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RESUME

Cette these est consacrée a I’étude de la stabilisation directe et indirecte de
différents systemes d’équations d’ondes avec un contrdle frontiere de type fraction-
naire ou un controle local viscoélastique de type Kelvin-Voight. Nous considérons,
d’abords, la stabilisation de I’équation d’ondes multidimensionnel avec un controle
frontiére fractionnaire au sens de Caputo. Sous des conditions géométriques opti-
males, nous établissons un taux de décroissance polynomial de I’énergie de systeme.
Ensuite, nous nous intéressons a 1’étude de la stabilisation d’un systéme de deux
équations d’ondes couplées via les termes de vitesses, dont une seulement est amor-
tie avec controle frontiere de type fractionnaire au sens de Caputo. Nous montrons
différents résultats de stabilités dans le cas 1-d et N-d. Finalement, nous étudions
la stabilité d’un systeme de deux équations d’ondes couplées avec un seul amortis-
sement viscoélastique localement distribué de type Kelvin-Voight.
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Il
Mots Clés

Cyo—semi-groupe, Dérivée Fractionnaire, Stabilité Forte, Stabilité Exponentielle,
Stabilité Polynomiale, Optimalité, Méthode Spectrale, Conditions Géométriques.







ABSTRACT

This thesis is devoted to study the stabilisation of the system of waves equations
with one boundary fractional damping acting on apart of the boundary of the do-
main and the stabilisation of a system of waves equations with locally viscoelastic
damping of Kelvin-Voight type. First, we study the stability of the multidimen-
sional wave equation with boundary fractional damping acting on a part of the
boundary of the domain. Second, we study the stability of the system of coupled
one-dimensional wave equation with one fractional damping acting on a part of
the boundary of the domain. Next, we study the stability of the system of coupled
multi-dimensional wave equation with one fractional damping acting on a part of
the boundary of the domain. Finally, we study the stability of the multidimensional
waves equations with locally viscoelastic damping of Kelvin-Voight is applied for
one equation around the boundary of the domain.
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Keywords

Cy—semigroupe, Fractional Derivative, Strong Stability, Exponential Stability, Po-
lynomial Stability, Optimality, Spectrale Method, Geometric Condition.
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Lst of symbols

List of symbols

R The set of real numbers.

R4 The set of non negative real numbers.
R* The set of non zero real numbers.

N The set of natural numbers.

N* The set of non zero natural numbers.
7 The set of integer numbers.

/s The set of non zero integer numbers.
Q The set of rational numbers.

Q4 The set of non negative rational numbers.
Q* The set of non zero rational numbers.
C The set of complex numbers.

1 The imaginary unit.

R The real part.

Ry The imaginary part.

Lr The Lebesgue space.

am The sobolev space.

0 The space of continuous function.

Cct the space of continuously differentiable functions.
|| The modulus.

IRl The norm.

max The maximum.

min The minimum.

sup The supreme.

inf The infimum.

fy=0,f The partial derivative of f with respect of y.

fyy = Oyyf  The second partial derivative of f with respect of y.
;" Fractional Derivative.

sign The sign function or signum function.

Asymptotic Notation

Let f and g be two functions defined on some subset of the real numbers, we define

o f(z) = O(g(x)) as v — oo to mean that there exists a positive number M and a real
numbers zy such that
[f(2)] < Mg (x)] V2= w0
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e f(z)=o0(g(r)) as x — oo to mean that

lim —f(x)
e f ~ gasx— oo to mean that
lim —f(x)




INTRODUCTION

Cette these est consacrée a 1’étude de la stabilisation directe et indirecte d’équations d’ondes
par des contrdles de type fractionnaire frontiere ou de type Kelvin-Voight localisé. Dans la
premiere partie, nous considérons la stabilisation d’une équation d’ondes avec un controle frac-
tionnaire au sens de Caputo agissant sur une partie du bords. D’abords, en combinant le critere
général d’Arendt Batty avec le théoréeme de Holmgren, on montre la stabilité forte du notre
systeme dont ’absence de la compacité de la résolvent et sans aucune condition géométrique
considéré sur le domaine. Puis, on montre que notre systeme n’est uniformement stable en
général. Donc, on éspere qu’il y a une décroissance énérgetique polynomial pour des données
initiales assez régulieres. Pour ce but, en appliquant la méthode frequentielle combinée avec une
méthode de multiplicateur et, on suppose que la région du bords contrdlée satsifait la "Geo-
metric Control Conditon" (GCC) et en utilisant la décroissance exponentielle des équations
d’ondes avec un controle standard, on montre une décroissance énergetique polynomiale qui
depends de l'ordre de la dérivée fractionnaire.

La deuxieme partie est consacrée a 1’étude de la stabilisation d’un systéme de deux équations
d’ondes couplées fortement sous 'effet d’un seul amortissement frontiere de type fractionnaire
appliqué a une seul équation est considéré. Dans ce cas, la stabilité du systeéme est influencé
par la nature arithmétique de la quotient de vitesse de propagation des ondes et par la nature
algébrique du terme de couplage. Par conséquence, différents résultats de stabilité polynomial
sont établis qui depends de 'ordre de la dérivée fractionnaire.

La troisieme partie est consacrée a 1’étude de la stabilisation d’un systéme multidimensionel
de deux équations d’ondes couplées fortement sous l'effet d’un seul amortissememnt frontiere
de type fractionnaire appliqué a une seule équation. Tout d’abords, on suppose que la région
controlé du bords vérifie "Multiplier Geometric Condition" (MGC), en combinant le cryitere




Introduction

général d’Arendt-Batty avec une méthode de multiplicateur, on montre la stabilité forte du
notre systeme, sous 1’égalité de la vitesse des ondes et une condition sur le terme de couplage,
dont I'absence de la compacité de la résolvente. Puis, la stabilité non exponentielle est prouvé
dans la deuxiéme partie. D’ot1, une stabilitée polynomiale est espérée pour des données initiales
assez réguliere en appliquant la méthode fréquentielle et la condition (MGC), qui depends de

l'ordre de la dérivée fractionnaire.

Dans la quatrieme partie, dans le cas de la stabilité d’un systeme de deux équations d’ondes cou-
plées, un amortissement viscoélastique locallement distribué de type Kelvin-Voight est appliqué
a une seule équation. D’abords, d’apres un théoreme d’Hormander et une bonne continuation
d’une résultat sur 'estimation de Carelman et par conséquent la stabilité forte du systeme est
assurée. Puis, la stabilité non exponentielle est prouvée dans la deuxiéme partie et finalement,

une décroissance polynomial de I'énergie du systeme est etablie.
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Introduction

In this thesis, we study the stabilization of the system of wave equations with locally boundary
fractional dissipation law. Also, we study the stability of coupled wave equations with one vis-
coelastic damping around the boundary I' of type Kelvin-Voight. This ph.D thesis is divided
into 4 parts. In part 1, we consider a multidimensional wave equation with boundary fractional
damping acting on a part of the boundary of the domain. First, combining a general criteria of
Arendt and Batty with Holmgren’s theorem, we show the strong stability of our system in the
absence of the compactness of the resolvent and without any additional geometric conditions.
Next, we show that our system is not uniformly stable in general, since it is the case of the
interval. Hence, we look for a polynomial decay rate for smooth initial data of our system by
applying a frequency domain approach combined with a multiplier method. Indeed, by assu-
ming that the boundary control region satisfies the Geometric Control Condition (GCC) and
by using the exponential decay of the wave equation with a standard damping, we establish a
polynomial energy decay rate for smooth solutions, which depends on the order of the fractional

derivative.

In part 2, we study the stability of one-dimensional coupled wave equation via one order terms
with one boundary fractional damping acting on a part of the boundary of the domain. The
stability of our system is influenced by the arithmetic nature of the wave propagation velocity
quotient and by the algebraic nature of the coupling term. Consequently, different results of
the polynomial stability are established, which depends on the order of the fractional derivative.

In part 3, we study the stability of multidimensional coupled wave equation via one order terms
with one boundary fractional damping acting on a part of the boundary of the domain. First,
by combining a general criteria of Arendt and Batty with a multiplier method, we show the
strong stability of our system under the equality of speed propagations and some conditions
on the coupling parameter term, in the absence of the compactness of the resolvent under the
multiplier geometric condition denoted by (MGC). Next, under the equality of speed propaga-
tions and another condition on the coupling parameter term, we look for a polynomial decay
rate for smooth initial data for our system by applying a frequency domain under the multiplier
geometric condition, which depends on the order of the fractional derivative.

In part 4, we study the stability of a system of two coupled wave equations on one locally
viscoelastic damping of type Kelvin-Voight applied for one equation around the boundary I'.
First, the strong stability of the system is ensured using a Hormander Theorem and a mild
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continuation of Carelman estimation. Next, the nonuniform stability is proved. Finally, an
optimal polynomial energy decay rate of system is established.
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Introduction

Thesis overview

This thesis is devoted to study the stabilization of the system of waves equations with one
boundary fractional damping acting on apart of the boundary of the domain and the stabili-
zation of a system of waves equations with locally viscoelastic damping of Kelvin-Voight type.
First, we study the stability of the multidimensional wave equation with boundary fractional
damping acting on a part of the boundary of the domain. Second, we study the stability of
the system of coupled one-dimensional wave equation with one fractional damping acting on
a part of the boundary of the domain. Next, we study the stability of the system of coupled
multi-dimensional wave equation with one fractional damping acting on a part of the boundary
of the domain. Finally, we study the stability of the multidimensional waves equations with
locally viscoelastic damping of Kelvin-Voight is applied for one equation around the boundary
of the domain.

Let © be a bounded set in R¢, d > 2, with a Lipschitz boundary I' = 'y UT; of class C? where
[y and I'; are open subsets of I' such that To N T, = 0, I'; is non empty and v = (vy, ..., 1) is
the outward unit normal along the boundary T'.

Definition 0.0.1. We say that I" satisfies the Geometric Control Condition named GCC, if
every ray of geometrical optics, starting at any point x € Q) at time t = 0, hits 'y in finite time
T.

Definition 0.0.2. We say that the Multiplier Geometric Control Condition MGC' holds if

there exist o € R? and a positive constant mqy > 0 such that

m-v<0 on Iy and m-v>mg on I}.
This dissertation is divided into five chapters.

Chapter 1 : In this Chapter, firstly, we present some well known results on a Cy—semigroup,
including some theorems on strong, exponential and polynomial stability of a Cy—semigroup.
Secondly, we define the fractional derivative operator in the sense of Caputo and we present
some physical interpretations. Next, we define two different types of geometric conditions and
we present some models that satisfy or do not satisfy these conditions. Finally, we present an

appendix that contains almost all the secondary calculations used in this Thesis.

Chapter 2 : In this Chapter, suppose that Ty N Ty = ) and I'; is non empty. We consider the
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multidimensional wave equation

uwr —Au = 0, in QxRT, (0.0.1)
u = 0, on I'yxRT, (0.0.2)
0
a—u—i—vﬁf’"u = 0, on I, xR". (0.0.3)
1%

The notation 9;"" stands for the generalized Caputo’s fractional derivative (see [20]) of order «

with respect to the time variable and is defined by

1 t dw
Fl(t) = ——— | (t—s)" % ) Z(s)d 1, n>0. 0.4
(1) m_a)/0< $)e I ()ds, 0<a <120 (0.0.4)

The system (0.0.1)-(0.0.3) is considered with initial conditions
u(z,0) = uo(x), w(x,0) =wui(x) where z €. (0.0.5)

In [46], B. Mbodje considered a 1-d wave equation with boundary fractional damping acting
on a part of the boundary of the domain :

OPu(z,t) — Q*u(x,t) = 0, O<z<l, t>0,
u(0,t) = 0,
Opu(l,t) +~07"u(1,t) = 0, O<a<l, n>0, (0.0.6)
u(z,0) = wo(x),
Ou(z,0) vo(z

Theorem 0.0.3. Let i be a function defined by

2a—1

W€ =167, €€R and a€o,l],

then the relation between the input "U" and the output "O" of the following system
o6, )+ (€7 + 1) o€ 1) —U(u(€) =0, £€R, >0 et tER],
90(57 0) = 07

o) = 2T ™ y(eyge. e

m —00

s given by

O(t) = (T)dr.

1 t e =1t=T) Uy
I(1—a) /0 (t — 1) dr

Firstly, B. Mbodje used theorem 0.0.3, to reformulate system (0.0.6). Next, he proved that sys-
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tem (0.0.6) is not uniformly stable; In other words, its energy has no exponential decay rate.
However, using LaSalle’s invariance principle, he proved that the system (0.0.6) is strongly
stable for usual initial data. Secondly, he established a polynomial energy decay rate of type %
for smooth initial data.

In this Chapter, our main interest is to generalize the results of [46] by considering the multi-
dimensional case and by improving the polynomial energy day rate.

Firstly, we reformulate system (0.0.1)-(0.0.3) into an augmented system. For this aim, we need
the following results

Theorem 0.0.4. Let p be the function defined by

2a—d

W@ =177, €eR? and 0<a<l,

then the relation between the “input’ U and the ‘output’ O of the following system

Ow (&) + (€ +nw(&t) —UMuE) =0, R’ t>0,

w(&,0) =0,
2 si r(¢+1
o(t) = W;;)( ) IIGEES
s given by T
1 t emnlt=T
) = Ty b o ar

Now, using Theorem 0.0.4, system (0.0.1)-(0.0.5) recast into the following augmented model :

0, in QxR", (0.0.7)
0, on IyxR*, (0.0.8)
dw (&, 1) + (|€2 + nw(&,t) — u(€)du(r,t) = 0, on Ty xRF, £€R?  (0.0.9)
0 )

0
o [ p(©wlE s =

Ut — Au =

u =

, on Iy xR* (0.0.10

2sin(am)l(441)
dwg+l
Moreover, system (0.0.7)-(0.0.10) is considered with the following initial conditions

where v is a positive constant, n > 0 and k =

u(z,0) = up(x), w(r,0)=u(z), w(E0) =0 z€Q R (0.0.11)

Our main interest is the existence, uniqueness and regularity of the solution to this system. We
define the Hilbert space
H = H} () x L*(Q) x L*(R?)

Mohammad AKIL Page 7 of 181 mohamadakill @hotmail.com
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equipped with the following inner product
(u, v,0), (0, 5, @)y, = /Q (v + VuVa) do + 3x /]R w(©B(©)de,
where 4 = v |T'y| and H}, (Q) is given by
HE(Q) = {ue H'(Q), u=0 on Io}.
The energy of the solution of system is defined by :

1

For smooth solution, a direct computation gives
B(t) = =3r [ (€2 + (& nl%de.

Then, system (0.0.7)-(0.0.11) is dissipative in the sense that its energy is a nonincreasing func-
tion of the time variable ¢.
Now, we define the linear unbounded operator A by

U=(uv,w)’ eH; Aue L*(Q), ve H (Q), |{we L*(R?),

—(I€12 + n)w + v|r, 1u(€) € LARY), Ou

D(A) = Sl == [ u(©w(e)ds

and
Alu, v,0) " = (v, Au, (€2 + n)w + v[r, 1(€)) "

By denoting v = u; and Uy = (ug,vo,wp) " , system (0.0.7)-(0.0.11) can be rewritten as an
abstract linear evolution equation on the space H

It easy to check that operator A is m-dissipative on H, and consequently generates a Cy-
semigroup of contractions e following Lumer-Phillips’ theorem (see [42, 51]). Then the solution
of the evolution equation (0.0.12) admits the following representation :

U(t) = Uy, t >0,

which leads to the well-posedness of (0.0.12) . Hence, the semi-group theory allows to show the

next existence and uniqueness result :

Theorem 0.0.5. For any initial data Uy € H, the problem (0.0.12) admits a unique weak
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solution U(t) € C°(R™,H). Moreover, if Uy € D(A), then the problem (0.0.12) admits a
unique strong solution U(t) € C* (R, H) N C*' (R, D(A)).

Secondly, we study the strong stability of system (0.0.7)-(0.0.11) in the sense that its energy
converges to zero when ¢ goes to infinity for all initial data in H. It is easy to see that the
resolvent of A is not compact, then the classical methods such as Lasalle’s invariance principle
[58] or the spectrum decomposition theory of Benchimol [17] are not applicable in this case. We
use then a general criteria of Arendt-Batty [9] and without any additional geometric condition,
following which a Cy-semigroup of contractions e** in a Banach space is strongly stable, if A
has no pure imaginary eigenvalues and o(.4)NiR contains only a countable number of elements.
We will prove the following stability result

Theorem 0.0.6. Assume that n > 0. Then, the Co—semigroup (e**);>q is strongly stable on
the energy space H, i.e., for any Uy € H, we have

. tA _
i [l =0
To prove Theorem 0.0.6, we need the following two lemmas.
Lemma 0.0.7. Assume that n > 0. Then, for all A € R, we have
ker (1Al — A) = {0}.

Remark that for n = 0, the operator —A is not invertible. Consequently, we prove the following
lemma

Lemma 0.0.8. If n > 0, for all A € R, we have

RGN —-A)=H
while if n =0, for all A € R*, we have

R (AN — A)="H.

Then, following a general criteria of Arendt-Batty (see [9]), the Cy-semigroup of contractions
et is strongly stable, if o (A) N 4R is countable and no eigenvalue of A lies on the imaginary
axis. First, from Lemma 0.0.7 we directly deduce that A has no pure imaginary eigenvalues.
Next, using Lemma 0.0.8, we conclude, with the help of the closed graph theorem of Banach,
that o(A) NiR = {0} if n > 0 and o(A) NiR = {0} if n = 0.

Now, our aim is to show that system (0.0.7)-(0.0.11) is not uniformly (i.e. exponentially) stable

Mohammad AKIL Page 9 of 181 mohamadakill @hotmail.com



Introduction

in general, since it is already the case for 2 = (0, 1) as shown below.
Our result is the following.

A

Theorem 0.0.9. Assume that d = 1. The semigroup of contractions e is not uniformly stable

in the energy space H.

This result is due to the fact that a subsequence of eigenvalues of A is close to the imaginary
axis. For this aim, we prove that then there exists a constant ky € N* and a sequence (Ak)‘ K|>ko?
for k large enough, a subsequence of eigenvalues satisfied the following asymptotic behavior

o1 ysin (3(1-a))  yeos (5(1—a)) 1

/\k - Z(k + 5)7‘- + ml-afl-a o ml-afl-a + o (kZ—a) ’

Then a decay of polynomial type is hoped. Hence, we consider the case where > 0 and under
the (GCC) condition. For that purpose, we will use a frequency domain approach, namely we
will use Theorem 2.4 of [18] (see also [14, 15, 40]) combined with a multiplier method and using
the exponentially decay of the problem of wave equation with standard boundary damping on

Fli

ou(x,t) — Ap(z,t) = 0, x e, t>0,
o(z,t) = 0, x ey, t>0, (0.0.13)
Oyp(x,t) = —pi(z,t), xely, t>0.

Define the auxiliary space H, = Hf, (2) x L*(©2) and the auxiliary unbounded linear operator
A, by

D(A,) = {45 = (p, ) €Ha: Ap e LX(Q); ¢ € Hp (Q); gf = —1 on Fl}

Aa(p,¥) = (¥, Ap).
Then, we introduce the following hypothesis :

(H) : the problem (0.0.13) is uniformly stable in the energy space Hyf, (Q2) x L*(€).

Now, we present the main result of this Chapter.

Theorem 0.0.10. Assume that n > 0 and that the condition (H) holds. Then, for all initial
data Uy € D(A), there exists a constant C' > 0 independent of Uy, such that the energy of the
strong solution U of (0.0.12) satisfies the following estimation

1
BE(t,U) < CFHUOH%(A). (0.0.14)

In particular, for Uy € H, the energy E(t,U) converges to zero as t goes to infinity.
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To proof this theorem, by tacking ¢ = 2 — 2a, the polynomial energy decay FE(t) holds if the
following conditions
iR C p(A) (H1)

and

sup iA — A)7H| < 400 (H2)

AR |>\|‘ I
are satisfied. Condition (H1) is already proved in theorem 0.0.6. We will prove condition (H2)
using an argument of contradiction. For this purpose, suppose that (H2) is false, then there exist
a real sequence (\,), with |[A\,| — +o0 and a sequence (U"™) C D(.A), verifying the following
conditions

10"l = NI (u”, 0™, ™)l = 1 (0.0.15)

and
Moy — AU™ = (f7, fo, fa) =0 in H. (0.0.16)

In the following, we will check the condition (H2) by finding a contradiction with (0.0.15) such
as ||U|lx = o(1). Consequently, condition (H2) holds, and the energy of smooth solution of
system (0.0.7)-(0.0.11) decays polynomial to zero as t goes to infinity. Finally, using the density
of the domain D(A) in H, we can easily prove that the energy of weak solution of the system
(0.0.7)-(0.0.11) decays to zero as t goes to infinity.

Chapter 3 : In this chapter, we study the stability of a system of coupled wave equations in
one dimensional case with a fractional damping acting on a part of the boundary of the domain.
We consider the coupled wave equations

U — Uz + by =0 on |0, 1[x]0, +o0], (0.0.17)
Yt — QYze — buy =0 on |0, 1[x]0, +o0| o
where (x,t) €]0,1[x]0,4+00[, a > 0 and b € R*.
This system is subjected to the boundary conditions
u(0,t) = in 0,400,
y(0,t) = ( t)=0 in 0,400, (0.0.18)
up(1,8) = —90F (1, ) in 0, 400

where v > 0. The notation 9;"" stands for the generalized Caputo’s fractional derivative of
order av with respect to time variable. It is defined in equation (0.0.4). The system (0.0.17),
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(0.0.18) is considered with initial conditions

(0.0.19)

u(z,0) = ug(x), u(z,0) =mui(x), where z €]0,1],
y(z,0) =yo(z), w(z,0) =y1(zr) where z €]0,1].

First, using Theorem 0.0.3, for d = 1, we reformulate system (0.0.17)-(0.0.19) into an augmented
model defined by

Uy — Uge + 0y = 0, on (0,1) x RT | (0.0.20)
Yt — QYo — but = O, on (O, 1) X R+, (0021)
w&,1) + (EP +mew(€t) —w(lL,Hu€) = 0, on RxRY, (0.0.22)
y(0,t) = y(1,t) = u(0,1) = 0, (0.0.23)
ug(1,t) + fm/R/L(f)w(é, t)yd¢ = 0, (0.0.24)
This system is subject to the boundary conditions
u(z,0) = ug(x), w(x,0)=ui(x), (0.0.25)
y<x7 0) = y0<x)> Z/t(% 0) = y1($)7 (0026)
w(£,0) =0. (0.0.27)

sin(ar)

where Kk = . Now, using a semigroup approach, we establish well-posedness result for the

problem (0.0.20)-(0.0.27). First the energy of this system is given by

E Lt 2 2 2 AW +oo 2
() =5 (| (el + el o s + alye ) da + s | e ).

Then a straightforward computation gives

B(t) = —ye [ (€ +n)lede <.

Thus, the system (0.0.20)-(0.0.27) is dissipative in the sense that its energy is nonincreasing
with respect to the time t. Next, we define the Hilbert space

H = H(]0,1[) x L*(]0,1[) x Hy(]0, 1[) x L*(J0, 1[) x L*(R),

endowed with inner product

<U, (7> = /01 (uxfbm + 00 + ay, . + Z,?) dr + 7&/%0 wadg,

—00
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space defined by
HL(0,1) = {ue H'(Q),  u(0)=0}.

Finally, we define the unbounded linear operator A by

U= (u,v,y,z2w €H;ue H(0,1])n HL(]0,1]),

y € H*(10,1[) N Hy(]0, 1)), v € H;(J0,1]), = € Hy (]0,1]),
—(@+mwtv)u) € L ([R), ’
w(1) 49k [ p(Ew(§)dg = 0, Jglw € L* (R).

and
u v
v Upy — bZ
Aly | = z
z Yz + bV
w — (& +n)w+o(1)uE)

If U = (u,us,y,y;,w)T is a regular solution of system (0.0.20)-(0.0.27), then we rewrite this

system as the following evolution equation

{ U = AU, (0.0.28)

U(0) = U,

where Uy = (ug, u1, Yo, y1,w) . It is known that operator A is m-dissipative on H and conse-
quently, generates a Cy-semigroup of contractions e following Lumer-Phillips’ theorem (see
[42, 51]). Then, the solution to the evolution equation (0.0.28) admits the following represen-
tation :

Ut) = Uy, t>0,

which leads to the well-posedness of (0.0.28) . Hence, semi-group theory allows to show the

next existence and uniqueness results :

Theorem 0.0.11. For any initial data Uy € H, the problem (0.0.28) admits a unique weak
solution U(t) € C° (R, H). Moreover if Uy € D(A) then the problem (0.0.28) admits a unique
strong solution U(t) € C* (RY,H) N C*(R*, D(A)).

Secondly, we study the strong stability of system (0.0.20)-(0.0.27) in the sense that its energy
converges to zero when t goes to infinity for all initial data in H. It is easy to see that the
resolvent of A is not compact, then the classical methods such as Lasalle’s invariance principle
[58] or the spectrum decomposition theory of Benchimol [17] are not applicable in this case. We
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use then a general criteria of Arendt-Battay [9], following which a Cy-semigroup of contractions

et in a Banach space is strongly stable, if A has no pure imaginary eigenvalues and o (A) NiR

contains only a countable number of elements. We will prove the following stability result :

Theorem 0.0.12. Assume that n > 0. Then the Co—semigroup (e');>o is strongly stable on
the energy space H, i.e., for any Uy € H we have

: tA —
Jim [l =0

To proof Theorem 0.0.12, we need the following two lemmas

Lemma 0.0.13. Assume that n > 0 and b satisfying the following condition

(ki — ak3)(akt — k)7

S I

Yk, ks € Z. (C)

Then, for all A € R, we have
ker (1Al — A) = {0}.

We remark that for n = 0, the operator —A it’s not invertible and consequently, we proove

Lemma 0.0.14. Ifn > 0, for all A € R, we have
RGN —-A)=H
while if n =0, for all A € R*, we have
R (N — A)="H.

Consequently, following a general criteria of Arendt-Batty see [9], the Cy-semigroup of contrac-
tions e is strongly stable, if o (A)NiR is countable and no eigenvalue of A lies on the imaginary
axis. First, from Lemma 0.0.13 we directly deduce that A has non pure imaginary eigenvalues.
Next, using Lemma 0.0.14, we conclude, with the help of the closed graph theorem of Banach,
that o(A) NiR = {0} if n > 0 and o(A) NiR = {0} if n = 0.

Now, our aim is to show that system (0.0.20)-(0.0.27) is not uniformly (i.e. exponentially) stable
in general since it is already the case for 2 = (0, 1) as shown below. Our result is the following

A

Theorem 0.0.15. Assume that d = 1. The semigroup of contractions e is not uniformly

stable in the energy space H.

This result is due to the fact that a subsequence of eigenvalues of A is close to the imaginary
axis. Then, we proved that, for a = 1 and b satisfying the condition (C), then there exists a

constant ky € N* and a sequence (/\k)‘ K|>ko? for k large enough, a subsequence of eigenvalues
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satisfied the following asymptotic behavior

ik cy 1Cy 1
M=t e T O (kl_a>
for
ey (cos(b) — (=1)*) (cos (5(1 - a))) A (cos(b) — (=1)*) sin (3 (1 — a))'

Qafl-a gajl-a

Then a decay of polynomial type is hoped. For that purpose, we will use a frequency domain
approach, namely we will use theorem 2.4 of [18] (see also [14, 15, 40]).

Theorem 0.0.16. Suppose that n > 0, a = 1 and b satisfies the condition (C). Then, for all
Up € D(A), there exists a constant C' > 0 independent of Uy, such that the energy of the strong
solution of U of (0.0.28) satisfies the following estimation

C
Et,U) < WHUOH%(A); vt >0,

where

w

L f a=1 and b=kr
l(a) =

ﬁ if a=1 and b+#knw

In particular, for Uy € H, the energy E(t,U) converges to zero as t goes to infinity.

Theorem 0.0.17. Assume that n > 0, a # 1 and b satisfies condition (C). If (a € Q and b
small enough) or v/a € Q, then for all Uy € D(A), there exists a constant C' > 0 independent
of Uy, such that the energy of the strong solution U of (0.0.28) satisfies the following estimation

C
E(t,U) < EHUOH%(A)» vt > 0.

In particular, for Uy € H, the energy E(t,U) converges to zero as t goes to infinity.

Chapter 4 : In this chapter, we study the stabilization of the system of multidimensional wave
equation defined by :

uy — Au+by, = 0, in QxRT, (0.0.29)
Y —aly —bu; = 0, in QxRT, (0.0.30)
v = 0, on TyxR", (0.0.31)

y = 0, on I'xRT, (0.0.32)

gz +70"u = 0, on TI;xRF (0.0.33)
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where v is the unit outward normal vector along the boundary I'y, v is a positive constant
involved in the boundary control, a > 0 and b € R,. The notation 9,7 stands the generalized
Caputo’s fractional derivative see [20] of order v with respect to the time variable and is defined
in equation (0.0.4) The system (0.0.29)-(0.0.33) is considered with initial conditions

u(z,0) = ug(x), u(z,0) =ui(x) where z€Q, (0.0.34)
y(x,0) = yo(z), wyi(x,0) =yi(x) where x € Q, (0.0.35)

First, using Theorem 0.0.4, we reformulate our system into the augmented model

Uy — Au+by, = 0, in QxR (0.0.36)

Yy —alAy —bu, = 0, in QxRT, (0.0.37)

Ow(& 1)+ (I +n) w(&,t) — u(©)du(z,t) = 0, on Ty xRY, R (0.0.38)
u = 0, on TIyxRT, (0.0.39)

y = 0, on I['xRT, (0.0.40)

gz + YK o pw(E t)dse = 0, on Iy xRT (0.0.41)

2 sin(aﬂ')I‘(é+1)

where v is a positive constant, n > 0 and x = . Finally, system (0.0.36)-(0.0.41)

7ri-H
is considered with the following initial conditions i
u(z,0) = ug(x), u(z,0) =ui(x) where z€Q, (0.0.42)
y(z,0) = yo(x), wyi(x,0) =y1(x) where =z €, (0.0.43)
w(&0)=0  where ¢cR% (0.0.44)

Our main interest is the existence, uniqueness and regularity of the solution of this system. We
define the Hilbert space

H = H} (Q) x L*(Q) x Hy(Q) x L*(Q) x L*(R"), (0.0.45)
equipped with following inner product

(v.0), = /Q (V5 + VuVi + 2% + aVyVj) da + s /R w(©)()de

Hy () ={ue H'(Q), u=0 on I}
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The energy of the solution of system (0.0.36)-(0.0.44) is defined by :

1
E(t) = 5 H(uautay7yt7w)H§-{ . (0046)

For smooth solution, a direct computation gives
B(t) = —yn [ (1€ +n) lw(& Dlde. (0.047)

Then, system (0.0.36)-(0.0.44) is dissipative in the sense that its energy is a non-increasing
function of the time variable t. Now, we define the linear unbounded operator A by

U= (u,v,y,2z,w)" € H; Aue L3(Q), ye H*(Q)NHHQ),

poay | vEHL@. 2 HQ). ~(R 4wt ol € PR, | 0

0
Sk [ p©w(©)dE =0 on Ty, gl € LARY)

and
u v
v Au — bz
Aly | = z
z alAy + bv
w —([€1* + mw + v[r, u(6)-

By denoting v = u; and z = y; and Uy = (ug, vo, Yo, 20, wo) ', system (0.0.36)-(0.0.44) can be
written as an abstract linear evolution equation on the space H

{ U = AU, (0.0.49)

U(0) = U,

It is known that operator A is m-dissipative on H and consequently, generates a Cy-semigroup
of contractions e following Lumer-Phillips’ theorem (see [42, 51]). Then the solution to the
evolution equation (0.0.28) admits the following representation :

U(t) = Uy, t>0,

which leads to the well-posedness of (0.0.49) . Hence, semi-group theory allows to show the

next existence and uniqueness results :

Theorem 0.0.18. For any initial data Uy € H, the problem (0.0.49) admits a unique weak
solution U(t) € C° (R*,H). Moreover if Uy € D(A) then the problem (0.0.49) admits a unique
strong solution U(t) € C* (RY,H) N C*(R*, D(A)).
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Secondly, we study the strong stability of system (0.0.36)-(0.0.44) in the sense that its energy
converges to zero when t goes to infinity for all initial data in H. It is easy to see that the
resolvent of A is not compact, then the classical methods such as Lasalle’s invariance principle
[58] or the spectrum decomposition theory of Benchimol [17] are not applicable in this case.
We use then a general criteria of Arendt-Battay [9] combining with a specifying multiplier and

tA in a Banach

under the MGC condition, following which a Cy-semigroup of contractions e
space is strongly stable, if A has no pure imaginary eigenvalues and o(.A) N iR contains only a

countable number of elements. We will prove the following stability result
Theorem 0.0.19. Assume that n > 0,a = 1 and b is small enough. Then the Cy—semigroup
(e"Y)>0 is strongly stable on the energy space H, i.e., for any Uy € H we have

: tA —
Jim 1l =0

To proof theorem 0.0.19, we need the following two lemmas

Lemma 0.0.20. Assume that n > 0, a = 1 and b is small enough. Then, for all A € R, we

have

ker (iA — A) = {0}.
We remark that for n = 0, the operator —A it’s not invertible and consequently, we proofed

Lemma 0.0.21. Suppose that a =1 and b is small enough. Then, if n > 0, for all A € R, we

have

RGN —A)=H
while if n =0, for all A € R*, we have

R (iM — A) = .

Then, following a general criteria of Arendt-Batty see [9], the Cy-semigroup of contractions ¢4

is strongly stable, if o (A) N 7R is countable and no eigenvalue of A lies on the imaginary axis.
First, from Lemma 0.0.20 we directly deduce that A, for a = 1 and b small enough, has non
pure imaginary eigenvalues. Next, using Lemma 0.0.21, we conclude, with the help of the closed
graph theorem of Banach, that o(A) NiR = {0} if n > 0 and o(A) N R = {0} if n = 0.

The nonuniform stability is proved in Chapter 3. Then, a decay of polynomial type is hoped.
For this aim, we consider the case where n > 0, a = 1 and b small enough. For that purpose,
we will use a frequency domain approach, namely we will use Theorem 2.4 of [18] combining
with a multiplier method and the MGC condition. Now, we present the main result

Theorem 0.0.22. Assume that n > 0, a = 1 and b small enough. Then, for all initial data
Uo € D(A), there exists a constant C' > 0 independent of Uy, such that the energy of the energy
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of the strong solution of (0.0.49) satisfies the following estimation
1
E(t,U) < CEHUOHQD(A)'

In particular, for Uy € H, the energy E(t,U) converges to zero as t goes to infinity.

Chapter 5 : In this chapter, we consider the following two wave equations coupled with a
viscoelastic damping around the boundary I :

{ p1(x)uy — div(ay (2)Vu + b(2)Vuy) + ay, =0 in Q x R, (0.0.50)
p2(x) Y — div(az(x)Vy) — auy = 0 in QxR
with the following initial conditions :
u(-,0) =uo (*), y(,0) = w0 (), w(-,0) =us (-), %:(-,0) =2 (-) inQ, (0.0.51)
and the following boundary conditions :
u(z,t)=y(xr,t)=0 onI xRT. (0.0.52)

The functions py, p2, ai, az, b € L>(9) such that

p1(x) = p1, pa(x) > pa, a1(w) > a1, az(x) > ap

and « is a real constant number.

The local viscoelastic damping is a natural phenomena of bodies which have one part made
of viscoelastic material, and the other is made of elastic material. There are a few number of
publications concerning the wave equation with local viscoelastic damping.

