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■❛❧♦ ❤❛♥❦ ▼ ✳■❛❜❡❧❧❡❈❤❛♠♣✐♦♥❢♦ ♣♦✈✐❞✐♥❣✉ ✇✐❤ ❤❡ ♦❧❙❆❘✐♠❛❣❡

✉❡❞✐♥❤✐ ❡❡❛❝❤✳

■✇✐❤ ♦✇❛♠❧② ❤❛♥❦❛❧❧♠②❝♦❧❧❡❛❣✉❡ ❛♥❞❢✐❡♥❞❛■▼❙❢♦❛❧❧❤❡❣♦♦❞♠♦✲

♠❡♥ ♣❡♥ ♦❣❡❤❡✳

❙♣❡❝✐❛❧ ❤❛♥❦ ❣♦♦♠②♣❛❡♥✱♠②❜♦❤❡ ❛♥❞❋❛❜✐❡♥✱❢♦ ❤❡✐ ✉♥❝♦♥❞✐✐♦♥❛❧

✉♣♣♦ ❛♥❞❢♦❛❧✇❛②❜❡✐♥❣❤❡❡❢♦♠❡✳





▲✐ ♦❢❆❝♦♥②♠

❇■❈ ❇❛②❡✐❛♥■♥❢♦♠❛✐♦♥❈✐❡✐♦♥

❇❑❋ ❇❡ ❡❧❑❋♦♠

❇♦❘❲ ❇❛❣♦❢❘✐❡♠❛♥♥✐❛♥ ❲♦❞

❇♦❲ ❇❛❣♦❢ ❲♦❞

❈▼ ❈❡♥❡♦❢▼❛

❞❜✹ ❉❛✉❜❡❝❤✐❡ ✹❋✐❧❡

❋ ❋✐①❡❞ ♦✐♥❊ ✐♠❛♦

❋❱ ❋✐❤❡❱❡❝♦

❊▼ ❊①♣❡❝❛✐♦♥▼❛①✐♠✐③❛✐♦♥❆❧❣♦✐❤♠

●❉ ●❡♦❞❡✐❝❉✐❛♥❝❡

●●❉ ●❡♥❡❛❧✐③❡❞●❛✉✐❛♥❉✐ ✐❜✉✐♦♥

●▲❈▼ ●❛②✲▲❡✈❡❧❈♦✲♦❝❝✉❡♥❝❡▼❛✐①

●▼▼ ●❛✉ ✐❛♥▼✐①✉❡▼♦❞❡❧

❍❍ ❍♦✐③♦♥❛❧❚❛♥♠✐ ✐♥❣✱❍♦✐③♦♥❛❧❘❡❝❡✐✈✐♥❣ ♦❧❛✐③❛✐♦♥■♠❛❣❡

❍❱ ❍♦✐③♦♥❛❧❚❛♥♠✐ ✐♥❣✱❱❡✐❝❛❧❘❡❝❡✐✈✐♥❣♦❧❛✐③❛✐♦♥■♠❛❣❡

■❉❆◆ ■♥❡♥✐②✲❉✐✈❡♥✲❆❞❛♣✐✈❡✲◆❡✐❣❤❜♦❤♦♦❞❋✐❧❡

❑▲ ❑✉❧❧❜❛❝❦✲▲❡✐❜❧❡ ❉✐✈❡❣❡♥❝❡

❦✲◆◆ ❦✲◆❡❛❡ ◆❡✐❣❤❜♦

▲❇ ▲♦❝❛❧❇✐♥❛② ❛❡♥

▲❊✲❇♦❘❲ ▲♦❣✲❊✉❝❧✐❞❡❛♥❇❛❣♦❢❘✐❡♠❛♥♥✐❛♥ ❲♦❞

▲◗◗ ▲✐♥❡❛ ◗✉❛❞❛✐❝◗✉❛❞❛✐❝❋✉♥❝✐♦♥

▼❆❉ ▼❡❞✐❛♥❆❜ ♦❧✉❡❉❡✈✐❛✐♦♥

▼❉▼ ▼✐♥✐♠✉♠❉✐ ❛♥❝❡♦▼❡❛♥

▼❊● ▼❛❣♥❡♦❡♥❝❡♣❤❛❧♦❣❛♣❤②

▼●❉ ▼✉❧✐✈❛✐❛❡●❛✉✐❛♥❉✐ ✐❜✉✐♦♥

▼●●❉ ▼✉❧✐✈❛✐❛❡●❡♥❡❛❧✐③❡❞●❛✉✐❛♥❉✐ ✐❜✉✐♦♥

▼▲❊ ▼❛①✐♠✉♠▲✐❦❡❧✐❤♦♦❞❊ ✐♠❛♦

◆❙❈▼ ◆♦♠❛❧✐③❡❞❙❛♠♣❧❡❈♦✈❛✐❛♥❝❡▼❛✐①

❉❊ ❛✐❛❧❉✐✛❡❡♥✐❛❧❊✉❛✐♦♥



①✐✐ ▲✐ ♦❢❆❝♦♥②♠

♦❧❙❆❘ ♦❧❛✐♠❡✐❝❙②♥❤❡✐❝❆♣❡✉❡❘❛❞❛

❘❈♦✈❉ ❘❡❣✐♦♥❈♦✈❛✐❛♥❝❡❉❡❝✐♣♦

❘❋❱ ❘✐❡♠❛♥♥✐❛♥❋✐❤❡❱❡❝♦

❘●❉ ❘✐❡♠❛♥♥✐❛♥●❛✉ ✐❛♥❉✐ ✐❜✉✐♦♥

❘▲❉ ❘✐❡♠❛♥♥✐❛♥▲❛♣❧❛❝❡❉✐ ✐❜✉✐♦♥

❘▼❡❞ ❘✐❡♠❛♥♥✐❛♥▼❡❞✐❛♥

❘▼❙❊ ❘♦♦✲▼❡❛♥❙✉❛❡❊♦

❘✲❱▲❆❉ ❘✐❡♠❛♥♥✐❛♥❱❡❝♦ ♦❢▲♦❝❛❧❧②❆❣❣❡❣❛❡❞❉❡❝✐♣♦

❙❆❘ ❙②♥❤❡✐❝❆♣❡✉❡❘❛❞❛

❙❈▼ ❙❛♠♣❧❡❈♦✈❛✐❛♥❝❡▼❛✐①

❙■❋❚ ❙❝❛❧❡✲■♥✈❛✐❛♥❋❡❛✉❡❚❛♥❢♦♠

❙❘❆❉ ❙♣❡❝❦❧❡❘❡❞✉❝✐♦♥❆♥✐♦♦♣✐❝❉✐✛✉✐♦♥

❙❱▼ ❙✉♣♣♦ ❱❡❝♦▼❛❝❤✐♥❡

❙■❘❱ ❙♣❤❡✐❝❛❧❧②■♥✈❛✐❛♥❘❛♥❞♦♠❱❡❝♦

❱❍ ❱❡ ✐❝❛❧❚❛♥♠✐ ✐♥❣✱❍♦✐③♦♥❛❧❘❡❝❡✐✈✐♥❣ ♦❧❛✐③❛✐♦♥■♠❛❣❡

❱▲❆❉ ❱❡❝♦ ♦❢▲♦❝❛❧❧②❆❣❣❡❣❛❡❞❉❡❝✐♣♦

❱❱ ❱❡ ✐❝❛❧❚❛♥♠✐ ✐♥❣✱❱❡✐❝❛❧❘❡❝❡✐✈✐♥❣♦❧❛✐③❛✐♦♥■♠❛❣❡

❲❚ ❲❛✈❡❧❡ ❚❛♥❢♦♠

❲❉ ❲✐ ❤❛ ❉✐ ✐❜✉✐♦♥



❘ ✉♠ ➱❡♥❞✉

❈♦♥❡①❡ ❝✐❡♥✐✜✉❡

▲❡ ❛✈❛✉①♣ ❡♥ ❞❛♥ ❝❡❡❤ ❡❝♦♥❝❡♥❡♥ ❧❡♠ ❤♦❞❡ ❞❡❝❧❛ ✐✜❝❛✐♦♥

♦❜✉❡✉ ❧✬❡♣❛❝❡❞❡ ♠❛ ✐❝❡❞❡❝♦✈❛✐❛♥❝❡✳ ❛ ❝♦♥ ✉❡♥✱❧✬❡♥❡♠❜❧❡❞❡

❛✈❛✉①♣ ❡♥ ❞❛♥❝❡♠❛♥✉❝✐♦♥ ♠❡♥ ❛✉♦✉❞❡❞❡✉①❝♦♥❝❡♣ ❝❡♥❛✉①✿

✓❧❛❣♦♠ ✐❡❞❡♠❛ ✐❝❡❞❡❝♦✈❛✐❛♥❝❡✔❡✓❧❡ ❛❧❣♦✐❤♠❡ ♦❜✉❡✔♣♦✉

❧✬❡✐♠❛✐♦♥❡❧❛❝❧❛✐✜❝❛✐♦♥✳

▼♦ ✐✈❛✐♦♥❡♦❜❥❡❝✐❢

❆✉❝♦✉ ❞❡❝❡❞❡♥✐ ❡❛♥♥❡✱❧❡♠❛ ✐❝❡❞❡❝♦✈❛✐❛♥❝❡♦♥♠♦♥ ❧❡✉✐♥

❞❛♥ ❞❡ ♥♦♠❜❡✉❡❛♣♣❧✐❝❛✐♦♥❡♥ ❛✐❡♠❡♥❞✉ ✐❣♥❛❧❡❞❡❧✬✐♠❛❣❡✱ ❡❧❧❡ ✉❡

❧❛❞❡❝✐♦♥❞❡❝✐❜❧❡❡♥✐♠❛❣❡✐❡❛❞❛❬●❡❝♦❡❛❧✳✷✵✶✹✱❈❤❡♥❡❛❧✳✷✵✶✶✱❨❛♥❣

❡❛❧✳✷✵✶✵✱❇❛❜❛❡❝♦❡❛❧✳✷✵✶✸❪✱❧❛❡❣♠❡♥❛✐♦♥❞✬✐♠❛❣❡♠❞✐❝❛❧❡ ❬❞❡▲✉✐✲

●❛❝❛❡❛❧✳✷✵✶✶❪✱❧❛❞❡❝✐♦♥❞❡✈✐❛❣❡❬❘♦❜✐♥♦♥✷✵✵✺❪✱❧❛❞❡❝✐♦♥❞❡✈❤✐❝✉❧❡

❬▼❛❞❡ ✫❘❡❡❡✷✵✶✷❪✱♦✉❡♥❝♦❡❧❛❝❧❛✐✜❝❛✐♦♥❬❋♦♠♦♥ ❡❛❧✳✷✵✶✶✱❇❛❛❝❤❛♥

❡❛❧✳✷✵✶✸✱❙❛✐❞❡❛❧✳✷✵✶✺❛✱❋❛❛❦✐❡❛❧✳✷✵✶✺❪✳ ❉❛♥❧❡❝❛❞❡❧❛❝❧❛ ✐✜❝❛✐♦♥

❞❡ ✐❣♥❛✉①♦✉❞❡✐♠❛❣❡✱❧❡♠❛ ✐❝❡❞❡❝♦✈❛✐❛♥❝❡♦♥✉✐❧✐❡❛✜♥❞❡❝❛❛❝✲

✐❡❧❡❞♣❡♥❞❛♥❝❡ ♣❛✐❛❧❡✱❡♠♣♦❡❧❧❡✱♣❡❝ ❛❧❡✱♣♦❧❛✐♠ ✐✉❡✱❡❝✳ ✉✐

♣❡✉✈❡♥❡①✐❡❞❛♥❝❡②♣❡❞❡❞♦♥♥❡✳▲❡ ❛✈❛✉①♣ ❡♥ ❞❛♥❝❡❡❤ ❡❡

❝♦♥❝❡♥❡♥ ✉ ❧❛♠♦❞❧✐❛✐♦♥❞❡❧✬✐♥❢♦♠❛✐♦♥❡①✉❛❧❡❡♣♦❧❛✐♠ ✐✉❡✱❛❧♦

✉✬✉♥❡♣❡✐❡♣❛✐❡❡ ❝♦♥❛❝ ❡ ❧❛❝❧❛✐✜❝❛✐♦♥❞❡✐❣♥❛✉① ▼❊●✭♠❛❣♥♦✲

❡♥❝♣❤❛❧♦❣❛♣❤✐❡✮✳

❊♥♦✉ ❡✱❞❡❛❧❣♦✐❤♠❡ ♦❜✉❡❞❡❝❧❛ ✐✜❝❛✐♦♥♦♥♣♦♣♦ ❛✜♥❞❡ ❞✉✐❡

❧✬✐♥✢✉❡♥❝❡❞❡♦❜❡✈❛✐♦♥❛❜❡❛♥❡ ✉❧❛❝❧❛✐✜❝❛✐♦♥✳▲✬❛♣♣❛✐✐♦♥❞❡❝❡♦❜✲

❡✈❛✐♦♥♣❡✉ ❡❡①♣❧✐✉❡♣❛❧❛✈❛✐❛❜✐❧✐ ✐♥✐♥ ✉❡❞❡ ❞♦♥♥❡✱♣❛❞❡

❡❡✉ ❞❡♠❡✉❡✱♣❛❞❡❡❡✉ ❞❡♠♦❞❧✐❛✐♦♥✱❡❝✳■♥❞♣❡♥❞❛♠♠❡♥❞❡❧❡✉

♦✐❣✐♥❡✱❡❧❧❡♦♥✉♥✐♠♣❛❝♥❣❛✐❢✉❧❛❝❧❛✐✜❝❛✐♦♥✱❝❡✉✐❥✉ ✐✜❡❧❛♥❝❡✐

❞✬✉✐❧✐❡❞❡❛❧❣♦✐❤♠❡ ♦❜✉❡✳

❊♥♣❛ ❛♥❞❡❝❡♦❜❡✈❛✐♦♥✱❧❡♦❜❥❡❝✐❢❞❡❧❛❤ ❡♦♥❧❡ ✉✐✈❛♥ ✿

•▲❡❞✈❡❧♦♣♣❡♠❡♥ ❞✬♦✉✐❧❞❡♠♦❞❧✐❛✐♦♥❡❞❡❝❧❛ ✐✜❝❛✐♦♥❛❞❛♣ ❧❛

❣♦♠ ✐❡❞❡❧✬❡♣❛❝❡❞❡♠❛ ✐❝❡❞❡❝♦✈❛✐❛♥❝❡✳

•▲❡❞✈❡❧♦♣♣❡♠❡♥ ❞✬♦✉✐❧❞❡♠♦❞❧✐❛✐♦♥❡❞❡❝❧❛ ✐✜❝❛✐♦♥♦❜✉❡❛✉①

❞♦♥♥❡❛❜❡❛♥❡✳

•▲❛✈❛❧✐❞❛✐♦♥❞❡♠ ❤♦❞❡♣♦♣♦ ❡❡♥❝❧❛✐✜❝❛✐♦♥❞❡✐♠❛❣❡♦✉❞❡ ✐❣✲

♥❛✉①✳

•▲✬ ✉❞❡❞❡❧✬✐♥✢✉❡♥❝❡❞✉✜❧ ❛❣❡✉❧❡♣❡❢♦♠❛♥❝❡ ❞❡❝❧❛ ✐✜❝❛✐♦♥✳



①✐✈ ❘ ✉♠ ➱❡♥❞✉

❈♦♥ ✐❜✉✐♦♥

▲❡ ♠❛ ✐❝❡❞❡❝♦✈❛✐❛♥❝❡♦♥❞❡ ❞❡❝✐♣❡✉ ✐♠♣♦❛♥ ♣♦✉ ❧❛❝❧❛✐✜❝❛✐♦♥

❞❡ ✐❣♥❛✉①❡❞❡ ✐♠❛❣❡✳ ❆✐♥✐✱❞❛♥❝❡❡❤ ❡✱❞❡♠ ❤♦❞❡ ❞❡♠♦❞❧✐❛✐♦♥

❛❞❛♣ ❡ ❧❡✉❡♣❛❝❡♦♥♣♦♣♦ ❡❡✐♥❣ ❡❞❛♥❧❛❝❧❛✐✜❝❛✐♦♥✳▲❡❝❤♠❛

❞❡❝❧❛ ✐✜❝❛✐♦♥♣♦♣♦ ❡ ♣ ❡♥ ❞❛♥ ❧❛❋✐❣✉❡✶✳■❧❝♦♥✐❡❡♥♣❧✉✐❡✉

❛♣❡✳ ❚♦✉❞✬❛❜♦❞✱❞❡ ❞❡❝✐♣❡✉✱♥♦❛♠♠❡♥ ❞❡ ♠❛ ✐❝❡❞❡❝♦✈❛✐❛♥❝❡✱

♦♥❡①❛✐ ❡♠♦❞❧✐ ❞❛♥ ❧✬❡♣❛❝❡❘✐❡♠❛♥♥✐❡♥✳ ❆♣❛ ✐❞❡❝❡♠♦♠❡♥✱❧❡

❛❧❣♦✐❤♠❡ ❞❡❝❧❛ ✐✜❝❛✐♦♥♣❡✉✈❡♥ ❡♠✐❡♥♣❧❛❝❡✱♦✉❞❡❞❡❝✐♣❡✉ ❧♦❝❛✉①

♣❡✉✈❡♥ ❡❝♦♥✐❞ ♣♦✉❝❛❛❝ ✐❡❧✬✐♠❛❣❡✱❡❧ ✉❡❧❡❛♣♣♦❝❤❡ ❛❝❞❡♠♦

❘✐❡♠❛♥♥✐❡♥ ✭❇♦❘❲✮❬❋❛❛❦✐❡❛❧✳✷✵✶✹❪✱❧❡✈❡❝❡✉ ❘✐❡♠❛♥♥✐❡♥ ❞❡❞❡❝✐♣❡✉

❛❣ ❣ ❧♦❝❛❧❡♠❡♥✭❘✲❱▲❆❉✮❬❋❛❛❦✐❡❛❧✳✷✵✶✺❪✱♦✉❧❡✈❡❝❡✉ ❘✐❡♠❛♥♥✐❡♥ ❞❡

❋✐❤❡✭❘❋❱✮✳

❋✐❣✉❡✶✿▲❡ ❝❤♠❛❞❡❝❧❛ ✐✜❝❛✐♦♥✳

❉❛♥ ❧❡❝❤♠❛❞❡❝❧❛ ✐✜❝❛✐♦♥✱❧✬❛♣❡❝ ♦❜✉❡✐♥❡✈✐❡♥ ♣❧✉✐❡✉ ♥✐✈❡❛✉①✳

❚♦✉ ❞✬❛❜♦❞✱✉♥❡❛ ❡♥✐♦♥♣❝✐❛❧❡❡ ❞♦♥♥❡ ❧✬❡✐♠❛✐♦♥❞❡♠❛ ✐❝❡❞❡❝♦✈❛✐✲

❛♥❝❡✱ ✉✐❞♦✐ ❡✉♥♣♦❝❡✉ ♦❜✉❡❛✉①❞♦♥♥❡❛❜❡❛♥❡✳❊♥❝♦♥ ✉❡♥❝❡✱

❞❡ ❡✐♠❛❡✉ ♦❜✉❡❞❡❝❡ ♠❛ ✐❝❡ ♦♥✉✐❧✐ ❛✜♥❞❡ ❞✉✐❡❧✬✐♠♣❛❝❞❡

♦❜❡✈❛✐♦♥❛❜❡❛♥❡✳❉❛♥❧❡❝♦♥❡①❡❞❡❧❛❝❧❛✐✜❝❛✐♦♥✱❧❛♦❜✉❡❡❞✬✉♥❛❧✲

❣♦✐❤♠❡❝♦♥❝❡♥❡❛✉ ✐❧❛ ❣❧❡❞❡❞❝✐✐♦♥✳❆✜♥❞❡ ❣✉❧❡❧❛♣♦❜❛❜✐❧✐ ❞❡❢❛✉ ❡

❛❧❛♠❡❞✉❝❧❛ ✐✜❡✉✱✐❧❡ ♣♦ ✐❜❧❡❞❡♠❡ ❡❡♥♣❧❛❝❡✉♥❡ ❞✬❤②♣♦❤ ❡✳ ❊♥

♦✉❡✱❧❛❝❧❛✐✜❝❛✐♦♥❞❡♠❛ ✐❝❡❞❡❝♦✈❛✐❛♥❝❡❞❛♥❧✬❡♣❛❝❡❘✐❡♠❛♥♥✐❡♥✐♠♣❧✐✉❡

❧❛♣❛✐✐♦♥❞❡❧✬❡♥❡♠❜❧❡❞❡❞♦♥♥❡❞❛♥❞❡❝❧✉❡✳❈❡❧❛♥❝❡✐❡❧✬❡✐♠❛✐♦♥

❞✉❝❡♥♦❞❡❞❡❝❤❛✉❡❝❧✉ ❡✳ ❆❝❡♥✐✈❡❛✉✱❞❡❛❧❣♦✐❤♠❡ ♦❜✉❡❛✉①♠❛✲

✐❝❡❞❡❝♦✈❛✐❛♥❝❡❛❜❡❛♥❡ ♦♥✐♠♣❛✐❢✳❊♥✜♥✱♣♦✉❧❛❝❛❛❝ ✐❛✐♦♥❞❡

✐♠❛❣❡♥♦♥✲ ❛✐♦♥♥❛✐❡✱❧❡❞❡❝✐♣❡✉ ❣❧♦❜❛✉①♥❡♦♥♣❛ ❛❞❛♣ ✳ ❆✐♥✐✱❞❡

❞❡❝✐♣❡✉ ❧♦❝❛✉①♦♥❝♦♥✐❞ ✱❡❧ ✉❡❧❡❇♦❘❲✱❧❡ ❘❋❱✱♦✉❧❡ ❘✲❱▲❆❉✳

❚♦✉ ❧❡❛♣❡❝ ♥✉♠ ❝✐✲❞❡✉ ♦♥❞ ❛✐❧❧ ❞❛♥❝❡♠❛♥✉❝✐✱❡♥❛✐♥❛♥

❞❡ ❝♦♥✐❜✉✐♦♥♣♦✉ ❝❤❛✉❡ ❛♣❡❞✉ ❝❤♠❛❞❡❝❧❛ ✐✜❝❛✐♦♥✿❡①❛❝✐♦♥❞❡

❞❡❝✐♣❡✉✱♠♦❞❧✐❛✐♦♥❞❡❞♦♥♥❡✱❡✐♠❛✐♦♥❞❡♣❛❛♠ ❡✱❡①❛❝✐♦♥❞❡

❞❡❝✐♣❡✉ ❧♦❝❛✉①❡❝❧❛✐✜❝❛✐♦♥✳▲❡❝♦♥✐❜✉✐♦♥♣✐♥❝✐♣❛❧❡❞❡❧❛❤ ❡♣❡✉✲

✈❡♥ ❡ ✉♠❡❞❡❧❛❢❛♦♥✉✐✈❛♥❡✿



❘ ✉♠ ➱❡♥❞✉ ①✈

✶✳❊①❛❝✐♦♥❞❡❞❡❝✐♣❡✉ ✿

•▲✬✉✐❧✐❛✐♦♥❞✬❡✐♠❛❡✉ ♦❜✉❡❞❡❧❛♠❛ ✐❝❡❞❡❝♦✈❛✐❛♥❝❡✳▲✬♦❜❥❡❝✐❢

❞❡❝❡❡✐♠❛❡✉ ❡ ❞❡ ❞✉✐❡❧✬✐♠♣❛❝❞❡❞♦♥♥❡❛❜❡❛♥❡ ✉❧❛

♠♦❞❧✐❛✐♦♥❞❡❧✬✐♥❢♦♠❛✐♦♥✳

•▲✬✐♥ ♦❞✉❝✐♦♥❞✬✉♥❡♠❤♦❞❡❞❡✜❧ ❛❣❡❜❛ ❡✉❧❛❞✐✛✉✐♦♥❛♥✐♦♦♣❡

♣♦✉ ❧❛ ❞✉❝✐♦♥❞✉❜✉✐ ❞❡ ♣❡❝❦❧❡✳ ▲✬♦❜❥❡❝✐❢❞❡❝❡❡ ❛♣❡❡

❞✬ ✉❞✐❡❧❡♣♦❡♥✐❡❧❞✉✜❧❛❣❡✉❧❛❝❧❛✐✜❝❛✐♦♥❞❡✐♠❛❣❡ ♦❧❛✐♠ ✐✉❡

❘❛❞❛ ❙②♥❤ ❡❞✬❖✉✈❡✉❡✭♦❧❙❆❘✮✳

✷✳ ▼♦❞❧✐❛✐♦♥❞❡❞♦♥♥❡✿

•▲✬✐♥ ♦❞✉❝✐♦♥❞❡❧❛❞✐ ✐❜✉✐♦♥❘✐❡♠❛♥♥✐❡♥♥❡❞❡▲❛♣❧❛❝❡✱❛✐♥✐✉❡

♦♥❡①❡♥✐♦♥❛✉❝❛❞❡ ♠♦❞❧❡❞❡♠❧❛♥❣❡♣♦✉❧❛♠♦❞❧✐❛✐♦♥❞❡

♠❛ ✐❝❡❞❡❝♦✈❛✐❛♥❝❡✳

•▲✬❡①❡♥✐♦♥❞❡❛❧❣♦✐❤♠❡❞❡②♣❡❦✲♠♦②❡♥♥❡❡❞✬❡♣ ❛♥❝❡✲♠❛①✐♠✐❛✐♦♥

✭❊▼✮❛✉❝❛❘✐❡♠❛♥♥✐❡♥♣♦✉ ❧✬❡✐♠❛✐♦♥❞❡♣❛❛♠ ❡❞❡❧❛❧♦✐❘✐❡✲

♠❛♥♥✐❡♥♥❡❞❡▲❛♣❧❛❝❡✳

✸✳❊✐♠❛✐♦♥❞❡♣❛❛♠ ❡✿

•▲✬✐♥ ♦❞✉❝✐♦♥❞✉❝❡♥♦❞❡❞❡❍✉❜❡✳❊♥✬❛♣♣✉②❛♥ ✉❧❛❤♦✐❡❞❡

▼✲❡ ✐♠❛❡✉✱❧❡❝❡♥♦❞❡❞❡❍✉❜❡❡ ❞✜♥✐❝♦♠♠❡❧✬❡ ✐♠❛❡✉❞❡❧❛

✈❛❧❡✉❝❡♥❛❧❡❞✬✉♥❡♥❡♠❜❧❡❞❡♠❛✐❝❡❞❡❝♦✈❛✐❛♥❝❡✳

•▲❡❝❛❧❝✉❧❛✉♦♠❛✐✉❡❞✉♣❛❛♠ ❡ ❣✉❧❛♥ ❧❡❝♦♠♣♦♠✐ ❡♥❡ ♦✲

❜✉ ❡❡❡❡✣❝❛❝✐ ❞✉❝❡♥♦❞❡❞❡❍✉❜❡✳❆✜♥❞❡✜①❡❝❡♣❛❛♠ ❡✱

✉♥❛❧❣♦✐❤♠❡❜❛ ✉ ❧❡❝♦♥❝❡♣❞❡▼❆❉✭♠❡❞✐❛♥❛❜♦❧✉❡❞❡✈✐❛✐♦♥✮

❡ ✐♥♦❞✉✐✳

✹✳❊①❛❝✐♦♥❞❡❞❡❝✐♣❡✉ ❧♦❝❛✉①✿

•▲❛❞✜♥✐✐♦♥❞❡❞❡❝✐♣❡✉ ❛♣♣❡❧ ✈❡❝❡✉ ❘✐❡♠❛♥♥✐❡♥ ❞❡❋✐❤❡

♣♦✉ ❧❡❞✐ ✐❜✉✐♦♥❘✐❡♠❛♥♥✐❡♥♥❡●❛✉ ✐❡♥♥❡❡❞❡▲❛♣❧❛❝❡✳❆✜♥❞❡

♠♦❞❧✐❡❧❡✐♠❛❣❡♥♦♥✲ ❛✐♦♥♥❛✐❡✱❧❡✈❡❝❡✉ ❞❡❋✐❤❡ ♦♥ ❡♥✲

❞✉ ❛✉❝❛ ❘✐❡♠❛♥♥✐❡♥❡♥✉✐❧✐❛♥❧❡❞❡♥✐ ❞❡♣♦❜❛❜✐❧✐ ❞❡ ❧♦✐

❘✐❡♠❛♥♥✐❡♥♥❡ ●❛✉ ✐❡♥♥❡❡❞❡▲❛♣❧❛❝❡✳

•▲✬✐❧❧✉ ❛✐♦♥❞✉❧✐❡♥❡♥❡❧❡ ✈❡❝❡✉ ❘✐❡♠❛♥♥✐❡♥ ❞❡❋✐❤❡ ❡ ❧❡

✈❡❝❡✉ ❘✐❡♠❛♥♥✐❡♥ ❞❡❞❡❝✐♣❡✉ ❛❣ ❣ ❧♦❝❛❧❡♠❡♥✭❘✲❱▲❆❉✮✳

✺✳❈❧❛✐✜❝❛✐♦♥✿

•▲❛❞✜♥✐✐♦♥❞✬✉♥❡ ❞✬❤②♣♦❤ ❡❜❛ ✉❧❛❞✐❛♥❝❡❣♦❞ ✐✉❡♣♦✉
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✈❛✐❛♥❝❡
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❡❧❧❡♣♦✉❧❛❝❧❛✐✜❝❛✐♦♥❞❡♣❛❝❡❧❧❡❢♦❡✐❡✳

▲❡ ❡①♣✐❡♥❝❡ ❛❧✐ ❡ ✉ ❧❡❞♦♥♥❡ ♦❧❙❆❘♦♥ ❡✉♣❧✉✐❡✉ ♦❜❥❡❝✐❢✿

❧✬✈❛❧✉❛✐♦♥❞❡❧❛ ❛✐✐✉❡❞✉❡ ♣♦♣♦ ✱❧✬❛♥❛❧②❡❞❡❧✬✐♥✢✉❡♥❝❡❞❡♣❛❛♠ ❡

❞✬❛❝✉✐✐✐♦♥✭❛♥❣❧❡❞✬✐♥❝✐❞❡♥❝❡✱ ♦❧✉✐♦♥♣❛✐❛❧❡✱♥♦♠❜❡❞❡❝❛♥❛✉①♣♦❧❛✐♠ ✐✉❡✮

✉ ❧❛❝❧❛✐✜❝❛✐♦♥✱❡❧✬✐♥♦❞✉❝✐♦♥❞❡♠❤♦❞❡ ❝❛♣❛❜❧❡❞✬❡①♣❧♦✐❡❧❡❞♣❡♥✲

❞❛♥❝❡ ✉✐❡①✐ ❡♥❞❛♥❝❡✐♠❛❣❡✭♣❛✐❛❧❡✭❙✮✱♣♦❧❛✐♠ ✐✉❡✭♦❧❛✮✮✳

▲❡ ❛❜❧❡❛✉✶♠♦♥ ❡❧❡♣❡❢♦♠❛♥❝❡ ❞❡❝❧❛ ✐✜❝❛✐♦♥❡♥❡♠❡ ❞❡ ❛✉①❞❡

❜♦♥♥❡❝❧❛ ✐✜❝❛✐♦♥♣♦✉❧❡❛♣♣♦❝❤❡♣♦♣♦ ❡✳

▼ ❤♦❞❡❞❡❝❧❛ ✐✜❝❛✐♦♥ ❚❛✉①❞❡❜♦♥♥❡❝❧❛ ✐✜❝❛✐♦♥

●▲❈▼❍❱ 86.6±5.6

▼●❉❍❍✰ ❲❚✰❙ 59.0±5.4

▼●❉ ♦❧❛ 84.0±4.4

▼●❉ ♦❧❛✰ ❲❚ 81.8±4.0

▼●❉ ♦❧❛✰ ❲❚✰❙ 63.5±4.9

❚❛❜❧❡❛✉✶✿❈♦♠♣❛❛✐♦♥❡♥❡❧❡❛❧❣♦✐❤♠❡❞❡❝❧❛ ✐✜❝❛✐♦♥♣♦✉❧❡✐♠❛❣❡❙❆❘ ❡❧❧❡

❡♥❜❛♥❞❡▲✳▲❡♠❛ ✐❝❡❞❡❝♦✈❛✐❛♥❝❡♦♥❡✐♠❡✐❝✐♣❛♠❛①✐♠✉♠❞❡✈❛✐❡♠❜❧❛♥❝❡✳

❛ ❛✐❧❧❡✉✱❧❡✐♠❛❣❡❞❡ ❧❞ ❡❝✐♦♥♦♥✉♥♥✐✈❡❛✉❞❡❜✉✐ ❧❡✈❝❡ ✉✐

❡♣ ❡♥❡❧❡♣✐♥❝✐♣❛❧❢❡✐♥ ❧❡✉✉✐❧✐❛✐♦♥✳❈❡❜✉✐ ❡ ♣✐❡♥❝♦♠♣❡❞❛♥❧❛

♠♦❞❧✐❛✐♦♥ ♦❝❤❛✐✉❡♠✉❧✐✲❝❤❡❧❧❡✉✐❧✐❡✱♠❛✐✉♥❡ ❞✉❝✐♦♥♣❛❧❛❜❧❡❞✉

❜✉✐✱♦✉❡♥♣ ❡✈❛♥❧❡❝❛❛❝ ✐✐✉❡❣♦♠ ✐✉❡ ❞❡ ❧♠❡♥ ❡①✉❛✉①✱

❝♦♥✐✉❡✉♥❡❛❧❡♥❛✐✈❡❞❡♥❛✉❡ ❛♠❧✐♦❡❧❡♣❡❢♦♠❛♥❝❡ ❞❡❝❧❛ ✐✜❝❛✐♦♥❞❡

✐♠❛❣❡♣♦❧❛✐♠ ✐✉❡❙❆❘✳❯♥❡♠ ❤♦❞❡❞❡✜❧ ❛❣❡❜❛ ❡✉❧❡❛❧❣♦✐❤♠❡❞❡

❞✐✛✉✐♦♥❛♥✐♦♦♣❡❡ ✉❧❡ ✉❛✐♦♥❛✉①❞ ✐✈❡♣❛ ✐❡❧❧❡✭❊❉✮❡ ❣❛❧❡♠❡♥

♣♦♣♦ ❡❡✈❛❧✐❞❡✉❞❡✐♠❛❣❡ ♦❧❙❆❘✳

▲❡ ❛❜❧❡❛✉✷♣ ❡♥❡❧❡♣❡❢♦♠❛♥❝❡ ❞❡❝❧❛ ✐✜❝❛✐♦♥❡♥❡♠❡ ❞❡ ❛✉①❞❡

❜♦♥♥❡❝❧❛ ✐✜❝❛✐♦♥♣♦✉❧✬✉✐❧✐❛✐♦♥❞✬✉♥❡✉❧❝❛♥❛❧♣♦❧❛✐♠ ✐✉❡✳▲❡ ✉❧❛



①✈✐✐✐ ❘ ✉♠ ➱❡♥❞✉

♦♥❝♦♠♣❛ ❛✈❡❝❞❡❛✉❡❛❧❣♦✐❤♠❡❞❡✜❧ ❛❣❡✭●❛✉✐❡♥✱❇♦①❝❛❡❙❘❆❉✮

❡✐❧❧✉ ❡♥❧✬❛♠❧✐♦❛✐♦♥❛♣♣♦ ❡♣❛❧❛♠❤♦❞❡♣♦♣♦ ❡✳

▼ ❤♦❞❡❞❡

❝❧❛✐✜❝❛✐♦♥

■♠❛❣❡

♦✐❣✐♥❛❧❡

■♠❛❣❡✜❧ ❡

●❛✉ ✐❡♥ ❇♦①❝❛ ❙❘❆❉ ❊❉

▼●❉❍❍✰ ❲❚✰❙ 57.94±6.15 63.00±4.09 62.28±4.24 63.03±5.14 65.47±2.99

▼●❉❍❱✰ ❲❚✰❙ 61.09±5.32 61.38±3.94 62.88±4.64 60.25±6.05 64.47±3.37

▼●❉❱❱✰ ❲❚✰❙ 59.66±4.68 60.94±5.66 65.50±4.68 61.58±5.20 65.91±4.26

❚❛❜❧❡❛✉✷✿ ❈♦♠♣❛❛✐♦♥❡♥❡❧❡♣❡❢♦♠❛♥❝❡ ❞❡❝❧❛ ✐✜❝❛✐♦♥♦❜❡♥✉❡ ✉❧❡✐♠❛❣❡

❙❆❘❡♥❜❛♥❞❡▲♥♦♥✜❧ ❡❡✜❧ ❡✳

❈❤❛♣✐ ❡✹✿ ❉✐ ✐❜✉✐♦♥❘✐❡♠❛♥♥✐❡♥♥❡ ❞❛♥ ❧✬❡♣❛❝❡❞❡ ♠❛ ✐✲
❝❡ ❞❡❝♦✈❛✐❛♥❝❡

❈❡❝❤❛♣✐ ❡❡ ❢♦❝❛❧✐ ✉ ❧❡❞✐ ✐❜✉✐♦♥❘✐❡♠❛♥♥✐❡♥♥❡ ♣♦✉ ❧❛❝❛❛❝ ✐❛✲

✐♦♥❞❡❧✬❡♣❛❝❡❞❡♠❛ ✐❝❡❞❡❝♦✈❛✐❛♥❝❡✳▲❡❝❤❛♣✐❡❝♦♠♠❡♥❝❡❛✈❡❝✉♥❡♣❛✐❡

❤♦✐✉❡✉❧❛❣♦♠ ✐❡❘✐❡♠❛♥♥✐❡♥♥❡❡✐♥♦❞✉✐❧❡❧♦✐❘✐❡♠❛♥♥✐❡♥♥❡ ●❛✉ ✐✲

❡♥♥❡✭❘●❉✮❬❙❛✐❞❡❛❧✳✷✵✶✺❜❪❡❞❡▲❛♣❧❛❝❡✭❘▲❉✮❬❍❛❥✐❡❛❧✳✷✵✶✻❪✳❈❡❞❡♥✲

✐ ❞❡♣♦❜❛❜✐❧✐ ♦♥❝❛❛❝ ✐❡♣❛ ❞❡✉①♣❛❛♠ ❡✿❧❡❝❡♥♦❞❡M̄ ❡❧❡

♣❛❛♠ ❡❞❡❞✐♣❡ ✐♦♥σ✳❙❛❝❤❛♥ ✉❡♣♦✉ ❧❛❞✐ ✐❜✉✐♦♥●❛✉✐❡♥♥❡❘✐❡♠❛♥✲

♥✐❡♥♥❡❧❡❝❡♥♦❞❡❡ ❞♦♥♥ ♣❛❧❡❝❡♥❡❞❡♠❛❡✱❝❡♠♦❞❧❡♣❡✉ ❡✐♥✢✉❡♥❝

♣❛❧❡✈❛❧❡✉ ❛❜❡❛♥❡✳ ♦✉ ♦✉❞❡❝❡♣♦❜❧♠❡✱❧❛❞✐ ✐❜✉✐♦♥❘✐❡♠❛♥♥✐❡♥♥❡

❞❡▲❛♣❧❛❝❡❡ ✐♥♦❞✉✐❡✱❛②❛♥❧❛♠❞✐❛♥❡❘✐❡♠❛♥♥✐❡♥♥❡❝♦♠♠❡✈❛❧❡✉ ❝❡♥❛❧❡✳

❆✜♥❞❡❝❛❛❝ ✐❡❧❛❞✐✈❡✐ ✐♥❛✲❝❧❛❡♥❛✉❡❧❧❡♠❡♥♣ ❡♥❡❞❛♥❧❡❞♦♥✲

♥❡✱❝❡♠♦❞❧❡ ♦♥❣♥ ❛❧✐ ❛✉❝❛❞❡♠♦❞❧❡❞❡♠❧❛♥❣❡✳▲✬❡✐♠❛✐♦♥❞❡

♣❛❛♠ ❡❞✉♠♦❞❧❡❞❡♠❧❛♥❣❡❡ ❛❧✐ ❡❡♥✉✐❧✐❛♥❞❡❛❧❣♦✐❤♠❡❝❧❛✐✉❡

❞❡②♣❡❦✲♠♦②❡♥♥❡❡❞✬❡♣ ❛♥❝❡✲♠❛①✐♠✐❛✐♦♥ ❡♥❞✉❛✉❝❛❘✐❡♠❛♥♥✐❡♥✳▲❡

❞❡✉①♠♦❞❧❡ ♦❝❤❛✐✉❡ ♦♥❝♦♠♣❛ ♣♦✉❧❛❝❧❛✐✜❝❛✐♦♥❞❡❡①✉❡✳

▲✬♦❜❥❡❝✐❢❞❡❧❛♣❛✐❡❡①♣✐♠❡♥❛❧❡❡ ❞✬❛♥❛❧②❡❧❡❝♦♠♣♦❡♠❡♥❞❡❝❡♠♦❞✲

❧❡✭❘●❉✱❘▲❉✱❛✐♥✐✉❡❧❛❞✐ ✐❜✉✐♦♥❞❡ ❲✐❤❛ ✭❲❉✮❬▲❡❡❡❛❧✳✶✾✾✾✱❙❛✐♥✲

❏❡❛♥✫◆✐❡❧❡♥✷✵✶✸❪✮✉❞❡❞♦♥♥❡ ✉✐❝♦♥✐❡♥♥❡♥❞❡✈❛❧❡✉ ❛❜❡❛♥❡✳ ♦✉

❝❡ ❡ ✱✉♥❡✈❡✐♦♥♠♦❞✐✜❡❞❡❧❛❜❛❡❞❡❡①✉❡❱✐❚❡①❬❱✐ ❪❡ ❝♦♥✐❞ ❡✳

❈❡ ❡♥♦✉✈❡❧❧❡❜❛❡❛ ❝ ❡❡♥❛❥♦✉❛♥❞❡ ♣❛❝❤❛❜❡❛♥ ♣♦✉ ❝❤❛❝✉♥❡❞❡

❡40❝❧❛❡❞❡ ❡①✉❡✳ ❯♥❡①❡♠♣❧❡❞❡❡①✉❡✱✉♥❞❡❡♣❛❝❤❡✉♥♣❛❝❤

❛❜❡❛♥ ♦♥♠♦♥ ❞❛♥❧❛❋✐❣✉❡✷✳

▲❡ ♣❡❢♦♠❛♥❝❡ ❞❡❝❧❛ ✐✜❝❛✐♦♥♦♥♣ ❡♥❡❞❛♥❧❛❋✐❣✉❡✸✱❛❝❤❛♥ ✉❡

❧✬❡✐♠❛✐♦♥❞❡♣❛❛♠ ❡❛ ❛❧✐ ❡❡♥✉✐❧✐❛♥❧✬❛❧❣♦✐❤♠❡❊▼✳▲❡♥♦♠❜❡❞❡

❝❧✉❡ ♣❛❝❧❛❡❛ ✜①✱♦✉❝❛❧❝✉❧❛✈❡❝❧❡❝✐ ❡❞✬✐♥❢♦♠❛✐♦♥❜❛②✐❡♥✭❇■❈✮✳

▲❡ ✉❧❛ ♦❜❡♥✉♦♥♠♦♥ ✉❡❧❡♠❧❛♥❣❡❞❡❘▲❉❝♦♠❜✐♥❛✈❡❝❧❡❝✐ ❡

❇■❈♣♦✉ ❧✬❡✐♠❛✐♦♥❞✉♥♦♠❜❡❞❡❝❧✉❡ ♣❡♠❡ ❞✬❛♠❧✐♦❡❧❡♣❡❢♦♠❛♥❝❡

❞❡❝❧❛ ✐✜❝❛✐♦♥✳
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❞ ❛✉ ♠❛♥✉❡❞✬✉♥ ♠♦❞❧❡♣♦❜❛❜✐❧✐❡❛❞❛♣ ❛✉①❞❡❝✐♣❡✉ ♣❛❛♠ ✐✉❡✳

❉❛♥ ❝❡❝❤❛♣✐❡✱❣ ❝❡❛✉❢♦♠❛❧✐♠❡❞❡ ❧♦✐●❛✉ ✐❡♥♥❡❬❙❛✐❞❡❛❧✳✷✵✶✺❜❪❡

❞❡▲❛♣❧❛❝❡❬❍❛❥✐❡❛❧✳✷✵✶✻❪✉ ❞❡ ✈❛✐ ❘✐❡♠❛♥♥✐❡♥♥❡✱❧❛❞✜♥✐✐♦♥❞❡❝❡

❞❡❝✐♣❡✉ ❡ ♣♦♣♦ ❡❡❧❡ ✉❧❛ ♦❜❡♥✉ ♦♥✈❛❧✐❞ ✉❞❡❜❛❡❞✬✐♠❛❣❡

❡①✉ ❡✳

❛❡①❡♠♣❧❡✱❧❡❛❜❧❡❛✉✹♠♦♥ ❡❧❡♣❡❢♦♠❛♥❝❡ ❞❡❝❧❛ ✐✜❝❛✐♦♥♦❜❡♥✉❡ ✉

❧❛❜❛❡❱✐❚❡①❡♥✉✐❧✐❛♥❧❡❞❡❝✐♣❡✉ ❇♦❘❲✱❘❋❱❡ ❘✲❱▲❆❉✳▲❡ ✉❧❛

♠♦♥ ❡♥ ✉❡♣♦✉❝❡❡❡①♣✐❡♥❝❡✱❧✬✉✐❧✐❛✐♦♥❞❡❧❛❧♦✐❞❡▲❛♣❧❛❝❡❘✐❡♠❛♥♥✐❡♥♥❡

✭❘▲❉✮❛♣♣♦❡✉♥❡♣❡✐❡❛♠❧✐♦❛✐♦♥❡♥❡♠❡ ❞❡ ❛✉①❞❡❜♦♥♥❡❝❧❛✐✜❝❛✐♦♥✳

▲❡❣❛✐♥❧❡♣❧✉✐♠♣♦❛♥✱❞✬❡♥✈✐♦♥7%❡4%✱♦♥♠❛ ✉❡❡♥❜❧❡✉✳❊♥♦✉❡✱

❧✬❛♣♣♦❝❤❡❘❋❱♣♦♣♦ ❡❝♦♥❞✉✐ ❞❡♠❡✐❧❧❡✉❡♣❡❢♦♠❛♥❝❡ ✉❡❧❡♠❡❤♦❞❡❞❡

❧✬❛❞❡❧✬❛ ✿❇♦❘❲❬❋❛❛❦✐❡❛❧✳✷✵✶✹❪❡❘✲❱▲❆❉❬❋❛❛❦✐❡❛❧✳✷✵✶✺❪✳

❚❛❜❧❡❛✉✹✿ ❘ ✉❧❛ ❞❡❝❧❛ ✐✜❝❛✐♦♥♦❜❡♥✉ ✉ ❧❛❜❛❡❱✐❚❡①❡♥ ❡♠❡ ❞❡ ❛✉①❞❡

❜♦♥♥❡❝❧❛ ✐✜❝❛✐♦♥✳

▼ ❤♦❞❡ ❍♦♠♦ ❝❡❞✳ ♦✐❞ ❘●❉ ❘▲❉

❇♦❘❲ ♥♦♥ ♦✉✐ ✽✼✳✷✷±✶✳✶✾ ✽✼✳✼✵±✶✳✼✺

❇♦❘❲ ♥♦♥ ♥♦♥ ✽✼✳✺✶±✵✳✾✷ ✽✽✳✶✵±✶✳✹✷

❇♦❘❲❬❋❛❛❦✐❡❛❧✳✷✵✶✹❪ ♦✉✐ ♥♦♥ ✽✼✳✷✵±✶✳✺✺ ✽✼✳✻✾±✵✳✾✸

❇♦❘❲ ♦✉✐ ♦✉✐ ✼✻✳✻✼±✷✳✸✺ ✻✾✳✵✶±✺✳✸✾

❘❋❱✿ ♥♦♥ ♦✉✐ ✽✾✳✷✶±✵✳✾✹ ✾✵✳✶✶±✵✳✺✽

❘❋❱✿σ ♥♦♥ ♦✉✐ ✽✶✳✹✷±✶✳✶✷ ✽✽✳✺✶±✵✳✽✼

❘❋❱✿M̄ ♥♦♥ ♦✉✐ ✽✼✳✷✷±✶✳✶✺ ✽✼✳✼✶±✶✳✵✻

❘❋❱✿σ, ♥♦♥ ♦✉✐ ✽✶✳✽✵±✵✳✻✵ ✽✺✳✸✻±✵✳✽✻

❘❋❱✿M̄, ♥♦♥ ♦✉✐ ✽✽✳✶✸±✵✳✻✼ ✽✽✳✹✺±✵✳✼✾

❘❋❱✿M̄,σ ♥♦♥ ♦✉✐ ✾✵✳✹✶±✵✳✽✻ ✾✶✳✵✼±✵✳✺✸

❘❋❱✿M̄,σ, ♥♦♥ ♦✉✐ ✽✾✳✾✸±✵✳✺✸ ✽✾✳✼✼±✶✳✶✸

❘✲❱▲❆❉❬❋❛❛❦✐❡❛❧✳✷✵✶✺❪ ♦✉✐ ♥♦♥ ✽✼✳✾✹±✵✳✺✽ ✽✼✳✸✽±✵✳✼✸

❈❤❛♣✐ ❡✼✿ ❈♦♥❝❧✉✐♦♥❡ ♣❡ ♣❡❝✐✈❡

❈❡❝❤❛♣✐ ❡②♥❤ ✐❡❧❡♣✐♥❝✐♣❛❧❡❝♦♥❝❧✉✐♦♥❞❡❝❡ ❡❤ ❡❡♣ ❡♥❡❧❡♣❡✲

♣❡❝✐✈❡♣♦✉❧❡ ❛✈❛✉①❢✉✉ ✳

▲✬♦❜❥❡❝✐❢♣✐♥❝✐♣❛❧❞❡❝❡❡❤ ❡❛❝♦♥❝❡♥ ❧❡❞✈❡❧♦♣♣❡♠❡♥ ❞✬❛❧❣♦✐❤♠❡

❞❡❝❧❛ ✐✜❝❛✐♦♥♦❜✉❡✱❜❛ ✉ ❧✬✉✐❧✐❛✐♦♥❞❡♠❛✐❝❡❞❡❝♦✈❛✐❛♥❝❡❝♦♠♠❡

❞❡❝✐♣❡✉ ❞❡❧✬✐♥❢♦♠❛✐♦♥❡①✉❛❧❡✳



①①✐✐ ❘ ✉♠ ➱❡♥❞✉

❉❛♥ ❝❡ ❛✈❛✉①✱❧❡♦❜❡✈❛✐♦♥ ♦♥♠♦❞❧✐❡♣❛✉♥❡❞✐ ✐❜✉✐♦♥●❛✉✐✲

❡♥♥❡♠✉❧✐✈❛✐❡❞❡♠♦②❡♥♥❡♥✉❧❧❡✳❈❡❡❧♦✐❞❡♣♦❜❛❜✐❧✐ ❛✉♥♣❛❛♠ ❡✉♥✐✉❡

✉✐❡ ❧❛♠❛✐❝❡❞❡❝♦✈❛✐❛♥❝❡❡ ✉✐ ❡♣ ❡♥❡❧❡❞❡❝✐♣❡✉✉✐❧✐ ❡♥❝❧❛✐✜✲

❝❛✐♦♥✳▲✬❛♣❡❞❡❝❧❛✐✜❝❛✐♦♥♣❡✉ ❡✐♠♣❧♠❡♥ ❡❡♥✉✐❧✐❛♥❞✐❡❝❡♠❡♥❝❡

♠❛ ✐❝❡✱♦✉❡♥❧❡♠♦❞❧✐❛♥❞❛♥ ❧✬❡♣❛❝❡♦ ✈✐✈❡♥❝❡♠❛ ✐❝❡❞❡❝♦✈❛✐❛♥❝❡

✉✐❡ ✉♥❡✈❛✐ ❘✐❡♠❛♥♥✐❡♥♥❡✳ ❉❛♥ ❧❡♣❡♠✐❡❝❛✱✉♥❡ ❞✬❤②♣♦❤ ❡❜❛

✉❧❛❞✐❛♥❝❡❣♦❞ ✐✉❡❡❧✬❡✐♠❛❡✉❞✉♣♦✐♥✜①❡❛ ♣♦♣♦ ❛✜♥❞✬♦❜❡♥✐

✉♥❡ ❣❧❡❞❡❞❝✐✐♦♥✱✉✐♣❡♠❡ ❞❡ ❣✉❧❡❧❛♣♦❜❛❜✐❧✐ ❞❡❢❛✉ ❡❛❧❛♠❡✳ ❉❛♥

❧✬❡♣❛❝❡❞❡ ♠❛ ✐❝❡❞❡❝♦✈❛✐❛♥❝❡✱❧❡♠♦❞❧❡❞❡♠❧❛♥❣❡❞❡❧♦✐❘✐❡♠❛♥♥✐❡♥♥❡

●❛✉ ✐❡♥♥❡♦✉❞❡▲❛♣❧❛❝❡♣❡✉✈❡♥ ❡❝♦♥✐❞ ❡✳ ❉❛♥❝❡❝❛✱❧✬❡♥❡♠❜❧❡❞❡

❞♦♥♥❡❡ ❝❛❛❝ ✐ ♣❛✉♥❡✈❛❧❡✉❝❡♥❛❧❡❡✉♥♣❛❛♠ ❡❞❡❞✐♣❡ ✐♦♥♣♦✉

❝❤❛✉❡♠♦❞❡❞✉♠♦❞❧❡❞❡♠❧❛♥❣❡✳❈❡♣❛❛♠ ❡♣❡✉✈❡♥ ❡❡✐♠ ♣❛❞❡

❛❧❣♦✐❤♠❡❞❡②♣❡❦✲♠♦②❡♥♥❡❡❞✬❡♣ ❛♥❝❡✲♠❛①✐♠✐❛✐♦♥✳▲❡❝❛❧❝✉❧❞❡❧❛✈❛❧❡✉

❝❡♥❛❧❡❞♦✐ ❡♦❜✉❡❛✉①❞♦♥♥❡❛❜❡❛♥❡✳❆✐♥✐✱✉♥❛❧❣♦✐❤♠❡❜❛ ✉❧❛

❤♦✐❡❞❡▼✲❡ ✐♠❛❡✉ ❛ ♣♦♣♦ ✳

❊♥♦✉ ❡✱❞❡❞❡❝✐♣❡✉ ❧♦❝❛✉①❞❡②♣❡✈❡❝❡✉ ❞❡❋✐❤❡♦♥ ❣♥ ❛❧✐

❛✉❝❛❞❡♠❛ ✐❝❡❞❡❝♦✈❛✐❛♥❝❡✉✐✈✐✈❡♥❞❛♥✉♥❡✈❛✐ ❘✐❡♠❛♥♥✐❡♥♥❡✳

▲❡ ❛❧❣♦✐❤♠❡ ♦♥ ✈❛❧✐❞ ♣♦✉ ❧❛❝❧❛✐✜❝❛✐♦♥❞❡❡①✉❡✱❞❡✐❣♥❛✉①

▼❊●✱❞✬✐♠❛❣❡ ♦❧❙❆❘✐♠✉❧❡❡ ❡❧❧❡✳ ♦✉❧❛❞❡♥✐ ❡❛♣♣❧✐❝❛✐♦♥✱❞❡❛❧❣♦✲

✐❤♠❡❞❡✜❧ ❛❣❡♦♥ ✐♥♦❞✉✐✱❛✜♥❞❡ ❞✉✐❡❧❡❜✉✐❞❡♣❡❝❦❧❡✐♥❤ ❡♥❛✉①

✐♠❛❣❡ ❛❞❛✱♦✉❡♥♣ ❡✈❛♥❧❡ ✉❝✉❡♣ ❡♥❡❞❛♥❝❡✐♠❛❣❡✳

▲❡ ❛✈❛✉①♣ ❡♥ ❞❛♥ ❝❡❡❤ ❡♦✉✈❡♥❧❛✈♦✐❡ ♣❧✉✐❡✉ ♣❡ ♣❡❝✐✈❡

❞❡ ❛✈❛✉①✿

•▲❛❣♥ ❛❧✐❛✐♦♥❞❡♠ ❤♦❞❡♣♦♣♦ ❡❛✉①♠♦❞❧❡ ❛✐✐✉❡ ✉✐♥❡♦♥

♣❛●❛✉ ✐❡♥✳❊♥❡✛❡✱♥♦✉♥♦✉ ♦♠♠❡✐♥ ❡ ✐❝✐✉♥✐✉❡♠❡♥ ❧✬❡♣❛❝❡

❞❡♠❛ ✐❝❡❞❡❝♦✈❛✐❛♥❝❡✳❈♦♠♠❡❡①♣♦ ❞❛♥❧❡❝❤❛♣✐❡✷✱❞✬❛✉❡♠♦❞❧❡

♣❡✉✈❡♥ ❡❝♦♥✐❞ ♣♦✉❞❝✐❡❧❡♦❜❡✈❛✐♦♥❝♦♠♠❡❧❡♠♦❞❧❡❙■❘❱✱

❧❡▼●●❉✱❧❡ ❝♦♣✉❧❡✱✳✳✳❯♥❡♣❡♣❡❝✐✈❡❡❛✐❞♦♥❝❞✬ ❡♥❞❡♥♦ ❛✈❛✉①

❝❡♠♦❞❧❡❀

•❉❛♥ ❝❡❡❤ ❡✱❧❛♣❧✉♣❛ ❞❡♦✉✐❧♣♦♣♦ ✭❞✜♥✐✐♦♥❞❡❧♦✐ ✉❞❡✈❛✲

✐ ✮♥✬❡ ✈❛❧❛❜❧❡ ✉❡♣♦✉ ❞❡ ♠❛ ✐❝❡❞❡❝♦✈❛✐❛♥❝❡ ❡❧❧❡✳ ❯♥❡♣✐❡

❡①♣❧♦❡ ❡❛✐❞✬ ❡♥❞❡❝❡ ❛✈❛✉①❛✉❝❛❞❡ ♠❛ ✐❝❡❞❡❝♦✈❛✐❛♥❝❡❝♦♠✲

♣❧❡①❡❀

•▲❡❞✈❡❧♦♣♣❡♠❡♥❞❡❧♦✐ ✉ ❞❡ ✈❛✐ ❘✐❡♠❛♥♥✐❡♥♥❡ ❛❞❛♣ ❧✬❡♣❛❝❡

❞❡ ♠❛ ✐❝❡❞❡❝♦✈❛✐❛♥❝❡ ✉❝✉ ❡✭♣❛❡①❡♠♣❧❡✱♠❛✐❝❡❚♦❡♣❧✐③✱❜❧♦❝

❚♦❡♣❧✐③✱✳✳✳✮❀

•❉❛♥ ❧❡❛♣♣♦❝❤❡❇♦❘❲✱❘✲❱▲❆❉❡ ❘❋❱✱❧❛ ♣❛ ✐✐♦♥♣❛✐❛❧❡❞❡♣❛❝❤

♥✬❛♣❛ ♣✐❡❡♥❝♦♠♣❡✳■❧♣♦✉❛✐ ❡✐♥ ❡❛♥ ❞✬❡①♣❧♦✐❡ ❝❡❡

✐♥❢♦♠❛✐♦♥♣♦✉❛♠❧✐♦❡❧❡♣❡❢♦♠❛♥❝❡ ❞❡❝❧❛ ✐✜❝❛✐♦♥✳ ♦✉❝❡❧❛✱♥♦✉

♣♦✉ ♦♥♣♦♣♦❡✉♥❡❛♣♣♦❝❤❡✐♠✐❧❛✐❡❛✉①♠❛✐❝❡❞❡❝♦✲♦❝❝✉ ❡♥❝❡❞❡

♥✐✈❡❛✉①❞❡❣✐✉✐❧✐ ❝❧❛✐✉❡♠❡♥❡♥❛♥❛❧②❡❞❡❡①✉❡✿❧❡♠❛ ✐❝❡❞❡

❝♦✲♦❝❝✉❡♥❝❡❞❡❝♦✈❛✐❛♥❝❡✳



❘ ✉♠ ➱❡♥❞✉ ①①✐✐✐

❈♦♥❡①❡❛❞♠✐♥✐ ❛✐❢

▲❡ ❛✈❛✉①♣ ❡♥ ❞❛♥ ❝❡❡❤ ❡♦♥ ♠❡♥ ❞❛♥ ❧❡❝❛❞❡❞✬✉♥❝♦♥❛

❞❡❝♦✉❡❧❧❡❡♥❡❧✬❯♥✐✈❡✐ ❞❡❇♦❞❡❛✉①❡♥❋❛♥❝❡❡❧✬❯♥✐✈❡✐ ❚❡❝❤♥✐✉❡❞❡

❈❧✉❥✲◆❛♣♦❝❛❡♥❘♦✉♠❛♥✐❡✳ ▲❛❝♦♠♣❧♠❡♥❛✐ ❞❡ ❞❡✉① ✉✐♣❡ ❞❡ ❡❝❤❡❝❤❡❛

♣❡♠✐ ❧✬❡①♣❧♦✐❛✐♦♥❞❡❞✐✛❡♥ ❞♦♠❛✐♥❡ ❞❡ ❡❝❤❡❝❤❡❝♦♠♠❡❧❛♠♦❞❧✐❛✐♦♥

❡①✉❛❧❡❡❧❛❡❛✉❛✐♦♥❞✬✐♠❛❣❡❢♦♥❞❡✉ ❧❡❊❉✳❊♥♦✉❡✱❧❛❤ ❡❛❢❛✐

♣❛ ✐❡❞✬✉♥♣♦❥❡ ❞❡ ❡❝❤❡❝❤❡✐♥❡♥❛✐♦♥❛❧✜♥❛♥❝♣❛ ❧❡♠✐♥✐ ❡❞❡❛✛❛✐❡

❛♥❣ ❡❡❞✉❞✈❡❧♦♣♣❡♠❡♥✐♥❡♥❛✐♦♥❛❧✱❛✐♥✐✉❡♣❛❧✬❛❣❡♥❝❡❡①❝✉✐✈❡♣♦✉

❧✬❡♥❡✐❣♥❡♠❡♥ ✉♣ ✐❡✉✱❧❛❡❝❤❡❝❤❡✱❧❡❞✈❡❧♦♣♣❡♠❡♥❡❧✬✐♥♥♦✈❛✐♦♥❞❛♥❧❡❝❛❞❡

❞✉♣♦❥❡♥✉♠ ♦✸✷✻✶✾❱▲✭❋❛♥❝❡✮❡ ◆■■❈❛♣❛❝✐❛✐✼✼✾✴✷✼✳✵✻✳✷✵✶✹✭❘♦✉♠❛♥✐❡✮✳

❉❡♣❧✉✱❧❛❤ ❡❛ ✜♥❛♥❝❡♣❛❧❡❈❡♥❡◆❛✐♦♥❛❧❡❞❡❧❛❘❡❝❤❡❝❤❡❙❝✐❡♥✐✜✉❡

❡❇♦❞❡❛✉①❙❝✐❡♥❝❡❆❣♦✳





❈❤❛♣ ❡ ✶

■♥♦❞✉❝✐♦♥

❈♦♥❡♥

✶✳✶ ❙❝✐❡♥✐✜❝❈♦♥❡① ✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳ ✷

✶✳✶✳✶ ▼♦✐✈❛✐♦♥❛♥❞❖❜❥❡❝✐✈❡✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳ ✷

✶✳✶✳✷ ❈♦♥✐❜✉✐♦♥✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳ ✷

✶✳✷ ❚❤❡✐❖✉ ❧✐♥❡✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳ ✹

✶✳✸ ❤❉❈♦♥❡① ✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳ ✻



✷ ❈❤❛♣ ❡ ✶✳ ■♥ ♦❞✉❝✐♦♥

✶✳✶ ❙❝✐❡♥✐✜❝❈♦♥❡①

❚❤❡♠❛✐♥ ♦♣✐❝♦❢ ❤✐ ❤❡✐✐ ❤❡✉❡♦❢❝♦✈❛✐❛♥❝❡♠❛✐❝❡❛ ✐❣♥❛❧❛♥❞✐♠✲

❛❣❡✐❣♥❛✉❡❢♦ ♦❜✉ ❝❧❛✐✜❝❛✐♦♥✳ ❚❤❡❡❢♦❡✱❤❡❡♥✐❡✇♦❦♣❡❡♥❡❞❤❡❡

✐❜✉✐❧ ❛♦✉♥❞✇♦❝❡♥ ❛❧❝♦♥❝❡♣✱❤❛ ❛❡✧❝♦✈❛✐❛♥❝❡♠❛✐❝❡✧❛♥❞✧♦❜✉

❝❧❛✐✜❝❛✐♦♥❛❧❣♦✐❤♠✧✳❚❤❡✐♥❡❡ ♦♥❤❡❡✉❜❥❡❝ ✐❡①♣❧❛✐♥❡❞♥❡①✳

✶✳✶✳✶ ▼♦✐✈❛✐♦♥❛♥❞❖❜❥❡❝✐✈❡

■♥❤❡ ❡❝❡♥②❡❛ ✱❝♦✈❛✐❛♥❝❡♠❛✐❝❡❤❛✈❡❞❡♠♦♥ ❛❡❞❤❡✐ ✐♠♣♦❛♥❝❡✐♥❛

✇✐❞❡✈❛✐❡②♦❢❛♣♣❧✐❝❛✐♦♥✐♥✐❣♥❛❧❛♥❞✐♠❛❣❡♣♦❝❡✐♥❣✱❜❡✐♥❣❡❧❛❡❞♦❛✲

❛②♣♦❝❡✐♥❣❬❖❧❧✐❧❛✫❑♦✐✈✉♥❡♥✷✵✵✸❪✱❛❞❛❞❡❡❝✐♦♥❬●❡❝♦❡❛❧✳✷✵✶✹✱❈❤❡♥

❡ ❛❧✳✷✵✶✶✱❨❛♥❣❡ ❛❧✳✷✵✶✵✱❇❛❜❛❡❝♦❡ ❛❧✳✷✵✶✸❪✱ ♠❡❞✐❝❛❧✐♠❛❣❡❡❣♠❡♥❛✲

✐♦♥❬❞❡▲✉✐✲●❛❝❛❡❛❧✳✷✵✶✶❪✱❢❛❝❡❞❡❡❝✐♦♥❬❘♦❜✐♥♦♥✷✵✵✺❪✱✈❡❤✐❝❧❡❞❡❡❝✲

✐♦♥❬▼❛❞❡ ✫❘❡❡❡✷✵✶✷❪✱♦❝❧❛✐✜❝❛✐♦♥❬❋♦♠♦♥ ❡❛❧✳✷✵✶✶✱❇❛❛❝❤❛♥❡❛❧✳✷✵✶✸✱

❙❛✐❞❡❛❧✳✷✵✶✺❛✱❋❛❛❦✐❡❛❧✳✷✵✶✺❛❪✳■♥❤❡❝♦♥❡①♦❢✐❣♥❛❧❛♥❞✐♠❛❣❡❝❧❛✐✜❝❛✲

✐♦♥✱❝♦✈❛✐❛♥❝❡♠❛✐❝❡❝❛♥❜❡✉❡❞♦♠♦❞❡❧❞✐✛❡❡♥❦✐♥❞♦❢❞❡♣❡♥❞❡♥❝❡✱❧✐❦❡

♣❛✐❛❧✱❡♠♣♦❛❧✱♣❡❝ ❛❧✱♣♦❧❛✐♠❡✐❝❞❡♣❡♥❞❡♥❝❡✱❡❝✳❚❤❡✇♦❦♣❡❡♥❡❞✐♥❤✐

❤❡✐❢♦❝✉❡❛❧♠♦ ❡♥✐❡❧②♦♥❡①✉❡❛♥❞♣♦❧❛✐♠❡✐❝✐♥❢♦♠❛✐♦♥♠♦❞❡❧✐♥❣✳❆

♠❛❧❧♣❛ ✐❞❡❞✐❝❛❡❞♦♠❛❣♥❡♦❡♥❝❡♣❤❛❧♦❣❛♣❤②✭▼❊●✮❞❛❛✳

■♥❛❞❞✐✐♦♥✱♦❜✉ ❛❧❣♦✐❤♠ ❛❡❞❡✐❡❞✐♥♦❞❡ ♦ ❡❞✉❝❡❤❡✐♥✢✉❡♥❝❡♦❢

♦✉❧✐❡ ♦♥❤❡❝❧❛ ✐✜❝❛✐♦♥❡✉❧ ✳❚❤❡♣❡❡♥❝❡♦❢♦✉❧✐❡ ♠❛②❜❡❡①♣❧❛✐♥❡❞❜②

❤❡✐♥❤❡❡♥✈❛✐❛❜✐❧✐②♦❢❞❛❛✱❜②❢❛✉❧②♠❡❛✉❡♠❡♥✱❜②❡♦ ✐♥❤❡♠♦❞❡❧✐♥❣

♣♦❝❡✱❡❝✳■♥❞❡♣❡♥❞❡♥♦❢❤❡✐ ♦✉❝❡✱❤❡②❤❛✈❡❛♥❡❣❛✐✈❡✐♠♣❛❝♦♥❤❡✜♥❛❧

❡✉❧ ✱♠♦✐✈❛✐♥❣❤❡♥❡❡❞♦❢♦❜✉ ❛❧❣♦✐❤♠✳

❈♦♥✐❞❡✐♥❣❤❡❡❛♣❡❝ ✱❤✐ ❤❡✐❤❛ ❡✈❡❛❧♦❜❥❡❝✐✈❡✿

•❚♦❞❡✈❡❧♦♣♠♦❞❡❧✐♥❣❛♥❞❝❧❛ ✐✜❝❛✐♦♥♦♦❧❛❞❛♣❡❞♦❤❡♣❛ ✐❝✉❧❛❣❡♦♠✲

❡②♦❢❤❡♣❛❝❡♦❢❝♦✈❛✐❛♥❝❡♠❛✐❝❡✳

•❚♦❞❡✈❡❧♦♣♠♦❞❡❧✐♥❣❛♥❞❝❧❛ ✐✜❝❛✐♦♥♦♦❧ ♦❜✉ ♦♦✉❧✐❡✳

•❚♦❡✈❛❧✉❛❡❤❡♣❡❢♦♠❛♥❝❡♦❢ ❤❡♣♦♣♦❡❞♠❡❤♦❞ ♦♥ ✐❣♥❛❧❛♥❞✐♠❛❣❡

❝❧❛✐✜❝❛✐♦♥✳

•❚♦ ✉❞②❤❡✐♠♣❛❝♦❢✐♠❛❣❡✜❧❡✐♥❣♦♥❝❧❛✐✜❝❛✐♦♥❡✉❧ ✳

✶✳✶✳✷ ❈♦♥ ✐❜✉✐♦♥

❙✐♥❝❡❝♦✈❛✐❛♥❝❡♠❛✐❝❡❛❡✐♠♣♦❛♥❢❡❛✉❡❢♦ ✐❣♥❛❧❛♥❞✐♠❛❣❡❝❧❛✐✜❝❛✐♦♥✱

❛♣♣♦♣✐❛❡♠❡❤♦❞❛❜❧❡♦❞❡❛❧✇✐❤❤❡♣♦♣❡✐❡♦❢❤❡✐ ♣❛❝❡❛❡✐♥♦❞✉❝❡❞

❛♥❞✐♥❡❣❛❡❞✐♥♦❛❝❧❛✐✜❝❛✐♦♥✇♦❦✢♦✇✳ ❚❤❡♣♦♣♦❡❞✇♦❦✢♦✇✐ ♣❡❡♥❡❞

✐♥❋✐❣✉❡✶✳✶❛♥❞✐❝♦♥❛✐♥ ❤❡❢♦❧❧♦✇✐♥❣ ❡♣✳❋✐ ✱❢❡❛✉❡♦♠♦❡♣❡❝✐❡❧②

❝♦✈❛✐❛♥❝❡♠❛✐❝❡❛❡❡①❛❝❡❞❛♥❞❤❡♥✱ ❤❡②❛❡♠♦❞❡❧❡❞♦♥❤❡❘✐❡♠❛♥♥✐❛♥

♠❛♥✐❢♦❧❞✳ ❙❛✐♥❣❢♦♠ ❤✐ ♣♦✐♥✱❝❧❛✐✜❝❛✐♦♥❛❧❣♦✐❤♠ ❝❛♥❜❡❞✐❡❝❧②❛♣✲

♣❧✐❡❞✱♦ ❧♦❝❛❧❢❡❛✉❡❜❛❡❞♠❡❤♦❞ ❝❛♥❜❡❝♦♥✐❞❡❡❞♦❡♥❝♦❞❡❤❡✐♠❛❣❡✱❧✐❦❡



✶✳✶✳ ❙❝✐❡♥✐✜❝❈♦♥❡① ✸

❜❛❣♦❢❘✐❡♠❛♥♥✐❛♥✇♦❞ ✭❇♦❘❲✮❬❋❛❛❦✐❡❛❧✳✷✵✶✹❪✱❘✐❡♠❛♥♥✐❛♥❋✐❤❡ ✈❡❝♦

✭❘❋❱✮✱♦❘✐❡♠❛♥♥✐❛♥✈❡❝♦ ♦❢❧♦❝❛❧❧②❛❣❣❡❣❛❡❞❞❡❝✐♣♦ ✭❘✲❱▲❆❉✮❬❋❛❛❦✐

❡❛❧✳✷✵✶✺❛❪✳

❋✐❣✉❡✶✳✶✿❈❧❛ ✐✜❝❛✐♦♥✇♦❦✢♦✇✳

■♥❤✐✇♦❦✢♦✇✱❤❡✐❞❡❛♦❢♦❜✉♥❡ ❛♣♣❡❛ ❛ ❡✈❡❛❧❧❡✈❡❧✳❋✐ ✱❛♣❡❝✐❛❧

❝❛❡✐ ❡✉✐❡❞❢♦ ❤❡❝♦✈❛✐❛♥❝❡♠❛✐①❡✐♠❛✐♦♥♣♦❝❡✳ ▼♦❡♣❡❝✐❡❧②✱❤❡

❝♦✈❛✐❛♥❝❡♠❛✐①❡✐♠❛✐♦♥❤❛ ♦❜❡❛❜❧❡♦❞❡❛❧✇✐❤❤❡♦✉❧✐❡✈❛❧✉❡♣❡❡♥✐♥

❤❡♦❜❡✈❛✐♦♥✬ ✉❝✉❡✳❙❡❝♦♥❞✱✐♥❤❡❝❧❛ ✐✜❝❛✐♦♥❝♦♥❡①✱❤❡♦❜✉♥❡ ♦❢

❛♥❛❧❣♦✐❤♠❝♦♥❝❡♥ ❛❧♦❤❡❞❡❝✐✐♦♥✲♠❛❦✐♥❣ ❛❡❣✐❡❞✉✐♥❣❤❡❝❧❛ ✐✜❝❛✐♦♥

❡♣✳❋♦ ❤❛✱❛ ❛✐✐❝❛❧❤②♣♦❤❡✐ ❡ ❝❛♥❜❡❝♦♥✐❞❡❡❞♦❡❣✉❧❛❡❤❡❢❛❧❡

❛❧❛♠ ❛❡✳■♥❛❞❞✐✐♦♥✱✇❤❡♥♠♦❞❡❧❡❞✐♥❤❡❘✐❡♠❛♥♥✐❛♥ ♣❛❝❡✱ ❤❡❝♦✈❛✐❛♥❝❡

♠❛ ✐①❝❧❛✐✜❝❛✐♦♥✐♠♣❧✐❡ ❤❡❞❛❛✬ ♣❛ ✐✐♦♥✐♥♦❝❧✉❡✱❛♥❞❤❡❡❢♦❡ ❤❡

❝♦♠♣✉❛✐♦♥♦❢♦♠❡❝❡♥❛❧✈❛❧✉❡✳❆ ❤✐ ❛❣❡✱❤❡❝❡♥♦✐❞❡✐♠❛✐♦♥❤❛ ♦❜❡

♦❜✉ ♦❤❡♣♦ ✐❜❧❡❛❜❡❛♥❝♦✈❛✐❛♥❝❡♠❛✐❝❡✳■♥❤❡❡♥❞✱❢♦♥♦♥✲ ❛✐♦♥❛②

✐♠❛❣❡✭✉❝❤❛ ❧♦❝❛❧❞❡❢♦♠❛✐♦♥✮✱❣❧♦❜❛❧❞❡❝✐♣♦ ❛❡♥♦❛❞❛♣❡❞✳❚❤❡❡❢♦❡✱

❧♦❝❛❧❜❛❡❞❞❡❝✐♣♦ ❤♦✉❧❞❜❡❝♦♥✐❞❡❡❞✱✉❝❤❛❇♦❘❲✱❘✲❱▲❆❉❛♥❞❘❋❱✳

❆❧❧ ❤❡♣❡✈✐♦✉❧②♠❡♥✐♦♥❡❞❛♣❡❝ ❛❡❛❞❞❡❡❞✐♥❤✐ ❤❡✐✱❡✉❧✐♥❣✐♥❤❡

❝♦♥✐❜✉✐♦♥❧✐❡❞❛♥❞❞❡❝✐❜❡❞❜❡❧♦✇❢♦❡❛❝❤ ❛❣❡♦❢❤❡♣♦♣♦❡❞✇♦❦✢♦✇✿

❢❡❛✉❡❡①❛❝✐♦♥✱❞❛❛♠♦❞❡❧✐♥❣✱♣❛❛♠❡❡❡✐♠❛✐♦♥✱❧♦❝❛❧❢❡❛✉❡❡①❛❝✐♦♥

❛♥❞❝❧❛✐✜❝❛✐♦♥✳❚❤❡♠❛✐♥❝♦♥✐❜✉✐♦♥♦❢❤✐ ❤❉❤❡✐❝❛♥❜❡✉♠♠❛✐③❡❞❛

❢♦❧❧♦✇✿

❋❡❛✉❡❡① ❛❝✐♦♥✿

•❯❡♦❢♦❜✉ ❝♦✈❛✐❛♥❝❡♠❛✐①❡✐♠❛♦ ❢♦✐♥❢♦♠❛✐♦♥♠♦❞❡❧✐♥❣✳ ❚❤❡

♣✉♣♦❡♦❢❤❡❡❡✐♠❛♦ ✐ ♦❡❞✉❝❡❤❡✐♠♣❛❝♦❢❤❡♦✉❧✐❡♦❜❡✈❛✐♦♥✱

❞✉✐♥❣❤❡✐♥❢♦♠❛✐♦♥♠♦❞❡❧✐♥❣♣♦❝❡✳

•■♥♦❞✉❝✐♦♥♦❢❛❞✐❡❝✐♦♥❛❧❞✐✛✉✐♦♥❜❛❡❞❞❡♥♦✐✐♥❣♠❡❤♦❞✱❢♦ ♣❡❝❦❧❡

❡❞✉❝✐♦♥✳ ❚❤❡♦❜❥❡❝✐✈❡♦❢❤✐ ❡♣✐ ♦ ✉❞② ❤❡♣♦❡♥✐❛❧♦❢✜❧❡✐♥❣✱

♣✐♦ ♦❤❡❝❧❛ ✐✜❝❛✐♦♥♦❢♦❧❛✐♠❡✐❝❙②♥❤❡✐❝❆♣❡✉❡❘❛❞❛✭♦❧❙❆❘✮

✐♠❛❣❡✳



✹ ❈❤❛♣ ❡ ✶✳ ■♥ ♦❞✉❝✐♦♥

❉❛ ❛ ♠♦❞❡❧✐♥❣✿

•■♥♦❞✉❝✐♦♥♦❢❤❡❘✐❡♠❛♥♥✐❛♥▲❛♣❧❛❝❡❞✐ ✐❜✉✐♦♥❛❧♦♥❣✇✐❤ ❤❡♠✐①✉❡

♠♦❞❡❧❢♦ ❝♦✈❛✐❛♥❝❡♠❛✐①♠♦❞❡❧✐♥❣✳

•❊①❡♥✐♦♥♦❢❤❡❦✲♠❡❛♥ ❛♥❞❡①♣❡❝❛✐♦♥♠❛①✐♠✐③❛✐♦♥❛❧❣♦✐❤♠ ❢♦♣❛✲

❛♠❡❡❡✐♠❛✐♦♥✳

❛❛♠❡❡ ❡ ✐♠❛✐♦♥✿

•■♥♦❞✉❝✐♦♥♦❢❤❡❍✉❜❡✬❝❡♥♦✐❞✳ ❇❛❡❞♦♥❤❡ ❤❡♦②♦❢ ▼✲❡ ✐♠❛♦✱

❤❡❍✉❜❡✬❝❡♥♦✐❞✐❞❡✜♥❡❞ ♦❡✐♠❛❡❤❡❝❡♥❛❧❡❧❡♠❡♥❢♦♠❛❡♦❢

N❝♦✈❛✐❛♥❝❡♠❛✐❝❡✳

•❆✉♦♠❛✐❝❝♦♠♣✉❛✐♦♥♦❢❤❡❍✉❜❡✬❝❡♥♦✐❞♣❛❛♠❡❡✳❚❤❡❍✉❜❡✬❝❡♥✲

♦✐❞❤❛❛✉♥✐✉❡♣❛❛♠❡❡✱❤❛ ✐ ❤❡ ❤❡❤♦❧❞✈❛❧✉❡❞✐❝✐♠✐♥❛✐♥❣❜❡✲

✇❡❡♥♥♦♠❛❧❛♥❞❛❜❡ ❛♥❞❛❛✳ ❇❛❡❞♦♥❤❡❝♦♥❝❡♣ ♦❢♠❡❞✐❛♥❛❜♦❧✉❡

❞❡✈✐❛✐♦♥✭▼❆❉✮❡①❡♥❞❡❞♦❤❡❝❛❡♦❢❝♦✈❛✐❛♥❝❡♠❛✐❝❡✱❛♠❡❤♦❞ ♦

❛✉♦♠❛✐❝❛❧❧②✉♥❡❤❡❤❡❤♦❧❞✬✈❛❧✉❡✐✐♥♦❞✉❝❡❞✳

▲♦❝❛❧❢❡❛✉❡❡① ❛❝✐♦♥✿

•❉❡✜♥✐✐♦♥♦❢❤❡❘✐❡♠❛♥♥✐❛♥❋✐❤❡✈❡❝♦ ❢♦ ❤❡❘✐❡♠❛♥♥✐❛♥●❛✉ ✐❛♥❛♥❞

▲❛♣❧❛❝❡♠✐①✉❡♠♦❞❡❧✳ ❚♦❛❞❞❡ ❤❡♣♦❜❧❡♠♦❢♥♦♥✲❛✐♦♥❛②✐♠❛❣❡

❝❧❛✐✜❝❛✐♦♥✱❤❡❋✐❤❡✈❡❝♦ ❛❡❡①❡♥❞❡❞♦❤❡❘✐❡♠❛♥♥✐❛♥❝❛❡✱❜❛❡❞

♦♥❤❡❘✐❡♠❛♥♥✐❛♥●❛✉ ✐❛♥❛♥❞▲❛♣❧❛❝❡♣♦❜❛❜✐❧✐②❞❡♥✐②❢✉♥❝✐♦♥✳

•■❧❧✉ ❛✐♦♥♦❢❤❡ ❡❧❛✐♦♥❜❡✇❡❡♥ ❤❡❘✐❡♠❛♥♥✐❛♥❋✐❤❡ ✈❡❝♦ ❛♥❞ ❤❡

❘✐❡♠❛♥♥✐❛♥✈❡❝♦ ♦❢❧♦❝❛❧❧②❛❣❣❡❣❛❡❞❞❡❝✐♣♦✳

❈❧❛ ✐✜❝❛✐♦♥✿

•❉❡✜♥✐✐♦♥♦❢❛ ❛✐✐❝❛❧❤②♣♦❤❡✐ ❡ ❜❛❡❞♦♥❤❡❣❡♦❞❡✐❝❞✐❛♥❝❡ ♦

❡❣✉❧❛❡❤❡❢❛❧❡❛❧❛♠ ❛❡✳

•❊✈❛❧✉❛✐♦♥♦❢❤❡♣♦♣♦❡❞♠❡❤♦❞ ✐♥❤❡❝♦♥❡①♦❢❡①✉❡✐♠❛❣❡❝❧❛✐✜✲

❝❛✐♦♥✱❜❛✐♥❞❡❝♦❞✐♥❣✱✐♠✉❧❛❡❞❛♥❞❡❛❧ ♦❧❙❆❘✐♠❛❣❡❝❧❛✐✜❝❛✐♦♥✳

❋✉ ❤❡ ♦♥✱❡❛❝❤♦❢ ❤❡❡♦♣✐❝ ✐❛❞❞❡❡❞✐♥❛❞✐✐♥❝❝❤❛♣❡✱❣✐✈✐♥❣❤❡

❢♦❧❧♦✇✐♥❣ ✉❝✉❡❢♦ ❤❡♣❡❡♥✇♦❦✳

✶✳✷ ❚❤❡✐❖✉❧✐♥❡

❚❤❡ ❡♠❛✐♥❞❡♦❢❤✐ ❤❡✐✐ ✉❝✉❡❞❛❢♦❧❧♦✇✳

❈❤❛♣❡✷❡♣❡❡♥ ❛♥✐♥♦❞✉❝✐♦♥♦♥❡①✉❡❛♥❞❤❡✐ ♠♦❞❡❧✐♥❣✐♥✐♠❛❣❡

♣♦❝❡✐♥❣✳❙❛✐♥❣❢♦♠❤❡❝♦♠♣❧❡①✐②♦❢❤✐❝♦♥❝❡♣✱ ❛❡✲♦❢✲❤❡✲❛ ❞❡✜♥✐✐♦♥

❛❡♣❡❡♥❡❞✱❛❧♦♥❣✇✐❤ ♦♠❡♠❡❤♦❞ ❢♦ ❛♥❢♦♠✐♥❣ ❤❡ ❡①✉❛❧✐♥❢♦♠❛✐♦♥



✶✳✷✳ ❚❤❡✐❖✉ ❧✐♥❡ ✺

✐♥♦❞❡❝✐♣♦✱♦❢❡❛✉❡✱✉❡❞✐♥❝♦♠♣✉❡✈✐✐♦♥✳❆❝❧❛✐✜❝❛✐♦♥♦❢❤❡❢❡❛✉❡

❡①❛❝✐♦♥♠❡❤♦❞✐♠❛❞❡✱❜②❣♦✉♣✐♥❣❤❡♠✐♥♦✇♦❝❛❡❣♦✐❡✿♠❡❤♦❞❜❛❡❞
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❢❡❛✉❡ ❬❍❛❛❧✐❝❦❡❛❧✳✶✾✼✸❪✳■♥❤✐♦♣✐♥✐♦♥✱ ❤❡ ❡①✉❡ ❡❢❡ ♦ ❤❡ ♣❛✐❛❧

❞✐ ✐❜✉✐♦♥♦❢❣❛②♦♥❡✱❜❡✐♥❣❛♥✐♠♣♦❛♥❝❤❛❛❝❡✐✐❝♦❢❛❧❧✉❢❛❝❡✳

❖♥ ❤❡♦❤❡❤❛♥❞✱❚❛♠✉❛❤❛❡✈❛❧✉❛❡❞❡①✉❡ ❤♦✉❣❤✐①♣♦♣❡✐❡❬❚❛♠✉❛

❡❛❧✳✶✾✼✽❪✿❝♦❛❡♥❡✱❝♦♥❛✱❞✐❡❝✐♦♥❛❧✐②✱❧✐♥❡✲❧✐❦❡♥❡ ✱❡❣✉❧❛✐②❛♥❞♦✉❣❤✲

♥❡ ✱✇❤✐❧❡❆♠❛❞❛✉♥❝♦♥✐❞❡❡❞❢❡❛✉❡ ❛ ❜✉②♥❡ ✱❝♦♠♣❧❡①✐②❛♥❞ ❡①✉❡

❡♥❣❤❬❆♠❛❞❛✉♥✫❑✐♥❣✶✾✽✾❪✳❙❛✐♥❣❢♦♠❤❡✐ ✇♦❦✱❘❛♦❤❛✐❞❡♥✐✜❡❞

❤❡♠❛❧❧❡ ❡♦❢❢❡❛✉❡ ❤❛❛❡❛❜❧❡♦❞✐❝✐♠✐♥❛❡❜❡✇❡❡♥ ❡①✉❡✱❤❛❛❡

❡♣❡✐✐♦♥✱♦✐❡♥❛✐♦♥❛♥❞❝♦♠♣❧❡①✐②❬❘❛♦✫▲♦❤❡✶✾✾✸❪✳

■♥❝♦♥❝❧✉✐♦♥✱❡✈❡♥❤♦✉❣❤❡①✉❡❛❡❡❛✐❧②✐❞❡♥✐✜❡❞❛♥❞❝❧❛✐✜❡❞❜②❤✉♠❛♥

❜❡✐♥❣✱❤❡②❞♦♥♦ ❤❛✈❡❛✉♥✐✉❡❞❡✜♥✐✐♦♥❤❛ ❝❛♥❜❡✉❡❞✐♥❝♦♠♣✉❡✈✐✐♦♥

❛♣♣❧✐❝❛✐♦♥✳■♥♦❞❡ ♦❝❛♣✉❡❛❧❧❤❡✇✐❞❡✈❛✐❡②♦❢✐♥❢♦♠❛✐♦♥❧②✐♥❣✐♥❡①✉❡✱

❞✐✛❡❡♥ ②♣❡♦❢❞❡❝✐♣♦ ❤❛✈❡❜❡❡♥♣♦♣♦❡❞✐♥❤❡❧✐❡❛✉❡✳■♥❤❡❢♦❧❧♦✇✐♥❣✱

♦♠❡♦❢❤❡❡♠♣❧♦②❡❞♠❡❤♦❞❛❡♣❡❡♥❡❞✳

✷✳✶✳✷ ❚❡①✉❛❧❋❡❛✉❡ ❊① ❛❝✐♦♥

✷✳✶✳✷✳✶ ▼❡❤♦❞ ❇❛❡❞♦♥❉❡❝✐♣✐✈❡❙❛✐✐❝

❚❤❡❡♠❡❤♦❞ ❞❡✜♥❡ ❤❡ ❡①✉❡❜②♠❡❛♥♦❢❤❡ ♣❛✐❛❧❞✐ ✐❜✉✐♦♥♦❢❤❡❝♦♥✲

❛✐♥❡❞❣❛②✈❛❧✉❡ ❛♥❞❤❡②✐♥❝❧✉❞❡ ❤❡❣❛②❧❡✈❡❧❝♦✲♦❝❝✉❡♥❝❡♠❛✐❝❡❬❍❛❛❧✲

✐❝❦❡❛❧✳✶✾✼✸❪✱❤❡❛✉♦❝♦❡❧❛✐♦♥❢❡❛✉❡❬❚✉❝❡②❛♥✫❏❛✐♥✶✾✾✸❪❛♥❞❤❡✈❛✐✲

♦❣❛♠❬▼❛❤❡♦♥✶✾✻✸✱❈✉ ❛♥✶✾✽✽❪✱❤❡❧♦❝❛❧❜✐♥❛②♣❛❡♥❬❖❥❛❧❛❡❛❧✳✶✾✾✻❪✱

❡❝✳

● ❛②❧❡✈❡❧❝♦✲♦❝❝✉ ❡♥❝❡♠❛ ✐❝❡ ✭●▲❈▼✮❤❛✈❡❜❡❡♥✐♥♦❞✉❝❡❞✜ ✐♥❬❍❛✲

❛❧✐❝❦❡❛❧✳✶✾✼✸❪❜❛❡❞♦♥❤❡❛ ✉♠♣✐♦♥❤❛ ❢♦❛❣❛②❝❛❧❡✐♠❛❣❡✱❤❡ ❡①✉❛❧

✐♥❢♦♠❛✐♦♥❧✐❡✧✐♥❤❡♦✈❡❛❧❧♣❛✐❛❧❡❧❛✐♦♥❤✐♣❤❛ ❤❡❣❛②♦♥❡✐♥❤❡✐♠❛❣❡

❤❛✈❡ ♦♦♥❡❛♥♦❤❡✧✳❚❤✐ ♣❛✐❛❧❞❡♣❡♥❞❡♥❝❡✐❡①♣❡❡❞❜②♠❡❛♥♦❢❛♠❛✐①

❝♦♥❛✐♥✐♥❣❤❡ ❡❧❛✐✈❡❢❡✉❡♥❝✐❡ ♦❢♦❝❝✉❡♥❝❡♦❢✇♦❣❛②♦♥❡❢♦ ✇♦♥❡✐❣❤✲

❜♦✐♥❣♣✐①❡❧✳■♥❤✐❝❛❡✱✇♦♣✐①❡❧ ❛❡♥❡✐❣❤❜♦ ✐♥❡♠ ♦❢❛♣❡❞❡✜♥❡❞❞✐❛♥❝❡



✶✵ ❈❤❛♣ ❡ ✷✳ ❚❡①✉❡ ✐♥■♠❛❣❡ ♦❝❡ ✐♥❣

d❛♥❞❞✐❡❝✐♦♥α✳ ❊①❝❡♣✐♥❣❤❡✐♠❛❣❡❜♦❞❡✐♥❣♣✐①❡❧✱❡✐❣❤♥❡❛❡ ♥❡✐❣❤❜♦

❛♥❞❢♦✉❛♥❣❧❡✈❛❧✉❡❛❡✉✉❛❧❧②❝♦♥✐❞❡❡❞✱❛ ❡♣❡❡♥❡❞✐♥❋✐❣✉❡✷✳✸✳

❋✐❣✉❡✷✳✸✿❚❤❡❡✐❣❤ ❛♥❣✉❧❛♥❡❛❡ ♥❡✐❣❤❜♦ ♦❢❛♣✐①❡❧✳

■♥♣❛❝✐❝❡✱✐♥♦❞❡ ♦❡❞✉❝❡❤❡✐③❡♦❢❤❡●▲❈▼❢♦❛♥✐♠❛❣❡✱❛✉❛♥✐③❛✐♦♥

❡♣✐ ❡✉✐❡❞✜ ✳

▲❡I❜❡❛♥✐♠❛❣❡♦❢✐③❡W×H❛♥❞Q ❤❡♥✉♠❜❡♦❢✉❛♥✐③❛✐♦♥❧❡✈❡❧✳■♥❤✐

❝❛❡✱❤❡●▲❈▼✇✐❧❧❜❡❛Q×Q♠❛ ✐①✳❊❛❝❤❡❧❡♠❡♥(i,j)✱i,j=0,...,Q−1♦❢

❤✐♠❛ ✐①❡♣❡❡♥ ❤❡♥✉♠❜❡♦❢✐♠❡❣❛②♦♥❡i❛♥❞j❤❛✈❡❜❡❡♥♥❡✐❣❤❜♦ ✐♥

✐♠❛❣❡I✱✐♥❡♠ ♦❢❞✐❛♥❝❡d❛♥❞❛♥❣❧❡α✳ ▼❛❤❡♠❛✐❝❛❧❧②✱❤✐❝❛♥❜❡❡①♣❡❡❞

❛✿

GLCMdx,dy(i,j)=
W

x=1

H

y=1

1, ✐❢I(x,y)=i❛♥❞I(x+dx,y+dy)=j

0, ♦❤❡✇✐❡
,✭✷✳✶✮

✇❤❡❡dx❛♥❞dy❛❡❤❡❞✐ ❛♥❝❡❛❝❝♦❞✐♥❣ ♦x❛♥❞y✱i✐ ❤❡❣❛②❧❡✈❡❧♦❢❤❡

❝✉❡♥♣✐①❡❧❛♥❞j✐ ❤❡❣❛②❧❡✈❡❧♦❢❤❡♥❡✐❣❤❜♦✐♥❣♦♥❡✳❚♦❝❛♥❝❡❧❤❡✐♥✢✉❡♥❝❡

♦❢❤❡✐♠❛❣❡✬ ✐③❡✱❤❡♦❜❛✐♥❡❞♠❛✐①✐♥♦♠❛❧✐③❡❞❜② ❤❡♥✉♠❜❡♦❢♣✐①❡❧✐♥I✳

❋✉ ❤❡ ♦♥✱ ❛✐♥❣❢♦♠ ❤❡●▲❈▼✱❛ ❡♦❢14 ❡①✉❛❧❞❡❝✐♣♦ ❝❛♥❜❡

❡①❛❝❡❞✱❡①♣❡✐♥❣✐♠❛❣❡♣♦♣❡✐❡❧✐❦❡❤♦♠♦❣❡♥❡✐②❛♥❞❝♦♥❛✱♦♠❡❛✉✐♥❣

❤❡❝♦♠♣❧❡①✐②❛♥❞ ❤❡♥❛✉❡♦❢❣❛②❧❡✈❡❧ ❛♥✐✐♦♥❬❍❛❛❧✐❝❦❡❛❧✳✶✾✼✸❪✳■♥

❤❡❢♦❧❧♦✇✐♥❣✱♦♠❡♦❢❤❡❡❞❡❝✐♣♦ ❛❡❞❡❛✐❧❡❞✱❦♥♦✇✐♥❣❤❛Pi,j❞❡♥♦❡ ❤❡

♣♦❜❛❜✐❧✐②♦❢♦❝❝✉❡♥❝❡♦❢♥❡✐❣❤❜♦✐♥❣❣❛②❧❡✈❡❧i❛♥❞j✱❤❛✐ ❤❡❡❧❡♠❡♥(i,j)

♦❢❤❡♥♦♠❛❧✐③❡❞●▲❈▼✿

•❚❤❡❤♦♠♦❣❡♥❡✐②✐❣✐✈❡♥❜②✿

i j

Pi,j
1+(i−j)2

. ✭✷✳✷✮

❋♦ ❤♦♠♦❣❡♥❡♦✉ ❡❣✐♦♥✱❤✐❞❡❝✐♣♦✇✐❧❧❤❛✈❡ ❡❧❛✐✈❡❣❡❛✈❛❧✉❡✱✇❤✐❧❡

♠❛❧❧✈❛❧✉❡ ✇✐❧❧✐♥❞✐❝❛❡❤❡❡♦❣❡♥❡♦✉ ❡❣✐♦♥✳

•❚❤❡❡♥ ♦♣②♠❡❛✉❡ ❤❡ ❛♥❞♦♠♥❡✱♦ ❤❡❞❡❣❡❡♦❢✐❡❣✉❧❛✐②❡①✐ ✐♥❣

✐♥❤❡✐♠❛❣❡❛♥❞✐✐❞❡✜♥❡❞❛✿

−
i j

Pi,jlnPi,j. ✭✷✳✸✮



✷✳✶✳ ❚❡①✉❡ ✐♥■♠❛❣❡❆♥❛❧②✐ ✶✶

❍♦♠♦❣❡♥❡♦✉ ❡❣✐♦♥❛❡❝❤❛❛❝❡✐③❡❞❜②❤✐❣❤❡♥♦♣②✈❛❧✉❡✱✇❤✐❧❡❤❡❤❡✲

❡♦❣❡♥❡♦✉✱♦✐❡❣✉❧❛ ❡❣✐♦♥❤❛✈❡❧♦✇❡♥♦♣②✳

•❚❤❡❝♦ ❡❧❛✐♦♥♠❡❛✉❡ ❤❡❧✐♥❡❛❞❡♣❡♥❞❡♥❝❡♦❢❣❛②♦♥❡❛♥❞✐✐❞❡✜♥❡❞

❛✿

i j

Pi,j
(i−µi)(j−µj)

σ2iσ
2
j

, ✭✷✳✹✮

✇❤❡❡µi✱µjσi❛♥❞σj❛❡❤❡♠❡❛♥ ❛♥❞ ❤❡ ❛♥❞❛❞❞❡✈✐❛✐♦♥♦❢ ❤❡

♠❛❣✐♥❛❧❞✐ ✐❜✉✐♦♥❛♦❝✐❛❡❞✇✐❤❡❛❝❤♥♦♠❛❧✐③❡❞❡❧❡♠❡♥ Pi,j✳

❆✉ ♦❝♦ ❡❧❛✐♦♥❢❡❛✉❡ ❛❡♠❡❛✉❡♦❢❤❡ ❡①✉❡✬ ❡❣✉❧❛✐②❛♥❞❝♦❛ ❡✲

♥❡ ❬❚✉❝❡②❛♥✫❏❛✐♥✶✾✾✸❪✳ ❋♦✐♥❛♥❝❡✱❝♦❛❡❡①✉❡❛❡❝❤❛❛❝❡✐③❡❞❜②

✈❛❧✉❡ ❤❛ ❧♦✇❧②❞♦♣ ♦✛✳ ❖♥ ❤❡♦❤❡ ❤❛♥❞✱❢♦ ❡❣✉❧❛ ❡①✉❡✱♣❡❛❦❛♥❞

✈❛❧❧❡② ❤♦✉❧❞❜❡♦❜❡✈❡❞✐♥❤❡❢✉♥❝✐♦♥✬❣❛♣❤✐❝❛❧❡♣❡❡♥❛✐♦♥✳

❱❛ ✐♦❣❛♠ ❛❡♠❡❤♦❞ ✉❡❞♦❝❤❛❛❝❡✐③❡❤❡ ♣❛✐❛❧❞❡♣❡♥❞❡♥❝❡❜❡✇❡❡♥

♣✐①❡❧✱❜❛❡❞♦♥❤❡❞❡✜♥✐✐♦♥♦❢❤❡❡♠✐✈❛✐♦❣❛♠❢✉♥❝✐♦♥✱✐♥♦❞✉❝❡❞✜ ✐♥❬▼❛❤✲

❡♦♥✶✾✻✸❪✳

❋♦ ❛♥✐♠❛❣❡I✱❤❡❡♠✐✈❛✐♦❣❛♠❢✉♥❝✐♦♥γ✐❣✐✈❡♥❜②✿

γ(d)=
1

2N

N

i=1

[I(xi)−I(xi+d)]
2, ✭✷✳✺✮

✇❤❡❡d✐ ❤❡❞✐ ❛♥❝❡❜❡✇❡❡♥ ✇♦♣✐①❡❧✱N✐ ❤❡♥✉♠❜❡♦❢♣✐①❡❧ ❡♣❛❛❡❞❜②

❞✐ ❛♥❝❡d❛♥❞I(xi)✱❡♣❡❝✐✈❡❧②I(xi+d)❛❡❤❡✐♥❡♥✐✐❡♦❢♣✐①❡❧xi❛♥❞xi+d✳

◆❡①✱❤❡✈❛✐♦❣❛♠✐♦❜❛✐♥❡❞❛❜❡✐♥❣2γ(d)❛♥❞✐♠❡❛✉❡ ❤❡❞✐ ✐♠✐❧❛✐②

❜❡✇❡❡♥ ♣❛✐❛❧❧②❡♣❛❛❡❞♣✐①❡❧❬❈✉ ❛♥✶✾✽✽❪✳ ▼♦❡♣❡❝✐❡❧②✱❧❛❣❡✈❛❧✉❡♦❢γ(d)

