N
N

N

HAL

open science

Stability and Stabilization of Networked Systems
Mohamed Maghenem

» To cite this version:

Mohamed Maghenem. Stability and Stabilization of Networked Systems. Automatic. Université Paris
Saclay (COmUE), 2017. English. NNT: 2017SACLS186 . tel-01596158

HAL Id: tel-01596158
https://theses.hal.science/tel-01596158
Submitted on 27 Sep 2017

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://theses.hal.science/tel-01596158
https://hal.archives-ouvertes.fr

@ § UNIVERSITE
universite PARIS

PARIS-SACLAY SU

NNT : 2017SACLS186

THESE DE DOCTORAT
DE
L’UNIVERSITE PARIS-SACLAY

PREPAREE A
L’UNIVERSITE PARIS-SUD

LABORATOIRE DES SIGNAUX ET SYSTEMES

EcoLE DOCTORALE N° 580
Sciences et Technologies de I'Information et de la Communication (STIC)

Spécialité : AUTOMATIQUE
Par

MAGHENEM Mohamed Adlene

Stability and Stabilization of Networked Systems

These soutenue a Gif-sur-Yvette, le 05/07/17.

Composition du jury :

M. Hassan Khalil Professor (Université d’état de Michigan) rapporteur

M. Wei Ren Professor (Université de California Riverside) rapporteur

M. Jamal Daafouz Professor (Université de Lorraine) président du jury

M. Dragan Nesic Professor (Université de Melbourne) examinateur

M. Lorenzo Marconi  Professor (Université de Bologna) examinateur

M. Fréderic Mazenc  Directeur de recherche INRIA examinateur

Mme. Elena Panteley Directeur de recherche CNRS co-directeur de these

M. Antonio Loria Directeur de recherche CNRS directeur de these




To Antonio Loria
and Elena Panteley
with thanks.



Acknowledgments

Firstly, I would like to express my sincere gratitude to my advisors Antonio LORIA
and Elena PANTELEY for their continuous support during my Ph.D, their precious
advice, help and motivation. Their guidance brought me into the necessary scientific
rigor to do research in automatic control and helped me to improve the presentation
of my results, especially in this thesis. I could not have imagined having a better

advisors.

Besides, I would like to thank the members of my thesis committee starting by
Prof. Hassan KHALIL for his valuable and very insightful comments he provided
on this thesis. To Prof. Wei REN, Prof. Jamal DAAFOUZ, Prof. Frédéric MAZENC,
Prof. Lorenzo MARCONI and Prof. Dragan NESIC, for their insightful comments,
their encouragement and the interesting questions they posed which incented me to

enlarge my research from various perspectives.

My sincere and warm thanks goes to Prof. Kristin YPETTERSEN from NTNU
Trondheim for providing me a great opportunity to join her laboratory and the fruitful

collaboration with her former Ph.D students Dennis BELLETER and Claudio PALIOTTA.

My thanks also go to Prof. Emmanuel NUNO ORTEGA from CUCEI Guadalajara
for welcoming me in his research group and making my visit to Guadalajara a pleasant

stay. To his former Msc student, my friend, Abraham CASTILLO BAUTISTA.
I appreciate Prof. Hassan KHALIL from Michigan state university and Prof. Wei

REN from U.C Riverside for accepting me to visit their laboratories and giving of their

precious time to exchange with them and with their research teams.

I would like to thank Prof. Manfredi MAGGIORE, Prof. Anuradha ANNASWAMY
and Dr. francoise LAMNABHI-LAGARRIGUE for being members of my midterm

3



evaluation committee and for the valuable advice and encouragement. The same
thanks goes to Prof. Yacine CHITOUR, Antoine CHAILLET and Wiliam PASSIAS
LEPINE for the stimulating discussions and the encouragements.

I thank all my fellows labmates I had the chance to meet for the inspiring discus-
sions and the fun we have had in the last three years. To: Dennis, Claudio, Abraham,
Roberto, Maria Fernanda, Gustavo, Erasmo, Derubo, Xiucai, Mehmet Akif, for their
help and hospitality. A special thanks go to my friends: Rafa, Pablo, Missie, Celia,
Mattia, Lorenzo, Juan, Lucien, Jonathon, Djawad, Tahar, Karim, Mohamed, Anis and
Rahim for their company and support.

To my high-school physics’ teacher Ali CHIKAOUI for his inspiring advises and

continuous support.
Last but not the least, to my family: my parents and sister for the spiritual support,

the motivation and personal advice they provided me throughout my studies.



Contents

Apercu de la these 9
Introduction and Motivation 13
Notations 21

1 Strict Lyapunov functions for time-varying systems with persistency of exci-

tation 23
1.1 Case-study: a comparison positivesystem . . . . . . ... ... ... ... 25
1.2 Case-study: Cascaded systems . . . ... ... ... ... ........ 30
121 Chain of single integrators . . . . .. ... ... .. .. ....... 30

1.2.2 Multivariable cascaded linear time-varying systems . . . . . . . . 34

1.3 Case-study: spiralingsystems . . . . ... .......... .. .. .. .. 38
1.3.1 Case-study: “adaptive control” systems . . . . . .. ... .. ... 40

1.3.2 Case-study: “skew-symmetric” systems . . . . .. ... ... ... 44

14 Conclusion . . . .. ... .. .. L 49
2 Leader-follower formation control of nonholonomic vehicles 51
2.1 Problem formulation . . ... ... ... .. ... oL 54
2.1.1 Single followercase . . ........................ 55

2.1.2 Multiple followerscase . . ... ... .. ... ... ........ 56

2.2 Exampleof torquecontroller. . . . . . ... ... ..o Lo L 57
2.3 Leader-followertracking . . . . .. .. ... ... ... ....... 60
2.4 Leader-follower formation tracking control . . . . ... ... ... .... 65
241 Example . . ... ... 70

2.5 Leader-follower robust stabilizationcontrol . . . . . ... ... ... ... 72
2.6 Leader-follower robust agreementcontrol . . . . . ... ... ... .... 79
261 Example . . ... ... .. 82

27 Conclusion . . . ... ... 85



3 Leader-follower simultaneous tracking-agreement control of nonholonomic

vehicles 87
3.1 Alargerclassof controllers . ... ... ................... 88

3.1.1 Proof of Proposition3.1 . . .. ... ... .............. 91
3.2 Control under relaxed conditions on the reference velocities . . . . . .. 103

3.2.1 Proof of Proposition3.2 . . .. ... ... .. ... ... .. ... 105
3.3 A leader-follower formationcase . . . . ... ... ... ... ....... 113
34 Simulations . . . .. ... 116
35 Conclusion . . . . . . . . .. e 118

4 Consensus-based formation control of nonholonomic robots under delayed

interconnections 123

41 Network model description . . . . ... ................... 124
411 Nodedynamics . . . ... ... ... ... 124

41.2 Interconnection Topology . ... ... ................ 126

42 Problem formulation . . .. ... ... ... .. 00 Lo 126
43 Control design and stability analysis . . . .. ... ... ... ....... 128
43.1 Undelayed partial consensus problem . . . . . ... ........ 130

43.2 Delayed partial consensus problem . ... ... .......... 133

43.3 Undelayed full consensus problem . . . . ... ........... 138

43.4 Delayed full consensus problem . . ... .............. 142

44 Conclusion . . .. ... ... .. 150
Conclusions & Future Work 153
A Basic notions 155
A.l Preliminaries. . . . . .. ... .. ... ... 155
A.2 Uniform Stability notions . . . . .. ... ... ... . . .. 155
A.3 ISS and Lyapunov characterization . . . . . ... .............. 157
A4 integral ISS and Lyapunov characterization . . . . ... ... ... .... 158
A5 StrongilSS . . . ... 159
A.6 Nonlinear outputinjection . . . . .. ... ... ... ... ... ... 159
A.7 PE, $-PE and Uniform dé-PE . . . . . . ... ... ... ... ... .... 163

B Proof of auxiliary results 165
B.1 Proofoftheorem 1.1 . . ... ... ... ... .. .. .. ... ... .. 165
B.2 Proofoftheorem1.4 . .. ... ... ... ... . ... . ... . ... 168

B.3 Proof of Proposition1.2. . . . ... ... ... oo 170



Apercu de la these 7

B.4 Proof complement for Proposition2.1 . . . ... ... ... .. ...... 173
B.5 Proof of Proposition2.2. . . . ... ... ... ... L 177
B.6 Proofof Lemma2.1 .. ... ... ... ... ... ... 179
B.7 Proofof Lemma3.2 . .. ... ... .. ... 182
B.8 New FiltrationLemma . . . . ... ... ... ... ... ... ....... 182
B.9 Proof of theorem 4.1 . . ... .. . . . ... . . .. ... 186
B.10 Proof of theorem 4.2 . . . . . . . . . . . . .. ... 195
B.11 Proof of theorem 4.3 . . . . . . . . . . . . . ... 199
B.12 Proof of theorem 4.4 . . . . . . . . . . ... 202

Bibliography 207






Apercu de la these

Ce mémoire présente le travail accompli au cours des trois derniéres années sur la
coordination des systemes multi-agents et, en particulier, sur le contrdle en formation
des véhicules non-holonomes. En générale, résoudre un probleme de coordination
distribuée pour un systeme multi-agent consiste a synthétiser 1’entrée de commande
pour chaque agent afin de permettre a certaines grandeurs d’intérét dans le groupe de
systemes de réaliser une tdche commune, par exemple, former une certaine posture
géométrique, suivre un leader commun, ou bien décrire un comportement commun

en régime permanent (synchronisation).

Selon la procédure de conception des lois de commandes, deux types d’approches
se distinguent, les approches centralisées et les approches distribuées. Dans le premier
cas, chaque systeme recoit une information globale qui consiste en le comportement
de référence qu'il est sensé produire en régime permanent. Dans ce cas, le probleme de
coordination entre les différents systemes est réduit a la commande en poursuite de
chaque systeme séparément vers son comportement de référence. Dans 1’approche
distribuée, 1'entrée de commande de chaque agent est congue en utilisant unique-
ment des informations locales qui proviennent d"un certain groupe d’agents appelé le
groupe de voisins. L'interaction entre les agents se caractérise, des lors, par un graphe

de communication.

Les solutions distribuées aux probléemes de coordination des systemes multiagents

ont été largement étudiées en automatique, nous citons par exemple:
[43], [93], [22], [79] and [106], la derniere référence est un état de I'art sur le sujet.

Deux axes principaux de recherche sont identifiés dans le contexte de la coordina-
tion distribuée des systémes multi-agents. Le premier apparait lorsqu’on considere
la commande distribuée en présence de contraintes sur le processus de communi-
cation entre les agents, ce qui inclut le cas ou le transfert d’informations est unidi-
rectionnel [102], [90], variable dans le temps, on parle dans ce cas de graph temps-
variant [104], [73], ou affecté par des retards de transmission ou des échantillonnages [1].
Le second cas survient lorsqu’on considere la dynamique individuelle des agents, par

exemple, le cas général des systemes linéaires [54], les systemes non-linéaires iden-
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tiques [40], ou les systemes non-linéaires hétérogenes [98], [120].

Le probléeme général de la coordination distribuée du mouvement d'un groupe
d’agents mobiles a été aussi largement étudié dans le domaine de l'ingénierie automa-
tique au cours des derniéres décennies. Un tel intérét est dii a I'importance d’une telle
coordination dans de nombreuses applications, nous citons par exemple le cas des
robots mobiles [29], des véhicules aériens sans pilote [32], des véhicules sous-marins
autonomes [13], satellites [57], aéronefs et engins spatiaux [103], etc.

Parmi les problémes les plus importants en coordination distribuée, deux catégories
de problémes se distinguent:

Probléme de consensus sans leader. Dans ce cas, 1'objectif est de parvenir a un
arrangement entre les coordonnées des agents et de les faire converger asymptotique-
ment vers une posture commune. Les agents peuvent échanger uniquement des in-
formations avec un certain nombre de voisins. Le probléme de consensus sans leader
a été étudié, par exemple, pour le cas des systémes linéaires de premier ordre et de
second ordre [73], [56], [109], et aussi pour le cas de certaines classes de systémes non-
linéaires [90,92,120]. Dans certaines applications, l'arrangement entre les états des
systemes differe légerement du consensus classique, dans le sens oti, au lieu de faire
converger les états vers une valeur commune, les agents devraient former une pos-
ture géométrique qui pourrait étre constante ou variable dans le temps. Ce type de
probléme est souvent appelé probleme de formation a base de consensus. Il convient
de souligner qu'un changement de coordonnées est souvent adopté afin de permettre
la transformation du probléme de formation en un probléme de consensus [29].

Probleme de consensus avec leader. L'objectif, dans ce cas, est de parvenir a un
arrangement entre les agents tout en poursuivant une trajectoire commune générée
par un agent leader. Comme dans le cas précédent, seule I'information concernant les
postures des agents voisins (qui peuvent inclure le leader) est accessible pour chaque
agent. L'interaction entre les agents, incluant le leader, se caractérise par un graphe
d’interconnexion augmenté. Le plus souvent, le comportement du systeme leader a
une grande influence a la fois sur la conception des lois de commande et aussi sur
I’analyse de la boucle fermée.

Dans ce document, les deux problemes décrits ci-dessus sont étudiés dans le cas
ol les agents sont des robots mobiles non-holonomes. La commande du robot mobile
non-holonome a été un domaine de recherche tres actif en automatique non-lineaire au
cours des deux dernieres décennies, voir par exemple [49] pour un état de I'art sur la
commande de ce type de systemes; En regle générale, la commande d"un robot mobile

non-holonome consiste a résoudre 1'un des trois problémes suivants:

Le probleme général de poursuite. Il consiste a définir un robot virtuel qui génere
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une trajectoire de référence que le robot commandé est doit poursuivre. En général,
les vitesses du robot leader sont des fonctions variables dans le temps, ainsi le systeme
en boucle fermée est le plus souvent non-linéaire et temps-variant — voir les chapitres
2-3.

Le probléeme de stabilisation. Il consiste a stabiliser les trajectoires du robot vers
une posture de consigne constant. Ce probléme est pertinent en raison de la con-
trainte non-holonome qui empéche la résolution du probleme en utilisant des lois de
rétroaction lisses et autonomes [15]. Le probleme de stabilisation peut étre reformulé
en un probleme de leader-suiveur en introduisant un leader dont les vitesses sont
égales a zéro.

Le probléme de poursuite-stabilisation simultanés. Il consiste a concevoir un
contrdleur unifié qui résout le probleme de leader-suiveur pour le cas général des
vitesses du leader — voir Chapitre 2 pour une discussion plus détaillée.

L’extension naturelle du probléme de stabilisation d’un véhicules non-holonomes
au cas multi-agent est le probleme de consensus sans leader qui est étudié dans le
chapitre 4 sous I'hypothése d'un graphe bidirectionnel connecté et d"'une communi-
cation affectée par un retard variant dans le temps et borné. Le probleme de leader-
suiveur pour un groupe de robots mobiles a également été considéré dans cette these.
Selon les vitesses du leader, Les chapitres 2 et 3 étudient les trois problémes suivants,
sous I'’hypothese d"un graphe constant ayant une topologie particuliére qui est celle
de I'arbre générateur dirigé.

1)- Probleme de poursuite leader-suiveur. Dans ce cas, on résout le probleme
de consensus leader-suiveur en supposant que les vitesses du leader décrivent une
function général variante dans le temps, de sorte que la norme de ses vitesses est un
signal a excitation permanente — voir Définition A.6.

2)- Probléeme de rendez-vous robuste leader-suiveur. Dans ce cas, les vitesses du
leader convergent vers zéro.

3)- Probleme de poursuite-rendez-vous simultanés. Dans ce cas, on propose un
contrdleur unifié qui résout le probleme de consensus leader-suiveur pour toutes les
configurations possibles des vitesses du leader.

Notre approche consiste a transformer chacun des problemes cités précédemment
en un probleme de stabilisation d’'un ensemble invariant. Nos outils d’analyse re-
posent principalement sur la construction de fonctions de Lyapunov et de Lyapunov-
Krasovskii strictes pour des systemes non-linéaires variant dans le temps et/ou re-
tardés. Ces fonctions sont, par la suite, utilisées pour établir des résultats de stabilité
uniforme et de robustesse pour le cas des robots mobiles.

Le premier chapitre de ce manuscrit présente des résultats techniques sur la sta-
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bilité des systemes linéaires temps-variant inspirées du livre [72]. Notamment, on
présente les méthodes essentielles pour la construction de fonctions de Lyapunov
strictes. Ces méthodes sont employées dans tous les chapitres qui suivent pour la con-
ception des lois de commande et pour analyse de stabilité de la boucle fermée pour le

cas des robots mobiles en formation distribuée.



Introduction and Contributions

We present in this memoir the work accomplished in the last three years on multi-
agent coordination and in particular, on formation control of non-holonomic vehicles.
Generally speaking, solving multi-agent coordination problem consists on designing
the control input for each agent in order to allow certain quantities of interest in the
group of systems to realize a common task, for example, reaching a certain geomet-
ric pattern, following a common leader agent or describing a common steady state

behavior.

Depending on the control design procedure, we distinguish the centralized and the
distributed approaches. In the first approach each system receives a global information
which consists of its reference behavior. In this case, the multi-agent coordination
problem is reduced to the stabilization of each system separately toward its reference
behavior. In the distributed approach the control input for each agent is designed
using only local knowledge that is received from some agents called neighbors. The
interaction between the agents is characterized by a communication graph.

Distributed solution to multi-agent coordination, consensus or synchronization
problems have been extensively studied in the control literature, we cite for example:

[43], [93], [22], [79] and [106], where the last reference is a survey on this topic.

Two principle research axes can be identified in the context of distributed multi-
agent coordination. The first one appears when considering distributed control in
the presence of communication constraints between the agents, which include the
case when the transfer of information is unidirectional [102], [90], unreliable links
with time-varying graph topology [104], [73], delayed or sampled transfer of infor-
mation [1] to name few. The second one arises when considering individual dynamics
of the agents, for example, general linear systems [54], nonlinear homogeneous sys-
tems [40], or heterogeneous nonlinear systems [98], [120].

The general problem of distributed coordinated motion of mobile agents has been
extensively studied in control engineering during the last decades. Such an interest
is caused by importance of such a coordination in many different engineering ap-

plications, we cite here mobile robots [29], unmanned air vehicles [32], autonomous
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underwater vehicles [13], satellites [57], aircraft and spacecraft [103], etc.

Among existing approaches to the coordination task we mention here the following
two problems:

Leaderless consensus problem. In this case the objective is to reach an agreement
between the agents and in particular coordinates to make them converge asymptoti-
cally to a common value. In this case, agents can exchange information only with their
neighbors. The leaderless consensus problem of multiple dynamical systems has been
extensively studied, for example, linear systems, including first, second order and
general linear systems are considered in [56,73,109], and different classes of nonlinear
systems are considered in [90,92,120].

In some applications, an agreement between the systems is slightly different from
the classical consensus, in the sense that instead of common value, the agents should
follow some geometric pattern that can be constant or time varying. This type of prob-
lem is often referred to as leaderless consensus problem. It should be underlined here
that an appropriate change of coordinates allows to transform the formation task into
consensus one [29].

Leader-follower consensus problem. In this case the objective is to reach an agree-
ment between the agents defined by a common trajectory generated by a leader agent.
As in the previous case only the information of the neighboring agents (and may be
the leader), is accessible to the agents. The interaction between the agents, including
the leader, is characterized by an augmented graph of interconnections. Usually, the
behavior of the leader system has a great influence both on the control design and on
the closed-loop analysis.

In this document we study the two above described problems in the case where the
agents are modeled as a nonholonomic mobile robots. The control of nonholonomic
mobile robot has been an active research field in the control community during the last
two decades see for example [49] for a survey on the control of nonholonomic vehicles;
generally speaking, controlling a nonholonomic mobile robot consists of solving one
of the following three problems.

The general leader-follower problem. It consists in defining a virtual robot that
generates a reference trajectory to be followed by the controlled robot. In general, the
velocities of the virtual robot are time varying functions, as a result the closed-loop
system is usually nonlinear and time varying-see Chapters 2-3.

The stabilization problem. It consists in stabilization of the robot trajectories to a
constant set point. This problem is relevant because of the nonholonomic restriction
that enables the use of any smooth autonomous feedback law [15]. The stabilization

problem can be recast as a leader-follower problem by introducing a leader, whose
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velocities are equal to zero.

The simultaneous tracking-stabilization problem. It consists in the design of a
unified controller that solves the leader-follower problem both in the case where the
leader’s velocities are either general time varying functions or equal to zero — see

Chapter 2 for more detailed discussion.

The natural extension of the stabilization problem for nonholonomic vehicles to
the multi-agent case is the leaderless consensus problem which we study in Chapter 4
under assumptions of a general bidirectional graph and time varying communication
delays. The leader-follower problem for a multiple nonholonomic mobile robots has
also been considered in this thesis. Depending on the leader’s velocities, Chapters 2
and 3 study the three following problems, respectively, under a particular constant

communication graph topology that is a directed spanning tree.

1)- Leader-follower tracking problem. In this case, we solve the leader-follower
consensus problem under the assumption that the leader vehicle describes a general
time varying path, such that, the norm of its velocities is persistently exciting,—see
Definition A.6.

2)- Leader-follower robust agreement problem. In this case, we solve the leader-

follower consensus problem when the leader’s velocities converge to zero.

3)- Simultaneous tracking-agreement problem. In this case, we design a unified
controller that solves the leader-follower consensus problem for all possible configu-

rations of the leader’s velocities.

Our approach consists in transforming each one of the problems cited above into a
stabilization problem of an invariant set. Our analysis tools are based, mainly, on the
construction of strict Lyapunov functions and strict Lyapunov-Krasovskii functionals
for nonlinear time varying and/or delayed systems. These functions are then used to

establish stability and robustness results in the area of mobile robot control.

The first chapter of this manuscript presents our basic technical results of stability
for time varying linear systems. Notably, we present therein the essential methods
for the construction of the strict Lyapunov functions. These methods we employ in
all the subsequent chapters in the control design and the analysis of mobile robots.
The Lyapunov functions that we employ follow ideas proposed in [72]. However, the
constructions that we present for the specific case-studies of time-varying systems in
Chapter 1, and for mobile robots, in the subsequent chapters, are original. Moreover,
to the best of our knowledge, for the problems of formation control for autonomous

vehicles, we are the first to provide strict Lyapunov functions.

Our contributions are described in further detail below.
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Contributions of the thesis

We briefly summarize the main results of this thesis, chapter by chapter, and cite re-
lated publications. References correspond to the list of publications presented in p.
18.

e Chapter 1: We present some results on stability of persistently excited linear
time-varying systems with particular structures. Such systems appear in di-
verse problems, which include the analysis of model-reference adaptive systems,
persistently-excited observers, consensus of systems interconnected through time-
varying links and systems with time-varying input gain. The originality of our
statements lies in the fact that we provide smooth strict Lyapunov functions
hence, our proofs are constructive and direct. Moreover, we establish uniform

global exponential stability with explicit stability and decay estimates.

This chapter formed the subject of the following publications on: [(iv),(iii)].

e Chapter 2: We present controllers for leader-follower formation tracking and ro-
bust agreement control problems for a group of autonomous non-holonomic ve-
hicles. We consider general models composed of a velocity kinematics and a
generic force-balance equations. We assume that, each robot has a unique leader
and only the swarm leader robot knows the reference trajectory, but each robot
may have one or several followers. That is, the graph topology is a spanning
tree. For the tracking case, we establish uniform global asymptotic stability of the
closed-loop system under the assumption that the virtual vehicle velocities are
persistently exciting. The analysis relies on the construction of a strict Lyapunov
function for the position tracking error dynamics and a recursive argument for
cascaded systems. For the robust agreement case, we control the group of robots
that follow trajectories with a vanishing reference velocities. The control design
is based on a d-persistently exciting controller (for the kinematics model) that
is robust to decaying perturbations. We construct strict Lyapunov functions to
guarantee integral input-to-state stability and small input-to state stability of the
closed-loop system at the kinematic level. At the same time we design a dynamic
level controller that ensures asymptotic convergence of the formation trajectories

even in the case when the inertia parameters are unknown.

These results were originally presented in the following publications with A.

Loria and E. Panteley: [(viii), (i), (xii), (v), (xiii)].

e Chapter 3: We solve the leader-follower simultaneous tracking-stabilization control
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problem for a force-controlled nonholonomic mobile robots, assuming that the
leader’s velocities are either integrable (parking problem) or Persistently Exciting
(tracking problem). We introduce a simple control law that allows to extend the
idea of control design proposed in [119] to a more general class of controllers and,
then, to more general scenarios of the leader’s velocities. In particular we assume
that the leader’s velocities are either converging to zero or persistently exciting.
This permits to solve the leader-follower simultaneous tracking-agreement prob-
lem for a group of force-controlled nonholonomic mobile robots, under a span-
ning tree communication topology rooted at the virtual leader. We introduce a
simple decentralized control law and establish, for each agent, convergence to

zero of the tracking errors relatively to its neighbor.

Stability proofs that we present are based on the construction of strict Lyapunov
functions for classes of nonlinear time-varying systems and robustness analysis

tools such as iISS the strong iISS notions.

Publications related to the material presented in this chapter are in preparation

with A. Loria and E. Panteley: [ (xviii), (xix) ].

e Chapter 4: We present a novel decentralized consensus-based formation con-
trollers for swarms of nonholonomic vehicles both for the kinematic and the dy-
namic models. We solve the leaderless consensus problem with a desired orien-
tations (partial consensus case), and the leaderless consensus problem in both po-
sitions and orientations (full consensus case). Moreover, we consider a case where
that the system interconnections are affected by time-varying delays. The net-
work is modeled as an undirected, static and connected graph. The controllers
that we propose are a smooth time-varying é-persistently exciting controllers of
the PD and PID type. The stability analysis is carried out using a novel strict

Lyapunov function for both cases.

The material of this chapter was prepared in collaboration with E. Nufio-Ortega,
A. Bautista-Castillo, From University of Guadalajara, A. Loria and E. Panteley
[(), (xv), (xvi)].

For clarity of exposition we have decided to present in this thesis only our results
on formation control of mobile robots and related topics. Thus, some of our results,
cited below,were excluded from the manuscript, some of them are either published or

under review and the others are in preparation:

e The papers [(vi), (xvii) ] are a joint works with E. Panteley and A. Loria on
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the synchronization of heterogeneous oscillators using singular perturbation ap-

proach.

The papers [(xi), (xiv)] are joint work with D. Belleter, C. Paliotta, and K. Y.
Pettersen, from NTNU Trondheim, where we studied local and global path fol-
lowing problems for underactuated marine vessels in the presence of unknown

ocean currents using an observer based approach.

The publication [(ii)] is a joint work with N. R. Chowdhury, S. Sukumar, from IIT
Bombay, and A. Loria where we studied consensus problem under time-varying

bidirectional graph containing a persistently exciting spanning tree.
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Notations

Notations

R Field of real numbers.

R>¢ Field of positive real numbers.

R™ Linear space of real vectors of dimension n.

Rmxm Ring of matrices of size n x m.

T The i-th element of the vector z.

I, The identity matrix of size n x n.

1 Column vector of ones of dimension n.

diag(-)  Diagonal matrix of the input arguments.

col(+) Column vector of the input arguments.

z The diagonal matrix representation of z, i.e., z = diag(x;).

|| The Euclidean norm of z.

|lz| For a time varying vector x(t) denote, sup;>, {z(t)}

7] 4 For a set A C R” denote, mingc 4 |z — y|.

AT The transpose matrix to A.

At The orthogonal matrix to A4, i.e., AT A+ = 0.

| A For a matrix A denote, induced Euclidean norm of A.

|M(t)|,, For atime varying matrix M (t) denote, sup,, {|M(t)|}.

® The Kronecker product.

i f For function of scalar argument f : R — R® denote, respectively,
tirst and second order differentiation.

K Class of positive continuous and strictly increasing functions,
f:Rso = Rsq, with f(0) = 0.

Koo Class of functions f € IC, with f(o0) = oc.

L Class of positive continuous and strictly decreasing functions,
f:Rso — Rsg, with f(o0) = 0.

KL Class of positive and continuous functions f : R>y x R>g — R,

with f(-,y) € K>~ and f(z,-) € L.
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L, The space of p(> 0) integrable functions, f : R>o — R" € £,
= [[;71F ()P ds]? < oo.
T For z : Ry — R", denote the functional z;(0) := z:(t + 0), for all § € [T, 0].

C[-T,0] The space of functions which are continuous on [—71, 0].
|z 4 For a functional z; € C[—T, 0] denote, maxgc[_r |x(t + 0)]| 4
W[-T,0] The space of functions which are absolutely continuous on [T, 0],
and have square integrable first order derivatives.
|z¢ | 4 For a functional z; € W[—T, 0] denote,
maxgeiro) |¢(t +0)] 4 + [ p [t + )" ds]'.
L5[—T,0] The space of square integrable functions on [T, 0].

For a symmetric positive semi-definite matrix L € R"*", we define
Av(L)  The maximum eigenvalue of L.

Am(L)  The minimum eigenvalue of L.
A

/(L)  The ith eigenvalue of L greater then \,,(L).

Acronyms
a.e. Almost Everywhere
PE Persistently Exciting

uUSs Uniformly Stable

UAS  Uniformly Asymptotically Stable

UES  Uniformly Exponentially Stable

UGAS Uniformly Globally Asymptotically Stable
UGES Uniformly Globally Exponentially Stable
ISS Input-to-State Stability

iISS integral Input-to-State Stability

PD Proportional and Derivative
PI Proportional and Integral
PID Proportional, Integral and Derivative

SLF Strict Lyapunov Function
SLKF  Strict Lyapunov Krasovskii Functional



Chapter 1

Strict Lyapunov functions for
time-varying systems with persistency

of excitation

Establishing uniform asymptotic stability of the origin for time-varying systems is a
difficult task in general, even for linear systems. For instance, for the latter, eigen-
value analysis is generally inconclusive, even for boundedness of the solutions. Much
of the control literature in which time-varying systems appear, relies on generic meth-
ods of proof that are based on “signal chasing” arguments such as Barbalat’s lemma,
properties of functions in £, spaces, etc. In general, finding a strict Lyapunov func-
tion (that is, which is positive definite, radially unbounded and with negative definite
derivative) is an extremely challenging problem.

The notion of persistency of excitation, which was originally introduced in the con-
text of systems identification [11], is known to be necessary and sufficient for uniform
exponential stability of certain linear time-varying systems [82]. Early proofs of such
statement rely on concepts such as uniform complete observability [83], output injec-
tion arguments [7] and other (rather intricate) methods tailored specifically for linear
systems [41].

In so-called model-reference adaptive control [86], persistency of excitation plays a
fundamental role as a necessary and sufficient condition for uniform global asymptotic
stability. For functions that depend on the state and time, however, persistency of
excitation must be redefined and the stability anaysis demands a special treatment.
For instance, on occasions it appears convenient to analyse nonlinear time-varying
systems as linear time-varying [47, p. 659]. Such method of analysis renders possible
the extension of stability tools devoted to linear time-varying systems with persistency

of excitation, to the realm of nonlinear systems [63]. Nevertheless, as it is showed in
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the latter reference, it is fundamental to take special care in imposing a uniform variant
of persistency of excitation, independent of the initial conditions.

More recently, new notions of peristency of excitation tailored to establish uniform
attractivity for nonlinear time-varying systems, were introduced in [50, 51,66, 99]. In
the first two, links between persistence of excitation and detectability are established.
In the latter two, necessary and sufficient conditions for uniform global asymptotic

stability of generic nonlinear time-varying systems are given.

Beyond stability analysis, persistency of excitation plays a fundamental role in con-
trol design, as for instance, in systems in which the control input is multiplied by a
time-varying function —see [61]. Such is the case of certain systems in aerospace engi-
neering applications —see e.g., [113], [4], and [69].

Persistency of excitation appears naturally in control design when there is a struc-
tural impediment to use autonomous smooth feedback, as in the case of chain-form
systems [64, 108]. In [108], under a change of coordinates and a preliminary feed-
back, the closed-loop system is transformed into a so-called skew-symmetric system,
roughly of the form # = Az + Bu with u € R where A € R"*" is diagonal with only
one element different from zero and B € R"*" is skew-symmetric. Then, following the
design rationale from [108], in [64] uniform global asymptotic stability was established
for the closed-loop systems using controllers with persistency of excitation. Other con-
trol applications include the stabilization of parameterized time-varying systems [116]

and the analysis and design of observers for bilinear systems [14,123].

As we shall show here, persistency of excitation also provides a naturally relaxed
condition for the solution to the so-called consensus problem [105] for systems with
time-varying interconnections. In this scenario, stating conditions of persistency of
excitation on the communication channels is particularly useful to characterize the
“minimal reliability” of the channels [115]. In much of the existing literature, how-
ever, the study of consensus under time-varying communication links makes use of
trajectory based approaches by means of a non differentiable Lyapunov functions to es-
tablish the contraction of trajectories. See for instance the seminal work of Moreau [79]
in which the communication signals take a arbitrarily positive values. Similar prob-
lems are treated, for example, in [37] and [38] under relatively relaxed conditions on

communication signals and on the graph topologies.

Furthermore, on top of stability and stabilisation one must also recognize the ques-
tion of performance. Specifically, to determine explicit exponential estimates that relate
the property of persistency of excitation to the overshoot and convergence rates. For
the so-called “gradient” systems explicit bounds were independently provided in [16]

and [63]. For more complex cases, such as that of model-reference adaptive control
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systems see [58]. It is to be noted, however, that the methods of proof in these refer-
ences are rather intricate since they do not rely on the construction of strict Lyapunov
functions.

In this first chapter we present the technical basis for the presentation of our contri-
butions in the subsequent chapters. We broach several case-studies of stability analysis

of time-varying systems:

e cascaded systems [97],

e consensus under spanning tree topology and time-varying communication links
[105],

e model-reference adaptive control [88],

e stabilization of non-holonomic systems [108],

e systems with time-varying input gain [19,61].

For all these case-studies we establish statements of uniform global exponential sta-
bility via Lyapunov’s direct method. For each of these we give concrete examples in
which our results are useful. From a technical viewpoint, the design of our Lyapunov
functions is mostly inspired by [74] but we also use the results in [76] and [72], mainly
for the strictification of Lyapunov functions with a non-positive persistently-exciting
bounds on the time-derivatives.

Each of the case studies broached here is representative of a wide research area
hence, we do not develop them in depth. In the subsequent chapters we present part
of the work we accomplished in the period of this thesis (36 months). For clarity of
exposition we chose to focus on problems of stabilization and formation control (con-

sensus) of autonomous vehicles.

1.1 Case-study: a comparison positive system

We start with a simple statement that, in addition to setting the basis for our results, is

interesting in its own right. Consider the differential equation
v = —q(t)v, veR (1.1)

where ¢ : R~y — R>(. Invoking standard results on adaptive control —seee.g., [41], one
may conclude that the origin is UGES if and only if /g is continuous and persistently
exciting, see Definition A.6, that is, if there exist T', ;1 > 0 such that

t+T
/ q(s)ds >p Yt>0. (1.2)
t
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Here, we establish the same result, by providing a strict Lyapunov function. The
construction method for this and all other Lyapunov functions in this memoir is in-
spired from [72,75]. It relies on a functional that is defined upon a locally Lipschitz
bounded persistently exciting function ¢ : Ry — Rs¢ with bounded first derivative

(a.e.), that is, we assume that there exists a constant ¢ > 0, such that

max { (O, B} <V ae. (1.3)

Then, we define the functional T : (R>y — R>o) — R, such that, for all ¢ : R>y — R

t+T m
Ty(t) =1+ 20T — %/t /t Y(s)ds dm (1.4)

and, for further development, we remark that this function is lower and upper bounded,
in particular,

Furthermore, after the fundamental theorem of calculus, the derivative of this function

has the form

. t+T
T =7 [ weds+ 200 (16)

then, using persistency of excitation of the signal /v (t), we can upperbound the

derivative of T, as

To(t) < —22 -+ 20(0). (1.7)
Remark 1.1. The function
t+T m
p(t) == — %/ / Y(s)dsdm (1.8)

was first introduced in [74] under the equivalent form

t4+T
p(t) = /t (s —t—T)q(s)ds, (1.9)

which is obtained by simple change of the order of integration.

The following statement presents a strict Lyapunov function which establishes this,

otherwise well-known, result —cf. [60].

Lemma 1.1. Let ¢ : R>g — R be essentially bounded and let inequality (1.2) hold. Under
these conditions, for the system (1.1), the function W : R>o x R — R, defined by

W(t) — %Tq(t)UQ (1.10)
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is a strict Lyapunov function and the origin {v = 0} is uniformly globally exponentially stable.

Proof. Let ¢ be such that |¢(t)| < g for all t > ¢, and define p); := ¢I'. defining the
function p(t) using (1.8), we obtain that ¢(¢) > 0, —py < p(t) < 0, and |p(t)| < pu for
all t > 0 hence, W (t,v) can be bounded as

%v2 < Wi(t,v) < [% + qT|v*. (1.11)

The derivative of W along the trajectories of (1.1) yields

W(tv) = = |a()0y(0) — o2
then using (1.5) and (1.6) we obtain
. 1 t+T
W< — {f/ q(s)ds} v? Yt >0 (1.12)
t

and, in view of (1.2), we obtain that for allt > tp and v € R

W(t,v) < —%qﬂ. (1.13)
Finally, using (1.11), we also have

which, by integrating along the trajectories, yields

lu(t)] < /1 + 24T |v(ts)|exp [—% Vit > t. (1.15)

([

Remark 1.2. The requirement that q(t) > 0 is not necessary —see [60, Lemma 1], that is,
under an extra condition on the excitation parameters (T, j1), one can establish UGES of (1.1)
under (1.2) without requiring q(t) to be positive. For example, one possible way to derive the
extra condition on the parameters (T, j1) is to decompose q(t) as q(t) := qi(t) + q2(t) where
¢1(t) > 0 wverifies (1.9) and g»(t) is bounded, then using the Lyapunov function provided in
(1.10), in which we replace q(t) by q:(t), one can easily derive a sufficient condition, that relies
the excitation parameters (T, u) to the upper bounds of both q,(t) and qo(t), such that the
time-derivative of (1.10), along trajectories of (1.1), is negative definite.

