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1.1 Inverse problem models

This thesis is divided into two independent parts, both devoted to solve inverse
problems in the statistical framework. In the first two chapters, a model motivated
by the detection of the cellular aging in biology is studied. From the observation of
a dividing cell population with size structure, we estimate the kernel determining
how the daughters’ sizes are related to their mother’s one, with the purpose to see
whether the sharing is rather symmetric or asymmetric. This leads us to both direct
and indirect density estimation problems. In the latter, we deal with a deconvolution
problem where the convolution operator is of multiplicative type. In the last chapter,
we consider the estimation of a nonparametric regression function with errors in
variables, using wavelets in a multivariate setting. To the best of our knowledge, this
problem has seldom been studied. To take into account the noise in the covariates,
deconvolution is involved in the construction of wavelet estimators.

Inverse problems arise in many scientific domains, such as biology, medicine,
physics, engineering, finance, etc. Solving an inverse problem consists in reconstruct-
ing unknown quantities of interest from observed measurements. Loosely speaking,



CHAPTER 1. INTRODUCTION

inverse problems are concerned with determining causes from known effects: for ex-
ample, recovering the original image from a given blurred version of the image (see
Bertero and Boccacci [13]) or determining the density of rock within the Earth from
measurements of seismic waves produced by earthquakes (see for instance Mosegaard
and Tarantola [85], Tarantola [102]), etc. Other applications of inverse problems in
biology and medicine can be found in Comte et al [28], Stirnemann et al [100] for
instance.

In mathematical terms, a general inverse problem is modelled as follows: let H
and K two Hilbert spaces and let A : H — K an operator. Given a function g € K,
we want to find a good approximation of the solution f € H of the equation:

g=AFJ. (1.1)

We may refer to Bertero and Boccacci [13], Bissantz [15], Cavalier [19], Cavalier and
Hengartner [20], Tarantola [102], Tikhonov and Arsenin [104] for comprehensive
studies and discussions of standard and statistical inverse problems.

Depending on the properties of the operator A, the inverse problems are sepa-
rated into two categories: well-posed and ill-posed problems. Following Hadamard
[55], an inverse problem is called ill-posed if its solution does not exist (A is not
surjective), if the solution is not unique (A is not injective) or if the solution is not
continuous with respect to the data (A~! is not continuous), i.e. a small change in
the data g can cause a large change in the reconstruction of f. Otherwise a problem
is said to be well-posed if it satisfies all three conditions above (existence, uniqueness
and stability). One example of a well-posed problem is the forward problem of the
heat equation. However, in practice inverse problems are often ill-posed problems
which arise naturally in many domains, for instance, in computerized tomography,
in image processing or in geophysics. The main issue is usually on the stability since
it is very difficult to observe the function g without errors. To account for this,
Equation (1.1) can be considered with an additive term ¢ modeled according to the
considered approaches: € can be either a deterministic perturbation or a random
noise. In the deterministic approach, one supposes that the noisy observations of
g is g¢ = Af + oe for some ¢ > 0 and € belongs to a ball of the Hilbert space G,
i.e |le|| < 1. This approach is the standard framework for inverse problems. We
refer to Tikhonov [103], Tikhonov and Arsenin [104] for first studies of deterministic
perturbations. In contrast, the statistical point of view assumes that we observe

Y =Af+oe, (1.2)

where the noise € is a random variable and o corresponds to the noise level with
o > 0. In the case where H is a functional space, many nonparametric estimation
problems are related to this second approach, such as probability density estimation,
or estimation in the regression model and in the white noise model. Initial studies
of inverse problems with random noise were proposed by Bakushinskii [6], Sudakov
and Khalfin [101].

A classical example of the model (1.2) is the Gaussian white noise model with
convolution (see for instance De Canditiis and Pensky [30], Johnstone [69], Kalifa
and Mallat [70], Kerkyacharian et al. [71] and Pensky and Sapatinas [90]):

Y(z)=f*xG(x)+ocW(z), ze€]0,1], (1.3)
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where W (z) is assumed to be a Gaussian white noise. Here the operator A is the
convolution operator defined by:

1
Af(z) = [+ G(x) :/0 F(2)G(x — 2)d=.

and f € L2([0,1]) is the unknown function we want to recover from noisy observa-
tions Y (x). The function G is assumed to be known (the Green kernel for the heat
equation for example). To obtain an estimate of f, we deal with a deconvolution
problem to find an inverse of A. In this thesis, deconvolution procedures arise in
Chapters 3 and 4. The difficulties that are encountered are due to the fact that
the convolutions are either multiplicative or in a multivariate setting.

This thesis consists of two statistical inverse problems: density estimation for a
pure birth process with size structure or a growth-fragmentation partial differential
equation (PDE), and multivariate nonparametric regression with errors in the vari-
ables. After giving a detailed presentation of the two problems that are considered in
this thesis (Section 1.2), we introduce the Goldenshluger and Lepski’s method (Sec-
tion 1.3) which is applied for our adaptive estimation procedures and the present
contributions of this thesis are summed up (Section 1.4).

1.2 Presentation of the models considered in this thesis

1.2.1 Size-structured population model

In the first part of the thesis, which consists of Chapter 2 and Chapter 3, we
study the problem of estimating a density function associated with an application
for cell population with size structure.

Size-structured population models have recently attracted a lot of attention and
interest in literature. We may cite the works of Calsina and Manuel [17], Diekmann
et al. [35], Doumic and Gabriel [37], Doumic et al. [40], Doumic and Tine [41], Farkas
and Hagen [48], Michel [83] and Perthame [91]. These authors study PDE models for
size-structured population. We refer to Bansaye et al. [8], Bansaye and Méléard [9],
Cloez [24], Doumic et al. [38] for size-structured population modelled by branching
processes. Furthermore, related studies for populations with age structure can be
found in Athreya and Ney [5], Harris [57], Jagers [67], Tran [107] and references
therein.

We consider a stochastic individual-based model to describe a discrete popula-
tion of cells in continuous time where the individuals are cells characterized by their
varying sizes and undergoing binary divisions. The term ’size’ covers variables such
as volume, length, level of certain proteins, DNA content, etc. that grow determin-
istically with time. Here, we have in mind that each cell contains some toxicities
which play the role of the size, in the spirit of the study of Stewart et al. [99]. For
the sake of simplicity, we assume here that the toxicity X; inside a cell at time ¢
grows linearly with a constant rate a > 0.

3
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When a division occurs, the mother cell dies and is replaced by two daughters.
The division rate is R > 0, meaning that the lifelength of each cell is an exponential
random variable with parameter R > 0. Upon division, a random fraction I' of the
cell’s size goes into the first daughter cell and a fraction 1 — I into the second one.
So if the division occurs at time ¢, and if the mother is of size X;, the two daughter
cells are of sizes ' X;_ and (1—TI")X;_. The random variable I" is on [0, 1] is assumed
to have a density h(vy) with respect to Lebesgue measure. Our purpose here is to
estimate the density h ruling the divisions. The originality of estimating h is to
detect aging phenomena such as the one put into light by Stewart et al. [99]. More
precisely, if h is piked at % (i.e. '~ %), both daughters contain the same toxicity,
i.e. the half of their mother’s toxicity. The more h puts weight in the neighbourhood
of 0 and 1, the more asymmetric the divisions are, with one daughter having little
toxicity and the other’s toxicity close to its mother’s one. If we consider that having
a lot of toxicity is a kind of senescene, then, the kurtosis of h provides indication on
aging phenomena (see Lindner et al. [75]).

We stick to constant rates R and « for the sake of simplicity. Modifications
of this model to account for more complex phenomena have been considered in
other papers. Bansaye and Tran [11], Cloez [24] or Tran [106] consider non-constant
division and growth rates. Robert et al. [95] studies whether divisions can occur
only when a size threshold is reached. Notice that several similar models for binary
cell division in discrete time also exist in the literature, see for instance Bansaye et
al. [7, 10], Bercu et al. [12], Delmas and Marsalle [34], Guyon [54] or Bitseki Penda
[89].

In our model, the genealogy of these dividing cells can be represented by a binary
tree, namely a Yule tree, the nodes of which can be labelled with the Ulam-Harris-
Neveu notation. Let J = [J°%, N x {0,1}™ be the set of labels with the convention
that {0,1}° = (0 ; J is the set of words starting with an integer followed by a sequence
of Os and 1s. The roots of the tree (the cells present at time 0) are given integer
labels in N. When a cell with label j splits, her daughters are given the labels ;0
and j1 obtained by concatenating 0 or 1 to the word j. The population at time
t consists of the collection of sizes (X},i € V;) where V; C J is the set of labels
of cells alive at time t. N; = |V;| is the size of the population. Because the size
of the population is random and increasing, it is more convenient to describe the
population by a random point measure, rather than a vector of varying size. Let

Zi(dx) = Y dxi(dx), (1.5)

1eVy

be the sum of Dirac masses weighting the sizes of cells alive at time ¢. It is a empirical
measure on M (R ), the space of finite measures embedded with the topology of weak
convergence.

The dynamics described above defines (Z;,t > 0) as a piecewise deterministic
Markov process (PDMP) that can be associated to a stochastic differential equation
(SDE) driven by a Poisson point measure (see e.g. [50, 106]): divisions correspond
to random times generated by the Poisson measure and between two divisions, sizes
grow following (1.4).
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Let Zy € M(R4) such that E(<Z0,1>) < 4o00. Let Q(ds,di,dy) be a Pois-
son point measure on Ry x & := Ry x J x [0,1] with intensity ¢(ds,di,dy) =
Rdsn(di)H (dv) where n(di) is the counting measure on J and ds is Lebesgue mea-
sure on Ry. Because Z;, for t € R, is a random variable in the space of finite

measures Mp(R,), we characerize its evolution by considering test functions f and
giving SDEs for (Z;, f fR+ x)Zy(dx).

For every test function f : (x,t) — f(z,t) = fi(x) € C;’l(l&r x R4, R) (bounded
of class C! in t and x with bounded derivatives):

(21, 1) =(Z0. )+ | t i (0ufo(0) + 002 (2)) 24 (1.6)

+/ t [ ey [ £ () + £ (- 0xE) - £ Qs di o),

The second term in the right hand side of (1.6) corresponds to the growth of sizes
in the cells and the third term gives a description of cell divisions where the sharing
of mother cell’s size into two daughter cells depends on the random fraction I'.

The SDE (1.6) can easily be simulated as follows (see Bansaye and Méléard [9],
Ferriere and Tran [49] or Fournier and Méléard [50] for more details):

1. We start with Ny cells of sizes X{,... X, No—1 The set of living cell labels at
time 0 is Vo = {0,... Ng — 1}.

2. To each living cell at time ¢ = 0, we attach an independent random exponential
clock with parameter R.

3. The smallest clock value 7 determines the cell u that divides next. The division
happens at time ¢ + 7 and the cell sizes just before the division are Xy, =
X +ar, v € Viyr . We draw an independent random variable I' following
the distribution h(x)dx and replace the cell u by her daughters u0 of size
(1-T)X{ . and ul of size X, .

4. We iterate again from step 2, with the last division time instead of ¢ = 0.

Since all the cells have the same division rate, we can of course simplify the
algorithm: when the population is of size N, the next division occurs after an
independent exponential time with parameter N R and we can select uniformly the
cell that undergoes division.

In Chapter 2, we assume that we observe the evolution of cells up to a fixed time
T, i.e. the whole division tree and the entire path (Z;, ¢ € [0,7]) of the measure-
valued process. From the algorithm presented in the previous paragraph, we can
guess that the observation of the whole tree allows us to construct a sequence of in-
dependent random variables distributed as I', which we can use to construct an adap-
tive estimator of the kernel division, with a fully data-driven bandwidth selection
method. The main difficulty comes from the fact that the number of observations of
the sequence is random, and we have to study the SDE to obtain necessary estimates
to establish upper and lower bounds for the convergence rate of the estimator. This
is detailed in Section 1.4.



CHAPTER 1. INTRODUCTION

Hoffmann and Olivier in [59] describe the growth-fragmentation model by a
PDMP X = ((X}, X?,...), t > 0), with value in |J;2,[0,00)¥, where X} denotes
the age of the living individual at time ¢. The division rate B(z) considered by these
authors is a function of the size x. Kernel estimators of B(z) are constructed by
assuming that the whole genealogical tree on the time interval [0,7] is observed.
The main difficulty comes from the fact that the number of observations as well as
the probability of inclusion of an individual both depend on B. In this thesis, we do
not consider these issues, but other difficulties appear.

In Chapter 3, we observe the cell population at a fixed time 7. The whole
division tree is not completely observed and the estimation techniques developed
in Chapter 2 cannot be considered anymore. Models with partial observations arise
frequently in biology and have been investigated in many studies of both biostatistics
and probability, see for instance Donnet and Samson [36], Samson and Thieullen [97],
Wu [110]. In this case, the idea is to approximate the evolution of the population
when the initial size is large by a growth-fragmentation PDE. Assuming that we
have n independent observations X1, ..., X,, of distribution n(T, z)dx, where n(T, x)
defines the solution of the PDE, we can estimate h from an inverse problem involving
a multiplicative convolution.

More precisely, assume that Ny = n and consider the renormalized random point
measure:

NTL

n 1 .
Zp(dw) = 3" by (da), (L.7)

=1

where IV{' is the number of cells alive at time ¢. The large population limit cor-
responds to n — +o00. Assume that Zj converges in distribution to the measure
no(z)dr € Mp(Ry) as n — +oo. Following the work of Fournier and Méléard [50]
(see also in Ethier and Kurtz [43] and Tran [107]), we prove that the renormalized
random process converges to the weak solution of a growth-fragmentation equation:

on(t, ) + adyn(t,z) + Rn(t,z) = 2R /01 n (t, j) ih(v)d'y, n(0,z) = no(x).

(1.8)

The PDE (1.8) is very close to the one considered in Bourgeron et al. [16] and
Doumic and Tine [41]:

Ot @) + ady (g(z)n(t, 2)) + B(a)n(t, z) = 2 [ n(t, y) B(y)(z, y)dy,
t>0,z >0,
g(0)n(t,0) =0, t >0,
n(0,2) = n’(x), = >0,
(1.9)
where n(t, z) is the density of the cells structured by the size = at time ¢, k(z,y) =
ih(%) is the division kernel, ag(x) is the non-constant growth rate and B(z) is the

non-constant division rate (see also Doumic et al. [39] in the case of equal mitosis).
Setting y = x/v in (1.8) gives the PDE (1.9) in the case where the division rate and

6
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the growth rate are the constants R and « respectively:

+00
Oin(t, z) + adyn(t,z) + Rn(t, z) = QR/ n(ty)h(E)@'
0 y/y

The study of the asymptotic behaviour of the solutions n(t,z) is related to the
following eigenvalue problem

v)y’ (1.10)

adoN(2) + (A + R)N(2) = 2R [ N()h(2) 2, 2 > 0,
N()=0, [N(z)dz=1, N(z)>0, A>0,

where A is the first eigenvalue and N is the first eigenvector. When t — 400, it
is proved (see e.g [84], [92]) that the approximation n(t,z) ~ N(z)eM is valid. We
assume that we have n i.i.d observations Xi, Xo, ..., X, with distribution N(z)dx.
For instance, each observation is drawn by measuring a cell selected randomly. Then,
the estimation of h leads us to an inverse problem with a multiplicative convolution

defined by the operator
+00 z\ dy
Vo)) = [ Y,
(rvo)@ = rwa(}),

where f and g are two integrable functions defined on R .

Deconvolution problem with multiplicative operator has seldom been studied
in statistical inverse problems. Thus, our problem is more complicated and quite
different, compared to the classical deconvolution problems. In a standard inverse
problem, Bourgeron et al. [16] consider an equation similar to Equation (1.10) but
the division rate R is replaced by the function B(z) and they aim to estimate B.

When dealing with the convolution [ H(y)h (§> % with H(y) = B(y)N(y), they
apply the Mellin transform to replace the multiplicative convolution by a product.
In our problem, we apply a logarithmic change of variables in the right hand side
(r.h.s) of Equation (1.10) giving a term of the form [p M (v)g(u—v)dv = (M * g)(u)
where M (u) = N(e*) and g(u) = h(e"). Then we resort to Fourier techniques to
recover the Fourier transform of g for which we can propose a kernel-based estimator.
The estimator of the Fourier transform of g involves a quotient of two estimators
and we use techniques inspired by Comte and Lacour [26, 27], Comte et al. [28],
Neumann [87] for its construction. The estimator of h will be obtained from the
estimator of g. We prove only consistency of our estimator. Indeed, it appears that
regularities of functions to be estimated h or g are closely linked with functions 0, /N
and N in Equation (1.10). This makes the problems intricate and thus the study of
rates of convergence is a work in progress.

1.2.2 Nonparametric regression with errors-in-variables

In Chapter 4, we consider the multivariate regression with errors-in-variables. Sup-
pose that we observe n i.i.d random vectors (Wy,Y1),...,(W,,Y,) of the following
model:

{Yl =m(Xy) + e, (1.11)

W, =X;+6, 1=1,...,n,



CHAPTER 1. INTRODUCTION

where Y] € R, (61,...,0,) and (X1,...,X,) are i.i.d R%valued vector. We denote
by fx the density of the X;’s assumed to be bounded from below by a positive
constant, and by fir the density of the W;’s. The covariates errors ¢; are i.i.d
unobservable random variables having known density g. The ¢;’s are i.i.d standard
normal random variables with known variance s?. The §;’s are independent of the
X’s and Yy’s. Our aim is to estimate the regression function m(z),z € [0,1]¢
based on the observations Y;’s and W;’s where direct observations of X;’s are not
available. We aim at estimating the multidimensional regression function m(x) for
the pointwise risk. Model (1.11) has been mainly studied in the univariate case.
Let us cite the work of Fan and Truong [47], Comte and Taupin [29] and Meister
[79] among others and the goal is to extend these results to the multivariate setting.
Introduction of Chapter 4 describes the framework in which our contribution takes
place more precisely.

One of the difficulties of the problem is due to the design points which are cor-
rupted by additive errors leading to a necessary deconvolution step. To face this
issue we devise a kernel projection procedure based on wavelets. The second is-
sue we focus on is the choice of the multiresolution analysis on which projection is
performed. Note that this problem is intricate and barely considered. Here, our
approach based on an application of the Goldenshluger-Lepski rule leads to an auto-
matic and adaptive choice of the multiresolution analysis, which varies locally with
x. Note that our estimation procedure does not resort to thresholding. Considering
the ordinary smooth case on the component densities of the errors covariates, we
establish optimal rates of convergence for the estimator m(x) for the pointwise risk
and over anisotropic Holder classes. The summary of the theoretical and numerical
results are presented in Section 1.4.

1.3 The Goldenshluger-Lepski method

This section is devoted to the presentation the Goldenshluger-Lepski (GL) method
which is the main adaptation method used in this thesis. In Chapter 2, we apply the
GL method for the selection of the bandwidth of the kernel estimator A. In Chapter
4, we inspire from the GL methodology to propose a data-driven selection rule of
the wavelet level resolution for the estimation of the multivariate regression function
m. As a consequence of using the GL method, we obtain oracle inequalities which
provide a good tool to measure the performance of our estimation procedures in both
problems of estimating the division kernel A and the estimation of the regression
function m.

The GL method is proposed in Goldenshluger and Lepski [52] and is widely used
in recent studies of nonparametric estimation, see for instance, Comte et al. [25],
Comte and Lacour [27], Doumic et al. [39], Reynaud-Bouret et al. [94] who apply
the GL method for selecting a fully-data driven bandwidth of kernel estimators, and
Bertin et al. [14], Chagny [21] who extent the GL method to model selection for
selecting dimension of estimator by projection.

Here, for the sake of simplicity, we present the GL method for the problem of
density estimation in the univariate case for the LLa-loss: let X be a random variable

8



1.3. THE GOLDENSHLUGER-LEPSKI METHOD

in R having density f, we want to estimate f from the i.i.d sample X1, Xs,..., X,
drawn from f. Let K be a kernel satisfying [ K (z)dz = 1 and [ K?(z)dx < co. We
introduce the kernel estimator of f as follows:

where Ky(-) = (1/¢)K(-/¢) and £ > 0 is the bandwidth to be selected.

We first study the bias-variance decomposition under the Lo-risk:
E[|f - fol3] = If - ELI3 +E 1B — Fell3].

For the variance term, we obtain easily

2
E(I(f] - f13] < [ K2@e =11

Moreover, one can easily check that E[ fg J Ko(- —y)f(y)dy = Ky * f, where x
denotes the convolution operator. Then we obtain

N 1
E(Ilf = fulB] < IIF = Kex fI13 + — K3,

Let H,, be a family of possible bandwidths, then the best choice for the bandwidth
is the one which minimizes the bias-variance decomposition. This is the oracle

bandwidth ¢ defined as

0= argmin {Hf Ky *f||2 +— ||K”2}

LeHR

However, it is impossible to obtain ¢ in practice since we cannot compute the bias
term || f — K¢ * f||2 due to the unknown function f. The idea of the GL method is
to estimate the bias term || f — K, * f||2 by considering several estimators. To derive
the selection rule, we define for any ¢,¢ € H,

A 1 &
Jeo(@) = =3 (Kox Ko ) (@ = Xi) = (Kex fo) (@),
=1
Heuristically, if fg/ is an estimator of f then fM’ = Kg*fg/ is an estimator of Ky« f.

Then, for any £, ¢’ > 0, the estimator of the bias term is defined as
AW = sup {|lfi = foels =V}

where V(¢') = HKKUQ with x a constant to be tuned. We subtract the variance term

V(¢') in the setting of A(¢) to take into account the fluctuations of the estimator
(see [39] for more details).

Finally, the bandwidth is selected as

{ := argmin {A(f) +V(0)},
LeHn

and we define f = ;g the corresponding kernel estimator.
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Under appropriate conditions, we can prove that this estimate satisfies an oracle
inequality for the Lo-risk:

) . 1
B [1f - f18] < Cjng {1 - Kex 13+ - b+ A

where C' > 0 is a constant independent of f and n and A,, is a negligible term.

1.4 Contributions

1.4.1 Estimation of the division kernel

This section presents the main results for the estimation of the division kernel in the
case of complete data (Chapter 2) and in the case of incomplete data (Chapter
3).

Case of complete data:

Assume that we observe the whole division tree in the time interval [0, 7] with fixed
T. At the *h division time ¢;, let us denote j; the individual who splits into two
daughter cells Xt];0 and ngl and define

Ji0 xJil

0 iy 1 t
I, = y and I = i
k2 1
Xy Xy

the random fractions that go into the daughter cells, with the convention % =0. TV
and I'} are exchangeable with I'} =1 —T9. T'? and I'} are thus not independent but
the couples (F?, F})ieN* are independent and identically distributed with distribution
(1%, T'!) where I'" has the density h and I'? = 1 — T'!. Based on the observations of
the I'}’s, we construct an adaptive estimator of h by using a kernel method with a
kernel function K.

Assume that we observe ('}, ..., F}WT) where Mp > 0 is the random number of
random divisions in [0, 7], we define the kernel estimator of h as follows:

Definition 1.4.1. Let K : R — R is an integrable function such that

/RK(x)dle and /RKz(x)dx<oo.

For all v € (0,1), define

M.

h _ TK _r! 1.12

M)_MTZ oy —T5), (1.12)
=1

where Ky = $K(-/¢) and £ > 0 is the bandwidth to be chosen.

10
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When using a kernel method, the choice of bandwidth is crucial. We apply here
the GL method to propose a fully data-driven selection rule for which we can select
an adaptive bandwidth and provide a non asymptotic oracle inequality. Details of
our bandwidth selection rule is presented in Section 2.2.3 of Chapter 2.

We state an oracle inequality which highlights the bias-variance decomposition
of the mean squared integrated error (MISE) of h. We recall that the MISE of h is

the quantity E[Hﬁ — h||%} .

Theorem 1.4.2. Let Ny be the number of mother cells at the beginning of divisions
and My is the random number of divisions in [0, T]. Consider H a countable subset
of {ANVi A =1,..., Amax} in which we choose the bandwidths and Ay = |6 My
for some § > 0. Assume h € L°°([0,1]) and let h be a kernel estimator defined with
the kernel K; where { is chosen by the GL method. Define

o~ RT+log(RT)

o) =3 T TN EL
e T if No > 1.
Then,
E|||h — hl|2| < Cyinf { | K, *h — k|2 15113 T)" 'Y + Coo(T) ™!
l 2| < Cyjnf ¢ [[Ke* 2+ =5=o(T)™" ¢ + C2o(T) ™,

where C1 is a constant depending on Ny, | K||1 and Cy is a constant depending on

No, 8, [| K1, [|Tl2 and [[hf]co-

The constants C'; and C'y in the oracle inequality above depend also on a positive
constant € to be tuned. However we do not mention € for the ease of exposition.

2
The term || K;xh— h||3 is an approximation term, %Q(T)*1 is a variance term
and the last term o(7")~! is asymptotically negligible. Hence the right hand side of
the oracle inequality corresponds to a bias variance trade-off.

Adaptive minimax rates of convergence are derived when the density h belongs
to a Holder class H (B, L) of smoothness § and radius L and the kernel function
K satisfies some regularity conditions. These assumptions are detailed in Section
2.2.3 of Chapter 2. The upper bound in Theorem 1.4.3 is deduced from the oracle
inequality of Theorem 1.4.2. The lower bound is obtained by perturbation methods
(Theorem 1.4.4) and is valid for any estimator hy of h, thus indicating the optimal
convergence rate.

