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Résumé

Cette these porte sur quelques inégalités de type Trudinger-Moser et leurs applications
a ’étude des injections de Sobolev qu’elles induisent dans les espaces d’Orlicz et a 1'analyse
d’équations aux dérivées partielles non linéaires a croissance exponentielle.

Le travail qu’on présente ici se compose de trois parties. La premiere partie est consacrée a
la description du défaut de compacité de 'injection de Sobolev 4D dans 'espace d’Orlicz dans
le cadre radial.

L’objectif de la deuxieme partie est double. D’abord, on caractérise le défaut de compacité
de l'injection de Sobolev 2D dans les différentes classes d’espaces d’Orlicz. Ensuite, on étudie
I’équation de Klein-Gordon semi-linéaire avec non linéarité exponentielle, ot la norme d’Orlicz
joue un role crucial. En particulier, on aborde les questions d’existence globale, de complétude
asymptotique et d’étude qualitative.

Dans la troisieme partie, on établit des inégalités optimales de type Adams, en étroite
relation avec les inégalités de Hardy, puis on fournit une description du défaut de compacité
des injections de Sobolev qu’elles induisent.

Mots clés : inégalités de Trudinger-Moser, injections de Sobolev, espaces d’Orlicz, défaut
de compacité, équation de Klein-Gordon, inégalités de Hardy.






Abstract

This thesis focuses on some Trudinger-Moser type inequalities and their applications to the
study of Sobolev embeddings they induce into the Orlicz spaces, and the investigation of non-
linear partial differential equations with exponential growth.

The work presented here includes three parts. The first part is devoted to the description
of the lack of compactness of the 4D Sobolev embedding into the Orlicz space in the radial
framework.

The aim of the second part is twofold. Firstly, we characterize the lack of compactness of
the 2D Sobolev embedding into the different classes of Orlicz spaces. Secondly, we undertake
the study of the nonlinear Klein-Gordon equation with exponential growth, where the Orlicz
norm plays a crucial role. In particular, issues of global existence, scattering and qualitative
study are investigated.

In the third part, we establish sharp Adams-type inequalities invoking Hardy inequalities,
then we give a description of the lack of compactness of the Sobolev embeddings they induce.

Keywords : Trudinger-Moser inequalities, Sobolev embeddings, Orlicz spaces, lack of com-
pactness, Klein-Gordon equation, Hardy inequalities.
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Cette these s’inscrit dans le cadre des inégalités de type Trudinger-Moser avec leurs appli-
cations a I’étude des injections de Sobolev qu’elles induisent, ainsi qu’a ’analyse de quelques
équations aux dérivées partielles non linéaires a croissance exponentielle.

Les inégalités de type Trudinger-Moser ont une longue histoire qui a commencé avec les
travaux de S. I. Pohozaev ([84]), N. S. Trudinger ([101]) et V. I. Yudovich ([103]) : étant donné
un domaine 2 de R? avec d > 2, il est bien connu que si p < d, alors

d
Wom(Q) = L(Q), V1<q<pi= -
-Pp
Cette injection de Sobolev provient de I'inégalité suivante :
sup / lu(z)|?dx < 400, V1<gq<p*. (L.1)

uEWSP(Q), | Vul| pp <1 7€

Notons que 'estimation (I.1) est optimale dans le sens ou le supremum est infini pour ¢ > p*.

Si on s’intéresse maintenant au cas limite p = d, on sait que
Weh(Q) = LIQ), Vd<q<4o0.
Cependant, W, (Q) ne s’injecte pas dans L ().
En se basant sur le fait que, dans ce cas limite, toute croissance polynomiale est permise au

sens de I'inégalité (I.1), S. I. Pohozaev, N. S. Trudinger et V. I. Yudovich ont cherché, dans
leurs travaux pionners, a déterminer la fonction a croissance maximale g : R — R, vérifiant

sup / glu(x dx < +o00,
weWy(Q), | Vull L <1

et ils ont prouvé de manieres indépendantes que la croissance maximale est de type exponentiel.

Ultérieurement, J. Moser ([78]) a amélioré ces résultats en établissant 1'inégalité optimale
suivante, connue sous le nom d’inégalité de Trudinger-Moser : étant donné un domaine borné
Q) de R?, il existe une constante Cy > 0 telle que

L
sup / @I T g < 010 (1.2)
weW (@), [Vl a<1 7

1
ol ag :=dwj 1, avec wy_1 aire de la sphére unité de R4,

La preuve de cette inégalité s’appuie sur la symétrisation de Schwarz! qui préserve la norme
de Lebesgue ||u||z+ et minimise la norme de Dirichlet | Vul||,- dans W, *(Q), pour s > 1. Plus

1. Pour plus de détails sur la symétrisation de Schwarz, on peut consulter [63, 72, 98].
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;e s N . 1 . . . .
précisément, & toute fonction u € Wy (), on peut associer une fonction positive radiale et
décroissante u*, appelée réarrangement de u, dont les ensembles de sur-niveau vérifient

b b

{z e R w'(2) > t}] = |{z € R [u(x)| > 1}

. Vi>0.

Comme le supremum dans 'inégalité de Trudinger-Moser (I1.2) est infini pour un domaine €2
non borné, il a été naturel de penser a étendre cette inégalité a un domaine de mesure infinie.
Parmi les résultats obtenus dans cette direction, rappelons celui de S. Adachi et K. Tanaka ([1])
dans le cas de la dimension 2 : pour tout 0 < a < as = 4, il existe une constante C, > 0 telle
que

/}R2 (eo““(xw — 1) dzr < Ca||u||%2(R2), Vu € H'(R?) avec | Vul|p2e) < 1. (L.3)

De plus, la constante 47 est optimale dans le sens ou

sup / (64”‘“(9”)'2 — 1) dr = 400.
UGHl(R2),”VU”L2(R2>S1 R2

Pour rendre 'exposant o = 47 admissible, B. Ruf ([86]) ? a remplacé la norme de Dirichlet par
la norme de Sobolev classique

[l ey = lullfe@e) + 1Vulltege -
Plus précisément, il a montré que

sup / (6477‘”(33)'2 — 1) dr < 400.
we H (B2), [ul 1 g2, <1 /B2

Rappelons aussi que D. R. Adams ([2]) a obtenu une autre extension de (I.2) pour des
dérivées d’ordre supérieur : étant donnés un domaine borné €2 de R? et un entier 0 < m < d, il
existe une constante C,, ¢ > 0 telle que

_d
s t/(fmJW@NmmldxfEC%MAQ‘
ueWS”’WQ),IIVmuHLi <1
ou?
S _d_
riomp(m)| T
2 . .
i sl m est pailr,
d L F( 2 )
Bm,d =
Wd—1 -y " _d_
5 OMm m

d—m
si m est impair,

F( dfgLJrl )

2. On rappellera, dans ’Annexe A, la preuve de ce résultat.

o0
3. La fonction Gamma, notée par I, est définie sur |0, +oo[ par I'(¢) = / 2t le™ du.
0
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et ou

m . .
" Azuy si m est pair,
V" = m—1 . . .
VA 2 u sim est impair.

En particulier, en prenant m = N et d = 2N, il existe une constante C'y > 0 telle que

sup / V@R g < On (9 (I.4)
R2N

ue HY (), I[VNul| 2<1

2N (2m)2N

WaN-—1

avec Oy =

Comme dans le cas de la dérivée d’ordre 1, le supremum est infini lorsque le domaine 2
n’est pas borné. En remplagant la norme |[VNu||z2 dans (I.4) par la norme de Sobolev

N

“u”%{N(RzN) = ||u||2L2(R2N) +> ||Vju||%2(R2N) ;
j=1

B. Ruf et F. Sani ([87]) ont montré, dans le cas ott N est pair, 'inégalité optimale suivante : 4

u\x 2
sup /RZN (eBN‘ @I _ 1) dr < +o00. (I.5)

UEHN(R2N)7 HuHHN(RQN)Sl

Signalons que, dans le cadre des dérivées d’ordre supérieur, le probleme ne peut étre réduit au
cas radial par la symétrisation de Schwarz. En effet, étant donnés un domaine © de R*V avec
N > 2 et une fonction u de HY (), le réarrangement u* de u n’appartient pas nécessairement
a HY(Q), et méme si c’est le cas, aucune inégalité du type | VNu*||r2 < [[VNu||p2 n’est connue.
Pour surmonter cette difficulté, D. R. Adams a exprimé u comme un potentiel de Riesz en
fonction de son gradient d’ordre N, puis il s’est restreint a un calcul unidimentionnel en uti-
lisant un résultat de R. O’Neil ([79]) sur les réarrangements décroissants pour les produits de
convolution. La méme approche a été utilisée dans [87] pour établir I'inégalité (1.5).

Récemment, N. Masmoudi et F. Sani ([77]) ont montré une inégalité optimale analogue a
I.3) en dimension 4 : pour tout 0 < 8 < 8, = 3272, il existe une constante Cz > 0 telle que
p 8 q

/IR (MO —1) d < CyllullFagey, Vue HARY) avec | Aul| s < 1. (L6)

Terminons ce paragraphe par rappeler, qu’en plus des travaux mentionnés ci-dessus concer-
nant les inégalités de type Trudinger-Moser, de nombreuses généralisations et extensions de ces
inégalités ont été réalisées, telles que les inégalités de type Trudinger-Moser sur des variétés
Riemanniennes compactes ([44, 47, 69, 70]) ou celles qui sont étroitement liées aux inégalités

de Hardy ([5, 9, 67]). D’autres travaux ont été consacrés au méme sujet. Entres autres, on peut
citer [4, 36, 37, 40, 46, 59, 71, 73, 76, 83, 100, 102].

4. Dans [65], N. Lam et G. Lu ont généralisé ce résultat au cas d’'une dimension quelconque.
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Indiquons aussi que certaines inégalités de type Trudinger-Moser, telles que (I.3), (I.5) ou
(1.6), jouent un role crucial dans 1’étude des équations aux dérivées partielles a croissance
exponentielle, que ce soit dans le cadre stationnaire ([3, 6, 7, 9, 11, 35, 43, 45, 66, 90, 91]) ou
dans le cadre évolutif ([13, 23, 38, 41, 56, 57, 80, 81, 82, 88, 97]).

I1 est & noter que 'inégalité de type Adams (I.5) implique l'injection de Sobolev suivante :
HY(R?N) — L(R™MY), (L.7)

ou L(R2Y), appelé Pespace d’Orlicz® associé & la fonction ¢(s) := e** — 1, est 'ensemble des
fonctions mesurables v : R?Y — C pour lesquelles il existe un nombre réel A > 0 tel que

lu(z)|?
/ <e X2 —1)dx<~|—oo.
RQN

Depuis les travaux de P.-L. Lions ([74, 75]), il est bien connu que 'injection de Sobolev
H'(R?) — L(R?) (L.8)

n’est pas compacte au moins pour deux raisons. En premier lieu, on a un défaut de compacité
a I'infini comme le montre I'exemple suivant :

() = p(x +xx), ol € D(R?)\ {0} ef o] % oo

En second lieu, on a un défaut de compacité lié a un phénomene de concentration comme
I'illustre ’exemple suivant, connu sous le nom d’exemple de Moser :

0 sifz| >1,
g2l oo < a <1
— i
ga(z) == ool (L.9)
«@ .
— si |z] <e™@.
2m

En effet, cet exemple qui se formule comme suit :

a log|:c])
o) =41/—L[ — ; [.10
gola) = /5oL~ % (L10)
avec L le profil de Moser défini par
1 sit>1
Lit)={ t sio<t<1 (I.11)
0 sit<O0,

5. Dans I’Annexe B, on donnera quelques propriétés élémentaires des espaces d’Orlicz.
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satisfait

go — 0 dans H'(R?) et g, — dans £(R?), lorsque a — 00 .

1
vam
Rappelons que, sous une hypothese de compacité a l'infini, H. Bahouri, M. Majdoub et
N. Masmoudi ([24]), ont montré dans le cas radial que les seuls éléments responsables du défaut
de compacité de 'injection de Sobolev (I1.8) sont du type (I1.10). Plus précisément, ces éléments,
qu’on appelera par la suite exemples généralisés de Moser, s’écrivent sous la forme

O Ip(_log |‘”|) , (L12)

2w o,

ou a = (a,), appelée échelle, est une suite de nombres réels positifs tendant vers I'infini et ou
1, appelé profil, appartient a ’ensemble

Py = { (NS LQ(R, e_Qst); w/ S L2(R), @D\]foo,o] =0 } .

Dans un premier article intitulé Characterization of the lack of compactness of
H? ,(R*) into the Orlicz space, en collaboration avec Ines Ben Ayed, publi¢ dans Com-
munications in Contemporary Mathematics, on a décrit le défaut de compacité de I'injection de
Sobolev

H? (RY) — L(R?Y). (I1.13)

rad

Comme pour le cas de la dimension 2, cette injection de Sobolev présente un défaut de com-
pacité a l'infini, ainsi qu’un défaut de compacité généré par des phénomenes de concentration.
Dans [87], B. Ruf et F. Sani ont construit une suite de fonctions (f,) vérifiant

fo—0 dans H*(R*Y) et f, — dans £(R*), lorsque o — 0.

1
vV 3272

Cette suite de fonctions, qui illustre un phénomene de concentration, est définie comme suit :

a 11— |z)%e?* | R
2 T aamra D=
fo(z) ;=3 —log|z| o
— sie™ < |z| <1
V8mla - -
Ne () si|z| >1,

oll 77, est une fonction de D,.q(R*) dont toutes les dérivées jusqu’a I'ordre 2 sont controlées par

—— et qui vérifie les conditions au bord suivantes :

NG
_o, I _ 1
77048]31 — Y, aV 8, = 87T2a 5
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avec By la boule unité de R*. 1l est facile de voir que la suite (f,) peut s’écrire de la maniére
suivante :

fa(2) = ha(@) + Ro(2) . [Rolleesy =30,

1
ou hy(x) = OCL(— og ||

72

>, avec L le profil de Moser défini par (I.11).
o}

Cependant, contrairement au cas de la dimension 2, la suite (h,) n’appartient pas a H?(R*).
Pour surmonter cette difficulté, on a introduit une approximation de l'identité adaptée : étant
donnée une fonction positive réguliere p vérifiant

1
suppp C [-1,1] et / p(s)ds=1,
-1
on a décomposé la suite (h,) de la maniére suivante :

a—0

ha() = ha(w) + Ra(2),  [|R:||cesy =0,
ou log |2
- a og |z
ho(z) = /== (L * py <— > ) [.14
(0) =\ oy (L pa) (-5 (1.14)
avec pq(s) = ap(as).
Dans ce premier travail, on a montré que le défaut de compacité de I'injection de Sobolev

(I.13) se décrit a 'aide d’éléments du type (I.14). Le résultat qu’on a obtenu se formule comme
suit : étant donnée une suite (u, )nen bornée dans H2 ;(R*) vérifiant

U, =0,

lim sup ||t || gmey = Ao > 0 et
n—oo
lim lim su up(x)? dz =0,
Jim Tim sup lxle (z)]

il existe alors une suite d’échelles (a$?);>; deux a deux orthogonales® et une suite de profils
(19,51 de I'ensemble

Py = { (NS LZ(R, ei4sd5); 1// S L2(R), w”_oo’()] = 0}

telles que, a extraction d’une sous-suite pres, on a pour tout £ > 1

e o, oy (Zloslely L o I O =g 15
un(x) - ; ?(Vﬁ * Py )(047(1])) + I'n (l‘), lfln_)sogp Iy L(RY) — U, ( : )
avec p(s) :== aWp(aWs).
6. Deux échelles () et (&) sont dites orthogonales si | log (;[—:) — 00.
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La démarche qu’on a adoptée pour prouver ce résultat s’appuie sur une estimation L loin
de l'origine. Cette estimation spécifique au cas radial nous a permis, en s’inspirant du travail
[24], de mettre en place une stratégie pour extraire les éléments du type (1.14).

L’objectif de notre deuxieme article intitulé Description of the lack of compactness
in Orlicz spaces and applications, en collaboration avec Ines Ben Ayed, a paraitre dans
Differential and Integral Equations, est double. Dans un premier temps, on s’est intéressé a la
classe d’injections de Sobolev

HY(R?) — L% (R?*), peN*, (I.16)
, PTl g2k

ot L?7(IR?), appelé I'espace d’Orlicz associé a la fonction ¢,(s) :=e* — > o est I’ensemble
k=0 "

des fonctions mesurables u : R? — C pour lesquelles il existe un nombre réel X > 0 tel que

/R2 gzsp('“(;)') dr < +00.

A cet effet, on a généralisé le travail de H. Bahouri, M. Majdoub et N. Masmoudi (]26])
traitant I'injection de Sobolev (I.16) dans le cas ou p = 1. Plus précisément, on a fourni, pour
tout entier p € N*, une caractérisation du défaut de compacité de 'injection de Sobolev (I.16)
en termes des exemples généralisés de Moser (1.12) concentrés autour de suites (z,) de R?
appelées coeurs.

La preuve de ces décompositions en profils est complétement différente de celle du premier
article qui est basée sur 'estimation L> loin de l'origine. En effet, cette estimation radiale fait
défaut dans le cas général comme le montre 'exemple de la suite :

> 01
ua(x) = Z ﬁga(x - l’k),
k=1

ol (ga) est 'exemple de Moser défini par (1.9) et (x;) est une suite de R? dont la norme tend
vers I'infini. La méthode qu’on a développée ici pour extraire les coeurs de concentration repose
sur des arguments de capacité comme dans [26] et utilise d’'une maniere cruciale la symétrisa-
tion de Schwarz.

Dans un second temps, on a abordé I’étude de I’équation de Klein-Gordon suivante :

Ou 4+ u + u ¢p(vVamu) =0,
(L.17)
Up=0 = Up S H' (R2) , 6tU|t:() =u € LQ(RQ) ,
ol p est un entier supérieur ou égal a 1, ot u = u(t, x) est une fonction de (t,7) € R x R? a
valeurs réelles et ou [0 = 07 — A est 'opérateur des ondes.
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Rappelons que les solutions du probléme de Cauchy (I.17) satisfont, formellement, la conserva-
tion de I’énergie :

Ey(u,t) = [ 0ult, )|3amey + I Vult, )22 ge) + /]R F(u(t, ) do (L18)
= E,(u,0):= Eg,

,_ i Aru(tae)? ", (4m)F 2k>
avec F(u(t,x)) = (e 1 kz:; 1 u(t, )" ).

Comme dans les travaux de S. Ibrahim, M. Majdoub et N. Masmoudi dans [56] et de S. Ibra-
him, M. Majdoub, N. Masmoudi et K. Nakanishi dans [58], ou les auteurs traitent le probleme
de Cauchy (I.17) dans le cas ou p = 1, on a prouvé l'existence et 'unicité globale ainsi que
la complétude asymptotique dans les cas sous-critique et critique. Ici, la notion de criticalité
dépend de la taille de I’énergie Eg par rapport a 1. Plus précisément, le probleme (1.17) est dit
sous-critique si EI? < 1, critique si Eg = 1 et sur-critique si Eg > 1.

Par la suite, on s’est attaché a analyser les solutions du probleme (I.17) dans les cas sous-
critique et critique. L’approche qu’on a adoptée est celle introduite par P. Gérard dans [49] :
elle consiste a comparer I’évolution des oscillations et des effets de concentration produits par
les suites des solutions de I’équation non linéaire (I1.17) et les suites des solutions de 1'équation
linéaire

Uv+v=0. (1.19)
Comme pour le cas p = 1 étudié dans [24], on a montré que la nonlinéarité n’induit aucun
effet sur le comportement des solutions dans le cas sous-critique, ainsi que dans le cas critique
moyennant une hypothese de la non concentration de la masse totale pour les solutions de (1.19).

