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Abstract

This thesis concerns the study of semilinear fourth-order elliptic boundary
value problems and, in particular, deals with qualitative properties of the solu-
tions. Such problems arise in various fields, from Plate Theory to Conformal Ge-
ometry and, compared to their second-order counterparts, they present intrinsic
difficulties, mainly due to the lack of the maximum principle.

It is well-known that in presence of Dirichlet boundary conditions the positivity
preserving property does not hold in general. On the other hand, if we consider
Navier boundary conditions, it is easy to infer positivity by decoupling the fourth-
order problem into a system of second-order problems. Therefore, it is interesting
to study this question in the case of Steklov boundary conditions, which are an in-
termediate situation between the former and the latter. These conditions naturally
appear in the study of the minimizers of the Kirchhoff-Love functional, which rep-
resents the energy of a hinged and loaded thin plate in dependence of a parameter
o, usually referred to as the Poisson ratio.

In the first part of the thesis we find sufficient assumptions on the domain to
obtain the positivity of the minimizer of the Kirchhoff-Love functional in the phys-
ical relevant context regarding the parameter o, extending a previous result by
Parini and Stylianou in [75]. Then, for such domains, we study a generalized ver-
sion of the functional, which corresponds to a semilinear Steklov boundary value
problem. In particular, using variational techniques, we investigate existence and
positivity of the ground states, as well as their asymptotic behaviour for the rele-
vant values of o.

The second part of the work is focused on the special context of the criti-
cal dimension for the biharmonic operator, namely R*. Indeed, the well-known
Trudinger-Moser inequality, generalized to polyharmonic operators by Adams, al-
lows to consider exponential nonlinearities. In this setting, we establish uniform
a-priori bounds for solutions of a fourth-order semilinear problem endowed either
with Dirichlet or Navier boundary conditions, with a rather general positive and
subcritical nonlinearity. Our results complete the picture for the a-priori bounds
issue in the polyharmonic context, and complement the works of Oswald [73]] and
Soranzo [85]], which considered the same problem in the subcritical dimensions,
namely RY with N > 5. Our argument combines some uniform estimates near
the boundary introduced by de Figuereido, Lions and Nussbaum in [29] and a
blow-up analysis in the spirit of Robert and Wei, [81]. Finally, using Krasnosel’skii
degree theory, we infer the existence of a positive solution for these problems. Our
results apply in the case of the ball and, under an additional assumption on the
solutions, extend to general smooth domains.



Résumé

Cette these concerne I'étude de certains problémes elliptiques sémilinéaries
d’ordre 4 et, notamment, des propriétés qualitatives des solutions. Ces problemes
apparaissent dans nombreux domaines, par example dans la Théorie des Plaques
et dans la Géometrie Conforme et, comparés aux leur homologues du deuxieme
ordre, ils présentent des difficultés intrinseques, surtout liées a ’absence d’un prin-
cipe de maximum.

Il est bien connu que la propriété de préservation de la positivité n’est pas va-
lable en présence des conditions au bord de Dirichlet, en général. De I'autre coté,
si on considere les conditions au bord de Navier, on peut la montrer aisément, en
découplant le probleme au quatriéme ordre en un systéme d’ordre deux. Pour cette
raison, il est intéressant d’étudier le cas des conditions au bord de Steklov, qui se
posent entre les deux susmentionnées. Ces conditions apparaissent naturellement
dans I'’étude des minimiseurs de la fonctionnelle de Kirchhoff-Love, qui représente
I'énergie d’'une plaque encastrée soumise a I'action d’une force extérieure, en dé-
pendence d’un parameétre o, qui prend le nom de rapport de Poisson.

Dans la premiere partie de la theése on trouve des conditions suffisantes sur le
domaine telles que les minimiseurs de la fonctionnelle de Kirchhoff-Love soient po-
sitifs dans le cadre physiquement significatif par rapport au parametre o, en géné-
ralisant un résultat de Parini et Stylianou de [75]. En plus, pour ces domaines, on
étudie une version généralisée de la fonctionnelle qui correspond a un probleme
semilinéaire avec conditions de Steklov. En particulier, en utilisant des techniques
variationnelles, on examine I'existence et la positivité des états fondamentaux,
ainsi que leur comportement asymptotique pour les valeurs significatives de o.

La deuxieme partie de la these est consacrée au cadre special de la dimen-
sion critique pour l'opérateur biharmonique, notamment R*. En fait, la célébre
inégalité de Trudinger-Moser, généralisée par Adams aux opérateurs polyharmo-
niques, permet de considérer des nonlinéarités exponentielles. Dans ce contexte,
on établie des estimations uniformes a-priori pour les solutions des problemes se-
milinéaires d’ordre 4 avec conditions au bord de Dirichlet ou Navier et avec une
nonlinéarité positive et souscritique assez générale. Ces résultats completent le ta-
bleau pour la question des estimations a-priori dans le contexte polyharmonique
et ils s’ajoutent aux travaux de Oswald [73]] et de Soranzo [85], qui considéraient
le méme probléme dans les dimensions souscritiques, c’est-a-dire dans RY avec
N > 5. Nos arguments combinent des estimations uniformes proche du bord qui
ont été introduites par de Figuereido, Lions et Nussbaum dans [29] et une mé-
thode de blow-up dans I'esprit de Robert et Wei, [81]]. Enfin, en utilisant la théorie
du degré de Krasnosel’skii, on obtient 'existence d’une solution positive pour ces
problémes. Nos résultats s’appliquent dans le cas de la boule et, sous une condition
supplémentaire sur les solutions, ils s’éténdent aux domaines réguliers bornés.



Sommario

Principale argomento di questa tesi € lo studio di problemi ellittici semilineari
di ordine quattro ed in particolare delle proprieta qualitative delle soluzioni. Pro-
blemi di questo tipo hanno origine in diversi ambiti, ad esempio nella Teoria delle
Piastre nella Geometria Conforme, e, rispetto agli analoghi del second’ordine, pre-
sentano intrinseche difficolta, principalmente dovute all’assenza del principio di
massimo.

E noto che in presenza di condizioni al bordo di tipo Dirichlet in generale non
si ha la proprieta di preservazione della positivita; d’altro canto, se si considerano
le condizioni al bordo di tipo Navier, e agevole dedurre la positivita scomponendo
il problema del quart’ordine in un sistema di problemi di ordine due. Pertanto e
interessante studiare la medesima questione considerando le condizioni al bordo
di tipo Steklov, che si pongono come un caso intermedio tra le due precedenti.
Queste ultime sorgono in maniera naturale nello studio dei minimi del funzionale
di Kirchhoff-Love, il quale rappresenta, in dipendenza da un parametro o, detto
rapporto di Poisson, I'energia di una piastra incastrata sottoposta all’azione di una
forza esterna.

Nella prima parte della tesi si ottengono condizioni sufficienti sul dominio per
stabilire la positivita dei minimi del funzionale di Kirchhoff-Love nel contesto fisi-
camente rilevante per il parametro o, estendendo un precedente risultato di Parini
e Stylianou in [[75]. In seguito, per tali dominii viene studiata una generalizza-
zione del funzionale che corrisponde ad un problema semilineare con condizioni
di Steklov. In particolare, tramite tecniche variazionali, si studiano esistenza e
positivita dei ground states, oltre al loro comportamento asintotico per i valori
significativi di o.

La seconda parte della tesi e dedicata al caso speciale della dimensione cri-
tica per l'operatore biarmonico, ossia R*. Infatti la celebre disuguaglianza di
Trudinger-Moser, generalizzata ad operatori poliarmonici da Adams, consente di
considerare nonlinearita esponenziali. In questo contesto, otteniamo stime uni-
formi a priori per le soluzioni di problemi semilineari di ordine 4, sia in presenza
di condizioni al bordo di Dirichlet che di Navier, e per nonlinearita positive e sot-
tocritiche di carattere piuttosto generale. I nostri risultati completano il quadro
per tale questione nel contesto poliarmonico e complementano i lavori di Oswald
[[73] e Soranzo [85]], i quali considerarono il medesimo problema nelle dimensio-
ni sottocritiche, ossia in R con N > 5. La nostra analisi si fonda principalmente
su alcune stime uniformi in un intorno del bordo, prendendo spunto dalle cor-
rispettive di de Figuereido, Lions e Nussbaum in [29]], e su una analisi di tipo
blow-up nello spirito di Robert e Wei, [81]. Infine, utilizzando la teoria del grado
topologico di Krasnosel’skii, viene dedotta I’esistenza di una soluzione positiva per
tali problemi. I nostri risultati si applicano al caso della bolla e, imponendo una
condizione ulteriore sulle soluzioni, si estendono a domini limitati regolari.
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Chapter 1

Introduction

In the last decades, fourth order PDEs (and, more in general, higher-order PDEs)
have become an important research field. Arising from Physics or Differential Ge-
ometry, they are very challenging from an analytical point of view. One of the main
well-known reasons is that, in general, for these problems the maximum princi-
ple does not hold, and consequently many familiar techniques from second-order
equations do not extend to this context. Therefore, the development of several
new methods for their investigation turned out to be necessary.
In this thesis, the central focus is on semilinear fourth-order boundary value prob-
lems of the kind
9 .
{A u=h(x,u) in Q, (L.1)

B(z,u, D) =0 on 012,

where 2 ¢ R” is a bounded domain, namely an open and connected subset of
RY, N > 2, the bilaplace operator A? is defined as f — A%f := —A(—Af), and
B(z,u, D*u) are compatible boundary conditions involving also the derivatives
of u. Moreover, in general, h will be a subcritical nonlinearity. We are mainly
interested in proving existence/nonexistence and positivity of (weak) solutions of
(1.1)), as well as a priori estimates.

1.1 The positivity preserving property

The first case one usually studies when dealing with problems of the form (1.1)), is
the one in which h does not depend on the unknown w, that is, the linear equation

Ay = h(z) in Q. (1.2)

This problem arises in the theory of plates: in this setting, 2 C R? models a thin
plate and u represents the displacement from the unloaded horizontal position,
when subjected to an external force h. The first natural question that one may
wonder is the following: if the direction of the force is the same at every point,
does the whole plate bend in a coherent way or, conversely, are there some areas
in which it moves in the opposite direction? Expressing the question in mathemat-
ical terms: if h > 0, is it true that © > 0 in 2? When this holds, we say that the
problem satisfies the Positivity Preserving Property (shortly denoted by PPP).
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A large part of the literature tried to give a complete description of this phe-
nomenon. It turns out that the boundary conditions prescribed on 02 have a
strong impact to the behaviour of solutions. As a first choice, one may impose
Navier boundary conditions, namely

u=Au=0 on 0f). (1.3)

As a consequence, ([1.2)-(1.3) splits into a system of second-order Dirichlet prob-
lems by setting v := —Aw and the standard maximum principle applies.

If instead one considers the second natural choice to complement equation (1.2,
that is, Dirichlet boundary conditions

u=1u, =0 on 02, (1.4)

where u,, stands for the outer normal derivative on 02, the situation is completely
different. Indeed, in this setting it is still an open question to characterize the class
of domains for which the PPP holds. So far, we know that for balls this property is
ensured, as the classical work of Boggio [12]] shows; on the other hand, contrary
to the general expectation and to the first conjectures by Hadamard and Boggio
himself, it is not true that convexity and/or smoothness of the boundary are suffi-
cient conditions. There are several counterexamples in this direction: we refer to
[91] for a short survey or to the monograph [40] for details. Quite recently, some
authors, among which Dall’Acqua, Grunau, Robert and Sweers, have found some
classes of domains for which the PPP holds, namely, small smooth deformations of
the ball and of the limacon, the latter in dimension 2 (see [25]47]).

In the study of the thin plate model, a third kind of boundary conditions natu-
rally comes out, named after Steklov for their first appearance in [88]]:

u=Au—a(x)u, =0 on 052, (1.5)

where, in general, a is a continuous function on Jf2. Indeed, the elastic energy of
a thin loaded plate is modeled by the Kirchhoff-Love functional

I, (u) :—/{2%—(1 )/det (V2u) /fu (1.6)

Here, f is the density of the force applied to the plate and o is usually referred
to as the Poisson ratio, a parameter which measures the transverse expansion
(resp. contraction) of the material, according to its positive (resp. negative) sign,
when subjected to an external compressing force. More precisely, it is defined by
o= 2(A1 where the Lamé constants A, u, depend on the material, and usually
there holds A>0and p > 0,sothat0 <o g . Although there exist some exotic
materials with negative Poisson ratio (see [55]), it is always true that o > —1.

If now we assume that the plate is hinged on its boundary, namely fixed (u = 0
on 0f) but, unlike the clamped case, we do not prescribe u,, = 0 on 052, then the
natural context to settle the problem is the Hilbert space H?(Q2) N Hj(2). Minimiz-
ing the energy I, in this space gives the Euler equation

/ (AuAU + (1 — 0) (2UpyVsy — UgaVyy — UyyUsz) — fv) drdy =0
Q

2



for all v € H*(Q2) N Hy (). Assuming more regularity of the minimizer u, that is,
u € H*(Q) and then integrating by parts, one finds that u is the solution of the
boundary value problem

A%y =f in Q,
u=0 on 052, (1.7)
Au— (1 —o0)ku, =0 on 0f),

where x stands for the signed curvature of 92 (positive on strictly convex parts).
Notice that the second term in the energy functional /, has no influence on the
equation: its contribution is in the second boundary condition, which comes out
when integrating by parts. These Steklov boundary conditions may thus be con-
sidered as an intermediate situation between the Navier (when ¢ = 1) and the
Dirichlet boundary conditions (seen as the limit case as ¢ — +oc). For further
details on the physical model we refer to [97] as well as [22, p.250], while on the
derivation of to [40, 42}, 16, 92].

The question whether the PPP holds for the general Steklov problem ([.2))-(L.5))
has been addressed in [42] and a complete description of the possible scenarios
has been found: nonexistence, existence and positivity, existence without neces-
sarily positivity. However, these results for the solutions of (1.2)-(1.5) do not apply
immediately to the case of the minimizers of the Kirchhoff-Love functional I,. In-
deed, the two problems are equivalent only in the case of a smooth boundary.
Parini and Stylianou in [75] investigated directly this problem, finding that if {2 is
convex and its boundary is sufficiently smooth, namely of class C**, then one can
apply the results in [42] and thus obtain that any minimizer of I, is positive, once
a positive source f € L?(1) is applied. The key point in their work consists of
showing that under these assumptions the functional /, may be rewritten in a
more convenient way, namely

L,(u)—/Q |A2“|2 - (1;0) /mmui—/gfu. (1.8)

However, the high regularity which the authors assumed on 02 was needed only
for technical reasons. In the first part of this thesis, we manage to relax the as-
sumptions on the boundary and obtain the same positivity statement:

Theorem 1.1.1. Let Q C R? be a bounded conver domain with boundary of class
CHl. Suppose o € (—1,1] and 0 < f € L*(Q). Then the minimizer of the Kirchhoff-
Lowve functional 1, is positive in ).

The proof is achieved in the same spirit of [75] by means of a different density
argument, which allows to have a less regular boundary. Notice that these are
the least hypothesis we can consider to have a well-defined curvature x € L>°(Q)
in (1.7). We believe that the result remains true assuming only for instance Lip-
schitz regularity on 92 and, thus, considering directly the functional (1.6)), but a
practicable way is still not clear.

The second main topic of the thesis is the study of semilinear problems of the
form (1.1]). Again, the choice of the boundary conditions plays a big role. In gen-
eral, fourth-order problem like (1.1)) are often endowed with Dirichlet or Navier
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boundary conditions. To have an overview of the main results available in the
literature, the best reference in this field is the book [40], where several eigen-
value and semilinear problems are collected. In this thesis, we investigate two
semilinear problems which arise in connection with two different questions in the
field. The first one is the direct prosecution of the previous analysis of the Steklov
boundary value problem considering now a nonlinearity h = h(x,u), typi-
cally of power growth in the second variable. The main interest is to prove the
positivity of least-energy solutions in dependence of the boundary parameter o, by
means of variational methods, and Chapter [2|is dedicated to this investigation.
The second part of the thesis, contained in Chapter |3} is devoted to the study of
a semilinear Dirichlet problem in R%, the critical dimension for the fourth-order
Sobolev embeddings. This means that by the Adams extension of the well-known
Trudinger-Moser inequality, exponential nonlinearities are allowed. Our main in-
terest is to prove uniform a-priori estimates for weak solutions, a crucial step in
order to infer the existence by topological methods.

Finally, we let at the end of the thesis a brief chapter where we point out some
open problems which arose during the present study, as well as an Appendix con-
taining some known results, which are useful in our analysis.

Before entering into the details of Chapters |2| and [3, we give here a brief
overview of those problems and sketch our principal results.

1.2 A semilinear problem associated to the Kirchhoff-
Love functional

Let Q C R? be a bounded domain and F : Q x R — R*. We study the following
generalization of the Kirchhoff-Love functional /,:

To(u) = /Q <A2“)2 —(-o) /Q det(V2u) — /Q Flz, u)dz,

where now we let o be any parameter in R. In case we restrict ¢ to the physical
meaningful interval, the functional J, represents the elastic energy of a thin plate
with a fixed boundary and subjected to a density load which is related to the
displacement of the plate itself. The reader may consider F' as a model for an
elastic force.

Our interest is focused on the least-energy critical points of J,,, usually referred
to as ground states. In fact, these are the most interesting critical points from a
physical point of view and, moreover, a large number of variational techniques
apply. As mentioned before, in presence of a smooth boundary and via integration
by parts, one sees that ground states of J, correspond to least-energy solutions of
the problem

{A2u = f(z,u) in Q, (1.9)

u=Au—(1-o0)ku, =0 on 012,

where f(xz,s) := 0:F(x, s).
In the literature, semilinear Steklov boundary value problems of kind have
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begun to appear quite recently in a series of papers by Gazzola, Berchio, Weth and
many co-authors. They considered the associated eigenvalue problem

A?u=0 in Q,
u=Au—du, =0 on 02,

highlighting typical features which make it really different from the usual second-
order eigenvalue problems, especially when dealing with isoperimetric issues (see
[38] 116} 16]). Moreover some subcritical and critical problems are addressed in [8,
9, 41}, [7], in the case of general Steklov boundary conditions with a constant
a € R.

Our aim, instead, is to provide a rather complete description of the ground
states of the semilinear Kirchhoff-Love functional J,, with particular attention to
their existence and positivity. Setting f(z,u) = g(x)[u[P"'u with p € (0,1)U(1, +00)
and 0 < g € L'(Q), first we prove a nonexistence result for large negative values
of o (namely, for 0 < ¢*(2) < —1) and existence for the complementary interval
o > o* by some variational arguments involving the Nehari manifold. Indeed, it
is well-known that the ground state solutions correspond to the minima on the
Nehari set

N = {u € H*(Q) N Hy(Q) \ {0} | J; (w)[u] = 0},

where J denotes the Fréchet derivative of the functional J,. This characterization
will be also used in the proof of their positivity. To this aim, we use different
techniques according to the value of o and again, as the linear case, the convexity
of the domain is necessary in our arguments. Indeed, assuming 052 of class C'!!
and exploiting the equivalent form of J,, if 2 is convex, then the curvature « is
positive and the second term in has a sign. Thus, a distinction between the
cases 0 € (c*,1) and o > 1 comes naturally. In the first one, which contains
the physical relevant interval, we deduce positivity comparing the value of J, on
a ground state with that on a multiple of its superharmonic function. Then, an
asymptotic analysis to the Navier problem yields an extension the positivity result
in a small right neighborhood of ¢ = 1. Finally, induced by a comparison with
the respective Dirichlet problem, which is positivity preserving in some special
domains, we are led to a stronger positivity result for ground states of .J, by means
of Moreau’s dual cone decomposition.

We may summarize the main results of Chapter [2|as follows:

Theorem 1.2.1 (Existence, Positivity). Let Q C R? be a bounded convex domain
with 9Q of class CY' and let f(x,s) = g(x)|s[P~ s, with p € (0,1) U (1,+00) and
g€ LYQ), g >0 ae inQ. Then there exist o* < —1 and o1 > 1 (depending on
Q and the latter possibly infinite) such that the functional J, has no positive critical
points if o < o*, while it admits (at least) a positive ground state if o € (o*,0y).

Theorem 1.2.2 (Asymptotic behaviour). Under the previous assumptions for Q0 and
f, let (ug)x be a sequence of ground states for the respective sequence of functionals
(Jo. k- Up to a subsequence,

i) if on N\ 0%, then up — 0 in H?(Q) in the case p > 1, while ux — +00 in L>(£2)
if p€(0,1);



i) if op — 1, then uy, — u in W24(Q) for every q > 1, where U is a ground state
for the Navier problem;

i) if op — 400, then u, — U in H*(QY), where U is a ground state for the Dirichlet
problem.

Notice that Theorem might also be seen as an extension to the semilin-
ear setting of the main positivity results established by Gazzola and Sweers [42,
Theorem 4.1] for the linear case.

Two brief sections at the end of Chapter [2| complement our analysis. In the
first one we obtain further results for positive radial solutions when 2 is a ball in
R?, while in the second we investigate what happens if we assume that ) is not
convex. We show that the aforementioned analysis still holds in those cases for
which the PPP holds for the corresponding Dirichlet problems. This will also show
that convexity is not a necessary hypothesis for positivity of the minimizer of the
linear Kirchhoff-Love functional /.

1.3 A class of semilinear problems with exponential
nonlinearities

If in the first topic of the thesis the main role was played by the boundary condi-
tions, the central actors of its second part, contained in Chapter |3} are the expo-
nential nonlinearities. There are several reasons to study boundary value problems
with such nonlinearities, either coming from physical models, or from the Confor-
mal Geometry, or more from pure analytical questions.

The Gel'fand problem

—Au = e inQCcRY, N>2
u=\e in Q) C , > 2, (1.10)
u=0 on 02,
arises in the study of the steady states of the parabolic problem
=A 1 — ev)meTre in
o v+ A1 —ev)meT in Q, (1.11)
v=>0 on 0,

in the approximation regime ¢ << 1. Usually, is known as the solid fuel
ignition model and it is derived as a model of the thermal reaction process in
a combustible, non deformable material of constant density during the ignition
period. Here, \ is known as the Frank-Kamenetskii parameter, v is an adimensional
temperature and % the activation energy.

The problem (1.10)) arises also in the context of astrophysical models of stellar
structures. The total pressure of a gaseous star is given by the Stefan-Boltzmann
law as a sum of the kinetic and radiation pressure

k a
P=—pT+ =T



where p = p(r) is the density distribution inside the star, supposed to be a radial
quantity, ' = T'(r) is the temperature, and k, 1, H are physical constant, respec-
tively the Boltzmann constant, the mean molecular weight and the mass of the
proton. In the case of isothermal conditions, then we may write P = kp + D, with
k, D constants. Being interested in the density distribution p(r), and recalling the
equilibrium law for a gaseous star

dP ()
d?“ __G p?

where the mass M (r) enclosed inside a spher1ca1 surface of radius r is given by

M(r) = /0 ' 4rt?p(t)dt,

we end up with

1 24P 1 24(1
ArGp = _i(”_d_) _ k_2i(7“ d(digp)).

The change of variable ¢(r) := log(p(r)) gives formally then

4

For further details of this model, we refer to [18], p.155].

A second important motivation to the study of semilinear problems with expo-
nential growth emerges in the context of Differential Geometry. Let (M, gy) be a
compact Riemannian manifold of dimension N = 2 and K : M — R be a smooth
function. The interest is to find a metric ¢ conformal to g, (that is, which differs
from g, only by a smooth positive factor) such that K is the scalar curvature of the
new metric g. Setting g = e%“g,, the problem is reduced to find solutions of

Agu+ Ke* = K,

where A, denotes the Beltrami-Laplace operator of ()M, go) and K| is the scalar
curvature of gy. In the planar case, that is, M being a domain in R? endowed with
the Euclidean metric, then K, = 0 and we retrieve once again equation ({1.10].
This problem has been generalized to higher-dimensional Riemannian manifolds
(M, go) by the introduction of the Paneitz operator in [[74], for N = 4 defined as

P,: f € C*(M) s A2f +div(2R,g — 2Ric,)df,

where R, and Ric, denote respectively the scalar and the Ricci curvatures of g.
Analogously to the 2-dimensional context, if we choose a conformally invariant
metric g = e*“g,, then the function u satisfies

Pyu+2Qp = 2Qe™, (1.12)

where () is the original Q-curvature of (M, go) and @ is the prescribed Q-curvature
in the new metric g. The Q-curvature has been introduced by Branson and @rsted
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in [10]. Moreover, in the special case of M being a domain of R* and g, the
Euclidean metric, the equation (|1.12]) reduces to

APy = 6e™. (1.13)

Both equations and have been widely investigated in the context of
Conformal Geometry: for the Euclidean case, among others, we refer to [19, 60,
99, 165]] for important characterizations of solutions with finite energy, as well as
[13, /59, 2, 80] for concentration-compactness issues.

The dimension 4 for the biharmonic operator and, more generally, the dimen-
sion 2m for the polyharmonic operator (—A)™ are in some sense peculiar. Indeed,
it is well known that the classical Sobolev embedding H["({2) — L*(f2), where
Q) ¢ R?™ is a smooth bounded domain, holds for any p > 1 but fails for p = +oc.
Consequently, one may ask which is the maximal growth function g : R — R*
such that

/g(u)dm < 400 forallue H'().
Q

When m = 1 and N = 2 the answer has been given independently by Pohozaev
in 1965 and Trudinger in 1967 and then refined by in 1979, showing that g is
exponential. More precisely, Moser obtained

e <clQ, ifa<ay,
sup /eo‘“|N dx {_ i pasan (1.14)
Q

IVul| v =1 — 00 if > ay.

1
where ay = Nwy_;, denoting by w,, the volume of the unit ball in dimension 7.
Later on, in 1988, Adams generalized (1.14) to the polyharmonic context

A <ClQ,  if8< Bam
sup /eﬁuw "dx =l 1 B < Bram, (1.15)
Ivmul| x <10 = +00 if 8> Bnm,

where [y, can be given explicitly in terms of Gamma functions. We also point
out a further generalization by Tarsi in [94] when H™((2) is endowed with Navier
boundary conditions. These inequalities allowed to study problems like (.10 and,
more generally, of type

(—A)™u = h(u) in Q C R?™,

B(u) =0 on 052,

where B(u) stands for either Dirichlet or Navier boundary conditions, and the
growth of ¢ — h(t) is controlled by an exponential map ¢ — e".

In this second part of the thesis we study the issue of finding uniform a-priori
bounds for positive weak solutions of the problems

(1.16)

U =1u, =0 on 02,

A%y = h(z,u) in Q, and A%y = h(x,u) in Q,
u=Au=0 on 02,

when (Q is a smooth bounded domain in R* and A has in general an exponential
growth in the second variable. In other words, we look for a constant C, de-
pending on the domain and on the nonlinearity, such that for any solution of each
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problem it holds |Ju| () < C.

A priori bounds have attracted much attention since the work of Brezis and
Turner [14] in 1977. Indeed, beside their own interest, they often play an im-
portant role in the analysis of the existence of positive weak solutions by means
of Liouville’s theorems or topological methods. If we go back to the second-order
Dirichlet problems in dimension N > 3, and hence with a power-type nonlinear-
ity, the question has been addressed in the seminal paper by Gidas and Spruck
[43] where the authors first developed the blow-up technique to treat subcritical
nonlinearities satisfying a sort of separation of variables at infinity, namely

. flz,s) — . _ N+2

sginoos—p =a(x) € C(Q), l<p<2'—1:= N 32’ (1.17)
uniformly in = € Q. Almost at the same time, de Figueiredo, Lions and Nussbaum
obtained in [29] a similar result using a different approach based on the moving
planes method. In the critical dimension 2, in virtue of the Trudinger-Moser in-
equality, the aforementioned results may suggest that an a-priori bound can be
established up to the critical nonlinearity ¢ — e'’. Nevertheless, this turns out to
be false. Indeed, as the seminal paper by Brezis and Merle [13] shows, a-priori
estimates may be found only if the growth is exponential or less: they provide

examples of unbounded solutions of the problem
{—Au =V (z)e" in Q C R?,

(1.18)
u=20 on 0,

with @ € (1,2) and 0 < V € C(€2). On the other hand, they established that if
the potential V' is positive and bounded and « = 1, solutions of are locally
uniformly bounded inside €, assuming an L' control on the right-hand side. This,
together with some estimates near the boundary in [29], proves the global state-
ment, at least for convex domains. See also [20] for similar issues.

In the higher-order framework, the usual distinction regarding the boundary
conditions is again essential: indeed, the second problem in can be studied
as a system of second-order Dirichlet problems, while the first in has to face
the lack of the maximum principle. Therefore, the polyharmonic generalization
of the uniform estimates of Gidas-Spruck and de Figueiredo-Lions-Nussbaum has
been carried out in [73], 85]] when Q2 C R?™ is a ball. An acute extension of these
works appeared in [77, [78]], where the authors managed to settle the problem in
any smooth domain of R?™, by proving a Liouville’s type result in the half-space.

Concerning the polyharmonic case with an exponential nonlinearity, only few
results are known and they only deal with the special nonlinearity h(z,u) =
V(z)e", with V' > 0. Regarding the Dirichlet problem, the analysis in [13] has
been extended to the fourth-order case by Adimurthi, Robert and Struwe in [2]
and to the general polyharmonic context by Martinazzi in [66]; uniform bounds
for the Navier problem have been established by Lin and Wei, see [61, Corollary
2.3]. A parallel field of research is devoted to the study of the mean field equation

V(x)e*

SA) = pt D c R
(=A)"u prV(x)e“da: e ’



especially dealing with concentration-compactness issues with respect to the pa-
rameter p. We refer to [70, 63] for the second-order problem and to [98, 81] for
the fourth-order generalization, as well as to the references therein.

It is worth to mention that in [58] Lorca, Ubilla and Ruf establish uniform
a-priori bounds in presence of exponential nonlinearities for a different operator,
namely the N-laplacian in its critical dimension /N; the nonlinearities involved
there are either growing less than e!” for some o € (0, 1), or behaving like €.
The authors use Orlicz spaces techniques to cover the first alternative and some
arguments inspired by Brezis and Merle for the second case. Although in his Ph.D.
thesis [76], Chapter 6] Passalacqua improved their result, allowing a larger class of
nonlinearities, the gap between the growths e!” and e’ was not completely filled:
for instance, the growth f(¢) = (1 +¢t)~® with @ > 1 was not allowed. Covering
the remaining cases seems not attainable with those techniques. Let us also men-
tion in passing that a similar gap occurs also when dealing with coupled elliptic
systems in critical dimension, see [30].