Theorem 1.4.3. Let * > 0 and K be a kernel of order *. Let B € (0,5%). Let 7

A

be the adaptive bandwidth. Then, for any T > 0, the kernel estimator h satisfies

~ B8
sup  El|h — h|2 < Cyo(T) %4,
heH(B,L)

where o(T) ™! is defined as above and Cs is a constant depending on Ny, 6, €, |K||1,
IK]l2, |hlloc, 8 and L.

11



CHAPTER 1. INTRODUCTION

Theorem 1.4.3 illustrates adaptive properties of our procedure: it achieves the

__2B
rate o(T") 25+1 over the Holder class H(/3, L) as soon as (3 is smaller than 5*. So, it
automatically adapts to the unknown smoothness of the signal to estimate.

Theorem 1.4.4. For anyT >0, 5 >0 and L > 0. Assume that h € H(B, L), then
there exists a constant Cy > 0 such that for any estimator hr of h

N __25_
sup E|hp — h|3 > Cye 25+1 °T

heH(B,L)

Remark 1.4.5. The difficulty for adaptation is that the number of observations is
random. It is worth noting the difference between N7, the number of cells living at
time 7', and the number of random divisions M. Indeed, we have M7y = Np — Ny.
Moreover, the optimality of the estimator h depends on Nyg. When Ny = 1, Np is
distributed according to a geometric distribution with parameter e 7. The upper

26
bounds are ezo+1 FLHOBED) 0 differ with a logarithmic term from the lower
bound. When Ny > 1, Ny has a negative binomial distribution N'B(Ng, e f7)

__28
and both the upper bounds and lower bounds are in e 311 Thus the rate of

convergence is optimal when Ny > 1.

Lastly, we present here some numerical results to illustrate the performance of
our estimator. Full details of the simulation study can be found in Section 2.3.

We first recall that the Beta density with parameters (a,b), denote here by
Beta(a, b), is proportional to z% 1(1 — x)b_l]l[o’l] (x). We implement simulations
where h is the density of the Beta(2,2) distribution or a mixture distribution as
1 Beta(2,6) + 3 Beta(6,2). The Beta(2,2) distribution represents symmetric divi-
sions with kernel concentrated around 1/2 while the choice of the Beta mixture
gives us a bimodal density corresponding to very asymmetric divisions. We aim in
both cases to estimate non-parametrically these densities with our nonparametric
estimator.

We take the classical Gaussian kernel K (z) = (21r) "'/ exp(—2/2) and recon-
struct h by (1.12) where the adaptive bandwidth is selected by the GL method. We
compare the estimated densities by the GL bandwidth with those estimated by the
oracle bandwidth defined as

Eoracle = argmin E[Hﬁf - hH%} .
LeH

Moreover, we are interested in comparing h with estimators obtained by Cross-
Validation (CV) bandwidth, the rule-of-thumb (RoT) bandwidth. Computation of
the CV and RoT bandwidths is described in Section 2.3. More details of these
methods can be found in Silverman [98] or Tsybakov [108]. We shall call GL (resp.
oracle, CV, RoT) estimator for the one estimated by using the GL (resp. oracale ,
CV, RoT) bandwidth. For a further comparison, in the reconstruction of Beta(2,2)
density, we compare our nonparametric estimators with the parametric one obtained
by assuming that the distribution is a Beta(a, a) distribution and by using Maximum
Likelihood (ML) method to estimate the parameter a.

12
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Figure 1.1: Reconstruction of division kernels with 7' = 13. (a): Beta(2,2). (b): Beta
mixture.

To estimate the MISE, we implement Monte-Carlo simulations with M = 100
repetitions:

B 1% 1 1
e = — €; all O = —_—
M= ¢ M

Mx<

(ei - é)2
=1

where

_[|RD = hl

€= —F ),
[A]2

and A denotes the estimator of h corresponding to i*" repetition.

Figure 1.1 illustrates a reconstruction for the density of Beta(2,2) and Beta
mixture with T'= 13, R = 0.5 and o = 0.35.
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Figure 1.2: (a): The log-mean relative error for the reconstruction of Beta(2,2) compared

to the log-rate (solide line) computed with 8 = 1. (b): Errors of estimated densities of
Beta(2,2) when T = 17.
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In Figure 1.2a, we illustrate on a log-log scale the mean relative error and the
rate of convergence with respect to the time 7. This shows that the error is close
to the exponential rate predicted by the theory. The boxplots in Figure 1.2b rep-
resent the mean of relative error for estimated densities using the GL bandwidth,
the oracle bandwidth, the CV bandwidth and the RoT bandwidth. One can observe
that the GL estimator is closed to the oracle one which is the best estimator. Over-
all, we conclude that the GL method has a good behavior when compared to the
CV method and rule-of-thumb. As usual, we also see that the ML errors are quite
smaller than those of the nonparametric approach but the magnitude of the mean e
remains similar.

Case of incomplete data:

As stated in Section 1.2.1, when the division tree is not fully observed, we can rely
on the PDE approximation of the stochastic process (Z}',t € R;), when n — 4o0.

We denote by D ([0,T], Mp(Ry)) (resp. C([0,7], Mp(R4))) the set of cadlag
functions (resp. continuous functions) from [0,7] to Mp(Ry) embedded with the
Skorohod distance (resp. embedded with the uniform convergence norm).

Theorem 1.4.6. Consider the sequence (Z")nen+ defined in (1.7). We assume that
Zy € Mp(Ry) satisfies

sup B((25,1)?) < +oc.

neN*

If Z§ converges in distribution to po € Mp(Ry) as n — +oo then for every
T >0, (Z")pen+ converges in distribution in D ([0, T], Mp(Ry)) as n — 400 to the
unique solution p € C ([0,T]), Mp(Ry)) of

s d) = o P+ [ [ (0ufu(o) + gl fute)uslr)ds
t 1
] 000 50— 7)) = ) Bl H s
(1.13)
where fi(x) € Cl}’l(RJr x Ry, R) is a test function.

We are interested in the problem of estimation the division kernel h in the case
where both the growth rate and the division rate are constants. Hence, we stick to
g(z) = 1 and B(z) = R for all x € Ry. If the measure o has a density, we can
connect (1.13) to a growth-fragmentation PDE written under a more classical form:

Proposition 1.4.7. We have the following results:

i. If po(dx) = no(dzx) then ¥t € Ry, pi(dz) has a density n(t, x).
ii. If n(t,z) € CH1(Ry,Ry) then it satisfies the PDE:

1 x\ 1
on(t,x) + adyn(t,x) + Rn(t,x) = QR/O n (t, 7) ;h(fy)dv. (1.14)

14
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Proceeding as explained in Section 1.2.1, this leads us to the PDE (1.10), with
a multiplicative convolution in the second term:

+oo z\ d
00 N(2) + (A + R)N(r) = 2R | N@V(gyf.

We first change the variables in the PDE above to transform the multiplicative
convolution into an additive one. Let us introduce the functions

g(u) = e*h(e"),
and
M(u) = e"N(e"), D(u) = 9y (u > N(e")) = uN(e").
Then the PDE (1.10) becomes

aD(u) + (A + R)M(u) = 2R(M * g)(u).

The estimator of h will be obtained from the estimator of g.

In the sequel, we denote by f* the Fourier transform of an integrable function f
defined by f*(&) = [ f(x)el*¢dx.

Assume that the the density h and the Fourier transform M™* of M satisfy the
Assumptions 3.3.1, 3.3.2 and 3.3.3 in Section 3.3.1 of Chapter 3, then the Fourier
transform of ¢ is given by:

aD'(€) | A+R

(€)= spirE tan e S€F (1.15)

In view of (1.15), the purpose is first to propose an estimator for g* and eventually
to apply Fourier inversion to obtain an estimator of g.

Let K a kernel function in L2(R) such that its Fourier transform K* exists and
is compactly supported. Define K, (-) := =LK (-/¢) for £ > 0. We set
=K ¢xg.

Since g; = K x g*, let M*(§) and D*(§) be unbiased estimators of M* and D*
given in Proposition 3.3.6 (see Section 3.3.3), a natural estimator g, of ¢ is such that
its Fourier transform takes the following form:

G (€) = Ki(6) x (O‘D*(@ 1o “R) ,

2R ppe(6) 2R

where () = {|M*( )| > n_1/2} and ]IQ/M*( ) is the truncated estimator of 1/M™*(§)
which is added to avoid an explosion when ]\m is closed to 0.
Finally, taking inverse Fourier transform of g;*, we obtain

1

ew) = 5= [ Gi(e)e e

15
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Then the estimator of the division kernel h is given by

A~

he(v) =79 (log(7)), 7 € (0,1).

We establish the ILo-consistency of gy under a suitable choice of the bandwidth
£ in the following theorem. This result is proved in Chapter 3. Moreover, we
consider only the consistency of the estimate g, because of the difficulties explained
in Section 3.4.

Theorem 1.4.8. We suppose that Assumptions 3.5.1, 3.5.2 and 3.5.3 are satisfied
and the kernel bandwidth ¢ which depends on n satisfies liril £ =0. Provided that
n—-+0oo

1 (|IKF(6)E 2\
ngknO‘*@ )‘Q

lim E []3 — ]3] = 0.

n—-+4o0o

> 1K ©
T ‘ M+ ()

2

we have

1.4.2 Adaptive wavelet estimator for multivariate regression func-
tion in the errors-in-variables model

In this section, we present the statistical results for the estimation of the multivariate
regression function m(-) in Chapter 4.

Notation. We denote by F the Fourier transform of any Lebesgue integrable
function f € L1 (R%) by

FOO = [ < f)y, teR

where < .,. > denotes the usual scalar product.

Recall that we consider the following regression with errors-in-variables model in
a multidimensional setting

}/i:m(Xl)-i-Gl, m:Xl+6la l:17"‘7n7

and fx, fir and g are the densities of the X;’s, the W;’s and the covariate errors
d;’s respectively. Our aim is to estimate the nonparametric multivariate regression
function m(z), = € [0,1]?. We provide an adaptive procedure in the multidimen-
sional setting and study the pointwise risk over the anisotropic Hoélder classes. For
the ease of exposition, we refer to Section 4.2.1 of Chapter 4, pages 88 - 89 for the
complete presentation of the assumptions on the regression function m, the design
density fx and the density of the errors covariates g.

To estimate the regression function m, the idea is that we try to estimate the
conditional expectation

m(z) =E[Y|X =z] = ny;Xl"axZ/))dy f};(zfx))’

16
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where f(z,y) denotes the joint density of (X,Y"). Here we do not consider the prob-
lem of estimating the density fx. We use an estimate f x of fx introduced in Comte
and Lacour [27] (Section 3.4). This estimate is constructed from a deconvolution
kernel and the bandwidth is selected by the GL method [53]. Hence the main task
is to construct an estimate p of p. Then the estimator m of m at point z is given by

)
w=10

For the reconstruction of p in the univariate case, using a kernel function K(-)
with a bandwidth h,, Fan and Truong [47] proposed an estimate of p with

1 & xz—W,;
(1) = —— S V;Ln aF
p(x) nh”j:l ! < h )

n

where L(-) is the deconvoluting kernel given by

L [ e T,

L) = o |« F o)t/ )

Here we aim to construct an adaptive estimator of p(z) using projection kernels
on wavelets bases combined with a deconvolution operator which is a multidimen-
sional wavelet analogous of L, (:). Let ¢ a father wavelet satisfying the conditions

(A1), (A2) and (A3) in Section 4.2.1 of Chapter 4 and let {(,ojk,j € Zd}, j € N@
an orthonormal basis where for any =z,

d
e HQ% Vg, — k), jeN kez
=1

Given a resolution level j € N, we define the estimator p;(z) of p(x) as follows

ZZY % (D) (W) s (),

k u=1

where the deconvolution operator D; is defined as follows for a function f defined
on R

1 —z<tw>
(i) = gz [ e H oSt w € R

Furthermore, one can observe that the Fourier transform of the kernel K in the
operator L, has been replaced in our procedure by the Fourier transform of the
wavelet ;i and the bandwidth h, by 277.

It remains to propose a method of selecting the wavelet resolution level j. We
propose here a fully data-driven selection rule of the resolution level inspired from
Goldenshluger and Lepski [53]. Then our estimation procedure automatically adapts

17
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to the unknown smoothness of the regression function to estimate. Details of the
selection rule are described in Section 4.2.3 of Chapter 4.

Let ﬁj be the final estimator of p where j is the adaptive index selected by our
data-driven selection rule (see Section 4.2.3). We establish an oracle inequality (see
Theorem 4.3.1 in Section 4.3.1) which highlights the bias-variance decomposition of
the pointwise risk.

Let Hd(g, L) be the anisotropic Holder class with 3= (B1,B2,...,04) € (Ri)d
and L > 0 as in Definition 4.3.2; the following theorem give us the rates of conver-
gence of the estimators p; over Hy (5, L).

Theorem 1.4.9. Let ¢ > 1 be fized and let j be the adaptive index. Let N be the
number of vanishing moments of the father wavelet @. Then, if for anyl, | 5] < N
and L > 0, it holds

sup B |p;(w) — p(a)| < LT Ry

i

q(2v+1) <logn>qg/(2,§+2y+1)

PEH4(B,L) "
with B = ﬁ and Ry a constant depending on v, q,&,7,m,0, s, @, cg,Cg,g.
B1 Ba

The constants m, 0, ¢4, Cq4 are related to the assumptions on m, fx and g (see
Assumptions 4.1 - J.4) and the constants v, 4 and € are tuned constants constituted
in the selection rule of the adaptive index j (see Section 4.2.3).

For the estimation of m, we define the estimator 7 for all z in [0,1]¢ :

pi(a

m(z) = # (1.16)
fx(x)vn-1/2

where fx is an estimate introduced in Comte and Lacour [27]. The term n~/2 is

added to avoid the drawback when f x is closed to 0.

The following theorems give the upper bounds and lower bounds for the estimator
m under the pointwise risk. This shows that the estimate m achieves the optimal
rate of convergence up to a logarithmic term.

Theorem 1.4.10. Let ¢ > 1 be fized and let m defined as above. Then, if for any
I, |Bi] <N and L >0, it holds

9

a(2v+1) 1
sup E [m(z) — m(x)|? < L25+2+1 Ry ( Oin

) aB/(28+2v+1)
(mva)GHd(ng)XHd(g7L)
with R3 a constant depending on v, q,&,%,m,s,0,¢,cq,Cqy, E

Theorem 1.4.11. Let ¢ > 1, L > 0 and for any I, |fi] < N. Then for any
estimator m of m and for n large enough we have

sup E|i(z) — m(x)|? > Ryn~98/(2B+2v+1)
(man)EHd(E,L)XHd(E,L)

with Ry a positive constant depending on 5, L,s, CyandCy.
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We now describe briefly some numerical simulations to illustrate the theoretical
results. We select the Doppler function for the regression function m and aim to
estimate m at point xg = 0.25. The regression errors ¢;’s are taken to be a standard
normal variable with variance s? = 0.15. For the design density fx, we consider Beta
densities and the uniform density on [0, 1]. The uniform distribution is quite classical
in regression with random design. The Beta(2,2) distribution give us symmetric
distribution on [0, 1] while the Beta(0.5, 2) provides an asymmetric distribution with
an accumulation of points near 0 and few points near 1. The choice of the Beta (0.5, 2)
density allows us to determine the influence of the design density at the boundaries
of the interval [0, 1]. Moreover, despite the fact that Beta densities vanish in 0 and 1
and the design density fx is assumed to be bounded from below (see Section 4.2.1),
the choice of Beta distributions is still reasonable for simulations on any compact of
[0, 1] since the performances of the estimator are very bad at points very closed to
0 and 1. This is justified in Table 4.3 of Section 4.4.

For the choice of the density g of the covariate errors, we focus on the centered
Laplace density with scale parameter o4, > 0 that we denote g7,. This distribution
has the explicit formula of the Fourier of transform of the g; which implies the
regularity of the noise density gr,. Moreover, o, is chosen according to the so-called
reliability ratio (see Section 4.4 for details). We choose here o7, = 0.075 and 0.1.

We estimate m(z) by using Formula (1.16). First, we compute p;(2) an estimator
of p(z) = m(z) x fx (x) which is denoted "GL" in the graphics below. Then we divide
p;(x) by the adaptive deconvolution density estimator fx (z) of Comte and Lacour
[27].

We compare the pointwise risk error of ]33. (z) (computed with 100 Monte Carlo

repetitions) with the oracle risk one. The oracle is pj, ... with the index joracie
defined as follows:

joracle ‘= arg min ’ﬁj(:ﬁ) —p(l’)‘.
jeJ

u[o,1] Beta(2,2) Beta(0.5,2)
=] /7] {8
e e L == ey

uuuuuuuuuuuuuuuuuuuuuu

Figure 1.3: Estimation of p(z) at zo = 0.25

19



CHAPTER 1. INTRODUCTION

Boxplots in Figure 1.3 illustrate the performances of our adaptive estimator at
xo = 0.25: the risks of ﬁj are close to those of the oracle. This shows that our
performances are quite satisfying at x¢g = 0.25. Furthermore, one can observe that
increasing the Laplace noise parameter o,, deteriorates slightly the performances.
Hence it seems that our procedure is robust to the noise in the covariates and
accordingly to the deconvolution step. Finally, we refer to Section 4.4 for full details
and discussions on the numerical results.
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This chapter is a version of the paper FEstimating the division kernel of a size-
structured population (Hoang [58]) submitted for publication.

2.1 Introduction

Models for populations of dividing cells possibly differentiated by covariates such
as size have made the subject of an abundant literature in recent years (starting
from Athreya and Ney [5], Harris [57], Jagers [67]...) Covariates termed as ‘size’
are variables that grow deterministically with time (such as volume, length, level of
certain proteins, DNA content, etc.) Such models of structured populations provide
descriptions for the evolution of the size distribution, which can be interesting for
applications. For instance, in the spirit of Stewart et al. [99], we can imagine
that each cell contains some toxicities whose quantity plays the role of the size.
The asymmetric divisions of the cells, where one daughter contains more toxicity
than the other, can lead under some conditions to the purge of the toxicity in the
population by concentrating it into few lineages. These results are linked with the
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concept of aging for cell lineage. This concept has been tackled in many papers (e.g.
Ackermann et al. [1], Aguilaniu et al. [2], Evans and Steinsaltz [44], C-Y. Lai et al.
[74], Moseley [86]...).

Here we consider a stochastic individual-based model of size-structured popula-
tion in continuous time, where individuals are cells undergoing asymmetric binary
divisions and whose size is the quantity of toxicity they contain. A cell containing
a toxicity z € Ry divides at a rate R > 0. The toxicity grows inside the cell with
rate o > 0. When a cell divides, a random fraction I € [0, 1] of the toxicity goes in
the first daughter cell and 1 — I' in the second one. If I' = %, the daughters are the
same with toxicity §. We assume that I" has a symmetric distribution on [0, 1] with
a density h with respect to Lebesgue measure such that P(I' =0) = P(I' =1) = 0. If
h is piked at 1/2 (i.e. I' ~ 1/2), then both daughters contain the same toxicity, i.e.
the half of their mother’s toxicity. The more h puts weight in the neighbourhood
of 0 and 1, the more asymmetric the divisions are, with one daughter having little
toxicity and the other a toxicity close to its mother’s one. If we consider that having
a lot of toxicity is a kind of senescence, then, the kurtosis of h provides indication
on aging phenomena (see [75]).

Modifications of this model to account for more complex phenomena have been
considered in other papers. Bansaye and Tran [11], Cloez [24] or Tran [106] consider
non-constant division and growth rates. Robert et al. [95] studies whether divisions
can occur only when a size threshold is reached. Our purpose here is to estimate the
density h ruling the divisions, and we stick to constant rates R and « for the sake
of simplicity. Notice that several similar models for binary cell division in discrete
time also exist in the literature and have motivated statistical question as here, see
for instance Bansaye et al. [7, 10], Bercu et al. [12], Bitseki Penda [89], Delmas and
Marsalle [34] or Guyon [54].

N

|
T
0 t1 5 10 15

Figure 2.1: Trajectories of two daughter cells after a division, separating after the first

division at time ty.
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Individual-based models provide a natural framework for statistical estimation.
Estimation of the division rate is, for instance, the subject of Doumic et al. [38, 39]
and Hoffmann and Olivier [59]. Here, the density h is the kernel division that we
want to estimate. Assuming that we observe the divisions of cells in continuous time
on the interval [0, 7], with 7" > 0, we propose an adaptive kernel estimator h of h
for which we obtain an oracle inequality in Theorem 2.2.12. The construction of h
is detailed in the sequel. From oracle inequality we can infer adaptive exponential
rates of convergence with respect to T' depending on § the smoothness of the density.

Most of the time, nonparametric rates are of the form nf%il (see for instance Tsy-
bakov [108]) and exponential rates are not often encountered in the literature. The
exponential rates are due to binary splitting, the number of cells i.e the sample size
increases exponentially in exp(RT) (see Section 2.3). By comparison, in [59] Hoff-
mann and Olivier obtain a similar rate of convergence exp ( —Ap ﬁT) of the kernel
estimator of their division rate B(x), where Ap is the Malthus parameter and ¢ > 0
is the smoothness of B(z). However, their estimator Br of B is not adaptive since
the choice of their optimal bandwidth still depends on ¢. Our estimator is adaptive
with an “optimal" bandwidth chosen from a data-driven method. We derive upper
bounds and lower bounds for asymptotic minimax risks on Hoélder classes and show
that they coincide. Hence, the rate of convergence of our estimator h proves to be
optimal in the minimax sense on the Holder classes.

This chapter is organized as follows. In Section 2, we introduce a stochastic
differential equation driven by a Poisson point measure to describe the population
of cells. Then, we construct the estimator of h and obtain upper and lower bounds
for the MISE (Mean Integrated Squared Error). Our main results are stated in
Theorems 2.2.15 and 2.2.16. Numerical results and discussions about aging effect
are presented in Section 3. The main proofs are shown in Section 4.

Notation We introduce some notations used in the sequel.

Hereafter, || - |1 and || - |2 denote the L' and L? norms on R with respect to
Lebesgue measure:

= [ 15l 5= ([ 1rea)

The L norm is defined by

[fllc = sup |f(9)].

~v€(0,1)

Finally, f * g denotes the convolution of two functions f and g defined by

frgly) = /R Fu)g(y — u)du.
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2.2 Microscopic model and kernel estimator of h

2.2.1 The model

We recall the Ulam-Harris-Neveu notation used to describe the genealogical tree.
The first cell is labelled by () and when the cell i divides, the two descendants are
labelled by 0 and ¢1. The set of labels is

J={0}uU G {0,1}™. (2.1)
m=1

We denote V; the set of cells alive at time ¢, and V; C J.

Let Mp(Ry) be the space of finite measures on R, embedded with the topology
of weak convergence and X} be the quantity of toxicity in the cell i at time ¢, we
describe the population of cells at time ¢ by a random point measure in Mp(R4):

Ny
Zildr) =3 dxy(dz), where Ny =(Z,,1) = /R i) (2.2)

is the number of individuals living at time ¢. For a measure € Mp(R;) and a
positive function f, we use the notation (u, f) = fR+ fdpu.

Along branches of the genealogical tree, the toxicity (X, ¢t > 0) satisfies
dX; = adt, (2.3)

with Xo = 9. When the cells divide, the toxicity is shared between the daughter
cells. This is described by the following stochastic differential equation (SDE).

Let Zp € Mp(Ry) be an initial condition such that
E({Zo,1)) < +o0, (2.4)

and let Q(ds, di,dy) be a Poisson point measure on Ry x & := Ry x J x [0, 1] with
intensity q(ds, di,dy) = Rdsn(di)H (dvy). n(di) is the counting measure on J and ds
is Lebesgue measure on Ry. We denote {F;};>0 the canonical filtration associated
with the Poisson point measure and the initial condition. The stochastic process
(Z¢)e>0 can be described by a SDE as follows.

Definition 2.2.1. For every test function fi(x) = f(z,t) € C;’l(R+ x Ry, R)
(bounded of class C! in t and z with bounded derivatives), the population of cells is
described by:

(Zy, fr) = (Zo, fo) + /Ot/R <8st(g;) + aaxfs(a:))Zs(dx)ds
+/0t/5]l{iSNs—}{fs (vX2) + £ (L= m)XE) = £ (X;)}Q(ds,di,dy). (2.5)

The second term in the right hand side of (2.5) corresponds to the growth of
toxicities in the cells and the third term gives a description of cell divisions where
the sharing of toxicity into two daughter cells depends on the random fraction I'.

We now state some properties of N; that are useful in the sequel.
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Proposition 2.2.2. Let T > 0, and assume the initial condition Ny, the number of
mother cells at time t = 0, is deterministic, for the sake of simplicity. We have

i) Let Tj be the j* jump time. Then:

lim 7Tj =400 and lim Np =400 (a.s). (2.6)
T—+o00

j—+oo

it) Np is distributed according to a megative binomial distribution, denoted as
NB(Ng, e BT, Its probability mass function is then

P (Np =) = (n"_—@ (Y (e e

forn > Ng. When No =1, N has a geometric distribution

P(Np=n)=c 7 (1-c )", (2.8)
Consequently, we have
IE[NT] = NoeFT. (2.9)
iii) When No = 1: .
E L\H _ %. (2.10)

When Ng > 1, we have:

1 o—RT No No—1 / a1\ (—1)kekRT
e[ (r=50) e ( (5 ) 2.

k=1
(2.11)
iv) Furthermore, when Ny > 1, we have
—RT —RT
e 1 e
<E|—| < ) 2.12
No — [NT}_No—l (2:12)

The proof of Proposition 2.2.2 is presented in Section 4.

2.2.2 Influence of age

In this section, we study the aging effect via the mean age which is defined as follows.