✐♥❞✐❝❛❡❧❡ ✐♠✐❧❛♣✐①❡❧✳ ❚♦❞❡❝✐❜❡❤❡♣✐①❡❧✬ ❝♦❡❧❛✐♦♥✱❡✈❡❛❧♣❛❛♠❡❡

❝❛♥❜❡❡①❛❝❡❞✱❧✐❦❡❤❡ ✉♣♣♦ ✱❧❛❣✱✐❧❧✱❛♥❣❡✱♥✉❣❣❡ ✈❛✐❛♥❝❡❛♥❞♣❛✐❛❧❧②

❞❡♣❡♥❞❡♥ ✉❝✉❛❧✈❛✐❛♥❝❡✳

▲♦❝❛❧❜✐♥❛②♣❛ ❡♥ ✭▲❇✮❤❛✈❡❜❡❡♥♣♦♣♦❡❞✐♥❬❖❥❛❧❛❡❛❧✳✶✾✾✻❪❛❛

♣❛ ✐❝✉❧❛❝❛❡♦❢❤❡❡①✉❡❞❡❝✐♣♦ ✐♥♦❞✉❝❡❞✐♥❬❲❛♥❣✫❍❡✶✾✾✵❪✳■♥♦❞❡

♦♦❜❛✐♥ ❤❡▲❇ ❢♦❛♥✐♠❛❣❡I✱♣❛✐❛❧♥❡✐❣❤❜♦❤♦♦❞ ♦❢3×3❛❡❡①❛❝❡❞

❢♦❡❛❝❤♣✐①❡❧❛♥❞❛❜✐♥❛②❡✉❡♥❝❡✐♦❜❛✐♥❡❞✱❛❢♦❧❧♦✇✳❋✐ ✱❛❝♦♠♣❛✐♦♥✐

♠❛❞❡❜❡✇❡❡♥ ❤❡♥❡✐❣❤❜♦❤♦♦❞✬ ❝❡♥❛❧♣✐①❡❧❛♥❞❡❛❝❤♦❢✐ 8♥❡✐❣❤❜♦ ✳■❢❤❡

✐♥❡♥✐②♦❢❤❡❝❡♥❛❧✈❛❧✉❡✐ ♠❛❧❧❡ ❤❛♥ ❤❡✈❛❧✉❡♦❢✐ ♥❡✐❣❤❜♦✱❛♥❡❧❡♠❡♥

❡✉❛❧✐♥❣1✐❝♦♥✐❞❡❡❞❢♦ ❤❡❜✐♥❛②✈❡❝♦✱❛♥❞0♦❤❡✇✐❡✳■♥❤❡❡♥❞✱❛♥8✲❞✐❣✐

❜✐♥❛②♥✉♠❜❡✐♦❜❛✐♥❡❞✱❤❛✐✉✉❛❧❧②❝♦♥✈❡ ❡❞♦❞❡❝✐♠❛❧✳❇②❝♦♥✐❞❡✐♥❣❛❧❧

❤❡❞❡❝✐♠❛❧♥✉♠❜❡ ♦❜❛✐♥❡❞❢♦♠❤❡❡♥✐❡✐♠❛❣❡✱❛❤✐♦❣❛♠✐❝♦♠♣✉❡❞✱✐♥

♦❞❡ ♦♠❡❛✉❡❤❡❢❡✉❡♥❝②♦❢♦❝❝✉ ❡♥❝❡♦❢❡❛❝❤♥✉♠❜❡✳ ❚❤❡♠❡❤♦❞❤❛

❜❡❡♥❣❡♥❡❛❧✐③❡❞✐♥❬❖❥❛❧❛❡❛❧✳✷✵✵✷❪❢♦❞✐✛❡❡♥ ②♣❡♦❢♥❡✐❣❤❜♦❤♦♦❞ ❛♥❞❛♥

❡✣❝✐❡♥❛♣♣♦❛❝❤❢♦❣❛②❝❛❧❡❛♥❞♦❛✐♦♥✐♥✈❛✐❛♥❡①✉❡❝❧❛✐✜❝❛✐♦♥❤❛❜❡❡♥

❞❡✈❡❧♦♣❡❞✳



✶✷ ❈❤❛♣ ❡ ✷✳ ❚❡①✉❡ ✐♥■♠❛❣❡ ♦❝❡ ✐♥❣

✷✳✶✳✷✳✷ ▼❡❤♦❞ ❇❛❡❞♦♥❙♦❝❤❛ ✐❝ ▼♦❞❡❧

❚❤❡❡ ♠❡❤♦❞ ✐♠♣❧②❤❡❝❤❛❛❝❡✐③❛✐♦♥♦❢❤❡ ❡①✉❛❧✐♥❢♦♠❛✐♦♥❜②✉✐♥❣

♦❝❤❛✐❝♠♦❞❡❧✳■♥♦❞❡ ♦❛♣♣❧②❤❡♠✱✇♦ ❡♣❛❡♥❡❡❞❡❞✳❋✐ ✱❤❡❡①✉❡

❛❡❛♥❛❧②③❡❞✉✐♥❣❤❡♠✉❧✐❝❛❧❡✱♦ ❤❡♠✉❧✐❡♦❧✉✐♦♥❡♣❡❡♥❛✐♦♥❛♥❞❤❡♥✱

❤❡♦❜❛✐♥❡❞❝♦❡✣❝✐❡♥ ❛❡♠♦❞❡❧❡❞❜②♠❡❛♥♦❢ ❛✐✐❝❛❧♦♦❧✳❚❤❡❡✇♦ ❡♣

❛❡❞❡❛✐❧❡❞✐♥❤❡❢♦❧❧♦✇✐♥❣✳

✶✮❚❡①✉❡❛♥❛❧②✐

▼✉❧✐❝❛❧❡✱♦♠✉❧✐❡♦❧✉✐♦♥❛♣♣♦❛❝❤❡✱❤❛✈❡❜❡❡♥❞❡✈❡❧♦♣❡❞❜❛❡❞♦♥❤❡ ✉❞②

♦❢❤✉♠❛♥✈✐✉❛❧♣❡❝❡♣✐♦♥✳ ❚❤❡❡❡❛❝❤❝❛✐❡❞♦✉✐♥❤✐ ❞✐❡❝✐♦♥❤❛ ❤♦✇♥

❤❛ ❤❡❤✉♠❛♥❜❛✐♥✐❝❛♣❛❜❧❡♦♣❡❢♦♠❛♠✉❧✐❝❛❧❡❛♥❛❧②✐♦❢✐♠❛❣❡❬❚❛♠✉❛

❡❛❧✳✶✾✼✽✱▲❛♥❞②✫●❛❤❛♠✷✵✵✹❪✳■♥❤✐❝♦♥❡①✱❤❡❋♦✉✐❡ ❛♥❢♦♠❬●❡♦❣❡✲

♦♥✶✾✼✾❪✱❤❡●❛❜♦✜❧❡ ❬❚✉♥❡✶✾✽✻✱❏❛✐♥✫❋❛♦❦❤♥✐❛✶✾✾✶❪✱❤❡✇❛✈❡❧❡ ❛♥✲

❢♦♠❬▼❛❧❧❛ ✶✾✽✾❪✱❤❡❝✉✈❡❧❡ ❬❈❛♥❞❡ ✫❉♦♥♦❤♦✶✾✾✾✱❇♦✉❜❝❤✐ ❡❛❧✳✷✵✶✵❪✱❡❝✳

❝❛♥❜❡✉❡❞❢♦❝❛♣✉✐♥❣❤❡❡①✉❛❧✐♥❢♦♠❛✐♦♥✳

●❛❜♦ ✜❧❡ ❤❛✈❡❜❡❡♥✐♥♦❞✉❝❡❞✐♥❬▼❛✂❝❡❧❥❛✶✾✽✵❪❛♠♦❞❡❧ ❢♦ ❤❡ ✐♠♣❧❡

❝❡❧❧✐♥❤❡✈✐✉❛❧❝♦ ❡①✱❤♦✇✐♥❣❤❡✐✐♠♣♦❛♥❝❡✐♥✐♠❛❣❡❛♥❛❧②✐✳ ▼❛❤❡♠❛✐✲

❝❛❧❧②✱❤❡❢♦❧❧♦✇✐♥❣❞❡✜♥✐✐♦♥❝❛♥❜❡❢♦♠✉❧❛❡❞✳

❋✐ ✱✐♥❤❡♣❛✐❛❧❞♦♠❛✐♥✱❤❡●❛❜♦❢✉♥❝✐♦♥g(x,y)✐❣✐✈❡♥❜②❛✐♥✉♦✐❞❛❧

♣❧❛♥❡✇❛✈❡♦❢❢❡✉❡♥❝②f0❛♥❞♣❤❛❡φ✱♠♦❞✉❧❛❡❞❜②❛●❛✉✐❛♥❡♥✈❡❧♦♣❡❛♥❞✐

✐❡①♣❡❡❞❛❬❏❛✐♥✫❋❛♦❦❤♥✐❛✶✾✾✶❪✿

g(x,y)=exp −
1

2

x2

σ2x
+
y2

σ2y
cos(2πf0x+φ), ✭✷✳✻✮

✇❤❡❡σx❛♥❞σy❛❡❤❡ ❛♥❞❛❞❞❡✈✐❛✐♦♥♦❢❤❡●❛✉ ✐❛♥❡♥✈❡❧♦♣❡❛❧♦♥❣❤❡x

❛♥❞y❛①✐✳ ▼♦❡♦✈❡✱✐♥❤❡❢❡✉❡♥❝②❞♦♠❛✐♥✱❝♦♥✐❞❡✐♥❣❤❡♣❤❛❡φ=0✱❤❡

❢✉♥❝✐♦♥g(x,y)✐♥✭✷✳✻✮❜❡❝♦♠❡✿

G(u,v)=A exp −
1

2

(u−f0)
2

σ2u
+
v2

σ2v
+exp −

1

2

(u+f0)
2

σ2u
+
v2

σ2v
,

✭✷✳✼✮

✇❤❡❡u❛♥❞v❛❡❤❡❤♦✐③♦♥❛❧❛♥❞✈❡✐❝❛❧♣❛✐❛❧❢❡✉❡♥❝✐❡✱σu=1/(2πσx)

❛♥❞σv=1/(2πσy)❛❡❤❡❝♦ ❡♣♦♥❞✐♥❣ ❛♥❞❛❞❞❡✈✐❛✐♦♥❛♥❞A=2πσxσy✳

❙❛✐♥❣❢♦♠❤❡❡❢✉♥❝✐♦♥✱✜❧❡❜❛♥❦ ❝❛♥❜❡❜✉✐❧❛♥❞✉❡❞❢♦✐♠❛❣❡❞❡✲

❝♦♠♣♦✐✐♦♥❛❞✐✛❡❡♥❧❡✈❡❧❛♥❞♦✐❡♥❛✐♦♥✳❚❤❡♦❜❛✐♥❡❞✐♠❛❣❡❝❤❛❛❝❡✐③❡

❤❡❡①✉❛❧✐♥❢♦♠❛✐♦♥❛ ❤❡❡❡♦❧✉✐♦♥❛♥❞♦✐❡♥❛✐♦♥❛♥❞❤❡②❡♣❡❡♥ ❤❡

❢❡❛✉❡✉❡❞❢✉❤❡ ✐♥❛♣♣❧✐❝❛✐♦♥❧✐❦❡✐♠❛❣❡❡✐❡✈❛❧❬▼❛♥❥✉♥❛❤✫ ▼❛✶✾✾✻❪✱

❡❣♠❡♥❛✐♦♥❬❏❛✐♥✫❋❛♦❦❤♥✐❛✶✾✾✶❪✱❡①✉❡❞✐❝✐♠✐♥❛✐♦♥❬❚✉♥❡✶✾✽✻❪✱❡❝✳

❲❛✈❡❧❡ ❞❡❝♦♠♣♦✐✐♦♥ ❤❛❜❡❡♥✐♥♦❞✉❝❡❞✐♥❬▼❛❧❧❛ ✶✾✽✾❪❛♥❞✐ ❡♣❡❡♥

❛♥♦❤❡ ❛♣♣♦❛❝❤❢♦ ♠✉❧✐❡♦❧✉✐♦♥✐♠❛❣❡♣♦❝❡✐♥❣✳ ❇②✉✐♥❣❤✐ ❡❝❤♥✐✉❡✱



✷✳✶✳ ❚❡①✉❡ ✐♥■♠❛❣❡❆♥❛❧②✐ ✶✸

❤❡✐♠❛❣❡✐ ❞❡❝♦♠♣♦❡❞✐♥♦❤♦❣♦♥❛❧❛♥❞✐♥❞❡♣❡♥❞❡♥ ✉❜❜❛♥❞✱♦❜❛✐♥❡❞❜②

❝♦♥✐❞❡✐♥❣♦♠❡❜❛✐❢✉♥❝✐♦♥✱❞❡✜♥❡❞❛✿

ψa,b=
1
√
a
ψ
x−b

a
, ✭✷✳✽✮

✇✐❤a❛♥❞b❜❡✐♥❣❤❡❝❛❧❡❛♥❞❤❡❧♦❝❛✐♦♥♣❛❛♠❡❡✳❋♦❛♥✐♠❛❣❡f(x,y)✱❤❡

✇❛✈❡❧❡ ❞❡❝♦♠♣♦✐✐♦♥✐♣❡❢♦♠❡❞❛✿

ci,j=
+∞

−∞
f(x,y)

1
√
a
ψ
x−b

a
,
y−b

a
, ✭✷✳✾✮

✇❤❡❡ci,j❛❡❤❡✇❛✈❡❧❡❝♦❡✣❝✐❡♥✳

■♥♣❛❝✐❝❡✱❢♦✐♠❛❣❡❞❡❝♦♠♣♦✐✐♦♥✱✜❧❡❜❛♥❦♦❢❧♦✇♣❛ ✜❧❡ ✭▲✮❛♥❞❤✐❣❤

♣❛ ✜❧❡ ✭❍✮❛❡❛♣♣❧✐❡❞❛❧♦♥❣❤❡♦✇❛♥❞❝♦❧✉♠♥✳❆❛❡✉❧✱❢♦✉ ✉❜❜❛♥❞

❛❡♦❜❛✐♥❡❞❜②❝♦♠❜✐♥✐♥❣ ❤❡ ✇♦✜❧❡✳ ❚❤❡❡✉❜❜❛♥❞ ❝♦♥✐ ✐♥❤❡✐♠❛❣❡

❛♣♣♦①✐♠❛✐♦♥✭▲▲✮✱❤♦✐③♦♥❛❧✭▲❍✮✱✈❡✐❝❛❧✭❍▲✮❛♥❞❞✐❛❣♦♥❛❧✭❍❍✮❝♦❡✣❝✐❡♥✳

❚❤❡❞❡❝♦♠♣♦✐✐♦♥✐❛❡❝✉✐✈❡♣♦❝❡ ❛♥❞❢♦ ❤❡♥❡①❧❡✈❡❧✱❤❡▲▲✉❜❜❛♥❞✐

✉❡❞✳■♥❛❞❞✐✐♦♥✱❛❞♦✇♥❛♠♣❧✐♥❣❜②❛❢❛❝♦♦❢✇♦✐ ❝♦♥✐❞❡❡❞❛❡❛❝❤❧❡✈❡❧✳

■♥♦❞❡ ♦♦❜❛✐♥❤✐ ②♣❡♦❢✐♠❛❣❡❞❡❝♦♠♣♦✐✐♦♥✱❞✐❝❡❡✇❛✈❡❧❡❢✉♥❝✐♦♥✱

✉❝❤❛ ❍❛❛ ❬❍❛❛ ✶✾✶✵❪❛♥❞❉❛✉❜❡❝❤✐❡❬❉❛✉❜❡❝❤✐❡ ✶✾✾✷❪✇❛✈❡❧❡ ❝❛♥❜❡❡♠✲

♣❧♦②❡❞✳

■♥❤❡❡♥❞✱ ❤❡❝♦❡✣❝✐❡♥ ✐♥❡❛❝❤✇❛✈❡❧❡ ✉❜❜❛♥❞❝❛♥❜❡❞❡❝✐❜❡❞❜②✉✐♥❣

❛✐✐❝❛❧♠♦❞❡❧✱❛ ❤♦✇♥✐♥❋✐❣✉❡✷✳✹✳

❋✐❣✉❡✷✳✹✿❲❛✈❡❧❡ ✉❜❜❛♥❞ ❛✐✐❝❛❧♠♦❞❡❧✐♥❣✳



✶✹ ❈❤❛♣ ❡ ✷✳ ❚❡①✉❡ ✐♥■♠❛❣❡ ♦❝❡ ✐♥❣

✷✮❙♦❝❤❛ ✐❝ ♠♦❞❡❧✐♥❣

❖♥❝❡ ❤❛ ❤❡ ❡①✉❡❛♥❛❧②✐✐❛❝❝♦♠♣❧✐❤❡❞❛♥❞ ❤❡ ❡①✉❛❧✐♥❢♦♠❛✐♦♥✐

❡①❛❝❡❞✱ ❤❡✜❧❡❡❞❡❧❡♠❡♥ ❝❛♥❜❡ ❛✐✐❝❛❧❧②♠♦❞❡❧❡❞✱♦♦❜❛✐♥ ❤❡✜♥❛❧

❡①✉❡✐❣♥❛✉❡✳ ❘❡❝❡♥❧②✱♠❛♥② ❛✐✐❝❛❧♠♦❞❡❧❤❛✈❡❜❡❡♥♣♦♣♦❡❞✳ ❚❤❡❡

❛♣♣♦❛❝❤❡ ✐♥❝❧✉❞❡❤❡✉♥✐✈❛✐❛❡❣❡♥❡❛❧✐③❡❞●❛✉✐❛♥❞✐ ✐❜✉✐♦♥❬❉♦✫❱❡✲

❡❧✐✷✵✵✷❪✱●❛♠♠❛❞✐ ✐❜✉✐♦♥❬▼❛❤✐❛ ❡♥❡❛❧✳✷✵✵✷❪❛♥❞❇❡❡❧❑❢♦♠ ❬❙✐✲

✈❛ ❛✈❛❡❛❧✳✷✵✵✷❪❤❛✇✐❧❧❜❡❞❡❛✐❧❡❞♥❡①✳

●❡♥❡ ❛❧✐③❡❞●❛✉ ✐❛♥❞✐ ✐❜✉✐♦♥ ✭●●❉✮❤❛✈❡❜❡❡♥♣♦♣♦❡❞✐♥❬❉♦✫❱❡✲

❡❧✐✷✵✵✷❪❢♦♠♦❞❡❧✐♥❣ ❤❡♠❛❣✐♥❛❧❞❡♥✐②♦❢❤❡✇❛✈❡❧❡❝♦❡✣❝✐❡♥ ✐♥❛♣❛✐❝✉❧❛

✉❜❜❛♥❞✳❚❤❡♣♦❜❛❜✐❧✐②❞❡♥✐②❢✉♥❝✐♦♥❞❡❝✐❜✐♥❣❤✐♠♦❞❡❧✐✿

p(x|α,β)=
β

2αΓ 1
β

exp −
|x|

α

β

, ✭✷✳✶✵✮

✇❤❡❡Γ(·)✐ ❤❡●❛♠♠❛❢✉♥❝✐♦♥✱α✐ ❤❡ ❝❛❧❡♣❛❛♠❡❡❛♥❞β✐ ❤❡ ❤❛♣❡

♣❛❛♠❡❡✳ ❇②♠❡❛♥♦❢❤❡♠❛①✐♠✉♠✲❧✐❦❡❧✐❤♦♦❞♣✐♥❝✐♣❧❡✱❤❡❡✇♦♣❛❛♠❡❡

❝❛♥❜❡❡✐♠❛❡❞✱❣✐✈✐♥❣✐♥❤❡❡♥❞✱❤❡❡①✉❡✬ ✐❣♥❛✉❡✳■♥❤❡❛♠❡✇♦❦✱❤❡

●●❉♠♦❞❡❧❛❧♦♥❣✇✐❤❤❡❑✉❧❧❜❛❝❦✲▲❡✐❜❧❡❞✐✈❡❣❡♥❝❡✱❛ ✐♠✐❧❛✐②♠❡❛✉❡✱❤❛✈❡

❜❡❡♥✉❝❝❡ ❢✉❧❧②✉❡❞✐♥❤❡❝♦♥❡①♦❢✐♠❛❣❡❡✐❡✈❛❧✳

●❛♠♠❛❞✐ ✐❜✉✐♦♥ ❤❛✈❡❜❡❡♥❝♦♥✐❞❡❡❞✐♥❬▼❛❤✐❛ ❡♥❡❛❧✳✷✵✵✷❪♦♠♦❞❡❧

❢❡❛✉❡❡①❛❝❡❞✉✐♥❣●❛❜♦✜❧❡ ❢♦ ❡①✉❡✐♠❛❣❡❝❧❛✐✜❝❛✐♦♥✳

❇❡ ❡❧ ❑❢♦♠ ✭❇❑❋✮❡♣❡❡♥❛♥♦❤❡ ♣♦❜❛❜✐❧✐②♠♦❞❡❧✱♣♦♣♦❡❞✐♥❬❙✐✲

✈❛ ❛✈❛❡❛❧✳✷✵✵✷❪❢♦❝❤❛❛❝❡✐③✐♥❣❤❡♦✉♣✉♦❢❜❛♥❞♣❛ ✜❧❡ ✉❡❞✐♥❛❣❡

❡❝♦❣♥✐✐♦♥✳

❊✈❡♥ ❤♦✉❣❤❛❧❧❤❡❡✉♥✐✈❛✐❛❡♠♦❞❡❧❤❛✈❡❜❡❡♥✉❝❝❡ ❢✉❧❧②✉❡❞❢♦♠♦❞❡❧✐♥❣✜❧✲

❡❡❞❝♦❡✣❝✐❡♥✱❤❡②❝❛♥♥♦ ❛❦❡✐♥♦❛❝❝♦✉♥❛❧❧❤❡✐♥❢♦♠❛✐♦♥❧②✐♥❣✐♥✐❣♥❛❧✱

❧✐❦❡❤❡♣❛✐❛❧✱♦ ♣❡❝ ❛❧❞❡♣❡♥❞❡♥❝✐❡✳■♥♦❞❡ ♦❛❧❧❡✈✐❛❡❤✐♣♦❜❧❡♠✱♠✉❧✐✲

✈❛✐❛❡♠♦❞❡❧❤❛✈❡❜❡❡♥♣♦♣♦❡❞✱✐♥❝❧✉❞✐♥❣❤❡♠✉❧✐✈❛✐❛❡❇❡❡❧❑❢♦♠❞✐ ✐✲

❜✉✐♦♥❬❇♦✉❜❝❤✐ ❡❛❧✳✷✵✶✵❪✱❝♦♣✉❧❛❜❛❡❞❞✐ ✐❜✉✐♦♥❬❑✇✐ ❡❛❧✳✷✵✵✾✱▲❛♠❛

✫❇❡ ❤♦✉♠✐❡✉✷✵✶✹❪✱♦ ❤❡❢❛♠✐❧②♦❢♠✉❧✐✈❛✐❛❡❡❧❧✐♣✐❝❛❧❞✐ ✐❜✉✐♦♥✳ ❚❤✐

❧❛❡✱❝♦♥❛✐♥ ❤❡♠✉❧✐✈❛✐❛❡❣❡♥❡❛❧✐③❡❞●❛✉✐❛♥❞✐ ✐❜✉✐♦♥❬❱❡❞♦♦❧❛❡❣❡✫

❙❝❤❡✉♥❞❡ ✷✵✶✶❪✱❤❡ ♣❤❡✐❝❛❧❧②✐♥✈❛✐❛♥ ❛♥❞♦♠✈❡❝♦ ❬❨❛♦✶✾✼✸❪✱❛♥❞♠✉❧✐✲

✈❛✐❛❡●❛✉✐❛♥❞✐ ✐❜✉✐♦♥✱❛♣❛ ✐❝✉❧❛❝❛❡✳

▼✉❧ ✐✈❛✐❛❡❇❡ ❡❧❑❢♦♠❞✐ ✐❜✉✐♦♥ ❛❡❛♥❡①❡♥✐♦♥♦❢❤❡❇❑❋❛♥❞

❤❡②❤❛✈❡❜❡❡♥✐♥♦❞✉❝❡❞✐♥❬❇♦✉❜❝❤✐ ❡❛❧✳✷✵✶✵❪♦❝❛♣✉❡❤❡❜❡✇❡❡♥✲❝❛❧❡❛♥❞

✇✐❤✐♥✲❝❛❧❡❞❡♣❡♥❞❡♥❝✐❡❜❡✇❡❡♥✐♠❛❣❡❞❡❛✐❧❝♦❡✣❝✐❡♥ ✐♥✇❛✈❡❧❡❛♥❞❝✉✈❡❧❡

❞♦♠❛✐♥✳



✷✳✶✳ ❚❡①✉❡ ✐♥■♠❛❣❡❆♥❛❧②✐ ✶✺

❈♦♣✉❧❛❜❛❡❞❞✐ ✐❜✉✐♦♥ ❤❛✈❡❜❡❡♥✉❡❞♦♠♦❞❡❧❤❡✇❛✈❡❧❡❝♦❡✣❝✐❡♥ ♦❢

♠✉❧✐❝❤❛♥♥❡❧✐♠❛❣❡✳❋♦✐♥❛♥❝❡✱✐♥❬❑✇✐ ❡❛❧✳✷✵✵✾❪❛♠♦❞❡❧❜❛❡❞♦♥❤❡✇♦✲

♣❛❛♠❡❡❲❡✐❜✉❧❧❞✐ ✐❜✉✐♦♥❛♥❞♦♥❤❡♠✉❧✐✈❛✐❛❡❙✉❞❡♥✲❝♦♣✉❧❛❤❛❜❡❡♥

❞❡✈❡❧♦♣❡❞❛♥❞❛♣♣❧✐❡❞♦❡①✉❡❡✐❡✈❛❧✱❜②✉✐♥❣❤❡❑✉❧❧❜❛❝❦✲▲❡✐❜❧❡❞✐✈❡❣❡♥❝❡✱

❛ ✐♠✐❧❛✐②♠❡❛✉❡✳ ▼♦❡♦✈❡✱✐♥❬▲❛♠❛ ✫❇❡ ❤♦✉♠✐❡✉✷✵✶✹❪●❛✉✐❛♥❝♦♣✉❧❛

♠✉❧✐✈❛✐❛❡♠♦❞❡❧❤❛✈❡❜❡❡♥♣❡❡♥❡❞❛♥❞✉❡❞❢♦ ❡①✉❡✐♠❛❣❡❡✐❡✈❛❧✳

▼✉❧ ✐✈❛✐❛❡❣❡♥❡❛❧✐③❡❞●❛✉ ✐❛♥❞✐ ✐❜✉✐♦♥ ✭▼●●❉✮❤❛✈❡❜❡❡♥❝♦♥✐❞✲

❡❡❞✐♥❬❱❡❞♦♦❧❛❡❣❡✫❙❝❤❡✉♥❞❡ ✷✵✶✶✱❛❝❛❧❡❛❧✳✷✵✶✸❪♦❞❡❝✐❜❡❤❡✇❛✈❡❧❡

❝♦❡✣❝✐❡♥ ❡①❛❝❡❞❢♦♠♠✉❧✐❝♦♠♣♦♥❡♥✐♠❛❣❡✱✉❝❤❛ ❝♦❧♦✱♦♠✉❧✐♣❡❝ ❛❧

✐♠❛❣❡✳❇②♠❡❛♥♦❢▼●●❉✱❤❡❝♦ ❡❧❛✐♦♥❜❡✇❡❡♥ ♣❡❝ ❛❧❜❛♥❞✐♥❤❡✇❛✈❡❧❡

❞♦♠❛✐♥❤❛❜❡❡♥♠♦❞❡❧❡❞✱❤♦✇✐♥❣✐❣♥✐✜❝❛♥❝❧❛✐✜❝❛✐♦♥✐♠♣♦✈❡♠❡♥ ✇✐❤❡✲

♣❡❝ ♦✉♥✐✈❛✐❛❡●●❉✳

❙♣❤❡✐❝❛❧❧②✐♥✈❛✐❛♥ ❛♥❞♦♠✈❡❝♦ ✭❙■❘❱✮❤❛✈❡❜❡❡♥✐♥♦❞✉❝❡❞❢♦ ❤❡

✜ ✐♠❡✐♥❬❨❛♦✶✾✼✸❪❛♥❞❤❡♥ ✉❞✐❡❞✐♥❬●✐♥✐✫●❡❝♦✷✵✵✷✱❛❝❛❧❡❛❧✳✷✵✵✻✱

❱❛✐❧❡❡❛❧✳✷✵✶✵❪✱✐♥❤❡❝♦♥❡①♦❢❛❞❛❛♣♣❧✐❝❛✐♦♥✳■♥❤✐ ❝❛❡✱❤❡♦❜❡✈❡❞

✈❡❝♦ k✐♦❜❛✐♥❡❞❜②♠✉❧✐♣❧②✐♥❣❤❡ ✉❛❡♦♦ ♦❢ ❤❡♣❛❛♠❡❡τ✇✐❤ ❤❡

❝♦♠♣❧❡①✱❝✐❝✉❧❛●❛✉ ✐❛♥❛♥❞♦♠✈❡❝♦z✱♦❢③❡♦♠❡❛♥❛♥❞❝♦✈❛✐❛♥❝❡♠❛✐①

M✿

k=
√
τz, ✭✷✳✶✶✮

✇❤❡❡τ❛♥❞z❛❡✐♥❞❡♣❡♥❞❡♥✳■②✐❡❧❞ ❤❛ ❤❡♦❜❡✈❡❞✈❡❝♦k✐❝❤❛❛❝❡✐③❡❞

❜②❤❡❢♦❧❧♦✇✐♥❣♣♦❜❛❜✐❧✐②❞❡♥✐②❢✉♥❝✐♦♥✿

pk(k)=
∞

0
pz(k|τM)pτ(τ)dτ, ✭✷✳✶✷✮

✇❤❡❡pz(·)✐ ❤❡♣♦❜❛❜✐❧✐②❞❡♥✐②❢✉♥❝✐♦♥♦❢❤❡♠✉❧✐✈❛✐❛❡●❛✉✐❛♥❞✐ ✐✲

❜✉✐♦♥✳

▼✉❧ ✐✈❛✐❛❡●❛✉ ✐❛♥❞✐ ✐❜✉✐♦♥ ❡♣❡❡♥❛♣❛✐❝✉❧❛❝❛❡♦❢❤❡♠✉❧✐✲

✈❛✐❛❡♠♦❞❡❧✐♥♦❞✉❝❡❞❛❜♦✈❡❛♥❞❤❡②❛❡❤❡❞❡♥✐②♠♦❞❡❧✉❡❞❢✉❤❡✐♥❤✐

❤❡✐✳

■♥♦✉❝❛❡✱❤❡ ❡①✉❛❧✐♥❢♦♠❛✐♦♥✐❡①❛❝❡❞❜②♠❡❛♥♦❢♠✉❧✐❝❛❧❡❛♣✲

♣♦❛❝❤❡✳ ❚❤❡❡❢♦❡✱❡❛❝❤✐♠❛❣❡✐✜❧❡❡❞✉✐♥❣❤❡❉❛✉❜❡❝❤✐❡ ❞❜✹ ❛♥❢♦♠✳

◆❡①✱❡❛❝❤✇❛✈❡❧❡✉❜❜❛♥❞✐ ❛✐✐❝❛❧❧②♠♦❞❡❧❡❞❜②③❡♦✲♠❡❛♥♠✉❧✐✈❛✐❛❡●❛✉✲

✐❛♥❞✐ ✐❜✉✐♦♥✭▼●❉✮✳❚❤✐❝❤♦✐❝❡❤❛❜❡❡♥♠❛❞❡❜❛❡❞♦♥❤❡❢❛❝ ❤❛ ❤✐

♣♦❜❛❜✐❧✐②❞❡♥✐②❢✉♥❝✐♦♥❤❛❞❡✐❛❜❧❡♣♦♣❡✐❡✳ ▼♦❡♣❡❝✐❡❧②✱❤❡❣❡♦❞❡✐❝

❞✐ ❛♥❝❡✱✇❤✐❝❤✐ ❤❡✐♠✐❧❛✐②♠❡❛✉❡❝♦♥✐❞❡❡❞✐♥❤✐✇♦❦✱❤❛❛❝❧♦❡❞❢♦♠

❢♦ ❤❡ ▼●❉✳❚❤✐ ✐♥♦ ❤❡❝❛❡❢♦♦❤❡ ❞✐ ✐❜✉✐♦♥✱❧✐❦❡❤❡❙■❘❱♠♦❞❡❧✱

❢♦✇❤✐❝❤ ❤❡❣❡♦❞❡✐❝❞✐❛♥❝❡❝❛♥♦♥❧②❜❡❛♣♣♦①✐♠❛❡❞✳❋♦❡①❛♠♣❧❡✱❛❧✐♥❡❛

❛♣♣♦①✐♠❛✐♦♥♦❢❤❡❣❡♦❞❡✐❝❤❛ ❜❡❡♥❝♦♥✐❞❡❡❞✐♥❬❇♦♠❜✉♥❡❛❧✳✷✵✶✶❜❪❢♦

❤❡♠✉❧✐✈❛✐❛❡❙✉❞❡♥✲❞✐ ✐❜✉✐♦♥✳ ❖♥❤❡♦❤❡ ❤❛♥❞✱ ❤❡❛❞❛♣❛✐♦♥♦❢❤❡



✶✻ ❈❤❛♣ ❡ ✷✳ ❚❡①✉❡ ✐♥■♠❛❣❡ ♦❝❡ ✐♥❣

♣♦♣♦❡❞❛♣♣♦❛❝❤♦♠♦❡❝♦♠♣❧❡①♠♦❞❡❧✐ ❛❦❡♥✐♥♦❝♦♥✐❞❡❛✐♦♥❢♦❢✉✉❡

✇♦❦✳

▲❡ X ={x1,...,xN}❜❡❛ ❡♦❢N ✐♥❞❡♣❡♥❞❡♥❛♥❞✐❞❡♥✐❝❛❧❧②❞✐ ✐❜✉❡❞

❛♥❞♦♠✈❡❝♦ ♦❢❞✐♠❡♥✐♦♥m✱✐✉❡❞❢♦♠❛③❡♦✲♠❡❛♥♠✉❧✐✈❛✐❛❡●❛✉✐❛♥

❞✐ ✐❜✉✐♦♥✳❚❤❡♣♦❜❛❜✐❧✐②❞❡♥✐②❢✉♥❝✐♦♥❞❡❝✐❜✐♥❣❤❡❡✐ ❤❡❢♦❧❧♦✇✐♥❣✿

p(x|M)=
1

(2π)m|M|
exp −

1

2
xTM−1x . ✭✷✳✶✸✮

❋♦ ❤✐ ♠♦❞❡❧✱ ❤❡♣❛❛♠❡❡✈❡❝♦θ❡♣❡❡♥❡❞✐♥❋✐❣✉❡✷✳✹✐ ❤❡❝♦✈❛✐❛♥❝❡

♠❛ ✐①M✱✇❤✐❝❤❣✐✈❡ ❤❡✜♥❛❧❡①✉❡✐❣♥❛✉❡✳

■♥❤❡❢♦❧❧♦✇✐♥❣✱ ❤❡✐♠♣♦ ❛♥❝❡♦❢❝♦✈❛✐❛♥❝❡♠❛✐❝❡✐♥✐❣♥❛❧❛♥❞✐♠❛❣❡♣♦✲

❝❡✐♥❣✇✐❧❧❜❡❞❡❛✐❧❡❞✳

✷✳✷ ❈♦✈❛✐❛♥❝❡ ▼❛✐❝❡❛ ❙✐❣♥❛❧❛♥❞■♠❛❣❡ ❉❡❝✐♣✲

♦

✷✳✷✳✶ ■♠♣♦ ❛♥❝❡✐♥■♠❛❣❡❆♥❛❧②✐

❈♦✈❛✐❛♥❝❡♠❛✐❝❡❛❡✉❡❞✐♥❛✇✐❞❡✈❛✐❡②♦❢❛♣♣❧✐❝❛✐♦♥✐♥✐❣♥❛❧❛♥❞✐♠✲

❛❣❡♣♦❝❡✐♥❣✱✐♥❝❧✉❞✐♥❣❛❛②♣♦❝❡✐♥❣❬❖❧❧✐❧❛✫❑♦✐✈✉♥❡♥✷✵✵✸❪✱❛❞❛❞❡❡❝✲

✐♦♥❬●❡❝♦❡❛❧✳✷✵✶✹✱❈❤❡♥❡❛❧✳✷✵✶✶✱❨❛♥❣❡❛❧✳✷✵✶✵✱❇❛❜❛❡❝♦❡❛❧✳✷✵✶✸✱▼❛✲

❤♦❡❛❧✳✷✵✶✸❪✱♠❡❞✐❝❛❧✐♠❛❣❡❡❣♠❡♥❛✐♦♥❬❞❡▲✉✐✲●❛❝❛❡❛❧✳✷✵✶✶❪✱❢❛❝❡❞❡❡❝✲

✐♦♥❬❘♦❜✐♥♦♥✷✵✵✺❪✱✈❡❤✐❝❧❡❞❡❡❝✐♦♥❬▼❛❞❡ ✫❘❡❡❡✷✵✶✷❪✱❡❝✳❆♥♦❤❡ ❡❡❛❝❤

❞✐❡❝✐♦♥❝♦♥❝❡♥ ❤❡ ✐❣♥❛❧❛♥❞✐♠❛❣❡❝❧❛✐✜❝❛✐♦♥✱✇❤❡❡❝♦✈❛✐❛♥❝❡♠❛✐❝❡

❝❛♥❜❡✉❡❞♦♠♦❞❡❧❞✐✛❡❡♥❦✐♥❞ ♦❢❞❡♣❡♥❞❡♥❝❡✱❧✐❦❡ ♣❛✐❛❧✱❡♠♣♦❛❧✱ ♣❡❝✲

❛❧✱♣♦❧❛✐♠❡✐❝❞❡♣❡♥❞❡♥❝❡✱❡❝❬❋♦♠♦♥ ❡❛❧✳✷✵✶✶✱❇❛❛❝❤❛♥❡❛❧✳✷✵✶✸✱❙❛✐❞

❡❛❧✳✷✵✶✺❛✱❋❛❛❦✐❡❛❧✳✷✵✶✺❛❪✳

❇❡✐♥❣❡❧❡♠❡♥ ✐♥❤❡♣❛❝❡Pm♦❢m×m ❡❛❧②♠♠❡✐❝❛♥❞♣♦✐✐✈❡❞❡✜♥✐❡♠❛✲

✐❝❡✱❡✈❡❛❧❞✐ ✐❜✉✐♦♥❤❛✈❡❜❡❡♥♣♦♣♦❡❞♦♠♦❞❡❧❤❡♠✱✉❝❤❛ ❤❡ ❲✐❤❛

❞✐ ✐❜✉✐♦♥❬❲✐ ❤❛ ✶✾✷✽❪✱❤♦❡✐✉❡❞❢♦♠ ❤❡ ♦✲❝❛❧❧❡❞♣♦❞✉❝ ♠♦❞❡❧❬▲❡❡

❡❛❧✳✶✾✾✸✱❋❡✐❛❡❛❧✳✷✵✵✸✱❇♦♠❜✉♥✫❇❡❛✉❧✐❡✉✷✵✵✽✱❇♦♠❜✉♥❡❛❧✳✷✵✶✶❛❪❛♥❞

❤♦❡✐♥♣✐❡❞❢♦♠❛❣❡♦♠❡✐❝♣♦✐♥♦❢✈✐❡✇✿ ❤❡❘✐❡♠❛♥♥✐❛♥❞✐ ✐❜✉✐♦♥❬❙❛✐❞

❡❛❧✳✷✵✶✺❜✱❍❛❥✐❡❛❧✳✷✵✶✻❪✱❡❝✳

✷✳✷✳✷ ❙❛✐✐❝❛❧ ▼♦❞❡❧❢♦ ❤❡❙♣❛❝❡♦❢❈♦✈❛✐❛♥❝❡ ▼❛✐❝❡

❲✐ ❤❛ ❞✐ ✐❜✉✐♦♥ ✭❲❉✮❤❛❜❡❡♥✐♥♦❞✉❝❡❞✐♥❬❲✐ ❤❛ ✶✾✷✽❪❛♥❞✐ ❡♣✲

❡❡♥ ❤❡♠✉❧✐❞✐♠❡♥✐♦♥❛❧✈❡✐♦♥♦❢❤❡χ2❞✐ ✐❜✉✐♦♥✳

▲❡M ❜❡❛♥m×m ②♠♠❡✐❝❛♥❞♣♦✐✐✈❡❞❡✜♥✐❡♠❛✐①❤❛✈✐♥❣❛❲✐❤❛ ❞✐✲

✐❜✉✐♦♥✇✐❤n❞❡❣❡❡♦❢❢❡❡❞♦♠✳❚❤❡♣♦❜❛❜✐❧✐②❞❡♥✐②❢✉♥❝✐♦♥❝❤❛❛❝❡✐③✐♥❣

✐✐❞❡✜♥❡❞❛✿

p(M|n,S)=
|M|

n−m−1
2 exp −12 S−1M

2
nm
2|S|

N
2Γm

n
2

, ✭✷✳✶✹✮



✷✳✷✳ ❈♦✈❛✐❛♥❝❡ ▼❛✐❝❡❛ ❙✐❣♥❛❧❛♥❞■♠❛❣❡❉❡❝✐♣♦ ✶✼

✇❤❡❡|·|❞❡♥♦❡ ❤❡♠❛ ✐①❞❡❡♠✐♥❛♥✱Γm(·)✐ ❤❡♠✉❧✐✈❛✐❛❡●❛♠♠❛❢✉♥❝✲

✐♦♥✱S✐ ❤❡❝❛❧❡♠❛✐①❛♥❞n≥m✳

❚❤✐ ❞✐ ✐❜✉✐♦♥❤❛❜❡❡♥✉❡❞✐♥❛♣♣❧✐❝❛✐♦♥❧✐❦❡♠♦✐♦♥❡✐❡✈❛❧❬❙❛✐♥✲❏❡❛♥

✫◆✐❡❧❡♥✷✵✶✸❪✱♦ ♦♠♦❞❡❧❝♦♠♣❧❡①✲✈❛❧✉❡❞❞❛❛✱✐♥❤❡❝♦♥❡①♦❢♣♦❧❛✐♠❡✐❝

✐♠❛❣❡❝❧❛✐✜❝❛✐♦♥❬▲❡❡❡❛❧✳✶✾✾✾❪✳ ❖♥❤❡♦❤❡ ❤❛♥❞✱ ❤✐ ♠♦❞❡❧✐ ♥♦❧♦♥❣❡

❛♣♣♦♣✐❛❡❢♦✐♠❛❣❡✇❤✐❝❤❞♦♥♦ ❢✉❧✜❧❧❤❡❛ ✉♠♣✐♦♥♦❢❤♦♠♦❣❡♥❡✐②✱✉❝❤❛

❤❡❤✐❣❤❡♦❧✉✐♦♥♦❧❙❆❘✐♠❛❣❡✳❆♦❧✉✐♦♥♦❤✐♣♦❜❧❡♠✐ ♦✉❡❤❡♣♦❞✉❝

♠♦❞❡❧❜❛❡❞❞✐ ✐❜✉✐♦♥✱❤❛❛❡❞❡❛✐❧❡❞♥❡①✳

❉✐ ✐❜✉✐♦♥✐✉❡❞❢♦♠ ❤❡ ❝❛❧❛ ♣♦❞✉❝ ♠♦❞❡❧ ❝♦♥✐ ✐♥❡①♣❡✲

✐♥❣❤❡♦❜❡✈❡❞❝♦✈❛✐❛♥❝❡♠❛✐①M✱♦❢❡①✉❡❞❡❣✐♦♥✱❛❜❡✐♥❣♦❜❛✐♥❡❞❜②

♠✉❧✐♣❧②✐♥❣❤❡❝❛❧❛♣❛❛♠❡❡τ❜②❤❡❝❛❡♠❛ ✐①Σ✿

M =τΣ, ✭✷✳✶✺✮

✇❤❡❡τ❛♥❞Σ❛❡✐♥❞❡♣❡♥❞❡♥❛♥❞❤❡❝❛❡♠❛ ✐①Σ❢♦❧❧♦✇❛❝♦♠♣❧❡①❲✐❤❛

❞✐ ✐❜✉✐♦♥✳ ❚♦❜❡✐❞❡♥✐✜❛❜❧❡✱❛♥♦♠❛❧✐③❛✐♦♥❝♦♥ ❛✐♥ ❤♦✉❧❞❜❡✐♠♣♦❡❞♦♥

❤❡♠♦❞❡❧✳■♥♣❛❝✐❝❡✱❤❡ ❛❝❡♦❢❤❡ ❝❛❡♠❛ ✐①Σ✐❣❡♥❡❛❧❧②✐♠♣♦❡❞♦

❜❡❡✉❛❧ ♦m✳❙♦♠❡♦❤❡ ♥♦♠❛❧✐③❛✐♦♥❝❛♥❜❡❝♦♥✐❞❡❡❞✱✉❝❤❛ ✐♠♣♦✐♥❣❛

❝♦♥❞✐✐♦♥♦♥❤❡❞❡❡♠✐♥❛♥ ♦❢❤❡ ❝❛❡♠❛ ✐①✱♦✐♠♣♦✐♥❣❤❛ ❤❡♠❡❛♥♦❢

τ✐❡✉❛❧♦1✳ ▼♦❡♦✈❡✱❤❡♣♦❜❛❜✐❧✐②❞❡♥✐②❢✉♥❝✐♦♥♦❢❤❡❝♦✈❛✐❛♥❝❡♠❛✐①

M ✐❣✐✈❡♥❜②✿

pM(M)=
∞

0
pΣ(M|τΣ)pτ(τ)dτ. ✭✷✳✶✻✮

❉❡♣❡♥❞✐♥❣♦♥ ❤❡❝❤♦✐❝❡♦❢pτ(τ)✱❞✐✛❡❡♥♠♦❞❡❧ ❝❛♥❜❡♦❜❛✐♥❡❞✱ ✉❝❤❛ ❤❡

K❬▲❡❡❡❛❧✳✶✾✾✸❪✱G0❬❋❡✐❛❡❛❧✳✷✵✵✸❪✱❑✉♠♠❡❯❬❇♦♠❜✉♥✫❇❡❛✉❧✐❡✉✷✵✵✽❪✱

M ❛♥❞W ❬❇♦♠❜✉♥❡❛❧✳✷✵✶✶❛❪❞✐ ✐❜✉✐♦♥✳❋♦ ❤❡❡♠♦❞❡❧✱τ❢♦❧❧♦✇ ❡♣❡❝✲

✐✈❡❧②❤❡●❛♠♠❛✱■♥✈❡ ❡●❛♠♠❛✱❋✐❤❡✱❇❡❛❛♥❞■♥✈❡❡❇❡❛❞✐ ✐❜✉✐♦♥✳

❊✈❡♥ ❤♦✉❣❤❤❡❡♠♦❞❡❧❝❛♥❜❡❡✣❝✐❡♥❧②✉❡❞✱❤❡②❞♦♥♦ ❛❦❡✐♥♦❝♦♥✐❞✲

❡❛✐♦♥❤❡✐♥✐♥✐❝❣❡♦♠❡②♦❢❤❡❞❛❛✳■♥♦❞❡ ♦❛❞❞❡ ❤✐♣♦❜❧❡♠✱❛♥❡✇

❝❧❛ ♦❢❞✐ ✐❜✉✐♦♥❤❛✈❡❜❡❡♥♣♦♣♦❡❞✐♥❤❡❧✐❡❛✉❡✱❤❛ ❛❡✐♥♦❞✉❝❡❞✐♥

❤❡❢♦❧❧♦✇✐♥❣✳

❘✐❡♠❛♥♥✐❛♥❞✐ ✐❜✉✐♦♥ ❤❛✈❡❜❡❡♥ ❡❝❡♥❧②♣♦♣♦❡❞♦♠♦❞❡❧ ❤❡✇✐❤✐♥✲

❝❧❛ ✈❛✐❛❜✐❧✐②♦❢✐♠❛❣❡✳❋✐ ✱✐♥♣✐❡❞❜②❤❡❝♦♥✈❡♥✐♦♥❛❧♠✉❧✐✈❛✐❛❡●❛✉✐❛♥

❞✐ ✐❜✉✐♦♥✱❤❡❘✐❡♠❛♥♥✐❛♥●❛✉ ✐❛♥❞✐ ✐❜✉✐♦♥✭❘●❉✮❤❛❜❡❡♥✐♥♦❞✉❝❡❞

✐♥❬❙❛✐❞❡❛❧✳✷✵✶✺❜❪✳■♥❤✐❝❛❡✱❤❡♣♦❜❛❜✐❧✐②❞❡♥✐②❢✉♥❝✐♦♥✐❣✐✈❡♥❜②✿

pM|̄M,σ=exp −
d2(M,̄M)

2σ2
, ✭✷✳✶✼✮

✇❤❡❡d(·)✐♥♦ ❤❡❝❧❛ ✐❝❛❧▼❛❤❛❧❛♥♦❜✐❞✐ ❛♥❝❡✱❜✉ ❤❡✐♥✐♥✐❝❞✐❛♥❝❡♦♥

❤❡♠❛♥✐❢♦❧❞♦❢❝♦✈❛✐❛♥❝❡♠❛✐❝❡✳ ❚❤✐♣♦❜❛❜✐❧✐②❞❡♥✐②❢✉♥❝✐♦♥✐❝❤❛❛❝✲

❡✐③❡❞❜②✇♦♣❛❛♠❡❡✱✐ ❝❡♥❛❧❡❧❡♠❡♥M̄ ❛♥❞✐ ❞✐♣❡ ✐♦♥σ❛♦✉♥❞❤✐

❝❡♥❛❧❡❧❡♠❡♥✳❋♦ ❤✐ ♠♦❞❡❧✱ ❤❡♠❛①✐♠✉♠❧✐❦❡❧✐❤♦♦❞❡ ✐♠❛♦✭▼▲❊✮♦❢❤❡



✶✽ ❈❤❛♣ ❡ ✷✳ ❚❡①✉❡ ✐♥■♠❛❣❡ ♦❝❡ ✐♥❣

❝❡♥❛❧✈❛❧✉❡❝♦❡♣♦♥❞ ♦❤❡❘✐❡♠❛♥♥✐❛♥❝❡♥❡♦❢♠❛✳ ❲❤✐❧❡❜❡✐♥❣❡✣❝✐❡♥♦

♠♦❞❡❧ ❤❡♠❡❛♥❡❧❡♠❡♥✱❤✐❧❛❡✐❡❛✐❧②✐♥✢✉❡♥❝❡❞❜②❤❡♣❡❡♥❝❡♦❢❛❜❡❛♥

❞❛❛❬❇✐❤♦♣✷✵✵✼✱❆❢❛✐✷✵✶✶✱❋♦♠♦♥ ❡❛❧✳✷✵✶✸❪✳❚♦♦✈❡❝♦♠❡❤✐♣♦❜❧❡♠✱✇❡

❤❛✈❡✐♥♦❞✉❝❡❞❛❣❡♥❡❛✐✈❡♠♦❞❡❧❢♦✇❤✐❝❤ ❤❡ ▼▲❊♦❢ ❤❡❝❡♥❛❧❡❧❡♠❡♥✐

❤❡❘✐❡♠❛♥♥✐❛♥♠❡❞✐❛♥✱❝❛❧❧❡❞❤❡❘✐❡♠❛♥♥✐❛♥▲❛♣❧❛❝❡❞✐ ✐❜✉✐♦♥✭❘▲❉✮❬❍❛❥✐

❡❛❧✳✷✵✶✻❪✳❇♦❤❘●❉❛♥❞❘▲❉❛❡❞❡❛✐❧❡❞✐♥❈❤❛♣❡✹❛♥❞✉❡❞❢♦ ✐❣♥❛❧❛♥❞

❡①✉❡✐♠❛❣❡❝❧❛✐✜❝❛✐♦♥✳

✷✳✸ ❈♦♥❝❧✉✐♦♥

■♥❤✐ ❝❤❛♣❡✱ ❛❡✲♦❢✲❤❡✲❛ ♠❡❤♦❞ ❝♦♥❝❡♥✐♥❣ ❤❡❡① ❛❝✐♦♥♦❢❤❡ ❡①✉❛❧

✐♥❢♦♠❛✐♦♥❛♥❞❤❡❝♦✈❛✐❛♥❝❡♠❛✐①♠♦❞❡❧✐♥❣❤❛✈❡❜❡❡♥♣❡❡♥❡❞✳

❋✐ ✱❝❧❛✐❝❛❧❡①✉❛❧❢❡❛✉❡❜❛❡❞♦♥❞❡❝✐♣✐✈❡ ❛✐✐❝❤❛✈❡❜❡❡♥❜✐❡✢②

♣❡❡♥❡❞✳ ❚❤❡❡❞❡❝✐♣♦ ✐♥❝❧✉❞❡❤❡❣❛②❧❡✈❡❧❝♦✲♦❝❝✉❡♥❝❡ ♠❛✐❝❡✱❤❡

❛✉♦❝♦❡❧❛✐♦♥❢❡❛✉❡✱❤❡✈❛✐♦❣❛♠✱♦ ❤❡❧♦❝❛❧❜✐♥❛②♣❛❡♥✳

❙❡❝♦♥❞✱❢❡❛✉❡❡①❛❝✐♦♥♠❡❤♦❞❜❛❡❞♦♥ ❛✐✐❝❛❧♠♦❞❡❧✐♥❣❤❛✈❡❜❡❡♥❞❡✲

❝✐❜❡❞✳❚❤❡❡❛♣♣♦❛❝❤❡✐♠♣❧②❤❡❡①✉❡❛♥❛❧②✐❛❞✐✛❡❡♥ ❝❛❧❡❛♥❞♦✐❡♥✲

❛✐♦♥❛♥❞❤❡❝❤❛❛❝❡✐③❛✐♦♥♦❢❤❡♦❜❛✐♥✐♥❢♦♠❛✐♦♥❜② ♦❝❤❛✐❝♠♦❞❡❧✐♥❣✳

■♥❤✐❝♦♥❡①✱❤❡●❛❜♦✜❧❡ ❛♥❞❤❡✇❛✈❡❧❡❞❡❝♦♠♣♦✐✐♦♥❤❛✈❡❜❡❡♥❞❡❛✐❧❡❞✱

❛❧♦♥❣✇✐❤♦♠❡✉♥✐✈❛✐❛❡❛♥❞♠✉❧✐✈❛✐❛❡ ❛✐✐❝❛❧♠♦❞❡❧✳

❋✉ ❤❡ ♦♥✱ ❤❡♠❡❤♦❞ ✉❡❞✐♥❤✐ ❤❡✐❤❛✈❡❜❡❡♥✐♥ ♦❞✉❝❡❞✳ ▼♦❡♣❡✲
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▲❡✐❜❧❡ ✶✾✺✶❪✱♦✐ ②♠♠❡✐❝✈❡✐♦♥✿❤❡❏❡✛❡②❞✐✈❡❣❡♥❝❡❬❏❡✛❡②✶✾✹✻❪✳❘❡✲

❝❡♥❧②✱♦♠❡❛✉❤♦ ❤❛✈❡♣♦♣♦❡❞♦❝♦♥✐❞❡ ❤❡❣❡♦❞❡✐❝❞✐❛♥❝❡✭●❉✮✱✇❤✐❝❤

❤❛ ❤♦✇♥ ✉♣❡✐♦ ❡✐❡✈❛❧❛❡✱❝♦♠♣❛❡❞♦❤❡❑▲❞✐✈❡❣❡♥❝❡❬❱❡❞♦♦❧❛❡❣❡✫

❙❝❤❡✉♥❞❡ ✷✵✶✷❪✳

❙❛✐♥❣❢♦♠❤✐❣❡♥❡❛❧❢❛♠❡✇♦❦✱❤❡♣✉♣♦❡♦❢❤✐❝❤❛♣❡✐ ♦✐♥♦❞✉❝❡

❛♦❜✉ ❝❧❛✐✜❝❛✐♦♥✇♦❦✢♦✇✳❋♦ ❤❛✱❤❡❝♦♥❝❡♣♦❢♦❜✉♥❡ ✐❛❞❞❡❡❞❛

❞✐✛❡❡♥❧❡✈❡❧✳❋✐ ✱✐❝❛♥❜❡❝♦♥✐❞❡❡❞❞✉✐♥❣❤❡♠♦❞❡❧✐♥❣ ❡♣✇❤❡♥❝♦✈❛✐❛♥❝❡

♠❛ ✐❝❡❛❡❡✐♠❛❡❞❢♦❡❛❝❤✐♠❛❣❡✳❙❡❝♦♥❞✱❤❡♦❜✉♥❡ ❝❛♥❜❡✐♥✈❡✐❣❛❡❞

❞✉✐♥❣❤❡❞❡❝✐✐♦♥✉❧❡♦❢❤❡❝❧❛ ✐✜❡✳❚❤✐❞✱❢♦ ❤❡♣♦♣♦❡❞❛♣♣❧✐❝❛✐♦♥♦❢♦✲

❧❛✐♠❡✐❝❙②♥❤❡✐❝❆♣❡✉❡❘❛❞❛✭♦❧❙❆❘✮✐♠❛❣❡❝❧❛✐✜❝❛✐♦♥✱❛♣❡♣♦❝❡✐♥❣

✜❧❡✐♥❣ ❡♣❝♦♥✐✐♥❣✐♥♣❡❝❦❧❡❡❞✉❝✐♦♥✐✐♥♦❞✉❝❡❞♦❡❞✉❝❡❤❡✐♥✢✉❡♥❝❡♦❢

♦✉❧✐❡ ✐♥❤❡❡ ✐♠❛✐♦♥❛♥❞❝❧❛✐✜❝❛✐♦♥♣❡❢♦♠❛♥❝❡✳❚❤❡♣♦♣♦❡❞✇♦❦✢♦✇✐

✐❧❧✉ ❛❡❞✐♥❋✐❣✉❡✸✳✶✱✇❤❡❡❤❡❝♦❧♦❡❞❜❧♦❝❦ ❤♦✇❤❡ ❡♣✇❤❡❡❤❡♣♦♣♦❡❞

❝❧❛✐✜❝❛✐♦♥♠❡❤♦❞❜✐♥❣ ♦♠❡❝❤❛♥❣❡✳❚❤❡♠❛✐♥❝♦♥✐❜✉✐♦♥♦❢❤✐❝❤❛♣❡

❛❡❞❡❛✐❧❡❞❤❡❡❛❢❡✳

❆ ♠❡♥✐♦♥❡❞❡❛❧✐❡✱✐♥❈❤❛♣❡✷✱❤❡✇❛✈❡❧❡❝♦❡✣❝✐❡♥ ❛❡♠♦❞❡❧❡❞✐♥❤✐

❤❡✐❜②✉✐♥❣❤❡③❡♦✲♠❡❛♥♠✉❧✐✈❛✐❛❡●❛✉✐❛♥❞✐ ✐❜✉✐♦♥✭▼●❉✮✳❚❤✐♣♦❜✲

❛❜✐❧✐②❞❡♥✐②❢✉♥❝✐♦♥✐❝❤❛❛❝❡✐③❡❞❜②❤❡❝♦✈❛✐❛♥❝❡♠❛✐①✱✇❤✐❝❤❡♣❡❡♥

❤❡✜♥❛❧❞❛❛✐❣♥❛✉❡✳■♥♦❞❡ ♦❡✐♠❛❡❤✐♣❛❛♠❡❡✱❞✐✛❡❡♥♠❡❤♦❞❛❡



✸✳✶✳ ■♥ ♦❞✉❝✐♦♥ ✷✶

❋✐❣✉❡✸✳✶✿❈❧❛ ✐✜❝❛✐♦♥✇♦❦✢♦✇❢♦ ♦❜✉ ✐♠❛❣❡❝❧❛✐✜❝❛✐♦♥♦♥❤❡♣❛❝❡♦❢❝♦✈❛✐✲

❛♥❝❡♠❛✐❝❡✳

♣♦♣♦❡❞✐♥❤❡❧✐❡❛✉❡✱❧✐❦❡❤❡❛♠♣❧❡❝♦✈❛✐❛♥❝❡♠❛✐①✭❙❈▼✮✱❤❡✜①❡❞♣♦✐♥

❡✐♠❛♦✭❋✮✱❛❧♦❦♥♦✇♥❛ ❤❡❚②❧❡✬❡✐♠❛♦❬❚②❧❡ ✶✾✽✼❪✱❤❡❝❧❛ ♦❢ ▼✲

❡✐♠❛♦ ❬❍✉❜❡ ✶✾✻✹✱❚②❧❡ ✶✾✽✼❪✱❡❝✳❆ ❤✐ ❡♣✱♦❜✉ ❡✐♠❛✐♦♥❛❧❣♦✐❤♠

❛❡♥❡❡❞❡❞♦❞❡❛❧✇✐❤❤❡♣♦ ✐❜❧❡❡①✐✐♥❣♥♦✐❡♦✐♠❛❣❡❛✐❢❛❝✳❆♥❡①❛♠♣❧❡✐

♣❡❡♥❡❞✐♥❋✐❣✉❡✸✳✶✱✇❤❡❡X={X1,...,Xj}✐❛❡♦❢♦❜❡✈❛✐♦♥✳❋♦❡❛❝❤

♦❜❡✈❛✐♦♥✱❤❡❞❛❛♣♦✐♥ ❛❡❡♣❡❡♥❡❞❜②❣❛②❝✐❝❧❡✱✇❤✐❧❡❤❡♦✉❧✐❡ ❛❡

✐❞❡♥✐✜❡❞❜②❡❞ ✉❛❡✳■♥❤✐ ❝❛❡✱❤❡ ♦❜✉ ❝♦✈❛✐❛♥❝❡♠❛✐①❡✐♠❛♦❤❛

♦❜❡❛❜❧❡♦❡❞✉❝❡❤❡✐♠♣❛❝ ♦❢♦✉❧✐❡ ✐♥❤❡❡ ✐♠❛✐♦♥♣♦❝❡✳ ❆❛❡✉❧✱

❤❡♦❜✉ ✐♠❛❣❡✐❣♥❛✉❡✐♦❜❛✐♥❡❞✱✇❤✐❝❤✇✐❧❧❜❡✉❡❞❞✉✐♥❣❤❡❝❧❛ ✐✜❝❛✐♦♥

♣♦❝❡✳

■♥❛❝❧❛✐✜❝❛✐♦♥♦ ❡①✉❡❡✐❡✈❛❧❡①♣❡✐♠❡♥✱❛♥❡❛❡ ♥❡✐❣❤❜♦ ❝❧❛✐✜❡

✐❢❡✉❡♥❧②❝♦♥✐❞❡❡❞✳■♥✉❝❤❝❛❡✱❛❡ ✐♠❛❣❡✱❞❡♥♦❡❞❜②Xt✐♥❋✐❣✉❡✸✳✶✱

✐❧❛❜❡❧❡❞♦❤❡❝❧❛ ♦❢❤❡❝❧♦❡ ❛✐♥✐♥❣✐♠❛❣❡✱❜✉♥♦❤✐♥❣ ❡❧❧ ❤❛ ❤❡ ❡

✐♠❛❣❡✐✇❡❧❧❝❧❛ ✐✜❡❞✱❡♣❡❝✐❛❧❧②❢♦ ♥♦✐②❞❛❛❡✳ ❆❤②♣♦❤❡✐ ❡ ❤♦✉❧❞❜❡

♣❡❢♦♠❡❞ ♦ ❡❣✉❧❛❡❤❡❢❛❧❡❛❧❛♠ ❛❡✳■♥♣✐❡❞❢♦♠♣❡✈✐♦✉✇♦❦ ♦♥ ❤❡

❑▲❞✐✈❡❣❡♥❝❡❬❑✉♣♣❡♠❛♥✶✾✺✼❪❛♥❞♦♥❤❡❢❛♠✐❧②♦❢(h,φ)❞✐✈❡❣❡♥❝❡❬❙❛❧✐❝✉

❡❛❧✳✶✾✾✹✱◆❛❝✐♠❡♥♦❡❛❧✳✷✵✶✵❪✱❛♥❡✇ ❛✐✐❝❛❧❤②♣♦❤❡✐ ❡ ❜❛❡❞♦♥❤❡

❣❡♦❞❡✐❝❞✐❛♥❝❡✐✐♥♦❞✉❝❡❞✐♥❤✐❝❤❛♣❡❬■❧❡❛❡❛❧✳✷✵✶✺❜✱■❧❡❛❡❛❧✳✷✵✶✺❝✱■❧❡❛

❡❛❧✳✷✵✶✺❛❪✳ ❚❤❡❛❞✈❛♥❛❣❡♦❢✉✐♥❣❤❡❣❡♦❞❡✐❝❞✐❛♥❝❡❧✐❡✐♥✐ ♣♦♣❡②♦❢

❜❡✐♥❣❛❞✐ ❛♥❝❡♠❡❛✉❡✱✇❤✐❝❤✐ ②♠♠❡✐❝❛♥❞❡♣❡❝ ❤❡ ✐❛♥❣❧❡✐♥❡✉❛❧✐②✳

❚❤❡♠❛✐♥❛♣♣❧✐❝❛✐♦♥♦❢❤❡♦❜✉ ❝❧❛✐✜❝❛✐♦♥❛♣♣♦❛❝❤❡✐♥♦❞✉❝❡❞✐♥❤✐

❝❤❛♣❡✐❡♣❡❡♥❡❞❜②❤❡❝❧❛ ✐✜❝❛✐♦♥♦❢♦❧❙❆❘❞❛❛✳❚❤❡❡✐♠❛❣❡❛❡❝❤❛❛❝✲

❡✐③❡❞❜②❛♠✉❧✐♣❧✐❝❛✐✈❡♥♦✐❡✱❝❛❧❧❡❞♣❡❝❦❧❡✱✇❤✐❝❤♠❛❦❡❞✐✣❝✉❧ ❤❡✐❛♥❛❧②✐✳

❚❤❡❡❢♦❡✱✐♥♦❞❡ ♦✐♠♣♦✈❡❤❡❛❧❣♦✐❤♠✬ ♦❜✉♥❡ ✱❛♣❡♣♦❝❡✐♥❣ ❡♣✐

❛❞❞❡❞✱❝♦♥✐✐♥❣✐♥❤❡♣❡❝❦❧❡❡❞✉❝✐♦♥✳❚♦❤✐❛✐♠✱❛❞✐❡❝✐♦♥❛❧❞✐✛✉✐♦♥✜❧❡

✐♣♦♣♦❡❞❬❚❡❡❜❡❡❛❧✳✷✵✶✺✱❚❡❡❜❡❡❛❧✳✷✵✶✻❪✱❜❛❡❞♦♥❤❡♣❛ ✐❛❧❞✐✛❡❡♥✐❛❧

❡✉❛✐♦♥❢♦♠❛❧✐♠✳❙♦♠❡❡①♣❡✐♠❡♥ ❛❡❝❛✐❡❞♦✉ ♦❡✈❛❧✉❛❡❤❡✐♥✢✉❡♥❝❡♦❢

❤❡✜❧❡✐♥❣ ❡♣♦♥❤❡❝❧❛ ✐✜❝❛✐♦♥❛❝❝✉❛❝②✳

❚❤❡❝❤❛♣❡✐ ✉❝✉❡❞❛❢♦❧❧♦✇✳❙❡❝✐♦♥✸✳✷❞❡❛✐❧ ❤❡❝♦✈❛✐❛♥❝❡♠❛✐①



✷✷ ❈❤❛♣❡ ✸✳ ❘♦❜✉ ❈❧❛ ✐✜❝❛✐♦♥ ❲♦❦✢♦✇♦♥ ❤❡❙♣❛❝❡♦❢❈♦✈❛✐❛♥❝❡ ▼❛✐❝❡

❡✐♠❛✐♦♥♣♦❝❡✱❜②❛♥❛❧②③✐♥❣♦♠❡♦❢❤❡ ❛❡✲♦❢✲❤❡✲❛ ❡✐♠❛♦✳❙❡❝✐♦♥✸✳✸

✐♥♦❞✉❝❡ ❤❡♣♦♣♦❡❞ ❛✐✐❝❛❧❤②♣♦❤❡✐ ❡ ❜❛❡❞♦♥❤❡❣❡♦❞❡✐❝❞✐❛♥❝❡✳

❋✐ ✱❤❡ ❡ ✐❞❡✜♥❡❞✐♥❛❣❡♥❡❛❧❝♦♥❡①❛♥❞❤❡♥✱✐ ✐❛♣♣❧✐❡❞♦③❡♦✲♠❡❛♥

♠✉❧✐✈❛✐❛❡●❛✉✐❛♥❞✐ ✐❜✉✐♦♥▼●❉❢♦ ❤❡❙❈▼❝♦✈❛✐❛♥❝❡♠❛✐①❡✐♠❛♦✳

❋✉ ❤❡ ♦♥✱✐ ✐✉❡❞❢♦ ❤❡❝❛❡♦❢❤❡ ♦❜✉ ❋ ❡✐♠❛♦✳■♥❛❞❞✐✐♦♥✱✐

♣❡❢♦♠❛♥❝❡✐ ❛♥❛❧②③❡❞✐♥ ❡♠ ♦❢❡✣❝✐❡♥❝②❛♥❞♥♦✐❡♦❜✉♥❡ ♦♥ ✐♠✉❧❛❡❞

❞❛❛✳❙♦♠❡❝♦♠♣❛✐♦♥✇✐❤❤❡❙❈▼❡ ✐♠❛♦❛❡❛❧♦❝❛✐❡❞♦✉✳❙❡❝✐♦♥✸✳✹

✐♥♦❞✉❝❡ ❛♥❛♣♣❧✐❝❛✐♦♥❢♦ ❤❡❝❧❛ ✐✜❝❛✐♦♥♦❢♠❛✐✐♠❡♣✐♥❡❢♦❡ ✱❜❛❡❞♦♥

✐♠✉❧❛❡❞❛♥❞❡❛❧ ♦❧❙❆❘✐♠❛❣❡✳❙❡❝✐♦♥✸✳✺✐♥♦❞✉❝❡ ❤❡❞✐❡❝✐♦♥❛❧❞✐✛✉✐♦♥

❜❛❡❞✜❧❡✐♥❣✉❡❞❢♦ ♦❧❙❆❘✐♠❛❣❡❞❡♥♦✐♥❣❛♥❞❤❡✐♥✢✉❡♥❝❡♦❢ ❤❡✜❧❡✐♥❣

❡♣♦♥❤❡❝❧❛ ✐✜❝❛✐♦♥♣❡❢♦♠❛♥❝❡✐ ❡✈❛❧✉❛❡❞✳ ❈♦♥❝❧✉✐♦♥❛♥❞❢✉✉❡✇♦❦

❛❡✜♥❛❧❧②❡♣♦❡❞✐♥❙❡❝✐♦♥✸✳✻✳

✸✳✷ ❈♦✈❛✐❛♥❝❡ ▼❛✐❝❡❛♥❞❊ ✐♠❛✐♦♥ ▼❡❤♦❞

❩❡♦✲♠❡❛♥ ▼●❉ ❛❡❝❤❛❛❝❡✐③❡❞❜②❤❡✐ ❝♦✈❛✐❛♥❝❡ ♠❛✐①✳■♥❤❡❝♦♥❡①

♦❢♣❛❛♠❡✐❝❝❧❛✐✜❝❛✐♦♥ ♠❡❤♦❞✱❤✐ ♠❛ ✐①♥❡❡❞ ♦❜❡❡✐♠❛❡❞✳■♥♦✲

❞❡ ♦♦❜❛✐♥ ♦❜✉ ❝❧❛✐✜❝❛✐♦♥❛❧❣♦✐❤♠✱♦❜✉ ❡✐♠❛♦ ❛❡❞❡✐❡❞✳■♥

❤❡❢♦❧❧♦✇✐♥❣✱ ❛❡✲♦❢✲❤❡✲❛ ❝♦✈❛✐❛♥❝❡♠❛✐①❡✐♠❛♦ ❛❡♣❡❡♥❡❞❢♦❛❡

X={x1,...,xN1}♦❢N✐♥❞❡♣❡♥❞❡♥❛♥❞✐❞❡♥✐❝❛❧❧②❞✐ ✐❜✉❡❞❛♥❞♦♠✈❛✐❛❜❧❡

✭✈❡❝♦✮x❛❝❝♦❞✐♥❣♦❛♥▼●❉✳

✸✳✷✳✶ ❙❛♠♣❧❡❈♦✈❛✐❛♥❝❡ ▼❛✐①

❚❤❡ ❛♠♣❧❡❝♦✈❛✐❛♥❝❡♠❛✐①✭❙❈▼✮✱♦ ❤❡❡♠♣✐✐❝❛❧❝♦✈❛✐❛♥❝❡♠❛✐①✱✐♦♥❡♦❢

❤❡♠♦ ❝♦♠♠♦♥❡✐♠❛♦ ❛✐ ❡♣❡❡♥ ❤❡♦❧✉✐♦♥♦❢❤❡♠❛①✐♠✉♠❧✐❦❡❧✐❤♦♦❞

✭▼▲✮❡✐♠❛♦❢♦③❡♦✲♠❡❛♥●❛✉✐❛♥❞✐ ✐❜✉✐♦♥✳■♥❤✐❝❛❡✱❤❡❙❈▼❡ ✐♠❛✲

♦M̂SCM♦❢❤❡❝♦✈❛✐❛♥❝❡♠❛✐①M✱❝❤❛❛❝❡✐③✐♥❣X✱✐❣✐✈❡♥❜②❤❡❢♦❧❧♦✇✐♥❣

❡✉❛✐♦♥✿

M̂SCM=
1

N

N

i=1

xix
T
i, ✭✸✳✶✮

✇❤❡❡(·)T❞❡♥♦❡ ❤❡ ❛♥♣♦❡♦♣❡❛♦✳■♥❬❆♥❞❡ ♦♥✶✾✽✹❪❤❡♣♦♣❡✐❡♦❢

❤✐❡✐♠❛♦❤❛✈❡❜❡❡♥❛♥❛❧②③❡❞❛♥❞✐❤❛❜❡❡♥❤♦✇♥❤❛❙❈▼✐❛♥✉♥❜✐❛❡❞

❡✐♠❛❡✱❜✉✐❤❛❛♠❛❥♦❞❛✇❜❛❝❦✿✐✐♥♦ ♦❜✉ ♦♦✉❧✐❡✳

✸✳✷✳✷ ◆♦♠❛❧✐③❡❞❙❛♠♣❧❡❈♦✈❛ ✐❛♥❝❡ ▼❛✐①

❚❤❡♥♦♠❛❧✐③❡❞ ❛♠♣❧❡❝♦✈❛✐❛♥❝❡♠❛✐①✭◆❙❈▼✮♠❛②❡♣❡❡♥❛♦❧✉✐♦♥♦❤❡

♥♦♥ ♦❜✉♥❡ ♣♦❜❧❡♠✳■♥❤✐ ❝❛❡✱❤❡❡ ✐♠❛❡❞❝♦✈❛✐❛♥❝❡♠❛✐①M̂NSCM ✐

❣✐✈❡♥❜②✿

M̂NSCM=
m

N

N

i=1

xix
T
i

xTixi
, ✭✸✳✷✮



✸✳✷✳ ❈♦✈❛✐❛♥❝❡ ▼❛✐❝❡❛♥❞❊ ✐♠❛✐♦♥ ▼❡❤♦❞ ✷✸

✇❤❡❡m ✐ ❤❡❞✐♠❡♥✐♦♥♦❢✈❡❝♦ x✳ ❍♦✇❡✈❡✱❤✐ ❡✐♠❛♦ ❤❛ ✇♦♠❛❥♦

❞❛✇❜❛❝❦✿✐✐❜✐❛❡❞❛♥❞♥♦♥❝♦♥✐❡♥❬❛❝❛❧❡❛❧✳✷✵✵✽❪✳

✸✳✷✳✸ ❋✐①❡❞ ♦✐♥ ❊ ✐♠❛♦

❚❤❡✜①❡❞♣♦✐♥ ❡✐♠❛♦ ✭❋✮✱❛❧♦❦♥♦✇♥❛ ❤❡❚②❧❡✬❡✐♠❛♦❬❚②❧❡ ✶✾✽✼❪✱

✐❛♥♦❤❡ ♣♦ ✐❜❧❡❝❤♦✐❝❡♦ ♦❧✈❡ ❤❡♥♦♥ ♦❜✉♥❡ ♣♦❜❧❡♠✳■♥ ❤✐ ❝❛❡✱❤❡

❡✐♠❛❡❞❝♦✈❛✐❛♥❝❡♠❛✐①M̂ ✐♦❜❛✐♥❡❞❜②♠❡❛♥♦❢❛❡❝✉✐✈❡❛❧❣♦✐❤♠ ❛

❤❡♦❧✉✐♦♥♦❢❬●✐♥✐✫●❡❝♦✷✵✵✷✱❛❝❛❧❡❛❧✳✷✵✵✽❪✿

M̂it+1=
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N

N

i=1

xix
T
i

xTiM̂
−1
itxi

, ✭✸✳✸✮

✇✐❤it❜❡✐♥❣❤❡✐❡❛✐♦♥✳

■♥♣❛❝✐❝❡✱❤✐ ❡❝✉✐✈❡❛❧❣♦✐❤♠❝❛♥❜❡✐♥✐✐❛❧✐③❡❞✇✐❤❤❡✐❞❡♥✐②♠❛✐①

❛♥❞✐❝♦♥✈❡❣❡✐♥❛❜♦✉10✐❡❛✐♦♥❬❈♦♥❡❡❛❧✳✷✵✵✷✱❛❝❛❧❡❛❧✳✷✵✵✽✱❱❛✐❧❡

❡❛❧✳✷✵✶✵❪✳

❚❤❡❋ ❡✐♠❛♦❤❛❛✉♥✐✉❡♦❧✉✐♦♥M̂ ✉♣♦❛❝❛❧❡❢❛❝♦✳❋♦❛♥②♣♦✐✐✈❡

❝❛❧❛c=0✱✐❢M̂ ✐❛♦❧✉✐♦♥♦❢✭✸✳✸✮✱❤❡♥ĉM ✐❛❧♦❛♦❧✉✐♦♥♦❢✭✸✳✸✮✳■♥❤❡

❢♦❧❧♦✇✐♥❣✱❤❡❝♦✈❛✐❛♥❝❡♠❛✐①✐♥♦♠❛❧✐③❡❞ ✉❝❤❤❛✿

(̂M)=m, ✭✸✳✹✮

✇❤❡❡ (·)✐ ❤❡ ❛❝❡♦♣❡❛♦❛♥❞m✐ ❤❡✈❡❝♦✬❞✐♠❡♥✐♦♥✳ ❚❤✐❋ ❡✐✲

♠❛♦❝❛♥❜❡✐♥❡♣❡❡❞❛ ❤❡▼▲❡ ✐♠❛❡♦❢❤❡♥♦♠❛❧✐③❡❞❝♦✈❛✐❛♥❝❡♠❛✐①

❢♦❛●❛✉✐❛♥❝❛❧❡♠✐①✉❡♠♦❞❡❧✱✇❤❡❡❤❡♠✉❧✐♣❧✐❡ τi❛❡❛✉♠❡❞♦❜❡✉♥✲

❦♥♦✇♥❞❡❡♠✐♥✐ ✐❝♣❛❛♠❡❡ ❬●✐♥✐✫●❡❝♦✷✵✵✷❪✳▲❡✉ ❡❝❛❧❧❤❛❛●❛✉✐❛♥

❝❛❧❡♠✐①✉❡♠♦❞❡❧❛❞♠✐ ❤❡ ♦❝❤❛✐❝❡♣❡❡♥❛✐♦♥x=
√
τz✇❤❡❡τ✐❛

❝❛❧❛ ❛♥❞♦♠✈❛✐❛❜❧❡❝❛❧❧❡❞♠✉❧✐♣❧✐❡✭τ∈R+✮❛♥❞z✐❛♥✐♥❞❡♣❡♥❞❡♥●❛✉ ✐❛♥

❛♥❞♦♠✈❡❝♦✇✐❤③❡♦✲♠❡❛♥❛♥❞❝♦✈❛✐❛♥❝❡♠❛✐①M✳

■♥❬❛❝❛❧❡❛❧✳✷✵✵✽❪✱❤❡♣♦♣❡✐❡♦❢❋ ❡✐♠❛♦❤❛✈❡❜❡❡♥❛♥❛❧②③❡❞✳■♥

♣❛ ✐❝✉❧❛✱❤❡❋ ♣♦✈✐❞❡ ❛✉♥✐✉❡ ♦❧✉✐♦♥♦❢✭✸✳✸✮❛♥❞✐✐❛♥✉♥❜✐❛❡❞❛♥❞

❝♦♥✐❡♥❡✐♠❛❡✳ ▼♦❡♦✈❡✱❤❡❋ ❡✐♠❛❡❢♦❧❧♦✇❛②♠♣♦✐❝❛❧❧②❛ ❲✐❤❛

❞✐ ✐❜✉✐♦♥❜❡❤❛✈✐♦✱✇✐❤N m
m+1 ❞❡❣❡❡♦❢❢❡❡❞♦♠✳

✸✳✷✳✹ ❘♦❜✉ ▼✲❡ ✐♠❛♦

❚❤❡❢❛♠✐❧②♦❢ ▼✲❡ ✐♠❛♦ ❝♦✈❡ ♦♠❡♦❤❡ ♣♦ ✐❜❧❡♦❜✉ ❝♦✈❛✐❛♥❝❡♠❛✐①

❡✐♠❛♦✳

✸✳✷✳✹✳✶ ❉❡✜♥✐✐♦♥

❚❤❡▼✲❡ ✐♠❛♦ ❤❛✈❡❜❡❡♥✐♥♦❞✉❝❡❞✐♥❤❡❝♦♥❡①♦❢♦❜✉ ❤❡♦②♦❛❝❦❧❡❤❡

♣❡❡♥❝❡♦❢♦✉❧✐❡✐♥❤❡❞❛❛❡♦❡♦ ✐♥❤❡♠♦❞❡❧✳❋♦③❡♦✲♠❡❛♥♦❜❡✈❛✐♦♥✱



✷✹ ❈❤❛♣❡ ✸✳ ❘♦❜✉ ❈❧❛ ✐✜❝❛✐♦♥ ❲♦❦✢♦✇♦♥ ❤❡❙♣❛❝❡♦❢❈♦✈❛✐❛♥❝❡ ▼❛✐❝❡

❤❡▼✲❡ ✐♠❛♦♦❢❤❡❝♦✈❛✐❛♥❝❡♠❛✐①✐❞❡✜♥❡❞❛ ❤❡♦❧✉✐♦♥♦❢❬❍✉❜❡ ✶✾✻✹✱

❚②❧❡ ✶✾✽✼❪✿

M̂ =
1

N

N

i=1

u(xTiM̂
−1xi)xix

T
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✇❤❡❡u(·)✐❛♣♦✐✐✈❡✲✈❛❧✉❡❞❢✉♥❝✐♦♥✱✇❤✐❝❤❣✐✈❡❛✇❡✐❣❤ ♦❡❛❝❤♦❜❡✈❛✐♦♥

xi✐♥❤❡❝♦♠♣✉❛✐♦♥♦❢❤❡❝♦✈❛✐❛♥❝❡♠❛✐①✳ ❖❜✈✐♦✉❧②❤❡✇❡✐❣❤ ❢✉♥❝✐♦♥

u(·)❤♦✉❧❞❞❡❝❡❛❡♦③❡♦♦❡♥✉❡❤❛♦✉❧✐❡ ❤❛✈❡❛♠❛❧❧❡ ❝♦♥✐❜✉✐♦♥♦

❤❡❝♦✈❛✐❛♥❝❡♠❛✐①❡✐♠❛✐♦♥❤❛♥♦❤❡ ♦❜❡✈❛✐♦♥✳■♥❛❞❞✐✐♦♥✱❤❡✇❡✐❣❤

❢✉♥❝✐♦♥u(·)❤❛ ♦❢✉❧✜❧❧❤❡❝♦♥❞✐✐♦♥❡①♣❡❡❞✐♥❬▼❛♦♥♥❛✶✾✼✻❪✿

✶✳u(t)✐♥♦♥✲♥❡❣❛✐✈❡✱♥♦♥✲✐♥❝❡❛✐♥❣❛♥❞❝♦♥✐♥✉♦✉❢♦t≥0❀

✷✳ψ(t)=tu(t)✐❜♦✉♥❞❡❞❛♥❞K=supt≥0ψ(t)❀

✸✳ψ(t)✐♥♦♥✲❞❡❝❡❛✐♥❣✱❛♥❞ ✐❝❧②✐♥❝❡❛✐♥❣✐♥❤❡✐♥❡✈❛❧✇❤❡❡ψ(t)<K❀

✹✳ ❤❡❡❡①✐ a>0✉❝❤❤❛❢♦❡✈❡②❤②♣❡♣❧❛♥❡H✱p(H)≤1−1
K−a✱✇❤❡❡

p(·)✐ ❤❡❞❛❛❡✬❡♠♣✐✐❝❛❧❞✐ ✐❜✉✐♦♥✳

❚❤❡❡❝♦♥❞✐✐♦♥❤❛✈❡❜❡❡♥❛♥❛❧②③❡❞❢♦ ❤❡ ❡❛❧❝❛❡✐♥❬▼❛♦♥♥❛✶✾✼✻❪❛♥❞❣❡♥✲

❡❛❧✐③❡❞♦❝♦♠♣❧❡①✲✈❛❧✉❡❞❞❛❛✐♥❬❖❧❧✐❧❛✫❑♦✐✈✉♥❡♥✷✵✵✸❪✳

❚❤❡❢❛♠✐❧②♦❢▼✲❡ ✐♠❛♦ ❤❛❜❡❡♥❡①❡♥✐✈❡❧② ✉❞✐❡❞❛♥❞✐❤❛❜❡❡♥❢♦✉♥❞

❤❛✐✐❛❣❡♥❡❛❧✐③❛✐♦♥♦❢❝♦✈❛✐❛♥❝❡♠❛✐①▼▲❡✐♠❛❡❢♦ ❤❡❢❛♠✐❧②♦❢❡❧❧✐♣✲

✐❝❛❧❞✐ ✐❜✉✐♦♥✳

❉❡♣❡♥❞✐♥❣♦♥ ❤❡✇❡✐❣❤ ❢✉♥❝✐♦♥✱✈❛✐♦✉❝♦✈❛✐❛♥❝❡ ♠❛✐①❡✐♠❛♦ ❝❛♥

❜❡❞❡✜♥❡❞✳ ❋♦ ❡①❛♠♣❧❡✱✐❢u(t)=1✱❛❧❧❤❡♦❜❡✈❛✐♦♥❤❛✈❡ ❤❡ ❛♠❡✇❡✐❣❤✱

❡✉❧✐♥❣✐♥❤❡❛♠♣❧❡❝♦✈❛✐❛♥❝❡♠❛✐①✭❙❈▼✮❡✐♠❛♦✳ ▼♦❡♦✈❡✱✐❢u(t)=1/t✱

❤❡✜①❡❞♣♦✐♥✭❋✮❡✐♠❛♦❬❚②❧❡ ✶✾✽✼❪✱✐♦❜❛✐♥❡❞✳■❤❛ ♦❜❡♠❡♥✐♦♥❡❞❤❛

❡✈❡♥❤♦✉❣❤❤❡❙❈▼❛♥❞❤❡❋ ❡✐♠❛♦ ❤❛✈❡❡①♣❡✐♦♥ ✐♠✐❧❛ ♦✭✸✳✺✮✱❤❡②

❞♦♥♦ ❜❡❧♦♥❣ ♦❤❡❢❛♠✐❧②♦❢ ▼✲❡ ✐♠❛♦✱❜❡❝❛✉❡❤❡②❞♦♥♦ ❛✐❢②♦♠❡♦❢

❤❡❝♦♥❞✐✐♦♥❞❡✜♥❡❞✐♥❬▼❛♦♥♥❛✶✾✼✻❪✳ ▼♦❡♣❡❝✐❡❧②✿

•❢♦ ❤❡❙❈▼✿❤❡✉♣♣❡❧✐♠✐♦❢ψ(t)=tu(t)✐✐♥✜♥✐❡❀

•❢♦ ❤❡❋✿❤❡✇❡✐❣❤❢✉♥❝✐♦♥u(·)✐♥♦❞❡✜♥❡❞✇❤❡♥t=0✳

▼♦❡✐♥❡❡✐♥❣✱❤❡❍✉❜❡✬❡✐♠❛♦❬❍✉❜❡ ✶✾✻✹❪♦✛❡ ❛ ❛❞❡✲♦✛❜❡✇❡❡♥

❤❡❙❈▼❛♥❞❤❡❋✳❚❤✐❡✐♠❛♦✇✐❧❧❜❡❞❡❛✐❧❡❞✐♥❤❡❢♦❧❧♦✇✐♥❣✳

✸✳✷✳✹✳✷ ❍✉❜❡✬❊ ✐♠❛♦

❆♣♦ ✐❜❧❡❝❤♦✐❝❡❢♦ ❤❡✇❡✐❣❤❢✉♥❝✐♦♥u(·)✐♥✭✸✳✺✮✐✿

u(t)=min1,
T

t
, ✭✸✳✻✮



✸✳✸✳ ❍②♣♦❤❡✐❚❡ ❢♦❘♦❜✉ ❈❧❛ ✐✜❝❛✐♦♥ ✷✺

✇❤✐❝❤❣✐✈❡ ❤❡❍✉❜❡✬❡✐♠❛♦❬❍✉❜❡ ✶✾✻✹❪✳■♥❤✐ ❡①♣❡✐♦♥✱T✐❛♣❡❞❡✲

✜♥❡❞ ❤❡❤♦❧❞✈❛❧✉❡ ❤❛ ❝♦♥♦❧ ❤❡✐♥✢✉❡♥❝❡♦❢♦✉❧✐❡✳■❢❤❡ ✉❛❞❛✐❝❡♠

t=xTiM̂
−1xi✐ ♠❛❧❧❡ ❤❛♥T✱❤❡❍✉❜❡✬❢✉♥❝✐♦♥u(t)✐❝♦♥❛♥✱♦❤❡✇✐❡

u(t)✇✐❧❧ ❛ ♦❞❡❝❡❛❡✳❚✉♥✐♥❣❤❡♣❛❛♠❡❡T❛❧❧♦✇ ♦❛❞❥✉ ❤❡❜❡❤❛✈✐♦

♦❢ ❤❡❍✉❜❡ ❡✐♠❛♦ ❜❡✇❡❡♥ ❤❡❙❈▼❛♥❞ ❤❡❋ ❡✐♠❛♦✳ ❚❤❡♣♦♣❡✐❡

♦❢❤✐ ❡✐♠❛♦❤❛✈❡❜❡❡♥❛♥❛❧②③❡❞✐♥ ❤❡❧✐❡❛✉❡❛♥❞✉❡❞✐♥❤❡❝♦♥❡①♦❢

❛❛②♣♦❝❡✐♥❣❬❖❧❧✐❧❛✫❑♦✐✈✉♥❡♥✷✵✵✸❪✱♦ ❤❡❡ ✐♠❛✐♦♥♦❢❤❡❞✐❡❝✐♦♥♦❢

❛✐✈❛❧❬▼❛❤♦ ❡❛❧✳✷✵✶✸❪✳

✸✳✸ ❍②♣♦❤❡✐❚❡ ❢♦❘♦❜✉ ❈❧❛ ✐✜❝❛✐♦♥

❚❤❡❤②♣♦❤❡✐ ❡ ❡♣❡❡♥ ❛❞❡❝✐✐♦♥✲♠❛❦✐♥❣ ❛❡❣②❢♦✉♥❞❡❞♦♥❤❡ ❛✐✐❝❛❧

✐❣♥✐✜❝❛♥❝❡♦❢❛❡✉❧✳ ▼♦❡♣❡❝✐❡❧②✱❛❡✉❧✐❝♦♥✐❞❡❡❞♦❜❡✐❣♥✐✜❝❛♥✐❢❤❡

♣♦❜❛❜✐❧✐② ♦♦❜❛✐♥✐❜②❝❤❛♥❝❡✐ ♠❛❧❧✇✐❤ ❡♣❡❝ ♦❛♣❡❞❡✜♥❡❞❤❡❤♦❧❞

✈❛❧✉❡✳

■♥♣❛❝✐❝❡✱❤❡❤②♣♦❤❡✐ ❡ ❛❡✉❡❞❢♦ ❡✐♥❣❛ ❛❡♠❡♥❛❜♦✉❛♣♦♣✉✲

❧❛✐♦♥✱❜❛❡❞♦♥♦♠❡❞❛❛♠❡❛✉❡❞❢♦♠❛❛♠♣❧❡❬▼♦♦♥✫❙✐❧✐♥❣✷✵✵✵❪✳❋♦✐♥✲

❛♥❝❡✱✐♥❤❡❝❛❡♦❢❛❜✐♥❛②♣♦❜❧❡♠✱✇♦ ❛❡♠❡♥ ❛❡❞❡✜♥❡❞✿❤❡♥✉❧❧❤②♣♦❤❡✲

✐H0❛♥❞❤❡❛❧❡♥❛✐✈❡❤②♣♦❤❡✐H1✳❚❤❡✇♦❤②♣♦❤❡❡❛❡❞✐❥♦✐♥✱H1❜❡✐♥❣

❤❡♥❡❣❛✐♦♥♦❢H0✳❚❤❡❡✬❣♦❛❧✐ ♦❡❥❡❝H0✱♠❡❛♥✐♥❣❤❛H1✐ ✉♣♣♦❡❞♦

❜❡ ✉❡✳■♥♦❞❡ ♦✐♠♣❧❡♠❡♥ ✉❝❤❛❡✱❡✈❡❛❧ ❡♣❛❡♥❡❡❞❡❞❬❘✉❝❤✷✵✶✷❪✿

•❞❡✜♥✐✐♦♥♦❢❤❡♥✉❧❧❤②♣♦❤❡✐H0 ❤❛❤❛ ♦❜❡❡❥❡❝❡❞❀

•❞❡✜♥✐✐♦♥♦❢❛❞✐❝✐♠✐♥❛♥♠❡❛✉❡❜❡✇❡❡♥H0❛♥❞H1✱❝❛❧❧❡❞ ❛✐✐❝❀

•❞❡✜♥✐✐♦♥♦❢❛♣♦❜❛❜✐❧✐②❞✐ ✐❜✉✐♦♥❢♦ ❤❡❝♦♥✐❞❡❡❞ ❛✐✐❝✉♥❞❡H0❀

•❞❡✜♥✐✐♦♥♦❢❛❤❡❤♦❧❞✈❛❧✉❡❢♦ ❤❡ ❛✐✐❝✬♣♦❜❛❜✐❧✐②❞✐ ✐❜✉✐♦♥✱❝❛❧❧❡❞

✐❣♥✐✜❝❛♥❝❡❧❡✈❡❧❛♥❞❞❡♥♦❡❞❜②α❀

•❝♦♠♣✉❛✐♦♥♦❢❤❡❛♠♣❧❡✬ ❛✐✐❝✈❛❧✉❡❛♥❞♣✲✈❛❧✉❡❀

•♠❛❦✐♥❣ ❤❡❞❡❝✐✐♦♥✳

◆❡①✱❤❡❡ ❡♣✇✐❧❧❜❡❢♦❧❧♦✇❡❞ ♦♣♦♣♦❡❛♦❜✉ ❛✐✐❝❛❧❡ ❢♦❝❧❛✐✜✲

❝❛✐♦♥✱♦♥❤❡♣❛❝❡♦❢❝♦✈❛✐❛♥❝❡♠❛✐❝❡✳❚❤❡♣✉♣♦❡♦❢❤✐ ❡ ✐ ♦❡❣✉❧❛❡

❤❡❢❛❧❡❛❧❛♠ ❛❡❞✉✐♥❣❤❡❞❡❝✐✐♦♥♠❛❦✐♥❣ ❛❣❡✳

✸✳✸✳✶ ❉❡✜♥✐✐♦♥

▲❡ X1={x
1
1,...,x

1
N1
}❛♥❞X2={x

2
1,...,x

2
N2
}❜❡ ✇♦ ❡ ♦❢N1❛♥❞N2✐♥❞❡✲

♣❡♥❞❡♥❛♥❞✐❞❡♥✐❝❛❧❧②❞✐ ✐❜✉❡❞❛♥❞♦♠✈❛✐❛❜❧❡✭✈❡❝♦✮x❛❝❝♦❞✐♥❣ ♦❤❡

♣❛❛♠❡✐❝♠♦❞❡❧p(x|θ1)❛♥❞p(x|θ2)✳▲❡θ̂1❛♥❞θ̂2❜❡ ❤❡♠❛①✐♠✉♠❧✐❦❡❧✐❤♦♦❞

✭▼▲✮❡✐♠❛❡❝♦♠♣✉❡❞♦♥❤❡❡❡✳■♥❛❝❧❛✐✜❝❛✐♦♥♣♦❜❧❡♠✱❤❡❛✐♠✐ ♦



✷✻ ❈❤❛♣❡ ✸✳ ❘♦❜✉ ❈❧❛ ✐✜❝❛✐♦♥ ❲♦❦✢♦✇♦♥ ❤❡❙♣❛❝❡♦❢❈♦✈❛✐❛♥❝❡ ▼❛✐❝❡

❞❡❡♠✐♥❡✐❢X1❛♥❞X2❛❡✐✉❡❞❢♦♠❤❡❛♠❡♣❛❛♠❡✐❝♠♦❞❡❧✳❚❤❡❡❢♦❡✱❧❡

❝♦♥✐❞❡ ❤❡❢♦❧❧♦✇✐♥❣❤②♣♦❤❡✐ ❡✿

H0:θ1=θ2;

H1:θ1=θ2,
✭✸✳✼✮

✇❤❡❡✱❤❡❤②♣♦❤❡✐H0 ❛❡ ❤❛X1❛♥❞X2❛❡❡❧❡♠❡♥ ♦❢❤❡❛♠❡❝❧❛✱✐❢

❤❡✐♣❛❛♠❡❡ ❛❡✐❞❡♥✐❝❛❧✳

❈♦♥✐❞❡✐♥❣❤❡ ❡❣✉❧❛✐②❝♦♥❞✐✐♦♥❞✐❝✉❡❞✐♥❬❙❛❧✐❝✉❡❛❧✳✶✾✾✹❪✱✐❤❛

❜❡❡♥♣♦✈❡❞✐♥❬❑✉♣♣❡♠❛♥✶✾✺✼✱❙❛❧✐❝✉❡❛❧✳✶✾✾✹✱◆❛❝✐♠❡♥♦❡❛❧✳✷✵✶✵❪❤❛

✉♥❞❡ ❤❡♥✉❧❧❤②♣♦❤❡✐H0❛♥❞❢♦ ❛♠♣❧❡✐③❡N1,N2−→ ∞✱❤❡❡ ❛✐✐❝

S✱❞❡✜♥❡❞❢✉❤❡✱❢♦❧❧♦✇❛❝❤✐✲ ✉❛❡❞✐ ✐❜✉✐♦♥✿

S(θ1,θ2)=
2vN1N2
N1+N2

δ(θ1,θ2)−−−−−−−→
N1,N2→∞

χ2DF, ✭✸✳✽✮

✇❤❡❡❤❡❞❡❣❡❡♦❢❢❡❡❞♦♠DF✐❡✉❛❧♦❤❡❞✐♠❡♥✐♦♥♦❢❤❡♣❛❛♠❡❡ ♣❛❝❡✳■♥

❛❞❞✐✐♦♥✱v✐❛❝♦♥❛♥❞❡♣❡♥❞✐♥❣♦♥❤❡❝♦♥✐❞❡❡❞✐♠✐❧❛✐②♠❡❛✉❡δ(·)✳❋♦

✐♥❛♥❝❡✱v=1❢♦ ❤❡❑▲❞✐✈❡❣❡♥❝❡❬◆❛❝✐♠❡♥♦❡❛❧✳✷✵✶✵❪✳❚❤✐❤②♣♦❤❡✐ ❡

❤❛ ❜❡❡♥✜ ✐♥♦❞✉❝❡❞✐♥❬❑✉♣♣❡♠❛♥✶✾✺✼❪❢♦δ(·)❜❡✐♥❣ ❤❡❑▲❞✐✈❡❣❡♥❝❡

❛♥❞❢✉❤❡ ❣❡♥❡❛❧✐③❡❞✐♥❬❙❛❧✐❝✉❡❛❧✳✶✾✾✹❪❢♦ ❤❡❝❧❛ ♦❢(h,φ)❞✐✈❡❣❡♥❝❡✳

■♥❤✐ ❝❤❛♣❡✱❤✐ ❡ ✐❡①❡♥❞❡❞♦❤❡❘❛♦✬ ❣❡♦❞❡✐❝❞✐❛♥❝❡✱✇❤✐❝❤✐ ❤❡

❤♦ ❡ ♣❛❤✐♥ ❤❡♣❛❛♠❡✐❝♠❛♥✐❢♦❧❞✳■♥❞❡❡❞✱✉♥❞❡ ❤❡♥✉❧❧❤②♣♦❤❡✐H0✱

❞✐ ✐❜✉✐♦♥❛❡❧②✐♥❣✐♥✜♥✐❡✐♠❛❧❧②❝❧♦❡♦♥❤❡♣♦❜❛❜✐❧✐✐❝♠❛♥✐❢♦❧❞❛♥❞✐♥✉❝❤

❝❛❡❤❡❑▲❞✐✈❡❣❡♥❝❡❡✉❛❧ ❤❛❧❢♦❢ ❤❡ ✉❛❡❞❣❡♦❞❡✐❝❞✐❛♥❝❡✭●❉✮✳❍❡♥❝❡✱

✇❤❡♥θ1=θ2✱❤❡❡ ❛✐✐❝❜❡❝♦♠❡✿

SGD(θ1,θ2)=
N1N2
N1+N2

d2(θ1,θ2), ✭✸✳✾✮

✇✐❤d(·)❜❡✐♥❣❤❡❣❡♦❞❡✐❝❞✐❛♥❝❡❛♥❞✐✐❛②♠♣♦✐❝❛❧❧②❝❤✐✲✉❛❡❞✐ ✐❜✉❡❞

✇✐❤DF ❞❡❣❡❡♦❢❢❡❡❞♦♠❢♦ ✉✣❝✐❡♥❧②❧❛❣❡✈❛❧✉❡♦❢N1❛♥❞N2✳ ◆♦❡❤❛

✉♥❞❡H0✱❤❡❞✐ ✐❜✉✐♦♥♦❢❤❡ ❛✐✐❝SGD✐✐♥❞❡♣❡♥❞❡♥♦❢θ1❛♥❞θ2✳

✸✳✸✳✷ ❆♣♣❧✐❝❛✐♦♥♦❩❡♦✲▼❡❛♥ ▼✉❧✐✈❛✐❛❡ ●❛✉ ✐❛♥ ❉✐ ✐❜✉✲
✐♦♥

■♥❤❡❢♦❧❧♦✇✐♥❣✱X1❛♥❞X2❛❡✐✉❡❞❢♦♠✇♦✐♥❞❡♣❡♥❞❡♥ ③❡♦✲♠❡❛♥♠✉❧✐✈❛✐❛❡

●❛✉ ✐❛♥❞✐ ✐❜✉✐♦♥✭▼●❉✮❤❛✈✐♥❣❤❡♣❛❛♠❡❡✈❡❝♦ ❡♣❡❡♥❡❞❜②❤❡

❝♦✈❛✐❛♥❝❡♠❛✐❝❡M1❛♥❞M2✳❚❤❡♣♦❜❛❜✐❧✐②❞❡♥✐②❢✉♥❝✐♦♥❞❡❝✐❜✐♥❣❤❡❡

❡ ❤❛❜❡❡♥✐♥♦❞✉❝❡❞✐♥❈❤❛♣❡✷❛♥❞✐✐ ❡❝❛❧❧❡❞✐♥❤❡❢♦❧❧♦✇✐♥❣✿

p(x|M)=
1

(2π)m|M|
exp −

1

2
xTM−1x , ✭✸✳✶✵✮

✇❤❡❡m✐ ❤❡✈❡❝♦✬x❞✐♠❡♥✐♦♥❛♥❞(·)T✐ ❤❡ ❛♥♣♦❡♦♣❡❛♦✳

❈♦♥✐❞❡✐♥❣③❡♦✲♠❡❛♥ ▼●❉✱❤❡❡❛❧✐❡♠❡♥✐♦♥❡❞✐♠✐❧❛✐② ♠❡❛✉❡ ❜❡✲

✇❡❡♥ ❤❡✇♦❡ ✐♠❛❡❞❝♦✈❛✐❛♥❝❡♠❛✐❝❡M̂1❛♥❞M̂2❤❛✈❡❤❡❢♦❧❧♦✇✐♥❣❞❡✜♥✐✲

✐♦♥✿



✸✳✸✳ ❍②♣♦❤❡✐❚❡ ❢♦❘♦❜✉ ❈❧❛ ✐✜❝❛✐♦♥ ✷✼

•❑✉❧❧❜❛❝❦✲▲❡✐❜❧❡ ❞✐✈❡❣❡♥❝❡❬❑✉❧❧❜❛❝❦✫▲❡✐❜❧❡ ✶✾✺✶❪✿

KL(̂M1,̂M2)=
1

2
(̂M−12 M̂1)−m−ln

|̂M1|

|̂M2|
, ✭✸✳✶✶✮

✇❤❡❡m✐ ❤❡❞✐♠❡♥✐♦♥♦❢❤❡✈❡❝♦ ♣❛❝❡✱❛♥❞ (·)✐ ❤❡ ❛❝❡♦♣❡❛♦❀

•❘❛♦✬ ❣❡♦❞❡✐❝❞✐❛♥❝❡❬❏❛♠❡✶✾✼✸❪✿

d(̂M1,̂M2)=
1

2
i

(lnλi)
2

1
2

, ✭✸✳✶✷✮

✇❤❡❡M̂1❛♥❞M̂2❛❡❤❡❙❈▼❡ ✐♠❛♦ ♦❢ ❤❡❝♦✈❛✐❛♥❝❡♠❛✐❝❡M1
❛♥❞M2✱λi✱i=1...m❛❡❤❡❡✐❣❡♥✈❛❧✉❡ ♦❢M̂

−1
2 M̂1❛♥❞m✐ ❤❡ ✐③❡♦❢

❝♦✈❛✐❛♥❝❡♠❛✐❝❡✳ ▼♦❡❞❡❛✐❧♦♥❤✐ ✐♠✐❧❛✐②♠❡❛✉❡❝❛♥❜❡❢♦✉♥❞✐♥

❙❡❝✐♦♥✹✳✷✳✷✳

■♥❤✐❝❛❡✱❤❡♥✉❧❧❤②♣♦❤❡✐M1=M2❝❛♥❜❡❡❥❡❝❡❞❛❛❧❡✈❡❧α✐❢✿

Pr(χ2DF >SGD(̂M1,̂M2))≤α. ✭✸✳✶✸✮

❍❡❡✱❦♥♦✇✐♥❣❤❛ ❡❛❧✲✈❛❧✉❡❞❝♦✈❛✐❛♥❝❡♠❛✐❝❡❛❡❝♦♥✐❞❡❡❞✱❤❡❞❡❣❡❡♦❢

❢❡❡❞♦♠✐✿

DF=
m(m+1)

2
, ✭✸✳✶✹✮

✇❤❡❡m✐ ❤❡❞✐♠❡♥✐♦♥♦❢❤❡❝♦✈❛✐❛♥❝❡♠❛✐①✳❚❤❡❡❥❡❝✐♦♥♦❢H0✐✐❧❧✉ ❛❡❞

✐♥❋✐❣✉❡✸✳✷✳❛✳

❋✉ ❤❡ ♦♥✱ ♦♠❡ ✐♠✉❧❛✐♦♥❡✉❧ ❛❡❞✐♣❧❛②❡❞ ♦❡✈❛❧✉❛❡❤❡♣♦❡♥✐❛❧♦❢

❤❡♣♦♣♦❡❞ ❛✐✐❝❛❧❤②♣♦❤❡✐ ❡ ♦♥❛✐♠✉❧❛❡❞❞❛❛❡✳ ❚❤❡❡ X1❛♥❞

X2❛❡❣❡♥❡❛❡❞❛N1❛♥❞N2✐♥❞❡♣❡♥❞❡♥❛♥❞✐❞❡♥✐❝❛❧❧②❞✐ ✐❜✉❡❞❛♥❞♦♠

✈❡❝♦ ❞✐ ✐❜✉❡❞❛❝❝♦❞✐♥❣♦❛③❡♦✲♠❡❛♥▼●❉✱❤❛✈✐♥❣❤❡❝♦✈❛✐❛♥❝❡♠❛✐①♦❢

❤❡❢♦♠✿

M(i,j)=ρ|i−j|❢♦i,j∈ 1,m. ✭✸✳✶✺✮

❋♦ ❡❛❝❤❡X1❛♥❞X2✱❤❡❝♦✈❛✐❛♥❝❡♠❛✐①✐❡✐♠❛❡❞❛❝❝♦❞✐♥❣♦❤❡♠❛①✲

✐♠✉♠❧✐❦❡❧✐❤♦♦❞♣✐♥❝✐♣❧❡❜②✉✐♥❣❤❡❙❈▼❡ ✐♠❛❡✳❚❤❡✐❣♥✐✜❝❛♥❝❡❧❡✈❡❧α✐

❡ ♦0.05❛♥❞104▼♦♥❡❈❛❧♦✐❡❛✐♦♥❛❡❝♦♥✐❞❡❡❞✳❋✐❣✉❡✸✳✷✳❜❞❛✇ ❤❡

❡✈♦❧✉✐♦♥♦❢❤❡❡ ✐♠❛❡❞♣✲✈❛❧✉❡❛❛❢✉♥❝✐♦♥♦❢❤❡❞❛❛❡ ✐③❡✭N1=N2=N

✐♥❤✐❡①♣❡✐♠❡♥✮❢♦ ❤❡❙❈▼❡ ✐♠❛❡✇✐❤ρ=0.5✳

■♥❤✐✜❣✉❡✱❤❡♦❧✐❞❧✐♥❡❝♦❡♣♦♥❞ ♦❤❡❣❡♦❞❡✐❝❞✐❛♥❝❡✱✇❤✐❧❡❤❡❞❛❤❡❞

❧✐♥❡❝♦❡♣♦♥❞ ♦❤❡❑✉❧❧❜❛❝❦✲▲❡✐❜❧❡❞✐✈❡❣❡♥❝❡✳❆❡①♣❡❝❡❞✱❤❡❡ ✐♠❛❡❞♣✲

✈❛❧✉❡❝♦♥✈❡❣❡ ♦❤❡ ✐❣♥✐✜❝❛♥❝❡❧❡✈❡❧α❢♦ ✉✣❝✐❡♥❧②❧❛❣❡N✳❚❤❡✐♠✉❧❛✐♦♥

❡✉❧ ❤❛✈❡❤♦✇♥❤❛ ❤❡❞❛❛❡ ❤♦✉❧❞❝♦♥❛✐♥❛❧❡❛ ✺✵♦❜❡✈❛✐♦♥ ♦❡♥✉❡

❤❛ ❤❡ ❛✐✐❝❢♦❧❧♦✇❛❝❤✐✲ ✉❛❡❞❞✐ ✐❜✉✐♦♥✉♥❞❡ ❤❡♥✉❧❧❤②♣♦❤❡✐H0✱

✇❤❡♥✉✐♥❣❤❡❙❈▼❡ ✐♠❛❡✳■♥❛❞❞✐✐♦♥✱✐❝❛♥❜❡♦❜❡✈❡❞❤❛ ❤❡❝♦♥✈❡❣❡♥❝❡

✐❢❛❡❢♦ ❤❡❣❡♦❞❡✐❝❞✐❛♥❝❡❤❛♥❢♦ ❤❡❑✉❧❧❜❛❝❦✲▲❡✐❜❧❡ ❞✐✈❡❣❡♥❝❡✳■♥❤❡

❢♦❧❧♦✇✐♥❣✱♦♥❧②❤❡❣❡♦❞❡✐❝❞✐❛♥❝❡✇✐❧❧❜❡❝♦♥✐❞❡❡❞✳

■♥❤❡♥❡① ♣❛ ✱❤✐ ❤②♣♦❤❡✐ ❡ ✐✉❡❞✐♥❤❡❝❛❡♦❢♦❜✉ ❝♦✈❛✐❛♥❝❡
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✸✳✹ ❆♣♣❧✐❝❛✐♦♥♦ ♦❧❙❆❘■♠❛❣❡❈❧❛ ✐✜❝❛✐♦♥