Notre troisieme article intitulé Sharp Adams-type inequality invoking Hardy inequa-
lities, soumis pour publication (arXiv :1502.05154), est dédié en premier lieu a 'extension de
I'inégalité (1.5) a 'espace fonctionnel

2N 12N Vu 2 (2N
H(RY) :=Sue H (R*); e L*(R*Y) s N>2,

! |.|N71

dans le cas radial. Cet espace qui contient strictement 1'espace de Sobolev HY(R*Y), est en
étroite relation avec les inégalités de Hardy (voir par exemple [16, 19, 52, 53]) :

Bk

Il est a noter que ces inégalités de Hardy sont fondamentales dans certains problemes d’Analyse
(on peut mentionner, par exemple, les méthodes d’explosion ou I’étude des opérateurs pseudo-
différentiels a coefficients singuliers).

< Cagsllul

d
HS(]Rd)’ Vs e [0,2{
L2(R?)
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L’inégalité optimale de type Adams qu’on a obtenue, dans le cadre de 'espace H,qq(R?*Y)
est donnée par
v lu(@)]® _
sup 1/RQN (e 1) dr < 400, (1.20)

UeHrad(R2N)a IIUII’H(RQN)S
ot Yy := 2Nwyy_1 et ol |||y gevy désigne la norme suivante :

2

Vu

llugen = el g, + H||N

LQ(RQN)

La stratégie qu'on a utilisée pour établir cette inégalité est inspirée de celle adoptée en
dimension 2 par B. Ruf dans [86] : elle consiste a écrire 'intégrale dans (I1.20) comme somme
de deux intégrales I; et I, ou

[1 = / (e'yN\u(a:)F - 1) dl' et [2 = / (e’yN|u(CE)\2 - 1) dxa
B(ro) R2N\B(ro)

avec ro un certain nombre réel strictement positif, puis a montrer que ces deux intégrales
peuvent étre majorées par une constante qui dépend uniquement de ry et N. Le contréle de I
s’appuie sur une estimation radiale loin de 'origine spécifique a la dimension 2N, tandis que
le contrdle de I, se réalise en effectuant un changement de variable qui permet par la suite
d’appliquer l'inégalité de Trudinger-Moser (1.2) pour d = 2.

La preuve de 'optimalité a nécessité la construction d’une suite adéquate de fonctions. Cette
suite, qui généralise au cas de la dimension 2N ’exemple de Moser (1.9), est donnée par

ko (1) = \/TL( _ k’gal”f') , (1.21)

avec L le profil de Moser défini par (I.11). Plus précisément, 'optimalité de I'inégalité (1.20)
découle de la propriété de convergence suivante vérifiée par (k,) :

fou (¢

En second lieu, on a caractérisé, dans ce travail, le défaut de compacité de I'injection de
Sobolev suivante impliquée par l'inégalité (1.20) :

ko (z) ‘
Ikally gany | 1) dr =% 0o, Vy>n.

Hrag(R?) — L(RMY). (1.22)

Comme pour les injections de Sobolev étudiées dans les travaux précédents, on note que le
défaut de compacité de l'injection de Sobolev (1.22) est dii a la fois & un défaut de compacité a
I'infini et & un phénomeéne de concentration. Ce phénomeéne de concentration peut étre illustré
par la suite de fonctions (k,) définie par (I.21). En effet, cette suite satisfait

1
ko — 0 dans H(R®™) et k, —» —— dans L(R?), lorsque o — 00.
() = dans LR
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En s’inspirant de la méthode développée dans [24], on a montré que le défaut de compacité
de l'injection de Sobolev (1.22) se décrit a I'aide d’éléments du type (I1.21). Plus précisément, on
a obtenu le résultat suivant : étant donnée une suite (u,),en bornée dans H,qq(R?Y) vérifiant

Uy, — 0,

lim sup ||y, || @evy = Ag >0 et
n—oo

lim lim sup lun (z)*dr =0,
R—00 pn—ooo” J|z|>R

il existe alors une suite d’échelles (agj))jzl deux a deux orthogonales et une suite de profils
(1951 de I'ensemble

Pav i={ ¥ € LA(R,e™ds); o' € L(R), ¥ =0 |

telles que, a extraction d’'une sous-suite pres, on a pour tout £ > 1,

J4

2N i} —log |z : g
D3 r o (Z2E) 100, s IO, 5 0
= Oén n—00

De plus, on a 'estimation de stabilité suivante :
S

+0o(1), n— .
LQ(RQN)

H Vu,
|

'|N—1

H vrl®)
I

“N—l

L2 ]R2N

Soulignons que récemment, H. Bahouri et G. Perelman ([27]) ont caractérisé le défaut de
compacité de I'injection de Sobolev (1.7) dans le cadre général en utilisant une approche com-
pletement différente basée sur ’analyse de Fourier.

Rappelons que les décompositions en profils ont pris leur origine dans le cadre elliptique
dans les travaux de H. Brezis et J.-M. Coron ([32]) et M. Struwe ([94]). Depuis, ce probleme
n’a cessé de susciter 'attention des chercheurs, que ce soit dans la description des injections de
Sobolev critiques invariantes par changement d’échelle ([20, 50, 60]) ou dans I’analyse d’équa-
tions aux dérivées partielles non linéaires ([17, 21, 22, 24, 48, 62, 68, 95, 99]).

Notons, cependant, que les éléments intervenant dans la caractérisation du défaut de com-
pacité des injections de Sobolev dans les espaces d’Orlicz sont completement différents de
ceux apparaissant dans ’étude des injections de Sobolev critiques invariantes par changement
d’échelle. En effet, les éléments responsables du défaut de compacité de ces dernieres sont, se-
lon la terminologie de P. Gérard dans [50], oscillants par rapport a des échelles (autrement dit,
concentrés en fréquences), tandis que ceux qui décrivent le défaut de compacité des injections
de Sobolev dans les espaces d’Orlicz sont étalés en fréquences (voir [26]).
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Terminons cette introduction en rappelant que les différents travaux concernant 1’étude du
défaut de compacité d’injections de Sobolev ([12, 20, 24, 26, 27, 28, 50, 49, 60]) ont permis de
fournir diverses informations sur les solutions d’équations aux dérivées partielles non linéaires.
On peut mentionner, par exemple, les résultats de régularité concernant des systemes de Navier-
Stokes ([17, 21, 48]), I’étude qualitative d’équations d’évolution non linéaires ([22, 24, 62, 68, 99])
et l'estimation du temps de vie des solutions d’équations d’évolution semi-linéaires ([61]). Pour
d’autres applications, on peut consulter [32, 74, 75, 94, 95] et les références associées.
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II.1 Introduction

I1.1.1 Development in critical Sobolev embedding

Due to the scaling invariance, the critical Sobolev embedding
H*(RY) — LP(RY), (IL.1)

when 0 < s < g and ]% = % — 2, is not compact.

After the pioneering works of P. Lions [74] and [75], P. Gérard described in [49] the lack of
compactness of (II.1) by means of profiles in the following terms : a sequence (u,), bounded
in H $(R%) can be decomposed, up to a subsequence extraction, on a finite sum of orthogonal
profiles such that the remainder converges to zero in LP(R?) as the number of the sum and n
tend to infinity. This question was later investigated by S. Jaffard in [60] in the more general case
of H*4(R?) — LP(RY),0 < s < g and % = % — & by the use of nonlinear wavelet and recently in
[20] in an abstract frame X < Y including Sobolev, Besov, Triebel-Lizorkin, Lorentz, Holder
and BMO spaces. (One can consult [15] and the references therein for an introduction to these
spaces). We also mention the work of Brezis-Coron [32] about H-systems. In addition, in [24],
[25] and [26] H. Bahouri, M. Majdoub and N. Masmoudi characterized the lack of compactness

of H'(R?) in the Orlicz space (see Definition I1.1)
H'(R?) < L(R?),
in terms of orthogonal profiles generalizing the example by Moser :
 [oy, , (—log ]x|>
gn(z) = 27 ¢( iy ’

where a := (ay,), called the scale, is a sequence of positive real numbers going to infinity and
1, called the profile, belongs to the set

{verr® o™ v e PR, ¥y =0}

The study of the lack of compactness of critical Sobolev embedding was at the origin of several
works concerning the understanding of features of solutions of nonlinear partial differential
equations. Among others, one can mention [21], [22], [61], [62], [68] and [94].

I1.1.2 Critical 4D Sobolev embedding

The Sobolev space H?(R*) is continuously embedded in all Lebesgue spaces LP(R?) for all
2 < p < co. On the other hand, it is also known that H?(R*) embed in BMO(R*) N L*(R?),
where BMO(R?) denotes the space of bounded mean oscillations which is the space of locally
integrable functions f such that

1 ) 1
||f||BMO:SUp7/ |f = fl dv < oo with fB:—/fdx.
B |B| /B |B| /B
The above supremum being taken over the set of Euclidean balls B, |- | denoting the Lebesgue

measure.
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(R*)

In this paper, our goal is to investigate the lack of compactness of the Sobolev space H2 ;
in the Orlicz space L(R*) defined as follows :

Definition II.1 Let ¢ : Rt — R™ be a convex increasing function such that

»(0)=0= lim ¢(s), lim ¢(s) =o00.

s—01 §—00

We say that a measurable function u : R¢ — C belongs to L? if there exists A\ > 0 such that

/qub<|u(;)|> dz < oo.
||u||L¢>=inf{)\>O,/Rd¢<W(;)‘> dx§1}.

In what follows we shall fix d = 4, ¢(s) = e** — 1 and denote the Orlicz space L? by £ endowed
with the norm || - ||z where the number 1 is replaced by the constant x involved in (I1.3). It is
easy to see that £ — LP for every 2 < p < oc.

The 4D Sobolev embedding in Orlicz space L states as follows :

We denote then

1
[ull gy < mHUHHZ(R‘l)- (I1.2)

Inequality (I1.2) derives immediately from the following proposition due to Ruf and Sani in
[87] :

Proposition I1.2 There exists a finite constant k > 0 such that

sup / (e32“2‘“(’”)|2 - 1) dr =K < 00. (IL.3)
R4

UEHZ(R4),|‘UHH2(R4)§1

Let us notice that if we only require that ||Au||2rsy < 1 then the following result established
in [77] holds.

Proposition I1.3 Let 3 € [0,3272], then there exists Cg > 0 such that

/R4 (M @F 1) de < CollulZapsy Vu € HAR) with [Aullz <1, (I1.4)
and this inequality is false for 3 > 322,
Remarks I1.4 The well-known following properties can be found in [77] and [87].

— The inequality (11.3) is sharp.
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— There exists a positive constant C' such that for any domain Q C R*

sup / <e?’27r2“(“7)|2 — 1) de < C'.
Q

UGHQ(Q%H(—A-*-I)UHL%Q)Sl

— In dimension 2, the inequality (11.4) is replaced by the following Trudinger-Moser type
inequality (see [1] and [86]) :
Let a € [0,4x]. A constant C,, exists such that
/ (™M — 1) dar < CallullFaes (IL5)
R2

for any u € H'(R?) with ||Vul|[2@zy < 1. Moreover, if o > 4 then (IL5) is false.

I1.1.3 Lack of compactness in 4D critical Sobolev embedding in Or-
licz space

The embedding of H?(R*) into the Orlicz space is non compact. Firstly, we have a lack of
compactness at infinity as shown by the following example :

up(z) = o(x + 1), @ € DR\ {0} and |z = 0

Secondly, we have a lack of compactness generated by a concentration phenomenon as illustrated
by the following example (see [87] for instance) :

o 1_|$|2e2a . —a
st Uy |7l <e

falz) = ¢ — ife= < |z| <1 (11.6)
na($) if |ZE| > 1,

where 7, € D(R?) and satisfies the following boundary conditions :

Mg, 1
Najon, = 0, r

OB, B vV 87r2a7

1
with Bj is the unit ball in R%. In addition, 7., V1., An, are all equal to O(\/_> (1) as « tends
&)

to infinity.
By a simple calculation (see Appendix A), we obtain that
1 1 1
I£allt = O(= ), IV fallfs = O( ) and ALl =14 0(= ) asa = +oo.
Also, we can see that f, — 0in H?(R?).

The lack of compactness in the Orlicz space £(R*) displayed by the sequence (f,) when a goes
to infinity can be stated qualitatively as follows :

1. The notation g(a) = O(h(«)) as @ — +o00, where g and h are two functions defined on some neighborhood
of infinity, means the existence of positive numbers a and C such that for any o > a we have |g(a)| < C|h(a)].
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Proposition I1.5 The sequence (f,) defined by (11.6) satisfies :

;a8 o — +00.

1
alle = —=
Ifalle = 7=

Proof. Firstly, we shall prove that licrg iogf | fallz > - For that purpose, let us consider

A > 0 such that

1
V3272

|fa(2)|?
/ (e 22 —1) dr < k.
R4
|fa(2)[2
/ <e X2 —1)dx§/€.
|z|<e=e

Then

But for || < e™®, we have

£.(2) /a+1—|x|262a> a
a xT) = _— —_— _
872 V3212« 82

—Q

27T2/Oe (eﬁ—l)r:idrgff.

So we deduce that

Consequently,

which implies that

)\2

H .
3272 + % log(25 + e—4e) a—ee 3272

This ensures that 1

limint || fo]le > ——— -
I(ELIOI.} Hf”ﬁ_\/m

To conclude, it suffices to show that limsup || f,||z < - To go to this end, let us fix e > 0
a—r 00

1
V3272

and use Inequality (I1.4) with 8 = 3272 — e. Thus, there exists C. > 0 such that

2 _g) Lfa(@)]? 2
/ e(32 ¢) 1850fe _ 1) aw < . ||fa||L; .
Rt 1A fallZe

The fact that lim | fallzz = 0 leads to

1
. 2 < —_—
111;1_)8;313 I fallz < 3972 — ¢

which ends the proof of the result. |

The following result specifies the concentration effect revealed by the family (f,) :
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Proposition I1.6 With the above notation, we have
2 3212 | fo|? ™
IAfu|? = 6(x=0) and &2 1FlF _1 1—6(6 +3)d(x =0)

in D'(R*) as a — oo.
Proof. For any smooth compactly supported function ¢, let us write

/R4 Afa(@)Po(z) de = Io+Jo+ Ka,
with

lo = [ 1) Pela) dr,

Jo = / |Afo(z)]Po(x) dz and

e~ o<|z|<1

Ko = [ I8L(@)Pela) dr.

Noticing that Af,(z) = 250 if 2] < e, we get

V32m2a
|-[a| S ||90||L°° — 0.
19 a—00
On the other hand, as Af, = Pvera ;Ta if em < |z] < 1, we get
1 1 1 1
PR U S W PR Ny S Y
2120 Jemo<ja|<1 |x|4¢( ) dv+ 212 Jea<jal<t |x]? (80@) d )) .
1 1
— (0 + 5 | = (@) — 9(0)) da.
(0)+ 22 Jemage<1 ||t (go(x) e )) v
Using the fact that |o(z) — ¢(0)| < |z]||Vpl||z~ we obtain that
Vel| —a
o= o) < VA= oy .

Finally, taking advantage of the existence of a positive constant C' such that
1A || < % and as ¢ is a smooth compactly supported function, we deduce that

| K| =2 0.
This ends the proof of the first assertion. For the second assertion, we write

/4 <e32“2|f°‘(“)|2 - 1) o(z)dr = Lo+ My+ Ng,
R
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where
Le / (¥ e — 1) () da,
|z|<e—«
M. / 327r2|fa($)|2 _ 1) o(z) dz  and
e O‘<\$|<1
N, / o327 fa@)? _ 1) o(z) dz.
We have

Lo [ 1) (o) ) (1) 0

|z|<e«

Arguing as above, we infer that

L — / (6327T2|fa(r)|2 _ 1) 0(0) dz
jo]<ee

71.2 o 1 2 —ba
< 21| V| ( (V=) _1)65 .

As the right hand side of the last inequality goes to zero when « tends to infinity, we find that

Lo— [ (#7100 1) o(0) da| —3 0.
[ ) ol0) ds|
Besides,
/ (632”2”‘1(””)'2 - 1) ©0(0)dv = 2’ 4(‘”1)6%0(0) /e—a eeia ri=202 (24 3)r% 3 gy
|z|<e—« 0
2
Q0 —4Q
- 5@(())@ e
Now, performing the change of variable s = re®, we get
2
/| (6327r2‘fa(;1:)|2 B 1) o(0) de = 27 ea+4g0(0)/ Pt -20+h)s? go %¢(O)e_4o‘,
z|<e @ 0

which implies, in view of Lebesgue’s theorem, that

1 2 7T2
lim L, = 27T2e4gp(0)/ s2e ™ ds = —(e* —5)p(0).
0

Also, writing

4(log |])? 4(log |z)?
M, = / (go(a:) — go(O)) (e a = 1> dz —I—/ ©(0) (e a = 1) dx ,
e~ a<z|<1 e~ a<|z|<1

2
we infer that M, converges to 7T—<p(0) by using the following lemma the proof of which is similar

to that of Lemma 1.9 in [24]. n
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Lemma I1.7 When a goes to infinity,

1 47 2 1 1 47 2 1
/ r4651°grdr—>5 and / T3eElogrdT—>§-
e~ @ e«

Finally, in view of the existence of a positive constant C' such that |9, ||z~ < % and as ¢ is a
smooth compactly supported function, we get

N, — 0,
a— 00

which achieves the proof of the proposition.

I1.1.4 Statement of the results
Before entering into the details, let us introduce some definitions as in [24] and [49].

Definition I1.8 We shall designate by a scale any sequence a := (o) of positive real numbers
going to infinity. Two scales o and 3 are said orthogonal if

10g<£:>’—>oo.

The set of profiles is
P = {w € L*(R,e®ds); ¢ € L*(R), -ceg = 0} :

Remark I1.9 The profiles belong to the Hélder space Cs. Indeed, for any profile v and real
numbers s and t, we have by Cauchy-Schwarz inequality

1
<Y lr2wls — 12

wls) = w0 = | [ () ar

Our main goal is to establish that the characterization of the lack of compactness of critical
Sobolev embedding
H2

rad

(R*) = L(R?)

can be reduced to the example (I1.6). In fact, we can decompose the function f, as follows :

fula) = @L( - logam) Frol(),

1 if ¢t>1
Lit)y=<Xt if 0<t<1
0 if t<0

where

and

e <o
ra(z) =19 0 if e <2/ <1

Na(x) if |z > 1.
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The sequence « is a scale, the function L is a profile and the function r, is called the remainder
term.
We can easily see that 7, v 0 in £. Indeed, for all A > 0, we have

Ira(z)|? e” 14rdede
/ (e N — 1) dr < 27?2/ (ewwzaﬂ — 1) r dr
|z|<e—e 0

42\ Tom ve—da [ eTeTan
< |87 A\eTerZax? e et6nZar? — 1 | —

— 0.