Definition 2.2.3. The mean age of the cell population up to time ¢t € R is defined
by:

Nt
X 1 X' <th>

= —— Z pr— B 2-13

TN, izzl t N, (2.13)

where f(x) = z.
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Following the work of Bansaye et al. [8], we note that the long time behavior of
the mean age is related to the law of an auxiliary process Y started at Yy = )]\% with

infinitesimal generator characterized for all f € C; ’1(R+,R) by
1
Af(@) = af' @) +2R [ (f62) - f(@) W) (2.14)

The empirical distribution N% Zf\;tl 0 Xi gives the law of the path of a particle
chosen at random at time ¢. Heuristically, the distribution of Y restricted to [0, ]
approximates this distribution. Hence, this explains the coefficient 2 which is a size-
biased phenomenon, i.e. when one chooses a cell in the population at time ¢, a cell
belonging to a branch with more descendants is more likely to be chosen.

Lemma 2.2.4. Let Y be the auxiliary process with infinitesimal generator (2.14),
fort e Ry,

R

where Uy is a square-integrable martingale.

QN _Rt @ ! —R(t—s)
Yi=(Yo——=]e —|—§+ e dUs. (2.15)
0

Consequently, we have

(0] «
EY;]=(Yy—=)e i+ = 2.1
W= (Y- %) e+ 2, (210
and o
tlggoE i) = = (2.17)

We will show that the auxiliary process Y satisfies ergodic properties (see Section
2.4) which entails the following theorem.

Theorem 2.2.5. Assume that there exists h > 0 such that for all vy € (0,1), h(y) >

h. Then
«

lim X; = tEEFnOOE(}Q) =5

t—-+o0

(2.18)

Theorem 2.2.5 is a consequence of the ergodic properties of Y, of Theorem 4.2
in Bansaye et al. [8] and of Lemma 2.2.4. It shows that the average of the mean
age tends to the constant a/R when the time ¢ is large. Simulations in Section 3
illustrate the results. The proofs of Lemma 2.2.4 and Theorem 2.2.5 are presented
in Section 2.4 and Section 2.4.

Remark 2.2.6. When the population is large, we are interested in studying the
asymptotic behavior of the random point measure. As in Doumic et al. [39], we can
show that our stochastic model is approximated by a growth-fragmentation partial
differential equation. This problem is a work in progress.

2.2.3 Estimation of the division kernel
Data and construction of the estimator
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Suppose that we observe the evolution of the cell population in a given time interval
[0,T]. At the ith division time ¢;, let us denote j; the individual who splits into two
daughters Xg;o and Xt]i’i1 and define

Ji0 Jil
0o Xi X
Fi = T and FZ = T’
1 k2
X7 Xji

the random fractions that go into the daughter cells, with the convention % = 0.

I'Y and I'} are exchangeable with T + '} = 1, T'Y and '} are thus not indepen-
dent but the couples (F?,I‘})ieN* are independent and identically distributed with
distribution (I'°,T'!) where I'! ~ H(dy) and I'® =1 —T'!.

Since h is a density function, it is natural to use a kernel method. We define an
estimator hy of h based on the data (I'Y,T'});en+ as follows.

Definition 2.2.7. Let K : R — R is an integrable function such that

/RK(a:)d:czl and /RKQ(QJ“)d:c<oo.

Let M7 be the random number of divisions in the time interval [0,7] and assume
that Mp > 0. For all v € (0,1), define

M-
h _ TK -1t 2.19
e(v)—MTZ oy —T5), (2.19)
=1

where Ky = $K(-/{), £ > 0 is the bandwidth to be chosen.

Remark 2.2.8. Since Ny # 0, the number of random divisions Mr is not equal to
the number of individuals living at time 7T'. Indeed, we have My = Np — Ny.

In (2.19), hy depends also on T. However, we omit 7' for the sake of notation.
The estimator h, will satisfy the following properties.

Proposition 2.2.9.

i) The conditional expectation and conditional variance given Mrp of iLg(’y) and
variance he(7y) are:

E|he(7)|Mr| = Ko+ h(3) and E|he(y)] = Ko xh(y), (2.20)
Var [ﬁg('y)‘MT] = ]\;TVCLT {Kg(")/ — F%)} , (2.21)
Var[ho(7)] = E []\;T}vm« [Kily - 11)]. (2.22)

Consequently, we have ]E{Bg(y)]MT} = E[ﬁg(y)}.

it) For all v € (0,1),

Sl he(7) = Ko x h(v)  (a.s). (2.23)
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Adaptive estimation of h by the Goldenshluger-Lepski’s (GL) method

Let hy be the kernel estimator of h as in Definition 2.2.7. We measure the
performance of flg via its L?-loss i.e the average L.? distance between fzg and h. The
objective is to find a bandwidth which minimizes this L.2-loss. Since M7 is random,
we first study the L2-loss conditionally to My.

Proposition 2.2.10. The L2-loss of hy given Mr satisfies :

K2

< ||h — Kp*hlls + .

E{Vlz — hll2| My (2.24)

In the right hand side of the risk decomposition (2.24) the first term is a bias
term. Hence it decreases when ¢ — 0 whereas the second term which is a variance
term increases when £ — 0. The best choice of £ should minimize this bias-variance
trade-off. Thus, from a finite family of bandwidths H, the best bandwidth ¢ would
be

- : [ K]]2 }
{:=ar mln{h—K *x h|lg + —= +. 2.25
EgeH | exhllz v Mrl (2.25)

The bandwidth ¢ is called "the oracle bandwidth" since it depends on h which
is unknown and then it cannot be used in practice. Since the oracle bandwidth
minimizes a bias variance trade-off, we need to find an estimation for the bias-
variance decomposition of hy. Goldenshluger and Lepski [53] developed a fully data-
driven bandwidth selection method (GL method). The main idea of this method is
based on an estimate of the bias term by looking at several estimators. In a similar
fashion, Doumic et al. [39] and Reynaud-Bouret et al. [94] have used this method.
To apply the GL method, we set for any ¢, ¢/ € H:

M R
hew =3 > (Kox Ko)(y = T}) = (Kexhe ) ().

Finally, the adaptive bandwidth and the estimator of h are selected as follows:

Definition 2.2.11. Given € > 0 and setting x := (1 +¢)(1 + || K1), we define

5 : XllK\z}
{:=ar mln{AE S 2.26
ZgEH ® Mrt (2.26)
where, for any ¢ € H,
> > XHK\z}
A(l) = he e — herlla — 2.27
(0) 222{” e = hell2 i (2.27)

Then, the estimator A is given by

(2.28)

>
Il
>

~
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An inspection of the proof of Theorem 2.2.12 shows that the term A(¢) provides
a control for the bias ||h — K; x h||2 up to the term ||K||; (see (2.45) and (2.47) in
the proof of Theorem 2.2.12; Section 4). Since A(¢) depends only on iLg’g/ and A,
the estimator i can be computed in practice.

We shall now state an oracle inequality which highlights the bias-variance decom-
position of the MISE of i. We recall that the MISE of A is the quantity E [Hﬁ - hHg] .

Theorem 2.2.12. Let T' > 0 and assume that observations are taken on [0,T].
Let Ny be the number of mother cells at the beginning of divisions and My is the
random number of divisions in [0, T]. Consider H a countable subset of {A~!: A\ =
1,...,Amax} in which we choose the bandwidths and Amax = |0Mr| for some 6 > 0.
Assume h € L°°([0,1]) and let h be a kernel estimator defined with the kernel K;

where { is chosen by the GL method. Define

e—RT—i—log(RT)
Q(T)_l — ! ] _—RT if No =1,
e BT if No > 1.

(2.29)

RT

For large T, the main term in o(T) is e~ in any case. It is exactly the order of

o(T) for Ny > 1. Then, given € >0

I3

. , K _ ~
E@m—hﬁ}saﬁg{ww*h—m@+”gzmm1}+Cwavl, (2.30)

where Cy is a constant depending on Ny, || K |1 and € and Cy is a constant depending
on No, 0, € [[K|l1, [[Kll2 and [|h|-

2
The term || K;xh— h||3 is an approximation term, %Q(T}‘l is a variance term
and the last term o(7T")~! is asymptotically negligible. Hence the right hand side of
the oracle inequality corresponds to a bias variance trade-off.

We now establish upper and lower bounds for the MISE. The lower bound is
obtained by perturbation methods (Theorem 2.2.16) and is valid for any estimator
}ALT of h, thus indicating the optimal convergence rate. The upper bound is obtained
in Theorem 2.2.15 thanks to the key oracle inequality of Theorem 2.2.12.

For the rate of convergence, it is necessary to assume that the density h and
the kernel function K satisfy some regularity conditions introduced in the following
definitions.

Definition 2.2.13. Let § > 0 and L > 0. The Hélder class of smoothness g and
radius L is defined by

H(B,L) = {f : f has k = | 8] derivatives and Vx,y € R

P~ 1P @)| < Ll - yﬁ_k}'
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Definition 2.2.14. Let * > 0. An integrable function K : R — R is a kernel of
order g* if

o [K(z)dr=1,

o [la|”|K(z)|dr < oo,

e For k= |p*],V1<j<k, [¢/K(z)dz =0.

Then, the following theorem gives the rate of convergence of the adaptive esti-
mator h.

Theorem 2.2.15. Let 5* > 0 and K be a kernel of order B*. Let 8 € (0,5%).
Let 0 be the adaptive bandwidth defined in (2.26). Then, for any T > 0, the kernel
estimator h satisfies

~ B8
sup  Ellh — hl)3 < Cyo(T) 71, (231)
heH(B,L)

where o(T) ™1 is defined in (2.29) and Cs is a constant depending on Ny, 9, €, ||[K||1,
K2, [|h]lo, B and L.
We now establish a lower bound in Theorem 2.2.16.

Theorem 2.2.16. For any T > 0, f > 0 and L > 0. Assume that h € H(5,L),
then there exists a constant Cy > 0 such that for any estimator hr of h

. 28
sup E|hr —h|% > Cyexp | — RT ). 2.32
heH(B,L) | I 26+1 ( )

Contrary to the classical cases of nonparametric estimation (e.g. Tsybakov [108],
...), the number of observations M7y is a random variable that converges to 400
when T" — 400 which is one of the main difficulty here. From Theorem 2.2.15,

when Ny > 1 the upper bound is in exp (—%RT) which is the same rate as the

lower bound. The rate of convergence h is thus optimal. When Ny = 1, the upper

bound is in exp <262~6H< — RT + log(RT))> that differs with a logarithmic from the

rate in the lower bound. The rate of convergence is thus slightly slower than in the
case Ng > 1 and our estimator is optimal up to a logarithmic factor. Furthermore,
Theorem 2.2.15 illustrates adaptive properties of our procedure: it achieves the rate

_ 28
o(T) 2+1 over the Holder class H(f3,L) as soon as f is smaller than 5*. So, it
automatically adapts to the unknown smoothness of the signal to estimate.

2.3 Numerical simulations

2.3.1 Numerical computation of h

We use the R software to implement simulations with two original distributions of
division kernel h and compare with their estimators. On the interval [0, 1], the first
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distribution to test is Beta(2,2). The Beta(a,b) distributions on [0, 1] are charac-
terized by their densities

xafl 1—zx b—1
hBeta(a,b) (33‘) = [i’(ab))

where B(a,b) is the renormalization constant.

Since h is symmetric, we only consider the distributions with a = b. Generally,
asymmetric divisions correspond to a < 1 and symmetric divisions with kernels
concentrated around % correspond to a > 1. The smaller the parameter a, the
more asymmetric the divisions. For the second density, we choose a Beta mixture
distribution as

1 1
B Beta(2,6) + B Beta(6, 2).

This choice gives us a bimodal density corresponding to very asymmetric divisions.

0.06 0.08 0.10
I I I

0.04
I

error
I_GL - |_oracle

0.02
I

0.00
I

-0.02
I

epsilon epsilon

(a) (b)

Figure 2.2: (a): MISE’s as a function of €. (b): 0 —praere GS @ function of €. The
dotted lines indicate the optimal value of € which is used in all simulations.

We estimate h by using (2.19) and we take the classical Gaussian kernel
K(z) = (2r)~'/? exp(—22/2). For the choice of bandwidth, we apply the GL method
with the family H = {1,2*1, ol L(SMTJA} for some § > 0 small enough when
My is large to reduce the time of numerical simulation. We have [|K|; = 1,
|K||2 =227~ Y/* and Ky x Ky = K/, hence it is not difficult to calculate in
practice lALM/ as well as hy. Finally, the value of € in x = (1+€)(1+ ||K]|1) is chosen
to find an optimal value of the MISE. To do this, we implement a preliminary simu-
lation to calibrate € in which we choose € > —1 to ensure that 1+¢ > 0. We compute
the MISE and ? — fopace as functions of € where £y qee = argmin KGHE{”E,@ — hHg]
and h is the density of Beta(2,2). In Figure 2.2a, simulation results show that the
risk has minimum value at ¢ = —0.68. This value is not justified from a theoretical
point of view. The theoretical choice ¢ > 0 (see Theorem 2.2.12) does not give bad
results but this choice is too conservative for non-asymptotic practical purposes as
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often met in the literature (see Bertin et al. [14] for more details about the GL
methodology). Moreover, following the discussion in Lacour and Massart [73] we
investigate (see Figure 2.2b) the difference 0 — Loracle and observe some explosions
close to e = —0.68. Consequently, we choose ¢ = —0.68 for all following simulations.

Figure 2.3 illustrates a reconstruction for the density of Beta(2,2) and beta mix-
ture § Beta(2,6) + % Beta(6,2) when T = 13. We choose here the division rate and
the growth rate R = 0.5 and a = 0.35 respectively. We compare the estimated
densities when using the GL bandwidth with those estimated with the oracle band-
width. The oracle bandwidth is found by assuming that we know the true density.
Moreover, the GL estimators are compared with estimators using the cross-validation
(CV) method and the rule of thumb (RoT). The CV bandwidth is defined as follows:

~ 2. .
lcy = argmin /M dy— =3 hy_i(I}
ov g { 7 (v)dy n; 0, —i(L7)

where hy_i(y) = L > i Ko (Fjl — ). The RoT bandwidth can be calculated

simply by using the formula £, = 1.066n~/5 where & is the standard deviation of
the sample (T'1,...,T}L). More details about these methods can be found in Section
3.4 of Silverman [98] or Tsybakov [108].

20

1 —— True density : - —— True density
— Gl — GL
Oracle Oracle
— CV — CV
RoT RoT

1.0

05

0.0

(a) Reconstruction of Beta(2,2) (b) Reconstruction of beta mizture

Figure 2.3: Reconstruction of division kernels with T = 13.

To estimate the MISE, we implement Monte-Carlo simulations with respect to
T = 13,17 and 20. The number of repetitions for each simulation is M = 100.
Then, we compute the mean of relative error & = (1/M) .M, e; and the standard

deviation o, = \/(1//\/1) S M (e; — €)2 where

_[|RD — Al

= 20 i1 M, (2.33)
1|2

and A denotes the estimator of h corresponding to i*" repetition.
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GL Oracle CV RoT ML method

T=13 e 0.1001 0.0840 0.1009 0.0900 0.0610
oe 0.0585 0.0481 0.0599 0.0577  0.0724
¢ 0.0920 0.0845 0.0824 0.0727

T=17 e 0.0458 0.0397 0.0459 0.0405 0.0166
oe 0.0260 0.0230 0.0297 0.0237  0.0171
¢ 0.0485 0.0497 0.0478 0.0470

T=20 e 0.0261 0.0241 0.0262 0.0245 0.0088
oo 0.0140 0.0114 0.0132 0.00121 0.0091
¢ 0.0377 0.0359 0.0345 0.0354

Table 2.1: Mean of relative error and its standard deviation for the reconstruction
of Beta(2,2). { is the average of bandwidths for M = 100 samples.

GL Oracle CV RoT
0.1361 0.1245 0.1379 0.1686
0.0672 0.0562 0.0815 0.0537

0.0618 0.0527 0.0522 0.0948
0.0539 0.0534 0.0550 0.0919
0.0180 0.0168 0.0168 0.00223

0.0309 0.0272 0.0264 0.0590

a

HIQ O SSHIQ O
(4]

Table 2.2: Mean of relative error and its standard deviation for the reconstruction
of beta mizture § Beta(2,6) + 3 Beta(6,2).

The MISE’s are computed for estimated densities using the GL bandwidth, the
oracle bandwidth, the CV bandwidth and the RoT bandwidth. For a further com-
parison, in the reconstruction of Beta(2,2), we compute the relative error in a para-
metric setting by comparing the true density h with the density of Beta(a, a) where
a is a Maximum Likelihood (ML) estimator the parameter a. The simulation results
are displayed in Table 2.1 and Table 2.2. For the density of Beta mixture, we only
compute the error with 7"= 13 and 7' = 17. The boxplot in Figure 4 illustrates the
MISE’s in Table 2.1 when T = 17.

From Tables 2.1 and 2.2, we can note that the accuracy of the estimation of
Beta(2,2) and Beta mixture by the GL bandwidth increases for larger T'. In Figure
2.5, we illustrate on a log-log scale the mean relative error and the rate of con-
vergence versus time 7. This shows that the error is close to the exponential rate
predicted by the theory. Moreover, we can observe that the errors of Beta mixture
are larger than those of Beta(2,2) with the same T" due to the complexity of its den-
sity. In both cases, the error estimated by using oracle bandwidth is always smaller.
The GL error is slightly smaller than the CV error. The RoT error can show very
good behavior but lacks of stability. Overall, we conclude that the GL method has a
good behavior when compared to the cross validation method and rule-of-thumb. As
usual, we also see that the ML errors are quite smaller than those of nonparametric
approach but the magnitude of the mean e remains similar.
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Figure 2.4: Errors of estimated densities of Beta(2,2) when T = 17.

log(error)

) ~ o
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Figure 2.5: The log-mean relative error forT the reconstruction of Beta(2,2) compared
to the log-rate (solid line) computed with = 1.

Since h is symmetric on [0, 1] with respect to %, the estimator A can be improved

and we can introduce
- 1 /A ~
Ae) =5 (h(z) + b1 — =),

which is symmetric by construction and satisfies also (2.31). We compute the mean
of relative error for the estimator h with the estimation of Beta(2,2) and Beta
mixture. The results are displayed in Table 2.3. Compared with the error in Table
2.1 and 2.2, one can see as expected that the errors for the reconstruction of i are
smaller. However, these errors are of the same order, indicating that the estimator
h had already good symmetric properties.

GL Oracle CV RoT
Beta(2,2) T=13 0.0785 0.0634 0.0762 0.0644
T =17 0.0356 0.0309 0.0356 0.0309
Beta mixture T =13 0.1117 0.0953 0.1030 0.1584
T =17 0.0450 0.0414 0.0417 0.0893

Table 2.3: Mean of relative error for the reconstruction of h.
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2.3.2 Influence of the distribution on the mean age

For ¢ > 0, recall the mean age defined in (2.13). To study the influence of the
distribution on the mean age, we simulate n = 50 trees with respect to t = 6,6 +
At, ..., 24 with At = 0.36. For each sample (:Egl), ol jﬁ”)), we compute the average
mean, the 15 (Qq5) quartile and 3'% (Q75) quartile. Figure 2.6a and 2.6b show the
simulation results corresponding to the density of Beta(2,2) with a = 0.45 and
R = 0.4. One can see that the average of mean age and the mean age converge to

% = 1.125 for larger ¢t. This agrees with the theoretical result proved in Section
2.

2.

[\
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1.0 15
I I I
0.0 05 1.0 15 2.0
I I I
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110
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a a
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Figure 2.6: (a) Average mean, 1°* and 3™ quartiles for the sample of means for 50
trees. (b) Average mean, 1°¢ and 3™ quartiles for one tree. (c) Average of Q75— Qa3
with a € [0,2] at t =12. (d) Mean age with a € [0,2] at t = 12.

Moreover, (25 and Q75 vary when the parameter a changes. In Figure 2.6¢, we
draw a fitted curve of the average of (Q75 — Q25) when a varies from 0 to 2. As
we mentioned in the introduction, if divisions are more asymmetric corresponding
to small values of a, the toxicities concentrate on few cells, i.e. we have more
older cells after the divisions. This explains the decreasing trend in the average of
(Q75 — Q25). Finally, Figure 2.6d displays the average of mean ages with respect to
a. One can note that it does not change when we replace the kernel distribution,
e.g Beta(0.6,0.6) instead of Beta(2,2).

2.4 Proofs

Proof of Proposition 2.2.2.

it) The proof of ii) can be found easily in literature. Here we refer to [96], Section
5.3 for this proof.

i) Let us prove that limp_, o Ny = lim; Nrp, = +o0. Since our model has only
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births and no death, (N¢)icpo,7] is @ non-decreasing process: Ny, = No + j. All the

Ty’s are finite and lim; 4o N7, = 400 a.s. From i), we have E[N7]| = Noel'T.
Hence, we deduce from the estimate sup E[N;] < +o0 for all "> 0 that T; —
te[0,T] oo

400 a.s. Then we also have limp_, ;oo N7 = +00 a.s.

iii) Let p = e 7. When Ny = 1, Ny ~ Geom(p). Then we have

E i - Z EP(NT - n) - i lp(l _p)n—l
NT n=1 n n=1 n
+0o0
_ P (I-p"  p
= _pn; = - log(p)

Replace p with e 57 we obtain (2.10).
When Ny > 1, Ny ~ NB(Np, p). Hence, we have

1 X 1({n-1
-5 (s
Nrp e, AR Ny
No oo
D 1{n-1 n
g —_— — 1 _
()" S A
p \"
= — 1-— 2.34
<1p> f(1—p), (2.34)
where f(x) = 2% %(n’"‘__]\l,o):c” We can differentiate f(z) by taking derivative

under the sum. Then:

—+00 n—
CZ)f(l—p):— > (7,L_]\1,()>(1—1?)”_1

n=Ng
_ (1 —p)No—t Jio n—1 pNO(l—p)”fNO __1(1_1>No—1
pro S \n—No p\p ’
since the sum is 1 (we recognize the negative binomial).
Hence,
d 1S (N - 1) 1
— f(1 — — _ (-1 No—1—k -1 No—1
fa-n pLz( b )
No—1 k
No—1)\(-1) 1
=(-DM | Y ( >k:1 +-1. (2.35)
k=1 k Pt p

Integrating equation (2.35) and notice that f(0) = 0, we get

No—1 . _1\k
F(L—p) =(-1)" [Z (N°k 1>( 2 (_plk>+1og<p)]

k=1
=(—1)No—1 []:0211 (Nok;_ 1) (—kl)kplk + log (;)] : (2.36)
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Combine (2.34),(2.36) and replace p with e~ we get (2.11).
iv) We first prove the lower bound of (2.12). From (2.5), taking fi(x) = 1, we have
T
Npr = Ny + / /g]l{iSNs_}Q(dsv di,d’y). (2.37)
0

Applying It6 formula for jump processes (see [63], Theorem 5.1 on p.67) to (2.37),
we obtain

1 1 T 1 1 .
Ny~ No +/0 /g No+1 N, ) MesneQUds,dizdy)

1 T 1 .
TN /0 /g Nos (Vo 1) N QLS 4o )

E[l} ! IE/T L RNds| = R/TIE[ ! ]d (2.38)
— | == - —————RNyds| = — — s. (2.
Nr No 0o Ne(Ns+1) No 0 Ny +1

Since Ng > Ny, we have ﬁ < N% Therefore, (2.38) implies that

1 1

T 1
— > - — | ds. .
Nr] = Ny R/o £ LVJ ds (2:39)

By comparison of E [NLT} with the solutions of the ODE Lu(T) = —Ru(T) with
u(0) = 1/Nyp, we finally obtain

E

L > —eiRT.
Nr

E
= No

For the upper bound, notice that E{J\%] <E {ﬁ} for Ny > 1. Then we have

1 = 1 n—1
E — N() 1_ n—N()
NT_1:| Z n—l(n—N())p ( p)

n=No
= —
~ %, - ](V’;)!(fv); L
:Nopi 1 nio;; (n— J(\Z))T(]Q\;(j — 2)!pN071(1 _ o
:Nop_ 1 m?:::_l (m — (No _(%)T((l])\;o mpy 1)!p1v0_1(1 ()
P o—RT

“No—1 Ny-1
by changing the index in the sum (m = n — 1) and by recognizing the negative
binomial with parameter (Ny — 1, p). Hence, we conclude that for Ny > 1
—RT 1 —RT
<E|—
No — Np
This ends the proof of Proposition 2.2.2.

e

e
< .
— Nyg—1
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Proof of Lemma 2.2.4.

By symmetry of h with respect to 1/2, we have:
t 1
Vi=Yo+ [ (at2R [ (¥ - Yh(ndy)ds+ Uy
0 0

t 1
=Yo+/ (oa—2RYs/ 'yh('y)d7> ds + Uy
0 0
t
=Y0+/(04—RY5)ds+Ut.
0

where U, is a square-integrable martingale.
Let Y; = Yief™, Yy = Yy. By It6 formula, we get

o _ v, Y[ Rt " R
Y;—Yg—i-R(e 1)+/0e dU,.

Replacing Y; by Yie!t, we obtain

o o t
_ _ %\ —me @ / ~R(t=9) g7,
Y; (Yo >e + I + ; e U

We end the proof by taking the expectation and the limit as t — +o00 of Y; to obtain
(2.16) and (2.17).

O]

Proof of Theorem 2.2.5.

