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Tests non paramétriques minimax pour de grandes matrices de
covariance: vitesses minimax de séparation, équivalents asymptotiques

exacts et adaptation

Ces travaux contribuent & la théorie des tests non paramétriques minimax dans le
modéle de grandes matrices de covariance. Plus précisément, nous observons n vecteurs
indépendants, de dimension p, X1,...,X,, ayant la méme loi gaussienne N,(0,%), ot ¥
est la matrice de covariance inconnue. Nous testons I’hypothése nulle Hy : 3 = 1, ou [
est la matrice identité. L’hypothése alternative est constituée d’un ellipsoide avec une
boule de rayon ¢ autour de I enlevée. Asymptotiquement, n et p tendent vers I'infini. La
théorie minimax des tests, les autres approches considérées pour le modéle de matrice de

covariance, ainsi que le résumé de nos résultats font I'objet de 'introduction.

Le deuxiéme chapitre est consacré aux matrices de covariance ¥ de Toeplitz. Le lien
avec le modeéle de densité spectrale est discuté. Nous considérons deux types d’ellipsoides,
décrits par des pondérations polynomiales (dits de type Sobolev) et exponentielles, respec-
tivement. Dans les deux cas, nous trouvons les vitesses de séparation minimax. Nous
établissons également des équivalents asymptotiques exacts de ’erreur minimax de deux-
iéme espéce et de I’erreur minimax totale. La procédure de test asymptotiquement minimax

exacte est basée sur une U-statistique d’ordre 2 pondérée de fagon optimale.

Le troisiéme chapitre considére une hypothése alternative de matrices de covariance pas
nécessairement de Toeplitz, appartenant & un ellipsoide de type Sobolev de paramétre a.
Nous donnons des équivalents asymptotiques exacts des erreurs minimax de 2éme espéce
et totale. Nous proposons une procédure de test adaptative, c-a-d libre de «, quand «
appartient a un compact de (1/2,+00).

L’implémentation numérique des procédures introduites dans les deux premiers chapitres
montrent qu’elles se comportent trés bien pour de grandes valeurs de p, en particulier elles

gagnent beaucoup sur les méthodes existantes quand p est grand et n petit.

Le quatriéme chapitre se consacre aux tests adaptatifs dans un modéle de covariance ou
les observations sont incomplétes. En effet, chaque coordonnée du vecteur est manquante
de maniére indépendante avec probabilité 1 -a, a € (0,1), ot a peut tendre vers 0. Nous
traitons ce probléme comme un probléme inverse. Nous établissons ici les vitesses minimax
de séparation et introduisons de nouvelles procédures adaptatives de test. Les statistiques
de test définies ici ont des poids constants. Nous considérons les deux cas: matrices de

Toeplitz ou pas, appartenant aux ellipsoides de type Sobolev.






Non parametric minimax tests for high dimensional covariance

matrices : minimax separation rate, sharp asymptotics and adaptation.

Our work contributes to the theory of non-parametric minimax tests for high dimen-
sional covariance matrices. More precisely, we observe n independent, identically dis-
tributed vectors of dimension p, X1,..., X, having Gaussian distribution N,(0,X), where
3. is the unknown covariance matrix. We test the null hypothesis Hg : 3 = I, where [ is the
identity matrix. The alternative hypothesis is given by an ellipsoid from which a ball of
radius ¢ centered in [ is removed. Asymptotically, n and p tend to infinity. The minimax
test theory, other approaches considered for testing covariance matrices and a summary of

our results are given in the introduction.

The second chapter is devoted to the case of Toeplitz covariance matrices X. The
connection with the spectral density model is discussed. We consider two types of ellip-
soids, describe by polynomial weights and exponential weights, respectively. We find the
minimax separation rate in both cases. We establish the sharp asymptotic equivalents
of the minimax type II error probability and the minimax total error probability. The
asymptotically minimax test procedure is a U-statistic of order 2 weighted by an optimal

way.

The third chapter considers alternative hypothesis containing covariance matrices not
necessarily Toeplitz, that belong to an ellipsoid of parameter . We obtain the minimax
separation rate and give sharp asymptotic equivalents of the minimax type II error proba-
bility and the minimax total error probability. We propose an adaptive test procedure free
of a, for a belonging to a compact of (1/2,+00).

We implement the tests procedures given in the previous two chapters. The results show
their good behavior for large values of p and that, in particular, they gain significantly over

existing methods for large p and small n.

The fourth chapter is dedicated to adaptive tests in the model of covariance matrices
where the observations are incomplete. That is, each value of the observed vector is
missing with probability 1-a, a € (0,1) and a may tend to 0. We treat this problem as an
inverse problem. We establish the minimax separation rates and introduce new adaptive
test procedures. Here, the tests statistics are weighted by constant weights. We consider

ellipsoids of Sobolev type, for both cases : Toeplitz and non Toeplitz matrices.



Contents

1 Introduction 3
1.1 Formalisme des tests minimax non paramétriques . ... ........... 3
1.1.1  Théorie minimax . . . . . . . . . .. 5

1.1.2  Adaptation. . . . .. ... 7

1.2 Apergu de la littérature . . . . . . . ... L 8
1.2.1  Classes non paramétriques . . . . . . . . . .. ... 8

1.2.2  Modéles statistiques . . . . . . ... Lo 10

1.2.3  Tests pour des matrices de covariance . . . ... ... ... ...... 12

1.3 Reésultats de lathése. . . . . .. ... ... L 14
1.3.1 Grande matrice de covariance de Toeplitz. . ... .. ... ... ... 14

1.3.2 Grande matrice de covariance et adaptation. . . . ... .. ... ... 17

1.3.3 Adaptation en présence de données manquantes. . . . . . . ... ... 19

1.3.4 Bilan des vitesses . . . .. ... 22

1.4 Perspectives . . . . . . . e 23

2 Sharp minimax tests for large Toeplitz covariance matrices with repeated

observations 27
2.1 Introduction . . . . . . . L 28
2.1.1  Formalism of the minimax theory of testing . . ... ... ... ... 31
2.1.2 Overview of theresults . . . . .. ... .. ... ... ... ....... 33

2.2 Testing procedure and results for polynomially decreasing covariances . .. 34
2.2.1  Test Statistic . . . ... .. 34
2.2.2  Separation rate and sharp asymptotic optimality . . ... ... ... 36

2.3 Exponentially decreasing covariances . . . . . .. ... ... ... .. ..... 37
2.4 Numerical implementation and extensions . . . . . . ... ... ... ..... 39
2.5 Proofs . . . 42
2.6 Supplementary material . . . ... ... L 45
2.6.1 Additional proofs for the results in Section 2.2 . . . .. ... .. ... 45
2.6.2 Proofs of results in Section 2.3 . . . ... ... ... L. 66



CONTENTS 1
3 Sharp minimax tests for large covariance matrices and adaptation 69
3.1 Introduction . . . . . . . .. . . e 70
3.2 Test procedure and sharp asymptotics . . . .. ... ... .. ... ... ... 74
3.2.1 Test statistic and its asymptotic behaviour . . . ... ... ... ... 74
3.2.2  Upper bounds for the error probabilities. . . . . ... ... ... ... 76
3.2.3 Simulation study . . . . .. ... 77
3.3 Asymptotic optimality . . . . . .. ... 79
3.4  Testing the inverse of the covariance matrix . . . . ... ... ... ... ... 80
3.5 Adaptive testing procedure . . . . . .. ... 81
3.6 Proofs . .. . . e 82
3.7 Additional proofs . . . .. ... 94

4 Adaptive tests for large covariance matrices in presence of missing ob-
servations 109
4.1 Introduction . . . . . . . . . L 110
4.2 Test for covariance matrices . . . . . .. .. ... 113
4.2.1  Test procedure and minimax separation rate . ... ... ... ... 113
4.2.2 Adaptation . . .. ... 115
4.3 Toeplitz covariance matrices . . . . . . . . ... 116
4.3.1 Test procedure and separation rates . . .. ... ... ... .. .... 116
4.3.2 Adaptation . . .. ... ... 118
4.4 Proofs . . . . e 119
Bibliography 131






Chapter 1

Introduction

Dans ce chapitre, nous rappelons la théorie des tests et, plus en détail, la théorie des tests
minimax et adaptatifs non paramétriques. Ensuite, nous donnons un apercu des travaux
établis dans la littérature, sur les tests minimax pour différents modéles statistiques et
sur les tests pour les matrices de covariance, qui font l'objet de cette thése. Enfin, nous
détaillons les résultats obtenus dans la thése, sur des tests minimax et adaptatifs, pour des

grandes matrices de covariance.

1.1 Formalisme des tests minimax non paramétriques

Soit une expérience statistique (2, A,{Ps,¥ € F}), ou (£2,.4) est un espace mesurable et
Ps, une mesure de probabilité sur A, avec 3 inconnu et appartenant a ’ensemble F. Soient
Fo et F1 deux sous-ensembles de F, tels que FonF; = @ et FguFy € F. Le probléme
de test se présente de la maniére suivante: dans un premier temps, nous énongons deux

hypothéses sur le paramétre inconnu
Hy:XeFy, contre Hp:YelFy, (1.1)

ot Hy est I’hypothése la plus plausible, appelée hypothése nulle, et H; ’hypothése alterna-
tive. Ensuite, nous devons construire une procédure de test, c.a.d une fonction mesurable
des observations a valeurs dans [0, 1], qui permet de choisir entre ces deux hypotheéses.
On distingue deux types de test, les tests randomisés et les tests non randomisés. Un
test randomisé A est un test a valeurs dans (0,1), qui accepte 'hypothése Hy avec une
probabilité 1 — A et rejette Hy avec une probabilité A. Un test non randomisé A est un
test qui ne prend que les valeurs 0 ou 1, il accepte ’hypothése Hg quand il prend la valeur
0, et rejette Hy quand il prend la valeur 1. Pour la suite nous ne considérons que des tests

non randomisés.



Quand Fy = {30}, donc réduit & un élément, on parle d’hypothése simple, dans le
cas contraire on parle d’hypothése composite. L’ensemble F peut étre un intervalle de R
(F € R), ou un ensemble de vecteurs (F € R?) ou un ensemble de matrices (F ¢ R¥%),
Quand F est inclus dans un espace vectoriel de dimension finie, le probléme de test est dit
paramétrique. Par contre, si F est inclus dans un espace vectoriel de Hilbert ou de Banach
de dimension infinie, (comme par exemple un espace de fonctions réguliéres, un espace de
suites de carrés sommables, etc), le test est dit non paramétrique.

Pour un test A donné, on associe deux types d’erreurs, qui permettent d’évaluer sa
qualité:

- Uerreur de premieére espéce est la fonction définie sur Fy par:
n(A,%Xp) = Py, (A=1)=Ex,(A), pour tout 3¢ € Fy

qui représente la probabilité que le test choisisse I’hypothése H; alors que la vraie valeur
de X appartient a Fy.

- Uerreur de deuxiéme espéce est la fonction définie sur Fi par:
B(A, Y1) =Py, (A=0)=Ex, (1-A), pour tout ¥; € F,

qui représente la probabilité que le test choisisse I’hypothése Hy alors que la vraie valeur de
3. appartient & F;. Souvent, au lieu de l'erreur de deuxiéme espéce, on utilise la fonction

puissance définie sur Fy par:
0(A, Y1) =1-8(A,%1), pour tout Xy € Fq.

D’apreés ces définitions, nous voyons que le but du probléme est de trouver un test pour
lequel les erreurs de premiére et deuxiéme espéce soient minimales ou, de maniére équiv-
alente, trouver un test dont son erreur de premiére espéce soit minimale et sa puissance
soit maximale. Si les deux hypothéses sont simples, les erreurs sont des quantités réelles
et dans ce cas la solution du probléme est donnée par le lemme de Neyman-Pearson, voir
[68]. Par contre, si au moins 1'une des deux hypothéses est composite, alors pour comparer
les tests entre eux, il faut comparer les erreurs de chaque test entres elles.

Comme, dans toute la suite, on traite des problémes de test avec une hypothése nulle
simple et des hypothéses alternatives composites, nous allons dés & présent restreindre
I'étude a ce cas. Donc pour la suite nous considérons Fy = {Xo}.

Une méthode possible pour comparer les tests, est de définir une relation d’ordre partiel
sur I’ensemble de tous les tests possibles A. Soient A1, Ag € A, la relation d’ordre > définie
par:

n(A1,30) <n(Az,Xg) et
B(A1,X1) < B(A2,%1) VY eF

JANIE AV IR=S
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Alors, le probléme se formalise de la facon suivante, trouver un test A* tel que A*™ > A
pour tout test A € A. Cependant de tels tests n’existent que dans des conditions trés par-
ticuliéres. D’ot1 le besoin de développer de nouvelles méthodes qui permettent de comparer
plusieurs tests.

Nous distinguons deux types d’approches. Les approches locales se limitent & 1’étude
de lerreur de deuxiéme espéce en une suite d’éléments fixés de l'alternative. Les approches
globales cherchent & controler 'erreur de deuxiéme espéce uniformément, pour tous les
éléments de 'alternative. Parmi ces derniéres, nous trouvons ’approche minimax, qui est

choisie pour les problémes de tests considérés dans ce travail de thése.

1.1.1 Théorie minimax

La théorie minimax consiste & contréler la pire erreur possible sous 'alternative. Donc la
qualité d’'un test A est mesurée par les quantités suivantes:

- Uerreur de premiére espéce
W(A) = PEO(A = 1) = EEO(A)7
- Uerreur maximale de deuxieme espéce

B(A,F1) = sup Ps(A=0) = sup Ex(1-A).
YeF YeF

En général, le role des deux erreurs n’est pas symétrique, le probléme est traité en privilé-
giant 'hypothése nulle par rapport a I’hypothése alternative. Il existe dans la littérature
deux approches qui traduisent ce privilége.

L’approche de Neyman-Pearson consiste a fixer un seuil pour 'erreur de premiére es-
péce, et trouver un test qui minimise 'erreur de deuxiéme espéce sous cette contrainte.

Autrement dit, pour un 7 fixé dans (0, 1), il faut trouver un test A, qui, vérifie:
B(Ay, Fi1) = inf B(x,F1). (1.2)
x;m(x)<n

Dans ce cas on dit que le test A, est le plus puissant parmi tous les tests dont l'erreur
maximale de premiére espéce est inférieure a 7.

La deuxiéme approche est basée sur la somme des erreurs, qui est définie par :
(A, F1) =n(A) + B(A, F1), (1.3)

pour A un test donné. On appelle v(A, Fy) erreur totale du test A. Cette approche
consiste & trouver un test qui minimise l'erreur totale sur 1’ensemble de tous les tests

possibles. Donc, nous cherchons un test A qui vérifie

WA FL) = inf A F) = inf (n(x) + A(x. F))



ou I'infimum est pris sur toutes les procédures de test x possibles. Notons qu’il est montré

dans [58] que ces deux approches sont sont liées par la relation

(77+ inf B(X,fl)).

inf y(x,F1) =
p% x;n(x)<n

nf
ne(0,1)

Pour pouvoir construire un test qui minimise ’erreur maximale de deuxiéme espéce (1.2)
ou lerreur totale (1.3), il faut que les deux ensembles d’hypothéses soient séparés. Soit d

une distance sur F; on définit

Br(p) = Br(Zo,¢) = {Z € F; d(%,%0) 2 ¢},

le complémentaire dans F muni de la métrique d, de la boule centrée en Y et de rayon .
Par conséquent, nous remplagons Palternative F; par FynBz(p). Nous notons 3(x, F1,®)
Perreur maximale de deuxiéme espéce et y(x, Fi,¢) lerreur totale d’un test x, sous cette
nouvelle alternative . Suite a la définition de cette nouvelle alternative, un nouveau prob-
léme concernant le parameétre ¢, qui va dépendre du nombre d’observations n et qu’on
notera par ¢,, se pose: trouver la suite ¢, qui définit la vitesse de séparation minimax

asymptotique.

Approche minimax asymptotique

Définition 1.1. Pour n fizé dans (0,1), 'erreur minimazx de deuziéme espéce est définie
par

577(@”) = inf B(Xaflagon)a
x;n(x)<n

ot linfimum est pris sur toutes les procédures de test x tel que n(x) <n.

L’erreur totale minimaz est définie par

V(pn) =y (x, F1,on) = inf (700 + B F1,00))
ot Uinfimum est pris sur toutes les procédures de test x possibles.

Définition 1.2. Une suite @, est appelée vitesse minimax de séparation si elle vérifie que

-(Borne inférieure) pour toute suite ., telle que n/Pn — 0, on a:

n—+00

(ou, pour ne (0,1) fixé, vérifie: By, (en) e 1-n).
-(Borne supérieure) pour tout suite p, telle que pn[Pn — +00, il existe un test A qui

vérifie
V(A F10n) =n(A) + B(A, Frn) —= 0,

(respectivement, pour un n firé dans (0,1), trouver un test A, tel que n(A,) < n et
B(Ay, Fi,on) —> 0). On dit alors que le test A (respectivement A,) est asympto-
n—>+00

tiquement minimaz.
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En d’autres termes ¢, est vue comme la frontiére qui sépare la région ou il existe une
procédure de test dont 'erreur totale tend vers 0, de la région ot toute procédure aura une

erreur totale qui tend vers 1.

Définition 1.3. On dit que ’erreur minimaz de deuziéme espéce (I’erreur totale min-
imax) posséde un équivalent asymptotique ezact de type Gaussien dans un voisinage de
On, st il existe une fonction f(respectivement une fonction g) telle que pour toute suite
©On vérifiant 0, X Pn, on a f(pp) €] — 00, ® (1 = n)] avec n € (0,1) (respectivement
9(n) €] - 00,071 (1)]) et

B(pn) = 2(g(pnp)) +on(1) (respectivement v(pnp) = 2(9(¢np)) +o0n(1))
ot @ est la fonction de répartition de la loi normale centrée et réduite.

Définition 1.4. Un test A est asymptotiquement minimax exact si pour toute suite @, > 0,

on a:

(A, Fi,0n) = igf'v(wfl,son) +0(1)

v(#n)

0 $n

Figure 1.1 — Variation de l'erreur totale v en fonction du rayon ¢,, qui caractérise I’écart

entre I’hypothése nulle et I’hypothése alternative.

La figure 1.1, représente 'intervalle [0, 1] dans lequel, il est impossible de distinguer
entre les deux hypothéses, l'intervalle [I,.J] ou on a I’équivalent asymptotique exact de
Perreur totale qui est de type gaussien, et I'intervalle [J, +oo[ ot il est possible de distinguer

entre les deux hypothéses avec une erreur totale qui tend vers zero.

1.1.2 Adaptation

En général les procédures de tests optimales nécessitent de connaitre la régularité du

paramétre inconnu Y. Donc 'alternative est constituée de classes qui dépendent de «,



que nous notons par Fj(«). Cette restriction aboutit & des vitesses minimax de séparation
qui dépendent non seulement de n mais aussi de a. Or, supposer que la régularité est con-
nue, est une hypothése qui semble irréaliste. D’ot le besoin de développer des procédures
de test qui ne dépendent pas du paramétre inconnu, mais en méme temps qui s’adapte
au mieux a « inconnu. En général ces tests sont construits en agrégeant plusieurs tests.
Spokoiny dans [85] introduit un concept d’adaptation pour les problémes de tests, alors
que ce concept avait été introduit pour les problémes d’estimation par Lepski dans [71] et
[72]. Plusieurs travaux ont succédé sur le sujet des tests minimax adaptatifs pour différents
modeéles, voir Autin et Pouet [3]|, Butucea et al. [15], Gayraud et Pouet [43].

Le probleme de test adaptatif est défini pour une hypothése alternative élargie, con-
tenant une collection de classes Fi(«a), pour des valeurs de a dans un ensemble A. Soit le

probléme de test des hypothéses suivantes:
Hy:X =3y contre Hj:Xe u (Fl(a) N By(C(I),W))
acA ’

ot A est un ensemble de paramétres, @, o = Pn.a - Pn.a; Pn.a est la perte dans la vitesse de
séparation due a I’adaptation et &, , est la vitesse de séparation minimax pour le probléme

de test ou Palternative est donnée par Fi(a) n Be(p).

Définition 1.5. La suite ®,, o est appelée vitesse (minimax) adaptative de séparation s’il
existe une constante Co > 0 telle que:

-d’une part, pour toute constante C < Cy

inf (n(x) +sup B(x, F1(0),C®na)) —> 1.
X acA n

—+00

-d’autre part, pour toute constante C > Cy, il existe une procédure de test A libre de «
qui vérifie

n(A) +sup B(A, F1(0),Cua) -2 0.

Dans ce cas nous disons que A est une procédure de test (minimaz) adaptative.

1.2 Apercu de la littérature

Dans cette section, nous introduisons plusieurs exemples de classes non paramétriques F.
Deuxiémement, nous décrivons plusieurs modéles statistiques, pour lesquelles des prob-
lémes des tests minimax ont été étudiés. Finalement, nous revenons sur les résultats

connus pour les tests concernant, plus particuliérement, les matrices de covariance.

1.2.1 Classes non paramétriques

On considére la base trigonométrique { f;}jez sur Lo([-7,7]),

fo(@) =1, fj(x) = cos(jz) et fj(x) =sin(-jz), [j]>1.
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Pour toute fonction f € Ly([-7,7]), on note

ao=/_ f(z)dz, O'j:/_ f@)fi(@)de, jl21

les coefficients de Fourier de f dans la base {f;};ez.
Les classes non paramétriques suivantes apparaissent dans la littérature sur les tests

minimax et adaptatifs:

i) Ellipsoide de Sobolev: soient a, L > 0,

S(Oé,L)={f€L2([—7T,7T])¢f= Yoifis 207 < Let 00=1}-

JEZ JEZ
ii) Ellipsoide de fonctions analytiques: soient o, L > 0,

Ao, L) = {fELQ([—TF,ﬂ'])If= Yooifii Dl a?-e%‘j <Letog= 1}

jeZ jez*
iii) Classe de Holder: soient J un intervalle de R, o, L > 0

H(a,L) = {f :J > R: f est [ fois différentiable avec [ = || et

FO@) - FO ()] < Lz - y|*, pour tout z,y e J |

iv) Classe de matrices de Toeplitz: soient a,, L > 0

T(a,L) = {S>0:[Sligwj =0y ;2. 0:5°* <Let og=1}. (1.4)
g>1

8((1,[/) = {2 > 0, [E]mq.j =0 s Z ezaja'? <Let ap = 1}. (1.5)
g>1

On note ¥ > 0 pour une matrice X définie positive. On rappelle que les matrices de

Toeplitz ont les éléments diagonaux constants.
v) Classe de matrices non-Toeplitz: soient a,, L >0
1
F(a,L) = {E >0:[X]ij = 045, symétrique ;— ) crizj|i —jP*<L

1<i<j<p

pour tout p et g;; =1 pour tout i=1,... ,p}. (1.6)

Par analogie aux ensembles de fonctions, nous appelons a paramétre de régularité de

T(a,L), E(a, L) et F(a, L).
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1.2.2 Modeéles statistiques

a) Modele de densité de probabilité: nous observons n réalisations indépendantes, X1,...,
Xp, de X de loi Py admettant une densité de probabilité f inconnue et appartenant
aF.

b) Modéle de bruit blanc gaussien ou modéle de signal: nous observons le processus X =

(Xt)te[O,l]a qui vérifie
dX, = f(t)dt +edW (t), te[0,1],¢>0

ou la fonction f est inconnue et appartient & F et W (t) est un mouvement brownien.

Des tests minimax asymptotiques ont été développés pour le modéle de densité de
probabilité et le modéle de signal pour des classes de type ellipsoide de Sobolev
S(a, L) et de fonctions analytiques A(a, L). La distance induite par la norme Lg
est utilisée pour séparer les deux hypothéses dans les papiers de Ermakov [34], [36]
et [35]. Ingster dans [53|, [54] et [55], traite des problémes de tests pour les deux
modeles précédents en considérant la distance induite par la norme L, pour séparer
entre les hypothéses, pour 1 < p < +oo, pour des classes de type Holder et des classes
de type ellipsoide de Sobolev. Lepski et Sobolev [69] ont considéré des ellipsoides
de type Besov. Des équivalents asymptotiques exacts pour la semi-distance en un
point fixé et norme Lo sont donnés par Lepski et Tsybakov [70]. Ces résultats se
trouvent résumés également dans Giné et Nickel [45]. Notons que des problémes
d’estimation et de test pour différents modéles de signal multidimensionnels, c.a.d
quand ¢ € [0,1]% avec 1 < d < +oo, ont été traités dans Ingster et Suslina [52], [59] et
Ingster et Stepanova [57], [60].

c) Modele de régression: soient Y7i,...,Y,, n observations définies par
Yi=f(X;)+& pouri=1,....n

ou f est la fonction de régression inconnue, {; }1<i<n est une suite de variables aléa-
toires i.i.d, { X }1<i<n une suite de variables qui sont, soit déterministes, soit aléatoires

indépendantes entre-elles, équidistribuées et indépendantes de {&;}1<i<n-

d) Modéle de densité spectrale: soit X un processus de second ordre, de fonction d’auto-
covariance I' définie par I'(r,s) := Cov(X,, X;), pour tout r,s € N. Soit, de plus,
X stationnaire, ce qui implique que sa fonction d’auto-covariance ne dépend que de

lécart 7 —s, I'(r,s) ='(r + h,s + h) pour tout h € Z. Notons o,_y =I'(r,s). Si

+o00
Z |Uj| <+oo,
j=—o0
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on appelle densité spectrale du processus X la fonction f
1 + 00 .
f(z)=— > o;e™" pour tout z € R.
27 =0
Cette densité spectrale est continue, positive, paire et 2w-périodique, ce qui permet

de l'étudier uniquement sur [-m,7] :

1
f(x) = —(00 +2 Z o cos(jx)) pour x € [-7,7].
27T jzl
On appelle ¥ = ¥,(f) la matrice de covariance du vecteur (X,,...,X,1p-1), pour

tout r,p € N, de taille p x p de la forme

g0 01 vt Op-2 Op-1
01 (o)) g1 Op-2
= P
Op-1 Op-2 - 01 oy

Remarquons que la matrice ¥ est de Toeplitz. Si, en plus, og = 1, alors la matrice ¥

est la matrice d’auto-corrélation de (X,,..., Xyip-1).

Le modele de densité spectrale consiste a observer X1,..., X, p réalisations du pro-
cessus stationnaire du second ordre, X = (X, )y, admettant une densité spectrale
f inconnue, appartenant & F. Ces observations ont la matrice covariance 3 = X,( f)
inconnue. On note que f(x) = (1/27) - 1([-m,7]) si et seulement si ¥ = I est la
matrice identité. Le probléme de test de 'hypothése nulle f(z) = (1/27) - 1([-7, 7])
est étudié par Ermakov [37].

e) Grande matrice de covariance de vecteurs Gaussiens stationnaires: soient Xi,..., X,
n observations d'un p-vecteur Gaussian stationnaire le loi N,(0,X), centré et de
matrice de covariance ¥ inconnue, ¥ € F. Nous notons Xy = (Xp1,...,Xgp)", pour
k=1,...,n. Nous remarquons que X est de Toeplitz et que ce modéle peut étre vu

comme le modéle précédent, & observations indépendantes et répétées.

f) Grande matrice de covariance de vecteurs Gaussiens: soient X1, ..., X,, n observations
d’un vecteur Gaussian de dimension p, centré et de matrice de covariance ¥ inconnue,

> e F. Dans ce modéle ¥ n’est pas une matrice de Toeplitz.

g) Grande matrice de covariance et données manquantes: soient X,...,X,, i.i.d de di-
mension p qui suivent la N,(0,X), avec ¥ inconnu. Nous observons Y7,...,Y,, n

vecteurs aléatoires i.i.d, tels que
Yi=(ex1 X1, €kp - Xpp) pour tout k=1,...,n,

ol {€k; }1<k<n,1<j<p €t une suite i.i.d de variables de Bernoulli de parameétre a € (0, 1)
et indépendante de {Xj}p-1. ,. Par conséquent, chaque composante de chaque

vecteur Y} est observée avec une probabilité a.
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Les modéles e), f) et g) sont considérés dans les travaux de Butucea et Zgheib [18],
[19] et [20], et font 'objet d'une description plus détaillée dans la section 1.3. Ces travaux

constituent les contributions principales de cette thése.

1.2.3 Tests pour des matrices de covariance

Dans nos travaux, nous nous intéressons a des problémes de tests de grandes matrices de
covariance ayant une structure de bande, en utilisant ’approche minimax asymptotique.
Nous traitons également la question de 'adaptation au paramétre de régularité de la ma-
trice sous-jacente. Faisons un apergu général sur ce qui a été fait dans la littérature sur ce
sujet.

Soient X1,..., X, n réalisations de X ~ N,(0,%), ou X est de taille pxp. Le probléme

de tester a partir de ces observations I’hypothése nulle
Hy:X=1 (1.7)

contre I'’hypothése alternative Hy : X # I, a été étudié au début dans un cadre paramétrique,
pour p fixe. Le premier test pour les matrices de covariance a été proposé par Mauchly [75],
ce test est basé sur le rapport du maximum de vraisemblance. Le rapport du maximum
de vraisemblance est défini par:

Vo= m -exp( - g(tr(sn —I)))

ou S, = (1/n) ¥, X, X, lestimateur de maximum de vraisemblance ¥. Une étude
développée du test basé sur le rapport du maximum de vraisemblance RV se trouve dans
Anderson [1] ainsi que dans Muirhead [76]. Il est montré que —2log(RV') converge sous
I’hypotheése nulle vers une X;(p 1)/2 quand p est fixe.

Une autre approche basée sur la forme quadratique suivante:
FQ = gtr(Sn —1)?

est suggérée par Nagao [77] pour tester I'hypothése nulle (1.7). Il montre la convergence
en loi de FQ vers Xz%(p+1)/2 sous Hy, quand n tend vers +oo et p est fixe.

Or, de nos jours, suite au développement dans plusieurs domaines, tels que la biologie,
la télécommunication, la finance, I’économie, etc, il est possible de collecter un nombre
immense de données par individu. Il se peut que le nombre de données soit beaucoup
plus grand que le nombre d’individus. Par exemple, en génomique une molécule d’ADN
comporte des milliers de génes, en cosmologie une image d’un objet céleste est constituée
par des millions de pixels. D’ot 'intérét de traiter les problémes statistiques dans le cadre
des grandes dimensions. En particulier, plusieurs travaux ont effectué le test de I’hypothése

(1.7) dans le cas d’une grande dimension p, ot les statistiques de test définies précédemment

sont dégénérées asymptotiquement.
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Pour faire face a ce probléme, de nouvelles statistiques de test ont été proposées. Cer-
taines dérivent du rapport de vraisemblance ou bien de la forme quadratique. Srivastava
dans son papier [87], propose pour couvrir le cas p > n, de construire une statistique de
test & partir des n valeurs propres non nulles de n.S,, et en permutant les roles de n et p.

Soient g, ... , An ces valeurs propres, la statistique de test est définie par:
M2 +3n+1y/ &« 1%\
RVCi=(1-—+— i —plog (=EL22) —n

Bai et al. [4] proposent une correction de RV dans le cas ot p/n — y; y € (0,1) en utilisant

des résultats de la théorie des matrice aléatoires. La version corrigée qu’ils proposent est :

-2log(RV)/n-p(1-(1-y ") log(1-y))-1/2log(1 - y)
V-2log(1-y) -2y

et montre que RV Cy converge en loi vers N (0,1) sous Hy. Jiang et al. [62] étendent ce

RV (s =

résultat pour le cas ¢ = 1. Une version généralisée du rapport de vraisemblance est proposée
dans [8], pour établir le test le 'hypothése nulle ¥ = o1, pour ¢ inconnu.
Nous citons aussi le travail de Ledoit et Wolf [67] qui proposent une modification de

FQ pour obtenir la statistique suivante:

2
FQM, = 2FQ _ B(ltr(sn)) P
np  n\p n

Ils montrent que n - FQM;j — p converge en loi vers N(1,4), sous Hy, pour n,p — +0o.
Notons que (2/np)FQ vaut (1/p)tr(S,—1I)?. Remarquons que, pour tester I'hypothése

3. =1 contre l'alternative X # I, il suffit d’étudier le comportement de la fonction
L, (2 -1)° 1i(>\ 1)? 1%% 22ij +1 (1.8)
—1ir _— = - i~ = — L —_ — i .
p P pH " pH

Srivastava [86] propose des estimateurs sans biais et consistents des moyennes arithmétiques

(1/p) =P, AZ et (1/p) X, A, pour construire la statistique de test donnée par :

n2
p(n-1)(n+2)

De plus, il est montré dans [88] que cette statistique de test peut étre utilisée pour des

FQM; = (tr(Sn)2 - l(tr(Sn))?) - 2757«(5”) +1
n p

observations non gaussiennes mais sous des conditions sur les moments de X. De maniére
plus générale, Fisher [39] propose de construire des statistiques de tests basées sur des
estimateurs de (1/p) Y20, (A7 — 1)?%, pour r,s > 1. Il traite le cas r = 1 et s = 2 ainsi que le
casr=2et s=1.

Des procédures de test basées sur la déviation maximale des entrées non diagonales [92]
et d’autres basées sur la plus grande valeur propre de la matrice de covariance empirique
[64], ont été considérées aussi dans la littérature. Pour traiter le cas des observations non

gaussiennes, Chen et al. [29] suggérent une U-statistique d’ordre 2 comme un estimateur de
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(1.8), qui n’est rien d’autre qu'une nouvelle modification de (2/np)F@, et qui est donnée
par ’expression suivante:
1 1 2 2

U, = 5(—n(n—1) K%@(X{ka - g];lX,IXk-i-p). (1.9)
Ils montrent que nU, converge en loi vers N(0,4), sous Hy, quand n et p tendent vers
I'infini. En plus, ils minorent la puissance du test basée sur U, pour une matrice X
arbitrairement fixée, sous ’alternative. Dans la plupart des travaux que nous avons cités,
les résultats portent sur 'étude de l'erreur de premiére espéce. [86] et [29] ont étudié

I'erreur de deuxiéme espéce pour une matrice arbitrairement fixée sous I'alternative.

Récemment, Cai et Ma dans leur papier [23], proposent de traiter le probléme d’un point
de vue minimax. Ils proposent de tester I'hypothése (1.7) contre I'hypothése alternative
donnée par:

Hy:¥#I tel que ||E—I||%2g0i’p.
Ils construisent une procédure de test basée sur la U-statistique U,, définie dans (1.9). Ils

montrent que la vitesse de séparation minimax @y, , est de 'ordre de \/p/n.

1.3 Reésultats de la thése.

Le modéle étudié est celui de n vecteurs gaussiens indépendants, de dimension p, X1,..., X,
de loi NV,(0,X).

Le premier chapitre est consacré au probléme de test minimax de I'hypothése (1.7),
Hy: X =1, contre une alternative de matrices de Toeplitz. Nos procédures sont asympto-
tiquement minimax exactes. Le second chapitre se consacre au méme test pour des classes
de matrices, pas nécessairement Toeplitz. De plus, une procédure qui agrége les tests
asymptotiquement exacts pour créer un test adaptatif est étudiée. Le troisiéme chapitre
se concentre sur les tests adaptatifs dans le probléme inverse ot nous disposons de don-
nées incomplétes. En effet, des coordonnées des vecteurs X7q,..., X, sont manquantes de
maniére indépendante, avec méme probabilité.

Dans les trois chapitres, la séparation entre les deux hypothéses est donnée par des
normes de type Lo. En effet, ceci permet de construire des procédures de test qui atteignent

des vitesses minimax de séparation plus rapides que les vitesses d’estimation.

