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Summary 

Risk assessment is conditioned on the knowledge and information available at the moment of the 

analysis. Modeling and simulation are ways to explore and understand system behavior, for 

identifying critical scenarios and avoiding surprises. A number of simulations of the model are run 

with different initial and operational conditions to identify scenarios leading to critical 

consequences and to estimate their probabilities of occurrence. For complex systems, the 

simulation models can be: i) high-dimensional; ii) black-box; iii) dynamic; and iv) computationally 

expensive to run, preventing the analyst from running the simulations for the multiple conditions 

that need to be considered. 

The present thesis aims at proposing new adaptive strategies for guiding the simulations in a 

way to increase knowledge on the critical system behavior, in reasonable computational time. 

Two novel simulation frameworks for hazard identification are proposed: one focuses on the 

search of extreme unknown consequences associated to a given set of scenarios; the other one 

focuses on the exploration of those scenarios potentially leading the system to critical 

consequences and the retrieval of the corresponding root causes. An extension of an advanced 

Monte Carlo (MC) method for rare event simulation of hybrid systems is also proposed. 

The first framework for searching extreme unknown consequences is based on the idea that 

little computational effort should be spent for simulating scenarios leading to similar 

consequences, whereas efforts should be mainly invested for exploring more uncertain scenarios 

that could reveal themselves as critical. An original function is introduced in the simulation 

framework to iteratively guide the selection and the execution of the simulations of scenarios. 

The framework also allows embedding the knowledge of the analyst on the system: for example, 

the method can be tuned to automatically guide the simulations towards those scenarios that 

lead to events defined of interest by the analyst, e.g., those most critical in terms of severity of 

the consequences. Markov Chain Monte Carlo (MCMC)-based exploration is combined with a 

density-based stopping criterion to probe those scenarios for which further information is 

needed. The method is applied to a gas subnetwork and it is shown to perform well, compared 

to other methods. 



The second framework for the identification of scenarios that can lead the system to critical 

conditions, consists of four main steps: i) dimensionality reduction is employed to discard those 

factors that do not significantly affect the model behavior; specifically, a Polynomial Chaos 

Expansion (PCE)-based sensitivity analysis is employed to this aim; ii) meta-modeling is used to 

reproduce the behavior of the computationally demanding model with a cheap-to-run one; in 

particular, adaptively trained Kriging is used to limit the number of calls to the computationally 

expensive model; iii) adaptive exploration is performed to thoroughly probe the state space and 

generate scenarios leading to critical conditions; specifically, an MCMC-based algorithm is 

proposed; iv) clustering and high-dimensional visualization techniques are used to organize and 

retrieve valuable information on the causes of the critical scenarios. The advantages of the 

proposed framework are shown with respect to the accident scenarios analysis of a power 

network subject to different daily load profiles and of the control system of the Advanced Lead 

Fast Reactor European Demonstrator (ALFRED). 

Finally, a method for scenario probability assessment is introduced, which extends the 

REpetitive Simulation Trials After Reaching Thresholds (RESTART) algorithm to hybrid 

(deterministic and stochastic) systems, by means of the introduction of new Importance 

Functions (IFs) that take into account both continuous and discrete variables. The method of 

assessment is applied to the control system of a hold-up tank and a pump-valve subsystem 

subject to degradation induced by fatigue. The results obtained in these two case studies show 

the satisfactory performance of the new IFs, with respect to the standard MC as well as with 

respect to classical IFs of literature. 

In synthetic, conclusive words, the present thesis presents advanced frameworks of 

simulation-based risk assessment. The methods developed within the frameworks are attentive 

to limit the computational cost required by the analysis, in order to keep them scalable to 

complex systems. In particular, all methods proposed share the powerful idea of automatically 

focusing and adaptively driving the simulations towards those conditions that are of interest for 

the analysis, i.e., for risk-oriented information. 
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Résume 

L’évaluation des risques est conditionnée par les connaissances et les informations disponibles 

au moment où l’analyse est faite. La modélisation et la simulation sont des moyens d’explorer et 

de comprendre le comportement du système, d’identifier des scénarios critiques et d’éviter des 

surprises. Un certain nombre de simulations du modèle sont exécutées avec des conditions 

initiales et opérationnelles différentes pour identifier les scénarios conduisant à des 

conséquences critiques et pour estimer leurs probabilités d’occurrence. Pour les systèmes 

complexes, les modèles de simulations peuvent être : i) de haute dimension ; ii) boite noire ; iii) 

dynamiques ; iv) coûteux en termes de calcul, ce qu’empêche l’analyste d’exécuter toutes les 

simulations pour les conditions multiples qu’il faut considérer. 

La présente thèse vise à proposer des nouvelles stratégies adaptatives pour guider les 

simulations d’une manière à enrichir les connaissances sur les comportements critiques du 

système, avec en effort de calcul raisonnable. Deux nouveaux cadres de simulation pour 

l’identification des dangers sont proposés : le premier se focalise sur la recherche des 

conséquences extrêmes et inconnues associées à un ensemble donné de scénarios ; l’autre se 

focalise sur l’exploration de ces scénarios potentiellement conduisant le système à des 

conséquences critiques et sur la récupération des causes initiales correspondantes. Une 

extension d’une méthode Monte Carlo (MC) avancée pour la simulation des événements rares à 

de systèmes hybrides est également proposée. 

Le premier cadre pour la recherche des conséquences extrêmes et inconnues est basé sur 

l’intuition que peu d’effort de calcul doit être consacré à simuler des scénarios conduisant à des 

conséquences similaires, tandis que beaucoup d’efforts devraient être investis principalement 

dans l’exploration de scénarios plus incertains qui pourraient se révéler critiques. Une fonction 

originelle est proposée dans le nouveau cadre pour guider itérativement la sélection et 

l’exécution des simulations de scénarios. Le cadre permet également d’incorporer la 

connaissance de l’analyste sur le système : par exemple, le cadre peut être réglé afin de guider 

automatiquement les simulations vers les scénarios qui mènent à des événements définis 

d’intérêt par l’analyste, p. ex., les plus critiques en termes de gravité des conséquences. Une 



exploration basée sur une méthode Markov Chain Monte Carlo (MCMC) est combinée à un critère 

d’arrêt basé sur la densité pour sonder les scénarios pour lesquels des informations 

supplémentaires sont nécessaires. L’application du cadre à un sous-réseau de gaz montre 

l’efficacité du cadre proposé comparé à d'autres méthodes. 

Le deuxième cadre pour l’identification des scenarios pouvant mener le système à des 

conditions critiques se compose de quatre étapes principales : i) une réduction de la 

dimensionnalité est utilisée pour éliminer les facteurs qui n’influencent pas significativement le 

comportement du model ; en particulier, une analyse de sensitivité basée sur la Polynomial Chaos 

Expansion (PCE) a été employé à cet effet ; ii) une méta-modélisation est utilisé afin de reproduire 

le comportement du modèle exigeant du point de vue de calcul avec un modèle moins exigeant ; 

notamment, un entrainement adaptive pour un modèle de Kriging est utilisé pour limiter le 

nombre d’appels au modèle coûteux ; iii) une exploration adaptative est réalisée afin de sonder 

en profondeur l’espace d’état et générer des scenarios menant à des conditions critiques ; 

spécifiquement, un algorithme exploitant de MCMC est proposé ; iv) du clustering et des 

techniques de visualisation de donnés à nombre de dimensions élevé sont utilisés pour organiser 

et extraire informations utiles sur les causes des scénarios critiques. Les avantages du cadre 

proposé sont montrés en ce qui concerne l’analyse des scenarios accidentels d’un réseau 

électrique soumis à profils de demande d’énergie variables pendant la journée et du système de 

contrôle de l’Advanced Lead Fast Reactor European Demonstrator (ALFRED). 

En plus, une méthode d’évaluation des probabilités des scenarios est introduite. La méthode 

étend le REpetitive Simulation Trials After Reaching Thresholds (RESTART) algorithme aux 

systèmes hybrides (continu et événementiel), grâce à l’introduction de nouveaux Fonctions 

d’Importance (FI) qui tiennent en compte les variables continues et événementielles. La méthode 

est appliquée au système de commande d’un réservoir de retenue et au sous-système pompe-

valve sujet à dégradation induite par usure. Les résultats obtenus dans ces deux études de cas 

montrent que les FI introduites atteint des performances satisfaisantes par rapport aux résultats 

obtenues par une méthode MC standard et ainsi que par des FIs classiques de la littérature. 

Pour conclure synthétiquement, la présente thèse introduit des cadres avancés d’évaluation 

des risques basée sur les simulations. Les méthodes développées au sein de ces cadres sont 

attentives à limiter les coûts de calcul requis par l’analyse, afin de garder une scalabilité vers des 

systèmes complexes. En particulier, toutes les méthodes proposées partagent l’idée prometteuse 

de focaliser automatiquement et de conduire d’une manière adaptive les simulations vers les 

conditions d’intérêt pour l’analyse, c’est-à-dire, vers des informations concernant le risque. 
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3 

1 Introduction 

This thesis presents research work performed to advance the use of simulation models for 

identifying and characterizing accident scenarios, and for estimating the probability of rare failure 

events, within the framework of risk assessment of complex systems. Such efforts of 

advancements are needed to render feasible the use of models that are: i) high dimensional; ii) 

black box; iii) dynamic and iv) computationally demanding. 

1.1 The Concept of Risk 

A commonly used quantitative definition of the risk associated to the operation of a system, to a 

process or to an activity is (Kaplan & Garrick, 1981):  

𝑅𝑖𝑠𝑘 = {〈𝑠𝑖, 𝒻𝑖, 𝑐𝑖〉}, 𝑖 = 1,… , 𝑁  (1.1) 

where 𝑠𝑖 represents the i-th of N scenarios made by a sequence of events, 𝒻𝑖 represents the 

frequency of occurrence of such a sequence of events and 𝑐𝑖 is the consequence that results from 

such an occurrence. For practical use, this definition requires the identification of the complete 

set of scenarios, but this cannot be guaranteed, and the evaluation of the confidence in the 

estimation of the frequencies and consequences. Then, a second-level definition of risk is needed 

to account for the uncertainties associated to the risk assessment (Kaplan & Garrick, 1981): 

𝑅𝑖𝑠𝑘 = {〈𝑠𝑖, 𝑝𝑖(𝒻𝑖, 𝑐𝑖)〉}, 𝑖 = 1,… , 𝑁 + 1 (1.2) 

where, 𝑝𝑖(. , . ) is a joint probability density function representing the uncertainties on the 

frequency of occurrence 𝒻𝑖 and the consequences 𝑐𝑖 of scenario 𝑠𝑖 and a N+1 category is added 

to account for the incompleteness of the set of scenarios, i.e., for those scenarios that have not 

been considered because unknown at the time of the analysis (i.e., the so-called “residual risk”. 

In this view, the definition of risk can be extended to (Terje Aven, 2010): 

𝑅𝑖𝑠𝑘 = (𝒜, 𝒞, 𝒬;𝒦) (1.3) 
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where 𝒜 indicates the set of accident scenarios that may occur, 𝒞 represents the set of related 

consequences, 𝒬 is the metric used to quantify the associated uncertainties and 𝒦 is the 

knowledge  which the risk assessment (i.e., the identification of 𝒜 and the quantification of 𝒞 

and 𝒬) is based on. Note that the formulation in (1.3) does not restrict the representation of the 

uncertainty to a classical probabilistic one and other representations can be employed (Terje 

Aven, 2011; T. Aven, Baraldi, Flage, & Zio, 2014; Dubois, 2006; Flage, Aven, Zio, & Baraldi, 2014; 

Pedroni, Zio, Pasanisi, & Couplet, 2017). 

This formulation underlines explicitly the role of the background knowledge incorporated in 

risk assessment model. The next section discusses in more details the role that knowledge plays 

in the risk assessment. 

1.2 Knowledge in Risk Assessment 

In recent times, discussions have arisen on the fundamental concept of “risk” and other 

foundational issues related to its assessment (Terje Aven, 2012a, 2012b, 2016b; Terje Aven & Zio, 

2014; Cox, 2015). From a general perspective, it is understood that the outcomes of risk 

assessment are conditioned on the knowledge and information available on the system and/or 

process under analysis (Terje Aven, 2016a; Terje Aven & Zio, 2014; Zio, 2016c). Recognizing this, 

leads to accepting the inevitable existence of a residual risk related to the unknowns in the system 

and/or process characteristics and behaviors. 

Then, it is important to be aware of the (incomplete) knowledge conditioning the risk 

assessment outcomes, somewhat along the lines of thought of the former United State Secretary 

of Defense, Donald Rumsfeld, who said the following at the press briefing on 12 February 2002, 

addressing the absence of evidence linking the government of Iraq with the supply of weapons 

of mass destruction to terrorist groups (Rumsfeld, 2002):  

“There are known knowns: things we know we know. We also know there are known 

unknowns: that is to say, we know there are some things we do not know. But there are also 

unknown unknowns: the one we don’t know we don’t know.” 

Correspondingly, events and scenarios in a risk assessment model can be classified according 

to the degree of knowledge available at the time of the assessment (Flage & Aven, 2015): 

1. Unknown-unknown 

2. Unknown-known 

3. Known-unknown 

4. Known-known 
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In particular: 1) identifies those events that were unknown to everyone, at the time of the risk 

assessment; 2) indicates those events unknown to the risk analysts performing the assessment, 

but known to someone else; 3) identifies situations of awareness where the background 

knowledge is weak but there are indications or justified beliefs that a new, unknown type of event 

(new in the context of the activity posing the risk) could occur in the future; 4) indicates events 

that are known to the analysts performing the risk assessment, and for which evidence exists. 

According to (Flage & Aven, 2015), events and scenarios belonging to 1-2 and 4, and 

associated to negligible probabilities of occurrence, are black swans in the sense of (Taleb, 2007), 

whereas category 3 is representative of emerging risks, defined as new risks or familiar risks that 

become apparent in new or unfamiliar conditions (2015, International Risk Governance Council, 

IRGC). Note that, clearly, the concepts of “new” and “unfamiliar” are dependent on the 

background knowledge available. 

For the sake of giving an example, consider the South Australia power network, which 

underwent a massive blackout caused by a cascading failure triggered by a heavy storm on the 

28th Sep 2016. Around 1.7M people remained without power for 3h and some days were 

necessary to restore completely the energy supply. According to the preliminary report of the 

Australian Energy Market Operator (AEMO), the heavy storm was a “non-credible event”, i.e., 

either an unknown-known or a known-known with a negligible probability associated (AEMO, 

2016). However, successive analyses have highlighted that the network has more vulnerabilities 

than expected and that many hazards were underestimated, e.g., those associated to wind and 

lightning. 

From the above qualitative discussion, we can retain that risk assessment amounts to a 

systematic and structured effort to organize the knowledge and information available on events, 

processes and scenarios that affect specific decisions to be made for the management of risk. 

Risk assessment can then be seen as a tool for organizing the knowledge that analysts have on 

the system of interest, with the aim of assessing the associated risk (Flage & Aven, 2015). 

1.3 Simulation for Risk Assessment: Opportunities 

Identifying and characterizing hazardous scenarios, events and conditions leading to unsafe 

situations is a fundamental task of knowledge building in support to risk assessment, but it is not 

trivial in practice: a large set of scenarios, events and conditions is typically possible of which only 

few, rare ones lead to critical, unsafe situations. 

Modeling and simulation have long been advocated as ways to explore and understand system 

behavior for knowledge retrieval (Santner, Williams, & Notz, 2003; Simpson, Poplinski, Koch, & 
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Allen, 2001). Their use has been steadily increasing with the complexity of the systems, which 

makes experimentation economically unsustainable and physically infeasible. 

Within a simulation-based scenario analysis, the analyst can run a number of simulations with 

different initial configurations of the system design and operation parameters, and identify those 

leading to critical system states. These states form the so called “Critical Regions” (CRs) or 

“Damage Domains” (DDs) (Montero-Mayorga, Queral, & Gonzalez-Cadelo, 2014). The identified 

CRs may correspond to the prior knowledge of the analyst, i.e., the analyst is already aware that 

those configurations lead to critical outputs, or be “surprising”, i.e., the analyst is not aware of 

such potential consequences and is “surprised” by them. 

Similarly, simulation can be employed to estimate probabilities or any other measure of 

uncertainty in (1.2)-(1.3). In this context, Monte Carlo (MC) methods have been generally 

accepted as a gold standard (Labeau, 1996; Marseguerra & Zio, 1996; Zio, 2013). In practice, the 

intuitive, but powerful, idea behind MC methods consists in generating a large number of 

simulations and counting the fraction that satisfies the condition of interest. For example, if we 

are interested in estimating the reliability of a system at a given time t, i.e., the probability that 

the system does not fail before that time, a large number of simulations reproducing the life of 

the system are run and the Time To Failure (TTF) of the system is stored, i.e., the time at which 

the system fails in the simulation. Then, the reliability of the system at time t is estimated as the 

fraction of simulations whose TTF is larger than t. Likewise, if we are interested in estimating the 

probability of occurrence of an event leading the system into a given CR, this can be done by 

sampling realizations of the system life and counting the fraction of times that the system ends 

into the CR of interest (Robert & Casella, 2004). 

1.4 Simulation for Risk Assessment: Challenges 

In practice, the simulation models of system behavior for use in risk assessment can be quite 

complex because: 

- High-dimensional, i.e., with a large number of inputs and/or outputs; 

- Black box, i.e., without an explicit Input/Output (I/O) relation; 

- Dynamic, because the system evolves in time; 

- Computationally demanding, as a consequence of the above characteristics and of the 

numerical methods employed for their solution. 

The high dimensionality in the inputs implies that system conditions and scenarios to consider 

for simulating the system behavior for the identification of the CRs and/or for the estimation of 

the probability of their realizations (Au & Beck, 2003a; Valdebenito, Pradlwarter, & Schuëller, 

2010), increase exponentially with the input space dimensions (Zio, 2014). Furthermore, this 
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feature makes it difficult to interpret and visualize the results, calling for specifically designed 

representation tools (S. Liu, Maljovec, Wang, Bremer, & Pascucci, 2017). 

Black box models, especially when nonlinear, make it difficult to discover the set of input 

values that lead the system to a specific (critical) output. In practice, when the computational 

model is a black box (because of empirical nature or because complicated), the only feasible way 

to solve the problem is to run simulations with the model and post-process its results to retrieve 

the information of interest from the data thereby generated. 

As for the analysis of dynamic systems, this calls for methods capable of dealing with changes 

occurring during the time horizon of the analysis, e.g., sequences of events that occur at different 

times and that affect the operation of the system (stochastically, e.g., components failures, or 

deterministically, e.g., due to control actions) (Aldemir, 2013; Mandelli, Smith, et al., 2013; Siu, 

1994). 

In practice, computational cost is an issue for simulation-based system response analysis for 

risk assessment. Indeed, a high computational cost for a single simulation prevents the analyst 

from running and exploring a large number of configurations, though this may be necessary to 

gain knowledge on the system CRs. 

In addition, this issues become even more challenging when models represent high reliable 

systems, i.e., systems characterized by very small probabilities of failure. In this context, consider, 

for example, the Coefficient Of Variation (COV) of the estimator �̂�𝐴 of the probability 𝑝𝐴 of a rare 

event 𝐴, i.e., the ratio of the standard deviation 𝜎 to the expected value 𝜇 of the estimator, which 

represents the relative uncertainty of an estimator; in the case of the classical MC method it 

reads: 

𝐶𝑂𝑉(�̂�𝐴) =
�̂�

�̂�
=
√𝑝𝐴(1 − 𝑝𝐴)

𝑝𝐴√𝑁𝑀𝐶
≈

1

√𝑝𝐴𝑁𝑀𝐶
 , (1.4) 

where �̂� and �̂� are the empirical mean and standard deviation of the estimator, respectively, 

and 𝑁𝑀𝐶  represents the number of samples used for the MC method. This shows that for 

achieving a given COV value, the smaller is the probability 𝑝𝐴 to estimate, the larger should be 

the number of simulations 𝑁𝑀𝐶. Similarly, high reliable systems usually present small CRs, that 

are thus harder to find (Bucklew, 2013; Rubino & Tuffin, 2009). 

Two main strategies have been proposed until now to tackle these issues: 

- Parallel computing, which resorts to the enhanced computational resources available, 

e.g. thanks to cloud computing, to run a larger number of simulations; 

- Adaptive sampling, which aims at minimizing the computational cost by intelligently 

designing the simulations to run for extracting the information of interest. To achieve this 



Chapter I 

goal, the methods should be capable of automatically understanding, during the 

simulation, which configurations are most promising (e.g., for discovering a CR). 

1.5 Research Objectives and Original Contributions 

In the present thesis, two key research questions are addressed with the efficient use of 

simulation models: 

1. Identify hazardous conditions for the system, i.e., the pairs event-consequence 

(𝒜, 𝒞;𝒦) in Eq. (1.3), which represent unexpected or emergent critical states of the 

system. 

2. Accurately estimate the probability of occurrence of a rare critical scenario, i.e., (𝒬;𝒦) 

in Eq. (1.3). 

As answer to the first key research question formulated above, the main contributions of the 

present thesis are:  

- Design and implementation of a novel framework of adaptive simulation for discovering 

unexpected consequences associated to a known set of scenarios (Paper I) (Turati, 

Pedroni, & Zio, 2016a). A new driving function is proposed to guide the simulations 

towards those scenarios that are more uncertain regarding the consequences they can 

lead to (i.e., those scenarios about which the knowledge 𝒦 should be increased). 

- Design and implementation of a novel framework of adaptive simulation for the 

identification of CRs (Paper II) (Turati, Pedroni, & Zio, 2017). In particular, the framework 

resorts to: 

a. A total order sensitivity analysis to screen important inputs and guide the model 

dimensionality reduction. Specifically, Polynomial Chaos Expansion (PCE) is used 

to limit the computational cost; 

b. A meta-model to reproduce the behavior of the computationally expensive 

model by a cheap-to-run one. Specifically, Kriging is employed to discriminate 

between CRs and Safe Regions (SRs). 

c. A Markov Chain Monte Carlo (MCMC)-based algorithm to explore the state space 

of the system by means of the meta-model. 

d. Non-supervised classification methods (i.e., clustering) and visualization 

techniques for high-dimensional spaces (e.g., Parallel Coordinates Plot), to 

retrieve and represent the information of interest (i.e., the critical/safe regions). 

As answer to the second key research question formulated above, the main contribution of 

the present thesis consists in: 



Introduction 

9 

- Extension of an effective advanced MC algorithm, namely the REpetitive Simulation Trials 

After Reaching Thresholds (RESTART), for the simulation of rare events in hybrid models 

(i.e., models where variables evolve according to physical laws that can change as a 

consequence of punctual (stochastic) events) (Paper IV) (Turati, Pedroni, & Zio, 2016b; M 

Villén-Altamirano & Villén-Altamirano, 1991). Specifically, new Importance Functions 

(IFs), employed to drive the simulations towards the (failure) rare event of interest, are 

defined to keep into account both the discrete and continuous nature of the hybrid 

models. 

1.6 Thesis Structure 

This thesis manuscript is divided into two parts. The first part is composed by four Chapters, 

which introduce the reader to the research context, motivations and objectives, and present in 

detail the methodological developments performed to address the specific research questions. 

In particular, Chapter 2 begins with a state of the art on simulation-based methods for hazard 

identification and continues with the presentation of two novel frameworks for the adaptive 

simulation of computationally expensive system models. One framework is designed for 

identifying the consequences of a given set of possible scenarios and retrieving their root causes. 

The second framework aims at identifying and characterizing the CRs of a system, i.e., the 

configurations of inputs and parameters that lead the system to critical conditions. Applications 

of the two frameworks are also provided, with respect to a gas transmission subnetwork (Turati, 

Pedroni, & Zio, 2015), a power network subject to different daily profiles of demand (Mena, 

Hennebel, Li, Ruiz, & Zio, 2014), and a Lead Fast Reactor (LFR) Nuclear Power Plant (NPP) 

(Ponciroli, Cammi, Della Bona, Lorenzi, & Luzzi, 2015). Chapter 3 begins with a state of the art on 

rare event simulation for probability assessment. Then, a description of the RESTART method is 

given with a particular attention to the IF, which is a crucial element for the effectiveness of the 

method (M. J. J. Garvels, Van Ommeren, & Kroese, 2002; M. Villén-Altamirano & Villén-

Altamirano, 2002). Guidelines for defining new IFs for hybrid systems are listed and two novel IFs 

are originally proposed with respect to two different applications. 

The second part of the thesis includes the collection of papers published or prepared for 

submission, as the results of the present research work. The reader can refer to them for further 

technical details. In Paper I (Turati et al., 2016a), a novel framework for the exploration of extreme 

and unexpected events and consequences is proposed; a new driving function is defined to 

automatically distribute the computational resources in favor of those scenarios that more likely 

reach unexpected consequences. In Paper II (Turati, Pedroni, et al., 2017), a novel framework for 

identifying the CRs of a complex system is proposed. The framework is designed to adaptively 

take advantage from the simulations that have been already run to reduce the model 
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dimensionality, train a meta-model, explore the state space and retrieve information concerning 

the CRs number, shape and dimension. In Paper III (Turati, Cammi, Lorenzi, Pedroni, & Zio, 2017), 

the same framework proposed in Paper II is employed for analyzing accident scenarios of the 

Advanced Lead Fast Reactor European Demonstrator (ALFRED), whose complex model challenges 

classical methods. Finally, in Paper IV (Turati et al., 2016b), the issues associated to the estimation 

of the probability of rare events are discussed; in particular, the RESTART algorithm is considered 

and two novel IFs are defined to increase its efficiency for application to hybrid dynamic systems. 
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2 Hazard Identification 

Two adaptive simulation framework for hazard identification in a risk assessment context are 

presented in this chapter. Both the theory beneath the methods and applications to both simple 

and complex systems are provided after a section dedicated to the state of the art on the topic. 

The first framework (see Section 2.2) focuses on increasing the knowledge about hazards, by 

increasing the knowledge about the possible consequences a system can undergo within a given 

set of scenarios. In particular, it is used to show the impact that the failure time has on the 

progression of accident scenarios (Section 2.3). On the other hand, the second framework (see 

Section 2.5) aims at increasing the knowledge about scenarios, in particular, about those leading 

the system to critical consequences. Both frameworks are developed with the main objective of 

dealing with computationally-demanding models: for this reason, particular attention has been 

devoted to assess the capability of limiting the number of calls to the numerical model used. 

2.1 State of the Art 

In the context of risk assessment, the combination of Event Trees (ETs) (diagrams representing 

the sequential logic of the system response to accident initiating events) and mathematical 

models of the system dynamics has been advocated as the way for determining the End-States 

(ESs) that can be reached by the system in accident scenarios and for deriving the corresponding 

causality relations among the events occurring in the scenarios (Aldemir, 2013; J. H. Li, Kang, 

Mosleh, & Pan, 2011; Siu, 1994; Zio, 2014). Works on Dynamic Event Trees (DETs) (Čepin & 

Mavko, 2002; Cojazzi, 1996; Hakobyan et al., 2008; Hsueh & Mosleh, 1996; Kloos & Peschke, 

2006; Labeau, Smidts, & Swaminathan, 2000) have highlighted that the end-states reached by a 

system as a result of an accident scenario do not depend only on the order of occurrence of the 

events in the sequence of the accident scenario, but also on the exact time at which these events 

occur and on their magnitude (Aldemir, 2013; F. Di Maio, Baronchelli, & Zio, 2015a; Francesco Di 

Maio, Vagnoli, & Zio, 2015; Garrett & Apostolakis, 1999; J. H. Li et al., 2011; Smidts & Devooght, 

1992). However, exploring all dynamic sequences amounts to moving in a system state space of 
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theoretically infinite dimension (because of the continuous time and magnitude variables). To 

address this issue, the majority of the methods available in the literature proceed to a 

discretization of the time and magnitude dimensions to reduce the state space size, and/or the 

pruning of branches associated to sequences having low probability of occurrence. However, 

these techniques may miss “rare” sequences of interest leading to CR outcomes (Hakobyan et al., 

2008; Rutt et al., 2006). 

To tackle these issues, some authors have introduced an adaptive simulation framework to 

drive the exploration of scenarios (i.e., ET branches) towards those having more uncertain 

outcomes (Hu, Groen, & Mosleh, 2004; Turati et al., 2015). In simple words, the event times and 

magnitudes worth to be explored are those that can generate scenarios with outcomes different 

from those already identified. If sequences with different times of occurrence and magnitudes of 

the same events lead to exactly the same scenario outcome, thoroughly exploring them does not 

add any additional information on the system CRs. On the other hand, if the same scenario can 

lead to several outcomes for different occurrence times and magnitudes of its events, it is worth 

running many simulations to discover the relations between the occurrence time and magnitude 

of the events and the scenario outcomes. 

As mentioned earlier, a fundamental issue in risk assessment is the identification of the so-

called CRs/DDs, i.e., the input configurations that lead the system to safety-critical outcomes. In 

mathematical terms, given a deterministic Input/Output (I/O) model 𝒀 = 𝑓(𝑿), where the inputs 

𝑿 are uncertain and where the outputs 𝒀 are realizations of simulations, the objective is to 

identify the set of inputs satisfying specific conditions for the output, e.g., those having output 

values above given safety-critical thresholds 𝐶𝑅 = {𝒙 𝑠. 𝑡.  𝒚 ≥ 𝒀𝒕𝒉𝒓𝒆𝒔}, which correspond to 

critical system state, i.e. belonging to a CR. To search for these conditions, one approach is the 

Design Of Experiment (DOE) (Fang, Li, & Sudjianto, 2005; Kuhnt & Steinberg, 2010; Santner et al., 

2003), whereby a set of input configurations is selected with a given logic to probe the input state 

space, the corresponding outputs are computed by simulation and those leading to safety-critical 

outputs are identified. Then, these available I/O data are post-processed, e.g., by means of expert 

analysis or machine learning, to get insights on the CRs such as: causality relations between inputs 

and outputs, safety-oriented characteristics, shapes and number of the CRs, etc. For example, the 

Spanish Nuclear Safety Council has developed an Integrated Safety Assessment (ISA) 

methodology that has been recently used to verify whether the current Severe Accident 

Management Guidelines (SAMG) are properly defined for a seal Loss Of Coolant Accident (LOCA) 

(Queral et al., 2016). Authors exploited the expert knowledge to limit the input state space within 

a specific domain. The reduced domain has been probed by means of several simulations, whose 

results allow a repartition of the state space according to the different types of consequences 

reached by the nuclear plant during the accident (e.g., core uncover, fuel melting, vessel failure, 

etc.). For this, a substantial expert knowledge has been involved in the post-processing to have a 

physical interpretation of the events characterizing the accident scenario and of the impact of 
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time on the occurrence of a failure and its recovery. Despite the large number of simulations 

performed, only a single accident scenario has been analyzed due to the high computational cost. 

The U.S. Idaho National Laboratories (INL) under the name of Risk-Informed Safety Margins 

Characterization (RISMC) (Smith, Rabiti, Martineau, & Szilard, 2016) has proposed a general 

framework for the identification and the characterization of the safety margins within the nuclear 

context. Specifically, the framework relies on four main steps (Mandelli, Smith, et al., 2013): i) 

sampling in the uncertainty space, ii) simulation of the computational expensive model to 

evaluate the system outputs, iii) analysis of the simulation results, iv) visualization of the 

outcomes (Maljovec, Wang, Pascucci, Bremer, Pernice, et al., 2013) and information retrieval 

(Maljovec et al., 2016; Mandelli, Yilmaz, Aldemir, Metzroth, & Denning, 2013). For example, in (F. 

Di Maio, Bandini, Zio, Alfonsi, & Rabiti, 2016), they have recently employed a surrogate model to 

reproduce the limit surface that separates the CRs from the SRs during a station black-out in a 

Boiling Water Reactor simulated by means of the nuclear safety code RELAP5-3D (RELAP5-3D, 

2005). Then, the identified CRs are projected on the subspace of the controllable variables and 

the most safe operation conditions are identified as those that are more distant from the CRs 

limit surface by means of a K-D Tree algorithm (Bentley, 1975). 

The characterization of CRs leads to the identification of prime implicants, as an extension of 

the concept of minimal cut sets in the ET Analysis. Prime implicants are defined as the minimal 

sets of process parameters values and components failure states that are sufficient to cause a 

failure of the dynamic system. In (F. Di Maio et al., 2015a; F. Di Maio, Baronchelli, & Zio, 2015b), 

the authors proposed two different frameworks for prime implicants identification, upon 

discretization of the input space by means of Multiple-Valued Logic (MVL). In the first paper, the 

authors employed a Differential Evolution (DE) algorithm for the identification of the prime 

implicants, whereas in the second paper they resort to a visual interactive method that allows 

retrieving the values of the main features characterizing the prime implicants sequences. 

In parallel to the use of simulation for CRs identification, but with a slightly different objective, 

techniques for the falsification of temporal properties have been proposed (Dreossi et al., 2015; 

Fainekos, Sankaranarayanan, Ueda, & Yazarel, 2012; Nghiem et al., 2010). Dynamic systems are 

designed to satisfy certain specifications: for example, the liquid level of a tank is controlled by 

automatic valves to remain between two threshold values; falsification looks for trajectories that 

lead the system out of the design specifications, i.e., “falsifying” the expected system behavior. 

Whereas falsification techniques aim at showing that at least one trajectory not satisfying the 

design specifications exists, CRs identification methods aim at discovering and characterizing all 

trajectories that do not satisfy the design specifications. 

Furthermore, nowadays systems are more and more interconnected (Systems of Systems SoS) 

and new behavior can emerge unexpectedly (emergent behavior) (Zio, 2016a, 2016c). In (Kemp 

H Kernstine, 2012), a method called ARGUS is proposed for discovering emergent behavior in 
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dynamic SoS. In particular, an iterative adaptive DOE is combined with parallel computing. The 

method takes the advantages of the available computing technologies (cloud computing and 

clusters), keeping the efficiency and flexibility of an adaptive DOE. The adaptive algorithm is used 

to select at each iteration a batch of candidate configurations to explore, while a cluster of 

processors is employed to run in parallel the simulations. However, since the method has been 

specifically designed for the exploration of a stochastic model, it loses its advantages when 

applied to a deterministic one. In addition, ARGUS makes use of polynomial harmonics to 

estimate the mean of the response function, which have been shown not to be efficient in high 

dimensionality. 

Nuclear and financial industries have recently increased their attention to extreme yet 

possible scenarios (Authority, 2016; Commision, 2013). For example, the European Commission 

in response to the 2011 Fukushima nuclear accident, has requested to all state members to 

perform specific stress tests to assess the resilience of the nuclear power plants to several 

typologies of extreme events: earthquakes, floodings, terrorist attacks and aircraft collisions. 

Similarly, the Bank for International Settlement (BIS) requires financial institutions to perform 

some stress tests for assessing their capacity and robustness against extreme financial scenarios 

(Sorge, 2004). Stress tests allow analysts to collect information regarding system response. 

However, the response is evaluated only with respect to extreme scenarios: thus, stress tests do 

not allow to discover whether among the normal range of input values and scenarios, critical 

events can emerge. 

When the computational cost becomes a constraint for the analysis, meta-models (or, 

equivalently, surrogate models) can represent a possible viable solution (Gorissen, Couckuyt, 

Demeester, Dhaene, & Crombecq, 2010). Meta-models usually resort to a set of input/output 

observations obtained from the real model to train a “surrogate” capable of reproducing the 

behavior of the real model at a lower computational cost. Once the meta-model has been 

validated (e.g., by means of its out-of-sample prediction accuracy), it can be used to replace the 

real model and to simulate the behavior of the system. Many types of meta-models are available, 

each one with characteristics that suit specific conditions. Among the large number of methods 

available in the literature (Simpson et al., 2001; Wang & Shan, 2007), we recall here just some of 

them that have been used in the context of risk assessment: i) Polynomial Chaos Expansion (PCE), 

which resorts to a particular basis of the probability space to represent the real-model I/O relation 

(see Appendix B for details) (Sudret, 2008); ii) Response Surface Method (RSM), where usually a 

low-order set of polynomials is used to fit the data observations available and the corresponding 

polynomial coefficients can be estimated by linear regression (Myers, Montgomery, & Anderson-

Cook, 2016); nonetheless, the intrinsic linearity of the method makes it not suitable for nonlinear 

models; iii) Artificial Neural Networks (ANNs) (and all the associated evolutions), which resort to 

a large set of models (neurons) connected by means of nonlinear transformations (network) for 

reproducing any model behavior, including nonlinear (Cheng & Titterington, 1994; Haykin & 
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Network, 2004); nevertheless, ANNs usually require a large number of I/O observations for their 

training; iv) Support Vector Machine (SVM), which is capable of reproducing nonlinear behaviors 

by mapping the inputs in a larger feature space; in practice, the meta-model is linear between 

the mapped features and the output, but can be nonlinear between the input and the output 

(Clarke, Griebsch, & Simpson, 2004); v) Kriging, which makes use of a Gaussian process to exactly 

interpolate the available I/O observations, allowing at the same time to have an estimate and an 

associated confidence interval of the response function for any input configuration (Clarke et al., 

2004; Kleijnen, 2009; Rasmussen & Williams, 2006); Kriging is especially indicated for reproducing 

nonlinear models that present humps and regional behavior (see Appendix C for details). 

Many researchers have been developing toolboxes and software that support sequential DOE, 

meta-models, iterative sampling, simulation, etc. Among the others, we report: DAKOTA (Eldred 

et al., 2014) from the Sandia National Laboratories, UQLab (Marelli & Sudret, 2014) from the ETH 

of Zurich, OpenCOSSAN (Patelli, Broggi, Angelis, & Beer, 2014) from the Institute for Risk and 

Uncertainty of the University of Liverpool, SUMO (Gorissen et al., 2010) from the Surrogate 

Modeling lab of Ghent, SCAIS (Queral et al., 2016) from the Spanish Consejo de Seguridad Nuclear 

(CSN) (Nuclear Safety Council), RAVEN from the INL (Alfonsi et al., 2016) and OpenTURNS from a 

collaboration of academic institutions and industrial companies such as EDF, Airbus and Phimeca 

(Baudin, Dutfoy, Iooss, & Popelin, 2016). Those tools are continuously updated and have an open 

version in matlab (UQLab, OpenCossan, SUMO) or in a developer C++/phyton source code 

(DAKOTA, SCAIS, RAVEN, OpenTURNS); also a commercial version with an associated interface is 

available for all of them, except for SUMO, RAVEN and OpenTURNS. 

It must be pointed out that these software are not specifically designed to address the 

research issues here stated concerning the exploration of scenarios. Rather, they are designed to 

render the state of the art of many statistical analysis methods accessible to industry and 

practitioners. In any case, they remain a practical starting point for reducing programming time 

and speed up the design process of new methods for model exploration and knowledge retrieval. 

To sum up, the issue of knowledge retrieval by simulation for scenario exploration in risk 

assessment of safety-critical systems has been treated by two main approaches: 

▪ massive simulation, which exploits parallel and cloud computing advancements for 

increasing the number of simulations; 

▪ adaptive simulation, which makes use of machine learning algorithms to extract 

information from the available simulations and to use this information to “drive” the 

simulations towards the states of interest for the analysis, thus limiting the number of 

computationally expensive calls to the simulation model. 

Meta-modeling can be used in both approaches to further reduce the computational cost. In 

what follows, two adaptive strategies are presented, showing the efficiency and the added value 

that this kind of analyses can bring to hazard identification. 
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2.2 Framework I: Exploration for the Unexpected Extreme Consequences 

Accident scenario analysis requires to identify, list and analyze all possible failure scenarios and 

consequences, i.e. hazards in accordance with Eq. (1.3), that can occur to the system under 

analysis. Before introducing the main characteristics of the framework, some definitions should 

be given. In this context, we define a scenario as an ordered sequence of events in the life 

evolution of the dynamic system (i.e., within its mission time 𝑇𝑀𝑖𝑠𝑠), which may involve a 

particular group of components, safety functions or actions (e.g., mechanical failures, activation 

of safety systems and human decisions). For example, scenario 𝑆1 could be defined by event 𝐴1 

(failure of a component) at time 𝑇𝐴1 , followed by event 𝐴2 (failure of the safety system) at time 

𝑇𝐴1 < 𝑇𝐴2 < 𝑇𝑀𝑖𝑠𝑠; scenario 𝑆2 could be defined by the opposite order of the events 𝐴2 and 𝐴1, 

with 𝑇𝐴2 < 𝑇𝐴1 < 𝑇𝑀𝑖𝑠𝑠. Since the events in the sequences may occur with the same order but at 

different times, an infinite number of sequences exist for a single scenario, potentially leading to 

different consequences (i.e., system states), as demonstrated in (F. Di Maio et al., 2015a; 

Francesco Di Maio et al., 2015; Mandelli, Yilmaz, et al., 2013). 

In accident progression analysis, which is the case in this section, the system output 𝑌 usually 

represents the worst condition reached by the system during the simulation (Queral et al., 2016). 

In what follows, we define End-State (ES) a categorical variable synthetically representing the 

state of the system on the basis of its outputs. This is often the case in many applications. For 

example, in a NPP seal LOCA the output can be classified according to the different ESs reached 

by the reactor: core uncover, embrittlement condition, fuel melting, fuel relocation, vessel failure, 

etc., which correspond to consequences of different severity (Ibánez et al., 2016). 

2.2.1 Method 

The idea underlying the proposed framework is that not all scenarios need to be explored with 

the same level of details. Indeed, consider two scenarios: one representing normal operation 

conditions, where no failures occur and one characterized by the occurrence of a component 

failure at time 𝑇𝐹 and the corresponding repair at time 𝑇𝑅. Obviously, there is no interest in 

running many simulations exploring the normal condition scenario, since we already know its 

corresponding ES. In the component failure scenario, instead, we are interested in exploring the 

impact on the ES of the failure occurring at different times. Indeed, we can expect that if the 

repair is performed just after the failure, the impact of the component failure is lower than if it is 

performed later in the scenario. 

In this light, an adaptive simulation framework is here proposed to efficiently explore the 

consequences of a given set of scenarios (see Figure 2.1). The framework is based on three main 

steps, Paper I (Turati et al., 2016a): 
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1) preliminary exploration (Section 2.2.1.1), i.e., a global exploration of the whole space of the 

dynamic system scenarios; 

2) interactive decision making (Section 2.2.1.2), i.e., after the preliminary exploration, the 

analyst can decide to either improve his/her global view of the state space by increasing 

the number of simulations in the preliminary exploration (step 1), or focus the attention on 

a specific event of interest (step 3); 

3) deep exploration (Section 2.2.1.3), i.e., a thorough exploration of a particular hazard: for 

example, the objective can be that of retrieving the possible evolutions within a specific 

scenario 𝑆𝑗 that can potentially lead to a specific consequence 𝐸𝑆𝑖, indicated hereafter as 

the pair {𝑆𝑗, 𝐸𝑆𝑖}. 

For generating time sequences within a scenario of interest, we resort to a joint uniform 

distribution over each scenario support (i.e., the region of variability of the times of occurrence 

of the ordered events in the scenario) in order to thoroughly explore the scenario and discover 

the whole set of possible ESs that each scenario can reach. To this aim, a MCMC Gibbs sampling 

is employed (Robert & Casella, 2004). 

2.2.1.1 Preliminary Exploration 

Hereafter, we assume that preliminary exploration is run under the constraint of limited 

computational resources, i.e., of a fixed number of simulations to run. This step aims at enhancing 

the global knowledge regarding system dynamic behavior during accident scenarios. The 

exploration consists of two steps: i) selection of the scenario to explore according to a driving 

function; ii) simulation of a time sequence within the selected scenario. 

The driving function should be flexible enough to take into account different objectives and 

backgrounds of the analyst. For example, the analyst could have little knowledge concerning the 

possible consequences of the scenarios and, thus he/she is interested in increasing his/her global 

knowledge. On the other hand, the analyst could be interested in exploring and collecting 

information regarding the scenarios leading to a specific set of consequences 𝐸𝑆∗, e.g., the most 

critical ones. In this light, the following driving function 𝐼𝛾,𝛽(𝑆𝑗, 𝐸𝑆
∗) is proposed and the scenario 

𝑆∗, which maximizes its value, is selected for the new simulation: 

 
Figure 2.1 Sketch of the adaptive exploration framework 
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𝑆∗ = argmax
𝑗∈𝑆

𝐼𝛾,𝛽(𝑆𝑗 , 𝐸𝑆
∗), (2.1) 

where 𝐼𝛾,𝛽(𝑆𝑗, 𝐸𝑆
∗) is defined as: 

𝐼𝛾,𝛽(𝑆𝑗 , 𝐸𝑆
∗) =  𝐼𝛾,𝛽( 𝑁𝑗

𝐸𝑆, 𝑛𝑗 , 𝐼𝐸𝑆∗) =  

{
 
 

 
 (𝑁𝑗

𝐸𝑆)
𝛾

𝑛𝑗
    , 𝐼𝐸𝑆∗ = 0

(𝑁𝑗
𝐸𝑆)

𝛾

𝑛𝑗
∙ 𝛽, 𝐼𝐸𝑆∗ = 1

, (2.2) 

where 𝑁𝑗
𝐸𝑆 is the number of ESs that Scenario 𝑆𝑗 can reach (if this information is not available, 

then it represents the number of ESs that have already been visited within the scenario and it is 

updated whenever a new ES is discovered by a new simulation run); 𝑛𝑗 is the number of 

simulations that have already been run within 𝑆𝑗; 𝐼𝐸𝑆∗ is a Boolean variable, which equals 1 if the 

simulations of scenario 𝑆𝑗 can reach at least one of the ESs in 𝐸𝑆∗, and 0 otherwise; 𝛾 ∈

(−∞,+∞) and  𝛽 ∈ (1,+∞) are two design parameters that must be tuned to reflect the 

preference of the analyst: 𝛾 represents analyst preference concerning scenario variability, 

whereas 𝛽 represents analyst preference concerning a set of ESs, 𝐸𝑆∗. If 𝛾<0, the driving function 

chooses more frequently those scenarios that can reach a small number of ESs; if 𝛾 = 0, no 

preference is given to any scenario on the basis of its variability; otherwise, if 𝛾 > 0, the driving 

function selects more likely those scenarios that can reach a large number of ESs. Meanwhile, the 

higher 𝛽 value, the more frequently the algorithm selects those scenarios that can reach an ES 

belonging to 𝐸𝑆∗. It is worth noting, that if 𝛽 = 1, no preference are given to any ES. 

For the sake of clarity, two examples are here reported to separately show the impact of the 

two preference parameters. Consider a simple dynamic system where only four scenarios can 

occur 𝑆1, … , 𝑆4 and where each scenario can reach a different number of ESs, 𝑁1
𝐸𝑆 = 1, 𝑁2

𝐸𝑆 =

 2, … , 𝑁4
𝐸𝑆 = 4. Finally, let us assume that all reachable ESs in the same scenario have the same 

probability of occurring and that the analyst has no preference regarding the ES to explore, i.e., 

𝛽 = 1. Table 2.1 reports the average of 1000 explorations, performed with 100 simulations each, 

that have been distributed among the different scenarios according to three different values of 

the parameter 𝛾, i.e., 𝛾 = -1 (left), 𝛾 = 0 (middle) and 𝛾 = 1 (right).  

Table 2.1 Average results of 1000 experiments. Each experiment runs 100 simulations of preliminary 
exploration with different values of the parameter 𝜸: -1 (left); 0 (middle); 1 (right) and 𝜷 = 1. Column “Tot” 

represents the total number of simulations run within the respective scenario. 

 𝑬𝑺𝟏 𝑬𝑺𝟐 𝑬𝑺𝟑 𝑬𝑺𝟒 TOT 𝑬𝑺𝟏 𝑬𝑺𝟐 𝑬𝑺𝟑 𝑬𝑺𝟒 TOT 𝑬𝑺𝟏 𝑬𝑺𝟐 𝑬𝑺𝟑 𝑬𝑺𝟒 TOT 

𝑺𝟏 47.9 0.0 0.0 0.0 47.9 25.0 0.0 0.0 0.0 25.0 10.0 0.0 0.0 0.0 10.0 

𝑺𝟐 12.0 11.9 0.0 0.0 23.9 12.4 12.6 0.0 0.0 25.0 10.0 9.9 0.0 0.0 20.0 

𝑺𝟑 5.3 5.3 5.3 0.0 15.9 8.4 8.3 8.3 0.0 25.0 10.0 10.0 10.0 0.0 30.0 

𝑺𝟒 3.0 3.1 3.0 3.1 12.2 6.2 6.2 6.3 6.3 25.0 10.0 10.0 9.9 10.1 40.0 
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The choice of parameter 𝛾 = 1 is particularly suitable because, in this case, the exploration 

algorithm distributes the simulations among all the scenarios in order to guarantee that each 

scenario 𝑆𝑗 “gathers” a number of simulations proportional to the number 𝑁𝑗
𝐸𝑆 of ESs that each 

scenario can “generate”. 

Assuming now, instead, that the analyst has interest in gathering information about the most 

variable scenarios, i.e., 𝛾 = 1, and the most critical ESs, e.g., 𝐸𝑆∗ = {𝐸𝑆3; 𝐸𝑆4}. Table 2.2 reports 

the effects of different choices of parameter 𝛽 = {1; 2; 4} on the final distribution of the 

simulation runs among the scenarios. If 𝛽 = 1, the algorithm turns to the preliminary guided 

exploration described above (left); otherwise, if 𝛽 > 1, the scenarios that can reach the set 𝐸𝑆∗ 

are favored in the selection step (middle, right). 

Table 2.2 Average results of 1000 experiments. Each experiment run 100 simulations of preliminary 
exploration with 𝜸 = 1 and with different values of the parameter 𝜷: 1 (left); 2 (middle); 4 (right). Column 

“Tot” represents the total number of simulations run within the respective scenario. 

 𝑬𝑺𝟏 𝑬𝑺𝟐 𝑬𝑺𝟑 𝑬𝑺𝟒 TOT 𝑬𝑺𝟏 𝑬𝑺𝟐 𝑬𝑺𝟑 𝑬𝑺𝟒 TOT 𝑬𝑺𝟏 𝑬𝑺𝟐 𝑬𝑺𝟑 𝑬𝑺𝟒 TOT 

𝑺𝟏 10.0 0.0 0.0 0.0 10.0 7.0 0.0 0.0 0.0 7.0 3.1 0.0 0.0 0.0 3.1 

𝑺𝟐 10.0 9.9 0.0 0.0 20.0 7.0 6.0 0.0 0.0 12.9 3.0 2.9 0.0 0.0 5.9 

𝑺𝟑 10.0 10.0 10.0 0.0 30.0 12.5 11.7 11.7 0.0 36.0 12.6 12.3 12.5 0.0 37.4 

𝑺𝟒 10.0 10.0 9.9 10.1 40.0 12.7 11.8 11.8 11.7 48.1 13.4 13.4 13.4 13.3 53.5 

 

For the preliminary exploration, we have proposed only one function based on two 

parameters, which can reflect the analyst interest about scenario variability and a set of known 

ESs; however, a variety of functions could be used at this stage to drive the selection of scenarios 

according to other desirable criteria. 

2.2.1.2 Interactive Decision Making 

Every time a preliminary exploration is performed, matrices, such those reported in Table 2.1 and 

Table 2.2, become available. Hence, based on the hazards identified (i.e., on the pairs Scenario-

consequence (𝑆𝑗, 𝐸𝑆𝑖)) and on the number of simulations that have been run to visit them, the 

analyst can decide either to increase the number of simulations according to the criteria adopted 

in the preliminary exploration phase or to perform a deeper and more refined exploration of 

specific hazard of interest. According to his/her preference, the analyst has to iteratively choose 

the maximum allowable number of simulations that can be run according to the preliminary or 

deep exploration, respectively. In this decision process, when dealing with computationally 

demanding models, the number of simulations to run becomes one of the main constraints that 

the analyst need to take into account in accordance with his/her preferences among the different 

exploration criteria. In this respect, it must be noticed that the proposed method does not 

guarantee that the whole event space is probed: inevitably, if the computational capacity 
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available (in practice, the total number of simulations that can be run) is small, only a limited 

number of hazards can be identified. 

2.2.1.3 Deep Exploration 

The objective of the deep exploration is to identify as precisely as possible, which system 

evolutions (i.e., which transition times) can lead to a given event of interest. For the sake of clarity, 

we assume that an event of interest is defined as the pair (Scenario, ES) = (𝑆𝑗, 𝐸𝑆
∗); nonetheless, 

with no loss of generality 𝐸𝑆∗ can represent also a set of ESs. Given the structure of the 

mathematical model, the guiding idea of the deep exploration is to generate time sequences 

“around” those that have already reached the event (𝑆𝑗, 𝐸𝑆
∗) in order to understand which are 

the conditions, i.e., the root causes of the event of interest. In order to achieve this goal, we resort 

to a MCMC method, which allows to generate a set of random samples from any desired (namely, 

target) probability distribution 𝑝 (Robert & Casella, 2004). In detail, we utilize a Metropolis-

Hastings (M-H) algorithm (Chib & Greenberg, 1995) to sample components transition times 

uniformly on the support Ω𝑆𝐸𝑆∗  of the event of interest (𝑆𝑗, 𝐸𝑆
∗), in other words, to sample 

uniformly among the transition times that lead to the event of interest. The M-H algorithm 

consists of two steps: i) proposition of a new candidate 𝑻∗ (in this case, a vector of transition 

times) in accordance to a proposal distribution 𝑞; ii) acceptance or rejection of the proposed time 

vector. The interested reader is referred to the Appendix A and to Paper I (Turati et al., 2016a) 

for more details on the algorithm. 

It must be underlined that the Acceptance Ratio (AR) between the proposed samples and the 

accepted ones plays a fundamental role in the algorithm. High acceptance ratios (AR > 0.9) are a 

symptom of a proposal 𝑞 with too small variability, i.e., most of the proposed 𝑻∗ are too close to 

the original ones and, thus, the algorithm results too slow in probing the support Ω𝑆𝐸𝑆∗; on the 

contrary, small acceptance ratios (AR < 0.2) are a symptom of a proposal 𝑞 with too high 

variability, i.e., most of the proposed 𝑻∗ are likely to fall out of the support of interest 𝑆𝐸𝑆∗. In 

this respect, adaptive MCMC methods exploiting an adaptive proposal distribution have been 

presented in the literature and can be employed at this stage to “optimally” fill the support Ω𝑆𝐸𝑆∗  

of interest (Andrieu & Thoms, 2008; Roberts & Rosenthal, 2009). 

