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Introduction

This thesis deals with the transmission of high-dimensional bipartite entangled states
of light through a random medium.

Random or disordered media refer to media with spatial heterogeneities, for in-
stance, of the refractive index or of the positions of the scatterers in a cold atomic
gas. Therefore, when light — or any type of wave — propagates through such complex
media, multiple scattering takes place instead of ballistic propagation. Depending of
the strength of disorder very interesting and quite surprising phenomena arise such as
the coherent backscattering [1] or random lasing [2] when the disorder is weak, and
Anderson localization [3] when the disorder is strong.

Most of the studies of the multiple scattering of light focus on classical phenomena
that do not require quantization of the electromagnetic field to be understood [4, 1].
Light is even commonly categorized as a “classical wave” [1], in line with sound and
elastic waves, as opposed to “quantum waves” describing electrons in disordered solids
and matter waves in cold atomic systems. Meanwhile, even if states of light exist
that mimic classical behavior very closely, light is probably the “most quantum” of
all waves because it provides an unprecedented freedom in controlling and measuring
its quantum state [5]. Indeed, the states of light that do not allow for a classical
description (e.g., single and entangled photons, squeezed light, etc.) can nowadays be
generated almost at will [6, 7], opening very promising perspectives for communication
and information processing applications, including quantum computation [8]. Among
the features of quantum states of light, quantum entanglement is probably the most
important and intriguing aspect. Together with the wave-particle duality, entanglement
is at the origin of the main differences between classical and quantum mechanics. One
of the main challenges when dealing with quantum entanglement is its quantification,
both theoretical and experimental.

Multiple scattering of non-classical light in random media attracts the attention
of physicists since the pioneering paper by Beenakker [9] who introduced a convenient
formalism of input-output relations in this field. In particular, propagation of pairs of
entangled photons in random media has been studied both theoretically [10, 11] and ex-
perimentally [12, 13] in recent years. Experimentally, entanglement can be studied and
characterized by coincidence measurements: one measures the coincidence photodetec-
tion rate Rαβ of two photodetectors either placed behind the medium and counting
photons in transmitted modes α and β [10, 14, 12, 15, 11] or embedded inside the
medium at positions ~rα and ~rβ [16] leading to a two-photon speckle pattern. However,
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2 Introduction

even if Rαβ is sensitive to the entanglement of the incident state it is not an unambigu-
ous measure of entanglement of scattered light. It is the purpose of this thesis, to study
the impact of the quantum entanglement on Rαβ and to present a way of quantifying
the amount of entanglement present in the multiple scattered light.

The first chapter of the thesis provides the basic toolbox of quantum optics required
to understand further work. After a presentation of the quantization of light in free
space and in open media, we introduce the main quantum states of light that are studied
in the thesis. Then, we discuss the most important properties of quantum states, the
quantum entanglement. We first give a general introduction to the entanglement of
bipartite states. Then, because in many experimental schemes quantum particles are
identical, the still debated concept of entanglement between indistinguishable particles
is presented and discussed.

Because of the randomness of the medium in which the light propagates, the ob-
servables considered in this thesis have to be treated statistically. Hence, in the second
chapter, we present a statistical approach to the multiple scattering of light. We first
consider a microscopic description of the multiple scattering based on the so-called
Green’s function formalism and then turn to a macroscopic description which uses the
random S-matrix formalism.

In the third chapter, we extend and clarify the previous studies dealing with two-
photon speckle patterns appearing in coincidence measurements. We first introduce
the main properties of the two-photon state that we consider and discuss the coher-
ence of the two-photon light. Then, we study in details the two-photon speckle pat-
tern obtained with a broadband two-photon state incident on a disordered medium.
We discuss whether or not signatures of non-classical light can be seen in coincidence
measurements. Finally, we calculate the visibility of the one- and two-photon speckle
patterns and show how the entanglement present in the incident state affects these
visibilities.

The last chapter aims at providing a new theoretical approach to quantifying the
average amount of entanglement in the scattered state. Using the random matrix
theory, we derive the Schmidt decomposition of the scattered entangled state. We show
how the statistics of the disorder impacts on the density of the Schmidt eigenvalues
and quantify the entanglement through several measures of entanglement like the von
Neumann entropy of Schmidt eigenvalues and the Schmidt number.



Chapter 1
Light as a quantum field

1.1 Quantum optics: a toolbox

1.1.1 Quantization of the electromagnetic field

In this thesis we are dealing with phenomena which can not be described by the classical
theory of electromagnetic field. It is the case, for example, when only a few photons
are present. Quantum theory is also required for a proper description of two-photon
interferences [17, 18] and experiments with entangled photons like in the quantum
teleportation and computation protocols [19, 20, 8]. It is the purpose of quantum
electrodynamics to describe this quantum behavior of light [21]. Here we briefly present
the quantization of electromagnetic field in free space and then in an open medium such
as a chaotic cavity or a disordered medium.

Free space

In free space, we start from the well-known Maxwell equations to derive the wave
equation satisfied by the vector potential A(r, t) in the Coulomb gauge

∇2A(r, t) =
1

c2
∂2A(r, t)

∂t2
. (1.1)

It follows from Eq. 1.1 that the vector potential can be expressed as a superposition of
plane waves in the form [22]

A(r, t) =
1

ǫ
1/2
0 L3/2

∑

ks

[
cksǫkse

i(k·r−ωt) + c.c.
]
, (1.2)

where ǫ0, k, ω, ǫks and cks are respectively the dielectric permitivity of the vacuum,
the wave vector, the frequency, the vector of polarization and the complex amplitude
of the plane wave. s is related to the two states of polarization of light. L does not
have physical relevance because it is the size of the virtual cube used to introduce the
Fourier series (1.2) and will tend to infinity at the end of derivation. In the following
we will call a mode of the electromagnetic field the combination {k, s}.

3



4 CHAPTER 1. LIGHT AS A QUANTUM FIELD

At this point, it is convenient to write the potential vector in terms of the so-called
canonical variables pks (t) and qks (t)

qks (t) = uks (t) + u∗ks (t) ,

pks (t) = −iω (uks (t)− u∗ks (t)) , (1.3)

with uks (t) = ckse
−iωt. We have

A(r, t) =
1

2ǫ
1/2
0 L3/2

∑

ks

[(
qks (t) +

i

ω
pks (t)

)
ǫkse

ik·r + c.c.

]
. (1.4)

The quantization procedure is based on the correspondence principle between clas-
sical and quantum theory. A Hilbert space operator is associated to each canonical
variable: qks → ˆqks, pks → ˆpks. Besides, in the case of light the analogy between the
electromagnetic field and a group of quantum harmonic oscillators leads naturally to
a “second” quantization framework. Instead of using the previous canonical variables
we introduce the non Hermitian operator âks (t) and its Hermitian conjugate â†

ks (t)
defined by

âks (t) =
1

(2~ω)1/2
(ωq̂ks (t) + ip̂ks (t)) . (1.5)

âks (t) and â
†
ks (t) follow the bosonic commutation rules

[
âks (t) , â

†
k′s′ (t)

]
= δ3

kk′δss′ , (1.6)

[âks (t) , âk′s′ (t)] = 0, (1.7)[
â†
ks (t) , â

†
k′s′ (t)

]
= 0. (1.8)

Applying this quantization procedure to the vector potential and using the relation
E(r, t) = −∂A(r,t)

∂t , we obtain the operator associated with the electric field

Ê(r, t) = Ê(+)(r, t) + Ê(−)(r, t), (1.9)

where

Ê(+)(r, t) =
1

L3/2

∑

ks

(
~ω

2ε0

) 1

2

iâksǫkse
i(k·r−ωt), (1.10)

with âks = âks (0) (â
†
ks = â†

ks (0)) the annihilation (creation) operator of a photon in

the mode {k, s}. The operator Ê(+)(r, t) and its Hermitian conjugate Ê(−)(r, t) are
respectively the positive and negative frequency parts of the electric field.

Following the same procedure for the Hamiltonian of the electromagnetic field yields

Ĥ =
∑

ks

~ω

(
â†
ksâks +

1

2

)
, (1.11)

where the additional term ~ω/2 corresponds to the energy of the vacuum and has
no counter-part in classical physics. The evolution âks (t) is given by the Heisenberg
equations of motion

dâks (t)

dt
= − i

~

[
âks (t) , Ĥ

]
. (1.12)

Provided that the commutation relations (1.6) are obeyed, these equations are quantum
equivalents of Maxwell equations for classical fields.
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(a) (b)

Figure 1.1: Sketch of (a) an open chaotic cavity and (b) a random medium. Waves
inside the cavity or the random medium are depicted by dotted lines and waves outside
the cavity or the random medium by blue arrows.

Open media and input-output relations

An open media can be seen as an open optical cavity with a spatially nonuniform
dielectric constant ǫ (r). The presence of a cavity modifies the density and the structure
of the field modes inside the cavity compared to the one in free space. For instance
the spontaneous emission rate of an atom embedded in a cavity is strongly affected
by the cavity leading to the well known Purcell effect [23, 24]. The plane wave basis
is not appropriate for describing the field inside the cavity. When dealing with open
media, the leakage of energy outside the media change the dynamics of the field inside
the cavity. Moreover in the case of an arbitrary shaped open cavity or a disordered
medium with randomly varying dielectric constant, finding a suitable basis of modes
describing the field inside the cavity is quite impossible due to their chaotic or random
behavior. For these reasons the quantization of the field and the study of the light
propagation in open random media is a challenging task [25, 26, 27, 28].

Using a Feshbach’s projector framework, Hackenbroich et al. [27] perform a field
quantization which takes fully into account the field modes inside the medium — de-
noted by λ and described by the operator b̂λ — and the one outside the medium —
denoted by {m,ω} and described by the operator âm(ω). Expanding the vector poten-
tial in these two sets of modes, we have the so-called system-and-bath Hamiltonian in
the rotating wave approximation

ĤS−B =

Inside field term︷ ︸︸ ︷∑

λ

~ωλb̂
†
λb̂λ +

Outside field term︷ ︸︸ ︷∑

m

ˆ

dω~ωâ†m (ω) âm (ω)

+ ~

∑

λ

∑

m

ˆ

dω
[
Wλm (ω) b̂†λâm (ω) + H.c.

]

︸ ︷︷ ︸
Coupling term

(1.13)

Using this Hamiltonian, one can obtain the Heisenberg equations of motion for
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operators describing the fields inside and outside the medium:

db̂λ (t)

dt
= −iωλb̂λ (t)− i

∑

m

ˆ

dωWλm (ω) âm (t, ω) , (1.14)

dâm (t, ω)

dt
= −iωâm (t, ω)− i

∑

λ

W ∗
λm (ω) b̂λ (t) . (1.15)

The elements Wλm (ω) couples the inside modes λ and the outside modes {m,ω} of the
field taking into account the leakages in the cavity. We see that the dynamics of b̂λ (t) is
affected not only by the shape of the cavity, preventing the use of Fourier plane waves,
but also by the presence of the external field âm (ω, t). Integrating the Eq. (1.15) for
different time domains, a first time for t0 < t and another for t1 > t, we obtain

âm (t, ω) = e−iω(t−t0)âm (t0, ω)

−i
∑

λ

W ∗
λm (ω)

ˆ t

t0

dt′e−iω(t−t
′)b̂λ

(
t′
)
, (1.16)

âm (t, ω) = e−iω(t−t1)âm (t1, ω)

−i
∑

λ

W ∗
λm (ω)

ˆ t1

t
dt′e−iω(t−t

′)b̂λ
(
t′
)
. (1.17)

From Eqs. (1.16) and (1.17), defining the ingoing and outgoing modes operators by
âinm (ω) = eiωt0 âm (ω, t0) â

out
m = eiωt1 âm (ω, t1) and using the limits t0 → −∞ and

t1 → ∞, the input-output relations follow

âout (ω)− âin (ω) = −iW † (ω) b̂ (ω) , (1.18)

where the N ×M matrix W has elements Wλm and couples the M -component ingoing
and outgoing vectors âin (ω) = {âinm (ω)}m and âout (ω) = {âoutm (ω)}m with the N -
component cavity vector b̂ (ω) = {b̂ (ω)λ}λ. If one is interested only in the field outside
the medium, the operator b̂λ can be expressed in term of âm (ω) through Eqs. (1.14)
and (1.15). Therefore, the vector b̂ (ω) can be eliminated from Eq. (1.18) leading to
the so-called input-output relations

âout (ω) = S (ω) âin (ω) , (1.19)

where S is the M ×M scattering matrix defined by

S (ω) = 1− 2πiW † (ω)D−1 (ω)W (ω) . (1.20)

with D a N ×N matrix defined from the elements of W (see Eq.(63) in Ref [28]).
The scattering matrix relates the M input modes to the M output modes of the

field. It contains all the information about the propagation of the field inside the
cavity or the medium. Due to the commutation relations followed by âout (ω) and
âin (ω) the scattering matrix is unitary and obeys S†S = SS† = 1. This relation
ensures the conservation of energy in the absence of absorption and amplification in
the cavity. Starting from Eq. (1.20) two different approaches can be adopted. The first
one, called the Hamiltonian approach, considers the microscopic details of interaction
between the medium and the field. The properties of the scattering matrix are then
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derived from the properties of the Hamiltonian using Eq. (1.20). The second approach
is the random S-matrix approach where the microscopic details are disregarded. The
matrix S is assumed to be a random matrix with a most general statistics restricted
by fundamental symmetries only (unitarity, time-reversal symmetry, etc.).

When absorption and amplification are present in the medium, Eq. (1.18) has to
be modified and becomes [9]

âout (ω) = S (ω) âin (ω) + U (ω) ĉin (ω) + V (ω) d̂†in (ω) , (1.21)

where the operators ĉin and d̂in satisfy the usual bosonic commutation relations. The
matrices U and V take into account the absorption and the amplification and are related
to the scattering matrix by the relation

UU † − V V † = 1− SS†, (1.22)

which ensures the energy conservation.
In this thesis, we will mainly use the input-output relations and the random S-

matrix framework in order to study the transmission of light through a random medium.

1.1.2 Pure and mixed states

Before introducing the usual and important states of light that appear in quantum
optics let us present the notion of pure and mixed states. Considering a Hilbert space
H of dimension N , a pure state is defined by a normalized vector |Ψ〉 belonging to H,
such that 〈Ψ|Ψ〉 = 1. In an arbitrary basis {|φk〉}k of H, every pure state |Ψ〉 can be
written as

|Ψ〉 =
∑

k

ck |φk〉 , (1.23)

where ck are complex numbers that give the probability |ck|2 of finding the system in
the state |φk〉 . The sum in Eq. (1.23) is a coherent superposition enables interference
pattern. Indeed the expectation value of an operator is the square modulus of a sum
of complex probability amplitudes ck.

However when some classical uncertainty is introduced in the system, the state is
no more a pure state and becomes mixed. This state, also called a statistical mixture,
is described by a N × N Hermitian positive semidefinite density matrix ρ̂ ∈ B (H),
where B (H) is the space of bounded operators acting on H, which takes the general
form

ρ̂ =
∑

k

pk |ψk〉 〈ψk| , (1.24)

where |ψk〉 are pure states in which the system can be found with probabilities pk ≥ 0.
The normalization of the state requires that Trρ̂ = 1. These states are generally encoun-
tered when the system of interest is in contact with an environment or is produced by
a source which presents classical fluctuations like a heated filament producing thermal
light. The sum in Eq. (1.24) is an incoherent superposition. No interferences appear
because the expectation value of an operator is written as a sum of probabilities pk.

Another important notion is the purity of a quantum state. The purity quantifies
how close to a pure state is an arbitrary state and is defined by P = Trρ̂2. Because the
density matrix of a pure state is a projector (ρ̂ = |Ψ〉 〈Ψ|) its purity is equal to one.
In contrast, for a mixed state we have P < 1.
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1.1.3 Fock space and second quantization

Fock states

Consider the hermitian operator n̂ks = â†
ksâks entering in the expression of the Hamil-

tonian (1.11). One can show that the eigenvalues of n̂ks are integers going from zero
to infinity and related to the number of excitations in the mode {k, s}. For this reason
n̂ks is called the photon number operator, with “photon” denoting a quantum of the
electromagnetic field.

The Fock states - sometimes also called number states - are defined as the eigen-
vectors of n̂ks, they possess a well defined number of photons distributed over different
modes of the electromagnetic field, i.e. with 〈(∆n̂)2〉 = 0, where ∆n̂ = n̂ − 〈n̂〉. A
general Fock state is written as |{n}〉 =

∏
ks |nks〉 with n̂ks |{n}〉 = nks |{n}〉 , and

corresponds to an eigenstate of the Hamiltonian Ĥ in free space, such that Ĥ |{n}〉 =
E |{n}〉 , where E is the energy. The action of the creation and annihilation operators
on Fock states follows from the relations

â†
ks |nks〉 =

√
nks + 1 |nks + 1〉 , (1.25)

âks |nks〉 =
√
nks |nks − 1〉 .

The equation âks |1ks〉 = |0〉 introduces the vacuum state which has zero photons in
every mode of the electromagnetic field.

From Eqs. (1.25), one can show that every Fock state can be constructed by repeat-
edly acting creation operators on the vacuum state such that

|{n}〉 =
∏

ks

(
â†
ks

)nks

√
(nks)!

|0〉 . (1.26)

Besides the Fock states form an orthonormal basis in which an arbitrary state of light
is written as

|Ψ〉 =
∑

{n}
c{n} |{n}〉 . (1.27)

First and second quantization notations

Here we define the notations used in this thesis depending on whether the quantum
state is written in first or in second quantization framework [29].

The Fock state basis is a natural basis used in the second quantization framework.
For instance a state of two indistinguishable photons, one in the mode denoted by i
and the other in the mode j (i 6= j) is written with the second quantization notations
as

|Ψ〉 = â†i â
†
j |0〉 = |0, ...1i, ...1j , ...0〉 = |1i, 1j〉 . (1.28)

When i = j, we have

|Ψ〉 = 1√
2

(
â†i

)2
|0〉 = |2i〉 . (1.29)

This second quantization framework takes into account the symmetrization of the wave
function.
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Written with the first quantization notations the state in Eq. (1.28) becomes

|Ψ〉 = Ŝ+ |1 : i; 2 : j〉 = |1 : i; 2 : j〉 sym =
1√
2
(|1 : i; 2 : j〉 + |1 : j; 2 : i〉) , (1.30)

where Ŝ+ is the operator of symmetrization. Here 1 and 2 refer to the photons but they
are unphysical labels because photons are indistinguishable. We also use the notation
|1 : i; 2 : j〉 = |i〉1 ⊗ |j〉2.

Obviously if one can attribute a physical label to distinguish the two photons these
different notations still hold without the symmetrization constraint.

1.1.4 Coherent state

Coherent states of light are the states that are close to the field emitted by a coherent
source like a laser far above the threshold or a classical current. They have been
thoroughly studied by Glauber in the 60’s [30, 31] leading to numerous important
results in quantum optics and quantum mechanics in general. We focus here on very
few properties of coherent states and we refer the reader to [32] for more details on
these states.

A coherent state |{ν}〉 is an eigenstate of the non-Hermitian annihilation operator
âks. In a multi-mode representation, it is written as

|{ν}〉 =
∏

ks

|νks〉 , (1.31)

where νks are complex numbers satisfying

âks |νks〉 = νks |νks〉 . (1.32)

In the Fock state basis, the single-mode coherent state has the form

|νks〉 = e−
|ν

ks|
2

2

∑

nks

νnks
ks√
nks!

|nks〉 , (1.33)

and defining the displacement operator D̂ (ν) = eνâ
†−ν∗â one can show the relation

|νks〉 = D̂ (νks) |0〉 . (1.34)

The number of photons in such states is not well defined because 〈(∆n̂)2〉 = 〈n̂〉.
However the phase of the state is well defined contrary to Fock states.

One can also use coherent states as a basis, however it is a non-orthogonal and
over-complete basis.

1.1.5 Spontaneous parametric down converted light

Among the quantum states we will be interested in there are the spontaneous para-
metric down-converted (SPDC) two-photon states. These states are commonly used in
quantum optics for a wide range of quantum experiments (e.g., quantum teleportation,
two-photon interferences, etc.) because they are relatively easy to produce and due to
the interesting correlations existing within the pairs of photons [17, 33, 34, 35].
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Figure 1.2: Energy level diagram of the spontaneous parametric down-conversion pro-
cess. The black dashed line shows a virtual state.

SPDC two-photon states are generated by a χ(2) non-linear process in which a pump
field with frequency ωp and wave vector kp is sent in a non-linear crystal in order to
create a “biphoton” [36] as shown in Fig. 1.2. Due to the conservation of energy and
momentum the frequencies and wave vectors fulfill the following constraints

ωp = ωi + ωs, (1.35)

kp (ωp) = ki (ωi) + ks (ωs) , (1.36)

where p stands for the pump and i, s for the down converted photons. For historical
reasons the down-converted photons are called signal and idler photons. In parametric
down-conversion the signal photons belong to the light beam that is sent into the
medium along with the pump beam. However in SPDC, the down-converted photons
are spontaneously generated from an initial vacuum state. Then from Eqs. (1.35) and
(1.36), we see that the signal and idler photons can have a broad range of frequencies and
wave vectors. This leads to the appearance of frequency and/or momentum correlations
between the photons. We will see later in Sec. 1.3.4 how entanglement emerge from
these correlations. The SPDC states are classified according to the polarization of the
down-converted photons. In type I non-linear processes both photons have the same
polarization. At the opposite, in Type II, they have orthogonal polarization, labeled
o and e for ordinary and extraordinary polarizations. Because the non-linear crystals
are generally birefringent, strong spectral differences appear between Type I and Type
II biphoton states [37]. Besides, one can use continuous-wave or broadband pump,
collinear or non-collinear propagation of the two photons according to the pump axis,
leading to a wide variety of SPDC states. For more details on the zoology of SPDC
two-photon states, we refer the reader to Refs. [38, 39].

In order to derive the two-photon state generated in a SPDC process one generally
uses a first-order perturbation approach in an interaction picture. This method is valid
only for a low gain regime in which the probability to generate more than two photons
is very small. In Appendix A, we show an example of derivation of the two-photon state
for type II SPDC. Let us present here the main features of these states. Whatever the
experimental configuration, they can be written as

|Ψ〉 =
∑

ss′

∑

kk′

F
(
ks,k′s′

)
â†
ksâ

†
k′s′ |0〉 , (1.37)

where F (ks,k′s′) is the two-photon amplitude asociated with the probability of finding
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a pair with one photon in the mode {k, s} and the other one in {k′, s′}. In the general
case it is given by

F
(
ks,k′s′

)
∝ αp

(
ω, ω′

)
h
(
k,k′

)
, (1.38)

where h (k,k′) =
´

d3r ei∆k·r with ∆k = k − k′. h (k,k′) is the phase matching
function which depends on the orientation and the length of the crystal, it ensures the
momentum conservation. αp (ω, ω

′) is the pump envelope function which ensures the
conservation of energy.

1.1.6 Photodetection of light

Photodetection probabilities

We have at this point a description of the field operators and their dynamics, and
we introduced some of the quantum states of light. Let us now present the theory of
quantum photodetection of light [30, 40, 41]. The interaction between an electron of the
detector and the electromagnetic field is described in the electric dipole approximation
by the Hamiltonian Ĥint ≈ −er̂ · Ê (r0, t) with r0 the position of the electron and er̂ its
dipole moment. Then the probability of transition from the state |dI , ψI〉 to |dF , ψF 〉
per unit of time, where d and ψ are respectively the states of the electron and the field,
is given by

p1 (r0, t) =
∣∣∣e 〈dF , ψF | r̂.Ê (r0, t) |dI , ψI〉

∣∣∣
2
. (1.39)

We now consider only the absorption of a photon, i.e. the term involving the operator
Ê(+) (r0, t) and factorize out the expectation value associated with the electron by
introducing a constant γD which contains the efficiency of the detector. This yields the
probability

p1 (r0, t) = γD

∣∣∣〈ψF | Ê(+) (r0, t) |ψI〉
∣∣∣
2
. (1.40)

Because we are not interested in the final state of the field, we trace over all the possible
final states which form a complete set obeying the closure relation

∑
F |ψF 〉 〈ψF | = 1.

The probability of detection at time t becomes

p1 (r0, t) = γD 〈ψI | Ê(−) (r0, t) Ê
(+) (r0, t) |ψI〉 . (1.41)

If the input state contains a classical uncertainty, i.e. it is a mixed state described by
ρ̂I , we obtain

p1 (r0, t) = γDTr
[
ρ̂IÊ

(−) (r0, t) Ê
(+) (r0, t)

]

= γD〈Ê(−) (r0, t) Ê
(+) (r0, t)〉, (1.42)

where 〈...〉 stands for the quantum expectation value.
In a similar way, we define the two-photon detection probability per unit of time by

p2 (r1, t1, r2, t2) = γD〈Ê(−) (r1, t1) Ê
(−) (r2, t2) Ê

(+) (r2, t2) Ê
(+) (r1, t1)〉. (1.43)
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It is equal to the photon coincidence counting rate of two detectors placed at r1 and
r2, at times t1 and t2.

As we have seen in Sec. 1.1.1, observables of the field can be expressed in terms
of creation and annihilation operators. Besides, we are mainly interested in the mo-
mentum representation when detection is taking place in the far field. Therefore, with
lighten notations, we define the far field photodetection rate by

R1 (k, t) = 〈â†
k
(t) âk (t)〉, (1.44)

and the coincidence counting rate by

R2 (k1, t1,k2, t2) = 〈â†
k1
(t1) â

†
k2
(t2) âk2

(t2) âk1
(t1)〉. (1.45)

First and second order correlation functions

Using the formalism introduced in the previous section, we can now introduce the
correlation functions of the field studied by Glauber [30]. They are used to describe
the coherence of the light. The first order correlation function is defined by

G1 (r1,2, t1,2) = 〈Ê(−) (r1, t1) Ê
(+) (r2, t2)〉, (1.46)

where r1,2 stands for r1, r2. We see that G1 (r, t) ∝ p1 (r, t).
The second order correlation function is given by

G2 (r1,2,3,4, t1,2,3,4) = 〈Ê(−) (r1, t1) Ê
(−) (r2, t2) Ê

(+) (r3, t3) Ê
(+) (r4, t4)〉, (1.47)

and is related to the two-photon detection probability p2. As for the photodetection and
coincidence rates, the correlation functions can be expressed in momentum space and
denoted by G1 (k1,2, t1,2) and G2 (k1,2,3,4, t1,2,3,4). The normalized correlation functions
are defined by

g1 (x1, x2) =
G1 (x1, x2)

[G1 (x1, x1)G1 (x2, x2)]
1

2

, (1.48)

and

g2 (x1, x2, x3, x4) =
G2 (x1, x2, x3, x4)

[G1 (x1, x1)G1 (x2, x2)G1 (x3, x3)G1 (x4, x4)]
1

2

, (1.49)

where x stands for r, t or equivalently for k, t. The generalization to higher order is
then straightforward.

The coherence describes the property of a field to take correlated values at sepa-
rated points in a “space” spanned by positions, times or momenta. The coherence is
intimately related to the presence of randomness in the value taken at different position.
A field is said to be coherent up to the order n when

|gi (x1, x2, ..., x2j) | = 1, ∀j ≤ n. (1.50)

This is equivalent to the factorizability of correlation functions

Gi (x1, ...xj , ..., x2j) = E∗ (x1) ...E∗ (xj) E (xj+1) ...E (x2j) (1.51)
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where E (x) is a complex function. This leads to an experimental point of view on the
coherence. When a field is n-order coherent, its n-photon coincidence counting rate
will be a product of single photon detection events.For example of coherent fields we
have the classical plane wave and the coherent state, which in fact can be defined as
the quantum state with the high order of coherence. At the opposite, the thermal
radiation, which is stochastic, can not be coherent beyond the second order.

1.1.7 Signs of non-classicality

In this section we present physical quantities which characterize the non-classicality of
a state.

The first one is based on the photon statistics of the state and is called the Mandel
parameter Q:

Q =
〈(∆n̂)2〉 − 〈n̂〉

〈n̂〉 , (1.52)

where 〈(∆n̂)2〉 = 〈n̂2〉−〈n̂〉2. This parameter is negative for sub-Poissonian distribution
of the photon number, i.e. for states that can not be described by the classical theory,
e.g., the Fock states. A coherent state will have a Poissonian distribution (Q = 0)
meaning that the photon detection events are completely random, whereas a thermal
state exhibits a super-Poissonian statistics with Q > 0. One also uses the Fano factor
which is closely related to the Mandel parameter and defined by

F =
〈(∆n̂)2〉

〈n̂〉 . (1.53)

When the state allows for a classical description, the photocount statistics associated
with it can b described by the so-called Mandel formula:

p (n) =

ˆ ∞

0

In

n!
e−IPm (I) dI, (1.54)

where I is the intensity of the field and Pm (I) ≥ 0. Then a field is not classical if its
photocount statistics can not be described by the Mandel formula (1.54).

Another way to characterize the quantumness of a state is to expand it in a specific
basis of states. For instance the P -distribution P (α, α∗), introduced by Sudarshan and
Glauber [42, 31], characterizes a state in terms of coherent-state projectors such that
its density matrix ρ̂ is written as

ρ̂ =

ˆ

P (α, α∗) |α〉 〈α| d2α, (1.55)

where

P (α, α∗) =
e|α|

2

π2

ˆ

〈−β| ρ̂ |β〉 e|β|2e−βα∗+β∗αd2β, (1.56)

with d2β = d (Reα) d (Imα). When this distribution is equivalent to a density of prob-
ability such that P (α, α∗) is non-negative and not more singular than a delta function,
the state possesses a classical description, otherwise it is a non-classical state.
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To finish this section let us introduce the Wigner distribution quite similar to the
P -distribution and defined by

W (α, α∗) =
2e2|α|

2

π2

ˆ

〈−β| ρ̂ |β〉 e−2(βα∗−β∗α)d2β. (1.57)

As for the P -distribution, W (α, α∗) is a quasi-probability density that can become
negative for non-classical states.

1.2 Quantum entanglement in bipartite systems

1.2.1 Quantum entanglement in a nutshell

If no exception is pointed out, we discuss in the following sections only the case of pure
bipartite quantum states. Given that different kinds of entanglement will be discussed,
we mainly use at the beginning the term of “subsystem” without any reference to a
particular physical system, e.g. particles or modes. Besides, in order to avoid any
confusion, it is important to distinguish clearly the subsystems that are entangled and
the physical observables that bear quantum correlations. For instance, one can say that
two photons (subsystems) are entangled in polarization (observable).

Separable and entangled states

Consider a bipartite quantum system S divided in two subsystems S1 and S2. They
are associated to the respective Hilbert spaces H, H1 and H2 which satisfy the relation
H = H1 ⊗ H2 where ⊗ stands for the tensor product that we sometimes omit. It
follows that N = N1 × N2 where Ni = dimHi. Practically S can be an atom plus a
photon in the case of the spontaneous emission process [43], an electron-hole pair in a
two-dimensional electron gas [44], or a bimodal Bose-Einstein condensate [45]. In the
case of pure states, the system S is described by a vector state |Ψ〉 ∈ H.

The state |Ψ〉 is a separable state if one can write it as a tensor product state

|Ψ〉 = |Φ1〉 ⊗ |Φ2〉 , (1.58)

where |Φi〉 ∈ Hi. Otherwise the state is said to be entangled which implies the exis-
tence of quantum correlations between the observables describing the state of the two
subsystems S1 and S2. This definition of entanglement is negative in the sense that
a state is entangled when it is not separable. Then a state can be very close to a
separable state while being slightly entangled. This will lead naturally to the notion of
entanglement quantification in Sec. 1.2.2, looking how far to the set of separable states
is an entangled state.

One can also extend this criterion to systems of more than two parties like in
entangled spin chains appearing in solid state or trapped ions systems [46, 47]. In the
case of n-partite system, a state |Ψ〉 is fully separable (n-separable) when

|Ψ〉 = |Φ1〉 ⊗ |Φ2〉 ⊗ ...⊗ |Φn〉 , (1.59)

it is entangled otherwise. However the study of multipartite entanglement is quite more
complex than the one of bipartite entanglement [48] and we will not deal with it in the
rest of this thesis.
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The definition of bipartite entanglement given above is rather formal and based
on a mathematical separability criterion. However one can give to the separability of
pure states a more practical meaning using the concept of physical reality. Indeed,
looking to Eq. (1.58), the state |Ψ〉 can be prepared by manipulating each subsystem
independently. One first prepares S1 in |Φ1〉 and then S2 in |Φ2〉 . This means that a
physical reality can be attributed to S1 and S2 independently. Whereas entanglement
implies the impossibility to say with certainty in which state is S1 independently of S2,
and reciprocally. One cannot assign a physical reality to one subsystem alone when
entanglement is present. From the information theory point of view, it is said that
when a state is entangled the amount of information contained in |Ψ〉 is greater than
the sum of information contained in each subsystems independently. These features
associated with entanglement are purely non-classical.

