2.4 Proof of Theorem 2.2.6

Proof of Theorem 2.2.6. Theorem 2.2.6 is a consequence of the following lemma.

Lemma 2.4.1 (Link between the velocities). Assume (A). Let ((Uj);) be the solution of
(2.2.1) with

Uj+1(0) — U](O) > hg. (2.4.1)
Then we have

Us(t) = —=M[u(t, ))(U; (1)) - $(t, U(1)), (2.4.2)



where E and J are defined in (2.2.14) and u(t,x) is a continuous function such that

u(t,z) = p«(t,x) = p(t,x) forx =Uj;(t), j € Z, 243
u 18 decreasing in x, A

with p defined in (2.2.9) (withe =1).

Démonstration. We drop the time dependence to simplify the presentation. Let j € Z.
Using the fact that w(U;) = —(j + 1) and (2.4.3), we have for all z € [0, +00),

0= u(U; +2) —u(lU;) > u(Uj+1) —uU;) = -1 if 2 € [0,Uj11 - Uj)
—1 Zu(Uj—i—z)—u(Uj) if z € [Uj+1—Uj,+OO).
Given that w is continuous, this implies that
U=l 1 tee 3 3
Mul(U;) = / —J(z)dz +/ ~J(2)dz — Vg = =V (Uj31 = Uj).
0 2 Uiiri—Us 2 2
J+1—Y5

Combining this result with (2.2.1), we obtain (2.4.2).

Noticing that because of (2.4.3), we have for x = Uj(t), j € Z,

Mpu(t,)](z) = Mlu(t,)](x) = Mlu(t,-)](z),

and using Lemma 2.4.1, and Definition 2.3.1, we can see that p, is a discontinuous
viscosity super-solution of (2.2.16). We obtain a similar result for p*, therefore, p is a
discontinuous viscosity solution of (2.2.16).

We prove the converse. For the readers convenience we recall Proposition 4.8 from
[FIMO9b| that we will use later. The proof of this proposition remains almost the same
in our case the only difference being the definition of the functions F and E.

Lemma 2.4.2. Let 0 : R — R a non-decreasing and upper semi-continuous (resp. lower
semi-continuous) function. Assume also that

0(v) — v is 1—periodic in v.

Assume that ¢ =1 in (2.2.15). Consider also a sub-solution (resp. a super-solution) u of
(2.2.15). Then 0(u) is also a sub-solution (resp. a super-solution) of (2.2.15).

Using Lemma 2.4.2 we can conclude that p, = [u] (resp. p* = |u]) is a viscosity
super-solution (resp. sub-solution) of

dup— et x)0up = 0 with &(t, z) = Mlu(t, )](x) - 6(t, x) = Mu(t,))(x) - 6(t,2).
Using the fact that u is decreasing in space, we define

Ui(t) = inf{z, u(t,z) < —(i + 1)} = (u(t,"))"}(—i — 1)
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and we consider the functions ¢t +— U;(t). They are continuous because u is decreasing in
x and is continuous in (¢, z).

We now prove that the functions U; are viscosity solutions of (2.2.1). Let ¢ be a
test function such that ¢(t) < U;(t) and ¢(tg) = U;(tp). Let us now define ¢(t,x) =
—(i4+ 1) + ¢(t) — x. It satisfies

P(to, Ui(to)) = p«(to, Ui(to)),
and
o(t,x) < pu(t,x) for Ui(t) — 1 <z < Uiyi(t).
This implies that

w(to) + ¢(to, Ui(tg)) >0
& pi(to) = —e(to, Ui(to)) = —ci(to) = V(Uit1(to) — Ui(to))-¢(t, Ui(to)).

This proves that U; are viscosity super-solutions of (2.2.1). The proof for sub-solutions
is similar and we skip it. Moreover, since ¢; is continuous, we deduce that U; € C!' and
it is therefore a classical solution of (2.2.1).

]

2.5 Construction of correctors (proofs of Proposition 2.2.9
and Theorem 2.2.10)

In this section, we will construct the correctors far and near the junction point.

2.5.1 Proof of Proposition 2.2.9

Proof of Proposition 2.2.9. Let us prove that v = 0 is an obvious solution of (2.2.21)
with A\ = H(p), for p € [~ko,0]. First, let us notice that if p = 0 the result is obvious
since by definition of H, we have H(0) = 0 and My[0](z) is finite (for all € R). Let us
now consider p < 0, we have for all z € R,

+oo 3
MP[O](x) :/ J(Z)E(pz)dz - ivma.t
+oo 3
:/ J(Z)E(pz)dz - 7Vma$
0 2
—-1/p 1 400 3 3
= —szz+/ =J(2)dz — =Vias
e [ S

L) o) () () e
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where we have used assumption (A3) for the second line, the definition of E and J (see
(2.2.14)) for the third and fourth lines. Finally, using this result and the definition of H,
we notice that H(p) = M,[0](z)|p| = X\. The uniqueness of A is classical (see for instance
[FIMO09a, Proof of Proposition 4.6]) so we skip it.

O

2.5.2 Proof of Theorem 2.2.10

This subsection contains the proof of Theorem 2.2.10. To do this, we will construct
correctors on truncated domains and then pass to the limit as the size of the domain goes
to infinity. This idea comes from [AT15] and [GIM15]. The difficulty in our non-local case
is that it is non-standard to well define boundary conditions. In order to overcome this
difficulty, we will replace the non-local operator by a local one near the boundary. More
precisely, for I € (r,+00), r <<l and r < R << [, we want to find \; g, such that there
exists a solution wh!® of

wp + G (f2, W (1)) wl") = A i (t2) € R x (<L)

Wb 4 T (whP) = Mg if (t,z) € R x {1} (2.5.1)
w?R n H+(w§5R) = Ak if (t,z) € R x {l}
wh? is 1-periodic in t.

with
Gr(t,z,[U],q) = ¢Yr(x)o(t, ) - M[U](z) - a| + (1 — ¥r(z)) - H(q), (2.5.2)

and Y € C°, ¢Yr : R — [0, 1], with

YR = { (1) gﬁtii_d]:’[]j]]%— LR+, Mnd Yr(z) <1Vré¢[-R,R]. (253)

To G g, we associate G which is defined in the same way but the operator M is replaced
by M.

Remark 2.5.1. The operator Gg is used to have a local operator near the boundary and
then to well define the boundary conditions.

Comparison principle for a truncated problem

Proposition 2.5.2 (Comparison principle on truncated domains). Let us consider the
following problem for r <1y <l and A € R, with and ly >> R.

v+ Gr(t,z, [v(t,)],v) > A for (t,x) € R x (I, 1)
v+ H (vg) > A for (t,z) € R x {Iy}
v(t,x) > Uy (t) for (t,z) e R x {l}

v s 1-periodic in t,

(2.5.4)

68



where Uy is continuous, and for eg > 0
u + Gr(t,z, [u(t,-)],uy) < A—eo for (t,z) € R x (I1,l2)
ut+ﬁ+(ux) <A—¢o for (t,x) € R x {la}
u(t,z) < Uy (t) for (t,z) €e R x {1}
u 1s 1-pertodic in t,

(2.5.5)

Then we have u < v in R x [ly,13].

Démonstration. The only difficulty in proving this result is the comparison at the boun-
dary {l3}. However, for x close to I3, the function G is actually the effective Hamiltonian
H. Therefore, we can proceed as in the proof of [GIM15, Proposition 4.1| and so we skip

the proof.
O

Remark 2.5.3. We have a similar result forly < ly < —r and if for all x € [l2,lo+hmaz),
u(t,x) <v(t,z) and the following conditions are imposed at x =1y :

v+ H (vg) > A for x =1,
u+ H (ug) <X—¢go forx=1I.

Existence of correctors on a truncated domain

Proposition 2.5.4 (Existence of correctors on truncated domains). There exists a
unique N\ g € R such that there exists a solution whf of (2.5.1). Moreover, there exists a
constant C' (depending only on ko, Vinae and |Hyp|), and a Lipschitz continuous function
mbf . such that

HO S )\Z,R S 0)
[mB () — mbE(y)] < Cla —y| forwy € [1,1], (2.5.6)
[whF(t, ) —mh (@) < C 0 for (ta) € R x [,

with Hy = min H.

Démonstration. In order to construct a corrector on the truncated domain, we will clas-

sically consider the approximated problem
600 +vf + GRr(t,z,[v° (t,-)],v0) =0 for (t,z) € R x (—I,1)
60 + v + H (V) = for (t,z) € R x {1}
500 + v) +ﬁ+(vg) for (t,x) € R x {l}
v’ is 1-periodic in ¢

8 (2.5.7)

Step 1 : construction of barriers. Using that 0 and §~'Cj are respectively sub and
super-solution of (2.5.7) with Cy = |Hy|, the comparison principle and Perron’s method
for 1-periodic solutions, we deduce that there exists a continuous viscosity solution, v°
of (2.5.7) which satisfies

0<® < %. (2.5.8)
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Step 2 : control of the space oscillations of v°.

Lemma 2.5.5. The function v satisfies for allt € R and for all z,y € [~1,1], = > v,
—ko(z —y)—1< o0 (t,x) — 00 (t,y) <0,

with ko defined in (A0).

Proof of Lemma 2.5.5. In the rest of the proof we will use the following notation,

Q= {(t,z,y) € R x [-,1]* such that z > y} .

Step 2.1 : proof of the upper inequality. Let ¢ > 0. We want to prove that

N = sup {v‘s(t,x) —v‘s(t,y)} <0.
(t,z,y)eQ

We argue by contradiction and assume that N > 0. We then consider

{ 5 5 (t—s)° }
N, = sup v (t,z) —v°(s,y) — ——— 5.
t,seER, x>y 2v
Since N > 0, we deduce that N, > 0. Remark also that we consider the supremum of a
continuous, 1-periodic in ¢ and s function, so we deduce that /N, is reached at a point
(t,5,%,7y). Given that N, > 0, we deduce that T # g if v is small enough (classicaly we
have that [t —s| — 0 as v — 0 ). Therefore, we can use the viscosity inequalities for
(2.5.7).

-If (z,7) € (=1,1), we have

SV (L, Z) +

S Gl [ (5.)],0) < 0

t—35

50 (3, 7) + + GRr(7,[v° (5,-)],0) >0,

v
combining these two inequalities with the fact that Ggr(z,[U],0) = 0, we obtain

5 (U‘S(t_, z) — (3, y)) <o0.
-If x =1 and g € (—1,1), similarly we obtain
6 (v (E.0) =" (5.9)) <0,

where we have used the fact that ﬁ+(0) = 0.
-If x € (—1,1) and § = —I, we obtain

5 (zﬁ(tjx) _ (3, g)) < Hy <0,

where we used the fact that H (0) = H,.
-If =1 and y = —I, we obtain

5 (va(t_,:z) — (3, g)) < Hy < 0.

For every value of  and y we obtain a contradiction, therefore we have N < 0.
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Step 2.2 : proof of the lower inequality. We want to prove that

N = sup {v5(t,y) - v‘s(t,x) —ko(x —y) — 1} <0.
(t,x,y)eQ

We argue by contradiction and assume that N > 0. We then consider

t— 2
NV: sup {Ué(t,y)—v(s(é‘,l‘)—k)o (I‘—y)—l— ( S) }
t,5€R, x>y 2v

Since N > 0, we get N, > 0. Remark also that we consider the supremum of a continuous,
1-periodic in ¢t and s function, so we deduce that N,, is reached at a point (¢, 8, Z, 7). Given
that N, > 0, we deduce that T #  if v is small enough (classicaly we have that [t — 5| — 0
as v — 0). Therefore, we can use the viscosity inequalities for (2.5.7).

Case 1: g€ (—,1). If g€ (—I,1), we have

S () + =+ br@MI ()](5) - 6(5:9) | — ol + (1~ br@)H(~ho) < 12.5.9)

We claim that M[v° (£,-)](5) = 0.
Indeed, for all z > hg, if © > y + z using the fact that the maximum is reached for
(t,5,2,7), we deduce that

V(75 +2) -0, 7) < —koz < —1.
On the contrary, if & < 7 + z, using the fact that v° is continuous, non-increasing in
space, and the fact that v°(5,z) — v°(£,7) < —1, we deduce that
/Ué({’g + Z) - vé(t_a g) < Ué(t_,fE) - Ud({’ g) <-L
We can therefore, conclude that for all z € (hg, +00), Bty +2) —v°(t,9)) = —3
and so we get M[v0 (£,-)](7) = 0. Using also that H(—kg) = 0, equation (2.5.9) becomes

500 () + 2

<0.
v

Moreover, whether & € (—[,1) or & = [, since the non-local operator is negative and
H' (k) < 0, we have that
t—3

—5v0(3
0v° (8, x) ”

<0.
We deduce that

5 (05 (,5) — (5, az)) <0,
which is a contradiction.

Case 2 : y = —[. In this situation, the viscosity inequality becomes

_ t—

SO (E,9) + O+ H (—ky) <0.

v

Using the fact that H (—ko) = H(—ko) = 0, and as in the previous case, we obtain a
contradiction. This ends the proof of the lemma.
[]
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Step 3 : control of the time oscillations of ©°.

Lemma 2.5.6. The function v° satisfies for all x € [—1,1] and for all t,s € R,

/U(S (tal‘) - U5 (Sal‘) < Cl

3
with Ch = §Vmaxk0 + ‘H()‘ + 1.

Démonstration. Since v° is 1-periodic in ¢, it is sufficient to show that for all € [—1,1]
and for all ¢, s € R such that ¢t > s, we have that

W0 (t,x) — 0 (s,2) < Oy (t—s) + 1. (2.5.10)

with Cy = C7 — 1. In order to prove that, we will fix g € (—,) and sy € R, and we will
prove that if ¢ > sg, then

00 (t,x0) < 00 (so,x0) + Co (t — so) + 1. (2.5.11)
We define
w’ (t,z) = V0 (s0, o) + Co (t — so) + ko |z — xo| + 1.

Using the space oscillation of v, we have that v° (sq, ) < w® (sg, ). On the other hand,
we can check that w® is a super solution of (2.5.7) on (sq, +-00) x [~1,[] using that

wd (t,z) >0

\Ho| > ~H,-H",~H

3

EVWH > —M [U] (x)

1> ¢.
Finally, using the comparaison principle on [sg, +00) x [, ], we deduce that
0 (tx) < w’ (¢, ).

In particular, for x = zy, we obtain (2.5.11). We deduce that (2.5.10) is true even if
x = +l because v’ is continuous. The proof is now complete. ]

Step 4 : Lipschitz estimate.

0

Lemma 2.5.7. There exists a Lipschitz continuous function m°, such that there exists

a constant C, (independent of I, R and §) such that

|m6($) - mé(y)| < C|I‘ - y| fO?" all T,y € [_l7l]7 (2 5 12)
|00 (t,z) —m(x)| < C for all (t,z) € R x [-1,1]. o
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Proof of Lemma 2.5.7. Let us define m? as an affine function in each interval of the form
[iho, (i + 1)hg], with i € Z, such that

m®(ihg) = v°(0,ihg) and mo((i + 1)hg) = v°(0, (i + 1)hg).

Since m®,v% (0, -) are non-increasing and [v%(0, (i + 1)ho) — v°(0,ihg)| < koho +1 = 2, we
deduce that Vz € [ihg, (i + 1)ho],

—2 < 0%(0, (i + 1)ho) — m®(iho) < v°(0,2) — m®(z) < v°(0,ihg) —m°((i + 1)hg) < 2,
and for all z,y € [—1,1],
[P (&) — m? (y)| < 2kol — .
Using the time oscillations of v?, we deduce that
|00 (t, ) —m®(z)| < C forall (t,x) € R x [—I,1]
with C' = ;Vmaxko + |Ho| + 3. O

Step 4 : passing to the limit as 0 goes to 0. Using (2.5.8) and (2.5.12), we deduce
that there exists d, — 0 such that

5,097(0,0) — -A\R as n — 400,
mon —md(0) — mbf  asn — +oo,

the second convergence being locally uniform. Let us consider,

@ (t, z) = limsup* (v — 0%(0,0)) and wh® = liminf (v* — v (0,0)).

Therefore, we have that \; g, mbB @R and wh satisfy

Hy <M\ g<0,
’@LR _ ml,R’ < C,
’wl,R _ ml,R’ < C,

imif| < C.

(2.5.13)

By stability of the solutions we have that @ — 2C and wh® are respectively a sub-
solution and a super-solution of (2.5.1) and

w20 < whE,

By Perron’s method we can construct a solution wh of (2.5.1) and thanks to (2.5.8) and
(2.5.13), mbf A g and wh! satisfy (2.5.6).
The uniqueness of \; g is classical so we skip it. This ends the proof of Proposition
2.5.4.
O
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Proposition 2.5.8 (First definition of the flux limiter). The following limits exist (up
to a subsequence)

(2.5.14)

Moreover, we have

Démonstration. This results comes from the fact that we have the following bound on
A,r which is independent of [ and R (see Proposition 2.5.4),

Hy <X\ gr<0.
O

Remark 2.5.9. This proposition does not ensure the uniqueness of the flux limiter A.
However, since we know that such a limit exists, we can obtain the convergence result.
The uniqueness of A is given in Theorem 2.2.10.

Proposition 2.5.10 (Control of the slopes on a truncated domain). Assume that l and
R are big enough. Let wh T be the solution of (2.5.1) given by Proposition 2.5.4. We also

assume that up to a sub-sequence A = lim lim A r > Hy. Then there exits vo > 0
R—+ool—+o0

such that for all v € (0,70), there exists a constant C' (independent of I and R) such that
forallz > r and h >0

whB(t,x + h) — whE(t,2) > (P, —y)h - C. (2.5.15)
Similarly, for all x < —r and h > 0,

wh(t, z — h) — whB(t, ) > (=p_ — y)h — C. (2.5.16)

Démonstration. We only prove (2.5.15) since the proof for (2.5.16) is similar. For p > 0
small enough, we denote by pi the real number such that

7+
H(py)=H (p}) = \r— p
Using that

Hy <\ r <0,
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we deduce that pi exists, is unique and satisfies —kg < pi < 0 for p small enough.
Let us now consider the function w™ = pfﬁa: that satisfies

Hw})=XNgr—p forzeR.

We also have

M{ut)@) = [ J)E0H -+ 2) = pho)ds = SVinao

:/pi —J(z)dz +/ §J(z)dz - §Vmax
, 2 2

1 2
—1
()
Dy

For all = € (r,1), using that ¢(¢,z) = 1, we deduce that

e

Mlwt)(a) - 9(t,2) - [wt| = —V (;—j) = HW) = hg

and so the restriction of w™ to (r,[] satisfies

w) + Gr(t,z, [wH,wh) = Ngr—p for (t,z) € R x (r])
w; +F+(wj):)\l,R—u for (t,z) e R x {i}.

Let us denote by g(t, ) = wh®(t, x) — whf(0,20) and u(z) = wt(z) — wt(z¢) — C, for
some xg € (r,1) and C defined as in Proposition 2.5.4. Then we have

g(t,zg) > —C = u(xp).

Using that g is a solution of (2.5.4) and u is a solution of (2.5.5) (with g9 = ) joint to
the comparison principle (Proposition 2.5.2) we get that

whB(t, x) — wh i (t, 20) = g(t,2) > u(x) = ph (x — x0) — C.
This implies that for all h > 0 and for all = € (r,1),
whi(t,z + h) — whB(t,z) > plih—C.
Finally, if we choose v < |po — p4| (with pp defined in (2.2.4)), then
H(py—7)=H (5: — ),

and we can choose > 0 such that

This implies inequality (2.5.15).

Proof of Theorem 2.2.10. The proof is performed in two steps.
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Step 1 : proof of i) and ii). The goal is to pass to the limit as [ — 400 and then as
R — 400. Using Proposition 2.5.4, there exists l,, — 400, such that

R

mbn iR 0) 5 m® asn — +oo,

the convergence being locally uniform. We also define

w(t, ) = lim sup* (wl”’R —wlE(0, O)) )
lpn—+00

Bt x) = liminf (w'® —wF(0,0)).
w'(t,x) 1533;*0” w'*(0,0))

Thanks to (2.5.6), we know that W’ and w® are finite and satisfy
mft—C <w <wf <mf+C.

By stability of viscosity solutions, @ — 2C and w’ are respectively a sub and a super-
solution of

wl + Gr(z, [wh (t,-)],wl) = A for (t,x) €R xR (2.5.17)

Therefore, using Perron’s method, we can construct a solution w't of (2.5.17) with mF, A"
and w’ satisfying
ImP(x) — mf(y)| < Clz —y| forall z,y € R,
lwft(t,z) — mP(x)| < C for (t,x) € R xR, (2.5.18)
Hy < Agr <.

Using Proposition 2.5.10, if A > Hj, we know that there exists a 7y and a constant C,
such that for all v € (0,7p),
wlt(t,z +h) —wB(t,z) > (py —y)h—C  forallz >r, h>0,
wl(t,x —h) —wf(t,z) > (-p_ —y)h —C forallz < —r, h>0.

We now pass to the limit as R — +o00. We consider (up to some subsequence)

(2.5.19)

w(t,z) = limsup* (wf — wf(0,0)),
R—+400
w(t,a) = fmint ("~ w"(0,0)),
A= REI—&I-IOO An
\ m = Rlirfm(mR —mf(0)).

The last convergence being locally uniform. Thanks to (2.5.18), we know that w and w
are finite and satisfy

m—-C<w<w<m+C.

By stability of viscosity solutions, w — 2C' and w are respectively a sub and a super-
solution of (2.2.26) with A = A. Using Perron’s method, we can then construct a solution
w of (2.2.26) with A = A that satisfies (2.2.27) and (2.2.28).
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Step 2 : proof of iii). We are now interested in the rescaled function w®(t,z) =

t
cw <—, z). Using (2.2.28), we have that
g e

w(t,z) =em (E> + O(e).
€
Therefore, we can find a sequence &, — 0, such that
w™ — W locally uniformly as n — 400,

with W (0) = 0. Like in [IM13], arguing as in the proof of convergence away from the
junction point, we have that W satisfies

HW,)=A forz#0.
For all v € (0,79), we have that if A > Hy and x > 0,
Wy >py —1,
where we have used (2.2.28). Therefore we get
Wy =p, forxz>0,

this result remains valid even if A = Hy (in this particular case W, = pp). Similarly, we
get

W, =p_ forxz <O.

which implies (2.2.29) and (2.2.30). This ends the proof of Theorem 2.2.10.
O

Step 3 : proof of iv). Up to a sub-sequence, we assume that A = lim lim )\ .
R—+4ocol—+oo

We want to prove that A = inf E, where
E ={\ € [ho,0] : 3 w € S solution of (2.2.26)},
with
S ={ws.t. Im € Lip(R) and a C > 0 s.t. |w(t,z) — m(z)| < C for all t > 0} .

We argue by contradiction and assume that there exists a A < A and a function w* € S
solution of (2.2.26). We assume that w*(0,0) = 0 (if we are not in this situation, we do a
translation since we have w* —w?*(0,0) € S. Arguing as in the proof of step 2, we deduce
that the function



has a limit W (with W*(0) = 0) which satisfies
HW)) =X forz>0,
which means that for all > 0,
W) <p) <p, with Hp))=H (p}) =\ (2.5.20)
Similarly we have for all z < 0,
Wr>pr >p. with Hp)) =H (p*)= A\ (2.5.21)
These inequalities imply that for all v > 0, there exists a constant C~'7 > ( such that

(pi +v)z + C:Z, for = > 0,

2.5.22
(pi—’y)x—i—C&, for x < 0, (2.5.22)

w(t,z) < {
In fact, if w* does not satisfies (2.5.22), we cannot have (2.5.20) and (2.5.21). Using point
ii) of Theorem 2.2.10, we get
w <w for |z| > R

if v is small enough and R big enough. This implies that there exists a constant C'z > 0
such that for all z € R, we have

w(t,x) < w(t,z) + Cp.

Let us now introduce, u(t,z) = w(t,z) + C — At and u,(t, z) = w(t,z) — At both solu-
tions of (2.2.15) with ¢ = 1 and uy(0,z) < u(0,x). Therefore, the comparison principle
implies

w(t,x) — A\t < w(t,z) + Cp— At
Dividing by ¢ and passing to the limit as ¢ goes to infinity, we get
A<,

which is a contradiction.

Step 4 : proof of v). In order to establish the monotonicity, we have to consider the
approximated truncated cell problem (2.5.7). Let us consider v‘f and vg viscosity solutions
of (2.5.7), respectively for ¢1 and ¢o, with 0 < ¢ < ¢o. First, using the fact that the
non-local operator is negative, we have

G%(x,[U],q) < Gh(x,[U],q),
with

Rr(z,[U],q) = ¢i(t,z) - M[U](2) - ¥r(2) - la] + (1 — ¢r(2))H(q), fori=12.
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Therefore, we have
0= 0] + (f) +Ghla. [of (t.)), (0])a) = 0 + (o) + Gl [of ()], (),

meaning that v{ is a sub-solution of (2.5.7) with ¢». The comparison principle and (2.5.8)
imply that

0 < 6vd < 6l < |Hyl.
Passing to the limit as § — 0, we obtain
0> Mg >Ag> Ho.

Passing to the limit as [, R — 400, we get the result.

2.6 Convergence (proof of Theorem 2.2.8)

This section contains the proof of the homogenization result (Theorem 2.2.8). This
proof relies on the existences of correctors (Proposition 2.2.9 and Theorem 2.2.10).

We begin with two useful lemmas for the proof of Theorem 2.2.8. The first result is
a direct consequence of Perron’s method and Lemma 2.3.8.

Lemma 2.6.1 (Barriers uniform in €). Assume (A0) and (A). There exists a constant
C > 0 (depending only on My and ko) such that for allt >0 and x € R,

|u(t, ) — up(z)| < Ct.

The following lemma is a direct result of Theorem 2.3.12 and the fact that

t w
ft,x)=eul|—-,—|.
u® (t,x) u<5 5)

Lemma 2.6.2 (Uniform gradient bound). Assume (A0) and (A). Then the solution u®
of (2.2.19) satisfies for allt > 0, for all z,y € R, z >y,

—ko(x —y) —e <u(t,z) —u(t,y) <O0. (2.6.1)

Before passing to the proof of Theorem 2.2.8; let us show how it allows us to obtain
the following result

Corollary 2.6.3. Assume (A0)-(A). Let u® be the unique solution of (2.2.5), then we
have for all (t,x) € [0,T] x R,

_kO Sug < 07

with ko defined in (A0).
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Remark 2.6.4 (Extension of the effective Hamiltonian). This result implies in particular
that in the case of traffic flow, the effective Hamiltonian only needs to be computed for

€ [—ko,0]. However, for the construction of the correctors it is necessary to work with
a coercive Hamiltonian in R that is why we extend the function H in (2.2.2).

Proof of Corollary 2.6.3. We want to prove that for all ¢ € [0,400) and for all z,y € R,
T2y,

—ko(z —y) < u®(t,z) —ul(t,y) < 0. (2.6.2)

Using Lemma 2.6.2, we have that the solution u® of (2.2.19), satisfies for all (¢, z,y) €
[0,400) X R x R, with = > v,

—ko(z —y) —e <u(t,z) —us(t,y) <O0.

Now using Theorem 2.2.8, passing to the limit as ¢ — 0, we obtain the result.

O
We now turn to the proof of Theorem 2.2.8.
Proof of Theorem 2.2.8. We introduce
u(t,z) =limsup*u® and wu(t,z) = liminf u®. (2.6.3)

e—0 e—0 &

Thanks to Lemma 2.6.1, we know that these functions are well defined. We want to prove
that @ and wu are respectively a sub-solution and a super-solution of (2.2.5). In this case,
the comparison principle (Theorem 2.3.11) will imply that @ < w. But, by construction,
we have u < 7, hence we will get u = = u’, the unique solution of (2.2.5).

Let us prove that @ is a sub-solution of (2.2.5) (the proof for u is similar and we skip
it). We argue by contradiction and assume that there exists a test function ¢ € C!(Js)
(in the sense of Definition 2.3.2), and a point (¢,z) € (0,+00) x R such that

u(t,x) = o(t, )

u < 2 on ij(f, l‘) with 7 > 0
u <@ —2n outside Qy 7(t,z) with n >0
oi(t,z) + H(z, 0 (t,x)) =0 with 6 > 0,

(2.6.4)

where Q5 7(t,z) is defined in (2.3.18) and

I _ L ( (,l’)) 1f$7£07
H(@, o (t, 7)) '—{ Fi (0(5,07), 9, (F,01)) it 2 =0.