7.‘.2e74oz
a—00

2

Moreover, since 7 belongs to D(R*) and satisfies ||7, ||z~ < % for some C' > 0, we get

lro (2)[2
/ <e 22— 1> dr — 0.
|I|>1 a—r 00

lo
Let us observe that h,(z) = %L _ logla]
T «
this difficulty, we shall convolate the profile L with an approximation to the identity p,, where

pn(s) = app(ay,s) with p is a positive smooth compactly supported function satisfying

does not belong to H*(R*). To overcome

suppp C [-1,1] and (IL.7)

/ " p(s)ds = 1. (11.8)

~1
More precisely, we shall prove that the lack of compactness can be described in terms of an
asymptotic decomposition as follows :

Theorem I1.10 Let (uy,), be a bounded sequence in HZ ;(R*) such that

rad
limsup ||usllz = Ao>0, and (I1.10)
n— oo
lim lim sup lun(z)?de = 0. (IL.11)

R—oo n—oo” Jiz|>R

Then, there exists a sequence (o)) of pairwise orthogonal scales and a sequence of profiles
(YD) in P such that up to a subsequence extraction, we have for all £ > 1

oW 1
- ) () 0, (112
s

Oén

where pi9) (s) = a¥) p(a¥)s) and lim sup H Z)H %0,

n
n—0o0

Remarks I1.11

— As in [49], the decomposition (11.12) is not unique.
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— The assumption (IL.11) means that there is no lack of compactness at infinity. We are
particularly satisfied when the sequence (uy) is supported in a fivred compact of R* and
also by the sequences

9 (w) == gﬁ(w@ «pJ) (W) (I1.13)
involved in the decomposition (11.12).
— As it is mentioned above, the functions h)(x) := 1/1 (7) ( logxl) do not belong to
H?(R*). However, we have
PR — (I1.14)

where the functions g¥) are defined by (11.13). Indeed, by the change of variable s = —IZ%—J'-?'

n

and using the fact that, for any integer number j, Y9 x pU) is supported in [—%, oo and

) is supported in [0, o[, we infer that for all X > 0

/ <e — 1) dx
R4
o/ o
s 27T2a(J)/ (e87r2)\2
n 1

e

oD @)-2P (@) |?
A

2

@)
— 1)e dan’s s .

(d,(j)*pg)> (8)—9p@ (s)

Since .

p(t) dt,

) (3 _ Z)) — y0)(s)

(677

(W95 p9)(s) = w(s)] < [

-1
we obtain, according to Cauchy-Schwarz inequality,

1

(9 p2)(5) =09 < [ dt

1
S aff)/ - \W)(S —7) = P (s)

RO

B
o
s [ (]

N

e (3 _ Z)) _p(s)|

(677

dr

‘ 2

(w(]’))l(u)‘ du) : dr.

Applying again Cauchy-Schwarz inequality, we get

(095 09)(5) = 09)| ﬂ/“’(/

1 S
o sup

S—T
Irl<—55
n

S

Then, there exists a positive constant C' such that
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fole

oD @)-2 @) |2
A

‘ — 1> dx
% sup, fi,\w(j))’(U)\Qdu

o
i (J) PNE))
N Oégtj)/ e o — 1| e a5 s

L, + J,,
where
= sup [ @Y (@) du

s€lsg.colirl<— o)

>

<

s sup o @Dy @) du
se[~—L.sqllrl< :
< 7 ( ) R
J, = / 1 1 —1|et’s s,

AG

for some positive real sg.
Noticing that

L2(R) e—dail’s
I, 2 —1 )
~ € A 4
we infer that
lim I, =0
Moreover, the fact that
C,:=C sup /S (@W)),(u)’ du — 0
ne o—r n—oo

s€l= gy sobiTl< i
implies that
4 —4day;’so
lim J, = lim (e% — 1)66 =0.
n—00 Nn—00 4
This leads to (11.14) as desired.
— Similarly to the proof of Proposition 1.15 in [2]], we get by using (11.14)
- W) (s))
n%oo L R4) n%oo H H R%) o /3272 I?>a€( \/E )
e) Setting gn(x) = \/ g (w(f) * p(J))<_l°g-|I>, where pY)(s) = all ,5( ) with p is a
positive smooth compactly supported function satisfying (IL. 7) and (IL.8), we notice that
|99 — g9 HL(R — 0, (IL15)

4) n—o0

1 o]

where the functions g are defined by (11.13). To prove (I1.15), we apply the same lines
of reasoning of the proof of (11.14).
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— Compared with the decomposition in [49], it can be seen that there’s no core in (11.12).
This is justified by the radial setting.

Theorem I1.10 induces to
; (9)
[t — sup (T}ggo 95 Hﬁ) :
This is due to the following proposition proved in [24].

Proposition I11.12 Let (%)) ;¢ be a family of pairwise orthogonal scales and (19))1<;<; be
a family of profiles, and set

(7) ¢
an ; N [ — log |z :

() g @) [ M) (4)
32 (09 5 ) ( NG ) -—jEZl 9r’ ().

gn($) = ;

Then
lgalle — sup (nm ;ggpuﬁ).
1<5<e

n—0o0

I1.1.5 Structure of the paper

The paper is organized as follows : Section 2 is devoted to the proof of Theorem II.10

by describing the algorithm construction of the decomposition of a bounded sequence (u,) in
H2 ,(R*%), up a subsequence extraction, in terms of orthogonal profiles. In the last section, we
deal with several complements for the sake of completeness.
We mention that C' will be used to denote a constant which may vary from line to line. We
also use A < B to denote an estimate of the form A < C'B for some absolute constant C' and
A= Bif A< Band B S A. For simplicity, we shall also still denote by (u,,) any subsequence
of (uy).

11.2 Proof of the main theorem

I1.2.1 Scheme of the proof

The first step of the proof is based on the extraction of the first scale and the first profile.
As in [24], the heart of the matter is reduced to the proof of the following lemma :

Lemma I1.13 Let (u,,) be a sequence in H2,,(R*) satisfying the assumptions of Theorem II.10.
Then there exists a scale (o) and a profile 1 such that

19| 2®y = C Ay, (11.16)
where C is a universal constant.

Then, the problem will be reduced to the study of the remainder term. If the limit of its Orlicz
norm is null we stop the process. If not, we prove that this remainder term satisfies the same
properties as the sequence start which allows us to apply the lines of reasoning of the first step
and extract a second scale and a second profile which verify the above key property (I11.16).
By contradiction arguments, we get the property of orthogonality between the two first scales.
Finally, we prove that this process converges.
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11.2.2 Preliminaries

2 (R*) into the Orlicz space
L(R*), we will make firstly the change of variable s := —logr with r = |z| and associate to
any radial function v on R* a one space variable function v defined by v(s) = u(e™). It follows
that :

To describe the lack of compactness of the Sobolev space H?

[ QWZ/Re*‘*S\v(s)\? ds | (IL.17)
Jul2

‘u = 27r2/ e 2 (s)* ds, (I1.18)
67" L2(R%) R

12

-0, = 27‘(‘2/ 1v'(5)|* ds  and (I1.19)

r llr2(rey

[Aulfagey = 22 [ | =20/(s) +v"(s) ds. (11.20)

The quantity (I1.19) will play a fondamental role in our main result. Moreover, for a scale (a,)
and a profile ¢ we define

In(@) 1= [ o (1) % ) (_bg|"3|> ,

Qn

where p,(s) = anp(a,s) with p is a positive smooth compactly supported function satisfying
(IL.7) and (I1.8). Straightforward computations show that

o 3

gnll 2@y S an (/0 I (s)[2e4ens ds) 7 (I1.21)
O 1

H / < ([ wperas) (1122
or llpzmsy ™~ R
10,9, S W@ and (11.23)
ro T )

1Agnllz2@ey S ¢ ll2 - (I1.24)

Indeed, we have
n —4op s %
gnll2@sy = - </ (¢ * pn)(s)Pe ™ ds>
R
= ’ U * Py

where 9, (7) = Gagh(t)e ™ and p, (1) = po(7)e"?*"7 . According to Young’s inequality, we get

L2(R)’

[gnll2eey < Wn [15n 1 @)

L2(R)

o 1
a </ [ob(7) [2e 4T d7)2 and || pn| 1wy = / p(T)e™® dr, we obtain
0 1
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Similarly, writing

9gn 1 / 2.2 )2
Yan — N ans
H or |l L2 5 (/le * pn)(s)|e s
= ,ll;n * Pn )
L2(R)
where Jn(r) = 2¢/(7)e™ ™ and f,(7) = pn(7)e”*" and using Young’s inequality, we infer that
’ % < : 5
Or N2 @l o ®)
1 / 2 —2anT % ! —T
< S ([w@peeran)’ [ pmye dr,
2 \Ur -1
which leads to (11.22).
Also, we have
| 165 palliagey < 51
—Urn =3 * On >~ 3 .
o9 pEy 2 PallL2®) = 5 L2(R)

Finally,
1 !/ 1 !/ / 2 %
gallizwy = 5[] =20 p)s) + @ )05 ds
1

20,

IN

19" * pnl|L2m) + 19" % o), || 2wy

IN

1
19| 2my + . ]| L2y 12 ] 1) -
1
The fact that [|p],||11@®) = an/ ¢ (7) dr ensures (I1.24).
-1

I1.2.3 Extraction of the first scale and the first profile

Let us consider a bounded sequence (u,) in HZ,(R*) satisfying the assumptions (I1.9),

rad
(I1.10) and (I1.11) and let us set
Un(8) == u,(e7°).

We have the following lemma.

Lemma I1.14 Under the above assumptions, the sequence (u,) converges strongly to 0 in
L2(R*). Moreover, for any real number M, we have

JgIglo ||Un||L°°(]foo,M[) =0. (1125)
Proof. For any R > 0, we have

unl L2rsy = ||UnllL2(21<Rr) + | UnllL2(2)>R) -
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According to Rellich’s theorem, the Sobolev space H?(|z| < R) is compactly embedded in
L*(Jz| < R). Thanks to (I1.9), we get

. [|un |22 (zj<r) = 0.

Now, taking advantage of the compactness at infinity of the sequence (u,) given by (I1.11), we
deduce that

n—o0

Besides, according to Proposition I1.23, we infer that

3 1 1
[vn(s)| S e2 ||Un||22(R4)HvunHiz(sz) . (I1.27)

For s < M, (I1.25) derives immediately from (II.27) and the strong convergence of (u,) to zero
in L?(R%). [

Now, we shall determine the first scale and the first profile.

Proposition I1.15 For all 0 < § < Ag, we have

sup
s>0

Proof. To go to the proof of Proposition I1.15, we shall proceed by contradiction by assuming
that there exists a positive real § such that, up to a subsequence extraction,

Un(5)
Ay — o

2
—33) — 0.

n—o0

U (8)

Ag—9

2
sup ( — 33) <C, (I1.28)
$>0,neN

where C' is a positive constant. Thanks to (I1.25) and (I1.28), we get by virtue of Lebesgue’s

theorem
lim (e — 1) dzr = lim 27‘(‘2/ (e
n—oo II‘<1 n—oo 0

On the other hand, using Proposition 11.23, the boundedness of (u,) in H?*(R?) ensures the
existence of a positive constant C' such that

vn(s)
Apg—9

un (x)
Apg—9

— 1)e_45 ds =0.

lup ()] <C, ¥YneN and|z| > 1.

By virtue of the fact that for any positive M there exists a finite constant C'; such that

we obtain that
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The strong convergence of (u,) to 0 in L?(R*) leads to

un ()
/ <e A0=0 —1> dr — 0.
R4 n—00
Thus,
dim [yl < Ao -0,
which is in contradiction with Hypothesis (II.10). [

Corollary I1.16 There exists a scale (ozf@l)) such that

N
Uy,
47( ) —3al) — 0.
AO n—00
Proof. Let us set
Wo(s):=4 Un(5) —3s and a, :=sup W,(s).
AO 5>0

Then, there exists a positive sequence (ozﬁll)) such that

Wn(a,(ll)> >y — L

n

According to Proposition I1.15, a,, tends to infinity and then

W (ag)) — 00.

n—00

It remains to show that (" —2 00 If not, up to a subsequence extraction, the sequence (ag))

is bounded in R and so is (Wn (aﬁP)) thanks to (I1.25). This yields a contradiction. n

Corollary I1.17 Under the above assumptions, we have for n big enough,
3
Aol < o) < Yol o0,

1
where C' = —== lim sup || Auy, || ,2(rs) -
n—o0

v/ 8m?

Proof. The left hand side inequality follows directly from Corollary I1.16. On the other hand,
for any s > 0 and according to Cauchy-Schwarz inequality, we obtain that

|0n ()] = < [on(0)| + V/sllvpl L2 -

0n(0) + /0 T (r) dr




CHAPITRE II. ON THE LACK OF COMPACTNESS OF A 4D SOBOLEV
EMBEDDING 42

By virtue of (I1.19) and Lemma I1.22, we get
2 2 1

/ ! 3
an”LQ(R) (/0 ’TUn<T) r r = /_87'('2

Using the boundedness of the sequence (Au,,) in L?(R*) and the convergence of (vn(O)) to zero,
we infer that

| Ay || L2 R4y -

[va(s)] < o(1) + CV/s,

where C' = lim sup || Ay, || L2(ray , which ensures the right hand side inequality. [

1
V&2

Now we are able to extract the first profile. To do so, let us set

z?) (aly) .

Un(y) =
The following lemma summarizes the principle properties of ,,.
Lemma 11.18 Under the same assumptions, we have

V612 Ay < [1h,(1)] < C +0(1), (11.29)

where C' = lim sup || Auy, || L2(rs) . Moreover, there exists a profile P such that, up to a subse-
n—oo

quence extraction,

v, = @) in IAR) and |@MY

n n—0o0

()z\/6?AO.

L2(R

Proof. According to Corollary I1.17, we get (I1.29). Besides, thanks to (I1.19) and Lemma I1.22
we obtain that

1, s . \2
—u, (r)| r dr) < || AU || L2 (ray -
”

by | L2(m) = V872
0

Then, (¢,) is bounded in L?*(R). Consequently, up to a subsequence extraction, (¢/,) converges
weakly in L?(R) to some function g € L*(R). Let us introduce the function

V() = [Tglr) dr

It’s obvious that, up a subsequence extraction, ¢/, — (V) in L?(R). It remains to prove that
W is a profile.
Firstly, since

s = | o dr

we get (V) € L2(R,, e *ds).
Secondly, ¢(V)(s) = 0 for all s < 0. Indeed, using the fact that

< Vsllgll 2w

2
(1)
o, —a<1)s
o = 4) [ 1a(s)[e ds,
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we obtain that

0 2 0 2 —4as 4 2
[ Wa@ds < [ a()Pe o ds < il e
o0 o0 (an )
By virtue of the boundedness of (u,) in L*(R?*), we deduce that 1), converges strongly to zero in
L*(] — o0, 0[). Consequently, for almost all s < 0, up to a subsequence extraction, (@Dn(s)) goes
to zero. In other respects, as (¢/,) converges weakly to g in L?(R) and v, belongs to H. (R),

we infer that s

Unls) = 0a(0) = ["l(r) dr — ["g(r) dr = v (s).

n—oo Jq

This gives rise to the fact that

Un(s) — YW(s), VseR, (I1.30)

n—oo

and ensures that ¢, 5 =0.
Finally, knowing that ‘w(l)(l)‘ > V6712A, and

s 2 [ 1@ a7 = o)
> \/@AO. m

L2(R)
Let us now consider the first remainder term :

|@®y

)

we deduce that H(w(l))’

ri(z) = un(x) — gi (x), (IL.31)
where

(1)
am —log ||
gg)(l’) = (1/1(1) * PS)) ( Oz(l) )

with pll(s) = (a U)p(ag)s) . Recalling that u,(z) = “gl)wn (W) and taking advantage

n n 872

of the fact that (1) converges weakly in L*(R) to ()’ we get the following result.

/
2 (RY) satisfying the assumptions of Theorem
I1.10. Then, there exist a scale (a(1)> and a profile ) such that

n

Proposition I1.19 Let (uy,), be a sequence in H?

1
@@y o 2 VT Ao, (11.32)
In addition, we have
1 2 1 2 1
lim [-0,r = lim ||-0,u, - *H(Tﬂ(l)), ’ , (I1.33)
n—oo || L2(R%) n—oo|| r L2(R4) 4 L2(R)

where (V) is given by (I1.31).
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Proof. The inequality (I1.32) is contained in Lemma II.18. Besides, noticing that

HlaTr(l)
r n

— (W) %)

L2(RY) B 5‘ L2(R)’

we get

2
L2(R)

lim
n—oo

Lo r
r n

- 7nhﬁngo||¢;z”%2( — hm H ¢(1 *pn)

L2(R%)

— 5lim w;<s>(<w<l>>' * V) (s) ds

ey

2
L2(R4) L2(R)

= S [ (@) o0 (s) ds

We write

Lo (@) D)) ds = [ )| (00) D) (5) = WY ()] ds
+ [ @Y (s) ds

Since (v) converges weakly in L*(R) to (")), we obtain that

(I1.34)

n—oo

L)@ (s) ds = |
Besides, according to Cauchy-Schwarz inequality, we infer that

[0 5 o0 (s) = @Y (s)] ds

< | (@0) * o) = @OV, g
(D) o) = @My,

1
< 4H8Tun
r

®

L2(R4)

The boundedness of (19,u,) in L?(R*) and the strong convergence of ((@D(l))’ * ple)) to (MY
in L?(R) imply that

n—oo

Lo (0 o)) = 0 (s)| ds 3 0. (1135)

Taking advantage of (I1.34) and (I1.35), we deduce (I1.33). n
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I1.2.4 Conclusion

Our concern now is to iterate the previous process and to prove that the algorithmic
construction converges. Thanks to the fact that (w(l) * pfﬁ) is supported in [—a%b,oo[, we
get for R > e,

H o . i(aﬁ?) / =) n(t) — (4 *pg))(t)f —4aDt gy
1 log R

= (@) [ o ar

= ||Un||%2(|ac\>R)'

This implies that (rﬁf)) satisfies the hypothesis of compactness (II.11). According to (II.33)
and the inequalities (I1.21), (I1.22) and (I1.23), we deduce that (7“,(11)) satisfies also (I1.9).

Let us now define A; = limsup H H If Ay = 0, we stop the process. If not, since the
n—oo

sequence (7“,(11)) satisfies the assumptions of Theorem II.10, there exists a scale (oz )) satisfying
the statement of Corollary I1.16 with A; instead of Ay. In particular, there exists a constant C'

such that
‘fm@ < i (a@)]| < cVal? +0(1), (I1.36)

where 71 (s) = r(V(e~*). In addition, the scales (ag)) and (ag)) are orthogonal. Otherwise,
there exists a constant C' such that

2
L <ff]<c
Using (I1.31), we get
7 (o) = an’ (% (@f)) — (905 ) (@9))
A 82 oD n)
For any real number s, we have
[n(s) = (00 % p) (5)] < [nls) = 0D ()| + (0 5 o) (5) = N (s)
As M belongs to the Holder space C %, we obtain that
(05 A0)(5) = ()| = ]/ Do) (60 =) = () dt
s | p;”(wm dt
S L — 0.

e n—o0
TL
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Thanks to (I1.30), we infer that

‘%(S) - (WU * pg))(s)‘ — 0.

n—oo

This gives rise to
82 al?) al®
i 28 (@Y = Tn ) (@ )Y [ En ) ) =
Jim =y 70 (o) = Jim <¢" (len (o) (i ) ) =0,

which is in contradiction with the left hand side inequality of (I1.36).
Moreover, there exists a profile ¢(? such that

—1
1) = |2 (42 42) (a(g)") +rd (),

where p@(s) = a(? p(aﬁf)s). Proceeding as the first step, we obtain that

n

(2)y/ /
H(w ) Lam) = mAs
and ) ) .
lim ||-0,r® = lim ||-0,r(V H
n—oo|| r LQ(R4) n—oo||l r LQ(R4 LQ(R)
Consequently,
1 2 32 32
lim || -0, <0-ZA2- T g2
n—oo|| r LQ(R4) 2 2

2

where C' = limsup |- 0,
n—oo

. At iteration ¢, we get
L2(R4)

J)
o) = 32 g (07« 7) (B ) 1000

an

with .
lim sup ||—9,r®
a—0o0

2
1A A
L2

Therefore A, — 0 as £ — oo and the proof of the main theorem is achieved.

I1.3 Appendix

The first part of this appendix presents the proof of the following proposition concerning

the convergence in H2(R?) of the sequence (f,) defined by (IL6).