Reduced density matrix

Let us formalize the notion of entanglement using the reduced density matrix ρ̂1 asso-
ciated to S1

ρ̂1 = Tr2 ρ̂, (1.60)

where Tr2 stands for the partial trace over the subsystem S2 and ρ̂ = |Ψ〉 〈Ψ| is the
density matrix of S. When |Ψ〉 is separable, i.e.can be written as a product state,
the reduced density matrix of one subsystem – whatever the subsystem – describes a
pure state with a purity, Psub = Tr

(
ρ̂22

)
= Tr

(
ρ̂21

)
= 1, i.e. a state without classical

uncertainty. On the contrary for an entangled state we have Psub 6= 1 so that the
subsystems are described by mixed states which implies a classical uncertainty in the
outcome of a measurement performed on each subsystem independently.

We now illustrate these points using the so-called Bell states describing two distin-
guishable qubits and forming a basis of the two-qubit Hilbert space:

∣∣Ψ±〉 =
1√
2
(|↑〉1 |↓〉2 ± |↓〉1 |↑〉2) , (1.61)

∣∣Φ±〉 =
1√
2
(|↑〉1 |↑〉2 ± |↓〉1 |↓〉2) , (1.62)

where the states |↑〉 and |↓〉 can correspond to polarizations of a photon or to spin
projections of an electron. The density matrix of |Ψ+〉 in the basis {|↑〉1 |↓〉2}↑,↓ is

ρ̂Bell =
1

2

(
1 1
1 1

)
, (1.63)

which leads to the reduced density matrices

ρ̂1 = ρ̂2 =
1

2

(
1 0
0 1

)
=
1

2
1. (1.64)

The subsystems’ states are here completely mixed. It is then impossible to attribute a
physical reality, e.g. a state of polarization or a projection of the spin, to a subsystem
alone.

These considerations lead to a different definition of separability and consequently of
entanglement, introduced by Ghirardi et al. [49, 50] for systems of identical particles (see
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Sec. 1.3). Two subsystems are said to be not entangled when both subsystems possess a
complete set of properties. Formally, this is equivalent to the possibility of attributing
to each subsystem a one-dimensional projection operator P̂i ∈ B(Hi) where B(Hi), is
the space of bounded operators acting on Hi, such that

〈Ψ| P̂1 ⊗ 12 |Ψ〉 = 1. (1.65)

When |Ψ〉 is separable, the reduced density matrix is a projector and necessarily with
P̂1 = ρ̂1 we have 〈Ψ| ρ̂1 ⊗ 12 |Ψ〉 = Tr [|Ψ〉 〈Ψ| ρ̂1 ⊗ 12] = Tr1

[
ρ̂21

]
= 1. We will come

back to this criterion of entanglement in Sec. 1.3.2.

Quantum correlations and non-locality

Until now we have only discussed the separability of a state and the possibility or not to
attribute physical reality to one of the subsystems. However, the most striking conse-
quence of entanglement are the non-local quantum correlations between measurement
that two observers perform on a shared bipartite state.

Consider Alice and Bob who share the state |Ψ+〉 given by Eq. (1.61). Alice pos-
sesses the qubit labeled 1 while the qubit 2 belongs to Bob. Suppose now that Alice
performs a measurement in the orthonormal basis {|↑〉1 , |↓〉1}. As explained in the
previous section, the probabilities p1 (↑) and p1 (↓) of the two different outcomes of
such a measurement reveal a complete uncertainty concerning the single particle state,

p1 (↑) = p1 (↓) =
1

2
, (1.66)

and the same for Bob’s measurement. However, when considering the joint probabili-
ties, the outcomes of Alice and Bob’s measurements appear to be strongly correlated.
With p1,2 (↑, ↓) = 〈Ψ+| (|↑〉 〈↑| ⊗ |↓〉 〈↓|) |Ψ+〉 , we obtain

p1,2 (↑, ↓) = p1,2 (↓, ↑) = 1,

p1,2 (↑, ↑) = p1,2 (↓, ↓) = 0,

i.e. perfect anti-correlations. One would have obtained perfect correlations in the case
of |Φ+〉 defined in Eq. (1.62). After her measurement Alice can predict with certainty
the outcome of Bob’s measurement. This is true whatever the distance between Al-
ice and Bob. These non-local correlations strongly puzzled Einstein with coworkers
who claim that quantum mechanics was incomplete and introduced the famous EPR
paradox [51].

It is relevant to ask here why these correlations are quantum. Indeed one can obtain
perfect correlations or anti-correlations with classical systems like colored socks [52], a
red one and a blue one, sent randomly to Alice and Bob. In this case the system is a
mixed state described by a density matrix

ρ̂socks =
1

2

(
| 〉| 〉〈 |〈 |+ | 〉| 〉〈 |〈 |

)
. (1.67)

In this basis there are perfect anti-correlations. If Alice, opening her mail box, finds a
blue sock, Bob will obviously find a red one. The measurement in the basis {| 〉, | 〉}
is described by the operator

σ̂1 =

(
1 0
0 −1

)
. (1.68)
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The correlations between the outcomes of Alice and Bob’s measurement are given by
Tr [ρ̂socksσ̂1 ⊗ σ̂1] = −1 which illustrates perfect anti-correlations. However, if they
perform their measurements in another orthonormal basis like

| 〉 = 1√
2

(
| 〉+ | 〉

)
,

| 〉 = 1√
2

(
| 〉 − | 〉

)
, (1.69)

where the asociated operator written in the former basis is

σ̂2 =

(
0 1
1 0

)
, (1.70)

the outcome correlations vanish completely, as shown by Tr [ρ̂socksσ̂2 ⊗ σ̂2] = 0. Conse-
quently classical correlations are basis-dependent.

This is in strong contrast with quantum correlations which do not depend on the ba-
sis in which the measurement is performed. Indeed, in the basis of circular polarizations
{|	〉 , |�〉} defined by

|	〉 = 1√
2
(|↑〉 + i |↓〉) ,

|�〉 = 1√
2
(|↑〉 − i |↓〉) , (1.71)

the state |Ψ+〉 given by Eq. (1.61) becomes
∣∣Ψ+〉 = 1√

2
(|�〉1 |�〉2 − |	〉1 |	〉2) . (1.72)

The correlations are still present and perfect. Contrary to the classical correlations,
the quantum correlations exhibited by |Ψ+〉 are independent of the choice of basis.

A way to put in evidence such non-local quantum correlations is to verify if they
violate or not the so-called Bell inequalities introduced many years after the EPR
paradox [53] by John Bell. Violation of Bell inequalities have been demonstrated ex-
perimentally in 1981 by Aspect et al. [54] confirming that the non-locality is an essential
and inevitable ingredient of quantum mechanics, and putting quantum entanglement
into reality. Historically, entanglement and non-locality are intimately related, however,
they are not equivalent properties. Indeed, some states can be entangled without vio-
lating the Bell inequalities [55] whereas non-locality always implies entanglement [48].
The situation becomes much simpler with pure bipartite quantum states because in
this case entanglement is equivalent to the violation of the Bell inequalities [56].

1.2.2 Quantification of entanglement through the Schmidt decompo-

sition

Schmidt decomposition

Up to now, we have only focused our attention on the existence or not of entanglement
in a quantum state. We now introduce the Schmidt decomposition [57, 8, 58] in order
to quantify bipartite entanglement in pure states. The Schmidt decomposition is a
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mere application of the singular value decomposition (SVD) of a quantum state which
is particularly useful when dealing with high-dimensional states, i.e. beyond the qubit
case. Here “high-dimensional” means that the correlated physical observables evolve
in spaces of dimension much greater than two, e.g. frequency, momentum or photon
number spaces.

Consider such a high-dimensional bipartite state |Ψ〉 written as

|Ψ〉 =
N×N∑

ij

Cij |i〉1 |j〉2 , (1.73)

where {|i〉1}i and {|j〉1}j are the respective N -dimensional bases of the subsystems S1
and S2 that we assume distinguishable. The elements Cij form a complex N×N matrix
C which contains all the information about the entanglement between the subsystems.
By applying the SVD to the matrix C we can find new orthonormal bases {|uk〉1}k and
{|vk〉2}k such that

|Ψ〉 =
N∑

k=1

√
λk |uk〉1 |vk〉2 , (1.74)

where the λk’s are the Schmidt eigenvalues. They are positive, real numbers and satisfy∑N
k=1 λk = 1 because of the normalization 〈Ψ|Ψ〉 = 1. The singular values dk of C are

linked to the eigenvalues λk of the square matrix C
†C by the relation λk = |dk|2.

It is important to point out the possibility of performing the Schmidt decomposition
for continuous variable states as well [59], such as, e.g.,

|Ψ〉 =
ˆ +∞

−∞
dΩdωC (Ω, ω) |Ω〉1 |ω〉2 . (1.75)

Actually, the single discrete sum appearing in Eq. (1.74) is independent of the ini-
tial representation of ketΨ in the form of a discrete sum (1.73) or in the form of an
integral (1.75).

Let us discuss the consequences of Eq. (1.74). It contains only one sum over k so
that the ambiguity in correlations disappear. Indeed, if a subsystem is in the state
|uk〉1 the other one is with certainty in the state |vk〉2, with a joint probability λk.

The separability criterion can be transcribed using the Schmidt rank RSchmidt de-
fined as the number of non-null Schmidt eigenvalues. A state is separable iif RSchmidt =
1 with the single eigenvalue λ1 = 1. Consequently a state is entangled iif RSchmidt ≥ 2.

Physically, λk are the eigenvalues of the reduced density matrix of one subsystem.
It is easy to show that the non-vanishing λk are the same whatever the choice of
one subsystem. The Schmidt eigenvalues allow one to determinate if the states of
subsystems are mixed and to calculate their purity. We have seen that separable states
correspond to subsystems in pure states. On the contrary, entangled states correspond
to subsystems in mixed states. However a state can be more or less mixed, hence an
entangled state can be more or less entangled. The more mixed the subsystem, the
more entangled is the whole system. This statement suggest a way of quantifying the
amount of entanglement using Schmidt eigenvalues.
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Local and global operation on a quantum system

In order to define entanglement measures, we first introduce the notion of local opera-
tions (LO). An operation is local if under its action on a bipartite state |Ψ〉 ∈ H1⊗H2,
the subsystems evolve independently from each other. Any LO can be written as

Êloc = Â⊗ B̂, (1.76)

where Â ∈ B (H1) and B̂ ∈ B (H2). A local operation is unitary when A = A† and
B = B†. The Schmidt decomposition is invariant under unitary local operations, i.e.
λk remain unchanged. However, the Schmidt eigenvalues evolve when non-unitary lo-
cal operations are performed but the entanglement can not increase under such local
operations [8, 48]. The new set of eigenvalues will necessarily be associated with a
smaller amount of entanglement. A more general and important class of operations
frequently used in the quantum information theory is called “local operations and clas-
sical communications” (LOCC). Like LO, LOCC act independently on each subsystem
but classical correlations can be created by an exchange of classical information. In
practice, it means that Alice and Bob perform independent measurements on their sub-
systems but are allowed to communicate through a classical communication channel.
An important axiom in quantum information is the monotonicity axiom [60]. It states
that entanglement can not increase under LOCC. Actually an increase of entanglement
is possible only with global operations, i.e. when interactions between the subsystems
take place. The notions introduced above are important to define a good quantity to
quantify entanglement as we will see in the next section.

Entanglement monotones and measures

Here we present the physical quantities that we will use in this thesis to quantify the
entanglement of a state. First, an entanglement monotone is a function of the Schmidt
eigenvalues that increases with the amount of entanglement but does not increase under
LOCC. Then a measure of entanglement is a monotone which satisfy additional criteria
like vanishing exactly for separable states, sub-additivity or convexity. Actually there
is no unique consensus concerning the “perfect” entanglement measure. However, for
pure bipartite states the following quantities are well accepted as good measures of
entanglement.

❼ Schmidt number : It is defined by

K (Ψ) =
1

Tr
[
ρ̂21

] = 1∑
k λ

2
k

, (1.77)

and it quantifies the number of significative terms in the Schmidt decomposition.
Contrary to the Schmidt rank it takes into account the weight of the eigenvalues
in addition to the number of non-vanishing ones. As discuss above, we see that the
entanglement can be quantified through the purity of the subsystems. Actually,
K (Ψ) = 1/Psub.

❼ Concurrence: Closely related to the Schmidt number, it is defined by

C (Ψ) =
√
2
(
1− Tr

[
ρ̂21

])
=

√√√√2

(
1−

∑

k

λ2k

)
. (1.78)
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Separable state Maximally entangled state

λ1 = 1, λk = 0, for k > 1 λk =
1
N , ∀k

|Ψsep〉 = |Φ1〉 ⊗ |Φ2〉 |Ψmax〉 = 1√
N

∑N
k=1 |uk〉1 |vk〉2

ρ̂1 = |Φ1〉 〈Φ1| ρ̂1 = 1/N
(pure state) (completely mixed state)

............ ............

K(Ψsep) = 1 K(Ψmax) = N

C(Ψsep) = 0 C(Ψmax) =
√
2
(
1− 1

N

)

D(Ψsep) = 0 D(Ψmax) = 2
(
1−

√
1
N

)

E(Ψsep) = 0 E(Ψmax) = lnN

Table 1.1: Properties of separable and maximally entangled states

It is a high-dimensional extension of the so-called Wootters concurrence [61] de-
fined for two qubits.

❼ Geometrical quantum discord : It is a geometrical measure of entanglement based
on the Bures distance which quantifies the distance in the Hilbert space between
|Ψ〉 and the closest separable state [62, 63]. By definition,

D (Ψ) = 2
(
1−

√
λmax

)
, (1.79)

where λmax = maxk (λk).

❼ Von Neumann entropy : It is defined by

E (Ψ) = −Tr [ρ̂1lnρ̂1] = −
∑

k

λkln λk. (1.80)

The entropy quantifies the amount of information required to describe |Ψ〉 .

Maximally entangled states

From the link between subsystem purity and entanglement, it appears that some states
can be seen as maximally entangled because their associated subsystems are completely
mixed whereas for separable states the subsystems are pure. Completely mixed states of
dimension N are characterized by a density matrix spectrum { 1

N , ...,
1
N } leading to the

purity Trρ̂2 = 1
N . Consequently, we can calculate the entanglement measures defined

above for the two extremal states, the separable state and the maximally entangled
state; their main properties are summarized in Table 1.1.

1.3 Entanglement with identical particles

We have seen in Sec. 1.2.1 that the notion of entanglement requires the possibility to
distinguish two subsystems and, consequently, to construct a product Hilbert space ac-
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cording to which one can perform a partial trace and derive a Schmidt decomposition.
Usually, in textbook examples, the subsystems are distinguishable and one considers,
for instance, the entanglement between an atom and a photon which can be well dis-
tinguished one from another. Note that when subsystems are associated with particles,
we refer to particle entanglement. In the case of photon entanglement for example, the
correlated observables can be the polarization, the frequency, the angular momentum,
etc. However, in real experiments one often deals with identical particles like, e.g., an
electron gas, a Bose-Einstein condensate or a collection of photons. In such situations,
is there any sense to speak of particle entanglement given that particles are identical?

Indeed, when dealing with identical particles it is no more possible to attribute a
definite Hilbert space to each subsystems S1,2 and so to construct a tensor product
space describing the whole system S. Due to the (anti)symmetrization of the wave
function for (fermions) bosons, a system of N particles evolves in a subspace H+ (“-”
for fermions) of the whole N -fold product Hilbert space H⊗N where H is the one-
particle Hilbert space. We have

H± = {|Ψ〉 ∈ H⊗N : Ŝ± |Ψ〉 = |Ψ〉}, (1.81)

where Ŝ± is the operator of (anti)symmetrization. Then, if one wants to consider
particle entanglement, several questions arise:

❼ As in the case of distinguishable1 particles, is it still possible to perform a partial
trace over one of the subsystems knowing that subsystems can not be distin-
guished one from another? Is it then possible to obtain the Schmidt decompo-
sition of a system of two identical particles and use the previously introduced
measures of entanglement?

❼ Besides, the (anti)symmetrization procedure leads to inevitable correlations, ex-
cept in the case of two bosons occupying the same mode. Every state seems to
be entangled after (anti)symmetrization of the wave function because they are no
more separable, but is it really the case? Is this apparent entanglement useful,
allowing one to perform quantum information tasks such as, for example, tele-
portation? This question is closely related to the impossibility of constructing a
tensor product Hilbert space.

❼ Finally, in quantum information experiments, one usually uses identical particles
like two photons as in the Orsay experiment [54]. However one does not care
about the difficulties listed above and particles are treated as distinguishable.
In fact, the indistingishability is suppressed through the measurement protocol.
For instance, when particles can be well separated one from another without
ambiguity, the notions introduced in Sec. 1.2 can be applied. How can we describe
such experiments starting from the case of identical particles?

The goal of the present section is to clarify these points and answer these questions.

1We use here “distinguishable” instead of “non-identical” because as we will see later in Sec. 1.3.1,
identical particles like photons can be distinguishable through operation on particular degree of free-
dom. Besides, distinguishable particles like two photons with orthogonal polarizations can become
indistinguishable due to propagation through a medium which induces “losses” of the information
about the polarization.
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Another kind of entanglement can be considered when dealing with identical par-
ticles, it is called mode entanglement (or path entanglement) [64]. This entanglement
is beared by the modes of a quantum field which constitute the entangled subsystems.
One frequently encounters mode entanglement in optics when using a simple beam
splitter [65] or any mode splitting devices like a disordered medium [14]. Indeed, one
can create this type of entanglement using only linear optics [66] which is not possi-
ble with particle entanglement that imply particle interaction, i.e. non-linear optics.
The mode entanglement can be defined only when particles are identical such that the
number of particles populating each mode becomes the observable exhibiting quantum
correlations. An example of a popular mode-entangled state is the N00N state [67]
defined by |Ψ〉 = 1/

√
2
(
|Na, 0b〉 + eiφ |0a, Nb〉

)
where a and b are two modes of a quan-

tum field. It has been shown that states presenting mode entanglement can violate the
Bell inequality [68] so that this entanglement is useful for quantum computation and
quantum information.

In the following we will study the particular case of two-photon states which allows
clarifying the issues arising from the indistinguishability of particles. We will then dis-
cuss particle and mode entanglement based on the recent literature dealing with this
quite debated subject. Actually, no real point of agreement has been found concerning
this topic. For instance, some authors claim that the symmetrization leads to valuable
and useful entanglement [29] while others consider that “this entanglement is not a

matter of concern” [69, 49]. Besides, a wide range of proposals has been made to char-
acterize and to quantify entanglement with identical particles and therefore depending
on the authors and their particular entanglement measures [70, 71] the same state ap-
pear more or less entangled, or even entangled or not. We do not pretend here to close
the debate but aim at giving a clear overview.

1.3.1 Two-photon state as an illustrating example

In order to illustrate the situation, let us consider a system of two photons evolving
in a Hilbert space Htot. Because they are identical particles, the photons are a pri-

ori indistinguishable from each other. The one-particle Hilbert space is defined by
H = Hk ⊗ Hs where Hk is the infinite-dimensional Hilbert space associated with the
wave vector degree of freedom and Hs is the two-dimensional one associated with the
polarization of the photon. The postulate of symmetrization of the “wave function”
describing the two-photon system implies that Htot is a subspace of the tensor product
H⊗H that contain only symmetric states. We write it as Htot = Ŝ+[H⊗2] where S+ is
the operator of symmetrization. This symmetrization procedure strongly reduces the
number of physical states compared to the case of distinguishable particles.

A general two-photon state belonging to Htot is written as

|Ψ〉 =
∞∑

i,j

2∑

a,b

φij,abâ
†
kisa

â†
kjsb

|0〉 , (1.82)

where â†
ks is the photon creation operator which acting on the vacuum, â†

ks |0〉 =
|1k,s〉 = |k, s〉 , creates a photon in the mode {k, s} with s allowed to take two values
corresponding to the two perpendicular polarizations ↑ and ↓ for linear polarization,
or 	 and � for circular ones. Given that the wave vector and polarization degrees of
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freedom are independent, the coefficient φij,ab can be written as a product φ
k

ijφ
s
ab. Due

to the symmetrization, we have

â†
kisa

â†
kjsb

|0〉 =
∣∣1ki,sa , 1kj ,sb〉

= |1 : ki, sa; 2 : kj , sb〉 sym
=

1√
2
(|1 : ki, sa; 2 : kj , sb〉 + |1 : kj , sb; 2 : ki, sa〉) , (1.83)

where 1 and 2 are unphysical labels. From Eq. (1.83), in terms of first quantization
notations, the state |Ψ〉 becomes

|Ψ〉 = 1√
2

∞∑

i,j

2∑

a,b

φkijφ
s
sa,sb

(|1 : ki, sa; 2 : kj , sb〉 + |1 : kj , sb; 2 : ki, sa〉) . (1.84)

Considering only one component of the wave vector that can be the frequency, the
orbital angular momentum or its transverse part for instance, the state reduces to

|Ψ〉 =
∞∑

i,j

2∑

a,b

φkijφ
s
sa,sb

â†kisa â
†
kjsb

|0〉 , (1.85)

with k a component of k. We now simplify the state |Ψ〉 even further in order to
arrive at the usual quantum information qubit states, e.g. |01〉 + |10〉 . To this end, we
consider k ∈ {kα, kβ}. In order to lighten the notations, we omit the symbols k and
s, so that |α, a;β, b〉 = |1 : kα, sa; 2 : kβ , sb〉 . The basis associated with the symmetric
two-photon Hilbert space in this situation is given by

|α, a;β, b〉 sym |α, b;β, a〉 sym
|α, a;β, a〉 sym |α, b;β, b〉 sym |α, a;α, a〉 sym |α, b;α, b〉 sym (1.86)

|α, a;α, b〉 sym |β, a;β, b〉 sym︸ ︷︷ ︸
Not separable

|β, a;β, a〉 sym |β, b;β, b〉 sym︸ ︷︷ ︸
Separable (photons in the same mode)

We see that dimHtot = 10 whereas dimH ⊗H = 16. This reduction of dimension due
to the constraint imposed by symmetrization necessarily induces correlations between
photons leading to non-separability of the state.

Separability as bad criterion for entanglement

The first remark that follows from Eq. (1.86) is that, with the exception of the four last
basis states where the photons occupy the same mode, all the remaining basis states
are not separable due to the symmetrization. Does that mean they are entangled?

Consider the state

|α, a;β, b〉 sym =
1√
2
(|1 : α, a; 2 : β, b〉 + |1 : β, b; 2 : α, a〉) . (1.87)

Taking only the separability criterion, this state seems entangled. However when we
consider the more physical criterion associated with the possibility to assign a physical
reality to each particle independently [72], it appears that the state given by Eq. (1.87)
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is not entangled. It merely says that there is one particle with a definite set of properties
{α, a} and, independently, another with properties {β, b}. However, one can not say
which particle possesses which properties. The presence of uncertainty on the one
particle state is due to the indistinguishability but it can not be used as a resource for
quantum information, e.g. teleportation, dense coding, etc.

Another way to see this is to imagine that one can “capture” particles by putting
them in two different cavities, one cavity, refereed to as C1, is associated with the
polarization a whereas the other, C2, with b. Consequently, we add a dichotomic variable
{C1, C2} which serves as a physical label allowing to suppress the indistinguishability.
Then the state can be written as

|α, a;β, b〉 sym → |C1, α, a; C2, β, b〉 + |C1, β, b; C2, α, a〉
→ |C2, β, b; C1, α, a〉 . (1.88)

This demonstrates that the state is not entangled. If we used non-identical particles,
with labels 1 and 2 associated with a physical property and hence still present after
the capture of photons we would obtained a state which is entangled. Moreover, one
can show [49] that the state of Eq. (1.87) can not violate any Bell inequality. Because
for pure bipartite states non-locality and entanglement are equivalent, the state is
not entangled. This leads us to a conclusion that not every (anti)symmetric state is
entangled even if it is not separable. In Sec. 1.3.2 we will formalize the distinction
between non-separability and entanglement for high-dimensional states, i.e. beyond
the qubit case, and use a generalized Schmidt decomposition in order to quantify the
particle and mode entanglement.

From identical particles to EPR states

Let us study the physical meaning of a state often used in quantum information text-
books [8], 1/

√
2 (|01〉 + |10〉) and generally related to the well-known EPR paradox [51].

In textbooks, nothing is said about the properties of entangled particles. In fact, from
the quantum information point of view one just sees abstract subsystems as in Sec. 1.2.
However, experiments have been done with this state in order to bring quantum infor-
mation to the real world. It is the purpose of this section to show how this state can
be prepared with identical particles.

Consider two photons with polarizations 0 =↑ and 1 =↓ produced by a cascade
decay of an atom (J = 0 → J = 1 → J = 0) as in the Orsay experiment [54] that
demonstrated the violation of Bell’s inequality. Due to the conservation of momentum
the two-photon state is written as

|Ψ〉 = |1 : +k, ↑; 2 : −k, ↓〉 sym + eiφ |1 : +k, ↓; 2 : −k, ↑〉 sym
=

1

2
(|1 : +k, ↑; 2 : −k, ↓〉 + |1 : −k, ↓; 2 : +k, ↑〉 +

+ eiφ |1 : +k, ↓; 2 : −k, ↑〉 + eiφ |1 : −k, ↑; 2 : +k, ↓〉
)
. (1.89)

This state is the EPR-Bohm entangled state [73]. How can one relate such a state to
the one used in quantum information textbooks where particle indistinguishability does
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not matter? Let us rewrite |Ψ〉 as

|Ψ〉 =
1

2
|1 : +k; 2 : −k〉 ⊗

(
eiφ |1 :↓; 2 :↑〉 + |1 :↑; 2 :↓〉

)

+
1

2
|1 : −k; 2 : +k〉 ⊗

(
|1 :↓; 2 :↑〉 + eiφ |1 :↑; 2 :↓〉

)
, (1.90)

which leads, in the case of φ = 0, to

|Ψ〉 =
1√
2
(|1 : +k; 2 : −k〉 + |1 : −k; 2 : +k〉)⊗

⊗ 1√
2
(|1 :↓; 2 :↑〉 + |1 :↑; 2 :↓〉) . (1.91)

We have separated the two degrees of freedom. Actually, in the experiment one decides
to associate Alice to a particular momentum, for instance, +k, and Bob to the other
one, −k. Consequently, we get from Eq. (1.90)

|Ψ〉 → |+k〉A |−k〉B ⊗
(
|↑〉A |↓〉B + eiφ |↓〉A |↑〉B

)
, (1.92)

where we can now trace over the external degree of freedom ±k and obtain the well-
known EPR state 1/

√
2 (|01〉 + |10〉). In fact, the observers chose one of the variables

to become a physical label in order to obtain distinguished subsystems. Note that it is
necessary to have two variables in order to “promote” one of them to a label.

It is possible to exchange the role of the observables k and ↑ leading to entanglement
in momentum and not in polarization, such that the state becomes

|Ψ〉 → |↑〉A |↓〉B ⊗
(
|+k〉A |−k〉B + eiφ |−k〉A |+k〉B

)
. (1.93)

Therefore, there is a complete duality between the two observables. This duality cannot
be exploited with non-identical particles. An even more interesting feature is that, for
φ 6= 0, there is a complementarity between these two forms of entanglement. As for
conjugate operators for which expectation values can not be measured simultaneously,
one cannot use simultaneously the entanglement in both variables [74]. It is not the
case for φ = 0 leading to Eq. (1.91) where both entanglement in polarization and
in momentum are accessible simultaneously. Such a state is called double-entangled
and can be used to increase the security of quantum communication [75]. One can
also find states entangled in all degrees of freedom in the same time, they are called
hyper-entangled [76, 77, 78].

1.3.2 Particle entanglement

As we have seen in the previous section, it is impossible to use the separability criterion
when dealing with identical particles because the Hilbert space of the whole system is
no more a tensor product of two one-particle Hilbert spaces and Htot = Ŝ+

[
H⊗2

]
.

Let us introduce a new criterion of entanglement which fully takes into account this
impossibility to assign a physical label to the particles. Starting from the idea of a
physical reality associated to each particle, Ghirardi and Marinatto [49, 50] define that
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Two identical subsystems S1 and S2 are not entangled when both subsystems possess a

complete set of properties.

This definition can also be applied to non-identical particles as seen in Sec. 1.2.1.
When considering a state |Ψ〉 describing the two combined subsystems, one of the
subsystems possesses a complete set of properties iif we can find a one dimensional
projector P̂ ∈ B (H) such that

〈Ψ| ÊP |Ψ〉 = 1, (1.94)

where

ÊP = P̂ ⊗
(
1− P̂

)
+

(
1− P̂

)
⊗ P̂ + P̂ ⊗ P̂ . (1.95)

From this one can show [49, 79], for two bosons, the following criterion of entanglement:

Two identical bosons are not entangled iif the state |Ψ〉 is obtained from the symmetriza-

tion of a tensor product of two orthogonal states or if the two bosons occupy the same

state.

Bosonic Schmidt decomposition

In order to quantify the entanglement between two indistinguishable bosons, let us
now see how one can perform a Schmidt decomposition of a state. The case of fermions
follows the same procedure with some subtle differences. Because in this thesis we
are dealing with photons, we will not give details for fermionic systems and refer the
interested reader to Refs. [80, 81].

Similarly to the high-dimensional state in Eq. (1.73), consider the general two-boson
state written in first quantization

|Ψ〉 =
N×N∑

ij

Cij |1 : i; 2 : j〉 =
N×N∑

ij

Cij |i〉1 |j〉2 , (1.96)

where the labels 1 and 2 have no physical meaning. Due to the symmetrization, Cij =
Cji so that the matrix C is symmetric (C = CT ). Using the SVD decomposition with
symmetric matrices, one can show that

|Ψ〉 =
∑

k

√
λk |uk〉1 |uk〉2 , (1.97)

where {|uk〉}k is an orthonormal basis associated with the one-boson Hilbert space.
Note that we have a sum of terms where the two bosons are in the same state. As for
the case of distinguishable particles, the Schmidt eigenvalues λk are positive and real
numbers satisfying the normalization constraint

∑
k λk = 1. They also correspond to

the eigenvalues of the reduced density matrix, but here we cannot associate this matrix
with a specific particle. We still define the Schmidt rank RSchmidt as the number of
non-vanishing eigenvalues. However, contrary to the case of distinguishable particles,
RSchmidt is not enough to say if a state is entangled or not. Indeed, the following
possibilities exist:
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(a) RSchmidt = 1 (E (Ψ) = 0) ⇒ |Ψ〉 is not entangled.

(b) RSchmidt = 2 and E (Ψ) = ln2 ⇒ |Ψ〉 is not entangled because it is obtained from

the symmetrization of the tensor product of two orthogonal states.

(c) RSchmidt = 2 and 0 < E (Ψ) < ln2 ⇒ |Ψ〉 is entangled because it is obtained from

the symmetrization of the tensor product of two non-orthogonal states.

(d) RSchmidt > 2⇒ |Ψ〉 is entangled because it is obtained from the symmetrization of

a sum of product states.

It appears that one needs to analyze a combination of both the Schmidt rank and a mea-
sure of entanglement to show the existence of entanglement in identical-particle states.
Positive entropy does not necessary imply entanglement even if it is associated with an
uncertainty in the one-particle state. Indeed, in the situation (b), positive entropy is
due to the uncertainty implied by the symmetrization and not to entanglement.