❚❤❡❡①♣❡✐♠❡♥✱❝❛✐❡❞♦✉✐♥❤✐ ❡❝✐♦♥✱❤❛✈❡❡✈❡❛❧♣✉♣♦❡✿

•❋✐ ✱❤❡♣♦♣♦❡❞✐♠✐❧❛✐②♠❡❛✉❡SGD ✐❛♣♣❧✐❡❞♦✐♠✉❧❛❡❞❛♥❞❡❛❧

♦❧❙❆❘✐♠❛❣❡❝❧❛✐✜❝❛✐♦♥✳■♥♦❞❡ ♦♦❜❛✐♥❤❡✐♠✉❧❛❡❞❞❛❛❡✱❛♦❧✲

❙❆❘❝❡♥❡ ✐♠✉❧❛♦❬❲✐❧❧✐❛♠ ✷✵✵✻❪✐✉❡❞✳

•❙❡❝♦♥❞✱ ❤❡✐♥✢✉❡♥❝❡♦❢ ❤❡❛❝✉✐✐✐♦♥♣❛❛♠❡❡ ✭✐♥❝✐❞❡♥❝❡❛♥❣❧❡✱♣❛✐❛❧

❡♦❧✉✐♦♥✱♥✉♠❜❡♦❢♣♦❧❛✐♠❡✐❝❝❤❛♥♥❡❧✮♦♥❝❧❛✐✜❝❛✐♦♥❛❝❝✉❛❝②✐❛♥❛✲

❧②③❡❞❜②❝♦♥✐❞❡✐♥❣❡✈❡❛❧✐♠✉❧❛❡❞❞❛❛❜❛❡✳

•❚❤✐❞✱❞✐✛❡❡♥ ❛❡❣✐❡❛❡♣♦♣♦❡❞✐♥♦❞❡ ♦♠♦❞❡❧ ❤❡❞❡♣❡♥❞❡♥❝✐❡

✭♣❛✐❛❧✱♣♦❧❛✐♠❡✐❝✮♣❡❡♥✐♥♦❧❙❆❘✐♠❛❣❡✳

✸✳✹✳✶ ❉❛❛❜❛❡

✸✳✹✳✶✳✶ ❙✐♠✉❧❛❡❞▲✲❜❛♥❞ ♦❧❙❆❘■♠❛❣❡

❚❤❡ ✐♠✉❧❛❡❞❞❛❛❡✐❝❡❛❡❞❜②✉✐♥❣❤❡ ♦❧❙❆❘♣♦❙✐♠♦❢✇❛❡❬❲✐❧❧✐❛♠ ✷✵✵✻❪✳

❚❤✐ ♦❢✇❛❡♣♦✈✐❞❡❢✉❧❧②♣♦❧❛✐③❡❞✐♠✉❧❛❡❞❙❆❘✐♠❛❣❡♦❢❢♦❡✱❞✐♣❧❛②✐♥❣

♣♦♣❡✐❡❝♦♥✐❡♥✇✐❤❡❛❧❙❆❘✐♠❛❣❡②❬❲✐❧❧✐❛♠ ✷✵✵✻❪✳■♠❛❣❡❛❡♦❜❛✐♥❡❞

❜②♣❡❝✐❢②✐♥❣✈❛✐♦✉❛❝✉✐✐✐♦♥♣❛❛♠❡❡ ✉❝❤❛ ❤❡♣❧❛❢♦♠❛❧✐✉❞❡✱❤❡✐♥❝✐✲

❞❡♥❝❡❛♥❣❧❡✱❤❡❢❡✉❡♥❝②✱❤❡❛③✐♠✉❤❛♥❞❧❛♥❛♥❣❡❡♦❧✉✐♦♥✱❛♥❞♦♠❡❢♦❡

❛♥❞♣♦♣❡✐❡✱✐♥❝❧✉❞✐♥❣❤❡ ❛♥❞❛❡❛❛♥❞❞❡♥✐②✱ ❤❡ ❡❡♣❡❝✐❡ ❛♥❞❤❡✐

♠❡❛♥❤❡✐❣❤✳

❋♦ ❤✐ ✉❞②✱♣✐♥❡ ❡❡❢♦❡ ♦❢5✱6✱12✱15✱21✱25❛♥❞32②❡❛ ♦❧❞❛❡

✐♠✉❧❛❡❞✳ ❚❤✐ ❛❣❡ ❛♥❣❡❤❛ ❜❡❡♥❝❤♦❡♥✐♥♦❞❡ ♦ ♠✐♠✐❝ ❤❡ ❡❛❧❞❛❛❡



✸✳✹✳ ❆♣♣❧✐❝❛✐♦♥♦ ♦❧❙❆❘■♠❛❣❡❈❧❛ ✐✜❝❛✐♦♥ ✸✶

❛✈❛✐❧❛❜❧❡❢♦ ❤✐ ❡ ✭❡❡❙❡❝✐♦♥✸✳✹✳✶✳✷✮✳ ❚❤❡♣❧❛❢♦♠❛❧✐✉❞❡✐ ❡ ♦3580

♠❡❡✱❝♦❡♣♦♥❞✐♥❣ ♦❛♥❛✐❜♦♥❡ ② ❡♠✱✇❤✐❧❡❤❡❢❡✉❡♥❝②✐ ✜①❡❞❛ 1.3

●❍③✭▲✲❜❛♥❞✮✳■♥♦❞❡ ♦✜♥❞❤❡❜❡ ❛✐❜♦♥❡❝♦♥✜❣✉❛✐♦♥✱✇♦❡①♣❡✐♠❡♥

❛❡❝♦♥✐❞❡❡❞✳■♥❤❡✜ ❝❛❡✱❤❡✐♥❝✐❞❡♥❝❡❛♥❣❧❡✐ ❝❤♦❡♥♦❜❡45◦❛♥❞❤❡

✐♥✢✉❡♥❝❡♦❢❤❡ ♣❛✐❛❧❡♦❧✉✐♦♥♦♥❝❧❛✐✜❝❛✐♦♥♣❡❢♦♠❛♥❝❡✐ ❡✈❛❧✉❛❡❞✳❋✐✈❡

❞❛❛❡ ❛❡✐♠✉❧❛❡❞❛❛❡♦❧✉✐♦♥♦❢0.5✱1✱2✱3❛♥❞5♠❡❡✳■♥❤❡ ❡❝♦♥❞

❝❛❡✱❤❡✐♠❛❣❡ ❡♦❧✉✐♦♥✐✜①❡❞ ♦0.5♠❡❡ ❛♥❞ ❡✈❡❛❧✐♥❝✐❞❡♥❝❡❛♥❣❧❡ ❛❡

❡❡❞✿25◦✱35◦✱45◦❛♥❞55◦✳

■♥❜♦❤❝❛❡✱❤❡ ❛♥❞❞❡♥✐②✭D✮❛♥❞❤❡ ♠❡❛♥ ❡❡❤❡✐❣❤ ✭̄H✮❛❡ ❡

❛❝❝♦❞✐♥❣♦❤❡❞❡✐❡❞ ❛♥❞❛❣❡✱❛♠❡♥✐♦♥❡❞✐♥❚❛❜❧❡✸✳✶✳

❙❛♥❞❛❣❡a✭②❡❛✮ ✺ ✻ ✶✷ ✶✺ ✷✶ ✷✺ ✸✷

▼❡❛♥ ❡❡❤❡✐❣❤H̄✭♠✮ ✺✳✺ ✻✳✺ ✶✶✳✻ ✶✸✳✼ ✶✼✳✸ ✶✾✳✷ ✷✶✳✾

❙❛♥❞❞❡♥✐②D✭❡♠✴❤❛✮ ✶✷✵✵ ✶✷✵✵ ✽✵✵ ✽✵✵ ✹✵✵ ✹✵✵ ✸✵✵

❚❛❜❧❡✸✳✶✿ ▼❛ ✐✐♠❡♣✐♥❡ ❛♥❞❞❡♥✐②D✭❡♠✴❤❛✮❛♥❞♠❡❛♥ ❡❡❤❡✐❣❤H̄ ✭♠✮❛❛

❢✉♥❝✐♦♥♦❢ ❛♥❞❛❣❡✭②❡❛✮✭❙♦✉❝❡✿❬■❧❡❛❡❛❧✳✷✵✶✺❝❪❝[2015]■❊❊❊✮✳

❚❤❡✈❛❧✉❡ ♦❢❤❡ ❛♥❞❞❡♥✐②❛❡❝❤♦❡♥♦❜❡❡✉❛❧♦❤♦❡❣✐✈❡♥❜②❤❡❈❡♥✲

❡❘❣✐♦♥❛❧❞❡❧❛ ♦♣✐ ❋♦❡✐❡❆✉✐❛✐♥❡✱❢♦♠❛✐✐♠❡♣✐♥❡❢♦❡ ❬❈❘ ✷✵✵✽❪✱

✇❤✐❧❡ ❤❡♠❡❛♥ ❡❡❤❡✐❣❤H̄✐♦❜❛✐♥❡❞❜②✉✐♥❣❤❡▼❛✉❣ ❤❡♦❡✐❝❛❧♠♦❞❡❧❣✐✈❡♥

❜②❬▼❛✉❣ ✶✾✽✼❪✿

H̄=Hmax(1−0.96
a), ✭✸✳✶✻✮

✇❤❡❡Hmax=30♠❡❡ ✐ ❤❡♠❛①✐♠✉♠❤❡✐❣❤❛♥❞a✐ ❤❡ ❛♥❞❛❣❡✳

❇②✉✐♥❣❤❡❡♥✉♠❡✐❝❛❧✈❛❧✉❡✱❛❞❛❛❜❛❡♦❢350✐♠❛❣❡✐❝❡❛❡❞❢♦❡❛❝❤

❡①♣❡✐♠❡♥❛♥❞ ✉❝✉❡❞✐♥4❝❧❛❡✱❛❝❝♦❞✐♥❣♦❤❡ ❛♥❞❛❣❡✿

•1st❝❧❛ ✿❧❡ ❤❛♥✶✵②❡❛ ✭❋✐❣✉❡✸✳✺✳❛✮❀

•2nd❝❧❛ ✿❜❡✇❡❡♥✶✵❛♥❞✷✵②❡❛ ✭❋✐❣✉❡✸✳✺✳❜✮❀

•3rd❝❧❛ ✿❜❡✇❡❡♥✷✵❛♥❞✸✵②❡❛ ✭❋✐❣✉❡✸✳✺✳❝✮❀

•4th❝❧❛ ✿♦✈❡✸✵②❡❛ ✭❋✐❣✉❡✸✳✺✳❞✮✳

✸✳✹✳✶✳✷ ❘❡❛❧▲✲❜❛♥❞ ♦❧❙❆❘■♠❛❣❡

❚❤❡ ❡❛❧▲✲❜❛♥❞ ♦❧❙❆❘❞❛❛❞✐♣❧❛②❡❞✐♥❋✐❣✉❡✸✳✻❝♦♥✐ ✐♥♦♥❡❢✉❧❧②♣♦❧❛✐✲

♠❡ ✐❝✐♠❛❣❡✭1♠❡❡ ❡♦❧✉✐♦♥✮❛❝✉✐❡❞♦♥❤❡◆❡③❡ ♠❛✐✐♠❡♣✐♥❡❢♦❡ ✐♥

❋❛♥❝❡✱❞✉✐♥❣❛♥❖◆❊❘❆❘❆▼❙❊❙❝❛♠♣❛✐❣♥✐♥✷✵✵✹✳❋♦♠❤✐✐♠❛❣❡✱62❢♦❡

❛♥❞❜❡✇❡❡♥✺❛♥❞✹✽②❡❛ ♦❧❞❛❡✐❞❡♥✐✜❡❞❛♥❞❣♦✉♣❡❞✐♥4❝❧❛❡✱❛✐❤❛

❜❡❡♥❞♦♥❡❢♦ ❤❡✐♠✉❧❛❡❞✐♠❛❣❡✳



✸✷ ❈❤❛♣❡ ✸✳ ❘♦❜✉ ❈❧❛ ✐✜❝❛✐♦♥ ❲♦❦✢♦✇♦♥ ❤❡❙♣❛❝❡♦❢❈♦✈❛✐❛♥❝❡ ▼❛✐❝❡

✭❛✮ ✭❜✮ ✭❝✮ ✭❞✮

❋✐❣✉❡✸✳✺✿❊①❛♠♣❧❡ ♦❢▲✲❜❛♥❞♣✐♥❡❢♦❡ ✐♠❛❣❡♦❢✿✭❛✮✺✱✭❜✮✶✺✱✭❝✮✷✶❛♥❞✭❞✮✸✷②❡❛

♦❧❞✐♠✉❧❛❡❞✇✐❤ ♦❧❙❆❘♣♦❙✐♠♦❢✇❛❡❢♦❛♥✐♥❝✐❞❡♥❝❡❛♥❣❧❡♦❢45◦❛♥❞❛❡♦❧✉✐♦♥

♦❢1♠❡❡✭❙♦✉❝❡✿❬■❧❡❛❡❛❧✳✷✵✶✺❝❪❝[2015]■❊❊❊✮✳

✭❛✮

✭❜✮ ✭❝✮ ✭❞✮ ✭❡✮

❋✐❣✉❡✸✳✻✿✭❛✮❘❡❛❧▲✲❜❛♥❞❙❆❘✐♠❛❣❡❛♥❞❡①❛♠♣❧❡♦❢♣✐♥❡❢♦❡ ❛♥❞♦❢✿✭❜✮✺✱✭❝✮

✶✺✱✭❞✮✷✶❛♥❞✭❡✮✸✷②❡❛ ♦❧❞✭❙♦✉❝❡✿❬■❧❡❛❡❛❧✳✷✵✶✺❝❪❝[2015]■❊❊❊✮✳

✸✳✹✳✷ ▼❡❤♦❞♦❧♦❣②

♦❧❛✐♠❡✐❝✐♠❛❣❡❝♦♥❛✐♥❝♦♠♣❧❡①✈❛❧✉❡✳❆❛❡✉❧✱❡❛❝❤♣✐①❡❧(x,y)✐♥✐♠❛❣❡

I✐❛❝♦♠♣❧❡①♥✉♠❜❡❤❛✈✐♥❣❛❡❛❧♣❛ Re(x,y)❛♥❞❛♥✐♠❛❣✐♥❛②♦♥❡Im(x,y)✿

I(x,y)=Re(x,y)+i×Im(x,y), ✭✸✳✶✼✮

✇❤❡❡i✐ ❤❡✐♠❛❣✐♥❛②✉♥✐✳

❋♦ ♦❧❙❆❘✐♠❛❣❡❝❧❛✐✜❝❛✐♦♥✱❡❛❧✲✈❛❧✉❡❞✐♠❛❣❡❝❛♥❜❡✉❡❞✳■♥♦❞❡ ♦

♦❜❛✐♥❡❞❤❡♠✱❤❡❞❇ ❛♥❢♦♠✐ ❛♣♣❧✐❡❞✿

IdB(x,y)=10×log10(|I(x,y)|), ✭✸✳✶✽✮

✇❤❡❡log10(·)✐❤❡❧♦❣❛✐❤♠✇✐❤❜❛❡✶✵✱❛♥❞|I(x,y)|= Re(x,y)2+Im(x,y)2

✐ ❤❡♥✉♠❜❡✬♠♦❞✉❧✉✳



✸✳✹✳ ❆♣♣❧✐❝❛✐♦♥♦ ♦❧❙❆❘■♠❛❣❡❈❧❛ ✐✜❝❛✐♦♥ ✸✸

❋✉ ❤❡♦♥✱❝❧❛✐✜❝❛✐♦♥❛❧❣♦✐❤♠❜❛❡❞♦♥✐♥❣❧❡♣♦❧❛✐③❡❞❡❛❧✲✈❛❧✉❡❞✐♠❛❣❡

❛❡❝♦♥✐❞❡❡❞❛♥❞❝♦♠♣❛❡❞♦♥❡✇♣♦♣♦❡❞❛♣♣♦❛❝❤❡✱❝❛✐❡❞♦✉♦♥♣♦❧❛✐✲

♠❡ ✐❝❝♦♠♣❧❡①✲✈❛❧✉❡❞✐♠❛❣❡✳❚❤❡♣♦♣♦❡❞❝❧❛✐✜❝❛✐♦♥♠❡❤♦❞❤❛✈❡♦❝❛♣✉❡

❜♦❤❤❡❡①✉❛❧❛♥❞♣♦❧❛✐♠❡✐❝✐♥❢♦♠❛✐♦♥♣❡❡♥✐♥♦❧❙❆❘✐♠❛❣❡✳❙❡✈❡❛❧

❛❡❣✐❡❢♦♠♦❞❡❧✐♥❣ ❤❡❡✐♠❛❣❡❛♥❞❤❡♥❝❡✱♦❜❛✐♥✐♥❣❤❡❝♦ ❡♣♦♥❞✐♥❣❢❡❛✉❡

✈❡❝♦ ❛❡♣❡❡♥❡❞♥❡①❬■❧❡❛❡❛❧✳✷✵✶✺❜✱■❧❡❛❡❛❧✳✷✵✶✺❝✱■❧❡❛❡❛❧✳✷✵✶✺❛❪✳

✸✳✹✳✷✳✶ ●▲❈▼

❚❤❡✜ ♠❡❤♦❞❝♦♥✐ ✐♥❝♦♠♣✉✐♥❣❤❡❣❛②❧❡✈❡❧❝♦✲♦❝❝✉❡♥❝❡♠❛✐①✭●▲❈▼✮✱

❛♣❡❡♥❡❞✐♥❈❤❛♣❡✷✱❢♦❛✐♥❣❧❡♣♦❧❛✐③❡❞❡❛❧✲✈❛❧✉❡❞✐♠❛❣❡✳

❚❤❡●▲❈▼ ❛❡❝♦♠♣✉❡❞♦♥❤❡✐♠❛❣❡ ❛♥❢♦♠❡❞✐♥❞❇❛♥❞ ✉❛♥✐✜❡❞✇✐❤

✸✷❣❛②❧❡✈❡❧✳❚❤❡♥✉♠❜❡♦❢ ✉❛♥✐③❛✐♦♥❧❡✈❡❧✐❝❤♦❡♥❜②❛❦✐♥❣✐♥♦❝♦♥✐❞❡✲

❛✐♦♥❤❡✐♠❛❣❡ ✐③❡✳■♥❛❈❛❡✐❛♥❝♦♦❞✐♥❛❡② ❡♠✱❤❡●▲❈▼ ❛❡❢✉♥❝✐♦♥

♦❢✇♦♣❛❛♠❡❡✿❤❡❞✐ ❛♥❝❡d❜❡✇❡❡♥♥❡✐❣❤❜♦✐♥❣♣✐①❡❧❛♥❞❤❡❞✐❡❝✐♦♥α✳

❋♦ ❤✐ ✉❞②✱d✈❛✐❡❜❡✇❡❡♥1❛♥❞15✱❛♥❞α={0◦,45◦,90◦,135◦}✳❚❤❡❍❛❛❧✲

✐❝❦❡①✉❛❧❞❡❝✐♣♦ ❤♦♠♦❣❡♥❡✐②✱❡♥♦♣②✱❛♥❞❝♦❡❧❛✐♦♥❬❍❛❛❧✐❝❦❡❛❧✳✶✾✼✸❪

❛❧♦♥❣✇✐❤❤❡♠❡❛♥♦❢❤❡❣❛②❧❡✈❡❧✐♥❤❡✐♥✐✐❛❧✐♠❛❣❡❛❡❡①❛❝❡❞❛♥❞❛✈❡❛❣❡❞

✐♥❤❡❢♦✉ ❞✐❡❝✐♦♥ ♦❡❞✉❝❡❤❡ ❡♥✐✐✈✐②♦❤❡ ❛♥❞✬♦✐❡♥❛✐♦♥❬❘❡❣♥✐❡

❡❛❧✳✷✵✶✺❛❪✳❚❤✐✇♦❦✢♦✇✐✐❧❧✉ ❛❡❞✐♥❋✐❣✉❡✸✳✼✳

❋✐❣✉❡✸✳✼✿●▲❈▼♠♦❞❡❧❢♦ ❛✐♥❣❧❡♣♦❧❛✐③❛✐♦♥✐♠❛❣❡✳

▲❛❡♦♥✱✐♥❤❡❡①♣❡✐♠❡♥❛❧♣❛✱♦♥❧②❤❡❝❤❛♥♥❡❧❣✐✈✐♥❣ ❤❡❜❡ ❡✉❧ ✐

❝♦♥✐❞❡❡❞✳❆❝❝♦❞✐♥❣♦♦✉ ❡ ✱❤❡❛♠♣❧✐✉❞❡♦❢❤❡❍❱❝❤❛♥♥❡❧✐❝❤♦❡♥❛♥❞

❤❡♠❡❤♦❞✐❞❡♥♦❡❞❜②●▲❈▼❍❱✳

◆❡①✱❤❡♣♦♣♦❡❞❝❧❛✐✜❝❛✐♦♥♠❡❤♦❞❛❡❞❡❛✐❧❡❞✳

✸✳✹✳✷✳✷ ▼●❉ ▼♦❞❡❧❢♦ ❛❙✐♥❣❧❡ ♦❧❛✐③❛✐♦♥■♠❛❣❡

❚❤❡✜ ❛♣♣♦❛❝❤✉❡ ✐♥❣❧❡♣♦❧❛✐③❡❞❡❛❧✲✈❛❧✉❡❞✐♠❛❣❡❥✉ ❧✐❦❡❤❡●▲❈▼❜❛❡❞

❛❧❣♦✐❤♠✳■♥ ❤✐ ❝❛❡✱❤❡✐♠❛❣❡✐ ❛♥❢♦♠❡❞✐♥❞❇❛♥❞❞❡❝♦♠♣♦❡❞❜②✉✐♥❣

❛❉❛✉❜❡❝❤✐❡✹✭❞❜✹✮✇❛✈❡❧❡ ❛♥❢♦♠✭❲❚✮✱✇✐❤2❝❛❧❡❛♥❞3♦✐❡♥❛✐♦♥✐♥

♦❞❡ ♦❝❛♣✉❡❤❡❡①✉❛❧✐♥❢♦♠❛✐♦♥✳

▲❡S❛♥❞O❜❡❡♣❡❝✐✈❡❧②❤❡♥✉♠❜❡♦❢❝❛❧❡❛♥❞♦✐❡♥❛✐♦♥♦❢❤❡✇❛✈❡❧❡

❞❡❝♦♠♣♦✐✐♦♥✳❙✐♥❝❡❤❡✉❜❜❛♥❞♦❢❤❡✇❛✈❡❧❡❞❡❝♦♠♣♦✐✐♦♥❛❡❛✉♠❡❞✐♥❞❡✲

♣❡♥❞❡♥✱❤❡ ✉❛❡❣❡♦❞❡✐❝❞✐❛♥❝❡❜❡✇❡❡♥ ✇♦✐♠❛❣❡ I1❛♥❞I2❝❛♥❜❡❡①♣❡❡❞



✸✹ ❈❤❛♣❡ ✸✳ ❘♦❜✉ ❈❧❛ ✐✜❝❛✐♦♥ ❲♦❦✢♦✇♦♥ ❤❡❙♣❛❝❡♦❢❈♦✈❛✐❛♥❝❡ ▼❛✐❝❡

❛❛❢✉♥❝✐♦♥♦❢❤❡ ✉❛❡❣❡♦❞❡✐❝❞✐❛♥❝❡❝♦♠♣✉❡❞♦♥❡❛❝❤✉❜❜❛♥❞❛✿

d2(I1,I2)=

S

s=1

O

o=1

d2(̂M1,s,o,̂M2,s,o) ✭✸✳✶✾✮

✇❤❡❡M̂1,s,o❝♦❡♣♦♥❞ ♦❤❡♠❛①✐♠✉♠❧✐❦❡❧✐❤♦♦❞❡ ✐♠❛❡♦❢M1❢♦ ❤❡✉❜❜❛♥❞

❛ ❝❛❧❡s❛♥❞♦✐❡♥❛✐♦♥o✳

◆❡①✱❛3×3♥❡✐❣❤❜♦❤♦♦❞✐❡①❛❝❡❞❢♦❡❛❝❤♣✐①❡❧✐♥❡❛❝❤✉❜❜❛♥❞✱❝❛♣✉✐♥❣

❤❡♣❛✐❛❧✐♥❢♦♠❛✐♦♥✳❖♥❝❡♦❜❛✐♥❡❞✱❤❡♥❡✐❣❤❜♦❤♦♦❞✬❡❧❡♠❡♥ ❛❡ ❛❝❦❡❞♦

❢♦♠❛✈❡❝♦✇✐❤9❡❧❡♠❡♥✳❚❤❡❡♦❢❛❧❧✈❡❝♦ ✐ ❤❡♥♠♦❞❡❧❡❞❜②③❡♦✲♠❡❛♥

▼●❉ ✳ ❚❤❡♣❛❛♠❡❡♦❢ ❤✐ ❞✐ ✐❜✉✐♦♥✱❤❛ ✐ ❤❡❝♦✈❛✐❛♥❝❡♠❛✐①M̂✱✐

❡✐♠❛❡❞❜②❤❡❙❈▼✱♦ ❤❡❋ ❛❧❣♦✐❤♠✳❚❤❡❡♥✐❡♣♦❝❡ ✐ ❡♣❡❡♥❡❞✐♥

❋✐❣✉❡✸✳✽✳

❋✐❣✉❡✸✳✽✿▼●❉♠♦❞❡❧❢♦ ❛✐♥❣❧❡♣♦❧❛✐③❛✐♦♥✐♠❛❣❡✳

❋♦ ❤❡❡①♣❡✐♠❡♥❛❧♣❛✱♦♥❧②❤❡❝❤❛♥♥❡❧❣✐✈✐♥❣❤❡❜❡ ❡✉❧ ✐❝♦♥✐❞❡❡❞✳

■♥❤✐ ❝❛❡✱❛❝❝♦❞✐♥❣ ♦♦✉ ❡ ✱❤❡❛♠♣❧✐✉❞❡♦❢ ❤❡❍❍❝❤❛♥♥❡❧✐ ❝❤♦❡♥✳

❚❤❡♠❡❤♦❞✐❞❡♥♦❡❞❜②▼●❉❍❍✰ ❲❚✰❙✱✇❤❡❡WT ❛❡❢♦ ❤❡✇❛✈❡❧❡

❛♥❢♦♠❛♥❞S❞❡♥♦❡ ❤❡♣❛✐❛❧❞❡♣❡♥❞❡♥❝❡✳

❲❤❡♥♠✉❧ ✐♣❧❡♣♦❧❛✐♠❡✐❝❝❤❛♥♥❡❧❛❡❛✈❛✐❧❛❜❧❡✱❤❡♣♦❧❛✐♠❡✐❝❞❡♣❡♥❞❡♥❝②

❝❛♥❜❡❛❧♦❡①♣❧♦✐❡❞✱❛❢♦❧❧♦✇❬■❧❡❛❡❛❧✳✷✵✶✺❝❪✳

✸✳✹✳✷✳✸ ▼●❉ ▼♦❞❡❧❢♦ ❛❚❤❡❡ ♦❧❛✐③❛✐♦♥■♠❛❣❡

❚❤❡❍❍✱❍❱❛♥❞❱❱♣♦❧❛✐③❛✐♦♥✐♠❛❣❡❛❡♠❡❣❡❞✐♥♦❛✸✲❞✐♠❡♥✐♦♥❛❧❛❛②✱

✇✐❤❡❛❝❤♣✐①❡❧❜❡✐♥❣❛❝♦♠♣❧❡①♥✉♠❜❡✳❇②✉✐♥❣❤✐ ✉❝✉❡✱❤❡♣♦❧❛✐♠❡✐❝

✐♥❢♦♠❛✐♦♥❧②✐♥❣✐♥ ♦❧❙❆❘✐♠❛❣❡ ❝❛♥❜❡✉❡❞✳ ❚❤❡❡❞✐✛❡❡♥❛❧❣♦✐❤♠ ❛❡

❞❡✈❡❧♦♣❡❞❜❛❡❞♦♥✿

• ❤❡♣♦❧❛✐♠❡✐❝❞❡♣❡♥❞❡♥❝❡✭❞❡♥♦❡❞▼●❉ ♦❧❛✮✿❤❡❝♦♠♣❧❡①✸✲❞✐♠❡♥✐♦♥❛❧

❛❛②✐♠♦❞❡❧❡❞❜② ❤❡▼●❉✳❋♦ ❡❛❝❤♣✐①❡❧✱❤❡❝♦♠♣❧❡①✐♥❢♦♠❛✐♦♥❝♦♥✲

❛✐♥❡❞✐♥❤❡❤❡❡♣♦❧❛✐♠❡✐❝❝❤❛♥♥❡❧✐❡①❛❝❡❞❛♥❞♦❣❛♥✐③❡❞✐♥❛✈❡❝♦



✸✳✹✳ ❆♣♣❧✐❝❛✐♦♥♦ ♦❧❙❆❘■♠❛❣❡❈❧❛ ✐✜❝❛✐♦♥ ✸✺

✇✐❤3❡❧❡♠❡♥✳❚❤❡❡♦❢❛❧❧✈❡❝♦ ❝❤❛❛❝❡✐③❡ ❤❡❝♦✲❝❤❛♥♥❡❧❞❡♣❡♥✲

❞❡♥❝❡❛♥❞✐✐♠♦❞❡❧❡❞❜② ❤❡▼●❉✳❆❛❡✉❧ ✱❛3×3❝♦✈❛✐❛♥❝❡♠❛✐①

✐❡✐♠❛❡❞❜②✉✐♥❣❤❡❙❈▼✱♦ ❤❡❋ ❛❧❣♦✐❤♠✳❚❤✐✇♦❦✢♦✇✐ ②♥✲

❤❡✐③❡❞✐♥❋✐❣✉❡✸✳✾✳

❋✐❣✉❡✸✳✾✿ ♦❧❛✐♠❡✐❝❞❡♣❡♥❞❡♥❝❡✳

• ❤❡♣♦❧❛✐♠❡✐❝❞❡♣❡♥❞❡♥❝❡❛♥❞❤❡✇❛✈❡❧❡❞❡❝♦♠♣♦✐✐♦♥✭❞❡♥♦❡❞▼●❉ ♦✲

❧❛✰ ❲❚✮✿❤❡❝♦♠♣❧❡①✸✲❞✐♠❡♥✐♦♥❛❧❛❛②✐✜❧❡❡❞✉✐♥❣❤❡❞❜✹✇❛✈❡❧❡

❛♥❢♦♠✇✐❤2❝❛❧❡❛♥❞3♦✐❡♥❛✐♦♥✳❋♦❡❛❝❤♣✐①❡❧✐♥❡❛❝❤✉❜❜❛♥❞✱

❤❡✐♥❢♦♠❛✐♦♥❝♦♥❛✐♥❡❞✐♥♦ ❤❡ ❤❡❡♣♦❧❛✐♠❡✐❝❝❤❛♥♥❡❧✐❡①❛❝❡❞

❛♥❞♠♦❞❡❧❡❞❜②❤❡▼●❉✳❚❤✉✱❛3×3❝♦✈❛✐❛♥❝❡♠❛✐①✐❡✐♠❛❡❞❜②

✉✐♥❣❤❡❙❈▼✱♦ ❤❡❋ ❛❧❣♦✐❤♠✳❚❤❡❡♥✐❡❛❧❣♦✐❤♠✐ ✐❧❧✉ ❛❡❞✐♥

❋✐❣✉❡✸✳✶✵✳

❋✐❣✉❡✸✳✶✵✿ ♦❧❛✐♠❡✐❝❞❡♣❡♥❞❡♥❝❡❛♥❞❤❡✇❛✈❡❧❡❞❡❝♦♠♣♦✐✐♦♥✳

• ❤❡♣♦❧❛✐♠❡✐❝❛♥❞♣❛✐❛❧❞❡♣❡♥❞❡♥❝❡✱❛❧♦♥❣✇✐❤❤❡✇❛✈❡❧❡❞❡❝♦♠♣♦✐✐♦♥

✭❞❡♥♦❡❞▼●❉ ♦❧❛✰❲❚✰❙✮✿❤❡❝♦♠♣❧❡①✸✲❞✐♠❡♥✐♦♥❛❧❛❛②✐❞❡❝♦♠✲

♣♦❡❞✉✐♥❣❤❡❞❜✹✇❛✈❡❧❡ ❛♥❢♦♠❤❛✈✐♥❣2❝❛❧❡❛♥❞3♦✐❡♥❛✐♦♥✳❋♦

❡❛❝❤♣✐①❡❧✐♥❡❛❝❤✉❜❜❛♥❞✱❛♣❛✐❛❧❞❡♣❡♥❞❡♥❝❡❣✐✈❡♥❜②❛3×3♥❡✐❣❤❜♦❤♦♦❞

✐❝♦♥✐❞❡❡❞✳ ❚❤❡27❡①❛❝❡❞❡❧❡♠❡♥ ❛❡ ✉❝✉❡❞✐♥❛✈❡❝♦❛♥❞❤❡

❡♦❢❛❧❧✈❡❝♦ ✐♠♦❞❡❧❡❞❜② ❤❡▼●❉✱❛ ❤♦✇♥✐♥❋✐❣✉❡✸✳✶✶✳❆27×27

❝♦✈❛✐❛♥❝❡♠❛✐①✐ ❤❡♥❡ ✐♠❛❡❞✇✐❤❤❡❙❈▼✱♦ ❤❡❋ ❡✐♠❛♦✳



✸✻ ❈❤❛♣❡ ✸✳ ❘♦❜✉ ❈❧❛ ✐✜❝❛✐♦♥ ❲♦❦✢♦✇♦♥ ❤❡❙♣❛❝❡♦❢❈♦✈❛✐❛♥❝❡ ▼❛✐❝❡

❋✐❣✉❡✸✳✶✶✿ ♦❧❛✐♠❡✐❝❛♥❞♣❛✐❛❧❞❡♣❡♥❞❡♥❝❡✱❛❧♦♥❣✇✐❤✇❛✈❡❧❡❞❡❝♦♠♣♦✐✐♦♥✳

✸✳✹✳✸ ❘❡✉❧

■♥❤❡❝♦♥❡①♦❢❛ ✉♣❡✈✐❡❞❝❧❛✐✜❝❛✐♦♥❛♣♣♦❛❝❤✱ ❤❡❞❛❛❜❛❡✐ ❛♥❞♦♠❧②

❞✐✈✐❞❡❞✐♥♦❛ ❛✐♥✐♥❣❛♥❞❛❡✐♥❣❡❜②❛❝♦✲✈❛❧✐❞❛✐♦♥♣♦❝❡❞✉❡✳❚❤❡♣❛✐✲

✐♦♥✐♥❣❛❧❣♦✐❤♠✐ ❡♣❡❛❡❞100✐♠❡❛♥❞✱❢♦❡❛❝❤✐❡❛✐♦♥✱❤❛❧❢♦❢❤❡❞❛❛❜❛❡

✐✉❡❞❢♦ ❛✐♥✐♥❣✱✇❤✐❧❡❤❡♦❤❡❤❛❧❢✐✉❡❞❢♦ ❡✐♥❣✳❖♥❝❡❤❡❢❡❛✉❡✈❡❝♦

❛❡❡①❛❝❡❞❢♦❛❧❧❤❡✐♠❛❣❡✱❛✐♠✐❧❛✐②♠❡❛✉❡❜❡✇❡❡♥ ❡✐♥❣❛♥❞ ❛✐♥✐♥❣

✐♠❛❣❡✐❝♦♠♣✉❡❞❜②✉✐♥❣❤❡ ▼❛❤❛❧❛♥♦❜✐ ❞✐ ❛♥❝❡❢♦ ❤❡●▲❈▼❛❧❣♦✐❤♠

❛♥❞❤❡ ❛✐✐❝SGD✱❞❡✜♥❡❞✐♥❙❡❝✐♦♥✸✳✸✳✶✱❢♦ ❤❡♦❤❡ ✳ ❆❧❧❤❡♣❡✈✐♦✉❧②

❞❡❝✐❜❡❞❛❧❣♦✐❤♠❛❡❡❡❞❛♥❞❤❡❡✐❡✈❛❧♣❡❢♦♠❛♥❝❡✐ ❡✈❛❧✉❛❡❞❜②♠❡❛♥

♦❢❤❡♦✈❡❛❧❧❛❝❝✉❛❝②❝♦♠♣✉❡❞❢♦❛k✲♥❡❛❡ ♥❡✐❣❤❜♦❝❧❛✐✜❡✭k✲◆◆✮✱✇✐❤k

❡ ♦5✳

■♥❤❡❢♦❧❧♦✇✐♥❣✱❤❡❝❧❛ ✐✜❝❛✐♦♥♣❡❢♦♠❛♥❝❡ ♦❜❛✐♥❡❞♦♥❜♦❤✐♠✉❧❛❡❞❛♥❞

❡❛❧❙❆❘✐♠❛❣❡❛❡♣❡❡♥❡❞✳

✸✳✹✳✸✳✶ ❙✐♠✉❧❛❡❞▲✲❜❛♥❞❙❆❘■♠❛❣❡

❆ ♠❡♥✐♦♥❡❞✐♥❙❡❝✐♦♥✸✳✹✳✶✳✶✱✇♦ ②♣❡ ♦❢❡①♣❡✐♠❡♥ ❛❡♣❡❢♦♠❡❞♦♥ ✐♠✲

✉❧❛❡❞❞❛❛✱✐♥♦❞❡ ♦ ✉❞② ❤❡✐♠♣❛❝ ♦❢ ❤❡❛❝✉✐✐✐♦♥♣❛❛♠❡❡ ♦♥ ❤❡

❝❧❛✐✜❝❛✐♦♥✳ ❚❤❡❝♦♥✐❞❡❡❞❡①♣❡✐♠❡♥ ❛❡❞❡✐❣♥❡❞♦✜♥❞♦✉ ❤❡❜❡ ❛✐✲

❜♦♥❡❝♦♥✜❣✉❛✐♦♥✭❡♦❧✉✐♦♥✱✐♥❝✐❞❡♥❝❡❛♥❣❧❡✱♥✉♠❜❡♦❢♣♦❧❛✐♠❡✐❝❝❤❛♥♥❡❧✮

❢♦♠❛✐✐♠❡♣✐♥❡❝❧❛✐✜❝❛✐♦♥❛❝❝♦❞✐♥❣♦❤❡ ❛♥❞❛❣❡✳■♥❛❞❞✐✐♦♥✱❤❡❡❧❛✐♦♥

❜❡✇❡❡♥ ❤❡♥✉♠❜❡ ♦❢♣♦❧❛✐♠❡✐❝❝❤❛♥♥❡❧✱❡♦❧✉✐♦♥❛♥❞❝❧❛✐✜❝❛✐♦♥♣❡❢♦✲

♠❛♥❝❡✐ ❛❧♦ ✉❞✐❡❞✳■♥♦❤❡ ✇♦❞✱❤❡ ❛❞❡✲♦✛❜❡✇❡❡♥❤❛✈✐♥❣❛ ✐♥❣❧❡❤✐❣❤

❡♦❧✉✐♦♥❙❆❘✐♠❛❣❡✱♦❛❧♦✇❡♦❧✉✐♦♥♦❧❙❆❘✐♠❛❣❡✇✐❤✇♦✱♦ ❤❡❡❝❤❛♥♥❡❧

✐❛❞❞❡❡❞✳

■♥✢✉❡♥❝❡♦❢❤❡✐♠❛❣❡ ❡♦❧✉✐♦♥

❋✐ ✱❤❡✐♥✢✉❡♥❝❡♦❢ ❤❡✐♠❛❣❡ ❡♦❧✉✐♦♥✐ ❡❡❞✳❋♦ ❤✐ ❡①♣❡✐♠❡♥✱❤❡

✐♥❝✐❞❡♥❝❡❛♥❣❧❡✐✜①❡❞ ♦45◦❛♥❞ ❤❡✐♠❛❣❡ ❡♦❧✉✐♦♥✈❛✐❡❢♦♠0.5♠ ♦5♠✳



✸✳✹✳ ❆♣♣❧✐❝❛✐♦♥♦ ♦❧❙❆❘■♠❛❣❡❈❧❛ ✐✜❝❛✐♦♥ ✸✼

❋✐❣✉❡✸✳✶✷❞❛✇ ❤❡✐♥✢✉❡♥❝❡♦❢❞✐ ❛♥❝❡d♦✜♥❞✐ ❜❡ ✈❛❧✉❡❢♦ ❤❡●▲❈▼

♠❡❤♦❞✳■❝❛♥❜❡❡❡♥❤❛❞✐ ❛♥❝❡❜❡✇❡❡♥1❛♥❞5
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♣✐①❡❧❣✐✈❡❤❡❜❡ ❡✉❧ ✳

❋✐❣✉❡✸✳✶✷✿ ■♥✢✉❡♥❝❡♦❢❞✐❛♥❝❡d✐♥●▲❈▼♦♥❝❧❛✐✜❝❛✐♦♥❛❝❝✉❛❝②❢♦ ❞✐✛❡❡♥

♣❛✐❛❧❡♦❧✉✐♦♥✭❍❱❝❤❛♥♥❡❧✮✭❙♦✉❝❡✿❬■❧❡❛❡❛❧✳✷✵✶✺❝❪❝[2015]■❊❊❊✮✳

◆❡①✱❋✐❣✉❡✸✳✶✸ ❤♦✇ ❛❝♦♠♣❛✐♦♥❜❡✇❡❡♥ ❤❡●▲❈▼❛❧❣♦✐❤♠❛♥❞ ❤❡

❛✐✐❝❛❧❜❛❡❞❛♣♣♦❛❝❤❡✱❦♥♦✇✐♥❣❤❛ ❡❛❝❤ ✐♠❡✱❤❡♣♦❧❛✐③❛✐♦♥✇✐❤ ❤❡

❜❡ ♣❡❢♦♠❛♥❝❡✐ ❡❛✐♥❡❞✳■♥❛❞❞✐✐♦♥✱❜♦❤❙❈▼✭❋✐❣✉❡✸✳✶✸✳❛✮❛♥❞❋✭❋✐❣✲

✉❡✸✳✶✸✳❜✮❡✐♠❛♦ ❛❡✉❡❞✳❇②❛♥❛❧②③✐♥❣❤❡❡❡✉❧ ✐❝❛♥❜❡♥♦✐❝❡❞❤❛

❢♦ ✐♠✉❧❛❡❞❞❛❛✐✐❜❡ ❡ ♦❤❛✈❡♦♥❡✈❡②❤✐❣❤❡♦❧✉✐♦♥♣♦❧❛✐③❛✐♦♥❝❤❛♥♥❡❧

✭99±1%❢♦▼●❉❍❍✰ ❲❚✰❙❛ 0.5♠❡❡✮❤❛♥❛❧♦✇ ❡♦❧✉✐♦♥❢✉❧❧②♣♦✲

❧❛✐♠❡✐❝❙❆❘✐♠❛❣❡✭85±4.5%❢♦▼●❉ ♦❧❛❛5♠❡❡✮✳❋♦ ❤✐ ❡①❛♠♣❧❡✱
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▲✲❜❛♥❞❙❆❘✐♠❛❣❡ ✇✐❤✐♥❝✐❞❡♥❝❡❛♥❣❧❡ ♦❢45◦✱❦♥♦✇✐♥❣❤❛ ✭❛✮❤❡❙❈▼❛♥❞✭❜✮ ❤❡
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✸✳✹✳✸✳✷ ❘❡❛❧▲✲❜❛♥❞❙❆❘■♠❛❣❡

❊✈❡♥ ❤♦✉❣❤ ♦❧❙❆❘♣♦❙✐♠♣♦✈✐❞❡❛❢❛✐❧❡✈❡❧♦❢❡❛❧✐♠✱ ✐❣♥✐✜❝❛♥❞✐✛❡❡♥❝❡

❝❛♥❜❡♦❜❡✈❡❞❜❡✇❡❡♥ ✐♠✉❧❛❡❞✭❋✐❣✉❡✸✳✺✮❛♥❞❡❛❧❞❛❛✭❋✐❣✉❡✸✳✻✮✳❚❤♦❡

❞✐✛❡❡♥❝❡❛❡❤❡ ❡✉❧ ♦❢✈❛✐♦✉♣❤❡♥♦♠❡♥❛✱ ✉❝❤❛ ❢♦❡ ♠❛♥❛❣❡♠❡♥ ♣❛❝✲

✐❝❡✭❤✐♥♥✐♥❣♦♣❡❛✐♦♥✱♣❧❛♥❛✐♦♥❞❡♥✐②✮❛♥❞♥❛✉❛❧❤❛③❛❞✭♦♠❞❛♠❛❣❡✮✱

②✐❡❧❞✐♥❣♦♦♠❡✇✐❤✐♥✲❝❧❛ ❞✐✈❡ ✐②✳❍❡♥❝❡✱❛❞✐♣❧❛②❡❞✐♥❚❛❜❧❡✸✳✷✱❝❧❛✐✜❝❛✲

✐♦♥❡✉❧ ♦♥❡❛❧❙❆❘✐♠❛❣❡❛❡❧♦✇❡ ❤❛♥ ❤♦❡❤♦✇♥✐♥❙❡❝✐♦♥✸✳✹✳✸✳✶♦♥

②♥❤❡✐❝❞❛❛❡✳❙✐♠✐❧❛ ♦ ❤❡❝❛❡♦❢✐♠✉❧❛❡❞✐♠❛❣❡✇✐❤❛ ❡♦❧✉✐♦♥♦❢3

❛♥❞5♠✱ ❤❡❜❡ ❡✉❧ ❛❡❣✐✈❡♥❢♦●▲❈▼❍❱✭86.6±5.6%✮❛♥❞ ▼●❉ ♦❧❛

✭84.0±4.4%✮♠❡❤♦❞✳❇❛❡❞♦♥❤❡❢❛❝ ❤❛❢♦ ❤❡❡❡♦❧✉✐♦♥✱❤❡❙❈▼❛♥❞

❋ ❡✐♠❛♦♣❡❢♦♠✈❡②✐♠✐❧❛✱♦♥❧②❤❡❡✉❧ ♦❜❛✐♥❡❞❜②✉✐♥❣❤❡❙❈▼❤❛✈❡

❜❡❡♥❡♣♦❡❞✳

❈❧❛ ✐✜❝❛✐♦♥♠❡❤♦❞ ❖✈❡❛❧❧❛❝❝✉❛❝②

●▲❈▼❍❱ 86.6±5.6

▼●❉❍❍✰ ❲❚✰❙ 59.0±5.4

▼●❉ ♦❧❛ 84.0±4.4

▼●❉ ♦❧❛✰ ❲❚ 81.8±4.0

▼●❉ ♦❧❛✰ ❲❚✰❙ 63.5±4.9

❚❛❜❧❡✸✳✷✿❈♦♠♣❛✐♦♥❜❡✇❡❡♥ ❤❡❝❧❛ ✐✜❝❛✐♦♥❛❧❣♦✐❤♠❢♦ ❡❛❧▲✲❜❛♥❞❙❆❘✐♠❛❣❡✱

❦♥♦✇✐♥❣❤❛ ❤❡❙❈▼♠❡❤♦❞✐✉❡❞❢♦ ❤❡❝♦✈❛✐❛♥❝❡♠❛✐①❡✐♠❛✐♦♥✳

✸✳✹✳✸✳✸ ❘❡✉❧ ❙②♥❤❡✐

❚♦ ②♥❤❡✐③❡❤❡ ❡✉❧ ❡♣♦❡❞✐♥ ❤✐ ❡❝✐♦♥✱❤❡❢♦❧❧♦✇✐♥❣❝♦♥❝❧✉✐♦♥❝❛♥

❜❡❡①♣❡❡❞❝♦♥❝❡♥✐♥❣ ❤❡❛❝✉✐✐✐♦♥♣❛❛♠❡❡✳ ❋♦❤✐❣❤ ❡♦❧✉✐♦♥✐♠❛❣❡✱

❤❡❧✐♥❦❜❡✇❡❡♥ ❤❡❢♦❡ ✉❝✉❡✈❛✐❛❜❧❡✭❛♥❞❛❣❡❛♥❞❞❡♥✐②✱ ❡❡❤❡✐❣❤✱

❞✐❛♠❡❡♦❢ ❡❡❝♦✇♥✱❡❝✮❛♥❞❤❡✐♠❛❣❡❡①✉❡❝❛♥❜❡❡①♣❧♦✐❡❞✳❖♥❤❡♦❤❡

❤❛♥❞✱❢♦❧♦✇❡♦❧✉✐♦♥✐♠❛❣❡✱❤❡❡①✉❛❧✐♥❢♦♠❛✐♦♥✐♥♦♠♦❡✈✐✐❜❧❡✱❜✉ ❤❡

♣♦❧❛✐♠❡✐❝✐♥❢♦♠❛✐♦♥❝❛♥❜❡✉❡❢✉❧✐♥❝❧❛✐✜❝❛✐♦♥✳ ❚❤❡❡♦❜❡✈❛✐♦♥❤❛✈❡

❜❡❡♥❝♦♥✜♠❡❞❜② ❤❡❡①♣❡✐♠❡♥ ♣❡❢♦♠❡❞♦♥ ✐♠✉❧❛❡❞❞❛❛✳■♥❤✐❝❛❡✱❤❡

❡✉❧ ❤❛✈❡ ❤♦✇♥ ❤❛ ✐✐❜❡ ❡ ♦❤❛✈❡♦♥❡✈❡②❤✐❣❤ ❡♦❧✉✐♦♥♣♦❧❛✐③❛✐♦♥

❝❤❛♥♥❡❧❤❛♥❛❧♦✇ ❡♦❧✉✐♦♥❢✉❧❧②♣♦❧❛✐♠❡✐❝❙❆❘✐♠❛❣❡✳ ❉✉❡♦❤❡♣❡❡♥❝❡

♦❢✇✐❤✐♥✲❝❧❛ ❞✐✈❡ ✐②✱❤✐ ♦❜❡✈❛✐♦♥❝❛♥❜❡❧✐❣❤❧②♠♦❞✐✜❡❞❢♦ ❡❛❧ ♦❧❙❆❘
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✐❞✉❡♦❤❡♦✉❣❤♥❡ ♦❢❤❡❛♥❛❧②③❡❞✉❢❛❝❡✇✐❤❡♣❡❝ ♦❤❡❛❞❛✇❛✈❡❧❡♥❣❤✳



✹✵ ❈❤❛♣❡ ✸✳ ❘♦❜✉ ❈❧❛ ✐✜❝❛✐♦♥ ❲♦❦✢♦✇♦♥ ❤❡❙♣❛❝❡♦❢❈♦✈❛✐❛♥❝❡ ▼❛✐❝❡

▼♦❡♣❡❝✐❡❧②✱✐♥♦❞❡ ♦♦❜❛✐♥❙❆❘✐♠❛❣❡✱❤❡❛❣❡ ❡❣✐♦♥✐✐❧❧✉♠✐♥❛❡❞✇✐❤

♠✐❝♦✇❛✈❡♣✉❧❡❛♥❞ ❤❡ ❡✉♥❡❞ ✐❣♥❛❧✐ ❡❝♦❞❡❞✳ ❚❤✐ ❡❝❤♦❝♦♥✐ ♦❢ ❤❡

❡✢❡❝❡❞✇❛✈❡❝♦❡♣♦♥❞✐♥❣ ♦ ❤❡ ❝❛❡❡❡❧❡♠❡♥ ❝♦♥❛✐♥❡❞✐♥❛ ❡♦❧✉✐♦♥

❝❡❧❧✳ ❙✐♥❝❡ ❤❡❧♦❝❛✐♦♥♦❢❝❛❡❡ ✈❛✐❡✱❤❡ ❡❝❡✐✈❡❞✇❛✈❡ ❛❡❝♦❤❡❡♥✐♥

❢❡✉❡♥❝②✱❜✉♥♦✐♥♣❤❛❡✱❝❛✉✐♥❣❛♣✐①❡❧✲♦✲♣✐①❡❧✈❛✐❛✐♦♥✐♥✐♥❡♥✐②✱❦♥♦✇♥❛

❤❡♣❡❝❦❧❡❬▲❡❡✫ ♦✐❡✷✵✵✾❪✳

❋♦♠❤❡✐♠❛❣❡♣♦❝❡✐♥❣♣♦✐♥♦❢✈✐❡✇✱❤✐ ②♣❡♦❢♥♦✐❡♠❛❦❡✐❞✐✣❝✉❧ ♦

❛♥❛❧②③❡❙❆❘✐♠❛❣❡✱❤❛✈✐♥❣❛♥❡❣❛✐✈❡✐♠♣❛❝♦♥❤❡❛❝❝✉❛❝②♦❢✐♠❛❣❡❡❣♠❡♥✲

❛✐♦♥✱♦❝❧❛✐✜❝❛✐♦♥❬▲❡❡✫ ♦✐❡✷✵✵✾❪✳■♥♦❞❡ ♦❞❡✈❡❧♦♣❡✣❝✐❡♥♠❡❤♦❞

♦❞❡❛❧✇✐❤ ❤❡ ♣❡❝❦❧❡✱✐ ❛✐✐❝❛❧♣♦♣❡✐❡❤❛✈❡ ♦❜❡ ❛❦❡♥✐♥♦❛❝❝♦✉♥✳

❚❤❡❡❢♦❡✱✐♥❬▲❡❡✶✾✽✵❪✐❤❛ ❜❡❡♥ ❤♦✇♥ ❤❛ ❤❡ ♣❡❝❦❧❡❝❛♥❜❡❞❡❝✐❜❡❞✐♥

❡♠ ♦❢❛♠✉❧✐♣❧✐❝❛✐✈❡♥♦✐❡♠♦❞❡❧✿

I(x,y)=R(x,y)×N(x,y), ✭✸✳✷✵✮

✇❤❡❡I(·)✐ ❤❡❛❝✉✐❡❞❙❆❘✐♠❛❣❡✱R(·)✐ ❤❡♥♦✐❡❢❡❡❡✢❡❝❛♥❝❡✱N(·)✐

❤❡♥♦✐❡❛♥❞(x,y)✐ ❤❡❝♦♥✐❞❡❡❞♣✐①❡❧✳■♥❤❡❛♠❡✇♦❦✱❤❡♣♦♣♦❡❞❤❡✉❡

♦❢ ❤❡❧♦❝❛❧♠❡❛♥❛♥❞❧♦❝❛❧✈❛✐❛♥❝❡✱❢♦✐♠❛❣❡✜❧❡✐♥❣✳ ❚❤✐♠❡❤♦❞❤❛ ❜❡❡♥

❡①❡♥❞❡❞♥❡①✱✐♥❬▲❡❡✶✾✽✶❪✱❜②✉✐♥❣❤❡❧♦❝❛❧❣❛❞✐❡♥✐♥❢♦♠❛✐♦♥✳❇❡✐♥❣❞❡✜♥❡❞

♦♥❛ ❧✐❞✐♥❣✇✐♥❞♦✇✱❤❡❡♠❡❤♦❞ ♠❛②❜❡✐♥✢✉❡♥❝❡❞❜② ❤❡✇✐♥❞♦✇✬ ✐③❡❛♥❞

❢♦♠✳■♥❬❱❛✐❧❡❡❛❧✳✷✵✵✻❪✱❛♥♦❤❡❛♣♣♦❛❝❤✱❤❛❜❡❡♥✐♥♦❞✉❝❡❞✳❇②✉✐♥❣❤❡

❡❣✐♦♥❣♦✇✐♥❣❛❧❣♦✐❤♠✱❤❡❛✉❤♦ ♣♦♣♦❡❞❤❡❝♦♥ ✉❝✐♦♥♦❢❛❞❛♣✐✈❡♥❡✐❣❤✲

❜♦❤♦♦❞❢♦ ❤❡❛✈❡❛❣✐♥❣♣♦❝❡✳❉✐✛❡❡♥✜❧❡✐♥❣♠❡❤♦❞✱❜❛❡❞♦♥♥♦♥✲❧♦❝❛❧

♠❡❛♥ ❬❩❤♦♥❣❡❛❧✳✷✵✶✹✱❉❡❧❡❞❛❧❧❡❡❛❧✳✷✵✶✺❪✱♦♦♥♣❛✐❛❧❞✐✛❡❡♥✐❛❧❡✉❛✐♦♥❬❨✉

✫❆❝♦♥✷✵✵✷❪❤❛✈❡❜❡❡♥❛❧♦✉❡❞❢♦✐♠❛❣❡✜❧❡✐♥❣✳

❚❤❡❛❞✈❛♥❛❣❡♦❢♣❛✐❛❧❞✐✛❡❡♥✐❛❧❡✉❛✐♦♥✭❉❊✮❜❛❡❞❛❧❣♦✐❤♠ ❧✐❡✐♥

❤❡♣♦ ✐❜✐❧✐②♦❢❞❡✜♥✐♥❣❛❞❛♣✐✈❡❞✐✛✉✐♦♥❢✉♥❝✐♦♥✳❚❤❡❡❢✉♥❝✐♦♥❛❧❧♦✇❜♦❤

♠♦♦❤✐♥❣❛♥❞❡❞❣❡♣❡❡✈❛✐♦♥✱♦❡✈❡♥❡❞❣❡❡♥❤❛♥❝❡♠❡♥✳ ❚❤❡❡❢♦❡✱✐♥❤❡

❢♦❧❧♦✇✐♥❣✱❛ ❉❊❜❛❡❞❛❧❣♦✐❤♠✱♠♦❡♣❡❝✐❡❧②❤❡♦♥❡✐♥♦❞✉❝❡❞✐♥❬❚❡❡❜❡

❡❛❧✳✷✵✶✺✱❚❡❡❜❡❡❛❧✳✷✵✶✻❪✱✇✐❧❧❜❡❝♦♥✐❞❡❡❞❢♦ ♦❧❙❆❘✐♠❛❣❡❞❡♥♦✐✐♥❣✳

✸✳✺✳✷ ◆♦✐❡❘❡♠♦✈❛❧❆❧❣♦✐❤♠❯✐♥❣❉✐❡❝✐♦♥❛❧❉✐✛✉✐♦♥

■♥❬❚❡❡❜❡❡❛❧✳✷✵✶✺✱❚❡❡❜❡❡❛❧✳✷✵✶✻❪✱✇❡♣♦♣♦❡❛♥❡✇❞✐❡❝✐♦♥❛❧❞✐✛✉✐♦♥

♠❡❤♦❞❢♦ ♣❡❝❦❧❡✜❧❡✐♥❣✱❜❛❡❞♦♥❤❡♠✉❧✐♣❧✐❝❛✐✈❡❣❛❞✐❡♥❢♦❡❞❣❡❞❡❡❝✲

✐♦♥❬▼♦❛❡❛❧✳✷✵✶✷❪✳ ❚❤✐✜❧❡✐♥❣❡❝❤♥✐✉❡✐ ❛ ❉❊❜❛❡❞❛♣♣♦❛❝❤✱ ❤❛

✐❡❛✐✈❡❧②❡❣✉❧❛✐③❡ ❤❡ ♦❧❙❆❘✐♠❛❣❡✱❜②✉♣❞❛✐♥❣❤❡✐✈❛❧✉❡❛❡❛❝❤♣♦✐✐♦♥

♦♥❛❞✐❝❡❡✇♦✲❞✐♠❡♥✐♦♥❛❧❣✐❞✳

✸✳✺✳✷✳✶ ▼♦❞❡❧

■♥♦❞❡ ♦❞❡✈❡❧♦♣❤❡♠❛❤❡♠❛✐❝❛❧♠♦❞❡❧♦❢❤❡♣♦♣♦❡❞✜❧❡✐♥❣❛❧❣♦✐❤♠✱❤❡

✐♥♣✉✈❡❝♦C✐✜ ✐♥♦❞✉❝❡❞✿

C= |HH|2 2|HV|2 |VV|2, ✭✸✳✷✶✮



✸✳✺✳ ■♥✢✉❡♥❝❡♦❢❛ ❉❊❇❛ ❡❞❋✐❧❡✐♥❣♦♥ ♦❧❙❆❘■♠❛❣❡❈❧❛ ✐✜❝❛✐♦♥ ✹✶

✇❤❡❡|·|❡♣❡❡♥ ❤❡♠♦❞✉❧✉✱✇❤✐❧❡HH✱HV ❛♥❞VV❛❡❤❡❤❡❡❝♦♠♣❧❡①✲

✈❛❧✉❡❞❝❤❛♥♥❡❧❛✈❛✐❧❛❜❧❡❢♦ ♦❧❙❆❘❞❛❛✳■❤❛ ♦❜❡♠❡♥✐♦♥❡❞❤❛ ❤✐♠❡❤♦❞

❝❛♥❜❡❛♣♣❧✐❡❞♦♥❛❧❧❤❡❡❧❡♠❡♥ ✐♥❤❡♣♦❧❛✐♠❡✐❝❝♦✈❛✐❛♥❝❡♠❛✐①✳

◆❡①✱ ❛✐♥❣❢♦♠C✱❤❡♣❛♥♦❢❤❡ ♦❧❙❆❘❞❛❛✐❝♦♠♣✉❡❞✱❡✈✐♥❣❛ ❤❡

✉♣♣♦ ❢♦ ❤❡❝♦♥ ✉❝✐♦♥♦❢❤❡♠✉❧✐♣❧✐❝❛✐✈❡❣❛❞✐❡♥✳❋♦❛❣✐✈❡♥✐❡❛✐♦♥t✱

❤❡♣❛♥✐❡①♣❡❡❞✱❛ ❤❡♣❛✐❛❧♣♦✐✐♦♥(x,y)❛✿

S(x,y,t)=

3

i=1

Ci(x,y,t), ✭✸✳✷✷✮

✇✐❤Ci❜❡✐♥❣ ❤❡❡❧❡♠❡♥ ♦❢✈❡❝♦ C✳ ❋♦ ✐♠♣❧✐✜❝❛✐♦♥✱S(x,y,t)✐❞❡♥♦❡❞

❢✉❤❡❜②S✳ ❲✐❤❤✐♥♦❛✐♦♥❛♥❞❜❛❡❞♦♥❤❡♣♦❝❡❞✉❡♣❡❡♥❡❞✐♥❬❚❡❡❜❡

❡❛❧✳✷✵✶✺❪✱❤❡♥♦♠♦❢ ❤❡♠✉❧✐♣❧✐❝❛✐✈❡❣❛❞✐❡♥ ∇ηS ❝❛♥❜❡❛♣♣♦①✐♠❛❡❞✳

❚❤❡❛♣♣♦①✐♠❛✐♦♥✐♣❡❢♦♠❡❞❝♦♥✐❞❡✐♥❣❤❛ ❤❡ ♣❛♥S❤❛ ❜❡❡♥ ♣❛✐❛❧❧②

❞✐❝❡✐③❡❞♦♥❛♥❡✉❛❧❧②❛♠♣❧❡❞❣✐❞✱❡✉❧✐♥❣❤❛❬▼♦❛❡❛❧✳✷✵✶✷❪✿

∇ηS =exp ln2
Sm+1,n
Sm,n

+ln2
Sm,n+1
Sm,n

, ✭✸✳✷✸✮

✇❤❡❡m❛♥❞n❛❡♣♦✐♥ ♦♥❤❡❞✐❝❡❡❣✐❞❛♥❞ln(·)✐ ❤❡♥❛✉❛❧❧♦❣❛✐❤♠✳

■♥♣❛❝✐❝❡✱❛♠♦♦❤❡❞✈❡ ✐♦♥♦❢❤❡❡①♣❡✐♦♥✐♥✭✸✳✷✸✮✐✉❡❞✱❜②❝♦♥✈♦❧✈✐♥❣

S✇✐❤ ❤❡●❛✉ ✐❛♥❦❡♥❡❧Gσ♦❢ ❛♥❞❛❞❞❡✈✐❛✐♦♥σ✳❚❤❡✉❡♦❢ ∇η(Gσ∗S)

✐♠♦✐✈❛❡❞❜②❤❡♥❡❡❞♦❢❛♥♦✐❡♦❜✉ ♦♣❡❛♦✳

❋✉ ❤❡♦♥✱❤❡ ❉❊❜❛❡❞✜❧❡✐❞❡✜♥❡❞❜②♠♦♦❤✐♥❣❛❧♦♥❣✇♦❛①❡ u❛♥❞

v❤❛ ❝❛♣✉❡ ❤❡❣❡♦♠❡ ②♦❢❛❧❧❤❡♣♦❧❛✐♠❡✐❝❝❤❛♥♥❡❧✳❚❤❡❡✇♦❛①❡ ❛❡

♦❜❛✐♥❡❞ ❛✐♥❣❢♦♠❤❡ ✉❝✉❡❡♥♦♣♦♣♦❡❞✐♥❬❉✐❩❡♥③♦✶✾✽✻❪❜②✉✐♥❣

❤❡❡❧❡♠❡♥ Ci♦❢C✿

Gρ∗

3

i=1

∇Ci(∇Ci)
T, ✭✸✳✷✹✮

✇❤❡❡Gρ✐❛●❛✉✐❛♥❦❡♥❡❧❢✉♥❝✐♦♥♦❢ ❛♥❞❛❞❞❡✈✐❛✐♦♥ρ✳ ▼♦❡♣❡❝✐❡❧②✱u

❛♥❞v❛❡❤❡❡✐❣❡♥✈❡❝♦ ♦❢❤❡ ✉❝✉❡❡♥♦✱❝♦❡♣♦♥❞✐♥❣♦✐ ♠❛❧❧❡ ❛♥❞

❧❛❣❡ ❡✐❣❡♥✈❛❧✉❡✳

■♥❤❡❡♥❞✱❤❡ ❉❊❜❛❡❞✜❧❡❝❛♥❜❡❡①♣❡❡❞❛✿

∂Ci
∂t
=
∂

∂v
[gv(∇η(Gσ∗S))Civ]+

∂

∂u
[gu(∇η(Gσ∗S))Ciu], ✭✸✳✷✺✮

✇❤❡❡gv❛♥❞gu❛❡❤❡❞✐✛✉✐♦♥✱♦ ♠♦♦❤✐♥❣✱❢✉♥❝✐♦♥✳■♥♦❞❡ ♦❤❛✈❡❛♥❛❞❛♣✲

✐✈❡♠♦♦❤✐♥❣❛❧♦♥❣u❛♥❞ ✐❧❧♣❡❡✈✐♥❣❤❡✐♥❢♦♠❛✐♦♥❛❧♦♥❣v✱❤❡❡❢✉♥❝✐♦♥

❛❡❝❤♦❡♥❛♣♦♣♦❡❞✐♥❬❚✐♦✐♦✫ ❡♦✉✷✵✶✸❪✿

gv(s)=exp −
s

Kv

2

✭✸✳✷✻✮

❛♥❞

gu(s)=
1

1+s
2

K2u

, ✭✸✳✷✼✮



✹✷ ❈❤❛♣❡ ✸✳ ❘♦❜✉ ❈❧❛ ✐✜❝❛✐♦♥ ❲♦❦✢♦✇♦♥ ❤❡❙♣❛❝❡♦❢❈♦✈❛✐❛♥❝❡ ▼❛✐❝❡

✇✐❤Kv❛♥❞Ku❜❡✐♥❣❤❡❞✐✛✉✐♦♥❤❡❤♦❧❞❛❧♦♥❣❤❡v❛♥❞u❛①❡✳■♥❛❞❞✐✐♦♥✱

❢♦❡❛❝❤❡❧❡♠❡♥Ci❤❡❞✐❡❝✐♦♥❛❧❞❡✐✈❛✐✈❡❛❧♦♥❣v❛♥❞u❛❡❞❡✜♥❡❞✿

Civ=
∂Ci
∂v

✭✸✳✷✽✮

❛♥❞

Ciu=
∂Ci
∂u
. ✭✸✳✷✾✮

❉✉❡ ♦❤❡✉❡♦❢✇♦❞✐✛❡❡♥ ♠♦♦❤✐♥❣❢✉♥❝✐♦♥✱♠❛❧❧✲❝❛❧❡❝♦❤❡❡♥ ✉❝✲

✉❡❝❛♥❛♣♣❡❛✐♥❤❡❡✈♦❧✈✐♥❣✐♠❛❣❡✳ ❚❤❡❡❛✐❢❛❝ ❝❛♥❜❡❡❞✉❝❡❞❜②✐♥❝♦✲

♣♦❛✐♥❣❤❡♦✐❡♥❛✐♦♥♥♦✐❡✐♥❤❡♣♦♣♦❡❞ ❉❊✳❚❤❡❡❢♦❡✱❢♦❡❛❝❤♣✐①❡❧✱❤❡

♦✐❡♥❛✐♦♥❣✐✈❡♥❜②❤❡ ✉❝✉❡❡♥♦✐♥✭✸✳✷✹✮✐♠♦❞❡❧❡❞❜②❛ ❛♥❞♦♠♣♦❝❡

❤❛✈✐♥❣❤❡❢♦❧❧♦✇✐♥❣π✲♣❡✐♦❞✐❝♣♦❜❛❜✐❧✐②❞❡♥✐②❢✉♥❝✐♦♥✿

p(θ|θm,σθ)∝
1

√
2πσθ

exp −
(θ−θm)

2

2σ2θ
, ✭✸✳✸✵✮

✇❤❡❡θ∈ −π2,
π
2✳θm✐ ❤❡✈❛✐❛❜❧❡✬♠❡❛♥❣✐✈❡♥❜② ❤❡❡✐❣❡♥✈❡❝♦❝♦❡♣♦♥❞✐♥❣

♦❤❡♠❛❧❧❡ ❡✐❣❡♥✈❛❧✉❡♦❢❤❡ ✉❝✉❡❞❡♥♦✐♥✭✸✳✷✹✮❛♥❞σθ✐ ❤❡✈❛✐❛❜❧❡✬

❛♥❞❛❞❞❡✈✐❛✐♦♥❞❡✜♥❡❞❛✿

σθ=α 1−
λ1−λ2
λ1+λ2

, ✭✸✳✸✶✮

✇❤❡❡λ1❛♥❞λ2❛❡❤❡❧❛❣❡ ❛♥❞ ♠❛❧❧❡ ❡✐❣❡♥✈❛❧✉❡♦❢❤❡ ✉❝✉❡❡♥♦✳

α ❡♣❡❡♥ ❤❡♠❛①✐♠✉♠✈❛✐❛♥❝❡♦❢❤❡❞✐ ✐❜✉✐♦♥♠♦❞❡❧✐♥❣❤❡♦✐❡♥❛✐♦♥

❡✐♠❛✐♦♥♣♦❝❡ ❛♥❞✐✐♠❡❛✉❡❞✐♥❞❡❣❡❡✳

✸✳✺✳✷✳✷ ◆✉♠❡✐❝❛❧❆♣♣♦①✐♠❛✐♦♥

❚❤❡❝♦♥✐♥✉♦✉♠♦❞❡❧❣✐✈❡♥✐♥✭✸✳✷✺✮❝❛♥❜❡♥✉♠❡✐❝❛❧❧②❛♣♣♦①✐♠❛❡❞❜②✉✐♥❣❛

♣❛✐❛❧❛♥❞❛❡♠♣♦❛❧❞✐❝❡✐③❛✐♦♥✳ ❋♦ ❤❡ ♣❛✐❛❧❞✐❝❡✐③❛✐♦♥✱❤❡✐♠❛❣❡✐

❛✉♠❡❞♦❜❡❡♣❡❡♥❡❞♦♥❛❞✐❝❡❡❣✐❞✱❡✉❛❧❧② ❛♠♣❧❡❞♦♥❤❡❞✐❡❝✐♦♥♦❢

u❛♥❞v✳■♥❛❞❞✐✐♦♥✱❢♦ ❤❡❡♠♣♦❛❧❞✐❝❡✐③❛✐♦♥✱✉♥✐❢♦♠❧②❞✐ ✐❜✉❡❞❞✐❝❡❡

♠♦♠❡♥ ❛❡❝♦♥✐❞❡❡❞✳ ❆❛ ❡✉❧✱❤❡❝♦♥✐♥✉♦✉❢✉♥❝✐♦♥C(x,y,t)✐ ❛♥✲

❢♦♠❡❞✐♥♦✐ ❞✐❝❡✐③❡❞✈❡✐♦♥C(mh,nh,adt)✱✇❤❡❡m❛♥❞n❛❡❤❡❞✐❝❡❡

♣❛✐❛❧❝♦♦❞✐♥❛❡✱h✐ ❤❡❞✐ ❛♥❝❡❜❡✇❡❡♥ ✇♦♥❡✐❣❤❜♦✐♥❣♣♦✐♥✱dt✐ ❤❡✐♠❡

❞✐❝❡✐③❛✐♦♥ ❡♣❛♥❞a✐ ❤❡♥✉♠❜❡♦❢✐❡❛✐♦♥♥❡❡❞❡❞♦♦❜❛✐♥❤❡❝❛❧❡t✳❋♦

❤❡❡①♣❡✐♠❡♥❛❧♣❛✱h✐❝♦♥✐❞❡❡❞♦❜❡1❛♥❞dt✐ ❡ ♦0.2✳

❇❛❡❞♦♥❤❡❡♦❜❡✈❛✐♦♥✱❤❡❢♦❧❧♦✇✐♥❣❞✐✛❡❡♥❝❡❛❡✐♥♦❞✉❝❡❞✿

D±u(Ci)=±(Cim±1,n−Cim,n) ✭✸✳✸✷✮

❛♥❞

D±v(Ci)=±(Cim,n±1−Cim,n), ✭✸✳✸✸✮

✇❤❡❡❤❡✈❛❧✉❡❝♦❡♣♦♥❞✐♥❣♦(m±1,n)❛♥❞(m,n±1)❛❡♦❜❛✐♥❡❞❜②♠❡❛♥

♦❢❜✐✉❛❞❛✐❝✐♥❡♣♦❧❛✐♦♥❬❚❡❡❜❡❡❛❧✳✷✵✵✹❪✳



✸✳✺✳ ■♥✢✉❡♥❝❡♦❢❛ ❉❊❇❛ ❡❞❋✐❧❡✐♥❣♦♥ ♦❧❙❆❘■♠❛❣❡❈❧❛ ✐✜❝❛✐♦♥ ✹✸

■♥❤❡❡♥❞✱❤❡❡①♣❡✐♦♥✐♥✭✸✳✷✺✮❝❛♥❜❡❛♣♣♦①✐♠❛❡❞❜②✿

∂Ci
∂t
=gu ∇Eη(Gσ∗S) D+u(Ci)−g

u ∇Wη (Gσ∗S) D−u(Ci)

+gv ∇Sη(Gσ∗S) D+v(Ci)−g
v ∇Nη(Gσ∗S) D−v(Ci), ✭✸✳✸✹✮

✇❤❡❡❢♦h=1✿

∇Eη(Gσ∗S) =
∇η(Gσ∗S)m+1,n+ ∇η(Gσ∗S)m,n

2
, ✭✸✳✸✺✮

∇Wη (Gσ∗S) =
∇η(Gσ∗S)m−1,n+ ∇η(Gσ∗S)m,n

2
, ✭✸✳✸✻✮

∇Nη(Gσ∗S) =
∇η(Gσ∗S)m,n−1+ ∇η(Gσ∗S)m,n

2
, ✭✸✳✸✼✮

∇Sη(Gσ∗S) =
∇η(Gσ∗S)m,n+1+ ∇η(Gσ∗S)m,n

2
. ✭✸✳✸✽✮

✸✳✺✳✷✳✸ ❛❛♠❡❡

❚❤✐ ❉❊❜❛❡❞✜❧❡✐♥❣♠❡❤♦❞❤❛ ❡✈❡❛❧♣❛❛♠❡❡ ❤❛❛❡❞❡❛✐❧❡❞♥❡①✿

• ❤❡ ❛♥❞❛❞❞❡✈✐❛✐♦♥σ✿❝❤❛❛❝❡✐③❡ ❤❡●❛✉ ✐❛♥❦❡♥❡❧Gσ✉❡❞❢♦ ❡❣✉✲

❧❛✐③❛✐♦♥✳■♥♣❛❝✐❝❡✱❤❡❜❡ ❡✉❧ ❤❛✈❡❜❡❡♥♦❜❛✐♥❡❞❢♦✈❛❧✉❡❜❡✇❡❡♥

0.5❛♥❞1❀

• ❤❡ ❛♥❞❛❞❞❡✈✐❛✐♦♥ρ✿❝❤❛❛❝❡✐③❡ ❤❡●❛✉ ✐❛♥❦❡♥❡❧Gρ❛♥❞✐ ❡♣✲

❡❡♥ ❤❡ ✐③❡♦❢❤❡ ✉❝✉❡❡♥♦✳ ❱❛❧✉❡❜❡✇❡❡♥1❛♥❞3❤❛✈❡❜❡❡♥

❝♦♥✐❞❡❡❞✐♥♣❛❝✐❝❡❀

• ❤❡❞✐✛✉✐♦♥❤❡❤♦❧❞Kv✿❝❤❛❛❝❡✐③❡ ❤❡❞✐✛✉✐♦♥❛❧♦♥❣v❛❡❛❝❤✐❡❛✲

✐♦♥✱✐❞❡♣❡♥❞♦♥❤❡✐♠❡❛♥❞❤❡♣❛✐❛❧♣♦✐✐♦♥✳■♥♣❛❝✐❝❡✐❤❛❜❡❡♥

❝♦♠♣✉❡❞❛❛♣❡❞❡✜♥❡❞♣❡❝❡♥❛❣❡β♦❢❤❡✐♥❡❣❛❧✈❛❧✉❡❛♦❝✐❛❡❞♦❤❡

❤✐ ♦❣❛♠♦❢✭✸✳✷✸✮✳❚②♣✐❝❛❧❧②✱β ❛❦❡✈❛❧✉❡❜❡✇❡❡♥0.5❛♥❞1❀

• ❤❡❞✐✛✉✐♦♥❤❡❤♦❧❞Ku✿❝❤❛❛❝❡✐③❡ ❤❡❞✐✛✉✐♦♥❛❧♦♥❣u✳■ ✈❛❧✉❡✐

❡❧❛❡❞♦Kv✱❜②❝♦♥✐❞❡✐♥❣❤❛Ku=γKv✱✇✐❤γ≥1❀

• ❤❡ ❛♥❞❛❞❞❡✈✐❛✐♦♥σθ✿✐❛♣❛❛♠❡❡♦❢❤❡♣♦❜❛❜✐❧✐②❞❡♥✐②❢✉♥❝✐♦♥

✐♥✭✸✳✸✵✮❛♥❞✐✐ ❡❧❛❡❞♦♣❛❛♠❡❡α✱❛❡①♣❡❡❞✐♥✭✸✳✸✶✮✳❚❤✐♣❛❛♠✲

❡❡ ❡♣❡❡♥ ❤❡♠❛①✐♠✉♠✈❛✐❛♥❝❡♦❢❤❡♦✐❡♥❛✐♦♥❡✐♠❛✐♦♥♣♦❝❡

❛♥❞✐ ✈❛❧✉❡❛❡❡①♣❡❡❞✐♥❞❡❣❡❡✳■♥♣❛❝✐❝❡✱❤✐❣❤✈❛❧✉❡❣✐✈❡❡✣❝✐❡♥❧②

❡♦❡❞❤♦♠♦❣❡♥❡♦✉ ❡❣✐♦♥✱❜✉♦♥❤❡♦❤❡ ❤❛♥❞✱ ❤❡②❝❛♥❞❡❣❛❞❡❤❡

✜❧❡✬♣❡❢♦♠❛♥❝❡♦♥❡❞❣❡✳❚❤❡❜❡ ❡✉❧ ❤❛✈❡❜❡❡♥♦❜❛✐♥❡❞❢♦✈❛❧✉❡

❜❡✇❡❡♥10❛♥❞50✳

✸✳✺✳✷✳✹ ❊✈❛❧✉❛✐♦♥

❚❤❡♥♦✐❡❡♠♦✈❛❧❛❧❣♦✐❤♠❤❛ ❜❡❡♥ ❡❡❞♦♥❜♦❤ ✐♠✉❧❛❡❞❛♥❞❡❛❧ ♦❧❙❆❘

❞❛❛✱✐♥♦❞❡ ♦❡✈❛❧✉❛❡✐ ♣❡❢♦♠❛♥❝❡✳



✹✹ ❈❤❛♣❡ ✸✳ ❘♦❜✉ ❈❧❛ ✐✜❝❛✐♦♥ ❲♦❦✢♦✇♦♥ ❤❡❙♣❛❝❡♦❢❈♦✈❛✐❛♥❝❡ ▼❛✐❝❡

❋♦ ❤❡✜ ❡①♣❡✐♠❡♥✱❛②♥❤❡✐❝✐♠❛❣❡✇✐❤ ❲✐❤❛ ♥♦✐❡❤❛❜❡❡♥❝♦♥✐❞✲

❡❡❞✳ ❚❤✐✐♠❛❣❡❤❛❜❡❡♥❝❡❛❡❞❜②✉✐♥❣❤❡◆▲✲❙❆❘ ♦♦❧❜♦①❬❉❡❧❪❛♥❞✐✐

❤♦✇♥✐♥❋✐❣✉❡✸✳✶✻✳❛✳❛❧♦♥❣✇✐❤ ❤❡ ❡✉❧ ♦❢❡✈❡❛❧✜❧❡✐♥❣❛❧❣♦✐❤♠✳❋✐❣✲

✭❛✮

✭❜✮ ✭❝✮

✭❞✮ ✭❡✮

❋✐❣✉❡✸✳✶✻✿❋✐❧❡✐♥❣❡✉❧ ❢♦❛ ②♥❤❡✐❝✐♠❛❣❡✿✭❛✮♦✐❣✐♥❛❧♥♦✐②✐♠❛❣❡✱❛♥❞ ❤❡

✜❧❡❡❞✐♠❛❣❡ ❜②✉✐♥❣✭❜✮❤❡❜♦①❝❛ ✜❧❡✱✭❝✮❤❡❙❘❆❉✜❧❡ ❬❨✉✫❆❝♦♥✷✵✵✷❪✱

✭❞✮❤❡◆▲❙❆❘✜❧❡❬❉❡❧❡❞❛❧❧❡❡❛❧✳✷✵✶✺❪✱✭❡✮❤❡♣♦♣♦❡❞♠❡❤♦❞✭❙♦✉❝❡✿❬❚❡❡❜❡

❡❛❧✳✷✵✶✻❪❝[2015]■❊❊❊✮✳



✸✳✺✳ ■♥✢✉❡♥❝❡♦❢❛ ❉❊❇❛ ❡❞❋✐❧❡✐♥❣♦♥ ♦❧❙❆❘■♠❛❣❡❈❧❛ ✐✜❝❛✐♦♥ ✹✺

✉❡✸✳✶✻✳❜♣❡❡♥ ❤❡✐♠❛❣❡♦❜❛✐♥❡❞❜②✉✐♥❣❤❡❜♦①❝❛✜❧❡❛♥❞✐❝❛♥❜❡❡❡♥

❤❛ ❤❡❤✐❣❤❢❡✉❡♥❝②❝♦♥❡♥❤❛ ❜❡❡♥❡❧✐♠✐♥❛❡❞✳❋✐❣✉❡✸✳✶✻✳❝❡♣❡❡♥ ❤❡

❡✉❧❣✐✈❡♥❜②❤❡❙❘❆❉✜❧❡❬❨✉✫❆❝♦♥✷✵✵✷❪✱✇❤✐❝❤♣❡❡✈❡ ❤❡❡❞❣❡✱❜✉

✐✐❧❡ ❡✣❝✐❡♥❢♦❤♦♠♦❣❡♥❡♦✉ ❡❣✐♦♥✳❋✐❣✉❡✸✳✶✻✳❞❤♦✇ ❤❡ ❡✉❧ ♦❢❤❡

◆▲✲❙❆❘✜❧❡❬❉❡❧❡❞❛❧❧❡❡❛❧✳✷✵✶✺❪✱✇❤✐❧❡❋✐❣✉❡✸✳✶✻✳❡❝♦♥❛✐♥ ❤❡❡✉❧ ♦❢❤❡

♣♦♣♦❡❞♠❡❤♦❞✳ ❚❤✐ ❧❛ ✐♠❛❣❡❤❛❜❡❡♥♦❜❛✐♥❡❞❢♦ρ=2.5✱σ=0.5✳ ❚❤❡

♦❜❡✈❛✐♦♥❝❛❧❡❤❛❜❡❡♥ ❡ ♦150✐❡❛✐♦♥❛♥❞dt=0.2✱β=0.5✱γ=2❛♥❞

σθ=40
◦

❋♦ ❤❡ ❡❝♦♥❞❡①♣❡✐♠❡♥✱❤❡◆✐✐❣❛❛ ✐✲❙❆❘❞❛❛❡♣♦✈✐❞❡❞❜② ❤❡ ♦❧✲

❙❆❘♣♦♦❢✇❛❡❬♦❧❪❤❛❜❡❡♥❝♦♥✐❞❡❡❞✳❚❤✐✐♠❛❣❡✐ ❤♦✇♥✐♥❋✐❣✉❡✸✳✶✼✳❛✳

❙❡✈❡❛❧✜❧❡ ❤❛✈❡❜❡❡♥✉❡❞ ♦ ❡♠♦✈❡ ❤❡♥♦✐❡❛♥❞ ❤❡ ❡✉❧ ❛❡ ❡♣♦❡❞

❢♦❝♦♠♣❛✐♦♥✿ ❤❡ ❡✜♥❡❞▲❡❡✜❧❡❬▲❡❡✶✾✽✶❪✐♥❋✐❣✉❡✸✳✶✼✳❜✱❤❡■❉❆◆❛♣✲

♣♦❛❝❤❬❱❛✐❧❡❡❛❧✳✷✵✵✻❪✐♥❋✐❣✉❡✸✳✶✼✳❝✱❤❡♥♦♥❧♦❝❛❧♠❡❛♥❜❛❡❞✜❧❡❬❩❤♦♥❣

❡❛❧✳✷✵✶✹❪✐♥❋✐❣✉❡✸✳✶✼✳❞❛♥❞❤❡♣♦♣♦❡❞♠❡❤♦❞✐♥❋✐❣✉❡✸✳✶✼✳❡✳ ❚❤❡❧❛

✐♠❛❣❡❤❛❜❡❡♥♦❜❛✐♥❡❞❢♦ρ=2.5✱σ=0.5✳■♥❛❞❞✐✐♦♥✱❤❡♦❜❡✈❛✐♦♥❝❛❧❡❤❛

❜❡❡♥❡ ♦15✐❡❛✐♦♥❛♥❞dt=0.2✱β=0.7✱γ=3✳

❋♦ ❤❡ ❤✐❞❡①♣❡✐♠❡♥✱❤❡ ❡❛❧ ♦❧❙❆❘✐♠❛❣❡✱♣❡❡♥❡❞✐♥❋✐❣✉❡✸✳✻❤❛

❜❡❡♥❝♦♥✐❞❡❡❞✳❆③♦♦♠♦♥❤✐✐♠❛❣❡✐ ❤♦✇♥✐♥❋✐❣✉❡✸✳✶✽✳❛❛♥❞❡✈❡❛❧✜❧❡✐♥❣

❛❧❣♦✐❤♠❤❛✈❡❜❡❡♥❝♦♠♣❛❡❞✿❤❡●❛✉ ✐❛♥✜❧❡✭❋✐❣✉❡✸✳✶✽✳❜✮✱❤❡❜♦①❝❛✜❧❡

✭❋✐❣✉❡✸✳✶✽✳❝✮✱❛♥❡①❡♥✐♦♥♦❢❤❡❙❘❆❉✜❧❡❢♦ ♦❧❙❆❘✐♠❛❣❡✭❋✐❣✉❡✸✳✶✽✳❞✮

❛♥❞❤❡♣♦♣♦❡❞♠❡❤♦❞✭❋✐❣✉❡✸✳✶✽✳❡✮✳

❚❤❡♣❛❛♠❡❡ ♦❢❤❡♣♦♣♦❡❞♠❡❤♦❞❛❡❤❡❢♦❧❧♦✇✐♥❣✳❋✐ ✱❤❡✐③❡♦❢❤❡

✉❝✉❡❡♥♦ρ✐ ❡ ♦2.5✳■♥❛❞❞✐✐♦♥✱❤❡ ❛♥❞❛❞❞❡✈✐❛✐♦♥σ♦❢❤❡●❛✉ ✐❛♥

❦❡♥❡❧✉❡❞❢♦ ❡❣✉❧❛✐③❛✐♦♥✐❝♦♠♣✉❡❞❜❛❡❞♦♥❛❧✐♥❡❛❞❡❝❡❛✐♥❣❢✉♥❝✐♦♥✱❛

♠❡♥✐♦♥❡❞✐♥❬❲❤✐ ❛❦❡✶✾✾✸❪✳❚❤❡♦❜❡✈❛✐♦♥❝❛❧❡✐ ❡ ♦5✐❡❛✐♦♥✱dt=0.2✱

β=0.25❛♥❞γ=1.25✳

❇②❛♥❛❧②③✐♥❣ ❤❡✐♠✉❧❛❡❞❛♥❞❡❛❧✐♠❛❣❡♣♦❞✉❝❡❞❜②❤❡♣♦♣♦❡❞♠❡❤♦❞✐

❝❛♥❜❡♥♦✐❝❡❞❤❛ ❤✐✜❧❡✐♥❣❛❧❣♦✐❤♠✐❝❛♣❛❜❧❡♦♣❡❡✈❡❤❡❤✐❣❤❢❡✉❡♥❝②

✐♥❢♦♠❛✐♦♥♦♥❡❞❣❡❛♥❞❡①✉❡✳

■♥❤❡♥❡① ❡❝✐♦♥✱❤❡ ❉❊❜❛❡❞✜❧❡✐♥❣♠❡❤♦❞✐❡✈❛❧✉❛❡❞✐♥❤❡❝♦♥❡①

♦❢ ♦❧❙❆❘✐♠❛❣❡❝❧❛✐✜❝❛✐♦♥✳

✸✳✺✳✸ ❈❧❛ ✐✜❝❛✐♦♥❘❡✉❧

■♥❤❡❢♦❧❧♦✇✐♥❣✱ ♦♠❡♦❢❤❡❡①♣❡✐♠❡♥ ❞❡❝✐❜❡❞✐♥❙❡❝✐♦♥✸✳✹❛❡❡♣❡❛❡❞♦♥

✜❧❡❡❞✐♠❛❣❡✳ ❚❤❡♣✉♣♦❡♦❢❤❡♣❡❢♦♠❡❞ ❡ ✐ ♦ ✉❞② ❤❡✐♥✢✉❡♥❝❡♦❢

✜❧❡✐♥❣♦♥❤❡❝❧❛ ✐✜❝❛✐♦♥✳

❚❤❡❝❧❛ ✐✜❝❛✐♦♥✇♦❦✢♦✇❝♦♥✐ ✐♥❡✈❡❛❧ ❡♣✳❋✐ ✱❤❡❛♠♣❧✐✉❞❡✐♠❛❣❡

♦❢❡❛❝❤♣♦❧❛✐③❛✐♦♥✐✜❧❡❡❞✉✐♥❣❤❡ ❉❊❜❛❡❞❛♣♣♦❛❝❤✳◆❡①✱❤❡❝♦✈❛✐❛♥❝❡

♠❛ ✐❝❡❛❡❡✐♠❛❡❞✉✐♥❣❤❡❙❈▼❛❧❣♦✐❤♠❛♥❞ ❤❡▼●❉♠♦❞❡❧❢♦ ❛✐♥❣❧❡

♣♦❧❛✐③❛✐♦♥✐♠❛❣❡✱✐♥♦❞✉❝❡❞✐♥❙❡❝✐♦♥✸✳✹✳✷✳✷✱✐❝♦♥✐❞❡❡❞✳

❚❤❡ ❡ ❛❡❝❛✐❡❞♦✉♦♥❤❡❡❛❧▲✲❜❛♥❞❙❆❘✐♠❛❣❡❞❛❛❜❛❡❛♥❞❤❡❡✉❧

❛❡❡♣♦❡❞✐♥❚❛❜❧❡✸✳✸✳ ❚❤❡❝❧❛✐✜❝❛✐♦♥♣❡❢♦♠❛♥❝❡ ❛❡❝♦♠♣❛❡❞♦❤♦❡

♦❜❛✐♥❡❞❢♦♥♦✜❧❡❡❞❞❛❛✱❜✉❛❧♦✇✐❤❤♦❡♦❜❛✐♥❡❞❢♦♦❤❡✜❧❡✱♥❛♠❡❧②



✹✻ ❈❤❛♣❡ ✸✳ ❘♦❜✉ ❈❧❛ ✐✜❝❛✐♦♥ ❲♦❦✢♦✇♦♥ ❤❡❙♣❛❝❡♦❢❈♦✈❛✐❛♥❝❡ ▼❛✐❝❡

✭❛✮

✭❜✮ ✭❝✮

✭❞✮ ✭❡✮

❋✐❣✉❡✸✳✶✼✿❋✐❧❡✐♥❣❡✉❧ ❢♦ ❤❡◆✐✐❣❛❛ ✐✲❙❆❘♦❧❙❆❘❞❛❛❡✿✭❛✮♦✐❣✐♥❛❧♥♦✐②

✐♠❛❣❡❛♥❞❤❡✜❧❡❡❞✐♠❛❣❡♦❜❛✐♥❡❞❜②✉✐♥❣✭❜✮❤❡❡✜♥❡❞▲❡❡✜❧❡❬▲❡❡✶✾✽✶❪✱✭❝✮❤❡

■❉❆◆✜❧❡❬❱❛✐❧❡❡❛❧✳✷✵✵✻❪✱✭❞✮❤❡♥♦♥❧♦❝❛❧♠❡❛♥❜❛❡❞✜❧❡❬❩❤♦♥❣❡❛❧✳✷✵✶✹❪✱✭❡✮

❤❡♣♦♣♦❡❞♠❡❤♦❞✭❙♦✉❝❡✿❬❚❡❡❜❡❡❛❧✳✷✵✶✻❪❝[2015]■❊❊❊✮✳

❤❡●❛✉ ✐❛♥✜❧❡✱❤❡❜♦①❝❛ ✜❧❡❛♥❞❤❡❙❘❆❉✜❧❡✳ ❚❤❡♣❛❛♠❡❡ ❢♦❛❧❧

❤❡✜❧❡ ❛❡❤❡❛♠❡❛ ❤❡♦♥❡✉❡❞♦♦❜❛✐♥❤❡✐♠❛❣❡✐♥❋✐❣✉❡✸✳✶✽✳

❈❧❛ ✐✜❝❛✐♦♥♠❡❤♦❞ ❖✐❣✐♥❛❧

❞❛❛❜❛❡

❋✐❧❡❡❞❞❛❛❜❛❡

●❛✉ ✐❛♥ ❇♦①❝❛ ❙❘❆❉ ❉❊

▼●❉❍❍✰ ❲❚✰❙ 57.94±6.15 63.00±4.09 62.28±4.24 63.03±5.14 65.47±2.99

▼●❉❍❱✰ ❲❚✰❙ 61.09±5.32 61.38±3.94 62.88±4.64 60.25±6.05 64.47±3.37

▼●❉❱❱✰ ❲❚✰❙ 59.66±4.68 60.94±5.66 65.50±4.68 61.58±5.20 65.91±4.26

❚❛❜❧❡✸✳✸✿ ❈♦♠♣❛✐♦♥❜❡✇❡❡♥ ❤❡❝❧❛ ✐✜❝❛✐♦♥♣❡❢♦♠❛♥❝❡ ♦❜❛✐♥❡❞♦♥♥♦♥✲✜❧❡❡❞

❛♥❞✜❧❡❡❞❡❛❧▲✲❜❛♥❞❙❆❘✐♠❛❣❡✳

■♥❛❞❞✐✐♦♥✱✐❤❛ ♦❜❡♠❡♥✐♦♥❡❞❤❛ ❤❡❝❧❛ ✐✜❝❛✐♦♥❡✉❧ ♦❜❛✐♥❡❞❢♦

❤❡♦✐❣✐♥❛❧❞❛❛❜❛❡❛❡❧✐❣❤❧②❞✐✛❡❡♥❢♦♠❤❡ ❡✉❧ ❡♣♦❡❞✐♥❚❛❜❧❡✸✳✷✳



✸✳✺✳ ■♥✢✉❡♥❝❡♦❢❛ ❉❊❇❛ ❡❞❋✐❧❡✐♥❣♦♥ ♦❧❙❆❘■♠❛❣❡❈❧❛ ✐✜❝❛✐♦♥ ✹✼

✭❛✮

✭❜✮

✭❝✮

✭❞✮

✭❡✮

❋✐❣✉❡✸✳✶✽✿❋✐❧❡✐♥❣❡✉❧ ❢♦ ❤❡❡❛❧ ♦❧❙❆❘❞❛❛❡✳❩♦♦♠♦♥❤❡✭❛✮♦✐❣✐♥❛❧♥♦✐②

✐♠❛❣❡❛♥❞♦♥❤❡✜❧❡❡❞✐♠❛❣❡♦❜❛✐♥❡❞❜②✉✐♥❣✭❜✮❤❡●❛✉ ✐❛♥✜❧❡✇✐❤σ=1✱✭❝✮

❤❡❜♦①❝❛✜❧❡♦❢✐③❡5×5✱✭❞✮❛♥❡①❡♥✐♦♥♦❢❤❡❙❘❆❉✜❧❡❢♦ ♦❧❙❆❘✐♠❛❣❡✱✇✐❤

5✐❡❛✐♦♥❛♥❞dt=0.2✱✭❡✮❤❡♣♦♣♦❡❞♠❡❤♦❞✳



✹✽ ❈❤❛♣❡ ✸✳ ❘♦❜✉ ❈❧❛ ✐✜❝❛✐♦♥ ❲♦❦✢♦✇♦♥ ❤❡❙♣❛❝❡♦❢❈♦✈❛✐❛♥❝❡ ▼❛✐❝❡

❚❤✐ ❞✐✛❡❡♥❝❡✐❡①♣❧❛✐♥❡❞❜②❤❡❢❛❝ ❤❛ ❤❡ ❛✐♥✐♥❣❛♥❞❡✐♥❣❞❛❛❡ ❛❡

♥♦ ❤❡❛♠❡❢♦ ❤❡✇♦❡①♣❡✐♠❡♥✳

❋♦ ❤❡❡♣❛❛♠❡❡❝❤♦✐❝❡✱✐❝❛♥❜❡♥♦✐❝❡❞❤❛ ❤❡❝❧❛ ✐✜❝❛✐♦♥❡✉❧ ❛❡

✐♠♣♦✈❡❞❜②✜❧❡✐♥❣❤❡ ♦❧❙❆❘✐♠❛❣❡❜②✉✐♥❣❤❡♣♦♣♦❡❞❞✐❡❝✐♦♥❛❧❞✐✛✉✐♦♥

♠❡❤♦❞✳❚❤❡❡❢♦❡✱❤❡ ❉❊❜❛❡❞♣❡❝❦❧❡❞❡♥♦✐✐♥❣❞❡♠♦♥ ❛❡✐ ✐♠♣♦❛♥❝❡

❛❛♣❡♣♦❝❡✐♥❣ ❡♣✐♥❤❡❝❧❛ ✐✜❝❛✐♦♥✇♦❦✢♦✇✳

✸✳✻ ❈♦♥❝❧✉✐♦♥❛♥❞ ❡ ♣❡❝✐✈❡

✸✳✻✳✶ ❈♦♥❝❧✉✐♦♥

■♥❤✐ ❝❤❛♣❡✱❛❝❧❛✐✜❝❛✐♦♥❛❧❣♦✐❤♠♦♥ ❤❡ ♣❛❝❡♦❢❝♦✈❛✐❛♥❝❡♠❛✐❝❡❤❛

❜❡❡♥✐♥♦❞✉❝❡❞✳❙❡✈❡❛❧❛♣❡❝ ❤❛✈❡❜❡❡♥❛❞❞❡❡❞✳

❋✐ ✱❤❡❝❤♦✐❝❡♦❢❛♥❛♣♣♦♣✐❛❡❞❡❝✐♣♦ ❤❛ ❛❦❡✐♥♦❛❝❝♦✉♥♠♦ ♦❢❤❡

✐♥❢♦♠❛✐♦♥❝♦♥❛✐♥❡❞✐♥❤❡✐♠❛❣❡❤❛❜❡❡♥❞✐❝✉❡❞✳❋♦ ❤✐♣✉♣♦❡✱♠✉❧✐❝❛❧❡

❛♣♣♦❛❝❤❡❤❛✈❡❜❡❡♥❝♦♥✐❞❡❡❞✳ ❆❛❡✉❧✱❤❡✐♠❛❣❡ ❤❛✈❡❜❡❡♥❞❡❝♦♠♣♦❡❞

✐♥♦❛❡♦❢✇❛✈❡❧❡ ✉❜❜❛♥❞✳

❙❡❝♦♥❞✱❛❞✐ ✐❜✉✐♦♥❝❛♣❛❜❧❡♦♠♦❞❡❧❤❡♣❡✈✐♦✉❧②❡①❛❝❡❞❝♦❡✣❝✐❡♥ ❤❛

❜❡❡♥❡❛❝❤❡❞✳❆ ❤✐♣♦✐♥✱❤❡✉❡♦❢❤❡③❡♦✲♠❡❛♥♠✉❧✐✈❛✐❛❡●❛✉✐❛♥❞✐ ✐✲

❜✉✐♦♥❤❛❜❡❡♥❝♦♥✐❞❡❡❞♦❝❛♣✉❡❤❡❞❡♣❡♥❞❡♥❝✐❡❡①✐✐♥❣✐♥✐♠❛❣❡✱✉❝❤❛

❡①✉❛❧✱♦♣♦❧❛✐♠❡✐❝❞❡♣❡♥❞❡♥❝✐❡✳❚❤✐♠♦❞❡❧✐ ❝❤❛❛❝❡✐③❡❞❜②✐ ♣❛❛♠❡✲

❡✱✇❤✐❝❤✐ ❤❡❝♦✈❛✐❛♥❝❡♠❛✐①✳❇②❡✐♠❛✐♥❣✐✱❤❡✐♠❛❣❡✐❣♥❛✉❡❤❛❜❡❡♥

♦❜❛✐♥❡❞✳ ❑♥♦✇✐♥❣❤❛ ♦❜✉ ❝❧❛✐✜❝❛✐♦♥♠❡❤♦❞ ❛❡❞❡✐❡❞✱❤❡❝♦✈❛✐❛♥❝❡

♠❛ ✐①❡✐♠❛♦ ❤❛❞ ♦❜❡❛ ♦❜✉ ♦♥❡✳ ❚❤❡❡❢♦❡✱❛❝♦♠♣❛✐♦♥❜❡✇❡❡♥ ❤❡

❛♠♣❧❡❝♦✈❛✐❛♥❝❡♠❛✐①❛♥❞❤❡✜①❡❞♣♦✐♥❡✐♠❛♦✱❛❧♦❦♥♦✇♥❛ ❤❡❚②❧❡✬

❡✐♠❛♦✱❤❛❜❡❡♥❝❛ ✐❡❞♦✉✐♥❡♠ ♦❢♦❜✉♥❡ ♦♦✉❧✐❡✳

❚❤✐❞✱❤❡✐❞❡❛♦❢❤❛✈✐♥❣❛♦❜✉ ❞❡❝✐✐♦♥♠❛❦✐♥❣ ❛❡❣②❢♦ ❤❡❝❧❛ ✐✜❝❛✐♦♥

❤❛ ❜❡❡♥❛❞❞❡❡❞✳ ❚♦♦❧✈❡❤✐ ♣♦❜❧❡♠✱❛ ❛✐✐❝❛❧❤②♣♦❤❡✐ ❡ ❤❛ ❜❡❡♥

♣♦♣♦❡❞✱❜❛❡❞♦♥❤❡❣❡♦❞❡✐❝❞✐❛♥❝❡✳❆ ❤❡❜❡❣✐♥♥✐♥❣✱❤❡❡ ❤❛❜❡❡♥✉❡❞

❛❧♦♥❣✇✐❤ ❤❡▼●❉♠♦❞❡❧❛♥❞ ❤❡❙❈▼❡ ✐♠❛♦✳◆❡①✱✐❤❛ ❜❡❡♥❛♣♣❧✐❡❞ ♦

❤❡ ♦❜✉ ❋ ❡✐♠❛♦❛♥❞✐ ❝❧❛✐✜❝❛✐♦♥❡✣❝✐❡♥❝②❛♥❞♥♦✐❡♦❜✉♥❡ ❤❛✈❡

❜❡❡♥ ✉❞✐❡❞✳

❋✉ ❤❡ ♦♥✱ ❤❡✐♥♦❞✉❝❡❞ ❛✐✐❝✱❝❛❧❧❡❞SGD✱❤❛❜❡❡♥❛♣♣❧✐❡❞ ♦ ♦❧❙❆❘

✐♠❛❣❡❝❧❛✐✜❝❛✐♦♥✱♦♥❜♦❤ ✐♠✉❧❛❡❞❛♥❞❡❛❧❞❛❛✱✐❧❧✉ ❛✐♥❣❤❡♣♦❡♥✐❛❧♦❢

❤❡♣♦♣♦❡❞❝❧❛✐✜❡✳ ❚❤❡❡①♣❡✐♠❡♥ ♣❡❢♦♠❡❞♦♥ ✐♠✉❧❛❡❞❞❛❛❤❛✈❡❜❡❡♥

❞❡✐❣♥❡❞✐♥♦❞❡ ♦✜♥❞❤❡❜❡ ❛✐❜♦♥❡❝♦♥✜❣✉❛✐♦♥❢♦♠❛✐✐♠❡♣✐♥❡❝❧❛✐✜✲

❝❛✐♦♥❛❝❝♦❞✐♥❣♦❤❡ ❛♥❞❛❣❡✳■♥❤✐❝♦♥❡①✱❤❡❡✉❧ ❤❛✈❡❤♦✇♥❤❛✐✐

❜❡ ❡ ♦❤❛✈❡♦♥❡✈❡②❤✐❣❤❡♦❧✉✐♦♥♣♦❧❛✐③❛✐♦♥❝❤❛♥♥❡❧❤❛♥❛❧♦✇ ❡♦❧✉✐♦♥

❢✉❧❧②♣♦❧❛✐♠❡✐❝❙❆❘✐♠❛❣❡✳ ❉✉❡♦❤❡♣❡❡♥❝❡♦❢✇✐❤✐♥✲❝❧❛ ❞✐✈❡ ✐②✱❤♦❡

❝♦♥❝❧✉✐♦♥❛❡❧✐❣❤❧②♠♦❞✐✜❡❞♦♥❡❛❧ ♦❧❙❆❘❞❛❛✳

■♥❤❡❡♥❞✱❛♣❡♣♦❝❡✐♥❣ ❡♣❤❛❜❡❡♥❛❞❞❡❞❢♦ ♦❧❙❆❘❞❛❛✳ ❚❤✐ ❡♣

❝♦♥✐ ✐♥✜❧❡✐♥❣❤❡ ♣❡❝❦❧❡ ❤❛ ❝❤❛❛❝❡✐③❡ ❤✐ ②♣❡♦❢✐♠❛❣❡✱✇✐❤♦✉ ❞❡✲

♦②✐♥❣❤❡❡①✉❛❧❝♦♥❡♥✳❋♦ ❤✐♣✉♣♦❡✱❛♣❛✐❛❧❞✐✛❡❡♥✐❛❧❡✉❛✐♦♥❜❛❡❞

❛❧❣♦✐❤♠❤❛ ❜❡❡♥♣♦♣♦❡❞✳ ❚❤❡♠❛❤❡♠❛✐❝❛❧❢♦♠❛❧✐♠❛♥❞✐ ♥✉♠❡✐❝❛❧❛♣✲



✸✳✻✳ ❈♦♥❝❧✉✐♦♥❛♥❞ ❡ ♣❡❝✐✈❡ ✹✾

♣♦①✐♠❛✐♦♥❤❛✈❡❜❡❡♥❣✐✈❡♥✳❚❤❡❛❧❣♦✐❤♠✬ ❡✉❧ ❤❛✈❡❜❡❡♥ ✉❛❧✐❛✐✈❡❧②❡✈❛❧✉✲

❛❡❞♦♥❜♦❤②♥❤❡✐❝❛♥❞❡❛❧❞❛❛✳■♥❛❞❞✐✐♦♥✱✐❤❛❜❡❡♥❡❡❞✐♥❤❡❝♦♥❡①

♦❢✐♠❛❣❡❝❧❛✐✜❝❛✐♦♥✱❤♦✇✐♥❣❛♥✐♠♣♦✈❡♠❡♥♦❢♣❡❢♦♠❛♥❝❡✳

✸✳✻✳✷ ❡ ♣❡❝✐✈❡

❋✉ ❤❡✇♦❦✇✐❧❧✐♥❝❧✉❞❡✿
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❛χ2DF ❞✐ ✐❜✉✐♦♥✱✉♥❞❡H0✳DF ❞❡♥♦❡ ❤❡♥✉♠❜❡ ♦❢❢❡❡❞♦♠❞❡❣❡❡
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❚❤✐ ♣♦❜❛❜✐❧✐②❞❡♥✐②❢✉♥❝✐♦♥✐❝❤❛❛❝❡✐③❡❞❜②✇♦♣❛❛♠❡❡✱✐ ❝❡♥❛❧