1.3.1 Grande matrice de covariance de Toeplitz.

On considére le modéle de grande matrice de covariance de vecteurs gaussiens stationnaires
(voir modéle e) section 1.2.1) avec n et p qui tendent vers +oco. En premier lieu, nous
étudions le probléme de test de I'hypotheése nulle (1.7) contre 'alternative

Hi:YeT(a,L) tel que Zaf-zwz (1.10)

j=1
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ot T (e, L) est la classe de matrices définie dans (1.4). Remarquons que pour toute matrice

1
YeT(a,L) avec a>1/2, ona — |2 - I|% Zcr En effet,
2p ptoo 5

p—l p-1
za - zﬁ%2<—||z I3 == z<p—j>a?szo?
D j=1 j=1

L
or — E ]20‘ 2<= 5 0. Ce probléme est donc analogue au test dans le modéle de la
p%+oo

den51te spectrale f associée a X:

2

> %

Hy: f—i 1([=mw]) contre Hysf e S(a,L) telle que | -~ La([=r.])
2(|—7, T

2T

Notons que le probléme sur la densité spectrale énoncé précédemment est étudié dans [37]
pour le cas n = 1. Nos résultats généralisent ceux d’Ermakov [37] au cas ot nous avons des
observations répétées du processus.

En second lieu, nous étudions le probléme de test de la méme hypothése nulle contre
I’alternative

Hy:¥Xe&(a,L) tel que ZO’?ZI/)Q (1.11)
j>1

ou E(a, L) est la classe de matrices définie dans (1.5). Ce probléme est similaire au
probléme de test de ’hypothése f = 1/27 contre lalternative f appartient a l’ensemble

A(a, L) et 'écart entre les deux hypothéses est mesuré par la norme Lo.

Ellipsoide a coefficients polynomiaux

Pour tester I’hypothése nulle contre 'alternative (1.10), nous introduisons une statistique
de test similaire & celle proposée par Ermakov [37] et suivant la théorie des tests minimax
de Ingster et Suslina [58]. A la différence de Ermakov [37], notre statistique de test ne
contient pas de termes croisés grace aux observations répétées. Elle est pondérée par des

poids optimaux, qui sont solution du probléme d’optimisation:

* %2 2
Wi = sup inf w;o;. (1.12)
]Zl P )y w0 {z zeﬂaL)}j; 7%
T w3=3 i1 0529
Soit,
1 T
AT = w” Xiis Xnoir—i X1is Xin—j
P n(n—1)(29_T)21g§§mz=:l ]T+1S%:,i2§p i ki —j Al A lio—g
ou
* A 2 1 _1
w; = (0 )( —( ) a) avec T = | (L(4a+1))2a -¢p"a |, (1.13)
20+1 o 20+ 1 o
A= >+ e et () = >+ .1/,471'

2a(L(4a +1))2a L3 (4a +1)*3a
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AT

n,p Sous Uhypothese nulle ainsi que le

Nous calculons les moments d’ordre un et deux de

moment d’ordre un et un majorant de la variance sous l'alternative. En plus nous montrons
AT
An7p
Hall [50] a .anT - EE(JZQLT ») pour montrer sa normalité asymptotique, pour des matrices

que converge en loi vers la loi normale standard sous Hy. Sous Hj nous appliquons
¥ qui sont proches de la matrice ¥, [¥7]; 45 = 0|’;|, solution du probléme d’optimisation
(1.12). En effet, une U-statistique dégénérée dont le noyaux dépend de n peut converger
vers une loi normale au lieu d’une loi de x?, sous certaines hypothéses qui seront vérifiées
icl.

Nous proposons un test qui rejette 'hypothése nulle pour une valeur de ./lenr » blus
grande qu’un seuil ¢ > 0:

X=X = 1AL, > 1)

ou t est choisi strictement plus petit que ¢b(v)) avec c € (0,1) et tel que npt - +oo0. Nos
résultats sont établis sous les conditions suivantes n,p - +oco, ¥ — 0 et p@[}é — +00.
D’abord, nous montrons que pour ¢ vérifiant les conditions énoncées précédemment,
Perreur de premiére espéce n(x*(t)) tend vers 0, et que si a > 1/4 et nQpQwél%l — 400,
Ierreur maximale de deuxiéme espéce tend aussi vers 0. Nous montrons également les

. L. , . 4a+1
bornes inférieures. En d’autres termes, nous démontrons que pour « > 1, si n?p?h)-a - 0,

alors
() = igfv(x,T(a,L),gz}) > 1.

ou l'inf est pris sur tous les tests possibles. Par conséquent, nous prouvons que la procédure
de test x* est asymptotiquement minimax. Nous déduisons de ce théoréme la vitesse

minimax de séparation

200+1
Las(da+1) 2

§=(Cla, L) n*p?) 7 on C(a L) =

Dans un second théoréme, nous évaluons le comportement des erreurs dans le voisinage de

1’/;. Nous montrons que si n?p?b%(1)) < 1 alors d’une part pour o > 1 nous avons,
1) =10 (6 T, 1), 6) > 28( - 2 - npb(9)).
D’autre part, la procédure de test x* vérifie les propriétés suivantes:
n(x"(t)) = 1= ®(npt) +o(1)

et pour a > 1

B (@), T (e, L),9) < @(np(t = b(¢))) + o(1).

Par conséquent si nous prenons t = b(¢)/2), nous obtenons

A (0, (0 D), 9) = 20( = Spb()).
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Pour obtenir les bornes inférieures de ’erreur totale minimax, nous réduisons ’alternative
a une classe paramétrique de matrices de Toeplitz. Nous considérons le sous ensemble
formé par les matrices 3j; de diagonale principale 1 et dont les entrées non diagonales sont
2 * .= e * . L = * 3 N
données par [ ] i+j = w) ol La<lj<r), avec uj; = 1 et les oy; sont solution du probléme
d’optimisation (1.12). Nous considérons ensuite, Py la moyenne des lois de probabilité PE*U,

ol PZ;J est une loi normale centrée de matrice de covariance X;;. La preuve est basée sur le

dP,
log du rapport de vraisemblance des observations X,..., X, Ly, =log dT(Xl coy Xp).
T

Nous illustrons la performance de notre procédure par des simulations numériques.

Ellipsoide a coefficients exponentiels

Dans cette partie nous traitons le probléme de test avec l’alternative (1.11). Nous constru-

isons un test a partir de la statistique .Zl\i,p, an »

différemment. Les poids w; que nous utilisons dans ce cas sont donnés par:

qui a la méme forme que mais pondérée

. A e’ %0 .
wj _W(l_(e_T) )+, ou
1 1 ap? ay?
r=[ow(p)] A4 P
In (—) 2In (—)
G G
Nous montrons que sous l'alternative (1.11) la vitesse minimax de séparation est
7= (2 In(n?p?) )1/4
- an2p? )

qui est libre de L et nous 'obtenons pour toute valeur de a > 0, sous la condition que
p-In(4) — oo.

1.3.2 Grande matrice de covariance et adaptation.

A partir du modéle f) et en supposant que n,p - +o0, nous abordons le probléme de tester

I'hypotheése (1.7) contre
1
Hi:XeF(a,L), tel que 2—\\2-1”%2@2. (1.14)
p

ou F(a, L) est définie dans (1.6). Nous construisons un test basé sur une forme régularisée
de la U-statistique d’ordre 2 définie dans (1.9). En effet, les techniques de régularisation
ont été employées avec succés pour les problémes d’estimation de grandes matrices de
covariances appartenant & des classes possédant des propriétés similaires & celles de la
classe F(«, L). Parmi ces techniques, nous notons les différentes méthodes de seuillages
proposées dans [9] et [10]. Notons que récemment Cai et al dans [24], proposent une

étude minimax du probléme d’estimation de plusieurs gammes de matrices de covariances



18

structurées, parmi lesquelles un ensemble de matrices ayant des propriétés semblables &
celle de F(a, L).

L . . . * * *
Nous proposons une pondération par des poids optimaux {wij}1$i¢jgp tel que w; 5= Wi
*

avec w; .
i3]

défini dans (1.13) comme solution du probléme d’optimisation (1.12). Soit

— 1

*
n.p > XXy i X1 X0,

n(n-1)p 1<k#l<n 1<i<j<p

la nouvelle statistique de test. Le test construit a partir de Z’)\n,p est défini par:
A" = A*(t) =1(Dpyp>t), t>0.

Nous énoncons deux propositions qui décrivent quelques propriétés de 7’5,%]3: ses mo-
ments du premier ordre sous chacune des hypothéses, son moment du second ordre sous
Hp, un majorant de sa variance sous Hj, sa normalité asymptotique sous Hy, ainsi que
sa normalité asymptotique sous Hi, pour des matrices X au voisinage de la solution du
probléme d’optimisation (1.12).

Gréace aux propriétés de 5n7p, nous montrons premiérement que, sous les conditions
a>1/2,¢ - 0 et p(pi — +o0, le test A*(t) avec 0 <t < ¢b(p),c € (0,1), est minimax
asymptotiquement consistant, si n,/pt - +oo et nzpbg(gp) — +o00. Deuxiémement, nous
prouvons que, sous les mémes conditions, lerreur de premiére espéce vérifie n(A*(t)) =

1-®(ny/pt) +0o(1) et Perreur maximale de deuxiéme espéce est majorée comme suit

B(A™ (1), F(a, L), ) < 2(ny/p(t = b(p))) s n’pb*(p) = 1.

Nous implémentons notre procédure de test. Les résultats montrent que notre test a une
puissance meilleure que le test basé sur la U-statistique non pondérée de Cai et Ma [23].

Nous montrons ensuite 'optimalité de nos résultats, ce qui prouve que
7= (C(a,Ln’p)~ /D),

est la vitesse de séparation minimax. Plus précisément, nous montrons que sous les condi-

tions a > 3/2, o - 0 et pgpé — +00,

(@) =infy(x, Fla, L)) > 1 si n’pb*(p) - 0.

En effet, pour obtenir cette borne inférieure, nous construisons un sous ensemble paramé-
trique plus large que celui considéré dans le cas de matrices de Toeplitz. Nous considérons
I'ensemble des matrices ¥;; de diagonale principale 1, dont les entrées non diagonales
vérifient [¥7];; = uijaﬁ_ﬂ “L1izjl<), avec u;j = £1 et les O'E_j‘ sont les mémes que ceux
utilisées dans le cas de matrices de Toeplitz. Ici, P; est la moyenne des lois PEE’ avec PE;] ~
Np(0,3];) et X}, appartenant a l'ensemble paramétrique défini précédemment. Enfin,

comme
dP,

1 1 2
>1-Z|P-Pfi>1-=(E; [==Z) -1),
() 2 2|| T I1 2( I(dPI) )
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dPr )’
nous montrons que E; (d_PTr) <1+ o0(1), pour obtenir le résultat désiré.
T
De plus, sous les conditions a> 1, ¢ - 0, p(pi — +00, npp* - 0 et n?pb?(¢) 2 1, nous
montrons que le log du rapport de vraisemblance de X; ..., X,, vérifie:

'LL2
-aXn):unZn_7n+§7

L,,=1o

ol uy, = ny/pb(p), Z, converge en loi sous Pr, vers une loi normale standard et { une
variable aléatoire qui converge vers 0 en Pj-probabilité. Par conséquent, nous obtenons
une minoration de ’erreur maximale minimax de deuxiéme espéce et de l'erreur totale

Bn(») =Xn1&f)< BOGF(a, L), ) 2 @(21-n = nn/pb(p)) + 0(1),
et

(90))+0(1)

Nous remarquons une perte d’un facteur p dans la vitesse minimax par rapport au cas des

v(p) —mfv(x,f(a L), ) 22®(-n/p

matrices de Toeplitz. Cette perte est due au nombre de paramétres a estimer en plus dans
ce cas. En effet, pour le cas des matrices non-Toeplitz, on a p(p—1)/2 paramétres inconnus,
or pour le cas des matrices de Toeplitz on a p—1 paramétres inconnus. En rassemblant ces
résultats, nous déduisons les équivalents exacts des erreurs, pour des valeurs particuliéres
de t.

En plus, nous montrons que @ est la vitesse de séparation minimax, pour ce probléme
de test établi pour l'inverse de la matrice de covariance, si ses valeurs propres sont dans
un compact de (0, +00).

En dernier, nous présentons un test adaptatif au paramétre «, pour a dans un compact

de (1/2,+00). Nous montrons que ce test atteint la vitesse
—204/(4a+1)
= (n\/_/\/lnln(n )

1.3.3 Adaptation en présence de données manquantes.

Le probléme d’estimation des matrices de covariance & partir d’un échantillon incomplet a
été étudié dans la littérature, suivant différentes approches. La plus simple est d’éliminer
de I’étude toutes variables dont les observations ne sont pas disponibles. Cette méthode
n’est pas fiable dans le cas oil le nombre des valeurs manquantes est assez important.
Une autre méthode consiste & remplir les valeurs manquantes via de nouveaux modéles
pour estimer ces valeurs manquantes. Récemment, le modéle de données incomplétes a été
vu comme un probléme inverse, voir [73| pour I'estimation non paramétrique de grandes
matrices de covariance de rang petit. Le probléme de test n’a pas été considéré auparavant

dans ce contexte & notre connaissance.
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Matrice non-Toeplitz

D’abord, nous considérons le modéle de grande matrice de covariance non-Toeplitz dans
le cadre des données manquantes (voir modéle g) section 1.2.1) avec n,p — +oco et a peut
tendre vers 0. A partir des ces observations, qui contiennent des valeurs manquantes, nous
voulons tester 'hypothése nulle (1.7) contre (1.14). Nous prenons ici L = 1. Nous notons
par F(«) I'ensemble F(a,1).

Procédures de tests et vitesses.

Nous cherchons a construire une procédure de test adaptative de forme simple. Nous
introduisons la statistique 1’)\n7p7m qui est du méme type que @\n,p mais de forme plus

simple, pondérée par des poids constants. Soit m un entier naturel assez grand qui vérifie:
D <m®-p < K pour des constantes D >1 et K > 0. (1.15)

Ici, m joue le role de T, le paramétre de troncature. Remarquons aussi que m < gp_é. La
statistique de test 5n7p,m est obtenue a partir de 5n,p, en remplacant les poids wi*j par les
poids constants 1/v/2m pour tout 1 < [i —j| <m -1, et les observations Xy, par les Yj. Par

conséquent,

— 1 1
Drnpm = ' Yii¥,¥1,:Y15-
o n(n-1)p 2m 13%‘?@, 1S;Sp B

lijl<m

Pour tester I'hypotheése (1.7) contre I'hypotheése (1.14), nous proposons le test suivant
Am(t) =1(Dppm >t)  avect>0.

Nous dérivons quelques propriétés de D, ;, , et nous montrons que la vitesse de séparation

minimax obtenue dans le cas des données incomplétes est

__2a
@M,a = ((1271,\/]_9) e .
Pour obtenir la borne inférieure de I'erreur totale minimax dans le cas des données man-
quantes, nous passons par des lois conditionnelles. D’abord, nous restreignons l’alternative
a l'ensemble des matrices Xy; [Suliy = L(mj) + wijo - L(jiqjimjicr); avec o X go“i et
T = ch_éj. Notons par Py et P[(JE) les lois de Y = (Y1,...,Y,) et Y|e = (e1,...,en),
quand les X suivent la loi N'(0,Xy), et par Py et PI(E) les lois de Y et Ye, quand les
X, suivent la loi N'(0,1). Soit Py la moyenne des lois Py. Nous controlons K (P, Py) en
utilisant les vraisemblances conditionnelles:
(d(Pe ® Py dp

ary (&) I
K (P, Py) = Eqlog (5o ) = Elog (S L2 ) = E.E( log (1),
(ar.) d(Pg®P7$5))) o (dPP)

ou P. est laloi de € = (e1,...,&,).



1.3. RESULTATS DE LA THESE. 21

Tests adaptatifs

Dans cette partie, nous considérons que le paramétre « est inconnu et appartient a l'intervalle

A, tel que A := [ax, 05 ] c]1/2,+00[, oll a;,,, = +0o mais en respectant la condition

Ay = o(1)In(a®n\/p). Nous étudions le probléme de test de I’hypothése (1.7) contre

lalternative

1
Hi:Xe¢ U{.’F(a); 5
acA

D02 (C¢M,a)2}, (1.16)

i<J
ou C est une constante strictement positive et

2c

- Inln(a?n./p) \ "
OMa=\"F—F7
a*n\/p
Soient L., L* € N*, qui vérifient

2
(4af , +1)In2

2

L.= -
( (4o, +1)In2

)ln(azn\/z_)) et L*= ( )ln(a2n\/p7).

Alors, pour tout a € A, il existe I € {L,,...,L*} tel que 2! < (¢M7a)_é < 2!, Pour tester
(1.7) contre (1.16), le test adaptatif Ayq est construit en agrégeant les tests Ay (t;) pour
le{Ls,...,L*}. Soit alors

A = A = ]1 ﬁ .
od = TAX o1 (11) [oax (Dypot > 1)

ce test. Remarquons que le test A,q rejette ’hypothése nulle dés que I'un des tests singuliers
Ay (1) la rejette.

Pour contréler 'erreur de premiére espéce, nous dérivons une inégalité de type Berry-
Esseen pour 1’57”,72;. Cette inégalité est obtenue par le théoréme de représentation de
Skorokhod et le Lemme 3.3 de [51]. Ensuite, nous montrons que, si les seuils ¢; sont choisis
tels que ¢; = QQW/R\/]_) avec C* >4 alors n(Agq) — 0.

Nous montrons en utilisant les majorations des variances des statistiques de test 'ﬁnmh
que si

a’*n\/p — +o0, 28 [p - 0, In(a®n/p)/n - 0 et C* > 1+4V/C*

alors sup 5(Aad,-7:(04)ac¢M,a) = 0.
acA

Matrice de Toeplitz

Pour le cas des matrices de Toeplitz, nous voulons tester (1.7) contre (1.10). Soit, m un
entier vérifiant les conditions (1.15) pour ¢ au lieu de ¢. Nous proposons un test basé sur la
statistique .Zl\n,pm, qui est construite a partir de .,Zl\mp, de facon similaire & la constructions

de Dy, pm a partir de Dy, .
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Nous montrons que dans ce cas, la vitesse de séparation minimax est détériorée de la
méme fagon par le paramétre a. En effet, la vitesse de séparation minimax obtenue dans

ce cas est

__2a

CI/’M,a = (a2np) R
Dans ce cas aussi, nous abordons le probléme d’adaptation par rapport & o € A, ot A =
[ave, ] €]1/4, 400, ot o, ,,

Nous con51derons I’hypothése alternative suivante

— +00 mais en respectant la condition ay, , = o(1) In(a?np).

Hy:xe U{T(a) ; z > (C¥hra)?}, (1.17)

aeA

VInln(aZnp) \ "

4o+1
ouC>0et Wpq = 5 ) . Pour tester (1.7) contre (1.17), nous proposons
a’np

le test adaptatif

Xad = fnlaé)i ]l(Anp2l >tl)7

ou L,,L* e N* et vérifient les mémes conditions que dans le cas précédent, mais pour p au
lieu de /p.
Pour ce cas, nous montrons que, si t; = a>v/C* Inl/np avec C* > 4, alors 1(xaq) = 0. Si,

en plus,

a’np — +00, 2" [p - 0, In(a®np)/n - 0 et C* > 1 +4V/C*,

alors sup 5(Xad,T(a)aC‘I’M,a) — 0.
aecA

1.3.4 Bilan des vitesses

La table 1.1 résume les résultats obtenus pour le modéle de données complétes: vitesses
minimax de séparation et équivalents asymptotiques exacts. Ici n et p tendent vers I'infini,
tels que ¥ — 0 et pwi — oo (cas des matrices de Toeplitz) et o — 0 et pcpé — oo (cas des
matrices pas forcément de Toeplitz). La procédure adaptative du troisiéme chapitre n’est
pas incluse ici.

La table 1.2 résume le modéle aux données incomplétes: vitesses minimax de séparation
et vitesses atteintes par nos procédures adaptatives par agrégation des tests. Asympto-
tiquement, n et p tendent vers 'infini, a peut tendre vers 0, tels que, de nouveau, 1) - 0
et pd)é — oo (cas des matrices de Toeplitz) et ¢ — 0 et p(pé — oo (cas des matrices pas
forcément de Toeplitz).

Les bornes supérieures des vitesses adaptatives contiennent le modéle de données com-
plétes pour a = 1. En particulier, méme si la procédure adaptative de test est différente de

celle du chapitre 3, la méme perte de vitesse est observée.
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b

Toeplitz

non-Toeplitz

Vitesse minimax

de séparation

2

4a+1

QZZ (C'%(a,L) -np)

__2a
) darl

7=(C3(a, L) nyp

Borne supérieure

Si a>1/4 et n?p?b*(Yp) - +oo
alors
I v(x T (o, L),¥) =0

Sia>1/2 et n?pb?(p) - +oo
alors
A" (A", F(a, L), ) = 0

Borne inférieure

sia>1 et n?p?b?(¢p) - 0 alors

() -1

si a>3/2 et n?pb%(p) - 0 alors
V(p) ~ 1

Borne supérieure

exacte

sia>1/4 et n?p?b?(2p) 2 1
alors v(x*, T (a, L), )
<1-®(npt) + @(np(t -b()))

sia>1/2 et n?pb?(p) <1
alors (A", F(a, L), )
<1-®(n\/pt)+®(n/p(t-b(p)))

Borne inférieure

exacte

sia>1 et n?p?b2(1h) < 1 alors

() > 2®(npb(v)/2)

sia>1, nppt - 0
et n2pb?(p) x 1
alors () > 2®(n./pb(v)/2)

Table 1.1 — Bilan des résultats obtenus pour les problémes de test de I'hypothése nulle

Hp : ¥ =1 contre les alternatives (1.10) et (1.14) dans le cas des données complétes.

1.4 Perspectives

Les résultats décrits dans ce manuscrit peuvent étre prolongés et étendus de plusieurs

fagons.

Vitesses de séparation non asymptotiques. Une théorie minimax non asymptotique des

tests s’est développée depuis Baraud [5], Laurent, Loubes et Marteau [66] dans le

modéle de signal. Des vitesses minimax non asymptotiques sont envisageables.

Cadre non gaussien. Si X1,..., X, n sont des vecteurs indépendants, tels que

X;=TZ;+pn pourtouti=1,...,n,

oul la moyenne p € RP, la matrice de covariance est ¥ = I'T'T et les Z1,..., Z, sont des

vecteurs i.i.d de dimension m > p centrés et réduits. Suivant [29] qui regardent les

conditions de moments sur Z; pour que les erreurs de test convergent vers 0, nous

pouvons chercher les vitesses minimax de séparation et les équivalents asymptotiques

des erreurs minimax de deuxiéme espéce et totale.
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by Toeplitz non-Toeplitz
Vitesse minimax . -
de séparation {Z;M,a = (a2np) fot PMo = (agn\/ﬁ) datt

Sia>1/4et a4n2p21/14+é —+00 | Sia>1/2et a4n2pgo4+§ — +00

Borne supérieure alors Ix: v(x, T (a),¥) -0 alors IA: v(A, F(a),p) -0

Sia>1/2, a®>n - +oo,

Borne inférieure Sia>1/2, aznp — +o0 et p= O(a2n)4a—1 ot

[

aanqu*% — 0 alors y(¢) = 1 aQn\/]_w%i — 0 alors v(¢) —

Vitesse adaptative \/m 20 ) 2o
atteinte Yt = (ag—np) Mo = (T\/ﬁ)
Si a®np - +o0, 287 [p - 0, Si a’n\/p —» +oo, 2L Ip - 0,
Borne supérieure In(a®np)/n -0, C* > 4, et In(a?n\/p)/n —0,C* >4, et
adaptative C2>1+4\/C* alors C2>1+4\/C* alors

SU‘IIZ’Y(Xada T(a)ac‘lJM,a) -0 SHE’Y(Aada]:(a)anbM,a) -0

Table 1.2 — Bilan des résultats obtenus pour les problémes de test de I’hypothése nulle
Hp : ¥ = I contre les alternatives (1.10), (1.14), (1.16) et (1.17) dans le cas des données

incomplétes.

Tests d’adéquation: tester Hy: % = ¥, pour X une matrice définie positive donnée. Une
fagon de procéder est de changer d’échelle en posant Z; = E(_)l/ 2X7; pour i de 1 a n
et tester 'hypothése que la covariance des Z; est 'identité. Dans ce cas, I’hypothése
alternative porte sur les Z;. Une procédure utilisant les X; pourrait s’envisager pour

cette raison. Le cas de ¥ sparse reste a considérer (p. ex., Xg de petit rang).

Séries temporelles multivariées. L’estimation des matrices de densité spectrale pour les
séries temporelles multivariées a été considérée, entre autres, par [11], [12] et [38].
Dans un premier temps, nous pourrons considérer des vecteurs gaussiens de méme loi,
mais pas forcément indépendants et tester la matrice de covariance de (X7{,..., X, ).
Il serait également intéressant de proposer des tests d’adéquation ou d’homogénéité

pour les matrices de densités spectrales.

Hypothése nulle composite. Le probléme de test avec une hypothése nulle composite a été
considéré pour le modeéle de régression dans [30], [44], [61], pour le modéle de densité
dans [80], [42] et le modéle de signal [79]. Des tests d’hypothéses qualitatives ont été

proposés par [33], [6]. On observe des fois des pertes de vitesses dans ce cas et ce
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n’est pas toujours évident quand ces pertes sont inévitables ot simplement dues a des
techniques de preuves. Dans le modéle de matrice de covariance de vecteurs gaussiens
ou pas nécessairement gaussiens, si la moyenne des observations est inconnue nous
sommes en présence d’une hypothése nulle composite. D’autres hypothéses nulles
composites sur la matrice de covariance sont: la sphéricité ¥ = o2 - T avec o > 0

inconnu, ’homogénéité 3; = 39, etc.






Chapter 2

Sharp minimax tests for large
Toeplitz covariance matrices with

repeated observations

Abstract.

We observe a sample of n independent p-dimensional Gaussian vectors with Toeplitz
covariance matrix X = [U|i,j|:|15i7jgp and o9 = 1. We consider the problem of testing the
hypothesis that X is the identity matrix asymptotically when n - co and p - oo. We
suppose that the covariances oy, decrease either polynomially (3,51 k:2°‘a,% <L fora>1/4
and L > 0) or exponentially (Y5, €*4¥02 < L for A, L > 0).

We consider a test procedure based on a weighted U-statistic of order 2, with optimal
weights chosen as solution of an extremal problem. We give the asymptotic normality of
the test statistic under the null hypothesis for fixed n and p - +o00 and the asymptotic
behavior of the type I error probability of our test procedure. We also show that the
maximal type II error probability, either tend to 0, or is bounded from above. In the latter
case, the upper bound is given using the asymptotic normality of our test statistic under
alternatives close to the separation boundary. Our assumptions imply mild conditions:
n = o(p**~/2) (in the polynomial case), n = o(e?) (in the exponential case).

We prove both rate optimality and sharp optimality of our results, for « > 1 in the
polynomial case and for any A > 0 in the exponential case.

A simulation study illustrates the good behavior of our procedure, in particular for

small n, large p.
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2.1 Introduction

In the last decade, both functional data analysis (FDA) and high-dimensional (HD) prob-
lems have known an unprecedented expansion both from a theoretical point of view (as they
offer many mathematical challenges) and for the applications (where data have complex
structure and grow larger every day). Therefore, both areas share a large number of trends,
see [13] and the review by [32], like regression models with functional or large-dimensional
covariates, supervised or unsupervised classification, testing procedures, covariance opera-

tors.

Functional data analysis proceeds very often by discretizing curve datasets in time
domain or by projecting on suitable orthonormal systems and produces large dimensional
vectors with size possibly larger than the sample size. Hence methods and techniques from
HD problems can be successfully implemented (see e.g. [2]).However, in some cases, HD
vectors can be transformed into stochastic processes, see [28], and then techniques from

FDA bring new insights into HD problems. Our work is of the former type.

We observe independent, identically distributed Gaussian vectors Xi,..., X,, n > 2,

which are p-dimensional, centered and with a positive definite Toeplitz covariance matrix
Y. We denote by Xy, = (Xg1,..., Xkp)" the coordinates of the vector X} in RP for all k.

Our model is that of a stationary Gaussian time series, repeatedly and independently
observed n times, for n > 2. We assume that n and p are large. In functional data analysis,
it is quite often that curves are observed in an independent way: electrocardiograms of
different patients, power supply for different households and so on, see other data sets in
[13]. After modelisation of the discretized curves, the statistician will study the normality
and the whiteness of the residuals in order to validate the model. Our problem is to
test from independent samples of high-dimensional residual vectors that the standardized

Gaussian coordinates are uncorrelated.

Let us denote by oy = Cov(Xy p, Xk h+j), for all integer numbers h and j, for all k € N,
where N* is the set of positive integers. We assume that o = 1, therefore o; are correlation
coefficients. We recall that {o;};en is a sequence of non-negative type, or, equivalently,
the associated Toeplitz matrix ¥ is non-negative definite. We assume that the sequence
{oj}jen belongs to to £1(N) n¢3(N), where ¢1(N) (resp. ¢2(N)) is the set all absolutely
(resp. square) summable sequences. It is therefore possible to construct a positive, periodic

function

flx)= % (1 +2 2@ Cos(ja:)), for z € (-m,m),
=

belonging to Lo(—m,7) the set of all square-integrable functions f over (-m,mw) . This

function is known as the spectral density of the stationary series { X ;,i € Z}.
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We solve the following test problem,
Hy:¥=1 (2.1)
versus the alternative

Hy:¥ eT(a,L) such that .210]2 > 12, (2.2)

j>
for 1 = (¥np)np a positive sequence converging to 0. From now on, Cso denotes the set
of squared symmetric and positive definite matrices. The set T («, L) is an ellipsoid of

Sobolev type

T(a,L) ={X e Cs,3 is Toeplitz ; ) U?jza <Landog=1},a>1/4, L>0.
j=1

We shall also test (2.1) against

Hy:¥ e &(A, L) such that ZUJQ- > 2, for ¢ >0, (2.3)

j=1

where the ellipsoid of covariance matrices is given by

E(A,L) = {X e Cs, X is Toeplitz ; Z GJQ-GQAj <Land og=1},A,L>0.
j>1
This class contains the covariance matrices whose elements decrease exponentially, when
moving away from the diagonal. We denote by G(1) either G(7 («, L),v) the set of
matrices under the alternative (2.2) or G(E(A4, L),v) under the alternative (2.3).
We stress the fact that a matrix ¥ in G(v) is such that 1/(2p)[S-I[% > ¥js 0J2- > 12,

i.e. X is outside a neighborhood of I with radius  in Frobenius norm.

Our test can be applied in the context of model fitting for testing the whiteness of the
standard Gaussian residuals. In this context, it is natural to assume that the covariance
matrix under the alternative hypothesis has small entries like in our classes of covariance
matrices. Such tests have been proposed by [40], where it is noted that weighted test
statistics can be more powerful.

Note that, most of the literature on testing the null hypothesis (2.1), either focus on
finding the asymptotic behavior of the test statistic under the null hypothesis, or control in
addition the type II error probability for one fixed unknown matrix under the alternative,
whereas our main interest is to quantify the worst type II error probabilities, i.e. uniformly
over a large set of possible covariance matrices.

Various test statistics in high dimensional settings have been considered for testing
(2.1), as it was known for some time that likelihood ratio tests do not converge when
dimension grows. Therefore, a corrected Likelihood Ratio Test is proposed in [4] when

p/n — ¢ € (0,1), and its asymptotic behavior is given under the null hypothesis, based
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on the random matrix theory. In [62] the result is extended to ¢ = 1. An exact test
based on one column of the covariance matrix is constructed by [49]. A series of papers
propose test statistics based on the Frobenius norm of ¥ - I, see [67], [86], [89] and [29].
Different test statistics are introduced and their asymptotic distribution is studied. In
particular in [29] the test statistic is a U-statistic with constant weights. An unbiased
estimator of tr(X - By(X))? is constructed in [81], where By(X) = (045 - I{|i - j| < k}),
in order to develop a test statistic for the problem of testing the bandedness of a given
matrix. Another extension of our test problem is to test the sphericity hypothesis ¥ = ¢%1,
where 0% > 0 is unknown. [41] introduced a test statistic based on functionals of order 4
of the covariance matrix. Motivated by these results, the test Hg : ¥ = I is revisited by
[39]. The maximum value of non-diagonal elements of the empirical covariance matrix was
also investigated as a test statistic. Its asymptotic extreme-value distribution was given
under the identity covariance matrix by [22] and for other covariance matrices by [93]. We
propose here a new test statistic to test (2.1) which is a weighted U-statistic of order 2
and study its probability errors uniformly over the set of matrices given by the alternative

hypothesis.

The test problem with alternative (2.2) and with one sample (n = 1) was solved in the
sharp asymptotic framework, as p — oo, by [37]. Indeed, [37] studies sharp minimax test-
ing of the spectral density f of the Gaussian process. Note that under the null hypothesis
we have a constant spectral density fo(z) = 1/(27) for all = and the alternative can be
described in Ly norm as we have the following isometry | f - fol|3 = (27) 71| S - I|%. More-
over, the ellipsoid of covariance matrices 7 («, L) are in bijection with Sobolev ellipsoids
of spectral densities f. Let us also recall that the adaptive rates for minimax testing are
obtained for the spectral density problem by [47] by a non constructive method using the
asymptotic equivalence with a Gaussian white noise model. Finding explicit test proce-
dures which adapt automatically to parameters o and/or L of our class of matrices will be

the object of future work. Our efforts go here into finding sharp minimax rates for testing.

Our results generalize the results in [37] to the case of repeatedly observed stationary
Gaussian process. We stress the fact that repeated sampling of the stationary process
(X115, X1p) to (Xp1,...,Xpp) can be viewed as one sample of size n x p under the
null hypothesis. However, this sample will not fit the assumptions of our alternative.
Indeed, under the alternative, its covariance matrix is not Toeplitz, but block diagonal.
Moreover, we can summarize the n independent vectors into one p-dimensional vector
X =n"Y2¥1 | X}, having Gaussian distribution AV, (0,%). The results by [37] will produce
a test procedure with rate that we expect optimal as a function of p, but more biased and
suboptimal as a function of n. The test statistic that we suggest removes cross-terms and
has smaller bias. Therefore, results in [37] do not apply in a straightforward way to our

setup.



2.1. INTRODUCTION 31

A conjecture in the sense of asymptotic equivalence of the model of repeatedly observed
Gaussian vectors and a Gaussian white noise model was given by [21]. Our rates go in the

sense of the conjecture.

The test of Hy : ¥ = I against (2.2), with ¥ not necessary Toeplitz, is given in [18].
Their rates show a loss of a factor p when compared to the rates for Toeplitz matrices
obtained here. This can be interpreted heuristically by the size of the set of unknown
parameters which is p(p — 1)/2 for [18] whereas here it is p. We can see that the family
of Toeplitz matrices is a subfamily of general covariance matrices in [18|. Therefore, the
lower bounds are different, they are attained through a particular family of Toeplitz large
covariance matrices. The upper bounds take into account as well the fact that we have
repeated information on the same diagonal elements. The test statistic is different from

the one used in [18|.

The test problem with alternative hypothesis (2.3) has not been studied in this model.
The class £(A, L) contains matrices with exponentially decaying elements when further
from the main diagonal. The spectral density function associated to this process belongs
to the class of functions which are in Ly and admit an analytic continuation on the strip of
complex numbers z with [Im(z)| < A. Such classes of analytic functions are very popular
in the literature of minimax estimation, see [48] .

In times series analysis such covariance matrices describe among others the linear
ARMA processes. The problem of adaptive estimation of the spectral density of an ARMA
process has been studied by [46] (for known «) and adaptively to « via wavelet based meth-
ods by [78] and by model selection by [31]. In the case of an ARFIMA process, obtained by
fractional differentiation of order d € (-1/2,1/2) of a casual invertible ARMA process, [84]
gave adaptive estimators of the spectral density based on the log-periodogram regression

model when the covariance matrix belongs to £(A, L).