We will show that the process Y satisfies ergodicity and integrability assumptions
in Bansaye et al. [8] (see (H1) - (H4), Section 4). More precisely:

1. E[Y;] < +o0 for all ¢ > 0.

2. There exists w < R and ¢ > 0 such that E [Yﬂ < ce®! for all t > 0.

From (2.16) we note that E[Y;] < +oo for all ¢ > 0. To prove the second point,
from (2.14) we have

E[Y?] = E

t 1
Vi + /0 (mYS +2R /0 (721/5 - Yf) h(y)dy) ds]

t t
=Y? + 2a / E[Ys]ds — 20R / E[Y.2]ds, (2.40)
0 0

with 6 = fol(l —vHh(y)dy and 0 < 0 < 1.
Substituting E[Y;] = (Yp —a/R)e™f +a/R into (2.40), we see that E(Y;?) solves

the following equation:

dE[Y}’]
dt

202 202
= —20RE[Y?] + <2aY0 - ;) e Rt 4 %. (2.41)
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The solution of the equation (2.41) is:

t 202 202
2 20Rs _ —Rs
Y5 —i—/o e <(2a¥0 R )e + ia )ds

Hence, if 6 = %, we have

E[Y}?] = e 2001 (2.42)

E[Y?] = Yie M + (2aYo — ﬁ)te—m + 20° (1 _ e—Rt)

R R2
202 202
2 —Rt _ —(R—0)t
<Yye '+ (QaYo 7 )e + o2
202 202
S Y'OQ + 20{Y[) + % + R?;) e(OV(@—R))t — ClSWt7

with w =0V (f — R) := max(0,0 — R).
If 6 # %,

3 20(2 t B s 20&2 t <
}E[}/tz] —e 20 Rt [}/{]2 + <20[Y0 _ ?>\/0 6(20 l)R d8+ f/o 620R d8‘|

— Y2 2R (2aYo B %]‘:)(20_11)]% (e—Rt _ 6—29Rt)
2

- _ _—20Rt
+9R2(1 e )
202 1 a?
< Y2+ (2aY) + — = ¢o.
<O+(QO+R)29—1]R+6R2> C2

Thus, if we set ¢ = max(cy, cz) then E [Yﬂ < ce® for all t > 0.

Now, we apply by Theorem 5.3 of Meyn and Tweedie [82] to show that there
exists m € Mp(Ry) such that

Jim BIY] = (m, /) = T

The application of Meyn and Tweedie requires that the condition (S) (cf. Meyn
and Tweedie [82]) is satisfied, i.e. Y is a non-explosive right process, all compact
sets are petite for some skeleton chain, and condition (CD2) (cf. Meyn and Tweedie
[82]) holds for some compact set C' and V' bounded on C.

We first verify the condition (CD2). The infinitesimal generator A of Y is defined
for C! test functions as

AT@) = af'(2) + 2R [ (fom) = ) h)

For V(z) =z and f(x) =z + 1, we have

AV(z) =a — Rz < —gf(x) + <O‘ t )1{:1:<
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Hence, (CD2) is satisfied. To verify the property of petiteness, we have
1
dYs = ads + 2R/ (v —1)Ys_Q(d,ds),
0

where Q(ds, dv) is a Poisson point measure with intensity h(-y)dyds. Let us consider
the skeleton chain obtained by discretising the time in time steps At. Our purpose is
to prove that there exist a compact set C and a measure v such that the probability
transition kernel of the skeleton chain satisfies

K(y,B) >v(B) Vy € C,V B measurable set.
We have
y YAt (S B)

=7y(

> Py, (YN € B, 1 jump in [0, At])

P, (YAt € B | 1 jump in [0, At]) (2RAL)e™ 2t
P

y ((y +alt)T € B) (2RAt)e2RAL

where T is a random variable with density A(~y). Thus:
1 B

K(y,B) >(2RAt 23&/1{ }h dr.

(y, B) 2(2RAt)e s N €y ran gt A

Recall that h(y) > h > 0 for all v € (0,1). Since C' is a compact set, then there

exists M < 400 such that maé{(y) < M. Then we obtain:
ye

B
K(y, B) >(2RAt)e 2B hLeb | ——— 1
(4, B) Z(2RA)e R Te (Hammm, 1)

B
>(2RAt)e 2EALR T, _ 1
>(2RAt)e h eb(M—i—oaAtm[O’ ])

where Leb(-) denotes a Lebesgue measure. This implies that the property of petite-
ness is satisfied. Thus the condition (S) is verified.

Finally, applying Theorem 4.2 of [8], we obtain the result

. <Zt7f>
Jm

:<7T,f>:

S

Proof of Proposition 2.2.9.

To prove (2. 20) let us remark that the number of random divisions M7 is inde-
pendent of (I'});en+, because the division rate R is constant and because of the
construction of our stochastic process. Therefore, we have

 MGE[K(y -~ T
My

. 1 Mr )
E[fh|Mr] =E| 5 Y- Kely T
=1

= E[Ky(y —T})]| = K »h(7),
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and EVL@} =E {]E VLAMTH = Ky*h(y). By similar calculations as (2.20), we obtain
(2.21) and (2.22).
To prove i), by the Strong Law of Large Numbers, we have

1 & ~
~> Ky —TH =5 E|K(y—T})| asn — +oo.

i=1

From (2.6), we have limp_, ;oo N7 = 400 (a.s). Since My = Np — Ny and Ny is
deterministic, this yields

1 MTK ) 28 rli ™l — K« h
VT; 6(7— )—> [ ey — 1)]— 2% h(7).

This ends the proof of Proposition 2.2.9.

0
Proof of Proposition 2.2.10.
We have
E[lhe — hllo|Mr] < |h— Ko hlls + E[||he — Efh]|lo| Mr).
For the variance term, using that E{ﬁg(’y)} = E[ﬁg("y)’MT}
. s 1o . . 2
E I — ElhI31Mr] = E| [ k() — E[he()][ dr|pz
:/RVW [/Au(’y)‘MT d~y
1
= — | Var|Ky(y-T{ }d
MT/R { o(y D) |dy
1
<— | E|K{(y—T{ }d
<1 LE|KEG - Th]an
By Fubini’s theorem, we get
/ E[Kez(’y - F%)]d’y = / / K7 (y — u)h(u)du dy
R R JR
= / h(u) (/ K2 (y— u)d’y) du
R R
K 2
= 1l [ mwpan = 1512
R
Then we have )
E e - Efhl 31047] < 1212, (2.43)
- Mg/

Hence, applying Cauchy-Schwarz’s inequality, we obtain (2.24). This ends the proof
of Proposition 2.2.10.

O
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Proof of Theorem 2.2.12.

This proof is inspired by the proof of Doumic et al. [39]. However, our problem here
is that the number of observations Mr is random. To overcome this difficulty, we

work conditionally to M7 to get concentration inequalities.

Hereafter, we refer [ f to [; f and since the support of h is (0,1), we can write

J h(~y)d~y instead of fol h(7y)d~y. Recall that

A(l) = Sup{HlAzM/ — ﬁg/HQ —
VeH

xIIKlg}
VMl

Then, for any ¢ € H, we have
I = Rlla < AL + Az + A3,

where
PN K
Ay ==y lla < A(0) + Xl ”’{,
\/ Mp?
s s N, X[ |2
Ag = ||h;, — hylla < A(L
2 | 04 ZHQ_ ()+ MTE’
Ag = ||ilg — hHQ
By definition of EA, we have
x| K l2
Al + Ay <2A(0) + 2 ,
1 2 < 2A(0) + Vi
and
A(ﬁ) S sup {H (}Al&g/ — E[ilg}g/]) — (ilg/ — EI:B[/]) H2
l'eH
5 > X[ K|z
Elhe o] — Elhe]|l2 — =
+E[hee] — Elhe]l2 VT |
< &r(0) + sup {[E[he ] — Elhe]ll2}
l'eH
where
&r(t) = sup { || (o — Elhg]) = (o = Elhg]) o = 0521
veH ’ ’ Myl ] |

For the term sup {HE[?LM/] — E[im]Hg}, we have
VeH

Efhe.o] - Efhe] = / (Ko Ko)(y — wh(u)du - / Ko (y — 0)h(v)dv
_ / / Koy — u — ) Ky () h(u)didu — / Ko (y — v)h(v)dv
= //Kg(v —u)Kp(y —v)h(u)dudv — /Kg/(’)/ —v)h(v)dv

_ /Kg/ (v — ) (/ Koo — w)h(w)du — h@)) dv

:/Km_v) (Ky % h(v) — h(v)) dv.
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Hence, we derive
IE{f,¢r] — Elhe]llo = [|Kp * (Kex b = B)la < [[K |1 [ Kex b = hl2, (2.47)
where the right hand side does not depend on ¢ allowing us to take sup in the left

V'eH
hand side.

Thus, (2.44), (2.46) and (2.47) give

XK l2

A+ Az < 260(0) + 2| K1 [[Kex b = hlj2 + 2=
Mrt

Then,

2K2
XH ”2E

E (A1 + 42)°] < 12B[E (0] + 12| K| Ko x b — A3 + 1270

| (249)

For the term As, we have from (2.43)
E |43] = |Ehd] - hll3 + E ||l — B[ |I3]

113 { ]
<
|Kexh=nl3+ =28 | 5

Finally, replacing x by (1 + €)(1 + ||K||1), we have for any ¢ € H
E |||k - All3] < 2B (A1 + 42)?] + 2E [ 43]

< UE [3(0)] +2 (1 + 120K1E) |15+ b — bl

9 NIK[Z T 1
+2(1+12(1+e)°(1 + [|K|1) E|—
/ My

2
< 24E [g%(z)} + Oy (HKg *xh —h|j3+ ”IZHQE L\;TD : (2.49)

with C; a constant depending on € and || K||;.

It remains to deal with the term E [{%(6)} where &7 () is defined in (2.46),

~ N ~ ~ K
er(t) < sup {th—E[he,w]llfrIIhe/—E[he']Hz— i ”2}

VeH v M7t N
5 5 5 5 X2
S sup {Hhe' — E[hp]ll2l| K1 + [lhe — E[he]ll2 — Naveo )
2 5 1+ + [IK[[)IK]2
< 1 K hy — Elhylllo —
_535{( + [ K1) e — Ele]ll> T )
< (1 + | Kl1)ST,
where
“ N 14+ e)||lK
Spi= sup { I - Bliglp - LUKl L
(cH Ml N
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Hence,
E[(0)] < (1+ |1K[1E [E[shiay] | (2.50)

If we show that

]E[S%|MT = n} <C,.—, (2.51)

S|

then

B[] < C.0+ K E |5 | (252)

where C, is a constant.

Let us establish (2.51). When My = n, Vn € N*, we set

E[22| = E[S}|Mp = n]

where
= sup {HZeHg - WL
with .
Zo = hy — Ejhy] = izlmw — T — E[K(y - T})).
Then, Z

2
E[5}] =E {sup {Hng _ <1+6>HKH2} ]
leH

+

2
oo (1+ o)l K2
< P | su Z e > x| dx
<) [ 1= LAY

+
2
e (1+6)HKH2}
< / P Zollo — —F—=——", >z|dx.
e;{ A {H ell2 et .

We bound this with Talagrand’s inequality.

Let A be a countable dense subset of the unit ball of L([0,1]). We express the
norm || Zy||2 as

12l = sup [ a(nZir)dy
acA

= sup 3 o0 (Kity = 1) = BLKely ~E1)])
Let )
Vir = /a(v)ﬁ (Kely = T}) = E[Ko(y = T})]) dy.

Then V;r,i=1,...,nis a sequence of i.i.d random variables with zero mean. Thus,
we can apply Talagrand’s inequality (see [78, p. 170]) to ||Z||2 = sup Y i=; Vir.
acA

For all n,z > 0, one has

P (I1Zell2 > (1 + n)E[| Zello] + V20 + c(n)bz) < e,
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where ¢(n) =1/3+n71,

v= iSEEE (/ a(y) (Ke(y = T1) — E[K.(y = T})]) dvﬂ :
and,
- iye«i%‘?m [ ot (Kelr = )~ Elely 1)) do.

Next, we calculate the terms E[||Zy||2], v and b. Applying Cauchy - Schwarz’s
inequality and using independence of variables, we get

E[1Ze]l] < (E[nzzn%})m

) 1/2
<|E /(iZKe(V—F%)—E[Ke(W—F%)O dy
=1
, 1/2
:% /E (ZKe(’Y—F})—E[Ke(V—F})]) dry
=1

. 1/2
== /ZE {(Kz(v — ) —E[K(y - F%)])Z] dv)
=1

< % <n/IE Koy = TH?| d7>1/2 - HK\/HL?_

For the term v, we have

v < ;21613153 l(/ a(v)Ko(y — T%)CM)T

<1 LupE [ ey =iy x [ @ik - Ty

N gcA

K
<Ml s | [imaty - T
acA
K
< Msup [ (1K - TH] v
. acA
wp [ [ O)IKaly - w)lh(u)dudy
aEA
. uhuoouKui
n

For the term b, we have

1
b=— sup ||K,(-—y)—E[K(-—T1)]|l2
T ye(0,1)

1 V2Y 2Kl
<= K(-— + ( /K I')a ) < :
n (y:tlp ” Z( y H2 At } n\/z
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So, for all n,x > 0, we have

(qu e L2 a2 2 ’K"zg“’)

Let W, be some strictly positive weights, we apply the previous inequality to
x =Wy + u for u > 0. We have

1K |2 1/2 ||K||2”€
Zy 1+17 + |l K +2
(\ l2 = (14 m)7=== + [l Kl \/

+ ||h||1/2||KH \/>_’_2 ||2u) —Wg—u‘

If we set
Kll> | K QWZ
= () g [ 2o 122,
then,
K|lau W,
P( || Zella — Tp > ||h|| L2 K \/ﬂ+2c ’><ve“
<|| ellz = We 2 [IRI7 I K g/ + 2¢(n) i) S
Let
“+oo
A=E lsup (1 Ze]2 — 1115)3_1 :/ P [sup (11 Zell2 — \I/g)i > x| dx.
0 teH
An upper bound of A is given by
A< Z/ (1212 — we)2 > ] da
(eH
Let us take u such that
2U
= 1007 = (2RI + 200 2] )
So,
da =2 RS + 20 2 4,
z = 2f(u) (H oI55 NG (n) i)
Hence,
A Y [T ey )(HhH”ZIIK! S 2l >”K”2>du
leH \/E
_ Klau) _
< / e Wemug g ( h||M2 | K \/ﬂ+2077|| uld
EEZH )(HH 1/~ ()n\/Z
<QZ€ W"/ fA(w)e “utdu
teH
i K 1
<G Y (HhumuKnlf v+ I 7 “du) X1
leH 0 n
<0, Y Ve (fallali + B2 ) o 1 (2.53)
(en £ "
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We need to choose W, and n such that

2
1+ e)|| K2
E|¥?| =FE | su Z _ A+l < A.
{ n} Lefl {H K”Q vnt n -

Let # > 0, we choose
_ PIK]B
2||hflo | K[V

the we have

1l 61Kz ce*IK]3 1
VN A N T

Uy =(1+mn)

(2.54)

Obviously, the series in (2.53) is finite and for any ¢ € H, since ¢ < 1, we have

K2, c(mo?| K3 1
Vnl bl KT ne
c(m@?| K|35 1 >HKII2
1Pllo [ K[IF v/l ) v/nl

U, <(1+n+0)

< <1+77+0+

Since H C {Afl, AN=1,..., Amax}, if we choose Apax = [dn] for some § > 0, then

—1 .
lmin = Dk and we obtain

02| K|2V0 )\ || K
W§<l+n+9+c<n> 1513 )n E

Irlloc I KT ) vt

It remains to choose n = ¢/2 and 6 small enough such that

cm®?|| K3V _

04+ 15— = =,
1Pl I ENE 2
then K]
U, < (1+e 2
> ( ) m
and we get

E[zﬂ <O, x %

where C, is a constant depending on 0,¢,||h||o,|| K ||1 and || K||2. Hence, we get (2.52).

Combining (2.49) and (2.52), we obtain
153

7 1
E [[|A - hl3] < Cy (HKz*h— nlE + =R [MTD L C.E

Moreover, since Ny > Ny, we have

1

Ei
M

=E

<E

1 1
—
1 - 55 Nr

< (No+1)E

T

1

1]_E A B
N1 — No N1 — No Nt l—ﬁ—;NT

Mr

|

(2.55)
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Then, using (2.10), (2.12) and (2.55), recall the definition of o(T)~! in (2.29),
we obtain for any £ € H

13

N K _ _
EMh—wasca@Kwh—hﬁ+”g2wm1>+@MT>¥

This ends the proof of Theorem 2.2.12. O

Proof of Theorem 2.2.15.

We begin with the bias term [[Ky x h — hl|2 in the right hand side of the oracle
inequality (2.30). For any £ € H and v € (0,1), let k= |3] and b(y) = Ky x h(y) —
h(v), then we have

(ut)
k—1)!

h(y 4 ul) = h(y) + K (Y)ul + - + /0 1(1 — 0)* 1R (y + Qul)de.

Since K is a kernel of order 5* and g € (0, 5*), we get

U k
b(7) z/K(u> (,i _E)m [/01(1 =05 (RO (y + gut) — hP (7)) dG] du.

|ut]®

Setting Ej o(u) = ‘K(“)‘(kq)! for the sake of notation. Since h € H(S,L) and
applying twice the generalized Minskowki’s inequality, we obtain

Ih— B3 = [ 5y

2
< / (/ Ep.o(u) [/01(1 — H)k_l‘h(k)(v + Oul) — h(’ﬂ(fy)‘de] du) dy
r . 9 1/2 2
< / Eye(u) / ( /0 (1 —e)kfl\h(’@(wreuz) —h(k)(fy)‘d6> dv} du)

_ 2
| /0 1 - gt < / )¢y + But) — b (7)\2d7> v dG] du)

1 2
/ (1) [ /0 (1- H)k_lL(Quﬁ)ﬁ_de] du)

2
u k
< /\K(u)|(k’ —€|1)! [/01(1 —Q)le(ué)Bde] du)

< Ci.nsl,

IN
—
&

=
S

IN

2
where Cic .5 = (& [ [ul®|K (u)|du) .

Finally, we have

~ K 2
E [||h - h[3] < C1 jinf {OK,L,M% + H€”29(T)_1} + Cop(T) 1. (256)
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Taking the derivative of the expression inside the Zinlg of (2.56) with respect to ¢, we
€

1
2 2B8+1

obtain the minimizer

26Ck 13

Since the optimal bandwidth s proportional to £* up to a multiplicative constant.
Therefore, by substituting ¢ by ¢ in the right hand side of (2.56), we obtain

~ __28
E [|lh - k3] < Cso(T)" 27,

with C5 a constant depending on Ny, 0, €, || K||1, || K||2, ||h]|co, B and L. This ends
the proof of Theorem 2.2.15. ]

Proof of Theorem 2.2.16.

For T' > 0, let us denote by A the estimator of h. To prove the Theorem 2.2.16, we
apply the general reduction scheme proposed by Tsybakov [108] (Section 2.2, p.79).

We will show the existence of a family H,, 7 = {hjj cj=0,1,... ,m} such that:
1) hjr € H(B,L),j=0,...,m.

__B_
2) ”hjj — hk,THQ > 2ce 25+1RT, 0<75< k <m.

1

3) — >0 K(Pj, Ry) < dlog(m) for 0 <9 < 1/8. P;j and P are the distribution
m

of observations when the division kernels are h; 7 and hg, respectively. K(P,Q)

denotes the Kullback-Leibler divergence between two measures P and Q:

[log 45dP, if P < Q

400, otherwise.

Under the preceding conditions 1, 2, 3, Tsybakov [108] (Theorem 2.5, p.99) show
that )
~ 2
inf max P (||hT —hlj3 > c2g—2ﬁ+1RT> >, (2.57)
hop hE€Hmr

where the infimum is taken over all estimators iy and positive constant C’ is inde-
pendent of 7. This will be sufficient to obtain Theorem 2.2.16 by [108, Theorem
2.7]. The proof ends with proposing a family #,, 7 and checking the assumptions 1,
2, 3.

Construction of the family H,, 7:

The idea is construct a family of perturbations around hg which is a symmetric
density with respect to % and belongs to H(é, B). For the simplification, we choose

ho(v) = 1(o,1)(7)-

Let ¢cg > 0 be a real number, and let v € (0,1), f(vy) = LD ?g(D~) where g is
a regular function having support (0,1) and [ g(y)dy =0, g € H(%, B), we define

D= [00621;%1 and fr(y)=f <7 - (k; 1)> )
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By definition, the functions fi’s have disjoint support and one can check that the
functions f;, € H(%,B).

Then, the function h;r will be chosen in

D
D= {h(g(’y) =ho(y) + 1 Z Okfr(y) 16 =(61,...,0p) € {O,l}D} ,

k=1

where
- L (2.58)
cp=min | ——— 1. .
LD |glloo

We now check that hs is a density, since [ hs(y)dy = [ ho(7y)dy = 1, it remains
to verify that hs(y) > 0V~y. We have

D
inf hs(7) > inf hy — A
inf hs(7) 2 inf ho HClkz::l kil

> 1 — ¢; LD Pmaxsup \(Mg(D'y — (k- 1))
koo vy
>1-cLD gl 20,
by the choice of ¢;. Thus the family of densities D is well-defined.

1) The condition h;r € H(f,L):
Let us denote ¢ = | 3], then for all 7,7’ € (0,1) we have

R () — B2 (')

D
= W)~ AP ) 4 en S (00— £061)]
k=1

D

< Y16l A () - 19
k=1

< emax| 77 (1) = /7 ()

< LD P D79 9 (D — (k — 1)) — (DY = (k~ 1)

< ClLDLBJ—ﬁpﬁ—LBJh _ 7/|B—LBJ < Ly - 7/|5_L5J’

which is always satisfied with ¢; = min (LD/31||g||’ 1), thus hg € H(L, ).

__B
2) The condition ||h;jr — hi 7|2 > 2ce pran it
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For all 6,6 € {0,1}”, we have

|hs — hetll2 = Uol (h(s(v) —haf(W))ng] = /1 ( i (0 — O3) fe (v ) dry

1/2 5 . 1/2
[Z (6 — 6%,) /:1 fl?(’Y)d’Y]

=c1 /zj:(sk_(sk ) fr(7)d ]

D

:Cl

© 1/2
(0= 04)* [0, L2D~¥g (Dy = (k= 1)) dv]
D

1/2
D
= c1 LD P72 g5 [Z (6 — 1) ] = c1 LD P72 gllay/d i (6, 8"),

where d(3,6') = P 1{0; # 6}} is the Hamming distance between § and §'.

According to the Lemma of Varshamov-Gilbert (cf. Tsybakov [108], p.104),
there exist a subset {(5(0), e ,5(’”)} of {0,1}P with cardinal (2.59) such that §(0) =
(0,...,0),

'iMo

m > 2P/8, (2.59)
and B
dg(69), 60y > 5 V0<i<k<m. (2.60)

Then, by setting h;r(x) = hsy (x), j =0,...,m, we obtain
I = haallz = e LD™072 |lgllay/din (590, 64))

D
> ClLDfﬁfl/zHglb\/ 3

ClL
—llgll2D~*

whenever D > 8.
Suppose that Ny > Np« where T* = log (%) %};1' Then, D > 8 and D? <
8
(ZCo)ﬂeWRT. This implies:

Jel
HhJT_hkTHQ > 7”9”2(260) e 2B+1RT’

1
min|[ ——,1 | <c¢; <1
(LHQHOO )

T
)

But,

Hence, we obtain
__B
\hjr — hierll2 > 2ce il

where UL
o= WL Lloll) -

o1
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3) The condition 1 i1 K(Pj, Py) < dlog(m) for 0 < < 1/8:

We need to show that for all § € {0,1}7,
K (Ps, Py) < vlog(m),

where

dP.
K(Ps,R)) =E llOg dpé‘]'—T( )] ,

and where (Z;)yc[o,7) is defined in (2.5) with the random measure @ having intensity
q(ds,di,dy) = Rhs(v)dsn(di)dy.

Here, the difficulty comes from the fact that Np is variable because the obser-
vations result from a stochastic process Z;. The law of these observations is not a
probability distribution on a fixed R™ where n would be the sample size, but rather a
probability distribution on a path space. Pjs is the probability distribution when the
Poisson point measure @ has intensity Rhgs(y)dsn(di)dy. Thus a natural tool is to
use Girsanov’s theorem (see [65], Theorem 3.24, p. 159) saying that Pj is absolutely
continuous with respect to Py on Fpr with

T%‘FT_Q )

where (@f)te[o’ﬂ is the unique solution of the following SDE (see Proposition 4.17
of [105] for a similar SDE):

D=1+ / [ tien. }<h‘58§ )Q(ds,di,dv)- (2.61)

Apply It6 formula for jump processes to (2.61), we get

T
log@‘ST :/0 /S]l{iSst} log (@i_ — (ZSEZ’; — 1)@?_) —log®?_

_/ /]1{1<Ng loghE;stdz dy) = Zlo

Q(ds, di,dv)

| S|

by definition of (T'}, ..., F}VT).
Then,

5 X, hs(T))
K(Ps, Py) = Es [log D] =K | log hh

i=1

1
- 02 o (R | = [t o

Here, E [N7] does not depend on hs and we have E[Ny] = NoefT. Thus, recall the
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2.5. PERSPECTIVE

definition of hs(-) and note that log(l + z) < z for z > —1, we get
1
K (Ps, Py) = Noe"™" / hs(7) log(hs (7)) dy
= N()@RT/ (1 + Z Ok fr(y ) ( +c Z Ok fr(~y >
0
Dk
= Noe T Y [ (1 cadifu() og (14 crdufe () dy
k=1" "D
RT D 1/D
= Noe'™ >~ 6;.:/0 (1 + clf(v)) log (1 + qf(v))dv

k=1
1/D
< NoeTD [ (1 e () enf ()

< NpefT [clLD B/ g(D~)Ddy + AL*D~28 gZ(Dy)DdV]

0
< NoefT'c22D=2° /0 g2 (y)dv

__28
< Nocl L?||g|l3e ¢y 2P e 2 ¥t

< N0L2||g||gco_2ﬁ_1D since ¢; < 1.
From (2.59), we have m > 2P/8 then

8log(m)
= Tlog(2) |

Hence, if we set

/(28+1
_(8Ngl3) Y
9¥1og(2) ’

we obtain K (Ps, Py) < 9¥log(m). This ends the proof of Theorem 2.2.16.