Here, instead, we consider directly problems with a general positive non-
linearity h which is assumed superlinear and subcritical or critical in the sense of
Brezis-Merle; our main results may be roughly summarized in the following Theo-
rems (for the Dirichlet case) and (regarding the Navier case), while the
precise statements will be given in Chapter |3| In particular we shall mainly focus
on the first, due to the lack of all second-order tools based on maximum princi-
ples. This is the main motivation for which we are restricting to the case of the ball.
Nonetheless, we shall show that the result still applies to any smooth bounded do-
main (2 provided a control on the energy of solutions is assumed (Theorem (3.4.1)),
or a good boundary behaviour of the Green function holds (cf. Remark [20)).

Theorem 1.3.1. Let B C R* be a ball and h be a positive nonlinearity such that

lim Wz, )

Am = = a(z) € C(B)

uniformly in B and let f € CY(R,R") be increasing, superlinear and satisfy

lim ')
SN0

Then, there exists a positive constant C' = C(h) such that for any weak solution u
of the Dirichlet problem

€ [0, +-00). (1.19)

{A%zh(m,u) in B, (1.20)

u=1u, =0 on 0B,

there holds |[u|| ) < C.

On the other hand, the same result in presence of Navier boundary conditions
applies for any smooth bounded convex domain.
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Theorem 1.3.2. Let Q C R* be a smooth conver domain and h be as in Theorem
1.5.1. Then, there exists a positive constant C = C(h,Q) such that for any weak

solution u of the Navier problem

(1.21)

A%y = h(x,u) in Q,
u=Au=0 on 0,

there holds ||ul| ) < C.

Let us remark that assumption (|1.19) means that f is "controlled" by the map
t — €7 for some v > 0 for large values of . We also point out that our results are
sharp, in the sense that if the function f behaves like ¢ — ¢ for some « € (1, 2),
then we provide examples of unbounded solutions of both ([1.20]) and (1.21)).

The main argument which proves Theorems [1.3.1] and [1.3.2| may be sketched
as follows. Firstly we obtain uniform boundary estimates for any solution of the
problems (1.20)-(1.21). This leads to a uniform L'-estimate of the right-hand
side h(x,u). Here, the main obstructions concerning the Dirichlet problem are
mainly due to the lack of the maximum principle and of good Green function es-
timates near the boundary. Then, assuming by contradiction the existence of an
unbounded sequence of solutions, we apply a blow-up strategy inspired by [81]]
leading to a problem in the whole R*. A contradiction is found by means of a
Pohozaev identity.

An application of the Krasnosel’skii genus theory permits to infer from Theo-

rems the existence of a positive solution for the problems ([1.20]-(1.21)):

Theorem 1.3.3. If in addition to the assumptions of Theorem and with the
notation therein, suppose also that there holds

h(xt, ) <A\ uniformly in B, (1.22)

lim sup
t—0+

where A\ is the first eigenvalue of A% with the Dirichlet boundary conditions. Then
problem (1.20) admits a positive solution.

A similar statement holds also for the Navier problem (I.21)). We remark that
the additional assumption ([1.22)) is not only a matter of technicality but in some
cases it is also necessary for the existence.

Finally, we conclude Chapter (3| providing some generalizations of Theorem
[1.3.1} to a larger class of domains, as briefly mentioned before, under some addi-
tional assumptions on solutions in the spirit of Brezis-Merle, and to the respective
polyharmonic problems.

1.4 Notation

Throughout the whole thesis, we use the following notation.

Let N > 2. We say 2 C R” is a domain when it is open and connected; more-
over, {2 has a boundary of class C** with « € (0,1) (resp. C*!) when 0 can be
described in local coordinates by a C* function with o -Holder (resp. Lipschitz)
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continuous k-th derivatives. Moreover, d,(x) denotes the distance of x € ) from
the boundary 0.

The topological dual of a normed space X is denoted by X*. Moreover, dz de-
notes the standard Lebesgue metric and do the Hausdorff measure on the bound-
ary. When the context is clear, they are is usually omitted.

We denote by V*u the tensor of the derivatives of u of order k and |V*u| its

euclidean norm, namely
|VEul? .= Z |Dul?,

laf=k
where the sum is on all multi-indices with length k. In particular V?u stands for
the Hessian matrix of u. The derivatives may be denoted also by subscripts (u,,
Ugy, ---), and u,, and u, are the normal and the tangential derivative of u, n and 7
being respectively the unit exterior normal and the unit tangent vector.
In the sequel, C indicates a generic constant, whose value may vary from line
to line, and also within the same line.

Finally, we recall the definition of Sobolev spaces and their embeddings into
Lebesgue and classical spaces. Let () be a Lebesgue-measurable subset of R" and
let p € (0, +00] and k € N: we define

WHP(Q) .= {f € LP(Q) |3 weak derivative D*f € LP(Q), V|a| < k},

« being a multi-index, endowed with the norm

1/p
e — (S ID201R) i1 <p <o
P — O[S

maX‘MSk(HDafHoo) lfp: oo,

where || - ||, is denoting the usual norm in L?(£2).
The Hilbert spaces W"?2(Q) are usually denoted by H*(Q) and, moreover, we de-

fine H}(Q) := CgO(Q)H'”H'“(“’, namely the completion of the space of smooth func-
tion which are compactly supported in 2 in the norm of H*(Q). Equivalently, H}
may be seen as the subspace of H*(Q) of functions which have zero trace on the
boundary. Finally, we recall that the space W*? with s € (0, 1) denotes the frac-
tional Sobolev space endowed with the Gagliardo seminorm. We refer to [32]] for
a survey about the main properties of these spaces.

Lemma 1.4.1 (Sobolev embeddings, see for instance Theorem 4.12 [I]). Let Q C
RY satisfy the strong Lipschitz condz’tz’o and let 7 > 0, m > 1 be integers and
1 <p<+o0o.

o [f either mp > N orm = N and p = 1, then W™P(Q) — L4(Q) for p < q¢ < +o0;
o If mp= N, then W™P(Q) — L1(Q) for p < q < +o0;

o If mp < N, then W™HiP(Q) — WH(Q) for p < q<p*:= N]fgqp;

o Ifmp >N > (m—1)p, then W™H?(Q) — CI(Q) for all 0 < A <m — T
o If N = (m — 1)p, then W™P(Q) — CINQ) for all 0 < X < 1.

Moreover, if || < 400, then the embeddings into Lebesgue or Sobolev spaces hold
also for 1 < q <p.

!For a definition of the Strong Local Lipschitz Condition, see [1, §4.9]; if 2 is bounded, it simply
reduces to the condition of a locally Lipschitz boundary.
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Chapter 2

Fourth-order problems related to the
Kirchhoff-Love functional.

In this first part of the thesis, we study a generalization of the Kirchhoff-Love
functional, namely

T () ::/Q%—(l—a)/Qdet(VQu)—/QF(:U,u)dx,

where Q C R? is a bounded domain, the parameter o liesin Rand ' : QxR — R*
has a power growth in the second variable. Since we suppose the plate to be
hinged, the appropriate setting in order to look for critical points of J, is the
Hilbert space H?(2) N H{ ().

Firstly, we study the linear functional, namely when F(z,u) = f(x)u, looking
for sufficient conditions which yield positivity for the (unique) minimizer in the
physical relevant context, that is, when o € (—1,1]. Section is devoted to this
analysis, which extends a previous result by Parini and Stylianou in [75].

In Section we investigate the functional .J, with a general nonlinearity
F(z,u). We focus on ground states, which are the least-energy critical points, and
we distinguish between subquadratic and superquadratic growth of F'. In the first
case, existence and positivity of ground states basically follow along the same lines
as for the linear case; on the other hand, in the second case, more sophisticated
variational techniques are involved, namely the method of the Nehari manifold.
We start our analysis in Subsection [2.2.1]in the same setting for o as we did for
the linear functional I,, that is ¢ € (—1,1]. Then Subsections are
devoted to the study of existence and positivity outside the interval (—1, 1|, where
different techniques are required to deduce positivity, in particular when o > 1,
as the second term of the functional changes sign. To this aim, but also as an
independent goal, we also investigate the asymptotic behaviour of ground states
solutions for the extremal values of o, as well as for the Navier and Dirichlet
cases (Subsections[2.2.3}{2.2.5). Finally, further results for radial solutions and for
positivity in nonconvex domains are given in Subsections|2.2.7|and [2.2.8]

This chapter, with the exception of Subsection is an adaptation of the
paper [182].
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2.1 The linear Kirchhoff-Love functional

Let ) be a bounded domain in R?, the parameter o lie in the physical meaningful
interval (—1,1] and consider the functional J, with F(x,u) = f(z)u. With this
special choice, we retrieve the standard Kirchhoff-Love functional

[U::/Q(AQU)Q—(l—U)/det Viu) /f Judzx,

which represents the energy of the thin hinged plate €2 under the action of the
vertical external force of density f. We recall that, formally, via integration by parts
one finds that the minima of .J, are solutions of the linear fourth-order Steklov
problem

{AQu = f in 0, 1)

u=Au—(1-o0)ku, =0 on 0f2.

The main interest, therefore, is to analyse whether the positivity preserving prop-
erty holds for such solutions, when dealing with a nonnegative source term f.
A first positive answer to this problem can be found in [75], where the authors
proved the following:

Theorem 2.1.1 ([75], Theorem 3.1). Let Q be a bounded conver domain in R* with
a boundary of class C*'. Assume o € (—1,1] and f € L*(). Then the minimizer
Uy of I, is the unique solution in H*(Q) N HY(Q) of [2.1). If, moreover, f >0 and
f#0, then u, > 0 in €.

As briefly mentioned in the Introduction, the strategy of the proof is to show
that the second term appearing in the functional /, can be equivalently rewritten
as a boundary term depending on the curvature and, thus, it does not influence
the equation inside the domain.

What stands out in the statement of Theorem [2.1.1|are the geometric assump-
tions on the domain: the convexity and the regularity of the boundary. It is known
that if we "reject" both of them, e.g. considering an L-shaped domain, peculiar phe-
nomena occur near the re-entrant corner (see [72]]). Nevertheless, we may wonder
to what extent this result holds true when assuming either less regularity on the
boundary or when dealing with nonconvex (but sufficiently smooth) domains. A
remark which supports the idea that those assumptions may be refined is that, in
the proof of Theorem [2.1.1], the C?! regularity of 92 is necessary only because the
authors take advantage of the density of H3(Q2) N H}(Q) into H*(Q2) N Hy (). The
feeling was that this seemed to be only a technical requirement and this actually
turned out to be true. Indeed, by a different density argument, we prove that the
PPP holds relaxing the regularity of the boundary:

Theorem 2.1.2. Let Q C R? be a bounded conver domain with boundary of class
CHl. Suppose o € (—1,1] and f € LY(Q). If f > 0 and f # 0, then the minimizer
of the Kirchhoff-Love functional 1, is positive in €.

After a first subsection in which we gather some preliminary results about
equivalence of norms in H?(Q2) N H} (), the whole section is devoted to the proof
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of Theorem Again, the key point will be the equivalent formulation of the
second term in I, as in [75], but our proof relies on a subtler density argument
due to Stylianou, [89, Theorem 2.2.4].

The second issue about the convexity assumption is left at the end of the chap-
ter, see Subsection We anticipate here that we will show a class of noncon-
vex (but very smooth) domains in which the PPP still holds.

2.1.1 Equivalence of norms in H?(Q2) N H}(Q)

We begin recalling some known useful facts about equivalence of norms in the
Hilbert space H?(2) N H{ ().

Definition 2.1.1. We say that Q C R” satisfies a uniform external ball condition
if there exists R > 0 such that E)r all x € 0F) there exists a ball By of radius R such
that z € 9Bg and Br C RV \ Q.

Lemma 2.1.3. Let Q C RY bounded with a Lipschitz boundary. Then |||V? - ||
and || - | g2 are equivalent norms on H*(Q) N H (). If in addition Q satisfies
a uniform external ball condition, then also ||A - ||o defines an equivalent norm on
H?*(Q) N H ().

Proof. We refer to [71, Corollary 5.4| for a proof of the first statement, while the
second is due to Adolfsson, see [3]. O

Throughout the whole chapter, Cy = Cy(Q2) and C4 = C4(2) denote the smallest
positive constants such that

lullZr2oy = llullz + 1Vulll; + 11Vulll; < CollVulll3 (2:2)

and
[ul| 720y < CallAul3 (2.3)

for every u € H?(Q) N H} (D).

The next result states that the first two terms of /, together are interpretable
as a square of an equivalent norm in our space H?(Q2) N H ().

Lemma 2.1.4. Let Q C RY bounded with a Lipschitz boundary and o € (—1,1).
Then

3
el = </(Au)2 o0 —U)/det(VQU)) (2.4)
Q Q
defines a norm on H?(Q) N H}(Q) equivalent to the standard one.
Proof. Firstly

HUH%U(Q) - /Quazcx + u?/y + 2uiy + 20 (Uggtlyy — uazcy)

2 2
Uy, + U

< IVl + 2 (252 42, ) = 1+ DIl
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Moreover, one has

lull%, @ = / Uy + uly, + 2(1 — o)ul, 4 20Uggty,
Q

2.5
> /QU?M +tyy, +2(1 = 0)ug, — |o|(uz, +uy,) > (1= [o)[[Vull3: -
The proof is completed by applying Lemma and noticing that the map
(u,v)pg, — / AulAv — (1 — o) / Uy Uy + Uy Vg — 2Ugy Uy
Q Q
defines a scalar product on H?(Q2) N Hy(Q2) for every o € (—1,1) by (2.5). O

2.1.2 A crucial identity

A rather standard technique which is often used to prove positivity of least-energy
solutions in the context of fourth-order problems is the method of the superhar-
monic function. Roughly speaking, by means of I,, we compare our minimizer u
with the function @ defined as the unique element of H?(Q2) N H} () such that

— At = |Aul| in €,
=0 on 0.

It is easy to see by maximum principle that ¢ > |u|, so we can compare the re-
spective first and third term of /,. Nevertheless, we have no information about
the behaviour of the determinant of the Hessian matrix of @ with respect to the
same term of u. The strategy applied by Parini and Stylianou to overcome this
problem when dealing with smooth and convex domains, was to rewrite it in an
appropriate way and transform it into a boundary term. Here, we want to obtain
the same result also for a less smooth domain.

Theorem 2.1.5. Let Q C R? be a bounded domain of class CYt. Then, for all

uwe H*(Q)NHY(Q): ,
/Qdet(VQU) = /89 Ku?. (F)

We split the proof in several lemmas, the starting point being a careful integra-
tion by parts inferred by Parini and Stylianou. For any u € H?*(Q), set

K(u) := / det(V*u)dz. (2.6)
Q
Then, for any C=((2), we have

<K/(u)7 90> = /Q<90muyy + PyylUzr — QSO:Eyny)-

It is thus clear that we can study K’ instead of K as (K'(v),v) = 2K (v) follows
from the definitions.
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Lemma 2.1.6. Let Q C R? be a bounded domain of class CH'. Then for all v €
H?(Q) and ¢ € C=(Q) there holds

(K'(v), ) = / (K@nUn 4 ©rrUn — ©raty). (Fps)
o0
Hence, for any v € C*(Q):
K(v) = 1<K’(v),v> = 1/ (m)i — (Unr + Uy V7). (Fps2)
2 2 Joo

Proof. The identity (F pg|) can be found in |75, Lemma 2.5]. We give here the proof
for sake of completeness. Denote by n;, 7;, i = 1,2 the i-th coordinate of the unit
vectors n, 7. Integrating by parts, one obtains

/Soﬂﬁvay :/ (SOnyzn2 - (;Oxyyvnl) + / Prayyl
Q o0 Q
:/ (@xyvynl - QomnynQ) + / PrayyV
o0 Q

/(pac;rvyy :/ ((px;rvyn& - Sozxyvn2) + / PrzyyU,
Q o0 Q

/@yyvzx :/ (Qoyyvxnl _(P:chyvnl) +/§0:chyyv-
Q oN Q

Notice that if 902 € O, k is well-defined in L>(992) and the following relation
holds (see, for instance, [87, Chapter 4]):

and

A‘p = Pnn + Prr + R@np.

Moreover, recalling the decompositions ¢, = ni¢, + 119, and @, = nap, + 120, We
have

<K’(U), 90> = /(99(‘;032502@”2 + Pyy VN1 — PryUzNo — Soxyvynl)

= Agovn - / (Sprmcvxnl + pryvyn2 + @xyvan + Soacyvyn1>
N o0

— [ g [ ((@ute + (p)uny)
a0 a0

= / (Apv, — (Nvy + N2vy)Onn — (T1U: + T2y ) Orn)
0

— / (SOTTUVL — @mUr + ngonvn).
o0

Let now ¢ = v € C*(Q). Since 02 is a closed curve and by the definition of the

tangential derivative (i.e. as “Lu(v(s)), where v is the parametrization of the curve

0% in the arch parameter s), then

/ (/U’nT’UT + UanT) = / (anT)T = O,
o0 o0
and (Fps2) follows. O
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The remaining strategy for the proof of Theorem |2.1.5| consists of two steps:
using (Fps2), we firstly prove that (F) holds also for every v € Cy"'(Q) := {u €
CH1(Q) | ugn = 0}; then, by a density result, we transfer (F) from C;"'(Q) to
H?(Q) N Hy(Q). We will make use of the following Lemma, which makes a well-
known result more precise:

Lemma 2.1.7. Let Q C RY be a bounded domain of class C' and u € CHH(Q).
Then there exists a sequence (ug)gen C C(Q) such that v, — u in H*(Q) and
|ug[lw2oe @) < Cllullw2eeq) for some positive constant C.

Proof. First of all notice that C1(Q) can be equivalently seen as W?2°°(Q), which
is a subset of H2((2) since  is a bounded domain; moreover the fact that C>(Q)
is dense in H?(Q) in H?*(2) norm if 99 is of class C! is a standard fact (see |36,
section 5.3.3, Theorem 3|), so the only statement to be verified is the W (Q)
estimate. Since the main tool in the proof of the H?*(2) convergence is the local
approximation, which is achieved by mollification, we only have to prove that the
same inequality holds there. So, let v € L>(2), ¢ > 0 and consider

ve(2) = (e *v) (@) = / | = )y

where 7. is the standard mollifier in RY, that is 7, := e7"n(2) and

~ 1
n(z) = CelP-1xp (),

where C' > 0 such that fBl(O) n(z)dz = 1. So v. is well-defined in Q. = {z €
Q| d(z,09) > e}, we have v. € C%(Q:) and [ 7:(2)dz = 1 holds.
We claim that ||v. | pe@.) < ||v]|pe(@). Indeed,

[vel[ Lo (.) < sup/ ne(2)|[v(z — 2)|dz < HvIILoo(m/ ne(2)]dz = [[v]| L= (0)-
B:(0) Be(0)

e

The same inequality holds also for derivatives of v, because for any admissible mul-
tiindex o we have D*(v.) = (D*(v))c (see [44, Lemma 7.3]). At this point, following
the aforementioned proof of [36], it is easy to derive the desired result. O

Proposition 2.1.8. Let Q C R? be a bounded domain of class C**. Then, for all

ue Cyt(Q): 1
/d@t(VQU) = —/ Ku?.
Q 2 Joo

Proof. Applying Lemma [2.1.7, let (u)ren € C°(Q) be a sequence converging to u
in H?(Q), whose norms in W% are controlled by the W%* norm of u. By (Fps2),
we know that
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By the convergence in H?(), using the definition (2.6) of K, one clearly has
K(ur) — K(u); moreover, since k € L*(02) and using the trace theorem, one

can deduce also
/ w(ug)? — Ku?.
a0 a0

Finally we have to consider the terms in which tangential derivatives are involved.
Similarly to the normal derivative, one has (ug), — u, in L?(99), so (ux), — 0 in
L*(09), since ujgo = 0. Furthermore,

(Up)nr = V(ug)n -7 =V(Vug -n) -7 = (V2uy, -n+Vu, - Vn) - 7

and (see [87, Chapter 4])

and one can infer that (uy),, and (ug),, are uniformly bounded in L?(9Q2). In fact,

since (uy)r C C(Q) and using Lemma [2.1.7}

(i )nrl 2200) < TOUY2 ) (e | oo 002
< |OQ (112 - [l oo (o) + [ Vur - V|| a0
< 2|02 ||nl|wr.oe 00 [[ur w2 ) < CQ)Jullwzoe(e)

and similarly for (uy).,. Consequently,

/89 (mk)w * (uk)”‘) (ug)r — 0.
O

In order to extend (F) to the space H*(Q2) N HJ(f2), we need a density result
(Lemma below) which is taken from [89, Theorem 2.2.4] and which can
be adapted to our context: in fact, it concerns C? functions and diffeomorphisms
but, with a little care, one can obtain the same result also in the class C'!.

Definition 2.1.2. ([I], §3.40, p.77) Let @ be a one-to-one transformation of a do-
main Q C RY onto a domain G C R having inverse ¥ := &', We say that
@ is a CV! diffeomorphism if, writing & = (&4,...,Px) and ¥ = (¥, ..., ¥y), then
®; € CY(Q) and ¥; € CYY(G) for every i € {1,...,N}.

Lemma 2.1.9. Let Q C RY be bounded and open such that for every x € 0N there
exists a j € {0,..., N — 1}, ¢ > 0 and a CY'-diffeomorphism ® : RN — RN, such
that the following hold:

o O(z)=0;
o O(B.(x)NQ) CSj={r=(x1,...,2n5) € Q|a; >0,Vi> j};
o O(B.(z)NoN) C IS;.
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Then:

@) " = B(9) 0 H(9).
Proof of Theorem[2.1.5, Let u € H?*(Q) N H}(Q); since the assumptions on the
boundary are clearly fulfilled if 9 is of class C*!, applying Lemma we get
an approximating sequence (uy)reny C Co' (Q) converging in H2(Q) to u. With the
same steps as in the proof of Proposition by the H?(f2) convergence, we have
both K (uy,) = K(u) and [y, k(ug)s — [, wuz and one concludes by the uniqueness

of the limit. O

2.1.3 Existence and positivity for the minimizer of I,

Assuming that 05 is of class C'!, Theorem enables us to rewrite the func-
tional /, in a more convenient way, namely

L,<u>:/Q(A2“)2 _ 1;"/@95@—/{2]”(:5)%

for every u € H*(Q) N Hy (). With this formulation, now we are able to establish
the positivity of the minimizer of the functional /, in convex domains with bound-
ary of class C'! if the density function f(z) is nonnegative. We will make use of
the method of the superharmonic function, which goes back to [96], see also the
works [18,|42]]. Its core is contained in the following lemma.

Definition 2.1.3. We say that u is superharmonic in ) when —Awu > 0 in € and
u =0 on 0S); u is strictly superharmonic when we have in addition that —Au Z 0.

Notice that, by the strong maximum principle, a superharmonic function is either
constant or strictly superharmonic and thus positive in €.

Lemma 2.1.10. Let Q C RY be a bounded conver domain; fiz u € H*(Q) N H}(Q)
and define @ as the unique solution in H}(Q) of the Poisson problem:

{—Aﬂ = |Aul| in €, @.7)

u=0 on 0S2.
Then @ € H*(Q) and either i > |u] in Q and @2 > u? on 0Q or a = u in Q.

Proof. Since ) is convex by assumption, it satisfies in particular a uniform external
ball condition and thus we infer @ € H*(Q2) by Lemma[2.1.3] Suppose @ # u. Since
in particular —Au > Awu holds, by the maximum principle for strong solutions (see
for instance [44, Theorem 9.6]), one has & > —u in Q and so @, < —u,. Similarly,
—Au > —Au, implies also & > w and u, < u,. Combining them, the result is
proved. O

We have now all elements to finally prove Theorem [2.1.2
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Proof of Theorem[2.1.9. The existence of a unique minimizer of I, in H?(Q)NH} ()
is an application of Lax-Milgram theorem since, by Lemma [2.1.4

L) = 3l - | fau

with f € LY () C (H*(Q) N H}())*. Moreover, by convexity, £ > 0 a.e. on 5.
From w, define its superharmonic function % as in Lemma [2.1.10, Supposing @ # u,
by that result we infer

Ia(m:/Q(Af)Q -5 e [ s

o0 Q
Au)? 11—
< [SE-50 [ e - [ =t
a 2 2 Joa Q
which is a contradiction. Hence, necessarily @ coincides with u, so —Au = —Au =
|Au| > 0. As u =0 on 90 and u # 0, we deduce v > 0 in €. O

Remark 1. Notice that the convexity and the regularity assumptions were only
needed to infer positivity, while, to prove existence, one only needs the hypothesis
of Lemma , namely a Lipschitz boundary (together with the outer uniform ball
condition if o = 1, see Lemma [2.1.3)).

2.2 A generalized Kirchhoff-Love functional

Let us now consider the following generalization of the Kirchhoff-Love functional,
namely J, : H?(Q) N H} () — R defined as

T, () ::/Q%—(l—a)/Qdet(VZu)—/QF(a:,u)da;.

Hereafter, we assume that (2 is a bounded domain in R?. Concerning the nonlinear-
ity, the functional J, is well-defined once we impose F(-,s) € L'(Q) and F(z,-) €
C'(R) (and thus there exists f(x,-) continuous such that F(z,s) = [; f(x,t)dt)
and a power-type growth control on F, namely the existence of a,b € L'(2) such
that |F(z, s)| < a(x) + b(z)|s|? for some ¢ > 0. With these assumptions on F, it is
a standard fact to prove that .J, is a C'* functional with Fréchet derivative

)] = [ Buso = (1=0) [ (uasty + i = 200m) — [ Sla e

Our main goal is to investigate existence and positivity of ground states of .J,
in dependence on the value of the parameter o, which will play an important
role in the whole analysis. We will show that existence holds for any o over a
threshold parameter ¢* < —1 and positivity will last up to a second parameter
o1 > 1, possibly infinite. Moreover, we investigate the asymptotic behaviour of
ground states near the relevant special cases for o, that are o*, 1 (the Navier case)
and oo (the Dirichlet case). Our main results can be summarized as in Theorems

given in the Introduction.
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As briefly mentioned therein, if the boundary is smooth enough (02 of class
C*e for o > 0), standard elliptic regularity results apply and one can integrate
by parts the Euler-Lagrange equation from J, to see that critical points satisfy the
semilinear boundary value problem

A?u = f(z,u) in Q, 2.8)
u=Au—(1-o0)ku, =0 on 0f). '
On the other hand, assuming only that the boundary is of class C'!, the signed
curvature is well-defined in L>°(Q2) and we can have a weak formulation of prob-
lem (2.8). More precisely, in this case, by weak solution of here we mean a
function u € H?*(Q2) N H} () which satisfies

/QAuAgo —(1-o0) /aQ Ky P, = /Qf(x,u)gp Vo € H*(Q)N Hg(Q).  (2.9)

Consequently, we can equivalently say "ground states of J," or "ground state so-
lutions for (2.8))". For a proof of the equivalence of the two problems, we refer to
[42].

Since the geometry of the functional plays an important role, from now on we
have to distinguish between the sublinear case, that is, when the density f has at
most a slow linear growth in the real variable (as specified in the following), and
the superlinear case, the opposite one. In fact, we will see that in the first case
J, behaves similarly to the linear Kirchhoff-Love functional I, since it is coercive
and ground states are global minima, while, in the second case, .J, has a mountain
pass geometry and the ground states are saddle points.

We relegate at the end of this subsection a brief comment about linear growths,
for instance f(x,u) = Ag(x)u, since becomes an eigenvalue problem and can
be investigated with standard techniques.

2.2.1 Existence and positivity for o € (—1,1]

Sublinear case

Proposition 2.2.1. Let Q) be a bounded domain with Lipschitz boundary and o €
(—=1,1). Let p € (0,2) and suppose

F(z,5)| < d(w) + e(@)sl? + 50~ oo s, (1)

where ¢,d € L*(Q). Then the functional J, is weakly lower semi-continuous and
coercive, hence there exists a global minimizer of J, in H*(Q) N HY(Q). The same
conclusion holds if o = 1, provided Q) satisfies also a uniform outer ball condition.

Proof. Let (up)reny C H*(Q) N Hi () 3 u be such that uy — u weakly in H?*(Q);
since it is bounded in H?(Q2) and consequently in L>(2), one has

(e, )| < d(z) + o(z) MP + %(1 o)),
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for some M > 0, which is integrable over ). Moreover, by the compactness of the
embedding H*(Q) — LP(Q), there exists a subsequence (uy,);en such that uy, — u
in LP(Q) for a suitable p > 1, so F(x,u,(x)) — F(x,u(x)) a.e. in Q by continuity
of F(z,-). Hence, by the dominated convergence theorem, we have [, F/(x,uz,) —
Jo F(x,u). This, together with the weakly lower semicontinuity of the norm, implies
the same property for J,. If 0 € (—1,1), by (2.2):

1 1 _
Jo(u) 2 5(1 = oD I1V2ulll3 = lldlh — CPllellllullfeg) — 51 =1 Hlull3
1 _ p
> 51— |o])Cq HIV2ull3 = llelhCPCa | [V2ullls = [ld]ls;

by Lemma we deduce that J,(u) — 400 as |Jul|g2q) — +o0, since p € (0,2).
Easier computations provide a similar estimate to conclude the proof also in the
case 0 = 1. O

As for the linear functional /,, these global minimizer are positive in 2:

Proposition 2.2.2. Let Q C R? be a bounded convex domain with 092 of class C11
and o € (—1,1]. In addition to the assumption (H), suppose also that f > 0 and
is positive on a subset of positive measure. If u € H?(Q) N H} () is a nontrivial
manimazer of J,, then u 1s strictly superharmonic in 2, and thus positive.