❡❧❡♠❡♥❛♥❞✐ ❞✐♣❡ ✐♦♥❛♦✉♥❞❤✐❝❡♥❛❧❡❧❡♠❡♥✳❋♦❤✐♠♦❞❡❧✱ ❤❡♠❛①✐♠✉♠

❧✐❦❡❧✐❤♦♦❞❡✐♠❛♦ ✭▼▲❊✮♦❢❤❡❝❡♥❛❧✈❛❧✉❡❝♦❡♣♦♥❞ ♦ ❤❡❘✐❡♠❛♥♥✐❛♥

❝❡♥❡♦❢♠❛✳ ❲❤✐❧❡❜❡✐♥❣❡✣❝✐❡♥ ♦♠♦❞❡❧❤❡♠❡❛♥❡❧❡♠❡♥✱❤✐ ❡✐♠❛♦✐

❡❛✐❧②✐♥✢✉❡♥❝❡❞❜②❤❡♣❡❡♥❝❡♦❢❛❜❡❛♥❞❛❛❬❇✐❤♦♣✷✵✵✼✱❆❢❛✐✷✵✶✶✱❋♦♠♦♥

❡❛❧✳✷✵✶✸❪✳■♥♣❛❝✐❝❡✱♦✉❧✐❡ ♠❛②❛✐❡❢♦♠❢❛✉❧② ♠❡❛✉❡♠❡♥✱♦ ❤❡②

♠❛②❜❡❡①♣❧❛✐♥❡❞❜② ❤❡✐♥❤❡❡♥✈❛✐❛❜✐❧✐②♦❢❞❛❛✳❚♦♦✈❡❝♦♠❡❤✐♣♦❜❧❡♠✱❛

♦❜✉ ❡✐♠❛♦♦❢❤❡❝❡♥❛❧❡❧❡♠❡♥❝❛♥❜❡❝♦♥✐❞❡❡❞✱✉❝❤❛ ❤❡❘✐❡♠❛♥♥✐❛♥

♠❡❞✐❛♥❬❨❛♥❣✷✵✶✵✱❇❛❜❛❡❝♦❡❛❧✳✷✵✶✸✱❋❧❡❝❤❡ ❡❛❧✳✷✵✵✾❪✳ ❚❤❡❡❢♦❡✱✇❡

❤❛✈❡✐♥♦❞✉❝❡❞✐♥❬❍❛❥✐❡❛❧✳✷✵✶✻❪❤❡❘✐❡♠❛♥♥✐❛♥▲❛♣❧❛❝❡❞✐ ✐❜✉✐♦♥✭❘▲❉✮✱

❛❣❡♥❡❛✐✈❡♠♦❞❡❧❢♦✇❤✐❝❤ ❤❡ ▼▲❊♦❢ ❤❡❝❡♥❛❧❡❧❡♠❡♥✐ ❤❡❘✐❡♠❛♥♥✐❛♥

♠❡❞✐❛♥✳ ❚❤✐ ❞✐ ✐❜✉✐♦♥❞❡♣❡♥❞❛❧♦♦♥✇♦♣❛❛♠❡❡✿❤❡❝❡♥❛❧✈❛❧✉❡❛♥❞

❤❡❞✐♣❡ ✐♦♥✳
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❛♣♣❡❛ ❤❛✐ ❤❡♠✐①✉❡✬✇❡✐❣❤✳❚❤❡❡♥✐❡❝❧❛✐✜❝❛✐♦♥✇♦❦✢♦✇✐ ❤♦✇♥✐♥

❋✐❣✉❡✹✳✶❛♥❞✐❝♦♥✐ ✐♥❡✈❡❛❧ ❡♣✳

❋✐ ✱ ❛✐♥❣❢♦♠ ❤❡✐♥✐✐❛❧❞❛❛❜❛❡✱❤❡❝♦✈❛✐❛♥❝❡♠❛✐❝❡ ❡♣❡❡♥✐♥❣

❤❡✐♠❛❣❡ ✐❣♥❛✉❡❛❡❡①❛❝❡❞✱❞✉✐♥❣❤❡❢❡❛✉❡❡①❛❝✐♦♥ ❛❣❡✳ ❚❤✐ ❡♣

❤❛ ❜❡❡♥❛❧❡❛❞②❞❡❛✐❧❡❞✐♥❈❤❛♣❡ ✸✳ ❑♥♦✇✐♥❣❤❛ ✉♣❡✈✐❡❞❝❧❛✐✜❝❛✐♦♥

❛❧❣♦✐❤♠ ❛❡❛♣♣❧✐❡❞✱ ❤❡❞❛❛❡✐❞✐✈✐❞❡❞✐♥♦ ✇♦ ✉❜❡✳ ❖♥❡♦❢❤❡♠✐
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✐♦♥❛♥❞❤❡♠✐①✉❡✬✇❡✐❣❤✮❛❡❡✐♠❛❡❞❜②✉✐♥❣❛❧❣♦✐❤♠ ❧✐❦❡❦✲♠❡❛♥✱♦

❡①♣❡❝❛✐♦♥✲♠❛①✐♠✐③❛✐♦♥✭❊▼✮✳❚♦♦❜❛✐♥ ❤❡❡ ✐♠❛❡❞✈❛❧✉❡✱❤❡❡✇♦✇❡❧❧✲



✹✳✷✳ ❘✐❡♠❛♥♥✐❛♥ ●❡♦♠❡ ②♦♥ ❤❡ ▼❛♥✐❢♦❧❞♦❢❈♦✈❛✐❛♥❝❡ ▼❛✐❝❡ ✺✸

❋✐❣✉❡✹✳✶✿❈❧❛ ✐✜❝❛✐♦♥✇♦❦✢♦✇❜❛❡❞♦♥❘✐❡♠❛♥♥✐❛♥❞✐ ✐❜✉✐♦♥♠♦❞❡❧✐♥❣♦♥❤❡

♣❛❝❡♦❢❝♦✈❛✐❛♥❝❡♠❛✐❝❡✳

❦♥♦✇♥❝❧✉ ❡✐♥❣♠❡❤♦❞ ❛❡❛❞❛♣❡❞❢♦✇♦❦✐♥❣♦♥ ❤❡❘✐❡♠❛♥♥✐❛♥♠❛♥✐❢♦❧❞✳

❉❡❛✐❧ ♦♥❤❡❞❡♠❛♥❞❡❞♠♦❞✐✜❝❛✐♦♥✇✐❧❧❜❡♣♦✈✐❞❡❞❧❛❡✐♥❤✐ ❝❤❛♣❡✳■♥

❤❡❡♥❞✱ ❤❡❝❧❛ ✐✜❝❛✐♦♥✐♣❡❢♦♠❡❞✱❜②❛ ✐❣♥✐♥❣❡❛❝❤❡ ♦❜❡✈❛✐♦♥♦❤❡

❝❧♦❡ ❛✐♥✐♥❣❡✐♥❡♠ ♦❢❛♣❡❞❡✜♥❡❞❝✐❡✐♦♥✳❋♦ ❤✐♣✉♣♦❡✱❤❡❝❧❛ ✐❝❛❧

❧✐♥❡❛❞✐❝✐♠✐♥❛♥❛♥❛❧②✐❛♥❞ ✉❛❞❛✐❝❞✐❝✐♠✐♥❛♥❛♥❛❧②✐❛❡❣❡♥❡❛❧✐③❡❞♦

❤❡❝❛❡♦❢❝♦✈❛✐❛♥❝❡♠❛✐❝❡✳

❚❤❡❝❤❛♣❡✐ ✉❝✉❡❞❛❢♦❧❧♦✇✳ ❙❡❝✐♦♥✹✳✷✐♥♦❞✉❝❡ ♦♠❡ ❤❡♦❡✐❝❛❧

❡❧❡♠❡♥ ❝♦♥❝❡♥✐♥❣ ❤❡❘✐❡♠❛♥♥✐❛♥❣❡♦♠❡ ②♦♥ ❤❡♠❛♥✐❢♦❧❞♦❢❝♦✈❛✐❛♥❝❡♠❛✲
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❡✐♠❛✐♦♥♣♦❝❡ ✐❞❡❛✐❧❡❞✳ ▼♦❡♦✈❡✱❤❡♠✐①✉❡♠♦❞❡❧❛❡❞❡❝✐❜❡❞❛♥❞

❜♦❤ ❤❡❦✲♠❡❛♥ ❛♥❞❊▼❛❧❣♦✐❤♠ ❛❡❞❡❛✐❧❡❞❢♦ ❤❡❡❘✐❡♠❛♥♥✐❛♥❞✐ ✐❜✉✲

✐♦♥✳ ❚❤❡❡❛❧❣♦✐❤♠ ❞❡♠❛♥❞ ❤❡❞❡✜♥✐✐♦♥♦❢❤❡♥✉♠❜❡ ♦❢♠✐①✉❡♠♦❞❡❧✱

♦❝❧✉❡✳■♥♦❞❡ ♦❛✉♦♠❛✐❝❛❧❧②❝♦♠♣✉❡❤❡❛♣♣♦♣✐❛❡✈❛❧✉❡✱❤❡❇❛②❡✐❛♥
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❝♦♠♣❛❡❞❢♦ ❡①✉❡✐♠❛❣❡❝❧❛✐✜❝❛✐♦♥❛♥❞❤❡✐♥✢✉❡♥❝❡♦❢♦✉❧✐❡ ✐❛♥❛❧②③❡❞✳

■♥❤❡❡♥❞✱❙❡❝✐♦♥✹✳✻❡♣♦ ♦♠❡❝♦♥❝❧✉✐♦♥❛♥❞♣❡♣❡❝✐✈❡✳

✹✳✷ ❘✐❡♠❛♥♥✐❛♥ ●❡♦♠❡ ②♦♥ ❤❡ ▼❛♥✐❢♦❧❞♦❢❈♦✈❛✐✲

❛♥❝❡ ▼❛ ✐❝❡

✹✳✷✳✶ ❚❤❡❙♣❛❝❡♦❢❙②♠♠❡ ✐❝ ♦✐✐✈❡❉❡✜♥✐❡ ▼❛ ✐❝❡

▲❡ Pm ❜❡ ❤❡ ♣❛❝❡♦❢❛❧❧m×m ②♠♠❡✐❝❛♥❞♣♦✐✐✈❡❞❡✜♥✐❡♠❛✐❝❡M ∈

Rm×m✱❛✐❢②✐♥❣❤❡❢♦❧❧♦✇✐♥❣❝♦♥❞✐✐♦♥✿

M −MT=0 ✭✹✳✶✮



✺✹ ❈❤❛♣❡ ✹✳ ❘✐❡♠❛♥♥✐❛♥❉✐ ✐❜✉✐♦♥♦♥ ❤❡❙♣❛❝❡♦❢❈♦✈❛✐❛♥❝❡ ▼❛✐❝❡

❛♥❞

xTMx >0, ✭✹✳✷✮

∀x∈Rm ❛♥❞x=0✳
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❚❤❡✐❞❡❛ ♦❢✐♠✐❧❛✐②❛♥❞❞✐ ❛♥❝❡✐♥❤❡♣❛❝❡Pm ❝❛♥❜❡❡①♣❡❡❞❜②♠❡❛♥♦❢

❤❡❘❛♦✬❞✐ ❛♥❝❡✱♦❣❡♦❞❡✐❝❞✐❛♥❝❡✳❚❤❡❣❡♦❞❡✐❝❞✐❛♥❝❡❜❡✇❡❡♥ ✇♦♣♦✐♥

M1❛♥❞M2♦♥❤❡♠❛♥✐❢♦❧❞✐❣✐✈❡♥❜②❤❡❧❡♥❣❤♦❢❤❡❤♦ ❡ ❝✉✈❡❝♦♥♥❡❝✐♥❣

❤❡✇♦♣♦✐♥ ❬❚❡ ❛✶✾✽✽✱❍❡❧❣❛♦♥✷✵✵✶❪✳

▼❛❤❡♠❛✐❝❛❧❧②✱❤✐❞❡✜♥✐✐♦♥❝❛♥❜❡ ❛❡❞❛❢♦❧❧♦✇❬❙❛✐❞❡❛❧✳✷✵✶✺❛❪✳▲❡

d:Pm×Pm −→R+❜❡❤❡❣❡♦❞❡✐❝❞✐❛♥❝❡✱M1,M2∈Pm ❛♥❞c:[0,1]−→Pm
❛❞✐✛❡❡♥✐❛❜❧❡❝✉✈❡✱✇✐❤c(0)=M1❛♥❞c(1)=M2✳❚❤✉✱❤❡❧❡♥❣❤♦❢❝✉✈❡c✱

❞❡♥♦❡❞❜②L(c)✐❝♦♠♣✉❡❞❛✿

L(c)=
1

0

dc

dt
dt ✭✹✳✸✮

❛♥❞ ❤❡❣❡♦❞❡✐❝❞✐❛♥❝❡d(M1,M2)✐ ❤❡✐♥✜♠✉♠♦❢L(c)✇✐❤ ❡♣❡❝ ♦❛❧❧

❞✐✛❡❡♥✐❛❜❧❡❝✉✈❡ c✳ ❇❛❡❞♦♥❤❡♣♦♣❡✐❡♦❢❤✐ ♠❡ ✐❝✱✐❤❛ ❜❡❡♥ ❤♦✇♥

❤❛ ❤❡✉♥✐✉❡❝✉✈❡γ❢✉❧✜❧❧✐♥❣❤✐❝♦♥❞✐✐♦♥✐✿

γ(t)=M
1
2
1 M

−1
2
1 M2M

−1
2
1

t
M

1
2
1, ✭✹✳✹✮

❝❛❧❧❡❞❤❡❣❡♦❞❡✐❝❝♦♥♥❡❝✐♥❣M1❛♥❞M2✳■♥❤❡❡♥❞✱ ❤❡❣❡♦❞❡✐❝❞✐❛♥❝❡❜❡✲

❝♦♠❡❬❏❛♠❡✶✾✼✸❪✿

d2(M1,M2)= logM
−1
2
1 M2M

−1
2
1

2
=

i

(lnλi)
2, ✭✹✳✺✮

✇✐❤λi✱i=1,...,m❜❡✐♥❣❤❡❡✐❣❡♥✈❛❧✉❡♦❢M
−1
2 M1✳❚❤✐❡✉❛✐♦♥✐❡✉✐✈❛❧❡♥

♦❤❡♦♥❡✐♥♦❞✉❝❡❞✐♥✭✸✳✶✷✮✳ ❋♦ ✐♠♣❧✐❝✐②✱ ❤❡❝♦♥ ❛♥❡✉❛❧✐♥❣12✐♥✭✸✳✶✷✮

✇✐❧❧❜❡♦♠✐ ❡❞✱✐♥❝❡❤✐❝♦♥❛♥❝❛♥❜❡ ❛♥❢❡❡❞♦❤❡❞✐♣❡ ✐♦♥♣❛❛♠❡❡

♦❢❤❡❘✐❡♠❛♥♥✐❛♥❞✐ ✐❜✉✐♦♥✳

✹✳✷✳✸ ❘✐❡♠❛♥♥✐❛♥ ❊①♣♦♥❡♥✐❛❧ ▼❛♣♣✐♥❣❛♥❞ ❘✐❡♠❛♥♥✐❛♥▲♦❣❛✲
✐❤♠ ▼❛♣♣✐♥❣

❚❤❡❘✐❡♠❛♥♥✐❛♥❡①♣♦♥❡♥✐❛❧♠❛♣♣✐♥❣❛♥❞❘✐❡♠❛♥♥✐❛♥❧♦❣❛✐❤♠♠❛♣♣✐♥❣❛❡✇♦

♦♣❡❛♦ ❤❛♠❛❦❡♣♦ ✐❜❧❡❤❡ ❛♥✐✐♦♥❜❡✇❡❡♥❛♣♦✐♥ ♦♥❤❡♠❛♥✐❢♦❧❞M1∈

Pm ❛♥❞❤❡ ❛♥❣❡♥ ♣❛❝❡❛ ❤❛ ♣♦✐♥ TM1✳ ❚❤✐ ♣❛❝❡❝♦♥❛✐♥ ❤❡✈❡❝♦ V

❤❛❛❡❛♥❣❡♥ ♦❛❧❧♣♦✐❜❧❡❝✉✈❡♣❛ ✐♥❣❤♦✉❣❤M1✱❛ ❤♦✇♥✐♥❋✐❣✉❡✹✳✷✳



✹✳✸✳ ❘✐❡♠❛♥♥✐❛♥ ●❛✉ ✐❛♥❉✐ ✐❜✉✐♦♥ ✺✺

❋✐❣✉❡✹✳✷✿■❧❧✉ ❛✐♦♥♦❢❤❡❛♥❣❡♥ ♣❛❝❡TM 1
❛♣♦✐♥M1∈Pm✳

▼♦❡♣❡❝✐❡❧②✱❤❡❘✐❡♠❛♥♥✐❛♥❡①♣♦♥❡♥✐❛❧♠❛♣♣✐♥❣❢♦❛♣♦✐♥M1∈Pm ❛♥❞

❤❡❛♥❣❡♥✈❡❝♦V✐❣✐✈❡♥❜②❬❍✐❣❤❛♠✷✵✵✽✱❋❧❡❝❤❡❡❛❧✳✷✵✵✾❪✿

M2=❊①♣M1(V)=M
1
2
1expM

−1
2
1 VM

−1
2
1 M

1
2
1, ✭✹✳✻✮

✇❤❡❡exp(·)✐ ❤❡♠❛ ✐①❡①♣♦♥❡♥✐❛❧✳❇②❤✐ ❛♥❢♦♠❛✐♦♥✱❤❡❛♥❣❡♥✈❡❝♦

V❝❛♥❜❡♠❛♣♣❡❞♦♥❤❡♠❛♥✐❢♦❧❞✳

❋✉ ❤❡♦♥✱❤❡✐♥✈❡ ❡♦❢❤❡❘✐❡♠❛♥♥✐❛♥❡①♣♦♥❡♥✐❛❧♠❛♣♣✐♥❣✐ ❤❡❘✐❡♠❛♥✲

♥✐❛♥❧♦❣❛✐❤♠♠❛♣♣✐♥❣✳❇❡✇❡❡♥ ✇♦♣♦✐♥ M1,M2∈Pm ❤✐♦♣❡❛♦✐❣✐✈❡♥

❜②❬❍✐❣❤❛♠✷✵✵✽✱❋❧❡❝❤❡❡❛❧✳✷✵✵✾❪✿

V=▲♦❣M1(M2)=M
1
2
1logM

−1
2
1 M2M

−1
2
1 M

1
2
1, ✭✹✳✼✮

✇❤❡❡log(·)✐ ❤❡♠❛ ✐①❧♦❣❛✐❤♠✳■♥♣❛❝✐❝❡✱❤✐♦♣❡❛✐♦♥❣✐✈❡ ❤❡❛♥❣❡♥

✈❡❝♦ V✱❜② ❛♥❢♦♠✐♥❣ ❤❡❣❡♦❞❡✐❝γ✐♥❛ ❛✐❣❤❧✐♥❡✐♥❤❡ ❛♥❣❡♥ ♣❛❝❡✳

■♥❛❞❞✐✐♦♥✱❤❡❣❡♦❞❡✐❝✬❧❡♥❣❤❜❡✇❡❡♥M1❛♥❞M2✐❡✉❛❧♦❤❡♥♦♠♦❢ ❤❡

❛♥❣❡♥✈❡❝♦V✳

❇②✉✐♥❣❛❧❧❤❡❡❤❡♦❡✐❝❛❧❛♣❡❝ ❝♦♥❝❡♥✐♥❣❤❡♣❛❝❡Pm✱❤❡❘✐❡♠❛♥♥✐❛♥

❞✐ ✐❜✉✐♦♥❛❡✐♥♦❞✉❝❡❞♥❡①✳

✹✳✸ ❘✐❡♠❛♥♥✐❛♥●❛✉ ✐❛♥❉✐ ✐❜✉✐♦♥

✹✳✸✳✶ ❉❡✜♥✐✐♦♥

❚❤❡♣♦❜❛❜✐❧✐②❞❡♥✐②❢✉♥❝✐♦♥♦❢❤❡❘✐❡♠❛♥♥✐❛♥●❛✉ ✐❛♥❞✐ ✐❜✉✐♦♥✭❘●❉✮

✇✐❤ ❡♣❡❝ ♦❤❡❘✐❡♠❛♥♥✐❛♥✈♦❧✉♠❡❡❧❡♠❡♥✱✐♥❤❡ ♣❛❝❡Pm ♦❢m×m ❡❛❧✱

②♠♠❡✐❝❛♥❞♣♦✐✐✈❡❞❡✜♥✐❡♠❛✐❝❡✱❤❛❜❡❡♥✐♥♦❞✉❝❡❞✐♥❬❙❛✐❞❡❛❧✳✷✵✶✺❜❪

❛✿

pM|̄M,σ=
1

Z(σ)
exp −

d2(M,̄M)

2σ2
, ✭✹✳✽✮



✺✻ ❈❤❛♣❡ ✹✳ ❘✐❡♠❛♥♥✐❛♥❉✐ ✐❜✉✐♦♥♦♥ ❤❡❙♣❛❝❡♦❢❈♦✈❛✐❛♥❝❡ ▼❛✐❝❡

✇❤❡❡M̄ ∈Pm ✐ ❤❡❝❡♥❛❧✈❛❧✉❡❛♥❞σ∈R
+✐ ❤❡❞✐♣❡ ✐♦♥♣❛❛♠❡❡✳d(·)

✐ ❤❡❘✐❡♠❛♥♥✐❛♥❞✐ ❛♥❝❡❣✐✈❡♥✐♥✭✹✳✺✮❛♥❞Z(σ)✐❛♥♦♠❛❧✐③❛✐♦♥❢❛❝♦✐♥❞❡✲

♣❡♥❞❡♥♦❢M̄✳❚❤❡❝♦♠♣✉❛✐♦♥♦❢❤✐❢❛❝♦✐❞❡❛✐❧❡❞♥❡①✳

✹✳✸✳✷ ◆♦♠❛❧✐③❛ ✐♦♥❋❛❝♦

✹✳✸✳✷✳✶ ❉❡✜♥✐✐♦♥

❚❤❡♥♦♠❛❧✐③❛✐♦♥❢❛❝♦Z(σ)❤❛ ❤❡❢♦❧❧♦✇✐♥❣❡①♣❡✐♦♥❬❙❛✐❞❡❛❧✳✷✵✶✺❛❪✿

Z(σ)=
Pm

exp −
d2(M,̄M)

2σ2
dv(M), ✭✹✳✾✮

✇❤❡❡dv(M)✐ ❤❡❘✐❡♠❛♥♥✐❛♥✈♦❧✉♠❡❡❧❡♠❡♥✳ ❋♦ ❤❡ ♣❡❝✐❛❧❝❛❡✱♦❢m=2

❤✐❢❛❝♦❤❛❛❝❧♦❡❢♦♠❬❙❛✐❞❡❛❧✳✷✵✶✺❛❪✿

Z(σ)=(2π)3/2σ2exp(σ2/4)erf(σ/2), ✭✹✳✶✵✮

✇❤❡❡erf(·)✐ ❤❡❡ ♦❢✉♥❝✐♦♥✱❞❡✜♥❡❞❛❬▲❡❜❡❞❡✈✫❙✐❧✈❡♠❛♥✶✾✼✷❪✿

erf(t)=
t

0
exp(−x2)dx. ✭✹✳✶✶✮

❋♦ ❧❛❣❡ ♠❛ ✐❝❡✱❤❛ ✐❢♦M ∈Pm✱m> 2✱❤❡✈❛❧✉❡ ♦❢Z(σ)❝❛♥❜❡

❝♦♠♣✉❡❞❜②✉✐♥❣❤❡▼♦♥❡❈❛❧♦✐♥❡❣❛✐♦♥❡❝❤♥✐✉❡✳❙❛✐♥❣❢♦♠✭✹✳✾✮✱✐

❤❛❜❡❡♥❤♦✇♥✐♥❬❙❛✐❞❡❛❧✳✷✵✶✺❜❪❤❛ ❤❡♥♦♠❛❧✐③❛✐♦♥❢❛❝♦❤❛ ❤❡❣❡♥❡❛❧

❡①♣❡✐♦♥✿

Z(σ)=qm×
Rm
exp −

|r|2

2σ2
i<j

sinh
|ri−rj|

2
dr1...drm, ✭✹✳✶✷✮

✇❤❡❡|r|=(r21+...+r
2
m)

1
2❛♥❞qm ✐❣✐✈❡♥❜②✿

qm=
1

m!

π
m2

2

Γm(
m
2)
8
m(m−1)

4 . ✭✹✳✶✸✮

Γm(·)✐ ❤❡♠✉❧✐✈❛✐❛❡●❛♠♠❛❢✉♥❝✐♦♥❬▼✉✐❤❡❛❞✶✾✽✷❪❞❡✜♥❡❞❛✿

Γm(y)=π
m(m−1)

4

m

j=1

Γ y+
1−j

2
, ✭✹✳✶✹✮

❛♥❞Γ(·)✐ ❤❡●❛♠♠❛❢✉♥❝✐♦♥✳

✹✳✸✳✷✳✷ ◆✉♠❡✐❝❛❧❈♦♠♣✉❛✐♦♥♦❢Z(σ)

■♥♣❛❝✐❝❡✱❤❡❡✈❛❧✉❛✐♦♥♦❢❤❡❡①♣❡✐♦♥✐♥✭✹✳✶✷✮✐❞♦♥❡❜②❛♠♣❧✐♥❣r❢♦♠❛

③❡♦✲♠❡❛♥♠✉❧✐✈❛✐❛❡●❛✉✐❛♥❞✐ ✐❜✉✐♦♥♦❢❝♦✈❛✐❛♥❝❡♠❛✐①σ2Im✿

px|σ2Im =
1

(2π)
m
2σm

exp −
xTx

2σ2
, ✭✹✳✶✺✮



✹✳✸✳ ❘✐❡♠❛♥♥✐❛♥ ●❛✉ ✐❛♥❉✐ ✐❜✉✐♦♥ ✺✼

✇✐❤Im❜❡✐♥❣❤❡✐❞❡♥✐②♠❛✐①♦❢✐③❡m×m✳❚❤❡❡❢♦❡✱❤❡♥♦♠❛❧✐③❛✐♦♥❢❛❝♦

✐♥✭✹✳✶✷✮❜❡❝♦♠❡✿

Z(σ)=(2π)
m
2σmE



qm
i<j

sinh
|xi−xj|

2



, ✭✹✳✶✻✮

✇❤❡❡E[·]❞❡♥♦❡ ❤❡❡①♣❡❝❛✐♦♥✇✐❤ ❡♣❡❝ ♦ ❤❡③❡♦✲♠❡❛♥ ♠✉❧✐✈❛✐❛❡

●❛✉ ✐❛♥❞✐ ✐❜✉✐♦♥❛♥❞qm ✐❣✐✈❡♥✐♥✭✹✳✶✸✮✳■♥❬❩❛♥✐♥✐❡❛❧✳✷✵✶✻❪✐❤❛❜❡❡♥

❤♦✇♥❤❛ ❤❡▼♦♥❡❈❛❧♦✐♥❡❣❛✐♦♥♠❛②❧❡❛❞♦✐♥❛❜✐❧✐②♣♦❜❧❡♠❢♦❧❛❣❡

✈❛❧✉❡ ♦❢m✳ ❚♦♦❧✈❡❤✐ ♣♦❜❧❡♠✱ ❤❡❛✉❤♦ ♦❢❤❛✈❡♣♦♣♦❡❞♦ ♠♦♦❤ ❤❡

❡✉❧ ❜②♠❡❛♥♦❢❝✉❜✐❝♣❧✐♥❡❢✉♥❝✐♦♥✳■♥❤❡❡♥❞✱❛❜❧❡❝♦♥❛✐♥✐♥❣❤❡✈❛❧✉❡♦❢

Z(σ)❝❛♥❜❡❜✉✐❧✳❙♦♠❡❡①❛♠♣❧❡❛❡❤♦✇♥✐♥❋✐❣✉❡✹✳✸✱✇❤❡❡❤❡♥♦♠❛❧✐③❛✐♦♥

❢❛❝♦✐♣❧♦ ❡❞❢♦ ❤❡❡❞✐♠❡♥✐♦♥♦❢❝♦✈❛✐❛♥❝❡♠❛✐❝❡m=3✱5❛♥❞10❛♥❞σ

✈❛②✐♥❣❢♦♠0♦0.7

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7
10
−300

10
−200

10
−100

10
0

10
100

σ

Z(
σ
)

 

 

m = 3
m = 5
m = 10

✳

❋✐❣✉❡✹✳✸✿◆♦♠❛❧✐③❛✐♦♥❢❛❝♦Z(σ)❛❛❢✉♥❝✐♦♥♦❢❞✐♣❡ ✐♦♥σ❢♦❞✐✛❡❡♥♠❛ ✐①

✐③❡✳

❇❡✐❞❡ ❤❡♥♦♠❛❧✐③❛✐♦♥❢❛❝♦✱✐♥❤❡❡①♣❡✐♦♥♦❢❤❡❘●❉✱ ❤❡❡❛❡❛❧♦

✇♦♣❛❛♠❡❡✿❤❡❝❡♥❛❧✈❛❧✉❡❛♥❞❤❡❞✐♣❡ ✐♦♥✳❚❤❡❛❧❣♦✐❤♠ ♦❡✐♠❛❡

❤❡♠❛❡♣❡❡♥❡❞✐♥❤❡♥❡① ❡❝✐♦♥✳

✹✳✸✳✸ ❛❛♠❡❡ ❊ ✐♠❛✐♦♥

❚❤❡❘●❉✬ ♣❛❛♠❡❡✱❤❡❝❡♥❛❧✈❛❧✉❡❛♥❞ ❤❡❞✐♣❡ ✐♦♥✱❝❛♥❜❡❡✐♠❛❡❞

❤♦✉❣❤❤❡♠❛①✐♠✉♠❧✐❦❡❧✐❤♦♦❞❡ ✐♠❛✐♦♥✭▼▲❊✮✱❛❢♦❧❧♦✇✳

▲❡ M ={Mn}n=1:N ❜❡❛ ❡♦❢N ✐♥❞❡♣❡♥❞❡♥❛♥❞✐❞❡♥✐❝❛❧❧②❞✐ ✐❜✉❡❞

✭✐✳✐✳❞✳✮ ❛♠♣❧❡❛❝❝♦❞✐♥❣ ♦❛❘✐❡♠❛♥♥✐❛♥●❛✉✐❛♥❞✐ ✐❜✉✐♦♥♦❢❝❡♥❛❧✈❛❧✉❡

M̄ ❛♥❞❞✐♣❡ ✐♦♥σ✳ ❋✐ ✱❤❡ ▼▲❊♦❢ ❤❡❝❡♥❛❧✈❛❧✉❡M̄ ✐ ❤❡❘✐❡♠❛♥♥✐❛♥



✺✽ ❈❤❛♣❡ ✹✳ ❘✐❡♠❛♥♥✐❛♥❉✐ ✐❜✉✐♦♥♦♥ ❤❡❙♣❛❝❡♦❢❈♦✈❛✐❛♥❝❡ ▼❛✐❝❡

❝❡♥❡♦❢♠❛ M̄✱♦❜❛✐♥❡❞❜②♠✐♥✐♠✐③✐♥❣❤❡❝♦ ❢✉♥❝✐♦♥✿

fCM(̄M)=
1

N

N

n=1

d2(̄M,Mn), ✭✹✳✶✼✮

✇❤❡❡d(·)✐ ❤❡❣❡♦❞❡✐❝❞✐❛♥❝❡❬❏❛♠❡ ✶✾✼✸❪✐♥♦❞✉❝❡❞✐♥✭✹✳✺✮✳ ❉❡❛✐❧ ♦♥

❤❡❝♦♠♣✉❛✐♦♥❛❧❛❧❣♦✐❤♠❝❛♥❜❡❢♦✉♥❞❢✉ ❤❡✱✐♥❙❡❝✐♦♥✺✳✷✳✶✳◆❡①✱❤❡▼▲❊

❡✐♠❛❡̂σ♦❢❞✐♣❡ ✐♦♥σ✐❣✐✈❡♥❜②❤❡♦❧✉✐♦♥♦❢✿

σ3×
d

dσ
Z(σ)=fCM(̄M), ✭✹✳✶✽✮

✇✐❤Z(σ)❜❡✐♥❣ ❤❡♥♦♠❛❧✐③❛✐♦♥❢❛❝♦✳■♥♣❛❝✐❝❡✱❢♦m=2 ❤❡❞✐♣❡ ✐♦♥

❡✉❛✐♦♥✐ ♦❧✈❡❞❜②❛❝♦♥✈❡♥✐♦♥❛❧◆❡✇♦♥✲❘❛♣❤♦♥❛❧❣♦✐❤♠❬❙❛✐❞❡❛❧✳✷✵✶✺❛❪✳

■❢m>2✱❤❡❡①♣❡✐♦♥✐♥✭✹✳✶✽✮✐❡✈❛❧✉❛❡❞❜②♠❡❛♥♦❢▼♦♥❡❈❛❧♦✐♥❡❣❛✐♦♥✳

■♥❤✐ ❝❛❡✱❛❛❜❧❡❝♦♥❛✐♥✐♥❣ ❤❡✈❛❧✉❡ ♦❢ d
dσZ(σ)❤❛ ♦❜❡❜✉✐❧✳ ❚❤❡❛♠❡

❡♣❛❢♦ ❤❡❝♦♠♣✉❛✐♦♥♦❢Z(σ)❛❡❢♦❧❧♦✇❡❞✳❋✐ ✱❤❡❞❡✐✈❛✐✈❡♦❢Z(σ)✇✐❤

❡♣❡❝ ♦σ✐❡①♣❡❡❞✿

d

dσ
Z(σ)=

Pm

d2(M,̄M)

σ3
exp −

d2(M,̄M)

2σ2
dv(M)

=qm×
Rm

|r|2

σ3
exp −

|r|2

2σ2
i<j

sinh
|ri−rj|

2
dr1...drm, ✭✹✳✶✾✮

✇❤❡❡|r|=(r21+...+r
2
m)

1
2 ❛♥❞qm ✐❣✐✈❡♥✐♥✭✹✳✶✸✮✳ ◆❡①✱✈❡❝♦r✐ ❛♠♣❧❡❞

❢♦♠❛♠✉❧✐✈❛✐❛❡●❛✉✐❛♥❞✐ ✐❜✉✐♦♥❛♥❞❤❡✜♥❛❧❡①♣❡✐♦♥✐❛❝❤✐❡✈❡❞✿

d

dσ
Z(σ)=(2π)

m
2σmE



qm
|x|2

σ3
i<j

sinh
|xi−xj|

2



. ✭✹✳✷✵✮

✇✐❤E[·]❜❡✐♥❣❤❡❡①♣❡❝❛✐♦♥✇✐❤❡♣❡❝ ♦❤❡③❡♦✲♠❡❛♥♠✉❧✐✈❛✐❛❡●❛✉✐❛♥

❞✐ ✐❜✉✐♦♥♦❢❝♦✈❛✐❛♥❝❡♠❛✐①σ2Im✳

✹✳✸✳✹ ▼✐①✉❡ ▼♦❞❡❧❢♦ ❘●❉

❊❛❧✐❡✐♥❤✐ ❡❝✐♦♥✱❤❡❘●❉ ❤❛✈❡❜❡❡♥✐♥♦❞✉❝❡❞✐♥✭✹✳✽✮✳ ❚❤❡✐❞❡✜♥✐✐♦♥

❤❛❜❡❡♥❛❧♦❣❡♥❡❛❧✐③❡❞❢♦♠✐①✉❡♠♦❞❡❧✳

▲❡ M ={Mn}n=1:N✱✇✐❤Mn∈Pm✱❜❡❛❛♠♣❧❡♦❢N ✐✳✐✳❞♦❜❡✈❛✐♦♥

♠♦❞❡❧❡❞❜②❛♠✐①✉❡♦❢K❘✐❡♠❛♥♥✐❛♥●❛✉ ✐❛♥❞✐ ✐❜✉✐♦♥✳❙❛✐♥❣❢♦♠✭✹✳✽✮✱

❤❡♣♦❜❛❜✐❧✐②❞❡♥✐②❢✉♥❝✐♦♥❢♦❛♠✐①✉❡♦❢K❘●❉ ❝❛♥❜❡❞❡✜♥❡❞❛❬❙❛✐❞

❡❛❧✳✷✵✶✺❜❪✿

p(M|θ)=
K

k=1

kpM|̄Mk,σk , ✭✹✳✷✶✮

✇❤❡❡θ={(k,̄Mk,σk)1≤k≤K}✐ ❤❡♣❛❛♠❡❡✈❡❝♦✳ k❛❡♣♦✐✐✈❡✇❡✐❣❤✱

✇✐❤ K
k=1 k=1❛♥❞pM|̄Mk,σk ✐❣✐✈❡♥❜②✭✹✳✽✮✳



✹✳✸✳ ❘✐❡♠❛♥♥✐❛♥ ●❛✉ ✐❛♥❉✐ ✐❜✉✐♦♥ ✺✾

❋♦ ❡❛❝❤❝♦♠♣♦♥❡♥k=1,...,K✱❤❡♣❛❛♠❡❡ θ̂={(̂k,̄Mk,̂σk)1≤k≤K}

❝❛♥❜❡❡✐♠❛❡❞❜②✉✐♥❣❡✈❡❛❧❛❧❣♦✐❤♠✱❧✐❦❡❦✲♠❡❛♥✱♦ ❤❡❡①♣❡❝❛✐♦♥♠❛①✲

✐♠✐③❛✐♦♥✳❚❤❡❡❡✐♠❛✐♦♥♠❡❤♦❞❛❡❞❡❛✐❧❡❞♥❡①✳

✹✳✸✳✹✳✶ ❛❛♠❡❡ ❊ ✐♠❛✐♦♥❜②❯✐♥❣❤❡❑✲♠❡❛♥ ❆❧❣♦ ✐❤♠

❚❤❡ ✐♠♣❧❡ ❡✐♠❛✐♦♥♠❡❤♦❞✐♠♣❧✐❡ ❤❡❝♦♠♣✉❛✐♦♥♦❢❝❡♥♦✐❞ M̄k✱♦❢❝❧✉✲

❡ ck✱k=1,...,K❜②✉✐♥❣❤❡✐♥✐♥✐❝❦✲♠❡❛♥❛❧❣♦✐❤♠♦♥ ❤❡❘✐❡♠❛♥♥✐❛♥

♠❛♥✐❢♦❧❞❬❋❛❛❦✐❡❛❧✳✷✵✶✺❛❪✳❚❤✉✱❢♦❡❛❝❤❝❧✉❡ck✱❤❡❝♦ ❢✉♥❝✐♦♥

fCM(̄Mk)=
1

Nk

Nk

n=1

d2 M̄k,Mkn ✭✹✳✷✷✮

❤❛ ♦❜❡♠✐♥✐♠✐③❡❞✱✇❤❡❡Mkn∈ck✱n=1,...,Nk❛♥❞Nk✐ ❤❡❝❛❞✐♥❛❧♦❢ck✳

❚❤❡♠✐♥✐♠✐③❡ ♦❢❤❡❝♦ ❢✉♥❝✐♦♥❞❡✜♥❡❞✐♥✭✹✳✷✷✮✐❦♥♦✇♥♦❜❡❤❡❘✐❡♠❛♥♥✐❛♥

❝❡♥❡♦❢♠❛ ♦❢ck✳ ❚❤❡❡✐♠❛✐♦♥♣♦❝❡❞✉❡✐ ❡♣❡❛❡❞❢♦❛✜①❡❞♥✉♠❜❡♦❢

✐❡❛✐♦♥Nmax✱♦✉♥✐❧✐ ❝♦♥✈❡❣❡♥❝❡✱ ❤❛ ✐✉♥✐❧❤❡✈❛❧✉❡ ❡♠❛✐♥❛❧♠♦

❛❜❧❡❢♦ ✉❝❝❡ ✐✈❡✐❡❛✐♦♥✳

◆❡①✱♦♥❝❡❤❛❝❡♥♦✐❞M̄k❛❡❞❡❡♠✐♥❡❞✱❢♦ ❡❛❝❤❝❧✉❡ck✱❤❡❡ ✐♠❛❡❞

❞✐♣❡ ✐♦♥♣❛❛♠❡❡σ̂k✐♦❜❛✐♥❡❞❛ ❤❡♦❧✉✐♦♥♦❢✿

σ3k×
d

dσk
Z(σk)=fCM(̄Mk), ✭✹✳✷✸✮

✇❤❡❡Z(σk)✐ ❤❡♥♦♠❛❧✐③❛✐♦♥❢❛❝♦❢♦ ❤❡k
th♠✐①✉❡✳❆♠❡♥✐♦♥❡❞❡❛❧✐❡✱

❤✐❧❛❡✐ ♦❧✈❡❞❜②❛❝♦♥✈❡♥✐♦♥❛❧◆❡✇♦♥✲❘❛♣❤♦♥❛❧❣♦✐❤♠❬❙❛✐❞❡❛❧✳✷✵✶✺❛❪

❢♦m=2❛♥❞❜②✉✐♥❣❤❡▼♦♥❡❈❛❧♦✐♥❡❣❛✐♦♥✱✐❢m>2✳

❋✐♥❛❧❧②✱ ❤❡❡ ✐♠❛❡❞✇❡✐❣❤ k̂❛❡❣✐✈❡♥❜②✿

k̂=
Nk
K
k=1Nk

. ✭✹✳✷✹✮

❆❧❧ ❤❡❡ ✐♠❛✐♦♥♣♦❝❡❞✉❡✐ ②♥❤❡✐③❡❞✐♥❆❧❣♦✐❤♠✶✳

✹✳✸✳✹✳✷ ❛❛♠❡❡ ❊ ✐♠❛✐♦♥❜②❯✐♥❣❤❡❊①♣❡❝❛✐♦♥✲▼❛①✐♠✐③❛✐♦♥

❆❧❣♦ ✐❤♠

❚❤❡ ❡❝♦♥❞❛♣♣♦❛❝❤❢♦ ❤❡❡ ✐♠❛✐♦♥♦❢♣❛❛♠❡❡ θ={(k,̄Mk,σk)1≤k≤K}

✐♠♣❧✐❡❤❡✉❡♦❢❤❡❡①♣❡❝❛✐♦♥✲♠❛①✐♠✐③❛✐♦♥❛❧❣♦✐❤♠✭❊▼✮✱✐♥ ♦❞✉❝❡❞✐♥❬❙❛✐❞

❡❛❧✳✷✵✶✺❛❪❢♦♠✐①✉❡♦❢❘●❉✳■♥❤❡✐ ✇♦❦✱ ❤❡❊▼❛❧❣♦✐❤♠❤❛ ❜❡❡♥

❡①❡♥❞❡❞♦❤❡❘✐❡♠❛♥♥✐❛♥❝❛❡✱❛❢♦❧❧♦✇✳

❋✐ ✱✇♦ ✉❛♥✐✐❡❛❡❞❡✜♥❡❞❢♦❡❛❝❤♠✐①✉❡❝♦♠♣♦♥❡♥k✱k=1,...,K✿

ωk(Mn,θ)=
k×p(Mn|̄Mk,σk)

K
s=1 s×p(Mn|̄Ms,σs)

✭✹✳✷✺✮



✻✵ ❈❤❛♣❡ ✹✳ ❘✐❡♠❛♥♥✐❛♥❉✐ ✐❜✉✐♦♥♦♥ ❤❡❙♣❛❝❡♦❢❈♦✈❛✐❛♥❝❡ ▼❛✐❝❡

❛♥❞

nk(θ)=
N

n=1

ωk(Mn). ✭✹✳✷✻✮

◆❡①✱❤❡❡ ✐♠❛❡❞♣❛❛♠❡❡ θ̂={(̂k,̄Mk,̂σk)1≤k≤K}❛❡✐❡❛✐✈❡❧②✉♣✲

❞❛❡❞❜❛❡❞♦♥❤❡❝✉ ❡♥✈❛❧✉❡♦❢θ̂✿

•❚❤❡♠✐①✉❡✇❡✐❣❤ k̂✐❣✐✈❡♥❜②✿

k̂=
nk(̂θ)
K
k=1nk(̂θ)

; ✭✹✳✷✼✮

•❚❤❡❝❡♥ ❛❧✈❛❧✉❡M̄k✐❝♦♠♣✉❡❞❛✿

M̄k=argmin
M

N

n=1

ωk(Mn,̂θ)d
2(M,Mn); ✭✹✳✷✽✮

•❚❤❡❞✐♣❡ ✐♦♥̂σk✐♦❜❛✐♥❡❞❛✿

σ̂k=Φ(n
−1
k (θ))×

N

n=1

ωk(Mn,̂θ)d
2(̄Mk,Mn), ✭✹✳✷✾✮

✇❤❡❡Φ✐ ❤❡✐♥✈❡ ❡❢✉♥❝✐♦♥♦❢σ→σ3× d
dσlogZ(σ)✳

■❤❛ ♦❜❡♠❡♥✐♦♥❡❞❤❛ ❤❡♦❞❡ ♦❢ ❤❡❛❜♦✈❡ ❡♣❤❛ ♦❜❡ ❡♣❡❝❡❞♦

♦❜❛✐♥❤❡❡ ✐♠❛❡❞♣❛❛♠❡❡✱✐✳❡✳❝♦♥✈❡❣❡♥❝❡✐❡♥✉❡❞✳

❙✐♠✐❧❛ ♦ ❤❡❦✲♠❡❛♥ ❛❧❣♦✐❤♠✱ ❤❡❡ ✐♠❛✐♦♥♣♦❝❡❞✉❡✐ ❡♣❡❛❡❞❢♦❛

✜①❡❞♥✉♠❜❡ ♦❢✐❡❛✐♦♥Nmax✱♦✉♥✐❧❤❡✈❛❧✉❡ ❡♠❛✐♥❛❧♠♦ ❛❜❧❡❢♦ ✉❝✲

❝❡✐✈❡✐❡❛✐♦♥✱❤❛✐ ❤❡❛❧❣♦✐❤♠✬❝♦♥✈❡❣❡♥❝❡✳❚❤❡❡✐♠❛✐♦♥♣♦❝❡❞✉❡✐

②♥❤❡✐③❡❞✐♥❆❧❣♦✐❤♠✷✳

✹✳✸✳✹✳✸ ❇❛②❡✐❛♥■♥❢♦♠❛ ✐♦♥❈✐❡✐♦♥

❚❤❡❦✲♠❡❛♥ ❛♥❞❊▼❛❧❣♦✐❤♠❛❡✐♠♣❧❡♠❡♥❡❞❜❛❡❞♦♥❛♣❡❞❡✜♥❡❞♣❛❛♠❡❡✱

❤❛✐ ❤❡♥✉♠❜❡♦❢♠✐①✉❡❝♦♠♣♦♥❡♥ K✳■♥♦❞❡ ♦❝✐❝✉♠✈❡♥ ❤✐❞❛✇❜❛❝❦✱

❤❡❇❛②❡✐❛♥■♥❢♦♠❛✐♦♥❝✐❡✐♦♥✭❇■❈✮❝❛♥❜❡✉❡❞✳■♥❬ ❡♥❞❡❡❛❧✳✷✵✶✺❪✱❤❡

❛✉❤♦ ❝♦♥✐❞❡❡❞❛♥♦❤❡ ♠❡❤♦❞✱ ❤❛ ✐❛❇❛②❡✐❛♥♥♦♥♣❛❛♠❡✐❝❛♣♣♦❛❝❤

❤♦✉❣❤❛❉✐✐❝❤❧❡♣♦❝❡ ♠✐①✉❡✭❉▼✮♠♦❞❡❧ ♦❡✐♠❛❡❤❡♥✉♠❜❡♦❢❝♦♠✲

♣♦♥❡♥ ✐♥❤❡♠✐①✉❡♠♦❞❡❧✳■♥❤❡❢♦❧❧♦✇✐♥❣✱ ❤❡❇■❈✇✐❧❧❞❡❝♦♥✐❞❡❡❞✳❚❤✐

❝✐❡✐♦♥❤❛❜❡❡♥✐♥♦❞✉❝❡❞✐♥❬❙❝❤✇❛③✶✾✼✽❪✱❛♥❞✐ ❡♣❡❡♥ ❛♠❡❤♦❞♦❛✉✲

♦♠❛✐❝❛❧❧②✜♥❞❤❡❜❡ ✈❛❧✉❡♦❢K❢♦✜ ✐♥❣❤❡❞❛❛✳

▲❡M ={Mn}n=1:N✱✇✐❤Mn∈Pm✱❜❡❛❛♠♣❧❡♦❢N✐✳✐✳❞♦❜❡✈❛✐♦♥♠♦❞✲

❡❧❡❞❜②❛♠✐①✉❡♦❢K❘✐❡♠❛♥♥✐❛♥●❛✉ ✐❛♥❞✐ ✐❜✉✐♦♥✱✇❤❡❡K✐✉♥❦♥♦✇♥✳

❇②✉✐♥❣❤❡❇■❈✱❤❡❡ ✐♠❛❡❞✈❛❧✉❡K̂✐♦❜❛✐♥❡❞❛❝❝♦❞✐♥❣♦✿

K̂=argmin
K

BIC(K), ✭✹✳✸✵✮



✹✳✸✳ ❘✐❡♠❛♥♥✐❛♥ ●❛✉ ✐❛♥❉✐ ✐❜✉✐♦♥ ✻✶

❆❧❣♦ ✐❤♠✶❑✲♠❡❛♥ ❡✐♠❛✐♦♥❛❧❣♦✐❤♠❢♦♠✐①✉❡♦❢K❘●❉

✶✿■♥♣✉✿M1,...,MN✱K✱Nmax
✷✿❢♦k=1:K❞♦

✸✿ ■♥✐✐❛❧✐③❡M̄k ❛♥❞♦♠❧②✳

✹✿ ❢♦n=1:N❞♦

✺✿ ❆ ✐❣♥Mn ♦✐ ❝❧♦❡ ❝❡♥♦✐❞M̄k✳

✻✿ ❡♥❞❢♦

✼✿❡♥❞❢♦

✽✿it=1✳

✾✿ ❡♣❡❛

✶✵✿ ❢♦k=1:K❞♦

✶✶✿ ❊ ✐♠❛❡M̄k❛❝❝♦❞✐♥❣♦✭✹✳✷✷✮✳

✶✷✿ ❡♥❞❢♦

✶✸✿ ❢♦n=1:N❞♦

✶✹✿ ❆ ✐❣♥Mn ♦✐ ❝❧♦❡ ❝❡♥♦✐❞M̄k✳

✶✺✿ ❡♥❞❢♦

✶✻✿ it=it+1✳

✶✼✿✉♥✐❧✭❝♦♥✈❡❣❡♥❝❡✮♦✭it>Nmax✮

✶✽✿❢♦k=1:K❞♦

✶✾✿ ❊ ✐♠❛❡σk❛❝❝♦❞✐♥❣♦✭✹✳✷✸✮✳

✷✵✿ ❊ ✐♠❛❡ k❛❝❝♦❞✐♥❣♦✭✹✳✷✹✮✳

✷✶✿❡♥❞❢♦

✷✷✿❖✉ ♣✉✿̂θ={(̂k,̄Mk,̂σk)1≤k≤K}

❆❧❣♦ ✐❤♠✷❊①♣❡❝❛✐♦♥✲♠❛①✐♠✐③❛✐♦♥❡✐♠❛✐♦♥❛❧❣♦✐❤♠❢♦ ♠✐①✉❡♦❢K

❘●❉

✶✿■♥♣✉✿M1,...,MN✱K✱Nmax
✷✿❢♦k=1:K❞♦

✸✿ ■♥✐✐❛❧✐③❡ k✇✐❤
1
K✳

✹✿ ■♥✐✐❛❧✐③❡M̄k ❛♥❞♦♠❧②✳

✺✿ ■♥✐✐❛❧✐③❡σk✇✐❤❤❡♦❧✉✐♦♥♦❢✭✹✳✷✸✮✳

✻✿❡♥❞❢♦

✼✿it=1✳

✽✿ ❡♣❡❛

✾✿ ❢♦k=1:K❞♦

✶✵✿ ❊ ✐♠❛❡ k❛❝❝♦❞✐♥❣♦✭✹✳✷✼✮✳

✶✶✿ ❊ ✐♠❛❡M̄k❛❝❝♦❞✐♥❣♦✭✹✳✷✽✮✳

✶✷✿ ❊ ✐♠❛❡σk❛❝❝♦❞✐♥❣♦✭✹✳✷✾✮✳

✶✸✿ ❡♥❞❢♦

✶✹✿ it=it+1✳

✶✺✿✉♥✐❧✭❝♦♥✈❡❣❡♥❝❡✮♦✭it>Nmax✮

✶✻✿❖✉ ♣✉✿̂θ={(̂k,̄Mk,̂σk)1≤k≤K}



✻✷ ❈❤❛♣❡ ✹✳ ❘✐❡♠❛♥♥✐❛♥❉✐ ✐❜✉✐♦♥♦♥ ❤❡❙♣❛❝❡♦❢❈♦✈❛✐❛♥❝❡ ▼❛✐❝❡

✇❤❡❡

BIC(K)=−LL+
1

2
×DF×log(N). ✭✹✳✸✶✮

■♥❤❡♣❡✈✐♦✉❡①♣❡✐♦♥✱LL✐ ❤❡❧♦❣✲❧✐❦❡❧✐❤♦♦❞❣✐✈❡♥❜②✿

LL=

N

n=1

log

K

k=1

k̂p(Mn|̄Mk,̂σk) , ✭✹✳✸✷✮

✇❤❡❡(̂k,̄Mk,̂σk)1≤k≤M ❛❡♦❜❛✐♥❡❞❜②✉✐♥❣❤❡❦✲♠❡❛♥✱♦ ❤❡❊▼❛❧❣♦✐❤♠

❞❡❝✐❜❡❞❡❛❧✐❡✐♥❤✐ ❡❝✐♦♥✱❛✉♠✐♥❣❤❛ ❤❡❡①❛❝❞✐♠❡♥✐♦♥✐K✳ ▼♦❡♦✈❡✱

DF✐ ❤❡♥✉♠❜❡♦❢❞❡❣❡❡♦❢❢❡❡❞♦♠♦❢❤❡ ❛✐✐❝❛❧♠♦❞❡❧❞❡✜♥❡❞❛✿

DF=K×
m(m+1)

2
+K+(K−1). ✭✹✳✸✸✮

■♥❤✐ ❡①♣❡✐♦♥✱K×m(m+1)2 ❝♦❡♣♦♥❞ ♦❤❡♥✉♠❜❡ ♦❢❢❡❡❞♦♠❞❡❣❡❡❛✲

♦❝✐❛❡❞♦(̄Mk)1≤k≤K✱K ❝♦❡♣♦♥❞ ♦(̂σk)1≤k≤K ❛♥❞K−1❝♦❡♣♦♥❞ ♦

(̂k)1≤k≤K✮✱❦♥♦✇✐♥❣❤❛
K
k=1 k̂=1✳

✹✳✹ ❘✐❡♠❛♥♥✐❛♥▲❛♣❧❛❝❡❉✐ ✐❜✉✐♦♥

❆ ♠❡♥✐♦♥❡❞❡❛❧✐❡✱✐♥❙❡❝✐♦♥✹✳✸✳✸✱❤❡❘●❉✬ ❝❡♥❛❧✈❛❧✉❡✐ ❡♣❡❡♥❡❞❜②

❤❡❝❡♥❡ ♦❢ ♠❛✳ ❚❤❡ ♠❛✐♥❞❛✇❜❛❝❦♦❢ ❤✐ ❡✐♠❛♦ ✐ ❤❡❢❛❝ ❤❛ ✐✐

❡❛✐❧②✐♥✢✉❡♥❝❡❞❜②❤❡♣❡❡♥❝❡♦❢❛❜❡❛♥❞❛❛❬❇✐❤♦♣✷✵✵✼✱❆❢❛✐✷✵✶✶✱❋♦✲

♠♦♥ ❡❛❧✳✷✵✶✸❪✳❚♦♦✈❡❝♦♠❡❤✐♣♦❜❧❡♠✱✇❡❤❛✈❡❡❝❡♥❧②✐♥♦❞✉❝❡❞✐♥❬❍❛❥✐

❡❛❧✳✷✵✶✻❪❛❣❡♥❡❛✐✈❡♠♦❞❡❧❢♦✇❤✐❝❤ ❤❡ ▼▲❊♦❢ ❤❡❝❡♥❛❧❡❧❡♠❡♥✐ ❤❡

❘✐❡♠❛♥♥✐❛♥♠❡❞✐❛♥✳■♥♦❤❡ ✇♦❞✱✐♥♦❞❡ ♦❡♥❤❛♥❝❡❤❡♠♦❞❡❧✬ ♦❜✉♥❡ ✱

❤❡L2♥♦♠❝❤❛❛❝❡✐③✐♥❣❤❡❘●❉✐ ❡♣❧❛❝❡❞❜②❤❡L1♥♦♠✱❣✐✈✐♥❣ ❤❡♥❡✇

❞✐ ✐❜✉✐♦♥✳❚❤✐♥❡✇♠♦❞❡❧✐❝❛❧❧❡❞❤❡❘✐❡♠❛♥♥✐❛♥▲❛♣❧❛❝❡❞✐ ✐❜✉✐♦♥❛♥❞✐

✐❞❡❛✐❧❡❞♥❡①✳

✹✳✹✳✶ ❉❡✜♥✐✐♦♥

❚❤❡❞❡✈❡❧♦♣♠❡♥ ♦❢❤✐♥❡✇❞✐ ✐❜✉✐♦♥♦♥❤❡♣❛❝❡Pm❤❛❜❡❡♥♠♦✐✈❛❡❞❜②❤❡

♥❡❡❞♦❢❛♣♦❜❛❜✐❧✐✐❝♠♦❞❡❧❤❛ ✐ ♦❜✉ ✐♥❤❡♣❡❡♥❝❡♦❢♦✉❧✐❡✳❚❤❡❡❢♦❡✱

✐♥♣✐❡❞❢♦♠ ❤❡✇❡❧❧✲❦♥♦✇♥▲❛♣❧❛❝❡❞✐ ✐❜✉✐♦♥♦♥R✱✇❡❤❛✈❡✐♥♦❞✉❝❡❞ ❤❡

❘✐❡♠❛♥♥✐❛♥▲❛♣❧❛❝❡❞✐ ✐❜✉✐♦♥✭❘▲❉✮✐♥❬❍❛❥✐❡❛❧✳✷✵✶✻❪♦♥❤❡ ♣❛❝❡Pm ♦❢

m×m ❡❛❧✱ ②♠♠❡✐❝❛♥❞♣♦✐✐✈❡❞❡✜♥✐❡ ♠❛✐❝❡✳ ❚❤❡♣♦❜❛❜✐❧✐②❞❡♥✐②

❢✉♥❝✐♦♥♦❢❤❡❘▲❉✇✐❤❡♣❡❝ ♦❤❡❘✐❡♠❛♥♥✐❛♥✈♦❧✉♠❡❡❧❡♠❡♥✐❞❡✜♥❡❞❛✿

p(M|̄M,σ)=
1

ζ(σ)
exp −

d(M,̄M)

2σ2
, ✭✹✳✸✹✮

✇❤❡❡M̄ ∈Pm❛♥❞σ>0❛❡❤❡❧♦❝❛✐♦♥❛♥❞❤❡❞✐♣❡ ✐♦♥♣❛❛♠❡❡✳d(·)✐❤❡

❘✐❡♠❛♥♥✐❛♥❞✐ ❛♥❝❡❣✐✈❡♥✐♥✭✹✳✺✮❛♥❞ζ(σ)✐❛♥♦♠❛❧✐③❛✐♦♥❢❛❝♦✱✐♥❞❡♣❡♥❞❡♥

♦❢M̄✳■♥❤❡♥❡① ❡❝✐♦♥✱♠♦❡❞❡❛✐❧♦♥ζ(σ)❛❡❣✐✈❡♥✳



✹✳✹✳ ❘✐❡♠❛♥♥✐❛♥▲❛♣❧❛❝❡❉✐ ✐❜✉✐♦♥ ✻✸

✹✳✹✳✷ ◆♦♠❛❧✐③❛ ✐♦♥❋❛❝♦

✹✳✹✳✷✳✶ ❉❡✜♥✐✐♦♥

❇②❢♦❧❧♦✇✐♥❣ ❤❡♣♦❝❡❞✉❡♣❡✈✐♦✉❧②✐♥♦❞✉❝❡❞❢♦ ❤❡❘●❉✱ ❤❡♥♦♠❛❧✐③❛✐♦♥

❢❛❝♦ζ(σ)✐❞❡✜♥❡❞❛❬❍❛❥✐❡❛❧✳✷✵✶✻❪✿

ζ(σ)=
Pm

exp −
d(M,̄M)

2σ2
dv(M), ✭✹✳✸✺✮

✇✐❤dv(M)❜❡✐♥❣❤❡❘✐❡♠❛♥♥✐❛♥✈♦❧✉♠❡❡❧❡♠❡♥✳ ▼♦❡♦✈❡✱✐♥❤❡❛♠❡✇♦❦✱✐

❤❛❜❡❡♥❤♦✇♥❤❛ζ(σ)✐✐♥❞❡♣❡♥❞❡♥♦❢M̄✱♦❜②❡♣❧❛❝✐♥❣✐✇✐❤❤❡✐❞❡♥✐②

♠❛ ✐①✱❤❡❢♦❧❧♦✇✐♥❣❝❧♦❡❢♦♠❝❛♥❜❡♦❜❛✐♥❡❞✿

ζ(σ)=qm
Rm
exp −

|r|

2σ2
i<j

sinh
|ri−rj|

2
dr1...drm, ✭✹✳✸✻✮

✇❤❡❡|r|=(r21+...+r
2
m)

1
2❛♥❞qm ✐❣✐✈❡♥✐♥✭✹✳✶✸✮✳

✹✳✹✳✷✳✷ ◆✉♠❡✐❝❛❧❈♦♠♣✉❛✐♦♥♦❢ζ(σ)

■♥♦❞❡ ♦❡✈❛❧✉❛❡❤❡❡①♣❡✐♦♥✐♥✭✹✳✸✻✮✱❤❡ ▼♦♥❡❈❛❧♦✐♥❡❣❛✐♦♥❝❛♥❜❡

✉❡❞✳❚❤✉✱❤❡✈❡❝♦r❤❛ ♦❜❡❛♠♣❧❡❞❢♦♠❛♠✉❧✐✈❛✐❛❡▲❛♣❧❛❝❡❞✐ ✐❜✉✐♦♥✿

p(x|M)=
1

|M|
1
2

1
2Γm(

m
2)

π
m
2 Γm(m)2m

exp −
(xTM−1x)

1
2

2
, ✭✹✳✸✼✮

✇❤❡❡Γm(·)✐ ❤❡♠✉❧✐✈❛✐❛❡●❛♠♠❛❢✉♥❝✐♦♥❬▼✉✐❤❡❛❞✶✾✽✷❪❣✐✈❡♥✐♥✭✹✳✶✹✮✳

❋✉ ❤❡♦♥✱M ✐❝♦♥✐❞❡❡❞♦❜❡σIm✿

p(x|σ)=
1
2Γm(

m
2)

π
m
2 Γm(m)2pσ2m

exp −

√
xTx

2σ2
. ✭✹✳✸✽✮

■♥❤❡❡♥❞✱❤❡♥♦♠❛❧✐③❛✐♦♥❢❛❝♦✐♥✭✹✳✸✻✮❜❡❝♦♠❡✿

ζ(σ)=
π
m
2 Γm(m)2

(m+1)σ2m

Γm(
m
2)

E



qm
i<j

sinh
|xi−xj|

2



, ✭✹✳✸✾✮

✇❤❡❡E[·]❞❡♥♦❡ ❤❡❡①♣❡❝❛✐♦♥✇✐❤ ❡♣❡❝ ♦❤❡♠✉❧✐✈❛✐❛❡▲❛♣❧❛❝❡❞✐✲

✐❜✉✐♦♥❞❡✜♥❡❞✐♥✹✳✸✽❛♥❞qm ❤❛ ❤❡❢♦♠✐♥✭✹✳✶✸✮✳ ❙✐♠✐❧❛ ♦ ❤❡❘●❉✬

♥♦♠❛❧✐③❛✐♦♥❢❛❝♦✱❤❡ ❡✉❧ ❛❡♠♦♦❤❡❞❜②♠❡❛♥ ♦❢❝✉❜✐❝♣❧✐♥❡❢✉♥❝✐♦♥

❛♥❞❤❡♥✱❛❜❧❡❝♦♥❛✐♥✐♥❣❤❡♦❜❛✐♥❡❞✈❛❧✉❡♦❢ζ(σ)❝❛♥❜❡❜✉✐❧✳

■♥♦❞❡ ♦❞❡✜♥❡ ❤❡❘▲❉✱❜❡✐❞❡ ❤❡♥♦♠❛❧✐③❛✐♦♥❢❛❝♦✱✇♦♣❛❛♠❡❡

❛❡♥❡❡❞❡❞✿❤❡❝❡♥❛❧✈❛❧✉❡❛♥❞❤❡❞✐♣❡ ✐♦♥✳❚❤❡✐❡✐♠❛✐♦♥✐ ❤❡✉❜❥❡❝♦❢

❤❡♥❡①♣❛ ✳



✻✹ ❈❤❛♣❡ ✹✳ ❘✐❡♠❛♥♥✐❛♥❉✐ ✐❜✉✐♦♥♦♥ ❤❡❙♣❛❝❡♦❢❈♦✈❛✐❛♥❝❡ ▼❛✐❝❡

✹✳✹✳✸ ❛❛♠❡❡ ❊ ✐♠❛✐♦♥

❙✐♠✐❧❛ ♦❤❡❘✐❡♠❛♥♥✐❛♥●❛✉ ✐❛♥❞✐ ✐❜✉✐♦♥✱❤❡♣❛❛♠❡❡ ❝❛♥❜❡❡✐♠❛❡❞

❤♦✉❣❤❤❡♠❛①✐♠✉♠❧✐❦❡❧✐❤♦♦❞❡ ✐♠❛✐♦♥✳

▲❡ M ={Mn}n=1:N ❜❡❛ ❡♦❢N ✐♥❞❡♣❡♥❞❡♥❛♥❞✐❞❡♥✐❝❛❧❧②❞✐ ✐❜✉❡❞

❛♠♣❧❡ ❛❝❝♦❞✐♥❣ ♦❛❘✐❡♠❛♥♥✐❛♥▲❛♣❧❛❝❡❞✐ ✐❜✉✐♦♥♦❢❝❡♥❛❧✈❛❧✉❡M̄ ❛♥❞

❞✐♣❡ ✐♦♥σ✳

❚❤❡ ▼▲❊♦❢ ❤❡❝❡♥❛❧✈❛❧✉❡M̄ ✐ ❤❡❘✐❡♠❛♥♥✐❛♥♠❡❞✐❛♥M̄✱♦❜❛✐♥❡❞❜②

♠✐♥✐♠✐③✐♥❣ ❤❡❝♦ ❢✉♥❝✐♦♥✿

fMed(̄M)=
1

N

N

n=1

d(̄M,Mn), ✭✹✳✹✵✮

✇❤❡❡d(·)✐ ❤❡❣❡♦❞❡✐❝❞✐❛♥❝❡❬❏❛♠❡✶✾✼✸❪❞❡✜♥❡❞✐♥✭✹✳✺✮✳ ▼♦❡❞❡❛✐❧♦♥

❤❡❝❡♥♦✐❞❡✐♠❛✐♦♥❛❧❣♦✐❤♠❝❛♥❜❡❢♦✉♥❞✐♥❙❡❝✐♦♥✺✳✷✳✷✳ ❲✐❤❤✐❞❡✜♥✐✐♦♥

❢♦M̄✱❤❡❝♦♥ ✉❝✐♦♥♦❢❛♦❜✉ ♣❛❛♠❡✐❝♠♦❞❡❧✐❛❝❤✐❡✈❡❞✳ ▼♦❡♣❡❝✐❡❧②✱

❤❡❘✐❡♠❛♥♥✐❛♥♠❡❞✐❛♥✐ ♠♦❡♦❜✉ ♦♦✉❧✐❡ ❤❛♥ ❤❡❘✐❡♠❛♥♥✐❛♥❝❡♥❡♦❢

♠❛ ❬❋❧❡❝❤❡❡❛❧✳✷✵✵✾❪✉❡❞✐♥❤❡❝❛❡♦❢❘●❉✳❆❞❡❛✐❧❡❞❝♦♠♣❛✐♦♥❜❡✇❡❡♥

❤❡❡✇♦❡ ✐♠❛♦ ✐❝❛✐❡❞♦✉✐♥❈❤❛♣❡✺✳

❋✉ ❤❡♦♥✱❤❡▼▲❊❡ ✐♠❛❡̂σ♦❢❤❡❞✐♣❡ ✐♦♥σ✐❣✐✈❡♥❜②❤❡♦❧✉✐♦♥♦❢✿

σ3×
d

dσ
ζ(σ)=fMed(̄M), ✭✹✳✹✶✮

✇❤❡❡ζ(σ)✐ ❤❡♥♦♠❛❧✐③❛✐♦♥❢❛❝♦✳■♥♣❛❝✐❝❡✱❢♦m=2✱❤❡❞✐♣❡ ✐♦♥̂σ✐

♦❜❛✐♥❡❞❜②❤❡◆❡✇♦♥✲❘❛♣❤♦♥❛❧❣♦✐❤♠❬❍❛❥✐❡❛❧✳✷✵✶✻❪✳▲✐❦❡❢♦ ❤❡❘●❉✱

✐❢m>2✱❤❡♥σ̂❝❛♥❜❡♦❜❛✐♥❡❞❜②♠❡❛♥♦❢▼♦♥❡❈❛❧♦✐♥❡❣❛✐♦♥✳❚❤✉✱❤❡

❞❡✐✈❛✐✈❡♦❢ζ(σ)✇✐❤❡♣❡❝ ♦σ✐❡①♣❡❡❞✿

d

dσ
ζ(σ)=

Pm

d(M,̄M)

σ3
exp −

d(M,̄M)

2σ2
dv(M)

=qm×
Rm

|r|

σ3
exp −

|r|

2σ2
i<j

sinh
|ri−rj|

2
dr1...drm, ✭✹✳✹✷✮

✇❤❡❡|r|=(r21+...+r
2
m)

1
2 ❛♥❞qm ✐❣✐✈❡♥✐♥✭✹✳✶✸✮✳ ◆❡①✱✈❡❝♦r✐ ❛♠♣❧❡❞

❢♦♠❛♠✉❧✐✈❛✐❛❡▲❛♣❧❛❝❡❞✐ ✐❜✉✐♦♥♦❢♣❛❛♠❡❡σIm✱❡✉❧✐♥❣✐♥✿

d

dσ
ζ(σ)=

π
m
2 Γ(m)2(m+1)σ2m

Γ(m2)
E



qm
|x|

σ3
i<j

sinh
|xi−xj|

2



. ✭✹✳✹✸✮

■♥❛❞❞✐✐♦♥✱✐❤❛ ❜❡❡♥ ❤♦✇♥ ❤❛ M̄ ❛♥❞σ̂❛❡✉♥✐✉❡❛♥❞ ❤❛ M̄ ✐❛

❝♦♥✐❡♥❡✐♠❛♦♦❢M̄ ❬❍❛❥✐❡❛❧✳✷✵✶✻❪✳



✹✳✹✳ ❘✐❡♠❛♥♥✐❛♥▲❛♣❧❛❝❡❉✐ ✐❜✉✐♦♥ ✻✺

✹✳✹✳✹ ▼✐①✉❡ ▼♦❞❡❧❢♦ ❘▲❉

❙❛✐♥❣❢♦♠✭✹✳✸✹✮✱❤❡❘▲❉❞❡✜♥✐✐♦♥❤❛❜❡❡♥❡①❡♥❞❡❞♦❤❡❝❛❡♦❢♠✐①✉❡

♦❢❘▲❉ ❬❍❛❥✐❡❛❧✳✷✵✶✻❪✳ ❋♦❛♠✐①✉❡♦❢K ❘▲❉✱❤❡♣♦❜❛❜✐❧✐②❞❡♥✐②

❢✉♥❝✐♦♥❜❡❝♦♠❡✿

p(M|θ)=
K

k=1

kp(M|̄Mk,σk), ✭✹✳✹✹✮

✇❤❡❡θ= {(k,̄Mk,σk)1≤k≤K}✐ ❤❡♣❛❛♠❡❡ ✈❡❝♦✳ k❛❡ ❤❡♣♦✐✐✈❡

✇❡✐❣❤ ✱✇✐❤ k∈(0,1)❛♥❞
K
k=1 k=1✱✇❤✐❧❡p(M|̄Mk,σk)✐❣✐✈❡♥❜②✭✹✳✸✹✮✳

❚❤❡♣❛❛♠❡❡ ♦❢❡❛❝❤❝♦♠♣♦♥❡♥k=1,...,K❝❛♥❜❡❡✐♠❛❡❞❜②✉✐♥❣❤❡

❦✲♠❡❛♥✱♦ ❤❡❡①♣❡❝❛✐♦♥♠❛①✐♠✐③❛✐♦♥❛❧❣♦✐❤♠✳

✹✳✹✳✹✳✶ ❛❛♠❡❡ ❊ ✐♠❛✐♦♥❜②❯✐♥❣❤❡❑✲♠❡❛♥ ❆❧❣♦ ✐❤♠

❚❤❡❡ ✐♠❛✐♦♥♣♦❝❡❞✉❡✐ ✐♠✐❧❛ ♦ ❤❡♦♥❡♣❡❡♥❡❞✐♥❆❧❣♦✐❤♠✶❢♦ ❤❡

❘●❉✳ ❚❤❡✇♦♠❡❤♦❞ ❞✐✛❡ ♦♥❧②✐♥ ❤❡❞❡✜♥✐✐♦♥♦❢❤❡✉♣❞❛❡✉❧❡✳ ▼♦❡

♣❡❝✐❡❧②✱❢♦ ♦❜✉♥❡ ♣✉♣♦❡✱❤❡♣❛❛♠❡❡ ♦❢❡❛❝❤❝❧✉❡ck❛❡❝♦♠♣✉❡❞❜②

❡♣❧❛❝✐♥❣❤❡❝❡♥❡♦❢♠❛ ❝♦ ❢✉♥❝✐♦♥✐♥✭✹✳✷✷✮❛♥❞✭✹✳✷✸✮❜②❤❡♠❡❞✐❛♥❝♦

❢✉♥❝✐♦♥✿

fMed(̄Mk)=
1

Nk

Nk

n=1

d(̄Mk,Mkn), ✭✹✳✹✺✮

✇✐❤Mkn∈ck✱n=1,...,Nk❛♥❞Nk ❡♣❡❡♥✐♥❣❤❡❝❛❞✐♥❛❧♦❢ck✳■♥❛❞❞✐✐♦♥✱

❤❡♥♦♠❛❧✐③❛✐♦♥❢❛❝♦Z(σ)✐♥✭✹✳✷✸✮✐ ❡♣❧❛❝❡❞❜②ζ(σ)✳

✹✳✹✳✹✳✷ ❛❛♠❡❡ ❊ ✐♠❛✐♦♥❜②❯✐♥❣❤❡❊①♣❡❝❛✐♦♥✲▼❛①✐♠✐③❛✐♦♥

❆❧❣♦ ✐❤♠

❚❤❡❡①♣❡❝❛✐♦♥✲♠❛①✐♠✐③❛✐♦♥❛❧❣♦✐❤♠❤❛❜❡❡♥❛❧♦✐♥♦❞✉❝❡❞❢♦ ❤❡❘✐❡♠❛♥✲

♥✐❛♥▲❛♣❧❛❝❡❞✐ ✐❜✉✐♦♥❬❍❛❥✐❡❛❧✳✷✵✶✻❪✳ ❚❤❡❣❡♥❡❛❧✐❞❡❛♦❢❤❡❡ ✐♠❛✐♦♥

♠❡❤♦❞✐ ✐♠✐❧❛ ♦❤❡♦♥❡❞❡❝✐❜❡❞✐♥❆❧❣♦✐❤♠✷❢♦ ❤❡❘●❉✳■♥♦❞❡ ♦

♦❜❛✐♥❤❡♠✐①✉❡✬♣❛❛♠❡❡✱♠❛❧❧❝❤❛♥❣❡ ❤❛✈❡ ♦❜❡♠❛❞❡✐♥❤❡♣❡✈✐♦✉❧②

✐♥♦❞✉❝❡❞❛❧❣♦✐❤♠✳ ❋✐ ✱❢♦❡❛❝❤ ♠✐①✉❡❝♦♠♣♦♥❡♥k✱k=1,...,K✱❤❡

✉❛♥✐②ωk(Mn,θ)✐♥✭✹✳✷✺✮❤❛ ❤❡❢♦❧❧♦✇✐♥❣❡①♣❡✐♦♥✿

ωk(Mn,θ)=
k×p(Mn|̄Mk,σk)

K
s=1 s×p(Mn|̄Ms,σs)

, ✭✹✳✹✻✮

✇❤❡❡p(·)❡♣❡❡♥ ❤❡❘▲❉♣♦❜❛❜✐❧✐②❞❡♥✐②❢✉♥❝✐♦♥✳❙❡❝♦♥❞✱❤❡ ✉❛❡❞

❞✐ ❛♥❝❡d2(M,Mn)✐♥✭✹✳✷✼✮❛♥❞d
2(̄Mk,Mn)✐♥✭✹✳✷✽✮❛❡❡♣❧❛❝❡❞❜②d(M,Mn)

❛♥❞d(̄Mk,Mn)✳ ❚❤✐❞✱ ❤❡❡ ✐♠❛❡❞❞✐♣❡ ✐♦♥✐♥✭✹✳✷✾✮✐❞❡✜♥❡❞❜②✉✐♥❣Φ✱

✇❤✐❝❤✐ ❤❡✐♥✈❡ ❡❢✉♥❝✐♦♥♦❢σ→σ3× d
dσlogζ(σ)✳



✻✻ ❈❤❛♣❡ ✹✳ ❘✐❡♠❛♥♥✐❛♥❉✐ ✐❜✉✐♦♥♦♥ ❤❡❙♣❛❝❡♦❢❈♦✈❛✐❛♥❝❡ ▼❛✐❝❡

✹✳✹✳✹✳✸ ❇❛②❡✐❛♥■♥❢♦♠❛ ✐♦♥❈✐❡✐♦♥❢♦❘▲❉

❋♦ ❤❡❘✐❡♠❛♥♥✐❛♥▲❛♣❧❛❝❡❞✐ ✐❜✉✐♦♥✱❤❡♥✉♠❜❡♦❢♠✐①✉❡❝♦♠♣♦♥❡♥ K❝❛♥

❜❡❡ ✐♠❛❡❞❜②❤❡❇■❈✳❚❤❡❛♠❡✐❞❡❛❛ ❤❡♦♥❡♣❡❡♥❡❞✐♥❙❡❝✐♦♥✹✳✸✳✹✳✸❝❛♥

❜❡✐♠♣❧❡♠❡♥❡❞✱❜②✐♠♣❧②❡♣❧❛❝✐♥❣❤❡♣♦❜❛❜✐❧✐②❞❡♥✐②❢✉♥❝✐♦♥✐♥✭✹✳✸✷✮✇✐❤

❤❡❘▲❉✐♥✭✹✳✸✹✮✳

✹✳✺ ❆♣♣❧✐❝❛✐♦♥♦❚❡①✉❡■♠❛❣❡❈❧❛ ✐✜❝❛✐♦♥

■♥❤✐ ❡❝✐♦♥✱❤❡❘✐❡♠❛♥♥✐❛♥♠✐①✉❡♠♦❞❡❧❛❡❛♣♣❧✐❡❞♦❡①✉❡✐♠❛❣❡❝❧❛✐✲

✜❝❛✐♦♥❜②✉✐♥❣❤❡▼■❚❱✐✐♦♥❚❡①✉❡✭❱✐❚❡①✮❞❛❛❜❛❡❬❱✐ ❪✳❚❤❡♣✉♣♦❡♦❢

❤✐❡①♣❡✐♠❡♥✐ ♦❝❧❛✐❢②❤❡❡①✉❡✱❜②❛❦✐♥❣✐♥♦❝♦♥✐❞❡❛✐♦♥❤❡✇✐❤✐♥✲

❝❧❛ ❞✐✈❡ ✐②✳❚❤❡❡❢♦❡✱❡❛❝❤❡①✉❡❝❧❛ ✐❝❤❛❛❝❡✐③❡❞✐♥❤❡♣❛❛♠❡❡ ♣❛❝❡

θ❜②✐ ❝❡♥❛❧✈❛❧✉❡M̄ ❛♥❞✐ ❞✐♣❡ ✐♦♥σ✱❛✐❧❧✉ ❛❡❞✐♥❋✐❣✉❡✹✳✹✳■♥❤✐

❝♦♥❡①✱❤❡✐♥✢✉❡♥❝❡♦❢♦✉❧✐❡ ♦♥❤❡❝❧❛ ✐✜❝❛✐♦♥♣❡❢♦♠❛♥❝❡ ✐❛♥❛❧②③❡❞❛♥❞

❤❡ ❡✉❧ ❛❡❝♦♠♣❛❡❞♦ ❤♦❡❣✐✈❡♥❜②❤❡ ❲✐❤❛ ❞✐ ✐❜✉✐♦♥✭❲❉✮❬▲❡❡

❡❛❧✳✶✾✾✾✱❙❛✐♥✲❏❡❛♥✫◆✐❡❧❡♥✷✵✶✸❪✳

❋✐❣✉❡✹✳✹✿❲✐ ❤✐♥✲❝❧❛ ❞✐✈❡ ✐②♠♦❞❡❧❡❞❜②❘✐❡♠❛♥♥✐❛♥❞✐ ✐❜✉✐♦♥✳

✹✳✺✳✶ ❉❛❛❜❛❡

❚❤❡❱✐❚❡①❞❛❛❜❛❡❝♦♥❛✐♥40✐♠❛❣❡✐❧❧✉ ❛❡❞✐♥❋✐❣✉❡✷✳✶❛♥❞❝♦♥✐❞❡❡❞❛

❜❡✐♥❣40❞✐✛❡❡♥ ❡①✉❡❝❧❛❡✳❙❛✐♥❣❢♦♠❤✐ ❞❛❛❜❛❡✱❛♠♦❞✐✜❡❞✈❡✐♦♥

❤❛ ❜❡❡♥❜✉✐❧✱❛❢♦❧❧♦✇✳ ❋✐ ✱❡❛❝❤❡①✉❡✐ ❞❡❝♦♠♣♦❡❞✐♥169♣❛❝❤❡ ♦❢

128×128♣✐①❡❧✱✇✐❤❛♥♦✈❡❧❛♣♦❢32♣✐①❡❧✳ ❆❛ ❡✉❧✱❛♦❛❧♥✉♠❜❡ ♦❢

6760❡①✉❡❞♣❛❝❤❡❛❡♦❜❛✐♥❡❞✳◆❡①✱♦♠❡♣❛❝❤❡❛❡❝♦✉♣❡❞✱✐♥♦❞❡ ♦

✐♥♦❞✉❝❡❛❜♥♦♠❛❧❞❛❛✐♥♦❤❡❞❛❛❡✳❚❤❡❡❢♦❡✱❤❡✐✐♥❡♥✐②✐♠♦❞✐✜❡❞❜②

❛♣♣❧②✐♥❣❛❣❛❞✐❡♥♦❢❧✉♠✐♥♦✐②✳ ❋♦ ❡❛❝❤❝❧❛✱❜❡✇❡❡♥0❛♥❞60♣❛❝❤❡❛❡

♠♦❞✐✜❡❞✐♥♦❞❡ ♦❜❡❝♦♠❡♦✉❧✐❡✳❆♥❡①❛♠♣❧❡♦❢❛❱✐❚❡① ❡①✉❡✇✐❤♦♥❡♦❢

✐ ♣❛❝❤❡❛♥❞❛♥♦✉❧✐❡♣❛❝❤❛❡❤♦✇♥✐♥❋✐❣✉❡✹✳✺✳



✹✳✺✳ ❆♣♣❧✐❝❛✐♦♥♦❚❡①✉❡■♠❛❣❡❈❧❛ ✐✜❝❛✐♦♥ ✻✼

✭❛✮ ✭❜✮ ✭❝✮

❋✐❣✉❡✹✳✺✿✭❛✮❊①❛♠♣❧❡♦❢❛❡①✉❡❢♦♠❤❡❱✐❚❡①❞❛❛❜❛❡✱✭❜✮♦♥❡♦❢✐ ♣❛❝❤❡

❛♥❞✭❝✮❤❡❝♦ ❡♣♦♥❞✐♥❣♦✉❧✐❡✳

✹✳✺✳✷ ▼❡❤♦❞♦❧♦❣②❛♥❞❘❡✉❧

❋♦ ❤✐ ❡①♣❡✐♠❡♥✱❤❡❝❧❛ ✐✜❝❛✐♦♥✐♣❡❢♦♠❡❞❜②✉✐♥❣❤❡❊▼❛❧❣♦✐❤♠✳

❑♥♦✇✐♥❣ ❤❛ ❤✐✐❛✉♣❡✈✐❡❞❝❧❛✐✜❝❛✐♦♥❛❧❣♦✐❤♠✱❤❡❞❛❛❜❛❡✐15✐♠❡

❡✉❛❧❧②❛♥❞ ❛♥❞♦♠❧②❞✐✈✐❞❡❞✐♥♦❞❡ ♦♦❜❛✐♥❤❡ ❛✐♥✐♥❣❛♥❞❤❡ ❡✐♥❣❡✳

❚❤❡♥✱❢♦ ❡❛❝❤♣❛❝❤✐♥❜♦❤❞❛❛❜❛❡✱❛❢❡❛✉❡✈❡❝♦❤❛ ♦❜❡❝♦♠♣✉❡❞✳❚❤❡

❧✉♠✐♥❛♥❝❡❝❤❛♥♥❡❧✐✜ ❡①❛❝❡❞✱❛♥❞❤❡♥♥♦♠❛❧✐❡❞✐♥✐♥❡♥✐②✳❚❤❡❣❛②❝❛❧❡

♣❛❝❤❡❛❡✜❧❡❡❞✉✐♥❣❤❡ ❛✐♦♥❛②✇❛✈❡❧❡ ❛♥❢♦♠✇✐❤❉❛✉❜❡❝❤✐❡ ❞❜✹

✜❧❡✱✇✐❤2❝❛❧❡❛♥❞3♦✐❡♥❛✐♦♥✳ ◆❡①✱❤❡✇❛✈❡❧❡ ❝♦❡✣❝✐❡♥ ❧♦❝❛❡❞✐♥❛

p×q♣❛✐❛❧♥❡✐❣❤❜♦❤♦♦❞♦❢❤❡❝✉ ❡♥ ♣❛✐❛❧♣♦✐✐♦♥❛❡❝❧✉❡❡❞✐♥❛❛♥❞♦♠

✈❡❝♦❛♥❞♠♦❞❡❧❡❞❛ ❡❛❧✐❛✐♦♥♦❢③❡♦✲♠❡❛♥♠✉❧✐✈❛✐❛❡●❛✉✐❛♥❞✐ ✐❜✉✐♦♥✳

❋♦ ❤✐❡①♣❡✐♠❡♥✱❤❡♣❛✐❛❧✐♥❢♦♠❛✐♦♥✐❝❛♣✉❡❞❜②✉✐♥❣❛✈❡✐❝❛❧✭2×1✮

❛♥❞❛❤♦✐③♦♥❛❧✭1×2✮♥❡✐❣❤❜♦❤♦♦❞✳ ❋✉ ❤❡ ♦♥✱ ❤❡2×2 ❛♠♣❧❡❝♦✈❛✐❛♥❝❡

♠❛ ✐❝❡❛❡❡✐♠❛❡❞❢♦❡❛❝❤✇❛✈❡❧❡ ✉❜❜❛♥❞❛♥❞❡❛❝❤♥❡✐❣❤❜♦❤♦♦❞✳■♥ ❤❡

❡♥❞✱❡❛❝❤♣❛❝❤✐ ❡♣❡❡♥❡❞❜②❛❡♦❢F=12❝♦✈❛✐❛♥❝❡♠❛✐❝❡✭2❝❛❧❡×3

♦✐❡♥❛✐♦♥×2♥❡✐❣❤❜♦❤♦♦❞✮✳

❚❤❡❡ ✐♠❛❡❞❝♦✈❛✐❛♥❝❡♠❛✐❝❡❛❡❡❧❡♠❡♥ ♦❢Pm✱✇✐❤m=2❛♥❞❤❡❡❢♦❡

❤❡②❝❛♥❜❡♠♦❞❡❧❡❞❜②❘✐❡♠❛♥♥✐❛♥●❛✉ ✐❛♥❞✐ ✐❜✉✐♦♥❛♥❞❘✐❡♠❛♥♥✐❛♥▲❛♣❧❛❝❡

❞✐ ✐❜✉✐♦♥✳ ▼♦❡♣❡❝✐❡❧②✱✐♥♦❞❡ ♦❛❦❡✐♥♦❝♦♥✐❞❡❛✐♦♥❤❡✇✐❤✐♥✲❝❧❛

❞✐✈❡ ✐②✱❡❛❝❤❝❧❛ c✐♥❤❡ ❛✐♥✐♥❣ ❡✐✈✐❡✇❡❞❛ ❛ ❡❛❧✐❛✐♦♥♦❢❛♠✐①✉❡

♦❢❘✐❡♠❛♥♥✐❛♥❞✐ ✐❜✉✐♦♥✇✐❤K ♠✐①✉❡❝♦♠♣♦♥❡♥✱❝❤❛❛❝❡✐③❡❞❜②Θc=

( c
k,̄M

c
k,f,σ

c
k,f)✱❤❛✈✐♥❣M

c
k,f∈P2✱✇✐❤k=1,···,K❛♥❞f=1,···,F✳❙✐♥❝❡

❤❡✇❛✈❡❧❡ ✉❜❜❛♥❞ ❛❡❛✉♠❡❞✐♥❞❡♣❡♥❞❡♥✱❤❡♣♦❜❛❜✐❧✐②❞❡♥✐②❞❡❝✐❜✐♥❣

❤❡ ❛✐♥✐♥❣❝❧❛ c✐✿

p(M|Θc)=
K

k=1

c
k

F

f=1

p(Mcf|̄M
c
k,f,σ

c
k,f), ✭✹✳✹✼✮

✇❤❡❡p(Mcf|̄M
c
k,f,σ

c
k,f)✐ ❤❡❘✐❡♠❛♥♥✐❛♥●❛✉ ✐❛♥❞✐ ✐❜✉✐♦♥❣✐✈❡♥✐♥✭✹✳✺✮✱♦

❤❡❘✐❡♠❛♥♥✐❛♥▲❛♣❧❛❝❡❞✐ ✐❜✉✐♦♥✐♥✭✹✳✸✹✮✳

❚❤❡❧❡❛♥✐♥❣ ❡♣♦❢ ❤❡❝❧❛ ✐✜❝❛✐♦♥✐♣❡❢♦♠❡❞✉✐♥❣❤❡❊▼❛❧❣♦✐❤♠

❢♦♠✐①✉❡♠♦❞❡❧✱♣❡❡♥❡❞❡❛❧✐❡✐♥❤✐ ❝❤❛♣❡✳ ❋♦ ❤❡♥✉♠❜❡ ♦❢♠✐①✉❡



✻✽ ❈❤❛♣❡ ✹✳ ❘✐❡♠❛♥♥✐❛♥❉✐ ✐❜✉✐♦♥♦♥ ❤❡❙♣❛❝❡♦❢❈♦✈❛✐❛♥❝❡ ▼❛✐❝❡

❝♦♠♣♦♥❡♥✱❡✈❡❛❧✐✉❛✐♦♥❛❡❝♦♥✐❞❡❡❞✳❋✐ ✱K✐♣❡❞❡✜♥❡❞❛♥❞❡ ♦1✳

■♥❤✐❝❛❡✱❤❡✇✐❤✐♥✲❝❧❛ ❞✐✈❡ ✐②✐♦♥❧②♠♦❞❡❧❡❞❜②❤❡❞✐♣❡ ✐♦♥❛♦✉♥❞❤❡

❝❡♥♦✐❞✳◆❡①✱K✐ ❡ ♦3❛♥❞❤✐❞✱✐✐❞❡❡♠✐♥❡❞❜②✉✐♥❣❤❡❇■❈❝✐❡✐♦♥

❡❝❛❧❧❡❞✐♥✭✹✳✸✶✮✳◆♦❡❤❛❢♦❜♦❤❘●❉❛♥❞❘▲❉♠♦❞❡❧✱❤❡❞❡❣❡❡♦❢❢❡❡❞♦♠

✐❡①♣❡❡❞❛✿

DF=K×F×
m(m+1)

2
+K×F+(K−1), ✭✹✳✹✽✮

✐♥❝❡♦♥❡❝❡♥♦✐❞❛♥❞♦♥❡❞✐♣❡ ✐♦♥♣❛❛♠❡❡ ❤♦✉❧❞❜❡❡ ✐♠❛❡❞❢♦❡❛❝❤✉❜✲

❜❛♥❞❛♥❞❢♦ ❡❛❝❤❝♦♠♣♦♥❡♥♦❢ ❤❡♠✐①✉❡♠♦❞❡❧✳■♥♣❛❝✐❝❡✱❤❡♥✉♠❜❡ ♦❢

♠✐①✉❡❝♦♠♣♦♥❡♥ K ✈❛✐❡❜❡✇❡❡♥2❛♥❞5✱❛♥❞❤❡K ②✐❡❧❞✐♥❣ ♦❤❡❧♦✇❡

❇■❈❝✐❡✐♦♥✐ ❡❛✐♥❡❞✳

❚❤❡❊▼❛❧❣♦✐❤♠✐ ❡♥✐✐✈❡♦❤❡✐♥✐✐❛❧❝♦♥❞✐✐♦♥✳■♥♦❞❡ ♦♠✐♥✐♠✐③❡

❤✐ ✐♥✢✉❡♥❝❡✱❢♦ ❤✐ ❡①♣❡✐♠❡♥ ❤❡❊▼❛❧❣♦✐❤♠✐ ❡♣❡❛❡❞✶✵✐♠❡❛♥❞❤❡

❡✉❧♠❛①✐♠✐③✐♥❣ ❤❡❧♦❣✲❧✐❦❡❧✐❤♦♦❞❢✉♥❝✐♦♥✐ ❡❛✐♥❡❞✳❋✐♥❛❧❧②✱❤❡❝❧❛ ✐✜❝❛✐♦♥

✐♣❡❢♦♠❡❞❜②❛ ✐❣♥✐♥❣❡❛❝❤❡❧❡♠❡♥M ∈P2✐♥❤❡❡✐♥❣❡ ♦❤❡❝❧❛ ♦❢❤❡

❝❧♦❡ ❝❧✉❡c✱♠❛①✐♠✐③✐♥❣♦♥❡♦❢❤❡❢♦❧❧♦✇✐♥❣❧♦❣✲❧✐❦❡❧✐❤♦♦❞❝✐❡✐❛✿

•❢♦ ❤❡♠✐①✉❡♦❢K❘●❉✿

argmax
c

logˆck−
F

f=1

logZ(̂σck,f)−
F

f=1

d2(Mt,f,̄M
c

k,f)

2(̂σck,f)
2

; ✭✹✳✹✾✮

•❢♦ ❤❡♠✐①✉❡♦❢K❘▲❉✿

argmax
c

logˆck−

F

f=1

logζ(̂σck,f)−

F

f=1

d(Mt,f,̄M
c

k,f)

2(̂σck,f)
2

, ✭✹✳✺✵✮

✇❤❡❡Mt,f✐ ❤❡ ❛♠♣❧❡❝♦✈❛✐❛♥❝❡♠❛✐①♦❢❤❡f
th ✉❜❜❛♥❞♦❢ ❤❡ ❡

♣❛❝❤t✱❦♥♦✇✐♥❣❤❛F ✉❜❜❛♥❞❛❡❡①❛❝❡❞❢♦❡❛❝❤♣❛❝❤✳

■❤❛ ♦❜❡♠❡♥✐♦♥❡❞❤❛ ❤❡❡✇♦❞❡❝✐✐♦♥✉❧❡ ❡♣❡❡♥ ❤❡❡①❡♥✐♦♥

♦❢❤❡ ✉❛❞❛✐❝❞✐❝✐♠✐♥❛♥❛♥❛❧②✐ ♦❤❡❝❛❡✇❤❡♥❤❡✐♠❛❣❡❞❡❝✐♣♦ ❛❡

❝♦✈❛✐❛♥❝❡♠❛✐❝❡✳

■♥❛❞❞✐✐♦♥✱❤❡ ❡✉❧ ❛❡❝♦♠♣❛❡❞♦ ❤❡ ❲✐❤❛ ❞✐ ✐❜✉✐♦♥✭❲❉✮❬▲❡❡

❡❛❧✳✶✾✾✾✱❙❛✐♥✲❏❡❛♥✫◆✐❡❧❡♥✷✵✶✸❪✳

❚❤❡❝❧❛ ✐✜❝❛✐♦♥❡✉❧ ❡①♣❡❡❞✐♥❡♠ ♦❢♦✈❡❛❧❧❛❝❝✉❛❝②❛❡❤♦✇♥✐♥

❋✐❣✉❡✹✳✻❢♦❘●❉ ✐♥❜❧❛❝❦✱❘▲❉✐♥❡❞❛♥❞ ❲❉✐♥❜❧✉❡✳❋♦❛❧❧❤❡❝♦♥✐❞❡❡❞

♠❡❤♦❞✱❤❡❝❧❛ ✐✜❝❛✐♦♥❛❡✐❣✐✈❡♥❛❛❢✉♥❝✐♦♥♦❢❤❡♥✉♠❜❡♦❢♦✉❧✐❡✱❤❛

✈❛✐❡❜❡✇❡❡♥0❛♥❞60❢♦❡❛❝❤❝❧❛✳

❋♦♠❤✐❣❛♣❤✐❝✱❤❡✐♥✢✉❡♥❝❡♦❢❛❜♥♦♠❛❧❞❛❛♦♥❤❡❘●❉❛♥❞❘▲❉♠♦❞❡❧

✐✜ ❛♥❛❧②③❡❞❛ ❤❡♥✉♠❜❡ ♦❢♦✉❧✐❡♣❛❝❤❡✐♥❝❡❛❡✳❚❤❡❡✉❧ ❤♦✇ ❤❛

❤❡❘▲❉❣✐✈❡ ❧✐❣❤❧②❜❡❡ ❡✉❧ ❤❛♥ ❤❡❘●❉✳◆❡①✱❤❡♥✉♠❜❡ ♦❢♠✐①✉❡

❝♦♠♣♦♥❡♥ ✐❝♦♥✐❞❡❡❞✳■❝❛♥❜❡♥♦✐❝❡❞❤❛ ❤❡❡✉❧ ❛❡✐♠♣♦✈❡❞❜②✉✐♥❣

♠✐①✉❡❞✐ ✐❜✉✐♦♥❥♦✐♥✇✐❤❤❡❇■❈❝✐❡✐♦♥❢♦❝❤♦♦✐♥❣❤❡✉✐❛❜❧❡♥✉♠❜❡
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RGD BIC
RGD M = 3
RGD M = 1
RLD BIC
RLD M = 3
RLD M = 1
WD BIC
WD M = 3
WD M = 1
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♦❢❝❧✉❡✳■♥❝♦♥❝❧✉✐♦♥✱❤❡♠✐①✉❡♦❢❘▲❉❝♦♠❜✐♥❡❞✇✐❤ ❤❡❇■❈❝✐❡✐♦♥

♦❡✐♠❛❡❤❡❜❡ ♥✉♠❜❡♦❢♠✐①✉❡❝♦♠♣♦♥❡♥ ❝❛♥♠✐♥✐♠✐③❡❤❡✐♥✢✉❡♥❝❡♦❢

❛❜♥♦♠❛❧ ❛♠♣❧❡♣❡❡♥✐♥❤❡❞❛❛❡✳

❆ ❡❝♦♥❞❡①♣❡✐♠❡♥✐♣❡❢♦♠❡❞✱❤❛✈✐♥❣❛ ♣✉♣♦❡❤❡❝♦♠♣❛✐♦♥❜❡✇❡❡♥

❤❡❧✐♥❡❛ ❛♥❞ ✉❛❞❛✐❝❞✐❝✐♠✐♥❛♥❛♥❛❧②✐✳■♥❤❡❢♦❧❧♦✇✐♥❣✱ ❤❡❘▲❉❇■❈

♠❡❤♦❞✐❝♦♥✐❞❡❡❞✳❚❤❡❞❡❝✐✐♦♥❝✐❡✐♦♥❢♦ ❤❡ ✉❛❞❛✐❝❞✐❝✐♠✐♥❛♥❛♥❛❧②✐

❤❛❜❡❡♥❣✐✈❡♥✐♥✭✹✳✺✵✮✱✇❤✐❧❡❤❡❧✐♥❡❛❞✐❝✐♠✐♥❛♥❛♥❛❧②✐✐♦❜❛✐♥❡❞✇❤❡♥❤❡

✇✐❤✐♥✲❝❧❛ ❞✐✈❡ ✐②✐♥♦❝❛♣✉❡❞❜②♠❡❛♥♦❢❤❡❞✐♣❡ ✐♦♥♣❛❛♠❡❡✳■♥♦❤❡

✇♦❞✱❤❡❤♦♠♦❝❡❞❛✐❝✐②❛ ✉♠♣✐♦♥✐❛❞❞❡❞♦❤❡♠✐①✉❡♠♦❞❡❧✐♥✭✹✳✺✵✮✱

♠❡❛♥✐♥❣ ❤❛❛❧❧❤❡❝❧✉ ❡ ❛❡❝❤❛❛❝❡✐③❡❞❜②❤❡❛♠❡❞✐♣❡ ✐♦♥̂σck,f=σ✳❆

❛❡✉❧✱❤❡❢♦❧❧♦✇✐♥❣❧♦❣✲❧✐❦❡❧✐❤♦♦❞❝✐❡✐♦♥❤❛ ♦❜❡♠❛①✐♠✐③❡❞✿
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f), ✭✹✳✺✶✮

✇❤✐❝❤✐ ❛❧♦❝❛❧❧❡❞❤❡♠✐♥✐♠✉♠❞✐ ❛♥❝❡♦♠❡❛♥❝❧❛✐✜❡❬❇❛❛❝❤❛♥❡❛❧✳✷✵✶✷❪✳
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RLD BIC
RLD BIC Homoscedasticy

❋✐❣✉❡✹✳✼✿❈♦♠♣❛✐♦♥❜❡✇❡❡♥ ❤❡❝❧❛ ✐✜❝❛✐♦♥❡✉❧ ❣✐✈❡♥❜② ❤❡❘▲❉❇■❈✇✐❤

❛♥❞✇✐❤♦✉ ❤❡❤♦♠♦❝❡❞❛✐❝✐②❛ ✉♠♣✐♦♥✳

✹✳✻ ❈♦♥❝❧✉✐♦♥❛♥❞ ❡ ♣❡❝✐✈❡

✹✳✻✳✶ ❈♦♥❝❧✉✐♦♥

■♥❤✐❝❤❛♣❡✱✇♦♣♦❜❛❜✐❧✐②❞❡♥✐②❢✉♥❝✐♦♥♠♦❞❡❧✐♥❣ ❤❡♠❛♥✐❢♦❧❞♦❢❝♦✈❛✐✲

❛♥❝❡♠❛✐❝❡❤❛✈❡❜❡❡♥♣❡❡♥❡❞✿❤❡❘✐❡♠❛♥♥✐❛♥●❛✉ ✐❛♥❞✐ ✐❜✉✐♦♥❛♥❞❤❡

❘✐❡♠❛♥♥✐❛♥▲❛♣❧❛❝❡❞✐ ✐❜✉✐♦♥✳❚❤❡❡♠♦❞❡❧❤❛✈❡❜❡❡♥❝♦♠♣❛❡❞✐♥❤❡❝♦♥❡①

♦❢❡①✉❡✐♠❛❣❡❝❧❛✐✜❝❛✐♦♥❜② ✉❞②✐♥❣❤❡✐♥✢✉❡♥❝❡♦❢♦✉❧✐❡ ♦♥❤❡❝❧❛ ✐✜❝❛✲

✐♦♥❡✉❧ ✳

❋✐ ✱❤❡❘✐❡♠❛♥♥✐❛♥●❛✉ ✐❛♥❞✐ ✐❜✉✐♦♥❤❛❜❡❡♥❞❡✜♥❡❞❛♥❞❞❡❛✐❧ ♦♥

❤❡❝♦♠♣✉❛✐♦♥♦❢✐ ♥♦♠❛❧✐③❛✐♦♥❢❛❝♦❤❛✈❡❜❡❡♥❣✐✈❡♥✳ ❚❤✐ ❞✐ ✐❜✉✐♦♥✐

❝❤❛❛❝❡✐③❡❞❜②✇♦♣❛❛♠❡❡ ❤❛❛❡❤❡❝❡♥❛❧✈❛❧✉❡❛♥❞❤❡❞✐♣❡ ✐♦♥✳❚❤❡

♠❛✐♥❞❛✇❜❛❝❦♦❢❤✐ ♣♦❜❛❜✐❧✐②♠♦❞❡❧✐ ❤❡❢❛❝ ❤❛ ✐ ❝❡♥❛❧✈❛❧✉❡✐❣✐✈❡♥

❜② ❤❡❝❡♥❡♦❢♠❛✱✇❤✐❝❤✐❛♥♦♥✲♦❜✉ ❡✐♠❛♦✳❚♦♦❧✈❡❤✐ ♣♦❜❧❡♠✱✇❡

♣♦♣♦❡❞❤❡❡①❡♥✐♦♥♦❢❤❡▲❛♣❧❛❝❡❞✐ ✐❜✉✐♦♥♦ ❤❡❘✐❡♠❛♥♥✐❛♥♠❛♥✐❢♦❧❞✱

❦♥♦✇✐♥❣ ❤❛ ✐ ❝❡♥❛❧✈❛❧✉❡✐ ❤❡♠❡❞✐❛♥✳ ❚❤❡♦❜❛✐♥❡❞❞❡♥✐②✐ ❝❛❧❧❡❞❤❡
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❝❤❡♠❡♦❢✐ ♥♦♠❛❧✐③❛✐♦♥❢❛❝♦✳
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◆❡①✱❤❡❘●❉❛♥❞❘▲❉❤❛✈❡❜❡❡♥❡①❡♥❞❡❞ ♦ ❤❡♠✐①✉❡♠♦❞❡❧ ❛♥❞❛