First, using a semi-group approach, we establish well-posedness result for the system Kelvin
Voight with viscoelastic damping div(b(z)Vu;) be applied around the boundary I'. For this
aim, we define the energy of system (0.0.50)-(0.0.52)by :

1
B(t) = 5 /Q (pr(@) |l + pa(@) gl + ar(2)| Vul® + aa(2)|Vy ?) da. (0.0.53)
Then a straightforward computation gives
Et) = — /Q b(x) |V |2dz < 0.

Thus, the system (0.0.50)-(0.0.52) is dissipative in the sense that its energy is nonincreasing
with respect to the time t. For any v > 0 we define the y—neighborhood O, of the boundary
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I' as follows
O,={zeQ: |Jz—yl<~v, yel} (0.0.54)

More precisely, we assume that

pi1(z) > p1 >0, pa(x) > p2 >0, ar(x) > ay >0, as(z) > as >0 forall x € Q,

b(x) > by >0 forall zeO,.

Next, we define the Hilbert space

2

H

(Ho () x L*(9))
endowed with the inner product
<U7 (7> = /Q (a1Vu Vi + a;Vy - Vi + prvt + ,0225) dx,

for all U = (u,v,y,2)" € H and U = (@, 9,7, %) € H. Finally, we define the unbounded linear
operator A by

D(A) = {(u,v,y, z) € H: div(a;(z)Vu + b(z)Vv) € L*(Q),
(0.0.55)
div(ag(z)Vy) € L*()) and v,z € HS(Q)},

and
y v _ Py (.Z') (diV(al (.T)VU, + b(a:)VU) — 042)
Y z
© ! (div(az(x)Vy) + av)

p2(z)
By denoting v = wu;, 2 = y; and Uy = (ug, Vo, Yo, 20, wo) ' , system (0.0.50)-(0.0.52) can be
written as an abstract linear evolution equation on the space H

It is known that, under the hypothesis (H), the operator A is m-dissipative on H and conse-
quently, generates a Cy-semigroup of contractions e following Lumer-Phillips’ theorem (see
[42, 51]). Then the solution of the evolution equation (0.0.56) admits the following representa-
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tion :

U(t) = Uy, t >0,

which leads to the well-posedness of (0.0.52) . Hence, the semi-group theory allows to show the

next existence and uniqueness result :

Theorem 0.0.23. For any initial data Uy € H, the problem (0.0.56) admits a unique weak
solution U(t) € C° (R*,H). Moreover if Uy € D(A) then the problem (0.0.56) admits a unique
strong solution U(t) € C* (RT,H) N C°(R*, D(A)).

Secondly, we study the strong stability of system (0.0.50)-(0.0.52) in the sense that its energy
converges to zero when t goes to infinity for all initial data in H. It is easy to see that the
resolvent of A is not compact, then the classical methods such as Lasalle’s invariance principle
[58] or the spectrum decomposition theory of Benchimol [17] are not applicable in this case. We
use then a general criteria of Arendt-Battay [9] combining with a unique continuation result

A

based on a Carleman estimate , following which a Cy-semigroup of contractions e*! in a Banach

space is strongly stable, if A has no pure imaginary eigenvalues and o(.A) N iR contains only a

countable number of elements. We will prove the following stability result

Theorem 0.0.24. Under hypothesis (H), the Cy—semigroup e is strongly stable in H ; i.e,
for all Uy € H, the solution of (0.0.56) satisfies

lim || Ul = 0.
t—o0
For the proof of Theorem 0.0.24, we need the following two lemmas.

Lemma 0.0.25. Under hypothesis (H), we have
ker(iA] — A) = {0}, VAecR
Lemma 0.0.26. Under hypothesis (H), we have i\l — A is surjective for all A € R.

Next, we show that the system (0.0.50)-(0.0.52) is not exponentially stable. Throughout, this
part, we assume that
ai,as, p1,p2 €RT and be RS (H)

Then, we have the following result

Theorem 0.0.27. Under hypothesis (H’), the system (0.0.50)-(0.0.52) is not uniformly stable
in the energy space H.

This result is due to the fact that a subsequence of eigenvalues of A is close to the imaginary

axis. Then, we proved that then there exists a constant ky € N* and a sequence ()\k)| K|>ko» TOT
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k large enough, a subsequence of eigenvalues satisfied the following asymptotic behavior :

a a? ( 1 >
N = iy | — i — tol =], 0.0.57
g PQMk 2502#% ,Ui ( )

where p, is the eigenvalues of —A i.e.

—Aypp = /L%gpk in €,
v =0 on I

Then a decay of polynomial type is hoped. Now, we assume that
alaa'27p1ap27b€ Cl,l(ﬁ)‘ (Cl)

Also, we assume the following supplementary conditions.
There exists a function ¢ € C1(Q,RY) and 0 < o < 8 < 7, such that

0;qk = Okqj, div(aragp2q),div(aiazpiq) € CO’I(Q/;) and ¢g=0 on O,, (C2)

There exists a constant o; > 0, such that

a
2a20; (a1,qx) + a1(qr0jas + q;0kas) + [(h (;qvpz - anQ)
2

I>oI, VxeQp (C3)
There exists a constant o, > 0, such that

a
2a18j(a2qu) + ag(qkﬁjal + qj(?kal) -+ [GQ (pqupl — an1> I 2 O’QI, Vr € QB. (04)
1

There exists a constant M > 0 such that for all v € H (), we have
(g - Vo) Vb — (q- Vb)Vo| < MVD |Vu|, Yz € Qs (C5)

Theorem 0.0.28. Assume that conditions (H),(C1) — (C6) are satisfied. Then for all initial
data Uy € D (A), then there exists a constant C' > 0 independent of Uy, such that the energy of
the strong solution U of (0.0.56) satisfyies the following estimation :

1
E(t,U) < C;HUOHQD(A), vt > 0. (0.0.58)
In particular, for Uy € H, the energy E(t,U) converges to zero as t goes to infinity.

For that purpose, we will use a frequency domain approach, namely we will use Theorem 2.4
of [18] (see also [14, 15, 40]) combining with a multiplier method. Then, we have showing that,
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firstly
[0l = o(1) on O,

Next, we have showing that
[Ull3 = o(1) on Q.
Hence, we obtain

Ul =0(1) on Q.

In conclusion, using equations (0.0.57) and (0.0.58), an optimal polynomial energy decay of
type % is obtained.
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Apercu de la these

Cette these est consacrée a ’étude de la stabilisation directe et indirecte de différents sys-
temes d’équations d’ondes avec un controle frontiere de type fractionnaire ou un controle local
viscoélastique de type Kelvin-Voight. Nous considérons, d’abords, la stabilisation de I’équation
d’ondes multidimensionnel avec un contréle frontiere fractionnaire au sens de Caputo. Sous
des conditions géométriques optimales, nous établissons un taux de décroissance polynomial de
I’énergie de systeme. Ensuite, nous nous intéressons a 1’étude de la stabilisation d’un systeme de
deux équations d’ondes couplées via les termes de vitesses, dont une seulement est amortie avec
controle frontiere de type fractionnaire au sens de Caputo. Nous montrons différents résultats
de stabilités dans le cas 1-d et N-d. Finalement, nous étudions la stabilité d’un systeme de deux
équations d’ondes couplées avec un seul amortissement viscoélastique localement distribué de
type Kelvin-Voight.

Cette these est divisée en cinq chapitres.

Chapitre 1. Dans ce chapitre, nous rappelons quelques définitions et théorémes concernant
la théorie de semi-groupe et ’analyse spectrale. Ainsi, nous présentons et discutons les condi-
tions géométriques et les méthodes utilisées dans cette these pour obtenir notre résultats de la
stabilité.

Chapitre 2. Ce chapitre est consacré a la stabilisation d’une équation d’onde sous ’action d'un
amortissement de type fractionnaire au sens de Caputo. Soit {2 un ouvert borné non vide dans
R?, d > 2, ayant une frontiére I' de classe C? composée de deux morceaux : I'y la partie encastrée
et I'; la partie ot on applique un amortissement de type fractionnaire ou v = (v, v, ..., VyN)

est le vecteur normal unitaire extérieur a I'. On considere 1’équation suivante :

Uy —Au = 0 dans Q x RT
u =0 sur FO x R* (0059)
ou
— = —v0""u sur T'; xRt
ov
ol 7y est une constante strictement positive et v = (1, 1, ..., vy) est le vecteur normal unitaire

extérieur & I'. La notation 9;"" signifie la généralisation de la dérivée fractionnaire au sens de
Caputo d’ordre « par rapport a la variable t et elle est définie par

1 1) dw

o lt) = [y / "t 5)e  (5)ds. (0.0.60)
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Les conditions initiales sont données par
u(z,0) = ug(x), u(x,0) =wui(z) telsque z €.

Dans [46], Mbodje a étudié la stabilisation du systéme (0.0.59) dans le cas monodimensionnel.
D’abords, il a reformulé le systeme en utilisant la méme méthode du (Mbodje and Montseny)
qui est basée sur le fait que la relation entrée-sortie par une équation de diffusion qui réalise
I'opérateur de dérivée fractionnaire, définie par le théoreme suivant

Théoréme 0.0.29. Soit p la fonction définie par

2a—1

wé =1, feR e a€0l]

alors la relation entre l'entrée "U" et la sortie "O" du systeme suivant
oi€t) + (16 +1) (&) —U(Ou(E) =0, €€R, >0 et teRY,
p(€,0) =0,

o) = 2T ™ (eyge. e

m —00

est donnée par

1 t e=1=7) U
I'(1—a) /0 (t — 1) dr

Toutefois, en utilisant la principe de l'invariance de LaSalle, il a prouvé que son systeme est

O(t) = (T)dr.

fortement stable. Puis, il a demontré que I’énergie de la solution du son systeme décroit poly-
nomialement comme % vers 0 pour des données initiales assez régulieres.

Dans le cas multidimensionnel, on a généralisé le travail du Mbodje et on a amélioré le taux de
la décroissance énergétique polynomiale. Tout d’abord, on a reformulé le systeme (0.0.59) en

utilisant le théoréme suivant

Théoréme 0.0.30. Soit p la fonction définie par

2a—d

) =177, £eR? et a€01]

alors la relation entre l'entrée "U" et la sortie "O" du systeme suivant
wi(&,1) + (|§|2 + n) wEt) —UBuE) =0, €€RY >0 et teRy,

w(£,0) =0,

2sin(am)T (441
o =2 G [ oot e

d
drat!

Mohammad AKIL Page 25 of 181 mohamadakill @hotmail.com



Introduction

est donnée par

o(t) =

1 t e=nt=7) 4
/ ¢ u (1)dr.
0

L(l—a)lo (t—7) dr

En utilisant le théoreme 0.0.30, le systeme (0.0.59) sera écrit sous la forme d'un modele aug-

menté situé ci-dessous

0.0.61

dans Q x R*, )
0.0.62)
)
)

sur [y x RT,

sur 'y x RT, € e RY,

Ut — Au =

u =

0(.1) + (16 + (€. 1) — pl&uulz, 1) =
S [ (e e =

0.0.63

o o o o

(
(
(
(0.0.64

sur [} x RT

2 sin(aﬂ')I’(%+1)

d
dr2 Tl

oty >0,n>0etr = et le systeme (0.0.61)-(0.0.64) est considéré par les

conditions initiales suivantes
u(z,0) = up(w), w(r,0) =u(z), w(0)=0, €, &R (0.0.65)
On définit I'espace de Hilbert
H = H} () x L*(Q) x L*(R?)
muni du produit scaliare suivant
(v.0) = /Q VuVa + vide + ik /R wide.
ot 7 = 7|I'1| et Hf, () est définit par
Hy () ={u e H'(Q); wy, =0}

L’énergie de la solution du systéme est définie par
1 2
E(t) = 5”(”7 U, w)”?—l
Pour une solution réguliere, par un calcul direct on obtient
B(t) = =k [ (g + m)lw(& Dlds.

Donc, le systeme (0.0.61)-(0.0.64) est dissipatif au sens que 1’énergie est décroissante en fonction
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de la variable t. Maintenant, on définit I’opérateur linéaire non borné A par

U=(uv,w)' eM; AueL*(Q), ve H (Q), [{we L*R?),

—(|€]2 + n)w + v|r, w(€) € LARY), ou

D(A) = 5 Irn == [ n(E)w(E)de

(0.0.66)

and
A(u’ U, W)T = (U7 Au, _(|€|2 + U)W + U|F1M(£))T

On note v = u; et Uy = (up, v, wp), le systeme (0.0.61)-(0.0.64) peut étre écrire comme une
équation d’évolution linéaire sur I'espace H

U, = AU, U(0) = . (0.0.67)

On a demontré que 'opérateur A est m-disssipatif sur H et par conséquent, d’apres Lumer-
Philipps ( voir [42, 51]), il engendre un Cy—semi-groupe de contractions e**. Donc la solution

de I'équation d’évolution (0.0.67) admet la représentation suivante :
U(t) = Uy, VYt >0,

ce qui meéne que le systeme (0.0.67) est bien posé. Par conséquent, la théorie du semi-groupe

permet du démontrer le résultat de 'existence et 'unicité suivant :

Théoréme 0.0.31. Pour toute donnée initiale Uy € H, le probléeme (0.0.67) admet une solution
unique faible U(t) € CO(RT,H). De plus, si Uy € D(A) donc le probléme (0.0.67) admet une
solution unique forte U(t) € C*(RT, H) N C*(RT, D(A)).

Puis on a étudié la stabilité forte du notre systeme, au sens que ’énergie converge vers zéro
lorsque t tends vers I'infini, dont I'absence de la compacité de la résolvante de 'opérateur A
et sans aucune condition géométrique sur le domaine ). Donc le principe de I'invariance de
Lasalle [58] et la décomposition spectrale de Benchimol [17] ne seront pas appliquées dans ce
cas. Pour cela, en utilisant le critére général d’Arendt-Batty [9], on montre que un Ch—semi-
groupe de contractions e dans un espace de Banach est fortement stable, si A n’admet pas des
valeurs propres imaginaires pures et o(.4) N iR contient un ensemble dénombrable d’éléments.
Par conséquent, on a obtenu le résultat de stabilité suivant

Théoréme 0.0.32. Supposons que n > 0. Alors, le Cy—semi-groupe (etA)t>O est fortement
stable dans l’espace d’énergie H, i.e. pour tout Uy € H, on a -

. tA —
Jip o400l =0

Pour la démonstration de ce Théoréme, on a besoin de démontrer les deux Lemmes suivantes
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Lemma 0.0.33. Supposons que n > 0. Alors, pour tout A € R, on a
ker (iA] — A) = {0}.
On a remarqué que, pour 1 = 0, 'opérateur —A n’est pas inversible et par conséquent, on aura
Lemma 0.0.34. Sin > 0, pour tout A € R, on a
RN — A)=H
tandis que, si n =0, pour tout A € R*, on a
R(IN — A) =H.

Alors, d’apres le Lemme (0.0.33), on déduit directement que l'opérateur A n’admet pas des
valeurs propres imaginaires pures. Puis, en utilisant le Lemme (0.0.34) et le théoréeme de Banach
férmé on conclut que o(A) NiR = {0} sin > 0 et o(A) NiR = {0} si n = 0.

Maintenant, on va étudier le genre de cette stabilité. Pour ce but, on a démontré que le systeme
(0.0.61)-(0.0.64) n’est pas uniformément stable c-a-d n’est pas exponentiellement stable dans
le cas © = [0, 1]. Notre résultat est le suivant

A

Théoréme 0.0.35. Supposons que d = 1. Le semi-groupe de contractions e** n’est pas unifor-

mément stable dans [’espace de l’énergie H.

Ce résultat est dit au fait qu'une branche des valeurs propres du 'opérateur A s’approche de
I’axe imaginaire. Pour cela, on a trouvé qu’il existe ky € N* et une suite ()\k)l K>k, d€s valeurs
propres simples de 'opérateur et qui satisfait le comportement asymptotique suivant

A =i <k+ ;) p i (B0—a) yeos(50—a) +0 <1> .

ﬂl—akl—a Wl—akl—a k2—a

Alors une décroissance de type polynomiale est éspérée. Pour ce but, on considere le cas n > 0
et sous la condition (GCC') sur le bords, on utilise la méthode frequentielle [18] (voir aussi [14,
15, 40]) combinée avec une méthode de multiplicateur et on utilise la décroissance exponentielle

des équations d’ondes avec un amortissement standard sur I'y :

@tt<x>t> - Ag@(,ﬁlﬁ,f;) = Oa S Q> t> 07
oz, t) = 0, x el t>0, (0.0.68)
au@(x7t) = _¢t(x7t)7 UES Fla t>0.

On définit I'espace auxiliere H, = Hf, () x L?(Q2) et Popérateur auxiliaire linéaire non-borné
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A, définie par
D) = {8 = (0.0) € Mo Ap € LXQ) v B 5F = v on T,

Aulp, ) = (¥, Ap).

Et on introduit la condition suivante
(H) : Le probléme (0.0.68) est uniformément stable dans I'espace de I'énergie H, = Hy, (Q) x L*(Q).

Bardos et al. in [13], ont demontré que la condition (H) est vérifiée sous la condition (GCC).

Maintenant, je présente le résultat principale du ce chapitre

Théoréme 0.0.36. Supposons quen > 0 et que la condition (H) soit vérifiée. Donc, pour toute
donnée initiale Uy € D(A), il existe une constante C > 0 indépendante de Uy, tel que l’énergie
de la solution forte U de (0.0.67) satisfait [’estimation suivante

1
E(t,U) < OleUOH%)(A), vt > 0. (0.0.69)

En particulier, pour Uy € H [’énergie converge vers zéro lorsque t tends vers l’infini.

Pour la preuve de ce théoréme, en prenant ¢ = 2 — 2q, la décroissance énergétique polynomiale

(0.0.69) sera vérfiée si les conditions suivantes
iR C p(A) (H1)

et
1
sup WH(MI — A7 < +oo. (H2)

IA|ER

sont satisfaites. La condition (H1) est déja vérifiée dans le théoreme (0.0.32). Donc, on montre
(H2) par un raisonnement de contradiction. Dans ce but, on suppose que (H2) est fausse, donc
il existe une suite réel (\,) avec A\, — 400 et la suite U™ € D(A), vérifie les deux conditions

suivantes
U [[2 = [I(u”, 0", w"™) || =1 (0.0.70)
et
M (N, — A U™ = (P, fa f3) =0 in H. (0.0.71)
En prouvant plusieurs estimation, on a demontré que ||U|| = o(1), ce qui conterdit (0.0.70). Par

conséquent la condition (H2) est vérifiée et que I’énergie de la solution réguliere du systeme
(0.0.61)-(0.0.64) décroit polynomialement vers zéro lorsque ¢ — +o00. Finalement, en utilisant
la densitée du domaine D(.A) dans H, on peut démontrer que I’énergie de la solution faible du
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systeme (0.0.61)-(0.0.64) décroit vers zéro lorsque ¢ — +00.

Chapitre 3. Dans ce chapitre, on a étudié la stabilisation d’un systeme des équations d’ondes,
monodimensionel, couplées fortement sous l'action d’un amortissement au bords de type frac-
tionnaire au sens de Caputo appliqué a une seule équation considéré. On considere le systeme

suivant

{Utt_um&_l_byt:o sur 10, 1[x]0, +o0f, (0.0.72)

Uit — WYpr — buy =0 sur 10, 1[x]0, +00]

ou (z,t) €]0,1[x]0,4+00[, a > 0 et b € R*. Ce systeme est considéré par les conditions aux

bords suivants
u(0,t dans ]0,4o0],

=0
y(0,t) =y(1,t) =0 dans 0, 400/, (0.0.73)
uz(1,t) = =707 "u(1,t) dans ]0,+o0|

~— ——

ou 0;"" est définie dans I’équation (0.0.60). En utilisant le Théoréme 0.0.29, on reformule notre

systeme comme

dans (0,1) x R*, 0.0.74
dans (0,1) x R*,  (0.0.75

Uy — Ugy + by = ( )
( )
sur R, € €R, (0.0.76)
( )
( )
( )

Yit — AYzz — by =

Ow(& 1) + (I€* + ) w(&,t) — p(©)du(1,t) =
u(0) =

y(0) =y(1) =

u (1) + 7% [ p(w(€ ds =

sur RT, 0.0.77
sur RT, 0.0.78
sur RT 0.0.79

o o 0o o o o

ol 7y est une constante positive, n > 0 and x = 25%(”) Finalement, le systeme (0.0.74)-(0.0.79)

est considéré avec les conditions initiales

u(z,0) = ug(x), u(x,0) =uy(z) ou =z €, (0.0.80)
y(x,0) = yo(x), yi(2,0) =yi(x) ol z€Q, (0.0.81)
w(0)=0 ou ¢€RL (0.0.82)

On définit I'espace
Hp(0,1) = {ue H'(0,1); u(0) =0}
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et 'espace d’énergie
H = H;(0,1) x L*(0,1) x Hy(0,1) x L*(0,1),

muni du produit scalaire

<U, [7> = /01 (ux'ﬁx + 0D + ay, T, + z§> dx + vk /joo wadé,

o

U= (u,v,y,z,w)" €H; uvec H*(]0,1]) N H}(]0,1]),
y € H*(]0,1[) N H;(]0,1[),v € H;(]0,1[), 2 € Hy (J0,1]),

D=1 —@snutv)ue e 2 ®), (0.0.83)

+0o0
w (1) +7 [ p(Ew(€)ds =0, fghw € L (R).
et
v Uy — bZ
Aly | = z . (0.0.84)

z AYyz + bv
w — (& +n)w+v(L)u(E)

SiU = (u,v,y, z,w) est une solution réguliere du systeme (0.0.74)-(0.0.82), donc on peut écrire

ce systeme comme une équation d’évolution

{W@::Awm

DO = el (0.0.85)

On a demontré que l'opérateur A est m-disssipatif sur H et par conséquence, d’apres Lumer-
Philipps (see [42, 51]), il engendre un Cy—semi-groupe de contractions e**. Donc la solution de

I'équation d’évolution (0.0.85) admet la représentation suivante :
U(t) = Uy, VYt >0,

ce qui meéne que le systeme (0.0.67) est bien posé. Par conséquent, la théorie du semi-groupe
permet du démontrer le résultat de 1'éxistence et I'unicité suivant :

Théoréme 0.0.37. Pour toute donnée initiale Uy € H, le probléme (0.0.67) admet une solution
unique faible U(t) € C°(RT,H). De plus, si Uy € D(A) donc le probléme (0.0.67) admet une
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solution unique forte U(t) € C*(RT, H) N CO(RT, D(A)).
Puis, on a étudié la stabilité forte du systeme (0.0.74)-(0.0.82) et on a trouvé le résultat suivant

Théoréme 0.0.38. Supposons que n > 0 et le coefficient b satisfait la condition suivante

(ki — ak3)(aki — k3)*
(a+ 1)k} +£3)

b2 7é Vk’l, ky € 7. (C)
Alors, le Cy—semi-groupe (etA)t>0 est fortement stable dans l’espace d’énergie H, i.e. pour tout
Uy €H, ona -
. tA _
im0 =

Comme le résolvante n’est pas compact, on va utiliser le critere générale d’arendt-Batty, et on
a trouvé que pour (n > 0et A € R) ou (n =0et A € R*) alors R({ —AA) = H, et pour n =0 et
A =0, on a démontré que 0 ¢ p(A). Par conséquent, en utilisant le théoréeme de Banach férmé,
on aura que si > 0 alors o(A) NiR =0 et si n = 0 alors o(A) NiR = {0}.

Puis, on va étuder le genre de cette stabilité. On a trouvé que si le parametre de couplage
b vérifie la condition (C'), en utilisant une approche spectrale, la décroissance de 1'énergie du
systeme (0.0.74)-(0.0.82) n’est pas uniforme. De plus, si b ¢ 7Z, Jky € N* suffisamment large
tel que

o(A) DoyUoy

ou
0o = {)\k}keb 01 = {)\kz}lk|2koa oo Noy = 0.
De plus, J est un enemble fini et

1k C iCo 1
M=t e T e O (k;l—a)

pour

y(=1)* (cos(b) - (—1)’“) (cos (g(l — a))) y(—1)k (cos(b) - (—1)"3) sin (g (1-— a)) |

c1 = et ¢y =

2o fpl—a gafl—a

De plus, pour le cas ot a # 1, on admet la méme démarche que le cas ou a = 1, on aura
1
Am =1 <m + 2> m+0o(1), et\ou \,=inmva+o(l).

Apres I'étude spectrale, alors une décroissance de type polynomiale est espérée. Pour cela, on
utilise le théoreme de Borichev et Tomilov (méthode frequentielle) et en utilisant la théorie de
des équations différentielles ordinaires et si le parametre de couplage b vérifie la condition (C'), on
montre que la décroisssance polynomiale de I’énergie du systeme (0.0.74)-(0.0.82) est fortement
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influencé par la nature du parametre du couplage b (ainsi avec des conditions supplémentaires
sur b) et par la propriété arithmétique du rapport de vitesse de propagation des ondes (a). On

aura les théorémes principaux suivantes

Théoréme 0.0.39. Supposons que n > 0, a =1 et b satisfait la condition (C'), donc pour tout
Up € D(A) il eziste une constante Cy; > 0 indépendante de Uy tel que l’énergie de la solution
forte du systéme (0.0.85), admet la décroissance polynomiale suivante

C

E(t) < WHUOHQD(A)a vt >0,

o

ﬁ st benz,
l(a) =

L s bé¢7Z.

Théoréme 0.0.40. Supposons que n >0, a # 1 et b satisfait la condition (C). Si (a € Q et b
suffisamment petit) ou \/a € Q, donc pour toute Uy € D(A) il existe C > 0 indépendante de
Uy tel que lenergie de la solution forte du systéeme (0.0.85) admet la décroisance polynomiale

sutvante c
2
E(t) < KHUOWD(A)a vt > 0.

Chapitre 4. Dans ce chapitre, on a généralizé les travaux du chapite 2. On a étudié la stabili-
sation d’un systeme des équations d’ondes, multidimensionel, couplées fortement sous I’action
d’un amortissement au bords de type fractionnaire au sens de Caputo appliqué a une seule
équation considéré. On considére un ouvert, borné Q dan R? tel que d > 2 et I' = 99 de classe

C? qui vérifie ' = TyUT; et Ty N T, = 0 et on considére le systéme suivant :

{ U — Au+by, =0 sur 2x]0,+ool, (0.0.86)

Yy — alAy —buy =0 sur Qx]0, +oof

ou (x,t) € 2x]0,400[, a > 0 et b € R*. Ce systeme sera complété par les conditions initiales

suivantes
u=0 sur Tyx]0, +o0f,
y=0 sur I'x]0, +o0], (0.0.87)
0
Giu = —y0;""u(1,t) sur I'y1x]0,+oo]
v

ou 0;"" est définie dans I’équation (0.0.60). En utilisant le Théoréme 0.0.29, on reformule notre
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systeme comme

uy —Au+by, = 0, dans QxRT, (0.0.88)

Yy —aly —bu, = 0, dans Q xR, (0.0.89)

Ow(&,t) + (|€P +n) w(& ) — p(©du(l,t) = 0, sur RY, £eR% (0.0.90)
v = 0, sur [yxRF, (0.0.91)

y = 0, sur xR, (0.0.92)

gz + oy /R (e de = 0, sur R (0.0.93)

2sin(am)l(4+1)

ol 7y est une constante positive, n > 0 and K = . Finalement, le systéme (0.0.88)-

dﬂ'%+1
(0.0.93) est considéré avec les conditions initiales
u(z,0) = ug(x), u(x,0) =wu(z) ou =z €, (0.0.94)
y(x,0) =yo(z), wy(z,0) =wy1(x) ou =z €, (0.0.95)
w(&0)=0 ou £eR% (0.0.96)

On définit I'espace de Hilbert
H = H} () x L*(Q) x Hy() x L*(Q) x L*(R?).
muni du produit scalaire suivant
(U, 0) = / (VuVﬁ + 00+ 2Z + aVyVﬂ) dr + ’m/ wadE.
Q R4
ou 7 = |T'y| et Hf, (Q) est définie par
Hp () ={ue H(Q); u=0 sur Iy}
L’énergie de la solution du systéme est définit par
1 2

E(t) = §||(U7Ut;y7ytaw)||ﬂ-

Pour une solution réguliere et par un calcul direct on obtient
E'(t) = = [ (67 + (s, o)de.

Donc, le systeme (0.0.88)-(0.0.91) est dissipatif au sens que 'énergie est décroissante en fonction
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de la variable t. Maintenant, on définit I’opérateur linéaire non borné A par

U= (u,v,y,2,w) €H; Auec L*Q), ye H*(Q)nNHHN),

poay— | PEIRQ), =€ B, (P +nwt ol € EY, |00

0
Sk [ pOw(©)dE =0 sur Ty, ¢l € A(RY)
v R
et
u v
v Au — bz
Aly | = z
z alAy + bv
w —(I€* + n)w + vlr, 1(§).

On note v = uy, z = y; et Uy = (uo, Vo, Yo, 20, Wo), le systeme (0.0.88)-(0.0.96) peut étre écrire

comme une équation d’évolution linéaire sur 1’espace H
U= AU, U(0) = Uj. (0.0.98)

On a demontré que 'opérateur A est m-disssipatif sur H et par conséquent, d’apres Lumer-
Philipps, il engendre un Cy—semi-groupe de contractions e**. Donc la solution de I’équation
d’évolution (0.0.98) admet la représentation suivante :

U(t) = Uy, VYt >0,

ce qui meéne que le systéme (0.0.98) est bien posé. Par conséquent, la théorie du semi-groupe
permet du démontrer le résultat de 1’éxistence et 'unicité suivant :

Théoréme 0.0.41. Pour toute donnée initiale Uy € H, le probléme (0.0.67) admet une solution
unique faible U(t) € C°(R*,H). De plus, si Uy € D(A) donc le probléme (0.0.67) admet une
solution unique forte U(t) € C*(RT, H) N C*(RT, D(A)).

Puis on a étudié la stabilité forte du notre systeme, au sens que ’énergie converge vers zéro
lorsque t tends vers l'infini, dont 'absence de la compacité de la résolvante de I'opérateur A et
avec une condition géométrique notée (M GC') sur le domaine 2. Donc la méthode classique de
I'invariance de Lasalle et la décomposition spectrale de Benchimol ne seront pas appliquées dans
ce cas. Pour cela, en utilisant le critere général d’Arendt-Batty, on montre que un Cy—semi-
groupe de contractions e dans un espace de Banach est fortement stable, si .A n’admet pas des
valeurs propres imaginaires pures et o(.A) NiR contient un ensemble dénombrable d” éléments.
Par conséquent, on a obtenue le résultat de stabilité suivant
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Théoreme 0.0.42. Supposons que n > 0, a = 1 et b suffisamment petit. Donc le Cy—semi-
groupe (et““)t>0 est fortement stable dans l'espace d’énergie H, i.e. pour tout Uy € H, on a

: tA _
Jim 400 = 0.

Pour la démonstration de ce théoreme, on a besoin de démontrer les deux lemmes suivantes

Lemma 0.0.43. Supposons que n > 0, a = 1 et b suffisamment petit. Donc, pour tout A € R,
on a
ker (iA] — A) = {0}.

On a remarqué que pour 1 = 0 Popérateur —A n’est pas inversible et par conséquent, on aura
Lemma 0.0.44. St n > 0, pour tout A € R, on a

RGN — A)=H
tandis que, si n =0, pour tout A € R*, on a

RGN — A) =H.

Alors, d’apres le Lemme (0.0.43), on déduit directement que l'opérateur A n’admet pas des
valeurs propres imaginaires pures. Puis, en utilisant le Lemme (0.0.44) et le théoréeme de Banach
férmé on conclut que o(A) NiR = {0} sin > 0 et o(A)NiR = {0} sin=0.

Ensuite, la stabilité non-exponentielle (i.e. non uniforme) du systeme (0.0.88)-(0.0.96) est déja
prouvé dans le chapitre 2. Alors une décroissance de type polynomiale est éspérée. Pour ce but,
on considere le cas n > 0, a = 1 et b suffisamment petit et le domaine €2 satisfait les conditions
(MGC). Donc on a obtenu le résultat suivant

Théoréme 0.0.45. Supposons que n > 0, a = 1 et b suffisamment petit. Donc, pour toute
donnée initiale Uy € D(A) il existe une constante C > 0 indépendante de Uy, telle que ['énergie

de la solution forte U de (0.0.98) satisfaite I’estimation suivante
1 2
E(t,U) < OE”UOHD(A)‘

Chapitre 5 : Dans ce chapitre, on considere un systeme des équations d’ondes couplées sous

I’action d’un seul amortissement viscoélastique autour de I', définit par :

(0.0.99)

p1(x)uy — div(a; (2)Vu + b(2)Vuy) + ay, =0 dans Q x RT,
p2(2)yy — div(az(2)Vy) — auy = 0 dans Q x RT,
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avec les conditions initiales suivantes
u(,0) =uo (+), y(,0) =5 (-), w(-,0) =u; (), %e(-,0) =9 (-) dans €,  (0.0.100)
et les conditions aux bords suivantes
u(z,t) =y (x,t) =0 swl x RT. (0.0.101)
Les fonctions py, pa, a1, as,b € L>®(Q) telles que
p1(z) = p1, p2(x) > p2, a1(x) > a1, ax(x) > ay

et a est une constante réelle.

L’amortissement viscoélastique local est un phénomeéne naturel de corps qui ont une partie
en matériau viscoélastique et 'autre est en matériau élastique. Il existe un certain nombre de
publications concernant I’équation des ondes avec 'amortissement viscoélastique local.
D’abords, en utilisant la théorie de semi-groupe, on montre que le systeme (0.0.99)-(0.0.101) est
bien posé avec le control div(b(z)Vu,) appliqué sur le bords I". Pour ce but, on définit 1’énergie
du systeme (0.0.99)-(0.0.101) par

1
B(t) =5 /Q (pr(@) |l + po(@) |yl + a1 (2)| Vul® + az(2)|Vy ?) da. (0.0.102)
Donc, par un calcul direct on montre que
E'(t) = —/ b(z) |V |2dz < 0.
Q

D’ot le systeme (0.0.99)-(0.0.101) est dissipatif au sens que ’énergie est décroissante par rapport
au temps t. Pour tout v > 0, on définit le y—voisinage O, de bords I' par

O,={xzeQ: |Jx—yl<~v, yel} (0.0.103)
Plus précisément, on suppose que
pi(z) > p1 >0, po(z) > po >0, ai(z) > ay >0, as(xz) > ay >0 pour tout = € €,
b(z) > by >0 pour tout = € O,.
Puis, On définit 'espace de Hilbert H par :

"= (Hy(Q) x LX(Q))’
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muni du produit scalaire
<U, [7> = / (a1Vu Vi + aQVy : V?j + P1U1:) + ,0225) diL’,
Q

pour tout U = (u,v,y,2)" € H et U = (4,0,9,%)" € H. Finalement, on définit 'opérateur

linéaire non-borné A par

D(A) = {(u,v,y,z) € H : div(ai(z)Vu +b(x)Vv) € L*(Q),
(0.0.104)
div(aa(z)Vy) € L*(Q) et v,z € H&(Q)}

et
p ol | @ (div(ai(z)Vu + b(z)Vv) — az)
Yy z
< ! (div(az(z)Vy) + av)
pal) Y

En dénotant v = uy, 2 = y; et Uy = (uo, o, Yo, 20) |, le systeme (0.0.99)-(0.0.101) s’écrit comme
une équation d’évolution abstraite linéaire dans I'espace H

U, =AU, U(0) = Up. (0.0.105)

On sait que, sous la condition (H), l'opérateur A est m-dissipatif sur H et par conséquent, il
engendre un Cy—semigroup de contraction e** d’apres le théoréeme de Lummer-Philips. Donc

la solution de 1’équation d’évolution (0.0.105) admets la représentation suivante :
U(t) = Uy, t>0.

ce qui implique que le systeme (0.0.99)-(0.0.101) est bien posé. Donc, la théorie de semi-groupe

permette de montrer le résultat d’existence et d’unicité suivante :

Théoréme 0.0.46. Pour toute donnée initiale Uy € H, le probléme (0.0.105) admet une solu-
tion unique faible U(t) € CO(R™, H). De plus, si Uy € D(A), donc le probléeme (0.0.105) admet
une solution unique forte U(t) € C1(RT,H) N CO(R*; D(A)).