The simplicity of Lemma 1.1 should not eclipse its utility in stability analysis. For
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instance, along with the comparison lemma [47, Lemma 2.5], it may be used to es-
tablish uniform global asymptotic stability, with guaranteed convergence rates, for

certain nonlinear time-varying systems. To see this, consider the equation
z=f(t,2) (1.16)

and let VV : R>( x R" — R>( be positive definite, proper and decrescent, that is, assume
that there exist oy, ay € K, such that

ay(|z]) S VI(t, 2) < aof]z]). (1.17)

Assume, further, that there exists a globally Lipschitz continuous function ¢ : Ry —
R, satisfying (1.2),

V(t,z) < —q(t)V(t, z). (1.18)

Then, let us define v(t) := V(¢, 2(t)), so that o(t) < —q(t)v(t) for all ¢ > 0. In view
of the monotonicity properties of V' and the comparison lemma, Lemma 1.1 directly
establishes UGAS of the origin, {z = 0}, with an explicit decay estimate. Indeed, from

(1.15), (1.17) and the comparison Lemma, we obtain

2(0)] < o7 (Kuan(|zs e ) (1.19)
A, = % ko := /1 + 24T (1.19b)

Example: Nonlinear observer design
To illustrate further the utility of Lemma 1.1, consider the problem of designing an

observer for a bilinear system

T = A(u,y)xr + B(u,y) (1.20a)
y = Clu,y)z. (1.20b)

Since the system is linear in the unmeasured variable, we may proceed with a “Luenberger-
like” design. To that end, let 2 denote the state estimate and let us define its dynamics

through the equation
&= A(u,9)& + B(u,y) — L(u,y)C(u,y)[# — ] (1.21)

where the observer gain, L, is to be designed in order to ensure that the origin of the

estimation-errors system is UGES.
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Proposition 1.1. Consider the system (1.20) and the observer (1.21). Let L be continuous, and
let u, y be such that there exist a continuously-differentiable function P : R>q x R™ — Rxq, a

continuous function g, : R>g — R and positive constants p,,,, pa, po and T such that:

(i) defining A(t) = A(u(t),y(t)) — L(u(t), y(6)Clu(t), y(t)) and Q(t) = —P(t) —
P(t)A(t) — A(t)" P(t), we have

Q) > g >0 ¥t >0;

(ii) \/Qm is persistently exciting uniformly in y(t) and u(t) i.e., it satisfies (1.2) with p and

T independent of the initial conditions®;
(iii) the matrix P(t) is uniformly positive definite and bounded, i.e.,

Then, the estimation errors z(t) satisfy the bound

[2(6)] < Koy |22 |z |emAEte) (1.22)
p

m

where k, and \, are defined in (1.19b). O
Proof. Let the estimation errors be defined as z := & — x hence,
Z=At)z. (1.23)

Then, consider the function V : R5o x R" — Ry, defined by V (¢, 2) := 2" P(t)z. This
function satisfies (1.17) with a;(s) := p,,s* and as(s) := pys®. Moreover, defining
q(t) == q;f—]ét), a direct computation shows that the time-derivative of V" along the trajec-

tories of (1.23) satisfies (1.18). Therefore, by Lemma 1.1, we see that
W, 2) = %Tq(t)[zTP(t)zF

is a Lyapunov function for the estimation error dynamics (1.23) and, moreover, (1.19a)
holds which, in this case, is equivalent to (1.22). ([

The statement of Proposition 1.1 generalizes some results that rely on a uniform

1See [63] for details.



30

complete observability condition, e.g., the choice:

P = —eP—[A(u,y) P+ PA(u,y)] +2CTC (1.24a)
L = piCT, P(to) > pml, (1.24b)

commonly used in observer design for bilinear systems —cf. [14], guarantees that P(t),
hence Q)(t) := £P(t), is positive definite and bounded, for all ¢ > T". The persistency of
excitation condition on ), imposed in Proposition 1.1, is less restrictive than positivity;
moreover, the gain L(t) as defined in (1.24b) may reach very high values [14]. Yet, the
advantage of this choice is that it leads directly to an exponential-convergence estimate
and provides a strict Lyapunov function for the estimation error-system. That is, this
construction naturally lends itself for output-feedback high-gain designs, notably for
systems with Lipschitz non-linearities —see e.g., [2]. On the other hand, for such type
of systems, notably chaotic oscillators, the main result in [68] provides an observer of
the type of (1.21), under the less restrictive persistency of excitation condition on Q(t).
Thus, the statement of Proposition 1.1 covers all the previously mentioned results by
providing an explicit stability bound under the weaker condition of persistency of

excitation.

1.2 Case-study: Cascaded systems

We extend the result in Lemma 1.1 by establishing a statement of stability for linear
cascaded systems that are persistently excited. We broach two case-studies: first, that
of a chain of single integrators and, second, a more general case of multivariable sys-

tems.

1.2.1 Chain of single integrators

For the sake of illustration, let us start with the 2nd-order system:

i1 = —ay(t)zy + aa(t)rs (1.25a)
i‘g = —(Lg(t)l‘g (125b)

under the assumption that a,, a; and a4 are continuous, uniformly bounded functions,
and a4, a; non negative having persistently exciting square root.
For this system, exponential stability of the origin {#; = z2 = 0} may be assessed

following a direct cascades argument. Indeed, this follows, e.g., from the results in [97]
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observing that, by Lemma 1.1, the respective origins of
l"l = —Cll(t)l'l .fi,'g = —ag(t)fEQ (126)

are UGES and a»(t) is bounded hence, the solutions z;(¢) of equation (1.25a) are uni-
formly globally bounded. The statement also follows from the fact that (1.25a) is
ISS with Lyapunov function W (t,z,) defined by (1.10) and input z,. However, even
though the cascades argument is straightforward for the case of two interconnected

systems, the argument is hard to extend to cascades of n > 2 time-varying systems,

i‘l = — &1(t)l‘1 + alg(t)l‘g
jfg = — a2(t)x2 + Ggg(t)l’g
A : (1.27)
Tp_1=— anfl(t)xnfl + a(n—l)n(t)xn
Ep = — ap (),

\

relying purely on converse Lyapunov theorems. Our next statement removes this dif-

ficulty by providing a strict Lyapunov function.
Theorem 1.1. Consider the system (1.27) under the following hypotheses:
Assumption 1.1. (Non-negativity): a;(t) > 0 forall i < nandall t > 0.

Assumption 1.2. (Boundedness): There exists a > 0 such that

max{]ai(tﬂ,

a-ni(t)|} < a
forallt > 0andall i < n.

Assumption 1.3. (Persistency of Excitation): There exist ji, T > 0 such that
t+T
/ a;(s)ds >p Yi<n,Vt>0. (1.28)
t

Then, defining 3, := 1 and, for each i < n,

AR T?

5i :
M2

[(1+2aT)a]’, Vi>2, (1.29)
the function V,, : R>g x R™ — R, defined as

Vo(t,x) == P(t)x (1.30)
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with 1
P(t) := §diag(Tai (t)Bi) ,

is a strict Lyapunov function, and
Vi (t,2) < —%deiag (8:) . (1.31)
Consequently, the origin is uniformly globally exponentially stable.
The proof is reported in Appendix B.1.

Remark 1.3. From the previous theorem it also follows that the trajectories of the system (1.27)

satisfy

|2(1)]? < aupg|wo|Pe /2 o) (t=te) Yt >t

where oy = 1+ (2T + f,)a. To see this, we observe that the Lyapunov function V, (¢, x)
satisfies (since 3, > fp—1 > --- 1 =0)

(1/2)anlz* = Vo(t, @) > (1/2)]a]*.

Example: consensus under spanning tree

To illustrate the utility of the case studied in Theorem 1.1, we consider a classical track-
ing consensus problem concerning n agents interconnected in a spanning-tree topol-
ogy with time-varying interconnection gains. In this case, each agent communicates
only with two neighbors. Even though here we consider that each agent communi-
cates always with the same neighbours, in general, this does not need to be the case
—cf. [6]. We limit our case-study to this topology because in concrete cases of formation
control, or follow-the-leader tracking control for that matter, using such communica-
tion topology excludes communication redundancy. This idea is pursued in Chapters
2-4 for the case of multiple nonholonomic mobile robots, where we are interested to
solve the leader-follower problem under different configurations of the leader’s veloc-
ities.

From a strictly theoretical viewpoint, however, our stability statement per se in this
section is covered by, e.g., [80]. On the other hand, as far as we know, we provide
for the first time a strict smooth Lyapunov function which, in turn, allows to establish
input-to-state stability (ISS) of the closed-loop system — see Appendix A .4.

Thus, let us consider n dynamical systems defined by

Z; = fl(t, ZZ') + uy, Zi € Rm, 1<n (132)
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which are required to follow a reference trajectory z* : Ry, — R™ generated by an
exogenous system z* := f*(¢, z*). We assume that only the controller for the last (n-th)
agent has access to the reference trajectory. Then, the ith agent receives information
from the i 4 1st, thereby establishing a spanning-tree topology, albeit through unreli-
able channels.

To recast this consensus-tracking problem into a stabilization one we introduce the
error system with state variables z; := z; — 2,14 for all i < n, with z,,; = 2* and
fn+1 = f*. Thatis,

@i = filt,xi + zipa (1) — fisa (8 201 () + i — i (1.33a)
Ep = fo(t,x, +27(t) — f5(t, 25 (1)) + up. (1.33b)

With this change of coordinates, the consensus problem boils down to stabilizing the
origin {z = 0}, with z := [z, ,z,]", for the non-autonomous system (1.33). To do

so, we use the control inputs
up = —ya;(t)|z — zipa] +wi, a(t) =0, VE>0 (1.34)

where the functions a; are assumed to be bounded and persistently exciting, v > 0 is
the interconnection strength, and w; denote “additional” inputs to be defined. Then,

the closed-loop system is
@ = —ya(t)r; + v ()T + Vit zi) + o (1.35a)
T = —an(t)Tn + Vn(t, ) + vy (1.35b)

with Vi '= W; — Wig1 and
Vilt, T, zi1) = filt, i + 2001(t)) — fira(t, zipa(t)), i <n. (1.36)

Note that the system (1.35) may be regarded as a “perturbed” version of (1.27) hence,
the following statement, which implies robust consensus-tracking of (1.32), follows as

a corollary of Theorem 1.1.

Lemma 1.2. Consider the system (1.35) under assumptions 1.1-1.3. For each i < n, let v;
be measurable functions, let 1; : R>o x R™ — R™ be such that there exist continuously-
differentiable class K, functions L; such that

[0i(t, i) < Li(|zil)- (1.37)
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Let R; be such that for all x; € Bpg,, where Br, := {z; € R: |x;| < R;},

oL,
95 (’%D’ <Y

and the interconnection strength ~y is such that

Y _
o7 > 26[1 + a2T].

Then, the system (1.35) is input-to-state-stable from the input v := [vy, - -+ , v,] ", for all ini-
tial conditions t, > 0and z,, € R™ which produce complete trajectories satisfying x;(t, to, x;c) €

Bp..

T

Sketch of proof:
Following the proof of Theorem 1.1 the Lyapunov function V,, defined in (1.30)
satisfies .
. Ky _ 2 -
< _ =r_p. 2 .
Vot x) < Z [QT Z[l + a2T] }:cl + [1 + aQT] X0 (1.38)

1=

for all z; € Bg,. Then, we see that inequality |v;| < ¢;|z;| imply that

n

. [adi - 2
Vit 2) < — [——2@1 QT] 3 1.39
(x>_;2T [1+a27] |4 (139)
Then, it follows that the function V,, defined in (1.30) is an ISS Lyapunov function
for all z; € Bg, and each i < n. Hence, the system is input-to-state stable for all initial
conditions t, > 0, z;, € Bp, generating complete trajectories that satisfy |z;(t, to, ;o )| <
R;forallt >t, > 0and all : < n. [ |

1.2.2 Multivariable cascaded linear time-varying systems

Let us consider now, the cascade of multivariable linear-time-varying persistently-

excited systems
i‘l :Al (t)ZL‘l + Bl (t)l’g

(1.40)
Tp_1 :An—l(t)xn—l + Bn—l(t>xn
En =An(t)xy, x; € R™,
where B(t) and A(t) : R>y — R™™ are continuously differentiable, and the following
hypotheses hold:

Assumption 1.4. (Boundedness) There exists B > 0 such that |B;| < B.
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Assumption 1.5. (Lyapunov Equation) There exist positive definite matrices P;(t), positive
semi-definite matrices ();(t), positive constants Py, Py, and time-varying function ¢, :
R>o — R, such that; for all t > 0,

Pyl < Pi(t) < P, (1.41)
0 < qim ()T, < Qi(t) (1.42)
P+ A P+ PA; = —Qy(t) (1.43)

Assumption 1.6. (Persistency of excitation) There exists a positive constants i, T', such that:

4T
/ Qim(s)ds > vt > 0. (1.44)
t

This type of systems generalizes that of the single chain of integrators presented

previously. We have the following.

Theorem 1.2. Under assumptions 1.4, 1.5 and 1.6 there exists a quadratic strict differentiable

Lyapunov function for (1.40).

Proof. For each i < n, let us define V;(¢, z) = x] P;(t)z;. The derivative of each V; along

the trajectories of (1.40), satisfies
‘./1 S — J]IQl(t)Il + QxIPlBl(t)xg
' (1.45)
anl S - x;[fl@nfl(t)xnfl + 2I7TL,1Pn—1anl<t>zn
V, < — 2! Qut)z,.

Then, consider the modified Lyapunov function W; : R>y x R™ — R, defined by
Wi(t,z) = (Y, (t) +2P) Vi(t, z). Using (1.6) and (1.5) we obtain

qim

. 2
W1 S — ?ﬂl’;rpll‘l —I— 2(]1m(t)ZL‘IP1[E1 — 2P1MJZIQ1(t)I'1 + 2 (qum (t) —f- 2P1M) ZL‘IPlleg

anl S - ?xzflpnflxnfl + 2Qn71m(t)xzflpnflxnfl - 2Pn71qu—ferlanl(t)xnfl

+ 2 (TQn—lm (t) + 2Pn—1M) w;—lpn—an—l$n
- 2
Wy < — ?“arfPlxl + 2qim () 2] Prvy — 2Py Q1 (t)2n

We define ¢;(t) := Y, (t) + 2Py, a nonsingular matrices v; : R5y — R™ " such that
Pi(t) = v;(t) Tvi(t) and M;(t) = ¢;(t)vi(t) Biviy1(t) . Then using Assumption 1.6, from
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(1.45) we obtain that derivatives of the functions W;(t, z) can be bounded as

. 2
W, < — ?“ a2+ 2(na1) T M (8)va(t) a2

' o, - ) T (1.46)
Wn—l S - T |Vn_1xn—l‘ + 2(”n—1££n—1) Mn—l(t)yn(t)xn

W, < — 2_ T
Using the inequality
2(vizi) " Mivip1 i < ‘Vzl’z’ +— ‘M 1% Vi1 Tiga |
to estimate cross terms in (1.46), we obtain the following bounds for the derivatives

) T
Wy < — % vz [ 4+ = | My, [vazs|®
L

y (1.47)
anl S_f‘l/ 1xn 1| + — ‘Mn 1’ ‘I/najn’2
Wn < - % ‘V;l’n|2.
Finally, the strict Lyapunov function for the system (1.40) is given by
Z BiWi(t, ;)
where 8; = 1 and ;11 = 2%22 |M,|zo Bi, while its derivative satisfies the inequality
Wt z) = -2 s |* - z”: Zﬁz‘—1 | M1 |vimi] .
r i—2 M -
Qo

Example: master-slave synchronization

In order to illustrate the use of Theorem 1.2, let us consider the following case-study

of consensus-tracking control of Lagrangian systems,

Di(¢:)Gi + Ci(4i, ¢:)Gi + 9i(q;) = T, 7, ¢; € RP. (1.48)
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The functions D;, C; and g; are, respectively, the inertia matrix, the Coriolis matrix and

the potential forces vector. The control torques are denoted by ;.

We consider the problem of tracking and mutual synchronization —see [89] in
which all systems are required to follow a common exogenous trajectory ¢ — ¢*. Now,
we assume that the systems are interconnected in a spanning-tree topology through

unreliable links hence, on intervals of time the nodes may be isolated.

First, to each system we apply the preliminary linearizing feedback (this is possible
because D is full rank) 7, = D;(¢;)u; + Ci(4;, ¢:)d + 9:(¢;) so that the equation of each

node becomes §; = u;.

Then, emulating the unreliability of the communication channel by a square-pulse

function a : Ry — {0, a} the control input becomes

u; = a(t)[=ki(¢ — qiv1) — k2(di — disr) + Git]

that is, the control is active only when a(t) = a > 0.

Now, for each i < n, define z; := [¢/ ¢]" — [¢)\1 ¢.1]7- We see that the error

dynamics, in closed-loop, takes the form

where the perturbation v;, which stems from the fact the “feedforward” term ¢; 11 in ;

is not available all the time, is defined as v;(t) := [a(t)—1][g;+1(t) —Gi2(t)]. Furthermore,

0
, Bi(t) =
-]

and, for i = n we have &,, = A, (t)z,, + v, with v, (t) := [a(t) — 1]G*(¢).

By Theorem 1.2, for v; = 0, the origin is uniformly exponentially stable and admits
a strict smooth Lyapunov function provided that Assumptions 1.4-1.6 hold. To verify
these assumptions, we follow the second construction in [61] for double integrators

with time-varying persistently-exciting input gain, & = a(t)u, and define

a(t) := ., €€(0,1). (1.49)

In the current example we used k; = k; = 1 for all agents but, in general, different

gains may be used.

Following the reasoning proposed in [61], we decompose the matrices A; (i =
{1,...,n — 1}) as follows
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Ai(t) = A + A, (1.50)

€+ a(t)

0 1 00
Ao = , A = .
-1 -1 11

We choose «(t) as a positive periodic pulse function of period 7' = 40s, with a duty
cycle of 70% and ¢ = 0.01. Hence, a(t) ~ «(t) is also positive and /a(t) is persistently
exciting —see the bottom plot in Figure 1.1, thus the assumptions 1.1-1.3 hold.

where

The "nominal” dynamics #; = A;(t)z; has been studied in [61, Proposition 2]. In
our case, if we take ); := 0.16255 I, then there exists P; € R? constant positive definite
such that

AQP, + PAp = —Q;,

and
AT ()P 4+ PA(t) = —qim (1) .

with ¢, (t) > 0 and ¢;,,(t) = a(t). So we can see that Assumptions 1.5 and 1.6 hold for
this particular choice of a(t). Using Theorem 1.2, with v;(t) = 0, we conclude UGES
hence, formation tracking control of (1.48). Input-to-state stability with respect to the
disturbance v; also may be concluded. Simulation results are presented in Figure 1.1,
for the case when all systems follow the reference trajectory ¢*(¢) = sin(¢). The steady-

state error depicted in the zoomed portion of the figure illustrates the ISS statement.

1.3 Case-study: spiraling systems

In this second part, we address the question of stability for linear time-varying systems
of the general form
&= [Ao(t) + As(t)]z, xeR" (1.51)

where A, and A, are bounded differentiable mappings R>, — R"*". The model (1.51)
has two essential constituting parts: the so-called oscillating drift A,(t)x and the steer-
ing drift A,(t)x. In words, it is assumed that under the action of the former, the trajec-
tories of (1.51) tend to oscillate while under the action of the latter, there exists a van-
ishing output y := C(t)"z. Under a detectability argument, provided by persistency of
excitation, the trajectories tend to the origin while describing attenuated oscillations.
Hence the name of spiraling systems.

To characterize the steering and oscillating properties of the system’s dynamics

we”” introduce the following assumption
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error trajectories
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Figure 1.1: Mutual synchronization of four Lagrangian systems

Assumption 1.7. 1) There exist two bounded smooth functions P, and () taking values from
R>¢ to R™™ such that, for all t > 0, P,(t) is symmetric positive definite, Qs(t) is symmetric
positive semi-definite, Qs(t) # 0, and

As(t) T Py(t) + Py(t)As(t) + Py(t) = —Q4(2). (1.52)

2) There exists a smooth bounded function P, : R>o — R™*" such that, for all t > 0, P,(t) is

symmetric positive definite and
Ao(t) T P,(t) + P,(t) Ao (t) + P,(t) = 0. (1.53)

Assumption 1.7 is fairly relaxed so it is not sufficient for exponential stability. The
following counter-example illustrates this fact, while our results establish further con-

ditions that correlate .4, and A, to ensure exponential stability.

Example 1. Let a and b be piece-wise constant periodic functions taking non-negative

values and persistently exciting, and let

A(t) = [_‘;@ 8] A (t) = [b(ot) _Z(t)].
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For each integer n > 0, let J,, := (7/b)[2n + 1, 2n + 2]. Then, for all t € J,,, let a(t) :==a
and b(t) := 0 while for all ¢+ ¢ .J,, we have a(t) := 0 and b(t) := b. Hence, a(t)b(t) = 0
and the trajectories generated by (1.51) satisfy the dynamics of a system whose dynamics

switches between X, and X, defined as

By (t) = — baa(t
Ya 1) ~ 2(1) Vit J,
.Z'Q(t) = bfﬂl(t),
T1(t) = — azx (¢
P 1) 1) VteJ,
. : . . a(t) 0
This system satisfies Assumption 1.7 with P, = P, = I, and Q4(t) = 0 0 and yet,

the analytic computation of its solutions, from the initial condition (x.,x2,) = (0, —1)
shows that they do not converge. Indeed, for all ¢ € [0, 7/b] the mode ¥, is active, which
yields to (z1(t), z2(t)) = (sin(bt), — cos(bt)) for all t € [0,7/b]. At t, := /b the system
switches to the mode ¥, with the initial condition (z1(tp), z2(to)) = (0, 1), the trajectories
remain constants for all ¢ € Jy. by induction we can see that for all t,, := (7/b)(2n+1) (¢,
the initial time of each sequence J,,) we have (z1(t,), z2(t,)) = (0, £1) and the trajectories

remain constants along all the interval J,. U

Thus, additional assumptions, relating properties of the matrices P, and P;, should
be imposed to ensure exponential stability of the origin. Below we present two re-
sults that address two case studies of spiraling systems and we present some technical

results that cover the state of the art in this topic.

1.3.1 Case-study: “adaptive control” systems

First, let us consider the case where matrix A,(t) is constant, while the matrix .4,(t)
is skew-symmetric. This type of systems appears in the analysis of adaptive control
systems, for example, we recover the class of systems studied in [82]. If, in particular,
A, = 0 and A,(t) is negative semidefinite we recover the systems studied in [83].
A particular case of the latter are “gradient-type” adaptive systems, defined as & =
—(t)¢(t) "z, for which it is well known that persistency of excitation of ¢ is necessary
and sufficient for uniform exponential stability [83]. There are various distinct proofs
of this fact in the literature —see e.g. [16,63]; as far as we know, the first strict Lyapunov

function was provided recently in [20].
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More generally, the system (1.51) also includes the familiar equation [41,47,88]

1 4 0 0 —B(
| = ¢ ] 1¢ (1.54)
il o olla| lcwy o ||d

A, A,

for which there exists P = P' > 0 such that ATP + PA < 0 (ie., A is Hurwitz)
and C(t) := B(t)" P. In this case, Assumption 1.7 holds with P, = P, := diag(P, I).
For such systems, which appear in the context of model-reference adaptive control (in
which case e represents tracking errors and @ estimation errors), it is well known that
if in addition B(t) is bounded with a bounded derivative, and B(t) is also persistently

exciting, the origin is uniformly exponentially stable.

Stability analysis for this adaptive control schame can be found in numerous text-
books and research monographs, see for instance [41,47,88]. However, the first strict
Lyapunov function for model-reference adaptive control systems was provided only
recently in [75] —see also [74]. More precisely, in this reference vectors B and C' co-
incide, i.e. B(t) = C(t) and depend both on time and the state, and A := A(z,) sat-
isfies | A(x1)zy > c|z|? for some ¢ > 0. Our first result (Theorem 1.3) provides a
strict Lyapunov function for the case in which A, in (1.54) is time-varying and satis-
ties Lyapunov equation (1.52) hence, we relax the uniform-positivity condition on A
imposed [75]. The method consists in constructing a strict Lyapunov function starting
from a non strict one that satisfies V (¢, z) < —q(t)V (t, z) —cf. Section 1.1.

In particular, consider the system

l"l = — A(t).’l?l — B(t)—rl’g, X € R™

(1.55)
Ty = C(t)l‘l, Ty € R™

where matrices A(t) and B(t) are uniformly bounded and have uniformly bounded

derivatives (a.e.).

The following result not only ensures exponential stability of this system but also

gives a strict Lyapunov function.

Theorem 1.3. For the system (1.55) assume that B € C* and there exists a positive definite

matrix function P € C' and positive semi-definite bounded matrix function Q € C*, such
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that

P,I < P(t) < Pyl (1.56)
P(t) - A()TP(t) — P)A(t) = Q1)
C(t) = B(t)P(t).

In addition, assume that the function ¢ : R>o — R defined by

V(1) = An(Q)VAu(BOB()T),

where A, denotes the smallest eigenvalue, is persistently exciting and satisfies (1.3). Then,
the null solution of (1.55) is uniformly exponentially stable and the system admits the strict

Lyapunov function
1
Vitr) = N4 (QW)m B w2+ 5 [ng(t) + a] (2] P(t)z: + |2a]?]
with

a > 2T/ (Q)|BI% + (8T/m)An(@Q)AL(Q) | B2, + (2T/1)X3,(Q)|ATBT %,
+ A2 Q)BT |oo(1 4+ 1/Pp) + 2An(Q) A (BBT) Par + 22X (Q) | BT C| . (1.57)

Indeed, we have
V(t,z) < —(u/AT)[x] Py + |x2|2}.

Proof. In view of (1.5), the boundedness of B, (), and P, as well as (1.57), V' is positive
definite and radially unbounded. Indeed,

(a+1)
2

A (P) |21 [* + |72/ (1.58)

Vit,z) > AP Jaa|* + ] — %Afn(Q(t)) B(O)] [l + [z ]

>
and
V(t,2) < [Tyz +a] PAa(P) |21 + ] + X5, Q) Bl [Jon]* +|22"]  (1.59)
we conclude using (1.57) that there exist 7,, 7, > 0 such that

mlel* <V(ta) <mlal®, o= [e] 2]
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The time-derivative of V' along trajectories of (1.55) yields

Vt,z) = 22m(@)An(Q)x] B 2o — X2 (Q)x] ATBTxy — A2 (Q)z) BB 1,
: (e}
+X2,(Q)z] BT Cay + A2, (Q)x{ By — §$1TQ1'1

KB

T

~5hn(@) 21 + N (@An(BB )] Py + X2, Q)] BT Ciy

22 (Q)zf ATBT 2 + 22 (Q) A (Q)z] B 5 + X2 (Q)x{ BTz,

—% \x2]2 — %xlTle. (1.60)

(2] Pay + |2o|?] + ¢* [2] P2y + |m2|2}

IN

Then, we use the inequalities
: : 1
N (Q)e] BTy < SML(Q)IBE [oif* + o[
. . 1
20 (Q) A (Q)z] BTy < 2eX2 (Q)A,(Q) |BIZ, o |* + % 2o,

1
X2 (Q)e] ATB 2y < AL (@Q|ATBT o + o Jaal?
€
which hold for any € > 0. Hence, setting ¢ = 27'/1 and in view of (1.57), it follows that

V < —(u/AT)|z2|? — () T)a{ Pas. 000

In the particular case of planar systems, i.e. =1, 2 € R, Theorem 1.3 reduces to the
following statement, which plays a key role in robustness analysis of the closed-loop

systems considered in the next chapters.

Corollary 1.1. Consider the system

jfg = b(t)l’l,

Then, provided that a and b satisfy (1.3) with a and b respectively. Assume, in addition, that
Y = ab is persistently exciting. Then, the function V : Rso x R? — Ry, defined as

V(t, ) = a(t)?b(t)a12s + % [Ta%z (t) + a} (22 + 23]
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with
2

_ a’*T

o > 2ab? [1 + i3+ a)ﬂ (1.62)
4p

satisfies

V(t,x) < —(u/2T) (27 + 23] .

Example: Master-slave synchronization

In order to illustrate the utility of Theorem 1.3, we consider a simple example treat-
ing the master-slave synchronization problem for two harmonic oscillators, the slave

system Z = A(t)z + Bu and the master system 2* = A(t)z*, where

D) = [ 0 —w(t)] B H
w(t) 0 0

That is, both oscillators spin at the same variable frequency w(t), but out of phase.
Then, the problem consists in ensuring that z(t) — 2*(¢) exponentially fast under the
assumption that the oscillators are linked through an unreliable channel.

To solve this problem the control law is designed so that the closed-loop system
has the structure given by equation (1.51): a steering drift and an oscillating drift. The
latter is natural to the harmonic oscillators while the former may be added through
the simple static output feedback u = —a(t)[z1 — 2{]. Indeed, note that the closed-loop
system has exactly the form (1.61) with 21 1= z; — 2§, 2 = 2 — 25 and b(t) = w(?).
We conclude that phase-lock synchronization is achieved provided that a and w are

bounded, have bounded derivatives, and their product is persistently exciting.

Remark 1.4. Note that the closed-loop system in this case is similar to that in Example 1
with b(t) = w(t). Hence, we conclude that persistency of excitation of a(t), which ensures the
steering of = to zero, and that of w(t), which contributes to propagate the stabilization effect of
a(t), does not suffice alone to ensure the attractivity of the origin. For the stabilization effect to
be properly propagated from one coordinate to another it is required that the product of a(t)w(t)

is persistently exciting.

1.3.2 Case-study: “skew-symmetric” systems

The case study addressed in this final section is motivated by stabilization problems
where non-autonomous feedback are imposed by the control problem. These include:
leader-follower tracking control [53], stabilization of non-holonomic systems [64,108],

stabilization of systems with time-varying input gain [61,113].
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We consider a particular class of systems defined by the following ordinary differ-
ential equation
i = —b(t)?BB x +a(t)Ax (1.63)

where matrix A € R™" is neutrally stable, and matrix A,(t) = a(t)A satisfies (1.53),

that is, there exists matrix P, € R™*", constant positive definite, such that
A, ()P, + P,A,(t) =0,

the pair (A, B) is controllable, and both a(¢) and b(t) are scalar functions defined on
R, such that the product a(t)?b(t) is persistently exciting. It is easy to see that under
the imposed conditions, Assumption 1.7 holds with A(t) := —b(t)?BB" and P = I,,.

Equation (1.63) intersects with the class of systems studied in [82] and covers the
class of systems studied in [19], where uniform global exponential stability is ensured
for the particular case that a(t) = 1 and A is skew-symmetric. More significantly, in the
latter reference the proof is trajectory-based whereas here, we give a strict Lyapunov

function (Theorem 1.4).

Notice that the so-called skew-symmetric systems [108] represent a particular case
of the system (1.63). Indeed, the seminal work [108] on stabilization of nonholonomic

systems in chain form:

21 = U
Zi = U12i—1
Zm = U1,

where z; € R, shows that using a suitable smooth global change of coordinates z — =

and a preliminary feedback uy(¢, z) in the new coordinates, the system may be written

as
[ T ] -_kl —kouy - -- o | T ]
T 0 : T
=™ 2 (1.64)
: - e =k :
_jjmfl_ | 0 cee Ui 0 ) _xmfl_

The term skew-symmetric was introduced in [108] motivated by the fact that the matrix
in (1.64) may be written as the sum of A :=diag[—Fk; 0- - - 0], which satisfies (1.52) with

P, = I, and a neutrally stable (”"skew-symmetric”) matrix A, that satisfies (1.53) with
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P, :=diag [1, ko, koks, ---, HZ’;I k;]. Alternatively, (1.64) falls in the model (1.63)
with B = [1,0--- 0], b = vk, and a(t) := w (¢, 2(t)). Now, following the rationale
of [108] where non-uniform global asymptotic stability is proved, in [64] it is shown
that under certain persistency of excitation assumption on the control input u,, the
origin of the system (1.64) is uniformly globally asymptotically stable. The proof is
based on [63] and exploits the equation (1.64) as a linear-time-varying system obtained
by replacing the nonlinear function u, (¢, z) with a parametrized, by initial conditions,
time signal w; (¢, 2(t)) —see the discussion in the Introduction. However, such proof
is very involved as it appeals to a recursive output-injection argument. Our approach
allows to construct a strict Lyapunov function for this system and provide a direct

proof.

Theorem 1.4. Consider the system (1.63). Let us assume that the functions a(-), b(-) and their
derivatives are bounded, i.e., there exists a and b such that (1.3) holds, and (t) = a(t)b(t)
is persistently exciting. In addition, assume that the pair (A, B) is controllable and that there

exist a constant positive definite matrix P = PT € R™ ", such that:

AP+ PA =0, (1.66b)
PBB" =BB"P:=CC". (1.66¢)

Define V : R>y x R" = R> as
1 n
V(t,2) = 2+ Taua(t)] x" Pz +b(t)*a(t)’sT PAY BT Px (1.67)
=1

where v := vy, + Yo,

2

6676 -
N = Sp ZB,(J ZAFZ-P—FZPA] (1.68)
- T 7223 | p1/2 1/2
Ny = uP ZmM PC| + %@’ |P AZﬁrP (1.69)
I, = ZAJ'—lBBTAJ'-”. (1.70)
j=1

Under controlability of (A, B), the matrix P/2AT,, AT PY/2 is non singular, and we take 3,1 >

[PY2AT,, AT PY2~ and constants (3; are defined in reverse order, i.e., for each i € {n —
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17 cee 1}/ )
20T |1 i T 2| —
5> 28 | pai [z Al -%a a7
PEm k=i+1 k=i+1

where M = [QBa + 3ba] A + ba*A%. Then, the function V is a strict differentiable Lyapunov

function for the system (1.63) and its origin is uniformly exponentially stable.
The proof is reported in Appendix B.2.

Remark 1.5. The strict Lyapunov function provided in Theorem 1.4 serves the corestone for
the analysis approach proposed in Chapter 2. the construction of Lyapunov function for a skew-
symmetric nonlinear time-varying systems in Proposition 2.1, and to establish some robustness

results with respect to external perturbations.

The following proposition extends Corollary 1.1 and, to some extent, Theorem 1.4

to a case of “skew-symmetric” systems, defined by (1.51), with

A, = diag(—a;(¢)* 0 --- 0), (1.72a)
[0 —a(t) 0 0]
as(t) 0 —az(t) 0 :
A@) =1 0  ast) 0 0o |- (1.72b)
' 0 o —an(t)
0 0 an(t) 0 |

The following statement also generalizes [63, Theorem 2] and provides a direct proof

for it, as opposed to the recursive output-injection argument used in this reference.

Proposition 1.2. Let the functions a;(t) satisfy the bound (1.3) with a. Assume in addition
that the function ¢ := I17?_,a,(t), is persistently exciting, i.e., there exists T and p > 0, such

that,
t+T
V2(s)ds > p >0,  Vt>0.

t

For each i € [2,n] define z; := [xy---x;]" and

2

i i

sz<t,lfz) = [aj H az ] Tj-1Ty, 1€ [2,71]

Jj=2 k=2
k#3

Then, provided that «;, for i = n down to i = 2, and ~y satisfy the following:

4 -1 2—2nT
=1, oy, = at o=l (1.73)
1
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n 2
+ [Z ajm@j“)] (1.74)

=it+1

pi T ~ . _9(j—i
o = a —1—7 [Z CLQJOéj] [Z a;a*i=

=i+1 =i+1

2 2
T n . " ) i .
Y Z ;(C_lQ + 1) (Z Oéi6_1211> + <Z 2iC¥iC_L2ll> + Z CYiC_l2lil
=2 1=2 =2
n 2
Z OéiC_L%_l
=2

We have that the function V' : R>o x R™ — R defined as

2Ta
+24 (1.75)
1

1
Vit.o) = |5 a0 49 e + o

=2

> it g;)]

is a strict differentiable Lyapunov function for (1.51), (1.72), and its derivative satisfies

: 12 2
t < - — .
Vit,z) < - Lofal

Consequently, the origin is uniformly globally exponentially stable. O

The proof of the latter statement is presented in Appendix B.3.

Example: Control of underactuated ships

To illustrate the utility of Theorem 1.4, we briefly consider the tracking control problem
for underactuated ships that is solved in [53] under the assumption that the reference
trajectories are persistently exciting. For the purpose of this chapter, we remark that

the closed-loop system in this reference has the cascaded form

i1 = [A+ A(t)] a1 + G(t a1, 25)05, @1 € R (1.76)
jZQ = FZL‘Q, To € R2, (177)

where F' € R?*? is a Hurwitz constant matrix, A, € R*** is a diagonal constant matrix
with two negative elements and two zero elements, matrix G(-) has linear growth in
x1 and A,(t) depends on the reference trajectories and satisfies the second part of As-
sumption 1.7 —see [53] for details. Following standard arguments for cascaded systems
it is possible to establish uniform global asymptotic stability of the origin, provided
that the same property holds for the nominal system @ = [A,(t) + A,(t)]21. In [53]

this is established under the assumption of persistency of excitation of the reference
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velocity along with uniform-complete-observability and output-injection arguments.
Theorem 1.4 not only delivers a strict Lyapunov function to ensure exponential stabil-
ity for the nominal z;—dynamics but it also constitutes a fundamental step to carry on

a robustness analysis with respect to unmodelled perturbations.

1.4 Conclusion

We have presented original strict Lyapunov functions for uniform exponential stability
of linear time-varying systems with persistency of excitation that appear in a variety
of problems including adaptive control systems, state estimation of bilinear systems,
consensus with persistently-exciting interconnections, master-slave synchronization,
etc. The utility of our theoretical findings is briefly demonstrated through concise but
representative examples of meaningful control problems.

In the succeeding chapters we present a deeper analysis of a particular area: that of
consensus and formation control of mobile robots, using controllers with persistency
of excitation. Although many of our controllers are reminiscent of others that have
appeared in the literature, our contributions lie in the establishment of strong proper-
ties such as uniform global asymptotic stability, (integral) intput-to-state stability and,
most remarkably, in the construction of original Lyapunov functions for most of the
control problems that we solve.

We believe that the construction of strict Lyapunov functions for nonlinear time-
varying systems with structures as those investigated here may lead to a range of
open problems in stability and control theory. Notably, the problem of establishing ro-
bustness properties (Input-to-output stability) is a well-motivated avenue of research

for which our statements might be a starting point.
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Chapter 2

Leader-follower formation control of

nonholonomic vehicles

The landmark paper [46] introduced a follow-the-leader control approach for non-
holonomic mobile robots which translates a robotics problem into a standard stabi-
lization problem for time-varying systems. The approach consists in defining a virtual
robot that generates a reference trajectory that is supposed to be followed by the con-
trolled robot. In other words, the problem boils down to stabilizing the origin of the
error dynamics between the reference and the actual robot’s coordinates. This problem
has been studied extensively in the literature; moreover, it naturally blends into the
more general framework of leader-follower formation control. In this case, a swarm of
robots is required to follow each other, thereby creating a “chain” of leaders and fol-
lowers. From a graph theory view point, they compose what is known as a spanning
tree.