♠♦❞✐✜❡❞✈❡ ✐♦♥♦❢❤❡❦✲♠❡❛♥❛♥❞❊▼❛❧❣♦✐❤♠❢♦ ❤❡♣❛❛♠❡❡✬❡✐♠❛✐♦♥

❤❛❜❡❡♥♣♦♣♦❡❞✳
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❛♥❞♦❛♥❛❧②③❡❤❡✐♠♣♦ ❛♥❝❡♦❢❤❡❞✐♣❡ ✐♦♥✐♥❤❡❝♦♥ ✉❝✐♦♥♦❢❤❡❞❡❝✐✐♦♥

✉❧❡✳■♥❛❞❞✐✐♦♥✱❤❡❝❧❛ ✐✜❝❛✐♦♥❡✉❧ ❤❛✈❡❜❡❡♥❝♦♠♣❛❡❞♦❤♦❡❣✐✈❡♥❜②

♠♦❞❡❧✐♥❣ ❤❡❞❛❛✉✐♥❣❤❡ ❲✐❤❛ ❞✐ ✐❜✉✐♦♥✳❚❤❡♦❜❛✐♥❡❞❡✉❧ ❤❛✈❡❤♦✇♥

❤❛ ❢♦❛ ✐❣♥✐✜❝❛♥♥✉♠❜❡ ♦❢♦✉❧✐❡✱❤❡❝♦ ❡❝❝❧❛✐✜❝❛✐♦♥♣❡❢♦♠❛♥❝❡✐
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♦✉❧✐❡❝❛♥❜❡❤❛♥❞❧❡❞✳❋✉❤❡♦♥✱✐♥❤❡❢♦❧❧♦✇✐♥❣❝❤❛♣❡✱❤❡❝❡♥♦✐❞❡✐♠❛✐♦♥

♠❡❤♦❞✇✐❧❧❜❡❛♥❛❧②③❡❞❛♥❞❝♦♠♣❛❡❞✐♥❡♠ ♦❢♦❜✉♥❡ ♦❛❜❡❛♥❞❛❛✳■♥

❛❞❞✐✐♦♥✱❛♥❡✇♦❜✉ ❡✐♠❛♦✇✐❧❧❜❡✐♥ ♦❞✉❝❡❞✳

✹✳✻✳✷ ❡ ♣❡❝✐✈❡

❋✉✉❡✇♦❦✇✐❧❧✐♥❝❧✉❞❡✿

•❚❤❡❡①❡♥✐♦♥♦❢❤❡♠✉❧✐✈❛✐❛❡❣❡♥❡❛❧✐③❡❞●❛✉ ✐❛♥❞✐ ✐❜✉✐♦♥♦❤❡❘✐❡✲

♠❛♥♥✐❛♥♠❛♥✐❢♦❧❞✿ ✐♥❤✐❝❤❛♣❡✱✇♦♣♦❜❛❜✐❧✐②❞❡♥✐②❢✉♥❝✐♦♥❞❡✜♥❡❞

♦♥❤❡❘✐❡♠❛♥♥✐❛♥♠❛♥✐❢♦❧❞❤❛✈❡❜❡❡♥♣❡❡♥❡❞✿ ❤❡❘✐❡♠❛♥♥✐❛♥●❛✉ ✐❛♥

❞✐ ✐❜✉✐♦♥❛♥❞❤❡❘✐❡♠❛♥♥✐❛♥▲❛♣❧❛❝❡❞✐ ✐❜✉✐♦♥✳❚❤❡ ✉❞②♦❢❛♥♦❤❡

❢✉♥❝✐♦♥✱❤❛✐ ❤❡❣❡♥❡❛❧✐③❡❞❘✐❡♠❛♥♥✐❛♥●❛✉✐❛♥❞✐ ✐❜✉✐♦♥❡♣❡❡♥

❤❡✉❜❥❡❝♦❢❢✉✉❡✇♦❦✱❛❧♦♥❣✇✐❤❤❡❞❡✈❡❧♦♣♠❡♥♦❢♦♠❡❛♣♣♦♣✐❛❡

❝❡♥♦✐❞❡✐♠❛✐♦♥♠❡❤♦❞✳■♥❤✐ ❝❛❡✱❤❡♣♦❜❛❜✐❧✐②❞❡♥✐②❢✉♥❝✐♦♥

✇✐❧❧❜❡♦❢ ❤❡❢♦♠✿

pM|̄M,σ=
1

Z(σ)
exp −

dβ(M,̄M)

2σ2
, ✭✹✳✺✷✮

✇❤❡❡β✐ ❤❡ ❤❛♣❡♣❛❛♠❡❡✳■♥❤✐ ❝❛❡✱❤❡♠❛①✐♠✉♠❧✐❦❡❧✐❤♦♦❞❡ ✐✲

♠❛♦♦❢❤❡❝❡♥♦✐❞M̄ ✇✐❧❧❜❡❣✐✈❡♥❜② ❤❡♣✲♠❡❛♥❬❆♥❛✉❞♦♥❡❛❧✳✷✵✶✸❪

•❚❤❡❡①❡♥✐♦♥♦❢❤❡❘✐❡♠❛♥♥✐❛♥❞✐ ✐❜✉✐♦♥ ♦ ❤❡ ♣❛❝❡♦❢❝♦♠♣❧❡①❝♦✲

✈❛✐❛♥❝❡♠❛✐❝❡✿✐♥❤❡❝❛❡♦❢ ♦❧❛✐♠❡✐❝❙❆❘❞❛❛✱❝♦♠♣❧❡①❝♦✈❛✐❛♥❝❡

♠❛ ✐❝❡❛❡❝❧❛✐❝❛❧❧②✉❡❞❛❞❡❝✐♣♦✱✐♥♦❞❡ ♦♠♦❞❡❧❤❡✐♥❢♦♠❛✐♦♥

❝♦♥❛✐♥❡❞✐♥ ❤✐ ②♣❡♦❢✐♠❛❣❡✳ ❚❤❡❡❢♦❡✱❢✉✉❡✇♦❦ ✇✐❧❧❛❞❞❡ ❤❡

♣♦❜❧❡♠♦❢♠♦❞❡❧✐♥❣❤✐ ♠❛ ✐❝❡♦♥❤❡❘✐❡♠❛♥♥✐❛♥♠❛♥✐❢♦❧❞✱❜②❡①❡♥❞✲

✐♥❣❤❡❘✐❡♠❛♥♥✐❛♥❞✐ ✐❜✉✐♦♥ ♦❤❡ ♣❛❝❡♦❢❍❡♠✐✐❛♥♣♦✐✐✈❡❞❡✜♥✐❡

♠❛ ✐❝❡❬❍❛❥✐❡❛❧✳✷✵✶✼❪✳

•❚❤❡❞❡✈❡❧♦♣♠❡♥ ♦❢❘✐❡♠❛♥♥✐❛♥♠♦❞❡❧❢♦ ✉❝✉❡❞❝♦✈❛✐❛♥❝❡♠❛✐❝❡✿✐♥

♣❛❝✐❝❡✱❝♦✈❛✐❛♥❝❡♠❛✐❝❡❤❛✈✐♥❣♣❡❝✐❛❧❢♦♠ ❝❛♥❜❡❡♥❝♦✉♥❡❞✐♥✐❣♥❛❧

❛♥❞✐♠❛❣❡♣♦❝❡✐♥❣❛♣♣❧✐❝❛✐♦♥✱❧✐❦❡❤❡❚ ♣❧✐③✱♦❜❧♦❝❦✲❚ ♣❧✐③♠❛✐✲

❝❡✳❋♦✐♥❛♥❝❡✱❤❡❛✉♦❝♦✈❛✐❛♥❝❡♠❛✐❝❡♦❢✇✐❞❡✲❡♥❡ ❛✐♦♥❛②❛♥❞♦♠

✐❣♥❛❧❛❡❚♣❧✐③♠❛✐❝❡❬❚❤❡ ✐❡♥✶✾✾✷❪✱✇❤✐❧❡❤❡❜❧♦❝❦✲❚ ♣❧✐③♠❛✐✲

❝❡❝❛♥❜❡❡♥❝♦✉♥❡❡❞✐♥♠✉❧✐✲❝❤❛♥♥❡❧❧✐♥❡❛♣❡❞✐❝✐♦♥❬❚❤❡ ✐❡♥✶✾✽✶❪✱♦



✼✷ ❈❤❛♣❡ ✹✳ ❘✐❡♠❛♥♥✐❛♥❉✐ ✐❜✉✐♦♥♦♥ ❤❡❙♣❛❝❡♦❢❈♦✈❛✐❛♥❝❡ ▼❛✐❝❡

✜❧❡✐♥❣♣♦❜❧❡♠❬❏❛❦♦❜♦♥❡❛❧✳✷✵✵✵❪✳❚❤❡❡ ✉❝✉❡❞♠❛✐❝❡❛❡❝❤❛✲

❛❝❡✐③❡❞❜②♣❡❝✐✜❝♣♦♣❡✐❡❤❛✇✐❧❧❜❡❡①♣❧♦✐❡❞✐♥❢✉✉❡✇♦❦ ♦❞❡✈❡❧♦♣

♠♦❞❡❧ ✇❤✐❝❤ ❛❦❡✐♥♦❛❝❝♦✉♥ ❤✐♣❛ ✐❝✉❧❛❣❡♦♠❡②❬❙❛✐❞❡❛❧✳✷✵✶✻❪✳



❈❤❛♣ ❡ ✺

❘♦❜✉ ❈❡♥ ♦✐❞❊ ✐♠❛✐♦♥♦♥

❤❡ ▼❛♥✐❢♦❧❞♦❢❈♦✈❛✐❛♥❝❡

▼❛ ✐❝❡

❈♦♥❡♥
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✺✳✸✳✸ ❆❧❣♦✐❤♠❢♦❍✉❜❡✬❚❤❡❤♦❧❞❆✉♦♠❛✐❝❈♦♠♣✉❛✐♦♥✳✳ ✽✹

✺✳✹ ❡❢♦♠❛♥❝❡❆♥❛❧② ✐✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳ ✽✼

✺✳✺ ❆♣♣❧✐❝❛✐♦♥♦❈❧❛ ✐✜❝❛✐♦♥✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳ ✽✾
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✼✹ ❈❤❛♣❡ ✺✳ ❘♦❜✉ ❈❡♥ ♦✐❞❊ ✐♠❛✐♦♥♦♥❤❡ ▼❛♥✐❢♦❧❞♦❢❈♦✈❛✐❛♥❝❡ ▼❛✐❝❡

✺✳✶ ■♥ ♦❞✉❝✐♦♥

■♥❤❡♣❡✈✐♦✉❝❤❛♣❡✱✐❤❛ ❜❡❡♥ ❤♦✇♥ ❤❛ ❝♦✈❛✐❛♥❝❡♠❛✐❝❡❝❛♥❜❡♠♦❞✲

❡❧❡❞❛ ❡❛❧✐③❛✐♦♥♦❢❘✐❡♠❛♥♥✐❛♥●❛✉✐❛♥❞✐ ✐❜✉✐♦♥♦❘✐❡♠❛♥♥✐❛♥▲❛♣❧❛❝❡

❞✐ ✐❜✉✐♦♥❛♥❞✉❡❞✐♥❝❧❛✐✜❝❛✐♦♥❛❧❣♦✐❤♠ ✉❝❤❛❦✲♠❡❛♥♦❊①♣❡❝❛✐♦♥✲

▼❛①✐♠✐③❛✐♦♥✭❊▼✮❬❙❛✐❞❡ ❛❧✳✷✵✶✺❛❪✳ ❚❤✐❦✐♥❞♦❢❝❧❛ ✐✜❝❛✐♦♥♣♦❝❡❞✉❡

❛❡❜❛❡❞♦♥❤❡♣❛ ✐✐♦♥♦❢❤❡❞❛❛❡✐♥✉❜❡✱♦❝❧✉❡✱❝❤❛❛❝❡✐③❡❞❜②

❤❡✐ ❝❡♥❛❧✈❛❧✉❡✱❛❧♦❝❛❧❧❡❞❝❡♥♦✐❞✳ ❚❤❡❞❛❛❡✬♣❛ ✐✐♦♥✐❛❝❝♦♠♣❧✐❤❡❞

❜②❛ ✐❣♥✐♥❣❡❛❝❤♦❜❡✈❛✐♦♥♦ ❤❡❝❧♦❡ ❝❧✉❡✐♥❡♠ ♦❢❛♣❡❞❡✜♥❡❞❞✐✲

❛♥❝❡❬❇✐❤♦♣✷✵✵✼❪✳ ❚❤✐✐❛ ❡❝✉✐✈❡♣♦❝❡❞✉❡❛♥❞❢♦ ❡❛❝❤✐❡❛✐♦♥✱❤❡

❝❡♥♦✐❞✬ ✈❛❧✉❡✐ ❡❝♦♠♣✉❡❞❛♥❞❤❡❛ ✐❣♥❛✐♦♥ ❡♣✐ ❡♣❡❛❡❞✳ ❖❢❡♥✱ ❤❡

❝❧✉❡✬❝❡♥♦✐❞✐ ❤❡❝❡♥❡♦❢♠❛✱❝♦♠♣✉❡❞❜②✉✐♥❣❤❡ ✉❛❡❞❊✉❝❧✐❞❡❛♥

❞✐ ❛♥❝❡❬▼❛❝◗✉❡❡♥✶✾✻✼✱▲❧♦②❞✷✵✵✻❪✳ ❉❡♣✐❡✐ ♣♦♣✉❧❛✐②✱ ❤✐ ♠❡❤♦❞✐ ♥♦

❛♣♣♦♣✐❛❡❢♦❝♦✈❛✐❛♥❝❡♠❛✐❝❡❤❛✈✐♥❣❛❘✐❡♠❛♥♥✐❛♥❣❡♦♠❡ ②✳ ❚♦ ♦❧✈❡❤✐

♣♦❜❧❡♠✱❤❡❊✉❝❧✐❞❡❛♥❞✐ ❛♥❝❡❝❛♥❜❡❡♣❧❛❝❡❞❜②❛♥✐♥✐♥✐❝♠❡✐❝✉❝❤❛ ❤❡

❘✐❡♠❛♥♥✐❛♥❞✐ ❛♥❝❡✳❚❤❡♦❜❛✐♥❡❞❘✐❡♠❛♥♥✐❛♥❝❡♥❡♦❢♠❛ ❤❛❜❡❡♥❞❡✜♥❡❞✐♥

❈❤❛♣❡✹❛♥❞❞❡❛✐❧♦♥✐ ❝♦♠♣✉❛✐♦♥✇✐❧❧❜❡❣✐✈❡♥✐♥❤❡♥❡① ❡❝✐♦♥✳❍♦✇❡✈❡✱

❤❡♠❛✐♥❞✐❛❞✈❛♥❛❣❡♦❢❤❡❝❡♥❡♦❢♠❛ ✐✐ ♥♦♥✲♦❜✉ ❜❡❤❛✈✐♦ ♦♦✉❧✐❡

❤❛ ❝❛♥❡①✐ ✐♥❤❡❞❛❛❡❬❇✐❤♦♣✷✵✵✼✱❆❢❛✐✷✵✶✶✱❋♦♠♦♥ ❡❛❧✳✷✵✶✸❪✳ ❆

♦❜✉ ❛❧❡♥❛✐✈❡❢♦ ❤❡❝❡♥♦✐❞✬❝♦♠♣✉❛✐♦♥✐ ❤❡♠❡❞✐❛♥✱✇❤✐❝❤❤❛❜❡❡♥❛❧♦

❣❡♥❡❛❧✐③❡❞❢♦❘✐❡♠❛♥♥✐❛♥♠❛♥✐❢♦❧❞ ❬❨❛♥❣✷✵✶✵✱❋❧❡❝❤❡❡❛❧✳✷✵✵✾✱❇❛❜❛❡❝♦

❡❛❧✳✷✵✶✸❪✳■♥♣❛❝✐❝❡✱❤❡♠❡❞✐❛♥✐ ❞❡❡♠✐♥❡❞❜②✉✐♥❣❛❣❛❞✐❡♥❞❡❝❡♥❛❧✲

❣♦✐❤♠✳◆♦♥❡❤❡❧❡ ✱❢♦✐ ❝♦♠♣✉❛✐♦♥✱❛❞✐✈✐✐♦♥❜②❤❡❞✐ ❛♥❝❡❜❡✇❡❡♥❡❛❝❤

♦❜❡✈❡❞❝♦✈❛✐❛♥❝❡♠❛✐①✐♥❤❡❞❛❛❡❛♥❞❤❡♠❡❞✐❛♥✐ ♥❡❡❞❡❞✳■❢ ❤❡❡✇♦

♣♦✐♥ ❛❡♦♦❝❧♦❡✱❤✐❞✐ ❛♥❝❡❡♥❞ ♦✇❛❞③❡♦❛♥❞♠❛②❧❡❛❞♦♥✉♠❡✐❝❛❧✐♥❛✲

❜✐❧✐②✳■♥✉❝❤❝❛❡✱❨❛♥❣♣♦♣♦❡ ♦❡①❝❧✉❞❡❤♦❡♣♦✐♥✱❛❡❛❝❤✐❡❛✐♦♥♦❢❤❡

❛❧❣♦✐❤♠❬❨❛♥❣✷✵✶✵❪✳❆♥♦❤❡♣♦ ✐❜✐❧✐②❢♦❞❡❡♠✐♥✐♥❣ ♦❜✉ ❝❡♥♦✐❞✐♥❤❡

♣❛❝❡♦❢❝♦✈❛✐❛♥❝❡♠❛✐❝❡✐ ❤❡✉❡♦❢❤❡ ✐♠♠✐♥❣♠❡❤♦❞❬❯❡❤❛❛❡❛❧✳✷✵✶✻❪✳

❚❤❡❡❛❧❣♦✐❤♠✐♠♣❧②❤❡❡❧✐♠✐♥❛✐♦♥♦❢❛✜①❡❞♣❡❝❡♥❛❣❡♦❢♦✉❧✐❡✱❛❝❝♦❞✐♥❣

♦❤❡✐❞✐ ❛♥❝❡✇✐❤❡♣❡❝ ♦❤❡❞❛❛❡✬♠❡❛♥♦ ♠❡❞✐❛♥✱❛♥❞ ❤❡❝♦♠♣✉❛✐♦♥

♦❢❤❡♠❡❛♥♦ ❤❡♠❡❞✐❛♥♦♥❤❡❡♠❛✐♥✐♥❣❞❛❛✳◆❡✈❡❤❡❧❡ ✱❤❡♠❛✐♥❞✐✣❝✉❧②

♦❢❤❡ ✐♠♠❡❞❡✐♠❛♦ ❡❧✐❡♦♥❤♦✇❤❡♣❡❝❡♥❛❣❡♦❢❞✐❝❛❞❡❞❞❛❛❝❛♥❜❡

✉♥❡❞✳

■♥❤✐❝❤❛♣❡✱❛♥♦✈❡❧❝❡♥♦✐❞❡✐♠❛♦✱❜❛❡❞♦♥❤❡❤❡♦②♦❢▼✲❡ ✐♠❛♦

✐♣♦♣♦❡❞✳❇②❝♦♥✐❞❡✐♥❣❤❡♦✲❝❛❧❧❡❞❍✉❜❡✬❢✉♥❝✐♦♥❬❍✉❜❡ ✶✾✻✹✱❚②❧❡ ✶✾✽✼❪✱

❤❡❞❡✜♥✐✐♦♥♦❢❤✐❡✐♠❛♦✐✐♥♦❞✉❝❡❞❛♥❞❛♥❛❧❣♦✐❤♠♦❡✐♠❛❡✐❢♦♠❛

❛♠♣❧❡♦❢N❝♦✈❛✐❛♥❝❡♠❛✐❝❡✐♣❡❡♥❡❞✳❚❤❡♣♦♣♦❡❞❡✐♠❛♦✐❛ ❛❞❡✲♦✛

❜❡✇❡❡♥ ❤❡❝❡♥❡♦❢♠❛ ❛♥❞ ❤❡♠❡❞✐❛♥✱✇❤❡❡❤❡❢♦♠❡ ✐❡✣❝✐❡♥✱✇❤✐❧❡

❤❡❧❛ ❡✐ ♦❜✉ ♦♦✉❧✐❡✳ ▼♦❡♦✈❡✱❛♠❡❤♦❞ ♦❛✉♦♠❛✐❝❛❧❧②❞❡❡♠✐♥❡

❤❡❍✉❜❡✬ ❤❡❤♦❧❞✐♣❡❡♥❡❞✱❜❛❡❞♦♥❤❡♠❡❞✐❛♥❛❜♦❧✉❡❞❡✈✐❛✐♦♥✭▼❆❉✮

❝♦♥❝❡♣❬■❧❡❛❡❛❧✳✷✵✶✻❝✱■❧❡❛❡❛❧✳✷✵✶✻❞❪✳

❚❤❡❝❤❛♣❡✐ ✉❝✉❡❞❛❢♦❧❧♦✇✳ ❙❡❝✐♦♥✺✳✷ ❡❝❛❧❧ ❤❡❞❡✜♥✐✐♦♥♦❢❤❡

❝❡♥♦✐❞♦❢❛ ❛♠♣❧❡♦❢N ♦❜❡✈❛✐♦♥✳ ❆♥♦✈❡✈✐❡✇♦❢ ❤❡❝❡♥❡♦❢♠❛✱❤❡

♠❡❞✐❛♥❛♥❞ ❤❡ ✐♠♠✐♥❣❜❛❡❞♠❡❤♦❞ ✐❛❧♦❣✐✈❡♥✳❙❡❝✐♦♥✺✳✸✐♥♦❞✉❝❡ ❤❡



✺✳✷✳ ❈❡♥ ♦✐❞ ❛♥❞❊ ✐♠❛✐♦♥ ▼❡❤♦❞ ✼✺

♣♦♣♦❡❞❍✉❜❡✬❝❡♥♦✐❞❡✐♠❛♦❛♥❞♣❡❡♥ ❛❣❛❞✐❡♥❞❡❝❡♥❛❧❣♦✐❤♠ ♦

❡✐♠❛❡✐✳■♥❛❞❞✐✐♦♥✱❛♥❛❧❣♦✐❤♠♦❛✉♦♠❛✐❝❛❧❧②✉♥❡❤❡❍✉❜❡✬ ❤❡❤♦❧❞

✐❞❡✈❡❧♦♣❡❞✳❙❡❝✐♦♥✺✳✹❡✈❛❧✉❛❡ ❤❡♣❡❢♦♠❛♥❝❡♦❢ ❤❡❡❡✐♠❛♦ ♦♥✐♠✉❧❛❡❞

❞❛❛✳■♥❙❡❝✐♦♥✺✳✺✱❤❡❡✉❧ ❛❡✈❛❧✐❞❛❡❞❤♦✉❣❤✇♦❛♣♣❧✐❝❛✐♦♥❝♦♥❝❡♥✐♥❣

❤❡❡①✉❡✐♠❛❣❡❝❧❛✐✜❝❛✐♦♥❛♥❞❤❡❜❛✐♥❞❡❝♦❞✐♥❣✳❙❡❝✐♦♥✺✳✻❞❛✇❛♣❛❛❧❧❡❧

❜❡✇❡❡♥ ❤❡ ♦❜✉ ❡✐♠❛♦ ♦❢❝♦✈❛✐❛♥❝❡♠❛✐❝❡❛♥❞❤❡ ♦❜✉ ❡✐♠❛♦ ♦❢

❝❡♥♦✐❞✳ ❚❤❡✐✐♠♣♦❛♥❝❡✐♥❤❡❝❧❛ ✐✜❝❛✐♦♥✇♦❦✢♦✇✐ ✐❧❧✉ ❛❡❞✐♥❡✈❡❛❧

❡①❛♠♣❧❡✳■♥❤❡❡♥❞✱❙❡❝✐♦♥✺✳✼❡♣♦ ♦♠❡❝♦♥❝❧✉✐♦♥❛♥❞♣❡♣❡❝✐✈❡✳

✺✳✷ ❈❡♥ ♦✐❞ ❛♥❞❊ ✐♠❛✐♦♥ ▼❡❤♦❞

▲❡ M ={M1,...,MN}❜❡❛ ❛♥❞♦♠ ❛♠♣❧❡♦❢N ❝♦✈❛✐❛♥❝❡♠❛✐❝❡✱❝❤❛❛❝✲

❡✐③❡❞❜②✐ ❝❡♥❛❧✈❛❧✉❡M̄✳ ❚❤❡❡✐♠❛❡❞❝❡♥♦✐❞♦❢❤✐ ❡✱❞❡♥♦❡❞M̄✱✐

♦❜❛✐♥❡❞❜②♠✐♥✐♠✐③✐♥❣❤❡❢♦❧❧♦✇✐♥❣❝♦ ❢✉♥❝✐♦♥f(̄M)✿

M̄ =argmin
M̄

f(̄M). ✭✺✳✶✮

■♥♣❛❝✐❝❡✱❤❡♠✐♥✐♠✉♠✈❛❧✉❡♦❢f(̄M)✐❢♦✉♥❞❜②✉✐♥❣❣❛❞✐❡♥❜❛❡❞❛❧❣♦✲

✐❤♠ ❬❆❜✐❧❡❛❧✳✷✵✵✽❪✳❚❤✉✱❤❡❝❡♥♦✐❞✐ ❡❝✉✐✈❡❧②❡✐♠❛❡❞❜②✉✐♥❣❤❡

❢♦❧❧♦✇✐♥❣❡①♣❡✐♦♥✿

M̄it+1=❊①♣M̄it(−sit∇f(̄Mit)), ✭✺✳✷✮

✇✐❤sit❜❡✐♥❣ ❤❡❞❡❝❡♥ ❡♣❛♥❞❊①♣M(·)❤❡❘✐❡♠❛♥♥✐❛♥❡①♣♦♥❡♥✐❛❧♠❛♣✲

♣✐♥❣❬❍✐❣❤❛♠✷✵✵✽❪❣✐✈❡♥✐♥✭✹✳✻✮✳ ▼♦❡♦✈❡✱❤❡❆♠✐❥♦✬ ❜❛❝❦ ❛❝❦✐♥❣♣♦❝❡✲

❞✉❡❬❆♠✐❥♦✶✾✻✻❪✐✉❡❞♦✜①sit❛ ❡❛❝❤✐❡❛✐♦♥it✳ ❚❤✐ ❡❝✉✐✈❡♣♦❝❡

✐ ❡♣❡❛❡❞❛❧♦♥❣❛ ❤❡♥♦♠♦❢∇f(̄Mit)✱❞❡♥♦❡❞Dit✱✐❣❡❛❡ ❤❛♥❛♣❡❝✐✲

✐♦♥♣❛❛♠❡❡ε✱♦✉♥✐❧❛♠❛①✐♠✉♠♥✉♠❜❡♦❢✐❡❛✐♦♥Nmax ✐ ❡❛❝❤❡❞✳ ▼♦❡

♣❡❝✐❡❧②✱Dit✐❣✐✈❡♥❜②✿

Dit=||∇f(̄Mit)||= (̄M−1it∇f(̄Mit))
2 . ✭✺✳✸✮

❉❡♣❡♥❞✐♥❣♦♥ ❤❡❝❤♦✐❝❡♦❢f(̄M)✱❞✐✛❡❡♥❝❡♥♦✐❞❡✐♠❛♦ ❤❛✈❡❜❡❡♥✐♥♦✲

❞✉❝❡❞✐♥❤❡❧✐❡❛✉❡✳■♥❤✐ ❡❝✐♦♥✱❤❡❞❡✜♥✐✐♦♥♦❢✇♦✇❡❧❧✲❦♥♦✇♥❡ ✐♠❛♦✱

❤❛❛❡❤❡❝❡♥❡♦❢♠❛ ❬❑❛❝❤❡✶✾✼✼✱◆✐❡❧❡♥✫❇❤❛✐❛✷✵✶✷✱❋✐♦✐✷✵✵✾❪❛♥❞❤❡

♠❡❞✐❛♥❬❋❧❡❝❤❡❡❛❧✳✷✵✵✾✱❨❛♥❣❡❛❧✳✷✵✶✵❪❛❡❡❝❛❧❧❡❞✳■♥❛❞❞✐✐♦♥✱❤❡♠❡❤♦❞

❜❛❡❞♦♥❤❡❣❡♦♠❡ ✐❝ ✐♠♠❡❞❛✈❡❛❣❡❬❯❡❤❛❛❡❛❧✳✷✵✶✻❪❛❡♣❡❡♥❡❞✳

✺✳✷✳✶ ❚❤❡❈❡♥❡ ♦❢ ▼❛

❚❤❡❝❡♥❡ ♦❢♠❛ ✭❈▼✮❤❛❜❡❡♥✜ ✐♥♦❞✉❝❡❞✐♥❬❑❛❝❤❡✶✾✼✼❪❛♥❞✐❜❡✲

❝❛♠❡♦♥❡♦❢❤❡♠♦ ♣♦♣✉❧❛ ❡✐♠❛♦✳■♥❤✐ ❝❛❡✱❤❡❡ ✐♠❛❡❞❝❡♥♦✐❞✐

♦❜❛✐♥❡❞❜②♠✐♥✐♠✐③✐♥❣❤❡✉♠♦❢ ✉❛❡❞❞✐❛♥❝❡❜❡✇❡❡♥ ❤❡❝❡♥♦✐❞M̄ ❛♥❞

❤❡♦❜❡✈❛✐♦♥Mi✱i=1,...,N✳❚❤❡❡❢♦❡✱❤❡❝♦ ❢✉♥❝✐♦♥✐✿

fCM(̄M)=
1

N

N

i=1

d2(̄M,Mi), ✭✺✳✹✮



✼✻ ❈❤❛♣❡ ✺✳ ❘♦❜✉ ❈❡♥ ♦✐❞❊ ✐♠❛✐♦♥♦♥❤❡ ▼❛♥✐❢♦❧❞♦❢❈♦✈❛✐❛♥❝❡ ▼❛✐❝❡

✇❤❡❡d(·)❡♣❡❡♥ ❤❡❘❛♦✬ ❘✐❡♠❛♥♥✐❛♥❞✐ ❛♥❝❡❜❡✇❡❡♥ ✇♦❝♦✈❛✐❛♥❝❡♠❛✲

✐❝❡✐♥♦❞✉❝❡❞✐♥✭✹✳✺✮❛♥❞❞❡✜♥❡❞❛❬❏❛♠❡✶✾✼✸❪✿

d(M1,M2)=

p

i=1

(lnλi)
2

1
2

, ✭✺✳✺✮

✇❤❡❡λi✱i=1...m❛❡❤❡❡✐❣❡♥✈❛❧✉❡♦❢M
−1
2 M1❛♥❞m✐ ❤❡✐③❡♦❢❝♦✈❛✐❛♥❝❡

♠❛ ✐❝❡✳■♥❤❡❛♠❡♣❛♣❡✱❛❣❛❞✐❡♥✲❜❛❡❞❛❧❣♦✐❤♠❤❛❜❡❡♥♣♦♣♦❡❞❢♦ ❤❡

❝♦♠♣✉❛✐♦♥♦❢❤❡❝❡♥❡♦❢♠❛✳❙❛✐♥❣❢♦♠✭✺✳✹✮✱❤❡❣❛❞✐❡♥✇✐❤ ❡♣❡❝

♦M̄✱❞❡♥♦❡❞❜②∇fCM(̄M)✱✐❞❡✜♥❡❞❛✿

∇fCM(̄M)=−
2

N

N

i=1

▲♦❣M̄(Mi), ✭✺✳✻✮

✇❤❡❡▲♦❣̄M(·)✐ ❤❡❘✐❡♠❛♥♥✐❛♥❧♦❣❛✐❤♠♠❛♣♣✐♥❣❬❍✐❣❤❛♠✷✵✵✽❪❣✐✈❡♥✐♥✭✹✳✼✮✳

❚❤✐ ❢✉♥❝✐♦♥✐✉❡❞❢✉❤❡✱♦❡❝✉✐✈❡❧②❡✐♠❛❡❤❡❝❡♥♦✐❞✳ ❆♣❡✉❞♦✲❝♦❞❡

❞❡❝✐❜✐♥❣❤✐ ♣♦❝❡❞✉❡✐♣❡❡♥❡❞✐♥❆❧❣♦✐❤♠✸✱❦♥♦✇✐♥❣❤❛ DCMit ❡♣❡✲

❡♥ ❤❡❣❛❞✐❡♥✬♥♦♠♦❜❛✐♥❡❞❢♦♠✭✺✳✸✮❛♥❞✭✺✳✻✮✳

❆❧❣♦ ✐❤♠✸❈❡♥❡♦❢♠❛ ❡✐♠❛♦

✶✿■♥♣✉✿M1,...,MN✱ε✱Nmax
✷✿■♥✐✐❛❧✐③❡M̄ ✉✐♥❣❤❡❛♠♣❧❡♠❡❛♥

✸✿it=1

✹✿✇❤✐❧❡✭DCMit>ε✮❛♥❞✭it≤Nmax✮❞♦

✺✿ ❊ ✐♠❛❡M̄ ✉✐♥❣♦♥❡✐❡❛✐♦♥♦❢✭✺✳✷✮✳

✻✿ ❈♦♠♣✉❡❤❡❣❛❞✐❡♥♥♦♠✱DCMit✱❛❝❝♦❞✐♥❣♦✭✺✳✸✮✳

✼✿ it=it+1✳

✽✿❡♥❞✇❤✐❧❡

✾✿❖✉ ♣✉✿M̄

❚❤❡❝❡♥❡ ♦❢♠❛ ❤❛ ❜❡❡♥❛❧♦ ✉❞✐❡❞✐♥✇♦❦ ❧✐❦❡❬▼♦❛❦❤❡ ✷✵✵✻✱❡♥✲

♥❡❝✷✵✵✻✱◆✐❡❧❡♥✫❇❤❛✐❛✷✵✶✷✱❋✐♦✐✷✵✵✾❪✳ ❊✈❡♥❤♦✉❣❤✐ ✐❧❛❣❡❧②✉❡❞✱❤✐

♠❡❤♦❞❤❛❛♠❛❥♦❞❛✇❜❛❝❦✿✐✐❡❛✐❧②✐♥✢✉❡♥❝❡❞❜②❤❡♦✉❧✐❡ ♣❡❡♥✐♥❤❡

❞❛❛❡❬❨❛♥❣✷✵✶✵✱❋❧❡❝❤❡❡❛❧✳✷✵✵✾❪✳❚❤✐✐❞❡❛✐✐❧❧✉ ❛❡❞❜②❛♥❡①❛♠♣❧❡✐♥

❋✐❣✉❡✺✳✶✳ ❋✐ ✱❤❡❈▼❢♦ ❛♥♦✉❧✐❡✲❢❡❡❞❛❛❡✐❝♦♠♣✉❡❞✭❋✐❣✉❡✺✳✶✳❛✮✳

◆❡①✱♦✉❧✐❡ ❛❡❛❞❞❡❞❛♥❞❤❡❈▼✐ ❡❝♦♠♣✉❡❞✭❋✐❣✉❡✺✳✶✳❜✮✳■❝❛♥❜❡❡❡♥

❤❛✱✐♥❤✐ ❝❛❡✱❤❡❝❡♥♦✐❞✐❛ ❛❝❡❞❜②❤❡❛❜❡ ❛♥❞❛❛✱✇❤✐❝❤♣♦✈❡✐

♥♦♥♦❜✉ ❜❡❤❛✈✐♦✳

■♥♦❞❡ ♦ ❡❞✉❝❡ ❤❡✐♠♣❛❝ ♦❢❛❜❡❛♥ ❞❛❛♦♥ ❤❡❡ ✐♠❛❡❞❝❡♥♦✐❞✬

✈❛❧✉❡✱ ❡✈❡❛❧♣♦✐❜✐❧✐✐❡❛❡❛✈❛✐❧❛❜❧❡✳❙♦♠❡❛✉❤♦ ❤❛✈❡♣♦♣♦❡❞✐♥❬❋❧❡❝❤❡

❡❛❧✳✷✵✵✾✱❯❡❤❛❛❡❛❧✳✷✵✶✻❪❤❡✉❡♦❢ ✐♠♠✐♥❣❜❛❡❞♠❡❤♦❞ ♦❡♠♦✈❡❤❡

♦✉❧✐❡ ❜❡❢♦❡❤❡❝♦♠♣✉❛✐♦♥♦❢✭✺✳✹✮✱♦ ❤❡✉❡♦❢♦❤❡❡✐♠❛♦ ❣❡♥❡❛❧✐③❡❞

❢♦ ❤❡❘✐❡♠❛♥♥✐❛♥♣❛❝❡✱❧✐❦❡❤❡♠❡❞✐❛♥❬❋❧❡❝❤❡❡❛❧✳✷✵✵✾✱❨❛♥❣✷✵✶✵❪✳



✺✳✷✳ ❈❡♥ ♦✐❞ ❛♥❞❊ ✐♠❛✐♦♥ ▼❡❤♦❞ ✼✼

−2 −1 0 1 2 3 4
−3

−2

−1

0

1

2

3

 

 

Data
CM

−4 −2 0 2 4
−3

−2

−1

0

1

2

3

 

 

Data
Outliers
CM no outliers
CM outliers

✭❛✮ ✭❜✮

❋✐❣✉❡✺✳✶✿❇❡❤❛✈✐♦ ♦❢❤❡❝❡♥❡♦❢♠❛ ❢♦✭❛✮❛♥♦✉❧✐❡✲❢❡❡❞❛❛❡❛♥❞✭❜✮✐♥❤❡

♣❡❡♥❝❡♦❢♦✉❧✐❡✳

✺✳✷✳✷ ❚❤❡ ▼❡❞✐❛♥

❚❤❡♠❡❞✐❛♥✐❛ ♦❜✉ ❝❡♥♦✐❞❡✐♠❛♦✱❝♦♠♣✉❡❞❜②♠✐♥✐♠✐③✐♥❣❤❡ ✉♠♦❢

❞✐ ❛♥❝❡❜❡✇❡❡♥ ❤❡❝❡♥♦✐❞M̄ ❛♥❞❤❡♦❜❡✈❛✐♦♥Mi✳❚❤✉✱❤❡❝♦ ❢✉♥❝✐♦♥

✐✿

fMed(̄M)=
1

N

N

i=1

d(̄M,Mi), ✭✺✳✼✮

✇❤❡❡d(·)✐ ❤❡❘✐❡♠❛♥♥✐❛♥❞✐ ❛♥❝❡✱❣✐✈❡♥✐♥✭✺✳✺✮✳

❚❤✐ ❡✐♠❛♦ ❤❛ ❜❡❡♥✜ ❣❡♥❡❛❧✐③❡❞ ♦ ❤❡❘✐❡♠❛♥♥✐❛♥❝❛❡✐♥❬❋❧❡❝❤❡

❡❛❧✳✷✵✵✾❪✳■♥❤❡✐ ✇♦❦✱ ❤❡❛✉❤♦ ❝♦♥✐❞❡❡❞❤❡❝♦ ❢✉♥❝✐♦♥❛❜❡✐♥❣ ❤❡

✇❡✐❣❤❡❞✉♠♦❢❞✐ ❛♥❝❡✳ ◆♦❡❤❛ ❤❡❡✉❛✐♦♥✐♥✭✺✳✼✮✐♦❜❛✐♥❡❞✇❤❡♥❛❧❧

❤❡✇❡✐❣❤ ❛❡❡✉❛❧ ♦1/N✳■♥♦❞❡ ♦❝♦♠♣✉❡❤❡♠❡❞✐❛♥✬ ✈❛❧✉❡✱ ❤❡②❤❛✈❡

♣♦♣♦❡❞♦❡①❡♥❞❤❡ ❲❡✐③❢❡❧❞❬❲❡✐ ③❢❡❧❞✶✾✸✼❪❛❧❣♦✐❤♠ ♦♠❛♥✐❢♦❧❞✳ ▼♦❡

♣❡❝✐❡❧②✱❤❡♠❡❞✐❛♥✐ ✐❡❛✐✈❡❧②✉♣❞❛❡❞❜②✉✐♥❣❛✉❜❣❛❞✐❡♥❛❧❣♦✐❤♠♦♥

❤❡❝♦ ❢✉♥❝✐♦♥✳■♥❛❞❞✐✐♦♥✱❤❡②♣♦✈❡❞❤❡❛❧❣♦✐❤♠✬❝♦♥✈❡❣❡♥❝❡♦❛✉♥✐✉❡

✈❛❧✉❡❢♦♣♦✐✐✈❡❧②❝✉✈❡❞♠❛♥✐❢♦❧❞✳■♥❬❨❛♥❣✷✵✶✵✱❨❛♥❣❡❛❧✳✷✵✶✵❪✱❤❡❛✉❤♦

❤❛✈❡❞❡✜♥❡❞ ❤❡❘✐❡♠❛♥♥✐❛♥♠❡❞✐❛♥❢♦ ❤❡❝♦♠♣❧❡❡❘✐❡♠❛♥♥✐❛♥♠❛♥✐❢♦❧❞❛♥❞

❤❡②❤❛✈❡✐♥♦❞✉❝❡❞❛❣❛❞✐❡♥✲❜❛❡❞❡✐♠❛✐♦♥❛❧❣♦✐❤♠❤❛❝♦♥✈❡❣❡❢♦❜♦❤

♣♦✐✐✈❡❧②❛♥❞♥❡❣❛✐✈❡❧②❝✉✈❡❞♠❛♥✐❢♦❧❞✳■♥❤❡❢♦❧❧♦✇✐♥❣✱ ❤❡❣❛❞✐❡♥❞❡❝❡♥

❡✐♠❛✐♦♥❛❧❣♦✐❤♠✐ ❞❡❛✐❧❡❞✱ ❛✐♥❣❢♦♠❤❡❝♦ ❢✉♥❝✐♦♥❣✐✈❡♥✐♥✭✺✳✼✮✳■♥

❤✐ ❝❛❡✱❤❡❣❛❞✐❡♥✇✐❤ ❡♣❡❝ ♦M̄✱❞❡♥♦❡❞❜②∇fMed(̄M)✱❝❛♥❜❡✇✐❡♥

❛✿

∇fMed(̄M)=−
1

N

N

i=1

▲♦❣M̄(Mi)

d(̄M,Mi)
, ✭✺✳✽✮

✇❤❡❡▲♦❣̄M(·)✐ ❤❡❘✐❡♠❛♥♥✐❛♥❧♦❣❛✐❤♠♠❛♣♣✐♥❣❬❍✐❣❤❛♠✷✵✵✽❪❣✐✈❡♥✐♥✭✹✳✼✮✳



✼✽ ❈❤❛♣❡ ✺✳ ❘♦❜✉ ❈❡♥ ♦✐❞❊ ✐♠❛✐♦♥♦♥❤❡ ▼❛♥✐❢♦❧❞♦❢❈♦✈❛✐❛♥❝❡ ▼❛✐❝❡

❆ ✐❝❛♥❜❡❡❡♥✱❤❡❣❛❞✐❡♥✐♥✭✺✳✽✮❡①✐ ♦♥❧②✐❢d(̄M,Mi)=0✳■♥♦♠❡❝❛❡✱

❤❛ ✐✇❤❡♥♦❜❡✈❛✐♦♥Mi✱i=1,...,N❛❡♦♦❝❧♦❡♦❤❡❝✉ ❡♥❝❡♥♦✐❞✬

❡✐♠❛❡M̄it✱❤❡❞✐ ❛♥❝❡❜❡✇❡❡♥ ❤❡♠✐❝❧♦❡♦0✱②✐❡❧❞✐♥❣♣♦❡♥✐❛❧♥✉♠❡✐❝❛❧

✐♥❛❜✐❧✐②✳❚♦❛✈♦✐❞❤✐ ✐✉❛✐♦♥✱✐♥❬❨❛♥❣✷✵✶✵❪❤❡❛✉❤♦♣♦♣♦❡❞♦❡①❝❧✉❞❡✱

❛❡❛❝❤✐❡❛✐♦♥it✱❤❡♦❜❡✈❛✐♦♥Mi ❤❛❛❡♦♦❝❧♦❡❢♦♠M̄it✳❚❤❡❡❢♦❡✱❛

❤❡❤♦❧❞✈❛❧✉❡T✐♥❡❡❞❡❞♦❞❡✜♥❡❤❡♣♦①✐♠✐②❜❡✇❡❡♥ ❤❡❡ ✐♠❛❡❞❝❡♥♦✐❞

❛♥❞❤❡♦❜❡✈❛✐♦♥✳ ▼♦❡♣❡❝✐❡❧②✱✐❢

d(̄Mit,Mi)≤T, ✭✺✳✾✮

❤❡♥❤❡♦❜❡✈❛✐♦♥Mi❛❡❞✐❝❛❞❡❞❛✐❡❛✐♦♥it✳◆❡①✱❢♦✐❡❛✐♦♥✱it+1✱❤❡

♣❡✈✐♦✉❧②❞✐❝❛❞❡❞♦❜❡✈❛✐♦♥❛❡❡✐♥♦❞✉❝❡❞✐♥♦❤❡❞❛❛❡❛♥❞❤❡❡ ✐♠❛✲

✐♦♥❛♥❞❞✐❛♥❝❡✈❡✐✜❝❛✐♦♥ ❡♣❛❡❡♣❡❛❡❞✳❚❤✐♣♦❝❡ ✐✐❡❛❡❞❢♦❛✜①❡❞

♥✉♠❜❡♦❢✐❡❛✐♦♥Nmax✱♦✉♥✐❧❤❡❣❛❞✐❡♥✬♥♦♠DMedit✐ ♠❛❧❧❡ ❤❛♥❤❡

♣❡❞❡✜♥❡❞✈❛❧✉❡ε✳❆♣❡✉❞♦✲❝♦❞❡✐❣✐✈❡♥✐♥❆❧❣♦✐❤♠✹✱✐♥♦❞❡ ♦②♥❤❡✐③❡❤❡

♠❡❞✐❛♥❝❡♥ ♦✐❞❡✐♠❛✐♦♥✱❦♥♦✇✐♥❣❤❛DMedit✐♦❜❛✐♥❡❞❢♦♠✭✺✳✸✮❛♥❞✭✺✳✽✮✳

❆❧❣♦ ✐❤♠✹▼❡❞✐❛♥❝❡♥ ♦✐❞❡✐♠❛♦

✶✿■♥♣✉✿M1,...,MN✱T✱ε✱Nmax
✷✿■♥✐✐❛❧✐③❡M̄ ✉✐♥❣❤❡❛♠♣❧❡♠❡❛♥✳

✸✿it=1✳

✹✿✇❤✐❧❡✭DMedit>ε✮❛♥❞✭it≤Nmax✮❞♦

✺✿ ❈♦♠♣✉❡d(̄M,Mi)✳

✻✿ ❢♦i=1,...,N❞♦

✼✿ ✐❢d(̄M,Mi)≤T ❤❡♥

✽✿ ❉✐❝❛❞Mi✳

✾✿ ❡♥❞✐❢

✶✵✿ ❡♥❞❢♦

✶✶✿ ❊ ✐♠❛❡M̄ ✉✐♥❣♦♥❡✐❡❛✐♦♥♦❢✭✺✳✷✮✳

✶✷✿ ❈♦♠♣✉❡❤❡❣❛❞✐❡♥♥♦♠✱DMedit✱❛❝❝♦❞✐♥❣♦✭✺✳✸✮✳

✶✸✿ ❘❡✐♥ ♦❞✉❝❡❛❧❧❤❡❞✐❝❛❞❡❞Mi✳

✶✹✿ it=it+1✳

✶✺✿❡♥❞✇❤✐❧❡

✶✻✿❖✉ ♣✉✿M̄

■♥❋✐❣✉❡✺✳✷✱❤❡❝❡♥❡ ♦❢♠❛ ❛♥❞ ❤❡♠❡❞✐❛♥❛❡❝♦♠♣❛❡❞✐♥ ❡♠ ♦❢

♦❜✉♥❡ ♦♦✉❧✐❡✳❋✐ ✱❛❞❛❛❡✇✐❤♥♦❛❜❡ ❛♥❞❛❛✐❝♦♥✐❞❡❡❞✳■♥❤✐

❝❛❡✱❤❡✇♦❡ ✐♠❛♦ ❣✐✈❡❛❧♠♦ ✐❞❡♥✐❝❛❧❝❡♥♦✐❞✭❋✐❣✉❡✺✳✷✳❛✮✳❖♥❤❡♦❤❡

❤❛♥❞✱✇❤❡♥♦✉❧✐❡ ❛❡❛❞❞❡❞✭❋✐❣✉❡✺✳✷✳❜✮✱✐❝❛♥❜❡♥♦✐❝❡❞❤❛ ❤❡❝❡♥❡♦❢

♠❛ ♠♦✈❡ ♦✇❛❞ ❤❡♠✱✇❤✐❧❡❤❡❡ ✐♠❛❡❞♠❡❞✐❛♥ ❛②❝❧♦❡ ♦❤❡❞❛❛❡✬

❡❛❧❝❡♥❛❧✈❛❧✉❡✳

✺✳✷✳✸ ❚❤❡●❡♦♠❡ ✐❝❚✐♠♠❡❞❆✈❡❛❣❡

❚❤❡❣❡♦♠❡ ✐❝ ✐♠♠❡❞❛✈❡❛❣❡ ❬❯❡❤❛❛❡❛❧✳✷✵✶✻❪❛❡❛♣♣♦❛❝❤❡ ❤❛❞❡❛❧✇✐❤

♦✉❧✐❡ ❜②❡❧✐♠✐♥❛✐♥❣❤❡♠❢♦♠ ❤❡❞❛❛❡✳ ❚❤❡❡♠❡❤♦❞ ❛❡❜❛❡❞♦♥♦♥❡



✺✳✷✳ ❈❡♥ ♦✐❞ ❛♥❞❊ ✐♠❛✐♦♥ ▼❡❤♦❞ ✼✾

✭❛✮ ✭❜✮

❋✐❣✉❡✺✳✷✿❈♦♠♣❛✐♦♥❜❡✇❡❡♥ ❤❡❝❡♥❡♦❢♠❛ ❛♥❞❤❡♠❡❞✐❛♥❢♦✭❛✮❛♥♦✉❧✐❡✲❢❡❡

❞❛❛❡❛♥❞✭❜✮✐♥❤❡♣❡❡♥❝❡♦❢♦✉❧✐❡✳

♣❛❛♠❡❡❞❡♥♦❡❞α✇❤✐❝❤ ❡♣❡❡♥ ❤❡♣♦♣♦✐♦♥♦❢✐❣♥♦❡❞❞❛❛✳❯✉❛❧❧②✱α%

♦❢❤❡❢❛ ❤❡ ♦❜❡✈❛✐♦♥❛❡❞✐❝❛❞❡❞✳

❋♦ ✐♠♣❧❡♠❡♥✐♥❣❤❡❡♠❡❤♦❞✱❡✈❡❛❧ ❡♣❛❡♥❡❡❞❡❞✳❋✐ ✱❤❡❝❡♥♦✐❞

M̄0♦❢❤❡♦✐❣✐♥❛❧❞❛❛❡✐♦❜❛✐♥❡❞✱❜②✉✐♥❣❤❡❝❡♥❡♦❢♠❛✱♦ ❤❡♠❡❞✐❛♥✳

❙❡❝♦♥❞✱ ❤❡❘✐❡♠❛♥♥✐❛♥❞✐ ❛♥❝❡ V(i)=d(̄M0,Mi)✱i=1,...,N❜❡✇❡❡♥ ❤❡

❡✐♠❛❡❞❝❡♥♦✐❞❛♥❞ ❤❡❞❛❛❡✬❡❧❡♠❡♥ ❛❡❝♦♠♣✉❡❞✳ ◆❡①✱α% ♦❢ ❤❡

❢❛❤❡ ❡❧❡♠❡♥ ❢♦♠❤❡❡ ✐♠❛❡❞❝❡♥♦✐❞M̄0❛❡❞✐❝❛❞❡❞✳■♥ ❤❡❡♥❞✱ ❤❡

❝❡♥❡♦❢♠❛✱♦ ❤❡♠❡❞✐❛♥♦❢❤❡❡♠❛✐♥✐♥❣❡❧❡♠❡♥ ✐ ❡❝♦♠♣✉❡❞✳

❇❛❡❞♦♥❤❡❝❡♥♦✐❞✬❡✐♠❛✐♦♥♠❡❤♦❞✱❤❡❢♦❧❧♦✇✐♥❣❛❧❣♦✐❤♠❤❛✈❡❜❡❡♥

♣♦♣♦❡❞✐♥❬❯❡❤❛❛❡❛❧✳✷✵✶✻❪✿

❛✮❣❡♦♠❡✐❝ ✐♠♠❡❞♠❡❛♥✿❤❡❝❡♥♦✐❞❛❡♦❜❛✐♥❡❞❜②♠✐♥✐♠✐③✐♥❣♦♥❡♦❢

❤❡❢♦❧❧♦✇✐♥❣❝♦ ❢✉♥❝✐♦♥✿

fCMTmean(̄M)=fCM(Trim
mean
α (M)), ✭✺✳✶✵✮

♦

fCMTmed(̄M)=fCM(Trim
med
α (M)), ✭✺✳✶✶✮

✇❤❡❡fCM(·)✐ ❤❡❝❡♥❡♦❢♠❛ ❝♦ ❢✉♥❝✐♦♥✐♥✭✺✳✹✮✱Trimmeanα (·)❛♥❞

Trimmedα (·)❛❡❤❡ ✐♠♠✐♥❣♦♣❡❛♦✱✇❤❡♥α%♦❢ ❤❡❢❛ ❤❡ ❡❧❡♠❡♥

❢♦♠❤❡❝❡♥❡♦❢♠❛✱❡♣❡❝✐✈❡❧②❤❡♠❡❞✐❛♥❛❡❞✐❝❛❞❡❞❀

❜✮❣❡♦♠❡✐❝ ✐♠♠❡❞♠❡❞✐❛♥✿❤❡❝❡♥♦✐❞❛❡♦❜❛✐♥❡❞❜②♠✐♥✐♠✐③✐♥❣♦♥❡♦❢

❤❡❢♦❧❧♦✇✐♥❣❝♦ ❢✉♥❝✐♦♥✿

fMedTmean(̄M)=fMed(Trim
mean
α (M)), ✭✺✳✶✷✮

♦

fMedTmed(̄M)=fMed(Trim
med
α (M)), ✭✺✳✶✸✮

✇❤❡❡fMed(·)✐ ❤❡♠❡❞✐❛♥❝♦ ❢✉♥❝✐♦♥✐♥✭✺✳✼✮✳



✽✵ ❈❤❛♣❡ ✺✳ ❘♦❜✉ ❈❡♥ ♦✐❞❊ ✐♠❛✐♦♥♦♥❤❡ ▼❛♥✐❢♦❧❞♦❢❈♦✈❛✐❛♥❝❡ ▼❛✐❝❡

❚♦ ✉♠♠❛✐③❡❛❧❧❤❡❡♠❡❤♦❞✱❛♣❡✉❞♦✲❝♦❞❡✐❣✐✈❡♥✐♥❆❧❣♦✐❤♠✺✳

❆❧❣♦ ✐❤♠✺●❡♦♠❡ ✐❝❚✐♠♠❡❞❆✈❡❛❣❡

✶✿■♥♣✉✿M1,...,MN✱α

✷✿■♥✐✐❛❧✐③❡M̄0✉✐♥❣❤❡❝❡♥❡♦❢♠❛✱♦ ❤❡♠❡❞✐❛♥✳

✸✿❈♦♠♣✉❡V(i)=d(̄M0,Mi)✱i=1,...,N❛❝❝♦❞✐♥❣♦✭✺✳✺✮✳

✹✿❉✐❝❛❞α%♦❢❤❡❧❛❣❡ ✈❛❧✉❡✐♥V✳

✺✿❈♦♠♣✉❡M̄ ✉✐♥❣❤❡❝❡♥❡♦❢♠❛✱♦ ❤❡♠❡❞✐❛♥✳

✻✿❖✉ ♣✉✿M̄

■♥❋✐❣✉❡✺✳✸✱❤❡❜❡❤❛✈✐♦♦❢❤❡❣❡♦♠❡ ✐❝ ✐♠♠❡❞♠❡❛♥❞❡✜♥❡❞✐♥✭✺✳✶✵✮✐

❤♦✇♥✱❢♦❞✐✛❡❡♥✈❛❧✉❡♦❢α✳❚❤❡♦✐❣✐♥❛❧❞❛❛❡✐ ❤♦✇♥✐♥❋✐❣✉❡✺✳✸✳❛✱✇❤❡❡

❤❡❡❞❝♦❡ ❡♣❡❡♥ ❤❡♦✉❧✐❡✳❙❛✐♥❣❢♦♠❤✐❞❛❛❡✱α=2%✱5%❛♥❞

10%♦❢❤❡❢❛ ❤❡ ❡❧❡♠❡♥ ❢♦♠❤❡❝❡♥♦✐❞❛❡❞✐❝❛❞❡❞✱❣✐✈✐♥❣❋✐❣✉❡✺✳✸

−4 −2 0 2 4
−3

−2

−1

0

1

2

3

 

 

Data
Outliers
CM no outliers
CM outliers

✳❜✱

−4 −2 0 2 4
−3

−2

−1

0

1

2

3

 

 

Data
Remaining outliers
CM no outliers
Trim α = 2%

✭❛✮

−4 −2 0 2 4
−3

−2

−1

0

1

2

3

 

 

Data
Remaining outliers
CM no outliers
Trim α = 5%

✭❜✮

−4 −2 0 2 4
−3

−2

−1

0

1

2

3

 

 

Data
Remaining outliers
CM no outliers
Trim α = 10%

✭❝✮ ✭❞✮

❋✐❣✉❡✺✳✸✿❇❡❤❛✈✐♦ ♦❢❤❡❣❡♦♠❡ ✐❝ ✐♠♠❡❞♠❡❛♥❞❡✜♥❡❞✐♥✭✺✳✶✵✮❢♦✭❛✮α=0%✱

✇❤✐❝❤✐ ❡✉✐✈❛❧❡♥ ♦❤❡❈▼♦❢❤❡❡♥✐❡❡✱✭❜✮α=2%✱✭❝✮α=5%❛♥❞✭❞✮α=10%✳



✺✳✸✳ ❚❤❡ ❍✉❜❡✬❊ ✐♠❛♦ ✽✶

❋✐❣✉❡✺✳✸✳❝❛♥❞❋✐❣✉❡✺✳✸✳❞✳■♥❤❡❡❤❡❡❧❛ ✜❣✉❡✱❤❡ ❡❞❝♦❡❛❡❤❡

♦✉❧✐❡ ❡♠❛✐♥✐♥❣❛❢❡ ❤❡ ✐♠♠✐♥❣♣♦❝❡❞✉❡✳

❇②❛♥❛❧②③✐♥❣ ❤❡✐♠❛❣❡✱✐❝❛♥❜❡♥♦✐❝❡❞❤❛ ❛α✐♥❝❡❛❡✱❤❡❡ ✐♠❛❡❞

❝❡♥♦✐❞❜❡❝♦♠❡❝❧♦❡ ♦✐ ✉❡✈❛❧✉❡✳

✺✳✸ ❚❤❡❍✉❜❡✬❊ ✐♠❛♦

✺✳✸✳✶ ▼♦✐✈❛✐♦♥

■♥❤❡♣❡✈✐♦✉ ❡❝✐♦♥✱❡✈❡❛❧❝❡♥♦✐❞❡✐♠❛♦ ❤❛✈❡❜❡❡♥♣❡❡♥❡❞✳ ❚❤❡❡

♠❡❤♦❞ ❤❛✈❡❜❡❡♥ ❡❝❡♥❧② ✉❞✐❡❞❢♦ ❝♦✈❛✐❛♥❝❡ ♠❛✐❝❡✐♥❤❡❘✐❡♠❛♥♥✐❛♥

♣❛❝❡❬❋❧❡❝❤❡❡❛❧✳✷✵✵✾✱❨❛♥❣✷✵✶✵✱❇❛❜❛❡❝♦❡❛❧✳✷✵✶✸✱❯❡❤❛❛❡❛❧✳✷✵✶✻❪✳■♥

❤❡❢♦❧❧♦✇✐♥❣✱♦♠❡❞✐❛❞✈❛♥❛❣❡♦❢❤❡❡❛♣♣♦❛❝❤❡❛❡✐❞❡♥✐✜❡❞✿

•❚❤❡❝❡♥❡♦❢♠❛ ✐❦♥♦✇♥❛❜❡✐♥❣❡❛✐❧②✐♥✢✉❡♥❝❡❞❜②❛❜❡❛♥❞❛❛✳

•❚❤❡♠❡❞✐❛♥❝♦♠♣✉❛✐♦♥♠❛②❧❡❛❞♦♣♦❜❧❡♠♦❢♥✉♠❡✐❝❛❧✐♥❛❜✐❧✐②✳❚❤❡

❣❛❞✐❡♥ ♦❢ ❤❡❝♦ ❢✉♥❝✐♦♥✐♥✭✺✳✽✮✐♠♣❧✐❡ ❤❡❞✐✈✐✐♦♥❜②❤❡❞✐ ❛♥❝❡

d(̄M,Mi)❜❡✇❡❡♥ ❤❡❝❡♥♦✐❞M̄ ❛♥❞❤❡♦❜❡✈❛✐♦♥Mi✳ ❆♠❡♥✐♦♥❡❞

❡❛❧✐❡✐♥❙❡❝✐♦♥✺✳✷✳✷✱❤❡❡❛❡❝❛❡✇❤❡♥ ❤✐ ❞✐ ❛♥❝❡❝❛♥❜❡❡✉❛❧ ♦

③❡♦✳❚❤❡❡❢♦❡✱❤❡❣❛❞✐❡♥❢✉♥❝✐♦♥✐♥♦❞❡✜♥❡❞✳■♥♦❞❡ ♦❛✈♦✐❞❤❡❡

✐✉❛✐♦♥❛❤❡❤♦❧❞✈❛❧✉❡❤❛ ♦❜❡✉♥❡❞❢♦ ❡❧✐♠✐♥❛✐♥❣❤❡♦❜❡✈❛✐♦♥

❤❛❛❡♦♦❝❧♦❡❢♦♠❤❡❡ ✐♠❛❡❞❝❡♥♦✐❞✳❚❤❡♣♦❜❧❡♠❤❛❛✐❡✇✐❤

❤✐❛♣♣♦❛❝❤❝♦♥❝❡♥ ❤❡✉❡❞❡♣❡♥❞❡♥❝❤♦✐❝❡♦❢❤❡❤❡❤♦❧❞✬✈❛❧✉❡✳

•❚❤❡❣❡♦♠❡ ✐❝ ✐♠♠❡❞❛✈❡❛❣❡❞✐❝❛❞❤❡♦✉❧✐❡✳◆❡✈❡❤❡❧❡ ✱❜②❞❡❧❡✐♥❣

❤❡❡❧❡♠❡♥ ❤❛ ❞✐✛❡ ❢♦♠ ❤❡ ❡ ♦❢ ❤❡❞❛❛❡✱♦♠❡♥❡✇♦♥❡ ♠✐❣❤

❜❡❝♦♠❡♦✉❧✐❡✳■❢❤❡❡♠♦✈❛❧♣♦❝❡❞✉❡✐ ❡♣❡❛❡❞✱❤❡❞❛❛❡♠❛②❜❡❝♦♠❡

♦♦♠❛❧❧❢♦ ❢✉❤❡ ❡❧✐❛❜❧❡❛♥❛❧②✐❬❋❧❡❝❤❡❡❛❧✳✷✵✵✾❪✳ ▼♦❡♦✈❡✱❛♥♦❤❡

❞✐✣❝✉❧②❡♥❝♦✉♥❡❡❞✇✐❤ ✐♠♠✐♥❣❜❛❡❞♠❡❤♦❞❝♦♥❝❡♥ ❤❡❝❤♦✐❝❡♦❢α✱

❤❡♣❛❛♠❡❡✜①✐♥❣❤❡♣❡❝❡♥❛❣❡♦❢❡❧✐♠✐♥❛❡❞♦❜❡✈❛✐♦♥✳

■♥❤✐ ❝♦♥❡①✱♦❝✐❝✉♠✈❡♥❛❧❧❤♦❡❞❛✇❜❛❝❦✱❛♥♦✈❡❧❝❡♥♦✐❞❡✐♠❛♦

♦♥❤❡♠❛♥✐❢♦❧❞♦❢❝♦✈❛✐❛♥❝❡♠❛✐❝❡✐❞❡✜♥❡❞✳❚❤❡♣♦♣♦❡❞♠❡❤♦❞✱❝❛❧❧❡❞❤❡

❍✉❜❡✬❡✐♠❛♦✱❝❛♥❜❡✈✐❡✇❡❞❛❛ ❛❞❡✲♦✛❜❡✇❡❡♥ ❤❡❝❡♥❡♦❢♠❛ ❛♥❞❤❡

♠❡❞✐❛♥✱✇❤❡❡❤❡❢♦♠❡ ✐❡✣❝✐❡♥✱✇❤✐❧❡❤❡❧❛ ❡✐ ♦❜✉ ♦♦✉❧✐❡✳ ❚❤❡

❝♦♠♣♦♠✐❡❜❡✇❡❡♥ ❤❡❡✇♦❡ ✐♠❛♦ ❝❛♥❜❡❝♦♥♦❧❧❡❞❜②♦♥❡♣❛❛♠❡❡✱❤❡

❍✉❜❡✬ ❤❡❤♦❧❞✳■ ✈❛❧✉❡❝❛♥❜❡❛✉♦♠❛✐❝❛❧❧②✜①❡❞✱❜②❛❦✐♥❣✐♥♦❝♦♥✐❞❡❛✐♦♥

❤❡✈❛✐❛❜✐❧✐②♣❡❡♥❡❞✐♥❤❡❞❛❛❡✳

✺✳✸✳✷ ❉❡✜♥✐✐♦♥

■♥❤❡❢♦❧❧♦✇✐♥❣✱❤❡♥♦✈❡❧❝❡♥♦✐❞❡✐♠❛♦✐✐♥♦❞✉❝❡❞✱❜❛❡❞♦♥❤❡❤❡♦②♦❢

▼✲❡ ✐♠❛♦ ❬❍✉❜❡ ✶✾✻✹✱▼❛♦♥♥❛✶✾✼✻✱❚②❧❡ ✶✾✽✼❪✳■♥❤✐❝❛❡✱❤❡❝♦ ❢✉♥❝✐♦♥

✐♥✭✺✳✶✮✱❞❡♥♦❡❞fu(̄M)❢♦ ❤❡▼✲❡ ✐♠❛♦✱❝❛♥❜❡❡①♣❡❡❞❜②♠❡❛♥♦❢❛❝❛❧❛



✽✷ ❈❤❛♣❡ ✺✳ ❘♦❜✉ ❈❡♥ ♦✐❞❊ ✐♠❛✐♦♥♦♥❤❡ ▼❛♥✐❢♦❧❞♦❢❈♦✈❛✐❛♥❝❡ ▼❛✐❝❡

✇❡✐❣❤ ❢✉♥❝✐♦♥u(·)✱❛❢♦❧❧♦✇✿

fu(̄M)=
1

N

N

i=1

ud(̄M,Mi)d
2(̄M,Mi), ✭✺✳✶✹✮

✇❤❡❡u(·)✐❛♣♦✐✐✈❡✲✈❛❧✉❡❞❢✉♥❝✐♦♥✇❤✐❝❤❣✐✈❡❛✇❡✐❣❤ ♦❡❛❝❤♦❜❡✈❛✐♦♥

Mi✐♥❤❡❝♦♠♣✉❛✐♦♥♦❢❤❡❝❡♥♦✐❞✳❖❜✈✐♦✉❧②✱❤❡✇❡✐❣❤❢✉♥❝✐♦♥u(·)❤♦✉❧❞

❞❡❝❡❛❡♦③❡♦♦❡♥✉❡❤❛ ❤❡♦✉❧✐❡ ❤❛✈❡❛♠❛❧❧❡ ❝♦♥✐❜✉✐♦♥♦❤❡❝❡♥✲

♦✐❞✬ ❡✐♠❛✐♦♥❤❛♥ ❤❡♦❤❡ ♦❜❡✈❛✐♦♥✳ ◆♦❡ ❤❛ ❡✈❡♥✐❢ ❤❡❝❡♥❡ ♦❢

♠❛ ✭✺✳✹✮❛♥❞❤❡♠❡❞✐❛♥✭✺✳✼✮❤❛✈❡❡①♣❡✐♦♥ ✐♠✐❧❛ ♦✭✺✳✶✹✮❢♦ ❡♣❡❝✐✈❡❧②

u(d(̄M,Mi))=1❛♥❞u(d(̄M,Mi))=
1

d(̄M,Mi)
✱❤❡②❞♦♥♦❜❡❧♦♥❣♦❤❡❢❛♠✐❧②♦❢

▼✲❡ ✐♠❛♦✱✐♥❝❡❤❡❡❣✉❧❛✐②❝♦♥❞✐✐♦♥♦❢❤❡✐❝♦❡♣♦♥❞✐♥❣✇❡✐❣❤❢✉♥❝✐♦♥

u(·)❞❡✜♥❡❞✐♥❬▼❛♦♥♥❛✶✾✼✻❪❛❡♥♦ ❛✐✜❡❞✳❚❤❡❡❝♦♥❞✐✐♦♥❤❛✈❡❜❡❡♥♠❡♥✲

✐♦♥❡❞✐♥❙❡❝✐♦♥✸✳✷✳✹✐♥❤❡❝♦♥❡①♦❢❝♦✈❛✐❛♥❝❡♠❛✐①❡✐♠❛✐♦♥❛♥❞❤❡②❛❡

❡①♣❧❛✐♥❡❞♥❡①❢♦❝❡♥♦✐❞❡✐♠❛✐♦♥✿

•❢♦ ❤❡♠❡❞✐❛♥✿ ❤❡✇❡✐❣❤❢✉♥❝✐♦♥u(·)✐♥♦❞❡✜♥❡❞✇❤❡♥d(̄M,Mi)=0❀

•❢♦❤❡❝❡♥❡♦❢♠❛✿❤❡✉♣♣❡❧✐♠✐♦❢ψ(d(̄M,Mi))=d(̄M,Mi)u(d(̄M,Mi))=

d(̄M,Mi)✐✐♥✜♥✐❡✳

■♥❬❍✉❜❡ ✶✾✻✹❪✱❍✉❜❡❤❛ ✐♥♦❞✉❝❡❞❤❡ ♦✲❝❛❧❧❡❞❍✉❜❡✬❢✉♥❝✐♦♥u(·)❞❡✲

✜♥❡❞❛✿

ud(̄M,Mi)=min 1,
T

d(̄M,Mi)
, ✭✺✳✶✺✮

✇❤❡❡T✐❛❤❡❤♦❧❞✈❛❧✉❡❝♦♥♦❧❧✐♥❣❤❡❝♦♥✐❜✉✐♦♥♦❢♦✉❧✐❡ ✐♥❤❡❡ ✐♠❛✲

✐♦♥✳❇②❝♦♠❜✐♥✐♥❣✭✺✳✶✹✮❛♥❞✭✺✳✶✺✮✱❤❡♣♦♣♦❡❞❍✉❜❡✬❝❡♥♦✐❞✐ ❤❡❝♦✈❛✐✲

❛♥❝❡♠❛✐①M̄✱✇❤✐❝❤♠✐♥✐♠✐③❡ ❤❡❢♦❧❧♦✇✐♥❣❝♦ ❢✉♥❝✐♦♥❬■❧❡❛❡❛❧✳✷✵✶✻❝✱■❧❡❛

❡❛❧✳✷✵✶✻❞❪✿

fH(̄M)=
1

N

N

i=1

d2(̄M,Mi)1{d(̄M,Mi)≤T}

+
T

N

N

i=1

d(̄M,Mi)1{d(̄M,Mi}>T}, ✭✺✳✶✻✮

✇❤❡❡1{a≤b}✐ ❤❡✐♥❞✐❝❛♦❢✉♥❝✐♦♥✱✇❤✐❝❤❡✉❛❧1✐❢a≤b❛♥❞0♦❤❡✇✐❡✳❚❤❡

❤❡❤♦❧❞T ❡♣❡❡♥ ❛♠❡❛✉❡♦❢❞✐❝✐♠✐♥❛✐♥❣❜❡✇❡❡♥♥♦♠❛❧❛♥❞❛❜❡ ❛♥

❞❛❛❛♥❞❤❡❡❢♦❡✱✐❝♦♥♦❧ ❤❡❡ ✐♠❛♦✬❜❡❤❛✈✐♦✳■♥♦❤❡ ✇♦❞✱❢♦❧❛❣❡

✈❛❧✉❡ ♦❢T✱❤❡❍✉❜❡✬❡✐♠❛♦❜❡❤❛✈❡ ❛ ❤❡❝❡♥❡♦❢♠❛✱✇❤✐❧❡❢♦ ♠❛❧❧

✈❛❧✉❡✐✐❡✉✐✈❛❧❡♥ ♦❤❡♠❡❞✐❛♥✳❋✐❣✉❡✺✳✹♣❡❡♥ ❤❡❍✉❜❡✬❢✉♥❝✐♦♥❢♦❤❡

❝❡♥❡♦❢♠❛ ✭❋✐❣✉❡✺✳✹✳❛✮✱❤❡♠❡❞✐❛♥✭❋✐❣✉❡✺✳✹✳❜✮❛♥❞❤❡❍✉❜❡✬❡✐♠❛♦

✭❋✐❣✉❡✺✳✹✳❝✮✳

■♥❤❡❢♦❧❧♦✇✐♥❣✱❛❝♦♠♣✉❛✐♦♥❛❧❣♦✐❤♠❢♦ ❤❡❍✉❜❡✬❝❡♥♦✐❞✐♣♦♣♦❡❞✱

❜❛❡❞♦♥❤❡❣❛❞✐❡♥❞❡❝❡♥❛❧❣♦✐❤♠✇❤✐❝❤♠✐♥✐♠✐③❡ ❤❡❞✐ ❛♥❝❡❢✉♥❝✐♦♥❣✐✈❡♥



✺✳✸✳ ❚❤❡ ❍✉❜❡✬❊ ✐♠❛♦ ✽✸

✭❛✮ ✭❜✮ ✭❝✮

❋✐❣✉❡✺✳✹✿❚❤❡❍✉❜❡✬❢✉♥❝✐♦♥u(t)❢♦✭❛✮❤❡❝❡♥❡♦❢♠❛✱✭❜✮❤❡♠❡❞✐❛♥❛♥❞✭❝✮

❤❡❍✉❜❡✬❝❡♥♦✐❞✳

✐♥✭✺✳✶✻✮✳❚❤❡❣❛❞✐❡♥♦❢fH(̄M)✇✐❤❡♣❡❝ ♦M̄ ❤❛✐∇fH(̄M)❝❛♥❜❡✇✐❡♥

❛✿

∇fH(̄M)=−
2

N

N

i=1

▲♦❣M̄(Mi)1{d(̄M,Mi)≤T}

−
T

N

N

i=1

▲♦❣M̄(Mi)

d(̄M,Mi)
1{d(̄M,Mi}>T}, ✭✺✳✶✼✮

✇❤❡❡▲♦❣̄M(·)✐ ❤❡❘✐❡♠❛♥♥✐❛♥❧♦❣❛✐❤♠♠❛♣♣✐♥❣❬❍✐❣❤❛♠✷✵✵✽❪❣✐✈❡♥✐♥✭✹✳✼✮✳

❖♥❝❡ ❤❛ ❤✐ ❢✉♥❝✐♦♥✐❞❡✜♥❡❞✱✐ ✐❢✉❤❡ ✉❡❞✐♥❤❡ ❡❝✉✐✈❡❡✐♠❛✐♦♥

♣♦❝❡❞✉❡❞❡❝✐❜❡❞❜②✭✺✳✷✮✳ ❆♣❡✉❞♦✲❝♦❞❡❞❡❝✐♣✐♦♥♦❢❤❡❍✉❜❡✬❝❡♥♦✐❞

❡✐♠❛✐♦♥✐❣✐✈❡♥✐♥❆❧❣♦✐❤♠✻✱✇❤❡❡DHit✐ ❤❡❣❛❞✐❡♥✬♥♦♠♦❜❛✐♥❡❞

❢♦♠✭✺✳✸✮❛♥❞✭✺✳✶✼✮✳

❆❧❣♦ ✐❤♠✻❍✉❜❡✬❝❡♥♦✐❞❡✐♠❛♦

✶✿■♥♣✉✿M1,...,MN✱T✱ε✱Nmax
✷✿■♥✐✐❛❧✐③❡M̄ ✉✐♥❣❤❡❛♠♣❧❡♠❡❛♥

✸✿it=1

✹✿✇❤✐❧❡✭DHit>ε✮❛♥❞✭it≤Nmax✮❞♦

✺✿ ❊ ✐♠❛❡M̄ ✉✐♥❣♦♥❡✐❡❛✐♦♥♦❢✭✺✳✷✮✳

✻✿ ❈♦♠♣✉❡❤❡❣❛❞✐❡♥♥♦♠✱DHit✱❛❝❝♦❞✐♥❣♦✭✺✳✸✮✳

✼✿ it=it+1

✽✿❡♥❞✇❤✐❧❡

✾✿❖✉ ♣✉✿M̄

❆ ♦❜❡✈❡❞✐♥✭✺✳✶✼✮✱❤❡✜ ❛♥❞❡❝♦♥❞❡♠ ❝♦❡♣♦♥❞♦❤❡❣❛❞✐❡♥♦❢

❤❡❝♦ ❢✉♥❝✐♦♥❢♦ ❤❡❝❡♥❡♦❢♠❛ ✭✺✳✻✮❛♥❞❤❡♠❡❞✐❛♥✭✺✳✽✮❝❡♥♦✐❞✳❋♦ ❤❡

❡❝♦♥❞❡♠✱✐ ❝❛♥❜❡❡❡♥❤❛ ❤❡❞✐✈✐✐♦♥❜②❞✐❛♥❝❡d(̄Mit,Mi)✐♥❡❡❞❡❞✳❆

♠❡♥✐♦♥❡❞❡❛❧✐❡✱❢♦ ❤❡♠❡❞✐❛♥✱❤✐❞✐✈✐✐♦♥♠❛②❝❛✉❡❝♦♠♣✉❛✐♦♥❛❧♣♦❜❧❡♠✳

❇②✉✐♥❣❤❡♣♦♣♦❡❞❍✉❜❡✬❝❡♥♦✐❞✱ ❤✐ ♣♦❜❧❡♠✐ ♦❧✈❡❞❛✉♦♠❛✐❝❛❧❧②❜②

❝♦♥✐❞❡✐♥❣❤❡❤❡❤♦❧❞T✳■♥❝♦♥❝❧✉✐♦♥✱❜②❝❤♦♦✐♥❣❛♥❛♣♣♦♣✐❛❡✈❛❧✉❡❢♦T✱

❤❡❞✐✈✐✐♦♥❜②③❡♦✐♥❤❡❣❛❞✐❡♥❢✉♥❝✐♦♥✭✺✳✶✼✮✇✐❧❧❜❡❛✈♦✐❞❡❞✱✇❤✐❝❤❡♣❡❡♥

❛♥✐♠♣♦❛♥❛❞✈❛♥❛❣❡♦❢❤❡♣♦♣♦❡❞♠❡❤♦❞✳



✽✹ ❈❤❛♣❡ ✺✳ ❘♦❜✉ ❈❡♥ ♦✐❞❊ ✐♠❛✐♦♥♦♥❤❡ ▼❛♥✐❢♦❧❞♦❢❈♦✈❛✐❛♥❝❡ ▼❛✐❝❡

■♥❤❡❢♦❧❧♦✇✐♥❣❡❝✐♦♥✱❛✉❡✐♥❞❡♣❡♥❞❡♥♠❡❤♦❞✐♣♦♣♦❡❞✐♥♦❞❡ ♦✉♥❡

❤✐♣❛❛♠❡❡✳

✺✳✸✳✸ ❆❧❣♦✐❤♠❢♦ ❍✉❜❡ ✬❚❤❡❤♦❧❞❆✉♦♠❛✐❝❈♦♠♣✉❛✐♦♥

❙✐♠✐❧❛ ♦❤❡❣❡♦♠❡ ✐❝✐♠♠❡❞❛✈❡❛❣❡✱❤❡♣❡❢♦♠❛♥❝❡♦❢ ❤❡❍✉❜❡✬❡✐♠❛♦

❞❡♣❡♥❞❣❡❛❧②♦♥❤❡❤❡❤♦❧❞T ❤❛❞✐❝✐♠✐♥❛❡❜❡✇❡❡♥❛❜❡ ❛♥❛♥❞♥♦♠❛❧

❞❛❛✳ ❚❤❡❡❢♦❡❤❡♥❡❡❞ ♦❛✉♦♠❛✐❝❛❧❧②✜①✐♦❛❧❡❛ ♦❣✐✈❡❛♥✐❞❡❛♦♥✐

♦❞❡♦❢♠❛❣♥✐✉❞❡✳■♥♣❛❝✐❝❡✱T✐❛♣♣❧✐❝❛✐♦♥❞❡♣❡♥❞❡♥❛♥❞✐✐ ❡❧❛❡❞♦❤❡

✐♥✐♥✐❝✈❛✐❛❜✐❧✐②♦❢ ❤❡♦❜❡✈❡❞❞❛❛✳ ❆✈✐✉❛❧❡①♣❧❛♥❛✐♦♥♦❢❤✐ ❡♠❛❦✐

❣✐✈❡♥✐♥❋✐❣✉❡✺✳✺✳❋♦✐♥❛♥❝❡✱✐❢❛❞❛❛❡✐❝❤❛❛❝❡✐③❡❞❜②❛❧♦✇✈❛✐❛❜✐❧✐②✱

❤❡♦✉❧✐❡ ❝❛♥❜❡❡❛✐❧②♣♦ ❡❞✭❋✐❣✉❡✺✳✺✳❛✮✳ ❖♥❤❡♦❤❡ ❤❛♥❞✱♦♥❝❡ ❤❛

❤❡❞❛❛❡✬✈❛✐❛❜✐❧✐②✐♥❝❡❛❡✱❤❡♦✉❧✐❡ ❛❡♠✉❝❤♠♦❡❞✐✣❝✉❧ ♦✐❞❡♥✐❢②

✭❋✐❣✉❡✺✳✺✳❜✮✳❆T
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Data

Outlier 

❤❛ ♦❞✐❝✐♠✐♥❛❡❜❡✇❡❡♥♦✉❧✐❡ ❛♥❞♥♦♠❛❧❞❛❛✱✐ ✈❛❧✉❡
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−4

−2
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8
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Data

Outlier ?

✭❛✮ ✭❜✮

❋✐❣✉❡✺✳✺✿❖✉❧✐❡ ❛♥❞❞❛❛✐♥✐♥✐❝✈❛✐❛❜✐❧✐②✳

❤♦✉❧❞❛❦❡✐♥♦❝♦♥✐❞❡❛✐♦♥❤✐❛♣❡❝✳

■♥❤❡❢♦❧❧♦✇✐♥❣✱ ❤❡❞❛❛✐ ❝♦♥✐❞❡❡❞♦❜❡❛ ❡♦❢N ❝♦✈❛✐❛♥❝❡♠❛✐❝❡

M ={M1,...,MN}♦❢✐③❡m×m❞✐ ✐❜✉❡❞❛❝❝♦❞✐♥❣♦❛❘✐❡♠❛♥♥✐❛♥●❛✉✐❛♥

❞✐ ✐❜✉✐♦♥✭❘●❉✮✱❞❡❛✐❧❡❞✐♥❈❤❛♣❡✹✳ ❚❤✐❞✐ ✐❜✉✐♦♥✐❝❤❛❛❝❡✐③❡❞❜②

✇♦♣❛❛♠❡❡✿❤❡❝❡♥❛❧✈❛❧✉❡M̄ ❛♥❞❤❡❞✐♣❡ ✐♦♥σ✳■ ♣♦❜❛❜✐❧✐②❞❡♥✐②

❢✉♥❝✐♦♥✇✐❤❡♣❡❝ ♦❤❡❘✐❡♠❛♥♥✐❛♥✈♦❧✉♠❡❡❧❡♠❡♥✐❣✐✈❡♥❜②✿

p(M|̄M,σ)=
1

Z(σ)
exp −

d2(M,̄M)

2σ2
, ✭✺✳✶✽✮

✇❤❡❡Z(σ)✐❛♥♦♠❛❧✐③❛✐♦♥❢❛❝♦✐♥❞❡♣❡♥❞❡♥♦❢❤❡❝❡♥♦✐❞M̄✱❛♥❞d(M,̄M)

✐ ❤❡❘✐❡♠❛♥♥✐❛♥❞✐ ❛♥❝❡❞❡✜♥❡❞✐♥✭✺✳✺✮✳

■♥♦❞❡ ♦❡✐♠❛❡❤❡❤❡❤♦❧❞✬ ✈❛❧✉❡✱❛♦❜✉ ❡✐♠❛♦♦❢❤❡❞✐♣❡ ✐♦♥

♣❛❛♠❡❡σ✐ ❡✉✐❡❞✱❝♦♥✐❞❡✐♥❣❤❛ ❤❡❍✉❜❡✬ ❤❡❤♦❧❞T❝❛♥❜❡❝♦♠♣✉❡❞

❛✿

T=c×σ̂, ✭✺✳✶✾✮



✺✳✸✳ ❚❤❡ ❍✉❜❡✬❊ ✐♠❛♦ ✽✺

✇✐❤c❜❡✐♥❣❛❝♦♥ ❛♥❛♥❞σ̂ ❤❡❡ ✐♠❛❡❞❞✐♣❡ ✐♦♥✳■♥♣❛❝✐❝❡✱c❝❛♥❛❦❡

✈❛❧✉❡ ❜❡✇❡❡♥1❛♥❞2❬❍✉❜❡ ✫❘♦♥❝❤❡ ✐✷✵✵✾❪✳ ❆♠❡♥✐♦♥❡❞✐♥❬❍✉❜❡ ✫

❘♦♥❝❤❡ ✐✷✵✵✾❪✱❛❝♦♠♠♦♥✈❛❧✉❡✐c=1.5✳ ❋♦ ❤❡❞✐♣❡ ✐♦♥♣❛❛♠❡❡❡✐✲

♠❛✐♦♥✱❛♦❜✉ ♠❡❤♦❞✐ ✐♥♦❞✉❝❡❞♥❡①✳■♥♣✐❡❞❜②❤❡♣❡✈✐♦✉✇♦❦ ♦♥

♦❜✉ ❛✐✐❝❬❍✉❜❡ ✫❘♦♥❝❤❡ ✐✷✵✵✾❪✱❤❡❝♦♥❝❡♣ ♦❢♠❡❞✐❛♥❛❜♦❧✉❡❞❡✈✐❛✲

✐♦♥✭▼❆❉✮✐❡①❡♥❞❡❞♦❤❡❝❛❡♦❢❝♦✈❛✐❛♥❝❡♠❛✐❝❡❧✐✈✐♥❣✐♥❤❡❘✐❡♠❛♥♥✐❛♥

♣❛❝❡❬■❧❡❛❡❛❧✳✷✵✶✻❝❪✳❚❤❡▼❆❉♦❢M ✐❞❡✜♥❡❞❛ ❤❡♠❡❞✐❛♥♦❢❤❡❘✐❡♠❛♥♥✐❛♥

❞✐ ❛♥❝❡d❝♦♠♣✉❡❞❜❡✇❡❡♥❡❛❝❤ ❛♠♣❧❡Mi✱i=1,...,N❛♥❞❤❡❘✐❡♠❛♥♥✐❛♥

♠❡❞✐❛♥✱❞❡♥♦❡❞RMed(M)✿

MAD=median dMi,RMed(M) . ✭✺✳✷✵✮

❆❝♦♠♣❛✐♦♥❜❡✇❡❡♥ ❤❡ ▼❆❉✐♥ ❤❡❊✉❝❧✐❞❡❛♥❛♥❞ ❤❡❘✐❡♠❛♥♥✐❛♥ ♣❛❝❡ ✐

♠❛❞❡✐♥❚❛❜❧❡✺✳✶✳

❚❛❜❧❡✺✳✶✿ ❉❡✜♥✐✐♦♥♦❢▼❆❉✐♥❜♦❤❊✉❝❧✐❞❡❛♥❛♥❞❘✐❡♠❛♥♥✐❛♥♣❛❝❡✳

❊✉❝❧✐❞❡❛♥❙♣❛❝❡ ❘✐❡♠❛♥♥✐❛♥ ▼❛♥✐❢♦❧❞

▲❡ X={X1,...,XN}❜❡❛ ❡♦❢ ❝❛❧❛

♦❜❡✈❛✐♦♥✿

MAD=median(|Xi−median(X)|).

▲❡ M ={M1,...,MN}❜❡❛ ❡ ♦❢❝♦✲

✈❛✐❛♥❝❡♠❛✐❝❡✿

MAD=median dMi,RMed(M) .

❋✉ ❤❡♦♥✱❛❧✐♥❦❜❡✇❡❡♥ ❤❡▼❆❉❛♥❞❤❡❞✐♣❡ ✐♦♥♣❛❛♠❡❡σ✐♥❡❡❞❡❞✳

▼♦❡♣❡❝✐❡❧②✱❤❡▼❆❉✐❞❡✜♥❡❞❛✿

1

2
=pd(M,̄M)≤MAD =p

d(M,̄M)

mσ
≤
MAD

mσ
. ✭✺✳✷✶✮

❙❛✐♥❣❢♦♠❤✐❡①♣❡✐♦♥✱❛♥❡✇✈❛✐❛❜❧❡✐✐♥♦❞✉❝❡❞✿

z=
d(M,̄M)

mσ
, ✭✺✳✷✷✮

❛♥❞✐ ❛✐✐❝❛❡ ✉❞✐❡❞✳■♥♣❛❝✐❝❡✱✐❤❛ ❜❡❡♥♦❜❡✈❡❞♦♥✐♠✉❧❛❡❞❞❛❛

❤❛ ❤❡❞✐ ✐❜✉✐♦♥♦❢z✐✐♥❞❡♣❡♥❞❡♥♦❢M̄ ❛♥❞σ✳ ❚♦✉ ❛✐♥ ❤✐ ❡♠❛❦✱

❛♥❡①❛♠♣❧❡✐ ❤♦✇♥✐♥❋✐❣✉❡✺✳✻✳ ❚❤❡❜❡❤❛✈✐♦♦❢z❤❛ ❜❡❡♥❛♥❛❧②③❡❞✐♥ ❤❡

❢♦❧❧♦✇✐♥❣❡①♣❡✐♠❡♥✳ ❆❞❛❛❡ ♦❢105✐♥❞❡♣❡♥❞❡♥❛♥❞✐❞❡♥✐❝❛❧❧②❞✐ ✐❜✉❡❞

❝♦✈❛✐❛♥❝❡♠❛✐❝❡♦❢✐③❡m×m✱✐✉❡❞❢♦♠❛♥❘●❉♠♦❞❡❧❤❛❜❡❡♥❣❡♥❡❛❡❞✳

❚❤❡ ✐♠✉❧❛❡❞❝♦✈❛✐❛♥❝❡♠❛✐①❞❛❛❡❤❛❜❡❡♥♦❜❛✐♥❡❞❢♦❝❡♥♦✐❞M̄ ❤❛✈✐♥❣

❤❡❢♦♠✿

M̄(i,j)=ρ|i−j|❢♦i,j∈ 1,m. ✭✺✳✷✸✮

■♥❤❡✜ ❝❛❡✱✇♦✈❛❧✉❡ ❤❛✈❡❜❡❡♥❝❤♦❡♥❢♦ρ✱❤❛❛❡ρ1=0.1❛♥❞ρ2=0.5✱

❣✐✈✐♥❣❤❡❢♦❧❧♦✇✐♥❣❝❡♥ ♦✐❞✿

M̄1=
1 0.1

0.1 1
❛♥❞ M̄2=

1 0.5

0.5 1
. ✭✺✳✷✹✮



✽✻ ❈❤❛♣❡ ✺✳ ❘♦❜✉ ❈❡♥ ♦✐❞❊ ✐♠❛✐♦♥♦♥❤❡ ▼❛♥✐❢♦❧❞♦❢❈♦✈❛✐❛♥❝❡ ▼❛✐❝❡

▼♦❡♦✈❡✱❤❡❞✐♣❡ ✐♦♥♣❛❛♠❡❡σ❤❛❜❡❡♥✜①❡❞♦0.1✳❚❤❡❤✐♦❣❛♠♦❢z❤❛

❜❡❡♥♣❧♦ ❡❞✐♥❋✐❣✉❡✺✳✻✳❛❤♦✇✐♥❣❤❡✐♥❞❡♣❡♥❞❡♥❝❡♦❢z✇✐❤❡♣❡❝ ♦❝❡♥♦✐❞✳

❆ ✐♠✐❧❛❡①♣❡✐♠❡♥❤❛ ❜❡❡♥♣❡❢♦♠❡❞ ♦✐❧❧✉ ❛❡❤❡✐♥❞❡♣❡♥❞❡♥❝❡♦❢z✇✐❤

❡♣❡❝ ♦σ✱❤♦✇♥✐♥❋✐❣✉❡✺✳✻✳❜✳■♥❤✐ ❝❛❡✱ρ❤❛ ❜❡❡♥✜①❡❞ ♦0.5❛♥❞✇♦

❞✐♣❡ ✐♦♥♣❛❛♠❡❡ ❤❛✈❡❜❡❡♥❝♦♥✐❞❡❡❞✿σ1=0.1❛♥❞σ2=0.5
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ρ
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 = 0.1

ρ
2
 = 0.5

✳
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σ
1
 = 0.1

σ
2
 = 0.5

✭❛✮ ✭❜✮

❋✐❣✉❡✺✳✻✿■♥❞❡♣❡♥❞❡♥❝❡♦❢z✇✐❤❡♣❡❝ ♦✭❛✮M̄ ❛♥❞✭❜✮σ✳

■❤❛ ♦❜❡♠❡♥✐♦♥❡❞❤❛ ❤❡✉❡♦❢z✐❡✉✐✈❛❧❡♥ ♦❤❡ ❛♥❞❛❞✐③❛✐♦♥ ❡♣

z=x−µ
σ ❢♦❛✉♥✐✈❛✐❛❡♥♦♠❛❧❞✐ ✐❜✉✐♦♥✳

◆❡①✱❜②✉✐♥❣✭✺✳✷✶✮✱❤❡▼❆❉✐❣✐✈❡♥❜②✿

1

2
=φ

MAD

mσ
, ✭✺✳✷✺✮

✇❤❡❡φ(·)✐ ❤❡❝✉♠✉❧❛✐✈❡❞✐ ✐❜✉✐♦♥❢✉♥❝✐♦♥♦❢z✳❚❤❡❡✐♠❛❡❞❞✐♣❡ ✐♦♥

♣❛❛♠❡❡❝❛♥❜❡♦❜❛✐♥❡❞❛✿

σ̂=
1

φ−1 12

MAD

m
, ✭✺✳✷✻✮

✇❤❡❡φ−1(·)✐ ❤❡✐♥✈❡ ❡❝✉♠✉❧❛✐✈❡❞✐ ✐❜✉✐♦♥❢✉♥❝✐♦♥✳■♥❤❡❡♥❞✿

σ̂=
K

m
MAD, ✭✺✳✷✼✮

✇✐❤K= 1

φ−1 1
2

✳❊①♣❡✐♠❡♥ ❤❛✈❡ ❤♦✇♥ ❤❛ K≈1.312✳❚❤✐✈❛❧✉❡❤❛❜❡❡♥

♦❜❛✐♥❡❞♦♥❞❛❛❡ ♦❢N=105✐♥❞❡♣❡♥❞❡♥❛♥❞✐❞❡♥✐❝❛❧❧②❞✐ ✐❜✉❡❞❝♦✈❛✐❛♥❝❡

♠❛ ✐❝❡♦❢✐③❡m×m✱✐✉❡❞❢♦♠❛♥❘●❉✇✐❤ρ✜①❡❞ ♦0.5✳ ❉✐✛❡❡♥✈❛❧✉❡

❤❛✈❡❜❡❡♥❝♦♥✐❞❡❡❞❢♦m✿2✱3✱5✱7❛♥❞16✳■♥❛❞❞✐✐♦♥✱❢♦ ❤❡❞✐♣❡ ✐♦♥

♣❛❛♠❡❡σ✱13✈❛❧✉❡❡✉❛❧❧②❛♠♣❧❡❞❜❡✇❡❡♥0.1❛♥❞0.4❤❛✈❡❜❡❡♥❛❦❡♥✳◆❡①✱

❢♦❡❛❝❤✐♠✉❧❛❡❞❞❛❛❡✱❤❡ ▼❆❉✐ ❝♦♠♣✉❡❞❛❝❝♦❞✐♥❣ ♦✭✺✳✷✵✮❛♥❞K ✐

❡①♣❡❡❞❢♦♠✭✺✳✷✼✮✳■♥❤❡❡♥❞✱ ❤❡♠❡❛♥✈❛❧✉❡♦❢K❤❛ ❜❡❡♥ ❡❛✐♥❡❞✱❤❛ ✐

❛♣♣♦①✐♠❛❡❧②1.312✳



✺✳✹✳ ❡❢♦♠❛♥❝❡❆♥❛❧② ✐ ✽✼

❇②✉✐♥❣❤❡♣♦♣♦❡❞❛❧❣♦✐❤♠✱ ❤❡❡ ✐♠❛❡❞❤❡❤♦❧❞T❝❛♥❜❡♦❜❛✐♥❡❞

✇✐❤♦✉❛♥②✉❡✐♥❡✈❡♥✐♦♥✳■ ✈❛❧✉❡✐❝♦♠♣✉❡❞♦♥❧②❜②❛❦✐♥❣✐♥♦❝♦♥✐❞❡❛✲

✐♦♥❤❡♥❛✉❛❧✈❛✐❛❜✐❧✐②♦❢❤❡❞❛❛❡✳◆♦❡❛❧♦❤❛ ❤✐❡✐♠❛❡❞✈❛❧✉❡✐❛♥

♦❞❡♦❢♠❛❣♥✐✉❞❡♦❢❤❡❤❡❤♦❧❞✇❡♠❛②❝♦♥✐❞❡✐♥❤❡❍✉❜❡❡✐♠❛✐♦♥❛❧❣♦✲

✐❤♠✳❉❡♣❡♥❞✐♥❣♦♥❤❡✈❛❧✉❡❝❤♦❡♥❢♦❝♦♥❛♥c✐♥✭✺✳✶✾✮✱❞✐✛❡❡♥✈❛❧✉❡❝❛♥

❜❡❢♦✉♥❞❢♦ ❤❡❡ ✐♠❛❡❞T✳❆❧❧❤❡❡✉❧ ♣❡❡♥❡❞✐♥❤✐❝❤❛♣❡❛❡❛❝❤✐❡✈❡❞

❢♦c=1.5✳

✺✳✹ ❡❢♦♠❛♥❝❡❆♥❛❧② ✐

■♥❤✐ ❡❝✐♦♥✱❡✈❡❛❧❡ ❛❡♣❡❢♦♠❡❞♦♥ ✐♠✉❧❛❡❞❞❛❛✐♥♦❞❡ ♦❛♥❛❧②③❡

❤❡❜❡❤❛✈✐♦ ♦❢ ❤❡♣♦♣♦❡❞❍✉❜❡✬❝❡♥♦✐❞❡✐♠❛♦✳ ❚❤❡♦❜❛✐♥❡❞ ❡✉❧

❛❡♣❡❡♥❡❞❛♥❞❤❡②❛❡❝♦♠♣❛❡❞♦❤♦❡❣✐✈❡♥❜②❤❡❝❡♥❡♦❢♠❛ ❛♥❞❤❡

♠❡❞✐❛♥✱❦♥♦✇✐♥❣ ❤❛ ❤❡❝♦✈❛✐❛♥❝❡♠❛✐❝❡❛❡❣❡♥❡❛❡❞❛ ❡❛❧✐③❛✐♦♥♦❢❘●❉✳

❙✐♥❝❡ ❤❡❝❡♥♦✐❞ ❛❡❝♦✈❛✐❛♥❝❡♠❛✐❝❡✱❤❡♠❛♥✐❢♦❧❞♦❢ ❤❡ ♣❛❝❡♦❢❝♦✲

✈❛✐❛♥❝❡ ♠❛✐❝❡ ❤♦✉❧❞❜❡ ❛❦❡♥✐♥♦❛❝❝♦✉♥ ❢♦ ❤❡❡ ✐♠❛♦✬♣❡❢♦♠❛♥❝❡

❡✈❛❧✉❛✐♦♥✳■♥❤❡❧✐❡❛✉❡✱♠❛♥②❛✉❤♦ ❤❛✈❡♣♦♣♦❡❞♦❞❡✜♥❡❤❡❝♦♥❝❡♣♦❢

✐♥✐♥✐❝❛♥❛❧②✐❢♦ ❛✐✐❝❛❧❡✐♠❛✐♦♥❬❖❧❧❡ ✫❈♦❝✉❡❛✶✾✾✺✱❙♠✐❤✷✵✵✺✱●❛✲

❝✐❛✫❖❧❧❡✷✵✵✻❪✳ ❚♦❤✐ ❛✐♠✱ ❤❡❝♦♥❝❡♣ ♦❢✐♥✐♥✐❝♦♦✲♠❡❛♥ ✉❛❡❡♦

✭❘▼❙❊✮❛♥❞✐♥✐♥✐❝❜✐❛✈❡❝♦ ✜❡❧❞❤❛✈❡❜❡❡♥✐♥ ♦❞✉❝❡❞❢♦ ❤❡❘✐❡♠❛♥♥✐❛♥

❝❛❡✳❚❤❡❡❞❡✜♥✐✐♦♥❛❡❡❝❛❧❧❡❞♥❡①✳

▲❡ M̄ ❜❡ ❤❡❡ ✐♠❛❡❞❝❡♥♦✐❞♦❢ ❤❡❞❛❛❡✱❤❛ ✐ ❤❡❡ ✐♠❛❡♦❢❤❡

❝❡♥♦✐❞M̄✳ ❚❤❡✐♥✐♥✐❝❘▼❙❊✐❣✐✈❡♥❜②❬❖❧❧❡ ✫❈♦❝✉❡❛✶✾✾✺✱❙♠✐❤✷✵✵✺✱

●❛❝✐❛✫❖❧❧❡✷✵✵✻❪✿

RMSE= Ed2(̄M,̄M), ✭✺✳✷✽✮

✇❤❡❡d(·)✐ ❤❡❘✐❡♠❛♥♥✐❛♥❞✐ ❛♥❝❡❞❡✜♥❡❞✐♥✭✺✳✺✮✳■♥❛❞❞✐✐♦♥✱❤❡❜✐❛✈❡❝♦

✜❡❧❞b(̄M)♦❢M̄ ✐❣✐✈❡♥❜②❬❖❧❧❡ ✫❈♦❝✉❡❛✶✾✾✺✱❙♠✐❤✷✵✵✺✱●❛❝✐❛✫❖❧❧❡✷✵✵✻❪✿

b(̄M)=▲♦❣M̄EM̄ M̄ =E▲♦❣M̄ M̄ , ✭✺✳✷✾✮

❦♥♦✇✐♥❣❤❛EM̄ M̄ =❊①♣M̄E▲♦❣M̄ M̄ ✳❙✐♥❝❡❤❡❜✐❛✈❡❝♦✜❡❧❞b(̄M)✐♥❤❡

❘✐❡♠❛♥♥✐❛♥ ♣❛❝❡✐ ❛❝♦✈❛✐❛♥❝❡♠❛✐①✱✐ ♥♦♠❤❛ ♦❜❡❝♦♠♣✉❡❞❢♦❢✉❤❡

❡✈❛❧✉❛✐♦♥✿

b(̄M)= M̄−1b M̄
2
, ✭✺✳✸✵✮

✇❤❡❡ (·)✐ ❤❡ ❛❝❡♦♣❡❛♦✳❋♦❛❜❡❡✉♥❞❡ ❛♥❞✐♥❣♦❢❤❡❡♣❡❢♦♠❛♥❝❡

♠❡❛✉❡✱❛♣❛❛❧❧❡❧✇✐❤❤❡❊✉❝❧✐❞❡❛♥♣❛❝❡✐❞❛✇♥✐♥❚❛❜❧❡✺✳✷✳

❋♦ ❛❧❧❤❡❡①♣❡✐♠❡♥✱❤❡ ✐♠✉❧❛❡❞❝♦✈❛✐❛♥❝❡♠❛✐①❞❛❛❡ ❛❡♦❜❛✐♥❡❞

❜②✉✐♥❣❤❡❡①♣❡✐♦♥❣✐✈❡♥✐♥✭✺✳✷✸✮✳■♥❛❞❞✐✐♦♥✱m=2❛♥❞5000▼♦♥❡❈❛❧♦

✉♥❛❡✉❡❞❢♦ ❤❡♣❡❢♦♠❛♥❝❡❡✈❛❧✉❛✐♦♥✳

❚❤❡✜ ❡①♣❡✐♠❡♥❝♦♥✐ ✐♥ ✉❞②✐♥❣❤❡✐♥✢✉❡♥❝❡♦❢❤❡❞❛❛❡✬ ✐③❡N♦♥

❤❡❝❡♥♦✐❞✬❡✐♠❛✐♦♥♣❡❢♦♠❛♥❝❡✱❢♦ ♥♦♦✉❧✐❡✈❛❧✉❡✳■♥❤✐❝❛❡✱❤❡❞❛❛❡

❝♦♥❛✐♥❜❡✇❡❡♥100❛♥❞5000✐♥❞❡♣❡♥❞❡♥❛♥❞✐❞❡♥✐❝❛❧❧②❞✐ ✐❜✉❡❞❝♦✈❛✐❛♥❝❡



✽✽ ❈❤❛♣❡ ✺✳ ❘♦❜✉ ❈❡♥ ♦✐❞❊ ✐♠❛✐♦♥♦♥❤❡ ▼❛♥✐❢♦❧❞♦❢❈♦✈❛✐❛♥❝❡ ▼❛✐❝❡

❚❛❜❧❡✺✳✷✿ ❉❡✜♥✐✐♦♥♦❢❘▼❙❊❛♥❞❜✐❛✈❡❝♦✜❡❧❞✐♥❜♦❤❊✉❝❧✐❞❡❛♥❛♥❞❘✐❡♠❛♥♥✐❛♥

♣❛❝❡✳

❊✉❝❧✐❞❡❛♥❙♣❛❝❡ ❘✐❡♠❛♥♥✐❛♥ ▼❛♥✐❢♦❧❞

▲❡ θ̂❜❡ ❤❡❡ ✐♠❛❡♦❢♣❛❛♠❡❡θ✿

RMSE= E (̂θ−θ)2;

b(θ)=E[̂θ]−θ.

▲❡ M̄ ❜❡ ❤❡❡ ✐♠❛❡♦❢❤❡❝❡♥ ♦✐❞M̄✿

RMSE= Ed2(̄M,̄M);

b(̄M)=▲♦❣M̄EM̄ M̄ .