Using the previous Lemmas 2.6.2-2.6.1, we can assume (up to changing ¢ at infinity)
that for € small enough, we have

u® < p—n outside Q5 7(t, x).
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Using the previous lemmas we get that the function w satisfies for all t > 0 and z,y € R,
T >y,

—ko(w — y) <T(t, ) — alt,y) < 0. (26.5)

First case :  # 0. We only consider x > 0, since the other case (z < 0) is treated in
the same way. We define p = ¢, (¢, 2) which according to (2.6.5) satisfies
—ko <p <0.

We choose 7 small enough so that x — 27 > 0. Let us prove that the test function ¢
satisfies in the viscosity sense, the inequality

t x

oot 3 (20 @0 (LE) el 2§ for () € Qo) (266)

9
g €

Recalling the definition of the function ¢ (assumption (A6)), we notice that for € small
enough we have

t x

b (_ —> =1 forall (t,z) € Qrs(t, ).

g e
In fact, the last equality is true since for all (¢,z) € Q5 7(, ), we have that r < g since
O<z—-2r<z—7T< 1.
For all (t,x) € Q5 7(t,x), we have for 7 small enough

eilta) + 00 [£(t)] @) -l (t2)] = eelEa) +0r(1) + 017 [£(8,)] (@) - low (B )|

= 0—H(p)+oy(1) + M [g(t, -)} () - |p|
=: A,

where we have used (2.6.4). We recall from Proposition 2.2.9 that for —ky < p <0,
H(p) = My[0](0)]pl.
Moreover, for all z € [hg, hmaz], and for € and 7 small enough we have

QO(t,ZL’ + EZ) - 90(t7:1:)
g

= Z(,Ox(t, y) + 5Z2§0:t::(:(tu €($, x + 82’))
< pz+ 07—‘(1) + ce,

where we have used the fact that ¢ € C? and that z € [ho, hmaz]. Now using the fact
that E is decreasing we have

E(pZ‘i‘CE“FOF(l)) < E (‘P(t,a}—i-ez) _W(t,$)> )
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Using this result and replacing the non-local operators in (2.6.7) by their definition (see
(2.3.1)), we obtain

hmaz

A >0+ o0:(1) + |p| J(2)E(pz 4 ce + 07(1))dz
h
?Lmaflf -
— |p| : J(2)E(pz)dz. (2.6.8)
0

We can see that if we have p = 0, we obtain directly our result. However, if —kg < p <0,

/RJ(z)E(pz teetop(1))dz =V (_1 - Cser OT(l)) - %V (—%@) + gvmaaw
/RJ(Z)E(pz)dz =V <_?1> + ;Vmax. (2.6.9)

Injecting (2.6.9) in (2.6.8) and choosing € and 7 small enough, we obtain

A> 0+o:(1)+p|- [—V (_1 - ci;r 0F(1)> v (%)]

%+ 0r(1) = V' lloc - (ce + 0r(1))

V

Y

3
where we have used assumption (A1) for the second line.
Getting a contradiction. By definition, we have for € small enough,

u® <@ —mn outside Q7 (t,x).
Using the comparison principle on bounded subsets for (2.2.15) (Theorem 2.3.7), we get
u <p—n on Qrs(t,x).

Passing to the limit as ¢ — 0, we get @ < ¢ — n on Qz#(¢,z) and this contradicts the
fact that u(t,z) = o(t, x).

Second case : z = (0. Using Theorem 2.3.10, we may assume that the test-function in
(2.6.4) has the following form

@(ta x) = g(t) +p—$1{x<0} + ﬁ+$1{x>0} on Q2F,277(t_’ 0)’ (2'6‘1())

where ¢ is a C! function defined in (0,+occ) and p_,p_ the two constants satisfying
(2.2.22). The last line in condition (2.6.4) becomes

gt +Fip_,p.) =4 (t)+A=0 at (£,0). (2.6.11)

82



Let us consider the solution w of (2.2.26) provided by Theorem 2.2.10, and let us denote
by

- | g(t) Fw(t,x) on Qg or(t,0),
Pt o) = { o(t, x) outside Qa7 27 (%, 0). (2.6.12)

We would like to prove that this function satisfies in the viscosity sense, for 7 and ¢
small enough,

t x

itt) +3° | £0.9] @6 (L 2) 1ot 2§ on Qur(@0)

9
e ¢

Let h be a test function touching ¢° from below at (¢1,z1) € Qr #(t,0), so we have

g €

w (t_l, —) = 2 (htn, ) ~ 9(t1)),

and

M | =

w(s,y) = = (h(es, ey) — g(es))

—1, —1> Therefore, using the fact that w is a solution
€ €
of (2.2.26) for A = A (Theorem 2.2.10) , we have

) = o) +07 [ ()| (2) 0 (2 2) bt ) =

9 g €

t
for (s,y) in a neighbourhood of (

This implies that (using (2.6.11) and taking 7 small enough)

) 407 o (2| (2) 0 (2, 2) o] 2 A /(0) 2 5.

9 g €

Now for € small enough such that ehp,q, < 7, we deduce from the previous inequality
and using the fact that M is a non-local operator with a bounded support, that we have

he(tr, 1) + M° [@] (21) - ¢ (t—l, ﬂ) g, 21)| >

g &

Getting the contradiction. We have that for ¢ small enough
ut +1 < =g(t) +P_rlpcoy +Pirlpa0p on Qoror(t,0)\Qr #(2,0).

Using the fact that w® — W, and using (2.2.30), we have for ¢ small enough

u® + g < (,06 on QQF,QF(t_) 0)\Q77:77(t_’ 0)
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Combining this with (2.6.12), we get that

us + g < ¢° outside Q7 (t,0),

By the comparison principle on bounded subsets (Theorem 2.3.7) the previous inequality

holds in Q7 7(¢,0). Passing to the limit as e — 0 and evaluating the inequality in (¢,0),
we obtain

which is a contradiction.

2.7 Proof of Theorem 2.2.4

This section is devoted to the proof of Theorem 2.2.4, which is a direct application
of our convergence result, Theorem 2.2.8.

Proof of Theorem 2.2.4. We recall that in Theorem 2.2.4, we have ug(z) = —z/h, with
h > hg. First, we would like to prove that for all € > 0, we have

1p°(0,2) —up(z)| < f(e) forall z € R, (2.7.1)
with f(e) — 0 as € goes to 0. To do this, we define a piecewise affine function v satisfying
p'(0,2) = v(z) for z = U;(0), for all i € Z.

Given that for all i € Z, U;4+1(0) — U;(0) > hg, we notice that v is ko-Lipschitz continuous
and by definition of p'(0,z), we have

|p1(0,x) —v(z)] <1 forallz €R.
Let us consider the integer 79 € N defined by
19 = sup {l € 7, s.t. Uz(O) < —R} .

Using the assumption that for all i € Z such that U;(0) < —R we have U;4+1(0)—U;(0) = h,
we deduce that for all z < Uj;,(0)

v(z) = —% + MT@ +p1(0,U;,(0)) = —% + mon) — g — 1.

Let us now consider the integer i; € N defined by

11 = inf {Z €7, s.t. Uz(O) > R} .
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Now using the assumption that for all ¢ € Z such that U;(0) > R we have U;11(0) —
Ui(0) = h, we deduce that for all x > Uj;, (0)

+ Ui1 (O)

h h

910U (0) = 7+ =2 iy .

v(x) = —

Moreover, we recall that for all ¢ > 0, we have p°(0,2) = ep'(0,2/¢), this implies
that for all x ¢ [¢U;,(0),eU;, (0)],

p°(0,2) — ev (f ’ + ‘5@ (g) - uo(aj)‘
Uy (0) Uiy (0) o 1\) | (2.7.2)

SE—{-&max(‘T h

1p7(0, %) —ug(x)| <

i1 —1

)

Similarly, we have for all z € [eU;,(0),U;, (0)],

9°(0,2) = wo(a)| < [ (0,2) v (Z) |+ |ev (Z) —wo (3]

<et+e  max  (Ju(y) —uo()]),
Y€ (Ui (0),Us (0)]

(2.7.3)

where we have used the fact that cug(z/e) = up(x). Combining (2.7.2) and (2.7.3) and
choosing

max —_([o(y) —uo(y)]),
ye [U’io (0)7U’i1 (0)]

[]iT((])—il—l')

we deduce (2.7.1). Notice also that thanks to (2.7.1), we have
[(p5)7(0,2) = uo(z)| < f(e) +&. (2.7.4)
Therefore, we have
ug(z) = f(e) < p*(0,2) < (p°)*(0,2) < uo(x) + f(e) + &

Using the fact that p® is a viscosity solution of (2.2.15) and the comparison principle
(Proposition 2.3.5) we deduce that (with u® the continuous solution of (2.2.15) associated
to the initial condition ug(x) = —x/h)

ut(t,x) = fe) < p°(tx) < (p°)"(tx) Su(t,x) + fle) +e,

where we have used the fact that (2.2.15) is invariant by addition of constants to the
solutions. Passing to the limit as ¢ — 0 and using Theorem 2.2.8 we get that p° — u°,
which ends the proof of Theorem 2.2.4.

]
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Chapitre 3

Derivation of a macroscopic LWR
model from a microscopic
follow-the-leader model by
homogenization

N. Forcadel ', M. Zaydan *

Abstract

The goal of this chapter is to derive a traffic flow macroscopic model from a microsco-
pic model with a transition function. At the microscopic scale, we consider a first order
model of the form "follow the leader" i.e. the velocity of each vehicle depends on the
distance to the vehicle in front of it. We consider two different velocities and a transition
zone. The transition zone represents a local perturbation operated by a Lipschitz func-
tion. After rescaling, we prove that the "cumulative distribution function” of the vehicles
converges towards the solution of a macroscopic homogenized Hamilton-Jacobi equation
with a flux limiting condition at junction which can be seen as a LWR model.

3.1 Introduction

The goal of this chapter is to present a rigorous derivation of a traffic flow macrosco-
pic model by homogenization of a follow-the-leader model, see [GHR61, PH71]. The idea
is to rescale the microscopic model, which describes the dynamics of each vehicle indi-
vidually, in order to get a macroscopic model which describes the dynamics of density
of vehicles. Several studies have been done about the connection between microscopic

1. Normandie Univ, INSA de Rouen, LMI (EA 3226 - FR CNRS 3335), 76000 Rouen, France, 685
Avenue de ’Université, 76801 St Etienne du Rouvray cedex. France
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and macroscopic traffic flow model. This type of connection is important since it allows
us to deduce macroscopic models rigorously and without using strong assumptions. We
refer for example to [AKRMO02, CR15, DFR15] where the authors rescaled the empiri-
cal measure and obtained a scalar conservation law (LWR (Lighthill-Whitham-Richards)
model). More recently, another kind of macroscopic models appears. These models rely
on the Moskowitz function and make appear an Hamilton-Jacobi equation. This is the
setting of our work which is a generalization of [FSZ17b|. Indeed, authors in [FSZ17b|
considered a single road and one velocity throughout this road with a local perturbation
at the origin while we consider two different velocities and a transition zone which can
be seen as a local perturbation thats slows down the vehicles. At the macroscopic scale,
we get an Hamilton-Jacobi equation with a junction condition at zero and an effective
flux limiter. In order to have our homogenization result, we will construct the correctors.
The main new technical difficulties comes from the construction of correctors and in par-
ticular the gradient estimates are more complicated from that in [FSZ17b] because the
gradient on the left and on the right may differ.

3.2 The microscopic model

In this chapter, we consider a "follow the leader" model of the following form

Uj(t) = Vi(Uja(t) — U () (U;(1) + Va(Ujza (t) — U;(1)) (1 — ¢ (U;(1)))

where U; denotes the position of the j-th vehicle and Uj its velocity. The function ¢
simulates the presence of a local perturbation around the origin which allows us to pass
from the optimal velocity function V; (on the left of the origin) to V5 (on the right). We
make the following assumptions on Vi, V5 and .

Assumption (A)
~ (A1) V3, V5 : R — R™" are Lipschitz continuous, non-negative and non-decreasing.
— (A2) For i = 1,2, there exists a h € (0,+oc) such that

Vi(h) = 0 for all h < hi.

~ (A3) For i = 1,2, there exists a h € (0,+0c) such that

max

Vi(h) = Vimaz for all h > ht

max*

— (A4) For i = 1,2, there exists a real p) € [~1/h},0) such that the function p
pVi(—1/p) is decreasing on [—1/h{, p}) and increasing on [p, 0).
~ (A5) The function ¢ : R — [0, 1] is Lipschitz continuous and

¢(£):{1 if o < —r

0 ifx>r.

88



3.3 The homogenization result
We introduce the “cumulative distribution function” of the vehicles :

| HE-Ut)+) _(-1+ H(y - Ui(t))

i>0 <0

and we make the following rescaling

p(t,y) =ep(t/e,y/e).

p° is a discontinuous solution of the following equation : for (¢,z) € (0, +o00) x R,

o (00 [0y (2) 20 [0 ) (1 (2))) - 0

(3.3.1)
us(0, ) = ug(x)
where the non-local operators M7, (i = 1,2) are defined by
+o0 3
M;[Ul(x) = / Ji(2)E(U(x +¢ez) —U(x))dz — §Vimaw (3.3.2)
with
0 if z>0,
E(z)y=< 1/2 if —1<2<0 , Jy=V/and Jo =V, on R. (3.3.3)
3/2 ifz< —1.

We also assume that the initial condition satisfies the following assumption.

(A0) (Gradient bound). Let ky = max (k{, k%) with k) = 1/h{. The function ug is
Lipschitz continuous and satisfies

—ko < (ug)z < 0.
We have the following theorem (see [FSZ17b]).

Theorem 3.3.1. Assume (A0) and (A). Then, there exists a unique viscosity solution
u® of (3.5.1). Moreover, the function u® is continuous and there exists a constant K such
that

uo(z) < u(t,x) < wupx) + Kt.
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We will introduce now the macroscopic model which is a Hamilton-Jacobi equation
on a junction. The Hamiltonians H; and Hs are called effective Hamiltonians (see Pro-
position 2.9 in [FSZ17b]|) and are defined as follows : for i = 1,2

—p— ké for p < —ké,
_ —1 )
Hi(p)=< —-V; <—> |p| for — ki <p <0, (3.3.4)
p
P for p > 0,
with
H{=minH,(p) and Hy = max (H}, H). (3.3.5)

peER

Now we can define the limit problem. We refer to [IM13] for more details about existence
and uniqueness of solution for this type of equation.

uf + Hy(ul) =0 for (t,z) € (0,400) x (—00,0)

uf + Ho(ul) =0 for (t,x) € (0,400) x (0,+00) (33.6)
uf + Fx(u2(t,07),ud(t,07)) =0 for (t,x) € (0,400) x {0} o
u®(0, z) = up(z) for xe€R.

where A has to be determined and F is defined by
Fa(pr,p2) = maxx (A, (), 7y (p2))

FT and H, represent respectively the increasing and the decreasing part of Hy and Ho.
The following theorem is our main result in this chapter.

Theorem 3.3.2. There exists A € [Hy, 0] such that the function u® defined by Theorem
3.8.1 converge locally uniformly towards the unique solution u® of (3.3.6).

Remark 3.3.3. Formally, if we derive (3.3.6), we will obtain a scalar conservation law
with discontinuous flur whose literature is very rich, see for example [Die95]. However,
the passage from microscopic to macroscopic models are more difficult in this setting and
in particular on networks. On the contrary, the approach proposed in this chapter can be
extended to models posed on networks (see [FS]).

3.4 Correctors for the junction

The key ingredient to prove the convergence result is to construct correctors for the
junction. Given A > Hj, we introduce two real numbers p;,ps € R, such that

Hs (py) = Hy () = Hi (py) = Hy (1) = A. (3.4.1)
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Due to the form of H; and Hy this two real numbers exist and are unique. We consider
now the following problem : find A € R such that there exists a solution w of the following
global-in-time Hamilton-Jacobi equation

(My[w](z) - o(x) + Ma[w](z) - (1 — p(x))) - |wy| =X forz € R (3.4.2)
with
+00 3
MiU](z) = /_ KRB U +2) ~U@) dz — Vingei =12, (343)

Theorem 3.4.1 (Existence of a global corrector for the junction). Assume (A).

i) (General properties) There exists a constant A € [Hy,0] such that there exists a
solution w of (8.4.2) with A = A and such that there exists a constant C' > 0 and a
globally Lipschitz continuous function m such that for all z € R,

lw(z) —m(x)] < C. (3.4.4)

ii) (Bound from below at infinity) If A > Hy, then there exists yo such that for every
v € (0,7), we have

{ w(x —h) —w(x) > (=py —y)h —C forx < —r and h > 0,

w(@+h)—w(x) > P, —v)h—C  forz>r and h > 0. (3.4.5)

i11) (Rescaling w) For e > 0, we set
x
= (Z),
w®(x) = ew -
then (along a subsequence e, — 0) we have that w® converges locally uniformly towards
a function W = W (z) which satisfies

W(a) W) < Cle—y| foralle,y € R,

Hi(W,)=A for all x <0, (3.4.6)
Hy(W,) = A for all z > 0.

In particular, we have (with W(0) =0)

W(z) = P12l{z<oy + P2t lizs0}- (3.4.7)

3.5 Proof of Theorem 3.4.1

This section contains the proof of Theorem 3.4.1. To do this, we will construct cor-
rectors on truncated domains and then pass to the limit as the size of the domain goes
to infinity. For | € (r,+00), r <<l and r < R << I, we want to find A\, g, such that
there exists a solution wh of

Qr (ar [w”R],wﬁéR) =XNp ifze (=11
Hy (w5") =\ g if o € {1} (3.5.1)
Hy (wi") = \.g if 2 € {1},
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with

Qr(z,[U],q) = vr(z)  Ma[U)(z) - (1 = @(x)) - la| + (1 = ¥r(2)) - H2(q)  (3.5.2)
+ @p(z) - Mi[U)(2) - () - la] + (1 = ®r(=)) - Hi(q) (3.5.3)

and Y, Pr € C*, Yg, Pr: R — [0, 1], with

|1 z<R |1 xx>—-R
wR:{o r>R+1 (I)R:{o r<-R—1. (3:5.4)

Proposition 3.5.1 (Existence of correctors on truncated domains). There ezists a
unique A\ g € R such that there exists a solutions whf of (3.5.1). Moreover, there exists a
constant C (depending only on ko), and a Lipschitz continuous function mb®, such that

Hy <\ r <0,
m () — m'B(y)| < Cle —y| for z,y € [L1], (3:5.5)
wh(z) = m" ()| < © for z € Rx [=L1]

Proof. We only give the main steps of the proof. Classically, we will consider the approxi-
mated problem depending on the parameter § and then take § to 0.

: v
600 + Hy (v)) =0 for x € {1} (3.5.6)
°) =0 for z € {I}

Step 1 : construction of barriers . We remark first that the functions

H2
vf(a:):—k(l)(:r—l)—i-lf;o‘

and
1

H
of (2) = 43 (2 — 1) + L8]

are super-solutions of (3.5.6). Using stability of super-solutions, we deduce that the func-
tion

v" (z) = min (vfr (x) ,v; (x))

is a super-solution of (3.5.6). Using Perron’s method and 0 and v™ as barriers, we deduce
that there exists a continuous viscosity solution v? of (3.5.6) which satisfies

0 <’ <ot (3.5.7)

Step 2 : control of the space oscillations of v°. The function v° satisfies for all z,y € [—1,1],
T2y,

—ko(z —y) — 1 <0 (x) — 0 (y) <0,
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with ko = max(k}, k2) (see [FSZ17b, Lemma 6.5]).
Step 3 : construction of a Lipschitz estimate. As in [FSZ17b, Lemma 6.6] we can construct

a Lipschitz continuous function m?, such that there exists a constant C, (independent of
I, R and 0) such that

& 0 < — -
{ m? () —m®(y)| < Cloz —y| for all z,y € [-1,1], (3.5.8)

[
100 () — mi(z)| < C for all x € [—1,1].

Step 4 : passing to the limit as 6 goes to 0. Classicaly, taking 0 to zero, we get \; g, wh %

and mbf satisfiying (3.5.5). The uniqueness of AR is classical so we skip it. This ends
the proof of Proposition 3.5.1. U

Proposition 3.5.2. The following limits exist (up to a subsequence)

ZR: lim )‘lRu and Z: lim ZR.
5400 R—+00

Moreover, we have

Hy < Ap,A<0.

Proposition 3.5.3 (Control of the slopes on a truncated domain). Assume that | and
R are big enough. Let wh™ be the solution of (3.5.1) given by Proposition 3.5.1. We also

assume that up to a sub-sequence A = lim lim N\ g > Hy. Then there exits a 79 > 0
R—+o00l—+00

such that for all vy € (0,70), there exists a constant C (independent of I and R) such that
forallz < —r and h >0

wh(z — h) — whB(x) > (—p, — y)h — C. (3.5.9)
Similarly, for all x > r and h > 0,

whf(z + h) — whB(z) > (py — 7)h — C. (3.5.10)

Proof. We only prove (3.5.9) since the proof for (3.5.10) is similar. For ¢ > 0 small
enough, we denote by p? the real number such that

Hi(p?) = Hy (p7) = Nr — 0.
Let us now consider the function w™ = p?x that satisfies
ﬁl(w_) = )‘lyR —0o forzeR.

We also have



For all = € (=1, —r), using that p(z) =1 and ¢¥r(z) = 1, we deduce that w™ satisfies

Qr (.’IJ, [wi]v ’U);) - )‘l,R - for z € (_l7 _T)
Hy (w})=Npg—p for z € {-1}.

Using the comparaison principle, we deduce that for all h > 0, for all € (=1, —7), we

have that

whf(z — h) — whB(z) > —p7 h — 2C.
Finally, for 79 and ¢ small enough, we can set p? =p; + 7. O

Proof of Theorem 3.4.1. The proof is performed in two steps.
Step 1 : proof of i) and ii). The goal is to pass to the limit as | — +oo and then as
R — +00. There exists l,, — +00, such that

R R

mim i R0) 5 mP asn — +oo,

the convergence being locally uniform. We also define

w (.’E) = lim Sup* (wl"’ — wln,ﬂ(O)) 5
R I ln,R ln,R
= 1. i f ™ - ™ O .
w (.’I}) limln . (U} w ( ))

Thanks to (3.5.5), we know that @’ and w® are finite and satisfy

mft—C <wl <wl <mf+C.

By stability of viscosity solutions, w" — 2C and w’ are respectively a sub and a super-
solution of

Qr(z, [wl],wk) =Ar forzcR (3.5.11)

Therefore, using Perron’s method, we can construct a solution w? of (3.5.11) with m, A"

and w’ satisfying

Im®(x) — mf(y)| < Clx —y| forall z,y € R,
lwh(z) —mP(z)| < C for r € R x R, (3.5.12)
Hy < AR <0.

Using Proposition 3.5.3, if A > Hj, we know that there exists 79 and C' > 0, such that
for all v € (0,70),

{ wh(z — )

—wf(z) > (-p, —y)h—C forallz < —r, h >0,
wh(z + h) — wh D

>
(£) > Py —v)h—C  forallx>r h>0. (3.5.13)

Passing to the limit as R — +o00 and proceeding as above, the proof is complete.
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Step 2 : proof of ii). Using (3.4.5), we have that
wi(2) = em (2) +0(e).
Therefore, we can find a sequence &, — 0, such that
w* — W locally uniformly as n — +o0,
with W (0) = 0. Like in [GIM15](Appendix A.1), we have that
Hi(Wy)=A forz<0 and Ho(W,)=A forz>0.
For all v € (0,79), we have that if A > Hy and x > 0,
Wz =Py =7,
where we have used (3.4.5). Therefore we get
W, =py for xz >0,

Similarly, we get W, = p; for x < 0. This ends the proof of Theorem 3.4.1.

3.6 Proof of convergence

In this section, we will prove our homogenization result. Classicaly, the proof relies
on the existence of correctors. We will just prove the convergence result at the junction
point since at any other point, the proof is classical using that v = 0 is a corrector, see
[FSZ17b|.

Proof of Theorem 3.3.2. We introduce

u(t,x) = limsup*u® and wu(t,z)=liminf u®. (3.6.1)
e—0 e—=0 «
Let us prove that @ is a sub-solution of (3.3.6) at the point 0, (the proof for u is similar and
we skip it). The definition of viscosity solution for Hamilton-Jacobi equation is presented
in Section 2 in [IM13]. We argue by contradiction and assume that there exist a test
function ¥ € C*(J) such that

u(t,0) = W(t,0)

u S v on Qf}f(t_, 0) - with 7 >0 (3 6 2)
u<W¥-—2n outside Qr #(£,0) with n >0 o
Wy(t,0) + Fy(W,(8,07), ¥,(¢,07)) =60 with 6 > 0.

According to [IM13], we may assume that the test function has the following form

U(t,x) = g(t) + P12lizco) + Povlizs0y  on Qror(t,0), (3.6.3)
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The last line in condition (3.6.2) becomes
g(#) + Fg(p1,P2) = g'()) + A= 0. (3.6.4)
Let us consider w the solution of (3.4.2) provided by Theorem 3.4.1, and let us denote
c _ [ 9(t) +w(z) on Qra(t,0),
vt z) = { U(t,x) outside Qg 27(t,0). (3.6.5)

We claim that W€ is a viscosity solution on Q 7(¢,0) of the following problem,
€ &€

i (15 | 2 00)] e (2) 4085 | 00| @) (1- 9 (2)) ) - tosl = 5.

Indeed, let h be a test function touching ¢ from below at (¢1,21) € Qr#(¢,0), so we

1
have that the function x(y) = — (h(t1,ey) — g(t1)) touches w from below at L which
3 3
implies that

(] (Z) o (Z) + i) (Z) (1-¢(2))) Ihaltra) = A (36.6)

9 9 9

Using (3.6.4) and the fact that hy(t1,21) = ¢'(t1) and computing (3.6.6), we get the
desired result.

Getting the contradiction. We have that for € small enough
ut 4 S U =g(t) + Preliaco) + Parlipsoy  on Qror(f,0\Qrr(,0).
Using the fact that w® — W, and using (3.4.7), we have for £ small enough
W+ 2 < on Qrar(F,0)\Qrr(£,0).
Combining this with (3.6.5), we get that
u® + g < U° outside Qs 5(t,0).

By the comparison principle on bounded subsets the previous inequality holds in Oz #(Z, 0).
Passing to the limit as e — 0 and evaluating the inequality at (¢, 0), we obtain the follo-
wing contradiction
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Chapitre 4

Homogenization of second order
discrete model with local
perturbation and application to

traffic flow

N. Forcadel ', W. Salazar ', M. Zaydan !

Abstract

The goal of this chapter is to derive a traffic flow macroscopic model from a second
order microscopic model with a local perturbation. At the microscopic scale, we consider a
Bando model of the type following the leader, i.e. the acceleration of each vehicle depends
on the distance of the vehicle in front of it. We consider also a local perturbation like
an accident at the roadside that slows down the vehicles. After rescaling, we prove that
the "cumulative distribution functions” of the vehicles converges towards the solution of
a macroscopic homogenized Hamilton-Jacobi equation with a flux limiting condition at
junction which is equivalent to LWR (Lighthill-Whitham-Richards) model.
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4.1 Introduction

The modelling and simulation of traffic flow is a challenging task in particular in order
to design infrastructure. Indeed, there are some examples in which the construction of a
new infrastructure did not improve the traffic. For example, in Stuttgart, Germany, after
investments into the road network in 1969, the traffic situation did not improve until
a section of newly build road was closed for traffic again (see [Kno69|). This is known
as the Braess’ paradox. In the past years, a lot of work has been done concerning the
modelling and simulation of traffic flows problems.

Traffic flow can be modelled at different scales depending on the level of details
one wants to observe : the microscopic scale (describes the dynamics of each of the
vehicles), the macroscopic scale (describes the dynamics of the density of vehicles) and
the mesoscopic scale (describes the dynamics of the density of vehicles but the car-to-car
interactions are not lost).