In this thesis, we will mainly use second quantization framework. However, Eqs. (1.96)
and (1.97) for which we introduced criteria of entanglement are written in the first quan-
tization. In fact, both are equivalent when dealing with particle entanglement and the
same conclusions hold for a state written as

|Ψ〉 = 1√
2

N×N∑

ij

Cij â
†
i â
†
j |0〉 , (1.98)

where the factor 1√
2
allows to have, as for the first quantization, the normalization

constraint TrC†C = 1. The Schmidt decomposition is then

|Ψ〉 = 1√
2

∑

k

√
λk

(
b̂†k

)2
|0〉 , (1.99)

where b̂†k |0〉 = |uk〉 .
With these tools it is now possible to study particle entanglement. The main dif-

ference between distinguishable and indistinguishable particle entanglement lies at the
lower bound of the entropy. A positive entropy implies entanglement for distinguish-
able particles but not for indistinguishable ones. The upper bound do not exhibit any
difference; a maximally entangled state in the case of indistinguishable particles is

|Ψmax〉 =
1√
N

N∑

k

|uk〉1 |uk〉2

=
1√
2N

N∑

k

(
b̂†k

)2
|0〉 , (1.100)

in both first and second quantization, with an entropy E (Ψmax) = lnN .

1.3.3 Mode entanglement

Hilbert space construction

We will now discuss what is called mode entanglement as introduced in the beginning
of Sec. 1.3. Let us come back to the two-photon case introduced above. Instead of
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particles, modes are now the subsystems. Consider two different modes referred to as
α and β. The Fock state basis of this system of two photons is

{|1α, 1β〉 , |0α, 2β〉 , |2α, 0β〉} . (1.101)

The system is constraint by a super-selection rule (SSR) [82, 83] on the total photon
number operator N̂ = n̂α ⊗ 1β + 1α ⊗ n̂β , i.e. the number of photons can locally

change but not globally, here fixed to 〈N̂〉 = 2. Due to this restriction, the total
Hilbert space cannot be constructed as a simple tensor product and is given by Htot =⊕2

n=0(Hα
n ⊗ Hβ

2−n) where Hα
n is the one -dimensional Hilbert space associated to the

basis {|nα〉} [84]. The total photon number SSR strongly reduces the accessible Hilbert
space compared to the one obtained with a tensor product Hα ⊗ Hβ where Hα =
{|0α〉 , |1α〉 , |2α〉}. Here again, even if the subsystems – two different modes – are
well distinguished the structure of the Hilbert space is not obvious and presents some
constraints as in the case of subsystems made of identical particles.

One can extend this Hilbert construction to systems containing N photons. Then
the total Hilbert space is defined by HN

tot =
⊕N

n=0(Hα
n⊗Hβ

N−n) with dimHtot = N +1.

Schmidt decomposition in the photon-number basis

A state |Ψ〉 ∈ HN
tot can be written as

|Ψ〉 =
N∑

n=0

√
λn√

n! (N − n)!
(
â†α

)n (
â†β

)N−n
|0〉

=
N∑

n=0

√
λn |nα, (N − n)β〉

=
N∑

n=0

√
λn |n〉α |(N − n)〉β . (1.102)

We recognize a Schmidt decomposition in the photon-number basis with the Schmidt
eigenvalues λn. The modes α and β are entangled; if one measures n photons in the
mode α, the mode β is projected into the state |N − n〉 . The absence of a double sum
in the expression of the state is due to the fixed total number of photon. However, it
is possible to write this state in basis different than the Fock state basis, e.g., in the
basis of coherent states [82]:

|Ψ〉 = 1

π2

ˆ

d2νd2ν ′cνν′ |ν〉α
∣∣ν ′〉

β
, (1.103)

where |ν〉 is a coherent state and cνν′ =
∑N

n

√
λn〈ν |n〉 〈ν ′ |N − n〉 . Equation (1.103)is

not a Schmidt decomposition but SSR are still present and constrain the moduli of ν
and ν ′ which are not independent. As for particle entanglement where one can change
the subsystem basis, for example, going from plane waves to Hermite-Gauss modes,
in mode entanglement the subsystem basis can also be changed from Fock states to
coherent states, for instance.

Actually the only states which do not exhibit mode entanglement have the form
|nα, (N − n)β〉 whereas the maximally entangled state is given by

|Ψ〉max =
1√
N + 1

N∑

n=0

|n〉α |(N − n)〉β , (1.104)
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with an entropy of entanglement (see Eq. (1.80)) E (Ψmax) = ln (N + 1).
The N00N state

|Ψ〉N00N =
1√
2N !

(â†Nα + â†Nβ ) |0〉 (1.105)

is sometimes referred to as a maximally entangled state. This seems to be in contra-
diction with what we said previously but one can reduce the space of N particles by
considering only two possibilities 0 or N for the particle number. Then in this “qubit”
space, the N00N state is a Bell state of two qubits and, consequently, it is maximally
entangled. These states are most interesting for quantum lithography and metrology
rather than for quantum information because they can reach the Heisenberg limit in
phase sensitive measurements [85, 86].

To summarize, as for particle entanglement, it is possible to extend the use of the
Schmidt decomposition to characterize mode entanglement and to use entanglement
measures like the entropy and the Schmidt number. It has been done, for example, in
the case of two-mode Bose-Einstein condensates in Ref. [45].

Sub-algebra

Because the mode entanglement implies necessarily the second quantization, a quite
recent approach has been put forward by the authors of Refs. [87, 79]. Using a sub-
algebra bipartition based on the operators instead of the states, they describe the
entanglement between two sets of modes in the following way.

Consider two sub-set of modes I1 = {i, ..., j} and I2 = {α, ..., β} that partition the
whole set of modes I. For instance, in the previous two-mode case, we have I = {α, β},
I1 = {α} and I2 = {β}. Each set Ii is associated with a sub-algebra of operators
Ai ⊂ A generated by the operators of second quantization acting on the sub-set Ii,
i.e. {âk, â†k}k∈Ii , where A is the algebra generated by all the operators of second

quantization. (A1,A2) is a bipartition of A if any operators Â1 ∈ A1 and Â2 ∈ A2

commute. Note that Âi ∈ Ai means that Âi can be any polynomial in creation and
annihilation operators acting on the set of modes Ii.

A state |Ψ〉 is considered separable with respect to (A1,A2) when

〈Ψ| Â1Â2 |Ψ〉 = 〈Ψ| Â1 |Ψ〉 〈Ψ| Â2 |Ψ〉 , (1.106)

for all Âi ∈ Ai. From this it follows that |Ψ〉 is (A1,A2)-separable iif it is generated

by a (A1,A2)-local operator Â
†
1Â
†
2, i.e.

|Ψ〉 = Â†1Â
†
2 |0〉 , (1.107)

where Â† is a polynomial of creation operators only. Otherwise |Ψ〉 is entangled with an
entanglement between the two sets of modes. It is straightforward to see that following
this criterion, the mode entanglement depends on the set of modes considered. Indeed,
entanglement present in a quantum system is strongly dependent on the choice of the
subsystems [88].

1.3.4 Two-photon in quantum optics

Let us now illustrate the two forms of entanglement – entanglement of particles and of
modes – with two-photon states frequently encountered in quantum optics.
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❼ |1i, 1j〉 = â†i â
†
j |0〉 , i 6= j

Applying the criterion of Ghirardi et al [49], this state is obviously obtained from
the symmetrization of a product of two orthogonal states. Writing the state as
in Eq. (1.96), its associated C matrix is

C =

(
0 1√

2
1√
2

0

)
, (1.108)

which leads to λk = {1/
√
2, 1/

√
2} and RSchmidt = 2, E (Ψ) = ln2.

Then it does not contain any particle entanglement even if there are correlations
between the two particles due to the symmetrization.

In terms of mode entanglement, this state does not exhibit any entanglement
because it verifies Eq. (1.107). This is consistent with its Schmidt decomposition
in the photon-number basis which contains a single Schmidt eigenvalue.

❼

1√
2
(|0α, 2β〉 + |2α, 0β〉) = 1√

2

((
â†α

)2

√
2

+

(
â†β

)2

√
2

)
|0〉

This state is already written as a Schmidt decomposition in the mode basis fol-
lowing Eq. (1.99). Its Schmidt eigenvalues are λk = {1/

√
2, 1/

√
2}, meaning that

it is not entangled in terms of particles according to Ghirardi et al [49].

However, this state contains mode entanglement [64] because it cannot be writ-
ten in the form of Eq. (1.107). In the photon-number basis, we also have λk =
{1/
√
2, 1/

√
2} but there it implies entanglement because the modes are two dis-

tinguishable subsystems.

The fact that for |φ1〉 = |1i, 1j〉 and |φ2〉 = 1√
2
(|0α, 2β〉 + |2α, 0β〉) the Schmidt eigen-

values are equal when considering particle entanglement is not surprising. Indeed, |φ2〉
can be obtain from |φ1〉 by a unitary local operation acting on the two photons, given
by the relations

â†i =
1√
2

(
â†α + iâ†β

)
(1.109)

â†j =
1√
2

(
â†α − iâ†β

)

This unitary transformation is frequently encountered when using a 50 : 50 beam split-
ter with |φ1〉 in input and |φ2〉 in output. This also shows that a linear optical device
can create mode entanglement. What appears to be a LOCC for particle entanglement
can be non-local for modes, i.e. the mode splitting operation of Eq. (1.109) can create
mode entanglement [65].

❼ |↑, ↓〉kα
We can write this state as

|1kα↑, 1kα↓〉 = 1/
√
2(|1 :↑; 2 :↓〉 + |1 :↓; 2 :↑〉)⊗ |1 : kα; 2 : kα〉 ,

thus it is quite similar to |1i, 1j〉 . According to Plenio and coworkers [29], it
is possible to extract useful entanglement from this state and thus the authors
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of [29] claim that symmetrization entanglement, i.e. entanglement between the
pseudo-labels, is a resource for quantum information tasks. To justify that they
consider a mode splitting operation â†kαs → râ†kis+tâ

†
kjs
, where s corresponds to ↑

or ↓ with |r|2 + |t|2 = 1. This operation transfers the pseudo-label entanglement
into mode entanglement. Taking only the cross term rt, after this operation
the state becomes |↑〉 i |↓〉 j + |↓〉 i |↑〉 j which exhibits entanglement between the
modes i and j. The authors of [29] state that there is no creation of entanglement
in this operation even if it is an non-local operation. The entanglement of the
output state – beared by modes – was already present before the operation in the
pseudo-labels and consequently the state |↑, ↓〉kα is entangled.

This situation is clearly different from the one where we go from |1i, 1j〉 to
1√
2
(|0α, 2β〉 + |2α, 0β〉) by the same type of mode splitting. Here we only have

one degree of freedom per particles whereas in the Plenio and coworkers’ case
there are two degrees of freedom, one is splitted to be entangled – the modes k –
and the other one – the polarizations – is the correlated variable. We find as for
the EPR-Bohm entangled state in Sec. 1.3.1 the necessity to have two variables.
Then there is no contradiction between the different conclusions concerning the
entanglement of these states.

❼

1√
2
(|1α, 0β〉 + |0α, 1β〉)

Finally, we introduce a N00N -state with only one particle, N = 1. This state
can be prepared by sending a single photon in one arm of a beam splitter.

Obviously there is no particle entanglement. However, there is a strong contro-
versy concerning the mode entanglement [89, 90, 91, 92, 93]. Indeed this state
presents some non-locality but, is it a classical-wave type of non-locality or a Bell
non-locality? Several experiments where Bell inequality has been violated argue
that this state is truly entangled [94, 95, 96, 97, 98].

The above examples shows that while the pure bipartite entanglement of distin-
guishable particles is well understood in textbooks, it is not at all the case when dealing
with identical particles that often appear in real physical schemes.
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Chapter 2
Statistical approach to the multiple

scattering of light

2.1 Wave propagation in disordered media

2.1.1 Speckle pattern

When a coherent radiation propagates through or is reflected on a random medium,
one observes a random interference pattern called a speckle pattern [99] as shown in
Fig. 2.1a. Speckles may appear with various kind of waves, like sound waves, visible
light or matter waves. In the following, we restrict our study to light. A speckle pattern
is a succession of bright and dark spots in the detection plane which can be either in
the far or in the near field of the random medium. These spots correspond respectively
to constructive and destructive interferences of scattered waves (see Fig. 2.1b).

Formally, during the propagation, the radiation “follows” a lot of random paths
as depicted in Fig. 2.1b leading to a scattered field E (in the scalar approximation)
described by a coherent superposition of random complex amplitudes

E (x, y, t) =
N∑

n=1

an (x, y, t) e
iφn(x,y,t), (2.1)

where an and φn are random amplitudes and phases. Then interferences appear when
measuring the intensity I (x, y, t) = |E (x, y, t) |2 given by

I (x, y, t) =

N∑

i=1

|an (x, y, t)|2 +
∑

i 6=j

ai (x, y, t) a
∗
j (x, y, t) e

i(φi(x,y,t)−φj(x,y,t))

︸ ︷︷ ︸
Interference term

. (2.2)

In the case of fully coherent radiation and large number of scatterers randomly dis-
tributed in space, the central limit theorem ensures that the probability density of
intensity distribution is negative exponential

P (I) =
1

I
exp

(
−I/I

)
, (2.3)

33
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(a) (b)

Figure 2.1: (a) Coherent light speckle pattern from Prof. Shpyrko’s group [] (b) Sketch
of a speckle experiment using the reflection of a coherent source on a rough surface. Two
amplitudes involved in constructive interferences giving a bright spot of high intensity
(dotted line). Two amplitudes which interfere destructively leading to a dark spot of
low intensity (dashed line).

where I is the intensity averaged over different realizations of disorder. This distribu-
tion, also called the Rayleigh distribution, leads to a maximal visibility or contrast,
defined by I2/I − 1, equal to one. As we mentioned above, this distribution arises
from the central limit theorem. Indeed, the scattered field in Eq. (2.1) can be seen as
an infinite sum of independent random terms following the same statistics. Then its
real and imaginary parts follow a Gaussian distribution which leads to the negative
exponential distribution for intensity.

Generally one studies stationary speckle patterns but time-varying speckle patterns
due to the motion of scatterers in the disordered medium or to a time dependent inci-
dent light can also take place and are used for dynamic imaging. Intensity speckle, also
refereed to as one-photon speckle, has been widely studied [100, 99] during the past
century and especially after the discovery of coherent laser light. It is seen either as a
drawback or an advantage depending on the applications. For coherent imaging, the
speckle pattern decreases the resolution and the contrast of images [101]. Then, one
tries to suppress the speckles by various methods [99] like polarization or wavelength
diversity, temporal averaging, etc. However speckle patterns are sometimes really help-
ful to obtain information either on the disorder media or on an object located behind
the disorder, e.g. a star imaged from ground-based telescopes [102, 103]. Below we give
a couple of examples of applications where speckles are used.

Astronomical speckle interferometry, introduced in 1970 by A. Labeyrie [104], is
based on a Fourier analysis of several short exposure images of stars taken at different
times from a ground-based telescope. Each image contains a unique speckle pattern as
a consequence of the turbulent motion of the atmosphere which randomly modifies the
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wave front of the radiation coming from the space. Performing a Fourier transform on
the images and adding the Fourier intensities, allows one to obtain the Fourier image
of the object under study and obtain diffraction limited resolution. A lot of twins stars
have been discovered using this method.

Another interesting application developed for bio-medical imaging is the laser speckle
contrast imaging [105, 106]. The idea is to access the dynamics of the scatterers in a
turbid medium through the contrast of the speckle. Because the exposure time is finite
and the medium evolves during this time, the image is the sum of several slightly dif-
ferent speckle patterns. Then, the more blurred is the image the faster the dynamics of
the scatterers. Biologists use this methods to observe the evolution of the blood flow
in cortical vessels shining a coherent laser source through the skull.

One-photon speckle is related to the spatial or time fluctuations of intensity due
to single-photon interferences. Besides, one introduces the two-photon speckle which
corresponds to the random pattern of the coincidence counting rate and related to the
so-called two-photon interferences. Since several years, this kind of speckle attracts
more and more attention because it should contain information on the quantumness of
the incident radiation. However, it is experimentally challenging to measure because
two detectors have to scan the region of interest. We will study this kind of speckle
pattern in Chapter 3.

2.1.2 Length scales and regimes of propagation

Length scales

Although very complex, the propagation of a wave in a random medium is well described
by few simple parameters. The first one is obviously the size L of the medium in the
direction of propagation. Then comes the central wavelength λ of the wave.

The most important length scale is the scattering mean free path ℓ which quantifies
the average distance between two scattering events. For an ensemble of scatterers with
a scattering cross-section σ and low number density ni, the mean free path is given by

ℓ =
1

niσ
. (2.4)

In this thesis, we are not taking into account absorption, then the absorption length
verifies Labs ≫ L. In the same way, the coherence of the wave is not affected by the
propagation, i.e. the coherence length Lcoh can be considered infinite.

Regimes of propagation

When a wave propagates through a three-dimensional disordered medium, depending
on the relation between the length scales, different regimes of propagation appear.

When ℓ≫ L, the propagation is ballistic and the wave does not “see” the medium.
If ℓ is getting close to L, one enters in the single scattering regime where only one scat-
tering event happens at most. In the opposite situation, ℓ≪ L, the wave undergoes a
lot of scattering events during the propagation. This regime is the one we are interested
in and is called the multiple-scattering regime. Because of its inherent complexity, the
multiple-scattering has to be treated statistically so that one is interested in quantities
like the average intensity and its higher moments, for instance.
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Figure 2.2: Sketch of a disordered waveguide of cross-section of area A and length
L≫

√
A and L≫ ℓ, where ℓ is the mean free path. The incoming and outgoing modes

are respectively denoted by Greek and Roman lettering.

Considering the multiple-scattering regime ℓ≪ L, one can compare the other length
scales leading to the following situations:

λ ≪ ℓ: This situation corresponds to weak disorder and diffusive propagation.
The propagation can be seen as a random walk of photons and the average in-
tensity obeys a diffusion equation. This thesis mostly deals with this regime of
propagation where one observes the coherent backscattering cone, the universal
conductance fluctuations and the long-range correlations in the speckle pattern.

λ . ℓ: The transport becomes coherent and the diffusion description of propaga-
tion starts to break down. Then, one observes sizable corrections to the random
walk model of photon transport. It is the regime of weak localization.

λ > ℓ: The disorder is strong and the diffusion vanishes. One enters into the
regime of Anderson localization, first introduced in 1958 by P. W. Anderson for
electrons in metals [3].

2.1.3 Scattering matrix

Here we present a description of scattering in terms of the scattering matrix S. For
simplicity, until the end of this chapter, we deal with a quasi-one-dimensional (Q1D)
geometry such as a waveguide. We consider a linear and elastically scattering disordered
medium of length L and cross-section area A such that L≫

√
A as shown in Fig. 2.2.

Similar to a cavity, this waveguide supports a certain number of transverse modes
for a given central frequency ω of the light. We recall that a transverse mode is the
association {k⊥, s} where k⊥ = {kx, ky} and s is the polarization of the light. The
number of modes N is given by N = N (ω) = 2 × k (ω)2A/2π, where the factor 2 in
the numerator takes into account the two orthogonal polarization of light. Then, we
associate to the medium a 2N × 2N -dimensional scattering matrix S with elements
Siα. It is convenient to write S as a block matrix

S =

(
r t′

t r′

)
, (2.5)

where the N ×N matrices r (r′) and t (t′) are respectively the reflection matrix from
left to left (right to right) and the transmission matrix from left to right (right to
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left), with elements riα (r′iα) and tiα (t′iα). Because we are not considering absorption
and amplification, the energy conservation implies that S is unitary, S†S = SS† = 1.
Consequently the matrices t†t, t′†t′, 1 − r†r and 1 − r′†r′ possess the same set of
eigenvalues {τ1, τ2, ..., τN}. These eigenvalues are called transmission eigenvalues. They
are real numbers between 0 and 1. We will come back to this set of eigenvalues when
dealing with the S-matrix approach in Sec. 2.3.

The scattering matrix S couples the 2N incoming modes to the 2N outgoing modes.
In terms of field operators we have the input-output relation

âi (ω) =
2N∑

α=1

Siα (ω) âα (ω)

=
N∑

α=1

tiα (ω) âα (ω) +

N∑

β=1

r′iβ (ω) âβ (ω) , (2.6)

where the complex numbers tiα and riβ are respectively the transmission and reflec-
tion coefficients. Introducing the vectors of operators âout = (âi)i∈[1,2N ] and âin =
(âα)α∈[1,2N ] we have

âout = Sâin. (2.7)

The derivation of this relation has been explained in Sec. 1.1.1 where the quantization
of the electromagnetic field in an open medium has been treated. From Eq. (2.6)
and because the coefficients tiα and riβ fluctuate from one realization to another, the
disordered medium can be seen as a multi-port beam splitter. This feature allows
using the disordered medium as a random interferometric system within which the
light acquires random phase shifts.

The matrix S is extremely complex and sensitive to the particular realization of the
disorder. It should be characterized by its statistical properties and view as a random
matrix. In addition, it is often a large matrix (N ≫ 1) so that standard methods of
random matrix theory can be applied to it (see Sec. 2.3).

2.2 Diagrammatic approach

In this section we present a microscopic diagrammatic approach based on the Green’s
function formalism. It has the advantage of describing how the wave behaves in the
medium and then gives a nice physical picture of the multiple scattering process. How-
ever it is a perturbative method and can rapidly lead to very tedious calculations. We
refer the reader interested in to the very complete book of Akkermans and Montam-
baux [4] and references therein.

First, let us introduce some important notions and quantities used to describe the
light propagation in a random medium.

2.2.1 Transmittances

According to the notations of Sec. 2.1.3 we define the following transmittances.

❼ Intensity transmission coefficient Tbα: This coefficient is defined as the ratio
between the energy carried away in the mode b by the scattered wave and the
energy incoming in the mode α. It writes Tbα = |tbα|2.
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Figure 2.3: (a) Diagrams representing the transmission coefficient and its complex con-
jugate. (b) Diagrammatic expansion of the average intensity transmission coefficient.
The first contribution is in r.h.s. of Tbα is the product of three terms. The first one
describes the entrance of the wave in the medium leading to the transition from ballistic
to diffusive propagation. The second one, called diffuson, denoted by the gray part, de-
scribes the diffusive propagation. The third term is equivalent to the first and describes
the exit from the medium. The second contribution in the r.h.s. is constructed simi-
larly but contains a Hikami box describing interferences taking place in the medium.
It leads to the first weak localization correction (see Ref. [4] for more details).

❼ Total transmission coefficient Tα: Defined by Tα =
∑

b Tbα, it corresponds to
the situation where one measures all the outgoing modes using an integrating
sphere. Note that the total transmission coefficients are the diagonal elements of
the matrix tt†.

❼ Conductance T : It is defined by the sum of the intensity transmission over all the
modes T =

∑
α Tα =

∑
αb Tbα. The term conductance comes from the electronic

transport because in electronic systems T is equal to the conductance of the
sample in units of e2/h.

2.2.2 From the Green’s function to the transmission coefficient

The starting point of the diagrammatic approach is the expression of the transmission
coefficient tαb in terms of the Green’s function [4]:

tbα = i
√
kαkbG

R
αb (0, L) (2.8)

leading to

Tbα = kαkb|GR
αb (0, L) |2, (2.9)

where kα (kb) is the projection of kα (kb) on the z-axis. GR
αb (0, L) is the retarded

Green’s function of the Helmholtz equation and it describes the propagation from the
incident plane (z = 0) to the outgoing plane (z = L) for the modes α and b. For a
wave propagating in a mode α, the Green’s function is given by

GR
α

(
r, r′

)
= − ikα

4π
exp

(
ikα|r− r′|

)
, in 1D, (2.10)

GR
α

(
r, r′

)
= − 1

4π|r− r′|exp
(
ikα|r− r′|

)
, in 3D. (2.11)
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Let us average Eq. (2.9) over disorder. It is convenient to represent this average
with diagrams following the rules depicted in the Fig. 2.3. T bα is made of different
contributions. The first diagram corresponds to the incoherent propagation of light, in
the sense that no interferences are taking place in the medium. It can be written as

ˆ

dr1dr2

∣∣∣GR
α (0, r1)

∣∣∣
2
ΓD (r1, r2)

∣∣∣GR
b (r2, L)

∣∣∣
2
, (2.12)

where the average Green’s function is given by G
R
α (r, r

′) = GR
α (r, r

′) exp (−|r− r′|/2ℓ)
and ΓD (r1, r2) is the sum of ladder diagrams [1] and corresponds to the so-called
diffuson [4]. The intensity given by this term satisfies the diffusion equation. The second
diagram, smaller than the first one, arises from interferences surviving the average over
the disorder and is described by the Hikami box. The weight of this term is related to
the probability of having two diffusons crossing each other. This probability seen as the
ratio between the “volume” of a diffuson λ2L2/ℓ and the volume of the medium LA is
approximately given by L/Nℓ. Other terms involving several crossings follow but are
not depicted in Fig. 2.3. In the diffusive regime, i.e., neglecting diagrams containing
interferences, the average intensity transmission coefficient is Tbα =

l
NL . It follows that

Tα =
l
L and T = g = Nl

L where we introduced the average dimensionless conductance
g.

We see that the weight of the second diagram containing the Hikami box is actually
1/g. Therefore, considering the diffusive regime is equivalent to g ≫ 1. As g is getting
close to one, interferences become more and more important leading to the weak local-
ization correction to transport. The regime of Anderson localization is reached when
g ≃ 1, the wave being localized, the transport strongly reduced, and the dimensionless
conductance being low.

2.2.3 Correlation function

We consider now the correlation function of the fluctuations of Tbα defined by

Cαb,α′b′ =
δTbαδTb′α′

Tbα Tb′α′
, (2.13)

where δTbα = Tbα − T bα. It is usually decomposed as [4]

Cαb,α′b′ = C(1) + C(2) + C(3). (2.14)

In the case of a monochromatic incident wave, the correlation functions C(1), C(2) and
C(3) are given by [4]

C(1) = δ∆α∆bF1 (∆αL) , (2.15)

C(2) =
1

g
(F2 (∆αL) + F2 (∆bL)) , (2.16)

C(3) =
2

15g2
, (2.17)

where ∆α = |kα⊥ − kα′⊥| and ∆b = |kb⊥ − kb′⊥| and with

F1 (x) =
∣∣∣

x

sinhx

∣∣∣
2
, (2.18)

F2 (x) =
sinh (2x)− 2x

2xsinh (x)
. (2.19)



40 CHAPTER 2. STATISTICAL APPROACH TO...

Figure 2.4: Diagrams contributing to the correlation function Cαb,α′b′ . (a) Diagram

associated to the product T bαT b′α′ = T
2
bα used in the definition of Cαb,α′b′ . (b) Diagram

leading to the correlation C(1). (c) The two diagrams involved in the correlation C(2)

and containing an Hikami box. The diagrams linked to C(3) are obtained with using
two Hikami boxes which yields four diagrammatic contributions. (see Ref. [4] for more
details)
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Note that these functions decay when x→∞ like F1 (x) ∼ exp (−2x) and F2 (x) ∼ 1/x.

2.2.4 Fluctuations of the scattered light

Intensity transmission fluctuations

The correlation function C1 is a short-range contribution due to the exponential decay
of F1. It describes large fluctuations of the intensity transmission coefficient. Indeed in
the diffusive regime when g ≫ 1, we have at leading order the normalized fluctuations

δT 2
bα

T
2
bα

= Cαb,α′b′ ∼ C(1) = 1. (2.20)

Large fluctuations of T bα at the origin of the granularity of the speckle pattern with a
strong contrast between bright and dark spots. Taking into account the interferences,
i.e. going to the first order in 1/g, leads to the first weak localization correction

δT 2
bα

T
2
bα

∼ 1 +
4

3g
. (2.21)

Coming back to the order O (1), we consider the effect of a frequency shift ∆ω.
Given the fast decay of F1, we replace it by the Kronecker symbol. Physically, it means
that each speckle spot is associated to a single transverse mode. It follows that [1]

C(1) ≃ δαα′δbb′ |C (∆ω)|2 , (2.22)

with

C (∆ω) =

√
−i ∆ω

ΩTh

sinh
(√

−i ∆ω
ΩTh

) , (2.23)

where ΩTh is the Thouless frequency related to the Thouless time τTh = 2π/ΩTh. The
Thouless time corresponds to the average time the wave spends in the medium. It is
given by τTh = L2/D where D is the diffusion coefficient. In the following of the thesis,
we will mostly encounter the equivalent way of writing Eq. (2.22):

Tαb (ω −∆ω)Tα′b′ (ω +∆ω) = T
2
αb (ω)

(
1 + C(1)

)
, (2.24)

where we assume that Tαb (ω) and N are constant in the bandwidth of the incident
light.

Total transmission fluctuations

Let us evaluate now the normalized fluctuations of the total transmission coefficient
Tα. They are given by

δT 2
α

Tα
2 =

∑
bb′

(
TbαTb′α − T

2
bα

)

∑
bb′ T

2
bα

=
1

N2

∑

bb′

Cαb,αb′ , (2.25)
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where we use
∑

bb′ T
2
bα = N2T

2
bα. From the Eqs. (2.14), (2.15), (2.16) and (2.17) we

have in the leading order
∑

bb′

Cαb,αb′ ≃ NC(1) +N2
(
C(2) + C(3)

)

∼ N2C(2), (2.26)

due to the multiple scattering condition l/L≪ 1. Finally

δT 2
α

Tα
2 ∼ C(2) =

2

3g
. (2.27)

This result suggest a way to measure the long-range correlation C(2) without being
disturbed by the much larger C(1): the integration over all the outgoing modes for a
given incident mode and hence the measurement of the fluctuations of Tα.

Universal conductance fluctuations

In the same way, the normalized fluctuations of the conductance T are given by

δT 2

T
2 =

1

N4

∑

αα′bb′

Cαb,α′b′

= C(3) ∼ 2

15g2
. (2.28)

This result has a more striking form

δT 2 ∼ 2

15
. (2.29)

This shows that the fluctuations of the conductance are independent of any parameters
of the disordered medium like, e.g, the mean free path ℓ. This phenomenon is called
universal conductance fluctuations. This universality of the multiple scattering hints
toward the use of random matrix theory to describe wave propagation in disordered
media. Indeed, this universality means that it might be possible to describe multiple
scattering independently of the microscopic details of the medium, only considering
the statistical properties of some random matrices like, for example, the scattering
and transmission matrices. It is the purpose of the following section to introduce the
random S-matrix approach.

2.3 Random S-matrix approach

This section is devoted to a presentation of the statistical properties of the scatter-
ing and transmission matrices encountered in the propagation of light in a disordered
medium. Ideally, one wants to find an ensemble of random matrices to which the
scattering or transmission matrices belong. For instance, in a chaotic cavity with
point contact coupling the random Hamiltonian belongs to the Wigner-Dyson ensem-
ble. Hence the associated scattering matrix is in the circular ensemble of uniformly
distributed unitary matrices. For simplicity, we will consider in the following the case
of a disordered wire, i.e. a disordered region in a quasi one-dimensional waveguide (see
Fig. 2.2).
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2.3.1 Random matrices: a brief introduction

The random matrix theory (RMT) consists in the study of the statistical properties of
large matrices with random elements, for instance the probability distribution of the
eigenvalues or the eigenvectors. In physics RMT has been introduced by the pioneering
work of Wigner in 1951 in order to study the statistics of energy levels of heavy nu-
clei [107]. The idea was to conjecture that the spectral properties of the Hamiltonian
of a nuclei are the same as those of a large random matrix. It has been found that the
spacing between energy levels is given by the spacing between the eigenvalues of a ran-
dom matrix. After that, the theory has been extended to a lot of fields, like mesoscopic
physics, wireless communications or financial market analysis [108, 109, 110]. In the
past decades, a strong effort has been made to study the quantum transport of electrons
and light in chaotic cavities and open random media using RMT [111, 112, 9, 113].

In order to study a statistical problem using RMT, the first step is to relate its
properties to the one of a particular ensemble of random matrices. For instance, one
shows that the energy level statistics of chaotic systems is well described by the so-
called Wigner-Dyson ensemble [114, 115]. Consider a particular ensemble of N × N
Hermitian random matrices H described by the probability distribution p (H). The
joint probability distribution of the N real eigenvalues p ({λi}) are obtained by calcu-
lating the Jacobian between the elements and the eigenvalues and eigenvectors. Then
by integration of the joint probability distribution, one infers the eigenvalue density
p (λ)

p (λ) =
1

N

〈
N∑

n=1

δ (λ− λn)
〉

(2.30)

=
1

N

ˆ ∞

−∞

∏
dλnp ({λn})

N∑

n

δ (λ− λn) (2.31)

=

ˆ ∞

−∞

N−1∏

n=1

dλnp ({λn}) , (2.32)

where 〈...〉 refers here to the average over the ensemble of random matrices H. p (λ) dλ
is the probability of finding an eigenvalue in the segment [λ, λ+ dλ].