♠❛ ✐❝❡♦❢✐③❡2×2✐✉❡❞❢♦♠❛♥❘●❉❤❛✈✐♥❣❤❡❞✐♣❡ ✐♦♥σ=0.1❛♥❞❤❡

❝❡♥♦✐❞M̄ ♦❜❛✐♥❡❞❢♦♠✭✺✳✷✸✮❢♦ρ=0.7✿

M̄ =
1 0.7

0.7 1
. ✭✺✳✸✶✮

❋✐❣✉❡✺✳✼❞❛✇ ❤❡❡✉❧ ♦❜❛✐♥❡❞❢♦ ❤❡✐♥✐♥✐❝❘▼❙❊✭❋✐❣✉❡✺✳✼✳❛✮❛♥❞❢♦

❤❡✐♥✐♥✐❝❜✐❛✈❡❝♦✜❡❧❞✭❋✐❣✉❡✺✳✼✳❜✮✱✇❤❡♥❤❡❝❡♥♦✐❞❛❡❡✐♠❛❡❞❜②

✉✐♥❣❤❡❝❡♥❡♦❢♠❛ ✭✐♥❜❧✉❡✮✱❤❡♠❡❞✐❛♥✭✐♥❜❧❛❝❦✮❛♥❞❤❡❍✉❜❡✬❝❡♥♦✐❞

✇✐❤✜①❡❞ ❤❡❤♦❧❞T=1❛♥❞0.5✭✐♥❣❡❡♥✮❛♥❞❛✉♦♠❛✐❝❛❧❧②❝♦♠♣✉❡❞✈❛❧✉❡

❢♦T✭✐♥❡❞✮✳ ❆❡①♣❡❝❡❞✱❛ ❤❡❡❛❡♥♦♦✉❧✐❡♦❜❡✈❛✐♦♥✐♥❤❡❞❛❛❡✱

❤❡❝❡♥❡♦❢♠❛ ✐ ❧✐❣❤❧②❜❡❡ ❤❛♥ ❤❡♦❤❡ ❡✐♠❛♦✳ ▼♦❡♦✈❡✱✐❝❛♥

❜❡♥♦✐❝❡❞❤❛ ❛❤✐❣❤❡♥✉♠❜❡ N
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✭❛✮ ✭❜✮

❋✐❣✉❡✺✳✼✿✭❛✮❚❤❡❘▼❙❊❛♥❞✭❜✮❤❡❜✐❛✈❡❝♦✜❡❧❞❛❢✉♥❝✐♦♥♦❢❤❡❞❛❛❡✬ ✐③❡

❢♦♥♦♦✉❧✐❡❞❛❛✳

❚❤❡ ❡❝♦♥❞❡ ✉❞✐❡ ❤❡✐♥✢✉❡♥❝❡♦❢♦✉❧✐❡ ♦♥ ❤❡❝❡♥♦✐❞✬ ❡✐♠❛✐♦♥✳

❋♦ ❤✐♣✉♣♦❡✱❛❞❛❛❡❝♦♥❛✐♥✐♥❣1000♠❛ ✐❝❡♦❢✐③❡2×2✐❝❡❛❡❞✳❚❤❡❡

♠❛ ✐❝❡❤❛✈❡❛♥❘●❉❞✐ ✐❜✉✐♦♥♦❢❞✐♣❡ ✐♦♥σ=0.1✳ ❚❤❡❝❡♥♦✐❞M̄ ✐

♦❜❛✐♥❡❞❛ ✐♥❤❡♣❡✈✐♦✉ ❝❛❡❢♦ ρ=0.7✭✺✳✸✶✮✳ ❚♦❤✐ ♦✐❣✐♥❛❧❞❛❛ ❡✱



✺✳✺✳ ❆♣♣❧✐❝❛✐♦♥♦❈❧❛ ✐✜❝❛✐♦♥ ✽✾

♦♠❡♦✉❧✐❡ ❛❡❛❞❞❡❞✳❚❤❡②❛❡✐✳✐✳❞✳❝♦✈❛✐❛♥❝❡♠❛✐❝❡✐✉❡❞❢♦♠❛♥❘●❉♦❢

❝❡♥♦✐❞M̄out=10×Mo✱✇✐❤Mo♦❜❛✐♥❡❞❢♦♠✭✺✳✷✸✮✱❢♦ρo=0.1✿

M̄out=
10 1

1 10
. ✭✺✳✸✷✮

❚❤❡❞✐♣❡ ✐♦♥♦❢❤❡♦✉❧✐❡ ❛♠♣❧❡σout✐ ❡ ♦0.1✳

❋✐❣✉❡✺✳✽❞❛✇ ❤❡ ❡✉❧ ♦❜❛✐♥❡❞❢♦ ❤❡✐♥✐♥✐❝❘▼❙❊✭❋✐❣✉❡✺✳✽✳❛✮

❛♥❞❢♦ ❤❡✐♥✐♥✐❝❜✐❛✈❡❝♦✜❡❧❞✭❋✐❣✉❡✺✳✽✳❜✮❛❢✉♥❝✐♦♥♦❢❤❡♣❡❝❡♥❛❣❡

♦❢♦✉❧✐❡✳ ❚❤❡❜❡❤❛✈✐♦♦❢ ❤❡❝❡♥❡♦❢♠❛ ✭✐♥❜❧✉❡✮✱❤❡♠❡❞✐❛♥✭✐♥❜❧❛❝❦✮

❛♥❞❤❡❍✉❜❡✬❝❡♥♦✐❞✇✐❤✜①❡❞ ❤❡❤♦❧❞T=1❛♥❞T=0.5✭✐♥❣❡❡♥✮❛♥❞

❛✉♦♠❛✐❝❛❧❧②❝♦♠♣✉❡❞✈❛❧✉❡❢♦T✭✐♥❡❞✮❛❡❛♥❛❧②③❡❞✱✇❤❡♥❤❡♣❡❝❡♥❛❣❡

♦❢❛❜❡❛♥❞❛❛✈❛✐❡❢♦♠0♦40%
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✳ ❆♦❜❡✈❡❞✱ ❤❡❝❡♥❡♦❢♠❛ ✐❝❧❡❛❧②

✐♥✢✉❡♥❝❡❞❜②❤❡♣❡❡♥❝❡♦❢♦✉❧✐❡✱✇❤✐❧❡❢♦ ♦❜✉ ❡✐♠❛♦✱❧✐❦❡❤❡♠❡❞✐❛♥♦

❤❡❍✉❜❡✬❝❡♥♦✐❞✱❤✐✐♥✢✉❡♥❝❡✐♥❧❡ ✐♠♣♦❛♥✳■♥❛❞❞✐✐♦♥✱✐❝❛♥❜❡♥♦✐❝❡❞

❤❛ ❤❡❍✉❜❡✬❡✐♠❛♦ ❡♣❡❡♥ ❛ ❛❞❡✲♦✛❜❡✇❡❡♥ ❤❡❝❡♥❡♦❢♠❛ ❛♥❞

❤❡♠❡❞✐❛♥✳
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✭❛✮ ✭❜✮

❋✐❣✉❡✺✳✽✿✭❛✮❚❤❡❘▼❙❊❛♥❞✭❜✮❤❡❜✐❛ ✈❡❝♦✜❡❧❞❛ ❢✉♥❝✐♦♥♦❢❤❡♦✉❧✐❡♣❡✲

❝❡♥❛❣❡✭❙♦✉❝❡✿❬■❧❡❛❡❛❧✳✷✵✶✻❝❪❝[2016]■❊❊❊✮✳

✺✳✺ ❆♣♣❧✐❝❛✐♦♥♦❈❧❛ ✐✜❝❛✐♦♥

■♥❤✐ ❡❝✐♦♥✱❤❡❍✉❜❡✬❡✐♠❛♦✐✉❡❞❢♦ ❡①✉❡❛♥❞▼❊●✐❣♥❛❧❝❧❛✐✜❝❛✲

✐♦♥✳❚❤❡♦❜❛✐♥❡❞❡✉❧ ❛❡❡♣♦❡❞❛♥❞❝♦♠♣❛❡❞♦❤♦❡❣✐✈❡♥❜②❤❡❝❡♥❡

♦❢♠❛ ❛♥❞❤❡♠❡❞✐❛♥✳

✺✳✺✳✶ ❆♣♣❧✐❝❛✐♦♥♦❚❡①✉❡■♠❛❣❡❈❧❛ ✐✜❝❛✐♦♥

❚❤❡✜ ❛♣♣❧✐❝❛✐♦♥♦❢❤❡♣♦♣♦❡❞❝❡♥♦✐❞❡✐♠❛♦✐✐♥❤❡❝♦♥❡①♦❢❡①✉❡

✐♠❛❣❡❝❧❛✐✜❝❛✐♦♥✳❚❤❡♣✉♣♦❡♦❢❤✐ ❡①♣❡✐♠❡♥✐ ♦❛♥❛❧②③❡❤❡✐♥✢✉❡♥❝❡♦❢

❛❜❡❛♥❞❛❛♦♥❤❡❝❧❛ ✐✜❝❛✐♦♥❛❝❝✉❛❝②✱❜②✉✐♥❣❛♠♦❞✐✜❡❞▼■❚❱✐✐♦♥❚❡①✉❡

✭❱✐❚❡①✮❞❛❛❜❛❡❬❱✐ ❪✳



✾✵ ❈❤❛♣❡ ✺✳ ❘♦❜✉ ❈❡♥ ♦✐❞❊ ✐♠❛✐♦♥♦♥❤❡ ▼❛♥✐❢♦❧❞♦❢❈♦✈❛✐❛♥❝❡ ▼❛✐❝❡

✺✳✺✳✶✳✶ ❉❛❛❜❛❡

❚❤❡❱✐❚❡①❞❛❛❜❛❡❝♦♥❛✐♥40❡①✉❡✐♠❛❣❡❝♦♥✐❞❡❡❞❛40❞✐✛❡❡♥❝❧❛❡✳

❚♦♦❜❛✐♥❤❡❞❛❛❜❛❡✉❡❞❢♦ ❤❡❡①♣❡✐♠❡♥✱❤❡❛♠❡✇♦❦✢♦✇❛✐♥❤❡♣❡✈✐♦✉

❈❤❛♣❡✹✐✐♠♣❧❡♠❡♥❡❞✳❋✐ ✱❡❛❝❤✐♠❛❣❡✐❞✐✈✐❞❡❞✐♥♦169♣❛❝❤❡♦❢128×128

♣✐①❡❧✱✇✐❤❛♥♦✈❡❧❛♣♦❢32♣✐①❡❧✳◆❡①✱♦✉❧✐❡ ❛♠♣❧❡✇✐❤❛❧❡❡❞✐♥❡♥✐②❛❡

✐♥♦❞✉❝❡❞✐♥❤❡❞❛❛❡✳❋♦❡❛❝❤❝❧❛✱❜❡✇❡❡♥0❛♥❞60♣❛❝❤❡❛❡✐♥♦❞✉❝❡❞❜②

❛♣♣❧②✐♥❣❛❣❛❞✐❡♥♦❢❧✉♠✐♥♦✐②✳❋✐❣✉❡✹✳✺❤♦✇❛❡①✉❡✐♠❛❣❡❢♦♠❤❡❱✐❚❡①

❞❛❛❜❛❡✭❋✐❣✉❡✹✳✺✳❛✮✱♦♥❡♦❢✐ ♣❛❝❤❡ ✭❋✐❣✉❡✹✳✺✳❜✮❛♥❞✐ ❝♦❡♣♦♥❞✐♥❣

♦✉❧✐❡✭❋✐❣✉❡✹✳✺✳❝✮✳■♥❤❡❡♥❞✱6760♣❛❝❤❡❛❡♦❜❛✐♥❡❞❛♥❞✉❡❞❢✉❤❡ ❢♦

❤❡❝❧❛ ✐✜❝❛✐♦♥✳

✺✳✺✳✶✳✷ ▼❡❤♦❞♦❧♦❣②❛♥❞❘❡✉❧

❋♦ ❤✐❡①♣❡✐♠❡♥✱❤❡❝❧❛ ✐✜❝❛✐♦♥♣♦❝❡❞✉❡✐❜❛❡❞♦♥❤❡♣❛✐❛❧❞❡♣❡♥❞❡♥❝❡

♦❢❤❡✇❛✈❡❧❡❝♦❡✣❝✐❡♥✳❚❤✉✱❡❛❝❤♣❛❝❤✐✜❧❡❡❞❜②✉✐♥❣❤❡❉❛✉❜❡❝❤✐❡✬❞❜4

✇❛✈❡❧❡✱✇✐❤2❝❛❧❡❛♥❞3♦✐❡♥❛✐♦♥✳❚❤❡♣❛✐❛❧❞❡♣❡♥❞❡♥❝❡✐ ❤❡♥❝❛♣✉❡❞

❢♦❡❛❝❤♣✐①❡❧♦❢❡❛❝❤✇❛✈❡❧❡ ✉❜❜❛♥❞❜②❝♦♥✐❞❡✐♥❣❛✈❡✐❝❛❧❛♥❞❛❤♦✐③♦♥❛❧

♣❛✐❛❧♥❡✐❣❤❜♦❤♦♦❞♦❢2×1❛♥❞1×2♣✐①❡❧✳◆❡①✱❤❡❛♠♣❧❡❝♦✈❛✐❛♥❝❡♠❛✐①

✭❙❈▼✮✐❡✐♠❛❡❞❢♦❡❛❝❤✇❛✈❡❧❡ ✉❜❜❛♥❞❛♥❞❜♦❤♥❡✐❣❤❜♦❤♦♦❞✳■♥❤❡❡♥❞✱

❛❡♦❢F=12❝♦✈❛✐❛♥❝❡♠❛✐❝❡✐♦❜❛✐♥❡❞❢♦❡✈❡②♣❛❝❤✳

❚❤❡❞❛❛❜❛❡✐100✐♠❡❡✉❛❧❧②❛♥❞ ❛♥❞♦♠❧②❞✐✈✐❞❡❞✐♥♦❛ ❛✐♥✐♥❣❛♥❞❛

❡✐♥❣❡✳❚❤❡❡❧❡♠❡♥ ✐♥❤❡✇♦ ❡ ❛❡❝❤❛❛❝❡✐③❡❞❜②F❝♦✈❛✐❛♥❝❡♠❛✐✲

❝❡✳❋✉❤❡ ♦♥✱❡❛❝❤ ❛✐♥✐♥❣❝❧❛ c✐♠♦❞❡❧❡❞❜②❛♠✐①✉❡♦❢K❘●❉✱✇❤♦❡

♣❛❛♠❡❡ ❛❡❡✐♠❛❡❞❜②✉✐♥❣❤❡❊▼❛❧❣♦✐❤♠♣❡❡♥❡❞✐♥❈❤❛♣❡✹✳◆❡①✱

❛❡ ♣❛❝❤t✐❛✛❡❝❡❞♦❤❡❝❧❛ c♠❛①✐♠✐③✐♥❣ ❤❡❧♦❣✲❧✐❦❡❧♦❤♦♦❞❝✐❡✐♦♥❣✐✈❡♥

✐♥✭✹✳✹✼✮✳

■♥❤✐❡①♣❡✐♠❡♥✱❡✈❡❛❧✈❛❧✉❡❛❡❝♦♥✐❞❡❡❞❢♦ ❤❡♥✉♠❜❡♦❢♠✐①✉❡❝♦♠✲

♣♦♥❡♥ ✳ ❋✐ ✱K ✐ ❡ ♦1♠❡❛♥✐♥❣ ❤❛ ❡❛❝❤❝❧❛ ❝♦♥❛✐♥ ♦♥❧②♦♥❡❝❧✉❡✳

❚❤❡❡❢♦❡✱❤❡♣❡❡♥❝❡♦❢♦✉❧✐❡ ✐♥♦❤❛♥❞❧❡❞❜②❤❡♠✐①✉❡♠♦❞❡❧❛♥❞❛♠♦❡

❛❝❝✉❛❡❛♥❛❧②✐♦❢❤❡✐♥✢✉❡♥❝❡♦❢❛❜❡ ❛♥❞❛❛♦♥❤❡❝❡♥♦✐❞❡✐♠❛✐♦♥♠❡❤✲

♦❞ ❝❛♥❜❡❝❛✐❡❞♦✉✳ ❙❡❝♦♥❞✱K ✐✜①❡❞ ♦3❛♥❞ ❤✐❞✱✐ ✐❞❡❡♠✐♥❡❞❜②

♦♣✐♠✐③✐♥❣❤❡❇■❈❝✐❡✐♦♥❣✐✈❡♥✐♥✭✹✳✸✶✮✳

❚❤❡❝❧❛ ✐✜❝❛✐♦♥♣❡❢♦♠❛♥❝❡✱✐♥❡♠ ♦❢♦✈❡❛❧❧❛❝❝✉❛❝②✱❛❡❝♦♠♣✉❡❞❢♦

❤❡❝❡♥❡♦❢♠❛ ✭✐♥❜❧✉❡✮✱❤❡♠❡❞✐❛♥✭✐♥❜❧❛❝❦✮❛♥❞ ❤❡❍✉❜❡✬❝❡♥♦✐❞✇✐❤

❤❡ ❤❡❤♦❧❞✈❛❧✉❡T❛✉♦♠❛✐❝❛❧❧②✜①❡❞✭✐♥❡❞✮✳ ❚❤❡❡✉❧ ❛❡♣❡❡♥❡❞✐♥

❋✐❣✉❡✺✳✾❛ ❢✉♥❝✐♦♥♦❢ ❤❡♥✉♠❜❡ ♦❢♦✉❧✐❡♣❛❝❤❡♣❡ ❝❧❛✱❦♥♦✇✐♥❣❤❛

❋✐❣✉❡✺✳✾✳❜❡♣❡❡♥ ❛③♦♦♠♦♥ ❤❡✉♣♣❡ ♣❛ ♦❢❋✐❣✉❡✺✳✾✳❛✳ ❇②❛♥❛❧②③✐♥❣

❤❡❡❣❛♣❤✐❝✱❤❡❢♦❧❧♦✇✐♥❣❝♦♥❝❧✉✐♦♥❝❛♥❜❡❞❛✇♥✳ ❋✐ ✱❛ ❤❡♥✉♠❜❡ ♦❢

♦✉❧✐❡ ✐♥❝❡❛❡✱❤❡♠❡❞✐❛♥❛♥❞ ❤❡❍✉❜❡✬❡✐♠❛♦ ♣❡❢♦♠❜❡ ❡ ❤❛♥ ❤❡

❝❡♥❡ ♦❢♠❛✳ ❇②❛✉♦♠❛✐❝❛❧❧②❝♦♠♣✉✐♥❣❤❡ ❤❡❤♦❧❞✬ ✈❛❧✉❡✱ ❤❡❍✉❜❡✬

❡✐♠❛♦ ❣✐✈❡ ❝❧❛✐✜❝❛✐♦♥♣❡❢♦♠❛♥❝❡ ❤❛ ❛❡❝❧♦❡♦ ❤❡♠❡❞✐❛♥✳❙❡❝♦♥❞✱

❤❡❡✉❧ ❛❡✐♠♣♦✈❡❞❜②✉✐♥❣❤❡❇■❈❝✐❡✐♦♥✳■♥❤❡❛♠❡✐♠❡✱✇❤❡♥K=1✱

❤❡❞❛❛❡✬✈❛✐❛❜✐❧✐②❝❛♥❜❡❤❛♥❞❧❡❞❜②❤❡♠✐①✉❡♠♦❞❡❧✳
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✭❛✮ ✭❜✮

❋✐❣✉❡✺✳✾✿✭❛✮❈♦❡❝❝❧❛✐✜❝❛✐♦♥❛❡✇❤❡♥❝❡♥♦✐❞❛❡❡✐♠❛❡❞❜②✉✐♥❣❤❡❝❡♥❡

♦❢♠❛✱❤❡♠❡❞✐❛♥❛♥❞ ❤❡❍✉❜❡✬❝❡♥♦✐❞✇✐❤T❛✉♦♠❛✐❝❛❧❧②✜①❡❞❛♥❞✭❜✮❛③♦♦♠

♦♥❤❡✉♣♣❡♣❛ ♦❢✭❛✮✳

✺✳✺✳✷ ❆♣♣❧✐❝❛✐♦♥♦ ▼❊●❇❛❡❞❇❛✐♥❉❡❝♦❞✐♥❣

❋♦ ❤❡✜ ❛♣♣❧✐❝❛✐♦♥✱♦✉❧✐❡ ❤❛✈❡❜❡❡♥❛ ✐✜❝✐❛❧❧②❝❡❛❡❞❛♥❞❛❞❞❡❞♦ ❤❡

♦✐❣✐♥❛❧❞❛❛❜❛❡✳ ❋✉❤❡ ♦♥✱❛♥♦❤❡ ❡①❛♠♣❧❡✐❝♦♥✐❞❡❡❞✐♥♦❞❡ ♦ ✉❞②✱

❤✐ ✐♠❡✱❤❡✐♥✢✉❡♥❝❡♦❢ ❤❡✐♥✐♥✐❝♦✉❧✐❡✳ ❚❤✐ ❡❝♦♥❞❛♣♣❧✐❝❛✐♦♥❝♦♥❝❡♥

❤❡❜❛✐♥❞❡❝♦❞✐♥❣✱❜❛❡❞♦♥♠❛❣♥❡♦❡♥❝❡♣❤❛❧♦❣❛♣❤②✭▼❊●✮❞❛❛✳❚❤❡❞❛❛❜❛❡

♣♦♣♦❡❞❢♦ ❤❡❇✐♦♠❛❣✷✵✶✹❉❡❝♦❞✐♥❣❈❤❛❧❧❡♥❣❡✿❇❛✐♥❉❡❝♦❞✐♥❣❆❝♦ ❙✉❜❥❡❝

✭❉❡❝▼❡❣✷✵✶✹✮❬❉❡❝❪✐✉❡❞✳ ❚❤❡✐❞❡❛♦❢❜❛✐♥❞❡❝♦❞✐♥❣❝♦♥✐ ✐♥♣❡❞✐❝✐♥❣

❤❡ ✐♠✉❧✉♣❡❡♥❡❞♦❤❡ ✉❜❥❡❝ ❢♦♠❤❡❝♦♥❝✉ ❡♥❜❛✐♥❛❝✐✈✐②❬❖❧✐✈❡ ✐

❡❛❧✳✷✵✶✹❪✳❋♦ ❤✐ ❡①♣❡✐♠❡♥✱✇♦❝❛❡❣♦✐❡♦❢✈✐✉❛❧ ✐♠✉❧✉❛❡❝♦♥✐❞❡❡❞✿

❢❛❝❡❛♥❞❝❛♠❜❧❡❞❢❛❝❡✳❚❤❡❡❢♦❡✱❤❡♣♦❜❧❡♠♦♦❧✈❡❝❛♥❜❡✈✐❡✇❡❞❛❛✇♦✲

❝❧❛ ❝❧❛✐✜❝❛✐♦♥❛❦✳ ❆❞❡❛✐❧❡❞❞❡❝✐♣✐♦♥♦❢❤❡♥❡✉♦❝✐❡♥✐✜❝❡①♣❡✐♠❡♥

✐♠♣❧❡♠❡♥❡❞♦❝♦❧❧❡❝ ❤❡❞❛❛❝❛♥❜❡❢♦✉♥❞✐♥❬❍❡♥♦♥❡❛❧✳✷✵✶✶❪✳

✺✳✺✳✷✳✶ ❉❛❛❜❛❡

❚❤❡❞❛❛❜❛❡❝♦♥❛✐♥16 ❛✐♥✐♥❣❛♥❞7❡✐♥❣✉❜❥❡❝ ✳ ❋♦❡❛❝❤ ❛✐♥✐♥❣✉❜✲

❥❡❝✱❛♣♣♦①✐♠❛❡❧②580 ✐❛❧❛❡ ❡❝♦❞❡❞✱❣✐✈✐♥❣❛ ❛✐♥✐♥❣ ❡ ♦❢9414 ✐❛❧✳

◆❡①✱❢♦❡❛❝❤ ✐❛❧✱❝♦✈❛✐❛♥❝❡♠❛✐❝❡♦❢✐③❡16×16❛❡❡①❛❝❡❞✱❛❞❡❝✐❜❡❞

✐♥❬❇❛❛❝❤❛♥✷✵✶✹❪✳

✺✳✺✳✷✳✷ ▼❡❤♦❞♦❧♦❣②❛♥❞❘❡✉❧

❋♦ ❤❡❝❧❛ ✐✜❝❛✐♦♥ ❡♣✱❛♠♦❞✐✜❡❞✈❡✐♦♥♦❢❤❡✉♥✉♣❡✈✐❡❞♠❡❤♦❞♣❡❡♥❡❞

✐♥❬❇❛❛❝❤❛♥✷✵✶✹❪✐✐♠♣❧❡♠❡♥❡❞✳❋♦ ❤✐♣✉♣♦❡✱❛❡❣✉❧❛✐③❡❞❧♦❣✐✐❝❡❣❡✲

✐♦♥♠♦❞❡❧✐ ❛✐♥❡❞♦♦❜❛✐♥❤❡✐♥✐✐❛❧❧❛❜❡❧❢♦ ❤❡✉♥✉♣❡✈✐❡❞❝❧❛✐✜❝❛✐♦♥

❛❧❣♦✐❤♠✭❦✲♠❡❛♥✮✳❚❤❡♥✱❤❡❝❡♥♦✐❞♦❢❡❛❝❤❝❧❛ ✭❢❛❝❡♦ ❝❛♠❜❧❡❞❢❛❝❡✮❛❡

❝♦♠♣✉❡❞✳ ❆ ❤✐ ❛❣❡✱ ❡✈❡❛❧❡✐♠❛♦ ❛❡ ✉❞✐❡❞✿ ❤❡❝❡♥❡♦❢♠❛✱❤❡

♠❡❞✐❛♥✱ ❤❡❍✉❜❡✬❡✐♠❛♦✇✐❤✜①❡❞❤❡❤♦❧❞✭T=0.2❛♥❞T=0.5✮❛♥❞❛❧♦



✾✷ ❈❤❛♣❡ ✺✳ ❘♦❜✉ ❈❡♥ ♦✐❞❊ ✐♠❛✐♦♥♦♥❤❡ ▼❛♥✐❢♦❧❞♦❢❈♦✈❛✐❛♥❝❡ ▼❛✐❝❡

✇✐❤❛✉♦♠❛✐❝❛❧❧②❝♦♠♣✉❡❞✈❛❧✉❡❢♦T✳■♥❛❞❞✐✐♦♥✱❤❡ ✐♠♠❡❞❜❛❡❞♠❡❤✲

♦❞❬❯❡❤❛❛❡❛❧✳✷✵✶✻❪❛❡❝♦♥✐❞❡❡❞❢♦α=5%♦❢❞✐❝❛❞❡❞❡① ❡♠❡❞❛❛✳◆❡①✱

❢♦❡❛❝❤❡✐♥❣✉❜❥❡❝✱❝♦✈❛✐❛♥❝❡♠❛✐❝❡❛❡❝♦♠♣✉❡❞❛♥❞❤❡❝❧❛ ✐✜❝❛✐♦♥✐

♣❡❢♦♠❡❞❜② ✇♦❛♣♣♦❛❝❤❡✿

•❋♦ ❤❡✜ ♦♥❡✱ ❤❡❝♦✈❛✐❛♥❝❡ ♠❛✐❝❡❛❡ ♠♦❞❡❧❡❞❛ ♠✐①✉❡ ♦❢K

❘●❉ ❛♥❞❡❛❝❤ ❡ ✐❛❧Mt✐❛✐❣♥❡❞♦ ❤❡❝❡♥♦✐❞c♠❛①✐♠✐③✐♥❣ ❤❡

❧♦❣✲❧✐❦❡❧✐❤♦♦❞❝✐❡✐♦♥✿

argmax
c

logˆck−logZ(̂σ
c
k)−

d2(Mt,̄M
c
k)

2(̂σck)
2

, ✭✺✳✸✸✮

k=1,...,K✳

❚❤✐ ❞❡❝✐✐♦♥❝✐❡✐♦♥❝♦❡♣♦♥❞ ♦❤❡ ✉❛❞❛✐❝❞✐❝✐♠✐♥❛♥❛♥❛❧②✐♠❡♥✲

✐♦♥❡❞✐♥❈❤❛♣❡✹✳

•❋♦ ❤❡ ❡❝♦♥❞♦♥❡✱ ❤❡✇✐♥♥❡ ♠❡❤♦❞♦❢ ❤❡❉❡❝▼❡❣✷✵✶✹❝♦♠♣❡✐✐♦♥✐

❝♦♥✐❞❡❡❞✱❢♦✇❤✐❝❤ ❤❡ ❡ ✐❛❧❛❡❛✐❣♥❡❞♦❤❡❝❧♦❡ ❝❧❛✱❜②✉✲

✐♥❣❤❡♠✐♥✐♠✉♠❞✐ ❛♥❝❡♦♠❡❛♥✭▼❉▼✮❘✐❡♠❛♥♥✐❛♥❝❧❛✐✜❡❬❇❛❛❝❤❛♥

❡❛❧✳✷✵✶✷❪✿

argmin
c

d2(Mt,̄M
c
k), ✭✺✳✸✹✮

k=1,...,K✳

❚❤✐ ❛♣♣♦❛❝❤❝❛♥❜❡✐♥❡♣❡❡❞❛ ❤❡♠❛①✐♠✐③❛✐♦♥♦❢❤❡❧♦❣✲❧✐❦❡❧✐❤♦♦❞✭✺✳✸✸✮✱

❜②❝♦♥✐❞❡✐♥❣❤❡❤♦♠♦❝❡❞❛✐❝✐②❤②♣♦❤❡✐❛♥❞✐❝♦❡♣♦♥❞ ♦❤❡❧✐♥✲

❡❛❞✐❝✐♠✐♥❛♥❛♥❛❧②✐✱♠❡♥✐♦♥❡❞✐♥❈❤❛♣❡✹✳

❚❤❡♣✉♣♦❡♦❢❤❡♣❡❢♦♠❡❞ ❡ ✐ ♦❝♦♠♣❛❡❤❡❜❡❤❛✈✐♦ ♦❢❤❡❝❡♥♦✐❞

❡✐♠❛♦ ♣❡❡♥❡❞✐♥❤✐❝❤❛♣❡✱❜✉❛❧♦♦ ✉❞②❤❡✐♥✢✉❡♥❝❡♦❢❤❡❞✐♣❡ ✐♦♥

♣❛❛♠❡❡♦♥❤❡❝❧❛ ✐✜❝❛✐♦♥❡✉❧ ✳

❚❤❡♦❜❛✐♥❡❞❡✉❧ ❛❡❤♦✇♥✐♥❚❛❜❧❡✺✳✸✱✇❤❡❡❤❡✜ ❝♦❧✉♠♥❝♦❡♣♦♥❞

♦❤❡❘●❉♠✐①✉❡♠♦❞❡❧❛♥❞❤❡❡❝♦♥❞♦♥❡♦❤❡▼❉▼❜❛❡❞♠❡❤♦❞✳❋✉ ❤❡

♦♥✱❡✈❡❛❧❡♠❛❦❝❛♥❜❡♠❛❞❡✳❇②❛♥❛❧②③✐♥❣❤❡❜❡❧♦✇❛❜❧❡✱✐❝❛♥❜❡❡❡♥❤❛

❤❡✉❡♦❢❍✉❜❡✬❡✐♠❛♦♣♦✈✐❞❡❝♦♠♣❛❛❜❧❡♦❡✈❡♥❜❡❡❝❧❛✐✜❝❛✐♦♥♣❡❢♦✲

♠❛♥❝❡ ❤❛♥❤❡♦❤❡ ♦❜✉ ❡✐♠❛♦✱❜✉✇✐❤♦✉ ❤❡✐❞✐❛❞✈❛♥❛❣❡✿❞✐✈✐✐♦♥

❜②③❡♦❢♦ ❤❡♠❡❞✐❛♥✱♦ ❝❤♦✐❝❡♦❢❤❡♣❡❝❡♥❛❣❡α♦❢❞✐❝❛❞❡❞♦❜❡✈❛✐♦♥❢♦

❤❡ ✐♠♠❡❞❡✐♠❛♦✳■♥❡❡✐♥❣❧②✱♥♦❡❤❛ ❤❡❡ ✐♠❛❡❞❍✉❜❡✬ ❤❡❤♦❧❞

T✐ ❡❝♦♠♣✉❡❞❛❡❛❝❤❦✲♠❡❛♥✐❡❛✐♦♥✳■♥❤✐ ❡①♣❡✐♠❡♥✱✐✈❛✐❡❜❡✇❡❡♥

0.38❛♥❞0.46❛❝♦ ❤❡ ❡ ✉❜❥❡❝ ❛♥❞❤❡❝❧❛ ❡✳ ▼♦❡♦✈❡✱❤❡♣♦♣♦❡❞❡✲

✐♠❛❡❞✈❛❧✉❡♦❢T❜② ❤❡ ▼❆❉❣✐✈❡ ❛♥♦❞❡ ♦❢♠❛❣♥✐✉❞❡♦❢ ❤❡ ❤❡❤♦❧❞✇❡

♠❛②❝♦♥✐❞❡✐♥❤❡❍✉❜❡ ❡✐♠❛✐♦♥❛❧❣♦✐❤♠✳❚❤✐ ✈❛❧✉❡❝❛♥❜❡❡❛❞❥✉❡❞♦

✐♠♣♦✈❡❤❡❝❧❛ ✐✜❝❛✐♦♥♣❡❢♦♠❛♥❝❡❛ ♦❜❡✈❡❞✐♥❚❛❜❧❡✺✳✸✳



✺✳✻✳ ■♥✢✉❡♥❝❡♦❢❈♦✈❛✐❛♥❝❡ ▼❛✐①❛♥❞❈❡♥♦✐❞❊ ✐♠❛♦ ♦♥❈❧❛ ✐✜❝❛✐♦♥ ✾✸

❚❛❜❧❡✺✳✸✿ ❈❧❛ ✐✜❝❛✐♦♥❡✉❧ ❢♦▼❊●❜❛ ❡❞❜❛✐♥❞❡❝♦❞✐♥❣✳

❊ ✐♠❛♦ ❘●❉✭✺✳✸✸✮ ▼❉▼ ✭✺✳✸✹✮

❈▼ ✼✸✳✽✹✺ ✼✹✳✶✵✻

▼❡❞ ✼✹✳✶✺✵ ✼✸✳✻✷✼

❍✉❜❡ T=0.2 ✼✺✳✶✵✾ ✼✹✳✽✹✼

❍✉❜❡ T=0.5 ✼✸✳✾✼✻ ✼✹✳✵✻✸

❍✉❜❡ T=auto ✼✹✳✶✵✻ ✼✹✳✹✺✺

❈▼✭Trimmeanα ✮✭✺✳✶✵✮ ✼✸✳✽✽✽ ✼✸✳✾✼✻

❈▼✭Trimmedα ✮✭✺✳✶✶✮ ✼✹✳✷✸✼ ✼✸✳✽✵✶

▼❡❞✭Trimmeanα ✮✭✺✳✶✷✮ ✼✹✳✺✹✷ ✼✹✳✹✶✷

▼❡❞✭Trimmedα ✮✭✺✳✶✸✮ ✼✹✳✺✽✻ ✼✹✳✷✸✼

✺✳✻ ■♥✢✉❡♥❝❡♦❢❈♦✈❛✐❛♥❝❡ ▼❛✐①❛♥❞❈❡♥♦✐❞❊ ✐✲

♠❛ ♦ ♦♥❈❧❛ ✐✜❝❛✐♦♥

✺✳✻✳✶ ●❡♥❡❛❧❘❡♠❛❦

❲❤❡♥♠♦❞❡❧✐♥❣✐♠❛❣❡ ♦ ✐❣♥❛❧❜②❝♦✈❛✐❛♥❝❡♠❛✐❝❡❢♦❝❧❛✐✜❝❛✐♦♥♣✉♣♦❡✱

♦❜✉ ❡✐♠❛♦ ❝❛♥❜❡✉❡❞❛ ✇♦❞✐✛❡❡♥❧❡✈❡❧✿

•❞✉✐♥❣❤❡❝♦✈❛✐❛♥❝❡♠❛✐①❡✐♠❛✐♦♥ ❛❣❡✭✜①❡❞♣♦✐♥❡✐♠❛♦✱❤❡❍✉✲

❜❡✬❡✐♠❛♦✱❡❝✳✮❀

•❞✉✐♥❣❤❡❝❡♥♦✐❞❡✐♠❛✐♦♥ ❛❣❡✭♠❡❞✐❛♥✱❍✉❜❡✬❝❡♥♦✐❞✱❡❝✳✮✳

■♥❤❡❢♦❧❧♦✇✐♥❣✱❛❝♦♠♣❛✐♦♥❜❡✇❡❡♥ ❤❡❡✇♦❛♣❡❝ ✐♣❡❢♦♠❡❞✳

❚❤❡♠❛✐♥❞✐✛❡❡♥❝❡❜❡✇❡❡♥ ❤❡❡❡✐♠❛♦ ✐ ❤❡❢❛❝ ❤❛ ❤❡②♦♣❡❛❡❛

❞✐✛❡❡♥❧❡✈❡❧✐♥❤❡❝❧❛ ✐✜❝❛✐♦♥♣♦❝❡❞✉❡✱✐❧❧✉ ❛❡❞✐♥❋✐❣✉❡✺✳✶✵✳❙❛✐♥❣

❢♦♠ ❤❡✐♥✐✐❛❧♦❜❡✈❛✐♦♥❞❛❛❡✱❤❡❢❡❛✉❡❝❤❛❛❝❡✐③✐♥❣❡❛❝❤♦❜❡✈❛✐♦♥

❛❡❡①❛❝❡❞❛❛❡✉❧♦❢❤❡♣❡♣♦❝❡✐♥❣✭✜❧❡✐♥❣✱✇❛✈❡❧❡❞❡❝♦♠♣♦✐✐♦♥✱❡❝✳✮

❛♥❞❞❛❛♠♦❞❡❧✐♥❣✭♣♦❜❛❜✐❧✐✐❝♠♦❞❡❧✱❡❝✳✮ ❡♣✳❚❤❡❡❢❡❛✉❡❛❡❝♦✈❛✐❛♥❝❡

♠❛ ✐❝❡❛♥❞❤❡② ❡♣❡❡♥ ❤❡❞❛❛✬ ✐❣♥❛✉❡✳ ❆ ❤✐ ❛❣❡✱♦❜✉ ❡✐♠❛♦

♦❢❝♦✈❛✐❛♥❝❡♠❛✐❝❡❛❡♥❡❡❞❡❞✱✐♥♦❞❡ ♦❛❝❦❧❡❤❡♣❡❡♥❝❡♦❢♦✉❧✐❡✈❛❧✉❡

✐♥❤❡♦❜❡✈❛✐♦♥✬ ✉❝✉❡✳◆❡①✱❤❡❡ ✐♠❛❡❞❝♦✈❛✐❛♥❝❡♠❛✐❝❡❛❡♠♦❞❡❧❡❞

❛❡❧❡♠❡♥ ✐♥❤❡❘✐❡♠❛♥♥✐❛♥♣❛❝❡❛♥❞✉❡❞❢✉❤❡✐♥❝❧✉❡✐♥❣❛❧❣♦✐❤♠✱❧✐❦❡

❦✲♠❡❛♥✱♦❊①♣❡❝❛✐♦♥✲▼❛①✐♠✐③❛✐♦♥✳ ❚❤❡❡❝❧✉❡✐♥❣♣♦❝❡❞✉❡❛❡❜❛❡❞♦♥

❡❣♦✉♣✐♥❣❤❡❞❛❛❡✬❡❧❡♠❡♥ ✐♥♦❝❧✉❡ ❝❤❛❛❝❡✐③❡❞❜②❤❡✐❝❡♥❛❧✈❛❧✉❡✳

❆ ❤✐ ♣♦✐♥✱♦❜✉ ❝❡♥♦✐❞❡✐♠❛♦ ❛❡❡❡♥✐❛❧♦❞❡❛❧✇✐❤♦✉❧✐❡ ❛✐✐♥❣

❢♦♠❤❡✐♥❤❡❡♥✈❛✐❛❜✐❧✐②♦❢❤❡❞❛❛✱♦❢♦♠❢❛✉❧②♠❡❛✉❡♠❡♥✳

❋♦❛❜❡❡✐❧❧✉ ❛✐♦♥✱❛♥❡①❛♠♣❧❡✐♣❡❡♥❡❞✐♥❋✐❣✉❡✺✳✶✵✱❜②❡❝♦♥✐❞❡✐♥❣

❤❡❝❧❛ ✐✜❝❛✐♦♥✇♦❦✢♦✇✐♥♦❞✉❝❡❞✐♥❈❤❛♣❡✹✳■♥❤✐❝❛❡✱X={X1,...,XN}

✐❛❡♦❢N✐♥❞❡♣❡♥❞❡♥❛♥❞✐❞❡♥✐❝❛❧❧②❞✐ ✐❜✉❡❞❛♥❞♦♠✈❡❝♦ ❛❝❝♦❞✐♥❣♦❛

♣❛❛♠❡✐❝♠♦❞❡❧❝❤❛❛❝❡✐③❡❞❜②✐ ❝♦✈❛✐❛♥❝❡♠❛✐①✳❙❡✈❡❛❧♦❜❡✈❛✐♦♥❤❛✈❡

♦❜❡♠❛❞❡♦♥ ❤✐ ❞❛❛❡✳ ❋✐ ✱❢♦❡❛❝❤✈❡❝♦ Xi✱i=1,...,N❤❡♥♦♠❛❧

♦❜❡✈❛✐♦♥❛❡❡♣❡❡♥❡❞❜②②❡❧❧♦✇❝✐❝❧❡✳❙❡❝♦♥❞✱❤❡✈❡❝♦X3❝♦♥❛✐♥ ♦♠❡

♦✉❧✐❡✈❛❧✉❡✱❞✐♣❧❛②❡❞❛ ❡❞ ✉❛❡✳ ❚❤❡❡❢♦❡✱ ❤❡ ♦❜✉ ❡✐♠❛♦ ♦❢ ❤❡



✾✹ ❈❤❛♣❡ ✺✳ ❘♦❜✉ ❈❡♥ ♦✐❞❊ ✐♠❛✐♦♥♦♥❤❡ ▼❛♥✐❢♦❧❞♦❢❈♦✈❛✐❛♥❝❡ ▼❛✐❝❡

❝♦✈❛✐❛♥❝❡♠❛✐①❛❡✉❡❞♦ ❡❞✉❝❡❤❡✐ ✐♠♣❛❝✐♥❤❡❡ ✐♠❛✐♦♥♣♦❝❡✳■♥

❛❞❞✐✐♦♥✱❤❡✈❡❝♦Xj✱♠❛❦❡❞✐♥❣❡❡♥✱✐✐❡❧❢❛♥❛❜❡❛♥♦❜❡✈❛✐♦♥❛✐❡♥✱❢♦

❡①❛♠♣❧❡✱❢♦♠❢❛✉❧②♠❡❛✉❡♠❡♥✳■♥❤✐ ❝❛❡✱❤❡❡ ✐♠❛❡❞❝♦✈❛✐❛♥❝❡♠❛✐①

Mj✇✐❧❧❜❡❛♥♦✉❧✐❡✐♥❤❡❝♦✈❛✐❛♥❝❡♠❛✐①❡✳■♥♦❞❡ ♦❡❞✉❝❡✐ ✐♥✢✉❡♥❝❡

♦♥❤❡❝❡♥♦✐❞✬❝♦♠♣✉❛✐♦♥✱♦❜✉ ❡✐♠❛♦ ♦❢M̄ ❛❡♥❡❡❞❡❞✳

❋✐❣✉❡✺✳✶✵✿❈♦✈❛✐❛♥❝❡♠❛✐①❡✐♠❛✐♦♥❛♥❞❝❡♥♦✐❞❡✐♠❛✐♦♥ ❡♣✐♥❤❡❝❧❛ ✐✜✲

❝❛✐♦♥✇♦❦✢♦✇✳

■♥♦❞❡ ♦ ✉❛♥✐❢②❤❡✐♠♣❛❝ ♦❢♦✉❧✐❡✱❤❡♥❡① ✉❜❡❝✐♦♥✐♥♦❞✉❝❡❛♥

❡①♣❡✐♠❡♥♦♥✐♠❛❣❡ ✐♠✉❧❛❡❞❢♦ ❤❡ ♦❧❙❆❘♣♦❙✐♠♦❢✇❛❡✳

✺✳✻✳✷ ♦❧❙❆❘♣♦■♠❛❣❡❈❧❛ ✐✜❝❛✐♦♥

❚❤❡✐♥✢✉❡♥❝❡♦❢❝♦✈❛✐❛♥❝❡♠❛✐①❡✐♠❛✐♦♥❛♥❞❝❡♥♦✐❞❡✐♠❛✐♦♥✐❛♥❛❧②③❡❞

♥❡①✱♦♥✐♠✉❧❛❡❞❙❆❘✐♠❛❣❡✳ ❚❤❡❡✐♠❛❣❡ ❛❡❣❡♥❡❛❡❞❜②✉✐♥❣❤❡ ♦❧✲

❙❆❘♣♦❙✐♠❬❲✐❧❧✐❛♠ ✷✵✵✻❪♦❢✇❛❡♣❛❝❦❛❣❡❛❞❡❝✐❜❡❞✐♥❈❤❛♣❡✸✳■♥❛❞✲

❞✐✐♦♥✱♦✉❧✐❡✐♠❛❣❡❛❡❝❡❛❡❞❛♥❞❛❞❞❡❞♦❤❡✐♥✐✐❛❧❞❛❛❜❛❡✳ ❚❤❡♦✉❧✐❡

❡♣❡❡♥❢♦❡ ❛♥❞ ❤❛❤❛✈❡❜❡❡♥❞❛♠❛❣❡❞❜② ♦♠✱✐❧❧♥❡❡✱❤✉♠❛♥❛❝✐♦♥✱

❡❝✳ ❚❤❡❡❢♦❡✱❛♣❡❞❡✜♥❡❞♥✉♠❜❡♦❢♣✐①❡❧ ❛❡♠♦❞✐✜❡❞♦♠✐♠✐❝ ❤❡❝♦♥❡✲

✉❡♥❝❡♦❢❤❡❡❡✈❡♥✳❚❤❡♣♦❝❡❞✉❡❢♦♦❜❛✐♥✐♥❣❤✐ ②♣❡♦❢✐♠❛❣❡✐❞❡❛✐❧❡❞

✐♥❆♣♣❡♥❞✐①❆✳

❚❤❡✜ ❡①♣❡✐♠❡♥ ✉❞✐❡ ❤❡✐♠♣❛❝♦❢❤❡♥✉♠❜❡♦❢♦✉❧✐❡✐♠❛❣❡♦♥❤❡

❝❡♥♦✐❞❡✐♠❛✐♦♥❛❧❣♦✐❤♠✳ ❋✐ ✱40✐♠❛❣❡♦❢♣✐♥❡❢♦❡ ❤❛✈✐♥❣❧❡ ❤❛♥

10②❡❛ ♦❧❞❛❡❝♦♥✐❞❡❡❞❛♥❞❡✉❛❧❧②❞✐✈✐❞❡❞✐♥♦❛ ❛✐♥✐♥❣❛♥❞❛❡✐♥❣❡✳

❙❡❝♦♥❞✱✐♠❛❣❡ ❝♦♥❛✐♥✐♥❣❛❜❡❛♥♣✐①❡❧ ❛❡❛❞❞❡❞♦♥❧②♦❤❡ ❛✐♥✐♥❣❡✳❚❤❡

♣❡❝❡♥❛❣❡♦❢♠♦❞✐✜❡❞♣✐①❡❧✐✜①❡❞♦10%✱✇❤✐❧❡❤❡♥✉♠❜❡♦❢✐♠❛❣❡❝♦♥❛✐♥✐♥❣

❤✐ ②♣❡♦❢♠♦❞✐✜❝❛✐♦♥✈❛✐❡❢♦♠5%♦20%✳◆❡①✱❤❡ ♣❛✐❛❧❞❡♣❡♥❞❡♥❝❡♦♥

❤❡✇❛✈❡❧❡ ❝♦❡✣❝✐❡♥ ✐♠♦❞❡❧❡❞❜② ♠✉❧✐✈❛✐❛❡●❛✉✐❛♥❞✐ ✐❜✉✐♦♥✳ ❚❤❡

❝♦✈❛✐❛♥❝❡♠❛✐❝❡❛❡❡✐♠❛❡❞✉✐♥❣❜♦❤❙❈▼❛♥❞❋ ❡✐♠❛♦✳❋✉❤❡♦♥✱

❤❡❝❡♥❛❧✈❛❧✉❡M̄ ♦❢❤❡❝♦✈❛✐❛♥❝❡♠❛✐❝❡✐♥❤❡ ❛✐♥✐♥❣❞❛❛❡✐❝♦♠♣✉❡❞



✺✳✻✳ ■♥✢✉❡♥❝❡♦❢❈♦✈❛✐❛♥❝❡ ▼❛✐①❛♥❞❈❡♥♦✐❞❊ ✐♠❛♦ ♦♥❈❧❛ ✐✜❝❛✐♦♥ ✾✺

❜②✉✐♥❣❤❡❝❡♥❡♦❢♠❛✱❤❡♠❡❞✐❛♥❛♥❞❤❡❍✉❜❡✬❝❡♥♦✐❞✇✐❤T✜①❡❞♦0.2✱

0.5❛♥❞❛✉♦♠❛✐❝❛❧❧②❞❡❡♠✐♥❡❞✳ ❚❤❡❣❡♦❞❡✐❝❞✐❛♥❝❡❜❡✇❡❡♥ ❤❡❝♦✈❛✐❛♥❝❡

♠❛ ✐❝❡✐♥❤❡❡✐♥❣❡Mti✱i=1,...,20❛♥❞❤❡❝❡♥♦✐❞♦❢❤❡ ❛✐♥✐♥❣❡✐

❝♦♠♣✉❡❞✳■♥❤❡❡♥❞✱❤❡♠❡❛♥✈❛❧✉❡♦❢❛❧❧❞✐ ❛♥❝❡✐❝♦♠♣✉❡❞✿

MeanD=
1

20
d(Mti,̄M). ✭✺✳✸✺✮

❚❤✐ ❛❧❣♦✐❤♠✐✐❡❛❡❞100✐♠❡✱❢♦100❞✐✛❡❡♥♣❛ ✐✐♦♥♦❢❤❡✐♥✐✐❛❧❞❛❛❜❛❡

✐♥ ❛✐♥✐♥❣❛♥❞❡✐♥❣❡✳❚❤❡♦❜❛✐♥❡❞❡✉❧ ❛❡❤♦✇♥✐♥❋✐❣✉❡✺✳✶✶❢♦❜♦❤

❤❡❙❈▼✭❋✐❣✉❡✺✳✶✶✳❛✮❛♥❞❤❡❋ ✭❋✐❣✉❡✺✳✶✶✳❜✮✳❋♦ ❤❡❙❈▼✐❝❛♥❜❡♥♦✐❝❡❞

❤❛ ✇❤❡♥ ❤❡♣❡❝❡♥❛❣❡♦❢♦✉❧✐❡✐♠❛❣❡✐ ♠❛❧❧✱❛❧❧ ❤❡ ❡❡❞♠❡❤♦❞ ❣✐✈❡

✐♠✐❧❛❞✐ ❛♥❝❡✈❛❧✉❡✳ ▼♦❡♦✈❡✱❢♦❧❛❣❡✈❛❧✉❡✱❤❡♦❜✉ ❛♣❡❝♦❢❤❡♠❡❞✐❛♥

❛♥❞❤❡❍✉❜❡ ✬❝❡♥♦✐❞❝❛♥❜❡♦❜❡✈❡❞✳❖♥❤❡♦❤❡❤❛♥❞✱❤❡❡❡♠❛❦❛❡♥♦

❧♦♥❣❡ ✉❡❢♦ ❤❡❋ ❡✐♠❛♦✳■♥❤✐❝❛❡✱❤❡♠❡❛♥❞✐ ❛♥❝❡❞♦❡♥♦✈❛②✇✐❤

❤❡♣❡❝❡♥❛❣❡♦❢♦✉❧✐❡✱♦✇✐❤ ❤❡❝❡♥♦✐❞❡✐♠❛✐♦♥♠❡❤♦❞✳■♥❝♦♥❝❧✉✐♦♥✱

✇❤❡♥ ❤❡❙❈▼♠❡❤♦❞✐ ✉❡❞✱✐✐♥❡❝❡ ❛②♦❝♦♥✐❞❡ ♦❜✉ ❝❡♥♦✐❞❡✐♠❛✲

♦ ✐♥♦❞❡ ♦♦❜❛✐♥❡✉❧ ❤❛❛❡✐♥❞❡♣❡♥❞❡♥♦❢❤❡ ✉❛♥✐②♦❢❛❜❡❛♥❞❛❛✳

◆♦❡❤❛ ✐♠✐❧❛❝♦♥❝❧✉✐♦♥❤❛✈❡❛❧♦❜❡❡♥❞❛✇♥✐♥❤❡ ❤❉❤❡✐♦❢ ✳❋♦♠♦♥

❢♦ ❤❡❝❧❛ ✐✜❝❛✐♦♥♦❢❡①✉❡❞ ♦❧❙❆❘✐♠❛❣❡❬❋♦♠♦♥ ✷✵✶✸
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❋✐❣✉❡✺✳✶✶✿❈♦♠♣❛✐♦♥❜❡✇❡❡♥✭❛✮ ❤❡❙❈▼❛♥❞✭❜✮ ❤❡❋ ❡✐♠❛♦ ❢♦❛✜①❡❞

♥✉♠❜❡♦❢❛❜❡❛♥♣✐①❡❧❛♥❞❞✐✛❡❡♥♥✉♠❜❡ ♦❢♦✉❧✐❡✐♠❛❣❡✳

■♥❤❡ ❡❝♦♥❞❡①♣❡✐♠❡♥✱❤❡✐♥✢✉❡♥❝❡♦❢ ❤❡♥✉♠❜❡ ♦❢❛❜❡❛♥ ♣✐①❡❧ ✐

❛♥❛❧②③❡❞✳ ❚❤❡❡❢♦❡✱ ❤❡♥✉♠❜❡ ♦❢♦✉❧✐❡✐♠❛❣❡✐✜①❡❞ ♦20%✳ ❚❤❡❛♠❡

✇♦❦✢♦✇❛ ✐♥❤❡✜ ❡①♣❡✐♠❡♥✐❢♦❧❧♦✇❡❞✱❦♥♦✇✐♥❣❤❛ ❤❡♣❡❝❡♥❛❣❡♦❢

❛❜❡❛♥♣✐①❡❧ ✈❛✐❡❢♦♠2%♦15%✳ ❚❤❡❡✉❧ ❛❡❤♦✇♥✐♥❋✐❣✉❡✺✳✶✷❢♦

❤❡❙❈▼✭❋✐❣✉❡✺✳✶✷✳❛✮❛♥❞❤❡❋ ✭❋✐❣✉❡✺✳✶✷✳❜✮✳ ❈♦♥❝❧✉✐♦♥ ✐♠✐❧❛ ♦ ❤❡

♣❡✈✐♦✉❡①♣❡✐♠❡♥❝❛♥❜❡❞❛✇♥✿❢♦ ❤❡❙❈▼❡ ✐♠❛♦✱❤❡♦❜✉ ♠❡❤♦❞❢♦

❝❡♥❛❧✈❛❧✉❡❡✐♠❛✐♦♥❜❡❝♦♠❡✉❡❢✉❧❢♦❧❛❣❡♣❡❝❡♥❛❣❡♦❢❛❜❡❛♥♣✐①❡❧✱✇❤✐❧❡

♥♦❝❤❛♥❣❡✐♦❜❡✈❡❞❢♦ ❤❡❋ ❡✐♠❛♦✳

❋♦ ❤❡❡✇♦❡①♣❡✐♠❡♥✱❤❡❝❡♥♦✐❞❡✐♠❛✐♦♥❛❧❣♦✐❤♠ ❞♦♥♦ ♠♦❞✐❢②

❤❡ ❡✉❧ ♦❜❛✐♥❡❞❢♦ ❤❡❋ ❡✐♠❛♦✳ ❚❤✐❜❡❤❛✈✐♦ ❝❛♥❜❡❡①♣❧❛✐♥❡❞❜②❤❡



✾✻ ❈❤❛♣❡ ✺✳ ❘♦❜✉ ❈❡♥ ♦✐❞❊ ✐♠❛✐♦♥♦♥❤❡ ▼❛♥✐❢♦❧❞♦❢❈♦✈❛✐❛♥❝❡ ▼❛✐❝❡
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❋✐❣✉❡✺✳✶✷✿❈♦♠♣❛✐♦♥❜❡✇❡❡♥✭❛✮ ❤❡❙❈▼❛♥❞✭❜✮ ❤❡❋ ❡✐♠❛♦ ❢♦❛✜①❡❞

♥✉♠❜❡♦❢♦✉❧✐❡✐♠❛❣❡❛♥❞❞✐✛❡❡♥♣❡❝❡♥❛❣❡♦❢❛❜❡❛♥♣✐①❡❧✳

❢❛❝ ❤❛ ❤❡♦✉❧✐❡ ❛❡✐♠✐❧❛ ♦✈❡❝♦X3✐♥❋✐❣✉❡✺✳✶✵❛♥❞❤❡❡❢♦❡✱❤❡✐

✐♥✢✉❡♥❝❡✐❝❛♥❝❡❧❡❞❜②✉✐♥❣♦❜✉ ❝♦✈❛✐❛♥❝❡♠❛✐①❡✐♠❛♦ ❞✉✐♥❣❤❡❢❡❛✉❡

❡①❛❝✐♦♥ ❛❣❡✳■♥♦❤❡✇♦❞✱❤❡❋ ❡✐♠❛♦✐❛❜❧❡♦❡❧✐♠✐♥❛❡❤❡✐♥✢✉❡♥❝❡

♦❢❛❜❡❛♥♣✐①❡❧✇❤❡♥✐♠❛❣❡ ✐❣♥❛✉❡❛❡❝♦♠♣✉❡❞✳

❚❤❡ ❤✐❞❡①♣❡✐♠❡♥✐❞❡✐❣♥❡❞✐♥♦❞❡ ♦❤♦✇❤❡✐♥✢✉❡♥❝❡♦❢♦✉❧✐❡✱✇❤❡♥

❤❡❝♦✈❛✐❛♥❝❡♠❛✐❝❡❛❡❡✐♠❛❡❞✇✐❤❤❡❋ ❛❧❣♦✐❤♠✳■♥❤✐❝❛❡✱♦✉❧✐❡

✐♠✐❧❛ ♦✈❡❝♦Xj✐♥❋✐❣✉❡✺✳✶✵❛❡❜✉✐❧✳❚❤❡ ❛✐♥✐♥❣❡❝♦♥❛✐♥20✐♠❛❣❡

♦❢❢♦❡ ❛♥❞ ❤❛✈✐♥❣❧❡ ❤❛♥10②❡❛ ♦❧❞✳ ❆♠♦♥❣ ❤❡♠✱20%❤❛✈❡15%♦❢

❛❜❡❛♥♣✐①❡❧✳■♥❛❞❞✐✐♦♥✱♦♠❡♦✉❧✐❡✐♠❛❣❡✭❢♦❡①❛♠♣❧❡✱♠✐❧❛❜❡❧❡❞❞❛❛✮

♦❢❢♦❡ ❛♥❞❤❛✈✐♥❣❜❡✇❡❡♥20❛♥❞30②❡❛ ♦❧❞❛❡❛❞❞❡❞✳ ❚❤❡❡✐♠❛❣❡❞♦

♥♦❤❛✈❡❛❜❡ ❛♥♣✐①❡❧✳❚❤❡❛♠❡✇♦❦✢♦✇❛❢♦ ❤❡✜ ❡①♣❡✐♠❡♥✐❢♦❧❧♦✇❡❞

❛♥❞ ❤❡ ❡✉❧ ❛❡❤♦✇♥✐♥❋✐❣✉❡✺✳✶✸
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❇②❛❞❞✐♥❣✐♠❛❣❡ ❤❛ ❛❡♦❛❧❧②❞✐✛❡❡♥❢♦♠ ❤❡♠❛❥♦✐②✱ ❤❡❝♦ ❡♣♦♥❞✐♥❣

❋✐❣✉❡✺✳✶✸✿❈♦♠♣❛✐♦♥❜❡✇❡❡♥ ❤❡❝❡♥ ♦✐❞❡✐♠❛✐♦♥♠❡❤♦❞✱✇❤❡♥❤❡❋ ❝♦✈❛✐✲

❛♥❝❡♠❛✐❝❡❡✐♠❛♦✐✉❡❞✳



✺✳✼✳ ❈♦♥❝❧✉✐♦♥❛♥❞ ❡ ♣❡❝✐✈❡ ✾✼

❡✐♠❛❡❞❝♦✈❛✐❛♥❝❡♠❛✐❝❡❜❡❝♦♠❡♦✉❧✐❡ ❢♦ ❤❡❝❡♥♦✐❞❡✐♠❛✐♦♥♣♦❝❡✳

❚❤❡❡❢♦❡❤❡✐♠♣♦ ❛♥❝❡♦❢❤❡♠❡❞✐❛♥❛♥❞❍✉❜❡✬❡✐♠❛♦❝❛♥❜❡❛❧♦♣♦✈❡❞

❢♦ ❤❡❋ ❝♦✈❛✐❛♥❝❡♠❛✐①❡✐♠❛♦✳❊✈❡♥❤♦✉❣❤✱❢♦❧❛❣❡♥✉♠❜❡♦❢♦✉❧✐❡✱

❤❡❡ ✐♠❛✐♦♥♣❡❢♦♠❛♥❝❡ ❞✐✈❡❣❡❢♦♠❤❡❡✉❧ ♦❜❛✐♥❡❞❢♦♦✉❧✐❡✲❢❡❡❞❛❛✱

❤❡♦❜✉ ❡✐♠❛♦ ❡♠❛✐♥❧❡ ✐♥✢✉❡♥❝❡❞❤❛♥❤❡❝❡♥❡♦❢♠❛✳

■♥❝♦♥❝❧✉✐♦♥✱❞❡♣❡♥❞✐♥❣♦♥❤❡♥❛✉❡♦❢♦✉❧✐❡✱❤❡✐✐♥✢✉❡♥❝❡✐♥❤❡❡ ✐♠❛✲

✐♦♥♣♦❝❡ ❝❛♥❜❡❞✐♠✐♥✐❤❡❞❜②❝❤♦♦✐♥❣❤❡❛♣♣♦♣✐❛❡♦❜✉ ❛♣♣♦❛❝❤✳

✺✳✼ ❈♦♥❝❧✉✐♦♥❛♥❞ ❡ ♣❡❝✐✈❡

✺✳✼✳✶ ❈♦♥❝❧✉✐♦♥

▼❛♥② ✐❣♥❛❧❛♥❞✐♠❛❣❡♣♦❝❡✐♥❣❛♣♣❧✐❝❛✐♦♥✱❧✐❦❡❝❧❛✐✜❝❛✐♦♥❬❙❛✐❞❡❛❧✳✷✵✶✺❛❪✱

❡❣♠❡♥❛✐♦♥❬●✉❡❛❧✳✷✵✶✹❪✱♦✜❧❡✐♥❣❬❇❛❜❛❡❝♦❡❛❧✳✷✵✶✸❪❡✉✐❡❤❡❝♦♠✲

♣✉❛✐♦♥♦❢❤❡❝❡♥❛❧✈❛❧✉❡♦❢❛❝♦✈❛✐❛♥❝❡♠❛✐①❞❛❛❡✳■♥❤✐❝❤❛♣❡✱❡✈❡❛❧

✐❞❡❛❝♦♥❝❡♥✐♥❣❤❡♦❜✉ ❝❡♥♦✐❞❡✐♠❛✐♦♥♦♥❤❡♠❛♥✐❢♦❧❞♦❢❝♦✈❛✐❛♥❝❡♠❛✲

✐❝❡❤❛✈❡❜❡❡♥♣❡❡♥❡❞✳

❋✐ ✱❛♥❡✇♠❡❤♦❞✱❝❛❧❧❡❞❤❡❍✉❜❡✬❝❡♥♦✐❞✱❢♦ ❤❡❡ ✐♠❛✐♦♥♦❢❤❡❝❡♥❛❧

✈❛❧✉❡M̄ ♦❢❛❝♦✈❛✐❛♥❝❡♠❛✐①❞❛❛❡❤❛❜❡❡♥✐♥♦❞✉❝❡❞✱❜❛❡❞♦♥❤❡❍✉❜❡✬

❝♦ ❢✉♥❝✐♦♥✳ ❚❤✐❡✐♠❛♦✐❞❡✜♥❡❞❛ ❛ ❛❞❡✲♦✛❜❡✇❡❡♥ ❤❡❝❡♥❡♦❢♠❛

❛♥❞❤❡♠❡❞✐❛♥✱✇❤❡❡❤❡✜ ♦♥❡✐❡✣❝✐❡♥❢♦❞❛❛❡ ✇✐❤♥♦♦✉❧✐❡✱✇❤✐❧❡

❤❡❡❝♦♥❞♦♥❡✐ ♦❜✉ ♦❤❡♣❡❡♥❝❡♦❢❛❜❡❛♥♦❜❡✈❛✐♦♥✳❚❤❡❝♦♥✐❜✉✐♦♥

♦❢♦✉❧✐❡ ✐♥❤❡❡ ✐♠❛✐♦♥♣♦❝❡ ✐❝♦♥♦❧❧❡❞❜②❤❡❝♦ ❢✉♥❝✐♦♥✬♣❛❛♠❡❡✱

❤❛✐ ❤❡❤❡❤♦❧❞T✳

❙❡❝♦♥❞✱❛❣❛❞✐❡♥❞❡❝❡♥✲❜❛❡❞❛❧❣♦✐❤♠♦♥ ❤❡♠❛♥✐❢♦❧❞♦❢❝♦✈❛✐❛♥❝❡♠❛✲

✐❝❡❤❛❜❡❡♥♣♦♣♦❡❞❢♦ ❤❡❝❡♥♦✐❞✬❝♦♠♣✉❛✐♦♥✳

❚❤✐❞✱❛♠❡❤♦❞ ♦❛✉♦♠❛✐❝❛❧❧②❝♦♠♣✉❡❤❡❍✉❜❡✬ ❤❡❤♦❧❞T❤❛ ❜❡❡♥

❞❡✈❡❧♦♣❡❞✳ ❚❤✐ ♠❡❤♦❞✐ ❜❛❡❞♦♥ ❤❡❝♦♥❝❡♣ ♦❢ ♠❡❞✐❛♥❛❜♦❧✉❡❞❡✈✐❛✐♦♥

❤❛ ❤❛ ❜❡❡♥❣❡♥❡❛❧✐③❡❞ ♦ ❤❡❘✐❡♠❛♥♥✐❛♥❝❛❡✳ ❚❤✉✱❡①♣❡✐♠❡♥✲❞❡♣❡♥❞❡♥

❤❡❤♦❧❞ ❝❛♥❜❡♦❜❛✐♥❡❞✱✐♥♦❞❡ ♦❝❛♣✉❡❤❡✐♥✐♥✐❝✈❛✐❛❜✐❧✐②♣❡❡♥❡❞

✐♥❡❛❝❤❞❛❛❡✳ ❇②✉✐♥❣❤✐ ❛♣♣♦❛❝❤✱❛♥♦❞❡ ♦❢♠❛❣♥✐✉❞❡♦❢ ❤❡❤♦❧❞T✐

❢♦✉♥❞✱✇❤✐❝❤♠❛②❣✐✈❡❛❝❧✉❡♦♥❤❡✈❛❧✉❡❤❛❤❛ ♦❜❡❝♦♥✐❞❡❡❞✐♥❤❡❍✉❜❡✬

❡✐♠❛✐♦♥❛❧❣♦✐❤♠✳

❋✉ ❤❡♦♥✱❤❡♣♦♣❡✐❡♦❢❤❡❍✉❜❡✬❝❡♥♦✐❞✱❤❛✈❡❜❡❡♥❛♥❛❧②③❡❞♦♥✐♠✉✲

❧❛❡❞❞❛❛✳❚❤❡♦❜✉♥❡ ♦♦✉❧✐❡ ❛♥❞❤❡✐♥✢✉❡♥❝❡♦❢❤❡❞❛❛❡✬ ✐③❡✐♥❤❡

❡✐♠❛✐♦♥♣♦❝❡ ❤❛✈❡❜❡❡♥✐♥✈❡ ✐❣❛❡❞✳ ❆❝♦♠♣❛✐♦♥✇✐❤ ❤❡❝❡♥❡♦❢♠❛

❛♥❞❤❡♠❡❞✐❛♥❤❛❜❡❡♥❛❧♦♣❡❢♦♠❡❞✳

◆❡①✱❤❡❍✉❜❡✬❝❡♥♦✐❞❤❛❜❡❡♥✉❡❞✐♥❤❡❝♦♥❡①♦❢✇♦ ❡❛❧❞❛❛❝❧❛✐✲

✜❝❛✐♦♥♣♦❜❧❡♠✱❤❛❛❡❤❡❡①✉❡✐♠❛❣❡❝❧❛✐✜❝❛✐♦♥❛♥❞❤❡❜❛✐♥❞❡❝♦❞✐♥❣✳

❚❤❡ ❡✉❧ ❤❛✈❡❜❡❡♥❝♦♠♣❛❡❞♦♦♠❡ ❛❡✲♦❢✲❤❡✲❛ ♠❡❤♦❞ ❤❛❛❡❤❡❝❡♥❡

♦❢♠❛✱❤❡♠❡❞✐❛♥❛♥❞❤❡ ✐♠♠❡❞❜❛❡❞❡✐♠❛♦✳

■♥❤❡❡♥❞✱❛♣❛❛❧❧❡❧✐♠❛❞❡❜❡✇❡❡♥ ❤❡✇♦ ②♣❡♦❢♦❜✉ ❡✐♠❛♦ ❤❛

♠❛②❜❡✐♥✈♦❧✈❡❞✐♥ ❤❡❝❧❛ ✐✜❝❛✐♦♥✇♦❦✢♦✇✿ ❤❡❝♦✈❛✐❛♥❝❡♠❛✐①❡✐♠❛♦ ❛♥❞

❝❡♥♦✐❞❡✐♠❛♦✳



✾✽ ❈❤❛♣❡ ✺✳ ❘♦❜✉ ❈❡♥ ♦✐❞❊ ✐♠❛✐♦♥♦♥❤❡ ▼❛♥✐❢♦❧❞♦❢❈♦✈❛✐❛♥❝❡ ▼❛✐❝❡

✺✳✼✳✷ ❡ ♣❡❝✐✈❡

❋✉ ❤❡✇♦❦✇✐❧❧✐♥❝❧✉❞❡❡✈❡❛❧❞✐❡❝✐♦♥✿

•❚❤❡❝♦♠♣✉❛✐♦♥❛❧❣♦✐❤♠❢♦ ❤❡❍✉❜❡✬❝❡♥♦✐❞✿✐♥❙❡❝✐♦♥✺✳✸✳✷❛❣❛❞✐✲

❡♥❞❡❝❡♥✲❜❛❡❞♠❡❤♦❞❤❛❜❡❡♥♣♦♣♦❡❞♦❡✐♠❛❡❤❡❍✉❜❡✬❝❡♥♦✐❞✳

❋✉✉❡✇♦❦✇✐❧❧❛♥❛❧②③❡ ❤❡❝♦♥✈❡❣❡♥❝❡♦❢❤✐❛❧❣♦✐❤♠❛♥❞❤❡❡①✐ ❡♥❝❡

♦❢❛✉♥✐✉❡ ♦❧✉✐♦♥✳■❤❛ ♦❜❡♠❡♥✐♦♥❡❞❤❛ ❢♦ ❤❡♣❡❢♦♠❡❞❡①♣❡✲

✐♠❡♥✱♥♦❝♦♥✈❡❣❡♥❝❡♣♦❜❧❡♠ ❤❛✈❡❜❡❡♥❡♥❝♦✉♥❡❡❞✳■♥❛❞❞✐✐♦♥✱❤❡

❝♦♥✈❡❣❡♥❝❡♦❢ ❤❡❣❛❞✐❡♥ ❞❡❝❡♥❛❧❣♦✐❤♠❤❛ ❜❡❡♥❛❧❡❛❞②♣♦✈❡❞❢♦

❤❡❝❡♥❡♦❢♠❛ ❬❑❛❝❤❡✶✾✼✼❪❛♥❞❤❡♠❡❞✐❛♥❬❨❛♥❣✷✵✶✵❪✳ ❍♦✇❡✈❡✱❛

♠❛❤❡♠❛✐❝❛❧♣♦♦❢✇✐❧❧❜❡❡❛❝❤❡❞❢♦ ❤❡❍✉❜❡✬❝❡♥♦✐❞✳

•❚❤❡❝♦♥❝❡♣ ♦❢▼❆❉❢♦ ❘✐❡♠❛♥♥✐❛♥♠❛♥✐❢♦❧❞✿✐♥❙❡❝✐♦♥✺✳✸✳✸✱❤❡▼❆❉

❤❛ ❜❡❡♥✐♥♦❞✉❝❡❞❛♥❞❛❧✐♥❦❜❡✇❡❡♥✐ ❛♥❞ ❤❡❞✐♣❡ ✐♦♥♣❛❛♠❡❡σ

❤❛❜❡❡♥❞❡✜♥❡❞✳❋♦ ❤✐♣✉♣♦❡✱❤❡ ❛♥❢♦♠❛✐♦♥z=d(Mi,̄M)
mσ ❤❛❜❡❡♥

♣♦♣♦❡❞❛♥❞✐ ❛✐✐❝❤❛✈❡❜❡❡♥ ✉❞✐❡❞✳ ❊①♣❡✐♠❡♥❛❧❧②✱✐ ❤❛ ❜❡❡♥

♦❜❡✈❡❞❤❛ z❡❡♠ ♦❤❛✈❡❛❝❤✐✲ ✉❛❡❞❞✐ ✐❜✉✐♦♥❛♥❞❤❛ ✐✐✐♥❞❡✲

♣❡♥❞❡♥♦❢❤❡❞✐♣❡ ✐♦♥σ❛♥❞❤❡❝❡♥♦✐❞M̄✳❋✉❤❡♦♥✱❛♠❛❤❡♠❛✐❝❛❧

♣♦♦❢❢♦ ❤❡❡♦❜❡✈❛✐♦♥✇✐❧❧❜❡ ❡❛❝❤❡❞✱✐♥♦❞❡ ♦✜♥❞❛♥❡①♣❧✐❝✐✈❛❧✉❡

❢♦ ❤❡❝♦❡✣❝✐❡♥ K ❧✐♥❦✐♥❣❤❡ ▼❆❉❛♥❞σ✳■❤❛ ♦❜❡ ❡♠✐♥❞❡❞❤❛

♣❡✈✐♦✉❧②✱K❤❛❜❡❡♥❞❡❡♠✐♥❡❞❢♦♠❡①♣❡✐♠❡♥ ❛♥❞❡ ♦K≈1.312✳

•❚❤❡❣❡♥❡❛❧✐③❛✐♦♥♦♦❤❡ ②♣❡♦❢❝❡♥♦✐❞❡✐♠❛♦ ✿✐♥❤❡♣❡❡♥❝❤❛♣❡✱

❤❡❍✉❜❡✬❢✉♥❝✐♦♥❤❛❜❡❡♥✐♥♦❞✉❝❡❞❢♦❝❡♥♦✐❞❡✐♠❛✐♦♥✳◆❡✈❡❤❡✲

❧❡✱❤❡♣♦♣♦❡❞♠❡❤♦❞♠❛②❜❡❣❡♥❡❛❧✐③❡❞♦♦❤❡ ❢✉♥❝✐♦♥✐♥♦❞❡ ♦

❞❡✈❡❧♦♣♥❡✇ ♦❜✉ ❝❡♥♦✐❞❡✐♠❛♦✳❋♦✐♥❛♥❝❡✱❤❡❢❛♠✐❧②♦❢❍❛♠♣❡❧

❢✉♥❝✐♦♥❬❍❛♠♣❡❧❡❛❧✳✷✵✵✺❪✱❤❡❧✐♥❡❛ ✉❛❞❛✐❝✉❛❞❛✐❝✭▲◗◗✮❢✉♥❝✲

✐♦♥❬❑♦❧❧❡ ✫❙❛❤❡❧✷✵✶✶❪✱❤❡ ❲❡❧❤❢✉♥❝✐♦♥❬▼❛♦♥♥❛❡❛❧✳✷✵✵✻❪♠❛②❜❡

❝♦♥✐❞❡❡❞❢♦❢✉✉❡✇♦❦✳



❈❤❛♣ ❡ ✻

❘✐❡♠❛♥♥✐❛♥❋✐❤❡ ❱❡❝♦

❈♦♥❡♥

✻✳✶ ■♥ ♦❞✉❝✐♦♥ ✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✶✵✵

✻✳✷ ▲♦❝❛❧❋❡❛✉❡ ❢♦■♥❢♦♠❛ ✐♦♥ ▼♦❞❡❧✐♥❣✳✳✳✳✳✳✳✳✳✳✳✶✵✶

✻✳✷✳✶ ❊✉❝❧✐❞❡❛♥❙♣❛❝❡ ✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳ ✶✵✷

✻✳✷✳✷ ❊①❡♥✐♦♥♦❘✐❡♠❛♥♥✐❛♥▼❛♥✐❢♦❧❞ ✳✳✳✳✳✳✳✳✳✳✳✳✳✳ ✶✵✻

✻✳✸ ❘✐❡♠❛♥♥✐❛♥❋✐❤❡ ❱❡❝ ♦ ✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✶✵✽

✻✳✸✳✶ ❘✐❡♠❛♥♥✐❛♥●❛✉✐❛♥▼♦❞❡❧✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳ ✶✵✾

✻✳✸✳✷ ❘✐❡♠❛♥♥✐❛♥▲❛♣❧❛❝❡▼♦❞❡❧✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳ ✶✵✾

✻✳✸✳✸ ❘❡❧❛✐♦♥✇✐❤❘✲❱▲❆❉ ✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳ ✶✶✵

✻✳✹ ❆♣♣❧✐❝❛✐♦♥♦❚❡①✉❡■♠❛❣❡❈❧❛ ✐✜❝❛✐♦♥✳✳✳✳✳✳✳✳✳✶✶✶

✻✳✹✳✶ ❉❛❛❜❛❡ ✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳ ✶✶✶

✻✳✹✳✷ ❈❧❛✐✜❝❛✐♦♥ ❲♦❦✢♦✇ ✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳ ✶✶✶

✻✳✹✳✸ ❘❡✉❧ ✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳ ✶✶✹

✻✳✺ ❈♦♥❝❧✉✐♦♥❛♥❞ ❡ ♣❡❝✐✈❡ ✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✶✶✻

✻✳✺✳✶ ❈♦♥❝❧✉✐♦♥✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳ ✶✶✻

✻✳✺✳✷ ❡♣❡❝✐✈❡✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳ ✶✶✻



✶✵✵ ❈❤❛♣ ❡ ✻✳ ❘✐❡♠❛♥♥✐❛♥❋✐❤❡ ❱❡❝ ♦

✻✳✶ ■♥ ♦❞✉❝✐♦♥

■♥❤❡♣❡✈✐♦✉❝❤❛♣❡✱✇❡❤❛✈❡♣❡❡♥❡❞❞✐✛❡❡♥ ♦❜✉ ❝❧❛✐✜❝❛✐♦♥❛❧❣♦✐❤♠

❜❛❡❞♦♥❣❧♦❜❛❧❢❡❛✉❡✳❊✈❡♥✐❢❤❡❡❣❧♦❜❛❧❞❡❝✐♣♦ ❤❛✈❡♣♦✈✐❞❡❞❡❧❛✐✈❡❧②

❣♦♦❞♣❡❢♦♠❛♥❝❡✱❤❡❡❢❡❛✉❡❛❡♥♦❛❞❛♣❡❞♦♥♦♥✲❛✐♦♥❛②✐❣♥❛❧✭❧♦❝❛❧

❞❡❢♦♠❛✐♦♥✱✳✳✳✮✳ ❚♦❢❛❝❡❤✐ ✐✉❡✱♠❛♥② ❡❡❛❝❤❡ ✉♥❡❞ ❤❡✐ ❛❡♥✐♦♥♦

❧♦❝❛❧❞❡❝✐♣♦✳ ❇❛❣♦❢✇♦❞ ✭❇♦❲✮✱❋✐❤❡ ✈❡❝♦ ✭❋❱✮✱♦✈❡❝♦ ♦❢❧♦❝❛❧❧②

❛❣❣❡❣❛❡❞❞❡❝✐♣♦ ✭❱▲❆❉✮❛❡❡①❛♠♣❧❡♦❢❧♦❝❛❧♠♦❞❡❧✉❡❞♦❝❛♣✉❡❤❡

✐♥❢♦♠❛✐♦♥❧②✐♥❣✐♥✐❣♥❛❧❬❏❛❛❦❦♦❧❛✫❍❛✉❧❡✶✾✾✽❪✱✐♠❛❣❡❬❙♥❝❤❡③❡❛❧✳✷✵✶✸❪✱

♦✈✐❞❡♦❬❋❛❛❦✐❡❛❧✳✷✵✶✺❜❪✳❚❤❡❡❞❡❝✐♣♦ ❤❛✈❡♠✉❧✐♣❧❡❛❞✈❛♥❛❣❡✳❋✐ ✱

❤❡♦❜❛✐♥❡❞✐♥❢♦♠❛✐♦♥❝❛♥❜❡✉❡❞✐♥❛✇✐❞❡✈❛✐❡②♦❢❛♣♣❧✐❝❛✐♦♥✱❧✐❦❡❝❧❛✐✜❝❛✲

✐♦♥❬❙♥❝❤❡③❡❛❧✳✷✵✶✸❪❛♥❞❝❛❡❣♦✐③❛✐♦♥❬❡♦♥♥✐♥✫❉❛♥❝❡✷✵✵✼❪✱❡①❬❙❛❧♦♥

✫❇✉❝❦❧❡②✶✾✽✽❪❛♥❞✐♠❛❣❡❬❉♦✉③❡❡❛❧✳✷✵✶✶❪❡✐❡✈❛❧✱❛❝✐♦♥❛♥❞❢❛❝❡❡❝♦❣♥✐✲

✐♦♥❬❋❛❛❦✐❡❛❧✳✷✵✶✺❛❪✱❡❝✳❙❡❝♦♥❞✱❝♦♠❜✐♥❡❞✇✐❤♣♦✇❡❢✉❧❧♦❝❛❧❢❡❛✉❡❞❡❝✐♣✲

♦✱✉❝❤❛ ❙■❋❚✱ ❤❡②❛❡♦❜✉ ♦ ❛♥❢♦♠❛✐♦♥❧✐❦❡❝❛❧✐♥❣✱ ❛♥❧❛✐♦♥✱♦

♦❝❝❧✉✐♦♥❬❋❛❛❦✐❡❛❧✳✷✵✶✺❛❪✳

❚❤❡❡❤❡❡❛♣♣♦❛❝❤❡✱❤❛✈❡❜❡❡♥✇✐❞❡❧②✉❡❞❢♦♠❛♥②❛♣♣❧✐❝❛✐♦♥✐♥✈♦❧✈✐♥❣

♥♦♥✲♣❛❛♠❡✐❝❢❡❛✉❡✳❘❡❝❡♥❧②❇♦❲❛♥❞❱▲❆❉❤❛✈❡❜❡❡♥❡①❡♥❞❡❞♦❤❡❝❛❡

✇❤❡❡❡❛❝❤❢❡❛✉❡✐❛♣♦✐♥♦♥❛❘✐❡♠❛♥♥✐❛♥♠❛♥✐❢♦❧❞✳❚❤✐✐✱❢♦✐♥❛♥❝❡✱❤❡

❝❛❡✇❤❡❡❧♦❝❛❧❞❡❝✐♣♦ ❛❡❝♦✈❛✐❛♥❝❡♠❛✐❝❡✳ ❚❤✐✐♥❝❧✉❞❡♠❛♥②❞✐✛❡✲

❡♥❛♣♣❧✐❝❛✐♦♥✐♥✐♠❛❣❡♣♦❝❡✐♥❣✱❧✐❦❡❝❧❛✐✜❝❛✐♦♥❬❇❛❛❝❤❛♥❡❛❧✳✷✵✶✸✱❙❛✐❞

❡❛❧✳✷✵✶✺❛✱■❧❡❛❡❛❧✳✷✵✶✺❜❪✱✐♠❛❣❡❡❣♠❡♥❛✐♦♥❬●❛❝✐❛✫❖❧❧❡✷✵✵✻❪✱♦❜❥❡❝❞❡✲

❡❝✐♦♥❬▼❛❞❡ ✫❘❡❡❡✷✵✶✷✱❘♦❜✐♥♦♥✷✵✵✺❪✱❡❝✳■♥❬❋❛❛❦✐❡❛❧✳✷✵✶✺❜❪❛♥❞❬❋❛❛❦✐

❡❛❧✳✷✵✶✹❪✱❤❡❇♦❲❛♣♣♦❛❝❤❤❛❜❡❡♥❡①❡♥❞❡❞♦❤❡♦✲❝❛❧❧❡❞❧♦❣✲❊✉❝❧✐❞❡❛♥❜❛❣

♦❢✇♦❞ ✭▲❊✲❇♦❲✮❛♥❞❜❛❣♦❢❘✐❡♠❛♥♥✐❛♥✇♦❞ ✭❇♦❘❲✮♠♦❞❡❧❜②❝♦♥✐❞❡✐♥❣

❤❡❧♦❣✲❊✉❝❧✐❞❡❛♥❛♥❞ ❤❡❣❡♦❞❡✐❝❞✐❛♥❝❡❜❡✇❡❡♥ ✇♦♣♦✐♥ ♦♥❤❡♠❛♥✐❢♦❧❞✳

■♥❛❞❞✐✐♦♥✱❤❡❘✐❡♠❛♥♥✐❛♥✈❡ ✐♦♥♦❢❤❡❱▲❆❉♠♦❞❡❧✭❘✲❱▲❆❉✮❤❛ ❜❡❡♥❞❡✲

✈❡❧♦♣❡❞✐♥❬❋❛❛❦✐❡❛❧✳✷✵✶✺❛❪❛♥❞❤❛ ❤♦✇♥✉♣❡✐♦❝❧❛✐✜❝❛✐♦♥♣❡❢♦♠❛♥❝❡✱

❝♦♠♣❛❡❞♦❤❡❝❧❛ ✐❝❱▲❆❉✳

❯♥✐❧♥♦✇✱❋❱❤❛✈❡♥♦❜❡❡♥②❡❣❡♥❡❛❧✐③❡❞✐♥❤❡❛♠❡♠❛♥♥❡ ♦❘✐❡♠❛♥♥✐❛♥

♠❛♥✐❢♦❧❞✱❞✉❡ ♦❤❡❧❛❝❦♦❢♣♦❜❛❜✐❧✐✐❝❣❡♥❡❛✐✈❡♠♦❞❡❧ ✉✐❡❞❢♦♣❛❛♠❡✐❝❞❡✲

❝✐♣♦✳■♥❈❤❛♣❡✹✱✐❤❛❜❡❡♥❤♦✇♥❤❛ ❤❡❝♦✈❛✐❛♥❝❡♠❛✐❝❡❛❡❡❧❡♠❡♥

♦♥❤❡♠❛♥✐❢♦❧❞ ❤❛ ❝❛♥❜❡♠♦❞❡❧❡❞❜②❘✐❡♠❛♥♥✐❛♥●❛✉✐❛♥❞✐ ✐❜✉✐♦♥❬❙❛✐❞

❡❛❧✳✷✵✶✺❜❪❛♥❞❘✐❡♠❛♥♥✐❛♥▲❛♣❧❛❝❡❞✐ ✐❜✉✐♦♥❬❍❛❥✐❡❛❧✳✷✵✶✻❪✳❚❤❡♣❡❡♥

❝❤❛♣❡♣♦♣♦❡❛♥❛♣♣❧✐❝❛✐♦♥♦❢❤❡❡❞✐ ✐❜✉✐♦♥ ♦♠♦❞❡❧❧♦❝❛❧❞❡❝✐♣♦ ❜②

✐♥♦❞✉❝✐♥❣❤❡❘✐❡♠❛♥♥✐❛♥❋✐❤❡❱❡❝♦ ✭❘❋❱✮✳■♥❤✐❝♦♥❡①✱❤❡❤❡♦❡✐❝❛❧

❜❛❝❦❣♦✉♥❞✐✜①❡❞❛♥❞✐✐✈❛❧✐❞❛❡❞♦♥❝❧❛✐✜❝❛✐♦♥♣♦❜❧❡♠✳

❚❤❡❝❤❛♣❡✐ ✉❝✉❡❞❛❢♦❧❧♦✇✳❙❡❝✐♦♥✻✳✷♣❡❡♥ ❤❡❣❡♥❡❛❧❝❧❛✐✜❝❛✲

✐♦♥✇♦❦✢♦✇✱✇❤❡♥❧♦❝❛❧❢❡❛✉❡❛❡✉❡❞❢♦✐♥❢♦♠❛✐♦♥♠♦❞❡❧✐♥❣✳❆♥♦✈❡✈✐❡✇

♦❢❤❡❇♦❲✱ ❤❡❋❱❛♥❞ ❤❡❱▲❆❉❞❡❝✐♣♦ ❞❡✜♥❡❞♦♥ ❤❡❊✉❝❧✐❞❡❛♥ ♣❛❝❡✐

❛❧♦❣✐✈❡♥✳■♥❛❞❞✐✐♦♥✱❤❡♠❡❤♦❞ ❤❛❡①❡♥❞❤❡❇♦❲❛♥❞❱▲❆❉ ♦❤❡❘✐❡✲

♠❛♥♥✐❛♥♠❛♥✐❢♦❧❞❛❡❛❧♦❞❡❝✐❜❡❞✳❙❡❝✐♦♥✻✳✸✐♥♦❞✉❝❡ ❤❡♣♦♣♦❡❞❡①❡♥✐♦♥

♦❢❋❱ ♦ ❤❡❘✐❡♠❛♥♥✐❛♥♠❛♥✐❢♦❧❞✱ ❡✉❧✐♥❣✐♥❤❡❘✐❡♠❛♥♥✐❛♥❋✐❤❡ ✈❡❝♦✳

❚❤❡❡❞❡❝✐♣♦ ❛❡❞❡✜♥❡❞❢♦❜♦❤ ❤❡●❛✉ ✐❛♥❛♥❞▲❛♣❧❛❝❡♠✐①✉❡♠♦❞❡❧



✻✳✷✳ ▲♦❝❛❧❋❡❛✉❡ ❢♦■♥❢♦♠❛ ✐♦♥ ▼♦❞❡❧✐♥❣ ✶✵✶

❛♥❞❤❡✐ ❡❧❛✐♦♥✇✐❤❤❡❘✲❱▲❆❉✐❞❡❛✐❧❡❞✳❙❡❝✐♦♥✻✳✹♣❡❡♥ ❛♥❛♣♣❧✐❝❛✐♦♥

♦❢❤❡♣♦♣♦❡❞♠❡❤♦❞♦❡①✉❡✐♠❛❣❡❝❧❛✐✜❝❛✐♦♥✱❜❛❡❞♦♥❡❣✐♦♥❝♦✈❛✐❛♥❝❡

❞❡❝✐♣♦✳❋♦ ❤✐❡①♣❡✐♠❡♥✱✐♥♦❞❡ ♦♣❡❡❞✲✉♣❤❡❝♦♠♣✉❛✐♦♥♦❢❝♦✈❛✐❛♥❝❡

♠❛ ✐❝❡✱❤❡②❛❡❡✐♠❛❡❞❜②✉✐♥❣❤❡✐♥❡❣❛❧✐♠❛❣❡✳ ▼♦❡♦✈❡✱❤❡✐♥✢✉❡♥❝❡

♦❢ ❤❡❝❧❛ ✐✜❝❛✐♦♥♠❡❤♦❞♦♥ ❤❡❘❋❱✐ ❛♥❛❧②③❡❞✱❜②❝♦♠♣❛✐♥❣❤❡ ✉♣♣♦

✈❡❝♦♠❛❝❤✐♥❡❛♥❞ ❛♥❞♦♠❢♦❡ ❝❧❛✐✜❡✳■♥❤❡❡♥❞✱❙❡❝✐♦♥✻✳✺❡♣♦ ♦♠❡

❝♦♥❝❧✉✐♦♥❛♥❞♣❡♣❡❝✐✈❡✳

✻✳✷ ▲♦❝❛❧❋❡❛✉❡ ❢♦■♥❢♦♠❛ ✐♦♥ ▼♦❞❡❧✐♥❣

❚❤❡✇♦❦♣❡❡♥❡❞✐♥❤✐❝❤❛♣❡❢♦❝✉❡♦♥❝❧❛✐✜❝❛✐♦♥❜❛❡❞♦♥❧♦❝❛❧❢❡❛✉❡✳

■♥❤✐ ❝♦♥❡①✱❤❡✐♥❢♦♠❛✐♦♥♠♦❞❡❧✐♥❣♣♦❝❡ ❛♥❞ ❤❡❝❧❛ ✐✜❝❛✐♦♥✇♦❦✢♦✇

❛❡✐❧❧✉ ❛❡❞✐♥❋✐❣✉❡✻✳✶✱✇❤❡❡❢♦✉❞✐✛❡❡♥ ❛❣❡❝❛♥❜❡✐❞❡♥✐✜❡❞✿❢❡❛✉❡

❡①❛❝✐♦♥✱❝♦❞❡❜♦♦❦❝❡❛✐♦♥✱❝♦❞✐♥❣❛♥❞♣♦✲♣♦❝❡✐♥❣✱❛♥❞❝❧❛✐✜❝❛✐♦♥✳

❋✐❣✉❡✻✳✶✿❈❧❛ ✐✜❝❛✐♦♥✇♦❦✢♦✇❢♦❧♦❝❛❧❢❡❛✉❡❜❛❡❞♠❡❤♦❞✳

❉✉✐♥❣❤❡✜ ❛❣❡✱ ♦♠❡❝❤❛❛❝❡✐✐❝✱❝❛❧❧❡❞❧♦✇❧❡✈❡❧❢❡❛✉❡✱❛❡❡①✲

❛❝❡❞✱❢♦♠❡❛❝❤❡❧❡♠❡♥✐♥❤❡❞❛❛❜❛❡✳❚❤❡❡❞❡❝✐♣♦ ❛❡♦❢❡♥❝♦♠♣✉❡❞

♦♥♣❛❝❤❡❛♥❞❛❛❡✉❧✱❛❡♦❢❢❡❛✉❡✈❡❝♦✱♦ ✐❣♥❛✉❡✱✐♦❜❛✐♥❡❞❢♦

❡❛❝❤❡❧❡♠❡♥✐♥❤❡❞❛❛❜❛❡✳❋✉❤❡♦♥✱✉♣❡✈✐❡❞❝❧❛✐✜❝❛✐♦♥❛❧❣♦✐❤♠ ✇✐❧❧

❜❡✉❡❞✱❛♥❞❤❡❡❢♦❡✱❤✐ ✐♥✐✐❛❧❡♦❢❢❡❛✉❡✈❡❝♦ ✐❞✐✈✐❞❡❞✐♥♦✇♦ ❡✱

❝❛❧❧❡❞ ❛✐♥✐♥❣❛♥❞❡✐♥❣❡✳

❚❤❡❝♦❞❡❜♦♦❦❝❡❛✐♦♥ ❛❣❡✐ ♣❡❢♦♠❡❞♦♥ ❤❡ ❛✐♥✐♥❣ ❡ ❛♥❞✐ ♣✉✲



✶✵✷ ❈❤❛♣ ❡ ✻✳ ❘✐❡♠❛♥♥✐❛♥❋✐❤❡ ❱❡❝ ♦

♣♦❡✐ ♦✐❞❡♥✐❢②❤❡ ✐❣♥✐✜❝❛♥❢❡❛✉❡❢♦♠ ❤❡❞❛❛❡✳ ❯✉❛❧❧②✱ ❤✐ ♣♦❝❡✲

❞✉❡✐♣❡❢♦♠❡❞❜②♠❡❛♥ ♦❢❝❧✉❡✐♥❣❛❧❣♦✐❤♠✱❧✐❦❡❦✲♠❡❛♥✱♦❡①♣❡❝❛✐♦♥✲

♠❛①✐♠✐③❛✐♦♥✳ ❇②✉✐♥❣❤❡❡❛❧❣♦✐❤♠✱❤❡ ❡✐♣❛ ✐✐♦♥❡❞✐♥♦❛♣❡❞❡✜♥❡❞

♥✉♠❜❡ ♦❢❝❧✉❡✱❡❛❝❤♦❢❤❡♠❜❡✐♥❣❞❡❝✐❜❡❞❜②♣❛❛♠❡❡✱✉❝❤❛ ❤❡❝❧✉✲

❡✬❝❡♥♦✐❞✱❤❡❞✐♣❡ ✐♦♥✱❤❡❛ ♦❝✐❛❡❞✇❡✐❣❤✱❡❝✳❚❤❡♦❜❛✐♥❡❞❢❡❛✉❡❛❡

❝❛❧❧❡❞❝♦❞❡✇♦❞❛♥❞❤❡②❛❡❣♦✉♣❡❞✐♥❛❝♦❞❡❜♦♦❦✱❛❧♦❝❛❧❧❡❞❛❞✐❝✐♦♥❛②✳

❇❛❡❞♦♥❤❡❡① ❛❝❡❞❝♦❞❡❜♦♦❦✱ ❤❡❝♦❞✐♥❣ ❛❣❡✐ ✐♠♣❧❡♠❡♥❡❞♥❡①✱❜②

♣♦❥❡❝✐♥❣❤❡ ❛✐♥✐♥❣✐❣♥❛✉❡❡♦♥♦❤❡❝♦❞❡❜♦♦❦♣❛❝❡✳❚❤❡♣✉♣♦❡♦❢❤✐

♦♣❡❛✐♦♥✐ ♦❡①♣❡ ❤❡✐❣♥❛✉❡❜②✉✐♥❣❤❡♣❡✈✐♦✉❧②♦❜❛✐♥❡❞❝♦❞❡✇♦❞✳

❆ ❛❡❞❡❛❧✐❡✱✐♥❤❡✐♥♦❞✉❝✐♦♥✱❛♣♣♦❛❝❤❡❧✐❦❡❜❛❣♦❢✇♦❞✱❋✐❤❡✈❡❝♦✱♦

✈❡❝♦ ♦❢❧♦❝❛❧❧②❛❣❣❡❣❛❡❞❞❡❝✐♣♦ ❝❛♥❜❡✉❡❞✱❡✉❧✐♥❣✐♥♦♠❡❧♦❝❛❧♠♦❞❡❧

❤❛❝❛♣✉❡❤❡✉♥❞❡❧②✐♥❣✐♥❢♦♠❛✐♦♥✳❆❢❡ ❤❡✐❝♦♠♣✉❛✐♦♥✱❛♣♦✲♣♦❝❡✐♥❣

❡♣✐♦❢❡♥❛♣♣❧✐❡❞✱❝♦♥✐✐♥❣✐♥✇♦♣♦ ✐❜❧❡♥♦♠❛❧✐③❛✐♦♥✱♥❛♠❡❧②❤❡ 2❬❡✲

♦♥♥✐♥❡❛❧✳✷✵✶✵❜❪❛♥❞♣♦✇❡♥♦♠❛❧✐③❛✐♦♥❬❡♦♥♥✐♥❡❛❧✳✷✵✶✵❛❪✳❚❤❡❝♦❞✐♥❣

♣♦❝❡ ✇✐❧❧❜❡❞❡❛✐❧❡❞✐♥❤❡❢♦❧❧♦✇✐♥❣❡❝✐♦♥✱❢♦❡❛❝❤♦❢❤❡❡♠❡❤♦❞✳

❋♦ ❤❡✜♥❛❧❝❧❛ ✐✜❝❛✐♦♥ ❛❣❡✱❤❡❡✐♥❣❢❡❛✉❡❡✐❛❧♦♠❛♣♣❡❞♦♥♦❤❡

❝♦❞❡❜♦♦❦♣❛❝❡✳❚❤❡❝❧❛ ✐✜❝❛✐♦♥❡✉❧ ❛❡♦❜❛✐♥❡❞✱✐♥❤❡❡♥❞✱❜②❛ ♦❝✐❛✐♥❣

❤❡ ❡ ✐♠❛❣❡ ♦❤❡❝❧❛ ♦❢❤❡♠♦ ✐♠✐❧❛ ❛✐♥✐♥❣♦❜❡✈❛✐♦♥✱❛❝❝♦❞✐♥❣ ♦

♦♠❡❞❡❝✐✐♦♥✉❧❡✳■♥♣❛❝✐❝❡✱❛❧❣♦✐❤♠❧✐❦❡k✲♥❡❛❡ ♥❡✐❣❤❜♦ ✱✉♣♣♦ ✈❡❝♦

♠❛❝❤✐♥❡✱ ❛♥❞♦♠❢♦❡✱❡❝✳❛❡✉❡❞✳

■♥❤❡❢♦❧❧♦✇✐♥❣✱❛ ❤♦ ❞❡❝✐♣✐♦♥♦❢❤❡❝♦❞✐♥❣♠♦❞❡❧ ✭✐✳❡✳❜❛❣♦❢✇♦❞✱

❋✐❤❡ ✈❡❝♦✱❛♥❞✈❡❝♦ ♦❢❧♦❝❛❧❧②❛❣❣❡❣❛❡❞❞❡❝✐♣♦✮❢♦❢❡❛✉❡❧✐✈✐♥❣✐♥

❤❡❊✉❝❧✐❞❡❛♥♣❛❝❡✐❣✐✈❡♥✳■♥❛❞❞✐✐♦♥✱♦♠❡♠♦❞❡❧ ❤❛❡①❡♥❞❤❡❇♦❲❬❋❛❛❦✐

❡❛❧✳✷✵✶✺❜✱❋❛❛❦✐❡❛❧✳✷✵✶✹❪❛♥❞❱▲❆❉❬❋❛❛❦✐❡❛❧✳✷✵✶✺❛❪♦❤❡❘✐❡♠❛♥♥✐❛♥

♠❛♥✐❢♦❧❞ ❛❡❛❧♦♣❡❡♥❡❞✳

✻✳✷✳✶ ❊✉❝❧✐❞❡❛♥❙♣❛❝❡

✻✳✷✳✶✳✶ ❇❛❣♦❢ ❲♦❞

❚❤❡❜❛❣♦❢✇♦❞ ✭❇♦❲✮♠♦❞❡❧❤❛❜❡❡♥✉❡❞❢♦ ❡① ❡✐❡✈❛❧❛♥❞❝❛❡❣♦✐③❛✲

✐♦♥❬❙❛❧♦♥✫❇✉❝❦❧❡②✶✾✽✽✱❏♦❛❝❤✐♠ ✶✾✾✽❪❛♥❞❤❡♥❡①❡♥❞❡❞♦✈✐✉❛❧❝❛❡❣♦✲

✐③❛✐♦♥❬❈✉❦❛❡❛❧✳✷✵✵✹❪✳■♥❤❡❝♦♥❡①♦❢❡①❛♥❛❧②✐✱❤❡❇♦❲❛♣♣♦❛❝❤❤❛

❜❡❡♥✉❡❞♦♠♦❞❡❧❛❡①❜②❛❤✐ ♦❣❛♠❝♦♥❛✐♥✐♥❣❤❡♥✉♠❜❡♦❢♦❝❝✉❡♥❝❡♦❢

❡❛❝❤✇♦❞✳❚❤✐✐❞❡❛❤❛❜❡❡♥❛♣♣❧✐❡❞♦✐♠❛❣❡❝❤❛❛❝❡✐③❛✐♦♥✱✇❤❡❡❤❡✧✇♦❞✧

❛❡❡♣❡❡♥❡❞❜②♦♠❡❞✐❝✐♠✐♥❛✐♥❣❢❡❛✉❡✳❚❤❡❡❢♦❡✱❤❡✐♠❛❣❡✐❞❡❝✐❜❡❞

❜②❤❡♥✉♠❜❡♦❢♦❝❝✉❡♥❝❡♦❢❤❡❡♣❛❡♥✳

❚❤❡❇♦❲♠♦❞❡❧❢♦❧❧♦✇ ❤❡❣❡♥❡❛❧✇♦❦✢♦✇♣❡❡♥❡❞❡❛❧✐❡✱✐♥❤❡✐♥♦❞✉❝✲

♦②♣❛✳ ❋✐ ✱❤❡❝♦❞❡❜♦♦❦✐ ❝❡❛❡❞❞✉✐♥❣❤❡❧❡❛♥✐♥❣ ❛❣❡✳ ◆❡①✱❜❛❡❞

♦♥ ❤❡❡① ❛❝❡❞❝♦❞❡✇♦❞✱❤❡❞❛❛ ♣❛❝❡✐ ♣❛ ✐✐♦♥❡❞✐♥❱♦♦♥♦ ❡❣✐♦♥✱❜②

❛✐❣♥✐♥❣❡❛❝❤❞❛❛♣♦✐♥ ♦❤❡❝❧♦❡ ❝❡♥♦✐❞✳❋✉❤❡ ♦♥✱❢♦❡❛❝❤❡❧❡♠❡♥✐♥

❤❡❞❛❛❡✱✐ ✐❣♥❛✉❡✐❞❡❡♠✐♥❡❞❜②❝♦♠♣✉✐♥❣❤❡❤✐ ♦❣❛♠♦❢❤❡♥✉♠❜❡

♦❢♦❝❝✉❡♥❝❡♦❢❡❛❝❤❝♦❞❡✇♦❞✐♥✐ ✉❝✉❡✱❛ ❤♦✇♥✐♥❋✐❣✉❡✻✳✷✳■♥❤❡

❡♥❞✱❤❡❝❧❛ ✐✜❝❛✐♦♥✐♣❡❢♦♠❡❞❜②♠❡❛♥ ♦❢❛❞✐❛♥❝❡♠❡❛✉❡❜❡✇❡❡♥ ✇♦



✻✳✷✳ ▲♦❝❛❧❋❡❛✉❡ ❢♦■♥❢♦♠❛ ✐♦♥ ▼♦❞❡❧✐♥❣ ✶✵✸

❋✐❣✉❡✻✳✷✿❋❡❛✉❡✈❡❝♦❝♦♠♣✉❛✐♦♥❢♦ ❤❡❜❛❣♦❢✇♦❞♠❡❤♦❞✳

❤✐ ♦❣❛♠✱❧✐❦❡❤❡❝❤✐✲ ✉❛❡❞❞✐❛♥❝❡✳

❚❤❡❇♦❲ ♠❡❤♦❞❤❛ ❡✈❡❛❧❛❞✈❛♥❛❣❡✳ ❚❤✐✐❛ ✐♠♣❧❡❛♥❞❝♦♠♣✉❛✲

✐♦♥❛❧❡✛❡❝✐✈❡♠❡❤♦❞✱✐♥✈❛✐❛♥ ♦❛✣♥❡ ❛♥❢♦♠❛✐♦♥❛♥❞♦❝❝❧✉✐♦♥❬❈✉❦❛

❡❛❧✳✷✵✵✹❪✳ ❖♥❤❡♦❤❡ ❤❛♥❞✱✐ ♣❡❢♦♠❛♥❝❡ ❞❡♣❡♥❞♦♥ ❤❡❝♦❞❡❜♦♦❦✬ ✐③❡✱

❤❡❜❡ ❡✉❧ ❜❡✐♥❣♦❜❛✐♥❡❞❢♦❧❛❣❡❞✐❝✐♦♥❛✐❡❬❡♦♥♥✐♥✫❉❛♥❝❡✷✵✵✼❪✳■♥

❛❞❞✐✐♦♥✱❤❡❇♦❲♠❡❤♦❞❝♦✉♥ ♦♥❧②❤❡♥✉♠❜❡♦❢❧♦❝❛❧❞❡❝✐♣♦ ❛✐❣♥❡❞♦

❡❛❝❤❱♦♦♥♦ ❡❣✐♦♥✳❚❤✉✱❤❡❝❧❛ ✐✜❝❛✐♦♥❡✉❧ ♠❛②❜❡✐♠♣♦✈❡❞❜②✐♥❝❧✉❞✐♥❣

♦❤❡ ❛✐✐❝✱✉❝❤❛ ❤❡✈❛✐❛♥❝❡♦❢❧♦❝❛❧❞❡❝✐♣♦✳❚❤✐✐ ❤❡❝❛❡♦❢❋✐❤❡

✈❡❝♦ ❤❛❛❡♣❡❡♥❡❞♥❡①✳

✻✳✷✳✶✳✷ ❋✐❤❡ ❱❡❝ ♦

❋✐❤❡ ✈❡❝♦ ✭❋❱✮❛❡❞❡❝✐♣♦ ❜❛❡❞♦♥❋✐❤❡ ❦❡♥❡❧ ❬❏❛❛❦❦♦❧❛✫❍❛✉✲

❧❡✶✾✾✽❪✱❡♣❡❡♥✐♥❣♠❡❤♦❞ ❢♦♠❡❛✉✐♥❣✐❢❛♠♣❧❡ ❛❡❝♦❡❝❧②✜❡❞❜②

♦♠❡❣✐✈❡♥♠♦❞❡❧✳❇②✉✐♥❣❋❱✱❛❛♠♣❧❡✐❝❤❛❛❝❡✐③❡❞❜②❤❡❣❛❞✐❡♥✈❡❝♦

♦❢❤❡♣♦❜❛❜✐❧✐②❞❡♥✐②❢✉♥❝✐♦♥❤❛♠♦❞❡❧ ✐✳❈❧❛✐❝❛❧❧②✱❛●❛✉✐❛♥♠✐①✉❡

♠♦❞❡❧✭●▼▼✮❬ ❡♦♥♥✐♥✫❉❛♥❝❡✷✵✵✼❪✐❝♦♥✐❞❡❡❞✳■♥♣❛❝✐❝❡✱❤❡♣♦❜❛❜✐❧✐②

❞❡♥✐②❢✉♥❝✐♦♥✐ ❡♣❧❛❝❡❞❜②❤❡❧♦❣✲❧✐❦❡❧✐❤♦♦❞❛♥❞✱❛ ♠❡♥✐♦♥❡❞✐♥❬❡♦♥♥✐♥

✫❉❛♥❝❡✷✵✵✼❪✱✐ ❣❛❞✐❡♥❞❡❝✐❜❡ ❤❡❞✐❡❝✐♦♥✐♥✇❤✐❝❤♣❛❛♠❡❡ ❤♦✉❧❞❜❡

♠♦❞✐✜❡❞ ♦❜❡ ✜ ❤❡❞❛❛✳■♥♦❤❡✇♦❞✱❤❡❣❛❞✐❡♥♦❢❤❡❧♦❣✲❧✐❦❡❧✐❤♦♦❞✇✐❤

❡♣❡❝ ♦❛♣❛❛♠❡❡❞❡❝✐❜❡ ❤❡❝♦♥✐❜✉✐♦♥♦❢❤❛ ♣❛❛♠❡❡ ♦❤❡❣❡♥❡✲

❛✐♦♥♦❢❛♣❛✐❝✉❧❛♦❜❡✈❛✐♦♥❬❏❛❛❦❦♦❧❛✫❍❛✉❧❡✶✾✾✽❪✳❆❧❛❣❡✈❛❧✉❡♦❢❤✐

❞❡✐✈❛✐✈❡✐❡✉✐✈❛❧❡♥ ♦❛❧❛❣❡❞❡✈✐❛✐♦♥❢♦♠❤❡♠♦❞❡❧✳❋✉ ❤❡ ♦♥✱❤❛ ❝❛♥

❜❡ ❛♥❧❛❡❞✐♥♦❤❡❢❛❝ ❤❛ ❤❡♠♦❞❡❧❞♦❡♥♦❝♦❡❝❧②✜ ❤❡❞❛❛✳

▲❡ X={xn}n=1:N✱✇✐❤xn∈R
m✱❜❡❛❛♠♣❧❡♦❢N❧♦✇❧❡✈❡❧m✲❞✐♠❡♥✐♦♥❛❧

❢❡❛✉❡❡①❛❝❡❞❢♦♠❛❞❛❛❡✳❚❤❡❡❢❡❛✉❡❛❡♠♦❞❡❧❡❞❛✐✳✐✳❞❡❛❧✐③❛✐♦♥

♦❢❤❡♣❛❛♠❡✐❝♠♦❞❡❧p(X|θ)✳❇②❡①❛❝✐♥❣❤❡❋❱❢♦ ❤✐ ❡✱❤❡❛♠♣❧❡X✐

♣♦❥❡❝❡❞♦♥♦❛✜①❡❞❧❡♥❣❤✈❡❝♦✱✇❤♦❡✐③❡❞❡♣❡♥❞♦♥❤❡♥✉♠❜❡♦❢♣❛❛♠❡❡

✐♥θ✳ ▼♦❡♣❡❝✐❡❧②✱❤♦✉❣❤❤❡❋✐❤❡❦❡♥❡❧✱❤❡❛♠♣❧❡✐❝❤❛❛❝❡✐③❡❞❜②✐

❞❡✈✐❛✐♦♥❢♦♠ ❤❡ ♠♦❞❡❧❬❙♥❝❤❡③❡❛❧✳✷✵✶✸❪✳ ❚❤✐❞❡✈✐❛✐♦♥✐♠❡❛✉❡❞❜②

❝♦♠♣✉✐♥❣❤❡❋✐❤❡ ❝♦❡UX ❬❏❛❛❦❦♦❧❛✫❍❛✉❧❡✶✾✾✽❪✱❤❛✐ ❤❡❣❛❞✐❡♥∇

♦❢❤❡❧♦❣✲❧✐❦❡❧✐❤♦♦❞✇✐❤❡♣❡❝ ♦❤❡♠♦❞❡❧✬♣❛❛♠❡❡ θ✿

UX =∇θlogp(X|θ)=∇θ

N

n=1

logp(xn|θ). ✭✻✳✶✮



✶✵✹ ❈❤❛♣ ❡ ✻✳ ❘✐❡♠❛♥♥✐❛♥❋✐❤❡ ❱❡❝ ♦

■♥❝❧❛✐✜❝❛✐♦♥♣♦❜❧❡♠✱❤❡❣❛❞✐❡♥♦❢❤❡❧♦❣✲❧✐❦❡❧✐❤♦♦❞❝❛♥❜❡♥♦♠❛❧✐③❡❞

❜②✉✐♥❣❤❡❋✐❤❡ ✐♥❢♦♠❛✐♦♥♠❛✐①Fθ❬❏❛❛❦❦♦❧❛✫❍❛✉❧❡✶✾✾✽❪✳ ❋♦ ❤✐

♣✉♣♦❡✱Fθ✐❣✐✈❡♥❜②✿

Fθ=EX[UXU
T
X], ✭✻✳✷✮

✇❤❡❡EX[·]❞❡♥♦❡ ❤❡❡①♣❡❝❛✐♦♥♦✈❡p(X|θ)❛♥❞(·)T✐ ❤❡ ❛♥♣♦❡♦♣❡❛✲

♦✳❚❤❡❡❢♦❡✱❤❡♥♦♠❛❧✐③❡❞❋✐❤❡ ❝♦❡❜❡❝♦♠❡❬❡♦♥♥✐♥✫❉❛♥❝❡✷✵✵✼❪✿

F
−1/2
θ ∇θlogp(X|θ). ✭✻✳✸✮

❖❢❡♥✱❤✐ ♥♦♠❛❧✐③❛✐♦♥ ❡♣✐♥♦ ♣❡❢♦♠❡❞✐♥♣❛❝✐❝❡✱❞✉❡♦❤❡❛ ♦❝✐❛❡❞

❝♦♠♣✉❛✐♦♥❛❧❝♦ ✳■♥❤✐❝❛❡✱Fθ✐❛♣♣♦①✐♠❛❡❞❜②❤❡✐❞❡♥✐②♠❛✐①✳◆❡✈✲

❡❤❡❧❡ ✱✐♥❬❡♦♥♥✐♥✫❉❛♥❝❡✷✵✵✼❪✱❤❡❛✉❤♦ ❤❛✈❡❤♦✇♥❤❛❜②♣❡❢♦♠✐♥❣

❤❡♥♦♠❛❧✐③❛✐♦♥✱❤❡♣❡❢♦♠❛♥❝❡ ❛❡✐♥❝❡❛❡❞✳

▲❡ X={xn}n=1:N ❜❡❛♥N✲❛♠♣❧❡♦❢m✲❞✐♠❡♥✐♦♥❛❧♦❜❡✈❛✐♦♥♠♦❞❡❧❡❞❛

❛●❛✉✐❛♥♠✐①✉❡♠♦❞❡❧✇✐❤K❝♦♠♣♦♥❡♥✳❚❤✉✿

p(xn|θ)=

K

k=1

kp(xn|µk,Mk), ✭✻✳✹✮

✇❤❡❡θ={(k,µk,Mk)1≤k≤K}✐ ❤❡♣❛❛♠❡❡✈❡❝♦❢♦ ❤❡k
th❝♦♠♣♦♥❡♥✳ k

✐ ❤❡♠✐①✉❡✇❡✐❣❤✱✇✐❤ k∈(0,1)❛♥❞
K
k=1 k=1✱µk✐ ❤❡♠❡❛♥✈❡❝♦✱

Mk✐ ❤❡❝♦✈❛✐❛♥❝❡♠❛✐①❛♥❞

p(xn|θk)=
1

(2π)
m
2|Mk|

1
2

exp −
1

2
(xn−µk)M

−1
k (xn−µk). ✭✻✳✺✮

■♥❛❞❞✐✐♦♥✱❤❡❝♦✈❛✐❛♥❝❡♠❛✐①✐❛✉♠❡❞♦❜❡❞✐❛❣♦♥❛❧❛♥❞σ2k=Diag(Mk)✐

❤❡✈❛✐❛♥❝❡✈❡❝♦✳

◆❡①✱❤❡❞❡✐✈❛✐✈❡♦❢❡❛❝❤❞✐♠❡♥✐♦♥d✱d=1,...,m✇✐❤ ❡♣❡❝ ♦θ❛❡

❝♦♠♣✉❡❞✱❜②❛❦✐♥❣✐♥♦❝♦♥✐❞❡❛✐♦♥✇♦♦❜❡✈❛✐♦♥✿

• ❤❡♣♦❜❛❜✐❧✐②γk(xn)❤❛ ❤❡♦❜❡✈❛✐♦♥xn✐❣❡♥❡❛❡❞❜②❤❡k
th●❛✉ ✐❛♥

❝♦♠♣♦♥❡♥✐❝♦♠♣✉❡❞❛✿

γk(xn)=
kp(xn|θk)