Before describing our results let us define more precisely the quantities we are interested

in evaluating.

2.1.1 Formalism of the minimax theory of testing

Let x be a test, that is a measurable function of the observations X1, ..., X, taking values
in {0,1} and recall that G(v) corresponds to the set of covariance matrice under the

alternative hypothesis. Let

E;(x) De its type I error probability, and

n(x)
Bx,G(¥))

sup Ex(1-x) be its maximal type II error probability.
SeG(v)
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)Y T(a, L) E(A,L) not Toeplitz and T (o, L) [18]
7| (C(a,L)-n2p? )*ﬁ (2111(”21)2))1/4 (C(a L)-n2p)7ﬁ
) An2p2 )
9 presy Ayt presy
b(v)) Cla,L) ¢~ a — 1% C(a, L)1~
21n(—)
(0

Table 2.1 — Separation rates {5 and b(?)) in the sharp asymptotic bounds
where C(a, L) = (2a+ 1) (4o + 1)7(1+i)L’i,

We consider two criteria to measure the performance of the test procedure. The first one

corresponds to the classical Neyman-Pearson criterion. For w € (0,1), we define,
Buw(G(¥)) = inf  B(x,G(¥)).
x5 n(x)sw
The test x,, is asymptotically minimax according to the Neyman-Pearson criterion if

N(xw) Sw+o(1)  and  B(xw,G(V)) = Bu(G(¥)) +o(1).

The second criterion is the total error probability, which is defined as follows:

Y(x,G()) =n(x) + B(x,G@)).

Define also the minimax total error probability v as v(G(v)) = inf v( x,G(?))), where the
infimum is taken over all possible tests. *

Note that the two criteria are related since v(G(v)) = inf e(0,1)(w + Buw(G(¥0))) (see
Ingster and Suslina [58]).

A test x is asymptotically minimax if: v(G(¢)) = v(x,G(®)) + o(1). We say that ¥ is a

(asymptotic) separation rate, if the following lower bounds hold
Y
Y(G(W)) —1 as=—0
(4
together with the following upper bounds: there exists a test x such that,
Y
Y(x,G(#)) —0 as 7T

The sharp optimality corresponds to the study of the asymptotic behavior of the max-
imal type II error probability S3,,(G(v)) and the total error probability v(G(%)). In our
study we obtain asymptotic behavior of Gaussian type, i.e. we show that, under some

assumptions,

Bu(G(¥)) = (210w —npb()) +o(1) and  Y(G(¥)) = 28(-npb(¥)) +o(1),  (2.4)
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where @ is the cumulative distribution function of a standard Gaussian random variable,
21—y 1s the 1 —w quantile of the standard Gaussian distribution for any w € (0,1), and
b(1)) has an explicit form for each ellipsoid of Toeplitz covariance matrices.

Separation rates and sharp asymptotic results for different testing problem were studied
under this formalism by [56]. We refer for precise definitions of sharp asymptotic and non
asymptotic rates to [74]. Note that throughout this paper, asymptotics and symbols o, O, ~
and x are considered as p tends to infinity, unless we specify that n tends to infinity. Recall
that, given sequences of real numbers u and real positive numbers v, we say that they are
asymptotically equivalent, u ~ v, if limu/v = 1. Moreover, we say that the sequences are
asymptotically of the same order, u X v, if there exist two constants 0 < ¢ < C' < oo such

that ¢ <liminfu/v and limsupu/v < C.

2.1.2 Overview of the results

In this paper, we describe the separation rates 1Z and sharp asymptotics for the error
probabilities for testing the identity matrix against G(7T («, L),v) and G(E(A, L), ) re-
spectively.

We propose here a test procedure whose type Il error probability tends to 0 uniformly
over the set of G(v), that is even for a covariance matrix that gets closer to the identity
matrix at distance zz — 0 as n and p increase. The radius {5 in Table 2.1 is the smallest
vicinity around the identity matrix which still allows testing error probabilities to tend to
0. Our test statistic is a weighted quadratic form and we show how to choose these weights
in an optimal way over each class of alternative hypotheses.

Under mild assumptions we obtain the sharp optimality in (2.4), where b(¢)) is described
in Table 2.1 and compared to the case of non Toeplitz matrices in [18].

This paper is structured as follows. In Section 2.2, we study the test problem with
alternative hypothesis defined by the class G(7 (o, L),v), a > 1/4, L, ¢ > 0. We define
explicitly the test statistic and give its first and second moments under the null and the
alternative hypotheses. We derive its Gaussian asymptotic behavior under the null hypoth-
esis and under the alternative submitted to the constraints that 1 is close to the separation
rate ¢ and that ¥ is closed to the solution of an extremal problem ©*. We deduce the
asymptotic separation rates. Their optimality is shown only for a > 1. Our lower bounds
are original in the literature of minimax lower bounds, as in this case we cannot reduce
the proof to the vector case, or diagonal matrices. We give the sharp rates for ¥ x ¢. Our
assumptions imply that necessarily n = o(p2a_1/ 2) as p — co. That does not prevent n to
be larger than p for sufficiently large «.

In Section 2.3, we derive analogous results over the class G(E(A, L),v), with A, L, >
0. We show how to choose the parameters in this case and study the test procedure

similarly. We give asymptotic separation rates. The sharp bounds are attained as ¥ = 0.
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Our assumptions involve that n = o(exp(p)) which allows n to grow exponentially fast
with p. That can be explained by the fact that the elements of > decay much faster over
exponential ellipsoids than over the polynomial ones. In Section 2.4 we implement our
procedure and show the power of testing over two families of covariance matrices.

The proofs of our results are postponed to the Section 2.5 and to the Supplementary

material.

2.2 Testing procedure and results for polynomially decreas-

ing covariances

We introduce a weighted U-statistic of order 2, which is an estimator of the functional
Y i1 0']2- that defines the separation between a Toeplitz covariance matrix under the al-
ternative hypothesis from the identity matrix under the null. Indeed, in nonparametric
estimation of quadratic functionals such as }’;5q ajz weighted estimators are often consid-
ered (see e.g. [17]). These weights have finite support of length T', where T' is optimal
in some sense. Intuitively, as the coefficients {o;}; belong to an ellipsoid, they become
smaller when j increases and thus the bias due to the truncation and the weights becomes

as small as the variance for estimating the weighted finite sum.

2.2.1 Test Statistic

Let us denote by T,({0;};>1) the symmetric p x p Toeplitz matrix ¥ = [oy;]1</,k<p such
that the diagonal elements of ¥ are equal to 1, and oy, = oy = 01—k for all [ #+ k. Now we

define the weighted test statistic in this setup

— 1 T
A 3=./2(T= w’ Xk7' Xk7' —'le Xl" —q (2.5)
" "on(n- 1)(p_T)21§1§5nj§1 jT+1$izl,i2£p nohnmTeTeT

where the weights {w}}; and the parameters T, \,b*(¢)) are obtained by solving the fol-

lowing extremal problem:

b(v) = Y wior? = sup inf w;o?. (2.6)
j_; 7 (w;); : w;0; { 5 X=Tp({o;}21); }j; 7
{ Yt w?:% } %eT (e, L), Y1 0521/12

This extremal problem appears heuristically as we want that the expected value of our test
statistic for the worst parameter ¥ under the alternative hypothesis (closest to the null)
to be as large as possible for the weights we use. This problem will provide the optimal
weights {w} };>1 in order to control the worst type II error probability, but also the critical
matrix ¥* = T)({o} }) that will be used in the lower bounds. Indeed, £* is positive definite
for small enough ) (see [18]).
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The solution of the extremal problem (2.6) can be found in [58]:

* )\ ] « * ] o 1 _1
wy = W(l_(f)Q ) Uj2=/\(1—(§)2 ) T=[(L(4a+1))2a -9 |
(2.7)
20+1 2041 1 200+ 1 datl
A = —p e, b == 4 _ . —tp e
20(L(4ax +1))2a v ®) 25 % L (4o + 1)1 2a

Remark that T is a finite number but grows to infinity as ¥» — 0. Moreover, the test
statistic will have optimality properties under the additional condition that 7'/p — 0 which
is equivalent to pwl/ ® > o0. It is obvious that in practice it might happen that T > p and
then we have no solution but to use T' = p — 1, with the inconvenient that the procedure

does not behave as well as the theory predicts.

Proposition 2.1. Under the null hypothesis, the test statistic A, is centered, E](Zn) =0,

with variance :
1

n(n-1)(p-T)*

Moreover, under the alternative hypothesis with « > 1/4, if we assume that ¢» - 0 we

Vary (-an ) =

have:

R1 + RZ
n(n-1)(p-T)* n(p-T)%

T
Es(Ap) =Y. w;’ajz» >b(yp)  and  Vars(A,) =
j=1

uniformly over ¥ in G(T (o, L),v), where

Ri < (p-T)* {1+0(1) +Es(A,) - (O(VT) + O(T**2%)) + E(A,) - O(T?)}
(2.8)

Ry < (p-T)-{Ex(A,)-o(1) +EX*(A,) - (O(TYH) + O(T3*)) + EL(A,) - O(T))}.
(2.9)

In the next Proposition we prove asymptotic normality of the test statistic under the
null and under the alternative hypothesis with additional assumptions. More precisely, we
need that v is of the same order as the separation rate and that the matrix > is close
to the optimal X*. This is not a drawback, since the asymptotic constant for probability

errors are attained under the same assumptions or tend to 0 otherwise.

Proposition 2.2. Suppose that n, p - +o0, > 1/4, ¥ - 0, pwl/"‘ — 400 and moreover
assume that n(p - T)b() < 1, the test statistic A, defined by (2.5) with parameters given
in (2.7), verifies :

n(p-T)(A - Ex(A,)) — N(0,1)
for all ¥ e G(T (o, L),v), such that Ex(A4,) = O(b(1))).

Moreover, n(p—T)A, has asymptotical N'(0,1) distribution under Hy, as p — oo for
any fixed n > 2.
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2.2.2 Separation rate and sharp asymptotic optimality

Based on the test statistic A, we define the test procedure
X" =X (1) = 1(A, > 1), (2.10)

for conveniently chosen ¢ > 0, where A, is the estimator defined in (2.5) with parameters
in (2.7).

The next theorem gives the separation rate under the assumption that 7' = o(p), or
equivalently, that pwl/ @ - co. The upper bounds are attained for arbitrary o > 1/4, but

the lower bounds require a > 1.

Theorem 2.3. Suppose that asymptotically
-0 and pwl/“ - +00 (2.11)
Lower bound. If a>1 and n*p*b*(y) = C(a,L)nngqbuiTﬂ -0 then

v = igf’y(X,G(T(avL),w)) — 1,

where the infimum is taken over all test statistics x.
Upper bound. The test procedure x* defined in (2.10) with t > 0 has the following
properties:
Type I error probability : if np-t — +oo then n(x*) - 0.
Type II error probability : if

a>1/4 and n*p?b*(Y) = C(OZ,L)’I’LQPQQZJ% — +00 (2.12)

then, uniformly over t such that t < c- 01/2((1, L)- w% , for some constant 0 < c< 1, we

have

B(X"G(T(a, L),¢)) — 0.

Under the assumptions given in (2.11) and (2.12), with ¢ verifying the assumptions of
Theorem 2.3, we get :

Y(X"G(T(a, L)) — 0
As a consequence of the previous theorem, we get that x* is an asymptotically minimax
test procedure if 1/}/1; —> +00. From the lower bounds we deduce that, if @ZJ/J — 0, there

is no test procedure to distinguish between the null and the alternative hypotheses, with

errors tending to 0. The minimax separation rate @Z is therefore :

~ 200+ 1 o)
L (4o + 1)1 2a

It is obtained from the relation n?p?b?(1) = 1. Naturally the constant does not play any
role here. Remark that the condition T/p — 0 % pp/* — +oo implies that n = o(pQC“_% ).
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The maximal type II error probability either tends to 0, see Theorem 2.3, or is less than
O(np(t -0b(v))) +o(1) when npt < npb(y)) < 1. The latter case is the object of the next
theorem giving sharps bounds for the asymptotic errors. The upper bounds are attained
for arbitrary n > 2 and for o > 1/4, while our proof of the sharp lower bounds requires

additionally that n - oo and a > 1.

Theorem 2.4. Suppose that v — 0 such that p/T = pip'/* - +00 and, moreover, that
n?p® b2 (1) < 1. (2.14)
Lower bound. If a>1, then
nt BOCG(T (@ L)) 2 Bt = nph(s) + o(1),

where the infimum is taken over all test statistics x with type I error probability less than

or equal to w. Moreover,

3= infA (O, GOT (0, 1)) 2 28 (-np * ) 4 o(1),

Upper bound. The test procedure x* defined in (2.10) with t > 0 has the following
properties.
Type I error probability : n(x*) =1-®(np-t) +o(1).
Type II error probability : under the assumption (2.14), and for all o> 1/4, we have that,

uniformly overt :

B(X" G(T (e, L),1)) < @(np- (t=b(¥))) +o(1).

In particular, for ¢ = ¢t such that np -t = 21_y, we have n(x*(t*)) < w+ o(1) and
also,

BOX ("), G(T(a, L)) = (210 = np - b(¥)) + o(1).

Another important consequence of the previous theorem, is that the test procedure x*,

with ¢* = b(1))/2 is such that

1067 0) =20 (" ) o)

Then we can deduce that the minimax separation rate ¢ defined in (2.13) is sharp.

2.3 Exponentially decreasing covariances

In this section we want to test (2.1) against (2.3), where the alternative set is G(£(A, L), v),
for some A, L, > 0. It is well known in the nonparametric minimax theory that £(A, L)

is in bijection with ellipsoids of analytic spectral densities admiting analytic continuation
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on the strip {z € C: [Im(z)| < A} of the complex plane. On this class nearly parametric
rates are attained for testing in the Gaussian noise model, see Ingster [53].

Let us define AZ in (2.5)

B 1
“n(n-1)(p-1)?

T
Z Z w; Z Xein Xk yin—j X150 X1io—j» (2.15)

1<k#l<n j=1 T+1<i71,i2<p

AL

where the weights {wj] };>1, are obtained by solving the optimization problem (2.6), with
the class T («, L) replaced by £(A, L). The solution given in [53] is as follows :

. L(1— (ee_;')zA)+’ o7 = VA(1- (:_;)QA)l/z T-= [lln(l)J,

’ 2b(v) + A\
? A (2.16)
A = 1+ b2(¢) = AR
n(-) 2In ()
(4 G
Note that all parameters above are free of the radius L > 0. Moreover, we have :
1
supwj < A —0

i T 26() T 2(In(1/4)) 12
Under the null hypothesis, we still have E;(AZ) = 0, Var;(AZ) = 1/(n(n-1)(p-T)?)
and
n(p-T)A i>/\/(0, 1) for fixed n > 2 and p — +oo.

In the following proposition, we see how the upper bounds of the variance have changed
under ¥ in G(E(A, L),).
Proposition 2.5. Under the alternative, for all ¥ € G(E(A,L),), we have :

R, LR
n(n-1)(p-T)* n(p-T)>2

T
Ex(AD) = Y wio; >b(¢) and  Varg(A) =
j=1

where, for all A>0, and as ) — 0 :

Ry
Ry

IN

(p-T)% {1+0(1) +Ex(A5) - O(VT) + EL(AZ) - O(T?)} (2.17)
(p-T) {Ex (L) -o(1) + B (L) - O(TY) + EL (L) - O(T)} (218

IA

Moreover, if n(p - T)b(p) 2 1, we show that n(p — T)(AE - Ex(AL)) - N(0,1), for all
Ye&(A, L), such that Ex(AZ) = O(b(v)).

Now we define the test procedure as follows,
A= A*(t) = 1(AE > t).

We describe next the separation rate. We stress the fact that Lemma 2.8 shows that the
optimal sequence {07 }; in (2.16) provides a Toeplitz positive definite covariance matrix.
The sharp results are obtained under the additional assumption that ¢ < 7/ and the lower

bounds require that n tends also to infinity.
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Theorem 2.6. Suppose that asymptotically v — 0 and p/T < p/In(1/1)) — oo.
1. Separation rate.
Lower bound: if n%p?b?(¢) = n?p?- AY*/(2In(1/+))) — 0 then

y=infr(A,G(Y)) — 1,

where the infimum is taken over all test statistics A.

Upper bound: the test procedure A* defined previously with t > 0 has the following
properties:
Type I error probability: if np-t — +oo then n(A*) — 0.
Type II error probability: if — n*p? b2 () = n?p?- Ap?[(21n(1/1))) —> +oo then, uniformly
over t such that t < c-A%wQ/(an(l/w))% , for some constant ¢; 0 <c< 1,

B(A™,G(¢)) — 0.

2. Sharp asymptotic bounds.

Lower bound: suppose that n — +oco and that
n?p? b (¢) = 1, (2.19)

then we get A i(rif) B(A,G(¥)) > ®(21-4 — npb(¥)) + 0o(1), where the infimum is taken
n <w
over all test statistics A with type I error probability less than or equal to w for w e (0,1).

Moreover,

b(¢)
2

7 =infy(A, 1)) 2 20(-np=_=) + o(1).

Upper bound: we have
Type I error probability : n(A*) =1-®(npt) + o(1).
Type 11 error probability : under the condition (2.19), we get that, uniformly over t,

BIA™,G(¥)) < @(np- (t-b(1))) +0(1).

In particular, the test procedure A*(b(1)/2), is such that v(A*(b(v)/2),G(¥)) =

b(¥) . : ~  2In(n?p?)\1/4

2®(-np —=5=) +o(1). We get the sharp minimax separation rate : 1 = (v) .
n-p

Remark that, in this case the condition 7'/p — 0 implies that n = o(e?), which is consid-

erably less restrictive than the condition n = 0(p2a7%) of the previous case and allows for

exponentially large n, e.g. n = eP/2.

2.4 Numerical implementation and extensions

In this section we implement the test procedure y in (2.10) with empirically chosen thresh-
old ¢t > 0 and study its numerical performance over two families of covariance matrices.

We estimate the type I and type II errors by Monte Carlo sampling with 1000 repetitions.
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First, we choose ¥ = (M) = [0;]; ; 0; = 772/M under the alternative hypothesis, for
various values of M € {2,2.5,3,4,6,8,16,30,60,80}. We implement the test statistic .le—

1
defined in (2.5) and (2.7), for parameters a = 1,L =1 and ¢ = (M) = (Z?;llj_‘l)a/M.
Our choice of the values for M provides positive definite matrices. We denote by A(M)
the random variable n(p - T)A] when ¥ = ¥(M), and by A(0) when ¥ = I. Note that
large values of M give ¥(M) with small off-diagonal entries, which is very close to the

identity matrix.

5
s g
i‘
& 3
il
8 8 8 - :
- i
® © ® 5 s
T T T T T T T
A(0) A(80) A(60) A(30) A(16) A(8) A(8)

Figure 2.1 - Distributions of A(M) = n(p-T)A" for I =%(0) and ¥ = X(M), when p = 60
and n = 40.

Figure 2.1, shows that n(p - T ),anT is distributed as a standard normal random variable,
when 3 = I and (M) close enough to the identity. And as a non-centered normal
distribution when (M) is far from the identity matrix.

To evaluate the performance of our test procedure we compute it’s power. For each
value of n and p, we estimate the 95th percentile ¢ of the distribution of n(p - T ),le—
under the null hypothesis ¥ = I. We use t previously defined to estimate the type II error
probability, and then plot the associated power. In Figure 2.2, we plot the power function
of our test procedure x-test as function of ¢)(M), for a fixed value of n and different values
of p.

The vertical lines in Figure 2.2 represent the different @Z;(n,p) associated to different
values of p and n = 10. We remark that, on the one hand the power grows with ¢ (M) for
all p € {10,30,50,70}. On the other hand the power is an increasing function of p for a

fixed covariance matrix X (M).
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Psi(M)

Figure 2.2 — Power curves of the x-test as function of ¥(M) for n = 10 and p €
{10,30, 50,70}

We also compare our test procedure with the one defined in [23]. Recall that the test
statistic defined by [23] is given by:

T = gy ST ((XIX0* - X[ X~ X Xi )
Note that for matrices ¥ € T(1,1), we have (1/p)|X - I]|% ~ Z?;ll UJQ», thus we implement
T nc M /p as CM-test statistic. To have fair comparison, we estimate the 95th percentile
under the null hypothesis for both tests. Figures 2.3, shows that when n is bigger than or
equal to p the powers of the x-test and the CM-test take close values. While when n is
smaller then p, the gap between the power values of the two tests is large, and the y-test

is more powerful than the CM-test.

Pp=50, n=80 p=100, n=100 p=100, n=10

Power
Power
Power

Figure 2.3 — Power curves of the x-test and the CM-test as functions of (M), when the
alternative consists of matrices whose elements decrease polynomially when moving away

from the main diagonal
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Second, we consider tridiagonal matrices under the alternative. We define ¥ = ¥(p) =
[oj]j; 05=p-1{j=1}, for pe(0,1). In this case the parameter ¢ is 1(p) = p, for a grid of
10 points p belonging to the interval (0,0.35] and as previously we take a=1 and L = 1.

p=100, n=30

Power
Power

T T T T T T T T T T T T T T T T T T T T T T T T
000 005 010 045 020 025 030 035 000 005 010 045 020 025 030 035 000 005 010 015 020 025 030 035
w(p) w(p) w(p)

Figure 2.4 — Power curves of the y-test and the CM-test as functions of 1(p), when the

alternative consists of tridiagonal matrices

Figure 2.4 shows that, the y-test performs better than the U-test, in the three cases : p
smaller than n, p equal n and p larger than n. Moreover, we see that the power curves
of the x-test and the CM-test are closer, when the ratio p/n is smaller. We expect even
better results in this particular example if we use a larger value of «, or the procedure
defined by (2.15) and (2.16). The question arises of a test statistic free of parameters «,
respectively A, which is beyond the scope of this paper.

2.5 Proofs

Proof of Theorems 2.3 and 2.4. Recall the assumptions n,p - +oo, ¢p - 0 and T/p =
1/(py1*) = 0.

Lower bounds : In order to show the lower bound, we first reduce the set of parameters

to a convenient parametric family. Let ¥* = T),({o; }x>1) be the Toeplitz matrix such that,

1
L\
ol = \/X(1 - (f)Qa)Q for 1<k<p-1, (2.20)
+

with A and 7T are given by (2.7).
Let us define G* a subset of G(T («, L),v) as follows

G* = {3y 57 = Ty({uron rs1) , U €U,
where

U={U=T,({ug}r>1) - Ip and up=+1-I(k<T-1), for 1<k<T-1}.
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The cardinality of U is 271

From Proposition 3 in [18], we can see that if a > 1/2, for all U € U, the matrix 3,
is positive definite, for ¢ > 0 small enough. In contrast with [18], we change the signs
randomly on each diagonal of the upper triangle of ¥* and not of all its elements. That
allows us to stay into the model of Toeplitz covariance matrices and will actually change
the rates of these lower bounds.

Assume that Xi,...,X,; ~ N(0,I) under the null hypothesis and denote by P; the
likelihood of these random variables. Moreover assume that X1,..., X, ~ N(0,%};) under
the alternative, and we denote Pj; the associated likelihood. In addition let

1
P = o1 UEE;{PU
be the average likelihood over G*.

The problem can be reduced to the test Hy : X1,...,X,, ~ Pr against the averaged

distribution H; : X1, ..., Xy, ~ Py, in the sense that

inf  B(x,G(T(a,L),1))

xn(x)<w
= inf sup Es(1-x)> inf  sup Ex(1-yx)
xn(X)2w $eG(T(a,L),) x(X)Sw SeG*
1
> inf T —Ex(1-x)= inf E (1-x):= inf AP
xn()<w 271 =(1-X) xn(x)<w (1-%) xtn(x)Swﬂ(X {Pe)

and that

infy(x, G(T (e, L).9)) 2 infy(x, {Pr}) +o(1)

where, with an abuse of notation,

B(x {Pr})=E-(1-x) and ~v(x,{Px})=Er(x)+Es(1-x).

It is therefore sufficient to show that, when u,, <1,

int B0 P > Bar — npb(0))) +o() 221
and that
igfy(x,{Pﬁ}) 22<I>(—np@)+0(1), (2.22)
while, for u,, = 0o(1), we need that
V(X {Pr}) = 1. (2.23)

Lemme 2.7. Assume that ) — 0 such that pwl/o‘ — oo and let fr be the probability density

associated to the likelihood Py previously defined. Then

2
Ly, :=log ;—W(Xl, ey X)) = unZy — u?" +op(1), in Pr probability, (2.24)
I

where Zy, is asymptotically distributed as a standard Gaussian distribution and u, = npb(1))

is such that either u, — 0 or u, x 1.Moreover, Ly, is uniformly integrable.
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In order to obtain (2.21) and (2.22), we apply results in Section 4.3.1 of [58] giving the
sufficient condition is (2.24).

It is known that v(x,{Px}) = 1- %HPI — P;|ly and we bound the L; norm by the
Kullback-Leibler divergence

1
§||PI - Pr|} < K(Pp, Pr).

Therefore to show (2.23), we apply Lemma 2.7 to see that the log likelihood
log fr/f1(X1,..., Xy) is an uniformly integrable sequence. This implies that

K(PIaPﬂ') = _Ef(logfﬂ/fI(le---aXn)) - 0.
O]

Upper bounds : By the Proposition 2.1, we have that under the null hypothesis
n(p-T)A, - N(0,1) . Then we can deduce that the Type I error probability of x* has
the following form :

n(x*) =P(A, >t) =1-d(npt) +o(1).

For the Type II error probability of x*, we shall distinguish two cases, when n2p?b%(1))
tends to infinity or is bounded by some finite constant. First, assume that v/ ¥ - +o0 or,

equivalently, that n?p?b?(¢p) - +oo. Then by the Markov inequality,

Vars,(A,)
(Ex(A4,) - t)?
for all ¥ € G(T (o, L),v) and t < ¢-b(v) such that 0 < ¢ < 1. Recall that under the
alternative, we have Ex (A, ) > b(1)) which gives:

Py(A, <t) < Py(JA, -Es(A4,)|>Ex(A4,) -t) <

Esi(A,) —t2 (1-)Es(Ay) 2 (1-c)b(4). (2.25)

Therefore from the first part of the inequality (2.25) and the variance expression of A,
under Hi, given in Proposition 1, we have:

Ry N Ry
n(n=1)(p-T) (1 -c)?E3(A)  n(p-T)*(1-)?E5(An)
U 1+ U- 2.

Ps(A, <t) <

Let us bound from above Uy, using (2.8) and the second part of the inequality (2.25):

U 1+0(1) . O(VT) + O(T3/?72) . o(T?)
LT =D p-T)2(1- 0?2 ($)  n(n-1)(p-T)2(w) n(n-1)(p-T)%
We have TG/2-20p(y) x T2b2(3)) x )%« = o(1), for all a > 1/4, which proves that :

< 1+o0(1)
" n(n=1)(p-T)(1-c)?0*(¥)

Uy =o(1).
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Indeed, n?(p — T)2b?()) — +o0, since np?b*(¢)) - +oo and T'/p — 0.
We can check using (2.9) that the term U, tends to zero as well :

o(1) oO(TY*"y +O(T3**)  O(T)

Vs @) T - R@) -1

o(1) for all a > 1/4, as soon as n?p?b%(1)) — +oo.

Finally, when 4 is of the same order of the separation rate, i.e. n2pb%(¢) 2 1, we
may have either Ex(A4,)/b(1) tends to infinity, or Ex;(A,) = O(b(¢))). In the first case it
is easy to see that Uy + Uy — 0. In the latter the Proposition 2.2 gives the asymptotic
normality of n(p - T)(A, - Ex(A4,)). Thereby,

sup  Py(A,<t) < sup  ®(np- (t—Ex(4,))) +o(1)
2eG(T (a,L) ) SeG(T (a,L) )
< P(np-(t- inf Es:(A,))) +o(1)

YeG(T (a,L),¥)

D (np- (t-b(¢))) +o(1).

2.6 Supplementary material

2.6.1 Additional proofs for the results in Section 2.2

Proof of Lemma 2.7. We need to study the log-likelihood ratio:
L ~ I3 o en n .
Ly, :=log f—(Xl, iy Xpn) =log Egyexp 5 Y X () -1 Xy, - B log det(277) |,
I k=1

where U is seen as a randomly chosen matrix with uniform distribution over the set U.

Moreover, let us denote Ay = X7, — I which is a symmetric matrix with null diagonal.
Recall that for all U € U, tr(Ay) = 0 and that |Ay| = O('"(2)). Remember also that
op =0 for all k| >T.

The matrix Taylor expansion gives

=) -1
log det(X7;)

Ay + AL +0(1)- A,
—%tr(AQU)+O(1)-tr(A?]).

On the one hand, tr(A7) = ), (O'|;7j|)2, does not depend on U. Moreover,

1<i#j<p

1-1
tT(A?&) <|Aul-1Avlz = O(P%D?)_i) = O(np¢2+i : wn )=o0(1) fora>1. (2.26)

Thus we get

n * n *
—logdet(X;) == > (‘7|z'—j|)2 +o(1). (2.27)
2 2 1<i#j<p
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On the other hand, we see that

p
T *
XkAUXkZ Z Xkyiu‘i_j‘a‘i_j‘Xk’j:Q Z Uyr0O,. Z Xk,iXk,i—r (228)
1<t,5<p 1<r<T i=1+r
and that
TA2 .
e . . . - * *
XPAGXe = Y XpiXkj D Wi h|Uj-hOipOf-n)
1<i,j<p h=1
h#{i.j}
p p 9 p
= ZX > U|i—h\) + Y XeiXey ), UJi—h|W)j-h)|P|i-n|O|j-h]
i=1 h=1 1<izj<p h=1
h#i h#{i.j}
= Sl+5’2‘

In the term Ss, we change the variables ¢ and j into [ = ¢ —h and m = j — h and due
to the constraints we have |I|,|m| € {1,...,7 — 1} and | # m, while h varies in the set

{Iv(-0)v(l-m),pAr(p-1)A(p—m)} for each fixed pair (I,m). Therefore,

pA(p=1)A(p—m)
* *
Sy = > Y| Ui | O 11| O o X b 1+ X et

l+m h=1v(1-l)v(1-
1<), |m|<T (1=Dv(1-m)

We split the previous sums over [ # m such that sign(l-m) >0 and get

(p=1)A(p—m) P
* *
Se1i= Y. wumo] Um( Yo XipetXkhem + >, Xk,hlek,hfm)
1<l#=m<T h=1 h=(1+l)v(1+m)

respectively, over [, m of opposite signs: sign(l-m) <0 and get

p-l
* *
2y > wumoy o Xk he1 Xk hom
1<l,;m<T h=1+m
T-1 p-l p-l

*2 * %
23 > o Xy puiXepr +2 Y. > wumo; 0 Xi bt Xk hom-
=1 h=1+l 1<i+#m<T h=1+m

S22

In conclusion, we can group terms differently and write

B (p-Dr(p-m) P
XPAGXe = ) wupojop, Xk h 1 X hom + > X h-1 Xk hem
1<l#m<T h=1 h=(1+1)v(1+m)
-l T-1 p-l
+2 > Xphi Xk hem +2X;“Z(U|l h|) +2 53 02 Xp pi X i
h=1+m =1 h=1+l
hm
T-1 p-l
= Z ulumal*a;;Vp(l,m,k ZXklZ(Jh h\) +2 Z Z O'l th+leh 1y
1<l+=m<T =1 h=1+l
h#z
(2.29)
where
(p=DA(p-m) p p-1
Vo(l,m, k)= Y Xppat Xk pem + > XihoiXph-m +2 Y, Xipe1 Xk hom-

h=1 h=(1+l)v(1+m) h=1+m
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Now, let us see that:
E](X;A%Xk)ZEI(tT‘(X;A Xi)) = E](tT‘(XkX;A ))—tr(A E[(Xka))—tT(A )

and recall (2.26) to get

Er(Y X[ AL X)) = O(np3) = o(1),
k=1

Moreover, we have E;(X] A} X;.)? = tr2(A})) + 2tr(AY,) by Proposition A.1 in [29], which
implies that

Varr (Y, X[ALXy) = 2ntr(Af) < 20]|Au|*|Au|F = O(npp® ) = o(1).
k=1

Then, using Chebyshev’s inequality we obtain,
n

M XLAL X = 0p(1). (2.30)

Thus we replace (2.27) to (2.30) in Ly, , and get

N)I»—t

D n
me = logEUexp( Z urU: Z ZXk,iXk,i—r_
1<r<T i=1+r k=1

Y wumoj oy, EV(Z m k:))
1<l#m<T

l\DlH

i=1 k=1 1<i<T-1  h=1+lk=1 1<uzj<p

Eod

P n p-l n n
> Xk Z(% W= Yot XY Xena Xt 5 Yo (o5 )"+ op(1).
h;tz

Denote by W, = Y31 Xk Xk m- Now, we evaluate the expected value with respect to

the i.i.d. Rademacher variables u,, uju,, for all 1 <r<T and 1<l +m < T to get

Ly, = log( [] cosh(o; i Wi7i_,«))+log( I cosh(%al*afnivp(l,m,k)))
k=1

1<r<T-1 i=r+1 1<l#m<T
p-l

12 %
izwm Z(le J|)2 Z 012 Z Whit,h- I+Z Z (U\z;j\)2+0P(1)-
i=1 Jui#i 1<I<T-1 h=1+1 1<i#j<p
We get that
1 n
Lyy = logcosh(a Z Wiir)+ >, logcosh (ﬁal*afn > Vu(l,m, k:))
1<r<T- i=r+1 1<i+m<T k=1

p-l

Z(O'Iz J|) ) a;? Z Whet h- z+41<z (U|z—j|) +op(1).

jjiz 1<i<T-1 h=1+1 1#J<p

|
N | =
M*@

.
1l
—_

Note that
n (p=D)A(p—m) P p-l
Y Volmok) = > Whaihem + > Whethem +2 Y Whathem.
k=1 h=1 h=(1+l)v(1+m) h=1+m
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2 4
We use several times the Taylor expansion log cosh(u) = %—%(1+0(1)) for |u| = 0. On the
P
one hand, by Chebyshev’s inequality, |0} Y W; | = Op(y/Anp) = Op (¥4 /npb(¢)) =

i=r+1
op(1), as soon as ¢ - 0. Then,

P 1 P 1 1 P
logcosh(oy > Wiip) = 50.;2( D Wi,ifr)z—m'f’f( 3 W)™,

i=r+1 1=r+1 12 i=r+1

On the other hand,

ofo (p-D)A(p-m) P p-l
‘ 7 m( > Whithem + > Wheth-m+2 > Wh+l,h—m)‘
h=1 h=(1+l)v(1+m) h=1+m
(p- l)A(p m) A p
= ‘ Wh+l,h+m‘+§ ‘ > Whein- m’+)‘ ‘ Wh+l,h—m’
h=(1+l)v(1+m) I=1+m

Op(A/Ap) = Op(YH**\/rpb(1)) = op(1)

IA

Thus we have to study now

L logﬁ(Xl,...,Xn)

Z {2 ( Z sz r) % *4( Zp: W/’i7i—1”)4}

n?p

1<r<T i=r+1 i=r+1
1 *2 *2 S 2

+ - ¥ (ZV(l,m,k)) (1+0p(1)) (2.31)
41<l¢m<T k=1

p-l n
- —ZWH Z(UIz J|)2 > ooty sz,mﬁz > (U|lj|)2+0P(1)-

jgi 1<I<T-1  h=1+l 1<i#j<p

Let us treat each term of (2.31) separately. We first decompose (¥ ., Wi, )? as follows,

A

( Z sz r)z

i=r+1

n n n
> ( Yo X Xbeyin—r X1io Xiig—r + Xk,ilXk,il—er,ing,ig—r)

1+4r<ipig<p k=1 k=1

I
™
M=
M=
x
=
E
E

n n
> 3 X Xbirr Xnio Xksigr + 20 2 X iXiics

1+r<iq#io<p k=1 1+r<i<p k=1

+

= A1+A2+A3

The term Ag will be taken into account as it is later on.
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The dominant term giving the asymptotic distribution is :

NgE

N D D)

2 1<r<T 1<r<T 1+7r<i1,22<p k=1 %

Xioiy X iy —rXiig X ig—r

o
e

= 320;2

2 1<r<T 1+T'<iq,i2<p k

P T T %

1<r<T 1+r<i  <T 1+T'<io<p

M=
M=

Xboin Xbeir—rX1in X ig—r

Il

=
o~
H

il M: =
++ il M3

Xk,i1 Xbiy—rX1ig Xl ig—r

1 *2 S
g o > > ZXk,ile,il—er,igXl,iQ—r
1<r<T 1+r<iq,io<T k:lg:llc
+

= A171 + ALQ + A173 , say.