Unfortunately, the above steps are not always possible. For instance, in the case
of the Euclidean random matrices (ERM) ensemble encountered in random laser the-
ory [116], the probability distribution p (H) is not known and one has to determine the
eigenvalue density using methods like diagrammatic expansions or the free probability
theory. This situation will be ours when we will study the ensemble of random matrices
used to described the amount of bipartite entanglement contained in some scattered
states of light.

Let us introduce two important ensembles of random matrices for which the statis-
tical properties are well known.

Gaussian ensemble

The first ensemble of interest is the so-called Gaussian ensemble. Consider the Wigner-
Dyson ensemble of N ×N Hermitian matrices H with the probability distribution

p (H) ∝ exp (−βNTr [V (H)]) , (2.33)
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where V is a particular potential and β the symmetry index. The Gaussian ensemble
appears when taking V (H) ∝ H2 leading to independent Gaussian random elements in
the matrix H. According to Dyson, three classes of matrices come out depending of the
symmetries obeyed by the system, i.e. depending on the degrees of freedom contained
in the matrix elements.

❼ Gaussian unitary ensemble (GUE): Because no particular symmetry is imposed,
p (H) is invariant under any transformation H → UHU † with U unitary and
β = 2.

❼ Gaussian orthogonal ensemble (GOE): In this case, there is time-reversal sym-
metry, then p (H) is invariant under any transformation H → UHU † with U an
orthogonal matrix and β = 1. Consequently, the elements are real numbers and
H is a real symmetric matrix H = HT .

❼ Gaussian sympletic ensemble (GSE): This ensemble takes into account the spin
degree of freedom and is necessary when spin-orbit coupling cannot be neglected
in a system. With time-reversal symmetry, p (H) is invariant under any transfor-
mation H → UHU † with U sympletic, i.e. unitary with real quaternion elements,
and β = 4.

For the GOE, we have

〈HijHkl〉 =
1

N
(δilδjk + δikδjl) , (2.34)

where 〈...〉 corresponds to the average over the GOE, i.e. average over p (H). In the
limit N →∞, the eigenvalue density obeys the so-called semi-circle law

p (λ) =

{
1
2π

√
4− λ2, ∀λ ∈ [−2, 2] ,

0, ∀|λ| > 0.
(2.35)

Wishart ensemble

The second important ensemble is the Wishart ensemble. It is frequently encountered
when dealing with covariant matrices used in data analysis, e.g. in the method of
principal component analysis frequently used in image processing [117]. The Wishart
ensemble also appears in statistical physics, in wireless communication and in random
entangled state problems [109, 118].

A N ×N Wishart matrix is given by

W = H†H, (2.36)

whereH is aM×N Gaussian random matrix with elements independent and identically
distributed (i.i.d.) according to a Gaussian distribution. Considering here only the case
of complex elements with zero mean the probability distribution is

p (H) ∝ eNTr(H†H), (2.37)

and

〈HiαH
†
βj〉 =

1

N
δijδαβ . (2.38)
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In the limit of large matrices, N →∞ and M →∞, the Wishart ensemble leads to the
Marchenko-Pastur law [119]

p (λ) =

(
1− 1

c

)+

δ (λ) +
1

2πλ

√
(λ+ − λ)+ (λ− λ−)+, (2.39)

where

λ± =

(
1√
c
± 1

)2

, (2.40)

and c = N
M , x+ = max (x, 0).

2.3.2 Polar decomposition of the scattering matrix

Let us now apply RMT to the scattering matrix S. According to the block representa-
tion of the S-matrix given by Eq. (2.5) one can perform a polar decomposition

S =

(
U 0
0 V

)(
−
√
1− τ √

τ√
τ

√
1− τ

)(
U ′ 0
0 V ′

)
, (2.41)

where τ = diag (τ1, τ2, ..., τN ), with {τn}n the transmission eigenvalues of the matrix
t†t, and U , V , U ′ and V ′ are N ×N unitary matrices.1 Then the transmission matrix
from the left to the right side of the medium is written as

t = V
√
τU ′, (2.42)

leading to the transmission coefficient,

tbα =

N∑

k

vbk
√
τku

′
kα, (2.43)

where vbk and u
′
kα are the elements of the unitary matrices V and U ′. The physical

meaning of Eq. (2.42) is the following. The matrix U ′ ensures the transition from the
incoming modes on the left to the eigenmodes of t†t associated with the transmission
eigenvalues τn. The eigenmodes are connected to the outgoing modes on the right of
the medium by the matrix V . The same picture holds for the reflection.

2.3.3 DMPK equation

The idea is now to infer the statistics of the transmission matrix given the statistics of
V , U ′ and

√
τn. For this purpose one makes the isotropy approximation. It assumes

a perfect mode mixing, i.e., when entering into the medium, the wave loses instanta-
neously the information about its direction of incidence. This assumption holds only
for a quasi-one-dimensional geometry such as a waveguide with large number of modes
N ≫ 1. Then it follows that averaging over realizations of disorder is performed using
the measure

dp (t) = p ({τn})
N∏

n

dτndµ
(
U ′

)
dµ (V ) , (2.44)

1If time reversal symmetry is present (β = 1), in addition to the unitarity condition, the S-matrix
has to be symmetric, S = ST . Then U ′ = UT and V = V T .
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where p ({τn}) is the joint probability distribution of the transmission eigenvalues and
dµ (U ′) (dµ (V )) is the Haar measure, i.e. the invariant measure of the unitary group
U (N). Eq. (2.44) says that averaging over the ensemble of transmission matrices is
done independently over {τn}, U ′ and V .

At this point, one needs to evaluate p ({τn}) in order to perform the averaging. The
first step has been done in the 1980’s by Dorokhov [120] and independently by Mello,
Pereira and Kumar [121] who derived a N -dimensional Fokker-Planck equation called
the DMPK equation. We do not give its derivation here and refer to the complete
review of Beenakker [108] for more details. In few words, the procedure is to describe
the evolution of p ({τn}) according to a scaling approach, i.e., to follow its evolution
while increasing the length L of the medium. The scaling approach allows to cross
over from one regime of propagation to another by considering only one parameter,
here L, which is equivalent to vary g. Using the random transfer matrix2 M which
is constructed from the S-matrix and connects all the left modes (either incoming or
outgoing) to the right modes, an increase of L, L→ L+δL, is equivalent toM →MδM .
The multiplicative properties ofM and the expression for the variation of p ({τn}) with
respect to δL yield the DMPK equation

∂p ({xn})
∂s

=
1

2γ

N∑

n=1

∂

∂xn

(
∂p ({xn})
∂xn

+ p ({xn})
∂Ω

∂xn

)
, (2.45)

where

Ω = −
∑

i<j

U (xi, xj)−
N∑

i=1

V (xi) , (2.46)

s = L/l, γ = βN+2−β and xn ≥ 0 is defined by the relation τn = 1/cosh2xn. Eq. (2.45)
describes the Brownian motion of the variables xn seen as N particles evolving in one
dimension in an external potential

V (x) = ln |sinh (2x)| , (2.47)

with a two-particle interaction potential

U (xi, xj) = ln
∣∣sinh2 (xj)− sinh2 (xi)

∣∣ . (2.48)

In the diffusive regime N ≫ s≫ 1, and thus the solution of the DMPK equation is
stationary so that the joint distribution takes the form of a Gibbs distribution3

p ({xn}) ∝ e−Hdiff({xn}), (2.49)

2

M =

(

V 0

0 V ′†

)(
√
τ−1

√
τ−1 − 1√

τ−1 − 1
√
τ−1

)(

U ′ 0

0 U†

)

,

3Deeply in the localized regime, when s≫ N ≫ 1, it is also possible to put p ({xn}) into the form
of a Gibbs distribution but the external and internal potentials are slightly different. However, the
crossover from diffusive to localized regime is not contained in such a Gibbs distribution [122]. In the
case of β = 2 an exact solution valid both in the diffusive and the localized regime has been found by
Beenakker and Rejaei [123, 124], so that the crossover can be well described.
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where the Hamiltonian is given by

Hdiff ({xn}) =
N∑

i<j

u (xi, xj) +N

N∑

i=1

v (xi) , (2.50)

with

v (x) =
γ

2Nsβ
x2 − 1

2Nβ
ln |xsinh (2x)| , (2.51)

u (xi, xj) = −1
2
ln

∣∣sinh2 (xj)− sinh2 (xi)
∣∣− 1

2
ln

∣∣x2i − x2j
∣∣ . (2.52)

This form of solution is convenient for numerical simulations using Monte-Carlo tech-
niques [125] and we will also use it for comparison with analytical results in Chapter 4.

The next step is now to derive the eigenvalue density pt†t (τ) (given p (x)). One
way is to minimize the Hamiltonian using the method of steepest descent. This has
been used, for instance, to find the eigenvalue density of the Gaussian and Wishart
ensembles. For these canonical ensembles, the minimization procedure leads to an
integral equation

 ∞

−∞
dx′

p (x′)
x− x′ =

∂vext (x)

∂x
(2.53)

associated with the normalization constraint
´

dxp (x) = 1 where
ffl

stands for the
Cauchy principal value and vext is the external potential seen by the eigenvalues. Gen-
erally Eq. (2.53) can be solved by using the Tricomi theorem [126]. However, in the
case of transmission eigenvalues, the form of the two-body potential u (xi, xj) involves
non-logarithmic eigenvalue repulsion [108]. Then the minimization does not lead to an
integral equation like Eq. (2.53) where the denominator is associated with the logarith-
mic eigenvalue repulsion. One can skirt this difficulty by using a different approach
based on the spectral rigidity [127, 128]. Indeed, the eigenvalues strongly repeal each
other due to the interaction potential u (xi, xj) and hence form a lattice-like structure
with small fluctuations around mean positions. In the limit N → ∞, the length of
the lattice is given by the typical range s of the external potential. Then putting N
“particles” equally spaced by a mean spacing L/ℓN yields the following homogeneous
density p (x)

p (x) =

{
1
s , ∀x ≤ s,
0, ∀x ≥ s.

(2.54)

From Eq. (2.54) and using the relation τ = 1/cosh2 (x), one obtains the so-called
bimodal distribution

pt†t (τ) =
1

2s

1

τ
√
1− τ

, for
1

cosh2 (s)
≤ τ < 1. (2.55)

This distribution tells us that the propagation of the wave is dominated by some “open”
channels4 related to transmission eigenvalues close to one, all the others being close to

4By channel we mean an eigenvector of the matrix tt†.
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zero as shown in Fig. 2.5. The bimodal distribution of transmission coefficients was
shown to hold for arbitrary geometry [129] and not only for Q1D waveguides.

Let us say a few words about the statistical distributions of the three transmit-
tances introduced in Sec 2.2.1. Using the expression of tbα obtained from the polar
decomposition, they can be written as

Tbα =
N∑

k=1

N∑

l=1

vbkv
∗
bl

√
τkτlu

′∗
kαu

′∗
lα, (2.56)

Tα =

N∑

k=1

τk
∣∣u′∗kα

∣∣2 , (2.57)

T =

N∑

k=1

τk = Tr
(
t†t

)
, (2.58)

where we use the unitarity of the matrices V and U ′ such that
(
V V †

)
ij
=

∑N
k vikv

∗
jk =

δij . Eq (2.58) is the so-called Landauer formula first introduced for disordered conduc-
tors [130]. From this relation we see that in the diffusive regime when the transmission
eigenvalues follow the bimodal distribution, g quantifies the effective number Neff of
channels that contribute to propagation.

From Eqs. (2.56) and (2.57) and in the leading order in 1/N , we obtain the moments
of Tbα by averaging over the elements of V

Tn
bα =

n!

Nn
Tn
α , (2.59)

which leads to a relation between the distribution of Tbα and Tα [131]

p (Tbα) =
Tα

Tbα

ˆ ∞

0
dTα

p (Tα)

Tα
exp

(
−Tbα
Tα

Tα

Tbα

)
. (2.60)

This equation allows calculating the distribution of the intensity transmission coefficient
from a known distribution of total transmission. From Eq. (2.57), Tα appears to be
a sum of random independent terms following the same probability distribution. In
the diffusive regime, according to the bimodal distribution of τn’s, this sum can be
considered infinite because Neff = g ≫ 1. It follows from the central limit theorem
that p (Tα) is a Gaussian distribution with a variance of the order 1/g. Taking the
limit of g → ∞ and considering Eq. (2.60) leads to the Rayleigh distribution of Tbα.
Small deviations from the Rayleigh (Tbα) and Gaussian (Tα) distributions come in when
taking g finite, i.e., when taking into account weak localization corrections. The same
argument can be used to show the Gaussian statistics of conductance in the diffusive
regime.

The above results are known both from perturbative diagrammatic [132] and ran-
dom matrix [131] theories and are not qualitatively different from one geometry to
another. Non-perturbative results are obtained using a solution of the DMPK equation
valid in both diffusive and localized regimes [123] from which one can study the tran-
sition from Rayleigh and Gaussian statistics to log-normal statistics when the wave is
getting localized as L increases [133]. However the later result is valid only for the wire
geometry and particular symmetry constraints (β = 2).
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Figure 2.5: Transmission eigenvalue density of a disordered slab placed in a waveguide
with N channels for different fractions of controlled channels m = M/N , from [134].
Analytical results obtained from the free probability theory (solid line). Numerical
results from solving the wave equation (dots).

2.3.4 Transmission eigenvalues: From bimodal to Marchenko-Pastur

law

In this section, we present another type of transition which affects the transmission
eigenvalue density. In the diffusive regime, using spatial light modulator and inter-
ferometric methods one is able to measure the transmission matrix t and obtain the
density of its singular values

√
τn [135]. This has also been done previously with acoustic

waves [113]. In both situations, the singular value density is close to the quarter-circle
law that one obtains with uncorrelated Gaussian random matrices and corresponding
to a Marchenko-Pastur law for the transmission eigenvalues τn. This experimental
observation differs from the bimodal distribution predicted by the theory.

Recently, Goetschy and Stone [134] have shown that this discrepancy comes from an
incomplete control of the input and output modes. Indeed, in all current experimental
setups, fractions of controlled modes m1 (input) and m2 (output) cannot reach exactly
one, the value associated to the whole transmission matrix t. So that the measurements
have access to a truncated transmission matrix t̃ that is often a small part of t. Using
the free probability theory, Goetschy and Stone calculate the eigenvalue density of t̃†t̃
taking into account this experimental constraint. The main result is shown in Fig. 2.5.
One can see that taking m1 = m2 = m ≤ 1 suppresses the peak corresponding to the
open channels. Moreover, when m ≤ Tα which is equivalent toM ≤ g, p (τ) approaches
the Marchenko-Pastur law. It means that the truncated matrix t̃ becomes statistically
similar to random matrix with uncorrelated Gaussian distributed elements. We will
use this result to derive the Schmidt eigenvalue density of a scattered quantum state
in Sec. 4.2.6.
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Chapter 3
Two-photon speckle

3.1 Quantum optics with disorder: an overview

Multiple scattering of non-classical light in disordered media attracts the attention of
physicists since the pioneering paper by Beenakker [9] who studied the statistics of the
spontaneous emission in a disordered slab. The author associated the random matrix
theory which successfully describes the multiple scattering of light (see Chapter 2) with
the input-output theory that allows to describes the dynamics of quantum operators
in open random systems (see Sec. 1.1.1). The same framework has been applied by
Beenakker and coworkers to study the multiple scattering of squeezed light [136] and
to characterize the channel capacity of a disordered medium taking into account the
quantum nature of the radiation that carries the information [137]. One can view
behind this procedure a way to study the interplay between the statistics of the random
medium and the statistics of the quantum light that propagates inside it. The main
idea is then to study how the two combine in the scattered state.

3.1.1 Correlations in speckle pattern

In this spirit, several groups have studied both theoretically and experimentally the
quantum fluctuations present in the scattered light for different types of monochromatic
quantum incident states in the diffusive regime [138, 139, 140, 141, 142, 143]. Both for
stationary and fluctuating disordered media, Lodahl et al. [138] and Skipetrov [141]
showed that the normalized variance of the photon number in an outgoing mode is
given by

〈n̂2i 〉
〈n̂i〉

2 − 1 =
1

〈n̂i〉
+ δ2class +

Qα

〈n̂α〉
(
1 + δ2class

)
, (3.1)

where the horizontal bar · · · denotes the ensemble average over random realizations
of disorder in the medium. It should be distinguished from the quantum-mechanical
expectation value denoted by 〈· · · 〉. Qα is the Mandel parameter of the incident state
introduced in Sec 1.1.7 and δ2class is the normalized variance of the scattered intensity
obtained when one disregards the quantum nature of light. For a static disorder, in
the diffusive regime, δ2class = 1+ 8/3g [138]. The first term in Eq. (3.1), corresponds to
the so-called shot noise which takes into account the granularity of the light field made

51
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Figure 3.1: Two-photon speckle patterns observed in far field after multiple scattering
of a two-photon incident state. (a) Nonlocal speckle obtained from an highly entangled
state. (b) Separable speckle obtained from a two-photon state with very small amount
of entanglement, K ≃ 1. From Ref. [144].

up of photons that arrive at a detector one by one so that it is an intrinsic quantum
noise. From Eq. (3.1), one sees that the statistics of the disordered medium and the
one of the quantum incident state are combined in a way that can not be predicted
without calculation. For the coherent state, Qα = 0 so that only the sum of shot
noise and classical noise remains. However, for a quantum state like the Fock state,
Qα = −1, and if 〈n̂α〉 = 1 the variance becomes independent of the classical noise
meaning that the quantum fluctuations dominate largely over the classical ones. The
same type of results and conclusions are obtained for the correlation of the photon
number in two different outgoing modes except that the shot noise is absent and that
the correlations are decreased by a factor 2. These theoretical predictions have been
verified experimentally in Refs. [142, 143].

3.1.2 Two-photon speckle

Even if the observables involved in the works presented above imply more than one
photon, the incident states did not bear any quantum correlations. More recently,
the possibility of finding signatures of quantum correlations, i.e. the entanglement
present in the incident state, in the two-photon speckle pattern has been investigating
[10, 14, 12, 11, 13, 144].

In Ref. [10], the authors showed the link between one and two-photon speckle pat-
terns through the relation P = V(2) − 2V(1) where P is the purity of the incident
state and V(1,2) are visibilities of the one and two-photon speckle patterns. Then, for
a pure state, V(1) gives information on V(2), and vice versa. The above relation has
its origin in the so-called complementarity observed in one and two-photon interfer-
ences [145, 146]. Besides, the authors of Ref. [10] showed that the distribution of the
two-photon intensity 〈: n̂in̂j :〉 is non-exponential unless the amount of entanglement
becomes maximal.

The two-photon speckle pattern and statistical distributions of two-photon intensi-
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ties have then been observed quite recently [12, 144]. We show in Fig. 3.1 a two-photon
speckle pattern measured in van Exter’s group for a far field configuration.

Another interesting feature of multiple scattering of quantum states is the survival
of quantum interferences after the average over the disorder realizations. It has been
predicted in Ref. [14] and then observed for spatial two-photon interferences [13].

All the work presented above deal with monochromatic light with two photons en-
tangled in transverse momentum. In Ref. [11], Cherroret and Buchleitner studied the
propagation of a frequency entangled state which is non-stationary. By considering the
coincidence rate between two outgoing modes, they showed the survival of temporal
two-photon interferences and the possibility of accessing either the entanglement spec-
trum of the incident state or the properties of the disordered medium via the Thouless
frequency.

3.2 Two-photon entangled states

In this section, we discuss the properties of the two-photon incident state that we will
use in this chapter. We consider a frequency entangled state which belongs to the
family of so-called continuous variable entangled states [147]. These types of states are
frequently encountered when dealing with high dimensional entanglement experiments
and were used by Einstein and coworkers to introduce their paradox about quantum
non-locality considering the momentum and position as continuous variables [51].

3.2.1 Bi-Gaussian and SPDC biphoton states

The expression of the SPDC two-photon state given in Chapter 1.1.5 is rather complex
and does not always allow obtaining simple analytical expression for observables like
the coincidence rate especially when interferences occur in a disordered medium. The
purpose of this section is thus to study the conditions that allow to approximate the
SPDC two-photon state by a bi-Gaussian state. We are interested only in the spectral
and time properties and consider that the mean frequencies of the down-converted
photons are equal, i.e., ωs = ωi = ω. Then, considering a collinear propagation of the
two photons along the pump axis, the SPDC state can be written as

|Ψ〉SPDC =

¨ ∞

−∞
dω1dω2 φSPDC (ω1, ω2) â

†
α1
(ω1) â

†
α2
(ω2) |0〉 , (3.2)

where φSPDC (ω1, ω2) = Nα (ω1, ω2)h (ω1, ω2) is the two-photon amplitude with N
a constant fixed by the normalization of the state, and α1, 2 the polarization state.
Considering a Gaussian pump spectrum, we have

α (ω1, ω2) = exp

(
−(ω1 + ω2 − 2ω)2

2σ2

)
, (3.3)

where σ is the frequency bandwidth of the pump and 2ω its central frequency. The
phase-matching function h (ω1, ω2) is given by

h (ω1, ω2) = sinc

(
∆k (ω1, ω2)Lcrys

2

)
, (3.4)
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where sinc(x) = sin(x)/x and Lcrys. is the length of the non-linear crystal. All the
phase-matching properties are contained in ∆k (ω1, ω2) which writes as

∆k (ω1, ω2) = kp (ω1 + ω2)− ks (ω1)− ki (ω2) , (3.5)

where p, i and s denote the pump, idler and signal photons, respectively (see Sec. 1.1.5)
and where kj(ω) = ωnj(ω)/c is the wave number associated with the photon j, c the
celerity of light in the vacuum, and n(ω) the refractive index.

Let us now determine the conditions under which the SPDC state described by
Eq. (3.2) can be approximate by |Ψ〉Gauss =

˜∞
−∞ dω1dω2 φGauss (ω1, ω2) â

†
α1
(ω1) â

†
α2
(ω2) |0〉

where φGauss is given by

φGauss (ω1, ω2) =

√
2

πab
exp

[
−
(
(ω1 + ω2 − 2ω)2

2a2
+
(ω1 − ω2)

2

2b2

)]
. (3.6)

Here a and b are the frequency bandwidths that constraint the sum and the difference
of the frequencies of the two photons, respectively. The normalization of the state is
ensured by

˜

dω1dω2|φGauss (ω1, ω2) |2 = 1. It is a priori not obvious if the SPDC two-
photon amplitude φSPDC can be approximated by φGauss. It depends on the argument
of the phase-matching function. A convenient way of studying this argument is to
perform a Taylor expansion of the wave number kj(ω) around the central frequency ω
for the signal and idler photons and around 2ω for the pump. To the second order, we
obtain

kp (ω) = kp (2ω) + (ω − 2ω) k′p + (ω − 2ω)2 k′′p/2, (3.7)

kj (ω) = kj (ω) + (ω − ω) k′j + (ω − ω)2 k′′j /2, (3.8)

where j = i or s, k′p = ∂kp (ω) /∂ω|ω=2ω and k′j = ∂kj (ω) /∂ω|ω=ω, and similarly for
k′′p and k

′′
j . Assuming a perfect phase-matching at the central frequency, i.e. kp (2ω)−

ks (ω)− ki (ω) = 0, and considering the variables Ω1,2 = ω1,2−ω, ∆k can be written as

∆k (ω1, ω2) ≃ (Ω1 +Ω2) k
′
p − Ω1k

′
s − Ω2k

′
i +

+ (Ω1 +Ω2)
2 k′′p/2− Ω2

1k
′′
s/2− Ω2

2k
′′
i /2. (3.9)

It turns out that ∆k is strongly different between type-I and type-II SPDC states and
when the pump is monochromatic (cw pump) or not. Let us discuss these different
possibilities.

Type-I SPDC state

In this case, the polarizations of the down-converted photons are the same and ks (ω) =
ki (ω).

❼ cw pump

Due to the energy conservation, Ω1 = −Ω2 = Ω and ωs + ωi = 2ω. Therefore, we
have ∆k ≃ −k′′sΩ2. The minus sign is not relevant because the sinc function is
even. Therefore, the case of a cw pump can be described by a bi-Gaussian in the
limit a→ 0.
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❼ Broadband pump

Here, the sum ωs + ωi is no more constraint to a fixed value. We have ∆k ≃
(Ω1 +Ω2)

(
k′p − k′s

)
+(Ω1 +Ω2)

2 k′′p/2−
(
Ω2
1 +Ω2

2

)
k′′s/2. Taking only the first or-

der term in the previous expression allows to perform the transformation sinc(x)→
exp(−γx2) with γ a fitting parameter such that the Gaussian function has the
same width at half maximum as the sinc function. However, this is valid only
if α (ω1, ω2) is wider than the sinc function. Otherwise, Ω1 + Ω2 becomes much
smaller than Ω1 − Ω2 and one has to take into account the second order terms.

When considering both first and second order terms, ∆k contains both linear
and quadratic contributions and one cannot directly approximate sinc(x) by
exp(−γx2). However, assuming a perfect group velocity matching at the central
frequency, one can drop the linear term in ∆k. The group velocity matching condi-
tion is given by k′p−(k′s−k′i)/2 = 0. The association of phase-matching and group
velocity matching conditions is called the extended phase-matching [148, 149].
Under these assumptions and using the relation x2+y2 = 1/2[(x+y)2+(x−y)2],
∆k becomes

∆k ≃ (Ω1 +Ω2)
2 (k′′p/2− k′′s/4

)
− (Ω1 − Ω2)

2 k′′s/4. (3.10)

Unless k′′p − k′′s/2 = 0, the bi-Gaussian representation cannot match the SPDC
state without strong and not experimentally relevant assumptions.

To conclude, for the type-I SPDC state, the use of a bi-Gaussian representation
implies distinguishing different regimes depending on the bandwidth of the pump com-
pared to the one of the phase matching function, as it has been done in Ref. [150], for
example.

Type-II SPDC state

For type-II SPDC states, the down-converted photons have orthogonal polarizations so
that their group velocities are different because the non-linear crystal is birefringent.
Then it is not necessary to go beyond the first order and therefore the bi-Gaussian
approximation implies less physical constraints than for the type-I SPDC as we will see
below.

❼ cw pump

In this situation, the same arguments as those used for the type-I case, yield the
phase-matching condition as ∆k ≃ − (k′s − k′i) Ω.

❼ Broadband pump

In the first order, ∆k ≃
(
k′p − k′s

)
Ω1+

(
k′p − k′i

)
Ω2. Here, contrary to the type-I

case, the argument is not symmetric with respect to Ω1 and Ω2 because of the
difference of the group velocities. Consequently, the spectra of the two photons
are different, hence the photons are distinguishable by their frequencies. We will
see in Sec. 3.5.1 that this reduces the visibility of the two-photon speckle pattern.
From this consideration of symmetry, it is a priori impossible to approximate the
phase-matching function by a Gaussian function which is symmetric with respect
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to the frequencies. However, assuming the extended phase-matching condition
introduced above implies that k′p − k′s = −

(
k′p − k′i

)
. Then, one obtains

∆k ≃
(
k′p − k′s

)
(Ω1 − Ω2) . (3.11)

The phase-matching function is now symmetric with respect to the frequencies
which allows replacing the sinc function by a Gaussian whatever the sign of(
k′p − k′s

)
. It means that when the group velocity matching condition is satisfied

the two photons have necessary the same spectrum and become indistinguishable
by frequency.

It follows from the foregoing discussion that for type-II SPDC states, one can use
the bi-Gaussian approximation after the transformation sinc(x)→ exp(−γ2x2/2) with
the parameters

a = σ,

b =
2√

γ2Lcrys.|k′p − k′s|
. (3.12)

In the following, we will consider only type-II SPDC states and therefore we will exploit
the above approximation which relies on the extended phase-matching condition. It
has been shown that such a condition can be fulfilled experimentally using a periodi-
cally poled χ(2) material [151] or with usual non-linear materials for long wavelengths
λpump ≃ 1 µm [152].

3.2.2 Spectral and temporal coherence properties of two-photon states

Frequency correlations

We now consider the bi-Gaussian two-photon amplitude given by Eq. (3.6) with the
bandwidths a and b given by Eq. (3.12) for the type-II phase-matching. Because the
two-photon amplitude φGauss (ω1, ω2) is a priori not separable the two photons are
entangled in frequency. From the expressions of a and b, one sees that the correlations
in frequency are different depending on the physical situation, i.e., depending on the
length of the crystal and the spectral width of the pump pulse. When a/b > 1, the two
photons are correlated in frequency whereas when a/b < 1, they are anti-correlated.
Let us consider, two limiting cases in order to illustrate this behavior:

❼ a/b≪ 1:

The first term in the argument of the Gaussian in Eq. (3.6) leads to a very narrow
function. Then |φGauss (ω1, ω2) |2 → 2/(

√
πb)δ(ω1+ω2− 2ω) exp[−(ω1−ω2)

2/b2]
so that the frequencies of the two photons are perfectly anti-correlated. This
situation appears when one uses a cw pump. It leads to the state

|Ψ〉 cw =

√
2√
πb

ˆ ∞

−∞
dω exp

[
−2ω

2

b2

]
|ω + ω〉 i |ω − ω〉 s . (3.13)

Although perfect anti-correlations are present, the corresponding state is not
maximally entangled.



3.2. TWO-PHOTON ENTANGLED STATES 57

Figure 3.2: Sketch of the physical situations corresponding to the different limits a/b≪
1 and a/b ≫ 1 giving a nice insight of the relation between temporal correlations and
the experimental situations.

❼ a/b≫ 1:

We are here in the situation where the second term in the argument of the Gaus-
sian in Eq. (3.6) leads to a very narrow function and |φGauss (ω1, ω2) |2 → 2/(

√
πa)

δ (ω1 − ω2) exp[−(ω1 + ω2 − 2ω)2/a2] so that the frequencies of the two photons
are perfectly correlated. Because b ∝ 1/Lcrys., such correlations correspond to
the limit of a very long crystal:

|Ψ〉Long crys =

√
2√
πa

ˆ ∞

−∞
dω exp

[
−2ω

2

a2

]
|ω + ω〉 i |ω + ω〉 s . (3.14)

If a/b = 1 the frequency correlations vanish and the two-photon amplitude can be
written as φGauss (ω1, ω2) = ϕGauss (ω1)ϕGauss (ω2). Moreover, if a → 0 the separable
state tends to the Fock state |ω〉 s |ω〉 i.

We will now see what happens in the time domain and calculate the coherence times
of SPDC states in the Gaussian approximation.

Temporal correlations

The Fourier transform φ̃Gauss of φGauss is given by

φ̃Gauss (t1, t2) =

√
ab

2π
exp [−i (t1 + t2)ω0] exp

[
−1
8

(
(t1 − t2)2 b2 + (t1 + t2)

2 a2
)]
.(3.15)

Temporal correlations are constrained by b whereas temporal anti-correlations are con-
strained by a. The state is correlated in time when a/b < 1 and anti-correlated when
a/b > 1. As for frequency correlations, perfect time correlations are obtained in the
limit a/b ≪ 1 and perfect anti-correlation in the in the limit a/b ≫ 1. One can
understand physically these behaviors by looking at the sketches in Fig. 3.2. Time
correlations are related to the uncertainty of the relative time of emission1 of the two
photons, and when b → ∞, Lcrys. → 0 is very small so that there is no uncertainty in
the relative time. In the same way, time anti-correlations are related to the absolute

1The relative time of emission is the difference between the times at which the two photon exit the
non-linear crystal.
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time2 of emission, and for a pump very short in time (a→∞) there is no uncertainty in
the absolute time because the photons are generated within the duration of the pump
pulse.

One cannot have perfect correlations in time and in frequency “simultaneously”
because ω1−ω2 and t1− t2 are Fourier conjugate variables. The same statement holds
for anti-correlations with the variables ω1 + ω2 and t1 + t2. However, the variables
ω1 − ω2 and t1 + t2, and then their uncertainties are independent so that a state can
have well defined ω1 − ω2 and “simultaneously” t1 + t2. Here again, it also applies to
ω1−ω2 and t1+ t2. This feature is intimately linked to the entanglement in time and in
frequency of the photons. Actually, it comes from the basis independence properties of
entanglement introduced in Sec. 1.2. Here entanglement, seen through the correlations3,
is independent of the choice of time or frequency representation. Moreover, when the
state is maximally entangled in frequency, i.e., when a→ 0 and b→∞ or a→∞ and
b→ 0, it is necessary maximally entangled in time. This is in strong contrast with the
case of a separable state with a = b. In the case a → ∞ leading to |ω〉 s |ω〉 i, there is
no uncertainty in frequency but the price to pay in the time domain is a necessarily
infinite uncertainty in time.