K
j=1 jp(xn|θj)

; ✭✻✳✻✮

• ♦❡♥✉❡❤❡❝♦♥ ❛✐♥ ♠❛❞❡♦♥ ❤❡♠✐①✉❡✇❡✐❣❤✱❤❡❢♦❧❧♦✇✐♥❣♣❛❛♠❡✐③❛✲

✐♦♥✐❣❡♥❡❛❧❧②❛❞♦♣❡❞✿

k=
exp(αk)
K
j=1exp(αj)

. ✭✻✳✼✮



✻✳✷✳ ▲♦❝❛❧❋❡❛✉❡ ❢♦■♥❢♦♠❛ ✐♦♥ ▼♦❞❡❧✐♥❣ ✶✵✺

❆ ❛❡✉❧✱❜②♥❡❣❧❡❝✐♥❣❤❡❋✐❤❡ ✐♥❢♦♠❛✐♦♥♠❛✐①✱❤❡❣❛❞✐❡♥ ♦❢❤❡

❧♦❣✲❧✐❦❡❧✐❤♦♦❞❛❡♦❜❛✐♥❡❞❛✿

∂logp(X|θ)

∂µdk
=

N

n=1

γk(xn)
xdn−µ

d
k

σdk
2 , ✭✻✳✽✮

∂logp(X|θ)

∂σdk
=

N

n=1

γk(xn)
xdn− µ

d
k
2

σdk
3 −

1

σdk
, ✭✻✳✾✮

∂logp(X|θ)

∂αk
=

N

n=1

[γk(xn)− k]. ✭✻✳✶✵✮

❇②✉✐♥❣♦♠❡✱♦❛❧❧♦❢❤❡❡❞❡✐✈❛✐✈❡✱❤❡❋✐❤❡✈❡❝♦ ❛❡♦❜❛✐♥❡❞✱❛✐❧❧✉✲

❛❡❞✐♥❋✐❣✉❡✻✳✸✳■♥❬❙♥❝❤❡③❡❛❧✳✷✵✶✸❪✱✐❤❛❜❡❡♥❤♦✇♥❤❛ ❤❡❝♦♠❜✐♥❛✐♦♥

❋✐❣✉❡✻✳✸✿❋❡❛✉❡✈❡❝♦❝♦♠♣✉❛✐♦♥❢♦ ❤❡❋✐❤❡✈❡❝♦♠❡❤♦❞✳

❜❡✇❡❡♥ ❤❡❞❡✐✈❛✐✈❡✇✐❤❡♣❡❝ ♦❤❡♠❡❛♥❛♥❞❞✐♣❡ ✐♦♥❣✐✈❡ ❤❡♠♦ ❞✐✲

❝✐♠✐♥❛✐♥❣❞❡❝✐♣♦✳

✻✳✷✳✶✳✸ ❱❡❝♦ ♦❢▲♦❝❛❧❧②❆❣❣❡❣❛❡❞❉❡❝✐♣♦

❚❤❡✈❡❝♦ ♦❢❧♦❝❛❧❧②❛❣❣❡❣❛❡❞❞❡❝✐♣♦ ✭❱▲❆❉✮❡♣❡❡♥❛✐♠♣❧✐✜❝❛✐♦♥♦❢

❤❡❋✐❤❡❦❡♥❡❧❬❏❣♦✉❡❛❧✳✷✵✶✵❪✱❜❛❡❞♦♥❤❡❞❡✜♥✐✐♦♥♦❢❤❡❝♦❞❡❜♦♦❦✳

▲❡ X={xn}n=1:N✱✇✐❤xn∈R
m✱❜❡❛♥N✲❛♠♣❧❡♦❢❧♦✇❧❡✈❡❧m✲❞✐♠❡♥✐♦♥❛❧

❢❡❛✉❡❡①❛❝❡❞❢♦♠❛❞❛❛❡✳ ❚❤✐ ❡✐♣❛ ✐✐♦♥❡❞✐♥♦K ❝❧✉❡✱❣✐✈❡♥

❜② ❤❡✐ ❝❡♥♦✐❞✉✉❛❧❧②❞❡❡♠✐♥❡❞❜② ❤❡❦✲♠❡❛♥ ❛❧❣♦✐❤♠✳❋♦ ❡❛❝❤❝❧✉❡

ck✱k=1,...,K✱❛✈❡❝♦❝♦♥❛✐♥✐♥❣❤❡❞✐✛❡❡♥❝❡❜❡✇❡❡♥ ❤❡❝❧✉ ❡✬❝❡♥♦✐❞

µk❛♥❞❡❛❝❤❡❧❡♠❡♥xn✐♥❤❛ ❝❧✉❡✐❝♦♠♣✉❡❞✳ ◆❡①✱❤❡ ✉♠♦❢❞✐✛❡❡♥❝❡

❝♦♥❝❡♥✐♥❣❡❛❝❤❝❧✉ ❡ck✐❞❡❡♠✐♥❡❞✿

vk=
xn∈ck

µk−xn, ✭✻✳✶✶✮

❛ ❤♦✇♥✐♥❋✐❣✉❡✻✳✹✳■♥❤❡❡♥❞✱ ❤❡✜♥❛❧❱▲❆❉❞❡❝✐♣♦ ✐❣✐✈❡♥❜② ❤❡

❝♦♥❝❛❡♥❛✐♦♥♦❢❛❧❧❤❡♣❡✈✐♦✉❧②♦❜❛✐♥❡❞✉♠✿

V=[v1,...,vK], ✭✻✳✶✷✮



✶✵✻ ❈❤❛♣ ❡ ✻✳ ❘✐❡♠❛♥♥✐❛♥❋✐❤❡ ❱❡❝ ♦

✇❤✐❝❤❧❡❛❞ ♦✈❡②❣♦♦❞❡✉❧ ✐♥♣❛❝✐❝❡❬❏❣♦✉❡❛❧✳✷✵✶✵❪✳

❋✐❣✉❡✻✳✹✿❋❡❛✉❡✈❡❝♦❝♦♠♣✉❛✐♦♥❢♦ ❤❡❱▲❆❉♠❡❤♦❞✳

❚❤❡❱▲❆❉❞❡❝✐♣♦ ❝❛♥❜❡❛❧♦♦❜❛✐♥❡❞ ❛✐♥❣❢♦♠❋❱✱❜②❛❦✐♥❣✐♥♦

❝♦♥✐❞❡❛✐♦♥♦♥❧②❤❡❞❡✐✈❛✐✈❡✇✐❤❡♣❡❝ ♦❤❡●▼▼♠❡❛♥✱❣✐✈❡♥✐♥✭✻✳✽✮✳■♥

❛❞❞✐✐♦♥✱❤❡❤♦♠♦❝❡❞❛✐❝✐②❛ ✉♠♣✐♦♥✭σk=σ,∀k=1,...,K✮❛♥❞❤❡❤❛❞

❛✐❣♥♠❡♥ ❝❤❡♠❡✭γk(xn)=1✐❢xn∈ck❛♥❞0♦❤❡✇✐❡✮❛❡❡✉✐❡❞♦♦❜❛✐♥

❤❡❱▲❆❉❬❙♥❝❤❡③❡❛❧✳✷✵✶✸✱❏❣♦✉❡❛❧✳✷✵✶✵❪✳

❘❡❝❡♥❧②✱❤❡❇♦❲❛♥❞❱▲❆❉♠❡❤♦❞ ❤❛✈❡❜❡❡♥❣❡♥❡❛❧✐③❡❞♦❤❡❘✐❡♠❛♥♥✐❛♥

❝❛❡✳■♥❤❡❢♦❧❧♦✇✐♥❣✱ ❤❡❡❡①❡♥✐♦♥ ♦❤❡♠❛♥✐❢♦❧❞♦❢❝♦✈❛✐❛♥❝❡♠❛✐❝❡❛❡

♣❡❡♥❡❞✳

✻✳✷✳✷ ❊①❡♥✐♦♥♦❘✐❡♠❛♥♥✐❛♥ ▼❛♥✐❢♦❧❞

✻✳✷✳✷✳✶ ❇❛❣♦❢ ❲♦❞ ♦♥ ❤❡❘✐❡♠❛♥♥✐❛♥ ▼❛♥✐❢♦❧❞

■♥❬❋❛❛❦✐❡❛❧✳✷✵✶✹❪❛♥❞❬❋❛❛❦✐❡❛❧✳✷✵✶✺❜❪✱❤❡❇♦❲❛♣♣♦❛❝❤❤❛❜❡❡♥❡①❡♥❞❡❞

♦❤❡♦✲❝❛❧❧❡❞❜❛❣♦❢❘✐❡♠❛♥♥✐❛♥✇♦❞✭❇♦❘❲✮❛♥❞❧♦❣✲❊✉❝❧✐❞❡❛♥❜❛❣♦❢✇♦❞

✭▲❊✲❇♦❲✮♠♦❞❡❧✳

❚❤❡❡❞❡❝✐♣♦ ❤❛✈❡❜❡❡♥♦❜❛✐♥❡❞❜②❛❞❞❡✐♥❣✇♦♣♦❜❧❡♠✿

• ❤❡❝♦❞❡❜♦♦❦❝♦♥ ✉❝✐♦♥✐♥❤❡❘✐❡♠❛♥♥✐❛♥♣❛❝❡❀

• ❤❡❤✐ ♦❣❛♠❝♦♥ ✉❝✐♦♥✐♥❤❡❘✐❡♠❛♥♥✐❛♥♣❛❝❡✳

▲❡ M ={Mn}n=1:N✱✇✐❤Mn∈Pm✱❜❡❛❛♠♣❧❡♦❢N✐✳✐✳❞♦❜❡✈❛✐♦♥♦♥

❤❡❘✐❡♠❛♥♥✐❛♥♠❛♥✐❢♦❧❞✳

■♥♦❞❡ ♦ ❛❦❡✐♥♦❛❝❝♦✉♥ ❤❡❣❡♦♠❡ ②♦❢ ❤❡❝♦✈❛✐❛♥❝❡♠❛✐❝❡ ♣❛❝❡✱

✐♥❬❋❛❛❦✐❡❛❧✳✷✵✶✹❪❤❡❛✉❤♦ ❤❛✈❡❡①❡♥❞❡❞ ❤❡❦✲♠❡❛♥ ❛❧❣♦✐❤♠ ♦ ❤❡

❘✐❡♠❛♥♥✐❛♥ ♣❛❝❡✱❜②✉✐♥❣❤❡❘❛♦✬❣❡♦❞❡✐❝❞✐❛♥❝❡❜❡✇❡❡♥ ✇♦♣♦✐♥ ♦♥❤❡

♠❛♥✐❢♦❧❞✳■♥ ❤✐ ❝❛❡✱ ❤❡❝❧✉ ❡✬❝❡♥♦✐❞M̄ ✐❣✐✈❡♥❜② ❤❡❝❡♥❡ ♦❢♠❛

♦❜❛✐♥❡❞❜②♠✐♥✐♠✐③✐♥❣❤❡❝♦ ❢✉♥❝✐♦♥✐♥✭✺✳✹✮✱❡❝❛❧❧❡❞♥❡①✿

fCM(̄M)=
1

N

N

n=1

d2(̄M,Mn), ✭✻✳✶✸✮



✻✳✷✳ ▲♦❝❛❧❋❡❛✉❡ ❢♦■♥❢♦♠❛ ✐♦♥ ▼♦❞❡❧✐♥❣ ✶✵✼

✇❤❡❡d(·)❡♣❡❡♥ ❤❡❘❛♦✬❘✐❡♠❛♥♥✐❛♥❞✐ ❛♥❝❡❬❏❛♠❡✶✾✼✸❪✳◆❡①✱❤❡❤✐✲

♦❣❛♠❤❛❜❡❡♥❝♦♠♣✉❡❞❜②❛♦❝✐❛✐♥❣❡❛❝❤❧♦❝❛❧❞❡❝✐♣♦ ♦✐ ❝❧♦❡ ❝♦❞❡✲

✇♦❞✐♥❡♠ ♦❢❣❡♦❞❡✐❝❞✐❛♥❝❡✳

❆ ❧✐❣❤❧②❞✐✛❡❡♥❛❧❣♦✐❤♠❝❛♥❜❡♦❜❛✐♥❡❞ ❛✐♥❣❢♦♠❤❡♦♥❡❣✐✈❡♥✐♥❬❋❛❛❦✐

❡❛❧✳✷✵✶✹❪✱❜②✐♥♦❞✉❝✐♥❣❤❡❘●❉✱♦ ❘▲❉✱♣♦❜❛❜✐❧✐②❞❡♥✐②❢✉♥❝✐♦♥✐♥❤❡

❝♦❞❡❜♦♦❦❝♦♥ ✉❝✐♦♥✳

▲❡ M ={Mn}n=1:N✱✇✐❤Mn∈Pm✱❜❡❛♥N✲❛♠♣❧❡♦❢✐✳✐✳❞♦❜❡✈❛✐♦♥

✐✉❡❞❢♦♠♦♥❡♦❢ ❤❡❘✐❡♠❛♥♥✐❛♥❞✐ ✐❜✉✐♦♥✳■♥❤✐ ❝❛❡✱❤❡❞❛❛ ♣❛❝❡✐

♣❛ ✐✐♦♥❡❞✐♥K❱♦♦♥♦ ❡❣✐♦♥❜②♠❛①✐♠✐③✐♥❣❤❡❝♦ ❡♣♦♥❞✐♥❣♣♦❜❛❜✐❧✐②❞❡♥✲

✐②❢✉♥❝✐♦♥✳ ▼♦❡♣❡❝✐❡❧②✱❡❛❝❤♦❜❡✈❛✐♦♥Mn✐❛✐❣♥❡❞♦ ❤❡❝❧✉ ❡k✱

k=1,...,K❛❝❝♦❞✐♥❣♦✿

argmax
k

p(Mn|̄Mk,σk), ✭✻✳✶✹✮

✇❤❡❡p(Mn|̄Mk,σk)✐ ❤❡❘●❉✱♦❘▲❉♣♦❜❛❜✐❧✐②❞❡♥✐②❢✉♥❝✐♦♥❣✐✈❡♥✐♥✭✹✳✽✮✱

♦✭✹✳✸✹✮✳

■♥❬❋❛❛❦✐❡❛❧✳✷✵✶✺❜❪❤❡❛✉❤♦ ❤❛✈❡♣♦♣♦❡❞❛♥♦❤❡ ❛♣♣♦❛❝❤✱❝❛❧❧❡❞

❤❡▲❊✲❇♦❲✱✇❤✐❝❤✐♠♣❧✐❡ ❤❡ ❛♥❢♦♠❛✐♦♥♦❢❤❡♠❛ ✐①♣❛❝❡✐♥♦❛✈❡❝♦

♣❛❝❡✱❜②♠❡❛♥♦❢❧♦❣✲❊✉❝❧✐❞❡❛♥❡♣❡❡♥❛✐♦♥✳❆❛❡✉❧✱❤❡❝♦❞❡❜♦♦❦❝❛♥❜❡

♦❜❛✐♥❡❞❜②❤❡❝❧❛ ✐❝❛❧❦✲♠❡❛♥❞❡✜♥❡❞✐♥❤❡❊✉❝❧✐❞❡❛♥♣❛❝❡❛♥❞❤❡❤✐ ♦❣❛♠

✐ ❤❡♥❜✉✐❧✐♥❤❡❧♦❣✲❊✉❝❧✐❞❡❛♥♣❛❝❡✳

✻✳✷✳✷✳✷ ❘✐❡♠❛♥♥✐❛♥❱❡❝♦ ♦❢▲♦❝❛❧❧②❆❣❣❡❣❛❡❞❉❡❝✐♣♦

❚❤❡❘✐❡♠❛♥♥✐❛♥✈❡ ✐♦♥♦❢❱▲❆❉✱❝❛❧❧❡❞❘✐❡♠❛♥♥✐❛♥❱❡❝♦ ♦❢▲♦❝❛❧❧②❆❣❣❡❣❛❡❞

❉❡❝✐♣♦ ✭❘✲❱▲❆❉✮✱❤❛❜❡❡♥❞❡✈❡❧♦♣❡❞✐♥❬❋❛❛❦✐❡❛❧✳✷✵✶✺❛❪❛♥❞❤❛ ❤♦✇♥

✉♣❡✐♦❝❧❛✐✜❝❛✐♦♥♣❡❢♦♠❛♥❝❡✱❝♦♠♣❛❡❞♦❤❡❝❧❛ ✐❝❱▲❆❉❛❧❣♦✐❤♠✳

■♥♦❞❡ ♦❞❡✜♥❡❤✐❞❡❝✐♣♦✱✇♦♣♦❜❧❡♠❤❛❞♦❜❡❛❞❞❡❡❞✜ ✿

• ❤❡❞❡✜♥✐✐♦♥♦❢❛♠❡✐❝❢♦ ❤❡❝❧✉ ❡✐♥❣❛❧❣♦✐❤♠❀

• ❤❡❞❡✜♥✐✐♦♥♦❢❤❡❘✐❡♠❛♥♥✐❛♥✉❜ ❛❝✐♦♥✳

■♥❬❋❛❛❦✐❡❛❧✳✷✵✶✺❛❪❤❡❡✐✉❡❤❛✈❡❜❡❡♥ ♦❧✈❡❞❜②❝❤♦♦✐♥❣❤❡❣❡♦❞❡✐❝❞✐✲

❛♥❝❡❬❏❛♠❡ ✶✾✼✸❪❛❛ ✐♠✐❧❛✐②♠❡❛✉❡❛♥❞❤❡❘✐❡♠❛♥♥✐❛♥❧♦❣❛✐❤♠♠❛♣✲

♣✐♥❣❬❍✐❣❤❛♠✷✵✵✽❪♦♣❡❢♦♠ ❤❡✉❜ ❛❝✐♦♥♦♥❤❡♠❛♥✐❢♦❧❞✳

▲❡ M ={Mn}n=1:N✱✇✐❤Mn∈Pm✱❜❡❛♥N✲❛♠♣❧❡♦❢✐✳✐✳❞♦❜❡✈❛✐♦♥

♦♥❤❡❘✐❡♠❛♥♥✐❛♥♠❛♥✐❢♦❧❞✳❇❛❡❞♦♥❤❡❣❡♦❞❡✐❝❞✐❛♥❝❡✱M ✐♣❛ ✐✐♦♥❡❞✐♥

K ❝❧✉❡ ✇✐❤ ❤❡❝❡♥♦✐❞❞❡♥♦❡❞❜②ck✱k=1,...,K✳ ❚❤✐♣❛ ✐✐♦♥❝❛♥❜❡

❛❝❤✐❡✈❡❞❜②✉✐♥❣❤❡❦✲♠❡❛♥ ❞❡❛✐❧❡❞✐♥❬❋❛❛❦✐❡❛❧✳✷✵✶✺❛❪✳■♥❤✐ ❝❛❡✱❤❡

✈❡❝♦♦❢❞✐✛❡❡♥❝❡❜❡✇❡❡♥❡❛❝❤❝❡♥ ♦✐❞ck❛♥❞❤❡❡❧❡♠❡♥ Mi∈ck✱❞❡✜♥❡❞

✐♥✭✻✳✶✶✮✱❜❡❝♦♠❡✿

vk=
Mi∈ck

▲♦❣ckMi, ✭✻✳✶✺✮

✇❤❡❡▲♦❣(·)✐ ❤❡❘✐❡♠❛♥♥✐❛♥❧♦❣❛✐❤♠♠❛♣♣✐♥❣❬❍✐❣❤❛♠✷✵✵✽❪✳



✶✵✽ ❈❤❛♣ ❡ ✻✳ ❘✐❡♠❛♥♥✐❛♥❋✐❤❡ ❱❡❝ ♦

✻✳✸ ❘✐❡♠❛♥♥✐❛♥❋✐❤❡ ❱❡❝♦

❚❤❡♣❡✈✐♦✉ ❡❝✐♦♥❤❛❞❡❝✐❜❡❞❤❡❣❡♥❡❛❧✐③❛✐♦♥♦❢❤❡❇♦❲❛♥❞❱▲❆❉♠♦❞✲

❡❧ ♦❤❡❘✐❡♠❛♥♥✐❛♥♠❛♥✐❢♦❧❞✳❚❤✐❡①❡♥✐♦♥❤❛♥♦ ②❡❜❡❡♥❞♦♥❡❢♦ ❋✐❤❡

✈❡❝♦✱❞✉❡♦ ❤❡❧❛❝❦♦❢♣♦❜❛❜✐❧✐✐❝❣❡♥❡❛✐✈❡♠♦❞❡❧✱✉✐❡❞❢♦♣❛❛♠❡✐❝

❞❡❝✐♣♦✳❘❡❝❡♥❧②✱❤❡❘✐❡♠❛♥♥✐❛♥♣❛❝❡❤❛❜❡❡♥♠♦❞❡❧❡❞❜②❡✈❡❛❧❞✐ ✐❜✉✲

✐♦♥❛♥❞❤❡❡❢♦❡✱❤❡❋✐❤❡✈❡❝♦ ❝❛♥❜❡❞❡✜♥❡❞❢♦ ❤❡♠❛♥✐❢♦❧❞♦❢❝♦✈❛✐❛♥❝❡

♠❛ ✐❝❡✳

▲❡ M ={Mn}n=1:N✱✇✐❤Mn∈Pm✱❜❡❛♥N✲❛♠♣❧❡♦❢✐✳✐✳❞♦❜❡✈❛✐♦♥

♠♦❞❡❧❡❞❛ ❛♠✐①✉❡♦❢K ❘✐❡♠❛♥♥✐❛♥❞✐ ✐❜✉✐♦♥✳ ❯♥❞❡ ❤❡✐♥❞❡♣❡♥❞❡♥❝❡

❛✉♠♣✐♦♥✱❤❡♣♦❜❛❜✐❧✐②❞❡♥✐②❢✉♥❝✐♦♥♦❢M ✐❣✐✈❡♥❜②✿

p(M |θ)=

N

n=1

p(Mn|θ)=

N

n=1

K

k=1

kp(Mn|̄Mk,σk), ✭✻✳✶✻✮

✇❤❡❡p(Mn|̄Mk,σk)❡♣❡❡♥ ♦♠❡❞❡♥✐②❞❡✜♥❡❞♦♥ ❤❡ ♠❛♥✐❢♦❧❞❛♥❞θ=

{(k,̄Mk,σk)1≤k≤K}✐ ❤❡♣❛❛♠❡❡✈❡❝♦ ❝♦♥❛✐♥✐♥❣ ❤❡♠✐①✉❡✇❡✐❣❤ k✱

❤❡❝❡♥❛❧✈❛❧✉❡M̄k❛♥❞❤❡❞✐♣❡ ✐♦♥♣❛❛♠❡❡σk✳

■♥♦❞❡ ♦♦❜❛✐♥❤❡❘✐❡♠❛♥♥✐❛♥❋✐❤❡ ❱❡❝♦ ✭❘❋❱✮✱❤❡❣❛❞✐❡♥♦❢❤❡

♣♦❜❛❜✐❧✐②❞❡♥✐②❢✉♥❝✐♦♥❝❤❛❛❝❡✐③✐♥❣❤❡❞❛❛❤❛ ♦❜❡❞❡❡♠✐♥❡❞✳❙✐♠✐❧❛ ♦

❤❡❊✉❝❧✐❞❡❛♥❝❛❡✱❤✐✐❛❝❤✐❡✈❡❞❜②❝♦♠♣✉✐♥❣❤❡❣❛❞✐❡♥♦❢❤❡❧♦❣✲❧✐❦❡❧✐❤♦♦❞

✇✐❤ ❡♣❡❝ ♦ ❤❡♠♦❞❡❧♣❛❛♠❡❡✳ ❈♦♥❝❡♥✐♥❣ ❤❡❣❛❞✐❡♥✬♥♦♠❛❧✐③❛✐♦♥✱

✉♣♦♦✉❦♥♦✇❧❡❞❣❡✱❤❡❡✐♥♦❝❧♦❡❞✲❢♦♠❡①♣❡✐♦♥❢♦ ❤✐❋✐❤❡✐♥❢♦♠❛✐♦♥

♠❛ ✐①✐♥❤❡❘✐❡♠❛♥♥✐❛♥♣❛❝❡✳■♥♣❛❝✐❝❡✱✐❝❛♥❜❡❡✐♠❛❡❞❜②❝❛②✐♥❣♦✉❛

▼♦♥❡❈❛❧♦✐♥❡❣❛✐♦♥✳◆♦♥❡❤❡❧❡ ✱❞✉❡♦❤❡❝♦♠♣✉❛✐♦♥❝♦ ♦❢❤✐❛♣♣♦❛❝❤✱

❤❡❋✐❤❡ ✐♥❢♦♠❛✐♦♥♠❛✐①✐♦❢❡♥❛♣♣♦①✐♠❛❡❞❜②❤❡✐❞❡♥✐②♠❛✐①❬❡✲

♦♥♥✐♥✫❉❛♥❝❡✷✵✵✼❪✳

■♥❤❡❢♦❧❧♦✇✐♥❣✱❘❋❱❛❡❞❡✐✈❡❞❢♦ ❤❡❘✐❡♠❛♥♥✐❛♥●❛✉ ✐❛♥ ♠♦❞❡❧❛♥❞

❘✐❡♠❛♥♥✐❛♥▲❛♣❧❛❝❡♠♦❞❡❧✳❈❧♦❡❞✲❢♦♠❡①♣❡✐♦♥♦❢❤❡❞❡✐✈❛✐✈❡♦❢❤❡❧♦❣✲

❧✐❦❡❧✐❤♦♦❞❢✉♥❝✐♦♥✇✐❤ ❡♣❡❝ ♦θ={(k,̄Mk,σk)1≤k≤K}❝❛♥❜❡❝♦♠♣✉❡❞

❜❛❡❞♦♥❤❡❢♦❧❧♦✇✐♥❣♦❜❡✈❛✐♦♥✿

• ❤❡♣♦❜❛❜✐❧✐②γk(Mn)❤❛ ❤❡♦❜❡✈❛✐♦♥Mn✐❣❡♥❡❛❡❞❜②❤❡k
th♠✐①✲

✉❡❝♦♠♣♦♥❡♥✐❝♦♠♣✉❡❞❛✿

γk(Mn)=
kp(Mn|̄Mk,σk)

K
j=1 jp(Mn|̄Mj,σj)

; ✭✻✳✶✼✮

• ♦❡♥✉❡❤❡❝♦♥ ❛✐♥ ♦❢♣♦✐✐✈✐②❛♥❞ ✉♠✲♦✲♦♥❡❢♦ ❤❡✇❡✐❣❤ ✱❤❡

❞❡✐✈❛✐✈❡♦❢❤❡❧♦❣✲❧✐❦❡❧✐❤♦♦❞✇✐❤ ❡♣❡❝ ♦❤✐ ♣❛❛♠❡❡♥❡❡❞ ❤❡❢♦❧✲

❧♦✇✐♥❣♣❛❛♠❡✐③❛✐♦♥❬❙♥❝❤❡③❡❛❧✳✷✵✶✸❪✿

k=
exp(αk)
K
j=1exp(αj)

. ✭✻✳✶✽✮



✻✳✸✳ ❘✐❡♠❛♥♥✐❛♥❋✐❤❡ ❱❡❝ ♦ ✶✵✾

■♥❤❡❡♥❞✱❤❡✈❡❝♦✐③❡❞❡♣❡❡♥❛✐♦♥♦❢❤❡❞❡✐✈❛✐✈❡♦❢❤❡❧♦❣✲❧✐❦❡❧✐❤♦♦❞

✇✐❤❡♣❡❝ ♦❤❡♣❛❛♠❡❡ ✐♥θ✱❣✐✈❡ ❤❡❘✐❡♠❛♥♥✐❛♥❋✐❤❡✈❡❝♦✳

❇②✉✐♥❣❤❡❘❋❱✱❛ ❛♠♣❧❡✐ ❝❤❛❛❝❡✐③❡❞❜②❛❢❡❛✉❡✈❡❝♦ ❝♦♥❛✐♥✐♥❣

♦♠❡✱♦❛❧❧❤❡❞❡✐✈❛✐✈❡✱❤❛✈✐♥❣❤❡♠❛①✐♠✉♠❧❡♥❣❤❣✐✈❡♥❜② ❤❡♥✉♠❜❡ ♦❢

♣❛❛♠❡❡ ✐♥θ✳

✻✳✸✳✶ ❘✐❡♠❛♥♥✐❛♥●❛✉ ✐❛♥ ▼♦❞❡❧

■♥♦❞❡ ♦♦❜❛✐♥ ❤❡❘❋❱❢♦ ❤❡❘✐❡♠❛♥♥✐❛♥●❛✉ ✐❛♥♠♦❞❡❧✱❤❡♣♦❜❛❜✐❧✐②

❞❡♥✐②❢✉♥❝✐♦♥p(Mn|̄Mk,σk)✐♥✭✻✳✶✻✮❡♣❡❡♥ ❤❡❘✐❡♠❛♥♥✐❛♥●❛✉ ✐❛♥❞✐✲

✐❜✉✐♦♥✱✐♥♦❞✉❝❡❞✐♥❙❡❝✐♦♥✹✳✸✳✶❛♥❞❡❝❛❧❧❡❞♥❡①✿

p(Mn|̄Mk,σk)=
1

Z(σk)
exp −

d2(Mn,̄Mk)

2σ2k
, ✭✻✳✶✾✮

✇❤❡❡M̄k∈Pm ❛♥❞σk>0❛❡❤❡❧♦❝❛✐♦♥❛♥❞❤❡❞✐♣❡ ✐♦♥♣❛❛♠❡❡✳Z(σk)

✐❛♥♦♠❛❧✐③❛✐♦♥❢❛❝♦✐♥❞❡♣❡♥❞❡♥♦❢❤❡❝❡♥♦✐❞M̄k❛♥❞d(·)✐❤❡❘✐❡♠❛♥♥✐❛♥

❞✐ ❛♥❝❡❬❏❛♠❡✶✾✼✸❪✳

❆ ❛❡✉❧✱❤❡❞❡✐✈❛✐✈❡✇✐❤❡♣❡❝ ♦❤❡❡❧❡♠❡♥ ✐♥❤❡♣❛❛♠❡❡✈❡❝♦

❛❡❬■❧❡❛❡❛❧✳✷✵✶✻❜❪✿

∂logp(M |θ)

∂M̄k
=

N

n=1

γk(Mn)
▲♦❣M̄k(Mn)

σ2k
, ✭✻✳✷✵✮

∂logp(M |θ)

∂σk
=

N

n=1

γk(Mn)
d2(Mn,̄Mk)

σ3k
−
Z(σk)

Z(σk)
, ✭✻✳✷✶✮

∂logp(M |θ)

∂αk
=

N

n=1

[γk(Mn)− k], ✭✻✳✷✷✮

✇❤❡❡▲♦❣̄Mk(·)✐ ❤❡❘✐❡♠❛♥♥✐❛♥❧♦❣❛✐❤♠♠❛♣♣✐♥❣❬❍✐❣❤❛♠✷✵✵✽❪✱γk(·)❛♥❞

αk❛❡❞❡✜♥❡❞✐♥✭✻✳✶✼✮✱❡♣❡❝✐✈❡❧②✭✻✳✶✽✮✳Z(σk)✐ ❤❡❞❡✐✈❛✐✈❡♦❢Z(σk)✇✐❤

❡♣❡❝ ♦σk✳❆❧❧❤❡❝♦♠♣✉❛✐♦♥❛❧❞❡❛✐❧❝♦♥❝❡♥✐♥❣❤❡❞❡✐✈❛✐✈❡✇✐❤❡♣❡❝

♦θ❛❡❣✐✈❡♥✐♥❆♣♣❡♥❞✐①❇✳■♥❛❞❞✐✐♦♥✱❤❡♠❡❤♦❞❢♦ ❝♦♠♣✉✐♥❣Z(σk)❤❛

❜❡❡♥❛❧❡❛❞②♣❡❡♥❡❞✐♥❙❡❝✐♦♥✹✳✸✳✸✳

❇②❛♥❛❧②③✐♥❣ ❤❡❡❡①♣❡✐♦♥✱✐❝❛♥❜❡♥♦✐❝❡❞❤❛ ❤❡②❛❡✐♠✐❧❛ ♦❤❡

♦♥❡♦❜❛✐♥❡❞❢♦ ❤❡●▼▼♣❡❡♥❡❞✐♥❙❡❝✐♦♥✻✳✷✳✶✳✷✱♠♦❡♣❡❝✐❡❧②✱✇✐❤ ❤❡

❡①♣❡✐♦♥✐♥✭✻✳✽✮✱✭✻✳✾✮❛♥❞✭✻✳✶✵✮✳

✻✳✸✳✷ ❘✐❡♠❛♥♥✐❛♥▲❛♣❧❛❝❡ ▼♦❞❡❧

❙❛✐♥❣❢♦♠❤❡✐ ✐♥✐✐❛❧❞❡✜♥✐✐♦♥✱❤❡❘✐❡♠❛♥♥✐❛♥❋✐❤❡ ✈❡❝♦ ❛❡❡①❡♥❞❡❞

♥❡① ♦❤❡❘✐❡♠❛♥♥✐❛♥▲❛♣❧❛❝❡❞✐ ✐❜✉✐♦♥✳■♥❤✐ ❝❛❡✱❤❡♣♦❜❛❜✐❧✐②❞❡♥✐②

❢✉♥❝✐♦♥p(Mn|̄Mk,σk)✐♥✭✻✳✶✻✮✐❣✐✈❡♥❜②❤❡❘▲❉✐♥♦❞✉❝❡❞✐♥❙❡❝✐♦♥✹✳✹✳✶

❛♥❞❡❝❛❧❧❡❞❢✉❤❡✿

p(Mn|̄Mk,σk)=
1

ζ(σk)
exp −

d(Mn,̄Mk)

2σ2k
, ✭✻✳✷✸✮



✶✶✵ ❈❤❛♣ ❡ ✻✳ ❘✐❡♠❛♥♥✐❛♥❋✐❤❡ ❱❡❝ ♦

✇❤❡❡M̄k ∈Pm ❛♥❞σk > 0❛❡ ❤❡❧♦❝❛✐♦♥❛♥❞❤❡❞✐♣❡ ✐♦♥♣❛❛♠❡❡✳

ζ(σk)✐❛♥♦♠❛❧✐③✐♥❣❢❛❝♦✐♥❞❡♣❡♥❞❡♥♦❢M̄k❛♥❞d(·)✐ ❤❡❘✐❡♠❛♥♥✐❛♥❞✐✲

❛♥❝❡❬❏❛♠❡✶✾✼✸❪✳

❚❤❡❡❢♦❡✱❤❡❞❡✐✈❛✐✈❡✇✐❤❡♣❡❝ ♦❤❡❞✐ ✐❜✉✐♦♥✬♣❛❛♠❡❡ ❛❡❬■❧❡❛

❡❛❧✳✷✵✶✻❛❪✿

∂logp(M |θ)

∂M̄k
=

N

n=1

γi(Mn)
▲♦❣M̄k(Mn)

2σ2kd(Mn,̄Mk)
, ✭✻✳✷✹✮

∂logp(M |θ)

∂σk
=

N

n=1

γk(Mn)
d(Mn,̄Mk)

σ3k
−
ζ(σk)

ζ(σk)
, ✭✻✳✷✺✮

∂logp(M |θ)

∂αk
=

N

n=1

[γk(Mn)− k], ✭✻✳✷✻✮

✇❤❡❡▲♦❣̄Mk(·)✐ ❤❡❘✐❡♠❛♥♥✐❛♥❧♦❣❛✐❤♠♠❛♣♣✐♥❣❬❍✐❣❤❛♠✷✵✵✽❪✱γk(·)❛♥❞

αk❛❡❞❡✜♥❡❞✐♥✭✻✳✶✼✮❛♥❞✭✻✳✶✽✮✳ζ(σk)✐ ❤❡❞❡✐✈❛✐✈❡♦❢ζ(σk)✇✐❤❡♣❡❝ ♦

σk❛♥❞✐ ❝♦♠♣✉❛✐♦♥❤❛❜❡❡♥❞❡❛✐❧❡❞✐♥❙❡❝✐♦♥✹✳✹✳✸✳❚❤❡♠❛❤❡♠❛✐❝❛❧♣♦♦❢

♦❢❤❡❡①♣❡✐♦♥✐♥✭✻✳✷✹✮✱✭✻✳✷✺✮❛♥❞✭✻✳✷✻✮❝❛♥❜❡❢♦✉♥❞✐♥❆♣♣❡♥❞✐①❈✳

✻✳✸✳✸ ❘❡❧❛✐♦♥✇✐❤❘✲❱▲❆❉

❆ ♠❡♥✐♦♥❡❞✐♥❤❡✐♥♦❞✉❝♦②♣❛✱❱▲❆❉❢❡❛✉❡❛❡❛♣❡❝✐❛❧❝❛❡♦❢❋❱✳

❚❤❡❡❢♦❡✱❘✲❱▲❆❉❝❛♥❜❡✈✐❡✇❡❞❛❛♣❛✐❝✉❧❛❝❛❡♦❢❤❡♣♦♣♦❡❞❘❋❱✳▼♦❡

♣❡❝✐❡❧②✱❘✲❱▲❆❉✐ ♦❜❛✐♥❡❞❜② ❛❦✐♥❣✐♥♦❝♦♥✐❞❡❛✐♦♥♦♥❧②❤❡❞❡✐✈❛✐✈❡

✇✐❤ ❡♣❡❝ ♦ ❤❡❝❡♥❛❧✈❛❧✉❡M̄k❣✐✈❡♥✐♥✭✻✳✷✵✮✱♦✭✻✳✷✹✮✳■♥❛❞❞✐✐♦♥✱❛

❤❛❞❛ ✐❣♥♠❡♥ ❝❤❡♠❡✐❛♣♣❧✐❡❞✱❦♥♦✇✐♥❣❤❛ ❤❡✐♥✐♥✐❝❦✲♠❡❛♥❛❧❣♦✐❤♠

✐✉✉❛❧❧②✉❡❞❢♦ ❤❡❝♦❞❡❜♦♦❦❣❡♥❡❛✐♦♥✳ ❙❛✐♥❣❢♦♠ ❤❡❞❡✜♥✐✐♦♥♦❢❤❡

❡❧❡♠❡♥ vk✐♥❤❡❘✲❱▲❆❉❞❡❝✐♣♦❬❋❛❛❦✐❡❛❧✳✷✵✶✺❛❪❡❝❛❧❧❡❞❤❡❡

vk=
Mn∈ck

▲♦❣M̄k(Mn), ✭✻✳✷✼✮

✇❤❡❡Mn∈ck❛❡❤❡❡❧❡♠❡♥ ❛✐❣♥❡❞♦❤❡❝❧✉ ❡ck✱k=1,...,K✱❤❡❤❛❞

❛✐❣♥♠❡♥✐♠♣❧✐❡ ❤❛✿

γk(Mn)=
1,✐❢Mn∈ck

0,♦❤❡✇✐❡.
✭✻✳✷✽✮

▼♦❡♦✈❡✱❤❡❛ ✉♠♣✐♦♥♦❢❤♦♠♦❝❡❞❛✐❝✐②✐❝♦♥✐❞❡❡❞✱❤❛ ✐σk=σ,∀k=

1,...,K✳ ❇②❛❦✐♥❣✐♥♦❛❝❝♦✉♥ ❤❡❡ ✇♦❤②♣♦❤❡❡✱✐✐❝❧❡❛ ❤❛ ✭✻✳✷✵✮

❛♥❞✭✻✳✷✹✮❡❞✉❝❡ ♦✭✻✳✷✼✮✱❤❡♥❝❡❝♦♥✜♠✐♥❣ ❤❛ ❘❋❱❛❡❛❣❡♥❡❛❧✐③❛✐♦♥♦❢

❘✲❱▲❆❉❞❡❝✐♣♦✳ ❚❤❡♦♥❧②❞✐✛❡❡♥❝❡❜❡✇❡❡♥✭✻✳✷✵✮❛♥❞✭✻✳✷✹✮❡❧✐❡♦♥❤❡

✇❛② ❤❡❝♦❞❡❜♦♦❦❛❡❝♦♥ ✉❝❡❞✳❚❤❡❢♦♠❡ ❝♦♥✐❞❡ ❤❛ ❤❡❝❡♥♦✐❞♦❢❡❛❝❤

❝❧✉❡✐❤❡❝❡♥❡♦❢♠❛✱✇❤✐❧❡❤❡❧❛ ❡❛✉♠❡ ❤❛ ❤❡❝❡♥♦✐❞✐ ❤❡♠❡❞✐❛♥✳



✻✳✹✳ ❆♣♣❧✐❝❛✐♦♥♦❚❡①✉❡■♠❛❣❡❈❧❛ ✐✜❝❛✐♦♥ ✶✶✶

✻✳✹ ❆♣♣❧✐❝❛✐♦♥♦❚❡①✉❡■♠❛❣❡❈❧❛ ✐✜❝❛✐♦♥

❚❤✐ ❡❝✐♦♥✐♥♦❞✉❝❡❛♥❛♣♣❧✐❝❛✐♦♥♦❡①✉❡✐♠❛❣❡❝❧❛✐✜❝❛✐♦♥✳ ❚❤❡❛✐♠♦❢

❤✐❡①♣❡✐♠❡♥✐ ❤❡❡❢♦❧❞✳

❚❤❡✜ ♦❜❥❡❝✐✈❡✐ ♦❛♥❛❧②③❡❤❡♣♦❡♥✐❛❧♦❢❤❡♣♦♣♦❡❞❘❋❱✱❢♦❜♦❤❤❡

●❛✉ ✐❛♥❛♥❞▲❛♣❧❛❝❡♠♦❞❡❧✱❝♦♠♣❛❡❞♦❤❡❡❝❡♥❧②♣♦♣♦❡❞❜❛❣♦❢❘✐❡♠❛♥♥✐❛♥

✇♦❞ ✭❇♦❘❲✮♠♦❞❡❧❬❋❛❛❦✐❡❛❧✳✷✵✶✹❪❛♥❞❘✲❱▲❆❉❬❋❛❛❦✐❡❛❧✳✷✵✶✺❛❪✳❚❤❡

❇♦❘❲✱❘❋❱❛♥❞❘✲❱▲❆❉❛❡❜✉✐❧❜❛❡❞♦♥❡❣✐♦♥❝♦✈❛✐❛♥❝❡❞❡❝✐♣♦ ❬❚✉③❡❧

❡❛❧✳✷✵✵✻❪❝♦♥❛✐♥✐♥❣❜❛✐❝✐♥❢♦♠❛✐♦♥✱❧✐❦❡✐♠❛❣❡✐♥❡♥✐②❛♥❞❣❛❞✐❡♥✳ ❚❤❡

❡①♣❡✐♠❡♥✬♣✉♣♦❡✐♥♦ ♦✜♥❞❤❡❜❡ ❝❧❛✐✜❝❛✐♦♥❛❡✱❜✉ ♦❝♦♠♣❛❡❤❡

♠❡❤♦❞✱ ❛✐♥❣❢♦♠❝❧❛✐❝❛❧❞❡❝✐♣♦✳

❚❤❡ ❡❝♦♥❞♦❜❥❡❝✐✈❡✐ ♦❞❡❡♠✐♥❡ ❤❡❘❋❱ ❤❛ ❛❡❤❡♠♦ ❞✐❝✐♠✐♥❛♥

♦❡✐❡✈❡❤❡❝❧❛ ❡✿❤❡♦♥❡❛ ♦❝✐❛❡❞♦❤❡❝❡♥♦✐❞M̄k✱♦❤❡❞✐♣❡ ✐♦♥σk
♦ ♦❤❡♠✐①✉❡✇❡✐❣❤αk✳

❚❤❡❧❛ ♦❜❥❡❝✐✈❡✐ ♦❝♦♠♣❛❡✇♦❞✐✛❡❡♥❝❧❛✐✜❝❛✐♦♥❛❧❣♦✐❤♠ ❢♦ ❤❡

❘❋❱✱ ❤❛❛❡❤❡✉♣♣♦ ✈❡❝♦♠❛❝❤✐♥❡✭❙❱▼✮❛♥❞ ❛♥❞♦♠❢♦❡✳

✻✳✹✳✶ ❉❛❛❜❛❡

❋♦ ❤✐✇♦❦✱✇♦ ❡①✉❡❞❛❛❜❛❡❛❡✉❡❞✿

•❱✐❚❡①❬❱✐ ❪❞❛❛❜❛❡✐❧❧✉ ❛❡❞✐♥❋✐❣✉❡✷✳✶✱❢♦✇❤✐❝❤❡❛❝❤❝❧❛ ✐❝♦♠✲

♣♦❡❞♦❢64✐♠❛❣❡♦❢✐③❡64×64♣✐①❡❧❀

•❖✉❡①❴❚❈✵✵✵❴✶✸❬❖✉ ❪❞❛❛❜❛❡❤♦✇♥✐♥❋✐❣✉❡✷✳✷✱❢♦✇❤✐❝❤❡❛❝❤❝❧❛

✐ ❡♣❡❡♥❡❞❜②❛❡♦❢20✐♠❛❣❡♦❢✐③❡128×128♣✐①❡❧✳

❋♦ ❜♦❤❞❛❛❜❛❡✱❤❡❣❡♥❡❛❧❝❧❛✐✜❝❛✐♦♥✇♦❦✢♦✇♣❡❡♥❡❞✐♥❙❡❝✐♦♥✻✳✷

✐❛♣♣❧✐❡❞❛♥❞✐✐❞❡❛✐❧❡❞♥❡①✳

✻✳✹✳✷ ❈❧❛ ✐✜❝❛✐♦♥ ❲♦❦✢♦✇

❊❛❧✐❡✐♥❤✐❝❤❛♣❡✱✐❤❛❜❡❡♥❤♦✇♥✐♥❋✐❣✉❡✻✳✶❤❛ ❤❡❡①♣❡✐♠❡♥❛❧✇♦❦✲

✢♦✇❝♦♥✐ ✐♥❢♦✉ ❛❣❡✳❆ ❤❡❜❡❣✐♥♥✐♥❣✱❤❡❞❡❝✐♣♦ ♠♦❞❡❧✐♥❣ ❤❡❡①✉❛❧

✐♥❢♦♠❛✐♦♥❛❡❡①❛❝❡❞✳◆❡①✱❤❡❝♦❞❡❜♦♦❦✐❣❡♥❡❛❡❞❛♥❞❤❡❘❋❱❛❡❝♦♠✲

♣✉❡❞✳■♥❤❡❡♥❞✱❛ ✉♣❡✈✐❡❞❝❧❛✐✜❝❛✐♦♥❛❧❣♦✐❤♠✐ ✉❡❞♦❝❧❛✐❢②❤❡❡

❘❋❱✳■♥ ❤❡♥❡① ✉❜❡❝✐♦♥✱❡❛❝❤♦❢❤❡❡ ❛❣❡✇✐❧❧❜❡♣❡❡♥❡❞✳

✻✳✹✳✷✳✶ ❋❡❛✉❡❊① ❛❝✐♦♥

❋♦ ❤✐❡①♣❡✐♠❡♥✱❤❡❡①✉❛❧✐♥❢♦♠❛✐♦♥✐❝❛♣✉❡❞❜②✉✐♥❣❡❣✐♦♥❝♦✈❛✐❛♥❝❡

❞❡❝✐♣♦ ✭❘❈♦✈❉✮✱♦❜❛✐♥❡❞❢♦♠❝❧❛✐❝❛❧❢❡❛✉❡✳❚❤✉✱❢♦❛♥✐♠❛❣❡I♦❢✐③❡

W×H✱❝❤❛❛❝❡✐✐❝❧✐❦❡❤❡✐♠❛❣❡✐♥❡♥✐②❛♥❞❤❡♥♦♠ ♦❢❤❡✜ ❛♥❞❡❝♦♥❞

♦❞❡❞❡✐✈❛✐✈❡❛❡❝♦♠♣✉❡❞❢♦❡❛❝❤♣✐①❡❧(x,y)∈I✳❆❛❡✉❧✱❛✈❡❝♦D♦❢

m=5❡❧❡♠❡♥ ✐❡①❛❝❡❞❢♦❡✈❡②♣✐①❡❧❬❚✉③❡❧❡❛❧✳✷✵✵✻❪✿

D(x,y)=I(x,y),∂I(x,y)∂x ,∂I(x,y)∂y ,∂
2I(x,y)
∂x2

,∂
2I(x,y)
∂y2

T
, ✭✻✳✷✾✮



✶✶✷ ❈❤❛♣ ❡ ✻✳ ❘✐❡♠❛♥♥✐❛♥❋✐❤❡ ❱❡❝ ♦

✇❤❡❡I(x,y)✐ ❤❡✐♠❛❣❡✐♥❡♥✐②♦❢♣✐①❡❧(x,y)∈I✳

◆❡①✱❤❡❢❡❛✉❡✐♠❛❣❡IF♦❢✐♠❛❣❡I✐❜✉✐❧✳IF✐❛W×H×m❞✐♠❡♥✐♦♥❛❧

❛❛②✱✇❤❡❡❡❛❝❤❡❧❡♠❡♥IF(x,y)✐ ❤❡m✲❞✐♠❡♥✐♦♥❛❧✈❡❝♦D(x,y)✱❛ ❤♦✇♥✐♥

❋✐❣✉❡✻✳✺✳

❋✐❣✉❡✻✳✺✿❈♦♠♣✉❛✐♦♥♦❢❢❡❛✉❡✐♠❛❣❡✳

❙❛✐♥❣❢♦♠❤❡❢❡❛✉❡✐♠❛❣❡✱❤❡❘❈♦✈❉❛❡❞❡✜♥❡❞❛❜❡✐♥❣❤❡❡ ✐♠❛❡❞

❝♦✈❛✐❛♥❝❡♠❛✐❝❡MP❝♦♠♣✉❡❞♦♥❛❧✐❞✐♥❣♣❛❝❤✭♦ ❡❣✐♦♥✮P∈IF✿

MP=
1

NP

NP

n=1

(pn−µ)(pn−µ)
T, ✭✻✳✸✵✮

✇❤❡❡NP ❡♣❡❡♥ ❤❡♥✉♠❜❡♦❢m✲❞✐♠❡♥✐♦♥❛❧♣♦✐♥{pn}n=1,...,Np✐♥❤❡♣❛❝❤

P∈IF ❛♥❞µ✐ ❤❡❡♠♣✐✐❝❛❧♠❡❛♥♦❢❛❧❧❤❡♣♦✐♥ ✳ ❚❤❡❡✐♠❛❡❞❝♦✈❛✐❛♥❝❡

♠❛ ✐❝❡❛❡❢✉❤❡✉❡❞✐♥♦❞❡ ♦❝❤❛❛❝❡✐③❡❡❛❝❤❡①✉❡✐♠❛❣❡✳

❚♦ ♣❡❡❞✲✉♣❤❡❝♦✈❛✐❛♥❝❡♠❛✐❝❡❝♦♠♣✉❛✐♦♥✐♠❡✱❤❡❢❛ ❝♦✈❛✐❛♥❝❡❝♦♠✲

♣✉❛✐♦♥❛❧❣♦✐❤♠❜❛❡❞♦♥✐♥❡❣❛❧✐♠❛❣❡✱♣❡❡♥❡❞✐♥❬❚✉③❡❧❡❛❧✳✷✵✵✻❪✱❤❛

❜❡❡♥✐♠♣❧❡♠❡♥❡❞✳❚❤✐♣♦❝❡❞✉❡✐❞❡❝✐❜❡❞✐♥❆♣♣❡♥❞✐①❉✳

❋♦ ❤❡♣❡❡♥❛♣♣❧✐❝❛✐♦♥✱♣❛❝❤❡♦❢15×15♣✐①❡❧❛❡❡①❛❝❡❞✳■♥❛❞❞✐✐♦♥✱

❛♥♦✈❡❧❛♣♦❢8♣✐①❡❧ ✐❝♦♥✐❞❡❡❞❜❡✇❡❡♥♣❛❝❤❡✳ ❚❤❡❡❢♦❡✱❡❛❝❤✐♠❛❣❡✱✐♥

❤❡❱✐❚❡①❛♥❞❖✉❡①❞❛❛❜❛❡✱✐ ❡♣❡❡♥❡❞❜②❛❡♦❢36❛♥❞❡♣❡❝✐✈❡❧②196

♣❛❝❤❡ P✱✇❤✐❝❤✇✐❧❧❣✐✈❡❛❡ ♦❢36✱❡♣❡❝✐✈❡❧②196✱❝♦✈❛✐❛♥❝❡ ♠❛✐❝❡♦❢

✐③❡m×m✱✇✐❤m =5✳■♥❤❡❡♥❞✱❡❛❝❤ ❡①✉❡❝❧❛ ✐ ❡♣❡❡♥❡❞❜②❛❡

M1,...,MN ♦❢N❝♦✈❛✐❛♥❝❡♠❛✐❝❡✱✇✐❤Mn∈P5✳

✻✳✹✳✷✳✷ ❈♦❞❡❜♦♦❦❈❡❛✐♦♥

❑♥♦✇✐♥❣ ❤❛ ✉♣❡✈✐❡❞❝❧❛✐✜❝❛✐♦♥♠❡❤♦❞❛❡❝♦♥✐❞❡❡❞❧❛❡✱❤❡❝♦✈❛✐❛♥❝❡

♠❛ ✐❝❡❞❛❛❜❛❡✐❡✉❛❧❧②❛♥❞ ❛♥❞♦♠❧②❞✐✈✐❞❡❞✐♥♦❞❡ ♦♦❜❛✐♥❤❡ ❛✐♥✐♥❣

❛♥❞❤❡❡✐♥❣❡✳❋✉❤❡♦♥✱❤❡♣❛❝❤❡✐♥❤❡ ❛✐♥✐♥❣❡❛❡✉❡❞♦❝❡❛❡

❛❝♦❞❡❜♦♦❦✳❋♦ ❤✐ ❡♣✱❛✇✐❤✐♥✲❝❧❛ ❛♣♣♦❛❝❤✐✐♠♣❧❡♠❡♥❡❞✳ ▼♦❡♣❡❝✐❡❧②✱

❡❛❝❤❡①✉❡❝❧❛ ✐♠♦❞❡❧❡❞❜②❛♠✐①✉❡♦❢K❘✐❡♠❛♥♥✐❛♥❞✐ ✐❜✉✐♦♥✭❘●❉♦

❘▲❉✮❛♥❞ ❤❡❡ ✐♠❛❡❞♣❛❛♠❡❡ {̂ k,̄Mk,̂σk}1≤k≤K ❡♣❡❡♥ ❤❡❝♦❞❡✇♦❞✳



✻✳✹✳ ❆♣♣❧✐❝❛✐♦♥♦❚❡①✉❡■♠❛❣❡❈❧❛ ✐✜❝❛✐♦♥ ✶✶✸

❚❤❡❝♦❞❡❜♦♦❦✐ ♦❜❛✐♥❡❞❜②❝♦♥❝❛❡♥❛✐♥❣❤❡❝♦❞❡✇♦❞♣❡✈✐♦✉❧②❡①❛❝❡❞❢♦

❡❛❝❤❝❧❛✳❚❤❡❡✐♠❛✐♦♥♣♦❝❡❞✉❡✐❝❛✐❡❞♦✉❤❡❡✱❜②✉✐♥❣❤❡✐♥✐♥✐❝❦✲

♠❡❛♥ ❛❧❣♦✐❤♠❞❡❛✐❧❡❞✐♥❙❡❝✐♦♥✹✳✸✳✹✳✶❛♥❞❙❡❝✐♦♥✹✳✹✳✹✳✶✱✇✐❤K ❜❡✐♥❣ ❡

♦3✳■♥❛❞❞✐✐♦♥✱❤❡❦✲♠❡❛♥❛❧❣♦✐❤♠✐ ❡♣❡❛❡❞10✐♠❡✐♥♦❞❡ ♦❡❞✉❝❡❤❡

✐♥✢✉❡♥❝❡♦❢❤❡❝❡♥♦✐❞✐♥✐✐❛❧✐③❛✐♦♥✳

✻✳✹✳✷✳✸ ❈♦❞✐♥❣❛♥❞ ♦ ✲♣♦❝❡ ✐♥❣

❖♥❝❡ ❤❛ ❤❡❝♦❞❡❜♦♦❦✐❞❡❡♠✐♥❡❞✱ ❤❡❡① ❛❝❡❞❢❡❛✉❡❛❡♣♦❥❡❝❡❞✐♥♦❤❡

❝♦❞❡❜♦♦❦♣❛❝❡❞✉✐♥❣❤❡❝♦❞✐♥❣ ❛❣❡✳ ❚❤❡❇♦❘❲✱❘❋❱❛♥❞❘✲❱▲❆❉♠♦❞❡❧

❛❡❞❡✐✈❡❞❢♦❜♦❤❘●❉ ❛♥❞❘▲❉❛❡①♣❧❛✐♥❡❞✐♥❙❡❝✐♦♥✻✳✷❛♥❞❙❡❝✐♦♥✻✳✸✳

❆❢❡ ❤❡✐❝♦♠♣✉❛✐♦♥✱❛♣♦✲♣♦❝❡✐♥❣ ❡♣✐ ❡✉✐❡❞✳

■♥❤❡❋❱❢❛♠❡✇♦❦✱❤❡♣♦ ✲♣♦❝❡✐♥❣❝♦♥✐ ✐♥✇♦♣♦ ✐❜❧❡♥♦♠❛❧✐③❛✐♦♥

❡♣❬❋❛❛❦✐❡❛❧✳✷✵✶✹❪✿

• 2♥♦♠❛❧✐③❛✐♦♥❤❛❤❛❜❡❡♥♣♦♣♦❡❞✐♥❬❡♦♥♥✐♥❡❛❧✳✷✵✶✵❜❪♦♠✐♥✐✲

♠✐③❡ ❤❡✐♥✢✉❡♥❝❡♦❢❤❡❜❛❝❦❣♦✉♥❞✐♥❢♦♠❛✐♦♥♦♥❤❡✐♠❛❣❡✐❣♥❛✉❡✳❋♦

❛✈❡❝♦V✱✐ ♥♦♠❛❧✐③❡❞✈❡ ✐♦♥VL2✐❝♦♠♣✉❡❞❛✿

VL2=
V

V 2
, ✭✻✳✸✶✮

✇❤❡❡ · ❡♣❡❡♥ ❤❡L2♥♦♠✳

•♣♦✇❡♥♦♠❛❧✐③❛✐♦♥❤❛❝♦❡❝ ❤❡✐♥❞❡♣❡♥❞❡♥❝❡❛ ✉♠♣✐♦♥♠❛❞❡♦♥❤❡

♣❛❝❤❡❬❡♦♥♥✐♥❡❛❧✳✷✵✶✵❛❪✳❋♦ ❤❡❛♠❡✈❡❝♦V✱❤❡♣♦✇❡✲♥♦♠❛❧✐③❡❞

✈❡ ✐♦♥Vpower✐♦❜❛✐♥❡❞❛✿

Vpower=sign(V)|V|
ρ, ✭✻✳✸✷✮

✇❤❡❡0<ρ≤1✱❛♥❞sign(·)✐ ❤❡✐❣♥✉♠❢✉♥❝✐♦♥✳❋♦❛❧❧❤❡❡①♣❡✐♠❡♥

♣❡❡♥❡❞✐♥❤✐ ❡❝✐♦♥✱ρ✐ ❡ ♦12✱❛ ✉❣❣❡ ❡❞✐♥❬❙♥❝❤❡③❡❛❧✳✷✵✶✸❪✳

❚❤❡ ❛♠❡♥♦♠❛❧✐③❛✐♦♥❝❤❡♠❡✐❛♣♣❧✐❡❞❢♦❘✲❱▲❆❉♠♦❞❡❧✳❋♦ ❤❡❇♦❘❲

♠♦❞❡❧✱♦♥❧② 2♥♦♠❛❧✐③❛✐♦♥✐♣❡❢♦♠❡❞✱❛ ❡❝♦♠♠❡♥❞❡❞✐♥❬❋❛❛❦✐❡❛❧✳✷✵✶✺❜❪✳

✻✳✹✳✷✳✹ ❈❧❛ ✐✜❝❛✐♦♥ ▼❡❤♦❞

❋♦ ❤❡✜♥❛❧❝❧❛ ✐✜❝❛✐♦♥ ❡♣✱❡❛❝❤❡ ✐♠❛❣❡✐❛♦❝✐❛❡❞♦❤❡❝❧❛ ♦❢❤❡♠♦

✐♠✐❧❛ ❛✐♥✐♥❣✐♠❛❣❡❜②✉✐♥❣❡✈❡❛❧❛♣♣♦❛❝❤❡✳❋♦ ❤❡✜ ♦♥❡✱❤❡ ✉♣♣♦

✈❡❝♦♠❛❝❤✐♥❡✭❙❱▼✮❬❱❛♣♥✐❦✶✾✾✺❪❛❧❣♦✐❤♠✇✐❤❛●❛✉ ✐❛♥❦❡♥❡❧✐ ❝♦♥✐❞✲

❡❡❞✳■♥❤✐❝❛❡✱❤❡❞✐♣❡ ✐♦♥♣❛❛♠❡❡✐♥❤❡●❛✉ ✐❛♥❦❡♥❡❧✐♦♣✐♠✐③❡❞❜②

❝♦♥✐❞❡✐♥❣❛❝♦✲✈❛❧✐❞❛✐♦♥♣♦❝❡❞✉❡♦♥❤❡ ❛✐♥✐♥❣❡✳ ❚❤❡♣❛❝✐❝❛❧✐♠♣❧❡✲

♠❡♥❛✐♦♥✐♠❛❞❡❜②✉✐♥❣❤❡▲■❇❙❱▼❧✐❜❛②❬❈❤❛♥❣✫▲✐♥✷✵✶✶❪✳❋♦❤❡❡❝♦♥❞

❛♣♣♦❛❝❤✱❤❡❛♥❞♦♠❢♦❡ ❝❧❛✐✜❡❬❇❡✐♠❛♥✷✵✵✶❪✱✇✐❤100 ❡❡✱✐❛♣♣❧✐❡❞❢♦

❤❡❘❋❱❛♥❞❘✲❱▲❆❉❞❡❝✐♣♦ ❛♥❞❤❡❡✉❧ ❛❡❝♦♠♣❛❡❞♦❤♦❡❣✐✈❡♥❜②

❤❡❙❱▼✳



✶✶✹ ❈❤❛♣ ❡ ✻✳ ❘✐❡♠❛♥♥✐❛♥❋✐❤❡ ❱❡❝ ♦

✻✳✹✳✸ ❘❡✉❧

■♥❤✐ ❡❝✐♦♥✱❤❡❝❧❛ ✐✜❝❛✐♦♥❡✉❧ ♦❜❛✐♥❡❞♦♥❤❡❱✐❚❡①❛♥❞❖✉❡①❴❚❈✵✵✵❴✶✸

❞❛❛❜❛❡❛❡❞✐❝✉❡❞✳❚❛❜❧❡✻✳✶❛♥❞❚❛❜❧❡✻✳✷❡♣♦ ❤❡❙❱▼❝❧❛ ✐✜❝❛✐♦♥♣❡✲

❢♦♠❛♥❝❡ ✐♥❡♠ ♦❢♦✈❡❛❧❧❛❝❝✉❛❝②✳■♥♦❞❡ ♦✜♥❞❤❡❡✈❛❧✉❡✱❤❡❞❛❛❜❛❡

❤❛✈❡❜❡❡♥♣❛ ✐✐♦♥❡❞10✐♠❡✐♥ ❛✐♥✐♥❣❛♥❞❡✐♥❣❡✳■♥❛❞❞✐✐♦♥✱❤❡❋✐❤❡

✐♥❢♦♠❛✐♦♥♠❛✐①❣✐✈❡♥✐♥✭✻✳✷✮✐❝♦♥✐❞❡❡❞♦❜❡❤❡✐❞❡♥✐②♠❛✐①✳

■♥❤❡❡❛❜❧❡✱❤❡✜ ❝♦❧✉♠♥♣❡❝✐✜❡ ❤❡❞❡❝✐♣♦✬ ②♣❡✭❇♦❘❲✱❘❋❱✱

♦❘✲❱▲❆❉✮✳❚❤❡ ❡❝♦♥❞❝♦❧✉♠♥✭❍♦♠♦❝❡❞✳✮ ❡❢❡ ♦❤❡❤♦♠♦❝❡❞❛✐❝✐②❛✲

✉♠♣✐♦♥✳■❢❤✐ ❛✉♠♣✐♦♥✐ ✉❡✱❛❧❧ ❤❡❝❧✉ ❡ ck❤❛✈❡ ❤❡ ❛♠❡❞✐♣❡ ✐♦♥

♣❛❛♠❡❡σk✳ ❚❤❡❤✐❞❝♦❧✉♠♥✭ ✐♦✮❝♦❡♣♦♥❞ ♦ ❤❡✇❡✐❣❤ k✳■❢❤✐

♣❛❛♠❡❡✐ ❡ ♦❢❛❧❡✱❤❡❛♠❡✇❡✐❣❤✐❣✐✈❡♥♦❛❧❧❤❡❝❧✉ ❡ ♦❢❤❡♠✐①✉❡

♠♦❞❡❧✳❚❤❡❧❛ ✇♦❝♦❧✉♠♥ ♣❡❡♥ ❤❡❝❧❛ ✐✜❝❛✐♦♥♣❡❢♦♠❛♥❝❡ ✇❤❡♥♠✐①✉❡

♦❢❘●❉❛♥❞❘▲❉♠♦❞❡❧ ❤❡♣❛❝❡♦❢❡ ✐♠❛❡❞❝♦✈❛✐❛♥❝❡♠❛✐❝❡✳ ▼♦❡♦✈❡✱✐♥

❤❡❡❝✐♦♥❝♦♥❝❡♥✐♥❣❤❡❇♦❘❲✱❤❡❡✉❧ ♦❜❛✐♥❡❞❜②✉✐♥❣❤❡ ❛❡✲♦❢✲❤❡✲❛

♠❡❤♦❞✱❞❡❝✐❜❡❞✐♥❬❋❛❛❦✐❡❛❧✳✷✵✶✹❪✱❛❡❡♣♦❡❞♦♥❤❡❤✐❞♦✇✳❚❤❡♦❤❡

❧✐♥❡ ❡❢❡ ♦❛♠♦❞✐✜❡❞✈❡✐♦♥♦❢❤✐❛❧❣♦✐❤♠✱✐♠♣❧②✐♥❣❤❡♠❛①✐♠✐③❛✐♦♥♦❢❤❡

❘●❉✱♦ ❘▲❉✱❧✐❦❡❧✐❤♦♦❞✐♥ ❤❡❝♦❞❡❜♦♦❦❝❡❛✐♦♥✳

❚❤❡❝❛ ✐❡❞♦✉❡①♣❡✐♠❡♥ ❤❛✈❡ ♠✉❧✐♣❧❡♣✉♣♦❡✳ ❋✐ ✱❤❡❘●❉✬ ❛♥❞

❘▲❉✬ ♣❡❢♦♠❛♥❝❡ ❛❡❛♥❛❧②③❡❞✱✐♥♦❞❡ ♦❞✐❝♦✈❡ ❤❡♠♦ ✉✐❛❜❧❡❞✐ ✐❜✉✐♦♥

❢♦❞❛❛♠♦❞❡❧✐♥❣✳❙❡❝♦♥❞✱❤❡❞❡❝✐♣♦ ❛❡❝♦♠♣❛❡❞♦✜♥❞❤❡♠♦ ❛❝❝✉❛❡

♦♥❡❢♦ ❤❡♣❡❡♥♣♦❜❧❡♠✳❚❤✐❞✱❢♦ ❤❡❘❋❱✱❤❡❝♦♥✐❜✉✐♦♥♦❢❡❛❝❤♣❛❛♠❡❡

✭✇❡✐❣❤✱❞✐♣❡ ✐♦♥✱❝❡♥♦✐❞✮♦❤❡❝❧❛ ✐✜❝❛✐♦♥❛❝❝✉❛❝②✐ ❡❡❞✳❋♦❡①❛♠♣❧❡✱

❤❡♦✇✏❘❋❱✿ ✑✐♥❞✐❝❛❡ ❤❡❝❧❛ ✐✜❝❛✐♦♥❡✉❧ ✇❤❡♥♦♥❧② ❤❡❞❡✐✈❛✐✈❡✇✐❤

❡♣❡❝ ♦❤❡✇❡✐❣❤ ❛❡❝♦♥✐❞❡❡❞♦❝❛❧❝✉❧❛❡❤❡❘❋❱✳

❇②♦❜❡✈✐♥❣ ❤❡ ❡✉❧ ✱❤❡❢♦❧❧♦✇✐♥❣❝♦♥❝❧✉✐♦♥❝❛♥❜❡♥♦✐❝❡❞✳ ❋✐ ✱❢♦

❤❡❡❡①♣❡✐♠❡♥✱❤❡✉❡♦❢❘▲❉❜✐♥❣❧✐❧❡✐♠♣♦✈❡♠❡♥✐♥❡♠ ♦❢❝❧❛✐✜❝❛✲

✐♦♥❛❝❝✉❛❝②✳❚❤❡♠♦ ✐♠♣♦❛♥ ❛✐❡❝❛♥❜❡♣♦ ❡❞❢♦ ❤❡❱✐❚❡①❛♥❞❖✉❡①

❞❛❛❜❛❡❜②❝♦♥✐❞❡✐♥❣❤❡✧❘❋❱✿σ✧✭❛❜♦✉ 7%✮❛♥❞❤❡✧❘❋❱✿σ, ✧✭❛❜♦✉

4%✮❢❡❛✉❡✳■♥❜♦❤ ❛❜❧❡✱❤❡❝♦ ❡♣♦♥❞✐♥❣✈❛❧✉❡ ❛❡♠❛❦❡❞✐♥❜❧✉❡✳ ▼♦❡✲

♦✈❡✱❝♦♠❜✐♥✐♥❣❤❡❘❋❱❛ ♦❝✐❛❡❞♦❤❡❝❡♥♦✐❞M̄ ✇✐❤❤♦❡❛♦❝✐❛❡❞♦❤❡

✇❡✐❣❤ ❛♥❞❞✐♣❡ ✐♦♥♣❛❛♠❡❡ ②✐❡❧❞❛❣❛✐♥♦❢❛❜♦✉3%♦♥❤❡❱✐❚❡①❞❛❛❜❛❡

❢♦❜♦❤❘●❉❛♥❞❘▲❉✳■♥❛❞❞✐✐♦♥✱❤❡♣♦♣♦❡❞❘❋❱♦✉♣❡❢♦♠ ✐❣♥✐✜❝❛♥❧②

❤❡ ❛❡✲♦❢✲❤❡✲❛ ❇♦❘❲❬❋❛❛❦✐❡❛❧✳✷✵✶✹❪❛♥❞❘✲❱▲❆❉❞❡❝✐♣♦ ❬❋❛❛❦✐

❡❛❧✳✷✵✶✺❛❪✳❆✐❣♥✐✜❝❛♥❣❛✐♥♦❢3♦4%✐♦❜❡✈❡❞♦♥❤❡❡❞❛❛❜❛❡❛♥❞❤❡

❜❡ ❝❧❛✐✜❝❛✐♦♥❡✉❧ ❛❡♠❛❦❡❞✐♥ ❡❞✳ ❚❤✐❣❛✐♥✐ ✉✐❡❧♦❣✐❝❛❧✱✐♥❝❡❤❡

❘❋❱❝❛♥❜❡✐♥❡♣❡❡❞❛❛❣❡♥❡❛❧✐③❛✐♦♥♦❢❘✲❱▲❆❉✳

◆❡①✱❤❡✐♥✢✉❡♥❝❡♦❢❤❡✜♥❛❧❝❧❛ ✐✜❡✐❛♥❛❧②③❡❞❢♦ ❤❡❘❋❱❛♥❞❘✲❱▲❆❉✳

❚❤❡❡❢♦❡✱❤❡❙❱▼❛♥❞❤❡❛♥❞♦♠❢♦❡ ❝❧❛✐✜❝❛✐♦♥❛❧❣♦✐❤♠❛❡❡❡❞♦♥❤❡
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❙❡❝♦♥❞✱ ❤❡❝♦♥♥❡❝✐♦♥❜❡✇❡❡♥ ❤❡❘❋❱❛♥❞ ❤❡❘✐❡♠❛♥♥✐❛♥✈❡ ✐♦♥♦❢❤❡

❝♦♥✈❡♥✐♦♥❛❧✈❡❝♦ ♦❢❧♦❝❛❧❧②❛❣❣❡❣❛❡❞❞❡❝✐♣♦ ✭❘✲❱▲❆❉✮❬❋❛❛❦✐❡❛❧✳✷✵✶✺❛❪

❤❛ ❜❡❡♥❛♥❛❧②③❡❞✳■ ❤❛ ❜❡❡♥ ❤♦✇♥ ❤❛ ❜②❝♦♥✐❞❡✐♥❣❤❡❤♦♠♦❝❡❞❛✐❝✐②

❤②♣♦❤❡✐✱❛❧♦♥❣✇✐❤❛❤❛❞❛ ✐❣♥♠❡♥❝❤❡♠❡✱❤❡❘❋❱❡❞✉❝❡ ♦❘✲❱▲❆❉✳❚❤❡

♣♦♣♦❡❞❘❋❱❝❛♥❤❡♥❝❡❜❡❝♦♥✐❞❡❡❞❛❛❣❡♥❡❛❧✐③❛✐♦♥♦❢❘✲❱▲❆❉❞❡❝✐♣♦✳

◆❡①✱❜♦❤●❛✉ ✐❛♥❛♥❞▲❛♣❧❛❝❡❘❋❱♠♦❞❡❧❤❛✈❡❜❡❡♥❛♣♣❧✐❡❞✐♥❤❡❝♦♥❡①

♦❢❡①✉❡✐♠❛❣❡❝❧❛✐✜❝❛✐♦♥✳■♥❛❞❞✐✐♦♥✱❤❡✐ ❜❡❤❛✈✐♦ ❤❛ ❜❡❡♥❝♦♠♣❛❡❞♦

♦❤❡❧♦❝❛❧❞❡❝✐♣♦✱❛❧❡❛❞②❣❡♥❡❛❧✐③❡❞❢♦ ❤❡❘✐❡♠❛♥♥✐❛♥❝❛❡✱❤❛❛❡❤❡❜❛❣

♦❢❘✐❡♠❛♥♥✐❛♥✇♦❞✭❇♦❘❲✮❬❋❛❛❦✐❡❛❧✳✷✵✶✹❪❛♥❞❘✲❱▲❆❉❬❋❛❛❦✐❡❛❧✳✷✵✶✺❛❪✳

✻✳✺✳✷ ❡ ♣❡❝✐✈❡

❋✉ ❤❡✇♦❦✇✐❧❧✐♥❝❧✉❞❡ ❡✈❡❛❧❞✐❡❝✐♦♥✿

•❚❤❡❞❡✐✈❛✐♦♥♦❢❛♥❛♥❛❧②✐❝❛❧❡①♣❡✐♦♥♦❢❤❡❋✐❤❡ ✐♥❢♦♠❛✐♦♥♠❛✐①

❢♦ ❤❡❘✐❡♠❛♥♥✐❛♥●❛✉ ✐❛♥❛♥❞▲❛♣❧❛❝❡❞✐ ✐❜✉✐♦♥✿✐♥❙❡❝✐♦♥✻✳✷✳✶✳✷✱✐

❤❛ ❜❡❡♥ ❤♦✇♥ ❤❛ ❤❡❋✐❤❡ ✈❡❝♦ ❛❡❝♦♠♣✉❡❞❜❛❡❞♦♥❤❡❣❛❞✐❡♥

♦❢ ❤❡♠♦❞❡❧✬ ❧♦❣✲❧✐❦❡❧✐❤♦♦❞✳ ❚❤❡♦❜❛✐♥❡❞❡①♣❡✐♦♥✐♦❢❡♥♥♦♠❛❧✐③❡❞



✻✳✺✳ ❈♦♥❝❧✉✐♦♥❛♥❞ ❡ ♣❡❝✐✈❡ ✶✶✼

❜② ❤❡❋✐❤❡ ✐♥❢♦♠❛✐♦♥♠❛✐①✱✇❤✐❝❤❤❛❛❢❛✈♦❛❜❧❡✐♠♣❛❝ ♦♥ ❤❡ ❡✲

✉❧ ❬❡♦♥♥✐♥✫❉❛♥❝❡✷✵✵✼❪✳ ❊✈❡♥❤♦✉❣❤❡①♣❧✐❝✐ ❢♦♠ ❝❛♥❜❡❞❡✐✈❡❞

❢♦ ❤✐♠❛ ✐①✐♥❤❡❊✉❝❧✐❞❡❛♥♣❛❝❡✱✉♣♦♦✉❦♥♦✇❧❡❞❣❡✱❤❡❡✐♥♦❝❧♦❡❞✲

❢♦♠❡①♣❡✐♦♥♦❢❤❡❋✐❤❡✐♥❢♦♠❛✐♦♥♠❛✐①❢♦ ❤❡❝♦♥✐❞❡❡❞❘✐❡♠❛♥✲

♥✐❛♥●❛✉ ✐❛♥❛♥❞▲❛♣❧❛❝❡❞✐ ✐❜✉✐♦♥✳■♥♣❛❝✐❝❡✱✐❝❛♥❜❡❡✐♠❛❡❞❜②

▼♦♥❡❈❛❧♦✐♥❡❣❛✐♦♥✳ ❑♥♦✇✐♥❣❤❛ ✐♥❤❡❊✉❝❧✐❞❡❛♥ ♣❛❝❡✱ ❤❡ ❡✉❧

❛❡✐♠♣♦✈❡❞❛❢❡ ❤❡♥♦♠❛❧✐③❛✐♦♥✱❢✉❤❡✇♦❦✇✐❧❧❝♦♥❝❡♥❤❡❡❛❝❤♦❢

❛♥❛♥❛❧②✐❝❛❧❡①♣❡✐♦♥♦❢❤❡❋✐❤❡✐♥❢♦♠❛✐♦♥♠❛✐①❢♦ ❤❡❘✐❡♠❛♥♥✐❛♥

●❛✉ ✐❛♥❛♥❞▲❛♣❧❛❝❡❞✐ ✐❜✉✐♦♥✳

•❚❤❡✉❡♦❢❡♥❤❛♥❝❡❞✐♠❛❣❡❞❡❝✐♣♦ ✿ ❤❡❝❧❛ ✐✜❝❛✐♦♥♣❡❢♦♠❛♥❝❡ ❡✲

♣♦ ❡❞✐♥ ❤✐ ❝❤❛♣❡ ❤❛✈❡❜❡❡♥♦❜❛✐♥❡❞ ❛✐♥❣❢♦♠❜❛✐❝❞❡❝✐♣♦✳

▼♦❡♣❡❝✐❡❧②✱❢♦❡❛❝❤✐♠❛❣❡✱❤❡✐♥❡♥✐②❛♥❞ ❤❡♥♦♠ ♦❢❤❡✜ ❛♥❞

❡❝♦♥❞♦❞❡❞❡✐✈❛✐✈❡❤❛✈❡❜❡❡♥❝♦♥✐❞❡❡❞✐♥♦❞❡ ♦❜✉✐❧❞❤❡❝♦✈❛✐❛♥❝❡

♠❛ ✐❝❡✐♥❙❡❝✐♦♥✻✳✹✳✷✳✶✳❚❤❡✐♠♣❛❝♦❢♠♦❡❝♦♠♣❧❡①❞❡❝✐♣♦✱❧✐❦❡❤❡

♦✲❝❛❧❧❡❞❧♦❝❛❧❡①❡♠❛✲❜❛❡❞❞❡❝✐♣♦✭▲❊❉✮❬❤❛♠❡❛❧✳✷✵✶✻❪❤❛ ❝❛♣✲

✉❡❛❧❧❤❡❝♦❧♦✱♣❛✐❛❧❛♥❞❣❛❞✐❡♥✐♥❢♦♠❛✐♦♥✇✐❧❧❜❡❛♥❛❧②③❡❞✐♥❢✉✉❡

✇♦❦✳

•❚❤❡❞✐❝✐♦♥❛②❡❞✉❝✐♦♥✿✐♥❤✐❝❤❛♣❡✱❞✐❝✐♦♥❛②❜❛❡❞❝❧❛✐✜❝❛✐♦♥♠❡❤✲

♦❞ ❤❛♦♣❡❛❡✐♥❤❡❘✐❡♠❛♥♥✐❛♥♣❛❝❡❤❛✈❡❜❡❡♥✉❡❞✳❋✉❤❡♦♥✱❜❛❡❞

♦♥❤❡ ❡❝❡♥✇♦❦ ♦♥♣❛ ❡❡♣❡❡♥❛✐♦♥❢♦ ②♠♠❡✐❝♣♦✐✐✈❡❞❡✜♥✐❡

♠❛ ✐❝❡❬❍❛❛♥❞✐❡❛❧✳✷✵✶✷✱❍❛❛♥❞✐❡❛❧✳✷✵✶✻❪✱❤❡❝♦❞❡❜♦♦❦❝❡❛✐♦♥ ❛❣❡

❞❡❝✐❜❡❞✐♥❙❡❝✐♦♥✻✳✹✳✷✳✷✇✐❧❧❜❡♠♦❞✐✜❡❞✐♥♦❞❡ ♦❛❦❡✐♥♦❝♦♥✐❞❡❛✐♦♥

♦♥❧②♦♠❡❡♣❡❡♥❛✐✈❡❝♦❞❡✇♦❞✳❚❤❡♦❜❛✐♥❡❞❡✉❧ ✇✐❧❧❜❡✐♥❡❣❛❡❞

✐♥❤❡♣♦♣♦❡❞❝❧❛✐✜❝❛✐♦♥✇♦❦✢♦✇❢♦ ❤❡❘✐❡♠❛♥♥✐❛♥❞✐ ✐❜✉✐♦♥✳

•❚❤❡❡①♣❧♦✐❛✐♦♥♦❢❤❡ ♣❛✐❛❧❞✐ ✐❜✉✐♦♥♦❢❤❡❡①❛❝❡❞♣❛❝❤❡✿✐♥❤✐

❝❤❛♣❡✱❛♣❛❝❤❜❛❡❞❝❧❛✐✜❝❛✐♦♥♠❡❤♦❞ ❤❛ ❜❡❡♥♣❡❡♥❡❞✳ ❲❤✐❧❡❤❡

♣♦♣♦❡❞♠❡❤♦❞❤❛ ❞❡♠♦♥ ❛❡♣♦♠✐✐♥❣❡✉❧ ✱✐❞♦❡ ♥♦ ❛❦❡✐♥♦

❛❝❝♦✉♥ ❤❡ ♣❛✐❛❧❞✐ ✐❜✉✐♦♥♦❢❤❡♣❛❝❤❡✳ ❊①♣❧♦✐✐♥❣❤✐ ✐♥❢♦♠❛✐♦♥

♠❛②②✐❡❧❞ ♦❣❛✐♥♦❢❝❧❛✐✜❝❛✐♦♥♣❡❢♦♠❛♥❝❡✳■♥♣✐❡❞❜②❤❡❝♦♥❝❡♣ ♦❢

❝♦✲♦❝❝✉❡♥❝❡♠❛✐❝❡❬❍❛❛❧✐❝❦❡❛❧✳✶✾✼✸❪✱❢✉✉❡✇♦❦ ✇✐❧❧❝♦♥❝❡♥ ❤❡

❞❡✈❡❧♦♣♠❡♥ ♦❢❛❝❧❛✐✜❝❛✐♦♥♠❡❤♦❞✇❤✐❝❤✇✐❧❧❡①♣❧♦✐ ❤❡ ❛✐✐❝❛❧❞❡✲

♣❡♥❞❡♥❝❡❜❡✇❡❡♥♥❡✐❣❤❜♦✐♥❣♣❛❝❤❡✳





❈❤❛♣ ❡ ✼

❈♦♥❝❧✉✐♦♥❛♥❞ ❡ ♣❡❝✐✈❡

❈♦♥❡♥

✼✳✶ ❈♦♥❝❧✉✐♦♥ ✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✶✷✵

✼✳✷ ❡ ♣❡❝✐✈❡✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✶✷✶



✶✷✵ ❈❤❛♣ ❡ ✼✳ ❈♦♥❝❧✉✐♦♥❛♥❞ ❡ ♣❡❝✐✈❡

✼✳✶ ❈♦♥❝❧✉✐♦♥

❚❤❡✇♦❦♣❡❡♥❡❞✐♥ ❤✐ ❤❡✐❢♦❝✉❡❞♦♥ ❤❡✉❡♦❢❝♦✈❛✐❛♥❝❡♠❛✐❝❡✱❛

❡①✉❡❞❡❝✐♣♦✱❢♦ ❤❡❞❡✈❡❧♦♣♠❡♥ ♦❢♦❜✉ ❝❧❛✐✜❝❛✐♦♥❛❧❣♦✐❤♠✳ ▼♦❡

♣❡❝✐❡❧②✱ ❛✐♥❣❢♦♠❤❡③❡♦✲♠❡❛♥♠✉❧✐✈❛✐❛❡●❛✉✐❛♥❞✐ ✐❜✉✐♦♥✱❛ ❛✲

✐✐❝❛❧♠♦❞❡❧❢♦ ❡①✉❡✐♥❢♦♠❛✐♦♥✱❛♦❜✉ ❝❧❛✐✜❝❛✐♦♥✇♦❦✢♦✇❤❛ ❜❡❡♥

♣♦♣♦❡❞✳ ❚❤✐✇♦❦✢♦✇❤❛ ❜❡❡♥✐♥♦❞✉❝❡❞✐♥❈❤❛♣❡✶❛♥❞✐ ✐ ❡❝❛❧❧❡❞✐♥

❋✐❣✉❡✼✳✶✱✐♥♦❞❡ ♦✉♠♠❛✐③❡❤❡♠❛✐♥❝♦♥ ✐❜✉✐♦♥♦❢❤✐✇♦❦✳

❋✐❣✉❡✼✳✶✿❈❧❛ ✐✜❝❛✐♦♥✇♦❦✢♦✇✳
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❡①✉❡✐♠❛❣❡❝❧❛✐✜❝❛✐♦♥✱❤♦✇✐♥❣♣♦♠✐✐♥❣❡✉❧ ✳

✼✳✷ ❡ ♣❡❝✐✈❡

■❞❡❛ ❡❧❛❡❞♦❤❡❢✉✉❡✇♦❦❤❛✈❡❜❡❡♥♣❡❡♥❡❞❛ ❤❡❡♥❞♦❢❡❛❝❤❝❤❛♣❡✳■♥

❤❡❢♦❧❧♦✇✐♥❣✱❛❡❧❡❝✐♦♥♦❢❤❡♣♦ ✐❜❧❡♣❡♣❡❝✐✈❡✐♠❛❞❡✱ ❡♣❡❡♥✐♥❣❤❡♠❛✐♥

❡❡❛❝❤❞✐❡❝✐♦♥✳❚❤❡❡❢♦❡✱❤❡✇♦❦♣❡❡♥❡❞✐♥❤✐ ❤❡✐❝❛♥❜❡❝♦♥✐♥✉❡❞✱

❜②❝♦♥✐❞❡✐♥❣❤❡❢♦❧❧♦✇✐♥❣✿

•❚❤❡❣❡♥❡❛❧✐③❛✐♦♥♦❢❤❡♣♦♣♦❡❞♠❡❤♦❞ ♦♥♦♥✲●❛✉ ✐❛♥ ❛✐✐❝❛❧♠♦❞❡❧✿

❛❧❧❤❡♠❡❤♦❞♣❡❡♥❡❞✐♥❤✐ ❤❡✐ ❡❧②♦♥❤❡✉❡♦❢❝♦✈❛✐❛♥❝❡♠❛✐❝❡✱

❛ ❡①✉❡❢❡❛✉❡✳❆♠✉❧✐✈❛✐❛❡●❛✉✐❛♥❞✐ ✐❜✉✐♦♥❤❛❜❡❡♥❝♦♥✐❞❡❡❞

♦♠♦❞❡❧❤❡♦❜❡✈❛✐♦♥✳❚❤✐❝❤♦✐❝❡❤❛❜❡❡♥♠♦✐✈❛❡❞❜②❤❡❝♦♥✈❡♥✐❡♥



✶✷✷ ❈❤❛♣ ❡ ✼✳ ❈♦♥❝❧✉✐♦♥❛♥❞ ❡ ♣❡❝✐✈❡

♣♦♣❡✐❡♦❢ ❤✐ ❞✐ ✐❜✉✐♦♥✳ ▼♦❡♣❡❝✐❡❧②✱❢♦ ❤❡ ▼●❉✱❤❡❣❡♦❞❡✐❝

❞✐ ❛♥❝❡❛❞♠✐ ❛❝❧♦❡❞❢♦♠✳■♥❈❤❛♣❡✷✱✐❤❛ ❜❡❡♥ ❤♦✇♥ ❤❛ ♠♦❡

❝♦♠♣❧❡① ❛✐✐❝❛❧♠♦❞❡❧❝❛♥❜❡❡♠♣❧♦②❡❞❢♦❞❛❛♠♦❞❡❧✐♥❣✱ ✉❝❤❛ ❤❡

♠✉❧✐✈❛✐❛❡❣❡♥❡❛❧✐③❡❞●❛✉✐❛♥❞✐ ✐❜✉✐♦♥✭▼●●❉✮✱❤❡❙■❘❱♠♦❞❡❧✱❤❡

❝♦♣✉❧❛✲❜❛❡❞♠♦❞❡❧✱❡❝✳❙✉❝❤♠♦❞❡❧❛❡❡①♣❡❝❡❞♦❜❡❡ ❡♣❡❡♥ ❤❡

♦❜❡✈❛✐♦♥✱✐♥❝❡❤❡②❛❧❧❣❡♥❡❛❧✐③❡❤❡♠✉❧✐✈❛✐❛❡●❛✉✐❛♥❞✐ ✐❜✉✐♦♥✳

❇✉ ✐♥❣❡♥❡❛❧✱❢♦ ❤❡❡♠♦❞❡❧✱❤❡❣❡♦❞❡✐❝❞✐❛♥❝❡❞♦❡♥♦❛❞♠✐❛❝❧♦❡❞

❢♦♠✳ ❖♥❧② ♦♠❡❛♣♣♦①✐♠❛✐♦♥❝❛♥❜❡❛✈❛✐❧❛❜❧❡❢♦ ♦♠❡♣❛✐❝✉❧❛❝❛❡

✭✜①❡❞❤❛♣❡♣❛❛♠❡❡✱❧✐♥❡❛❛♣♣♦①✐♠❛✐♦♥♦❢❤❡❣❡♦❞❡✐❝✮✳❖♥❡♠❛②❝♦♥✲

✐❞❡❛❞✐✈❡❣❡♥❝❡✱❧✐❦❡❤❡❑✉❧❧❜❛❝❦✲▲❡✐❜❧❡✱✐♥❡❛❞♦❢❤❡❣❡♦❞❡✐❝❞✐❛♥❝❡

❜✉✐♥❤✐❝❛❡✱♦♠❡❞❡✐❛❜❧❡♣♦♣❡✐❡♦❢❤❡❞✐ ❛♥❝❡✇✐❧❧❜❡❧♦✳❚❤❡❡✲

❢♦❡✱❤❡❛❞❛♣❛✐♦♥♦❢❤❡♣♦♣♦❡❞❛♣♣♦❛❝❤❡ ♦♦❤❡ ♣♦❜❛❜✐❧✐②♠♦❞❡❧

❤♦✉❧❞❜❡❛❦❡♥✐♥♦❝♦♥✐❞❡❛✐♦♥❢♦❢✉✉❡✇♦❦✳

•❚❤❡❡①❡♥✐♦♥♦❢❤❡♣♦♣♦❡❞❘✐❡♠❛♥♥✐❛♥♦♦❧ ♦❤❡ ♣❛❝❡♦❢❝♦♠♣❧❡①❝♦✲

✈❛✐❛♥❝❡♠❛✐❝❡✿✐♥❈❤❛♣❡✹✱✇♦❞❡♥✐②♠♦❞❡❧ ❢♦ ❤❡ ♣❛❝❡♦❢ ❡❛❧

❝♦✈❛✐❛♥❝❡♠❛✐❝❡❤❛✈❡❜❡❡♥♣♦♣♦❡❞✱❤❛ ❛❡❤❡❘✐❡♠❛♥♥✐❛♥●❛✉ ✐❛♥

❛♥❞▲❛♣❧❛❝❡❞✐ ✐❜✉✐♦♥✳ ❋✉✉❡✇♦❦ ✇✐❧❧❛❞❞❡ ❤❡❡①❡♥✐♦♥♦❢❤❡❡

♠♦❞❡❧ ♦❤❡ ♣❛❝❡♦❢❝♦♠♣❧❡①❝♦✈❛✐❛♥❝❡♠❛✐❝❡✳ ❚❤✐✐❞❡❛✐♠♦✐✈❛❡❞

❜②❤❡❡①✐ ❡♥❝❡♦❢❛♣♣❧✐❝❛✐♦♥✇❤❡❡❤❡❝♦✈❛✐❛♥❝❡♠❛✐❝❡❝❛♥❜❡❝♦♠♣❧❡①

✈❛❧✉❡❞✳❋♦✐♥❛♥❝❡✱❤✐✐ ❤❡❝❛❡♦❢ ♦❧❙❆❘❞❛❛✳❚❤✐ ♦♣✐❝✐ ❤❡✉❜❥❡❝

♦❢❝✉❡♥ ❡❡❛❝❤✇♦❦❬❍❛❥✐❡❛❧✳✷✵✶✼❪✳

•❚❤❡❞❡✈❡❧♦♣♠❡♥ ♦❢❤❡❘✐❡♠❛♥♥✐❛♥♠♦❞❡❧ ❢♦ ✉❝✉❡❞❝♦✈❛✐❛♥❝❡♠❛✐✲

❝❡✿❛♥♦❤❡❡①❡♥✐♦♥♦❢❤❡❘✐❡♠❛♥♥✐❛♥●❛✉ ✐❛♥❛♥❞▲❛♣❧❛❝❡❞✐ ✐❜✉✐♦♥

✐ ❡♣❡❡♥❡❞❜②❤❡❛❞❛♣❛✐♦♥♦❢❤❡❡♠♦❞❡❧ ♦❤❡ ♣❛❝❡♦❢ ✉❝✉❡❞

❝♦✈❛✐❛♥❝❡♠❛✐❝❡✳■♥♣❛❝✐❝❡✱❝♦✈❛✐❛♥❝❡♠❛✐❝❡❤❛✈✐♥❣♣❡❝✐❛❧❢♦♠✱❧✐❦❡

❚ ♣❧✐③✱♦❜❧♦❝❦✲❚ ♣❧✐③✱❝❛♥❜❡❢♦✉♥❞✳❍❡♥❝❡✱❤❡❘✐❡♠❛♥♥✐❛♥❞✐ ❛♥❝❡♦♥

❤❡♠❛♥✐❢♦❧❞♦❢ ✉❝✉❡❞❝♦✈❛✐❛♥❝❡♠❛✐❝❡✐♥♦ ❤❡♦♥❡❞❡✜♥❡❞✐♥✭✹✳✺✮

❛♥❞❝♦♥✐❞❡❡❞✐♥❤✐ ❤❡✐✳ ▼♦❡♣❡❝✐❡❧②✱❢♦ ❤❡❡♠❛✐❝❡✱❤❡❣❡♦♠✲

❡②♦❢ ❤❡✐ ♣❛❝❡❤❛ ♦❜❡ ❡♣❡❝❡❞❜②❤❡❝❤♦❡♥❞✐❛♥❝❡✱✐♥♦❞❡ ♦

❜❡♥❡✜ ♦❢❛❧❧❤❡✐ ❛❞✈❛♥❛❣❡✳❈♦♥❡✉❡♥❧②✱❛❧❧❤❡❞❡✈❡❧♦♣❡❞❘✐❡♠❛♥♥✐❛♥✲

❣❡♦♠❡✐❝♦♦❧ ❤♦✉❧❞❜❡❡❛❞❛♣❡❞♦❤❡❡♣❛❝❡ ♦❢ ✉❝✉❡❞❝♦✈❛✐❛♥❝❡

♠❛ ✐❝❡❬❙❛✐❞❡❛❧✳✷✵✶✻❪✳

•❚❤❡❡①♣❧♦✐❛✐♦♥♦❢❤❡♣❛✐❛❧❞✐ ✐❜✉✐♦♥♦❢♣❛❝❤❡✐♥❤❡❝❧❛ ✐✜❝❛✐♦♥✿✐♥

❈❤❛♣❡✻✱❛♣❛❝❤❜❛❡❞❝❧❛✐✜❝❛✐♦♥♠❡❤♦❞❤❛ ❜❡❡♥✐♥♦❞✉❝❡❞✳ ❇❛❡❞

♦♥ ❤❡❝♦♥❝❡♣ ♦❢❋✐❤❡ ✈❡❝♦ ❡①❡♥❞❡❞♦❝♦✈❛✐❛♥❝❡♠❛✐❝❡✱❤❡♣♦✲

♣♦❡❞❘✐❡♠❛♥♥✐❛♥❋✐❤❡✈❡❝♦ ❤❛✈❡❤♦✇♥♣♦♠✐✐♥❣❡✉❧ ✱❝♦♠♣❛❡❞♦

❛❡✲♦❢✲❤❡✲❛ ❧♦❝❛❧❝♦✈❛✐❛♥❝❡♠❛✐❝❡❞❡❝✐♣♦✱✐✳❡✳❇♦❘❲❛♥❞❘✲❱▲❆❉✳

◆❡✈❡ ❤❡❧❡ ✱❛❧❧❤❡❡♠❡❤♦❞ ❤❛✈❡❛♠❛❥♦ ❞❛✇❜❛❝❦✿ ❤❡②❞♦♥♦ ❡①♣❧♦✐

❤❡ ♣❛✐❛❧❞✐ ✐❜✉✐♦♥♦❢♣❛❝❤❡✳■♥♣✐❡❞❜②❤❡❝♦♥❝❡♣ ♦❢❣❛②❧❡✈❡❧❝♦✲

♦❝❝✉❡♥❝❡♠❛✐❝❡✉❡❞❢♦ ❡①✉❡❛♥❛❧②✐✱❢✉❤❡✇♦❦✇✐❧❧❜❡❞❡✈♦❡❞♦

❤❡❡①❡♥✐♦♥♦❢✉❝❤❝♦✲♦❝❝✉ ❡♥❝❡♠❛✐①♦❝♦✈❛✐❛♥❝❡♠❛✐❝❡❡✐♠❛❡❞

♦♥❧♦❝❛❧♣❛❝❤❡✳



❆♣♣❡♥❞✐①❆

❈❡❛✐♥❣❖✉❧✐❡■♠❛❣❡❢♦ ❤❡

♦❧❙❆❘♣♦❙✐♠❉❛❛❜❛❡

■♥❤❡❝♦♥❡①♦❢❢♦❡ ❛♥❞✱❤❡♦✉❧✐❡ ❝❛♥❜❡❡♣❡❡♥❡❞❜② ❛♥❞✇✐❤♠♦❞✲

✐✜❡❞ ✉❝✉❡✳❚❤❡❝❤❛♥❣❡✐♥ ✉❝✉❡❝❛♥❜❡❞❡❡♠✐♥❡❞❜② ♦♠✱✐❧❧♥❡❡✱♦

❤✉♠❛♥❛❝✐♦♥❛♥❞❤❡②❛❡❡✢❡❝❡❞✐♥❤❡❡①✉❛❧❛♥❞♣♦❧❛✐♠❡✐❝❝❤❛❛❝❡✐✐❝

♦❢❤❡❝♦ ❡♣♦♥❞✐♥❣✐♠❛❣❡✳❚❤❡❡❢♦❡✱❜②❤❛✈✐♥❣♣♦♣❡✐❡ ❤❛❛❡❞✐✛❡❡♥❢♦♠

❤❡❡ ♦❢❤❡✐♠❛❣❡✐♥❤❡❞❛❛❡✱❤❡②❝❛♥❜❡❝♦♥✐❞❡❡❞❛♦✉❧✐❡✳

■♥♦❞❡ ♦♠✐♠✐❝❤✐ ❜❡❤❛✈✐♦✱❤❡ ✐♠✉❧❛❡❞✐♠❛❣❡❛❡♠♦❞✐✜❡❞❜②❡♣❧❛❝✲

✐♥❣❛♣❡❞❡✜♥❡❞♣❡❝❡♥❛❣❡♦❢♣✐①❡❧✇✐❤❛❜❡ ❛♥♦♥❡✳ ❚❤❡❛❜❡❛♥♣✐①❡❧ ❛❡

❣❡♥❡❛❡❞❛✈❡❣❡❛✐♦♥♣✐①❡❧❛♥❞ ✉❝✉❡❞✐♥❛❝✐❝✉❧❛❛❡❛❛ ❤♦✇♥✐♥❋✐❣✲

✉❡❆✳✶✳❚❤❡❛❡❛✬ ✉❢❛❝❡✐❝♦♠♣✉❡❞❜②❛❦✐♥❣✐♥♦❝♦♥✐❞❡❛✐♦♥❤❡♣❡❝❡♥❛❣❡

♦❢❛❜❡❛♥♣✐①❡❧✜①❡❞❜②❤❡✉❡✳

✭❛✮ ✭❜✮

❋✐❣✉❡❆✳✶✿❊①❛♠♣❧❡♦❢ ♦❧❙❆❘♣♦❙✐♠♦✉❧✐❡✐♠❛❣❡❝♦♥❛✐♥✐♥❣✭❛✮5%❛♥❞✭❜✮20%♦❢

❛❜❡❛♥♣✐①❡❧✳

❚♦♦❜❛✐♥❤❡♦✉❧✐❡✐♠❛❣❡✱❡✈❡❛❧ ❡♣❛❡♥❡❡❞❡❞✿

✶✳❆ ♦❧❙❆❘♣♦❙✐♠✐♠❛❣❡✇✐❤❧❛❣❡✉❢❛❝❡❛♥❞❧♦✇ ❡❡❞❡♥✐②✐ ✐♠✉❧❛❡❞❀

✷✳❆❧❛❣❡✉❢❛❝❡❝♦♥❛✐♥✐♥❣♥♦ ❡❡✐✐❞❡♥✐✜❡❞❛♥❞♠♦❞❡❧❡❞❜②❛③❡♦✲♠❡❛♥

♠✉❧✐✈❛✐❛❡●❛✉✐❛♥❞✐ ✐❜✉✐♦♥✳

✸✳❚❤❡❝♦✈❛✐❛♥❝❡♠❛✐①♦❢❤❡▼●❉❢♦ ❤❡❡❧❡❝❡❞❡❣✐♦♥✐❡✐♠❛❡❞❀

✹✳❆♥❡✇❞❛❛❡❤❛✈✐♥❣❤❡❛♠❡❞✐ ✐❜✉✐♦♥✱❤❛✐ ❤❡❛♠❡♣❛❛♠❡❡✈❛❧✉❡✱

✐❣❡♥❡❛❡❞✳❚❤❡♥❡✇❞❛❛❡✐ ✉❝✉❡❞✐♥❛❝✐❝✉❧❛❛❡❛❛♥❞✐♥❡❡❞✐♥♦

❛♥♦❤❡ ♦❧❙❆❘♣♦❙✐♠✐♠❛❣❡❤❛✇✐❧❧ ❡♣❡❡♥ ❤❡♦✉❧✐❡✐♠❛❣❡✿



✶✷✹ ❆♣♣❡♥❞✐①❆✳ ❈❡❛✐♥❣❖✉❧✐❡■♠❛❣❡ ❢♦ ❤❡ ♦❧❙❆❘♣♦❙✐♠❉❛❛❜❛❡

✭❛✮❛❝✐❝✉❧❛❛❡❛❤❛✈✐♥❣❛♣❡❝✐✜❝✉❢❛❝❡❛♥❞❤❡❝❡♥❡ ❛♥❞♦♠❧②✜①❡❞✐

❣❡♥❡❛❡❞✳❚❤❡✉❢❛❝❡✐❝♦♠♣✉❡❞❜❛❡❞♦♥❤❡♣❡❝❡♥❛❣❡♦❢❛❜❡❛♥

♣✐①❡❧✜①❡❞❜②❤❡✉❡✳

✭❜✮❤❡♣✐①❡❧♦❢❤❡❝✐❝✉❧❛❛❡❛❛❡❡♣❧❛❝❡❞❜②❤❡❡❛❧✐❡♦❜❛✐♥❡❞▼●❉

❞❛❛❡✳



❆♣♣❡♥❞✐①❇

❋✐❤❡ ❱❡❝♦ ❢♦ ❤❡❘✐❡♠❛♥♥✐❛♥

●❛✉ ✐❛♥ ▼♦❞❡❧

▲❡M ={Mn}n=1:N✱✇✐❤Mn∈Pm✱❜❡❛♥N✲❛♠♣❧❡♦❢✐✳✐✳❞♦❜❡✈❛✐♦♥♠♦❞❡❧❡❞

❛ ❛♠✐①✉❡♦❢K ❘✐❡♠❛♥♥✐❛♥●❛✉ ✐❛♥❞✐ ✐❜✉✐♦♥✳ ❯♥❞❡ ❤❡✐♥❞❡♣❡♥❞❡♥❝❡

❛✉♠♣✐♦♥✱❤❡♣♦❜❛❜✐❧✐②❞❡♥✐②❢✉♥❝✐♦♥♦❢M ✐❣✐✈❡♥❜②✿

p(M |θ)=

N

n=1

p(Mn|θ), ✭❇✳✶✮

✇❤❡❡θ={(k,̄Mk,σk)1≤k≤K}✐ ❤❡♣❛❛♠❡❡✈❡❝♦ ❝♦♥❛✐♥✐♥❣ ❤❡♠✐①✉❡

✇❡✐❣❤ k✱❤❡❝❡♥❛❧✈❛❧✉❡M̄k❛♥❞❤❡❞✐♣❡ ✐♦♥♣❛❛♠❡❡σk✳❋♦❛♠✐①✉❡♦❢

K❘●❉✱p(Mn|θ)✐❞❡✜♥❡❞❛❬❙❛✐❞❡❛❧✳✷✵✶✺❜❪✿

p(Mn|θ)=
K

k=1

kp(Mn|̄Mk,σk)

=
K

k=1

k
1

Z(σk)
exp −

d2(Mn,̄Mk)

2σ2k
, ✭❇✳✷✮

✇❤❡❡Z(σk)✐❛♥♦♠❛❧✐③❛✐♦♥❢❛❝♦✐♥❞❡♣❡♥❞❡♥♦❢❤❡❝❡♥♦✐❞M̄k❛♥❞d(·)✐

❤❡❘✐❡♠❛♥♥✐❛♥❞✐ ❛♥❝❡❬❏❛♠❡✶✾✼✸❪✳

❙❛✐♥❣❢♦♠✭❇✳✶✮✱❤❡❧♦❣✲❧✐❦❡❧✐❤♦♦❞✐♦❜❛✐♥❡❞❛✿

logp(M |θ)=
N

n=1

logp(Mn|θ) ✭❇✳✸✮

❛♥❞✐ ❞❡✐✈❛✐✈❡✇✐❤❡♣❡❝ ♦❤❡♣❛❛♠❡❡✈❡❝♦❝❛♥❜❡❝♦♠♣✉❡❞✳



✶✷✻ ❆♣♣❡♥❞✐①❇✳ ❋✐ ❤❡ ❱❡❝ ♦ ❢♦ ❤❡❘✐❡♠❛♥♥✐❛♥ ●❛✉ ✐❛♥ ▼♦❞❡❧

❇✳✶ ❚❤❡❞❡✐✈❛✐✈❡✇✐❤ ❡♣❡❝ ♦ ❤❡❝❡♥ ♦✐❞M̄k

❚❤❡❞❡✐✈❛✐✈❡♦❢❤❡❧♦❣✲❧✐❦❡❧✐❤♦♦❞✐♥✭❇✳✸✮✇✐❤ ❡♣❡❝ ♦ ❤❡❝❡♥♦✐❞M̄k✐

♦❜❛✐♥❡❞❛❢♦❧❧♦✇✿

∂logp(M |θ)

∂M̄k
=
∂

∂M̄k

N

n=1

logp(Mn|θ)

=
N

n=1

∂logp(Mn|θ)

∂M̄k

=
N

n=1

∂
∂M̄k
p(Mn|θ)

p(Mn|θ)

=

N

n=1

∂
∂M̄k
p(Mn|θ)

K

j=1 jp(Mn|̄Mj,σj)
.