Regarding the approach used to choose the number of simulations to run for performing the 

deep exploration, two criteria are proposed: (i) fixed number of simulations (as in the preliminary 

exploration, Section 2.2.1.1); (ii) level of filling of the support of the event of interest. For what 

concerns the second criterion, the idea is to keep on generating new simulation outcomes until 

Ω𝑆𝐸𝑆∗  is filled by an amount of points (i.e., configurations) that “sufficiently” cover the entire 

outcome variability. In detail, after the preliminary exploration a set of occurrence time vectors 

𝒳𝑉
𝑆𝐸𝑆∗ = {𝑻1, … , 𝑻𝑉} that lead to the event of interest (𝑆𝑗, 𝐸𝑆

∗) is available. As a measure of the 
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(time) space filling, the maximum of the minimum distances among these time vectors is 

considered: then, a time filling index 𝐷𝑉(𝒳𝑉
𝑆𝐸𝑆∗) after the preliminary exploration is computed 

as: 

𝐷𝑉(𝒳𝑉
𝑆𝐸𝑆∗) = max

𝑖∈𝒳𝑉
𝑆𝐸𝑆∗

min
𝑗≠𝑖

𝑑(𝑻𝑖 , 𝑻𝑗) (2.3) 

where 𝑑(∙,∙) represents a proper distance between two vectors (Aggarwal, Hinneburg, & Keim, 

2001). Herein, for example, we consider the Euclidean one. Whenever a new time vector 𝑻𝑛 is 

accepted during the exploration, it is added to the set of time vectors that lead to the event of 

interest, i.e., 𝒳𝑛
𝑆𝐸𝑆∗ = {𝒳𝑛−1

𝑆𝐸𝑆∗; 𝑻𝑛}, and the filling index 𝐷𝑛 (𝒳𝑛
𝑆𝐸𝑆∗) is consequently updated. 

The deep exploration ends when the ratio between the current filling index and the preliminary 

one falls below a fixed threshold 𝛿 ∈ [0, 1], i.e., when the “density” of time vectors in the support 

Ω𝑆𝐸𝑆∗  of interest is ~(1 𝛿⁄ )𝑀   times higher than the preliminary one, being 𝑀 the size of the time 

vector 𝑻𝑛. Thus, the space filling capability of the algorithm is strictly related to the dimension of 

the vectors involved: in practice, the higher the dimension, the larger the number of random 

vectors needed to reduce the filling index. In this light, a maximum allowable number 𝑛𝑚𝑎𝑥 of 

samples is also set, in order to limit in any case the maximum computational effort. Then, the 

stopping criterion becomes: 

𝐷𝑛(𝒳𝑛
𝑆𝐸𝑆∗)

𝐷𝑉(𝒳𝑉
𝑆𝐸𝑆∗)

< 𝛿 𝑜𝑟 𝑛 > 𝑛𝑚𝑎𝑥   . (2.4) 

The corresponding algorithm is summarized in Table 2.3. 

Table 2.3 Sketch of the algorithm describing the deep exploration stopping criterion. 

1. For 𝑖 = 1,… , 𝑉 evaluate the minimum distances from the vector 𝑻𝑖  and save them in the vector 

𝒅𝑉: 

𝑑𝑉(𝑖) = min
𝑗≠𝑖

𝑑(𝑻𝑖, 𝑻𝑗). 

According to this notation 𝐷𝑉(𝒳𝑉
𝑆𝐸𝑆∗) = max𝒅𝑉 . 

2. Given a new time vector 𝑻𝑛, update the 𝒅𝑛−1vector for 𝑖 = 1,… , 𝑛 − 1: 

𝑑𝑛(𝑖) = min(𝑑𝑛−1(𝑖), 𝑑(𝑻𝑖 , 𝑻𝑛)), 

3. Add the n-th component to 𝒅𝑛−1 resorting to the distance already available from the previous 

step: 

𝑑𝑛(𝑛) =  min
𝑗≠𝑛

𝑑(𝑻𝑛 , 𝑻𝑗). 

4. Evaluate the filling index: 

𝐷𝑛(𝒳𝑛
𝑆𝐸𝑆∗) = max𝒅𝑛. 

5. Check if the stopping criteria are satisfied: 

𝐷𝑛(𝒳𝑛
𝑆𝐸𝑆∗)

𝐷𝑉(𝒳𝑉
𝑆𝐸𝑆∗)

< 𝛿 𝑜𝑟 𝑛 > 𝑛𝑚𝑎𝑥     

If not, return to step 2. 
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2.3 Application 

2.3.1 Gas Transmission Subnetwork 

A gas transmission subnetwork composed of two pipes in parallel and another one in series is 

considered for the analysis. The input of each pipe is controlled by a valve. The block diagram is 

shown in Figure 2.2, where each pair valve-pipe is considered as a single block. 

 

Figure 2.2 Block diagram of the system under analysis. 

Each pipe can transmit gas with a maximum flow rate of [𝜙𝑎 , 𝜙𝑏 , 𝜙𝑐] = [8, 5, 5]∙104 m3/d, for 

pipes a, b, c, respectively. A control system adjusts the opening of the valves in order to guarantee 

the equilibrium between the input and output flows. Figure 2.3 shows the ET containing all the 

scenarios that can occur in the system. If one of the pipes in parallel breaks, the control system 

immediately closes the corresponding valve and increases the flow rate of the remaining pipe to 

the maximum, in order to compensate for the diminished flow. No reparation strategies are 

considered. The system presents 8 possible scenarios with different operating conditions: i) safe, 

i.e., all pipes are functioning correctly; ii) overloaded, i.e., one of the pipes in parallel is closed; iii) 

broken, i.e., no gas is provided by the system. 

 

Figure 2.3 Event tree representation of the 8 scenarios that can occur, where 𝑻𝒂, 𝑻𝒃, 𝑻𝒄 are the times of 
failures of components a, b, c, respectively, and 𝑻𝑴𝒊𝒔𝒔 is the mission time. 

The ESs for each scenario have been defined and classified on the basis of two output variables 

𝑌1, 𝑌2: i) the amount of Gas provided in Safe Conditions (GSC = 𝑌1), i.e., when all the components 

are functioning correctly; ii) the amount of Gas provided in Overloaded Conditions (GOC = 𝑌2), 

i.e., when one of the two pipes in parallel is down and the remaining one works at its maximum 
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flow rate. With respect to that, 𝐺𝑆𝐶𝑚𝑎𝑥 and 𝐺𝑂𝐶𝑚𝑎𝑥 indicate the maximum quantities of gas 

that can be provided within the mission time 𝑇𝑀𝑖𝑠𝑠 = 900d, in safe and overloaded conditions, 

respectively, i.e., 𝐺𝑆𝐶𝑚𝑎𝑥 = 𝜙𝑎 ∙ 𝑇𝑀𝑖𝑠𝑠 and 𝐺𝑂𝐶𝑚𝑎𝑥 = max(𝜙𝑏 , 𝜙𝑐) ∙ 𝑇𝑀𝑖𝑠𝑠. The outputs are, 

then, divided into six ESs according to the criteria reported in Figure 2.4. For example, 𝐸𝑆4 =

{
1

3
𝐺𝑆𝐶𝑚𝑎𝑥 < 𝐺𝑆𝐶 ≤

2

3
𝐺𝑆𝐶𝑚𝑎𝑥 ∩ 0 ≤ 𝐺𝑂𝐶 ≤

1

3
𝐺𝑂𝐶𝑚𝑎𝑥}, which means that the system has 

operated for a medium period of time in safe conditions (
1

3
𝐺𝑆𝐶𝑚𝑎𝑥 < 𝐺𝑆𝐶 ≤

2

3
𝐺𝑆𝐶𝑚𝑎𝑥) and, 

then, once it goes in overloaded conditions, it breaks down (0 ≤ 𝐺𝑂𝐶 ≤
1

3
𝐺𝑂𝐶𝑚𝑎𝑥). 

 
Figure 2.4 Classification of the ESs according to the two output variables GSC and GOC. 

It must be noticed that not all the ESs can be reached by all scenarios. Table 2.4 (left matrix) 

reports those ESs that can be reached by a given scenario (indicated by 1) and those that cannot 

(indicated by 0): each column in the Table represents an ES and each row represents a scenario. 

This information is usually not available a priori and, in general, its retrieval represents one of the 

objectives of the state space exploration. However, it is used here to analyze the performance of 

the proposed method. In Table 2.4 (middle and right), two additional matrices show the reachable 

ESs for two sets of different gas flow rates, e.g., [𝜙𝑎 , 𝜙𝑏 , 𝜙𝑐] =[8, 3.7, 5]∙104 m3/d and 

[𝜙𝑎 , 𝜙𝑏 , 𝜙𝑐] = [8, 2.2, 6]∙104 m3/d, respectively. These values have been chosen in order to 

analyze the performance of the method for different parameters values, which imply that the 

number of reachable ESs varies. 
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Table 2.4 Matrices of the end-states that the system can reach for each scenario for different sets of flow 

rate parameters values: [𝝓
𝒂
, 𝝓

𝒃
, 𝝓

𝒄
] = [8, 5, 5]∙104 m3/d (left); [𝝓𝒂, 𝝓𝒃, 𝝓𝒄] = [8, 3.7, 5]∙104 m3/d 

(middle) and [𝝓𝒂, 𝝓𝒃, 𝝓𝒄] = [8, 2.2, 6]∙104 m3/d (right). 

 𝑬𝑺𝟏 𝑬𝑺𝟐 𝑬𝑺𝟑 𝑬𝑺𝟒 𝑬𝑺𝟓 𝑬𝑺𝟔 𝑬𝑺𝟏 𝑬𝑺𝟐 𝑬𝑺𝟑 𝑬𝑺𝟒 𝑬𝑺𝟓 𝑬𝑺𝟔 𝑬𝑺𝟏 𝑬𝑺𝟐 𝑬𝑺𝟑 𝑬𝑺𝟒 𝑬𝑺𝟓 𝑬𝑺𝟔 

𝑺𝟏 0 0 0 0 0 1 0 0 0 0 0 1 0 0 0 0 0 1 

𝑺𝟐 1 0 0 1 0 1 1 0 0 1 0 1 1 0 0 1 0 1 

𝑺𝟑 0 0 1 0 1 1 0 1 1 1 1 1 0 1 0 1 1 1 

𝑺𝟒 1 1 1 1 1 1 1 1 1 1 1 1 1 1 0 1 0 1 

𝑺𝟓 1 1 1 1 1 1 1 1 1 1 1 1 1 1 0 1 0 1 

𝑺𝟔 0 0 1 0 1 1 0 0 1 0 1 1 0 0 1 0 1 1 

𝑺𝟕 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 

𝑺𝟖 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 

2.3.1.1 Preliminary Exploration 

To evaluate the performance of the preliminary exploration, two indices are introduced: (i) the 

Number of simulations needed for the First complete Exploration (NFE), i.e., the number of 

simulations that should be run to visit at least once all the reachable ESs for all the scenarios; (ii) 

the Number of simulations needed for the Second complete Exploration (NSE), i.e., the number 

of simulations that should be run to visit all the reachable ESs for all the scenarios at least twice. 

NFE gives information about the number of simulations needed to explore all the events defined 

by the pairs (Scenario, ES) = (S, ES), when the matrices shown in Table 2.4 (i.e., the ESs) are not 

known yet. On the contrary, NSE gives information about how the simulations are efficiently 

distributed among the different scenarios, once the matrices in Table 2.4 (i.e., the ESs) begin to 

be known as a result of the preliminary exploration. We analyzed two different situations: in the 

former, the analyst has a very poor background knowledge regarding the system, while in the 

latter he/she already knows the system and is interested in collecting information regarding the 

scenarios that can reach a specific ES. For this reason, in the first case 𝛽 = 0 and 𝛾 = 1; whereas 

in the second case, 𝛽 > 1. 

Considering the case with low prior knowledge, the results of the preliminary explorations are 

compared to those of: 1) a crude MC simulation method, that randomly selects the scenario and, 

then, simulates the proper transition times according to the same uniform sampling criterion 

proposed in Section 2.2.1; 2) an entropy-driven exploration (Turati et al., 2015), which follows a 

procedure similar to the preliminary exploration, but with an entropy-driven function instead of 

𝐼𝛾,𝛽(∙). 

For all the gas flow rate reported in Table 2.4, the preliminary exploration has been performed 

1000 times and the corresponding empirical cumulative density functions (cdfs) of NFE (left) and 

NSE (right) computed. Preliminary exploration achieves better or at least comparable 

performance than the entropy-driven exploration in all flow configurations tested. This is 

depicted in Figure 2.5 where the cdfs associated to the preliminary exploration (light-dashed line) 
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are “shifted” to the left with respect to those associated to the entropy-driven exploration (dark-

dotted line). On the other side, both the preliminary and the entropy-driven explorations largely 

outperform the MC one (light line) regarding both NFE and NSE. In particular, the difference is 

even larger in NSE, i.e., when the exploration algorithm is already aware of all the events (S, ES) 

that can occur. The results of flow configuration [𝜙𝑎 , 𝜙𝑏 , 𝜙𝑐] = [8, 3.7, 5]∙104 m3/d are not 

depicted, due to the similarity with those in Figure 2.5 (top). Finally, it must be noted that in one 

case the MC exploration is more effective than the other techniques (Figure 2.5 (bottom), NFE). 

This is due to the fact that the rarest event (S, ES) occurs in a scenario that can reach a few number 

of end-states, making the biasing of the simulations towards the most uncertain scenarios less 

effective from the exploration perspective. However, while the entropy-driven method is stuck, 

the preliminary exploration allows changing parameter 𝛾 in order to increase the exploration 

effectiveness, e.g., choosing a lower value for 𝛾. 

 

 

Figure 2.5 Empirical cdfs of the NFE (left) and of the NSE (right) for crude MC (light line), for an entropy-
driven method (dark dotted line) and for the preliminary exploration with 𝜷 = 0 and 𝜸 = 1 (light dashed 
line) with flow rate parameters [𝝓𝒂, 𝝓𝒃, 𝝓𝒄] =[8, 5, 5]∙104 m3/d (top) and [8, 2.2, 6]∙104 m3/d (bottom). 

Considering now the case where the analyst has some prior knowledge, for example, we 

suppose that the analyst is interested in scenarios leading to 𝐸𝑆3 when the flow rate 

[𝜙𝑎 , 𝜙𝑏 , 𝜙𝑐] = [8, 2.2, 6]∙104 m3/d. To assess the impact of parameter 𝛽 on the performance of 
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the preliminary exploration, the average percentage increment of simulation falling into the 

scenarios of interest with respect to those falling in the same scenarios when no preference are 

given, i.e., 𝛽 = 1, is computed for different values of 𝛽 = (2, 4, 8) and for different numbers of 

simulation runs 𝑁𝑠𝑖𝑚𝑢𝑙 = [250; 500; 1000; 2000; 4000]. 1000 experiments have been done for 

each combination of 𝛽 and 𝑁𝑠𝑖𝑚𝑢𝑙. Since similar behaviors have been observed for all scenarios 

leading to the ES of interest, only the boxplots associated to scenario 𝑆7 are depicted in Figure 

2.6. The larger the 𝛽 value is, the larger the percentage increment, e.g., around (35, 60, 80)% for 

𝛽 = {2; 4; 8}, respectively. However, it must be noted that, if 𝛽 is too large with respect to 𝑁𝑠𝑖𝑚𝑢𝑙 

(e.g., 𝛽 = 8 and 𝑁𝑠𝑖𝑚𝑢𝑙 < 1000), there is a high uncertainty in the performance. Indeed, if 𝛽 is 

too large, the algorithm focuses its exploration effort, i.e., its simulation runs, on the first scenario 

that reach to the ES of interest, “preventing” the algorithm to discover other scenarios that can 

lead to the ES of interest. In particular, the larger the number of scenarios that can reach the ES 

of interest, the larger the sensitivity to the number of simulations, given 𝛽. 

 

Figure 2.6 Boxplots of the percentage increment of simulations in a given scenario of interest 𝑺𝟕, for 
parameter 𝜷 = {2; 4; 8} and for different numbers of simulations. 

2.3.1.2 Deep Exploration 

After a preliminary guided exploration of the system defined by parameters [𝜙𝑎 , 𝜙𝑏 , 𝜙𝑐] = [8, 

3.6, 5]∙104 m3/d, a large variability in the outcomes is observed within scenario 𝑆5, as highlighted 

in Table 2.5. Thus, it is interesting to retrieve the event time sequences that lead to two chosen 

ESs: 𝐸𝑆1, which represents the worst final condition, and 𝐸𝑆3, which has been visited only few 

times during the preliminary exploration.  



Hazard Identification 

27 

Table 2.5 Matrix reporting the ESs visited by a preliminary guided exploration of the system with 
parameters [𝝓𝒂, 𝝓𝒃, 𝝓𝒄] = [8, 3.6, 5]∙104 m3/day, given a computational effort of 1000 simulations. 

 𝑬𝑺𝟏 𝑬𝑺𝟐 𝑬𝑺𝟑 𝑬𝑺𝟒 𝑬𝑺𝟓 𝑬𝑺𝟔 

𝑺𝟏 0 0 0 0 0 29 

𝑺𝟐 21 0 0 38 0 28 

𝑺𝟑 0 27 10 24 36 47 

𝑺𝟒 46 29 0 41 5 23 

𝑺𝟓 39 50 2 57 7 18 

𝑺𝟔 0 0 23 0 28 36 

𝑺𝟕 38 36 22 36 14 26 

𝑺𝟖 34 39 24 41 12 22 

 

The space filling parameter is set to 0.2 with a maximum number of simulations to run set to 

5000. Multivariate Gaussian distributions have been used as proposal within the M-H algorithm. 

The covariance matrix associated to 𝐸𝑆1 has been estimated from the vectors of transient times 

obtained from the preliminary exploration. On the contrary, since only two vectors are available 

for 𝐸𝑆3, a diagonal covariance matrix with standard deviation equal to the Euclidean distance 

between the two vectors is considered. The chosen standard deviation provides an idea of the 

dimension of the support to explore. Figure 2.7 reports the transition time vectors of the scenario 

of interest 𝑆5 after the preliminary exploration (on the left) and after the deep exploration (on 

the right). Results confirm that the proposed deep exploration is capable of increasing the 

number of simulations around the time sequences that reach the ES of interest. The results 

increase the knowledge regarding the time sequences that lead to the event of interest. For 

example, in order to obtain 𝐸𝑆3, pipe c should break within the initial 100 days whereas pipe b 

should work at least for 800 days after the failure of the first one. 

 
Figure 2.7 Preliminary exploration of 𝑺𝟓 (left) and deep exploration of 𝑬𝑺𝟏 and 𝑬𝑺𝟑 in the same scenario 

(right). 
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2.4 Brief Discussion 

An adaptive simulation framework for exploring and discovering the consequences of a given set 

of scenarios have been proposed in order to increase the analyst knowledge about possible 

hazards in the system. The framework guides the exploration of the accident scenarios towards 

those that show the highest variability in their outcomes, thus increasing the possibility of 

discovering unexpected consequences. The method allows including analyst prior knowledge 

regarding the accident scenarios and his/her preference towards specific consequences to look 

for, making the method very flexible. In addition, new driving functions can be design for attaining 

specific objectives during the exploration, e.g., guiding the simulations towards the most risky 

scenarios. An application to a gas transmission subnetwork has allowed to show the impacts of 

the failure time on the consequences of several accident scenarios. 

However, it must be noticed that the hazards identification is conditioned to the selected set of 

scenarios: the larger the set of scenarios included in the analysis, the greater the knowledge that 

can be extract. 
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2.5 Framework II: Critical Regions Identification 

In what follows, a new framework for adaptively exploring the simulation model and retrieving 

information regarding the CRs is presented. For the sake of clarity, let us assume that a 

mathematical model 𝑌 = 𝑓(𝑿) of the system behavior is available, whose input 𝑿 ∈ Ω𝑿 ⊂ ℝ
𝑀, 

represents a given system operational configuration or the characteristic of a scenario and whose 

output 𝑌 ∈ Ω𝒀 ⊂ ℝ reflects the state/consequences of the system. We define the conditions 

where 𝑌 ≥ 𝑌𝑡ℎ𝑟𝑒𝑠 as “critical” and the corresponding configurations of inputs as the Critical 

Region (CR), i.e., 𝐶𝑅 = {𝒙 ∈ Ω𝑿 ⊂ ℝ
𝑀: 𝑦 = 𝑓(𝒙) ≥ 𝑌𝑡ℎ𝑟𝑒𝑠}. From a mathematical perspective, 

we are looking for the solution of the inverse problem 𝒙 = 𝑓−1(𝑦), with 𝑦 ≥ 𝑌𝑡ℎ𝑟𝑒𝑠; however, 

this is not viable in the majority of the engineering systems where 𝑓(𝒙) is a function embedded 

in numerical codes, which is: i) complex, ii) black-box iii) not invertible. 

Eventual probabilistic distributions associated to 𝑿 are not considered, rather the focus is on 

their ranges of values (i.e., on their domains). This allows exploring all possible configurations and 

scenarios during the CRs research. Hence, hereafter, without loss of generality, we assume that 

all inputs are standardized, e.g., 𝑿 ∈ Ω𝑿 = [0,1]M (Rosenblatt, 1952); likewise, a standardization 

can be applied to the output 𝑌. This helps in designing a general, problem-independent algorithm 

and in removing effects related to the different orders of magnitudes possibly existing among 

inputs. 

2.5.1 Method 

The driving idea of the proposed framework (Paper II) is to iteratively: i) run a (possibly small) 

number of model simulations, ii) retrieve knowledge from the available simulations and iii) guide 

the selection of new configurations towards potential regions of interest (Turati, Pedroni, et al., 

2017). The framework is characterized by four principal steps (see Figure 2.8). In short, the first 

step aims at identifying the inputs that most affect the output of the model in order to limit the 

exploration only to the corresponding subspace (dimensionality reduction). The second step aims 

at training on the basis of set of I/O realization (𝒳,𝒴) a computationally cheap-to-run meta-

model ℳ𝒳,𝒴 that accurately reproduces the response of the real model 𝑓 on the reduced space, 

with a particular focus on its ability to discriminate between the CRs and SRs (meta-modeling). 

The third step resorts to the meta-model ℳ𝒳,𝒴 for exploring the reduced state space with the 

objective of visiting and, consequently, discovering those configurations of inputs leading to 

critical outputs (exploration). Finally, the last step aims at organizing the data obtained from the 

previous step in order to characterize the CRs and offer clear and understandable insights on the 

type of scenarios that has generated them (CRs identification and information retrieval). 
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Figure 2.8 Flow diagram of the exploration framework. 

2.5.1.1 Dimensionality Reduction 

In general terms, dimensionality reduction includes a number of strategies for identifying a lower-

dimensional subspace of variables where it is possible to build a reduced and simplified, yet 

representative and understandable, model of the system behavior (Fodor, 2002; H. Liu & Motoda, 

2012). From the point of view of the exploration, reducing the dimensionality of the state space 

to explore allows the definition of a more effective DOE. Two main strategies have been proposed 

in the literature: i) feature selection, which aims at selecting a subset of the available variables 

and parameters input to the model (Guyon & Elisseeff, 2003), and ii) feature extraction, which 

aims at identifying a subset of “new” features created by means of transformations of the initial 

ones (Guyon & Elisseeff, 2006). Nevertheless, dimensionality reduction methods usually rely on 

a large set of input/output data examples that are not usually available, when the system model 

is computationally expensive. 

In alternative, sensitivity analysis methods can be employed to achieve the same final 

objective as feature selection, by ranking the inputs according to their influence on the output of 

the model (Borgonovo & Plischke, 2016; Iooss & Lemaître, 2015; Saltelli, 2008; Sudret, 2008). In 

particular, to this aim, global order sensitivity indices are more appropriate than local sensitivity 

indices, because they provide a measure of how the inputs globally affect the output of the 

model, i.e., with respect to different configurations of the inputs. Specifically, the total order 

sensitivity index 𝑆𝑇 (Homma & Saltelli, 1996; Sobol, 2001) is here employed. 𝑆𝑇 is a variance-

based global sensitivity measure, assessing the expected fraction of the total variance of the 

output 𝑌 that is due to the variation of a specific input 𝑖 and to its interactions with the others: 

𝑆𝑇𝑖 =
𝐸𝑿~𝑖 [𝑉𝑿𝑖 (𝑌|𝑿~𝑖 ) ]

𝑉(𝑌)
, (2.5) 

where 𝑿𝒊 represents the i-th component of the input vector 𝑿, 𝑿~𝑖 represents the rest of the 

components of the vector 𝑿 and 𝑆𝑇 ∈ [0,1]. A large value of 𝑆𝑇𝑖  indicates that the i-th input 

heavily affects 𝑌 and, thus, should be kept in what is hereafter called “reduced-model”; on the 

contrary, a very low value of 𝑆𝑇𝑖 indicates that the i-th input does not affect 𝑌 and, thus, it can be 

discarded or set to a constant value. Usually, a threshold 𝑆𝑡ℎ𝑟𝑒𝑠 = 1 𝑀⁄  is adopted to discriminate 

the important inputs (Saltelli, 2008). 
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Although 𝑆𝑇 usually requires a large number of MC or Quasi Monte Carlo (QMC) simulations 

to be accurately computed (Saltelli, 2008), PCE has been shown to achieve the same accuracy 

with a much lower number of simulations (Sudret, 2008) (see Appendix B and Paper II (Turati, 

Pedroni, et al., 2017), for details). For this reason, PCE-based total order sensitivity indices are 

here employed to identify those inputs that must be kept in the reduced-model. In particular, a 

recently developed adaptive sparse PCE representation estimated by means of Least Angle 

Regression (LAR) has been employed to limit the computational cost (Blatman & Sudret, 2011). 

All the analyses involving both the PCE approximation and the corresponding computation of the 

sensitivity indices, are conducted using the UQLab Toolbox for Matlab (Marelli & Sudret, 2014). 

2.5.1.2 Meta-modeling 

The main objective of a Meta-Model (MM) is to reproduce the behavior of the real (typically long-

running) system model with a less expensive computational model. The meta-model is trained by 

resorting to a typically limited number of I/O observations from the real reduced model; on this 

basis, it should be capable of predicting the output values associated to input configurations that 

have not been explored yet. Since the real model is assumed to be deterministic (i.e., simulations 

of the same input configuration lead to the same output), it is desirable that the meta-model 

predicts as well the exact output value in correspondence of the training configurations (i.e., 

those known with absolute certainty). In this respect, among the numerous methods available in 

the literature (Jin, Chen, & Simpson, 2001; Shan & Wang, 2010), we resort to Kriging (Kleijnen, 

2009; Matheron, 1963), i.e., Gaussian process modeling (see Appendix C and Paper II (Turati, 

Pedroni, et al., 2017) for details). Kriging is capable of modeling local behaviors of the response 

function and of diversifying the levels of accuracy of the same model within different regions. 

In order to limit the number of calls to the computationally demanding model, sequential 

adaptive training strategies have been proposed (Bect, Ginsbourger, Li, Picheny, & Vazquez, 2012; 

Bichon, Eldred, Swiler, Mahadevan, & McFarland, 2008; Echard, Gayton, & Lemaire, 2011; 

Picheny, Ginsbourger, Roustant, Haftka, & Kim, 2010). Although they are all different, they share 

a common structure that is reported in Figure 2.9. All strategies start by training an initial MM 

ℳ𝒳,𝒴 based on a DOE (𝒳,𝒴) that globally spans the I/O relation. Then, iteratively, a set of I/O 

configurations (𝒳∗, 𝒴∗) is added to the training set according to a learning function, until the 

desired level of accuracy is achieved. Usually, the adaptive training methods differentiate among 

each other with respect to the learning function and the sampling criterion. In the present paper, 

the Adaptive Kriging-Monte Carlo Sampling (AK-MCS) strategy has been used (Echard et al., 

2011): 𝑁𝑀𝐶𝑆 input configurations are sampled with MC methods at each iteration as possible 

candidates; then, 𝑁∗ of them are selected as best candidates 𝒳∗ at each iteration and the output 

𝒴∗ are evaluated with the real model 𝑓(𝑋) (eventually parallelized accordingly to the 

computational cost). 
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The 𝑈 function (Echard et al., 2011) has been employed as learning function, i.e., the best 

candidates are chosen according to their “probabilistic” distance from the threshold 𝑌𝑡ℎ𝑟𝑒𝑠 that 

separates CRs from SRs: 

𝑈(𝒙) =
|𝑌𝑡ℎ𝑟𝑒𝑠 − 𝜇�̂�(𝒙)|

𝜎�̂�(𝒙)
. (2.6) 

where 𝜇�̂�(𝒙) is the Kriging prediction of the output and 𝜎�̂�(𝒙) is the associated standard 

deviation, representing the uncertainty of the estimate. Three conditions can produce a small 

value of 𝑈(𝑥): i) 𝑥 is close to the threshold 𝑌𝑡ℎ𝑟𝑒𝑠; ii) the prediction of 𝑥 is very uncertain, i.e., 

𝜎�̂�(𝒙) is large or iii) both the previous conditions hold at the same time. Thus, by selecting the 

input configurations with the smallest values of 𝑈, the learning function selects either 

configurations that will improve the precision of the meta-model in the proximities of the 

threshold, increasing the knowledge about the already discovered CRs, or in the proximities of 

the most uncertain regions, i.e., where it is more likely to experience a “surprise”. Theoretically, 

the best DOE is obtained by adding at each iteration only one best candidate configuration, i.e., 

𝑁∗ = 1. However, this increases the computational cost related to the training of the meta-

model, which can be significant when a large number of I/O configurations are used and/or when 

many parameters have to be estimated due to the high dimensionality. Thus, some strategies 

have been proposed to add iteratively a larger set of candidates (Chevalier et al., 2014; Schöbi, 

Sudret, & Marelli, 2016). 

 
Figure 2.9 Flowchart of a sequential adaptive training strategy (AK-MCS).  
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In this thesis, three different criteria are employed to verify the convergence of the 

probabilistic classifier (i.e., the Kriging) to the real discriminating function (i.e. the real limit 

surface) and stop its adaptive training: the Leave-One-Out (LOO) correction factor �̂�𝑐𝑜𝑟𝑟 𝐿𝑂𝑂 

(Dubourg, Sudret, & Deheeger, 2013), the accuracy (Acc) and the Relative Misclassification Error 

(RME). 

The leave-one-out estimate of the correction factor �̂�𝑐𝑜𝑟𝑟 𝐿𝑂𝑂 reads (Dubourg et al., 2013): 

�̂�𝑐𝑜𝑟𝑟 𝐿𝑂𝑂 =
1

𝑁𝐾𝑟𝑖𝑔
∑

𝕝𝑓(𝒙(𝑛))≥ 𝑌𝑡ℎ𝑟𝑒𝑠(𝒙
(𝑛))

𝑃(�̂�𝐷𝑂𝐸\𝒙(𝑛)(𝒙
(𝑛)) ≥  𝑌𝑡ℎ𝑟𝑒𝑠)

𝑁𝐾𝑟𝑖𝑔

𝑛=1

, (2.7) 

where �̂�𝐷𝑂𝐸\𝒙(𝑛)(𝒙
(𝑛)) is the prediction of the output associated to the inputs 𝒙(𝑛), obtained 

with a Kriging model having as training set all the 𝑁𝐾𝑟𝑖𝑔 I/O observations except (𝒙(𝑛), 𝑦(𝑛)). In 

practice, a value of �̂�𝑐𝑜𝑟𝑟 𝐿𝑂𝑂 close to 1 indicates a satisfactory approximation of the real model, 

whereas very small or very large values indicate an inaccurate approximation. It must be noticed 

that, since the estimation is based on a LOO cross-validation, a minimum number of initial I/O 

observations, (e.g., 30 (Dubourg et al., 2013)), has to be provided to guarantee accurate 

estimates. 

The other two criteria focus on the capability of the meta-model of discriminating between 

the CRs and SRs and for this reason are built from the confusion matrix (Table 2.6), which contains 

the number of input configurations that have been correctly or incorrectly classified. For example 

�̂�𝑏, represents the number of configurations that despite belonging to the class 𝑏, e.g. SR, have 

been wrongly classified as if they belonged to class 𝑎, e.g., CR. 

Table 2.6 Confusion matrix definition. 

  Predicted state 

�̂� (e.g., CR) �̂� (e.g., SR) 

True 
state 

𝑨 (e.g., CR) 𝑎�̂� 𝑎�̂� 

𝑩 (e.g., SR) 𝑏�̂� 𝑏�̂� 

 

The accuracy Acc measures the fraction of observations that have been correctly classified by 

the meta-model: 

𝐴𝑐𝑐 =
𝑎�̂� + 𝑏�̂�

𝑎�̂� + 𝑎�̂� + 𝑏�̂� + 𝑏�̂�
. (2.8) 

However, if one of the two groups is very small (e.g., small CRs, A ≪ B), the meta-model 

accuracy (2.8) can be misleading. Indeed, in this case, a meta-model that classifies all the 

configurations as safe (i.e., as B), would achieve an accuracy equal to the fraction of 
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configurations leading to SRs, i.e., very high in spite of the fact that its ability to discriminate is 

very low. For this reason, since the CRs sizes are, a priori, not known, the RME is here introduced: 

𝑅𝑀𝐸 =  
𝑎�̂� + 𝑏�̂�

min(𝐴, 𝐵)
. (2.9) 

In the RME, the estimated fraction of misclassified observations is normalized by the largest 

misclassification error that can be obtained, i.e., the misclassification error that would be 

obtained by a “trivial” meta-model assigning the same class to all the configurations. RME is, thus, 

more robust with respect to CRs size. 

Finally, it must be noticed that a maximum number of iterations can be set, in order to limit 

the maximum number of calls to the real model. For building the meta-model, the UQLab Toolbox 

for Matlab (Marelli & Sudret, 2014) is employed, whereas the sequential training algorithm has 

been developed by the authors. 

2.5.1.3 Exploration 

The exploration phase aims at exploiting the meta-model, to thoroughly explore the system space 

and, in particular, to discover possible unexpected CRs. A top-down strategy is here proposed: 1) 

an initial set of Latin Hypercube Sampling (LHS) configurations (𝒳𝑒𝑥𝑝, 𝒴𝑒𝑥𝑝) is evaluated by means 

of the meta-model, 2) if the fraction of scenarios 𝛿𝐶𝑅 =
#𝒳𝑒𝑥𝑝

𝐶𝑅

#𝒳𝑒𝑥𝑝
 belonging to the CRs 𝒳𝑒𝑥𝑝

𝐶𝑅  is neither 

too small nor too large, e.g. 𝛿𝐶𝑅 ∈ [5, 95]% then the exploration continue with a global approach 

where MC and LHS can be employed to identify additional scenarios belonging to CRs, otherwise; 

3) if the CRs are very small or very large, an algorithm based on the MCMC M-H algorithm is 

preferred. Although the reader can refer to Paper III (Turati, Pedroni, et al., 2017) for details, the 

main ideas are here reported as well as a flow-diagram (Figure 2.10). The iterative algorithm, at 

each step, firstly identifies using clustering techniques the number of CRs already discovered, i.e., 

the number of (possibly disconnected) sets of critical configurations characterized by similar 

values of the inputs; then, several Markov chains are distributed among the CRs in order to 

guarantee that each CR has been explored with the same meticulousness. In practice, the CRs 

having a low density of simulation runs within them are more likely to be underexplored than 

those having a higher density: thus, more Markov chains will be assigned to the underexplored 

regions. For each one of the configuration visited by a Markov chain, the corresponding meta-

model is evaluated and, if it leads to a critical output, it is added to the CRs. The algorithm 

continues until the number of CRs identified remains constant for a given number of iterations 

(i.e., until no more new CRs are identified) or alternatively until a certain density of simulations is 

reached for all the CRs. In any case, a maximum number of simulations can be set for controlling 

the maximum allowable computational effort. 
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Figure 2.10 Flow diagram of the exploration strategy. 

2.5.1.4 Critical Regions Representation and Information Retrieval 

The outcome of the deep exploration is typically a large dataset containing a large set of points 

that may belong to different CRs. For this reason, unsupervised learning algorithm such as 

clustering can be employed to identify different CRs, i.e. groups of scenarios that are 

characterized by similar behavior (F. Di Maio, Secchi, Vantini, & Zio, 2011; Jain, 2010; Maljovec et 

al., 2016; Mandelli, Yilmaz, et al., 2013; Mercurio, Podofillini, Zio, & Dang, 2009). In addition, when 

the state space dimensionality is higher than 3-4 dimensions, high-dimensional data visualization 

techniques are necessary to retrieve useful insights. The interested reader is referred to (S. Liu et 



Chapter 2 

al., 2017) for an extended review of the state of the art on this topic. In this thesis, the choice of 

the unsupervised learning technique is described separately in the applications (see Section 

2.6.1.4 and 2.6.2.6) since the choice are usually problem dependent. On the other side, 

concerning the visualization, we make use of two of the most known techniques: ScatterPLOt 

Matrix (SPLOM) (Hartigan, 1975) and the Parallel Coordinates Plot (PCP) (Inselberg, 2009), which 

help in representing complementary information about the CRs in a unique, easy-to-

communicate, graphical representation.  

In short, SPLOM represents the two-dimensional projections of the CRs over all the possible 

pairs of coordinates, which aids the analyst in identifying the shapes of the CRs. On the other 

hand, in PCP each of the 𝑀coordinates is represented by a vertical axis and a point (i.e., an input 

vector) in the 𝑀-dimensional space is represented by a line in the PCP. For the sake of clarity, 

assuming to have a 5-dimensional point 𝒙 = (2 4 1 5 1), its representation in PCP is given by Figure 

2.11. The advantage of PCP is that it represents all the coordinates in a single plot and, by so 

doing, it provides the analyst with information on the range of values defining the CRs and helps 

in distinguishing possible patterns characterizing the different clusters. 

On the other hand, a new topological representation of the high-dimensional scalar functions 

has been recently proposed in (Gerber, Bremer, Pascucci, & Whitaker, 2010) and applied to a 

nuclear safety analysis (Maljovec, Wang, Pascucci, Bremer, Pernice, et al., 2013). However, this 

new technique is not very intuitive and requires a certain background to be mastered. 

 

Figure 2.11 PCP of a 5-dimensional point. 

2.5.2 Performance Assessment 

Assuming that the real limit function representing the configurations in the CRs is available, the 

objective of the assessment phase is to measure how satisfactorily the exploration method has 

identified the configurations leading to critical conditions. Only for illustrative purposes, Figure 

2.12 (left) shows the output of an accurate exploration of a two-dimensional space, where the 

real CR (shadowed) is sufficiently covered by the configurations visited by the explorative method 

(circles); on the contrary, Figure 2.12 (right) shows an incomplete exploration where a fraction of 

a CR is identified, but not entirely covered, and another CR is not even explored. 
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Quantitative metrics are here introduced to assess the quality of the exploration: in particular, 

the population of critical configurations visited by the proposed methodology 𝒳𝑒𝑥𝑝
𝐶𝑅  (circles) is 

compared to a uniformly distributed population of samples belonging to the real CRs 𝒳𝑟𝑒𝑎𝑙
𝐶𝑅  

(crosses), according to a distance-based criterion. 

 

Figure 2.12 Representation of an accurate CR exploration (left) and of an incomplete CR exploration (right). 

A one-vs-all version of the Local Outlier Factor (LOF) is employed to this aim, where each 

configuration in the real CRs is compared to the whole population of critical configurations 

obtained by the exploration method. For the sake of completeness, LOF is a density-based outlier 

detection method capable of measuring how isolated is a sample from the rest of a given 

population of interest (Breunig, Kriegel, Ng, & Sander, 2000). In our case, the more isolated a real 

CR configuration is from the explored ones, the higher the probability that it belongs to an 

unexplored CR. 

The definition of the LOF relies on the concept of reachability distance between points 𝒙 and 

𝒐: 

𝑑𝑟𝑒𝑎𝑐ℎ(𝒙, 𝒐) = max(𝑑𝑘𝑁𝑁(𝒐), 𝑑(𝒙, 𝒐)), (2.10) 

where 𝑑(∙,∙) is a generic distance and 𝑑𝑘𝑁𝑁(𝒐) is the distance of the k Nearest Neighbor (kNN) of 

o. In this paper, the Euclidean distance is employed; however, the Manhattan or even lower order 

𝐿𝑝 distances can be preferable in high dimensionality (Aggarwal et al., 2001). Then, the local 

reachability distance, which measures how close is the configuration 𝒙 to its kNNs, can be defined 

as: 

𝑙𝑟𝑑𝑘(𝒙) =
𝑘

∑ 𝑑𝑟𝑒𝑎𝑐ℎ(𝒙, 𝒐)𝒐∈𝑘𝑁𝑁(𝒙)
. (2.11) 

In this light, the LOF of a configuration 𝒙 is defined as: 

𝐿𝑂𝐹(𝒙) =
1

𝑘
∑

𝑙𝑟𝑑𝑘(𝒐)

𝑙𝑟𝑑𝑘(𝒙)
𝒐∈𝑘𝑁𝑁(𝒙)

, (2.12) 

where the parameter 𝑘 has to be set by the analyst (and it is not related to the number of 

clusters 𝐾 identified in Section 2.5.1.4). 
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In general, a value of 𝐿𝑂𝐹(𝒙) ≈ 1 indicates that the configuration 𝒙 is well represented by the 

rest of the configurations, whereas a value of 𝐿𝑂𝐹(𝒙) ≫ 1 indicates that the configuration 𝒙 is 

isolated. In order to have a reference value for detecting a critical configuration as unexplored, 

the LOF is evaluated for all critical configurations 𝒙 ∈ 𝒳𝑒𝑥𝑝
𝐶𝑅  (namely, 𝐿𝑂𝐹𝑒𝑥𝑝). Likewise, 𝐿𝑂𝐹𝑟𝑒𝑎𝑙  

represents the random variables corresponding to the one-vs-all evaluations of the 

configurations 𝒙 ∈ 𝒳𝑟𝑒𝑎𝑙
𝐶𝑅 . A configuration 𝒙 ∈ 𝒳𝑟𝑒𝑎𝑙

𝐶𝑅  is considered “unexplored”, if 𝐿𝑂𝐹(𝒙) >

𝐿𝑂𝐹̅̅ ̅̅ ̅̅
𝑒𝑥𝑝, where: 

is the LOF corresponding to the most isolated configuration explored.  

The following distance-based statistics have been considered to synthetize the overall 

performance of the exploration method: 

1. Expected LOF: 

𝜇𝐿𝑂𝐹
𝑟𝑒𝑎𝑙 = 𝐸[𝐿𝑂𝐹𝑟𝑒𝑎𝑙] (2.14) 

A value of 𝜇𝐿𝑂𝐹
𝑟𝑒𝑎𝑙 ≫ 1 indicates that some CRs are probably unexplored. 

2. Unexplored Critical Region (UCR): 

𝑈𝐶𝑅 =
#(𝐿𝑂𝐹𝑟𝑒𝑎𝑙 > 𝐿𝑂𝐹̅̅ ̅̅ ̅̅

𝑒𝑥𝑝)

#𝒳𝑟𝑒𝑎𝑙
𝐶𝑅  (2.15) 

which is the ratio between the number of real critical configurations identified as unexplored 

and the cardinality of 𝒳𝑟𝑒𝑎𝑙
𝐶𝑅 . In practice, it represents the “fraction” of CRs that have not been 

explored by the method. 

3. Unexplored Extreme Critical Region (UECR): 

𝑈𝐸𝐶𝑅𝛾% = 𝑈𝐶𝑅𝛾%|𝒳𝑟𝑒𝑎𝑙
𝐸𝐶𝑅 =

#(𝐿𝑂𝐹𝑟𝑒𝑎𝑙 > 𝐿𝑂𝐹̅̅ ̅̅ ̅̅
𝑒𝑥𝑝|𝒳𝑟𝑒𝑎𝑙

𝐸𝐶𝑅)

#𝒳𝑟𝑒𝑎𝑙
𝐸𝐶𝑅  (2.16) 

where 𝒳𝑟𝑒𝑎𝑙
𝐸𝐶𝑅 ⊂ 𝒳𝑟𝑒𝑎𝑙

𝐶𝑅  is the subset of the CRs leading to the most “extreme” outputs. In 

particular, 𝛾 ∈ [0, 100]% is the quantile used to characterize the extreme outputs: letting 𝛾 = 0.9, 

then a critical configuration is considered “extreme” if its output is larger than the output of 90% 

of the population. This metric allows the analyst to understand whether the method has 

discovered the CRs leading to the most critical outputs. 

4. Conditional Expected LOF: 

𝜇𝐿𝑂𝐹|𝑈𝐶𝑅 = 𝐸 [
𝐿𝑂𝐹𝑟𝑒𝑎𝑙

𝐿𝑂𝐹̅̅ ̅̅ ̅̅
𝑒𝑥𝑝

|𝐿𝑂𝐹𝑟𝑒𝑎𝑙 > 𝐿𝑂𝐹̅̅ ̅̅ ̅̅
𝑒𝑥𝑝] (2.17) 

that indicates how much isolated are on average the unexplored critical configurations with 

respect to the most isolated critical configuration explored. In practice, values of 𝜇𝐿𝑂𝐹|𝑈𝐶𝑅 ≫ 1 

𝐿𝑂𝐹̅̅ ̅̅ ̅̅
𝑒𝑥𝑝 = max

𝒙∈𝒳𝑒𝑥𝑝
𝐶𝑅
𝐿𝑂𝐹(𝒙) (2.13) 
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indicate the presence of critical configurations that are very isolated from the explored CRs and, 

thus, warn the analyst on the presence of CRs disconnected from those already identified. 

2.6 Applications 

In this section, the framework proposed in Section 2.5 is used for hazard identification and, 

specifically, for CRs identification of a power distribution network (Section 2.6.1) and of the 

Advanced Lead Fast Reactor European Demonstrator (Section 0).  

2.6.1 Power Distribution Network 

In this section, a power distribution network is analyzed in order to explore and discover possible 

critical scenarios (Mena et al., 2014). The network, represented in Figure 2.13, is composed of 10 

feeders transporting energy from a unique Main Source (MS) to 8 demanding nodes (consumers) 

characterized by different daily load profiles. The simplified Direct Current (DC) model considers 

only the active power flows, neglecting power losses, and assumes a constant value of the voltage 

throughout the network (Purchala, Meeus, Van Dommelen, & Belmans, 2005). The main source 

is assumed to be always capable of satisfying any demand and no constraints on the feeders 

capacity are defined. 

The load profiles 𝐿𝑗 assume different shapes according to the corresponding type of 

consumers associated. These include residential consumers and offices whose per unit (p.u.) daily 

spot load profiles are reported in Figure 2.14. In detail, the daily load 𝐿𝑗 of a demanding node is 

given by: 

𝐿𝑗(𝑡) = 𝑟𝑗𝑅𝐿(𝑡) + 𝑜𝑗𝑂𝐿(𝑡) (2.18) 

 
Figure 2.13 Power network configuration. 
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where 𝑅𝐿(𝑡) and 𝑂𝐿(𝑡) are the p.u. daily loads, whereas 𝑟𝑗 and 𝑜𝑗 are the corresponding 

average loads for the residential consumers and office, respectively (Jardini, Tahan, Gouvea, Ahn, 

& Figueiredo, 2000). The values of the average loads used in this paper are reported in Table 2.7. 

Uncertainty and seasonality effects on the average loads can be easily embedded into the model. 

Nevertheless, since the focus of the study is on the exploration of the daily profiles to verify the 

impact of feeder failures, they are not taken into account in this paper. 

Table 2.7 Average load values for the 10 nodes of the network in kW. 

NODE 1 2 3 4 5 6 7 8 

r 0 0 0 1 1 5 5 5 

o 5 5 100 0 0 0 0 0 

 

We assume that each feeder 𝑖 can independently fail only once within the 24 hour, at a 

random time 𝑇𝑖 ∈ [0, 24) and with associated magnitude of the failure 𝐹𝑖. When the i-th feeder 

fails, no power can flow through it for a time proportional to the magnitude of the failure: for 

example, 𝐹𝑖 = 0.5 means that the feeder is out of service for half an hour. In this view, 𝑿 =

[𝑇1, … , 𝑇10, 𝐹1, … , 𝐹10] is the M-dimensional vector of the inputs to the model and represents a 

given failure configuration. 

The electrical Energy Not Served (ENS) to the consumers is considered as output of the model 

and it is defined in this case as:  

𝐸𝑁𝑆(𝑿) =  ∫ ∑𝕝𝑁𝑆𝑆(𝑡)(𝑗) ∙ 𝐿𝑗(𝑡)

8

𝑗=1

𝑑𝑡

24

0

, (2.19) 

where 𝑁𝑆𝑆(𝑡) indicates the Not Supplied Set at time t, i.e., the set of nodes that are not served 

at time t and 𝕝(∙) is the indicator function which takes value 1 if 𝑗 ∈ 𝑁𝑆𝑆(𝑡), and 0 otherwise. 

Moreover, ENS is used to discriminate the critical conditions, i.e., a value of 𝐸𝑁𝑆(𝑿) ≥ 𝐸𝑁𝑆𝑡ℎ𝑟𝑒𝑠 

implies that the failure configuration 𝑿 is critical; otherwise, 𝑿 is considered as “normal”. The 

value of 𝐸𝑁𝑆𝑡ℎ𝑟𝑒𝑠 is set equal to 500 kWh, in order to focus the attention on critical events. 

 
Figure 2.14 Power per unit load profiles for a residential consumer (left) and for a commercial office (right). 
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2.6.1.1 Dimensionality Reduction 

For the dimensionality reduction step, we resort to PCE, where the maximum degree of the 

polynomials is fixed to 5 in order to reduce the computational cost and focus the attention on the 

main trend of the model. The coefficients of the PCE are estimated by LAR on the basis of a DOE 

of 500 samples obtained with a QMC Sobol’ sequence (Sobol, Asotsky, Kreinin, & Kucherenko, 

2011). Figure 2.15 shows that there is a huge difference between the total order indices 𝑆𝑇 of the 

inputs: those associated to feeders 3 and 10 (i.e., 𝑇3, 𝑇10, 𝐹3, 𝐹10) take values larger than 0.2, 

whereas the others take values lower than 0.05. This is in accordance with the fact that feeders 

3 and 10 are the only two that can affect the energy supplied to the most demanding consumer 

(i.e., user 3). In this light, the dimensionality of the reduced-model is set to 4 with 𝑿∗ =

(𝑇3, 𝑇10, 𝐹3, 𝐹10), and the rest of the inputs are set to randomly fixed values, since they are 

expected to have no effect on the output. 

2.6.1.2 Meta-modeling 

For training the meta-model we resort to an ordinary Kriging, i.e., the trend is assumed to be 

unknown but constant, which allows the Gaussian process to completely adapt to the training 

data. An ellipsoidal anisotropic correlation function 𝑅 is used to take into account possible 

different behaviors of the response function with respect to different inputs: in particular, we 

resort to the 3/2 Matérn one (Abramowitz & Stegun, 1964; Rasmussen & Williams, 2006): 

ℎ(𝑥, 𝑥′;  𝜽) = √ ∑ (
𝑥𝑚 − 𝑥𝑚

′

𝜃𝑚
)
2

𝑚∈𝑀′

 

𝑅 (ℎ, 𝑣 =
3

2
) = (1 + ℎ√3 ) ∙ 𝑒−ℎ√3  

(2.20) 

where v is the shape parameter and 𝜽 the scale one. 

Given the dimensionality of the reduced-model, 100 configurations sampled with a Sobol’ 

QMC and the corresponding ENS are used to initialize the meta-model. Then, through the 

 
Figure 2.15 Sobol’ total order indices for the 20 inputs. 
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iterative AK-MCS introduced in Section 2.5.1.2, 10000 configurations are sampled by means of 

LHS and a maximum of 50 candidate configurations are evaluated and added to the DOE 

{𝓧𝑘𝑟𝑖𝑔, 𝓨𝑘𝑟𝑖𝑔} at each step. Only configurations having a value of the U-function lower than 4 

are eligible as candidates. Actually, 𝑈(𝒙) > 4 indicates that the corresponding configuration is, 

in a probabilistic view, very distant from the critical threshold. A maximum number of 1000 I/O 

observations for training the meta-model is set in order to limit the maximum computational 

effort. Figure 2.16 shows the projection on the two-dimensional subspace [𝑇3, 𝑇10] of the 

configurations used to train the meta-model: on the left panel, we report the initial 100 samples 

used for the initialization, whereas on the right, those added iteratively by the AK-MCS are shown. 

It is worth noticing how the adaptive DOE distributes the observations differently in the different 

portions of the input domain (i.e., a significantly higher density in the CRs). 

2.6.1.3 Exploration 

Since the fraction of configuration 𝛿𝐶𝑅 leading to CRs is very low (𝛿𝐶𝑅 < 1%), 5 iterations of MCMC 

M-H exploration method proposed in Section 2.5.1.3 are run with 5 Markov chains and a 

maximum number of samples equal to 5000. Figure 2.17 shows the projections on the two-

dimensional subspace [𝑇3, 𝑇10] of the configurations belonging to the CRs. The left panel reports 

the configurations available from the meta-model DOE (169 configuration), whereas that on the 

right contains those obtained as a result of the MCMC M-H exploration (~3000 configurations). It 

is worth noticing that the proposed exploration allows better highlighting the boundaries of the 

CRs and, thus, to better retrieve their shapes and characteristics. This is even more apparent in 

high-dimensional spaces. Only one projection of the CRs configurations is here reported for 

brevity; nevertheless, a detailed analysis is given in the following sections. 

 
Figure 2.16 Projection of the DOE used for training the meta-model. The Figure on the left shows the initial 

100 Sobol’ QMC samples, whereas on the right those added by the AK-MCS are shown. 
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2.6.1.4 Critical Regions Representation and Information Retrieval  

A sequence of k-means clusterings with different cluster cardinality (from 𝐾 = 1 to 10) is applied 

to the critical configurations for identifying the representative number of separate CRs. Several 

cluster validity indices (e.g., Hubert statistic, Dunn, Silhouette, Davies and Bouldin, Calinski and 

Harabasz indices, etc.) have been computed to this aim; however, since this analysis goes beyond 

the present scope, the reader is referred to (Arbelaitz, Gurrutxaga, Muguerza, Pérez, & Perona, 

2013; Charrad, Ghazzali, Boiteau, & Niknafs, 2014) for details on the definition and interpretation 

of the indices used. Two clusters have been identified and the corresponding PCP is reported in 

Figure 2.18. For the sake of clarity, the envelopes of the parallel coordinates representing the two 

clusters (i.e., the ranges of values characterizing the clusters) are shown in Figure 2.19. By 

observing these ranges, it is also possible to have an idea of the dimension of the CRs. In this case, 

for example, they occupy respectively around the (30%, 30%, 20%, 20%) of the entire range of 

the four important inputs 𝑇3, 𝑇10, 𝐹3 and 𝐹10, which corresponds to ~0.36% of the entire input 

domain. The CRs are characterized by failures occurring during the central hours of the day 

(between 8-15) and with a failure magnitude above the 0.8, i.e., the feeders are out of order for 

at least 48min each. In addition, it is worth noticing that the two clusters show different behaviors 

on the two axes corresponding to the failure times, i.e., 𝑇3 and 𝑇10. 