Puis, on a étudié la stabilité forte du systeme (0.0.99)-(0.0.101) aus sens que 'énérgie décroit
vers zéro lorsque t tends vers l'infinie pour toute donnée initiale dans H. Il est facile de voir
que la résolvente de 'opérateur A n’est pas compacte, d’ou la méthode classique de I'invariance
de LaSalle ou la théorie de la décomposition spectrale de Benchimol ne seront pas appliquées
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dans ce cas. Par conséquent, en utilisant un critere général d’Arendt-Batty [9] combiné avec
un résultat de continuation basée sur les estimations de Carelman voir [28], on démontre que
I'opérateur A4 n’admet pas des valeurs propres imaginaires pures et o(A)NiR contient seulement
un ensemble dénombrable d’élements. Par conséquent, on va démontrer le résultat de stabilité

suivant :

Théoréme 0.0.47. Sous I’hypothése (H), le Cy-semi-groupe e est fortement stable dans H ;
i.e. pour tout Uy € H, la solution de (0.0.105) satisfaite

: tA —
Jim [l =0

Pour démontrer ce théoreme, on a besoin de démontrer ses deux Lemmes.
Lemme 0.0.48. Sous l’hypothése (H), on a

ker (iA] — A) = {0}, VAeR.
Lemme 0.0.49. Sous l’hypothése (H), i\l — A est surjective pour tout \ € R.

Puis, on démontre que le systeme (0.0.99)-(0.0.101) n’est pas uniformément stable i.e. expo-

nentiellement table. Pour cela, on suppose que
ai,as, pr,p2 € RT et be RS (H")
Donc, on aura le résultat suivant

Théoréme 0.0.50. Sous l’hypothese (H'), le systéme (0.0.99)-(0.0.101) n’est pas uniformément
stable dans [’espace d’énérgie H.

Ce résultat est dii au fait que, une sous suite des valeurs propres de 'opérateur A s’approche
de I'axe des imaginaires. Donc, on montre qu’il existe une constante ky € N* et une suite
(Ak)|k|>ko, POUr k assez grand. On a trouvé une sous suite de ses valeurs propres satisfiat la
direction asymptotique suivante

a a? 1
A :i”— ——+ol|—= ], 0.0.106
g P2 Hh 25/32#% (Ni ) ( )

ou py, est la valeure propre du —A | i.e.

~Apy = pipr dans €,
wr =10 sur I
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Donc, une stabilitée polynomiale est éspérée. Maintenant, on suppose que
a1, az, p1, p2,b € CH1(Q).

Ainsi, on suppose les conditions supplémentaires suivantes.
Il existe une fonction ¢ € C1(Q,RY) et 0 < a < 8 < 7, tels que

0;qk = Okqj, div(aiagp2q),div(aiaspiq) € Co’l(Qg) et ¢g=0 sur O,,

Il existe une constante o, > 0, telle que

a
2a20; (a1,qx) + a1(qr0jas + q;0kas) + lal (pqupg - anz)
2

Il existe une constante oo, telle que

a
2a10;(a2rqr) + a2(qr0;ar + q;0ka1) + [az (plqvpl - an1>
1

Il existe une constante M > 0, tel que pour tout v € H(2), on a

I(q- Vo) Vb — (q- Vb)Vo| < MVD |Vu|, Yz € Qs

120'1], \V/I'GQB.

[> 051, Ve

(C1)

(C3)

(C4)

(C5)

Théoréme 0.0.51. On suppose que les conditions (H), (C1) — (C6) soit vérifiées. Donc, pour

toute donnée initial Uy € D(A), il existe une constante C' > 0 indépendante de Uy, telle que

I’énergie de la solution forte U de (0.0.105) satisfaite l’estimation suivante :

1
E(t,U) < CEHUOHZD(A)» vt > 0.

(0.0.107)

En particulier, pour Uy € H, l'énergie E(t,U) converge vers zéro lorsque t tends vers l'infini.

Dans ce but, on va appliquer la méthode fréquentielle, voir le théoreme 2.4 de [18] combinée

avec une méthode de multiplicateur. Donc, premierement, on démontre que
[0l = o(1) sur O,

Puis, on prouve que
Ul =o0(1) sur Qg.

Donc, on obtient
Ul = o(1) sur €.

Finalement, en utilisant (0.0.106) et (0.0.107), on obtient la décroissance énergetique polyno-
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miale optimale de la solution forte de (0.0.105).
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CHAPITRE 1

PRELIMINARIES

As the analysis done in this P.H.D thesis local on the semigroup and spectral analysis
theories, we recall, in this chapter, some basic definitions and theorems which will be used in
the following chapters. we refer to [15], [16], [18], [21], [22], [24], [26],[27], [29], [31], [32], [40],
[42], [43], [51], [52], [54], [55].

1.1 Bounded and Unbounded linear operators

We start this chapter by give some well known results abound bounded and undounded
operators. We are not trying to give a complete development, but rather review the basic defi-

nitions and theorems, mostly without proof.
Let (E,||-||g) and (F,| - ||r) be two Banach spaces over C, and H will always denote a Hilbert

space equipped with the scalar product (-, -), and the corresponding norm || - || .

A linear operator T : E —— F' is a transformation which maps linearly F in F, that is
T(au+ fv) = aT(u) + T (v), Yu,ve€ Eand a,s e C.

Definition 1.1.1. A linear operator T : E — F is said to be bounded if there exists C' > 0
such that

The set of all bounded linear operators from E into F is denoted by L(E, F'). Moreover, the
set of all bounded linear operators from F into E is denoted by L(E).
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Definition 1.1.2. A bounded operator T € L(E, F) is said to be compact if for each sequence
(Tp)nen € E with ||z,||z =1 for each n € N, the sequence (T'xy)nen has a subsequence which
converges in F.

The set of all compact operators from FE into F' is denoted by K(FE, F'). For simplicity one
writes K(E) = K(E, E).

Definition 1.1.3. Let T € L(E, F), we define
e Range of T by
R(T)={Tu: ue E} CF.

o Kernel of T by
ker (T)={ue E: Tu=0} C E.

Theorem 1.1.4. (Fredholm alternative) If T € K(E), then
e ker (I —T) is finite dimension, (I is the identity operator on E) .
e R(I—T) is closed.
eker(I-T)=0&R(I-T)=E.

Definition 1.1.5. An unbounded linear operator T from E into F is a pair (T, D (T)), consis-
ting of a subspace D (T') C E (called the domain of T') and a linear transformation.

T:D(T)CE~— F.

In the case when E = F' then we say (T, D (7)) is an unbounded linear operator on E. If
D(T)=FEthenT € L(E,F).

Definition 1.1.6. Let T : D (T) C E — F be an unbounded linear operator.
e The range of T is defined by

R(T)={Tu: ue D(T)} C F.
o The Kernel of T is defined by
ker (T)={ue D(T): Tu=0} C E.
e The graph of T is defined by
G(T)={(u,Tu): we D(T)} C Ex F.

Definition 1.1.7. A map T is said to be closed if G (T') is closed in E x F. The closedness of
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an unbounded linear operator T' can be characterize as following
if u, € D(T) such that u, — u in E and Tu, — v in F, then uw € D(T) and Tu = v.

Definition 1.1.8. Let T : D (T) C E — F be a closed unbounded linear operator.
o The resolvent set of T is defined by

p(T)={AeC: X =T is bijective from D (T) onto F}.
e The resolvent of T is defined by
ROAT)={(\=T)"": Aep(T)}.
o The spectrum set of T' is the complement of the resolvent set in C , denoted by
o (T) = C/p(T).

Definition 1.1.9. Let T : D(T) C E —— F be a closed unbounded linear operator. we can
split the spectrum o(T) of T into three disjoint sets, given by

e The ponctuel spectrum of T is define by
o,(T)={A € C: ker(M —T) # {0}}

in this case X is called an eigenvalue of T

e The continuous spectrum of T is define by
o.(T) = {/\ €C ker(\ —T) =0, RO —T) =F and (\I = T)™" is not bounded} :
e The residual spectrum of T is define by
o (T)={Ne€ C: ker(AI =T) =0 and R(A — T) is not dense in F'} .

Definition 1.1.10. Let T : D(T) C E +—— F be a closed unbounded linear operator and let
A be an eigevalue of A. A non-zero element e € E is called a generalized eigenvector of T

associated with the eigenvalue value X\, if there exists n € N* such that
M —-T)'e=0 and (M —T)"'e#0.

If n =1, then e is called an eigenvector.

Definition 1.1.11. Let T : D (T) C E —— F be a closed unbounded linear operator. We say
that T has compact resolvent, if there exist \g € p(T) such that (A — T)™' is compact.

Mohammad AKIL Page 45 of 181 mohamadakill @hotmail.com



Chapter 1. Preliminaries

Theorem 1.1.12. Let (T, D (T)) be a closed unbounded linear operator on H then the space
(D (T), ||-HD(T)) where [[ul| 54y = [|Tully + [lully ¥V u € D(T) is banach space .

Theorem 1.1.13. Let (T, D (T')) be a closed unbounded linear operator on H then, p (T) is an
open set of C.

1.2 Semigroups, Existence and uniqueness of solution

In this section, we start by introducing some basic concepts concerning the semigroups. The
vast majority of the evolution equations can be reduced to the form

U = AU, t>0,
(1.2.1)

U ) = Uy,
where A is the infinitesimal generator of a Co-semigroup S (t) over a Hilbert space H. Lets start
by basic definitions and theorems.

Let (X, ||||x) be a Banach space, and H be a Hilbert space equipped with the inner product
(-,-) 5 and the induced norm ||| .

Definition 1.2.1. A family (S (t)),s, of bounded linear operators in X is called a strong conti-
nous semigroup (in short, a Cy-semigroup) if

e S(0)=1 (I is the identity operator on X).

e S(t+s)=S(t)S(s), Vit s=>0.

e For eachu € H, S(t)u is continous in t on [0, +o0].
Sometimes we also denote S () by e*4.

Definition 1.2.2. For a semigroup (S (t)),5o, we define an linear operator A with domain
D (A) consisting of points u such that the limit

Ay e fig 2B u—u

t—0+ t

., u€eD(A)
exists. Then A is called the infinitesimal generator of the semigroup (S (t)),s¢-

Proposition 1.2.3. Let (S (t)),5, be a Co—semigroup in X . Then there exist a constant M > 1
and w > 0 such that
IS Ol < Me, W20,

If w = 0 then the corresponding semigroup is uniformly bounded. Moreover, if M = 1 then
(S(t)) > 1s said to be a Cy—semigroup of contractions.
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Definition 1.2.4. An unbounded linear operator (A, D (A)) on H, is said to be dissipative if
R (Au,u),; <0, VueD(A).

Definition 1.2.5. An unbounded linear operator (A, D (A)) on X, is said to be m-dissipative
if
e A is a dissipative operator.

e 3 \g >0 such that R (A — A) = X.

Theorem 1.2.6. Let A be a m-dissipative operator, then
e RAM—-A)=X, VA>0.
® J0,00[ S p(4).

Theorem 1.2.7. (Hille-Yosida) An unbounded linear operator (A, D (A)) on X, is the infi-
nitesimal generator of a Co—semigroup of contractions (S (t)),s if and only if

o A is closed and D (A) = X.
e The resolvent set p (A) of A contains RT, and for all A > 0,

H()‘I N A)_1HL(X) <A

Theorem 1.2.8. (Lummer-Phillips) Let (A, D (A)) be an unbounded linear operator on
X, with dense domain D (A) in X. A is the infinitesimal generator of a Cy—semigroup of
contractions if and only if it is a m-dissipative operator.

Theorem 1.2.9. Let (A, D (A)) be an unbounded linear operator on X . If A is dissipative with

R —A)=X, and X is reflezive then D (A) = X.

Corollary 1.2.10. Let (A, D (A)) be an unbounded linear operator on H. A is the infinitesimal
generator of a Co—semigroup of contractions if and only if A is a m-dissipative operator.

Theorem 1.2.11. Let A be a linear operator with dense domain D (A) in a Hilbert space H.
If A is dissipative and 0 € p(A), then A is the infinitesimal generator of a Cy—semigroup of
contractions on H.

Theorem 1.2.12. (Hille-Yosida) Let (A, D (A)) be an unbounded linear operator on H.
Assume that A is the infinitesimal generator of a Co—semigroup of contractions (S (t)),s¢-

1. For Uy € D (A), the problem (1.2.1) admits a unique strong solution

U(t) = S(t)Uy € C° (R*, D (A))nC" (R, H).

Mohammad AKIL Page 47 of 181 mohamadakill @hotmail.com



Chapter 1. Preliminaries

2. For Uy € H, the problem (1.2.1) admits a unique weak solution

U(t) e C°(RY, H).

1.3 Stability of semigroup

In this section we start by itroducing some definion about strong, exponential and polynomial

stability of a Cj-semigroup. Then we collect some results about the stability of Cy-semigroup.

Let (X, ||-||x) be a Banach space, and H be a Hilbert space equipped with the inner product
(-,-) 5 and the induced norm ||| .

Definition 1.3.1. Assume that A is the generator of a strongly continuous semigroup of
contractions (S (t)),5o on X. We say that the Co-semigroup (S (t)),sq s
e Strongly stable if
lim [|S(t)ullx =0, VuelX.

t——+o0

e Uniformly stable if
lim |5 (£) lcx) = 0.

t—+o0

e FExponentially stable if there exist two positive constants M and € such that
IS () ullx < Me “||ullx, Vt>0 VueX.

e Polynomially stable if there exist two positive constants C' and a such that
IS (t)ul|x < Ct7ullx, Vt>0,VuelX.

Proposition 1.3.2. Assume that A is the generator of a strongly continuous semigroup of

contractions (S (t)),so on X. The following statements are equivalent
® (5(t))>0 s uniformly stable.
® (5(t));s0 s exponentially stable.

First, we look for the necessary conditions of strong stability of a Cy-semigroup. The result was
obtained by Arendt and Batty.

Theorem 1.3.3. (Arendt and Batty) Assume that A is the generator of a strongly conti-
nuous semigroup of contractions (S (t)),~, on a reflerive Banach space X. If
e A has no pure imaginary eigenvalues.

e 0 (A)NiR is countable.
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Then S (t) is strongly stable.

Remark 1.3.4. If the resolvent (I —T)~! of T is compact, then o (T) = o, (T). Thus, the state
of Theorem 1.5.3 lessens to o,(A) NiR = 0.

Next, when the Cy-semigroup is strongly stabe, we look for the necessary and suffient conditions
of exponential stability of a Cy-semigroup. In fact, exponential stability results are obtained
using different methods like : multipliers method, frequency domain approach, Riesz basis
approach, Fourier analysis or a combination of them . In this thesis we will review only two
methods. The first method is a frequency domain approach method was obtained by Huang-
Pruss.

Theorem 1.3.5. (Huang-Pruss)Assume that A is the generator of a strongly continuous
semigroup of contractions (S (t)),, on H. S (t) is uniformly stable if and only if

e iRCp(A).

e sup || (i8I — A)_l HL(H) < 400.
BER

The second one, is a classical method based on the spectrum analysis of the operator A.

Definition 1.3.6. Let (A, D (A)) be an unbounded linear operator on H. Assume that A is the

infinitesimal generator of a Co—semigroup of contractions (S (t)),s-

e The growth bound of A is define by

wp (A) = inf {w €eR: I N, €R such that V't > 0 we have ||S (t)| < Nwe“’t}.

e The spectral bound of A is define by
s(A)=sup{R(\): A€o (A)}.

Proposition 1.3.7. Let (A, D (A)) be an unbounded linear operator on H. Assume that A
is the infinitesimal generator of a Co—semigroup of contractions (S (t)),sq- Then (S (t)),5, is

uniformly exponentially stable if and only if its growth bound wy (A) < 0.

Proposition 1.3.8. Let (A, D (A)) be an unbounded linear operator on H. Assume that A is

the infinitesimal generator of a Cy—semigroup of contractions (S (t)),~,. Then, we have

s (A) < wo (A) .

Corollary 1.3.9. Let (A, D(A)) be an unbounded linear-operator on H. Assume that s (A) = 0,
then (S(t)),s¢ is not uniformly exponentially stable.
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In the case when the Cy-semigroup is not exponentialy stable we look for a polynomial one. In
general, polynomial stability results also are obtained using different methods like : multipliers
method, frequency domain approach, Riesz basis approach, Fourier analysis or a combination
of them . In this thesis we will review only one method. The first method is a frequency domain

approach method was obtained by Batty, A.Borichev and Y.Tomilov, Z. Liu and B. Rao.

Theorem 1.3.10. (Batty , A.Borichev and Y.Tomilov, Z. Liu and B. Rao.)Assume
that A is the generator of a strongly continuous semigroup of contractions (S (t)),s, on H. If
iR C p(A), then for a fized £ > 0 the following conditions are equivalent

1. lim sup

A 3P Sl = A et < oo

C
2.8 () Upllg < = \Uollpay Yt >0, Uy€ D(A), for someC > 0.

1.4 Fractional Derivative Control

In this part, we introduce the necessary elements for the good understanding of this manus-
cript. It includes a brief reminder of the basic elements of the theory of fractional computation
as well as some examples of applications of this theory in this scientific field. The concept of
fractional computation is a generalization of ordinary derivation and integration to an arbitrary
order. Derivatives of non-integer order are now widely applied in many domains, for example
in economics, electronics, mechanics, biology, probability and viscoelasticity.

A particular interest for fractional derivation is related to the mechanical modeling of gums and
rubbers. In short, all kinds of materials that preserve the memory of previous deformations in
particular viscoelastic. Indeed, the fractional derivation is introduced naturally. There exists a
many mathematical definitions of fractional order integration and derivation. These definitions
do not always lead to identical results but are equivalent for a wide large of functions. We
introduce the fractional integration operator as well as the two most definitions of fractional
derivatives, used, namely that Riemann-Liouville and Caputo, by giving the most important
properties of the notions. Fractional systems appear in different fields of research. However, the
progressive interest in their applications in the basic and applied sciences. It can be noted that
for most of the domains presented ( automatic, physics, mechanics of continuous media). The
fractional operators are used to take into account memory effects. We can mention the works
that reroute various applications of fractional computation.

In physics, on of the most remarkable applications of fractional computation in physics was
in the context of classical mechanics. Riewe, has shown that the Lagrangien of the motion of
temporal derivatives of fractional orders leads to an equation of motion with friction forces

and nonconservative are essential in macroscopic variational processing such as friction. This
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result are remarkable because friction forces and non conservative forces are essential in the
usual macroscopic variational processing and therefore in the most advances methods classi-
cal mechanics. Riewe, has generalized the usual Lagrangian variation which depends on the
fractional derivatives in order to deal with the usual non-conservative forces. On the another
hand, several approaches have been developed to generalize the principle of least action and
the Euler-Lagrange equation to the case of fractional derivative. The definition of the fractional
order derivation is based on that of a fractional order integration, a fractional order derivation
takes on a global character in contrast to an integral derivation. It turns out that the derivative
of a fractional order of a function requires the knowledge of f(t) over the entire interval ]a, ],
where in the whole case only the local knowledge of f around t is necessary. This property
allows to interpret fractional order systems as long memory systems, the whole systems being
then interpretable as systems with short memory. Now, we give the definition of the fractional

derivatives in the sense of Riemann-Liouville as well as some essential properties.

Definition 1.4.1. The fractional integral of order a > 0, in sense Riemann-Liouville is given

by
I f () = F(la)/ (t— ) f(s)ds, t>a.

Definition 1.4.2. The fractional derivative of order o > 0, in sens of Riemann-Liouville of a

function f defined on the interval [a,b] is given by

1 dar

Diro(t) = DI f(t) = T(n — ) di"

/:(t —5)" 1 f(s)ds, n=[a]+1, t>a (1.4.1)

In particular, if « =0, then
Dippof(t) = I f(t) = f(2).
If o =n €N, then
Do f(t) = f™(1).

Moreover, if 0 < a < 1, then n =1, then

Dy f(t) = )i/at(t—s)_"‘f(s)ds, [~ a

'l -«

Example 1.4.3. Let o« >0, v > —1 and f(t) = (t — a)?, then

a _ F(’Y_’_ 1) Y+
Iaf<t>—r(’7+0{+]_>(t_a) )
(o3 _ F(fy) y—a

DRL’af(t)_F(’y—a—{—l)(t_a) :
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(t—a)~®
l—a) -

In particular, if v =0 and a > 0, then Dy ,(C) =C

The derivatives of Riemann-Liouville have certain disadvantages when attempting to model real
world phenomena. The problems studied require a definition of the fractional derivatives allo-
wing the use of the physically interpretable initial conditions including y(0),v'(0), etc. There
shortcomings led to an alternative definition of fractional derivatives that satisfies these de-
mands in the last sixties. It was introduced by Caputo. In fact, Caputo and Minardi used this
definition in their work on viscoelasticity.

Now, we give the definition of the fractional derivatives in the sense of Caputo as well as some
essential properties.

Definition 1.4.4. The fractional derivative of order o > 0, in sens of Caputo, defined on the

interval [a,b], is given by

n=1 (k) (g
D) = Disa 700~ £ 0 -0, (142)
where

o if o e N*.

n:{ ] +1 if a¢N,

In particular, where 0 < o < 1, the relation (1.4.2) take the form

2a() = D, ((F() - fla))
= 0

- Fioa /:(t— a)~f'(s)ds.
If a € N, then f™(t) and D ,(t) coincides i.e.
D¢ f(t) = f™(1).
Example 1.4.5. Let a« > 0 and f(t) = (t — a)” where v > —1. Then

L(y+1)

D¢, f(t) = T —at1)

(t—a) ™.

In particular, if v =0 and o > 0, then Dg¢,C = 0.

1.5 Geometric Condition

In this section, we present two different types on the geometric conditions.
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Definition 1.5.1. We say that the multiplier control condition MGC holds if there exist xy €
R? and a positive constant my > 0 such that

m-v<0 on Iy and m-v>myg on Iy,

with m(z) = x — x9, for all z € RY, O

We recall the Geometric Control condition GCC introduced by Bardos, Lebeau and Rauch
[13] :

Definition 1.5.2. We say that I satisfies the geometric condition named GCC, if every ray

of geometrical optics, starting at any point x € Q at time t = 0, hits I'y in finite time T.

Remark 1.5.3. In [13], Bardos et al. proved that (H) holds if T' is smooth (of class C*),
ToNTy =0 and the GCC condition. For less reqular domains, namely of class C?, (H) holds
if the vector field assumptions described in [33] (see (i), (ii),(iii) of Theorem 1 in [33]) hold.
Moreover, in Theorem 1.2 of [34] the authors prove that (H) holds for smooth domains under
weaker geometric conditions than in [33] (without (ii) of Theorem 1). Finally, it is easy to see
that the multiplier control condition MCC implies that the vector field assumptions described
in [33] are satisfied and therefore the condition (H) holds if MCC holds. O

Now, we present a models satisfies and doesn’t satisfy (GCC) and (MGC) conditions.
eModels does not satisfies (GCC) :

This model does not satisfy the GCC boundary condition.
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This model does not satisfy the GCC boundary condition.
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eModels satisfies (GCC) boundary conditions :

This model satisfies the GCC boundary condition.

This model satisfies the GCC boundary condition.
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e Models satisfy (GCC) but does not satisfy (MGC) condition

This model satisfies the GCC boundary condition
but does not satisfy the MGC boundary conditions.

Remark 1.5.4. In this figure, We take an open arc Y in the boundary that contains a half-
circumference and let P denote the midpoint of Y. For ¢ sufficiently small denote . the closed
arc centered at P with length less e. For a ray to miss T\ P at must hit P as does the equilateral
triangle with vertex P. Let 6 denote the union of two open arcs centered respectively at the
antipodal of P and one of the other vertices of the equilateral triangle. Let T'y = (T U0O)\ . and
Ly = 0Q\I'y, then the condition GCC holds.

eModels satisfies (MGC') and (GCC') boundary conditions :
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This model satisfies the MGC boundary condition without Ty N T = 0.
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1.6 Appendix

Theorem 1.6.1. Let u be the function defined by

2a—d

wé =177, €€R? and 0O<a<l

The relation between the "imput” U and the "output” O of the following system

D (&) + (€7 +n) w(& 1) = U(u(E€) =0, ¢ €R% LR andy >0,

w(£,0) =0,
2sin(am)T (% + 1)
O(1) = == [ m(&)w(e 1yt
s given by
O =["%"U = D*"U.
Proof:

Step 1. Take n = 0, the from equation (1.6.2) and (1.6.3), we have

w(é,t) = /tu(é)e_'52(t_T)U(T)dT-

0

Then from equations (1.6.4) and (1.6.6), we get
t 2
o) =4 [ lepe [ | e ey de.
Rd 0

2sin(am)l (¢ +1
where § = (am) (2 )

. Next, using the spherical coordinates defined by,

drs+l
&1 = psin(¢y)sin(@z) - - - sin(Pg—3) sin(pa—2) sin(pg-1),
§o = psin(p1)sin(gg) - - - sin(@q-3) sin(ga—2) cos(Pa-1),
& = psin(¢y)sin(@a) - - - sin(pg_3) cos(¢q_2),
(¢1) sin(¢2) - - - cos(Pa—3),

& = psin

§a1 = psin(pr) cos(dz),
&a = pcos(pr).

(1.6.1)

(1.6.2)

(1.6.3)

(1.6.4)

(1.6.5)

(1.6.6)

(1.6.7)

(1.6.8)

d
where, p = [¢] = \|D_ &% ¢; € [0,7] if 1 <j < d—2and ¢q1 € [0,27]. The jacobian J is
i=1
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defined by
d—2
= p" ] sin™ ' (g). (1.6.9)
j=1

Since the integrating is a function which depends only on || = p, thus we can integrate on all
the angles and the calculation reduces that of a simple integral on the positive real axis. Then,
from equations (1.6.7)-(1.6.9) we get

_5 / et H ( / i sindlj(¢j)d¢j> / 7 A6 [ / t €p2(t7)U<7')dT] dp.  (1.6.10)

By induction, it easy to see that

d—2 a1l o dwg
Il (/0 sin (o;j)dqu) [ o4 - i) (1.6.11)
Inserting equation (1.6.11) in equation (1.6.10), we get
O(t) = Singm) /0 P /0 - p2°‘16’)2(t7)d,0] U(r)dr. (1.6.12)
Thus,
o(t) = Sin;‘m) / [t =T U(r)ds. (1.6.13)
Using the fact that sin(ar) = L in equation, we obtain
0 F(o)(1 — «)
O(t) = /01t (;(Ii)(;;éU(T)dT. (1.6.14)
It follows that, from equation (1.6.14) we have
O=1""U. (1.6.15)
Step 2. By simply effecting the following change of function
w(g,t) =e"p(E 1)
in equations (1.6.2) and (1.6.4), we directly obtain
Ow(&t) + (|EP +n)w(&t) —UMuE) =0, ¢eRYteR" andn >0, (1.6.16)
w(&,0) =0, (1.6.17)
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Ot) = e [ (€l t)de.

R4
Hence, from Step 1, (1.6.16)-(1.6.18) yield the desired result

o = [ t mew(f)m.

The proof has been completed.

Lemma 1.6.2. For all A € R and n > 0, we have

A= ﬁdf =c(IMN+n*" and Ay= (/ i )
R (Al 47+ [ e (|A + 7+ [€]%)?

where ¢, ¢ are two positive constants given by

1
d d 3
drz Tl dmz

_ an G — +o0 (y _ 1)a
o 2r (g + 1) sin(am) ! (gp (% + 1) /1 2 dy)

Proof:
Calculation of A; :
Using the hyper-spherical coordinates in Ay, we get

2a—1

A= /0+°° - H (/ Sind_l_j(¢j)d¢j> 0% dpq_1dp.

Al +n+p% 52

Using equation (1.6.11) in equation (1.6.20), we get

g 20—1

dm

+o0 p
Azi/ S ")
Tr(Ea b P

Let z = p? in equation (1.6.21), we obtain

[SIISW

dm

A [~ A
= - —ax
Car(dvn) b Dt

Let y =

x
+ 1 in equation (1.6.22), we get
Al +7

dr? (|A +1)°~! /*‘X’ (y—1)"
1

4= o (4 +1) y

dy.

2

(1.6.18)

(1.6.19)

(1.6.20)

(1.6.21)

(1.6.22)

(1.6.23)
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1
Let z = — in equation (1.6.23), we get
Y

_dni (A )
2r (4 +1)

1
Ay /0 271 — 2)* dz. (1.6.24)

Then from equation (1.6.24), we get

_dmi (A ) _dmi (Al )

A B(l—oa,a)= 'l —a)l'(«). 1.6.25
Lo (de) ( ) 2l (4 +1) (1= e)lie) (16.25)
Using the fact that I'(1 — o)['(«r) = — T equation (1.6.25), we get
sin(a)
Ay =c(A+n)* T, (1.6.26)

where c is defined in (1.6.19).
Calculation of As :
Using the hyper-spherical coordinates and the same arguments of Ay, we get

drs +oo pal
A2 — / dp. (1.6.27)
Prg+n)h (W)
Let y = + 1 in equation (1.6.27), we get
Al +n
drs (N +m)*7% oo (y —1)°
a2 = 4 (Al +n) / y . " . (1.6.28)
o (d+1) N y

oo (y — 1)
Its clear that ———dy < 400 for a €)0, 1], then we get
1 y?

Az=c(\ +n)2 ",

where ¢ is defined in (1.6.19)
Lemma 1.6.3. IfAe D={XeC; R\ +n>0}U{XeC; J(\) #0}, then

too p?(€) o o
/_oo /\+77+€2d§_sin(a7r)()\+n) -

Proof: Let us set

() = )\fn(?gg
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We have
12(6)
R(A) + 0+ [¢]?

A< q or
1% ()
RICVIER/ERISE

Then the function f) is integrable. Moreover,

2
Ol RO) S0 > -
Mo+ 1+ [€]?
NGRS
—_ for all |¥(A)| >m > 0.
n1+|£|2 | ( )‘_Th
Them from Theorem 1.16.1 in [60] , the function f, : D — C is holomorphe. For a real A > —n,
we have
+00 2 400 a—1
/ ) e / T d with €2 =z
oo A+ &2 0o A+n+E

+0o0
= QT [y =Dy with 2= )y - 1)

1
= (A + 77)0‘_1/0 271 - 2)* Mz with yz=1

= A+n)*'B(1-a,a)
= A+n)*'T'(1 - a)l(a)

B sin(a) (A+n)"

The proof has been completed.
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CHAPITRE 2

STABILIZATION OF MULTIDIMENSIONAL WAVE EQUATION WITH
LOCALLY BOUNDARY FRACTIONAL DISSIPATION LAW

2.1 Introduction

Let 2 be a bounded domain of R?, d > 2, with a Lipschitz boundary I' = I',UT';, with 'y and I'y
open subsets of I' such that Ty NI} = () and I'; is non empty. We consider the multidimensional

wave equation

Utt—AU = O, in QXR+, (211)
u = 0, on D[yxRT, (2.1.2)
0
a—“+7a§’“"u — 0, on TyxR* (2.1.3)
v

where v is the unit outward normal vector along the boundary I'y and  is a positive constant in-
volved in the boundary control. The notation 9;"" stands for the generalized Caputo’s fractional

derivative see [20] of order o with respect to the time variable and is defined by

1 t dw
(1) = t—g) @ —n(t—s) d 1 > (.
(1) F(l—a)/()( s) % —(s)ds, 0<a<1, =0

The system (2.1.1)-(2.1.3) is considered with initial conditions

u(z,0) = ug(x), u(x,0) =wuy(zr) where z € (2.1.4)
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The fractional derivative operator of order o, 0 < @ < 1, is defined by

[Df](t) = /Ot mfg(ﬂdr (2.1.5)

The fractional differentiation is inverse operation of fractional integration that is defined by

1 f](8) = /Ot (t;x_f(f)dﬂ 0<a<l (2.1.6)
From equations (2.1.5), (2.1.6), clearly
[Df] = I'""*Df. (2.1.7)

Now, we present marginally distinctive forms of (2.1.5) and (2.1.6). These exponentially modi-

fied fractional integro-differential operators an will be denoted by us follows

t (¢t — 7)"e—nt-T)
i) = [ r()1 > -

(1)dr (2.1.8)

and
t— T)a—le—n(t—T)

197 F](¢) = /0 ‘( o F(r)dr. (2.1.9)

Note that the two operators D and D*" differ just by their Kernels. D*" is merely Caputo’s

fractional derivative operator, expect for its exponential factor. Thus, similar to identity (2.1.7),
we do have

[D*1f] = ['=*"Df. (2.1.10)

The order of our derivatives is between 0 and 1.

The boundary fractional damping of the type 9;""u where 0 < o < 1, n > 0 arising from the
material property has been used in several applications such as in physical, chemical, biological,
ecological phenomena. For more details we refer the readers to [46], [47], [10], [11], [12] and [44].
In theoretical point of view, fractional derivatives involves singular and non-integrable kernels
(t7*, 0 < a < 1). This leads to substantial mathematical difficulties since all the previous
methods developed for convolution terms with regular and/or integrable kernels are no longer

valid.

There are a few number of publications concerning the stabilization of distributed systems
with fractional damping. In [46], B. Mbodje considered a 1 — d wave equation with boundary
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fractional damping acting on a part of the boundary of the domain :

OPu(x,t) — Q*u(x,t) = 0, O<z<l1, t>0,
u(0,t) = 0,
Opu(1,t) + v "u(1,t) = 0, 0<a<l1, n>0, (2.1.11)
u(z,0) = wup(x),
Owu(z,0) vo(x).

Firstly, he proved that system (2.1.11) is not uniformly stable, on other words its energy has
no exponential decay rate. However, using LaSalle’s invariance principle, he proved that system
(2.1.11) is strongly stable for usual initial data. Secondly, he established a polynomial energy
decay rate of type % for smooth initial data. In this paper, our main interest is to generalize the
results of [46] by considering the multidimensional case and by improving the polynomial energy
day rate. Then, we study the stabilization of the system of multidimensional wave equation
with boundary fractional damping (2.1.1)-(2.1.3). In a first step, a general criteria of Arendt
and Batty [9] and with the help of Holmgren’s theorem we show the strong stability of system
(2.1.1)-(2.1.3), but for the simple example like the case when Q = (0, 1) we show that our system
is not uniformly stable, since the corresponding spatial operator has a sequence of eigenvalues
that approach the imaginary axis. Hence, we are interested in proving a weaker decay of the
energy, for that purpose, we will apply a frequency domain approach (see [18, 15, 40] ) based
on the growth of the resolvent on the imaginary axis. More precisely, we will give sufficient
conditions that garantee the polynomial decay of the energy of our system (for smooth initial
data). For this aim, by assuming that the boundary control region satisfy the Geometric Control
Condition (GCC ) and by using the exponential decay of the wave equation with the standard
damping
opu(w,t) +u(x,t) =0, on Iy xRY

we establish a polynomial energy decay rate for smooth solutions, which depends on the order of

the fractional derivative. More precisely, we show that the energy of smooth solution of system

(2.1.1)-(2.1.3) converges to zero, as t goes to infinity, as ——.

tl—«

In [23], Zhang and Dai considered the multidimensional wave equation with boundary source
term and fractional dissipation defined by

utt—Au = 0, $EQ t>0,
u = 0, rely t>0,
ou N 1
o + 0 = |u|"tu, xely t>0, (2.1.12)
u(z,0) = wuy, x €,
w(z.0) = w(r), 1€
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where m > 1. They proved by Fourrier transforms and the Hardy-Littelwood-Sobolev inequality
the exponential stability for sufficiently large initial data.