Microscopic models are considered more justifiable because the behaviour of every
single vehicle can be described with high precision whereas macroscopic models are based
on assumptions which are less verifiable. Another way to justify macroscopic models is
to derive them from microscopic models by rescaling arguments.

The problem of deriving macroscopic models from microscopic ones has already been
studied for models of the type following the leader (i.e. the velocity or the acceleration
of each vehicle depends only on the distance to the vehicle in front of it). We refer for
example to [AKRMO02, DFR15, Hel98, HP10| where the authors rescaled the empirical
measure and obtained a scalar conservation law (LWR model). In particular, passing
from microscopic to macroscopic model for second-order models was instead investigated
in [AKRMO02, Gre01], where the Aw-Rascle model is derived as the limit of a second order
follow-the-leader model.

In this chapter we establish a connection between a car-following model and a fluid-
dynamic model. This result is a generalization of the results of [FSZ17b| to a second
order microscopic model. We consider a second order microscopic model of follow-the-
leader type with a local perturbation. In such model, the whole traffic flow is determined
by the dynamics of the very first vehicle (the leader). We will establish a connection
between this second order discrete model and a macroscopic model equivalent to a LWR
model. The idea is to rescale the microscopic model, which describes the dynamics of each
vehicle individually, in order to get a macroscopic model which describes the dynamics
of density of vehicles.

The model we study here is similar to the one considered in [FS15], but in our work,
as in [FSZ17b|, we assume that there is a local perturbation (located at the origin for
example) that slows down the vehicles and we want to understand how this local per-
turbation influences the macroscopic dynamics. Due to this perturbation, it is natural to
get an Hamilton-Jacobi equation with a junction condition at the origin and an effective
flux limiter. Further, our result is stronger than the one in [FSZ17b| because our micro-
scopic model is a second order model which is more realistic than the first order model
considered in the last chapter. From a mathematical point of view the fact of considering
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a second order model presents many technical difficulties. First, we need to consider a
system of two non-local PDEs instead of a single equation [FIM12b, FS15|. Moreover,
the two functions that we consider have to satisfy certain properties that derive from the
physical characteristics of the microscopic model and those properties need to be proven
for the system of non-local PDEs which is more complicated in the case of a second order
model than in the case of a first order model.

Paper organization. The chapter is organized as follows. In Section 4.2, we present the
microscopic model for which we will present an homogenization result. In Section 4.3, we
inject the system of ODEs into a system of PDEs and we present our main results. Section
4.3.3 is dedicated to the definition of the non-local operators which appear in the PDEs
given in Section 4.3. In Section 4.4, we introduce the notion of viscosity solutions for
the considered problems and give stability, existence and uniqueness results. In Sections
4.5 and 4.6 we present the correctors necessaries for the proof of convergence which
is located in Section 4.7. Section 4.8 contains the proof of existence of correctors for
the junction, where we use the idea developed in [AT15, GIM15| and in the lectures of
Lions at the "College de France" |[Liol4|, which consists in constructing correctors on
truncated domains. In Section 4.9 we show the link between the system of ODEs and the
system of PDEs which proof is in Appendix 4.11. Finally in Appendix 4.10 we analyse
the properties of the microscopic model.

4.2 A first main result

In this chapter, we are interested in a second order microscopic model that can simu-
late the presence of a local perturbation. In order to do that, we considered a modified
version of the model introduced by Bando et al in [BHNT95|. More precisely, we consider
a "follow-the-leader" model of the following form

Uj(t) = a (V(Uj+1(t) —Uj(t)) - ¢ (Us(t)) — Uj(t)) : (4.2.1)

where U; denotes the position of the j-th vehicle, Uj its velocity and U] its acceleration.
The function ¢ simulates the presence of a local perturbation located at the origin and
we denote by r its radius of influence. In this model, a and V represent respectively the
drivers sensibility and the optimal velocity function. We make the following assumptions
on V', ¢ and on the coefficient a.

Assumption (A)

~ (A1) V: R — R* is Lipschitz continuous, non-negative.

~ (A2) V is non-decreasing on R.

— (A3) There exists hg € (0,+00) such that for all h < hgy, V(h) = 0.

— (A4) There exists hyqz € (ho, +00) such that for all b > ke, V(h) = V(hmes) =:
Vinaz-

~ (A5) There exists a real pg € [—1/hg,0) such that the function p — pV(—1/p) is
decreasing on [—1/hg, pp) and increasing on [py,0).
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— (A6) The function ¢ : R — (0, 1] is Lipschitz continuous and ¢(x) = 1 for |z| > 7.
We denote by ¢p = min ¢(x) > 0.

e[—r,r]

~ (AT)(Monotonicity). a > 4[[V'[| l|9loe + 411¢" |l [Vl -

Remark 4.2.1 (Remark on (A6)). In the case ¢ = 0 on an open interval (therefore
oo = 0) all the vehicles left of the perturbation would come to a full stop. This case lacks
any interest and therefore we can assume that ¢g > 0.

Remark 4.2.2 (Remark on (A7)). Assumption (A7) yields that for all (b,z) € R?, the
function

f:zH%z—ZV(b+z)¢(m—z)

1s non-decreasing. This result is particularly important later in the chapter because it
implies that the systems we consider later in this work are monotone in the sense of Ishii
and Koike [IK91], which will imply the uniqueness of the solution we consider.

As we said in the introduction, in order to obtain an homogenization result for (4.3.1),
we will inject the system of ODEs into a system of PDEs. To do so, we proceed as in
[FIMO09b, FSZ17b] by introducing the rescaled "cumulative distribution function", which
is the primitive of the rescaled empirical measure, defined by,

Fty) = — [ SSF(y—cUi(t/e) + 3 (—1+F(y—<Ui (1)) | (4:22)

>0 1<0
with
1 ifz>0
F(z) = { 0 ifz <0, (4.2.3)

The macroscopic model

We define H : R — R, by

—p — ko for p < —kg,

— -1

H(p)=< -V <p> “Ip| for —ko <p<0, (4.2.4)
P for p > 0.

Note that such H is continuous, coercive and because of (A5), there exists a unique point
po € [—ko, 0] such that

{H is decreasing on (—o0, pg) (4.2.5)

H s increasing on (pg, +00),
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and we denote by

Ho = H(po) = I;lelﬂlg H(p) < 0. (4.2.6)

We want to show that the rescaled "cumulative distribution function" converges to
the solution of the following macroscopic model.

uf + H(ul) =0 for (t,x) € (0,400) x (—00,0)
u + Hul) =0 for (t,x) € (0,400) x (0,+00) (42.7)
W+ Pg(ud(t,07),a2(5,01) = 0 for (t,2) € (0, +00) x {0} -
u®(0, z) = up(z) for x€R.
where A has to be determined and F is defined by
J— _+ —_—
F(p1,p2) = max (A, H' (p), H (p2)). (4:238)
with
7= H(p) ifp<po + { H(po) if p<po
H =< — ) and H =4 = ) 4.2.9
) {H(Po) if p > po ®) H(p) if p = po. (4.2.9)
The initial condition wug is a function that satisfies
—ko < (upg)y <0 andforalle >0 p°(0,2) = {Uoiﬂf)J . (4.2.10)

According to [IM13], for all A € R, there exists a unique solution u® of (4.2.7).

Remark 4.2.3. We notice that in the case of traffic flow, (4.2.7) is equivalent (deriving
in space) to a LWR model (see [LW55, Ric56]) with a flux limiting condition at the origin.
In fact, the fundamental diagram of the model is pV (1/p) and —u2 corresponds to the
density of vehicles.

Passage from a microscopic to a macroscopic model

The main result of this chapter is the following convergence result.

Theorem 4.2.4 (Passage from a microscopic to a macroscopic model). Assume (A).
There exists a unique A € [Hy, 0] such that the function p® defined by (4.2.2) converges
locally uniformly towards the unique solution of (4.2.7).
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4.3 Main results

4.3.1 Injecting the system of ODEs into a system of PDEs
In the rest of the chapter, we will work with an equivalent formulation of (4.2.1). We
borrow the idea from [FIM09a, FIM12b, FS15] and consider for all j € Z,
a

1.
Zj(t) = Uj(t) + ~Uj(t) with a=.
«

Using this new function, we obtain the following system of ODEs equivalent to (4.2.1)
for all j € Z, for all t € (0, +00),

Uj(t) = a (E(t) — Uy(t))
Zi(t) = a (U;(t) — 5;(t) + 2V (Uja(t) — U;(t) - ¢ (U;(2)) -

In Appendix 4.10, we give some properties of system 4.3.1, such as maximal velocities of
the vehicles and minimal and maximal distance between two consecutive vehicles.

(4.3.1)

We now introduce the "cumulative distribution function" for (Z;);, defined by

e Fly—eZi(t/e)+ ) _(-1+F(y—eZi(tfe) | .  (43.2)

>0 <0
Under assumption (A), (p°,0°) is a discontinuous viscosity solution (see Theorem
4.3.4) of the following non-local equation, for all (¢,z) € (0, +o00) x R,
= €
i3 (L), |£00) ) @)l =0
€ €
. . (4.3.3)
€ g L 6 u €
gt + L ga?(tw)a ?(tv') (x)’é.x‘ = 0.

The definition of M¢ and LF is postponed to the next section. We submit equation (4.3.3)
to the following initial condition. For all = € R,

u®(0,2) = up(x)
{ £5(0,2) = &5(x). (4.3.4)

We also assume that the initial condition satisfies the following assumption.

(A0) (Gradient bound) Let ky = 1/hy. The functions ug and £ are Lipschitz conti-
nuous functions, such that

—ko < (ug)z <0 (4.3.5)
—ko < (§6)x < (4.3.6)

and
0 <& () —uo(z) <e. (4.3.7)
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Remark 4.3.1. The initial conditions ug and & are "reqular” functions such that for
all e > 0 we have

1p°(0,2) —uo(x)| < f(e) and |0°(0,2) — &(x)] < g(e), (4.3.8)

with f(€),g(e) — 0 as e goes to 0. For e = 1, the conditions on the gradients translate the
fact that at the initial time there is at least hg meters between two consecutive vehicles.
In the rest of the paper we are interested in the behaviour of p* and o as £ goes to 0.
This in fact translates to studying the behaviour of the traffic as the number of vehicles
per unit length goes to infinity. For ¢ = 1 condition (4.3.7) translate the fact that at
initial time the velocity of the vehicles must be bounded so the ordering of the vehicles is
kept. The fact that & depends on € comes from the rescaling. In fact, given that o° is
the "cumulative distribution function” of (£;); which are defined using the velocity of the
vehicles, an £ appears multiplying the velocity when rescaling (see [FS15, Remark 1.2]).
Therefore, & tends to ug as € goes to zero. Finally, to simplify the notations, we denote

by &0 = & fore = 1.

4.3.2 Convergence result

Theorem 4.2.4 is a consequence of the following theorems. The proof of Theorem 4.3.2
is postponed until Section 4.7 and the proof of Theorem 4.3.4 is postponed until Section
4.9.

Theorem 4.3.2 (Junction condition by homogenization). Assume (A) and (A0). For
e >0, let (u%,&%) be the solution of (4.3.3)-(4.3.4). Then there exists A € [Hy,0] such
that u® and & converge locally uniformly to the unique viscosity solution u® of (4.2.7).

Remark 4.3.3. This result is formally obtained by functions U; and Z;. In fact, we can
prove that
0 S UZ/ S Vma:v'

Therefore recalling the definition of Z;, we obtain that

Vmacﬂ

«

0<

[1]

j(t)—Uj(t)<e

HOEE=} (g)

US (1) = £U; <£> .

€
J

where

[1]

Taking € to zero, we can see that =5 and U; converge to the same limit.

Theorem 4.3.4 (Junction condition by homogenization : application to traffic flow).
Assume (A) and that at initial time (U;(0),Z;(0)); satisfies
V;
0 <Ei(0) - Ui(0) < =%, Ui (0) — Ei(0) > ho,

«
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and
Uit1(0) = U;(0) < hunag-
We also assume that there exists a constant R > 0 such that, for all i € Z, if |U;(0)| > R
Ui1(0) = U;(0) = h (4.3.9)
and if |[Z;(0)| > R
Ei+1(0) — Z;(0) = h, (4.3.10)

with h € [hy, hmaz]. We define two function ug and & (satisfying (A0)) by uo(x) =
&(z) = —x/h for all x € R. Then there exists a unique A € [Hy,0] such that the
functions p* and o¢ defined by (4.2.2) and (4.3.2) converge locally uniformly towards the
unique solution u® of (4.2.7).

_ The following theorem ensures that when we use (4.2.7) we only evaluate the function
H in the interval [—kg, 0]. The proof of Theorem 4.3.5 is postponed until Section 4.7.

Theorem 4.3.5 (Gradient bound). Assume (A0)-(A). Let u® be the unique solution of
(4.2.7), then we have for all (t,z) € [0,T] x R,

—ko <) <0,

with ko defined in (A0).

4.3.3 Definition of the non-local operators

In this section, we clarify equation (4.3.3). We will give the definition of M and L, and
then the definition of M*® and L¢. To do this, we first introduce the following functions.

—a ifz> 1if 1 ifz> -1
O R SN (O TS ISP (OF S
0 if z <0, 0 ifz>0, 0 if z<—1,

5 —a ifz>0 - 1 ifz<0 - 1 ifz>—1
Be=q,C ST Fe=q ST ad Im=q 7T
0 if z <0, 0 if z >0, 0 if 2 < —1.

For z,p € R, we then define the following non-local operators

D
M, (U(z), [5]) (x) = /O E(S(x + 2) - Ulx) + p2)dz,
D

K, (S(2), [U]) (z) = /0 F(U(z - 2) - S(z) — p2)d,

D
N, (S(z), [U)) (z) = / IU(x + 2) — S(z) + p2)dz,
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with D = hynaz + 3Vinaz/(2c0) + 21 /o (see Appendixes 4.10 and 4.11 for more details on
where the constant D comes from). We can now define L,,. For z,y € R,

Ly (y,X(x), [U]) (z) = ks, (X(2), [U]) () (4.3.11)
-2V (Np (X(2), [U]) (2) + Kp (X(x), [U]) (l“))(b (y — Ky (X(2), [U]) (2)) -

In the same way, we define Mp, f(p and Np by replacing E, F and I respectively by E, F
and I. Similary,

L, (4.5(). [U)) (=) = ak, (S(), [U]) (2) (4312)
2V (N, (S(a), [U]) (2) + Ky (S, [0) () - 6 (3 = By (S(2), [U) () -

For p = 0, we define

D
MU @), [5))() = Mo(U (=), [5]) = /0 B+ 2) - Ula))dz,  (43.13)

D
K (2(2),[U]) (z) == Ko (2(2),[U]) (z) = /0 FU(x — 2) — X(x))dz, (4.3.14)

D
N (5(2), [U]) () = No (S(), [U]) () = /0 [U(z+2) - S(2))dz (43.15)

and

L(y,X(2),[U]) (z) = aK (X(x), [U]) (z) (4.3.16)

- 2V<N (X(2), [U]) (z) + K ((2), [U]) (:r)) 0 (y — K (5(2), [U]) (2)).-

Remark 4.3.6 (Remarks on the non-local operators). First let us notice that the do-
main of integration in the non-local operators is bounded by a constant D = hpar +
3Vinaz/(2a) + 21/ ¢g, this comes from the fact that the velocities of the vehicles as well as
the distance between two consecutive vehicles from model 4.3.1 are bounded (see Appendiz
4.10). In particular, there exists a constant My > 0 (independent of p), such that we have
the following bounds on the mon-local operators,

—My < —aD < My(U(z), [X])(z) <0,

My > D > K,(3(x), [U])(x) > 0,

My > D > Np(X(z), [U])(z) > 0,

My > aD > Ly(y,X(z), [U])(x) > —2Vines > —Mo,

with My = max(2Vqz, D, D).

Finally, we would like to point out that given the fact that the function V is non-
decreasing (assumption (A2)) and that the function F > 0 and therefore K (%, [U])(z) >
0, we have

L{y, %), [U))(@) = ~2V (N (S(2),[U]) () ). (4.3.17)



Finally, we introduce for € > 0,

D
ME (U (), [5)) (2) = /0 E(S(x + e2) — Ula))dz, (4.3.18)

D
K* (3(x),[U)]) (x) = /0 FU(z —ez) — X(x))dz, (4.3.19)

D
NE (5(2), [U]) () = /O H(U(z + £2) — 5(2))dz, (4.3.20)
(4.3.21)

and

L# (y, ¥(2), [U]) (z) = aK* (X(2), [U]) (z) (4.3.22)

- 2V<N€ ((X(2), [U]) (z) + K= (X(2), [U]) (w)> ¢ (y — K° (3(2), [U]) (2)) -

The bounds provided by Remark 4.3.6 remain valid for the non-local operators de-
pending on € > 0.

Remark 4.3.7 (Lagrangian formulation). Another way to treat this problem is to consi-
der a Lagrangian formulation, like in [FS15], considering the functions,

u(tvy) = U[yJ (t) and g(b@/) = Z]LyJ (t)

The couple (u,§) satisfies for all (t,y) € [0,T] x R

ut(tﬁy) = (§(t7y) - ( 7y))

gt(u y) = (u(t’ y) - g(tv y)) +2V (U(t, Y+ 1) - U(t, y)) : ¢(u(tv y))
u(0,y) = uo(y)

£(0,9) = & (v)-

We note that the system we obtain is much more simple. Nevertheless, the difficulty
with this formulation is that the function ¢ is evaluated at u(t,y) and not at a physical
point of the road. At the macroscopic scale, we then expect to get a junction condition
located at w = 0. The notion of junction in this case is not well defined and this is why
we use the formulation (4.3.3)(where the perturbation function is evaluated at a point of
the road). This will allow us to use the results of Imbert and Monneau [IM13] concerning
quasi-conver Hamiltonians with a junction condition.

4.4 Viscosity Solutions

This section is devoted to the definition and useful results for viscosity solutions
of the problems considered in this chapter. The reader is referred to the user’s guide
of Crandall, Ishii, Lions [CIL92] and the book of Barles [Bar94] for an introduction
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to viscosity solutions. In order to give a general definition, we will give the definition of
viscosity solutions for the following equation, with p € R, and for all (¢, z) € (0, +00) xR,

u + () - My (u(t, x), [§(¢,-)]) (2) - [P+ ua| + (1 = ¥(2)) - H (ug) =0
& +P(x) - Ly (z,€(t ), [u(t,)]) () - [p+ &l + (1 —(x)) - H (&) =0
u(0,x) = ug(x)
£(0,z) = &o(z),

with ¢ : R — [0, 1] a Lipschitz continuous function. We also use the following notations
for the upper and lower semi-continuous envelopes of a locally bounded function u :

(4.4.1)

u*(t,x) = limsup u(s,y) and wu.(t,z) = liminf u(s,y).
s—=t,y—x s—=t,y—zx

4.4.1 Definitions

Definition 4.4.1 (Viscosity solutions for (4.4.1)). Let T'> 0. Let v : RT x R — R and
¢ :RT xR — R be upper semi-continuous (resp. lower semi-continuous) functions. We
say that (u,&) is a viscosity sub-solution (resp. super-solution) of (4.4.1) on [0,7] x R if
u(0,2) < up(z) and £(0,z) < &o(x) (resp. u(0,z) > up(z) and £(0,z) > &y(z)) and for all
(t,x) € (0,T) x R, and for any test function ¢ € C*((0,T) x R) such that u — ¢ attains
a local maximum (resp. a local minimum) at the point (¢, z), we have

pr + ¢(x) ' Mp (u(t,x), [{(t, )]) (I’) ' ‘p + 9036‘ + (1 - 7#(@) ' H(Qoac) < 07
(resp. g +1(x) - My (u(t, ), [§(t,)]) () - [P+ @al + (1 = (2)) - H(pa) > 0),

and for all (¢,z) € (0,T) x R and any test function ¢ € C1((0,T) x R) such that £ — ¢
attains a local maximum (resp. a local minimum) at the point (¢, z), we have

o+ (@) - Ly (2, €(8 ), [u(t,)]) () - [p+ a| + (1 = 9(2)) - H(pz) <0,

(resp. @i+ () - Ly (2, &(t,2), [u(t,)]) (2) - [p+ @ul + (1 = ¢(2)) - H(pz) > 0).
We say that (u,§) is a viscosity solution of (4.4.1) if (u*,£*) and (u., &) are respectively
a sub-solution and a super-solution of (4.4.1).

Proposition 4.4.1 (Stability result for (4.4.1)). Let (un,&,) be a sequence of uniformly
bounded upper semi-continuous functions (resp. lower semi-continuous) and let (py)n be
such that p, — p.

We assume that (un,&,) is a sub-solution (resp. a super-solution) of (4.4.1) with
P =DPn- B

Let (u, &) = (limsup*u,, limsup™* &,) (resp. (u,§) = (liminf,u,,liminf, &,)).

Then (@, &) (resp. (u,€)) is a sub-solution (resp. a super-solution) of (4.4.1).
Proof. The proof is classical and we refer to [FIM09b|. The only point to note is that

both Hamiltonians in (4.4.1) are monotone with respect to the non-local operators (this

is a consequence of assumption (A7) for the non-local operator K,).
[]
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4.4.2 Viscosity solutions for (4.2.7)

The theory of viscosity solutions for Hamilton-Jacobi equations on networks was
recently treated in several papers. We give here some results for viscosity solutions of
(4.2.7) that will be used in the rest of chapter and we refer to [IM13] for the general
theory and for the proofs.

Definition 4.4.2 (Class of test function for (4.2.7)). We denote by J := (0, +00) x R,
JE = (0,+00) x (0,+00) and J := (0,+00) x (—00,0) , we define a class of test
function on J,, by

C'(Js) = {p € C(Jx), the restriction of ¢ to JL and to J_ are C'}.

Definition 4.4.3 (Viscosity solution for (4.2.7)). An upper semi-continuous

(resp. lower semi-continuous) function w : [0, +00) x R — R is a viscosity sub-solution
(resp. super-solution) of (4.2.7) if w(0,z) < wg(x) (resp. u(0,z) > wup(x)) and for all
(t,2) € Joo and for all ¢ € C!(Jy) such that

u<¢ (resp. u> ) in a neighbourhood of (¢,z) € Jx
and
u(t, z) = ¢(t, ),
we have
oi(t, ) + H(pe(t,2)) <0 (resp. >0)  ifz#0
oi(t, ) + Falpe(t,07),0.(t,07)) <0 (resp. > 0) if z =0.

We say that a function u is a viscosity solution of (4.2.7) if u* and w, are respectively
a sub-solution and a super-solution of (4.2.7).We refer to this solution as A-flux-limited
solution.

Now we recall an equivalent definition (Theorem 2.5 in [IM13]) for sub and super
solution at the junction. We will also consider the following problem,

ug + H(ug) =0 fort € (0,T) and x € R\{0}. (4.4.2)

Theorem 4.4.2 (Reduction of the class of test functions). Let H given by (4.2.4) and
consider A € [Hy,+00) with Hy defined in (4.2.6). Given arbitrary solutions p € R of

HpY)=H (p)=Aa=H (@p*)=H @), (4.4.3)

let us fix any time independent test function ¢°(z) satisfying
$0(0%) = pi.

Given a function u: (0,T) x R — R, the following properties hold true.
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1. If u is an upper semi-continuous sub-solution of (4.4.2) satisfying

u(t,0) = limsup  u(s,y), (4.4.4)
(t,y)—(t,0),y€J*

then u is a Ho-flux limited sub-solution.

2. Given A > Hy and ty € (0,T), if u is an upper semi-continous sub-solution of
(4.4.2) satisfying (4.4.4) and if for any test function ¢ touching u from above at
(to,O) with

p(t,z) = p(t) + ¢°(z), (4.4.5)
for some 1 € C(0,+00), we have
Spt"i'FA ((px (t070_) y P (t070+)) <0 at (t070)7

then u is a A-flux limited sub-solution at (tg,0).

3. Given tg € (0,T), if u is a lower semi-continuous super-solution of (4.4.2) and if
for any test function ¢ satisfying (4.4.5) touching u from above at (tg,0) we have

ot + Fa (@x (thO_) ) P (t070+)) >0 at (to,O),

then w is a A-flux limited super-solution at (to,0).

4.4.3 Existence and uniqueness of viscosity solution for (4.4.1) with
p=20

We recall that for p = 0, our equation is

up + M(u(t,x), [£(t,)])(x) - Juy| =0  for (t,z) € (0,+00) x R,
&+ L(0,€(t,2), [ult, ) (2) & =0 for (t,2) € (0,+00) x R,
u(0,2) = up(z) for zeR,
£(0,2) = &o(x) for zeR.

(4.4.6)

Lemma 4.4.3 (Existence of barriers for (4.4.6)). Assume (A) and (A0). There exists a
constant K1 > 0 such that

(U_,g_) = (UO - Kltv&) - Klt) and (’LL+,§+) = (U() + K1t7§0 + Klt) (447>
are respectively sub-solution and super-solution of (4.4.6).

Proof. We define K1 = Mykg. Let us prove that (u™,£1) is a super-solution of (4.4.6).
In fact, we have that

uf + M(ut(t,2), [€7(t ) (@) |uf | = K1 — Moko =0,
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where we have used Remark 4.3.6 for the second inequality. Similarly, using that K > 0
and K7 > 2||V||scko, we have that

& + Lz, &5 (t ), [u* (8, ) (@)I&F] = 0.

The proof that (u=,£7) is a sub-solution is similar and we skip it.
]

Proposition 4.4.4 (Comparaison principle). Let T' > 0. Assume (A)-(A0). Let (u,§)
and (v, () be respectively a sub-solution and a super-solution of (4.4.6). We also assume
that there exists a constant C' > 0 such that for all (t,z) € [0,T] x R, we have

up(x) — Ct < wu(t,x) < up(x) + Ct, Co(z) — Ct <&(t,x) < &(z)+Ct (4.4.8)

and
up(z) — Ct < v(t,z) < up(z) + Ct, &o(z) — Ct < ((t,x) < &(x) +Ct  (4.4.9)
If
w(0,2) <wv(0,2) and &£(0,2) < ((0,x2) for allxz € R,
then

u(t,z) <wv(t,x) and &(t,x) <((t,x) forallx € Rt €[0,T].
Proof. Let us introduce

M= sup max(u(t,2) —v(t,2),&(tx) — ((t ).
t€[0,T),zeR

We want to prove that M < 0. We argue by contradiction by assuming that M > 0.

Step 1 : test functions. We introduce the following test functions

r— )2 22
) = ult.o) =~ ole.p) - 72— e (U2 0T

—1 2e 2
and
—_ )2 2
s =t - ot (52 o).

with 7, v small parameters, and A a constant to be chosen later. We denote by ®(¢, z,y) =
max (¢(t,x,y),¥(t,z,y)). Using (4.4.8) and (4.4.9) we have that

n ar (& —y)° z?
g - on \T—yr
p(t,z,y) < uo(z) —uo(y) +2CT T7—¢ °© ( 2= 72

n at ((z—y)? a?
< + —qy] - —— — ~ 2 4N,
20T + kol|z — y| . e < 9% Y 5
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We have a similar result for 1) which yields that

lim &= —cc.
||, ly[—=+o0
Using the fact that our test functions are upper semi continuous, we can see that ®
reaches a maximum at some finite point that we denote by (¢,z,7) € [0,7) x R x R.
Classicaly we have for 1 and v small enough,
M

M, .=t z,79) > > 0,

2
|z -y =0 as &—0,
vzZ] -0 as vy —0.

Step 2 : t > 0 for ¢ small enough. By contradiction, let us assume that ® reaches
its maximum for ¢ = 0. Let us for instance assume that ®(¢,Z,9) = ¢(t,Z,7). In this
case, we have

vo| 5]

< u(0,2) — v(0,§) — —— < kol — §| — =——.

0< T—-t— T—1

Therefore, % < ko|Z —y| and for € small enough we get a contradiction. In the same way,

we get a contradiction if we assume that ¢(¢,z,7) = ¥ (¢, 7, 7).