Proposition I1.20 We have
1

1 1
falltay =O(5 )s 19 4alliany =0(5) and 18 alia =1+ 0(= )
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Proof. Let us write
I fall3osy = 1+ 1T+ 111,

with
1= [ @ de,
|z|<e—e
1 = / |fo(z)|* dz and
e~a<|z|<1

1 = /I|>1 | ful2)|? dt

It is easy to see that for a large enough

, 2
e @ 1
I < 2 2/ 3 a d
= T( 87T2+\/327r2a '
- (a+1+1)W_O<1)
— \8m? 3272  8m? 2 «

Besides, by repeated integration by parts, we obtain that

1 a2ef4a 1 7"3
m= —(- [ Slogrd )
4Oé( 4 e—a 2 ogTar
1 04287404 aef4a 1 1
R )=o)
4a< 1 SERETICRCY a
4 1. : 1
The fact that 7, € D(R*) and 7, = O —= ) implies that /] = O — | -
va o
Now, noticing that
— era : —Q
\/?),QW si |z <e @,
Vfo(z) = W;Ta sie™® < |z| <1,
Vina(z) silz]>1,
we easily get
9 e—2a 1— e—2a )
IV fallZ2@ey = + + (V. (2)|* de.

24« S8 |z|>1

1
This ensures the result knowing that 1, € D(R?) and ||V ||z~ = O(\/_> :
a

Finally, since

—8e2 ; —a
\/382777% if |z] <e @,

Afy(x) = W;Ta ifem* < |z| <1,
A, if |z] > 1,
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we get

1
A fallf2@ode = =+ 1+ | Ano (2)]? da
o |z|>1

which ends the proof of the last assertion in view of the fact that n, € D(R?*) and

NN :o(ja)- .

In the following proposition, we recall the characterization of H? ,(R*) which is useful in this

rad
article.
Proposition I1.21 We have
H? (RY) = {u € L*(Ry,r* dr); O.u, 9%u, i@ru € L*(Ry,r? dr)} :
The proof of Proposition I1.21 is based on the following lemma proved in [87] :

Lemma 11.22 For all u € H?

rad

(R*), we have

0o l 1
_ <27r2/0 ! (r) dr> < Al (I1.37)

L2(R%)

Proof. By density, it suffices to consider smooth compactly supported functions. Let us then
consider u € D,4q(R*). We have

o0 3
|Aulees, = 202 [ () + Zu ()2 dr
0

= 2n° {/OO<”() —u'(r) )rdr+8/ )2 dr
+ 4/ r)r dr}
2m? (8/0 ()rdr—i—4/ u(r)err).

By integration by parts, we deduce that

v

| Aul|72gey > 87?2/0 u'(r)?r dr,

which achieves the proof of (I1.37). ]

It will be useful to notice, that in the radial case, we have the following estimate which
implies the control of the L*°-norm far away from the origin.

Proposition 11.23 Let u € H}!

rad

(R*). For r = |x| > 0, we have

1 1 1
lu(z)| < EHUHZ%R%HVUHZ?(M) , (IL.38)



CHAPITRE II. ON THE LACK OF COMPACTNESS OF A 4D SOBOLEV
EMBEDDING 49

Proof. Let u € D,qq(R*) and let us write for r > 0,

u(r)2 - _2/:0 u(s)u'(s)ds = —2/;0 s%u(s)s%u’(3> @

g3

According to Cauchy-Schwarz inequality, we obtain

2 [ 4 2 7(2 3 N2 2
< <73/T s?|u(s)| ds> <7“3/r s°|u'(s)] ds)

1
S WHUHLQ(R“)”VUHLZ(RHa

u(r)?

which leads to (I1.38) by density arguments.
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III.1 Introduction

I1I.1.1  Critical 2D Sobolev embedding

It is well known (see for instance [15]) that H'(R?) is continuously embedded in all Lebesgue
spaces LI(R?) for 2 < ¢ < oo, but not in L>(R?). Tt is also known that (for more details, we
refer the reader to [85])

H'(R?) — L?(R?), Vpe N*, (I11.1)
where L% (R?) denotes the Orlicz space associated to the function

-1
p S2k

Opls) =" =3 17 (IIL.2)
k=0

The embedding (II1.1) is a direct consequence of the following sharp Trudinger-Moser type
inequalities (see [1, 78, 86, 101]) :

Proposition III.1

sup / (64“‘“(75”2 - 1) dr =K < 0, (I1L.3)
<1 JR?

||u||H1(R2)7

and states as follows :

1
||“||L¢p(R2) < EHUHHI(H@), (I11.4)

where the norm ||.||; ¢, is given by :

. )
ol =0t {350, 6, (1420 o<}

Note that (II1.4) follows from (III.3) and the following obvious inequality

HUHL%(RQ) < ”UHL¢1(R2)-

For our purpose, we shall resort to the following Trudinger-Moser inequality, the proof of which
is postponed in the appendix.

Proposition II1.2 Let « € [0,47[ and p an integer larger than 1. There is a constant c¢(c, p)
such that

p—1 Kk 2k
e 0FJu(2)
L. ( M= — ) dz < cfa p) [l Fos e (11L.5)

k=0

for all uw € H'(R?) satisfying ||Vu| 22y < 1.
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II1.1.2 Development on the lack of compactness of Sobolev embed-
ding in the Orlicz space in the case p =1

In [24], [25] and [26], H. Bahouri, M. Majdoub and N. Masmoudi characterized the lack of
compactness of H'(R?) into the Orlicz space L?'(R?). To state their result in a clear way, let
us recall some definitions.

Definition IT1.3 We shall designate by a scale any sequence (cv,) of positive real numbers going
to infinity, a core any sequence (x,) of points in R? and a profile any function v belonging to
the set

P = { Ve L*(R,e *ds); ¢ € L*(R), ¢j-0c0) =0 } :

Given two scales (o), (@), two cores (), (Zn) and tow profiles ¥, 1, we say that the triplets
((an), (SUn);w) and ((dn), (%),1/7) are orthogonal if

either

log (ain/cm) | — 00,

or &, = oy and
_1Og |xn - i‘n|

—a >0 with ¥ or null for s < a.
an

Remarks I11.4

— The profiles belong to the Hélder space C:. Indeed, for any profile ¥ and real numbers s
and t, we have by Cauchy-Schwarz inequality

1
<Y lr2wls — 2

w(s) = v = | [ W) ar

— Note also that (see [26])

U(s)
/s

The asymptotically orthogonal decomposition derived in [26] is formulated in the following
terms :

—0 as s—0 and as s— 0. (I11.6)

Theorem II1.5 Let (u,) be a bounded sequence in H'(R?) such that

Uy — 0, (IIL.7)
lim sup ||u, || 760 = Ao > 0 and (IIL.8)
n—oo
lim  limsup [[un 1o1 (jpsr) = 0 (I11.9)
R—o0 n—00
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Then, there exist a sequence of scales (o)), a sequence of cores () and a sequence of profiles
(1Y) such that the triplets (o), z9) )} are pairwise orthogonal and, up to a subsequence
extraction, we have for all £ > 1,

Do (—log|w—93$3)|

¢
Ol . 00
un(z) =Y 5 Pl ) + 19 (2), 11m_>sup e e =30, (I11.10)

o7

Moreover, we have the following stability estimates
¢ 7
IVualZe = > 19912 + [IVrd 22 +o(1), 7 — oo. (HL.11)
j=1

Remarks II1.6
— It will be useful later on to point out that for any q > 2, we have
lgnllze =50, (1IL.12)

where g, is the elementary concentration defined by

—log|x—xn|>

Op

gn(z) = g‘—; " ( (I11.13)

Since the Lebesque measure is invariant under translations, we have

q

-1 4 log |x
19nll2e = (2) 2(an)2/ ¢<_ | |> dz .
R2 O
Performing the change of variable s = _% yields

_a q o0 4 o4 s
ol = @' H(a)51 [ i) "e72oe ds.

Fiz € > 0. Then in view of (I111.6), there exist two real numbers sq and Sy such that
0 < sg< Sy and
[W(s)] <evs, Vsel0,s0)U][Sy, 0.

This implies, by the change of variable u = ay,s, that
anSo

gl / uze " du
0

q
C,et.

IN

() [T (o)t e ds

IN

In the same way, we obtain

(@)t [T e ds < et
0
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Finally, taking advantage of the continuity of v, we deduce that
gy [0 2 ai1 [P0 o
O A e
S0 S0
< (an)% (e—2anso . e—2an50> nop 0,

which ends the proof of the assertion (111.12).

— Setting
() _ — 2@
. o , log |x — z}/
g (x) = o YV ( L(j) |> (I11.14)

the elementary concentration involved in Decomposition (I111.10), we recall that it was
proved in [24] that

; 1 |¢(j)(5)|
) n—oo
||gn ||L¢1 — \/E r181>agc \/5
and
¢
GO e (hm () ) 115
sz_:lgn HLd’l 1<j1§3£ Jm g e ) ( )

in the case when the scales (o))< j<; are pairwise orthogonal. Note that Property (I11.15)
does not necessarily remain true in the case when we have the same scales and the pairwise

orthogonality of the couples ((xf{)),@/)(j)) (see Lemma 3.6 in [26]).

II1.1.3 Study of the lack of compactness of Sobolev embedding in
the Orlicz space in the case p > 1

Our first goal in this paper is to describe the lack of compactness of the Sobolev embedding
(IIL.1) for p > 1. Our result states as follows :

Theorem II1.7 Let p > 1 be an integer and (u,) be a bounded sequence in H'(R?) such that

tn =0, (I11.16)

lim sup ||[up || ép = Ag > 0 and (II1.17)
n—oo

i Him Sup {|tn[ en o) = 0- (1IL.18)

Then, there exist a sequence of scales (), a sequence of cores () and a sequence of profiles
(Y)Y such that the triplets (o), x0) 0)) are pairwise orthogonal in the sense of Definition
I11.3 and, up to a subsequence extraction, we have for all £ > 1,

¢ (4) Nan )
une) = 3 | 2y (18RS g, (11L.19)
j=1 27 ag)
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with lim sup ||r7(f)||L¢p Z%0. Moreover, we have the following stability estimates
n—oo

L
IVunllze = Y2 199152 + 1Vr01fF2 + o(1), n— oo. (II1.20)

j=1

Remarks II1.8

— Arguing as in [24], we can easily prove that

nooo 1 W(sﬂ
gnll por — ﬁ Tglgg /s ;

)= o (T8l

2 Ol

(I11.21)

where

Indeed setting L = li%gg}f lgnll Lo», we have for fixred e > 0 and n sufficiently large (up to
subsequence extraction)

2
gn(z+xn) p—1 ‘g (gj +x )’2]‘3
el Lte — H) dr < k.
L X s o) o <
Therefore,
2
gn(z+zn)
/R2 <e be ) de Sk + Z g ll 75 - (I11.22)
Since

(s

2
+o0 2aps| —— —1]
/2 <e —1)d1‘:2ﬂ./ Oéneas[M(LJrE)Q(ﬁ) dS—ﬂ',
R 0

we obtain in view of (I111.12) and (111.22) that

N

2
gn(zt+zn)
L+e

(s

2
+o00 2ans[12( S) —1]
/ e 4n(L+e) Vs dS S 07
0

No%

n
for some absolute constant C' and for n large enough. Using the fact that ¢ is a continuous
function, we deduce that
1 s
L+e> maXWJ( )l;

VAr >0 /s

L> ' max OIS

4 >0 \/E

To end the proof of (I111.21), it suffices to establish that for any § > 0

fole

which ensures that

Qn(x-‘rﬁcn)
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_ 146 W)l
where \ = N rgagc s Since

|gnI+xn)|2k
[ el

the result derives immediately from Proposition 1.15 in [24], which achieves the proof of
the result.

— Applying the same lines of reasoning as in the proof of Proposition 1.19 in [26], we obtain
the following result :
Proposition II11.9 Let ((agj)), (:c(j)),w(j))

n

2
gn(fﬂJﬁIn) gn(z+zn)

~_be a family of triplets of scales, cores
1<j<t

and profiles such that the scales are pairwise orthogonal. Then for any integer p larger

than 1, we have
¢

> ot

j=1
where the functions g¥) are defined by (I111.14).

% sup | lim Hg(j)H
L¢p 1<]<£ n—oo n L¢P ’

As we will see in Section 2, it turns out that the heart of the matter in the proof of Theorem
IT1.7 is reduced to the following result concerning the radial case :

Theorem II1.10 Let p be an integer strictly larger than 1 and (u,) be a bounded sequence in
H! (R?) such that

rad

U, — 0 and (T11.23)
lim sup ||ty ep = Ao > 0. (II1.24)
n— oo

Then, there exist a sequence of pairwise orthogonal scales (oY) and a sequence of profiles (7))
such that up to a subsequence extraction, we have for all £ > 1,

4 (] 1
Z{ (Oﬁﬂ+&W%hmww|mﬂﬁo (111.25)
j=1 Qn —

Moreover, we have the following stability estimates

l
V|22 = 3 09|22 + [ Vr@)2. + o(1), 1 — oco.

J=1

Remarks I11.11

— Compared with the analogous result concerning the Sobolev embedding of
HY, (R?) into L® established in [24], the hypothesis of compactness at infinity is not
required. This is justified by the fact that H}, ,(R?) is compactly embedded in LI(R?) for

rad
any 2 < q < oo which implies that

m lun|[re@zy =0, V2 <q<oo. (I11.26)



CHAPITRE III. ON THE LACK OF COMPACTNESS OF A 2D
SOBOLEV EMBEDDING 59

— In view of Proposition I111.9, Theorem II1.10 yields to
Junllger = sup (lim g9l )
i>1 n—00
which implies that the first profile in Decomposition (I11.25) can be chosen such that up

to extraction
Ay =1 m u = lm 7(11) ) log ]a:| II1.27
0 ‘= lms p||un||L¢P 1 271/) - ) : (1IL.27)

L%

Note that the description of the lack of compactness in other critical Sobolev embeddings
was achieved in [20, 29, 50] and has been at the origin of several prospectus. Among others,
one can mention [21, 22, 23, 32, 61].

I11.1.4 Layout of the paper

Our paper is organized as follows : in Section 2, we establish the algorithmic construction

of the decomposition stated in Theorem III.7. Then, we study in Section 3 a nonlinear two-
dimensional wave equation with the exponential nonlinearity u ¢,(v4mu). Firstly, we prove
the global well-posedness and the scattering in the energy space both in the subcritical and
critical cases, and secondly we compare the evolution of this equation with the evolution of the
solutions of the free Klein-Gordon equation in the same space.
We mention that C' will be used to denote a constant which may vary from line to line. We
also use A < B to denote an estimate of the form A < C'B for some absolute constant C' and
A= Bif A< Band B S A. For simplicity, we shall also still denote by (u,) any subsequence
of (u,) and designate by o(1) any sequence which tends to 0 as n goes to infinity.

I11.2 Proof of Theorem II1.7

I11.2.1 Strategy of the proof

The proof of Theorem III.7 uses in a crucial way capacity arguments and is done in three
steps : in the first step, we begin by the study of w the symmetric decreasing rearrangement of
u,. This led us to establish Theorem III1.10. In the second step, by a technical process developed
in [26], we reduce ourselves to one scale and extract the first core (x(1)) and the first profile 1)

which enables us to extract the first element "‘“ P (Wm> The third step is devoted

to the study of the remainder term. If the limlt of its Orlicz norm is null we stop the process.
If not, we prove that this remainder term satisfies the same properties as the sequence we
start with which allows us to extract a second elementary concentration concentrated around a
second core (z(?)). Thereafter, we establish the property of orthogonality between the first two
elementary concentrations and finally we prove that this process converges.
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I11.2.2 Proof of Theorem I11.10

The main ingredient in the proof of Theorem III.10 consists to extract a scale and a profile
¥ such that

%' L2y = C' Ay, (TT1.28)
where C is a universal constant. To go to this end, let us for a bounded sequence (u,,) in H}, ,(R?)

satisfying the assumptions (II1.23) and (II1.24), set v,(s) = u,(e™*). Combining (II1.26) with
the following well-known radial estimate :

C _p_ 1
u(r)] < ——lullzz Vullzz"
rpt+i

where r = |z|, we infer that

nh_g)lo ||Un”L°¢(}foo,M]) =0, VMeR. (IHQQ)
This gives rise to the following result :
Proposition I11.12 For any 6 > 0, we have

Un(5)

Ag—90

2
sup ( — s) — 00, N — 0. (I11.30)
s>0

Proof. We proceed by contradiction. If not, there exists § > 0 such that, up to a subsequence
extraction
Un(5)

su
s>0ne ( A=
On the one hand, thanks to (II1.29) and (II1.31), we get by virtue of Lebesgue theorem

-1 2%k
ey O ) a < (55 1) a
/|:1:<1 (e ’ Z(Ao—é)%k! T |z|<1 e ‘

k=0
AT —95 =0
< 27?/ ¢4 —1)e “*ds — 0.
0

2
- s) <C<o0. (I11.31)

On the other hand, using Property (I11.29) and the simple fact that for any positive real number
M, there exists a finite constant C), such that

t2 p—1 2k
e — D=0 &
o, () <
we deduce in view of (II1.26) that

p—1 2k

Frof |un ()| 2
/x|21 (e o =D m dz S [unl[72 — 0.

k=0
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Consequently,
limsup ||up || 6 < Ag—9,
n—oo

which is in contradiction with Hypothesis (I11.24). [

An immediate consequence of the previous proposition is the following corollary whose proof is
identical to the proof of Corollaries 2.4 and 2.5 in [24].

Corollary II1.13 Under the above notations, there exists a sequence (a(l)) in Ry tending to

infinity such that
2
—aV 2% 5o (111.32)

n

vn(af)

Ao

and for n sufficiently large, there exists a positive constant C' such that

A
70\/ ot < Jup (e < eVl +o(1). (I11.33)

27
Un(y) = \/ W“n(@g)y) )

we obtain along the same lines as in Lemma 2.6 in [24] the following result :

4

Now, setting

Lemma II1.14 Under notations of Corollary II11.13, there exists a profile (") € P such that,
up to a subsequence extraction

w; N (¢(1))/ in LZ(R) and H(w(l))/HL2 > \/ZAO-
To achieve the proof of Theorem III.10, let us consider the remainder term

ri (@) = un(x) — gi)(x), (I11.34)

) B otV ) — log ||
gn ('I) - 27T @Z) Oggbl) .

where

By straightforward computations, we can easily prove that (r(!)) is bounded in H! ,(R?) and
satisfies the hypothesis (II1.23) together with the following property :
. , 2

Jim [Vl ) = i |V |Fa) — [0O) ], - (I11.35)

Let us now define A; = limsup|[r(M||,¢,. If A; = 0, we stop the process. If not, arguing as
n—oo

above, we prove that there exist a scale (a(?) satisfying the statement of Corollary II1.13 with
A; instead of Ay and a profile ¢/ in P such that
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with [|(¥)]l2 > |/3A; and

2

Jim ||VT7(12)‘|%2(R2) = nli_{&HVT,(f)H%z(Rz) B Hw(z))/ L2(R)

Moreover, as in [24] we can show that (o)) and (a(?)) are orthogonal. Finally, iterating the
process, we get at step £

¢ ()
any 5 [ —log |z
(o) = 2\ 5 v (T +10),

limsup |r0[7: £ 1 A5~ Af - = A7,

~

with

which implies that A, — 0 as £ — oo and ends the proof of the theorem.