Proof. The strategy is the same as in Theorem define the superharmonic
function u of u and suppose they do not coincide. Then, by Lemma [2.1.10] we have
@ > |u| and @2 > u?. Recalling that x > 0 by convexity, we get

Ja(a):/ﬂ(iﬁ)z —1;“/89“@72—/QF(3:,@)
S/Q(A;)Z—lg(j/aQ/fui—/QF(x,ﬁ)

</Q(A2“)2 - 1;0/69/%%—/9}7(x,u)dx:Jg(u),

which is a contradiction, since v is a minimizer of J,. Notice that the last inequality

holds since %!S:t = f(x,t) > 0. The conclusion follows an in the proof of
Theorem O

Remark 2 (A model case). A simple nonlinearity which satisfies assumption (H) is
F(z,u) = g(@)|ul""" + d(z)u

where p € (0,1) and d,g € L*(2). Notice that if we apply Propositions [2.2.112.2.2
with g = 0, we retrieve the results of Section about the linear Kirchhoff-Love
functional I,.

Remark 3. Tt is clear that, when f(x,0) # 0, by Proposition we always find a
nontrivial global minimizer, which is positive by Proposition [2.2.2] For homogeneous
nonlinearities this is not true in general, but still holds for our model f(z,s) =
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g(z)|s|P~'s. Indeed, let u be a global minimum of .J, and test the relation J’ (u) = 0
with u itself: we get

ul, - / o)l = 0.
Q
This implies, since p € (0, 1),
1 1
Jolw) =5 ——= <0,
=557 )l

so it is clear that in the minimization process we do not fall on the null function.
The same argument holds for more general nonlinearities f(x,u), provided

flz,wu
2
For instance, f(z,s) = g(x)|s[P~ts + h(z)|s|?'s, for g,h > 0, p,q € (0,1).

— F(x,u) <0  forallu € H*(Q)N H(Q).

Superlinear case

The strategy applied in Remark (3| that is, to test the derivative of a functional
evaluated in a function with the function itself and from this obtain further infor-
mation, constitutes the base idea of the Nehari manifold method. This technique
has been successfully applied to several different problems, and we refer to [93]]
for a detailed description of the method. We will make use of this strategy to infer
the existence of (nontrivial) ground states of J, in the context of a mountain-pass
geometry due to the superquadratic character of the third term of J,. To this aim,
the structure of the problem being more involved than the sublinear case, we focus
on the nonlinearity

f(z,u) = g(x)|ul’"'u, where 0 < g€ L) and p > 1. (2.10)

Indeed, the functional

= [y [ e - [ S0

p+1

is not coercive anymore: in fact, fixing any u € H?*(Q) N Hy(Q) \ {0}, we have
Jy(tu) — —o0 as t — 4o0.

We define the Nehari manifold of J, as the set
Ny = {u € (H*(Q) N Hy(2)) \ {0} ] J; (u)[u] = 0},

which clearly contains all nontrivial critical points of .J,. Notice that u € N, if and

only if
@ =21-0) [ det(vio) = [ at@)ur,

so one has two equivalent formulations for .J, restricted on N,:

I = (5= 27 ) Lot = (5= 5l 2
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which implies J, ;, (u) > 0 for every u € N,.

Concerning the existence, we only need that 2 C R? is a bounded Lipschitz domain
(if o = 1, Q should satisfy also a uniform outer ball condition). Our arguments
take some inspiration from [17,/46]. After some preliminary results which describe
the geometry of N,, we show that in the manifold the infimum of .J, is attained
and then, using a deformation lemma, we prove it is a critical point for J, in
H?(Q) N H ().

A crucial step is to study what happens on the half-lines of H%(Q) N Hy(12).
Lemma 2.2.3. Let u € H*(Q) N H} () \ {0} and the half-line r, be defined as

ry = {tu|t > 0}. The intersection between r, and N, consists of a unique point
t*(u)u, where

e Jo(Au)? —2(1 — o) [, det(V?u)
v = NG ) ‘ (212)
Moreover J,(t*(u)u) = max Jo(tu).

Proof. For t > 0 and a fixed v € H*(Q) N H(Q) \ {0}, then tu € N, if and only if

t? {/Q(Au)2 —2(1-o0) /Q det(VQu)] =t /Qg(x)\u]pﬂ,

from which we deduce t = t*(u). Moreover, define

n(t) = J,(tu) = g[ /Q (Au)? —2(1 — o) /Q det(VQU)] o /Q g(@)|ulP*.

p+1

If we look for ¢ > 0 such that n/(f) = 0, we find again that ¢ = t*(u) and, since
n'(t)(t —t*(u)) < 0 for t # t*(u), we have that ¢*(u)u is the unique global maximum
on the half-line r,,. O

Lemma 2.2.4. The Nehari manifold is bounded away from 0, i.e. 0 & N.

Proof. Suppose first that o € (—1,1) and let u € H*(Q) N H(Q2) \ {0}. By Lem-
mas [2.1.4] and [2.2.3] and the embedding H*(Q) < L>(Q), the following chain of
inequalities holds:

(L + oD (Wl gz = 1t (w)ullh, o

— (e () / g(@)]ul !
Q
2(pt1)
p+ 1 u
> (€1 — o2 — it
(Joy g ulr1) 7
2(p+1)
gl Hu\p“ S

If o = 1, one can deduce the same result using the equivalent norm on H?(Q)NH} ()
given by ||A - ||z. In both cases, there exists a uniform bound from below for the
H?(Q2) norm of the elements in the Nehari manifold and thus 0 cannot be a cluster
point for N. O
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Proposition 2.2.5. There exists u € N, such that J,(u) = irjl\f/ Jo(v) =:¢

VENs
Proof. As already noticed, ¢ > 0, since J, attains positive values on N,. Let now
(ug)ken C N, be a minimizing sequence for J,: we claim that (u)gen is bounded
in H2(2). In fact, if 0 € (—1, 1), there exists a constant C' > 0 such that, for every
keN,

1 1 1 1
€2 Jnfu) = (5 = 7 b = (5 = 537 ) (1= DG By
while provides the right estimate in the case ¢ = 1. Hence, there exists a
subsequence (uy,)jen C N, and u € H*(Q) N Hy () \ {0} such that uy, — u weakly
in H2(Q) (and so weakly in (H?(Q) N H(2),]| - || #) by Lemma[2.1.4) and strongly
in L>(Q) by compact embedding. Consider now t* = t*(u) such that t*u € N,: by
weak semicontinuity of the norm

c= inf J,(v)
< J(t'u) = (t*)? {/Q % —(1- O)Adet(vzu)} _ (e /Q %ﬂll”“

= liminf J, (t"ug;) <liminf J,(uy;) = ¢
J—+oo J—+0oo

(2.13)

where the last inequality holds because the supremum of J, in each half-line {tuy, [t >
0} is achieved exactly in wu;, by Lemma Hence, the infimum of J, on N, is
attained on t*u. O

In the proof of Proposition something weird happened: we took a minimiz-
ing sequence, which converges to an element u and we proved that there exists
a = t*(u) € R such that au is the minimum point of our functional J,. One ex-
pects that the minimum is u itself and not a dilation of it. Indeed, one may show
that ¢* = 1. In fact, with the same notation as in that proof, from we deduce
Jo(ur,) = ¢ = J,(t*u) by construction and t*u € N,, so

1 1
- x_|p+1
Jo (ug,) — (2 o1 1) /Qg(x)]t ulP

Moreover, we took the sequence to be in the Nehari manifold itself, so J,(ux;) =

(5 = 511) Jo 9(x)|uy,[P*!, and we have that uy,, — u strongly in L>((), thus

ot (5= o2y ) [Latanar,

By the uniqueness of the limit, we must have ¢* = 1, that is u € N,.

Theorem 2.2.6. The minimum u of J, in N, is a critical point for J, in H*(2) N
H}(Q).
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Proof. Suppose by contradiction that u is not a critical point. Since the functional
is O, there exists a ball centered in v and € > 0 such that, for all v € B,

c—e<J,(v) <c+e,

175 () a2 @nmz )« = 5
where ¢ = J,(u) = ir}\t} Jy(v). Notice that on the half-line r,, the point w is the
vENs

global maximum, so J,(v) < ¢ for each v € BNr,, v # u.
Ifweseta=c—e, b=c+e 6 =285 =B.(u) and Sy = H>(Q)NH(Q)\ B,
where r > 0 such that B,.(u) CC B’ CC B, applying [39, Proposition 5.1.25|, there
exists a locally Lipschitz homotopy of homeomorphisms I'; on H2(2) N H}(2) such
that:

(i) t— J,([(t,v)) is decreasing in B, (u) and, in general, non-increasing;
(ii) J,(I'(t,v)) = v for v € Sy and ¢t € [0, 1], and so also for all v € 0B.

From (i) we deduce that J,(I'(t,v)) < ¢ for every v € BNr, and t # 0. Moreover,
define the map: ¢ : B Nr, — R such that

Y(v) == Jo(T(1,0) (1, 0)]

and consider v € 0B N ry,, so there exists @ # 1 such that v = au: we know
from (ii) that I'(1,v) = v and, by Lemma J! (au)[au] > 0 if o € (0,1) and
J (au)ou] < 0if a € (1,400), so P(v)(v—u) < 0 on OBN7r,. As a result, since one
can think at ¢ as a continuous map from [z, 23] — R, where z; and x5 correspond
to the intersections between the half line r, and the ball B, and since ¢ (z1) > 0
and 1(z2) < 0, there exists a zero of 1 in (21, x2), i.e. there exists v € BN r, such
that J (T'(1,0))[l'(1,)] = 0.

Setting w := I'(1,0), we have w € N, and J,(w) = J,(I'(1,7)) < ¢ = inf J,(v), a

Ve o
contradiction. O

Remark 4. So far, we proved the existence of a ground state for J,. Actually, one can
say more about the existence of general critical points by means of the Krasnosel’skii
genus theory (see [B, Section 10.2|). In fact, since our framework is subcritical, it is
quite standard to prove the Palais-Smale condition for J, by compact embedding of
H?*(Q) in every Lebesgue space. Moreover, our functional is C', even and bounded
from below on the unit sphere of H?*(Q) N Hy(2): indeed, if |jullg, ) = 1, then
|ul|eo < C for some C' > 0, so

1 g(x)ulPt 1 CP*Yglly
Ja = - — = 7 = 0> — _ > —
() =3 /Q p+1 2 pt1 o0

Hence, by [5, Proposition 10.8], one can ensure the existence of an infinite number
of couples of critical points. The same argument may also be applied for the general
sublinear case, provided F(z,s) = F(x,—s) for every s € R.
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Once the existence of ground states is achieved by Theorem their posi-
tivity basically follows as in Proposition imposing the same conditions on .
Nevertheless, this time the standard argument is not sufficient to have a contradic-
tion since we do not know whether @ € N,, but we can rely on the characterization
of those points due to Lemma [2.2.3

Proposition 2.2.7. Let Q C R? be a bounded convex domain with 0Q of class
CH! and o € (—1,1]. Moreover, suppose f(x,u) = g(x)|u[P~ u, where p > 1 and
g € LY(Q) positive a.e. in Q. Then the ground states of the functional J, are positive
in .

Proof. Suppose, by contradiction, that there exists u € N, such that J,(u) =
inf{J,(v) |v € N,} and wu is not positive. In the same spirit of the proof of Proposi-
tion consider the superharmonic function @ associated to u and suppose they
are not the same. By Lemma [2.2.3] there exists t* := t*(a) € RT such that t*a € N,

Then,

= Jo(t"u) < Jo(u),

which is a contradiction. Notice that the last inequality holds since, by Lemma
[2.2.3] J, restricted to every half-line attains its maximum on the Nehari manifold.
Thus necessarily @ coincides with u, which implies that u is strictly superharmonic
and thus positive. O

A-priori bounds in the sublinear case

In our sublinear model case f(z,s) = g(z)|s|P"'s, p € (0,1), something more may
be deduced: in fact, Lemma still applies and, with the same steps as in the
proof of Lemma [2.2.4] (reversing the inequalities since now p — 1 < (), one ends
up with

lgll:C(Q) )
2 < | — o for all g
[ullr2@) < ((1_ oG orall u € N,

As a result, we can state the following:

Proposition 2.2.8. Let Q be a bounded Lipschitz domain in R? and let g € L*(Q)
be positive a.e. in . For every o € (—1,1) fized, all critical points of J, with
f(x,s) = g(z)|s|P~'s and p € (0,1) are uniformly bounded in H*(Q).

Notice that by continuous embedding H?(Q2) — L*>(f2), one may also infer an
a-priori L> bound for all critical points of .J,. The estimate becomes also uniform
with respect to o if we restricto € I € (—1,1).
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An eigenvalue problem

In the whole chapter we focus on the nonresonant case p # 1. Let us briefly discuss
here what happens if we consider the eigenvalue problem

{A2u = \g(z)u in Q, (2.14)

u=Au—(1-o0)ku, =0 on 012,

when 0 < g € L'(Q) and, as usual, Q2 C R? is a bounded convex domain with C*!
boundary. By the scaling invariance of (2.14]), we can consider the minimization in
H?*(Q) N H}(2) of the following Rayleigh quotient:

vl
Bolv) = Jo 9(@)0?

and apply the standard technique, showing that the first eigenvalue \; is simple
and the first eigenfunction is strictly of one sign in ). For further details, we refer
to [8, Theorem 4].

Moreover, supposing g € L*(f2), by standard theory (see for instance [39,
Chapter 6]) there exists a countable sequence of positive eigenvalues for problem
0< X <X\ <--- <)\ — +oo and that the respective eigenfunctions form
an orthonormal basis of H?(Q2) N H}(Q2) with respect to the scalar product (-, ) g, .
Indeed, if we consider the solution operator of the linear problem K, : L*(Q) —
H?*(Q) N H}(Q) such that f — K, f := u where u is the unique critical point of
the functional I, it is easy to infer that K, is linear, compact from L? to itself,
self-adjoint and positive (that is, (K, f, f) > 0 for every f € L*(Q2)).

Finally, one can also deduce an estimate from below for A\;. In fact, if we
consider f(x,s) = Ag(x)s with A < (1 — |o)C; |9l it is possible to show that
J,, is strictly convex, so the global minimizer found in Proposition [2.2.1]is unique.
Since u = 0 is clearly a critical point of J,, then there are no other nontrivial
critical points. Consequently, A\; > (1 — |a|)Cy " ||glI=t-

2.2.2 Beyond the physical bounds: ¢ < —1

So far, we studied the existence of critical points of the functional J, and we
established positivity of the ground states, always under the assumptions of ¢ €
(—1,1] and (regarding the positivity) regularity and convexity of ). The role of
the lower bound ¢ > —1 is in particular explained by Lemma [2.1.4, as it was
necessary for showing that || - ||z, is an equivalent norm on H?(Q2) N H}(Q2). On
the other hand, the upper bound ¢ < 1, together with the convexity assumption,
was striking in the proof of the positivity, since it allows the boundary term of J,
to have a positive fixed sign.

In this section, we study what happens to the ground states of .J, if we let the
parameter be in the whole R, in particular concerning the relationship between the
existence and the lower bound ¢ > —1 and between the positivity and the upper
bound ¢ < 1. To this aim, we divide the subject into two subsections, one for each
problem, addressing the latter in Subsection In both, we always assume
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that Q C R? is a bounded convex domain of class C'! so that Theorem [2.1.5
holds. Moreover, as it seems more interesting from a mathematical point of view,
we mainly focus on the superlinear case f(x,u) = g(z)|u|’~'u with p > 1, pointing
out, if needed, the necessary adaptation for the sublinear power p € (0,1).

A Steklov eigenvalue problem

Let us begin by recalling some known facts about the Steklov eigenvalue problem
(for this topic, we refer to [42] or, for the case x = 1, [8,[15]):

A%u =0 in €,
u=0 on A9, (2.15)
Au = druy, on 0f).

We define a Steklov eigenvalue to be a real value d such that (2.15) admits a non-
trivial weak solution, named Steklov eigenfunction, i.e. u € H*(Q) N H} (), u # 0,
such that for all ¢ € H?(Q) N H} (),

/ Aulyp — d/ KUnpn = 0. (2.16)
Q o0

First of all, d must be positive. In fact, if u is a Steklov eigenfunction, taking u = ¢

in (2.16):
d/ K(up)? = /(Au)2 > 0,
00 Q

since ||A - ||z is a norm in H?(Q) N Hi(Q). As x > 0, we have both d > 0 and
Jo0 Kuz > 0. As a complementary result, in order to show nontrivial solutions of
(2.15), without loss of generality, we can restrict to the subset

H— {u € H2(Q) N HL(Q) ’ /m i (un)? £ 0}.

Definition 2.2.1. We denote by 51(9) the first Steklov eigenvalue:

_ 2
51() = inf AUl
H\{0} [ KU2

Proposition 2.2.9. The first Steklov eigenvalue is attained, positive and there exists
a unique (up to a multiplicative constant) corresponding Steklov eigenfunction, which
18 positive in 2.

Proof. We refer to [42, Lemma 4.4], just noticing that the continuity of the curvature
assumed therein is not necessary to obtain this result. O
A nonexistence and an existence result

From Proposition [2.2.9] it is easy to deduce a nonexistence result for positive
solutions if ¢ is negative enough:
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Proposition 2.2.10. If 0 < o* := 1 — §,(), there is no nonnegative nontrivial
solution for the Steklov problem (2.8)).

Proof. Let u be a nonnegative solution for (2.8) and ®; > 0 be the first Steklov
eigenfunction; we use ®; as a test function in (2.9)):

/Q AuA®, — (1— o) /6 (1), = /Q o(2) ;.

Then, interpreting w this time as a test function in (2.16)), we have

/Q AuAD, = 5, (Q) /a R(®1)

Combining the two equalities,

(51(Q) — (1 — o)) /8 (@), = /Q g(2) Py > 0.

Again by positivity of u and ®;, we have u, < 0 and (®;), < 0. Therefore, since
k>0, we infer §;(Q) =140 > 0. O

Remark 5. We already proved that our problem admits positive solutions
whenever o € (—1,1] with the same assumptions on 2. Hence, we infer that,
61(Q) > 2 and we have equality if Q = B;(0) (see |8, Proposition 12]). This result
was already proved for C? bounded convex domains of R? by Parini and Stylianou
in [75, Remark 3.3|, using Fichera’s duality principle.

The next step is to investigate what happens if 0 € (¢*, —1] in case this interval
is nonempty. We will show that the existence and the positivity results found for
o € (—1,1] can be extended for this case. In fact, the only restriction we have to
overcome, is the fact that here Lemma [2.1.4]is not the right way to prove that the
first two terms in the functional J, define indeed a norm on H?(Q2) N H} ().

Lemma 2.2.11. For every o > o*, the map

0 [ / (Au) — (1—0) / an)?]% = Jlulls,

is a norm in H*(Q) N HY(Q) equivalent to the standard norm.

Proof. By the definition of 0;(2) as an inf, we have ||Aul > §;(Q) [, xu? for each
uw € H?(Q) N HY(Q) and so, if d > 0 (which corresponds to o < 1),

/Q(Au)2 > /Q(Au)2 —d/aﬂ Ku? > (1 - ﬁ’lg)) /Q(Au)Q. (2.17)

On the other hand, if d < 0 (so that o > 1),

/Q(Au)Qg/Q(Au)u\dy [ < <1+51‘?g|2))/0(m)2.
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As a result, we have to impose that d < 51(9) to have the positivity of the constant in
the first estimate, while no restriction occurs in the second. The proof is completed
noticing that the map

(u,v)p, — / AuAv — d/ Ky Up
Q o9

defines a scalar product on H2(Q)NHL(Q) by inequality ([2.17) for all d < &,(Q). O

Proposition 2.2.12. Let Q C R? be a bounded conver domain with boundary C'1
and suppose o € (0%, —1|; then the functional J, admits a positive ground state.

Proof. It is sufficient to notice that Lemma holds for these values of o if we
replace Lemma by Lemma [2.2.11] while all the other propositions that led to
the existence and the positivity of ground states are not affected by this change. [

Remark 6. It is clear that, once Lemma [2.2.11| is established, the existence of a
ground state of J, is ensured for any o > o*. The issue of its positivity for the
remaining part of this interval, that is 0 > 1, will be addressed in Section [2.2.6]

Remark 7. (Sublinear Case) Both Propositions [2.2.10and [2.2.12| hold in the case of
a function f(x,u) which verifies the assumption (H) (modifying in a suitable way
the constant in front of the quadratic term) and f > 0, f # 0.

2.2.3 Asymptotic analysis for ground states of J, as ¢ — o*

Having now the existence of positive ground state solutions for ¢ € (¢*, 1] and
having shown that there are no positive solutions if 0 < ¢*, a natural question
that arises is to determine the behaviour as o, \, 0* of a sequence (uy)ren, €ach
of them being a ground state for the respective functional .J,,. We will find an
antipodal result for f(x,u) = g(z)|ulP~'u as p € (1,+00) or p € (0,1).

The following proof is an adaptation of [9, Theorem 1], which covers the critical
case f(x,u) = |u|* ~2u, when the dimension is N > 5. Moreover, the authors
considered a slightly different notion of solution, that is, the minimizers of the
Rayleigh quotient associated to the boundary value problem:

HAUH% —(1-o0) f(‘}Q m‘i'
(foy 9(@)ulp+1) 7T

However, it is a standard fact to prove that every ground state of J, is also a mini-
mizer of R,, while the converse is also true, up to a multiplication by a constant.

R,(u) :=

Theorem 2.2.13. Let Q2 be as in Proposition and o \, 0" as k — +o0. If
p € (0,1), then ||uglloc — 400, while, if p > 1, then ||ug||m2) — 0.

Proof. Let p > 0, p # 1; by the remark above, each ground state u; is such that
Ry, (ug) = inf R, (u) =%, >0.

0£uEH2(Q)NHL(Q)
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By Proposition u there exists 8 positive first Steklov eigenfunction ®4; since we
have |A® |3 = (1 —0*) [,, £(P1)2, we have

16)) 2
0 < Sy < Ry (@) = (03 — 0)— o0 "B
(Jo g(@)|@y[p+t) 7o

as k — 4-00. Moreover, since uy, is a ground state for J,, , || Aug[|3—(1—0k) [5 £(ux)z =
Jo 9(@)|ug P! and, since R,, (uj) = o, , we deduce

p—1
p+1
([ lar)™ =5, o
Q

Hence, if p > 1, then [, g()|ug [Pt — 0; otherwise, if p € (0,1), then [, g(x)|u[P™" —
+00, which implies, by the Hélder inequality as g € L*(2), that ||ug|/cc — +00.

We have now to prove that, if p > 1, this convergence to 0 is actually in the natural
norm H*(Q). By Lemma2.2.11] | - HHG is a norm in H2(Q) N H(Q) for every k, so
we are able to decompose in that norm the Hilbert space as H*(Q) N HY(Q) =
span(®,) @ [span(®;)]*. Thus, for every k there exist a unique ap € R and
Uy € [span(®;)]* such that up = o, ®; + 5. Hence, for k large enough,

N (YR
= i (®y, ®1)m,, + Yk, Vi) m,, -

First of all,

(@1, ®1)5, = |AD 2 — (1 0y) /d R} = (=) /8 R(@)2. (219)

Q
Moreover, denoting by 5~2(Q) the second eigenvalue of the Steklov problem, i.e.

. Al
52(9) — nf H 'UH2
span(®1) 1\ {0} [ KV2

and defining o** 1= 1 — 6,(Q), we get

80l = (1= 0™) [ slun)?
o
from which

(beotn)m,, = A2 — <1 o) / k()2

(2.20)
> Az - ||A¢k||2 = 1_—|| Villz-
As a result, combining (2.18)) with (2.19) and (2.20), we get:

Ok

. 0_**
o) [ gl =afon — o) [ w(@®):+ DT v
Q o0 l—o
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Since by Proposition the first Steklov eigenfunction is simple, we have o** < o*
and, recalling that o, > o* by assumption, necessarily ||Avy|l2 — 0. Hence,

/ 9(x)]ap®, P < / (@) [|ug] + el < 27 / (@) [ul?* + [P+
9] Q Q
<o / g (@)l + O Qg ez — 0.

As a result, ap — 0 and we finally obtain

gl zz@) < larll|Pilla2@) + ¥kl H2@) — 0.
O

If we read carefully the proof of Theorem we notice that the fact that
each wy, is a ground state for J, was necessary only to deduce that [, g(x)|u;[P™" —
0, while to prove the convergence to 0 in H?(Q2) norm it was only sufficient that
each w, is a critical point (actually, an element of the Nehari manifold A, , since
the only step of the proof involved is (2.18)). Therefore, we can state the following
result, which will be useful when looking at the radial case in Section[2.2.7}

Lemma 2.2.14. Let (uy), be a sequence of critical points of J,, in the superlinear
case, such that [, g(z)|uk[P™ — 0 as oy \ o*. Then ||ug| g2y — 0.

2.2.4 Asymptotic behaviour of ground states of J, as 0 — 1

As mentioned at the beginning of Subsection we shall investigate the be-
haviour of the ground states of .J, when o > 1. If, on one hand, the extension of the
existence result is straightforward since || - || 1, () is still a norm on H*(Q) N Hj ()
by Lemma (see Remark[6), on the other hand, the extension of positivity is
more involved. A way to prove it at least in a right neighborhood of ¢ = 1 is by
an argument which relies on the convergence of the ground states of the Steklov
problem to the respective of the Navier problem. In this section we present this
asymptotic approach, while we leave the proofs of the positivity in Subsection

Again, we assume hereafter that ) C R? is a bounded convex domain with O
boundary, and that the nonlinearity satisfies . Moreover, (u)ren Will always
denote a sequence of ground states solutions of the Steklov problems

(2.21)
u=Au—(1-o0p)ku, =0 on 012,

{AQu = g(z)|ulP~u in Q,
for a sequence (o} )reny converging to 1. In order to underline the peculiarity of
the problem when o = 1, we set Jyay := J;, whose critical points are the weak
solution of the following Navier problem:

(2.22)

A%y = g(x)|ulP~lu  inQ,
u=Au=0 on 02,
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Finally, w will always denote a ground state of Jy 4y. Our first purpose is to prove
the convergence u; — u in the natural norm, i.e. in H?(f2), as o}, — 1, without
any distinction about the sign of 1 — 0. Then, we will promote it to a stronger
norm.

First, we show that it is enough to prove a weak convergence.

Lemma 2.2.15. Let (u)ren and U be as specified above. If u, — U weakly in H*(Q)
as o — 1, then (up to a subsequence) uy — u strongly in H*(Q).

Proof. As uj, — U weakly in H?(Q2), there exists M > 0 such that [lug[|72q) < M.
Moreover, uy is a solution of (2.21)) for each £ € N and u of the Navier problem
[2.22), thus, for every test function ¢ € H?*(Q) N H (Q):

/Q Auphp — (1- o) / () = / @)l g, (223)

/ AuAg — / o).
Q Q

Hence
C;llHuk _HH%TQ(Q) < HAuk — Aﬂ”g = / AukA(uk —ﬂ) — / AHA(uk —ﬂ)
Q Q

—(1-a) /8 () = )+ [ / @)l Mustn =) = [ gl Mt~ )|

Q

For the first term:

=00 [ ntw)afon ),

<1 — o |CH |kl L~ e l[unl 20 llus — |20

< |1 = 0% |C3| K|l oo (o) M (M + |[t]| 12 () — O,

where Cr is the constant in the trace theorem. Concerning the second, it is enough
to invoke the dominated convergence theorem as we have pointwise convergence and
since

g(@) (Juel"™ wg — [l 1) (g, — W)| < [g(@)|[CQPMP + [al)[C( QM +7] € LN(Q),

where C(12) is the constant in the embedding H?(Q) < L>(Q). O

Remark 8. This result holds not only for ground states, but for generic solutions,
i.e. if (up)ren is a sequence of weak solutions of the Steklov problem and T
a weak solution of the Navier problem ([2.22) and we know that u, — @ weakly in
H?(2), then, up to a subsequence, it converges strongly too.

A crucial observation is that the Nehari manifolds are nested with respect to
the parameter o:

Lemma 2.2.16. Let 01 < 0y and fix u € H*(Q) N HY(Q) \ {0}. Then
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Proof. Indeed, —(1 — 01) < —(1 — 02) and so, by (2.12),

fQ(Au)2 — (1 —09) faQ Ku2 _p

)Pl = fQ(AU’)Z —(1—01) faQ Ky,
ta’ ( ) - ng(:E)|u|p“ - Vo2

T a@lt ()™

<

]

Notice that if v € HZ(Q2) then one has the equality; if we suppose moreover that
k > 0 a.e., we deduce also the converse.

Proposition 2.2.17. The sequence of ground states (ux)ren 45 bounded in H*(Q).

Proof. Set ke such that oy . = max{(og)ken, 1} and so wy, . is a ground state
for J,  (with the convention that if oy,,,,—1, then wu,,, is a ground state for
Jyav). Defining wy, := t} (g0, ) Uk, € No,, that is, the "projection" of wuy,,,, on
the Nehari manifold A,, along its half-line, one has

AQMWMHsﬁm@mm“sAawmmmﬂ (2.24)

Indeed, the first inequality comes from the fact that w; is a ground state of J,;, , which
has the equivalent formulation (2.11)); the second is obtained by Lemma [2.2.16|since

/mmmmﬂ=@w%mw“/mmmmmﬂ
Q Q
< (& «MWWH/mwmmm“z/ﬂmmmmﬂ
Q Q

Ukmaa.

Furthermore, for any ¢ > 0 (and here we can assume it without loss of generality),

/g}(mf _(1-0) /m w2 > mino, 13CA(Q)|ul3a(0. (2.95)

In fact, if o € [1, +00) the proof is straightforward since —(1 — o) > 0, otherwise, if
€ (0,1):

/Q(AU)Z —(1-0) /m Kul = /Q(Au)2+2(1 —a)/Q(—dew?u))

:/ [umjtu + 20Uy Uy + 2(1 — 0)u;, y} > U/(Au)2+2(1 _0)/%2@
Q Q Q
fémw%nwrmmw#@.

Combining (2.24)) with (2.25), we get:

Ca(2) /
2 p+1 <

which is the estimate we needed. O

P—l—l
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As a direct consequence of Proposition the sequence (uy)ren, Up to a sub-
sequence, is weakly convergent to some u., € H*(Q) N H}(Q2) with strong con-
vergence in L>°(2). It is also easy to see that u., is a weak solution of the Navier
problem (2.22): it is enough to apply to the weak convergence in H?((Q2),
the strong convergence in L?(09) of the normal derivatives and the dominated
convergence theorem. As a consequence, by Proposition the convergence
Up — Uy 1S strong in H?((Q).