2.5 Perspective

In this chapter, we construct an adaptive estimator for the division kernel h of a
size-structured population model where the cell divisions occur under the assumption
that both the division rate and the growth rate are constants. It would be interesting
to extend the problem of estimating the division kernel to the case where the division
kernel is a function of size of cells B(x). The main difficulty arises in this case coming
from the fact that the size of the population depends on the size distribution which
itself depends on the division kernel h. In Hoffmann and Olivier [59], the authors also
encounter this difficulty when they consider the problem of estimating the division
rate B(z). For this following work, we will need to study a stochastic model to
describe the evolution of cells in the non-constant case of division rate, then propose
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an adaptive estimation procedure to construct an estimator of A by using a kernel-
based estimator, if possible. Lastly, we expect to obtain an oracle type inequality
and optimal rates of convergence for theoretical results.
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This chapter is a work in progress and is the fruit of a collaboration with Viet
Chi Tran (Université de Lille 1), Thanh Mai Pham Ngoc (Université Paris Sud) and
Vincent Rivoirard (Université Paris Dauphine).

3.1 Introduction

In this chapter, we consider the size-structured population describing the binary cell
divisions we studied in Chapter 2 but in a general case where the division rate is
a function B(z) and the toxicity x € R4 grows inside a cell with rate ag(z) where
g(z) is a continuous positive function and « is a positive constant. Recall that when
a cell divides, a random fraction I' of the toxicity goes in the first daughter cell and
a fraction (1 —I') in the second one. Here, I' is assumed to be a random variable
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having a symmetric distribution H(dv) on [0, 1] such that P(I' =0) =P(I' =1) = 0.
Indeed, in Section 3.3 we shall assume that H(dv) has a density h(7) in the problem
of estimating the division kernel. Furthermore, the division rate B and the function
g are assumed to satisfy the following assumptions:

Assumption 3.1.1.

e The division rate B(x) is continuous and bounded by a positive constant B.

o We have g € L*(Ry).

We assume that the toxicity (X;):>0 satisfies

Then we describe the population of cells at time ¢ > 0 by the following random point
measure:

N
Zufd) = 3 b (),
i=1

where N; is the number of cells living at time t.

We are interested in studying a renormalization (Z™),en+ of the microscopic
process Z. We prove in Section 3.2.2 that the renormalized microscopic process con-
verges in a large population limit (see for instance, Bansaye and Tran [11], Fournier
and Méléard [50], Tran [106] for such studies on the large population limit) to a
unique solution of the following growth-fragmentation equation:

+o0 z\ dx

On(t, z)+ady (g(a:)n(t, x))+B(m)n(t,a:) = 2/0 n(t,y)B(y)h (y) 7 t>0,z >0,

(3.2)
where n(t,x) is the density of the cells structured by the toxicity = at time ¢ and
H (dy) is assumed to be having a density h(7y). This growth-fragmentation equation
is widely used for the problem of estimating the division rate B(x) in both analysis
and statistics. In Bourgeron et al. [16] and Doumic and Tine [41], inverse problem
methods are used to estimate B. For the statistical approach, Doumic et al. [39]
construct an estimator of B using a kernel method in the case of equal mitosis where
H(dy) = d1/5(dy), i.e. the daughters of a cell + have size /2. Here, we are inter-
ested in the estimation of the division kernel A(-) of the size-structured population
introduced in Chapter 2 but for the case where we do not observe completely the
whole division tree, i.e. we only have the observations of the population at a fixed
time 7. In this context, a kernel estimator as in Chapter 2 can not be used anymore
since the observations I'}, ... ,F}WT are not available. Thus we construct an estimate
of h starting from the growth-fragmentation equation (3.2). Study of the asymptotic
behavior of the solution n(t,z) (see [37, 84, 92]) shows that n(t,z) ~ N(z)e* where
(N, A) is the unique solution of the following integro-differential equation:

oo x\d
ad, (g(x)N (@) + (A + B(z))N(x) =2 | N(y)B(y)h(;)Zy,:c >0.  (33)
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3.2. RENORMALIZATION OF THE MICROSCOPIC PROCESS AND LARGE
POPULATION LIMIT

One can observe that there is a multiplicative convolution in the right hand side
(r.h.s) of Equation (3.3). Thus we resort to Fourier techniques for a deconvolution
procedure, then estimate h based on n observations having distribution N (z)dzx.

This chapter is organized as follows: in Section 3.2, we describe the renormalized
stochastic process (Z"),en+ with its moment and martingale properties. Then we
prove the convergence of (Z"),en+ in the large population limit. Statistical estima-
tion of the division rate h(:) and the consistency of the estimator are presented in
Section 3.3.

Notation. We introduce some notations used in the sequel.

For two spaces metric E and F, we note that Cy(E, F') (resp. D(E, F), C’;’l,
By(E, F)) is the set of continuous bounded functions from E to F' embedded with
the uniform convergences norm (resp. of cadlag functions from F to F' embedded
with the Skorohod distance, of bounded functions of class C! in ¢ and 2 with bounded
derivatives, of bounded measurable functions).

For a measurable space (F,E), we note Mp(F) the set of finite measure on
E. For a measure m € Mp(E) and f € By(E), we note (m, f) = [p fdm. The
set of finite measure on R, is denoted by Mp(R,). By default, we will consider

the weak convergence topology. When necessary, we will write (/\/l r(Ry), w) (resp.
(./\/l r(Ry), v)) to precise the weak convergence topology (resp. vague convergence
topology).

In this chapter, we denote by f* the Fourier transform of an integrable function
f defined by

o= [ s,

— 00

3.2 Renormalization of the microscopic process and large
population limit

3.2.1 Renormalized microscopic processes

We first define the renormalized microscopic process, then introduce a SDE driven
by a Poisson point measure which describes the evolution of cells.

Definition 3.2.1. For n € N* we define the renormalized process belonging to

Mp(Ry) by
N’VL

20 (dx) = % S byi(da), (3.4)
=1

where Nj* = (nZ]',1) is the number of cells alive at time ¢. The parameter n is
related to the large population limit which corresponds to n — +oc.
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Definition 3.2.2. Let (2, F,P) be a probability space:

1. Let (Z§)nen+ be a sequence of independent random variable such that

Vn € N*,  ZP e Mp(Ry) and  sup E((ZF,1)%) < +oo. (3.5)
neN*

2. Let Q(ds, dv,di,dv) be a Poisson point measure on Ry x & := Ry xRy x N* x
[0,1] with intensity q(ds,dv,di,dy) = Bdsdvn(di) H(dy) where n(di) is the
counting measure on N* and ds, dv are Lebesgue measures on R;. We denote
{Fi}i>0 the canonical filtration associated with the Poisson point measure.

Then, for every test function fi(z) = f(x,t) € C;’l(R+ x R4, R) the cell popula-
tion is described by a SDE for the renormalized process Z" € Mp(Ry):

0, 1) = (28, 1) + / / (Bu1() + ag(2)y fu(2)) 20 (dx)ds
1 [t . . .
+ ﬁ/o /5 ]l{iSN;L}]l{ugB();i’)} [fe ('YX;_) + fs((l - ’Y)X;—) — fs (Xi_)} Q(ds, dv, di, dy).
(3.6)

Remark 3.2.3. In fact, the X}’s depend also on n, since the division occurs differ-
ently when n varies. However, we omit the n for sake of notation.

In the sequel, we show some moment and martingale properties that will be
useful in the proof of the convergence in large population limit.

Definition 3.2.4. Let N > 0 and n € N*, we define the stopping-times as follows
R =inf {t >0,(Z1) > N}. (3.7)

Proposition 3.2.5. Consider the sequence (Z™)nen+, if there exists ¢ > 1 such that

sup (E(Z3,1)%) < +oc, (3.8)
neN*
then we have, for all T > 0
sup E [ sup (Z',1)7 ] < +oo0. (3.9)
neN* t€[0,T]

Proof. We use ideas from [50, 105] to prove Proposition 3.2.5. Let N > 0,n € N*
and 7} is the stopping-times as in Definition 3.2.4. From equation (3.6), put f =1
we have

INTY )
<Ztn/\’r”71> = <Z(SL71> +/ / ]I{ZSNn,}]l B(X! ) Q(ds,du, dzadﬁ}l)
N 0 & y {IISTS}
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Applying Ito’s formula for jump process with finite variation (see [63], Theorem
5.1 on p.67), we get

(Zipeg, 1) = {2, 1)*

INTY 1\¢ )
s [T [ty sy (@04 5) = (2007 Qs dv.di ).
0 & ° {yg BS }

n

Since we have increasing functions of ¢

sup <ng 1>q = <Zg\71’\lﬂ 1>q_
s€[0,EATY]

Hence,

E ( sup (Z7, 1)q) =E((Zy, 1)) +

SE[0ENTY]
+E (/OMTJ@ /R+ [(<Z§,1> + i)q B <Z§,1>q] nB(x)Zg(dm)ds)
</otw /1R+ # [(n(z,1) + 1) = (n(22, 1>)q] Zg(d:c)ds)

Since (1 +y)? —y? < C(q)(1+ y7 1), we get by Fubini’s theorem and the choice of

n
™~

<E((Z§,1)9) + BE

]E( sup <Z?,1>q) <E ((Z5,1))

s€[0,tATR]
t/\TN
02([ )
0 Ry N

</Ot/\m/ [1+<Z”
<E((Zp,1)%) + BC(q ]E(/Ot 14 (201 >—}< R+Z§(dm)>ds>

[1 + (nizz, 1>)"_1} Zg(dx)ds>
1)1

- Zg(dx)ds>

Since

E((Zd,1) +(Z¢,1)7) < 2B (14 (Z,1)9) < 2(1 + E( sup. (Z1, 1)),
u€l0,s

we have

E ( sup (77, 1}‘1) <E ((Z§,1)9)+2BC(q)T+2BC(q)T /tE sup (Z,, 1>q)ds.

s€[0tATY] u€l0,sATR]
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By using Gronwall’s inequality, we obtain

E sup (z7,1)7] < (E((25,1)7) +2BC(q)T) *PC@OT < C(g,T),  (3.10)
te[0,TATY]
with C(q,T') a constant which is independent of n and N.
To end the proof, we need to show that
o0

T = lim 75 = +o0. (3.11)
N—o00

If there exists M < 400 associated with Ay; C Q such that Vw € Apy, imy o0 T (w) <
M and P(Aps) > 0, then

vI'> M, E sup (Z9, 17| > P(Ay) x N°.
te[0,TATY]

This contrasts with (3.10) since P(Aps) x N? depends on N. Therefore, 772 = +oo0.

Using condition (3.8) and Fatou’s lemma, we obtain

E [liminf sup (Z}',1)?]| <liminfE sup  (Z], 1)) <C(q,T) < +o0,
N—=oo tef0,TATR] N—oo te[0,TATR]

and we conclude that sup E | sup (Z], 1) | < +o0.
neN* t€[0,T)

Corollary 3.2.6. From Proposition 3.2.5, if

sup E((Z3, 1)) < +oo,
neN*

then, for all T > 0

sup E[ sup (Z7',1) | < +o0
neN* t€[0,T)]

and we deduce that the SDE (3.6) has a solution (Z{*)i>0 € D ([0,T], Mp(R4)).

Proposition 3.2.7 (Martingale property). Let n € N*, we assume that Z§ €
Mp(Ry) such that E((ZF,1)%) < +oo, then for all test function f(z,t) € CH(Ry x
R+,R).’
t
M =z 0) =25 ) = [ [ (0ufi(a) + ag(@)nf () 22 (do)ds
+

R+ 0 S
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is a continuous square integrable martingale with quadratic variation

M”f / /R+/ fs yz) + fs((1 —7)z) — fs(l‘)]QB(.Z‘)H(d’y)Zg(dx)ds
(3.13)

The martingale property and quadratic variation are direct consequence of the
stochastic process (Z")pen+ w.r.t Poisson point measures.

Proof. Let 73 be the stopping-times as in Definition 3.2.4. We have for ¢t € Ry

(M g, = /WN i ) / o(32) + Fo(1 = )z) — ful@))? B(x)H(dy) 22 (d)ds,

then
1 AT
)iy <~ [ 3BIfIE (/ 2z dx))ds
nJo

Therefore,

n

_ tATR
E (M )rry ) < 3B fI%E ( [ 1>ds)

1 - t
CSBISILE ([ swp (zZ21)ds
n 0 se[0,tnTR]

t -
~3B||fII3E ( sup <Z§,1>> -
n SE[0,tATR]

Since limy_,o, Tp = 400 and using the Fatou’s lemma, we obtain

IN

IN

t -
n7f 3 1 nvf n — 2 n
E ((M >t> < l}\r[nlnfE ((M >t/\TN> < nSBHfHOOIE (Si%pﬂ (Z2, 1)) < F00.

Hence, M, Jis a square integrable martingale.

3.2.2 Large population limit

The following theorem states the limit of (Z™),en+ when n — +oo.

Theorem 3.2.8. Consider the sequence (Z™)nen+ defined in Definition 3.2.1 and
3.2.2. If Z§ converges in distribution to o € Mp(Ry) as n — 400 then (Z")nen-
converges in distribution in D ([0, T], Mp(R)) asn — 400 tou € C ([0, T], Mp(Ry)),
where v is the unique solution of

) = oo §)+ [ [ (00520 + 0900000 s

* /O/R /0 [fs(yz) + fo((1 = 7)2) = fo(w)] B(x)H (dy)ps(da)ds,
(3.14)

with fi(z) € C;’l(RJr x R4, R) a test function.
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Proof. Following Fournier and Méléard [50], we divide the proof into two parts:
first, we will prove that (Z"),en- is tight in D ([0, 7], Mp(Ry)), where Mp(Ry) is
embedded with the topology of weak convergence. Then, we identify the limit in
the second part.

Step 1: Tightness of (Z"),enx.

Firstly, we prove that the sequence (Z"),ecn+ is uniformly tight in the space of
probability measures on D ([0,T], (Mp(R4),v)) where (Mp(Ry),v) is embedded
with the vague topology.

For a test function fi(x) = f(z,t) € Cl}’l(]RJr x R4, R), we define the finite
variation part of (Z", f) given in (3.12) by

V <Zgl7 > <Z0af> Mnf
- / L[ 16+ 50 =)0 — fu(0)] B () 22 )
[ ] (@) +os@o. @) 22y @1s)
Using Aldous-Rebolledo and Roelly’s criterion [3, 68], we need to show that

1. Vt € T dense in Ry, ((M”’f>t) and (th’f) e T tight in R.
* n *

neN

2. VI' >0, Ve >0,VYn>0,3§ >0, ng € N such that

sup B (| (™), — ()5, | =) < e (3.16)
n>ng
and
sBp P (’VT’f Vgn’f‘ > 77) <, (3.17)
n>ng

for every couples of stopping-times (S, T),)nen+ such that S, < T, < T and
T, <S,+59.

To prove the first point, we need to show that, VI' > 0

sup E [ sup ‘(M”fﬁ‘ < 00,
neN* te[0,T]

and

sup E [ sup ’thf‘ < +o00.
neN* te€[0,T]

From the expression of (M™/); in (3.13), we have

/ 3B fI2% (/ Zm(dz) ) ds < 3||f|y2 B/ s (7 1)ds

*3BT||f||2 sup (Z7',1).
t€[0,T]

| /\

‘<Mn’f>t‘

| A
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Hence,
neN* t€[0,7] neN* \ T tc[0,T)

— 1
sup E( sup ‘<Mnf>t‘> < 3BT||f||%, sup ( sup (Zf,l)) < +00.

Similarly, from (3.15) we have

I

< (10:F oo + @02 Fllocllglloo )T sup (27,1 + 3BT flloo sup (Z7",1)
te[0,T] t€[0,T]

< (118fllso + 12 fllsollglloo + 3B fllsc) T sup (Z7,1).
te[0,7

Hence,

sup E [ sup ’th’f‘ < +o00.
neN* te[0,7

Next, VI' > 0, Ve > 0, Vi > 0, for 6 > 0, we consider a sequence of couples of
stopping-times (Sy, Ty, )nen+ such that S, <T,, <T and T,, < S, + §, we have

(| 9)z, - (s,

:E(
1 (Tn _ .
<E (n /S RS i I <dx>ds>

1 - 0C, 5
< —3B3| f|I%E ( sup (27, 1>) < —LBT
n t€[0,T] n

)

T 1
rlz/sn /R+/O [fs(va) + fo((1 = 7)a) — fo(2)]? B(x)H(dy) 20 (dx)ds

The upper bound can be as small as we wish with a proper choice of §. Thus, we
obtain (3.16). Similarly,

E (‘Vﬁ’f - ng;fD = IE(

Tn 1

Tn
/ . /R+ (0:f5(x) + ag(@)d. f,(x)) 22 (dr)ds

)

< (10eflle + ll0a ol sup B( sup (22,1)) +3B8] 1 sup B( sup (22,1)
neN*

t€[0,T7 neN* t€[0,T7]

< 5 (100 + sl + 3817 c) sup E( sup (72,1)
neN* t€[0,7

< 5Cf7g,a,B,T'

By the choice of §, we obtain (3.17) and we conclude that (Z"),en+ is uniformly
tight in D([0, 7], (M p(R4),v)). Next, by the same computation as in Méléard and
Tran [81], we shall prove the tightness of (Z"),en+ in D([0,T], (Mp(R4), w)).
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Let us denote by p a limiting process of (Z"),en+. It is almost surely (a.s)
continuous in (Mp(R4),v) since

3|1 f]
s swp |z ) -z, )| < W (3.18)
teR S| flloo<1 n
The same computation as in Step 1 for f;(z) = 1 implies that the sequence

((Z™,1))nen+ is uniformly tight in D([0,7],Ry). As a consequence, there exists an
increasing sequence (uy)nen+ such that:

o (Z")pen+ converges in distribution to p in D([0,T], (M p(R4),v)).

o ((Z% 1))nen+ converges in distribution in D([0, 7], R4).

We can use the Méléard-Roelly’s criterion [80] to prove that (Z%"),cn+ converges
in distribution to p € D([0,T], (Mp(R4+),w)) provided ((Z™,1)),en+ converges to

(b, 1).
For the sake of simplicity, we will again denote u, by n.

Now, we introduce of smooth function f; defined on Ry and approximating
Lk +o0) (7). For k € N*, let us define

fr(@) =90V (z - (k=-1)) A1),

where 9(z) = 62° — 152* + 1022 is a non-decreasing function such that
$(0) = ¢'(0) = ¢"(0) =1 — (1) = ¢'(1) =¥"(1) = 0.

The sequence (f;)ren+ is non-increasing, and satisfies for z > 0 and p > 1 that

Lk 100) () < fr(2) < Lt 400y (7); (3.19)
@< swp [P W40y (@) < sup [FP ()| fr ().
u€lk—1,k] u€lk—1,k]|

To prove that ({Z",1)),en+ converges to (i, 1), we use the following lemma:

Lemma 3.2.9. Under the assumption of Theorem 3.2.8,

lim limsupE( sup <Zt",fk>> =0, (3.20)
k—+oo n—+o0 te[0,T]

where (fi)ken are defined as above.

The proof is postponed at the end of Theorem 3.2.8. From Lemma 3.2.9, we can
deduce that

lim E( sup <Ht,fk>) =0. (3.21)
k—=+oo \te[0,1)

As a consequence, we can extract a subsequence of ( sup  (p, fk>)k that converges
te[0,7)

to 0 a.s, and since the process (j1);c[o,7] is continuous from [0, T into (Mp (R4 ), v),

one can deduce that it is also continuous from [0, 7| into (Mp(Ry), w).
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We now prove that (Z%" 1) converges to (u,1). Let G be a Lipschitz function
on C([O,T], (MF(R+),w)), we have

lim sup’E(G((Z", 1) — G((u, 1>))’

n—-+o00

< lim limsup’E(G(<Z"7 1)) -G(z2",1- fk>))‘

k—+00 n—+4o00

+ lim limsup|E(G((Z",1 — fr)) — G({u, 1 — fk>))‘

k—400 n— 400

+ lim_limsup|E(G({u, 1= f)) = G({1,1)))

k—400 n— 400

Since ‘G((V,l — fx)) — G({v, 1>))‘ < C sup (w4, fx) by Lipschitz property, ac-
t€[0,T]
cording to Lemma 3.2.9 and Equation (3.21), we obtain

lim limsup‘JE(G((Z”, 1)) — G({Z",1 - fk>))] =0,

k—+00 n—+o0
and
lim_limsup[E(G((s, 1= f)) — G((u,1)))| = 0.

k=400 n—s+oo

By the continuity of v — (v,1 — fi) in ]D)([O, 1], (MF(R+),U)) we have

lim Timsup|E(G((2", 1~ fi)) — G({m, 1 — fi))| = 0.

k—+400 n— 400

Thus,

Jim P27 1) = F((u1),
which completes the proof of tightness of (Z™),en+ in ]D)([O, T], Mp(R4), w))
Step2: Indentification the limit.

To prove that p satisfies (3.14) a.s, we will show that, for every test function
fi(t,x)— f(t,x) € C;’I(RJF x Ry, R), the quantity

Wilp) = G )~ (o )= [ [ (@) + 9@ fo () )

t 1
+/0 /]1§+/(] [fs('Yx) + fs((1 —v)x) —fs(g;)] B(z)H(dv)ps(dz)ds

vanishes.

Proposition 3.2.7 shows that Vn € N* the process

is a square integrable martingale. Thus, for t € Ry we have

2 2
E ‘Mtf’d’(") <E ‘Mtf"f’(") :E<<Mf’¢(n)>t> < ¢ IE< sup <Z§><">,1>>.
gf)(’I’L) s€[0,t]
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):o.

To show that, Vt € Ry, ¥y(u) = 0 a.s, we need to prove that

) =E (|wu(u)]) .

Indeed, we have that (Z¢(n))neN* converges in distribution to p. Since p is contin-
uous almost surely, f € C' class with bounded derivatives and from the moment
assumption of Proposition 3.2.5 then W, is continuous and

Then,
VteR,, lim E <’Mtf’¢(")
n—-+o0o

lim E (’M{ 4

n—-+4o0o

lim W, (29™) - w,(p).

n—-+0o

We have: Vt € Ry, Vz € Mp(Ry), Uy (z) < C sup (zs,1). Hence, by Proposition
s€[0,t]

3.2.5, the sequence (\\I't(Z ¢(”))|) . is uniform integrability. Then we get
n *

lim E(‘Mtf #(n)

n—-+o00

)Z i E(‘\Pt(Z¢(”))’) :E( lim ‘\yt(z¢(n))

n—-+o00 n—-+o00

)

This ends the proof of Theorem 3.2.8.

Proof of Lemma 3.2.9. With the sequence (fx)ren- defined in the proof of The-
orem 3.2.8, we have

@5 =125 00+ [ [ fiwag@)zz s
+/Ot /R+ /01 {fk(’}’x) + fi(L=7)z) — fk(x)}B(x)H(d’y)Z?(dx)ds+Mt"v’f7

where the martingale M’ * defined in (3.12) with f instead of f, and with quadratic
variation given in (3.13). Similar arguments as above allow us to prove that

n,k Cl t n
(M™"), < o (Z2,1)ds, (3.22)
0

where (' is a constant. By (3.19) and since the sequence ( fi)ren+ is non-increasing,
(Z2, fx) <(Z, fr—1), we obtain

t _ t
(20, 1) < (23, fio) + allglloeC /0 (ZP, for)ds + 3D /0 (ZP, feo1)ds + M
t
< (20 fi) + Cs /0 (20, fror)ds + MPF,

where Cy, C3 are the constants.
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Let " = E(sg) (zZp, fk>> and of = E(sg) (Z7, 1>> which bounded uniformly

in n € N* and ¢ € [0, 7] according to (3.9). From (3.22), one can deduces that

t
k < ag’k + Cg/ a’;’k’lds + Cyep
0

where ¢, is a sequence that converges to 0 as n — +o0.

Iterating this inequality yields,

k
ton k—1 l
nk— l Cgt (03 fO Qg dS) (Cgt)
k< Z + x +€,Cy lz; i
+o0 l ! 1\ k
n n Cst Cit
ozo’tk/zjeCSt—Fao Z ( ;) -1—( 2‘) + €,C1e%,
I=|k/2]+1
k

where we use the monotonicity of ag™ w.r.t k for the second inequality. Given the
moment condition (3.9), the assumption of tightness in (Mp(Ry),w) of the initial
conditions (Z)nen+ is equivalent to

n,k

lim sup o™ =0
k—+00n—+too

Hence,

400 l ! 1\k
Cst Cst
lim  sup o” M < sup ag lim E (Cst) + lim (Cst) .
k—+00 p—s+o00 neN*  k—+oo h/al 1! k—too k!

As a consequence, we deduce that

lim sup E(sup(Zt ,fk>) = lim sup o =0,

k—+00 n—+too s<t k—+00n—+too

which completes the proof of Lemma 3.2.9.
O

The following proposition give us a growth-fragmentation equation in the case
where the growth rate is a constant.