I11.2.3 Extraction of the cores and profiles

This step is performed as the proof of Theorem 1.16 in [26]. We sketch it here briefly for
the convenience of the reader. Let u; be the symmetric decreasing rearrangement of u,. Since
ut € H} ,(R?) and satisfies the assumptions of Theorem III.10, we infer that there exist a
sequence (o)) of pairwise orthogonal scales and a sequence of profiles () such that, up to

subsequence extraction,

oy ) —loglx ) oo
w(e) = 30\ 2 o0 (Z1BID) o)t sup 110) ., 25 0.
=1 s Oénj n—00

Besides, in view of (II1.27), we can assume that

(1)
A, = lim an S0 (_log]x\>

n—00 2 04511)

L®p

Now to extract the cores and profiles, we shall firstly reduce to the case of one scale according
to Section 2.3 in [26], where a suitable truncation of u,, was introduced. Then assuming that

* o (1) —log ||
Uy, (z) = on ¥ SO

n

we apply the strategy developed in Section 2.4 in [26] to extract the cores and the profiles. This
approach is based on capacity arguments : to carry out the extraction process of mass concen-
trations, we prove by contradiction that if the mass responsible for the lack of compactness of
the Sobolev embedding in the Orlicz space is scattered, then the energy used would exceed that
of the starting sequence. This main point can be formulated on the following terms :
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Lemma III.15 ( Lemma 2.5 in [26]) There exist &g > 0 and Ny € N such that for any
n > N; there exists x,, such that

(1)

By 1 By, oo
[Bn O Blan, 2% )] 5 g2 (I11.36)

|Enl

where B, := {x € R |u,(z)] > V25 (1 — %) Ao} with 0 < g9 < 3, B(xn,e*bagll)) designates

the ball of center x,, and radius ebad” with b=1— 2e9 and |.| denotes the Lebesque measure.

Once extracting the first core (z{))) making use of the previous lemma, we focus on the extrac-
tion of the first profile. For that purpose, we consider the sequence

2
¢n<y7 9) = ﬁvn(ag)ya (9) 3
(6

where v, (s,0) = (7_wyu,) (e cosf,e*sinf) and (z()) satisfies
)

|E, N B(x,, e (1725000
| E|

> 0o A7
Taking advantage of the invariance of Lebesgue measure under translations, we deduce that

1 2
IVl = 5= [ ] 10,600 0) dyo

ag) 2m 9
+ S [ 0wy, 0) 2 dy ao.

Since the scale a{!) tends to infinity and the sequence (u,,) is bounded in H'(R?), this implies
that up to a subsequence extraction Jyv,, T 0 and 0,2y, 9 in L*(R x [0,27]), where ¢
only depends on the variable y. Thus introducing the function

Y

W (y) = / g(r)dr,

0

we obtain along the same lines as in Proposition 2.8 in [26] the following result :

Proposition II1.16 The function ") belongs to the set of profiles P. Besides for any y € R,

we have
1

[ 0o 60 ), (111.37)

as n tends to infinity and there exists an absolute constant C such that

1™ 2 > C Ay (IT1.38)
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111.2.4 End of the proof

To achieve the proof of the theorem, we argue exactly as in Section 2.5 in [26] by iterating
the process exposed in the previous section. For that purpose, we set

where
(1) (D
am, log |z — x),
g,(f)(x) = \| — ) <_‘(1)|> ‘

One can easily check that the sequence (r{!)) weakly converges to 0 in H'(R?). Moreover, since
¢|(]1_)oo,0] =0, we have for any R > 1

(I11.39)

||T£LI)HL¢P(|1'—1$11)‘ZR) - HU"HL%(foS)BR)'

But by assumption, the sequence (u,,) is compact at infinity in the Orlicz space L. Thus the
core (x(1) is bounded in R?, which ensures in view of (I11.39) that (r(!) satisfies the hypothesis
of compactness at infinity (II1.18). Finally, taking advantage of the weak convergence of (9,1,,)

to w(l)/ in L*(y,0) as n goes to infinity, we get
. . !/
Jim [[VrD 122 = lim [[Val? |72 — [l )12: .

Now, let us define A; := limsup||r("|| ¢, . If A} = 0, we stop the process. If not, knowing that
n—oo

(r(1)) verifies the assumptions of Theorem II1.7, we apply the above reasoning, which gives rise

to the existence of a scale (a?), a core (z(?)) satisfying the statement of Lemma II1.15 with

A; instead of Ay and a profile ¢/ in P such that

with [|[¢@"||;2 > C A, and
. : !
Jim [[VrP 172 = Tim [[Vr 122 — ([0 -

Arguing as in [26], we show that the triplets (ag), ol ¢(1)) and (04512), @) ¢(2)> are orthogonal
in the sense of Definition III1.3 and prove that the process of extraction of the elementary
concentration converges. This ends the proof of Decomposition (III1.10). The orthogonality
equality (II1.11) derives immediately from Proposition 2.10 in [26]. The proof of Theorem II1.7

is then achieved.
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III.3 Nonlinear wave equation

I11.3.1 Statement of the results

In this section, we investigate the initial value problem for the following nonlinear wave
equation :

p—1 k, 2k
Ou+u+u (64”2 _Z@m)u) =0,
P k!

(I11.40)

w(0) = up € HY(R?), Ou(0) = us € L2(R?),

where p > 1 is an integer, u = u(t, x) is a real-valued function of (¢,r) € RxR? and O = 92— A
is the wave operator.

Let us recall that in [56, 58|, the authors proved the global well-posedness for the Cauchy
problem (II1.40) when p = 1 and the scattering when p = 2 in the subcritical and critical cases
(i.e when the energy is less or equal to some threshold). Note also that in [96, 97], M. Struwe
constructed global smooth solutions to (II1.40) with smooth data of arbitrary size in the case

p=1.

Formally, the solutions of the Cauchy problem (I11.40) satisfy the following conservation
law :

E,(u,t) = ||0u)|32 + [[Vu(t)]3- (I11.41)
4mu(t)? . (47T>k 2k . 0
+oe —1—;::2716(15) Ll:Ep(u,o) =E,.

This conducts us, as in [56], to define the notion of criticality in terms of the size of the initial
energy EJ with respect to 1.

Definition I11.17 The Cauchy problem (I111.40) is said to be subcritical if
0
E, <1.
It is said to be critical if Eg =1 and supercritical if ES > 1.
We shall prove the following result :

Theorem III1.18 Assume that ES < 1. Then the Cauchy problem (I11.40) has a unique global
solution u in the space
C(R, H'(R?*)) NC'(R, L*(R?)).

Moreover, u € L*(R,C'*) and scatters.
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I11.3.2 Technical tools

The proof of Theorem II1.18 is based on a priori estimates. This requires the control of the
nonlinear term

Fy(u) :==u (e‘“”ﬂ - pij @‘”])d“) (I11.42)

k=0

in L;(L?). To achieve our goal, we will resort to Strichartz estimates for the 2D Klein-Gordon
equation. These estimates, proved in [51], state as follows :

Proposition I11.19 Let T' > 0 and (q,7) € [4,00] X [2,00] an admissible pair, i.e

1 2
Syt
q T
Then,
[0l Laqory.1, 2y S | [0(0)]| @2y + 1100(0) |22y + 00 + vl o o,ry,L2@2 | 5 (111.43)

where B, ,(R?) stands for the usual inhomogeneous Besov space (see for example [39] or [89]
for a detailed exposition on Besov spaces).

Noticing that (¢,7) = (4,8/3) is an admissible pair and recalling that
Bfls/:s,z(RQ) — 61/4(R2) )
we deduce that
[l oo crramey S [v(0) ]y + 10:0(0)[| 22y + [Bv + v|| L1 o, 22(R2)) | - (I11.44)

To control the nonlinear term Fy,(u) in L;(L2), we will make use of the following logarithmic
inequalities proved in [55, Theorem 1.3].

Proposition II1.20 For any A > 2 and any 0 < p < 1, a constant Cy,, > 0 exists such that

s

for any function u in H'(R?) N CY4(R?), we have
2 2 2||uller/a
||u||L°<> < )\HUHMlOg CA,M + W , (IH45)
n

where [[ullf; := [[VullZ2 + p2[lullZ -

I11.3.3 Proof of Theorem III1.18

The proof of this result, divided into three steps, is inspired from the proofs of Theorems
1.8, 1.11, 1.12 in [56] and Theorem 1.3 in [58].



CHAPITRE III. ON THE LACK OF COMPACTNESS OF A 2D
SOBOLEV EMBEDDING 67

Local existence

Let us start by proving the local existence to the Cauchy problem (I11.40). To do so, we
use a standard fixed-point argument and introduce for any nonnegative time 7T the following
space :

&r = C([()? T]’ HI(R2)) N Cl([ov T]? LQ(R2)) N L4([07 T]’ 61/4(R2))

endowed with the norm
ullz = sup |[[w(®)|lar + [10u) Lz | + [[ull agorycry -
0<t<T

For a positive time T and a positive real number §, we denote by Er(d) the ball in the space
Er of radius § and centered at the origin. On this ball, we define the map ® by

vi— P(v) =0,

where
Ov+0=—F,(v+uvy), 0(0)=03v(0)=0

and vg is the solution of the free Klein-Gordon equation
Ovg+vo=0, v(0) =ug, and 0we(0)=u;.

Now, the goal is to show that if  and T" are small enough, then the map ® is well-defined from
Er(0) into itself and it is a contraction. To prove that ® is well-defined, it suffices in view of
the Strichartz estimates (II1.43) to estimate Fj,(v+ vp) in the space L'([0, T, L*(R?)). Arguing
as in [56] and using the Holder inequality and the Sobolev embedding, we obtain for any € > 0

/Rz B0+ )2 de < /R By (v + )2 da

S v+ UOH%{l edrllv+voll oo He47r(v+vo)2 1

L1+6 :

Note that the assumption Eg < 1 implies that ||Vugl||zz < 1. Hence, we can choose p > 0 such
that ||uol|,, < 1. Since vy is continuous in time, there exist a time 7 and a constant 0 < ¢ < 1
such that for any ¢ in [0, Tp] we have

[vo(B)], < ¢

According to Proposition I11.20, we infer that

8
girllotuolte < (1 N HHUOHc/) !
~ )
o+ c

for some 0 < 1 < 1. Besides, applying the Trudinger-Moser inequality (II1.5) for p = 1, the fact
that

dr(1+e)(0+c)* — dmc < 4m ase, § =0 and ”V(U+UO)

d+c

2
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ensures that

1+e€
L1+e -

dm(vtvo)? 1

C. He47r(1+e)(v+vo)2 -1

Je .
CE,JHU +U0||2L2

<
< Ces(L+ Jluollm + Jlunllz2)*.
Therefore, for any 0 < T < Tj, we obtain that

155 (v + vo) [l Loy 2y S TH"(1 A+ Jluol e + [l ] 22) ™

Now, to prove that ® is a contraction (at least for T' small), let us consider two elements v,
and vy in Er(9). Notice that, for any € > 0,

_ P=2 (g \kp2k
[Fp(vn+v0) = Fy(vz +w0)] = [or = vl (1 + 872%) ( -3 ”,1,)
k=0 .

< Ce‘vl B v2| (e4rr(1+e)52 B 1) ’

where 7 = (1—0)(vg+v1)+6(vg+v2), for some 6 = (¢, x) € [0,1]. Using a convexity argument,
we get

|Fy(v1 +vo) — Fp(va +v9)] < Ce
+ (.

(v1 — v2) (e‘l’r(““)(”ﬁ”)o)2 — 1)’
(Ul B 02) (e47r(1+e)(v2+v0)2 B 1)‘ .

This implies, in view of Strichartz estimates (I11.44), that

[P(v1) = P(v2)llr S [Fp(vr + vo) — Fp(va + o)l L1(0,17,2 (%))
T
< CE/ H(m — Uy) (e4”(1+6)(”1+”0)2 — 1)
0

+ C. /OT H(m — vg) (e4”(1+5)(”2+”0)2 — 1)

L2

dt |

L2
which leads along the same lines as above to

[®(v1) = @(w)llr £ T+ uollan + lJunllz2) oy — val

~

If the parameter € is small enough, then (1 + ¢)n < 1 and therefore, for T" small enough, ® is a
contraction map. This implies the uniqueness of the solution in vy + Er(9).

Now, we shall prove the uniqueness in the energy space. The idea here is to establish that, if
u = vy + v is a solution of (II1.40) in C([0, 7], H*(R?)) N C*([0, T], L*(R?)), then necessarily
v € Er(9) at least for T small. Starting from the fact that v satisfies

Ov+v=—F,(v+1vy), v(0)=03v(0)=0,

we are reduced, thanks to the Strichartz estimates (I11.43), to control the term
F,(v + ) in the space L'([0,T], L*(R?)). But |F,(v + v)| < |Fi(v + vg)|, which leads to the
result arguing exactly as in [56].
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Global existence

In this section, we shall establish that our solution is global in time both in subcritical and
critical cases. Firstly, let us notice that the assumption E) < 1 implies that ||Vuol|r2me) < 1,
which ensures in view of Section 3.3.1 the existence of a unique maximal solution u defined on
[0,7%) where 0 < T* < oo is the lifespan time of u. We shall proceed by contradiction assuming
that 7% < co. In the subcritical case, the conservation law (II1.41) implies that

sup [|[Vu(t)||r2me) < 1.
te(0,7*)

Let then 0 < s < T™ and consider the following Cauchy problem :
Ov+v+ Fy(v) =0, wv(s)=u(s), and 0w(s)= wu(s). (I11.46)

As in the first step of the proof, a fixed-point argument ensures the existence of 7 > 0 and a
unique solution v to (II1.46) on the interval [s,s + 7]. Noticing that 7 does not depend on s,
we can choose s close to T™ such that T* — s < 7. So, we can prolong the solution u after the
time 7™, which is a contradiction.

In the critical case, we cannot apply the previous argument because it is possible that the
following concentration phenomenon holds :

lim sup | Vu(t)]| 2@z = 1. (II1.47)
t—T*

In fact, we shall show that (II1.47) cannot hold in this case. To go to this end, we argue as
in the proof of Theorem 1.12 in [56]. Firstly, since the first equation of the Cauchy problem
(II1.40) is invariant under time translation, we can assume that 7% = 0 and that the initial
time is t = —1. Similarly to [56, Proposition 4.2, Corollary 4.4], it follows that the maximal
solution u satisfies

limsup [|[Vu(t)||r2m2) = 1, (II1.48)
t—0—
li 2(R2) = I11.4
lim [lu(t)]] 2 = 0, (111.49)
lim |Vu(t,z)|* dr =1, and (II1.50)
t—=07 J|z—z*|<—t
Yt < 0, /| o)) dr=1, (IIL51)
r—x*|<—t

for some z* € R?, where e,(u) denotes the energy density defined by

1 2 P (4)Eq 2k
.0 = G 9P+ (0 13 ().
k=2 :

Without loss of generality, we can assume that z* = 0, then multiplying the equation of the
problem (II1.40) respectively by 0;u and u, we obtain formally

Orep(u) — divg(20,uVu) =0, (II1.52)
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=l (g )kq 2k42
O (udu) — divg(uVu) + |Vul* — |0wul® + et _ 3 (W)];

k=1

~0. (IIL53)
Integrating the conservation laws (II11.52) and (II1.53) over the backward truncated cone
KT = {(t,x) € R x R® such that S <t < T and |z] < —t}

for S <T <0, we get

[ @y de= [ eu)(s.a) do (1154
-1 2 2 P (47)ku2k
=75 0 Vu| +— —1-Y ) dedt
ﬂMg[t“H*“U( 2 ) et

/B gy Q(T)u(T) d = /B g, Qu(S)u(S) do + / (atu + V. ) wdzdt  (IIL55)

|z]

P=L (g )eq 2k +2
—i—/ ; (|Vu|2 — |0uf? + uet™ — > W) dedt =10,
KS

= k!

where B(r) is the ball centered at 0 and of radius r and
ML= {(t,x) € R x R? such that § <t < T and |z| = —t}.

According to (II1.51) and (II1.54), we infer that

/MS[ +41< 2—1—210:(472?2]6)] drdt=0.

k=2
This implies, using (I11.55) and Cauchy-Schwarz inequality, that

/B(_T) dulT)u(T) dr — / Opu(S)u(S) dx (I11.56)

B(-5)

p—1 k., 2k+2
2 2 2 dmu? (47)"u
+/K§ (Wu| — |Opul? + wet™ = > —

drdt =0,
k=1

By virtue of Identities (II1.48) and (II1.49) and the conservation law (II1.41), it can be seen
that
Ou(t) —> 0 in L*(R?), (I11.57)

which ensures by Cauchy-Schwarz inequality that

/B Dl TYu(T) dr = 0. (I11.58)
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Letting 7" — 0 in (II1.56), we deduce, from (II1.58) and the fact that the term

p—1 k, 2k+2
2 4mu? (47T> u

u‘e -3 —
k=1

is positive,

—/ Ou(S)u(S) dr < —/ \vu|2d:cdt+/ Oyul? dx dt . (IT1.59)

K K

Multiplying Inequality (111.59) by the positive number — &, we infer that

u(S) 1 ) 1 ,
- 7 < _ - ' '
/B(_S) dru(S) 5 dzx < 5 /Kg |Vul|® dx dt 5 /Kg |Oyu|® dx dt (IT1.60)

Now, Identity (II1.57) leads to
1 2
lim —/ |Oyu|” dx dt =0. (II1.61)
S—0= S JKY

Moreover, using (II1.50), it is clear that

lim - / Vul? dz dt = (IIL.62)
S—0—
Finally, since
u(S) 1 /8
T— S 0 @tu(’r) dT,
then (“2) is bounded in L*(R?) and hence
: u(S)
| ou(S)—= dr=0. IT1.63
dim s wu(S)—g= dv ( )

The identities (II1.61), (II1.62) and (II1.63) yield a contradiction in view of (II1.60). This
achieves the proof of the global existence in the critical case.

Scattering

Our concern now is to prove that, in the subcritical and critical cases, the solution of the
equation (II1.40) approaches a solution of a free wave equation when the time goes to infinity.
Using the fact that

Fy(w)] < |F(w)], Vp>2, (IT1.64)

we can apply the arguments used in [58]. More precisely, in the subcritical case the key point
consists to prove that there exists an increasing function C : [0, 1[— [0, co] such that for any
0 < E < 1, any global solution u of the Cauchy problem (II1.40) with E,(u) < E satisfies

Jull x® < C(E), (111.65)
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where X (R) = L¥(R, L'%(R?)). Now, denoting by

E* =sup{0< E<1; sup |u|xm <oo},
Ep(u)<
and arguing as in [58, Lemma 4.1], we can show that Inequality (II1.65) is satisfied if E,(u) is
small, which implies that £* > 0. Now our goal is to prove that £* = 1. To do so, let us proceed
by contradiction and assume that E* < 1. Then, for any E €]E*, 1] and any n > 0, there exists
a global solution u to (IIL.40) such that E,(u) < E and ||u||x®) > n. By time translation, one

can reduce to n

lullxqoeep > 5 - (11.66)
Along the same lines as the proof of Proposition 5.1 in [58], we can show taking advantage
of (II1.64) that if £ is close enough to E*, then n cannot be arbitrarily large which yields a
contradiction and ends the proof of the result in the subcritical case.
The proof of the scattering in the critical case is done as in Section 6 in [58] once we observed
Inequality (I11.64). It is based on the notion of concentration radius r.(¢) introduced in [58].

Remark II1.21 Lower order nonlinear terms become more difficult when we look for global
decay properties of the solutions. In [58], the authors avoid this problem by subtracting the
cubic part from the nonlinearity F,(u) for p = 1, which is the lower critical power for the
scattering problem in R2.