 
Figure 2.17 Two-dimensional projections of the observations belonging to the CRs: those available from the 

DOE of the meta-model (left) and those obtained with the MCMC M-H exploration (right). 
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For this reason, the corresponding SPOLM is given in Figure 2.20, where the “envelopes” 

identified on the PCP are represented in the panels above the diagonal by means of shadowed 

convex hull. It can be observed that the two clusters are recognizable and well separated on the 

subspace defined by [𝑇3, 𝑇10]: cluster 1 is characterized by an initial failure of feeder 10 followed 

by a failure of feeder 3 with a delay of at least one hour, whereas cluster 2 is characterized by the 

inverse sequence, still with a delay of at least one hour between failures. Indeed, if both failures 

happen at the same time, the ENS associated to node 3 is the same as if only one of the two 

failures had happened, because both feeders are put under repair at the same time and, thus, 

the total time of energy not supplied to user 3 is “just” one hour. 

Concerning the subspace defined by [𝐹3, 𝐹10], it must be noticed that there is no difference 

between the two clusters. However, the triangular shape of the region shows that the sum of the 

two failure magnitudes must be at least equal to 1.80, i.e., the consumer at node 3 is not served 

for at least 1h:48m. Finally, although the two-dimensional projections of the convex hulls slightly 

overestimate the regions of the associated CRs, they provide a synthetic representation, which 

can be useful as first approximation of the CRs. 

  

Figure 2.18 Parallel Coordinates Plot of the two CRs 
identified. 

Figure 2.19 Envelopes of the PCP representing the 
inputs ranges. 
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2.6.1.5 Performance Assessment 

In order to have a representative picture of the real CRs, a large number (105) of configurations 

involving all 20 inputs of the model have been sampled by means of LHS and the corresponding 

output has been evaluated. Moreover, the outputs of the reduced-model involving the 

projections of the 20 inputs on the 4-dimensional space defined by [𝑇3, 𝑇10, 𝐹3, 𝐹10] have been 

evaluated as representative of the ideal “target”, meta-model representation. The number of 

calls to the expensive model and/or to the cheap one (i.e., the meta-model) is given in Table 2.8 

for each exploration strategy. 

Table 2.8 Number of calls made to the computationally cheap and/or expensive model for different 
exploration strategies. 

COPUTATIONAL COST META-MODEL REDUCED-MODEL REAL-MODEL 

CHEAP ∼200000 0 0 

EXPENSIVE 1500 100000 100000 

 

Among the large number of configurations sampled, those leading to critical values of ENS are 

selected and the corresponding LOF evaluated to verify to what extent the CRs discovered by the 

meta-model are similar to those found by the reduced and real-models (see Section 2.5.2). The 

 

Figure 2.20 SPLOM of the two CRs discovered by the exploration algorithm. Above the diagonal, the two-
dimensional convex hull of the identified clusters are depicted. 



Chapter 2 

values of the associated statistics are given in Table 2.9. The CRs of the meta-model are used as 

the reference set, thus, only the corresponding expected value of the LOF can be evaluated. By 

looking at the results obtained for the reduced-model, it must be observed that all the statistics 

assume low values: the average value of LOF is very close to that of the meta-model; the 

percentage of CRs that remains unexplored is only 3%, and the associated conditional value is still 

very low (i.e., 1.08), which means that the unexplored CRs are very close to the boundaries of the 

CRs identified by the meta-model. In this light, it can be stated that the meta-model exploration 

has accurately explored and discovered the CRs associated to the reduced-model. 

On the other side, with respect to the real model, the average LOF takes a large value 

compared to the meta-model, suggesting that a part of the CRs remains unexplored. This is 

confirmed by the percentage of unexplored CRs. However, it must be noticed that the percentage 

of unexplored extreme CRs is very low, i.e., the meta-model exploration has been able to identify 

the configurations leading to the most critical outputs. Finally, the conditional expected value 

𝜇𝐿𝑂𝐹|𝑈𝐶𝑅 takes a value that is not very large, suggesting that the unexplored portion of CRs is 

likely to be close to the boundaries. 

Table 2.9 LOF-based statistics for the different exploration strategies. 

METRIC META-MODEL REDUCED-MODEL REAL-MODEL 

𝝁𝑳𝑶𝑭 1.02 1.03 2.66 

𝑼𝑪𝑹 - 3% 72% 

𝑼𝑬𝑪𝑹𝟗𝟎% - 0% 7% 

𝝁𝑳𝑶𝑭|𝑼𝑪𝑹 - 1.08 2.20 

 

In order to visualize the results, we resort to a SPLOM where the CRs identified by the meta-

model exploration are depicted by light circles and the configuration belonging to the CRs 

associated to the real model are depicted by crosses and squares according to their values of LOF. 

In particular, in accordance with Section 2.5.2, those configurations having 𝐿𝑂𝐹 ≤ 𝐿𝑂𝐹̅̅ ̅̅ ̅̅
𝑒𝑥𝑝 (see 

Eq. (2.13)) are defined as identified CRs (crosses), whereas those having 𝐿𝑂𝐹̅̅ ̅̅ ̅̅
𝑒𝑥𝑝 < 𝐿𝑂𝐹 are 

defined as undiscovered CRs (squares). It must be noticed that there is not a significant difference 

between the Meta-Model (MM)-based and the real model-based exploration in the subspace 

characterized by the failure times [𝑇3, 𝑇10]. On the contrary, there is a significant difference in 

the failure magnitude subspace [𝐹3, 𝐹10]: according to the real model, it is enough that the sum 

of the magnitudes is larger than ∼1.60. This means that the real model can reach a critical 

condition even if the consumer at node 3 is not served for at least 1h:36m. Indeed, the rest of 

the ENS needed to reach the critical threshold can come from the failures of the feeders discarded 

during the dimensionality reduction step. Finally, by looking at the last column of Figure 2.21, it 

can be seen that the largest values of ENS, i.e., the most critical ones, are correctly discovered by 

our methodology (crosses). 
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A sort of sensitivity analysis to the model parameters has also been conducted to verify the 

performance of the proposed methodology when the impacts of the discarded inputs is very low, 

i.e., when the reduced-model is likely to represent the real model. To this aim, all the loads except 

that of node 3 have been reduced of a factor 10 (the corresponding values are reported in Table 

2.10). In order to assure the presence of a CR despite the loading reduction, the threshold 

𝐸𝑁𝑆𝑡ℎ𝑟𝑒𝑠 has been set equal to 475 kWh, i.e., 5% lower than the initial one. All the analyses have 

been run with the same settings and with the same number of calls to the model as in the initial 

case. 

Table 2.10 Average load values for the 10 nodes of the network in kW. 

NODE 1 2 3 4 5 6 7 8 

r 0 0 0 0.1 0.1 0.5 0.5 0.5 

o 0.5 0.5 100 0 0 0 0 0 

 

Table 2.11 reports the result of the statistics associated to the LOF for the reduced and the 

real model-based exploration. The average value of the LOF is for all types of exploration very 

close to 1, indicating that it is likely that all CRs have been discovered. This is confirmed by the 

percentage of unexplored CRs, which is null for both models. The value of 𝜇𝐿𝑂𝐹|𝑈𝐶𝑅 is not 

reported, since no configuration has been identified as unexplored. 

 
Figure 2.21 SPLOM of the CRs discovered by the Meta-Model (MM) exploration (light circles). The CRs of 

the real model are depicted with different symbols whether identified (cross) or not (square). 
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Table 2.11 LOF-based statistics for the different exploration strategies. 

METRIC META-MODEL REDUCED-MODEL REAL-MODEL 

𝝁𝑳𝑶𝑭 1.02 1.01 1.07 

𝑼𝑪𝑹 - 0 0 

𝑼𝑬𝑪𝑹𝟗𝟎% - 0 0 

 

Figure 2.22 shows that all critical configurations discovered by means of the real model-based 

exploration (dark crosses) lay inside or at the boundaries of the CRs discovered by the proposed 

methodology (light circles). 

Two considerations can be drawn from the present application: i) on one side, the proposed 

framework is capable of identifying the CRs resorting to a limited number of calls to the real model 

(in this case, two orders of magnitude lower than the exploration based only on the real model); 

ii) on the other one, a lot of attention should be given to the dimensionality reduction step. 

Indeed, neglecting very small contributions of a large number of additive variables can reduce the 

performance of the proposed method. 

 
Figure 2.22 SPLOM of the CRs discovered by the Meta-Model (MM) exploration (light circles). The CRs of 

the real model are depicted with different symbols, whether identified (cross) or not (square). 
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2.6.2 Advanced Lead Fast Reactor European Demonstrator (ALFRED) 

ALFRED is a small-size (300 MWth) pool-type LFR and its primary system current configuration is 

depicted in Figure 2.23 (Frogheri, Alemberti, & Mansani, 2015). All the primary components (e.g., 

core, primary pumps and Steam Generators (SGs)) are contained in the main reactor vessel, 

located in a large pool within the reactor tank. The coolant flow coming from the cold pool enters 

the core and, once passed through the latter, is collected in a volume (hot collector) to be 

distributed to eight parallel pipes and delivered to as many SGs. After leaving the SGs, the coolant 

enters the cold pool through the cold leg and returns to the core. The ALFRED core is composed 

by wrapped hexagonal Fuel Assemblies (FAs) with pins arranged on a triangular lattice. The 171 

FAs are subdivided into two radial zones with different plutonium fractions guaranteeing an 

effective power flattening, and surrounded by two rows of dummy elements serving as reflector. 

Two different and independent control rods systems have been foreseen, namely the Control 

RODs (CRODs) and the Safety RODs (SRODs). The former performs power regulation and reactivity 

swing compensation during a fuel cycle, while its simultaneous use with the latter is for scram 

purposes, assuring the required reliability for a safe shutdown (Grasso et al., 2013). For a 

complete description of the SGs, we refer the reader to (Damiani, Montecucco, & Pini Prato, 

2013). Finally, the major parameters characterizing the core and the SGs are reported in Table 

2.12. 

Table 2.12 ALFRED system parameters. 

Parameters Value Unit 

Thermal power 300 MWth 

Coolant mass flow rate 25.984 kg∙s-1 

Coolant SG outlet temperature 400 °C 

Coolant core outlet temperature 480 °C 

Pool temperature during shutdown 380 °C 

Feedwater mass flow rate 192 kg∙s-1 

Water inlet temperature 335 °C 

Steam outlet temperature 450 °C 

SG pressure 180 bar 
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2.6.2.1 Model 

An object-oriented model of the entire NPP, whose graphical interface is represented in Figure. 

2.24, has been developed to design the system regulators and verify the control scheme through 

simulations. Based on the Modelica language and implemented in the Dymola environment 

(DYNASIM, 2006), the system simulator has been built by connecting several dedicated lumped 

parameter models concerning the core, the steam generator, etc. The reader is referred to Paper 

III and the references there mentioned for details (Turati, Cammi, et al., 2017). 

 

Figure 2.23 ALFRED nuclear power plant layout. 



Hazard Identification 

51 

Table 2.13 Input and Output variable description of the ALFRED control strategy. 

Input variables (use to control) Definition 

G_att Attemperator mass flow rate 

kv Turbine admission valve coefficient 

h_CR Control rod height 

G_water Feedwater mass flow rate 

Output variables (controlled) Definition 

T_steam Turbine inlet steam temperature 

Pressure SG pressure 

T_hot_leg Temperature of lead flowing out the core 

Th_power Thermal power produced within the core 

T_cold_leg Temperature of lead flowing into the core 

 

Considering ALFRED operation control, several strategies have been recently proposed 

(Ponciroli, Cammi, Della Bona, et al., 2015; Ponciroli, Cammi, Lorenzi, & Luzzi, 2014, 2015). In the 

present work, we resort to that proposed in (Ponciroli, Cammi, Della Bona, et al., 2015), where 

four control variables are used (Table 2.13 ). 

Concerning the primary circuit, the CRODs appear to be the natural candidate for controlling 

the thermal power within the core. On the other hand, the lead mass flow rate is considered 

constant although employing it to govern the cold leg temperature would have been more 

efficient from a control perspective (Ponciroli, Cammi, et al., 2014). Indeed, one of the major 

efforts in the development of LFR concepts is the design of the pumps operating in the highly 

aggressive lead environment. In the current reactor layout, the coolant is expected to be driven 

 

Figure. 2.24 Object-oriented model of the ALFRED reactor.  
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by axial pumps whose restricted operating range requires a constant number of rotations per 

minute. In addition, maintaining the lead mass flow rate at its nominal value at reduced power 

levels brings benefits to the structural materials, since they operate at lower temperatures with 

positive effects on corrosion issues. 

Furthermore, in order to guarantee not too high temperatures in the SG inlet to avoid 

damaging the centrifugal pump or causing a thermal crisis, and not too low temperatures to avoid 

local coolant solidifications at the SG outlet, a device that maintains the feedwater temperature 

close to its nominal value (335°C) is envisaged, supporting the choice of using the feedwater mass 

flow rate as a control variable. 

Concerning the secondary circuit, the turbine admission valve and the mass flow rate of an 

attemperator are employed to control the SG pressure and the turbine inlet temperature, 

respectively. The pressure within the SG should be maintained below a certain design maximum 

threshold, while the turbine inlet temperature should be maintained as close as possible to the 

nominal value of 450°C.  

2.6.2.2 Accident Scenarios Considered 

The control strategy previously described has been designed for a system that operates in 

nominal conditions and where many parameters have been empirically or theoretically 

estimated. It is important to analyze the response of the controlled system when some 

components fail and considering the uncertainties in the system model parameters. 

Among the several parameters included in the model, 28 uncertain parameters characterizing 

the primary system have been selected according to experts’ judgement on their relevance to 

system response. These include: i) the temperature reactivity feedback coefficients (namely, 

alpha parameters 𝛼𝑆), i.e., those representing the insertion of positive/negative reactivity 

following a temperature variation; ii) the delayed neutron fractions of the different neutron 

precursor groups (namely, beta parameters 𝛽𝑆), the prompt neutron generation times (namely, 

lambda 𝜆𝑆 ) and the decay constants for each neutron precursor groups (namely, Λ), i.e., those 

characterizing the kinetic model of the core; iii) the porosity of the fuel rods (namely, porosity). 

In agreement with the literature (Aufiero, Martin, Fratoni, Fridman, & Lorenzi, 2016; Bielen, 2015; 

Perkó, Lathouwers, Kloosterman, & van der Hagen, 2014; Rochman, Koning, & Da Cruz, 2011; Van 

Rooijen & Yamano, 2014), a normal distribution has been assumed for all parameters whose 

reference (mean) and COV values are reported in Table 2.14. 
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Table 2.14 Neutronic and physical parameter uncertainties. 

Parameters Mean COV Parameters Mean COV Parameters Mean COV 

𝜶𝑳 -2.68∙10-1 10% 𝜷𝟏 5.90∙10-5 3% 𝝀𝟏 1.25∙10-2 5% 

𝜶𝑪𝒁 3.90∙10-2 10% 𝜷𝟐 5.79∙10-4 3% 𝝀𝟐 2.83∙10-2 5% 

𝜶𝑾𝒁 2.30∙10-2 10% 𝜷𝟑 2.18∙10-4 3% 𝝀𝟑 4.25∙10-2 5% 

𝜶𝑪𝑹 1.10∙10-2 10% 𝜷𝟒 5.05∙10-4 3% 𝝀𝟒 1.33∙10-1 5% 

𝜶𝑾𝑹 3.00∙10-3 10% 𝜷𝟓 1.06∙10-3 3% 𝝀𝟓 2.92∙10-1 5% 

𝜶𝑭𝒁 -2.42∙10-1 3% 𝜷𝟔 3.85∙10-4 3% 𝝀𝟔 6.66∙10-1 5% 

𝑲𝒅 -5.66∙102 3% 𝜷𝟕 3.74∙10-4 3% 𝝀𝟕 1.63 5% 

𝜶𝑪𝑹𝒔 𝑺𝑹𝒔  -2.18∙10-1 5% 𝜷𝟖 1.61∙10-4 3% 𝝀𝟖 3.55 5% 

𝜶𝑫𝒊𝒂𝒈𝒓𝒊𝒅 -1.52∙10-1 10% 𝚲 6.30∙10-7 5% Porosity 5.00∙10-2 10% 

𝜶𝑷𝒂𝒅 -4.30∙10-1 10%       

 

Regarding components’ failures, two types have been considered in this study: a failure on the 

CRODs (either a fall of one or an expulsion of up to two of the 12 CRODs); and a failure of the 

feedwater system, which can fail stuck at any value between the minimum and maximum of the 

feedwater mass flow rate capacity values (this can be due to a failure occurring to the inlet valve 

or to one of the two inlet pumps). These failures are assumed to occur randomly at times TR and 

TW, respectively, within given temporal windows (see Table 2.15), while the system is in its 

stationary conditions (see Table 2.12). Concerning the stationary conditions, an initial “burn-in” 

time of 4000s is left at the beginning of the simulation, so that the control system can bring the 

system back to the desired stationary conditions (Table 2.12), despite the variation due to 

parameter uncertainties. This allows focusing on the impacts that the uncertain parameters have 

on the system dynamics. In addition, since the model is a lumped parameters model, the rod 

height represents the average of the 12 CRODs present in the core. This justifies the range of 

values selected, knowing that in stationary conditions the CRODs are on average in the core for 

12 cm and that they can reach a maximal insertion of 64 cm. Concerning the temporal windows 

associated to TR and TW, they have been chosen large enough to allow the system reaching a 

new stationary condition and, at the same time, short enough to explore scenarios where an 

eventual second failure happens before the system has reached its new stationary condition. 

Finally, no failures on the attemperator and on the turbine admission valve are considered. 

Table 2.15 Failure scenario parameters. 

Parameters Definition Values range Unit 

Rod Average rod height [10 16] cm 

Gwater Feedwater mass flow rate [0 500] kg∙s-1 

TR Rod failure time [4000 9000] s 

TW Feedwater failure time [4000 9000] s 
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Since this study is done with a safety perspective, among the available outputs of the model, 

the SG pressure and the cold leg lead temperature are considered. In fact, on one side the lead 

solidification (327°C) can compromise the core heat removal; in addition, if the lead temperature 

falls below 380°C, the embrittlement of the structural materials due to the fast neutron 

irradiation is favored by the aggressive environment. On the other side, a lead temperature larger 

than 420°C makes the vessel prone to thermal creep. Finally, still for structural reasons, a 

threshold of 240 bar is set for the SG pressure. 

In practice, the input 𝑿 of the model for system response simulation under uncertainty is a 32 

dimensional vector: 28 neutronic and physical parameters and 4 failures parameters. From each 

system response simulation, three model outputs 𝒀 are considered: the Lead Lowest 

Temperature (LLT), the Lead Highest Temperature (LHT) and the Steam Highest Pressure (SHP). 

Whenever one of these features crosses the corresponding safety threshold, the system is 

considered in “critical” conditions from the point of view of safety and the corresponding input 

vector 𝑿 leading to those conditions is assigned to the specific CR, i.e., Low Temperature (LT) CR, 

High Temperature (HT) CR and High Pressure (HP) CR. 

Finally, from the computational point of view, it is noted that a simulation of the system 

response under a failure scenario requires on average ∼60s on an Intel(R) Core(TM) i7-5600U 

CPU 2.60GHz. 

2.6.2.3 Dimensionality Reduction 

A set of 512 QMC samples generated from a Sobol’ sequece (Sobol et al., 2011) have been used 

for the PCE-based sensitivity analysis. A separate analysis have been conducted for each output, 

i.e., for LLT, LHT and SHT. Results in Figure 2.25 show that the LLT (top) seems to be influenced 

only by the failure magnitude, i.e., by the level at which the feedwater system and the CRODs fail, 

whereas the SHP (bottom) and, in particular, the LHT (middle), are also dependent on the failure 

times. 

In this light, the model appears little affected, despite of the expert judgement, by the 

uncertainties on the neutronic and physical parameters, which are hereafter maintained fixed at 

their reference (mean) values. Regarding the failure parameters, all of them are included in the 

analysis in order to keep coherence between the three meta-models trained in the following 

section (one for each output). 
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2.6.2.4 Meta-Modeling 

The adaptive training strategy described in Section 2.5.1.2, is here employed to train a specific 

meta-model for each output considered (i.e., LLT, LHT, SHP). In the analysis, it has been shown 

(see Paper III) that the adaptive training strategy reaches better performance than a classical 

static DEO with respect to both Acc and RME. For example, it has been observed that the adaptive 

strategy achieves a RME of 0.07, which is 35% lower than the 0.11 achieved by a standard static 

DOE with the same sample size of 1024 observations. 

2.6.2.5 Exploration 

Since for each output the associated CRs are relatively big, i.e. at least 10% of the configurations 

of the initial global DOE belong to CRs (𝛿𝐶𝑅 > 10%), a global exploration technique (LHS in this 

case) is here employed (Section 2.5.1.3). Figure 2.26 shows the projections on two-dimensional 

spaces of the 1024 LT CRs samples for the meta-model training (top) and after the MM-based 

global exploration with 105 samples (bottom). It can be noticed that while on the (rod, Gwater) two-

dimensional projection, the shape of the CRs is already defined by the training set, on the (rod, 

TW-TR) projection the deep exploration highlights more details of the CRs, such as that in the 

top-right corner (i.e., rod > 15.5cm and time delay between the CRODs failure and feedwater 

failure of at least 1500s). Note that the time delay between the two failure times TW and TR has 

 

 

 

Figure 2.25 PCE-based total order sensitivity indices for the LLT (top), LHT (middle), SHP (bottom). 
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been considered in the analysis, to visualize how the order of failure occurrence influences the 

consequences of a scenario. 

2.6.2.6 Critical Regions Representation and Information Retrieval  

Regarding the analysis of the simulation results, a top-down strategy is chosen in order to provide 

both a global vision of the CRs and also their detailed analysis. Since a MM-based global 

exploration has been used, the same level of accuracy is available for the CRs and the SRs. In order 

to facilitate the interpretability of the results, we represent the SRs, which correspond to ∼13% 

of the entire space (Figure 2.27 ). 

The SRs identified by the meta-models are depicted below the SPLOM diagonal. In order to 

verify that the MM-based exploration is capable of identifying the real SRs (and consequently the 

CRs), 104 LHS input configurations of the real model with its neutronic and physical parameters 

uncertainties, are simulated and those leading to a safe state are depicted above the diagonal 

(dark dots). In the entire SPLOM, the shadowed regions represent the SRs identified by the meta-

model. By comparing plots that are symmetric with respect to the diagonal, the results obtained 

by the meta-model and the real one can be compared: it is seen that only few out of the 

thousands “real” safe configurations lay outside the SRs identified by the meta-model. This 

confirms the ability of the framework to discriminate the safe and critical regions. 

 

Figure 2.26 LT CR identified with 1024 training simulations (top) and with 105 meta-model simulations 
(bottom). 
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It can be noticed that for any value of rod height lower than 10.3cm and larger than 14cm, the 

system faces at least one of the three critical conditions: LT, HT or HP. This means that under the 

assumptions made in this study, the system cannot withstand the expulsion of more than two 

control rods nor, more than 20cm of one rod fall from its reference value of 12.3cm. Concerning 

the feedwater flow rate, positive variations from the reference value of 192kg∙s-1 can be borne 

more than negative variations. As for the flow rate, the system can withstand up to half of the 

reference feedwater flow rate and not more than twice its nominal value. Nonetheless, these 

extreme variations are possible only under certain time conditions: for example, the system can 

withstand a large reduction of feedwater flow rate only if a rod falls before (i.e., TW-TR > 0); 

similarly, the system can withstand the expulsion of 2 control rods only if the feedwater flow rate 

increases before (i.e., TW-TR < 0). 

From a safety perspective, not only it is interesting to discover which configurations and, thus, 

which scenarios are critical, but also to be able to characterize them, i.e., understanding which 

type of criticality they can reach. To use a medical metaphor, we are not only interested in 

knowing whether a patient is sick or not, but also in understanding which type of disease affects 

him/her. The more accurate the disease description, the higher the chance of deploying the 

proper treatment. 

In Figure 2.28, the CRs partitioned according to the type of criticality are depicted: LT (left), HT 

(middle), HP (right). Different shades of colors are used to represent the intersections between 

the different CRs, i.e., those configurations that during the accident scenario cross multiple critical 

thresholds. At first glance, three “general” trends can be identified: 1) LT scenarios are 

characterized by rod fall (rod > 12.3cm); 2) HP scenarios are characterized by rod expulsion (rod 

< 11cm) and/or by high feedwater flow rate (Gwater > 350kg∙s-1); 3) HT scenarios are caused by 

 
Figure 2.27 SPLOM of the SRs obtained with the meta-model (below the diagonal) and with the real model 

(dark dots, above the diagonal) exploration. 
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either a low value of feedwater flow rate (Gwater < 200kg∙s-1) or by a high level of feedwater flow 

rate (Gwater > 200kg∙s-1) combined with large rod variations (rod < 11cm or rod >14cm). 

In what follows, for the sake of brevity, we focus our analysis on those CRs characterized by 

scenarios that reach both LT and HT (namely, LT.HT); nonetheless, similar analyses can be 

extended to every type of CRs. These CRs have been chosen in reason of their complexity and 

their “singular” behavior, i.e., they can be reached by very diverse scenarios. 

By resorting to unsupervised learning techniques (hierarchical clustering, see Paper III (Turati, 

Cammi, et al., 2017) for details), three different groups of configurations have been identified: 1) 

rod fall failure (rod > 14 cm) followed by a feedwater failure, where the deeper the rod, the larger 

the range of feedwater deviation leading to this type of scenario; 2) feedwater failure first, 

followed by a rod fall (rod > 14 cm), where the system undergoes a feedwater flow rate reduction 

(Gwater < 192 kg s-1); 3) feedwater failure followed by the expulsion of at least one rod, where the 

feedwater rate remains between [260, 300] kg s-1. 

Until now, the CRs and the associated accident scenarios have been characterized according 

to three selected features (LLT, LHT, SHP). However, the complexity and the variety of accident 

scenarios can go beyond the expectations of the analyst. For this reason, it is necessary to verify 

whether the selected features (i.e., LLT, LHT, SHP, Section 2.6.2.2) are really capable of 

characterizing the entire accident scenario, i.e., to verify whether the clusters identified during 

the exploration phase in the input space present a similar behavior also in the output space. In 

this respect, the clusters identified in the input space should be mapped into the output space. 

Two strategies are here viable: i) select a set of representative configurations from each 

cluster and generate the associated accident scenarios trajectories; or ii) classify the real model 

simulations already available (from the training/test set) among the CRs identified and analyze 

the corresponding behavior. The choice between the two strategies is driven by the 

computational cost of a single simulation run: when it is acceptable, the first strategy is 

 
Figure 2.28 CRs projection on the (rod, Gwater) space according to the different outputs: LT (left), HT 

(middle), HP (right). The different shades of color characterize the intersection between the different CRs. 
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preferable, since it does not involve the uncertainty associated to the classifier; on the contrary 

when the computational cost is a constraint, the second one is preferred, because no additional 

simulation is required. 

Concerning ALFRED, the 104 test simulations have been employed in order to avoid additional 

computational cost and the kNN algorithm has been used to classify the test configurations into 

the three clusters identified above (T. Cover & Hart, 1967). In addition, following the insights 

gained from the unsupervised learning, we have forced the classifier to discriminate the test 

observations according to the order of occurrence of the failures (Figure 2.29): 1) if the rod failure 

occurs first, followed by the feedwater one, the configurations belong to cluster C1 (circles), 

whereas those characterized by the opposite order of occurrence are assigned to clusters C2 

(triangles) or C3 (squares). 

In Figure 2.30, the corresponding cold leg lead temperature (top) and the SG pressure 

(bottom) behavior during LT.HT accident scenarios are depicted for illustration purposes. Each 

column represents the trajectories associated to one of the three clusters identified. It can be 

observed that similar trends can be identified in each group: 1) C1 (left) is characterized by an 

initial spike of the temperature above the safety threshold, followed by a gradual, still rapid, 

temperature reduction until reaching a plateau between [345, 380]°C; on the contrary, the SG 

pressure faces an initial drop followed by a ramp that stabilizes at values that are above nominal, 

still within the safety ranges; 2) C2 (middle) is characterized by an initial ramping of the 

temperature, which can reach values even above 700°C, followed by a drop until a plateau 

between [345, 380]°C; on the other hand, the SG pressure undergoes a short drop before 

returning to its nominal value; 3) C3 (right) is characterized by an initial temperature reduction 

followed by a rapid ramping until a new stationary condition is reached between [420, 450]°C; 

instead, the SG pressure undergoes some short local positive spikes. 

The analysis of the trajectories shows that the insights obtained from the exploration 

framework are in agreement with what really happens to the system. For example, it can be 

noticed that if the feedwater system is affected by a failure, the temperature is no longer 

  

Figure 2.29 Repartition of the LT.HT test configurations according to the MM-based characterization. 
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controllable and can reach extremely high values in the case of the second type of scenarios, C2 

(middle).  

A solution to limit the consequences of these three types of accident scenarios is to add an 

emergency controller of the feedwater temperature. The inlet water temperature can be 

maintained around its nominal value (335°C) until the temperature of the system satisfies the 

desired specifications and can be varied every time the system undergoes a failure either in the 

control rods or in the feedwater admission system. Once the system has been properly shut down 

or the failures repaired, then the emergency control system can be reset to its nominal value. 

All the analysis presented in this sections have focused on the specific set of CRs characterized 

by the fact of crossing both the upper and the lower lead temperature thresholds. This has 

allowed to describe possible strategies for characterizing the CRs and for extracting valuable 

information about a specific type of accident scenarios. Similar analyses can be extended to all 

other CRs discovered. 

In summary, by means of a PCE-based sensitivity analysis, it has been shown that only 4 of the 

32 uncertain input model parameters significantly affect the evolution of the system response 

scenarios. Three Kriging meta-models have been adaptively trained on the reduced, four-

dimensional input space for limiting the computational time required which has decreased from 

∼60s to less than 0.01s per simulation. Then, a large set of meta-model simulations has been run 

and hierarchical clustering has been employed to explore several critical input configurations and 

identify those sharing similar behavior during the accident scenario. Finally, the number of calls 

 

  
Figure 2.30 Lead temperature (top) and SG pressure (bottom) LT.HT failure scenarios according to the 

partition identified. 
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made to the computationally cheap (Kriging) and expensive (Dymola) is reported in Table 2.16. In 

practice, the proposed framework with ∼40h of CPU simulation (on an Intel(R) Core(TM) i7-

5600U CPU 2.60GHz) has depicted a clear picture of the accident scenarios: the uncertainties on 

the physical and neutronic parameters are almost irrelevant in the accident scenario evolution, 

whereas the magnitudes and the time of occurrence of the failures are important. Furthermore, 

concerning the failure time, it has been shown that the order of occurrence has a significant 

impact on the accident scenario evolution, confirming the need of including the time dimension 

within risk assessment analyses. To obtain similar results with a LHS exploration ∼160h of CPU 

simulation have been necessary. 

Table 2.16 Number of calls made to the computationally cheap and/or expensive model for different 
exploration strategies. 

COPUTATIONAL COST FRAMEWORK II LHS EXPLORATION 

CHEAP ∼100000 0 

EXPENSIVE 2560 10000 

2.7 Brief Discussion 

The second framework aims at identifying scenarios and characterizing the configurations of 

inputs and parameters leading a system to abnormal conditions, i.e., those of the CRs. The 

proposed framework makes use of: i) dimensionality reduction techniques, to limit the 

dimensionality of the input space; ii) meta-modeling to reproduce the real model and reduce the 

computational cost for a model run; iii) an adaptive exploration algorithm to identify and 

thoroughly probe the critical regions; iv) clustering and high-dimensional data visualization 

techniques to retrieve and visualize the knowledge enclosed in the simulations run. The 

framework is modular and flexible, making it easy to adapt to different types of applications. 

It must be emphasized that the knowledge that can be retrieved from the simulations is 

conditioned on the knowledge available in the model: the more detailed and accurate the model, 

the more challenging the exploration, but also the more complete and informative the 

information that can be retrieved. Proof of the efficiency of the proposed framework has been 

given with respect to two applications involving a power network and the NPP demonstrator 

ALFRED. 

Nonetheless, some limitations of the proposed framework must be pointed out: i) the 

reduction step relies on a PCE, thus its accuracy depends on the capability of the PCE of 

representing the general behavior of the response function and a particular attention should be 

given to model that have a lot of inputs having a very small additive effect; ii) Kriging as the 

majority of meta-models is quite sensitive to the dimensionality of state space, thus, when the 

number of important inputs become large, it can be replaced by alternative meta-models.   
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3 Probability Assessment 

In this chapter, the RESTART method (Manuel Villén-Altamirano & Villén-Altamirano, 1994), an 

advanced MCS technique taking its root in splitting theory, is considered to efficiently assess the 

probability of rare events of dynamic systems involving computational expensive models. In 

particular, the chapter focus on the IF which is a key element to the effectiveness of the method 

(Booth & Hendricks, 1984; M. J. J. Garvels et al., 2002), which usually represents how far a state 

is from the failure state. The possibility of extending RESTART to hybrid dynamical systems is 

discussed while proposing general guidelines for designing new effective IFs. The chapter begins 

with a state of the art concerning rare event simulation. 

3.1 State of the Art 

Complex real-world systems rarely allow solving the models for reliability assessment with 

uncertainty propagation analytically. On the other hand, MC simulation methods offer a feasible 

means (Zio, 2013). The basic idea is to randomly generate a large number of possible system 

evolutions and estimate the failure probability as the fraction of the number of simulations that 

end in a failure state. Techniques for efficiently sampling within the state space of the uncertainty 

and reduce the variance of the estimator have been proposed (Niederreiter, 1992), those involve: 

Stratified Sampling (SS) which resorts to a partition of the uncertainty space, namely strata, and 

then generates in each stratum a number of samples proportional to the its fraction of probability 

(Michael D McKay, Beckman, & Conover, 2000; Shields, Teferra, Hapij, & Daddazio, 2015); Latin 

Hypercube Sampling (Helton & Davis, 2003; Iman, 2008) which is a particular case of SS having a 

desirable projection property; Sobol’ sequences (Sobol, 1976; Sobol et al., 2011) which are QMC 

sequences minimizing the sample discrepancy and others (V. C. Chen, K.-L. Tsui, R. R. Barton, & 

M. Meckesheimer, 2006). 

However, the smaller the failure probability, the larger the number of simulations needed to 

achieve an acceptable estimation accuracy and precision (see Eq. (1.4)). As a consequence, they 

usually become an impractical solution when dealing with computational expensive simulation 
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models (e.g., repeated realizations of system response by the computer code RELAP5-3D 

(RELAP5-3D, 2005), which is used to describe the thermal-hydraulic behavior of nuclear systems, 

may take up to twenty hours per run in some applications). This calls for new methods that allow 

performing failure probability estimations with a limited number of model calls and, thus, with a 

low computational time. 

In this respect, several advanced MC methods have been proposed (Bucklew, 2013; Robert & 

Casella, 2004; Rubino & Tuffin, 2009). Examples of these methods include Importance Sampling 

(IS) (Asmussen, Blanchet, Juneja, & Rojas-Nandayapa, 2011; Asmussen & Glynn, 2007; Au, 2004; 

Au & Beck, 2003a) and its variants, such as the cross-entropy method (Asmussen & Glynn, 2007; 

Botev & Kroese, 2008; De Boer, Kroese, Mannor, & Rubinstein, 2005; Rubinstein & Kroese, 2004), 

the recent MCMC IS (Botev, L'Ecuyer, & Tuffin, 2013) or their improved versions combined with 

meta-model to further reduce the computational cost (Bect et al., 2012; Cadini, Santos, & Zio, 

2014; Dubourg et al., 2013; Echard, Gayton, Lemaire, & Relun, 2013); Subset Simulation (Au & 

Beck, 2001, 2003b; Au, Ching, & Beck, 2007; Au & Wang, 2014; Cadini, Avram, Pedroni, & Zio, 

2012; Ching, Au, & Beck, 2005; Zio & Pedroni, 2009) and its improved version combined with 

meta-models (Bourinet, Deheeger, & Lemaire, 2011; Dubourg, Sudret, & Bourinet, 2011; 

Papadopoulos, Giovanis, Lagaros, & Papadrakakis, 2012); Line Sampling (Koutsourelakis, 

Pradlwarter, & Schuëller, 2004; Pradlwarter, Schuëller, Koutsourelakis, & Charmpis, 2007; Zio & 

Pedroni, 2010); Directional Sampling (Bjerager, 1988; Munoz Zuniga, Garnier, Remy, & De 

Rocquigny, 2011) and Splitting Methods (Botev & Kroese, 2012; M. J. J. Garvels, 2011; 

Glasserman, Heidelberger, Shahabuddin, & Zajic, 1999; Kahn & Harris, 1951; Lagnoux & Lezaud, 

2017; Murray, Cancela, & Rubino, 2013; Rubino & Tuffin, 2009). These algorithms have shown to 

provide outstanding performances in static problems, whereas their applicability to complex 

dynamic systems is not fully demonstrated (Valdebenito et al., 2010). 

Methods explicitly designed for dynamic reliability analyses have been proposed in the 

literature (Labeau, 1996), and consistently developed through years (Aldemir, 2013; Labeau et 

al., 2000). In (Zhu, Mosleh, & Smidts, 2007) advancements in the dynamic reliability field have 

been brought by including software behavior into the analysis and using an entropy-driven 

criterion to force the simulation of scenarios of interest. (Čepin & Mavko, 2002) and (Durga Rao 

et al., 2009) evaluate system failure probabilities by resorting to dynamic fault trees. A method 

exploiting DET and MC simulation is proposed in (J. Li, Mosleh, & Kang, 2010) and (J. Li, Mosleh, 

& Kang, 2011) to force the stochastic system simulation to a failure state and to retrieve the 

corresponding probability by means of a biasing approach similar to that of IS. In (Catalyurek et 

al., 2010) an efficient framework is proposed for the exploration of the state space of dynamic, 

hybrid and complex systems and the assessment of the corresponding state probabilities; 

however, an acceptance threshold on the probabilities is introduced to avoid an explosion of the 

number of system analysis, making these approaches exposed to neglecting events with small 

failure probabilities. Finally, Sequential MC simulation has recently captured the attention of 
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many researchers due to its rigorous consistent mathematical formulation (Doucet, De Freitas, & 

Gordon, 2001) and its possibility of dealing with static rare events (Cérou, Del Moral, Furon, & 

Guyader, 2012; Papaioannou, Papadimitriou, & Straub, 2016) and large hybrid dynamic systems 

(Blom, Lygeros, Everdij, Loizou, & Kyriakopoulos, 2006; Cassandras & Lygeros, 2006; Cérou et al., 

2012). 

3.2 REpetitive Simulation Trials After Reaching Thresholds (RESTART) 

The RESTART method is a splitting technique that takes its origins in (Bayes, 1970) and has been 

developed mainly by (M. Villén-Altamirano & Villén-Altamirano, 2002, 2006, 2011). The method 

has been introduced to efficiently estimate small failure probabilities of dynamic systems and it 

has shown promising performance in the analysis of dynamic, discrete systems (Marnix J. J. 

Garvels & Kroese, 1998; Gorg & Schreiber, 1996; Tuffin & Trivedi, 2000; M Villén-Altamirano & 

Villén-Altamirano, 1991; Manuel Villén-Altamirano & Villén-Altamirano, 1994).  

The underlying idea relies on the observation that a (small) failure probability can be expressed 

as a product of (larger) probabilities conditional on some chosen “intermediate” and, thus, more 

frequent events. The method is based on the random generation of many possible realizations of 

the life of the dynamic system. Such trajectories are split (i.e., “multiplied”) when they get close 

to “interesting” regions of the system state space (i.e., the failure region); on the contrary, the 

trajectories are stopped if they tend to go far from the failure regions. This way of proceeding, 

coupled with a proper weight assigned to each path to correct the bias, allows a more efficient 

exploration of the system state space and, thus, a reduction of the variance of the corresponding 

failure probability estimator (M. Villén-Altamirano & Villén-Altamirano, 2002). The indication of 

which trajectories should be split (i.e., of which regions of the state space should be explored 

more deeply) is given by a properly selected scalar IF which is crucial for the overall performance 

of the method (Amrein & Künsch, 2011; Booth & Hendricks, 1984; Cérou & Guyader, 2007; M. J. 

J. Garvels et al., 2002; Lagnoux, 2006; M. Villén-Altamirano & Villén-Altamirano, 2006). For the 

sake of brevity, in what follows only the main elements and concepts underlying the RESTART 

algorithm are recalled. The reader is referred to the cited references for further technical details. 

3.2.1 Algorithm 

Let Ω be the state space of the stochastic process 𝑋(𝑡) describing the evolution of the dynamic 

system of interest and 𝐴 be the rare failure event, whose probability has to be estimated. A scalar 

function 𝜑:Ω → ℝ , called Importance Function, is introduced to identify a sequence of nested 

“intermediate” states sets 𝐶𝑖 ⊂ Ω, (𝐶1 ⊃ 𝐶2 ⊃ ⋯ ⊃ 𝐶𝑉): these sets are of the form 𝐶𝑖 =
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{𝑥(𝑡) ∈ Ω ∶ 𝜑(𝑥(𝑡)) > τ𝑖}, where τ1 < ⋯ < τ𝑉 is a given sequence of 𝑉 predefined thresholds. 

This generates a partition of Ω in regions 𝐶𝑖 − 𝐶𝑖+1 = {𝑥(𝑡) ∈ Ω ∶ τ𝑖 ≤ 𝜑(𝑥(𝑡)) < τ𝑖+1}, such 

that the higher 𝑖, the closer the system to the failure region 𝐴, i.e., the higher the “importance” 

of the system states belonging to that region. 

By way of example, assume that the system of interest is a nuclear reactor which is assumed 

to fail when the fuel cladding temperature 𝑌𝑇𝑒𝑚𝑝(𝑡) exceeds the safety threshold 𝑌𝑇𝑒𝑚𝑝
𝑚𝑎𝑥 = τ𝐴. In 

this case, the stochastic process 𝑋(𝑡) is represented by the ensemble of the (discrete) variables 

describing the state of the components of the nuclear reactor system (e.g., pumps, valves, safety 

systems, etc.) and of the (continuous) variables describing the evolution of the physical quantities 

that are critical for the reactor safety (e.g., temperature, pressure, mass flow rate, etc.). The 

importance function 𝜑(𝑋(𝑡)) can be simply chosen as the “natural” indicator of the condition of 

the fuel cladding, i.e., its temperature 𝑌𝑇𝑒𝑚𝑝(𝑡): in other words, 𝜑(𝑋(𝑡)) = 𝑌𝑇𝑒𝑚𝑝(𝑡). Finally, 

since the system fails when 𝜑(𝑋(𝑡)) exceeds 𝑌𝑇𝑒𝑚𝑝
𝑚𝑎𝑥 , then three possible “intermediate” 

thresholds can be chosen as τ1 < τ2 < τ3 < τ𝐴. 

The algorithm proceeds as follows. A certain number 𝑁 of initial simulation paths 

(trajectories), called main trials, is generated by crude MC simulation. The starting point of these 

trajectories is represented by the initial condition of the system of interest and it lies in region 

𝐶0 − 𝐶1 = {𝑥(𝑡) ∈ Ω ∶ 𝜑(𝑥(𝑡)) < τ1} . When the IF associated to a simulation path started from 

a given region 𝐶𝑖 exceeds a threshold τ𝑖+𝑘 (𝑘 = 1,…, 𝑉 − 𝑖) of higher level at time 𝑡∗, the 

corresponding system state  𝑋(𝑡∗) is saved and 𝑅𝑖+𝑘  -1 new paths, called retrials, are generated 

having the saved state 𝑋(𝑡∗) as origin (hence, if we count also the original path that has exceeded 

threshold τ𝑖+𝑘 , we have 𝑅𝑖+𝑘 trials starting from state 𝑋(𝑡∗)). On the contrary, every time the IF 

of a trial born in 𝐶𝑖 falls below threshold τ𝑖, that trial is interrupted. This is the main difference 

between RESTART and the “classical” splitting (Garvels et al., 2002), where the paths are split only 

the first time they cross a more important threshold τ𝑖+𝑘 and, then, they are maintained for the 

rest of the simulation, even if their trajectories fall below the “generating” threshold τ𝑖+𝑘. On the 

contrary, RESTART keeps only one of the 𝑅𝑖+𝑘 trials (e.g. the one that has crossed the threshold) 

as the representative path for exploring less important regions (i.e., those regions lying below the 

threshold τ𝑖+𝑘 from which the 𝑅𝑖+𝑘 retrials are generated): obviously in such a case the 

representative path has to be re-split in case threshold τ𝑖+𝑘 is again exceeded. The reason behind 

the truncation of the trajectories that tend to move farther from failure region 𝐴 is to reduce as 

much as possible the computational cost associated to the exploration (i.e., to the simulations) 

of regions of the state space that are not of interest. At the same time, the unbiasedness of the 

estimates is guaranteed by associating a proper weight to each path/retrial on the basis of the 

region 𝐶𝑖 − 𝐶𝑖+1 explored. Intuitively, less important regions are visited by a lower number of 

paths with higher weights whereas more important regions are explored by a potentially larger 

number of retrials, but with correspondingly lower weights. An analytical demonstration of the 
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unbiasedness of the RESTART estimators can be found in (M. Villén-Altamirano & Villén-

Altamirano, 2002). In addition, it must be remembered that one trajectory may exceed more than 

one threshold at the same time (even if not frequently). For example, consider a trial with origin 

in 𝑋𝑖(𝑡
∗) ∈ 𝐶𝑖 − 𝐶𝑖+1  which exceeds τ𝑖+1 and τ𝑖+2 at the same time. In such a case, 𝑅𝑖+1 ∙ 𝑅𝑖+2-

1 retrials should be generated from the new state 𝑋𝑖+2(𝑡
∗), as if all the 𝑅𝑖+1-1 retrials that should 

have been generated due to the exceedance of threshold 𝜏𝑖+1 and the one with origin in 𝑋𝑖(𝑡
∗) 

had reached τ𝑖+2. In summary, we should take into account: i) the initial trial started from 𝑋𝑖(𝑡
∗) 

which is terminated when it falls below τ𝑖; ii) (𝑅𝑖+1-1) retrials which are generated due to the 

exceedance of threshold τ𝑖+1and that are terminated when they fall below τ𝑖+1; iii) 𝑅𝑖+1 ∙(𝑅𝑖+2-

1) retrials which take into account the possible exceedance also of threshold τ𝑖+2 and that are 

stopped when they fall below τ𝑖+2. 

The simulation path of each retrial ends due to either the rules explained above or to the 

occurrence of a process “end condition”; on the contrary, the simulation path of the main trials 

is terminated only due to the occurrence of the “end condition”. “End conditions” are given as in 

crude MC simulations (e.g., reaching of the mission time 𝑇𝑀𝑖𝑠𝑠, occurrence of absorbing events, 

etc.). Figure 3.1 shows possible evolutions of the retrials (dashed and/or dotted lines) associated 

to a single main trial (bold line) in a RESTART simulation with three thresholds (𝑉=3), retrials  𝑅1 = 

3, 𝑅2 = 4, 𝑅3 = 2, a mission time (i.e., time horizon of system observation) 𝑇𝑀𝑖𝑠𝑠 and failure region 

defined by 𝜑(𝑋(𝑡)) ≥ τ𝐴. 

 
Figure 3.1 Possible evolutions of RESTART trajectories relative to a single main trial (bold) in a simulation 

with 𝑽 = 3, 𝑹𝟏 = 3, 𝑹𝟐 = 4, 𝑹𝟑 = 2. 

For the evaluation of statistics based on all simulation trials, the weights associated to the 

each trial need to be computed. The weight of a trajectory is obviously related to the region 𝐶𝑖 −

𝐶𝑖+1 in which the trial lies; in particular it is related to the product 𝑟𝑖 = ∏ 𝑅𝑗
𝑖
𝑗=1  of the splitting 

factors necessary to reach threshold τ𝑖 and to the number of main trials 𝑁. In details, if 𝑋(𝑡) is in 

𝐶𝑖 − 𝐶𝑖+1, its weight 𝑤𝑖 will be 𝑤𝑖 =
1

𝑁∙𝑟𝑖
=

1

𝑁∙∏ 𝑅𝑗
𝑖
𝑗=1

. Notice that, the higher is the importance of 
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the region, the lower is its statistical weight. For example, considering the situation depicted in 

Figure 3.1, where the number 𝑁 of main trials is 1, the trajectories in region 𝐶1 − 𝐶2 have weights 

𝑤1 =
1

𝑅1
=

1

3
, since the main trial is split into three retrials every time it exceeds threshold 𝜏1; 

similarly, trajectories in region 𝐶2 − 𝐶3 have weights 𝑤2 =
1

𝑅1∙𝑅2
=

1

3∙4
=

1

12
, since they are the 

results of two successive splittings, related to the crossing of thresholds 𝜏1 (splitting into three 

retrials) and 𝜏2 (splitting into four retrials). Then, the estimator �̂�(𝐴) of the probability of failure 

𝑃(𝐴) is �̂�(𝐴) = ∑ 𝑤𝑖 ∙ 𝑁𝐴
𝑖𝑉

𝑖=1 = ∑
𝑁𝐴
𝑖

𝑟𝑖

𝑉
𝑖=1 , where 𝑁𝐴

𝑖  is the number of occurrences of the failure 

event 𝐴 when the system has a state 𝑋(𝑡) lying in region 𝐶𝑖 − 𝐶𝑖+1. Furthermore, if 𝐴 ⊂ 𝐶V (i.e., 

failures occur only if the system has a state in 𝐶V), the estimator becomes simply �̂�(𝐴) =
𝑁𝐴
𝑉

𝑁∙𝑟𝑉
=

𝑁𝐴

𝑁∙∏ 𝑅𝑗
𝑉
𝑗=1

. In (M. Villén-Altamirano & Villén-Altamirano, 2002) the unbiasedness of the estimators 

is proven and details concerning the variance of this estimator are given. 

As in all MC-based methods, the higher the correlation among the generated trajectories, the 

higher the variance 𝑉[�̂�(𝐴)] of the failure probability estimator. In the RESTART method, each 

retrial shares a part of the “simulation path” with the trial from which it is generated: thus, there 

is correlation between them. In (M. Villén-Altamirano & Villén-Altamirano, 2002), optimal and 

quasi-optimal values for the number of retrials 𝑅𝑖, 𝑖 = 1, …, 𝑉, have been derived analytically for 

a fixed number of thresholds 𝑉 in order to minimize the variance of �̂�(𝐴): on one side, 𝑅𝑖 should 

be large enough to widely explore the system state space by generating the possible trajectories 

of evolution of the process; on the other side, 𝑅𝑖 has to be small enough to avoid a significant 

increase in the correlation among the retrials and, thus, a dramatic decrease in the efficiency of 

the method. The analytical results derived in (M. Villén-Altamirano & Villén-Altamirano, 2002) 

demand for information that is typically not available a priori, such as the value of 𝑃𝑖|0, i.e., the 

probability that the system reaches region 𝐶𝑖 knowing that it is in region 𝐶0. However, rough 

estimations via crude MC or expert judgement are usually enough to obtain satisfying results. 

Another crucial parameter for the algorithm is the number 𝑉 of thresholds. If the IF is continuous, 

it is possible to identify the optimal value for 𝑉 as the largest possible value that guarantees 

𝑃𝑖|𝑖−1 < 0.5, where 𝑃𝑖|𝑖−1 is the conditional probability that the system reaches region 𝐶𝑖, given 

that it lies in region 𝐶𝑖−1, i.e., 𝑃(𝑋(𝑡) ∈ 𝐶𝑖| 𝑋(𝑡) ∈ 𝐶𝑖−1). On the contrary, if the state space is 

discrete or hybrid (which is the case of the present paper), the IF is discontinuous and, thus, 

optimal values for 𝑉 and 𝑅𝑖 cannot be obtained easily. Applications of the RESTART method to 

reliability problems in discrete state spaces have been already shown in the literature; also, 

suggestions for the choice of the corresponding IFs have been proposed (J. Villén-Altamirano, 

2007, 2010a, 2014). However, to the best of the authors’ knowledge, applications and related IFs 

for hybrid systems have not been proposed yet. 
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3.2.2 Performance Index 

The performance of the RESTART method can be assessed by means of the well-known Figure Of 

Merit (FOM) 𝑇𝐶𝑃𝑈 ∙ 𝑉[�̂�], where 𝑇𝐶𝑃𝑈 is the computational cost associated to the method and 

𝑉[�̂�(𝐴)] the variance of the failure probability estimator �̂�(𝐴): this indicator takes into account 

both the precision (i.e., the variance) of the estimator and the computational effort needed to 

obtain it. The Gain or speedup (G) of RESTART can be defined as the ratio between the FOM of 

crude MC simulation and the FOM of RESTART. A formula for the ideal (i.e., maximal) gain has 

been derived in (M. Villén-Altamirano & Villén-Altamirano, 2002): 

where 𝑃(𝐴) is the failure probability to be estimated. 

3.3 Importance Functions Guidelines 

The IF is a key factor for efficiently applying the RESTART method to a specific problem (M. Villén-

Altamirano & Villén-Altamirano, 2011). For this reason, in the present section some general 

guidelines and procedural steps for defining promising IF are reported. 

3.3.1 System Analysis 

The scope of this step is to identify the components and the continuous variables involved in the 

(failure) event of interest: for example, those states that the components should visit to cause 

system failure (i.e., the minimal cut sets, prime implicants, etc.) and the values that the 

continuous variable should assume in those conditions (e.g., liquid level in a hold-up tank or the 

pressure in a nuclear reactor vessel). Dependencies among components and variables could be 

also identified (if possible) at this step: for example, specific sequences of events that lead the 

system to failure. The methods introduced in Chapter 2 for hazard identification can be employed 

to this aim. 

3.3.2 Components and Variables Ranking 

Based on the information collected at the previous step, a possibly rough and qualitative ranking 

of the components and variables that contribute most to the failure event should be performed. 