Proposition 3.2.10. We assume that g(z) = 1 for all x € Ry. This implies that
X = xo + a(t — to) if the toxicity is xo at times ty. Then, we have the following
results:

i. If po(dx) = no(dx) then ¥t € Ry, pi(dz) has a density n(t, x).

ii. If n(t,z) € CH1(Ry,Ry) then it satisfies the PDE:

11 x x
on(t,x) + adyn(t,xz) + B(z)n(t, z) = 2/0 ;B <7> n (t 7) H(dv) (3.23)
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Proof. i. We use an approach inspired by Tran [105, 106] but with more differences.
In our problem, we consider the case where a cell divides with random fraction I
and (1 —T") into the two daughter cells respectively and I" has a distribution H (d~).

Let pt be a limit of (Z]")pen+ in C([0,T],R4), for a test function fi(x) = f(x,t)

we have

(ies J2) = (pion fo) + /0 t | [0uful@) + a0f.(@)] a(de)ds

t 1
+/0 /Hh/o [fs(yz) + fs((1 —y)2) — fs(2)] B(x)H (dy)ps(dz)ds.

To show that u¢(dx) has a density, for fixed ty € R4 and a positive function ¢ €
C{(R4,Ry), we consider the function f(z,t) = ¢(x — a(t — tg)). Then, we get

() = [ oo+ oto)uotae) + i ¥ [s02 - ats - 1)

+6((1 =)z - als — o)) — dlx — als - to>>} B(a)H(dv)ps(da)ds. (3.24)

Consider the term
to 1
= [ e = ats = o) By H(d) . da)ds

By Fubini’s theorem and setting v(ds, dx) = ps(dx)ds, we get

1 to
L = /0 H(d) </0 /]R+ o(yr — a(s — to))B(:c)V(ds,da;)> .
Let us show that
v(ds,dz) = p(dx)q(z,ds) = p(dx)q(z, s)ds,

with pi(dx) the marginal measure of v(ds, dzx) such that

[ steyitan) = | ! [ gt (an)as

for every measurable function g.

Let A is a ds— negligible set, we have Vg

/oto /]W 14(s)g(z)v(ds,dx) = /Oto

Since v(ds, dz) = ju(dx)q(z, ds), we have

Ry

to

g(x)p(dz) [ La(s)g(w,ds) =0,
Ry 0

so that

to

: 14(s)g(z,ds) =0 g(x)p(dx) a.e.
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Hence, by Radon-Nikodym’s theorem, there exists a density ¢(z, s) such that
q(x,ds) = q(x, s)ds u(dr) a.e

Thus, we get

I = /01 H(dv) (/Oto /R+ d(yxr — afs — to))B(z)(dz)q(z, S)Hds> .

Let y = vy — a(s — tp), so that

I = /"Hdv<4+éwwm¢yq(’”‘Zf““)mmﬁ%wm)
— /0 H(dv) ( /R ) /R ) ﬂw<y<w+ato¢(y)q~1(x,y)B(x)dyﬁ(dx)> ;

1
where di(2,3) = Lq (s, %),

«

By Fubini’s theorem, we obtain

h:/‘ / /“W@@ﬁmﬂ<>@y><><M>wmwz (1)1 (y)dy,
R+ R+

R

where

- /R /01 1 o<y<vatato®(¥)di(x, y)B(x)H (dy)i(dz). (3.25)

Similarly, for the term

I, = /Oto /R+ /01 qﬁ((l —y)x —a(s — to))B(x)H(dfy)us(dx)ds.

By putting y = (1 — v)z — a(s — tp), and note that ps(dx)ds = f(dx)q(z, s)ds we
obtain

b:é¢@%@m

where
1
By (y) = /Q /Q L )ocyei—merarnd©) @ (@, v) B@) H(dy)i(dz).  (3.26)

For the last term

/ / :c —as— t0)>B(1‘)H(d7),us(dx)ds
/

r—a(s— to))q(:c, s)B(z)u(dr)ds

Il
%\\\

(¥)®3(y)dy. (3.27)
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where
- _ - 1 r—1y+at
P3(y) = lo<y<atato@3(z,y)ii(dr) and g@(z,y) = —q (957 yo> .
R+ (6% «
Since

| o+ atuda) = [ o+ atno(@)ds = [ o@mnoly - atody,
Ry Ry Ry

we set

D(y) = P1(y) + P2(y) + P3(y) + no(y — ato),

then
[ otaratapmtan+ [ [ [ [o(ra = ats =)+ o((1=2)e - als ~ )
~ 0~ als — 1) | B BEp@r)is = [ oy

We conclude p(dz) has a density ny(x)dx w.r.t ps(dz)ds.
it) From (3.14), we have

(ut: £) = (po, f) +/Ot /IR+ af (x)ps(dz)
+/Ot /R+ /01 {f(’)’x) + f(1=v)z) — f(x)}B(x)H(dv)us(dx)ds.

Replace ps(dx) by n(t,x)dx and take the derivative by ¢, we obtain

0

1
8tR+f@ﬁﬂ@xﬁz:ié+fCﬂan@@%ﬂ—:@+4 F(2)B(2)H(dy)n(t, ¢)dz

- /R /01 {f (vz) + f((1 - 'M} B(a)H(dy)n(t, z)dz.

Integrate by part, we get

d Foo 0
e f(x)an(t, z)dxr = af (z)n(t, ) . /R+ af(:c)%n(t, x)dx

B(z)n(t, z) (/01 [f(yz) + f((1 = 7)z)] H(Ch)) da.
(3.28)

—/ F(2)B(2)n(t, z)dz +
R

R
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By putting v =1 — v and H(dv) is a symmetric distribution, we get

/R B(z)n(t, z) (/1 [f(yz) + f((1 = 7)z)] H(Oh)) dx
n 0

= B(x tm/f’ya: d’y)dx—i— B ta:/f 1 —v)z)H (dvy)dz

R

- [t [ s (L) (t)dy
R4 Y Y]
! y y dy
+/0 H(dv) R, f(y)B <1_’7> n (t, 1—’7> ﬁ
_['1 AT Pl AV’
= [ St [ s <7> (a,y)dw/o S [ )8 (2)n(12)
o[ AN
_2/0 JH@) [ 1w)B <7> (t,7> dy. (3.29)
From (3.28) and (3.29) we otain:

f( ) n(t,x)de + | af(x ) n(t,x)de + [ f(z)B(x)n(t, v)dz

R, Ry

_ 1 y Yy
= 2/0 gﬂ(dv) /R+ fly)B <7> n <t, 7) dy,

on(t, x) + adyn(t,x) + B(x)n(t,x) = 2 1 lB <$> n (t, j) H(d).

0

or

This ends the proofs of Proposition 3.2.10.

In the following section, we assume the distribution H(dv) has a density h(y)
that we aim to estimate.

3.3 Estimation of the division kernel A(-)

3.3.1 Estimation procedure and assumptions

In this section, we consider the problem of estimating the density h in the case of
incomplete data of divisions. As we introduced in Section 3.1, we shall construct
an estimator of h based on the stationary size distribution which results from the
study of the large population limit. Moreover, we consider the estimation of A in
the case where the division rate and the growth rate are positive constants R and «
respectively.
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From Equation (3.23), with H(dvy) = h(v)dy and B(z) = R, we obtain by setting
y=x/y

on(t, z) + adyn(t,z) + Rn(t,z) = 2R /OOO n(t,y)h (;) C;y, (3.30)

where h(z/y) =0if y < x.

We assume that the division kernel h satisfies the following assumption:

Assumption 3.3.1. There exists a positive constant C such that for any t € (0,1),
forve{l, ... 4}

/0 h(z)dz < min (1,C¢"). (3.31)

Since h is the density of a symmetric distribution on [0, 1], it satisfies [ h(z)dz =
1 and [zh(x)dx = 1/2. Moreover, under Assumption 3.3.1, it is proved in Doumic
and Gabriel [37] (see Lemma 3 in the Appendix) that [x2?h(x)dr < 1/2. Then,
by general relative entropy principle (see [92]), the division kernel h satisfies the
assumptions for the existence and uniqueness of the solution (A, N') of the following
eigenvalue problem (see [37] or [91] for more details):

Py A
a0y N(z)+ (A+ R)N(z) = 2R [;° N(y)h <y> Yy’ 20, (3.32)

N(0)=0, [N(x)dx=1, N(x)>0, A>0,
where N is the first eigenvector and A is the first eigenvalue and
oo
/ In(t,z)e ™ — pN(z)|p(z)dz — 0 ast— oo,
0

with p = [77n(t = 0,u)¢(u)du.

The long-time asymptotic behavior of the solution n(t,z) provides us an ob-
servation scheme for the estimation of the density h in the statistical approach:
since e Mn(t,z) ~ N(x) as t is large, we assume that we have n i.i.d observations
X1,Xo,...,X,. Each observation is drawn by measuring an individual cell selected
randomly. The X;’s have probability distribution N (z)dz and we estimate h from
the data X7, ..., X, and Equation (3.32).

To estimate h, we face with a deconvolution problem but it is more compli-
cated and quite different when compared to classical deconvolution problems. In
particular, in Equation (3.32), one difficulty lies in the multiplicative convolution
Jo° N(y)h (%) %y leading to more intricate technical problems than for the classical
additive convolution. So, we apply a logarithmic change of variables to transform
the multiplicative convolution in the r.h.s of (3.32) into the additive one. Then we
classically apply the Fourier transform and work with products of functions in the
Fourier domain. Let us describe our estimation procedure in details. By using the
change of variable z = e for x > 0 and u € R, we introduce the functions

g(u) = e*h(e"),
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and
M(u) = e"N(e"),  D(u) = du(u > N(c")) = 0uN(e").

Then Equation (3.32) becomes
aD(u) + (A + R)M(u) = 2R(M * g)(w). (3.33)

Since h(y) = 7_19<10g('y)) for v € (0,1), the estimator of h will be obtained from

the estimator of g. We need some assumptions on the density h and the Fourier
transform of M.

Assumption 3.3.2. The density h is continuous on [0, 1].

Note that since h is continuous, g is square integrable since we have

) 1
/ ¢ (x)dr = / e®“h2(e%)du = / zh?(z)dx = / zh?(z)dx < 4o0.
R R 0 0
Assumption 3.3.3. For all £ € R, M*(§) # 0.

The Fourier transform of ¢ is given by the following proposition.
Proposition 3.3.4. Under Assumption 3.5.53, we have

sipy_ aD*(§)  A+R
g<£)_2RM*(§)+ SR e R (3.34)

Proof. Recall Equation (3.32) and we set for u,v € R
r=-e"and y = e".
Then we get
ae “OuN(e")+ (A + R)N(e") = QR/RN(e“)h(eu_”)dv.
Multiply both sides of the equation above by €%, we obtain
adyN(e") + (A + R)e“N(e") = 2R/Re”N(e”)e“*”h(e“*”)dv.

Hence we get
aD(u) + (A + R)M(u) = 2R(M * g)(u).
Taking the Fourier transform of both sides of equation (3.33), we obtain

aD*(§) + (A + R)M™(£) = 2RM™(£) x g*(§)-

Therefore, if M*(£) # 0 for all £ € R then the Fourier transform of g is obtained by
(3.34).

g
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3.3.2 Moment condition

In this section, we prove that the moment condition required for the existence of the
estimator of h is satisfied.

Proposition 3.3.5. Under the Assumption 3.5.1, the first eigenvector N of the
eigenproblem (3.32) satisfies

/+OO x YN(z)dx < +oo  forve{l,...,4}. (3.35)
0

Proof. Let € > 0 to be chosen small enough, we have

400 € +oo
/ x VN (z)dr = / x VN (z)dr + / x VN (z)dx
0 0 €
€ 1 +oo
< / z7"N(z)dr + — N(z)dx
0 €

€ 1
< “YN(z)d —.
_/0 x (x)dz + o
Hence, it remains to prove
/ x Y N(x)dxr < 4o0.
0

We follow and adapt the steps of the proof of Theorem 1 in Doumic and Gabriel
[37]. Integrating both side of equation (3.32) between 0 and zp < x, we get:

N(wo) + >\+R/N y—QR// Nh(*) V. (3.36)

Thus,

T +oo +o0
N <2k [ [T N@n(E) iz <2 [T Nen(E) Ya
0 0

Let us define:

f:rxz— sup N(y),
yE(O,l‘)

/ /m N(y dyd (3.37)

From Assumption 3.3.1 we have for all z < e:

2R [t T orz\dz

sy <25 [T apN) [a(2)S
0 0 Yy

o )

25 0 ' N(y) min (1,02:)@

l/ +oo
25(/ Ny dy+C/N dy+C/ dy)
0

2 T € 2 +oo
2 / sup N(z)dy+C:U”/ sup N(z )dzj —|—< CR/ € )dy>
@ \J0 2€(0) T z€(0,y) Yy a Je Yy’

2Ref( )+ Cixy / fy(g)derKx”?

then we have for all x

| /\

IN

IA

[ /\
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2CR
ae’
By setting F'(z) = 27" f(z), we get

with K =

K 2CR €
< . .
F@y_l_fﬁ+a_ﬂhézww@ (3.38)

Hence, we have to choose € such that

(%

Then, applying Gronwall’s inequality to (3.38), we find that

Fle) < 2 _cble
() < 1 — 2Be P 2R

(67

K < 2Che ):: C, Vzelo,e.

Thus, we will have .
x VN(z) < C, Vzel0,e.
We finally obtain
/ 27V N(z)dz < Ce < +o0.
0

This ends the proof of Proposition 3.3.5.

3.3.3 Estimators of g and h

Assume that we observe the i.i.d random variables X1, ..., X, having density func-
tion x — N(x). We consider the random variables Uy, ..., U, where U; = log(X;)
which are i.i.d of density function u — M (u) = e*N(e"). In view of (3.34), the
purpose is first to propose an estimator for ¢* and then to apply the inverse Fourier
transform to obtain an estimator of g.

Let K a kernel function in LL?(R) such that its Fourier transform K* exists and
is compactly supported. A possible kernel is given by the sinus cardinal kernel
K(z) = % Define Ky(-) := ¢~ K(-/¢) for £ > 0. We set

ge=Ky¢xg.
From Equation (3.34) we have

cipy D)  A+R
9 = 3mr T 2R

Hence, a natural estimator of g*(&) is

o —

— aD*(&) A+R
* = — 4 ,
g (5) QR?W*(E) 2R

—

where M*(§) and D*(§) are unbiased estimators of M* and D* whose formulas are
given in the following Proposition.
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Proposition 3.3.6. Unbiased estimators of the Fourier transform M*(§) and D*(§)
are given by

6= igeiwﬂa (3.39)
D (@) = (—lg)% zn: LliE-1)U; (3.40)
j=1

Proof. Since

and

. oo
= N (e)

—i¢ | N(e“)e'“du = (—iﬁ)/ "N (e)elieDugy,
o R R

= (—lf) |: (i— 1)U1}7
then the unbiased estimators of the Fourier transform of M and D are given by
(3.39) and (3.40).
O

Since g; = K X g*, a natural estimator g, of g is such that its Fourier transform
takes the following form:

% * aﬁ@ ]IQ A+ R
g9e" () = K () x ( — ) (3.41)
2R M*(€) 2R
where ) = {|M*( )| > n_1/2} and —12_is the truncated estimator of ——:
M (€) M*(€)
]IQ %, if ‘M*( ’ >n71/2
— = M*(¢) (3.42)
M*(£) 0, otherwise.

Truncation is necessary to avoid explosion when |M*(£)| is closed to 0.

Deconvolution estimators with close forms have been studied in Comte and La-
cour [26, 27], Comte et al. [28], Neumann [87]. However, the difference and the
difficulty in our problem come from the fact that the regularities of g and h are
closely related to the functions M and D that solve the eigenvalue problem (3.32),
in particular through the Equation (3.34). This complicates the study of the rates
of convergence.

Finally, taking the inverse Fourier transform of ¢;*, we obtain

1

3w = 5= [ 1O de. (3.43
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Then the estimator of the division kernel h is given by

A~

he(v) =9 (log(7)), 7 € (0,1). (3.44)

3.3.4 Consistency for the L2-risk

This section is devoted to the theoretical study of the estimate gy. More precisely,
we establish the ILo-consistency of g, under a suitable choice of the bandwidth £.

Theorem 3.3.7. We suppose that Assumptions 3.5.1, 3.5.2 and 3.5.3 are satisfied
and the kernel bandwidth £ which depends on n satisfies liar_l ¢ =0. Provided that
n—-+0oo

.1 K7 (€€

. A 2]
lim E[llg - gll3] =o. (3.46)

3G

2
) =0, (3.45)
2

we have

n

Note that if M* is bounded from below by a positive constant on [0, 1] and if it
satisfies

% €]+ | .
M)~ e
then, Assumption (3.45) is satisfied if

=0 <n3+127) .

Proof. To prove Theorem 3.3.7 we rely on the following proposition which gives a
bias variance trade-off of the L2-risk of gy. In the sequel, the notation C' denotes a
positive constant which may change from line to line.

Proposition 3.3.8. Under Assumptions 3.3.1, 3.3.2 and 3.5.3 , there exists a pos-
itive constant C < +oo such that

E I6c — o18] < I1Kexg gl + SO0 (3.47)
h
o = [ | 5O
2 |, T 1@,

Proof. We have

ge — gll2 < llge — gll2 + |1ge — gell2-

The first term of the above r.h.s inequality is a bias term whereas the second is a
variance term. To control the variance term, we have by the Parseval’s identity and
by (3.41):
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1
A 2 - A~k % 2
ge — gell3 27ng‘ grlla

ol )

2

dg

- L Kz‘(s)[(“@ Lo aD() , aD(g) ARy

o7 g 2R jrg) 2RMY(§)  2RM'(§) 2R *9*(0}

2

1 — 1 1 s aD*(€) A+R .
-5 | |3pKi©D (5)(@52\5)—M*(g))+KZ(§)(2RM*(§) =g (©)| de

< eprE (e L[ o] oD@ A+R [
SC/R K (6D (f)(ﬂ) - @) d§+C/R|KZ(§) srars " a9 (@) €

=14+1I.

In the sequel, we deal with variance of complex variables. Note that for a complex
variable say Z, by distinguishing real and imaginary parts one gets that

Var(Z) = E[|Z - E(Z)]") = E[| 2] - [E[Z]]* <E[|Z]").

For the term II, because

. aD*(€)  A+R\| . aD*(€) A+ R
E(Kf(@ (2RM*(£)+ 2R )) - KZ(€)<2RM*(§)+ 2R )

= Ki(&)g"(©),

we have

aD* A+ R
E(II) = C/Var (K SR )—i- ¥ ))d§

< C/Var (K ) d&
5) lg . (ie-1)U.
<o, ‘ <£>| ( 2 )
;(€)E RO
: / ‘ <s>‘ )
HOE[ g [1,e-von? I —
: <«s>‘E[ s /RM*<0|E[€ Jae
2
. O K]
- ©)
since E[e~2Y1] < 400 thanks to the Proposition 3.3.5.
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We now set
1g 1

T M)

Then we get

<c e UKZ(@D*(&) ©

ae<e [ o e[l |

<c [ |k |’ |0 - E[D@)][|a©) ] ¢
2

E[|A ()] de

—I—C/‘Kg H D* ]
= TIT + V.

To control the term IV, we need the two following lemmas whose proofs are post-
poned in section 3.3.5.

Lemma 3.3.9. Let
1q 1

Then there exists a positive constant C, such that

» ) 1 n~P B
E{\A(g)ﬁ } <Cpmm{]M*(§)]2p’]M*(ﬁ)]‘lp} forp=1,2. (3.48)

Lemma 3.3.10. The ratio ‘ﬁ**(é))‘ 1s bounded:

9 R
gR<1+A+ ) VE ER.
(6%

2R

’ D*(¢)
M*(€)

Since D* is an unbiased estimator of D* using Lemma 3.3.9 we get
-1

e [ |kl [oo] e

Ol

Then using Lemma 3.3.10 we get

IVSC/R‘KZ(f)‘ R
ClE© |
=l s

For the term III, we have by applying Cauchy-Schwarz’s inequality and by
Lemma 3.3.9:
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1/2

meo [ el (s[5 -=5@] ) (2fael])

. 1/2
<c /R\Kz(s)ff( e - [““)Ul}z)

1 n—2 1/2
i d
X min { @ |M*<s>18} :

1/2

dg,

<o v (215

where Z;(€) = e(&-1U; — E{e(if_l)Ul}. Since Z1(§), ..., Zn(§) are independent cen-
tered variables with

E(|1Z1(6)["] < B[l VY] = E[e™*] < +oo,

by Proposition 3.3.5. Applying Rosenthal inequality to real and imaginary parts of
complex variables Z;’s, we get

< Cnt (nBZUO") + (nEZ:(©))) < Cn2,

Hence

2
c [ K@) C || K; (6|
w -/ ‘IMZ*(OIL =1 I

Finally, we obtain

C (| K (©E?
E[llge — grll3] < 1Ko x g~ gl5+ (' MA(&g)‘é

)2>_

This ends the proof of Proposition 3.3.8.

Let us go back to the proof of Theorem 3.3.7. Using (3.47), due to well-known
results on kernel density, the bias term converges to 0:

lim |[K,xg—gl3=

n—-+oo

and under the assumptions of the theorem we have for the variance term

ngrfoomfﬂfj(&)& 2+“]\I§[z(f) z> Ly

which completes the proof of Theorem 3.3.7.

80



3.3. ESTIMATION OF THE DIVISION KERNEL H(-)

3.3.5 Proof of technical lemmas

Proof of Lemma 3.3.9. This proof is inspired by the proof of Neumann [87]. We
will prove the result with p = 1. For p = 2, the proof is similar.

We divide into two cases: |M*(€)| < 2n~'/2 and |M*(£)| > 2n~'/2. Recall that
{|M*( )| > n~12 } and E[Aﬁ(\g)} = E[eiﬂh} = M*(€), we have:

2
21 119_12: o [ 19 Tge
Ella@r] =& UM*@ @l |~ || (M*(g) ’ M*(&)) ]
_ P |M*(€) - M*(©)]?
= argp TE|1e \WIQ\M*(S)IQI . (3.49)
i) If |[M*(€)] < 2n~1/2:
a1 E[T@ -
<
12OF] < e * — e
But
. 2
E UM*(g) — M*(&) ] = Var [M*( ] Var Ze‘fU]
< %Var (61§U1> < %E {|61£U1| ] = %
Hence we obtain
9 C ) 1 n1
BIAOF] < g < Cmm{rM*@)P’ IM*<£>!4}’ (350
since |M*(€)| < 2n~1/2.
i) If |M*(€)| > 2n~ /2
We first control the probability P(Q€),
—p (rM* 1/2) =P (JIF@) < M ()] - 1M (©) + )
<P (r O] > ()] - n72)
<P (JIFE) - M(©)] > PIE)2). (3.51)
Let Tj;(&) = elVs — E[eiwl}, then
M) - M) = S et - B[eih] = > S 1(6)
i=1 i=1
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We have
EU;

T1(&)] =

iU E[eigUl] <

o] <2

and
Var(T1(¢)) < E[|e" ] =1

Thus, we get by Bernstein inequality (see Massart [78])

P (A7) - M(©)] > M (©)]/2) < 2mas {exp (~ O o (- vzﬂ{(j@ﬂ)}
< 2exp ( — W)

16
nfl
< CW' (3.52)
We also have that
L rep ) - (m\@ — M*(9)) P
)2 M) M* ()2 M (E)[2 () 2

1 |M(E) — M* ()2

= { QR T ©PIM )P } ' (359

Thus, from (3.49), (3.51) and (3.53) we have:

n-1 M)~ M <5>|”
VAXE3] C ” +E |1q
B[] < {lMUl [ |2 (€) 2| M ()2

< C{ n! E“M*( )*M*(f”ﬂ U‘]@ M*(é)ﬂn}

G Ve 3 WRGK
(3.54)

To find an upper bound for E {|]\ﬁ(\§) —M*(§) |4] , recall that T;(¢) = e¢Vi —E {eigUl} .
Since T1(&), ..., T,(&) are independent centered variables with

E[T1(6)"] < E[le*1] =1
Thus we get by Rosenthal’s inequality applied to real and imaginary parts
Z T;(¢

<Cnt (nE[rT1<s>r |+ (nEIT(©)7])°) < On?

E[|M*() - M*(©)] =E

Thus, from (3.51) and (3.54) we get
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Furthermore
n—1

NEGERGI

since |[M*(€)| > 2n~'/2. Hence

9 . 1 nt
EUA@”]SCmm{MP@WWMNQH}

Combining the two cases, we obtain

9 . 1 nt
EUA@”]Scmm{MP@WWMNQH}

This ends the proof of Lemma 3.3.9.

O
Proof of Lemma 3.3.10. From equation (3.34) we have
D*(¢) 2R [, A+ R
< — —_ .
M%@L.a<m@»+2R>
Using the change of variable e* = x
. . Oo .
lg" ()| = ‘/ e”‘gg(u)du = / e‘“ge“h(e“)du = / e‘flogxh(az)dm
R R 0
1
S/ h(z)dz =1,
0
thus
D*(¢) S% 1+)\+R ,
M*(¢) « 2R
which completes the proof.
O

3.4 Perspective

In this chapter, we study a microscopic process which describes evolution of cells and
we study the large population limit that leads to obtain the PDE’s approximation
with a constant growth rate . A study in the case of non-constant growth rate
should be considered, then we expect to match the microscopic stochastic system
with the following growth-fragmentation equation:

—+00

Blym(t.y)h(Z) L.

on(t, ) + ady (g(x)n(t,x)) + B(x)n(t,z) =2 )7

0

Assuming B(z) = R and g(z) = 1, we have considered in Section 3.3 the problem
of estimating the kernel h based on the eigenvalue problem corresponding to the PDE
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above and have only proved the consistency of the proposed estimator. Hence, we
wish to establish rates of convergence and study optimality as well as adaptation for
the estimator § then for the estimator h. A natural approach would be the following;:
Starting from (3.33)

aD(u) + (A + R)M(u) = 2R(M * g)(u),

the first step would consist in estimating D with an estimate ﬁ, then M with an
estimate M and write (3.33) as

Y (u) = 2R(M % g)(u) + W (u), (3.55)

with observations

Y (u) := aD(u) + (A + R) M (u)

and "noise"
W(u) := a(D(u) = D(u)) + (A + R)(M(u) — M(u)).