II1.3.4 Qualitative study

In this section we shall investigate the feature of solutions of the two-dimensional nonlinear
Klein-Gordon equation (II1.40) taking into account the different regimes. As in [24], the ap-
proach that we adopt here is the one introduced by P. Gérard in [49] which consists in comparing
the evolution of oscillations and concentration effects displayed by sequences of solutions of the
nonlinear Klein-Gordon equation (II1.40) and solutions of the linear Klein-Gordon equation

Ov+v=0. (111.67)

More precisely, let (,,,) be a sequence of data in H' x L? supported in some fixed ball and
satisfying
op—0 inH', ¥, —=0 inlL?, (I11.68)
such that
E}<1, neN, (111.69)

where B! stands for the energy of (¢n,,) given by

n 1
By = [Wallts + 1 Vul3 +
s

Ll’

p k
Amp? (4m)" o
e — 1 — ];2 o ©;

and let us consider (u,) and (v,,) the sequences of finite energy solutions of (I11.40) and (II1.67)
such that

(tn, Opun)(0) = (Vn, 010 )(0) = (Pn, V) .

Arguing as in [49], the notion of linearizability is defined as follows :
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Definition II1.22 Let T be a positive time. We shall say that the sequence (uy,) is linearizable
on [0,T], if

sup E.(u, —v,,t) — 0 as n — oo,
te[0,7)

where E.(w,t) denotes the kinetic energy defined by :
Eu(w,t) = /R (1000 + [V w]? + [w]?] (¢, 2) da .
For any time slab I C R, we shall denote

(g,7) admissible )

By interpolation argument, this Strichartz norm is equivalent to
[0l oo (17 (R2)) + HUHL‘*(I;B};/&Q(R?)) :
As B}, (R?) < LP(R?) for all 7 < p < oo (and r < p < oo if 7 > 2), it follows that

1 2
[ollzaqrszey S llollsea PRS2 (I11.70)

As in [24], in the subcritical case (i.e limsup E] < 1), the nonlinearity does not induce any
_)
effect on the behavior of the solutions. But, in the critical case (i.e l1m 15Up E) = 1), it turns

out that a nonlinear effect can be produced. More precisely, we have the followmg result :

Theorem II1.23 Let T be a strictly positive time. Then
1. Iflimsup E} < 1, the sequence (uy,) is linearizable on [0, T].

n—o0

2. If imsup E] = 1, the sequence (uy) is linearizable on [0, T] provided that the sequence
n—0o0

(vn) satisfies
li || vn ] < ! (II1.71)
imsup ||vall ooz 160y < —— - :
TZ—}OOp L ([07T}7L¢ ) /477-

Proof. The proof of Theorem III.23 is similar to the one of Theorem 3.3 and 3.5 in [24].
Denoting by w,, = u, — v,, it is clear that w,, is the solution of the nonlinear wave equation

Ow, + w, = —F,(uy)

with null Cauchy data.
Under energy estimate, we obtain

[wnllz S (1 (un) |07 22R2))

where ||w,[|% def SUPye(o.7) Le(wn, t) . Therefore, it suffices to prove in the subcritical and critical
cases that
HFp(Un)||L1([0,T],L2(1R2)) —0 as n— 0. (111.72)
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Let us begin by the subcritical case. Our goal is to prove that the nonlinear term does not
affect the behavior of the solutions. By hypothesis, there exists some nonnegative real p such

that limsup £} = 1 — p. The main point for the proof is based on the following lemma, the
n—oo

proof of which is similar to the proof of Lemma 3.16 in [24] once we observed that
[Fp(u)| < |[Fi(u)], Vp=1.

Lemma 111.24 For every T > 0 and Eg < 1, there exists a constant C(T, Eg), such that every
solution u of the nonlinear Klein-Gordon equation (I11.40) of energy E,(u) < E), satisfies

||u||L4([0,T};c1/4) < C(T, Eg) : (I11.73)

Now to establish the convergence property (II1.72), it suffices to prove that the sequence
(Fy(uy)) is bounded in L'*¢([0,T], L**¢(R?)) for some nonnegative € and converges to 0 in
measure in [0, 7] x R?. This can done exactly as in [24] using the fact that |F)(uy,)| < |Fy(u,)|.

Let us now prove (II1.72) in the critical case. For that purpose, let T' > 0 and assume that

. 1
L= hglﬁ)solip "Un"LOO([O,T];L¢P) < —- (11174)

Var

Applying Taylor’s formula, we obtain
1
F,(up) = Fy(v, +wy,) = F,(v,) + F;(vn) w, + 3 F;’(Un + 0, wy) w2

for some 0 < 6,, < 1. Strichartz estimates (II11.43) yield
|wnllseo,ry S In + Jn + K,

where
I, = |[Fp(va)llLromiceee)) »
J, = ||F;(Un) wnHLl([O,T};L2(R2)), and
Ky = |[F)(vn + 0 wa) wpllpioryraee)) -

As in [24], we have
I, — 0 and
n—oo
Jo < enllwnllsrgor)
where €, — 0. Besides, provided that

1— LA+4r

III.
; (111.75)

lim sup ||wn||Loo([07T];H1) <
n—oo

we get
Ky < EnHwnH%‘T([O,T]) , &n— 0.
Since ||wn|srqo.r)) S In + enllwnlldrgory) Wet obtain by bootstrap argument
[wnllsrory S €n s

which ends the proof of the result. |
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I1I1.4 Appendix : Proof of Proposition III.2

The proof uses in a crucial way the rearrangement of functions (for a complete presentation
and more details, we refer the reader to [78]). By virtue of density arguments and the fact that
for any function f € H'(R?) and f* the rearrangement of f, we have

VAl = IV,
[T Vi VP
[ llzer = NS New

one can reduce to the case of a nonnegative radially symmetric and non-increasing function «
belonging to D(R?). With this choice, let us introduce the function

w(t) = (47)2u(|z|), where |z|=e%.

It is then obvious that the functions w(t) and w'(t) are nonnegative and satisfy

2 _ oo ! 2
L V@ Pde = [ "',

[ @) ar = ! [ ey et
R2 4p =1 J_
p—1 & 2k +oo p—1 & 2k
alu@)P o O lu(z)] )d _ / ( @ N~ O [w(t)] ) —t gt
/u@ (e k; Kl e\ k; A

So we are reduced to prove that for all 5 € [0, 1], there exists Cz > 0 so that

/+°° <eﬁlw<f>2 S ~ Frot )|2k> ~tdt < C(8,p) /+°° w(t)[Pe~tdt, V5 el0,1],

when [*2° |w'(t)|?dt < 1. For that purpose, let us set
To=sup{t € R, w(t) <1}.

The existence of a real number ¢ such that w(ty) = 0 ensures that {t € R, w(t) < 1} is non
empty. Then
TO E] — 00, +OO] .

Knowing that w is nonnegative and increasing function, we deduce that
w ] — o0, Ty] — [0,1].

p—1 _k

Therefore, observing that e® — Z i < ¢, sP e® for any nonnegative real s, we obtain
k=0 "

T/ gwmr = BFlw(®) RN _ 7 -
/. <eﬂl o _ 5 . ) t < e [ w(t)Fedt.

k=0
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To estimate the integral on [Tp, +ool, let us first notice that in view of the definition of T, we
have for all ¢t > Tj

¢
w(Ty) + . w'(T)dr

w(Ty) + (t — Tp)? (/T:oo w'(7)2d7'>

< 1+ (t—Tye2.

w(t)

IN

Thus, using the fact that for any € > 0 and any s > 0, we have
(145 < (1+€)S—|—1+i: (14)s+C. .
we infer that for for any € > 0 and all ¢ > Tj
lw®)? < (1+e)(t—Tp) + C-. (I11.76)

Now [ being fixed in [0, 1], let us choose € > 0 so that (1 +¢) < 1. Then by virtue of (IIL.76)

0o k k
/+ (eBIUJ(t)IQ_ZB |“;€(‘)|2 ) e tdt < /+ Pl =t gy

Ty P Ty
eBCE_TO
< — .
1-6(1+¢)
But
+oo +oo
e 10 = e tdt < lw(t)|*P et dt,

To To

which gives rise to

o  p 52 FO@P e
Blw(®)|? _ tdr < —/ t)|?Pe~t dt .
/ (e Z k! )e ~1-08(1+4¢) Jn [w(t)e

To k=0
e

Choosing C(3,p) = mas ("8, 75

) ends the proof of the proposition.
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IV.1 Introduction

IV.1.1 Setting of the problem

The Trudinger-Moser type inequalities have a long history beginning with the works of
Pohozaev [84] and Trudinger [101]. Letting © C R™ be a bounded domain with n > 2, the
authors looked in these pioneering works for the maximal growth function g : R — R, such
that

sup / g(u)dr < 400,
ueWy™(Q), [ Vul|pn <17
and they proved independently that the maximal growth is of exponential type. Thereafter,
Moser improved these works by founding a sharp result known under the name Trudinger-Moser
inequality (see [78]) and since that time, this subject has continued to interest researchers and
Trudinger-Moser inequality has been extended in various directions (one can mention [1, 2,
77, 86, 87]) generating several applications. Among the results obtained concerning Trudinger-
Moser type inequalities, we recall the so-called Adams’ inequality in R,

Proposition IV.1 [65, 87] There exists a finite constant k > 0 such that

Anlu@)® _ —
sup /RQN (e N 1) de ==K, (IV.1)

UGHN(RQN)vHuHHN(RQN>S1
where By = N'7V22N  and for any B > fn

sup /RQN (eﬁl“(”"’)‘2 - 1) dx = +o00. (IV.2)

ucHN (R2N)7 ”u”HN(RQN)SI

Remarks IV.2

— In the above proposition, the norm || .|| g~ designates the following Sobolev norm
N
2 2 P12
HN(RZN) — L2(R2N) LQ(RQN) ;
el ey = lelaggamy + 3 172
j=1

where VIu denotes the j-th order gradient of u, namely

iy — { A%ujil zf] s even,
VA= u ifj is odd.

— The proof of Proposition 1V.1, treated firstly in the radial case and generalized then by
symmetrization arguments, is based on the following Trudinger-Moser inequality in a
bounded domain.

Proposition IV.8 ([2], Theorem 1) Let ) be a bounded domain in R*N. There exists
a positive constant Cy such that

sup / V@ qr < Oy Q)
Q

ueHY (Q),[[VNul| 2<1

where || denotes the Lebesque measure of Q. Furthermore, this inequality is sharp.
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— As emphasized above, Proposition IV.1 has been at the origin of numerous applications.
Among others, one can mention the description of the lack of compactness of Sobolev
embedding involving Orlicz spaces in [24, 26, 27, 29, 30], the analysis of some elliptic and
biharmonic equations in [88, 90, 91] and the study of global wellposedness and the asymp-
totic completeness for evolution equations with exponential nonlinearity in dimension two

in [18, 14, 23, 24, 41, 56, 58].
Sobolev embedding inferred by Proposition IV.1 states as follows :
HN(R*N) — L(R*N), (IV.3)

where £ is the so-called Orlicz space associated to the function ¢(s) := e — 1 and defined
as follows (for a complete presentation and more details, we refer the reader to [85] and the
references therein) :

Definition IV.4 We say that a measurable function u : RY — C belongs to L(R?) if there

exists A > 0 such that ,
/ (elu(;z’)| — 1) dr < 00.
Rd

We denote then

Remarks IV.5

— It is easy to check that || .||z is a norm on the C-vector space L which is invariant under
translations and oscillations.

— One can also verify that the number 1 in (IV.1) may be replaced by any positive constant.
This changes the norm || .||z to an equivalent one.

~ In the sequel, we shall endow the space L(R*N) with the norm ||-|| ;g2 where the number
1 is replaced by the constant k involved in Identity (IV.1). The Sobolev embedding (IV.3)
states then as follows :

1
] £rany < \/B—NHUHHN(RQNV (IV.5)

1
where the Sobolev constant —— 1is sharp.

VBN

— Denoting by L%, the Orlicz space associated to the function

-1
p SQk:

bo(s) =" = 30—

k=0

)

with p an integer larger than 1, we deduce from Proposition IV.1 the more general Sobolev
embedding
HYN (RN s Lo (R2Y) (IV.6)
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— Let us finally observe that L — LP for every 2 < p < 00.

In this article, our goal is twofold. Firstly obtain an analogue of Proposition IV.1 in the
radial framework of a functional space H(R?*Y) closely related to Hardy inequalities, which will
easily lead to the following Sobolev embedding

Hrag(R*) — L(RY). (IV.7)

Secondly describe the lack of compactness of (IV.7), which could be at the origin of several
applications as it has been the case by previous characterizations of defect of compactness of
various Sobolev embeddings.

More precisely, for any integer N > 2, the space we will consider in this paper is defined as
follows :

Vu

| . |N71

H(R?Y) = {u € H'(R*Y); € L2(R2N)} :

In view of the well-known Hardy inequalities (see for instance [16, 19, 52, 53]) :

d
< Casllullny . Vs € |0.5] (1V.8)

o
Bk

L2(R9)

the Sobolev space HY (R?) continuously embeds in the functional space H(R?") endowed with

the norm
2

Vu
llugen = [l g, + H||N

LQ(RQN)

Actually, as shown by the example of function
x — log(1 —log|z|) 15,0 (),

with Bj(0) the unit ball of R*", the embedding of HY(R?") into H(R?") is strict for every
N > 2.

For the convenience of the reader, the following diagram recapitulates the different embeddings
including the spaces involved in this work.

HN (R2N)(H_ E(R2N)
£ >X< Jradial case
Hl (R2N) YH (RZN)

The interest we take to the space H is motivated by the importance of Hardy inequalities in
Analysis (among others, we can mention blow-up methods or the study of pseudodifferential
operators with singular coefficients).
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IV.1.2 Main results

The result we obtained concerning the sharp Adams-type inequality in the framework of
the space H(R*Y) takes the following form :

Theorem IV.6 For any integer N greater than 2, there exists a finite constant k' > 0 such

that
sup / <e””“(z)|2 - 1) dr ==K, (IV.9)
HUHH (]RQN) R2N
AN N
where vy = (]\;T—l)' > and for any v > Yy

M@l _ 1) da = +00. V.10
sup . /RQN (e r = 400 ( )

Hu”Hrad(RQN>_
Remarks IV.7
— Note that the optimal constant involved in Identity (IV.9) is different from that appearing

in Identity (IV.1).

— Usually, the proofs of Trudinger-Moser inequalities reduce to the radial framework under
symmetrization arguments. In particular, in dimension two this question is achieved by
means of Schwarz symmetrization (see [1]). The key point in that process is the preser-
vation of Lebesque norms and the minimization of energy.

Unfortunately, the quantities HI\V%

cannot be minimized under Schwarz symme-

L2(R2N)
trization as shown by the example ug(z) = p(|x|+ k), where p # 0 is a smooth compactly
supported function. The fact that uj, = ¢ shows that the control of H‘ |N | o) by
H| T | 2 oy SO

— It is clear that, when the constant 1 in (IV.4) is replaced by k', Theorem 1V.6 implies the
following radial continuous embedding

1
|ul| g2y < ﬁHUHHMd(RQN)’

where the Sobolev constant is optimal.

aly

— Observe that due to the continuous embedding
HN(RQN) SN H(RzN) 7

Theorem IV.6 can be viewed as a generalization of Proposition IV.1 in the radial frame-
work.
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As mentioned above, our second aim in this paper is to describe the lack of compactness
of the Sobolev embedding (IV.7). Actually, this embedding is non compact at least for two
reasons. The first reason is a lack of compactness at infinity, as shown by the example u(x) =
o(z + ) where 0 # ¢ € D and |zi| — oo, which converges weakly to 0 in H(R*Y) and
satisfies ||ur||zm2vy = [|¢llzm2v). The second reason is of concentration-type as illustrated by
the following example derived by P.-L. Lions [74, 75] :

0 if |x|>1,
felw) ={ =i logla| if e <|z| <1, (IV.11)
Nk it |z|<e™®.

TN

Indeed, we have the following proposition the proof of which is postponed to Section IV.4 for
the convenience of the reader.

Proposition IV.8 The sequence (fi)r>0 defined above converges weakly to 0 in H(R*V) and
satisfies

k—oo 1
||fk||£(R2N) B

Vi

It will be useful later on to emphasize that f, can be recast under the following form :

fu(a) \/TI( - logklxl) ,

where
1 if t>1,
L(t) =<¢t if 0<t<1,
0 if t<O0,
and that v
k—o0 k _ / -
||fk||H1(R2N) — O and H ’ ‘ ’Nfl L2(]R2N) = ’ L2(R) = 1. (IV.lQ)

In order to state our second result in a clear way, let us introduce some objects as in [24].

Definition IV.9 We shall designate by a scale any sequence o = (a)n>0 of positive real
numbers going to infinity and by a profile any function ¢ belonging to the set

P = { Y € L*(R,e™*Vds); 1)) € LA(R), t)-c00) =0 } '

Two scales a, B are said orthogonal if
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Remark IV.10 Recall that each profile 1) € P belongs to the Hélder space C’%(R), and satisfies

¥(s)
NG

Indeed taking advantage of the fact that ¢’ € L*(R), we get for any sy > s

/:2 P (1) dr| < Vse — 51 (/:2 V(1) dT) 2 :

which ensures that 1) € C2(R) and implies (IV.13) by taking s, = 0.

—0 as s—0. (IV.13)

ls2) = 0s1)| =

The result we establish in this paper highlights the fact that the lack of compactness of
the Sobolev embedding (IV.7) can be described in terms of generalizations of the example by
Moser (IV.11) as follows :

Theorem IV.11 Let (u,)n>0 be a bounded sequence in H,qq(R*N) such that

u, — 0, (IV.14)
lim sup ||un || gevy = Ao >0, and (IV.15)
n—oo
lim lim sup lun (z)[*dz = 0. (IV.16)
R—00 n—oo |[z|>R

Then, there exist a sequence of pairwise orthogonal scales (g(j))jzl and a sequence of profiles
(w(j))jzl such that up to a subsequence extraction, we have for all £ > 1,

2Nay ]
Z « w“( Of'x')+rn><x>, (1V.17)
YN o

with lim sup ||r7(f)||£(RzN) % 0. Moreover, we have the following stability estimate
n—oo

2 2

w* T

+o(l), n—oo.
L2(R2N)

H Vu,

‘
— 0|2
| N1l 2 gew) ;"¢ B |N 1

Remarks IV.12

— The hypothesis of compactness at infinity (IV.16) is crucial : it allows to avoid the loss
of Orlicz norm at infinity.
— Note that the elementary concentrations

| oNa) (=1
g9 (z) = | = @) (Og,’“?‘>, (IV.18)

TN aﬁf )

involved in Decomposition (IV.17) are in H,qa(R*Y) whereas a priori, they do not belong
to HY (R?N).
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— Actually, the lack of compactness of HN(R?*N) — L(R*N) was characterized in [27] by
means of the following type of elementary concentrations :

_ Cn ol emen) e rlog |€|
fu(2) = Jan D JEPN <,0< - >d§, (IV.19)

with (o )n>0 a scale in the sense of Definition IV.9, (2,)n>0 a sequence of points in R*N
and ¢ a function in L*(R,). Note that (see Proposition 1.7 in [27])

— log ||

fulw) = C v o )+ tale),

Qp
Y n oo
with Y(y) = / o(t) dt and ||t cggen) "= 0.

0
— Arguing as in [24], we have the following result :
Proposition IV.13 Let us consider

(1) = [2Na,, w<—10g|x|> 7
YN 67%

with v a profile and (a,)n>0 a scale. Then
e 1 )|

n —
gnl czev) N

(IV.20)

Proof. Setting L = liﬂgf | gnllcm2ny , we have for any fived € > 0 and any n sufficiently

large (up to a subsequence extraction)

o (

Therefore, there exists a positive constant C such that

gn(z)
L+e

—1)dm§/£/.