Theorem 2.2.18. Let 0, — 1 and Q C R? be a bounded convexr domain with
boundary of class CYt. Then the sequence (uy)ren of ground stale solutions for the
Steklov problems admits a subsequence (ux,)jen which converges in H?(()
to Us, which is a ground state for the Navier problem (2.22), and thus strictly
superharmonic.

Proof. Clearly, as u., is weak solution of (2.22)), we have Jyav (uoo) > infary , Inav.
Now we have to prove the converse inequality. Firstly, we have Jyay(us) <
liminfy_, 4 Jo, (ug). Indeed,

Auy,)? 1-— p+1
llmlnfjgk(uk) —hmlnf/ M_ lim ak/ K/(Uk)i_ lim g(aﬁ)"dk|
k—+4o00 k—+oo [ 2 k—+4o00 2 90 k—+oo Jq p—|—1

Auoo 2 T)|Uso p+1
ST
Q 2 Q p+1

having used the compactness of the map 9, : H*(Q) — L*(09) and the dominated
convergence theorem. Moreover, if we suppose o5 < 1 for k large enough, by Lemma
2.2.16| (with a similar argument to that in (2.24])), for all £ € N we have

(i) = (3= 5 ) Lol < (5= 7)) [ ot@huaP™ = davtus),
(2.26)

so in this case we are done. If otherwise o, > 1 for a infinite number of indices, (2.26)
does not hold. In this case, without loss of generality, we can assume that o, \, 1.
By the existence theorems in Subsection we know that there exists a ground
state @ € H*(Q)NH;(Q) for Jyay and we define T, := ¢}, (@) to be the "projection"
on the Nehari manifold Ny,. Then ||t — @l g2y = |1 =t (@)|||@]| g2y With

o, det(V?a)

L= (tg, @ "R @ - (5, @) = 20— ) 0

so U, — w in H*(Q2), which implies

/ o) [ [P — / )[alPtt. (2.27)

Nevertheless, since uy, is a ground state of J,, ,

_ [urENG, ] _ [ukENG, ]
/Q g@)a = (G = ) (@) > (5 — ) e () = / g() ug [P
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furthermore, since we assumed o} > 1 and by Lemma [2.2.16]

/Q g(@)u ! > / 9 i () url”™ = (= L) Iy av (e ay (1))

(2.29)
> (4 = 1) Jvav (@) = / g(x)[a+.
Combining (2.27)), (2.28) and (2.29), we find
[ s@lu = [ g, (2:30
Q Q

from which J,, (ug) = Jyav (@), which completes our equality.
To conclude, notice that we have already obtained in the proof of Proposition
that ground states of the Navier problem ([2.22)) are strictly superharmonic. O

Remark 9. The same analysis may be adapted also for the sublinear case p € (0,1),
paying attention to some minor changes: for instance, Lemma [2.2.16| holds with the
reverse inequality, but this compensates for the fact that this time the coefficient
11

373 in the equivalent formulation of J, is negative.

In order to apply this convergence argument to the study of the positivity of
ground states for a right neighborhood of o = 1, we need a stronger result, namely,
we need to upgrade our convergence to a stronger norm. Indeed, we need also a
uniform control on the normal derivative on the boundary, which is not given by
the simple H? norm.

A first step is to investigate, for a fixed o > ¢*, the regularity of the solutions
of and with just a slightly more regular boundary (actually, we have
to impose that 952 is of class C?). This will be obtained by means of the following
lemma by Gazzola, Grunau and Sweers, which follows from a result by Agmon,
Douglis and Nirenberg [4, Theorem 15.3’, p.707]:

Lemma 2.2.19 ([40], Corollary 2.23). Let ¢ > 1 and take an integer m > 4. Assume
that 9Q € C™ and a € C™2, then there exists C = C(m, q,a,Q) > 0 such that

lellwmaey < 0(||u||q+||A2u||Wm4,q<m+||u||wm;,q(m)ﬂmu—aunnww;,qm)),

for every u € W™4(Q). The same statement holds for any m > 2 provided the
norms on the right-hand side are suitably interpreted.

Hence we have to define A% as a distribution in W~24(()), i.e. acting on functions
in W02’q/ (). Letu € H%(Q)NHL(Q) be a weak solution of (2.8); we define the linear
functional over H?(92):
Au: H2(Q) 3 p < Au,p >i= / AuAp
Q
which is well-defined and continuous. If we let

U$¢H<%w>:/ﬁ@WV%%
Q
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it is clearly well-defined and continuous on W27 (Q) and, by the weak formulation
of the PDE, on the subset H2((?) it acts identically as A?u. As a result, we define

A2y WE(Q) 3 o < Alu, g >i= /Qg(x)]u\plwp. (2.31)

Proposition 2.2.20. ]f 89 € C?, for every o > o* the weak solutions of Steklov
and Navier problems (2.21)) and ( - ) lie in W24(Q) for every q > 2.

Proof. Let u € H*(Q) N H(2) be a weak solution of (2.8). Applying Lemma[2.2.19
with m =2 and a = (1 — o)k € C°(09) (a = 0 for the Navier case), we find:

lullwza@y < Clg,0.9) (Hqu ; ||A2u||wz,q<m),

which is well-defined in view of (2.31]). Since

Jo 9(@)|ulP~ ugp

’|A2U||W72,q(Q) = sup

i < Cpa, Dlglhllullfeq, (2.32)
orpew? (@) 1Plwae ()

we finally deduce from ({2.32)) that

[ullw2a) < Clg,0,0) (HUHq + O, ¢ Dlglillullteq) ) < oo,

]

We stress that we did not use either the fact that « is a ground state solution, or
its positivity: the above result holds true for every weak solution of Steklov and
Navier problems.

Proposition 2.2.21. Let Q be of class C? and (uy)ren be a sequence of weak solu-
tions for the Steklov problems (2.21) converging in H?(Q) to u, a weak solution for
the Navier problem (2.22)). Then the convergence is in W>4(Q) for every q > 2.

Proof. Let ¢ > 2 and apply the regularity estimate of Lemma (2.2.19)) to uy — @
with m =2, a = 0:

s =l wza0) < Cla, Q) ([[up=Tall g+ A% up = AT w20 +1=0wl I (w)all -1 ),
(2.33)
using that on 00 we have A(uy — @) — a(ug — @), = Aux, — Au = (1 — og)K(ug ) n-

By ([2.31]) and the dominated convergence theorem:

1A%y = A%ullw-20i0) = sup | Jo 9@ "~ urp — [o ga)[al”~ |

— 0,
07é<p€W§’ql(Q) ||W||W§’QI(Q)

similarly to (2.32). We need now to prove that (k(ug),)ken is bounded in W_%’q(aﬂ).
Notice that if we provide a uniform bound in L9(0f2), then we are done. In
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fact Wﬁ’q(ﬁﬂ) = (W%’ql(aQ))* and Wé’q/(aﬂ) — L7(09), so we directly infer
W o9(9Q) < LI(9Q).

Moreover, it is known that, with our assumptions on 02, the normal trace of func-
tions in W*P(Q) lies in LP(052), provided s > 1+IlJ (for this and some further sharper
results, see |64, Theorem 2|). Hence,

s Cui)allyy -t pq) < Cla: Dlls(ur)allzon) < Clg, D5l @0 |l (wr)nll Laon)

< C(q,Q, 8) ||kl Lo a0 [[uk | wsa(,
(2.34)

for some s > 1+ é. Thus, we need to find an appropriate fractional Sobolev space

in which H?(Q) is embedded. We claim that H?(Q)) — W+3/244(Q). Actually,
it is enough to prove that H'(Q) := WH3(Q) < W3/229(Q) by the definition of
WeP(Q) for s > 1. So, let u € W12(Q); by the Stein total extension theorem [I]
Theorem 5.24] there exists U € W'?(R?) such that U}, = u a.e. and ||U|w1r2mge) <

C||lullw1.2(q) for some positive constant independent of u. Applying an interpolation
result (see Theorem in the Appendix) to U with § = 2 and the Sobolev

2q
embedding W1?(R?) — L%~ (R?) since 4¢ — 6 > 2:

3 1—-3
1Ullwsrznnqaty < O | Ul oy < G Ul
Hence,
[ullwsrzea) = 1Ullwsrea@y < NUllwsraage) < CillUllwrzge) < Colluflwizg).
As a result, noticing that s = 1 + 2% > 1+ é, we can continue (2.34), obtaining:

< C(q. QI ]| o lurllwr+s/200(0) < Ca: Q1] o luell 20

5l gy <

which is uniformly bounded in k. Combining estimate (2.33) with the ones above
for the second and the third terms of (2.33), we finally end up with the strong
convergence in W24(Q). O

2.2.5 The Dirichlet problem and an asymptotic analysis as
o — +00

There is another relevant case in which an interesting asymptotic analysis may be
performed: the Dirichlet problem

{A2u =g(@)|uflu  inQ, (2.35)

u=1u, =0 on 0f2,

seen as the limit problem as ¢ — oco. We do not expect to deduce any positivity
argument for sufficiently large values of o from a possible convergence result,
since the normal derivative on the boundary of the limiting problem vanishes.
However, we can hope to infer from it a further evidence that the positivity might
hold for all values of o > ¢*, at least when dealing with some special domains (see
the subsequent Subsection [2.2.6). To this aim, we prove the following:
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Theorem 2.2.22. Let 0, — +00 and Q be a bounded conver domain in R? with
boundary of class C*'. Assume also that the curvature k is positive a.e on OS).
Then the sequence (uy)ren of ground states of (Jg, )ren admits a subsequence (uy; ) jen
convergent in H*(Q) to U, which is a ground state for the Dirichlet problem (2.35)).

The argument is similar to that we used in Subsection[2.2.4|for the convergence
to the Navier problem, but now we have to pay attention to the fact that in this case
the two functional spaces are different (H2(Q2) N H}(Q2) for the Steklov problem
and HZ(Q) for the Dirichlet). We are not giving here the details of the proof of
the existence of ground states of (2.3, as it can be obtained as for the Steklov
framework by the Nehari method of Section In what follows, as usual, u; will
always denote a ground state for J,, and U a ground state for Jp;r : HZ(2) — R
defined as

1 1
Torn(w) =5 [ (@uf = —= [ ga)lup

whose critical points are weak solutions of (2.35). Moreover, similarly to the
Steklov case, we define the Nehari manifold for Jp;p:

Nprr = {u € HF(Q)\ {0} | Jp p(u)[u] = 0}
First of all, notice that for each o

= JDIR7 (2.36)

7z
so N, restricted to the subspace HZ(f2) coincides with NVp;x.

Proof of Theorem [2.2.22. We follow the same steps as in Subsection to deduce
Theorem [2.2.18] Firstly, we prove that (ug)gey is bounded in H?(2). Indeed, fix
W € H3(Q) a ground state for the Dirichlet problem (2.35)), then

dulp< [ G~ =a) [t = [ g

0!
— i [ g@pt < ot / g(@)|olP*t = / g(0)| WP+,
Q Q

veENs, [ vENy, NHE ()

(2.37)

Hence, there exists U € H?(Q2) N H}(Q) such that, up to a subsequence, uj, — U
weakly in H?(Q). Moreover, (2.37) implies that

0< (or—1) / e} < / 9@l < @ p) gl lunlite, < DR, p.g)

and, taking into account that o, — +o00, we deduce that

/ k(up)? — 0.
o0

By the compactness of the map 9, : H*(2) — L?(952), we have also that

/ K(up)? — KUZ.
o0 o0
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Hence, combining the two and recalling that we assumed x > 0 on 02, we deduce
that U, = 0 on 9Q and thus U € HZ(Q).

Finally, testing the weak formulation of problem with ¢ € HZ(2) and passing
to the limit as k& — +o00, we get

/ AUAp — / (@) UP U,
Q Q

so U is a solution of the Dirichlet problem ({2.35)) and, similarly to Lemma [2.2.15
we can prove that the convergence is strong in H?(Q2). It remains to prove that U
is actually a ground state for Jprgr. Let W € HZ(Q) be a ground state solution of

Jpir. Then, by (2.36):

m = JDIR(W) = Jak(t;k(W)W) > ./\/'okiﬂrgg(ﬂ) ‘]Uk > }\gi JUk = ‘]Uk(uk)’

hence we deduce that m > liminfy_, . J,, (u). Moreover, by strong convergence,

Jor(U) = (%—]ﬁ)/g(%)lUlp+1 = lim (%—,ﬁ)/{zg(x)luklp“ = lim Jo, (ug).

Q k—4o0 k—+o00
Finally, since U is a solution of the Dirichlet problem (2.35)), we have U € Np;g, so:

m < Jprr(U) < liminf J,, (ux) < m.

k—+4o0

2.2.6 Beyond the physical bounds: ¢ > 1

This subsection is devoted to establish the positivity of ground states for ¢ > 1.
We will provide two different proofs (which will produce two slightly different
results): the first is relied on the convergence analysis given in Subsection
while the second is based on the method of dual cones, connecting our semilinear
problem with the linear one. Again, for convenience, we assume the exponent of

the nonlinearity (2.10]) to be p > 1.

First method for positivity: a convergence argument

Let us start by noticing that, by Morrey’s embeddings, the convergence in W24(02)
for every ¢ > 2 of Proposition [2.2.21|implies the convergence in C12(Q) for every
a < 1, so in particular in C'(Q). This will be the main ingredient in the next proof.

Proposition 2.2.23. Let Q C R? be a bounded conver domain of class C? and
(ur)ren be a sequence of ground states for the functional J,, with op 1. Then
there exists a subsequence (uy,)jen and jo € N such that uy, > 0 in Q for every

J = Jo-

Proof. By Propositions [2.2.20| and [2.2.21] and by the previous observation, we know
that, up to a subsequence, u;, — u in C*(Q2) for some w, a ground state for Jyay .
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Since € has a C? boundary, the interior sphere condition holds and one can extend
the outer normal vector n in a small neighborhood wy C €2 of 92 and thus define here
U, = Vu - n (see [87, Chapter 4|). Moreover, since @ is strictly superharmonic, the
normal derivative 7, is negative on 02 and, by compactness of 92 and continuity
of u,,, there exists a > 0 such that

ﬂnh’jﬂ < —a <0.

Hence, again by continuity, there exists a second neighborhood w C wqy of 92 such
that

_ 2
Up), < —ga < 0.

Take now g1 = $: by the C*(Q) convergence, there exists k; € N such that for every
k>k and x € w:

|(ur)n ()] = [ ()] = [ (ur)n(x) = Un(2)]
2 2
> 5 = Il Var = Valllie@) > 5 — 1> 5.
By the interior sphere condition, the map w — 09, z +— xy such that d(z,z¢) =
inf{d(z,y)|ly € 00} is well defined and the vector x — xy has the same direction
as n(r) and n(xg). Hence by Lagrange Theorem and recalling that wuy,, = 0, for
T € w:

()] = |ur(z) = ur(zo)| = min |(ur)n(y)l|z — wof > %Iw — [ > 0. (2.38)

IS wo,m}

Moreover, notice that by compactness of Qy := Q \ w we have

U, = minu:=m >0
0 Qo
and so by the uniform convergence it is easy to deduce that, for k large enough,
ug(z) > & for every = € Q. The result follows by combining this with (2.38). O

Theorem 2.2.24. Let Q C R? be a bounded convex domain of class C?; then there
exists o1 > 1 such that for every o € (1,01) the ground states of J, are positive in

Q.

Proof. By contradiction, suppose that such o; does not exist. Hence we would be
able to find a sequence (oy) N\, 1 such that for each of them there exists a ground
state uy, for J,, which is not positive. This would contradict Proposition [2.2.23] [

Remark 10. As we are dealing with continuous functions, since H?(Q) — C°(9),
we are interested in the strict positivity everywhere in €2 and not only a.e. in €.
Theorem gives a positive answer for this question: in fact, as u € H?*(Q) =
W2N(Q) is strictly superharmonic, by the strong maximum principle for strong
solutions [44, Theorem 9.6], we deduce that it cannot achieve its minimum on the
interior of €, thus u(z) > 0 for every x € Q. By the C' convergence we deduce the
same strict inequality for u,, with o € (1, 7).
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Second method for positivity: a dual cone decomposition

The positivity result of Theorem leaves us a bit unsatisfied, for two main
reasons. On one hand, we have no estimates which quantify "how large" this right
neighborhood of ¢ = 1 is and, moreover, if we think of the Dirichlet problem
(2.35), seen as the limit case as ¢ — +oo, then there exists at least one case in
which we know that its ground states are positive, namely when ( is a ball in R?
(see [37] for the case ¢ = 1, but the arguments therein hold also in our general
situation). Thus, we expect to be able to completely extend the positivity for such
domains. We point out that proving positivity of ground states of is quite a
hard subject, since it strongly relies on the geometry of the domain, even in the
linear case, namely f(x,u) = f(z), as recalled in the Introduction.
Roughly speaking, this technique allows to split any function u which belongs to
an Hilbert space, into a sum of a positive term and (in the best case) a nega-
tive one, both belonging to the same Hilbert space. In practice, this replaces the
decomposition v = ut — u~ which is not available in the context of high-order
Sobolev spaces. This method will allows to obtain from a supposed sign-changing
ground state solution u, a function w of one sign and in the same space with a
strictly lower energy level, leading to a contradiction.

At the end of this subsection, one may also compare the resulting analysis with
the respective one for the linear problem with the same boundary conditions, due
to Gazzola and Sweers in [42].

Definition 2.2.2. Let Q C R? be a bounded domain of class C*!' and fix ¢ € R.
The linear Steklov boundary problem

Ay = f in €2,
(2.39)
u=Au—(1—-o0)ku, =0 on 012,
is positivity preserving in ) if there exists a unique solution u € H?(Q) N H () and
f > 0 implies u > 0, and this holds for each f € L?(2). We shorten this by saying
"Q is a |[PPP,| domain for (2.39)".

Our aim is to apply the dual cone decomposition (see Theorem in the
Appendix) to the Hilbert space (H*(Q) N HL(Q); ] - ||g, ), where || - ||z, is the norm
[2.4), and K := {v € H|v > 0}, the cone of nonnegative functions, looking for
a decomposition of each element into a positive and a negative part. Hence, we
need a characterization of the dual cone K*:

Lemma 2.2.25. If Q is a [PPP,] domain for (2.39) for a fired o € R, then K* C
{we H|w<0 ae}U{0}.

Proof. We adapt here the proof of [40, Proposition 3.6]. Let o € C°(Q2), » > 0 and
let v, € H*(2) N Hg(€2) be the unique weak solution of the linear problem

Av, = in 2
vy, = Avy, — (1 — 0)k(vy), =0 on 052,
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that is, for every test function w € H?(2) N H(2), we have

), = [ Avdw—(1=0) [ wtou, = [ ov

Hence, suppose w = u € K*: as Q is a [PPP,| domain and ¢ > 0, we deduce that
v, > 0, 50 v, € K and thus (v, u)y, < 0. As a result, we obtain that [, pu < 0
holds for every ¢ € C°(Q2), ¢ > 0, implying that v < 0 a.e. in Q.

Moreover, let us suppose that the null-set of u, namely N := {x € Q|u(z) = 0},
has positive measure, consider ¢ := xyy # 0 and let vg be the unique solution of the
linear Navier problem:

{A%o = in €, (2.40)

vg = Avg =0 on 0f).

Then vy is strictly superharmonic by the maximum principle, thus vy > 0 and, by
the Hopf Lemma, (vg), < 0. As a result, for any function v € H*(Q) N H} () one
can produce two positive constants «, (3 such that v + avy > 0 and v — Bvy < 0.
Moreover we claim that (u,v)g, > 0. In fact, as vy is the weak solution of

and by definition of :
/AuAvoz/uwz/u:().
Q ) N

Thus, since 0 > 1, Kk > 0, u, <0 as u >0, and (vg), < 0:

(u,v0) g, == / AuAvy — (1 — a)/ Ky (vg)n > 0.
Q o0

As a result, recalling that u € K*, v + avy € K and v — vy € (—K), we have the
chain of inequalities:

0> (u,v+avy)y, = (u,v)n, + a(u,vo)n,

> >
> (u,v)m, — Blu,vo)n, = (u,v — Pvg)m, >0,

which implies (u,v)y, = 0 and holds for all v € H?(2) N H}(2). Hence this is true
also for v defined as the unique solution of the Steklov problem:

A% = in Q,
v=Av—(1—0)kv, =0 on 012,

and, using u as a test function, we deduce that
0= (o), = [ = [ulf

which implies u = 0 a.e. O

Proposition 2.2.26. Let 0 > 1 and suppose Q is a [PPP,] domain for (2.39).
Then the ground states of J, are either positive a.e. or negative a.e.
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Proof. Let u € H*(Q)N HI () be a ground state and suppose by contradiction that
u is sign-changing. Denoting as before the cone of nonnegative functions by K, by
Theorem and Lemma there exists a unique couple (up,us) € K x K*
such that u = uy 4+ ug, ug > 0 and uy < 0, and such that (u1,us)y, = 0. Moreover,
u is supposed to change sign, so u; # 0. Defining w := u; — upy € H*(Q) N H}(Q),
we have w > |u|. Indeed,

W=1U — Uy > U] + U = U,
W =1U; — U > —U] — Uy = —U.
Consequently, [, g(z)lw[P™ > [, g(z)|u[P™ and, since the decomposition is orthog-

onal under that norm, |w[|};, = [Ju1l|3, + |lu2llf;, = llull?,. Moreover, by Lemma

2.2.3] there exists t* := t*(w) € (0, +00) such that w* := t*(w)w € N,. Therefore,

LWﬂzﬁhm@—@fiémwwm

2 p+1
t* 2 t* p+1
<l - S [ g@laP* = st wp) < (o),

since u is the maximum of J, on the half-line {tu|¢ € (0,+00)} by Lemma [2.2.3]
This is again a contradiction, since u was the infimum of J, on the Nehari manifold
N,. Hence, there must hold u > 0.

Finally, as u is a critical point of J,, we have for each a positive test function
© € H*(Q) N HLQ):

(u, 0)n, = / Aulp — (1 - 0)/ Kllp(ppn = / g(z)uPp >0,
Q o0 [9]

which implies —u € K*. Applying Lemma [2.2.25] we get —u < 0, that is, v > 0. [

As a consequence, the problem of proving positivity of ground state is led back
to a problem of positivity preserving for the linear problem, which was already
investigated by Gazzola and Sweers.

In the sequel, f > 0 means f(xz) > 0 for all x and f # 0.

Lemma 2.2.27 ([42], Theorem 4.1). Let Q C RY (N > 2) be a bounded domain with
00 of class C? and let 0 < € C(0N). Then there exist 615 = 015(2) € (0,+00)
and 0.5 = 0.(2) € [—00,0) such that, if « € C(0N) and .38 < a < 61,80 and we
consider the following linear problem

{A2u =f in §2,

(2.41)
uw=Au—aou, =0 on 0X,

then 0 < f € L*(Q) implies u > 0 in Q.

Theorem 2.2.28. Let 0 > 1 and 2 C R? be a bounded conver domain with 98 of
class C%. There exists 0.(2) € (1,400] such that if o € (1,6.()), the ground states
of the functional J, are either positive a.e. or negative a.e.
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Proof. Choosing = k in Lemma we infer the existence of d,,(£2) € [—00,0)
such that if (1 — o)k > 0.,(2)k, then the positivity preserving for problem ([2.39
holds in €. Hence, defining 0.(Q) := 1 + |8,,.(?)], we can apply Proposition [2.2.26]
provided o < 6,(9). O

Remark 11. Again, up to some easy modifications in the proofs, both the conver-
gence in Theorem [2.2.22 and the positivity result in Theorem [2.2.28 hold also in the
sublinear case p € (0, 1).

Comparing Theorems [2.2.28] and [2.2.24] one may argue that we have nothing
more than what we already knew: in both we obtain the existence of o1 = 1(2) >

1 such that for all o € (1, 07) the ground state solutions of problem ({2.8)) are pos-
itive. Nevertheless, in Theorem we get further precise information about
how the interval of positivity depends on the domain, relating it strongly with the
positivity preserving property. This fact is striking in the case of the disc and allows
us to finally answer the question which we asked at the beginning of the present
analysis.

Corollary 2.2.29. Let B C R? be a disc and let 0 > 1. Then the ground states of
the functional J, are either positive a.e. or negative a.e.

Proof. Tt is enough to notice that here x = 1 and applying [42, Corollary 2.9] one
can deduce 0. ,(B) = —oo, which implies 6.(B) = +oc. O

The ball is not the unique case in which we have 6,(Q2) = +oo. In the sequel,
we denote by G : 2 x Q\ {(z,7) : # € Q} — R the Green function of the Dirichlet
problem

{A2u —f in Q, (2.4

u=1u, =20 on 0f).

Lemma 2.2.30 ([42], Theorem 2.6). Let Q C RN (N > 2) be a bounded domain
with 00 € C* and let 0 < B € C(09Q). If

Gal(z,y) > cdo(x)*do(y)?, (2.43)

then, for all a € C(99) with a < 8158 and 0 < f € C(Q), the weak solution of
(2.41)) satisfies u > 0 in Q.

Therefore, any sufficiently smooth bounded domain such that holds is a
domain for which §,(Q) = +oo. Indeed, the fact we have a smaller class of f > 0
such that has a positive solution has no consequences on the proof of positiv-
ity for the semilinear problem, since we only need it for f € C'>°(Q2). Nonetheless,
the estimate from below ([2.43) is a stronger condition than the positivity preserv-
ing property itself, thus it is far from being easy to infer. The unique examples
available in the literature are provided by Dall’Acqua and Sweers and concern a
special class of domains, referred to as limacons, and their smooth deformations.

Definition 2.2.3. Let a € |0, %] The limagon of parameter a is defined as the set:

Qa = {(pcos(p), psin(p)) € R?|0 < p < 1+ 2acos(p)}.
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For 0 < a < 1, the curve p = 1 4 2acos(y) is non self-intersecting. Special values
of the parameter « are the following:

e a=0: € is the unit disc;

e a=1: Q,isconvex if and only if a € [0, {];

N

e a=1: Q% is the cardioid.

Definition 2.2.4. Let € > 0, v € (0,1), k € N and 2, )’ be two domains in R_N We
say that (2 is e-close to Q' in Ck7-sense if there exists a C*Y mapping g : ( — Q
such that g() = Q and [|g — Id|| i) < €

The following result has been established by Dall’Acqua in [23, Theorem 5.3.2]
(see also [25]], Theorem 3.1.3 and Remark 3.4.3).

Lemma 2.2.31. Let a € (i,%é) and v € (0,1). Then there exist ¢ > 0 and
c1,00 > 0 such that for every € € [0,e0] and a € [0,a] the following holds: if Q
is e-close in C*7-sense to the limagon §,, then the Green function Gq of (2.42)

satisfies

0< CIDQ(xvy) < GQ(xvy) < CQDQ(xay) fO’I’ every T,y € Qv (244)
where do(2)da(y)
. x
Da(e.y) 1= da(o)aly)min {1, B,

Thanks to Lemma|2.2.31] we can improve Corollary|2.2.29| enlarging the class
of domains for which a "full positivity" result applies for the ground states of .J,:

Proposition 2.2.32. Let Q C R? be a convex bounded domain of class C** which
is e-close in C*7-sense to a limacon as in Lemma |2.2.31. Then the ground states
of J, are positive, provided o > o*(€2).

Proof. The result is proved by applying Lemmas [2.2.31] [2.2.30} [2.2.27] and Proposi-
tion [2.2.26] noticing that the estimate from below (2.43)) easily follows from (2.44]).
O

One should finally notice that here the positivity found by the dual cones method
is up to a subset of the domain with zero Lebesgue measure, so almost everywhere
in €. This is the price we have to pay to extend the positivity beyond the parameter

o, found in Theorem [2.2.24] (cf. Remark [10)).

2.2.7 Radial case

This section is devoted to some further investigation when the domain is a disc in
R? and the function ¢ is radial. In particular, we want to analyse existence, pos-
itivity and some qualitative properties of radially symmetric solutions. Moreover,
we establish the counterpart of the convergence results of Subsections [2.2.312.2.5
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for general radial positive solutions.
For simplicity, we focus on the problem

{A2u = g(z)|u|P"'u in B, (2.45)

u=Au—(1—0o)u,=0 on 0B,

where B := B;(0) C R?, g = g(|z|) lies in L*(B) and it is strictly positive inside B.
Moreover, we let the parameter o € R and p € (0,1) U (1,400) to cover both the
sublinear and the superlinear case. Notice that the curvature does not appear in
the mixed boundary condition since x(B) = 1.

Positive radially decreasing solutions and uniform bounds

First of all, by Proposition [2.2.10} our analysis concerns only the range o > —1:
in fact, if Q = B, one has o* = —1, since the first Steklov eigenvalue 51(6) =2
(see [8, Proposition 12]). Retracing exactly the same steps of Subsection it is
quite easy to obtain the existence of a positive radial solution. In fact, confining
ourselves to the closed subspace of radial functions

H,o4(B) == {u € H*(B)NH; (B) |u(z) = u(|z]), Yz € B} = Fizow (H*(B)NH; (B)),

we deduce the existence of a critical point of J, restricted to H,.4(B). Then it
is enough to notice that J, is invariant under the action of O(2) and to apply
the Principle of Symmetric Criticality due to Palais (see Theorem in the
Appendix), retrieving that these points are critical for J, also with respect to the
whole space.

Finally, if we restrict to the interval (—1, 1], the positivity of such critical points
is proved as in Propositions [2.2.2| and [2.2.7, realizing that the superharmonic
function of a radially symmetric function is radial too (see (2.7)). On the other
hand, if & > 1, one can apply the dual cone decomposition to the Hilbert space
H,.4(B) and argue as in Lemma [2.2.25|and Proposition[2.2.26], taking into account
that B is a [PPP,] domain for every ¢ > —1. Summarizing, we have shown the
following:

Proposition 2.2.33. Let p € (0,1) U (1,+00), g = g(|z|) € L'(B), g > 0. If
o < —1, there is no positive nonnegative nontrivial solution for , while, if o >
—1, there exists at least a positive radial solution, which is strictly superharmonic
whenever o € (—1,1].