Following the ideas from [46] and based on the technical tools illustrated in the
previous chapter, we study the formation control problems in a variety of ways. De-
pending on the velocities of the virtual robot, that we shall denote by v, (forward

velocity) and w, (angular velocity), we distinguish the following:

Problem 2.1 (Tracking). It is assumed that the virtual reference vehicle describes a path with
a time schedule that defines generic continuous reference functions v, and w, — see Section
2.3.

Problem 2.2 (Stabilization). It is assumed that the leader vehicle is static hence, v, = w, = 0.

Problem 2.3 (Parking). It is assumed that the velocities of the virtual reference vehicle are
"fastly” vanishing. Strictly speaking, the velocities (v,,w, ) are assumed to be integrable. This

problem is considered in Chapter 3.

51
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Problem 2.4 (Robust stabilization). This is a generalization of the parking problem above. As
in the previous case, velocities of the virtual vehicle are assumed to be vanishing. However, in
contrast with parking problem, here we do not impose restriction on the speed of convergence
of (vr,w,) to zero, that is the assumption on the integrability of the leader’s velocities is not

imposed in this problem —see Section 2.5.

The robust stabilization and the parking problems are particular scenarios of the gen-
eral tracking problem, even if, technically speaking, their study is based on the study

of stabilization problem.

Problem 2.5 (Simultaneous tracking-stabilization). In this case, it is required to design a
universal controller which addresses both, the tracking and the parking problems —see Chapter
3.

The generic leader-follower problem has been addressed in hundreds of articles
since the early 1990s via a range of controllers and under distinct restrictions on the
reference velocities. For example, in [107] the control design relies on the condition
that at least one of the leader’s velocities does not converge; in [95] simple linear time-
varying controllers are given for which it is established that persistency of excitation
of the reference angular velocity is necessary and sufficient for uniform exponential
stabilization; in [21] where the translational leader’s velocity is assumed to be greater
than zero.

The stabilization problem has also been thoroughly studied; the motivation in the
community, triggered by the famous Brockett’s necessary condition which is not sat-
isfied by non-holonomic systems. This implies that the system is not stabilizable via
smooth static feedback. For example, in [10,101] discontinuous controllers are pro-
vided, a time-varying continuous controllers are proposed in [84], and a smooth time-
varying in [108] and in [64, 67]. In the latter, uniform global asymptotic stability is
established.

In the case of the parking and the robust stabilization problems additional technical
difficulties appear from the fact that reference velocities converge to zero hence, many
of the schemes tailored for the generic tracking control problem fail in this case. Un-
der the assumption that the reference trajectories converge fast enough (they are inte-
grable) this problem was solved, for instance in —see [52], [27,119].

It is important to stress that, most often, the constraints on the reference veloci-
ties impose a certain control design and, therefore, influence the statements that one
can establish. Hence, it is clear that the simultaneous tracking stabilization control
problem is the most challenging of all and, as far as we know, has only been treated
in [27,52,85,119]
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Furthermore, the problems previously described may also be posed to the scenario
of formation control, in which a swarm of robots must advance in a coordinated man-
ner, as a single robot. Hence, the problems above have their natural counterparts in
the multi-agent framework. In order to solve the general formation tracking control
problem for a multiple non-holonomic mobile robots, two main approaches exist in

the literature, the virtual-structure and the leader-follower approach.

The virtual structure approach consists on defining a virtual formation moving
along a desired path, and then controlling each robot to reach its corresponding po-
sition on the virtual structure [39]. This approach removes the hierarchy between
agents in comparison with the leader-follower approach when the leader is not virtual,
and allows some robustness of the formation. In [117] a virtual structure approach is
adopted and a distributed coupling among agents is introduced in order to increase

robustness of the formation.

The leader-follower approach has the advantage of allowing simpler controllers
that are easily implementable. A comparison between the two methods is in [103].
In [118] a distributed virtual leader-follower formation tracking control problem is
considered under a force-controlled model and parameter uncertainty. In [29] leader-
follower formation tracking control problem is considered, for a general framework
of nonholonomic systems in chained form, under the assumption of persistence of
excitation on the rotational reference velocity, this solution has been extended in [30]

to provide a distributed solution to the same problem.

In [28] the leader-follower formation tracking control problem is solved using a
combination of the virtual structure approach in order to generate the reference trajec-
tories for each agent, then an output feedback control law is designed in order to track
each agent toward its reference trajectory. This work has been extended in [25], where
the problem with collision avoidance is considered. Under the assumption that the
robot is modeled as a point-mass (second-order integrators), time-varying formation

configurations are considered in [114].

In this Chapter we solve leader-follower formation control problem under the con-
tigurations of the leader’s velocities described in Problems 2.1 and 2.4. Some of our
controllers are similar to what is proposed in the literature or inspired from it, but
our technical hypotheses are relaxed. For instance, for the tracking control problem we
assume that the sum of squares of the leader’s velocities (v,,w,) is persistently excit-
ing. At the same time, we propose an original design for the robust stabilization control
problem, in this scenario, no restrictions are imposed on the convergence rate to zero

of the reference velocities, and still we obtain some strong robustness results.

In the case of formation control, we use a distributed approach and assume that
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the communications graph that contains both the leader and the followers, consists in
a spanning tree. That is, each robot communicates only with one neighbouring “fa-
ther” and transmits its coordinates to one or several neighbouring “children”. While
this may appear restrictive from a technical viewpoint, from the robotics viewpoint
it has the clear advantage of reducing the number of sensors needed, the amount of
processed data and is more natural.

To the best of our knowledge, some of our contributions were open questions. Such
is the case, for instance, of the leader-follower robust agreement control problem, that is
solved in this Chapter.

The simultaneous tracking and robust agreement control problem, which covers all sce-
narios, is another open problem that we have solved, but this is presented in Chapter
3.

In addition, most of our proofs rely on the construction of strict Lyapunov func-
tions which, moreover, are used to establish statements of robustness in the (integral)

input-to-state stability sense. All these are original contributions of this thesis.

2.1 Problem formulation

We start by introducing the dynamic model of a mobile robot, that we use here and in
next chapter. That is, we consider force-controlled autonomous vehicles modelled by

the equations

T = wvcosl
y = wvsinf (2.1)
0 = w

{@ = filt,v,0,9) + i(t, 0,0, @)u (2.2)

w = falt,v,w,q) + ga2(t, v, w, @ ug

The variables v and w denote the forward and angular velocities respectively, the first
two elements of ¢ := [z y 0] correspond to the Cartesian coordinates of a point on
the robot with respect to a fixed reference frame, and 6 denotes the robot’s orientation
with respect to the same frame. The two control inputs are the torques wu;, us.

The Equations (2.1) correspond to the kinematic model while (2.2) correspond to
the force-balance equations. The latter may take various forms, such as the Euler-
Lagrange equations [35]; see also [26] in the context of mobile robots. In this memaoir,
we leave these equations undefined since our controllers are generic.

Generally speaking, the control strategy consists in designing virtual control laws
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at the kinematics level, i.e., considering v and w as control inputs. Then, we design u,
and u, to steer v and w toward the ideal control laws v* and w*. That is, if v = v* and
w = w*, the origin of the closed-loop system, for the kinematics equations is uniformly
globally asymptotically stable. Moreover, for (2.1), we establish robustness statements
in the sense of input-to-state stability hence, our statements are valid for any controller
that guarantees the stabilization of the origin at the force level —Equations (2.2). Thus,
except for the example provided in Section 2.2, we leave Equations (2.2) in generic

form.

2.1.1 Single follower case

For clarity of exposition, we start by describing the most elementary scenario, that of
leader-follower tracking control, as defined in [46]. Such problem consists in making

the robot to follow a fictitious reference vehicle modeled by

T, = v,cos0, (2.3a)
UYr = wv,sind, (2.3b)
0, = w, (2.3¢)

and which moves about with reference velocities v,(¢) and w,(t).
More precisely, it is desired to steer the differences between the Cartesian coordi-
nates to some values d,, d,, and to zero the orientation angles and the velocities of the

two robots, that is, the quantities
po=0.—0, po=x,—x—dy, py=yr—y—d,.

The distances d,, d, define the position of the robot with respect to the (virtual) leader.
In general, these may be functions that depend on time and the state or may be as-
sumed to be constant, depending on the desired path to be followed. In our study, we

consider these distances to be defined as piece-wise constant functions —cf. [62].

Then, as it is customary, we transform the error coordinates [py, p., p,] of the leader

robot from the global coordinate frame to local coordinates fixed on the robot, that is,

we define
€y 1 0 0 Do
ex| = |0 cos@ sinf||p.| - (2.4)
ey 0 —sinf cost||py

In these new coordinates, the error dynamics between the virtual reference vehicle
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and the follower becomes

g = wr(t)—w (2.5a)
é, = wey, —v+,(t)cos(ep) (2.5b)
é, = —we,+v,(t)sin(e) (2.5¢)

which is to be completed with Eqs (2.2).

Hence, the control problem reduces to steering the trajectories of (2.5) to zero via
the inputs u; and us in (2.2), i.e. lim; . e(t) = 0. As we mentioned, a natural method
consists in designing virtual control laws at the kinematic level, that is, w* and v*, and
control inputs u; and u,, depending on the latter, such that the origin (e, v, @) = (0, 0, 0)
with

Di=v—0, Vi=w-—w, e:[egexey]—r7 (2.6)

is uniformly globally asymptotically stable.

2.1.2 Multiple followers case

The previous setting naturally extends to the case in which a swarm of n robots is
required to follow a virtual leader, advancing in formation. This may be achieved in a
variety of manners. Here, we assume that the ith robot follows a leader, indexed i — 1,

thereby forming a spanning-tree graph communication topology.

The geometry of the formation may be defined via the relative distances between
any pair of leader-follower robots, d,;, d,; and it is independent of the communications
graph (two robots may communicate independently of their relative positions). Then,
the relative position error dynamics is given by a set of equations similar to (2.5), that

is,

boi = wi—i(t) —w; (2.7a)
€ri = wiey; — v + vi_1(t) cos(eg;) (2.7b)
éyi = —W;€y + Ui_l(t> Sin(egi) (27C)

For i = 1 we recover the error dynamics for the case of one robot following a virtual
leader that is, by definition, vy := v, and wy := w,. Then, we introduce the virtual
controls (v}, w}) depending on the type of problem under study, or more precisely, on

the configuration of leader’s velocities —see Problems 2.1-2.5 described on p. 52.
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The velocities (v}, w]) serve as references for the actual controls u;; and us; in

v, = fu (t, Vi, Wi, ei) + 1 (ta Ui, Wi, ei)uli (28&)
Wi = fo(t,vi,wi, ;) + goilt, vy, wi, €;)ug;, i<n (2.8b)

whence, the velocity errors

As in the case of one follower, it is required to stabilize the origin of the closed-loop
system. In particular, it is required that for all i < n,

tlggo ei(t) =0. (2.9)

Remark 2.1. Solving such a problem under a general directed graph remains an interesting

open question. In Chapter 4, however, we solve the problem under general bi-directional graph

and time-varying delay but only when the leader’s velocities are equal to zero. In fact, due to

the non-holonomic restriction a natural extension of the existing works on consensus problem

of first and second order systems, [81,102], to a multiple non-holonomic mobile robots case is

not possible.

2.2 Example of torque controller

Our contributions consists in controllers and stability proofs that concern the kine-
matics equation (2.7). We establish robustness statements with respect to converging
(fastly) errors v and @. In this section, we present an example of, an otherwise stan-
dard, control design at the force level. As we shall see, this is only one example of a
force controller that may be used with our kinematics’ controllers proposed in this and

next chapters.

Consider the following model of wheeled mobile robots —cf. [25],

where 7; is the torque control input; the variable v; := [y, 1/5;] denotes the angular ve-

locities of the two wheels, M is an inertia matrix (hence positive definite, symmetric),
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C'is the matrix of Coriolis forces (which is skew-symmetric), and

cosf; —sinb;

J(g:) = =

2 sinf; cos®;

/b —1/b

where 7 and b are positive constant parameters of the system. The relation between

the wheels’ velocities, v;, and the robot’s velocities in the fixed frame, ¢;, is given by

Vi _L b b V14 V14 _1 1 b V;
| X o Y

which may be used in (2.10a) to obtain the model (2.1), (2.2) with

U4 :L b b M_lTi

—see [25] for more details on this coordinate transformation.

Then, using (2.11), for any given virtual control inputs v; and w;, we can compute

vi = 1}, v3;] " and define the torque control input

7, = Mv + C(J(q)vi)vi + Dvf — kavy, kg >0
where 7; := v; — v7. We see that the force error equations yields
M; + [C(¢:() + D + kgl |5 = 0 (2.12)

in which we have replaced ¢; with the trajectories ¢;(¢) to regard this system as (linear)
time-varying, with state ;. Now, due to the skew-symmetry of C(-) the total derivative
of

1
V() = §~Z-TMZ',

along the trajectories of (2.12) yields
V(i) < —kalinl. (2.13)

Although this inequality holds independently of ¢;(¢), Eq. (2.12) is valid only on the

interval of existence of ¢;(t), denoted |t,, t™**), t™** < oco. Hence, so does (2.13) and,
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consequently,
5:(t)] < K|i(te)|e M) V€ [to, ™) (2.14)

for some x and A > 0. From (2.11) it is clear that a similar bound holds for 7;(t) =
[0;(t) @;(t)]. In other words, the velocity errors tend exponentially to zero uniformly in

the initial conditions and in the position error trajectories.

We assume that the inertia parameters and the constants contained in C(¢;) are
unknown while r and b are considered to be known. Let M and C denote, respectively,

the estimates of M and C. Furthermore, using,

91 )
Vai L =b) wr
let us introduce the certainty-equivalence control law
5= MU+ C(G)vF — kati, kg >0 (2.16)
Then, let us define M := M—-MandC :=C — C, so
7= Mv; + C(¢)v} — kair; + Mu; + Cv;} (2.17)
and, setting 7; = 7" in (2.10b), we obtain the closed-loop equation

where ©, € R™ is a vector of constant (unknown) lumped parameters in M and C,
©, denotes the estimate of ©;, ©; := O, — O, is the vector of estimation errors, and
U R? x R? x R? — R™*? is a continuous known function. For this, we used the
property that (2.10b) is linear in the constant lumped parameters. In addition, we use

the passivity-based adaptation law —cf. [94],

A~

O = = (G, 07, V)0 7> 0. (2.19)

1771

Then, a direct computation shows that the total derivative of
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along the trajectories of (2.18), (2.19), yields
V(i,0;) < —kqlin]*.

Integrating the latter to infinity we obtain that 7 € £, N £, and O, € L. It follows,
e.g., from [41, Lemma 3.2.5], that 7; — 0 and, in view of (2.11),

lim [5(8)] + ()] = 0. (2.20)

As it may be appreciated, the property that the velocity tracking errors converge,
i.e., (2.20) is fairly weak. Nevertheless, it is established under the realistic conditions
that the parameteres are unknown. Furthermore, the weakness of this property only
makes the significance of our next statements stronger; we show that all our controllers
are robust to the inputs v and w — 0. In a few cases, however, it is imposed that v € L,

which is also established above.

2.3 Leader-follower tracking

We address now the tracking control goal as described in Problem 2.1 under the follow-

ing relaxed assumption —cf. [34,44,45]
Assumption 2.1. there exist positive numbers p and T such that
t+T
/ [wr(s)? +v,.(s)?]ds > Vit >0. (2.21)
t

In [23], the authors proposed the controller

v = wu(t)cos(eg) + kpe, (2.22a)
W= we(t) + keeg + v (t)kyeyo(eq) (2.22b)

where ¢ is the so-called ‘sync” function defined by

sin(eg)

P(eq) = (2.23)

€

and establish (non-uniform) convergence of the tracking errors under the assumption
that the some of square of the leader’s velocities converge to a non null value. In this
chapter, for the same controller but under slightly relaxed conditions which is stated

in term of persistency of excitation in Assumption 2.1, we establish uniform global
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asymptotic stability for the closed-loop system and for the first time, we provide a
strict Lyapunov function.

The design of the controller (2.22), under Assumption 2.1, is motivated by the re-
sulting structure of the error dynamics for the tracking errors, which is reminiscent of

nonlinear adaptive control systems. Indeed, by setting w = w* and v = v*, we obtain

é9 —]fg 0 — Uy (t)ky¢(69) €p
ey | = 0 —k, w*(t,e) €q (2.24)
éy v (t)p(eg) —w*(t,e) 0 ey

A’UTE; 6)

which has the structure of (1.54) except that, here, the “regressor” function B(-) de-
pends on time and the state, as is generally the case in model-reference-adaptive con-
trol systems [48].

We obtain the crucial property that the trivial solution for this system is uniformly
globally stable (it is uniformly stable and all solutions are uniformly globally bounded).
To see this, note that the total derivative of V; : R* — R, defined as

1 1
Vile) = 3 {ei +el+ k—yegl (2.25)
corresponds to
Vi(e) = —kge? — kge2 < 0. (2.26)

Furthermore, after [99], it may be concluded that the origin of this system is uniformly
globally asymptotically stable provided that the vector [—v,(t)k,¢(eg) w*(¢,€)], sub-
ject to ey = 0, is d-persistently exciting with respect to e, —see Appendix A.7. Roughly,
this holds provided that this vector is persistently exciting for any e, # 0; condition

which, actually, reduces to (2.21). Thus, our first statement is the following.

Proposition 2.1 (Kinematic model). For the system (2.24) assume that Assumption 2.1

holds and there exist ©,, w,, U, v > 0 such that
|w7‘|oo S (D’ra |wr|oo S (:}7"7 |U7“|oo S 277‘7 |v7‘|oo S 67"' (227)

Then, the origin is uniformly globally asymptotically stable and locally exponentially stable,
for any positive values of the control gains k,, k,, and kg. Moreover, there exists a positive
definite radially unbounded function V : Rsq x R® — R defined as the functional

V(ta 6) = P[3] (t, ‘/1)‘/1(6) - wr(t>exey + Ur(t)P[l] (tv %)6961; (228)
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where Py : R>g X R>g — Rx is a smooth function such that Py(-, V1) is uniformly bounded
and Py;(t, -) is a polynomial of degree k with non-negative coefficients. In addition, Py(t,-)
has the property that yields the total derivative of V' along the trajectories of (2.24) satisfying

V(t,e) < —2Vi(e) = koe? — kocd. (229)

g

The contribution of Proposition 2.1 lies in its original proof which is based on Lya-
punov’s direct method and follows the method of construction proposed in Subsec-
tion 1.3.2 of Chapter 1. Next, we sketch the main proof steps that lead to the design of
V(t,e) in (2.28).

Sketch of the proof. Firstly, for any locally integrable function ¢ : R>y — R,
such that sup,~, [¢(t)| < ¢, let us introduce

2 t+T m
T,(t) :=142pT — T/ / o(s)dsdm (2.30)
¢ ¢

—cf (1.4). Note that T,(¢) has been introduced in (1.4) and satisfies:

2

. t+T
T,(t) = _T/t o(s)ds 4 2¢(t), (2.31)

1< Y, (t) < Ty :=1+2¢T

In the sequel, we use this function with ¢ = v? + w?. We also introduce several poly-
nomial functions with positive coefficients, denoted by p; : R~y — Rx(. These shall be

defined as needed in a manner that the derivative of

Vat,e) == pri(Vi)Vi+ [Tuz(t) + Yoz ()] Vi — wi(t)ese,
+orpa(Vi)egey + p3(Vi) Vi, (2.32)

with V; defined in (2.25), be negative definite. In addition, note that

N
eo| |ps(Vi)/ky vrpa(Vi) 0 €q
€x vep2 (Vi) pa(Vi)  —wr | |
€y 0 —w. ps(V)] |ey

1
‘/Z(ta 6) 2 5

so V; is positive definite and radially unbounded if the matrix in this inequality is

positive semidefinite. The latter holds if p3 satisfies

pa(V2) > 2/ ky5202(V2)2 + 2.
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Finally, we introduce
V(t,e) = Va(t, e) + Vipa(V1) (2.33)

which is also positive definite. We shall show that for an appropriate choice of the

polynomials p;, the total derivative of V' along the trajectories of (2.24) yields

V@@g—%%@—@é—%ﬁ,V@@eRExW (2.34)

To that end, we rewrite (2.24) in the output-injection form

é = A (t,e)e+v.[p(eq) — 1]B°(ey)e (2.35)

r

A(te) == | 0 —k @ (2.36)
Uy =T, 0
0 0 -k
B°(e) == [0 0  kye, (2.37)
1 —kye, O
w, (t,e) = w,(t) + koeo + v.kyey (2.38)

This partition, which facilitates the analysis, is motivated by the fact that v,.[¢(eg) —
1]B°(ey)e = 0if eg = 0.

First, we establish that V; is a LF for ¢ = A° (t,e)e. Then, we evaluate V includ-
ing the output injection term v,[¢(eg) — 1]B°(ey)e. See Appendix B.4 for a detailed
development. [ ]

The value of having a strict Lyapunov function for (2.24) may not be overestimated.
Notably, this allows to carry on with a robustness analysis vis-a-vis of the dynamics
(2.2). For example, in order to solve the tracking control problem for (2.1), (2.2), using
Proposition 2.2 below, it is only left to design u; and u, such that, given the references

v* and w*, the origin of the closed-loop dynamics

v = fia(t,0,0,€) (2.39a)
w = f2cl<t7 a}76) (239b)

[S3
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is globally exponentially stable uniformly in the initial conditions and in e. In Section
2.2 we presented an example of an effective force controller. However, in general, the
design of the control inputs u; and u, depends on the problem setting and is beyond
the scope of this thesis.

We rather emphasize that the overall error dynamics takes the convenient form

e = A, (t,e)e+ Ble)n, (2.40a)
77 = Fcl(tv n, 6)7 Fcl = [flcl fQCl]a (240b)
where
0 -1 ~
)
Be):=|-1 e, |, n:= [~] : (2.41)
0 €y o

It is worth stressing that, based on the structure of the Lyapunov function in (2.28),
one can also establish that the system in (2.40a) is integral-input-to-state stable with

respect to n —see Definition A 4.

Proposition 2.2. Consider the system (2.40a) with k,, k,, and kg arbitrary positive gains;
assume, moreover, that the references satisfy Assumption 2.1 and (2.27). Then, the system

(2.40a) is integral input-to-state stable with respect to the "input” n. O

The proof of the last statement is reported in Appendix B.5.
Now, for the purpose of analysis, we replace the state e with the trajectories e(¢, { (%))
in (2.40b) so the closed-loop equations may be regarded as a cascaded nonlinear time-
T
€

varying system with state ¢ := [e' "]". More precisely, in place of (2.40b) we write

77 = FCl(tan)

where F,(t,1) = F.4(t,n,e(t)) —cf. [59]. Then, using arguments for cascaded systems

from [96] we can establish the following proposition:

Proposition 2.3. Consider the system (2.40) with initial conditions (t.,(,) € Rso x R®.
Assume that k,, k,, and kg are positive and that inequalities (2.21) and (2.27) hold. In addition,
assume that the solutions are complete and the origin of (2.40b) is globally asymptotically
stable, uniformly in the initial times t, € R and in the error trajectories t — e. Assume
further that the trajectories t — 0 are uniformly integrable, that is, there exists ¢ € K such
that

/t n(r)ldr < (IG]) V>t >0, (2.42)

Then, the origin is uniformly globally asymptotically stable. O
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Proof. From Proposition 2.1, the origin {e = 0} is uniformly globally asymptotically
stable for (2.24). By assumption the same property holds for (2.40b). Since, moreover,
B is linear in e, the result follows from the main results in [96, Theorem 2]. ([

Remark 2.2. Technically, the function F,; is defined only on the interval of existence of e(t),
whence the assumption that the solutions exist on [t,, c0). Nevertheless, this hypothesis may
be dropped if we impose that n — 0 uniformly in e(t) only on the interval of existence. This is

considered in our main result later on —see Proposition 2.4.

2.4 Leader-follower formation tracking control

We extend our previous results to the problem of multi-agent tracking control for a
group of N robots modeled by (2.1) and (2.2). Similarly to the controller proposed

previously, we define

= v;_1 cos(ep;) + Kzi€yi (2.43)
= w1+ koiep, + vi—1kyieyip(eq;) (2.44)

B STy

which serve as references for the actual controls uq; and us; in (2.8). Next, we use the

velocity errors

~ * ~ . *

W; \— wW; — W

and let us define Av; = v; — v, and Aw; := w; — w, for all j < n (by definition,
Awy = Avg = 0). Then, we replace w; with w; + w; and, respectively, v; with 9; + v} in

(2.7), and we use

= [Av;_1 + v,] cos(eq;) + kzi€ui (2.45)
= Aw;_1 + wy, + kgiep, + [Avi_1 + v ]kyie id(eq:). (2.46)

S Ty

It follows that, for each pair of nodes, the error system takes the form

& = Ay (t,e)e; + G(t, e, &)es + Ble)n; (2.47)
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—cf. (2.40a), where

ei = leg ex eyl mio= [0 @)
& o= [Awig Avi—ﬂT
0 0 =k
G = |0 0 g2
g —g2 O
g1 = Avigeyd(ep,)
g2 = Awi1 + kyAvi_1ey,0(ep,)

and B is defined in (2.41) —note that G(¢,e;,0) = 0. Thus, the overall closed-loop

system has the convenient cascaded form (in reverse order):

En = A, (t> en)en + G(t, €n, gn)en + B(en)nn (2.48a)
by = Ay (tex)es + Gt e, &)ea + Blea)ne (2.48b)
é1 = Ay (t,er)er + Ble)m (2.48¢)

and these closed-loop equations are complemented by the equations that stem from

applying the actual control inputs in (2.8), that is,

T‘]i = Ecl (t7 iy ei)7 Ecl = [filcl fi2cl] (249)

foralli < n.

To underline the good structural properties of the system (2.48)—(2.49) and to ex-
plain the rationale of our result, let us argue as follows. By assumption, the control
inputs u;; and uy; are such that 7, — 0, independently of the behaviour of e;. Fur-
thermore, we see from Equation (2.48c) that, as 7, — 0, we recover the system (2.24).
Hence, using Proposition 2.1, we may conclude that 7, — 0 implies that e; — 0. With
this in mind, let us observe (2.48b). We have & = [Aw; Av;]" where Aw; = w; — w,
and Av; = v; — v,. On the other hand, by virtue of the control design, e; = 0 implies
that w{ = w, and v] = v,, in which case we have Aw;, = @ and Av; = 7;. It follows
that e; = 0 and 7, — 0 imply that &, — 0. In addition, as 7 — 0 (by the action of
the controller at the force level), the terms G/(t, e3, £3)es + B(eg)ns in (2.48b) vanish and
(2.48b) becomes é; = A, (t, e2)es. By Proposition 2.1 we conclude that e, also tends to

zero. Carrying on by induction, we conclude that e — 0.

Although intuitive, the previous arguments implicitly rely on the robustness of
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é = A, (t,e)e; (i.e., of the system (2.24)) with respect to the inputs 7; and ;. More
precisely, on the condition that the solutions exist on [t,, 00) and, moreover, that they
remain uniformly bounded during the transient. In the following statement, which is

presented next, we relax these (technical) assumptions.

Proposition 2.4. For each i < n, consider the system (2.7), (2.8) with control inputs uy;
and ug; which are functions of (t, v, w;, €;, v}, w}) and v}, w} are defined in (1.40) and (2.44)
respectively. Let conditions (2.21) and (2.27) hold. Let ¢; := [e¢] n]|". In addition, assume

that:

Assumption 2.2. for each i, there exists a function §; € KL such that, on the maximal

interval of existence' of t — e;,

’ni(t7 tOv Mo, 6i0)| S 5(|Ci0|7 t— to) (250)

and (2.42) holds for some ¢; € K.
Then, {¢ = 0}, where ¢ := [( -+~ ¢]7, is uniformly globally asymptotically stable. [

Assumption 2.2 means that 7;(t) converge uniformly to zero while the trajectories
e;(t) exist. In particular, if the system is forward complete 2.2 imposes uniform global
asymptotic stability of (2.49). Even though this may be a strong hypothesis in a general
context of nonlinear systems —see [59], it may be easily met in the case of formation

tracking control, as we illustrate below.

Proof. The proof follows along the arguments developed below (2.49). For ¢ = 1 the

closed-loop dynamics, composed of (2.48c) and

m = Fi,(t,m,e(t)), (2.51)

is defined on the interval of existence of e;(t), denoted [t,, t;max), and has a cascaded

form. By assumption, r; satisfies the bound (2.50) for all ¢ € [t,, tmax) hence, on this

interval,
Vi(er(t)) < 2—2(61(?5))3(61@)) Im(t)] = —@iea/ky1 — V1€a
< o/Wile®) max {m(O]) < Viler ) +d (2.52)

where c is a positive number of innocuous value, d > 0 and ¢ > maxy, +,...] {|m(¢)|};

both are independent of the initial time. Integrating on both sides of the latter from ¢,

!If necessary, we consider the shortest maximal interval of existence among all the trajectories e;(t),
with 7 < n.
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to tmax We see that, by continuity of the solutions with respect to the initial conditions,
this interval of integration may be stretched to infinity. By the definition of V;(e;) we
obtain that e; () exists on [t,, 00) — cf. [47, page 74], [66, Proposition 1]. Moreover, since
by definition Avy = Awy = 0, we conclude from (2.45) and (2.46), that v} and w} exist
along trajectories on [t,, o). It follows that the same property holds for v, (¢) and w; (¢)

and, consequently, for &;(t) —recall that

§o = [vl B UT] .
w1 — Wy
From forward completeness and condition 2.2 it follows, in turn, that 7, = 0 is uni-
formly globally asymptotically stable for (2.51). Now we can apply a cascades argu-
ment for the system (2.48¢), (2.51). Since B in (2.48c) is linear in e; and the origin of
é1 = A, (t,e1)e; is uniformly globally asymptotically stable, the same property holds
for the origin (e1,71) = (0,0) —see [96, Theorem 2]. This means that there exists a class
KL function S such that

|Gt to, Cro) < B(IGrol, t —to) V2 1o (2.53)

where we recall that (; = [¢] n,'] for all i < n. In particular, e;(t), 7:(t) and, conse-
quently, &»(t), are uniformly globally bounded. To see this more clearly, we recall that,
by definition, {; is a continuous function of the state ¢; and time and equals to zero if
(1 = 0. Indeed, & = 9 (t, (1) where

v I — T v T t —1 k':p T
GiltG) = [T T (t)lcos(en) =1+ Karem (2.54)
O + Wi — wy 01 + kgreg, + v (t)kyrey10(en)
Next, let i = 2 and consider the closed-loop equations:
ey = A, (t ex)ea + Gt e2,U1(t,C1))ea + Blea)no (2.55a)
G o= Ful(t,G) (2.55b)
o = Iy, (t,m,e(t)) (2.55¢)

Note that we replaced e, with ey () in (2.49) to obtain the “decoupled” dynamics equa-

tion (2.55¢). Then, 7, is regarded as a perturbation to the system

éy = A, (t,ea)ea + G(t, ea, Y1 (t, (1))ea (2.56a)
(o= Fe(tG) (2.56b)
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which, in turn, is also in cascaded form. Now, in view of the structure of GG, we have

oVy
3ei

hence, the total derivative of V; along the trajectories of (2.55a) yields

Vilea(t) < ev/Vilea(t)) [n2(8) g 1,0y < ¢ Vilea(t) +d

with an appropriate redefinition of ¢ and ¢’ —f. Ineq. (2.52). Completeness of e;(t), and
therefore of 7,(t), follows using similar arguments as for the case when i = 1. Conse-
quently, by Assumption 2.2, the origin of (2.55c) is uniformly globally asymptotically
stable.

To analyze the stability of the origin for (2.55) we invoke again [96, Theorem 2]. To
that end, we only need to establish uniform global asymptotic stability for the system
(2.56) (since B is linear and the origin of (2.55¢) is uniformly globally asymptotically
stable). For this, we invoke [97, Theorem 4] as follows: first, we remark that the re-
spective origins of é; = A,, (t, e2)e2 and (2.56b) are uniformly globally asymptotically
stable. Second, note that condition A4 in [97, Theorem 4] is not needed here since
we already established uniform forward completeness. Finally, [97, Ineq. (24)] holds
trivially with V' = Vj, in view of (2.57). We conclude that (e2, (;,72) = (0,0,0) is a
uniformly globally asymptotically stable equilibrium of (2.55).

For ¢ = 3 the closed-loop dynamics is

ég = Avr (t, 63)63 + G(t, €3, wg (t, C12>€3 + B(@g)ng (258a)
b = Fy(t,Gro) (2.58b)
7;/3 - F3cl (t7 73, €3 (t)) (258C)

where (12 = [¢ ¢/, G2 := [e3 7;], and

U9 + [€o1 + v, (t)][cos(eqr) + kyp1€01 — Vs

Po(t, Cr2) = -
Wy + Eaa + kpreg, + v, () ke 10(eor)

which corresponds to {3 —cf. (2.54). The previous arguments, as for the case i = 2,

apply now to (2.58) so the result follows by induction. 00O

Remark 2.3. An example of torque controller for (2.2) that guarantees the integrability of the
vector [0y, @i, ..., Uy, Wn| is presented in the first part, that is, when we assume that all the

system parameters are known, we end up with equation (2.14).
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v (t), wy (1)

2(t) + w2(t)

t(sec)

Figure 2.1: Reference velocities v, and w,.

2.4.1 Example

We consider a group of four mobile robots modeled as in (2.10a) and following a vir-
tual leader (2.3). In this simulation, the desired formation shape of the four mobile
robots is a diamond configuration that tracks the trajectory of the virtual leader. See
Figure 2.7. We define the reference velocities v, and w, in a way that there sum of

squares is persistently exciting — see Figure 2.5. The physical parameters are taken

from [34]:
m; m . 0 cw
M = [ ' ? ) C(ql) - [ ] )
me My —cw 0
with m; = 0.6227, my = —0.2577, ¢ = 0.2025, » = 0.15, and b = 0.5. The ini-

tial conditions are set to [z,(0),y,(0),6,(0)] = [0,0,0], [z1(0),y1(0),6,(0)] = [1,2,4],
[£2(0), 42(0), 62(0)] = [0,2,2], [25(0),45(0),05(0)] = [0,5,1] and [24(0),4(0), 6(0)] =
2,2,1]; the control gains were set to k,, = k,, = kg, = 1. The formation shape
with a certain desired distance between the robots is obtained by setting all desired
orientation offsets to zero and defining [d,, ,,d,, ,] = [0,0], [dy,,.dy,,] = [~1,0] and
ey s, dy, ) = [1/2,—1/2] and [d,, ,, dy, | = [0, 1]. See Figure 2.3, The parameter k; = 15.
The results of the simulation are showed in Figures 2.2-2.3. In Figure 2.2, 2.4 we show
the convergence of the tracking errors between the agent and its neighborhood, the

control inputs and the parameter estimation errors.
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—1,4

lle:@)1l;

30 40 50 60
t(sec)

Figure 2.2: Exponential convergence of the relative errors (in norm) for each pair leader-follower
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<>

—1.4(m)

(Yi)i
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(2i)i=1.4(m)

Figure 2.3: Illustration of the path-tracking in formation

50

=14

7}(t)i

_100 1 1 1 1 1
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t(sec)

Figure 2.4: Illustration of the torque inputs for each agent
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2.5 Leader-follower robust stabilization control

According to the robust stabilization control goal described in Problem 2.4, it is assumed
that
tlim 0. ()| + |w,-(t)] =0 (2.59)
—00

hence, in particular, the persistency of excitation condition, crucial to solve tracking

control problem, is violated.

Remark 2.4. The latter restriction naturally excludes control methods based on conditions of
persistency of excitation in Section 2.4 or, even more restrictive, that the references are always
separated from zero —cf. [23,26,67].

As we saw in Section 2.4, our control strategy consists in designing virtual control
laws v* and w* for the kinematics equations (2.5) and, then, using them as references
for the dynamics equation (2.2). Our contribution resides in the fact that our kinemat-
ics controller is robust with respect to any controller at the force dynamics level. That
is, we establish convergence of the tracking errors for any controller [u,, us| guarantee-

ing that v — v* and w — w*, that is, the errors v := v — v* and @ = w — w* verify
Jim [0(t)] + |w(t)| = 0. (2.60)
—00

Consider the virtual control laws

v* = kye, +v,.(t) coseg (2.61a)
w* = w(t) + keeg + ky €] + €3] p(t) (2.61b)

under the standing assumption that p is persistently exciting —see Definition A.6, that

is, let there exist u > 0 and T > 0 such that
t+T
/ p(s)’ds > p vt > 0. (2.62)
t

This type of controller is called J-persistently exciting —see [64,67,119]. For in-
stance, the term ¢(t, z) := [e) + ¢]p(t), that appears in (2.61b), satisfies Definition A.7
with z = [e,, ¢,]" and p being persistently exciting. The mechanism relies on the prop-
erties of ¢(¢, ) which, roughly speaking, is persistently exciting as long as the tracking
errors are away from the origin.

For the controller (2.61), we establish strong integral input-to-state stability with

respect to the reference trajectories v, and w,, as well as the velocity tracking errors

(4!

= v —v* and @ = w — w*. In particular, the tracking errors converge to zero for any
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reference velocities satisfying (2.59) and any converging velocity errors, even slowly-

converging.

Proposition 2.5. Consider the system (2.5) with v = 0 + v*, w = © + w*, and (2.61). Let
k., ko, and k, > 0 and let p and p be bounded and persistently exciting. Then, the closed-loop

system is strongly integral input-to-state stable with respect to n := [v, w, ¥ @] ". O

Proof. We start by writing the closed-loop system (2.5) with (2.61) in the form of a
perturbed system, i.e.,
é=A(t,e)e+ B(e)n (2.63)

where e := [e, e, 4] ", 1 is a vanishing perturbation (due to (2.59) and (2.60)), and
_kx w<t7 6) 0

Alt,e) = —1(t, e) 0 01,
_kyp(t)e:c _kyp(t)ey —k‘e

0 ey —1 €y

B(e) = sin(eg) —e, 0 —e,

0 0 0 —1
U(te) = koeg+ kyp(t) [e] + €3] .

Then, we carry out the analysis of stability for (2.63) in the following three steps:
1. we construct a strict Lyapunov function for the nominal system é = A(t, e)e;

2. we use this Lyapunov function to establish the small input-to-state stability prop-
erty with respect to the input n —see Appendix A.3 for the characterization of

small input-to-state stability using Lyapunov functions;

3. we establish integral input-to-state-stability of (2.63) with respect to n —see Ap-
pendix A.4 for the characterization of small input-to-state stability using Lya-

punov functions.