Recall that 02 = 2w?b(v)) and then Ay 1 = n(p-T)A, -n(p- T)b(w) By Proposition 2.1,
n(p-T)A, £ N(0,1) and thus A; 1 can be written u,Z, with Z, £ N(0,1).

Next, under Py all variables in the multiple sums of A; 5 are uncorrelated (as well as
for Ay 3). Thus,

n n
Vary(A12) = 2 Z 0':4 Z ZZVarl(Xk’,i1Xk,irT’Xl,izXl,iz—T)
1<r<T 1+r<i <T 1+T'<ig<p k:lhlC
+
= 2> 0 Ap-T)T -r)n(n-1) <n?*pT S ot =2n?pTh ()
1<r<T 1<r<T
T 2
= 2-;-un=o(un), as T'/p - 0.
And, similarly,
1 n n
Val“](Al,g) = Z Z Z EZ arI(szlezl TXlngllz r)
r<T 1+T§i17i2§T k=11=1
1k
1 T\2
< §-T2n(n—1)b2(¢)=0((;) up) = o(ul).

Therefore, A1 1+ A1+ A1 3 = unZy + 0p(uy), where Z, et N(0,1). For the same reason,

we have,

1 . 1 < -
Vary(= >, o7 Ag) 1 ot S S Vary (X Xniy-r Xk is Xkig—r)
21§r<T 1<r<T 1+r<iy#i2<p k=1
1
"

IN

np*b? (1) = o(— u )—0(1)
as soon as n — oo or u, — 0. We want to show that

P w2
= Z Y Wz‘,z‘—r)4=7n+0p(1)-

1<7‘<T i=r+1
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Indeed,
1 4 > 41 4 (R 4
E/(B) = — b Er (Y Wiiy)'=— i Er( Y > XiiXnior)
12 1<r<T 1=r+1 12 1<r<T i=r+1 k=1
1 4 L 4 4 2 2
- S X Y X B3 Y Bi(XE X EN(XE L, XD )
1<r<T k=1 "t=r+1 1+r<ig#ia<p
3 #4 2 2 2 2
+ 12 Z Oy 2 Z EI(Xkl,ilXk1,il—r)EI(sz,ingg,ig—r)
1<r<T 1<k #ko<n 1+7r<ij+io<p
3 * 1 * 1 *
= 1 > UT4-n(p—r)+Z > ar4-n(p—r)2+zl ot n?(p-r)? (2.32)
1<r<T 1<r<T 1<r<T

Recall that 2b*(¢) = ¥, 054, thus

U2
B/(B) = 5 npb(0) (1ro(1) + 5 mpP () (1ro(1)) + 5 w2 () (1+0(1)) = "2 (1+0(1).

Moreover,

1 . p
Vary(B) = o Z 0T8~Var1(( Z Wi,i_r)‘l)

1<r<T i=r+1
1 w4 _xd L 4, 2 4
— Y oo Covi(( Y] Wiie)®, (Y. Wiri—p)®).
12 1<r#r’<T i=r+1 i'=r’'+1

As in the calculation of the expected value of B, we can see that the term of higher order is
obtained when we gather the indices into distinct pairs. Thus following the same reasoning

we get

P n
Varp( ), )] Xk,iXk:,i—r)4 = O(n'p").
imr+1 k=1

Through a very technical calculation, and using similar arguments as previously, we can

prove that, for r # r’,

p n p n
Covr(( ) ZXk,iXk,i—r)47( > Xy o Xy ir—r)*) = O(nPp?).
i=r+1 k=1 i'=r'+1k'=1
Thus,
Var(B) = OTupt) + (B (9)np") = (0 an'p b (9) + O - n'p (1)) = o(1).

By Chebyshev’s inequality we deduce that

17 8 4 1 8 4
5 2o ( > Wiir)® = EI(E >0 () Wiier) )+0P(1)
r=1 i=r+1 r=1 i=r+1
3(1+o(1 u?
- B W)+ 0p(1) = (1 5 0p(1))
Also using that E; (X7 | W; ;) = O(n?p?), we get
UfQUan (p-DA(p-m) p p-l 2
C = > 1 > Whathem + Y Wheth-m+2 ). Wh+l,h—m)
1<l#m<T h=1 h=(1+l)v(1+m) h=1+m

= Op(N*T?np) = oP(w(Z_i) “up) =0p(1) for a>1/4 and since ¢ - 0.
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Moreover,

p-l
F:=- Z al*z Z Whith-1 = Op(y/npb(¥)) = op(un) = op(1).

1<I<T-1  h=1+l
Finally, we group the remaining terms of (2.31) as follows,

1Tl

G = ; >%2./43——2117[/’” Z(U|z ]|)2 41<Z ( |1—J|)2

2 T Jij#t 1¥)<p

* 1 * &L n *
Z (U\i—j\)g Z Xl%,ing,j 9 Z (0|i—j|)2 Z Xﬁ_i + 1 Z (U|i—j|)2

1<i#j<p = 1<i®j<p = 1<i®j<p

P JWZ(X,” 1)(X2, - 1) = Op(V7B- b(¥)) = 0p(un) = 0p(1).

»&IH e~ =

Let us note that throughout the previous proof we also showed that the likelihood ratio

L,,, has a variance which tends to 0, for all n > 2, when u,, = 0. O

Proof of Proposition 2.1 . Under the null hypothesis, A, is centered, and

2
n(n—-1)(

T
Val“[(An) p_T)4VaI'](Z w; Z Xl,z'lXl,il—jX2,i2X2,i2—j)

=1 " 1+T<iyio<p

2 2 2 2
EI(Xl,ilXl,il—jX2,i2X2,i2—j)

w
oEos T>4Z e

2
n(n-1)(p-T)% & Z“’

Recall that Z]Tﬂ w;z = 1/2 to get the desired result. Under the alternative, for all 3 €

G(o, L, 1), we decompose A, - Ex(A4,) into a sum of two uncorrelated terms.

- — 1 T
-Ex(A,) = w? (Xtis X —i = 03) (Xiy X1ig—i — 05)
" n(n—l)(p—T)2 1g1§3nj; J1+T§§1:,i2£p " n ’ " Y !
2 n T P
TETEL, 5 oo 2
=1j= i1=T+

Then the variance of A, will be given as a sum of two terms,

Ry . R
n(n-1)(p-T)* n(p-T)%

where

T 2
Ry = 2E2(Zﬂ)§ > (Xl,z'le,z‘l—j—Uj)(Xz,z'zXziz—j—Uj)),

j=1 T+1<1,i2<p

T p 2
R2 = 4EE( Zw; Z (Xl,ile,il—j —Uj)O'j) .
J=1 i1=T+1
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Let us deal first with Rjy:

Ry = 2 3 wiwy Y Es[(X1i X5 - 03) (X163 X155 - 7))
1<3,5'<T T+1<i1,i3<p

Z Es[(Xo,i,X2,i5-5 = 0)(X2,i Xois—j = 0'3')]

T+1<i9,t4<p

2
* *
2 > ijj’( > (Ulil—i3|0|z'1—z‘3—j+j’|+Uli1—z’3—j\ali1—i3+j’l))

1<4,5'<T T+1<%1,i3<p
p—(T+1) 2
=2 Y wwi( Y =T =)0y + Oyt
1<j,5'<T r=—ptT+1

Our aim here is to find an upper bound of R;. In R; we distinguish two cases: the first

one when for j = ' and the second one when j # 5. Let us begin with the case when j = j':

T p-(T+1) 2
Ry o= 22w N - Tl (oF + 0pmiope)
7=1 r=—p+T+1
T p— (T+1)
= QZI ((p T)(ao+a2)+2 21 (p- T—T)(O’ + O J\U\HJl))
Jj= T

%2 2/ 2, 2\2 & 2
w; [(p—T) (0 +07) +4( Z (p-T-7r)(c? + 0y ]|a|r+j|))

g%ﬂ

p—(T+1)
+4(p-T)(o5+03) ». (p-T-r)(o7+ U|r—j|0|r+j|)]-
r=1

Let us bound from above each term on the right-hand side of the previous equality:

2y
&
=
o

i

T T T
2Zw;2(p—T)2(ag+a§)2:2(p—T)2(le] Z 252 +Zw*2 4)
j= j=1

=1

IN

2(p-T) ( +3L- (supw )?) = (p-T)*(1+0(1)). (2.34)

Now we give an upper bound for the second term of (2.38). Using Cauchy-Schwarz in-

equality we get,

T p—(T+1)
R1,172 = SZ'IU; [ Z (p T - 70)(0' +U\r ]|U|r+j|)]
=1 r=1
) T . p—(T+1) p—(T+1) ) 12 p—(T+1) ) 12 2
< 8(p-T) zle[ G 2ol X )0 X o]
J= r=
) T " p—(T'+1) o\2 p—(T'+1) ) p—(T'+1) )
< 16(p - T) Z w; [( 2:1 U’r) + ( 2:1 U|r—j|)( 2:1 O-|r+j\):|'
7=1 r= r= r=

Again we will treat each term of the previous inequality apart. Let us see first, that if



2.6. SUPPLEMENTARY MATERIAL 53

(r<j == wj <wy). In addition to the previous remark we use the class property to get:

T ) p—(T+1) o T J p=(T+1) )20 0\ 2
Riip1 = Y wj ( > ) > wj (ZU Dy Taar)
j=1 r=1 j=1 r=1 r=j+1 J
T T p—(T+1) 2
< Z(Zw ) +2(supw )2 ZL( > 7"20‘03)
j=1 7=1 j r=j+1
< E%(A,) + (supw )2 ko(ov, L). (2.35)

Indeed, for a > 1/4, we have, Z]T=1 74 < (4a—1)7! and we can take ko(a, L) = 2L%(4a -

1)~!. Using similar arguments we prove that,

T p-(T+1) p=(T+1) p=(T+1)
Ri122 = Z 7( Z U\r RS Uﬁ_ﬂ)( > o)
= - J|<] Ir—;|12j i
T p—(T+1) p—(T+1)
<X ws( 2 W 0 2 o)
= - J\<J
T 20 p—(T+1) 20
SDNCLEOEECTE N Hi=t AR
= - J|>J
< (supw;)-T- Es(A,) L+ (sup w;)2 “ko(a, L). (2.36)
j j

The third term in Ry is treated by similar arguments:

p—(T+1)

(p T)Zw*2(0_0+0_2) Z:l (p T- 7n)(o- + O ]\J\T+]|)

=
S
=
w
I

T 1 P (T+1)

< (p-T)* -sup(a% + 0]2-) . { Z w; Zw + (supw ) Z 722 Zl g2
J = = r=j+
T p-(T+1) (T+1) ()4 s
+<mm%zfz %Mmfz 0 )
< 2(p-T) {O(\/T) ‘Ex(A,) + (sup w;Q) . (O(max{l, T2+, T_O‘”})}
< 2(p-T)*-{O(VT)-Es(A,) +o(1)}. (2.37)

Put together bounds in (2.34) to (2.37), we can deduce that,
Rii<(p-T))(1+0(1)) + (p-T)* -Ex(A4,) -ONT) +(p-T)* EL(A,) -O(T). (2.38)

Now, we will treat the case when, 7 # j'.

p—(T+1) 2
Rip = 2 w}W}( > (P—|7“|)(U\r|0'|r-j+j'|+0|r-j|0|r+jf\))
1<5#5'<T r=—p+T+1

p—(T+1) p—(T+1)

Ap-T* Y wiwi[( X |U|r|0\r—j+jf\|)2+( > |U|r—j|0\r+j'\|)2]~

1<j#5'<T r=—p+T+1 r=—p+T+1

IN
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These last two terms are treated similarly, so let us deal with the first one. By using the

same arguments as previously, we have

p—(T+1) 2
o * %
Rige = > wiwi(loggl+ Y lowor i)
1<5#35'<T r=—p+T+1
r+0
p—(T+1) p(T+1)
2
< 2 ) ww,ab i +4 Y, wiwii( Z >, Tlr_jrir])-
1<j#5'<T 1<j#j'<T r——p+T+1
r#0

We decompose the sum over j # j’ over sets where {|j" - j| < j} and {|j' - j| > j} and use

1 <[5 = j**/5%* over the later, then similarly for sums over r:

2
* % 2 * >e |] _j| * 2
R17272 < 2 z wjlw|j/_]|0'|j/_j| +2 Z 'LUJ U|J ]| +4 Z ( Z er'T
1<5#5'<T 1<j#5'<T 1<j#5'<T "r=1
13" =41<i 5/ =31>3
p—(T+1) 204 p—(T+1) p—(T+1) . 1120
* 2 * 2 * |T‘ -Jt7 |
T %Ur)( 20 Wi O] T W TG ‘7|r—y'+j'|)
r=j+1 J r=—p+T+1 r=—p+T+1 J
lr—j+5'|<j" [r—j+5'125"
< 4 (supw;) -T-Ex(A,)+4L- (su}pw;)2 -O(max {1, T~2**})
+ O(TZ) EZ(A,)16L- (supw]) T-O(max{1,T72*"1) . Ex(A4,)
+

16L? - (sup w; )2 . O(max{1, T2},
J

As consequence, for all > 1/4,
Rip < (p-T){Ex(A,) - O(VT) + B (4,) - O(T%) + Ex(A,) - O(T*72%) + (1)} (2.39)

Finally put together (2.38) and (2.39) to get (2.8). In order to find an upper bound for

the variance of ﬁn we still have to bound from above Rs.

R2 = 4 Z w;w;,ajaj/ Z EZ[(Xi,ilXi,il—j_Uj)(Xi,igXi,ig—j’_Uj’)]

1<jj'<T T+1<41 ia<p
— * * . . . . . . . . . . . . . .
= 4 Z W; W4 05050 Z (0\21—Z2|U|11—Z2—]+]’\+O_\21—Z2—J|U|Z1—12+]'\)
1<jj'<T T+1<iy in<p
p—(T+1)
-— * * . .
= 4 ) wiwjojoy 3, (p=T = Ir)(Op ) + T Opras)-
1<5,5'<T r=—p+T+1

Let us begin by the first case when j = j'. It is easily seen that,

T p—(T+1) 9
R271 = z Z (p -T- |r|)(0-|r\ + O-‘T’—j‘o-|7'+j|)
j=1 T——p+T+1
< 8L-p- (supwj) Es(A,) (2.40)
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While, when j # j', we can prove that,

p—(T+1)
Rop = 4 3% wjwjpojoy Y, (p=T =) (0p0)—juj) + O—jiOlrsjr))
1<5#5'<T r=—p+T+1
% p—(T+1) 2
<a( PY wiwhoiad) (NN wiwi( X (=T =00y + o) )
1<j#5'<T 1<g#5'<T r=—p+T+1

<4 EE(A\n) . (R172)1/2.
We use the bound obtained in (2.39) to deduce that:

Ry < (p-T) (B3 (A,) - O(T) + B (A,) - (O(TYh) + O(T*12)) + B (A,) - o(1))
(2.41)
Put together (2.40) and (2.41) to get (2.9). O

Proof of Proposition 2.2. Assume that n(p - T) - Ex(A,) = 1, to prove the asymptotic
normality of n(p-1T) - A,, we use the decomposition (2.33) of the test statistic. first let

us show that,

n T P P
=2ZZw; z (X]“lX]“l_J O'J)O'J—>0
k=1j= i1=T+1

By Markov inequality we have, Ve > 0,

n T . p n-Rsy
PZ(|2 Z Z w] Z (Xk,th,h*j - O-J)O-]’ > E) < 2
k=1j=1 = i1=T+1 €

According to (2.9), and under the assumption that np-E(A4,) < 1, we can see that,

noRy < n-(p-T)H{Ex(Ay) o(1) + By (A,) - (O(TY*) + O(T¥4)) + B (A,) - O(T)}
T1/4+T3/47a T
< 0(1)+0(W)+0(m)20(1)

since T'/p — 0 and for all & > 1/4. Which involves by Slutsky theorem that for proving

the asymptotic normality it is sufficient to show that,

— L
Ap o = T) > Z wi Y (X Xeir—j = 05) (X1, X1,ip-j = 05) — N(0,1)
n(p 1<k:¢l<n] 1 T+1si1,z‘ggp
(2.42)

In order to prove this previous convergence, we are led to apply theorem 1 of [50]. This
result is an application of the more general theorem of asymptotic normality for martingale
differences, see e.g. [83]. A\n,g is a centered, 1-degenerate, U-Statistic of second order, with
kernel H,, (X7, X2) defined by,

1 T

e a2 (XX = 03) (X2 X2i,-5 — 05)

H, (Xl,XQ) =
" (p - T) j=1 T+1<i1,i2<p

N
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Therefore we should check that Ex(H2(X1, X)) < +oo and

Ex(GH(X1, X2)) +n "By (H, (X1, X5))
ES(HZ (X1, X2))

where G, (z,y) = E(Hn(X1,2)H,(X1,y)), for x,y € RP. The proof of (2.43) is given

separately hereafter.

0 (2.43)

The asymptotic normality under ¥ = I (the null hypothesis) is only simpler as o; = 0 for
all j > 1, for n, p - co. However, under the null hypothesis we prove separately (hereafter)
that

n(p-T)A, - N(0,1), for p - oo and for any fixed n > 2. (2.44)

O

Proof of (2.43). To show (2.43), we first calculate G,,(z,y) and Ex(H2(X1,X3)). That

is,

1 i} p—(T+1)
G”(x7 y) = n2( — T)2 Z w;1wj2 Z (p -T- |T|)(U\T|U|T—j1+j2| + U|7“—j1|0|7“+j2\)
p 1<j1,jo<T r=—p+T+1
Z (@i, Liy—j1 ~ Uj1)(3/i2 Yig—jo — Uj2) (2.45)
1<iq,i2<p

Note that, under the assumption np-E(A4,) 21, a> 1/4, pY/* 5 +o00 and using (2.8), we

have,
1+o0(1
Ex(H(X1, X)) = Lo %Y
2n
Now, let us verify that, uniformly over 3,
Es (G2 (X1, X2)) /B (H (X1, X2)) = o(1). (2.46)

We write
Ex(G2(X1,X3))
B3 (H2(X1, X2))
4

- (p-T)* Z w;lw;Qw;3w;4 Z (p=T=Ir)(p-T~|r2l)
p 1<51,52,58,J4<T —p+T+1<r1 ro<p—(T+1)

= 47’L4 EE(Gi(Xl,Xg))

(01| Flry =1 42] T Tlrr =51 Olrr 452 (Tl Olra—s sl + Olramis| Olra+ial)

Yoo Es[(X1a X151 —050) (X1 i3 X 1is—js — 03) ]

T+1<i1,i3<p

Y Es[(Xou,Xoiyj, — 04y) (X, Xoi,js = 04,)] (2.47)

T+1<i9,i4<p

We calculate each expected value, and bound from above by the absolute value, we obtain:
4n' - Ex(Gh (X1, X2))

* * * *
<4y wiwhwjwy >
1<91,J2,93,Ja<T —p+T+1<ry,12,r3,r4<p—(T+1)

'(|U|T1|U|T1—j1+j2|| + |U|7"1—j1|0|7"1+j2||)(|U\T2\U\T2—j3+j4\’ + |U|7‘2—j3|a|7"2+j4||)

(101010151 431 + 10153110 1rs 4551 D) UO1ra| Ora ot gall + | pra—inl Tlrajul])  (2-48)
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In (2.48) there are sixteen terms, that are all treated the same way, then we deal with,

o ok ok ke
G =4 ) wiwjwiw
1<91,72,93,Ja<T’ —p+T+1§T1,T27T3,T‘4§p—(T+1)

1010491514321 T2 Tl i 43l Olrs| Ol 531 Tlral Olra gzl
To bound from above this previous quantity, we distinguish four cases, based on the indices

j1,72,73 and j4. Let us begin by the the first case, when ji = jo = j3 = j4 :

T
_ %4 2 2 2 2
Gi = 4 Z Wy, Z 111|112 Trs | ra
Ji=1 —p+T+1<r1,r2,r3,ra<p—(T+1

4 (supup)t T+ (1)1 = 0(5) =o(1)
J

IA

We consider the second case, where there are two different values of indices, either two
groups of two, or one group of three and one separate index. For the first one, let us
assume that (j1 = j4, j2 = j3 and j1 # j2),
g'=42w*2w*2 > |O11 1T 11— i1 40| Ol | Tl — i1 |
2 g1 Vja [r1|9lr1=g1+72|@lr2|@lra—ja+i1|
1<j1#j2<T —p+T+1<ry,r2,r3,ra<p—(T+1)

'|U|7’3|0|7’3*J'1+J'2|0\7‘4\U\7"4*J'2+j1\|

_ p—(T+1) 2
= * * . . . . .

= 4 ) wiwy (2 |00 0ol + > |U|7’1|U|7’1—11+J2||)

1<g1#52<T ri=—p+T+1
r1#0,m1#j1-j2
p—(T+1)
'(2|00 U|j1—j2|| + 2 |G\T2\J\T2—j2+j1\|)
ro=—p+T+1

ro#0,m2#j2-j1

We apply the Cauchy-Schwarz inequality with respect to r1 and ro separately to get:

p—(T+1) p—(T+1)
2 *2 %2 2 2 2
g2 < 4(2+2L) Z wjl 'LUj2 {40—‘]1_j2|+2( 2 O—‘Tl‘)( Z U|T1—j1+j2|)}
1<j1#52<T ri=—p+T+1 ri=—p+T+1
r1#0,r1#j1—J2 r1#0,r1#j1-J2
2 *2 %2 2 %2 %2 2
< 16-(2+2L) ( Z wjw;; 0|j1_]-2|+2L- Z wjws; 0|r1|)
1<j1#52<T 1<g1#52<T r1#0
2 2 a 2 = 2
* *
< 16-(2+2L) -{(supwj2 ) Z w;; Z O]
J2 Ji=1 Jo=1
d 2 d 2 = 2 |7”1|206 2
* * *
+ 2L ) wj; ( RS Wipy | Oy | + 2w D s U|r1|}
j2:1 j1:1 7"1;7"1#0 j1:1 7”1;7”1#0 jl
[r1]<51 [r1]>71
1 _- 1 _
< o(f) +O(VT) E(A,) + o(f) ‘max{1, 721} = o(1)

since E(A,) < 1/np and T/p - 0. Similar argument to prove that for j; = jz = j4 and

J1 # j2, we have,

*3 % 2 2 _
4 Z Wiy Wy, ) Tlr4[Ofr1=j1+52| Tjrs| Olrs| Olral Olraje+ia | = O(1)
1< #52<T —-p+T+1<r1,r2,r3,ra<p—(T+1)
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which finishes the second case. Now let us assume that we have three different values,

(j1 = ja and ji # jo # j3), we obtain,

- *2 *
Gs = 4 > wiwjwj > 110101111421 | Tl —js |
1<j1#jo# 3<T —p+T+1<ry,r2,r3,ra<p—(T+1)
'|U|T3|J|T3—J'1+j3|0|7‘4|0|1"4—j2+j1||
p—(T+1)

_ *2
= 4 Z Wi wj w (2|0\J2 -l + Z |U|7"1|U|T1—j1+j2||)
1<j1#j2#43<T ri=—p+T+1
r1#0, r1#j2—J1
p—(T+1) p—(T+1)
(2 |U|j1—j3|| + Z |O_\7"2\0-|T2—j1+j3\|) ’ (2 |0\j3—j1\| + Z |U|T3|U|T3—j3+j1||>
ro=—p+T'+1 r3=—p+1T+1
ro#0,r2#j1-J3 r3#0,r3%j3—7J1
p—(T+1)
(2 112 -gel| + > ’U\M\Ulm*jﬁjl\')
ra=—p+T+1
r4#0,7a#j1-J2
and hence
. *2 2
Us1 = ) Z . w]l w] wJ30|J1 ]2|o"]1 —j3| = (Supwj) Z Z U\Jl ~j2| Z U|J1 ~J3|
1<ji#g2#j3<T Ji=1 ]2— Ja=1
1
< (s.upw;’)2 - = 4L = o(1).
P 2
p—(T+1)
Note that supo, < 1 and by Cauchy-Schwarz we have Z |a|r4|o‘r4_j2+j1|] < Z 034
r ra=—p+T+1 T4
T4#0, Ta%j1—j2 ra#d
Thus we get,
p—(T+1)
o *2 2 o
O30 = Z W} w5, W5 0|5, -2 95153 Z [T |
1<j1#j2#j3<T rqa=—p+T+1
ra#0,m4#j1-J2
< (supw )- Zw Zmealjl ]3|( Z a + Z 2 \7’4\)
[ra|<go |ral>j2 2
ra#0 rq#0
1
* 2a+1 _
< (SLj}pwj)~§-2L-(T E(A, )+(Supw )-max{1,772**1}.2L) = o(1).
Moreover,
p—(T+1) p—(T+1)
e 2 . . . .
Gs3 = DL WIWHLWI OO > 1121 Ora=j1-+s > 14|z
1<g1#g2#53<T ro=—p+71'+1 rqa=—p+T+1
ro#0,m2#j1-73 r4#0,ma#j1-J2
< SuYu( X oh+ N '7"2' Sui( ¥ o % I
= LYh T LY \7‘2\ 42 \7“4\
g J2 r2|<j2 ra|>j2 Iral<js Iral>js 5
ro+0 ro+0 rq4#0 r4%0

(7-E(A, )+(supw ) -max{1,T"20+1} . 2L) = o(1)

7aN
l\DI}—A
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and
p—(T+1) p—(T+1)
= 2 N N . .
Gsa = Z wJ wJ wJSU‘h -1l Z ‘U|T2|U|T2*J1+Js|| Z |U|7"3|U|7“3*J3+31|‘
1<j1#j2#J3<T ro=—p+T+1 ra=—p+T+1
ro#0,r2%j1-73 r3#0,r3£jz—j1
p—(T+1)
DD L |
ra=—p+T+1

ra#0,r4#j1-72

%2 . 2 |T2| |T4|
S ijl 'Zw]é( Z Tpy * Z j \rz\ Z’UJ Z U + Z j \M\ 2L
J1 J2 r2|<j2 [r2[>j2 2" ra|<js [ral>js 3
ro+0 ro+0 rq4#0 r4%0
= o(1).
Similarly we show that
p—(T+1) p—(T+1)
o *2 % * o o
G35 = Z Wi, Wi, Wi Z 19141 =i+l Z 1O1r21O1ra—ji sl
1<ji#j2#53<T ri=—p+T+1 ro=—p+T+1
r1#0,r1#j2-J1 ro#0,72#j1-J3
p—(T+1) p—(T+1)
01O joriall 2 1OalOragaial = 0(1)-
r3=—p+1'+1 rqa=—p+T+1
r3#0,73#j3-J1 r4#0,T4#j1-J2

Finally, when all indices are pairwise distinct. We use the same arguments as previously,

and we get,

Gy = 4 Z wj, Wi, Wi w;, Z 10111911~ +2] Ol Tra g+l
1<j1#je#js#ja<T —p+T+1<r1,72,r3,r4<p—(T+1)

101r3|Olrs s +| Olral Olra—da+jal

= 4 } Z , w] w]zszw (200|0|31 J2||+ Z A |0\7“1\0|7"1—j1+j2\‘)
1<j1#j2#j3#ja<T r1#0,r1#j1—J2

(2 70 |J|j3—j4|| + Z |0|T2|O-|7”2—j3+j4|| )(2 90 |U|j1—j3|| + Z |0_\7“3\J|7°3—j1+j3\| )
r2#0,T2%j3—ja r3#0,73%j1-73

200 |‘7|j2—j4|| + Z |U|T4|U|T4—j2+j4|| )
r4#0,74%j2~J4

Now, we treat each term of G4 separately:

Gag = Z w] wjzszwj4|a\h —42|953=34| P51 -73|O g2 J4||
1<g1#g2#53#Ja<T
1 1 1
* * 2 2 * * 2 2 * * 2 2 * * 2
s ( Z wjleg"\jl—m) (AZ wjle3"|j1—j3|) (,Z ijwM%_m) (,Z wjawj4"|j3—j4|)
J1,J2 J1,73 J2,J4 73,74
; - 20 2
* |.]1_j2| 2
< (Zuh X whouofi + (supwy)- XX T o))
J1 o g2 J1 Jo 2
Ja<lj1—ja J2>lj1-J2|
2
< (O(VT)-Esx(A, )+O(T)-max{1,T_2a+1}-L) = o(1)

[
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and
G12 = Z ' W W, Wi W5 1015 105 ja Ol s Z N1l Olrajoal
1<g1#j2#53#ja<T r4#0,m4#j2— 4
1 1
s ;Jz: M(ZZU} w]BUlh Jsl) (ngla|]1_]2|) (;w;iiaﬁjs—ﬂly
2,]4 3
IR SR D DN 9
74#0,74#j2—J4 r4#0,74#j2~J4
|ra|<g2 |ra]<j2
1
< (Zzw;1w;30|2j1—j3|) ((supw) L)
J1 J3
r 2a
(ZT0i T waoty+ X Tusur, ¥ Lot )
32,44 7420 274 ra#0  J2
|ra|<go |ra|<go
1
< (O(\/T)-Eg(Zn)+O(%)-max{1,T‘2a+l})2'O(%)
-(T2 - (supwy) Ex(A4,)+T- (supw;)2 -max{1, T2 L})
J J
1T 1 —2a+1 %
< (O(ﬁ)-Eg(An)m(ﬁ).max{LT }-2L)

-(T Ex(A,) + O(%) -max{1, T2} -L)

o(1) since E(A,) = 1/np and for all a > 1/4.

We use similar argument as previously to show that the remaining terms in G4 tend to

zero. To complete the proof, we need to verify that,

Es(H2(X1, X2))/EL(H2(X1, X2)) = o(n). (2.49)
We write
Es(H,(X1,X2)) 1
E2(H2(X1, X2))  (p-T)* 2, wjwhwiwi o)L 2
s\ in ) J1,72,33,Ja T+1<i1,13,i5,97<p T+1<i2,14,i6,i18<p

B [( X1 X150 = 050) (X1is X1 = 052) (X165 X5 s = 055 ) (X1, X g —ja = 0]
B[ (Xo,i, Xoi,-51 = 050) (X2, X iy o = 05) (Xo,i6 Xoig—js = 053) (X2,is Xois—jy = 054)]
To bound from above the previous sum, we replace the expected value by it’s value, which

is a sum of many terms, that are all treated similarly. So let us give an upper bound for

the following one :

1
Mo oopp S WRWRWRWS Y Y OiOisied
p J1,72, 73, J4 T+1<i1,13,i5,i7<p T+1<ig,iq,i6,i8<p
“Olis—i7|Olis—i7—js+ja| O lia—ia| O lia—ia—j1+52|C |ig—is| T |ic—is —j3+3a|
s Z wj wj2szwj4 Z Olr1|9lr1—j1+42|Flr2|Olr2—j1+j2|
J1,J2:J3,Ja —p+1<ry,ro,r3,ra<p-1

“Olr3|Olr3—jz+5a|Olra| Olra—jz+jal
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We see that H can be treated in the same way as G. However, we show that 1 = O(1) =
o(n). Let us deal with one of the terms of H, consider the term for which we have j; = ja,

73 = J4, and j1 # j3 thus we get

2
*2 %2 2 2 2 2 _ *2 *2 2 2
>, Wi wj > Ol (Ol Olrs| Ora = 25 W) W (UO + 2 Ulml)
1<g1#93<T —p+1<ry,r2,73,r4<p-1 1<j1#43<T r1#0
2
*2 %2 *2 %2 2
< 2 ZZ Wi Wi+ 2 ZZ Wi, sz( Z U|T1|) )
1<g1#53<T 1<g1#53<T r1#0

It is easily seen that Y > w;fw;f = O(1). And so on, we show that all terms in H
1<g1#52<T
are O(1) and thus we get the desired result. Together with (2.46), this proves (2.43). In

consequence, we apply theorem 1 of [50], to get (2.42). O

Proof of (2.44). We define B,,, as follows,

. 2) j4 T-1 .
Bro = Vn(n-1)(p-T)(p-T-1) i=;r1 h:zi;rl 1gl§m J; w7 ARkt
We set
9 1
DG D) T ) s 2 NN X

= c(n,p,T) i >, Tzl W Xpi Xp,ij XinX1h-j
h=i+11<k#l<n j=1
Note that the {Dy, p;}1+1<i<p is a sequence of martingale differences with respect to the
sequence of o fields {F;,i > T + 1} such that F; = o{X , ,r < i}, we denote by E;(-) =
E(:/F;), where E is the expected value under the null hypothesis. Indeed, for all T+1 < i < p,
we have, E;_1 (D), pi) = 0. We use sufficient conditions to show the asymptotic normality
of a sum of martingale differences B\n,p foralln>2, as (p—-T) — oo, see e.g. [83]. Thus it

suffices to show that,

P 2 P
E( Y Eia(D2,)-1) 0 and Y E(D;,,)~0. (2.50)
i=T+1 i=T+1
We first show the first part of (2.50).
P
Ei—l(D’?z,p,i) = (C(’I”L,p,T’))2 Z Z Z ij;le,i—ij,i—lei—l(Xl,h—le,h—jl)

h=i+1 1<k#l<n 1<j,j1<<T-1

(t+j1-1)A(i+5-1)
2 *
(ctnp, 1) (Y 2. wijwj Xuij Xinjy > X0 X1,p-jy
1<4,71<<T-1 1<k=#l<n h=i+1

n T
+(n-1) Z Zw;QXii_j(p—i—j + 1))
k=1j=1
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giving
L 2
]E( Z Ei—l(Dn,p,i))
i=T+1
p, Tl b Tl
= ¢ (n,p, T (n(n 1) Z Z *(j—1)+n(n 1) Z Z (p—Z—j+1))
1=T+1 j=1 i=T+1 j=1
4 - P
= -i)=1
(p-T)(p-T-1) g :;
P 2
Thus, to show that E( > Ei- 1(anz) - ) — 0, it is sufficient to show that
i=T+1
P 2
E( Y B, 1(DW)) =1+0(1). Indeed,
i=T+1
P 2 A
E( Y Ei(D},0)) = (cln,p, D) (Br+ By + By + By). (2.51)
i=T+1

where F1, Fo , F3 and Ej4 are given by the following.