Let us now focus on qualitative properties of radial positive solutions of (2.45).
The first result concerns the radial behaviour, while the second the uniform bound-
edness in L>°(B). Before proving these results, one should notice that such solu-
tions are strong, namely in W*¢(B), provided g € L%(B) for some ¢ > 2 and also
classical assuming in addition that g € W'4(B) for some ¢ > 2. This is a straight-
forward application of Lemma [2.2.19| combined with Morrey’s embeddings.
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Lemma 2.2.34. Let Bg(0) be the ball of radius R in R? centered in 0, ¢ > 2 and
h € W29(Bg(0)) be radial. Defining h : [0, R] — R to be ils restriction to the radial
variable, for all t € [0, R] the following equality holds:

() = / ' SAR(s)ds.

Proof. If h is of class C?, it comes directly from integration by parts and from the
radial representation of the laplacian as

- 1

Ah(z) = B"(Jz[) + mh’(lxl)‘

Otherwise, let (fk)lgeN C C*(Bg(0)) be such that fi, — h in W?*4(Bg(0)), so in
C1(Bgr(0)). Since h is radial, we claim that it is possible to choose each f; to be
radial and we denote its restriction to the radial variable as f,.. If so, for every k € N
we have:

L) = / SAfu(s)ds

As a result, as k — +o00:

t
1 N L
/ s(Afi(s) — Ah(s))ds| = %HAJCI« — A 1B, 0)) < C(@ frx — Pllw2aBro)) — 0.
0

The result is proved by the convergence in C'(Bg(0)) and the uniqueness of the
limit. Now we have to justify our previous claim. Since h € W?9(Bg(0)), we have

2 oo

where i € {z,y} and « is a multi-index of length 0 < |o| < 2. Since eac
is radial, this is equivalent to saying that h € W>4([0, R],r), that is the weighted
Sobolev space with weight r. Hence, by [54, Theorem 7.4] (M = {0}, ¢ = 1 in
notation therein), there exists a sequence (fi)reny C C°°([0, R]) such that fy, — hin

W24([0, R],r), that is
S

Hence, defining Fi(z) := fi(|x|), each Fy € C"X’(BR(O)), is radial and

1h = Fellwasao) = Z/
_QWZ/ W = Jilr)

and the claim is proved. O

dxdy < 400,

h 8%h

aza — ()dr—>0

q
(%a (,y) — Fi(z,y)| dedy

dr—>0
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Proposition 2.2.35 (Radial Decay). Assume g € LY(B) for some q > 2, g is radial
and g > 0. and let uw 2 0 be a nonnegative radial solution of (2.45) with o € (—1,1]
and p € (0,1) U (1,400). Then u is strictly radially decreasing, thus u > 0 in B.

Proof. By the assumption on g, we infer that u is a strong solution, thus w := Au €
W24(B). Since Aw = A%u = g(|z|)uP > 0 in [0, 1], applying Lemma [2.2.34 we
have w’ > 0 in (0,1]. Hence Aw is strictly increasing in (0, 1]. Moreover, since u
is nonnegative and u(1) = 0, we have u/(1) < 0; hence, using the second boundary
condition, Au(1l) = (1 — o)u/(1) < 0. Since Aw is strictly increasing in (0, 1], we
deduce that Au < 0 in [0,1), and finally, applying again Lemma v < 0in
(0, 1]. O

In the next result we find a uniform upper bound for positive radial solutions
of (2.45)), which may be seen as a superlinear counterpart of Proposition[2.2.8] We
will make use of a blow up method which goes back to the work [43]] of Gidas and
Spruck, and which was adapted to the polyharmonic case by Reichel and Weth
in [77, [78]]. Briefly, our argument is the following: supposing the existence of
a sequence of positive radial solutions with diverging L>° norm, we rescale each
of them in order to have another sequence of functions with the same L* norm,
satisfying the same equation in nested domains which tend to occupy the whole
R2. Then we show that, up to a subsequence, it converges uniformly on compact
subsets to a continuous nonnegative but nontrivial function. This turns out to be
a solution of the same equation on R? and to contradict a Liouville’s-type result by
Wei and Xu (see Theorem in the Appendix, with N = 2 and m = 2).

Proposition 2.2.36. Let 0 € (—1,1] and g € LY(B) for some q > 2, radial and
g > 0. Suppose also that g is continuous in 0. Then, there exists C' > 0 independent
of o such that ||ul|e < C for every u radial positive solution of (2.45)).

Proof. By contradiction, suppose there exists a sequence (vg)gen of radial positive
solutions such that ||vk|lsc /* +00. According to Proposition [2.2.35, each vy is
radially decreasing, so v;(0) = ||vg||s * +00. For each k > 1, define

4
up(x) = A o (),
_4
where Ay € RT are such that A\J™" = 1/v;(0). With this choice, each uy satisfies

A = gl in B (0).
k
up = Aug, — (1 — o) Mg(ug)n =0 on E)B%(O),

k
is in W4 (B%(O)), radially decreasing and
k

_4
||uk||Loo(B%(0)) = uk(()) = )\,Z‘lvk(()) =1. (2.46)
k
We claim that the sequence (uy)rey is uniformly bounded on compact sets of R?
in W44 norm. In fact, let K C R? be compact, then there exists p > 0 such that
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B,(0) D K and, for k large enough, each w;, is well defined in K since B%(O) D

k
By,(0) definitively. For such k, by (2.46) and applying the local estimate of Lemma
in the Appendix with Q = B,,(0), m = N =2 and 6 = 1/2, we get

c )
lukllwsogre) < llukllwaes, o) < THEUA k] Loy o)) + k| Loy o))

(2.47)
1
< 16C (0, @) (lg(1Ae - Dl o(Bao(0)) + [ B2o(0)]7).
Moreover, fixing € > 0 and supposing k large enough,
1 1 % 1
o Dlieson = () (e [ lawliay) " < (am?)ig(0) +-
[ Baox, (0)| /3,0, 0)
(2.48)

where the last inequality follows from the Lebesgue differentiation theorem. Hence,
combining with (2.48), we infer |lug||waa) < C(p, g, K, g), so uniformly in
k. Incidentally, notice that this constant does not depend on o. Hence we find
u € W*H(K) such that, up to subsequences, uy — u in C3(K), where u € C3(R?),

u >0 and u(0) =1 by (2.46) and satisfying
A*u = g(0)u” in R%

so, by a bootstrap method, we deduce that u is also a classical solution. Finally,
setting for all z € R? w(z) := u(bx) with b := ¢g(0)~/, one has w is a nonnegative
solution of

A%w =wP in R?,

with w(0) = w(0) = 1, which contradicts Theorem O

Convergence results

We want to investigate what happens to radial solutions at the endpoints of the
interval (—1, 1] in which o lies. More precisely, our aim is to examine if any result
similar to Theorems [2.2.13| and [2.2.18| can be found assuming (u)ren to be a
sequence of positive radial solutions of with ¢ = o but without imposing
any "minimizing" requirement. Unless otherwise stated, we assume ¢ = 1 and
p> 1.

Let us start with the behaviour for o, — 1, where the main ideas are taken from
the same result for ground states. Notice that we know everything for the Navier
problem in the ball: in fact, Dalmasso proved in [26] that there exists a unique
positive solution, which is radially symmetric and radially decreasing thanks to a
result by Troy, [95].

Proposition 2.2.37. Let (uy)ren be a sequence of positive radial solutions of (2.45))
with o /1. Then ux — u in H*(B), where U is the unique positive solution of the
Navier problem.

Proof. We firstly claim that such a sequence is bounded in H?*(B). Indeed, by
Proposition [2.2.36

1_0k ! 2C0
fonlBs < Coll sl < Co 1= 257 )l = 15 o llallE) < 2eCoC?,
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Hence, we can extract a subsequence (uy,);en such that there exists 7 € H*(B) N
Hj(B) such that u,, — ¥ weakly in H*(B). By Proposition together with
Remark [8] one can infer that this subsequence is actually strongly convergent in
H?*(B) and then that v is a weak solution of the Navier problem (thus classical by
regularity theory). Moreover, since the convergence is pointwise, we immediately
deduce that v is nonnegative, radially symmetric and radially non-increasing. Fur-
thermore, by Proposition [2.2.35] v is actually strictly decreasing and positive in B,
so it coincides with the unique positive solution u of the Navier problem. By the
uniqueness of the limit and applying Urysohn subsequence principle, we retrieve the
convergence of the whole sequence (u)ren from which we started. O

Let us now investigate the case o, \, —1. As already noticed in Lemma [2.2.14]
it is enough to understand the behaviour of the LP*!(B) norm of a sequence of
solutions to infer the convergence in the H?(B) norm. Since the proof of Theorem
strongly relies on the fact that it deals with ground states, we need a differ-
ent technique. The first step is a Pohozaev-type identity by Mitidieri in [68]: it will
allow to prove an inequality involving L”(B) and LP™!(B) norms which, combined
with the uniform bound of Proposition will lead us to the convergence
result.

Lemma 2.2.38 ([68], Proposition 2.2). Let Q be a smooth domain and u € C*(€).
The following identity holds:

2 'U—E u)? — - u-Vu
/Q(AU)JJV ; Q(A) (N 2)/QVA v

_ _% /69(Au)2x nt /89 ((Au)n(x V) + tun(z - VAU) — VAu- V- n)).

Corollary 2.2.39. Suppose u is a positive solution for problem (|2.45)) with g =1,
then the following identity holds:

[ (o 1-0(-52) (1 25) [

Proof. By similar computations as in [9, Section 6], from Lemma [2.2.38| one infers:

N —4 N N 1
(T—m) /QupJrl = /asz (mVAu—i—?(l—a)an—5(1—0)2/-@2un($-n)>un.

If N=2and Q = B, we have z = n and kK = 1, so - VAu = (Au), and (2.49)
follows. [

The next result follows from some ideas of Berchio and Gazzola contained in
[[7, Proposition 4].

Lemma 2.2.40. Let 0 € (—1,1) and u be a positive radial solution of problem
(2.45) with g = 1. Then the following estimate holds:

p+1 >

3 3 1 p+1
—(1-=(01- APulf3. 2.50
iz o (1 0= 0)) s Ak (2.50)

[l
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Proof. By radial symmetry, (2.49)) reduces to

1
2 Au) () (1) + (1 — 0)(1+ o) (u/ (1))? = _%; /BupH, (2.51)
and by the divergence theorem we have
/ 1 / _ 1 2
u'(1) = 5 / Au and (Au)(1) = 5 /BA u. (2.52)

Moreover, let w be the first Steklov eigenfunction w(z) = +(1 — |z|?), which verifies
Aw = =1 in B, wypp = w'(1) = —=1/2, wop = w(l) = 0. Then integrating by
parts, using the properties of w and the boundary conditions:

/Au—/AwAu—/wA2u+/ wnAu—/wAQU—% Au =
B
/UJAQU— 1_0/ Up = / wA? — Au,
oB oB B

where the last equality comes from the divergence theorem. Therefore we get

1
/wA2u: — +U/Au. (2.53)
B 2 Js
and hence, by (2.51)), (2.52) and (2.53)),

(/BAQu—(l—U)/BwA2u>/BwA%Z;%?(l—i-a)ﬁ/Btu (2.54)

Noticing that 0 < w < 1/4, we claim that

3 2 2 1 2
< < . .
o Au /wAu 4/8Au (2.55)

Indeed, w and u radially decreasing and so is A%u, hence

/A2u:/ A2u+/ A% = |B\ B1 (0)|A%u(})
B B\By (0) B1(0) 2

1
2

< w(lé) (1+ |B|;B )/ wA*u 634/BwA2

which yields the first inequality in (2.55]), while the second is straightforward.
Hence, defining now d := (1 —0), s := [wA®u and A := [; A%u, the left-hand
side of (2.54) becomes

As —ds®,  with s € [ZA, 1A].

Since d > 0, we know ¢ : s — As — ds? is a concave function, so it attains its
minimum on the extremal values of the interval: in this case, with 0 < d < 2, one
has
3 3 2
Y(s) > (1 — 5d) A%

64
Combining this with (2.54]), one finds the desired estimate (2.50)). O
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Theorem 2.2.41. Let o, \, —1 and (uy)ren be a sequence of positive radial func-
tions, each of them solution of the problem ({2.45) with g = 1 and o = oy. Then,
ur — 0 in H*(B).

Proof. By Lemma it is enough to prove the convergence in LP™(B) norm.
Since every solution of is smooth, we have ||[A%u||; = ||ug|[5. Moreover, by
the uniform L* estimate found in Proposition [2.2.36] we know that there exists a
constant C' > 0 not depending on oy, such that

luglPE1 < [luglZYB] < mCPFL,

As a result, using the estimate provided by Lemma [2.2.40] one has

1+Uk > p—l—l 3 HU H2p
1—3(1—0,) = p+364m2CretHIP>

s0, letting o, — —1 we deduce ||ug||, — 0. This, together with the L>°(B) estimate of
Proposition [2.2.36} gives us the convergence in LP*!(B) and so the desired result. [

2.2.8 Positivity in nonconvex domains

So far, the hypothesis of convexity for our domain was always indispensable in
order to prove existence and positivity. Indeed, we needed it to establish that

ot = [ [ @2~ o) [ ]

is an equivalent norm on H?*(Q2) N H}(Q2) provided 99 of class C"!, see Lemma
Then, we needed that the linear Steklov problem ((2.39) was positivity pre-
serving, and this was deduced by applying Lemma [2.2.27| with § = k, which has
to be a positive function on 0.

On the other hand, we know that the Navier problem is positivity preserving for
any domain, using a simple application of the second-order maximum principle
and, moreover, we already saw in Lemma examples of nonconvex domains
for which the positivity preserving property holds true, regarding the linear Dirich-
let problem ((2.42), together with the useful Green function estimate (2.43). It is
thus natural to conjecture that at least for those domains the ground states of J,
are positive. This section answers affirmatively, extending successfully the method
of the dual cones presented in Subsection [2.2.6]

Throughout this subsection, regarding our domains, we assume:

(Hppp) ©Q C R? is a bounded domain of class C*“ which is e-close in C?7-sense
to a limacon ,, with a € [0,a] and ¢ € [0,¢0], @ and ¢, being fixed by
Lemma [2.2.371

Moreover, we focus on the superlinear nonlinearity f(z,u) = g(x)|u[P~'u with
p > 1, the case p € (0,1) being similar.
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The case 0 < 1

A first natural choice is to consider a different boundary function /3, namely § =
|k|. In this case, in order to apply Theorem we have to compare it with
our boundary function « = (1 — o)x. By that result, we infer the existence of two
parameters 0 |,(€2) > 0 and 0., (2) € [—00,0) such that if 6, |x| < (1 —0)rk <
d1,x)|<|, where o := (1 — o)k, one has the positivity preserving property for the
linear Steklov problem ([2.39). If we assume (Hppp), then Lemmas and
show that 4, |x| = —oo. Hence, we only have to check

(1 —0)k(x) < 614 |K|(x) for every x € 00 :

e if = belongs to a convex part of the boundary, then x(z) > 0 and so we
retrieve the condition o > 1 — 0y |3

e otherwise, if x(z) < 0, we have x(z) = —|x|(x) and so we find an upper
bound: o < 1+ 4, ., which is always satisfied if o < 1.

We have just proved the following result:

Proposition 2.2.42. Let Q C R? satisfy condition (Hppp) and o € (1 — &y, 1].
Then the linear Steklov problem (2.39)) is positivity preserving.

Remark 12. It is clear that if Q is also convex, we retrieve the lower bound o > o*.

Theorem 2.2.43. Let Q C R? satisfy (Hppp), 0 < g € L*(Q) and 0 € (1 — 01, 1].
Then the ground states of J, are positive a.e. in 2.

Proof. The only fact which has to be proved is that for such domains and values of
o, the map | - ||z, is still an equivalent norm on H?(2) N H(2). On one hand,

lul%, = |Aul + (1 - o) / (—r) < Aul3 + (1 — o) / el
o0 o0

| Aul|3 1—-0
S e [ R [ 17
1,|x| 1,|x|

On the other hand,

JulFy, = 80l + (1= 0) [ (=ryud > |Aul = (1= ) [ Jelud
o2 o2
laulg _f, 10

17|H‘

> 1Al = (o - 1) ]HAuus.

L[«

At this point, we can repeat the proof of Theorem [2.2.28 Indeed, 2 is a [PPP,]
domain by Proposition so the dual cone of the positive cone is composed by
negative functions and we may apply the dual cones decomposition as in Proposition
to obtain the positivity result. ]
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The case 0 > 1

For these values of o, the strategy applied so far produces an artificial upper bound,
namely o < 1+ 6y, This is particularly unsatisfying since the Dirichlet problem
is positivity preserving in domains for which the condition (Hppp) holds and thus
we expect to retrieve a result comparable with Theorem that is, without
any upper bound for ¢. The main difficulty was due to the strained comparison
between « and || to infer the positivity preserving property for the linear Steklov
problem. So, let us rewrite our functional as

niw =y [t =157 [ ] 150 [ g - [ S
= SN+ (1-0) /{m K—ug—/g—g(?f’fﬂ,

where £~ := max{0, —x} = 3(|x| — ) is the negative part of the curvature and the
map N, is defined on H?(Q2) N H} () as

Nofu)i= [18ul = (1= 0) [ Juled]
o0
This reminds to our semilinear problem ({2.8)) with a second boundary condition
Au = (1 — 0)|k|uy,.

Lemma 2.2.44. Let Q C R? be a bounded domain with boundary of class C? and
assume o > 1. Then the map N, is a norm on H?*(Q) N H}(Q), equivalent to
the standard one. Moreover, set Ky, = {u € H*(Q) N H3(Q)|u > 0}. Ifo €
(1,14 |0eju)]), then Ky C {w € H|w < 0 a.e.} U{0}.

Proof. Firstly, N,(-) is indeed a norm since
(u,v)n, = / AulAv — (1 — 0)/ | K| wn vy,
Q o9

is a scalar product on H?(Q) N H (). Moreover, recalling the definition of &y |, we
have

Aul? o
lAul3 < [ Al + (o~ 1) / 5l < Auf+ (o — 1) ”2:[1+

1
Aull?.
o }n 12

L|x|

Let now ¢ € C2°(Q2) be nonnegative and let v, € H}(£2) be the unique weak solution
of the linear problem

A%y, = in
Yo =9 e (2.56)
v, = Av, — (1 — 0)|k|(vy)n =0 on 0f).

Then v, € H*(Q) N Hy(Q) by regularity assumptions on 952, and v, > 0 since we
assumed the condition [PPP,|, so v, € Ky,. Hence, for each v € Ky,

0> (v, u /AuAv@ (1—o0) / | K|t (V) /ugp,
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which implies © < 0 a.e. in Q. Moreover, with similar steps as in Lemma [2.2.25] we
deduce also u < 0 a.e. In conclusion, our problem reduces again to the investigation
of the positivity preserving property for the linear Steklov problem (2.56). Thanks
to the new boundary condition involving |x|, an application of Lemma with
a = (1 —o0)|k| and B8 = |k| shows that the condition [PPP,| holds whenever o €
(1= Ol 14 [0 ul])- O

We have finally obtained the nonconvex extension of Proposition |2.2.32

Theorem 2.2.45. Let Q C R? satisfy the condition (Hppp) and assume p > 1,
0<geLYQ) and o > 1. Then the ground states of J, are positive a.e. in €.

Proof. Suppose u € H*(2) N H}(Q) is a sign-changing ground state. By dual cone
decomposition, one may write u = u; + upy with u; € Ky,, 0 # up € Ky and
(ug,us)n, = 0. Defining w = u; — ugy > 0, we have:

w > |ul, w2 > u2, Ny (w)? = Ny (u)?

For o € (1 — 01,x|, 1] the result is already achieved in Theorem [2.2.43] so suppose
here ¢ > 1. By Lemma there exists a unique t*(w) > 0 such that t*(w)w € N,
and thus

(e = [+ 0 1) [ ()] < [ ST
< t*(w)” {%Na(u)Q + (o —1) /dQ “(—ui)] () /Q %u!f“
— T, (" (w)u) < J, (u)

Since v is a minimum of J, in N, being a ground state, we have our contradiction.
In both cases, this implies u, = 0 and consequently that v = u; > 0. With the same
argument as in Proposition [2.2.26] we conclude the strict positivity of v in 2. [

Remark 13. The same statement holds by letting Q C R? be a bounded domain
with boundary of class C* and for o € [1,1 4+ [0, x|)-

Remark 14. Theorem [2.2.45| gives a partial answer to a question which was posed
in our work [82].
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Chapter 3

A-priori bounds for fourth-order
problems in critical dimension

In this second part of the thesis we establish uniform a-priori bounds for solutions
of the semilinear problems

A?u = h(z,u) in Q,
B(u, D*u) =0 on 02,

where € is a bounded smooth domain of R*, B(u, D®u) = 0 stands for homoge-
neous Dirichlet (v = u,, = 0) or Navier (u = Au = 0) boundary conditions, and
h : QxR — R" is a positive superlinear and subcritical function in the sense
of the Trudinger-Moser-Adams inequality (1.17)). Typically, we consider i with an
exponential behaviour in the second variable. In other words, our goal is to find
a constant (', depending on the domain and on the nonlinearity, such that for any
solution of each problem ([1.16|) there holds ||u|| @) < C.

Our analysis is mainly inspired by the work of [29] concerning the control of
the behaviour near the boundary and of [81] regarding the blow-up technique to
obtain the estimates in the interior of our domain. The results we get, extend and
in some cases complete the analysis of the uniform a-priori bounds in the context
of fourth-order boundary value problems in the literature.

This chapter is an adaptation of the forthcoming paper [83]] and it is organized
as follows. In Section we introduce the definitions and we give the precise
statements of the main results and some details about the class of the nonlin-
earities we consider. Section and Section are devoted to the analysis of
the problem endowed with Dirichlet boundary conditions, the former regarding
the behaviour of solutions near the boundary, and the latter in the interior, by a
blow-up technique. Some generalizations of the results achieved are considered
in Section The Navier problem can be studied with a similar analysis and it
is briefly addressed in Section Finally, in Section [3.6) we deduce an existence
result from our a-priori estimates and in Section [3.7]we present a counterexample
which shows that the class of growth considered is in some sense sharp.
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3.1 Definitions and main results

Throughout this chapter, unless otherwise stated, we focus on Dirichlet boundary
conditions, confining the investigation of the Navier problem in Section

Let Q C R?* be a smooth domain, that is, of class C** for some « € (0, 1) and
consider the Dirichlet boundary value problem

{Azu = h(z,u) in €, (3.1)

U=1u, =0 on 0f).

Definition 3.1.1. We say u € HZ(Q) is a weak solution of (3.1)) if for every ¢ €

HZ(2), we have:
/AuAgo:/h(a:,u)go. (3.2)
Q Q

The nonlinearity 4 : 2 x R — R* is always assumed to satisfy the conditions:
H1) h e L*(Q x [0,7]) for all T € RT;

H2) there exist functions f € C'([0,+00)) satisfying assumption (A) below and
0 <ae€ L>(2)NC(Q) such that

lim Mz, )
t—+o00 f(t)
Definition 3.1.2. A function f € C*([0,+00)) satisfies assumption (A4) if
Al) f>0and f'(t) > 0 for any t > M for some M € R;

A2) f is superlinear at oo, that is, lim @ = 4o00;
t—-+o0

=a(r)  uniformly in ().

A3) there exists t£+moo % € [0, +00).

Our assumptions on the nonlinearity 4 may be seen as a generalization of those
of Reichel and Weth in [[77], which are the fourth-order counterpart of . In-
deed, we are prescribing a sort of separation of variables at co and a growth for
the real variable which follows a "special" profile f. Nevertheless, at a first sight,
assumption (A3) on this function f may be not completely clear. The next propo-
sition provides then a characterization of such f, showing that (A3) is equivalent
to require a control from above by a suitable exponential function. This means,
also, that our analysis is not restricted to a precise profile at oo as in [85, 77, 76],
but we include (almost) any growth in ¢ which is controlled from above by ¢ for
some v > 0. Notice also that the function a¢ might vanish on 0Q2: this will make
our preliminary estimates a little more technical.

Proposition 3.1.1. Let f satisfy assumption (A1) of Definition [3.1.9
a) Let v > 0 and suppose the existence of

e . CRY
tl}inoo 0] € (0,400] and tlgrnoo (m) > 0. (3.3)
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f'(t)

Then tEElOO D) € [0,7].
!
t
b) Suppose tliin JJC”((t)) =4 € [0,400). Then there exists v > 0 such that (3.3)
—400
holds.

Proof. a) It is clear from the assumption (A1) that liminf;, % > 0. Moreover,

(f(t)) B f(t) (” - J}éf? ) (3.4)

f@) . et /_ . f'(@t)
0< lim 2 lim (m) =2 (V ) ) ’

which clearly implies our claim.

b) From our hypothesis, there exists M > 0 such that f'(t) < (3 + 1)f(¢) for
any t > M. Defining v := 4 + 1 and integrating on [M,t], we get f(t) < f(M) +
’ny ds and, applying Gronwall Lemma, f(t) < f(M)e "™¢e7 which in turn

et
0] > 0.

Moreover 4) implies < f( ) is nondecreasing, so there exists the limit as t — +oo of

thus

implies 775 > C(M) for any t > M. This means, in particular, liminf, , |, <+~

f(t) and it is positive. Again by - we have the existence of the limit as ¢t — 400

of (;Z)) > 0. O
Remark 15. From (H1)-(H2) it follows that for each £ > 0 there exists a constant
d. > 0 such that

(1—¢)a(z)f(t) —d. < h(z,t) < (1+e)a(z)f(t)+d. forall t>0,xe€Q. (3.5)

Indeed, (H2) implies the existence of 7(¢) such that (3.5) holds with d. = 0 for
t > 1.. Moreover, by (H1),

sup max h(z,t) < C(1.).
zeQ t€[0,7]

Therefore, h(x,t) < (1 + ¢)a(x)f(t) + C(7) for all t > 0. Finally, since
0 it ¢ € [0, 7],
h(z,t) > it (0]
(1 —e)a(x)f(t) ift=>r,
and defining d. := max{C(7.), (1 — €)||al|oc maxcjo,~] f(t)}, then (3.5)) follows.

It will be useful in the sequel to distinguish among the admissible growths,
in dependence of "how far" they are from being exponential, according to the
following definition:

Definition 3.1.3. Let h satisfy assumptions (H1)-(H2) and f be as in (H2). We
say that h is subcritical if
f'()

A

= 0. (3.6)
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On the other hand, we say that h is critical if

lim r')
t—+o0 f(t)

Roughly speaking, the behaviour of the nonlinearities of subcritical type largely
differs from the exponential map. An example is h(x,t) = a(x)log?(t + 1)tPe®”
with 6,p > 0, a € [0,1) and a € C(Q). The class of critical functions gathers
instead maps which are quite close to ¢! with respect to the second variable, not
affecting too much its exponential behaviour; model nonlinearities for this case
are h(z,t) = a(x)% with ¢,y > 0.

The results we find for subcritical and critical nonlinearities, which we present
here, are very similar. Nevertheless, we have to consider this distinction because,
after a preliminary common analysis, the limiting equation found by means of a
blow-up method will be linear in the first case and nonlinear in the second, thus

the critical case will be more involved.

€ (0, +o0). (3.7)

The main results of our analysis may be summarized as follows:

Theorem 3.1.2. Let B be a ball in R* and h be a subcritical nonlinearity satisfying
assumptions (H1)-(H2) and, moreover, one of the following:

i) a(:) > ap >0 and h(-,0) € L>(B);

i) lim % = 400, for some o > 1.
t——+o00

Then there exists C' > 0 such that ||ul| L) < C' for all weak solutions u of (3.1)).

Let us now define

mw:év@@ and 4me:A%@g@. (3.8)

Notice that, by de 'H6pital’s Theorem and assumption (H2),

H(z,t) _ lim h(z,t)
N O Wi0

= a(x) (3.9)

uniformly with respect to = € Q.

Theorem 3.1.3. Let B be a ball in R* and h be a critical nonlinearity satisfying as-
sumptions (H1)-(H2). Suppose moreover that there exist functions 0 < B € L*>(B),
0 < D e LY(B) such that

\V.H(z,t)| < B(x)F(t) + D(z), forany t>0,z € B. (H3)
Then there exists C > 0 such that ||ul|cag) < C for all weak solutions u of (3.1)).

Before going into the details of the proofs, let us make some remarks about these
two results:
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1. Itis easy to infer that in the critical case the condition (ii) of Theorem3.1.2|is
automatically satisfied, therefore it has not to be required as an assumption
as therein.

2. The additional assumption (H3)), when applied to a model nonlinearity h(z, t)
a(x)f(t), is nothing but a uniform control on Va, and is thus equivalent to
the request a € W*°(2). Roughly speaking, this condition will allow us to
control H and V,.H in a similar way.

3. As mentioned before, the assumptions on f gather all superlinear profiles
which can be controlled by a map ¢ — ¢ for some v > 0. This bound
from above on the growth of f reveals to be sharp. Indeed, in the spirit of
Brezis and Merle, in Section [3.7] we provide a counterexample for a class of
nonlinearities which, although being subcritical, do not satisfy assumption
(A3).

As mentioned in the Introduction, the main motivation to study a-priori bounds
for semilinear elliptic problems is to infer the existence of solutions. The subse-
quent Theorem (3.1.4] is in fact obtained applying the Krasnosel’skii topological
degree theory by means of Theorems [3.1.2 and [3.1.3] We remark that the exis-
tence of solutions for semilinear Dirichlet problems like (3.1)) can be obtained also
up to the critical growth (in the sense of Adams, cf. (L.15)) ¢ — e’ by variational
methods. We refer to [56, [57] for this subject for general Dirichlet polyharmonic
problems with subcritical and critical exponential nonlinearities.

To fix the notation, here and in the sequel, we denote by A, () (resp. A(Q)) the
first eigenvalue of A? (resp. —A) in the domain 2 subjected to Dirichlet boundary
conditions, omitting the domain whenever it is clear from the context.

Theorem 3.1.4. Let B be a ball in R* and h : Bx R — R be a continuous function
satisfying the assumptions of Theorems |3.1.4 or |3.1.5 and, in addition, h(-,t) €
C(B) (resp. C*V(B) for some v € (0,1)) for any t > 0 and

h(z,t)
t

<A uniformly in x € B. (3.10)

lim sup
t—0+

Then, problem (3.1)) admits a positive strong (resp. classical) solution.

Remark 16. The assumption {2 = B is not an intrinsic restriction but only a conse-

quence of the hypothesis of Theorems (3.1.2)-(3.1.3)).