In particular, variables and component configurations that are necessary to lead to system failure 

𝐺 =
1

𝑃(𝐴)(− ln 𝑃(𝐴) + 1)²
, (3.1) 
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(e.g., a specific configuration or failure mode of the valves in the system, prime implicants, etc.) 

should be ranked at the top. 

3.3.3 Importance Functions Definition 

The definition of a proper Importance Function is typically problem- and system-dependent: see 

(J. Villén-Altamirano, 2010b, 2014). Thus, in accordance with the analyses conducted in the 

previous two steps, an importance function should be conceived by considering first the elements 

(i.e., the components and the continuous variables) in the top positions of the ranking, i.e., those 

that most contribute to system failure. For example, in the applications that follows (Section 

3.4.1), firstly, the state of three valves is considered since their failure is the necessary condition 

to lead the system to an uncontrolled situation; secondly, the level of the liquid in the tank is 

taken into account, since it gives information about the remaining time available to perform 

repair on the failed components. 

However, it has to be admitted that an automatic general procedure for defining the IF is not 

yet available, especially for complex systems. In this view, the previous guidelines could serve as 

a starting point for future works. 

3.4 Applications 

In what follows, Piecewise Deterministic Markov Processes (PDMP) are used to model the 

systems under analysis, since they allow representing systems whose variables evolve according 

to a deterministic model, e.g. physical laws, which can stochastically change according to the 

occurrence of random events (see Appendix D and Paper IV (Turati et al., 2016b) for more details) 

3.4.1 Hold Up Tank 

The RESTART method is applied to a well-known case study in the literature for dynamic reliability 

analysis (Aldemir, 1987; Marseguerra & Zio, 1996; Siu, 1994). The system consists of a tank 

containing a fluid whose level is controlled by suitable sensors, which govern three active 

components (Figure 3.2). 
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Figure 3.2 Tank containing a liquid, whose level is controlled by three active components. 

Input inflow is provided by components 1 and 2 (e.g., pumps) that produce equal and constant 

rates of liquid level variation 𝜙1 = 𝜙2 = 0.6 m⁄h. Outflow is, instead, provided by a valve with 

constant level variation rate 𝜙3 =-0.6 m⁄h. All the components are independent and can fail 

either Stuck Open (SO) or Stuck Closed (SC); after failure, a repair strategy that brings the 

components back to an “as-good-as-new” state is implemented. Exponential probability 

distributions are used to model all types of stochastic transition. The Mean Time To Failures 

(MTTFs) of components 1, 2 and 3 are 219h, 175h and 320h, respectively, for both types of 

failures (SO and SC), whereas the Mean Time To Repair (MTTR) for each component is 5h. In this 

case study, the continuous variable 𝑌(𝑡) represents the level of liquid in the tank; and there are 

3 discrete variables 𝑍 = (𝑍1, 𝑍2, 𝑍3) for the components states (-1: operating; 0: SC; 1: SO). 

The initial liquid level is set to 𝑌(𝑡 = 0) = 𝑌0 = 0. The whole system fails either for overflow 

(i.e., when the liquid level exceeds threshold 𝑌(5) = 𝑌0 + 5) or for dry-out (i.e., when the liquid 

level falls below threshold 𝑌(−5) = 𝑌0 − 5). In addition, two alarm thresholds, namely, 𝑌(−1) and 

𝑌(1), are set to 𝑌0 ± 1, respectively. Every time the level 𝑌(𝑡)  reaches one of these two alarm 

thresholds, the possibly failed components are detected and put under repair; at the same time, 

the control system modifies the working configuration of the active components so as to drive 

the liquid level towards a safe condition. Between two consecutive (stochastic) transition times 

𝑡𝑘 and 𝑡𝑘+1, the liquid level evolution is described by the following deterministic law: 

𝑌(𝑡) = 𝑌𝑡𝑘 + (𝑎1𝜙1 + 𝑎2𝜙2 + 𝑎3𝜙3) ∙ (𝑡 − 𝑡𝑘); ∀𝑡𝑘 ≤ 𝑡 ≤ 𝑡𝑘+1 (3.2) 

where 𝑌𝑡𝑘  is the value of the liquid level at (random) transition time 𝑡𝑘 and  �⃗� = (𝑎1, 𝑎2, 𝑎3) 

is a Boolean vector such that: 
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𝑎𝑖 = {
1 𝑖𝑓 𝑐𝑜𝑚𝑝𝑜𝑛𝑒𝑛𝑡 𝑖 𝑖𝑠 𝑜𝑝𝑒𝑛 𝑜𝑟 𝑆𝑂
   0 𝑖𝑓 𝑐𝑜𝑚𝑝𝑜𝑛𝑒𝑛𝑡 𝑖 𝑖𝑠 𝑐𝑙𝑜𝑠𝑒𝑑 𝑜𝑟 𝑆𝐶

  (3.3) 

With reference to Figure 3.2, the initial configuration of the system is in equilibrium, i.e., the 

inflow equals the outflow and �⃗� = (1, 0, 1). We divide the liquid level in three working states: 1) 

𝑌(𝑡) ≤ 𝑌(−1); 2) 𝑌(−1) < 𝑌(𝑡) < 𝑌(1); 3) 𝑌(1) ≤ 𝑌(𝑡). If 𝑌(𝑡) passes from 2) to 1), due to any 

kind of component failure, the controller will set �⃗� = (1,1,0) to increase the liquid level; 

otherwise, if 𝑌(𝑡) passes from 2) to 3), the controller will set �⃗� = (0,0,1) to reduce the liquid level. 

Once the liquid level reaches one of the failure thresholds 𝑌(±5), the system remains failed and 

no repair can be conducted within a time comparable with the mission time 𝑇𝑀𝑖𝑠𝑠. For simplicity 

of presentation, in this study we consider only the assessment of the probability of dry-out 

failures, i.e., 𝑃𝐹 = 𝑃(𝑇𝑑𝑟𝑦𝑜𝑢𝑡 ≤ 𝑇𝑀𝑖𝑠𝑠), where 𝑇𝑑𝑟𝑦𝑜𝑢𝑡 is the time at which dryout occurs and 

𝑇𝑀𝑖𝑠𝑠 (=500h) is the mission time. Notice that the event of interest occurs when the following two 

events occur consecutively: i) all the components fail in the configuration of minimal cut set (mcs) 

𝑎𝑑𝑟𝑦𝑜𝑢𝑡 = (0,0,1), (i.e., component 1 SC, component 2 SC, component 3 SO); ii) the repair strategy 

fails to restore at least one component before the liquid level reaches 𝑌(−5). 

3.4.1.1 Importance Functions 

Two IFs are considered for this case study: the first one  𝜑1 has been used in the literature to 

evaluate multi-components failure probability (J. Villén-Altamirano, 2014); the second one 𝜑2 is 

introduced for the first time in this paper and takes into account both the presence of multiple 

discrete components states and the information associated to the continuous physical variable 

𝑌(𝑡). 

Since in this case we have only one mcs 𝑎𝑑𝑟𝑦𝑜𝑢𝑡 that leads to the failure event of interest, the 

IF 𝜑1(𝑡) introduced in (J. Villén-Altamirano, 2014) becomes: 

𝜑1(𝑡) = 𝑓𝑚𝑐𝑠(𝑡) 𝑛⁄ , (3.4) 

where 𝑓𝑚𝑐𝑠(𝑡) is the number of components in the mcs which are failed at time 𝑡 and 𝑛 is the 

cardinality of the mcs (i.e., 𝑛 = 3 in this case): obviously, the higher the number of failed 

components, the closer the system to failure and the higher the importance of the corresponding 

state. Notice that once the mcs configuration is obtained at time 𝑡, the system is not guaranteed 

to fail instantaneously at time 𝑡. Actually, there is still a safety margin given by the time needed 

by liquid level 𝑌(𝑡) to move from the alarm threshold 𝑌(−1) to the failure one 𝑌(−5): in this time 

window repairs “could” occur and avoid system failure. Thus, three thresholds (𝜏1, 𝜏2, 𝜏3) =

(1 3⁄ , 2 3, 1⁄ ) are used in our RESTART implementation, instead of the two admissible if no repair 

strategy had been planned (actually, if no repairs were allowed, 𝜑1(𝑡) = 1 would automatically 

imply system failure at 𝑡). 
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The second IF 𝜑2(𝑡) considers two aspects: (i) during the process components could fail in a 

state different from that of the mcs and (ii) once the mcs is reached, repair processes still happen 

stochastically. The importance function 𝜑2(𝑡) is defined as follows: 

𝜑2(𝑡) =
2 ∙ 𝑓𝑚𝑐𝑠(𝑡) − 𝑓𝑡𝑜𝑡(𝑡)

3
+ max(0, ln

𝑌(5) − 𝑌(𝑡)

𝑌(5) − 𝑌(−1)
 ), (3.5) 

where 𝑓𝑡𝑜𝑡(𝑡) is the number of failed components at the current time 𝑡. The first “discrete” 

term considers that if a component fails stuck in a position opposite to the one “required” by the 

mcs 𝑎𝑑𝑟𝑦𝑜𝑢𝑡, it gives a negative contribution to (i.e., it reduces) the importance of that state (since 

the component needs to be repaired before it can reach the configuration “required” by the mcs). 

In other words, 𝜑2 gives less importance to those configurations where components are failed, 

but not in the state according to the mcs. In addition, the second term introduces a continuous 

part into the IF, when the alarm threshold 𝑌(−1) has been down-crossed. This allows introducing 

additional intermediate thresholds to increase the frequency of trajectory splitting; i.e., to make 

the exploration of the system state space more thorough, which increases the performance of 

the method by reducing the variance of the estimator of the conditional probability 

𝑃(𝑌(𝑡) < 𝑌(−5) | 𝑌(𝑡) < 𝑌(−1)). In the case under analysis, we introduce only one intermediate 

threshold that corresponds to the configuration of the system where the mcs has been reached 

and the liquid level is 𝑌(𝑡) = -3, i.e., it is at half position between the alarm 𝑌(−1) and the failure 

threshold 𝑌(−1): thus, (𝜏1, 𝜏2, 𝜏3, 𝜏4) = (1 3⁄ , 2 3, 1⁄ , 1.287). 

3.4.1.2 Results 

The RESTART method is applied with both importance functions 𝜑1 and 𝜑2 and its efficiency 

compared to that of standard MC sampling. Since we are within the context of computationally 

demanding models of dynamic systems whose computational cost is somehow proportional to 

the time of simulation, e.g. solving an Ordinary Differential Equation (ODE) system for a scenario, 

that simulates two days of system operation, takes almost twice the computational effort than 

simulating a one day long scenario under the same conditions. In this view, it is interesting to 

compare the performance of the two methods by keeping fixed the total time of simulation of 

the system model. Thus, the results produced by RESTART are compared to the estimates 

obtained by the crude MC method using the same Total Simulation Time (TST) (in this case, TST 

= 80000h, i.e., the total number of hours of liquid tank evolution simulated). As performance 

indices, the mean 𝐸[�̂�𝐹] of the failure probability estimator �̂�𝐹, its Standard Deviation 𝑆𝑡𝑑[�̂�𝐹], 

the FOM introduced in Section 3.2.2 and the average Number of System Analyses 𝐸[𝑁𝑆𝐴] (i.e., 

the average number of complete or partial paths used to evaluate the estimator) are considered. 

The number of retrials 𝑅𝑖 for each threshold 𝜏𝑖 are fixed to (7, 7, 40) and (7, 7, 7,10), respectively 

for 𝜑1 and 𝜑2, following the guidelines provided by (M. Villén-Altamirano & Villén-Altamirano, 

2002). 
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Table 3.1 reports the values of the performance indices 𝐸[�̂�𝐹], 𝑆𝑡𝑑[�̂�𝐹], FOM and 𝐸[𝑁𝑆𝐴] 

obtained as average over 100 estimates. The true value 𝑃𝐹 of the failure probability is 5.40∙10-4. 

The Std of the estimator obtained using IF 𝜑2 is one order of magnitude smaller than the one 

obtained by crude MC simulation and almost 30% smaller than the one provided by 𝜑1. In 

addition, the FOM given by the new IF 𝜑2 is two orders of magnitude lower than that of standard 

MC and half of that of 𝜑1. The values of 𝐸[𝑁𝑆𝐴] show that RESTART employs more system 

analyses than standard MC, but it must be considered that part of some system analysis is shared 

by different retrials and, then, it does not imply additional computational cost. Indeed, the real 

total computational cost required by the different methods (which matters in the analysis) is the 

same by construction and is represented by the TST. 

Table 3.1 System probability of dry-out failure obtained as average over 100 estimates by crude MC 
simulation and by the RESTART method with two different IFs, 𝝋𝟏 and 𝝋𝟐. 

 MC RESTART 𝝋𝟏 RESTART 𝝋𝟐 

𝑬[�̂�𝐹  ] 4.91∙10-4 5.36∙10-4 5.38∙10-4 

𝑺𝒕𝒅[�̂�𝐹]  1.70∙10-3 2.40∙10-4 1.69∙10-4 

𝑭𝒐𝑴[�̂�𝐹] 2.25∙10-1 4.74∙10-3 2.30∙10-3 

𝑬[𝑵𝑺𝑨] 1.63∙102 2.00∙103 2.26∙103 

3.4.2 Pump and Valve Subsystem 

In this artificial case, the fluid delivery system between two plants is considered. It consists of two 

subsystems: the former pushes fluid from plant A to plant B, whereas the latter pushes fluid in 

the opposite direction. The subsystems are identical and consist of a pneumatic valve and a 

centrifugal pump. Part of the pipes is shared between the two subsystems, so that they have to 

work in alternating way (Figure 3.3): every hour, the fluid flow has to be inverted; thus, every 

hour the operating (resp., the switched off) pump is switched off (resp., on) and the associated 

valve is closed (resp., opened). Since the two subsystems are identical, we focus our attention on 

the analysis of a single pump-valve subsystem whose actual operating time is considered (i.e., 

only the time during which the subsystem is actually delivering the fluid). Indeed, components’ 

degradation develops due to wear. 

 
Figure 3.3 Fluid delivery system, where the pump-valve subsystem under analysis is highlighted by the dash 

box. 
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The model of the subsystems’ components (centrifugal pump and pneumatic valve) takes its 

roots from (Lin, Li, & Zio, 2015), where a PDMP is used to describe the dependences between the 

degradation processes of the two components and the effect of the abrasive particles present in 

the fluid. In particular, the authors consider the influence that the degradation state of the pump 

has on the degradation process of the valve. We recall here the main characteristics of the model 

and refer the interested reader to (Lin et al., 2015) for more details. 

The degradation process of the centrifugal pump is described by a continuous-time 

homogeneous Markov chain 𝑍(𝑡). The state space consists of a state of normal functioning, 

namely 𝑍(𝑡) = 3, two degradation states (namely, 𝑍(𝑡) = 2 and 𝑍(𝑡) = 1) and a failure one 

(namely, 𝑍(𝑡) = 0). This classification is based on the intensity of the vibrations produced by the 

pump. In other words, state 3 specifies the normal condition (i.e., small vibrations), state 2 

medium vibrations, state 1 high vibrations and state 0 specifies the failure state. No repairs are 

planned, except those performed at the mission time and the corrective ones, i.e., those carried 

out when the component is failed. Figure 3.4 shows synthetically the state space of the Markov 

process modeling the stochastic degradation of the pump. The transition rate 𝜆 has been changed 

from that of (Lin et al., 2015) in favor of a more realistic value of 𝜆 =4.68 ∙10-5 h-1, which already 

takes into account the relative increment caused by the abrasive particles. 

 
Figure 3.4 State space of the Markov process modeling the degradation of the pump. 

The pneumatic valve is a gas-actuated valve with a linear cylinder actuator described by a 

physics-based model. A system of ODEs describes the evolution of the state variables of the valve. 

These variables are: (i) the position and the velocity of the piston, 𝑥(𝑡) and 𝑣(𝑡), respectively; (ii) 

the mass of gas at the top and bottom chamber of the valve, 𝑚𝑡(𝑡) and 𝑚𝑏(𝑡), respectively, and 

(iii) the equivalent orifice area of the internal leakage of the piston, 𝐿(𝑡). The differential equation 

describing the deterministic time evolution of the leakage 𝐿(𝑡) (i.e., the variable pinpointing the 

degradation state of the valve, which depends on the vibration state of the pump) reads: 

�̇�(𝑡) = 𝑤(1 + 𝛼𝑣)(1 + 𝛽𝑍(𝑡))𝑟𝑣(𝑡)², (3.6) 

where 𝑤 is the wear coefficient, 𝛼𝑣 is a constant that characterizes the relative increment of 

the degradation rate due to the abrasive particles in the fluid, 𝑟 is the coefficient of kinetic friction 

and 𝛽𝑍(𝑡) is a variable that characterizes the relative increment of the internal leakage caused by 

the vibrations of the pump: the higher the vibrations, the larger the value of 𝛽𝑍(𝑡). Table 3.2 

reports the value of the model parameters that have been here modified with respect to (Lin et 

al., 2015). 
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Table 3.2 Parameters of the physical valve model modified with respect to (Lin et al., 2015) 

Parameters Value 

𝒘 4.17∙10-11 mN-1 

𝜶𝒗 0.2 

𝜷𝟑 0 

𝜷𝟐 0.2 

𝜷𝟏 0.4 

𝜷𝟎 0 

If 𝐿(𝑡) reaches the value 3.20 ∙10-6 m², then the valve can be considered failed, since it cannot 

get to the fully opened position within the safety time limit of 15s from the opening command. 

With reference to the notation used in Appendix D, the subsystem is described by the 

following vector of variables: 

𝑿(𝑡) = [
𝒀(𝑡)

𝑍(𝑡)
] =

[
 
 
 
 
 
𝑥(𝑡)

𝑣(𝑡)

𝑚𝑏(𝑡)

𝑚𝑡(𝑡)

𝐿(𝑡)

𝑍(𝑡) ]
 
 
 
 
 

 ∈ Ω = ℝ5 × {3, 2, 1, 0}, (3.7) 

where 𝑍(𝑡) represents the state of the pump and 𝒀(𝑡) the vector of the physical variables. 

The objective is the evaluation of the failure probability 𝑃𝐹(𝑡) of the subsystem up to the mission 

time 𝑇𝑀𝑖𝑠𝑠 = 1848h, since at that time components are put under maintenance and they are 

restored. 

3.4.2.1 Importance Functions 

Two IFs are considered to apply the RESTART method and compare its performance to that of the 

crude MC simulation method. IF 𝜑1 is based only on the state of the pump and exploits the fact 

that the pump is the only source of (aleatory) uncertainty in the subsystem. Thus, two 

intermediate thresholds (𝜏1, 𝜏2) = (1 3⁄ , 2 3⁄ ) are set (J. Villén-Altamirano, 2014): 

𝜑1(𝑡, �⃗⃗⃗�) =
3 − 𝑍(𝑡)

3
. (3.8) 

The second IF 𝜑2 considers the contribution of valve failures to the failure of the whole 

subsystem. Since the speed of degradation of the valve is dependent on the degradation of the 

pump (i.e., the higher the pump vibrations, the higher the degradation speed of the valve), the 

new IF takes into account also the pump transition times. Indeed, it can be seen that the mission 

time 𝑇𝑀𝑖𝑠𝑠 of the experiment is such that if the pump remains in state 3 (i.e., the normal 

functioning state), no valve failure can occur, because the leakage cannot reach the failure level. 

However, if the first transition time 𝑡3→2 of the pump occurs before a 𝑡3̅→2 = 629h, then, valve 

failure may happen. This also depends on the time 𝑡2→1, when the second transition 2→1 occurs. 

It is reasonable that the sooner transition 3→2 occurs (i.e., the smaller 𝑡3→2), the larger the time 
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window within which 2→1 can occur and can lead to valve failure. Thus, we can identify the set 

of pump transition times that can lead to the failure of the valve within the mission time. Figure 

3.5 reports the function 𝑡2→1 = 𝑓(𝑡3→2) (black line), which gives the maximum time 𝑡2→1 within 

which transition 2→1 must happen so that the valve failure occurs before 𝑇𝑀𝑖𝑠𝑠: in other words, 

given the first pump transition time 𝑡3→2, if 𝑡2→1 < 𝑓(𝑡3→2), then the system is going to fail 

before 𝑇𝑀𝑖𝑠𝑠, either due to a deterministic degradation of the valve or to a possible third 

stochastic transition of the pump. 

 
Figure 3.5 Maximum value that 𝒕𝟐→𝟏 can assume to guarantee valve failure within 𝑻𝑴𝒊𝒔𝒔. 

The new IF 𝜑2 is, then, based on the observation that the smaller is the number of transitions 

needed by the pump to lead the subsystem to failure, the higher should be the corresponding IF 

associated to that particular pump state. Thus, 𝜑2 can be expressed as follows: 

𝜑2(𝑡, �⃗⃗⃗�)   = {

3 − 𝑍(𝑡) 

3
 ,                            𝑍(𝑡) ≠ 2

3 − 𝑍(𝑡) 

3
+
1

3
𝕝(𝑡≤𝑓(𝑡3→2)) , 𝑍(𝑡) = 2

 (3.9) 

The second term in (3.9) shows that if 𝑡3→2 < 𝑡3̅→2, then, 𝜑2 jumps directly from 0 to the 

second intermediate threshold 𝜏2 equal to 2 3⁄ , due to the high probability of valve failure. If the 

second transition of pump state does not occur at time 𝑡 ≤ 𝑓(𝑡3→2), the possibility of valve failure 

ceases and the IF correspondingly decreases. 

3.4.2.2 Results 

Differently from the first application (Section 3.4.1), the RESTART and the MC methods are here 

compared by fixing the maximum variance of the estimator �̂�𝐹(𝑡) for every time step 𝑡 within a 

time window of interest. Thus, the performance index introduced in Section 3.2.2 practically 

“reduces” to the computational time 𝑇𝐶𝑃𝑈 or to the TST, i.e., the “number of hours” simulated by 

the dynamic system model. To this aim, the independent replication method with a non-fixed 
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number of replicas is used to evaluate, each time a new path is simulated during an experiment, 

the width of the 90% Confidence Interval (CI) of the Relative Error (RE) of the estimator �̂�𝐹(𝑡) at 

every time step 𝑡 (J. Villén-Altamirano, 2014). The replication of new paths in an experiment is 

interrupted when the widths of the CIs of the RE are lower than a given threshold (10%, in this 

case) for all the time steps in the time window of interest. In this study, the time window 

considered is [𝑇𝑐ℎ𝑒𝑐𝑘1, 𝑇𝑐ℎ𝑒𝑐𝑘2] = [1700h, 1848h], which includes the time where the 

contribution of valve failures to the failure of the subsystem starts to become relevant and where, 

thus, our attention is focused. 

In Table 3.3, the TST needed by the different methods to get the desired precision are 

proposed. Both the RESTART methods save at least 90% of the TST compared to the crude MC, 

obtaining gains 𝐺 larger than 10. Furthermore, 𝜑2 outperforms 𝜑1, getting on average a gain of 

17.89 (larger than 16.56), which is closer to the optimal gain 𝐺 (3.1) introduced in Section 3.2.2 

which, in this application, is around 18. The number of retrials 𝑅𝑖 starting from each threshold 𝜏𝑖 

has been chosen via a trial-and-error technique that has led to [20, 4] and [8, 8], respectively for 

𝜑1 and 𝜑2 . It is worth noting that 𝜑2 presents the same number of retrials at both thresholds, in 

accordance with the quasi-optimal results proposed in (M. Villén-Altamirano & Villén-Altamirano, 

2002). On the contrary, the disparity between the retrials of 𝜑1 is caused by the different 

probabilities that the IF has of crossing a given threshold, given the actual state of the subsystem. 

The reader is referred to Paper IV for further results. 

Table 3.3 Mean TST and gain obtained by 100 replications, respectively, with crude MC; RESTART with 𝝋𝟏 
and 𝝋𝟐 as Importance Functions. 

 MC RESTART 𝝋𝟏 RESTART 𝝋𝟐 

𝑻𝑺𝑻 4.51∙109 2.72∙108 2.52∙108 

𝑮 - 16.56 17.89 

3.5 Brief Discussion 

The RESTART method has been here used, for the first time to the best of authors’ knowledge, 

for the estimation of the failure probability of hybrid dynamic systems. By introducing new IFs 

embedding both discrete and continuous variables (typically of a hybrid system) in a unique scalar 

function, improvements has been achieved on the performance of the RESTART (quantified in 

terms of estimation accuracy, precision and associated computational cost). 

The proposed IFs have been applied to the assessment of the failure probability of two highly 

reliable systems, specifically, the control system of an hold-up tank and a pump-valve subsystem 

subject to degradation induced by fatigue. Concerning the hold-up tank, the proposed IF allows 

increasing the performance of the RESTART by an order of magnitude with respect to crude MC 

simulation and by a factor of 2 with respect to RESTART employing classical, “discrete” IFs already 



Probability Assessment 

79 

available in the literature. Furthermore, in pump-valve subsystem, the performance of the 

RESTART resorting to the new IF has been found to be close to the optimal theoretical one derived 

in (M. Villén-Altamirano & Villén-Altamirano, 2002). 

Nevertheless, despite the applications have shown that introducing both discrete and 

continuous variables in the IF definition increases RESTART performance and some guidelines to 

define effectively new IFs are given, it has to be admitted that a general procedure for an 

automatic design of an efficient IF is not yet available, especially for complex, multi-components, 

multi-state systems. 
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4 Conclusions 

In the present thesis, new frameworks for adaptive simulation have been proposed for use in the 

risk assessment of complex systems described by computationally demanding models. 

Specifically, the strategies have been designed for models that are complex because: i) high-

dimensional; ii) black box; iii) dynamic; and iv) computationally expensive to run. Efficient 

adaptation is achieved by guiding the simulations in a way to increase knowledge on the critical 

system behavior. 

The two key research questions addressed in the thesis have been:  

1. Identify hazard conditions for the system, i.e., the pairs event-consequence (𝒜, 𝒞;  𝒦) 

in Eq. (1.3), which represent unexpected or emergent critical states of the system. 

2. Accurately estimate the probability of occurrence of a rare critical scenario, i.e., (𝒬;  𝒦) 

in Eq. (1.3). 

4.1 Original Contributions 

Concerning the first research question, the original contributions of the work are: 

- Design and implementation of a novel framework of adaptive simulation for discovering 

unexpected consequences associated to a known set of scenarios (Paper I) (Turati et al., 

2016a).The framework iteratively understands which are the most uncertain scenarios 

and focus the exploration on them. An original “driving” function has been introduced to 

this aim. Moreover, the proposed function allows embedding the knowledge and the 

preferences of the analyst for specific events of interest: for example, the “search 

algorithm” can be tuned to automatically guide the simulations towards the most critical 

scenarios in terms of severity of the consequences. In this context, a Markov Chain Monte 

Carlo (MCMC)-based exploration has been combined with a density-based stopping 

criterion to probe preferably those scenarios for which further information is needed. 

With reference to a case study involving a gas transmission subnetwork, a comparison 
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with a crude MC-based and an entropy-driven exploration has shown the advantages of 

the proposed framework in terms of reduced number of simulations needed to discover 

all the possible consequences that can be reached by the selected set of scenarios. 

- Design and implementation of a novel framework of adaptive simulation for the 

identification of CRs (Paper II) (Turati, Pedroni, et al., 2017). In particular, the framework 

includes: 

a. A dimensionality reduction of the model to limit the size of the searching input 

space. A total order sensitivity analysis, employing an adaptive sparse 

representation of the Polynomial Chaos Expansion (PCE) combined with a Least 

Angle Regression (LAR), has been used to guide the selection of the most 

important inputs, limiting at the same time the associated computational cost; 

b. A meta-model (in particular, Kriging) to reproduce the behavior of the 

computationally expensive model by a cheap-to-run one. Specifically, an 

adaptive strategy has been employed to limit also the cost for training the meta-

model, which has been used to discriminate between CRs and SRs; 

c. A Markov Chain Monte Carlo (MCMC)-based algorithm to search for the critical 

scenarios by probing the system state space using the meta-model; 

d. Non-supervised classification methods, (e.g., k-means, hierarchical clustering 

and kNN), and visualization techniques for high-dimensional spaces (e.g. SPLOM 

and PCP), to retrieve and represent the information of interest. 

It has been shown, by means of two applications involving a small power network (Paper 

II) and the Advanced Lead Fast Reactor European Demonstrator (ALFRED) (Paper III), that 

the original framework is capable of identifying and characterizing those scenarios that 

lead to critical consequences with a reasonable computational time: few thousands of 

simulations (between 1500 and 2500) have been sufficient for exploring models with 20 

and 32 input variables, respectively. 

Concerning the second research question, the original contribution is: 

- New Importance Functions (IFs) for the RESTART algorithm have been introduced, which 

have allowed to effectively extend the advanced MC method to hybrid systems (Paper 

IV). It has been shown by means of two applications that including both discrete and 

continuous variables in the IFs definition leads to better results (i.e., higher accuracy and 

precision of the estimates and/or lower computational cost) with respect to other 

simulation methods and other IFs of literature. In particular, in terms of overall 

computational efficiency (quantified by a properly selected Figure Of Merit) the new IFs 

outperform crude MC by more than one order of magnitude and by a factor two the 

RESTART with an IF of literature. 
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4.2 Prospective Works 

A promising direction of development concerns the combination of the proposed frameworks for 

hazard identification (Sections 2.2 and 2.5) with advanced MC algorithms for rare event 

probability estimation. For example, Importance Sampling methods (Au & Beck, 2003a) could 

benefit from the information retrieved about the CRs to define an efficient proposal distribution 

for biasing the sampling process. On the same line of thought, the enhanced knowledge on the 

scenarios and on the sequence of specific events leading to critical consequences could be 

exploited for defining more effective IFs for RESTART. 

On the other side, further developments concerning the proposed hazard identification 

frameworks may involve: 

- The definition of new driving functions to guide the search process in the preliminary 

exploration (Section 2.2.1.1) and the deployment of meta-models to further reduce the 

computational cost associated to the exploration of specific events of interest (Section 

2.2.1.3). 

- The use of an ensemble of meta-models (instead of only one, Kriging) to reproduce the 

behavior of the system model in the second exploration framework (Section 2.5.1.2). In 

practice, a number of different meta-models could be trained at the same time and only 

the best ensemble of them would be employed to discriminate the CRs from the SRs, 

thus enhancing the accuracy and the robustness of the estimate. 

Complex systems frequently have inputs and/or outputs that are functions of time and that 

show functional dependencies and correlation among each other. In the present thesis, scalar 

outputs or features characterizing the criticality of accident scenarios have been employed. 

However, considering the entire functional representation of the outputs can bring a deeper 

understanding of the phenomena under analysis (Ramsay, 2004). To this aim, although sensitivity 

analysis for functional inputs and outputs have been recently proposed to identify the inputs that 

most influence the outputs (Auder, De Crecy, Iooss, & Marquès, 2012; Campbell, McKay, & 

Williams, 2006; Iooss & Ribatet, 2009; Lamboni, Monod, & Makowski, 2011; Marrel, Perot, & 

Mottet, 2014), further advancements are needed regarding the propagation of the uncertainties 

from functional inputs to functional outputs, and the possibility of guiding the simulations 

towards the most critical scenarios. 

Finally, it must be mentioned that, while for the probability assessment clear and well defined 

metrics are available to evaluate the performance of simulation methods (Section 3.2.2), for the 

hazard identification phase no standard metrics have been defined yet. Although, some criteria 

have been proposed in this thesis (Section 2.5.2), further developments on this subject could 

bring a relevant contribution to this area of research and application.  
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 Metropolis-Hastings 

The Metropolis-Hastings (M-H) is a well-known Markov Chain Monte Carlo (MCMC) method for 

sampling from unconventional probability distributions. The general idea of a MCMC method is 

to generate a Markov chain having the target distribution 𝑝 as its stationary distribution (Robert 

& Casella, 2004).  

For generating the Markov chain, the M-H algorithm iteratively samples a candidate 𝑿∗ from 

a proposal distribution 𝑞, and accept-reject the proposed sample according to an acceptance 

criterion (Hastings, 1970). 

For the proposal step, easy to sample distributions are usually considered. For example, a 

Multivariate Gaussian distribution 𝑞(𝑿∗ | 𝑿𝒏 )~𝑁(𝑿𝒏 , 𝚺), having as mean value the last 

accepted sample 𝑿𝒏 and as covariance matrix 𝚺, whose coefficient can be estimated using a set 

of samples available from the target distribution, or can be set a priori by the analyst. Once 

sampled, the candidate 𝑿∗ can be accepted (i.e., 𝑿𝒏+𝟏 = 𝑿
∗) or rejected (i.e., 𝑿𝒏+𝟏 = 𝑿𝒏) with 

a probability 𝛼(𝑿𝒏, 𝑿
∗) = min(𝑟(𝑿𝒏, 𝑿

∗), 1), where r is defined as follows: 

𝑟(𝑿𝒏, 𝑿
∗) = {

𝑝(𝑿∗) ∙ 𝑞(𝑿𝒏 | 𝑿
∗ )

𝑝(𝑿𝒏) ∙ 𝑞(𝑿
∗ | 𝑿𝒏 )

,  𝑝(𝑿𝒏) ∙ 𝑞(𝑿
∗ | 𝑿𝒏 ) > 0

1       , 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒                      ,

 (A.1) 

𝑝 being the target distribution from which we want to sample. If the proposal distribution is 

symmetric, i.e., 𝑞(𝑿𝒏 | 𝑿
∗ ) = 𝑞(𝑿∗ | 𝑿𝒏 ), then, Eq. (A.1) can be rewritten as: 

𝑟(𝑿𝒏, 𝑿
∗) = {

𝑝(𝑿∗)

𝑝(𝑿𝒏)
, 𝑝(𝑿𝒏) > 0

1       , 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒.

 (A.2) 

Finally, if the target distribution is uniform on the support Ω𝐼 of the event of interest, then, 

the probability 𝛼(𝑿𝒏, 𝑿
∗) can be written as: 

𝛼(𝑿𝒏, 𝑿
∗) = {

1, 𝑿∗ ∈ Ω𝐼
0, 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒.

 (A.3) 

In order to reach with a small number of samples the stationary distribution, a critical indicator 

is the Acceptance Ratio (AR) between the proposed candidate and the accepted ones: if AR is too 
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high (AR>0.9), it is likely that the proposed candidate is very close to the previous one, meaning 

that the Markov chain is too slow in spanning the space of interest. On the contrary, if AR is small 

(AR<0.2), the proposal distribution is sampling candidates that are too distant from the accepted 

ones and thus in regions where the target distribution is very low or even outside the target 

domain Ω𝐼, meaning that the distribution is approximated with several repetitions of the same 

samples. 
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 PCE-Based Sensitivity Analysis 

Given a function 𝑌 = 𝑓(𝑿), where 𝑿 represents a vector of random independent inputs, 𝑓(∙) is 

a square-integrable function with respect to the measure of probability induced by 𝑿, i.e., the 

variance of 𝑓(𝑋) is finite, and 𝑌 is the associated output. It is possible to decompose the function 

by means of the Polynomial Chaos Expansion (PCE) representation (Ghanem & Spanos, 1991), 

that is: 

𝑌 = 𝑓(𝑋1, … , 𝑋𝑀) = ∑ �̃�𝜶𝜓𝜶(𝑋1, … , 𝑋𝑀)

𝜶∈ℕ𝑀

, (B.1) 

where �̃�𝛼 is the coefficient associated to the multivariate Hilbertian basis 𝜓𝜶(∙), orthonormal 

with respect to the multivariate distribution characterizing the inputs (usually the uniform or the 

normal distribution are considered). In order to be valid, the Hilbertian space should be chosen 

such that it contains the response function 𝑓 (Soize & Ghanem, 2004). If the input multivariate 

distribution is uniform, then 𝜓𝜶(∙) is a multivariate Legendre polynomial, where the multi-index 

𝜶 = (𝛼1, … , 𝛼𝑀) indicates the order of the polynomials associated to each component of the 

vector 𝑿. For example, if 𝜶 = (3,1,0,2), then the associated Legendre polynomial is characterized 

by a third order polynomial for 𝑋1, a first order polynomial for 𝑋2, a zero order polynomial for 𝑋3 

and a second order polynomial for 𝑋4.  

Thanks to the orthonormality of the Hilbertian basis, it can be shown that the mean 𝜇𝑌 and 

variance 𝜎𝑌
2 of the output reads: 

𝜇𝑌 = 𝐸[𝑓(𝑿)] = 𝐸 [ ∑ �̃�𝜶𝜓𝜶(𝑿)

𝜶∈ℕ𝑀

] = �̃�0 (B.2) 

 

𝜎𝑌
2 = 𝑉[𝑓(𝑿)] = 𝑉 [ ∑ �̃�𝜶𝜓𝜶(𝑿)

𝜶∈ℕ𝑀

] = ∑ �̃�𝜶
2𝐸[𝜓𝜶

2(𝑿)]

𝜶∈ℕ𝑀

− �̃�0
2 = ∑ �̃�𝜶

2

𝜶∈ℕ𝑀

− �̃�0
2 (B.3) 

where �̃�0 is the coefficient associated to the polynomial of order zero. Similarly, the total order 

sensitivity indices can be computed as: 
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𝑆𝑇𝑖 =
∑ �̃�𝒖

2
𝒖∈ℕ𝑖

𝑀 

𝜎𝑌
2 , (B.4) 

where ℕ𝑖
𝑀 = {𝒖 ∈ ℕ𝑀 𝑠. 𝑡. 𝑢𝑖 ≠ 0 } is the subset of all the multi-indices corresponding to 

multivariate Legendre polynomials with non-zero degree associated to the i-th component, i.e., 

those polynomials that include the i-th component (Sudret, 2008). In this way, the numerator 

represents the contribution of the input i and its interactions with the other inputs to the total 

variance 𝜎𝑌
2. Nonetheless, the result in (B.4) requires to compute a countably infinite number of 

coefficients �̃�
𝜶

, thus, in practice, the PCE in (B.1) is truncated to polynomials up to a given order 

𝑝 such that a sufficient approximation of the response function 𝑓 is guaranteed:  

𝑌 = 𝑓(𝑋1, … , 𝑋𝑀) ≈ ∑ �̂�𝜶𝜓𝜶(𝑋1, … , 𝑋𝑀)

𝜶∈𝐴𝑀,𝑝

, (B.5) 

where 𝐴𝑀,𝑝 ⊂ ℕ𝑀 is the multi-index subset corresponding to polynomials having maximum 

order equal to 𝑝, i.e., 𝐴𝑀,𝑝 = {𝜶 ∈ ℕ𝑀 𝑠. 𝑡. |𝜶| ≤ 𝑝 } and �̂�𝜶 are the estimators of the 

corresponding coefficients, which are on the whole 𝑃 = (
𝑀 + 𝑝
𝑝

). Similarly, the total order 

sensitivity indices can be approximated as:  

𝑆𝑇𝑖 ≈ �̂�𝑇𝑖 =
∑ �̂�𝒖

2
𝒖∈𝑈𝑖

𝑀 

∑ �̂�𝜶
2

𝜶∈𝐴𝑀,𝑝 − �̂�𝟎
2, 

(B.6) 

where 𝑈𝑖
𝑀 ⊂ ℕ𝑖

𝑀 ∩ 𝐴𝑀,𝑝 is the multi-index subset corresponding to polynomials having the i-

th component larger than zero and maximum order equal to 𝑝. The approximated total order 

sensitivity indices �̂�𝑇𝑖 converges to the real one witht the degree of the polynomial truncation 𝑝. Thus, 

in practice, the computational cost for estimating 𝑆𝑇 depends on the computational cost needed 

to estimate the coefficients �̃�𝜶, i.e., to approximate the function 𝑓 (Sudret, 2008). 

The estimation of the PCE coefficients can be conducted both via projection and regression. 

Even though the projection technique is more rigorous, it requires to know explicitly the definition 

of the function 𝑓 (intrusive method) (Le Matre, Reagan, Najm, Ghanem, & Knio, 2002), which is 

typically not the case when dealing with black box functions or complex numerical codes. On the 

other hand, regression methods have been shown to be an efficient tool for estimating the 

coefficient �̃�
𝜶

 by resorting to a set of I/O configurations (non-intrusive) (Sudret, 2008), whose 

values could be obtained by means of Quasi Monte Carlo (QM)C and Latin Hypercube Sampling 

(LHS) (M. D. McKay, Beckman, & Conover, 1979; Sobol et al., 2011). 

In order to be trained, a regression model needs at least a number 𝑁𝑃𝐶𝐸 of samples larger 

than the number of coefficients 𝑃. However, the number 𝑃 of coefficients increases with the 

dimension of the input space 𝑀 and with the order of the polynomial 𝑝, making this approach 

unfeasible when simulations are computationally demanding, involve many inputs and have a 
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non-smooth response function. Similar issues are shared also by the so-called Non-Intrusive 

Spectral Projection (NISP) (Crestaux, Le Maître, & Martinez, 2009). 

For this reason, an adaptive sparse PCE representation, coupled with a Least Angle Regression 

(LAR), has been devised by (Blatman & Sudret, 2011) to detect the most significant polynomials. 

In practice, the PCE is built by adding, one at the time, the polynomial that most correlate with 

the residuals (i.e., the polynomial that better explains the “part of the behavior” of the function 

𝑓 that is not yet captured by the polynomials already selected for the expansion), until a sufficient 

level of accuracy is reached. Consequently, only some of the 𝑃 coefficients have to be estimated. 

In addition, the use of a sparse representation of the coefficient matrix allows allocating the 

memory only for those coefficients having a non-negligible value, reducing the memory 

requirements in many real applications. A further reduction in 𝑁𝑃𝐶𝐸 can be achieved thanks to a 

recently proposed optimal Design Of Experiment (DOE) (Burnaev, Panin, & Sudret, 2016).  

Finally, it must be pointed out that PCE is a meta-modeling technique capable of well 

representing the global behavior of the response function. Nonetheless, when the response 

function presents local behavior such as spikes or step changes, although a good fit can be 

theoretically achieved by the PCE increasing the polynomial order, the corresponding 

computational cost to estimate the parameters can become burdensome. 
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 Kriging 

Kriging is a stochastic interpolation algorithm, which assumes that the model output 𝑌 = 𝑓(𝑿) is 

the realization of a Gaussian process indexed by 𝑿 ∈ Ω𝑋 ⊂ ℝ
𝑀 where, in our case, Ω𝑋 is the 

domain of validity of the meta-model and 𝑀 is the dimensionality of input state space (Kleijnen, 

2009; Matheron, 1963). In practice, Kriging is a linear regression model where the residuals are 

correlated by means of a Gaussian process, instead of being independent: 

𝑌 = 𝑓(𝑿) = ℎ(𝑿)𝑇𝜷 + 𝜎2𝑍(𝑿), (C.1) 

where ℎ(𝑿)𝑇𝜷 represents the mean value, also known as trend, which is a general linear 

regression model (e.g., ℎ(𝑿) can involve polynomial terms and it reflects the prior knowledge 

about the model), 𝜎2 is the variance of the Gaussian process and 𝑍(𝑿) is a zero mean, unit 

variance stationary Gaussian process whose underlying correlation function is represented by 

𝑅(𝒙, 𝒙′; 𝜽). The correlation function typically depends on the distance of the two vectors 𝒙, 𝒙′: 

the closer they are, the higher their correlation. Due to the Gaussian process hypothesis, every 

set of realizations of the model output can be described by a Gaussian vector, whose relation 

between a single realization 𝑌(𝒙) and the rest of the set 𝒚 ∈ ℝ𝑁𝐾𝑟𝑖𝑔 reads: 

[
𝑌(𝒙)
𝒚
]~𝑁𝑁𝐾𝑟𝑖𝑔+1 ([

𝒉(𝒙)𝑇𝜷
𝑯𝜷

] ; 𝜎2 [
1 𝒓𝑻(𝒙)

𝒓(𝒙) 𝑹
]). (C.2) 

In detail, 𝑯 is the information matrix of 𝒚 where each row represents the regressors 

associated to the corresponding observation 𝒙(𝑖) (i.e., 𝑯𝑖 = 𝒉(𝒙
(𝑖)), 𝑖 = 1,… ,𝑁𝐾𝑟𝑖𝑔); 𝜷, 𝒉(𝒙) 

and 𝜎2 are defined as above; 𝑹 is the correlation matrix (i.e., 𝑹𝑖𝑗 = 𝑅(𝒙
(𝑖), 𝒙(𝑗); 𝜽), 𝑖, 𝑗 =

1,… ,𝑁𝐾𝑟𝑖𝑔) and 𝒓(𝒙) is the vector of the correlation between 𝒙 and the other vector, (i.e., 

𝒓(𝒙) = 𝑅(𝒙, 𝒙(𝑖); 𝜽), 𝑖 = 1,… ,𝑁𝐾𝑟𝑖𝑔). 

Assuming that 𝒚 = (𝑦1, … , 𝑦𝑁𝐾𝑟𝑖𝑔) is an experimental design with associated information 

matrix 𝑯 and correlation matrix 𝑹, then the prediction of the output �̂� for a given configuration 

𝒙 is given by: 
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�̂�(𝒙)|𝒚, 𝜎𝟐, 𝜽~𝑁(𝜇�̂�; 𝜎�̂�
2), (C.3) 

where 

𝜇�̂�(𝒙) = ℎ(𝒙)𝑇𝜷 + 𝑟(𝒙)𝑇𝑹−𝟏(𝒚 − 𝑯𝛃), (C.4) 

𝜎�̂�
2(𝒙) = 𝜎2(1 − 𝑟(𝒙)𝑇𝑹−𝟏𝑟(𝒙)𝑇) + (ℎ(𝒙)𝑇 − 𝒓(𝒙)T𝑹−𝟏𝑯)(𝑯T𝑹−𝟏𝑯)−1(ℎ(𝒙)𝑇 − 𝒓(𝒙)T𝑹−𝟏𝑯)𝑇  (C.5) 

with the regression coefficients estimated by 𝜷 = (𝑯T𝑹−𝟏𝑯)
−1
𝑯𝑇𝑹−𝟏𝒚. 

One of the main advantages of this formulation is that a confidence interval can be associated to 

each prediction �̂�(𝒙). This can be used for assessing the accuracy and precision of the meta-

model: the smaller the confidence interval, the more precise the model prediction for the 

corresponding configuration. 
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 Piecewise Deterministic Markov Process 
(PDMP) 

Piecewise Deterministic Markov Process is a modeling technique that allows to describe systems 

whose variables evolve accordingly to physical laws (typically by Ordinary Differential Equations-

ODEs), which could stochastically change in time. PDMPs were firstly introduced by (Davis, 1984, 

1993; Jacobsen, 2006) for describing systems with deterministic motion and random jumps. 

PDMPs are suitable, e.g., for modeling the process of degradation of physical systems which 

present interdependencies among their variables (Lin et al., 2015). Let 

𝑿(𝑡) = [
𝒀(𝑡)

𝒁(𝑡)
] ∈ Ω𝑋 = ℝ

𝑀 × Ω𝑍 (D.1) 

be the vector representing the state of the system on the support Ω𝑋: for simplicity of the 

presentation of the method, the 𝑀-dimensional vector 𝒀(𝑡) contains all the continuous variables 

(typically related to the system physical quantities like temperatures and pressures), whereas 

𝒁(𝑡) has a discrete support Ω𝑍 and contains all the discrete variables (e.g., those related to the 

functioning, partially functioning or failed states of mechanical components). A continuous 

variable is commonly used either in a continuous time monitoring or physics-based modeling 

framework. On the contrary, discrete variables are used either when it is not necessary or it is not 

possible to build a more detailed continuous model. This can be due to the lack of information, 

(e.g., it is not possible to continuously monitor the system state), or to the fact that it is sufficient 

to know a range in which the variables lie: for example, if the vibrations are over a certain value, 

then the pump is considered partially degraded, otherwise it is in normal conditions. 

In PDMPs, 𝒀(𝑡) follows a piecewise deterministic process whose interruptions are brought by 

Markovian transitions of the discrete variables 𝒁(𝑡) at time 𝑡𝑘. Letting 𝑿𝑘 = 𝑿(𝑡𝑘) be the state 

of the system at transition time 𝑡𝑘, then the random jumps of the discrete variable 𝒁(𝑡) are driven 

by the following transition probability: 

𝑃(𝑿𝑘+1 = 𝒋, 𝑡𝑘+1 ∈ [𝑡𝑘 , 𝑡𝑘 + Δ𝑡]|{𝑿𝑛, 𝑡𝑛}𝑛≤𝑘 )
= 𝑃(𝑿𝑘+1 = 𝒋, 𝑡𝑘+1 ∈ [𝑡𝑘 , 𝑡𝑘 + Δ𝑡]|𝑿𝑘 = 𝒊) 

(D.2) 
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∀𝑘 ≥ 0, Δ𝑡 ≥ 0, 𝒊, 𝒋 ∈ Ω𝑋 , 𝒊 ≠ 𝒋. 

The transition probability in (D.2) depends on the state of both the continuous and discrete 

variables. Between two consecutive transition times 𝑡𝑘  and 𝑡𝑘+1, the evolution of the system is 

deterministic, i.e., 𝑿(𝑡) = 𝝍(𝑿𝑘, 𝑡 − 𝑡𝑘) for 𝑡 ∈ [𝑡𝑘 , 𝑡𝑘+1), ∀𝑘 ∈ ℕ, where 𝝍:ℝ𝑀 × Ω𝑍 →

ℝ𝑀 × Ω𝑍 is a deterministic function in which 𝒁(𝑡) is constant and 𝒀(𝑡) takes a specific value. It 

is not rare that different values of the discrete variables 𝒁(𝑡) imply different deterministic 

evolutions for the continuous variables 𝒀(𝑡) (i.e., the shape of 𝝍 is itself dependent on the value 

of 𝒁(𝑡). 
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Abstract 

The end states reached by an engineered system during an accident scenario depend not only on 

the sequences of the events composing the scenario, but also on their timing and magnitudes. 

Including these additional features within an overarching framework can render the analysis 

infeasible in practical cases, due to the high dimension of the system state space and the 

computational effort correspondingly needed to explore the possible system evolutions in search 

of the interesting (and very rare) ones of failure. To tackle this hurdle, in this paper we introduce 

a framework for efficiently probing the space of event sequences of a dynamic system by means 

of a guided Monte Carlo simulation. Such framework is semi-automatic and allows embedding 

the analyst prior knowledge about the system and his/her objectives of analysis. Specifically, the 

framework allows adaptively and intelligently allocating the simulation efforts preferably on those 

sequences leading to outcomes of interest for the objectives of the analysis, e.g., typically those 

that are more safety-critical (and/or rare). The emerging diversification in the filling of the state 

space by the preference-guided exploration allows also the retrieval of critical system features, 

which can be useful to analysts and designers, for taking appropriate means of prevention and 

mitigation of dangerous and/or unexpected consequences. A dynamic system for gas 

transmission is considered as case study to demonstrate the application of the method. 

 

Keywords: dynamic event tree; unexpected accident scenarios; random exploration; Markov 

Chain Monte Carlo (MCMC); Integrated Deterministic Probabilistic Safety Assessment (IDPSA).  
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 Introduction 

The dynamic response of an engineered system under different conditions can be studied, in 

general, by means of mathematical models implemented in corresponding computer codes for 

numerical simulations. In particular, in the analysis of safety-critical systems, such as nuclear 

power plants, oil and gas facilities, electrical grids, etc. model simulations are used to identify 

extreme configurations and avoid that they remain unexplored and unknown until their (possibly 

catastrophic) occurrence (Gao, Liu, & Dougal, 2002; Hansen, Jauch, Sarensen, Iov, & Blaabjerg, 

2004; Smidts & Devooght, 1992). The outputs of the simulations guide the analysis of the system 

evolutions and the identification of those event sequences (i.e., scenarios) that can lead the 

system into extreme conditions (Bier, Haimes, Lambert, Matalas, & Zimmerman, 1999; Pate-

Cornell, 2002; Paté-Cornell, 2012). In this context, the combination of Event Trees (ETs) 

(representing the logic of the system) and mathematical models of the system dynamics 

(describing the dynamics of the physical phenomena involved) has been largely advocated as the 

way for determining the End States (ESs) that can be reached by the system and deriving the 

corresponding causality relations among the events (Aldemir, 2013; J. H. Li et al., 2011; Siu, 1994). 

In this line of thought, works on Dynamic Event Trees (DETs) (Čepin & Mavko, 2002; Cojazzi, 

1996; Hakobyan et al., 2008; Hsueh & Mosleh, 1996; Kloos & Peschke, 2006; Labeau et al., 2000), 

have highlighted that the end states reached by a system as a result of an accident scenario do 

not depend only on the order of occurrence of the events in the sequence, but also on the exact 

time at which these events occur and on their magnitude (Aldemir, 2013; Devooght & Smidts, 

1992; F. Di Maio et al., 2015a; Garrett & Apostolakis, 1999; J. H. Li et al., 2011). However, the 

introduction of the time and magnitude dimensions into the analysis makes the size of the system 

state space theoretically infinite and, thus, impossible to be explored completely. Also (and in any 

case), the computational time needed for running a single simulation of the system evolution can 

be significant: consider, for example, the computer code RELAP used to simulate the thermo-

hydraulic behavior of nuclear systems, which can take hours or days for a single run in specific 

conditions (Fong et al., 2009; Perez et al., 2011; RELAP5-3D, 2005). To address this issue, the 

majority of the methods available in the literature exploits the discretization of the time 

dimension and the pruning of ET branches that have low probability, for the purpose of reducing 

the number of possible event sequences to be explored; however, these techniques may miss 

“rare” sequences leading to extreme safety-critical outcomes, as pointed out in (Hakobyan et al., 

2008; Rutt et al., 2006), where the authors consider the possibility of biasing the exploration 

toward critical events. 

In view of these challenges, efficient methods for Integrated Deterministic Probabilistic Safety 

Assessment (IDPSA) are currently being developed to take into account time-dependences in the 

evolution of the dynamic system and to probe the corresponding event sequence space for 
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identifying unknown unreliability, unexpected scenarios and critical configurations (Zio, 2014). 

Along this line of research, this paper contributes an efficient framework for exploring the state 

space of a dynamic system with the purpose of discovering event sequences leading to 

unexpected outcomes. In this context, (Hu et al., 2004; Turati et al., 2015) propose methods that 

focus the exploration efforts, i.e. the simulations, on those scenarios having more uncertain 

outcomes (i.e., a higher number of end states). For this purpose, they exploit a function based on 

negative entropy for assessing the uncertainty in the outcomes and a Bayesian scheme for 

updating the knowledge gathered by the simulations (T. M. Cover & Thomas, 2006; Hu, 2005; 

Mackay, 1992). As a result, scenarios that can reach a larger number of ESs are explored more 

frequently and thoroughly. 