Remark 2.5. Proving the last three items is equivalent, by definition, to establishing the strong

input-to-state stability of (2.63) with respect to n —see Appendix A.5.

Step 1. UGAS of the nominal system é = A(t, e)e.
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Let ¢,,, and ¢ > 0 and consider the positive differentiable function ¢ : R>y —
[Om, Pu| satisfying
¢ = —koo + kyp(t). (2.64)

Such function exists because p is bounded and persistently exciting [112]. Then, con-

sider the new error coordinate
e, =eg+ o(t) [e + 2],
which satisfies

6, = —kpe, — 20k,e2. (2.65)

Then, in the new coordinates, the nominal system becomes

.a: _k:c b2 2 x O k x
Cl _ | ey el o) | o di (2.66a)
é, —ples + €] 0 ey —ko 0] ey

b = —kges — 20kye? (2.66b)

Now, since p is persistently exciting and ¢ satisfies the equation

b= —kod +p (2.67)

we conclude that ¢ is also persistently exciting [41, Lemma 4.8.3]. Based on these
properties, Lemma 2.1, below, provides a strict differentiable Lyapunov function for
(2.66).

Lemma 2.1 (set-point stabilization). Consider the following nonlinear time-varying system

éa| _ .—kx ple2 + 2] 0 kol les (2.682)
é, —oles + e2] 0 —ko 0] ey

6. = —kpes — 20k,e2 (2.68b)

Cy

€y

let kg, ky >0, ¢ : Rsg — R, ¢ be persistently exciting and let

max { [¢loc, [0loc, [loc} < &
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where
|§] oo := esssup [¢(1)]
t>0

Then, the system (2.68) admits the following strict Lyapunov function
Va(t, e) = (Va(e))Vile) + Va(t,e) + ya(Vile))e? (2.69)
where Vi(e) := €2 + €.

Vaftie) = w(Vile)Vile) + TypVile) - dVi(e)eve,  (270)

3 1 t+T m
Th2(t) = 1+¢*T - = /t /t P(s)*dsdm, (2.71)

and ~y; : R>g — R are positive polynomials of V; defined as

noo 1o 4k, ¢? 1
= - —_— - 2.72
n(W) Torr 1 TVt (it g, (2.72)
8Tk

w(Vh) = i “Vi+1 (2.73)

. . 5
(Vi) = kﬂ 20V + 7 [Bke + 1] V1 + f k2 +1]] . (2.74)

and its derivative satisfies the inequality
Va(t,e) < — 268 — kgyn(Vi)e? — kpe? — Loy (2.75)
30 = QT Y 072\ V1)€, *Cx AT 1- :

The proof of Lemma 2.1 is presented in the Appendix B.6, the construction of Vj is
inspired by [72].

Step 2. Small ISS property.

We recall that a system & = f(¢,2,7) is said to be “small ISS” if it is input-to-state

stable for sufficiently small values of 7). See the Appendix A.3 for precise definitions.

The proof of this property for the system (2.63) relies on the function V; constructed

in Lemma 2.1 above; specifically on the order of growth in V;. For the purpose of
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analysis we remark that V3 in (2.69) can be written as

‘/é(t? 6) = V3(t7 €, ‘/1) (276)

where
Vs(t,e, Vi) = p(t, Vi)V — ¢(t)Vieze, + 12 (V1)e? (2.77)
p(t, Vi) = [m(V1) +y3(Vi)IVi + T g2 (V) (2.78)

that is, p : R>9 X R>9 — R5( is a smooth function, uniformly bounded in ¢ (since
Ty < 1+ ¢*T ) and p(t,-) is a polynomial of degree 2 with strictly positive

coefficients. In particular, since T . (¢) > 1,

dp

a‘/1>0 \V/(t %)€R>Q XR>0

Now, by Lemma 2.1 the time-derivative of V3 along the nominal system (2.66) satisfies

(2.75) hence, the time-derivative of V; along the trajectories of (2.63) satisfies

. R Ve H b oVy
<—=Vy - Vie, — kye;, — — —B 2.79
Vs < 4TV1 ko2 (V1)e? e 7 T 5, (e)n. (2.79)
Now, note that B(e)n = K;(n)e + Ks(n, e) where
0 wr+w 0 —0
Ki(n) = |—(w, +@) 0 0|, Ks(n,e)= |v, sineg|,
0 0 0 —w
so using the fact that
oV
8_61 1(n)e =0,
we obtain
' - V-
Vs < = 2V = kona(Vi)e = kel — doeh = dl, + @V [¢] — e2] + 2 Ka(n.e)
8V
< — LV — koa(Vi)ed + 8[| + [0l ] V2 + | 52| 1Kl
— kpe? — Lef (2.80)
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On the other hand, from (2.77) and (2.76) we obtain

dp - 02
<2 | oV 1) + 90| [le] + lexl] + 2502 [Je] + e )

+ 4y, (Vi) lex| [ley| + leal | + 272(Vh)lex]. (2.81)

ov,
Oe

Next, let us introduce the positive polynomial of second degree

P _
(A) = gVt ot i) + 674,

and the positive constant —see (2.73)

_ O
ovy’

so that, using them in (2.81) and observing that | K| < ||, we obtain

: 1 . u
Vs < — ﬁVf)’ — koy2(V1)eZ + 20|n|Vi? — kyel — 8_T€2
+ 20u(V)Inl [ley| + le=]] + 2aln|[le,| + [e]] €

+4n(Vi)élnlle:[ley] + lea]] + 292(Vi)Inlle.| (2.82)

Then, using the inequality |e.|[ |e,| + |e,|] < €2 + V1/2 in (2.82) we obtain

2 H 2
V<= TV — iyl = doed — [[ko — 49lnl]12(V1) — 20l [Je| + leal| = ] €2
+ 200V + 20 (Vi) nl [ley| + lex]] + 272(Vi)@|nI Vi + v2(V2)?[n|
ke
< = |45V = @ulenen)lnl| = [Fa(V1) = Palen e,
k
— kpe2 — 8%62 — ?072(‘/1)63 (2.83)
where
Dy = 20V + 2%u(Vi) [ley| + leal] + 292(Vi)oVi 4+ 72(V1)?,
Oy = 4¢1(V1) + 2a[|ey| + |em|} + 1.

Then, since |e,| + |e.| < v2V1, 12(V1) = O(V4), and 74(V1) = O(V}?) there exist positive
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constants a;, with i € [0, 4], of innocuous values?, such that

O < [aaVZ + ayVi + aol[l + aqVy? (2.84)
< aiVi+aV}? + ao. (2.85)

Furthermore, since Vll/ 2 < ag+a, Vi forallag >1,a; > 1,and V; > 0,

(I>1 6L3V13 + CLQ‘/12 + a1V1 + Qo (286)
y < a;Vi + ag. (2.87)

IA

Now, let R > 0 and assume that 7 satisfies the following bound
In| < Rmin{‘/l(e)3+ez, 1} (2.88)

which, in particular, implies that || < R. We see that the factor of ¢? in (2.83) is non-
positive for sufficiently small R. Now, in regards to the term involving ®; in (2.83),
note that in case that V; > 1, since |n| < R, we have ®,|n| < ¢ RV?, and ®,|n| < o RV,
for some ¢y, ¢; > 0. Otherwise, if V; < 1, then there exists c3, ¢, > 0 such that &1 5 < ¢34

and, in view of (2.88),
Oy < esR[VP + €2, Dofn| < csR V1 +1] (2.89)
We conclude that, for sufficiently small R, (2.83) and (2.88) imply that

: k
Vs(t,e) < —dez — kpe? — 8%65

so the system is small-input-to-state stable.

Step 3. The iISS property.

The proof of Proposition 2.5 is finalized by establishing integral input-to-state sta-
bility of the system (2.63) with respect to 7. To that end, consider the proper positive-

definite Lyapunov function

W(t,e) =In(1+ Vs(t,e)) (2.90)

!Conventionally, a; (for any integer i > 0) denote positive coefficients of polynomials so, without
loss of generality, we implicitly assume that they are redefined as needed, ¢.¢., a; := a;a; + a? —a; ...
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and a positive definite function o : R — R satisfying

ko2 + €8 + kge? (2.91)

1
a(e) 2 8T

— 14+ Vs(te)
Then, in view of (2.83), the time-derivative of IV along the trajectories of (2.63) satisfies

. @1 —+ @262

W(t, 6) S —Oé(@) + 1—|—V—3(t6)|n| (292)

From (2.72) and the fact that V5 > 0 (see Lemma 2.1), there exist a;, as, and a3 > 0,
such that

Va(t,e) > asVy’ + asVi¥ + aiVi + 72(VA)e? (2.93)

so, in view of (2.86), (2.87), and (2.73), the factor of |n| in (2.92) is bounded that is,
there exists ¢ > 0 such that W(t,e) < —af(e) + ¢|n|, so the system (2.63) is integral
input-to-state stable. 000

2.6 Leader-follower robust agreement control

We extend now the statement of Proposition 2.5 to the problem of multi-agent robust
agreement control for a group of N robots modeled by (2.1) and (2.2). Similarly to the

controller proposed previously, we define

= w;_1cos(eg,) + kpiCu, (2.94a)

STy S

where p; : R>g — [Pmi, P, are bounded and smooth for all i < N with bounded
derivatives up to the second. Moreover, we assume that each p; and its first derivative,

pi, are persistently exciting.

Proposition 2.6. Consider the network system composed by (2.5) for i = {1,..., N}, let con-
stants ky;, kyi, ko; > 0 and let p; and p; be bounded and persistently exciting. Then, for the
network system (2.5), tracking errors converge to zero, i.e. (2.9) holds for i = {1, ..., N} when

[V, Wy, U1, @1, ..., Dy, Wy] converge to zero, where

U =v; — U

17
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Proof. To compact the notation, let us define
Vii(e;) =2 + e (2.95)

wl(tv ei) = k@ieei + kylpz(t)‘/lz

so that, replacing

V; = U: + 1~)Z‘, W; = (IJZ + w;‘, (296)
and (2.94) in (2.5) we obtain
éxi = [CDZ + w1+ wi]eyi — 1~)Z — kzxie% (297a)
éyi = —[(;}1 + w;—1 + ¢z]€x1 + Vi1 sin(egi) (297b)
€o, = —V;i— W (2.97¢)

which has exactly the same structure as (2.63). Indeed, the equations (2.97) may be

re-written in the compact form

where e; := [eg, €., €],
_kwi % (tv ei) 0
A'L(ta ei) = _¢Z(t7 ei) 0 0
_kyipi (t)eﬂﬁi _kyipi<t)eyi _k9i
ni = [vii1 wis1 O @i]T-

As 7 in Proposition 2.5, which contains v, and w,, n; may also be regarded as a van-
ishing perturbation. To see more clearly, we develop some expressions for v;_; and

w;—1 to exhibit their dependence on v, and w,. Using, recursively, (2.96) and (2.94a) we
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obtain
Vi1 = vi_ocos(eg, )+ Ky, €x_, + Vi1
= [52 + Vi-3 COS(69F2) + k$i72edfi72] Cos(eeifl) + kxi716$i71 + Vi1
= 01+ 0;_ocos(eq, ;) + U;_3cos(eg, ,)cos(eq, ;)
+ ;4 cos(eg,_,) cos(ey,_,) cos(eq, ;)
+ infseIifzs COS(€9i72) COS(€91‘71)
+ kxi—Qewi—z COS(eei—l) + kﬂ?i—16$i—1
i1 i—1 i—1
— Z [ [0 + k€0, H COS(€9k>i| + v, H cos(eg, )
J=1 k=j+1 j=1
2while, from (2.94b),

wis1 = wi—a +ke,_jeq, +ky_ pio1(t)Viim1 + @i
= w3+ kei,zeei,g + k‘yi—zpi*Q(t)‘/li72
+ ko, €0,y + ky,_ pim1(t)Viic1 + @ic1 4+ Dio

i—1

= w(t)+ ) 1y
j=1
So we see that for each robot indexed by 7 < N, v;_; and w,;_; depend on the tracking
errors of all the followers, indexed up to 7 — 1, including the reference vehicle. For
i = 1, the system (2.98) corresponds to (2.63) hence, by Proposition 2.5, e; — 0. For

i=2,1m = [v1, wi, U1, W1] where

v1 = U1+ kg ey + v cos(eq,)

wi = w, +kgieg, + Ky p1(H) Vi

hence, 7 — 0 and, by Proposition 2.5 we obtain that e, — 0. The statement follows by
induction. ([N

Remark 2.6. An example of torque controller that guarantees convergence to zero of the vector

[0, @1, ..., On, Wn| is presented in Subsection 2.2.

2Conventionally, H?:1 cos(-) = 1.
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Figure 2.5: Reference velocities v, and w;.

2.6.1 Example

In this simulation, we consider a hexagonal desired formation shape for six mobile
robots where one of them is a virtual leader. See Figure 2.7. We impose a slowly

vanishing reference velocities (v,,w,) (non integrable) — see Figure 2.5.

The physical parameters of the systems are presented in Subsection 2.4.1, while in
this case we assume that the inertia parameters and the constants contained in C(¢;)

are unknown, that is, we use in this case the adaptive torque controller in (2.16).

the desired distance between the robots is obtained by setting all desired orienta-
tion offsets to zero and defining [d,, ,,d,, | = [0.5, =0.5], [da, ,, dy, ,] = [1,0], [de, ., dyy ] =
[1/2,1/2], [dyy . dy, ] = [0.5,—0.5] and [ds, ;,dy, ;] = [1,0]. The initial conditions are
set to [2,(0), 4:(0),0,(0)] = [0,0,0], [21(0),:(0),6:(0)] = [L1,3,4], [£2(0),2(0),65(0)] =
[0,2,2], [25(0), y3(0), 05(0)] = [0, 4, 1], [£4(0), y4(0), 64(0)] = [2, 2, 1] and [25(0), y5(0), 65 (0)]
=[-2,2,1];

The control gains are set to k, = k,, = k, = k,, = 2.5 and ky = kg, = 1 and the
function p(t) = 20sin(t/8) +1/4, which has a persistently exciting time derivative. The
parameters (v, k) are taken equal to (107°, 12). The parameters (v, kq) are taken equal
to (107?,15), and ©(0) = (1121 (0), 12(0), &(0)) = (0,0, 0).

In Figures 2.6, 2.8, and 2.9 we show the convergence of the tracking errors between
each agent and its neighborhood, the control inputs and the parameter estimation er-

rors, respectively.
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0 5 10 15 20 25 30

t(sec)

Figure 2.6: Exponential convergence of the relative errors (in norm) for each pair leader-follower

4 follower3

—15(m)

(Yi)i

|
) 15 1 .05 0 05 1 15 2 25
(7)i=1,5(m)

Figure 2.7: Illustration of the path-tracking in formation
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Figure 2.8: Illustration of the torque inputs for each agent

0.64 \ \ \ \ \ \ \ \ \
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Figure 2.9: Illustration of the estimation parameter errors for each agent
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2.7 Conclusion

In this chapter we considered the leader-follower control problem for single and mul-
tiple agent cases. We identified several control problems that impose distinct tech-
nical difficulties, depending on nature of the leader’s velocities. First, we presented
a formation-tracking controller for autonomous vehicles that ensures uniform global
asymptotic stability of the closed-loop system, under the assumption that either the
angular or the forward reference velocity is persistently exciting. Then, we consid-
ered the case where the leader’s velocities converge to zero and presented a simple
decentralized controller for leader-follower robust agreement problem. In both cases,
we assumed that each robot has only one leader and may have one or more followers.

Moreover, a strict Lyapunov function is provided for the kinematic error dynamics.
We decouple the problems at the velocity-kinematics and force-dynamics levels. Inter-
estingly enough, our results apply to a range of controllers at the dynamic level. Thus,
one can use a variety of control schemes for Lagrangian and Hamiltonian systems,

including adaptive and output feedback control designs.
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Chapter 3

Leader-follower simultaneous
tracking-agreement control of

nonholonomic vehicles

In the previous chapter we presented several problem formulations for the forma-
tion control of nonholonomic vehicles, and emphasized how different scenarios of
the leader’s velocities influence both the control design and the stability properties
of the closed-loop system. Problem of unified controller that stabilizes the closed-
loop globally asymptotically for different scenarios of the leader’s velocities is a very
challenging problem. Indeed, to the best of our knowledge the simultaneous tracking-
stabilization problem for nonholonomic mobile robot has only been studied in [27, 52,
85,119], where the goal is to design a unified velocity or torque controller for the fol-
lower robot in order to track the trajectories of the leader asymptotically under differ-
ent scenarios of the leader’s velocities. The possible scenarios include the case where
the leader describes a general time-varying path (tracking scenario), and stabilization
scenario where the leader converge to a set point (parking scenario) or, in a more gen-
eral case, where the leader’s velocities converge to zero robust stabilization scenario.

In [52] a saturated time-varying velocity controller is proposed to track the leader’s
trajectories under different scenarios of the leader’s velocities. In [85] a unified velocity
controller is provided to solve the problem under all possible configurations of the
leader’s velocities using the concept of transverse functions. In [27] and [119], a unified
torque controller is proposed in order to make the tracking error converging to the
origin under a tracking and a parking scenarios. In [119], a nice idea has been used
which consists of combining a tracking controller with stabilization controller via a
weighted sum, the weight function depends on the leader’s velocities and promotes

each controller depending on the current scenario.

87
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For the multi-agent formation case, the unified controller proposed in [85] has been
extended to the leader-follower formation case in [118] under a general force con-
trolled model of the mobile robot, while assuming that the leader’s coordinates are
accessible to all the network. Providing a distributed solution to the leader-follower
simultaneous tracking-agreement control problem is an open question to the best of our
knowledge.

In this chapter, we propose to extend the idea of control design established in [119]
to a more general class of controllers, and thus to allow a more general scenarios of
the leader’s velocities as in [85]. Also our original proofs allow a straightforward
extension to the leader-follower simultaneous tracking-agreement case under spanning
communication graph topology. As in the previous chapter, our results are based on
the construction of strict Lyapunov functions for a nonlinear time-varying systems
[72], and robustness analysis tools such as the integral Input-to-state Stability [8, 9],
and the Strong integral Input-to-state Stability [17,18].

3.1 A larger class of controllers

The simultaneous tracking-stabilization control problem has been addressed in [26]
and [119], where a unified control law is provided to guarantee the global attractivity

of the origin of (2.5) under each one of the following scenarios:

S1: Tracking scenario. It is assumed that there exists 7" and p > 0 such that, for all
t Z t()l

t+T
[ oo + ) P)ar > ez a1

S2: Stabilization scenario. It is assumed that there exists 5 > 0 such that, for all
t Z toZ

/ (on(F)| + [won(F))dr < B, ¥t > to. (3.2)

to

Remark 3.1. Obuviously, the two scenarios cannot appear simultaneously, but the goal is to
design a unified controller that guarantees the global attractivity of the origin of the closed-loop

system (2.5), independently of the actual scenario of the leader’s velocities.

In the first part of this chapter we consider simultaneous tracking and parking

problem and design a universal controller that achieves the trajectory tracking objec-
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tives
tlim e(t)=0 (3.3)

and,
1tlim (v,w) = (0,0) (3.4)

under either of the two scenarios described above.

similar to Section 2.5, our contributions are the following:

e in the kinematic level, we propose control inputs v* and w* that ensure uniform

global asymptotic stability of the origin of (2.5);

e on the dynamic level, for the velocity error kinematics in closed-loop, we estab-

lish integral input-to-state stability with respect to the error velocities [v, &];

e for any control inputs u; and u, ensuring that v — 0 and w — 0, we establish
global attractivity of the origin provided that the error velocities (9, w) converge

sufficiently fast (they are square integrable).

The control laws that ensure the properties above are:

v = u.(t)cos(eg) + kreq, (3.5
W= wy + keeg + kyeyvp0(eg) + p(t)ky f(t, ex,€y) (3.6)

where ¢ is the so-called sync function defined by

sin(eg)

P(eg) := )

€

the weight function p(t) is defined as

o(t) = exp (- /Ot (o (r)] + \w,,(f)udf) | (37)

and f : Ry x R* — R is a continuously differentiable function defined such that the

following technical assumptions hold.

Assumption 3.1. There exist non-decreasing function oy : R> — R and a constant o5 > 0
such that

0 0 0
mac{ 5 150 150 < e 68)

’f(tu €z7ey)| S 02|€x ey|- (39)
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Assumption 3.2. Let f,(t,e,) := f(t,0,¢,) then, %(t, 0,e,) is uniform §—persistently ex-

citing with respect to e, —see Definition A.7 or [65, Definition 3].

Roughly speaking, the purpose of the function f is to excite the e,—~dynamics as
long as |e,| is separated from zero.

The controller (3.6) which achieves both the tracking and the stabilization control

goals, is a weighted sum of the tracking controller of [70],
Wiy i= Wi + kgep + kye,v.0(eq),
and the stabilization controller that generalizes the ones proposed in [71,78,119],
Wiy i= Wi + kgeg + ky f(t, €4, €4).

The weight function p(t) acts as a smoothly-switching supervisor promoting the appli-
cation of either wy,, or w?,,,, depending on the task scenario S1 or S2. More precisely,

from (3.7) we see that p satisfies

b= [lu®)] +lwr(t)] ] (3.10)

and p — 0 exponentially fast if (3.1) holds. Hence, the tracking scenario S1 is pro-
moted. If, instead, (3.2) holds, the reference velocities converge and p(t) > exp (—f).

Hence, the action of the stabilization controller is favoured.

Remark 3.2. The idea of such merging of two controllers for the scenarios S1 and S2 was
initially introduced in [78]. The class of controllers satisfying Assumptions 3.1-3.2 covers
those in [119]; in particular, the function f is not necessarily globally bounded and may depend
only on e,. A more significant contribution with respect to the literature is that we establish
uniform global asymptotic stability for (2.5) in closed-loop with (v,w) = (v*,w*); this is in
contrast with [119] and [26] where it is proved that (3.3) holds. In addition, we establish
integral ISS of (2.5) with respect to [0, ).

Proposition 3.1. Consider the system (2.5) with v = ¥ + v*, w = © + w*, and the virtual
inputs (3.5) and (3.6). Let k,, kg, and k, > 0.

Assume that there exist @,, w,, Uy, U, > 0 such that

|wr|oo < Wr, |w7"|oo < (:)7"7 |U7”|oo < Uy, |vr|oo < 67"- (311)

Furthermore, let Assumptions 3.1-3.2 hold.
If either (3.1) or (3.2) is satisfied, then the closed-loop system resulting from (2.5), (2.6),
(3.5), and (3.6) has the following properties:
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(P1) if o = @ = 0, the origin {e = 0} is uniformly globally asymptotically stable;
(P2) the closed-loop system is integral input-to-state stable with respect ton := [0 &]';

(P3) if n — 0 and n € Lo, then (3.3) holds. O

3.1.1 Proof of Proposition 3.1

For each scenario, S1 and S2 we establish uniform global asymptotic stability for the
closed-loop kinematics equation (2.5) restricted to n = 0. Then, we establish the iISS
with respect to n by showing that the closed-loop trajectories are bounded under the

condition that 7 is square integrable —cf. [8].

Under Scenario S1

The proof of Proposition 3.1 under condition (3.1) is constructive, in particular, we
provide a strict Lyapunov function for the closed loop system. To that end, we start by
observing that the error system (2.5), (2.6), (3.5) and (3.6) has the form

¢ =A, (t,e)e + Bi(t, e)p(t) + Bale)n, (3.12)
where
[k 0 —u,(Dkye(eo)
A, (t,e) == 0 —k, w*(t, e) ,
o (d(er) —wrte) 0
[ —ky, f(t, ez, €y) 0 -1
Bi(t,e) == | k,f(t,es,e,)e, |, Bale) = |—1 e, |. (3.13)
_—k;yf(t, €x, €y)ey 0 —e,

Writing the closed-loop dynamics as in (3.12) is convenient to stress that the “nominal”
system ¢ = A,, (¢, e)e has a familiar structure encountered in model reference adaptive

control, see Section 1.3.1. Moreover, defining
1 2 2 1 2
Vi(e) := 5 | +e, + k)—yel9 : (3.14)

we obtain, along the trajectories of é = A, (¢, e)e,

Vi(e) < —kge? — kgea.
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This is a fundamental first step in the construction of a strict Lyapunov function for
the “perturbed” system (3.12).

To establish the proof in the case of scenario S1, we follow the steps 1 — 3 below:

1) We build a strict Lyapunov function V (¢, e) for the nominal system ¢ = A, (¢, e)e.
This establishes P1.

2) We construct strict Lyapunov function W (t,e) for the perturbed system ¢ =
A, (t,e)e+ Bi(t, e)p.

3) We use W (t, e) to prove integral ISS of (3.12) with respect to 1 (i.e., P2) as well
as the boundedness of the trajectories under the assumption that n € £,. This and the
assumption that n — 0 implies (3.3), i.e., P3.

Step 1. We establish UGAS for the nominal system

e= A, (te)e (3.15)

via Lyapunov’s direct method. After Proposition 2.1, there exists a positive definite

radially unbounded function V : Rsg x R? — Ry, defined as

Vit.e) = Pyt ViVale) — w(Deae,
+v,(t) Py (, Vi ) egey, (3.16)
and such that
Fig(Vi) < V(t,e) < Sg(Vh), (3.17)

where ‘/1(6) is defined in (314), F[g], S[g] . RZO — Rzo, and P[k} : RZO X RZO — RZO are
smooth polynomials in V; (e) with strictly positive and bounded coefficients of degree
3 and k respectively. It is shown in Proposition 2.1 that the total derivative of V (¢, )

along the trajectories of (3.15) satisfies

Vit,e) < —2Vi(e) - kue? — kocd. (3.18)

Hence uniform global asymptotic stability of the null solution of (3.15) follows.

Step 2. Now we construct a strict Lyapunov function for the system
é=A,, (t,e)e+ By(t,e)p(t). (3.19)

To that end, we start by “reshaping” the function V' (¢, e) defined in (3.16) to obtain a

particular negative bound on its time-derivative. Let

Z<t7 e) = Q[3]<V1)Vl(e) + V(t7 6) (320)
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where Q3 (V1) is a third order polynomial with a strictly positive coefficients. Then, in

view of (3.18), the total derivative of Z along the trajectories of (3.15) satisfies

Z(tv 6) < _%Vl<€) - Q[3}(‘/i> [kxei + k’eeg] . (321)

Next, we recall that in view of (3.1) p is uniformly integrable hence, for any v > 0,

there exists ¢ > 0 such that
t
G(t) == exp (—7/ p(s)ds) >c>0 Vt>D0. (3.22)
0

Thus, since Z(t, e) and V (¢, e) are positive definite radially unbounded —see (3.17) and
(3.20), so is the function

Wi(t,e) = G(t)Z(t,e). (3.23)

Indeed, we have

cop (=1 [ olo)is) 2000) < Wit.o) < 2000,
0
Now, the time-derivative of IV along trajectories of (3.19) verifies

Q[s](‘givl +V) Bi(t,e)p(t)

Y(te) == G() %Vi(e) + Qg (V1) [kl + keeg}] (3.24)

W(te) < —Y(te)+Gt)Z(t e)+ G(t)a (

Note that, in view of (3.22), Y (¢, e) is positive definite. We proceed to show that the
rest of the terms bounding W are negative semi-definite. To that end, we develop

(dropping the arguments of f(¢, e, ¢e,))

9 (Qry(Vi)Vi +V)
Oe

2 (Qu(V)Vi+V) aV;
( [3](8;)11 )aelBl(t,e)—wrkyf(-) [e2 + €]

— 0, Py (8, V1) ky £ () [eoen + €] (3.25)

Bl(t7 6) =

and we decompose B;(t, ) into

—ky f () 0 0 0
Bi(t,e) = 0 + 10 0 kyf()| e
0 0 —kyf() 0
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Then, since

a1 0 0 0
1 JR—
E 0 0 kyf() € = O,
0 _kyf<') 0
it follows that o o
1 - " D) — — .
TrBi(t.) = =Gk, ) = —eaf ().

Thus, using the latter equation, we obtain

: : 9 (Qu(V)Vi+V)

Wit,e) <—=Y(t,e) +G(t)Z(t,e) — G(t)p(t) f(-) v, ey
0 fOGE PPt A) [kyeoes — kye,)
+w,G()p(t) f(-) [~kyes + kyel] . (3.26)

In view of (3.9) and the boundedness of v, and w;, there exists a polynomial R3 (V1)

with non-negative coefficients, such that

9 (Qy(Vi)Vi+V)
oVi

+ v, f(-) Py (t, V1) [—kyeoes — kyey] . (3.27)

Ry (V)i > — f()

eo +wrf(+) [—kyea + kyel)

Hence, since V' (¢, e) > Fiz(V1)V) —see (3.17), we obtain
W< =Y(te)+G(t)Fiy (V)Vi + G(t)p(t) Ry (Vi) i

On the other hand, in view of (3.22), G(t) < —yG(t)p(t) for any > 0 and the coeffi-
cients of Fi5 (1)) are strictly positive. Therefore, there exists v > 0 such that

YE (V1) > Rz (Vi)

and, consequently, W (t,e) < —Y(t,e) for all t > 0 and all ¢ € R®. Uniform global
asymptotic stability of the null solution of (3.19) follows.

Step 3. In order to establish iISS with respect to 7 and boundedness of the closed-

loop trajectories subject to n € L,, we proceed as in Proposition 2.2. Let

Wi(t,e) :=In(1+Wi(te)). (3.28)
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The derivative of I/, along trajectories of (3.12) satisfies

W, < —a, FVile) + Qp[keel + koeg] | %G B
1+ W(t,e) 1+ W(t, e)
(3.29)
with G, := exp (=7 f;~ p(t)dt).
Next, we decompose Bs(e)n introduced in (3.12) into
By(e)n := Bai(n) + Baa(n)e
where
—w 0 0 O
Boy(n) == | =0|, Bam:=|0 0 &
0 0 —w 0
Then, using the fact that 22 By, (n))e = 0, defining
Q) ,, . 9Py 3%1
H(t,e) := Q3 + P + v, Vit —— v, —2AVi + 75, = ’€y|
and
€0
¢ — [k] , (3.30)
€y
we obtain

%% Ban| < Ht,)ellnl + ey lnl + 5 Py
+ @, Vilnl + 0. Pyleq| ez |n]

[—m2 ] + @[5V + SVl

IA

- [ [T € p2.12
+wr[ Vi+ Inl]+vr[2€%+2P[1]ln|}
+0.P [ Vileol? + SlnP]
1
<[ ( )"i_vr‘P[ll€ Vﬂ _‘5’2 [2wr+vr]2 V

€
|77’2 [ (t 6) +w7“/1 —er + Urp[l] + Urp[l}] .
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Next, we choose ¢ > 0 such that

H(t,e) + 1, Py k2V;
S < GnQuy (ko + hoc)

200, + U, "
— < Gp=.
€ - T

Such € > 0 exists because ()} is a third order polynomial of V; with strictly positive

coefficients. So (3.29) becomes

G 5Vi(e) + Qg [ka€l + Kopeg]

W, < —2m
e 1+ W(te)
Dg(V1) € o
— = 3.31
1+ Wi(te)2 In (331)
where D3 (1)) is a third order polynomial satisfying
H(t,e) + &, Vi + @r 4+ 0. P + 0Py < Dyg).
From the positivity of V, (3.17), and the definition of IV, we have
GrnQE(Vi)Vi < Wit e) < Sy (Vi)W (3.32)
hence,
: Gm %‘/1(6) + Q[g](%) [k:zei + k'geg}
W, < ——
2 1+ 5[3}(‘/1)

1+ GrnQp () 2"

This implies the existence of a positive constant ¢ > 0 and a positive definite function
a(e) such that

Wy <—ale) +clnl. (3.34)

The result follows from Lemma A 4.

Under the scenario S2:

The proof of Proposition 3.1 under condition (3.2) relies on arguments for stability of
cascaded systems as well as on tools tailored for systems with persistency of excitation.
We start by rewriting the closed-loop equations in a convenient form for the anal-

ysis under the conditions of Scenario S2. To that end, to compact the notation, let us
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introduce

fp(t7 €z, ey) = p(t)f(ta €z, ey) (335)
O(t,eg,ez,6y) = koeg+kyfo(t, ez, ey) (3.36)

Then, the closed-loop equations become
e=folt,e)+gtemn, n=[0a], (3.37)

where

_kGeG - kyfp - kyvr¢(69)ey
fe(t,e) = —kye, + e, + [wr + kyv,ngb(eg)ey} ey |

—Pe; — [wr + kyvr¢(€9)€y] e; + v, sin ey

0 -1
g(t,e) == |[-1 e,
0 —e,

Following the proof-lines of [97, Lemma 1] for cascaded systems, we establish the

following for the system (3.37):
Claim 1. The solutions are uniformly globally bounded subject to 7 € £,
Claim 2. The origin of ¢ = f.(t, €) is uniformly globally asymptotically stable (i.e., P1).

After [8] the last two claims together imply integral ISS with respect to 7 (i.e., P2).
Moreover, Claim 1 implies the convergence of the closed-loop trajectories to the origin

provided that the input , tends to zero and is square integrable (i.e., P3).

Proof of Claim 1. Let

Wi(e) = In(1+Vi(e), Vi(e):=z[el+el]. (3.38)

(NSRS

The total derivative of V; along the trajectories of (3.37) yields

Vi(e) < —kze2 + |ea||0] + |v,|| sin(eq)|ley] (3.39)
hence,
W) < o —@ez—l—]vHe\—l— o (3.40)
- 1+ 27 ERL ] '
|€y| 1 ~2
r . 3.41
= 1+V1’U|+2kx[1+vl]v (.41)
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Integrating on both sides of (3.41) along the trajectories, from ¢, to ¢, and invoking
the integrability of v, and the square integrability of n we see that 1V (e(t)) is bounded
for all t > t,. Boundedness of e, (t) and e, (t) follows since W is positive definite and

radially unbounded in (e, e,).

Remark 3.3. For further development, we also emphasize that proceeding as above from In-

equality (3.40) we conclude that e, € Lo, uniformly in the initial conditions.

Next, we observe that the é¢y—equation in (3.37) corresponds to an exponentially
stable system with bounded input u(t) = —k,v,(t)p(eq(t))e, (t) — ky fo(t, ex(t), e,(t)) —
@(t) hence, we also have ey € L.

Proof of Claim 2.

Let n = 0 and, for further development, let us split the drift of the nominal system

é = fe(t, e) into the output injection form:

[t ) = F(t,e) + K(t,e) (3.42)
where

_kyvr¢(69)ey

K(t,e) := [u),« + /{:yvrgb(eg)ey} ey (3.43)
— [wr + k:yvrgb(eg)ey} e, + v, sin ey

and

—koeg — kyfp

F(t,e) = | —kye, + Pe,
—be,

To establish UGAS for the origin of é = f.(t,e) we invoke the output-injection
lemma-see Appendix A.6. According to the latter, UGAS follows if:
a) there exist: an “output” y, non decreasing functions £, k2, and 3: Ry — R, a class

Ko function k, and a positive definite function ~ such that, for all ¢ > 0 and all e € R?,

K(t,0)] < ku(le)k(ly) (3.44)
y(t, )] < ka(le]) (3.45)
/ () dt < B(le(0)): (3.46)

b) the origin of ¢ = f.(t, e) is uniformly globally stable;
c) the origin of é = F(¢, e) is UGAS.
Condition a. Using (3.43), a direct computation shows that there exists ¢ > 0 such
that
K (t,0)] < e (lef” + [el) | for wi] | (3.47)
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so (3.44) holds with k;(s) := ¢(s* + s), k(s) := s, and y := [v, w,|. Moreover, (3.45) and
(3.46) hold with ~(s) = s, since [v, w,| € Ly, for a constant functions 5 and k; which,

moreover, are independent of the initial state.

Condition b. Uniform global stability is tantamount to uniform stability and uni-
form global boundedness of the solutions —see [36]. The latter was established al-
ready for the closed-loop system under the action of the “perturbation” 7 hence, it
holds all the more in this case, where 1 = 0.

In order to establish uniform stability, we use Lyapunov’s direct method. Let R > 0 be
arbitrary but fixed.
We claim that, for the system é = F'(t, e), there exists a Lyapunov function candidate

V : Ry x R* = R and positive constants «;, as, and a3 such that

a le]* < V(te) < aylel? Vt>0,ecR? (3.48)
(% < age] ¥t >0, e € R? (3.49)
W L P(te)<0 Vt >0, e € Bp. (3.50)

Furthermore, from (3.47) it follows that, for all ¢t > 0 and all e € Bg,
K (t,e)] < c(R+1)[Jv,] + |wy|]]e].

Then, evaluating the time derivative of V' along the trajectories of (3.42), we obtain, for

all e € Bg,

ov(t
ge’ e)K(t, ¢) < age(R+1)[[vn] + fwr]le]

azc(R+1)

651

V(t,e) <

<

[|U7“| + |wr|}V(t,e). (3.51)

Defining v(t) := V(¢,e(t)) and invoking the comparison lemma, we conclude, for all
e € Bg, that

caz(R+1

(o) < exp ) o o) ds ) ot

651

and, in view of the integrability condition (3.2), we obtain

N2 < =2
le(t)] <5, P

as <Mﬁ) le(to)]?

a7

Thus, uniform stability of (3.42) follows.

It is left to construct a Lyapunov function candidate V for the system é = F(¢, e), that
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satisfies the conditions (3.48)-(3.50). To that end, consider the coordinates
e.=eg+g(t ey (3.52)

where g : R>o X R>g — R>( defined by

t
g<t7 ey) = eike(tit(])g(tm ey) + / kyeike(tis)f(sa 07 ey)ds
to

and, for further development we observe that

)
a—‘z(t,ey) = —kog(t, e,) + kyf,(t,0,¢e,). (3.53)

Let g(t., e,) be such that |¢(t., e,)| < |e,| which implies, using Assumption 3.1, that
lg(t,ey)| < (1+ kyo2) |ey] . (3.54)

In the new coordinates, we obtain

e, = —kpe, — g—iq)ex - kyf(ta €z, 621)

where f(t, e,, ey) = folt, eqn ey) — fp(t, 0,e,). Then, Assumption 3.1 implies that for any

R > 0 there exists a positive constant cg > 0 such that

fp(ta e:m ey) 9 Sup

t>0

de,

} SCR|€$"

max < sup
e€Br | >0

Thus, consider the following Lyapunov function candidate

2

1
h +<1+ky02>2] 24 e+ 1 (3.55)

V(t,e) = {5 ok

which trivially satisfies (3.49). Its total time derivative is

. c%% ag ~
V(t,e) =— —ei — e, |koe, + =—Pe, + k, f(t, €4, €,)
]{79 8ey
2
<~ e kye? — eplesllen] <0, V€ By, (356)
)

so (3.50) holds. Using (3.54) and the inequalities

e2 > 5 — 2leqlg(t, ey)| + |g(t, ey)|* = 5ef — (1 + kyon)’[e, [*.