Step 3 : utilisation of the equation in the case ®(¢,Z,7) = ¢(t,Z,y). By dupli-
cation of the time variable and passing to the limit we have that there exist two real
numbers a, b € R such that

_ T —17 2 j2
a—b= ﬁ + Aeht (% + ’y?> (4.4.10)
a+ M(u(t,z), [E(E)])(@)]e™ (p +72) | <0 (4.4.11)
b+ M(v(t,9), [C(E D @)le?p| > 0 (4.4.12)

with p. = ——2 . Combining (4.4.10), (4.4.11) and (4.4.12), we obtain
(3

()2 =2 . B
e (E2IE 0B < 06,0, 6D G)

— MM (u(t, 7), [E(F D) + 0y (44.13)
where we have used the fact that M (u(t,z), [£(¢,-)])(Z) is finite according to Remark
4.3.6.

We distinguish two cases.
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Case 1 : there exists a subsequence ~, such that

1z — 9]
g

—0 asn— +oo.

In this case, taking 7 going to zero in (4.4.13) yields a contradiction.

Case 2 : there exists a constant C. > 0 such that for any + small enough we have,

<

|z~

> C..
€

Changing variables in (4.4.13) we can write

(A )2 B D—+y ~ _
T . 5t AeAt% < \eAtpe!/ E(¢(t,2) — v(t,y))d>

Af yD+:v B B _
leFpel | E(E(t,2) —u(t,@))dz + 0y(1)

B D—+y ~ B B B
<letpd [ BGE2) ~ u(E.9) - B 2) — ulta)ds
Yy

+ \eA{pE ]

/ " B, 2) — uf, 2))d

D+ B B
| B~ ut.)s

D+z

+ \eAt_p6 ]

+0,(1). (4.4.14)

We define

A= {z eR: E(C(F2) — v, ) < E(E(F,2) - u(t‘,:z))} .

(T — )2 72 22
C(t,2) —v(t,g) > £ 2) — u(t, @) + e (ﬂ + = — 7—> .

This implies that

¢ i 2 ((z-9)?* , 2
A€ C {|Z| > Rs,'y} with Rz,'y = ; <2€ _l_,y? )

Moreover R.. = R.., — |§| = +00 as v — 0 (see Da Lio et al. in [DLFMO08, Lemma
2.5]). This implies that

D+y B B
/ B(C(E =) — o(F,9))dz = / B(C(E =) — o(E, 5))d=

[7,D+7)NA

+ / B, 2) — olf. 9))d=.
[Q,D—FQ)QAC
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However, from Remark 4.3.6, we have that for « small enough

o< [ SBGES) - s = () — o)
[7,D+y)NA°

/[y7D+y]m{|Z|ZRE,’Y}

_E(C(t_v Z+ y) - ’U(E? y))d'z

(0,D]N{[z+7[=Re ~}

Bt z+y) — vt y))dz
[0,D]N{|2|>Re,~}

0.

IN

We deduce that for v small enough,

D+y _ B D+y
| B o= [ B - ulta)dz.
Yy Yy

Then for v small enough (4.4.14) implies

_ T B B D+g - -
Cane < |e*pe / E((t,2) —U(taw))dZJr/ E(§(t,z) —u(t,z))dz| +0(7)
g D+z
(2
< 2046Atw + 04.
with Cy o = S — + AeAEM. Choosing A = 4a, we get a contradiction.
(T —1)? 2 ’

Step 4 : utilisation of equation in the case ®(t,7,y) = ¥(t,Z,y). By duplication
of the time variable and passing to the limit, we have that there exist two real numbers
a,b € R such that

_ T —1q 2 j‘2
a=b=1z . 5+ AeAlt <( 259) + 77> (4.4.15)
o+ Lz, £(E,2), [ulf, ))(@) - | (p. +~2)| < 0 (4.4.16)
b+ L5, (5 9), [u(t, )))(@) - [eMpe| > 0 (4.4.17)

with p. = 2. Combining (4.4.15), (4.4.16) and (4.4.17), we obtain that

Cane < 1e"pel (L(@.6E). [ulE. (@) - LE €02 W@ D) +op. (4418)
We recall that we defined L and L using K and V (see (4.3.11) and (4.3.12)). Therefore,

we can see that the right part of inequality (4.4.18) is finite (using Remark 4.3.6). We
distinguish two cases.
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Case 1 : there exists a subsequence ~, such that

|z — 9
9

—0 asn— +oo.

In this case, taking = to zero in (4.4.18) yields a contradiction.

Case 2 : there exists a constant C. > 0, such that for any v small enough we have

To simplify, we introduce

L =L@ EEa)ulE @) L=LE 6. E ) @),
K = KE®D), [uf. )@ K =K(C(ED). [oE @),
N = N(EE D), @)@ N = NC(ED). [oE ) @),

As above, we can prove

K-K<|t—j| and N—-N<|z—7|

We have that

E—L:af(—QV(NJrf()qb(g—f()—L

<a(K+|o-g) -2V (N+K+|o—g) oG- K—|o—g)-L
Sa(K+]z—g) =2V (N+K)¢(G—K—|z—g) L
<alz—gl+2V (N+K) (6@ - K) -6 (5K —|7- 7))

< afz =gl + 2|1Vl 16/]1oclz = 51, (4.4.19)

where we have used for the first inequality the monotonicity (see Remark 4.2.2).
The monotonicity of V' yields the second inequality. The third and the final inequalities
come from the definition of L and the fact that ¢ and V are Lipschitz functions. Finally,
combining (4.4.19) with (4.4.18), we obtain

(7 )2 (a2
ﬁ +A€At($zgy) < eAt(xgy) (+2||V[| o 10 ]]s0) +04(1).  (4.4.20)

Taking A = 2(a+2||V||||¢'llx), we get a contradiction in (4.4.20). The proof of
Proposition 4.4.4 is now complete.
U

We now give a comparison principle on bounded sets, to do this, we define for a given
point (tg,z) € (0,7) x R and for 7, R > 0, the set

Qﬁﬁ(to, z0) = (to — T, to +7) X (z0 — R, 0 + R).
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Proposition 4.4.5 (Comparison principle on bounded sets for (4.4.6)). Assume (A).
Let (u,&) be a sub-solution of (4.4.6) and let (v,() be a super-solution of (4.4.6) on the
open set Q-7 C (0,T) x R. Also assume that

u<v and &< outside QF,E’
then
u<v and £<( on QF,E'
Proof. The proof of similar to the proof of Proposition 4.4.4 so we skip it. O

Applying Perron’s method (see [[IMROS8, Proof of Theorem 6|, [AT96] or [Imb05] to see
how to apply Perron’s method for problems with non-local terms), joint to the comparison
principle, we obtain the following result.

Theorem 4.4.6 (Existence and uniqueness of viscosity solutions for (4.4.6)). Assume
(A0) and (A). Then, there exists a unique solution (u,&) of (4.4.6). Moreover, the func-
tions u and € are continuous and there exists a constant K1 > 0 such that

uo(z) — Kyt < wu(t,z) <wug(x) + Kt and  &o(x) — Kqt < E(t,x) < &o(x) + Kq(#.4.21)

4.4.4 Control of the oscillations for (4.4.6)

We now present a theorem that provides a control on the oscillations in space of the
solution of (4.4.6). This is a very important theorem, first because it will allow us to
prove Theorem 4.3.5 and also because it presents some of the arguments we use later to
build the correctors at the junction.

Theorem 4.4.7 (Control of the space oscillations). Let T' > 0. Assume (A0)-(A) and let
(u, &) be the solution of (4.4.6) provided by Theorem 4.4.6. Then for all x,y € R,z >y
and for all t € [0,T], we have

—ko(z —y) — 1 <u(t,z) —u(t,y) <0 (4.4.22)
and

—ko(z —y) =1 <&(t,2) — &(t,y) <0, (4.4.23)
with ko defined in (A0).
Proof. We use the following notation,

Q={(t,z,y) € [0,T] xRxR st.x>y}.

Proof of the upper bound. We introduce

M= sup max (u(t,a:) - u(t,y),ﬁ(t,a:) _g(tvy)) :
(t,z,y)eQ

We want to prove that M < 0. We argue by contradiction and assume that M > 0.
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Step 1 : the test functions. For 7,7 > 0 small parameters, we define

n
Pt 2, y) = ult,z) —u(t,y) - 5= — 72" =’

and

Yt z,y) = E(t,z) — E(ty) — TL_t — ya? — P,

We denote by ®(t,z,y) = max (¢(t,x,y),¢(t, z,y)). For x > y, using (4.4.21) and (A0)
we have

p(t.z,y) < uo(x) —uo(y) + 2K T — % —ya? —y? <2K0T — ya? —yy°

P(t,x,y) < &o(x) — Eoly) + 2K T — % —ya? —yy? <2K0 T — ya® — 9.

Therefore, we deduce

lim @t z,y) = —c0.

|zl ly[—=+o0
Since @, are upper semi continuous, ® reaches a maximum on ) at a point that we
denote by (¢, Z, 7). Classically we have for  and v small enough
M -
0< 7 < q>(t7$7y)a
YZ[ gl =0 asy —0.

Step 2 :t >0 and Z > 4. By contradiction, assume first that ¢ = 0. For instance,
we assume that ®(¢,%,7) = ¢(t,7,7). In this case, we have that

IN

uo(Z) = uo(y) <0,

Nl

where we have used the fact that ug is non increasing, and we get a contradiction. In the
same way, we get a contradiction if ®(¢,Z,y) = ¢ (t,Z, 7). The fact that > § is obtained
directly using that ®(¢,z,7) > 0.

Step 3 : utilisation of the equation in the case ®(¢,7,7) = (¢, 7,7). By
duplication of the time variable and passing to the limit we get that

n n 7o T - -
RN =M (u(t, ), [€(,)])(Z) - [272], (4.4.24)

where we have used the fact that M (u(Z,7), [£(t,-)])(7) < 0. Using Remark 4.3.6, we
have that —M (u(t, ), [£(,)])(Z) is bounded. Taking + to zero, we get a contradiction
in (4.4.24).
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Step 4 : utilisation of equation in the case ®(¢,7,y) = (f,%,y). By duplica-
tion of the time variable and passing to the limit we get that

< 2My (|vz| + |vyl)

where we have used the bounds on L and L (see Remark 4.3.6). Taking 7 to zero, we get
a contradiction.

Proof of the lower bound. In order to prove our result, we will use the following
lemma which proof is postponed.

Lemma 4.4.8. For all (t,x) € [0,T] x R, we have

0 <{(t,x) —u(t,r) <1. (4.4.25)

Now we would like to prove that for all € > 0,

M= sup {&(t,y) —u(t,x) — (ko +e)(x —y)—1} <O0. (4.4.26)
(t,z,y)€Q
In fact, if (4.4.26) is true, then taking € to 0 and using (4.4.25) we directly obtain the

lower inequalities in (4.4.22) and (4.4.23). We argue by contradiction and assume that
M > 0.

Step 1 : the test function. For 7,y > 0 small parameters, we define
n
pt,y) = E(ty) —ult,z) = (ko +e)(@ —y) =1 = 7 — 72’
Using (A0) and (4.4.21), we obtain that

p(t.ay) < €oly) — uo(@) + 2K1T = (ko + €)@ —y) = 1 = == — 7a”
< 1+l<:0(x—y)—|—2K1T—(ko—i—s)(x—y)—l—TL_t—'yx2

< 2K\ T — ya? —e(z —y).
Therefore, we have that for (¢, z,y) € Q

lim  (t,z,y) = —o0.

|z|,|y|—+o0

Since @ is upper semi continuous, ¢ reaches a maximum on {2 at a point that we denote
by (t,Z,y). Classically we have for n and v small enough

0< S (,0(15_,.%,@),

| =0 as~vy—0.

vo| g

Kl

ol
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Step 2 : ¢ >0 and 7 > y. By contradiction, assume first that ¢ = 0. Using (A0),
we get a contradiction writing that

%<§o(?j)—uo(f)—(ko—i-e)(f—gj)—lﬁ1+ko(§:—y)—(ko+€)(a_c—y)—1SO.

If we assume that = g then, using the fact that ¢(f,Z,7) > 0, we get that

. : n n n
0<étz) —ulz)—1———<1—-1——4=—_1
<&(t3) —ult,7) T—1" T T

This inequality yields a contradiction.

Step 3 : utilisation of the equation. By duplication of the time variable and
passing to the limit we get that

ﬁ < M(u(t, @), [E(t, (@) - 29T + ko + & = L(5, €5 9), [u(@,)]))(G) - [ko + ]

< —L(g,f(ﬂg), [’U,(f, )])(ﬂ) : ’kO + 5‘7

where we have used the fact that M (u(, z), [€(Z,-)])(Z) < 0. We replace L by its definition
(4.3.16) and using (4.3.17), we have

= g)z <2V (N(E(E,9), [u, )))(H)) ko + el. (4.4.27)

Now we want to prove that N(£(¢, ), [u(t,-)])(§) < ho. Indeed, if it is true, we will get a
contradiction in (4.4.27) because V(h) = 0 Vh < hg. Let then z > hy.
If § 4+ 2z > Z, then using that w(,.) is non increasing, we get that

U(ﬂg + Z) - 5({’ g) < U(t_,i‘) - 5({’ g) < _kO(‘/i - g) -1<-1
If 4 2z < Z, using the fact that ¢(¢,%,7 + 2) < ¢(t, T, ), we obtain
Et.g+2) &t Y) < —koz < —

Using Lemma 4.4.8, we get that u(t,5+2) —&(t,7) < —1. We deduce that I(u(t,y+ 2) —
§(t,9)) = 0 for z = ho and so N(£(t,9), [u(t,.))(H) < ho.

[

O
We now turn to the proof of Lemma 4.4.8.

Proof of Lemma 4.4.8. The proof is divided into several steps.

Step 1 : proof of the lower bound. We introduce

M = sSup {u(t,x) —§(t,x)}.
(t,z)€[0,T] xR

We want to prove that M < 0 and argue by contradiction by assuming that A > 0.
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Step 1.1 : the test function. Let 1,7 be small parameters, and A a constant to
be chosen later. We introduce

2
n eAt(x Y) 2

T—t 2e -

gO(t,:E,y) = u(t,x) - g(tay) -

Classically, ¢ reaches a maximum on [0,7] x R x R at (¢,Z, ) and we have for 7,y small
enough,

0< S @(Eajag)a

as v — 0,

ol

Yz
|z —gy| -0 ase—0.

Step 1.2 : ¢t > 0 for € small enough. We assume by contradiction that ¢ = 0. We
have that

0 < uo(7) = &(7) — 7 < kolz — 7 — -

~

Taking € small enough, we get a contradiction.

Step 1.3 : utilisation of equation. By duplication of the time variable and pas-
()2
sing to the limit and passing to the limit, we get setting Cs ;. = (T—LDQ +A6At%

eAfL@‘ (L€ 9) [u(E, )(@) — M(u(E, 2), [EE D)) + 05 (1)

Cy <
7/'778 — 6

<

eAf”«;@?‘ (0 (&t ), [ult, @) — M(ut,2), [6F (@) + 0y (1),

9

where we have used the fact that V' > 0. We claim that

~M(u(t, ), [T, -))(@) < alz —g| and K(E(E7), [u. @) < |z -7l (4.4.29)

Indeed, for z > |Z — 7|, using that £(¢,-) is non increasing and that ¢(¢,z,7) > 0, we
have that
5({,.2_:‘ + Z) - u(ﬂj) < g(fag) - u(ﬂj) <0.

Therefore, using the definition of £ we obtain that (for ¢ small enough such that |z—g| <
D)

|Z—7]
—M{(u(t, ), £, )])(Z) = —/0 B2+ 2) —u(t, 7))dz < afz —g|.

Similarly, using the fact that w(¢,-) is non increasing, for all z > |z — 7|, we have that

u(t,y — 2) — £(E,9) > u(t,z) — £(5,9) > 0.
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Therefore,

_ _ lZ=gl . _ _
K(&(,9), [ut,-))(©) :/0 " Pt g - 2) - @)z < 7 - .

This ends the proof of (4.4.29). Injecting (4.4.29) into (4.4.28), we get that

U At (Z = 9) 4t (Z = 9)°
(T—E)Q +A€ tT S 2ae tf +07(1)

Taking A = 4, we get a contradiction for v small enough.

Step 2 : proof of the upper bound. We introduce

M = sup {g(twf) —’U,(t,l‘) - 1}
(t,z)€[0,T] xR

We want to prove that M < 0. We argue by contradiction and assume that M > 0.
Let n,~v be small parameters. We consider

n (33—9)2 2
T—1¢ % v

w(t,x,y) - £(t,:):) - u(t7y) -1-

Classically, ¢ reaches a maximum on [0,7] x R x R at (¢, Z,7) and we have the following
result for  and ~ small enough

M _
0 < 7 S So(tvxay)v
vz -0 asy —0, (4.4.30)

|z —y| -0 ase—0.

As in the previous Step 1.2, we get that ¢ > 0.
By duplication of the time variable and passing to the limit we then get that

e < (M 9). [6CDE) - L 602, ld, ) @) \“”” - y' +0y(1) (4431)

y‘ o, (1), (4.4.32)

where we have used the fact that M < 0 and (4.3.17). We want to prove that

N(&(E,2), [u(t, )])(Z) < ho.
In fact for all z > hg, we have that Z+z > g for € small enough, so using that ¢(t,z, ) > 0
we get that
u(t, =+ z) — (¢, ) u(t, y
We deduce that N(£(t, 7), [u(t,.)])(Z) = [5° I(u(
V(h) =0 for h < hg, we get a contradlctlon in (4.

) — E(F, @) < —1.
7,

T+ z) —&(t,7))dz < hg. Using that
.31) for « small enough.
L]
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4.5 Effective Hamiltonian and effective flux-limiter

In this section we provide a justification for the definition of the effective Hamiltonian
H provided in (4.2.4), we use the following proposition.

Proposition 4.5.1. (Homogenization left and right of the perturbation) . Assume (A).
Then for every p € [—ko, 0], there exists a unique A\ € R, such that there exists a bounded
solution (w,x) for x € R of

M, (w(z), [x]) (z)|p + wa| = A
(aKp (x(2), [w]) (x) — 2v(Np (x(), [w]) () + K, (x(@), [w]) (@)) P+ el = A
(4.5.1)

_ -1
Moreover, for p € [—ko,0], we have A = H(p) = =V <—> .
p

-1
Proof. We claim that for A = —|p|V (—), the couple
p

—1
w0 = (0.-2v ()
is a solution of (4.5.1).

-If p = 0, the result is obvious.

p. (-1
-If p € [—ko, 0), since FPV <?> +pz > 0if and only if z € [0,V (—=1/p) /a], then

hS

we have

M, (w(z), [x]) (z) = /ODE (—gv (%) —|—pz> dz = -V (%) , (4.5.2)

we recall that D = hpee + 3Vinas/(20) 4+ 2r/¢g. Similarly, for all z > 0, we have

—1
Ly <—> —pz < 0if and only if 2 < V (—1/p) /a, then
o p

K, (x(), [w]) (z) = /OD F (gv (%) —pz) dz = év (%) . (4.5.3)

N, (x(o) ) () = [ " (2v (51) o0e) e

1 -1
First, notice that thanks to assumption (A7), for all p € [—ko,0), we have —V <—> +
«a p
1 -1 -1 -1 1
— < 0. Moreover, gV <—> +pz > —1for z < —V <—> — —. We distinguish two
g:)ases “ P “ b P
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-1 -1 1
Casel: —V (—) — — < D. In this case, we have
« p p

N (xon ) ) = v (2 -

o p

and
N, (x(@), [w]) (2) + K, (x(), [w]) (2) = —%. (45.4)

Finally, using (4.5.2), (4.5.3), and (4.5.4), we obtain our desired result.

-1 —1 1
Case 2 : —V <—> — — > D. In particular we have —1/p > hya.. Therefore, we

«Q p p
have
Vmax
Ny (x(@)wl) () = D and K (x(@). w]) (x) = =",
this implies that
Np (x(2), [w]) (z) + Kp (x(2), [w]) () = D + Dt g

Combining this result to (4.5.3), we obtain

(a5, (x(@). [w]) (2) = 2V (N, (@), [w]) (@) + K, (x(@), [w]) (@) ) ) Ipl = ~Vinaolpl

()

(4.5.5)

Using (4.5.2) and (4.5.5), we obtain our desired result. The proof is now complete.
O

4.6 Correctors for the junction

In order to obtain an homogenization result, we need to find the effective flux-limiter.
That is why we consider the following cell problem : find A € R such that there exists a
solution (w, x) of the following Hamilton-Jacobi equation, for z € R,

M (w(z), [x()]) - [wz| = A
{ L(z,x(x), [w()]) () - [xa] = A (4.6.1)

In this section we present a result of existence of correctors for the junction, which
will be used for the proof of Theorem 4.3.2. We use the following notation : given A € R,
A > Hy, we define two real numbers p_ and p, defined by

Hp,)=H (p)=H@P_)=H (p_)=A (4.6.2)

Given the form of H, there exists only one couple of real numbers satisfying (4.6.2).
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Theorem 4.6.1 (Existence of global corrector for the junction). Assume (A).

i) (General properties) There exists a constant A € [Hy, 0] such that there exists a
solution (w,x) of (4.6.1) with A\ = A and such that there exists a constant C > 0 and a
globally Lipschitz continuous function m such that for all z € R,

lw(x) —m(x)] < C and |x(z) —m(z)] <C. (4.6.3)

ii) (Bound from below at infinity) If A > Hy, then there exists a yo > 0 such that for
every v € (0,70), we have for all x > r + Vijyee /e and h > 0,

w(@ + h) —w(z) > (P =7)h,

X+ h) - x(@) = (5, — D (46.4
and for x < —r — Vypae /o and h > 0,

w(e—h) —w() > (P~ Dh,

X — ) = x(2) > (=p_ — ) (4.6.5)

(iii) (Rescaling) For e > 0, we set

w®(z) = ew (E> and x°(x) =ex (E) ,
€ €
then (up to a sub-sequence e, — 0) we have that w® and x* converge locally uniformly
towards a function W which satisfies

W (a) - W) < Cle—y| forall s,y € R, o)
HW,) =A for all x # 0. o
In particular, we have (with W(0) =0),
W(x) =Pirlgpso) + P21z (4.6.7)

iv)(Monotonicity of the flux-limiter A) Let ¢1,¢o : RT x R — [0,1] be two functions
satisfying (A6). Let A1 and Ao be their respective flux limiters given by Theorem 4.3.2.
If, for all (t,z) € R x R, we have

$1(t,x) < Po(t, x),
then
A > A,

The proof of this theorem is postponed until Section 4.8.
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4.7 Proof of convergence

This section is devoted to the proof of Theorem 4.3.2 which relies on the existence
of correctors provided by Proposition 4.5.1 and Theorem 4.6.1. We will use the following
lemmas, the first one being a direct consequence of Theorem 4.4.6.

Lemma 4.7.1. (Barriers uniform in ). Assume (A0) and (A). There exist a constant
Ky > 0 such that for allt > 0 and x € R, we have

|u®(t,x) —up(x)] < Kyt and [E°(t,x) — &o(x)| < Kqt (4.7.1)
The following lemma is a direct consequence of Theorem 4.4.7.

Lemma 4.7.2. Assume (A0) and (A). Then the solution (u®,&%) of (4.3.3) satisfies for
allt >0, forallz,y e R, x >y,

—ko(x —y) —e <u(t,z) —u(t,y) <O,
—ko(z —y) —e <& (tx) =& (ty) <0

Before passing to the proof of Theorem 4.3.2, let us mention that Theorem 4.3.5 is a
direct consequence of this result joint to Theorem 4.3.2.

(4.7.2)

We now turn to the proof of Theorem 4.3.2.

Proof of Theorem 4.3.2. We introduce

U(t, ) = limsup*u® &(t,z) = limsup*¢*,
e—0 e—0
u(t,x) = liminf u® £(t,z) = liminf &°,
e—0 « - e—0 &

and
U = max (ﬂ, E) v = min (g,é) .

We want to prove that ¥ is a sub-solution of (4.2.7) and that v is a super-solution of
(4.2.7). Indeed, in this case, the comparison principle will imply that 7 < v. But by
construction v < v, hence ¥ = v = u’, the unique solution of (4.2.7). This implies that
U=u=¢= §= u® and so uf and &% converge locally uniformly to u’.

To prove that T is a sub-solution of (4.2.7), we argue by contradiction and assume
that there is a point (£,7) € (0,4+00) x R and a test function ¢ € C*(J,) such that

on fo(t_, .’i‘) with 7 > 0,
—2n outside Qpr(t,z) withn >0,

@t(ﬂj) + H(fa%:(ﬂf)) =0> 07

(4.7.3)

124



where

Fy(p S0 ) a4 720
We can assume that for e small enough (up to changing ¢ at infinity), we have

u®, &8 <p—mn outside Qr:(t, 7). (4.7.4)

Using Lemmas 4.7.1 and 4.7.2 we get that the functions 7 and ¢ satisfy for all ¢ > 0,
[u(t, x) —ug(w)] < K1t and |E(t,z) — &(x)| < Kqt  for all 2 € R, (4.7.5)

{—ko(m —y) <
—ko(r —y) <

We distinguish two cases.

and for x >y

(4.7.6)

Case 1:z #0. We only consider the case > 0, since the other case (Z < 0) is treated
in the same way. We define p = ¢, (t, Z), that according to (4.7.6), satisfies

—ko<p<0 (4.7.7)

We choose 7 small enough so that £ — 27 > 0. We introduce

VE(tx) = olt z) — LV <_—1) .

o p

We have the following lemma.

Lemma 4.7.3. (p, 1) satisfies, in the viscosity sense, the inequality
- £ 0
oot 31 (2060, | 0| ) @ el 2 5
y° @
5 r . el >
v (25000 [£00) ) @ sl 2

Proof of Lemma 4.7.3. For all (t,z) € Q7 #(t,Z), we have for 7 small enough

et + 31 (L0t |20 ) @) lonlts)l =d.) + or(1)

9 on ij(f, j) (478)
2
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where we have used for the first equality the regularity of the test function ¢ and the
fact that the non-local operator M¢ is bounded (see Remark 4.3.6) and (4.7.3) for the
second equality.

If p = 0, we obtain directly our result. We then assume that p € [—ko,0). For all
D > 2z >0, and for € and 7 small enough we have that

ws(tvm + E.Z) — Sp(tw%')
g

<pz— gv (%) + 07(1) + 0:(1),

where we have used the fact that o € C'. Now using the fact that E is non increasing,
we have

E (Qpe(t’:ﬂ +e) - @(t’x)> > B (pz - gv <_?1) +or(1) + 06(1)> . (479

£

Moreover, we have that

pz — gv (‘71) tor()+o.(1) >0 iff z< év <_?1> +or(1) + 0-(1).

We deduce that

W (L) [ S )@= [ 5 (v 2v () 4 out) + i)

—V (—%) + 05(1) + 02(1). (4.7.10)

Y

Using (4.7.9),(4.7.10) and the definition of H, we have for 7 and & small enough,

A>0+0,(1)—V (%) bl + 0p(1) + 0. (1) + V (%) Pl = 0+ 0p(1) + 0.(1) > g

We now prove the second inequality in (4.7.8). Let us notice that for € small enough,
using the fact that the non-local operator K¢ is bounded (see Remark 4.3.6) and the
definition of ¢, we have that
t,7).

p (x _ ke <f(t,x), [“e. )D (@) — 1 forall (t,2) € Qr

9 9
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If p = 0, we obtain directly our result. We then assume that p € [—ky,0). For all
D > 2z >0, and for € and 7 small enough we have that

So(t’x B 52) — ¢€(t=$)
g

< —pz+ gV <_?1> + 07(1) + 0-(1).