(i+5-1)A(i+51-1) (¢'+5 -1)A(&'+5]-1)

Bio= ) ) )

T+1<i,i'<p 1<k#l<n 1<k/#l'<n 1<5,51<T 1</ ,j1<T-1 h=i+1 h'=i'+1

w] w] wjlw i E(X]“ ij z—lel h— ]Xl h— lek,/ 'r_]err i ‘1Xl’,h’—j’Xl’,h’fji)

Now we decompose E; into five sums that depends on the indices k,k’,1 and I’. We begin

by the first case when k=k" and [ =1,

Ei1

p T-1
> (Z (w3 BG-D+G-DG-2)+ X wwP(G-1)G"-1)

1<k+l<n \i=T+1 7=1 1<j#4'<T

+2 ) w;Qw ((] A (]1—1))

1<j#51<T-1
+ > (Z witBG-D+G-DG-2)+ 2 wjzwj-?(j—l)(j’—l))
T+1<i#i'<p ~ j=1 1<y#5'<T
p - 4 T-1 4
= n(n-1) Z Z wit(G-1)G+1)+2 Y Ywit(-1)
i=T+1 j=1 T+1<i,i/<p j=1

T Zw;%;?(j—n(j'_l)wi > ww,((j_l)A(]_n))

T+1<i,i’<p 1<j,5'<T i=T+11<j#5'<T-1

When k =1" and [ = k', we have using similar arguments as previously that,

Eip = n(n-1) 3 > w;Qw;"Q(j—l)(j,—l)

T+1<i,i'<p 1<5,5'<T
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We move to the term, when k=k" and [ #[’,

(= L 2 2
B o= Y {Twl( S sG-te Y G-1?)
1<k, l'<n =1 1=T+1 T+1<i#i'<p
k#LU 1£l
LY wtey Y (G-DG -]
1<g#5'<T T+1<4,i'<p
2 2 2 %2
= a-Dm-2)(2 Y FwtG-te XY we-1-n)
i=T+1 j=1 T+1<i,i'<p 1<j,j'<T-1

Now we treat the case when , k# k" and [ =1’,

T-1
B = Y {Xw' ¥ GG-D+G-1)(-2)
1<k,k’lsn — j=1 T+1<i,i'<p
Ik, k" k+k'

oYy wleR (-0 -

1<j+#j'<T T+1<4,i'<p

T-1
= nn-Dn-2) Y AXw'G-DG+D+ Y wteG-DE -1}

T+1<ii'<p ~ j=1 1<5#5'<T

= n(n-1)(n-2) Z ( Z w w*,2(j 1)(]—1)+22w*4(j 1))

T+1<ii’'<p * 1<j,5'<T—-1

Finally, we treat the term for k # &k’ and [ # ',

Bis =y ) oY wPw (G- -1)

I<klcn 1<k/#l<n T+1<4,i'<p 1<j,j'<T
kxk' 12l

= n(n-1°*mn-2) Y > w*Qw, G- -1)

T+1<i,i'<p 1<4,5'<T

We group the previous result to get,

B, = (2n(n—l)+2n(n—1)(n—2)+n(n—1)2(n—2))T 12, 1 ZTw;Qw;?(j-n(j'-n

+ Ri(n,p,T)
where,
Ri(n,p,T) = 2(n(n—1)+n(n—1)(n—2))T12, Zw i-1)
+ (n-1) i z_: wit(j-1)(F+1) +2n(n-1)(n-2) i Zw*4(] )2
i=T+1 j=1 i=T+1 j=1

+ 2n(n-1) > > wy w,((]—l)/\(j—l))

i=T+11<j#5'<T-1
= o((c(n,p,T)™)
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Now, let us bound from above the term E3 in (2.51):

n T
By = (n-1) 3 3 3 ¥ 3 wjwiwilE(Xei X Xi )

T+1<i,i'<p 1<k#l<n 1<, 1 <T k'=1 j/=1

(i+7-1)A(i+51-1)

w=i'=j'+1) Y B Xieg)
h=i+1

We treat the two cases k = k" and k # k' each one apart. We begin by the case when k # £/,

T-1 p
By = n(m- D Swi'( 3 80-i-i+DG-D+ ¥ (=i =i+ D)i-D)
=

i=T+1 T+1<i#i'<p
p
+ wPw( Y p-i- G-+ Y (- -+ 1)G-1)
1<j#5'<T i=T+1 T+1<i#i'<p
2 LA 4
= -2 Y Y wt(p-i-j+1)(G-1)
i=T+1 j=1

D D MR R RSV (R

T+1<i,4'<p 1<4,5'<T-1

When k # k',

Eyo = n(n—l)3 Z Z w;2w;,2(p—z"—j’+1)(j—1).
T+1<4,i'<p 1<4,5'<T

As consequence

E, = (n(n—1)2+n(n—1)3) > > wj w,(p—z -7 +1)(G-1)
T+1<i,i'<p 1<4,5/<T-1

+ o((c(n,p, T)_4).

Similarly we get,

n T-
By = (n-1) ) > ) Z Z G w B X oo X ot Xivig)
T+1<i,i'<p 1<k'#l'<n 1<5’,j1 <T-1 k=1 j=1
(&' +5" -1)A(' +51-1)
(p-i-j+1) > E(Xy - Xy pr—jt)
h=i'+1
= n?(n-1)> > Y, wi w,(p—z—]+1)(]—1)
T+1<i,i'<p 1<4,5'<T-1
p T-1
+ 2n(n-1)* Y S wit(p-i-j+1)(G-1)

i=T+1 j=1
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The term Ey of (2.51) is treated as follows,

(’I’L- 1)2 Z Z Z w;Qw;IQE(X]%7i_legl7il_jl)

T+1<i,3'<p 1<k, k’'<n 1<4,5'<T

Ey

(p-i-j+1)(p-i'-j' +1)

-0 Y (T wsp-i-je1)?

i=T+1  1<5<T

Y wlwpRp-i-jr)p-i-g 4 1))
1<j#5/<T

+ 3 > wj w/(p—l—ﬁl)(p—Z—J*l)}

T+1<i#i'<p 1<4,5/<T-1

+ n(n-1)>3 > Y, wi w,(p—z—]+1)(p—z -5 +1)
T+1<i,i'<p 1<4,5'<T-1
= (=17 3 Y wwp-i-j+)(p-il -5 +1)

T+1<4,i'<p 1<5,5'<T-1
> 4
2n(n-1) Y > wit(p-i-j+1)°
i=T+1 1<5<T
Finally we group all the previous terms and obtain,

B 3 2D,

i=T+1

= Ao D)= Y Y we?(G-DG -

T+1<4,i'<p 1<4,5/<T-1
+ (o= =+ D)G-D+(p-i-j+ 1 - 1)
+ (p-i-j+)(p-i'=j+ 1)) +o((c(np, 7)™}

_ 16 ’UJ*Z’UJ/Z _ —i, to

S TP-T 1,2, B, D)) roll),
16 1 ((p-T-1)(p-T)\?

i (p—T)?(p—T_1)2'1'(p S——) +o(1)=1+0(1)

To achieve the proof, we show that the second condition given in (2.50) is also verified.

Indeed,

S E(DL,)

1=T+1

- (el T S 5 > Y ¥ oz

i=T+1 i+1<hy,ho,h3,hq<p 1<ki1#l1<n 1<ko#lo<n 1<ks#lz<n 1<kq#l4<n

J1w32 J3 J4E(Xk1 ZX’CQ, Xy le47 Xy by J1Xl27h2 JzXls,h3 Jle47h4 ]4)
1<71,52,53,J4<T-1

'E(Xh,hlXl2,h2X137h3Xl47h4Xk1,i—jl Xk2,i—j2Xk37i—j3Xk4,i—j4)

o) (ctnp, T Y ¥ Y Y Y wre?

i=T+2 T+1<hy,ha<p 1<ki#li<n 1<kozla<n 1<j1,52<T

o(1)
(p-T)*(p-T-1)*

(p=T)°=0(1).



66

2.6.2 Proofs of results in Section 2.3

Proof of Proposition 2.5. To show the upper bound for the variance of .Zi, we follow the
line of proof of Proposition 2.1. We use that 35, 1/(e"*) =1/(e"* - 1) for all A>0 and

n finite integer. As an example, let us bound from above one term of the variance of .,zt\fl

Ri29

IN

IN

IN

+

p—(T'+1) 2
* *
Y wiwi(loygl+ X oo
1<j#5'<T r=—p+T+1
r+0
p—(T+1) p—(T+1)
2 2
2 Z w w ; /0'|] ]|+4 Z w ; w]/( Z O',r.)( Z O-‘T*jJrj/‘)
1<j#5'<T 1<j#5'<T r=—p+T+1
r+0
* % 2 * QA‘] J‘ 2 J * 2
2 Z wj/wu,_j‘o'u,_j‘ +2 Z ij]/€2—a‘] ]‘ +4 Z ( Z w ro,.
1<5#5'<T 1<g#5'<T 1<j#5'<T "r=1
l3'=4l<d |37=41>3
p—(T+1) 2Ar p—(T+1) p—(T+1) _2A|r—j+7'|
wr 6—02)( Z wy ol +w} £ 5 )
J L g2A5°0T [r=3+5"1% Ir=j+3'] 3’ e2Aj [r—3+5']
r=j+1 r=—p+1T'+1 r=—p+T+1
[r—j+5<5" [r—j+5"25"
2 2A 2
4-(supwj)-T- Es(AS) +4L- (supw )2 (1/(e24 -1)) + O(T?) - EL (A%)

J
16L - (supw}) - T (1/(e** - 1)) -Eg(An) +16L% - (supw))? - (1/(e** - 1))
J J

The proof of the asymptotic normality of n(p - T) (AL - Ex(AZ)), when n(p - T)b(¢)) < 1
and for ¥ € G(E(A, L) ,v) such that Ex(AZ) = O(b(1))), is also due to Theorem 1 of [50].

That is, we have to check (2.43) as in Proposition 2.2. As an example, let us bound from

above the term Go in (2.49) with the parameters given in (2.16):

G2

IN

IN

IN

IN

IN

IN

*2 %2
4 Z Wy, Wy, E |0\T1\U|T1—j1+j2\a|T2|O|T2—j2+j1||
1<j1#j2<T —p+T+1<r1,r2,r3,m4<p—(T+1)

"U|T3|U|T3 —j1+72|9ra|Olra—ja+ii ’

4 Z w]l (20|r1|) (Z Oy - ]1+J2|)(Z [ra— J2+J1\)

1<g1#52<T
2
16L Z w]l ( E G|r1| Z U|r1|)
1<j1#jo<T 7'1.
|7"1|<J1 r1]>71
2
16L{ Z w ( Z w‘Tl‘U‘T’l‘) + Z w]l ( Z 62AJ1 |7-1|) }
1<j1#j2<T 1<j1#j2<T 1
|7“1|<J1 Ir1]>51

6L Y (N wi?) - BR(A,) +4L7(Y wj,) (2 2A])}
J1 o J2 J2
of T 9 7€ 2 1 %2 1

IEQE(AE)-O(T)Jro(l) =0(——73) to(1) =o(1). (2.52)

( T)?
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Proof of Theorem 2.6. To show the upper bound, we use first the asymptotic normality
of the n(p - T)A’\gn under Hy to prove that the type I error probability of A* : n(A*) =
1— ®(npb(1)) + o(1).

To bound from above the type II error probability, we shall distinguish 2 cases. First,
when n2p?b?(1)) — +oo, we use the Markov inequality, (2.17) and (2.18), to show that
B(A*,G(1))) — 0. Then, when n?p?b?(1)) = 1, we have two possibilities: either Ex;(AZ)/b(1))
tends to infinity, or Ex(A%) = O(b())). We show respectively that either type II error
probability tends to zero, or we use the asymptotic normality of n(p — T')(AZ - Ex(A%))
to get that S(A*,G(v)) < ®(np(t-b(¥)) +o(1).

To show the lower bound, we follow the same sketch of proof of lower bounds of The-
orems 2.3 and 2.4. The key point for ellipsoids £(A, L) is to check the positivity of the

matrix
* * * ej 24 1/2 X
¥ =Tp({0]};j>1) where oj= \/X(l - (e_T )+ for all j > 1.

Then we create a parametric family of matrices by changing the sign randomly on each

diagonal of ¥*, with parameters given in (2.16).

Lemme 2.8. For A >0, the symmetric Toeplitz matriz Xf; = Tp({ujo} }j>1), where U =
{uj}jso with ug =1, uj = +1 for all j > 1, and O'; defined as previously, is positive definite,
for v > 0 small enough. Moreover, denote by )‘I,U""’)‘;,U the eigenvalues of Xf;, then

A p - U<OW - /In(1/4)), for all i from 1 to p.
Proof of Lemma 2.8 . Using Gershgorin’s Theorem we get that each eigenvalue of X7, =

p
Tp({ujo}}jer) verifies, |\ —ugog| < 2 Y lujoi| =23 oF. We have,
j>1 j=1

ZU; \/Xz(l_(:_;)zA)i/QS\/Xi(l_(:_;)zA)é
=

g>1 j>1
O(VA-T =4 -\/In(1/1)).

We deduce that the smallest eigenvalue is bounded from below by

‘I?in Np2og—-2) 05 21-0(1)¢-/In(1/9).
i=1,....p

j=1

which is strictly positive for ¥ > 0 small enough. O

To complete the proof, we follow the steps of the proof of the lower bound in Section
2.2.2. L]






Chapter 3

Sharp minimax tests for large

covariance matrices and adaptation

Abstract.

We consider the detection problem of correlations in a p-dimensional Gaussian vector,
when we observe n independent, identically distributed random vectors, for n and p large.
We assume that the covariance matrix varies in some ellipsoid with parameter o > 1/2 and
total energy bounded by L > 0.

We propose a test procedure based on a U-statistic of order 2 which is weighted in an
optimal way. The weights are the solution of an optimization problem, they are constant
on each diagonal and non-null only for the T first diagonals, where T' = o(p). We show that
this test statistic is asymptotically Gaussian distributed under the null hypothesis and also
under the alternative hypothesis for matrices close to the detection boundary. We prove
upper bounds for the total error probability of our test procedure, for « > 1/2 and under
the assumption T = o(p) which implies that n = o(p?®). We illustrate via a numerical
study the behavior of our test procedure.

Moreover, we prove lower bounds for the maximal type II error and the total error
probabilities. Thus we obtain the asymptotic and the sharp asymptotically minimax sep-
aration rate @ = (C(a, L)n?p)~/™e*)  for o > 3/2 and for o > 1 together with the
additional assumption p = o(n*®71), respectively. We deduce rate asymptotic minimax
results for testing the inverse of the covariance matrix.

We construct an adaptive test procedure with respect to the parameter o and show
that it attains the rate ¢ = (n%p/In 1n(n\/]_9))_°‘/(4a+1).
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3.1 Introduction

A large variety of applied fields collect and need to recover information from high-dimensional
data. Among these we can cite communications and signal theory (functional magnetic
resonance imaging, spectroscopic imaging), econometrics, climate studies, biology (gene
expression micro-array) and finance (portfolio allocation). Testing large covariance matrix
is an important problem and has recently been approached via several techniques: cor-
rected likelihood ratio test using the theory of large random matrices, methods based on
the sample covariance matrix and so on.

Let X1,...,X,, be n independent and identically distributed p-vectors following a mul-
tivariate normal distribution N, (0,X), where ¥ = [0y;]1<i j<p is the normalized covariance
matrix, with o; = 1, for all i = 1 to p. Let us denote by Xj = (Xk71,...,Xk7p)T for all
k=1,...,n. In this paper we also assume that the size p of the vectors grows to infinity
as well as the sample size n, p - o and n — oo.

We consider the following goodness-of-fit test, where we test the null hypothesis
Hy:¥ =1, where I is the p x p identity matrix (3.1)
against the composite alternative hypothesis
Hy:Y e F(a,L), such that 2ip|2 —I|% >
For any covariance matrix >, we recall that the Frobenius norm is computed as

IZ-1%=tr[(2-1)]=2 5 oF.

1<i<j<p

The class of matrices F(«, L) is defined as follows, for o > 0,

1<i<j<p

1
f(a,L):{Ezo;— > 0i2j|i—j|2a§Lforallpandaiizlfor allizl,...,p}

In order to test Hy: X = g, for some given non negative definite covariance matrix g, we

1/2

suggest rescaling the data Z; = ¥,"'"X; and then apply the same test procedure provided

that 261/22251/2 belongs to F(«, L). Let us denote by

Q(a,L,p) = {Z e Fla,L) ; 1 Z afj 2@2 } , (3.2)

1<i<j<p

where ¢ = ¢, (o, L) is related to n and p, but also to o and L assumed fixed. The
set of covariance matrices under the alternative hypothesis consists of matrices of size
p x p, whose elements decrease polynomially when moving away from the diagonal. This
assumption is natural for covariances matrices and has been considered for estimation

problems, see e.g [9], [26]. Regularization techniques, originally used for nonparametric
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estimation of functions, were successfully employed to the estimation of large covariance
matrices. Among these works, let us mention minimax and adaptive minimax results:
via banding the covariance matrix 9], thresholding the entries of the empirical covariance
matrix [10], block-thresholding [25], tapering [26], ¢1-estimation [27] and so on. Unlike the
estimation of the covariance matrix, there are very few works for testing in a minimax

setup in the existing literature.

Several types of test statistics have been proposed in the literature in order to test the
null hypothesis (3.1). The likelihood ratio (LR) statistic, was first designed for fixed p and
n — +oo. To treat the high dimensional case when n,p — +oo, [4] proposed a correction
to the LR statistic and showed its convergence in law under the null hypothesis, as soon
as p/n — ¢, for some fixed ¢ € (0,1). Indeed, this correction is based on the asymptotic
behavior of the spectrum of the covariance matrix. Another approach is based on the
largest magnitude of the off-diagonal entries of the sample correlation matrix and was
introduced by [63]. Later, [22| and [93] show an original limit behavior of Gumbel type for
a self-normalized version of the maximum deviation of the sample covariance matrix. We
also note that a non-asymptotic sphericity test for Gaussian vectors was studied by [7].
The alternative is given by a model with rank-one and sparse additive perturbation in the

variance.

Furthermore, an approach based on the quadratic form U, = (1/p)tr(S, — I)?, where
Sn=(1/n) XL, X; X/ is the sample covariance matrix, was proposed by [77], to test (3.1).
Later, [67] shows that the test of Hy based on U, is not consistent for large p. They
introduce a corrected version of U, and study its asymptotic behavior when n,p - oo
and p/n - ¢ € (0+00). In order to deal with non Gaussian random vectors, and without
specifying any relation between n and p, [29] proposed a U-statistic of order 2, as a new
correction of the previous quadratic form. They do moment assumptions in order to show
the asymptotic behavior of their U-statistic, under the null and under a fixed alternative
hypothesis. Motivated by their work, [23] used the U-statistic given in [29] to test (3.1)
from a sample of Gaussian vectors, and studied the testing problem from a minimax point
of view. They consider the alternative hypothesis H; : ¥ such that |X - I|r > ¢ and they
establish the minimax rates of order \/]% in this case. In our setup the restriction to the
ellipsoid F(a, L) leads to different rates for testing.

In this paper, we introduce a U-statistic, which is weighted in an optimal way for our
problem. This can also be seen as a regularization technique for estimating a quadratic
functional, as it is often the case in minimax nonparametric test theory (see [58]). We use
this test statistic to construct an asymptotically minimax test procedure. Let us stress the
fact that we study the type II error probability uniformly over the set of all matrices X
under the alternative and that induces a separation rate saying how close 3 can be to the

identity matrix I and still be distinguishable from I. We describe the sharp separation
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rates for fixed unknown a and give an adaptive procedure free of o that allows to test at

the price of a logarithmic loss in the rate.

We describe here the rate asymptotics of the error probabilities from the minimax
point of view. We recall that a test procedure A is a measurable function with respect to
the observations, taking values in [0,1]. Set n(A) = E;(A) = P;(A = 1) its type I error

probability, S(A,Q(«a,L,p)) = sup Ex(1-A)= sup Px(A =0) its maximal
BeQ(a,L,p) YeQ(a,L,p)
type II error probability over the set Q(«, L,¢), and by

7(A7 Q(Oé, L, (P)) = U(A) + /B(Aa Q(Oé, L, (P))

the total error probability of A. Let us denote by v the minimax total error probability
over Q(a, L, ) which is defined by

7=7(9) =7(Q(. L)) =inf (A, Q(a, L, )

where the infimum is taken over all test procedures. We want to describe the separation
rate @ = @(n, p) such that, on the one hand,
it £ 0.

y—1

In this case we say that we can not distinguish between the two hypotheses. On the other
hand, we exhibit an explicit test procedure A* such that its total error probability tends
to 0

(A", Q(a, L, p)) =0 if ﬁ — +o00.
'

We say that A* is asymptotically minimax consistent test and @ is the asymptotically

minimax separation rate.

In this paper, we find asymptotically minimax rates for testing over the class F(«, L).
The minimax consistent test procedure is based on a U-statistic of second order, weighted
in an optimal way. In this, our procedure is very different from known corrected procedures
based on quadratic forms of the sample covariance matrix, see e.g. [67]. This is the first

time a weighted test-statistic is used for testing covariance matrices.

Moreover, our rates are sharp minimax. We show a Gaussian asymptotic behaviour of
the test statistic in the neighbourhood of the separation rate. We get the following sharp
asymptotic expression for the maximal type II probability error, under some assumptions
relating ¢, n and p,

inf  B(A,Q(a, L, ) = ®(z1-w — n/pb(p)) + o(1),

Am(A)<w
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where ® denotes the cumulative distribution function (cdf) of the standard Gaussian dis-
tribution and zj_, is the 1 — w quantile of the standard Gaussian distribution for any

w € (0,1). We deduce that the sharp minimax total error probability is of the type

() =2@(-n\/pb(v)/2) +0o(1),

where b%(¢) = C(a, L)™' as p - 0, C(a, L) is explicitly given. It is usual to call the

asymptotically sharp minimax rate
7= (C(a, Lyn?p) /D),

corresponding to n?pb?(P) = 1 and to the asymptotic testing constant C(c, L).
Analogous results were obtained by [19] in the particular case where the covariance

matrix is Toeplitz, that is 0; j = 0, for all different i and j from 1 to p. We note a gain

of a factor p in the minimax rate. The asymptotically sharp minimax rate for Toeplitz

covariance matrices is
Br = (C(Oé, L)n2p2)—a/(4a+1).

This additional factor p can be heuristically explained by the number of parameters p—1 for
a Toeplitz matrix, instead of p(p—1)/2 for an arbitrary covariance matrix. For n = 1 the test
problem for Toeplitz covariance matrices was solved in the sharp asymptotic framework,
as p - oo, by [37]. Let us also recall that the adaptive rates (to «) for minimax testing
are obtained for the spectral density problem by [47] by a non constructive method using
the asymptotic equivalence with a Gaussian white noise model. We also give an adaptive
procedure for testing without prior knowledge on «, for a belonging to a closed subset of
(1/2,+00).

Important generalizations of this problem include testing in a minimax setup of com-

2 in some compact

posite null hypotheses like sphericity, Hy : ¥ = v?- I, for unknown v
set separated from 0, or bandedness, Hy : ¥ = ¥ such that [¥g];; = 0 for all 4 # j with
li — j] > K. Our proofs rely on the Gaussian distribution of Gaussian vectors. General-
izations to non Gaussian distributions with finite moments of some order can be proposed

under additional assumptions on the behaviour of higher order moments, like e.g. [29].

Section 3.2 introduces the test statistic and studies its asymptotic properties. Next
we give upper bounds for the maximal type II error probability and for the total error
probability and refine these results to sharp asymptotics under the condition that n =
o(1)p**. In Section 3.2.3 we implement our test procedure and estimate its power. In
Section 3.3 we prove sharp asymptotic optimality and deduce the optimality of the minimax
separation rates for all & > 1 and as soon as p = o(n**!). In Section 3.4 we present the

rate minimax ressults for testing the inverse of the covariance matrix. In Section 3.5
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we define an adaptive test procedure and show that the price of adaptation is a loss of
(In ln(n\/]_o))a/(4a+1) in the separation rate.

Proofs are given in Sections 3.6 and 3.7.

3.2 Test procedure and sharp asymptotics

In the minimax theory of tests developed since [53] it is well understood that optimal test
statistics are estimators (suitably normalized and tuned) of the functional which defines
the separation of an element in the alternative from the element of the null hypothesis. In
our case this is the Frobenius norm | - I||% = tr[(Z - I)?].

Weighting the elements of the sample covariance matrix appeared first as hard thresh-
olding in minimax estimation of large covariance matrices. Let us mention [9] for banding
i.e. truncation of the matrix to its k first diagonals (closest to the main diagonal), [10] for
hard thresholding, then [26] where tapering was studied. It is a natural idea when coming
from minimax nonparametric estimation.

However, that was never used for tests concerning large covariance matrices. In this
section, we introduce a weighted U-statistic of order 2 for testing large covariance matrices,
study its asymptotic properties and give asymptotic upper bounds for the minimax rates

of testing.

From now on asymptotics and symbols o, O, ~ and < are considered n and p tend to
infinity. Recall that, given sequences of real numbers v and real positive numbers v, we
say that they are asymptotically equivalent, u ~ v, if limu/v = 1. Moreover, we say that
the sequences are asymptotically of the same order, u = v, if there exist two constants

0 < ¢ < C < oo such that ¢ <liminfu/v and limsupu/v < C.

3.2.1 Test statistic and its asymptotic behaviour

Our test statistic is a weighted U-statistic of order 2. It can be also seen as a weighted

*

ij
(they depend on i and j only through ¢ — j), non-zero only for |i — j| < T for some large

functional of the sample covariance matrix. The weights w; are constant on each diagonal

integer T" and decreasing polynomially for elements further from the main diagonal (as

|i — j| is increasing). More precisely, we consider the following test statistic:

— 1

Dp=—F——— w5 Xp,i Xe,j X1, X1, (3.3)
n(n-1)p 1<k#l<n 1£;Sp ! ’ ’
where
wh o= (1_(“‘3")%“) T=|Cp(a, L) - |
" 20(¢) T + ’
(3.4)
A= G L) -9", b(p) = CV(a,L)- o>
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ith
A 1 20+ 1
Cr(a,L) = (4a+1)L)2«, Cy(o,L) = ((4da+1)L)" e
(3.5)
2a0+1 _1
Clal) = (4 + 1)1+1/(20) Lz

The weights {w;};; and the parameters T', A, b?(yp) are obtained by solving the following

optimization problem :

1 * *2 . 1 )
- Z (O T sup inf - Z wijo;; (3.6)
Prsicisr {(wiﬂ')ii : w,-jzo;} {Z : Z=(Uij)i,j;} D 1<ici<p

LS cicgepuly=h | L TR L)

Indeed our test statistic D, will concentrate asymptotically around the value Eg(ﬁn) =
(1/p) T1<icjcp wwa which is 0 for ¥ = I. The minimax paradigm considers the worst pa-
rameter $* in the class Q(a, L, ), that will give the smallest value Ex+(D,,(w;;)) and then
finds the parameters {w;; }i<; of the test statistic to provide the largest value Ex+ (ﬁn(wl’;))
Such procedure performs uniformly well over all parameters > € Q(a, L, ). That explains
why we solve the optimization problem (3.6).

Note that the weights in (3.4) have further properties:

1 o 1

1
w20, - wii= =, supw X——, as >0 andpcpl/o‘eoo.
Y pls;ﬁp Y2 iJ VT

The following Proposition gives the moments of D,, under the null and their bounds
under the alternative hypothesis, respectively, as well as the asymptotic normality under

the null hypothesis.

Proposition 3.1. The test statistic D, defined by (3.3) with parameters given by (3.4)
and (3.5) has the following moments, under the null hypothesis:
1

2 3 T i —
Y n(n-1)p

E[(ﬁn) = O, VCLT'](D ) W
1<i<j<p

Also we have that
na/p Dy S N(0,1).

Moreover, under the alternative, if we assume that ¢ — 0, pcpl/o‘ — oo and « > 1/2, we

have, for all ¥ in Q(«a, L, p):

—~ — T T
}Eg(Dn)—p1<;<panU2b ¢) and Vars(Dy) = (n—ll)p 22,
where
Ty < p-(1+0(1))+p-Ex(By)- O(TVT), (3.7)
T < p-Ex(D,) OT)+p"? - (B (Dy) - O(T*) + Ex(Da) -o(1)).  (3.8)
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Note that, under the alternative, we have the additional assumption that pgol/ *xp/T -
+00, when p grows to infinity. This is natural in order to a have a meaningful weighted
statistic.

Let us look closer at the optimization problem (3.6): for given ¢ >0, b(¢p) is the least
value that Ez(ﬁn) can take over ¥ in the alternative set of hypotheses.

Under the alternative, we shall establish the asymptotic normality under additional
conditions that the underlying covariance matrix is close to the border of F(a, L). This
will be sufficient to give upper bounds of the total error probability of Gaussian type in

next Section.

Proposition 3.2. The test statistic D, defined by (3.3) with parameters given by (3.4) and
(3.5), such that ¢ — 0, pgol/o‘ — oo and under the aditionnal assumption that n®pb?(p) = 1,

s asymptotically normal:
=~ =~ .\ d
ny/p(Dn = Ex(Dr)) = N(0,1),

for any ¥ in Q(wv, L, ) such that Ex(D,) = O(b(p)).

3.2.2 Upper bounds for the error probabilities

In order to distinguish between the two hypothesis Hy and H; defined previously, we

propose the following test procedure
A*=A*(t)=1(D, >t), t>0 (3.9)

where D,, is the estimator defined in (3.3).
The following theorem proves that the previously defined test procedure is minimax

consistent if ¢ is conveniently chosen.

Theorem 3.3. The test procedure A* defined in (3.9) with t >0 has the following proper-
ties:

Type I error probability : if n\/p-t — +oo then n(A*) - 0.

Type 11 error probability : if a > 1/2 and if

@ = 0,pp"* - 0o and n*pb*(p) — +oo

then, uniformly over t such that t < c-CY?(«, L) ~<p2+i , for some constant ¢ in (0,1), we

have
B(A*(t),Q(a, L,p)) = 0.

If t verifies all previous assumptions, then A*(t) is asymptotically minimaz consistent:

V(A (1), Q(ev, L, p)) ~ 0.
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In the next Theorem we give sharp upper bounds of error probabilities of Gaussian type.
The proof of this result explains the choice of the weights as solution of the optimization
problem (3.6). Moreover, we will see that the Gaussian behavior is obtained near the
separation rates.

Recall that @ is the cumulative distribution function (cdf) of standard Gaussian random

variable and, for any w € (0,1), 21, is defined by ®(z1-) = 1 — w.

Theorem 3.4. The test procedure A* defined in (3.9) with t >0 has the following proper-
ties:

Type I error probability : we have n(A*(t)) =1-®(ny/p-t) +o(1).

Type 11 error probability : if a > 1/2 and if

© =0, pe® > 00 and n®pb?(p) < 1, (3.10)
then, uniformly over t, we have

BA™(1), Q(a, L, p)) < @(ny/p- (1= b(p))) + o(1).

In particular, for ¢ = ¢* such that n\/p-t“ = z1_, we have n(A*(t")) <w +o(1) and

B(A™(t"),Q(a, L,p)) < B(21-w —1y/P- b(0)) + 0(1).

Another important consequence of the previous theorem, is that the test procedure A*(t*),

with t* = b(¢)/2 has total error probability

b(e)

(1. Qa L) <2005 ) o1,

3.2.3 Simulation study

We include two examples, to illustrate the numerical behavior of our test procedure. First,
we test the null hypothesis ¥ = I against the alternative hypothesis defined by the sym-
metric positive matrices X (M) = (]l{izj} + Lgiagy - (J7 —j|_g i+ ﬂﬁ)/M) . We im-
N 1<%,5<p
plement the test statistic D,, defined in (3.3) and (3.4) for a = L = 1, and ¢ = (M) =
1/2
(1/p)( Yicili— g™ i + j|%) /M. We choose the threshold ¢ of the test empirically,
under the null hypothesis ¥ = I'd, from 1000 repetead samples of size n, such that the type
I error probability is fixed at 0.05. We use ¢ to estimate the type II error probability, also

from 1000 repetitions and then plot the power as function of 1 (M).

Figure 3.1 shows that the power is an increasing function of ¥/ (M). Also, we can see that
for a fixed value of ¥(M) the power increases with p. Indeed, our procedure benefits from

large values of p, which is not a nuisance parameter here.
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1.0

Power

0.0 0.2 04 0.6 0.8

0.6

lP(.M)

Figure 3.1 — Power curves of the A-test as function of /(M) for n = 20 and p € {20, 80,120}

Second we consider the tridiagonal matrices 3(p) = (1g;-j3 + plyji—ji=1} )1<ij<p, for p €
(0,0.35] under the alternative hypothesis. We compare our test procedure to the one given
in [23]|, which is based on a U-statistic of order 2, we denote it CM-test. Moreover, the
matrices X(p) are Toeplitz, we also compare our the procedure to the one proposed in [19]
for Toeplitz covariance matrices, that we denote by BZ-test. The thresholds are evaluated
empirically for each procedure at type I error probability smaller than 0.05. We finally

plot the powers curves of the three test procedures.

p=50, n=50 p=80, n=60
Q Q
Q| @ ]
o o
5 O | s Q|
g o S
o o]
S - BZ-test o< —— BZ-test
© - A-test © —— A-test
« —— CM-test " —— CM-test
o] o]
T T T T T T T T T T T T T T T T
000 005 010 015 020 025 030 035 000 005 010 015 020 025 030 035
¥(p) ¥(p)

Figure 3.2 — Power curves of the BZ-test, A-test and CM-test as function of ¥(p)

Figure 3.2 shows that, when the alternative hypothesis consists of Toeplitz matrices the

BZ-test has the better performance. However if we miss the information that the matrix is
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Toeplitz, we see that the A-test is not bad and its power dominates the power of the CM-
test.

3.3 Asymptotic optimality

In this section, we first state the lower bound for testing, which, in addition to the test pro-
cedure exhibited in the previous section, shows that the asymptotically minimax separation

rate is )
7= (nv/BC(a, L)) ™7, (3.11)
where the constant C(«, L) is given by (3.5).

Theorem 3.5. Assume that, either a > 3/2, or a>5/8 and npg06_% - 0. If
=0, pp!* > 00, and n*pb?(p) ~ 0,

then
v = igfv(A,Q(a,L,sD)) -1,

where the infimum is taken over all test statistics A.

Together with Theorem 3.3, the proof that  is asymptotically minimax, under our
assumptions, is complete. Note that the condition npgoﬁ_% — 0 is verified when « > 3/2
for all n and p — +oco giving a general result in this case. When 5/8 < a < 3/2, the same
condition holds for p = o(ng%ci). This result is proven by showing that the x? distance
between the null hypothesis and an averaged likelihood under the alternative (that we
explicitly construct) tends to 0.

Moreover, we give a sharp lower bound for the type II error probability which is of

Gaussian type.

Theorem 3.6. Assume that o> 1 and if
=0, pp’® = oo, \/pp? 3% — 0 and npb*(p) = 1, (3.12)
inf  B(A,Q(a, L, 0)) 2 ®(z1-w — n/pb(p)) + o(1),
Am(A)<w
where the infimum is taken over all test statistics A with type I error probability less than
or equal to w. Moreover,

b(y)

v = iIAlf’y(A,Q(oz,L,cp)) >2®(-n\/p T) +o(1).

Theorems 3.4 and 3.6 imply that for o > 1, the sharp separation rate for minimax
testing is @, under the additionnal assumptions (3.10) and (3.12). Note that a sufficient
condition is that the separation rate verifies these assumptions, in particular pcﬁl/ * - oo
holds if n = o(1)p*®, and \/1_9@’2_% - 0 holds if p = o(n?*1).
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Note that, there is a more general test procedure independent of ¢, for which it is
possible to derive the upper bounds as in Theorems 3.3 and 3.4. It suffices to use the test
statistic D,, with the weights w;; replaced by the weights w;;($) defined as in (3.4) and
(3.5) for ¢ replaced by @. For more details see section 4.2 in [14].