2
¥(s)
/5

+0c0 21Vans[1 5
Lt
Oén/ e YN (L+e)
0

Using the fact that v is a continuous function, we deduce that

1
L+e> max W(S” )

T VN 0 s
[ IO

To end the proof of (IV.20), it suffices to show that for any positive real number 9, the
following estimate holds

fou e

R2N

148 fu(s)l
\/7_N s>0 \/E

~1
]dsgC.

which ensures that

2
gn(x)
A

—1)dxn_)—o>o(),

where \ 1=
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anps

Performing the change of variable r = e=“**, we easily get

o (

2
P(s)
/5

2
gn(x)
A

N X _9Naps|(1-—L
27 k/) o HNan ( ) ds (IV.21)
0

_ T2
—1) dr = (N—l)! NA

21N o

n o —2Naps
—<N_1)!/0 e ds.

Recalling that
¥(s)
NG

we infer that for any € > 0, there exists n > 0 such that

w(s) [
\/g

According to (IV.21), this gives rise to

—-+0 as s—0,

1
YN A?

<e forany 0<s<n.

N (s) 2 N
2 oy, /77 672Nans(1*ﬁ wT )ds — LW Qn /77 e 2Nans ¢
(N —=1)!'Jo (N —=1)!Jo
e +0o(1) —
n — 00
~— NI(1-¢) ’ ’
which ensures the desired result. ]

— Arquing as in Proposition 1.18 in [24], we get
‘

> gl

Jj=1

sy ([l

awm)’ (IV.22)

where i) is defined by (IV.18).

IV.1.3 Layout

The paper is organized as follows : Section 2 is devoted to the proof of the sharp Adams-type
inequality in the framework of the space H,qq(R?"), namely Theorem IV.6. In Section 3, we
establish Theorem IV.11 by describing the algorithm construction of the decomposition of a
bounded sequence (uy)n>0 in Hyea(R?Y), up a subsequence extraction, in terms of asymptoti-
cally orthogonal profiles in the spirit of the example by Moser. The last section is devoted to
the proof of Proposition IV.8.

Finally, we mention that, C' will be used to denote a constant which may vary from line to line.
We also use A < B to denote an estimate of the form A < C'B for some absolute constant C.
For simplicity, we shall also still denote by (u,) any subsequence of (u,,).
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IV.2 Proof of the Theorem IV.6

To establish Estimate (IV.9), we shall follow the 2D approach adopted in [86] by setting for
a fixed 7o > 0 (to be chosen later on)

L ::/ (e““\”“(”ﬁ)|2 — 1) dr and I ::/ (e’ml“(w)'z - 1) dx,
B(ro) R2N\B(ro)

where B(r() denotes the ball centered at the origin and of radius ry. The idea consists to show
that it is possible to choose a suitable ry > 0 independently of u such that I; and I are bounded
by a constant only depending on rq and N.

Let us start by studying the part I5. Using the power series expansion of the exponential, we

can write
0o k

_y v ._ 2%k
I = kzzjl X Ly, where Iyy := /R?N\B(ro) |u(z)|*" dx .

In order to estimate Iy, we take advantage of the following radial estimate available for any
function u in H! ,(R*V) (for further details, see [87]) :

rad

(N = D! [Jul| g ey
N |N_%

lu(x)] < for a.e. € R, (IV.23)

m |l’

which for any integer k£ > 2, implies that

k
I < M HUH% 27 /Oo dr
2.k > N H'(R2N) (N — 1)! v r(k=1)(2N-1)

_oe v a2 K1-2V)+2N
Uu
= (N-1! =V HE) QN — 1)k — 2N

k
< 2N r2N (N —1)! 28, o o
= (N-DI2(N-1)\ oV HHEER) N =Dk

This gives rise to

k

27TN T%N io: ("}/N(N — 1)‘ HUH?'_Il(RQN)>
k!

2
[2 < 7N|’u“L2(R2N) + (N —_ 1)' 2(N —_ 1) N T(QN_l)
: 0

< 0 — ’
= (N-1!2(N-1) 1;2 k! <7N N T(()2N—1)

k=2

under the fact that [|ul|ygevy < 1, which ensures that I, is bounded by a constant only
dependent of rq and N.

In order to estimate I;, we shall make use of the following Adams-type inequality, the proof of
which is postponed at the end of the section.
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Proposition IV.14 There exists a constant Cy > 0 such that for any positive real number R,
we have
sup / W@ g < CnR*Y
B(R)

ue (Hradeé)(B(R))v H% <1

L27

and this inequality is sharp.

Let us admit this proposition for the time being, and continue the proof of the theorem. The
key point consists to associate to a function u in H,qq(B(ro)) with [|u[|yreyy < 1 an auxiliary

function w € (Hmd N Hol) (B(ro)) such that

<1 and u®<w?+d(r),
B(ro))

I,

where the function d(rg) > 0 depends only on ry. To this end, let us first emphasize that if
u belongs to H,qq(B(ro)) and satisfies ||u|lygevy < 1, then u is continuous far away from the
origin. Indeed, for any real numbers 7o > r; > 0, writing

u(ry) —u(ry) = /r2 u'(s) ds,

T1

we get by Cauchy-Schwarz inequality

1 1
u(ra) — u(r)| < (/ 2 o (5) 252V 1 ds) 2 (/ 2 s—(2N-1) ds) 3
T1 T1

1

< CHVuHLz(RzN)(/ QL) ds>2 ,
1

which leads to the result. Thus, for any 0 < r < r¢, we can define the function
v(r) :==u(r) — u(ry),

which clearly belongs to (HmdﬂH&) (B(rp)) . In light of the radial estimate (IV.23), this implies
that

u (r) < 0*(r) + 02 (r)ut(re) + 1+ u*(ro)
2 2
9 9 (N — 1)' HUHHl (R2N) (N — 1)' ”uHHl (R2N)
< vi(r) + v (r) N 2N +1+ N 2N
(N — 1)! HUHHl R2N
= UQ(T) (1 - N T%N(l ) +d(ro),

(N — 1)' ||u||§_]1 (R2N)
N raN -t .

Now by construction, the function

where d(rg) :=1+

N — 1)! Hu”%p (R2N)

M
N r%N 1

w(r) := U(T)J 1+ (
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belongs to (Hmd N H&) (B(r9)), and easily satisfies
2 — D! w3 ge 2
[ T (1 ) S,

B(ro) |z[*N-1) il raN -t B(ro) |z |z [2(N=1)

(N — 1)' ”uHHl(R2N)

2
< (1 + e ) (1 - ||u||H1(R2N)) <1,

provided that (N7T_1)' raV =t > 1.
N
Applying Proposition 1V.14 with r( fixed so that m r2N=1 > 1, we deduce that

I, < i) / W@ g < O emVr0) 2N

which ensures the desired estimate, up to the proof of Proposition IV.14.

To achieve the proof of (IV.9), let us then establish Proposition IV.14. To this end, let us
for a function u in (Hmd N H&) (B(R)) satisfying HI\V% < 1, denote by

L2 (RQN)

I(R) = / @ gy
B(R)

Our aim is to show that

2N 2 r 2
[(R) S CNR whenever (]\f—l)l/o |U/(T)’ rdr S 1.
For that purpose, let us perform the change of variable s = 7", and introduce the function
NxlV-1 47NN
w(s) = <N7T_1)' v(s%). Recalling that yy = (]\;T—l)‘ » we infer that
21V R 2 orN RN 2
_ N (r)?2N=1 g Arfw(s)]
](R)_(N—l)!/o e r dr = i /0 e sds and

o R RN
(Nl)'/ [0 (r)[*r dr = 27r/ |w'(s)|*s ds .
-1l Jo 0

The conclusion stems then from the 2D radial framework of Proposition IV.3.

Now in order to prove the sharpness of the exponent 7y, let us consider the sequence (fy)
defined by (IV.11). Since according to (IV.12), we have

| fell@evy = 140(1), ask — oo,

we get for any v > vy

o) ‘ o N ok
™ 2Nk~
/ ( ‘“fk”«;_[(RQN) _ 1) de > / (e'YN(1+°(1)) . 1>T2N_1 dr
R2N - (N - 1)'
N
T y=yn (4o(1))
> ]W(eQNk e e—2Nk) koo o

which ends the proof of the theorem.
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IV.3 Proof of Theorem 1V.11

IV.3.1 Scheme of the proof

The proof of Theorem IV.11 relies on a diagonal subsequence extraction and uses in a crucial
way the radial setting and particularly the fact that we deal with bounded functions far away
from the origin. The heart of the matter is reduced to the proof of the following lemma :

Lemma IV.15 Let (u,)n>0 be a bounded sequence in H,qq(R*N) satisfying Assumptions (IV.14),
(IV.15) and (IV.16). Then there exist a scale (a,)n>0 and a profile ¢ in the sense of Definition
IV.9, such that

|| 2y = CnAo (IV.24)

where Cy is a constant depending only on N.

Inspired by the strategy developed in [24], the proof is done in three steps. In the first step,
according to Lemma IV.15, we extract the first scale and the first profile satisfying Inequality
(IV.24). This reduces the problem to the study of the remainder term. If the limit of its Orlicz
norm is null we stop the process. If not, we prove that this remainder term satisfies the same
properties as the sequence start which allows us to extract a second scale and a second profile
which verifies the above key property (IV.24), by following the lines of reasoning of the first
step. Thereafter, we establish the property of orthogonality between the two first scales. Finally,
we prove that this process converges.

IV.3.2 Extraction of the first scale and the first profile

Let us consider a bounded sequence (u,),>o in Hraa(R?Y) satisfying the assumptions of
Theorem IV.11, and let us set v,(s) := u,(e™®). Then, we have the following lemma :

Lemma IV.16 Under the above assumptions, the sequence (uy,)n>o converges strongly to 0 in
L2(R*Y), and we have for any real number M,

Proof. Let us first observe that for any positive real number R, we have

[t 2@eny = |lunllL2(ei<r) + [tnllL2e/> R) -

Now, invoking Rellich’s theorem and the Sobolev embedding of H(R?*") into H!(R*"), we infer
that the space H(|z| < R) is compactly embedded in L?(|x| < R). Therefore,

. n—oo
limsup [|un|r2(jzj<r) — 0.
n—oo

Taking advantage of the hypothesis of the compactness at infinity (IV.16), we deduce the strong
convergence of the sequence (uy),>o to 0 in L*(R?Y),



CHAPITRE IV. SHARP ADAMS-TYPE INEQUALITIES INVOKING
HARDY INEQUALITIES 93

Finally, (IV.25) stems from the strong convergence to zero of (u,),>o in L*(R?*N) and the

following well-known radial estimate available for any function u in H} ,(R*Y) :

1 1
N L T

< for a.e. x€ R,
lu(z)| < p— |x|N_% , forae. =
[
Now, arguing as in the proof of Proposition 2.3 in [24], we deduce the following result :
Proposition IV.17 For any § > 0, we have
2
sup onls) I*_ (2N —1)s| -0, n— 0. (IV.26)

A byproduct of the previous proposition is the following corollary :

Corollary IV.18 Under the above notations, there exists a sequence (a'D),>o in R, tending
to infinity such that

1)y 2
4 ””(j“) — (2N - 1)al) =¥ o, (IV.27)
0
and for n sufficiently large, there exists a positive constant C' such that
A
20J@N = Dol < ua(a)] < CVall +o(1), (IV.28)

where C' = \/(];1\1, hmsupH| b

Proof. In order to establish (IV.27), let us consider the sequences

L2(R2N) ’

Un(s) ?
Wi(s) =4 — (2N —1)s and ay,:=supW,(s).
AO s>0
By definition, there exists a positive sequence ("), >o such that
1
Wn(anl)) > A — —-
n

n—oo

Now, in view of (IV.26), a, ™% oo and then W,(a() "% oo. It remains to prove that
o) "% 0o, If not, up to a subsequence extraction, the sequence (a{!)),>¢ is bounded and so
is (Wn(a( ))n>0 by (IV.25), which yields a contradiction.

n

Concerning Estimate (IV.28), the left hand side follows directly from (IV.27). Besides, for any
positive real number s, we have

[un(8)] < |va(0 +/ T)dr

which according to (IV.25) which implies that v,(0) —

equality
Vu
e It

gives the right hand side of Inequality (IV.28), and thus ends the proof of the result. ]

1
< Jvn(0)] + 57|07 [l ey

n—oo

— 0, and the following straightforward

)

L2 (]R2N
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Corollary IV.18 allows to extract the first scale, it remains to extract the first profile. To do
so, let us set

Ualv) = /3 ]JN(I) vn (g y) -

It will be useful later on to point out that, in view of Property (IV.25), 1, (0) =3 0.

The following result summarize the main properties of the sequence (¥,,)n>0 :

Lemma IV.19 Under notations of Corollary IV.18, there exists a profile ") € P such that,

up to a subsequence extraction
Ao 2N —1
=\ oy W

, we infer that the sequence (],),,>0 is bounded
LZ(RZN)
in L*(R). Thus, up to a subsequence extraction, (¢),>o converges weakly in L?(R) to some

function g. Let us now introduce the function

v, = W in LA(R) and [[p

Proof. Noticing that ||}, || L2r) =

Vun
V-1

A, 2N — 1
ay’ Ao | .
=\ TN W

On the one hand, applying Cauchy-Schwarz inequality, we get

V)| =| [Mo(r dr| < Vllgliem

which ensures that ™) € LQ(R+, e 2Nsds) .
On the other hand, we have 1) (s) = 0 for all s < 0. Indeed, using the fact that

ooy = (@) [ (e s

Our aim is then to prove that ¢! is a profile and that H¢

we obtain that

0 0 —onaMs 1
| s as < [ mwwe”"lﬁé(mfww%ww
—00 —00 Q

n

which implies that (1, ),>0 converges strongly to zero in L*(] — oo, 0[), and thus for almost all
s < 0 (still up to the extraction of a subsequence).
But, we have
Un(s) — /w d¢—>/ ) dr = W(s)
which, according to the fact that 1, (0) == 0, implies that
Un(s) =F pW(s), VseR.

We deduce that 1/1(1)”_00,0] = 0, which completes the proof of the fact that () € P
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Finally in light of (IV.28), we have

Ayp |2N —1
W()| > 20
B0 = S
Since .
(1) (1) — oD
[ ey = [ [V )] dr = o),
this gives rise to
(1)/ @ 2N - 1
H@/’ LQZ 5 \/ N N
which ends the proof of the key lemma IV.15. |

IV.3.3 Study of the remainder term and iteration

Our concern is to iterate the previous process and to prove that the algorithmic construction
converges. For that purpose, let us first consider the remainder term

r)(2) = un(2) — g3 (2), (IV.29)

where

2Ny (—log|x|>
(1) LEACY
In ¥ -
(@)= TN o))
It can be easily proved that (r{)),>o is a bounded sequence in H,qq(R?") satisfying (IV.14),
(IV.16) and the following property :

2

— lim :
L2(R)

L2 RQN n—oo

_ H o’

lim H
n—oo

H Vu,
E

|. \N ! [N L2 men)

Let us now define A; = lim sup|[r{!) | zeny . If Ay = 0, we stop the process. If not, arguing as
n—oo
above, we prove that there exists a constant C' such that

A
71 (2N —1)a? <

1 (o) < eVl +0(1), (IV.30)

where ¥ (s) = (1) (e=*) and that there exist a scale (a(?)) satisfying the statement of Corollary
IV.18 with A; instead of Ay and a profile ¢/ in P such that

2N —log |z
I'q(ll) (x) = ¢(2) < (2)| | + I'7(12) (x) )

TN Qan
Al [2N —1
with H@D L2 25 o IV and
o, = e =1
n~>oo | |N 1 L2(R2N) n—)oo | |N 1 L2(R2N) L2(R)
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Moreover, we claim that (a{!)) and (a(?)) are orthogonal in the sense of Definition IV.9. Other-
wise, there exists a constant C' such that

1 aﬁf)

Making use of Equality (IV.29), we get

QNa( ) ( ( (2)> (a 2)>>
;D () = 0 n_ ) — [ .
rrz (XTl n
( ) TN % oz%1

This implies that, up to a subsequence extraction,
(2)
EEXCON e/ I
o (5)) =0

2)
IN_ =) (@) = | On
A SN a® (o) = Jirn, {0 o

which is in contradiction with the left hand side of Inequality (IV.30).

Finally, iterating the process, we get at step /¢

2Ny — log ||
1) =3 | 2o g0 (TR 40,
j=1 an

i sup [0 omy S 1~ 43— AT - — A2,

with
This implies that A, — 0 as ¢ — oo and ends the proof of the theorem.

IV.4 Proof of Proposition IV.8

This section is devoted to the proof of Proposition IV.8. Actually, the fact that the sequence
(fr)k>0 converges weakly to 0 in H,qq(R*Y) stems from straightforward computations, and the
heart of the matter consists to show that

k—o0

| fell cmeny = (IV.31)

1
VN

1
Firstly, let us prove that liminf || fi||zgev) > —— - For that purpose, let us consider A > 0
k—o00 A /’}/N

o (
Juare

such that

2
fr (=)
A

— 1) dr < K.
By definition, this gives rise to

2
fr(=)
A

—1)dx§/f’,
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and thus consequently

™ 20k ONk /
(eWW2 - 1)e < kK.

We deduce that
pr_ M1
= v log(1+ 25 K/ €2VE) koo

which ensures that .
lim inf ||fk||£(R2N) Z —_—
k—o00

VN

1
Now the fact that limsup || fx | zr2vy < —— derives from the following proposition the proof
k—oo TN

of which is postponed at the end of this section :

Proposition IV.20 Let v €10, vn|[. A positive constant C., y exists such that

/R N (ewlu(x)l2 _ 1> dz < .y lulZagen) (IV.32)

for any non-negative function u belonging to H,ea(R*Y), compactly supported and satisfying

vu < 1. Besides, Inequality (IV.32) is sharp.

u(|z]) : [0, 00[— R s decreasing and T | 2oy

Assume indeed for the time being that the above proposition is true. Then, for any fixed € > 0,
there exists C. > 0 such that

/RzN (e(WN_a)Ifk(x)P o 1) dx < Oa,NkaH%,?(IMN) )

which leads to the desired result, by virtue of the convergence of (fi) to zero in L?(R?Y).

To end the proof of Proposition IV.8, it remains to establish Proposition IV.20 the proof of
which is inspired from the one of Theorem 0.1 in [1].

Proof. Let u satisfying the assumptions of Proposition 1V.20. Then there exists a function
v: Ry — Ry such that

w(z) =v(r), |x|/=r,
V'(r) <0, Vr>0, and

d7e > 0 such that v(r) =0 Vr>rg.