Now, using the fact that F is non increasing, we have that

/ODF (—pz + gV (%) +o0r(1) + 05(1)> dz < K¢ (g(t7x)’ [f(t, )D (z)

9

which yields that

1 —1 ~ ¢
~V (?> +o0r(1) +0.(1) < K° (%(t,x), E(t, )D (@). (4.7.11)
We now compute N¢ (g(t, x), [%(t, )}) (). As above, and using the fact that I is non

decreasing, we have

Ne <g(t,$), [g(t, )D (z) < /ODf (pz + gv <_?1> +o0r(1) + 08(1)> dz. (4.7.12)

We notice that thanks to assumption (A7), for all p € [—k,0) we have

1 1 —1
s+av (=) <o
p o p

-1 1 1 -1
Using that pz + Py <—> +o0:(1)+0-(1) > —1lifand only if 2 < —— — =V <—> +
o p p « p
07(1) + 0:(1), we have distinguish two cases.
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1 1 —1
First case : —— — —V <—> + 07(1) + 0-(1) < D. In this case,
p « p

. (w? ) [f(t,.)D @=[ Ui <pz+ Py <—1> T ox(1) +o€(1>> S,

Then,
&'z 0+onl1) + B (£ ), [£0] ) @lol - H )
>0+ o07(1) + aK* <%(t, x), [f(t, )]) (z)
—2v (8 (Lo [260)] ) @)+ & (Lt [£60] ) @) +v (2
>0+4+o0:(1)+V (

_ov <N€ (f(t,x), [g(t, )]) (z) + év (%) +or(1) + os(l)) +V (%) p)

9

2«9+0r(1)+V(

)

>0+ 0p(1) +0-(1) >

I

N D

where we have used the definition of L¢ for the second inequality, (4.7.11) combined with
assumption (A7) (see Remark 4.2.2) for the third inequality, (4.7.13) combined with the
fact that V is non-decreasing for the fourth inequality and the fact V is a Lipschitz
continuous function for the last inequality.

1 1 -1
Second case : — — =V <> +07(1)4+0-(1) > D. In particular, by definition of
p o p

D, we have —1/p > hinae for € and 7 small enough. Then using (4.7.11) and the definition
of N¢, we obtain

Ne (f(t,x), 0. )D () <D and

9 9

% +07(1) + 0:(1) < K* i (t,z), [g(t, )D ().
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Using assumption (A7) (see Remark 4.2.2) and the previous inequalities, we get, using
the definition of L¢, that

5 (L5 . [£0]) @) = ok (S0, [20] ) @

_zvcw(guw%EugDcm+RfC§wm{§wﬂ>mo

Vmax
> Vi +0:(1) +02(0) =2V (D 22 4 0,(1) 4 0.(1))

> —Vinaz + 07(1) + 0-(1).

Therefore, we have

—1
A 26+ 01(1) = Vinaap| + 07(1) + 00(1) + V (;) .

26 =+ Of(l) + 05(1)
0

>_)

—2

where we have used assumption (A4) (V(h) = Vipae Yh > hinae) and that —1/p > hpas.
This ends the proof of Lemma 4.7.3.
O

Getting a contradiction. Using (4.7.4), we have for ¢ small enough,
ut <@—n and & <y —n outside Qrz(t,T).
Using the comparison principle on bounded subsets for (4.3.3), we get
ut <p—n and & <Y —n on Qr(t, ).

Passing to the limit as e — 0, we get © < ¢ — 7 and £ < ¢ —n on Q7 (£, %) and this

contradicts the fact that (Z, z) = max (u(t, z),£(t,2))) :—go(t_, T).

Case 2 : £ = 0. Using Theorem 4.4.5, we may assume that the test function has the
following form

o(t,r) = g(t) +P_xlizeoy +PyTlizs0p  on Qr2:(t,0), (4.7.14)

where g is a C! function defined on (0,+4oc0). The last line in condition (4.7.3) then
becomes

g+ (0.5 =g () + A= 0.
Let us consider (w, () the solution of (4.6.1) provided by Theorem 4.6.1. We define

ﬁ@@:{mﬂwﬂ@(m%yﬁm

’ _ (4.7.15)
o(t,x) outside Q7 27(t,0),
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€ _ g(t) + Cs(x) on QF,QF(E, 0)
VE(t, ) = {so (t.2) outside Qp ar(7, 0). (4.7.16)

We have the following lemma,

Lemma 4.7.4. (¢°,9°) satisfies in the viscosity sence, for ¥ and € small enough on
Qrr(t,0)
~ SDE
o + 01° (—( ) [ (.
° ; 0 (4.7.17)
o (5 [ o

Proof of Lemma 4.7.4. Let h be a test function touching ¢° from below at (t1,z1) €
Q7 7(t,0), so we have

w (%) = §<h<t1,m1> — g(tr)

and

(h(t1,ey) — g(t1)),

w(y) > %

for y in a neighbourhood of 1 Since w does not depend on time, we have that
€

hi(ti, z1) = ¢'(t).
Using that (w, () is a solution of (4.6.1), we then deduce that

I

he(ty, x1) — g'(t1) + M (w (%) , [g]) (_

. >A
. ) |he(t, 1) > A,

which implies

e, en) + 0 (w0 (2, 161) (22 - hattr o) = A g/ (1) > 3,
haty,20) + M° ( 2 ), [i (tl,.)b @) ol 2 5. (4718)

Let f be a test function touching ¢° from below at (t2,22) € Q7 #(t,0). We have

(") = L (f(t2sm) - 9(t2))

9

and



T
for y in a neighbourhood of =2 Since ¢ does not depend on time, we have that
€

filta, z2) = ¢'(t2).

Therefore, using that (w, () is a solution of (4.6.1), we get

filta,w2) = g't2) + L (2, (2) lw]) (2) - falta )| = A,

which implies

flta ) + (2,6 (22) 1)) () feltam > At qu(e) > 5,
filta, o) + I° (%? 2t 2), [%;«tQ,)]> () |foltn, )] > 3.

Getting the contradiction. We have that for € small enough

ut 41 <o =g(t) +p_rlpeoy +Prrlpsoy  on Qr2r(t,0)\Qr #(%,0)
E+n<p=g(t) +D_rlzeoy +Dirlpsoy  on Qr2r(f,0\Qr (%, 0).

Using the fact that w®, (¢ — W with W(z) = p_2li,c0y + P+21{z>0y (see Theorem
4.6.1), we deduce that for € small enough, we have

u® + g < ¢ and & + g < ¢ on Qror(t,0)\Qr (¢, 0).

Combining this with (4.7.15) and (4.7.16), we get that
u® + g <¢® and &+ g < ¢°  outside Q7 #(t,0).

By the comparison principle on bounded subsets the previous inequality holds in Q7 (¢, 0).
Passing to the limit as ¢ — 0 and evaluating the inequality in (¢,0), we obtain

a@m+g§¢@m wd§@®+2§¢@m

which is a contradiction with the fact that v(Z,0) = max (u(Z,

0),&(%,0)) = (%, 0).
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4.8 Proof of the existence of correctors at the junction

This section contains the proof of Theorem 4.6.1. We proceed as in [FSZ17b, GIM15]
and we will construct correctors on a truncated domain and then pass to the limit as the

size of the domain goes to infinity.

For | € (r,4+00), r <<l and r < R << [ we want to find A\, g € R such that there

exists a solution (wh®, xbf) of

1 I,R LRy , LRy _
GR(':CaX7 (LE),[U}’ ]7X23, ) :)\Z,R
H (wp®) = Np o
4 R ite=1
H (xi") = M\Nr
H (wi™) =\ g £
— IR if o =—
H (x&7°) =M\

with

Grlz,w(z), [x],a) = ¥r(2z)M(w(z), X])(2)|g] + (1 = Yr(@))H (q),

Gh(z, x(2), [w],q) = ¢r(x)L (z,x(z), [w]) (z)]a] + (1 = Yr(z))H(q)-

Moreover, ¥ € C®, r : R — [0, 1], with

_ [ 1 on[-R,R]
YR= 10 on (—o0,—R—1]U[R+1,+00),

(4.8.1)

(4.8.2)

(4.8.3)

and Yr(r) < 1Vze ¢ [-R, R|. (4.8.4)

. . . 1.2 . ~1.2 . . .
As in the previous sections, to G3” we associate G'5” which is defined in the same way

but we replace the non-local operators M and L respectively by M and L.

4.8.1 Comparison principle for a truncated problem

Proposition 4.8.1 (Comparison principle on a truncated domain). Let us consider the

following problem for r <1y <ly and A € R, with lo >> R.
Zfl‘ € (ll,lg)
-+
>
£+(“x)—A if x =l
H (&) = A
and for ey > 0,
=0 fo € (ll,lg)
€0

Zfl‘:lg

Then if v(l1) < u(ly) and ((l1) < &(ly), we have v < u and ¢ < & in [l1,1o].
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Proof. Like in [FSZ17b|, the only new difficulty to prove this proposition is the compa-
rison at lo. But since near la, the system decouples itself, we can prooceed as in [GIM15,
Proposition 4.1].

O

Remark 4.8.2. We have a similar result if we exchange the boundary conditions, that
s to say forly <los < —r and lo < —R, and if the Dirichlet condition is placed in x = o
and the following conditions are imposed at x = Iy,

H (ug) > A o

T (&) > A Je=h
ﬁi(vx)g)\—t?o ifac:ll
H (&) <\—¢p '

4.8.2 Existence of correctors on a truncated domain

Proposition 4.8.3 (Existence of correctors on a truncated domain). There exists a
constant

A.g € R such that there exists a solution (whf xbR) of (4.8.1) for which there exists a
constant C (depending only on ko) and a Lipschitz continuous function mb®, such that

Hog)\lR<0

w" P (z) —mM i (z)| < © for all z € [-1,1],

IXbF(z) — mbR(z)| < © for all x € [—1,1], (4.8.7)
imb B (@) —m" i (y)| < Clo —y|  for all z,y € [-1,1],

lwh B (x) — xbE(z)| < C for all z € [—1,1],

with Hy defined in (4.2.6).

Proof. Classically, we consider the approximated truncated cell problem,

00’ + Gp(a,0’(2),[¢°],v)) =0
{ St by ey g et
50 + H+(vg) = .
565 + (%) = 0 it =1 (4.8.8)
S +H (v3)=0 e ]
6¢° +H (¢2) =0 -

Step 1 : construction of barriers. Using that (0,0) and (Cy/d, Cp/9) are respectively
obvious sub and super-solution of (4.8.8), with Cy = ]miﬁ{} Ho(p)| = —Hp and that we
pE

have a comparison principle, we deduce that there exists a continuous viscosity solution
(v?,¢%) of (4.8.8) which satisfies

Co
< <22
0= )

and 0< (< % (4.8.9)
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Step 2 : control of the oscillations of v° and ¢°.
Lemma 4.8.4. The functions v® and ¢° satisfy for all z,y € [~1,1], = >y,

—ko(z —y) =1 < (@) —°(y) S0 and  —ko(z —y) — 1 < ¢*(x) = (°(y) < 01.8.10)
Proof of Lemma 4.8.4. In the rest of the proof we will use the following notation

Q= {(z,y) € -, st. x> y}.

Proof of the upper inequality. We want to prove that

M = sup max (v‘;(:c) —(y), % (x) — C‘;(y)) <0. (4.8.11)
(z,y)eQ

We argue by contradiction and assume that M > 0. Since v* and ¢° are continuous and
x,y belong to a compact, M is reached for a finite point that we denote by (x,7) € .
Given that M > 0, we deduce that = # 7. Therefore, we can use the viscosity inequalities
for (4.8.8).

Let us for instance assume that M = v (x) — v*(§), the other case is similar so we
skip it. We distinguish 3 cases :

If (z,9) € (—1,1), we have

00 (&) + G, 0%(x), [(7),0) <0
5 () + GR (7,0 (1), [¢°],0) > 0.

Combining these inequalities with the fact that G%(z, U, [£],0) = 0 for i = 1,2, we obtain
M < 0.
-If 2 =1 and § € [—[,1), we obtain similarly
SM <0, (4.8.12)

using the fact that ﬁ+(0) = 0.
-If ¢ € (—1,1] and § = —[, we obtain

(5M§H{)<O,

where we have used the fact that H (0) = Hy < 0.
For every value of z,y we obtain a contradiction, therefore M < 0.
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Proof of the lower inequalities. In order to proof these inequalities, we will use
the following lemma which proof is postponed.

Lemma 4.8.5. For all x € [—I,l], we have
0<(x)—°(x) < 1. (4.8.13)

In order to prove (4.8.10), using Lemma 4.8.5 it is sufficient to prove that

M= sup (g5(y) — o (z) — kolz — y) — 1) <0. (4.8.14)
(z,y)EN

We argue by contradiction and assume that M > 0. Since (2 is compact and v and ¢° are
continuous, M is reached for a finite point that we denote by (x,%) € Q. Since M > 0,
we deduce that = > y (thanks to Lemma 4.8.5). Therefore, we can use the viscosity
inequalities for (4.8.8). We distinguish 4 cases :

-If 2,5 € (—1,1), we obtain

3¢°(9) + GR(5, (), v°], —ko) < 0
(5’1)6(.@) + G}%({L‘,’U(S(x), [C5]7 —]{0) >0,

combining these inequalities and using the definition of M, we obtain

§M < 54—5@;) - 52}6(‘%) < GE(I,U(S(IL‘), [Cﬂv _kO) (4 8 15)
—G%(ﬂ, Cé(g)7 [’Ua]? _k'O)' o

Since the non-local operator M is negative and that H(—ko) = 0 we deduce that
G2, (), [¢°], —ko) < 0.

We now claim that G%(7, ¢°(9), [v°], —ko) > 0. Using H(—ko) = 0 and (4.3.17), we get
that

G%(ﬂ, Cé(g)7 [v6]7 —/ﬂo) = L (@C(S(g)v [’Ué()]) (y) : k0¢R(y)
> —2koV (N (7). [+°()]) @) -

Let us now prove that N(¢%(), [v°()]) (%) < ho. In fact, it is sufficient to prove that for
all z € (ho, D], we have

(4.8.16)

V(G +2)— () < —1. (4.8.17)
First, if z > x — ¥, using the fact that v? is non increasing and that M > 0, we obtain
V(G +2) =) <00 (@) = @) < —holw —y) —1 < —1.
Second, in the case z < x — g, using the fact that

G +z) — () —kole — g —2) — 1 < C(F) — v¥(x) — kolz — F) — L,
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and using Lemma 4.8.5 we deduce that
V(G +2) = ) < —koz < —1. (4.8.18)

This implies that N(¢%(7), [v°(-)])(7) < ho. Using assumption (A3) (V(h = 0) if h < hg)
and injecting this result in (4.8.16) we get that G%(7, ¢°(9), [v°], —ko) > 0. Using (4.8.15)
we then get a contradiction.

-If 2 € (—1,1) and y = —I, we obtain

Using the fact that H (—ko) = 0 and that G (z, v’ (x), [¢%], —ko) < 0 we obtain M < 0.

-If 2 =1 and y € (—1,1), we obtain

8¢ () + GR (. O (), [v°], —ko) <0
50 () + H ' (ko) > 0,

using that G%(7, ¢°(¥), [v°], —ko) > 0 (see the first case) , and the fact that ﬁ+(—k:0) <0,
we directly obtain §M < 0.

-If x =1 and y = —I, we obtain

and so, we get 6M < 0. o
For every value of z,§ € [—1,[] we get a contradiction, therefore we have M < 0. This

ends the proof of Lemma 4.8.4.
O

Step 3 : construction of a Lipschitz estimate. We want to construct a Lipschitz
continuous function m?, such that there exists a constant C' > 0 (independent of I and

R) such that

|00 (z) —ml(z)| < C for all x € [—1,1],
1C%(x) —mi(z)| < C for all x € [—1,1], (4.8.19)
im0 (x) —m?(y)| < Clz —y| forall z,y € [-1,1].

We define m® as an affine function in each interval of the form [ihg, (i + 1)hg], with
i € Z, such that

mo(ihg) = v (ihg) and mo((i 4+ 1)ho) = v°((i + 1)hg).
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Since m® and v° are non-increasing, and [v°((i + 1)hg) — v°(iho)| < koho + 1 = 2, we
deduce that for all = € [ihg, (i + 1)ho],

—2 < 00((i + D)ho) — mO(ihg) < v’ (x) — m®(x) < v’ (ihg) — m®((i + 1)hg) < 2(4.8.20)
and for all z,y € [—1,1],

m? () — mA(y)| < kol — .
Now using Lemma 4.8.5, we have
@) - mf ()] < 3.

Choosing C' = max(2kg, 3), we obtain (4.8.19).

Step 4 : passing to the limit as § goes to 0. Using (4.8.9), Lemma 4.8.5 and
(4.8.19), we deduce that there exists a subsequence d,, — 0 such that

8,007 (0) — —A\LR as n — 400,
6,C0(0) — -A\R as n — 400,

mon —md(0) — mbf asn — +oo.

The last convergence being locally uniform. Let us consider,
@ = limsup*(v* — v°7(0)) and  wf =liminf (v°* — v*"(0))
6n—0 In—0 4
and
X' = limsup* (¢ — ¢*(0)) and  }"F =liminf (¢° — ¢*(0)).
dn—0 - on—0 4

l7R) th, YLR’ XZ’R and ml’R Satisfy

Therefore, we have that A\; g, W

Hy < N r<0,
B — mbE| < O, |whE — mbE| < ¢,

R — mbE| < ¢, ’XZ,R —mhR| < C, (4.8.21)
mz"| < C,
and thanks to Lemma 4.8.5, we have
P =B xR - Wb <L (4.8.22)
By stability of viscosity solutions, we have that (whf — 20, %" — 2C) and (wh, x»F)

are respectively a sub-solution and a super-solution of (4.8.1), and
wlt — 20 < MZ’R and XZ’R —-20< XZ’R.

By Perron’s method, we can construct a solution (w!f,x"f) of (4.8.1) and thanks to
(4.8.21) and (4.8.22), mbf ) whf LR and A, g satisfy (4.8.7).
The uniqueness of \; g is classical so we skip it. This ends the proof of Proposition
4.8.3.
L]
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Proof of Lemma 4.8.5. We separate the proof in two parts. This proof uses the vertex
test function of the work of Imbert and Monneau [IM13, Theorem 3.2| to treat the
comparison between v° and ¢? near —I and [. In fact, we consider that we have a network
composed of a single branch with two nodes (one in — and the other in [). Near —[ we
consider an outgoing branch and near [ we consider an incoming branch.

Step 1 : proof of v°(z) — (°(z) <0 for all z € [~1,1]. We want to prove that

M= swp (v'(2) = (@) <0

ze[—11]

We argue by contradiction and assume that M > 0. Given that v® and ¢? are continuous,
M is reached at a finite point that we denote by x € [—[,l]. We distinguish 3 cases
according to the position of x in the interval [—1,].

Case 1: x € (—[,1). We define for € a small parameter,

)2
ple) = 00() = )~ T (w0 - aP).

Since [, 1] is compact and v? and ¢° are continuous functions, the function ¢ reaches
a maximum at a finite point that we denote by (z.,v.) € [—[,l]. If we denote M, =
o(ze,ye), by classical arguments, we have that

lim M. =M, lim|z.—y| =0, and (z;y:)— (v,2)as e goesto 0. (4.8.23)
e—0 e—0

We can also prove that

2

@8] o ase—o. (4.8.24)
5

Furthermore, for £ small enough we have z.,y. € (—[,1), and using the viscosity

inequalities we obtain

51}6(%—:) + g}{(l'savd(:zs)’ [C5]7p5 + (335 - 33)) <0
5¢° (ye) + GR(ye, ¢ (ye), [v0], pe — (y= — @) > 0,

with p. = (2z — y.)/e. Combining these inequalities and using the definition of M, we
obtain that

OM < GF (4, ¢ (4e), [V°],pe = (ye — 7)) = G (w2, 0" (), [¢°) pe + (22 — )
< (Yr(ze) — Yr(ye))H(p 5)+ ||1/1R||oo||H lloo ([ye — 2| + [z — )

+¢R(ys)aK(C5( =) [v D (We)-Ipe — ye + x|

— ¥R () M (0 (2e), [ ()]) (@e)-|pe + 22 — 2

(p

< (Wr(@e) = br(Y)H(pe) + [[YallsolH oo (lye — 2| + |22 — ) (4.8.25)
R (Ye) K (¢ (e ), [0 () (We ) Ipe| — $r () M (v (22), [¢O()]) (e )-|pe |
+(aMolye — x| + Moz — z|)
< (Yr(z:) — ¥r(Y:))H(pe) + 0c(1)

FOR(Y) K (¢ (ye ), [0 () (We)-Ipe| — ¥m(ze) M (0 (), [¢°()]) (e)- e |
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where we have replaced G}% and G% by their definitions, used the fact that by definition
H is a Lipschitz function and that that V' > 0 for the second inequality, used Remark
4.3.6 for the third inequality and (4.8.23) for the last inequality.

We will compute the right part of the inequality in different steps.

1-Concerning the local operator.

(Vr(ze) — Vr(y))H(pe)| < ||DYr|loo]me — yel|H (pe)|
2
< ||D¢R||oovmax(%%yf) (4.8.26)
=o0.(1)

where we have used the regularity of v g for the first inequality, used the fact that by
definition of H, we have |H| < Vjuz|p| for the second inequality and used (4.8.24) for
the last inequality.

2-Concerning the non-local operator M. We claim that
M (0% (z2), [C°()])(ze) < |z —ye|. To prove this, it suffices to prove that for all z > |z, —y.|

CO(xe 4 2) — %) < 0.
Using the fact that (9 is decreasing, that z. + z > y. and that M. > 0, we obtain
C(S(xs +2) — v(s(fzs) < Ca(ys) - vd(xs) <0.

Therefore we have

|ze—ye|
—Pr(zs) M (0 (z2), () (2) = —wR(:re)/O E((’ (s +2) — o' (22))dz  (4.8.27)
< alze — yel. (4.8.28)
In particular, this implies that

Ipe| < a@ = 0:(1). (4.8.29)

@/)R(xe)M('U& (ze), [C(s])(xs)

_ 3-Concerning the non-local operator K. We claim that
|K(CO(ye), 8 () (e)| < |7 — ye|. As before, it suffices to prove that for all z > |z, — 1|

v (ye — 2) = ¢°(ye) > 0.

Using the fact that v® is decreasing, that z. > y. — z and that M, > 0, we obtain

V(e — 2) = P (ye) > 00 (x) — ¢*(ye) > 0.

Therefore we have

Ur(Ye) K (C (ye), 0] ()| < |oe — wel. (4.8.30)

Injecting (4.8.26), (4.8.27), and (4.8.30) into (4.8.25), we obtain 6M < o.(1) and we
get a contradiction for € small enough.
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Case 2 : x =[. In this case, we use the vertex test function introduced by Imbert
and Monneau. We refer to [IM13] for a detailed description of the vertex test function,
but for the readers convenience we recall the properties that we used to complete this
proof. The vertex test function G7 is associated to the single Hamiltonian H. We fix
v = dM /2. It satisfies the following properties.

1. (Regularity)

GV (z,-) € CH[-1,1]) forall =€ [~1,]]
iy ) (4.8.31)

G7(y) € CH([=L,1]) forall ye[-L1].
2. (Bound from below) G7 > 0 = G(0,0).

3. (Super-linearity) There exists ¢ : [0,+00) — R non-decreasing and such that for
all (xvy) S [_lvl]2

GY e O([-1,11%) {

g(lz —y|) <G (z,y) and  lim g(a) = 400,

a—+oo @

4. (Compatibility condition on the gradient)

F(yv —GZ(Q% y)) - F(.CL‘, G; (.ZL‘, y)) < Vs (4832)
with for all x € [-[,[] and p € R,
— H(p) ifxel[-11)
H =< 4.8.33
We introduce the following test function, for € > 0 a small parameter,
— Sy O e (EYN 1 N2 PRy
play) =" (@) = ) =6 (2.4) = 5 (@ =2+ (- 2)?).

which like before reaches a maximum at a finite point (xe,y.) € [—[,I] and (4.8.23)
remains true.
Using the viscosity equations, we have that

500 (z) + H (xE,G; (”“’— %) ¥ (2o — :7:)) <0

6 () +H (3G (2 2~ (0= D)) ) = 0.

Using the definition of M and combining the previous inequalities, we get that

SM <H (ye, -G (f v_ (ye — gj))) - H (%,GZ (g, g) + (z2 — f))

’
g &

<t -3 (51)) 1 (2 (2. 2)) o0

where we have used (4.8.23) combined with the fact that both H and H' are Lipschitz
continuous for the second inequality. Using the compatibility condition on the gradient
of the vertex test function (4.8.32) we obtain

5M S Y +0€(1)7

and given that v = §M /2, we get a contradiction for e small enough.
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Case 3 : x = —I[. This case is exactly like the previous one with the exception
that the vertex test function must be adapted to treat the junction at —[. In particular,
(4.8.33) is replaced by

— H(p if x € (1,1
H(zx,p) = H(p) . _( ]
H (p) ifx=-L
We skip the rest of the computation for this case.

In conclusion, we have M < 0 and for all = € [~1,1], 0 < °(x) — v’ ().
Step 2 : proof of (°(z) —v°(z) < 1. We want to prove that

M = sup (C‘s(ac) — 0 (z) — 1) <0.
xz€[—1]]

We argue by contradiction and assume that M > 0. Give that v° and ¢’ are continuous,
M is reached at a finite point that we denote by x € [—[,1]. We distinguish 2 cases
according to the position of x in the interval [—1,].

Case 1 : z € (—I,1). We define for € a small parameter,

p(r,y) =v°(x) — Oy) — 1 — (G

5 ((a: — m)2 + (y — 33)2) .

DN | =

Using the same arguments as before, the test function reaches a maximum at a finite
point that we denote by (zc,y:) € [—[,{]. If we denote M. = ¢p(z.,y:) (4.8.23) and
(4.8.24) remain valid.

For £ small enough we have z.,y. € (—[,1), and using the viscosity inequalities we
get that

5C6(335) + G%(£57€6($5)7 [UéLps) <0

60 (y=) + Gh (Y=, 0 (ye), [C0), pe) > 0,

with p. = (2. — y.)/e. Combining these inequalities and using the definition of M, we

obtain
5M S G~1R(y€7v5(y5)7 [C6]7£€) _G2R(‘r57<:5(x€)7 [,Ué]?pé) (4834)

< (Yr(22) = YR(Y))H (pe) + 2¢R(x)V (N(C(2e), 0 ()])(@2)) [Pl

where we have replaced G% and G, by their definition and used (4.3.17) and that M < 0.
We will compute the right part of (4.8.34) in different steps.
1-Concerning the local operator. Like before, we have

(Vr(we) — Yr(Ye)H (pe)| < || DVR|lo|ze — ye|[H (p:)| = 0-(1). (4.8.35)
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2-Concerning the non-local operator N. We claim that
N (@), [ ()] (e) < ho-
To prove this, it suffices to prove that for all z > hg, we have
V(e + 2) — ) < —1.

Since |re — y:| — 0 as e goes to 0, we have for all z > hy and & small enough that
Te + z > y.. Therefore, we get

Ué(xa +z) — Cd(xe) < Ué(ys) - C(S(-Ts) < -1,

where we have used the fact that v% is decreasing for the first inequality and the fact
that M. > 0 for the second inequality. This implies that

V(N (¢ (), [0 ()(a2)) < V(ho) =0, (4.8.36)

Injecting (4.8.35) and (4.8.36) in (4.8.34), we obtain dM < o.(1), and we get a
contradiction for £ small enough.
Case 2 : x = of x = —I[. Proceeding like in the previous step we obtain directly a
contradiction by using the properties of the vertex test function.
This ends the proof of Lemma 4.8.5.
O

Proposition 4.8.6 (First definition of the flux limiter). The following limits exists (up
to some sub-sequence),

A= lim Ap,

_ R—+o0

AR = lim )\Rl'
=400 ’

Moreover, we have
Hy < A, A <0. (4.8.37)
Proof. This proposition is a direct consequence of (4.8.7). |

Proposition 4.8.7 (Control of the slopes on a truncated domain). Assume that | and
R are big enough. Let (w T, xb) be the solution of (4.8.1) given by Proposition 4.8.3.