In [2], Benaissa and al. considered the Euler-Bernoulli beam equation with boundary dissipation
of fractional derivative type defined by

cp( t) = ( 6 = 0, in }O +oo[
gom( ) = 0, in ]0,+o0, (2.1.13)
Paza(Lyt) = 707"p(L,t), in ]0,+o0]

where 0 < a < 1, n > 0 and 7 > 0. They proved, under the condition n = 0, by a spectral
analysis, the non uniform stability. On the other hand, for 77 > (, they also proved that the

energy of system (4.1.17) decay as time goes to infinity as

tla

This chapter as organized as follows : In Subsection 2.2.1, we reformulate the system (2.1.1)-
(3.1.3) into an augmented system by coupling the wave equation with a suitable diffusion
equation and we prove the well-posedness of our system by semigroup approach. In the subsec-
tion 2.2.2, combining a general criteria of Arendt and Batty with Holmgren’s theorem we show
that the strong stability of our system in the absence of the compactness of the resolvent and
without any additional geometric conditions. In subsection 2.2.3, We show that our system is
not uniformly stable in general, since it is the case of the interval, more precisely we show that
an infinite number of eigenvalues approach the imaginary axis. In Section 2.3, we look for a
polynomial decay rate for smooth initial data for our system by applying a frequency domain
approach combining with a multiplier method. Indeed, by assuming that the boundary control
region satisfy the Geometric Control Condition (GCC) and by using the exponential decay of

the wave equation with a standard damping, we establish a polynomial energy decay for smooth

solution as type ——
tI—«a

2.2 Well-Posedness and Strong Stability

In this section, we will study the strong stability of system (2.1.1)-(2.1.3) in the absence
of the compactness of the resolvent and without any additional geometric conditions on the
domain 2. First, we will study the existence, uniqueness and regularity of the solution of our
system.
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2.2.1 Augmented model and well-Posedness

Firstly, we reformulate system (2.1.1)-(2.1.3) into an augmented system. For this aim, we

need the following results

Proposition 2.2.1. Let p be the function defined by

p(@) =167, €eR and 0O<a<l. (2.2.1)

Then the relation between the “input’ U and the ’output’ O of the following system
O (&, 1) + ([ +mw(&,t) = UMuE) =0, £eRY >0, (2.2.2)
w(£,0) =0, (2.2.3)

2sin(am)T (g + 1)
o(t) - ' [, el e, (2.2.4)
d7T2+1 R4
s given by

O =I1""0U = DU (2.2.5)

where D*" and I'=*" are given by (4.1.11) and (4.1.12) respectively.

Proof:[proof] See theorem 1.6.1 in chapter 1.
Now, using Proposition 2.2.1, system (2.1.1)-(2.1.4) may be recast into the following augmented

model :
ug —Au = 0, in QxRT, (2.2.6)
v = 0, on TyxR* (2.2.7)
Oww(€,t) + (€ +n) (&,1) (5)8tu(m t) = 0, on Iy xR" £¢eRY (2228)
gu —I—'y / — 0, on I xR (2.2.9)

23in(o<7r)F<%+1)

dr2 Tt

where v is a positive constant, n > 0 and k = . Finally, system (2.2.6)-(2.2.9) is

considered with the following initial conditions
u(z,0) = up(x), w(r,0)=u(z), wE&0) =0 z€Q R (2.2.10)

Our main interest is the existence, uniqueness and regularity of the solution to this system. We
define the Hilbert space
H = H}, (Q) x L*(Q) x L*(RY), (2.2.11)
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equipped with the following inner product
(u, v, w), (70, 5, @)y, = /Q (v + VuVa) dr + 3x /R W(E)D(€)de
where 4 = |T'y|, and H}, () is given by
Hy(Q) = {ue H'(Q), u=0 on I}
The energy of the solution of system is defined by :

B(t) = ;H(u,ut,w)ui. (2.2.12)

For smooth solution, a direct computation gives
B(t) = —yr [ (€2 + (&, 0]de. (2:2.13)

Then, system (2.2.6)-(2.2.10) is dissipative in the sense that its energy is a nonincreasing func-
tion of the time variable t. Now, we define the linear unbounded operator A by

U=(uv,w) €eM; Aue L*(Q), ve H} (Q), |{we L*(RY),

DAY= (P +nw + olrun(©) € 2@, 28 1r, = —m [ ple)o(e)de

Rd

(2.2.14)

and
A<u7 U?”)T = (Ua Auv _<|€’2 + U)w + U’F1N(€)>T'

By denoting v = u; and Uy = (ug, vo, wo) " , system (2.2.6)-(2.2.10) can be written as an abstract

linear evolution equation on the space H
U =AU, U(0)="Uj. (2.2.15)

It is known that operator A is m-dissipative on ‘H and consequently, generates a Cy-semigroup
of contractions e following Lumer-Phillips’” theorem (see [42, 51]). Then the solution to the
evolution equation (2.2.15) admits the following representation :

U(t) = 6tAU07 t 2 07

which leads to the well-posedness of (2.2.15) . Hence, semi-group theory allows to show the

next existence and uniqueness results :

Theorem 2.2.2. For any initial data Uy € H, the problem (2.2.15) admits a unique weak
solution U(t) € C° (R*,H). Moreover if Uy € D(A) then the problem (2.2.15) admits a unique
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strong solution U(t) € C* (RY,H) N C*(R*, D(A)).

2.2.2 Strong Stability of the system

In this subsection, we study the strong stability of system (2.2.6)-(2.2.10) in the sense that
its energy converges to zero when ¢ goes to infinity for all initial data in H. It is easy to see
that the resolvent of A is not compact, then the classical methods such as Lasalle’s invariance
principle [58] or the spectrum decomposition theory of Benchimol [17] are not applicable in this
case. We use then a general criteria of Arendt-Battay [9], following which a Cyp-semigroup of

A

contractions e in a Banach space is strongly stable, if A has no pure imaginary eigenvalues and

o(A) NiR contains only a countable number of elements. We will prove the following stability
result

Theorem 2.2.3. Assume that n > 0. Then the Co—semigroup (e');>o is strongly stable on the
enerqgy space H, i.e., for any Uy € H we have

: tA —
i, 1€ =
First we need to prove the following lemmas :
Lemma 2.2.4. Assume that n > 0. Then, for all A € R, we have
ker (iA] — A) = {0}.

Proof: Let U € D(A) and let A € R, such that

AU = i\U. (2.2.16)
Equivalently, we have
Vo= i\u, (2.2.17)
Au = ilv, (2.2.18)
—(EP + n)w + vl p(€) = idw. (2.2.19)

Next, a straightforward computation gives
R(AU,U)y, = = [ (1€ + mleolde. (2.2.20)
Then, using (2.2.16) and (2.2.20) we deduce that

w=0 ae in R (2.2.21)
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It follows, from (2.2.14) and (2.2.19), that

ou
520 and v=0 on I}. (2.2.22)

Thus, by eliminating v, the system (2.2.17)-(2.2.19) implies that

Mu+Au = 0 in (2.2.23)
u = 0 on Ty, (2.2.24)
gu = 0 on I}. (2.2.25)
14

Now we distinguish two cases :
Case 1. A = 0. A straightforward computation gives u = 0 and consequently, U = 0.
Case 2. XA # 0. Then, using (2.2.17) and (2.2.22) we deduce that u = 0 on I';. Therefore, using

Holmgren’s theorem, we deduce that « = 0 and consequently, U = 0.

Lemma 2.2.5. Assume that n = 0. Then, the operator —A is not invertible and consequently

0€ao(A).
Proof: First, let ¢, € Hp, () be an eigenfunction of the following problem

_AQOIC = M%@k) in Qa

cgk = 0, on I, (2.2.26)
% -~ 0, on I,

such that
2 _ 2
el @ = | IVerl®.

Next, define the vector F' = (¢, 0,0) € H. Assume that there exists U = (u,v,w) € D(A)
such that

—AU = F.
It follows that
v=—pp in Q |JPuot+u@v=0 on I} (2.2.27)
and
Au = 0, in €,
u = 0, on Ty, (2.2.28)
ou
5—1—7% Rdu(f)w(é)dé = 0, on IY.
2a—d—4

From (2.2.27), we deduce that w(§) = |£|™ 2 ¢k|r,. We easily check that, for a €]0, 1], the
function w(¢) ¢ L2 (Rd). So, the assumption of the existence of U is false and consequently the
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operator —A is not invertible.

Lemma 2.2.6. Assume that (n > 0 and A € R) or (n = 0 and A\ € R*). Then, for any
f e L*Q), the following problem

A2u+ Au = f, in €,
u = 0, on Ty, (2.2.29)
Ou + (Mc; +ide)u = 0, on T
o C1 TiAC)u = U, on 1y,
where
2 2 2
(A n) =k () ;A6 and  cx(\,m) =k QUL +m) d§ (2.2.30)

Rt A2 4 (|€]% +n) Re A% + (€7 +1)?

admits a unique solution u € Hy, (€2).

Proof: First, it is easy to check that, if (n > 0 and A € R) or (n = 0 and A € R*), then, for
a €]0, 1], the coefficients ¢;(A,7) and ca(A,n) are well defined. Moreover, if n > 0 and A = 0
then, using Lax-Milgram ’s theorem we deduce that system (2.2.29) admits a unique solution

u € H} (). Now, assume that > 0 and A € R* and let us consider the following problem

—Au = in
A f Q,
zé = 0, on Ty, (2.2.31)
87“ + ()\201 +iXcg)u = 0, on I
v
Let u = uy + iug, f = f1 + ifs and we separate the real and the imaginary part of (2.2.31), we
obtain
—Aul = f1 in Q,
—AUQ = f2 in Qa
U = U2 =0 on Fo,
0 2.2.32
% + )\201U1 — )\CQU/Q =0 on Fl, ( )
v
0
% + >\2C1U2 + )\Cgul =0 on Fl-
v

Next, we give a variational formulation of (2.2.32). For this aim, find (u,us) € Hp () x HE ()
such that

a((ur, uz), (01, 92)) = L((91,92)). V(e1,92) € Hy () x Hy, (), (2.2.33)
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where
a((u1, uz), (@1, 02)) = /Q (Vu Vo, + Vua Vo) dz + ¢ /1“1 ()\Qulcpl + )\2u2g02> dr,
+co /1“1 (Auipe — Augpq) dl'y,
and

L((@l;%@)) Z/Q(f1g01 + f2g02) dzx.

It is clear that the bilinear form a is continuous and coercive on the space (H%O (Q) x Hy, (Q))
and the linear form L is continuous on the space H} (Q) x Hp, (). Consequently, by Lax-
Milligram’s theorem, the variational problem (2.2.33) admits a unique solution (ui,us) €
H} () x Hp, (Q). By choosing appropriated test functions in (2.2.33), we see that (u1,us)
satisfies (2.2.32) and therefore problem (2.2.31) admits a unique solution u € Hy, (Q2). In addi-
tion, we have (see [37])

[ull i) < el fllz2)- (2.2.34)

It follows, from the compactness of the embedding H} () C L*(Q), that the inverse operator
(—A)~! defined in (2.2.31) is compact in L?*(€2). Then applying (—A)~! to (2.2.29), we get

(W (=A)" = T)u=(-A)"f. (2.2.35)

In addition, the same computation in (2.2.23)-(2.2.25) shows that ker (\*(—=A)~* —T) = {0}.
Then, following Fredholm’s alternative (see [19]), the equation (2.2.35) admits a unique solution.

Lemma 2.2.7. If n > 0, for all A € R, we have
RN —A)=H
while if n =0, for all A € R*, we have

R (M — A) = H.

Proof: We give the proof in the case n > 0, the proof of the second statement is fully similar.
Let A€ Rand F = (f,g,h)" € H, then we look for U = (u,v,w)" € D(A) solution of

(iX[ — AU = F. (2.2.36)
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Equivalently, we have

AU — v =f, in €,
i — Au =9, in Qa
i+ ([€]2 +mw —vfru€) =h, on I

As before, by eliminating v and w from the above system and using the fact that

Oty [ p(Ew(€)dg =0 on Ty,

R4

we get the following system :

A2+ Au = —g —1\f, in
u =0, on Ty, (2.2.37)
ou

£ + ()\201 +i)\02> u =—i\eyf +eof + I+ 17, on Ty,
v

where ¢y, ¢y is defined in equation (2.2.30) and I}, I? are given by

h(§)p(§)

h(&)u(€) ()7 +n),
@ A2+ ([¢2 +1)

X+ (g2 + 2

L) = ide | ;s and IE(\m) =k [

It easy to check that, for h € L? <]Rd) and « €]0, 1], the integrals I} and I? are will defined.
First, let ¢, € Hf (Q2) be defined by

—App, = 0 in €,
'z =0 on [y, (2.2.38)
9en

£y = I} +I1} on T.

Then setting @ = u + ¢, in (2.2.38), then we get

N2+ Al = Mo, — (g —i\f) in Q,
i -0 on I, (2.2.39)
gz + (M +ide) @i = —iderf +cof + (A +idca)pn on T

Next, let 6 € H?*(2) N HE () such that

0 1
=0 and g = —i)\le + CQf + ()\201 + i)\CQ) ©wn € Hﬁ(Fl) on Fl. (2240)
1%
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Then setting x = @ — 0, we get

A2y + Ay = Mo, — N0 —-A0—(g—i\f) in Q

X =0 on T, (2.2.41)
X (Ve tide)x = 0 on T.

ov

Using Lemma 2.2.6, problem (2.2.41) has a unique solution x € H{ (€2) and therefore problem
(2.2.37) has a unique solution v € Hp (). By defining v = idu — f in Q and

INFEP+n AN+ EPP+n A+ €2+

we deduce that U = (u,v,w) belongs to D(A) and is solution of (2.2.36). This completes the

proof.

Proof of Theorem 2.2.3. Following a general criteria of Arendt-Batty see [9], the Cy-semigroup

of contractions e is strongly stable, if o (A) N iR is countable and no eigenvalue of A lies on
the imaginary axis. First, from Lemma 2.2.4 we directly deduce that A has non pure imaginary
eigenvalues. Next, using Lemmas 2.2.5 and 2.2.7, we conclude, with the help of the closed graph
theorem of Banach, that o(A) NiR = {0} if n > 0 and o(A) NiR = {0} if n = 0. The proof is
thus completed.

2.2.3 Non Uniform Stability

The aim of this section is to show that system (2.2.6)-(2.2.10) is not uniformly (i.e. exponen-
tially) stable in general since it is already the case for = (0,1) as shown below. Our result is
the following

A

Theorem 2.2.8. Assume that d = 1. The semigroup of contractions e is not uniformly stable

in the energy space H.

This result is due to the fact that a subsequence of eigenvalues of A is close to the imaginary
axis. For this aim, let A € C and U = (u,v,w)’ € D(A) be such that AU = \U. Equivalently

we have
v = Au,

Ugs = v,

—([EP +nw +o(Du) = Aw.
Since A is dissipative, we study the asymptotic behavior of the large eigenvalues A of A in the
strip —ap < R(N) <0, for same o > 0 large enough. By eliminating v and w from the above
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system and using the fact that

u, (1) + % | p(©wl(©)ds =0,

we get the following system :

I~
—~

(a=)
=

|
=

(2.2.42)
Uy (1) + YA +n)* tu(l) = 0.

We have the following asymptotic behavior

Proposition 2.2.9. There exist ko € N* and a sequence ()"f)lk\zko of simple eigenvalues of A
and satisfying the following asymptotic behavior :

1 qsin(’;(l—oz))_7c0s(§(1—a))+0< 1 >7

A =i(k + 5)# +i Aajica apica e (2.2.43)
for k large enough.
Proof:
The general solution of (2.2.42) is given by
u(z) = c1e™ + cpe M. (2.2.44)

Thus the boundary conditions may be written as the following system

1 1 c1 0
N AW 1 N R

hi(A) = A+ A +7)1 and  ho(\) = =X+ YA +n)* L

where

Hence a non-trivial solution u of system (2.2.42) exists if and only if the determinant of M ()
vanishes. Set f(A) = det M (A), then we have

_ _hN)
fF) = fo(A) + e (2.2.46)
where
fo(A) = A +e ™ and filA) =~ (e)‘ — e”\> ) (2.2.47)

Note that fy and f; remain bounded in the strip —agp < R(A\) < 0. It easy to check that the
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roots of fy are given by

N =ipe, keZ, (2.2.48)

where p — K =i (k: + %) 7. Using Rouché’s theorem, we deduce that f(\) admits an infinity
of simple roots in the strip —ay < R(A\) < 0 denoted by Ay, with |k| > kg, for kg large enough,
such that

A =i +o(l) as k — 4o0. (2.2.49)
Equivalently we have
Ap = iy + € where lim &, =0. (2.2.50)
|k| =400
Using (2.2.47), we get
foe) = 2i(—=DFe, + O(e2), (2.2.51)
flw) = 2i(=1)F +O(d), (2.2.52)
1 cos (Z(1 — 1sin (5(1 — « 1
— = (50 -0)) isin (51— ) +O< > (2.2.53)
()\k + ?7)1704 kl-agl—a kl—ogl—a k2—o

Next, by inserting (2.2.51)-(2.2.53) in the identity f(\) = 0 and keeping only the terms of order

k%a, we find after a simplification

e 0-0) | (i) 1)

kl-apl-a Ll-agl-a [2—o (2254)

Ek =

From equation (2.2.54), we have

7y cos (g(l - a)) |

7Tlfcz

B[ R(A) ~ —

Inserting equation (2.2.54) in (2.2.50), we get the desired equation (2.2.43). This implies that

A

the Cyp-semigroup of contractions e is not uniformly stable in the energy space H.

Numerical Validation. The asymptotic behavior \; in equation (2.2.43) can be numerically

validated. For instance, with a = 0.5,7 = 1 and 7 = 1 then from equation (2.2.43) we have

. V2
lim VER (\,) = ——— ~ —0.398942.
k—+o0 Qﬁ
The table below confirms this behavior.
k 400 500 600 700 800 900 1000
VER() | —0.39874 | —0.398781 | —0.398808 | —0.398827 | —0.398842 | —0.398853 | —0.398862
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2.3 Polynomial stability under Geometric Control Condition

This section is devoted to the study of the polynomial stability of system (2.2.6)-(2.2.10) in
the case n > 0 and under appropriated geometric conditions. For that purpose, we will use a
frequency domain approach, namely we will use Theorem 2.4 of [18] (see also [14, 15, 40]) that
we partially recall.

Theorem 2.3.1. Let (T(t))t>0 be a bounded Cy-semigroup on a Hilbert space H with generator
A such that iR C p(A). Then for a fized ¢ > 0 the following conditions are equivalent

|(is — A) 7| = O(]s]Y), s = oo, (2.3.1)
|1 T(®)A™Y = O, t = . (2.3.2)

As the condition iR C p(A) was already checked in Theorem 2.2.3, it remains to prove that
condition (2.3.1) holds. This is made with the help of a multiplier method under some geometric
conditions on the boundary of the domain and by using the exponential decay of an auxiliary
problem. Firstly, like as [1, 49], we consider the following auxiliary problem, namely the wave
equation with standard boundary damping on I'; :

Sott(x7t) - AQO(ZL’,t) = 07 LS Q7 t> 07
o(z,t) = 0, xely, t>0, (2.3.3)
8Vg0(x,t) = _th(xﬂf)a T e Fla t>0.

Define the auxiliary space H, = Hf, (€2) x L*(©2) and the auxiliary unbounded linear operator
Aa by

0
D(A,) = {@ = (o, ¥) € Mot Ap € L*(Q); ¢ € Hp,(Q); 3795 =—¢ on Fl}
Aulp:¥) = (¥, Ap).
We then introduce the following condition :
(H) : the problem (2.3.3) is uniformly stable in the energy space Hp (€2) x L*(€2).

Secondly, we recall the Geometric Control condition GCC introduced by Bardos, Lebeau and
Rauch [13] :

Definition 2.3.2. We say that ' satisfies the geometric condition named GCC, if every ray
of geometrical optics, starting at any point x € ) at time t = 0, hits I'y in finite time T'.

We also recall the multiplier control condition MCC in the following definition :
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Definition 2.3.3. We say that the multiplier control condition MCC holds if there exist xy €
R? and a positive constant my > 0 such that

m-v<0 on Iy and m-v>myg on Iy,
with m(z) = x — x9, for all z € RY, O
Next, we present the main result of this section.

Theorem 2.3.4. Assume that n > 0 and that the condition (H) holds. Then, for all initial
data Uy € D(A), there exists a constant C' > 0 independent of Uy, such that the energy of the
strong solution U of (4.2.14) satisfies the following estimation

1
E(t,U) < CEHUOHQD(A)- (2.34)

In particular, for Uy € H, the energy E(t,U) converges to zero as t goes to infinity.

As announced in Theorem 2.3.1, by tacking ¢ = 2 — 2a, the polynomial energy decay (2.3.4)
holds if the following conditions

iR C p(A) (H1)

and

1
sup — || (1A — A < +o0 (H2)
e |Al

are satisfied. Condition (H1) is already proved in Theorem 2.2.3. We will prove condition (H2)
using an argument of contradiction. For this purpose, suppose that (H2) is false, then there exist
a real sequence (\,), with [\, — +o0 and a sequence (U"™) C D(.A), verifying the following
conditions

10 l2 = NI (u”, 0™, ™)l = 1 (2.3.5)

and

No(ide — AU = (f f5. /1) =0 in . (23.6)

For simplicity, we drop the index n. Detailing equation (2.3.6), we get

iNu—v = f\cz—>0 in  Hp (), (2.3.7)
i —Au = ﬁ—m in  L*(Q), (2.3.8)
(A+IEP 4w —olep(®) = &0 i 2RY). (2.3.9)

Note that U is uniformly bounded in H. Then, taking the inner product of (2.3.6) with U in
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H, we get
. o(1
— VK /]Rd(|§|2 + n)|w?dé = R ((GN — AU, U)y, = /(\2 (2.3.10)
Inserting equation (2.3.7) in (2.3.8), we get
N+ Au = —{i - ;gf_ll (2.3.11)

Lemma 2.3.5. Assume that n > 0. Then the solution (u,v,w) € D(A) of (2.3.7)-(2.3.9)
satisfies the following asymptotic behavior estimation

lullr2@) = N (2.3.12)
o(1)

l0vullzry = =2 (2.3.13)
o(1

ull 2,y = & (2.3.14)

Proof: Using equations (2.3.5) and (2.3.7), we deduce directly the first estimation (2.3.12).

Now, from the boundary condition

Oty [ p(©w(€)dg =0 on Ty

R4

([, giﬁ?ndgf ([ e+ o) (23.15)

Then, combining equation (2.3.10) and equation (2.3.15), we obtain the desired estimation
(2.3.13). Finally, multiplying equation (2.3.9) by (iX +[£]? +n) ' u(€), integrating over R? with
respect to the variable £ and applying Cauchy-Shwartz inequality, we obtain

we get
du
ov| —

Aol < s ([ 6 + o)+ e poRde) (23.16)

where,

- n(©))? TG - (©)]? :
R B TEariamn e A2‘</RN |s|2+nd5> and A‘”"(/w <|A|+|s|2+n>2d5> |

Using Lemma 1.6.2. we have

Ar=c(A +n)*" and Ay =¢(|\ +n)2" (2.3.17)

where ¢ and ¢ are two positive constants. Inserting equation (2.3.10) and (2.3.17) in equation
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(2.3.16) and using the fact that { = 2 — 2a, we get
[0]l2(ryy = o(1). (2.3.18)

It follows, from (2.3.7), that equation (2.3.14) holds. The proof has been completed.

Lemma 2.3.6. Assume that n > 0. Then the solution (u,v,w) € D(A) of (2.3.7)-(2.3.9)

satisfies the following asymptotic behavior estimation
1
/Q\)\u\zda:— /Q Vul*dz = O§\€>. (2.3.19)

Proof: Multiplying equation (2.3.11) by u, using Green formula and Lemma 2.3.5 we get
equation (2.3.19).

Lemma 2.3.7. Assume that the condition (H) holds and let u be a solution of problem (2.3.11).
Then, for any X € R, the solution p, € H'(Q) of system

—(N 4+ Ao, =u in Q,
Yy =0 on Iy,

(2.3.20)
Opu | . ,
+idp, =0 in Iy.
v
satisfying the following estimate
[Aullza@y) + [IVeullrz@) + [[Aeulle S llullz2g).- (2.3.21)

Proof: First, by Huang-Pruss Theorem (see [25]-[29]-[52]), the exponential stability of system
(2.3.3) implies that the resolvent of the auxiliary operator 4, is uniformly bounded on the
imaginary axis i.e. there exists M > 0 such that

|(GA — AL) M 2oy < M < +o00. (2.3.22)

for all A € R. Now, since u € L*(Q), then the pair (0,u) belong H, and from (2.3.22), then
there exists a unique solution (p,,,) € D(A4) such that (iA — A,)(pu, ) = (0,u)" ie.

iNpy, — Ap, = u, (2.3.23)
iApy = Py (2.3.24)

and such that
[ (Pus )2 < M[ul|z2(0)- (2.3.25)
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From equations (2.3.23)-(2.3.25), we get
IVeull 2@ + [Aeull2@) S llullz2@)- (2.3.26)

So, multiplying the first equation of (2.3.20) by A@,, using Green formula and using the third
equation of (2.3.20), we get

- /\/ \Agpu|2dx+)\/ |Vgou|2dx—|—i/ Apu|2dTy = )\/ uGuda. (2.3.27)
Q Q I Q

By tacking the imaginary part of equation (2.3.27) and using Cauchy-Shwartz inequality, we
deduce from (2.3.26), that

[ ullr2@y) S Nullr2)- (2.3.28)

Finally, Combining equations (2.3.26) and (2.3.28) we obtain the desired equation (2.3.21). the
proof is thus complete.

Lemma 2.3.8. Assume thatn > 0 and condition (H) holds. Then the solution (u,v,w) € D(A)
of (2.3.7)-(2.3.9) satisfies the following asymptotic behavior estimation

/QIMPd:E =o(1). (2.3.29)

Proof: First, multiplying equation (2.3.11) by ¢, and using Green formula, we obtain

_ _ au — a@u f2 fl —
NG, + Ag,)d - ar=- D) gude. (2330
/Qu( Put Agu)dr + 1“1(81/90 81/u> ()\@jL)\‘l Pul® ( )
It follows from (2.3.20) that
Af1) -
/ lu|?dx —/ ((Oyu) @y + i@y u) dF+/ —|—ZV Qudr. (2.3.31)
Firstly, using equation (2.3.21), (2.3.12) and the fact that || fa]|2(0) = o(1), we get

/ f2 5 4w = W) (2.3.32)

>\£ Pu >\£+2

On the other hand, multiplying the first equation of (2.3.20) by f; and integrating, we get

/Q A2 fyGuda = /Q V- Vuds + i / AfrBudl — /Q wfydz. (2.3.33)
I

So, using (2.3.13), (2.3.14) and the fact that [|f1| # ()1@ = o(1), we obtain, from (2.3.33)
that
o(1)

2 N — 7
/Q N figuds = 2. (2.3.34)
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Secondly, using (2.3.13),(2.3.14) and (2.3.21), we get

_ o(1) _ o(1)
/1“1 (Oyu) @, dl'y = Vo and N M@, dl’ = SYR (2.3.35)
Inserting equations (2.3.32), (2.3.34) and (2.3.35) in (2.3.31) and use the fact that { =2 — 2q,
we get
/ uf2dz = o(1). (2.3.36)
Q

The proof is thus complete.
Proof of Theorem 2.3.4. Using (2.3.19) and (2.3.29), we get

/Q |Vul?dx = o(1).

It follows, from (2.3.10) and (2.3.19), that ||U||%x = o(1) which is a contradiction with (2.3.5).
Consequently condition (H2) holds and the energy of smooth solution of system (2.2.6)-(2.2.10)
decays polynomial to zero as t goes to infinity. Finally, using the density of the domain D(.A)
in H, we can easily prove that the energy of weak solution of system (2.2.6)-(2.2.10) decays to
zero as t goes to infinity. The proof has been completed.

Conclusion

We have studied the stabilization of multidimensional wave equation with boundary fractio-

nal damping acting on a part of the boundary of the domain. Non uniform stability is proved

and a polynomial energy decay rate of type —— is established. In view of the asymptotic be-

tI—«
havior of the eigenvalues of the operator A see equation (2.2.43), we deduce that the optimal

energy decay rate of type ——. This question still be open.
I—a

t
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CHAPITRE 3

THE INFLUENCE OF THE COEFFICIENTS OF A SYSTEM OF WAVE
EQUATIONS COUPLED BY VELOCITIES WITH ONE FRACTIONAL
DAMPING ON ITS INDIRECT BOUNDARY STABILIZATION

3.1 Introduction

In this chapter, we consider the one-dimensional coupled wave equations defined by :

(3.1.1)

Uy — Uz + by =0 on 10, 1[x]0, 400/,
Yt — Yz — buy =0 on 10, 1[x]0, +00]

where (x,t) €]0,1[x]0,+o00[, @ > 0 and b € R*. This system is subject to the boundary
in |0, +oo,

conditions
u(0,t) =0
y(0,t) =y(1,t) =0 in 0,400, (3.1.2)
uz(1,t) = =707 u(1,t) in 0, +oo]

~—

where v > 0. The notation 9;"" stands for the generalized Caputo’s fractional derivative of
order o with respect to time variable. It is defined as follows
) = s [ (6= s) e )
To(t) = =——— —5) % —(s)ds.
! I['l—a)o ds

The system (3.1.1), (3.1.2) is considered with initial conditions

{ u(z,0) = ug(z), w(z,0)=u(z), where z €]0,1], (3.1.3)

y(x,0) = yo(x), wyi(x,0) =yi(x) where =z €]0,1].
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The fractional derivative operator of oder a such that o €]0,1[ is defined by

D10 = [ iy (3.1.4)

0
The fractional differentiation is inverse operation of fractional integration that is defined by

1% f](t) = /t (t;(z)alf(f)df, 0<a<l. (3.1.5)

0

From equations (3.1.4), (3.1.5), clearly
[D*f] = I'""*Df. (3.1.6)

Now, we present marginally distinctive forms of (3.1.4) and (3.1.5). These exponentially modi-

fied fractional integro-differential operators an will be denoted by us follows

1 T —ae—'r](t—r)
[D*1f(t) = /0 t F()l ~ o) Z(T)dT (3.1.7)

and t a—1_,-—n(t—7)
(19 f1(t) = /0 “‘T)F (Oj F(r)dr. (3.1.8)

The order of our derivatives is between 0 and 1. Very little attention has been paid to this
type of feedback. In addition to being nonlocal, fractional derivatives involve singular and non-
integrable kernels (7%, 0 < a < 1). This leads to substantial mathematical difficulties since all
the previous methods developed for convolution terms with regular and/or integrable kernels
are no longer valid.

In the last year, fractional differential equations have become popular among scientists in order
to model various stable physical phenomena with a slow decay rate, say that are not uniformly
stable (i.e. are not of exponential type) .

It has been shown (see [45] and [47]) that, as 0, forces the system to become dissipative and
the solution to approach the equilibrium state. Therefore, when applied on the boundary, we
can consider them as controllers which help to reduce the vibrations. Boundary dissipations of
fractional order or, in general, of convolution type are not only important from the theoretical
point of view but also for applications. They naturally arise in physical, chemical, biological,
ecological phenomena see for example [50], [57] and references therein. They are used to des-
cribe memory and hereditary properties of various materials and processes. For example, in
viscoelasticity, due to the nature of the material micro-structure, both elastic solid and viscous
fluid like response qualities are involved. Using Boltzman assumption, we end up with a stress-
strain relationship defined by a time convolution. Viscoelastic response occurs in a variety of
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materials, such as soils, concrete, rubber, cartilage, biological tissue, glasses, and polymers (see
[10]- [11]- [12] and [44]). In our case, the fractional dissipations may come from a viscoelastic
surface of the beam or simply describe an active boundary viscoelastic damper designed for the
purpose of reducing the vibrations (see [46] and [47]).

In [46], Mbodje investigate the asymptotic behavior of solutions with the system

O2u(z,t) — O%u(x,t) 0, x €]0,1[, t>0,
u(0,t) = 0.
duu(l,t) = —yd7Mu(1,t), a€l0,1], n >0, (3.1.9)
u(z,0) = uo(x),
Oyu(x,0) vo(x),

He also proved that the associated semigroup is not exponentially stable, but only strongly
1
;.
In this chapter, we obtain the stabilization of the coupled 1-D wave equations by means of

asymptotically and the solution of this system will decay, as times goes to infinity, as

a boundary viscoelastic damper, the action of which is to cause a feedback (frictional) force
opposite in direction of the fractional derivative of the position of a boundary point. More
precisely, we are interested im finding a rate of decay for the energy of such a feedback system.
The plan of this chapter is as follows :

In section 3.2, first we show that the system (3.1.1)-(3.1.3) can be replaced by an augmented
model by coupling the wave equation with a suitable diffusion equation for can reformulate
into an evolution equation and we deduce the well-posedness property of the problem by the
semigroup approach. Second, using a criteria of Arendt-Batty we show that the augmented
model is strongly stable in absence of compactness of the resolvent under a condition on b. In
section 3.3, we show that the augmented model is non uniformly stable i.e.(non exponential),

this result is due to the fact that a subsequence of eigenvalues is due to the imaginary axis. In

section 3.4, we show the polynomial energy decay rate of type —— if a = 1 and b = kr, ——
t3—« t1—«a

ifazlandb%km,iifa;ﬁland (a € Q@ and b small enough) or \/a € Q.
t3—a

3.2 Well-Posedness and Strong Stability

3.2.1 Well-Posedness

In this subsection, using a semigroup approach, we establish the well-posedness result for
the problem (3.1.1)-(3.1.3). We are in position to reformulate system (3.1.1)-(3.1.3) into the
augmented model for can be reformulated into the well-known operator theoretic form : U;(t) =
AU (t). For this goal (see [46]), let 1 be the function defined by u(¢) = |¢]%" where £ € R and
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a €]0, 1[. Using theorem 0.0.3, the solution of the system

Ow(&,t) + (€ +nw(&,t) —u (L t)u(€) =0, £€R,n>0,t>0, (3.2.1)
w(§,0) =0, (3.2.2)
up(1) = Si“ﬁf”r) / :O H(E)w(€, 1)de (3.2.3)
verifying that
Uy (1,t) = I'"*Myy = D™y, (3.2.4)

Then the system (3.1.1)-(3.1.2) is equivalently to the augmented model defined by

Ugp — Uge +by; = 0, on (0,1) x RT,, (3.2.5)

Yit — QYze —bu;, = 0, on (0,1) x RY, (3.2.6)

wl€0) + (€ + (€, 1) —w (L, u() = 0, on RxR*, (327
y(0,t) = y(1,t) = u(0,t) = 0, (3.2.8)

w(Lt) + % [ p(©ulEds = 0, (3.2.9)

w(E,0) = 0. (3.2.10)

sin(am)

—. Our main interest is the existence,

where v is a positive constant, n > 0 and kK =
uniqueness and regularity of the solution of this system. First the energy of this system is given
by

Lyt 2 2 2 2 o
B = 5 ([ (w1 + el + aly ) d 4 [ ofd)

Then a straightforward computation gives

B(0) == [ (@ + g <o,

Thus, the system (3.2.5)-(3.2.10) is dissipative in the sense that its energy is non increasing
with respect to the time t. Next, we define the Hilbert space

H = H(]0,1[) x L*(]0,1[) x Hy(]0, 1[) x L*(J0, 1[) x L*(R),

endowed with inner product

<U, (7> = /01 (umﬁz + 00 + ay, Ty + zg) dr + ym/joo wadg,

o0
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space defined by
Hp(10,1]) = {u e H'(Q),  u(0)=0}.