In this paper, new driving functions are proposed to allow embedding the analyst knowledge 

and preferences into the exploration, e.g., the interest on specific scenarios or ESs. The new 

driving functions are implemented within a novel, adaptive, semi-automatic exploration 

framework for efficiently probing the system state space and retrieving the corresponding 

information of interest. Demonstration is given with regards to a simple, but representative, 

dynamic system made by a gas transmission pipe actively controlled by a valve and connected in 

series to two other pipes in parallel. All the system components are subject to stochastic failures, 

described by assigned probability distributions. The results of the method are compared to those 

of a crude Monte Carlo Sampling and an entropy-based search scheme of the system state space 

(Turati et al., 2015). 

The rest of the paper is organized as follows. In Section 2, a general description of the problem 

under analysis is given. In Section 3, the Semi-Automatic Adaptive Exploration Framework is 

presented. In Section 4, the case study and the associated results are reported. Finally, in Section 

5, some conclusions are drawn and prospective research challenges are suggested. 

 Problem Definition 

Within the framework of interest of the present paper, a scenario defines a specific sequence 

(i.e., order) of events in the life evolution of the dynamic system, which may involve a particular 

group of components, safety functions or actions (e.g., mechanical failures, activation of safety 

systems and human decisions). In this context, Dynamic Event Tree (DET) is used as the logical 

modeling technique to derive, by means of simulation, the scenarios that can arise in the life 

evolution of a dynamic system as the result of a sequence of successes and failures of different 

components and functions (J. H. Li et al., 2011; Mercurio et al., 2009). Many software for DET 

analyses, such as DYLAM (Cojazzi, 1996), ADS (Hsueh & Mosleh, 1996) and MCDET (Kloos & 

Peschke, 2006), are available and, in principle, all the possible (accident) scenarios could be 

extracted, especially by recurring to massive parallel computing (Catalyurek et al., 2010) or to 
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backtracking techniques (J. H. Li et al., 2011). However, not all the possible different time 

sequences within a given scenario can be explored, by reason of the extremely high 

computational cost needed for simulating all of them. This is relevant since, as shown for example 

in (F. Di Maio et al., 2015a; Francesco Di Maio et al., 2015), different time sequences (even within 

the same scenario) may lead to different outcomes, hereafter also called End States (ESs). This 

justifies the research interests and efforts in taking into account the time dimension of the 

problem. Typically, an end state is a categorical variable representing in a synthetic way the 

configuration of the system, e.g., the degradation level of the components (i.e., low, medium and 

high degradation) and the state of the system (safe, warning, failure). For the sake of clarity, let 

us consider a component, which starts deteriorating once an initiating event (damage) occurs. 

Then, the state of degradation of the component, i.e., its End State 𝐸𝑆, at a given mission time 

𝑇𝑀𝑖𝑠𝑠 depends on the time 𝑇𝑖𝑛𝑖𝑡 of the initiating damage. An illustrative example is reported in 

Fig. 1. 

 
Fig. 1 Illustrative example of the effects that different damage initiating times 𝑻𝒊𝒏𝒕 have on the final 

degradation state of a fictitious component. 

However, depending on the number and typology of the events involved in a scenario, the 

impact of the event times on the system model simulations can be different. In this light, some 

scenarios may always lead to similar simulations generating the same outcome; on the contrary, 

other sequences can lead to a larger variability in the outcomes. For this reason, during the 

exploration of the possible system evolutions, in some cases, it may be in the analyst interest to 

focus the simulation efforts on those scenarios that show higher variability in the ESs (i.e., that 

have more uncertain outcomes). To this aim, a novel approach, which takes its root in (Turati et 

al., 2015), is here proposed. The general procedure consists of two steps: (i) selection of a 

scenario which is “worth” to be explored according to a predefined “driving criterion”; (ii) 

simulation of a possible system evolution, conditioned to the selected scenario. 

In other situations, instead, the analyst may be already aware of some possible evolutions and 

he/she may be interested in precisely identifying those time sequences belonging to a given 

scenario 𝑆𝑗 that can lead to a particular 𝐸𝑆𝑖, with the objective of retrieving information and 

features of the scenario useful to prevent them and prepare for protection and mitigation of their 

consequences (F. Di Maio et al., 2015a; Mercurio et al., 2009). 
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Since the contribution of the paper mainly lies in the efficient and intelligent exploration of 

the system state space, with no interest in the estimation of the probabilities of the events of 

interest, in all the situations considered (see above) we propose to sample the components 

transition times from a joint distribution uniform on the support defined by the scenario selected 

(Turati et al., 2015). For the sake of clarity, let us consider a scenario 𝑆𝑗 that involves the change 

of states of two components, namely, A and B, in a specific order within the mission time (e.g., in 

this case 𝑇𝐴 < 𝑇𝐵 ≤ 𝑇𝑀𝑖𝑠𝑠). Then, in order to simulate one possible system evolution, we sample 

the couple (𝑇𝐴, 𝑇𝐵) from the joint uniform distribution on the support defined by 𝑆𝑗, which is 

shown in Fig. 2 as a shaded region. For this purpose, we resort to a MCMC Gibbs sampling (Robert 

& Casella, 2004). 

 
Fig. 2 Support of the time of occurrence of events A and B defining scenario 𝑺𝒋, where 𝑻𝑨 < 𝑻𝑩 ≤ 𝑻𝑴𝒊𝒔𝒔. 

By resorting to a uniform distribution, a more thorough exploration of the time window under 

analysis is obtained. Actually, the occurrences of component failures are frequently modeled by 

exponential distributions; this implies that the likelihood of the time of occurrence of an event 

decreases with the increment of its value. This makes some system evolutions and, hence, some 

ESs extremely unlikely to occur, thus reducing the exploration capability of a method based on 

plain random sampling from those (original) distributions. In this respect, Fig. 3 shows the 

probability density function of the time 𝑇𝑖𝑛𝑡 of the initiating event introduced in the trivial 

example above, in the cases of an exponential conditional distribution with support defined on 

[0, 𝑇𝑚𝑖𝑠𝑠 = 100] and of a uniform distribution defined on the same support. 

 

Fig. 3 Exponential pdf (dark-line) and uniform pdf (light-dashed line) defined on the support 
[𝟎, 𝑻𝑴𝒊𝒔𝒔=100] 



Adaptive Simulation Framework 

117 

 A Novel Framework For The Semi-Automatic Adaptive Exploration Of The 

State Space Of Dynamic Systems 

The Semi-Automatic Adaptive Exploration method consists of three main steps, as sketched in 

the flow diagram of Fig. 4: 

1) preliminary exploration (Section 3.1), i.e., a global exploration of the whole space of the 

dynamic system according to two possible driving criteria, namely, the guided (Section 3.1.1) 

and the forced (Section 3.1.2) exploration; this step aims at enhancing the general 

knowledge of the analyst regarding the role and impact of different time sequences in the 

evolution of the dynamic system; 

2) interactive decision making (Section 3.2), i.e., after the preliminary exploration, the analyst 

can decide to either improve his/her global view of the state space by increasing the number 

of simulations according to the criteria of the preliminary exploration (step 1), or focus 

his/her attention on a specific event of interest (step 3); 

3) deep exploration (Section 3.3), i.e., a thorough exploration of a particular event: for 

example, the objective can be that of retrieving the possible evolutions within the scenario 

𝑆𝑗 that can reach a given End State 𝐸𝑆𝑖, indicated hereafter as the pair {𝑆𝑗, 𝐸𝑆𝑖}. 

 

Fig. 4 General flow diagram of the exploration framework proposed 

 Preliminary Exploration 

The preliminary exploration aims at efficiently retrieving information about the general dynamic 

behavior of the system (model) under the constraint of limited computational effort (i.e., of a 

fixed number of available simulations to run): in other words, for each scenario 𝑆𝑗, it aims at 

identifying all the ESs that it can “generate”. For this purpose, the analyst can choose either a 

preliminary guided exploration (Section 3.1.1) or a preliminary forced exploration (Section 3.1.2) 

according to his/her interest and to the information already available. 
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3.1.1 Guided Exploration 

If the analyst does not have any prior information about the outcomes of the system accident 

scenarios or if he/she has scarce information, but he/she is not interested in any specific outcome 

based on the current knowledge at his/her disposal, a “guided exploration” framework should be 

chosen. In particular, the choice of the scenario that will be explored through a new simulation 

run is automatically made by selecting the scenario 𝑆∗ which maximizes the driving function 𝐼𝛾(∙): 

𝑆∗ = argmax
𝑗∈𝑆

𝐼𝛾(𝑆𝑗), (1) 

where 𝐼𝛾(𝑆𝑗) is defined as: 

𝐼𝛾(𝑆𝑗) = 𝐼𝛾(𝑛𝑗 ,  𝑁𝑗
𝐸𝑆) =

(𝑁𝑗
𝐸𝑆)

𝛾

𝑛𝑗
, 

(2) 

where 𝑁𝑗
𝐸𝑆 is the number of ESs that Scenario 𝑆𝑗 can reach (if this information is not available, 

then it represents the number of ESs that have already been visited within the scenario and it is 

updated when a new ES is discovered by a new simulation run); 𝑛𝑗 is the number of simulations 

that have already been run within 𝑆𝑗; 𝛾 ∈ (−∞,+∞) is a parameter that should be chosen 

according to the preference of the analyst: (i) if 𝛾<0, the driving function chooses more frequently 

those scenarios that can reach a small number of ESs; (ii) if 𝛾 = 0, no preference is given to any 

scenario; (iii) if 𝛾 > 0, the driving function selects more likely those scenarios that can reach a 

large number of ESs. For the sake of clarity and by way of example, consider a simple dynamic 

system where only four scenarios can occur 𝑆1, … , 𝑆4 and where each scenario can reach a 

different number of end states, 𝑁1
𝐸𝑆 = 1,𝑁2

𝐸𝑆 = 2,… ,𝑁4
𝐸𝑆 = 4. Finally, let assume that all 

reachable ESs in the same scenario have the same probability of occurring. Table I reports the 

average of 1000 explorations, performed with 100 simulations each, that have been distributed 

among the different scenarios according to three different values of the parameter 𝛾, i.e., 𝛾 =

−1 (left), 𝛾 = 0 (middle) and 𝛾 = 1 (right).  

Table I Average results of 1000 experiments. Each experiment runs 100 simulations of preliminary guided 
exploration with different values of the parameter 𝜸: -1 (left); 0 (middle); 1 (right). Column “Tot” represents 

the total number of simulations run within the respective scenario. 

 𝑬𝑺𝟏 𝑬𝑺𝟐 𝑬𝑺𝟑 𝑬𝑺𝟒 TOT 𝑬𝑺𝟏 𝑬𝑺𝟐 𝑬𝑺𝟑 𝑬𝑺𝟒 TOT 𝑬𝑺𝟏 𝑬𝑺𝟐 𝑬𝑺𝟑 𝑬𝑺𝟒 TOT 

𝑺𝟏 47.9 0.0 0.0 0.0 47.9 25.0 0.0 0.0 0.0 25.0 10.0 0.0 0.0 0.0 10.0 

𝑺𝟐 12.0 11.9 0.0 0.0 23.9 12.4 12.6 0.0 0.0 25.0 10.0 9.9 0.0 0.0 20.0 

𝑺𝟑 5.3 5.3 5.3 0.0 15.9 8.4 8.3 8.3 0.0 25.0 10.0 10.0 10.0 0.0 30.0 

𝑺𝟒 3.0 3.1 3.0 3.1 12.2 6.2 6.2 6.3 6.3 25.0 10.0 10.0 9.9 10.1 40.0 

 

The choice of parameter 𝛾 = 1 is particularly suitable because, in this case, the exploration 

algorithm distributes the simulations among all the scenarios in order to guarantee that each 
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scenario 𝑆𝑗 “gathers” a number of simulations proportional to the number 𝑁𝑗
𝐸𝑆 of end states that 

each scenario can “generate”. 

3.1.2 Forced Exploration 

As in the preliminary guided exploration, the algorithm selects the scenario 𝑆∗ which maximizes 

a given driving function and, then, simulates a dynamic evolution conditioned to the selected 

scenario 𝑆∗. However, the driving function, namely 𝐼𝛽(∙), of the preliminary forced exploration is 

defined as: 

𝐼𝛽(𝑆𝑗 , 𝐸𝑆
∗) =  𝐼𝛽(𝑛𝑗,  𝑁𝑗

𝐸𝑆, 𝐼𝐸𝑆∗) =  

{
 
 

 
 (𝑁𝑗

𝐸𝑆)
𝛾

𝑛𝑗
    , 𝐼𝐸𝑆∗ = 0

(𝑁𝑗
𝐸𝑆)

𝛾

𝑛𝑗
∙ 𝛽, 𝐼𝐸𝑆∗ = 1

, (3) 

where 𝐸𝑆∗ is a particular set of end states of interest for the analyst; 𝐼𝐸𝑆∗  is a Boolean variable, 

which equals 1 if the simulations of scenario 𝑆𝑗 can reach at least one of the end states in 𝐸𝑆∗, 

and 0 otherwise; 𝛽 ∈ (0,+∞) is the forcing parameter: the higher it is, the more frequently the 

algorithm selects those scenarios that can reach the end states in 𝐸𝑆∗; finally, the remaining 

variables are defined as in Eq. (2). With respect to the case of the preliminary exploration, a 

different number of ESs can be included in the set 𝐸𝑆∗, i.e., the cardinality of 𝐸𝑆∗ can be larger 

than 1. 

For the sake of clarity, let us consider the same trivial example introduced above (Table I), 

assume parameter 𝛾 = 1 and suppose that we are interested in gathering information about 

those scenarios that can reach end states 𝐸𝑆∗ = {𝐸𝑆3; 𝐸𝑆4} (for example, because they 

represent extremely dangerous conditions). Table II reports the effects of different choices of 

parameter 𝛽 = {0.25;  1;  4} on the final distribution of the simulation runs among the scenarios. 

If 𝛽 ∈ (0,1), those scenarios that can reach the set 𝐸𝑆∗ are penalized in the selection step (left); 

if 𝛽 = 1, the algorithm turns to the preliminary guided exploration described above (middle); 

finally, if 𝛽 ∈ (1,+∞), the scenarios that can reach the set 𝐸𝑆∗ are favored in the selection step 

(right). 

Table II Average results of 1000 experiments. Each experiment run 100 simulations of preliminary forced 
exploration with 𝜸 = 1 and with different values of the parameter 𝜷: 0.25 (left); 1 (middle); 4 (right). 

Column “Tot” represents the total number of simulations run within the respective scenario. 

 𝑬𝑺𝟏 𝑬𝑺𝟐 𝑬𝑺𝟑 𝑬𝑺𝟒 TOT 𝑬𝑺𝟏 𝑬𝑺𝟐 𝑬𝑺𝟑 𝑬𝑺𝟒 TOT 𝑬𝑺𝟏 𝑬𝑺𝟐 𝑬𝑺𝟑 𝑬𝑺𝟒 TOT 

𝑺𝟏 10.0 0.0 0.0 0.0 10.0 7.0 0.0 0.0 0.0 7.0 3.1 0.0 0.0 0.0 3.1 

𝑺𝟐 10.0 9.9 0.0 0.0 20.0 7.0 6.0 0.0 0.0 12.9 3.0 2.9 0.0 0.0 5.9 

𝑺𝟑 10.0 10.0 10.0 0.0 30.0 12.5 11.7 11.7 0.0 36.0 12.6 12.3 12.5 0.0 37.4 

𝑺𝟒 10.0 10.0 9.9 10.1 40.0 12.7 11.8 11.8 11.7 48.1 13.4 13.4 13.4 13.3 53.5 
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For the preliminary forced exploration, we have proposed only one function based on one 

single parameter beta, which reflects an interest about a set of known end states; however, a 

variety of functions could be used at this stage to force the selection of scenarios according to 

other desirable criteria. 

 Interactive Decision Making 

Every time a preliminary exploration is performed, matrixes, such those reported in Table I and 

Table II, become available. Hence, based on the events visited (i.e., on the pairs Scenario-End 

State {𝑆𝑗, 𝐸𝑆𝑖}) and on the number of simulations that have been run to visit them, the analyst 

can decide either to increase the number of simulations according to the criteria adopted in the 

preliminary exploration phase or to perform a deeper and more refined exploration of specific 

events of interest. According to his/her preference, the analyst has to iteratively choose the 

maximum allowable number of simulations that can be run according to the preliminary or deep 

exploration, respectively. In many cases, the dimension of the system (state space) and the 

variability of its behavior (in practice, the number of ESs a scenario can reach and the 

corresponding probabilities), are not known a priori; on the contrary, the computational cost 

needed for a system simulation can be known (e.g., in terms of average time per simulation). 

Then, the computational effort can be considered as a constraint that the analyst needs to take 

into account in accordance with his/her preferences among the different exploration criteria. In 

this respect, it must be noticed that the proposed method does not guarantee that the whole 

event space is probed: inevitably, if the computational capacity available (in practice, the total 

number of simulations that can be run) is small compared to the size of the system state space, 

only a limited number of end states can be explored for each scenario. 

 Deep Exploration 

The objective of the deep exploration is to identify as precisely as possible, which system 

evolutions (i.e., in practice which combinations of transition times) can lead to a given event of 

interest. For the sake of clarity, we assume that an event of interest is defined as the pair 

{Scenario-End-State} = {𝑆𝑗, 𝐸𝑆
∗}; nonetheless, with no loss of generality 𝐸𝑆∗ can represent also 

an ensemble of end states. Given the structure of the mathematical model, the guiding idea of 

the deep exploration is to generate time sequences “around” those that have already reached 

the event {𝑆𝑗, 𝐸𝑆
∗}. In order to achieve this goal, we resort to a Markov Chain Monte Carlo 

(MCMC) method, which allows to generate a set of random samples from any desired (namely, 

target) probability distribution 𝑝(∙) (Robert & Casella, 2004). In detail, we utilize a Metropolis-

Hasting (M-H) algorithm (Chib & Greenberg, 1995) to sample components transition times 

uniformly on the support SES* of the event of interest {𝑆𝑗, 𝐸𝑆
∗}, in other words, to sample 
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uniformly among the transition times that lead to the event of interest {𝑆𝑗, 𝐸𝑆
∗}. The Metropolis-

Hasting algorithm consists of two steps: i) proposition of a new candidate 𝑻∗ (in this case, a vector 

of transition times) in accordance to a proposal distribution 𝑞(∙); ii) acceptance or rejection of 

the proposed time vector. For the first step, we utilize as proposal a Multivariate Gaussian 

distribution 𝑞(𝑻∗ | 𝑻𝒏 )~𝑁(𝑻𝒏 , 𝚺), having as mean value the last vector of transition times 𝑻𝒏 

accepted in the region of interest and as covariance matrix 𝚺. In particular, 𝚺 is estimated using 

the set of transition times generated during the preliminary exploration that have led the system 

to the event of interest. This choice of the covariance matrix provides a “favorable” Acceptance 

Ratio (AR) between the number of proposed and accepted values. Regarding the second step, the 

proposed value 𝑻∗ is accepted (i.e., 𝑻𝒏+𝟏 = 𝑻
∗) or rejected (i.e., 𝑻𝒏+𝟏 = 𝑻𝒏) with a probability 

𝛼(𝑻𝒏, 𝑻
∗) = min(𝑟(𝑻𝒏, 𝑻

∗), 1), where r is defined as follows: 

𝑟(𝑻𝒏, 𝑻
∗) = {

𝑝(𝑻∗) ∙ 𝑞(𝑻𝒏 | 𝑻
∗ )

𝑝(𝑻𝒏) ∙ 𝑞(𝑻
∗ | 𝑻𝒏 )

, 𝑝(𝑻𝒏) ∙ 𝑞(𝑻
∗ | 𝑻𝒏 ) > 0

1       , 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒                      ,

 (4) 

𝑝(∙) being the target distribution from which we want to sample. Thanks to the symmetry of 

the Gaussian proposal 𝑞(𝑻𝒏 | 𝑻
∗ ) = 𝑞(𝑻∗ | 𝑻𝒏 ), then, Eq. (4) can be rewritten as: 

𝑟(𝑻𝒏, 𝑻
∗) = {

𝑝(𝑻∗)

𝑝(𝑻𝒏)
, 𝑝(𝑻𝒏) > 0

1       , 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒.

 (5) 

Finally, since the target distribution is uniform on the support 𝑆𝐸𝑆∗ of the event of interest, 

then, the probability 𝛼(𝑻𝒏, 𝑻
∗) can be written as: 

𝛼(𝑻𝒏, 𝑻
∗) = {

1, 𝑻∗ ∈ 𝑆𝐸𝑆∗

0, 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒.
 (6) 

However, in order to know whether the proposed occurrence time vector 𝑻∗ belongs to 𝑆𝐸𝑆∗, 

we need to verify that: a) 𝑻∗ satisfies the time order characterizing scenario 𝑆𝑗; b) 𝑻∗ leads to the 

end state of interest 𝐸𝑆∗. It is worth verifying the two conditions in the mentioned order, since 

the second condition implies a system simulation run and the corresponding computational cost. 

  It must be kept in mind that, whenever the M-H algorithm is used, the Acceptance Ratio (AR) 

between the proposed samples and the accepted ones plays a fundamental role. Too high 

acceptance ratios (AR > 0.9) are a symptom of a proposal 𝑞(∙) with too small variability, i.e. most 

of the proposed 𝑻∗ are too close to the original ones and, thus, the algorithm results too slow in 

probing the support 𝑆𝐸𝑆∗; on the contrary, too small acceptance ratios (AR < 0.2) are a symptom 

of a proposal 𝑞(∙) with too high variability, i.e., most of the proposed 𝑻∗ are likely to fall out of 

the support of interest 𝑆𝐸𝑆∗. In this respect, adaptive MCMC methods exploiting an adaptive 

proposal distribution have been presented in the literature and can be employed at this stage to 

“optimally” fill the support 𝑆𝐸𝑆∗ of interest (Andrieu & Thoms, 2008; Roberts & Rosenthal, 2009). 

Nonetheless, if the majority of the proposed samples are rejected due to the constraint (a) of 
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belonging to a given scenario (i.e., of presenting a given precise event timing), an MCMC Gibbs 

Sampler (G-S), such as the one introduced in Section 2, may be useful. Actually, the G-S allows 

sampling occurrence time vectors that implicitly satisfy the time order constraint (a), probing the 

entire scenario instead of the support 𝑆𝐸𝑆∗ only. Thus, roughly speaking, on the basis of the 

“area” of the support of the scenario 𝑆𝑗 that is covered by the end state 𝐸𝑆∗of interest, the analyst 

can choose different MCMC methods: if the portion of transition time vectors that leads to 𝐸𝑆∗ 

is small (Fig. 5, right), an M-H algorithm should be preferred to fill this “small portion” of scenario 

𝑆𝑗; on the contrary, if the portion of transition times vector leading to 𝐸𝑆∗ is large (Fig. 5, left), G-

S should be preferred, in order to put more effort on the “even coverage” of the entire scenario 

𝑆𝑗. 

 
Fig. 5 The dark area represents the portion of scenario 𝑺𝒋 that leads to the end state of interest 𝑬𝑺∗. 

Regarding the approach used to choose the number of simulations to run for performing the 

deep exploration, two criteria are proposed: (i) fixed number of simulations (as in the preliminary 

exploration of Section 3.1); (ii) level of filling of the support of the event of interest. For what 

concerns the second criterion, the idea is to keep on generating new simulation outcomes until 

the support of the event of interest is filled by an amount of points (i.e., configurations) that 

“sufficiently” cover the entire outcome variability. In detail, after the preliminary exploration a 

set of occurrence time vectors 𝐸𝑋𝑉(𝑆𝐸𝑆
∗) = {𝑻1, … , 𝑻𝑉} that lead to the event of interest 

{𝑆𝑗, 𝐸𝑆
∗} is available. As a measure of the (time) space filling, the maximum of the minimum 

distances among these time vectors is considered: then, a time filling index 𝐷𝑉(𝐸𝑋𝑉(𝑆𝐸𝑆
∗)) after 

the preliminary exploration is computed as: 

𝐷𝑉(𝐸𝑋𝑉(𝑆𝐸𝑆
∗)) = max

𝑖∈𝐸𝑋𝑉(𝑆𝐸𝑆
∗)
min
𝑗≠𝑖

𝑑(𝑻𝑖 , 𝑻𝑗) (7) 

where 𝑑(∙,∙) represents a proper distance between two vectors. In this paper, for example, we 

consider the Euclidean one. Whenever a new time vector 𝑻𝑛 is accepted during the exploration, 

it is added to the set of time vectors that lead to the event of interest, i.e., 𝐸𝑋𝑛(𝑆𝐸𝑆
∗) =

{𝐸𝑋𝑛−1(𝑆𝐸𝑆
∗); 𝑻𝑛}, and the filling index 𝐷𝑛 (𝐸𝑋𝑛(𝑆𝐸𝑆

∗)) is consequently updated. The deep 

exploration ends when the ratio between the current filling index and the preliminary one falls 

below a fixed threshold 𝛿 ∈ [0, 1], i.e., when the “density” of time vectors in the support SES* of 
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interest is ~(1 𝛿⁄ )𝑙   times higher than the preliminary one, being 𝑙 the size of the time vector 

𝑻𝑛. Nonetheless, a maximum allowable number 𝑛𝑚𝑎𝑥 of samples is also set, in order to limit in 

any case the maximum computational effort. Then, the stopping criterion becomes: 

𝐷𝑛(𝐸𝑋𝑛(𝑆𝐸𝑆
∗))

𝐷𝑉(𝐸𝑋𝑉(𝑆𝐸𝑆
∗))

< 𝛿 𝑜𝑟 𝑛 > 𝑛𝑚𝑎𝑥   . 
(8) 

The corresponding algorithm is summarized in Table III. 

Table III Sketch of the algorithm describing the deep exploration stopping criterion. 

1. For 𝑖 = 1,… , 𝑉 evaluate the minimum distances from the vector 𝑻𝑖 and save them in the vector 𝒅𝑉: 

𝑑𝑉(𝑖) = min
𝑗≠𝑖

𝑑(𝑻𝑖 , 𝑻𝑗). 

According to this notation 𝐷𝑉(𝐸𝑋𝑉(𝑆𝐸𝑆
∗)) = max𝒅𝑉. 

2. Given a new time vector 𝑻𝑛, update the 𝒅𝑛−1vector for 𝑖 = 1,… , 𝑛 − 1: 

𝑑𝑛(𝑖) = min(𝑑𝑛−1(𝑖), 𝑑(𝑻𝑖 , 𝑻𝑛)), 

3. Add the n-th component to 𝒅𝑛−1 resorting to the distance already available from the previous step: 

𝑑𝑛(𝑛) =  min
𝑗≠𝑛

𝑑(𝑻𝑛, 𝑻𝑗). 

4. Evaluate the filling index: 

𝐷𝑛(𝐸𝑋𝑛(𝑆𝐸𝑆
∗)) = max𝒅𝑛. 

5. Check if the stopping criteria are satisfied: 

𝐷𝑛(𝐸𝑋𝑛(𝑆𝐸𝑆
∗))

𝐷𝑉(𝐸𝑋𝑉(𝑆𝐸𝑆
∗))
< 𝛿 𝑜𝑟 𝑛 > 𝑛𝑚𝑎𝑥    

If not, return to step 2. 

 

The space filling capability of the algorithm is strictly related to the dimension of the vectors 

involved: in practice, the higher the dimension, the larger the number of random vectors needed 

to reduce the filling index. 

 Case Study 

The case study under analysis is a gas transmission subnetwork composed of two pipes in parallel 

and another one in series. The input of each pipe is controlled by a valve. The whole block diagram 

is shown in Fig. 6, where each pair valve-pipe is considered as a single block. 

 
Fig. 6 Block diagram of the system under analysis. 
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Each pipe can transmit gas with a maximum flow rate of [𝜙𝑎 , 𝜙𝑏 , 𝜙𝑐] = [8,5,5] ∙ 10
4 𝑚3/𝑑𝑎𝑦, 

for pipes a, b, c, respectively. A control system adjusts the opening of the valves in order to 

guarantee the equilibrium between the input and output flows. Fig. 7 shows the event tree 

containing all the scenarios that can occur in the system. If one of the pipes in parallel breaks, the 

control system immediately closes the corresponding valve and increases the flow rate of the 

remaining pipe to the maximum, in order to compensate for the diminished flow. No reparation 

strategies are considered. The system presents 8 possible scenarios with different operating 

conditions: i) safe, i.e., all pipes are functioning correctly; ii) overloaded, i.e., one of the pipes in 

parallel is closed; iii) broken, i.e., no gas is provided by the system. 

 
Fig. 7 Event tree representation of the 8 scenarios that can occur, where 𝑻𝒂, 𝑻𝒃, 𝑻𝒄 are the times of failures 

of components a, b, c, respectively, and 𝑻𝑴𝒊𝒔𝒔 is the mission time. 

The ESs for each scenario have been defined and classified on the basis of two output 

variables: i) the amount of Gas provided in Safe Conditions (𝐺𝑆𝐶), i.e., when all the components 

are functioning correctly; ii) the amount of Gas provided in Overloaded Conditions (𝐺𝑂𝐶), i.e., 

when one of the two pipes in parallel is down and the remaining one works at its maximum flow 

rate. With respect to that, 𝐺𝑆𝐶𝑚𝑎𝑥 and 𝐺𝑂𝐶𝑚𝑎𝑥 indicate the maximum quantities of gas that can 

be provided within the mission time 𝑇𝑀𝑖𝑠𝑠 = 900𝑑, in safe and overloaded conditions, 

respectively, i.e., 𝐺𝑆𝐶𝑚𝑎𝑥 = 𝜙𝑎 ∙ 𝑇𝑀𝑖𝑠𝑠 and 𝐺𝑂𝐶𝑚𝑎𝑥 = max(𝜙𝑏 , 𝜙𝑐) ∙ 𝑇𝑀𝑖𝑠𝑠. The ESs are, then, 

divided into six classes according to the criteria reported in Fig. 8. For example, 𝐸𝑆4 =

{
1

3
𝐺𝑆𝐶𝑚𝑎𝑥 < 𝐺𝑆𝐶 ≤

2

3
𝐺𝑆𝐶𝑚𝑎𝑥 ∩ 0 ≤ 𝐺𝑂𝐶 ≤

1

3
𝐺𝑂𝐶𝑚𝑎𝑥}, which means that the system has 

operated for a medium period of time in safe conditions (
1

3
𝐺𝑆𝐶𝑚𝑎𝑥 < 𝐺𝑆𝐶 ≤

2

3
𝐺𝑆𝐶𝑚𝑎𝑥) and, 

then, once it goes in overloaded conditions, it breaks down (0 ≤ 𝐺𝑂𝐶 ≤
1

3
𝐺𝑂𝐶𝑚𝑎𝑥). 
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Fig. 8 Classification of the End States (ESs) according to the 2 output variables GSC and GOC 

It must be noticed that not all the ESs can be reached by all scenarios: Table IV (left matrix) 

reports those ESs that can be reached by a given scenario (indicated by 1) and those that cannot 

(indicated by 0): each column in the Table represents an ES and each row represents a scenario. 

This information is usually not available a priori and in general its retrieval represents one of the 

objectives of the state space exploration. However, it is used here to analyze the performance of 

the proposed method. In Table IV (middle and right), two additional matrices show the ESs 

reachable for two sets of different gas flow rates, e.g., [𝜙𝑎 , 𝜙𝑏 , 𝜙𝑐] = [8, 3.7, 5] ∙ 10
4 𝑚3/𝑑𝑎𝑦 

and [𝜙𝑎 , 𝜙𝑏 , 𝜙𝑐] = [8, 2.2, 6] ∙ 10
4 𝑚3/𝑑𝑎𝑦, respectively. These values have been chosen in 

order to analyze the performance of the method for different parameters values, which imply 

that the number of reachable ESs varies. 

Table IV Matrices of the end states that the system can reach for each scenario for different sets of flow 

rate parameters values: [𝝓
𝒂
, 𝝓

𝒃
, 𝝓

𝒄
] = [𝟖, 𝟓, 𝟓] ∙ 𝟏𝟎𝟒 𝒎𝟑/𝒅𝒂𝒚 (left); [𝝓𝒂, 𝝓𝒃, 𝝓𝒄] = [𝟖, 𝟑. 𝟕, 𝟓] ∙

𝟏𝟎𝟒 𝒎𝟑/𝒅𝒂𝒚 (middle) and [𝝓𝒂, 𝝓𝒃, 𝝓𝒄] = [𝟖, 𝟐. 𝟐, 𝟔] ∙ 𝟏𝟎
𝟒 𝒎𝟑/𝒅𝒂𝒚 (right). 

 𝑬𝑺𝟏 𝑬𝑺𝟐 𝑬𝑺𝟑 𝑬𝑺𝟒 𝑬𝑺𝟓 𝑬𝑺𝟔 𝑬𝑺𝟏 𝑬𝑺𝟐 𝑬𝑺𝟑 𝑬𝑺𝟒 𝑬𝑺𝟓 𝑬𝑺𝟔 𝑬𝑺𝟏 𝑬𝑺𝟐 𝑬𝑺𝟑 𝑬𝑺𝟒 𝑬𝑺𝟓 𝑬𝑺𝟔 

S1 0 0 0 0 0 1 0 0 0 0 0 1 0 0 0 0 0 1 

S2 1 0 0 1 0 1 1 0 0 1 0 1 1 0 0 1 0 1 

S3 0 0 1 0 1 1 0 1 1 1 1 1 0 1 0 1 1 1 

S4 1 1 1 1 1 1 1 1 1 1 1 1 1 1 0 1 0 1 

S5 1 1 1 1 1 1 1 1 1 1 1 1 1 1 0 1 0 1 

S6 0 0 1 0 1 1 0 0 1 0 1 1 0 0 1 0 1 1 

S7 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 

S8 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 

 Preliminary Guided Exploration 

To evaluate the performance of the preliminary guided exploration, two indices are introduced: 

(i) the Number of simulations needed for the First complete Exploration (NFE), i.e., the number 

of simulations that should be run to visit at least once all the reachable ESs for all the scenarios; 
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(ii) the Number of simulations needed for the Second complete Exploration (NSE), i.e., the 

number of simulations that should be run to visit all the reachable ESs for all the scenarios at least 

twice. NFE gives information about the number of simulations needed to explore all the events 

defined by the pairs {Scenario, End-State} = {S,ES}, when the matrices shown in Table IV (i.e., the 

ESs) are not known yet. On the contrary, NSE gives information about how the simulations are 

efficiently distributed among the different scenarios, once the matrices in Table IV (i.e., the ESs) 

begin to be known as a result of the preliminary exploration. The results of the preliminary guided 

exploration with 𝛾 = 1 are compared to those of: 1) a crude Monte Carlo simulation method 

(MC), that randomly selects the scenario and, then, simulates the proper transition times 

according to the uniform sampling criterion proposed in Section 2; 2) an entropy-driven 

exploration(Turati et al., 2015), which follows a procedure similar to the guided exploration, but 

with an entropy-driven function instead of 𝐼𝛾(∙). 

Fig. 9 - Fig. 11 show the empirical cumulative density functions (cdfs) of NFE (left) and NSE 

(right) built on 1000 samples for the three configurations of the parameters considered in Table 

IV. It can be seen that the preliminary guided exploration with 𝛾 = 1 achieves better or at least 

comparable performance than the entropy–driven exploration in all configurations considered, 

for both indexes. This is shown by the fact that the cdfs obtained by the guided exploration (light 

dash line) are “shifted” to the left with respect to the cdfs obtained by the entropy-driven method 

(dark dotted line). Both these two steered methods (𝛾-guided and entropy-driven) outperform 

the crude MC (light line) in the majority of the configurations of the parameters considered. 

However, the performance of the guided and of the entropy-driven explorations could be worse 

than those of the crude MC method for some configurations of the parameters (see, e.g., Fig. 11). 

Indeed, if the configuration is such that the rarest event to visit is inside a scenario (e.g., 𝑆4, 𝑆5 in 

this case) that may reach a small number of ESs (i.e., only 4), then, using a method which increases 

the number of simulations in those scenarios that can reach a larger number of ESs is not 

effective. Nonetheless, while the entropy-driven method is stuck, the guided exploration allows 

changing parameter 𝛾 in order to increase the exploration effectiveness. 
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Fig. 9 Empirical cdfs of the NFE (left) and of the NSE (right) for crude MC (light line), for an entropy-driven 
method (dark dotted line) and for the preliminary guided exploration with 𝜸 = 𝟏 (light dashed line) with 

flow rate parameters [𝝓𝒂, 𝝓𝒃, 𝝓𝒄] = [𝟖, 𝟓, 𝟓] ∙ 𝟏𝟎
𝟒 𝒎𝟑/𝒅𝒂𝒚. 

 

Fig. 10 Empirical cdfs of the NFE (left) and of the NSE (right) for crude MC (light line), for an entropy-driven 
method (dark dotted line) and for the preliminary guided exploration with 𝜸 = 𝟏 (light dashed line) with 

flow rate parameters [𝝓𝒂, 𝝓𝒃, 𝝓𝒄] = [𝟖, 𝟑. 𝟕, 𝟓] ∙ 𝟏𝟎
𝟒 𝒎𝟑/𝒅𝒂𝒚. 

 
Fig. 11 Empirical cdfs of the NFE (left) and of the NSE (right) for crude MC (light line), for an entropy-driven 
method (dark dotted line) and for the preliminary guided exploration with 𝜸 = 𝟏 (light dashed line) with 

flow rate parameters [𝝓𝒂, 𝝓𝒃, 𝝓𝒄] = [𝟖, 𝟐. 𝟐, 𝟔] ∙ 𝟏𝟎
𝟒 𝒎𝟑/𝒅𝒂𝒚. 
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 Preliminary Forced Exploration 

For the analysis of the effects of the preliminary forced exploration, we have chosen the system 

configuration with flow rate parameter vector [𝜙𝑎 , 𝜙𝑏 , 𝜙𝑐] = [8, 2.2, 6] ∙ 10
4 𝑚3/𝑑𝑎𝑦. In this 

setting, we assume to be interested in thoroughly exploring those scenarios that can lead to 𝐸𝑆3. 

The performance of the forced exploration is assessed by means of the average percent 

increment of simulations falling inside the scenarios of interest, i.e., those that can reach 𝐸𝑆3, 

with respect to the preliminary guided exploration. Different values of the parameter 𝛽 =

{2;  4;  8} are considered to show the effects on the increment in the presence of different levels 

of computational resources available, i.e., with respect to different numbers of simulation runs 

[250; 500; 1000; 2000; 4000]. Fig. 12 reports the average percent increment and the respective 

0.1 and 0.9 percentiles on 1000 experiments for each combination of the values of parameter 𝛽 

and number of simulations, for a chosen scenario of interest (𝑆7). According to the definition of 

the function in Eq. (3), the larger the parameter 𝛽, the larger the average percentage increment 

of simulations in the scenario of interest, i.e., around (35, 60, 80)% for 𝛽 = {2;  4;  8}, 

respectively. However, it must be considered that if parameter 𝛽 is too large compared to the 

computational effort, then the performance can be more uncertain, as shown by the intervals 

corresponding to 𝛽 = 8 and a number of simulations lower than 500. This is due to the fact that 

if the parameter 𝛽 is too large, then the forced exploration will focus its attention (i.e., the 

simulations) on the scenario that firstly discovers (i.e., reaches) the end state of interest (e.g., 

𝐸𝑆3) before other scenarios can reach the end state of interest (𝐸𝑆3) as well. The larger the 

number of scenarios that can reach the ES of interest, the larger the sensitivity to the number of 

simulations, given 𝛽. We do not report the Figures for the other two scenarios of interest 

(𝑆6 and 𝑆8), since they show similar results. 

 
Fig. 12 Average percentage increment of simulations in a given scenario of interest 𝑺𝟕 and the respective 

percentile (10% and 90%), for parameter 𝜷 = {𝟐;  𝟒;  𝟖} and for different numbers of simulations. 

It must be pointed out that the average increment of simulations in the scenarios of interest 

is conditioned to the number of scenarios that can reach the end state of interest. Indeed, 

assuming that we are interested in exploring end state 𝐸𝑆6 (which can be reached by all 
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scenarios), then no preference is given to any scenario since the forcing function equally 

increments the preference for all of them. Furthermore, since the information about the number 

of end states that a given scenario can reach is typically not available, the previous observation 

suggests that the forced scheme guarantees an exploration at least as effective as the guided one, 

when all scenarios can reach the end state of interest. 

 Deep Exploration 

After a preliminary guided exploration of the system defined by parameters [𝜙𝑎 , 𝜙𝑏 , 𝜙𝑐] =

[8,3.6,5] ∙ 104 𝑚3/𝑑𝑎𝑦 a large variability in the outcomes is observed within scenario 𝑆5, as 

highlighted in Table V. Thus, it is interesting to retrieve the event time sequences that lead to two 

chosen ESs: 𝐸𝑆1, which represents the worst final condition, and 𝐸𝑆3, which has been visited only 

few times during the preliminary exploration (e.g. according to Table V, highlighted row). 

Table V Matrix reporting the ESs visited by a preliminary guided exploration of the system with parameters 
[𝝓𝒂, 𝝓𝒃, 𝝓𝒄] = [𝟖, 𝟑. 𝟔, 𝟓] ∙ 𝟏𝟎

𝟒 𝒎𝟑/𝒅𝒂𝒚, given a computational effort of 1000 simulations. 

 𝑬𝑺𝟏 𝑬𝑺𝟐 𝑬𝑺𝟑 𝑬𝑺𝟒 𝑬𝑺𝟓 𝑬𝑺𝟔 

𝑺𝟏 𝟎 𝟎 𝟎 𝟎 𝟎 𝟐𝟗 

𝑺𝟐 𝟐𝟏 𝟎 𝟎 𝟑𝟖 𝟎 𝟐𝟖 

𝑺𝟑 𝟎 𝟐𝟕 𝟏𝟎 𝟐𝟒 𝟑𝟔 𝟒𝟕 

𝑺𝟒 𝟒𝟔 𝟐𝟗 𝟎 𝟒𝟏 𝟓 𝟐𝟑 

𝑺𝟓 𝟑𝟗 𝟓𝟎 𝟐 𝟓𝟕 𝟕 𝟏𝟖 

𝑺𝟔 𝟎 𝟎 𝟐𝟑 𝟎 𝟐𝟖 𝟑𝟔 

𝑺𝟕 𝟑𝟖 𝟑𝟔 𝟐𝟐 𝟑𝟔 𝟏𝟒 𝟐𝟔 

𝑺𝟖 𝟑𝟒 𝟑𝟗 𝟐𝟒 𝟒𝟏 𝟏𝟐 𝟐𝟐 

 

The space filling parameter is set to 0.2 with a maximum number of simulations to run set to 

5000. The covariance matrix has been estimated from the vectors of transient times obtained 

from the preliminary exploration with respect to 𝐸𝑆1. On the contrary, since only two vectors are 

available for 𝐸𝑆3, an independent Gaussian proposal with standard deviation equal to the 

Euclidean distance between the two vectors is considered. The chosen standard deviation 

provides an idea of the dimension of the support to explore. Fig. 13 reports the transition time 

vectors of the scenario of interest 𝑆5 after the preliminary exploration (on the left) and after the 

deep exploration (on the right). Results confirm that the proposed deep exploration is capable of 

increasing the number of simulations around the time sequences that reach the ES of interest, 

increasing the information about those sequences that can lead the system to a particular event. 

For example, in order to obtain 𝐸𝑆3, pipe c should break within the initial 100 days whereas pipe 

b should work at least for 800 days after the failure of the first one. 
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Fig. 13 Preliminary guided exploration of 𝑺𝟓 (left) and deep exploration of 𝑬𝑺𝟏 and 𝑬𝑺𝟑 in the same 

scenario (right). 

 Conclusions 

IDPSA is expected to lead to a more realistic evaluation of the risks associated to safety-critical 

systems (e.g., nuclear power plants). One opportunity that is sought is the discovery and 

understanding of the possible outcomes from the dynamics of accidents, leaving out as little as 

possible of unexpected. Thorough system state space exploration in IDPSA allows identifying 

extreme situations and critical system characteristics for preventing accidents and/or mitigating 

their effects. 

In this paper, a novel framework for the exploration of the system state space has been 

proposed. The framework allows including analyst prior knowledge about the system and 

focusing the exploration on particular configurations of interest, e.g., due to their criticality 

and/or rarity. Three methods, namely, guided, forced and deep exploration, are implemented to 

allow diversifying the exploration in accordance with the preferences and interests of the analyst. 

Application to a simple system has shown that the proposed framework outperforms an entropy-

driven method of literature (Turati et al., 2015), as well as a crude Monte Carlo method, in 

exploring the system state space. In addition, the deep exploration phase has been shown 

capable of leading a large number of simulations to the events of interest. 

Future research efforts will be devoted to extending the exploration framework to the 

assessment of the probability of the events of interest and to applications to more complex case 

studies.  
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Abstract 

Mathematical numerical models are increasingly employed to simulate system behavior and 

identify sequences of events or configurations of the system’s design and operational parameters 

that can lead the system to extreme conditions (Critical Region, CR). However, when a numerical 

model is: i) computationally expensive, ii) high-dimensional, and iii) complex, these tasks become 

challenging. 

In this paper, we propose an adaptive framework for efficiently tackling this problem: i) a 

dimensionality reduction technique is employed for identifying the factors and variables that 

most affect the system behavior; ii) a meta-model is sequentially trained to replace the 

computationally expensive model with a computationally cheap one; iii) an adaptive exploration 

algorithm based on Markov Chain Monte Carlo is introduced for exploring the system state space 

using the meta-model; iv) clustering and other techniques for the visualization of high 

dimensional data (e.g., parallel coordinates plot) are employed to summarize the retrieved 

information. 

The method is employed to explore a power network model involving 20 inputs. The CRs are 

properly identified with a limited computational cost, compared to another exploration 

technique of literature (i.e., Latin Hypercube Sampling). 

 

Keywords: Critical Region exploration; Unexpected Event; Polynomial Chaos Expansion; Kriging; 

Markov Chain Monte Carlo (MCMC); Clustering; Local Outlier Factor; Integrated Deterministic 

Probabilistic Safety Assessment (IDPSA).  
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 Introduction 

Unexpected, disruptive events are the real challenge of the residual risk from the operation of an 

engineering system, such as a nuclear power plant, an oil and gas plant, a power grid, etc. For 

example, unexpected events occurring in critical infrastructures, such as power distribution 

networks, can propagate their disrupting consequences to other connected systems and lead to 

cascading effects with huge economical and safety impacts (Kröger & Zio, 2011; Vaiman et al., 

2012; Zio, 2016a). However, such consequences can be strongly mitigated if those events are - to 

some extent - known in advance (Pate-Cornell, 2002; Paté-Cornell, 2012). The importance of 

knowledge as a means for avoiding surprise and unexpected events is testified by the large 

number of works emerging on the subject in recent years (Terje Aven, 2015, 2016a; Terje Aven & 

Krohn, 2014; Cavalcante, Oriá, Sornette, Ott, & Gauthier, 2013; Sornette, 2009; Sornette, 

Maillart, & Kröger, 2013; Turati et al., 2016a; Zio, 2016b). 

Modeling and simulation have long been advocated as ways to explore and understand system 

behavior. Their use has been steadily increasing with the complexity of the systems, which makes 

experimentation economically unsustainable and physically infeasible. Design-Of-the-Experiment 

(DOE) approaches have been proposed to test operating conditions in order to study the 

corresponding system response with respect to different criteria: safety, reliability, resilience, 

business continuity, etc. (Santner et al., 2003; Simpson et al., 2001). Particular interest is in the 

identification of those factors, parameters and variables that can lead the system (actually the 

model that represents it) to critical conditions (Bier et al., 1999; Zio, 2016a). 

In this paper, we focus on mathematical models that give an Input/Output (I/O) 

representation, i.e., 𝑌 = 𝑓(𝑿), of the system behavior. In this setting, a configuration of input 

values 𝒙 is considered critical if the output 𝑦 takes value above a predefined safety threshold, i.e., 

𝑦 = 𝑓(𝒙) ≥ 𝑌𝑡ℎ𝑟𝑒𝑠, which represents a physical limit beyond which the system is unsafe. For 

example, if in a nuclear power plant the temperature of the fuel cladding exceeds a limit value, 

the plant state is considered critical. Nevertheless, in practical cases the numerical models 

employed are very complex and the function 𝑓(∙) is not explicit, it is a sort of black-box function. 

A possible approach to discover the configurations of factors that lead to undesired 

conditions, i.e. the Critical Regions (CRs), is to resort to a large number of model simulations and 

to a posteriori retrieve information regarding the shape and the number of regions (Santner et 

al., 2003). In this light, a huge research effort has been devoted to the selection of the input 

configurations to evaluate. In particular, several DOEs have been proposed with the aims of filling 

the system state space as uniformly as possible, such as Latin Hypercube Sampling (LHS) (Iman, 

2008; Michael D McKay et al., 2000), which has a desirable projection property, or Sobol’ 

sequences, which are Quasi Monte Carlo (QMC) sequences minimizing the discrepancy (Sobol, 

1976), and others (V. C. P. Chen, K.-L. Tsui, R. R. Barton, & M. Meckesheimer, 2006). Even if these 
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techniques are designed for filling high-dimensional spaces (Sobol et al., 2011), they are not a 

viable solution when the computational cost of a single model simulation is high and the number 

of calls to the model becomes the bottleneck of the analysis. For this reason, some iterative 

sampling techniques aimed at adaptively guiding the system towards the critical condition have 

been proposed (Cadini et al., 2014; J. H. Li et al., 2011; Maljovec, Wang, Pascucci, Bremer, & 

Mandelli, 2013; Picheny et al., 2010; Turati et al., 2016a). Still, there is a need for a general and 

efficient method capable of exploring models that are: i) computationally demanding; ii) high-

dimensional; iii) complex, i.e., the CRs can be multiple, disconnected and involving different 

shapes (K H Kernstine, 2013). 

Some approaches have been recently proposed in the nuclear community, which make use of 

sophisticated softwares that combine methodologies for risk assessment with very accurate 

thermo-hydraulic codes (Alfonsi et al., 2015; Alfonsi et al., 2016; Izquierdo et al., 2009), to 

perform the so-called Integrated Deterministic Probabilistic Safety Assessment (IDPSA) (Aldemir, 

2013; Zio, 2014) or Computational Risk Assessment (CRA). We cite, for example, the Integrated 

Safety Assessment (ISA) (Queral et al., 2016) from the Spanish Consejo de Seguridad Nuclear 

(CSN) and the Risk-Informed Safety Margin Characterization (RISMC) from the Idaho National Lab 

(INL) (Smith et al., 2016). For example, the RISMC approach is built on four main steps in order to 

accurately define the safety margins of a complex system (Mandelli, Smith, et al., 2013): 1) 

sampling in the uncertainty space, 2) simulation of the computational expensive model to 

evaluate the system outputs, 3) analysis of the simulation results, 4) visualization of the outcomes 

(Maljovec, Wang, Pascucci, Bremer, Pernice, et al., 2013) and information retrieval (Maljovec et 

al., 2016; Mandelli, Yilmaz, et al., 2013). 

In this paper, we propose a new method for exploring a computational expensive model and 

retrieving information on the system CRs. The method is based on four main steps for iteratively 

exploring the system state space by exploiting the available I/O observations to guide the 

exploration towards the regions of interest. In short, the first step aims at reducing the 

dimensionality of the space to be explored by means of a Polynomial Chaos Expansion (PCE)-

based sensitivity analysis (Ciriello et al., 2013; Sudret, 2008). The second step has the objective 

of reducing the computational cost associated to a simulation by training a meta-model, namely, 

Kriging (Cadini et al., 2014; Kleijnen, 2009). The third step is devoted to deeply exploring the state 

space to identify the CRs by means of a Markov Chain Monte Carlo (MCMC) algorithm (Andrieu 

& Thoms, 2008). Finally, the last step consists in retrieving information regarding the CRs, like the 

cardinality and the shape, through clustering by k-means and techniques for high-dimensional 

data visualization like Parallel Coordinates Plot (PCP) (Inselberg, 2009). 

The main differences between our approach and those proposed in the above mentioned 

references, lie in the initial step for model reduction and in the techniques that are employed in 

the remaining steps, e.g. the sequential training of the Kriging meta-model and the MCMC-based 
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exploration. Demonstration is given with regards to a representative, critical infrastructure made 

by a power network of 10 nodes with time-variant demands (Mena et al., 2014). The response of 

the network is analyzed with respect to different failure scenarios characterized by 20 factors, 

including the failure times and magnitudes. Results are compared to those of a LHS-based 

exploration. 

The rest of the paper is organized as follows: in Section 2, the problem and the main challenges 

of the present work are set; in Section 3, the whole framework is described in detail; in Section 

4, some metrics for evaluating the performance of an exploration algorithm are proposed; in 

Section 5, a case study concerning a power network is employed to show the effectiveness of the 

proposed method; finally in Section 6, some conclusions and prospective developments are given. 

 Critical Regions Exploration 

Let us assume that a mathematical model 𝑌 = 𝑓(𝑿) of the system behavior is available, whose 

input 𝑿 ∈ 𝐷𝑿 ⊂ ℝ
𝑀, represents a given system operational configuration and whose output 𝑌 ∈

𝐷𝒀 ⊂ ℝ reflects the condition/state of the system. We define the conditions where 𝑌 ≥ 𝑌𝑡ℎ𝑟𝑒𝑠 

as “critical” and the corresponding configurations of factors, i.e. 𝐶𝑅 = {𝒙 ∈ 𝐷𝑿 ⊂ ℝ
𝑀: 𝑦 =

𝑓(𝒙) ≥ 𝑌𝑡ℎ𝑟𝑒𝑠} as the Critical Region (CR). From a mathematical perspective, we are looking for 

the solution of the inverse problem 𝒙 = 𝑓−1(𝑦), with 𝑦 ≥ 𝑌𝑡ℎ𝑟𝑒𝑠; however, this is not viable in 

the majority of the engineering systems where 𝑓(𝒙) is a function embedded in numerical codes 

which is: i) complex, ii) black-box iii) not invertible. 