We also assume up to a sub-sequence, that A = lim lim Ai,r > Ho. Then there exists
R—+ool—+o0

Yo > 0 and a constant C > 0 (independent of | and R) such that for all v € (0,7v9) and
forallz>r+ D, h > 0 we have

wh(z + h) — whF(z) > (py —y)h - C (4.8.38)
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and
X+ h) = X" (@) > (b — )b = C. (4.8.39)
Similarly, for all x < —r — D and h > 0,
whf(z —h) —whB(z) > (=p_ —y)h - C (4.8.40)
and
XM @ = h) = X" (@) > (=P —)h - C. (4.8.41)

Proof. We only do the proof of (4.8.38)-(4.8.39), since the proof of (4.8.40)-(4.8.41) is
similar and we skip it. For ¢ > 0, small enough, we denote by p:[ the real number defined
by

- —+
H(py)=H () =Np— - (4.8.42)
Using that
Hy <A\ r <0,

we deduce that plf exists for p small enough and pl‘f € [—ko,0).
Let us now consider

wt =pl,
+ — ot p:tr —1
X =Pux— EV ﬁ )
that satisfy
= -5+ -7 -+
Hew!)=H (i) =HO) =H ()= Mg—n foraeR  (4843)

+
-1
Let us consider (w, x) = <0, —p—”V (—+>) the correctors provided by Proposition 4.5.1
@ Ph

for p = p}. Given the definition of w* and x, we get
M(w™(2), (@) = My (w(z), (@), KK (@), [w])(@) = K, (x(@), [w])(z),
and

N(xF(2), lw (@) = Nt (x(2), [w]) ().

In particular this implies that



and

K (¢ (@) [0 @) - 2V (KO o [0 Do) + N0 o), ot D)) ==V (2 ).

pu

Finally, given that the non-local operator K is bounded by D (see Remark 4.3.6), we
have for all z € (r+ D, ]

6z = KOcH@), o) @) = 1.

Combining the previous results, we can see that the restriction of (w*, x™) to (r+D, ]
satisfies

1 () — _
{Gﬂ Wt @) =T =M D)
GR(z,x " (), [w],x3) = H(p)) = Mg — (4.8.44)
H L) =Aur = itz =1 B
H (x5) =N —
Let us introduce, for some xq € (r + D, ],
— ot + C ko
g = whf — whB () 1 u=w"—w(ry) —C — Evmm (4.8.45)
h=x"R—whB(z), ot ko -
’ V=X —w (1'0) - C - _Vma;m
o

with C' > 0 the constant provided by Proposition 4.8.3. Then we have
ko
g(l'o) =0>-C- Evmax = U(:L‘o)

and

ko

L1
h(.’ll‘()) = Xl7R(x0) - wl7R(x0) >-C>-C- Evmaac - %V (?) = U(x())a

where we have used the fact that p € [~ko,0) and ||V||oc < Vias. Using that (g,h) is a
solution of (4.8.5) and (u, v) is a solution of (4.8.6) (with g = ), joint to the comparison
principle (Proposition 4.8.1), up to changing the value of the constant C, we get that

{zuﬂu»—wﬂ@wzpmx—xw—c
KR (@) = XM (o) 2 p (2 = w0) = C.

This implies that for all h > 0, and for all x € (r + D, 1),

{ wh (x4 h) — whF(z) > pfh - C
XI’R($+h)— lR( )>p +h C.

Finally, if we choose vy < |po — P, |, then we have

Hp, —v) =H' (p, — 7).
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Choosing ¢ > 0 such that

we obtain (4.8.38)-(4.8.39).

Proof of Theorem 4.6.1. The proof is performed in two steps.

Step 1 : proof of i) and ii) We want to pass to the limit as [ — 400 and then as
R — 400 on the solution of (4.8.1) given by Proposition 4.8.3. Using (4.8.3), there exists
l, = +0o0, such that

R R

min Bl B0) 5 mf asn — oo,

the convergence being locally uniform. We also define

W () = lim sup® (wl"’R - wl"’R(O)> . wl(z) = liminf (wl"’R — wl"’R(0)> ,

n—+o0o n—+00,
and
() = timsup® (xF — xR (0)) , xF(z) = liminf (" = x(0))
n—-+00 - n—+00

Thanks to (4.8.3), we know that these limits are finite and satisfy
mR—ngRSERSmR—i—C. and mR—CSXRSXRSmR—{—C.

By stability of viscosity solutions (w? — 2C, ¥ — 2C) and (w®, x7) are respectively a

sub-solution and a super-solution of

Gr(w,wf(z), [XT], wy) = Ag
{ G%(:r,xR(:r), (W], xB) = Ap. (4.8.46)

Therefore, using Perron’s method, we can construct a solution (w’, x%) of (4.8.46), with
mf, Ag, w? and ' satisfying

imf(x) —mf(y)| < Clz —y| for all z,y € R,
lwf(z) — mf(z)] < O, |xF(x) —mf(z)] < C forall x € R, (4.8.47)
lwf(z) — xB(z)| < C for all z € R, Hy < Ag < 0.

Using Proposition 4.8.7, if A > Hy, we know that there exists a 79 > 0 and a constant
C' > 0 such that for all v € (0,7vp), for all z > r 4+ D, and h > 0,
wi(@+h) —w(@) > (o —Nh—C and x*(z+h) —x* (@) > (py —y)h - C.
Similarly, for all z < —r — D and h > 0,

wh(a —h) —wh(@) > (=p- = 1h - C
and

X(& = h) = x"(z) > (=p_ —7)h - C.
Proceeding like before, we pass to the limit as R — +oo in order to build a solution

(w,x) of (4.6.1) with A\ = A that satisfies (4.6.3), (4.6.4) and (4.6.5).
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Step 2 : proof of iii). Let us now consider the rescaled functions w® = cw(x/¢) and
X% (z) = ex(z/e). Using (4.6.3), we have that

w(z) = em (f) +O(e) and x°(z)=em (f) +0(e). (4.8.48)
Therefore, there exists a subsequence €, — 0 as n — 400, such that

w, X" — W locally uniformly as n — +o0, (4.8.49)

with W (0) = 0. Proceeding as in the proof of convergence (Section 4.7), away from the
junction point, we have that W satisfies

HW,)=A forx#0.

This proves (4.6.6). Let us now prove (4.6.7).
For z < 0, we have for all v € (0,7o), if A > Hy,

WxSZ_?_+’)/,

where we have used (4.6.5). Therefore, we have W, = p_ for x < 0, this equality remains
valid if A = Hy (indeed, if A = Hy, we have p, =Dp_ = py = Wy).
For x > 0, we have for all v € (0,79), if A > Hy,

WxZ]_')+—')/,

where we have used (4.6.4). Therefore, we have that W, = p, for > 0, this result is
still valid if A = H,.
Combining these results, we obtain (4.6.7).

Step 3 : proof of v). In order to establish the monotonicity, we have to consider
the approximated truncated cell problem (4.8.8). Let us consider (v2,¢?) and (v3,¢3)
viscosity solutions of (4.8.8), respectively for ¢; and ¢y, with 0 < ¢1 < ¢9. First, using
the fact that the non-local operator is negative, we have

Gy (2. [U],q) < G3 (=, U], ),
with
GH(x, U], q) = Yr(x) L (z,x(x), [w]) (z)|g] + (1 — ¢Yr(z))H(qg), fori=1,2.

with

L (3, %(2), [U)) () = ok (S(2),[U]) (2)
=2V (N (S(2), [U) () + K (S(2), [0) () ) i (g — K (S(2),[U]) (=)
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Therefore, we have

0=0¢ +Gp'(z, ¢ (2), [v]],¢}.) > 8¢ + GR* (=, ¢f (x), [v]], ¢3)),

meaning that (v{,¢{) is a sub-solution of (4.8.8) with ¢2. The comparison principle
and (4.8.9) imply that

0 < dvf < 6vd < |Hp|

0 < 6¢0 < 6¢3 < |Hol.
Passing to the limit as § — 0, we obtain

0>\ g > AR > Ho.

Passing to the limit as [, R — 400, we get the result.
O

Theorem 4.8.8 (Effective flux limiter). Assume (A). We define the following set of
functions,

S ={(v,() s.t. 3 a Lipschitz continuous function m (with m(0)=0)
and constant C > 0 s.t. ||[v — m||oo, || — M||ec < C}.

Then we have
A =inf{\ € [Hy,0] : I(v,¢) €S solution of (4.6.1)}. (4.8.50)

Proof of Theorem 4.8.8. Up to a sub-sequence, let A = lim lim Al,r- We want to

R—+o00 l—+o0

prove that A = inf F, with
E ={\€[Hy,0]:3(v,() € S solution of (4.6.1)}.

We argue by contradiction and assume that there exists A € E such that A < A. We
denote by (v*, ¢}) a solution of (4.6.1) associated to A. Arguing as in the proof of Theorem
4.6.1, Step 2, we deduce that the functions

e x e T
o5 (x) = v (g) and  (5(z) = ¢ (g) (4.8.51)
have a limit W* (with W*(0) = 0) which satisfies
HWMN =X forz#0.

This means that for all z > 0, we have

— 1 T =+
W) <ph <P, with Hp}) = H (p}) = \. (4.8.52)

Similarly, for all z < 0, we have
Wr>pr >p. with HpY)=H (p*) =\ (4.8.53)
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These inequalities imply that for all v > 0, there exists a constant CN'7 such that

N .
@), M) < { gj +§§i i g: igi N z 8? (4.8.54)
Using Theorem 4.6.1 (ii), we have for « small enough,
v <w and C)‘gx f0r|x|2]:2.
This implies that there exists a constant C'z such that for all z € R, we have
v z) <w(z)+Cs and (Mz) < x(z) + Cp.
Let us now introduce two functions (u,¢) and (u*, &), defined by
{ u(t,z) = w(z) + Cp —_Zt, and { uMt, x) = vMN(x) — M,
£(t,x) = x(v) + Cp — At, EMt,x) = Ma) — M.
Both functions are solutions of (4.3.3) (with € = 1) and
uM0,2) <u(0,z) and €MN0,z) < £(0,z).
Using the comparison principle (Proposition 4.4.4), we obtain
M z) — M < w(z) — At + Ckx.
Passing to the limit as ¢ goes to infinity, we get A < \, which is a contradiction.
]

4.9 Link between the system of ODEs and the PDE

This section is devoted to the proof of Theorem 4.3.4, which is a direct application
of our convergence result, Theorem 4.3.2 joint to the following result.

Theorem 4.9.1. Fore = 1, (p,0) defined by (4.2.2) and (1.5.21) is a discontinuous
viscosity solution of the following equation

pe+ M (p(t,z),[o(t,-)]) (z) - [pz| =0
{ o0+ L (2, 0(t,2), [p(t, ]) () - | o] = 0 for (t,x) € (0,400) x R. (4.9.1)

The proof of Theorem 4.9.1 is given in Appendix 4.11. Let us use Theorem 4.9.1 to
do the proof of Theorem 4.3.4.
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Proof of Theorem 4.3.4. We recall that in Theorem 4.3.4 we have ug(z) = £j(z) = —x/h.
Let us begin by proving that for all z € R and for all £ > 0, we have

77(0,2) — wo@)] < f(¢) and  |o%(0,2) — €5(2)] < g(c), (19.2)
with f(g),g(¢) — 0 as € goes to 0. Let us define a piece-wise affine function v satisfying

p'(0,2) = v(z) for z = U;(0), for all i € Z.
Given that for all U;41(0) — U;(0) > hg, we notice that v is ko-Lipschitz continuous and
by definition of p'(0, ), we have
|p1(0,m) —v(z)] <1 forallz €R.

Let us consider the integer ig € N defined by ig = sup {i € Z, s.t. U;(0) < —R}. Using

<
the assumption that for all ¢ € Z such that U;(0) < —R we have U, 41(0) — U;(0) = h, we
deduce that for all z < U;,(0)
x U (0)

o(w) = =7 + 222 pl0, Uiy (0)) = 5 + T g — 1.

Let us now consider the integer i1 € N defined by

11 = inf {’L < Z, s.t. UZ(O) > R} .
Now using the assumption that for all ¢ € Z such that U;(0) > R we have U;1(0) —
Ui(0) = h, we deduce that for all x > Uj;, (0)

o) = 2+ IO 0,0, o) = -2 4 Ul

Moreover, we recall that for all € > 0, we have p(0,7) = ep!(0,z/¢), this implies that
for all = ¢ [£Us, (0),eUs, (0)],

157(0,2) = wo(@)] < |*(0,2) — v (£)] + |ev (g) — ()|

UilTiO) UZT(O) i 1\) | (4.9.3)

T Uz' (0)

—i — 1.

§5+5max< —11—1

Similarly, we have for all z € [eU;,(0),eU;, (0)],

0°(0,2) = wo(@)] <|p*(0,2) — v (2)| + [0 () —ewo (2)]

<e+e max (Jv(y) —uwo(y)]),
ye [Uio (0)7Ui1 (0)]

(4.9.4)

where we have used the fact that cug(z/e) = up(x). Combining (4.9.3) and (4.9.4) and
choosing

max ([v(y) —uo(y)]),
ye [Uio (0)7Ui1 (0)]

50 )
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we deduce the first inequality in (4.9.2) and proceeding in the same way we obtain the
second inequality. Using (4.9.2), we deduce that for all € R and for all £ > 0, we have

()" (0,2) —ug(z)| < f(e) +& and [(6%)*(0,2) — &5(x)| < gle) +e.  (4.9.5)
Combining (4.9.2) and (4.9.5), we get

{ ug(x) — max(f(e), g(¢)) < p*(0,2) < uo(x) + max(f(e),g(¢)) +¢
& () — maX( (€),9(¢)) < 0°(0,2) < &G(x) + max(f(e), g(e)) +e.

Using the fact that (p°, o) is a viscosity solution of (4.3.3) and the comparison prin-
ciple (Proposition 4.4.4) we deduce that (with (u®, &%) the continuous solution of (4.3.3)
associated to the initial condition ug(z) = £5(x) = —z/h)

{ u(t,x) —max(f(e),g(e)) < p°(t,x) < w(t,z) + max(f(e),g(e)) +¢
& (t,z) —max(f(e),g(e)) < oc(t,z) < &(t,x) + max(f(g), g(e)) + &,

where we have used the fact that (4.3.3) is invariant by addition of constants to the
solutions. Passing to the limit as ¢ — 0 and using Theorem 4.3.2 we get that p°, 0 —
(the unique solution of (4.2.7) with (ug, &) for initial condition), which ends the proof
of Theorem 4.3.4.

O
4.10 Analysis of system (4.3.1)
In this section we present some properties of the solution (U;, E;);ez of
Uj(t) = a (E5(t) = U;(t))
(4.10.1)

=j(t) = a(U;(t) = (1) + 2V (Ua(t) = U;(1)) - ¢ (U;(1)) -

We couple system (4.10.1) with an initial condition (U;(0),=;(0)); that satisfy the follo-
wing assumption.

(A0’) (Initial conditions for (4.10.1)). For all i € Z,

Vma;t —_
0 < Ei(O) — UZ(O) < o s Ui+1(0) — :i(O) > ho, and UZ‘_:,_l(O) — UZ(O) < hn(éggl()Q)

Proposition 4.10.1 (Bounds on the velocities of the vehicles). Assume (A) and (A0’),
then the solution (U;, Z;); of (4.10.1) satisfies for all i € Z

Vm(l.l’
0 < Ei(t) ~Ui(t) < =2 for all t > 0. (4.10.3)

Proof. Let us consider the equation satisfied by =; — Uj,

d(Z; — U; —
g:—Qa = —U)—{—QV(UjJrl—Uj)'qb(Uj) forallt>0,
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Step 1 : proof of the upper bound in (4.10.3). Using assumptions (A1), (A4), and
(A6), we notice that =; — U; is a sub-solution of

z = =20z~ 2V,
Vinaa 4.10.4
z(0) = . ( )

a

By comparison, we have

Zi(t) = Ui(t) < z2(t) = Yinaz for all t > 0.

Step 2 : proof of the lower bound in (4.10.3). Using assumptions (A1), (A3), and
(A6), we notice that =; — U; is a super-solution of

{ i (g) _:28“2’ (4.10.5)

By comparison, we have
Ei(t) = Ui(t) > z(t) =0 forallt>0.

This ends the proof of Proposition 4.10.1.
O

Proposition 4.10.2 (Conservation of the order in (4.10.1)). Assume (A) and (A0’),
then the solution (U;, Z;); of (4.10.1) satisfies for all i € Z,

UZ‘_:,_l(t) — Ei(t) > hyg fO?“ all t > 0. (4.10.6)
In particular, using Proposition 4.10.1, this result implies that

Ui—l—l(t) — Uz(t) > hy and Ei+1(t) — Ei(t) > hg fO?“ all t > 0. (4.10.7)

Proof. We will prove that for all § > 0 small, we have
Ui+1(t) — Ez(t) > ho —¢6 forallt>0.

Then passing to the limit as § goes to 0 we will obtain (4.10.6).

Let 6 > 0, we argue by contradiction and assume there exists a time
t* = inf{t, s.t. dj € Z s.t. Uj+1(t) — Ej(t) = hg — 5}

Let us consider j € Z such that Ujy1(t*) — Z;(t*) = ho — 0. By continuity, there exists a
time to € [0,t*) such that

Uj+1(t0) — Ej(to) = hy and Uj+1(t) — Ej(t) € [ho — 0, ho] for all t € [t07t*].
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Using Proposition 4.10.1, in particular that U; < Z;, and assumption (A7) combined
with Remark 4.2.2, we have that

(U — Z5) + 2V (Ujr1 = Uj) - (Uj) <2V (Ujr1 — ) - 9(E5)
<2V (ho) - 6(Z;) = 0.
This implies that (U;,Z;) satisfies for all ¢ € [to,t*],

Up=a(E-U;) . [ Uilt) <

Therefore, we have for all t € [to,t*]
Zj(t) < Ujsa(to) — ho.

Using again Proposition 4.10.1, in particular that the functions (U;); are non-decreasing
in time, we obtain that

Ej(t") < Ujpa(t™) — ho,

which is a contradiction. This ends the proof of Proposition 4.10.2.
O

Proposition 4.10.3 (Maximal distance between two vehicles). Assume (A) and (A0’),
then the solution (U;, Z;); of (4.10.1) satisfies for all i € Z,

Voaz 2
Ui (t) — Ui(t) < hinas + + 25 forallt>o0. (4.10.8)
20 Po
In particular, using Proposition 4.10.1, we have that for all i € Z,
3Viazr 2
Uii1(t) = Zi(t) < omas + + 2 forallt > 0. (4.10.9)
2c (Z)o

Proof. We will prove that for all § > 0 small, we have for all i € Z,

2
SWVinaz | 20 5 o all £ > 0. (4.10.10)

20 b0

Passing to the limit in the previous inequality as § goes to 0, we will obtain (4.10.8).

Ui-i—l(t) - Uz(t) < hmaa: +

Let 6 > 0, we argue by contradiction and assume there exists a time

2 max
" = inf{t s.t. E|j € 7Z s.t. Uj+1(t) — Uj(t) > hmax + —T + 3V, +(5} .

gf)o 2a
) . 2r 3V L
Let us consider j € Z such that Uj 1 (t*) —U;(t*) = hmaa + % + 5 +4. By continuity
0 «
and (A0Q’), there exists a time tg € [0,¢*) such that
UjJrl(tO) - Uj(tO) = Nmaz (41011)

152



and

2r  3Viax
Uj—i—l(t) - Uj(t) S hmaxv hmax + % + 20

+ (5] for all ¢ € [to,t"].
We distinguish three cases.

Case 1 : Uj(tg) € [-r,7]. The couple (Uj;,E;) satisty for all ¢ € [to, t*]

Sy U (t) h

Uj —Oé(:j —Uj) . ( ) J+1L*0 max

- — with _ Vinad4.10.12
{ = ZOé(Uj —:j)+2Vmax-¢(Uj), OSZ'(t ) Uj(to) < Ozl(. )

In order to compare the distance U;;1 — U; when Uj; is inside the perturbation, we
consider the worst case scenario where the vehicle j advances at a speed V420 and
J + 1 advances at a speed V,qz, until U; > r (meaning that the vehicle j is outside the
perturbation). To be more exact, we notice that the couple (Uj,Z;) is a super-solution
of the following system

1)—04(C v) . v(to) = Ujs1(to) — homaz
{ (= a(w—C) + Wnaeto, 0 { C(tﬁ) _ U(jfoj " (4.10.13)

Computing the solution of (4.10.13) we get

U(t) _ Me—&x(?ﬁ—to) _ M + Vmax¢0(t — to) + U(to)

[0 [0
_ ‘;maxgbo —2a(t—tp) ‘;maxgbo
¢t = 2a ¢ * 2a

(4.10.14)
+ Vma$¢0(t - tO) + U(tO)

By comparison, we obtain that

Vmax —2a(t— Vmax
Uj(t) > v(t) = Tqboe 2a(t=to) _ T% + Vinazdo(t — to) + v(tg).  (4.10.15)

1 < Vmam ¢0

maxP0 A204
We now prove that ¢ < t*. In fact, for all t € [to,#], we have

Let £ =

+r— Uj(to)> + to. Using (4.10.15), we have that U;(t) > r.

Ujy1(t) = Uj(t) < Ujy1(t) = Uj(to) < Vinaa(t — to) + Ujs1(to) — Uj(to)
max¢0 ) ) - )
Vi (e (7222 1= U0)) ) + Ul — U

Vmaa: - Uj (tO)

<

= 94 + < ¢0 + hmaw
Vinar = 27

< +

—+h
— 2a ¢0 + max s

where we have used Proposition 4.10.1 for the first line. From the previous inequality
and the definition of ¢*, we deduce that ¢ < t*.
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The couple (Uj, Z;) satisfies for all ¢ € [¢,t*],

Uj = a(E; - Uj)
. 4.10.16
{ Ej = a(Uj - Ej) + 2Viaz, ( )

with
2~ 2~ 2 Vinae
hmax < Uj-l—l(t) - Uj(t) < hmaac + _T +
v o 2a (4.10.17)
0< =5(0) ~ Ujlf) < 17

We can easily compute the explicit form of the solution of (4.10.17),

o R 672a(t7tA) Vinaz R 1, . R
_:j(t)+Uj(t)) 5 ~ g +Vmax(t_t)+§ (Dj(t)‘f'Uj(t))

Vmaa:

«

@@:(
and

—2a(t—t) Vae - N 1, . Ui
T+ Vet = D)+ 5 (55 + U D).

Using Proposition 4.10.1, for all t € [,t*], we have that

=5(1) = (25(0) - Uy - T2z

Q

Uj1(t) < Vinas (t — £) + Upia (0. (4.10.18)

Therefore, combining the previous results, we have for all ¢ € [f, t*]

Uj+1(t) - Uj (t) Svmax(t - 5) + Uj+1(£) — Vinax (t - 7?) - % (Ej (f) + Uj (E))

Vmam — ™ ™ ei2a(t7£) Vmam
- () + Uy () 5 — +
- 1, ~ Vimas
<Ujt) - 5 (Ei0) +U;(D) + %0
™ ™ Vmal’
<Ujs(t) = U;(t) + %0
2r Ve
Shmax + e + 9
b0 a

where we have used Proposition 4.10.1 for the second and third inequality and we have
used (4.10.17) for the last inequality. The previous inequality remains valid for ¢ = t*
which gives us a contradiction.

Case 2 : Uj(tp) > r. In this case, the couple (Uj, Z;) satisfies system (4.10.16) for all
t € (to, t*], with the following initial conditions
Uj(to) = Uj+1(to) = hmaaz
Vs (4.10.19)
< :
a

h
0 < Zj(to) — Uj(to) <
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As above, the explicit solution of (4.10.16)-(4.10.19) has the following form,

—Ej(to) + Uj(to)> 5 T 9g T Vinaa (t —to) + 5 (5 (to) + Uj(to))

(72

Vinaz 6_2a(t_t0) Vinaz
) +

T -
5 2% + Vmaac(t - tO) + 5 (‘—‘](tO) + U](to)) :

Z;(t) = (Ej(to) = Uj(to) —

«

Vmax

Arguing as above, we will obtain Uj41(t*) — U;(t*) < Ry + which is a contradic-

tion.
Case 3 : Uj(tg) < —r. We treat this case in 3 steps.

Step 1 : left of the perturbation. We denote by
t =inf {t > to s.t. Uj(t) = —r}.

For all t € [to, 1], the couple (Uj;,Z;) satisfies (4.10.16)-(4.10.19) and therefore has the
same form as the one presented in Case 2. In particular, for all ¢ € [to, ﬂ, we have

Vmax

This implies that ¢ < t*.

Step 2 : inside the perturbation. In the interval [f,#*], the couple (Uj, Z;) sa-
tisfies (4.10.12) with the following initial condition

A A~ Vmax
Uj+1(t) — Uj(t) < hmaac + W
0 <E;() —U;(f) < Vmas
a
The couple (Uj,Z;) is a super-solution of
{ 0= 0a(¢ ) with {00 =Upaa(®) + hma + —V;nix (4.10.21)
¢ =a(v—_C)+2Vnato, C(t) = v(t) o

Computing the solution of (4.10.21), and by comparison, for all ¢ € [£,t*], we have

Uj(t) > Vma$¢0 e_Qa(t_f) . Vma$¢0

= 2, 20 + Vmax¢0 (t - tA) + v(f)
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Let ¢ =

1 < Vmax ¢O

Vmax¢0 2«
now prove that ¢ < t*. We recall that U;(f) = —r. In fact, for all ¢ € [£,], we have

Ui (t) = Uj(t) < Ujsa(f) — Ui (1) < Vinao(f = 1) + Uja (F) — U;(6)
Vo (g (P22 4 = 0@) ) + U - U0

+7r— Uj(f)> +t. Using (4.10.15), we have that U;(t) > r. We

Vmax¢0 2
V, 2
< 2™ 4 B
! %o

where we have used Proposition 4.10.1 for the first line. From the previous inequality
and the definition of t*, we deduce that £ < t*.

Step 3 : right of the perturbation. In the interval [f,¢*], the couple (U;,Z;)
satisfies (4.10.16), with the following initial condition

~ ~ V 2r
Uj+1(t) - Uj(t) <S4 himag-
a ®o
Proceeding like before, we can prove that for all ¢ € [f,¢*], we have
3V, 2r
Uj+1(t) - Uj(t) < ;;ax + % + hinaa,

which gives us a contradiction for ¢ = t*. This ends the proof of Proposition 4.10.3.
O

4.11 Proof of Theorem 4.9.1

Before we give the proof of Theorem 4.9.1, we need the following result.
Lemma 4.11.1 (Link between the velocities). Assume (A). Let ((U;)j,(Z;);) be the
solution of (4.3.1) with an initial condition (U;(0),Z;(0)); satisfying (A0’). Then we
have

U5(t) = =M (u (1, U;(1)) , [€ (&) (U (1)) (4.11.1)
and
Ej(t) = —L(5;(t),€ (,E5(1) . [u(t, )]) (E;(1)) (4.11.2)
where u and & are continuous functions such that
{ Z(iéx(i)e;ezzgf;g$zn:$p(t’m) fore =00 T8 (4.11.3)

£(,2) = 0.(0,5) = o(62) for 2 = Z,0), § € 7. Ly
¢ is decreasing in x, A1,

where p and o are defined respectively in (4.2.2) and (4.3.2) (withe =1).
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Proof. We drop the time dependence to simplify the presentation. Let j € Z. We recall
that we chose D = Aoz +3Vinaa/(2a) + 21 /¢g. Using the fact that u(t,U;(t)) = —(j+1)
and (4.11.3), we have for all z € [0, +00),

{ §(U; + z) —uw(Uj)

> f(Ej) — U(UJ) =0 ifze [O,Ej — Uj)
§U; +2) —u(U;) <0

if z € [EJ — Uj,+OO)‘

Using Proposition 4.10.1, in particular that Z; — U; < D, we have

D
M (u (1,U;(8)) € (1)) (U3 (1)) = /0 E(€(U;+2) — u(Uy)) dz

g, -U; D
:/0 E(g(Uj+z)—u(Uj))dz+/ E(E(U; +2) —u(U)) dz

2;-U;

= —a (5 - Uj).

Combining this result with (4.3.1), we obtain (4.11.1). We now turn to the proof of
(4.11.2).
We will begin by computing K (£ (¢,Z;(t)), [u(t,-)]) (E;(t)). Using the fact that

and (4.11.4), we have for all z € [0, +00),

{ wEj —z) = &(Ey) <u(l;) —€(E;) =0 ifz€[0,E; - Uj)
Ej—2)—¢(Ej) >0 if z € [ — Uj, +0).

Thanks to Proposition 4.10.1, this implies that

2,-U;
KERS0). D& = [ FuE-2-¢E) =50,

We now turn to the computation of N (£ (t,Z;(t)), [u(¢,-)]) (E;(t)). We recall that thanks
to Proposition 4.10.2, we have U;j 1 — Z; > hg. In particular, we have that

{ u(Zj +2) = &(5)) > uUj41) —&(E) = -1 ifz€[0,Uj41 — 5j)
U(Ej + Z) — g(Ej) < -1 if z € [Uj+1 — Ej,—l—oo).