Finally, we define the unbounded linear operator A by

U= (uv,y,2w)" €H;ue H*(J0,1]) N HL(0,1]),

y € H*(10,1[) N Hy (10, 1[),v € HL(]0,1]), = € Hy (]0,1]),
—(€2+n)th(1)M(§) € L*(R),

w(L) +a [ pEW(E)dE =0, Jglw € L* (R).

and
u v
v Uypy — bZ
Aly | = z
z Yzz + bV
w — (& +n)w+o)uE)

T

If U = (u,u,y,yr,w)" is a regular solution of system (3.2.5)-(3.2.10), then we rewrite this

system as the following evolution equation

{ U = AU, (3.2.11)

U(0) = U,

where Uy = (u()vulay(]aylvw)—r'

Proposition 3.2.1. The unbounded linear operator A is m-dissipative in the energy space H.

Proof: For all U = (u,v,y,z,w) € D (A), we have

“+oo

R ((AU,UY) = —# /_oo (€2 + 1) |w|?de <0, (3.2.12)

which implies that A is dissipative. Now, let F' = (f1, fo, f3, f1, f5) ", we prove the existence of
U= (u,v,y,2,w)" € D(A), unique solution of the equation

(I-AU=F. (3.2.13)
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Equivalently, we have the following system

u—v = fi, (3.2.14)
V—Upp + bz = fo (3.2.15)
y—z = Js (3.2.16)
2= Yy —bU = fy, (3.2.17)
1+ +nw—ov)u&) = f. (3.2.18)
From (3.2.18) and (3.2.14), we get
5 u(1)p(s) Si)p()
= — . 3.2.19
1+£2+n+1+52+n 1+ +n ( )
Combining equations (3.2.14) and (3.2.16) in (3.2.15) and (3.2.17), we get
Y—ayz —bu = —=bfi+ f3+ fa, (3.2.21)
with the boundary conditions
+o0o
u(0) =0, w,(1) = =7k [ " p(©w(©)ds and y(0) = y(1) = 0. (3:2.22)

Let ¢ = (p1,p2) € HL(]0,1]) x Ha(]0,1]) be the test function. Multiplying equations (3.2.20)
and (3.2.21) respectively by ¢; and @9 respectively, we obtain

1 1 1 1
/0 wprdx + /o U P1.dT — [Uzpr]y + b/o ypordr = /o Fipdz, (3.2.23)
1 1 1 1
/ ypodx + a/ Yo pordr — b/ wpsdr = / Fypodx (3.2.24)
0 0 0 0

where Fy = f1 + fo +bfs and Fy = —bf; + f3 + fi. Using (3.2.9) and (3.2.22), we get

— [uzi1]p = ©1(1) My + w(1) (1) My + f1(1)p(1) M, (3.2.25)
where . )
M, = vk /Oo 1+ +£2d§ and M, — m/_oo %dg (3.2.26)

Using the fact f5 € L*(] — 0o, +00[) and « €]0, 1], it easy to check that M, N < +oco. Adding
equations (3.2.23) and (3.2.24), we obtain

a((u,y), (p1,92)) = L (p1,02), (1, 92) € Hll(]0> 1[) x HS(]()? 1)), (3.2.27)
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where
1 1 1 1
a((u,y), (p1,92) = / usoldl‘+/ uzsolxdﬂch/ y%dﬂcha/ YoProd
0 o o] 0 (3.2.28)
u(1)p1(1) My + b/o yprdr — b/o upadx
and . .
L(p1,2) = /0 Fipidx +/0 Fypadr — Myp1(1) + p1(1) f1(1) Ms. (3.2.29)

Using Lax-Milligram, we deduce that there exists (u,y) € H}(]0,1]) x H(]0, 1[) unique solution
of the variational problem (3.2.27). Applying the classical elliptic regularity we deduce that
U= (u,v,y,z,w) € D(A).

From proposition 3.2.1, we have have the operator A is m-dissipative on ‘H and consequently,
generates a Cp—semigroup of contractions e following Lummer-Phillips theorem (see [42] and
[51]). Then the solution to the evolution equation (3.2.11) admits the following representation :

Ut) = Uy, t>0,

which leads to the well-posedness of (3.2.11). Hence, semi-group theory allows to show the next
existence and uniqueness results :

Theorem 3.2.2. For any Uy € H, problem (3.2.11) admits a unique weak solution
U(t) € CO(RT, H).
Moreover, if Uy € D(A), then

U(t) € CY(RT,H) N COR*, D(A)).

3.2.2 Strong Stability

In this subsection, we study the strong stability of system (3.2.5)-(3.2.10) in the sense that
its energy converges to zero when ¢ goes to infinity for all initial data in H. It is easy to see
that the resolvent of A is not compact, then the classical methods such as Lasalle’s invariance
principle or the spectrum decomposition theory of Benchimol are not applicable in this case.
We use then a general criteria of Arendt-Batty, following which a Cy—semigroup of contractions
A

e in a Banach space is strongly stable, if A has no pure imaginary eigenvalues and o(A) NiR

contains only a countable number of elements. We will prove the following stability result.

A

Theorem 3.2.3. The semigroup of contractions e is strongly stable on the energy space H
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i.e. tL1r+n U |2 = 0 for all Uy € H, if and only if

(kf — ak3)(aki — k3)m*
(a+1)(k¥+k3)

b2 7é Vkl, ko € N*, ko < kq. (C)

For the proof of Theorem 3.2.3, we need the following two lemmas.

Lemma 3.2.4. Suppose that n > 0 and b satisfying condition (C). Then, for all A € R, we
have

ker (iA] — A) = {0}.
Proof: Let A € R and U = (u,v,y, z,w) € D (A) such that

AU = i\U. (3.2.30)

Using equation (3.2.12), we get

+oo
—ye [ (€ 4 mlwlfdg = R (AU U)y,) = 0,

then
w=0. (3.2.31)

Now, detailing (3.2.30), we get v = id\u, z = i\y, v(1l) = 0 and using equations (3.2.9), we
obtain the following system

N+ gy — iy = 0, (3.2.32)
MY+ ayp, +idbu = 0, (3.2.33)
u(0) = u(l) = u, (1) = y(0) =y(1) = 0. (3.2.34)

Remark that A # 0, indeed if A = 0 it easy to check that U = 0. Combining equations (3.2.32)
and (3.2.33), we get

WUpyre + Bz, +Cu = 0, (3.2.35)
u(0) = 0, (3.2.36)
u(l) = 0, (3.2.37)
u(1) = 0, (3.2.38)
Uy (0) = 0, (3.2.39)
U (1) = 0 (3.2.40)
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where B = M (a+ 1) and C = A?(\? — b*). The characteristic equation is given by
P(t) = at" + Bt* + C. (3.2.41)

Setting Py(m) = am?+ Bm+C, the discriminant of Py is given by A = M(a—1)2+4ab*\? > 0,
then P; has two distinct reel roots m; and ms given by

~-B—-VA ~B+ VA
=———— and Mmg=—7——.

m 2a 2a

It is clear that m; < 0. As B? — A = 4a\*(\? — b?), the sign of my depends following to the
value of A2 — b?. Therefore, we distinguish the three case.

Case 1 : (A\? < b?). For this case, clearly that my > 0. Setting t; = /—my and t, = /m;2,
then P has 4 roots ity, —ity, t and —t. Then, we find the general solution of (3.2.35) given by

u(z) = 1™ 4 cope M 4 cze” 4 che (3.2.42)
Using equations (3.2.36) and (3.2.39) in (3.2.42), we get
(7 +13)(c3 +c4) = 0. (3.2.43)
In the other hand, 2 + 13 = % # 0, then from (3.2.36) and (3.2.43) we get
u(z) = 2icy sin(t1z) + 2¢3 sinh(t7). (3.2.44)
Assume that u # 0, using (3.2.37),(3.2.38) and (3.2.40), we get
sin(ty) sinh(t,)
t1cos(ty)  tocosh(ts) (c,) = 0. (3.2.45)
“sin(t;) sinh(ty) ) \°

Therefore the rank of the previous matrix is one, that means that we have

t1ta (o cos(ty) sinh(te) + t1 sin(¢y) cosh(tz)) = 0, (3.2.46)
(£ +13) sin(ty) sinh(ts) = 0, (3.2.47)
tosin(ty) cosh(ty) — t1 cos(t1) sinh(ty) = 0. (3.2.48)

Using the fact t3 + t2 # 0, then from (3.2.47) we have
sin(ty) sinh(t2) = 0. (3.2.49)

Suppose that sinh(ty) = 0 then ¢ty = ik7 for all k € Z, then my = —(k7)? < 0 its not possible.
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Then from (3.2.49), sin(t;) = 0 then cos(t;) = £1, then from (3.2.46) and (3.2.48), we get
tysinh(ty) = 0, its not possible. Therefore, for this case (3.2.42) admits only trivial solution,
then U = 0.
Case 2 (\? = b?) : For this case, it easy to check that my = 0 and t; = /—m; = |b|\/§
Then P has 2 simple roots it;, —it; and 0 as a double root. Then we find the general solution
of (3.2.35) by

u(z) = c1e™* + cpe™MT 4 ey + ey (3.2.50)

Using equations (3.2.36)-(3.2.40) and the fact ¢; # 0, then the general solution of (3.2.35) is
given by
u(z) = 2icy sin(tyz). (3.2.51)

Suppose that ¢; # 0, Using (3.2.37) and (3.2.38) in (3.2.50) we get cos(t1) = sin(t;) = 0, That
is not possible. Then (3.2.50) admits only trivial solution.

Case 3 (\? > ?) : For this case clearly that my < 0. Setting t; = /—my and t, = /—ma,
then P has four roots ity, —ity, ity, —ito and the general solution of (3.2.35) is given by

u(z) = e + coeT T 4 3T+ ey (3.2.52)

Using equations (3.2.36) and (3.2.39) and the fact that ¢? —t2 = my —my # 0, then the general
solution in equation (3.2.52) is given by

u(z) = 2isin(t1x) + 2ics sin(tax). (3.2.53)
Using equations (3.2.37), (3.2.38) and (3.2.40), we get the following system
sin(ty) sin(tz)
c
tycos(ty)  tocos(ta) ( 1) = 0. (3.2.54)
c
—t3sin(ty) —t2sin(ty) ’
Assume that u # 0, therefore the rank of system (3.2.54) is one. That means that we have

tysin(ty) cos(ta) — t1 cos(ty) sin(te) = 0, (3.2.55)
(t3 — t3)sin(t;) sin(ty) = 0, (3.2.56)
tito(ty cos(te) sin(ty) — to cos(ty) sin(ty)) = 0, (3.2.57)

Using the fact t2 — t? # 0, then from equation (3.2.56) if sin(¢;) = 0 then cos(t;) = £1. Using
(3.2.55) and the fact that (¢1,t2) # (0,0), we get sin(ty) = 0. Then there exists ky, ky € N¥
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ki < ko (remember that ¢; > ¢, > 0) such that t; = ky7 and to = kom. Hence,

N(a+1
(Bi + k) =t +t3 = —my —my = (aa> (3.2.58)
and 232 _ g2
k‘QkQﬂ' = tth = mimy = (a_) (3259)

Eliminating A\? in (3.2.58) and (3.2.59), we get

k2~ k2) (K2 — ak2)
b2 — (a 1 2 1 2 2 k k N* k kf .
(a+1>(l€%+k%) T, \V/ 1 2 € ) 2 < Ky

Under this condition (3.2.35) admits a non trivial solution. Conversely if (C') holds, A is not an
eigenvalue of A.

Lemma 3.2.5. Assume that n = 0. Then, the operator —A is not invertible and consequently

0€a(A).

Proof: Define the vector F' = (sin(z),0,0,0,0) € H. Assume that there exists U = (u,v,y, z,w) €
D(A) such that
—AU = F,

it follows that
v=—sinz in ]0,1[, |{*w+sin(1)u(€) = 0. (3.2.60)

From (3.2.60), we deduce that w(&) = |¢]*2 sin(1) ¢ L2(R). So, the assumption of the existence
of U is false and consequently, the operator —A is not invertible.

Lemma 3.2.6. Assume that (n >0, A € R) or (n =0, A € R*). Then, for any h,g € L*((0,1)),
the following problem

AU+ Uy — iNDY = h, in (0,1),
A2y + aype + iNbu = g, in (0,1),
u(0) = 0, (3.2.61)

y(0) = y(1) = 0
uy(1) + (AN2c; + i) u(l) = 0

where

_ (3] _ ©UE* +n)
a(A\n) =k /)\2 T (ER + >d§ and co(A\,n) =K /’)\’2 (1) 5d€ (3.2.62)

admits a unique solution (u,y) € H}((0,1)) x H}((0,1)).
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Proof: First, it easy to check that, if (n > 0 and A € R) or (n = 0 and A € R*), then, for
a €]0, 1], the coefficients ¢;(A,n) and c2(A, ) are well defined. Moreover, if n > 0 and A = 0
then, using Lax-Milligram’s theorem we deduce that system (3.2.61) admits a unique solution
(u,y) € Hy'((0,1)) x HY((0,1)).

Next, let us consider the following problem

—Ugy + 1AbY = h,in (0,1),

—Yzz — 1ADU = g¢g,in (0,1),

u(0) = 0, (3.2.63)
y(0) = y(1) = 0,

ug(1) + (M2c1 +ider) u(l) = 0.

Next, we give a variational formulation of (3.2.63). For this aim, find (uy,us) € Hz((0,1))! x H3(Q)
such that

a((u,y), (¢, ) = L((, ¥)) (3.2.64)
where
(,9), (p,)) = [ (taspe +yba)de + (Vs + deu(1)p(1)
+iAb /01 (yp — u)) dx
and

Ll 0) = [ (ho+ g0) de

Define the operator,

£y = ( e W’y) . VU= (uy)" € HY0,1) x H(0,1)
— Yz — 1ADU
Then £ is an isomorphism from H} () x Hj (Q ) into H} (Q) x H} (). Using the compactness
embedding from L?(Q) x L*(Q) into (H} (Q)) x H~'(Q) and H} (Q) x H} (Q) into L*(Q) x
L*(Q), we deduce that £ is compact from LZ(Q) x L?(Q) into L?(2) x L*(2). Then applying
L7 to (3.2.61), we get
(NLt-nu=ctf (3.2.65)

The same computation in Lemma 3.2.4 shows ker (A2L~! — I) = {0} for b small enough. Then
following Fredholm’s alternative, the equation (3.2.61) admits a unique solution.

Lemma 3.2.7. Ifn >0, for all A € R, we have

RGN — A) =
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while if n =0, for all A € R*, we have

R(M — A) = H.

Proof: We give the proof in the case n > 0, the proof of the second statement is fully similar.
Let A € Rand F = (f1, fo, f3, f1, f5) € H, then we look for U = (u,v,y,z,w)’ € D(A)
solution of

(iAU — A)U = F. (3.2.66)
Equivalently, we have
iu—v = fi, (3.2.67)
IANU — Upy + bz = fo, (3.2.68)
iNy—z = f3 (3.2.69)
I — QYpy — bV = fy, (3.2.70)
Mo+ (E+nw—vDuE) = fs (3.2.71)
As before, by eliminating v and w from the above system and using the fact that
u (1) + % [ p(©)wl(©)dg =0,
we get the following system
N 4 Ugy — iy = —fo —iNfi — bfs, (3.2.72)
Ny 4+ aype + XU = —f4 —iXf3 + Sy, (3.2.73)
u(0) = 0, (3.2.74)
y(0) = y(1) = 0, (3.2.75)
up (1) + (Mo +idep)u(l) = —iderfi(1) + o fi(1) + I + 17 (3.2.76)
where ¢y, ¢, is defined in equation (3.2.62) and Iy, I7 are given by
. fs(&)p(€) £ (IE1* +n)
I (A :/\/ de and I2(\n) = — de.
e Y A N (TR

It easy to check that, for f; € L*(R) and o €]0,1], the integrals I}, and I7, are will defined.
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First, let (¢y,, %) € HL(Q) X

H}(Q) are defined by

_(()05)951 -+ Z/\br(/}5 07 in (07 1)
_(w5)xl‘ - Z>\b905 07 in (05 1
©5(0) 0, (3.2.77)
¥5(0) = ¥5(1) 0,
(5)2(1) I}, + 1.
Then setting @ = u + ¢p, and § =y + ¢y, in (3.2.72)-(3.2.76), we get
)\271 + azx - Z)\bg = )‘2905 - f2 - Z)‘fl - bf3 in <07 1)7
N + afze + IADU = A5 — f4 —iNf3s +bfy in (0,1),
( ) = 0,
§(0) = g(1) = 0,
(1) ()\ C1 + Z)\CQ) ( ) = —Z)\lel(l) + 02f1<1) + ()\2C1 + Z)\CQ)(pr)(l)
(3.2.78)
Next, let 6 € H?((0,1)) N H}((0,1)), such that
0(1) =0, 0,(1) = —iderfi(1) + cafi(1) + (Vep +idea)py (1).
Then setting y = @ — 6 in (3.2.78), we get the following problem
/\2X + Xzz — ZAbg = )‘290f5 - /\20 - 0.1‘1‘ - f2 - 'L/\fl - bf3 in (07 1)a
A2 + affpy + iADY Nhp, — iNbO — fy — iAbf3 + b fy in (0,1),
x(0) = 0, (3.2.79)
§(0) = g(1) = 0,
Xz(1) + (N2c; +iAeo) x(1) = 0.

Using Lemma 3.2.6, problem (3.2.79) has a unique solution (x, 7) € H}((0,1)) x H}(Q) and the-
refore problem (3.2.72)-(3.2.76) has a unique solution (u,y) € H}((0,1)) x H}(Q). By defining

v="1d\u— f1, z=1\y — f3in (0,1) and

h(§) N iAup p1(€)

_ i #(©)
CAIAF|E2 A €2+

iINF €2 +n

We deduce that U =
the proof.

(u,v,y, z,w) belongs to D(A) and is solution of (3.2.66). This completes

Proof of Theoreme 3.2.3 Following a general criteria of Arendt-Batty see [9], the Cy—semigroup
of contractions e* is strongly stable, if o(A)NiR is countable and no eigenvalue of A lies on the

imaginary axis. First, using Lemma 3.2.4, we directly deduce that A has non pure imaginary
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eigenvalues. Next, using Lemmas 3.2.5 and 3.2.7, we conclude, with the help of the closed graph
theorem of Banach, that o(A) NiR = {0} if n > 0 and o(A) NiR = {0} if n = 0. The proof is
thus completed.

3.3 Non Uniformly Stable

3.3.1 Non Uniform Stability for a =1

In this section, we assume that a = 1, n > 0 and b verified condition (C') reduced to
L
V2, /K213

Our goal is to show that system (3.2.5)-(3.2.10) is not exponentially stable. This result is due

b+ (1)

to the fact that a subsequence of eigenvalues of A is due to the imaginary axis.

Theorem 3.3.1. Assume that a = 1 and b satisfies condition (C1). Then the semigroup of

A

contractions e is not uniformly stable in the energy space H.

For the proof of Theorem 3.3.1, we aim to show that an infinite of eigenvalues of A approach
the imaginary axis. we can distinguish two cases. We determine the characteristic equation
satisfied by the eigenvalues of A. For the aim, let A € C be an eigenvalue of A and let U =
(u,v,y,2,w)" € D(A) be an associated eigenvector such ||U|lz; = 1. Then

Vo= Au, (3.3.1)
Upy — b2 = A0, (3.3.2)
z = My, (3.3.3)
Voo + b0 = Az, (3.3.4)
—([EP +nw +oDuE) = w. (3.3.5)
Inserting equations (3.3.1), (3.3.3) in (3.3.2), (3.3.4) and (3.3.5), we get
AU — gy + DAy = 0, (3.3.6)
MY — Ypr — DI = 0, (3.3.7)
A+ €+ nw = du(D)uE) = 0. (3.3.8)

Lemma 3.3.2. Let A € C be a eigenvalue of A. Then R(X) is bounded.

Proof: Multiplying equations (3.3.6) and (3.3.7) by Au and Ay respectively, and integrating
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over (0,1), we get

1
A (Ixal? + flus 1) +b|>\|2/0 yade = g (1)a(1), (3.3.9)
1
A2 + el ?) = BIAP [ wgda =0, (3:3.10)
Adding equations (3.3.9), (3.3.10) , we get
1 _
A (Il + g2 + s + lyall?) + 2ib|AIPS (/O yudx) — Xua(1)a(1). (3.3.11)

Multiplying equation (3.3.8) by ~yki, integrate over R and using (3.2.9), we get

Mmllol + i [ (€2 + el + Xu(1)an(1) = o, (3.3.12)

Inserting equation (3.3.12) in (3.3.11), and using the fact |[U||x = 1 we get

_ +o0 1
A= [ (KP+WMM%%+2%MF%(A§wM). (3.3.13)

Consequently, we have
“+o0o

ROV = =y [ (18l +m)wldg < 0.

The proof is thus complete.

Proposition 3.3.3. There exists kg € N* sufficiently large such that
o(A) DoyUoay,

where
oo = {Mtees, 01 = { Mt pzho, c0Nor =0
Moerover, J is a finite set, and

ik cy 1Cy 1
M= +kka+kka+0<mﬂ0’

where, for b # km

Y(=1)*(cos(b) — (=1)") cos(5(1 — o)) V(=D (cosb — (=1)") sin(5(1 — a))

2arl-a ) €2 = 2agl-a

C1 =
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Proof: Using equations (3.3.6)-(3.3.8), we get

Nu — gy + by = 0, (3.3.14)
MY — Ypw — DI = 0, (3.3.15)
A+ +nw — (D) = 0,. (3.3.16)
From equation (3.3.15), we have

u = i()\Qy—y ) (3.3.17)

bA T I b

Lo

Upg = 7 ()\ Yoo — ymm) . (3.3.18)

Inserting equations (3.3.17) and (3.3.18) in equation (3.3.15), we obtain
Yowzw — 20z + A2(A2 + 0y = 0. (3.3.19)
Using equation (3.3.16), we easy to check that
Uy (1) = =y AN + 1) tu(1). (3.3.20)
Using equations (3.3.17) and (3.3.20), we get,
Ao (1) = YA+ 1) Yoo (1) = Y (1) = 0. (3.3.21)

Finally, using the fact y(0) = y(1) = u(0) = 0, and (3.3.21) we get the following system

Yezzr — 20%Yee + X2V + %)y = 0, (3.3.22)
y(0) = 0, (3.3.23)
y(l) = 0, (3.3.24)
Y.(0) = 0, (3.3.25)
NYe (1) = YA+ 7)* e (1) = Yuua (1) = 0. (3.3.26)
We consider the characteristic equation, we get
th— 2022 £ N2 (N2 + %) = 0. (3.3.27)
The general solution of equation (3.3.19) is given by
4
y(z) = e, (3.3.28)
i=1
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where t1(A) = VAZ +ibA, ta(A) = —t1(N), t3(A) = VA% —ibA and t4(\) = —t3()). Here and
below, for simplicity we denote t;(A) by ;. Thus the boundary conditions may be written as

the following system

1 1 1 1 el
ty —t1 t3 —t3
MNCON) =] ©, ‘. ‘ ‘. 2| =, (3.3.29)

Gia(t)e gan(ti)e™ gsa(ts)e™ gan(ts)e ™) \eq

where
gL)\ tl = )\Qtl — ’7)\()\ —+ n)a 1t2 — t?,

(t1) =
Go(t) = =Nty — YA +n)* 71 + 8,
g3 (t3) = N2ts — YA(N +n)> 15 — 83,

gap(ts) = =Nty — YA\ + 1)~ 15 + £

Step 1. We start by the expansion of ¢; and t3 :

ib b i)} 1
o= )\ — 3.
1 +S 4 -1 +0(5), (3.3.30)
zb v:oib)? 1
PR U =), 3.31
p =2 +8)\+16>\2+O<>\3> (3:3.31)

The determinant of M (\) is given by

FO) = (& = 1) ((g2 — ga)e ) + (g1 — g3)e" ™ + (g5 — g2)e™ ™" + (g4 — g1)e" ™) |

(3.3.32)
where
g2—gs = Ntz —t1) + AN +n)* (5 — 1) + 15 — 13,
g1—gs = N(ti—t3) FAANN+0)* 7 (15 —1]) + 15 — 8,
2 a—1/42 2 3, 43 (3.3.33)
g3—g2 = N(ti+1t3) AN +n)* (] —t3) — (t] + 13),
gr—q1 = —N(t1+1t3) AN+ ) (] —13) + ] + 15,
Using (3.3.30) and (3.3.31), we get
b2 b* 1
—(tstt1) — 21 - O ()
‘ ‘ ( 4)\+32>\2+ ¥
b? 1
w0
4)\b3 32)\ e (33,34
etg—tl — e*ib 1 L ( )
8/\2
‘ b3
t1—t3 — b 1 — L
e e ( oz + O >
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Similarly, using (3.3.25) and (3.3.26) in (3.3.33), we get

: : N . b 1
G2 —gs = 2ibA* — 2iby AT — 2ibyn(a — 1)A* + e +0 </\1—a> ,
3 1
g1 — g3 = —2ibA? — 2ibyA"TY — 2ibyn(a — 1)A* — ’Z +0 (Ala) , (3:3.35)
1 3.
g3 —go = 22byA"TY L 2N 4 2ibyn(a — DAY+ O <>\1—a> ,
1
Gi— g1 = 2T — B\ £ 2ibyn(a — DA + O ( Al_g) .
Using (3.3.34) and (3.3.35) in (3.3.32), we get
fN)=A+B+C+ D, (3.3.36)
where 1
_ 2132\ g
A = e (1oL +01<A)>,
B = 42 (1 + =40 ()) ,
A M N (3.3.37)
= —4yb* N (1
¢ ! ( o <1Aa>) ’
D = —apxet (140 (1))
Using (3.3.37), we find the following asymptotic expansion
f) AN 0oQ)
() = ays = fo) + 5750 + = (3.3.38)
where
fod) =e? —e™® and fi(\) =7~ (e” +e 2 — (e + e—“’)) : (3.3.39)
Step 2. We look at the roots of S(\). It easy to check that the root of fy is given by
N =i, keZ, (3.3.40)

where py = %kﬂ'. Since the real part of A is bounded (see Proposition 3.3.2), then with help of
Rouché’s Theorem, and A large enough, we show that the roots of S are close of those of fy. In

the other words, there exists a sequence A\, of roots of f such that

A =i +0o(1) as k — 4o0. (3.3.41)

tA

This implies that the Cy-semigroup of contraction e is not uniformly stable in the energy

space H. On the other hand, we will find the real part of the eigenvalues Ay for b # k.
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Step 3. From step 2, we can write
Ak = ipg + e, where g, = o(1). (3.3.42)
Consequently, it follows from (3.3.39) and (3.3.42) that

foOw) = 4(=DFe, + O(ed), (3.3.43)

filh) = 2 (1) — coslt) + O &) , (3.3.44)

Z’l—akl—aﬂ-l—a

and
T

1 A
e = Cos (2(1 - oz)) —isin (2(1 - a)) . (3.3.45)
It follows that , from (3.3.43)-(3.3.45) where b # k,

(—1)ky (cos(b) — (—1)’“) Cos (g(l — oz)) - i(—l)’“y (cos(b) — (—1)’“) sin (g(l — a))

2(1]{;1704,”1704 Qaklfa,]rlfa

1
to (k?—a) ‘

(3.3.46)

Er =

3.3.2 Non Uniform Stability for a # 1

In this subsection, we assume that a # 1, n > 0 and b verified condition (C'). Our goal is
to show that (3.2.5)-(3.2.10) is not exponentially stable. This result is due to the fact that a

subsequence of eigenvalues of A is due to the imaginary axis.

Theorem 3.3.4. Assume that a # 1 and b satisfies the condition (C). Then, the semigroup of

A

contractions e is not uniformly stable in the energy space H.

For the proof of Theorem 3.3.4, we aim to show that an infinite of eigenvalues of A approach
the imaginary axis. We determine the characteristic equation satisfied by the eigenvalues of
A. For the aim, let A € C be an eigenvalue of A and let U = (u,v,y,2,w)’ € D(A) be an
associated eigenvector such that ||U]|% = 1. Then

vo= Au, (3.3.47)

Uge — bz = v, (3.3.48)

z = My, (3.3.49)

—(IE7 + nw + o)) = . (3.3.51)
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Inserting equations (3.3.47), (3.3.49) in (3.3.48), (3.3.50) and (3.3.51), we get

MU — gy + by = 0, (3.3.52)
>‘2y = QYgx — bh\u = 07 (3353)
A+ € +nw = Mu(DuE) = 0. (3.3.54)

Lemma 3.3.5. Let A € C be a eigenvalue of A. Then, R(\) is bounded.

Proof: Multiplying equations (3.3.52) and (3.3.53) by u and y respectively, and integrating
over (0, 1), we get

1
Il + el — wa(1)a(1) +b)\/ yade = 0, (3.3.55)
0
1
Ayl + allye)? —b>\/ ujde = 0,. (3.3.56)
0
Adding (3.3.55), (3.3.56) and using (3.2.9), we get

+oo 1
Il + I + sl + alll? + (1) [ p(©w(€)de + 200xS ([ yada) = 0. (3357

Remark that A # 0, indeed if A = 0 it easy to check that U = 0. Multiplying equation (3.3.54)
by w, integrate over R and using the fact A # 0, we get
o L[t 2 - oo
ol +5 [ (el + mleldg = (1) [~ plew(€)de. (3.3.58)

—0o0

Inserting equation (3.3.58) in (3.3.57), and using the fact ||Ul|y = 1 we get

5= = [P + lelde — 237 ([ yade ) (3.3.59)

Consequently, we have
“+o0o

ROV = =y [ (182 +m)wldg < 0.

The proof is thus complete.

Proposition 3.3.6. Assume a # 1, n > 0 and b satisfying condition (C). There exists a
constant N € N such that
o(A) D ogUoy,

where

o1 = {)\m}mGZ*,|m|2N U {An}nEZ*,|n|2N7
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Moreover, J is finite set, and

1
A = 1 <m + 2) m+o(1) and/or \,=inmya+o(1).

Proof: From equations (3.3.52) and (3.3.53), we have

1 2
u = aO‘ Y — QYzz),
1 2

Inserting equations (3.3.60) and (3.3.61) in equation (3.3.52), we obtain

Wz — (@ + D)NYpe + XA + %)y = 0.

Using the same fact in the case a = 1, then we get the following system

Ny (1) — ay AN+ 1) Yaw(1) — alaaa(l

AYpwer — (a + 1))\2ym + )\2()\2 + b2)y =

I
© o o o o

We consider the characteristic equation defined by

at* — (a + DN+ N2 (AN 4 b%) = 0.

The general solution of equation (3.3.68) is given by

where

ri(A) =

7”3()\) =

(a+1)A2 + /(a — 1)2\* — dab?)2

9 ;o ra(A) = —ri(N),

a A2 — /(a—1)2\* — 4ab? \2
(ar DX = 0 DN BN

2a ’

(3.3.60)

(3.3.61)

(3.3.62)

3.3.63
3.3.64
3.3.65
3.3.66
3.3.67

~— ~— ~— ~— ~—

(3.3.68)

(3.3.69)

Here and bellow, for simplicity we denote r;(A) by r;. Thus the boundary conditions may be
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written as the following system

1 1 1 1 c1
erl efrl 6r3 677’3 o

e = |, - . 2 o] =0
1 1 3 3 3

fi(r)er fo(r)e™™ f(rs)e™  fa(rs)e™ ) \cs

where
filr) = 2ry— A - ard
fa(r1) = =Xy —ay A\ +n)* "% + ar?,
f3(r3) = Nrs—ayA(A+n)°"1r2 —ard,
fa(rs) = =Nz —ayA(A+n)* 2 + ard

Step 1. We start by the expansion of r; and r3 :

7"1:)\— — —

2(a— 1A 8(a—1)3)3 A®
A Vab? a’b*(a —5) —i—O(l).

b? b4(5a—1)+0<1>

/\5

7’3:7—|—

Va  2(a—1)x  8yala—1)3)3

The determinant of M (\) is given by

F) = (r% N r%) <(f2(7’1) - f4(7“3))@_(”+r3) + (fi(r1) = fa(rg))en ™
(f3(rs) — fa(r1))e™ ™™ + (fa(rs) — fl(rl))erl_m) ;

where

fa(r1) = fa(rs) = N(rs —r1) +ay XA +0)* " (3 —r?) +a(r} —13),
fi(r) = fa(rs) = N(ri—7r3) +ayAA+n)*"1 (15 —rF) +a(r§ — i),

f3(rs) — fa(r1) = )\2(7“1 +73) + ayA(A + 77)0{71 (T% - 72) —a (T% + T%) )

fa(rs) = filr) = =X(r1+73) +ay AN +0)*" (1] —73) +a (1] +73).

(3.3.70)

(3.3.71)

(3.3.72)

(3.3.73)

(3.3.74)

(3.3.75)
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Using equations (3.3.72) and (3.3.73), we get

oy () () PWE-D | ba-1
e ) ‘ ( f)<1_2(a—1))\+8(a—1)2)\2+0<)\3>>’
) A1+ V(vVa—1) b(ya—1)> 1
i M) <1+ 2a—Tx 8 +O(A3)>,
(3.3.76)
e Mot V(Va+1)  b(Va+1)? 1
‘ = 2) (H 2(a— 1A | 8(a— 1)2\2 +O(A3>
e a(em) ([, BGa+D)  BGat? 1
‘ - ><1 2(a — 1)\ +8(a—1)2A2+O<A3)>‘
Similarly, using equations (3.3.72) and (3.3.73) in (3.3.75), we get
folr1) = fa(rs) = >\3(a(— 1) ‘\"/:Y(l - ()I)A%a +ayn(a — DA
b*(1 — 2y/a — 3a)\ N
2a—1) + O(\Y)
fi(r) = fs(rs) = /\3(1(— a) "‘\7/(_1 - a))/\2+a +ayn(a — AT
b (=1 + 2v/a + 3a)\ N
2a—1) + O(\%)
(3.3.77)
HO =) = R =) afa = 1R a1 =
b*(—1 —2y/a + 3a)\ N
a—1) + O(\Y)
fa(rs) = fi(r) = >\3(21 —a) ‘\i‘/j(a — DA+ ayn(l — a)At+e
b*(1 + 2v/a — 3a)A N
2a—1) +O(\Y).
Using equations (3.3.76) and (3.3.77) in (3.3.74), we get
fAAN)=A+B+C+D, (3.3.78)
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where

B /\l—oc

No(a—1)% a(1+L v v (va—1)
R <_1 T 2@

b*(Va +1)

Ao (a — 1)26,\(71+ﬁ> (_1 L

A= 2(a — 1)\

N(a—1)? a(1-L v bV (ya+1)
p - Mo I>G+Aka_2m—nA

o)
-+0(Aiﬂ>>.

Using equation (3.3.79), we find the following asymptotic expansion

af(A)

Moy - L A

fo(A) + +

f2(A)

(@ —1)2)\°

where

2(a—1)
+(vVa+1) ewﬁ_l) + ek(l_@))

Step 2. We look at the roots of h(A). It easy to check that

Al—a A

fi(A) = v (—e_/\(1+¢15) - 6A(1+%> + e/\<%_l

e A GRS

1
+ o ()@—a) )

fo(\) = eA(Hﬁ) ((1 + 6_2’\) (—1 + 6_\2/%)) .