By observing that (3.55) is quite similar to (1.3) studied by De Canditiis and Pensky
[30], Johnstone [69], Kalifa and Mallat [70], Kerkyacharian et al. [71] and Pensky
and Sapatinas [90], this problem could be dealt with by using tools proposed in these
papers. However, two difficulties arise:

1. The convolution operator g — M x g is only known up to some errors (since
M is estimated).

2. In the literature, minimax adaptation is studied under a smoothness condition
on the unknown function and under an asymptotic condition on the noise with
both conditions being independent. It’s not the case here since the smoothness
of g and the asymptotic behavior of W will both depend on smoothness of M
(and D). See Proposition 3.3.4 for more details. Observe that assuming that
M is smooth, say M belongs to a Sobolev space of parameter v, implies some
polynomial decay of its Fourier transform. In view of (3.34), since smooth-
nesses of M and D are closely related, this implies some intricate conditions on
the function g, leading to a non-obvious control of the bias term || K;xg—g||3 in
inequality (3.47). In particular g cannot belong to a Sobolev class if asymptot-

ically the ratio ]\lz;((?) is not equivalent to —(A + R)/a. The study of adaptive
minimax rates of convergence is a work in progress.

Finally, it is worth generalizing the problem of estimating A to the case where the
division kernel and the growth rate are functions of size of cells.

84



Adaptive wavelet multivariate regression with
errors in variables

Contents

4.1 Introduction . ... ... ... ...t 85
4.2 The estimation procedure . ... .............. 87
4.2.1 Technical conditions . . . . .. .. .. ... .. .. ... 88
4.2.2  Approximation kernels and family of estimators for p. . . . 89

4.2.3 Selection rule by using the Goldenshluger-Lepski method-
ology . . . .. 90
4.3 Rates of convergence . .. ... ... ..o 92
4.3.1 Oracle inequality and rates of convergence for p(-) . . . .. 92
4.3.2 Rates of convergence for m(-) . . . ... ... .. ... 93
4.4 Numericalresults ... ........ ..., 94
4.5 Proofs . ... . . i e e e e e e 97
4.5.1  Proofs of theorems . . . . ... ... ... ... 97
4.5.2 Statements and proofs of auxiliary results . . . . . ... .. 101
4.6 Perspective . . . . . . i i i it e e e e e e e e 124

This chapter is a version of the paper Adaptive wavelet multivariate regression
with errors in variables (Chichignoud et al. [23]) written in collaboration with
Michagl Chichignoud (Winton Capital Management), Thanh Mai Pham Ngoc (Uni-
versité Paris Sud) and Vincent Rivoirard (Université Paris Dauphine), submitted
for publication, in minor revision.

4.1 Introduction

We consider the problem of multivariate nonparametric regression with errors in
variables. We observe the i.i.d dataset

(Wlayi)a ey (WnaYn)
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where
Y =m(X)) + &

and

Wiy =X+ dy,

with Y¥; € R. The covariates errors ¢§; are i.i.d unobservable random variables having
error density g. We assume that g is known. The §;’s are independent of the X;’s
and Y;’s. The ¢;’s are i.i.d standard normal random variables, independent of the
X’s with variance s? which is supposed to be known. We wish to estimate the
regression function m(z), z € [0,1]¢, but direct observations of the covariates X;
are not available. Instead due to the measuring mechanism or the nature of the
environment, the covariates X; are measured with errors. Let us denote fx the
density of the X;’s assumed to be positive and fy the density of the W’s.

Use of errors-in-variables models appears in many areas of science such as medicine,
econometry or astrostatistics and is appropriate in a lot of practical experimental
problems. For instance, in epidemiologic studies where risk factors are partially ob-
served (see Fan and Masry [46], Whittemore and Keller [109]) or in environmental
science where air quality is measured with errors (Delaigle et al. [31]).

In the error-free case, that is d; = 0, one retrieves the classical multivariate non-
parametric regression problem. Estimating a function in a nonparametric way from
data measured with error is not an easy problem. Indeed, constructing a consistent
estimator in this context is challenging as we have to face to a deconvolution step
in the estimation procedure. Deconvolution problems arise in many fields where
data are obtained with measurement errors and has attracted a lot of attention in
the statistical literature, see Meister [79] for an excellent source of references. The
nonparametric regression with errors-in-variables model has been the object of a lot
of attention as well, we may cite the works of Fan and Masry [46], Fan and Truong
[47], Toannides and Alevizos [64], Koo and Lee [72], Meister [79], Comte and Taupin
[29], Chesneau [22], Du et al. [42], Caroll et al. [18], Delaigle et al. [31]. The litera-
ture has mainly to do with kernel-based approaches, based on the Fourier transform.
All the works cited have tackled the univariate case except for Fan and Masry [46]
where the authors explored the asymptotic normality for mixing processes. In the
one dimensional setting, Chesneau [22] used Meyer wavelets in order to devise his
statistical procedure but his assumptions on the model are strong since the cor-
rupted observations W; follow a uniform density on [0,1]. Comte and Taupin [29]
investigated the mean integrated squared error with a penalized estimator based on
projection methods upon Shannon basis. But the authors do not give any clue about
how to choose the resolution level of the Shannon basis. Furthermore, the constants
in the penalized term are calibrated via intense simulations.

In this chapter, our aim is to study the multidimensional setting and the point-
wise risk. We would like to take into account the anisotropy for the function to
estimate. Our approach relies on the use of projection kernels on wavelets bases
combined with a deconvolution operator taking into account the noise in the covari-
ates. When using wavelets, a crucial point lies in the choice of the resolution level.
But it is well-known that theoretical results in adaptive estimation do not provide
the way to choose the numerical constants in the resolution level and very often lead
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to conservative choices. We may cite the work of Gach et al. [51] which attempts to
tackle this problem. For the density estimation problem and the sup-norm loss, the
authors based their statistical procedure on Haar projection kernels and provide a
way to choose locally the resolution level. Nonetheless, in practice, their procedure
relies on heavy Monte Carlo simulations to calibrate the constants. In our paper the
resolution level of our estimator is optimal and partially data-driven. It is automat-
ically selected by a method inspired from Goldenshluger and Lepski [53] to tackle
anisotropy problems. This method has been used recently in various contexts (see
Doumic et al. [39], Comte and Lacour [27] and Bertin et al. [14]). Furthermore,
we do not resort to thresholding which is very popular when using wavelets and our
selection rule is adaptive to the unknown regularity of the regression function. We
obtain oracle inequalities and provide optimal rates of convergence for anisotropic
Holder classes. The performances of our adaptive estimator, the negative impact of
the errors in the covariates, the effects of the design density are assessed by examples
based on simulations.

The chapter is organized as follows. In Section 4.2, we describe our estimation
procedure. In Section 4.3, we provide an oracle inequality and rates of convergences
of our estimator for the pointwise risk. Section 4.4 gives some numerical illustrations.
Proofs of Theorems, propositions and technical lemmas are to be found in Section
4.5.

Notation Let N={0,1,2,...}and j = (ji,...,5q) € N, we set S; = Zle ji and
for any y € R?, we set, with a slight abuse of notation,

Wy = (2, ..., 2dy,)
and for any k = (ki,--- ,kq) € Z4,

S;

. s; .
hjr(y) =22 h(2y — k) = 2% h(2hyy — k1, ..., 2y — kyg),

for any given function h. We denote by F the Fourier transform of any Lebesgue
integrable function f € L;(R%) by

FHO = [ e fw)dy, teR

where < .,. > denotes the usual scalar product.

For two integers a, b, we denote a A b := min(a,b) and a V b := max(a,b). And
ly] denotes the largest integer smaller than y : |y| <y < |y]| + 1.

4.2 The estimation procedure

For estimating the regression function m, the idea consists in writing m as the ratio

_ m(z)fx(z)

d
m(x) = @) xz € [0,1]%
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In the sequel, we denote
p(z) == m(z) X fx(z).

First, we estimate p, then fx. Since estimating fx is a classical deconvolution prob-
lem, the main task consists in estimating p. We propose a wavelet-based procedure
with an automatic choice of the maximal resolution level. Section 4.2.2 describes the
construction of the projection kernel on wavelet bases depending on a maximal res-
olution level. Section 4.2.3 describes the Goldenshluger-Lepski procedure to select
the resolution level adaptively.

4.2.1 Technical conditions

To facilitate the presentation, we collect in this subsection all the conditions that
we need to ensure the existence of all quantities defined throughout the chapter.

First, some conditions are imposed on the regression function m and the design
density fx. We suppose that

me Mm)={S:[0,1]9 5 R: [|S]loo < m}, m >0, (4.1)

and
fx € M(d) = {f density on [0,1]¢ and || f||sc <0}, 2 > 0. (4.2)

Futhermore, there exists C; > 0 such that for any = € [0,1]%, fx(z) > C;. We
also suppose that m - fx and F(m - fx) € Li(R?).

To derive rates of convergence as we have to face a deconvolution step, we need
some assumptions on the smoothness of the density of the errors covariates g. We
suppose that

I
13-
Pl

and there exist positive constants ¢, and Cy such that

A+t)™", v>0, HeR  (4.3)

=

d
e L1+ 1) < 1Fl9)0)] < €,

=1

We require a supplementary condition on the derivative of the Fourier transform
of g. There exists a positive constant C, such that

d
|F'(9) H 1+t teR. (4.4)

Laplace and Gamma distributions satisfy the Assumptions (4.3) and (4.4) above.
Assumptions (4.3) and (4.4) control the decay of the Fourier transform of each
components of g at a polynomial rate controlled by the degree of ill-posedness v.
Hence we deal with a midly ill-posed inverse problem.
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We consider a father wavelet ¢ on the real line satisfying the following conditions:

e (A1) The father wavelet ¢ is compactly supported on [—A, A], where A is a
positive integer.

e (A2) There exists a positive integer N, such that for any =

/Zsﬁl‘* oy — k) (y — x)'dy = 6os, £=0,...,N.
keZ

o (A3) ¢ is of class C", where r > v + 2.

Conditions (Al), (A2) and (A3) are satisfied for instance by Coiflets wavelets
(see Hardle et al. [56], chapter 8). Condition (A3) has already been encountered
in the literature (see condition (A2) in Fan and Koo [45]). In particular, Condition
(A3) is useful to prove Lemma 4.5.12.

4.2.2 Approximation kernels and family of estimators for p
The associated projection kernel on the space

Vj = span{pji, k € Zd}, je N¢,
is given for any = and y by

Z @]k (ij

where for any =,

Jl

Pjk(z 22 (20 — k), jeN kezl

||’:]&

Therefore, the projection of p on V; can be written for any z,
pj(z) = /K z y dy — ijksojk )

with

Pk = / p(y) ik (y)dy.

First we estimate unbiasedly any projection p;. Secondly to obtain the final
estimate of p, it will remain to select a convenient value of j which will be done in
Section 4.2.3. The natural approach is based on unbiased estimation of the projection
coefficients p;;. To do so, we adapt the kernel approach proposed by Fan and Truong
[47] in our wavelets context. To this purpose, we set

5 n d  FroAy
A 2% 1 ooy FR0
- Y - Yu i<t,22 Wy —k> RS ALY
Pik Z < (Dje)j (W) ~ @2n)in uz::l /6 ll;[l Fla) @) "
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ZZY X (D) (W) sk (@),

k u=1

where the deconvolution operator D; is defined as follows for a function f defined
on R

(2710 / *l<tw>H éjlil dt,w € R (4.5)

Lemma 4.5.6, proved in Section 4.5.2 states that E[ﬁ](x)] = pj(z) which justifies
our approach. Furthermore, the deconvolution operator (D;f)(w) in (4.5) is the
multidimensional wavelet analogous of the operator K, (z) defined in (2.4) in Fan
and Truong [47]: the Fourier transform of their kernel K has been replaced in our
procedure by the Fourier transform of the wavelet ¢;; and their bandwith h by
277. Eventually, our estimator is well-defined. Indeed, using Lemma 4.5.11 and
assumption (4.3) we have that

S Flo)t)
121_11 Fg1)(271t;)

(Djf)(w) =

d d
<CIIA+la) @+ 2" < o2% [T +[ul)”
=1 I=1

which is integrable using condition (A3).

Note that the definition of the estimator p;(z) still makes sense when we do not
have any noise on the variables X; i.e g(z) = do(z) because in this case F(g)(t) = 1.

4.2.3 Selection rule by using the Goldenshluger-Lepski methodol-
ogy

The second and final step consists in selecting the multidimensional resolution level
j depending on x and based on a data-driven selection rule inspired from a method
exposed in Goldenshluger and Lepski [53]. To define this latter we have to introduce
some quantities. In the sequel we denote for any w € R?,

Tj(w) := Y (Dj)jk(w)pjk(z)

k

and

=y (Dje)j(w) () =y x Tj(w),

k

so we have

S\H

Z (Y, W).

Proposition 4.5.1 in Section 4.5.2 shows that p;(x) concentrates around p;(x). So the
idea is to find a maximal resolution j that mimics the oracle index. The oracle index
minimizes a bias variance trade-off. So we need an estimation of the bias-variance
decomposition of ﬁj( x). We denote 0 = Var(U;(Y1,W1)) and the variance of p; is

thus equal to L. We set :
57 = S (U (Y, W) — U (Y, WR))2, (4.6)
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and since E(& ]) = 032, 0]2 is a natural estlmator of 0 . To devise our procedure, we

introduce a slightly overestimate of a given by:

logn logn
525 = 62 + 20/ 276221 4 850381, (4.7)
where 4 is a positive constant and
Cj = (m+ sv/27logn) 7).
For any € > 0, let v > 0 and
, 2y(14¢)d7logn  cijylogn
n n
where
cj =16 (2m+ s) [|T}||oo-
Let
05,57 =T5() + Ty (G A J),
and
I5(4) = sup Ty (4, 5"). (4.8)
Jl
We now define the selection rule for the resolution index. Let
Rj:= Sup{ ‘ﬁj/\j’ ’— (7' J } +I750)- (4.9)
.]/
Then p;(z) is the final estimator of p(z) with 7 such that
7 = argmin R], (4.10)

jeJ

where the set J is defined as

J::{jGNd: 253<{ " J} (4.11)
log?n

Now, we shall highlight how the above quantities interplay in the estimation of the
risk decomposition of p;. An inspection of the proof of Theorem 4.3.1 shows that a
control of the bias of p; is provided by :

sup { [piny () = ()] - T
7 +

The term [pja;(x) — pjr| is classical when using the Goldenshluger Lepski method
(see Sections 2.1 and 5.2 in Bertin et al. [14]). Furthermore for technical reasons

)
(see proof of Theorem 4.3.1), we do not estimate the variance of p;(x) by %J but we
replace it by F% (7). Note that we have the straightforward control

. . [logn logn
FW(J)SC(Uj\/nJF(CjﬂLCj) - )7
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where C' is a constant depending on ¢, 4 and 7. Actually we prove that F,QY (7) is of
order 105 "0]2- (see Lemma 4.5.9 and 4.5.13). The dependence of &?ﬁ (4.7) in m appears
only in smaller order terms. In conclusion, up to the knowledge of m the procedure
is completely data-driven. Next section explains how to choose the constants v and

4. Our approach is non asymptotic and based on sharp concentration inequalities.

4.3 Rates of convergence

4.3.1 Oracle inequality and rates of convergence for p(-)

First, we state an oracle inequality which highlights the bias-variance decomposition
of the risk.

Theorem 4.3.1. Let g > 1 be fized and let j be the adaptive index defined as above.
Then, it holds for any v > q(v + 1) and 5 > 2q(v + 2),

d

B(n) = max <s;1,p E [y (0)]  E [p3(2)]

(@)~ p(a)['] < Ry (n%ﬂa (B + Pm}q]) + Ryn e,

where

Ry a constant depending only on q and R a constant depending on s, m, 9, ¢, cg,
Cy and .

The oracle inequality in Theorem 4.3.1 illustrates a bias-variance decomposition
of the risk. The term B(n) is a bias term. Indeed, one recognizes on the r.h.s the
classical bias term

|[E[py(2)] — p(2)] = Ipy(2) — p(2)].

Concerning ‘E [ﬁn/\j’ (x)} —-E {ﬁj/ (x)}
the univariate case : if j/ <7 this term is equal to zero. If j/ > 7, it turns to be
E [5y(@)] —E [ @)] | = Ipa(@) = py (@)] < Ipy() = p(@)] + by (@) — p(a)]

As we have the following inclusion for the projection spaces V,, C Vj/, the term
pjr is closer to p than p;, for the Lo-distance. Hence we expect a good control of

Ipj:(x) — p(x)| with respect to |py,(x) — p(x)|.

, for sake of clarity let us consider for instance

We study the rates of convergence of the estimators over anisotropic Hoélder
Classes. Let us define them.

Definition 4.3.2 (Anisotropic Holder Space). Let B = (B1,B2,...,04) € (Ri)d and

L > 0. We say that f :[0,1]¢ - R belongs to the anisotropic Holder class Hgy(j, L)
of functions if f is bounded and for any [ = 1,...,d and for all z € R

atﬂzjf 8L51Jf

(@1, T 2y 3g) = T (X1, Ty 3a)| < LA
oz PE

sup
z€[0,1]4
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The following theorem gives the rate of convergence of the estimator ﬁj (z) over
anisotropic Hoélder space.

Theorem 4.3.3. Let ¢ > 1 be fized and let j be the adaptive index defined in (4.10).
Then, if for any l, | 5| < N and L > 0, it holds

sup B [p;(2) — p(a)|" < L2 Ry
peHq(B,L)

i

q(2v+1) <logn>q»5/(25+2l/+1)

with = ﬁ and Ry a constant depending on v, q,7,m,0, s, ©, cg,Cg,g.
1 d

4.3.2 Rates of convergence for m(-)

As mentioned above, the estimation of m requires an adaptive estimate of fx. This
is due to kernel estimators, e.g. projection estimators do not need an additional
estimate (see Bertin et al. [14]). For this purpose, we use an estimate introduced by
Comte and Lacour [27] (Section 3.4) denoted by fx. This estimate is constructed
from a deconvolution kernel and the bandwidth is selected via a method described
in Goldenshluger and Lepski [53]. We will not give the explicit expression of fx for
ease of exposition. Then, we define the estimate of m for all z in [0, 1]¢ :

() = W (4.12)

The term n~ /2 is added to avoid the drawback when fX is closed to 0.

Theorem 4.3.4. Let g > 1 be fixed and let m defined as above. Then, if for any l,
|B1) < N and L >0, it holds

sup E |(z) — m(x)|? < L25+2+1 Ry
(m.fx)€Ha(B,L)xHa(B.L)

)

q(2v+1) <logn>q5/(25+2u+1)

with Rs a constant depending on v, q,7,m,s,0, @, cg,Cg,g.

Next Theorem gives a lower bound for the pointwise risk:

Theorem 4.3.5. Let g > 1, L > 0 and for any l, |5;] < N. Then for any estimator
m of m and for n large enough we have

sup E|i(z) — m(x)|? > Ryn~98/(28+2v+1)
(m,fx)€Hq(6,L)xHq(5,L)

with Ry a positive constant depending on 3, L,s, CyandCy.

Consequently, the estimate /m achieves the optimal rate of convergence up to a
logarithmic term.
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4.4 Numerical results

In this section, we implement some simulations to illustrate the theoretical results.
We aim at estimating the Doppler regression function m at point xg = 0.25 (see
Figure 4.1). We have n = 1024 observations and the regression errors ¢;’s follow
a standard normal density with variance s? = 0.15%2. As for the design density of
the X;’s, we consider Beta densities and the uniform density on [0, 1]. The uniform
distribution is quite classical in regression with random design. The Beta(2,2)
and Beta(0.5,2) distributions reflect two different behaviors on [0,1]. Indeed, we
recall that the Beta density with parameters (a,b) (denoted here by Beta(a,b)) is
proportional to z¢~1(1 — x)b_l]l[o’l] (z). In Figure 4.2, we plot the noisy regression
Doppler function according to the three design scenario. For the covariate errors
0;’s, we focus on the centered Laplace density with scale parameter o4, > 0 that we
denote gr. This latter has the following expression :
1 sl

e 9L,

gr(x) =

204,
The choice of the centered Laplace noise is motivated by the fact that the Fourier
transform of gy, is given by

1

Flgr)t) = m»
gL

and according to Assumption (4.3), it gives an example of an ordinary smooth noise
with degree of ill-posedness v = 2. Furthermore, when facing regression problems
with errors in the design, it is common to compute the so-called reliability ratio (see
Fan and Truong [47]) which is given by

R Var(X)
" Var(X) 4202,

R, permits to assess the amount of noise in the covariates. The closer to 0 R,
is, the bigger the amount of noise in the covariates is and the more difficult the
deconvolution step will be. For instance, Fan and Truong [47] chose R, = 0.70. We
computed the reliability ratio in Table 4.1 for the considered simulations.

Ogr, design of the X;

U[0,1] Beta(2,2) Beta(0.5,2)
0.075 | 0.88 0.81 0.80
0.10 | 0.80 0.71 0.69

Table 4.1: Reliability ratio.

We recall that our estimator of m(x) is given by the ratio of two estimators (see
(4.12)) :

p;(x)
fX(x) V12

i(z) = (4.13)
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First, we compute p;(x) an estimator of p(z) = m(z) X fx (z) which is denoted "GL'
in the graphics below. We use coiflet wavelets of order 5. Then we divide ﬁj(x) by
the adaptive deconvolution density estimator fx (z) of Comte and Lacour [27]. This
latter is constructed with a deconvolution kernel and an adaptive bandwidth. For

the selection of the coiflet level ; in p;(x), we advise to use 62 instead of &2

J I
w instead of ¢;. It remains to settle the value of the constant 7. To do

so, we compute the pointwise risk of ﬁj(x) in function of v: Figure 4.3 shows a clear
"dimension jump" and accordingly the value v = 0.5 turns to be reasonable. Hence
we fix v = 0.5 for all simulations and our selection rule is completely data-driven.

and

(a) (b) ()

Figure 4.1: a/ Representation of Doppler function. b/ A zoom of Doppler function
on [0.15,0.30]. ¢/ A zoom of Doppler function on [0.80, 1].

(a) (b) (c)

Figure 4.2: a/ Noisy Doppler with X; ~ #[0,1]. b/ Noisy Doppler with X; ~
Beta(2,2). ¢/ Noisy Doppler function with X; ~ Beta(0.5,2).

Ogr, design of the X;
U[0,1] Beta(2,2) Beta(0.5,2)
0.075 | 0.0144 0.0204 0.0071
0.10 | 0.0156 0.0206 0.0072

Table 4.2: MAE of 7(z) at zg = 0.25

95



CHAPTER 4. ADAPTIVE WAVELET MULTIVARIATE REGRESSION WITH
ERRORS IN VARIABLES

Pointwise risk

Figure 4.3: Pointwise risk of ]53. at g = 0.25 in function of parameter ~ for the
Beta(2,2) design and o4, = 0.075.

u[o, 1] Beta(2,2) Beta(0.5,2)

003 004 005 006
L L L L

o002
L

000 001
L L

003 004 005 006
L L L L

og;, = 0.10

o002
L

000 001
L L

ooooo

Figure 4.4: Estimation of p(z) at zo = 0.25

Boxplots in Figure 4.4 summarize our numerical experiments. Theorem 4.3.1
gives an oracle inequality for the estimation of p(x). We compare the pointwise risk
error of p;(z) (computed with 100 Monte Carlo repetitions) with the oracle risk one.
The oracle is pj, ... with the index jorqce defined as follows:

joracle ‘= arg min ’ﬁj (gj) - p(l‘)‘
jeJ

In Table 4.2, we have computed the MAE (Mean Absolute Error) of 7 (z) over
100 Monte Carlo runs.
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Oy design of the X, o4 design of the X;

U[0,1] Beta(2,2) Beta(0.5,2) U[0,1] Beta(2,2) Beta(0.5,2)
0.075 | 0.3461  0.5312 0.3445 0.075 | 0.2153  0.3429 0.5130
0.10 | 0.3668  0.5493 0.3589  0.10 | 0.2191  0.3453 0.5293

Table 4.3: MAE of m(x) at the points very closed to 0 and 1: on the left: xg = 0.01
and on the right: zg = 0.98.

We shall make a remark on the choice of Beta distributions. Beta densities are
bounded from below on any compact included in [0,1]. One can see in Table 4.3
that the performances are very bad at points very closed to 0 and 1, in particular
zo = 0.01 and g = 0.98.

Our performances are close to those of the oracle (see Figure 4.4) and are quite
satisfying at g = 0.25. When going deeper into details, increasing the Laplace noise
parameter oy, deteriorates sligthly the performances. Hence it seems that our pro-
cedure is robust to the noise in the covariates and accordingly to the deconvolution
step. Concerning the role of the design density, when considering the Beta(0.5,2)
distribution, we expect the performances to be better not too far from 0 as the
observations tend to concentrate near 0. Indeed, this phenomenon is confirmed by
Table 4.2.