Single and two-photon coherence

In the case of non-stationary states of light, the single-photon coherence time is defined
by

∆tc =




´∞
−∞ dτ τ2

∣∣∣G̃1 (τ)
∣∣∣
2

´∞
−∞ dτ

∣∣∣G̃1 (τ)
∣∣∣
2




1

2

, (3.16)

where

G̃1 (τ) =

ˆ ∞

−∞
dt G̃1 (t, t+ τ) , (3.17)

with G̃1 (t1, t2) the first-order correlation function introduced in Sec. 1.1.6: G̃1 (t1, t2) =

〈â†i (t1) âi (t2)〉. Using the Fourier transform of the two-photon amplitude, we have4

G̃1 (t, t+ τ) =

ˆ ∞

−∞
dt2 φ̃

∗
Gauss (t, t2) φ̃Gauss (t+ τ, t2) . (3.18)

Using the expression of φ̃Gauss, Eq. (3.15), we obtain

G̃1 (τ) = exp [−iτω] exp
[
− 1

16

(
a2 + b2

)
τ2
]
. (3.19)

2The absolute time of emission is two times the time at which the center of momentum of the two
photons exits the crystal [153].

3We recall that for pure bipartite entangled states, non-local correlations, i.e., correlations that
violate Bell’s inequalities, are equivalent to entanglement.

4It would be similar to work with t1 instead of t2 because φ̃Gauss (t+ τ, t2) is symmetric with respect
to its two arguments.
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Then the single-photon coherence time is

∆tc =
2√

a2 + b2
. (3.20)

From (3.20) and the discussion above one can see that ∆tc tends to zero for a maximally
entangled state (a, b → ∞). This is not surprising because a maximally entangled
state implies a complete lack of information about the single photon state which is
then a maximally mixed state. Therefore, the single-photon state is an incoherent
sum of an infinite number of terms, hence it has no coherence at all. To be more
general, let us consider how the single-photon time coherence changes with the amount
of entanglement quantified by the Schmidt number K = Tr

(
ρ̂21
)
. For the bi-Gaussian

state, we find

K =
a2 + b2

2ab
, (3.21)

so that the amount of entanglement depends only on the ratio a/b. Therefore, ∆tc =
µ/
√
K where µ =

√
2/ab and the more entangled the state is, the more the single-

photon coherence decreases.

Similarly the single-photon spectral bandwidth is

∆ωc =

(
´∞
−∞ dω (ω − ω)2 |G1 (ω)|2

´∞
−∞ dω |G1 (ω)|2

) 1

2

, (3.22)

where

G1 (ω) =
1√
2π

ˆ ∞

−∞
dω G̃1 (t) e

iωt. (3.23)

The spectral bandwidth is then

∆ωc =

√
a2 + b2

4
, (3.24)

such that the coherence time and the bandwidth satisfy the uncertainty relation

tc∆ωc =
1

2
. (3.25)

In the case of non-Gaussian two-photon amplitude, we have the inequality

tc∆ωc ≥
1

2
. (3.26)

We now consider the two-photon coherence properties. Similarly, one can define
the two-photon coherence times by

∆t± =




´∞
−∞ dτ τ2

∣∣∣G̃2 (τ,±τ)
∣∣∣
2

´∞
−∞ dτ

∣∣∣G̃2 (τ,±τ)
∣∣∣
2




1

2

, (3.27)
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where

G̃2

(
τ, τ ′

)
=

ˆ ∞

−∞
dtdt′ G̃2

(
t, t′, t+ τ, t′ + τ ′

)
, (3.28)

with G̃2 (t1, t2, t3, t4) the second-order correlation function introduced in Sec. 1.1.6.
Applying it to the Gaussian two-photon state leads to

G̃2

(
t, t′, t+ τ, t′ + τ ′

)
= φ̃∗Gauss

(
t, t′
)
φ̃Gauss

(
t+ τ, t′ + τ ′

)
, (3.29)

so that

G̃2

(
τ, τ ′

)
= exp

[
−iω

(
τ + τ ′

)]
exp

[
− 1

16

(
a2
(
τ + τ ′

)2
+ b2

(
τ − τ ′

)2)
]
. (3.30)

We see that taking τ = τ ′ gives the uncertainty in the absolute time whereas τ = −τ ′
gives the uncertainty in the relative time between the two photons. Finally the two-
photon coherence times are

∆t+ =
1

a
, (3.31)

∆t− =
1

b
. (3.32)

In the same way, one can calculate the spectral bandwidths of the two photons, ∆ω+

and ∆ω−, which correspond, respectively, to the uncertainty in the frequency sum
ω1 + ω2 and frequency difference ω1 − ω2. We obtain

∆ω+ =
a

4
, (3.33)

∆ω− =
b

4
. (3.34)

We thus have the following uncertainty relations

∆t+∆ω+ =
1

4
, (3.35)

∆t−∆ω− =
1

4
, (3.36)

which become inequalities for non-Gaussian two-photon state. Moreover, two other
relations arise due to the entanglement of the two photons:

∆t+∆ω− =
b

4a
, (3.37)

∆t−∆ω+ =
a

4b
. (3.38)

Actually, any separable state (a = b) satisfies the inequalities

∆t+∆ω− ≥ 1

4
, (3.39)

∆t−∆ω+ ≥ 1

4
, (3.40)



3.3. TWO-PHOTON INTERFERENCES 61

with equalities for Gaussian states. Equations (3.39) and (3.40) are equivalent to Bell’s
inequalities for continuous variable entanglement. Any entangled two-photon state will
violate one of these two inequalities. For instance, if we consider the time correlated
entangled state with a/b < 1 then the inequality (3.40) is violated. And vice versa, the
time anti-correlated state violates Eq. (3.39).

From the above discussion, we see that the coherence bandwidths of a two-photon
state give information about the presence or not of entanglement through the inequal-
ities (3.39) and (3.40). A similar properties exists for position/momentum entangle-
ment, with similar inequalities. Using far field — for the momentum — and near
field — for the position — coincidence imaging schemes, one can access the differ-
ent coherence lengths and angles and then verify if the state violates or not the Bell
inequalities [154, 155, 156].

3.3 Two-photon interferences

In practice it is not possible to measure directly the coherence time and the spectral
bandwidth, especially when dealing with two-photon entangled states for which both
can be quite small. For instance, the uncertainty of the relative time of emission is
subpicosecond [17] whereas the time resolution of photodetectors is of the order of
10 to 100 picoseconds. For that reason one uses two-photon interferometric schemes
to achieve high precision measurements. In the following, we present two types of
interferometers. Each of them allows to access a particular width, either a or b, and
therefore to test Bell’s inequalities (3.39) and (3.40). Besides, interferometric schemes
allow to evidence non-local effects due to the presence of entanglement in the two-
photon state. It is the case of the postponed compensation scheme that we present at
the end of this section.

3.3.1 Hong-Ou-Mandel interferometer

The first important example to discuss two-photon interferences is the so-called Hong-
Ou-Mandel (HOM) interferometer [17] that uses a beam splitter (BS) as depicted in
Fig. 3.3.a. In order to describe the interferences, we consider the coincidence rate R34

at the output ports 3 and 4 with an incident state given by the Gaussian two-photon
amplitude (3.6). This interference scheme can be realized both with type-I and type-
II SPDC. For the type-II case, one has to suppress the polarization distinguishability
using a half-wave plate which rotates the polarization of one of the photon so that
the two photons end up in the same polarization state. Another possibility is to send
the two photons in the same input port of the BS and consider that each polarization
constitutes an input mode of the BS. These two situations are physically equivalent.
The coincidence rate is defined by

R34 =

ˆ ∆T/2

−∆T/2
dtdt′ 〈: n̂3 (t) n̂4

(
t′
)
:〉, (3.41)

where ∆T is the sampling time and n̂i (t) is the photon number operator of the mode i.
We assume in the following that the sampling time is much larger than all other time
scales of the problem, i.e. ∆T ≫ tc ≫ 1/ω, such that the domain of time integration
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Figure 3.3: (a) Sketch of the Hong-Ou-Mandel interferometer. Two photons arrive at
the input arms 1 and 2 of a beam splitter. Then they are either reflected or transmitted
with probabilities 1/2 for a symmetric beam splitter before being absorbed by the two
photodetectors D3 and D4. In order to observe the interferences, a delay line, placed
in the arm 1, introduces a phase shift of one of the two photons only. (b) Sketch of the
two interfering paths.

can be extended to infinity in Eq. (3.41). The operator âi (t) is a Fourier transform of
âi (ω):

âi(t) =
1√
2π

ˆ +∞

−∞
dω âi(ω)e

−iωt. (3.42)

The BS is assumed to be lossless and symmetric, i.e. its transmission and reflection
coefficients are equal in absolute value. Hence the output and input modes are related
by the following unitary transformation which ensures energy conservation [40]:

â3 (ω) =
1√
2
(â1 (ω) + iâ2 (ω)) ,

â4 (ω) =
1√
2
(â2 (ω) + iâ1 (ω)) . (3.43)

Then taking into account the time delay τ in the input arm 1, one obtains

R34 =
1

2
− 1

2

ˆ ∞

−∞
dωdω′ φ

(
ω, ω′

)
φ∗
(
ω′, ω

)
e−iτ(ω−ω

′), (3.44)

which can be express in the following convenient form

R34 =
1

2
− 1

2

ˆ ∞

−∞
dtdt′ φ̃

(
t+ τ, t′ − τ

)
φ̃∗
(
t′, t
)

(3.45)

=
1

2
− G̃2 (τ,−τ)

2
. (3.46)

Using the expression of G̃2 (τ, τ
′) given in Eq. (3.29) for the bi-Gaussian two-photon

state, we can write the coincidence rate as

R34 =
1

2

(
1− exp

(
−(bτ)

2

4

))
, (3.47)
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Figure 3.4: Coincidence photocount rate at the output of (a) the Hong-Ou-Mandel
interferometer and (b) the Mach-Zender interferometer.

which yields the so-called HOM dip with absence of coincidence at τ = 0 as shown in
Fig. 3.4.a where the coincidence rate is plotted as a function of the dimensionless pa-
rameter bτ . The absence of coincidences is related to perfectly destructive interferences
between the two paths that lead to the same result, as shown in Fig. 3.3.b. The HOM
interferometer allows measuring ∆t− and then ∆ω−, i.e. it measures the time delay
between the two photons at the output surface of the non-linear crystal [17].

It is important to note that entanglement is not necessary to obtain such quantum
interferences5. Complete absence of coincidence can be achieved with a separable state∣∣Ω〉

1

∣∣Ω〉
2
. In Eq. (3.47), the visibility,

V = max (R34)−min (R34) / (max (R34) + min (R34)) , (3.48)

equals one because the two photons are perfectly indistinguishable, so that the two
path are indistinguishable too. Moreover, one can still obtain interferences even with
distinguishable photons but with less visibility. It is the case, for instance, if the
central frequency ω is different for the two photons. The more distant the two central
frequencies, the more lower the visibility.

One can see that for a fixed single-photon coherence time ∆tc, the interference
pattern is sensitive to the correlations present in the incident state. When the state is
perfectly anti-correlated in frequency, b → 0 such that ∆t− → ∞, R34 = 0, i.e. one
obtains the same result as for the monochromatic case with |Ψ〉 = |ω〉 i |ω〉 s. At the
opposite, when the state is perfectly correlated in time, ∆t− → 0 and R34 = 1/2 which
is the result obtained with Bernoulli trials, for instance, when flipping a coin.

3.3.2 Mach-Zender interferometer

We now consider another type of interferometer, the so-called Mach-Zender (MZ) in-
terferometer depicted in Fig. 3.5. The derivation of the coincidence rate is similar to
the case of the HOM interferometer and leads to

R34 =
1

2
+
1

2

ˆ ∞

−∞
dωdω′ cos

(
(ω + ω′)τ

)
φ
(
ω, ω′

)
φ∗
(
ω′, ω

)
. (3.49)

5By quantum interference we mean the interference that cannot be reproduced with classical waves
with maximal visibility.
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Figure 3.5: Sketch of the Mach-Zender interferometer.

Using the Fourier transform of φ (ω, ω′) we obtain

R34 =
1

2
+
1

2
Re

[
ˆ ∞

−∞
dtdt′ φ̃

(
t+ τ, t′ + τ

)
φ̃∗
(
t′, t
)]

(3.50)

=
1

2
+
Re
[
G̃2 (τ, τ)

]

2
. (3.51)

Then for a bi-Gaussian two-photon state, using Eq. (3.29), we have

R34 =
1

2

(
1 + cos (2τω) exp

[
−(aτ)

2

4

])
. (3.52)

The situation is quite similar to the HOM interferometer except the existence of oscil-
lations at the central frequency ω. The MZ interferometer allows one to measure ∆t+
and ∆ω+. We show in Fig. 3.4.b the coincidence rate as a function of the dimensionless
parameter aτ .

Here again, the interferences do not require any entanglement in the incident state.
Besides, when the state is perfectly correlated in frequency, a→ 0, then ∆t+ →∞ and
interferences are present whatever the value of τ . In the opposite case, when a → ∞,
the interferences disappear leading to the classical result R34 =

1
2 .

We see from the above discussion that HOM or MZ interferometers cannot distin-
guish a separable state from an entangled state. However, the combined measurement
of the coincidence rates in MZ and HOM interferometers allows obtaining both ∆t+
and ∆t− and then checking if one of the inequalities (3.39) or (3.40) is violated.
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Figure 3.6: Sketch of the HOM interferometer with postponed compensation.

3.3.3 Non-local interferences with postponed compensation

As we have seen in the previous section concerning HOM and MZ interferometers,
the entanglement between the two photons is not necessary for obtaining quantum
interferences. Here, we present a type of interference scheme where interferences can
only be obtained if the incident state is entangled.

The idea is the following. Two wave packets with orthogonal polarizations arrive at
the input ports of a BS with a large time delay τ1 imposed on the photon of polarization
→ such that the two photons do not overlap at the beam splitter. Thus the photons
are well distinguishable in time. Then the first time delay can be compensated by
applying a second time delay τ4 in one of the output arms of the BS for the photon of
polarization ↑. Before reaching the photodetectors, the polarization distinguishability
is suppressed by two polarizers such that the polarization state of each photon after
the polarizers is given by |θ〉 = cosθ| ↑〉+ sinθ| →〉.

Applying the same procedure than as the HOM and MZ interferometers, the coin-
cidence rate at the two detectors D3 and D4 is given by

R34 =
1

8

(
sin2 (θ3 + θ4) + sin2 (θ3 − θ4)

)
+

+
1

8

(
cos2 (θ3 + θ4)− cos2 (θ3 − θ4)

)
× (3.53)

×Re
[
ˆ ∞

−∞
dωdω′ φ

(
ω, ω′

)
φ∗
(
ω′, ω

)
exp

[
−i
(
ω (τ4 − τ1) + ω′τ1

)]]
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Then using the Fourier transform of φGauss (ω, ω
′) we obtain

ˆ ∞

−∞
dωdω′ φ

(
ω, ω′

)
φ∗
(
ω′, ω

)
exp

[
−i
(
ω (τ4 − τ1) + ω′τ1

)]
=

=

ˆ ∞

−∞
dtdt′ φ̃

(
t− τ1, t′ + τ1 − τ4

)
φ̃∗
(
t′, t
)

= G̃2 (−τ1, τ1 − τ4) .

For the Gaussian two-photon state, using Eq. (3.29), we have

R34 =
1

8

(
sin2 (θ3 + θ4) + sin2 (θ3 − θ4)

)
+ (3.54)

+
1

8

(
cos2 (θ3 + θ4)− cos2 (θ3 − θ4)

)
exp

[
− 1

16

(
a2τ24 + b2 (τ4 − 2τ1)

2
)]
.

From Eq. (3.54) we see that interferences appear with time delay variations similarly
to HOM interferometer but also with the variations of the polarizer angles, leading to
an oscillatory behavior. Let us consider only the time interferences by fixing the angles
at θ3 = θ4 = ±π/4. The coincidence rate becomes

R34 =
1

8

(
1− exp

[
− 1

16

(
a2τ24 + b2 (τ4 − 2τ1)

2
)])

.

When τ1 ≫ ∆t−, i.e., when the two photons are well separated in time the interferences
no longer exist if there is no postponed compensation, i.e., if τ4 = 0. This situation
corresponds to bτ ≫ 1 in HOM with distinguishable events. However, if τ4 6= 0 in-
terferences can be restored if the argument in the exponential function is set to zero.
This is not possible for all kinds of two-photon states and depends on the correlations
existing in the incident state. Indeed, the discriminant ∆ of the quadratic equation for
τ4 obtained by requiring the argument to be zero, is ∆ = −(abτ1)2, so that a physical
solution is possible only if a or/and b = 0. The case a = b = 0 implies ∆tc = ∞ and
obviously any time delay is meaningless for such an incident state.

The situation is more interesting when ∆tc has a finite value. In this situation,
interferences are not possible if the incident state is separable. However, if the state is
entangled one can observe a perfect interference with maximal visibility. It corresponds
to the situation of a = 0 or b = 0. If the state is perfectly anti-correlated in frequency
(a = 0), perfect interferences occur for τ4 = 2τ1. If the state is perfectly correlated in
frequency (b = 0), the time delay τ1 has no effect and perfect interferences are obtained
for τ4 = 0. Because, the photons cannot overlap at the BS, these interferences require
time “non-locality” which is present only in entangled states.

We conclude this section on two-photon interferences by insisting on the fact that
two-photon interferences are called quantum interferences because the results discussed
above cannot be obtained with maximal visibility with classical states of light such as
coherent states. However, the only prerequisite for perfect visibility is the indistin-
guishability of the photons so that the propagation paths are also indistinguishable.
Therefore, the entanglement is not needed unless in situations where non-locality is
involved as it is the case in the postponed compensation experiment.

However, when the incident photons are indistinguishable the output state becomes
entangled whatever the incident state, but it is an entanglement between modes and not
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between particles (photons). Actually, the BS transformation is local for the photons
but is nonlocal for the modes leading to the creation of mode entanglement. Then,
quantum correlations appear and are beared by the modes which leads to quantum
interferences. Historically, such two-photon interferences have been realized first with
entangled two-photon states because SPDC was the easiest way to obtain photon pairs.

We will see in the next section how these results and behaviors can be transposed in
the case where a disordered medium takes the place of the deterministic interferometer.

3.4 Two-photon speckle with bi-Gaussian two-photon states

We now consider the transmission of a two-photon state through a disordered medium.
In order to obtain analytical results, we first consider the bi-Gaussian state intro-
duced above and compare the results with the one obtained with a two-mode coherent
state [22] defined by

|ψcoh〉 = |{α (ω)}〉α1
|{α (ω)}〉α2

, (3.55)

with

α (ω) =
1

(
√
π∆)1/2

exp
(
−(ω − ω)2/2∆2

)
. (3.56)

This state describes two pulses with orthogonal polarizations and a frequency band-
width ∆ around the central frequency ω. The fundamental difference between the
coherent state (3.55) and the previously introduced two-photon states is that the for-
mer is not an eigenstate of the photon number operator n̂. The number of photons is
therefore not a good quantum number in this state. However, similarly to the Fock
state, the photons in the state (3.55) have the same spectral properties and hence
cannot be distinguished after being transmitted through a disordered medium.

3.4.1 Stationary random medium

Let us consider a three-dimensional slab of elastically scattering random medium (no
absorption or gain), perpendicular to the z axis and having thickness L and cross-
section A≫ L2 (see Fig. 3.7). The incident light is multiply scattered by the random
heterogeneities of the medium before reaching one of the two detectors located in the
far field. In the multiple scattering regime, the mean free path ℓ due to disorder is
much shorter than the slab thickness L, ℓ ≪ L. On the other hand, the disorder is
considered to be weak, so that ℓ ≫ λ0, with λ0 being the central wavelength of the
incoming light. This corresponds to the diffusive regime of propagation introduced in
Sec. 2.1.2.

Monochromatic light at a frequency ω incident on the slab can be decomposed over
the basis of plane waves having wave vectors k(ω) = {k⊥, kz}, with k⊥ = {kx, ky},
in one of two orthogonal polarization states that we will denote by ‘α1’ and ‘α2’. We
recall that for a slab of surface A, the number of modes in this basis is 2 × N(ω) =
2 × k(ω)2A/2π. The same representation is valid for the light leaving the slab. From
here on we will assume that N can be assumed constant (i.e., independent of ω) within
the frequency bandwidth of the incident light. Input-output relations give the photon
annihilation operators âi(ω) associated with the outgoing modes i in terms of the
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Figure 3.7: Sketch of the experimental situation considered to measure the coincidence
rate of two-photon light transmitted through a disordered slab. A birefringent non-
linear crystal is pumped by laser pulses of central frequency 2ω̄ and bandwidth σ. Two
collinear beams of orthogonal polarizations ‘α1’ and ‘α2’ and frequencies ω1 and ω2, are
obtained as a result of spontaneous parametric down-conversion in the crystal. These
beams are incident on a slab of disordered medium, with the ‘α1’ beam delayed by a
time τ . Light is multiply scattered inside the slab and the transmitted light in modes i
and j is detected by two photodetectors in the far field. The multiple scattering regime
is ensured by the requirement ℓ≪ L, with ℓ the mean free path due to disorder and L
the thickness of the slab.

annihilation operators âα(ω) associated with the incoming modes α [9]:

âi (ω) =

N∑

α=1

tiα (ω) âα (ω) +

2N∑

β=N+1

riβ (ω) âβ (ω) . (3.57)

For the outgoing mode i on the right of the slab (as in Fig. 3.7), the first sum runs over
the incoming modes α incident from the left and transmitted through the slab with
transmission coefficients tiα(ω), whereas the second sum runs over the incoming modes
β incident from the right and reflected with reflection coefficients riβ(ω). As explain
in Chapter 2 the coefficients tiα(ω) and riβ(ω) form the (unitary) scattering matrix
S of the slab. Operators âi and âα obey the usual bosonic commutation relations:
[âi(ω1), âj(ω2)] = 0 and [âi(ω1), âj(ω2)

†] = δijδ(ω1 − ω2), and the same for âα and âβ .
As far as L≫ ℓ, N ≫ 1, and we are not interested in quantities that involve summa-

tions over all input or output modes (like, e.g., the conductance or the total transmis-
sion), the unitary constraint on the matrix S can be relaxed. Then, in the diffuse regime
of scattering, the transmission coefficients tiα(ω) can be assumed to be independent
identically distributed random variables with circular Gaussian statistics, zero mean,
and some frequency correlation function C(∆ω): tiα(ω)tjα′(ω′)∗ = Tαbδαα′δijC(ω−ω′)
(see Sec. 2.2.3). Here Tαb = |t(ω)|2 is the frequency-independent, average intensity
transmission coefficient. Note that the average intensity transmission coefficient is as-
sumed independent of the incoming and outgoing modes considered.

In the following, we will use two different models for the frequency correlation
function C(∆ω). A simple model I, C(∆ω) = exp(−|∆ω|/Ω0), with Ω0 the corre-
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lation frequency, will facilitate integrations all along the chapter and thus will allow
for a number of analytic results. A more realistic model II, introduced in Sec. 2.2.3,
C(∆ω) =

√
−i∆ω/ΩTh/ sinh(

√
−i∆ω/ΩTh) [157], with ΩTh the Thouless frequency,

will be used to obtain predictions that can be experimentally verified in a diffusely
scattering disordered medium. We note, however, that both correlation functions given
above decay fast with ∆ω and hence the results will be similar for both models.

3.4.2 Average photocount rate

All states that we are considering have on average one photon in each polarization
state. This can be confirmed by calculating the quantum expectation value 〈n̂α1,α2

〉 of
the photon number operator [22]

n̂α1,α2
=

ˆ ∆T/2

−∆T/2
dt â†α1,α2

(t)âα1,α2
(t), (3.58)

where âi(t) is the inverse Fourier transform of âi(ω). This quantity can be measured in
an experiment by counting photons arriving at a polarization-discriminating photode-
tector placed in front of the photon source during a sufficiently long time ∆T .

To start with and to illustrate our general calculation scheme, let us compute the
average number of photons transmitted into a mode i, also called the one-photon in-
tensity. The operator corresponding to this quantity is [22]

n̂i =

ˆ ∆T/2

−∆T/2
dt â†i (t)âi(t). (3.59)

To perform the calculation, we express the operator âi(t) through the operators âα(t)
and âβ(t) using the input-output relations (3.57), use commutation relations to compute
the quantum expectation values and the Gaussian statistics of tiα to average over
realizations of disorder. The result is the same for both coherent and two-photon
entangled states:

〈n̂i〉 = (〈n̂α1
〉+ 〈n̂α2

〉)Tαb = 2Tαb. (3.60)

We thus observe that the average photon number is not sensitive to the quantum
state of light, — a well-known and quite general fact in quantum optics. It is not
surprising indeed that the entanglement between two photons is not accessible from
one-photon observables such as the one-photon intensity. One has to consider two-
photon observables to expect manifestation of entanglement.

Given the normalization of the input state and the fact that Tαb ≪ 1 in the diffusive
regime, 〈n̂i〉 is equal to the ensemble-averaged probability P1 that a photodetector
measures a photon in the outgoing mode i. It also gives the photon counting rate (in
units of photons per pulse) if a sequence of independent and separated in time pulses
is sent through the random medium.

3.4.3 Coincidence rate and photon correlations

We now turn to the study of the two-photon speckle. Two different but related quanti-
ties can be used to characterize correlations between numbers of photons transmitted
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into two modes i and j: the photon number correlation function Cij = 〈n̂in̂j〉 and
the probability P2(i, j) to detect a photon in each of the modes i and j. The later
also corresponds to the rate of photon coincidence counts if a sequence of pulses in the
same quantum state is sent into the medium. The two quantities are related through
a relation that we derive in Appendix B:

P2(i, j) =
1

1 + δij
〈: n̂in̂j :〉 =

Cij − δij〈n̂i〉
1 + δij

, (3.61)

where : · · · : denotes the normal ordering of operators. It is worthwhile to note that
P2(i, j) was identified with 〈: n̂in̂j :〉 in some of the recent literature [11] without
distinguishing the cases i 6= j and i = j.

For two independent6 photons, P2 factorizes: P2(i, j) = P1(i)P1(j), where P1(i)
is the probability to detect a photon in the outgoing mode i. It describes the usual,
one-photon speckle pattern and it is proportional to the intensity of light in the mode i.
Actually, when a separable state is sent in only one mode of the disordered medium, P2

factorizes too, as shown by van Exter’s group in Refs. [12, 144] (see Fig. 3.1). However,
when a separable state is sent in two different modes, i.e., one photon in each mode, P2

does not factorize. The latter situation is similar to the HOM interferometer discussed
in Sec. 3.3.1.

It is important to realize that P2 defined above corresponds to a single realization
of the random medium. It is therefore a random quantity and fluctuates from one
realization of disorder to another. To obtain a deterministic quantity, it is therefore
natural to average P2 over an ensemble of realizations of the random medium.7 This
ensemble-averaged quantity was studied in Refs. [10, 11, 12, 13]. Note that even for two
independent photons, P2(i, j) = P1(i)P1(j) does not factorize into a product of P1’s (in
contrast to the unaveraged P2) because P1(i) can have nontrivial (classical) correlations
in both space and time [4, 1]. Therefore, the ensemble-averaged two-photon speckle
P2(i, j) combines properties due to the quantum nature of the incident light and those
arising from the classical correlations between photons in two different modes.

As we see from Eq. (3.61), both P2(i, j) and Cij can be found from the normally
ordered correlation function 〈: n̂in̂j :〉. The average of the latter over disorder is derived
in Appendix C.1 for any kind of quantum state and reads

〈: n̂in̂j :〉 = T
2
αb

¨ ∞

−∞
dωdω′

∑

α,β

(〈
â†β
(
ω′
)
â†α (ω) âα (ω) âβ

(
ω′
)〉
+

+ δij

〈
â†α
(
ω′
)
â†β (ω) âα (ω) âβ

(
ω′
)〉
|C(ω − ω′)|2

)
. (3.62)

In a realistic experiment, the coincidence rate is most conveniently measured as a
function of the time delay τ between the two photons introduced by a delay line in
the path of the photon with polarization α1 as shown in Fig. 3.7. This is equivalent
to adding a phase shift iω1τ to the α1-polarized photon, so that φGauss (ω1, ω2) →
φGauss (ω1, ω2) e

iω1τ and similarly for the coherent state. Then, calculating the quantum

6By independent photons we mean two photons described by a separable state and well distinguish-
able in time. Therefore, two photons described by a separable state are not necessarily independent.

7Higher-order statistical moments of P2 were studied in Ref. [10]; its correlation functions might
also be of interest.
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expectation values in the r.h.s. of Eq. (3.62) for the bi-Gaussian entangled state, we
obtain

〈: n̂in̂j :〉Gauss = 2T
2
αb

(
1 + δij

¨ ∞

−∞
dωdω′

∣∣φGauss

(
ω, ω′

)∣∣2 |C(ω − ω′)|2e−i(ω−ω′)τ
)
.

(3.63)

The same quantity for the two-mode coherent state is

〈: n̂in̂j :〉coh = 4T
2
αb

(
1 + δij

¨ ∞

−∞
dωdω′ |α (ω)|2

∣∣α
(
ω′
)∣∣2

× |C(ω − ω′)|2cos2
((
ω − ω′

)
τ/2
))
. (3.64)

In the multiple scattering regime, the quantities given by Eqs. (3.63) and (3.64) will
be very small and one can doubt their interest for real experiments. Indeed, typically
we have Tαb ∼ ℓ/NL with L/ℓ & 10. The number of transverse modes for a slab
of area A = 1 mm2 will be N = k2A/2π ∼ 107 at optical frequencies, leading to a

prefactor T
2
αb ∼ 10−16 in Eqs. (3.63) and (3.64). Nevertheless, photon coincidence

measurements in transmission through a disordered medium were realized for coherent
and quasi-chaotic states [143]. The measurement can be optimized by noting that
Eqs. (3.63) and (3.64) does not depend on the particular choice of modes i and j but
are only sensitive to the fact that i = j or i 6= j. One can thus count photons in an
arbitrary large number M > 2 of modes and then average over the results obtained
for all pairs (i, j) of modes. Each mode should, however, be addressed individually,
which will require M photodetectors. One can also think about more sophisticated
experimental setups to detect photon coincidences without knowing the precise mode
to which the photons belong, like the one exploiting the two-photon absorption [158].
From the theoretical point of view, we can avoid working with too small quantities by

normalizing Eqs. (3.63) and (3.64) by T
2
αb. We thus define the normalized photocount

coincidence rate R as

Rij =
1

T
2
αb

P2(i, j) =
1

T
2
αb

× 〈: n̂in̂j :〉
1 + δij

. (3.65)

An expression similar in structure to Eq. (3.63) was derived for the coincidence rate
in Ref. [11], though for a slightly different entangled state. In addition, the authors of
Ref. [11] have taken into account the lowest-order corrections to the Gaussian model
for transmission coefficients tiα that we discussed in Chapter 2, and found additional
contributions to the coincidence rate. These contributions, however, turned out to be
of order 1/g, with g = Nℓ/L ≫ 1, and would be negligible under conditions of diffuse
scattering that we consider here. In the absence of these terms, we find from Eqs. (3.63)
and (3.64) that for i 6= j, RGauss = 2 and Rcoh = 4 independent of any parameters.
The latter result corresponds to the total absence of any correlation between photon

numbers in two different modes i 6= j: 〈: n̂in̂j :〉 = 4T
2
αb = 〈n̂i〉 〈n̂j〉, whereas the

former indicates that there are negative correlations: 〈: n̂in̂j :〉 = 2T
2
αb < 〈n̂i〉 〈n̂j〉.