N | —
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&2 < &+ 2egllglt.e,)| + lg(t ) < 263+ 2(1+ kyon)ley .

we see that the following bounds on V' follow

2

1 c
Vite) < 51@@ +2(1 + kyo2)?| [e2 + €2] + €3

Thus the inequalities in (3.48) also hold.

Condition c. Since the solutions are uniformly globally bounded, for any » > 0,
there exists R > 0 such that |e(t)| < R := {|e| < R} forallt > t,, all e, € B,, and all
to > 0. It is only left to establish uniform global attractivity. To that end, we observe
that the nominal é = F'(¢, e) has the form

é@ = —kgeg — ]{Jyfp(t, €z, €y) (357&)

éx] :[ k, %(t,%ey)] H (3.57b)
éy —Py(t, e, €,) 0 “

where, for each ey € Bg, we define the smooth parameterised function @y : R>oxR?* — R

as
Dy(t, ez, €y) = D(t, €9, €4, €y).

Then, the system (3.57) may be regarded as a cascaded system —cf. [59]. Moreover,
the system (3.57a) is input-to-state stable and the perturbation term &, f, (¢, e, (%), e,())
is uniformly bounded. Therefore, in order to apply a statement for cascaded systems,
we must establish that the origin of (3.57b) is globally asymptotically stable, uniformly
in the initial conditions (%, €;0, €40) € R>o X R? and in the “parameter” ey € Bp. For
this, we invoke [65, Theorem 3] as follows. Since &, > 0 there is only left to show that
5 (t, ey)e,, where
Py (L, ey) = Dp(t,0,¢,),

is uniformly §-persistently exciting with respect to e,, uniformly for any 6§ € Br —cf.
Definition A.7, [65, Definition 3], [63]. Since ®; is smooth, it suffices to show that for
any |e,| # 0 and r, there exist 7" and p such that

T
ley| #0 = / |5(7,ey)|dT >p VE=0 (3.58)
t

—see [65, Lemma 1].

Remark 3.4. In general, ;v depends both on ey and on e, but since ey € Br and By, is compact,
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by continuity, one can always choose the smallest qualifying 1, for each fixed e,. Therefore, as

in [65], ju may be chosen as a class K function dependent of |e, | only.

Now, we show that (3.58) holds under Assumption 3.2. To that end, we remark
that

(I)Z(t, ey) = kgeg + kyp(t)f0<t7 6y)

—cf. Eq. (3.36), satisfies

. . afo 8fo
Py = —kpyd o —_ — de,
o ko® + kypfo + kyp— - — kyp De, e
where we used ég = —® and é, = ®e,. Therefore, defining
Ko(t,e) = ko[®y — @] — kyp%cbex
dey
we obtain
X o o afo .
b, = —kydy — k:ypﬁ + kypfo+ Kol(t,e).

The latter equation corresponds to that of a linear filter with state ®j and input

U(t,e,) = —kyp(t)%(t, ey) + kyp(t) fo(t ey) + Ko(t, e(t))

therefore, after [66, Property 4], ®j is uniformly 6-PE with respect to ¢,, if so is ¥. Now,
from Assumption 3.2 and uniform global boundedness of the solutions, for any r there
exists ¢ > 0 such that

|kyp(8) fo(t, €y(1) + Ka(t,e(t)| < c(r) [ lea(®)] + |A(t)]]

Therefore, uniform J-PE with respect to e, of ¥ follows from Assumption A2 and the
fact that p and e, are uniformly square integrable. That p € £,, with a bound uniform
in the initial times, follows from (3.10) because v,, w,, and p are bounded and |v,| + |w,|
is uniformly integrable. That e, is uniformly £, follows from (3.40) —see Remark 3.3.
This concludes the proof of UGAS for the nominal system ¢ = f.(¢, e) hence, Claim 2.
is proved.

This completes the proof of Proposition 3.1.
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3.2 Control under relaxed conditions on the reference ve-

locities

In [85], simultaneous stabilization and tracking problem has been addressed under
a general tracking/stabilization scenario that includes all possible behavior of the
leader’s velocities (v,,w,), by using the concept of transverse functions. In our case
we propose to extend the idea of control design proposed in [119] and, moreover, we
consider more general scenarios of leader’s velocities as in [85], Advantage of our ap-
proach is that it allows a straightforward extension to the leader-follower formation

case.
Consider the two following scenarios
S1: Tracking scenario. There exists 7" and y such that, for all ¢t > ¢,:

t+T
/ (o (D) + Loy (D)) dr > 1> 0, ¥t > o, (3.59)
t

S3: Robust stabilization scenario.

tlim v-(t) =0 (3.60a)
lim w,(t) =0 (3.60b)
t—00

In this case, we propose the following family of virtual control laws at the kinematic

level

v* =v,coseg + kpe, (3.61)
W* =W, + kgeg + kyeyv,0(eq) + p(t)kyp(t) /€2 + e, (3.62)
p(t) :=exp (—/t F (v.(1),w, (7)) dT) (3.63)

where I : R x R — R is a piecewise constant function that verifies the following

1. If S3 holds, then, .
/ F(v,(1), w,(7))dT < 00, Vt>0

to
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2. If S1 holds, then, there exists T} and j; such that
t+T4
/ F (vp(s),w,(s))ds > py, ¥t >0.
t

Remark 3.5. The definition of p in (3.63) covers that in (3.7) employed in the previous section.

The following lemma establishes the existence of F' by providing a candidate that sat-

isfies the last two items

Lemma 3.1. Let a(t) := /v2(t) + w2(t), where v,(t) and w,(t) are two scalar continuous

functions. Assume that there exists & > 0 such that |«(t)| ., < &. Then, the functional

Fess = st = {5 1oL oo

satisfies the following:
1. K(a(t)) is PE, if a(t) is PE.
2. K(a(t)) is integrable, if limy_,o, a(t) = 0.

Proof. The proof of the second item is trivial, because K («) is null after finite time 77,

and .
1
/ K(a(s))ds < K(a(s))ds, vt > 0.

To prove the first item, we use [63, Lemma 2] which states that, if a(¢) is PE < /; T a(r)dr > u) .

Then for every ¢ > 0 there exists a non null measure set
L ={re[t,t+T]:|a(T)] >a:=p/(2Ta)},

and
meas(l;) > b:= Tu/(2Ta* — p).

Using this lemma we obtain
/ K*(a(s))ds > | K*(a(s))ds > / a*ds > a®b > 0.
It It

Hence is K (a(s)) PE. 00od

Proposition 3.2. Consider the system (2.5) with v = ¥ + v*, w = & + w*, and the virtual
inputs (3.61) and (3.62). Let k,, ko, and k, > 0; let p and p be bounded and persistently

exciting, and assume that there exist o, Wy, Uy, Uy > 0 such that (3.11) holds. Then,



Chapter 3

105

1) Under the condition of scenario S1, the closed-loop system is integral input-to-state sta-

ble with respect to n; = [0 ©]". Moreover, if n is a converging square integrable func-

tion, then the closed-loop trajectories converge to the origin.

2) Under the condition of scenario S3, the closed-loop system is strongly integral input-to-

state stable with respect to 1, := [v, w, D ] .

3.2.1 Proof of Proposition 3.2

Under the scenario S1:

We decompose the closed-loop system as follows

e =A,, (t,e)e+ Bi(t,e)p(t) + Bale)n,

where
[ ko 0 v (t)k,b(eo)
Ay, (t,€) = 0 —k, wi(t,e) |, Bi(t,e):=
_Ur<t)¢(€9> —w*(t,e) 0
(0 -1
By(e) == |—1 ¢,
0 —e,

(3.65)

—~

—kyp(t), jel + ez
kyp(t)\/ei +ezey |
—kyp(t)\/€; + eze,

~—

(3.66)

The proof under S1, follows exactly the same steps as in Proposition 3.1.

Under the scenario S3:

We start by rewriting the closed-loop system as

é= A(t,e)e + B(e)ne

(3.67)
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where
e2 e% e2 e%
—ky —kypr (D —kyp (6
Alt,e) = | 0 —ky Ut e) ,
0 —1(t,e) 0
Y(t,e) = koeo+ kypi(t)y/e2 + eZ.
—kye,0(eg) 0 0 -1
B(e) = kyezo(eq) e, —1 ¢

sin(eg) — kyeze p(eg) —er, 0 —ey

To establish the strong iISS property of the closed-loop system with respect to 7., we
follow the same proof steps as for Proposition 2.5. That is,

Step 1. we construct strict Lyapunov function for the closed-loop system when
n2=0;

Step 2. we establish the small ISS property of the closed-loop with respect to 7,;

Step 3. we establish the integral ISS property of the closed-loop with respect to 7,.

Remark 3.6. To simplify the computations, we introduce

p(t) = p(t)p(t), (3.68)

where p(t) is given in (3.63). It is important to notice that under S3, p,(t) has the same
properties as p(t). That is, functions p, and p, are bounded and, since p(t) converges to zero

as t — oo, then py(= pp + pp) is PE if p is so —see Lemma A.9 in the Appendix.

Step 1. UGAS of the nominal system é = A(t, e)e.
Let ¢, ¢¥ar and Ypr > 1, > 0 and consider a positive differentiable function v :
R0 = [¥m, Y] satisfying
b = —kot) + kypi (t). (3.69)

Such a function exists because p; is bounded and persistently exciting [112]. Then,

consider the new error coordinate

€y = €g + Q/J(t) \/ 632; + 6%,

which satisfies

(3.70)



Chapter 3 107

In the new coordinates, the nominal system becomes

o —ky /2 ¥ ez e, 0 ko|les
ol _ , Ve e e + e, o1 (3.71a)
éy —1 /s + ez 0 ey —ko 0] |e,

6, = —kye, — bky—— e (3.71b)

Remark 3.7. Note that, by replacing e, with the trajectories e (t) the system (3.71) covers a
cascaded form —see [59,97]. Moreover, it is easy to show that e, and e, are bounded.

Now, since p, is persistently exciting (see Remark 3.6) and 1) satisfies the equation

) = —kgth + pr (3.72)

we can conclude that function ¢/ is also persistently exciting [41, Lemma 4.8.3]. Based
on these properties, Lemma 3.2 below provides a strict differentiable Lyapunov func-

tion for the system (3.71).

Lemma 3.2 (set-point stabilization). Consider the following nonlinear time-varying system

‘x _kz J 2 2 T O k T
“lo | e Te) e ai (3.73a)
éy —y/e; + e3 0 ey —kg 0] ey

62
6, = —kpe, — Phy—t (3.73b)

let kg, k, > 0,1 : Rsg — R and o be persistently exciting and let
max { []oo, []oc, []ec} <

where
] := esssup [Y(t)]
>0

Then, the system (3.73) admits the following strict Lyapunov function:
Va(t,e) := Pu(Vi)Va(e) + Tye (V€)= () Viewey, + Qu(Vi)e2 (3.74)
where Vi (e) := e + ¢,
- 1 t+T m )
Tye(t) == 1+¢°T — T/t /t ¥(s) dsdm (3.75)

—cf (1.4), Py and Q1 : R>o — Rxq are first order polynomials of V; with positive coefficients
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defined as
HM):=%W%+w +EﬂQM@ Wﬂ%%@%+L (3.76)
@M>::E%F@W%+L (3.77)
with
V@e)<——%Qd%k - v (3.78)

2T

The proof of Lemma 3.2 is presented in the Appendix B.7. Step 2. Small ISS prop-
erty.

Similarly to the proof of Proposition 2.5 in the previous Chapter, the proof of the
small ISS property, for the closed-loop system (3.67) with respect to 7,, relies on the
function V; constructed in Lemma 3.2 above; specifically on its order of growth in V.

For the purpose of analysis we recall that V5 in (3.74) satisfies
Va(t,e) > PL(Vi)Vi — ¥/ Viese, + Q1(Vh)e2, (3.79)

where P, (V1) and Q;(V4) are first order polynomials with respect to 1 with positive

coefficients and time-derivative of V;(¢, e) along the nominal part verifies

Vg(t, e) = V kg—Ql(Vl)BQ

To establish the small ISS property of the closed-loop with respect to 7, let us consider
the time-derivative of V; along trajectories of (3.67)
Q1(V1) 5, V2

< — — .
Val() € = 22V — ket el + 2 B(e)y (3.8)

After decomposing B(e)n as

3(6)77 = Bl (777 6)6 + 32(777 6)7 (382)
with
0 0
B = |0 0 (@ + wr + kyvreyi(eq)) |
0 —(w +@+kyve,p(en)) 0
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and
-0 — kyvrey 0(eg)
By = v
v, Sin ey
and using the fact that
oV
—B1e=0. )
50 D1e 0 (3.83)
we obtain
: V. ,
Va() < = o= VP — k —ng Vet 2 + @)V [} <] -
oV;
v/ Vieyo, [ef — e2] + 8_232
Ql( ) o
Vs
+ UV Viley| ‘Ur|V1+a—232 (3.84)

Next, we upperbound the term 22 B,

T < (P + GV 4 203 w5 0
0
+ (G2 lens el + @) el ) [, o]
QU e e ] + @1V s 12 (.55

to obtain the following bound on V5

Va(s) < Vz Ql( 1) e 1+ 20 |w, + 3| \/VleL@\/Vl\evarWl

oP;
(Pl +8_V1V1 +2¢\/71) \/71‘77’

0
+(GLavii+amiled)

+Qi(V1) lez eyl [or] + Qi (V1) Je| |f -
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V _ —
< v ;@%ﬂeg + 43 |n| VVAVa + D || V2

OP, _
+ <P1 + v+ 2Wﬁ) VVi I

oV
Q1

+ (8—‘/1%63 +Qu1(Vi)y? + Ql(vl)€§> 7]

+Qu(Vi)(eZ + Vi) In| + Qu(Vi)(eZ + 1) [ .

e [% - (7/; + Qn) ’77|] + 2P11V1\/71’77‘
+ 49 || V/ViVA + 29 0] Vi + Pra/ VA ]
+ Qv [0+ 1)l + Quvilal - 5V 2] s

where 11, Q12, P11, and Py, are positive constants, such that
Q1(V1) == QuVi + Q2, Pi(Vh) := PuVi+ Pra.

So the small ISS property of (3.67) with respect to 7 follows by observing that the
system is ISS with respect to 7 for all i) satisfying the bound

p <mind 2 L
8 2T(1/}+Q11)

Step 3. The iISS property.

The proof of Proposition 3.2 is finalized by establishing integral input-to-state sta-
bility of the system (3.67) with respect to 7. To that end, we proceed similar to Propo-

sition 3.1 and we consider the proper positive-definite Lyapunov function
Wy(t,e) =1n (14 Va(t,e)) (3.87)

We can see that IW,(t, e), is a proper Lyapunov function since so is V5. Moreover, the

total time-derivative of W, along trajectories of the closed-loop system yields

Vo _ VPt kegel oV

W, = 2 Bn/(1 .
T4V 1+ V5 + 3¢ /(14 12) (3.88)

From (3.76) and (3.77), we conclude that there exists a first order polynomial g; (V1)
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with a strictly positive coefficients, such that

Va(t,e) > g1(V1) (Vi + €2) (3.89)

From this, it follows that there exists a class K function « such that:

Vi
F VP4 oty el (3.90)
1+ Va(t,e)

afle]) <

Then, using (3.82), (3.83) and the inequality (3.85), we can bound W,(t, ¢) as

20 |wr + @[ VIAVL | OV eyl o] Vi
L+ (V)W L+ g1 (V)W
(Pl(vl) + 55+ 215\/71) lex, eyl [D, vl
1+ gi(Vi)Wh
(322 llea, el + Qi) el ) |15, v,
1+ g1(V1) (e2 + W)

Q1 (V1) [ez] ley | [vr] + @1 (V1) Je-| @]
L4+ gi(Vi)(e2 + V1)

Wz < - Oé(’€|) +

_|_

_|_

+

20 |w, + @ VL | | VP
1+ (Vi)W 1+ g (Vi)W
(PO + ViV + 207 ) I
1+ g(Vi)
(32 + 1) + QuVh) (22 +1)) In
EAAICERD

Q1(V1) (2 + Vi) [o [+ Q1(V2) (€2 + 1) ||
1+ gi(Vi)(e2 + V1)

< —afle]) +

+

+
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21 |w, + @| VIV N b o, V2
L+ 1+ a(Vi)V
(Pl(vl)\/vl‘f' g—%Vl\/VlJr Q@EVI) In|
1+ gi(Vi)Wh
4 I Q1(V1) + Q1(Vi) Vi vy + Q1 (V1) |©]
1+ g.(Vi)W
| GEe2 + n] Q1 (V1) (4% + 1) 2
1+ g1(Vh)e?
(lvr] + |&]) @1(V2)e?
1+ g1 (Vi)e?

< —afle]) +

+

+

i PV?
"Travw "M T raiw
P (VI)VVI + GV VI + 290
1+ g (W)W

Q1(V1) + Q:(Vi)Vi + Q1(V1)

L+ g (Vi)W
" Bhe2 4+ Q(Vh) (P2 +1) €2

1+ g1(Vi)ez
20, (V1)e?
1+ g1 (Vi)e?

+ [n|

Since the functions g, (V4), P1(V1) and Q1(V1) are first order polynomials with strictly
positive coefficients, then all the fractionals in the last inequality are bounded, and

therefore, there exists a constant ¢ > 0 such that
Wy < = a(le]) + ¢l (3.91)

hence the closed-loop system is iISS with respect to 7. This complete the proof of
Proposition 3.2.

If we compare the unified tracking/stabilization controllers proposed in Sections
3.1 and 3.2, it is easy to notice that the only difference is the more generic form for the

function p(t) that appears in the expression of w* — compare (3.7) and (3.63).
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3.3 A leader-follower formation case

In this section we present extension of the unified controller design proposed in the
previous section to the case of formation control.

To the best of our knowledge, unified controller for leader-follower simultaneous
tracking stabilization formation problem is considered only in [118], extending the
idea of control design proposed in [85] for individual vehicle. Controller proposed in
this reference is a centralized one, indeed, accessibility of the leader’s coordinates to
all the agents in the network is required.

In this section we use controller from the previous section as a stumbling block for
distributed controller design. Particular type of graph topology (spanning tree) and
input to state stability properties of the closed-loop system allow a sequencing of the
controller design for individual agents in the network and simplify drastically stability
analysis of the networked system.

The controller of Proposition 3.2 is an important contribution, relative to that of
Proposition 3.1. Indeed, the former guarantees small ISS property of the closed-loop
system which renders (almost) direct the extension of our previous statements to the
general case of formation control.

The unified controller proposed in [85] has been extended to the leader-follower
formation case in [118] assuming the leader’s coordinates to be accessible to all the
network. In our case we relax the last assumption by considering a particular graph
topology.

Similarly to (3.61)-(3.93) we introduce the virtual controls

v =0;_1c08€p; + kyi€ui (3.92)
w;k =W;—1 -+ /{39691' -+ k:yieyivi_lqb(egi) + pi_l(t)k:y,»p(t) 69262- -+ 632” (393)

where,

pi—1(t) :=exp~ Jig Fvima(m)wi-1(m)dr (3.94)

which at the dynamic level, serve as references for the actual controls w;; and uy; in

v = fli (t, Vi, Wi, ei) + g1 (ta Uiy Wi, ei)uli (395a)
wi = fQi(taviawivei> +g?’i(tﬁvi7wi’ei)u2i’ i S n. (395b)
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Proposition 3.3. Consider the network system composed by (2.7) for i = {1,..., N}, let con-
stants kyi, kyi, ko; > 0 and let p; and p; be bounded and persistently exciting, and assume that
there exist &,, Wy, Uy, 0, > 0 such that (3.11) holds. Then, for the network system (2.7), the
errors converge to zero, (i.e. (2.9) holds for i = {1, ..., N}), provided that the leader’s velocities
satisfies one of the scenarios S1 and S3, and for all error velocities [0y, @1, ..., Un, Wy| Square

integrable and converging to zero. O

Proof. Under the scenario S1:, we start by decomposing the closed-loop equation of

each follower as

éz‘ :Avi_l(t7 61')61‘ + Bli<t, 61)pz(t) + BQi(ei)niv (396)
where
—ko; 0 —v;—1(t)kyid(en:) —kyipi(t)ey
sz‘—1 (tv ei) = 0 _ka:i w;‘k(tu ei) ) Bli(ta ei) = kyipi(t)ezi
| vic1(t)pleni) —wi(t,e:) 0 —kyipi(t)eyieqi
[0 1
Bgi(ei) = =1 eyi . (397)
0 Cxi

The proof under S1 follows two steps.
First, we prove the forward completeness of the trajectories using the following

Lyapunov function candidate

1 1
Vii(t, e;) »= 5 |:€ii + ey + F‘fgi] (3.98)
yi

its time-derivative along trajectories of (3.96) satisfies

. Koi . .
Vi = — kxieii - k—e@Zi — DiPi€oi€y; — ?eeiwi — €giU; (3.99)
Yy Y

Under the assumption on boundedness of signals p;, p;, ©; and ¥;, it is always possible

to find two positive constants a; and b;, such that
Vii <a;Vi; + b (3.100)

which implies the forward completeness of trajectories of the formation.
The second step, consists in repetitive use of Proposition 3.3, exploiting the cas-

caded structure of the system. Indeed, for the first follower the closed-loop is reduced
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to (3.65), which, under the scenario S1, is integral Input-to-State Stable with respect to
the vector 7, := [0, @;]. As a result, using square-integrability of 7, (¢) and its conver-

gence to zero, we obtain that errors e, (¢) converge to zero. Consequently

lim vy (t) = v,(t), lim wy(t) = w,(t). (3.101)

t—o00 t—o00

Moreover, there exists ¢; > 0 such that
max {’Ul,l}.l,wl,wl} S 51. (3102)

For i = 2 the closed-loop system (3.96) is equivalent to (3.65), if we replace v, by v; and
w, by wy. Using (3.101), (3.102) and Lemma A.9 from Appendix A.7, we conclude that
there exists t; > 0 and p; > 0 such that for all ¢ > ¢;, we have

+T
/ (vi(s) +wi(s))ds >y, Vt=>ty.
¢

As a result, Proposition 3.2 is applicable for all ¢ > ¢;. Having the forward com-
pleteness of trajectories, assuming the convergence and the square integrability of

g 1= |02, wy] we conclude that

lim |eo(t)] =0, lim vy(t) = v,.(¢), lim wa(t) = w, (). (3.103)
t—o00 t—00

t—o0
Moreover, there exists ¢y > 0 such that

max {UQ,U'Q,(A}Q,CZ}Q} S Co. (3104)

Repeating the same argument, we conclude the same properties for all the agents.

Which proves the statement.

Under the scenario S3:, we decompose the closed-loop equation for each follower

as follows
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where py;(t) = p;(t)pi(t), as used in (3.68), and

V e§i+e§i eii"'eii
—koi —kyipri(t) = —hyipu() Y-
Al(t7 61') = 0 —ky; ¢Z(t, 67;) )
0 —@Dz(t, Gi) 0
Vi(-) = kpiegi + kyipri(t) 62@ +e2;,
—kyieyi¢(€91’) 0 0 —1
B(el) = kyiegiﬁb(eei) Cyi —1 €yi

sin(eg;) — kyi€zieyid(egi) —ewi 0 —eg

The proof follows using Proposition 3.2 recursively.

For i = 1, the system (3.105) is reduced to (3.67) and Proposition 3.2 is applicable,
and is strong iISS with respect to 71 := [v,., w;, U1, @1]. Consequently, when 7y, — 0, we
have

61—>O, ’Ul—>0, w1 — 0.

Similarly, for i = 2, we have under convergence of [v;,w;] the closed-loop (3.105) is

strong iISS with respect to 791 := [v1, w1, U1, @1]. Consequently
62_>O, U2—>0, LUQ—>0.
O0m

Remark 3.8. An example of torque controller for (2.2) that guarantees the square integrability

of the vector [0y, &1, ..., Un, Wn| is presented in Subsection 2.2 of Chapter 2.

3.4 Simulations

We consider a group of four mobile robots following a virtual leader, the desired for-
mation shape is a diamond configuration that tracks the trajectory of the virtual leader.
See Figures 3.8 or 3.4. In the first part of the simulations, we define the reference ve-
locities v, and w, in a way that they converge (slowly) to zero (robust stabilization
scenario S3). In the second part (tracking scenario S1), the leader’s velocities are de-
signed such that their sum of square is persistently exciting—see Figures 3.1 and 3.2,
respectively.

The physical parameters of the systems are introduced in Subsection 2.4.1, the iner-
tia parameters and the constants contained in C'(¢;) are supposed to be unknown. The
initial conditions are set to [z,.(0), y,(0),6,(0)] = [0,0,0], [#1(0),y1(0),6:(0)] = [1,3,4],
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Figure 3.2: Reference velocities v, and w, for the scenario S1



118

20

15 20 25 30
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Figure 3.3: Relative errors (in norm) for each pair leader-follower under S3

[22(0), 32(0), 62(0)] = [0,2,2], [25(0),95(0),05(0)] = [0,4,1] and [24(0),4(0), 0(0)] =
0,3,1]; the control gains were set to k,, = k,, = ky, = 1 and the function p(t) =
20sin(0.5t), which has a persistently exciting time-derivative. The function F' is de-

signed as follows

Flab) = KWZTT) {\/a_2—|—b2 VaZO.l}.

0 Otherwise

The formation shape with a certain desired distance between the robots is obtained by
setting all desired orientation offsets to zero and defining [d,, ,,d,, ,] = [0, 0], [d,, ,, dy, ,] =
[-1,0] and [d,, ,, d,, ] = [1/2,—-1/2] and [d,, ,,d,, | = [0,1]. See Figure 3.8, The param-
eters (v, ky) are taken equal to (10~?,15), and ©(0) = (1hy, 111, &) = (0, 0,0).

For the stabilization scenario S3, the results of the simulation are shown in Fig-
ures 3.3-3.4. In Figure 3.3, 3.5, and 3.6, we show the convergence of the tracking errors
between the agent and its neighborhood, the control inputs and the parameter estima-

tion errors, and in Figures 3.3-3.6. In Figure 3.7, 3.9, and 3.10 for the tracking scenario.

3.5 Conclusion

In this chapter we considered leader-follower simultaneous tracking and stabilization
problem for nonholonomic vehicles. We proposed two kinematic level controllers that
ensure uniform global asymptotic stability of the kinematic closed-loop system. On
the dynamical level, the virtual kinematic level controllers serve as a reference for
the controller design. For dynamical level we proved that any controller that ensures
convergence to zero and square integrability of the velocity errors solves the leader-

follower simultaneous tracking and stabilization problem. The extension of these
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Figure 3.4: [llustration of the path-tracking in formation under S3
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Figure 3.5: Illustration of the torque inputs for each agent under S3
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Figure 3.6: Illustration of the estimation parameter errors for each agent under S3
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Figure 3.7: Relative errors (in norm) for each pair leader-follower under S1
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Figure 3.8: [llustration of the path-tracking in formation under S1
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Figure 3.9: Illustration of the torque inputs for each agent under S1
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Figure 3.10: llustration of the estimation parameter errors for each agent under S1

results to leader-follower simultaneous tracking and agreement formation problem,
presented in Section 3.3, is based on the controller design from Section 3.2 and ensures

asymptotic convergence of the formation errors under a spanning tree communication

graph topology.
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Chapter 4

Consensus-based formation control of
nonholonomic robots under delayed

interconnections

In previous chapters we addressed several problems on leader-follower formation
control for swarms of mobile robots under two standing assumptions:(i) the commu-
nication is reliable (notably, without delay) and (ii) the communication topology is re-
stricted to that of a spanning tree. On the other hand, the existence of a leader system
that imposes particular behaviors to the formation imposes certain technical difficul-
ties. In this chapter we restrict our attention to the leaderless consensus problem of
multiple mobile robots, but under the assumption that the robots are interconnected
in a general bidirectional graph and that the communications are affected by time-
varying delays.

As we have mentioned in previous chapters, one of the main difficulties appear-
ing in the formation control of nonholonomic systems is that the designed controller
has to be either discontinuous or time-varying [15]. Different approaches have been
proposed to deal with consensus-like control objectives. For instance, in [24] a decen-
tralized feedback control is introduced that drives a system of multiple nonholonomic
unicycles to a rendezvous point in terms of both position and orientation, the proposed
control law is discontinuous and time-invariant. In [55] necessary and sufficient con-
ditions for the feasibility of a class of position formations are presented. In [100] a dis-
tributed formation control law using a consensus-based approach is proposed to drive
a group of agents to a desired geometric pattern. In [121] the position/orientation
formation control problem for multiple nonholonomic agents using a time-varying
controller that leads the agents to a given formation using only their orientation is ad-

dressed. To solve the consensus and formation-control problems, in [31] a cooperative

123
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control law that is robust to constant communication delays is presented. In [3] a dis-
tributed consensus control law is proposed for a network of nonholonomic agents in
the presence of bounded disturbances with unknown dynamics in all inputs channels.
For an undirected graph, in [100] a smooth time-varying controller is proposed; it is
improved by adding in [12] a PD-like controller at the dynamical level. All these pre-
vious works, except for [12], solve the consensus problem without uniformity on the
initial time, and they only consider the simplified case of vehicle kinematics.

In this chapter we solve two problems of consensus stabilization for nonholonomic
vehicles interconnected through a bidirectional generic graph, under time-varying de-
lays. In the first case, we assume that each robot adopts a particular orientation, i.e.,
consensus is pursued only in their Cartesian positions on the plane. In the second case,
the robots are required to assume a common position and orientation. The solution is
based on the design of §—PE controllers [64, 67]. We solve these problems under the
assumption that the graph is static, connected and undirected, and that there exists a
bounded time-varying delay in the interconnection.

As in previous chapters our proofs are constructive. Following [72], [74] and [33],
we provide a novel strict Lyapunov-Krasovskii functionals (SLKF), to establish uni-
form global asymptotic stability of the consensus set. This is important to guarantee
robustness with respect to bounded disturbances and to provide a method of gain tun-
ing. To the best of our knowledge this is the first work that provides a SLKFs in this

scenario.

4.1 Network model description

As it is customary in multi-agent consensus [90, 93], the complete dynamics of the
systems is composed of two parts:

i) the dynamics of the nodes, which are described by a second order nonholonomic
differential equations;

ii) the interconnection topology which is modeled using a Laplacian matrix [77].

4.1.1 Node dynamics

We recall the dynamical model of mobile robot given in (2.1) and (2.2), that is

T; = v;cosb;
yi = UZ'SiHQi (41)

Qi:wi
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{ v = fi(t,vi,wi, 2i) + g1 (¢, v, wi, 2) U 42)

wi = f2(t7viawi72i)+g2(t7vi’wi’zi)u2i

Assuming that g¢; (¢, v;,w;, ¢;) and ¢2(t, v;, w;, ¢;) are invertible and using the complete

knowledge of the system states and parameters, let

U1, :gl<t7 Vi, Wiy Zi)ium' - fl (t7 Vi, Wi Zi)’

U9; :gg(t, Vi, Wi, Zi)_uwi - f?(ta Vi, Wi, Zl)

so that we obtain the familiar second-order model

T; = v;cosb;
yi = U sin 92 (4:3)
9i = Wi,

{ Uz = Uy (4.4)
W; = Ui

The consensus problem consists in making each vehicle achieve a certain position rel-
ative to an unknown barycenter. In addition, the vehicles may be required to adopt a
common orientation or they may be allowed to adopt, each, a particular target orien-

tation.

In a compact form, we consider the following model of N second order nonholo-

nomic robots,

2 — B0 (4.52)
b= u, (4.5b)
0=w (4.5¢)
W = u, (4.5d)

where z := 2], ..., 2} € R*Y; 2; := [1; — 0, yi — 5] € R? is the translational error

of the global translational coordinates [z;,y;] € R?, of the ith-robot, with respect to
a constant vector §; := [d,,0,;]" € R?; the global translational coordinates [z;, y;| are
expressed with respect to a fixed frame; the constant vector ¢; determines the desired
position of the ith-robot relative to the barycenter of the formation z. when z; = z;
v = [v1,...,o5]" € RY; v; is the linear velocity, ®(0) := diag[¢(6;)] € R*M*N; ¢(6;) :=
[cos(6;),sin(6;)]T € R% 0 := 0 — 0y := [0, — Oa1,....0n0 — O4n]T € RY is the orientation
error of each robot; 6, is a constant desired orientation; w = [wy,...,wy]" € RY; w; is

the angular velocity; and u, := [ty ..., upn]" € RY and u,, = [uy1, ..., u,n]" € RY are,
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respectively, the translational and the rotational control inputs.

Since 6, is constant, the following two equations hold
o) = -d) ‘o, DO =)o, (4.6)

where & = diaglw;] € RV, &(0)L = diag|p(0;)*] € R*M*N and ¢(0;)* = [sin(6;), — cos(6;)] .
The control objective is to steer each z; toward a common position z., and each

orientation ¢, toward a specified constant 6, or to a common unknown orientation 6..

4.1.2 Interconnection Topology

The interconnection of the NV agents is modeled using the Laplacian matrix L := [(;;] €

RN*N whose elements are defined as

> ay i=]
Ui = J€N; 4.7)
—a;;  1F]

where N is the set of agents transmitting information to the ith robot hence, a;; > 0 if
J € N; and a;; = 0 otherwise.

Similar to passivity-based (energy-shaping) synchronization [5,91] and in order
to ensure that the interconnection forces are generated by the gradient of a potential

function, the following assumption is used in this chapter:
Assumption 4.1. The interconnection graph is undirected, static and connected.

Assumption 4.2. The communication, from the j—th agent to the i—th agent, is subject to a
variable time-delay T;;(t) with a known upper-bound T*. Hence, it holds that

0<Ty(t) <T* < . (4.8)

Remark 4.1. By construction, L has a zero row sum, i.e., L1y = 0, where 1y is a vector of
N ones. Moreover, Assumption 4.1, ensures that L is symmetric, has a single zero-eigenvalue

and the rest of the spectrum of L is positive. Thus, rank(L) = N — 1.

4.2 Problem formulation

We solve the following two consensus problems: roughly speaking, in the first case
the robots achieve consensus in relation to their location only; in the second case, they

also achieve a common orientation, under a general time-varying delay.
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Delayed Partial Consensus Problem. Consider a network of N nonholonomic
robots satisfying (4.5). Design a decentralized controller verifying Assumptions 4.1-
4.2 such that all robots positions converge, globally, uniformly, and asymptotically, to
a given formation pattern with a desired given orientation 6, € R”, i.e., there exists
2. € R? such that

lim z(t) = 1y ® 2 (4.9a)
t—r00
t—ro00

where 05 € R is a given desired constant orientation for each robot, and z. is the
barycenter of the formation pattern.

Delayed Full Consensus Problem. Consider a network of N nonholonomic robots
satisfying (4.5). Design a decentralized controller verifying Assumptions 4.1-4.2 such
that all robots positions and orientation converge, globally, uniformly, and asymptoti-

cally, to a given formation pattern, i.e., there exists [z, 6.] € R? such that

tlim 2(t) = 1y ® z¢; (4.10a)
lim 6,(1) = 0, (4.10b)

where [0, z.] are the barycenter of the formation pattern. As in previous chapters, we
solve the afore-mentioned consensus problems by recasting them into classical sta-
bilization problems (of the origin or of a set)!. To that end, we first need to intro-
duce suitable error coordinates (e, s) such that if (e, s) = 0 then equivalently we have
2(t) = 1y ® 2.

Leti <n,
ei = (0:)" Y aiy(zi — =),
JEN;
si= (0T > iz — z)
JEN;

which, defining e := [e; ... en], s := [s1 ... sy], may be written in the equivalent vector
form
e =0(0)" Lyz, 5s=0(0) " Lyz. (4.11)

On the other hand, in the presence of state delays, we introduce the delayed counter-

part of (e;, s;), denoted by (eg;, s4i), as

eqi = ¢(6;)" Z aij(z;(t — Ti;(t)) — z(t)),

JEN;

l_see Appendix A.2 for basic definitions and characterizations of stability
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sai = 00" Y ai(z(t — Tyy(t) — z(t)).

JEN;

Correspondingly, in vector form we have

eq =0(0) Loz + (0)T A(%),

(4.12)
Sd :CI>(«9)LTL2z + (I)(Q)LT.A(Zt)

where

> jent @15 Sy, 0y 53(8)dd
A= 5 (4.13)

ZjeNN anNj ftt_TjN(t) zj(6)ds

and we recall that L, = L ® I,.

Then, the control objective (4.9a) (or (4.10a)) is achieved if we prove that (ey, s4, v) —
(0,0,0). In fact, having v = 0, implies that A(%;) = 0 and (eq, s4) = (e, s) then, after
Lemma 4.1 below, we know that verifying the control objective (4.9a) (or (4.10a)) is

equivalent to establishing that (e, s) — (0,0).
Lemma 4.1. Consider (e, s) given by (4.11), and assume that L satisfies Assumption 4.1.
Then Loz = 0 < (e, s) = (0,0) and, moreover,

Mo(L)z" Loz < |e|* + |s|? < Ay (D)2 Loz (4.14)

where \y(L) and Ay (L) are the second smallest and the largest eigenvalue of L, respectively.

o(0)"

Proof. Since the matrix [(I) o)L is non singular. The first fact follows directly. For the

1 1 1
second fact, we remark that |e|? + |s|* = 2T Lz = 2T LZ L, L3 z. Since L3 z is orthogonal

to the eigenspace associated to the zero eigenvalue of L, it holds that

2 <An(L)2"LIL2z

>
[\
=
N

=
h
DN o=
h
DO po|=
0
IN
N

4
h
DO o=
h
[\
h
DN po—=

so (4.14) follows. ([

4.3 Control design and stability analysis

Before providing the control inputs for each case-study, we introduce the following
useful functions.

First, we define the function p : R>; — R that satisfies the following assumption.
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Assumption 4.3. the function p : R>o — R and its derivatives, up to the third, are bounded.
Thus, there exists b, > 0 such that

max {|p|007 ‘p’OCH ’p|007 |p(3)|oo} S bp
Moreover, p(t) is persistently exciting, with excitation parameters (T, j1).

Next, we define the function g : R>g — R¥*Y, as g(t) = diag(¢:(t)) and which is
related to p(t) by the differential equation

7 + Kog+ Ki1§ = pl,, (4.15)

where K, and K; are diagonal positive definite matrices. Also, we define the function
f:Rso — RY*N as f(t) := diag(fi(t)) and which is related to p(t) by the following
differential equation

f+ Kaof + Ky f = p(t)L,, (4.16)

in which, K4 and K are diagonal positive definite matrices.