A solution is, then, to resort to a DOE for exploring the I/O relation by means of numerical 

simulations and, then, retrieve information concerning the CRs through a post-processing 

(Santner et al., 2003). However, this approach is hard to pursue when: i) the numerical model is 

computationally demanding, i.e., the number of calls to the model can be considered as scarce 

resource; ii) the input domain is high-dimensional, i.e., the dimensionality of the space to explore 

is relatively high (say, more than 10 inputs); iii) the model is complex, i.e., the CRs can be multiple, 

disconnected and involving several shapes (K H Kernstine, 2013). 

The present paper addresses the above issues, proposing a self-adaptive algorithm for 

exploring the numerical model and retrieving information regarding the 𝐶𝑅. We do not consider 

eventual probabilistic distributions associated to 𝑿, focusing instead on its range of values (i.e., 

on its domain), in order to explore all possible configurations in the search for CRs. Hence, 

hereafter, without loss of generality, we assume that all input factors are standardized, e.g., 𝑿 ∈

𝐷𝑿 = [0,1]
𝑀 (Rosenblatt, 1952); likewise, a standardization can be applied to the output 𝑌. This 

helps in designing a general, problem-independent algorithm and in removing effects related to 

the different orders of magnitudes possibly existing among the input factors. 
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 Proposed Exploration Framework 

We propose a general framework for exploring the state space of a computational model of an 

engineering system. We firstly introduce the general idea of the framework and, then, we 

dedicate a specific subsection to each one of its four main steps. The driving idea is to iteratively 

run a (possibly small) number of model simulations, to retrieve knowledge from the available 

simulations and to guide the selection of new configurations towards the CRs. In short, the first 

step aims at identifying the factors that most affect the output of the model in order to limit the 

exploration only to the corresponding subspace (dimensionality reduction) resorting to PCE-

based sensitivity analysis (Sudret, 2008). The second step aims at training a computationally 

cheap-to-run meta-model that accurately reproduces the response of the real model on the 

reduced space, with a particular attention to its ability to discriminate between the CRs and 

normal conditions, e.g., a Kriging meta-model (Kleijnen, 2009). The third step resorts to the meta-

model for deeply exploring the reduced state space by means of MCMC, with the objective of 

visiting and, consequently, discovering those configurations of factors leading to critical outputs 

(Andrieu & Thoms, 2008). Finally, the last step employs clustering (e.g., k-means) and graphical 

representation techniques (e.g. PCP (Inselberg, 2009)) for retrieving information and describing 

the CRs found. Fig. 1 reports a flow diagram synthetizing the entire procedure, indicating as well 

the type of model used to run the simulations associated to each step. 

 
Fig. 1 Flow diagram of the entire framework. 

 Dimensionality Reduction 

In general terms, dimensionality reduction includes a number of strategies for identifying a lower-

dimensional subspace of variables where it is possible to build a reduced and simplified, yet 

representative and understandable, model of the system behavior (Fodor, 2002; H. Liu & Motoda, 

2012). From the point of view of the exploration, reducing the dimensionality of the state space 

to explore allows the definition of a more effective DOE. Two main strategies have been proposed 

in the literature: i) feature selection, which aims at selecting a subset of the available variables 
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and parameters input to the model (Guyon & Elisseeff, 2003), and ii) feature extraction, which 

aims at identifying a subset of “new” features created by means of transformations of the initial 

ones (Guyon & Elisseeff, 2006). Nevertheless, dimensionality reduction methods usually rely on 

a large set of I/O data examples that are not usually available, when the system model is 

computationally expensive. 

In alternative, sensitivity analysis methods can be employed to achieve the same final 

objective as feature selection, by ranking the factors according to their influence on the output 

of the model (Borgonovo & Plischke, 2016; Saltelli, 2008; Sudret, 2008). In particular, to this aim, 

global order sensitivity indices are more appropriate than local sensitivity indices, because they 

provide a measure of how the inputs globally affect the output of the model, i.e., with respect to 

different configurations of the input factors. In this paper, we resort to the total order sensitivity 

index 𝑆𝑇 (Homma & Saltelli, 1996; Sobol, 2001) that is a variance-based global sensitivity 

measure, assessing the expected fraction of the total variance of the output 𝑌 that is due to the 

variation of a specific input factor 𝑖 and to its interactions with the others: 

𝑆𝑇𝑖 =
𝐸𝑿~𝑖 [𝑉𝑿𝑖 (𝑌|𝑿~𝑖 ) ]

𝑉(𝑌)
, (1) 

where 𝑿𝒊 represents the i-th component of the input vector 𝑿; 𝑿~𝑖 represents the rest of the 

components of the vector 𝑿 and 𝑆𝑇 ∈ [0,1]. A large value of 𝑆𝑇𝑖  indicates that the i-th factor 

heavily affects 𝑌 and, thus, should be kept in the reduced-model; on the contrary, a very low 

value of 𝑆𝑇𝑖 indicates that the i-th factor does not affect 𝑌 and, thus, it can be discarded or set to 

a constant value. Usually, a threshold 𝑆𝑡ℎ𝑟𝑒𝑠 = 1 𝑀⁄  is adopted to discriminate the important 

factors (Saltelli, 2008). 

In order to limit the computational cost needed for assessing 𝑆𝑇, we resort to the PCE method 

(Sudret, 2008). In practice, by treating the input factors as stochastic variables described by a 

uniform distributions, the output function 𝑌 = 𝑓(𝑿) can be decomposed by means of a PC 

expansion: 

𝑌 = 𝑓(𝑋1, … , 𝑋𝑀) = ∑ �̃�𝜶𝜓𝜶(𝑋1, … , 𝑋𝑀)

𝜶∈ℕ𝑀

, (2) 

where �̃�𝛼 is the coefficient associated to the multivariate Hilbertian basis 𝜓𝜶(∙), orthonormal 

with respect to the multivariate uniform distribution (𝑿 ∈ 𝐷𝑿 = [0,1]
𝑀). Notice that 𝜓𝜶(∙) is a 

multivariate Legendre polynomial, where the multi-index 𝜶 = (𝛼1, … , 𝛼𝑀) indicates the order of 

the polynomials associated to each component of the vector 𝑿. Thanks to the orthonormality of 

the Hilbertian basis, it can be shown that the variance of the output reads: 

𝜎𝑌
2 = 𝑉[𝑓(𝑿)] = 𝑉 [ ∑ �̃�𝜶𝜓𝜶(𝑿)

𝜶∈ℕ𝑀

] = ∑ �̃�𝜶
2𝐸[𝜓𝜶

2(𝑿)]

𝜶∈ℕ𝑀

− �̃�0
2 = ∑ �̃�𝜶

2

𝜶∈ℕ𝑀

− �̃�0
2 (3) 
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where �̃�0 is the coefficient associated to the polynomial of order zero, i.e., that representing 

the expected value of 𝑌. Similarly, the total order sensitivity indices can be computed as: 

𝑆𝑇𝑖 =
∑ �̃�𝒖

2
𝒖∈ℕ𝑖

𝑀 

𝜎𝑌
2 , (4) 

where ℕ𝑖
𝑀 = {𝒖 ∈ ℕ𝑀 𝑠. 𝑡. 𝑢𝑖 ≠ 0 } is the subset of all the multi-indices corresponding to 

multivariate Legendre polynomials with non-zero degree associated to the i-th component, i.e., 

those polynomials that include the i-th component (Sudret, 2008). In this way, the numerator 

represents the contribution of the input i and its interactions with the other inputs to the total 

variance 𝜎𝑌
2. Nonetheless, the result in (4) requires to compute a countably infinite number of 

coefficients �̃�
𝜶

, thus, in practice, the PCE in (2) is truncated to polynomials up to a given order 𝑝 

such that a sufficient approximation of the response function 𝑓 is guaranteed:  

𝑌 = 𝑓(𝑋1, … , 𝑋𝑀) ≈ ∑ �̂�𝜶𝜓𝜶(𝑋1, … , 𝑋𝑀)

𝜶∈𝐴𝑀,𝑝

, (5) 

where 𝐴𝑀,𝑝 ⊂ ℕ𝑀 is the multi-index subset corresponding to polynomials having maximum 

order equal to 𝑝, i.e., 𝐴𝑀,𝑝 = {𝜶 ∈ ℕ𝑀 𝑠. 𝑡. |𝜶| ≤ 𝑝 } and �̂�𝜶 are the estimators of the 

corresponding coefficients, which are on the whole 𝑃 = (
𝑀 + 𝑝
𝑝

). Similarly, the total order 

sensitivity indices can be approximated as:  

𝑆𝑇𝑖 ≈ �̂�𝑇𝑖 =
∑ �̂�𝒖

2
𝒖∈𝑈𝑖

𝑀  

∑ �̂�𝜶
2

𝜶∈𝐴𝑀,𝑝 − �̂�𝟎
2, 

(6) 

where 𝑈𝑖
𝑀 ⊂ ℕ𝑖

𝑀 ∩ 𝐴𝑀,𝑝 is the multi-index subset corresponding to polynomials having the i-

th component larger than zero and maximum order equal to 𝑝. Thus, in practice, the 

computational cost for estimating 𝑆𝑇 depends on the computational cost needed to estimate the 

coefficients �̃�
𝜶

, i.e., to approximate the function 𝑓 (Sudret, 2008). 

Regression methods have been shown to be a non-intrusive efficient tool for estimating the 

coefficient �̃�
𝜶

 by resorting to a set of I/O configurations (Sudret, 2008). In order to be trained, a 

regression model needs at least a number of samples 𝑁𝑃𝐶𝐸 larger than the number of coefficients 

𝑃, whose values could be obtained by means of QMC and LHS. However, the minimum number 

𝑃 of samples required increases with the dimension of the input space 𝑀 and with the order of 

the polynomial 𝑝, making this approach unfeasible when simulations are computationally 

demanding, involve many inputs and have a non-smooth response function. Similar issues are 

shared also by the so-called Non-Intrusive Spectral Projection (NISP) (Crestaux et al., 2009). 

For this reason, an adaptive sparse PCE representation, coupled with a Least Angle Regression 

(LAR), has been devised by (Blatman & Sudret, 2011) and it is here employed to detect the most 

significant polynomials. In practice, the PCE is built by adding, one at the time, the polynomial 

that most correlate with the residuals (i.e., the polynomial that better explains “part of the 
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behavior” of the function 𝑓 that is not yet captured by the polynomials already selected for the 

expansion), until a sufficient level of accuracy is reached. Consequently, only some of the 𝑃 

coefficients have to be estimated, thus limiting the number of I/O observations needed for 

accurately computing the corresponding coefficients. A further reduction in 𝑁𝑃𝐶𝐸 can be 

achieved thanks to a recently proposed optimal DOE (Burnaev et al., 2016). 

Moreover, since the objective of the current step is to identify those inputs that most affect 

the output, it is sufficient that the truncated PCE catches the global and general trend of the 

response function. Thus, in order to further limit the computational cost, the maximum order of 

the polynomial 𝑝 can be fixed to a relatively low value, being aware that the lower 𝑝, the lower 

the capability of the PCE of reproducing local, possibly abrupt changes of the response function. 

All the analyses involving both the PCE approximation and the corresponding computation of the 

sensitivity indices, are conducted using the UQLab Toolbox for Matlab (Marelli & Sudret, 2014). 

Once the important factors are identified, the remaining ones are either removed or fixed to 

constant values; nevertheless, in what follows, in both cases we will refer to the resulting model 

as “reduced-model”. 

 Meta-modeling 

The main objective of a meta-model is to reproduce the behavior of the real (typically long-

running) system model with a less expensive computational model. The meta-model is trained by 

resorting to a typically limited number of I/O observations from the real reduced-model; on this 

basis, it should be capable of predicting the output values associated to input configurations that 

have not been explored yet. Since the real model is assumed to be deterministic (i.e., simulations 

of the same input configuration lead to the same output), it is desirable that the meta-model 

predicts as well the exact output value in correspondence of the training configurations (i.e., 

those known with absolute certainty). In this respect, among the numerous methods available in 

the literature (Jin et al., 2001; Shan & Wang, 2010), we resort to Kriging (Kleijnen, 2009; 

Matheron, 1963), i.e., Gaussian process modeling. Actually, Kriging is capable of modeling local 

behaviors of the response function and of diversifying the levels of accuracy of the same model 

within different regions. For example, in our case, we are interested in a more refined model in 

the proximity of the CRs, whereas a rough one is sufficient for normal operating conditions. In 

practice, this can be obtained by concentrating the I/O training observations of the real model in 

the proximity of the CRs and of their limit surfaces. Sequential adaptive training strategies have 

been recently developed to this aim (Echard et al., 2011; Picheny et al., 2010). In what follows, 

the fundamental concepts of Kriging are recalled, with a focus on the adaptive strategy exploited 

for training the meta-model. 
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Kriging is a stochastic interpolation algorithm, which assumes that the model output 𝑌 = 𝑓(𝑿) 

is the realization of a Gaussian process indexed by 𝑿 ∈ 𝐷𝑋 ⊂ ℝ
𝑀′

 where, in our case, 𝐷𝑋 is the 

domain of validity of the meta-model and 𝑀′ < 𝑀 is the dimensionality of the reduced-model. 

In practice, Kriging is a linear regression model where the residuals are correlated by means of a 

Gaussian process, instead of being independent: 

𝑌 = 𝑓(𝑿) = ℎ(𝑿)𝑇𝜷 + 𝜎2𝑍(𝑿), (7) 

where 𝒉(𝑿)𝑇𝜷 represents the mean value, also known as trend, which is a general linear 

regression model (e.g., 𝒉(𝑿) can involve polynomial terms and it reflects the prior knowledge 

about the model), 𝜎2 is the variance of the Gaussian process, and 𝑍(𝑿) is a zero mean, unit 

variance stationary Gaussian process whose underlying correlation function is represented by 

𝑅(𝒙, 𝒙′; 𝜽). The correlation function is characterized by the parameters 𝜽, which are function-

specific and, it depends typically on the distance of the two vectors 𝒙, 𝒙′: the closer they are, the 

higher their correlation. Due to the Gaussian process hypothesis, every set of realizations of the 

model output can be described by a Gaussian vector, whose relation between a single realization 

𝑌(𝒙) and the rest of the set 𝒚 ∈ ℝ𝑁𝐾𝑟𝑖𝑔 reads: 

[
𝑌(𝒙)
𝒚
]~𝑁𝑁𝐾𝑟𝑖𝑔+1 ([

𝒉(𝒙)𝑇𝜷
𝑯𝜷

] ; 𝜎2 [
1 𝒓𝑻(𝒙)

𝒓(𝒙) 𝑹
]). (8) 

In detail, 𝑯 is the information matrix of 𝒚 where each row represents the regressors 

associated to the corresponding observation 𝒙(𝑖) (i.e., 𝑯𝑖 = 𝒉(𝒙
(𝑖)), 𝑖 = 1,… ,𝑁𝐾𝑟𝑖𝑔); 𝜷, 𝒉(𝒙) 

and 𝜎2 are defined as above; 𝑹 is the correlation matrix (i.e., 𝑹𝑖𝑗 = 𝑅(𝒙
(𝑖), 𝒙(𝑗); 𝜽), 𝑖, 𝑗 =

1,… ,𝑁𝐾𝑟𝑖𝑔) and 𝒓(𝒙) is the vector of the correlation between 𝒙 and the other vector, (i.e., 

𝒓(𝒙) = 𝑅(𝒙, 𝒙(𝑖); 𝜽), 𝑖 = 1,… ,𝑁𝐾𝑟𝑖𝑔). 

Assuming that 𝒚 =(𝑦1, … , 𝑦𝑁𝐾𝑟𝑖𝑔) is an experimental design with associated information 

matrix 𝑯 and correlation matrix 𝑹, then the prediction of the output �̂� for a given configuration 

𝒙 is given by: 

�̂�(𝒙)|𝒚, 𝜎𝟐, 𝜽~𝑁(𝜇�̂�; 𝜎�̂�
2), (9) 

where 

𝜇�̂�(𝒙) = 𝒉(𝒙)
𝑇𝜷 + 𝒓(𝒙)𝑇𝑹−𝟏(𝒚 − 𝑯𝛃), (10) 

𝜎�̂�
2(𝒙) = 𝜎2(1 − 𝒓(𝒙)𝑇𝑹−𝟏𝒓(𝒙)𝑇) + (𝒉(𝒙)𝑇 − 𝒓(𝒙)T𝑹−𝟏𝑯)(𝑯T𝑹−𝟏𝑯)−1(𝒉(𝒙)𝑇 − 𝒓(𝒙)T𝑹−𝟏𝑯)𝑇 (11) 

with the regression coefficients estimated by �̂� = (𝑯T𝑹−𝟏𝑯)
−1
𝑯𝑇𝑹−𝟏𝒚. 

One of the main advantages of this formulation is that a confidence interval can be associated 

to each prediction �̂�(𝒙). This can be used for assessing the accuracy and precision of the meta-

model: the smaller the confidence interval, the more precise the model prediction for the 

corresponding configuration. 
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Since in this paper the focus is on the CR, the accuracy of the meta-model should be higher in 

the proximity of the CR. In particular, it is important that the meta-model is capable of 

discriminating the CR from the normal conditions; thus, instead of using an a-priori fixed DOE, a 

sequential one (where the experimental observations are iteratively and adaptively added to 

increase the accuracy of the meta-model around the regions of interest) is preferable. The 

Adaptive Kriging Monte Carlo Simulation (AK-MCS) (Echard et al., 2011) is here employed to this 

aim. In the AK-MCS, an initial Kriging model is trained with a small set of I/O observations, e.g., 

sampled according to LHS scheme; then, the algorithm proceeds iteratively according to the 

following steps: i) randomly sample a large set of input configurations 𝒳 = (𝒙(1), … , 𝒙(𝑁𝑀𝐶𝑆)), 

e.g., by means of LHS; ii) evaluate the associated responses using the Kriging meta-model �̂� =

(�̂�1, … , �̂�𝑁𝑀𝐶𝑆); iii) check if a convergence criterion has been reached: if so, the meta-model is 

sufficiently accurate; otherwise, iv) select, according to a predefined learning function/criterion, 

the best candidate subset 𝒳∗ ⊂ 𝒳 to add to the current DOE and evaluate the corresponding 

real model output 𝒴∗; v) retrain a new Kriging meta-model by adding the {𝒳∗, 𝒴∗} to the training 

set and go back to step i). 

As learning function (step iv above), we consider the so-called U-function, which is based on 

the concept of misclassification (Echard et al., 2011): 

𝑈(𝒙) =
|𝑌𝑡ℎ𝑟𝑒𝑠 − 𝜇�̂�(𝒙)|

𝜎�̂�(𝒙)
. (12) 

In practice, 𝑈(𝒙) represents the distance in terms of standard deviations of the meta-model 

prediction from the limit state 𝑌𝑡ℎ𝑟𝑒𝑠. The smaller the value, the closer the prediction is to the 

limit state and, thus, the higher the interest in adding the corresponding I/O observation to the 

training set, because it reduces the prediction uncertainty regarding configurations “close” to the 

limit surface (in a probabilistic sense). Theoretically, the best DOE is obtained by adding at each 

iteration only one best candidate configuration. However, this increases the computational cost 

related to the training of the meta-model, which can be significant when a large number of I/O 

configurations are used and/or when many parameters have to be estimated in reason of the 

high dimensionality. 

To overcome this problem, a larger number of I/O configurations can be added at the same 

time to the training set. Due to the correlation function, prediction points that are close share 

similar prediction values and misclassification probabilities; thus, it is likely that in the best 

candidate set, there are configurations having similar input factors values. However, evaluating 

the real model with respect to similar configurations increases the computational cost without 

adding the desired amount of knowledge to the meta-model. To this aim, clustering techniques 

are here employed to select, among the best candidate set, the most representative 

configurations before evaluating the corresponding real model output (Schöbi et al., 2016). An 
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alternative method for optimally adding multiple observations to the training set has been 

recently proposed in (Chevalier et al., 2014). 

As a stopping criterion (step iii above), we resort to the leave-one-out estimate of the 

correction factor �̂�𝑐𝑜𝑟𝑟 𝐿𝑂𝑂 (Dubourg et al., 2013): 

�̂�𝑐𝑜𝑟𝑟 𝐿𝑂𝑂 =
1

𝑁𝐾𝑟𝑖𝑔
∑

𝕝𝑓(𝒙(𝑛))≥ 𝑌𝑡ℎ𝑟𝑒𝑠(𝒙
(𝑛))

𝑃(�̂�𝐷𝑂𝐸\𝒙(𝑛)(𝒙
(𝑛)) ≥  𝑌𝑡ℎ𝑟𝑒𝑠)

𝑁𝐾𝑟𝑖𝑔

𝑛=1

, (13) 

where �̂�𝐷𝑂𝐸\𝒙(𝑛)(𝒙
(𝑛)) is the prediction of the output associated to the factors 𝒙(𝑛), obtained 

with a Kriging model having as training set all the I/O observations except {𝒙(𝑛), 𝑦𝑛 }. This verifies 

that the probabilistic discriminating function (i.e., the prediction) converges towards the real 

discriminating function (i.e., the real limit surface). In practice, a value of �̂�𝑐𝑜𝑟𝑟 𝐿𝑂𝑂 close to 1 

indicates a satisfactory approximation of the real model, whereas very small or very large values 

indicate an inaccurate approximation. It must be noticed that, since the estimation is based on a 

LOO cross-validation, a minimum number of initial I/O observations, (e.g. 30 (Dubourg et al., 

2013)), has to be provided to guarantee accurate estimates. On the other side, a maximum 

number of iterations can be set, in order to limit the number of calls to the real model. 

For building the meta-model, we resort to the UQLab Toolbox for Matlab (Marelli & Sudret, 

2014), whereas the sequential training has been developed by the authors. 

 Deep Exploration 

The aim of the Deep EXploration (DEX) phase is to explore the system state space by resorting to 

the meta-model, instead of computational expensive real one, to discover (possibly unknown) 

configurations leading to CRs. To achieve this goal, DEX starts from the “available knowledge” (in 

particular, from the set of critical configurations visited during the training of the meta-model) 

and exploits the following MCMC-based algorithm for adaptively exploring the state space by 

means of the meta-model. 

The algorithm proceeds as follows: 

1. Use a clustering algorithm for grouping the configurations 𝒳𝑒𝑥𝑝
𝐶𝑅  belonging to CRs. We 

resort to a k-means algorithm and to an ensemble of metrics to select the number of 

clusters K that provides the best description of the available data: see (Charrad, Ghazzali, 

Boiteau, Niknafs, & Charrad, 2014) for details. Then, check the stopping criterion: if it is 

satisfied, stop the DEX algorithm, otherwise, move to step 2. 

2. Estimate for each cluster the associated covariance matrix Σ𝑘. 

3. Distribute C MCMC chains among the identified clusters and sample the corresponding 

starting points. The simplest way to distribute the Markov chain is to randomly assign 
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each chain to a cluster. However, this can lead to over-explore some regions and under-

explore others. To tackle this problem, a new strategy for optimizing the distribution of 

the Markov chains have been here implemented. For each cluster k, its density 𝛿𝑘  is 

approximated by: 

𝛿𝑘 =
𝑁𝑘
𝑉𝑘
=

𝑁𝑘

√det(𝑆𝑘)
, (14) 

where 𝑁𝑘  is the number of configurations in the k-th cluster whose volume 𝑉𝑘 is 

approximated by the square root of the determinant of the corresponding covariance 

matrix, i.e., the square root of the product of the corresponding eigenvalues. In practice, 

a high value of density indicates that the CR has been deeply explored, whereas a small 

value corresponds to a roughly explored CR that needs additional exploration. Then, C 

Markov chains are distributed with the aim of maximizing the minimum density among 

clusters, which can be expressed by the following equations: 

max (min
𝑘∈𝐾

𝛿𝑘 +
𝑐𝑘 ∙ 𝑁𝑐ℎ𝑎𝑖𝑛

𝑉𝑘
) (15) 

∑𝑐𝑘
𝑘∈𝐾

= 𝐶, 𝑐𝑘 ∈ ℕ0 (16) 

where 𝑐𝑘 is a non-negative integer representing the number of Markov chains associated 

to the k-th cluster and 𝑁𝑐ℎ𝑎𝑖𝑛 is the length of each chain. In practice, the second term in 

the sum (15) represents the expected increase of density provided by running a Markov 

chain within the k-th cluster. 

4. Sample a large number of factor configurations 𝑁𝑀𝐻 = 𝐶 ∙ 𝑁𝑐ℎ𝑎𝑖𝑛 by the Metropolis-

Hasting algorithm: usually, the larger the dimensionality of the state space, the larger 

should be the number of configurations to sample (Chib & Greenberg, 1995; Robert & 

Casella, 2004). Multivariate Gaussian distributions with covariance matrices estimated at 

step 2 are employed as proposal distributions and a uniform distribution on the CRs 

support is considered as the target one. Adaptive MCMC algorithms can be employed to 

further increase the flexibility of the algorithm (Andrieu & Thoms, 2008; Roberts & 

Rosenthal, 2009). 

5. Add the configurations belonging to CRs to 𝒳𝑒𝑥𝑝
𝐶𝑅  and go back to step 1. 

The stopping criterion requests that the clustering algorithm at step 1 identifies the same 

optimal number of clusters for three consecutive iterations. This implies that the DEX algorithm 

is filling with extra configurations the same number of CRs, without adding extra knowledge. 

Alternative and/or additional criteria could be used: i) a maximum number of iterations 𝑁𝑒𝑥𝑝 can 

be set in order to control the computational cost associated to the clustering step; ii) a minimum 
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value of density 𝛿𝑘  can be set to guarantee a desired level of accuracy in the meta-model 

exploration. A flow diagram of the entire procedure is reported in Fig. 2. 

 
Fig. 2 Flow diagram of the deep exploration method. 

 Representation and Information Retrieval 

At the end of the deep exploration step a number of critical configurations are available in the 

form of a list of vectors, whose physical interpretation (and visualization) may not be trivial. This 

is even more apparent when the dimensionality of the state space is larger than 3-4, since the 

most common representation techniques cannot be used (S. Liu et al., 2017). For this reason, a 

post-processing of the available critical configurations is needed for the retrieval of useful 

information. 

Firstly, the critical configurations are grouped according to the optimal number of clusters 

obtained from the last iteration of the deep exploration algorithm (see Section 3.3). This allows 

the analyst to understand how many CRs characterize the system. Secondly, two techniques for 

high-dimensional data visualization are employed for their representation. These are the 

ScatterPLOt Matrix (SPLOM) (Hartigan, 1975) and the PCP (Inselberg, 2009), which help in 
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retrieving complementary information about the CRs, such as their shapes and the corresponding 

input values in a unique, “readable”, graphical representation. 

In particular, SPLOM represents the two-dimensional projections of the CRs over all the 

possible pairs of coordinates, which aids the analyst in identifying the shapes of the CRs. 

Interactive scatter plots have been recently proposed to allow exploring interactively not only the 

projection on the two-dimensional spaces defined by the main coordinates, but also every two-

dimensional projection of the available data (Cook & Swayne, 2007). 

On the other side, in PCP each of the 𝑀coordinates is represented by a vertical axis and a point 

(i.e., an input vector) in the 𝑀-dimensional space is represented by a line in the PCP. For the sake 

of clarity, assuming to have a 5-dimensional point 𝒙 = (2 4 1 5 1), its representation in PCP is 

given by Fig. 3. The advantage of PCP is that it represents all the coordinates in a single plot and, 

by so doing, it provides the analyst with information on the range of values defining the CRs and 

helps in distinguishing possible patterns characterizing the different clusters. 

 
Fig. 3 PCP of a 5-dimensional point. 

 Exploration Assessment 

Assuming that the real limit function representing the configurations in the CRs is available, the 

objective of the assessment phase is to measure how satisfactorily the exploration method has 

identified the configurations leading to critical conditions. Only for illustrative purposes, Fig. 4 left 

shows the output of an accurate exploration of a two-dimensional space, where the real CR 

(shadowed) is sufficiently covered by the configurations selected by the explorative method 

(circles); on the contrary, Fig. 4 right shows an incomplete exploration where a fraction of a CR is 

identified, but not entirely covered, and another CR is not even explored. 

Quantitative metrics are here introduced to assess the quality of the exploration: in particular, 

the population of critical configurations visited by the proposed methodology 𝒳𝑒𝑥𝑝
𝐶𝑅  (cyrcles) is 

compared to a uniformly distributed population of samples belonging to the real CRs 𝒳𝑟𝑒𝑎𝑙
𝐶𝑅  

(crosses), according to a distance-based criterion. 
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Fig. 4 Representation of an accurate CR exploration (left) and of an incomplete CR exploration (right). 

A one-vs-all version of the Local Outlier Factor (LOF) is employed to this aim, where each 

configuration in the real CRs is compared to the whole population of critical configurations 

obtained by the exploration method. For the sake of completeness, LOF is a density-based outlier 

detection method capable of measuring how isolated is a sample from the rest of a given 

population of interest (Breunig et al., 2000). In our case, the more isolated a real CR configuration 

is from the explored ones, the higher the probability that it belongs to an unexplored CR. 

The definition of the LOF relies on the concept of reachability distance between points 𝒙 and 

𝒐: 

𝑑𝑟𝑒𝑎𝑐ℎ(𝒙, 𝒐) = max(𝑑𝑘𝑁𝑁(𝒐), 𝑑(𝒙, 𝒐)), (17) 

where 𝑑(∙,∙) is a generic distance and 𝑑𝑘𝑁𝑁(𝒐) is the distance of the k Near Neighbor (kNN) of o. 

In this paper, the Euclidean distance is employed; however, the Manhattan or even lower order 

𝐿𝑝 distances can be preferable in high dimensionality (Aggarwal et al., 2001). Then, the local 

reachability distance, which measures how close is the configuration 𝒙 to its kNNs, can be defined 

as: 

𝑙𝑟𝑑𝑘(𝒙) =
𝑘

∑ 𝑑𝑟𝑒𝑎𝑐ℎ(𝒙, 𝒐)𝒐∈𝑘𝑁𝑁(𝒙)
. (18) 

In this light, the LOF of a configuration 𝒙 is defined as: 

𝐿𝑂𝐹(𝒙) =
1

𝑘
∑

𝑙𝑟𝑑𝑘(𝒐)

𝑙𝑟𝑑𝑘(𝒙)
𝒐∈𝑘𝑁𝑁(𝒙)

, (19) 

where the parameter 𝑘 has to be set by the analyst (and it is not related to the number of clusters 

𝐾 identified in Section 3.3). 

In general, a value of 𝐿𝑂𝐹(𝒙) ≈ 1 indicates that the configuration 𝒙 is well represented by the 

rest of the configurations, whereas a value of 𝐿𝑂𝐹(𝒙) ≫ 1 indicates that the configuration 𝒙 is 

isolated. In order to have a reference value for detecting a critical configuration as unexplored, 

the LOF is evaluated for all critical configurations 𝒙 ∈ 𝒳𝑒𝑥𝑝
𝐶𝑅  (namely, 𝐿𝑂𝐹𝑒𝑥𝑝). Likewise, 𝐿𝑂𝐹𝑟𝑒𝑎𝑙  

represents the random variables corresponding to the one-vs-all evaluations of the 
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configurations 𝒙 ∈ 𝒳𝑟𝑒𝑎𝑙
𝐶𝑅 . A configuration 𝒙 ∈ 𝒳𝑟𝑒𝑎𝑙

𝐶𝑅  is considered “unexplored”, if 𝐿𝑂𝐹(𝒙) >

𝐿𝑂𝐹̅̅ ̅̅ ̅̅
𝑒𝑥𝑝 where: 

is the LOF corresponding to the most isolated configuration explored. 

The following distance-based statistics have been considered to synthetize the overall 

performance of the exploration method: 

1. Expected LOF: 

𝜇𝐿𝑂𝐹
𝑟𝑒𝑎𝑙 = 𝐸[𝐿𝑂𝐹𝑟𝑒𝑎𝑙] (21) 

A value of 𝜇𝐿𝑂𝐹
𝑟𝑒𝑎𝑙 ≫ 1 indicates that some CRs are probably unexplored. 

2. Unexplored Critical Region (UCR): 

𝑈𝐶𝑅 =
#(𝐿𝑂𝐹𝑟𝑒𝑎𝑙 > 𝐿𝑂𝐹̅̅ ̅̅ ̅̅

𝑒𝑥𝑝)

#𝒳𝑟𝑒𝑎𝑙
𝐶𝑅  (22) 

which is the ratio between the number of real critical configurations identified as 

unexplored and the cardinality of 𝒳𝑟𝑒𝑎𝑙
𝐶𝑅 . In practice, it represents the “fraction” of CR 

that have not been explored by the method. 

3. Unexplored Extreme Critical Region (UECR): 

𝑈𝐸𝐶𝑅𝛾% = 𝑈𝐶𝑅𝛾%|𝒳𝑟𝑒𝑎𝑙
𝐸𝐶𝑅 =

#(𝐿𝑂𝐹𝑟𝑒𝑎𝑙 > 𝐿𝑂𝐹̅̅ ̅̅ ̅̅
𝑒𝑥𝑝|𝒳𝑟𝑒𝑎𝑙

𝐸𝐶𝑅)

#𝒳𝑟𝑒𝑎𝑙
𝐸𝐶𝑅  (23) 

where 𝒳𝑟𝑒𝑎𝑙
𝐸𝐶𝑅 ⊂ 𝒳𝑟𝑒𝑎𝑙

𝐶𝑅  is the subset of critical configurations leading to the most 

“extreme” outputs. In particular, 𝛾 ∈ [0,100]% is the quantile used to characterize the 

extreme outputs: letting 𝛾 = 0.9, then a critical configuration is considered “extreme” if 

its output is larger than the output of 90% of the population. This metric allows the 

analyst to understand whether the method has discovered the CRs leading to the most 

critical outputs. 

4. Conditional Expected LOF: 

𝜇𝐿𝑂𝐹|𝑈𝐶𝑅 = 𝐸 [
𝐿𝑂𝐹𝑟𝑒𝑎𝑙

𝐿𝑂𝐹̅̅ ̅̅ ̅̅
𝑒𝑥𝑝

|𝐿𝑂𝐹𝑟𝑒𝑎𝑙 > 𝐿𝑂𝐹̅̅ ̅̅ ̅̅
𝑒𝑥𝑝] (24) 

that indicates how much isolated are on average the unexplored critical configurations 

with respect to the most isolated critical configuration explored. In practice, values of 

𝜇𝐿𝑂𝐹|𝑈𝐶𝑅 ≫ 1 indicate the presence of critical configurations that are very isolated from 

the explored CRs and, thus, warn the analyst on the presence of CRs disconnected from 

those already identified. 

𝐿𝑂𝐹̅̅ ̅̅ ̅̅
𝑒𝑥𝑝 = max

𝒙∈𝒳𝑒𝑥𝑝
𝐶𝑅
𝐿𝑂𝐹(𝒙) (20) 
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 Case Study 

In this section, a power distribution network is analyzed, under the Direct Current (DC) 

approximation (Purchala et al., 2005), in order to explore and discover possible critical scenarios 

(Mena et al., 2014). The network, represented in Fig. 5, is composed of 10 feeders transporting 

energy from a unique Main Source MS to 8 demanding nodes (consumers) characterized by 

different daily load profiles. The simplified model considers only the active power flows, 

neglecting power losses, and assumes a constant value of the voltage throughout the network. 

The main source is assumed to be always capable of satisfying any demand and no constraints on 

the feeders capacity are defined. 

The load profiles 𝐿𝑗 assume different shapes according to the corresponding type of 

consumers associated. These include residential consumers and offices whose per unit (p.u.) daily 

spot load profiles are reported in Fig. 6. In detail, the daily load 𝐿𝑗 of a demanding node is given 

by: 

𝐿𝑗(𝑡) = 𝑟𝑗𝑅(𝑡) + 𝑜𝑗𝑂(𝑡) (25) 

where 𝑅(𝑡) and 𝑂(𝑡) are the p.u. daily loads, whereas 𝑟𝑗 and 𝑜𝑗 are the corresponding average 

loads for the residential consumers and office, respectively (Jardini et al., 2000). The values of the 

average loads used in this paper are reported in Table I. Uncertainty and seasonality effects on 

the average loads can be easily embedded into the model. Nevertheless, since the focus of the 

study is on the exploration of the daily profiles to verify the impact of feeder failures, they are not 

taken into account in this paper. 

 
Fig. 5 Power network configuration. 
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Table I Average load values for the 8 nodes of the network in kW. 

NODE 1 2 3 4 5 6 7 8 

r 0 0 0 1 1 5 5 5 

o 5 5 100 0 0 0 0 0 

 

We assume that each feeder 𝑖 can independently fail only once within the 24 hour, at a 

random time 𝑇𝑖 ∈ [0,24) and with associated magnitude of the failure 𝐹𝑖. When the i-th feeder 

fails, no power can flow through it for a time proportional to the magnitude of the failure: for 

example, 𝐹𝑖 = 0.5 means that the feeder is out of service for half an hour. In this view, 𝑿 =

[𝑇1, … , 𝑇10, 𝐹1, … , 𝐹10] is the M-dimensional vector of the inputs to the model and represents a 

given failure configuration. 

The electrical Energy Not Served (ENS) to the consumers is considered as output of the model 

and it is defined in this case as:  

𝐸𝑁𝑆(𝑿) =  ∫ ∑𝟏𝑁𝑆𝑆(𝑡)(𝑗) ∙ 𝐿𝑗(𝑡)

8

𝑗=1

𝑑𝑡

24

0

, (26) 

where 𝑁𝑆𝑆(𝑡) indicates the Not Supplied Set at time t, i.e., the set of nodes that are not served 

at time t and 𝟏 is the indicator function which takes value 1 if 𝑗 ∈ 𝑁𝑆𝑆(𝑡), and 0 otherwise. 

Moreover, ENS is used to discriminate the critical conditions, i.e., a value of 𝐸𝑁𝑆(𝑿) ≥ 𝐸𝑁𝑆𝑡ℎ𝑟𝑒𝑠 

implies that the failure configuration X is critical; otherwise, X is considered as “normal”. The value 

of 𝐸𝑁𝑆𝑡ℎ𝑟𝑒𝑠 is set equal to 500 kWh, in order to focus the attention on critical events. 

 Dimensionality Reduction 

For the dimensionality reduction step, we resort to PCE, where the maximum degree of the 

polynomials is fixed to 5 in order to reduce the computational cost and focus the attention on the 

main trend of the model. The coefficients of the PCE are estimated by Least Angle Regression on 

 
Fig. 6 Power per unit load profiles for a residential consumer (left) and for a commercial office (right). 
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the basis of a DOE of 500 samples obtained with a QMC Sobol’ sequence. Fig. 7 shows that there 

is a huge difference between the total order indices 𝑆𝑇 of the inputs: those associated to feeders 

3 and 10 (i.e., 𝑇3, 𝑇10, 𝐹3, 𝐹10) take values larger than 0.2, whereas the others take values lower 

than 0.05. This is in accordance with the fact that feeders 3 and 10 are the only two that can 

affect the energy supplied to the most demanding consumer. 

In this light, the dimensionality of the reduced-model is set to 4 with 𝑿∗ = (𝑇3, 𝑇10, 𝐹3, 𝐹10), 

and the rest of the factors are set to randomly fixed values, since they are expected to have no 

effect on the output. Notice that alternatively, they can be set to values expected to lead to the 

worst outputs, i.e., the magnitudes of the failures at their maximum values and the corresponding 

failure times within the time window of high load: this would lead to higher values of ENS and, 

thus, to a more conservative exploration. 

Finally, it must be observed that two main elements contribute to the importance of a feeder 

in the network: i) its topological position and ii) the demand of the nodes that rely on it. For 

example, if the highest demand were associated to node 7 instead of node 3, feeder 10 would 

still remain the most important (since its failure prevents all nodes to be served), whereas we 

would expect feeders 9 and 7 being more important than feeder 3. In this view, it must be 

observed that the results are conditioned to the average demands reported in Table I. 

 Meta-modeling 

For training the meta-model we resort to an ordinary kriging, i.e., the trend is assumed to be 

unknown but constant, which allows the Gaussian process to completely adapt to the training 

data. An ellipsoidal anisotropic correlation function is used to take into account possible different 

behaviors of the response function with respect to different factors: in particular, we resort to 

the 3/2 Matérn one (Abramowitz & Stegun, 1964; Rasmussen & Williams, 2006): 

ℎ(𝑥, 𝑥′;  𝜽) = √ ∑ (
𝑥𝑚 − 𝑥𝑚

′

𝜃𝑚
)
2

𝑚∈𝑀′

 (27) 

 

Fig. 7 Sobol’ total order indices for the 20 input factors. 
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𝑅 (ℎ, 𝑣 =
3

2
) = (1 + ℎ√3 ) ∙ 𝑒−ℎ√3  

where v is the shape parameter and 𝜽 the scale one. 

Given the dimensionality of the reduced model, 100 configurations sampled with a Sobol’ 

QMC and the corresponding ENS are used for initializing the meta-model. Then, through the 

iterative AK-MCS introduced in Section 3.2, 10000 configurations are sampled by means of LHS 

and a maximum of 50 candidate configurations are evaluated and added to the DOE 

{𝓧𝑘𝑟𝑖𝑔, 𝓨𝑘𝑟𝑖𝑔} at each step. Only configurations having a value of the U-function lower than 4 

are eligible as candidates. Actually, 𝑈(𝒙) > 4 indicates that the corresponding configuration is, 

in a probabilistic view, very distant from the critical threshold. A maximum number of 1000 I/O 

observations for training the meta-model is set in order to limit the maximum computational 

effort. Fig. 8 shows the projection on the two-dimensional subspace [𝑇3, 𝑇10] of the 

configurations used to train the meta-model: on the left panel, we report the initial 100 samples 

used for the initialization, whereas on the right, the 900 sample added iteratively by the AK-MCS 

are shown. It is worth noticing how the adaptive DOE distributes the observations differently in 

the different portions of the input domain (i.e., a significantly higher density in the CRs). 

 Deep Exploration 

From the Kriging DOE, 169 configurations are identified as critical. In order to deeply explore the 

CR, 5 iterations of the method proposed in Section 3.3 are run with 5 Markov chains and a 

maximum number of samples equal to 5000. Fig. 9 shows the projections on the two-dimensional 

subspace [𝑇3, 𝑇10] of the configurations belonging to the CR. The left panel reports the 

configurations available from the meta-model DOE, whereas that on the right contains those 

obtained as a result of the deep exploration (~3000 configurations). It is worth noticing that the 

 

Fig. 8 Projection of the DOE used for training the meta-model. The figure on the left shows the initial 100 
Sobol’ QMC samples, whereas on the right those added by the AK-MCS. 
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deep exploration allows better highlighting the boundaries of the CRs and, thus, to better retrieve 

their shapes and characteristics. This is even more apparent in high-dimensional spaces. Only one 

projection of the CRs configurations is here reported for brevity; nevertheless, a detailed analysis 

is given in the following sections. 

 Representation and Information Retrieval 

A sequence of k-means clusterings with different cluster cardinality (from 𝐾=1 to 10) is applied 

to the critical configurations for identifying the more representative number of separate CRs. 

Several cluster validity indices (e.g., Hubert statistic, Dunn, Silhouette, Davies and Bouldin, 

Calinski and Harabasz indices, etc.) have been computed to this aim; however since this analysis 

goes beyond the scope of the present paper, the reader is referred to (Arbelaitz et al., 2013; 

Charrad, Ghazzali, Boiteau, & Niknafs, 2014) for details. Two clusters have been identified and 

the corresponding PCP is reported in Fig. 10. For the sake of clarity, the envelopes of the parallel 

coordinates representing the two clusters (i.e., the ranges of values characterizing the clusters) 

are shown in Fig. 11. By observing these ranges, it is also possible to have an idea of the dimension 

of the CRs. In this case, for example, they occupy respectively around the (30%, 30%, 20%, 20%) 

of the entire range of the four important factors 𝑇3, 𝑇10, 𝐹3 and 𝐹10, which corresponds to ~0.36% 

of the entire input domain. The CRs are characterized by failures occurring during the central 

hours of the day (between 8-15) and with a failure magnitude above the 0.8, i.e. the feeders are 

out of order for at least 48min each. In addition, it is worth noticing that the two clusters show 

different behaviors on the two axes corresponding to the failure times, i.e., 𝑇3 and 𝑇10. 

 
Fig. 9 Two-dimensional projections of the observations belonging to the CRs: those available from the DOE 

of the meta-model (left) and those obtained with the deep exploration step (right). 
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For this reason, the corresponding SPOLM is given in Fig. 12, where the “envelopes” identified 

on the PCP are represented in the panels above the diagonal by means of shadowed rectangles. 

It can be observed that the two clusters are recognizable and well separated on the subspace 

defined by [𝑇3, 𝑇10]: cluster 1 is characterized by an initial failure of feeder 10 followed by a failure 

of feeder 3 with a delay of at least one hour, whereas cluster 2 is characterized by the inverse 

sequence, still with a delay of at least one hour between failures. Indeed, if both failures happen 

at the same time, the ENS associated to node 3 is the same as if only one of the two failures had 

happened, because both feeders are put under repair at the same time and, thus, the total time 

of energy not supplied to user 3 is “just” one hour. 

Concerning the subspace defined by [𝐹3, 𝐹10], it must be noticed that there is no difference 

between the two clusters. However, the triangular shape of the region shows that the sum of the 

two failure magnitudes must be at least equal to 1.80, i.e., the consumer at node 3 is not served 

for at least 1h:48m. 

Finally, although the two-dimensional projections of the PCP envelopes overestimate the 

regions of the associated CRs, they provide a synthetic representation, which can be useful as 

first approximation of the CRs. 

 
Fig. 10 PCP of the two CRs identified. 

 
Fig. 11 Envelopes of the PCP representing the factors 

ranges. 
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 Performance Assessment 

In order to have a representative picture of the real CRs, a large number of configurations 

involving all 20 input factors of the model have been sampled by means of LHS and the 

corresponding output has been evaluated. Moreover, the outputs of the reduced model involving 

the projections of the 20 factors on the 4-dimensional space defined by [𝑇3, 𝑇10, 𝐹3, 𝐹10] have 

been evaluated as representative of the ideal “target”, meta-model representation. The number 

of calls to the expensive model and/or to the cheap one (i.e., the meta-model) is given in Table II 

for each exploration strategy. 

Table II Number of calls made to the computationally cheap and/or expensive model for the different 
exploration strategies. 

COPUTATIONAL COST META-MODEL REDUCED-MODEL REAL-MODEL 

CHEAP ~200000 0 0 

EXPENSIVE 1500 100000 100000 

 

Among the large number of configurations sampled, those leading to critical values of ENS are 

selected and the corresponding LOF evaluated to verify to what extent the CRs discovered by the 

meta-model are similar to those found by the reduced and real-models (see Section 4). The values 

of the associated statistics are given in Table III. The CRs of the meta-model are used as the 

reference set, thus, only the corresponding expected value of the LOF can be evaluated. By 

 
Fig. 12 SPLOM of the two CRs discovered by the exploration algorithm. Above the diagonal, the projections 

of the PCP envelopes are depicted by means of shadowed rectangles. 
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looking at the results obtained for the reduced-model, it must be observed that all the statistics 

assume low values: the average value of LOF is very close to that of the meta-model; the 

percentage of CR that remains unexplored is only 3%, and the associated conditional value is still 

very low (i.e., 1.08), which means that the unexplored CRs are very close to the boundaries of the 

CRs identified by the meta-model. In this light, it can be stated that the meta-model exploration 

has accurately explored and discovered the CRs associated to the reduced model. 

On the other side, with respect to the real model, the average LOF takes a large value 

compared to the meta-model, suggesting that a part of the CRs remains unexplored. This is 

confirmed by the percentage of unexplored CR. However, it must be noticed that the percentage 

of unexplored extreme CR is very low, i.e., the meta-model exploration has been able to identify 

the configurations leading to the most critical outputs. Finally, the conditional expected value 

𝜇𝐿𝑂𝐹|𝑈𝐶𝑅 takes a value that is not very large, suggesting that the unexplored portion of CRs is 

likely to be close to the boundaries. 

Table III Local Outlier Factor (LOF) based statistics for the different exploration strategies. 

METRIC META-MODEL REDUCED-MODEL REAL-MODEL 

𝝁𝑳𝑶𝑭 1.02 1.03 2.66 

𝑼𝑪𝑹 - 3% 72% 

𝑼𝑬𝑪𝑹𝟗𝟎% - 0% 7% 

𝝁𝑳𝑶𝑭|𝑼𝑪𝑹 - 1.08 2.20 

 

In order to visualize the results, we resort to a SPLOM where the CRs identified by the meta-

model exploration are depicted by light circles and the configuration belonging to the CRs 

associated to the real model are depicted by crosses and squares according to their values of LOF. 

In particular, in accordance with Section 4: those configurations having 𝐿𝑂𝐹 ≤ 𝐿𝑂𝐹̅̅ ̅̅ ̅̅
𝑒𝑥𝑝 (see Eq. 

(20)) are defined as identified CR (crosses), whereas those having 𝐿𝑂𝐹̅̅ ̅̅ ̅̅
𝑒𝑥𝑝 < 𝐿𝑂𝐹 are defined as 

undiscovered CR (squares). It must be noticed that there is not a significant difference between 

the Meta-Model (MM)-based and the real-model-based exploration in the subspace 

characterized by the failure times [𝑇3, 𝑇10]. On the contrary, there is a significant difference in 

the failure magnitude subspace [𝐹3, 𝐹10]: according to the real model, it is enough that the sum 

of the magnitudes is larger than ~1.60. This means that the real model can reach a critical 

condition even if the consumer at node 3 is not served for at least 1h:36m. Indeed, the rest of 

the ENS needed to reach the critical threshold can come from the failures of the feeders discarded 

during the dimensionality reduction step. Finally, by looking at the last column of Fig. 13, it can 

be seen that the largest values of ENS, i.e., the most critical ones, are correctly discovered by our 

methodology (crosses). 
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A sort of sensitivity analysis to the model parameters has also been conducted to verify the 

performance of the proposed methodology when the impacts of the discarded factors is very low, 

i.e., when the reduced-model is likely to represent the real model. To this aim, all the loads except 

that of node 3 have been reduced of a factor 10 (the corresponding values are reported in Table 

IV). In order to assure the presence of a CR despite the loading reduction, the threshold 𝐸𝑁𝑆𝑡ℎ𝑟𝑒𝑠 

has been set equal to 475 kWh, i.e. 5% lower than the initial one. All the analyses have been run 

with the same settings and with the same number of calls to the model as in the initial case. 

Table IV Average load values for the 8 nodes of the network in kW. 

NODE 1 2 3 4 5 6 7 8 

r 0 0 0 0.1 0.1 0.5 0.5 0.5 

o 0.5 0.5 100 0 0 0 0 0 

 

Table V reports the result of the statistics associated to the LOF for the reduced and the real 

model-based exploration. The average value of the LOF is for all types of exploration very close 

to 1, indicating that it is likely that all CRs have been discovered. This is confirmed by the 

percentage of unexplored CR, which is null for both models. The value of 𝝁𝑳𝑶𝑭|𝑼𝑪𝑹 is not 

reported, since no configuration has been identified as unexplored. 

Table V Local Outlier Factor (LOF)-based statistics for the different exploration strategies. 

 
Fig. 13 SPLOM of the CRs discovered by the Meta-Model (MM) exploration (light circles. The CR of the real 

model are depicted with different symbols whether identified (cross) or not (square). 
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METRIC META-MODEL REDUCED-MODEL REAL-MODEL 

𝝁𝑳𝑶𝑭 1,02 1,01 1,07 

𝑼𝑪𝑹 - 0 0 

𝑼𝑬𝑪𝑹𝟗𝟎% - 0 0 

 

Fig. 14 shows that all critical configurations discovered by means of the real model-based 

exploration lay inside or at the boundaries of the CRs discovered by our methodology (dark 

crosses). These results demonstrate how the proposed methodology is capable of identifying the 

CRs resorting to a limited number of calls to the real model: in this case, two orders of magnitude 

lower than the exploration based on the real-model. 

 Conclusions 

Knowing the possible behavior of a safety-critical, engineered system under different setting of 

the influencing (operational and environmental) factors is of paramount importance for 

improving the safety of the system. In particular, discovering configurations of factors that lead 

the system to critical, dangerous conditions allows prevention and preparation. To this aim, in 

this paper, we have proposed an adaptive exploration framework for discovering and 

 
Fig. 14 SPLOM of the CRs discovered by the Meta-Model (MM) exploration (light circles. The CRs of the real 

model are depicted with different symbols, whether identified (cross) or not (square). 
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characterizing the Critical Regions (CRs) of a system, whose numerical model is: i) computational 

expensive, ii) high-dimensional, iii) complex. 

The proposed methodology resorts to: i) a dimensionality reduction technique relying on a 

PCE-based sensitivity analysis for identifying the subspace that most characterizes the system 

behavior; ii) a meta-model namely Kriging for reproducing the system behavior while reducing 

the computational cost to run a simulation; iii) an adaptive exploration technique employing an 

adaptive MCMC algorithm for collecting information about the CRs; iv) clustering (i.e., k-means) 

and high-dimensional data visualization methods (i.e., PCP and SPLOM), for defining and 

characterizing the shape of the CRs of the system.  

For exemplification, the method has been used for exploring the response of a power network 

model to several types of accidents involving up to 20 input factors. The method has been shown 

capable of effectively identifying the failure times and magnitudes leading the system to the most 

critical state, i.e., the one with the largest quantity of energy not supplied, indicating two specific 

failures sequences as the most dangerous ones. 

The main benefit of the proposed method is the capability of exploring and retrieving useful 

information by resorting to a limited number of calls to the real (computationally expensive) 

model. This has been demonstrated by comparison with another exploration strategy based on 

LHS showing a computational saving of two orders of magnitudes. Furthermore, the framework 

has turned out to be very versatile by allowing the analyst to possibly select only some of the 

steps proposed and focusing on the problem requirements: for example, if the real model is not 

high-dimensional, the dimensionality reduction step can be avoided. 

Although the method has been designed for and proved on a model that has a scalar output, 

it can also be applied to models having a functional output, such as the time varying trajectories 

of a dynamic system (e.g., the core temperature of a nuclear reactor in accidental conditions). In 

this case, an additional step for extracting some (possibly few) scalar features characterizing the 

trajectories would be needed at the beginning of the analysis. 

Finally, the proposed method inherits the limitations of the techniques employed. In 

particular, the results of the PCE-based sensitivity depends on the capability of the PCE of 

capturing the global behavior of the response function, and the Kriging performance usually 

decreases with high-dimensional inputs. In this light, the method is expected to be efficient as 

long as the number of important variables identified by the dimensionality reduction step is 

sufficiently low to be managed by a Kriging meta-model. 
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Abstract 

Computational models and simulators are frequently employed to study the behavior of a system 

under different conditions. Particularly, for safety critical systems (e.g., nuclear, chemical, etc.), it 

is important to discovering those conditions that can lead the system to failure. However, when 

the simulation models are: i) high-dimensional; ii) black-box; iii) dynamic and iv) computationally 

demanding, this becomes challenging. 