Negative correlations in transmission of non-classical light through disordered media
were already predicted theoretically in Refs. [138, 141, 14] and observed experimentally
in Ref. [142] for squeezed light. For i 6= j, the parameter-dependent corrections to
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Eqs. (3.63) and (3.64) due to the non-Gaussian statistics of tiα and correlations between
them would be of order 1/g ≪ 1 [11]. This is much smaller than the variations of the
coincidence rates by 50% or so for i = j. The latter should be therefore much easier to
access experimentally. For this reason, in the rest of this section we will study the case
i = j and compute Rii which describes the probability for two photons to be found in
the same outgoing mode. We will omit the subscript ‘ii’ of Rii to lighten the notation.

Bi-Gaussian state

Considering the model I for the frequency correlation function, we obtain from Eq. (3.63)

RGauss (t, w) = 1 + exp

(
1

w2
− t2

4

)
Re

[
exp

(
i
t

w

)
erfc

(
1

w
+ i

t

2

)]
, (3.66)

where the dimensionless variables are t = bτ and w = Ω0/b. The function erfc is the
complementary error function defined by erfc(x) = 1− 2/

√
π
´∞
x dt exp(−t2).

For Ω0 ≫ b, tiα(ω) can be assumed frequency-independent within the bandwidth b
around ω and Eq. (3.66) reduces to RGauss (t, 0) = 1+ exp(−t2/4), which is equivalent,
up to a sign in front of the second term in the r.h.s, to the coincidence rate in the HOM
interferometer studied in Sec. 3.3. Instead of a dip in the coincidence rate, we now
find a peak, which is explained by the fact that we compute coincidences in the same
outgoing mode and not in two different modes.

The minimum and the maximum values RGauss = 1 and 2 of the normalized coinci-
dence rate in Eq. (3.66) can be understood without appealing to the entangled nature of
the quantum state and turn out to be universal for all two-photon states. For τb≫ 1,
the photons are well separated in time and are transmitted through the disordered
medium independently. The probability for each photon to end up in a given outgoing
mode i is equal to Tαb. The probability that both photons are measured in the same

mode i is equal to the product of single-photon probabilities: P2(i, j) = T
2
αb, leading to

RGauss = 1. In contrast, at τ = 0 the two photons cannot be considered independent
and the two-photon interference leads to a larger probability for them to be detected in
the same mode, thus the coincidences have a peak. Because the information about the
polarization is completely lost during the propagation through the disordered medium
and because the two photons have the same spectrum the interference is perfectly con-
structive and R doubles with respect to the case of independent photons. We will show
in Sec. 3.5.3 that destructive two-photon interference can lead to R < 1 and even to
R = 0 for certain specially prepared states.

Let us now consider the case of arbitrary relation between the correlation frequency
Ω0 and b. In Fig. 3.8, we plot the coincidence rate for 3 different values of b/Ω0.
We observe that the increase of disorder–quantified by the increase of the parameter
b/Ω0–has two distinct consequences. First, we observe a lowering of the maximum
coincidence rate in the absence of delay (τ = 0). The disorder thus washes out the
two-photon interferences. However, at the same time we see that the curve RGauss(bτ)
broadens and the photon coincidence rate grows up at large bτ . This is a consequence
of the fluctuating time of flight of photons through the medium. Typically, the time
of flight of a photon through a disordered medium fluctuates from very small values
(ballistic propagation) to values exceeding Ω−1Th ∼ Ω−10 (diffusion). The medium can,
therefore, partially compensate for the initial delay τ between the two photons and
make them interfere even for bτ ≫ 1 at the price of a low coincidence rate however.
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Figure 3.8: Photocount coincidence rate for two detectors in the same outgoing mode
and the two-photon bi-Gaussian entangled state at the input of a disordered medium.
Different values of b/Ω0 correspond to different disorder strengths and/or sample thick-
nesses.

Concerning the entanglement, at a fixed disorder strength, the average coincidence
rate appears to give the same information as the HOM interferometer, hence one cannot
discriminate entangled from non-entangled states using transmission through a disor-
dered medium. Indeed, at a low disorder, i.e., when b/Ω0 ≪ 1, the width of the curves
in Fig. 3.8 allows to access the value of b. We recall that for an entangled state, b is
related to ∆t−, the relative time between the two photons at the output surface of the
non-linear crystal but when the state is separable (a = b), b is related to the single-
photon coherence time: tc =

√
2/b. However, in the limit of strong disorder, the width

depends on Ω0 and it is no more possible to obtain information on the incident state.
This regime allows to access information about the disordered medium. This property
of the coincidence rate has been first noticed in Ref. [11].

Coherent state

Let us now compare these results with the one obtained for the coherent state defined
by Eq. (3.55). From Eq. (3.64) and using the model I, we have

Rcoh(t, w) = 2 + exp

(
2

w2

)
erfc

(√
2

w

)

+ exp

(
1

2

(
4

w2
− t2

))
Re

[
exp

(
2i
t

w

)
erfc

(
1√
2

(
2

w
+ it

))]
(3.67)

where t = τ∆ and w = Ω0/∆.
In Fig. 3.9, we show Rcoh as a function of delay time τ for the realistic model II of the

correlation function C(∆ω). Despite the fact that the coherent state exhibits neither
entanglement, nor a well-defined photon number, the overall shape of the coincidence
curve is still the same: it is a bell-shaped curve with the overall amplitude suppressed
by disorder. However, Rcoh reaches larger absolute values, up to Rcoh = 4, in contrast
to RGauss that is bounded by 2 from above.

The results for the coherent state can be rederived in a completely classical frame-
work, by replacing the operators â and â† with complex numbers a and a∗ and ignoring
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Figure 3.9: Same as Figs. 3.12 but for the coherent state (3.55) incident on the dis-
ordered medium. The delay time τ and the correlation frequency Ω0 are in units of
bandwidth ∆.

the commutation relations8. This provides a way to understand some of the aspects of
Fig. 3.9 using the well-known facts from the theory of classical wave scattering [4, 1].

Indeed, we obtain from Eq. (3.65) that Rcoh = 2I2∆T /(I∆T )
2, where I∆T is the intensity

of the transmitted wave, integrated over a time interval ∆T . When τ = 0, the transmit-

ted wave ai is a superposition of independent waves a
(α1)
i and a

(α2)
i resulting from the

transmission of incident waves with ‘α1’ and ‘α2’ polarizations, respectively. For weak

disorder, both a
(α1)
i and a

(α2)
i (and hence ai) have zero-mean circular Gaussian statis-

tics. Because the intensity I = |ai|2, I2∆T /(I∆T )
2 = 2 is obtained for the monochromatic

illumination (∆ → 0). This corresponds to the so-called large intensity fluctuations,
well-known for classical speckle patterns [159]. The resulting maximum value of Rcoh

is 4, as can also be seen from Fig. 3.9. In contrast, when |τ | is large, the detections of
signals due to the incident ‘α1’ and ‘α2’ waves are separated in time. The measured

time-integrated intensity is a sum of two independent terms: I∆T = I
(α1)
∆T + I

(α2)
∆T . This

yields I2∆T /(I∆T )
2 = 3/2 and Rcoh = 3 for ∆ → 0. When the spectral width ∆ of the

incident waves increases, the measured signals suffer from a partial averaging even for
a single realization of disorder. In the limit of ∆ → ∞, the intensity of transmitted
light does not fluctuate and Rcoh = 2.

3.5 Two-photon speckle with a realistic type-II SPDC

two-photon state

We now consider the more general type-II state given in Eqs. (3.2), (3.3) and (3.4).
The main difference is that the two photons are distinguishable because without the
extended phase matching the spectra of the two photons are different (see Sec. 3.2.1).
It will appear to be a drawback for obtaining high visibility of two-photon speckles.
However, this distinguishability will allow changing the symmetry of the state and
obtaining a new type of non-classical interferences.

8This procedure is possible here because we computed a normal ordered observable. Otherwise, for
the case of 〈n̂in̂j〉 for example, the shot noise appears and the coherent state cannot be replace by a
classical wave unless n̂i ≫ 1 which is obviously not the case here given that Tαb.
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Figure 3.10: Spectral widths of the ordinary ‘o’ and extraordinary ‘e’ beams of photons
in the type II state described by φSPDC (ω1, ω2), as functions of the bandwidth of the
pump beam σ, for typical parameters of a BBO non-linear crystal [152]. All quantities
are normalized by the spectral width ∆ωcw of the two beams in the monochromatic
limit σ = 0.

3.5.1 Spectral distinguishability

In type-II phase matching, we have h (ω1, ω2) = sinc [νo (ω1 − ω) + νe (ω2 − ω)] where
νj = Lcrys (∂kj/∂ω|ω=ω − ∂kp/∂ω|ω=2ω) /2, with j = o, e, quantify the phase mismatch
between the down-converted photons ‘o’ and ‘e’ and the pump ‘p’ in the non-linear crys-
tal, where ‘o’ and ‘e’ denote the ordinary and extraordinary polarization states, respec-
tively. Due to the phase matching function h, the two-photon amplitude φSPDC (ω1, ω2)
is not symmetric with respect to the exchange of frequencies of ordinary and extraordi-
nary photons: φSPDC(ω1, ω2) 6= φSPDC(ω2, ω1). This property stems from the different
dispersion relations for the two polarization states in the non-linear crystal and can, as
we will see, have important consequences for the probability P2 of simultaneous pho-
ton detection by two photodetectors because the two photons become more and more
distinguishable as the bandwidth of the pump pulse σ is increased. We illustrate this
in Fig. 3.10 where we show the spectral width ∆ωe,o, defined here as the full width of
the spectrum at half-maximum height, of ordinary and extraordinary beams, normal-
ized by their value ∆ωcw = 2.78/|η−| in the monochromatic limit σ → 0. To be able
to estimate this quantity analytically, we replace the square of the sinc function by a
Gaussian9 exp(−x2/2.79) with the same width at half-maximum. We obtain

∆ωo,e

∆ωcw
=
2|νo,e|
|η−|

√√√√ln(2)

[
2.79

(νo,e∆ωcw)
2 +

(
σ

∆ωcw

)2
]
, (3.68)

where η− = νo − νe gives the relative time of emission of the two-photon10. If the
pump is monochromatic, |η−| has the meaning of coherence time of the two-photon
state. We see from Eq. (3.68) and Fig. 3.10 that the spectral widths of the two beams
become different when σ increases, making distinguishable the photons originating from
different beams even after transmission through a disordered medium.

9Note that this Gaussian approximation is not at all the same than the one discussed in Sec. 3.2.1.
10η− is equivalent to b in the bi-Gaussian approximation.
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Figure 3.11: Photocount coincidence rate for two detectors in the same outgoing mode
and the type II two-photon entangled state described by φSPDC (ω1, ω2) at the input
of a disordered medium with frequency-independent transmission coefficients tαi, as
a function of delay τ between the two photons. Three curves correspond to different
values of the parameter s = ση+ measuring the spectral width of the pulse that pumps
the non-linear crystal where the photons are generated. An infinitely large value of
Thouless frequency is assumed.

3.5.2 Coincidence rate

Because of asymmetry of φSPDC(ω1, ω2), we have for the coincidence rate

〈: n̂in̂j :〉SPDC = 2T
2
αb

(
1 + δij

¨ ∞

−∞
dωdω′φ∗SPDC

(
ω, ω′

)
φSPDC

(
ω′, ω

)

× |C(ω − ω′)|2e−i(ω−ω′)τ
)
. (3.69)

Considering the exponential model I for the correlation function C(∆ω) of transmission
coefficients, we obtain from Eq. (3.69):

Rent(t, s, w)

= 1 +
1

s
√
π

ˆ 1

−1
dx f (t, w, x) erf

(s
2
(1− |x|)

)
, (3.70)

where f(t, w, x) = 2w/(4 + w2 (x+ t)2) and the dimensionless variables are t = τ/η−,
s = ση+ and w = |Ω0η−|, with η± = νo ± νe. Here, erf denotes the error function
defined by erf(x) = 2/

√
π
´ x
0 dt exp(−t2).

For Ω0 ≫ 1/|η−|, tiα(ω) can be assumed frequency-independent within the band-
width 1/|η−| around ω̄ and Eq. (3.70) reduces to

Rent(t, s,∞) = 1 +

√
π

s

{
erf

[
s
2 (1− |t|)

]
, |t| < 1

0 , |t| ≥ 1
(3.71)

Exactly the same result is obtained for the model II in the limit of |ΩThη−| → ∞. Up to
a sign in front of the second term in the r.h.s., Eq. (3.71) is equivalent to the coincidence
rate in the HOM interferometer obtained in Ref. [37]. We show Eq. (3.71) in Fig. 3.11
for 3 values of s, corresponding to 3 different bandwidths σ of the pump pulse at fixed
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Figure 3.12: Photocount coincidence rate for two detectors in the same outgoing mode
and the type II two-photon entangled state described by φSPDC (ω1, ω2) incident on a
disordered medium. The pump beam that generates the pair of photons in a non-linear
crystal is assumed to be monochromatic (σ = 0); different values of |ΩThη−| correspond
to different disorder strengths and/or sample thicknesses.

η+. Increasing σ suppresses the two-photon interference effect in Rent. This is due to
the loss of indistinguishability of the two photons, which, in its turn, results from the
fact that the two entangled photons do not have the same spectrum (see Fig. 3.10). As
a consequence, the two-photon interference between them washes out with increase of
σ. We do not discuss further the case of finite Ω0η− and ΩThη− because the physics is
the same as for the bi-Gaussian state with the spectral distinguishability in addition.
We just show in Fig 3.12 the coincidence rate obtained in this situation with the more
realistic model II for the correlation function C (ω, ω′).

3.5.3 Symmetric and anti-symmetric entangled states

As we have shown in the previous section, the entangled state described by the function
φSPDC(ω1, ω2) defined by Eqs. (3.2), (3.3) and (3.4) leads to a coincidence rate R
measured behind a random medium that is similar to that for a separable state. This
might give an impression that entanglement adds no interesting physics to the optics
of random media. This impression is, however, wrong. In order to demonstrate this,
let us now consider a little bit more sophisticated entangled state, namely, the state
given once again by Eq. (3.2) where we replace φSPDC(ω1, ω2) by

φθ(ω1, ω2) = K[φSPDC(ω1, ω2) + eiθφSPDC(ω2, ω1)], (3.72)

with K being a normalization constant,

|K|2 = 1

2
× 1

1 + cos(θ)erf(ση+/2)
√
π/ση+

. (3.73)

By properly adjusting the value of θ, we can make this state symmetric (θ = 0) or
antisymmetric (θ = π) with respect to the exchange of the two photons. In other words,
the state preserves its form with the same (symmetric) or opposite (antisymmetric) sign
upon the exchange ω1 ↔ ω2 and can thus also be said to have bosonic or fermionic
symmetry, respectively. An intermediate situation with 0 < θ < π corresponds to
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Figure 3.13: Photocount coincidence rate for two detectors in the same outgoing mode
and the symmetric (θ = 0, blue lines) and antisymmetric (θ = π, orange lines) entangled
states incident on a disordered medium. The pump is monochromatic and the disorder
is weak (|ΩThη−| → ∞) for solid lines. |ΩThη−| = 0.3 for dashed lines.

asymmetric states; θ = π/2, for example, yields a state that leads to the same result
for the average two-photon coincidence rate as the state (A.8) discussed in Sec. 3.5.2.

The states given by Eq. (3.72) can be prepared experimentally [160] and for θ = 0,
π have the advantage of conserving the perfect indistinguishability of the two photons
whatever the bandwidth of the pump σ. This is in contrast to the entangled state
considered in the previous section, in which the two photons become distinguishable as
σ is increased because their spectra become different (see Fig. 3.10). As a result, Eq.
(3.72) leads to a much weaker dependence of the coincidence rate on σ. In addition, the
sign of the two-photon interference term can be inversed for the antisymmetric state
(θ = π), thus turning the constructive interference into the destructive one.

Because φθ(ω1, ω2) is a linear combination of φSPDC(ω1, ω2) and φSPDC(ω2, ω1), the
calculation of the coincidence rate for the former can be reduced to the analysis that
was performed in Sec. 3.5.2. For the exponentially decaying correlation function C(∆ω)
we obtain

Rθ(t, s, w) = 1 + 2δij |K|2
ˆ 1

−1
dxf(t, w, x)

× [I(s, x) + cos(θ)J(s, x)] , (3.74)

where f(t, w, x) was defined in Sec. 3.5.2. The functions I(s, x) and J(s, x) are

I(s, x) =
1

s
√
π
erf

[s
2
(1− |x|)

]
, (3.75)

J(s, x) =
1

π
(1− |x|) exp

(
−s

2x2

4

)
. (3.76)

The striking difference between symmetric (θ = 0) and antisymmetric (θ = π)
states is demonstrated in Fig. 3.13. We see that for a monochromatic pump (σ = 0)
and weak disorder (|ΩThη−| → ∞), the symmetric state produces the same dependence
of the coincidence rate on the delay time τ as the asymmetric state considered in Sec.
3.5.2. In contrast, the antisymmetric state (θ = π) leads to a dip in the coincidence
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Figure 3.14: Photocount coincidence rate in the absence of time delay (τ = 0) and for
|ΩThη−| → ∞ (solid lines), 1 (dashed lines) and 0.3 (dotted lines), as a function of the
normalized bandwidth of the pump |ση+|.

rate at τ = 0, instead of a peak. This is indeed reminiscent of the behavior of a pair of
fermions that obey the Pauli principle and therefore avoid being in the same quantum
state. Instead of an increase of coincidence rate observed for the state with the bosonic
symmetry, the fermionic symmetry results in a complete suppression of coincidences,
making it impossible to find two photons in the same outgoing mode. This effect is
suppressed when the strength of disorder is increased (see the pair of lines corresponding
to |ΩThη−| = 0.3 in Fig. 3.13), but the dip at τ = 0 is still clearly visible.

The role of symmetry in the structure of the entangled state becomes obvious when
we look at the evolution of Rθ(τ) with the bandwidth σ of the pump. According to Fig.
3.10, increasing σ makes the spectra of the two photons different and thus makes the
photons distinguishable. This suppresses two-photon interference effects and reduces
the peak in Rent(τ) (see Fig. 3.11). However, the situation is quite different for the
symmetrized states that we study in the present section: in the states corresponding to
θ = 0 or π, the two photons remain indistinguishable independent of σ. The dependence
of Rθ(τ = 0) on |ση+| shown in Fig. 3.14 illustrates this quite convincingly. At weak
disorder (|ΩThη−| → ∞), Rθ(τ = 0) does not vary with σ, whereas at stronger disorder,
increasing the bandwidth eventually suppresses interferences, though at considerably
larger scales as compared to the asymmetric θ = π/2 state.

To illustrate the positive impact of the symmetry of the state on the two-photon
interference, in Fig. 3.15 we show the dependence of the photocount coincidence rate on
the delay time for the symmetric state (θ = 0) and the asymmetric state corresponding
to θ = π/2, at three different disorder strengths. For weak disorder (|ΩThη−| → ∞),
the difference is very important, although at stronger disorder the two results start to
be closer, showing that disorder tends to reduce the role of symmetry. To quantify the
impact of symmetry even further, in Fig. 3.16 we replot the solid lines corresponding
to θ = 0 and |ση+| = 4 and compare them with the result corresponding to the
θ = π/2 state at |ση+| = 0 (monochromatic pump). The curves of each of the 3
pairs, corresponding to different disorder strengths, are very close to each other. This
illustrates that the symmetry of the state can compensate for the loss of two-photon
interference due to the large bandwidth σ of the pump pulse.
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Figure 3.15: Comparison of photocount rates for states corresponding to θ = 0 (sym-
metric state, solid lines) and π/2 (dashed lines), for a particular value of pump band-
width |ση+| = 4.
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Figure 3.16: Comparison of photocount coincidence rates corresponding to θ = 0,
|ση+| = 4 (solid lines) and θ = π/2, |ση+| = 0 (dashed lines).
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3.5.4 Signs of non-classical light

Let us now clarify which properties of the coincidence rate R measured in transmission
through a disordered medium result from the classical or non-classical nature of incident
light. We adopt the following operational definition [161, 162]: we call light non-classical
if its photocount statistics p(n) cannot be obtained from the semi-classical Mandel’s
formula [40]

p(n) =

ˆ ∞

0

In

n!
exp(−I)P(I)dI (3.77)

with P(I) ≥ 0 — the probability density of the classical variable (intensity) I. Obvi-
ously, the probability to detect 2 photons in a given outgoing mode i readily follows:
p(2) = I2 exp(−I)/2 ≃ I2/2. As before, the vertical line denotes averaging over re-
alizations of disorder that in the present context is equivalent to averaging over the
distribution P(I) and we made use of the fact that in transmission through a thick
disordered medium, P(I) is appreciable only for I ≪ 1. We see that Eq. (3.77) implies
that the normalized photocount coincidence rate as defined by Eq. (3.65), is given by

R =
p(2)

T
2
αb

= 2
(
1 + δI2/I

2
)
, (3.78)

where δI = I − I is the fluctuation of intensity and we used the fact that I = 2Tαb for
the states considered in this work [see Eq. (3.60)].

In fact, we already used Eq. (3.78) to discuss the results obtained for the coherent
state in Sec. 3.4.3 with I = I∆T . R = 2 was obtained in the absence of intensity
fluctuations (δI2 = 0) and R = 4 — for δI2/(I)2 = 1. We thus immediately conclude
that the results for the coherent state can be described by Eq. (3.78) following from the
Mandel’s formula (3.77), confirming that, not surprisingly, this state remains classical
after transmission through the medium. In contrast, we saw in Secs. 3.4.3 and 3.5.2
that two-photon entangled and separable states lead to R < 2. This would require
δI2/(I)2 < 0 in Eq. (3.78), which is impossible for any probability distribution P(I).
Therefore, the results for two-photon states cannot be described by Eq. (3.77). This
shows that these states remain non-classical upon transmission through a disordered
medium.

Measurement of the absolute value of R in an experiment may be complicated
because it requires proper normalization of the photocount number which is the raw
output of the measuring device. The difference between classical and non-classical
states of light also shows up in the contrast (or visibility) of the coincidence curve
R(τ):

V =
|R(0)−R(∞)|
R(0) +R(∞)

. (3.79)

This quantity is not sensitive to the normalization of R and may be easier to access
experimentally. The maximum contrast is reached in the limit of ΩTh → ∞. For
the asymmetric entangled state described by φSPDC, the symmetric entangled state
(Eq. (3.72) with θ = 0, and the bi-Gaussian two-photon state, the maximum contrast
is max(VGauss) = max(VSPDC) = max(Vθ=0) = 1/3, whereas for the coherent state
we find max(Vcoh) = 1/7. The largest contrast max(Vθ=π) = 1 is reached for the
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Figure 3.17: (Solid line) Visibility of the one-photon speckle pattern as a function of
tcΩ0 for the bi-Gaussian entangled two-photon state incident on a disordered medium.
The horizontal dashed line shows the asymptotic limit of the variance when tcΩ0 → ∞.
The purple dashed line corresponds to the limit of the variance for tcΩ0 ≪ 1.

antisymmetric entangled state (Eq. (3.72) with θ = π). Therefore, the contrast of the
two-photon speckle pattern is more than a factor of 2 larger for the non-classical light
considered in this chapter than for the classical light, represented by the coherent state

3.6 Visibility of speckle patterns

3.6.1 Visibility of one-photon speckle patterns

Let us now consider the normalized variance (∆〈n̂i〉)2 of the one-photon intensity de-
fined by

(∆〈n̂i〉)2 =
〈n̂i〉2

〈n̂i〉
2 − 1. (3.80)

This quantity corresponds to the visibility of the one-photon speckle pattern V(1)
=

(∆〈n̂i〉)2. A maximal visibility equal to one implies large fluctuations of the intensity
from one realization to another. In classical wave physics, this observable is associated
with the so-called C(1) function introduced in Chapter 2 and related to the granularity
of the speckle pattern.

As shown in Appendix C.2, the second moment of intensity is given by

〈n̂i〉2 = T
2
αb

¨ ∞

−∞
dωdω′

∑

α,β

(〈
â†α (ω) âα (ω)

〉〈
â†β

(
ω′
)
âβ

(
ω′
)〉
+

+
〈
â†β (ω) âα (ω)

〉 〈
âα

(
ω′
)
âβ

(
ω′
)〉
|C(ω − ω′)|2

)
. (3.81)
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Bi-Gaussian state

Considering now a bi-Gaussian state and using the symmetry properties of its two-
photon amplitude φGauss (ω1, ω2) = φGauss (ω2, ω1), we write the visibility as

V(1)
Gauss =

1

2

˘ ∞

−∞
dωdω′dΩdΩ′

∣∣φGauss

(
ω, ω′

)∣∣2 ∣∣φGauss

(
Ω,Ω′

)∣∣2 |C(Ω− ω)|2.

(3.82)

From Eq. (3.82), one sees that the maximum of the visibility is equal to 1/2 and is
obtained when C(Ω−ω) does not vary significantly on the frequency scale of φ (ω, ω′).
It means that disorder does not discriminate the frequencies appearing in the two-
photon spectrum, so that the state behaves as a monochromatic wave with a large
coherence time. The value 1/2 of the maximum comes from the presence of two photons
in two orthogonal polarization. Therefore, a partial averaging is performed due to the
polarization diversity. For the type-I two-photon state involving only one polarization,
the visibility would have been maximal and equal to one.

We now perform the integration in Eq. (3.82) using the model I for the correlation
function C(Ω− ω). Then, the visibility becomes

V(1)
Gauss (w) =

1

2
exp

(
2

w2

)
erfc

(√
2

w

)
, (3.83)

where the dimensionless variable is w = ∆tcΩ0 with ∆tc the single-photon coherence
time calculated in Sec. 3.2.2.

As shown in Fig. 3.17, the visibility reaches its maximum when tcΩ0 tends to infinity
meaning that the temporal extent of the state is much larger than the Thouless time,
i.e., the average time the photons spend in the medium. When tcΩ0 decreases the
scattered state loses its time coherence both because the propagation in the disordered
medium adds random phases to each frequency component and because the coherence
of the incident light decreases.

As expected, the visibility of the one-photon speckle pattern does not allow to say
if the state is entangled or not. However, it is interesting to note that in the case
of a maximally entangled state the coherence time tends to zero. Hence, the one-
photon speckle pattern disappears. The single-photon state being completely mixed,
the resulting interference pattern can be seen as a sum of a large number of independent
speckles leading to a completely blurred pattern with a vanishing visibility.

Coherent state

For a two-mode coherent state, using Eqs. (3.55) and (3.56), we obtain

V(1)
coh =

¨ ∞

−∞
dωdΩ |α (ω)|2 |α (Ω)|2 |C(Ω− ω)|2, (3.84)

and then

V(1)
coh (w) = exp

(
2

w2

)
erfc

(√
2

w

)
, (3.85)
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where w = Ω0/∆. Although it has two different polarizations, the coherent state allows
for a visibility equal to one because its photon number is not conserved contrary to
the two-photon state, i.e., measuring a photon does not give any information about the
state. Except for the maximal value, the behavior is the same as for the two-photon
state with ∆tc = 1/∆. However, comparing Eq. (3.85) and Rcoh (0, w) shows clearly
that 〈: n̂in̂j :〉 = 〈n̂i〉〈n̂i〉, whether i 6= j or not, in agreement with the discussion at the
end of Sec. 3.4.3.

3.6.2 Visibility of two-photon speckle patterns

The last quantity that we consider is the normalized variance (∆〈: n̂in̂j :〉)2 of the
coincidence rate defined by

(∆〈: n̂in̂j :〉)2 =
〈: n̂in̂j :〉2

〈: n̂in̂j :〉
2 − 1. (3.86)

From Sec. 3.4.3, we have 〈: n̂in̂j :〉 = 2T
2
αb for i 6= j. First introduced by Beenakker

et al. in Ref. [10] the variance of the two-photon transmitted intensity corresponds
to the visibility of the two-photon speckle pattern. In the following, we will use the

notation V(2) = (∆〈: n̂in̂j :〉)2 and consider only the case i 6= j. The expression of the
variance for an arbitrary state is given by Eq. (C.17) derived in Appendix C.3 and is
quite lengthy. Therefore, we here consider the application of Eq. (C.17) to the coherent
and bi-Gaussian states which yields

V(2)
Gauss = 2 V(1)

Gauss +

+

˘ ∞

−∞
dωdω′dΩdΩ′

∣∣φGauss

(
ω, ω′

)∣∣2 ∣∣φGauss

(
Ω,Ω′

)∣∣2 (3.87)

× |C(Ω− ω)|2|C(Ω′ − ω′)|2,

and

V(2)
coh = 2 V(1)

coh +

+

(
¨ ∞

−∞
dωdΩ |α (ω)|2 |α (Ω)|2 |C(Ω− ω)|2

)2

= 2 V(1)
coh +

(
V(1)
coh

)2
. (3.88)

The integrations in Eqs. (3.87) and (3.88) are easy to perform in the limiting case
when the frequency scale of C(Ω − ω) is large compared to that of φGauss (ω, ω

′) or
α (Ω), i.e., when light can be considered monochromatic. Putting C(Ω − ω) = 1 and

reminding that in this situation V(1)
Gauss = 1/2 and V(1)

coh = 1, we obtain V(2)
Gauss = 2 and

V(2)
coh = 3.

Bi-Gaussian state

After integration, Eq. (3.87) yields

V(2)
Gauss (K,w) = 2 V(1)

Gauss

(
w/
√
K

)
+

w√
K

ˆ ∞

−∞
dx g (x,K,w) , (3.89)
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Figure 3.18: Visibility of the two-photon speckle pattern as a function of µΩ0 in trans-
mission through a disordered medium for different amount of entanglement for the
bi-Gaussian entangled two-photon state (solid lines) and for a separable state (dashed
line).

where

g (x,K,w) =
1

2
√
2π
exp (−2 |x|) exp

(
−x

2

2
w2K

)
(3.90)

×


exp



(

x√
2K

w
√
K2 − 1 +

√
2

w
√
K

)2

 erfc

(
x√
2K

w
√
K2 − 1 +

√
2

w
√
K

)

+ exp



(
− x√

2K
w
√
K2 − 1 +

√
2

w
√
K

)2

 erfc

(
− x√

2K
w
√
K2 − 1 +

√
2

w
√
K

)
 ,

with w = Ω0

√
2/ab andK the Schmidt number of the incident state given byK = (a2+

b2)/2ab. We expressed V(1)
Gauss as a function of w/

√
K using the relation ∆tc = µ/

√
K

with µ =
√
2/ab.

When the incident state is separable, K = 1 and the integration in Eq. (3.89) can
be carried out leading to

V(2)
Sep (w) = 2 V(1)

Gauss (w) + exp

(
4

w2

)
erfc2

(√
2

w

)

= 2 V(1)
Gauss (w) +

(
2V(1)

Gauss (w)
)2
, (3.91)

where w = Ω0∆tc because a = b.
When the state is entangled, i.e., whenK > 1, V(2)

Gauss is no more a function of V
(1)
Gauss

only. We show in Fig. 3.18 the visibility of the two-photon speckle pattern as a function
of µΩ0 for different amounts of entanglement. For a given amount of entanglement,

V(2)
Gauss tends to zero with the strength of disorder. This behavior does not appear in
the similar relation obtained by Beenakker et al. in Ref. [10] because the authors did
not consider the non-stationary light and thus disregarded the effect of disorder on the
temporal coherence of the transmitted light. Besides, when the amount of entanglement
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increases, V(2)
Gauss decreases to zero for maximal entanglement. This comes from the fact

that V(2)
Gauss depends on the single-photon coherence time. Actually, Eq. (3.87) is related

to the so-called complementarity between one- and two-photon interferences [145, 146].

However, the complementarity relation would imply that V(2)
Gauss becomes maximal when

V(1)
Gauss is minimal and reciprocally, which is not the case here as we see. In the same way

as in Ref. [145], to obtain a complementarity relation between V(1)
Gauss and V

(2)
Gauss, one

has to suppress the part that comes from interferences of separable photons in V(2)
Gauss.

Therefore, an increase of entanglement would decrease V(1)
Gauss but increase V

(2)
Gauss and

vice-versa.



Chapter 4
Statistics of bipartite entanglement in

transmission through a random medium

In the previous chapter, we considered the possibility of characterizing the entanglement
of a state via the interference pattern occurring after its transmission through a random
medium. In the present chapter we address a related but different question. Given a
quantum state incident on a random medium, what is the amount of entanglement in
the transmitted state? Obviously the presence or not of entanglement in the incident
state strongly orients the answer. In a certain way, the amount of entanglement in the
incident state conditions the amount of entanglement in the transmitted state. Here
again, we consider bipartite entanglement between particles, i.e., between two photons
and not between modes. However, we deal with a different kind of entanglement than
in Chapter 3 because we consider a high-dimensional entanglement in momentum [58],
i.e., states with quantum correlations in the transverse component of the wave vector.