Then the roots of fy is given by

1
A?n:i(m—l—Q)ﬁ and/ or A\ =inmva m,n € Z.

(3.3.79)

(3.3.80)

(3.3.81)

(3.3.82)

Since the real part of A is bounded, then with help of Rouch’é’s Theorem, and A large enough,

we show that the roots of h(\) are close of those of fy(A). In the other words, there exists a
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sequence \; of roots of f such that

1
Am =@ (m + 2) 7+0o(1) and/or M\, =inmva+o(l) as m,n— +oo. (3.3.83)

tA

This implies that the Cy-semigroup of contraction e** is not uniformly stable in the energy

space for a # 1, n > 0 and b verified (C).

3.4 Polynomial Stability

3.4.1 Polynomial Stability for a =1

In this subsection, assume that a = 1 and > 0 and b satisfy the condition (C1), we study
the asymptotic behavior of solution of system (3.2.5)-(3.2.10) for 2 distinguish cases (b = km
and b # kr) for all £k € Z. Our main result is the following theorem.

Theorem 3.4.1. Assume that n >0, a = 1 and b satisfies condition (C). Then, for all initial
data Uy € D(A), there exists a constant C' > 0 independent of Uy, such that the energy of the

strong solution U of satisfies the following estimation

i

E(t) < o) HUOHD(A vt > 0, (3.4.1)
where
g(a)—{i%la ifa=1 andb=kr,
ﬁ ifa=1 andb+# kr,

In particular, for Uy € H, the energy E(t,U) converges to zero att goes to infinity.

Following Borichev and Tomilov, a Cy-semigroup of contractions e* on a Hilbert space verify
iR C p(A) (H1)

and
sup |>\|£||(2)\I — A7 < 4o0. (H2)

Condition (H1) was already proved, we will prove (H3) using an argument of contradic-
tion. Suppose that (H2) is false, then there exist a real sequence (\,) and a sequence U™ =
(u™, o™, y", 2" w") € D(A), verifying the following conditions

[An| — +oo, [[U"]| = [[(u", 0", y", 2" ") || = 1, (3.4.2)
X (iAd — A)U™ = (f1', g7, 13,95, f3) — 0 in . (3.4.3)
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Detailing equation (3.4.3), we get

N o on JT .
iNu" — v = )\—% — 0 in H(0,1), (3.4.4)
A" — U A bz, = % —0 in L*0,1), (3.4.5)
N n n I3 .
iNy" — 2" = A—‘j — 0 in H}(0,1), (3.4.6)
I Z" = Ypo — V" = 9 0 in L*(0,1) (3.4.7)
n T )\ﬁ ) ) s
IMw™ 4 (€2 F )™ — " (Du(€) = LAY N, L*(R) (3.4.8)
n n we) = = - 4.

n

Multiply in H equation (3.4.3) by the uniformly bounded sequence U™ = (u",v™, y", 2™, w"),

we get

— K /_:0(52 )W 2dE = R (((iIAI — AU, U™),,) = =2 (3.4.9)

For the simplicity, we drop the index n.

Lemma 3.4.2. Assume that a =1, n > 0 and b satisfies the condition (C1). Then, the solution
(u,v,y,z,w) of (3.4.4)-(3.4.8) satisfies the following estimations

faff = 22 gy = 20
>;)(17) A0(71) (3.4.10)
(0] = 2L ] = %

Proof: From equations (3.4.4), (3.4.6) and (3.4.2), it easy to check that

ful = 2 ana g = 22,

Multiplying equation (3.4.8) by (¢A+ |£|* +n)~*u(€), tacking the absolute values of both sides,
integrating over R with respect to the variable ¢ and applying Cauchy-Shwartz inequality, we

obtain )
1 1 3
Ao ()] < A (2 + mllde)” + 1Ay YARGIS (3.4.11)
where
Gk TGN - ()P :
A= e M= ( R\512+nd5> and s = </R(W+|€|2+77)2d§> |
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For a €]0, 1], from lemma 1.6.2, we have
Al = CQ(‘)\’ —+ n)ail A2 = C9 and A3 = 03(’)\’ -+ 77)%71, (3412)

where, ¢1, ¢y and ¢z in R. Then, we deduce that from equation (3.4.11) and (3.4.12)

1
o(1)] = Agflla. (3.4.13)
Using equations (3.4.4) and (3.4.13), we obtain
u(D)] = ;EBX (3.4.14)
Furthermore, we have
+oo
)] < e[ [ e
+oo 9 1 9 1
< | @ i@ + mie©de] (3.4.15)

< ([T @ @r) (7@ v wlac)”

For a €]0, 1], we have

([ T@+n u©r) < +oo (34.16)
Using equations (3.4.9) and (3.4.16) in (3.4.15), we obtain
(1)) = 2L (3.4.17)

[STEN

A

Lemma 3.4.3. Assume that a = 1, n > 0 and b satisfies the condition (C1l). Then, For all
h € Wh*(0,1), the solution (u,v,y,z,w) of (3.4.4)-(3.4.8) satisfies the following estimation
we have

1 1 1 1
—/ h/\)\u\de—/ h’]ux\zdx—/ h’\)\y|2dx—/ 1 [ye|2d + h(1)|yo(1)]?
0 0 0 0

|
~h(0)]y2(0)*] = h(0) |z (0)]* = AZ(Q?_Q + Of).

(3.4.18)
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Proof: Substitute v and z in equations (3.4.4) and (3.4.6) by (3.4.5) and (3.4.7), we get

G+ AL DS

MU+ Uy — iINbY = I\ : (3.4.19)
Afo —b

Multiplying equation (3.4.19) by 2hu,, integrate by part and using Lemma 3.4.2, we get

1 1 1 1 1
—/ h’|)\u|2dx—/ h’|uz|2dx—h(0)|u$(0)|2+22’)\b/ hyaiide — 20 OW gy oy
0 0 0

/\€—2+2a py

Multiplying equation (3.4.20) by 2hy,, integrate by part and using lemma 3.4.2, we get

L2 e 2 2 - . o(1)
—/ R\ Ayl dl’—/ h|y.|“dz 4+ h(1)|y.(1)|* — R(0)|y.(0)] +2z)\b/ hypudr = —~. (3.4.22)
0 0 0 A

Adding equations (3.4.21) , (3.4.22) and tacking the reel part we get equations (3.4.18).
Then the proof has been completed.

Lemma 3.4.4. Assume that a =1, n > 0 and b satisfies the condition (C1). Then, the solution
(u,v,9y,z,w) of (3.4.19)-(3.4.20) satisfies the following estimations
o(1)

2 _
(D" = 5y (3.4.23)

where
5— (—2+42a if b¢nZ,
| ¢+20—6 if benZ

Proof: Let Y = (u, u,, y, y.), then system (3.4.19) and (3.4.20), could be written as

Y, = BY + F, (3.4.24)
where
0 1 0 0 !
20 i 0 gt iAL DS
B=|" ' and F = X! . (3.4.25)
0o 0 0 1 0
—iAb 0 =A% 0 G2t iM—bfy
¢

Using Ordinary Differential Equation Theory, the solution of equation (3.4.24) is given by

Y (z) = %Y, + /x PP (2)dz. (3.4.26)
0
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The solution on 1 is given by

1
Y(1) = %Y, +/ P12 B (2)dz. (3.4.27)
0
Equivalently, we get
1
e BY (1) = Yo + ¢ B / P02 P(2)dz, (3.4.28)
0
where
bll b12 b13 b14 bll _b12 b13 _b14
€B _ b21 bll b23 b13 and €_B _ _b21 bll _b23 b13 :
_b13 _b14 bll b12 _b13 b14 bll _b12
_b23 _b13 b21 bll b23 _b13 _b21 bll

where (b;;) is defined by

b = A(A(tr —t) + bty + t2)) (e + e +ef2 + e712)
S At1to(ty — to) ’
b - Ab(et — e el —e72) 4 (N2 tyty) (et — e —ef2 4 e7f2)
2 At1ty(t1 — to) ’
_ 3 ¢ —t1 _ te  _—t
bz = 4<el—l—e L—e? —¢ 2),
_ Z t1 —t1 to —to
by = i, (tg (e —e ) -t (e —e )) ,
_ _)\ 2 t —t 2 t —t
by = PN (A= b)(tata + X+ 2) (e — ™) = (A4 B)(tita + A* = Ab) (e — 7)),
. _/L)\ 2 t1 —11 2 to —to

where t; = vVbA — A% and t, = v/—b\ — A2, Performing advanced calculation for the exponential
of matrix B and —B, we obtain the following matrix

A 14, — b (At A) iAy SAL - i (345 — Ao)
o | b P
T s a) A ()
—2 (Ay + 8 45) —iAy s (54— Ay) A
000 0 0\ (1) O(%) o)) O(&)
—Ay 0 iNAy O o(l) o(l) o(l) ofl)
1o 0o o o o(1) O(5) o(1) O(%)|
My 0 =2y 0] \o(1) o(1) o(1) o(1)
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and the expression of e~? is given by

A —1 4y + 38 (Au+34)) iAy LA+ o (245 + Ay)

B _ —% (§A1 - A4) Ay —% (AQ + %As) iA3
B iAs $A+ o (2As — Ay) A —1 A + 2 (A + BAY)

—% (A + 5 45) iAs —5 (54— Ay) A

0 0 0 0\ (o) O(%) ofl) O(5)
My 0 —idAy O o(l) o(l) o(l) o(1)
1o o o o o(1) O(3%) o) O(%)|
where,

Ay = cos(\) cos (g) , Ag =sin(\) cos (g) , Az =sin(\)sin (S) and Ay = cos(\) sin (;) :

On the another hand, using Lemma 3.4.2, we get

Y1) = <;§Pa 0;2),0,3/90(1)) : (3.4.29)

Using the expression of e? and e™ 5, we get

e /01 PO F(2)dz = (0%)7 iglz 0;?7 iﬂ) , (3.4.30)

Using equations (3.4.28)-(3.4.30), we get

1 b b ~o(1)
XA2Z/:B(1> - ﬁ <A4 + 4141) yx(l) = )\é—i—a’ (3431)
1 ib (b o))
XA4ya:(1) + ﬁ <4A3 + AQ) yx(l) = )\%Jra . (3432)

Case 1 : Suppose that b = kr. Assume that b = (2s+ 1), then cos (g) =0 then A; = Ay, =0,

using this fact and multiplying equation (3.4.32) by A?, we get

o(1)

o /\§+o¢—2 )

(3.4.33)
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Inserting equation (3.4.33) in equation (3.4.32), we get

1 o(1)
el = 7 (3.4.34)
Multiplying equation (3.4.34) by A2, we get
1
Agye(1) = 20 (3.4.35)

C\st+a-3]

Consequently, squaring equations (3.4.33) and (3.4.35), tacking the sum and using the fact

A2 + A% = sin? (g), we get

o(1)
() = Sy
The same proof for b = 2s7.
Case 2 : Suppose that b # km, then from equations (3.4.31) and (3.4.32), we get

i\A‘lyz(U — ;gﬁﬂ (3.4.36)
iAngg(l) _ ;’(P (3.4.37)
(3.4.38)
Multiplying equations (3.4.36) and (3.4.37) by A, we get
Agy.(1) = )\gﬁy)_l, (3.4.39)
Asy,(1) = )\Z(i)l, (3.4.40)

Using the fact b # km, then cos() # 0 and sin (%) # 0, then from equations (3.4.39) and
(3.4.40), we get

cos(N)y.(1) = )\éoj(i)_l, (3.4.41)
sin(\)ya(1) — Agﬁfl,. (3.4.42)

Squared equations (3.4.41) and (3.4.42), we get

ly(1)[* = Mi(i), (3.4.43)

The proof has been completed.
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Proof of the Theorem 3.4.1 :
Case 1 : If b € 7Z, take £ = 6 — 2« then

(DI = o(1). (3.4.44)
Take h = x in equation (3.4.18) and using equation (3.4.44), we get
1 1 1 1
- / W |\l d —/ B |y |2da — / B |y [2de —/ } |yo|2dz = o(1). (3.4.45)
0 0 0 0

In the another hand, we have

[T ke < o [ 4 ol = g (3.4.40

Using equations (3.4.9), (3.4.45) and (3.4.46), we get ||U||3 = o(1) which contradicts (3.4.3).
This implies that

sup || (iA = A) | g = O(A).

AR

Case 2 : For b ¢ 77, take { = 2 — 2« in equation (3.4.23), then we get
(DI = o(1). (3.4.47)

Choose h = x in equation (3.4.18) and using equation (3.4.47), we get

1 1 1 1
- / W |\l da — / B |y |2da — / B | \y[2dz — / } |ye|2dz = o(1). (3.4.48)
0 0 0 0
In the another hand, we have

[T wkde < o [ mlopag = 2. (3.4.49)

Using equations (3.4.9) and (3.4.48), we get ||U||3 = o(1) which contradicts (3.4.3). This implies
that

sup || (iIAL — A) [l = O(N*).

AeR

3.4.2 Polynomial Stability in the general case i.e. a # 1

In this subsection, assume a # 1, n > 0 and b satisfy the condition (C). We study the
asymptotic behavior of system (3.2.5)-(3.2.10). Our main result is the following theorem

Theorem 3.4.5. Assume that n > 0, a # 1 and b satisfies condition (C). If (a € Q and b
small enough) or \/a € Q, then, for all initial data Uy € D(A), there exists a constant C' > 0
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independent of Uy such that the energy of the strong solution U of (3.2.11) satisfies the following
estimation

Cy

1
tS—a

E(t) < 10l pay, V> 0. (3.4.50)

In particular, for Uy € H, the energy E(t,U) converges to zero as t goes to infinity.

Proof: Following Borichev and Tomilov, a Cy-semigroup of contractions e** on a Hilbert space
verify
iR C p(A) (H1)
and ]
sup — ||(iA — A)7Y| < +oo. (H2)
AeR |Al¢

Condition (H1) was already proved, we will prove (H2) using an argument of contradic-

tion. Suppose that (H2) is false, then there exist a real sequence (\,) and a sequence U™ =
(u™ o™ y™, 2" w") € D(A), verifying the following conditions

IAn| — +oo, || U"|| = |[(u”, 0", y", 2", w")|| = 1, (3.4.51)

Xo(idd — AU = (f1' g0, f g 1) — 0 i M. (3.4.52)

Detailing equation (3.4.52), we get

iINu" — " = Tlgl — 0 in H}(0,1), (3.4.53)

MO — U, + bz, = ig — 0 in L*(0,1), (3.4.54)

Ny — 2" = é — 0 in H(0,1), (3.4.55)

i 2" —ayn, — " = i?z — 0 in L*0,1), (3.4.56)

I + (£ + n)w™ — " (Du(§) = f?:;\(f) — 0 in L*(—o0,+o0). (3.4.57)

n

For the simplicity, we dropped the index n. Eliminate v and z in equations (3.4.53) and (3.4.55)
by (3.4.54) and (3.4.56), we obtain the reduced system

gL+ DS

MU+ Uy — iAbY = X : (3.4.58)
' —b
Nyt ayes +idbu = — 27 “AJ;? I (3.4.59)
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Let Y = (u,us, y, yz), then system (3.4.58) and (3.4.59), could be written as

Y, =BY + F. (3.4.60)
Where
0O 1 0 0 0 0
—\2 \b _tiMitf .
B= G o X and vy — | %0
0O 0 0 1 0 0
%)\b 0 —T/\2 0 _92+i)\)\ge1*bf1 yx<0)

The solution of equation (3.4.60) at 1 is given by
1
Y (1) = Yo + / P (2)dz, (3.4.61)
0

from equation (3.4.61), we obtain

1
e BY (1) = Yo + B / P02 P(2)dz, (3.4.62)
0
where
bi1 bz b1z bu bi1  —bia bz —bus
b b b b —b b —b b
B _ il 21 23 bis| 4 B b21 b11 23 i3
=28 3 a3 by =2 2 hy3 —by
— b% — b}T“ byz b33 b% — bif —bsz b33,
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and

bll =

b12 =

bis =

b14 -

b21 -

bas =

b33 -

by =

bis =

where

1

VA DA ) \aA (A (et DY)

((a— DA+ A)e"r +e ™)+ ((1 —a)\+ A)(e2 + e 2)

4A ’
av2 (((a — DX — A)ty (e —e'2) + ((a — DA+ Aty (e — ™))
4t1t2A ’
iab to —tg t1 —t1
A (e +e *—e 2 ) ;
—ia%b\/2 ” _t b 4
2t A (t2 (" =) —ta (e —e7™))
—aAV2(((a = DX+ AA +20) by (e — ) + ((a = DN + XA = 20) 1, (e — e ™))
At 1t A
iabAV2 (((a+ DA+ A) ta (" — ™)) + (A = (a+ DAty (e — e7*2))
4t1t2A ’
(- +A) (e +e ™)+ ((a— 1A+ A) (e + )
4A ’
av2(((a— DA+ A)ty (e —e™) + (L —a)d+ A) ty (e — e ™))
4t1t2A ’

AW2(((1=a)X = ANA 4 2ab?) £ (e” — e7"2) + ((a = DA* = XA = 2ab%) ty (e — ™))

Attty A

and A= \/(a —1)2X2 4

Performing advanced calculation for the exponential of matrix B and —B, we obtain the follo-

2 2

wing matrix

cos(\) 0 0
B —Asin(\) — 2(;’7:) cos(A) cos(A) (aifl) (a sin(\) — y/asin (%))
0 0 coS (%)
oy (a sin(A\) — y/asin (%)) 0  —sin (%) + 2(57:) cos (ia) cos
+(0’ij)>
where 0;; = %. In particular, we have

iab . ) iab? A

014 = m (Slr].()\) + \/aSln (ﬁ)) + m (COS(/\) — @ COS (ﬁ)) +

dab?.
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b
031 = —m <COS ( — COS )

)2
el
A

O(1
)\2’

+
>+7

o () e ()22

a—1)

Our aim is to show that y,(1) = o(1), suppose that y,(1) = 1. Using the expression of e?,
e~ B, F and Lemma 3.4.2 we get

/OleBu_z)F(Z)dZ: <0<1> o(1) o(1) o<1>>T (3.4.69)

P Vo DA Yo

and
-
Byy (s L o) o(1) o1) . o)

(& Y(l) = (614 -+ )\é ,624]./1(1) -+ )\E 1 6343/1(1) —+ )\2+1 , €44 -+ >\§+1 . (3464)
Inserting equations (3.4.63) and (3.4.64) in (3.4.62) and using the expression of 014 and 034, we
get

1ab A iab®
7 sin( in [ 2o e \) — e
e (0 + s (2 )) + s (o) —oons (2 5465
LO0) o) o) _
4 AT
" v (o G YL 0 L o)) | o)
a a 1 o(1 o(1
M 7gin | 2= - = 4.
5 sm(\/a)—i—Q(a_l))\Qcos(\/a)—l— b +)\§+a+ IV 0 (3.4.66)
Multiplying equations (3.4.65) and (3.4.66) by A and —% respectively, we get
, b? O(1) o(1) o(1)
S11n ()\ ‘I— M\) = )\2 + )\%4—&—2 + )\672’ (3467)
A v*\/a O(1) o(1) o(1)
in| -~ - __~2V~* | — ) 4.
sin <\/5 2o - 1))\> 32 + "o + T (3.4.68)
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It follows from equations (3.4.67)-(3.4.68), there exists n,m € Z such that

b2 0(1) o(1)

B - 4.
A " 2<a - 1))\ + A . )\min(§+a72j72) (3 69)
A vab’ o) o(1)
N T 2(a —1)A e T \min(§+a—16-1) (3.4.70)

Using the fact that A is big enough i.e. A ~ mn ~ m/am, then by tacking the squares of
equations (3.4.69) and (3.4.70), we get respectively

2 b? O(1) 4 o(1)

2 2.2
A = n'rm 1T (5o 503)" (3.4.71)
2 2 2 ab? O(1) o(1)
A° = amn 4 p— + 3 + Y (3.4.72)
Combining equations (3.4.70)-(3.4.71), we get
2_2 22 2 a—|—1> O(1) o(1)
- 5 ( . 3.4.73
nm am-m a—1 + A + )\min(g-i-a—?),é—?)) ( )
Take ¢ = 6 — 2« in equation (3.4.73), we get
1 O(1
n?r? — am?n® = b2 (a T ) IREIO RV (3.4.74)
a—1 A
We distinguish three case. Indeed,
2 2
Case 1 : Assume that there exists pg,qo € Z such that a = 2—8 = 5. Then from equation
0
(3.4.74), we get the following contradiction
a+1 O(1)
0= b < ) 1).
a—1 * A +oll)
Case 2 : If a = 5—; # %22 Then from equation (3.4.74), we get
0
5 Dy o VP <a+1>+ (1)+O(1)
n®—=—=m°=— 0 —.
a 2 \a—1 A
Equivalently, we obtain
— b? 1 1) 01
o V(01w o) 00) -
Qo w2 \a — 1/ noqo + pom A A2
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Them, we get the following contradiction

qlo < O§\1> +o(1).

Consequently, from Case 1 and Case 2, the system is polynomially stable for \/a € Q.
Case 3 : Assume that there exists pg, qo € Z such that a = 2 and a # ’;—z for all p,q € Z. Then

q0
from equation (3.4.74), we have

2 2 2
qon*® — pom b (a+1) O(1)
L 1). 4.
0 A + 3 +o(1) (3.4.76)
Since b is small enough, we can assume that
2 _ 1)
pe @ 3.4.77
~ 2go(a+1) ( )

Consequently, using equations (3.4.76) and (3.4.77), we get the following contradiction

1 _1_Pl+aeya) _OQ)

2q0 ~ qo mla—1) — A

+o(1). (3.4.78)

Finally, the system is polynomially stable for a € Q and b small enough.

3.5 Conclusion

We have studied the influence of the coefficients on the indirect stabilisation ba a fractional
derivative control in the sense of Caputo of order a € (0,1) and n > 0 of a system of wave
equation coupled via the velocity terms. If the wave speeds are equal (a = 1), n > 0 and if the
coupling parameter b = k7 (resp.b # k), k € Z and it is outside a discrete set of exceptional
values, a non-uniform stability is expected. Then, using a frequency domain approach combining

with a multiplier method, we have proved a polynomial energy decay rate of type —— (resp.

11—«

—). In the general case, when a # 1 a non uniform stability is expected. Finally, if \/a is a
t3—a
rational number or (a is a rational number and b is small enough) and if b is outside another

discrete set of exceptional values, using a frequency domain approach, we proved a polynomial

energy decay rate of type ——. But, it is interesting to remark that both energy decay in
t3—a

Theorem 3.4.1 (resp. Theorem 3.4.5) approach % and (resp. %) as a — 1 which is the energy

decay given in [48].

We conjecturer that the remaining cases could be analyzed in the same way with a slower

polynomial decay rate.
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CHAPITRE 4

ON THE STABILITY OF MULTIDIMENSIONAL COUPLED WAVE
EQUATIONS WITH ONE BOUNDARY FRACTIONAL DAMPING

4.1 Introduction

Let Q be a bounded domain of R? d > 2, with a Lipschitz boundary I' = I'y U I, with
Iy and I'; open subsets of I' such that [y N T; = @ and I'; is non empty. We consider the

multidimensional coupled wave equations

uy — Au+by, = 0, in QxRT, (4.1.1)
Yy —aly —bu, = 0, in QxRT, (4.1.2)
v = 0, on I'yxR", (4.1.3)

y = 0, on I['xRT, (4.1.4)

gz +70""u = 0, on TI';xR", (4.1.5)

where v is the unit outward normal vector along the boundary I'y, v is a positive constant
involved in the boundary control, a > 0 and b € R,. The notation 9;"" stands the generalized
Caputo’s fractional derivative see [20] of order v with respect to the time variable and is defined

by
1 t dw
a,n — _ o\, n(t—s) 1 > 0.
07w (t) F(l—a)/o(t s) e ds(s>d8’ O<a<l n>0

The system (4.1.1)-(4.1.5) is considered with initial conditions

u(z,0) = ug(x), u(x,0) =ui(r) where z €, (4.1.6)
y(z,0) = yo(x), wyi(x,0) =y1(x) where =z €, (4.1.7)
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The fractional derivative operator of order a;, 0 < v < 1, is defined by

(D f](t) = /Ot mg(r)dr. (4.1.8)

The fractional differentiation is inverse operation of fractional integration that is defined by

1o f](t) = /t (t;(;);_lf(T)dT, 0<a<l. (4.1.9)

0
From equations (4.1.8), (4.1.9), clearly
[D*f] = I'""*Df. (4.1.10)

Now, we present marginally distinctive forms of (4.1.8) and (4.1.9). These exponentially modi-

fied fractional integro-differential operators an will be denoted by us follows

1 — T —oze—’r](t—T)
DA = | ( F<>1_a) ;l{_(T)dT (4.1.11)

and t a=1,-n(t—7)
(17 f](t) = /D (t_T)P(Oj F(r)dr. (4.1.12)

Note that the two operators D® and D" differ just by their Kernels. D*" is merely Capu-
to’s fractional derivative operator, expect for its exponential factor. Thus, similar to identity
(4.1.10), we do have

(DM f] = ['"*"Df, (4.1.13)

The order of our derivatives is between 0 and 1.

The boundary fractional damping of the type 0;""u where 0 < o < 1, n > 0 arising from the
material property has been used in several applications such as in physical, chemical, biological,
ecological phenomena. For more details we refer the readers to [46], [47], [10], [11], [12] and [44].
In theoretical point of view, fractional derivatives involves singular and non-integrable kernels
(t=*, 0 < a < 1). This leads to substantial mathematical difficulties since all the previous
methods developed for convolution terms with regular and/or integrable kernels are no longer
valid.

There are a few number of publications concerning the stabilization of distributed system
with fractional damping. In [46], B. Mbodje considered a 1 — d wave equation with boundary
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fractional damping acting on a part of the boundary of the domain :

OPu(x,t) — O u(w,t) 0, O<z<l1, t>0,
u(0,t) = 0.
du(lt) = —o)"u(l,t), 0<a<l1l, n>0, (4.1.14)
u(z,0) = wuo(x),
Oyu(z,0) vo(x),

Firstly, he proved that system (4.1.14) is not uniformly stable, on other words its energy has
no exponential decay rate. However, using LaSalle’s invariance principle, he proved that system
(4.1.14) is strongly stable for usual initial data. Secondly, he established a polynomial energy
decay rate of type % for smooth initial data. In [3], we considered a multidimensional wave
equation with boundary fractional damping acting on a part of the boundary of the domain :

uy — Au = 0, in QxRT,

u = 0, on I'ygxRT,

0

8—“ 440" = 0,  on TyxRF (4.1.15)
v

u(z,0) = wup(x) in Q,

u(z,0) = w(z), in Q.

Firstly, combining a general criteria of Arendt and Batty with Holmgren’s theorem we showed
the strong stability of system(4.1.15) in the absence of the compactness of the resolvent and
without any additional geometric conditions. Next, we show that our system is not uniformly
stable in general, since it is the case of the interval. Hence, we look for a polynomial decay rate
for smooth initial data for our system by applying a frequency domain approach combining
with a multiplier method. Indeed, by assuming that the boundary control region satisfy the
Geometric Control Condition (GCC ) and by using the exponential decay of the wave equation
with a standard damping

dyu(z,t) +ux,t) =0, on ~» xR}

we established a polynomial energy decay rate for smooth solutions, which depends on the
order of the fractional derivative. In [23], Zhang and Dai considered the multidimensional wave
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equation with boundary source term and fractional dissipation defined by

uy — Au = 0, re t>0,
u = 0, zely t>0,
au leY m—1
o + 0 = |ul"'u, zely t>0, (4.1.16)
u(z,0) = wuy, x €,
w(z,0) = w(z), zeQ

where m > 1. They proved by Fourrier transforms and the Hardy-Littelwood-Sobolev inequality
the exponential stability for sufficiently large initial data.

In [2], Benaissa and al. considered the Euler-Bernoulli beam equation with boundary dissipation
of fractional derivative type defined by

(1) + Prpue(z, 1) 0, in 0, L[x]0, 400,
P(0.6) = 2.(0,8) = 0, i 0.+, o
gpm( 6 = 0, in |0, +oo0,

where 0 < a < 1, n > 0 and 7 > 0. They proved, under the condition n = 0, by a spectral
analysis, the non uniform stability. On the other hand, for n > 0, they also proved that the

energy of system (4.1.17) decay as time goes to infinity as -
In [4] see also ([5]-[6]), Alabau-Boussouira studied the boundary indirect stabilization of a
system of two level second order evolution equations coupled through the zero order terms. The
lack of uniform stability as proved in the case where the ratio of the wave propagation speeds
of the two equation is equal to # with k being an integer and € os a cubic domain in R3, or by
a compact perturbation argument and a polynomial energy decay rate of type % is obtained
by a general integral inequality in the case where the wave propagates at the same speed and
Q) is a star-shaped domain in RY. These results are very interesting but not optimal.

In [8], Ammari and Mehrenberger, gave a characterization of the stability of a system of two
evolution equations coupling through the velocity terms subject one bounded viscous feedbacks.
In [41] Liu and Rao, considered a system of two coupled wave equations with one boundary

damping described by

uy —alAu+aoay = 0, in QxRT,

Yy — Ay +au = 0, in QxRT,

adu+~yu+u; = 0, on T'y xRt (4.1.18)
u = 0, on 'y xRH,

Y 0, on I'xR*

Mohammad AKIL Page 126 of 181 mohamadakill @hotmail.com



Chapter 4. On the stability of multidimensional coupled wave equations with one boundary fractional
damping

They established that, under some arithmetic condition on the ratio of the wave propaga-
tion speeds of the two equations, a polynomial energy decay rate for smooth initial data on
a l-dimensional domain. Furthermore, under the equality speed wave propagation, they pro-
ved that the energy of the system (4.1.18) decays at the rate % for smooth initial data on a
N —dimensional domain 2 with usual geometrical condition.

In [7] Ammar-Khodja and Bader studied the simultaneous boundary stabilization of a system
of two wave equations coupling through the velocity terms described by by

Ut — Ugzz + b(X)Yy 0, in (0,1) x (0,+00),

Yt — Y — b(T) Uy 0, in (0,1) x (0,+00),

y:(0,1) — a (y.(0,t) + 1, (0, 1)) 0, in (0,+o00), (4.1.19)
uz(0,t) — ay (0, ) = 0, in (0,400),

u(1,t) = y(1,t) 0, in (0,+o0)

where a and « are two constants strictly positives and b € C°([0,1]). They proved, in the
general case, when a # 1, the system (4.1.19) is uniformly stable if and only if it is strongly
stable and there exists p,q € Z such that a = (2’)(1%1)2. Moreover, under the equal speed wave
propagation condition i.e. (a = 1), They proved that, system (4.1.19) is uniformly stable if and
only if it is strongly stable and the coupling parameter b(x) verifies that [y b(z)dx # @ for
any k € Z. Note that, system (4.1.19) is damped by two related boundary controls.

In [48] and [61], Najdi and Wehbe considered a 1 — d coupled wave equations on its indirect

boundary stabilization defined by :

Ugp — Ugz + DY

Yt — QWYzw — by =
yw(ovt) - yt(ovt) =
u(l,t) =y(1,t) = u(0,t) =

in (0,1) x R%,
in (0,1) x R*,
in R%,
in RY,

(4.1.20)

o oo o

Y

where a > 0 and b € R* are constants. Firstly, they proved that system (4.1.20) is strongly
stable if and only if the coupling parameter b is outside a discrete set S of exceptional values.
Next, for b ¢ S, they proved that the energy decay rate of system (4.1.20) is greatly influenced
by the nature of the coupling parameter b (an additional condition on b) and by the arithmetic
property of the ratio of the wave propagation speeds a.

In [59], Toufayli considered a multidimensional system of coupled wave equations to on boun-
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dary feedbacks described by

uy — Au + by, 0, in QxRT,
Yy —alAy —bu; = 0, in QxR
Ay — yt 0, on I'i xR¥, (4.1.21)
u = 0, on I'xRT,
Yy = 0, on I'yxR*".

where Q C R” is an open bounded domain of class C?, 0Q =Ty UTy, with ToNT; =0, v is
the unit normal vector to I'y pointing toward the exterior of {2, a > 0 and b € R* are constants.
Under the equal speed wave propagation condition (in the case a = 1) and if the coupling
parameter b is small enough, she established an exponential energy decay rate.

The polynomial energy decay rate occurs in many control problems where the open-loop systems
are strongly stable, but not exponentially stable (see [30]). We quote [35], [36] for wave equations
with local internal or boundary damping, [14] and [40]for abstract system, [56], [62] for systems
of coupled wave-heat equations.

This chapter is organized as follows : In Subsection 4.2.1, we reformulate the system (4.1.1)-
(4.1.7) into an augmented model system by coupling the wave equation with a suitable equation
and we prove the well-posedness of our system by semigroup approach. In the subsection 2.2.2,
Under the equal speed wave propagation condition (in the case a = 1) and if the coupling
parameter b is small enough, using a general criteria of Arendt and Batty theorem, we show
that the strong stability of our system for in the absence of the compactness of the resolvent
and under the multiplier control condition noted by (MGC). In Section 4.3, under the equal
speed wave propagation and the coupling parameter b verify another condition, we look for a
polynomial decay rate for smooth initial data for our system by applying a frequency domain
approach combining with a multiplier method. Indeed, by assuming that the boundary control
region satisfy the Multiplier Geometric Control Condition (MIGC), we establish a polynomial

energy decay for smooth solution of type ——.

tl—«a

4.2 Well-Posedness and Strong Stability

In this section, we will study the strong stability of system (4.1.1)-(4.1.7) in the absence of
the compactness of the resolvent and by the (MGC') condition defined in Definition ??. First,
we will study the existence, uniqueness and regularity of the system of our system.

Mohammad AKIL Page 128 of 181 mohamadakill @hotmail.com



Chapter 4. On the stability of multidimensional coupled wave equations with one boundary fractional
damping

4.2.1 Augmented model and well-Posedness

Firstly, we reformulate system (4.1.1)-(4.1.7). For this aim, we use Theorem 1.6.1, system
(4.1.1)-(4.1.7) may be recast into the following model :

uy —Au+by, = 0, in QxRT, (4.2.1)

Y —aAy —bu, = 0, in QxRT, (4.2.2)

ow(&t) + (|€P +n) w(&t) — u(§)du(z,t) = 0, on Iy xR, R (42.3)
u = 0, on TyxR*Y (4.2.4)

y = 0, on I['xR", (4.2.5)

gz + YK y pw(E t)dé = 0, on I'y xR*Y (4.2.6)

2sin(a7r)l"(%+1)

where v is a positive constant, n > 0 and k = . Finally, system (4.2.1)-(4.2.6) is

dTrd+1
considered with the following initial conditions i
u(z,0) = ug(x), w(x,0) =ui(r) where z €, (4.2.7)
y(x,0) = yo(z), w(z,0) =y1(x) where z €, (4.2.8)
w(£,0)=0 where ¢ € R% (4.2.9)

Our main interest is the existence, uniqueness and regularity of the solution of this system. We
define the Hilbert space

H = H} (Q) x L*(Q) x Hj(Q) x L*(Q) x L*(RY), (4.2.10)
equipped with following inner product

(.0, = /Q (V5 + VuVi + 22 + aVyVj) da + s /R w(©)B(E)de

H (@) ={ue H'(Q), u=0 on Io}.
The energy of the solution of system (4.2.1)-(4.2.9) is defined by :

E(t) (u7utay7yt7w)||’2}-[ (4211)

-5
)
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For smooth solution, a direct computation gives
E'(t) = —Ax /Rd (1612 + 1) lw(€, t)]2de. (4.2.12)

Then, system (4.2.1)-(4.2.9) is dissipative in the sense that its energy is a non-increasing function
of the time variable t. Now, we define the linear unbounded operator A by

U= (u,v,y,2z,w)" € H; Aue L3(Q), ye H*(Q)NHHQ),

poay_ | PEHL@. 2 HIQ). ~(ER 4wt olp© € PR, | o

0
ook [ p©w(€)dE =0 on Ty, gl € LARY)

and
U v
v Au — bz
Aly | = z
z alAy + bv
w —([€1* + mw + v[r, u(6)-

By denoting v = u; and z = y; and Uy = (ug, Vo, Yo, 20,wo) ", system (4.2.1)-(4.2.9) can be

written as an abstract linear evolution equation on the space H

{ U = AU, (4.2.14)

U(0) = U,

Proposition 4.2.1. For n > 0, the unbounded linear operator A is m-dissipative in the energy
space H.