The proof of the lower bounds is given in Section 3.6. We construct a family of n
large centered Gaussian vectors with covariance matrices based on {U%}lgi,jgp given by
the optimization problem (3.6) and a prior measure P, on these covariance matrices. The
logarithm of the likelihood ratio associated to an arbitrary ¥ with respect to I under the
null hypothesis is known to drift away to infinity (see [4], who corrected this ratio to get a
proper limit). However, we show that the logarithm of the Bayesian likelihood ratio with

our prior measure P, verifies

2
log %(le s Xp) = unZp — u2—” +&, in Py probability
I

where u, = n\/pb(y), Z, is asymptotically distributed as a standard Gaussian distribution

and £ is a random variable which converges to zero under P; probability.

3.4 Testing the inverse of the covariance matrix
Let us consider the same model, but the following test problem
Hy:2 =1
against the alternative
Hi;:Y eG(a, L, \) such that ;pz—l —I|% > y?,

where G(a, L, ) is the class of covariance matrices ¥ in F(a, L) with the additional
constraint that the eigenvalues \;(3) are bounded from below by some A\ € (0,1) for
all ¢ from 1 to p and all ¥ in the set.

We prove here that previous results apply to this setup and we get the same rates,
but not the sharp asymptotics. Note that, the additional hypothesis is mild enough so
that it does not change the rates for testing. Indeed, we see this case as a well-posed
inverse problem. The cases of ill-posed inverse problem where the smallest eigenvalue can
be allowed to tend to 0 will most certainly imply a loss in the rate and is beyond the scope

of this paper.

Theorem 3.7. Suppose a > 3/2, L >0 and X € (0,1). If n and p tend to infinity and if
1 — 0 such that pwi — +oo, then @ defined in (3.11) is the asymptotically minimaz rate

for the previous test.
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Proof. Note that ¥~ = I if and only if ¥ = I. Moreover, if ¥ belongs to G(«, L, \) such
that 2%”2_1 —I|3% > 12, then ¥ obviously belongs to F(a, L) and is such that

1 2 /\2 -1 2 212
et 2R A 7 DR D N
2p 2p

Thus we can proceed with our former test procedure, with ¢ replaced by Ay and we obtain
the upper bounds in the definition of the separation rates.

The lower bounds in the previous Section will also remain valid. Indeed, this proof is
based on the construction of a subfamily {¥;; : u e U} on the set of alternatives. We have

proven in Proposition 3.9, that
min \;(27) 21 - 0(p! /),
7

and we have a > 1 and ¢ = A\p - 0 as ¢ — 0 and therefore, 1 - O(gpl_l/(za)) > Afory >0
small enough. Thus, this family belongs to the set of alternatives we consider here, as well.

Moreover, Proposition 3.9 proves also that
[S]2 3= max Ai(57) < 1+ 0" < A,

for some fixed \;,qs free of @ and L. Thus,

1 1 1
NEN T - 1E 2 e 150~ 1 2 5o |20 - I E
2p 2p- 12513 Naz 2D
Thus we proceed the same way with ¢ replaced by Apaz. O

3.5 Adaptive testing procedure

We want to built a test procedure of Hy in (3.1) which is free of the parameter o belonging
to some closed interval A = [a,&] ¢ (1/2,+00). The radius L plays a minor role in the
procedure and we suppose that it is known (w.l.0.g we assume that L = 1). Such a procedure
is called adaptive and it solves the test problem Hy in (3.1) against a much larger set of
alternative hypotheses:

Hy:Se v Qa,L,Cth), (3.13)

where C is a large enough positive constant and

Vo = (1%]’3)41 . pup = /IIn(np) . (3.14)

depend on n and p, but also on «. In order to construct the adaptive test procedure, we

define a finite regular grid over the set A = [a, @] :

Ay ={a, =a+ a]:fg-r;rzl,...,N}, where N = [In(n./p)].
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To each r € {1,---, N}, we associate the weights :

£ _ A i = jl\2or
Wijr = a(l - ( T, ) )+’
where the parameters A, b, and T, are given in (3.4) and (3.5) with « replaced by a, and

@ by ¥,. Define the adaptive test procedure, for some constant C* > 0 large enough

A= r{laXN]I(@mr >C*t;), where t, = C\, - pnp/(ny/P), (3.15)
r=1,...,

and where I’D\mr is the test statistic in (3.3) with weights {w;;,}ic;. Note that the test
A’ rejects the null hypothesis as soon as there exists at least on r € {1,..., N} for which

ﬁn,r > C*t,.
Theorem 3.8. Assume that

2
Tl 1
p.(M)tl%m and 2P o

n/D n

The test statistic defined in (3.15) with C* large enough verifies :

’Y(Azcb QEAQ(OQ La C¢a)) - 07

1

for all C > (cwm

1)).

), where Yy, is given in (3.14) and C(a, @) = exp(-8(a—-a)/(4da+

The proof that the adaptive procedure we propose attains the above rate is given in
Section 3.6. By analogy to nonparametric testing of functions, we expect the loss py, to

be optimal uniformly over the class in the alternative hypothesis (3.13) .

3.6 Proofs

Proof of Theorems 3.3 and 3.4. The proof is based on the Proposition 3.1 and the asymp-
totic normality of the weighted test statistic n\/]_ﬂ/jn in Proposition 3.2. We get for the
type I error probability of A*

n(A) =P(D, > t) =1 - B(ny/p-t) +o(1).

For the type II error probability of A*, uniformly in ¥ over Q(«, L, ¢), we have

Varg (ﬁn )

Py (D, <t) < PE(@H—Ez(ﬁn)IzEz(ﬁn)—t)Sm’

for t <c-b(p) and 0 < ¢ < 1. It implies that n./p-t < cn\/pb(y). Therefore, we distinguish

the cases where n?pb?(¢) tends to infinity or is bounded.
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—

We use the fact that, under the alternative, Ex (D) > b(¢). We bound from below as

follows:
Ez(ﬁn) -t2 (1 - C)Ez(ﬁn)
Then, it gives

Ty N 13 _
n(n-1)p?(1- C)2E22(5n) np?(1 - C)ZE%(ﬁn)

Pz(ﬁn < t) <

:Sl-i-SQ.

Let us bound from above S; using (3.7):

1+0(1) o(T??)
S L Dp(- % (R) n(n - Dpb(p)

We have T3/%b(p) = @27% =0(1), for all &> 1/2, which proves that :

1+0(1)
S L Dp(1 - )2 (p)

which tends to 0 provided that n?pb?() — +oo. We will see using (3.8) that the term Sy

tends to 0 as well:

OWT)  O(T*'b'2(g)) = o(1)
nwb(p)  nypble)  n/pb(e)
o(1) for all & >1/2, as soon as n,/pb(p) - +oo.

Sa

Now, if ¢ is close to the separation rate: n?pb®(¢) = 1, we see that whenever Ex.(D,,)/b(y)
tends to infinity, the bound is trivial (S; + S2 = 0).

The nontrivial bound is obtained when ¥ under the alternative is close to the optimal
matrix X* = (07;)1<i,j<p, in the sense that Es(D,) = O(b(¢)) together with the fact that
@ is close to the separation rate: n’pb?(¢) x 1. We apply Proposition 3.2 to get the

asymptotic normality

ny/P(Dy ~Ex(Dn)) » N(0,1).

Thus,
sup  Px(D,<t) < sup  ®(ny/p- (t-Ex(Dy))) +o(1)
2eQ(a,Lyp)) ZeQ(a,Lyp))
< P(nyp-(t- inf E 571 +0o(1).
(n/p-(t= it Ex(B))) +o()

At this point, choosing optimal weights translates into

inf sup  Px(D, <t)
Wi >0:3 5.5 wszl/Q YeQ(o,L,p))
< B(nyp-(t- sup inf  Ex(D,))) +o(1)

w505, w2 =1/2 2€Q( L,p)

5

(ny/p- (1 =b())) +o(1),

IA

after solving the optimization problem, which ends the proof of the Theorem. ]
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Proof of Theorems 3.5 and 3.6. The first step of the proof is to reduce the set of parameters
to a convenient parametric family. Let 3* = [O';j]lgi’jgp be the matrix which has 1 on the

diagonal and off-diagonal entries o;; where

\/_(1 izl J')M) for i # 7, (3.16)

+
with A and T are given by (3.4) and (3.5).
Let us define Q* a subset of Q(«, L, ) as follows

Q" ={Sy: [Eply =1(t=7) +ugojl(i+j) forall 1 <4, <p, U= [uijici,jep €U},
where
U= {U = [uij]lgi,jsp tuy; =0, Ve and U5 = Ujj = +1 I(ll—j’ < T), for ¢ #j}

The cardinality of U is p(T' - 1)/2.

Proposition 3.9. For a > 1/2, the symmetric matriz X, [uz]a”]1<i,j<p, with o}, =1, for
alli from 1 to p, and o;; defined in (3.16) is non-negative definite, for ¢ >0 small enough,
and for all U eU.

Moreover, denote by M\ 7, ..., A\p,u the eigenvalues of Xf;, then |\; y—1] < O(1) =1/
for all i from 1 to p.

We deduce that
ISi] <1+0(p'"2) and |Sf - I| < O(p'"2). (3.17)

Indeed, |3f] = max;-1,..p i <1+ O(go“i) and Xj; — I has eigenvalues \; iy — 1.
Proposition 3.9 shows that for all X7, € Q*, ¥;; is non-negative definite, for ¢ > 0 small
enough.
Assume that Xi,..., X, ~ N(0,7) under the null hypothesis and denote by P; the
likelihood of these random variables. We assume that Xi,..., X, ~ N(0,%};), under the

alternative, and we denote Py the associated likelihood. In addition let

Pr = 2p<T (T-1)/2 Z Py

be the average likelihood over Q*.
The problem can be reduced to the test Hy : Xi,...,X,, ~ Pr against the averaged
distribution Hy : X1, ..., X;; ~ Py, in the sense that

o AAW.Q L)z inf  BAW). Pr) +o(1)

and that
irAlf’y(A,Q(a,L,@)) > igfv(A,Pn) +o(1).
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It is, therefore, sufficient to show that, when u,, <X 1,

a8 BAW). P2 2 BB (£ () + (1) (3.18)

and that
igf’y(A, P.)> 2@(—n\/ﬁ@) +o(1). (3.19)

While, for u, = o(1), we need to show that
iI&f’}/(A,Pﬂ-) - 1. (3.20)

In order to obtain (3.18) and (3.19), we apply results in Section 4.3.1 of [58] giving the
sufficient condition that, in Py probability:
fr U
Ly p:=log—(X1,...., Xp) =unZy, - — +§, (3.21)
1 2
1 2+ L . . C
where u, = n./pb(p) x 1, b(¢) = C2(a, L) - p“"2a, Z,, is asymptotically distributed as a
standard Gaussian distribution and £ is a random variable which converges to zero under

Py probability. Moreover, to show (3.20), it suffices to show that

dP;\*
Ef(d—PI) <1+0(1), (3.22)

since

. dP;\?
721_§||PI_P7T||1 and “PI_P““%SEI(CZPI) -

We first begin by showing (3.22), in order to finish the proof of Theorem 3.5. Let,

dP, 2
Hn = ]:E X 7.”7X’I’L
P I(dPI( ! ))

exp (= 3 Zi X ((Z0) ™+ (Bv) ! - 20) X )
(27)% det? (SyTy)

- E[Eyy (3.23)

We have

det™% ((Z) '+ (D) - 1)

H = EUV n
" ’ det2 (XpyXy)

= EU’V(det_%(ZU + Xy — ZUZV)>.

We define Ay = Xy — I and note that Xy + Xy - 22y =1 - AyAy. As the matrix AgAy

is not necessarily symmetric, we write
(I-AvAv)(I-ApAy) =1-M

where M = Myy = AyAy + Ay Ay - AUA%/AU is symmetric. Moreover, we prove that

for all U and V € U the eigenvalues of M are in (-1,1) for all & > 1/2 and ¢ small enough.
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Indeed, by Gershgorin’s theorem, for each eigenvalue Aj; of M there exists at least one
ie{l,...,p} such that
Aar = Mii| < 37 [Mig).
J;J#i
We can show that ¥;...; |M;;| = O(goné) and |My;| < O(p?) + O(gp4’§). Thus,
Hiyp =By (det™ (1 - M)) =Eyy exp - Zlogdet(l - M))
The Taylor expansion for the logdet of a symmetric matrix writes

—ilogdet([ M) - }Ltr(M) . étr(M2) + O(tr(MP)).

In more details,

;ltr(M) %tr(AUAV) - itr(A%]A%,)

1 1 1 1
gm«(z\ﬁ) Ztr(AUAV)2 + Ztr(A%A%/) + gtr(AUA%/AU)Q
—}ltr(AUA%/A%]AV) _ itr(AVA?JA%/AU)

Recall that VA, B € RP? we have |AB|p < |A|2|B|r. For all U,V € U, we use the last
inequality and the Cauchy-Schwarz inequality to get

_2
tr(AvAVALAY) < |[AvAv|[F |[AvAT Ay [F < |Av]z [Av]r [AvAT |2 [Av]r <p- =,
_3
tr(AuALAv)? = |AvATV AU |E < [AvAL I3 [AulE <p-¢* e
Finally, using similar arguments we can show that
_2
tr(My) = O(pe®=).

Thus,
—ilogdet([ -M) = %tr(AUAV) + itr(AUAV)Q + O(p<p6’§),

Now we develop the terms on the right hand side of the previous equation. We obtain

B Dy ¥ L g ¥2
tr(AvAy) = X wgvijof =2 Y, uivij o
1<ij<p 1si<j<p
1<}i—j|<T L<fi=j|<T
and
9 * * * %k
tr(ApAy)® = Wik VhjUjlVli " OinOhj0 101
1<, hl<p
1<[i=h|,|h=4l,li-1],li-5|<T
*4 252
= ) o2 Y ugu - 0y o)
1<i,l<p 1<4,7,l<p
1<|i-l|<T i<j
L<fi=l,[l-j]<T
* * * *
+ 4 > Uih W51 VR Vi O30 1010 ;-
lﬁi,j,h,lﬁp
i<g,l<h

1<‘i_h‘7|h_j‘7|i_l|7‘l_j‘<T
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Now, we can write (3.23) as follows:

logdet(I - AyA

2
_ gt2 *2 42
= EUyexp(n Y, Ui o 5 > Wi Ui VL5V - O O
1<i<j<p 1<i,5,l<p
1<|i-j|<T i<j
1<fi=l|,jl=j|<T
* %k k% n *4 o) 6-2
+ n Z Ui UV VL * O30 5100 +Z Z o;; +O0(npp’~=).
1<i,5,h,I<p 1<i,i<p
i<j,l<h 1<|i-lU<T

1<‘i_h‘7|h_j‘7|i_l|7‘l_j‘<T

We explicit the expected value with respect to the i.i.d Rademacher random variables
{uijvij bicy, {Uilujlvljvlz‘}i<j,1¢{i,j} and {u;p; iV bicji<n Pairwise distinct and indepen-
dent:

*2 42 x2
H,, = [[ cosh(no; [1 COSh(aaz‘z o)
i<j 1<i,,l<p
1<|i—-j|<T i<j
1<fi—l|,Jl~j|<T
* ok %k * n 4 6-2
I cosh (naihaﬂahjali) exp(E > o5 +O(npy a))
1<4,5,h,l<p 1<i,l<p
i<j,I<h 1<|i~l|<T

1<|i_h‘7|h_j‘7|i_l|7‘l_j|<T

We use the inequality cosh(z) < exp(22/2) and get

2
n *4 1 *4 _*4 *2 %2 _*2 %2
Hypp < eXP{E( Z Oij +Z Z Oy 015 + Z Oin 031 Oni0li )}
i<j 1<i,j,l<p 1<i,5,h,l<p
1<|i—j|<T i<j i<j,l<h
1<|i_l|7‘l_j|<T 1<‘i_h‘7|h_j‘7|i_l|7‘l_j‘<T
n *4 6-2
-exp(g Z o +O(npy a))
1<i,l<p
1<li-l|<T
2
Or, = 42 p2ph? d si 0 we have that
o Y, o5 =n°pb”(p) and since ¢ - 0 we have tha
i<j
1<|i—j|<T
n? 4 x4 n? 4 4 _ 2 12 2 2 12
* * * *
5 L oiei=g Yoo X ojf=n'pb’()-ONT) =n’pb’(¢)-o(1)
1<1,5,l<p i+l 7
i#] 1<|i-l|<T 1<|l-4|<T
1<|i—l|,[l-5|<T
and
2
n %2 %2 %2 %2 2 43 2 4+l 4 2 12
5 > o oiionsor =n*0(pATT?) = O(n’pe™*a - %) = n’pb*(¢) - o(1).
1<4,7,h,l<p
i#£5,l+h
L<[i=h|,|h=j|,[i~1]i-5|<T
2_3

Finally, npg06_% = n2p<p4+é . =0(1) as soon as n2p<p4+é —0and a>3/20r 5/8<a<

n
8a=5

3/2 and p < n=2a+3.
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As consequence, if n?pb?(¢) — 0 with the additional conditions on a,n and p given

previously, we get

E, (2—2)2 < exp (nzpbz(go)(l + 0(1))) =1+0(1),

which ends the proof of Theorem 3.5.
Now, we show (3.21) in order to finish the proof of Theorem 3.6. More explicitly,

Ly, = log—(Xl, , Xn)

- * 0\ — n *
log E¢y exp (—5 Y XL(Z) DX - 5 logdet(EU)) , (3.24)
k=1

where U is seen as a randomly chosen matrix with uniform distribution over the set U. Let
us denote Ay = X, — I and recall that proposition 3.9 implies that | Ay | < O(l)cpl_i =
o(1) for all a > 1/2. We write the following approximations obtained by matrix Taylor

expansion:

!

i - AL+ 0()AY (3.25)

S D = 5

[\.’)

( 1)l+1

log det(3%)) Al +0(1)A?,) (3.26)

tr(z

Note that, tr(Ay) =0 and that tr(A}) =[S - I|F =2 3 s 2 does not depend on U.
1<i<j<p
Moreover,

- 2
Er(Y, XpApXy) =n-tr(Ap) n'||AUH4'tT(A%J)30(1)'7“)04_“ P’

k=1 :
< O(1) ny/pe™ 2 /' TEe
< O(1) - up/p* % 70 = 0(1)

for all @ >1 and when u,, = O(1) and \/ﬁgo}i =0(1). Also, for all > 1

VarI(ZX,IA X)) = 2ntr(AL?) < O(1)np™ a-p4p2=0(1).
k=1

In conclusion, we use Y,, = E;(Y;,) + Op(y/Var(Y,)) for any sequence of random variables
Y,, to get

n

> XJAY Xy - ntr(AY) = op(1),  in Pr-probability.

k=1

We get
1& 1&
Ly,p = log By exp ( §ZX;IAUXk—§ZX,IA Xi + tr(A) (3.27)
k=1 =
15 I+1 TAl _n ( 1)l+1
+ =3(-1) ZXkAUXk z Ar(A)) +op(1).
213 k=1 23
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From [ = 3,4 and 5, we treat similarly the terms
SN XJALX, = Z Xk)+0p(\‘ Varl(z XJ AL Xk))
k=1 k=1
= ntr(AL) +0p(1)- \/ ntr(AZ) (3.28)

By (3.27), we have ntr(AY) = o(1), similarly we obtain ntr(A¥) = o(1) for [ = 4 and 5.
Thus (3.27) becomes :

12 12
Lnp = logEy exp ( SN X[ AuXe-= Y X[ AL X+ tr(A )
24 243
n 1
b oSN (1 1) r(AY)) + op(1). (3.29)
23 l
We have
tT’(A?&) = Z uijujkukiafjajkagi = 3! Z uijujkukm;ja;ka;i
i#j#k i<j<k
k+1i

and we decompose

tr(A ) = Z Ui Ul UKW 0. w JkUklUlz
ixjtk
ilk
= Zai +2 Z 0*2 *2+4' 2 Ui UK UKL UL O350 1k O Oy
i%j itjtk i<j<k<l
Note that
. 1
nY o5t = O(npp'a) = O(ny/pp* 2 - /pp? 2) = (1)
1]
Y JZQg;Ig—O(np)?TQ) O(n/pp**2a -\ /pp* 2a) O (un - /pe* 2a)—0(1)
i£j+k

if u, x 1 and \/@027% — 0. As for the last term :

t’r’(A ) = Z ul]u]kuklulquZUZ] ]kaklalvavz
i£j£k
k#l#v
V#EL
_ ] A2k k% 3, . L *3 k%
= 5> W)k UkIUL O35 03,0015 + O > Wi UjkUkiTij Ok Oki
ixj*k i#j#k
k#l+j k#i

* * * * *
+ Bl Y U U U U Ui OO O 1 Oy O
i<j<k<l<v

The first two terms in the decomposition of tr(A?;) group with tr(A};) with extra factor

> 0’;2 +0;7 = O(A-T) + O(A) = o(1), therefore we ignore these terms in further
Jli=il<T
calculations.

Let us denote by W;; = Z X, Xk, j, then Z XkAUXk = Z uuaw,WU,
k=1 k=1 1<i#j<p

n p
Z X;;AQUXk = Z [AQU]UWZJ = Z Z uihuhjag'ha;jWij + Z Z Uj,?W”
k=1

1<i,j<p 1<i#j<p h¢{i,j} i=1 h#i
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and —tr(A )=— > o Then, from (3.29) we get
1<i+h<p

1
Ln,p = logEyexp (5 Z Uijo; W 5 Z O-Z*hQ(WZZ _ g)

1<i#j<p 1<i+h<p
1 . % n -1
-5 > Uihuhjo'ihahjwij"‘EZ(_l)Hl'_'tT(AlU))"'OP(l)
1<izj+h#i<p =3
= logEU exp ( Z uijU;jWij - Z uihuth;hJ;jWij
1<i<y<p 1<i#j#h#i<p
i<j
5
n 1 ((-1) * *
+ 52(_1)+ Tl' Z uklkZ‘“uklklO—klkghnaklkl)
=3 k1<ko<---<ky
1 . n
-5 > aﬂf(WM—g)mpu). (3.30)
1<i+h<p

Now, we explicit the expected value with respect to the i.i.d Rademacher random vari-
ables wij, WinUhj, Uk ko Ukoky Uksk, » - - - for all 4 < j h,ky < ko < --- < k; pairwise distinct.
Indeed, products of independent Rademacher random variables are still Rademacher and

independent. Thus,

Ly, = Z logcosh(a Wii) + Z logCOSh(O';hO';;jWij)
1<i<j<p 1<i<j<p
he{i,g}

5 (_ )l+1

+ oy logcosh( (=1 (=) o gy Ukzkl)
=3 k1 <<k
1 . n

-5 ¥ gi,f(wii_g)m,p(n. (3.31)
1<i+h<p

We shall use repeatedly the Taylor expansion of logcosh(u) = u?/2 — (u4/12)(1 + o(1)) as
u — 0. Indeed, Ef(W;;) = 0 and E;(|o;; Wil <0(1)-An=0(1)-n <4a+1)p Gy =o(1),
giving that |o;;Wi;| = op(1). Thus

L.
log cosh(o, W) = 5 (95, Wig)? = = (o7 W) (1 + 0p (1), (3.32)
Similarly, using the first order Taylor expansion, we get
* * ]' * *
log cosh(o3,04,;Wij) = §(Uz'h0thz‘j)2(1 +op(1))

and for [ = 3,4 and 5,

n((1-1)- (- 1)!)2

(=1 (=)0 107, ) = - 07,075, (1+0(1)

-1 1+1
log cosh (%

Recall now that o; = 0, for all 7, j such that |i — j| > T" and 0;]2 <A= O(l)g02+é. Then,

E( Y oioiiw?) = 0(npA°T?) = O(npi) = O(1) - n/pig™ 25 - \/pp? 2 = o(1),
1<i<j<p

he{i,g}
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as soon as u, < 1 and \/ﬁcp}i — 0. In conclusion, as the convergence in IL1(P;) implies
convergence in P; probability, we get
Y. logcosh(oj,op,,;Wij) — 0 in Py probability. (3.33)

1<i<j<p

he{i,j}
Moreover, for [ = 3,4 and 5,

2
_ (1 =1)!
) ((z 1)- (1 1).)

n’ oy 2 cop2 ok, = OmPpAITI) = O(n?pp* ) = o(1).
k,‘1<'"<kl

(3.34)
Using (3.33) and (3.34), (3.31) gives

1 " 1 " 1 . n

Lyp= 3 Z 2W£‘E >0 4W4(1+0P(1))—§ Z UijQ(Wii_E)+0P(1) (3.35)
1<i<j<p 1<i<j<p 1<i<j<p

we further decompose as follows :

. 1 .
> oW = Z oo X,f,iX,ij+§ Y 0 X i Xk X1 X

1<i<j<p k 1 1<i<j<p 1<k+l<n 1<i<j<p

N |~

With our definition: U;f =2-w}; - b(ip), we can write

> U;jQXk,iXk,le,in,j =ny/pb(¢) - (n-1)\/p- Dy

2 1<k#l<n 1<i<j<p
and we put Z, = (n-1)\/p- D,, which has asymptotically standard Gaussian under P;
probability, by Proposition 3.1.

By Proposition 3.10 given in the Section 3.7, we have E(Wé) =3n%(1+0(1)), then

1 N 4 up
—-E; o Wi )=—-3n o (1+0(1)) = —2(1+0(1)).
12 ( 19;@ ! J) 12 137;51) ! 2
Moreover,
*4yrr4 _ *4 *4 4 4
Varp(} oiiWi;) = Y. o5 SVary (W, ) Y2 > 05055 Cov (Wi, W)

1<j i<j 1<i<j#j'<p
= O(n'pAIT) + O(nPpAiT?)
= O(n'pe™ =) + O(n*pe™ =) = o(1).

We deduce that,

Remaining terms in (3.35) can be grouped as follows:

ii > o (Xii - 1)(XE;-1) = op(1)

<i#j<p
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since the random variable in the previous display is centered and

E(Y Y o(xk-D(xE, 1)

Z Z U EI(XkZ 1)2EI(Xk] )2

k=11<i#j<p k=11<i#j<p
= 4dn ) g L= O(npb*(¢)) = o(1),
1<i<j<p
which concludes the proof of (3.21). O

Proof of Theorem 3.8. The type I error probability tends to 0 as a consequence of the
Berry-Essen type inequality in Lemma 3.11 in the Section 3.7 applied to the degenerate
U-statistic Dy, ,. We have that, for some ¢ € (0,1/2) and any ¢ >0 :

|]P’1(DM <t)=B(n/p- t)| < 1662 exp(- 2 ) + 0( ) + 0( ; ) for all 1 <7 < NV.

piy

We use the relation 1 - ®(u) < (1/u) exp(-u?/2) for all u € R, to deduce that

1 1
()+oz)
We use this previous result to show that the type I error probability tends to 0. See
1
that for all r € {1,---, N}, Cy, > c(a, @), where c(a,@) = (2a+1)/(2a(4a + 1)22). Thus

since n\/p-t, = Cx,\/Inln(n\/p), we obtain that n./p-t, > c(a, a)\/Inln(n\/p) =: t for all
r€{1,---,N}. Recall that N = [In(n./p)], therefore

—~ 1
Pr(Dyr > ) < (n - + 1651/2) exp

N
Pr(ALy;=1)=P;(3re{l,...,N}; Dy, >Ct) < > Pr(Dy, >C*ty)

=
¢ S (e 0ot M)m( >+o<p;>}
(C(Q,d)C*\}W +16%) (In(ny/p) )~ (L) /2"
O(lninﬂ) 0(1)Z
See that :

I N S oK (o) KRR C< 3 R Cl}

Py pid prsip n/p
Moreover if (Inp)/n = o(1), then In(n,/p)/n = o(1), and if C* > 2/c(a, &) we obtain

Pr(Azg=1) =0(1).

Now, we move to the type II error probability. Let us consider ¥ € F(«, L) such that
1/2p) |2 - I = (1/p) Zic; 0'” > (Ctpy)? for some a € A. We defined o, as the smallest
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point on the grid such that a < a,,,. We denote by 571,1”07 trg, Args br, and T, the test
statistic, the threshold and the parameters depending on ay,. Also we define C7, , CATO
and Cp,  the constants define in (3.5) for ay, instead of a and L = 1. We have Cp, < 1
and Cr, > 1, for all r € {1,---N}. The type II error probability is bounded from above as
follows, Yo € [a, @] and V¥ € Q(a, L,Cty) :

Py (A%, =0) PE(V1ST§N,ﬁn,TsC*tT)<}P’Z( Dppy <C* tm)

PZ(EE(@\R,T()) - Dn ,ro = EZ (Dn m) c” tro)

IN

First we have

— 1 Ay 71— j|\2or

EZ(DTM‘O) = 2_92 17,70 z] B b_ (1_(|T—mj|) 0)+Uz'2j
i<j

i = g2

2

2
. O" .
20 ZJ)
b bro i<j i<j i<j 15, "o
|i—j|>Tr0 |i— j\<T,«O

" ) bro(c2 Yo - L'TT_OQQ)

Y,
I
S
g
Q
SN

\Y%
/—\
aQ

o
8
Q
M
'ﬂ
S
Q

v

_1 _da
Oy <cbm>-5<¢%>2aro (€2~ (Cr) ™ (ta,,) ™)
4da+1

Oy (€ ()70 02 = (Coy )2 () 00 ) = (Br - B).

[\

Now we show that, since a < o, we have,

C- (than, )70 - (10)? - ((n/B) )

4(arg-—a)

((n/P)/pnp) om0 DD > €

By -t}

Moreover, use that 0> o — o, > —(&@ — @)/ In(n/p), to obtain

4a+l 4(a— Ha—arg ) )

o B3' = (pnpl (/D)) (O )P - () 270 2 (0/B) ) 0™

- e (=2 (B )}
> exp{ y(1+0(1))}>0(a Q).

We deduce that,

Ez(ﬁn,m) 2 (C - @) “Trg-

Let us denote by 77 and 73 the right-hand side termes in (3.7) and (3.8), respectively.
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1
C(a, @)

Then by Markov inequality, for C — -C* >0, we get

Ps(A54=0) < Ps([Dus ~Ex(Dary)| 2 Ex(Dyry) = C'hry )

1 2 _
Vars(Dy.r,) . (C - m) Vars (D)
(EsPur-ctu) (¢ Gy =€) B Pun)

(- =) - (Ti+ (-1)T)
_ —) (Ti+(n-1Ts
Cla, @) = F1 + .

=0 iy ~C) B Par)

<

We use (3.7) to show that F} tends to zero.

1 2
. - cam) 7
1 2 —~
n(n - 1)p2(C— Cla,a) _C*) E3(Dn.ro )
; Lo ORI o2y o),
n(n — 1)p(C - C(a d) —C*) t72"0 n(n - 1)ptr0

3 -
since T)2 -ty = O((pnp/n\/]_)) 4aro+1+1) =0(1) for oy, > 1/2. Similarly we use (3.8) to show

that
1 2
- cma) ™
F2 = 1 2 9 o~ = 0(1)
2 _ _ *
np (C Claa) C ) ES:(Dn.ro)
Thus we get, for C 1 C*>0
W _ _
e Cla,a) ’
sup sup Py(A;;=0)=0(1).

aela,a] ZeF(a,L);
1
%HE—IH%ZC%@

3.7 Additional proofs

Proof of Proposition 3.1. We recall that under the null hypothesis the coordinates of the

vector Xy are independent, so using this fact we have :
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. 2 p pn n
Vary(D =— V. X X1 i X1 X0
] k‘¢
S SR () = S S =
= 2R4x2 ) = w?=—
n(n - 1)P2z 1j=1 b Dp* =3 n(n— L)p
1<j i<j
For ¥ € Q(a, L, ),
Es(Dn) = wiHE(Xp i X, X1 X15)
" n(n - l)p;jzuz;kzl g IR
i<j k+l
P
= _Z Zw’LJE(Xl leJ)E(XQ lXQ,]) = Z wa ij
’L 1] 1 pz 1] 1
i<j i<j
Remark that D,, - Eg(ﬁn) can be written as the following form
— - 1 nonp P
Dp-Ex(Dn) = ————3 > 2, > wii(XeiXe = 03) (XX, - 0ij)
n(n-1Dpi= =i 3
k+l <j
9 n P P
+— Z Z szj (Xk sz:] UZ])UZ] (336)
NP =14=1j=1
i<j
Then the variance of the estimator 571 is a sum of two uncorrelated terms
— 2 p P )
Vars(Dy,) —QEE{Z zw;j(Xl,in,j -04j)( X2 X2 - 04j)}
n(n—1)p i=1j=1
A ' (3.37)
+ _EE{Z Zwlj (Xk sz,j Uz])Uz]}
p i=1j=1
i<j

Now we will give an upper bound for the first term on the right-hand side of (3.37). Denote

by

p p
T = 2Es{) Y wi(X1i X1 —0i) (X2 X —045)}
i=1j=1
i<j

[ES e

1 p p P 9

= 52200 Lwiiwiy (G + 0ipoi;)
i=1j=1¢=14'=1

~

i#] e

p p
> wiwh B (X1, X1 — 04g) (X160 X1y —0wjr)}

We shall distinguish three terms in the previous sum, that is (i,7,4',j") € Ay U Ay U A3,

where Ay, Ag, A3 form a partition of the set{(4,7,4’,j) € {1,...,p}* such that i # j, i’ + j'}.

More precisely in A; we have (4,5) = (¢/,5") or (4,5) = (j',4'), in Ay we have three different
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indices (i =i and j # j") or (j =4 and i+ i) or (i=7"and j#i) or (j =4 and i + ;')
and finally in A3z the indices are pairewise distinct. First, when (i,7,4',j') € Ay, we use

that Vary,(X1,X1;) = (1+0’ )2 to get

Ty, = i iw;’f(l + O'Z]) Z Zw + 2 Zw (QUU + crlj)

i=17=1 i=17=1 i=17=1
%] %] 1£]
< p+3zzw 20 <p+6-p-L- supw (3.38)
i=17=1 i,J
1#]

and this is p(1 + o(1)) since supw % (1/T) - 0. When the indices are in Ag, we have

three indices out of four Wthh are equal. We assume i = 4/, therefore it is sufficient to

check that,

LA * 2
> Z wiwi (04 + 0ij05j1)

p
Tip = 2)
=1 ]=1‘7 =1
J# %
Jj*j’
p p p
< Ay yw) wijr JJ' +4 Z Z Z wijwij ’Uwaw’
=]=1]: ’Llj‘l'] =1
31 %5 3%
Jj*j’ J*j’

Now let us bound from above the first term of T o,

112 D
Tion =35 S wljulyo?, zz Suuiet+ 3 3 I S us,
i=17=1;5'=1 i=17=1j'=1 j=1j'=1 i=1
i e i 4 i
j#j’ lj=4'|<T li=3"12T

(3.39)
Again we will treat each term of 77 21 separately. We recall that the weights w;j verify

the following properties

(wf; 2 wjy for li-j|<|i"=j"])  and Zw;xﬁ

In the rest of the proof we denote by ko(«, L), k1(a, L), ... different constants that depen-
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dent only on « and/or on L. We have for o > 1/2,
P& E * %2 P P2 * k2 P b2 * & 2
Tipan = 3,0 DJwiwiyoye =2 3%, WHWEOL Y, DY Whw o
i=1j=1'=1 =1 j=1j'=1 =1 j=1j'=1
J#F 5 #4 J# 5 +i J# 5 +i
lj=4'|<T l7=7"<li=4I<T li=jl<li—3"1<T
p P S N z]|‘7 j’|20‘2
< Z Z wjjfajj, Zwi], + Z Z Z ‘Z — ’20& 0']]/
Jj=1j4'=1 i=1 =1 j=14'=1
J# 5+ J#1 5 #q
lj=g"|<li=jI<T Ii—j|<lj—j’|<T
< ko(a,L) T -p-Ex(Dy) + (supww)2 Zl 21 i -3 Z |2a
J=1j
J#5’
\/_ ~ *\2
< koo, L) VT -p-Es(Dy) +ki(a, L) - L-p- (supw;;)
Z’J
< p-Ex(D,)O(VT) +o(p). (3.40)
For the second term in (3.39), where |j — j'| > T, we use the following bound:
P * % P *\2 1
>, wiwi <y (wh) < >
i=1 i=1
i#5,5" i#5,5"
then we prove that
LO-dP 2 & L-p
T1,271,2 = Z 2 WO’jj/ EUJU'LU;/ < ﬁ = O(QTQO‘) (p) (341)
j=1l4'=1 i=1
J#§'%g
li=g"1=T
Note that supo;; < 1. The second term of T 2, is bounded as follows
i,
P& * % 2 2 L ' * 2 P * 2
Tipo = Z Z Zwijwij’aijgij’ = Z( Z wijaz’j)( Z wij’aij')
i=1j=14'=1 i=1 " j=1 j'=1
J# j#i J# §'#
Jj#y’
P p P
2
< (supwl])sup( > O'ij)( > wwlal],)
i,J i j=1 i=14'=1
1S‘j*l‘<T ]’¢i
< 2L-(supwy;) T-p-Ex(Dy) <p-Ex(Dn) - O(VT) (3.42)
7]
As a consequence of (3.40) to (3.42),
T2 <p-Es(Dy) - O(VT) +o(p) (3.43)

The last case, where (4, 7,i’,j") vary in As, the indices are pairwise distinct,

Ty = >, Wi Wi (0T jjr + 0ijioirg)?
(4,5,4",3")eA3
2 * ok 2 2
2 Z w”w ,J,O' 'j’ +2 Z W W, 31075057
(4.3,4,5")eAs (4,5,4",3")eA3

IN
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As the two previous terms have the same upper bound, let us deal with the first one say
Ti3,1. We should distinguish two cases, the first when |i — 4| < T" and the second when

li —i'| > T. We begin by the first case, which in turn will be decomposed into three terms.