Once more thanks to Proposition 4.10.3, we obtain

Uj+1—5;
N (&, E5(1), [u(t,)]) (E;(t) = /0 I(u(Ej+2) - €(85) dz = Uj1 — ;.

Combining the previous results with (4.3.16) and (4.3.1), we obtain (4.11.2).
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Proof of Theorem 4.9.1. We remark that thanks to (4.11.3) and (4.11.4), we have for
x=U;(t) and y = Z;(t), j € Z,

M (p(t, ), [o4(t,)]) (x) = M (u(t, ), [§@E,)]) (x) = M (u(t, ), [§(E,)]) (2),

and

L (y,0x(t,y), [p«(t,)]) (v) = L (y, (8, ), [u(t,)]) () = L (y, &(t,9), [ult, ) ()

Using Lemma 4.11.1, and Definition 4.4.1, we can see that (p.,o0,) is a discontinuous
viscosity super-solution of (4.9.1). We obtain a similar result for (p*, o*), therefore, (p, o)
is a discontinuous viscosity solution of (4.9.1).

O
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Chapitre 5

A comparison principle for
Hamilton-Jacobi equation with
moving in time boundary

M. Zaydan !

Abstract

In this chapter we consider an Hamilton-Jacobi equation on a moving in time domain.
The boundary is described by a C! function. We show how we derive this equation from
the work of |[LLG98|. We only prove a comparison principle since the proof of other
theoritical results can be found in [IM13|. At the end of the chapter, we consider a short
homogenization result in order to reinforce the traffic flow interpretation of the equation.

5.1 Introduction

In this chapter, we consider an Hamilton-Jacobi equation posed on a moving in time
domain. More precisely, the equation is posed in several interval of the real axis whose
boundary (called "junction points") move in time. The junction points are denoted by
b; (t) € R at time t and we set for i € {1,..., N + 1},

B; = {(t,z) € (0,T) x R,s.t. bi_1(t) <z < bi(t)}.

We will show in Section 5.2 that the considered equation can be obtained by a first order
bus-vehicles interaction model, introduced in [LLG98|, where authors assumed that buses
represent a moving capacity restriction, i.e. the density of vehicles is reduced near the

1. Normandie Univ, INSA de Rouen, LMI (EA 3226 - FR CNRS 3335), 76000 Rouen, France, 685
Avenue de I"Université, 76801 St Etienne du Rouvray cedex. France
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buses zones. In order to simplify the notations, let us first introduce the fluz limiting
function, (see [IM13]). For i € {1,..., N}, t € R and p = (p1,p2) € R?

Fa, (tp1,p2) = max (A; (¢), H (6,01) iy (602) )

where A; is a locally lipschitz function and H ;FZ (resp. H 2_+12) is the nondecreasing (resp.
nonincreasing) part of the Hamiltonian H; ; (resp. Hj;1,) whose definition is given later.

The equation is given by

us + Hi(uz) =0 if (t,x) € Bj,i=1,.,N+1

d - .

= (u(t,bi(t))) + Fa, (tu (t,z), ubt (t,m)) —0 ife=bt),i=1,...N (5.11)
u(0,2) = up(z) for z € R,

Ou

ox

ou
where u; = e and u, = denotes respectively the time and the space derivative.

Moreover, we denote by

ubT (t,b; (1)) = lim
(8,5: () (t2)— (t,bi (1)
x>b;(t)

ui’* t,b; (1)) = lim Uy (t, ).
( ) (t,@)—(t,bi(t)) (t,)
x<b;(t)

uy(t, )

Equation (5.1.1) is quite similar to the one introduced by Imbert and Monneau in
[IM13]. The difference here is that we consider a junction which moves in time. Stability,
existence of solution and even the reduction of the class of test functions for (5.1.1) can
be easily obtained adapting the proofs of these results in [[IM13]. In this chapter, we prove
a comparison principle for equation (5.1.1). We borrow the idea introduced in [BBCI16]
and we use a localization procedure in order to insert the "good" test function in the
next step of the proof. Let us now clarify the notations used in (5.1.1).

Assumptions and Notations (A).

— (A1) The functions by, ..., by are time dependent differentiable functions such that
biy1 > b;. We denote also by by = —oo and by41 = 4+00. Moreover, we assume that
for all j € {1,..., N'}, b} is a locally lipschitz function.

— (A2) The Hamiltonians Hy, ..., Hy1+1 : R — R satisfy the following assumptions :
forallie {1,...N + 1},

H; is continuous,

H:
H; is superlinear i.e. lim i (p) = 4o0.

lpl—=+oo [P
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— (A3) For i € {1,...,N + 1} and for k € {i,i + 1} , Hy,(t,p) = Hy (p) — bi(t)p.
Morover, we assume that for all i € {1,..., N}, k € {i,i + 1} and for all ¢t € R,
the Hamiltonian Hy; (¢,-) is quasi-convex. We denote by H,, (¢,-) and H,_ (t,)
respectively the non-decreasing and the non-increasing part of H ki(t,:). 7

— (A4) For all i € {1,...,N} ,the flux limiter A4; : [0,7] — R is a locally lipschitz
function.

Main results. Our main goal is to prove a comparison principle for equation (5.1.1).
In [IM13, BBCI16, IM14|, a proof of comparison principle for (5.1.1) in the case where
b;j—constant is done. In fact, they prove this result in a more general domain (such
as a network, junction or two half spaces in RY) and more general Hamiltonians (de-
pending on z and t). In [IM13], they prove a comparaison principle by replacing the

(z —y)*

x
classical penalization term by the new term G (—, Q) where G is a vertex

€
test function which allows to compare the Hamiltonians in different branches of the do-
main. As we mentioned above, our proof uses the idea introduced in [BBCI16] which

(z —y)?

increasing and decreasing furfctions. Let us mention also the work [LS17| where the au-
thors consider a Kirchoff-type Neumann condition at the junction and proved that its
solution satisfy a comparison principle and then they proved that the flux-limited solu-
tions reduce to Kirchoff-type viscosity solutions. Finally, concerning comparison principle
for Hamilton-Jacobi equations with boundary conditions of Neumann type, let us cite
[BL91, Guel6, Bar99, FIM12a, I791]|. Combaining the comparison principle for (5.1.1)
with Perron method, we obtain the following result

keep the classical term and uses the fact that H* and H~ are respectively

Theorem 5.1.1. Assume (A) and that the initial datum g is lipschitz continuous func-
tion. Then there exists a unique continuous viscosity solution w of (5.1.1) such that for
all T > 0, there exists a constant Cp > 0 such that for all (t,x) € [0,T] x R,

lu(t,z) —up (x)] < Cr.

The second result of this chapter is an homogenization result. We consider a ma-
croscopic model describing the presence of a bus (or a large truck) and prove that the
solution of the Hamilton-Jacobi formulation of this model converges towards the unique
solution of equation (5.1.1) with particulary one Hamiltonian and one boundary func-
tion. As previous works [FSZ17b, FSZ17a, GIM15]|, the proof of convergence relies on
the construction of suitable correctors. The difference here is that we don’t consider a
microscopic model since to our knowledge, no microscopic model considering the bus as
a moving capacity constraint exist.
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5.2 Traffic low motivation and derivation of a Hamilton-
Jacobi equation

5.2.1 A first order bus-vehicles interaction model

In this section, we show how we can obtain equation (5.1.1). To simplify the work
and since the idea remains the same, we consider the case of one Hamiltonian H and
one function b describing the bus trajectory. Before starting, we mention that our model
was introduced in [LLG98| in order to study the interaction between buses and the
surrounding traffic flow. Several papers about modeling the effect of buses on the traffic
flow exists, see [LMP11, DL05, DMG14, CG07, GNPTO07].

The idea is to consider the traffic flow on a single road where a bus is moving. In
this model, we assume that the fundamental physical parameters of the model, i.e. the
maximum density and the maximum mean velocity, don’t depend on the position x if
x # b(t), i.e. the characteristics of the infrastructure don’t change with the position far
from the bus. The traffic flow is assumed to be described by a first order macroscopic
model of the LWR type if the space variable x # b (t). Bus should be considered as a
moving capacity restriction from other drivers point of view. Authors in [LLG98] extended
the notion of demand and supply introduced in [LK99| to the moving frame using the
change of variables ( = = — b (t). The model is given by

F(t,p(t,z7)) = min (B &), fo (t,p(t,27)), fs (t,p(t,:r*))) 2= bt (5.2.1)

{pt +(f(p), =0 if @ # b(t)

where p is the density of vehicles at time ¢ and position x, f is a stricly concave function
(as Greenshield model [GCM™35]), reaching its unique maximum at a critical density
pe, describing the flow and f (t,p) = f(p) — ¥ (t) - p. The function B is the limiter of
the passing flux through the bus at time ¢. The definition of f yields that for all ¢, the
function f (t,-) reaches a unique maximum at a point denoted p.(¢). The functions I
and fg are respectively the Demand and Supply functions defined as follows

_ _ f(tpe(t) ifp>pe(t)

fp (&.) {f(t,p) if p < pe (1)
and

_ [Fftp) if p > pe (t)

fs(t’p)_{f(t,ﬁc(t)) if p < pe (t).

Before passing to the Hamilton-Jacobi formulation, let us present the two points below
in order to clarify the model.
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— The trajectory of the bus can be approximated by assuming that &’ = 0 (bus-stops)

or that b’ is equal to the desired bus-speed V (if the bus enjoys special lanes) or is
the minimum between the desired bus speed V}, and the local traffic speed, i.e.

b (t) = min (Vy, V (p (¢,b (t)Jr))) .

In this chapter we will only consider the second case i.e. when the velocity of b is
Vi (see section 5.4). The case where b’ = 0 reduces to the work [IM13]. In the case
where the velocity of the bus depends on the density of vehicles, we will obtain a
strongly coupled PDE-ODE system and we will have to introduce a good notion of
solution for the system. In this case, we were not able to get a uniqueness result.
Note that several paper like [LMP11, BCG12, BCG10, CG13, DMG14| considered
the case where b depends on the density of vehicles but considered a different
macroscopic model as this chapter.

The second equation in (5.2.1) means that the passing flux through = = b(¢) is
equal to the minimum between the upstream Demand, the downstream Supply
and the flux limiter B (¢). Note that the flux at time ¢ is limited only if B (t) <
f (t, pe) = max f (t,-). The Demand function at the point 2 = b (t)~ is the greatest
possible outflow at that point and the Supply function at the point x = b (t)+ is
the greatest possible inflow at that point. Note that the passing flux through the
bus is f and not f. In fact, f describes the flux at a fix point z while the "real"
passing flux throught the bus is equal to the flux assuming that the bus is fix minus
the non-passing flux due to the variation of the position of b.

5.2.2 The Hamilton-Jacobi formulation

In order to derive the Hamilton-Jacobi equation, we proceed as in [IMZ13] considering
the continous analogue of the discrete vehicles label defined by

with

b(t)
Ult,x) = g(t) — [ p(t,y)dy if x < b(t)

x
x

U%(t,x) = g(t) —{—b(f) p(t,y)dy if x > b(t)
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Formally, we have the following equalities

b(t)
Ul =g'(t) - / pe(t,y)dy — ' (t)p (¢, 0(t)7)

xT

b(t)
— () + / (f (o (t,)), dy — V' (£)p (£, b(t)")

xT

=g'(t) = fp(t,x) + f (p(t.0(t))) = V'(t)p (,0(t)7)

Recalling the definition of g, we deduce that U} + f (U}l) = 0 if z < b(t). Similary,
we have U + f (U2) = 0 if & > b(t). In fact, the last equality is true because —g'(t)
represents the passing flux at b(¢) which is equal to the outgoing flux at b(t), i.e.

g'(t) ==f (o (£,6(5)")) + V' (0)p (t:5()") -
We now set
~U*(t if o <b(t
sy - { UM 0) iz <b(0)
~U?(t,x) ifx>b(t)
and we define the Hamiltonian H(p) = —f(—p). Then we deduce that we have

u + H (ug) =0 if = # b(¢).

The junction condition. Recalling the definition of U' and U?, we have that

&l b(0)) = /() = min (B (1), o (b, (1,0.0)))  Fs (10 (1,0.(0)1)) )

Let H (t,p) = H (p) — ¥ (t)p and A(t) = —B (t). Denoting H+ (t,-) and H~(t,-) res-

pectively the non-deacreasing part and the non-increasing part of H (t,-), we deduce the
following junction condition

S ,b(0)) + max (A (1), B (1 (40() - (6,uf (15(1) ) = 0.

5.3 Comparison principle for (5.1.1)

In this section we present the main result of this chapter which is the comparison
principle for (5.1.1). We give first the definition of viscosity solutions. As usual, we begin
by introducing the class of test functions. For T > 0, set B = (0,7) x R.
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Test functions. We denote by C! (B) the class of test functions. If ¢ € C* (B), then
— ¢ is continuous.
— The restriction of ¢ on each B; is C?.
~ Foralli = 1,..., N, the time dependent function o(t, b;(t)) is C'! in time. Moreover,

i (1bi (1)) = o (1,01 (1) + B (1) 7 (1,01 (1)

We recall the definition of the upper and lower semi-continuous envelopes v* and wu, of
a locally bounded function u on Jr,

u* (t,x) = limsup w(s,y) and u, (t,z) = liminf u(s,y).
(s,y)—(t,) (s,9)=(t,)

Definition 5.3.1. Assume (A) and let uw : [0,7] x R — R.
i) We say that u is a sub-solution (resp. super-solution) of (5.1.1) in [0,7] x R if
u* (0,7) < ug (x) (resp. ux (0,7) > ug (x)) and if for all test function ¢ € C! (B)
touching u* from above (resp. touching u, from below) at (tg,z¢) € B, we have

or + H;i(ugy) <0 (resp. > 0) at (to,zo) if (to,z0) € B;
d - . .
atp(to,bz‘(to)) + Fa, (to,ul™ (to, o), ul™ (to,z0)) <0 (resp. > 0) if 2o = b; (to).

i) We say that u is a viscosity solution of (5.1.1) if u is a sub-solution and a super-
solution of (5.1.1).

Theorem 5.3.1 (Reduction of test functions). Assume (A). We fizi € {1,...,N} and
assume that

Ai (t) > A,? (t) = max (mﬂén H’i,i (t, ) ,mﬂ%n H¢+1ﬂ' (t, )) .

Let tg € (0,T) and let p?;(to) and qﬁét;)) two constant satisfying

Ai — A;
Hii (t0,p5")) = Hy; (10,015) = A (10)
HiJrl,i (t07 q¢+ﬁ?)> = Hitrl,i (th qurgg)) = A; (tO) :

We consider the following Hamilton-Jacobi equation

us + Hy (ug) =0 for (t,z) € B,k =1,i+ 1. (5.3.1)

— Let u : (0,7) x R — R an upper semi-continuous sub-solution of (5.3.1) and
satisfying

u(t,b; () = lim sup u(s,y) = lim sup u(s,y). (5.3.2)

(8,y) = (£:bi(1)),y>i(s) (5,9) = (,0:(1)),y<bi(s)
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If any test function ¢ touching u from above at (to,b; (tg)) with

o (ta)=g(t) +ait? (x—b; (1) Lm0y + 2™ (@ = bi (1)) Lampy()<b5-3-3)

for some g € C* (0, +00), we have

d - i
prid ¢ (to, b; (to)) + Fa, (to. ph~ (to, bi (to)) 4™ (to,bi (to))) <0

then u is a sub-solution of

Eu(t,bi (1) + Fa, (tul™ (8.0; (1), ub™ (6,0; (1)) =0 at t.

— Let uw: (0,T) x R — R a lower semi-continuous super-solution of (5.3.1). If any
test function ¢ touching u from below at (tg, b; (to)) with ¢ is defined as in (5.3.3),
we have

2% (t0, bi (to)) + Fa, (to, k™ (o, bi (o)) , €™ (to, bi (to))) =0

then u is a super-solution of

Cou (05 (1) + Fa, (b (4,05 (1)l (15:(6) =0 at o,

The proof of this theorem is similar to the proof of Theorem 2.7 in [IM13].

The next proposition is concerned with the supremum of sub-solutions. Such a result
is used in the Perron process to construct solutions.

Proposition 5.3.2. Assume (A). Let A be a nonempty set and let (uq),c, be a familly
of sub-solutions of (5.1.1) on (0,T) x R and satisfying (5.3.2) for alli € {1,...,N}. Let
us assume that

U = SUp Ug
acA

is locally bounded on (0,T) x R. Then u is a sub-solution of (5.1.1) on (0,7) x R.

The proof is standard. The only new idea is to prove that u* satisfies (5.3.2) in order
to use the result of the preceding theorem. By Perron method, and the last proposition,
we easily obtain the following result.

Theorem 5.3.3. Assume (A) and that the initial datum ug is lipschitz continuous. Then
there exists a viscosity solution uw of (5.1.1) in [0,T) x R and a constant Cr > 0 such
that

|u(t, ) — uo ()| < Cr.
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Theorem 5.3.4 (Comparison principle). Let T' > 0. Assume that ug is a lipschitz conti-
nuous function. Let u be an upper semi-continuous sub solution and v be a lower semi-
continuous super solution of (5.1.1), s.t. there exists a constant K > 0, s.t. for all
t € 10,7, we have u(t,z) < ug(z) + Kt and v(t,z) > uo(x) — Kt, then we have

u(t,z) <wv(t,x) forall (t,z) € [0,T] xR .

As we mentioned before, we will adapt the idea introduced in [BBCI16]. The main
difference here is the localization procedure in order to choose the good test function.
Before starting the proof, we state the following useful remarks.

Remark 5.3.5. We recall that for allt > 0, and for alli € {1,...,N + 1}, 7 € {1,..., N},
the Hamiltonian H; ; (t,-) is superlinear (see (A2)). Therefore, there exists a constant
Cy > 0, such that for all p € R, we have |p| < max (Cy, H; j(t,p)). We will denote by Cr
the upper bound of Cy fort € [0,T].

Remark 5.3.6. There exists a constant By > 0 and a modulus of continuity wr such
that for allt € [0,T],p € R and for all i € {1,..., N + 1} and for k =i,i + 1, we have

[Hy,i (t,p) = Hy,i (s,p)| < Br[t —s| - |p|
[Hy,; (t.p) = Hi; (s,p) | < Brmax (|t — s[ - |p| ,wr (|t — s[)

52

[H,; (t,p) = Hy; (s,p) | < Brmax (|t — s| - [pl,wr (|t = s)).

Proof. The proof of these inequalities is very simple. We get the first line by the definition
of the Hamiltonian Hj, ;. To prove the second and the third lines, we simply use the
continuity of the functions for k =4, 4+ 1

t — ming Hy; (¢, )
t — pp" (t) = max {p s.t. Hy; (t,p) = ming Hy; (t,-)}
t — qy" (t) = min{p s.t. Hy; (t,p) = ming Hy; (t,-)}.

Proof of Theorem 5.3.4. We introduce

M = sup  A{u(t,z) —ov(t,x)}.
(t,2)€[0,T) xR

We want to prove that M < 0. We argue by contradiction and assume that M > 0. Let
L and R two constant such that L < min b; (f) and R > max by (t). Let n > 0, we

te[0,7) t€[0,7]
introduce
M, = sup {u(t,a:) —ou(t,z) — L} . (5.3.4)
t€[0,7] Tr—t
L<z<R

Since we consider the maximum of an upper-semi continuous function on a compact set,
we deduce that the maximum is reached at a point that we denote (t,,x,).
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Case 1 : M, < 0. Then we consider the following supremum

2 2
n (—y)” (—s) 2 2
M., = tx) — _ — — _ _
o t,ssel?tl)),T] {u( ,x) —v(s,y) T3 5 5 azr® — ay

z,yeR

Classicaly, M., > M/2 > 0 for n and « small enough. Moreover, the maximum is
reached at (¢,s,z,y) and ax — 0, ay — 0 as a — 0. We denote by Z the common limit
of z and y as € goes to zero and by ¢ the common limit of ¢ and s as € goes to zero. It’s
clear that ¢ # 0 since uq is Lipshitz. Moreover, taking € to zero and using the upper-semi
continuity property, we obtain that u (¢,z) — v (t,Z) — % > M /2, which implies that
z ¢ [L, R] because M, < 0. We deduce that for £ small enough, either z < by () and
y < by (s)orxz>by(t)and y > by (s). Using the fact that u is a sub-solution and v is
a super-solution, we obtain for j =1or j =N + 1
] t—s
T =
t—s T —y

+ H; (%4—2&@) <0

- 2ay> > 0.

Subtracting the two inequalities and taking a to zero, we obtain a contradiction.

Case 2 : M, >0 and x,, # b; (t,) for all i € {1,...,N}. In this case, we consider

2 2
n o (@—y)” (t—s)
t — _ — —
M, .= sup u(t, ) = vls,y) T—t 2e 2¢

e | e (e v e-u?)

Classicaly, M. o > M, > 0. Moreover, the maximum is reached at (¢,s,z,y) and we
denote by Z and t respectively the common limit of  and y and the common limit of ¢
and s as € goes to zero. Moreover, taking € to zero, and using the upper-semi continuity,
we obtain that

w(t,z) — v () Lt —a ((j: — )+ (f— t,,)2> > M, (5.3.5)

If z ¢ [L,R], we proceed as the case where M, < 0. If not, then (5.3.5) and the
definition of M, implies that

My —a (7 =)+ [~ ,)°) = M,

which yields that ¢ = ¢,, and & = z,. Writting the viscosity inequalities, we obtain that

n t—s T -y
(T—t)2+ 5 + 20 (t —t,;) + H; <T+2a(a:—xn)> <0

t_ —
St (T b raly—a) 20

where j is the index such that b;_; (t;) < x, < b;j (t;). Sending « to zero, we obtain a
contradiction.
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Case 3 : M,, > 0 and there exists iy € {1,..., N} s.t. z,, = b;, (t;). We first introduce

u(t,x) —v(s,x + biy(s) — by (t)) — T”_ - - (t QV)

M, .= sup , \
Lt | ate = by () - (t - 1)

Classicaly, we have that

M, o > M, and the maximum is reached at a point that we denote by (t,,s,,z,),
(t, sus20) 1:6 (tns by, y),
a(xy, — b, (t,)) = 0.
The second point implies that for v small enough, x, # b; (¢,) for all i # io.
We need the following lemma.

Lemma 5.3.7. Let (f, §,§c) be the limit of (t,, sy,,x,) as a goes to zero. We have that

f2
lim sup (M) = 0. (5.3.6)

v—0 2v

Proof. The proof is very simple and relies only on the upper-semi continuity property of
the function. Since M, , > M,, taking o to zero, we obtain

n o (f-3)°
T—1i 2w

u(t, &) — v(8, 4 + by (8) — biy (D)) — — (i—ty)* > M, >0.

Then, taking v to zero and recalling that lir% ‘f — §| = 0 implies that
v—

>

M, > limsup <u(

v—0

) = 008,45 (8) — @) - 75

>

v—0

~ N\ 2
> lim sup <u< () = (88 4 iy (5) = big(E) = = — Co8) (f—tnf)
> M,

The last inequality implies that

A2
lim sup <(t;8) + (f—tn)2> =0

v—0

and in particular (5.3.6) is true. ]

We now continue the proof. We have to distinguish two different cases :
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Subcase z, # b;,(t,). We define the new supremum,

n (t—s)?

) 2 42
Myge= sup { Ub@) —vlsy) == === —alz=bi(t)" =t —ty)
]féi!ggl]% —Ge (t,s,2,y) = (L,5,7)
with
b; — b, (t) — 2
Gultos.z,y) =t Pio(8) — b)) —y)

2 (5.3.7)
U(t,s,0) = (t—t,)° + (5 = 5,)7 + (@ = big(t) — @, + biy (£))” .

The maximum is reached at (¢, s,z,y) and the fact that ug is lipschitz continuous, that
bi, is a continuous function and the definition of G, yields that

(t,s,2,9) - (tu, Suy @y, Ty + big(sy) — biy(ty)) - (5.3.8)

E—

Equation (5.3.8) implies that for £ small enough,

x # b;,(t) since x, # bi,(t,)
Yy # big(s)  since y, = @y + big (1) — big (t) # big(s)

We now write the viscosity inequalities assuming that x, < b;, (¢,). The case where
xy > by, (t,) is similar only replacing H;, by H;,+1. In order to simplify the notations,
we will use the following notations :

T +biy(s) —biy(t) —y
€ (5.3.9)

Pea = 20 (T = big (8)) + 2 (& = big (t) + biy (1)) — @) +
_ T4 big(s) —big(H) —y

Using the fact that w is a sub solution of (5.1.1), and the definition of Hj, ;,, we
deduce that

Pev

n t—s
+
(T-0v* v

F2(t—ty) +2(t — ) + Hig gy (£, pea) < 0. (5.3.10)

Using the fact that v is a supersolution of (5.1.1), we obtain

t—s

o 25 = 8) + Higig (5,p2) 2 0- (5.3.11)
Combaining (5.3.10) and (5.3.11), we obtain
(T ﬁ t)2 + 2 (t - tn) +2 (t - tV) + 2 (S - SV) < Hio,io (37175,1/) - HiOyiO (t,pg,y7a)(-5.3.12>

The goal is to take first e, then « and finally v to zero. Using (5.3.10) and Remark 5.3.5,
we deduce that there exists a constant Cr > 0 such that

t

5 —
|Dev.al < max (CT, . +2(ty, —t) +2(t, — t)> =Cyr (5.3.13)
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which implies that
|pe| < Cur +o(a)+o(e). (5.3.14)

Estimates (5.3.13) and (5.3.14) implies that p. , o and p., converge as € goes to zero (up
to sub-sequence). Denoting by p, o = lin%p&,,,a and by p, = lirr(l)p&,, and taking e to zero
E—> E—>

in (5.3.12), we obtain

Ui

m +2 (tu - tn) S Hio,io (Smﬁu) - Hio,io (twﬁu,a)
v

= 114y 69 (Smﬁu) - Hio,io (31/723V,0¢)
+ Hioio (Smﬁu,a) - Hio,io (tmﬁu,a) .

Recalling Remark 5.3.6 and using (5.3.13),(more precisly, we use (5.3.13) after taking e
to 0) , we deduce that

Hio,io (Suapz/,a) - H’io,io (tu,ﬁu,a) < Br |tu - 51/| C~'zz,T-

Sy —ty

with C'V,T = max (CT, +2(t, — ty)> . Therefore, we obtain

ﬁ +2 (ty - tn) S Hio,io (Suyﬁu) - Hio,io (81/71311704) + BT ‘tl/ - SV‘ CV,T'
I

First, we send « to zero to get that the limit of Hiy i, (8v,0v) — Hig.io (81, Pv,a) = 0 and
then, recalling Lemma 5.3.7 and the definition of C), 7, we send v to zero to obtain a
contradiction.

Subcase z, = b;,(t,). In this case, we will use the following lemma

Lemma 5.3.8. We have the following inequality

n sy —1 . .
- (T — tl,)2 + - B - + 2 (tn — tu) Z max (mR}Il H’io+1,’io (t,/, ) ,IIIR}D H’L'OJO (t,/, )) .

Proof. We can assume that the maximum M, , is strict, (if not we add the term
—(t=t) = (s—8,)° — (x—1,)%) .
We introduce the function ¢ : [0,7] — R defined by

Ui _(t_su)2
T—1t 2v

P(t) = u(t,big (1)) — v (s, big (s0)) — — (t —ty)”

This function reaches its strict maximum at t,. Let ¢ : [0,7] x R — R defined as
follows

_SV2
6 (t.2) = u(t,2) — v (s big() — o — 5 b (1)) (¢ t)?

T—1t 2v
— Lz — b;y(1)]
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with L > 0 a constant such that for all i € {1,..., N + 1}

T
H; (L) —3KrL > —+2T
v (5.3.15)
Hz‘ (—L) — 3KTL > — 42T
1%

with K7 an upper-bound of

b;‘ on [0,7] for all j € {1,..., N}. The constant L is well

defined due to the superlinearity property of H;(see (A2)).