In order to quantify the entanglement, we perform the Schmidt decomposition of
the transmitted state. Therefore, the main goal of this chapter is the study of the
distribution of the Schmidt eigenvalues which become random quantities due to the
multiple scattering of light in the disordered medium.

4.1 Schmidt decomposition and random matrices:

an overview

Before studying in details the Schmidt eigenvalue distribution of scattered state it is
instructive to consider what is called “entangled random pure bipartite states”. Con-
sidering a system belonging to the Hilbert space H of dimension N ×M , entangled
random pure states are randomly chosen states in H, that is sampled according to
the unitarily invariant Haar measure.1 These states are then considered as the typical
states belonging to H. Therefore, it becomes particularly relevant to address the fol-
lowing question: What is the typical amount of entanglement in these states? Actually,

1The unitarily invariant Haar measure is the uniform measure over the unitary group. Hence,
considering an arbitrary state |ψ0〉 ∈ H, any random pure states can be written as |Ψ〉 = Û |Ψ0〉 where
Û is a unitary matrix chosen randomly in the unitary group. For instance, Û can be the operator of

evolution written as Û = e−iĤt/~ with Ĥ the time independent Hamiltonian of the system considered.

87
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this question is similar to asking what is the typical purity of a subsystem that is a
part of a random pure bipartite state uniformly distributed over H (see Sec. 1.2).

At the end of the 80’s, Lubkin addressed the latter question in the context of a
subsystem of dimensionM linked to a reservoir of dimension N ≫M [163]. He studied
the average purity P1 of the subsystem of interest and showed that P1 is almost minimal.
Then, Page extended the work of Lubkin in the case where N ≥ M ≫ 1 [164] and,
giving a theoretical estimation of the average entropy of the subsystem, showed that it
is almost maximal too:

E ∼ lnM − M

2N
, (4.1)

where Emax = lnM . Noting that for bipartite entangled states, the lower is the purity
of the subsystem, the higher is the amount of entanglement, one can apply the above
result to entangled random pure states. It suggests that maximally entangled state
may be very probable, i.e., that random pure states are good candidates for having
maximal entanglement. However, one needs to know the full probability density of the
entropy to justify such a statement.

More recently, Facchi et al. applied the powerful methods of statistical physics to
study the statistics of Schmidt eigenvalues of an entangled random pure state depending
on a fictitious temperature [165]. They showed the presence of two phase transitions
in the eigenvalue density when varying the temperature, i.e., when varying the amount
of entanglement. In Ref. [118], Nadal et al. used a Coulomb gas method to study
the random matrix ensemble of fixed trace Wishart matrices, where the fixed trace
constraint is associated with the normalization of the state. This matrix ensemble is
the one describing entangled random pure states.2 With this method, in the limit of
large matrices, i.e., for large subsystems, they calculated the distribution of the entropy
of entanglement and found that maximally entangled states are far from being the most
probable.

In the same context, other groups also studied the Schmidt eigenvalue density of
random pure bipartite states for arbitrary dimensions of the subsystems [166, 167]. The
starting point is the joint distribution of the Schmidt eigenvalues which is known for
the fixed trace Wishart matrices. Then, by integrations of the joint distribution, they
obtained the Schmidt eigenvalue density and average measures of entanglement like the
entropy.

4.2 Distribution of the transmitted Schmidt eigenvalues

in the diffusive regime

4.2.1 Model

Random medium

We consider a three-dimensional slab of elastically scattering random medium (no ab-
sorption and no gain) as shown in Fig. 4.1. The propagation happens in a multiple
scattering diffusive regime so that L≫ ℓ≫ λ, with λ the the central wavelength of the

2It means that for random pure bipartite states the Schmidt eigenvalue density is given by the
Marchenko-Pastur law rescaled due to the normalization constraint.
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Figure 4.1: Sketch of a 3D disordered slab with the incoming and outgoing light de-
scribed by the color cones where M1 and M2 are respectively the number of incoming
and outgoing modes. The number of accessible outgoing modes M2 is determined by
the angular range of the detector denoted by the solid line double arrow. 2N is the
total number of incoming and outgoing modes.

incoming quantum light. With 2N the total number of transverse modes3 in the plane
wave basis, the disorder media is described by a 2N × 2N random scattering unitary
matrix S defined by the input-output relations encountered in the previous chapters:

âi =
2N∑

α=1

Siαâα. (4.2)

Then, using the unitarity properties of S (S† = S−1), we have the following matricial
relations:

â†out = S∗ â†in, (4.3)

â†in = ST â†out,

where âout and âin are 2N dimension vectors made up of annihilation operators âi and
âα, respectively.

General two-photon state

Let us consider a very general two-photon state given in a certain basis (for instance,
in the basis of plane waves) by

|Ψ〉 = 1√
2

M1∑

α,β=1

Cαβ â
†
αâ
†
β |0〉 , (4.4)

where the indices α, β refer to the modes of the light. The number of incoming modes
M1 is constraint by M1 < N (see. Fig. 4.1).

3We recall that a mode is the association of a polarization state and a wave vector.



90 CHAPTER 4. STATISTICS OF BIPARTITE ENTANGLEMENT...

Depending of the complex matrix C, which contains correlations between the two
photons, the state (4.4) is a priori entangled. When the state is entangled, C cannot be
factorized whereas for a separable state C can be written as C = uv, with u a column
vector and v a row vector. In contrast to the previous chapter, we do not treat the
spectral structure of the incident light here and assume that light can be considered
monochromatic. The normalization of the state (4.4) requires 〈Ψ |Ψ〉 = Tr

(
C†C

)
= 1.

Note that the state (4.4) implies two indistinguishable photons so that its entan-
glement has to be quantified following the procedure discussed in Sec. 1.3. Besides,
the bosonic nature of the two-photon state constrains C to be symmetric so that
C = UDUT where U is a M1 × M1 unitary matrix and D a diagonal matrix that
contains the singular values of C. Therefore the Schmidt decomposition of (4.4) is
given by

|Ψ〉 = 1√
2

M1∑

k=1

√
λk

(
b̂†k

)2
|0〉 , (4.5)

where b̂†k =
∑

α Uαkâ
†
α. We recall that the Schmidt eigenvalues λk are the eigenvalues

of the matrix CC† so that for a maximally entangled state λk = 1/
√
M1 for all k ≤M1,

and for a separable state λk = 1/M1 for k = 1 and λk = 0 otherwise.

4.2.2 Transmitted state

We now derive the scattered state and give a matrix expression of this state that
is convenient for performing the Schmidt decomposition. Substituting Eq. (4.2) into
Eq. (4.4), we obtain

|Ψ〉 =
1√
2

M1∑

α,β=1

Cαβ

(
2N∑

i=1

ST
αiâ

†
i

)


2N∑

j

ST
βj â

†
j


 |0〉

=
2N∑

i,j=1

Cout
ij â†i â

†
j |0〉 , (4.6)

where

Cout
ij =

M1∑

α,β=1

SiαCαβS
T
βj . (4.7)

The matrix Cout is a 2N × 2N random matrix that contains the correlations between
the two scattered photons. It is worth noting that because the two matrices C and
S do not have the same dimensions, it is not yet possible to express Cout as a matrix
product. However by inserting a matching matrix P1 in Eq. (4.7) we have

Cout = SP1CP
T
1 S

T , (4.8)

where P1 is a 2N ×M1 matrix made up of a M1 ×M1 identity matrix in the top and
zeros in the bottom. Physically, P1 expresses the fact that the expansion of the incident
light in terms of incoming modes includes only a fraction of the total number of modes.
This is necessarily the case when considering the transmission geometry.
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In a typical experiment it is very difficult or even impossible to have access to all
N outgoing modes and one detects M2 ≪ N modes only. The results of measurements
involving M2 modes can be described by the projection of the state (4.6) on the cor-
responding subspace of modes. This projection is described by a M2 × 2N matrix P2

constructed in a way similar to P1. Then, the projected state |Ψ̃〉 is described by the
truncated matrix C̃out that we write as

C̃out = ηP2SP1CP
T
1 S

TP T
2

= ηP2SP1C (P2SP1)
T , (4.9)

where the parameter η ensures the normalization of ‖Ψ̃〉. Because the number of
incoming and outgoing modes that are under control satisfy M1,M2 ≤ N , we define a
M2 ×M1 truncated transmission matrix t̃ so that t̃ = P2SP1. When M1 =M2 = N , t̃
coincides the full transmission matrix t [10]. Therefore we have

C̃out = η t̃Ct̃ T . (4.10)

The Schmidt eigenvalues of the transmitted state are given by the eigenvalues of the
random matrix C̃outC̃out†. In our case the matrix C̃out is random and hence the eigen-
values Λk should be characterized by their joint probability density pout({Λ}). If known,
the latter gives access to statistical distributions of Eout, Kout and Dout that now be-
come random quantities too. In what follows, we will compute only the eigenvalue
density pout(Λ) that allows obtaining the average values of Eout, Kout and estimating
the average value of Dout. Actually, contrary to fixed trace Whishard random matrices
studied in Ref. [118, 166, 167], the joint probability distribution pout({Λ}) is not known
so that the powerful Coulomb gas method used in Ref. [118] cannot be applied. Even
if it would not be an easy task, it would be of great interest for comprehension to infer
the joint probability pout({Λ}) in order to access more complex quantities than the
average value of entanglement measures.

A few remarks about Eq. (4.10) are in order:

❼ When M1 = M2 = 2N , C̃outC̃out† is obtained from CC† by a unitary transfor-
mation and hence their eigenvalues coincide. If now only M2 = 2N , C̃outC̃out† is
obtained from P1CC

†P †1 by a unitary transformation. Noting that P1CC
†P †1 and

CC† share the same set of eigenvalues, we see that the amount of entanglement
does not change when M2 = 2N whatever the value of M1, i.e., all the quantum
correlations present in the incident state persist in the scattered state.

❼ The effect of the partial access to the outgoing modes in typical experiments on
the distribution of transmission eigenvalues τn (see Sec. (2.3.4)) have been studied
by Goetschy and Stone in Ref. [134]. Here, the idea is to describe the effect of this
partial access on the distribution of Schmidt eigenvalues of the scattered state.

For practical reasons, we introduce the M2 × M2 random matrix A such that
η2A = C̃outC̃out†. The state |Ψ̃〉 is not normalized unless η2 = 1/TrA, which is equiva-
lent to

∑
k Λk = 1 with Λk the Schmidt eigenvalues of |Ψ̃〉. One sees that η depends on

a particular realization of the scattering matrix and the choice of M2 modes. The in-
troduction of η corresponds to a post-selection procedure in an experiment. Only those
measurements should be taken into account in which the two photons were effectively
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found in the M2 detected modes. To simplify the further analysis, we will enforce the
normalization requirement 〈Ψ̃|Ψ̃〉 = 1 only on average, i.e. we will require

〈Ψ̃|Ψ̃〉 = 1, (4.11)

where the overbar denotes averaging over random realizations of the scattering matrix
S. Therefore, we replace the normalization parameter η by an effective parameter η
such that

η2 =
1

TrA
. (4.12)

Eq. (4.12) is equivalent to imposing
∑

k Λk = 1 or Λ = 1/M2. The precise condition
of validity of this approximation depends on the statistics of S but roughly speaking,
it reduces to the requirement of a large number of modes M2 ≫ 1 provided that
fluctuations of |Siα|2 are not pathologically strong which is the case for weak disorder,
far from the Anderson localization transition [4].

4.2.3 Link with the photocount coincidence rate

Let us briefly discuss the link between the Schmidt eigenvalues and the photocount
coincidence rate introduced in Sec. 3.4.3. The photocount coincidence rate of two
detectors counting photons in two outgoing modes α and β, studied in Refs. [10, 14,
12, 15, 11, 16], is simply

Rij ∝ 〈: n̂in̂j :〉 ∝ |C̃out
ij |2, (4.13)

where we remind that n̂i = â†i âi is the photon number operator and : . . . : denotes
normal ordering. Rij is the random two-photon speckle [10] that, by analogy with the
usual one-photon speckle Ii = 〈n̂i〉, should be characterized by its statistical properties.
The probability distribution of Rij was shown to bear signatures of entanglement of
the incident light [10] but it is unclear whether it can be used to quantify the amount
of entanglement in the scattered light. As we discussed above, for quantum states
of the form (4.4), conventional entanglement measures (such as the von Neumann
entropy E, the Schmidt numberK and the quantum discord D introduced in Sec. 1.2.2)
rely on eigenvalues Λk of the matrix C̃outC̃out† and not on the values of elements
C̃out
ij of the matrix C̃out. These eigenvalues are more difficult to access experimentally

than coincidence rates; their measurement requires implementation of interferometric
methods as it was done, for example, in Ref. [168] for photon pairs entangled in orbital
angular momentum. However, the Schmidt number can also be determined without
knowing the eigenvalues Λk by exploiting the link between the entanglement of the
two-photon state and the degree of coherence of its one-photon components [169].

4.2.4 Density, resolvent, and S-transform
The density of the eigenvalues Λk of a N × N Hermitian random matrix A is defined
by

p (Λ) =
1

N

N∑

k=1

δ (Λ− Λk). (4.14)
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Figure 4.2: (a) Diagrammatic notations of the matrices t̃, t̃† and their transposes. (b)
Diagrams associated with the matrix product t̃Xt̃†. (c) Diagrams corresponding to the
pairwise contractions due to the average and loop diagrams associated with the tracing
procedure.

In order to obtain p (Λ) it is convenient to introduce the resolvent

g (z) =
1

N
Tr

1

z −A =
1

N

N∑

k=1

1

z − Λk
. (4.15)

The density can then be reconstructed from the resolvent using the relation

p (Λ) = − 1
π
lim
ǫ→0+

Im g (Λ + iǫ) . (4.16)

Let us now introduce two other functions which are particularly useful in the random
matrix theory. Consider χ (z) the solution of

1

χ (z)
g

(
1

χ (z)

)
− 1 = z. (4.17)

Then, the so-called S-transform of the eigenvalue density of the matrix A [109] is given
by

S (z) = 1 + z

z
χ (z) . (4.18)

Finally, we introduce the Blue function B (z) which is the functional inverse of the
resolvent:

B (z) = g−1 (z) . (4.19)

4.2.5 Diagrammatic approach for the Gaussian transmission matrices

Diagrammatic expansion of the resolvent

In this section, we perform a diagrammatic expansion of the resolvent gA (z) of the
matrix A defined in Sec. 4.2.4. We will take care of the normalization constraint (4.11)
later. Using the definition of the resolvent given by Eq. (4.15), we can write

gA (z) =
1

M2
Tr

[
1

z
+
1

z
A
1

z
+
1

z
A
1

z
A
1

z
+ ...

]
. (4.20)
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Figure 4.3: Example of diagram appearing in the expansion of the resolvent and van-
ishing in the limit of large matrices.

To perform the averaging in Eq. (4.20), we consider a weakly disordered medium
which, provided that M1, M2 ≤ g with g the dimensionless conductance, is charac-
terized by a truncated transmission matrix t̃ with an eigenvalue distribution similar
to the one of a random matrix with independent identically distributed complex en-
tries following circular Gausian statistics [134]. In other words, t̃ can be considered
as made up of independent complex elements having normally distributed independent

real and imaginary parts with zero means and equal variances such that t̃iα = 0 and

t̃iαt̃∗jβ = δαβδijTαb, where Tαb is the average intensity transmission coefficient indepen-
dent the incoming and outgoing mode indices considered. Note that because g = Nℓ/L,
the multiple scattering implies M1, M2 ≪ N . Besides, we consider here the limit of
large matrices assuming that M1, M2 ≫ 1.

Averaging in Eq. (4.20) can be performed using pairwise contractions following from
the properties of Gaussian random variables. Instead of writing the full expression of
the products of matrices involved in C̃outC̃out†, the truncated transmission matrix is
represented by diagrams depicted in Fig. 4.2.a so that the matrix products are written
using the diagrams in Fig. 4.2.b. The diagrammatic expansion of the resolvent can be
written as

(4.21)

where the external trace and the prefactor 1/M2 that appears in the definition of the
resolvent in Eq. (4.15) compensate each other as shown in Fig 4.2.c. When averaging,
each pairwise contractions leads to a term Tαb and each internal trace of matrices
brings a factor M2 or M1 depending on the dimension of the corresponding matrix.
The associated diagrams are depicted in Fig 4.2.c. We recall that Tαb = ℓ/NL ≪ 1
so that, in the limit of large matrices, the only diagrams that survive averaging are
those with as many loops as contractions. They correspond to diagrams where plain
and dashed lines do not cross and are called planar diagrams. In Fig. 4.3, we show an
example of non-planar diagram that disappears in the limit N ,M1,M2 ≫ 1. Therefore,
the beginning of the expansion of gA (z), when only the planar diagrams are kept, is



4.2. DISTRIBUTION OF THE TRANSMITTED SCHMIDT EIGENVALUES... 95

given by

(4.22)

Self-consistent equation

In order to derive a self-consistent equation for the resolvent, we now introduce the
self-energy σ (z) defined by

gA (z) =
1

z − σ (z) , (4.23)

so that, using the expansion gA (z) =
1
z +

1
zσ (z)

1
z +

1
zσ (z)

1
zσ (z)

1
z + ..., the self-energy

is the sum of all irreducible4 terms in the diagrammatic expansion of zgA (z) z. Then,
the self energy can be written as

(4.24)

4Irreducible diagrams are those that cannot be factorized as products of simpler diagrams.
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where we recognize terms contained in the beginning of the expansion of g (z), as shown
by the red braces in Eq. (4.24). Using the diagrammatic rules defined in Fig. 4.2 and
after some combinatorics and algebra, we obtain

σ (z) =
1

M2gA (z)
Tr [F (X,Y )] (4.25)

with

F (X,Y ) =
1−X −XY −

√
(1−X −XY )2 − 4X2Y

2X
(4.26)

and

X = T
2
αbM2 gA (z) , (4.27)

Y =M2 CC
†. (4.28)

The function F (X,Y ) is the generating function of the Narayana numbers

N (n, k) =
1

n

(
n

k

)(
k − 1

n

)
, k ≤ n, (4.29)

and N (0, 0) = 1. Then, using Eq. (4.23) we obtain a self-consistent equation for gA (z):

z =
1

gA (z)

(
1 +

1

M2
Tr [F (X,Y )]

)
. (4.30)

From Eq. (4.30) one can obtain the resolvent gA (z) and then the eigenvalue den-
sity pA (Λ) of the matrix A. However, we are interested in the eigenvalue density of
C̃outC̃out†. The resolvent gout (z) and the eigenvalue density pout (z) of C̃

outC̃out† are

gout (z) =
1

η2
g
(
z/η2

)
, (4.31)

pout (Λ) =
1

η2
p
(
Λ/η2

)
. (4.32)

In Sec. 4.3 we will apply Eqs. (4.30), (4.31) and (4.32) to different types of two-photon
states, i.e., to different matrices C.

First and second moments

Let us use the diagrammatic approach to determine the first and second moments of
the Schmidt eigenvalue density pout (Λ) in the limit of large matrices. The moments
are defined by

Λn =

ˆ ∞

−∞

dΛ pout (Λ)Λ
n =

η2n

M2
TrAn. (4.33)

Because of the normalization constraint (4.11), the moments become

Λn =
1

M2

TrAn

TrA
n . (4.34)
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Figure 4.4: Sum of the diagrams contributing to the second moment Λ2 in the planar
approximation associated with the limit of large matrices.

Noting that TrA/M2 is obtained from the first diagram on the r.h.s. of Eq. (4.24) and
using TrCC† = 1, we have

η2 = 1/(M2Tαb)
2. (4.35)

The second moment Λ2 = 1
M2
TrA2/TrA

2
is obtained by summing the diagrams of

Fig. 4.4 and reads

Λ2 =
2

M2
2

+
1

M2
Tr

[
CC†CC†

]
. (4.36)

The first term on the r.h.s of Eq. (4.36) corresponds to the Gaussian term equal to

2Λ
2
whereas the second one can be shown to be related to the purity of the single-

photon density matrix of the incident light. Hence, the second moment of the Schmidt
eigenvalues of the transmitted state allows to accessing the amount of entanglement in
the light.

4.2.6 Free probability approach

The free probability theory [170, 116] allows calculating statistical properties of a prod-
uct of matrices from the statistical properties of multipliers. In particular, it states that
the S-transform of a matrix C = AB is equal to the product of S-transforms of A and
B:

SAB(z) = SA(z)SB(z), (4.37)

provided that the matrices A and B are asymptotically free.5 Then, knowing the
S-transform of the multipliers A and B, one can derive the resolvent of the matrix
AB using Eqs. (4.17) and (4.18). The notion of asymptotic freeness is an equivalent

5A similar property exists also for the sum of two random matrices which are asymptotically free,
in terms of the so-called R-transform [116].
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of statistical independence for matrices; its rigorous definition can be found in Refs.
[170, 109], for example.

To fully benefit from the power of the free probability theory, we restrict our study,
as in the previous section, to large numbers of incoming and outgoing modes: M1,
M2 ≫ 1. From the definition of C̃out in Eq. (4.10), we have

S
C̃outC̃out† (z) =

1

η2
z + 1

z + β
St̃† t̃C(t̃† t̃)TC† (z/β) (4.38)

=
1

η2
z + 1

z + β
St̃† t̃ (z/β)SC(t̃† t̃)TC† (z/β) (4.39)

=
1

η2
z + 1

z + β
St̃† t̃ (z/β)SCC† (z/β)S(t̃† t̃)T (z/β) , (4.40)

where β = M1/M2. We use the scaling relation Sη2A (z) = 1/η2SA (z) to obtain
Eq. (4.38). Equation (4.39) follows from the assumption that t̃†t̃ and C(t̃†t̃)TC† are
asymptotically free. Finally, the obvious asymptotic freeness of CC† and (t̃†t̃)T leads
to Eq. (4.40). Then, using St̃† t̃ (z) = S(t̃† t̃)T (z), we obtain

S
C̃outC̃out† (z) =

1

η2
z + 1

z + β
S2
t̃† t̃
(z/β)SCC† (z/β) . (4.41)

From Eq. (4.41) we see that given the knowledge of St̃† t̃ (z) and SCC† (z) we have access

to S
C̃outC̃out† (z) and so to the eigenvalue density of C̃

outC̃out†.
In the Gaussian regime, i.e., when M1, M2 ≤ g, the truncated transmission matrix

t̃ is statistically similar to a random matrix with uncorrelated Gaussian elements and
then t̃†t̃ is similar to a Wishart random matrix introduced in Sec. 2.3.1. Therefore,
from the properties of Wishart matrices, we have

St̃† t̃ (z) =
1

M2Tαb

1

1 + βz
. (4.42)

Eqs. (4.41) and (4.42) are all we need to obtain the Schmidt eigenvalue density given
an arbitrary incident state defined by the M1 × M1 matrix C with its S-transform
SCC† (z) obeying

1

M1
Tr

[
1

1 + z (1− SCC† (z)CC
†)

]
= 1. (4.43)

Contrary to the diagrammatic approach introduced in Sec. 4.2.5, the free probability
theory allows to go beyond the Gaussian regime, i.e., to consider M1, M2 > g, and
describes the situation when M1, M2 ≃ N . Indeed, in Ref. [134] Goetschy and Stone
derived a self-consistent equation of gt̃† t̃ (z), depending on the resolvent gt†t (z) that
leads to the so-called bimodal distribution [108] and is given by

gt†t (z) =
1

z
− T

z
√
1− zArctanh

[
Tanh

(
1/T

)
√
1− z

]
. (4.44)

Combining Eqs. (4.41), (4.18) and (4.17), and using (4.44) , we obtain after some
algebra the following self-consistent equation for gout (z):

F (z)N (z) gt†t

(
F (z)N2 (z)

D (z)

)
= D (z) , (4.45)
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where

F (z) =

(SCC† (zg (z)− 1) g (z)

xg (z)− 1

) 1

2

, (4.46)

N (z) = zm1g (z) + 1−m1, (4.47)

D (z) = m1g (z) (zm1g (z) +m2 −m1) . (4.48)

with6 gout (z) = β/η2g
(
z/η2

)
+ (1 + β) /z and m1,2 =M1,2/N .

4.3 Schmidt density for a maximally entangled incident

state

We now assume that the incident state (4.4) is a maximally entangled state. It implies
that the Schmidt eigenvalues are all equal to 1/M1. Therefore, we consider in the
following the case of7 C = 1/

√
M1, where 1 is the M1 ×M1 identity matrix.

4.3.1 Eigenvalue density

Let us solve either Eqs. (4.30) and (4.31) obtained using the diagrammatic expansion
or Eqs. (4.41), (4.42) and (4.43) obtained using the free probability theory with C =
1/
√
M1. Both methods give the same result and lead to the following equation for the

resolvent gout (z):

M1 (zgout (z)− 1) = zgout (z)
2 (zgout (z)− 1 + β) . (4.49)

Note that the average intensity transmission coefficient Tαb does not appear any more in
Eq. (4.49) because of the normalization constraint which implies that η2 = 1/(TαbM2)

2.

We solve the cubic equation (4.49) for gout (z) analytically (the resulting formulas
are quite lengthy and we do not reproduce them here) and then find pout (Λ) from the
imaginary part of the solution. The result is illustrated in Fig. 4.5 where pout (Λ) is
shown for a fixed (large) value of M1 = 100 and three different values of M2 = M1/β.
When M2 < M1, pout (Λ) is a wide distribution that has little to do with pin (λ) =
δ(λ− 1/M1) corresponding to the incident light and shown in Fig. 4.5 by a red arrow.
A peak (1 − β)δ(Λ) appearing in pout (Λ) for M2 > M1 corresponds to M2 −M1 zero
eigenvalues that are due to the fact that the rank of the M2 ×M2 matrix C̃

outC̃out†

cannot exceed the rank of the M1 × M1 matrix CC†. The remaining M1 nonzero
eigenvalues give rise to a peak in pout (Λ) around Λ = 1/M1, as can be seen in Fig.
4.5.c. The distributions shown in Fig. 4.5 are similar (though not identical) to the
familiar Marchenko-Pastur law describing the eigenvalue distribution of a product of a
random matrixH with zero-mean complex independent identically distributed elements
and its Hermitian conjugate H† [109]. This is not surprising since the random matrix t̃

6g (z) is an auxiliary function used to simplify the calculation; it corresponds to the resolvent of

t̃† t̃C
(

t̃†t̃
)T
C†.

7Note that it would be possible to consider a maximally entangled state with C which is not diagonal.
However, it is convenient to assume that the basis used for the calculation is the Schmidt basis (i.e.
the basis in which C is diagonal). The choice of the basis is without importance for the results of this
chapter.
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Figure 4.5: Eigenvalue densities pout(Λ) obtained from Eq. (4.49) for M1 = 100 and
three different β =M1/M2 (lines) are compared to numerical simulations (symbols) in
which the normalization condition 〈Ψ̃|Ψ̃〉 =∑k Λk = 1 was imposed for each realization
of the random scattering matrix S and not only on average as in our analytical approach.
Discrepancy between analytical and numerical results at large Λ and oscillations of
numerical results for β = 10 are finite-size effects due to the insufficiently large value
of M2 = M1/β. For β < 1, pout(Λ) contains a contribution (1 − β)δ(Λ) shown in the
figure by the orange arrow at λ = 0. Dashed vertical lines at Λ = 1/M1 symbolize the
eigenvalue distribution pin(Λ) = δ(1− 1/M1) corresponding to the incident light.
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that we use to describe the transmission of light through the random medium has the
same statistics as H.

Let us consider the first few moments of the eigenvalue density. The first moment
does not depend on the incident state and Λ = 1/M2. Using Eq. (4.36) and C =
1/
√
M1, we find that the second moment is

Λ2 =
2

M2
2

+
1

M2M1
. (4.50)

Therefore, in the limit M1/M2 ≫ 1, only the Gaussian term remains, Λ2 ∼ 2/M2
2 .

These two moments correspond to the first moments of the Marchenko-Pastur law
with c = 1 and a rescaling of the density through the transformation Λ → Λ/M2 (see
Eq. (2.39) in Sec. 2.3.1). Indeed, if we take the limit β ≫ 1 in Eq. (4.49), we obtain

gout (z) =
M2

2z

(
z −

√
z

(
z − 4

M2

))
, for β ≫ 1, (4.51)

which corresponds to the rescaled Marchenko-Pastur law mentioned above.

4.3.2 Average entanglement measures

We now consider the average amount of entanglement contained in the scattered state.
Average values of the von Neumann entropy Eout, the Schmidt number Kout and the
quantum discord Dout are calculated by averaging Eout, Kout and Dout (introduced in
Sec. 1.2.2) over the distribution pout(Λ). For the entropy, the result can be written as
Eout = E − δE with δE > 0 representing the average loss of entanglement entropy
upon the transmission through the random medium. We find that at any given M1,
δE is a monotonously decreasing function of 1/β =M2/M1 and that

δE ≃
{
lnβ + 1

2 , β ≫ 1
β, β ≪ 1

(4.52)

These asymptotic formulas are shown in Fig. 4.6.a by dashed lines together with the
numerical average of δE using pout(Λ) following from Eq. (4.49) (lines) and the exact
result obtained by numerically generating random realizations of matrices S and aver-
aging over many realizations (symbols). An alternative way of writing the same result
is

Eout =

{
lnM2 − 1

2 , M2 ≪M1

E −M1/M2, M2 ≫M1
(4.53)

A simple analytical approximation for the average Schmidt number Kout can be
obtained by replacing the average of inverse by the inverse of average in its formal
definition. This is justified by the fact that

∑
k Λ

2
k is a weakly fluctuating quantity for

M2 ≫ 1 and the scattering matrix S having Gaussian statistics as described above.
Hence the average of the inverse of

∑
k Λ

2
k and the inverse of its average are not very

different. Then

Kout = (
∑

k

Λ2
k)
−1 ≈

(
∑

k

Λ2
k

)−1
= (M2Λ2)−1

=
M1

1 + 2β
, (4.54)



102 CHAPTER 4. STATISTICS OF BIPARTITE ENTANGLEMENT...

Figure 4.6: Entanglement of the maximally entangled two-photon state transmitted
through a random medium. Average loss of entropy (a), the Schmidt number (b),
and the geometric quantum discord (c) are shown as functions of 1/β = M2/M1 for a
fixed number M1 = 100 of incoming modes. Lines are analytical results, symbols show
results of exact numerical simulations, dashed lines are asymptotic formulas (4.52).
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where 〈Λ2〉 = β(1 + 2β)/M2
1 is found from Eq. (4.36).

The average geometric quantum discordDout of the scattered state can be estimated
by replacing the average of the square root of Λmax by the square root of the upper
boundary λ+ of the support of the eigenvalue density pout(Λ): Dout ≃ 2(1 − √Λ+).
Lower and upper boundaries of the support, Λ− and Λ+, can be found using the
standard methods of random matrix theory from the condition dg(z)/dz|z=Λ± → ∞
[109, 171], with gout(z) found from Eq. (4.49):

Λ± =
1

M1

[
1 +

5β

2
− β2

8
±
√
8β

(
1 +

β

8

)3/2
]
. (4.55)

As we see from Fig. 4.6.c., this approximation yields satisfactory results although the
agreement with exact numerical calculations is not as good as in Figs. 4.6.a and 4.6.b.
This is not surprising because, in contrast to

∑
k Λ

2
k, Λmax fluctuates significantly from

one realization of disorder to another and hence the knowledge of its precise statistics
is needed to obtain accurate results.