First,
. 2 2 %2 2 2
Ti311 = > Wi W00 < 3 wiFoor,
(i’j»ilvj,)EA?) (i»j»ilvj,)EAi’)
li-gl2limi/,[8/ =5 [2i~4/| \z’—j\zu—i'\ Ji/=5[2li~4/|
2
< (supwy) D, wj ol > cr (supw -T2 p-Ex(D,)
(%] 1<i,i’<p 1<4,5'<p
I<li=jl,J&'=5"|<T
(3.44)
Then,
_ 2 2 02,02
T1737172 = ’LUZJ'UJ I]IU ’U]]/ < Z w”w O']]I
(i)j)ilvj,)EAi’) (i,j,i’,j,)GAg)
[i=jl<li=d'|<T,Ji! —5'|2]i~1']| [i=j|<li=d|<T |3’ ~5"|2]5-5"|
< (supwj;)-T?-p-Ex(Dpn) < kao(e, L) - TVT -p-Ex(Dn) (3.45)
ij
Finally, using Cauchy-Schwarz inequality, we have,
. 2 2
T1’3,173 = www /]/0' /0'”
(ivjvi”j,)eAS
li-j|<|i—i!|<T,|i! -5 |<|i—i!|<T
. -/ 2
_ SRR kg )
- ij Wiyl i — jlefi’ — j| w'> gy
(i,j,i/,j’)€A3 ‘7 j
[i~g|<li~d/|<T,|s'~5"|<|j~35"|<T
2
20, 955"
< (upuy) 5 z i - S e
i=1i/= 1< 55" <p J J
‘ “ 1<li=gl,lé'-5"|<T
1
< k3(o,L)-T7'-2pL-max{1,T2**?} = o(p) for a > 3 (3.46)
Now we suppose that we have |i —i'| > T, then,
T . 2 2 — |i—Z'|2a 2 2
1,32 = Z w; Jw IJ/O' ]]/ = Z wl]wl/jlWU“/O"jjl
(1,5,4",5")eAs (4,5.3,5")eAs
li—i/ [>T li-i’|>T
*\2
(Sl}ljpwij)
k2 . 2& 2 2
S —T20¢ 2 |2 Z Tyir Z 0']]/
1<2,4'<p 1<5,5'<p
1<li=gl,lé" 5" |<T
*\2
(supwy;)
s
1,7 k4 a, L P 1
< —~2pL'T2S¥=o(p) for a > —. (3.47)
T2a T20¢—1 2

Finally we obtain, from (3.44) to (3.47) :

Tys <p-Es(D,) - O(TVT) + o(p). (3.48)
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Put together (3.38), (3.43) and (3.48) to obtain (3.7). Let us give an upper bound for the
second term of (3.37),

T

4EE{Z szg(szXk,J U@J)Uzy}
i=1j=1

i<j

p
= 2
i=17
i#]

=i

i*]

w w 5 /UZJUZ j’EE(Xl zXl,] Uij)(Xl,i’Xl,j’ — O'ilj/)

v
ENNIE
M=

<.
Y
<
H
<

1

~.
.
<
1l
—_
<.

~

w’J’O—’LJO-’Lj ( /“"0— /O—/J)

WM@
LM*@
M@

<.
=
<
H
<

Il
—_

~

Proceeding similarly, we shall distinguish three kind of terms. Let us begin by the case

when the indices belong to Aj,

T2,1 22 Zw EE (Xl zXl,j Uij) 22 Zw*Q 2 (1 + Uzg)

i=17=1 1=17=1
(] %]
< 4(Supww)z Zw” o —8(Supw”) p-Ex(Dn)
i=1j=1
%]
= o(1)-p-Ex(Dy). (3.49)

Next, when (4,7,i’,j") € A,

M=
M=
M*@

Too = w;w;5 035045 (045 + 0ij0ijr)

.
Il
—_

LS.
TaT]
S =

—_

LS.
S

H# 1l
<.

” J/O'UO'Z]IO'”I +4Z Z Z wzjw /O'Z]O'U/
=lj=1j'=1
JFL G+

I
M
M*@

S
oL
<
Ju

<
H#
.

<SS
H#

We bound from each term of T3 o separately. Using Cauchy-Schwarz inequality two times

we obtain,
p P P PP Pl g \U20 B 5 12
= * .. *
Top1 = ), Z Z Wij Wi 030350050 < 2. UU( wz‘j’Jij’) ( > Ujj’)
7,:]_ =1 ,] =1 =]_]'=]: j/:1 j/:I
J#i j'% J#i % i
PR o o2 BB L, PLo, 12
* *
< (U Xwitel) (XN wieln (Y ol)
i=1j=1 i=1j=1 j/'=1 §'=1
J#i J#E i i

IN

(supw};) -p-Ex(Dn) - O(T) = O(VT) - p-Ex(Dy).
i,j
The second term in 75 2 is 77 22 and therefore,

Ty =O(T) p-Es(Dy). (3.50)
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Finally, when (4, j,4’,j") € As, we have to bound from above

* * * *
T3 = Z w”w /]/O'ijO'i/jIO' O']J/ + Z Z Wy Wit 1 0§ Ot 1 O3 O 5.
(i7j7i,7j,)€A3 (Zvjvilvj,)€A3
These last two terms, in T3 3, are treated similarly, so let us deal with :

wl]wZ/J,O'UO'l ]’U /O']]
(4,5,4.5")eAs

< ZZ(Z“’U Tiir )1/2(wa U)l/Q(Zw’ o ’)1/2(2“)’ 'UJJ )1/2

< (SEEuirSuieln) (> w;jw;j,g;j,gg,)”?
(4,5,1",5")eAs

< pEz(ﬁn)( o w; wZ,J,UJZJ o2 )1/2

(1,4,1,5")eAs

Using the upper bound of 77 3 obtained previously, we have

T3 < py/p- (ESE/Q(zSn) O(T**) +Ex(D,) - 0(1)) (3.51)
Put together (3.49), (3.50) and (3.51) to get (3.8).
The asymptotic normality under the null hypothesis is obvious. O

Proof of Proposition 3.2. We use the decomposition (3.36) in the proof of the Proposi-
tion 3.1 and we treat each term separately. Recall that, by our assumptions, n\/ﬁEg(ﬁn) =
O(1). Use (3.8) to get

Varz( Z Z ;j(Xl,in,j _Uij)o-ij)

l 1 1<i<j<p
< g(p3/2(o(1) -EZ(DR) +O(T3/4)]E;;/2(§n)) +p-Ez(§n)O(ﬁ))
= o(UnVFEx(B,) + (/5 Es(B) - S ") /5 Es(B)-o(1)

(3.52)

This tends to 0, since T°/n?p = (n?pb?(¢)) ! - p*2/% = 6(1), which is true for all & >1/2.
It follows that, for proving the asymptotic normality, it is sufficient to prove the asymp-

totic normality of

n\/p- Yo Y wi(XeiXe - o) (X1 Xy5 - 0ij).

n(n L)p 1<k#l<n 1<i<j<p

We study V,, centered, 1-degenerate U-statistic, with symmetric kernel H, (X7, X2) defined

as follows
Vo = Z Hn(XkyXl)a
1<k+l<n
1 "
Ho(X1,X2) = —— > wjj(XpiXp - 0ij) (X1 X1 - 045).

Pi<ici<p
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We apply Theorem 1 of [50]. Therefore we check that Ex(H2(X;, X2)) < +oo and that

Ex (G2 (X1, X3)) +n 'Ex(H, (X1, X2))

_)07
EL(H2(X1,X2))

where G, (z,y) = Eg(Hn(Xl,x)Hn(Xl,y)), for x,y € RP. We compute

Gn(z,y) = > > whwip (g - 0i) (Yiyy — 0ij)(0in o+ 0o
p1<z<j<p 1<i’<j’<p

Since nv/p- Ex(D,,) = O(1), and from the inequality (3.7), we have
1
Es(H, (X1,X2)) = 55 (1 +0(1)) .

In order to prove that IEZ(G2 (X1, X2))/E4 (HQ(Xl,XQ)) = o(1), it is sufficient to show

2
that EE( Z Z ’UJU (X1 zle O‘U)(XQZIXQJ/—O'Z] )(O'”/O']]/+0'110'z] )) =0(p2).
1<i<j<p 1<i'<j’<p

In fact,

2
> > whwip (XX - 0i) (Ko Xo,jr = 0irge) (040 + Uz"jaij’))

1<i<j<p 1<i'<5'<p

= Z Z Z Z wnﬁw : ’wlzjzwz’jé (01111 Jij1 Pt Ulljlalljl)

1<i1<j1<p 1<i| <ji<p 1<ia<ja<p 1<if<ji<p

(Cigit Oy, + Oit i Tingy) - BU X100 X1 31— 011 ) (X1, X015y = Tiggin) ]

[(XQ 11X2 Ji - 011]1)(X2 z2X2,32 - Jléjé)]

= Z Z Z Z wll]l 131 lzjzwzgjé(anll ]1J1+02131011])

1<ii<ji<p 1<i <ji<p 1<ia<jo<p 1<if<ji<p

(‘712@2 jogy + Uzgjzazzh)(amzajzn + Uzljg”@h)("ﬁlé“]éj’ t 0530 ) (3.53)

To bound from above (3.53), we shall distinguish four cases. The first one is when all

couples of indices are equal,

G = ¥ wil(vol )t < (supwiy) - (sup(1+07 ;)Y Y wid
1<i1<j1<p 21,71 21,71 1<i1<j1<p
< 8- (Supwml) = o(p) = o(p?).
11,01

The second one is when we have two different pairs of couples of indices, which can be
obtained by two different combinations of the couples of indices. When we have equal pairs

of couples of indices, as for example (i1, j1) = (i2, j2), (1,71) = (45, j5) and (i1, 51) # (41, 77):

we get
Ga1 = Z Z wz?]lwz’ﬁ (01111 gyt 011]1021]1) (1+ 0'“]1)(1 + U’ ’)
1<i1<j1<p 1<3/, <]1<p
2
< (sup wz-*ljl) . (sup(l + U?1j1)2) . Z Z wmlw " ((fm 1T+ 0113102131)2
11,71 11,71 1<iy<ji<p 1<if<ji<p
< 4-(supwy;) n’pEx(H2(X1, Xa)) =4 (supwi; ) -p = o(p?).

11,1 11,J1



102

When we have three couples of indices equal, for example (i1,71) = (i2,j2) = (i5,j5) and

(ibjl) # (2,17]{)3 we get

> >, Wi wh (00 0+ 00 ) (L o ) (1 + 07 )
1<ii<ji<p 1<i)<ji<p
2
4-(supwy,; ) -n’p-Ex(Hp (X1, X2)) = o(p?).

11,71

Gao

IN

For the third case, there are three different couples of pairs of indices, for example, (i1,71) =

(i%,75) and (i1,71) # (41, 41) # (i2,j2). Using Cauchy-Schwarz inequality several times we

obtain,
= *2 e g
gz = Z Z Z wy, j, W 14 Wiago (Ulliigjui +Uz'1]10@1ji)
1<i1<j1<p 1<i! <]1<p 1<i2<j2<p
(CirinTjogn + Uzmzazzn)(az i20jagy T Oif ja Tiaj DL+ Uzg j2)

< Z w; ,j,wmh(al 20424, + Oit 120, N(1l+o ZMQ)

1</ <] <p 1<ia<jo<p

9 / 9 1/2
* *
Z wiljl(ahi'lajlji +Ui'1j10i1j{) ) Z wiljl(allwajzjl + 0iyj2 Oigjy ) )
1<i1<j1<p 1<ii<ji<p
N\ 1/2

< Z w22j2(1+012 J2) ( Z w (‘7% 1920 23] +‘72132‘712J1) )

1<ia<jas<p 1<if <ji<p

1/2
Z w; ’]’wzlgl (01121 Jia + 62191CZ J1) )
1<t <t <pl<ii<ji1<p
1<

1/2

S W (GirisTjajy + TiyjaTings)? /

i171 \7 112 7271 1172% 1271 .
1S’i1<j1£p

Moreover, we recognize in these bounds

2 2
Z Zw’ ’w“]l(azw jij1+‘7z1j'azlj1) :np'EE(Hn(leXQ))

M <]1 11<J1

which is O(p). Thus,

1/2
g3 < Sup(1+0'12j2)2‘( Z Z w12%2'(U/ I(O—l 120—]2j, +021]2012j1)2)
12,72 1<i9<jo<pl<i’ <]13p
1/2
(n?p Es(H2(X1,X2)) - 3 Y wiZwi, (0uitig +00p0ii)?)
1<i9<j2<pl<i1<j1<p
3 2
< 2(supwy, ;) - nPpY? EYP(H2(X1,X2)) < (supwy, ;) - 0¥ = o(p*/?) = o(p?).
11,71 11,71

Now we will treat the last case, when the pairs of indices are pairwise distinct, in this case,

we have 16 terms to handle. As all terms are treated the same way, let us deal with:

Gy = Z Z Z Z w'zel]lwlljinQ]Qw*jé

1<in<j1<p 1<if <ji<p 1<ia<ja<p 1<if<ji<p

"0yl Tigil, O jagh 05154 Oinin 0 jag1 94445 0 54 54
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In order to find an upper bound for G4, we decompose the previous sums, into several sums,
similarly to the upper bound of (3.48). That is (i1, j1, 17, J1, 92, j2, 15, j5) € J1UJaU---U Jyg,
where Ji, ..., Jig, form a partition of the set {(i1,j1,4,, 7], %2, j2, 15, 75) € {1,...,p}3}. Let

us define,
Ji = {(ilajlvill?ji7i27j27ié7jé) € {17 e 7p}8; 1< ’ZI _i,1’7 ‘21 _i2|7 |Z2 - Z,2|7 |1,1 _2,2’ < T)}7

J2 = {(ilajlaill’j{7i23j27iévjé) € {]-7 v ap}g; 1< |Z.1_Z.,1|a |7;1_Z.2|7 |22_Z,2| < T’ and |Z,1_,L,2| > T)}7

and so on, for all J,.,r =3,...,16. To bound from above the sum over J;, we partition

again Ji, J1 = Ji1 U---U Jy 16 such that,

Jll = {(7/17j172,17]{7127j277’,27]5)E{]-a7p}87‘7ll_1,1|Slll_]1|7|1,1_2,2|S|7’,1_j{|7

i1 —i2| < |iz = j2| and |iz —i5| < |i5 - j3|},

and so on, until we get the partition of J;.

Ga1 > > > > wijwy Jw;212w;/15

1<i1<ji<p 1<i! <]1<p1<22<]2<p 1<Z2<]2<p

(31,71,87,91 12,J2,15,95 ) €J1,1

0414y 94141 Tioih 0 jojl Tiria 021 944 9 jb 51

IA

Z > w;, ’legw ! ’wzzzQUili’lJigiéahizgi’li’z
1<iy i) <p 1<i2,ib<p
Z Z 525593131 9 3251 9 3531
1<51,31<p 1<j2,55<p
1<fir=jal,[#y =51 L li2 =gl li5—d5|<T

4 * 2
< T '(.Supwiljd) ’ Z Z \/wzul i12 z'lllgw iy, Tindy iy Tini2 T i
11,J1 1<11,11<p 1<12,12<p
1/2
4 2 2
< T (Supwu]l ( Z Z wll@/ wlﬂz iriy 127;/2)
11,71 1<iy,i] <p 1<ia,if<p
> X 2at)
wlllgw gl 0112201’12’2
1<1 11<p 1<12,z2<p
4 2 2/
< T '(Supwzljl) 'p EZ(DTL)

11,71

Again, by our assumption that n?p - E2 (D ) =0(1), we can see that :

- T3
Gia < ko(a, L) - T p* -E3(Dy) = p*- O(nTp) =p*-o(1)

where, from now on, ko(«a,L),k1(c, L),..., denote constants that depend on a and L.

Now, we define Jy o := {(i1, 41,41, 51,42, 42,75, 55) € {1,...,p}%, such that |i — 4’| < |i - j],
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i — | <|i' - 5|, i — i1] < |i1 - ju| and Jiy ] > |, - 71|}, thus we have,

Gi2 - 2000 2L D Wi Wi Wiy Wit Ot Oty O O o Tinia s O, T4
(41,J1,8],J1 »82,J2,15,55)€J1,2

5/2 /—
< (Supwnh) /2. Z Z 2112 ‘Z2_Z2‘ 0211’ UZ?Z,zazllZUZ if
21,]1 1<i1 z1<p 1<22722<p
1
> 2 = e OO O,
141,71 <p 1<j2.54<p 27 J2
L<liv=j1l,lé; 44 |, lia—gal, i - 35 <T
1/2
5/2 2a,2 2
< (SqunJl)/ ( Z Z wlﬂ |Z2_12 “ 1111 Z21"2)
11,71 1<11,11<p 1<22,z2<p
1/2
> wme, ,012”20'2 ) T3 max{1, 77}
1<11,z <p 1<12,12<p
< V2 (Supwml)‘r’/Q-T3-max{1,T_o‘+1}-p2-IE;/Q(EH)
11,J1
Therefore,
_ 3/2, 7
Gio < ma(e, L) -max{T7H 7140y wY*(D,)
_ 74 pll/d-ay 1
< k(o L) -max{T"*T } O(n3/2p3/4)
= o(1) since T?/n*p — 0 (3.54)

Using similar arguments, we can prove that all remaining terms tend to zero. In conse-

quence,
Ex (G2 (X1, X3))

S (H (X1, X2))
Now let us prove that, EE(H4(X1,X2))/E (H2(X1,X3)) = o(n),
Ex(Hpn (X1, X2)) i 1) DD IDY szm inja Wiajs Wija

p 11<J112<J213<J314<J4

B[ (X1, X150 — i) (X100 X1 s = Gingin) (X150 X1 s — i) (X100 X 1ja = ija)]

— 0.

The above squared expected value is a sum of a large number of terms that are all treated
similarly. Let us consider examples of terms containing squared terms and products of

terms, respectively. For o > 1/2,

2 2 2 2
Hy o= Z Z Z Z wi*ljlwfzjzwgsjswzzﬂahhUjlj20i31'4aj3j4
21<7112<7213<7314<J4
R 12052 ¢ . 1
< A(supwy;) > Z iy —io|* Y07, D, supaﬁ]2 o= o
i,J i1=114g=1 ji=1  J2 jo=1 lj1 = Ja
|i1—j1|<T |’i2—j2|<T
> 3 li-idood, 3 > o
. 13 — 14 ;. supa " .
ig=1i4=1 R T Jada o1 i = dale
liz—j3|<T lia—ja|l<T
< 16L*-(2a-1)"2 - (sup w;’j)4 -p*T? < ky(a, L) - p*
i?j
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The terms containing no squared values are treated as, e.g.,
e * * * * . . . . . . . . . . . . . . . .
Ho = Z Z Z Z Wi, j1 Wig o Wi i3 Wiy iy Tirin 0512043405354 01430 j1j3Tioia 0 jaja
21<7112<J213<)314<]J4
We can see that Ho coincides with G4 2. Then we can deduce that ,

Es(H,(X1,X2))

=0(1) = o(n).
BL(HE(X,, Xa) O =
Finally we can apply [50], and we obtain:
1 . L
Vi = > > wii (XX —0i) (X1, Xy — 0ij) — N(0,1). (3.55)

N/P1<kzln 1<i<j<p

Combining (3.52) and (3.55), we have by Slutsky theorem that:
—~ —~ c
n/p- (Dp - Ex(Dy)) — N(0,1).
O

Proof of Proposition 3.9 . Let us check the case where u;; = 1 for all ¢, j such that |[i—j| <T
and the generalization to all U in U will be obvious. Using Gershgorin’s Theorem we get

that each eigenvalue of ¥;; = [uija;’j]lgmgp lies in one of the disks centered in o;; = 1 and

p p
radius R; = ) |ugjofj| = ) of;. We have,
j=1 j=1
j#i j#i
1
LA P il 20 2 T ko 1
' Jij = \/XZ( —(%)2 ) $2ﬁ2(1_(f)2 )2
j=1 j=1 + k=1
J#i J#i
g K 20y 24
< 2A( Y- (2)) T =0TV
k=1 T
< O(l)gol_i — 0 provided that a > 1/2.

We deduce that the smallest eigenvalue is bounded from below by

p p
min Ay > min{o], - Y of} =1 -max} of; 2 1-0(1)¢! 2
=1,...,p (] 1 I3 =
jjﬂ? jthz’

which is strictly positive for ¢ > 0 small enough. O

Proposition 3.10. For all 1<i<j<p, Wi; is a centered random variable with variance,

Var(Wi;) = n. Moreover, for 1 <i<j# j <p, we have
Er(W;;) =3n"+6n, Ef(W)W3)=n>+2n, E(W;W;)=9(n"+12n"+44n” + 48n).

Also we have that EI(I/VZSJ) = 105n*(1 + o(1)). Note that if we have i #i' and j # j', then
Wd

ij
variables Wy; are such that,

and Wﬂj/ are not correlated for d finite integer. Moreover, for all 1 <1 < p, the random

E(Wi) =n, Ej(W2)=n?>+2n, Ep(W;)=n"+12n>+44n> + 48n.
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Proof of Proposition 3.10. To show the results we use lemma 3 and some technical com-

putation of [23].

Varp(Wi;) = Erf(W)=E(X]X;)? =E(tr(X, XX ;X)) =tr(I}) =n.
E (W) = Ef(X[X;)*=3tr*(I7) +6tr(I,) = 3n> + 6n
Er(WiW5) = Er(X]X,)*(X[Xj0)?) =tr*(I2) +2tr(I,) =n* +2n
E(WiWi) = Er(XIX)'(XIX0)" = Br(Br (X X)) (XX 50) X)),

Or EI((X,;X.j)4(X‘IX.j/)4|X.i) = g(X.), where
g(wi) = Br((25X5) (25X 3)") = B (25X ) B (2] X))

p

P 1
EI( kzl xk,iXk,j) = kzl i Br(Xi ) + 3; ;xil,ing,iEI(Xlgl,j)El(Xlgg,j)
= = 1#R2

Er((2]X,)")

p 2
3( > xiz) = 3(wwq)”
k=1
then we obtain that
Er(WiWisr) = 91 (X[ X.3)* = 9(n* + 12n° + 44n® + 48n).

Also we have that

B0V = B1( 3 Xeaiy) = S ERC) + O T TG, EHORE, )

k1#ko
+ s SUSEH(X ) BT (X Cg C4 SO EH (X ) EI(XE ) -EHXE L)
Y k1, I kg, I\ ki ko,i k3,i
kl#kz ' k1£kotks
C2.0%.C?
+ B S S ET(XR, ) BT (X, ) EH(XE, ) EHXE, )

k1¢k2¢k5¢k4

= 1052n +(28x 152 +35x9n(n-1)+ (210 x 9)n(n-1)(n - 2)
+ 105n(n-1)(n-2)(n-3)
= 1050t + 122013 + 21001 + 7560n

We use similar arguments to calculate the moments of Wj;. O]

Lemme 3.11. Let 0 <e < 1/2, for any t >0 we have that,

[Pr(Dyy <t) - ®(ny/p-1)| < 16 exp(—@) + o(%) + o(plT

T

) for all1<r < N.

Proof of Lemma 3.11. For each r € {1,..., N}, ﬁn,r is a degenerated U-statistic of order

2, and can be written as follows:

1 .
Dur= > > K(X3,X;), where K(Xp,X)) = Yo wi e X i Xp ;X1 X 5.
1<k#l<n (n—-1)p 1<i<j<p
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Define,
1 k-1 n
N K(Xy, X)) and V2 = Y Ei(Z7/Fi-1)

T — n

\ /varl(pnr) I=1 k=2

where Fj, is the o-field generated by the random variables {X1,..., X;}. Moreover, fix
0<d <1, and define

Zy =

n
Jn = Y Er(Z3) P + Ef[V,E - 111,
k=2

Then by Theorem 3 of [16] we get that, there exists a positive constant k depending only
on 0 such that for any 0 < e < 1/2 and any real ¢,
= X 1/2 t2 k
[Pr(Dny <t) - B — )| < 16" exp(- )+
\/ Vary(D,, ;) 4Var((Dy,,)" €

cdn.

Now, we give upper bounds for Y.} _, E7(Z;)%*?0 and EV;2 - 1/™9 for § = 1 and get,

iEI(Zk)4 2( 1)2 ZEI(Z ZZU} szXk,lezXl,j)
k=2 ns{n-

P k=2 1=1 1<i<j<p
= =0 k-1)(3" wit +3
nQ(n_l)ZPQ z::{( )< 1;<]z<:p ur 1;<]Z<:p1<zz:<gz’;pwwr o T)
B-DE-)(E LT wih+ XY Y wiwid,)}
1<i<j<p 1<i<j<pl<i/<j’<p
1 n(n-1) 3p?
el e CRLC TRy

n-1)n(2n -
( )6( 1)(2 p(Supr]r)+%)}

1 1
Similarly we can show that E;(V;2-1)% = O(—) + O( T ) Thus we obtain the desired
n pbiy

result. O






Chapter 4

Adaptive tests for large covariance
madtrices in presence of missing

observations

Abstract.

We observe n independent p—dimensional Gaussian vectors with missing coordinates,
that is each value (which is assumed standardized) is observed with probability a > 0.
We investigate the problem of minimax nonparametric testing that the high-dimensional
covariance matrix ¥ of the underlying Gaussian distribution is the identity matrix, using
these partially observed vectors. Here, n and p tend to infinity and a > 0 tends to 0,
asymptotically.

We assume that . belongs to a Sobolev-type ellipsoid with parameter o > 0. When «
is known, we give asymptotically minimax consistent test procedure and find the minimax
separation rates @, = (CLQH\/]_?)_%, under some additional constraints on n, p and a.
We show that, in the particular case of Toeplitz covariance matrices,the minimax sepa-
ration rates are faster, qgmp = (a%p)‘ﬁil. We note how the "missingness" parameter a
deteriorates the rates with respect to the case of fully observed vectors (a =1).

We also propose adaptive test procedures, that is free of the parameter o in some
interval, and show that the loss of rate is (In ln(aQn\/]_)))a/(4°‘+1) and (InIn(a?np))e/Ge+D)

for Toeplitz covariance matrices, respectively.
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4.1 Introduction

Recently, problems related to high-dimensional data became more popular. In particular,
in many areas such as genetics, meteorology and others, the generated data sets are high-
dimensional and incomplete, in the sense that they contain missing values. In this paper
we investigate the problem of testing large covariance matrices from a sample of partially
observed vectors.

Let X1,...,X,, be n independent and identically distributed p-vectors following a mul-
tivariate normal distribution N,(0,X), where ¥ = [0;]1<i,j<p is the normalized covariance
matrix, with o5 = 1, for all ¢ = 1 to p. Let us denote Xj = (Xg1,...,Xpp)" for all
k=1,...,n. Let {ek;}1<ken,1<j<p De a sequence of i.i.d. Bernoulli random variables with
parameter a € (0,1), B(a), and independent from X;,...,X,. We observe n i.i.d. random

vectors Y7,...,Y, such that
Vi= (k1 Xitse-s€hp  Xpp) forallk=1,....n.

Each component of the vector Y} is observed with probability equal to a and this is the
context of missing observations. We denote by P, s the probability distribution of the
random vector Y, when X}, ~ N,(0,X) and € ; ~ B(a). We also denote by E, »; and Var, x
the expected value and the variance associated to P,x. Given the partially observed

vectors Y1,...,Y,, we want to test the null hypothesis
Hy:¥X=1 (4.1)
against a composite alternative hypothesis

Hy:XeQ(9(a),p) (4.2)
where a > 0 and G(«) is either

1
F(a)={X>0, symmetric; = > al-Qj|i —jP*<1forallp>1and oy =1forall 1<i<p}

1<i<j<p

in the general case or

T (o) ={¥ >0, symmetric,¥ is Toeplitz ; > U?jgo‘ <land op=1}
i1

for the case of Toeplitz matrices. Thus, we define the following ¢ ellipsoids with ¢» balls

removed:
Q(F (), p) = {E € F(a) such that ! > J?j > g02} (4.3)
1<i<j<p
and
Q(T(a),p) = {E € T(a) such that ) 0]2- > @2} (4.4)

j=1
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Typically, the test procedures depend on the parameter o and it is therefore useful to
construct a test procedure that is adaptive to « in some interval. Here we propose minimax
and adaptive procedures for testing in the context of missing observations.

The problem of estimating a covariance matrix of partially observed vectors was inves-
tigated several times in the literature. The simplest method to deal with missing data is
to ignore the missing values and restrict the study to a subset of fully observed variables.
This method is not always reliable mainly when the number of missing values is relatively
high. Hence, in order to treat this problem, methods based on filling in the missing values
were developed, in particular the Expectation-Maximization(EM) algorithm see [82]. Re-
cently, [73] proposed an estimating procedure that does not need imputation of the missing
values. Instead, the setup with missing values is treated as an inverse problem. We will
also follow this approach for the test problem.

The problem of testing large covariance matrices was considered only in the case of
complete data. Out of the large amount of results in the literature on this latter problem,
we mention only the most related papers where procedures to test the null hypothesis
Hp in (4.1) are derived. We refer to [4] , [62] and [91], where test procedures based on
the likelihood ratio are proposed, and to [67], [86], [29] and [23]|, where test statistics
based on the quadratic loss function tr(X — I)? are used. Note that in [18] and [19]
asymptotically consistent test procedures where given in order to test (4.1) against (4.2),
when the covariance matrices belongs to (4.3) and to (4.4), respectively. They describe the
minimax and sharp minimax separation rates. Here, we give the minimax separation rates
when assuming that we have partially observed vectors. We describe how the "missingness"
parameter a deteriorates the minimax rates in this context. Moreover we develop consistent
test procedures free of the class parameter «, via an aggregation procedure of tests.

Missing observations appeared recently in random matrix theory, see [65]. They show
that the sequence of the spectral measures of sample covariance matrices with missing
observations converge weakly to a sequence of non random measures. Also they studied
the limits of the extremes eigenvalues in the same context.

In this paper, we describe the minimax separation rate for testing Hy given in (4.1)
against the composite alternative Hj in (4.2), when the data contains missing values. For a
test procedure A we define the type I error probability by n(A) = Pr(A = 1), the maximal

type II error probability by 5(A, Q(G(«),»)) = sup  Pg(A =0) and the total error
2eQ(G(a) )
probability by

(A, Q(G(@),¢)) =n(A) + B(A, Q(G(),9)).
Moreover, we define the minimax total error probability over the class Q(G(«), ) by

= igf’y(A, Q(G(a),»))

where the infimum is taken over all possible test procedures. We define the minimax
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separation rate @,. On the one hand, we construct a test procedure A and derive the
conditions on ¢ for which v(A,Q(a,¢)) — 0. The test A will be called asymptotically
minimax consistent. On the other hand we give the conditions on ¢ for which v - 1. The
previous conditions together allow us to determinate the minimax separations rate 3,
such that there exists the test A with

TN Q(G(@),9) >0 if = 4o

«

and
7 =inf1(8,Q(G(a),9) » 1 if £ 0.

Pa

In other words, when ¢ >> ., there exists an asymptotically minimax consistent test
procedure and when ¢ << P, there is no asymptotically consistent test procedure which
can distinguish between the null and the alternative hypothesis.

We also consider the problem of adaptation with respect to the parameter a.. To treat
this problem we first assume that o € A, for A an interval, and define a larger class of
matrices under the alternative than (4.2). The testing problem we are interested in now,

is to test Hp in (4.1) against
Hi:Ye uQ(F(a),Ca),
acA

where ¥ = pnp/Pa, and P, is the minimax separation rate of testing Hy given in (4.1)
against Hp in (4.2) for a known a. Our aim is to construct a test procedure A,q and to

find the loss py p such that for a large enough constant C > 0:

Y(Aaa, U Q(F(a),Ca)) 0.

In this case we say that A4 is an asymptotically adaptive consistent test procedure.

The paper is structured as follows: in section 4.2 we solve the case of general covariance
matrices in F(«) and in section 4.3 the particular case of Toeplitz covariance matrices in
T («). In section 4.2.1, we study the test problem with alternative hypothesis Q(F(«a), ¢).
We construct an asymptotically minimax consistent test procedure based on the data with

missing observations and show that the minimax separation rate is

Ga(F) = (a®ny/p) T,

In section 4.2.2, we propose a test procedure adaptive to the unknown parameter «. In
section 4.3, we study the problem with alternative hypothesis Q(7 («), ) and derive anal-

ogous results. The minimax separation rate is
~ 2c
$a(T) = (anp) 77+,

We can view the vectors X in this case as a sample of size p from a stationary Gaussian
process. However, due to the missing data, this is not true anymore for vectors Yj. Mini-

max and adaptive rates of testing are faster by a factor ,/p over classes 7 («) than over the
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classes F(«). The adaptive procedure attains the rates (/In 1n(a2n\/]3)/(a2n\/ﬁ))20‘/(4O‘+1)
and (v/Inln(a2np)/(a®np))?*/Ae+D)  respectively. However, the parameter a describing the

probability of a missing coordinate appears similarly in both cases. It actually deteriorates
the rates with respect to the case a = 1 of fully observed data. Proofs are given in sec-
tion 4.4.

Note that, for the rest of the paper asymptotics will be taken when n — +o0, p - +00

and a is either fix or tends to 0 under further constraints.