If p(t) satisfies Assumption 4.3 then, after Lemma B.1, it follows that fl and ¢; are
also persistently exciting ? and so are the matrices f (t) = f (t) and ¢(t) = q(t) in the
sense of Definition A.6. Furthermore, there exist by > 0 and b; > 0 such that

max{\f\oo,

Flar | Pl 1791} < b7

and

max{’q_’oo’ |q_|oo’ |§|oo’ }q_(3)|oo} S bq'

Remark 4.2. Lemma B.1 also provides an explicit estimation of the excitation parameters
(Ty, pg) for f, (Ty, i) for G, and the constants by and b, which are used in the construction of

the strict Lyapunov function.

Finally, for a bounded function ¢ : R>g — R, with |¢|_ = b, > 0, we recall the
function Ty2 : Rsg — RVY as T2 (t) := diag (Tw% (t)), with

2 t+T m
Tyz(t) =1+ QbiT - T/ / Vi(s)*ds dm 4.17)
t t

—cf equation (1.4) in Chapter 1.
Recall also that T2 (t) admits the following bounds 1 < T y2(t) < by; := 1+ 2037

2This is reminiscent of the fact that the output of a stable proper minimum phase filter driven by a
PE input is also PE -see [41, Lemma 4.8.3]
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and, furthermore,
. 2 t+T
o) =7 [ wilsPds+20(0” (4.18)
t

Moreover, if 1 is persistently exciting, we obtain
. 2
T,e(0) < —?“ 2 ()% (4.19)

We are now ready to provide the translation and the rotation control laws (u,,u,) to

solve the partial and the full delayed and undelayed consensus problems.

4.3.1 Undelayed partial consensus problem
In the translational error coordinates (e, s), we employ a simple undelayed PD-like
controller as it was originally proposed in [12], that is,

Uy = —Kgv — Kye, (4.20)

where K4 and K, are diagonal positive definite matrices. For the rotational part, we

propose the following controller
Uy = _KdQW - eré - p(t)ﬁ(& 6) (421)

where K4y and K, are diagonal positive definite matrices, and «(s, e) is defined as

1
K(s,€) :5[32 el .., 8% +ex] eRY. (4.22)

The closed-loop system, which results from Equations (4.5), (4.11), (4.20), and (4.21), is

2 =0(0)v (4.23a)
U =— Kgyv— Kye (4.23b)
é=—ws+ 00) Lyd(h)v (4.23c)
§ =we + ®(0)F T Ly®(0)v (4.23d)
§ —w (4.23¢)
0= — Kggw — Ky — p(t)r(s, e). (4.23f)

Thus, equations (4.23a)-(4.23b) determine the closed-loop dynamics for the transla-
tional dynamics while equations (4.23e)-(4.23f) determines the closed-loop dynamics

of the rotational coordinates (,w). These can be viewed as a stable second order sys-
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tem with input —p(¢)x(s, e) whose role is to excite the rotational velocity w when the
errors (s, e) are different from zero.

We establish uniform global asymptotic stability of the origin of the system (4.23).
Our proof is constructive as it relies on the construction of a strict Lyapunov function.

To that end, we introduce the following change of coordinates:

eo =0+ f()k(s,e), e,= w+ f(t)k(s,e). (4.24)

Next, let us define X; := [v",e",s"]" € R*N and X, := [¢j,e/]" € R?N as the trans-

w

lational and the rotational components of the system, respectively. Additionally, let

e = diag(e;), s = diag(s;), e, = diag(e,;) and £ = diag(x;). Then using (4.16), we

obtain
—Ka  —Kpy 0 0
X = 0 0 fR—e,| Xi+ | @TLy | Do (4.25a)
0 —fr+e, 0 ST L,

(e Ly + 50" Ly) Du. (4.25b)

We remark that in view of Lemma 4.1, (X;, X,) = (0,0) is equivalent to (v, 2,0, w) =
(0,15 ® 2.,04,0), and the dynamics (4.23) is embedded in (4.25). Thus, solving the
consensus problem is equivalent to proving uniform global asymptotic stability of the

origin for (4.25).

Theorem 4.1. Consider the system (4.5) in closed-loop with (4.20) and (4.21). Assume that
Ka, Ky, Kag and Ky are diagonal positive definite and Assumption 4.3 holds. Then, the
origin (X;,0,w) = (0,0,0) is uniformally globally asymptotically stable.

Proof. (Sketch) The proof is constructive; we provide a strict Lyapunov function. Only
the main steps are given here, the complete proof is in Appendix B.9.

First, we observe that (4.25a) admits the following non-strict Lyapunov function
Vv, z) = UTKp_tlv + 2" Lyz. (4.26)

Indeed, in view of (4.14), it is concluded that V' (v, z) is positive definite and radially

unbounded with regards to X; = 0, and using (4.14) we obtain

vl Ko+ (efe+s"s) <V(v,2) <v'K,'v+ (e"e+s"s).

An(L) Ao(L)
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Moreover, the time-derivative of V' along the trajectories of (4.23) yields
V(0,X:) = —20" K" Ky (4.27)
The strict Lyapunov function for the closed-loop system (4.25) is
D(t, Xi, Xo) = W(t, Xe, V) + p1 (V) Z(X5) + pa(V)V (4.28)
where
W = y(V)V V& Tutr+aV)eTv—aVe fs+ebAy(L)V?

+ A (L) + [Ep]) V)V,

20(V)

. s 16T c1by 4An(L ‘ t‘ a(V)V
V)= ma { poo ”Y(V) } ’

oV) = APAN(LV? K|+ deatihn(D) K2 V2 + ‘f (@47 Lo0)’| [5G |V +

6%646? ‘K’l

Y

YV) = 2eVAN(L) | Kf K| | T 2®T La®|” + 264V Ay (L) [ Ky K| | T 12 0T Le0)
| 0o
v

64’

V(| Kyl + A (L)) + %clV +20(V) [0 Lo®| Ky K| (4.31)
-1 2 G 419 -1
KuK3'o*(V) + 5 V) [Eal + 2e10 A0 (L)V + e Av(L)| Ky 4.32)

4

3 K7 K |2 (07 L)’

, (4.33)

e (L) | Kig' K| (lo7Lo0%, + |0+ 02
2 > e

p2(V) = pi(V)pz(V)V, p3(V) =
and the constants ¢y, ¢y, ¢c3 and ¢, are:

An(L) 2 Mr(Kag) + 1
Coy = /\m(Kdg) —+ )\m(er) + ]., (4:34:)
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8 (2c2b5 + bp)* 8 (2c2bp A (Kpg) + by)? { ZT( SN >}
c3 = max , , c=max<2, — 2+ .
’ { oA (Kag) (K pg) ) I Mo(L)

Since p; and p, are positive functions and radially unbounded, positive definite-
ness of I is ensured by the facts that I'(¢,0,0) = 0, for all t > 0, and

W > V)V,

W < y(V)V+Vk(e, $)Y 2 (t)k(e, ) + 2c1bp AN (L)V?
+2 (AN (L) + [Kp|) V)V,

Z > min{1, A\n(Kp)} (egeq+eles),

Z < max{l+ s, A (Kpo) + 1} (egeq +ele)

After some term chasing and long cumbersome manipulations we get

Fe_ tys_plV)

1 1
<-a7 5 [Cgel—KdQew + €ng9€9} - ZW(V)UTKdtK_IU - ga(V)eTKpte.

Therefore I is negative definite and I" qualifies as a strict Lyapunov function for sys-
tem (4.25). Global uniform asymptotic stability of the equilibrium (X, X,) = (0,0) is

ensured and thus the consensus problem is solved. 000

4.3.2 Delayed partial consensus problem

Using the delayed translational error coordinates (e4, s4), we employ the following

delayed PD-like controller for the translational input
Uy = —Kgv — Kpeq. (4.36)

where K, and K, are diagonal positive definite matrices.

We introduce the rotational controller as
Uy = _Kdew - eré - p(t)"{’(sdv 6d)7 (437)

where K4y and K,y are diagonal positive definite matrices, 6 = 0 — 0, and the function
k is defined in (4.22).
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The closed-loop system resulting from the open loop equation (4.5) and the con-
trollers (4.12), (4.36) and (4.37) is

2 =d(A)v (4.38a)
U =— Kgyv— Kpyeq (4.38b)
¢ =—ws+ 00) Lyd(h)v (4.38¢)
§ =we + ®(0):" Lyd(0)v (4.38d)
0 —w (4.38¢)
w=— Kjpw — Kpgé — p(t)K(Sq, €q)- (4.38f)

The closed-loop equation (4.38) is similar to (4.23) in which we replaced in the vector
field the errors (e, s) by their delayed version (eg, s4) introduced in (4.12). That is, we
modify the Lyapunov function constructed for the system (4.23) into a strict Lyapunov-
Krasovskii functional in order to establish uniform global asymptotic stability of the

origin of the system (4.38). To that end, we rewrite x(e4, s4) as
k(eq, sa) = K(e, s) + kale, s, 0, %) (4.39)
with,

AT (20) A1 (2) + 2e10(01) " A1 (%) + 2510(01) 1T Ay (%)
Ka(") = 5 : (4.40)
AR G An (20) + 2end(On)" An (%) + 25nd(0n) T An(2)

where Z; denote the functional 2,(6) := 2(t + 0), for all € [T, 0].

Let us use the same change of coordinates used in (4.24), that is
eo =0+ f(t)k(s,e), ew= w+ f(t)k(s,e) (4.41)

where the matrix f verifies (4.16).
Next, having X; = [v',e',s"|", X, = [e).,e)|", € = diag(e;), 5 = diag(s;), e, =

w

diag(e,;), k = diag(x;) and using (4.16), we get

—Kg  —Ky 0 0 K ®(6)"
X;=1 0 0 fr—e,| Xi+ | ®TL, | Pv— 0 A(%)  (4.42a)

0 —fk+eéy 0 LT L, 0
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. 0 I
X, = N
_KpG _Kd9

X, +

f 0
.| (€@ Ly + 50T Ly) dv —
p(t)

] ra(e, s,0,%). (4.42Db)

The next result establishes uniform global asymptotic stability of the origin (X;, X,) =
(0,0) of the system (4.42) provided that the following assumption holds

Assumption 4.4. The matrices K4 and K, satisfy

1— (14 N%®) T\ (KK ) > 0. (4.43)

Hence, we recover uniform global asymptotic stability of (v,z,6,w) = (0,1y ®

Z¢, 04, 0) in the original coordinates.

Theorem 4.2. Consider the system (4.5) in closed loop with (4.36) and (4.37). Assume that:
Kau, Ky, Kag and Ky are diagonal positive definite and Assumptions 4.1, 4.2, 4.3, 4.4 hold.
Then, the origin of the closed-loop system in the original state space, ie, (e,s,v,0,w) =

(0,0,0,0,0) is uniformally globally asymptotically stable.

Proof. (Sketch) The proof is constructive; we provide a strict Lyapunov-Krasovskii
functional. Only the main steps are given here, the complete proof is in Appendix
B.10.

First, we observe that the translational part of the system admits the following non-

strict Lyapunov-Krasovskii functional

Vv,z, %) = UTK v+ 2z Loz +/ / s)dsdb, (4.44)
7+ Jt+o

where T* = max; ; {T};}.

Indeed, in view of (4.14), and the following inequality

t
/ / s)dsdf < T*/ 12(s)| ds,
T* Jt+6 T

it follows that the function V' is positive definite and radially unbounded with respect
to X; = 0, that is, there exist two class K, functions v and v, such that inequality (A.10)
holds with respect to X; = 0. Which implies that V (v, 2, %) is Lyapunov-Krasovskii

candidate with respect to X; = 0. Moreover, the time-derivative of V' along the trajec-
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tories of (4.38) is
t
V=- QUTKp_thdtU + 20T ®(0)T A% + T 0 v — / 2(s)T2(s)ds
t—T

1
—[2 =T ( ptht)]vTK];fletv N Z Zafj ds

7j=1 =1 t=T;j

+ 20T ®(0)T A(%) (4.45)

then, we apply Jensen’s inequality

t t
/ 5()T 5 (s)ds < — / §)Tds / 5 (s)ds (4.46)
t=Ti; ZJ - Ti;
and, we use
t
AP <NZZ/ s) dsa?; / Zi(s)ds (4.47)
T;

jlzltT t="T3j

to obtain

N N t t
V < —[2—-TAu(KuKy)v Kp_thdtv QNT* Z Zaj/ Tds/ Zi(s)ds
_ t—T; t

]:]_ 1=1 iJ 7Tij

N N .
N _ ) )
+£ZZ/ Tdsaj/t . Zi(s)ds + ey (K K)o K ' Kgv. (4.48)
j=1

i=1 i

Taking € = N?aT* and the matrices K and K, such that Assumption 4.4 is verified,

we get

t
V< -0 K, 'Kyv — SINT NT* ZZ aZ, / s)Tds / Zi(s)ds (4.49)
T,

=1 i=1 i

The strict Lyapunov-Krasovskii functional for the closed-loop system (4.42) is
Ut Xe, Xoy 2) = Wt X, Vo 2) + (V) Z(X5) + p2(V)V (4.50)
where

W = V)V + VRTTP )k +a(V)elv — clVeTfTs + c1bp AN (L)V?
+(Av(L) + [Kp]) V)V,
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T T T
Z = c(eje, + ey Kppeo) + €4 e,

20(V)

,01(V) C2/\m(Kd0)

(a(V)4+eabV)+1+V,

16T 4\ 1%
o(V) = max 0 Clbf, w ‘ t‘a ,
ft W(V)

401

a(V) = 45AN(L)V? K 4+ deibidn (L) |K,1 | V2 + 2 (047 L,3)°

IRV

+ciedb | Kt

YV) = 26V2AN(L) | K K| [T 2@ Lo®|” + 264V Ay (L) |K g K| | T 2@ T Lo
0 c
V (| Ky + An(L)) + 5401‘/ +20(V) [ @ Lo®| _ | K3 Kol
& c 4
+54 | KKt (V) + E“a(V) | K ge| + 2c1b: 28 (L)V + aV%V(L) | K|

L2 K Ko | 2 (07 Ly®)?

+ 8a* N*T* Ay (K ) (V),

p2(V) = bppr(V)[1+ o] N*@T*[An(L)esV + copr (V)] + pr (V) ps(V)V,

csAw (L) |Kg' K (lo7Lo0%, + |0+ 102
2 > /"

p3(V) =
and the constants ¢, ¢s, ¢3, ¢4, ¢5 and c¢g are:

An (L 2 A (K 1
~(L) = N m(Kag) + Y

/\m(KdG) Am(Kp(’)

8 (2c2by + by)? 8 (2e2bp s (Kpg) + by)?
c3 = max : ,
’ { C2>\m(Kd0) )\m(KpH)

¢4 = max ZE 2+ 8N c —pr2d2T*[1+CQ]
v ’ ML) 7T min {1, A (Ka)}Y
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6 = 16b,22nr(Kg) + Mar(K0)].

I' is Lyapunov-Krasovskii candidate with respect to the origin due to the fact that
I'(¢,0,0,0) = 0, for all ¢ > 0, V is Lyapunov-Krasovskii candidate with respect to

X = 0, and the following inequalities

W= y(V)V,
W < y(V)V+Vk'(e, $)T g2 (t)k(e, ) + 2e1bp AN (L)V? + 2 (AN (L) + [ Kpl) V)V,
Z > min{1, A\ (Kp)} (egeq+eles),

Z < max{l+ ¢y, ol (Kpp) + 1} (6;69 + eIew) )

After some lengthy computations we obtain

f<_iv3_p1(v>

1 _ 1
<=7 16 [CQ@IKdQQ,_, + e;Kpgeg} — ZV(V)UTKdthtlv — Ea(V)eTKpte.

(4.51)
Therefore, T is negative definite and I' qualifies as a strict Lyapunov-Krasovskii func-
tional for the system (4.42). Global uniformly asymptotic stability of the equilibrium
(X, X)) = (0,0) is ensured and thus the delayed partial consensus problem is solved.
000

4.3.3 Undelayed full consensus problem

In this case-study, we employ the translational controller introduced in (4.20), that is
Uy, = —Kgv — Kpye, (4.52)

where by design, K4 and K, are diagonal positive definite matrices.

The rotational controller u,, is

ull = —LO + Lg(t)k(s,e) + a, (4.53a)
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& =—Kya — Kjw+ pr(s, e), (4.53b)

where K, and K are diagonal positive definite matrices and x(s, e) is defined in (4.22).

We solve the full consensus problem by studying the closed-loop of (4.5) under the
controllers (4.11), (4.20), and (4.53); we obtain

Z=0(0)v (4.54a)
U =— Kgv— Kye (4.54b)
é=—ws+ ®(0)" Lyd(0)v (4.54c)
§ =we + ®(0)* T Lyd(9)v (4.54d)
0 =w (4.54e)
w=—L0+ a— Lj(t)k(s,e) (4.54f)
& =— K,a— Kjw— pr(s,e). (4.54g)

The translational part (4.54b)-(4.54d) is the same as (4.23b)-(4.23d) in the undelayed
partial consensus case, whereas, the rotation part in (4.54e)-(4.54g) has a PID-like struc-
ture instead of a PD-like structure as in (4.23e)-(4.23f).

We establish uniform global asymptotic stability of the invariant set
S = {(v,e,s,@,w,a) cR™Y : (v,e, s LO,w,a) = 0}. (4.55)

The proof relies on the construction of a strict Lyapunov function. To that end, we

introduce the following change of coordinates

eo = 0+ qt)k(s,e), ew=w=+qdt)r(s,e), es= a+qt)x(s,e). (4.56)
Having X; = [v",e",s"]", we introduce the rotational componentas X, := [e, ¢, el]T,

using € = diag(e;), 5 = diag(s;), €., = diag(e.;), k = diag(x;), and (4.15) we obtain

~Ky  —Ky 0 0
X;=| 0 0 Gi —e,| Xo+ | ®TL, | v (4.57a)
0 —qgk+eé, 0 ST L,
0 Iy 0 q
X,=|-L 0 Iy | X+ |G| (62" Lo+ 50" Ly) du. (4.57b)

(@)
|
=
|
s
]|
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Let us introduce the following set
D= {(Xt>Xr) € RGN : (Xt7 L€9, €w, ea) = O} . (458)

Note that in view of Lemma 4.1, (X;, X,) € D is equivalent to having (v, z,6,w, a)
belonging to the set S introduced in (4.55). Thus, in the following, we analyze the
stability of the set D.

Theorem 4.3. Consider the system (4.5) in closed-loop with (4.20) and (4.53). Assume that
K, Ky, Krand K., are diagonal positive definite and Assumption 4.3 holds. Then, the set D
of the closed-loop state space is uniformally globally asymptotically stable. Moreover, the proof

is constructive; we provide a strict Lyapunov function.

Proof. (Sketch) The complete proof is in Appendix B.11, here we include only the main
steps.

First, the translational part of the system admits V (v, z) as a non-strict Lyapunov
function, using (4.26) and (4.27) and the fact that the translational part is the same in
(4.57) and in (4.25).

The strict Lyapunov function for the closed-loop system (4.57) is

L(t, Xe, X;) =W, Xi, V) + p1(V)Z(X,) + p2(V)V (4.59)
where
W = A(V)V+VE Tet)k+a(V)e'v—caVe' s+ cbAy(L)V?
+ (AN (L) + [Kp]) a(V)V,
Z = cy(egLleg+ele, + el Kiey) +cselen + e Ley,
W) = —22W) ) + bV + (4.60)
P1 s () 1 .
16Tc1b, 4An(L ’ pt’ a(V)V
o(V) = , , (4.61)
¥) { ”Y(V)
4 _
V) = APAN(L)V? K| + et An (L) [ Ky [ V2 4+ =2 | (94T Lyd) |ER Y

2 12| -1
+clc4bq ’Kpt | ,
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(V) = 2c,ViAN(L) \KdglKPt\ ‘T42®TL2<I>|1+204V2)\N(L) \KdglKPt\ \M@“L@\i

oo c
o0V ([l + Av (L)) + 5401‘/ +2a(V) |07 La®| | Ky K|

c c 4
5 [BuE g [ (V) + Sa(V) [Kal + 200 An(L)V + —V2Ay (L) K|
4

+ 56 [ | | (27 L2)’]

p2(V) = csps(V),  ps(V) =V (V)M(L) [[6" Lo + [0 Lo| ], (4.62)

and the constants ¢y, ¢, c3 and ¢4 are:

Cy = 405)\(K[Ka) + 4C5>\M(K12Ka) + 4C§AM(K[K;)
+ A (K1KL) 4 20 (L) + 4 + 220 (K2,

A (K7
¢z = 2 {(2(:2 +1)% + %(2@ +¢5 + A (L)) +
A (K K7)

C2

(@i (K7) + >} KK,

- max{2,%<2+%)}, e = (L) (K7).

Positive definiteness of I' with respect to D is ensured, which means that I'(¢, X;, X,) >
0and I'(t, X, X,) = 0 & |[X; X,]|p, for all ¢ > 0), using the fact that p; and p, are
positive radially unbounded functions and the following inequalities hold

W > ~y(V)V,

W < AV + Vi (e,8)Tg(t)k(e, s) + 2c1bpAn (L)VE+ 2 (An(L) + | Kpl|) a(V)V,
and

c
52 (eaTLeg + eZew + egK;ea) < Z< 2¢ (eeTLeg + eZ;ew + eZK;ea) )
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After some term chasing and some cumbersome manipulations we get

: v
T < — p1(8 ) [CzegK;Kaea -+ C5eZ;KIew 4 6313269]
1 | p (4.63)
= PV Kt = ca(V)e Kye — 2V

Therefore T' is negative definite and T qualifies as a strict Lyapunov function for the
system (4.57). Global uniformly asymptotic stability of the set D is ensured and thus

the full consensus problem is solved. 00O

4.3.4 Delayed full consensus problem

For the translational controller, we employ the same delayed PD-like controller used
in (4.36), that is,
Uy = —Kgv — Kpeq. (4.64)

where K, and K, are diagonal positive definite matrices.

For the rotational part, we introduce for each ¢

Ui = — Kowi — KoiGiri(sa, ea) — Y aj (0; — 0;(t = Ti;(1))) + o
JEN;
+ ) ay laki(sa, ea) — a5t = Ty (0)r(salt = Ty(1)), ealt — Ty(1)]  (4.652)
JEN;
&; = — Kaioi — Kriw; + pri(sq, €q)- (4.65b)

with K, K, and K diagonal positive definite matrices.

Using the variable ey := 6 + Gx(e, s), the control law (4.65) has the following form

u, = —Kow — KuGr(sa, eq) — (Leg + Alég)) + a— (4.66a)

Kj(sa(t —Tiz), ea(t — Tij))—

ZjEMaijQi [Ri(t?dued)_ﬁi(saeﬂ + ZjeMaiJQj(t_Ti') ki(s(t — Ty)), et — Ty)))

& =—Koa — Kjw + pr(sa, €q), (4.66b)
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where

> jent @ Jig o) €05 (0)d0
Aléa) = : : (4.67)
_ZJ'ENN aNj j;gt_TjN(t) éej (6)d5

[ S e, anjlen — eoj(t — Tj))
Leg + A(éq,) = : , (4.68)

D jeny anj(eon — egj(t — Tjn))

and the function « defined in (4.22).
Using (4.39) and the matrix D := diag [Z ieN; aij} , we obtain

Uy = —Kow — Kuqr(sq, eq) — (Leg + Alégr)) + a — Dgrg(+) + B(t) (4.69a)

& =—K,a— Kjw + pr(sq, €q). (4.69b)

where
B(t) == | 3 jcn; @ijqi(t — Tij)kag (s(t = Tiy), et — Tiy), 0(t — T), 2m;) |

In this part, we use the controllers (4.12), (4.36), and (4.65), in closed-loop with the
system (4.5) to obtain

5 =0(0)v (4.70a)
0 =— Kguv— Kpeq (4.70b)
¢ =—ws+ 00) Lyd(O)v (4.70c)
§ =we + ®(0):" Lyd(0)v (4.70d)
0 =w (4.70¢e)
w=— K,w— Leg + a— A(ép;) — K,Gr(eq, sq) — Dgrq(t) + B(t) (4.70f)
& =— Koo — Kjw — pr(sqg, eq). (4.70g)

The closed-loop equation (4.70) is similar to (4.54) in which we replaced the errors (e, s)
by their delayed version (e4, s4) introduced in (4.12). In the next theorem, we propose
to extend the strict Lyapunov function constructed for the the system (4.54) to a strict
Lyapunov-Krasovskii functional in order to establish uniform global asymptotic sta-
bility of the set S introduced in (4.55) for the closed-loop system when 5(-) = 0, then
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we use the output injection argument in Lemma A.7 to conclude the global uniform

asymptotic stability of the global closed-loop system.

Remark 4.3. The output injection arqument in Lemma A.7 remains valid in the presence of
uniformally bounded time delay at least when the unperturbed system admits a strict Lyapunoov-

Karasovskii functional.

Let us recall the change of coordinates used in (4.56)

eo =0+ q(t)k(s,e), e, = w+qt)r(s,e), eq= a+q(t)s(s,e). (4.71)

Having X; = [v",e",s"]T, X, = [e ,e/),el]", & = diag(e;), 5 = diag(s;), €, = diag(ew:),

w? o

K

diag(x;) and using (4.15), we obtain

~Kuy —Ky 0 0 K ®(0)T
Xi=1| 0 0 Gk —e,| Xo+ | @TLy | Dv— 0 A(%)  (4.72a)
0 —qgk+eé, 0 LT L, 0
0 Iy 0 0 q
X, =|-L —-K, Iy |X.— |A(éa)| + |G| (€P"Ly+ 50" Ly) Pv
0 -K;, —-K, 0 q
0 0
| - (4.72b)

— | Ko+ Dq| kale,s,0,%)+ | B
p

)

Note that in view of Lemma 4.1, (X}, X, ) belongs to the set D, introduced in (4.58), is
equivalent to having (v, e, 5,0, w, a) belonging to the S introduced in (4.55). Thus, we
propose to study the stability of the set D, provided that the following extra assump-
tion holds

Assumption 4.5.

A (K,) >

—+202

2T*2N2a2 1
6 )

Co
with, ;
Cy = 3>\M(Kw) - 2/\N(L) + 5)\M(K[K;)

Theorem 4.4. Consider the system (4.5) in closed-loop with (4.36) and (4.65) with B(t) = 0.
Assume that Ky, K, K., K, and K are diagonal positive definite and Assumptions 4.1, 4.2,
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4.3, 4.5 hold. Then, the set D, introduced in (4.58), of the closed-loop state space is uniformally
globally asymptotically stable.

Proof. (Sketch) The proof is constructive; we provide a strict Lyapunov-Krasovskii
functional. The complete proof is in Appendix B.12, the main steps are the follow-

ing

First, since the translational part of the system ((4.70b)-(4.70c)) is the same as in the
partial delayed case ((4.38b)-(4.38c)) then, using (4.44) and (4.45), we conclude that it
admits V' (v, z, %) as a non-strict Lyapunov-Krasovskii functional with respect to X, =
0.

The strict Lyapunov-Krasovskii functional for the closed-loop system (4.72) with
B(t) =0is

F<t7 Xt7 XTv 'éta é@t) = W(tv Xta ‘/7 Zt) + P (V)Z(XT7 éet) + /02(V)V (473)
where

W = A((V)V+VE Tet)k+a(V)e'v—cVe' s+ crbAy(L)V?
+ A (L) + [Kpl]) V)V,

0yt
Z = cy(egLleg+ele, +elKrey) +eyLe, + 05/ / ép (s)ég(s)dsdh,
7+ Jith

20(V)

pl(v) = 02/\m(Kw)

(V) +ebV)+ 14V,

16T 4N )14
o(V) = max 0 Clbq, (L) [ Koy K oV :
p ’Y(V)

a(V) = 42Ay(D)V?| K + a2 n (L) |KH | V2 + 401

72 (@LTL (b)

LY

2 12| -1
+clc4bq ’Kpt | ,



V) = 2eVEAN(L) | K Ko [T ® T Lo®|”. + 2eaV2AN(L) | K3 K| [T @4 T Lod|”

oo c
o0V ([l + Av (L)) + 5401‘/ +2a(V) |07 La®| | Ky K|
c c 4
5 [BuE g [ (V) + Sa(V) [Kal + 200 An(L)V + —V2Ay (L) K|
4

15 _
+ S K K | (@TL2¢)2)OO + 8@ N2 T Ay (K (V),

p2(V) = e3p3(V) + pr(V)bVAm(KpKy) (AN(L) + cocsT™) +
26 N>T*py (V) [%(bq +by)erpr (V) + coeaby (1 + (1 + AM(K;D))2 M (K)V AN (D) +

D) (14 s (K D)) by (V) + o

Y

(V) = Vo(V)(D) [[6" Le[%, + |6+ Lol

and the constants ¢; — ¢; are:

An(L
~(L) ¢y = 3 (K,) + 2An (L) + ;)\M(KIK;),

ez = b2[(2c2 4+ 1)* + Mar(Ko) (202 + An(L))? 4+ Ar (K KA (K7)?] | K Kt

2T 8N 1
= 2,— (2 = a’N?*T* |-~ +2
o = {2 S (2o i) |- [l

T
Cg — 16bq |:)\M(Kw) + % + 2+ QAM(K;KQ):| s

Notice that the functional Z (X, ég) is a strict Lyapunov-Krasovskii functional with

respect to the set

DT = {(Lea,ew,Oé) & R?)N / Leg =€, =0 = 0},
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under the assumption 4.5, for the following delayed system

0 In 0 0
Xr =|-L —K, In X, — A(eﬁt) : (474)
0 —-K; —-K, 0

In deed, Z(X,, ép:) is a Lyapunov-Krasovskii candidate with respect to the set D, due
to the following inequalities

Z > %2 (egLeg + egew + egKI_ea) ,
t
Z < 2co(egLeg+ele, + el Kie,) +2¢5T" / lég(s)]* ds
t—T*

then, one can easily find the two class K., functions v and v such that inequality (A.10)
holds with respect to the set D,..

The time-derivative of Z(X,, ét) along trajectories of (4.74) verifies

Z() = — 209 [eZK{Kaea + engew} — e(,TLQeg — e(,TLKwew + eQTLea + eZ;Lew
t

— el LA(é) — 2c0el A(égr) + csTéf ég — 05/ éd(s)éq(s)ds. 4.75)

t—T*

Using the fact that K, > Iy both with the following inequalities

1
eoLe, < £69TL269—|—g)\M(K[K;)egK;Kaea

elLe, < An(L)elK,e,,

c
_20265-/4(@9,5) < elcgengew + 6—2 |A(69t>|2 ,
1

1 €
ea LA(eqr) < —ef L?ep+ = |-A(€9t)|2 5
2e 2
1 A (K
ea LK, e, < 2—63L269+6M—§>7
€
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V

o - o
/ G ()o(s)ds = === Y al / ¢4 (5)ds,
. . t—T,

—T*

t
2 -2
2 62 (&\d
/tT a”€9]<5) ’ T

AV
|.~
RS
7\
=
)
N
—
w
N—
QL
&
v
[N~}
s
S

. 1 1
2() == (el Ky Koea + el Kye] — 5eg’L%g. (4.76)

Since V and Z are Lyapunov-Krasovskii candidates with respect to X; = 0 and D,
respectively, then we conclude that I is so with respect to D using the following in-

equalities.

w Y(V)V,
W < AV +VE(e,8)Tg(t)k(e, s) + 2c1bp A (L)VE 4+ 2 (An(L) + | Kp|) a(V)V.

v

Then, one can easily find the two class K, functions v and v such that equation (A.10)
holds with respect to the set D since it verifies D = {X; = 0} N D,.

After some term chasing and some cumbersome manipulations we get

: V
r<-— plé ) TeseT K Ko + cse Koo + € L]
1 - . 1 . u 4.77)
_ Z’}/(V)U Kdth_t v — Ea(‘/)e Kpte _ Evfi

This implies that I' is negative definite and I" qualifies as a strict Lyapunov-Krasovskii
functional for system (4.72). Global uniformly asymptotic stability of the set D is en-

sured and thus the full delayed consensus problem is solved. 000

Corollary 4.1. Assume that Ky, Ky, K,,, K, and K| are diagonal positive definite matrices
and let Assumptions 4.1, 4.2, 4.3, 4.5 hold. Then, for the closed-loop system (4.72) the set
D, introduced in (4.58), of the closed-loop state space is uniformally globally asymptotically
stable.

Proof. The proof of the corollary is a direct application of Lemma A.7. Indeed,
Item 1. the global closed-loop system (4.72) is uniformally globally stable, that is,

using the non strict Lyapunov-Karasovskii functional V' introduced in (4.44) with a

time derivative along trajectories of (4.72a) given in (4.49), which concludes the uni-
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form global stability of translational coordinates. The rotational part in (4.72b) is com-

posed by the uniformally exponentially stable linear delayed system

0 Iy 0 0
Xr = |-L —Kw ]N Xr A(egt)
0 —-K; —-K, 0

which is ISS with respect to the bounded perturbation vector

g 0 0
g| (@ Lo+ 50" Ly) ®v — | K,q+ DG| kale,s,0,%) + | B(t)
q p 0

that depends on the translational coordinates thus, the first item follows.

Item 2. the uniform global asymptotic stability of the unperturbed (system (4.72)
with B(-) = 0) follows for theorem 4.4.

Item 3. the last condition to verify concerns the integrability of the vector B(-),

having
N 2 N
Z (Z aijq;(t — Tij)kgi(t — Ty ) <N Z Z z]qJ — Tij)*ka(t — Tij)?
=1 \jeN; i=1 jeN;
<Na*|q|%, Z Kt = T7) (4.78)
j=1
where
T3 () = argmax {3 (t — T, (1))}
Using (4.40) we obtain
Kyt = T7) < gt = T;)| AT Gorr) A (o)
with
1 .
9i(t) = 7 [Aj(2) + 2¢;0(0;) + 25;0(0;)"] [A] (20) + 2¢;6(6;)" + 25;0(0;) "] -
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Using (4.13) we obtain the following inequality

Zakg/T T*' Tdé] {

A?(zt_T*) Zt T [ Z Clkj/ > Tdé]
Tyji— T*

keN; keN;
t— T]
<N Y aj; / §)Tds / 2;(0)ds.

From the last inequalities, we obtain

BOP <N ol Z»gjt—T*\Zak]/

§)Tds /
keN; t— kj—T* Tyj— T*

}Z > ai / 5)"ds / v 55(8)do.

J=1 keN; =T =T} t=The; =T}

<N?%a 2|q| sup{’g] (t—1T7)

Having the translational part of the closed-loop system globally bounded using the
non strict Lyapunov-Karasovskii candidate V' introduced in (4.44), we conclude the
global boundedness of the term N2a?|q|% sup; {|g;(t — T})|}. Then, using the time
derivative of V along the trajectories of the translational coordinates X;(¢) in (4.49) we

conclude the uniform integralbility of the term

t—T*

Z D> ai / OTds [T 5(8)ds
J=1 keN; T =T t—T;— T
since T < T*, which conclude the proof of the corollary. 000

Remark 4.4. Two remarks are in order:

i) for simplicity, and without losing generality, the function p is taken equal for all the agents;

ii) the function r in (4.22) may correspond to any class-K function with the following form
k(54 €q) = 3[G(s3 + €2), ..., G(s3, + €3,)]". The only condition on k is that there exist two

positive polynomials Py (-) and Ps(-) such that:

G(-) < P(), and,

4.4 Conclusion

This chapter deals with the distributed formation control of multiple nonholonomic
robots under a general time-varying delay. We report a novel decentralized consensus-

based formation controllers that consider both, the kinematic and the dynamic model
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and a delayed exchanged information between the elements of the network, to uni-
formly and asymptotically solve the partial and the full consensus problems. The net-
work is modeled as an undirected, static and connected graph. The controller has
a smooth time-varying PD-like and PID-like scheme that is d—persistently exciting.
Up to the authors” knowledge this is the first work that provides a strict Lyapunov
function and a strict Lyapunov-Krasovskii functional, thereby guaranteeing uniform
global asymptotic stability for the closed-loop system. Simulations, using a network

with six agents, have been provided to illustrate our theoretical contributions.
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Conclusions & Future Work

The following concluding remarks are in order.

In Chapter 1. we presented some technical results on uniform exponential stability
of time-varying linear systems with particular structures that appear, for example,
in the analysis of model-reference adaptive systems, persistently excited observers,
consensus of systems interconnected through time-varying links and systems with
time-varying input gain. Stability proofs we presented in this section are based on the
explicit construction of strict Lyapunov functions. Such an approach allows not only
to conclude stability and convergence properties of the system trajectories but also to
give explicit decay estimates for the convergence rate.

In the subsequent chapters these stability results served as basis for the consensus
and formation control of mobile robots using controllers with persistency of excitation.

In Chapters 2-3. we identified several control problems for swarms of mobile
robots depending on nature of the leader’s velocities, notably the leader-follower track-
ing, robust agreement and simultaneous tracking-agreement problems. In all three
cases assuming a spanning tree communication graph topology, we considered two-
stage controller design — first at the kinematic and then at the dynamic level. At the
kinematics level, a nonlinear change of coordinates was used to transform the three
problems into that of uniform global asymptotic stabilization of the origin. Stability
analysis provided in these chapters relies on the extension of strict Lyapunov functions
proposed in Chapter 1, cascaded systems design, notions of iISS and strong iISS and
their characterization. In particular, we provided strict Lyapunov functions for the
closed loop systems at the kinematic level and demonstrated that at the dynamic level
one can use a variety of control schemes for Lagrangian and Hamiltonian systems that
ensure square intergrability of velocity errors.

In Chapter 4. we restricted our attention to the leaderless consensus problem of
multiple mobile robots, but under the assumption that the robots are interconnected
in a general bidirectional graph and that the communications are affected by time-
varying delays.

In particular, we considered 2 cases : in the first case, under the assumption that
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each robot adopts a particular orientation, i.e., consensus is pursued only in their
Cartesian positions on the plane while in the second case, the robots required to as-
sume both common position and orientation.

We proposed decentralized smooth time-varying PD-like and PID-like controllers
that consider both, the kinematic and the dynamic models to uniformly and asymp-
totically solve the partial and the full consensus problems. Assuming that there are
no delays in the communications, we designed new strict Lyapunov function that en-
sures uniform global asymptotic stability of the consensus set, these functions served
the basis to construct strict Lyapunov-Krasovskii functional for the formation with
delays.

Although many of controllers proposed in this thesis are reminiscent of others that
have appeared in the literature, our contributions lie in the establishment of strong
properties such as uniform global asymptotic stability, (integral) intput-to-state stabil-
ity and, most remarkably, in the construction of original Lyapunov functions for most
of the control problems that we addressed.