Setting w(t) = /TN v(e_%) , we can notice that w satisfies the following properties :
w(t) >0, VteR, (IV.33)
w'(t) >0, VteR, and (IV.34)

dto € R such that w(t) =0 Vit <tp. (IV.35)



CHAPITRE IV. SHARP ADAMS-TYPE INEQUALITIES INVOKING
HARDY INEQUALITIES 98

Besides, we obtain by straightforward computations that

||| 2y = VN H S <VN. (IV.36)
| | L2 RQN)
/R|w(t)|Qe_Nt dt = AN [[u][22 gex, , and (IV.37)
o N —-1)!
/ <ew| OF _ 1) e Nt = <)/ (eV'“(”)'2 - 1) dx . (IV.38)
R N R2N

Thus to prove (IV.32), it suffices to show that for any [ belonging to |0, 1[, there exists a
positive constant Cz such that

/ (eﬂw(t)2 _ 1> N dt < Oy / lw(t)2e N dt | (IV.39)
R R

where w satisfies (IV.33), (IV.34), (IV.35) and (IV.36). For that purpose, let us set

Ty :=sup{t € R; w(t) <1} €] — oo, +o9]

/ (eﬂlw(t)lg _ 1) e Nt =1 4 I,
R

I, = /TO <e5|w(“|2 — 1) e NMdt and I,:= /+oo <e6|w(t)|2 - 1) e Nt
—00 To

In order to estimate Iy, let us notice that for any ¢ < Ty, w(t) belongs to [0, 1]. Using the fact
that there exists a positive constant M such that

and write

where

e —1< Mz, Vzel01],

we deduce that
11<M/3/ (t)[2e~Nt dt

Let us now estimate 5. By virtue of Cauchy-Schwarz inequality, we get for any ¢t > Tj
t
w(t) = w(Tp) +/ w'(T)dr
To
< 14yt =Ty ']l e

This implies, in view of (IV.36), that
w(t) <1+ /(L —To)N.
In addition, using the fact that for any € > 0 there exists C. > 0 such that

1+vVs<\(1+¢e)s+C.,
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we deduce that for any t > Tj
w(t)? < (1+¢)(t—Ty)N + C..
As 8 €]0, 1], we can choose € such that 5(1 +¢) — 1 < 0. Hence,

I, < / T B (1=TO)N+AC~N gy
To

+

< eﬂCE—NTO/ Ooe(t—TO)N[ﬁ(lJ,-e)—l] di
To
oBC-—NTy

= N1_B(1t9)

_NT,
, we infer that

+oo +o0o
Since / lw(t)?e N dt > e Nt =°
To To

< /+Oo| )2e Nt at
— w .
S 1-B(1+e) /n

oC:
Now, setting Cz = {M e
ow, setting Cs = max 15} =B 19
(IV.32).

Finally, note that the example by Moser f; defined by (IV.11) illustrates the sharpness of
Inequality (IV.32), since || fi || p2@em) 2% and

wlfe(@)? >/ (wfk(m)Q_ > _ T (1 _ 2Nk .
/]RQN (e 1) dr B |z|<e—k ¢ L)dv N! <1 ¢ ) /H_O>O N!

}, we get (IV.39). This ends the proof of Inequality
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Dans cette section, on se propose de rappeler quelques inégalités de type Trudinger-Moser.
Ces inégalités ont joué un role fondamental dans cette these, que ce soit dans ’étude du défaut
de compacité des injections de Sobolev qu’elles induisent ou dans I’analyse d’une équation de
Klein-Gordon semi-linéaire avec une non linéarité exponentielle.

Avant d’exposer ces inégalités, rappelons d’abord quelques injections de Sobolev.

Proposition A.1 Soit Q un domaine de R?, avec d > 2. On a les injections de Sobolev sui-

vantes :
WP (Q) — Li%(Q), V1<p<d, (A1)
WehQ) — LYUQ), Vd<q<+4oo, (A.2)
WoP(Q) — L®(Q), Vp>d. (A.3)

11 est & noter que Pespace de Sobolev W,"*(€2) ne s’injecte pas dans L>(£2). Néanmoins, le
résultat suivant, qui est connu sous le nom d’inégalité de Trudinger-Moser, montre que, dans
le cas ou €2 est borné, on a

Wy (@) = L),
d_
oit L? est I'espace d’Orlicz associé & la fonction ¢(s) = e
Théoréme A.1 [78, Theorem 1] Soit Q un domaine borné de R?, avec d > 2. Il existe une

constante Cyq > 0 telle que

d
sup / e@d @I gy < CylQ, (A.4)
0

ueWy (Q), [ Vul| La<1

1

ol Qg 1= dwE, avec wy_1 Uaire de la sphére unité de R?. De plus, [’exposant oy est optimal.

Plus tard, S. Adachi et K. Tanaka ([1]) ont obtenu une extension de I'inégalité de Trudinger-
Moser (A.4) pour un domaine quelconque de RY. Leur résultat concernant le cas de la dimen-
sion 2 se formule comme suit :

Théoréme A.2 [1, Theorem 0.1, Theorem 0.2] Pour tout 0 < a < 4w, il existe une constante
Cq > 0 telle que

/R? (e“““(z)|2 — 1) dr < C’a||u||%2(R2), Vu € H'(R?) avec ||Vul|r2me) < 1. (A.5)

De plus,

sup / (e4“‘“(x)|2 — 1) dr = 400.
u€H(R?), | Vul 1252, <1 /R?

Ultérieurement, B. Ruf ([86]) a montré que I'exposant 47 devient admissible lorsque la norme
de Dirichlet ||Vul[z2r2) dans I'inégalité (A.5) est remplacée par la norme de Sobolev classique

ulli @2y = lullZe 2y + 1VullZz@s) -

Ce résultat s’énonce somme suit :
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Théoréme A.3 [86, Theorem 1.1] On a

@ 1) dr < +o0. A6
sup /R(e ) r < 400 (A.6)

ueHl(RQ)vllu”Hl(RQ)Sl
De plus, cette inégalité est optimale.

Preuve. Commengons par établir I'inégalité (A.6). Sachant que si u € H'(R?), alors son
réarrangement symétrique décroissant u* satisfait

||U*||L2(R2) = HUHLZ(Rz),
IVu*| 22y < ||Vul|p2me) et

/}R2 <e47r|u*(a:)\2 B 1) dr — /R2 (e4w\u(z)|2 _ 1) dr

il suffit de se restreindre au cas des fonctions positives et décroissantes de H! ,(R?).

Considérons maintenant, pour ro > 0 qui sera choisi ultérieurement, les intégrales suivantes :

I ::/ (" 1) dz et I ;:/ (@ — 1) da,
B(ro) R2\B(ro)

ou B(rg) est la boule centrée a l'origine et de rayon ry et montrons qu'il est possible de trouver

un o > 0 indépendant de u tel que les intégrales I; et 5 soient majorées par une constante qui

dépend uniquement de rqg. Pour ce faire, on décompose d’abord I, comme suit :

(4m)"*
k

Ly, ou Iy ::/ lu(z)|** da .
! E2\B(ro)

L=Y
k=1

Pour controler I, x, on utilise 'estimation suivante spécifique au cas radial décroissant (voir [31,

Lemma A.IV]) :
u(r)] <

1
ﬁ/f‘ ||u||L2(R2) s VT‘ > 07 (A?)

ce qui implique que, pour tout entier £ > 2,

< 2lull g [ dr
2k = ) 2kl

k—1
o MlZegey (ullZege _
- k-1 7ré

En utilisant le fait que ||u|| 22y < 1, on en déduit I'inégalité suivante :

2 s L (el
I < drfulfae + Anllulliame) Do o (—— 7
k=2 " "o

> 1 (4\"!

L—o V¢ L)
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Pour estimer I, on considere la fonction
v(r) =u(r) —u(rg), 0<r<rg.

Comme u appartient a H},;(R?) et [Ju|| g1 g2y < 1, alors v est bien définie. En effet, pour tous
nombres réels ro > r > 0, en écrivant

u(ry) —u(r) = /r2 u'(s)ds,

T1

on obtient en utilisant 'inégalité de Cauchy-Schwarz

ju(rs) —u(rm)| < (/:2 [/ (s)[*s ds)é (/:2 ids)é

< =Vl ([ ds)
—|Vu —ds) ,
~ 51 LQ(RQ) S

ce qui implique que w est continue loin de I'origine.

-

En vertu de I'estimation radiale (A.7), on a

u2(7") < 712(7“) + 2v(r)u(rg) + u2(r0)
1 1
2 2 2 2
< v (r)+v (T)WT"(% [ull72@e) + 1+ e [ wll72(re)
< w(r)* +d(ro),

1 1
avec w(r) = v(r)\/l +— ||u||%2(R2) et d(ro) =1+ — ||U||%2(R2). Il est clair que la fonction
7 g

w appartient & H}(B(ro)). De plus, elle vérifie

1
Vo@Pde = (14— Julfae ) [ Vu@)d
L [0 da ( o Wl ) [ 1Vuta)P da
1 2 2
< (1 = ||u||L2<R2>) (1= lullfae) < 1.

1
pour 79 > —=- En appliquant 'inégalité de Trudinger-Moser (A.4) pour d = 2, on déduit
T

Q‘

I’existence d’une constante ¢ > 0 telle que

[, < etnd(ro) / AP gy < cetmi) 2 gy s L

B(ro) ’ VT

Ceci termine la preuve de U'inégalité (A.6).
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Montrons, maintenant, optimalité de I'exposant 47 dans l'inégalité (A.6). A cet effet,
considérons la suite de fonctions de Moser (ug)ren donnée par

0 si|z]>1,

log |z

u(z) =9 V2km

k
. < _k'
”727r si|z] <e

|lug |l ey = 1+ 0(1), lorsque k — oo,

sieF<|z] <1,

Par un simple calcul, on obtient que

ce qui implique que, pour tout a > 4,

e~k -
/ (e — 1) de > 27T/ (62"“]10(1)) — 1>rd7’
R2 0

a—4m(140(1))
> 7T<ekJ Zr(1+o(1)) —e_2k> jmass +00.

ug ()
H“kHHl(RQ)

Ceci acheve la preuve du théoreme.
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Dans cette section, on va se limiter au rappel de quelques propriétés des espaces d’Orlicz.
Pour plus de détails, on peut consulter [85].

B.1 Définition et propriétés élémentaires
Définition B.1 Soit ¢ : RT™ — R™ une fonction conveze et croissante vérifiant

lim ¢(s) =¢(0) =0 et lim ¢(s) = +oo.

s—0t s—+00

On dit qu’une fonction mesurable u : RY — C appartient a l'espace d’Orlicz L? sl existe X > 0

tel que
Aﬂ(@) dr < 00 . (B.1)

lull o = inf{A > 0,/Rd¢ <|u(/\x)|> dr < 1} : (B.2)

Proposition B.2 L’espace d’Orlicz L? est un C-espace vectoriel et || . || 1o est une semi-norme.

On note alors

Preuve. 1l est clair que la fonction identiquement nulle appartient a 1’espace d’Orlicz L?, ce
qui assure que cet espace est non vide.

Commencons par montrer que L? est un C-espace vectoriel. Pour ce faire, étant donnés deux
fonctions u et v de L? et un nombre complexe a, vérifions que au + v appartient a L?. Par
hypothese, il existe deux nombres réels Ay > 0 et Ay > 0 tels que

/qub(‘u)(:)') e o ot /Rd¢<|v§g;)y

Par ailleurs, comme ¢ est croissante, on obtient pour tout A > 0

[0 <rau<x>;v<x>\> e[ o <rc«rAA1 ol % |v§::->|> "

En vertu de la convexité, on déduit que pour A = |a|\; + Ay

|au(z) + v(z)] A |u(x)] A2 |v()]
/qub( A )dxg)\ Rd¢< A1 )dm—i—)\ Rd¢< A2 )dx,

ce qui acheve la preuve du résultat.

)dx<oo.

Démontrons a présent que ||.||z¢ est une semi-norme. Il est évident que si u est une fonc-
tion nulle presque partout, alors ||ul|;¢ = 0. Inversement, soit « une fonction de L? telle que
llu|lrs = 0. 11 existe alors une suite décroissante de nombres réels strictement positifs (A, )nen
vérifiant a la fois

limA, =0 et (B.3)
n—oo
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n

Ad¢<|uix)|> dr <1,¥neN, (B.4)

Ceci implique facilement que la suite v,(z) := ¢ <|U(I)|> satisfait

Jim () =

+oo siu(x) #0,
—0

Supposons maintenant que la mesure de Lebesgue de ’ensemble {x € R% |u(x)| > O} est non
nulle. En appliquant le théoreme de convergence monotone, on trouve que

lim vp () dr = +o0,
00 J{zeR?; u(x)|>0}

ce qui contredit (B.4), et donc entraine que u est nulle presque pour tout z € R%

Comme pour tout u € L? et pour tout o € C on a

inf{A>o,/Rd¢<|o‘“A(x)|> dr < 1} :inf{/\’ >o,/ﬂ{d¢<|“§f)|> dr < 1} ,

on obtient

low]| e = lef[[ull e -

Pour achever la preuve du lemme, il reste a établir I'inégalité triangulaire :
lu+ollps < flullpe +lvlls, Vu,veL?.

Par définition, il suffit de montrer que

/Rd¢< [u(z) + v(w)] ) de < 1. (B.5)

[ullze + (vl e

En utilisant la convexité de la fonction ¢, on obtient
[ ¢<|u<x>+v<x>\>dx
e \Tlullze + ollze
[ ¢< fullse Jut)l ol \v<x>|> .
r \Nlullpe +[[ollze [lullze — Nullze + [Jollze (o]l e
DI ¢<|u<x>\> pro ol ¢<|v<x>r>,
ullze + l[vllze Jre ™\ fJull Lo [ullze + l[vllze Jre ™ \[o]lLo

ce qui assure I'inégalité (B.5) sachant que les intégrales / 10) <|u(x)|> dx et 10} <|v(x)\) dx
e\ Jull e R\ |v]l e

sont inférieures a 1. n
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Dans la suite, I’espace quotient de L? par la relation d’équivalence d’égalité presque partout
sera noté également par L. Ainsi, Uespace (L?, || .| 1¢) peut étre considéré comme un espace
norme.

Remarque B.3 On peut remplacer la constante 1 dans la définition (B.2) par n’importe quelle
constante positive. Ceci change la norme || .|| s par une norme équivalente. En effet, soient
0 < C < 1 un nombre réel et || .|| la norme définie par

: |u(z)] p
~ p— < ) .
Il 7 uﬁ{A>024;¢< ) de <oy Vuel

D’une part, il est facile de voir que

[ull e < lull g -

D’autre part, la convexité de la fonction ¢ entraine que
C
Lo (SN o< f o (1)) o<
R\ ullpo R\ [ull o

1
lull o < Fllullze
C

ce qui implique que

et assure le résultat dans le cas ou C' < 1. De la méme maniére, on obtient l’équivalence des
normes || . ||o et ||. ||z, dans le cas ou C > 1.

Terminons ce paragraphe par les lemmes suivants qui seront utiles dans la section suivante.
Lemme B.4 Soit X une partie Lebesque-mesurable de R? de mesure finie. Alors,
LY(X) — LMX).

Preuve. D’apres les propriétés de la fonction ¢, il existe deux nombres réels a > 0 et b > 0
tels que
as—b<¢(s), Vs>0. (B.6)

Par conséquent, si u € L?(X) et A > 0, alors

1 1 b
X/X|u(x)]dx§ a/}(¢<|u()\m)|> dx—l—a\X] < 400,

ce qui implique que v € L*(X).

Pour achever la preuve du Lemme B.4, il suffit de montrer 'existence d’une constante C' > 0

telle que
|u(z)|
) ( dr > 1.
/X Cllul|zrx)
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Or, d’apres I'inégalité (B.6), on a pour toute constante strictement positive C

|u(x)| ) alu()|
—— | dz > —————dr — b|X
/X d) <CHUHL1(X) - /X C’HuHLl(X) | ’

a
> — —b|X],
> x|

ce qui entraine le résultat, par un choix convenable de C. [ ]

Lemme B.5 Soit (u,), une suite de l’espace d’Orlicz L®. Alors, les assertions suivantes sont
équivalentes :

n—oo )\

1. YA >0, limsup [ ¢ ('“"(x”) de < 1.
R
2. Jim e = 0.
Preuve. Supposons que, pour tout nombre réel A\ > 0,

|un ()]

lim sup y o) < ) de < 1. (B.7)

n—oo

Puisque ¢(0) = 0 et ¢ est convexe, on a

gb(s)gsgb(::), Vs>0, Yo<e<l.

/Rdd)(W) dwéa/Rd¢<|ug\<:)’> dz,

ce qui implique, grace a 'hypothese 1, que pour n assez grand

/Rd¢ <|“”§“’>|> dr < e.

Comme ¢ est arbitraire, il vient en vertu de la définition de la norme || .||z que

Par conséquent,

Tin [Juy |0 = 0.

Inversement, supposons que li_>m ||tn]| e = 0. Donc pour tout nombre réel A > 0, il existe un
n (o)

entier N > 0 tel que
1 1

A e

Sachant que ¢ est une fonction croissante, on en déduit que pour tout n > N

Lol s [ o(batl) 4o,

ce qui conclut la preuve du résultat. [ ]
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B.2 Complétude

Proposition B.6 L espace normé (L?,||.||1+) est un espace de Banach.

Preuve. Etant donnée une suite de Cauchy (u,)nen de Uespace (L2, || . ||1s), notre propos est
de montrer qu'elle converge dans (L%, ||.||;+). Pour ce faire, écrivons d’abord I'ensemble R¢
comme suit :
R = |J Xy,
keN

olt X := [—k,k]¢. Comme |X}| < oo, le lemme B.4 assure que L?(X}) s’injecte continfiment
dans L' (X). Par conséquent, la suite (uy)nen est une suite de Cauchy dans (L*(Xy), || . [|11(x,))
qui est un espace complet. On en déduit qu’elle converge dans (L'(Xy), |- ||11(x,)), et donc elle
converge presque pour tout x € Xy, a extraction d’'une sous-suite pres. En utilisant le procédé
d’extraction diagonale, on peut extraire une sous-suite (uy,,) de (uy)neny qui converge presque
pour tout z € X, vers u dans R?.

D’autre part, comme (u, )nen est une suite de Cauchy de (L?, || . || ¢ ), Iassertion 1 du Lemme B.5
entraine que pour n et m assez grands, on a

Ad¢<|“”<x>;“m($)‘> dr <1, YA>0.

En appliquant le lemme de Fatou, on obtient pour n assez grand

/Rdaﬁ<w> dz < lim inf qus('“”(x)_“”k(x)') dr <1, YA>0.

—00 A

Ceci termine la preuve de la proposition, en vertu du Lemme B.5.
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Résumé

Cette these porte sur quelques inégalités de type Trudinger-Moser avec leurs applications
a I’étude des injections de Sobolev qu’elles induisent dans les espaces d’Orlicz et 'analyse de
quelques équations aux dérivées partielles non linéaires a croissance exponentielle. Le travail
qu’on présente ici se compose de trois parties. La premiere partie est consacrée a la description
du défaut de compacité de I'injection de Sobolev 4D dans ’espace d’Orlicz dans le cadre radial.

L’objectif de la deuxieme partie est double. D’abord, on caractérise le défaut de compacité
de l'injection de Sobolev 2D dans les différentes classes d’espaces d’Orlicz. Ensuite, on étudie
I’équation de Klein-Gordon semi-linéaire avec non linéarité exponentielle, ot la norme d’Orlicz
joue un role crucial. En particulier, on aborde les questions d’existence globale, de complétude
asymptotique et d’étude qualitative.

Dans la troisieme partie, on établit des inégalités optimales de type Adams, en étroite re-
lation avec les inégalités de Hardy, puis on fournit une description du défaut de compacité des
injections de Sobolev qu’elles induisent.

Mots clés : inégalités de Trudinger-Moser, injections de Sobolev, espaces d’Orlicz, défaut de
compacité, équation de Klein-Gordon, inégalités de Hardy.

Abstract

This thesis focuses on some Trudinger-Moser type inequalities with their applications to the
study of Sobolev embeddings they induce into the Orlicz spaces, and the investigation of some
nonlinear partial differential equations with exponential growth.

The work presented here includes three parts. The first part is devoted to the description
of the lack of compactness of the 4D Sobolev embedding into the Orlicz space in the radial
framework.

The aim of the second part is twofold. Firstly, we characterize the lack of compactness of
the 2D Sobolev embedding into the different classes of Orlicz spaces. Secondly, we undertake
the study of the nonlinear Klein-Gordon equation with exponential growth, where the Orlicz
norm plays a crucial role. In particular, issues of global existence, scattering and qualitative
study are investigated.

In the third part, we establish sharp Adams-type inequalities invoking Hardy inequalities,
then we give a description of the lack of compactness of the Sobolev embeddings they induce.

Keywords : Trudinger-Moser inequalities, Sobolev embeddings, Orlicz spaces, lack of com-
pactness, Klein-Gordon equation, Hardy inequalities.