4.2 Test for covariance matrices

We want to test from the data with missing coordinates Y7, ..., Y}, the null hypothesis (4.1)

against the alternative (4.2) that we recall here:

Hy:X e Q(]:(Oé),(p)

where Q(F (), ) is given in (4.3). This testing problem is treated in 18], for the case of
fully observed data, which correspond to a = 1 in our case. For the sake of clarity, let us
recall that in [18], the following weighted U-statistic was studied

= 1

n,p = Z wszksz XlzXl

n(n-1)p 1<k=l<n 1<i<j<p
[i—jl<m

The test based on Z/jw, was shown to achieve minimax and sharp minimax separation rates,
i.e. asymptotic equivalents of the type II error and the total error probabilities are also

given when ¢ = @,. The weights {w;;}1<i<j<p depend on the parameter a and are chosen

as solution of the following optimization problem:

sup inf Es @n, sup
{wi 20,8, w -1 1y YeQ(F(a),p) ( p) (w205, 0 2 _1 1 EeQ(]—'(cx) P) P ;

Z =1b(p), (4.5)

5 (Flor ) 7 o

where b(p) ~ C%(a)gowi with C(a) = 2o+ 1)/((4a + 1)“%), if ¢ - 0 such that
pel® > +oo.

In the next section we introduce a simpler U-statistic for the case of partially observed
vectors and give the asymptotic minimax separation rates, then we aggregate these tests

in order to construct a procedure free of the parameter c.

4.2.1 Test procedure and minimax separation rate

Let us introduce the asymptotically minimax consistent test procedure with simpler form

than 1/?\n,p defined above. For an integer m € N large enough, such that it verifies

D <m® - < K™ for some constants D >1 and K > 0, (4.6)
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we define the following test statistic
— 1 1

D P = ’ Yk}Yk’ '}/l)‘Yly j - (4'7)
e n(n-1)p 2m 151%%91 19;3;) B
li—jl<m

Note that, as in [18] we only use m diagonals of the sample covariance matrix Y'Y, but

the weights are constant and equal to 1/v/2m.

Proposition 4.1. Under the null hypothesis, the test statistic Z’)\n,pm in (4.7) is a centered

random variable with variance Vara’f(ﬁn,pm) =a*/(n(n-1)p). Moreover,
n;é]? ’ﬁn,p,m - N(0,1)  under Pr- probability

Under the alternative hypothesis, for all ¥ € F(a) with o> 1/2,

E, 5 (D T):L S o} and VGTEZLJFE
R p-V2macciey YT n(n-1)p?  np?

li-jl<m
where, for m — +oo such that m/p - 0 and that (4.6) holds,
Ty p-a*(1+0(1)) +p-Eos(Dnpm) - O(a*my/m),
Ty < p-BosDupm) 0(a>m) + o (ES (Dnpm)O(@®m®) + Bys(Dypm) - 0(a")).

IN

Proof of Proposition 4.1. The proof follows the same steps as the proof of Proposition 1 of
[18]. We use repeatedly the independence of (e;)r; and (X, ) and obvious properties

of the Bernoulli random variables. O
Now, we propose the following test procedure
A =An(t) =1 (Dppm >t), t>0 (4.8)
where Dy, . m is the test statistic defined in (4.7).

Theorem 4.2.
Upper bound: let m — +oo such that m/p - 0 and that (4.6) holds. If a>1/2 and if

1
© =0 and a*n\/pp* e - +0o

the test procedure defined in (4.8) with t < c-a4<p2+i for some constant ¢ < K(1 —D‘Q)/\/§

and with n\/]_ﬂf/a2 — 400, 15 asymptotically minimax consistent, that is
Y(Am(t), Q(F(a),¢)) » 0.
Lower bound: if a>1/2 and if
a*n > +oo, p=o(1)-(a*n)* ! and a2n\/]_7<p2+i -0

then
v =ity (A, Q(F(a), p)) » 1
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Proof of Theorem 4.2. The proof is given in section 4.4. O

From the previous theorem we deduce that the minimax separation rate is given by:

9004 _ (a n\/—) 4a+l

Thus the separation @, obtained for the observations with missing values is slower by the
a? factor than the separation rate obtained in the case of fully observed vectors.

Note that the conditions on ¢, the threshold of A,,(t) in (4.8), are compatible. Indeed,

a2/(n\/ﬁ) « ¢+ a*p? /(29 ig equivalent to our assumption that a2n\/ﬁ RARTACLOEN

4.2.2 Adaptation

In this section we construct an asymptotically adaptive consistent test procedure A4 free of

the parameter « € A := [ax,ay, ] €]1/2,+00[, with a;, , - +oo and a;, , = o(1) In(a’n\/p),

to test Hy given in (4.1) against the large alternative

Hy:Se U{F(o); Zal]_(CCI) 2}

acA z<]

where C > 0 is some constant and

2

( lnln(a2n\/]_9))4“+1
o, = [ YT IVEI
a’n\/p

For each a € [ax,a;, ], there exists [ € N* such that

ln(a2n\/1_9).

2
21 < (@a)fé <2' it suffices to take [ ~ 4a*L
In(2)

Let L., L* € N* be defined by

2 )ln(a2n\/ﬁ) and L*:(

2
( (4a) , +1)In2

L,= —_
(4o +1)In2

)ln(a2n\/1_)).
We see that L, a,d L* tend to infinity. We define the adaptive test procedure as follows

Agg= max 1(D,,x >1), (4.9)

Le<I<L
where D,, , o is the test statistic defined in (4.7), with m replaced by 2.

VC*Inl
Theorem 4.3. The test procedure A,q defined in (4.9), with t; = a2—\/_n, verifies :
n\/p

Type I error probability : n(Aqq) = 0, for C* > 4.
Type II error probability : if

a*n/p - +00,2L Ip0, In(a®n/p)/n -0 and C*>1+4/C*

we get
/B(AadvagAQ(f(a)ch)a) -~ 0.
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Note that the condition 2% /p — 0 is equivalent to a®n < p?®*.

Proof of Theorem 4.3. The proof of this theorem is similar the the proof of the Theorem
4.7 which is given in section 4.4. O

4.3 Toeplitz covariance matrices

In this section we assume that the covariance matrix ¥ is Toeplitz. In this case, we are

interested to test (4.1) against the following alternative
Hy: 3 € Q(T(a), 0) (4.10)

where Q(7 (a), ) is defined in (4.4) for ¢ instead of ¢. This testing problem is treated
in [19], for the particular case a = 1, where a weighted U-statistic .Zl\n,p of order 2 is used
to construct an asymptotically consistent test procedure that achieve the sharp separation
rates. Similarly to the previous setup, we construct an asymptotically consistent test
procedure with constant weights. Recall that in [18| the weights are defined as solution of

the following optimization problem:

-
. 2 _ . 4 _ ~1/2 2+

sup inf w;o; = inf o; =C""(a)p"2a 4.11

{2055, w2=1) SeQ(T(2).6) ; T (T (0),0) ; ’ ) (1

Remark that the optimization problems given in (4.5) and (4.11) have the same solution

when ¢ — 0 such that pe'/® — +oo.

4.3.1 Test procedure and separation rates

Take m € N such that m — +co and m verifies (4.6) for ¢ instead of ¢, we define the

following test statistic:

— 1 1 m
.A ,D, = . ij, Yk, _4}/[7. Y'l’, . (412)
P n(n-1)(p-m)? \/2m1£kz¢lSnj:Zlm+lSlzl,iQSp nom bR LE

The main difference between the two test statistic 1/)\n,p7m and .Zl\n,p,m is that in this latter we
take into consideration the fact that, we have repeated information on the same diagonal
elements.

Now, we give bounds on the moments of this test statistic :

Proposition 4.4. Under the null hypothesis .Zl\n’p,m is a centered random variable whose
variance is Vare1(Anpm) = a*/(n(n-1)(p—m)?). Moreover, we have that (n(p-m)/a?)-
A pm] = N(0,1). Under the alternative hypothesis, for all ¥ € T(a),

Ry LR
n(n-1)(p-m)* n(p-m)?’

Ea7z(yzl\n7p7m) = (a4/\/ 2m) Z 0'J2- and Varg s, =
j=1
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where
Ri < (p-m)?-{a*(1+0(1)) +Ex(A,pm) - (O(a®m) + O(a>m??72%))
+ ER (A pm) - O(m®)}
Ry < (p_m)-{az,EE(A\n,pﬂn)-0(1)+E;/2(Zn’p7m).(O(a.m1/4)+0(a2m3/4—a))

EQE(VZ{n,p,m) -O(m)}.

+

It is easy to show that, since m verifies (4.6), we have for all ¥ € T («)
Ea,Z(Zn,p,m) > a4B . ¢2+i

where B is given in (4.16).
To test (4.1) against (4.10), we define the following test procedure based on the statistic
defined in (4.12) :
AL = AT () = 1(Appm >t), t>0. (4.13)

Theorem 4.5.
Upper bound: let m — +oo, such that m/p — 0 and that (4.6) holds. If o> 1/4 and if

¢ — 0 and a2np¢2+i — 400

the test procedure defined in (4.8) with t < k - a4¢2+i for some constant k < B such that
nptja® — +oo is consistent, that is Y(AL (t),Q(T (a),$)) - 0.
Lower bound: if a>1/2 and if

€
a’np - +oo  and aan¢2+ 2a —» ()

then
v =mfy(A,Q(T(a), ¢)) > 1.

The main consequence of Theorem 4.5 is that the separation rate is given as follows :

2

EEZ (a2np) do+1
Proof of Theorem 4.5. The proof follows the same steps as the proof of Theorem 4.2, we

therefore omit it. The most significant difference is that in order to show the lower bound

in this case, we consider a sub-class of Toeplitz matrices:

Qr = {Xv : [Zvlij = Lizj)y + Wizj)0 L(1efijj<r) for all 1 <4, j <p, Uel},
where o and T" are defined in (4.17) and where

U ={U = [u)i—j l1gjivjlzp-1 * wii = 0, Vi and uj_jj £ 1- L (;_jjery, for i # j}.

Indeed, the signs are randomized but constant on each diagonal. We re-write the terms of
L,,, taking into consideration the fact that the matrices are Toeplitz see, for example, the

proof of lower bound in [19]. O
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Remarque 4.6. Remark that the conditions on m imply that m is of order of gb*é in the
case of Toeplitz covariance matrices and of order of cp‘i in the case of general covariance

matrices.

4.3.2 Adaptation

In this section, it is always assumed that the covariance matrices are Toeplitz. Our goal is

to construct a consistent test procedure independent of the parameter a € A := [av,, c

np]
n7p
]1/4,+oo[, such that o, , - +o0 and a; , = o(1) In(a’np), to test Hy given in (4.1) against
the large alternative
p-1
Hy: s e U{T () X 0?2 (Cva)?}, (4.14)
j=1

acA

where C > 0 is some constant and

2a

o = (\/lnln(aznp) )4(”1 ‘

a’np

First, see that Va € [ax, ay, ], 31 € N* such that

(4ae +1)In2

2 2
1
2l71 < (wa)_é <2l it suffices to take [ ~ 49*L n(a’np)
In(2)
Let L., L* € N* be defined by
L, = (;) In(a®np) and L* = (;) In(a’np)
(4a, ,+1)In2

We aggregate tests for all given values of [ from L, to L* giving the following test procedure
free of the parameter a:

Ayg= max 1(A

e, 1> tl), (4.15)

n,p,2
where A, , o is the test statistic defined in (4.12), with m replaced by 2!,

vVC*Inl

Theorem 4.7. The test procedure Ayq defined in (4.15), with t; = aQW, verifies :
n(p -

Type I error probability : n1(Aqq) = 0, for C* > 4.
Type II error probability : if

a’np > +oo,2L*/p -0, In(a’*np)/n -0 and C*>1+4/C*
we get

B(Aach U Q(T(a)vcwa) - 0.
acA

Proof of Theorem 4.7. The proof is given in section 4.4. O

Remark that the condition 2" /p gives that a’n « P22 and In(a?np)/n — 0 implies

that a?np < e". Together, these conditions are mild as they give a?np <« min{pm**%, e"}.
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4.4 Proofs

Proof of Theorem 4.2. Upper bound We use the asymptotic normality of Z’D\n,pm to show
that, the type I error probability

MBR(1) = Pos(B(t) = 1) = Par (B > 1) = ¥~ ) 1 o(1) = o(1)

as soon as n./p t/a2 — +00. In order to control the maximal type II error probability, we

use the Markov inequality to get that for all ¥ in Q(F(«),¢):

P, 5 (An(t) =0)

Puos(Dupam <) < Pas(1Dapim = Ba,s (Prpm)| < B (Drpm) =)
Vara,Z(ﬁn,p,m) _ T + (n - 1)T2
(EG,E(DH,p,m) -t)2 n(n- 1)p2(Ea,Z(Dn,p,m) - 1) ’

for ¢ properly chosen. In order to bound the previous quantity uniformly in X over

Q(F(a),p) we need to control

4

~ a
inf E, (D = inf o2..
SeQ(Fla)p) (Prpm) 2eQ(F(a)) p-/2m K;jgp Y
li—jl<m
For all ¥ € Q(F(«),¢), we have
EoxPupm) = 0 T o= ( )
a, n,p,m -
DV 2m 1<i<i<p Y p-V2 1<i<j<p 1<i<j<p Y
[i—jl<m li—j|=m

a |i — ® 1
05 )2 1- .
V 2m( P Z; m2a ) V 2m( m2ep? )
We use (4.6) to get that, for all ¥ € Q(F(«a),p)

1

4
_ K K
Eos(Dnpm) > >3 (1- D2) = a'B-?*, where B= ——(1-D2). (4.16)

V2 V2

Therefore, take ¢t < c- a4<p2+i for ¢ < B and use (4.16) to obtain that

Ty . 1+0(1) . a? - O(mv/m)
n(n-1)p*(Ea,s(Dnpm) - t)> a‘n(n - 1)pg04+é (B-¢)? a*n(n- 1)p<,02+i (1-¢/B)?
o(1),

if a*n(n—1)pe** 1 - 400 and for all a > 1/2. Indeed, a®-m/me? /(%) < (124,0277 o(1).
Similarly we show that under the previous conditions the term Ty/np?(Eqs(Dnpm) —t)?
tends to 0.

Lower bound To show the lower bound we first restrict the class Q(F(«), L) to the
class

Q = {EU : [EU]ij = ]l(i:j) + uija]l(‘1<|i,j|<T) for all 1< Z,j <p, U e U},
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where
o=, Txypa, (4.17)
and
U ={U = [uijli<i,j<p t uii = 0, Vi and g = uj; = 11 ey, fori#j},
Denote by €x = (€k1,...,€kp)" the random vector with ii.d. entries e;; ~ B(a), for all

1 < k <n. Moreover denote by P. and by F., the distributions of € = (e1,...,&,) and of
€k, respectively. Recall that the observations Y7, -, Y,, verify Y = e * X, for all 1 <k <n,
where * designate the Schur product.
Under the null hypothesis X1, ..., X,
Yi|ek, are independent Gaussian vectors such that, for all 1 < k < n, Yilep ~ N(0,1 *
(exer)). We denote respectively by Pr and by PI(E) the distributions of (Y7,...,Y,) and of

Hd (0, 1), thus the conditional random vectors

(Y1,...,Y)|(e1,...,en) under the null hypothesis. Under the alternative hypothesis, for
X1,..., X, ~N(0,Xy), we get that the conditional random vectors Y|ey are independent
Gaussian vectors such that Yi|ex ~ N(0, Xy * (exe))) for all 1 <k <n, where

g fori=j
(Bu * (exeg))ij = Yemrejp-o if1<|i—j|<T

0 otherwise.

We denote by Py = Ps,, and PL(,‘E) = PSU) the distributions of (Y3,...,Y,) and of the con-
ditional distribution (Y7,...,Y,)|(¢1,...,&,) respectively, when X7,..., X, ~ N (0,Xy).
We define the average distribution over @) by

Pe = s Xt
It is known (see [58]) that the minimax total error probability satisfies
1
v21-5|Pr - Pl

In order to prove that v+ — 1, we bound from above the L distance by the Kullback-
Leibler divergence (see [90])

dPy )

| Py - Pr|? < K(PI,P ), where K (P, P;) —E[10g<dp

Therefore, to complete the proof, it is sufficient to show that K (P, Py) - 0. In order to

prove this we use the conditional likelihoods as follows:

0PN o (4PF7)

K(P], Pﬂ-) = E] log
(d(PE ® P dpL
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Let e(w) be a realization of ¢, we denote by Sy € {1,...,p} the support of ex(w) that is
eri(w) = 1 if and only if ¢ € S;. Also we denote by dj, = Card(Sy), E?(w) the positive
matrix € R%>% defined as the sub-matrix of ¥y obtained by removing all the i-th rows
and columns corresponding to ¢ ¢ Sy and KXep(w) the sub vector of X, of dimension dj in
which we retain the coordinate with indices in Sg. Thus,

(e(w))

y P
L((Y1, ..., Yy)|e(w)) = B ))1og(fTw))(Y1,.--,Yn))
dp!

e(w ]' L Erplw — Eplw
() (—logEUexp(—5;()(;(10)((2(]’“( N )Xoy () + log det (S5 )))))

Therefore we have

Eo(L((Ya,., Ya)le))

E 1 & -
- E.EY (—logEU exp ( - 50 (X2 () - L)X, + logdet(Eg“))))
k=1
Denote by
1 n
Lnp = logByexp( - 50 (X2 () ! = Ly )Xoy +logdet(3)))  (4.18)
k=1

We define A‘Z’“ = EZ’“ —I®%_for all U e U and any realization of ¢, we have tr(Aé"’) =0 and
|AGF] = O(cplfi) which is o(1), as soon as ¢ — 0 and a > 1/2. In fact, by the Gershgorin’s

theorem we have

_1
|AGF ] <max 3 [(AfF )yl <max 37 |uo|<2T-0=0(p!724).
(] Sk jESk ZESk jESk
J#i 1<|i—j|<T

For all z € [—%, +%] we have the following inequalities

1
r-r2+ad-22% < —( —1) < -2+
2 3 L+a 2 3 4
rr T T < —log(l+z) < ez T T
2 3 2 3 2

Applying these inequalities to the eigenvalues of AZ’“ we get

AT (A + (AF) -2 (S - T%) < AT - (A + (A

1 1 1 1 1
§tr(A‘§}“)2 - gtr(A‘Z“)3 < -logdet(XgF) < §tr(Agf)2 - gtr(A;k)f” - §tr(A§;)4,

for ¢ small enough such that |A7¥| < 1/2. Thus we can bound Ly, L, , < Lpp < Ly

n?p
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where

1Z c
_ k Ek\2 Ek\3 cr\4
Loy = logByexp (3 X XL (A - (A1) + (AF) - 281X,
n
lz t (AE’“)2 tr(Ask)?’ and
2 f v ’
Ln, = logE 1nXTA€k AT 4 (AT X,
np = 108Lyexp 5; ek( U_( U) +( U)) &k
1 & t Aé‘k 2 t AEk 3 1t Aék 4
+5 2 (5ir(A)P - (A + 5tr(A)"))
k=1
Now we develop the terms of Ly,
€12 2 €x\3 3
tT(AUk) =20 Z e’:‘kﬂ'EkJ, tT(AUIf) 23!0' Z uihuil’izuizigk,igk,ilek,ig'
1<J 1<i1<12
1<|’i—j|<T 1<|i*i1|,|i1*i2‘,|i2*i|<T
and
€x\4 4
tT(AUk) = 0 Z Wiy Wiy ig Winiz Uizi€k,i€k,iy Ek,io €k, iz
1,81,82,93
1<|i*i1|,...,|i3*i|<T
4 4
= o' ) ekgEri +20 > €k,i€k,i1 €k, in
1<|i~i1|<T 1,01,02
1<|i—i1|,‘i1—i2|<T
4
+ 4o > Wiy Wiy in Winig Wigi€k i€k iy EkinEk.is
1<11<i9<13

1<|i*il|,...,‘i3f’i|<T

Moreover, we have (recall that u?j =1 and 522]- = €45)

n n
T AEK _
XA Xe, = 200 Y iy Y etk i Xei Xk
=1 i<y e
1<|i—j|<T
2 n
I3
Z Ak XEk =0 ZZX€k,iX6k,j Z Wiiy Wiy j€K,i€k,i1€k,j
m1] ;

i1
L<fiy =i, —4|<T

222 ki Z €k,i€k,iy

k=1 ¢ 11
1<|i1—i|<T
2
+ 20 ZZ ki g,w. Z Ujgy Wiy jEK,i€k,i1€k,j »
k=11i<j i

i1
1<i1—il,|i1—j|<T



4.4. PROOFS 123

and
T €k —
Y XL (AR’ X, = oY > X, X, > Wiiy Wiy inWin €k i€k,i1 Ek,inh,j
k=1 k=11, 11,12
1<[i~i1|,|i1~i2|,|i2—7|<T
3 < 2
= 20 ZEX%J_ Z Uigy Wiy ioWini€k, i€k i1 €k in
k=1 i

11<12
1<[i-i1|,|i1—i2|,|i2—i|<T

n
3 3
+ 20 Z Z XEk,i ek (uijek,igk‘,j +2 Z uij€k7i€k,i1€k,j)

k=1l i<y i
1<fi—j|<T 1<|i1—i|<T
3 n
+ 20 ZZXak,iXsk,j > Wiy Wiy o WinjEk i€k i1 Ek,iaCh,j
fmli<y i1 ot

1<li—i1],|s1—t2|,|i2—j|<T

In consequence, Ly, can be written as follows:

B n
Ln,p = IOgEU exp{ Z uij Z gk,iEk,ij,iXk,j(U + 0'3(1 +2 Z 5k,i1 ))
k=1

i<y i
1<|i—j|<T 1<|i1—i|<T
- 2
- Z Uiy Uiy 5 Z X‘?k,iX&k,jgk,igk,ilgk,j o
i1i1.,] k=1
i<j
1<fiy—il,[i1—j|<T
S 3 2
+ > Wiy WiyigWigi Y, Ekyi€hyis EkyinC (3ng,,i - 1)
1<11<i2 k=1
1<|i—i1‘,|’i1—i2‘,|’i2—i|<T
- 3
+ > Uiy WiyiyWing D KXoy Koy Eh,iChiir EhyinEhyj O
i77i11i27j k=1
i<j
j#’h#iz#’i
1<|i—i1],}i1—t2],Jia—j|<T
S 4
+ 6 > Wiy Wiy iy Wigiy Wigi Y EiChyis EkyiaEhis O }
i<i1<i2<i3 k=1
1<|i—i1|,...,‘i3—’i|<T
2 n 2 n
o o 9
X Lkt 2 2 XG ekt
i<y k=1 <11 k=1
1<|i—j|<T 1<|iy—i|<T
0_4 n 0_4 n
X Dkt > D €hyi€hyir €z
i1 k=1 ii1,i2 k=1
1<|i—i1|<T 1<|i—i1],...,|i2—3|<T

We have that {u;; }1<i<j<p is a sequence of i.i.d Rademacher random variables. Note that se-
quences composed of finite products of i.i.d Rademacher random variables, for example the
sequences {uirurj}ki#%jgp and {Uirursusj}1§i¢7:¢s'¢jgp, form sequences of i.i.d Rademacher
random variables. Mlciieover they are mutualf;J independent and independent from the
initial sequence {u;;}i<j. Now we explicit in L,,, the expected value with respect to the

i.i.d Rademacher random variables and get
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n
7 3
Ly, = Z logcosh( Z ak,iskJXk’iXk,j(a +0°(1+2 Z 5;{72-1)))
i<j k=1 i1
1<|i—j|<T 1<[iy—i|<T
0,2 n 9 n 9
oy Y XekiEkimo ) Y X Ekfka
i<j k=1 i<ip k=1
1<|i—j|<T 1<|ir—i|<T
- 2
+ > log cosh( Y Xeyp i Xey €hyiChiirChyj O )
4,81, k=1
i<j
1<lir—il,Jir—j|<T’
3% 2 3
+ Z log cosh (30 Z ng,igk,igk,hgk,iz -0 )
i<i1<i2 k=1
1<|’i—i1|,|i1—’ig|,|i2—’i|<T
= 3
+ > log cosh( Y Xey i Xey €kyi€hiirEhyin€h,j O )
1,81,02,] k=1
i<j
j¢i1¢i2¢i
1<fi-i1],Ji1—ial,|ia—j|<T
n 4 0.4 n
+ > log cosh (6 > €kiChiir €k iaChiis O ) YT YooY enicka
i<iy <ig<i3 k=1 i1 k=1
1<|i—i1],...,Jiz—|<T 1<|i—i1|<T
0_4 n
+ o Z Z €k,i€k,i1 Ekia -
101,02 k=1
1<|’i—i1|,...,|i2—i|<T
2 2t x?
We use the inequality 2 13 <logcosh(z) < 5 for all z € R. Thus,
Lypi = Z logcosh( Z 5kz,z‘5k,ij,iXk,j(U +0°(1+2 Z 5;”1)))
i<j k=1 i1
1<|i—j|<T 1<|iq—i|<T
0.2 n 5 n 5
" ? Z Z €k,i€kyj — 0 Z Z Xak,igkﬂ'gk,il
1<J k=1 1<11 k=1
1<|i—j|<T 1<|iy—i|<T
1 n 3 2
< = Z ( ng,iek,ij,iXk,j(O"*‘U (1+2T))
i<j k=1
1<|i—j|<T
0.2 n 9 n 9
+ ? Z Z Ek,i€k,yj — O Z Z Xsk,igkﬂgk,ir (4.19)
i<j k=1 <81 k=1
1<|i—j|<T 1<|iy—i|<T
Therefore,
&) (7 na® 3 2 o 2 2 2
E.E; (me,l) < — > (a+a (1+2T)) iy > na®-0° ) na
i<j <j 1<i1
1<|i—j|<T 1<|i—j|<T 1<|iy—i|<T
na’ 4 6 2 2 2 4 2,13 6
= 5 Z (20 (1+2T)+0o (1+2T))=O(napTa)+O(napTa)
1<
1<|i-j|<T

= O(aang04) + O(aangpﬁ) = O((aQn) 74?:11}7@) =o(1), (4.20)
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as soon as p = o(1)(a?n)**~L. Similarly, we show that

EsEgg)(f/n’p’l)Z _11_2EEE§E) Z (iEk,ié‘k,ij’iXk’j(U-i-O's(l+2 Z 5k,i)))4+0(1)

i<j k=1 11
1<|i—j|<T 1<|iy—3|<T
2 4
- _%.Efl)(x,jix,ij) > (0+03(1+2T)) +o(1)
=
1<\z‘l—]]'\<T
a4n(n -1) (1) v2 32 (e2)  v2 w2 3 4

i<j
1<|i-j|<T

See that the first term was already bounded from above in the previous display and that

4 -1 ,
% 3}E§51)(X12’1X12,J)]E§52)(X2271X22,J) Z (O'+O'3(]_ +2T))
1<|Zf§|<T

< O(a*n?)- (pTU4 +pT2%0% + T30 + pTiot? +pT5012) = O(a4n2pg04+é) =o(1),

as soon as a4n2pcp4+é - 0 and « > 1/2. We deduce that EEEgs)([_/n,pJ) > o(1). As

consequence EeEgg)(Lmnl) = 0(1). Now we treat the second term of Ly,

n
Lypa = > log cosh ( > Xep i Xey Eh,i€hiir Ekyj 02)
ii1,g l=1
i<j
L<liy—i],[ir—4|<T

n 2
2
< Y (X X X Ehithincr 07)
001, k=1
i<j
L<liy=i],[ir—4|<T
So,
E.E) (L E.E{® " X, X 2)*
el N\ Lnp2) < Kl > > Xey Xy €hiChi €k, O
601, k=1
i<j
1<|iy =il Ji1—j|<T
1
= > nalot < a®npTo* = O(a®npp**=) = o(1).
1,01,]
i<j

1<fiq~il,Ji1—j|<T

Using the bound from below of log cosh inequality, we show that IEEEge) (I_/nm) is bounded
from below by a quantity that tends to zero. Therefore we get EaEﬁs)( Zn,p,2) =0(1). In a
similar way we show that the expected value of the remaining terms with logcosh in L,

tend to 0. Finally we have

() J4 n J4 n
e
EED (T Y Yewematm X ) chitkatha)
9,01 k=1 1,81 ,12 k=1
1<|i—i1|<T 1<|i—i1],...,Ji2—1|<T

= 0(d*c"pTn) + O(aPc'pT?n) = O(aanLp“i) +0(a*npet) = o(1),  (4.21)



126

under the previous conditions. As consequence if p = o(1)(a?n)*"! and if a'n?pp*ta >0,

then

Mg@( - En,p) =o(1). (4.22)

To achieve the proof, we show in a similar way that IEEIEEE)( _Ln,p) =o(1) . O

Proof of Theorem 4.7. To control the type I error probability, we derive an inequality of

Berry-Essen type for A For any fixed [ in N* we denote by vy, = Varg 1(A,, ,9),

n,p,2t:
which gives vy, ,; ~ a*/(n?(p-2')?) by Proposition 4.4. Next, we rewrite A, pot as follows

An,p,Ql = Z H(kan)

1<k<t<n

where,

V2 1 2
. Yieis Vieir—i Ve, Yeig—i-
’I’L(TL— 1)(]9_ 2l)2 \/?j; 21+1£i21,i23p " nThRaE

For 2 < k,h < n, define

H(Y:,Y)) =

1 k-1 h
7 = ZH(Y;C,YE), and Sy = sz'
UTL,p,l /=1 k=2

Remark that {5, }»2 is a centered martingale with respect to the filtration {Fp, }p>2 where
Fp is the o-field generated by the random vectors {Xi,...,X}. Note that A
VUnpi - Sn and let V2= Yoo IEQJ(Z%/]:k_l). We fix 0 < 0 <1 and define

n,p,2t =

n
T = Y Ea1(Z) 0 + By g|V,2 - 1.
k=2

We use the Skorokhod representation and Lemma 3.3 in [51] to obtain that, for any
0 < € < 1/2 and any z € R, there exists a positive constant C' depending only on ¢
such that

PartCugs <00 = 8 2]l = [Par(S s o) -2 )
< 1612 exp( ~ 22 ) +Ce 0
U pil

Then using that 1 — ®(u) < (1/u) exp(-u?/2) for all u >0, we obtain

e R
2
(x/ﬁ”ﬁgw)“p(‘ vn,p,l)w e (423)
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Choose § =1, then
n
Tn =Y Eor(Zy)! +Eq |V} - 11
k=2

We can show that

L 1 1 1
4 _ - 2 _q122 - -
kz:szaJ(Zk) _o(n) and Eq V2 -1 o(n) +0(2l) (4.24)
VC*1
Take ¢; = az%, we use (4.23) and (4.24) to bound from above the type I error
n(p -
probability:
Poi(Aag=1) = Pos(3eN, Ly <I<SL* A, 0 >t)< Y Por(A, e >t)
L.<IsL*
t7 11
8 (e (- ) 20 ()
L.<I<L* n(p -2 )tl 4Un,p € n 2
< +16e“ |exp | - +0(1) + —
Z>ZL:*(\/C*1HZ ) ( 4 ) ne? e? lzZL:* 2!
1 1/2\,-c*J4 L* 0O(1)27 1~
< +16e7°)1 ++0(1)— + —=— =0(1),
(e ) ()5 + =5 —=o(1)

for C* >4 and since L, and L* both tend to infinity, such that In(a’n,/p)/n tends to 0.
Now, we control the type II error probability. Assume that ¥ € T («) and that « is
such that there exists lg € {L,,L*} such that 20071 < (wa)fé <2 thus

4
- a
Eax(Dypoi) = ( %" 02)
a n,p,20 2.9l IS]Z;p ! 250§<p ’

! j2o .
> —— (%2 - 0?) > (Yo)* 2 - —(C2-1).
sy E % ) > ()
We assumed that aan(@Z)a)QJ’i =+/Inln(a?np). Moreover, we have
oo a>V/C*InL* < a%\/C* Inln(a2np) < /T gl 94 L
lo = _ 9l = _ 9l = a (¢a) .
n(p—2') n(p—2")

Thus, we have Eq (A, , 910) — ti, 2 a*(1he ) (C? — 1 - 4/C*)/2 by our assumption
that C? > 1+ 4v/C*. Therefore we get

PG,E(Aad = 0) = Pa,E(VZ € {L*7 L*} ;An,p,2l < tl) < Pa,E(An7p72l0 < tlo)
< PG,E(‘An7p7210 - Ea,E(Anyp,Qlo )‘ > EG,E(An7p72l0) - tlo)'

Now, we use Markov inequality and get :

Varaz(.An’p’on)
(Ean( Ay pato) ~ty)?
Ri+(n-1)(p-2")2R,
n(n—1)(p-20)4(Eax (A, ,0m) —ty)?*

Pa,Z(Aad = 0) <

(4.25)
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First, we bound from above the first term of (4.25), using Proposition 4.4

Ry
n(n-1)(p-20)4(Eyx(A, ,90) ~t)?
a*(1+0(1)) + Ex (A, , ) - (0(a?V20) + O(a®(20)*/7>%))
n(n-1)(p-20)2(Ey (A, ,o0) ~ t,)?
EB%(A,,,00) - O(m?/a)
n(n-1)(p-20)2(Eyx(A, ,90) = t)?

Sl =

We decompose S7 as sum of three terms: the first one

a*(1+0(1))
n(n-1)(p- QZO)Z(Ea,E(An,p,Qlo) —t1y)?
a*(1+o0(1))

n(n 1) (p - 2023 (o) % (€2 -1~ 4V/E7)

S1q =

IN

1
O(m) =0(1), as soon as a’np — +oo.

Now we show that the second term of S; also tends to 0. Recall that 2/ < (wa)_é, therefore

O(a2 210 ) + O(a3(2l0 )3/2—204)
n(n=1)(p-2)?Eqx(A, ,00) (1t /Ea,s (A, 00))?

Si2 =

(O(a2 210) + O(a3(2lo)3/2—2a))

<

< 4/C*\2
n(n=1)(p - 210)?Eqx(A, 210 )(1 - m)

. O(2l0)+0(a(2lo)3/272a)

S L 4\/5 2
n(n-1)(p-2)2a2(¢a)? 2‘*(1—@)

o 020 (4a)*725) + O((2°)"27° - (a)*25) _ o(1).

Inln(a?np)

since 20 - (13)%" 25 x (1o)2 2 = o(1) and (20)3/2720 . (4,)2*2a x ()"« = o(1) for all
a > 1/4. Finally,

. E3(A,,0) - O((2)?)
S D20 Ban(Ay ) ~ )

O((2")?
n(gl(— 1))]9)2 = o).
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Now, we bound from above the second term of (4.25).
Ry
S2 = 10)2 2
n(p -2 0) (EG,E(An,p,ZlO) - tlo)
_ a?- EE(Zn,p,ZIO ) ) 0(1) + E%(Zn,pglo ) ’ O(2l0)
n(p=200)(Ba,s (A, po0) = tie)*>  n(p=20)(Bax (A, 00) —t)?
3/2, 7 -
E*(A, ) - (Oa- (22) 1) + O(a2(20)%/4-))
n(p = 20)(Eq, 5 (A, p200) =~ t1,)? '
We bound from above each term of Ss. For the first term,
g . a?- Ez(zn,p,QZO) ’ 0(1) < 0(1)
2,1 = <
n(p=20)(Eax (A, p00) ~110)? ~ n(p—200)a2(1he )2+ 3a
= —0(1) =o(1).
VInlIn(a2np)
For the second term we have,
EZ(A -O(2b lo
52’2 — lE( n,p,2l0) ( ) . < 0(2 ) _ 0(1)
n(p—2)(Ea,n (A, 00) — i) np
Finally for the last term,
. Ey” (A, p0) - (Oa- (2°)11%) + O(a>(210)¥1))
- n(p = 20) (Ba,n( Ay 210) = 11y)?
O((2")'"*) + O(a- (2")¥*)
= T
n(p—20)ats’
1
O((2l0)1/4) N O(az_d);n;a '(2l0)3/4—o¢) B 0(1)
Vn(p-2) (In ln(aan))% VInln(a?np) ,
1
as a® - ¢1+i . (210)3/4_0‘ < 1/15 2 = o(1). O
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