Chapter 1 is bound to present concrete case-studies of stability analysis for time-
varying systems. Each of this case-studies, we believe, may serve as a departure point
to different lines of research. In that light, the subsequent chapters are devoted to an in-
depth study of one case-study: that of consensus and formation control of autonomous

vehicles. Other concrete open questions include:

1. Design of strict differentiable Lyapunov function for the first order time varying

consensus problem studied in Subsection 1.2.1 for the case of directed graphs.

2. Establish necessary and/or more relaxed sufficient conditions for uniform expo-

nential stability of the spiraling systems (1.51).

3. Extension of the leader-follower tracking, robust-agreement and simultaneous
tracking-agreement controllers to more general graph topologies and in the pres-

ence of time delay.

4. Extension of the results of Chapter 4 on partial and full consensus of mobile
robots to the case of connected directed graph and to other types of moving

agents.
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Basic notions

A.1 Preliminaries

Our technical results are stability statements of nonlinear time-varying systems of the
form
= f(t,x). (A1)

For simplicity, we assume that f is such that solutions exist and are unique.

A.2 Uniform Stability notions

Definition A.1. Consider the time-varying dynamical system
i =f(t2) (A2)

where f : R>o x R™ — R" is such that the solutions of (A.2) exist in finite time intervals for
all initial condition (to, xz(to)) € R x R™ and admit an invariant set A.
The invariant set A is Uniformly Stable (US) if there exist o« € K and r > 0, such that

2t toat) g S allzlt) ) Vet Vielt) <r  (A3)

The invariant set A is Uniformly Asymptotically Stable (UAS) if there exists 5 € KL, such
that

|[2(t, to, 2(to))]| 4 < B(t — to, [2(to)] 4) vt > to, V(o) 4 < (A4)
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The invariant set A is Uniformly Exponentially Stable (UES) if there exists v1, 2 > 0, such
that

|2(t, to, 7(t0))| 4 < 71 |2(to)| 4 1) Yt > to, V |z (to)], < 7 (A.5)

The invariant set A is UGS, UGAS, UGES if equations (A.3), (A.4), (A.5) hold, respectively,
forall r > 0.

Definition A.2. Consider the delayed time-varying dynamical system
i =f(t,x), t>t1. (A.6)

where f : Rso x C[—T,0] — R" is continuous in both arquments and locally Lipschitz in the

second argument. and admits an invariant set A, that is,
lz(to +0)] 4, =0, V8 € [-T,0] = f(t,xs,) =0, Vt > 1.
The invariant set A is Uniformly Stable (US) if there exist o € K and r > 0, such that
2 (t, to, Tio) | 4 < (|Tty] 4) vt > to, Vwg|q < (A7)

The invariant set A is Uniformly Asymptotically Stable (UAS) if there exists 5 € KL, such
that

[2(t, to, T4y)| 4 < B(E — to, [T45] 4) Vit > to, Vgl < (A.8)

The invariant set A is Uniformly Exponentially Stable (UES) if there exists 1, 2 > 0, such
that

2 (t, o, Too)| 4 < M1 || 4 €71 Yt > to, V2| 4 S (A.9)

The invariant set A is UGS, UGAS, UGES if equations (A.3), (A.4), (A.5) hold, respectively,
forall r > 0.

Lemma A.1 (Lyapunov characterization). Suppose f : R>o x R" — R"; and that u; v; w
: Ry — Ry are continuous nondecreasing functions, u(s) and v(s) are positive for s > 0,
and u(0) = v(0) = 0. The invariant set A is uniformly stable if there exists a continuous
functional V' : R>g x R® — R, which is positive-definite radially unbounded with respect to
A, ie.

u(la(t)]) < V(t.a) < vllal o).
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and such that its derivative along (A.6) is non-positive in the sense that

V(t,x) < —w(|z(t)] 0)-

If w(s) > 0 for s > 0, then the invariant set A solution is uniformly asymptotically stable. If
in addition lim,_,, = oo, then it is globally uniformly asymptotically stable.

Lemma A.2 (Lyapunov—Krasovskii characterization [33]). Suppose f : R>oxC[-T, 0] —
R"; and that u; v; w : Ry — Ry are continuous nondecreasing functions, u(s) and v(s) are
positive for s > 0, and u(0) = v(0) = 0. The invariant set A is uniformly stable if there exists
a continuous functional V' : Rsq x W[—=T,0] x Lo[-T,0] — R, which is positive-definite

radially unbounded with respect to A, i.e.
U(‘I(t)U) <V(t,zy, 2y) < U(thHA). (A.10)

and such that its derivative along (A.6) is non-positive in the sense that

Vit @) < —w(|z(t)] 4)-

If w(s) > 0 for s > 0, then the invariant set A solution is uniformly asymptotically stable. If

in addition lim,_,. w(s) = oo, then it is globally uniformly asymptotically stable.

A.3 ISS and Lyapunov characterization

Definition A.3 (ISS [110]). Consider the time-varying dynamical system
T =f(t,z,u) (A.11)

where f : R>o x R" x R™ — R", is such that its solutions exist on the infinite time interval
for all initial condition (to, z(tp)) € R x R" and u : R5g — R™.
The dynamical system (A.11) is Input-to-State Stable (ISS), with respect to the input w, if there

exists a class KCL function ((-,-), and a class KC* function ~(-), such that:

()] s5<|x<to>|,t—to>+v( sup |u<s>|) (A12)

to<s<oo

Similarly, the dynamical system (A.11) is small Input-to-State Stable (ISS), with respect to the
input w, if there exists r > 0, such that equation (A.12) holds for |u| < r.

Lemma A.3 ( [47]). Let V : [0,00) x R™ — R be a continuously differentiable Lyapunov
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function such that:

a(lz)) <V(t, X) <a(lz]) (A.13)

ov. oV

Where o, @ are K™ functions, p a class K function, and W a continous PD function, which
implies that the system @ = f(t,x,u) is ISS with respect to the input .
Similarly, if there exists r > 0 such that (A.14) holds for |u| < r then the system & = f(t,z,u)

is small ISS with respect to the input wu.

A.4 integral ISS and Lyapunov characterization

Definition A.4 (Integral ISS [110]). Consider the time-varying dynamical system
T =f(t,z,u) (A.15)

where f : Rsg x R" x R™ — R™, is such that its solutions exist on the infinite time interval
for all initial condition (to, z(tp)) € R x R and u : R5g — R™.

The dynamical system (A.15) is Integral Input-to-State Stable (iISS), with respect to the input
u, if there exists a class KCL function [3(-,-), and a class K™ function ~y(-), such that:

2()] < Blzol ,t — to) + / 7 (Ju(s)]) ds (A.16)

to

Lemma A4 ( [42]). Let V : [0,00) x R"™ — R be a continuously differentiable Lyapunov

function such that:

o (Jel) < V(. X) < @ (o) (A17)
4 O Fltww) < —au(lel) + ) (A18)

Where o, @ are K™ functions, oy a positive definite function called dissipation rate, and p a
class IC*>° function, which implies that the system @ = f(t,z,u) is integral ISS with respect to
the input u.
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A.5 StrongilSS

Definition A.5 (Strong iISS [17]). Consider the time-varying dynamical system
T =f(t,z,u) (A.19)

where f : Rso x R" x R™ — R", is such that its solutions exist on the infinite time interval
for all initial condition (to, o) € R x R" and u : Ry — R™.

The dynamical system (A.19) is said to be strongly integral input-to-state stable (strongly
iISS) with respect to u, if it is integral input-to-state stable (iISS) with respect to u, and input-
to-state stable (ISS) with respect to sufficiently small values of u.

Lemma A.5 ( [18]). Consider the following cascaded interconnected system:

.jl'l :fl(t,l'l,.CCQ,Ul) (AZO)
Ty =fa(t, v2, uz) (A.21)

Where f, is strong ilSS with respect to x4 uy], and f, is so with respect to us, then the overall

system is strong iISS with respect to [uy us).

Remark A.1. The prove of the last lemma is provided in [18] for the autonomous case, but the
prove may be directly extended to the non-autonomous case, because it uses a catalog of prop-
erties introduced in [111], [8] and [9], and the crucial part when establishing these properties
uses the converse Lyapunov theorem for Asymptotic Stability which exists for the uniform

asymptotic stability,see for example [122].

A.6 Nonlinear output injection
Undelayed case
Lemma A.6 ( [99]). Consider the following system in the output injection form:
= f(t,x) = F(t,x) + K(t, x) (A.22)
The origin of (A.22) is UGAS follows if:

i. theorigin of & = f(t,x) is uniformly globally stable;

ii. the origin of & = F'(t, ) is UGAS;
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iii. there exist an “output” y, non decreasing functions ki, ks, B: R>o — R, and class K

function k, as well as a positive definite function ~y such that

K(t,2)| < ka(2))k(y]) (A23)
y(t, )| < ka(|2]) (A24)
/0 2(y®)]) < B(lz(0)). (A.25)

In the presence of time varying Delay

The following lemma is the extension of Lemma A.6 to the case of time varying de-

layed systems
Lemma A.7. Consider the following delayed system in the output injection form:
&= f(t,z) = F(t,z,) + K(t, ) (A.26)

f Ry xC[=T,0] — R™ uniformly bounded in t and sufficiently smooth. The origin of (A.26)
is UGAS follows if:

i. theorigin of & = f(t,x;) is UGS;

ii. theoriginof & = F(t, x,) is UGAS and admits a strict differentiable Lyapunov-Karasovskii
functional continuous functional V : Ry x W[—=T,0] x Lo[—T,0] — R with the prop-

erties
a(lz]) S V(t, 2, 20) < al|z]) (A.27)
Vp(t,xt,x't) < —a(|z|) (A.28)
S E () (A29)

where the functions o, &, a, oy € Koo

iii. there exist an "output” y : R, x C[=T,0] — R™, non decreasing functions ki, ks,
B: Rsg = R, and class Ko, function k, as well as a positive definite function ~ such
that

[K(t, )] < Fa(le)EC(ly]) (A.30)
[y (t, )| < Fa(la) (A.31)

/ jw y(t,2)]) < Al (0))): (A32)
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Proof. Since the system & = F'(¢, z;) is UGAS, and admits a continuously differentiable

Lyaunov-Karasovskii functional V (¢, z¢, 4).

Taking the derivative of V' (¢, x) along the trajectories of A.26 we obtain
Vazs(t, 20, @) < —a(|z]) + aa( [zl (|2 E(Jy]), (A.33)

and since the system is UGS, there exist v,, € K such that
[2(8)] < Ywllze]), VE = to.

Moreover, f(t,z;) uniformly bounded in ¢ and continuous in x, with f(¢,0) = 0 then,
there exist a class K function x : Ry — R, and a nondecreasing function i : R, — R
such that

lzel] < 5 (Jos]), VE=t0+T

and
aa(||ze|)kr([2e]) < pllzg ), VE >t +T.

Let assume that
|xt0| S T, r > 0

We claim that for a given positive definite function v and k € K, for eachr, v > 0

and A > 0, there exists p > 0 such that

()

k(lyl) < +py(lyl) Yy <A (A.34)

indeed, we can take

= su M = max M
s SG(OPA] { V(s) } B se[k1(2%).4] { v(s) : (A.35)

w(r)

Let A := kg 0 7,(7).

Using all these definitions in (A.33) we obtain that for all |y| < A and any v > 0
there exists p = p(r, [, v, A) such that

Vs (t, 20, i) < — al|a(t)]) + pulr) ﬁ +oy(ly@)) (A.36)
== la(|z(@)]) = vl + u(r)pr(ly@)]), vt = to +T. (A.37)

Let 5,.(s) = a(k(s)) + u(r)pB(s), integrating on both sides of the inequality above,
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from ¢, to oo and using A.27-A.29, we obtain that for any v > 0

lmkmaﬂn—vmf—lw kmaﬂb—uwf+[wkmuﬂw—wm- (A38)

+T

<Ta(yu(lz))) + alk ([z]) + ulr)p /too’y(!y(T)!)dT (A.39)

<Bru(|s,])- (A.40)

The proof is completed invoking integral Lemma A.8. 00O

Integral lemma in the presence of time varying Delay

The following lemma is the extension of [99, Lemma 2] to the time varying delayed

systems

Lemma A.8. Consider the following delayed system:
i = f(t,x) (A41)

f Ry x C[-T,0] — R sufficiently smooth.

The system (A.41) is UGAS if it is UGS and there exists continuous positive definite
function v : Ry — Ry and for each r, v > 0 there exists (,, > 0, such that for all
(to, xt,) € Ry x B,, all solutions x(-, to, x4,) and all t > t,,

/[%M@ﬁw%&b—ﬂdféﬁxmww (A42)

to

Proof. By assumption the system is UGS, thus we need to prove global uniform attrac-

tivity only.

From UGS it follows that there exists a class K., function v, such that |z(t)| <
Y (|1,|) for all £ > .

Fix r and e such that 0 < ¢ < r and let § = 7,,;'(¢). Since the system is UGS, we only
need to show that there exists 7*(r, ¢) > 0 such that for each ¢, and each z;, € B, there
exists a time ¢’ € [ty, to + 17|, such that |z(t, to,x4,)| < §. We proceed by reductio ad
absurdum.

Let v,,(0,7) := se[gn')i/n(r)] v(s) and! assume that |z (¢, tg, 24, )| > 0 forall t € [to, to+T*]

!Note that 7,,(s) > ss0 s > v 1(s). Therefore, v,,(r) > r > ¢ > v1(¢), so the interval [J, 7,,(7)] is
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where T (e,r) = 16,,(r), where v = 7,,(6)/2 and 3,(r) = sup f,(s). Then we find

; 0<s<r
that

to+T*
/ Y|l (7, to, 24 )| )dT > T v (6) = 25, (1) . (A.43)

to

On the other hand, from (1.40) it follows that

IN

to+1T* to—i—T*l
/ (2 to, 220)]) — V] dr + / L n(8)dr

to to 2

< Bollai]) + Bu(r) < 2B,(r)

to+1*
/ (7 to, ) ) dr

to

which contradicts A.43. Therefore, the origin is uniformly attractive. 000

A.7 PE, 5-PE and Uniform )-PE

Definition A.6 (Persistency of Excitation [87]). A piecewise continuous and bounded func-
tion ¢ : Rt — R™™ is said to be persistently exciting, with excitation parameters— (T, j1), if

there exist T, ;v > 0 such that

t+T
/ ) Y(s)(s) ds > pl, Vit >0. (A.44)

Let z € R" be partitioned as z” := col[z] zJ] where z; € R™ and z, € R™. Define
the column vector function ¢ : R x R” — R and the set D, := (R™\ {0}) x R".

Definition A.7 (Uniform ¢ Persistency of Eexcitation [66]). A function ¢(-,-) where t —
o(t, x) is locally integrable is said to be uniformly o- persistently exciting (Uo—PE) with re-
spect to x; if for each x € Dy there exist 6 > 0, T > 0 and p > 0 such that Vt € Ry

t+T
smal <8 [ [8(ra)ldr 2 p (A.45)
t
If ¢(-,-) is Ué—PE with respect to the whole state 2 we will simply say that "¢ is
Ué—PE”.
Consider the system

&= f(t,z) (A.46)

where f : R>g x R — R" is such that the solution to (A.46) is forward complete. Let

o(-, z(+, to, z0)) is locally integrable for each solution z (-, ¢y, zo).

nonempty.
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Definition A.8 (Uniform ¢ Persistency of Excitation along trajectories [99]). A function
¢ is called uniformly persistently exciting (Ud—PE) with respect to x; (along trajectories of
(A.46)) if for each r and § > 0O there exist constants T'(r,0) > 0 and p(r,0) > 0, such that for

all (to, o) € Rsg x B,, all corresponding solutions satisfy

{ min _|zq(s)| > 5} {/ (7, 2(1, to, 20)) (7, (T, to,iBo))dT}. (A.47)
SE[tt+T]

Remark A.2. In general, for multivariable functions, the two properties, in Definitions. A.8
and A.7, are different. Neither one implies the other —see [66] however, for the type of functions

of interest here, the following statement establishes a link between the two properties.

Lemma A.9 ( [87]). Ifu1 : RZO — R"”, Uy € Q(n,to,T)/ and Uy : RZO — R"”, with uy — 0as
t — 00. Then uy + ug € Qny, 1) for some t; > t.

where
Qnsto,) = {u Ry — R”// u® (s)u(s)ds > p, vVt > to} .
¢
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Proof of auxiliary results

B.1 Proof of theorem 1.1

The proof is constructed based upon that of Lemma 1.1. We show by recurrence that
the Lyapunov function candidate V, is positive definite, proper and its total derivative

satisfies (1.31). Firstly, using (1.5), we conclude
1., 1.. _
Edlag (B:) < P(t) < §d1ag (B:(1 +2aT)).
Next, notice that for ¢ > 1 the system (1.27) corresponds to
¥y = —a(t)x;

and X

Wi (t, {L‘Z) = i
is a strict Lyapunov function for ;. The latter follows by mimicking the proof of

(B.1)

Lemma 1.1 to obtain

Wilt, ;) < — a7 (B.2)

(2

RS

—cf. Eq. (1.13). For n = 2, the cascaded system

define the function V5, : R x R? — Ry as

% corresponds to (1.25), for which we

Va(t, Z12) = Wi(t, z1) + BaWal(t, z2) (B.3)

with Z;; := [z; - - 2;]" and, according to (1.29),

By > —[a(1 + 2aT)]’. (B4)
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Furthermore, using the bound @ > max{a;,a;41} > 0, following the proof-lines of

Lemma 1.1, we see that the time-derivative of V, satisfies
Valt, #12) < Wit 1) — Booa (B.5)
and, along the trajectories of (1.25a), V; satisfies
Wit 21) < =5t + Yo, (mians(t)as,

In turn, this implies that

2‘;<x1+ 50203) + 0t 212, B2) (B.6)

< -
¢2(t, Zi'lg, 52) = —% % 62 ZL‘2 + Tal( )IEl,IQCng(t). (B7)

V(t x)

Now, notice that ¢, < 0 if 35 satisfies (B.4). To show this, we introduce

2T

€:=— (B.8)
I
and we use the triangle inequality
L o 1 2 2
prarz(t) Yo, ()22 < -1 + e (a2(t) Lo, ()" 22, (B.9)
to obtain
. xfop 1 po 1 12
Pa(t, 12, B2) < — 51 [f - E} — x5 52@ - 56[(1 + 2aT)a]

From (B.8) and (B.4) it follows that ¢, < 0 hence, we conclude that
. f 34

Next, we proceed by induction. For any j € (2, n], let V; be a strict Lyapunov function
for 2 —cf. (1.27), and let it be defined as

Vi(t, Z1) = Vioa(t, Trj1) + BW (¢, 2;). (B.11)

To evaluate its total time-derivative along the trajectories of 2 we first see that

) 3 ov;_
Vici(t, 215-0) < — Zﬁzx ——M AR 1%’—1)3'%‘
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and, in view of (B.11),
V4

8xj_1

= [Yo,.,(0)Bj1] w1 (B.12)

Hence, it follows that

‘/}(t7x1] S __Tzz: :L‘ - EZL‘] +¢j(t x1j75]7/8] 1)
where

U
o;(1) = _Eﬁj—lx?—l + Bj-1Ya,;  (B)ag-1);(t)z;zj1

0
_ Bjﬁxi' (B.13)

Now, in view of (B.7), the factor of 5;_; T
applying the triangle inequality to the last two terms on the right-hand side of (B.13),

(t)ag—1y;(t)xjx;—1 is non-negative hence,

aj—1

we obtain that, for any € > 0,

which, in turn, using (1.5), we btain

00 = | = 5] ot [ (1 2m)a - ) 2

for all € # 0. To render non-positive the factors of 7 and =7 _, above, we choose

Then, the factor of x?_l equals to zero if (B.8) holds, while the factor of —x? is non-

negative if
477
Bi 2 7 B |1+ 2aT) al’

for all j € (2,n] —f. (1.29). It follows that ¢; < 0 and, consequently,

e 3
— 2_ g2 B.14
o 22" Tyt (B.14)

i=1

Vj(tvjlj> <

The latter holds for any integer j € [3,n]| hence, together with (B.2) and (B.10), the
inequality (1.31) follows. |
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B.2 Proof of theorem 1.4

In view of (1.5), the boundedness of a and b, we have

1 _
V(t, I) 25 [’Y + Y a2 (t)] z! Px — b Px

Pl/zAZ&FiPlﬂ IT
=1

1 - n
V(t,x) SE [v 4+ Yoz (t)] 2" P2 + b*a® P24 Z BT PY? 2" Px

=1

Using the bound v > 5, the function V' is positive definite and radially unbounded.
Indeed, there exist 7, 17, > 0 such that

mlz)? <V (t,z) < mof)? (B.15)
forallt > 0and z € R™.

Next, we compute the total derivative of V" along the trajectories of (1.63). We use
the persistency of excitation of the product ¢ = a?b, (1.7) and (1.66), and we reorganise
some terms to obtain

n—1

Vo< —b2z " CC Tz — %xTPx —a*b’z" | B, PAT,ATP — P + Z B;PAT;ATP |z

~ba® | [2ba + 303] [PAz]” + ba*[PA%] | Z BT, Px

—b*a®[CTa] ") | BiCT[ALP — T PA]x. (B.16)

i=1

To establish that V is negative definite we first note that, since the pair A, B is control-
lable by assumption, the matrix ®.® where @, corresponds to Kalman'’s controllabil-
ity matrix ®. := [B AB --- A" !B|, is positive definite and satisfies .®] = A, A".
Hence, in view of the definition of /3, we have —3,2" PAl', AT Px + 2" Pz < 0. There-
fore, the sum of the first two terms in the second line of (B.16) is non-positive. Next,
note that the terms in the last line of (B.16) are bounded from above by

B op

b2 CT 2

where v, is defined in (1.68). Hence, using 'y = BB" and I'; = BB' + ATl';_, A for all



Appendix B 169

1 > 2, as well as (1.66¢), it follows that

V < —bateTMT PZ B,CCT+ Z BiPAT; 1 ATP| 2z — 2b?|CTaf? — 2“T TP

n—1
—vatz’ Z B;PAT; A" Px

=1

where M is defined below (1.71). Next, observe that

iBiPAFi_lATP = Z BZZPAJBBTAJTP ZPAJBBTAJTP Z B
=2 =2 j=1 1= J+1

n—1

> BPATA'P = Z B; Z PA'BB'ATTP = Z PA'BB'A’TP Z B;
=1

=1

so, in view of (1.69), we obtain

‘ M T
< P
V < 4T T —

Z PA'BBATTP Z @,]

Jj=1 =j

—ba’x™™MT

n—1
> PAIBBW'P Z @] . (B.17)

j=1 i=j+1

Then, defining Y; := [PA7B]", it follows that

: p
V<- TPx—Z

|ba®Yz|? Z Bi+ [YiMz] ' [ba*Yja] > 5] (B.18)
j=1 i=j+1

Using the triangle inequality on the last term on the right hand side of (B.18), we see
that for any ¢; # 0,

n—1

;o< _ETp 2YM2
vV < Tt x+j21] x|

—§|b&2ij|2 [[ﬁﬁ Zl 5] -3 [Z Bl” |

i=j+1 i=j+1

Now, on one hand, defining
2 /LP m

2= Hm B.19
T anT Y, M (8.19)
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we obtain 1
nooT 1« 2 2
—apt Pt ; e2Y; Mx|* < 0. (B.20)

On the other, in view of (1.71), we have

Thus, we conclude that

which completes the proof. [ |

B.3 Proof of Proposition 1.2

First, we remark that V' is quadratic and having that q; satisfy (1.3) then, using (1.75)

and (1.5), we obtain

V(t,x) >[1/247)|af = > aa® o > 1/2]af (B.21)
=2
V(t,z) < [Ty + 9] o + D awa® " o) (B.22)
=2

We conclude that V' is quadratic positive definite and radially unbounded Lyapunov

function candidate, that is, there exist ¢;, ¢ > 0 such that

ezl < V(t ) < claf?

¢
Then, let introduce I1,(¢) := Hk71|ak(t) |, the time-derivative of the first term in V'

satisfies

d[1& a -
d {5 3 rna<t>x§} SO - T B2
=1 =1 =1

On the other hand, the derivatives of ®;, satisfy the following.

Firstly, for i = 2, we have



o {a ®,} < —ajazx; + aid’ |viao| + aia” |xyxs] + 4 |ay| @ |zyas| + af@®ax? (B.24)

and, similarly, for each i € [3,n — 1], we obtain

i—1

d . .

a{a b, } <QZZH 219 |z 41| + ZH?(t)&Q(Z_]) | T 42
j=1

+ al(t)zc‘ﬂ(“l)xf — T2(t)a? + ala® " a2 (B.25)
while, for i = n,
d n—2
@{G%‘I’n} < — I (1)23 + ar(8)°a™ " [orws| + Y T (0" [z 40|
j=1
n—1
+ aq(t)2a2" Vg2 +2nZH a1 ). (B.26)
7j=1

Thus, putting together (B.23) up to (B.26) we get

n

Vit,a) < - —ISBI = >l —a I () le2 + sz Do |2j]]

=2 1=3 j=2

300 [0 ] 6115,

=3 j=2

where we defined

:ZOJZ' [al ’.771.1'2‘ + Cl2 20— 1).77% + a%éw*l) ‘l’lfﬂg‘
+2i |ay| @207 [2y24]] — yaq (£)%? — 4“T|x|2. (B.27)

Now, notice that all positive terms above are (bounded by) cross products of |xs|

and |z3| with |a,21| hence, they may be upper-bounded by

1
3

Nayz1)? + < [ea25 + €323]

for appropriate values of €, €3 and . It follows that for sufficiently small A and choos-
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ing 7 sufficiently large, as in (1.75), we have ¢; < 0. Therefore,

Vit,x) < — %m? + Go(t, 7)

where we defined

It is left to prove that ¢, < 0. To that end, we start by changing the order of sum-

mation. Hence,

n

Gt x) ==Y [a; — a7 |I(t) ] ——|m|2+ZH ?|aiwiga| Y a*l”

i=2 j=i+1
n—1
+ Zﬂi(t) |41 Z OéjQiEL(Qj*l*i)
1=2 J=i+1
which satisfies
m n—2 n ’
dat, ) < _4n—Tx72l + Z —[oq —a" "I} + 1T Z a* ey — InT (231 + 27]
=2 j=i+1

n

n
I D7 @000 [l + 3 02 I frial |~ [ano - alln
j=i+1 J=it+l

+ [@,2(n — 1)a"] 1L, 1| zp_124]

Now, as for ¢; in (B.27), we see that the cross terms in the first summation above
may be upper-bounded using the triangle inequality. That is, we use
1
20Tiwie| < €af + —aFy, 2lmimis| < 8 + —

z+17
€ 0;

which holds for any ¢;, §; > 0. In particular, setting

€ = ﬂ an@j, 51 == @ Z [ij27;d(2j_1_i)]
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we see that choosing «,, = 1 and «,,_; according to (1.73), while

R RS b e e
o = a +4nT5i+2LZajaa ],

=it1

¢9 is non-positive for all ¢ and = —cf. (1.74).

B.4 Proof complement for Proposition 2.1

First, we show that the total derivative of V; along the trajectories of ¢ = A; (,¢)e is
negative definite. Firstly, since p; is a polynomial that maps R>, — R, and V; satisfies
(2.26),

DL (V) < = (Vi) [kt + ke, (B.28)

Next, we use (2.31), as well as |e| > |e,| and T, > 0, to obtain

% {[va + Tw%]vl} S - % |:/t [wr(S)z + UT<S)2] ds Vl

1
+ [w? +vf][e2 + k—eg + el (B.29)
Y

Then, using (2.36) and (2.38), we obtain

. 2 2
—— {w,ee,} = —wrege, — wT[ — kpegey + wre, + koege,,

dt

+ kyvrez — w2 — kgege? — kvaeye?L, + vregem}. (B.30)

Now, for the cross-terms we use the inequalities 2e,e, < ee2 + (1/€)e; and 2ege; <

eVieg + (1/€)ez, which hold for any ¢ > 0, and we regroup some terms to obtain

d
= {wrezey} < —w, [ — kyeze, + wTez + kgegez + kvaez}

2 2 2 .
— Wy [ —wyey, — kgege; — kyvreye; + Uregem} — Wy€yey

_ € 1 _ 1
< - wfez + Wk, <§6i + §e§) + Wy kg (eVleg + Eei)

T

k
+ @7, kyed + 022 + @,3" (e2 + 2V1e?)

1 _’I"_T‘ -
+ @k Ty (2—665 - %Vlei) L ot (+¢2) + &, (fez " _663)
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< — w?ez + W, Uk, e + — 5 [(k + ko)w, + w0, ky 0, + wT}
— g € - = - € WUy
+ [wrkx§ + wr + wrk:vaEX/l + WTE + 5

0, Ty
5 }eg (B.31)

+ wrkgvl} e?

+ [@rk}@EVi + (I)r

g—we + U V1€ + ps(Vi)e + ps(Vi)eg

1. -
+ 5 w,%k;j + (kg + ko)0y + @pky 0y + @y €] (B.32)

where p5; and pg are first-order polynomials of V; defined as

[)5(V1) - % [(Ekyﬂr + 2k0)‘/1 + (kz + ﬁ)ﬁ + 20w, + @T]

Wy

pe(V1) = wT[kg(e‘/l+ 1)+ “2}

Next, we have

d
E {UTPQ(‘/l)eeey} = _;02(‘/1)17365 - UTPQ(‘/l) [k9606y + wrezeq

+ kgeges + kyvre eqeq + vreg} + pa(V1)0reqey
8

0V 696y [k e, + ]{3969} (B.33)

Hence, using again the triangle inequality to bound the cross-terms and regrouping

them, we obtain

d
pr {vrp2(V1)epe, } < — kyvfpgez — pakgurege, — pavy [wrexeg + koeze, + kyvreyexeg}

dpa(V1)

a—vlegey (k‘wei + kgeg)

2 2 .
+ pavy ey + pavregey — Uy
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€ 1 Wy
< — kyvlpa€l + kov, (5,0363 + 506 > + palr (€2 +¢f)

ko e
+ poly— 5 (69 + Viel) + paky 02 (Vlei + 50) + 02 paeit

(€ 1 | 9p2(V1)
<2p§e§ + E(i;) + Uy

oV, max{k,, 1}V; (k:pei + k’geg)

1 - _ Wy _
< - k‘yU?m@Z + 2% (ko + 0y) GZ + [Pﬂ)r— + koVipav,

2
dp2(V1)
oVi

+p2k, 02V} + B,

ax{ky, 1}‘/1]€$:| e?

ko ky _
k:gvr p2 + pQ'UT_ + pgvr— + po— 2492 P2

2 2 2 r

8PW)
+vr2p2 +0 5‘/1 ax{ky, 1}Viky| €3
2 o 2 s L,
< — kyvypaey, + pr(Vi)es + ps(Vi)ep + % (kov, + 0r) € (B.34)

where p; and pg are second-order polynomials of V; satisfying

. ;
pr(V1) = Pzﬁr[u; (ko + ky0,)V1] + max{k,, 1}k,,V; 81’;2

5opa(V1) - i
o) = P2 [k epa(V) 1)+ (5, + 200

- € _ | Op2

vr§p2(V1)2+vT v max{k,, 1}koVi.

Now we put all the previous bounds together. Using (2.21) in (B.29), we obtain, in
view of (B.31) and (B.34),
oV, 8V2

oVa OV o _Q_M B 1€ 2 9
St A (te)e < —LVA(e) — [kypa(Vi) — 1= SVA|ole]

1 - L
45i@@@+m+m+QM+m+mw+ﬂ%

1
-ﬂﬂ%m—m—%—ﬁ—ﬁ}%4%m—%—%—E%ﬁ+ﬁﬂ- (B.35)

Y
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Hence, defining

T _ _
€ = — |:(Dr [@rkz ‘l’ k:x + kO + kjy@r} + wr + keﬂr + U’I‘:|
1%

1 1
e ! 0],
p1(V1) i k) ps+pe+ pr+ps+ | —i—kwa,,ﬂLvr]

pa(Vi) = kiy [1 + ng]

we obtain

vy  OVa H 2 2
JRE— E— < - —_ — . .
" + . Ap, (t,e)e T Vi(e) — kye; — koej (B.36)

That is, V; is a strong Lyapunov function for the nominal dynamics ¢ = A3 (¢, e)e.

Next, we evaluate the total derivative of V' along the trajectories of (2.35) (i.e., in-

cluding the output injection term). From (B.36) we obtain

Vi(t,e) < % + %Agr (t,e)e +W(t,e) (B.37)
2 a‘/Q o
Wite) = —kops(Vi)ey + vrlo(es) — 1] =B"(ey)e (B.38)

for which we used (2.26), as well as the positivity of p,(V1) and of dp,/0V}, to obtain

d . Ooa -
S Vips (W)} = Vapa(Vi) + VietVh < —kopa(Vi)el.
dt oVi
We show that IV (¢, e), defined in (B.38), is non-positive. To that end, note that

[p(eg) — 1] < €5 (B.39)

and, in view of the structure of B°, we have

o)%
a—elBo(e)e =0
hence, o
@_2 = vp2(V1)ey 0 €g] — w,[0 ¢y €]
e
and, moreover,
o 2, 2 o Ky o Ky 5o
|[e, 0 €] B°(e)e| = |- kye, + ey — kyeyeqeq| < |ej — Lel + Letey)|

2V 2F
< 2k, Vi + 2KV

|[0ey e]B°(e)e| = |kyel + eges — kyeyea| < 2k, Vi + max{k,, 1} V1.
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Thus, W(t,e) < 0if

> 20, max{k,, 1}

pa(V1) »

[ [kyPQT)r + (D'r] Vv12 + [:02777‘ + (Dr} ‘/1 }

and (2.34) follows from (B.36) and (B.37).

B.5 Proof of Proposition 2.2

Consider the function W : R5y x R* — R defined by
W(t,e):=In[1+V(te)] (B.40)

where V' : Ryy — R® — Ry is the continuously differentiable function defined in
(2.28).

The total derivative of W along the trajectories of (2.47) yields

I V(t> 6)
<\
Wi(t,e) < T V(o)
which, in virtue of (2.29) implies that
- oV Bl(e)n
< _ RS S A .
Wt e) < —alle]) + - T3Vt (B.41)
where V(o)
_ B e
lel) = or v e

To establish the statement of the proposition we show that the second term on the
right hand side of (B.41) is bounded from above by 7|n| with v > 0. For the sake of
argument, remark that V'(¢,e) = V(¢,e, V;) where

Vit e, Vi) i= Py(t, Vi)Vi — wr()esey + v, () Py (t, Vi eae,
and, in addition, note that there exists a fourth-order polynomial 154(V1) such that
V(t,e, Vi) > Py(Vi),  V(te, V1) € Rsg x R® x Rxg. (B.42)

Furthermore,
ov._ oy ovy oV

Pe oV, oe o
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Therefore

0 oY oV, 0
e [Blen] = 5= Blen + 5 (Bl

Now, since Py is a polynomial of 3rd order, we have

oy , 0Py,
S = PV + ) 5

a7, €6€y

where P : R>o — R is the polynomial function of 3rd order defined as

8P

i+ Py (V).

Then, since P is a polynomial of 1st order and ege, < Vj(e), there exists ¢ > 0 such

that
oy

5 < P’ (V1) + e, V1.

Furthermore, B(e) is linear in e therefore, there exists ¢ > 0 such that

‘avl ‘ < cViin)

and, on the other hand,

a_VT B v (t) Py (Za Vi)e, 549
9e —w,(t)e, .
v (t) Py (t, Vi)eg — wr(t)es

Putting all these bounds together, we conclude that there exists a polynomial of fourth

order Pj(V};) such that
oV

5| < Pvia
and, therefore,

W (t,e) < —a(le]) + ||
where

/
c:= limsupﬂ
vio 1+ P(V)

and the claim follows.
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B.6 Proof of Lemma 2.1

First, we remark that 15, hence V, is positive definite and radially unbounded. This

follows since v, (V1)Vi > (¢/2)V? and
T
96
o @] |ey

Next, we proceed now to compute the total derivative of V. By the fundamental

: ¢

—(OViledeae, + SVale =

Vi(e)® = 5

€

€y

theorem of calculus, we have
. 1 [T )
T(i)(s)z (t) = —T[ ¢(S)2d8 + ¢(t)2

Now, let i, T > 0 be generated by the assumption that ¢ is persistently exciting. Then,

: p
. _
T

sl < =%+ o(t)*.

Therefore, the time-derivative of V; along the trajectories of the system

H _[ —ke  Ple2 + e H (B.44)

(& €y

gzﬁ[ez + €2] 0

Y

satisfies

V< —EVP 4V — $2V2 + kudese, Vi

T
—2kxfyg(V1)ei — &ezeyVl + 2<ﬁeykxei + QBZVEGQZC
L g

12 (4 2 2 4\ 2
< _ﬁ‘/l ~o7% + ¢ (e; + 3eel + 3e,) e
—I—gz.52eg — €52€§‘G2 + k:xgz.ﬁexey[ei + 65] — 2k,y3(Vi)e?

—ege, Vi + 2pese kae? + 2V e
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Now, we use Vi = [e + €7 and the inequalities

IA

3¢°Viel,
0,

P” (ei + 3eie§ + 363) e2
P - PE

IN

=~
-
?’T‘
kS
no

3@6,; ey kxei

IA

x?

IN

N’l@\l\DI%\l\Dlw

[16 +ek2 2}

gbexeyk‘xe2 ;
[1
€

Y

IN

—dege, €2 + €3] +ee2 + eV

to obtain

U, < _ﬁvls_{i_?]eg

¢

ﬁﬁ+u——w 2

B 3
— [2/%73(‘/1) — 4%V — 505/%:‘/1

so, setting € = 4T¢ and 73(V7) as in (2.74), we obtain

V, < — _v13 _ % . (B.45)

Next, we compute the total derivative of V (¢, ¢) (recall that é := [e, e, €,] ") in (2.69)
along the trajectories of (2.66). Using (B.45), we obtain

o< =2 3 — s
oV,  0V; 0 kol |eg
too 5 e,
OViOles ey)T | —ky 0 | ey
O(pViese,) | 0 ke e,
el ‘
[ex ey] —kg 0 _ey
+2v,(Vi)e.[—koe, — 20k, e2].
However,
8V1 0 kG €x
— =0
a[ex ey] —kg O ey
hence,

—%ey — kode.ley — €3] — 2kga(V1)e2

—4p(t) ka2 (Vh)ezez — 271 (Vi) kel — ﬁvl

Vs

IN
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Now, for any €, e; > 0 we have

. 1 - €1 -
4 2 2 1 6
—koge.e, < 2—€1¢k’9626y + Egbkgey
) 1 _ _
kodeet < —@koe?Vi + 2 kg2 V2
261 2
20 _
_4¢(t)kx72(v1)ezei < ¢kz72(‘/1)63 + 262¢k172(vl)vl‘9:2m

€9

therefore

Valtie) <~V — | = kel

cart T 2
€1 — _
— |20k, = S0kaVE = 262kubrn (Vi)Vi | €
ko

~[2hom(h) - [V + émz(vl)]é] &.