Proof: For all U = (u,v,y,z,w)" € D(A), we have

R (AU, U)y) = =3r [ (6] + (&, 0 dg < 0. (4:2.15)

which implies that A is dissipative in the sense that its energy is a non-increasing function
of the time variable t. Now, let F' = (f1, fa, f3, fa, f5)T € H, we prove the existence of U =
(u,v,7y,2,w)" € D(A), unique solution of the equation

(I-AU=F (4.2.16)
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Equivalently, we have the following system

u—v = fi, (4.2.17)
v—Au+bz = fy (4.2.18)
y—z = f3, (4.2.19)
z—(aAy +bv) = fy, (4.2.20)
w+ (IEP +mw —vlr,p(€) = f5(8). (4.2.21)
By equation (4.2.21), we get
_ [5(8) + vlr, pu(8)
&) = Pt (4.2.22)
From equations (4.2.17) and (4.2.19), we have
v=u—fi and z=1y— fs. (4.2.23)

Using equation (4.2.23) in equations (4.2.18) and (4.2.20), we get the following problem

u—Au+by = fi+ fo+0bfs, (4.2.24)
y—alAy—bu = f3+ f1—0bfy (4.2.25)

with the boundary conditions
w=0 on Ty, —:—y / w(E)dE on Ti, y=0 on I. (4.2.26)

Using equations (4.2.22) and (4.2.23), we get

f5(6) N ulr, (€ fipé)
E24+n+1 [EP+n+1 [EP+n+1

w(€) = (4.2.27)

Let ¢ = (¢1,p2) € Hp (Q) x Hj(Q) test function. Multiply equations (4.2.24) and (4.2.25) by
1 and g respectively, we obtain
0
/wpldm+/ Vquoldx—/ —ugoldl"—l—b/ yprdr = /Flgoldx. (4.2.28)
Q Q r, Ov ) Q
/ygogdx—l—a/ Vngogdx—b/ wpodr = /F2g02dx. (4.2.29)
Q Q Q Q
where Fy = f1 + fo+ bfs and Fy = f3 + f4 — bf;. Using equations (4.2.6) and (4.2.27), we get

ou

[ Zoar = / o1dT + M, / wpydl — My / froydT. (4.2.30)
r; Ov T
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where,

M =~k

O e nd N — / O e (4.231)

Rt |2+ 1+ 1 re [£2+1n+1

using the fact f5(¢) € L*(R?) and for a €]0,1] it easy to check that M, N < +oco. Adding
equations (4.2.28) and (4.2.29), we obtain

a((u,y), (¢1,02)) = L(g1,92), V(1. p2) € Hp, () x Hy () (4.2.32)

where

a((u,y), (p1,92)) = /ledw/ VuVsO1dfv+/y902dx+a/ VyVadz

(4.2.33)
+M2/ ugoldF—l—b/ yprdr — b/ upod.
I

and
L(p1,p2) = /QF1801dSU+/QF2<P2dSC—M1/F 801CZF+JW2/F fiedl. (4.2.34)
1 1

Using Lax-Milgram, we deduce that their exists (u,y) € Hp () x Hj(£2) unique solution of the
variationnel problem (4.2.32), using the fact Ty N T; = () and the regularity of the Laplaciana
we deduce that (u,v,y,z,w) € D(A).

From proposition 4.2.1, we have the operator A is maximal on H and consequently, generates a
Co-semigroup of contractions e following Lummer-Philipps theorem (see [42] and [51]). Then,

the solution of the evolution equation (4.2.14) admits the following representationl
U(t) = Uy, t >0,

which leads to the well-posedness of (4.2.14). Hence, semi-group theory allows to show the next

existence and uniqueness results :

Theorem 4.2.2. For any Uy € H, problem (4.2.14) admits a unique weak solution
Ut) € CORT; H).

Moreover, if Uy € D(A), then

U(t) € CY(R*,H) N CORY, D(A)).

4.2.2 Strong Stability

In this subsection, we study the strong stability of system (4.2.1)-(4.2.9) in the sense that
its energy converges to zero when ¢ goes to infinity for all initial data in H under the condition
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where a = 1 and b small enough. It easy to see that the resolvent of A is not compact, then the
classical methods such as Lasalle’s invariance principle or the spectrum decomposition theory
on Benchimol are not applicable in this case. We use then a general criteria of Arendt-Batty,

A

following which a Cy—semigroup of contractions e in a Banach space is strongly stable, if A

has no pure imaginary eigenvalues and o(.4)NiR contains only a countable number of elements.
We will prove the following stability result

Theorem 4.2.3. Suppose that n > 0, a = 1 and b small enough, then the Cy—semigroup
(e"Y)>0 is strongly stable on the energy space H, i.e, for all Uy € H, we have

lim || Up|l% = 0.
t—00

For the proof of Theorem 4.2.3, we need the following lemmas.

Lemma 4.2.4. Assume thatn >0, a =1 and b small enough. Then, for all A\ € R, we have

ker(i\ — A) = {0}

Proof: Let U € D(A) and let A € R, such that

AU =1\U. (4.2.35)
Equivalently, we have
Vo= i\u, (4.2.36)
Au—bz = i, (4.2.37)
z = i\y, (4.2.38)
Ay+bv = i)z, (4.2.39)
= (Igl* +n) @+ vlrp©) = idw. (4.2.40)
Next, a straightforward computation gives
R ((AU,U),,) = —y# /R (1€ + 1) |w]de. (4.2.41)
Then using equation (4.2.35) and (4.2.41) we deduce that
w=0 ae in R% (4.2.42)
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It follows, from (4.2.13) and (4.2.40), that

ou
520 and v=0 on IY. (4.2.43)

If A=0, then v = 2z = 0, then we obtain the following systems

Au = 0 in QxRT,

au = 0 on Iy xR*, (4.2.44)
T~ 0 on I x R,
v

and

pu— 1 +
{ Ay 0 in QxRT, (4.2.45)

y = 0 on I'xRT.
It clear that problem (4.2.44) and (4.2.45) have v = 0 and y = 0 unique solution respectively,

then U = 0, Which contradict the hypothesis U # 0.
If A # 0, using equation (4.2.43) and (4.2.36), we get

u=0 on TIYy. (4.2.46)

Eliminating v and z in equations (4.2.36) and (4.2.38) in equations (4.2.37) and (4.2.39), we
obtain the following system

Nu+Au—idby = 0 in Q, (4.2.47)
My +Ay+idbu = 0 in (4.2.48)
u = 0 on I (4.2.49)
ou
W = 0 on I, (4.2.50)
y = 0 on I. (4.2.51)

We divide the proof into several steps.
Step 1. Multiplying equations (4.2.47) and (4.2.48) by y and u respectively, using green formula
and the boundary conditions, we get

/VWM—/vawww/MMMx:o, (4.2.52)
Q Q Q

A;VyMM—iéV@-Va¢v+ééAMm%m _— (4.2.53)
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Adding equations (4.2.52) and (4.2.53) and tacking the imaginary part, we obtain

/|u|2dx:/ ly|2da. (4.2.54)
Q Q

Step 2. Multiplying equation (4.2.47) by u, using green formula and the boundary conditions,
we get

/ N u|*dz —/ |Vul*dz = —R <—1/ Abyuda:) . (4.2.55)
Q Q Q

Step 3. Multiplying equation (4.2.47) by 2(m - Vu), we get
2/ Nu(m - Va)dx + 2/ Au(m - Vu)dz = 22’/ Aby(m - Vu)dz. (4.2.56)
Q Q Q

U € D(A), then the regularity is sufficiently for applying an integration on the second integral
in the left hand said in equation (4.2.56). Then we obtain

_ _ ou _
2 /Q Au(m - Vu)dr = -2 /Q Vu-V (m-Vu)dr + Q/F a(m -Vu)dr. (4.2.57)

Using the green formula, we get

_oR </ V- V(m- Vﬁ)dm) = (N =2) [ [VuPdz— [ (m-v)|Vulds. (4.2.58)
Q Q r
Inserting equation (4.2.58) in equation (4.2.57) and using equations (4.2.49) and (4.2.50), we
get
o’
2 ([ Aulm-Vayde) = (N =2) [ [VuPde+ [ (m-v)|5"] dr. 1259
[ Sutm- Vi) = (¥ =2) [ (VuPde+ [ (n-0)| 5 (1.2.50)
In the another hand, it easy to see that
2/ A2u(m - Va)dz = —d)\2/ lu|?da. (4.2.60)
Q Q

Inserting equations (4.2.59) and (4.2.60) in equation (4.2.56), we get

ul’
2 2 _ 27 N _ : v
dA\ /Q]u\ dr+ (2 d)/QWu\ dx /1“0(m ) 81/| dr’ 2R (/Qz)\by(m Vu)) dx. (4.2.61)

Multiplying equations (4.2.55) by 1 — N, and tacking the sum of this equation and (4.2.61), we
get

)\2/ |u|2dx—i—/ |Vu|2dx—/ (m-v)
0 Q To

Using Cauchy-Shwartz inequality in the right hand side equation (4.2.62), then for ¢ > 0, we

ou

o 2 ' =S (Ab/gy((d —Du+2(m - Vu))d:p) . (4.2.62)
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get

)\2/ |u|2dx+/ ]Vu|2dx—/ (m-v) Ou
0 Q Ty

2 1 1

ly|? : 2 2

dl' < (d— 1)|\||b /7d (/2 d)
ol ar < = oo  f )" ([ 2efuas

2 \3 1
satpull ([ o) ([ cvurar)

(4.2.63)

Using Young and Poincaré inequality, we get

2
— 1)2[\[2]p]2 2072
# [ [t [ o[ < (UZ0BERE | UPUEY
Q Q To Q

ou

ov

+e(1+ C)/Q|Vu|2dm
(4.2.64)

where C' = £ and « is the smallest eigen value of —A in Hg(f2). Now, using the geometric
condition (??) and equation (4.2.54), we get

(=12, [ml,

)\2/ |u|2d:c+/ \Vu\2dx§)\2b2< >/\yy2dx+g(1+0)/ Vul?dz. (4.2.65)
Q Q Q Q

4e €
Tacking ¢ = IJ%C in equation (4.2.65) and using equation (4.2.54), we get
2 2 (d-1) 2 2
/ [uffde <01+ C) (S + [l / lu|dz. (4.2.66)
Q Q

Using the fact b is small enough, we obtain
/ lul?dz = 0. (4.2.67)
Q

such that b satisfy

1-0*(1+40) <(d _4 e Hmuio> > 0. (4.2.68)

Finally, combining equations (4.2.54) and (4.2.67), we deduce that
u=y =0, (4.2.69)
using equation (4.2.36), (4.2.38) and equation (4.2.69), we obtain

v=2z2=0. (4.2.70)
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Consequently, using equation (4.2.41), (4.2.69) and (4.2.70), we obtain U = 0, which contradict
the hypothesis U # 0. The proof has been completed.

Lemma 4.2.5. Assume that n = 0. Then, the operator —A is not invertible and consequently

0€a(A).

Proof: First, let ¢, € H} (Q) and ¥, € H)(Q) be an eigenfunctions respectively of the following

problems
Ok = 0, on Iy, and Ok = 0, on Iy, (4.2.71)
% = 0 on I} 8{% = 0 on Iy.

such that

el @ = [ 1Venfda.

Next, define the vector F' = (¢, 0,0,0,0) € H. Assume that there exists U = (u,v,y, z,w) €
D(A) such that

-AU = F.
It follows that
V= =@, in Q
—€Pw +p(v=0 on Ty,
and
Au 0, in €,
Ay 0, in Q,
u - 07 on FO: (4273)
ou
o +K Rd p(Ew(§)d¢ = 0, on I,
Y = 0, on I.

2a—d—4

From (4.2.72), we deduce that w(§) = |£|™ 2 ¢k|r,. We easily check that, for a €]0, 1], the
function w(§) ¢ L*(RY). So, the assumption of the existence of U is false and consequently the

operator —A is not invertible.

Lemma 4.2.6. Assume that (n >0 and A € R) or (n = 0,\ € R*). Then, for any f € L*(Q),
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the following problem

A2u + Au — idby = h in Q,
A2y + Ay + idbu = g in £,
u = 0 on To (4.2.74)
a—u—l—(/\Qc +Mc)u = 0 on T
£y 1 2 1
Y = 0 on TI.
where
' R A2 + (€2 +n)? ’ re N2+ (|2 +n)2 o

admits a unique solution (u,y) € H} (Q) x H}(Q).

Proof: First, it easy to check that, if (n > 0 and A € R) or (n = 0 and A € R*), then, for
a €]0, 1] the coefficients ¢;(A,n) and cz(A,n) are well defined. Moreover, if n > 0 and A\ = 0,
then, using Lax-Milligram’s theorem we deduce that system (4.2.74) admits a unique solution
(u,y) € HE(Q) x Hy(Q). Now, we assume that 7 > 0 and NinR* and let us consider the
following problem

—Au + i\by = h in €,
—Ay —i\bu = g in Q,
u = 0 on I (4.2.76)
@—F(AQC —|—z’)\c>u = 0 on T
EY 1 2 1
Y = 0 on I.

Next, we give a variational formation of (4.2.76). For this aim, find (u,y) € Hp () x Hy(Q),
such that

a((uy), (. ¥)) = Lp,¥) V(p,¥) € Hy (Q) x Hy(Q). (4.2.77)
where
a((u,y), (p,0)) = /QVquodx—l—/QVdede—i-)\ch/r wpdl’
—H’)\CQ/F updl + iA\D (/Q (yp — ut)) d:z:)
and

L(p.v) = [ (hp+gv) da.

2
It is clear that a is bilinear, continuous and coercive on the space (H%O (Q) H) (Q)) . Finally,
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by Lax-Milligram’s theorem, the variational problem (4.2.77) admits a unique solution (u,y) €

H}, () Hy x (). We defined the operator £, by
CAu i
LU = u—i—z.)\by , where U = (u,y)" (4.2.78)
—Ay —i\bu

Then £ is an isomorphism from Hy, (Q) x Hj (Q2) into Hy, () x Hj (). Using the compactness
embedding from L?(2) x L?(Q) into <H%O (Q))/ x H™'(Q) and H} (Q) x Hj (Q) into L*(Q) x
L*(2), we deduce that £7! is compact from L?(Q) x L*(Q) into L*(Q) x L*(2). Then applying
L7 to (4.2.74), we get

(Lt -nu=c7tf (4.2.79)

The same computation in Lemma 4.2.4 shows ker (\A?£L™! — I) = {0} for b small enough. Then
following Fredholm’s alternative, the equation (4.2.79) admits a unique solution.

Lemma 4.2.7. If A > 0, for all A € R, we have
RGN — A) =H.
while if n =0 for all A € R*, we have
RGN — A) =H.
Proof: We give the proof in the case n > 0, the proof of the second statement is fully similar.

Let A € R and F = (fi, fo, f3, fa, f5) | € H, then we look for U = (u,v,y,z,w)" € D(A)
solution of

(iA—A)U =F. (4.2.80)
Equivalently, we have
AU — v = fi, in
iAv — Au + bz = fo, in
Ay — Az = f3, in
Az — Ay —bv = fy, in
o+ (|2 +nw—vu€) = f5, on I

as before, by eliminating v, z and w from the above system and using the fact that

B,u + vk / W(E)w(€)dE =0 on T,

Rd
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we get the following system :

A2+ Au — i\by = —fo—iAfi —0bfs in

)\2y + Ay + 1A\bu = —f4 - Z)\fg + bf1 in Q,

u =0 on T, (4.2.81)
Y = 0 on I

0 . .

875 + ()\201 + 2)\02) u = —iAafi+oefi+ 1}5 + []%5 on I'.

where ¢y, ¢ is defined in equation (4.2.75) and I3, I7 are given by

EVUCS)
T N+ ([E2+n)

f©u(©)(E* + n)
Rt A% A (€2 4 1)

[}5()\,77) = i)\'y/-i/R 5d¢  and ]]%5()\,17) = —YK dg.
It easy to check that, for f5 € L?*(R?) and o €0, 1[, the integrals I}, and I7 are will defined.

First, let (¢p,,%y) € Hr, x Hy(Q) be defined by

—A(,Df5 —f- Z)\b@/}fs = 0 iIl Q
_ij% - i)\b?ﬂj% =0 in
s =0 on o, (4.2.82)
VP =0 on I
fs
Oy
aiys = I}S —|— []%5 on F]_.

Then setting @ = u + ¢, and § =y + 1y, in (4.2.82), then we get

NG f AT — NG = Mg — fo— M1 —bfy n 0

NG AG NG = A — fo—iMfs b n 0

i = 0 on T, (4.2.83)
U =0 on I

0% iy L | |

Em + ()x ¢+ Mcz) 0 = —ideifi+cafi + (M1 +ide2) o, on Ty

Next, let 0 € H?*(2) N HE () such that

0=0, — =—idafi+efi+ (Ne+ida)e, on T (4.2.84)
14
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Then setting x = @ — 0, we get

A+ Ax — iAb = N —MN0—A0— fo—i\fi —bfs in Q,

N2+ A+ idby = Nbp, — i\ — fy —iNf3 +bf in €

X - 0 on Ty, (4.2.85)
dx 2 .

5_'—()\ cl+z)\02)x =0 on I

Using Lemma 4.2.6 problem (4.2.85) has a unique solution y € H}, () and therefore problem
(4.2.81) has a unique solution (u,y) € Hp () x Hy(Q2). By defining v = i\u— fi, z = idu— f3
in 2 and »

f5<§) + ZAurllu’(é) fl‘F1N<€)

TN IR+ AP+ AP+
we deduce that U = (u,v,y, z,w) belongs to D(A) and is solution of (4.2.80). This complete
the proof.

Proof of Theorem 4.2.3. Following a general criteria of Arendt-Batty see ..., the Cy—semigroup
of contractions e is strongly stable, if o(A) N iR is countable and no eigenvalue of A lies on
the imaginary axis. First, from Lemma 4.2.4 we directly deduce that A has non pure imaginary
eigenvalues. Next, using Lemmas 4.2.5 and 4.2.7, we conclude, with the help of the closed graph
theorem of Banach, that o(A) NiR = {0} if n > 0 and o(A) NiR = {0} if n = 0. The proof is
thus completed.

4.3 Polynomial Stability

This section is devoted to the study of the polynomial stability of system (4.2.1)-(4.2.9) in
the case n > 0, a = 1,b small enough and under the (MGC) condition defined in Definition

2.3.3. For the purpose, we will use a frequency domain approach, namely we will use Theorem
2.4 of [18] (see also [14, 15, 40]) that we partially recall.

Theorem 4.3.1. Let (T'(t)),>, be a bounded Co—semigroup on a Hilbert space H with generator
A such that iR C p(A). Then for a fized ¢ > 0 the following conditions are equivalent

l(is — A7 = O(]s]9), s— o0, (4.3.1)
ITOA™Y =00, t— . (4.3.2)

As the condition iR C p(A) was already checked in Theorem 4.2.3, it remains to prove that
condition (4.3.1) holds. This is made with the help of a multiplier method under the (MIGC)
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condition defined in Definition 2.3.3. We define the two opens sets by

I'g = ; inf |z —y| <
0 {CE‘G ) ;£F0|x y|—6}7

s = Q; inf |z —y| <
IR L

and we define the function 6 by

=0 on [,
0=1 on Iy, (4.3.3)
6(z) € [0, 1].

Since Ty N Ty = 0, we can choose € > 0 small enough such that
I'y C F(E) and Iy C Fi

Next, we present the main result of this section

Theorem 4.3.2. Assume that a = 1, n > 0 and b small enough. Then, for all initial data
Uy € D(A), there exists a constant C' > 0 independent of Uy, such that the energy of the strong
solution U of (4.2.14), satisfies the following estimation

1
Et,U) < CFHUOH%(A), vt > 0. (4.3.4)
-«
In particular, for Uy € H, the energy converges to zero at t goes to infinity.

As announced in Theorem 4.1, by tacking ¢ = 2 — 2, the polynomial energy decay (4.3.4) holds
if the following conditions
iR C p(A) (H1)

and

sup (N — A)7H| < +oo (H2)

il
ek [Al°
are satisfied. Condition (H1) is already proved in Theorem 4.2.3. We will prove condition (H2)
using an argument of contradiction. For this purpose, suppose (H2) is false, then there exists
a real sequence (\,), with |[A\,| — +o00 and a sequence (U") C D(.A), verifying the following
conditions

1U" | = [[(u", 0", 9", 2", w") [l = 1 (4.3.5)

and

A(ide = AU = (f1 5, f30 f1 f5) — 0 in A, (4.3.6)
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For the simplicity, we drop the index n. Detailing equation (4.3.6), we get

: f :
iu—v = /\—2 — 0 in Hp (), (4.3.7)
iv—Au+bz = f\ci — 0 in L*(9), (4.3.8)
) - b 0w m@ 4.3.9
Wy—z = 5-—0 in 0 (), (4.3.9)
iy —Ay—by = ﬁ‘; — 0 in L*(9), (4.3.10)
ido + (€ +n)w — v|p,u(€) = f\c‘z —0 in L*RY). (4.3.11)

Note U is uniformly bounded in H. Then, taking the inner product of (4.3.6) with U in H, we
get

. o(1
— VK /}Rd(|§|2 +n)|w?dé = R ((GN — AU, U),, = /(\2 (4.3.12)
As below, by eliminating v and z from the above system, we get
Nu+ Au—idby = —ﬁj—zi{l—bjj, (4.3.13)
A b
Ny + Ay +idbu = —fz—xf#{;. (4.3.14)

Lemma 4.3.3. Assume that n > 0. Then the solution (u,v,y, z,w) € D(A) of (4.3.7)-(4.3.11)
satisfies the following asymptotic behavior estimation

o1

[ull2@) = i) (4.3.15)
o1

1yllze@) = E\>, (4.3.16)
o(1)

[0vull L2,y = o’ (4.3.17)

fullrey = 4. (43.18)

Proof: Using equations (4.3.6), (4.3.7) and (4.3.9), we deduce directly the estimations (4.3.15)-
(4.3.16). Now, from the boundary condition

Bu + %/ W(Ew(E)de =0 on T

R4

we get

o <20 ([, |§|i(?nd€>% ([ 06k + mlefae) " (1.8.19)
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Then, combining equation (4.3.12) and equations (4.3.19), we obtain the desired equation
(4.3.17). Finally multiplying equation (4.3.11) by (i\ + [£]? + n)~1u(€), integrating over R?
with respect to the variable ¢ and applying Cauchy-Schwartz inequality, we obtain

Aol < 4 ([ e+ mleae)” + o ([ norae)’, wsa0)

where,

()’ P \? ()’ :
= e T AF</ |§2+nd§) and A“”’:(/Rd (\A!+M!£|2+n)2d£> |

Using lemma 1.6.2 , we obtain

Ay =c(]N +n)t and Ag=¢&(|A +7)27! (4.3.21)

where ¢ and ¢ are two positive constants. Inserting equation (4.3.12) and (4.3.21) in equation
(4.3.20) and using the fact that £ = 2 — 2a, we get

ol 22,y = o(1). (4.3.22)

It follows, from (4.3.7), that equation (4.3.18) holds. The proof has been completed.

Lemma 4.3.4. Assume that n > 0. Then, the solution (u,v,y, z,w) € D(A) of (4.3.7)-(4.3.11)

satisfies the following asymptotic behavior estimation

o(1
10,y L2(ryy = O(1) + Al(_l- (4.3.23)

Proof: Multiplying equation (4.3.14) by 260(m - Vy), we obtain

2/ A2y9(m-vgj)dx+2/ Ayé’(m-V@)dm—l—Qi/ Aoub(m - V§)dx =
Q Q

4.3.24
—2/ <f4+M’—l’{j> (m - V§)da. ( )

Firstly, using the facts that Vy is bounded in L?*(2), [ fillm ) = o(1) and || fal[r2(@) = o(1),
0

we get
. 2/ <§4 —pt ) (m - V) dz = 0;? (4.3.25)

On the other hand, using Green formula and the fact that y = 0 on I' for the second term of
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the right hand side of equation (4.3.24), we get

—2/ Mf:” (m - V§)de = 2/ Ayv;fmf?’) (4.3.26)

So, using equation (4.3.16) and the fact that || f3| g1 () = o(1), we obtain, from (4.3.26) that

_ 2/ NS . ) = 0&? (4.3.27)

Secondly, using Green formula and the fact y = 0 on I', for the first term of the left hand side
of equation (4.3.24), we get

2 /Q Nyl (m - Vy)dr = — /Q (d6 + (m - V) | \y|*dx. (4.3.28)

Next, using the Green formula, for the second term of he left hand side of equation (4.3.24),

we get

2R (/Q Ayb(m - vgy)dg;) — R (/Q Yy -V (0(m - Vg))dm) + 2/F(9(8Vy) (m - V) dT.
(4.3.29)
Furthermore, using Green formula for the first term on right hand side of equation (4.3.29), we
get
o (/Q Yy -V (0(m- V) dx) - /Q(m V)| Vy[2da + (d — 2) /Q 0|Vy[2dz
0(m - v)|Vy[2dl (4.3.30)

—2%R (/Q(Vy -Vo)(m - Vyj)da:) :

Then, combining equation (4.3.29), (4.3.30) and using the fact that y = 8—y =0onI, we get

2R ( /Q Aye(m-w)dx) — R ( /Q (Vy~V9)(m~Vyj)da:)
—(2—d)/Q(9\Vy\2dx+/Pl O(m-v)|9,y2dl; (4.3.31)
+/Q(m-V9)]Vy|2dx.
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So, inserting equations (4.3.25), (4.3.27), (4.3.28) and (4.3.31) in equation (4.3.24), we obtain

/F19<m-y)|a,,y|2dr - /Q<de+(m-ve))|xy|2dx—(d—z)/ﬂmvyﬁdzx
2R ( /Q (Vy - VO)(m - Vi)dz) — /Q (m- VO)|Vyldr  (4.3.32)
)

N———

R (m /Q buf(m - Vy)dx) + ";

Finally, using equation (4.3.16), the fact that Vy is bounded in L?(2), § = 1 on I'; and
¢ =2 — 2a, we obtain the desired equation (4.3.23). The proof is thus complete.

Lemma 4.3.5. Assume that n > 0. Then the solution (u,v,y,z,w) € D(A) of (4.3.7)-(4.3.11)

satisfies the following asymptotic behavior estimation
/ uf2d — / \yl2da = o(1). (4.3.33)
Q Q

Proof:[proof] Multiplying equations (4.3.13) and (4.3.14) by Ay and Au respectively, using

Green formula, we obtain

3, =71 Gdw i 20 — _ fr A DS
/Q/\ uydx )\/QVuVyd:U zb/Q|)\y| dr = / ()\é+ Ve + N Aydx (4.3.34)

and

/ Nyiads — A / VyVidz + A / (8,y)adly + ib / 2 de =
Q Q Iy Q

LA AN (4.3.35)
—A(;—l—z)\{s—){;))\udaﬁ

Firstly, using equations (4.3.15), (4.3.16) and the facts that || fi|[ ;1 ) = o(1), [|f2llz2) = o(1),
0
[fsll 0y = o(1) and || fullL2(@) = o(1), we get

o(1)
bf o(1)
Using equations Lemma 4.3.3 and (4.3.23), we get
dy
—udl'y = o(1 4.3.
A N 8yud 1=o(1). (4.3.38)

Next, multiplying equations (4.3.13) and (4.3.14) respectively by fs and f; and integrating, we
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get
20 fa — f. =1 f. = — f2 i ﬁ
/Q Nufy /Q YV fadz — iAb /Q yFadz = / ( S iSy ) Fada (4.3.39)
and
/)\nylda:—/ Vnyldx—I—/ (0,y) frdl'y —i—i/\b/ wfide
N ? 4.3.40)
(A ) s
\ 1
Using equations (4.3.15), (4.3.16) and (4.3.23), and the facts that ||f1||H1 =o(1), | f2ll2(0) =

o(1), [If3llm) = o(1), Ifallz2) = o(1) and Vu, Vy are bounded in LQ(Q), we obtain, from
(4.3.39)-(4.3.40)

/ Nufsdr = f1f3 o(1), (4.3.41)
Q
. A
/ Nyfide = / f3f1 o(1).. (4.3.42)
Q
Now, combining equation (4.3.34), (4.3.36) and (4.3.42) we get
_ _ . A fi o(1)
3 27 _
/Q)\ uydr — )\/QVuVydx —zb/Q | A\y|*dx —/Q ot dx + N (4.3.43)

On the other hand, combining equation (4.3.35), (4.3.37), (4.3.38) and (4.3.41) we obtain

/ Nyidz — /\/ VyVads —H'b/ ul2dz :/ AL 10 1 o). (4.3.44)
Q Q Q o A\

Finally, adding equations (4.3.43)-(4.3.44), use the fact that ¢ = 2 — 2« and tacking the imagi-
nary part, we get the desired equation (4.3.33). The proof is thus complete.

Lemma 4.3.6. Assume that n > 0. Then the solution (u,v,y,z,w) € D(A) of (4.3.7)-(4.3.11)
satisfies the following asymptotic behavior estimation

/Q|/\u|2dx—/Q|Vu|2dx:0(1) and /Q|)\y|2d:p—/Q|Vy|2dx:0(1). (4.3.45)

Proof:[proof] Multiplying equation (4.3.13) by 4, using Green formula, we get

1
/ u|2dz —/ \Vu\Qd:C—l—/ O, —ib/ ©ide = 20 (4.3.46)
Q Q r, Ov Q N
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Multiplying equation (4.3.14) by ¥, using green formula, we get

1
/Q Iy|2dz — /Q Vy|2dz + ib /Q Nufds = 0&) (4.3.47)

Using Lemma 4.3.3 in equation (4.3.46), we get the desired (4.3.45). The proof is thus complete.

Lemma 4.3.7. Assume that n > 0. If [b] < 52— ” then the solution (u,v,y,z,w) € D(A) of
(4.3.7)-(4.3.11) satisfies the following asymptotic behavior estimation

[ 1uldz = o) (43.48)

Proof: Multiplying equation (4.3.13) by 2(m - Vu), we get

2 . T . T — ) . 21 —
2/9)\ u(m Vu)dx—i—Q/QAu(m Vu)dx 22/\1)/ by(m - Vu)dx

Ny ; (4.3.49)
—2/ < ﬁ + b;;) (m - Vu)dx.

Firstly, using the fact that || fol|r2@) = o(1), [ fsllm1@ = o(1), Vu is bounded in L?(Q), and
the fact that ¢ = 2 — 2, we get

bf o(1
=J ( 3) m - Vii)de = )\2<2)a' (4.3.50)
On the other hand, we say that
. fi _ i [ 2\ _
22)\/9 V(m -Vu)dxr = _2ﬁ /Qu -V (fim)dx + 5G /Fl(mf - v)udly. (4.3.51)

So, using equation (4.3.15), (4.3.18), || fill a1 (o) = o(1) and the fact that { = 2 —2a, we obtain,
0
from (4.3.51) that

22)\/ (m - Vu)d o(l) (4.3.52)

)\2 2a "

Secondly, using integration by parts, we get
2/ Nu(m - Va)dr = —d/ | \ul|*dx + /\2/ (m - v)|u|*dl;. (4.3.53)
Q Q '
So, using equation (4.3.18) in equation (4.3.53) and the fact that ¢ = 2 — 2« we obtain

A2 /F (- v)|uPdy = of1) (4.3.54)
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Combining equation (4.3.53) and (4.3.54), we get
2/9/\2u(m -Vu)dr = —d/Q | \u|*dx + o(1). (4.3.55)
Next, using Green formula, we get
Q/QAu(m Vi)dz = (d - 2) /Q Vul?dz + 2/F gZ(m - Vi)dl — /F(m )| Vul2dD. (4.3.56)

So, inserting equation (4.3.25), (4.3.27), (4.3.55), (4.3.56) in equation (4.3.49) and tacking the
reel part, we get

ou
_ 2 _ 2 et . — _ X 2
d/Q|Au| dr + (d 2)/Q|Vu| dr + 2R (/F o m vu)dr> /F(m V)| Vu[2dT

(4.3.57)
+2)\bR (—2/ y(m - Vu)da:) =o(1).
Q
Using the fact % =0 on I'y, we get
—2§R< gu(m Vu)df) /(m-u)|Vu|2dF = —/ (m-v) gu dr
Y : ) o v (4.3.58)
R (/ K vu)dr> / (m - v)|Vu|2dT
T ov Iy
Let € > 0, so by Young inequality, we get
2R (/ O VY ) ”m||°° dF +s/ Vul2dT. (4.3.59)
I 67/ I
Using equation (4.3.17) in (4.3.59) and the fact that ¢ = 2 — 2a, we get
ou (1)
< .9.
2R (/F o (m vu)dr> 5/ V| e (4.3.60)
Inserting equations (4.3.60) in equation (4.3.58), we get
—23fe< g“(m vu)dr> /(m V)| Vaul2dl > — / m-v) g” dr
v . v (4.3.61)

1
—g/ V| dF+/ m - v)|Vu|%dD + v( Z)Q
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Using the (MGC) condition, in equation (4.3.61), we get

— 2R ( gz(m VU)dF> /F(m V)| Vul?dl > )\02(12>a +(0—¢) /F1 Vul?dT. (4.3.62)

Tacking € < 0, then we get

_oR ( /F gZ(m - vu)dr> + /F (m - v)|Vul?dl > AQ(lg)a (4.3.63)

Inserting equation (4.3.63) in equation (4.3.57), we get
a [ NaPde+ (2 d) [ [VulPde < 200 (—i [ ytm- Vu)d:c) +o(1). (4.3.64)
Multiplying equation (4.3.45) by 1 — d and combining with equation (4.3.64), we get
/Q|/\u|2dx 4 /Q Vul2dr < 2R <—i/Qb)\y(m - va)d:c) +o(1). (4.3.65)
Using Young inequality, we get
5}%(-@ /Q b)\y(m~Va)dx> < [lm)20? /Q \y[2dz + /Q Vul?dz. (4.3.66)
Inserting equation (4.3.66) in equation (4.3.65), we get
/Q|)\u|2dx+/Q|Vu|2d:U < Hm||zon/Q|)\y]2d9:+/Q|Vu\2d:v+0(1). (4.3.67)
Using Lemma 4.3.5, we get
(= m26%) Xufde < o). (4.3.68)

Finally, using the fact that |b| < Tl H in equation (4.3.68), we get the desired equation (4.3.48).
Thus the proof is complete.

Proof of Theorem 4.3.1. Using (4.3.33), (4.3.45) and (4.3.48), we get
/Q|Vu|2d$ = o(1), /Q|)\y|2da7:0(1), and /Q|Vy|2dx = o(1). (4.3.69)

It follows, from (4.3.12), (4.3.48) and (4.3.69), that ||U|| = o(1) which a contradiction with
(4.3.5). Consequently condition (H2) holds and the energy of smooth solution of system (4.2.1)-
(4.2.9) decays polynomial to zero as t goes to infinity where @ = 1 and b small enough and
verifying |b] < Tl ” . Finally, using the density of the domains D(.A) in H, we can easily prove
that the energy of weak solution of system (4.2.1)-(4.2.9) decays to zero as t goes to infinity.
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The proof has been completed.
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CHAPITRE 5

INDIRECT STABILITY OF A SYSTEM OF STRONGLY COUPLED
WAVE EQUATONS WITH LOCAL KELVIN-VOIGHT DAMPING

5.1 Introduction

Let Q Cc RY be a bounded open set with Lipchitz boundary I'. We consider the following
two wave equations coupled with a viscoelastic damping around the boundary I' :

{ p1(x)uy — d'iv(al(x)Vu +b(z)Vuy) + ayy =0 %n Q xR, (5.1.1)
p2(x) Yy — div(az(x)Vy) — auy = 0 in QxRT,
with the following initial conditions :
u(+,0) =uo (-), y(,0) =40 (-), w(-,0) =us (-), %(-,0)=w () inQ, (5.1.2)
and the following boundary conditions :
u(z,t)=y(x,t)=0 onl xR". (5.1.3)

The functions py, p2, ai, az, b € L>°(Q) such that

p1(z) > p1, p2(z) > po, ar(z) > aq, ax(x) > ay

and « is a real constant number.