The conditionM1,M2 ≫ 1 ensures that Kout is always larger than 2. Therefore the
transmitted photon pair remains entangled on average according to criterion of Ghirardi
et al. [49] (see Sec. 1.3) although the entanglement is degraded because Eout < E =
lnM1, Kout < K = M1 and Dout < D (since Λ+ > 1/M1). For small M2 ≪ M1, the
transmitted state is close to a random entangled pure bipartite state [164]:

Eout = lnM2 −
1

2
, (4.56)

Kout =Mout/2, (4.57)

Dout = 2− 4/
√
M2. (4.58)

No memory about the number of modes in the incident light survives multiple scatter-
ing; the entanglement of the transmitted state is determined by the number of outgoing
modes M2. On the contrary, for large M2 ≫ M1 the degree of entanglement of the
transmitted state is close to that of the incoming light despite the multiple scattering:

Eout ≃ E = lnM1, (4.59)

Kout ≃ K =M1, (4.60)

Dout ≃ D = 2[1− 1/
√
M1]. (4.61)

On the one hand, this is quite a surprising result that shows that entanglement is much
less sensitive to disorder than one might expect, provided that sufficient information
about the scattered wavefield is recovered (i.e. that M2 is sufficiently large). On the
other hand, one should remember that while the incident light is in the maximally
entangled state, the degree of entanglement of transmitted light is much less than its
maximum value allowed for a two-photon state involving M2 modes. Therefore, while
the absolute amount of entanglement is almost preserved when M2 ≫ M1, its relative
amount (with respect to the maximum possible amount given the number of modes)
is significantly reduced. Nevertheless, it is interesting to note that the entanglement is
degraded but never lost completely upon transmission of a maximally entangled state
through a random medium.
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4.3.3 Comparison with a separable incident state

If the initial state (4.4) is separable (Cij = 1/M1), we readily see from Eq. (4.6) that

the state |Ψ̃〉 is separable too. Thus, scattering in a random medium cannot entangle a
photon pair that was initially in a separable state. Let us check whether this result is
correctly captured by our Eq. (4.41). We proceed in the same way as for the maximally
entangled state and obtain an equation which is similar but not identical to Eq. (4.49):

zgout(z)− 1 = zgout(z)
2

[
zgout(z)− 1 +

1

M2

]
. (4.62)

A significant difference with respect to Eq. (4.49) appears already at this stage: Eq.
(4.62) does not contain the number of incident modes M1 but only the number of
outgoing modes M2. Solving this equation yields pout(Λ) that has two peaks: one at
Λ = 0 and one around Λ = 1. The height and the width of the second peak depends
on M2 but its integral is always equal to 1/M2. This suggests that the nonzero width
of the second peak (that also makes possible pout(Λ) > 0 for unphysical Λ > 1) is an
artifact of imposing the normalization condition 〈Ψ̃|Ψ̃〉 = 1 only on average. In the
limit of M1, M2 →∞, pout(Λ) converges to

pout(Λ) =

(
1− 1

M2

)
δ(Λ) +

1

M2
δ(Λ− 1), (4.63)

which is confirmed by numerical simulations to be the solution of the problem for any
M1, M2. The resulting entropy is therefore Eout = 0, the Schmidt number is Kout = 1,
and the quantum discord is Dout = 0. Therefore, Eq. (4.41) correctly captures the
impossibility of entanglement creation upon transmission of a photon pair through a
random medium. Note that this result is not in contradiction with Ref. [14] where
multiple scattering was predicted to induce entanglement of modes that should be
distinguished from the entanglement of photons that we study in this chapter.

4.3.4 Beyond the Gaussian regime

We finish our discussion of the transmission of the maximally entangled state by con-
sidering the situation when M1, M2 ≥ g so that the truncated transmission matrix is
no more statistically equivalent to a random matrix with uncorrelated Gaussian dis-
tributed elements. To deal with this case, we solve the self-consistent equation (4.45)
in order to obtain the resolvent gout (z). Besides, it follows from Eq. (4.43) that the
S-transform of the matrix CC† is SCC† (z) = M1. In order to compare our analytical
results with numerical simulations, we consider here a waveguide geometry so that we
can solve numerically the DMPK equation introduced in Chapter 2.

In Fig 4.7, we show the eigenvalue density pout(Λ) for different values of β. The
first important thing to note is the fact that there is no evident sign in pout (Λ) of the
bimodal distribution obeyed by the transmission eigenvalues τn whenm1 = m2 = 1 (see
Sec. 2.3.3). Besides, we see that the numerical results show strong oscillations even for
the case of m2 = m1 = 1. Contrary to the oscillations observed before in Fig. 4.5.a, this
effect does not come from the finite dimensions of the matrices C and C̃out. The origin
of these oscillations is more subtle and comes from the finite value of the dimensionless
conductance g used in the Monte-Carlo simulation. As discussed in Chapter 2, g gives
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Figure 4.7: Eigenvalue densities pout(Λ) beyond the Gaussian regime obtained from Eq.
(4.45) for a maximally entangled incident state (lines) for different values of β =M1/M2

and (a) m2 = M2/N = 1, (b) m1 = M1/N = 1. Here, g = 5, Tα = 0.126 and N = 50.
Analytical results are compared to numerical simulations (dots) in which the normal-
ization condition 〈Ψ̃|Ψ̃〉 =∑k Λk = 1 was imposed for each realization of the random
scattering matrix S and not only on average as in our analytical approach. The nu-
merical simulation is a Monte-Carlo simulation [125] in which several realizations of
truncated transmission matrices are generated by solving the DMPK equation intro-
duced in Sec. 2.3.3. The oscillations of numerical results are coming both from finite-size
effects (M1, M2 finite) and from the finite value of the effective number of transmission
channels, i.e., the finite value of conductance g.

the effective number of transmission channels that contribute to transmission, i.e., the
number of “open” channels characterized by a transmission eigenvalue τn ∼ 1. In other
words, the dimensionless conductance gives the rank of the matrix t†t. Then, even if
M1 and M2 are large, the rank of the matrix C̃

outC̃out† can not be much larger than
one if g ∼ 1 as it is the case in Fig. 4.7.

Based on the above discussion, let us address yet another question to conclude this
chapter. How does the amount of entanglement of the scattered state change when one
enters the regime of Anderson localization? We again consider a waveguide geometry
and assume for simplicity that m1 = m2 = 1 with N ≫ 1. Besides, we still consider a
maximally entangled state incident on the disordered medium, therefore the rank of the
matrix C is given by M1 ≫ 1. Therefore, the rank of C̃outC̃out†, and thus the number
of Schmidt eigenvalues of the scattered state, are only constrained by the dimensionless
conductance g. The first conclusion is that, when g is larger than one, the average
amount of entanglement is bounded, so that Eout ≤ lng. When entering the localized
regime, g < 1. In this regime, g is no more associated with the effective number of
channels. However, when getting deeper in the localized regime one reaches the single-
channel regime of transport [172]. In this regime t†t possesses only one eigenvalue.
Therefore, the rank of C̃outC̃out† is necessarily equal to one and hence, whether the
incident state is highly entangled or not, the scattered state is necessarily separable.8

However, a detail study of this crossover has not been realized yet and remained to be
done in the future.

8Note that this picture is valid only when the entanglement is in momentum or spatial degrees of
freedom.
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Conclusion and perspectives

In this thesis, we have addressed the following two main questions:

❼ Which signs of non-classicality of the incident light can be obtained from a two-
photon speckle pattern?

❼ What is the amount of entanglement contained in a scattered two-photon state?

Before giving answers to the above questions, in the first chapter, we have introduced
the basic mathematical tools used in quantum optics and considered the notion of
quantum entanglement between two subsystems. The end of the first chapter was an
occasion to discuss the entanglement between identical particles and to show that it
is an actively debated subject in the recent literature. In the second chapter, we have
introduced the basis of the statistical approach to the multiple scattering of light.

Regarding the first question, in Chapter 3, we have discussed quantum and classical
aspects of two-photon interference in light transmitted through a disordered medium.
We have first considered a bi-Gaussian two-photon state and then a more realistic type-
II SPDC state of light. Both describe a light pulse of finite bandwidth and containing
two orthogonally polarized photons, of which one can be delayed by an arbitrary time τ .
We have shown that a disordered media can be seen as a multi-port beam splitter which
reproduces HOM interferences. By comparing the rates R(τ) of coincident photon
counting in the same outgoing mode in transmission through a disordered medium for
different quantum states of the incident light (bi-Gaussian, SPDC and coherent state),
we have demonstrated that disorder strongly impacts the interference pattern through
the time coherence of the scattered state. Moreover, if no additional information about
the incident pulse is available, it is barely possible to see any sign of entanglement
in R(τ) for a typical two-photon entangled state generated by the collinear type-II
SPDC. Almost identical R(τ) curves can be obtained for the SPDC and separable
two-photon states, provided that the bandwidth of the latter is adjusted. However,
the result obtained for the coherent state is different, which highlights the second
important factor that plays a role in the two-photon interference: the quantum nature
of light. Here it is manifest in the fact that the number of photons is well-defined
in the entangled and separable two-photon states, whereas it is not a good quantum
number in the coherent state. The third important aspect is the entanglement between
the two incident photons that allows one to control the symmetry of the two-photon
state. Symmetric and antisymmetric states that can be prepared in this way lead to
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coincidence rates R(τ) that do not decrease with the pump bandwidth as fast as for
the standard SPDC-generated entangled state. In addition, the antisymmetric state
allows one to model fermionic behavior and to change the constructive two-photon
interference into a destructive one. As a result, the peak of R(τ) observed for the state
with the bosonic symmetry (i.e., for the symmetric state), as well as for the states with
no particular symmetry, at τ = 0, turns into a deep for the state with the fermionic
symmetry (i.e., for the antisymmetric state). In the last section of Chapter 3, we derived
the visibilities of the one- and two-photon speckle patterns V(1) and V(2) and showed
their strong dependence on the single-photon coherence time which is absent in the
result of Ref. [10] where the spectral properties of the incident light were disregarded.
This dependence shows that the knowledge of the two visibilities as defined in Chapter 3
and in Ref [10], even if sensitive to entanglement, does not allow to distinguish an
entangled from a separable state.

In Chapter 4, in order to answer the second of the two main questions, we have
considered the impact of multiple scattering in a weakly disordered random medium in
combination with the subsequent selection of only a fraction of outgoing modes on the
high-dimensional entanglement of a photon pair. To this aim, we have introduced a
new theoretical approach that combines both the random S-matrix approach and the
Schmidt decomposition of the scattered state. Instead of the photocount coincidence
rate that can be expressed through the absolute value square of an element of the ma-
trix C̃out describing the state, we have calculated the eigenvalue density of the matrix
C̃outC̃out† and its global properties (the von Neumann entropy, the Schmidt number
and the geometric quantum discord) that provide quantitative measures of entangle-
ment in the scattered light. As could be expected, the entanglement does not change if
all scattered light is collected. In a more realistic situation, when only a small fraction
of outgoing modes is accessible, an initially maximally entangled photon pair remains
entangled but the amount of entanglement is reduced. To recover the amount of entan-
glement of the incident state, one has to access a number of outgoing modes exceeding
significantly the number of incoming modes over which the incident light is expanded.
Besides, our derivation confirms that a pair of photons in a separable state does not
gain any entanglement when transmitted through a random medium. Finally, we have
discussed the fact that entanglement in momentum will necessarily decrease after the
transmission through a random medium, for a fixed amount of entanglement in the
incident state, with the decrease of the dimensionless conductance, until entanglement
vanishes completely in the single-channel regime.

The work presented in this thesis opens a number of new interesting questions. Some
of these questions have been partially addressed by the author but not presented in this
manuscript and will be tackled in the near future in order to get a better understand-
ing of the propagation of entangled two-photon states in random media. Concerning
the two-photon speckle pattern, a detailed study of the complementarity between the
visibilities of one- and two-photon speckle patterns would allow understanding genuine
two-photon interferences, i.e., interferences that truly require entanglement of the two-
photon state. Another interesting perspective concerns the study of the focusing of
non-classical light behind a disordered medium. A first step into this direction will be
the calculation of the coincidence photocount rate obtained with an incident N00N -
state |Ψ〉N00N = 1√

2N !
(â†Nα +eiθâ†Nβ ) |0〉 in order to see how the symmetry of the state,
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which depends on the parameter θ, impacts the coincidence rate. Finally, the study of
the coherent backscattering with two-photon states of light has to our knowledge never
been addressed.

Regarding the quite recent field dealing with the quantification of entanglement
of light transmitted through a random medium, we have already begun considering
the case of more general incident states. Indeed, maximally entangled and separable
states are two extreme cases and in most experimental schemes in quantum optics the
SPDC states are the most “popular”. Besides, when considering maximally entangled
states, one cannot always separate the effects due to the size of the matrix C from
those coming from the finite value of its rank which is associated with the amount of
entanglement. The extension of this work to more general state would allow checking if
the diagrammatic and the free probability theories are equivalent for all incident states.
Therefore, the application of the formalism introduced in the last chapter to the case
of SPDC states is of great interest for both theory and experiment. In addition to the
study of the crossover from the diffusive to the localized regime discussed in Sec. 4.3.4,
it would be helpful to develop a more general diagrammatic approach that would rely
on the SVD of the transmission matrix t. It would imply performing a diagrammatic
expansion with unitary random matrices instead of random matrices with independent
entries. Finally, one might be interested in the capacity of quantum information transfer
through a random medium. This capacity is expected to depend on both the fraction
of accessible modes and the strength of disorder.



110 Conclusion and perspectives



Appendices

111





Appendix A

Derivation of the two-photon SPDC state

In this appendix, we present a derivation of the two-photon SPDC state. We consider
here a Type II SPDC process where the non-linear crystal is pumped by a broadband
pump. Besides, for the simplicity of the derivation, we deal with a collinear propagation
of the two photons along the direction of propagation of the pump beam, i.e., they do
not have transverse momentum. Note that the case of the Type I SPDC state, with or
without collinearity and monochromatic pump is derived in a similar way. Using the
interaction picture, the final state |Ψ(t)〉 can be written as

|Ψ(t)〉 = exp

[
1

i~

ˆ t

t0

dt′ĤI

(
t′
)]
|Ψ(t0)〉 , (A.1)

with ĤI (t) the interaction Hamiltonian given by

ĤI (t) =

ˆ

V
d3r χ(2)Ê(+)

p (r, t) Ê(−)
o (r, t) Ê(−)

e (r, t) + H.c. (A.2)

where χ(2) is the second order non-linear susceptibility and is assumed to be frequency
independent. H.c. stands for Hermitian conjugate. For a collinear propagation along
the z-axis, the electric field takes the form

Ê
(+)
i (z, t) =

ˆ

dωiA (ωi) âi (ωi) e
i(ki(ωi)z−ωit), (A.3)

with A (ω) = i
√

~ω
2ǫ0n2(ω)

a slowly varying function of ω.

The weak efficiency of this non-linear process necessitates an intense pump field,
consequently the pump can be described by a classical field:

Ep (z, t) = α̃ (t) eikp(ωp)z. (A.4)

Considering the pulse behavior of the pump, the interaction in the non-linear crystal
is very short in time then the limits of integration in Eq. (A.1) can be extended to
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infinity. Thus we have

ˆ t

t0

dt′ĤI

(
t′
)

= χ(2) [A∗ (ωp)]
2
ˆ ∞

−∞
dωodωeâ

†
o (ωo) â

†
e (ωe)×

ˆ ∞

−∞
dt′α̃

(
t′
)
exp

[
i (ωo + ωe) t

′]×
ˆ Lc/2

−Lc/2
dz exp {−i [ko (ωo) + ke (ωe)− kp (ωp)] z}+H.c., (A.5)

where Lc is the length of the non-linear crystal and ωp the central frequency of the
pump. Introducing the Fourier transform α̃ (t)

α (ω) =
1√
2π

ˆ ∞

−∞
dtα̃ (t) eiωt,

and performing the time integration yields

ˆ t

t0

dt′ĤI

(
t′
)
=
√
2πχ(2) [A∗ (ωp)]

2 Lc

2

ˆ ∞

−∞
dωodωeα (ωo + ωe)h (ωo, ωe) â

†
o (ωo) â

†
e (ωe) ,

(A.6)

where

h (ωo, ωe) = sinc

{
L

2
[ko (ωo) + ke (ωo)− kp (ωp)]

}
. (A.7)

Since the interaction is weak, Eq. (A.1) can be approximated by taking the first
two terms of the expansion of the interaction operator so that

|ψ (t)〉 ≃ |ψ (t0)〉+
1

i~

ˆ t

t0

dt′ĤI

(
t′
)
|ψ (t0)〉 .

Finally, dropping out the first term corresponding to the initial state — |ψ (t0)〉 = |0〉
for a spontaneous down-conversion — we obtain the two-photon state

|ψ〉 =
ˆ ∞

−∞
dωo

ˆ ∞

−∞
dωe φ (ωo, ωe) â

†
o (ωo) â

†
e (ωe) |0〉 (A.8)

where φ (ωo, ωe) = Kα (ωo + ωe)h (ωo, ωe) and K = Lc
2

√
2πχ(2) [A∗ (ωp)]

2 /i~.



Appendix B

Photon number correlation versus

coincidence rate

In this Appendix, we establish a relation between the photon number correlation func-
tion Cij = 〈n̂in̂j〉 and the probability P2(i, j) to detect a photon in each of the modes i
and j. Let us first assume i 6= j. Denote the state of the field before detection of pho-
tons by |ψ〉 and assume that {|ψn〉} is an orthonormal basis composed of all possible,
orthogonal states in which the field can be found after the two photons are detected.
The probability density to detect a photon from the mode i at a time t1 and a photon
from the mode j afterwards, at a time t2 > t1, is then [40]

P2(i, j; t1, t2) =
∑

n

| 〈ψn| âj(t2)âi(t1) |ψ〉 |2

=
∑

n

〈ψ| â†i (t1)â
†
j(t2) |ψn〉 〈ψn| âj(t2)âi(t1) |ψ〉

= 〈ψ| â†i (t1)â
†
j(t2)âj(t2)âi(t1) |ψ〉

= 〈: n̂i(t1)n̂j(t2) :〉, (B.1)

where the operator âi(t) corresponds to the detection of a photon in the mode i at a
time t [40] and we made use of the closure relation

∑
n |ψn〉 〈ψn| = 1; the colons : · · · :

denote normal ordering of operators.

The probability that the two photons are detected at any times t1 < t2 during a
sampling time ∆T is obtained by integrating Eq. (B.1) over times:

P t1<t2
2 (i, j) =

∆T/2
ˆ

−∆T/2

dt1

∆T/2
ˆ

t1

dt2P2(i, j; t1, t2). (B.2)

Finally, the probability P2(i, j) of detecting the two photons in arbitrary order is equal
to the sum of P t1<t2

2 (i, j) given by Eq. (B.2) and P t1>t2
2 (i, j) given by Eq. (B.2) with
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the integration over t2 running from −∆T/2 to t1:

P2(i, j) = P t1<t2
2 (i, j) + P t1>t2

2 (i, j)

=

∆T/2
ˆ

−∆T/2

dt1

∆T/2
ˆ

t1

dt2P2(i, j; t1, t2)

+

∆T/2
ˆ

−∆T/2

dt1

t1
ˆ

−∆T/2

dt2P2(i, j; t1, t2)

=

∆T/2
ˆ

−∆T/2

dt1

∆T/2
ˆ

−∆T/2

dt2P2(i, j; t1, t2)

= 〈: n̂in̂j :〉 = 〈n̂in̂j〉. (B.3)

We therefore conclude that for i 6= j, P2(i, j) and Cij are exactly equal.
Assume now that i = j. We have

P2(i, i; t1, t2) = 〈: n̂i(t1)n̂i(t2) :〉 (B.4)

and

P2(i, i) =

∆T/2
ˆ

−∆T/2

dt1

∆T/2
ˆ

t1

dt2P2(i, i; t1, t2)

=
1

2
〈: n̂2i :〉 =

1

2

(
〈n̂2i 〉 − 〈n̂i〉

)
. (B.5)

The difference with respect to the case i 6= j comes from the fact that the two photons
now belong to the same mode and hence are indistinguishable. The two cases t1 < t2
and t1 > t2 cannot be distinguished anymore and there is only one [instead of two in
Eq. (B.3)] contribution to P2. Equations (B.3) and (B.5) lead to Eq. (3.61) of the main
text.

The importance of the additional prefactor 1
2 in Eq. (B.5) as compared to Eq. (B.3)

can be understood if we consider two identical one-photon wave packets incident at
the same input port of a symmetric beam splitter having two outgoing modes i, j = 1
(transmission) or 2 (reflection). Assume that the wave packets are well separated in
time so that they interact with the beam splitter independently and each photon can
be transmitted or reflected with a probability P1(1) = P1(2) =

1
2 . On the one hand, the

calculation of joint probabilities readily yields P2(1, 1) = P2(2, 2) =
1
4 and P2(1, 2) =

1
2 .

On the other hand, we find 〈: n̂21 :〉 = 〈: n̂22 :〉 = 〈: n̂1n̂2 :〉 = 1
2 . We thus see that

although P2(1, 2) = 〈: n̂1n̂2 :〉, an additional factor 1
2 is necessary to link P2(1, 1) and

〈: n̂21 :〉: P2(1, 1) =
1
2〈: n̂21 :〉. The difference between the cases i = j and i 6= j comes

from the fact that two different processes can lead to detecting one photon in the mode
1 and the other — in the mode 2: either the first photon is transmitted and the second
is reflected or vice versa. The (equal) probabilities of these two processes add up to
give P2(1, 2). However, a unique process leads to finding both photons in the mode 1
(or 2): both photons should be transmitted (or reflected).



Appendix C
Average expectation values of one and

two-photon observables in transmission

C.1 Calculation of normally ordered photon number cor-

relation functions

In this Appendix, we derive Eq. (3.62) of the main text. Consider first the case of
τ = 0, i.e. the case when there is no time delay between the two photon beams. We
have

〈: n̂in̂j :〉 =
∆T/2
¨

−∆T/2

dt1dt2 〈: n̂i(t)n̂j(t′) :〉, (C.1)

where

〈: n̂i(t)n̂j(t′) :〉 = 〈ψ| â†i (t) â
†
j

(
t′
)
âi (t) âj

(
t′
)
|ψ〉

= |âi (t) âj
(
t′
)
|ψ〉 |2. (C.2)

Representing âi(t) through its Fourier transform âi(ω), âi(t) = (1/
√
2π)

´ +∞
−∞ dωâi(ω)e

−iωt,
we obtain

âj(t
′)âi(t) |ψ〉 =

1

2π

¨ ∞

−∞
dωdω′ e−i(ωt+ω′t′)âi(ω)âj(ω

′) |ψ〉 . (C.3)

Using the input-output relation (3.57), we now express âj(ω) and âi(ω) through âα(ω)
by considering only the transmission so that

âj(t
′)âi(t) |ψ〉 =

1

2π

¨ ∞

−∞
dωdω′ e−i(ωt+ω′t′)

×
N∑

αβ

tiα (ω) tjβ
(
ω′
)
âα(ω)âβ(ω

′) |ψ〉 . (C.4)

We now assume that the sampling time ∆T during which the photons are counted is
much longer than all other time scales of the problem. This allows us to take the limit
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∆T →∞ in Eq. (C.1) and to use the integral relation
´∞
−∞ dt e−i(ω−Ω)t = 2πδ(ω −Ω).

We then obtain

〈: n̂in̂j :〉 =

¨ ∞

−∞
dωdω′

N∑

αβα′β′

tiα (ω) tjβ
(
ω′
)
t∗iα′ (ω) t

∗
jβ′
(
ω′
)

× 〈â†β′(ω′)â
†
α′(ω)âα(ω)âβ(ω

′)〉, (C.5)

which can be applied for incident light in any quantum state.
Before averaging over the realizations of disorder, let us consider Eq. (C.5) for

different types of states. For an incident two-photon state with each photon in a
different polarization state (α1 or α2), the expectation value in Eq. (C.5) leads to four
possibilities corresponding to the following constraints on the set of indices {α, β, α′, β′}:





δαα1
δβα2

δα′α1
δβ′α2

δαα2
δβα1

δα′α1
δβ′α2

δαα1
δβα2

δα′α2
δβ′α1

δαα2
δβα1

δα′α2
δβ′α1

Then for the bi-Gaussian state, using the symmetry of the two-photon amplitude, we
obtain

〈: n̂in̂j :〉 =

¨ ∞

−∞
dωdω′

∣∣φGauss

(
ω, ω′

)∣∣2 (C.6)

×
(
tiα1

(ω) t∗iα1
(ω) tjα2

(
ω′
)
t∗jα2

(
ω′
)
+ tiα2

(ω) t∗iα2
(ω) tjα1

(
ω′
)
t∗jα1

(
ω′
)

+ tiα1
(ω) t∗iα2

(ω) tjα2

(
ω′
)
t∗jα1

(
ω′
)
+ tiα2

(ω) t∗iα1
(ω) tjα1

(
ω′
)
t∗jα2

(
ω′
))
.

When α1 6= α2, whether φGauss (ω, ω
′) is separable or not, it is not possible to express

〈: n̂in̂j :〉 as a product of one-photon terms.
We now average Eq. (C.5) over the realizations of disorder. As discussed in Chap-

ter 2, owing to the Gaussian statistics of the transmission coefficients, we have

tiα (ω) tjβ (ω′) t∗iα′ (ω) t
∗
jβ′ (ω

′) = T
2
αb

(
δαα′δββ′ + δijδαβ′δβα′

∣∣C
(
ω − ω′

)∣∣2
)
. (C.7)

Then

〈: n̂in̂j :〉 = Tαb

¨ ∞

−∞
dωdω′

N∑

αβ

(
〈â†β(ω′)â†α(ω)âα(ω)âβ(ω′)〉

+ δij〈â†α(ω′)â†β(ω)âα(ω)âβ(ω′)〉
∣∣C
(
ω − ω′

)∣∣2
)
. (C.8)

C.2 Derivation of 〈n̂i〉 〈n̂j〉
In order to obtain the variance of the one-photon intensity used in Sec. 3.6.1, we derive
in this appendix an expression of the observable 〈n̂i〉 〈n̂j〉. Assuming that the sampling
time is much larger than all other time scales of the problem, we have

〈n̂i〉 〈n̂j〉 =

¨ ∞

−∞
dtdt′ ×

〈
â†i (t) âi (t)

〉〈
â†j (t

′) âj (t′)
〉
. (C.9)
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From the Fourier transform âi(t) = (1/
√
2π)

´ +∞
−∞ dωâi(ω)e

−iωt and the input-output
relation (3.57), the average over realizations of disorder of the integrand of Eq. (C.9)
is given by

〈
â†i (t) âi (t)

〉〈
â†j (t

′) âj (t′)
〉
=

1

4π2

˘ ∞

−∞
dωdω′dΩdΩ′e−i((ω−Ω)t+(ω′−Ω′)t′) ×

×
N∑

αβα′β′

tiα (ω) tjα′ (ω′) t∗iβ (Ω) t
∗
jβ′ (Ω

′)
〈
â†β (Ω) âα (ω)

〉〈
â†β′
(
Ω′
)
âα′
(
ω′
)〉
.(C.10)

The we insert Eq. (C.10) into Eq. (C.13) and perform the time integration using the
relation

´∞
−∞ dte−i(ω−Ω)t = 2πδ(ω − Ω), so that

〈n̂i〉 〈n̂j〉 =

¨ ∞

−∞
dωdω′

N∑

αβα′β′

tiα (ω) tjα′ (ω′) t∗iβ (ω) t
∗
jβ′ (ω

′)×

×
〈
â†β (ω) âα (ω)

〉〈
â†β′
(
ω′
)
âα′
(
ω′
)〉
. (C.11)

We now average over the realizations of disorder as in Appendix C.1 and obtain

〈n̂i〉 〈n̂j〉 = T
2
αb

¨ ∞

−∞
dωdω′

N∑

αβ

(〈
â†α (ω) âα (ω)

〉〈
â†β
(
ω′
)
âβ
(
ω′
)〉
×

×δij
〈
â†β (ω) âα (ω)

〉〈
â†α
(
ω′
)
âβ
(
ω′
)〉 ∣∣C

(
ω − ω′

)∣∣2
)
. (C.12)

Taking i = j leads to the second moment of intensity needed to obtain its variance.
Note that Eq. (C.12) is valid for any quantum state.

C.3 Derivation of 〈: n̂in̂j :〉2 for i 6= j

We derive here the second moment of 〈: n̂in̂j :〉. Assuming large sampling time and

i 6= j, 〈: n̂in̂j :〉2 is given by

〈: n̂in̂j :〉2 =

˘ ∞

−∞
dtdt′dTdT ′ ×

×
〈
â†i (t) â

†
j (t

′) âj (t′) âi (t)
〉〈

â†i (T ) â
†
j (T

′) âj (T ′) âi (T )
〉
. (C.13)

Let us consider the first quantum expectation value appearing in the r.h.s of Eq. (C.13).
Using the relation âi(t) = (1/

√
2π)

´ +∞
−∞ dω âi(ω)e

−iωt and the input-output rela-
tion (3.57) we have

〈
â†i (t) â

†
j

(
t′
)
âj
(
t′
)
âi (t)

〉
=

1

4π2

˘ ∞

−∞
dωdω′dΩdΩ′ e−i((ω−Ω)t+(ω′−Ω′)t′) ×

×
N∑

αβα′β′

tiα (ω) tjα′
(
ω′
)
t∗iβ (Ω) t

∗
jβ′
(
Ω′
) 〈
â†β (Ω) â

†
β′

(
Ω′
)
âα′
(
ω′
)
âα (ω)

〉
, (C.14)
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and similarly for the second quantum expectation value in the r.h.s of Eq. (C.13).
Inserting the product of two expectation values into Eq. (C.13) and using the relation
´∞
−∞ dt e−i(ω−Ω)t = 2πδ(ω − Ω), the second moment becomes

〈: n̂in̂j :〉2 =

˘ ∞

−∞
dωdω′dΩdΩ′

N∑

αβα′β′γδγ′δ′

×

× tiα (ω) tjα′ (ω′) t∗iβ (ω) t
∗
jβ′ (ω

′) tiγ (Ω) tjγ′ (Ω′) t∗iδ (Ω) t
∗
jδ′ (Ω

′)×

×
〈
â†β (ω) â

†
β′

(
ω′
)
âα′
(
ω′
)
âα (ω)

〉〈
â†δ (Ω) â

†
δ′

(
Ω′
)
âγ′
(
Ω′
)
âγ (Ω)

〉
.

(C.15)

Averaging over the realizations of disorder in Eq. (C.15) leads to 24 terms. However,
because we are considering the case of i 6= j, only 4 terms are different from zero. Using
the Gaussian statistics of the transmission coefficients we obtain

tiα (ω) tjα′ (ω′) t∗iβ (ω) t
∗
jβ′ (ω

′) tiγ (Ω) tjγ′ (Ω′) t∗iδ (Ω) t
∗
jδ′ (Ω

′) =

= tiα (ω) tiγ (Ω) t∗iβ (ω) t
∗
iδ (Ω) tjα′ (ω′) tjγ′ (Ω′) t∗jβ′ (ω

′) t∗jδ′ (Ω
′) =

= T
4
αb

(
δαβδγδ + δαδδγβ |C (ω − Ω)|2

)(
δα′β′δγ′δ′ + δα′δ′δγ′β′

∣∣C
(
ω′ − Ω′

)∣∣2
)
.

(C.16)

Substituting Eq. (C.16) into Eq. (C.15) yields

〈: n̂in̂j :〉2 = T
4
αb

˘ ∞

−∞
dωdω′dΩdΩ′

N∑

αβα′β′

×

×
(〈
â†α (ω) â

†
α′

(
ω′
)
âα′
(
ω′
)
âα (ω)

〉〈
â†β (Ω) â

†
β′

(
Ω′
)
âβ′
(
Ω′
)
âβ (Ω)

〉
+

+
〈
â†β (ω) â

†
α′

(
ω′
)
âα′
(
ω′
)
âα (ω)

〉〈
â†α (Ω) â

†
β′

(
Ω′
)
âβ′
(
Ω′
)
âβ (Ω)

〉
×

× |C (ω − Ω)|2+
+
〈
â†α (ω) â

†
β′

(
ω′
)
âα′
(
ω′
)
âα (ω)

〉〈
â†β (Ω) â

†
α′

(
Ω′
)
âβ′
(
Ω′
)
âβ (Ω)

〉
×

×
∣∣C
(
ω′ − Ω′

)∣∣2+

+
〈
â†β (ω) â

†
β′

(
ω′
)
âα′
(
ω′
)
âα (ω)

〉〈
â†α (Ω) â

†
α′

(
Ω′
)
âβ′
(
Ω′
)
âβ (Ω)

〉
×

× |C (ω − Ω)|2
∣∣C
(
ω′ − Ω′

)∣∣2
)
. (C.17)

Eq. (C.17) is valid for all quantum states in transmission through a disordered medium.
In Sec. 3.6.2, we apply it both for a bi-Gaussian two-photon state and for a two-mode
coherent state.
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