Remark 17. The assumptions of Theorem are, for instance, satisfied by h(x,t) =
a(z)tPe!” for any a € [0,1), p > 1 regarding the subcritical context, or h(x,t) =
a(x)tp% for any v > 0, p > 1 and 6 > 0 for the critical framework.

Before entering into the details of the arguments, let us fix some notation.

Let f,g : Q — R": we say that f < g if there exists a constant ¢ > 0 such that
f(t) <eg(t) for all t € ©, and we write f ~ g if both f < g and g < f hold. Finally,
we define f A g := min{f, g}.
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3.2 A-priori estimates near the boundary and on
the right-hand side

The main result of this section provides an uniform bound for solutions of (3.1
in a neighborhood of 92 and a uniform L' control on the right-hand side of the
equation.

Proposition 3.2.1. Let B the unit ball in R*. Let h verify assumptions (H1)-(H2)
and suppose one of the following holds:

i) a(:) > ap >0 and h(-,0) € L=(B);

i) lim % = 400, for some o > 1.
t——+o00

Then there exist C;, A > 0 and a small neighborhood w C B of OB such that
||| ooy < Ch and / h(z,u)dr < A
B

for all (positive) weak solutions u of (3.1).

In other words, Proposition prevents the boundary blow-up and, further,
yields a uniform L' bound on the right-hand side of our problem (3.1)), which
will be essential for the blow-up technique in Section The proof is inspired
by some arguments which first appeared in [29] applied to second order elliptic
problems, and which are a very flexible tool, since they adapt to many other con-
texts, for instance N —Laplacian problems ([58]]) or elliptic systems ([30]). Notice
that all these problems do not have to deal with the lack of maximum principle,
as for the fourth-order context. At the present, as recalled in the Introduction,
the most general setting we can consider to be sure that the positivity preserv-
ing property holds for fourth-order Dirichlet boundary value problems is to work
in small deformations of the ball (see [47]). Nevertheless, although most of our
results hold for this kind of domains, in the subsequent Lemma we need a
precise behaviour of the Green function of the operator A? subjected to Dirichlet

boundary conditions near the boundary, so we have to further restrict to the case
of a ball.

In the following, we will often make use of the Green function G a2 o, associated
to the biharmonic operator with Dirichlet boundary conditions. We recall that
Gazga: Q2 x Q\ {(z,7) : z € Q} — R is defined as the unique function such that
for any g € L*(9),

u(x) ::/QGAZ’,Q(%CU)SJ(?J) dy

is the unique solution in HZ(Q) of the equation A%u = ¢ in 2. From now on, we
will use the shorter notation G, to underline the dependence on the domain, since
the operator and the boundary conditions are fixed.

We collect here some results about pointwise estimates of G, and of its deriva-
tives, as they will be needed in the sequel. They go back to the work of Krasovskii
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[53] later on refined by Dal’Acqua and Sweers in [24]. However, very smooth
boundaries are required therein. This formulation which assumes less regularity
can be deduced combining [47, Theorem 4] and [48, Theorem 2].

Lemma 3.2.2. Lelt Q C R* be a bounded domain of class C*7 for some v € (0, 1).
There exists a positive constant C' depending on the domain, such that for all x,y €
Q, x #£y, there holds

Go(z,y)| < Clog (2+ ) (3.11)

|z —y|

|V'Ga(z,y)| < for any i > 1.

|z =yl
For further and sharper results in this direction, we refer to [49] and to the mono-
graph [40]. In the special case of (2 = B, thanks to the explicit Boggio’s formula,
also the estimate from below of Gz may be obtained. Therefore, the following
sharp two-sided estimate holds:

Lemma 3.2.3 ([40], Theorem 4.6). In B x B we have

G =1og 1+ (M)> (3.12)

|z —y|?

In the whole section, we suppose & as in Proposition and we denote by
@, the first eigenfunction of A? in  subjected to Dirichlet boundary conditions.
Notice that ¢, > 0 if € is positivity preserving (see [40, Theorem 3.7] and remarks
below).

We split the proof of Proposition 3.2.1| in some steps. First, we obtain a local
uniform estimate for the right-hand side of equation (3.1)). Here the assumptions
(D)-(ii) of Theorem will play a significant role. If the domain is a ball, then
the proof follows rather easily by pointwise Green function estimates from below
which are available in this context. Refining the approach of [29], we also give
a proof which does not rely on these estimates for general positivity preserving
domains, provided some assumptions on the function a(-) are imposed according
to the behaviour of f. Indeed, unlike similar arguments in [20} 30} 31]], we are able
to include in our analysis also functions a(-) which may vanish on the boundary
09. The boundary estimate and the L' bound for the right-hand side are then
proved in Lemmas [3.2.7|and [3.2.8] once the key Lemma is obtained.

Lemma 3.2.4 (Local a-priori L' estimate in the ball). Suppose that condition (ii)
of Proposition holds, there exists a constant C' > 0 such that

/h(x,u)gbl = :\1 / U(,?)l S C, (313)
B

B

Jor all weak solutions u of (3.1).
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Proof. We follow here some ideas of [33], see also [86]. Let ¢y, c2 be positive constants
such that
adi(z) < 3i(2) < (o)

for all x € B, see [21, Lemma 3|. By the representation formula and the pointwise
estimate of the Green function (see [50], Proposition 2.3 and Remark 3):

Go(z,y) > Clog (2 PEL) ) (1 A M)

|z —y| |z —y|*

for all solutions u of (3.1]) there holds

w(z) > C’/Blog (2 + ﬁBﬂ) (1 A M)h(y,u(y))dy

z —y| [z =yl

(3.14)
> Cd(x) / () h(y,u(y))dy > Ce; 3 () / F2(y)h(y, u)dy.

Moreover, by (3.5) with ¢ = § and condition (i), we have

. 1 - .
[ newpede =5 [ a@iwaeds - d [ g1
B 2 /s B
> [ @€ (@) - D)ga(orts — d [ ()
B B
where C' and D are suitable positive constant. Therefore, by (3.14)),

/ Wz, )@ ()dz + C(lall1,y) > C / ol (2)31 (2)da
B B

> c( /B a(x)ga}ﬂ(x)dx) ( /B h(w,u)@(m)dwy.

Since v > 1 and all constants are positive, then fQ h(z,u)p; < C. Finally, the
equality in (3.13]) is proven simply by testing (3.2) with ¢ = ¢; > 0:

/h(m,u)gbl :/AUA@ :5\1/1@1.
Q Q Q

The next result is an extension of the previous local L! estimate also for gen-
eral positivity preserving domains, provided the map a(-) satisfies some additional
assumptions according to the growth of f. We remark that if the growth of i(z, )
is exponential these additional assumptions on a are mild.

O

Lemma 3.2.5 (Local a-priori L' estimate in general positivity preserving domains).
Let  C R* be a bounded domain where the positivity preserving property holds. Let
h verify assumptions (H1)-(H2) and suppose one of the following:

i) lim L% = 400, a() > ap > 0 and h(-,0) € L'(Q);

t——+o00 t
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i) lim L% = 400, for a > 1, a(-)fﬁ € L' (Q) and h(-,0) € L>(Q);

ta
t——+o0

i) lim L9 = 100, for € (0,1], log(a(-)) € LY4(Q) and h(-,0) € L*(Q).

t——+oo €

Then there exists a constant C' > 0 such that (3.13) holds for all weak solutions u
of (B1).

Proof. As in the previous proof, testing (3.2)) with ¢ = @1 > 0 we get

/h(m,u)@l ::\1/ucﬁ1.
Q Q

Since t +— h(-,t) is superlinear for large ¢ by assumption (A42), we know that for
every M > 0 and z € Q there exists to(M,z) > 0 such that h(z,t) > Mt + h(x,0)
for all t > to(M,x). More precisely, fixed = € 2, we may choose ¢, as the last point
of intersection between the graphs of h(z,t) and of g(t) = Mt + h(z,0). Setting
A:={x € Q|u(z) > to(z)}, we have

~ N N 1 5 1 N 5
/U% = / upq +/ up; < M/ h(z,u)pr — M/ h(x,0)@; +/ to(z) @1
Q A o\A Q A o\A

A N . 1
<35 [uer+ 1 (10,00 + [ te)ds ).

If we choose M = 25\1, then we deduce

. . 1
[t <26l (51060l + [ i)
Q 2\ Q

which is now independent on u. However, we have to be sure that this is a finite
quantity, so we have to link somehow t; to the integrability of a. Hence, we split
the proof in three cases according to our possible assumptions:

Suppose (i) holds: by (3.5)),

%a(x)f(to(x)) —d < h(z,to(x)) = Mto(x) + h(z,0) (3.15)

that is, since a(x) > ag > 0,

M2

f(to(x)) < to(z) + a—oh(x, 0).

Qo
Since f is superlinear and h(-,0) € L'(2), then [, ¢, is bounded.
Suppose (ii) holds: then there exists a constant N > 0 such that f(t) > t* — N
for all ¢ > 0. Hence, by with the choice ¢ = %, by definition of t, and since
a(~), h(? O) < LOO<Q)7

%a(m)to(x)o‘ < Mto(x) + h(z,0) + d+ %a(x)N < Mty(z) + C (3.16)
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for some C' > 0. Recall the Young inequality, which may be stated in the following
form: let a,b > 0, then for any € > 0, one has
ea? b?

ab < — +
p qgQ/P7

(3.17)

where p > 1, ¢ = }%. Apply (3.17) with a = ty(z), p = a, b = M and choose
e = g(z) = Fa(zr). Then from (3.16) we get

folz) < a(j); (H a(x;all); : a(j)é (Ha(@%) - C(a(;)i " a(a;ail).

Consequently, since we know that a € L*>°(€2), then once we impose that a(-)_ﬁ €
LY(Q), we infer ty € L'(Q), our goal.

Suppose (i11) holds: there exists clearly a constant Cy > 0 such that f(t) > t*—Cp
for any ¢ > 0, so, t < \/f(t) ++/Co. From (3.17)), set 7 := /f(to(x)); we obtain the

inequality

ta(z)r* = M7 — [d+ h(z,0)] <0. (3.18)
Recalling a € L>(2), from (3.18) we find

Using now our assumption on f in (74i), we obtain
fol) < C[L+log? (1 + h(x,0)) + | log? (a())]]

which is integrable on by using our assumption on a and h(z,0). O

Remark 18. 1t is easy to show that the same conclusion of Lemma holds once

instead of (i) one considers the following condition:
(ii)’ tliin 10 — 4o, for some o > 1, a() =1 € LY(Q) and h(-,0)a(-)"! € L3 (Q).
—400

tOé

Remark 19 (Example). The class of functions considered for a in the condition (i)
of Lemma contains also functions which vanish on 9 with order more than
polynomial. For instance, if Q) = B is the unit ball in R*, taking

CL(IL’) = @_(1—\150\)57

then log(a(-)) € LY*(B) for all B < . Indeed,

1 1/ 1 7“3
A(W) :C4/Om<+oo & B<a.

Lemma 3.2.6. Let u be a solution of (3.1). There exist 6 > 0 and € > 0 such that
Vu(z) -0 <0 for every x € B, :== {x € B|d(x,0B) < €} and for every direction 0
such that |0 — n(z)| < 4.
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Proof. By Lemma [3.2.3] we know that the Green function is positive and vanishes
on OB precisely of order 2 (see also [42]). This means that for fixed y € B and
x — OB one has:

1
@(1 —|z)* < Gp(z,y) < C(y)(1 - |z|)?, C(y) > 0. (3.19)
Since on the right and on the left we have the same behaviour, (3.19)) implies that
0

%Gg(x,y) ~ —2C(y)(1 — [z).

Following [29], the statement of the lemma is equivalent to prove that if xy € 9B
With (x0)1 = (n(z),n(xy)) > 0, there exists § > 0 such that in BN {|z — zo| < 0},
< 0. Defining h(z) = (1 — |z])?, we have Vh(z) = =2(1 — |z])(&; £) and so

83:1 || ||
€1
= [ —G5( dy < =2 [ (1 —|z])—=C(y)h dy <0
(@) = [ Gty u(n)dy < 2 [ (1= o) EECA. )y <
for each x € BN {|x — zo| < §} for § > 0 small enough. O

Remark 20. As pointed out at the beginning of this section, this is the only step in
which we do require that the domain is a ball, as we need the two-sided boundary
estimate (3.19). Actually, one may replace the assumption Q = B with Q positivity
preserving domain such that

Go(w,y) > edo(w)*dal(y)* (3.20)
in € x Q. See also Open Problem 5 in Section [4]

Roughly speaking, Lemma |3 shows that near 055 all solutions are uniformly
decreasing in some outwards dlrectlons This enables us to relate the behaviour of
a solution close to the boundary with its local properties. The outcome is exactly
Proposition |3.2.1, whose proof is contained in the following two lemmas.

Lemma 3.2.7. There exists a neighborhood w of OB and Cy > 0 such that ||u| o) <
C1 for all weak solutions u of (3.1)).

Proof. By Lemma arguing as in [29], one may infer that for every z € w, :=
{z € Bld(x,0B) < r} there exists a set I, and a constant v > 0 independent of
z such that |I,| > v, [, € B\ wz and u(y) > u(x) for all y € I,. Taking z € w,
by positivity of ¢; and either by Lemma if we assume (ii) or Lemma m
assuming instead ():

C > / h(z,u)pidx > 5\1/ upy > M\ ér\lin @1/ u(y)dy > e(B)yu(z),
B B\LUT UJ%

Iy
which implies the uniform L*° boundedness of u in w,. O

Lemma 3.2.8. There ezists a constant A > 0 such that [, h(z,u)dz < A for all
weak solutions u of (3.1)).
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Proof. By (3.5), Lemma [3.2.7 the positivity of ¢; and Lemma or |3.2.4]

/h(x,u)da::/h(x,u)dx+/ h(z,u)dz
B w B\w

1

< 2f(C)llallpr @) +dIB] + —

T/B\w
< 2f(Ch)l|allrs) + dIB| + ﬁ/

x,u)prdr

x,u)prde < A(B,h)

having defined m(w) := ming., $1 > 0. O

3.3 Uniform bounds inside the domain

By now, we know that solutions of problem in the ball B are bounded near
the boundary, but they might become arbitrarily large around a point inside the
domain. This is the situation we want to exclude via a blow-up argument in
order to complete the proofs of Theorems [3.1.2|and [3.1.3| The beginning of the
argument is the same for both of them and follows the approach of [81]]: we
define a sequence of rescaled functions on some expanding domains, which turns
out to be locally compact in a Holder space, and we find a limit profile v satisfying
an equation in R*. In the subcritical framework it will be quite easy to find a
contradiction as the limiting equation is linear, while in the critical case some
further investigation will be needed.

Although the analysis that we present here concerns the problem in B, in
this section we use the notation ) to indicate the ball. This will be explained in
Section [3.4.1], where we show that the same argument can be easily applied also
for general smooth domains.

Let us start supposing by contradiction that there is a sequence (uy)xen Of so-
lutions of problem (3.1)) and of maximum points (x;)reny C €2 such that

(k) = [Jug|| L) =1 My / +00. (3.21)

Since (2 is bounded, necessarily the points z;, accumulate to a limit point which has
positive distance from the boundary, by Proposition[3.2.1] So, up to a subsequence,
T — Too € ). Moreover, we define the rescaled functions vy, : 2, — R as
vg(x) == ug(xg + przr) — My, (3.22)
where the scaling is
1

g = TaL)T —0 ask— +oo (3.23)
and the expanding domains are €2}, := me’“ Notice that =, € 2 implies Q;, ~ R%.
Let us compute what is | A%vy|:

A2 (2)| = | (A2u) (z), + )| = h(zy + M/cfc,(ﬁ:)% + prx))

flup(op + ) | de
f(My) My’

(3.24)

< (1 +e)a(rg + )
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by (3.5, so it is uniformly bounded. Moreover, we obtain the following result:
Lemma 3.3.1. Let x € Bg(0). There holds |V'vg(x)| < C(R) for anyi € {0,1,2,3}.

Proof. By the representation formula for derivatives and Lemma [3.2.2]

Wivk(x)‘ = |N2Viuk($k + )| = Mi

/ ViGQ(xk + e, Y)Wy, ur(y))dy
Q

4 h(y,u , h(y,u
O\Bagy, (zk) |z + i — Y| Bapy,, (z1) |2k + iz — Y|

In Q\ Bagy, (z) there holds |z + e —y| > |y — xi| — prlz| > 2Ry, — Rpw = Ry,
while in Byp,, (vx) we have f(ui(y)) < f(My) = . * (this follows from 0 < f/(t) —

+00). Hence, by Proposition and (3.5) with e = %,

Vivn(2)] < CRTA + O / 2a(y)f (un(y)) +d

. . 1
< CR7A+ C(2lallso + dpid )i / .
kM Bany, (1) |zk + e — yl|?

(3.25)

dy.
Using the change of variable y = p2 + xy, the last integral becomes

1 1 , 1
Bagy, (z1) |z + e — y| Bar(0) Hlr — 2| Bar(0) |z —

Inserting it into (3.25), we obtain

2R
Vivn(@)] < CRA + (2alloe + did)C / i,
0

which is finite for i € {1,2, 3} since uy — 0 as k — +oo.
If we finally take i = 0 and = € Bg(0),

vk ()| = |ok(z) — vr(0)] < sup [Vupllz] < C(R).

BRr(0)
O

Summarizing, we are able to control both A% in (3.24) and, by Lemma
Vivg locally in R*. Hence, the local boundedness of the sequence (vi)pen iS
achieved by Lemma see the Appendix. This means that (vy)ien is bounded
in W-?(R*") so, by compact embedding, there exists v € C*(R*) such that v, — v in

loc

C27(R*) for any v € (0, 1), satisfying v < 0 and v(0) = 0. Looking for the equation

loc

satisfied by v in R?, one may rewrite ([3.24) and obtain

A?u(z) < (14 &)a(x, + ka)610g(f(uk(kaFNkI)))*lOg(f(Mk)) + ]@_k (3.26)

Taking the first-order Taylor expansion of log o f around M}, one finds

log(f (un(zs + ) = log(F(M) + L (b ) — ),
(@)
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where Zk(l’) = M, —I—H(uk(xk +,ukx) — Mk) = M, —|—(9’Uk(l'), 0 e (0, 1) Hence, 326
becomes

2 f]c,((Zk<(x)))) Vk (m) da
Avg(x) < (1 +¢e)a(zg + ppx)e TEE + 5 (3.27)
Analogously, the following lower bound holds:
(21 ()
A%k(x) > (1—¢)a(zy + upz)e iy @) 1?4_2 (3.28)

Since v, — v uniformly on compact sets and M; — +oo, then z;(z) — +oo uni-
formly on compact sets, so the behaviour at co of the term J;((ZZ:((;”)))) is determined,
roughly speaking, on how far is the nonlinearity f from being critical. As a result,
we split our analysis according to whether f is subcritical or critical in the sense

of Definition

3.3.1 The subcritical case

In this framework, besides our standard assumptions on h, we further assume
/
lim ')
t—+400 f(t)
according to Definition Therefore, taking the limit as £ — +oo in (3.27) and
(3.28)), we find

=0

(1—¢)a(zs) < A% < (14 €)a(rs) in R*,
which implies, by the arbitrariness of ¢ > 0:
A?v = a(ry) in R*.

Incidentally notice that a(z.,) # 0 since z,, € 2 and here a > 0. Nevertheless,
since this equation is satisfied by the limit profile v, we can quite easily deduce
a contradiction. Indeed, we have the following chain of inequalities, which is a
consequence of the Taylor expansion already used, Fatou Lemma, (3.5) with ¢ =

and finally Proposition (3.2.1}
1 (@)

+oo = [ a(zs) = / lim a(zy, + px)e 7CE) vk(z)xgk (x)dx
R4 R4 k—+o00

_ / lim a(zy + ppe)es0 0t -osG L)y o (2)dy
R

4 k—+o0
1 _d+d

< 21iminf/ [sa(xr + ) f(up(@p + ) — dJ + I

. h(zy, + e, up () + ) dx ]
< 2lim inf / dr +d

k—+00 [ o (M) ap f(My)
w=mt i) 9 1 it {/ Ry, ur(y))dy + d!Q@ < 2[A +d|9],

k—4o0 Q

where the last inequality is due to Proposition This contradiction proves
Theorem [3.1.2l
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3.3.2 The critical case

Let us come back to inequalities (3.27) and ([3.28)), recalling that in this case we are
assuming
f't)

I

S ()
This time, once we take the limit as & — +oo in both of them, and again recalling
that ¢ is arbitrary, we find

=: B € (0,400).

A% = a(rs)e™ in R, (*)

where a(z) > 0 as before. Hence, the chain of inequalities used in Section [3.3.]]
does not yield to a contradiction, so we have to bring further our investigation:
we will see that the key point will be the characterization of the limit profile of
the rescaled functions and a Pohozaev-type identity. Nevertheless, with exactly the
same computations, one may infer that the limit profile v has finite energy:

Lemma 3.3.2. [, ¢’ < +oo.
Proof. As in the proof of Theorem [3.1.2}

ﬁv f (zk(a:)) k(x)
a(Too) lim a(zy + ppx)e FEED Xo, (z)dz
R4 R

4 k—+o0

k—+o00

< 2liminf [/ h(y, uk(y))dy + d|Q|| < 2[A + d|€]].
v

]

Since v solves equation (), in order to characterize it precisely, we need some
further information about its growth at oco.

Lemma 3.3.3 ([67], Lemma 4). For all i = 1,2,3 and p € [1,2), there cwists a
constant C(i,p) > 0 such that ||V'u|[}, (Br(zo)) < Cr*= for any B,(xq) C Q.

(z0))

Proof. By the Green representation formula and Lemma [3.2.2] we have
, . 1
V(o)] < [ V2GR )bty )y < € | bl ()
Q O

Thus, for any ¢ € C°(B,(x)) and p’ being the conjugate exponent of p, we have

[ @< [ ([ 9:Gat )by ) o
/( o) [ o= lete)fie )y

< C/Qh(yyuk(y))le =y e e @op 191 22 (8, ) WY

< AP0l o (8, (o))

using Proposition 1] and the boundedness of €). By duality, this yields our claim.
m
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Lemma 3.3.4. v(z) = o(|z|*) as |z| = +oc.

Proof. Firstly, by (3.22) and Lemma with 7 = 2 and p = 1, there holds

/ | Avy| = MZ/ |Aug(z + ) |de = NI?Q/ | Auy|
Br(0) Br(0) By, (z1) (3.29)

< . 2C(Ruy)* % = CR®.

Suppose now by contradiction that v(x) = o(|z|?) as || — 400 does not hold. By
Lin [60] we would infer that there exists b > 0 such that —Awv(z) > b for every
r € RY. This, combined with (3.29) and Fatou’s Lemma, would imply

ChR* < / |Av| < liminf/ |Av,| < CR?,
Br(0) Br(0)

k—+o00
which contradicts the arbitrariness of R > 0. This proves our claim. O

We can now apply a Liouville-type result by Martinazzi (see Theorem in the
Appendix) and determine explicitly v:

Lemma 3.3.5. v(z) = —cilog(l + co|z|?) for some ¢; = ¢i(B,a(zs)), i = 1,2.
Moreover,

lim liminf / Wy, ux(y))dy = 0 > 0. (3.30)
BR,LLk ($k)

R—+00 k—4o00

Proof. Parameters in the explicit formula of v may be found by standard compu-
tations from Theorem with xy = 0 (in the notation therein) since v(0) = 0.
Moreover, arguing as in Section [3.3.1] we have

0 < 20 := a(z.) e’V = lim lim a(zy + ppx)e' FEED dx
R4 R—+o00 BR(O) k—4o00
L (Llrlly, (@)
< lim lim 1nf/ a(xy + ppx)e N TEED dx
R—+00 k—+4o0 BR(O)
1
1 T + —d d
—2 lim liminf { / galer + ) f (@ + puw) = d) - | B (0)]
R—+o00 k—+oo Br(0) f(Mk> f(Mk)

<2 lim liminf/ h(y, ux(y))dy.
R—+o00 k—+o0 BRHk (ffk)

]

So far, we have investigated the behaviour of each u; around one maximum
point x,. This is indeed what happens for each sequence of blow-up points, as
stated in the next result:

Lemma 3.3.6. There are N > 0 and converging sequences xj; — @, 1 <i<N,
with limy_, oo ug(Tg ;) = +00 such that, setting

Ui (2) = up(Tr; + piit) — un(Tni), ey 2= (f(uk($k,i)))_1/4>

we have
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(i) Vi oo 220 = oo for 1 <i £ j < N;

(11) v — v in C?’V(R‘*) for 1 <i < N, where v is defined in Lemma and

loc

estimate still holds;
(i31) inf1<icn |2 — zpi[*W(z, up(z)) < C for every x € Q;
() infi<i<n |2 — 23, [Viug(2)] < C for every z € Q and 1 < j < 4.

Proof. The proof mainly follows the arguments of [81, Claims 5-7| (see also [67]
Lemmas 7-8]) with some modifications as in our Lemmas [3.3.1}3.3.5
We say that the property H, holds if there exist p sequences of blow-up points, that
is, (zx;)t_; C 2 such that (i-i7) hold. Notice that Lemmas imply that
H1 holds. We first show the following alternative:
Claim 1: Supposing property H, holds for some p € N\ {0}, then either H,1 holds
or there exists a constant C' independent of k such that

15{ |z — 2| h(z, up(z)) < C for any x € Q. (3.31)
Let wy(z) = infi<;<p |v — zp|*h(z, up(z)) and suppose the uniform bound
does not hold, i.e. ||wi|leoc — +00 and denote by (yx)r C Q the maximum points.
Our aim is to prove that such points are the ones that, together with (z;)r_,, verify
property H,1. Define 7y, := f(uy(yx))~*/* and let

g () = wr(yr + M) — ur(yr).
Firstly, % — +o0 for any 4. Indeed, by (3.5)

+00 ¢ wi(yp) < _inf Jo — wral* (2llalloo f (ur(yr)) + d)

e\ (3.32)
< 2llafl int (M) + d(diam(Q))*.
k

1<i<p

Hence, (i) is proved once we show also — 400 for any i. Suppose by

Y5 =T,
122°%7
contradiction that vy —xp; = O(ur,), that is, yx = g, + pri0k; for some |6y ;| < C.
Notice that (yx)x, being a blow-up sequence for (wy)y, is a blow-up sequence for (uy)
too. Indeed, with the same computations as in (3.32)), one infers f(ug(yx)) — oo,

which implies ug(yx) — oo. Hence,

wi(ye) = |k — 2 Wy we(Ur)) = il P(Yrs wr (yi))

< g il Ol (2a(yne) f (ur(yi)) + d)

= [Orl* (2a(i + g O ) O D Aoa Tl )) y od).

Since log(f (ur(zgi+1ki0ki))) = log(f(uk(iﬁk,i)))ﬂLWUk i(Ok,:), where 2y, ;(6y;) :
uk(2r) + t(uk (T + pribr) — ue(Trs)) = uk(@r,) + tog(0x,), for some ¢t € (0,1),
then

O.i|* 0 J:‘<(ZI“((601“>>>>”’€ (Ok.1) d

e i 20/ x Z+ i %k,i\Yk 4 i "t +—
! (2atens + e ) @
— 2‘eoo,z|4 (xoo Z) ﬁv( )7
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In fact, ug(xy,;) — 400, while vy ;(6y;) stays bounded by the same computations as
in Lemma [3.3.1] (6, being bounded), which yields z;; — 400 too and (3.33) follows
by assumption (A3). Moreover, we have an explicit profile of v by Lemma [3.3.5] so
we finally have

. a(Too,i)
lim sup w < 2[00 ’ <
k-—>+oop k(yk) > ’ ; ‘ (1 I C2|9007i’2)015

o0,

which contradicts wy(yi) — +00. Hence (i) is proved.
In order to prove (%), we have to show that the sequence (i) is uniformly
bounded. Nevertheless, in contrast of what happened for the blow-up sequence

(vi)i defined in (3.22), for which 0 < {lslzstiun) <9 (5 heing as in (3.21)), here

kT

f(My)

this term may be unbounded, and so AZ%qy, losing the boundedness required by
Lemma [A.0.4. We now show that this cannot happen. To this aim, let R > 0 and
e € (0,1) be fixed and 2 € Br(0). We have wi(yx +ve2) < wy(yy) which, rewritten,

1S

Ry + vex, uk(yr + 1)) < < inf1<icp Yk — Th )4
h(yr, ur(y)) infi<i<p |Yn + Wt — Thil

Since ka;ﬂ — +o0, there exists k(R,¢) > 0 such that for any & > k we have

k
YR < elyp — xi,|. Hence, |yp +vex — zii| > Jyp — il — R > (1 — €)|yp — g4
and thus,

h(yr + v, wi (Y + e)) 1
Mo w)) S - 1834
Therefore, by and , we have
[ sa(yr + ) f(ur(yr + nx)) — d
(1—e)t ™~ 2a(yr) f (ur(yx))) +d
S 10(Yoo) f (ur(yi + 1)) d

2llalloof (ux(yi)) +d  2[|alloof (ur(ys)) +d
1 f(ue(ye +mx))
28 fwl) O

for some b,C' > 0, since f(ux(yr)) — +o00. This means W < C and, in

turn, together with (3.24), that (A%ay)s is uniformly bounded. This leads to the
compactness of (i) in W*4(Q) for any ¢ > 1 and with the same arguments as in
Lemmas we obtain (4i). This completes the proof of Claim 1.