€1

So, setting

€= ——ry,
AT kg

and using (2.72)-(2.74), (2.75) follows.
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B.7 Proof of Lemma 3.2

The time-derivative of V; along trajectories of (3.73) satisfies the following inequalities

I

T Vi
— 1€l < kex+w\/71)+wk:gezx/_(e —el)

%QQM®@<—M@ vk, )

Va(t,e) < — 2P (Vy)kye?

¢TI?

2

T

2Q1kge? — 2Q1 (V1)

v

\/71
\/71:|2T

<— [mpl(vl) — 2%V, — Uk, 5

e

. 1 N
M koV1 (2—6‘/1 + geﬁ) — 2Qkge? + ng(Vl)eﬁ +0/2Q1(V1)kye

< - {2k$P1(V1) — 2%V, — @bkx@ — 60*Q1(V1)kip — ki

-

20

We take: € = . (k, + ko) 9, and § = §=, and:

Q1(V1) >epVi + 1

and,
Pi(V1) 2~ Wvl +w“_ + WQl(Vl) +w Vi
We get finally,
Vat, X) < — 22V QM@%e

B.8 New Filtration Lemma

By L y2v2 — i /Viese, — -2Lle? +

6926 - EVE + kat) ‘/Ieiem +koVi

i—%@h%ﬁ—@@wn@rfd—gwmmki

‘/iez_

)+

(B.46)

(B.47)

(B.48)

(B.49)

The following lemmas extend a well-known filtration property of persistently exciting

functions [41].
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Lemma B.1. Consider the two scalar second order systems:

frkif+kf= p(t) (B.50)

and
q(3) + k1G4 kog = p(t) (B.51)

where ky,ky > 0 and p(t) is a time-varying input such that p(t) is PE with excitation
parameters— (T, j1) and there exists b, > 0 such that max {p,p,p,p®} < b,. Then f(t)
and ¢(t) are both PE with excitation parameters—(1y, i) and—(T,, j1,) respectively, given by
Ty = kT,

(201 + k5 Hbyry)?

py = = (B.52)
02 (L+ kaky ' + kg ') Ty

-1
md@:{i%%ﬁﬁ]+Lﬂ:kﬂ,
2
(20,14 (2 + k)
= B.53
M2+ by + k)T, (8-53)
and k, = [%bprq@ + kz)} + 1.
Where _ oy 2
TQ:m+1ﬁmf+4m@+4)umf+k;@ﬂ+~§- (B.54)
! min {1, ko } ’
re =
2(a +1)G(0) + 4(aky + 1) (4(0) + k5 °b2) + @ + k3 b,
min {1, ko } ’
a =2kt + byt kL b= Ak 4 g and o= el
Furthermore,
maX{f?fvfaf(g)} S bf7
max {q,d,d,¢” } < by,
with:
by = [2+ ki + ko + ki + kiko + ko] 75 + [k1 + k3 + 2]b,,. (B.55)
2 2
by = 2+k1+k2+k—2(k1+1) re + 1+/<:_2 by + 1q(0)] . (B.56)

Proof. 1)- Consider the following linear change of coordinates for the first differential
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equation (B.50): = = f — ky'p(t), y = f. Then i = y — ky'p(t) and § = —koy — kyz.
First, note that the overall trajectories are bounded, i.e., there exists r; > 0 that is a
function of (z(0), y(0),b,), such that |(z,y)| < r¢, ¥t > 0. Consider now the following
time-derivative

d. . . . L L
77 [P = ke By] =[=p+ Ry 'p — hy Y@y + &y 1p?

> — b, [14 kiky ' + k3] ly] + k3 57,
then

t+kyT
by [1+ kiky " + k3] / ly(s)|ds >
¢

t"rk‘fT d
[ e + s (s ds+
t
t+ka
ky! / P(s)*ds > =2 (L +ky ") byry + kg kg
t

where k; is a positive integer and, to obtain the last inequality, we used the fact that
trajectories are bounded and that p is PE with parameters (7', 11). Invoking the Cauchy-

Schwartz inequality on [

¢ |3y(s)|ds, we obtain

9 t+k‘fT
B (14 kiky '+ kY2 Ry T / y(s)2ds >
t
(ks Mg — 2 (14 y) b,)?

Finally, we get

t+k;T -1 —92(1 -1 2
/ y(s)ds Z(kQ i (L+Fy )prrf) (B.57)
t b2 (1+ Kiky' + ky ') kyT
Taking ky = {%} + 1, we find Ty = k;T and py = - <(12+(::;1f]:;%2n, such that
t+Tf

[ y(s)*ds > py. 2)- Consider the second equation case using the notation (z,y) =
t

(4, ). First, note that the overall trajectories are bounded, i.e., there exists r, > 0 that is
a function of (x(0), y(0), b,), such that || (z, y)|| < r,, Vt > 0. Consider now the following
time-derivative
d .. . . . (3) . .9
It [py — (b — kop)z] = — [pk1 + P — koplz + p

> — by [ky + 1+ ko] || + p?,
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then
t+kqT
b, [k1+1+kzg]/ |x(s)|ds >
¢

t+kT d
Ak Vald
/t To Py — (= kap)lds+
trkg T
/ P(s)2ds > —2(2 + k) byr + kot
t

where k, is a positive integer and, to obtain the last inequality, we used the fact that
trajectories are bounded and that p is PE with parameters (7', 11). Invoking the Cauchy-
Schwartz inequality on ftHqu |z(s)|ds, we obtain
tkgT
b2 (k1 + kg + 1)? qu/ z(s)*ds >
t

(kgp — 2 (2 + k) prq)Q

Finally, we get

rERT 2b,rq(2 + k2))”
2ds > (2by17 2 B.58
/t wlo)ds 2t (B.58)

Taking k, = [%bprq(Z - k2>i| + 1, we find T, = k,T and p, = %%, such that

t+T,

[ x(s)*ds > p4. In order to have an explicit estimation of (T}, uy) and (T}, ) it only
t
remains to estimate the upper bound of the trajectories r; and r,. For, let consider

the first deferential equation (B.50) and let us define the Lyapunov function candidate
Viz,y) =a(y? +koa®) +aywithe = f—kyp(t),y = fand a = 2k7  + kg L+ ky P+ 1
V (z,y) verifies the following bounds

min {1, ko }(y* + 2%) < V(z,y) <
max {a + 1, aky + 1} (z° + 3°). (B.59)

V, along the trajectories of the system, satisfies

V() < —akyy® +y* — kiyx — kox® + 2px + ky 'yp

a 1 1
< — Yh? = Sk + |aks! ;2
=T My 42x+[ 2 +ak1k§}p

§—0V+bb]2)

minfohih2} gnd § = 4yt 4 L

— 1
where ¢ := 3= 50 T2

Since z* + y* < MV, we can calculate the upper bound of the trajectories as
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2 < 1 V(0 b,
| (z, v)|l _mmax (),7

. 9 2 —272 %
(ot DIOP + ek :{1) g}(m BT (B.60)

To deduce the bound r, using r; we observe that the differential equations (B.50)
is equivalent to (B.51) if we replace f by ¢ and f by ¢, also under the assumption
max {p, D, P, p(S)} < b, we obtain,

(G —kop)? 4 §* <
2
(a+ 1)§(0)% + 4(aks + 1) (4(0)% + ky 202) + ==

c_. B.61
min {1, ko } (B.61)
which implies,
@ +q <
0+ Di(0)? +4(aky +1) (4(0)° + k3?63) + M 1 k32,
min {1, Ky }
= TQ' (B.62)

Finally, from the system dynamics, (B.60) and (B.62), we can find that f < r; + k5D,
f<rp, f< (k4 ko)rp+b,and f® < (k2 + kyky + ko) + (ki + 1)b, so (B.55) follows.
Also, § < 7q, G < 7q, ¢ < karg 4 korg + by and ¢ < 2b, + Z (k4 1)ry + ¢(0)] s0 (B.56)
follows. This concludes the proof. 000

B.9 Proof of theorem 4.1

First, we remark that W (-) and Z(-) are positive definite radially unbounded and sat-

isfy

W () <y(V)V + Vi (e, S)ng(lf)li(e, s) + clbfZAN(L)V2+
2[An (L) + | Kpl] V)V
Z(-) >min {1, \n(Kpo)} [eg €0 + €l €]
Z(-) <max {1l + ¢, coAns (Kpg) + 1} [ef g + €l en] - (B.63)
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Next, we study the time derivative of each component in the Lyapunov function I'(-)

along the trajectories of the closed-loop system (4.25), that is,

d

= (VVIV) < = 3(V)o" KaK o, (B.64)
% (p2(V)V) < = pa(V0T K K 0, (B.65)

d T r1 [
yr (VE' T (t)k) < VK 7 f2(s)dsk+
t

VELf2(t)k + 2VET T o [6@7 Ly + 50+ Lydu] . (B.66)

Since f(t) is persistently exciting, with parameters—(u, T, then the following inequal-
ities holds

d _ .

7 (VmTsz (t)k) < —%VI{TI{ + Ve f2(t)k+
VKT o [6®" Ly®v + 507 LyPo)]

< %V,ﬂ% + VAT ()5 + 2V e R o @ Lodo+

2Vs'RY p @7 Ly®u (B.67)
where we used the facts that
RTT 8@ Lodv = e KT @7 Ly P

and
kIY f2§®lTL2®v =sTRY fzq)LTchbv.
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Moreover, we have

d - .
o (V&' T po(t)) < —%VHTK + VeI f2(t) s+

1 _
1% [—eT/%e + evTCIDTLQQT?QR@TLQQDU] +
€

1 _
174 [—sTﬁs + equ#TchijémelTLchu}
€

, 2
< — %VKVTR + Ve 2tk + VERT vt
€
vequ>TL2c1>Tjé2/<;<1>TL2c1>v+
Vequ%TLQ@TjQK@LTLqu

2 .
< — [% - E] Vils + Ve f2(t) s+

V2n(L) (|T @7 Lo [2 + T oo L0 ) x

| K Kpe| 0T K K v (B.68)
where the following inequality

v T Ly @Y%, k0" Lydv < Ay (L)V T @7 Lo | KKy
’UTKdth_t’U, (B.69)

T Ly T2 k@ Lyv < Ay (L)V [T @ Ly |” %
| K K| v K K v, (B.70)

and

sTRrs < 2kTk

are used in order to obtain
4 (VE' T p(t)r) < — n_z Vil 'k + Vst f2(t)Rs+
dt /2 - T ¢

VIAN L)V K| " Kpret

VEAw(D) (|T 0" Lo®|’, + [T 0 T L0 ) x

| K K| v" KK v (B.71)
where the following inequality is used

VET (ke < VT f2(t)Rs + AN (L)V? | K, | e" Kpye.
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d 0
7 (a(V)eTv) < — (83) el Ky K v+

a(V) |:UT(I)TL2®/U + sTf/%v — el Kyv — eTKpte —vle,s

< —a(V)e K e — (g—ge U) v Ky K o+

a(V )" (T Ly®K Ky ) Ka K o+
a(V)sT fru — a(V)e' KyKuK v —a(V)v'é,s
Oa

S - Oé(V)eTKpte — (We U> v KdtK t?)+

a(V) \@TL2q>| | K K| v K K o+

2R%s + — | th_t‘ A (VW Ky K Ut

1

—a(V)el Kye + Zoz(V) | Kat| v Ko Ko — (Vo' es

€

where the following inequalities are used

0O Ly®v < |07 Ly®| | Ky K| v" KK v,

a(V )Tfm;< sTf2R%s 4+ — |KptKJt‘oz2(V)vTKdtK;tv,
and
1
ael Kyv < Eoz(V)e Kpte+ |Kdt|oz( )UTKdtK;tv

Also, we have

dt ( €
An(L)

1
— (a(V)e'v) < —a(V)e" Kye (1 - —) +
Vs f2rs — a(V)o e, s+

a —
() i

€ _ € _
=Kk a2(V) + Za(V) |Kdt|} VKK

(B.72)

(B.73)

(B.74)

(B.75)

(B.76)
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% (—01V6Tfs> < —eTf'SVcl +c [eTfs]vTKdth_tv
oV [vchTLQ(p Fs+ sTRf2s — T 2re + T fOT Lydu—
sTéwfs + eTf'éwe}

< — Vst f ks + 4b2016 e+ %V2ST3+
(cle fs> VI Ky K Ut

2 (97 Ly®)”

_ T _
Kpt’ v Kdtht/U
[o.¢]

€

ZC% |K
1

+ =V2sTs + b?;cl)\N(L)VQeTe—l—
€

1
€

f2 (@LT[Q(I))?

01V5Tféws — clVeTféwe
where the following inequalities are used

1
aVelfs <402b26T6+ —V2sTs,

Vo O Ly fs <7t |1 (27 L,9)’

1
+ —V32sTs,
€

and

Vel fotT Lou g1c1 V|2 (T L®)
€

}Kdt|e

+ Z—lcﬂ/vTKdthtv

Then, we obtain

d . . )
y (—c1VeTfs> < —c1 Vst f2rs + [cleTfs+
TV | Kk (<I>TL2<I>)2 V] Kkt
[b}clAN ) |[Ko | V2 + c (@ L)’ | iV

4b§c§ p—tﬂ T K et

EVQSTS + 01V5Tféw3 — clVeTféwe.

| K| Ve Kye + 401Vv KuK v+

N | K K| " KK v

(B.77)

(B.78)

(B.79)

(B.80)

(B.81)
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Next, we use the following inequality

4n
V'K B.82
%a(D) (5.52)

V2sTs <V2AN(L) | Ky | v" Ky Kaw +

to obtain

% (—01V6Tfs> < —cleTfQRs + [cleTfs+

2t | K Ko

(chLch)Q’ + ZaV | Kkt

[b2c1AN(L) |K, |V + c \Kdt} v

f2 (q)J_TL (I)
+ L0 K| | € et

EVQAN(L) | K| v" K Kav +

8n
V T
MLy T
aVs' fe,s — Ve fe,e. (B.83)

Using the previous inequalities, we are able to study the time derivative of W (-) along

the trajectories of the closed-loop system (4.25), that is
W()<— [fy(V) —V2eAn(L) (\Tf2q>TL2<I>|2

T @ T Lo®” ) KK + (g—veTU>

V) | @ Lo®| | [ K| — Z | K] 0?(V)—

€

—a(V) | Ka| — (cleTfs> -

4
& | Ky Ko | (97 Lo®)”

2
EVQ)\N(L) \K;t\] vTKdth_tv

- [a(V) (1—1> — VAN (L)V? | K| -

€

o0

Vrew(L) [K,| V2~ gcl 2 (04T L,0)°| x
K| V = J0et Kl " Kue

_ 12y _|\E_Z_ 174
{Cl € } s JRs T € X(L)e e

—a(V)vleys + Vst feys — e Vel fee. (B.84)
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Taking € = max {2, % (2 + Af{b) }, v(V), a(V), and ¢; as in (4.30)—(4.34) respectively,

we obtain

. 1 _ 1 7
W() < — 57(V)UTKdthtv — Za(V)eTKpte - ﬁVKJTK;

—a(V)vle,s + Vs fe,s — fei Vel fege. (B.85)

Considering, now, the time derivative of the remaining part in the Lyapunov function

['(), that is,

C(n(V)Z(X)) < pu(V) [~eseew + el — eF Kypeo — che.] +
c2el fpi1 (V) [e®7(0)Lo® (0)v + 50+7(0) Lod (0)v] +
ca2ep Koo fpr(V )[ecpT(e)Lgch(e)v+§<I>iT(9)L2q>T(0)u} +
el fp1(V) [e®@T(0)Lo®" (0)v + 507 (6) Lo®@™ ()] +
es fp1(V) [e@T(0)Ly®” (0)v + 5047 (0) LydT (0)v] . (B.86)

Using the fact that Z(X,) is a strict Lyapunov function for the system

. 0 I,
Xr - Xra
—Kp —Ka
we obtain

d
at (Pl(

c2el fp1(V) [T (0) Ly®” (0)v + 5047 (0) Lyd” (0)v] +

c22eg Kpo fp(V) [€07(0) La®" (0)v + 507 (0) Ly®” (6)v] +

el fp(V) [e@"(0)Ly®" (0)v + 507 () Ly®" (0)v] +

e fp(V) [e®(0) Lo®” (0)v + 507 (0) LB (0)0] . (B.87)

V)Z(X,)) < p1(V) [—ef {CQ -I, - ﬂ Cw — €p {er — H 69] +
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Taking 6 = 2% and the parameter c; as in (4.34), we obtain

CPV)Z(X) < p(V) |~ Lelew — Lk Kpaeo| +
(2205 + bf) p(V) [|eLed™ (0) L@ (0)v] +
€557 (0) La®(0)v]] +
(c22K0b7 + b5) p(V) [|eg e@” (0) L (0)v] +
|5 527 (0) La®(0) ]

1

Sp(v) {_%egew - éeng0€0:| +
% 607 (0) Ly®” (0)v|* + % 5017 (0) Ly @ (0)]” +

ele,

ele
(22K b7 + b7) p(V)2= = + (e22by + b7) p(V)2 =

(B.88)

. . 8(262bf+bf)2 8(202Kpgbf+bf>2
Next, taking 7 = max { D Fas) ' S (Rog) , we get

d 1
020N < = (V) | D + e Ropea) +

”’1 67 (0) L@ (0)v]” + % |5017(0) LB ()]’ (B.89)

Finally, using the inequalities
07 Lodo|” < AN (L)V [0 Lo®|” | Ky K| 07 Ko Iy (B.90)
and
50T Lydo|” < AN(L)V | @47 Lo®|” | Ky K| 0T KKy (B.91)

we verify the following

d 1
V200D < =puV) |Seke+ Jel Ko +
2

() (|07 (0)L22(0) 2, +
O (0)La@(0)[2, ) | K e | o1 (V)V 0! KB

c 1
<-m(V) {4265% + ZeeTereel + P2(V)UTKdth§U- (B.92)

As a last step, we use the previous inequalities to show that the time derivative of

the global Lyapunov function I'(-) along trajectories of the system (4.25) is negative
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definite, that is,

. c 1 1 B
F() < - p1(V) fegew + Zengeé’e - 5’7(V)UTKdthtU
1
— —oz(V)eTKpte — %VI{TI{ — a(V)vTéw5+
(B.93)

4
01V5Tféws — 01V6Tféwe.

Furthermore, using the following inequalities

a(V)vTe,s < L) Lfd_tht| oz(V)VvTKdtK;tv + %a(V)eZew
and
Vel f(ss —ee) < c1Vby {4 ele, + 64—3,<¢T/£} :
we obtain
¢.r leng9€9:| — —W(V)UTKdth_tv

() < - (V) el + ]

1 T
_Z K.e_ 1
1 a(V)e' Kye ZTVK K+
C3
Z (Oé ‘|— bJF01V) €., €w+
An(L) 4c1br
~(L) ‘ } (VIWVOT Ky K + Ccl LTk, (B.94)
3
Next, taking c3(V}) = max { 16T:1b , v L)|If/(‘f§pt‘ V)V }, we obtain
. C T 1 T 1 T _
L) <—pm((V) 1 —e,, 6, + Zee Kpeq| — ny(V)v Ky K v
— —a(V)el Kpe — %VHTK-F
% (a(V) +b78V) ele,. (B.95)
Finally, taking p; as in (4.29), we obtain
. V) le 1 1
() <-— # 42 aTJ €w + 4eeTKpgeg — Z—lfy(V)vTKdtK;tv
(B.96)

Which completes the proof.
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B.10 Proof of theorem 4.2

We start observing that the transnational part of the closed-loop system (4.42) admits

the following non-strict Lyapunov-Krasovskii functional candidate
V(0, Xy, %) = UTK v+ 2 Loz +/ / s)dsdb (B.97)
t+0

where T* = max; ; {7—;]}

Indeed, in view of the following inequality

¢
/ / s)dsdf < T*/ 12(s)|* ds
T* Jt+0 _T*

one can easily establish that V (0, X}, %;) is Lyapunov-Krasovskii functional candidate
with respect to X;. Moreover, the time derivative of V(-) along the trajectories of (4.42)

is given by
¢
V()=-— ZUTKp_thdt’U + 20T ®(O) T A(2) + T v v — / 2(s)T(s)ds
=T

N N n
1 . .
—-[2- T*/\M(Kpthﬁ)]vTKp_thdtv ~ =N E g a?j/ 2:(s)T 2i(s)ds+

j=1 i=1 t=Ts;

2070 (0)T A(%). (B.98)
Applying Jensen’s inequality, we obtain the following
t t
/ Zi(s) i(s)ds < —— / s)'ds / Zi(s)ds. (B.99)
t—T;; zj - Tij
Moreover, using the inequality

A(z)? <NZZ / ) dsa?, /t tT %i(s)ds (B.100)

jlzltT i
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we obtain
V()< —[2— T*AM(Kpth;)]UTK*Kdtv—

t
aQNT*ZZ U/ Tds/ . Zi(s)ds+

7j=1 i=1 ij

t
ZZ/ s)'dsa?; / z’i(s)ds+6)\M(Kpth_t)vTKp_t1Kdtv. (B.101)
T,

7=1 i=1 )

Next, taking e = N?aT™* and the matrices K, and K, such that Assumption 4.4 holds,

we get

N N

. 1 t t
V< v KKy — ———— ?./ Td/ 2 (s)d B.102
V) S =0 Ky Kaw = gy D03 aly | s()Tds [ s(s)ds (B.102)

j=1 i=1 T —Tij

From the previous section, the time derivative of W (-) along the trajectories of the

following un-delayed system

Ky —Ky 0 0
X,;=| 0 0 fr—e,| Xi+ | ®TLy | Dv (B.103)
0 —fr+e, 0 OLTL,

verifies the following upper bound

. 1 1 Vv
W) < = YV KaKpw = Sa(V)e Kype - ﬁv KT %CQJK pe.  (B.104)

If we consider the delayed case in (4.42a) we obtain

W(.) < -

1 |4
’y(V)vTKdtK’v — ga(V)eTKpte — %VFLTH + %@ef[(pgew

aQNT* ZZ 123 TdS/ . zi(s)ds — a(V)el Ky ®(0)T A(%)

=1 i=1 t=Tj ij

t
33 ( azNT*ZZaZQJ s)'ds / . Zi(s)d3)~ (B.105)

j=1 i=1 =Tz ij

N

Using the inequalities

a(V
v )T K ye + 4a(V)ar () | AP

—a(V)eT K () A() <
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and

t
|A]? < NZZ&% Tds/ . Zi(s)ds

j=1 =1 =T ij

we obtain

oz(V)eTKpte a —VikTk MCQQTK 9€w- (B.106)

. 1 . -
W) <-— Z—lv(V)v KaK v i 3

_ 1
16
On the other hand, the time derivative p;(V)Z(X,) along the following un-delayed

system

X, + (e Ly + 59" Ly) Pv (B.107)

. 0 I
X, = v
—Kp —Ka

satisfies the following upper bound

d 1 1
y (m(V)Z(X,)) < —pr(V) hedeGew + Zeng9€9:| + §p2(V)vTKdth_tv

— Z(X,)V. (B.108)

If we consider the delayed case as in (4.42b), we obtain

d 1
O VZ00) £ = V) | 2L e + 1 Foes
1
+ §P2(V)U KaK,, otV T 2/)1(V)Kpt02€T/€d + Pl(v)Kpteg"vd
t
- Z(X,) ( . ZZ a; / Tds/ zi(s)ds) :
2a*NT* j=1 i=1 ’ T
(B.109)
Using the fact that

A, |?
+edT A(%) + 50T A(%)

Rg = 5 ;
|An|
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we obtain
d 1, 1 T -
pr (mn(V)Z(X,)) <—=pi(V) Zedegew + 160 Kpeq| + §p2(V)v KK v
X A
+ 2p1(V)KptCQQZ: 5 : (eCDT + SCI)J‘T) A(Z)
Anl”
A
+ 01 (V)Kpeg |5 + (e®” +5017) A(%)
!Ale
T .
- Z(X, ( a2NT*21; Z]/ ds/T” zi(s)ds> :
(B.110)
Using the following inequalities
A (Kpe)e €
Moo (V) el AP < 2000 10 22 43y (Koo (V)20 AP,
1
(Kpt)

1 A €
571 (Kp)pr(V) Jeo] AP < & leol” |A]” + AM(Kymt)pl(‘/’)QZ1 A7,

At (Kt )p1 (V) e .

L e |

201(V)Kpcael, (607 + 507) A(%) < 2

+ A (Kpe)capr (V) (62 + 32) € ‘A|2 )

and

At (Kt )p1 (V)

€

p(V)Kpeg (60" +5077) A(%) < leol* + pr(V)Aus () (€ + 5%) % |A”
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we obtain

d 1 1
dt (m(V)Z(X;)) <=p(V) {4 el Kapew + ZeeTerea] + 502(V)UTKdtK;tU

4 M) (V)

; (2¢o + 1) (\ew|2 + ]69]2)

K 1
L ArlFp) <02 + 5) (lewl” + leal*) |AI"

261

(K pr (V) Kc2 + %) pl(V)%l + (02 + %) AN(L)VE] AP

- CLQNT* (Z azzg Tds /t Z’z(S)dS> . (B.111)

7j=1 =1 ij

Taking €; = ¢5, € = ¢, and using the inequalities

Z > min {1, A\, (Kp)} (g €0 + €, €0)

and
t
A2 < N a2 s)'ds %i(s)ds
ij
j=1 i=1 t=Ti; t=T;
we obtain
d 3c 3 1 _
= (M(V)Z(X,) <= (V) [EK e K] (VT Kaku
1 € 1
+ )\M(Kpt)pl(v) |:(CQ + 5) pl(V)El + (CQ + ) )\N( )V€:| ’AF .
(B.112)
Finally, we conclude
- 1 T vy m
() <= cy(V)v' Kg K0 16&(V)6 Ke — 8—TV/£ K
c 1
—p1(V) TéeZKdgew + 1—66ng969 : (B.113)

Which completes the proof.

B.11 Proof of theorem 4.3

First, since p; (V') and p2(V), in (4.60) and (4.62) respectively, are strictly positive func-

tions and radially unbounded, positive definiteness of I' is ensured using the fact that
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['(¢,0,0) =0, forall t > 0,

W > V)V,

W < ~(V)V 4+ VKJT(G, S)Tq2(t)l-€(€, s) + 261bf)\N(L)V2 +2(AN(L) + | Kp]) a(V)V,
and
% (egLeg + eZ;ew + egKI_ea) < Z< 20 (egLeg + egew + egKI_ea) )

Furthermore, since the translational part of (4.57) is similar to the one presented in

(4.57a), it becomes straightforward to conclude the following

. 1 _ 1 M
W) <-— §W(V)UTKdthtU - Za(V)eTKpte — ﬁVKLT/f

—a(V)vle,s + a1 Vs! fe,s — fei Vel fee. (B.114)

Then, using the following inequalities

za(V)egew,

a(V)v'e,s < < ‘ | )VUTKdth_tv + 1
Tf(ca_ 5 o.r 4 r
Ve, f(5s—eée) <cVby 7 Cwtw + —K K|,

o

N (L)| Kz Pla(V)V
(V)

: 16Tc1b, 4 :
and taking o = max { L }, we obtain

1
— ga(V)eTKpte — %VKT/{ + % (V) + b,e V) ele,
(B.115)

. 1
W() < — Z’Y(V)'UTKdth_t'U

. 1 1 %
W()<- ZV(V)UTKdth_tv - ga(V)eTKpte - ﬁv Ty p1<8 )C5€ZK]€W. (B.116)

Notice that the function Z(X,) is a strict Lyapunov function for the following system

X,=|-L 0 Iy |X, (B.117)



Appendix B

201

it’s time derivative along the trajectories of (B.117) satisfies

Z(XT) < - [czaTK[_Kaa + czegK[ew + egLQGQ]

DN | —

and along the trajectories of (4.57) it satisfies

d

1
g7 (mn(V)Z(X,)) <— 5/)1(‘/) [CQegK;Kaea + %ef[(;ew + engeg]

+ preg L[2c2q + q) (e®” Ly + 50" Ly) v
+ prel [2cqq + Lbg + c5q] (éCI)TLg + §<I>LTL2) dv
+ pleg [QKI_(}CQ + C5(ﬂ (é(I)TLQ + §®J_TL2) do.

Using the following inequalities

- 1
eg L[2c2q+ ¢] (@7 Ly + §<I>LTL2) dv < ZegLQGG

+ 202001 (L) (2c2 + 12V [|@TLD| _ + [T L®| ] | K g B | v Ka K v,

el [2¢o + Lbg + c5q] (éCI)TLQ + §<I>LTL2) Py < iC5€ZK[€w

A (K7)
Cs

x [|@TL®| 4+ | LO| | | KKy v" KK v,

+ 20220 (L) (22 + c5 + An(L)* V

and

prel [2K7 Gos + c5q] (@7 Ly + 5047 Ly) dv < icgegK;Kaea

A (g K1)
&)

x [|®TLo|  + |2 LO|_ ] | Ky Kp|v" KuK v

+ 2620 (L) (2e2h s (K7) +¢5)° V

we obtain

d

1
pr (mn(V)Z(X,)) <—=p1(V) [cgegK;Kaea + csel Krey, + egL2eg]

4

(B.118)

(B.119)

(B.120)

(B.121)

(B.122)

+ ngpl(V))\M(L) |:(202 + 1)2 + M (2C2 + c5 + )\N(L>>2

Cs
+)\M(K07K])
Co

x [|®TLe|  + |0 LO| ] |KyKp|v" KuKw,

(2C2)\M(K]_> + 05)2:| Vv

(B.123)
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also

d 1
pr (mn(V)Z(X,)) < — Z'Ol(v) [cgegKfKaea + c5engew + egLQeg]

+ pQ(V)’UTKdth_t'U. (B.124)

Which yields to the following upper bound on the time derivative of the global Lya-

punov function I'(-) along the trajectories of (4.57)

e
IN
|

1
- ga(V)eTK e — EV/{ K
p1(V) [cgegK;Kaea + csel Kre, + e} L2€9] (B.125)

v(V)vTKdth_tv

Ol — x| —

Which completed the proof.

B.12 Proof of theorem 4.4

We start by invoking Section B.10, that is, we observe that the translational part of the
closed-system (4.72), which is the same as in the partial delayed case in (4.42a), admits

the following non-strict Lyapunov-Krasovskii functional candidate

V(0, Xy, %) = UTK v4 2 Loz + / / s)dsdf. (B.126)
T+ Ji+o

where T* = max; ; {T‘U}
It’s time derivative along the trajectories of the closed-loop system (4.72) satisfies the

following upper bound

t
V() <= v K Ky — ZNT*ZZ 2 / s)"ds / 4(s)ds.  (B.127)
T

=1 =1 ij

On the other hand, the functional Z(X,, éy,) is a strict Lyapunov-Krasovskii functional,

under Assumption 4.5, for the following delayed system

0 In 0 0
Xr =|-L —K, In X, — A(eﬁt) : (B128)
0 —-K; —-K, 0
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Indeed, we have

zZ > % (egLeg +ele, + egKfea) )
t
Z < 2¢ (egLeg + efew + eZ:K[_ea) + 25T / ’é9(5)|2 ds.

t—T*

and the time derivative of Z(X,, ;) along trajectories of (B.128) is given by

Z(-) = — 2¢, et Kp Kaeo + e, Kue,]| — e L?eg — ey LK, e, + € Leq + €, Le,,

¢
— e) LA(égt) — 2c0el A(égt) + csTéf ég — 05/ é5(s)ép(s)ds. (B.129)
t—T

Using the fact that K, > I,, both with the following inequalities

1
eoLe, < Q—egLQegjLg)\M(KIK;)egKI_Kaea,
€
elLe, < An(L)elK,e.,
~2esel Alen) < ercselKuen+ = [ Alen)l
1
1 €
eg LA(eq) < geg[ﬂ@e +t3 | Aeor) |,
1 GAM(KLU>
ed LK, e, < §65L2€9+T7
N N " 2
|A(eg)|” < NZZ(/ egj(s)ds) afj,
7j=1 =1 t=Ts;
¢ 1 N N t
.T . 2 2
ds > —— . d
| desas > Gy D | s

v
|

2
t ] 1 t )

/ a?jegj(s)ds T (/ €9j(8)d8> a?j,
t—T;; t—T;,;

taking €, = 3, € = 3 and using Assumption 4.5, we obtain
/ 1 T pr— T Lo
2() = = 5o [ea K[ Kaea + egKuew] — e L. (B.130)

Since V is Lyapunov Krasovskii functional candidate, I'(¢,0,0,0,0) = 0, for all ¢ > 0,
and the following inequalities hold

W V)V,
W < AV +Ve(e,8)Tg(t)k(e, s) + 2c1bpAn (L)VE+ 2 (An(L) + | Kpl|) a(V)V,

v

then I' is Lyapunov Krasovskii functional candidate for the closed-loop system.
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Using the previous section, the time derivative of W (-) along the trajectories of the

following un-delayed system

Ky —Ky 0 0 K, ®(0)7
X;=| o0 0 fr—e,| Xi+ | ®TLy | dv— 0 A(%)  (B.131)
0 —fr+eé, 0 LTI, 0

satisfies
Ayt W) g o (BA32)

. 1 _ 1
W() <— ZV(V)UTKdthtU - Ea(V)eTKpte a7 g

Moreover, the time derivative p; (V') Z (X, ) along the following system

0 Iy O 0
X,=|-L —K, Iy |X:— |Aléa) (B.133)
0 —-K; —-K, 0

satisfies the following upper bound

v
P 1<2 ) T2, (BA34)

d \%4
7 (m(V)Z(X,)) <— p1(2 )CQ [egKI_Kaea + engew] -

Now, if we consider the delayed system in (4.72b) when B(t) = 0, which has the fol-

lowing form

0 In 0 0 bg
X,=|-L —K, Iy |X.— |AGo)| + |q| (0 Ly +50TL,) dv
0 -K; —K, 0 G
0
— | K. (4 + bgK; D) | Kale,s,0, %), (B.135)
p

M = (e®'Ly+ 50" Ly) ®.
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We obtain
d V Vv
7 (mn(V)Z(X,)) <— p1(2 )02 [egK;Kaea + eoTJKwew] — p1(2 )egLZeg
— 2091 (V) [eL K.y (¢ + bsK, D) ka + pel K k4]

— p1(V)eg LK, (¢ + bsK, D) Ky

+p1(V)esT™ [ TMb2Mv + 2¢elb, Mv]

+ p1(V)el L (2c2G + §) M + py(V)el (ca + Lby) Mo
(V)ea

+ p1(V (QCQKI q) Mo

e ( a2NT*ZZ U/ Tds/tT”zi(s)ds>.

=1 i=1 ]
(B.136)

Using the following equality

| A4
Rqg = 5 + éq)TA(Zt) + gq)LTA(Zt)
|Ay|?
we obtain
d p(V) T T p1(V) 7.5
7 (mn(V)Z(X,)) <— 5 Co [eaKI K,e, + ewKwew] -5 eg Ley
— 2001 (V) [el K., (¢ + b;K, D) + pel K7 |
. A |
sl o ed” A(%) + 50T A(%)
| Ay|?

Ay
+edT A(%) + 50T A(%)
[ An|*
+ p1(V)esT™ [v" MbZMuv + 2e[bg M|
+p1(V)ep L (2¢2G + q) Mv + py(V)el (caq + Lbg) Mo
(V)L (2007 7) Mo

-2 <2a2NT* ZZ U/ )" ds /tT_. 22'(‘9)‘13) '

7j=1 =1 ij

— p1(V)ey LK, (§+ b;K, D)

N | —

(B.137)
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Using the following inequalities

b

by
c2p1(V)by (1 + Aar(K; D)) | Kuewl |AI” < >\ (5)* leu” |4 +C2

(1+ A (K;D))?,

*€1 |A’2 pl(V)2,

2051 (V)eD K, (4 + by K D) (07 + 507) A < 22y (V)byel Koy +
€

ecs (1+ )\M(K(;D))2 prbgnr (Ky) (€2 + 5°) |AJ?,

Cgb €1

b
(V)b K7 eal |AP < 522 | K7 eal” | AP + =52

AP pE(V),

eohur (K K)

€

Fecobypr (V) (€% + 5%) A%,

2e201(V)eq Ky p (@7 +50+7) A< 2 pr(V)bel KoK eq

1
pr(V) | Leo| Aur(Ko) (1+ Me (K5 D)) by |v4|2§|«4|2/\M(Kw)qu—€1|L€9|2

1
(Kb, (14 A (K D))" Al e,

by

pr(V)eg LIy (0 + by K5 D) (€67 +5017) A < i (Ku)pr (V)2 (€5 Leq) +

M) (1 (K5 D) e (¢ 4 52) by | V),

_ b b,e _ _
pr(V)eg L (2¢5G + ) Mo < Pl(V)Q—q ’63L12+7P1(V) (2c2 + 1) [M|* | K K| 0" KK o,
Cgb b

1 TKw ey + _Pl(v)/\M(Kw) (202 + /\N(L))2
26 2 Cy

p1(V)ey (cag + Lbg) Mv < py (V)
| M | K g K| 0" Ka K0,

b
%eZKQKI_ea + ep1(V) (A (K7 K)by)

p1(V)el (2c:K7§) Mv < py(V)
| M* | K gy K| 0" K K v
T pr (VW M0 Mu < 5T py (V)02 M |* | K K | v" K K o,

T*
MGngew + (V) A (K JebgesT™ [ M|
€

2¢5T*p1(V)elbg Mo <
# | Ky K| v K K v,

taking €; = ¢, € = ¢¢ and using the inequalities

Z > % (eeTLeg + egew + egKI_ea) ,
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Bibliography
t
IAI” < NZZ@% Tds/ Zi(s)ds
=1 i=1 t=Ti; Tij
we obtain
d ,01(V) T 71— T pl(V) T+2
7 ((V)Z(X) < = ——c (€0 Kr Kaca + e Kuew] — = g ey
1 £
+ §p2(V)U KdtK tU + p2 ZZ ”/ TdS/ Zi(S)dS.
=1 i=1 Tij
(B.138)
Finally, we obtain
r<-— nv) [czegKfKaea + cgengew + ey L2€9]
8 (B.139)

1
T -1 T 3
’Y(V)U }(dt](pt v — 1—604(‘/)6 K pt€ — EV

el

Which completes the proof.
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