In this paper, an adaptive simulation-based framework recently proposed by some of the 

authors is tailored for applying it to the analysis of accident scenarios involving the control system 

of the Advanced Lead-cooled Fast Reactor European Demonstrator (ALFRED). 

The results obtained confirm that the simulation framework proposed is effective in 

identifying critical regions of failures with a limited number of calls to the computationally 

expensive model. The time of occurrence and magnitude of the failures of the components of the 

control system are identified as key factors to characterize the critical regions of the system 

failure. In particular, it is shown that the order of occurrence of the components’ failures strongly 

affects the evolution of the accident scenarios. 

 

Keywords: Advanced Lead Fast Reactor European Demonstrator (ALFRED); Accident Analysis; 

Critical Regions Exploration; Adaptive Simulation; Polynomial Chaos Expansion; Kriging; Design Of 

Experiments.   
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 Introduction 

Knowing, understanding and anticipating the hazards that can threaten the safety of the 

operation of a system is a key requirement in modern industry, driven by the need to avoid 

surprises and unexpected events (i.e., black swans) (Terje Aven, 2016a; Terje Aven & Krohn, 2014; 

Cavalcante et al., 2013; Sornette et al., 2013; Turati et al., 2015, 2016a; Zio, 2016b). Indeed, 

severe consequences possibly deriving from these hazards can be prevented or mitigated if they 

are – to some extent – known in advance (Pate-Cornell, 2002; Paté-Cornell, 2012). 

Modeling and simulation have long been advocated as ways to explore and understand 

complex system behavior in the face of different, possibly uncertain conditions, including 

hazardous ones. Design-Of-Experiment (DOE) approaches have been proposed to study different 

operating conditions, in order to analyze the corresponding system responses with respect to 

specified performance criteria: safety, reliability, resilience, business continuity, etc. (Santner et 

al., 2003; Simpson et al., 2001; Zeng & Zio, 2017). A particular interest is in the identification of 

those factors, parameters and variables that lead the system (as represented by the model) to 

critical conditions, e.g., failure (Bier et al., 1999; Zio, 2016a). 

Hereafter, we are focusing on mathematical models that give an Input/Output (I/O) 

representation, 𝑌 = 𝑓(𝑋), of the system. Within this setting, we define a Critical Region (CR) as 

the set of configurations that lead the system to critical outputs, i.e., 𝐶𝑅 = {𝑥 ∈ 𝐷𝑋 𝑠. 𝑡. 𝑓(𝑥) >

𝑌𝑡ℎ𝑟𝑒𝑠}, where 𝑌𝑡ℎ𝑟𝑒𝑠 represents a physical limit beyond which the system is unsafe. For example, 

for the safe operation of a steam generator it is necessary that the pressure does not exceed an 

upper design limit value. 

Nonetheless, in many cases models are: i) high-dimensional, i.e., involve large number of 

inputs and/or outputs; ii) black-box, i.e., the mathematical function 𝑓(𝑋) underlying the I/O 

relation is not known explicitly and is usually nonlinear; iii) dynamic, i.e., evolve in time; iv) 

computational demanding, i.e., require a long time to run a simulation compared to the available 

computational resources (K H Kernstine, 2013). 

In these settings, a possible strategy to discover the CRs is to resort to a large number of model 

simulations and a posteriori retrieve the information of interest. Several, types of DOE have been 

proposed to span as uniformly as possible the input space, in order to have a global exploration 

of the I/O relation. Latin Hypercube Sampling (LHS) (Iman, 2008; M. D. McKay et al., 1979) and 

Quasi Monte Carlo (QMC) sampling such as Sobol’ sequences (Sobol, 1976), are among the best 

known (V. C. Chen et al., 2006). On the other hand, although they have been designed for 

efficiently filling high-dimensional spaces (Sobol et al., 2011), still they do not represent a viable 

solution when the computational cost per simulation is high with respect to the computational 

resources available. 
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For this reason, some intelligent adaptive sampling strategies have been proposed to 

progressively guide the simulations towards the regions of interest, making the best use of the 

information and knowledge gained at previous steps and iterations of the search (Cadini et al., 

2014; J. H. Li et al., 2011; Picheny et al., 2010; Turati et al., 2016a). In the present paper, we resort 

to an adaptive simulation-based exploration framework recently proposed in (Turati, Pedroni, et 

al., 2017) to study possible accident scenarios of a Lead-cooled Fast Reactor (LFR) Nuclear Power 

Plant (NPP). Heavy liquid metals-cooled reactors ensure a great potential for plant simplification 

compared to the competing Sodium-cooled Fast Reactors (SFRs) thanks to the favorable features 

associated to the molten lead (Tuček, Carlsson, & Wider, 2006). However, these features involve 

additional safety concerns and design challenges. For example, the lead temperature shall be 

kept between two reference values to avoid its solidification on one side and a core overheating 

on the other. For this reason, ALFRED has been developed to test the feasibility and the 

advantages associated to a LFR (Frogheri et al., 2015). In particular, in this paper, we resort to the 

ALFRED demonstrator and the control strategy proposed in (Ponciroli, Cammi, Della Bona, et al., 

2015), to show that the employed adaptive simulation-based framework is capable of providing 

interesting insights on possible system scenario with a limited number of simulations. 

The rest of the paper is organized as follows: in Section 2, a global overview of ALFRED is given 

with an attention to the control strategy, the uncertainties embedded in the model and the types 

of accident scenarios simulated; in Section 3, a brief description of the simulation-based 

exploration framework is provided, followed by a detailed analysis of its application to ALFRED. 

Finally in Section 4, some conclusions are drawn. 

 Advanced Lead Fast Reactor European Demonstrator (Alfred) 

ALFRED is a small-size (300 MWth) pool-type LFR and its primary system current configuration is 

depicted in Fig. 1 (Frogheri et al., 2015). All the primary components (e.g., core, primary pumps 

and Steam Generators (SGs)) are contained in the main reactor vessel, located in a large pool 

within the reactor tank. The coolant flow coming from the cold pool enters the core and, once 

passed through the latter, is collected in a volume (hot collector) to be distributed to eight parallel 

pipes and delivered to as many SGs. After leaving the SGs, the coolant enters the cold pool 

through the cold leg and returns to the core. The ALFRED core is composed by wrapped hexagonal 

Fuel Assemblies (FAs) with pins arranged on a triangular lattice. The 171 FAs are subdivided into 

two radial zones with different plutonium fractions guaranteeing an effective power flattening, 

and surrounded by two rows of dummy elements serving as reflector. Two different and 

independent control rods systems have been foreseen, namely the Control RODs (CRODs) and 

the Safety RODs (SRODs). The former performs power regulation and reactivity swing 

compensation during a fuel cycle, while its simultaneous use with the latter is for scram purposes, 
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assuring the required reliability for a safe shutdown (Grasso et al., 2013). For a complete 

description of the SGs, we refer the reader to (Damiani et al., 2013). Finally, the major parameters 

characterizing the core and the SGs are reported in Table I. 

Table I ALFRED system parameters. 

Parameters Value Unit 

Thermal power 300 MWth 

Coolant mass flow rate 25.984 kg∙s-1 

Coolant SG outlet temperature 400 °C 

Coolant core outlet temperature 480 °C 

Pool temperature during shutdown 380 °C 

Feedwater mass flow rate 192 kg∙s-1 

Water inlet temperature 335 °C 

Steam outlet temperature 450 °C 

SG pressure 180 bar 

 

 The Model 

An object-oriented model of the entire NPP, whose graphical interface is represented in Fig. 2, 

has been developed to design the system regulators and verify the control scheme through 

simulations. Based on the Modelica language and implemented in the Dymola environment 

(DYNASIM, 2006), the system simulator has been built by connecting several dedicated models. 

For the sake of brevity, only a global overview is here reported (for details, see (Ponciroli, Bigoni, 

Cammi, Lorenzi, & Luzzi, 2014)):  

 

Fig. 1 ALFRED nuclear power plant layout. 
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- Core model: it is composed by three subsystems. The sub-model “Kinetics” describes the 

dynamics of the neutron generation processes in the core implementing the point-wise 

kinetic model, with one neutron energy group and six delayed precursor groups. The sub-

model “FuelRods” is adopted to represent the thermal behavior of the fuel pins, which 

are discretized in five radial regions (i.e., the cladding, the gap and three concentric zones 

within the pellet). The sub-model “LeadTube” represents the coolant flowing through the 

core channels adopting one-dimensional mass, momentum and energy conservation 

equations. 

- SG model: as for the water side, a two-phase homogeneous model (i.e., same velocity for 

the liquid and vapor phases) is adopted. On the lead side, the core component 

“LeadTube” is reused, describing the behavior of a single-phase fluid.  

- Primary model: the dynamics effects of the cold pool have been represented by 

employing a free-surface cylindrical tank component, for which mass and energy 

balances are considered, assuming that no heat transfer occurs except through the inlet 

and outlet flows. In order to take in to account the time delay due to the transport 

phenomena between the core and the SG, dedicated models have been implemented. 

As for the integrated primary pump, an ideal mass flow rate regulator has been 

employed. 

- Secondary circuit model: the model selected for the turbine describes a simplified steam 

turbine unit, in which a fraction of the available enthalpy drop is assumed to be converted 

by the high pressure stage, whereas the remaining part is converted by the low pressure 

one, with different time constants. The steam mass flow rate is considered proportional 

to the inlet pressure and governed by operating on the turbine valve admission (kv), and 

not by throttling.  



Advanced RESTART 

171 

Table II Input and Output variable description of the ALFRED control strategy. 

Input variables (use to control) Definition 

G_att Attemperator mass flow rate 

kv Turbine admission valve coefficient 

h_CR Control rod height 

G_water Feedwater mass flow rate 

Output variables (controlled) Definition 

T_steam Turbine inlet steam temperature 

Pressure SG pressure 

T_hot_leg Temperature of lead flowing out the core 

Th_power Thermal power produced within the core 

T_cold_leg Temperature of lead flowing into the core 

 

Considering ALFRED operation control, several strategies have been recently proposed 

(Ponciroli, Cammi, Della Bona, et al., 2015; Ponciroli, Cammi, et al., 2014; Ponciroli, Cammi, 

Lorenzi, et al., 2015). In the present work, we resort to that proposed in (Ponciroli, Cammi, Della 

Bona, et al., 2015), where four control variables are used (Table II). 

Concerning the primary circuit, the CRODs appear to be the natural candidate for controlling 

the thermal power within the core. On the other hand, the lead mass flow rate is considered 

constant although employing it to govern the cold leg temperature would have been more 

efficient from a control perspective (Ponciroli, Cammi, et al., 2014). Indeed, one of the major 

efforts in the development of LFR concepts is the design of the pumps operating in the highly 

aggressive lead environment. In the current reactor layout, the coolant is expected to be driven 

 

Fig. 2 Object-oriented model of the ALFRED reactor.  
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by axial pumps whose restricted operating range requires a constant number of rotations per 

minute. In addition, maintaining the lead mass flow rate at its nominal value at reduced power 

levels brings benefits to the structural materials, since they operate at lower temperatures with 

positive effects on corrosion issues. 

Furthermore, in order to guarantee not too high temperatures in the SG inlet to avoid 

damaging the centrifugal pump or causing a thermal crisis, and not too low temperatures to avoid 

local coolant solidifications at the SG outlet, a device that maintains the feedwater temperature 

close to its nominal value (335°C) is envisaged, supporting the choice of using the feedwater mass 

flow rate as a control variable. 

Concerning the secondary circuit, the turbine admission valve and the mass flow rate of an 

attemperator are employed to control the SG pressure and the turbine inlet temperature, 

respectively. The pressure within the SG should be maintained below a certain design maximum 

threshold, while the turbine inlet temperature should be maintained as close as possible to the 

nominal value of 450°C.  

 Accident Scenarios Considered 

The control strategy previously described has been designed for a system that operates in 

nominal conditions and where many parameters have been empirically or theoretically 

estimated. It is important to analyze the response of the controlled system when some 

components fail and considering the uncertainties in the system model parameters. 

Among the several parameters included in the model, 28 uncertain parameters characterizing 

the primary system have been selected according to experts’ judgement on their relevance to 

system response. These include: i) the temperature reactivity feedback coefficients (namely, 

alpha parameters 𝛼𝑆), i.e., those representing the insertion of positive/negative reactivity 

following a temperature variation; ii) the delayed neutron fractions of the different neutron 

precursor groups (namely, beta parameters 𝛽𝑆), the prompt neutron generation times (namely, 

lambda 𝜆𝑆 ) and the decay constants for each neutron precursor groups (namely, Λ), i.e., those 

characterizing the kinetic model of the core; iii) the porosity of the fuel rods (namely, porosity). 

In agreement with the literature (Aufiero et al., 2016; Bielen, 2015; Perkó et al., 2014; Rochman 

et al., 2011; Van Rooijen & Yamano, 2014), a normal distribution has been assumed for all 

parameters whose reference (mean) and Coefficients Of Variation (COV) values are reported in 

Table III.  

  



Advanced RESTART 

173 

Table III Neutronic and physical parameter uncertainties. 

Parameters Mean COV Parameters Mean COV Parameters Mean COV 

𝜶𝑳 -2,68∙10-1 10% 𝜷𝟏 5,9∙10-5 3% 𝝀𝟏 1,25∙10-2 5% 

𝜶𝑪𝒁 3,90∙10-2 10% 𝜷𝟐 5,79∙10-4 3% 𝝀𝟐 2,83∙10-2 5% 

𝜶𝑾𝒁 2,3∙10-2 10% 𝜷𝟑 2,18∙10-4 3% 𝝀𝟑 4,25∙10-2 5% 

𝜶𝑪𝑹 1,1∙10-2 10% 𝜷𝟒 5,05∙10-4 3% 𝝀𝟒 1,33∙10-1 5% 

𝜶𝑾𝑹 3,00∙10-3 10% 𝜷𝟓 1,06∙10-3 3% 𝝀𝟓 2,92∙10-1 5% 

𝜶𝑭𝒁 -2,42∙10-1 3% 𝜷𝟔 3,85∙10-4 3% 𝝀𝟔 6,66∙10-1 5% 

𝑲𝒅 -5,66∙102 3% 𝜷𝟕 3,74∙10-4 3% 𝝀𝟕 1,63 5% 

𝜶𝑪𝑹𝒔 𝑺𝑹𝒔  -2,18∙10-1 5% 𝜷𝟖 1,61∙10-4 3% 𝝀𝟖 3,55 5% 

𝜶𝑫𝒊𝒂𝒈𝒓𝒊𝒅 -1,52∙10-1 10% 𝚲 6,30∙10-7 5% Porosity 5,00∙10-2 10% 

𝜶𝑷𝒂𝒅 -4,30∙10-1 10%       

 

Regarding components’ failures, two types have been considered in this study: a failure on the 

CRODs (either a fall of one or an expulsion of up to two of the 12 CRODs); and a failure of the 

feedwater system, which can fail stuck at any value between the minimum and maximum of the 

feedwater mass flow rate capacity values (this can be due to a failure occurring to the inlet valve 

or to one of the two inlet pumps). These failures are assumed to occur randomly at times TR and 

TW, respectively, within given temporal windows (see Table IV), while the system is in its 

stationary conditions (see Table I). Concerning the stationary conditions, an initial “burn-in” time 

of 4000s is left at the beginning of the simulation, so that the control system can bring the system 

back to the desired stationary conditions (Table I), despite the variation due to parameter 

uncertainties. This allows focusing on the impacts that the uncertain parameters have on the 

system dynamics. In addition, since the model is a lumped parameters model, the rod height 

represents the average of the 12 CRODs present in the core. This justifies the range of values 

selected, knowing that in stationary conditions the CRODs are on average in the core for 12 cm 

and that they can reach a maximal insertion of 64 cm. Concerning the temporal windows 

associated to TR and TW, they have been chosen large enough to allow the system reaching a 

new stationary condition and, at the same time, short enough to explore scenarios where an 

eventual second failure happens before the system has reached its new stationary condition. 

Finally, no failures on the attemperator and on the turbine admission valve are considered. 

Table IV Failure scenario parameters. 

Parameters Definition Values range Unit 

Rod Average rod height [10 16] cm 

Gwater 
Feedwater mass flow 

rate 
[0 500] kg∙s-1 

TR Rod failure time [4000 9000] s 

TW Feedwater failure time [4000 9000] s 
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Since this study is done with a safety perspective, among the available outputs of the model, 

the SG pressure and the cold leg lead temperature are considered. In fact, on one side the lead 

solidification (327°C) can compromise the core heat removal; in addition, if the lead temperature 

falls below 380°C, the embrittlement of the structural materials due to the fast neutron 

irradiation is favored by the aggressive environment. On the other side, a lead temperature larger 

than 420°C makes the vessel prone to thermal creep. Finally, still for structural reasons, a 

threshold of 240 bar is set for the SG pressure. 

In practice, the input 𝑿 of the model for system response simulation under uncertainty is a 32 

dimensional vector: 28 neutronic and physical parameters and 4 failures parameters. From each 

system response simulation, three model outputs 𝒀 are considered: the Lead Lowest 

Temperature (LLT), the Lead Highest Temperature (LHT) and the Steam Highest Pressure (SHP). 

Whenever one of these features crosses the corresponding safety threshold, the system is 

considered in “critical” conditions from the point of view of safety and the corresponding input 

vector 𝑿 leading to those conditions is assigned to the specific CR, i.e., Low Temperature (LT) CR, 

High Temperature (HT) CR and High Pressure (HP) CR. 

Finally, from the computational point of view, it is noted that a simulation of the system 

response under a failure scenario requires on average ∼60s on an Intel(R) Core(TM) i7-5600U 

CPU 2.60GHz. 

 Adaptive simulation framework 

In this section, the framework of adaptive simulation for the analysis of the response of high-

dimensional system models is recalled (Turati, Pedroni, et al., 2017), with reference to ALFRED 

simulation model. The proposed framework has been designed for simulation models that are:  

1. High-dimensional, i.e., with a large number of inputs and/or outputs; 

2. Black box, involving several codes or due to the complexity of the relationships among 

the system elements; 

3. Dynamic, for system evolving in time; 

4. Computationally demanding, as a consequence of the above characteristics and of the 

numerical methods employed for the model solution. 

These characteristics are found in the ALFRED model described in Section 2 and make it hard 

to analyze with the classical simulation strategies, such as DOE and Monte Carlo (MC) techniques.  

For the illustration that follows, we again abstract the ALFRED model as a functional I/O 

relation 𝑌 = 𝑓(𝑿), where 𝑿 is the vector of the 32 parameters and 𝒀 = (LLT, LHT, SHP) are the 

corresponding outputs. According to this notation, the objective of the analysis is that of 

discovering and characterizing the CRs, i.e., {𝒙 ∈ 𝐷𝑋 𝑠. 𝑡.  𝒚 ≥ 𝒀𝒕𝒉𝒓𝒆𝒔}. 



Advanced RESTART 

175 

The adaptive simulation framework is composed of the following steps (see Fig. 3) (Turati, 

Pedroni, et al., 2017): 1) sensitivity analysis, which aims at understanding the global relation 

between inputs 𝑋 and outputs 𝑌, in order to identify which parameters most affect the model; 

2) dimensionality reduction, which aims at fixing the parameters that are not important (i.e., that 

do not sensibly affect the model outputs) to a constant reference value; 3) meta-modeling, where 

a set of I/O configurations (𝒳,𝒴) is employed to train a surrogate model ℳ𝒳,𝒴 capable of 

reproducing the behavior of the real model 𝑓 at a lower computational cost per simulation; 4) 

exploration, which resorts to the cheap-to-run meta-model ℳ𝒳,𝒴 to discover the configurations 

leading to critical outputs; 5) CRs identification, where the results of the previous exploration 

phase are employed to characterize the input values configurations the belong to CRs; 6) 

information retrieval, where all the information extracted from the simulations are organized and 

elaborated to offer clear and understandable insights on the model and the system behavior. 

In what follows, each of the steps is presented by its direct application to the ALFRED 

simulation model described in Section 2. 

 Sensitivity Analysis 

The objective of the sensitivity analysis is to identify the model input parameters that most 

influence the model output. Among the numerous sensitivity measures available in the literature 

(Borgonovo & Plischke, 2016; Saltelli, 2008), global order sensitivity measures have been 

preferred to local ones, since they assess not only the direct impact of one input 𝑿𝑖 on the output 

𝑌, but also the impact of its interactions with other inputs. In particular, in this paper, the 

variance-based total order sensitivity index 𝑆𝑇 (Homma & Saltelli, 1996; Sobol, 2001) has been 

chosen for its capability of dealing with nonlinear I/O relations: 

𝑆𝑇𝑖 =
𝐸𝑿~𝑖 [𝑉𝑿𝑖 (𝑌|𝑿~𝑖 ) ]

𝑉(𝑌)
, (1) 

where 𝑿𝒊 represents the i-th component of the input vector 𝑿, 𝑿~𝑖 represents the rest of the 

components of the vector 𝑿 and 𝑆𝑇 ∈ [0,1]. Roughly speaking, it represents the expected 

contribution of the i-th input (and its interactions) to the variance of the output. A large value of 

𝑆𝑇𝑖  indicates that the i-th input heavily affects 𝑌 and, thus, should be kept in what is hereafter 

called “reduced-model”; on the contrary, a very low value of 𝑆𝑇𝑖 indicates that the i-th input does 

not significantly affect 𝑌 and, thus, it can be discarded or set to a constant value. Usually, a 

 
Fig. 3 Sketch of the framework adopted. 
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threshold 𝑆𝑡ℎ𝑟𝑒𝑠 = 1 𝑀⁄ , where 𝑀 is the number of inputs (32 in this case), is adopted to identify 

the important inputs {𝑥𝑖 𝑠. 𝑡., 𝑆𝑇𝑖 > 𝑆𝑡ℎ𝑟𝑒𝑠} (Saltelli, 2008). 

Despite the large number of MC or QMC simulations required to accurately estimate 𝑆𝑇 

(Saltelli, 2008), Polynomial Chaos Expansion (PCE) has been proved to achieve the same accuracy 

by resorting to a lower number of simulations (Sudret, 2008). In brief, the method relies on the 

decomposition of the model 𝑓(𝑋) into a weighted sum of polynomial functions orthonormal with 

respect to the multivariate distribution characterizing the inputs, whose coefficients are directly 

related to the total order sensitivity indices 𝑆𝑇: the interested reader is referred to the Appendix 

A for details. For this reason, PCE is adopted in this paper. 

A set of 512 QMC samples generated from a Sobol’ sequece (Sobol et al., 2011) have been 

used to train a PCE-based meta-model, which, in turns, has been employed to estimate all total 

order sensitivity indices. A separate PCE-based analysis has been conducted for each output, i.e., 

for LLT, LHT and SHT. According to the results depicted in Fig. 4, the LLT (top) seems to be 

influenced only by the failure magnitude, i.e., by the level at which the feedwater system and the 

CRODs fail, whereas for the SHP (bottom) and, in particular, for the LHT (middle), also the failure 

times seem to be relevant. 

In this light, the model appears little affected by the uncertainties on the neutronic and 

physical parameters, which are hereafter maintained fixed at their reference (mean) values. 

Regarding the failure parameters, all of them are included in the analysis in order to keep 

coherence between the three meta-models trained in the following section (one for each output). 

All the analyses have been conducted by means of the UQLab Matlab toolbox (Marelli & Sudret, 

2014). 

  



Advanced RESTART 

177 

 Multiple Meta-Models  

Meta-modeling aims at building, based on a set of I/O observations (𝒳,𝒴) called training set, a 

so called “meta-model” or “surrogate” model ℳ𝒳,𝒴 capable of accurately reproducing the 

behavior of the real model 𝑓(𝑋) at a lower computational cost. In particular, according to the 

objectives of the study, we are interested in meta-models that are accurate in discriminating 

between CRs and Safe Regions (SRs). 

In this perspective, among the meta-models available in the literature (Simpson et al., 2001; 

Wang & Shan, 2007), Kriging has been selected as the best candidate because of its flexibility in 

learning both the global and the local behavior of the function (Kleijnen, 2009). One of the 

advantages of Kriging is that, thanks to the use of Gaussian processes, a probability distribution 

is associated to every prediction, making the modeler aware of the meta-model precision. On the 

other hand, Kriging is barely able to reproduce high-dimensional and discontinuous models 

(which is not the case here, since only 4 inputs have been selected from the sensitivity analysis 

and all of them are continuous). For further details on Kriging, the reader is referred to Appendix 

B. 

In order to limit the number of calls to the computationally demanding model, sequential 

adaptive training strategies have been proposed (Bect et al., 2012; Bichon et al., 2008; Echard et 

al., 2011; Picheny et al., 2010). Although they are all different, they share a common structure 

 

 

 

Fig. 4 PCE-based total order sensitivity indices for the LLT (top), LHT (middle), SHP (bottom). 
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that is reported in Fig. 5. All strategies start by training an initial meta-model ℳ𝒳,𝒴 based on a 

DOE (𝒳,𝒴) that globally spans the I/O relation. Then, iteratively, a set of I/O configurations 

(𝒳∗, 𝒴∗) is added to the training set according to a learning function, until the desired level of 

accuracy is achieved. Usually, the adaptive training methods differentiate among each other with 

respect to the learning function and the sampling criterion. In the present paper, the Adaptive 

Kriging – Monte Carlo Sampling (AK-MCS) strategy has been used (Echard et al., 2011): 10000 LHS 

input configurations are sampled at each iteration as possible candidates; then, 5 of them are 

selected as best candidates 𝒳∗ at each iteration and the output 𝒴∗ are evaluated with the real 

model 𝑓(𝑋) (eventually parallelized accordingly to the computational cost). 

The 𝑈 function (Echard et al., 2011) has been employed as learning function, i.e., the best 

candidates are chosen according to their “probabilistic” distance from the threshold 𝑌𝑡ℎ𝑟𝑒𝑠 that 

separates CRs from SRs: 

𝑈(𝒙) =
|𝑌𝑡ℎ𝑟𝑒𝑠 − 𝜇�̂�(𝒙)|

𝜎�̂�(𝒙)
 (2) 

where 𝜇�̂�(𝒙) is the Kriging prediction of the output and 𝜎�̂�(𝒙) is the associated standard 

deviation, representing the uncertainty of the estimate. Three conditions can produce a small 

value of 𝑈(𝑥): i) 𝑥 is close to the threshold 𝑌𝑡ℎ𝑟𝑒𝑠; ii) the prediction of 𝑥 is very uncertain, i.e., 

𝜎�̂�(𝒙) is large or iii) both the previous conditions hold at the same time. Thus, by selecting the 

input configurations with the smallest values of 𝑈, the learning function selects either 

configurations that will improve the precision of the meta-model in the proximities of the 

threshold, increasing the knowledge about the already discovered CRs, or in the proximities of 

the most uncertain regions, i.e., where it is more likely to experience a “surprise”. 

 
Fig. 5 Flowchart of a sequential adaptive training strategy (AK-MCS).  
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In order to assess the performance of the AK-MCS with respect to a standard Sobol’ sequence-

based training, the following measures have been chosen: the Accuracy (Acc) and Relative 

Misclassification Error (RME). Since we are interested in meta-models that should be accurate in 

discriminating between CRs and SRs, such measures are built from the confusion matrix (Table 

V), which contains the number of input configurations that have been correctly or incorrectly 

classified. For example �̂�𝑏, represents the number of configurations that despite belonging to the 

class 𝑏 have been wrongly classified as if they belonged to class 𝑎. 

Table V Confusion matrix definition. 

  Predicted state 

�̂� (e.g., CR) �̂� (e.g., SR) 

True 

state 

𝑨 (e.g., CR) 𝒂�̂� 𝒂�̂� 

𝑩 (e.g., SR) 𝒃�̂� 𝒃�̂� 

 

The accuracy Acc measures the fraction of observations that have been correctly classified by the 

meta-model: 

𝐴𝑐𝑐 =
𝑎�̂� + 𝑏�̂�

𝑎�̂� + 𝑎�̂� + 𝑏�̂� + 𝑏�̂�
. (3) 

However, if one of the two groups is very small (e.g., small CRs, A ≪ B), the meta-model 

accuracy (2.8) can be misleading. Indeed, in this case, a meta-model that classifies all the 

configurations as safe (i.e., as B), would achieve an accuracy equal to the fraction of 

configurations leading to SRs, i.e., very high in spite of the fact that its ability to discriminate is 

very low. For this reason, since the CRs sizes are, a priori, not known, the RME is here introduced: 

𝑅𝑀𝐸 =  
𝑎�̂� + 𝑏�̂�

min(𝐴, 𝐵)
. (4) 

In the RME, the estimated fraction of misclassified observations is normalized by the largest 

misclassification error that can be obtained, i.e., the misclassification error that would be 

obtained by a “trivial” meta-model assigning the same class to all the configurations. RME is, thus, 

more robust with respect to CRs size. 

In order to test the effectiveness of the adaptive strategy, for different initial DOE sizes (32, 

64, …, 512) two meta-models have been trained with twice the number of samples: one by 

statically doubling the cardinality of the initial DOE with Sobol’ sequences; the other one by 

adaptively adding new I/O samples to the initial training set by means of AK-MCS. The results 

associated to the LLT kriging meta-model are shown in Fig. 6. The AK-MCS outperforms the static 

training with respect to both metrics. In particular, by looking at the RME, it can be noticed that 

the AK-MCS with 1024 samples achieves a value of 0.07, which is 35% lower than the 0.11 value 



Paper III 

obtained by the static training. Similar results have been obtained for the meta-models associated 

to LHT and SHP, but the results are not reported here for the sake of brevity. 

In Fig. 7, the projection on the two-dimensional space (rod, Gwater) of the configurations that 

have been added to the initial DOE for training the static (filled-dots) and the adaptive (empty-

squares) LLT meta-model are depicted. It can be noticed that the static training tends to uniformly 

spread the samples within the entire space, whereas the adaptive training concentrates them in 

regions that characterize the boundaries between the LT CRs and the LT SRs. 

For each output (i.e., LLT, LHT, SHP) a different Kriging meta-model has been trained with an 

initial DOE of 512 I/O configurations shared by all meta-models, whereas an additional DOE of 

512 samples has been adaptively included by means of AK-MCS. 

 Exploration 

Once the meta-models are trained with sufficient accuracy for the scope of the analysis, the real, 

computationally expensive model can be replaced for a thorough exploration of the system 

response. The objective of this exploration is to discover the configurations that belong to the 

 

Fig. 6 Acc and RME for different training set cardinalities for the LLT meta-model. 

 

Fig. 7 Projection on the (rod, Gwater) two-dimensional space (left) and 3D representation (right) of the 
training points selected by the AK-MCS (empty-squares) and by a Sobol’ sequence strategy (filled-dots) for 

the LLT meta-model. 
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CRs. In cases for which the CRs are relatively large (i.e., for each meta-model at least 10% of the 

input space is critical), LHS or simple MC are enough to obtain a large set of CRs configurations; 

on the contrary, when CRs are small, global sampling strategies become inefficient and adaptive 

exploration techniques are needed (Turati, Pedroni, et al., 2017). 

Fig. 8 shows the projections on two-dimensional spaces of the 1024 LT CRs samples for the 

meta-model training (top) and after a meta-model-based exploration with 105 samples (bottom). 

It can be noticed that while on the (rod, Gwater) two-dimensional projection, the shape of the CRs 

is already defined by the training set, on the (rod, TW-TR) projection the deep exploration 

highlights more details of the CRs, such as that in the top-right corner (i.e., rod > 15.5cm and time 

delay between the CRODs failure and feedwater failure of at least 1500s). Note that the time 

delay between the two failure times TW and TR has been considered in the analysis, to visualize 

how the order of failure occurrence influences the consequences of a scenario. 

 CRs Identification 

Regarding the analysis of the simulation results, a top-down strategy has been chosen in order to 

provide both a global vision of the CRs and also their detailed analysis. Since a global exploration 

method has been used for the exploration with the meta-model, the same level of accuracy is 

available for the CRs and the SRs. In order to facilitate the interpretability of the results, we 

represent the SRs, which correspond to ~13% of the entire space (Fig. 9). 

 

Fig. 8 LT CR identified with 1024 training simulations (top) and with 105 meta-model simulations (bottom). 
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A Scatter PLOt Matrix (SPLOM) (Hartigan, 1975) is used, in which the SRs identified by the 

meta-models are depicted below the diagonal. In order to verify that the meta-model-based 

exploration is capable of identifying the real SRs (and consequently the CRs), 104 LHS input 

configurations of the real model with its neutronic and physical parameters uncertainties, are 

simulated and those leading to a safe state are depicted above the diagonal (dark dots). In the 

entire SPLOM, the shadowed regions represent the SRs identified by the meta-model. By 

comparing plots that are symmetric with respect to the diagonal, the results obtained by the 

meta-model and the real one can be compared: it is seen that only few out of the thousands 

“real” safe configurations lay outside the SRs identified by the meta-model. This confirms the 

ability of the framework of discriminating the safe and critical regions. 

It can be noticed that for any value of rod height lower than 10.3cm and larger than 14cm, the 

system faces at least one of the three critical conditions: LT, HT or HP. This means that under the 

assumptions made in this study, the system cannot withstand the expulsion of more than two 

control rods nor more than 20cm of one rod fall from its reference value of 12.3cm. Concerning 

the feedwater flow rate, positive variations from the reference value of 192kg∙s-1 can be borne 

more than negative variations. As for the flow rate, the system can withstand up to half of the 

reference feedwater flow rate and not more than twice its nominal value. Nonetheless, these 

extreme variations are possible only under certain time conditions: for example, the system can 

withstand a large reduction of feedwater flow rate only if a rod falls before (i.e., TW-TR > 0); 

similarly, the system can withstand the expulsion of 2 control rods only if the feedwater flow rate 

increases before (i.e., TW-TR < 0). 

 
Fig. 9 SPLOM of the SRs obtained with the meta-model (below the diagonal) and with the real model (dark 

dots, above the diagonal) exploration. 
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 CRs Characterization 

From a safety perspective, not only it is interesting to discover which configurations are critical, 

but also to be able to characterize them, i.e., understanding which type of criticality they can 

reach. To use a medical metaphor, we are not only interested in knowing whether a patient is 

sick or not, but also in understanding which type of disease affects him/her. The more accurate 

the disease description, the higher the chance of deploying the proper treatment. 

In Fig. 10, the CRs partitioned according to the type of criticality are depicted: LT (left), HT 

(middle), HP (right). Different shades of colors are used to represent the intersections between 

the different CRs, i.e., those configurations that during the accident scenario cross multiple critical 

thresholds. At first glance, three “general” trends can be identified: 1) LT scenarios are 

characterized by rod fall (rod > 12.3cm); 2) HP scenarios are characterized by rod expulsion (rod 

< 11cm) and/or by high feedwater flow rate (Gwater > 350kg∙s-1); 3) HT scenarios are caused by 

either a low value of feedwater flow rate (Gwater < 200kg∙s-1) or by a high level of feedwater flow 

rate (Gwater > 200kg∙s-1) combined with large rod variations (rod < 11cm or rod >14cm). 

In what follows, for the sake of brevity, we focus our analysis on those CRs characterized by 

scenarios that reach both LT and HT (namely, LT.HT); nonetheless, similar analyses can be 

extended to every type of CRs. These CRs have been chosen in reason of their complexity and 

their “singular” behavior, i.e., they can be reached by very diverse configurations. 

One main challenge of the characterization is to automatically identify configurations that 

share a similar behavior. Hierarchical clustering techniques have been here employed to this aim 

(Jain, 2010). Hierarchical clustering, instead of providing a single partition of the configurations, 

generates a so-called dendrogram, which represents how different sets of configurations are 

aggregated among them to create larger clusters, showing the distance with respect to which 

two clusters are merged. When dealing with hierarchical algorithms, there are two key factors to 

consider: i) the metric for assessing the distance between different configurations, and ii) the 

 
Fig. 10 CRs projection on the (rod, Gwater) space according to the different outputs: LT (left), HT (middle), HP 

(right). The different shades of color characterize the intersection between the different CRs. 
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linkage criterion for assessing the distance between clusters/sets of configurations (aggregation 

criterion) (Sneath & Sokal, 1973). Since the dimension of the space considered in our application 

is sufficiently “small” (equal to 5, including the difference between the failure times TW-TR), the 

Euclidean metric has been used on the standardized space. Alternatively, metrics more robust to 

the curse of dimensionality should be preferred for high dimensional spaces (Aggarwal et al., 

2001). Concerning the linkage criterion, several criteria have been employed (single-link, 

complete-link, average-link and Ward-link (King, 1967; F. Murtagh, 1984; Fionn Murtagh & 

Legendre, 2014)) and the cophenetic correlation has been used to select the one that best reflect 

the pairwise distances between the available configurations (Sokal & Rohlf, 1962). 

From the meta-model based exploration three, LT.HT CRs have been identified by means of 

hierarchical clustering (Fig. 11 left): 1) rod fall failure (rod > 14 cm) followed by a feedwater 

failure, where the deeper the rod, the larger the range of feedwater deviation leading to this type 

of scenario; 2) feedwater failure first, followed by a rod fall (rod > 14 cm), where the system 

undergoes a feedwater flow rate reduction (Gwater < 192 kg s-1); 3) feedwater failure followed by 

the expulsion of at least one rod, where the feedwater rate remains between [260, 300] kg s-1. 

Similarly to Fig. 9, the configurations used as test are represented above the diagonal. It can 

be noticed that they all lie within the CRs identified by the meta-model (shadowed regions), 

including the small disjoint one characterized by an expulsion of at least one rod (rod < 11cm). 

In order to verify the effectiveness of the framework, the results have been compared to those 

obtained by exploring the state space with a Sobol’ sequence that involved the same number of 

calls to the real model, i.e., 2048. The LT.HT CRs identified underestimate the real size of the CRs, 

almost missing the one characterized by the rod expulsion (Fig. 11 right). 

 

Fig. 11 SPLOM of the LT.HT CRs identified by the meta-model exploration (left) and by the real model 
exploration (right), with the same number of calls to the model.  
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 Information Retrieval 

The objective of the last step of the framework is to capitalize on the efforts done until now to 

extract valuable information. This part of the analysis is necessarily problem-dependent, since it 

requires to merge the expert knowledge with the insights obtained from the proposed 

exploration framework.  

Until now, the CRs and the associated accident scenarios have been characterized according 

to three selected features (LLT, LHT, SHP). However, the complexity and the variety of accident 

scenarios can go beyond the expectations of the analyst. For this reason, it is necessary to verify 

whether the selected features are really capable of characterizing the entire accident scenario, 

i.e., to verify whether the clusters identified during the exploration phase in the input space 

present a similar behavior also in the output space. In this respect, the clusters identified in the 

input space should be mapped into the output space. 

Two strategies are here viable: i) select a set of representative configurations from each 

cluster and generate the associated accident scenarios trajectories; or ii) classify the real model 

simulations already available (from the training / test set) among the CRs identified in Section 3.5 

and analyze the corresponding behavior. The choice between the two strategies is driven by the 

computational cost of a single simulation run: when it is acceptable, the first strategy is 

preferable, since it does not involve the uncertainty associated to the classifier; on the contrary 

when the computational cost is a constraint, the second one is preferred, because it makes use 

of the already available trajectories. 

Concerning the first strategy, the dendrograms built in the previous section can be used. In 

this case, instead of selecting the number of clusters that maximizes the dissimilarity among the 

selected ones, a larger number of clusters is selected in order to have a more refined 

representation of the associated CRs. Then, for each cluster the “center of mass” / “centroid” of 

the configurations can be selected as the representative one and the associated accident scenario 

simulated. 

Regarding the second strategy, several types of classifiers can be trained according to both 

the desired level of accuracy and the number of configurations available (Vapnik, 2000). 

Nonetheless, since the supervised classification is based on the unsupervised clusters identified 

in the previous section, i.e. on classes that have been assigned by means of similarity 

considerations, it is not necessary to spend a lot of efforts for building the most accurate classifier. 

Concerning ALFRED, the 104 test simulations have been employed in order to avoid additional 

computational cost and the k-Nearest-Neighbors (kNN) algorithm has been used to classify the 

test configurations into the three clusters identified in Section 3.5 (T. Cover & Hart, 1967). In 

addition, following the insights gained from the previous section, we have forced the classifier to 

discriminate the test observations according to the order of occurrence of the failures (Fig. 12): 
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1) if the rod failure occurs first, followed by the feedwater one, the configurations belong to 

cluster C1 (circles), whereas those characterized by the opposite order of occurrence are assigned 

to clusters C2 (triangles) or C3 (squares). 

In Fig. 13, the cold leg lead temperature (top) and the SG pressure (bottom) behavior during 

LT.HT accident scenarios are depicted for illustration purposes. Each column represents the 

trajectories associated to one of the three clusters identified. It can be observed that similar 

trends can be identified in each group: 1) C1 (left) is characterized by an initial spike of the 

temperature above the safety threshold, followed by a gradual, still rapid, temperature reduction 

until reaching a plateau between [345, 380]°C; on the contrary, the SG pressure faces an initial 

drop followed by a ramp that stabilizes at values that are above nominal, still within the safety 

ranges; 2) C2 (middle) is characterized by an initial ramping of the temperature, which can reach 

values even above 700°C, followed by a drop until a plateau between [345, 380]°C; on the other 

hand, the SG pressure undergoes a short drop before returning to its nominal value; 3) C3 (right) 

is characterized by an initial temperature reduction followed by a rapid ramping until a new 

stationary condition is reached between [420, 450]°C; instead, the SG pressure undergoes some 

short local positive spikes. 

The analysis of the trajectories shows that the insights obtained from the exploration 

framework are in agreement with what really happens to the system. For example, it can be 

noticed that if the feedwater system is affected by a failure, the temperature is no longer 

controllable and can reach extremely high values in the case of the second type of scenarios C2 

(middle). There are other possible ways to control the temperature, for example by varying the 

control rod position, which is in the present form decoupled. Nonetheless, this strategy is still 

exposed to possible rod failures. 

A solution to limit the consequences of these three types of accident scenarios is to add an 

emergency controller of the feedwater temperature. The inlet water temperature can be 

maintained around its nominal value (335°C) until the temperature of the system satisfies the 

desired specifications and can be varied every time the system undergoes a failure either in the 

  

Fig. 12 Repartition of the LT.HT test configurations according to the MM-based characterization. 
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control rods or in the feedwater admission system. Once the system has been properly shut down 

or the failures repaired, then the emergency control system can be reset to its nominal value. 

All the analysis presented in Sections 3.5 - 3.6 have focused on the specific set of CRs 

characterized by the fact of crossing both the upper and the lower lead temperature thresholds. 

This has allowed to describe possible strategies for characterizing the CRs and for extracting 

valuable information about a specific type of accident scenarios. Similar analyses can be extended 

to all other CRs discovered. 

 Conclusions 

Knowing the configurations of system parameters that lead the system to safety-critical 

conditions can provide relevant insights for improving system safety. Simulation framework can 

be devised for this purpose. However, extracting this type of information from the simulations 

becomes very challenging when the simulation models are: i) high-dimensional; ii) described by 

a black-box function; iii) dynamic and iv) computationally demanding. 

In this path, a novel adaptive simulation framework has been employed to analyze the system 

response with a limited number of calls to a computationally expensive simulation model of the 

NPP demonstrator ALFRED. By means of a PCE-based sensitivity analysis, it has been shown that 

only 4 of the 32 uncertain input model parameters significantly affect the evolution of the system 

 

  
Fig. 13 Lead temperature (top) and SG pressure (bottom) LT.HT failure scenarios according to the partition 

identified. 
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response scenarios. Three Kriging meta-models have been adaptively trained on the reduced, 

four-dimensional input space for limiting the computational time required which has decreased 

from ∼60s to less than 0.01s per simulation. In addition, the advantages of the adaptive meta-

model training strategy have been shown with respect to a classical, static one in terms of ability 

of discriminating between safe and critical regions. Then, a large set of meta-model simulations 

has been run and hierarchical clustering has been employed to explore several critical input 

configurations and identify those sharing similar behavior during the accident scenario.  

In practice, with approximately 2500 runs of the expensive computational model (total 

simulation time around 40h), a clear picture of the accident scenarios has been depicted: the 

uncertainties on the physical and neutronic parameters are almost irrelevant in the accident 

scenario evolution, whereas the magnitudes and the time of occurrence of the failures are 

important. Furthermore, concerning the failure time, it has been shown that the order of 

occurrence has a significant impact on the accident scenario evolution, confirming the need of 

including the time dimension within risk assessment analyses. 

A. Polynomial Chaos Expansion – Based Sensitivity Analysis 

Given a function 𝑌 = 𝑓(𝑿), where 𝑿 represents a vector of random inputs and 𝑌 is the associated 

output. It is possible to decompose the function by means of the Polynomial Chaos Expansion 

(PCE) representation (Ghanem & Spanos, 1991), that is: 

𝑌 = 𝑓(𝑋1, … , 𝑋𝑀) = ∑ 𝑦𝜶𝜓𝜶(𝑋1, … , 𝑋𝑀)

𝜶∈ℕ𝑀

, (5) 

where 𝑦𝛼 is the coefficient associated to the multivariate Hilbertian basis 𝜓𝜶(∙), orthonormal 

with respect to the multivariate distribution characterizing the inputs (usually the uniform or the 

normal distribution are considered). In order to be valid, the Hilbertian space should be chosen 

such that it contains the response function 𝑌 (Soize & Ghanem, 2004). If the input multivariate 

distribution is uniform, then 𝜓𝜶(∙) is a multivariate Legendre polynomial, where the multi-index 

𝜶 = (𝛼1, … , 𝛼𝑀) indicates the order of the polynomials associated to each component of the 

vector 𝑿. For example, if 𝜶 = (3,1,0,2), then the associated Legendre polynomial is characterized 

by a third order polynomial for 𝑋1, a first order polynomial for 𝑋2, a zero order polynomial for 𝑋3 

and a second order polynomial for 𝑋4. The polynomial chaos expansion can be truncated to a 

maximum polynomial order 𝑝 to limit the numerical cost, providing, thus, an approximation of 

the real response function: 

𝑌 = 𝑓(𝑋1, … , 𝑋𝑀) ≈ ∑ 𝑦𝜶𝜓𝜶(𝑋1, … , 𝑋𝑀)

𝜶∈𝐴𝑀,𝑝

, (6) 
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where 𝐴𝑀,𝑝 ⊂ ℕ𝑀 is the multi-index subset representing polynomials having maximum order 

equal to 𝑝, i.e., 𝐴𝑀,𝑝 = {𝜶 ∈ ℕ𝑀 𝑠. 𝑡. |𝜶| < 𝑝 } with corresponding cardinality #𝐴𝑀,𝑝 =

(
𝑀 + 𝑝
𝑝

). 

The great advantage of the PCE is that, once the approximation (5) is computed, then the total 

order sensitivity indices can be approximated as:  

𝑆𝑇𝑖 ≈ �̃�𝑇𝑖 =
∑ 𝑦𝒖

2
𝒖∈𝑈𝑖 

∑ 𝑦𝜶
2

𝜶∈𝐴𝑀,𝑝
, (7) 

where 𝑈𝑖 = {𝒖 ∈ 𝐴𝑀,𝑝 𝑠. 𝑡. 𝑢𝑖 ≠ 0 } is the subset of all the multi-indices corresponding to 

multivariate Legendre polynomials with non-zero degree associated to the i-th component, i.e., 

the subset of multi-indices representing polynomials that include the i-th component (Sudret, 

2008). The approximated total order sensitivity indices �̃�𝑇𝑖 converges to the real one with the degree 

of the polynomial truncation 𝑝. In practice, the computational cost required for estimating 𝑆𝑇 

depends only on the computational cost needed to approximate the output function with the 

PCE. 

The estimation of the PCE coefficients can be conducted both via projection and regression. 

Even though the projection technique is more rigorous, it requires to explicitly know the function 

𝑓 (Le Matre et al., 2002), which is typically not the case when dealing with black box functions or 

complex numerical codes. For this reason, regression methods recently received many attentions. 

In particular, the Least Angle Regression (LARS) coupled with an adaptive sparse PCE 

representation (Blatman & Sudret, 2011) is here employed, since it is devised to automatically 

detect the significant PCE coefficients limiting, thus, the computational cost of the PC 

approximation. The sparse representation of the coefficient matrix, indeed, allows storing into 

the memory only those coefficients having a non-negligible value, which is typically the case in 

many real applications. In order to train the regression model, a number 𝑁𝑃𝐶𝐸 of input 

configurations is usually sampled according to Latin Hypercube Sampling (LHS) or other Quasi 

Monte Carlo (QMC) techniques (M. D. McKay et al., 1979; Sobol et al., 2011). Consequently, the 

corresponding real model outputs are evaluated and used to fit the regression model. Recently, 

an optimal DOE for the estimation of the PC coefficients has been proposed to further reduce the 

number of calls to the possibly long-running model (Burnaev et al., 2016).  

Finally, it must be pointed out that PCE is a meta-modeling technique capable of well 

representing the global behavior of the response function. However, when the response function 

presents local behavior such as spikes or step changes, although a good fit can be theoretically 

achieved by the PCE increasing the polynomial order, the corresponding computational cost to 

estimate the parameters can become burdensome. 
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B. Kriging 

Kriging is a stochastic interpolation algorithm, which assumes that the model output 𝑌 = 𝑓(𝑿) is 

the realization of a Gaussian process indexed by 𝑿 ∈ 𝐷𝑋 ⊂ ℝ
𝑀 where, in our case, 𝐷𝑋 is the 

domain of validity of the meta-model and 𝑀 is the dimensionality of input space (Kleijnen, 2009; 

Matheron, 1963). In practice, Kriging is a linear regression model where the residuals are 

correlated by means of a Gaussian process, instead of being independent: 

𝑌 = 𝑓(𝑿) = ℎ(𝑿)𝑇𝜷 + 𝜎2𝑍(𝑿), (8) 

where ℎ(𝑿)𝑇𝜷 represents the mean value, also known as trend, which is a general linear 

regression model (e.g., ℎ(𝑿) can involve polynomial terms and it reflects the prior knowledge 

about the model), 𝜎2 is the variance of the Gaussian process and 𝑍(𝑿) is a zero mean, unit-

variance stationary Gaussian process whose underlying correlation function is represented by 

𝑅(𝒙, 𝒙′; 𝜽). The correlation function typically depends on the distance of the two vectors 𝒙, 𝒙′: 

the closer they are, the higher their correlation. Due to the Gaussian process hypothesis, every 

set of realizations of the model output can be described by a Gaussian vector: 

[
�̂�(𝒙)
𝒚
]~𝑁𝑁𝐾𝑟𝑖𝑔+1 ([

𝒉(𝒙)𝑇𝜷
𝑯𝜷

] ; 𝜎2 [
1 𝒓𝑻(𝒙)

𝒓(𝒙) 𝑹
]). (9) 

Assuming that 𝒚 = (𝑦1, … , 𝑦𝑁𝐾𝑟𝑖𝑔) is an experimental design with associated information 

matrix 𝑯 and correlation matrix 𝑹 (i.e., 𝑹𝑖𝑗 = 𝑅(𝒙
(𝑖), 𝒙(𝑗); 𝜽), 𝑖, 𝑗 = 1,… ,𝑁𝐾𝑟𝑖𝑔), then the 

prediction of the output �̂� for a given configuration 𝒙 is given by: 

�̂�(𝒙)|𝒚, 𝜎𝟐, 𝜽~𝑁(𝜇�̂�; 𝜎�̂�
2), (10) 

where 

𝜇�̂�(𝒙) = ℎ(𝒙)
𝑇𝜷 + 𝑟(𝒙)𝑇𝑹−𝟏(𝒚 − 𝑯𝛃), (11) 

𝜎�̂�
2(𝒙) = 𝜎2(1 − 𝑟(𝒙)𝑇𝑹−𝟏𝑟(𝒙)𝑇) + (ℎ(𝒙)𝑇 − 𝒓(𝒙)T𝑹−𝟏𝑯)(𝑯T𝑹−𝟏𝑯)−1(ℎ(𝒙)𝑇 − 𝒓(𝒙)T𝑹−𝟏𝑯)𝑇 (12) 

with the regression coefficients estimated by 𝜷 = (𝑯T𝑹−𝟏𝑯)
−1
𝑯𝑇𝑹−𝟏𝒚. 

One of the main advantages of this formulation is that a confidence interval can be associated 

to each prediction �̂�(𝒙). This can be used for assessing the accuracy and precision of the meta-

model: the smaller the confidence interval, the more precise the model prediction for the 

corresponding configuration. 
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Abstract 

The efficient estimation of system reliability characteristics is of paramount importance for many 

engineering applications. Real world system reliability modeling calls for the capability of treating 

systems that are: i) dynamic, ii) complex, iii) hybrid and iv) highly reliable. Advanced Monte Carlo 

(MC) methods offer a way to solve these types of problems, which are feasible according to the 

potentially high computational costs. In this paper, the REpetitive Simulation Trials After Reaching 

Thresholds (RESTART) method is employed, extending it to hybrid systems for the first time (to 

the authors’ knowledge). The estimation accuracy and precision of RESTART highly depend on the 

choice of the Importance Function (IF) indicating how close the system is to failure: in this respect, 

proper IFs are here originally proposed to improve the performance of RESTART for the analysis 

of hybrid systems. The resulting overall simulation approach is applied to estimate the probability 

of failure of the control system of a liquid hold-up tank and of a pump-valve subsystem subject 

to degradation induced by fatigue. The results are compared to those obtained by standard MC 

simulation and by RESTART with classical IFs available in the literature. The comparison shows the 

improvement in the performance obtained by our approach. 

 

Keywords: advanced Monte Carlo method; RESTART; Piecewise Deterministic Markov Process 

(PDMP); hybrid dynamic system; importance function; efficient failure probability estimation. 
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 Introduction 

In the performance-based design and operation of modern engineered systems, the accurate 

assessment of reliability characteristics is of paramount importance, and more so for nuclear, 

aerospace, chemical and energy transmission systems that are safety-critical and must be 

designed and operated within a risk-informed approach (EPA, 2009; NASA, 2010; USNRC, 2009). 