Claim 2:There exists N > 1 such that both property Hy and hold.
Suppose by contradiction that the property #, holds for any p € N fixed. Hence,
by (i-ii) for any k& € N one can find p points (zx,);_; and disjoint balls By, ,(7x)
such that holds. Thus,

Az/h(x,uk(:r))dmz/ h(z, ux(z))dz
Q Uf:1 BR,ukJ- (xk,z)

p
Y[ b 20,
i=1 ¥ BRuy, ; (ki)
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an upper bound for p, a contradiction.
Finally, we have to prove (iv). By the Green representation formula and the
estimates of Lemma |3.2.2] we have

|vmawhsozgx—mﬁm%uuwMy

For any k € Nand i € {1,--- , N}, define Q. ; :== {z € Q| |z — x| = inf1;<n |2 —

zki|}, the set containing all points in € which are nearer to the blow-up point zy ;,

and moreover By ; := Bo—s; | (2k;). Decompose Q = U;((Q; N Br;) U (Q; \ Bry))
okl

and, consequently,

Vi (z)] < CZ ( /Q My wl®)) g, /Q . Mdy) (3.35)

k,iNB; |x_y|‘7 |x_y|‘7

Notice that |z —y| > %|3: — x| for any y € Q. ; N By, while on Qy; \ By ; we apply
inequality (7ii), obtaining from (3.35) and by Proposition [3.2.1]

(Vi (z)] < 220 2OAN CZ/ dy = (3.36)

| _'1”'1457/|‘7 kL\Bk,i .T_y|j|y

To estimate the second term, we decompose . ; \ By, = Q,(“) Q,(“), where

Q) = (s \ Bii) N Bappay (2)  and Q) i= (i \ Bii) \ Bojaay i (2)-

Then, |y — x| > %|:B — x| for any y € Q,(:Z) since it gathers points outside By ;

1
moreover, Q,(”) C Bajg—ay (), 80

/ dy < C dy
o T~ yPly —aeal® = o=l Jy, o [8— 9P

2|{L‘ mk,z‘ C
= 3idp < — —
W—meA R T

On the other hand, for any y € 91(6237 there holds |y — z| < |y — xps| + |2 — 2] <
%|y — Z4|, thus

dy dy
/g<2> |z = ylly — zpql* SC/ ye [y — @l
* ) (B ) ki

|xz— zk|

oo - C
< C/ pldp < ————.
|w7§k7i\ |ZL' — gjk’i|3

(7v) is finally obtained by (3.36)), (3.37)) and (3.38). O

Denote by S the set of blow-up points, that is, S := {y|3Jyx — v, ur(yx) —
+00}. Lemma has two important consequences. First, S coincides with the
set {2V 1 < i < N}, and therefore, S is finite. In fact, suppose by contradiction

(3.37)

(3.38)
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that there exist z ¢ ()X, and a sequence 7, —  such that uy(z;) — +ooc. Since
N < oo, one has inf,; |7, — 27| > d > 0. Notice also that d(z,d) > n > 0 by

Proposition [3.2.1}, so a(zx) > a9 > 0. Hence, by (iii) of Lemma and (3.5)

with e = 1, we get

QA

> W Ty, uk(Zy)) > %Gof(uk(fk)) —d,

which in turn implies u (7)) < C by the superlinearity of f.
Moreover, we also deduce a local boundedness of (uy), outside S:

HukHWl‘i’f"(ﬁ\S) <C. (3.39)

Indeed, let K cc Q\ S and r > 0 such that K N B,(z®) =  for each () € S.
Firstly, |ux| < C since there are no blow-up points in K’; moreover, inf;<;<x |z —
ry;| > % by construction, so by (iv) we infer |V/uy(z)] < C(r) for any j €
{1,---,4}.

In order to conclude the proof of Theorem [3.1.3, we need a Pohozaev identity
which can be found in [68] (see also [81, Lemma 2.2]). For the sake of complete-
ness, we sketch its proof.

Lemma 3.3.7. Let u € H*(Q) be a strong solution of A*u = h(z,u) in Q. Then,
for any y € R*, we have

[ Hwds s [ -y VR @) = [ (o= gn(@)H 0o+ b,
Q Q Gl9)
where H is defined in (3.8)) and b collects all remaining boundary terms:

1 2 — n\x o — Uu uaoc — u r — u)ao
o) = 5 [ (8w =)o =2 [, dudo = [ (8u), 0y Vuja

_ / un(x —y, V(Au))do + / (V(Au), Vu)(z — y,n(x))do
o9

o0

Sketch of the Proof. The following identities may be proved with standard and te-
dious computations:

div[(z — y, VAu)Vu + (. — y, Vu)VAu — (Vu, VAu)(x — y)]
= (v —y, VAu)Au + (v — y, Vu)A%u — 2(Vu, VAu);
div[1(Auw)*(z — y) — 2AuVu] = Au(VAu, z — y) — 2(VAuw); (3.41)
=4H(z,u) + (v —y, V. H(xz,u)) + (z — y, Vu)h(z,u).
Applying the Divergence Theorem to one has
/ (Au),(z —y, Vu)dr + / un(x —y, V(Au))dx — /
o) o9

o9
= /(:U — vy, VAu)Au + /(a: —y, Vu)A%u — 2 / (Vu, VAu)
0 Q Q

— /Q(x — vy, VAu)Au — 2 /Q(Vu, VAu) + /Q(:C —y, Vu)h(z,u).

(3.40)

(3.42)

(V(Au), Vu)(x — y,n(z))dx
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Once we apply (3.41) to the first two terms and ([3.42)) to the last one and in both
the Divergence Theorem again, the proof is completed. O

Proof of Theorem[3.1.3. Let o € S and r > 0 be sufficiently small such that
B, (xo) NS = {xp} and apply the identity of Lemma in B,(xg) with y = zg
and u = u, which belongs to H*(2) by elliptic regularity:

4/ H(z,ug)dz + / (x —y, V. H(x,ug))dz
BT(IO) BT(xO)
1
= / (x — xo,n(z))H (x,ur)do + = / (Aug)*{x — xo,n(x))do
0B (z0) 2 0By (o)
— 2/ (ug)nAugdo — / (Aug)n{x — xo, Vug)do
OBy (o) OB (o)

- / (ug)n(x — 20, V(Aug))do + / (V(Aug), Vug)(x — o, n(x))do.
OB (z0) OBr(z0)
Since F, defined in (3.8)), is continuous in R* and 0B, (x) cC Q\ S, (3.39) and
(3-9) imply

/ (x—xo,n(z))H (z,up)do < 27“/ (a(z)F(ug)+d)do+d|0B,(zo)| = o(r).
OBy (z0) 9By (z0)

Hence, applying (3.39) on the boundary terms in the right-hand side,
4/ H(z,uy)dx +/ (x —y, V. H(x,ug))dz = o(r). (3.43)
BT(J/'O) Br(l‘o)

We want to bound from below the left-hand side of (3.43)) with a positive constant
independent of r, to get the contradiction. Let 0 < ¢ < % arbitrary; (3.9) and the
assumption (H3|) imply

4/ H(z,ug)dr + / (x —y, V. H(z,uy))dx
By (o) By (zo)

rB(z)F(ug) — 7“/ D(x)

By (z0)

24(1—5)/3( )a(m)F(uk)dm—4d€|Br(xo)|—/B(

z0)

> (4(1 - 5)@ - 7"||B||Oo> /Br(zo) F(uy)dw — d.Cr* — T/ D(x),

Br(z0)

when 7 > 0 is so small that a(x) > @ for any x € B,(xy). Supposing further, up

a(zo)
2

to a smaller value of r that r||B||. < , we find

4/ H(z,uy)dx + / (x —y, V. H(x,ug))dx + o(r) > a(zo) / F(ug)dz.
B (x0) By (o) 2 Jpr(ao)

(3.44)
We now claim there exists m > 1 such that
1
F(t) > —f(t) for any ¢ > 0. (3.45)
m
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Indeed, let us define

m = max {1, max ') }

Then 1 < m < +o0 since 0 < f € C'([0,+00)) by (A1), together with the limit
assumption (A3). Hence

(F-Lr) 0 =s0-Lrw=so(1-+20) >0

(F-2r)o=ro(1-) 2o

which together imply (13.45)). Finally, we further estimate from below the left-hand

side of (3.44), by (3.45) and Lemma [3.3.5] obtaining

> oo [ (b)) +d) - 15w

4m|af|so

G [ /B ) d!Br(xo>|]

— dmllall
a(xg) 6

= Imfa].1 + o(r),

This contradicts (3.43). As a consequence, we deduce S = ) and thus the bounded-

ness of (uy)ren in C*(92). O

3.4 Some extensions of Theorems [3.1.2] and [3.1.3

The uniform a-priori estimates obtained in Theorems deal with a large
range of nonlinearities (the basic requirements being positivity, superlinearity and
a control at co by an exponential map), but they apply uniquely for the case of
the ball. In this section we present a sufficient condition in the spirit of Brezis-
Merle [13, Open problem 2] which enables us to generalize our results to smooth
domains. Finally, we show that the present analysis can be similarly carried out
also in the polyharmonic framework.

3.4.1 Extension to general smooth domains

The restrictions to the extension of Theorems [3.1.2| and [3.1.3| to more general
domains are mainly two. Firstly, unless the domain is positivity preserving, we
cannot guarantee that solutions of (3.1)), as well as the first eigenfunction ¢, are
positive, and all estimates of Section rely on this fact. Secondly, the two-sided
estimate (3.12)) is available only for balls, so we are able to conclude the argument
for the boundary estimate in Lemma|3.2.7|only in this case. Nevertheless, once we
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have [, h(z,u) < C available, a careful reading of Sections|3.3.1|and [3.3.2| shows
that the blow-up argument applies for any domain, provided the rescaled domains
expand to cover all R*. The following result shows indeed that, once the uniform
bound on the right-hand side is satisfied, the uniform bound can be obtained.

Theorem 3.4.1. Let Q C R* be a bounded C*7 smooth domain, v € (0,1) and

h satisfy (H1)-(H2) with 0 < ay < a(-) € C(2). Suppose one of the following
conditions holds:

1) h is subcritical as specified in (3.6);
2) h is critical as specified in (3.7) and (H3) holds in Q.

Furthermore, suppose there exists A > 0 such that

/ h(z,u)de < A
0

for all weak solutions of (3.1). Then there exists C' > 0 such that ||ul| L=y < C for
all weak solutions of (3.1). In addition, if (2) holds, solutions are also bounded in
CY(Q).

Notice that, since the blow-up points may concentrate to z.,, € 0f), we have
to impose strict positivity on the coefficient a to be sure that a(z,,) > 0. In both
cases, the argument is essentially the one contained in Sections|3.3.1| and [3.3.2]
up to some preliminary verifications.

Proof. By contradiction, suppose the existence of points (x)ren C € and solutions
(ug)ken C HE(Q) such that My := |Jug| @) = uk(z) 7 +00. We define Oy and
[ as in as well as the rescaled functions vy, as in . Since 2 is bounded,
the maximum points z; accumulate to some z., € . We claim that, in any case,
limg 4 o0 d(xk’?g) = 400, so that €, 7 R* Indeed, suppose by contradiction that
d(zg, 0Q) = O(uy), that is, up to an affine transformation, Qy — (—00,0) x R
Letting R > 0 and x € Bg(0) N €, with the same computations of Lemma m
we infer |Viv,| < C(R) for any € Br(0) N Q. Choosing z € Br(0) NS, so that
vg(x) = — My, we would get

My, = [vg(x)| = |op(z) — v (0)| < CR,

a contradiction. For the subcritical case (1), now it is enough to repeat the same
compactness arguments as well as the contradiction provided in Section to
infer the a-priori bound. On the other hand, if we suppose (2), we have to take care
a little bit more the fact that x,, may belong to 9€2. In particular, once we find that
the limit function v € C*(R?*) satisfies A%v = a(z4)e”’ in R* and the analogues of
Lemmas the argument via the PohoZaev identity is a bit different, since it
might happen that z., € 9€2. In this case, we have to consider the identity of Lemma
B-3.7integrated in B, (2) N2 with 2y € SN (we recall that S is the set of blow-up
points), so two kinds of boundary terms appear: the ones relative to Q N 0B, (zo)
and the others to 9Q N B,.(zy). All terms of the second kind vanish by the Dirichlet
boundary conditions except for the term [y 5 . (Aug)*(z—y,n(z))do. Therefore,
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we have to choose in a clever way a sequence of points (yx)ren so that also this term
vanishes. Following [81], we define y; := zo + pi,n(xo), where

B f@QﬂBT(xO)(Auk)2<x — zg,n(x))dx
(Aug)?(n(zo),n(x))dx

Pkr =
f@QﬁBT-(mo)

and, up to a smaller value, we may choose r so that 3 < (n(zo),n(z)) < 1 for all
x € B,(10) N Q. With these choices, we have |p;.,| < 27 and

/ (Auk)2<x — Yy, n(z))dx = 0.
QN By (z0)

Applying now the identity of Lemma in QN B,.(zy) with y = y and u = wuy,
one retrieves

4/ H(z,u)dx +/ (x —y, Vo H(z,ug))dx = o(r).
QﬂBr(xo) QﬁBr(xo)

and the conclusion follows from the same argument as in the Proof of Theorem
3.1.3 O

3.4.2 Extension to the polyharmonic case

By now, we considered our problem in dimension 4, the critical dimension
for the fourth-order Sobolev inequalities. One may further ask if the same results
hold true, once we consider the related Dirichlet problem for the polyharmonic
operator:

{(—A)mu = h(x,u) in Q, (3.46)

u=0u=--=9"tu=0 on 012,

where QO C R?" is a bounded smooth domain (that is, of class C*™7, for some
v € (0,1)), m > 2. Indeed, 2m the critical dimension in the sense of the Trudinger-
Moser-Adams inequality. Moreover, we assume h verifies (H1)-(H2). Herein, we
mean by weak solution of a function u € HJ*(Q) such that

/Vmuvmwz/h(a:,u)go,
Q Q

for every ¢ € H['(2), with the convention

v A2, m odd,
o VAM=D/2 - m even.

Theorem 3.4.2. Let B be a ball in R*™ and h be a nonlinearity satisfying assump-
tions (H1)-(H2). Suppose moreover that one of the following holds:

I) h is subcritical as specified in (3.6) and either (i) or (ii) of Proposition
holds;
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II) h is critical as specified in (3.7) and (H3) holds.

Then there evists C > 0 such that |[u| L=y < C for all weak solutions of (3.46).
In addition, if (II) holds, solutions are also bounded in C*™(B).

Proof. An analogue of Proposition in dimension 2m holds, following the same
arguments_of Section with only evident changes. In particular, Lemmas
|3.2.5| and |3.2.6| hold by considering AY’” and gpgm) as respectively the first eigen-
value and the first eigenfunction in € of the operator (—A)™ subjected to Dirichlet
boundary conditions and since we have the same behaviour of the Green function,
that is, it vanishes near the boundary precisely of order m (see [40, Theorem 4.6]):

Gieaalo.y) = log (14 (M)m)

|z —y|?

Then, Lemmas [3.2.7 and easily follow, since they rely on properties that do
not depend on the differential operator. Let us focus now on the blow-up argument.
A careful reading of Section may convince the reader that all statements are still
valid for problem once we adapt the scaling as

= ——
(f(My))2=

In particular, Lemma holds for any i € {0,1,--- ,2m—1}. Hence, again by the
local compactness guaranteed by Lemma [A.0.4) we find v € C?™~1(R?™) satisfying

(—A)™ = a(zs)e®™  in R2™. (*m)

In the subcritical case (I), one has 8 = 0, an the contradiction is found exactly as
in Section On the other hand, in the critical framework (1), that is when
p € (0,+00), the characterization of entire solutions of equation again follows
by Theorem [A.0.6] Consequently, repeating the same steps as in Section [3.3.2] one
has the result. It is only worth to mention how the Pohozaev identity modifies to
fit in this context: for any u € C*™(Q) solution of (—A)™u = h(z,u) in Q C R*™
and for any y € R?>™, there holds:

2m/9H(x,u)dx+/ﬂ<x—y,VzH(x,u»dx

= /asz@ —y,n(x))H (x,u)do + % /m(vmu)Z(x —y,n(x))do

3 (mnym /8 n(a). V(= ) V)V ()

j=0
]

At this point, it is straightforward to combine the arguments presented in Sec-
tion with the necessary modifications mentioned in the proof of Theorem
to obtain the following generalization of Theorem [3.4.1}
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Corollary 3.4.3. Let Q C R*™ be a bounded C*™ smooth domain, v € (0,1) and
h be a nonlinearity satisfying assumptions (H1)-(H2) with 0 < ag < a(-) € C(9Q).
Suppose one of the conditions (1)-(1I) is satisfied and that there exists A > 0 such
that [, h(z,u)de < A for all weak solutions of (B.4€). Then there exists C > 0
such that ||u|| o) < C for all weak solutions of (3.46). In addition, if (II) holds,

solutions are also bounded in C*™(Q).

3.5 The Navier boundary conditions

So far, we studied the fourth-order problem ({3.1)) endowed with Dirichlet boundary
conditions. In this section, we show that a similar analysis can be provided also
when considering Navier boundary conditions:

(3.47)
u=Au=0 on 0,

{A2u = h(z,u) in €,
when Q C R* is a bounded convex and smooth domain. As well-known, in this
context this fourth-order problem can be seen as a system of coupled second-order
problems:

{—Au =w in{, {—Aw = h(z,u) inQ, (3.48)

u="0 on 0f), w=20 on 0f).

and thus the maximum principle holds. Hence, we are able to prove the a-priori
uniform bounds as we did in the ball for the Dirichlet case.

A-priori bounds for Navier problems and, in general, for systems of
second-order equations have been investigated in several papers, most of the liter-
ature deals with power-type nonlinearities in dimension N > 5 (see [85, 52, [84]]
and references therein) or in N = 4 for the special case h(z,t) = e' ([61, 98, 62]).
General exponential nonlinearities are the subject of a series of papers by de
Figueiredo, do O and Ruf ([30, 31]), dealing with elliptic systems in dimension 2.

Recall that u € H?*(Q2) N H}(Q) is a weak solution of ([3.47) whenever

/Q Audp — /Q Bz, u)p (3.49)

for any test function ¢ € H?*(Q2) N H(£2). Our main results are the following.

Theorem 3.5.1. Let Q be a bounded and conver C*7 domain in R* and h be a
suberitical nonlinearity satisfying (H1)-(H2) and those specified in Proposition|3.5.4)
Then there ezists C' > 0 such that ||ul| @) < C for all weak solutions u of (3.47).

Theorem 3.5.2. Let Q be a bounded and convex C*Y domain in R* and h be a
critical nonlinearity satisfying (H1)-(H2) and those specified in Proposition [3.5.4)
Suppose moreover that there exist functions 0 < B € L*°(Q), 0 < D € LY(Q) such
that holds. Then there exists C' > 0 such that ||ul|cag) < C for all weak

solutions u of (3.47)).
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This section is devoted to the proof of Theorems 3.5.2] following the
strategy used in Sections 3.3

As for Dirichlet boundary conditions, the first step in order to get the a-priori
uniform estimates on solutions is to obtain a uniform control near the boundary
and of the right-hand side of (3.47). In Section the key point was the be-
haviour of the Green function near the boundary of the ball. If we also assume the
convexity of our domain (2, its counterpart for Navier boundary conditions is the
moving planes technique. Indeed, denoting 2, := {x € Q|d(z,00) < r}, we have
the following:

Lemma 3.5.3. Assume Q C R* is a bounded C*7 conver domain and that there
exist 7,0 > 0 such that h(-,t) € CY(Q) for all t > 0 and V h(x,t) -0 < 0 for all
x € Qp, t >0 and unit vectors 0 such that |0 —n(z)| < 6. Then, there exist r,6 > 0
such that Vu(z) -0 < 0 for all x € Q, and |0 — n(x)| < 4§, for any solution u of
B.47).

Proof. The proof is an adaptation of [30, Lemma 3.2]. Each point x € R* will be
denoted by = = (x1,21) to isolate the first component, #; standing for (xq, 3, z4).
We can assume without loss of generality, that Q C RY := {z = (1,21) € R*|zq >
0} and that 0 € 0. Moreover, let us define the cap Xy := {x € Q|z; < A}, the
reflected cap Xy := {(2A — x1, 1) | (21, 21) € X} and the segment dividing the two
Ty = {x € Q|z; = A\}. By convexity, there exists A\(7) > 0 such that 3\ UX} C Q;
for any A € (0, ). For such )\, define

wy(z) == w2\ — 21, 1) — u(x).
Therefore,

Awy(z) = A%u(2) — 21, 31) — APu(x)
= h((2X — 21, 21), u(2X — 21, 81)) — h((z1, £1), u(z1, 21))
2 h((l’l,[ﬁl), u(2)\ — Il,fﬁl)) — h((l’l, i’l), U(Il, .%1))

since our assumption with # = —z; reads as %(m, t) > 0 for any = € . Using the
mean value theorem,

Awy(z) = %((wu 1)y (e, 81) A =21, 1) — w(@)] = c(r)wi (@),

where n(x1, 1) is a real number between u(2A — x1, 21) and u(z). For A sufficiently
small and positive, ¥, has small measure. Thus, the maximum principle for coop-
erative elliptic systems in small domains (see [2§]) implies w, > 0, which means
that near the boundary 02 the function w is increasing along the direction z;. The
general statement follows by a compactness argument. O]

With this result available, we can thus recover the analogous of Proposition
3.2.1}, whose proof is only sketched, being very similar:
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Proposition 3.5.4. Let Q and h be as in Lemma[3.5.5 Suppose also that one of
the conditions (i)-(ii) of Proposition holds. Then there exist r,Cy, A > 0 such
that

lullie@y < i and /h(a:,u)dx <A (3.50)
Q

for all (positive) weak solutions u of (3.47), where Q, := {x € Q|d(x,00) < r}.

Sketch of the Proof. Recall that A\; and ¢, are respectively the first eigenvalue and
the first eigenfunction of (—A) with Dirichlet boundary conditions in 2. Choosing

¢ =1 in (3.49), we get

/h(x,u)gpl :/AuAgol = —Al/Augol :Al/VUVgol :/\%/ugpl.
Q Q Q Q Q

Exploiting the superlinearity of h, with the same steps as in Lemma and with
the notation therein, we infer

1
[ uer < 2l gyl + [ o).
Q 1 Q

By conditions (i)-(#ii) of Lemma/3.2.5, we can bound the term involving ¢y, obtaining

/ hz,u)prde < C (3.51)

for some positive constant C' independent of w. This uniform estimate, together
with Lemma [3.5.3] allow to retrace Lemmas and get the desired bounds
(3-50). On the other hand, the local L' bound may be also obtained retracing
the proof of Lemma [3.2.4] where the Green function estimates therein are replaced
by the analogues for the Navier boundary conditions (see [40, Proposition 4.13] and
the subsequent Proposition [3.5.5). O

Let now exclude internal blow-up. The main ingredients of the arguments for
the Dirichlet case contained in Section [3.3|are the uniform estimates of Proposition
3.2.1| and the estimates on the Green function and of its derivatives provided by
Lemma [3.2.2}: once we have these two, Theorems [3.1.2| and [3.1.3| follow at once,
as Section shows. Therefore, by Proposition we just have to find the
counterpart of Lemma for the Navier boundary conditions. A reference for
the estimates for the Green function Gy 4y (2, y) is [51]; nevertheless, although we
believe they already exist in the literature, we were not able to find any reference
for the estimates of its derivatives. Hence, we prove here the following:

Proposition 3.5.5. Let Q C R* be a bounded domain of class C1* and let Gy ay (x,y)
be the Green function in ) of the biharmonic operator subjected to Navier boundary
conditions. There exists C > 0 such that for all x,y € Q, x # vy, we have that

dn@)dﬁ(y))

3.52
lz —yl? (3:52)

|Gnav(z,y)| < Clog (1 +

C

|VJ:GNAV('Iay)| S .
|z =yl
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Proof. In view of the decomposition (3.48), G4y can be described as an iterated
Green function for the Laplace operator with Dirichlet boundary conditions, denoted
by G_aq. Indeed, if u is the solution of Ay = f with u = Au = 0, then

Viu(r) —/QV;GA@(:U,y)U(y)dy

:/S;V;G_Aﬂ(ﬂ?,y)</QG—A,Q(Z/»Z)]F(Z)dZ)dy

- ( / v;c:A,mx,y)GA,Q<y,z>dy>f<z>dz,

V:Z‘EGNAV(CU,Z)—/ViG_A,Q(x,y)G_A’Q(y7Z>dy. (3.53)
Q

For a proof of (that is, when i = 0), we refer to [40, Proposition 4.13| as
well as for its generalizations in [51, Theorem 1.2|. Let now ¢ = 1 and recall the
estimates for G_a o in R* which go back to the work of Widman [100] (cf. [90] for
this formulation):

which yields

(@)
G-salea)] = fo =14 H2UD), (3.54)
V.G _aq(z,y)| < o —y|? (1 A \S:l(—wy\) (3.55)

In the sequel we strictly follow [51]. Fix x, z € §, define O, := B%« .| ﬂ Q and
similarly O, := Bz|,_,(2) N Q2 and let R := Q\ (O, U O;). By , and
B53).

- (LA G2) (1A |y iﬁg
Vi Gav (2, 2)| = / . / Qla,y,
Q |$ - y| |y

On O, we have |y — z| ~ |z — z|. Indeed, 5|z — z| < |y — 2| < 2|2 — z|. Hence,

Q(z,y, 2)dy = / 2 —y|ly — 2| Pdy 2 |z — ZV/ |z —y|Pdy
O, Oy

. . 1 (3.56)
=< |z — z[z/ dp =
0 |z — 2|
Analogously, on O, there holds |z — y| ~ |z — z| and thus
/ Q(z,y, z)dy = / |z —y|Ply — 2|y = | - Z|‘3/ ly — 2|y
0. 0. 0.
(3.57)

2|z—2| 1
3
= !%—Zl_g/ pdp =

0

|z — 2

On R there holds |y — z| ~ |z —y|. In fact, on one hand |y — z| > 2|z — y|, so
|z —y| < |z — 2|+ |z —y| < 2|y — 2|, and, on the other, |y — x| > 2|z — 2|, implying
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ly — z| < |z — y|. Furthermore, the following relation holds (see [50, Lemma 3.2] as
well as [40, Lemma 4.5]):

() = () () =0y

As a result, we get

[ e@wam= [ -y (iag (3)(“%)
< [ e () ()

To estimate we distinguish two cases depending on the reciprocal distance
of x and z compared with their distance from the boundary. We denote by D a
sufficiently large radius so that R C Bp(x) \ O,.

Case |z — z|? < d(z). If so, one has 2|z — z| < \/d(z) and thus we continue (3.58)

as follows:
p 1 d
/ Q(z,y,z)dy = / p~° (1 A —) (1 A ﬁ) p*dp

(3.58)

\/d(z) D
= / p 2dp + d(z)/ o Ydp (3.59)
3lz—z| Vd(2)
1 N 1 1
STEF A B P
Case |z — z|* > d(z). Then,
b d 1
/ Q(z,y, z)dy = d(z)/ p~tdp = (2) 5 < . (3.60)

The result is obtained summing up estimates (3.56)), ([3.57]), (3.59) and (3.60). O

The estimate on V.G y 4y provided by Proposition 5|allows to recover most
of the arguments of Section in particular the compactness of the sequence
of the rescaled functions (v ), leading then to the contradictory argument which
proves Theorem On the other hand, to deal with critical nonlinearities, we
need also the estimates for the higher-order derivatives. However, they easily fol-
low by means of the decomposition into coupled systems (3.48|) and the estimates
on the Green functions for the Laplacian. Indeed, we have

— / G- nale, )by, u(y)dy and Vu(z) = / V.G a(e, y)h(y, uly)dy.
Thus, by and (3.57]), we infer
1 1
) <C / Ly u()dy and |[Vu(z)| < C / —h(y, u(y))dy,
Q |$ - y| Q |$ - y|

which is enough for our purposes recalling that |w| = |Au|. This, indeed, allow us
to retrace Lemmas [3.3.3]and [3.3.6/and prove Theorem [3.5.2]
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Remark 21. It should be now clear that an analogue statement to Theorem [3.4.]]
holds also when dealing with Navier boundary conditions and domains which are
not necessarily convex.

3.6 Existence results

The a-priori bound for solutions of obtained in the previous sections is es-
sential to apply topological methods and infer the existence of positive solutions.
We follow the standard approach which has been widely applied in the literature
(see, for instance, [29, 85| [31]), and which relies on a well-known result firstly
due to Krasnosel’skii, which may be equivalently stated in the following way (see
[27, Theorem 3.1] and the subsequent results):

Lemma 3.6.1. Let X be a Banach space and K C X a cone, which induces a
partial order in X defined as follows: x <y if and only if y —x € K. Moreover, let
®: K — K be a compact map with ®(0) = 0 and suppose there exist 0 < r < R and
T > 0 such that:

1. there ezists a bounded linear operator A : X — X such that A(K) C K with
spectral radius r(A) < 1 and such that ®(x) < Ax for all x € K with ||z|| = r;

2. there erists ¥ : K x [0, 4+00) — K such that

(a) ¥(z,0) = &(z);
(b) VU(z,t) # x for allt >0 and ||z|| = R;
(c) V(x,t) # x for allt > 7 and ||z|| < R.

Then ® has a fized point T € K with r < ||Z|| < R.
Proof of Theorem[3.1.4). Let X = C(B) and K := {f € C(B)| f > 0} be the closed

cone of nonnegative functions, which induces the standard pointwise order on C(B).
Moreover, let T := (A?)~! be the inverse of the bilaplace operator with Dirichlet

boundary conditions, that is, T'g = w if and only if w solves
Aw =g in B,
w=w, =0 on 0B.

Then T : C(B) — C(B) is a linear compact and positive operator. Defining now
® :=Toh(x,-), then &(K) C K by maximum principle and ® is a bounded compact
operator, by the continuity of h.

By our assumptions on h, there exist a € (0, \;) and t, > 0 such that h(z,t) < at
for any = € B, t € (0,t9). Hence, defining A := aT, then:

O(u) =T(h(z,u)) < T(au) = aT(u) = A(u).
Moreover A(0) = 0 by definition, A(K) C K and

r(A) = amax{\|\ is an eigenvalue of A™'} = 5\2 <1,
1
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so condition 7 of Lemma is verified.
Let us now define U(u,t) := T'(h(x,u + t)), for any ¢ > 0. It is clear that
U(u,0) = ®(u). We are thus led to study the following family of problems:

A%y = h(z,u+t) in B,
(P)
u=1u, =0 on 0B.
With the same steps as in the proof of Lemma [3.2.5] we can get
/h(x, u+t)prde < C, (3.61)
B

where the constant C is independent of ¢; this in turns implies

/Ba(x)(u +t)prde < C.