The local viscoelastic damping is a natural phenomena of bodies which have one part made
of viscoelastic material, and the other is made of elastic material. There are a few number of
publications concerning the wave equation with local viscoelastic damping. In [39], Liu and Rao
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studied the stability of a wave equations with local viscoelastic damping distributed around
the boundary of the domain. They proved that the energy of the system goes exponentially to
zero for all usual initial data.

K. Liu and Z. Liu in [38], considered the longitudinal and transversal vibrations of the Euler-
Bernoulli beam with Kelvin-Voigt damping distributed locally on any subinterval of the region
occupied by the beam. They proved that the semigroup associated with the equation for the
transversal motion of the beam is exponentially stable, although the semigroup associated
with the equation for the longitudinal motion of the beam is not exponentially stable. In [48],
they consider a system of wave equations which are weakly coupled and partially damped by
one locally distributed Kelvin-Voigt damping. The first equation is effectively damped, the
second equation is indirectly damped through the coupling parameter. Firstly, using a unique
continuation result based on a Carleman estimate, they show that the system is strongly stable
for all usual initial data. Secondly, using a spectral approach, we show that the system is not
uniformly exponentially stable. Then, it is natural to expect a polynomial energy decay rate.
For this aim, using a frequency domain approach combined with piece wise multiplier method,
we establish a polynomial energy decay rate.

This chapter is organized as follows. First, in section 2, we show the well-posedness of the system
and using a general criteria of Arendt-Batty see [9] and a mild continuation of Hormander
Theorem 8.3.1 (see [28]), we show the strong stability of the system in the absence of the
compactness of the resolvent. Next, in section 3, using a spectrum approach, we prove the
non-uniform stability of the system. Finally, in section 4, we establish an optimal polynomial
energy decay rate as % for smooth functions by a frequency domain approach combined with a
piece ways multiplier method.

5.2 Well-Posedness and Strong Stability

5.2.1 Well posedness of the problem

In this part, using a semigroup approach, we establish well-posedness result for the system
Kelvin Voight with viscoelastic damping div(b(z)Vu,) be applied around the boundary I
Now, the energy of system (5.1.1)-(5.1.3) is given by

1
E(t) = 5/Q (p1(@) el + po(@)yel? + a1 (2) | Vul? + az(2)|Vy?) da. (5.2.1)
Then a straightforward computation gives

E(t) = — /Q b(x)| V| < 0.
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Thus, the system (5.1.1)-(5.1.3) is dissipative in the sense that its energy is non increasing with
respect to the time t. For any v > 0 we define the y—neighborhood O, of the boundary I' as
follows

Oy, ={2xeQ: |z—yl<~v, yel}l (5.2.2)

More precisely, we assume that

p1(x) > p1 >0, po(x) > p2 >0, a1(x) > a; >0, ax(z) > ay >0 forall z € Q,
(H)

b(z) > by >0 forallzeO,.
Next, we define the Hilbert space
H = (Hy(Q) x IX(Q))’
endowed with the inner product

<U, [7> = /Q (a1Vu . Vﬁ + aQVy : VZ? + pﬂﬂ:) + ,0225) dx,

for all U = (u,v,y,2)" € H and U = (@, 9,9, %) € H. Finally, we define the unbounded linear
operator A by

D(A) = {(u,v,y,z) € H : div(a;(z)Vu + b(x)Vv) € L*(Q), ( )
5.2.3
div(ag(z)Vy) € L*(Q) and v,z € H&(Q)},

and
“ 1.
A vl _ | @) (div(ai(z)Vu + b(z)Vv) — az)
y 2
2 PRE) (div(az(z)Vy) + av)

If U= (u,us,y,y:) " is a regular solution of system (5.1.1)-(5.1.3), then we rewrite this system
as the following evolution equation

{m:AU (5.2.4)

U(0) = Uy

where Uy = (U(),Ulayo,yl)T-
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Proposition 5.2.1. Under hypothesis (H), the unbounded linear operator A is m-dissipative
in the energy space H.

Proof: For all U = (u,v,y,2)" € D(A), we have
R (AU, U),, = — /Q b(z)|Vo|2de < 0, (5.2.5)

which implies that A is dissipative. Now, let F' = (f1, f2, f3, f1) " € H, we prove the existence
of
U= (u,v,9,2)" € D(A)

unique solution of the equation

—-AU = F
Equivalently, we have the following system

v = f (5.2.6)
—div(a1Vu +bVv) +az = pifs (5.2.7)
— = fy (5.2.8)
—div(ax(x)Vy) —av = pafs (5.2.9)

Inserting (5.2.6), (5.2.8) in (5.2.7) and (5.2.9), we get
— div(a1Vu — bel) = ,Olfg + Ckfg (5.2.10)
—div(aaVy) = pafs —afi (5.2.11)

Multiplying (5.2.10) and (5.2.11) by ¢ and ¢ respectively, and integrating their sum, we get

-/Q (01Vu- Ve +a:Vy - Vi) da = /Q ((prfa+ afs) o+ (BV f1- V) da
(5.2.12)

+ [ (p2fa—afi) b, ¥ (p,v) € HY(Q) x H}(S).

Using Lax-Milgram Theorem (see [51]), we deduce that (5.2.12) admits a unique solution (u, y)
in Hj(Q) x Hj(Q). Clearly this solution satisfies (5.2.10)-(5.2.11) by choosing appropriated
test functions. Thus, using (5.2.6)-(5.2.8) and classical regularity arguments, we conclude that
—AU = F admits a unique solution U € D (A) and 0 € D (A) . Since D (A) is dense in H,
then, by the resolvent identity, for small A > 0 we have R (A — A) = H (see Theorem 1.2.4 in
[42]) and A is m-dissipative in H. The proof is thus complete.

Thanks to Lumer-Phillips Theorem (see [42] and [51]), we deduce that A generates a Cy-
semigroup of contraction et in H and therefore problem (5.1.1)-(5.1.3) is well-posed. Then we
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have the following result :

Theorem 5.2.2. For any Uy € H, problem (5.2.4) admits a unique weak solution
Ut) € CORT; H).

Moreover, if Uy € D(A), then

U(t) € CY(R™,H) N CO(R*, D(A)).

5.2.2 Strong Stability

In this part, we use a general criteria of Arendt-Batty in [9] to show the strong stability of
the Co-semigroup e associated to the system (5.1.1)-(5.1.3) in the absence of the compactness
of the resolvent of A. Throughout this part, we assume that

ar, ay € COH(Q).

Theorem 5.2.3. Under hypothesis (H), the Co—semigroup e is strongly stable in H ; i.e, for
all Uy € H, the solution of (5.2.4) satisfies

lim || Ul = 0.
t—o0
For the proof of Theorem 5.2.3, we need the following two lemmas.
Lemma 5.2.4. Under hypothesis (H), we have
ker(iAl — A) = {0}, VAIeR

Proof: From Proposition 5.2.1, 0 € p(.A). We still need to show the result for A € R*. Suppose
that there exists a real number X\ # 0 and U = (u,v,y,2)" € D(A) such that

AU = i\U. (5.2.13)
From (5.2.5) and (5.2.13), we have
0="R (IAIU[2) = R(AU,U),) = - /Q b(z)|Vo|dz. (5.2.14)
This together with the condition (H) and Poincarré’s inequality implies that

b(z)Vv=01in Q and v=01in O,. (5.2.15)
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Inserting (5.2.15) into (5.2.13), we get the following system

vo= i\u in Q, (5.2.16)
div(amVu) —az = idpjv in (5.2.17)
z = i\y in €, (5.2.18)
div(aeVy) + av = iApez in Q. (5.2.19)
Using (5.2.15) and (5.2.16), we get
u=0 on O,. (5.2.20)
Inserting (5.2.18) in (5.2.17), we get
div(a1 Vu) — aidy = ipy \v. (5.2.21)
From (5.2.20) and (5.2.21), we have
y=0 on O,. (5.2.22)
Using (5.2.19) and (5.2.22), we get
z=0 on O,. (5.2.23)

Moreover, from (5.2.15), (5.2.20), (5.2.22) and (5.2.23), we get
U=0 on O,. (5.2.24)
Next, inserting (5.2.16), (5.2.18) in (5.2.17) and (5.2.19), we get the following system

A = pVu+div(a,Vu) —az =0 in Q,
Ay = poX\y +div(aaVy) +av =0 in €, (5.2.25)

u=y=0 in O,.

Using the fact that a;, a; € C%1(Q), we deduce that the solution (u,y) of system (5.2.25) belong
to H2(Q) x H2(Q), where

H?(Q) = {u . win H?(Q) and with compact support} :
From Theorem 8.3.1 see [28], there exist C' > 0 and 75 >> 1, such that for all 7 > 75, we have

73/962W|f|2d:v+7/962W|Vf|2d:)3 < C/QeQW|Af|2dx Vf e C(Q), (5.2.26)
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where p(z) = % for a fixed zy € Q. By density argument we extend equation (5.2.26) into
space H2(Q2). Now, by taking f = u and f = y in equation (5.2.26), we get
73/ 62T¢|u|2d$+7'/ > | Vul*dr < 6’1/ ¥ ™| Aul?dz, (5.2.27)
Q Q Q
7‘3/ 62T‘p|y|2dm+7/ ™| Vy|Pdr < Cg/ ¥ AylPda. (5.2.28)
Q Q Q

Adding (5.2.27) and (5.2.28), we get
7 [ e(ful + yP)de + 7 [ (Tl + [Vy)da
Q Q
< 20/ 7 (|atul? + laAy|?)da.  (5.2.29)
Q
From (5.2.25) and (5.2.29), we get

(7 = Ca) [ (a4 o)+ (7= ) [ 2(Tul + [Vyl)da
@ @ (5.2.30)
< G [ (| Al + | Asy[?)da,

where C, Cy and Cj are positive constants. Finally, take 7 such that 72 —C} > % and 7—Cy > %,
we deduce that u = 0 and y = 0 in €2. The proof is thus complete.

Lemma 5.2.5. Under hypothesis (H), i\l — A is surjective for all A € R.

Proof: Since 0 € p(A). We still need to show the result for A € R*. For any

F= (f17f2,f37f4)Ta A ERY,

we prove the existence of
U= (u,v,y,2)" € D(A)

solution for the following equation

(A — AU = F
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Equivalently, we have

iNu—v = fi, (5.2.31)

i — L (div(@Vu+ bV0) —az) = fo, (5.2.32)
" Ny —2z = f3, (5.2.33)

Nz — [)12 (div(aeVy) + av) = fi. (5.2.34)

From (5.2.31) and (5.2.33), we have
v=1lu— fiand z=1i\y— f3. (5.2.35)

Inserting (5.2.35) in (5.2.32) and (5.2.34), we get the following system

1 A
A2 — = div((ag + iIN)Vu) +i—y = hy,

At o P1 (5.2.36)
—\y — —div(aaVy) —i—u = ha,

P2 P2

where .
. . «
hy = iXfi+ fo— —div(bV fi) + —fs,
P1 P1

0 (5.2.37)
hey = _;fl +iXf3 + fa.
2

Define the operators

1 A
——div ((ay + iAb) V) + 122y § L
U=\ " o P U= ()" e (H(Q)

Using Lax-Milgram theorem, it is easy to show that £ is an isomorphism from (HE(€))? onto
(H&(Q))z. Let U = (u,y)" and h = (hy,hy)", then we transform system (5.2.36) into the
following form

U—-NLTU=LTF (5.2.38)

Using the compactness embeddings from L?(Q) into H~!(Q) and from Hj(Q) into L*(Q) we
deduce that the operator £~ is compact from L?*(Q2) into L?*(f2). Consequently, by Fredholm

alternative, proving the existence of U solution of (5.2.38) reduces to proving the injectivity of
the operator Id — X\2£~". Indeed, if i = (@, )" € ker (Id — £7), then we have AU — LU = 0.
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It follows that

1 oA
~ N4 — —div ((a; +iNb)VE) +i—F = 0,
P1 £1
1 o) (5.2.39)
—\j — —div(apVj) —i—a = 0.
P2 P2

Now, it is easy to see that if (u,7) is a solution of (5.2.39) then the vector U = (4, it, g, iy)
belongs to D(A) and we have iNU — AU = 0. Therefore, by lemma 5.2.4, we get U and so
ker(Id — A\?L) = {0}. Thanks to Fredholm alternative, the equation (5.2.38) admits a unique
solution U = (u,y) € (HL())*. Thus using (5.2.35) and a classical regularity arguments, we
conclude that (1A — A) U = F admits a unique solution U € D(A). The proof is thus complete.

Proof of Theorem 5.2.3. Following a general criteria of Arendt-Batty in [9], the Cy—semigroup
et of contractions is strongly stable if A has no pure imaginary eigenvalues and o(A) N iR is
countable. By Lemma 5.2.4, the operator .4 has no pure imaginary eigenvalues and by Lemma
5.2.5, R(i\ — A) = H for all A € R. Therefore, the closed graph theorem of Banach implies
that o(A) NiR = (). The proof is thus complete.

Remark 5.2.6. We mention [53] for a direct approach of the strong stability of Kirchhoff plates
in the absence of compactness of the resolvent.

5.3 Non Uniform Stability
In this section, our goal is to show that the system (5.1.1)-(5.1.3) is not exponentially stable.
Throughout, this part, we assume that

ai, a2, P1, P2 € R+ and b€ Ri— (H’)

Theorem 5.3.1. Under hypothesis (H’), the system (5.1.1)-(5.1.3) is not uniformly stable in
the energy space H.

For the proof of Theorem 5.3.1, we aim to show that an infinite of eigenvalues of A approach
the imaginary axis. First, we determine the characteristic equation satisfied by the eigenvalues
of A. For the aim, let A € C be an eigenvalue of A and let U = (u,v,y,2)" € D(A) be an
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associated eigenvector such that ||U]|3 = 1. Then

Vo= A, (5.3.1)

div(a,Vu + bVov) —az = Apyo, (5.3.2)
2= Ay, (5.3.3)

div(aeVy) + v = Apaz. (5.3.4)

Inserting (5.3.1), (5.3.3) in (5.3.2) and (5.3.4), we get
pNu — (a; + Ab)Au+aly = 0, (5.3.5)
P2y — asAy — adu = 0. (5.3.6)
Lemma 5.3.2. Let A € C be an eigenvalue of A. Then R () is bounded.

Proof: Multiplying (5.3.5) and (5.3.6) by w and y respectively, and integrating their sum, then
take the real part of the resulting equation, we get

RN OlIVull® + pulIXull® + arl[Vull® + pal|Ayl|* + a2 | Vy[|* = 0. (5.3.7)

Since ||U|ly = 1, then we have p; || ul|* + po| [ My||* + al| Vu||? +a||Vy|* and | Vu||? are bounded.
Consequentially there exists constant x > 0, such that

—k <R(N) <0.

The proof is thus complete.

Proposition 5.3.3. There exists kg € N* sufficiently large such that
o(A) Doy Uoay,

where

00 = {)‘k}keja 01 = {)\k}|k|2k0 , OgNoy = 0.

Moreover, J is a finite set, and

a a? ( 1 )
A =ty —pe — 57— tol—5 |- 5.3.8
’ P2Mk 2bpapii 0 ( )

Proof: From (5.3.6), we have

1 2
u=— [pQ)\ Y — aQAy} . (5.3.9)
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Inserting (5.3.9) in (5.3.5), we get the following equation
as(ay + \b) A%y — [(agpl +a1pa) A+ pgb)\?’} Ay + N2 (plpg)\Q + 042) y=0. (5.3.10)

Now, let ¢, be an normalized eigenvector of the following problem

{ —Apk = s i G, (5.3.11)
wr =0 on I
Then by taking y = ¢ in (5.3.10), we deduce the following characteristic equation
P(X) = p1pad* 4 pabpii \* + [(agpl 4+ aypa) i + ozﬂ AN agbpii\ + aragpy. (5.3.12)
Next, taking £ = /7); and ¢, = /%k in (5.3.12), we get
pabE 4 agb€ + ayasy + &’} + (agpy + arps) E2E + p1patéy = 0. (5.3.13)

Since H—’\k is bounded and &, — 0, then thanks to Rouché’s Theorem, there exists ky large
enough such that for all |k| > kg the large roots of the polynomial P are close to the roots of
the polynomial

Py(€) = p2b€® + asbg.

Moreover, the large roots of P, satisfy the following asymptotic

_, [e
5—2\/;. (5.3.14)

Then from equation (5.3.14) and Rouché’s Theorem, we get the large roots of P satisfy the
asymptotic equations

E=1 i er where  lim g, =0. (5.3.15)
p2 \k\~>+oo
Inserting equation (5.3.15) in equation (5.3.13), we get
1 . (A2 - . ~
€ =0 and N\, =i,/ —pur + &g, where lim &, =0. (5.3.16)
HE P2 || =00

Multiplying equation (5.3.12) /%4, we get
k

. 2
/)174P2)\4 n /)%)\3 4 M}? + %)\2 + azbA + ayas = 0. (5.3.17)
M, i Hi Hk
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Inserting equation (5.3.16) in equation (5.3.17), we get

G +0< ! ) . (5.3.18)

popp\ i}

The proof thus is complete.

Proof of Theorem 5.3.1. From Proposition 5.3.3 the large eigenvalues in (5.3.8) approach
the imaginary axis and therefore the system (5.1.1)-(5.1.3) is not uniformly stable in the energy
space H.

5.4 Polynomial Stability

In this section we prove that the system (5.1.1)-(5.1.2) is polynomially stable in the energy
space H. Throughout, this part, we assume that

alaa27p1ap27b € Cl’l<ﬁ)' (Cl)

Also, we assume that the following supplementary conditions.
There exists a function ¢ € C1(Q,RY) and 0 < o < 8 < 7, such that

0ijqr = Okqj, div(ajazpeq), div(aiazpiq) € C’O’I(Qg) and ¢g=0 on O,, (C2)

There exists a constant o; > 0, such that

a
2a28j(a1qu) + aq (qk(‘?jag + Qjaka2> -+ [al (:qv,og — an2> I Z 0'1], VI € Qg. (CS)
2

There exists a constant o, > 0, such that

a
2a10;(a2kqr) + a2(qrdjar + q;0kar) + [aa (pqupl — an1>
1

I >0, Vxe Q/B' (04)
There exists a constant M > 0 such that for all v € H}(), we have
I(q- Vo) Vb — (q- Vb)Vu| < MVb |Vu|, Ve Q. (C5)

Theorem 5.4.1. Assume that conditions (H), (C1) — (C5) are satisfied. Then for all initial
data Uy € D (A), there exists a constant C' > 0 independent of Uy, such that the energy of the
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strong solution U of (5.2.4) satisfying the following estimation :
1
Et,U) < C;HUOH%(A), vt > 0. (5.4.1)

In particular, for Uy € H, the energy E(t,U) converges to zero as t goes to infinity.

A on a Hilbert space H

Following Borichev and Tomilov, a Cy—semigroup of contractions e
verify (5.4.1) if

iR C p(A), (H1)

and ]
30X = ) ey < +oo. (12)

We Know that condition (H1) is verified. Our goal now is to prove that condition (H2) is
satisfied. To this aim, we proceed by a contradiction argument. Suppose that (H2) does not
hold, then there exist a sequence (\,), € R and a sequence (U,) C D(A) such that

[Anl — F00,  [Unllse = |[(tns vy Yy z0) 110 = 1 (5:4.2)

and
A (A =AU = (f1,91, f2, 2) — 0 in 7, (5.4.3)

are satisfied. For simplicity, We drop the index n . By detailing equation (H2), we get the
following system

i —v = Q — 0 in Hj(Q), (5.4.4)

iAprv — (div(a Vu + bVv) —az) = % — 0 in L*(Q), (5.4.5)
iy —z = J;j —0 in Hy(Q), (5.4.6)

iApaz — (div(asVy) + av) = % —0 in LX9). (5.4.7)

Lemma 5.4.2. Assume that conditions (H), (C1) — (C5) holds. Then the solution (u,v,y, z) €
D(A) of equations (5.4.4)-(5.4.7) satisfying the following estimations
o(1) o(1)

||Vv||L2(O.Y) = — cmd ||U||L2(O»y) = —.

A A

Proof: Multiply in H equation (H2) by the uniformaly bounded sequence U = (u,v,y, z), we
get

25 . _ o(1)
/Qb(x)|vu| dr = =R (A = AU, U)y,) = 27
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It follows that

[6(2) Vvl 20) = 0()\”- (5.4.8)

Using (C') and Poincarré inequality in equation (5.4.8), we get the second estimation desired.

Lemma 5.4.3. Assume that conditions (H), (C1) — (C5) holds. Then, the solution (u,v,y,z) €
D(A) of equations (5.4.4)-(5.4.7) satisfying the following estimations

o1 0(1) o(1 o(1
o = 22, ol = AR, ulizioy = 43 and [Vulzo, = 33

Proof: First, using equations (5.4.4), (5.4.6) and the fact |Ul|y = 1, we get the first and the
second estimation. Second using equation (5.4.4) and Lemma 5.4.2, we get the third and the

fourth estimation. The proof has been completed.

Lemma 5.4.4. Assume that conditions (H), (C1) — (C5) holds. Then, the solution (u,v,y,z) €
D(A) of equations (5.4.4)-(5.4.7) satisfying the following estimations

J;

Proof: We define the cut-off function n € C*(Q) by

|z|*dz = o(1)  and /O |Vy|*dx = o(1). (5.4.9)

~

on O,_c,
on Q

1
n = 0
0<n<1 otherwith.

v

Multiplying (5.4.5) by nz in L* (). Then using the fact that z is uniformly bounded in L* (Q)
and g; converges to zero in L? (2), we get

z 1
z/ Anuzdzr + / (a1Vu+bVw) -V "2 do + a/ ﬂ]z|2dx =0 () . (5.4.10)
Q Q P1 Q p1 A2

Multiplying (5.4.7) by nv in L? (Q). Then using the fact that v is uniformly bounded in L? (Q)
and g, converges to zero in L? (), we get

v 1
z/ Anzodz +/ asVy -V " dz — a/ Q|v|2dx =0 () . (5.4.11)
Q Q P2 Q po A2

Adding equations (5.4.10)-(5.4.11), taking real part of the resulting equation and using Lemma

R (/Q(onVu +bVu) -V <Zf_> dx) + a/ﬂ ;)71|z|2d$ =o0 (;) : (5.4.12)
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Using Lemmas 5.4.2, 5.4.3, and the fact that ¥ and z are uniformly bounded in L? (Q2), we get

R ( [ (@Vu+t90)-v (Zf) d:c) — o(1). (5.4.13)
From (5.4.12) and (5.4.13), we get
/Q :1|z|2dx = o(1). (5.4.14)

Now, using (5.4.14), hypothesis (H) and the fact that n =1 on O,, we get the first estimation
of (5.4.9). Next, Multiplying (5.4.7) by ny in L? (). Then using the fact that Ay is uniformly
bounded in L? (2) and g, converges to zero in L* (), we get

y 1
z/ nAzydr + / asVy -V ULR a/ ﬂvgda: =0 () . (5.4.15)
Q Q P2 Q P2 A2

Using Lemmas 5.4.2, 5.4.3, and (5.4.14)-(5.4.15), we get

/ 4, Vy -V (”y> dz = o(1). (5.4.16)
Q P2
Using (5.4.16), the definition of 7 and the fact that Vy, Ay are uniformly bounded in L? (),
we get
/ 20y 2dz = o(1). (5.4.17)
Q p2
Finally, using (5.4.17), condition (H) and the fact that n = 1 on O,,, we get the second estimation

of (5.4.9). Thus the proof is complete.

Corollary 5.4.5. Assume that conditions (H), (C1) — (C5) holds. Then, from Lemmas 5.4.3-
5.4.4 the solution (u,v,y,z) € D(A) of equations (5.4.4)-(5.4.7) satisfying the following esti-
mations

Ul =0(1) on O,. (5.4.18)

Now, we need to show that
[Ull2 = o(1) on Q.

Lemma 5.4.6. Assume that conditions (H), (C1) — (C6) holds. Then, the solution (u,v,y, z) €
D(A) of equations (5.4.4)-(5.4.7) satisfying the following estimations

a _ a1as | a
|5 (2a:0;(ange) + ardjar + arg;dhar) dyyorgde + [ “ [:Q'VM—CI'V%] Vyl*da
2

- (ia)\/ ajasuq - Vydx) =o(1).
Q
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Proof: Define the following multiplier
N = ayVy. (5.4.19)
Eliminate v and z in equation (5.4.7) by (5.4.4) and (5.4.6), we get
1
— Aoy — div(N) — iadu = O(A) (5.4.20)
Multiply equation (5.4.20) by ¢ - a; N, we get
2 Y . - . = o(1)
- A / p2yq - ayNdz — / div(N)q - a Ndzx — za/ Augq - ayNdx = - (5.4.21)
Q Q Q
Using Green formula, we get

- 1
— 2R (/Q P2Yq - alNdx) = -\ (/Q aya2p2Yq - Vydx) =3 /Q div(ayazpaq) | \y)*dr. (5.4.22)

Now, let h € C%1(Q). Multiply equation (5.4.20) by hy, using Lemma 5.4.3, we get
2 ¢5) 2 ag _
—/ hiAy| dx—i—/ % vyl dx+/ 92 0Th - Vyds = o(1). (5.4.23)
Q Q P2 Q p2

Take h = div(ajazp2q), using the fact Vy is uniformly bounded in L?(2) and Lemma 5.4.3 in
equation (5.4.23), we get

Adiv(a1a2p2q)|Ay|2dx = /Q Zg div(aiazp0q)|Vy2dz + o(1). (5.4.24)
2
From equations (5.4.22) and (5.4.24), we obtain
— AR (/ pP2yq - all\_]dx> = / &2 div(ayazpaq)|Vy*dz + o(1). (5.4.25)
Q Q 2p9
In the another hand, we have
—%/gldiv(N)q -ayNdzx = —%/Q@]'qukam]\_fkdx
= §R/ (Nj(‘?j(alqu)]\_fk —I— qukalkaij)dx
{2 ) ) (5.4.26)
= %/SZ(Njaj(alqu)Nk + qukalkakNj)dx

+ éR/Q qukalk(aij - 8k]\_fj))dx
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Using Green formula, we get

R ( [ v al./\_/dx> R ( i (Njaj(alqu)zvk _ ;div(alq)|N]2> d:c)

(5.4.27)
+R (/Q N -[(a1q - Vy)Vay — (a1q - VaﬂVy]dx) :
Inserting equations (5.4.25) and (5.4.27) in (5.4.21), we get
az . - 1.
/ 2 div(ayagpeq)|VyPde + R </ (Njﬁj(alqu)Nk - = dlv(alq)|N|2> dx
Q 2p9 Q 2
+ [ N [(@g- V9)Va (g VaQ)Vy]dx) (5.4.28)

- (ia)\/ ajasuq - ngdx) = o(1).
Q
It follows that
as . _ 1
/ 2 div(aiazp2q)|Vy2dw + R (/ a3 <3jy(9j(a1qu)6’ky —— dlv(alq)\Vy|2> dx
Q 2po 9 2
+ /Q 01a;Vy - [(¢ - V§)Vag — (q- va2)vy-]dx) (5.4.29)
R (z'a)\/ a1asuq - Vydx) =o(1).
Q
A direct calculation, gives
as . _ 1.
/ 2 d1v(a1a2p2q)|Vy|2dx + R (/ ag <0jy3j(a1qu)6ky - = dlv(alq)|Vy|2> dx
Q 2psy Q 2
aia ~
+R (/Q |:122(Qkaja2 + ¢j0,a2)0;y0ky — a1a2q - VaQ\VyF] dx) (5.4.30)
—R (iax\/ ayasuq - Vydm) =o(1).
Q
This implies that

/Q o [(2a2aj(a1ka) + a1qx0;as + aleakCLQ)@jyaky] dx

2
+/Q 1z (qu -Vpy —q- Va2> \Vy|da (5.4.31)
2

2
—R (ioz)\/galaguq : Vydx) =o(1).

The proof has been completed.

Lemma 5.4.7. Assume that conditions (H), (C1) — (C5) holds. Then, the solution (u,v,y, z) €
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D(A) of equations (5.4.4)-(5.4.7) satisfying the following estimations

a1as

a _
/Q 51 (2a10;(a2kqr) + a2q10;a2 + a2q;0kas) O;ud,udr + /Q 5

a
[plq -Vp1—q- Vall |Vy|2dx
1

- R (ioz)\/galaqu : Vudx) =o(1).

Proof: Define the following multiplier
M = a;Vu + bVw. (5.4.32)
From equations (5.4.4), (5.4.6) and (5.4.5) we have

1
— Mpju — div(a; Vu + bVv) +iady = 0()\). (5.4.33)

Multiplying equation (5.4.32) by ¢ - a3 M, we obtain

_ _ _ 1
— )\2/ pruq - agMdr — / div(a; Vu + bVo)q - agMdx + ia/ yq - asMdx = O()\). (5.4.34)
Q Q Q

Using Green formula, we get
— 2R </ pruq - agMda:) = —\2R (/ aspruq - (a;Vu + va)dx)
. ] ¢ (5.4.35)
= i/gdiv(alczgplq)|)\u|2dx +o(1).

Let h € CO(Q). Multiplying equations (5.4.4) and (5.4.5) by iz and hu respectively and
using Lemma 5.4.3- 5.4.4, we get

7 2 - = _ o(1)
—/Qh|)\u| da:—z)\/ﬂhvud:c = 2 (5.4.36)
z')\/ ]Al’Ul_Ld.%—l-/ DhVulde = o(1),. (5.4.37)
Q Q P1

Adding equations (5.4.36), (5.4.37) and take the reel part, we get
- / bl de +/ D Vulde = o(1). (5.4.38)
Q Q py
Using equation (5.4.35), (5.4.38) and take i = div(ajaspiq), we get

— AR (/ p1uq - agMda:> = / 2 div(ayasp1q)|Vul|?dz + o(1). (5.4.39)
Q Q 2py
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Furthermore, we have
—%/ﬂdiv(M)q cagMdx = —%/Qﬁijqka%Mkdx
= %/ (Mjaj(agqu)Mk + qukagkaij>da?
{2 ) ) (5.4.40)
= &E/Q(Mjéj(agqu)Mk + quka%@ij)dx

+ 3?/9 degk(]k(aij — 8ij))dx.
Using Green formula in equation (5.4.40), we get
—R (/Q div(M)q - agMda:) =R (/Q M;0;(asrqr) My, — ;|M\2 diV(GQ(])dl’)
R ( M- [(a2a- V) Ve — (@2q - Vo) Vel dq:) (5.4.41)
R (/Q asM - [(q - VT)Vb — (q - Vb)Y dm) .
Using Condition (C5), then from equation (5.4.41) we get
/Q ;pll div(arazp1q)|Vul2dz+R ( /Q M, (ask) M, — ;|M|2 div(agq)dx)
R ( /Q M -[(asq - V&)Var — (asq - V)Vl dx) (5.4.42)
+ <ia)\/ﬂa1a2yq . Vﬂdm) = o(1).
A direct calculation gives,

1
/ a div(aiagp1q)|Vul?dr + R (/ a3 <8ju6j(a2qu)8kﬂ - Z|M)? div(agq)> d:r;)
Q 2/)1 Q 2

+3 </Q a12a2 (qx0ja1 + q;0ka1)0;udpt — aya2q - Va1|Vu|2dx> (5.4.43)
+R (ioz)\/ a1ayq - Vﬁdx) = o(1).
Q
This implies that

a _
/ﬂ é(Qalaj(a%(sz) + azqx0;a1 + azq;Oray)O;udyudx

+/ hda [alq -Vp1—q- Vall |Vu|*dx (5.4.44)
o 2 |;m

+R (ia)\/galaqu : Vﬂdm) = o(1).
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The proof has been completed.

Lemma 5.4.8. Assume that conditions (H), (C1) — (C5) holds. Then, the solution (u,v,y,z) €
D(A) of equations (5.4.4)-(5.4.7) satisfying the following estimations

[Ull3 = o(1) on €y

Proof: Adding equations (5.4.31) and (5.4.44), it easy to see that

/Q 10,y d + /Q Ag|Vy|2dz + /Q Asdjudyidz + /Q Ag|Vul2dz = o(1), (5.4.45)
where @
A= 5((2%8]'(@11@%) + a1g10;a2 + a1¢;0502)),
Ay = a12a2 (CLZQ “Vp2—q- VG2> )
P2

a
Az = 51(2(1153'(6121@%) + asqrdiar + azq;Okanr),

a
[161-%1 —q-Vaq] :
P1

a1as
2

Ay =
Using condition (C3) and (Cy) in equation (5.4.45), then we get

[Vullr2y) = o(1) and  [[Vy|l 2, = o(1). (5.4.46)
Consequently, from equations (5.4.24), (5.4.38) and (5.4.46), we obtain
[Ull3 = o(1) on €.

The proof has been completed.

Proof of Theorem 5.4.1 Using The fact ||U|lx = o(1) on O, and Lemma 5.4.8, we get
|Ullx = o(1) over © which contradicts (H2). This implies that

sup || (iATd — A>_1HL(H) =0 (\).

AER

The result follows from [18].
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Quelques problemes de stabilisation directe et
indirecte d’équations d’ondes par des
controles de type fractionnaire frontiere ou de
type Kelvin-Voight localisé

Résumé

Cette thése est consacrée a I'étude de la stabili-
sation directe et indirecte de différents systemes
d’équations d’ondes avec un contrdle frontiere de
type fractionnaire ou un contréle local viscoélas-
tique de type Kelvin-Voight. Nous considérons,
d’abords, la stabilisation de I'équation d’ondes
multidimensionnel avec un contréle frontiere frac-
tionnaire au sens de Caputo. Sous des conditions
géométriques optimales, nous établissons un taux
de décroissance polynomial de I'énergie de sys-
teme. Ensuite, nous nous intéressons a I'étude de
la stabilisation d’'un systéme de deux équations
d’'ondes couplées via les termes de vitesses, dont
une seulement est amortie avec contréle frontiere
de type fractionnaire au sens de Caputo. Nous
montrons différents résultats de stabilités dans le
cas 1-d et N-d. Finalement, nous étudions la stabi-
lité d’'un systéme de deux équations d’ondes cou-
plées avec un seul amortissement viscoélastique
localement distribué de type Kelvin-Voight.

Abstract

This thesis is devoted to study the stabilization of
the system of waves equations with one boundary
fractional damping acting on apart of the bound-
ary of the domain and the stabilization of a sys-
tem of waves equations with locally viscoelastic
damping of Kelvin-Voight type. First, we study
the stability of the multidimensional wave equa-
tion with boundary fractional damping acting on
a part of the boundary of the domain. Second, we
study the stability of the system of coupled one-
dimensional wave equation with one fractional
damping acting on a part of the boundary of the
domain. Next, we study the stability of the sys-
tem of coupled multi-dimensional wave equation
with one fractional damping acting on a part of the
boundary of the domain. Finally, we study the sta-
bility of the multidimensional waves equations with
locally viscoelastic damping of Kelvin-Voight is ap-
plied for one equation around the boundary of the
domain.
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