The maximum of this function is reached at a point (¢,z) with ¢ close to s, (which
implies that ¢ # 0 and ¢ # T). If @ # b;,(t), then writing the subsolution inequality, we
obtain a contradiction using (5.3.15). We deduce that x = b;,(t). Moreover, using that
the strict maximum of 1) is reached at t,, we deduce that ¢ = ¢, and x = b;,(¢,). Writting
the subsolution inequality, we obtain

n +t1/_51/

+2(t, — ty) + max (AZ-O (t) H o (b, —L) Hy o (t,,,L)) <0.

(T - tz/)Q v ? 740,10
The inequality above implies directly the desired result.
O
In order to introduce the new supremum M), , ., we will define two constant \; and

X2 whose existence is due to the preceding lemma and the properties of Hy; (t,-) for
k=14,i+1.

Definition 5.3.2. Let péOH’io (t) and qéo’io (t) the two functions defined in Remark 5.3.6.
Let v small enough such that 2 (¢, —t,) < % We define A\ and )\ such that \; >

péOJrl’iO(t,,), )\2 < qéo,iO(tV) and

5 b + Su—t, 1
gt PRl ) < H g (e ) < T g
. vl - sy — 1ty n
_ 2(t, —t,) < H:_ . (t,,\) < _n
(T — t,,)2 + 1/ +2(t, ) iosi0 ( 2) : s

The existence of A; and Ag is due to the quasi-convexity property of Hj,11, (t,-) and
H;, i, (t,-). We also have that

+ Sy — 1ty
HZ»0+17Z»O (S,/, )\1) < .

HY o (tu.p
In fact, using that lim M
P—H—oo p
that

Sy — 1y Ui
< -
A1 < max <C’T, » 5 2)

= +o00, we deduce that there exists Cp > 0 such
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and in particular

Su=ty N ot
’Al’émaX<CT7 VV V—vaf)o ZO(%))-

Using the fact that the continuous function péOH’iO is bounded on [0, T'|, we deduce using

Remark 5.3.6 that
ot (Hz‘tﬂ,z‘o (50, A1) = Hl 5 (Lo, )‘1)) =0

and that for v small enough,
Sy, — 1,

Hi g (50, A1) <

slj_tV

Similary, we have also H;_ ; (s,,A2) <

Before defining M, ,, ., we recall the definition of function G, see (5.3.7) and the

notations used above, see (5.3.9). We set
PREAY
1 U e b (0) - (1)

- bz‘o (t)) k4 (y - bio (3))

u(t’ x) - /U(S’ y) - T o t 2]/

M;,a,e = Ssup
Eéi!gg}% _GE (t,S,l‘,’y) _¢(t787$) —(p(.%'
with
Mz ifx>0
o (x) = .
Xox if 2 <O.

The maximum is reached at a point (¢, s,z,y) and we have that
(t) S, T, y) — (tlla Su, bio (tl/)) b’io (SI/)) .
e—0
We distinguish three cases depending on the sign of = — b;, ()
If © > b, (t). If y > b;,(s), we obtain the contradiction proceeding as in the case

where x,, # b, (t,). If y < b;, (s), then using the fact that u is a subsolution, we obtain
t—s

7 n t)2 + » +2(t— tﬁ) +2(t —t,) + Higt1,ip (6, Depa + A1) <0. (5.3.16)

Using that Hj,114, (t,p) > H;gﬂ,io (t,p) and the fact that p. , o > 0, and using (5.3.16),

we deduce that

+ H%HJO (t,A\1) <0.

t—s
U F2(t—t)) +2(t—1)

+
(T—-t)? v
Sending ¢ to zero, we obtain a contradiction with the definition of A;.
If © < b;, (t). We proceed as in the case where z > b;, (t) using that H;, ;, (t,p) >

H, . (t,p), that p., o < 0 and the definition of As.
If © = b;, (t). Using the fact that u is a subsolution, we obtain that

t—s
(T 7 t)2 + + 2 (t - tn) + 2 (t - tl/) + FAZ-O (t7ps,u + )\Qape,u + )\1) S 0 (53'17)
This time, we distinguish three cases depending on the sign of y — b;,(s).
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If y > bi,(s). Note first that using (5.3.17), we have that

t—s _
G n t)2 + V +2(t—ty) +2(t—t,)+ H 1o (t,per+ A1) <0. (5.3.18)

Using the fact that v is a super-solution, we have that

t—s

+2(sy — 8) + Higt1,ip (8, pe + A1) > 0. (5.3.19)

We claim that

t—s

» +2(sy =)+ H; 4, (8P + A1) 2 0. (5.3.20)

In order to obtain this inequality, we will prove that

t—s
v

+2(sy —8)+ H;b 50 (8,20 + A1) <0 (5.3.21)

If (5.3.21) is true, then combining it with (5.3.19), (5.3.20) will remain true. For £ small
enough and using the fact that p., < 0, we have that

t—s t—s
+2 (s, —9) +H;g+1,io (8P + A1) < - +2 (s, — 9) +H£+1’io (s,A1) < 0.

14

In fact, the above inequality is true for € small enough using the definition of A;. Finally,
combaining (5.3.18) and (5.3.20), we deduce that

(T—1)? F2(t—ty) F2(t—t) +2(s—5) < Hy 0 (5,pew + A1)
= Hi i, (pew + A1) (5.3.22)

Hi—:—l,i (t,p) Hi:—l,i (t,p)

Recalling that lim = 400 and lim = —o0o, we deduce,

p—~00 p p——00

p
using (5.3.21) and (5.3.18) that there exists a constant Cr > 0 such that
|p5,1/ + )\1| < max (OT, H;g+172‘0 (Sapa,u + )‘1) ’Hi;+l,io (tape,u + )‘1))

< max (CT,SV_t +2(s— sy),ST_t F 2ty —t) +2(ty — t)) . (5.3.23)

As in the case where x, # b;, (t,), we take first € to zero in (5.3.22), and then taking v
to zero, thanks to Remark 5.3.6 and Lemma 5.3.7, we obtain a contradiction.
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If y < bi,(s). Note first that using (5.3.17), we have that

n t—s
T 2t —ty) 20— )+ Hyg

As above, we can prove that

(tvp&‘,u + /\2) S 0.

t—s
+2(sy —8)+ H; ; (8,pe0 + A2) > 0.

v 10,20
and then we obtain the contradiction.
If y = bj,(s). In this case, we have

t—s

» +2 (s — 8) + Fa, (s, A2,A1) > 0.

As above, we use the sub-solution inequality and the locally lipschitz property for A;,
then we send first € to zero and then v to zero to obtain the contradiction.

O

5.4 A homogenization problem

The goal of this section is to prove that after rescaling, the solution of the Hamilton-
Jacobi equation formulation of (5.4.1) below converges towards the unique solution of
(5.1.1) including only one Hamiltonian and one function b. Most of the results are presen-
ted without much details since they can be found in previous works [FSZ17b, FSZ17a].

5.4.1 Presentation of the model

We consider the following model which modelize a moving capacity restriction (like
a bus or more generally called "moving bottelneck") of the density of the vehicles, for
(t,z) e RT x R,

pr+(f(p)o(z=b(t)), +(9(p) (1 = (x—=b(1)))), =0 (5.4.1)

where p is the density of vehicles, b represents the position of the bottelneck, f is the
flux function outside the bottleneck region, ¢ is the flux function in the bottelneck region
and ¢ is a transition function. We make the following assumptions.

Assumptions (B).
~ (B1) The flux function f is the Greenshields fundamental digram [GCM™35] given
by

7(9) = PVinas (1— p )

pma:r:

where V4, represents the maximal mean velocity of vehicls and pyuq, is the maxi-
mal density far from the bus.
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— (B2) The flux function around the bus g is given by

9(0) = PVinae (1 P )

Omazx

where 0,4, is the maximal density around the bus. Moreover, 04: < Prmaz-
— (B3) b is a linear function describing the trajectory of the bus and is defined by

b(t) = Vit and we assume that 0 < Vi, < V0.

~ (B4) The function ¢ is a C! transition function and is given by

b(t) = {0 if x € [—r,7]

1 fz<—r—-—1loux>r-+1.

FIGURE 5.1 — Schematic representation of f (blue) and g (red) .
We assume that the initial density satisfies

0<p(0.2) < Pmaz  if 2] >7r+1
- T oman if |[z| <r+ 1

5.4.2 Main result

Like in subsection 5.2.2, we will derive the Hamilton-Jacobi equation from model
(5.4.1) by defining the analogue of the discrete vehicles label,

x

u(t,x>=h<t>—/p<t,y>dy

0
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where
t

h(t) = / (f (p(5,0) ¢ (=b(s)) +g(p(s,0)) (1 = ¢ (=b(s))))ds.
0
A simple computations yields to

ug — [ (—uz) (2 = b(t)) — g (—uz) (1 = ¢ (z—0b(t)) = 0.

Setting H (p) = —f (—p) and F (p) = —g (—p) and recalling the definition of the function
b (see assumption (B3)), we obtain the following Hamilton-Jacobi equation

up + H (ug) ¢ (x — Vyt) + F(uz) (1 — ¢ (z—Vit)) =0 (t,z) €e RT x R.

FIGURE 5.2 — Schematic representation of H (blue) and F' (red) .

In order to introduce the convergence result, let us define the new Hamiltonians H
and F' defined as

{I?(p) =H(p) -V (t)p=H(p) — Vpp
F(p)=F(p)—-bt({t)p=F(p) — Vip.

Clearly, F > H and we will use the following notations
ﬁo = ming H
1:"0 = ming F.

The main result of this section is the following theorem. Let u® be the unique solution
of

5
u® (0,z) = ug (x) z eR.

090 () +p ) (10 (S5E) ) <0 Coemcr
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We assume that the initial condition ug is a lipshtiz function satisfying

— FPmax S S 0 f 1
(AO){ Pmaz < (U0), if o] >r+ (5.4.3)

—Omaz < (U’O)x <0. ifjz]<r+1

Theorem 5.4.1 (Junction condition by homogenization). Assume (B) and (A0). For
e >0, let u® be the unique solution of (5.4.2). Then there exists A € [Fo, O] such that u®

converges locally uniformly to the unique viscosity solution u® of the following equation

u + H (ug) =0 if x # Vpt
%u (t, Vit) + max (A, H* (ug (8, Vb)), H™ (uf (t, Vbt)>) =0 ifa=Vt (544)

w(0,2) = ug (x).

5.4.3 Viscosity solutions

In this subsection, we give the definition of viscosity solutions of equation (5.4.2) for
€ = 1. We then study the space and time oscillations of the solution. The considered
equation is given by

{ut + H (uz) ¢ (v = Vit) + F (uz) (1 = §(z = Vyt)) =0 (t,2) € R* xR (5.4.5)

u(0,z) = ug (z) z € R.

Definition
We will introduce now the standard notion of viscosity solutions of equation (5.4.5).

Definition 5.4.1 (Viscosity solutions for (5.4.5)). Let 7" > 0. An upper semi-continuous
function (resp. lower semi-continuous) u : [0,4+00) x R — R is a viscosity sub-solution
(resp. super-solution) of ((5.4.5)) on [0,7] x R, if (0, x) < ug(x) (resp. u(0,x) > up(z))
and for all (¢,z) € (0,T) x R and for all ¢ € C1([0,T] x R) such that u — ¢ reaches a
maximum (resp. a minimum) at the point (¢, z), we have

pr+ H (pz) ¢ (2 = Vit) + F (ug) (1 = ¢ (2 = Vpt)) <0 (resp > 0).
We say that a function u is a viscosity solution of ((5.4.5)) if u* and w, are respectively
a sub-solution and a super-solution of ((5.4.5)).
5.4.4 Results for viscosity solutions of (5.4.5)

We begin by stating the comparison principle for (5.4.5) whose proof is standard
[Bar13, CIL92].

Proposition 5.4.2 (Comparison principle for (5.4.5)). Let u be a sub-solution of (5.4.5)
and v be a super-solution of (5.4.5). Let us also assume that there exists a constant K > 0
such that for all (t,z) € [0,T] x R,

u(t,z) <wuglx —Wt) + Kt and —ov(t,z) < —up(x — Vjpt) + Kt. (5.4.6)
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Then we have u(t,x) < wv(t,z) for all (t,z) € [0,T] x R.

Theorem 5.4.3. Let Cy = (|Ho| + |Fo|) and Cy = pasVe. There exists a unique visco-
sity solution of (5.4.5) such that

ug (z — Vipt) — Cot < u(t,z) < ug (z — Vpt) + Cit.

Moreover, for all z,y € R such that x > y and for all t,s € [0,T] such that t > s, we
have

—Cg (t — S)
—Pmax (.%' y)

(t,I‘) _u( )
(tvm)_ ( )

In order to prove Theorem 5.4.3, we will study the following simpler equation since
it’s invariant by time translation.

{wt — Viwy + H (w3) ¢ () + F (wy) (1 — ¢ (z)) =0
w(0,z) = ug ().

The unique solution u of (5.4.5) is given by

Ci+Cy)(t—s) and

< <(
< < 0.

(5.4.7)

u(t,x) =w(t,x — Vpt)
where w is the unique viscosity solution of (5.4.7).

Remark 5.4.4. The definition of viscosity solution of equation (5.4.7) is the same as De-
finition 5.4.1 i.e. replacing w, and wy respectively by v, and p:. Moreover, a comparison
principle exists for (5.4.7).

Lemma 5.4.5 (Existence of barriers for (5.4.7)). The functions
wh(t,z) = (z) + Cit  and w (t,z) = ug(x) — Cat
are respectively super and sub-solutions of (5.4.7).

Proof. We will only prove that w™ is a sub-solution since the proof that w™ is a super-
solution is similar. Let ¢ a test function such that w™ — ¢ reaches a maximum at (tg, z¢).

First, using the fact that w™ is a C'! function in time, we have that ¢; (tg, o) = —pmaz Vs-
Secondly, since g is a lipschitz function, we deduce that (ug), (xo ) and (uo), (:ng ) exists.
Moreover, the fact that w™ — ¢ reaches a maximum at (¢g,zo) ensures that

We recall that we want to prove the following inequality at (¢g,x¢),

— Voow + H (02) ¢ (2) + F (02) (1 = ¢ (2)) < 0. (5.4.8)

Inequality (5.4.8) is true since if |zg| < r + 1, we have that ¢, (tg,20) > —0mar Which
implies that H (¢ (to, o)) < 0 and F (¢4 (to, xo0)) < 0. On the other hand, if |xg| > r+1
then ¢ (zg) = 1 and ¢, (to, £0) > —pPmaz, Which implies that H (p, (to, o)) < 0.

L]
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Applying Perron’s method joint to the comparison principle, we obtain the following
result.

Theorem 5.4.6 (Existence and uniqueness of viscosity solutions for (5.4.7)). There
exists a unique continuous solution w of (5.4.7) which satisfies

up(x) — Cot < w(t,x) < up(z) + Cit.

5.4.5 Control of the oscillations for (5.4.7)

Proposition 5.4.7 (Control of the oscillations). Let T' > 0. The unique solution w of
(5.4.7) satisfies the following : for all x,y € R, © >y and for all t,s € [0,T], t > s, we
have

_C2t < w(t,x) - ’U)( S, )

Ci(t—s) and (5.4.9)
—Pmazx ((L‘ - y) < w(t,x) - ’U)( ) 0.

<
< (5.4.10)

Proof. We begin by proving inequality (5.4.9). Let A > 0. We define v (t,2) = w (t + h, z)
and the goal is to prove that

w(t,x) — Coh <wv(t,x) <w(t,z)+ Cih. (5.4.11)

All members of inequality (5.4.11) are viscosity solutions on (0,4o00) of (5.4.7) since
equation (5.4.7) is invariant by time translation and by addition of constants. Using
Lemma 5.4.5, we have that

w (0,2) — Coh < v (0,z) < w(0,z) + Cih.

The comparison principle for equation (5.4.7) implies directly that (5.4.11) is true.
We now turn to the proof of (5.4.10). In the rest of the proof we will use the following
notation :

Q={(t,z,y) €[0,T) x R*s.t. z > y}.

Proof of the upper inequality for the control of the space oscillations. We
introduce,

M = sup {w(ta .73‘) - w(ta y)} :
(t,z,y)€Q

We want to prove that M < 0. We argue by contradiction and assume that M > 0.
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Step 1 : the test function. For n,a > 0, small parameters, we define

et z,y) = w(t, ) — wit,y) — —— — az? - ay®

Classicaly, ¢ reaches a maximum at a point that we denote by (¢, z, %) € Q and for 1 and
« small enough, we have that

M e
0< 7 < @(tvl‘ay)a
alz|,aly] - 0as a— 0
T>t>0
z>7.

Step 2 : utilisation of the equation. By doubling the time variable and passing
to the limit in this duplication parameter, we get that

Ef%%aﬁ55anv@—aH(2ax)¢(x)—vF(Qaﬁ)(l“¢($»

+2ayVy + H (=2a7) ¢ (y) + F (=2ay) (1 — ¢ (7)) -

Passing to the limit as «a goes to 0 and using the fact that H (0) = F' (0) = 0, we obtain
a contradiction.

Proof of the lower inequality for the control of the space oscillations We
introduce

M= sup {w(t,y) —w(t,z) = pmaz(®—y)}-
(t,z,y)eR

We want to prove that M < 0. We argue by contradiction and assume that M > 0.

Step 1 : the test function. For 7, a,v > 0 small parameters, we define

2
t_
olt,5,,9) = w(t,y) — W(5,2) — prnas (& — ) — 2;) - Tn_ ; —ax’ —ay’,

The maximum of ¢ for (¢,s,7,y) € [0,T]? x R? such that z > y reaches a maximum at
a point that we denote by (¢, 5, z,7) and for 1, and v small enough, we have that

M -
0< ? S (,D(t,S,LU,y),
alz|,aly] - 0as a—0
T>1t5>0
T > 7.
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Step 2 : Utilisation of the equation Let ¢ :[0,7] x R — R defined as follows

—\2
_ _ t—35 _
w(t’y):w(87$)+Pmax($—y)+( 21/) +Tn_t+0é$2+ay2.

Since w — v reaches a maximum at (Z,7), we deduce using the control of the time oscil-
lations of w (estimate (5.4.9)) that 1 (t,9) > —pmaz V. Denoting po = (—pmaz + 2a7)
and recalling that w is a sub-solution of (5.4.7), we obtain that

n t—35

Tty S Ve H () 6(0) ~ F(pa) (16 3).

_pmaa:% S

Sending « to zero and recalling that H (—pmaz) = 0 and F (—pmaz) > 0, we obtain
that —pimaz Ve < —pPmazVp which yields to a contradiction. We deduce that M < 0 and
the proof is complete.

O

5.5 Proof of convergence

The proof of convergence is based on the construction of correctors. Let A be a
constant greater than Hy. The definition of H ensures the existence of two constants ﬁj\r
and p* such that

A
A

{ﬁ (P)) = i+ (5})
H(pr)=H (72)

where H* and ﬁ ~ are respectively the non-decreasing and the non-increasing part of H.
For every A\ > Hj, we define the following function

w (t,x) = ﬁi\_ (z — Vi) 1{:E—Vbt>0} + ﬁi (z — Vit) 1{$—Vht<0}'

Theorem 5.5.1. There exists a unique constant A € [FO,O} such that there exists w
solution of the following equation

wit+ H (w) 6 (z — Vat) + F (wy) (1— 6 (@ — Vi) = A

t
and such that w® (t,x) = ew <—, E> converges locally uniformly towards the function
'€

WA,

Proof. We will not go into details because the proof is very similar to the proof of
[FSZ17b, FSZ17al. The idea is to construct a corrector on a truncated domain. We
consider [ >> r and we want to find \; € R such that there exists w' solution of
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~Vyh + H (vh) ¢ (2)+ F (v}) (1 =9 () =N ifze (=11
o+ (vh) =X if o =1 (5.5.1)
o (W) =N if v = —1.

To do this, we consider the following approximated problem

sot — Vil + H (vf;l) ¢ (1) + F (u;}l) 1-¢(x)=0 ifze (L1
sl + H (03') =0 ifo=1 (5.5.2)
vl + H~ vi’l =0 if v =—I.

We construct a unique solution v®! of problem (5.5.2) such that

0<v‘s’l<@.
- )

In particular, we remark also that dv% (0) < ’F()’. Then, as in the proof 5.4.5, we prove
for all z,y € [—1,1] such that x >y

~Pmaz (x = y) < 0™ (z) — o™ (y) < 0. (5.5.3)
We can prove (5.5.3) only considering the sub-solution inequality using that

H*(0) = H (0) = F (0) =0,
H~ (_pmax) ’F (_pmax) >H (_pmax) =0.
Considering the function v%! (z) — v%! (0) and passing to the limit as § goes to zero
(due to Arzela-Ascoli Theorem), we obtain a solution of problem (5.5.1) where \; =
lim —dv%! (0).
6—0
The rest of the proof is the same as in [FSZ17b|, and even simpler since the constructed

solution of problem (5.5.1) is lipschitz so we don’t need to consider lim sup, liminf and
the function m. Finally we obtain a unique constant A and a function v solution of

Ve + H (v:) ¢ (x) + F(v,) (1 —¢(z)) =A, z€R

such that v® () = ev (g) converges locally uniformly towards the function ﬁﬁl{xw} +
pA Lz<0y- The function w (¢, 2) = v (x — V) is the desired function of Theorem 5.5.1. L

The following lemma is a direct result of Theorem 5.4.3 .
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Lemma 5.5.2 (Uniform gradient bound). Assume (A0) and (B). Then the solution u®
of (5.4.2) satisfies for allt > 0, for all z,y € R, x >y,

_pmaaz(x - y) S ue(tvx) - ua(tvy) S 0.

We now turn to the proof of Theorem 5.4.1 .
Proof of Theorem 5.4.1. We introduce

u(t,x) = limsup*u® and w(t,z) = liminf u®.
e—0 e—0 &
We want to prove that uw and w are respectively a sub-solution and a super-solution of
(5.4.4). In this case, the comparison principle will imply that @ < u. But, by construction,
we have u < %, hence we will get u = u = u°, the unique solution of (5.4.4).
Let us prove that @ is a sub-solution of (5.4.4) (the proof for u is similar and we skip
it). We argue by contradiction and assume that there exists a test function ¢ € C'(R* xR)
and a point (¢,z) € (0,+00) x R such that for 7,7 > 0 and 6 > 0

u(t,z) = p(t,z)

[ on Qr(t,x

U S @ — 277 Outside Qf}f(t_, :L') (554)
oi(t, ) + H(pz(t, 7)) = 0 if 7 # Wt

d _ - _ N _ _

77 (5, Vol) + max (A,H+ (pz (t,2)), H™ (o7 (t,i“))> =0 ifz=Vpt.

Lemma 5.5.2 implies that the function w satisfies for all ¢ > 0 and z,y € R, x >y,
—pmaz(x —y) < Ut x) —u(t,y) < 0. (5.5.5)
First case : © # Vjt. We choose r small enough such that x # Vjt for all (t,z) €

Q. (t,Z) and then we prove that ¢ is a super-solution of (5.4.2) on Q,, (¢, %) using the
last inequality of (5.5.4), inequality (5.5.5) and the fact that

¢<x_vbt> —1.
g

Getting a contradiction. We have for ¢ small enough,

u® <@ —mn outside Qr(t,x).
Using the comparison principle on bounded subsets we get
u <p—n on Qrs(t,x).
Passing to the limit as ¢ — 0, we get @ < ¢ —n on Qs #(¢,x) and this contradicts the
fact that u(t,z) = p(t, x).
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Second case : x = Vjt. In this case, using Theorem 5.3.1, the definition of the test
function ¢ is given by

o (tx)=gt)+p (x—Vit) L vysoy + 572 (2 — Vit) Lo vyeco)
with g € C! (RT) and the last line in (5.5.4) becomes
g +A=0. (5.5.6)

We define the perturbed test function ¢ as

s05 (t x) _ g (t) + w* (t, .f) on QQF,QF (77, Vbi)
’ o (t ) outside Qa7 27 (£, Vit).

where w® is defined in Theorem 5.5.1. Using (5.5.6) and the definition of w, we prove
that ¢° satisfies in the viscosity sense

o+ 1 (600 (T ) 4 P ) (1-0 (T2 ) 2§ on Qs (VD

€

Getting the contradiction. We have that for € small enough
WA <o =g(t)+WA(Lx) on QurarE, Vib\Qr(F, ViD).
Using the fact that w® — W4, we have for € small enough
u® + g < ¢°  on Qoror(t, Vot)\ Qs (2, Vit).

By the comparison principle on bounded subsets, the previous inequality holds in Qr #(, Vjt).
Passing to the limit as ¢ — 0 and evaluating the inequality in (¢, Vjt), we obtain

a(E Vi) + 5 < o(f, V) = (T, Vi),

which is a contradiction.
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Chapitre 6

Conclusion et perspectives

Dans cette thése, deux types de travaux ont été réalisés : le premier axe de travail
était de considérer des modeéles microscopiques de trafic routier et d’établir une connexion
entre ces modéles et des modéles macroscopiques du genre de ceux qui sont introduits
par Imbert et Monneau [IM13]. Une telle connexion va permettre de justifier rigoureuse-
ment les modéles macroscopiques du trafic routier. Le second axe était de considérer une
équation d’Hamilton-Jacobi avec une jonction qui bouge en temps. Cette équation peut
décrire la circulation des voitures sur une route avec la présence d’un véhicule particulier
(plus lent que les voitures par exemple). On a prouvé l'existence et 'unicité d’une solu-
tion de viscosité pour cette EDP. On présente maintenant quelques extensions possibles
des résultats de cette thése.

Extensions possibles des résultats des chapitres 2-3 et 4. Dans ces trois cha-
pitres, on a justifié '’équation introduite par Imbert et Monneau dans [IM13] pour un
seul point de jonction & partir des modéles microscopiques. On présente maintenant deux
extensions possibles de ces travaux :

— La premiére extension est de justifier ’équation d’Hamilton-Jacobi sur une route
simple mais avec plusieurs points de jonction. Dans ce cas, ¢’est naturel de considé-
rer un modéle microscopique avec n perturbations locales pour obtenir a 1’échelle
macroscopique n conditions de limitation du flux. En utilisant les techniques d’ho-
mogénéisation de cette thése, on obtient toujours a I’échelle macroscopique une
seule condition de jonction.

— La deuxiéme extension est de justifier I’équation d’Hamilton-Jacobi sur des réseaux.
Forcadel et Salazar [F'S] ont considéré le cas d’une seule route entrante et plusieurs
routes sortantes. Une extension possible est de considérer un domaine plus général
comme une jonction avec plusieurs routes entrantes et plusieurs routes sortantes.

Extensions possibles des résultats du chapitre 5. On rappelle que le résultat
principal du chapitre 5 était le principe de comparaison pour une équation d’Hamilton-
Jacobi sur un domaine qui varie en temps (5.1.1). On peut considérer les deux extensions
suivantes :
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— Pour simplifier I'idée, on considére le cas de deux fonctions by et by qui représentent
les points de jonction. L’idée est de supposer qu’il existe un temps tg > 0 & partir
duquel les fonctions by et by se séparent, c’est-a-dire

b1 (to) = bg (to) et
b1 (t) > by (t) sit > t.

Dans ce cas, la preuve que 'on a fait (voir preuve du principe de comparaison 5.3)
présente un probléme si t, = tg. Du point de vue trafic routier, on peut imaginer
que la fonction by décrit la trajectoire d’'un bus qui arrive & un certain temps tg au
point 0 et que by (t) = 0 représente un panneau de réduction de vitesse.

— Pour présenter la deuxiéme extension, on considére le cas d’une seule fonction b.
Un cas intéressant consiste & supposer que la vitesse de b dépend de la dérivée de
la fonction u,

V() =Vp (—us (L,0()7)) . (6.0.1)

On a montré (voir sous-section 5.2.1 ) que du point de vue trafic routier, la solution
u de léquation (5.1.1) vérifie u, = —p o p est la densité des véhicules et donc
(6.0.1) signifie que

V() =V, (p(t.b(1)T))

ol V4 est une fonction croissante et bornée. Ce modéle semble plus réel du point
de vue trafic routier. Du point de vue mathématique, on doit introduire une notion
convenable d’une solution du systéme (5.1.1)-(6.0.1) et dans ce cas, 'unicité de la
solution reste une question ouverte.
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