Since u, a and ¢, are positive, we necessarily find that ¢ is bounded. This means
that there are no (positive) solutions of problem when ¢ > T for some T' > 0
which depends on € and h, so condition (2¢) is fulfilled. Hence, we can restrict to
t e [O,T] and prove the uniform a-priori bound for these values of the parameter
t. In fact, in view of , firstly one can repeat the same steps of the proofs
in Sections [3.2] and produce the same uniform estimates of Proposition In
particular, we get

/h(m,u +t)dx < A(h,T),
B

uniformly with respect to ¢t € [0,7]. This is sufficient to guarantee that the contra-
dictory argument of Section [3.3] can be retraced for solutions of problem with
only minor adaptations, finding an a-priori bound which depends only on h and T.
Rephrased, this means that there are no solutions of problem for any t € [0, T]
with ||u|| > R for some R = R(T) > 0 (and thus also for any t > 0). Hence,
condition (2b) is verified.

Since all assumptions of Lemma are then ensured, the existence of a posi-
tive solution of problem follows. Regularity of such solutions is given by the
standard elliptic arguments. O

Remark 22. It should be clear from Theorem that all the arguments used in the
proof of Theorem [3.1.4] apply also for the polyharmonic context and a higher-order
analogue of Theorem holds.

We point out that the assumption ({3.10)) which was imposed to obtain condi-
tion 1 of Lemma [3.6.1} is also necessary in same cases. Indeed, if one considers
h(z,s) = Asf(s), with f(s) > 1 for any s > 0 (for instance, f(s) = e*" with
a € (0,1]), then a simple calculation shows that if A > \;, we have no (positive)
solutions for problem in any domain. Indeed, by integration by parts, one

gets
5\1/’&951 :/AUAgbl :)\/Uf(u)(,bl 2 )\/’U,(ﬁl,
Q Q Q Q

which implies A < 5\1.

90



3.7 A counterexample

In Theorems (3.1.2 and in their subsequent generalizations, the maximal
growth allowed for the nonlinearity is of kind ¢ — ¢* for some v > 0. On the
other hand, when dealing with polynomial nonlinearities in higher dimensions,
we know e.g. from [77] that the analogue a-priori bounds can be reached until
the critical threshold. One is thus induced to think that this is a matter of tech-
nicality and one may improve our result until the Trudinger-Moser-Adams critical
growth ¢ — ¢!”. This section shows that our result is instead sharp. Indeed, we
present an example of a problem of type with a growth of kind ¢ ~ ¢! with
a € (1,2) which admits unbounded solutions.

Let f(t) = ¢ with @ € (1,2) and fix 1 < 7 < 2 — L. Notice that f satisfies
assumptions (A1) and (A2) but not (A3). In B C R* consider the function

u(w) = ullz]) = u(r) := | log(r'log”(¢))|=.

It is easy to see that e*” € L'(B). Defining now a(x) := (A%u)e ", then u satisfies

A?u = a(x)e” in B,
u=20 on 0B.

With similar computations as in [13, Example 2], one verifies that « behaves near 0
like |log(r)|= 2 and therefore a € L>(B.(0)) for a suitable & € (0,1). On the other
hand, u ¢ L>(B) since u ~ |log(r)| near the origin. However, u,(z) # 0 on dB.
Hence, let us introduce n € C2°(B) be such that n(z) = n(r) > 0 and decreasing
in the radial variable, n = 1 if r € [0, 1] and n = 0 if » € [2,1]. Moreover, denote
by p € (0, 2] the radius such that B,(0) = {z € Q|n(z) # 0} CC B. If we now set
w := un, then w satisfies

{A2w =a(z)e””  in B,(0),
w=w, =0 on 0B,(0),
with a(z) := (A%w)e™". Moreover, we have:

1. e € L'(B,(0)) as w < u in B,(0);

2. @ is positive and continuous in B,(0);

3. a € L>*(B,(0)): in fact, firstly, away from a neighborhood of 0 and of 95, all
derivatives of u are bounded and 7 has compact support in B; furthermore
we have @ = a in B, (0) by construction;

4. w ¢ L*(B,(0)) since w = u in B%(O).

This example shows that the assumption lim;_, % € [0,+o0) is indeed sharp.
Remark 23. This counterexample also works when dealing with Navier boundary
conditions, since by construction V'w = 0 on dB,(0) for any i > 0.

91



92



Chapter 4

Open problems and perspectives

In this last chapter we collect some possible extensions and unsolved questions.

Concerning Chapter [2..

e IfQis a ball, are the ground states of J, radially symmetric?

In fact, we deduced the existence of ground states and of radial solutions which
are indeed ground states among all possible radial solutions; both of them are
positive and have the same behaviour when ¢ — —1 and ¢ — 1. But no standard
techniques such as the Talenti symmetrization principle seem to apply (except for
the Navier case) to prove that these classes of functions are indeed the same.

e Are the radial positive solutions radially decreasing if o > 1?

Indeed, the radial decay property proved in Proposition |2.2.35[ does not apply in
this setting and, by now, we cannot extend Proposition [2.2.36| for these values of

g.

Moreover, in the spirit of [26] and [37]:

e Can we say something about the uniqueness of (at least) the positive radially
symmetric ground state of J,,, for some values of o?

Finally, all the techniques developed from Section strongly relied on the as-
sumptions we made on the boundary, that is 9 of class C'! in order to have
Kk € L®(09). In particular, Theorem allowed us to rewrite in an appropriate
way our functional.

e May we deduce the positivity of ground states of J, for domains with less regu-
larity on the boundary?

In the particular case of a convex polygon P, it is known that ground states of J,
are positive for every o: in fact, the superharmonic method applies easily once
we have fp det(V*u) = 0 thanks to a result by Grisvard [45, Lemma 2.2.2]. We
believe that positivity for ground states of .J, still holds imposing, for instance,
only Lipschitz regularity for 0f2.
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Concerning Chapter [3]..

We proved the a-priori bound for solutions of problem when the domain is
a ball. Nevertheless, as specified in Section the blow-up technique may
be applied independently of our domain, provided we already have the uniform
estimate [, h(x,u) < C. Moreover, the arguments presented in Section hold
for any (regular) bounded positivity preserving domain in R*, except for Lemma

e Can we extend Lemma (at least) for small deformations of the ball?

Indeed, these are the only explicit class of domains which are known to satisfy the
positivity preserving property when dealing with Dirichlet boundary conditions in
dimension N > 3 (see Grunau and Robert, [47]). It would be sufficient to prove
that the Green function inequality holds for such domains (cf. Remark [20).

Finally:

e May we extend the present investigation also for other problems in critical di-
mension, for instance involving the N-laplacian operator in bounded domains
of RV?

This will lead a generalization of the results in [58| [76]. Notice that in that context
most of the tools we used are available, since the analysis near the boundary has
been already achieved in [58], and the quasilinear Liouville’s equation has been
recently studied by Morlando and Esposito in [35] [34]. However, we have to
replace all arguments which rely on the Green function estimates.
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Appendix A

Some useful classical results

In this appendix, we only list some important results used several times during the
proofs presented in this work.

Interpolation in Fractional Sobolev Spaces
Theorem A.0.1 ([I3], Corollary 2). For 0 < s < Sg < +oo 1 < p1,pe < +00, for
every s,p such that s = 0s; + (1 — 0) sy and l = —l— —, we have

1 lwery < ClLF oo oy HfHW P2 (RY):

The Dual Cone Decomposition
Often, this decomposition is named after Moreau since his work [69]].

Definition A.0.1. Let H be a Hilbert space with scalar product (-,-)y and K C H
be a nonempty closed convex cone. Its dual cone K* is defined as

K*:={we H|(w,v)g <0, Vv € K}.

Theorem A.0.2 ([40], Theorem 3.4). Let H be a Hilbert space with scalar product
(-, )g and K and K* as before. Then for every uw € H, there erists a unique couple
(u1,u2) € K x K* such that uw = uy + us and (uy,us)y = 0.

The Principle of Symmetric Criticality
We follow the exposition in [101, Theorem 1.28].

Definition A.0.2. The action of a topological group G on a normed space X is a
continuous map
GxX — X:[g,ul— gu

such that
l-u=u, (gh)u = g(hu), u +— gu is linear.

The action is isometric if ||gu|| = |Jul|; the space of invariant points is defined by

Fiz(GQ) :={u e X |gu =u,Yg € G}.
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A set A C X is invariant if gA = A for every ¢ € G. A function ¢ : X — R is
invariant if pog = ¢ for every g € G. Amap f: X — X is equivariant if gof = fog
for every g € G.

Theorem A.0.3 (Principle of Symmetric Criticality, Palais, 1979). Assume that
the action of the topological group G on the Hilbert space X 1is isometric. If p €
CH(X;R) is invariant and if u is a critical point of ¢ restricted to Fiz(G), then u
s a critical point of p.

A local regularity result and Liouville’s theorems for higher-
order equations

The following local regularity estimate is a particular case of a more general result
by Reichel and Weth:

Lemma A.0.4. ([77], Corollary 6) Let Q = Bp(0) C RY, m € N, h € LP(Q2) for
some p € (1,+00) and suppose u € W?™P(Q) satisfies

(—=A)"u=nh in Q.
Then there exists a constant C = C'(R, N, p,m) such that for any 6 € (0,1),

C
[ullwzme(Bsp0)) < m(HhHLP(BR(O)) + [lull e Broy)-

Finally, we collect some Liouville’s theorems which are an important tool in our
blow-up arguments:

Theorem A.0.5. ([99], Theorem 1.4) Let m € N and assume that p > 1 if N < 2m

and 1 <p < % if N >2m. If u is a classical nonnegative solution of

(=A)™u =P in RY,
then v = 0.
Theorem A.0.6. ([65], Theorem 2) Suppose u is a solution of

(—A)™u = (N —1)le™M on RN N =2m,
fRN eNv < 400,

such that u(z) = o(|z|*) as |x| — oo. Then u(z) is symmetric with respect to some
point xog € RN and there exists some X > 0 so that

2\
A2 + |3§' — .CE()|2

u(z) = log ( ) for all v € RY.

96



Bibliography

[1]

[2]

[3]

[4]

[5]

[6]

[7]

[8]

[9]

[10]

[11]

Adams R., Fournier J. Sobolev spaces. Second edition. Pure and Applied Math-
ematics (Amsterdam), 140. Elsevier/Academic Press, Amsterdam, 2003.
xiv+305 pp.

Adimurthi, Robert F., Struwe M. Concentration phenomena for Liouville’s
equation in dimension four. J. Eur. Math. Soc. (JEMS) 8 (2006), no. 2, 171-
180.

Adolfsson V. L2-integrability of second-order derivatives for Poisson’s equation
in nonsmooth domains. Math. Scand. 70 (1992), no. 1, 146-160.

Agmon S., Douglis A., Nirenberg L. Estimates near the boundary for solutions
of elliptic partial differential equations satisfying general boundary conditions.
I. Comm. Pure Appl. Math. 12, (1959) 623-727.

Ambrosetti A., Malchiodi A. Nonlinear analysis and semilinear elliptic prob-
lems. Cambridge Studies in Advanced Mathematics, 104. Cambridge Univer-
sity Press, Cambridge, 2007. xii+316 pp.

Antunes P.R.S., Gazzola F. Convex shape optimization for the least biharmonic
Steklov eigenvalue. ESAIM Control Optim. Calc. Var. 19 (2013), no. 2, 385-
403.

Berchio E., Gazzola F. Positive solutions to a linearly perturbed critical growth
biharmonic problem. Discrete Contin. Dyn. Syst. Ser. S 4 (2011), no. 4, 809-
823.

Berchio E., Gazzola F., Mitidieri E. Positivity preserving property for a class of
biharmonic elliptic problems. J. Differential Equations 229 (2006), 1-23.

Berchio E., Gazzola F., Weth T. Critical growth biharmonic elliptic prob-
lems under Steklov-type boundary conditions. Adv. Differential Equations 12
(2007), no. 4, 381-406.

Branson T.P., @rsted B. Explicit functional determinants in four dimensions.
Proc. Amer. Math. Soc. 113 (1991), no. 3, 669-682.

Brezis H., Mironescu P. Gagliardo-Nirenberg, composition and products in frac-
tional Sobolev spaces. J. Evol. Equ. 1 (2001), no. 4, 387-404.

97



[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]

[26]

[27]

Boggio T. Sulle fungioni di Green d’ordine m. Rend. Circ. Mat. Palermo, II. Ser.
20 (1905) 97-135.

Brezis H., Merle F. Uniform estimates and blow-up behavior for solutions of
—Au = V(z)e" in two dimensions. Comm. Partial Differential Equations 16
(1991), no. 8-9, 1223-1253.

Brezis H., Turner R.E.L. On a class of superlinear elliptic problems. Comm.
Partial Differential Equations 2 (1977), no. 6, 601-614.

Bucur D., Ferrero A., Gazzola F. On the first eigenvalue of a fourth order
Steklov problem. Calc. Var. Partial Differential Equations (2009), no. 35, 103-
131.

Bucur D., Gazzola F. The first biharmonic Steklov eigenvalue: positivity pre-
serving and shape optimization. Milan J. Math. 79 (2011), no. 1, 247-258.

Castro A., Cossio J., Neuberger J.M. A sign-changing solution for a superlinear
Dirichlet problem. Rocky Mountain J. Math. 27 (1997), no. 4, 1041-1053.

Chandrasekhar S. An introduction to the study of stellar structure. Dover Pub-
lications, Inc., New York, N. Y. 1957. ii+509 pp.

Chen W.X., Li C. Classification of solutions of some nonlinear elliptic equations.
Duke Math. J. 63 (1991), no. 3, 615-622.

Chen W.X., Li C. A priori estimates for solutions to nonlinear elliptic equations.
Arch. Rational Mech. Anal. 122 (1993), no. 2, 145-157.

Clément P., Sweers G. Uniform anti-maximum principle for polyharmonic
boundary value problems. Proc. Amer. Math. Soc. 129 (2001), no. 2, 467-
474.

Courant R., Hilbert D. Methods of mathematical physics. Vol. I. Interscience
Publishers, Inc., New York, N.Y., 1953. xv+561 pp.

Dall’Acqua A. Higher order elliptic problems and positivity Ph.D. Thesis, Tech-
nische Universiteit Delft (2005).

Dall’Acqua A., Sweers G. Estimates for Green function and Poisson kernels of
higher-order Dirichlet boundary value problems. J. Differential Equations 205
(2004), no. 2, 466-487.

Dall’Acqua A., Sweers G. The clamped-plate equation for the limacon. Ann.
Mat. Pura Appl. (4) 184 (2005), no. 3, 361-374.

Dalmasso R. Uniqueness theorems for some fourth-order elliptic equations.
Proc. Amer. Math. Soc. 123 (1995), no. 4, 1177-1183.

de Figueiredo D.G. Positive Solutions of Semilinear Elliptic Equations. Differ-
ential equations (Sao Paulo, 1981), pp. 34-87, Lecture Notes in Math., 957,
Springer, Berlin-New York, 1982.

98



[28]

[29]

[30]

[31]

[32]

[33]

[34]

[35]

[36]

[37]

[38]

[39]

[40]

[41]

de Figueiredo D.G. Monotonicity and symmetry of solutions of elliptic systems
in general domains. NoDEA Nonlinear Differential Equations Appl. 1 (1994),
no. 2, 119-123.

de Figueiredo D.G., Lions P.-L., Nussbaum R.D. A priori estimates and exis-
tence of positive solutions of semilinear elliptic equations. J. Math. Pures Appl.
(9) 61 (1982), no. 1, 41-63.

de Figueiredo D.G., do O J.M., Ruf B. Semilinear elliptic systems with expo-
nential nonlinearities in two dimensions. Adv. Nonlinear Stud. 6 (2006), no.
2, 199-213.

de Figueiredo D.G., do O J.M., Ruf B. Non-variational elliptic systems in di-
mension two: a priori bounds and existence of positive solutions. J. Fixed Point
Theory Appl. 4 (2008), no. 1, 77-96.

Di Nezza E., Palatucci G., Valdinoci, E. Hitchhiker’s guide to the fractional
Sobolev spaces. Bull. Sci. Math. 136 (2012), no. 5, 521-573.

Duran R. G., Sanmartino M., Toschi M. On the existence of bounded solutions
for a nonlinear elliptic system. Ann. Mat. Pura Appl. (4) 191 (2012), no. 4,
771-782.

Esposito P. A classification result for the quasi-linear Liouville equation.
arXiv:1609.03608

Esposito P., Morlando F. On a quasilinear mean field equation with an expo-
nential nonlinearity. J. Math. Pures Appl. (9) 104 (2015), no. 2, 354-382.

Evans L.C. Partial Differential Equations. Second edition. Graduate Studies
in Mathematics, 19. American Mathematical Society, Providence, RI, 2010.
xxii+749 pp.

Ferrero A., Gazzola F., Weth T. Positivity, symmetry and uniqueness for min-
imizers of second-order Sobolev inequalities. Ann. Mat. Pura Appl. (4) 186
(2007), no. 4, 565-578.

Ferrero A., Gazzola F., Weth T. On a fourth order Steklov eigenvalue problem.
Analysis (Munich) 25 (2005), no. 4, 315-332.

Gasinski L., Papageorgiou N.S. Nonlinear analysis. Series in Mathematical
Analysis and Applications, 9. Chapman and Hall/CRC, Boca Raton, FL, 2006.
xii+971 pp.

Gazzola F., Grunau H.-C., Sweers G. Polyharmonic boundary value problems.
Springer Lecture Notes in Mathematics n. 1991, 2010. xviii+423 pp.

Gazzola F., Pierotti D. Positive solutions to critical growth biharmonic elliptic
problems under Steklov boundary conditions. Nonlinear Anal. 71 (2009), no.
1-2, 232-238

99



[42]

[43]

[44]

[45]

[46]

[47]

[48]

[49]

[50]

[51]

[52]

[53]

[54]

[55]

Gazzola F., Sweers G. On positivity for the biharmonic operator under Steklov
boundary conditions. Arch. Ration. Mech. Anal. 188 (2008), no. 3, 399-427.

Gidas B., Spruck J. A priori bounds for positive solutions of nonlinear elliptic
equations, Comm. Partial Differential Equations 6 (1981), no. 8, 883-901.

Gilbarg D., Trudinger N.S. Elliptic Partial Differential Equations of Second Or-
der. Third edition. Classics in Mathematics, Springer-Verlag, Berlin, 2001.
xiv+517 pp.

Grisvard P. Singularities in boundary value problems. Recherches en Mathé-
matiques Appliquées [Research in Applied Mathematics], 22. Masson, Paris;
Springer-Verlag, Berlin, 1992. xiv+199 pp.

Grumiau C., Parini E. On the asymptotics of solutions of the Lane-Emden prob-
lem for the p-Laplacian. Arch. Math. 91 (2008), 354-365.

Grunau H.-C., Robert F. Positivity and almost positivity of biharmonic Green’s
functions under Dirichlet boundary conditions. Arch. Ration. Mech. Anal. 195
(2010), no. 3, 865-898.

Grunau H.-C., Robert F. Uniform estimates for polyharmonic Green functions
in domains with small holes. Recent trends in nonlinear partial differential
equations II: Stationary problems, Contemp. Math. 595 (2013), 263-272.

Grunau H.-C., Robert F., Sweers G. Optimal estimates from below for bihar-
monic Green functions. Proc. Amer. Math. Soc. 139 (2011), 2151-2161.

Grunau H.-C., Sweers G. Positivity for equations involving polyharmonic op-
erators with Dirichlet boundary conditions. Math. Ann. 307 (1997), no. 4,
589-626.

Grunau H.-C., Sweers G. Sharp estimates for iterated Green functions. Proc.
Roy. Soc. Edinburgh Sect. A 132 (2002), no. 1, 91-120.

Hajlaoui H., Harrabi A. A priori estimates and existence of positive solutions
for higher-order elliptic equations. J. Math. Anal. Appl. 426 (2015), no. 1,
484-504.

Krasovskii J.P. Isolation of the singularity in Green’s function. Izv. Akad. Nauk
SSSR Ser. Mat. 31 (1967) 977-1010 (in Russian). English transl., Math.
USSR Izv. 1 (1967), 935-966.

Kufner A. Weighted Sobolev spaces. Translated from the Czech. A Wiley-
Interscience Publication. John Wiley and Sons, Inc., New York, 1985, 116

Pp-

Lakes R.S. Foam structures with a negative Poisson’s ratio. Science, 235
(1987), no. 4792, 1038-1040.

100



[56]

[57]

[58]

[59]

[60]

[61]

[62]

[63]

[64]

[65]

[66]

[67]

[68]

[69]

[70]

Lakkis, O. Existence of solutions for a class of semilinear polyharmonic equa-
tions with critical exponential growth. Adv. Differential Equations 4 (1999),
no. 6, 877-906.

Lam N., Lu G. Existence of nontrivial solutions to polyharmonic equations
with subcritical and critical exponential growth. Discrete Contin. Dyn. Syst.
32 (2012), no. 6, 2187-2205.

Lorca S., Ruf B., Ubilla P. A priori bounds for superlinear problems involving
the N-Laplacian. J. Differential Equations 246 (2009), no. 5, 2039-2054.

Li Y.Y., Shafrir I. Blow-up analysis for solutions of —Au = Ve" in dimension
two. Indiana Univ. Math. J. 43 (1994), no. 4, 1255-1270.

Lin C.-S. A classification of solutions of a conformally invariant fourth order
equation in R". Comment. Math. Helv. 73 (1998), no. 2, 206-231.

Lin C.-S., Wei J.-C. Locating the peaks of solutions via the maximum principle.
II. A local version of the method of moving planes. Comm. Pure Appl. Math. 56
(2003), no. 6, 784-809.

Liu K., Pei R. Qualitative properties and standard estimates of solutions for
some fourth order elliptic equations. Rocky Mountain J. Math. 44 (2014), no.
3, 975-986.

Ma L., Wei, J.-C. Convergence for a Liouville equation. Comment. Math. Helv.
76 (2001), no. 3, 506-514.

Marschall J. The trace of Sobolev-Slobodeckij spaces on Lipschitz domains.
Manuscripta Math. 58 (1987), no. 1-2, 47-65.

Martinazzi L. Classification of solutions to the higher order Liouville’s equation
on R*™, Math. Z. 263 (2009), no. 2, 307-329.

Martinazzi L. Concentration-compactness phenomena in the higher order Liou-
ville’s equation. J. Funct. Anal. 256 (2009), no. 11, 3743-3771.

Martinazzi L., Petrache M. Asymptotics and quantization for a mean-field
equation of higher order. Comm. Partial Differential Equations 35 (2010),
no. 3, 443-464.

Mitidieri E. A Rellich type identity and applications. Comm. Partial Differential
Equations 18 (1993), no. 1-2, 125-151.

Moreau J.J. Décomposition orthogonale d’un espace hilbertien selon deux cones
mutuellement polaires. (French) C. R. Acad. Sci. Paris 255 1962 238-240.

Nagasaki K., Suzuki T. Asymptotic analysis for two-dimensional elliptic eigen-
value problems with exponentially dominated nonlinearities. Asymptotic Anal.
3 (1990), no. 2, 173-188.

101



[71]

[72]

[73]

[74]

[75]

[76]

[77]

[78]

[79]

[80]

[81]

[82]

[83]

[84]

[85]

Nazarov S.A., Stylianou A., Sweers G. Hinged and supported plates with cor-
ners. Z. Angew. Math. Phys. 63 (2012), no. 5, 929-960.

Nazarov S.A., Sweers G. A hinged plate equation and iterated Dirichlet Laplace
operator on domains with concave corners J. Differential Equations 233
(2007), no. 1, 151-180.

Oswald P. On a priori estimates for positive solutions of a semilinear bihar-
monic equation in a ball. Comment. Math. Univ. Carolin. 26 (1985), no. 3,
565-577.

Paneitz S.M. A quartic conformally covariant differential operator for arbitrary
pseudo-Riemannian manifolds. SIGMA Symmetry Integrability Geom. Meth-
ods Appl. 4 (2008), Paper 036, 3 pp.

Parini E., Stylianou A. On the positivity preserving property of hinged plates.
SIAM J. Math. Anal. 41 (2009), no. 5, 2031-2037.

Passalacqua T. Some applications of functional inequalities to semilinear ellip-
tic equations Ph.D. Thesis, Universita degli Studi di Milano (2015).

Reichel W., Weth T. A priori bounds and a Liouville theorem on a half-space for
higher-order elliptic Dirichlet problems. Math. Z. 261 (2009), no. 4, 805-827.

Reichel W., Weth T. Existence of solutions to nonlinear, subcritical higher order
elliptic Dirichlet problems. J. Differential Equations 248 (2010), no. 7, 1866-
1878

Robert F., Struwe M. Asymptotic profile for a fourth order PDE with critical
exponential growth in dimension four. Adv. Nonlinear Stud. 4 (2004), no. 4,
397-415.

Robert F. Concentration phenomena for a fourth-order equation with expo-
nential growth: the radial case. J. Differential Equations 231 (2006), no. 1,
135-164.

Robert F., Wei J.-C. Asymptotic behavior of a fourth order mean field equation
with Dirichlet boundary condition. Indiana Univ. Math. J. 57 (2008), no. 5,
2039-2060.

Romani, G. Positivity for fourth-order semilinear problems related to the
Kirchhoff-Love functional. Analysis & PDE 10-4 (2017), 943-982.

Romani, G. Uniform bounds for a fourth-order Dirichlet problem in critical
dimension with exponential nonlinearity. In preparation (2017).

Sirakov B. Existence results and a priori bounds for higher order elliptic equa-
tions and systems. J. Math. Pures Appl. (9) 89 (2008), no. 2, 114-133.

Soranzo R. A priori estimates and existence of positive solutions of a superlinear
polyharmonic equation. Dynam. Systems Appl. 3 (1994), no. 4, 465-487.

102



[86]

[87]

[88]

[89]

[90]

[91]

[92]

[93]

[94]

[95]

[96]

[97]

[98]

[99]

Souplet P. Optimal regularity conditions for elliptic problems via L{-spaces.
Duke Math. J. 127 (2005), no. 1, 175-192.

Sperb R.P. Maximum Principles and Their Applications. Mathematics in Sci-
ence and Engineering, 157. Academic Press, New York-London, 1981.
ix+224 pp.

Stekloff W. Sur les problémes fondamentaux de la physique mathématique.
(French) Ann. Sci. Ecole Norm. Sup. (3) 19 (1902), 191-259.

Stylianou A. Comparison and sign preserving properties of bilaplace bound-
ary value problems in domains with corners. Ph.D. thesis, Verlag Dr. Hut -
Miinchen, 2010.

Sweers G. Positivity for a strongly coupled elliptic system by Green function
estimates. J. Geom. Anal. 4 (1994), no. 1, 121-142.

Sweers G. When is the first eigenfunction for the clamped plate equation of

fixed sign? Proceedings of the USA-Chile Workshop on Nonlinear Analysis

(Vina del Mar-Valparaiso, 2000), 285-296.

Sweers, G. A survey on boundary conditions for the biharmonic. Complex Var.
Elliptic Equ. 54 (2009), no. 2, 79-93.

Szulkin A., Weth T. The method of Nehari manifold. Handbook of nonconvex
analysis and applications, Int. Press, Somerville, MA (2010), 597-632.

Tarsi C. Adams’ inequality and limiting Sobolev embeddings into Zygmund
spaces. Potential Anal. 37 (2012), no. 4, 353-385.

Troy W.C. Symmetry properties in systems of semilinear elliptic equations. J.
Differ. Equ. 42, (1981), 400-413.

Van der Vorst, R.C.A.M. Best constant for the embedding of the space H?N into
L%(Q) Differential Integral Equations 6 (1993), no. 2, 259-276.

Ventsel E., Krauthammer T. Thin plates and shells: theory: analysis, and ap-
plications. CRC press, 2001. 688 pp.

Wei J.-C. Asymptotic behavior of a nonlinear fourth order eigenvalue problem.
Comm. Partial Differential Equations 21 (1996), no. 9-10, 1451-1467.

Wei J.-C., Xu X. Classification of solutions of higher order conformally invariant
equations. Math. Ann. 313 (1999), no. 2, 207-228.

[100] Widman K.-O. Inequalities for the Green function and boundary continuity

of the gradient of solutions of elliptic differential equations Math. Scand. 21
(1967), 17-37.

[101] Willem M. Minimax theorems. Progress in Nonlinear Differential Equa-

tions and their Applications, 24. Birkhduser Boston, Inc., Boston, MA, 1996.
x+162 pp.

103



104



Acknowledgments

I am deeply grateful to my supervisors, for having guided me through these
three years and taught how to be a Mathematician. Thank you Francois, for your
kindness, precious suggestions and inspiring ideas; thank you Enea, for all your pa-
tience and your constant advice and for helping me to overcome difficulties; thank
you Bernhard for helpful discussions and for having suggested me the second topic
of the thesis, which I really enjoyed. I would like also to acknowledge professors
Marco Vignati and Cristina Tarsi, who encouraged me during these years and who
are always open for any advice.

Un grazie infinito va alla mia famiglia, mamma, babbo e nonna; ad Alice; ai
miei compagni di studio e agli amici: a Milano, a Marsiglia e sparsi un po’ nel
mondo. Grazie di essermi sempre accanto, di sostenermi, di consigliarmi, di farmi
ridere e di farmi coraggio in qualunque momento della mia vita.

105



	Introduction
	The positivity preserving property
	A semilinear problem associated to the Kirchhoff-Love functional
	A class of semilinear problems with exponential nonlinearities
	Notation

	Fourth-order problems related to the Kirchhoff-Love functional.
	The linear Kirchhoff-Love functional
	Equivalence of norms in H2()H01()
	A crucial identity
	Existence and positivity for the minimizer of I

	A generalized Kirchhoff-Love functional
	Existence and positivity for (-1,1]
	Beyond the physical bounds: -1
	Asymptotic analysis for ground states of J as *
	Asymptotic behaviour of ground states of J as 1
	The Dirichlet problem and an asymptotic analysis as +
	Beyond the physical bounds: >1
	Radial case
	Positivity in nonconvex domains


	A-priori bounds for fourth-order problems in critical dimension
	Definitions and main results
	A-priori estimates near the boundary and on the right-hand side
	Uniform bounds inside the domain
	The subcritical case
	The critical case

	Some extensions of Theorems 3.1.2 and 3.1.3
	Extension to general smooth domains
	Extension to the polyharmonic case

	The Navier boundary conditions
	Existence results
	A counterexample

	Open problems and perspectives
	Some useful classical results
	Bibliography
	Acknowledgements