✭❇✳✹✮

❚❤❡♥✉♠❡❛♦✐ ❡♣❛❛❡❧②❝♦♠♣✉❡❞❢✉❤❡✿

∂

∂M̄k
p(Mn|θ)=

∂

∂M̄k

K

j=1

jp(Mn|̄Mj,σj)

= k
∂

∂M̄k
p(Mn|̄Mk,σk)

= k
∂

∂M̄k

1

Z(σk)
exp −

d2(Mn,̄Mk)

2σ2k

= k
1

Z(σk)
exp −

d2(Mn,̄Mk)

2σ2k
−
1

2σ2k

∂

∂M̄k
d2(Mn,̄Mk).

✭❇✳✺✮

❑♥♦✇✐♥❣ ❤❛❞❡✐✈❛✐✈❡♦❢❤❡❘✐❡♠❛♥♥✐❛♥❞✐ ❛♥❝❡✐❣✐✈❡♥❜②❬❈❤❛✈❡❧✷✵✵✻❪✿

∂

∂M̄k
d2(Mn,̄Mk)=−2▲♦❣M̄i(Mn), ✭❇✳✻✮

❤❡❡①♣❡✐♦♥✐♥✭❇✳✺✮❝❛♥❜❡✇✐❡♥✿

∂

∂M̄k
p(Mn|θ)= k

1

Z(σk)
exp −

d2(Mn,̄Mk)

2σ2k
−
1

2σ2k
(−2▲♦❣M̄i(Mn))

= k
1

Z(σk)
exp −

d2(Mn,̄Mk)

2σ2k

▲♦❣M̄i(Mn)

σ2k

= k
1

σ2k
▲♦❣M̄i(Mn)p(Mn|̄Mk,σk). ✭❇✳✼✮

◆❡①✱❜②❡♣❧❛❝✐♥❣❤❡♥✉♠❡❛♦✐♥✭❇✳✹✮❜②❤❡ ❡✉❧ ✐♥✭❇✳✼✮✱❤❡❢♦❧❧♦✇✐♥❣

❡❧❛✐♦♥✐❞❡✐✈❡❞✿

∂logp(M |θ)

∂M̄k
=
N

n=1

k

σ2k
▲♦❣M̄i(Mn)p(Mn|̄Mk,σk)

K

j=1 jp(Mn|̄Mj,σj)
. ✭❇✳✽✮



❇✳✷✳ ❚❤❡❞❡ ✐✈❛✐✈❡✇✐❤ ❡♣❡❝ ♦ ❤❡❞✐♣❡ ✐♦♥σk ✶✷✼

■♥❤❡❡♥❞✱❜②✐♥♦❞✉❝✐♥❣❤❡✈❛✐❛❜❧❡✿

γk(Mn)=
kp(Mn|̄Mk,σk)

K

j=1 jp(Mn|̄Mj,σj)
, ✭❇✳✾✮

❤❡✜♥❛❧❢♦♠♦❢ ❤❡❞❡✐✈❛✐✈❡✇✐❤❡♣❡❝ ♦M̄k✐♦❜❛✐♥❡❞✿

∂logp(M |θ)

∂M̄k
=

N

n=1

γk(Mn)σ
−2
k ▲♦❣M̄k(Mn). ✭❇✳✶✵✮

❇✳✷ ❚❤❡❞❡✐✈❛✐✈❡✇✐❤ ❡♣❡❝ ♦ ❤❡❞✐♣❡ ✐♦♥σk

❚❤❡❞❡✐✈❛✐✈❡♦❢❤❡❧♦❣✲❧✐❦❡❧✐❤♦♦❞✐♥✭❇✳✸✮✇✐❤❡♣❡❝ ♦❤❡❞✐♣❡ ✐♦♥♣❛❛♠❡❡

σk✐♦❜❛✐♥❡❞❛❢♦❧❧♦✇✿

∂logp(M |θ)

∂σk
=
∂

∂σk

N

n=1

logp(Mn|θ)

=

N

n=1

∂logp(Mn|θ)

∂σk

=

N

n=1

∂
∂σk
p(Mn|θ)

p(Mn|θ)

=

N

n=1

∂
∂σk
p(Mn|θ)

K

j=1 jp(Mn|̄Mj,σj)
. ✭❇✳✶✶✮

◆❡①✱❤❡♥✉♠❡❛♦✐ ❡♣❛❛❡❧②❝♦♠♣✉❡❞✿

∂

∂σk
p(Mn|θ)=

∂

∂σk

K

j=1

jp(Mn|̄Mj,σj)

= k
∂

∂σk
p(Mn|̄Mk,σk)

= k
∂

∂σk

1

Z(σk)
exp −

d2(Mn,̄Mk)

2σ2k

= k −
Z(σk)

Z2(σk)
exp −

d2(Mn,̄Mk)

2σ2k
+

+
1

Z(σk)
exp −

d2(Mn,̄Mk)

2σ2k

d2(Mn,̄Mk)

σ3k

= k
1

Z(σk)
exp −

d2(Mn,̄Mk)

2σ2k
−
Z(σk)

Z(σk)
+
d2(Mn,̄Mk)

σ3k

= kp(Mn|̄Mk,σk) −
Z(σk)

Z(σk)
+
d2(Mn,̄Mk)

σ3k
. ✭❇✳✶✷✮



✶✷✽ ❆♣♣❡♥❞✐①❇✳ ❋✐ ❤❡ ❱❡❝ ♦ ❢♦ ❤❡❘✐❡♠❛♥♥✐❛♥ ●❛✉ ✐❛♥ ▼♦❞❡❧

❇② ❡♣❧❛❝✐♥❣✐♥✭❇✳✶✶✮❤❡♥✉♠❡❛♦✇✐❤❤❡♣❡✈✐♦✉❧②❡①♣❡✐♦♥✭❇✳✶✷✮✱❤❡

❞❡✐✈❛✐✈❡♦❢❤❡❧♦❣✲❧✐❦❡❧✐❤♦♦❞❜❡❝♦♠❡✿

∂logp(M |θ)

∂σk
=

N

n=1

kp(Mn|̄Mk,σk)−
Z(σk)
Z(σk)

+d
2(Mn,̄Mk)
σ3k

K

j=1 jp(Mn|̄Mj,σj)
. ✭❇✳✶✸✮

■♥❤❡❡♥❞✱❜②✉✐♥❣❤❡❡①♣❡✐♦♥♦❢γk(Mn)✐♥✭❇✳✾✮✱❤❡✜♥❛❧❢♦♠♦❢ ❤❡

❞❡✐✈❛✐✈❡✇✐❤❡♣❡❝ ♦σk✐♦❜❛✐♥❡❞✿

∂logp(M |θ)

∂σk
=

N

n=1

γk(Mn)−
Z(σk)

Z(σk)
+
d2(Mn,̄Mk)

σ3k
. ✭❇✳✶✹✮

❇✳✸ ❚❤❡❞❡✐✈❛✐✈❡✇✐❤ ❡♣❡❝ ♦ ❤❡✇❡✐❣❤ k

■♥♦❞❡ ♦❝♦♠♣✉❡❤❡❞❡✐✈❛✐✈❡♦❢❤❡❧♦❣✲❧✐❦❡❧✐❤♦♦❞✐♥✭❇✳✸✮✇✐❤❡♣❡❝ ♦❤❡

✇❡✐❣❤✱❛♣❛❛♠❡✐③❛✐♦♥✐♥❡❡❞❡❞✜ ❬❙♥❝❤❡③❡❛❧✳✷✵✶✸❪✿

k=
exp(αk)
K
j=1exp(αj)

. ✭❇✳✶✺✮

❚❤✐ ♣❛❛♠❡✐③❛✐♦♥✉✐♥❣αk❡♥✉❡ ❤❡❝♦♥ ❛✐♥ ♦❢♣♦✐✐✈✐②❛♥❞✉♠♦♦♥❡

❢♦ ❤❡✇❡✐❣❤ ✳ ❚❤❡❡❢♦❡✱❤❡❞❡✐✈❛✐✈❡✇✐❤ ❡♣❡❝ ♦ k✐ ❡♣❧❛❝❡❞❜②❤❡

❝♦♠♣✉❛✐♦♥♦❢❤❡❞❡✐✈❛✐✈❡✇✐❤❡♣❡❝ ♦αk✿

∂logp(M |θ)

∂αk
=
∂

∂αk

N

n=1

logp(Mn|θ)

=
N

n=1

∂logp(Mn|θ)

∂αk

=
N

n=1

∂
∂αk
p(Mn|θ)

p(Mn|θ)

=
N

n=1

∂
∂αk
p(Mn|θ)

K

j=1 jp(Mn|̄Mj,σj)
. ✭❇✳✶✻✮

❚❤❡♥✉♠❡❛♦✐❡♣❛❛❡❧②❝♦♠♣✉❡❞✱❜②❛❦✐♥❣✐♥♦❝♦♥✐❞❡❛✐♦♥❤❡♣❛❛♠❡✐③❛✲



❇✳✸✳ ❚❤❡❞❡ ✐✈❛✐✈❡✇✐❤ ❡♣❡❝ ♦ ❤❡✇❡✐❣❤ k ✶✷✾

✐♦♥✐♥✭✻✳✶✽✮✿

∂

∂αk
p(Mn|θ)=

∂

∂αk

K

j=1

exp(αj)
K
l=1exp(αl)

p(Mn|̄Mj,σj)

=
exp(αk)

K
l=1exp(αl)−exp(αk)

2

K
l=1exp(αl)

2 p(Mn|̄Mk,σk)

+
j=k

exp(αj)p(Mn|̄Mj,σj)
−exp(αk)
K
l=1exp(αl)

2

=( k−
2
k)p(Mn|̄Mk,σk)−

j=k

jp(Mn|̄Mj,σj) k

=( k−
2
k)p(Mn|̄Mk,σk)+

2
kp(Mn|̄Mk,σk)

−

K

j=1

j kp(Mn|̄Mj,σj)

= kp(Mn|̄Mk,σk)− k

K

j=1

jp(Mn|̄Mj,σj). ✭❇✳✶✼✮

◆❡①✱❜②❡♣❧❛❝✐♥❣❤❡♥✉♠❡❛♦✐♥✭❇✳✶✻✮✱❜②❤❡♣❡✈✐♦✉❧②♦❜❛✐♥❡❞❡①♣❡✲

✐♦♥✭❇✳✶✼✮✱❤❡❞❡✐✈❛✐✈❡♦❢❤❡❧♦❣✲❧✐❤❡❧✐❦♦♦❞❝❛♥❜❡✇✐❡♥❛✿

∂logp(M |θ)

∂αk
=

N

n=1

kp(Mn|̄Mk,σk)− k
K
j=1 jp(Mn|̄Mj,σj)

K

j=1 kp(Mn|̄Mj,σj)
. ✭❇✳✶✽✮

■♥❤❡❡♥❞✱❜②✐♥ ♦❞✉❝✐♥❣❤❡❡①♣❡✐♦♥♦❢γk(Mn)✐♥✭❇✳✾✮✱❤❡✜♥❛❧❢♦♠♦❢

❤❡❞❡✐✈❛✐✈❡✇✐❤❡♣❡❝ ♦αk✐♦❜❛✐♥❡❞✿

∂logp(M|θ)

∂αk
=
N

n=1

[γk(Mn)− k]. ✭❇✳✶✾✮





❆♣♣❡♥❞✐①❈

❋✐❤❡ ❱❡❝♦ ❢♦ ❤❡❘✐❡♠❛♥♥✐❛♥

▲❛♣❧❛❝❡ ▼♦❞❡❧

▲❡M ={Mn}n=1:N✱✇✐❤Mn∈Pm✱❜❡❛♥N✲❛♠♣❧❡♦❢✐✳✐✳❞♦❜❡✈❛✐♦♥♠♦❞❡❧❡❞

❛ ❛ ♠✐①✉❡♦❢K ❘✐❡♠❛♥♥✐❛♥▲❛♣❧❛❝❡❞✐ ✐❜✉✐♦♥✳ ❯♥❞❡ ❤❡✐♥❞❡♣❡♥❞❡♥❝❡

❛✉♠♣✐♦♥✱❤❡♣♦❜❛❜✐❧✐②❞❡♥✐②❢✉♥❝✐♦♥♦❢M ✐❣✐✈❡♥❜②✿

p(M |θ)=

N

n=1

p(Mn|θ), ✭❈✳✶✮

✇❤❡❡θ={(k,̄Mk,σk)1≤k≤K}✐ ❤❡♣❛❛♠❡❡✈❡❝♦ ❝♦♥❛✐♥✐♥❣ ❤❡♠✐①✉❡

✇❡✐❣❤ k✱❤❡❝❡♥❛❧✈❛❧✉❡M̄k❛♥❞❤❡❞✐♣❡ ✐♦♥♣❛❛♠❡❡σk✳❋♦❛♠✐①✉❡♦❢

K❘▲❉✱p(Mn|θ)✐❞❡✜♥❡❞❛❬❍❛❥✐❡❛❧✳✷✵✶✻❪✿

p(Mn|θ)=
K

k=1

kp(Mn|̄Mk,σk)

=
K

k=1

k
1

ζm(σk)
exp −

d(Mn,̄Mk)

2σ2k
, ✭❈✳✷✮

✇❤❡❡ζm(σk)✐❛♥♦♠❛❧✐③✐♥❣❝♦♥ ❛♥✐♥❞❡♣❡♥❞❡♥♦❢M̄k❛♥❞d(·)✐ ❤❡❘✐❡♠❛♥✲

♥✐❛♥❞✐ ❛♥❝❡❬❏❛♠❡✶✾✼✸❪✳

❙❛✐♥❣❢♦♠✭❈✳✶✮✱❤❡❧♦❣✲❧✐❦❡❧✐❤♦♦❞✐♦❜❛✐♥❡❞❛✿

logp(M |θ)=
N

n=1

logp(Mn|θ) ✭❈✳✸✮

❛♥❞✐ ❞❡✐✈❛✐✈❡✇✐❤❡♣❡❝ ♦❤❡♣❛❛♠❡❡✈❡❝♦❝❛♥❜❡❝♦♠♣✉❡❞✳



✶✸✷ ❆♣♣❡♥❞✐①❈✳ ❋✐ ❤❡ ❱❡❝ ♦ ❢♦ ❤❡❘✐❡♠❛♥♥✐❛♥▲❛♣❧❛❝❡ ▼♦❞❡❧

❈✳✶ ❚❤❡❞❡✐✈❛✐✈❡✇✐❤ ❡♣❡❝ ♦ ❤❡❝❡♥ ♦✐❞M̄k

❚❤❡❞❡✐✈❛✐✈❡♦❢❤❡❧♦❣✲❧✐❦❡❧✐❤♦♦❞✐♥✭❈✳✸✮✇✐❤ ❡♣❡❝ ♦ ❤❡❝❡♥♦✐❞M̄k✐

♦❜❛✐♥❡❞❛❢♦❧❧♦✇✿

∂logp(M |θ)

∂M̄k
=
∂

∂M̄k

N

n=1

logp(Mn|θ)

=

N

n=1

∂logp(Mn|θ)

∂M̄k

=
N

n=1

∂
∂M̄k
p(Mn|θ)

p(Mn|θ)

=
N

n=1

∂
∂M̄k
p(Mn|θ)

K

j=1 jp(Mn|̄Mj,σj)
.

✭❈✳✹✮

❚❤❡♥✉♠❡❛♦✐ ❡♣❛❛❡❧②❝♦♠♣✉❡❞❢✉❤❡✿

∂

∂M̄k
p(Mn|θ)=

∂

∂M̄k

K

j=1

jp(Mn|̄Mj,σj)

= k
∂

∂M̄k
p(Mn|̄Mk,σk)

= k
∂

∂M̄k

1

ζ(σk)
exp −

d(Mn,̄Mk)

2σ2k

= k
1

ζ(σk)
exp −

d(Mn,̄Mk)

2σ2k
−
1

2σ2k

∂

∂M̄k
d(Mn,̄Mk).✭❈✳✺✮

❑♥♦✇✐♥❣ ❤❛❞❡✐✈❛✐✈❡♦❢❤❡❘✐❡♠❛♥♥✐❛♥❞✐ ❛♥❝❡✐❣✐✈❡♥❜②❬❈❤❛✈❡❧✷✵✵✻❪✿

∂

∂M̄k
d(Mn,̄Mk)=−

▲♦❣M̄i(Mn)

d(Mn,̄Mk)
, ✭❈✳✻✮

❤❡❡①♣❡✐♦♥✐♥✭❈✳✺✮❝❛♥❜❡✇✐❡♥✿

∂

∂M̄k
p(Mn|θ)= k

1

ζ(σk)
exp −

d(Mn,̄Mk)

2σ2k
−
1

2σ2k
−
▲♦❣M̄i(Mn)

d(Mn,̄Mk)

=
k

2σ2k

1

ζ(σk)
exp −

d(Mn,̄Mk)

2σ2k

▲♦❣M̄i(Mn)

d(Mn,̄Mk)

=
k

2σ2k

▲♦❣M̄i(Mn)

d(Mn,̄Mk)
p(Mn|̄Mk,σk). ✭❈✳✼✮

◆❡①✱❜②❡♣❧❛❝✐♥❣❤❡♥✉♠❡❛♦✐♥✭❈✳✹✮❜②❤❡ ❡✉❧ ✐♥✭❈✳✼✮✱❤❡❢♦❧❧♦✇✐♥❣

❡❧❛✐♦♥✐❞❡✐✈❡❞✿

∂logp(M |θ)

∂M̄k
=
N

n=1

k

2σ2k

▲♦❣M̄ i
(Mn)

d(Mn,̄Mk)
p(Mn|̄Mk,σk)

K

j=1 jp(Mn|̄Mj,σj)
. ✭❈✳✽✮



❈✳✷✳ ❚❤❡❞❡ ✐✈❛✐✈❡✇✐❤ ❡♣❡❝ ♦ ❤❡❞✐♣❡ ✐♦♥σk ✶✸✸

■♥❤❡❡♥❞✱❜②✐♥♦❞✉❝✐♥❣❤❡✈❛✐❛❜❧❡✿

γk(Mn)=
kp(Mn|̄Mk,σk)

K

j=1 jp(Mn|̄Mj,σj)
, ✭❈✳✾✮

❤❡✜♥❛❧❢♦♠♦❢ ❤❡❞❡✐✈❛✐✈❡✇✐❤❡♣❡❝ ♦M̄k✐♦❜❛✐♥❡❞✿

∂logp(M |θ)

∂M̄k
=

N

n=1

γk(Mn)
▲♦❣M̄i(Mn)

σ2kd(Mn,̄Mk)
p(Mn|̄Mk,σk). ✭❈✳✶✵✮

❈✳✷ ❚❤❡❞❡✐✈❛✐✈❡✇✐❤ ❡♣❡❝ ♦ ❤❡❞✐♣❡ ✐♦♥σk

❚❤❡❞❡✐✈❛✐✈❡♦❢❤❡❧♦❣✲❧✐❦❡❧✐❤♦♦❞✐♥✭❈✳✸✮✇✐❤❡♣❡❝ ♦❤❡❞✐♣❡ ✐♦♥♣❛❛♠❡❡

σk✐♦❜❛✐♥❡❞❛❢♦❧❧♦✇✿

∂logp(M |θ)

∂σk
=
∂

∂σk

N

n=1

logp(Mn|θ)

=

N

n=1

∂logp(Mn|θ)

∂σk

=

N

n=1

∂
∂σk
p(Mn|θ)

p(Mn|θ)

=

N

n=1

∂
∂σk
p(Mn|θ)

K

j=1 jp(Mn|̄Mj,σj)
. ✭❈✳✶✶✮

◆❡①✱❤❡♥✉♠❡❛♦✐ ❡♣❛❛❡❧②❝♦♠♣✉❡❞✿

∂

∂σk
p(Mn|θ)=

∂

∂σk

K

j=1

jp(Mn|̄Mj,σj)

= k
∂

∂σk
p(Mn|̄Mk,σk)

= k
∂

∂σk

1

ζ(σk)
exp −

d(Mn,̄Mk)

2σ2k

= k −
ζ(σk)

ζ2(σk)
exp −

d(Mn,̄Mk)

2σ2k
+

+
1

ζ(σk)
exp −

d(Mn,̄Mk)

2σ2k

d(Mn,̄Mk)

σ3k

= k
1

ζ(σk)
exp −

d(Mn,̄Mk)

2σ2k
−
ζ(σk)

ζ(σk)
+
d(Mn,̄Mk)

σ3k

= kp(Mn|̄Mk,σk) −
ζ(σk)

ζ(σk)
+
d(Mn,̄Mk)

σ3k
. ✭❈✳✶✷✮



✶✸✹ ❆♣♣❡♥❞✐①❈✳ ❋✐ ❤❡ ❱❡❝ ♦ ❢♦ ❤❡❘✐❡♠❛♥♥✐❛♥▲❛♣❧❛❝❡ ▼♦❞❡❧

❇② ❡♣❧❛❝✐♥❣✐♥✭❈✳✶✶✮❤❡♥✉♠❡❛♦✇✐❤❤❡♣❡✈✐♦✉❧②❡①♣❡✐♦♥✭❈✳✶✷✮✱❤❡

❞❡✐✈❛✐✈❡♦❢❤❡❧♦❣✲❧✐❦❡❧✐❤♦♦❞❜❡❝♦♠❡✿

∂logp(M |θ)

∂σk
=

N

n=1

kp(Mn|̄Mk,σk)−
ζ(σk)
ζ(σk)

+d(Mn,̄Mk)
σ3k

K

j=1 jp(Mn|̄Mj,σj)
. ✭❈✳✶✸✮

■♥❤❡❡♥❞✱❜②✉✐♥❣❤❡❡①♣❡✐♦♥♦❢γk(Mn)✐♥✭❈✳✾✮✱❤❡✜♥❛❧❢♦♠♦❢ ❤❡

❞❡✐✈❛✐✈❡✇✐❤❡♣❡❝ ♦σk✐♦❜❛✐♥❡❞✿

∂logp(M |θ)

∂σk
=

N

n=1

γk(Mn)−
ζ(σk)

ζ(σk)
+
d(Mn,̄Mk)

σ3k
. ✭❈✳✶✹✮

❈✳✸ ❚❤❡❞❡✐✈❛✐✈❡✇✐❤ ❡♣❡❝ ♦ ❤❡✇❡✐❣❤ k

■♥♦❞❡ ♦❝♦♠♣✉❡❤❡❞❡✐✈❛✐✈❡♦❢❤❡❧♦❣✲❧✐❦❡❧✐❤♦♦❞✐♥✭❈✳✸✮✇✐❤❡♣❡❝ ♦❤❡

✇❡✐❣❤✱❛♣❛❛♠❡✐③❛✐♦♥✐♥❡❡❞❡❞✜ ❬❙♥❝❤❡③❡❛❧✳✷✵✶✸❪✿

k=
exp(αk)
K
j=1exp(αj)

. ✭❈✳✶✺✮

❚❤✐ ♣❛❛♠❡✐③❛✐♦♥✉✐♥❣αk❡♥✉❡ ❤❡❝♦♥ ❛✐♥ ♦❢♣♦✐✐✈✐②❛♥❞✉♠♦♦♥❡

❢♦ ❤❡✇❡✐❣❤ ✳ ❚❤❡❡❢♦❡✱❤❡❞❡✐✈❛✐✈❡✇✐❤ ❡♣❡❝ ♦ k✐ ❡♣❧❛❝❡❞❜②❤❡

❝♦♠♣✉❛✐♦♥♦❢❤❡❞❡✐✈❛✐✈❡✇✐❤❡♣❡❝ ♦αk✿

∂logp(M |θ)

∂αk
=
∂

∂αk

N

n=1

logp(Mn|θ)

=
N

n=1

∂logp(Mn|θ)

∂αk

=
N

n=1

∂
∂αk
p(Mn|θ)

p(Mn|θ)

=
N

n=1

∂
∂αk
p(Mn|θ)

K

j=1 jp(Mn|̄Mj,σj)
. ✭❈✳✶✻✮

❚❤❡♥✉♠❡❛♦✐❡♣❛❛❡❧②❝♦♠♣✉❡❞✱❜②❛❦✐♥❣✐♥♦❝♦♥✐❞❡❛✐♦♥❤❡♣❛❛♠❡✐③❛✲



❈✳✸✳ ❚❤❡❞❡ ✐✈❛✐✈❡✇✐❤ ❡♣❡❝ ♦ ❤❡✇❡✐❣❤ k ✶✸✺

✐♦♥✐♥✭✻✳✶✽✮✿

∂

∂αk
p(Mn|θ)=

∂

∂αk

K

j=1

exp(αj)
K
l=1exp(αl)

p(Mn|̄Mj,σj)

=
exp(αk)

K
l=1exp(αl)−exp(αk)

2

K
l=1exp(αl)

2 p(Mn|̄Mk,σk)

+
j=k

exp(αj)p(Mn|̄Mj,σj)
−exp(αk)
K
l=1exp(αl)

2

=( k−
2
k)p(Mn|̄Mk,σk)−

j=k

jp(Mn|̄Mj,σj) k

=( k−
2
k)p(Mn|̄Mk,σk)+

2
kp(Mn|̄Mk,σk)

−

K

j=1

j kp(Mn|̄Mj,σj)

= kp(Mn|̄Mk,σk)− k

K

j=1

jp(Mn|̄Mj,σj). ✭❈✳✶✼✮

◆❡①✱❜②❡♣❧❛❝✐♥❣❤❡♥✉♠❡❛♦✐♥✭❈✳✶✻✮✱❜②❤❡♣❡✈✐♦✉❧②♦❜❛✐♥❡❞❡①♣❡✲

✐♦♥✭❈✳✶✼✮✱❤❡❞❡✐✈❛✐✈❡♦❢❤❡❧♦❣✲❧✐❤❡❧✐❦♦♦❞❝❛♥❜❡✇✐❡♥❛✿

∂logp(M |θ)

∂αk
=

N

n=1

kp(Mn|̄Mk,σk)− k
K
j=1 jp(Mn|̄Mj,σj)

K

j=1 kp(Mn|̄Mj,σj)
. ✭❈✳✶✽✮

■♥❤❡❡♥❞✱❜②✐♥ ♦❞✉❝✐♥❣❤❡❡①♣❡✐♦♥♦❢γk(Mn)✐♥✭❈✳✾✮✱❤❡✜♥❛❧❢♦♠♦❢

❤❡❞❡✐✈❛✐✈❡✇✐❤❡♣❡❝ ♦αk✐♦❜❛✐♥❡❞✿

∂logp(M|θ)

∂αk
=
N

n=1

[γk(Mn)− k]. ✭❈✳✶✾✮





❆♣♣❡♥❞✐①❉

■♥❡❣❛❧■♠❛❣❡❢♦❈♦✈❛✐❛♥❝❡

▼❛ ✐①❈♦♠♣✉❛✐♦♥

■♥❡❣❛❧✐♠❛❣❡❛❡✐♥❡♠❡❞✐❛❡✐♠❛❣❡❡♣❡❡♥❛✐♦♥ ❤❛ ❤❛✈❡❜❡❡♥✐♥♦❞✉❝❡❞

✐♥❬❱✐♦❧❛✫❏♦♥❡ ✷✵✵✶❪✳❙❛✐♥❣❢♦♠❛♥✐♠❛❣❡I✱❤❡✐♥❡❣❛❧✐♠❛❣❡II✐❞❡✜♥❡❞

❛✿

II(x,y)=
x<x,y<y

I(x,y). ✭❉✳✶✮

❆❣❛♣❤✐❝❛❧❡♣❡❡♥❛✐♦♥♦❢❤✐ ❡✉❛✐♦♥✐ ❤♦✇♥✐♥❋✐❣✉❡❉✳✶✳ ▼♦❡♦✈❡✱❤❡

❋✐❣✉❡❉✳✶✿❈♦♠♣✉❛✐♦♥♦❢✐♥❡❣❛❧✐♠❛❣❡✳

❞❡✜♥✐✐♦♥♦❢✐♥❡❣❛❧✐♠❛❣❡❝❛♥❜❡❡①❡♥❞❡❞♦❤✐❣❤❡❞✐♠❡♥✐♦♥❛♥❞✉❡❞❢♦❢❛

❝♦♠♣✉❛✐♦♥♦❢❡❣✐♦♥✉♠✱❛♠❡♥✐♦♥❡❞✐♥❬❚✉③❡❧❡❛❧✳✷✵✵✻❪✳■♥❤❡❛♠❡✇♦❦✱

❤❡♣♦❝❡❞✉❡❢♦❝♦✈❛✐❛♥❝❡♠❛✐①❡✐♠❛✐♦♥❜❛❡❞♦♥✐♥❡❣❛❧✐♠❛❣❡❤❛ ❜❡❡♥

❞❡❛✐❧❡❞✱❛❢♦❧❧♦✇✳❋✐ ✱❤❡❡①♣❡✐♦♥♦❢❤❡(i,j)✲❤❡❧❡♠❡♥✐♥❤❡❝♦✈❛✐❛♥❝❡

♠❛ ✐①❣✐✈❡♥✐♥✭✻✳✸✵✮✱❤❛❜❡❡♥❡✇✐❡♥✿

MP(i,j)=
1

NP

NP

n=1

pn(i)−µ(i) pn(j)−µ(j)=

=
1

NP

NP

n=1

pn(i)pn(j)−
1

NP

NP

n=1

pn(i)

NP

n=1

pn(j). ✭❉✳✷✮

❚♦❝♦♠♣✉❡❤❡✇♦ ❡♠ ✐♥✭❉✳✷✮✱❤❡✐♥❡❣❛❧✐♠❛❣❡❤❛✈❡❜❡❡♥✉❡❞✳❚❤❡❡❢♦❡✱

❤❡❢♦❧❧♦✇✐♥❣♥♦❛✐♦♥❤❛✈❡❜❡❡♥✐♥♦❞✉❝❡❞✿

R(x,y,i)=
x<x,y<y

IF(x,y,i) ✭❉✳✸✮



✶✸✽ ❆♣♣❡♥❞✐①❉✳■♥ ❡❣❛❧■♠❛❣❡ ❢♦❈♦✈❛ ✐❛♥❝❡ ▼❛✐①❈♦♠♣✉❛✐♦♥

❛♥❞

Q(x,y,i,j)=
x<x,y<y

IF(x,y,i,j), ✭❉✳✹✮

✇❤❡❡R✐ ❤❡W×H×m ❡♥♦♦❢❤❡✐♥❡❣❛❧✐♠❛❣❡✱Q✐ ❤❡W×H×m×m

❡♥♦♦❢❤❡❡❝♦♥❞♦❞❡✐♥❡❣❛❧✐♠❛❣❡❛♥❞i,j=1,...,m✳■♥❛❞❞✐✐♦♥✱

Rx,y= R(x,y,1) ... R(x,y,m)
T

✭❉✳✺✮

❛♥❞

Qx,y=






Q(x,y,1,1) ... Q(x,y,1,m)
✳✳✳

Q(x,y,m,1) ... Q(x,y,m,m)




 ✭❉✳✻✮

❛❡❤❡❝♦ ❡♣♦♥❞✐♥❣m✲❞✐♠❡♥✐♦♥❛❧✈❡❝♦❛♥❞m×m❞✐♠❡♥✐♦♥❛❧♠❛✐①✳❋✐♥❛❧❧②✱

❤❡❝♦✈❛✐❛♥❝❡♠❛✐①♦❢❛♣❛❝❤P❞❡❧✐♠✐❡❞❜②❤❡✉♣♣❡ ❧❡❢❝♦♥❡ (x,y)❛♥❞

❤❡❧♦✇❡ ✐❣❤(x,y)❝♦♥❡✱❛✐❧❧✉ ❛❡❞✐♥❋✐❣✉❡❉✳✷✱✐❣✐✈❡♥❜②✿

MP(x,y;x,y)=
1

NP
Qx,y+Qx,y−Qx,y−Qx,y−

−
1

NP
Rx,y+Rx,y−Rx,y−Rx,y Rx,y+Rx,y−Rx,y−Rx,y

T
,

✭❉✳✼✮

❦♥♦✇✐♥❣❤❛NP=(x−x)(y−y)✳❚❤✐❡①♣❡✐♦♥✐♦❜❛✐♥❡❞❜❛❡❞♦♥❤❡❢❛❝

❋✐❣✉❡ ❉✳✷✿❊①❛♠♣❧❡♦❢❛♣❛❝❤P∈IF✱✇❤❡❡❡❛❝❤❡❧❡♠❡♥pn✐❛♥m✲❞✐♠❡♥✐♦♥❛❧

♣♦✐♥✱n=1,...,NP✳

❤❛ ❤❡✉♠♦❢❤❡❡❧❡♠❡♥ ✐♥❛♥②❡❝❛♥❣❧❡(x,y,x,y)❝♦♥❛✐♥❡❞✐♥❛♥✐♥❡❣❡

✐♠❛❣❡II❝❛♥❜❡❡✈❛❧✉❛❡❞❛✿

II(x,y)+II(x,y)−II(x,y)−II(x,y). ✭❉✳✽✮

❲✐ ❤❤✐ ❛❧❣♦✐❤♠✱♦♥❝❡ ❤❛ ❤❡✐♥❡❣❛❧✐♠❛❣❡❤❛✈❡❜❡❡♥❜✉✐❧✱❤❡✐♠❡❝♦♠✲

♣❧❡①✐②♦❢❤❡❝♦✈❛✐❛♥❝❡♠❛✐①❡✐♠❛✐♦♥✐O(m2)✱∀P∈IF❬❚✉③❡❧❡❛❧✳✷✵✵✻❪✳



❇✐❜❧✐♦❣❛♣❤②

❬❆❜✐❧❡❛❧✳✷✵✵✽❪ ✳✲❆✳❆❜✐❧✱❘✳ ▼❛❤♦♥②❛♥❞❘✳❙❡♣✉❧❝❤❡✳ ❖♣✐♠✐③❛✐♦♥❛❧❣♦✲

✐❤♠ ♦♥ ♠❛✐① ♠❛♥✐❢♦❧❞✳ ✐♥❝❡♦♥❯♥✐✈❡✐② ❡✱ ✐♥❝❡♦♥✱◆❏✱

✷✵✵✽✳✭❈✐❡❞♦♥♣❛❣❡✼✺✳✮

❬❆❢❛✐✷✵✶✶❪❇✳❆❢❛✐✳❘✐❡♠❛♥♥✐❛♥▲♣❝❡♥❡♦❢♠❛ ✿❡①✐❡♥❝❡✱✉♥✐✉❡♥❡ ❛♥❞

❝♦♥✈❡①✐②✳ ♦❝❡❡❞✐♥❣♦❢❤❡❆♠❡✐❝❛♥▼❛❤❡♠❛✐❝❛❧❙♦❝✐❡②✱✈♦❧✳✶✸✾✱♥♦✳✷✱

♣❛❣❡✻✺✺✕✻✼✸✱✷✵✶✶✳✭❈✐❡❞♦♥♣❛❣❡✶✽✱✺✷✱✻✷❛♥❞✼✹✳✮

❬❆♠❛❞❛✉♥✫❑✐♥❣✶✾✽✾❪ ▼✳❆♠❛❞❛✉♥❛♥❞❘✳❑✐♥❣✳❚❡①✉❛❧❢❡❛✉❡❝♦❡♣♦♥❞✲

✐♥❣♦❡①✉❛❧♣♦♣❡✐❡✳■❊❊❊❚❛♥❛❝✐♦♥♦♥❙②❡♠✱▼❛♥✱❛♥❞❈②❜❡✲

♥❡✐❝✱✈♦❧✳✶✾✱♥♦✳✺✱♣❛❣❡✶✷✻✹✕✶✷✼✹✱✶✾✽✾✳✭❈✐❡❞♦♥♣❛❣❡✾✳✮

❬❆♥❞❡♦♥✶✾✽✹❪❚✳❲✳❆♥❞❡♦♥✳❆♥✐♥♦❞✉❝✐♦♥♦♠✉❧✐✈❛✐❛❡ ❛✐✐❝❛❧❛♥❛❧✲

②✐✳ ❲✐❧❡②❙❡✐❡✐♥ ♦❜❛❜✐❧✐②❛♥❞❙❛✐✐❝✳ ❲✐❧❡②✱✶✾✽✹✳✭❈✐❡❞♦♥

♣❛❣❡✷✷✳✮

❬❆♠✐❥♦✶✾✻✻❪▲✳❆♠✐❥♦✳ ▼✐♥✐♠✐③❛✐♦♥♦❢❢✉♥❝✐♦♥❤❛✈✐♥❣▲✐♣❝❤✐③❝♦♥✐♥✉♦✉

✜ ♣❛✐❛❧❞❡✐✈❛✐✈❡✳ ❛❝✐✜❝❏♦✉♥❛❧♦❢▼❛❤❡♠❛✐❝✱✈♦❧✳✶✻✱♥♦✳✶✱♣❛❣❡

✶✕✸✱✶✾✻✻✳✭❈✐❡❞♦♥♣❛❣❡✼✺✳✮

❬❆♥❛✉❞♦♥❡❛❧✳✷✵✶✸❪ ▼✳❆♥❛✉❞♦♥✱❋✳❇❛❜❛❡❝♦❛♥❞▲✳❨❛♥❣✳ ▼❡❞✐❛♥ ❛♥❞

♠❡❛♥ ✐♥❘✐❡♠❛♥♥✐❛♥❣❡♦♠❡②✿ ❊①✐ ❡♥❝❡✱✉♥✐✉❡♥❡ ❛♥❞❝♦♠♣✉❛✐♦♥✱

♣❛❣❡✶✻✾✕✶✾✼✳❙♣✐♥❣❡❇❡❧✐♥❍❡✐❞❡❧❜❡❣✱❇❡❧✐♥✱❍❡✐❞❡❧❜❡❣✱✷✵✶✸✳✭❈✐❡❞

♦♥♣❛❣❡✼✶✳✮
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AnM-estimatorforRobustCentroidEstimationon
theManifoldofCovarianceMatrices

IoanaIlea,LionelBombrun,RomulusTerebes,MonicaBorda,andChristianGermain

Abstract—Thispaperintroducesanewrobustestimation
methodforthecentralvalueofasetofN covariancematrices.
Thisestimator,calledtheHuber’scentroid,isdescribedstarting
fromtheexpressionoftwowell-known methods,thatarethe
centerof massandthe median.Inaddition,acomputation
algorithmbasedonthegradientdescentisproposed. Moreover,
theHuber’scentroidperformancesareanalyzedonsimulated
data,toidentifytheimpactofoutliersontheestimationprocess.
Intheend,thealgorithmisappliedtobraindecoding,basedon
magnetoencephalography(MEG)data.Forbothsimulatedand
realdata,thecovariancematricesareconsideredasrealizations
ofRiemannianGaussiandistributionsandtheresultsarecom-
paredtothosegivenbythecenterofmassandthemedian.

IndexTerms—centroid,classification,centerofmass,median,
Huber’scentroid.

I.INTRODUCTION

COVARIANCEmatricesareusedinawidevarietyof
applicationsinsignalandimageprocessing,including

arrayprocessing[1],radardetection[2],[3],medicalimage
segmentation[4],facedetection[5],vehicledetection[6],
etc.Anotherresearchdirectionconcernsthesignalandimage
classification,wherecovariancematricescanbeusedtomodel
differentkindofdependence,likespatial,temporal,spectral,
polarimetricdependence,etc[7]–[10].
Recently,covariancematriceshavebeenmodeledasrealiza-

tionsofRiemannianGaussiandistributions(RGDs)andused
inclassificationalgorithmssuchask-meansorExpectation-
Maximization(EM)[9].Thiskindofclassificationprocedures
arebasedonthepartitionofthedatasetinsubsets,orclusters,
characterizedbytheircentralvalues,alsocalledcentroids.
Thedataset’spartitionisaccomplishedbyassigningeach
observationtotheclosestclusterintermsofapredefined
distance[11].Thisisarecursiveprocedureandforeach
iteration,thecentroid’svalueisrecomputedandtheassig-
nationstepisrepeated.Usually,thecluster’scentroidisthe
centerof mass,computedbyusingthesquaredEuclidean
distance.Despiteitspopularity,thismethodisnotappropriate
forcovariancematriceshavingaRiemanniangeometry.To
solvethisproblem,theEuclideandistancecanbereplaced
byanintrinsicmetricsuchastheRiemanniandistance.The
maindisadvantageofthecenterof massisitsnon-robust
behaviortooutliersthatcanexistinthedataset[11]–[13].A
robustalternativeforthecentroid’scomputationisthemedian,
whichhasbeenalsogeneralizedforRiemannianmanifolds[3],
[14],[15].Thisestimatoriscomputedbyusingagradient
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descentalgorithm.Nonetheless,inthisalgorithm,adivision
bythedistancebetweeneachobservedcovariancematrixin
thedatasetandthemedianisneeded.Ifthosetwopointsare
tooclose,thisdistancetendstowardzeroandmayleadto
numericalinstability.Insuchcase,Yangproposetoexclude
thosepoints,ateachiterationofthealgorithm[14].Another
possibilityfordeterminingrobustcentroidsinthespaceof
covariancematricesistheuseofthetrimmingmethods[16].
Thesealgorithmsimplytheeliminationofafixedpercentage
ofoutliers,accordingtotheirdistancewithrespecttothe
dataset’smeanormedian,andthecomputationofthemean
orthemedianontheremainingdata.Nevertheless,themain
difficultyofthetrimmedestimatorsreliesonthewaytotune
thepercentageofdiscardeddata.
Themaincontributionofthepaperistoproposeanovel
centroidestimator,basedonthetheoryof M-estimators.By
consideringtheso-calledHuber’sfunction[17],[18],weintro-
ducethedefinitionofthisestimatorandpresentanalgorithm
toestimateitfromasampleofN covariancematrices.The
proposedestimatorisatrade-offbetweenthecenterofmass
andthe median, wheretheformerisefficient, whilethe
latterisrobusttooutliers. Moreover,basedonthemedian
abosolutedeviation(MAD)concept,thispaperpresentsaway
toautomaticallydeterminetheHuber’sthreshold.
Thepaperisstructuredasfollows.SectionIIrecallsthe
definitionofthecentroidfromasampleofN observations.
Abriefoverviewofthecenterof massandthe median
aregiven.Next,weintroducetheproposedHuber’scentroid
estimatorandpresentagradientdescentalgorithmtoestimate
it.Theperformanceoftheseestimatorsisthenevaluatedon
simulateddata.SectionIIIintroducesanapplicationtobrain
decoding,basedon MEGdata.Finally,SectionIVreports
someconclusionsandperspectivesofthiswork.

II.THEHUBER’SESTIMATORFORCLUSTERCENTROIDS

A.Centroidsandestimationmethods

Manysignalandimageprocessingapplicationsincluding
classification[9],segmentation[19],orfiltering[3]require
thecomputationofthecentralvalueofacovariancematrix
dataset, whichrepresentsthesubjectofthissection.Let
{M1,...,MN}bearandomsampleofNcovariancematri-

ces.Thecentroidestimatorofthisset,denotedM̄,isdefined
asbeingtheminimizerofthefollowingcostfunctionf(M):

M̄ =argmin
M

f(M). (1)

Dependingonthechoiceoff(M),differentestimatorsof
thecentroidshavebeenintroducedintheliterature.Inthe
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following,webrieflyrecallthedefinitionofthecenterofmass
(CM)[20]–[22]andthemedian(Med)[2],[15]andnextwe
introducetheproposedM-estimator.
a)Thecenterofmassisoneofthemostpopularestimators,
forwhichthecostfunctionis:

fCM(M)=
1

N

N

i=1

d2(M,Mi), (2)

whered(·)representstheRao’sRiemanniandistancebetween
twocovariancematricesdefinedas[23]:

d(M1,M2)=
1

2

m

i=1

(lnλi)
2

1
2

, (3)

whereλi,i=1...maretheeigenvaluesofM
−1
2 M1.

Eventhoughthismethodislargelyused,ithasamajor
drawback:itiseasilyinfluencedbytheoutlierspresentinthe
dataset[14],[15].Inordertoreducetheimpactofaberrant
dataontheestimatedcentroid’svalue,severalpossibilities
areavailable.Someauthorshaveproposedin[15],[16]the
useofsometrimmingbasedmethodstoremovetheoutliers
beforethecomputationof(2).Bydeletingtheelementsthat
differfromtherestofthedataset,somenewoneswillbecome
oultiers.Iftheremovalprocedureisrepeated,thedatasetmay
becometoosmallforfurtherreliableanalysis.Therefore,a
moreappropriatesolutionistheuseofrobustmethodsfor
computingthecentroid,likethemedian[15].
b)Themedianisdefinedbyusingthedistancefunction:

fMed(M)=
1

N

N

i=1

d(M,Mi). (4)

Ithastobementionedthattheestimationofthecenterof
massandthemedianfromasetofcovariancematriceshave
beenrecentlystudiedin[3],[14],[15].
Thecenterofmassandthemedianaretwoextremesolu-
tions:thefirstoneisefficientfordatasetswithnooutliers,
whilethesecondoneisrobusttothepresenceofaberrant
observations.Inthefollowing,weproposeatrade-offbetween
thesetwomethodsbyintroducingaHuber-likeestimator.

B.TheHuber’sestimator

1)DefinitionoftheHuber’scentroid
Inthissection,weintroduceanovelcentroidestimatoron
themanifoldofcovariancematrices,basedonthetheoryof
M-estimators[17],[18],[24].Inthiscase,thecostfunction
in(1),denotedfu(M)fortheM-estimator,canbeexpressed
bymeansofascalarweightfunctionu(·),asfollows:

fu(M)=
1

N

N

i=1

ud(M,Mi)d
2(M,Mi), (5)

whereu(·)isapositive-valuedfunctionwhichgivesaweight
toeachobservationMiinthecomputationofthecentroid.
Obviously,theweightfunctionu(·)shoulddecreasetozero
toensurethattheoutliershaveasmallercontributionto
thecentroid’sestimatethantheotherobservations.Notethat
evenifthecenterof mass(2)andthe median(4)have

expressionssimilarto(5)forrespectivelyu(d(M,Mi))=1
andu(d(M,Mi)) =

1
d(M,M i)

,theydonotbelongtothe
familyofM-estimatorssincetheregularityconditionsoftheir
correspondingweightfunctionu(·)definedin[24]arenot
satisfied.
In[17],Huberintroducestheso-calledHuber’sfunction
u(·)definedas:

ud(M,Mi)=min 1,
T

d(M,Mi)
(6)

whereTisathresholdvaluecontrollingthecontributionof
outliersintheestimation.Bycombining(5)and(6),the
proposedHuber’scentroidestimatoristhecovariancematrix
M,whichminimizesthefollowingcostfunction:

fH(M)=
1

N

N

i=1

d2(M,Mi)1{d(M,M i)≤T}+

+
T

N

N

i=1

d(M,Mi)1{d(M,M i}>T}, (7)

where1{a≤b}istheindicatorfunction,whichequals1if
a≤band0otherwise.ThresholdTrepresentsameasure
fordiscriminatingbetweennormalandaberrantdataand
therefore,itcontrolstheestimator’sbehavior.Inotherwords,
foralargevalueofT,theHuber’sestimatorbehavesasthe
centerofmass,whileforasmallvalueitisequivalenttothe
median.
Inthispaper,weproposeanalgorithmtoestimatethe
Huber’scentroidbymeansofagradientdescentalgorithm
which minimizesthedistancefunctiongivenin(7).The
gradientoffH(M)withrespecttoM thatis∇(fH(M))can
bewrittenas:

∇(fH(M))=−
2

N

N

i=1

LogM(Mi)1{d(M,M i)≤T}

−
T

N

N

i=1

LogM(Mi)

d(M,Mi)
1{d(M,M i}>T}, (8)

whereLogM istheRiemannianlogarithmmapping[25],[26].
Oncethatthisvalueisobtained,thecentroidcanbeupdated
as:

Mit+1=ExpM it
(−sit∇(fH(Mit))), (9)

withsitbeingthedescentstepandExpM theRiemannian
exponential mapping[25],[26].Inpractice,the Armijo’s
backtrackingprocedure[27]isusedtofixsitateachiteration
ofthealgorithm.
Thisrecursiveprocessisrepeatedaslongasthenorm
of∇(fH(Mit)),denotedDit,isgreaterthanaprecision
parameter,oruntilamaximumnumberofiterationsNmax
isreached.Practically,Ditisgivenas:

Dit=||∇(fH(Mit))||=tr(M
−1
it∇(fH(Mit)))

2 .(10)

Intheend,theHuber’scentroidM̄H estimatorisobtained.
Apseudo-codedescriptionoftheHuber’scentroidestimation
isgiveninAlgorithm1.
Asobservedin(8),thefirstandthesecondtermscorrespond
respectivelytothegradientofthecostfunctionforthecenter
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Algorithm1Huber’scentroidestimator

1:Input:M1,...,MN,T,,Nmax
2:InitializeM usingthesamplemean
3:it=1
4:while(Dit> )and(it≤Nmax)do
5: EstimateM usingoneiterationof(9).
6: Computethegradientnorm,Dit,accordingto(10).
7: it=it+1
8:endwhile
9:Output:M

ofmassandmediancentroids.Forthesecondterm,itcan
beseenthatthedivisionbydistanced(Mit,Mi)isneeded.
Insomecases,thatiswhenanobservationMiiscloseto
thecurrentcentroid’sestimateMit,theirdistanceisclose
to0yieldingtopotentialnumericalunsuitability.Toavoid
this,in[14]theauthorproposestoexclude,ateachiteration
it,theobservationsMithataretooclosefromMit.By
usingtheproposedHuber’scentroid,thisproblemissolved
automaticallybyconsideringthethresholdT.Inconclusion,
bychoosinganappropriatevalueforT,thedivisionbyzeroin
thegradient(8)willbeavoided,whichrepresentsanimportant
advantageoftheproposedmethod.
2)DeterminationofanautomaticHuber’sthreshold
Asexplainedbefore,theperformanceoftheHuber’scen-
troidestimatordependsgreatlyonthethresholdTthatdis-
criminatesbetweenaberrantandnormaldata.Thereishence
aneedtofixitautomaticallyoratleasttogiveanideaof
theorderofmagnitudeofT.Inpractice,Tisapplication
dependentandisrelatedtotheintrinsicvariabilityofthe
observeddata.Byconsideringfirstandsecondorderstatis-
tics,theRiemannianGaussiandistribution(RGD)hasbeen
introducedin[26].Thisdistributionischaracterizedbytwo
parameters:thecentralvalueM̄ andthedispersionσ.Its
probabilitydensityfunctionoftheRGDisgivenby

p(M|̄M,σ)=
1

Z(σ)
exp −

d2(M,̄M)

2σ2
, (11)

where Z(σ)isanormalizationfactorindependentofthe
centroidM̄,andd(M,̄M)istheRiemanniandistancedefined
in(3).
Inordertoestimatethethreshold’svalue,arobustestimator
ofthedispersionparameterσisrequired.Inspiredbyprevious
worksonrobuststatistics[28],weproposetoextendthe
conceptofmedianabsolutedeviation(MAD)tothecaseof
covariancematriceswhichliveinaRiemannianspace.The
MADofthesetM1,...,MN isdefinedasthemedianof
theRiemanniandistancesdcomputedbetweeneachsample
MiandtheRiemannianmedian(denotedRMed(M)):

MAD=median(d(Mi,RMed(M)). (12)

Oncethe MADiscomputed,therobustestimateσ̂ofthe
RGD’sdispersioncanbeobtainedas:

σ̂=
K

m
×MAD, (13)

wheremisthesizeofcovariancematricesandK isacon-
stantdependingonthedistributionofdMi,RMed(M)/σ.

Moreprecisely, K isobtainedbystudyingthestatisticsof

z=d(M,̄M)
mσ sincebydefinitionoftheMAD,wehave:

1

2
=pd(M,̄M)≤MAD =p

d(M,̄M)

mσ
≤
MAD

mσ
.

(14)
Inpractice,ithasbeenobservedonsimulateddatathatthedis-
tributionofzisindependentofM̄ andσ1.Bycombining(13)
and(14),theconstantK=1/φ−1(0.5),knowingthatφ−1

istheinverseofthecumulativedistributionfunctionofz.
ExperimentshaveshownthatK≈1.312.Finally,theHuber’s
thresholdisobtainedbymultiplyingtheestimatedstandard
deviationσ̂byaconstantc,whichwillgiveT=c×σ̂.A
commonvalueforcis1.5asrecommendedin[28].

C.PerformanceAnalysis

Inthefollowing,theinfluenceofoutliersontheproposed
Huber’scentroidestimatorisstudied.Theobtainedresultsare
presentedinthissectionandtheyarecomparedtothosegiven
bythecenterofmassandthemedian.
Forthisexperiment,covariancematricesaregeneratedas
realizationsofRGDs.Formoreinformationconcerningthe
generationofsamplesfromanRGD,theinterestedreaderis
referredtosectionIII-Aof[26].Inourcase,thesimulated
covariancematrixdatasetsareobtainedforcentroidsM̄ of
sizem×mhavingtheformM̄(i,j)=ρ|i−j|fori,j∈ 1,m.
Sincethecentroidisacovariance matrix,the manifold
ofthespaceofcovariance matricesshouldbetakeninto
accountfortheestimators’performanceevaluation.Inthe
literature,manyauthorshaveproposedtodefinetheconcept
ofintrinsicanalysisforstatisticalestimation[29]–[31].Tothis
aim,thenotionsofintrinsicroot-meansquareerror(RMSE)
andintrinsicbiasvectorfieldhavebeenintroduced.Webriefly
recallheretheirdefinitions.
LetM̄ betheestimatedcentroidofthedataset,thatis
theestimateofthecentroidM̄.TheintrinsicRMSEisgiven
by[29]–[31]:

RMSE= Ed2(̄M,̄M), (15)

where d(·)istheRiemanniandistancedefinedin(3).In

addition,thebiasvectorfieldb(̄M)ofM̄ isgivenby[29]–
[31]:

b(̄M)=LoḡMEM̄ M̄ =ELoḡM M̄ , (16)

knowingthatEM̄ M̄ =Exp̄MELoḡM M̄ .Sincethebias
vectorfieldb(̄M)in(16)isacovariancematrix,wecompute
itsnormaccordingto(10)toplotitinthefollowingfigures.
Tostudytheinfluenceofoutliersonthecentroid’sesti-
mation,adatasetcontaining1000matricesofsize2×2is
created.ThesematriceshaveanRGDdistributionofdispersion
σ=0.1andcentroidM̄ obtainedforρ=0.7.Tothisoriginal
dataset,someoutliersareadded.Theyarei.i.d.covariance
matricessamplesissuedfromanRGDofcentroid10×Mo,
withMoobtainedforρo=0.1.Here,thedispersionforthe
outliersamplesσoissetto0.1.

1Theuseofzisequivalenttothestandardizationstepz= x−µ
σ
fora

univariatenormaldistribution.
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Fig.1.TheRMSE(a)andthebiasvectorfield(b)asfunctionsoftheoutlier
percentage.

Figs.1drawstheresultsobtainedfortheintrinsicRMSE
(a)andfortheintrinsicbiasvectorfield(b)asfunctionsof
thepercentageofoutliers,knowingthat5000MonteCarlo
runshavebeenusedtoevaluatetheestimators’performance.
Thebehaviorofthecenterofmass(inblue),themedian(in
black)andtheHuber’scentroidwithfixedthresholdT=1
andT=0.5(ingreen)andautomaticallycomputedvalue
forT(inred)areanalyzed,whenthepercentageofaberrant
datavariesfrom0to40%.Asobserved,thecenterofmass
isclearlyinfluencedbythepresenceofoutlierswhilefor
robustestimators,likethemedianortheHuber’scentroid,
thisinfluenceinlessimportant.

III.APPLICATIONTOMEGBASEDBRAINDECODING
Inthissection,weapplytheproposedcentroidestimator
tobraindecoding,basedon MEGdata.Thedatabaseused
fortheBiomag2014DecodingChallenge:BrainDecoding
AcrossSubjects(DecMeg2014)[32]hasbeenconsidered.The
ideaofbraindecodingconsistsinpredictingthestimulus
presentedtothesubjectfromtheconcurrentbrainactivity[33].
Forthisexperiment,twocategoriesofvisualstimulushave
beenconsidered:faceandscrambledface.Therefore,the
problemtosolvecanbeviewedasatwo-classclassification
task.Adetaileddescriptionoftheneuroscientificexperiment
implementedtocollectthedatacanbefoundin[34].
Thedatabasecontains16trainingand7testingsubjects.

Foreachtrainingsubject,approximately580trialshavebeen
considered,givingatrainingsetof9414trials.Next,foreach
trial,covariancematricesofsize16×16havebeenextracted,
asdescribedin[35].Furtheron,amodifiedversionofthe
unsupervisedclassificationmethodpresentedin[35]hasbeen
implemented.First,aregularizedlogisticregressionmodelhas
beentrainedtoobtaintheinitiallabelsfortheunsupervised
classificationalgorithm(k-means).Second,thecentroidsof
eachclass(faceorscrambledface)arecomputed.Forthisstep,
severalestimatorshavebeenconsidered:thecenterofmass,
themedian,theHuber’sestimatorwithbothfixed(T=0.2
andT=0.5)andautomaticallycomputedthresholdsandalso
thetrimmedbasedmethods[16],whend=5%ofdiscarded
extremedata.Forthislatter,onlythebestresulthasbeen
retained,thatisthemean-basedtrimmedmedian.Next,for
eachtestingsubject,covariancematriceshavebeencomputed
andtheclassificationhasbeenperformedbytwoapproaches.
First,thewinnermethodoftheDecMeg2014competitionhas
beenimplemented,forwhichthetesttrialshavebeenassigned
totheclosestclass,byusingtheminimumdistancetomean

TABLEI
CLASSIFICATIONRESULTSFORMEGBASEDBRAINDECODING.

Estimator MDM MGD

CM 74.106 73.845
Med 73.627 74.150

HuberT=0.2 74.847 75.109
HuberT=0.5 74.063 73.976
HuberT=auto 74.455 74.106

Trimming(d=5%)[16] 74.412 74.542

(MDM)Riemannianclassifier[36].Second,thecovariance
matriceshavebeen modeledasRGDsandeachtrialhas
beenassignedtothecentroidmaximizingthelog-likelihood
criterionderivedfrom(11).

TheobtainedresultsareshowninTableIandseveral
remarkscanbemade.Byanalyzingtheabovetable,itcan
beseenthattheuseofHuber’sestimatormayincreasethe
classificationperformance.Theobtainedvaluesarecompara-
bleorhighertothosegivenbytheotherrobustestimators,but
withouttheirdisadvantages:divisionbyzeroforthemedian,
orchoiceofthepercentagedofdiscardedobservationfor
thetrimmedestimators.Interestingly,notethattheestimated
Hubers’sthresholdTisrecomputedateachk-meansiter-
ation.Andinthisexperiment,itvariesbetween0.38and
0.46acrossthetestsubjectsandtheclasses. Moreover,the
proposedestimatedvalueofTbythe MADgivesanorder
ofmagnitudeofthethresholdwemayconsiderintheHuber
estimationalgorithm.Thisvaluecanbereadjustedtoimprove
theclassificationperformanceasobservedinTableI.

IV.CONCLUSION

Inthisarticle,anewmethodcalledtheHuber’scentroid,
fortheestimationofthecentralvalueofacovariancematrix
datasethasbeenintroduced.Thisestimatorisatrade-off
betweenthecenterofmassandthemedian.Thedefinition
oftheHuber’scentroidanditscomputationalalgorithmhave
beendetailed.Inaddition,analgorithmforchoosingthe
appropriatethresholdvaluefortheHuber’sestimatorhasbeen
developed.Furtheron,theHuber’scentroid,hasbeenapplied
tothecaseofcovariancematricesrepresentingrealizationsof
RiemannianGaussiandistributions.Therobustnesstooutlier
valueshasbeenstudiedonsimulateddata,butalsointhe
contextofbraindecoding,thatisatwo-classclassification
experiment.Theresultshavebeencomparedtothosegiven
bytwowell-knownestimatorsthatarethecenterofmassand
themedianbutalsotothosegivenbytrimmedbasedmethods.

Furtherworkswillincludethestatisticalmodelingofz=
dMi,̄M /mσtoderivetheanalyticalexpressionofK.In
addition,theproposedcentroidwillbeusedtobuildthe
codebookforpatch-basedimageclassificationalgorithms.
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ABSTRACT

ThispaperintroducesageneralizationoftheFishervectorsto
theRiemannianmanifold.Theproposeddescriptors,called
RiemannianFishervectors,aredefinedfirst,basedonthe
mixturemodelofRiemannianGaussiandistributions.Next,
theirexpressionsarederivedandtheyareappliedinthecon-
textoftextureimageclassification.Theresultsarecompared
tothosegivenbytherecentlyproposedalgorithms,bagof
RiemannianwordsandR-VLAD.Inaddition,themostdis-
criminantRiemannianFishervectorsareidentified.

IndexTerms— RiemannianFishervectors,bagofwords,
RiemannianGaussiandistributions,classification,covariance
matrix.

1.INTRODUCTION

Bagofwords,Fishervectors,orvectorsoflocallyaggregated
descriptorsrepresentsomeofthemostfrequentlyusedlocal
modelsinordertocapturetheinformationlyinginsignals[1],
images[2]orvideos[3].Thesedescriptorshavemultiplead-
vantages.First,theobtainedinformationcanbeusedina
widevarietyofapplicationslikeclassification[2]andcatego-
rization[4],text[5]andimage[6]retrieval,actionandface
recognition[7],etc.Second,combinedwithpowerfullocal
featuredescriptorssuchasSIFT,theyarerobusttotransfor-
mationslikescaling,translation,orocclusion[7].
Thebagofwords(BoW)modelhasbeenusedfortext

retrievalandcategorization[5,8]andthenextendedtovi-
sualcategorization[9]. Thismethodisbasedonthecon-
structionofacodebook,oradictionary,thatcontainsthe
mostsignificantfeaturesinthedataset. Generally,theele-
mentsinthecodebook,orthewords,aretheclusters’cen-
troidsobtainedbyusingtheconventionalk-meansclustering
algorithm. Next,foreachelementinthedataset,itssigna-
tureisdeterminedbycomputingthehistogramofthenumber
ofoccurrencesofeachwordinitsstructure.Toimprovethe
performanceofBoW,whichcountsonlythenumberoflocal
descriptorsassignedtoeachVoronoiregion,Fishervectors
(FV)havebeenintroducedbyincludingotherstatistics,such
asthemeanandvarianceoflocaldescriptors.
FVaredescriptorsbasedonFisherkernels[1],represent-

ingmethodsformeasuringifsamplesarecorrectlyfittedby

somegivenmodels.ByusingFV,asampleischaracterized
bythegradientvectoroftheprobabilitydensityfunctionthat
modelsit,classicallyaGaussianmixturemodel(GMM)[4].
Inpractice,theprobabilitydensityfunctionisreplacedbythe
log-likelihoodand,asmentionedin[4],itsgradientdescribes
thedirectioninwhichparametersshouldbemodifiedtobest
fitthedata.Thederivativeswithrespecttothemodel’spa-
rametersarecomputedandconcatenatedtoobtaintheFV.
Thevectorsoflocallyaggregateddescriptors(VLAD)

representasimplificationoftheFisherkernel[10],basedon
thedefinitionofacodebook.Inthecomputationprocess,
firstofall,thedictionaryhastobebuilt.Forthisreason,the
datasetispartitionedbyusingaclusteringalgorithmandthe
clustercentroidsrepresentthecodebookelements.Next,each
elementinthedatasetisassociatedtotheclosestcluster.Fur-
theron,foreachclusteravectoriscomputed,containingthe
differencesbetweenthecluster’scentroidandeachelement
inthatcluster.Intheend,thesumofdifferencesconcerning
eachclusteriscomputedandthefinalVLADfeaturevector
isgivenbytheconcatenationofallthepreviouslyobtained
sums.Inotherway,theVLADdescriptorscanbeobtained
startingfromFV,bytakingintoconsiderationonlythederiva-
tiveswithrespecttothemeansoftheGMM.Notealsothat
thehomoscedasticityassumptionandthehardassignment
schemearerequiredtoobtainVLADfeatures[7,10].
Thosethreeapproacheshavebeenwidelyusedformany

applicationsinvolvingnon-parametricfeatures. Recently
BoWandVLADhavebeenextendedtothecasewhereeach
featureisapointonaRiemannianmanifold. Thisisfor
instancethecasewherelocaldescriptorsarecovariancema-
trices. Thisincludesmanydifferentapplicationsinimage
processing,likeclassification[11,12,13],imagesegmen-
tation[14],objectdetection[15,16],etc.In[3]and[17],
theBoWapproachhasbeenextendedtotheso-calledlog-
Euclideanbagofwords(LE-BoW)andbagofRiemannian
words(BoRW)modelsbyconsideringrespectivelythelog-
Euclideanandgeodesicdistancebetweentwopointsonthe
manifold.Inaddition,theRiemannianversionoftheVLAD
method(R-VLAD)hasbeendevelopedin[7]andhasshown
superiorclassificationperformances,comparedtotheclassic
VLADalgorithm.
Untilnow,FVhavenotyetbeengeneralizedinthesame



mannertoRiemannianmanifold,duetothelackofproba-
bilisticgenerativemodelssuitedforparametricdescriptors.
Thisrepresentsthemaincontributionofthispaper.Thepro-
posedRiemannianFishervectors(RFV)areageneralization
oftheFVforparametricdescriptorsbasedontherecentworks
onthedefinitionoftheRiemannianGaussiandistributions
(RGDs)[18].
Thepaperisstructuredasfollows.Section2recallssome

elementsontheRGDlikeitsdefinition,theexpressionof
mixturesofRGDsandtheparameter’sestimationprocedure.
Section3introducesthedefinitionoftheproposedRFV,
theircomputationandtheirrelationwithR-VLAD.Section4
presentsanapplicationoftheproposedRFVtotextureim-
ageclassification.Conclusionsandfutureworksarefinally
reportedinSection5.

2. RIEMANNIANGAUSSIANDISTRIBUTIONS

LetΥ={Yt}t=1:TbeasetofTindependentandidentically
distributed(i.i.d.)samplesaccordingtoaRiemannianGaus-
siandistributionofcentralvalueȲ anddispersionσ. The
probabilitydensityfunctionoftheRGDwithrespecttothe
Riemannianvolumeelement,inthespacePmofm×mreal,
symmetricandpositivedefinitematrices,hasbeenintroduced
in[18]as:

p(Yt|̄Y,σ)=
1

Z(σ)
exp −

d2(Yt,̄Y)

2σ2
, (1)

whereZ(σ)isanormalizationfactorindependentofthe
centroidȲ andd(·)istheRiemanniandistancegivenby

d(Y1,Y2)= i(lnλi)
2
1
2,withλi,i=1,...,mbeing

theeigenvaluesofY−12 Y1.
Startingfrom(1),theprobabilitydensityfunctionfora

mixtureofKRGDscanbedefinedas[18]:

p(Yt|λ)=
K

j=1

jp(Yt|̄Yj,σj), (2)

whereλ={( j,̄Yj,σj)1≤j≤K}istheparametervector. j

arepositiveweights,with
K
j=1 j=1andp(Yt|̄Yj,σj)is

givenby(1).
Severalapproachescanbeemployedtoestimatethepa-

rameters{̄Yj,̂σj,̂ j}1≤j≤KofthemixtureofKRGDs[12].

ThesimplestoneimpliestheestimationofthecentroidsȲj,
ofclusterscj,j=1,...,Kbyusingtheintrinsick-means
algorithmonaRiemannianmanifold[7]. Thus,foreach
clustercj,thecostfunction

ε(̄Yj)=
1

Nj

Nj

n=1

d2(̄Yj,Yjn) (3)

hastobeminimized,whereYjn isthesetofelementsYj
inclustercj,n=1,...,NjandNjisthecardinalofYjn.

Theminimizerofthecostfunctiondefinedin(3)isknownto
betheRiemanniancentreofmassofthisset.Theinterested
readerisreferredto[19]and[20]foranalgorithmtocom-
putetheempiricalRiemanniancentreofmass.Next,foreach
clustercj,theestimateddispersionparameter̂σjisobtained
asthesolutionof:

σ3j×
d

dσj
Z(σj)=ε(̄Yj). (4)

ThislatterissolvedbyaconventionalNewton-Raphsonalgo-
rithm[12].Finally,theestimatedweightŝ jaregivenby:

ĵ=
Nj
K
j=1Nj

. (5)

Alltheelementsrecalledinthispartareappliedinthenext
sectiontothedefinitionoftheproposedRiemannianFisher
vectors.

3. RIEMANNIANFISHERVECTORS

3.1. Definition

LetΥ={Yt}t=1:TbeasampleofTi.i.dobservationsfol-
lowingamixtureofKRGDs.Undertheindependenceas-
sumption,theprobabilitydensityfunctionofΥisgivenby:

p(Υ|λ)=
T

t=1

p(Yt|λ), (6)

whereλ={( j,̄Yj,σj)1≤j≤K}istheparametervectorand
p(Yt|λ)istheprobabilitydensityfunctiongivenin(2).
ByusingtheFisherkernels,thesampleischaracterizedby

itsdeviationfromthemodel[2].Thisdeviationismeasured
bycomputingtheFisherscoreUΥ [1],thatisthegradient∇
ofthelog-likelihoodwithrespecttothemodelparametersλ:

UΥ =∇λlogp(Υ|λ)=∇λ

T

t=1

logp(Yt|λ). (7)

Asmentionedin[1],thegradientofthelog-likelihoodwith
respecttoaparameterdescribesthecontributionofthatpa-
rametertothegenerationofaparticularobservation.Inprac-
tice,alargevalueforthisderivativeisequivalenttoalarge
deviationfromthemodel.Furtheron,thatcanbetranslated
intothefactthatthemodeldoesnotcorrectlyfitthedata.
Inthefollowing,thederivativesforthemixtureofRGDs,

aregiven,knowingthatγi(Yt)istheprobabilitythattheob-
servationYtisgeneratedbythei

thRGDanditiscomputed
as:

γi(Yt)=
ip(Yt|̄Yi,σi)

K
j=1 jp(Yt|̄Yj,σj)

. (8)

Todeterminethegradientwithrespecttotheweight,wecon-
sidertheproceduredescribedin[2].Forthat,thefollowing



parametrizationisusedinordertoensurethepositivityand
sumtooneconstraintsoftheweights:

i=
exp(αi)
K
j=1exp(αj)

. (9)

Bytakingintoconsiderationalltheseobservations,the
derivativeswithrespecttotheparametersinλcanbeobtained
as:

∂logp(Υ|λ)

∂̄Yi
=

T

t=1

γi(Yt)σ
−2
i LoḡYi(Yt), (10)

∂logp(Υ|λ)

∂σi
=

T

t=1

γi(Yt) −
Z(σi)

Z(σi)
+
d2(Yt,̄Yi)

σ3i
,

(11)

∂logp(Υ|λ)

∂αi
=

T

t=1

γi(Yt)(1− i), (12)

whereLogȲi(·)istheRiemannianlogarithmmapping.
Thevectorizedrepresentationofthederivativesin(10),(11)

and(12)ofthelog-likelihood,withrespecttotheparameters
inλ,givestheRiemannianFishervectors(RFV).Intheend,
byusingtheRFV,asampleischaracterizedbyafeature
vectorcontainingsome,orallthederivatives,havingthe
maximumlengthgivenbythenumberofparametersinλ.

3.2. RelationwithR-VLAD

Asmentionedearlierintheintroduction,VLADfeaturesare
aspecialcaseofFV.Therefore,R-VLADcanbeviewed
asaparticularcaseoftheproposedRFV. Moreprecisely,
R-VLADisobtainedbytakingintoconsiderationonlythe
derivativeswithrespecttothecentralvalueȲi(see(10)).
Inaddition,ahardassignmentschemeisapplied. Start-
ingfromthedefinitionoftheelementsviintheR-VLAD
descriptor[7]:

vi=
Yt∈ci

LoḡYi(Yt), (13)

withYt∈cibeingtheelementsYtassignedtothecluster
ci,i=1,...,K,thehardassignmentimpliesthat:

γi(Yt)=
1,ifYt∈ci

0,otherwise.
(14)

Moreover,theassumptionofhomoscedasticityisconsidered,
thatisσi=σ,∀i=1,...,K.Byconsideringthesetwoas-
sumptions,itisclearthat(10)reducesto(13)henceconfirm-
ingthatRFVareageneralizationofR-VLADdescriptors.

4. APPLICATIONTOTEXTUREIMAGE
CLASSIFICATION

Thissectionintroducesanapplicationtotextureimageclas-
sification.Theaimofthisexperimentisfirsttoanalyzethe

potentialoftheproposedRFVcomparedtotherecentlypro-
posedbagofRiemannianwords(BoRW)model[17]andR-
VLAD[7].TheBoRW,RFVandR-VLADarebuiltbased
onregioncovariancedescriptors[21]containingbasicinfor-
mation,likeimageintensityandgradients.Theexperiment’s
purposeisnottofindthebestclassificationrates,buttocom-
parethetwomethodsstartingfromverysimpledescriptors.
Second,theobjectiveistodeterminetheRFVthatarethe
mostdiscriminanttoretrievetheclasses:theoneassociated
tōYi(10),σi(11)orαi(12).

4.1. Databases

Forthiswork,twotexturedatabasesareused:theVisTex[22]
databaseandtheOutexTC00013[23]database. TheVis-
Texdatabaseconsistsin40textureclasses. Eachclassis
composedof64imagesofsize64×64pixels. TheOu-
texTC00013databasecontains68textureclasses,where
eachclassisrepresentedbyasetof20imagesofsize
128×128pixels. Forbothdatabases,thefeatureextrac-
tionandclassificationstepsaresimilarandaredetailedinthe
nextsubsection.

4.2.Featureextractionandclassification

Fortheclassificationprocedure,theconsidereddatabaseis
equallyandrandomlydividedinordertoobtainthetraining
andthetestingsets.Foreachimageinthetwosets,local
descriptorshavetobeextractedfirst.Inthisexperiment,the
regioncovariancedescriptors(RCovDs)areconsidered.In
ordertobuildtheRCovDforanimageIofsizeW ×H,
severalcharacteristicsareextractedforeachpixel(x,y)∈I.
Here,theimageintensitiesI(x,y)andthenormsofthefirst
andsecondorderderivativesofI(x,y)inbothdirectionsx
andyareconsidered[21].Thus,avectorvof5elementsis
obtainedforeachpixelhavingthespatialposition(x,y)∈I:

v(x,y)=I(x,y),∂I(x,y)
∂x

,∂I(x,y)
∂y

,∂2I(x,y)

∂x2
,∂2I(x,y)

∂y2

T

.

(15)

Forthetwoconsidereddatabases,theextractedRCovDare
theestimatedcovariancematricesofvectorsv(x,y)com-
putedonaslidingpatchofsize15×15pixels.Asanoverlap
of8pixelsisconsideredforthepatches,theVisTexandOu-
texdatabasesarerepresentedrespectivelybyasetof36and
196covariancematricespertextureclass(ofsize5×5).To
speed-upthecomputationtime,thefastcovariancecomputa-
tionalgorithmbasedonintegralimagespresentedin[21]has
beenimplemented.Intheend,eachtextureclassischarac-
terizedbyasetY1,...,YN ofNcovariancematrices,that
areelementsinP5.Basedonthepatchesinthetrainingset,
acodebookiscreated.Foreachclass,thecodewordsarerep-

resentedbytheestimatedparameters{̄Yj,̂σj,̂ j}1≤j≤K of
themixtureofKRGDsdefinedin(2).Theestimationpro-
cedureiscarriedoutherebyusingtheintrinsick-meansal-
gorithm(seeSection2).Forthisexperiment,thenumberof



modesKissetto3.Intheend,thecodebookisobtainedby
concatenatingthepreviouslyextractedcodewords.
StartingfromtheRCovDsandthelearnedcodebook,the

BoRW,RFVandR-VLADlocalmodelsarederived,aspre-
sentedintheprevioussection.Aftertheircomputation,anor-
malizationstageisperformed.IntheRFVframework,the
classicalpowerand2normalizationsareapplied[17].The

2normalizationhasbeenproposedin[24]tominimizethe
influenceofthebackgroundinformationontheimagesig-
nature,whilethepowernormalizationcorrectstheindepen-
denceassumptionmadeonthepatches[25].Thesamenor-
malizationschemeisalsoappliedforR-VLADmodels.For
theBoRWalgorithm,only2normalizationisperformed,as
recommendedin[3].
Fortheclassificationstep,theSVMalgorithmwithGaus-

siankernelisconsidered,knowingthatthedispersionparam-
eteroftheGaussiankernelisoptimizedbyusingacrossval-
idationprocedureonthetrainingset.

4.3. Results

Theclassificationperformancesintermofoverallaccuracy
ontheVisTexandOutexTC00013databasesarereportedin
Tables1and2respectively.Thoseresultsaredisplayedfor
10randompartitionsintrainingandtestingsets. Columns
homoscedasticityandpriorcorrespondrespectivelytotheho-
moscedasticityassumptionandtotheuseoftheweights iin
thedecisionrule.Ifthehomoscedasticityassumptionistrue,
thedispersionparameterσiisthesameforalltheclustersci.
Ifthepriorparameterissettofalse,alltheclustershavethe
sameweight. NotethatfortheBoRWapproachpublished
in[17]andtheR-VLADpresentedin[7],thedispersionand
weightparameterswerenotconsidered.Notealsothatforthe
proposedRFV,thosetwoparametersarerespectivelysetto
“false”and“true”,sinceboththedispersionandweightpa-
rametersareconsideredinthederivationoftheRFV.
Inthisexperiment,wealsoanalyzethecontributionof

eachparameter(weight,dispersionandcentroid)totheclas-
sificationaccuracy.Forexample,therow“RFV: ”indi-
catestheclassificationresultswhenonlythederivativeswith
respecttotheweightsareconsideredtocalculatetheRFV
(see(12)),...
AsobservedinTables1and2,theproposedRFVoutper-

formstheBoRWandR-VLADapproaches. Againof1to
3%isobservedfortheVisTexdatabase. Moreover,among
theRFVstypes,themostdiscriminantfeatureisobtainedby
combiningthederivativeswithrespecttoallthreeparameters:
centroid,dispersionandweight(see(10),(11),(12)).

5. CONCLUSION

Inthispaper,anewlocalmodelforimageclassificationin
theRiemannianspacehasbeenproposed. Theintroduced
method,calledRiemannianFishervectors,isageneraliza-
tionoftheso-calledFishervectors,whenthefeaturesare

Method Homoscedasticity Prior Overallaccuracy

BoRW false true 87.22±1.19
BoRW false false 87.51±0.92
BoRW[17] true false 87.20±1.55
BoRW true true 76.67±2.35
RFV: false true 90.31±0.94
RFV:σ false true 81.42±1.12
RFV:Ȳ false true 87.22±1.15
RFV:σ, false true 83.05±1.15
RFV:Ȳ, false true 87.85±0.97
RFV:Ȳ,σ false true 90.41±0.86
RFV:Ȳ,σ, false true 90.43±0.84
R-VLAD[7] true false 87.94±0.58

Table1.ClassificationresultsontheVisTexdatabase.

Method Homoscedasticity Prior Overallaccuracy

BoRW false true 84.32±0.99
BoRW false false 84.37±1.28
BoRW[17] true false 84.43±1.23
BoRW true true 79.31±1.86
RFV: false true 84.94±1.12
RFV:σ false true 78.46±1.54
RFV:Ȳ false true 83.94±0.90
RFV:σ, false true 80.38±1.80
RFV:Ȳ, false true 84.26±0.75
RFV:Ȳ,σ false true 84.32±1.19
RFV:Ȳ,σ, false true 84.12±1.15
R-VLAD[7] true false 82.99±1.19

Table2.ClassificationresultsontheOutexdatabase.

representedbyparametricdescriptors,likecovariancema-
trices.ThedefinitionandtheexpressionofRFVhavebeen
given,startingfromthedefinitionofthemixtureofRieman-
nianGaussiandistributions.Inaddition,itsrelationwith
R-VLADhasbeenillustrated.Intheend,theRFVshave
beenappliedfortextureimageclassificationontheVisTex
andOutexTC00013databases.Theresultshavebeencom-
paredwiththosegivenbyBoRWandR-VLAD,showing
betterclassificationratesforthesamecodebook.Inaddi-
tion,ithasbeenobservedthatthemostdiscriminantfeature
isobtainedbycombiningthederivativeswithrespecttoall
parameters.

Furtherworksonthissubjectwillconcerntheextensionof
RFVtotherecentlyproposedmixtureofRiemannianLaplace
distributions[26,27].
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ABSTRACT

Thispaperintroducesanewstatisticalhypothesistestforim-
ageclassificationbasedonthegeodesicdistance.Wepresent
howitcanbeusedfortheclassificationoftextureimage.
Theproposedmethodisthenemployedfortheclassification
ofPolarimetricSyntheticApertureRadarimagesofmaritime
pineforestsonbothsimulateddatawiththePolSARproSim
softwareandrealdataacquiredduringtheONERARAMSES
campaignin2004.

IndexTerms— Hypothesistest,SAR,geodesicdistance,
classification.

1.INTRODUCTION

Texture-orientedanalyzesonopticalimageshaveproventheir
efficiencyfortheclassificationofmaritimepineforest.Vari-
ousapproacheshavebeenconsideredintheliteraturesuchas
gray-levelco-occurrencematrices(GLCM)[1,2,3]andmore
recentlywaveletbasedapproaches[4,5,6].Inthispaper,we
investigatehowthesemethodscanbeextendedtoSARand
PolarimetricSAR(PolSAR)data[7].
Multiscaleapproacheshavebeenfoundtobeeffectivefor

manyimageprocessingapplications.Inaclassificationcon-
text,theimageisdecomposedintoasetofwaveletsubbands,
eachofthembeingmodeledbyaparametricmodel.During
thelastdecades,manyunivariateandmultivariateparametric
modelshavebeenproposedincludingellipticalmodels[8,9]
andcopulabasedapproaches[10,11]. Next,foreachsub-
band,theestimatedparametervectorcomposesthesignature
oftheimage.Oncethefeaturevectorsarecomputedforeach
textureimage,adistance(oratleastadivergence)iscalcu-
latedinordertomeasurethedegreeofsimilaritybetweentwo
images.Thesimilaritymeasurewhichcomputestheproxim-
itybetweentwoimagesshouldbeintrinsictotheparametric
model.Awell-knownchoiceistheKullback-Leibler(KL)di-
vergence.Recently,someauthorshaveproposedtoconsider
thegeodesicdistancewhichistheshortestpathinthepara-
metricmanifold.Thislatterhasshownsuperiorretrievalrate
comparedtotheKLdivergencefortextureimageclassifica-
tion[9].InspiredfrompreviousworksontheKLdivergence

andonthefamilyof(h,φ)divergences[12,13],weintro-
duceanewstatisticalhypothesistestbasedonthegeodesic
distancewhichisthemainobjectiveofthepaper.Asecond
contributionconcernstheuseofaSARscenessimulator[14]
tostudytheinfluenceoftheacquisitionparameters(incidence
angle,spatialresolution)onclassificationaccuracy.
Thepaperisstructuredasfollows.Section2introduces

theproposedstatisticalhypothesistestbasedonthegeodesic
distance.Section3presentsanapplicationfortheclassifica-
tionofpineforestsbasedonPolarimetricSyntheticAperture
Radar(PolSAR)images.Classificationresultsarethendis-
cussedinSection4onbothsyntheticandrealdatasets.Con-
clusionsandfutureworksarefinallyreportedinSection5.

2.STATISTICALHYPOTHESISTESTFORSAR
IMAGECLASSIFICATION

Inthispaper,weproposetosetupastatisticalhypothesistest.
Letχ1=(x

1
1,...,x

1
m)andχ2=(x

2
1,...,x

2
n)betwosetsof

mandnindependentandidenticallydistributedrandomvari-
ables(vectors)xaccordingtotheparametricmodelsp(x|θ1)

andp(x|θ2).Let̂θ1and̂θ2bethemaximumlikelihoodesti-
matorscomputedonthesesets.Inaclassificationproblem,
theaimistodetermineifχ1andχ2areissuedfromthesame
parametricmodel. Let’sconsiderthefollowinghypothesis
test[13]

H0:θ1=θ2,
H1:θ1=θ2.

(1)

Whenθ1=θ2,wecanprovethatthestatisticSGD(θ1,θ2)=
mn

m+n
GD2(θ1,θ2)isasymptoticallychi-squaredistributed

withM degreesoffreedomforsufficientlylargevalueofm
andn.ThedegreeoffreedomM isequaltothedimensionof
theparameterspace(M =d(d+1)/2).Inthefollowing,we
proposeanapplicationtothezero-meanmultivariateGaus-
siandistribution(MGD).Insuchcase,thegeodesicdistance

isgivenbyGD(̂M1,̂M2)=
1
2 i(lnλi)

2
1
2,whereM̂1

andM̂2arethemaximumlikelihoodestimatesoftwoMGDs
covariancematricesandλi,i=1...daretheeigenvaluesof
M̂−12 M̂1.



3. APPLICATIONTOMARITIMEPINEFOREST
CLASSIFICATION

Thedatasetusedforthisworkcontainsbothsimulatedand
realL-bandSARimages.First,thesimulateddatasetisused
todeterminethebestairborneconfigurationformaritimepine
classificationaccordingtothestandage.Inotherwords,isit
bettertohaveasinglehighresolutionSARimageoralow
resolutionPolSARimagewithtwoorthreechannels?Sec-
ond,realSARimagesareusedtovalidatetheresults.

3.1. Database

3.1.1.SimulatedL-bandSARimages

ThesimulateddatasetiscreatedbyusingthePolSARproSim
software. Thissoftwareprovidesfullypolarizedsimulated
SARimagesofforestdisplayingpropertiesconsistentwith
realSARimagery[14].Imagesareobtainedbyspecifying
variousacquisitionparameterssuchastheplatformaltitude,
theincidenceangle,thefrequency,theazimuthandslant
rangeresolutions,andsomeforeststandproperties,including
thestandareaanddensity,thetreespeciesandtheirmean
height.
Forourstudy,pinetreeforestsof5,6,12,15,21,25and

32yearsoldaresimulated. Theplatformaltitudeissetto
3580meters,correspondingtoanairbornesystem,whilethe
frequencyisfixedat1.3GHz(L-band).Inordertofindthe
bestairborneconfiguration,twoexperimentsareconsidered.
Inthefirstcase,theincidenceangleischosentobe45◦and
theinfluenceofthespatialresolutiononclassificationperfor-
manceisevaluated.Fivedatasetsaresimulatedataresolution
ofrespectively0.5,1,2,3and5meters.Inthesecondcase,
theimageresolutionisfixedto0.5metersandseveralinci-
denceanglesaretested:25◦,35◦,45◦and55◦.
Inbothcases,thestanddensity(D)andthemeantree

height(̄H)aresetaccordingtothedesiredstandage,asmen-
tionedinTable1.

Age 5 6 12 15 21 25 32
H̄ 5.5 6.5 11.6 13.7 17.3 19.2 21.9
D 1200 1200 800 800 400 400 300

Table1:MaritimepinestanddensityD(stems/ha)andmeantree
heightH̄(meters)asafunctionofstandage(years).

Thevaluesforthestanddensityarechosentobeequalto
thosegivenbytheCentreŔegionaldelaPropríet́eForestìere
Aquitaine,Franceforthemaritimepine,whilethemean
treeheightH̄ isobtainedbyusingthe Mauǵetheoreti-
calmodel[15]givenbyH̄ = Hmax(1−0.96

a),where
Hmax =30metersisthemaximumheightandaisthestand
age.
Byusingthesenumericalvalues,adatabaseof350im-

agesiscreatedforeachexperimentandstructuredin4classes,
accordingtothestandage:1stclass:lessthan10years

Fig.1:ExamplesofL-bandpineforestimagesof:(a)5,(b)15,(c)
21and(d)32yearsoldsimulatedwithPolSARproSimsoftwarefor
anincidenceangleof45◦andaresolutionof1meter.

Fig.2:TherealL-bandSARimageandexamplesofpineforest
standsof:5(a),15(b),21(c)and32(d)yearsold.

(Fig.1(a));2ndclass:between10and20years(Fig.1(b));
3rdclass:between20and30years(Fig.1(c));4thclass:
over30years(Fig.1(d)).

3.1.2.RealL-bandSARimage

TherealL-bandSARdatadisplayedinFig.2consistsin
onefullypolarimetricimage(1meterresolution)acquired
ontheNezermaritimepineforestinFrance,duringanON-
ERARAMSEScampaignin2004.Fromthisimage,62forest
standsbetween5and48yearsoldareidentifiedandgrouped
in4classes,asitwasdoneforthesimulatedimages.
Inthenextsection,wepresentseveralstrategiesformod-

elingSARimagesandhenceobtainingthecorrespondingfea-
turevectors.

3.2. Methodology

3.2.1. GLCM

TheGLCMsarecomputedonthereal-valuedHVpolar-
izationimagetransformedindBandquantifiedwith32
graylevels. Thenumberofquantizationlevelsischosen
bytakingintoconsiderationtheimagesize.InaCartesian
coordinatesystem,theGLCMsarefunctionsoftwoparam-
eters:thedistancedbetweenneighboringpixelsandthe
directionα.Forourstudy,dvariesbetween1and15,and
α={0◦,45◦,90◦,135◦}.TheHaralick[1]texturaldescrip-
torshomogeneity,entropy,andcorrelationalongwiththe
GLCMmeanareextractedandaveragedinthefourdirections
toreducethesensibilitytothestand’sorientation[6].Further
on,thismethodisdenotedbyGLCMHV.

3.2.2. MGDmodelforasinglepolarizationimage

Thereal-valuedHHpolarizationimagetransformedindBis
decomposedbyusingaDaubechies4(db4)wavelettrans-



form,with2levelsand3orientations.Foreachsubband,a
spatialdependencewitha3×3neighborhoodisconsidered
andmodeledbytheMGD.Theparameterofthisdistribution
isestimatedbytheSampleCovarianceMatrix(SCM).Inthe
following,thisalgorithmisdenotedbyMGDHH+WT+S.

3.2.3. MGDmodelforathreepolarizationimage

TheHH,HVandVVpolarizationimagesaremergedintoa3-
dimensionalarray,witheachpixelbeingacomplexnumber.
Threedifferentalgorithmsaredevelopedbasedon:
•thepolarimetricdependence(denotedMGDPolar):
thecomplex3-dimensionalarrayismodeledbythe
MGDanda3×3covariancematrixisestimatedwith
theSCMalgorithm.

•thepolarimetricdependenceandthewaveletdecom-
position(denotedMGDPolar+TW):thecomplex
3-dimensionalarrayisfilteredusingthedb4wavelet
transformwith2levelsand3orientations.Eachsub-
bandismodeledbytheMGDandthe3×3covariance
matrixisestimatedwiththeSCMalgorithm.

•thepolarimetricandspatialdependence,alongwith
thewaveletdecomposition(denotedMGDPolar+TW
+S):thecomplex3-dimensionalarrayisdecomposed
usingadb4wavelettransformhaving2levelsand3
orientations.Foreachsubband,aspatialdependence
givenbya3×3neighborhoodismodeledbytheMGD
anda27×27covariancematrixisestimatedwiththe
SCMalgorithm.

4. RESULTS

Inthecontextofasupervisedclassification,thedatabaseis
randomlydividedintoatrainingandatestingsetbyacross-
validationprocedure.Thepartitioningalgorithmisrepeated
100timesandforeachiterationhalfofthedatabaseisused
fortraining,whiletheotherhalfisusedfortesting.Oncethe
featurevectorextractedforallimages,asimilaritymeasure
betweentestingandtrainingimagesiscomputedbyusingthe
MahalanobisdistancefortheGLCMalgorithmandthestatis-
ticSGDdefinedinSection2fortheothers.Allthepreviously
describedalgorithmsaretestedandtheretrievalperformance
isevaluatedbymeansoftheoverallaccuracycomputedfora
kNearestNeighborclassifier(k-NN),withksetto5.Inthe
following,theclassificationperformancesobtainedonboth
simulatedandrealSARimagesarepresented.

4.1.SimulatedL-bandSARimages

AsmentionedinSection3.1.1,twotypesofexperimentsare
performedonsimulateddata.First,theinfluenceoftheim-
ageresolutionistested.Forthisexperimenttheincidence
angleisfixedto45◦andtheimageresolutionvariesfrom
0.5mto5m.Fig.3drawstheinfluenceofdistancedtofind

Fig.3:InfluenceofdistancedinGLCMonclassificationaccuracy
fordifferentspatialresolution(HVchannel).

Fig.4:Influenceofthespatialresolutiononclassificationaccuracy
forsimulatedL-bandSARimageswithincidenceanglesof45◦.

thebestdistancebetweenneighboringpixels.Itcanbeseen
thatdistancesbetween1and5pixelsgivethebestresults.
Fig.4showsacomparisonbetweentheGLCMalgorithmand
thestatisticalbasedapproacheswiththegeodesicdistance,
knowingthateachtimethepolarizationwiththebestperfor-
manceisretained.AsobservedinFig.4,forsimulateddata
itisbettertohaveoneveryhighresolutionpolarizationchan-
nel(99±1%forMGDHH+WT+Sat0.5meters)thana
lowresolutionfullypolarimetricSARimage(85±4.5%for
MGDPolarat5meters).Forthisexample,asignificantgain
ofabout14pointsisobserved.

Second,theinfluenceoftheincidenceangleisanalyzed.
Forthisexperiment,theimageresolutionisfixedto0.5mand
severalincidenceanglesareconsidered.Likeintheprevi-
ouscase,testsareperformedtofindtheappropriatedistance
dfortheGLCMalgorithm.Thebestclassificationratesare
retainedandcomparedinFig.5withthosegivenbythesta-
tisticalbasedmethods.Asitcanbeseen,theGLCMHVis
influencedbytheincidenceangle,whilesomesmallchanges
canbespottedfortheothermethods.



Fig.5:Influenceoftheincidenceangleonclassificationaccuracy
forsimulatedL-bandSARimageshavingaresolutionof0.5meter.

4.2. RealL-bandSARimages

EventhoughPolSARproSimprovidesahighlevelofreal-
ism,significantdifferencescanbeobservedbetweensimu-
lated(Fig.1)andrealdata(Fig.2). Thosedifferencesare
theresultsofvariousphenomena,suchasforestmanagement
practices(thinningoperations,plantationdensity)andnatural
hazards(stormdamages),yieldingtosomewithin-classdi-
versity.Hence,asdisplayedinTable2,classificationresults
onrealSARimagesarelowertothoseshowninSection4.1
onsyntheticdataset.Similartothecaseofsimulatedimages
witharesolutionof3and5m,thebestresultsaregivenfor
GLCMHV(86.6±5.6%)andMGDPolar(84.0±4.4%)
methods.

Classificationmethod Overallaccuracy
GLCMHV 86.6±5.6

MGDHH+WT+S 59.0±5.4
MGDPolar 84.0±4.4

MGDPolar+WT 81.8±4.0
MGDPolar+WT+S 63.5±4.9

Table2:Comparisonbetweentheclassificationalgorithmsforreal
L-bandSARimages.

5. CONCLUSION

Inthispaper,wehaveintroducedastatisticalhypothesistest
basedonthegeodesicdistance. Variousexperimentshave
beenconductedonbothsimulatedandrealSARdataforthe
classificationofmaritimepineforestimages. Experiments
onsimulateddatasethaveshownthatitisbettertohaveone
veryhighresolutionpolarizationchannelthanalowresolu-
tionfullypolarimetricSARimage. Duetothepresenceof
intra-classdiversity,thoseconclusionsareslightlymodified
onrealSARdata.
Furtherworkswillincludethegeneralizationofthepro-

posedhypothesistesttorobustestimatorssuchasthefamily
ofM-estimators[16].
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