In order to assess quantitatively the failure behavior of these systems, complex mathematical 

models are built and subsequently translated into detailed mechanistic computer codes that are 

used to simulate the response of the systems under various operational transient and accident 

scenarios. In practice not all the characteristics of the system under analysis can be fully described 

by the model, due to the presence of intrinsically stochastic events and to the analysts’ 

incomplete knowledge about some phenomena. This leads to uncertainty on the values of model 

parameters and on the hypotheses supporting the model structure. These uncertainties must be 

taken into account to conduct a realistic assessment of the system failure behavior and the 

associated reliability characteristics. 

In practice real-world systems are: 1) dynamic, i.e., their state changes (deterministically 

and/or stochastically) in time; 2) hybrid, i.e., they are characterized by both discrete and 

continuous variables (e.g., components’ discrete states, like functioning, failed, standby, and 

continuous physical quantities, like temperatures and pressures); 3) complex, i.e., they are 

described by a large number of variables and parameters related by highly nonlinear 

dependences; 4) highly reliable, i.e., their failure probability is very low. 

These real-world system features rarely allow solving the models for reliability assessment 

with uncertainty propagation analytically. On the other hand, Monte Carlo Simulation (MCS) 

methods offer a feasible means (Zio, 2013). The basic idea is to randomly generate a large number 

of possible system evolutions and estimate the failure probability as the fraction of the number 

of simulations that end in a failure state. Obviously, the smaller the failure probability, the larger 

the number of simulations needed to achieve an acceptable estimation accuracy and precision. 

As a consequence, the resulting computational cost may be very high and at times impractical 

(e.g., repeated realizations of system response by the computer code RELAP5-3D, which is used 

to describe the thermal-hydraulic behavior of nuclear systems, may take up to twenty hours per 

run in some applications). This calls for new simulation techniques that allow performing failure 

probability estimations, with as few as possible model calls and, thus, as low as possible 

computational time. 

This can be obtained by resorting to advanced Monte Carlo Simulation techniques (Bucklew, 

2013; Robert & Casella, 2004; Rubino & Tuffin, 2009). Examples of these methods include 

Stratified Sampling (Cacuci & Ionescu-Bujor, 2004; Helton & Davis, 2003; Munoz Zuniga et al., 

2011); Importance Sampling (IS) (Asmussen et al., 2011; Asmussen & Glynn, 2007; Au, 2004; Au 
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& Beck, 2003a; Dupuis, Leder, & Wang, 2007) and its variants, such as the cross-entropy 

method(Asmussen & Glynn, 2007; Botev & Kroese, 2008; De Boer et al., 2005; Rubinstein & 

Kroese, 2004) or the recent Markov Chain Monte Carlo (MCMC) IS (Botev et al., 2013); Subset 

Simulation (Au & Beck, 2001, 2003b; Au et al., 2007; Au & Wang, 2014; Cadini et al., 2012; Ching 

et al., 2005); Line Sampling (Schuëller & Pradlwarter, 2007; Valdebenito et al., 2010; Zio & 

Pedroni, 2010) and Splitting Methods (Botev & Kroese, 2012; M. J. J. Garvels, 2011; Kahn & Harris, 

1951; Murray et al., 2013; Rubino & Tuffin, 2009). These algorithms have shown to provide 

outstanding performances in static problems, whereas their applicability to complex dynamic 

systems is not fully demonstrated. 

Methods explicitly designed for dynamic reliability analyses have been proposed in the 

literature (Labeau, 1996), and consistently developed through years (Labeau et al., 2000). In (Zhu 

et al., 2007) advancements in the dynamic reliability field have been brought by including 

software behavior into the analysis and using an entropy-driven criterion to force the simulation 

of scenarios of interest. (Čepin & Mavko, 2002) and (Durga Rao et al., 2009) evaluate system 

failure probabilities by resorting to dynamic fault trees. A method exploiting Dynamic Event Tree 

(DET) and Monte Carlo simulation is proposed in (J. Li et al., 2010) and (J. Li et al., 2011) to force 

the stochastic system simulation to a failure state and to retrieve the corresponding probability 

by means of a biasing approach similar to that of Importance Sampling. In (Catalyurek et al., 2010) 

and (Aldemir, 2013) an efficient framework is proposed for the exploration of the state space of 

dynamic, hybrid and complex systems and the assessment of the corresponding state 

probabilities; however, an acceptance threshold on the probabilities is introduced to avoid an 

explosion of the number of system analysis, making these approaches exposed to neglecting 

events with small failure probabilities. Finally, Sequential Monte Carlo simulation has recently 

captured the attention of many researchers due to its rigorous consistent mathematical 

formulation and its possibility of dealing with static rare events (Cérou et al., 2012) and large 

hybrid dynamic systems (Blom et al., 2006; Cassandras & Lygeros, 2006; Cérou et al., 2012). 

However, in this paper, we consider the REpetitive Simulation Trials After Reaching Thresholds 

(RESTART) method, an advanced MCS technique taking its root in splitting theory, which has 

shown promising performance in the analysis of dynamic, discrete systems (Marnix J. J. Garvels & 

Kroese, 1998; Gorg & Schreiber, 1996; Tuffin & Trivedi, 2000; M Villén-Altamirano & Villén-

Altamirano, 1991; Manuel Villén-Altamirano & Villén-Altamirano, 1994) and which can be 

potentially extended to dynamic, hybrid systems. The method is based on the random generation 

of many possible realizations of the life of the dynamic system. Such trajectories are split (i.e., 

“multiplied”) when they get close to “interesting” regions of the system state space (i.e., the 

failure region); on the contrary, the trajectories are stopped if they tend to go far from the failure 

region. This way of proceeding, coupled with a proper weight assigned to each path allows a more 

efficient exploration of the system state space and, thus, a reduction of the variance of the 

corresponding failure probability estimator (M. Villén-Altamirano & Villén-Altamirano, 2002). The 
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indication of which trajectories should be split (i.e., of which regions of the state space should be 

explored more deeply) is given by a properly selected scalar Importance Function (IF) which is 

crucial for the overall performance of the method (Amrein & Künsch, 2011; Cérou & Guyader, 

2007; M. J. J. Garvels et al., 2002; Lagnoux, 2006; M. Villén-Altamirano & Villén-Altamirano, 2006). 

In particular, the possibility of embedding the discrete and continuous variables of a hybrid 

system within a single scalar importance function is of interest for the use of this method. 

In this view, the objective of the paper is to show the feasibility of efficiently employing this 

technique for hybrid, dynamic, highly reliable systems. To this aim, we apply the RESTART method 

to evaluate the failure probability of two hybrid dynamic systems in the literature, whose 

mathematical models contain both discrete and continuous time-dependent variables: the first 

is a control system of a liquid hold-up tank (Marseguerra & Zio, 1996) and the second is a system 

composed by a pneumatic valve and a centrifugal pump subject to degradation (Lin et al., 2015). 

The systems are modeled via Piecewise Deterministic Markov Processes (PDMPs) (Davis, 1984, 

1993). Although suggestions and guidelines for the construction of proper Importance Functions 

(IFs) for discrete dynamic systems are given in literature (J. Villén-Altamirano, 2007, 2010a, 2014), 

no indications have been given yet with reference to hybrid systems: our developments in this 

represent the main contribution of the present paper. 

The rest of the paper is organized as follows: in Section 2, a recall of the RESTART method and 

of the performance index for evaluating it, is given; Section 3 reports some references regarding 

the PDMP modeling technique used in both case studies; Section 4 introduces general guidelines 

for the definition of the importance function; Section 5 presents an application of the RESTART 

for estimating the failure probability of a control system of a liquid tank; Section 6 shows the 

RESTART performance on a pump-valve subsystem of a liquid delivery system; finally in Section 7 

some conclusions are drawn. 

 The Restart Method 

The REpetitive Simulation Trials After Reaching Thresholds (RESTART) method is a splitting 

technique that takes its origins in (Bayes, 1970) and has been developed mainly by (M. Villén-

Altamirano & Villén-Altamirano, 2002, 2006, 2011). The method has been introduced to 

efficiently estimate small failure probabilities of dynamic systems: it relies on the observation that 

a (small) failure probability can be expressed as a product of (larger) probabilities conditional on 

some chosen “intermediate” and, thus, more frequent events. The problem is, thus, tackled by 

performing a sequence of retrial simulations of (more frequent) intermediate events in their 

conditional probability spaces. Such retrial simulations are carried out by sequentially splitting 

the evolution trajectory of the dynamic system each time it “enters” these intermediate 
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conditional regions. In this way, the split trajectories gradually populate all the intermediate 

conditional regions until the final failure region is reached. 

For the sake of brevity, in what follows only the main elements and concepts underlying the 

RESTART algorithm are recalled for self-containment and better comprehension of the paper; the 

reader is referred to the cited references for further technical details. 

 The Algorithm 

Let Ω be the state space of the stochastic process 𝑋(𝑡) describing the evolution of the dynamic 

system of interest and 𝐴 be the rare failure event, whose probability has to be estimated. A scalar 

function 𝜙:Ω → ℝ , called Importance Function (IF), is introduced to identify a sequence of 

nested “intermediate” states sets 𝐶𝑖 ⊂ Ω, (𝐶1 ⊃ 𝐶2 ⊃ ⋯ ⊃ 𝐶𝑀): these sets are of the form 𝐶𝑖 =

{𝑥(𝑡) ∈ Ω ∶ 𝜙(𝑥(𝑡)) > 𝑇𝑖}, where 𝑇1 < ⋯ < 𝑇𝑀 is a given sequence of predefined thresholds. 

This generates a partition of Ω in regions 𝐶𝑖 − 𝐶𝑖+1 = {𝑥(𝑡) ∈ Ω ∶ 𝑇𝑖 ≤ 𝜙(𝑥(𝑡)) < 𝑇𝑖+1}, such 

that the higher 𝑖, the closer the system to the failure region 𝐴, i.e., the higher the “importance” 

of the system states belonging to that region. 

By way of example, assume that the system of interest is a nuclear reactor which is assumed 

to fail when the fuel cladding temperature 𝜃𝑓(𝑡) exceeds the safety threshold 𝜃𝑓
𝑚𝑎𝑥 = 𝑇𝐴. In this 

case, the stochastic process 𝑋(𝑡) is represented by the ensemble of the (discrete) variables 

describing the state of the components of the nuclear reactor system (e.g., pumps, valves, safety 

systems, etc.) and of the (continuous) variables describing the evolution of the physical quantities 

that are critical for the reactor safety (e.g., temperature, pressure, mass flow rate, etc.). The 

importance function 𝜙(𝑋(𝑡)) can be simply chosen as the “natural” indicator of the condition of 

the fuel cladding, i.e., its temperature 𝜃𝑓(𝑡): in other words, 𝜙(𝑋(𝑡)) = 𝜃𝑓(𝑡). Finally, since the 

system fails when 𝜙(𝑋(𝑡)) exceeds 𝜃𝑓
𝑚𝑎𝑥, then three possible “intermediate” thresholds can be 

chosen as 𝑇1 < 𝑇2 < 𝑇3 < 𝑇𝐴. 

The algorithm proceeds as follows. A certain number 𝑁 of initial simulation paths 

(trajectories), called main trials, is generated by crude Monte Carlo simulation. The starting point 

of these trajectories is represented by the initial condition of the system of interest and it lies in 

region 𝐶0 − 𝐶1 = {𝑥(𝑡) ∈ Ω ∶ 𝜙(𝑥(𝑡)) < 𝑇1} . When the IF associated to a simulation path 

started from a given region 𝐶𝑖 exceeds a threshold 𝑇𝑖+𝑘 of higher level at time 𝑡∗, 𝑘 = 1,… ,𝑀 −

𝑖, the corresponding system state  𝑋(𝑡∗) is saved and 𝑅𝑖+𝑘 − 1 new paths, called retrials, are 

generated having the saved state 𝑋(𝑡∗) as origin (hence, if we count also the original path that 

has exceeded threshold 𝑇𝑖+𝑘 , we have 𝑅𝑖+𝑘 trials starting from state 𝑋(𝑡∗)). On the contrary, 

every time the IF of a trial born in 𝐶𝑖 falls below threshold 𝑇𝑖, that trial is interrupted. This is the 

main difference between RESTART and the “classical” splitting (Garvels et al., 2002), where the 

paths are split only the first time they cross a more important threshold 𝑇𝑖+𝑘 and, then, they are 
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maintained for the rest of the simulation, even if their trajectories fall below the “generating” 

threshold 𝑇𝑖+𝑘. On the contrary, RESTART keeps only one of the 𝑅𝑖+𝑘 trials (e.g. the one that has 

crossed the threshold) as the representative path for exploring less important regions (i.e., those 

regions lying below the threshold 𝑇𝑖+𝑘 from which the 𝑅𝑖+𝑘 retrials are generated): obviously in 

such a case the representative path has to be re-split in case threshold 𝑇𝑖+𝑘 is again exceeded.. 

The reason behind the truncation of the trajectories that end to move farther from failure region 

𝐴 is to reduce as much as possible the computational cost associated to the exploration of regions 

of the state space that are not of interest. At the same time, the unbiasedness of the estimates 

is guaranteed by associating a proper weight to each path/retrial on the basis of the region 𝐶𝑖 −

𝐶𝑖+1 explored. Intuitively, less important regions are visited by a lower number of paths with 

higher weights whereas more important regions are explored by a potentially larger number of 

retrials, but with correspondingly lower weights. An analytical demonstration of the unbiasedness 

of the RESTART estimators can be found in (M. Villén-Altamirano & Villén-Altamirano, 2002). In 

addition, it must be remembered that one trajectory may exceed more than one threshold at the 

same time (even if not frequently). For example, consider a trial with origin in 𝑋𝑖(𝑡
∗) ∈ 𝐶𝑖 − 𝐶𝑖+1  

which exceeds 𝑇𝑖+1 and 𝑇𝑖+2 at the same time. In such a case, 𝑅𝑖+1 ∙ 𝑅𝑖+2 − 1 retrials should be 

generated from the new state 𝑋𝑖+2(𝑡
∗), as if all the 𝑅𝑖+1 − 1 retrials that should have been 

generated due to the exceedance of threshold 𝑇𝑖+1 and the one with origin in 𝑋𝑖(𝑡
∗) had reached 

𝑇𝑖+2. In summary, we should take into account: i) the initial trial started from 𝑋𝑖(𝑡
∗) which is 

terminated when it falls below 𝑇𝑖; ii) (𝑅𝑖+1 − 1) retrials which are generated due to the 

exceedance of threshold 𝑇𝑖+1and that are terminated when they fall below 𝑇𝑖+1; iii) 𝑅𝑖+1 ∙

(𝑅𝑖+2 − 1) retrials which take into account the possible exceedance also of threshold 𝑇𝑖+2 and 

that are stopped when they fall below 𝑇𝑖+2. 

The simulation path of each retrial ends due to either the rules explained above or to the 

occurrence of a process “end condition”; on the contrary, the simulation path of the main trials 

is terminated only due to the occurrence of the “end condition”. “End conditions” are given as in 

crude Monte Carlo simulations (e.g., reaching of the mission time 𝑡𝑚𝑖𝑠𝑠, occurrence of absorbing 

events, etc.). Fig. 1 shows possible evolutions of the retrials (dashed and/or dotted lines) 

associated to a single main trial (bold line) in a RESTART simulation with three thresholds (𝑀 =

3), retrials  𝑅1 = 3, 𝑅2 = 4,𝑅3 = 2, a mission time (i.e., time horizon of system observation) 

𝑡𝑚𝑖𝑠𝑠 and failure region defined by 𝜙(𝑋(𝑡)) ≥ 𝑇𝐴. 
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Fig. 1 Possible evolutions of RESTART trajectories relative to a single main trial (bold) in a simulation with 

𝑴 = 𝟑,𝑹𝟏 = 𝟑,𝑹𝟐 = 𝟒,𝑹𝟑 = 𝟐. 

For the evaluation of statistics based on all simulation trials, the weights associated to the 

each trial need to be computed. The weight of a trajectory is obviously related to the region 𝐶𝑖 −

𝐶𝑖+1 in which the trial lies; in particular it is related to the product 𝑟𝑖 = ∏ 𝑅𝑗
𝑖
𝑗=1  of the splitting 

factors necessary to reach threshold 𝑇𝑖 and to the number of main trials N. In details, if 𝑋(𝑡) is in 

𝐶𝑖 − 𝐶𝑖+1, its weight 𝑤𝑖 will be 𝑤𝑖 =
1

𝑁∙𝑟𝑖
=

1

𝑁∙∏ 𝑅𝑗
𝑖
𝑗=1

. Notice that, the higher is the importance of 

the region, the lower is its statistical weight. For example, considering the situation depicted in 

Fig. 1, where the number 𝑁 of main trials is 1, the trajectories in region 𝐶1 − 𝐶2 have weights 

𝑤1 =
1

𝑅1
=

1

3
, since the main trial is split into three retrials every time it exceeds threshold 𝑇1; 

similarly, trajectories in region 𝐶2 − 𝐶3 have weights 𝑤2 =
1

𝑅1∙𝑅2
=

1

3∙4
=

1

12
, since they are the 

results of two successive splittings, related to the crossing of thresholds 𝑇1 (splitting into three 

retrials) and 𝑇2 (splitting into four retrials). Then, the estimator �̂�(𝐴) of the probability of failure 

𝑃(𝐴) is �̂�(𝐴) = ∑ 𝑤𝑖 ∙ 𝑁𝐴
𝑖𝑀

𝑖=1 = ∑
𝑁𝐴
𝑖

𝑟𝑖

𝑀
𝑖=1 , where 𝑁𝐴

𝑖  is the number of occurrences of the failure 

event 𝐴 when the system has a state 𝑋(𝑡) lying in region 𝐶𝑖 − 𝐶𝑖+1. Furthermore, if 𝐴 ⊂ 𝐶𝑀 (i.e., 

failures occur only if the system has a state in 𝐶𝑀), the estimator becomes simply �̂�(𝐴) =
𝑁𝐴
𝑀

𝑁∙𝑟𝑀
=

𝑁𝐴

𝑁∙∏ 𝑅𝑗
𝑀
𝑗=1

. In (M. Villén-Altamirano & Villén-Altamirano, 2002) the unbiasedness of the estimators 

is proven and details concerning the variance of this estimator are given. 

As in all Monte Carlo-based methods, the higher the correlation among the generated 

trajectories, the higher the variance 𝑉[�̂�(𝐴)] of the failure probability estimator. In the RESTART 

method, each retrial shares a part of the “simulation path” with the trial from which it is 

generated: thus, there is correlation between them. In (M. Villén-Altamirano & Villén-Altamirano, 

2002), optimal and quasi-optimal values for the number of retrials 𝑅𝑖, 𝑖 = 1,… ,𝑀, have been 



Advanced RESTART 

203 

derived analytically for a fixed number of thresholds 𝑀 in order to minimize the variance of �̂�(𝐴): 

on one side, 𝑅𝑖 should be large enough to widely explore the system state space by generating 

the possible trajectories of evolution of the process; on the other side, 𝑅𝑖 has to be small enough 

to avoid a significant increase in the correlation among the retrials and, thus, a dramatic decrease 

in the efficiency of the method. The analytical results derived in (M. Villén-Altamirano & Villén-

Altamirano, 2002) demand for information that is typically not available a priori, such as the value 

of 𝑃𝑖|0, i.e., the probability that the system reaches region 𝐶𝑖 knowing that it is in region 𝐶0. 

However, rough estimations via crude Monte Carlo or expert judgement are usually enough to 

obtain satisfying results. Another crucial parameter for the algorithm is the number 𝑀 of 

thresholds. If the IF is continuous, it is possible to identify the optimal value for 𝑀 as the largest 

possible value that guarantees 𝑃𝑖|𝑖−1 < 0.5, where 𝑃𝑖|𝑖−1 is the conditional probability that the 

system reaches region 𝐶𝑖, given that it lies in region 𝐶𝑖−1, i.e., 𝑃(𝑋(𝑡) ∈ 𝐶𝑖| 𝑋(𝑡) ∈ 𝐶𝑖−1). On the 

contrary, if the state space is discrete or hybrid (which is the case of the present paper), the IF is 

discontinuous and, thus, optimal values for 𝑀 and 𝑅𝑖 cannot be obtained easily. Applications of 

the RESTART method to reliability problems in discrete state spaces have been already shown in 

the literature; also, suggestions for the choice of the corresponding IFs have been proposed (J. 

Villén-Altamirano, 2007, 2010a, 2014). However, to the best of the authors’ knowledge, 

applications and related IFs for hybrid systems have not been proposed yet. 

 Performance Index 

The performance of the RESTART method can be assessed by means of the well-known Figure of 

Merit (FoM) 𝐶 ∙ 𝑉(�̂�), where 𝐶 is the computational cost associated to the method and 𝑉 (�̂�(𝐴)) 

the variance of the failure probability estimator �̂�(𝐴): this indicator takes into account both the 

precision (i.e., the variance) of the estimator and the computational effort needed to obtain it. 

The gain or speedup 𝐺 of RESTART can be defined as the ratio between the FoM of crude Monte 

Carlo simulation and the FoM of RESTART. A formula for the ideal (i.e., maximal) gain has been 

derived in (M. Villén-Altamirano & Villén-Altamirano, 2002): 

where 𝑃(𝐴) is the failure probability to be estimated. 

  

𝐺 =
1

𝑃(𝐴)(− ln𝑃(𝐴) + 1)²
, (1) 
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 Piecewise Deterministic Markov Process (PDMP) for Modeling Hybrid 

Dynamic Systems 

Piecewise Deterministic Markov Process is a modeling technique that allows to describe systems 

whose variables evolve accordingly to physical laws (typically by Ordinary Differential Equations-

ODEs), which could stochastically change in time. PDMPs were firstly introduced by (Davis, 1984, 

1993) for describing systems with deterministic motion and random jumps; recently PDMP have 

been treated in (Jacobsen, 2006) and used in (Lin et al., 2015). 

PDMPs are suitable, e.g., for modeling the process of degradation of physical systems which 

present interdependencies among their variables (Lin et al., 2015). Let 

�⃗�(𝑡) = [
�⃗⃗�(𝑡)

𝑍(𝑡)
] ∈ 𝐸 = ℝ𝑑 × 𝑆 (2) 

be the vector representing the state of the system on the support 𝐸: for simplicity of the 

presentation of the method, the 𝑑-dimensional vector �⃗⃗�(𝑡) contains all the continuous variables 

(typically related to the system physical quantities like temperatures and pressures), whereas 

𝑍(𝑡) has a discrete support 𝑆 and contains all the discrete variables (e.g., those related to the 

functioning, partially functioning or failed states of mechanical components). A continuous 

variable is commonly used either in a continuous time monitoring or physics-based modeling 

framework. On the contrary, discrete variables are used either when it is not necessary or it is not 

possible to build a more detailed continuous model. This can be due to the lack of information, 

(e.g., it is not possible to continuously monitor the system state), or to the fact that it is sufficient 

to know a range in which the variables lie: for example, if the vibrations are over a certain value, 

then the pump is considered partially degraded, otherwise it is in normal conditions. 

In PDMPs, �⃗⃗�(𝑡) follows a piecewise deterministic process whose interruptions are brought by 

Markovian transitions of the discrete variables 𝑍(𝑡) at time 𝑡𝑘. Letting �⃗�𝑘 = �⃗�(𝑡𝑘) be the state 

of the system at transition time 𝑡𝑘, then the random jumps of the discrete variable 𝑍(𝑡) are driven 

by the following transition probability: 

𝑃 (�⃗�𝑘+1 = 𝑗, 𝑡𝑘+1 ∈ [𝑡𝑘, 𝑡𝑘 + Δ𝑡]|{�⃗�𝑛, 𝑡𝑛}𝑛≤𝑘 ) = 𝑃(�⃗�𝑘+1 = 𝑗, 𝑡𝑘+1 ∈ [𝑡𝑘, 𝑡𝑘 + Δ𝑡]|�⃗�𝑘 = 𝑖) 

∀𝑘 ≥ 0, Δ𝑡 ≥ 0, 𝑖, 𝑗 ∈ 𝐸, 𝑖 ≠ 𝑗. 
(3) 

The transition probability in (D.2) depends on the state of both the continuous and discrete 

variables. Between two consecutive transition times 𝑡𝑘  and 𝑡𝑘+1, the evolution of the system is 

deterministic, i.e., �⃗�(𝑡) = �⃗⃗�(�⃗�𝑘, 𝑡 − 𝑡𝑘) for 𝑡 ∈ [𝑡𝑘 , 𝑡𝑘+1), ∀𝑘 ∈ ℕ, where �⃗⃗�: ℝ𝑑 × 𝑆 → ℝ𝑑 × 𝑆 

is a deterministic function in which 𝑍(𝑡) is constant and �⃗⃗�(𝑡) takes a specific value. It is not rare 

that different values of the discrete variables 𝑍(𝑡) imply different deterministic evolutions for the 

continuous variables �⃗⃗�(𝑡) (i.e., the shape of �⃗⃗� is itself dependent on the value of 𝑍(𝑡). 
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 Importance Function Definition 

In what follows, general guidelines and procedural steps for defining efficient importance 

functions are reported. 

 System Analysis 

The scope of this step is to identify the components and the continuous variables involved in the 

(failure) event of interest: for example, those states that the components should visit to cause 

system failure (i.e., the minimal cut sets) and the values that the continuous variable should 

assume in those conditions (e.g., liquid level in a hold-up tank or the pressure in a nuclear reactor 

vessel). Dependencies among components and variables could be also identified (if possible) at 

this step: for example, specific sequences of events that lead the system to failure. 

 Components And Variables Ranking 

Based on the information collected at the previous step, a possibly rough and qualitative ranking 

of the components and variables that contribute most to the failure event should be performed. 

In particular, variables and component configurations that are necessary to lead to system failure 

(e.g., a specific configuration or failure mode of the valves in the system) should be ranked at the 

top. 

 Definition Of The Importance Function 

The definition of a proper Importance Function is typically problem- and system-dependent: see 

(J. Villén-Altamirano, 2010b, 2014). Thus, in accordance with the analyses conducted in the 

previous two steps, an importance function should be conceived by considering first the elements 

(i.e., the components and the continuous variables) in the top positions of the ranking, i.e., those 

that contribute most to system failure. For example, in the case study that follows (Section 5), 

firstly, the state of three valves is considered since their failure is the necessary condition to lead 

the system to an uncontrolled situation; secondly, the level of the liquid in the tank is taken into 

account, since it gives information about the remaining time available to perform repair on the 

failed components. 

However, it has to be admitted that an automatic general procedure for the definition of the 

Importance Function is not yet available, especially for complex systems. In this view, the previous 

guidelines could serve as a starting point for future works. 

 Case Study 1: Hold Up Tank 
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The RESTART method has been applied to a well-known case study in the literature for 

dynamic reliability analysis (Aldemir, 1987; Marseguerra & Zio, 1996; Siu, 1994). 

 Model 

The system consists of a tank containing a fluid whose level is controlled by suitable sensors, 

which govern three active components (Fig. 2). 

 
Fig. 2 Tank containing a liquid, whose level is controlled by three active components 

Input inflow is provided by components 1 and 2 (e.g., pumps) that produce equal and constant 

rates of liquid level variation 𝑄1 = 𝑄2 = 0.6𝑚 ℎ⁄ . Outflow is, instead, provided by a valve with 

constant level variation rate 𝑄3 = −0.6𝑚 ℎ⁄ . All the components are independent and can fail 

either Stuck Open (SO) or Stuck Closed (SC); after failure, a repair strategy that brings the 

components back to an “as-good-as-new” state is implemented. Exponential probability 

distributions are used to model all types of stochastic transition. The Mean Time To Failures 

(MTTFs) of components 1, 2 and 3 are 219ℎ, 175ℎ and 320ℎ, respectively, for both types of 

failures (SO and SC), whereas the Mean Time To Repair (MTTR) for each component is 5ℎ. In this 

case study, the continuous variable 𝑌(𝑡) represents the level of liquid in the tank; and there are 

3 discrete variables 𝑍 = (𝑍1, 𝑍2, 𝑍3) for the components states (-1: operating; 0: SC; 1: SO). 

The initial liquid level is set to 𝑌(𝑡 = 0) = 𝑌0 = 0. The whole system fails either for overflow 

(i.e., when the liquid level exceeds threshold 𝑌5 = 𝑌0 + 5) or for dry-out (i.e., when the liquid 

level falls below threshold 𝑌−5 = 𝑌0 − 5). In addition, two alarm thresholds, namely, 𝑌−1 and  𝑌1, 

are set to 𝑌0 ± 1, respectively. Every time the level 𝑌(𝑡)  reaches one of these two alarm 

thresholds, the possibly failed components are detected and put under repair; at the same time, 

the control system modifies the working configuration of the active components so as to drive 
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the liquid level towards a safe condition. Between two consecutive (stochastic) transition times 

𝑡𝑘 and 𝑡𝑘+1, the liquid level evolution is described by the following deterministic law: 

𝑌(𝑡) = 𝑌𝑡𝑘 + (𝑎1𝑄1 + 𝑎2𝑄2 + 𝑎3𝑄3) ∙ (𝑡 − 𝑡𝑘); ∀𝑡𝑘 ≤ 𝑡 ≤ 𝑡𝑘+1 (4) 

where 𝑌𝑡𝑘  is the value of the liquid level at (random) transition time 𝑡𝑘 and  �⃗� = (𝑎1, 𝑎2, 𝑎3) 

is a Boolean vector such that: 

𝑎𝑖 = {
1 𝑖𝑓 𝑐𝑜𝑚𝑝𝑜𝑛𝑒𝑛𝑡 𝑖 𝑖𝑠 𝑜𝑝𝑒𝑛 𝑜𝑟 𝑆𝑂
   0 𝑖𝑓 𝑐𝑜𝑚𝑝𝑜𝑛𝑒𝑛𝑡 𝑖 𝑖𝑠 𝑐𝑙𝑜𝑠𝑒𝑑 𝑜𝑟 𝑆𝐶

  (5) 

With reference to Fig. 2, the initial configuration of the system is in equilibrium, i.e., the inflow 

equals the outflow and �⃗� = (1,0,1). We divide the liquid level in three working states: 1) 𝑌(𝑡) ≤

𝑌−1; 2) 𝑌−1 < 𝑌(𝑡) < 𝑌1; 3) 𝑌1 ≤ 𝑌(𝑡). If 𝑌(𝑡) passes from 2) to 1), due to any kind of component 

failure, the controller will set �⃗� = (1,1,0) to increase the liquid level; otherwise, if 𝑌(𝑡) passes 

from 2) to 3), the controller will set �⃗� = (0,0,1) to reduce the liquid level. Once the liquid level 

reaches one of the failure thresholds 𝑌± 5, the system remains failed and no repair can be 

conducted within a time comparable with the mission time 𝑡𝑚𝑖𝑠𝑠. For simplicity of presentation, 

in this paper we consider only the assessment of the probability of dry-out failures, i.e., 𝑈 =

𝑃(𝑡𝑑𝑟𝑦𝑜𝑢𝑡 ≤ 𝑡𝑚𝑖𝑠𝑠), where 𝑡𝑑𝑟𝑦𝑜𝑢𝑡 is the time at which dryout occurs and 𝑡𝑚𝑖𝑠𝑠 (= 500ℎ) is the 

mission time. Notice that the event of interest occurs when the following two events occur 

consecutively: i) all the components fail in the configuration of minimal cut set (mcs) 𝑎𝑑𝑟𝑦𝑜𝑢𝑡 =

(0,0,1), (i.e., component 1 SC, component 2 SC, component 3 SO); ii) the repair strategy fails to 

restore at least one component before the liquid level reaches 𝑌−5. 

 Importance Functions 

Two Importance Functions (IFs) have been considered in this case study: the first one 𝜙1 has 

already been proposed in the literature to evaluate multi-components failure probability (J. 

Villén-Altamirano, 2014); the second one 𝜙2 is introduced for the first time in this paper and takes 

into account both the presence of multiple discrete components states and the information 

associated to the continuous physical variable 𝑌(𝑡). 

Since in this case we have only one minimal cut set (mcs) 𝑎𝑑𝑟𝑦𝑜𝑢𝑡 that leads to the failure 

event of interest, the IF 𝜙1(𝑡) introduced in (J. Villén-Altamirano, 2014) becomes: 

𝜙1(𝑡) = 𝑓𝑐(𝑡) 𝑛⁄ , (6) 

where 𝑓𝑐(𝑡) is the number of components in the mcs which are failed at time 𝑡 and 𝑛 is the 

cardinality of the mcs (i.e., 𝑛 = 3 in this case): obviously, the higher the number of failed 

components, the closer the system to failure and the higher the importance of the corresponding 

state. Notice that once the mcs configuration is obtained at time 𝑡, the system is not guaranteed 

to fail instantaneously at time 𝑡. Actually, there is still a safety margin given by the time needed 
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by liquid level 𝑌(𝑡) to move from the alarm threshold 𝑌−1 to the failure one 𝑌−5: in this time 

window repairs “could” occur and avoid system failure. Thus, three thresholds (𝑇1, 𝑇2, 𝑇3) =

(1 3⁄ , 2 3, 1⁄ ) are used in our RESTART implementation, instead of the two admissible if no repair 

strategy had been planned (actually, if no repairs were allowed, 𝜙1(𝑡) = 1 would automatically 

imply system failure at 𝑡). 

The second IF 𝜙2(𝑡) considers two aspects: (i) during the process components could fail in a 

state different from that of the mcs and (ii) once the mcs is reached, repair processes still happen 

stochastically. The importance function 𝜙2(𝑡) is defined as follows: 

𝜙2(𝑡) =
2 ∙ 𝑓𝑐(𝑡) − 𝑓(𝑡)

3
+ max (0, ln

𝑌5 − 𝑌(𝑡)

𝑌5 − 𝑌−1
 ), (7) 

where 𝑓(𝑡) is the number of failed components at the current time 𝑡. The first “discrete” term 

considers that if a component fails stuck in a position opposite to the one “required” by the mcs 

𝑎𝑑𝑟𝑦𝑜𝑢𝑡, it gives a negative contribution to (i.e., it reduces) the importance of that state (since 

the component needs to be repaired before it can reach the configuration “required” by the mcs). 

In other words, 𝜙2 gives less importance to those configurations where components are failed, 

but not in the state according to the mcs. In addition, the second term introduces a continuous 

part into the IF, when the alarm threshold 𝑌−1 has been down-crossed. This allows introducing 

additional intermediate thresholds to increase the frequency of trajectory splitting; i.e., to make 

the exploration of the system state space more thorough, which increases the performance of 

the method by reducing the variance of the estimator of the conditional probability 

𝑃(𝑌(𝑡) < 𝑌−5 | 𝑌(𝑡) < 𝑌−1). In the case under analysis, we introduce only one intermediate 

threshold that corresponds to the configuration of the system where the mcs has been reached 

and the liquid level is 𝑌(𝑡) = −3, i.e., it is at half position between the alarm 𝑌−1 and the failure 

threshold 𝑌−5: thus, (𝑇1, 𝑇2, 𝑇3, 𝑇4) = (1 3⁄ , 2 3, 1⁄ , 1.287). 

 Results 

The RESTART method has been applied with both importance functions 𝜙1 and 𝜙2 and its 

efficiency compared to that of standard MCS. It is worth recalling that accelerated Monte Carlo 

methods are typically used when the computational cost associated to a single run of the dynamic 

system model is prohibitive (e.g., hours or days): in this view, it is interesting to compare the 

performance of the two methods by keeping fixed the total time of simulation of the system 

model. Thus, the results produced by RESTART have been compared to the estimates obtained 

by the crude Monte Carlo method using the same Total Simulation Time (TST) 𝑡𝑆 (in this case, 

𝑡𝑆 = 80000ℎ, i.e., the total number of hours of liquid tank evolution). As performance indices, 

we have considered the Mean (𝐸[�̂�]) of the failure probability estimator �̂�, its Standard 

Deviation (𝑆𝑡𝑑[�̂�]), the Figure of Merit (FoM) introduced in Section 2.2 and the average Number 

of System Analyses (𝐸[𝑁𝑆𝐴]) (i.e., the average number of complete or partial paths used to 
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evaluate the estimator). The number of retrials 𝑅𝑖 for each threshold 𝑇𝑖 has been fixed to 

(7, 7, 40) and (7, 7, 7,10), respectively for 𝜙1 and 𝜙2, following the guidelines provided by (M. 

Villén-Altamirano & Villén-Altamirano, 2002). 

Table I reports the values of the performance indices 𝐸[�̂�], 𝑆𝑡𝑑[�̂�], FoM and 𝐸[𝑁𝑆𝐴] 

obtained as average over 100 estimates. The true value 𝑈 of the failure probability is 

5.40 × 10−4. The Std of the estimator obtained using IF 𝜙2 is one order of magnitude smaller 

than the one obtained by crude Monte Carlo and almost 30% smaller than the one provided by 

𝜙1. In addition, the FoM given by the new IF 𝜙2 is two orders of magnitude lower than that of 

standard MC and half of that of 𝜙1. The values of 𝐸[𝑁𝑆𝐴] show that RESTART employs more 

system analyses than standard MC, but it must be considered that part of some system analysis 

is shared by different retrials and, then, it does not imply additional computational cost. Indeed, 

the real total computational cost required by the different methods (which matters in the 

analysis) is the same by construction and is represented by the TST. 

Table I System probability of dry-out failure obtained as average over 100 estimates by crude Monte Carlo 
(MC) and by the RESTART method with two different Importance Functions (IFs), 𝝓𝟏 and 𝝓𝟐. 

 MC RESTART 𝝓𝟏 RESTART 𝝓𝟐 

𝑬[�̂�] 4.91∙10-4 5.36∙10-4 5.38∙10-4 

𝑺𝒕𝒅[�̂�] 1.70∙10-3 2.40∙10-4 1.69∙10-4 

𝑭𝒐𝑴[�̂�] 2.25∙10-1 4.74∙10-3 2.30∙10-3 

𝑬[𝑵𝑺𝑨] 1.63∙102 2.00∙103 2.26∙103 

 Case Study 2: Pump And Valve Subsystem 

In this artificial case, the fluid delivery system between two plants is considered. It consists of two 

subsystems: the former pushes fluid from plant A to plant B, whereas the latter pushes fluid in 

the opposite direction. The subsystems are identical and consist of a pneumatic valve and a 

centrifugal pump. Part of the pipes is shared between the two subsystems, so that they have to 

work in alternating way (Fig. 3): every hour, the fluid flow has to be inverted; thus, every hour the 

operating (resp., the switched off) pump is switched off (resp., on) and the associated valve is 

closed (resp., opened). Since the two subsystems are identical, we focus our attention on the 

analysis of a single pump-valve subsystem whose actual operating time is considered (i.e., only 

the time during which the subsystem is actually delivering the fluid). Indeed, components’ 

degradation develops due to wear. 
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Fig. 3 Fluid delivery system, where the pump-valve subsystem under analysis is highlighted by the dash 

box. 

 Model 

The model of the subsystems’ components (centrifugal pump and pneumatic valve) takes its 

roots from (Lin et al., 2015), where a Piecewise Deterministic Markov Process is used to describe 

the dependences between the degradation processes of the two components and the effect of 

the abrasive particles present in the fluid. In particular, the authors consider the influence that 

the degradation state of the pump has on the degradation process of the valve. We recall here 

the main characteristics of the model and refer the interested reader to (Lin et al., 2015) for more 

details. 

6.1.1 Pump 

The degradation process of the centrifugal pump is described by a continuous-time 

homogeneous Markov chain 𝑍(𝑡). The state space consists of a state of normal functioning, 

namely 𝑍(𝑡) = 3, two degradation states (namely, 𝑍(𝑡) = 2 and 𝑍(𝑡) = 1) and a failure one 

(namely, 𝑍(𝑡) = 0). This classification is based on the intensity of the vibrations produced by the 

pump. In other words, state 3 specifies the normal condition (i.e., small vibrations), state 2 

medium vibrations, state 1 high vibrations and state 0 specifies the failure state. No repairs are 

planned, except those performed at the mission time and the corrective ones, i.e., those carried 

out when the component is failed. Fig. 4 shows synthetically the state space of the Markov 

process modeling the stochastic degradation of the pump. The transition rate 𝜆 has been changed 

from that of (Lin et al., 2015) in favor of a more realistic value of 𝜆 = 4.68 × 10−5 ℎ−1, which 

already takes into account the relative increment caused by the abrasive particles. 

 

Fig. 4 State space of the Markov process modeling the degradation of the pump. 
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6.1.2 Valve 

The pneumatic valve is a gas-actuated valve with a linear cylinder actuator described by a physics-

based model. A system of Ordinary Differential Equations (ODEs) describes the evolution of the 

state variables of the valve. These variables are: (i) the position and the velocity of the piston, 

𝑥(𝑡) and 𝑣(𝑡), respectively; (ii) the mass of gas at the top and bottom chamber of the valve, 

𝑚𝑡(𝑡) and 𝑚𝑏(𝑡), respectively, and (iii) the equivalent orifice area of the internal leakage of the 

piston, 𝐿(𝑡). The differential equation describing the deterministic time evolution of the leakage 

𝐿(𝑡) (i.e., the variable pinpointing the degradation state of the valve, which depends on the 

vibration state of the pump) is as follows: 

�̇�(𝑡) = 𝑤(1 + 𝛼𝑣)(1 + 𝛽𝑍(𝑡))𝑟𝑣(𝑡)², (8) 

where 𝑤 is the wear coefficient, 𝛼𝑣 is a constant that characterizes the relative increment of 

the degradation rate due to the abrasive particles in the fluid, 𝑟 is the coefficient of kinetic friction 

and 𝛽𝑍(𝑡) is a variable that characterizes the relative increment of the internal leakage caused by 

the vibrations of the pump: the higher the vibrations, the larger the value of 𝛽𝑍(𝑡). Table II reports 

the value of the model parameters that have been here modified with respect to (Lin et al., 2015). 

Table II Parameters of the physical valve model modified with respect to (Lin et al., 2015) 

Parameters Value 

𝒘 4.17∙10-11  mN-1 

𝜶𝒗 0.2 

𝜷𝟑 0 

𝜷𝟐 0.2 

𝜷𝟏 0.4 

𝜷𝟎 0 

 

If 𝐿(𝑡) reaches the value 3.20 × 10−6𝑚², then the valve can be considered failed, since it 

cannot get to the fully opened position within the safety time limit of 15s from the opening 

command. 

With reference to the notation used in Section 3, the subsystem is described by the following 

vector of variables: 

�⃗�(𝑡) = [
�⃗⃗�(𝑡)

𝑍(𝑡)
] =

[
 
 
 
 
 
𝑥(𝑡)

𝑣(𝑡)

𝑚𝑏(𝑡)

𝑚𝑡(𝑡)

𝐿(𝑡)

𝑍(𝑡) ]
 
 
 
 
 

 ∈ 𝐸 = ℝ5 × {3, 2, 1, 0}, (9) 

where 𝑍(𝑡) represents the state of the pump. The objective is the evaluation of the failure 

probability 𝑈 of the subsystem up to the mission time 𝑡𝑚𝑖𝑠𝑠 = 1848ℎ, since at that time 

components are put under maintenance and they are restored. 
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 Importance Functions 

Two Importance Functions (IFs) have been considered to apply the RESTART method and 

compare its performance to that of the crude Monte Carlo method. IF 𝜙1 is based only on the 

state of the pump and exploits the fact that the pump is the only source of (aleatory) uncertainty 

in the subsystem. Thus, two intermediate thresholds (𝑇1, 𝑇2) = (1 3⁄ , 2 3⁄ ) are set (J. Villén-

Altamirano, 2014): 

𝜙1(𝑡, �⃗�) =
3 − 𝑍(𝑡)

3
. (10) 

The second IF 𝜙2 tries to consider the contribution of valve failures to the failure of the whole 

subsystem. Since the speed of degradation of the valve is dependent on the degradation of the 

pump (i.e., the higher the pump vibrations, the higher the degradation speed of the valve), the 

new IF takes into account also the pump transition times. Indeed, it can be seen that the mission 

time 𝑡𝑚𝑖𝑠𝑠 of the experiment is such that if the pump remains in state 3 (i.e., the normal 

functioning state), no valve failure can occur, because the leakage cannot reach the failure level. 

However, if the first transition time 𝑡3→2 of the pump occurs before a certain time 𝑡3̅→2 = 629ℎ, 

then, valve failure could happen. This also depends on the time 𝑡2→1, when the second transition 

2 → 1 occurs. It is reasonable that the sooner transition 3 → 2 occurs (i.e., the smaller 𝑡3→2), the 

larger the time window within which 2 → 1 can occur and can lead to valve failure. Thus, we can 

identify the set of pump transition times that can lead to the failure of the valve within the mission 

time. Fig. 5 reports the function 𝑡2→1 = 𝑓(𝑡3→2) (black line), which gives the maximum time 𝑡2→1 

within which transition 2 → 1 must happen so that the valve failure occurs before 𝑡𝑚𝑖𝑠𝑠: in other 

words, given the first pump transition time 𝑡3→2, if 𝑡2→1 < 𝑓(𝑡3→2), then the system is going to 

fail before 𝑡𝑚𝑖𝑠𝑠, either due to a deterministic degradation of the valve or to a possible third 

stochastic transition of the pump. 
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Fig. 5 Maximum value that 𝒕𝟐→𝟏 can assume to guarantee valve failure within 𝒕𝒎𝒊𝒔𝒔. 

The new IF 𝜙2 is, then, based on the observation that the smaller is the number of transitions 

needed by the pump to lead the subsystem to failure, the higher should be the corresponding IF 

associated to that particular pump state. Thus, 𝜙2 can be expressed as follows: 

𝜙2(𝑡, �⃗�)   = {

3 − 𝑍(𝑡) 

3
 ,                            𝑍(𝑡) ≠ 2

3 − 𝑍(𝑡) 

3
+
1

3
𝐼(𝑡≤𝑓(𝑡3→2)) , 𝑍(𝑡) = 2

 (11) 

The second term in (11) shows that if 𝑡3→2 < 𝑡3̅→2, then, 𝜙2 jumps directly from 0 to the 

second intermediate threshold 𝑇2 equal to 2 3⁄ , due to the high probability of valve failure. If the 

second transition of pump state does not occur at time 𝑡 ≤ 𝑓(𝑡3→2), the possibility of valve failure 

ceases and the IF correspondingly decreases. 

 Results 

Differently from Case Study 1 (Section 5), the RESTART and the MC methods are here compared 

by fixing the maximum variance of the estimator �̂�(𝑡) for every time step 𝑡 within a time window 

of interest. Thus, the performance index introduced in Section 2.2 practically “reduces” to the 

computational time (CPU) or to the Total Simulation Time (TST), i.e., the “number of hours” 

simulated by the dynamic system model. To this aim, the independent replication method with a 

non-fixed number of replicas has been used to evaluate, each time a new path is simulated during 

an experiment, the width of the 90% Confidence Interval (CI) of the Relative Error (RE) of the 

estimator �̂�(𝑡) at every time step 𝑡 (J. Villén-Altamirano, 2014). The replication of new paths in 

an experiment is interrupted when the widths of the CIs of the RE are lower than a given threshold 

(10%, in this paper) for all the time steps in the time window of interest. In this paper, the time 

window considered is [𝑡𝑐ℎ𝑒𝑐𝑘1, 𝑡𝑐ℎ𝑒𝑐𝑘2] = [1700ℎ, 1848ℎ], which includes the time where the 

contribution of valve failures to the failure of the subsystem starts to become relevant and where, 

thus, our attention is focused. Fig. 6 reports the mean value 𝐸[�̂�] and the 0.05 and 0.95 
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percentiles of �̂� obtained using 100 estimators produced by crude MC and RESTART using the 

two different IFs 𝜙1 and 𝜙2 described in Section 6.2. All the methods return almost the same 

average estimate confirming that the corresponding estimators are unbiased. In Fig. 6 (middle 

right), a zoom on the critical time window shows how the three methods obtain the desired 

precision for the failure probability estimates around 1700ℎ, where the RE reaches its maximum 

value within the time window of interest. The other two zooms (top and bottom) show that the 

MC Simulation tends to present respectively the largest Confidence Intervals (CIs) before 1700ℎ 

and the smallest after that time; the opposite behavior is obtained for 𝜙1. On the contrary, the 

CIs obtained by 𝜙2 take average values showing a higher robustness according to the chosen 

stopping criterion. 

 

 

 

 

Fig. 6 Left column: average failure probability and respective 0.05 - 0.95 percentiles obtained by 100 
estimators of the subsystem evolution with crude Monte Carlo (MC, dashed lines), RESTART 𝜱𝟏 (dashed-
dotted lines) and RESTART 𝜱𝟐 (dotted lines). Right column: zoom on different time windows of the same 

quantities. 
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In Table III the Total Simulation Times (TSTs) needed by the different methods to get the 

desired precision are proposed. Both the RESTART methods save at least 90% of the TST 

compared to the crude Monte Carlo, obtaining gains 𝐺 larger than 10. Furthermore 𝜙2 

outperforms 𝜙1, getting on average a gain of 17.89 (larger than 16.56), which is closer to the 

optimal gain 𝐺 introduced in Section 2.2 which, in this case study, is around 18. The number of 

retrials 𝑅𝑖 starting from each threshold 𝑇𝑖 has been chosen via a trial-and-error technique that 

has led to 𝑅𝜙1 = [𝑅1(𝜙1), 𝑅2(𝜙1)]  = [20, 4] and 𝑅𝜙2 = [𝑅1(𝜙2), 𝑅2(𝜙2)]  = [8, 8]. It is worth 

noting that 𝜙2 presents the same number of retrials at both thresholds, in accordance with the 

quasi-optimal results proposed in (M. Villén-Altamirano & Villén-Altamirano, 2002). On the 

contrary, the disparity between the retrials of 𝜙1 is caused by the different probabilities that the 

IF has of crossing a given threshold, given the actual state of the subsystem. 

Table III Mean Total Simulation Time (TST) and gain obtained by 100 replications, respectively, with crude 
Monte Carlo (MC); RESTART with 𝝓𝟏 and 𝝓𝟐 as Importance Functions. 

 MC RESTART 𝝋𝟏 RESTART 𝝋𝟐 

𝑻𝑺𝑻 4.51∙109 2.72∙108 2.52∙108 

𝑮 - 16.56 17.89 

 Conclusions 

The RESTART method has been here used, for the first time, for the estimation of the failure 

probability of hybrid dynamic systems due to its capability of thoroughly exploring, by means of 

sequences of retrials, paths that could potentially lead to rare failure events and also for the 

possibility of embedding discrete and continuous variables (typically describing a hybrid system) 

within a single scalar IF. For this reason, an extension of the IF definition has been necessary. Two 

case studies have been considered: the first concerns the control system of a liquid hold-up tank; 

the second deals with a pump-valve subsystem subject to degradation induced by fatigue. The 

two case studies have shown how the performance of the RESTART method (quantified in terms 

of estimation accuracy, precision and associated computational cost) can be increased by 

properly taking into account the contribution of both the continuous and the discrete variables 

(characterizing the hybrid system) in the definition of the Importance Function (IF). 

In the first case study, it has been shown that taking into account the contribution of 

continuous variables in the construction of the IF allows increasing the performance of the 

RESTART by an order of magnitude with respect to crude Monte Carlo simulation and by a factor 

of 2 with respect to RESTART employing classical, “discrete” IFs already available in the literature. 

In the second case study, some preliminary knowledge about the possible failure sequences 

has led to the introduction of a new IF capable of considering the dependences between the 

degradation processes of the two components of the system. By so doing, the performance of 

the RESTART has been found to be close to the optimal theoretical one derived in (M. Villén-



Paper IV 

Altamirano & Villén-Altamirano, 2002). Although in this paper it has been shown, by means of 

two case studies, that the introduction of an IF considering both continuous and discrete variables 

can increase the performance of the RESTART method in the analysis of hybrid, dynamic systems, 

it has to be admitted that a general procedure for an automatic design of an efficient IF is not yet 

available, especially for complex, multi-components, multi-state systems. 
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Résumé : L’évaluation de risques est 
conditionnée par les connaissances et les 
informations disponibles au moment où l’analyse 
est faite. La modélisation et la simulation sont 
des moyens d’explorer et de comprendre le 
comportement du système, d’identifier des 
scénarios critiques et d’éviter des surprises. Un 
certain nombre de simulations du modèle sont 
exécutées avec des conditions initiales et 
opérationnelles différentes pour identifier les 
scénarios conduisant à des conséquences 
critiques et pour estimer leurs probabilités 
d’occurrence. Pour les systèmes complexes, les 
modèles de simulations peuvent être : i) de haute 
dimension ; ii) boite noire ; iii) dynamiques ; iv) 
coûteux en termes de calcul, ce qu’empêche 
l’analyste d’exécuter toutes les simulations pour 
les conditions multiples qu’il faut considérer. 

 

La présente thèse introduit des cadres 
avancés d’évaluation des risques basée sur les 
simulations. Les méthodes développées au sein 
de ces cadres sont attentives à limiter les coûts 
de calcul requis par l’analyse, afin de garder une 
scalabilité vers des systèmes complexes. En 
particulier, toutes les méthodes proposées 
partagent l’idée prometteuse de focaliser 
automatiquement et de conduire d’une manière 
adaptive les simulations vers les conditions 
d’intérêt pour l’analyse, c’est-à-dire, vers des 
informations utiles pour l'évaluation des risques. 

Les avantages des méthodes proposées ont 
été montrés en ce qui concerne différentes 
applications comprenant, entre autres, un sous-
réseau de transmission de gaz, un réseau 
électrique et l’Advanced Lead Fast Reactor 
European Demonstrator (ALFRED). 
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Abstract : Risk assessment is conditioned on the 
knowledge and information available at the 
moment of the analysis. Modeling and simulation 
are ways to explore and understand system 
behavior, for identifying critical scenarios and 
avoiding surprises. A number of simulations of 
the model are run with different initial and 
operational conditions to identify scenarios 
leading to critical consequences and to estimate 
their probabilities of occurrence. For complex 
systems, the simulation models can be: i) high-
dimensional; ii) black-box; iii) dynamic; and iv) 
computationally expensive to run, preventing the 
analyst from running the simulations for the 
multiple conditions that need to be considered. 

The present thesis presents advanced 
frameworks of simulation-based risk assessment. 
The methods developed within the frameworks 
are attentive to limit the computational cost 
required by the analysis, in order to keep them 
scalable to complex systems. In particular, all 
methods proposed share the powerful idea of 
automatically focusing and adaptively driving the 
simulations towards those conditions that are of 
interest for the analysis, i.e., for risk-oriented 
information. 

The advantages of the proposed methods 
have been shown with respect to different 
applications including, among others, a gas 
transmission subnetwork, a power network and 
the Advanced Lead Fast Reactor European 
Demonstrator (ALFRED). 

 

 