4.5 Proofs

4.5.1 Proofs of theorems

This section is devoted to the proofs of theorems. These proofs use some propositions
and technical lemmas which are respectively in Section 4.5.2 and 4.5.2. In the sequel,
C is a constant which may vary from one line to another one.

Proof of Theorem 4.3.1.

We firstly recall the basic inequality (a1 +--- + ap)? < p?*(af 4 --- + a) for all
a,...,ap € Rﬁ, p € Nand ¢ > 1. For ease of exposition, we denote ]33(:17) = ]33.. So,
we can show for any n € N%:

b; —p(ﬂﬂ)‘ < ’ﬁ“ _153'/\77‘ + ‘ﬁim _ﬁ”’ + 1Py = p(@)]

\pw B3| = T Gom) + Ty Gy m) + B0 = | = T (0, 5) + T (0, ) + By — p(a)]
< [Byn = B3] = Do Gom) + T (1,3) + |50 = | = Ty (0.3) + T (Gm) + [y — p(a)|
< Byng = B3] = Do Gm) + T5(0) + B30 — Bu| = Ty (0.3) + T5G) + [y — p(@)]
< Ry + R; + |py — p(=)
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By definition of 7, we recall that ]A%j. <inf, ]%77 and

R, < sup{ [Diny — Elpjng]| = T (G A jl)} +sup { by — Elpy]| - FV(J‘/)}
Jig’ + 7 *
+ sup [E[pyngr] — Elpy ]| + T3 ().
j,
Hence
'ﬁ; - P(I)‘ <2 Sup{ ’ﬁjw" —Epjnyl| =T 0 /\j/)}
3.’ +

1,00} sup[Elpyny] Bl
+ 7

+ sup { by — Eliy]
Jl

+ 205 (0) + [Elp,] - p(o)] +sup { oy — Blpy )| 1,1} +T300)
J +

, |IE]577 —p($)|), we get

By definition of B(n) = max <Supj, Epypjr — Epjr

-1, 05

P; —P(CU)’ <2 S}IP{ ‘ﬁj/\j’ —E[pjny]
33’ +

+ ssup {5y~ Blpy)[ =15} + 3B(n) + 330

Consequently

q

-1,01)

Jr

—n@m@}i)-

p; — pla)|" <3 ([B<n> + 5 ()] + sup { by — Epy
J

+ Sllp { ‘ﬁ]/\j’ — Eﬁ]/\]/
73’

Using Proposition 4.5.4, we have

E

B~ v <C (E {(3(77) + Ti(n))qD + Rin .
Then, we get

E

p;— ()| <R <ing [(B(n) + r:(m)qD + Rin,

where R; is a constant only depending on ¢ and R} a constant depending on m, 0,
s, ¥, ¢g, Cy.
O
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Proof of Theorem 4.3.3.

The proof is a direct application of Theorem 4.3.1 together with a standard bias-
variance trade-off. We first recall the assertion of this theorem:

E [ﬁ;(m) —p<x>\q] <C (ing [(B<n> + F:<n>)q]) + Rin,

For the bias term, we use Proposition 4.5.5 to get:

d
B(n) < CLY 27" for alln € J.
=1

Now let us focus on E {ny(n)q}. We have

q
2y(1+¢)525logn ¢ ylogn
E[L,()7] = E \/ Pyslogn | el

q
_ 29(14¢)logn\? .. cnylogn 1
1 q n
< 29 ( Elo) 5] +

n

3 q
< ¢ logn 92Syw+S)4 [ € logn
— n n )

using Lemma 4.5.9. But

e =16 (2m + 5) | Ty [|oo < C257+50,

using Lemma 4.5.13. Hence

3 q
E[C ) < | (1B7)" g@siwrsng | (187) o(siss,)a
Y = n -

We have

q q
logn | ? 2(25,,1/—!-5'77)% > logn Q(SnV+Sn)Q<:>25n < o
n = ~ logn’

which is true since by (4.11), 2% < 13

This yields

9(25,0+5,) | 3
E[[* (n)7] <o< Toreen)

- n

Eventually, we obtain the bound for the pointwise risk:

q

d

2(2Spr+Sn) |

ﬁj((]?) —p(l’)’q <C I%f LZz*Tilﬁl +\/ n T: Og(n) _i_R/ln*Q_
=1
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Setting the gradient of the right hand side of the inequality above with respect to 7 it

turns out that the optimal 7; is proportional to 1022 m(log L+ % log(ﬁ)),

which leads for n large enough to
Bq

a(2v+1) (log(n)) 2542011
n

pi(a) — p(x)‘q < L23+20+1 Ry

E

)

with Ry a constant depending on v, q,&,%,m, 5,0, ¢, cg,Cq, E The proof of Theorem
4.3.3 is completed.

O]

Proof of Theorem 4.3.4.

We recall that m(z) = flj((g) and Mm(z) = #(2)71/2

properties of the adaptive estimate fx showed by Comte and Lacour [27] (Theorem
2): for all ¢ > 1, all B € (0,1]%, all L > 0 and n large enough, it holds

P(B1) =P (|fx (@) - fx(@)| > Con(B)) <n™2, (4.14)

We now state the main

and

P (Ifx(2) ~ fx(@)] < Cn) =1, (4.15)

where ¢y, (5) = (log(n)/n)ﬁ/(25+2u+l). Although the construction of the estimate
fX(x) depends on ¢, we remove the dependency for ease of exposition (see Comte
and Lacour [27] Section 3.4 for further details). From (4.14), we easily deduce, since
fx(z) > C1 > 0, for n large enough that

P(Ey) =P (fx(a:) < C;) <n~%, (4.16)
We now start the proof of the theorem. We have together with (4.15)
. p;(x) p(x
(z) - m(a)| = | 2D
fx(@)vn-12 fx(x)
- i) pla) p(z) _ p(a)

fx(@)vn=12  fx(z)Vn-1/2 fx(x)vn-1/2  fx(z)
(fx(@) vn=2) — fx(x)

Fx (@) (fx () vn-1/2)

IN

+ lImllooll fx oo

n—1/2

= Ar + [lmloo | fx [ oo Az-

Control of E[AY]. Using Cauchy-Schwarz inequality and the inequality fX(x) Vv
n~Y2 > n=Y2 we obtain for n large enough

E[A]] = E[A{1 ;] + E[A{1E,]
< E[A{1gg] + \E[A}"]\/P(Ey)
b)) 92 e

< cE| By~ p(a)|”*| VB ().

100



4.5. PROOFS

Then, using Theorem 4.3.3 and (4.16), we finally have E[AY] < C¢%(p).

Control of E[AJ]. Using (4.15) and the inequality fy (z)Vn~2 > n~1/2 it holds
for n large enough

E[A]] < E[A{1 penps] + E[A(LE, + 15,)] < E[ASL penps] + CrPV2(P(Ey) + P(Ey)).

-,

Then, using the definition of Ay, (4.14) and (4.16), we obtain E[A1] < C¢%(3).
Eventually, by definitions of A; and As, the proof is completed and

E[|m(z) — m(x)|?] < C(E[A]] + E[A]]) < [ Rs (bifn)

) qB/(25+2r/+1)

where R3 is a constant depending on v, q,&,5,m, 5,0, ¢, ¢, Cy, ﬁ This completes the
proof of Theorem 4.3.4.

O]

Proof of Theorem 4.3.5.

Following Meister [79], the proof is straightforward. Indeed, for the regression prob-
lem with errors in variables in dimension 1, Theorem 3.5 in Meister [79] proves a
lower bound in probability for the pointwise risk which claims that the minimax

rate is n_%fifvﬂ for Holder class of index § and degree-of-ill-posedness v. Following
step by step the proof of Theorem 3.5 in Meister [79] in dimension 2 (the extension
to general case can be easily deduced), one obtains the lower bound of Theorem
4.3.5. Meister uses densities such as Cauchy distributions which admit multivariate
counterparts.

O]

4.5.2 Statements and proofs of auxiliary results

This section is devoted to statements and proofs of auxiliary results used in Section
4.5.1.

Statements and proofs of propositions
Let us start with Proposition 4.5.1 which states a concentration inequality of p;
around p;.

Proposition 4.5.1. Let j be fixed. For any u > 0,

2024 .
P | 1pj(x) — pi(a)] > | =L+ L | <27, (4.17)
n n

where
o3 = Var(Y1T;(Wh)).
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For any 4 > 1 we have for any € > 0 that there exists Ry only depending on 4 and
€ such that

P(o; > (1+8)655) < Ran™7,
&JQ',*? being defined in (4.7).

Proof.
First, note that

1 n n

pi(e) =D hinpn(a) = - DY) (D) (W) pju(e) = % > U (Y, Wh).
k

=1 k =1

To prove Proposition 4.5.1, we apply the Bernstein inequality to the variables
U;(Y;, W) — E[U;(Y;, W))] that are independent. Since,

U; (Y, Wi) = YiT;(Wh),

and
E [e,T;(W1)] =0,

we have for any ¢ > 2,

\E

Ay =) E[U;(Y, Wh) — E[U; (Y, W)]|]

-~
Il

1

I
NE

E [|m(X)Ty (W) + T3 (W) — Em(X)T(W))IY] . (4.18)

N
Il
—

With ¢ = 2,

Ay = S EIU (Y W) — U (Vi W)
=1
— nVar(WTy(0)

nE[(m(X1)T;(W1) + e T;(Wi) — E[m(X1)T;(Wh)])’]
= nE[EiT}(Wh)] + nVar(m(X,
= n (SQE[Zf(Wl)] + Var(m(X,

Now, for any ¢ > 3, with Z ~ N(0,1),

Ay < n297H (Em(X0)T(Wh) — E[m(X) T (W))|9 + Ef|ed T;(Wh)]9])

< 027 (E[lm(X1)T3(Wh) — E[m(X0)T;(Wh)]|%) + sTE[| Z|“E[| T;(W1) )

< n20 (Ellm(X0)T;W1) — Efm(X0)T;(W1)]19) + sE] 2B (W) 75114 2)
Furthermore,

E[lm(X1)T;(Wh) — E[m(X1)T;(W1)]|%]
< E[(m(X1)T;(W1) = E[m(X1)T;(W1)])*] x (2lmlloc| T o)~
= Var(m(X1)T;(W1)) x (2]m/loo||Tjlo0) "~
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Finally,

Ay < 20 D152 (Var(m(X1)T;(Wh)) x (2llmllee)?=2 + s“E[| Z|TE[T2(W1)])

IN

n20 Y7514 %E(1 217 (Var (m(X1)T; (W) x (2llml|o)?~2 + s"E[T](W1)])

IN

n20 Y| 75145 2E(| 2|7 (Var (m(X1)T; (Wh) + s*E[T7 (W1)])
x ((2llmllo)2 + 5772)
27T Bl 217 x A x (2m]loe +5)"2.

IN

Besides we have (see page 23 in [66]) denoting I" the Gamma function

24/2 1
B(12]7 = Z=T (‘i) < 99/29-1/201 < 9la-1)/2g (4.19)
as ﬁ < % and F(q;r—l) <T(¢g+1)=4¢q! So, for ¢ > 3,

Ay < 27N T2 D21 x Ay x (2]m|es + 5)1 7

3

q' q—1 CI*2
< $ oy x (2T o Qi +5))

3q—1
The function 2%3:;) is decreasing in ¢. Hence for any ¢ > 3, 2302 < 16. Thus
q! q—2
A, < 3 X Ay x 177, (4.20)

with
¢j = 16||Tj||oo (2m + s).

We can now apply Proposition 2.9 of Massart [78]. We denote fy the density of the
W;’s. We have

BITAWh)) = [ THw)fw(w)du
< Il T3 8,

since the density fy is the convolution of fx and g, || fwlco = [|/x * 9l < || fx 0o
We have

N

Var(m(X)Ty(W1) < Elm®(X0)T2 (W)
< mils [ T v (w)du
< ool T3
Therefore, with
o7 = % = Var(Y1T;(Wy)), (4.21)
0} = OEEITA(WA)] + Var(m(X1)T5(W1)) (1.2)

2| £x oo T3 13 + llmll3o | fx oo I Z5113
1 x oo T3 113 (5 + llmli3o)-

VANVAN
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We conclude that for any u > 0,

2024 .
P | 1pj(x) — pi(a)] = | =2+ L0 | <27 (4.23)
n n

Now, we can write

7= L 1)g;;(Uj(Y,WO—Uj(meU»Z
= lﬁ;:@m,m ~ E{U; (¥, W0)] — Uj (Y%, W) + E{U (¥, W2)))?
= -t
with
= n(nl_l)lﬁ;::wjm,m)—E[Uj(n,m)])2+(Uj(%,Wv)—E[Uj(YU,W)])2
_ i}(UJ(m,M)—E[Uj(%,M)])z
and 7
i égwjm,wo — [0 (¥, W) % (U} (Vi W) — E{U; (Yo, W,)

In the sequel, we denote for any 4 > 0,

2,(7) = {max le] < s\/Qﬁlogn} .

1<i<n

We have that
P(Q, (7)) < nt7. (4.24)

Note that on €, (%),
1T5(- oo < Cj,

we recall that

Cj = (m+ sv/2ylogn)||Tj|oo-

Lemma 4.5.2. For any 7y > 1 and any u > 0, there exists a sequence ey j > 0 such
that limsup; e, j = 0 and

2u(1 Y o?u
u( +€nu)+ 70
n 3n

P 0’]2- > 8? +2Cjo;
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Proof.
We denote

Po,5) () =P (120%(3), Ea,5()=E (7).
Note that conditionally to €2,(%) the variables U;(Y1, Wh),...,U;(Yy, Wy,) are
independent. So, we can apply the classical Bernstein inequality to the variables

o} — (U;(%, W) — B[U;(Y, W)])* _ oF
Vi= n < o

Furthermore, as
Eo,5[U;(Y1,W1)] = E[m(X1)T;(W1)[Q(5)] + Eler T (W) [Q2,(7)]

E[m(X1)T;(Wh)]
E[U;(Y1, Wh)] (4.25)

we get

Bouin) | (05 - (U3(¥3, W) — W01, 1))

n

Y Eo,5V =
=1

ot + o, (U5 (Y. W1) — E[U; (V1 W)

n

3 207 g, (5) [(Uj(YhWI) — E[U;(Y1, Wl)]ﬂ
U;'l - (40? - ZUJZ)EQn(“?) {(Uj(yl, Wy) — E[Uj(Yl,Wl)])ﬂ

<

n
We shall find an upperbound for Eq, (5 [(Uj(YI, Wh) — E[U; (Y, Wl)])Q]:

Eq, ) [(U;(Y1, W) — E[U; (i, Wh)])?]
= Var(m(X1)T;(Wh)) + E[€%1}2(WI)‘Qn(’7)]
Eletlg, ()]

= Var(m(X:) T3 (W) + E[TF (W) 5=

< Var(m(X1)T;(Wh)) + EW}Z(W”]W
82

— Var(m(X1)Ty(W1)) + E[T2 (W)]s*(1 + &),

<Var(m(X1)T;(W1)) + E[TQZ(WI)]

where &, = n'=7 + o(n'=7).
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Using (4.22) we have
Eo, 5 [(U5 (Ye, W1) = EIU; (¥, Wa)))?] < (1 + e )0, (4.26)

where (e, ;) is a sequence such that limsup; e ; = 0.

Now let us find a lower bound for EQn(;Y) [(Uj (Y1, Wy) — E[Uj (11, Wl)])2] :
Eq, 3 (U3 (Y1, W1) = E[U; (Y2, W1))?

— Var(m(X1)T;(W1)) + E[T (W)

( P(Qn(7))
> Var(m(X1)T;(Wh)) + E[T2(W))|E[etlg, )]
- Var(m(X1)T]( 1) + BT (W)E[ET (1 — Lge 5))]

j

= o7 — E[T; (W1)|E[e{1qe 5)]-

Now using Cauchy Scharwz, (4.19) and (4.24) we have
Eq, ) [(U5(71,W1) ~ EIG;(0,W))2] = o

2
J
1—
> o — CSQE[TZ(Wl)}nT
= o7 (1+én,), (4.27)

where (€,,;) is a sequence such that limsup; é, ; = 0.

Finally, using the bounds we just got for Eq (5 [(Uj(Yl, Wh) — E[U;(Y, Wl)])2]
yields

n 4 2 2 4 ~
+4C’ (1+en]) 205 (14 é,,5)
> Eq,5V] < J
=1 n
AC303(1 4 enj) — 0f (1 + 26, 5)
- n
4C30%(1+ enj)
o n

We obtain the claimed result.

Now, we deal with &;.

Lemma 4.5.3. There exists an absolute constant ¢ > 0 such that for any u > 1,

P (@ > c(najzu + C']zu2)’ Qn(&)) < 3e "
Proof. Note that conditionally to €2, (%), the vectors (Y;, W;)1<i<y are independent.
We remind that by (4.25), (4.26) and (4.27) we have

Eq,#)[U;(Y1,W1)] = E[U;(Y1, W1)] (4.28)

Z{
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and
Eo,3) [(U5(Y, W1) = E[U; (Y1, W))?] = (1 + en)o?

The &; can be written as

-1
g](}/la Wl7 }/Ua Wv)a
1

n
=2
=2

with
gj(y7w7y/7w/) = (Uj(va) - E[U](}/lvwl)])) X (Uj(y/7w/) - E[Uj(Yth)])’

Previous computations show that Conditions (2.3) and (2.4) of Houdré and Reynaud-
Bouret [61] are satisfied. So that we are able to apply Theorem 3.1 of Houdré and
Reynaud-Bouret [61]: there exist absolute constants c1, c2, ¢3 and ¢4 such that for
any u > 0,

Pﬂn(’y) (gj > ch\/ﬁ + coDu + 03Bu3/2 + C4Au2) < 3e Y,
where A, B, C, and D are defined and controlled as follows. We have:

A =||gjlle < 4CF.

n -1
n(n—1
Z ]EQ g] szl/Vl)Yv’Wv)] (2)0';1(].4*6%]‘)2.
=2 v=1
Let
n n—1
A=< (@), (bo)o: Eq,q D ai(Vi W) | <1, Eq, @) | D07 (Y, W) :
=2 =1
‘We have:
n -1
D = sup  Eq 5 DD 9, Wi, Yo, Wy)ay (Y, Wi)by(Yy, Wo)
(@1)1,(bv)vEA =2 v=1
n (-1
= sup > Eo,5) (U (Y, W) = [U;(Y, W) ar(Yi, W)
(a)i,(bo)v €A | |=2 =1

X Eﬂn(xf) [(U](}/vv WU) - E[U](K)a Wv)]))bv(ym Wv)]]

n -1
< swp 33021+ en)y/Ea, 5 [aR (Y W)|Eq, 5y [B2(Yo, Wo)]
(a)i,(bo)v€A |9 y=1
n -1
< of(l4en;) sup Y VI—1,|Eq, s [a?(Y, W)] Y Eq, ) [b2(Ye, Wo)]
(a1)1;(bv)vE€A =9 v=1
n(n—1
< (1 +eny) (2)
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Finally,
n—1
B* = sup ) Eq, @ {(Uj(va) — E[U; (Y1, W1)]))? x (Uj(Ye, W) — E[Uj(Yth)])ﬂ
YW =1

< 4(n-— 1)C2 2(1 +en.j).
Therefore, there exists an absolute constant ¢ > 0 such that for any u > 1,
c1CVu + coDu + csBu?? + ciAu? < c(najz-u + CJZuQ).

g

Let us go back to the proof of Proposition 4.5.1. We apply Lemmas 4.5.2 and 4.5.3
with v > 1 and we obtain, by setting

o2u 2 2,2
. [2u(l+e c(nosu + Csu?)
M](U) = 0'32- + QCJ‘UJ n] ] TLZTL — 1)3 )

2 2u(l+e,;)  osu  2c(noiu+ Cu?)
2> 55— 2 73 %t j j

1
a >s —|—2Caﬂ/ +6n]

( > e(notu + C2u 2)] Qn(fy)> +1-P(Q()).

Therefore, with u = 4logn and 4 > 1, we obtain for n large enough:
P (UJZ > M;(y logn)) <5n77

And there exist a and b two absolute constants such that

271 1 ; o2aylogn  C?b25%1og’n .
P (O_JQ > AJQI +20j0_]\/ i OgTL( +€n,]) + j 7y 10g + j v g < En—7.
n n n

Now, we set

y 27242 2
o= (1- T8N g =y B8O ) g, e GO oE
n n J n2

SO
P (910’? — 2920']‘ — 03 > O) < 5n 7.
We study the polynomial

p(o) = 0102 — 2050 — 6.
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Since ¢ > 0, p(o) > 0 means that

1 /
0* (02 + 0 + 0103)

which is equivalent to

o? > 91% <29§ + 6163 + QGQW) ,
Hence
P ( 91% (292 + 0,05 + 2egm)> < 57,
So,

TS0 ove R

So, there exist absolute constants 4, 1, and 7 depending only on ¥ so that for n
large enough,

1 ] ]
P(afz? <1+5°g”>+<1+ Og”) 20\/ 62(1 + e ) — "
n n
lo lo 1/2
+ 8% C’2 gn (14—7'( gn) )) < 5n 7.
n n

Finally, for all £ > 0 there exists R4 depending on ¢’ and 4 such that for n large
enough

2
P( 2 03+292¢9§ 492> P

P(oF > (1+¢€)635) < Ryn” 7.

Combining this inequality with (4.23), we obtain the desired result of Proposition
4.5.1.

O

Proposition 4.5.4 shows that the residual term in the oracle inequality is negli-
gible.

Proposition 4.5.4. We have for any g > 1,

E Egj (|ﬁj($) —pj(@)| - Fv(j))i

with R} a constant depending on s, m, d, ¢, ¢4, Cg and .

< Rin" Y (4.29)

Proof. We recall that J ={j € N: 2% < |[-~Z j}

= Llog?n

Let 4 > 0 and let us consider the event
O ={of <(1+e)5ts, Vi€ T},
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Let v > 0. We set in the sequel
q

29(1 4+ 5)&?5{ logn  ¢jylogn 1-
n n Q5|
+

E:=E |sup |ﬁj(w) —pj(ac)‘ - \/
jeJ

and R; := |p;(x) — pj(x)|. We have:
q

o0 2v(1 +¢)é2 . logn 1
E _ / P sup R] B \/ ’Y( ) 7Y g . C]’Y ogn ]IQ:Y > y dy
0

jeJ n n
_l’_
_ (1+2)52 '
0 2’)/ 1+e¢ 64~logn c~f)/1()gn
< Z/ P Rj—\/ nm _]n Lo, >y dy
jes’o .
- : .
00 2voc<logn ~ 1
< Z/ P||R - “ng —C”;g” >yl dy.
jeg”’0
Let us take u such that
y = h(u)?,
where
202u .
hu) = || =L + 92
n n
Note that for any u > 0,
h(u
4 < —2
(w) < 2
Hence
o0 2vc2logn ~ 1 2uo? )
E < CZ/ P|R; > = & +Cﬂnogn+ = +% h(w)4 R (u)du
, 0

' 20]2(fylogn+u) N cj(vlogn + u)

Rj > h(u)? A (u)du.

N
' Q
]
S—
8
=

n n

Now using concentration inequality (4.17), we get

E < C’Z/ e~ (Ylogntu) p () I= 1B/ () du
0

jed

C Z / e~ (v logn+u)h(u)qldu
0

: u
JjeJ

q
[9 2
Cef'ylognZ/oo e U 20_.7” + Gju ldu
0 n n u

JjeJ

0—2. a/2 00 q c:\4 [o°
C [ e losn Z (é) / e w2 Ydu + (é) / e tuldu | .
0 0

jed

IN

IN

IN
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Now using Lemma 4.5.13, we have that a? < R102?%v+%) and ¢; < C257+55,

Hence,
1 2(25jV+Sj) q/2 2(Sjl/+Sj) q
C —7ylogn

jeJ

&=
IN

< Cn_qu”(log n)—(2v+1)q <Cn79,

as soon as v > ¢q(v + 1).

It remains to find an upperbound for the following quantity:

q
R 2y(1+¢e)a?logn  ciylogn
B =& fsup I (a) - )] - RO i
jeJ n n K
+
We have
E < E [Sup (Ipj(z) = pj ()| Lgye
jeJ v
< 2171 (E [sup(lﬁj(x)l)q]lgg +E sup(!pj(ﬂf)!)qﬂfst~
jeJ 7 jeJ 7

First, let us deal with the term E {supjej(|pj(a;)|)q]l@g].
Y

Following the lines of the proof of Lemma 4.5.10 we easily get that >, cp?k(x) <
C2% , hence

1

< (Zk:p?k)Q (2}; w?k(w)) 5

Now using Proposition 4.5.1 which states that IF’(QEY) < COn7

pj(x)] =

> pikeje(x)
k

5
Cllpll227 .

IN

S -
E[SHP(IPj(w)I)qﬂQg] < sup(||pll227 )P(Q%) (4.30)
jed 7 jeJ
%
< C(Z) n 7. (4.31)
log“n
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It remains to find an upperbound for E [supjeJ(]ﬁj (:U)])q]lm} . We have
Y

q

E [Sup(lﬁj(w)l)qﬂm] = |sup Tge
jes g gl

1 n
= > WT;(W)
=1

jeJ | iz

IN

q
1
n—E ?1611; (lzllm X)) + el |T;(Wy) ]) 1152%

nql

IN

E |sup3 [m(X0) + el [T (W)]7 ngc]
]eJl 1

IN

Supz Imll + led|)|T; (W) ﬂgc]

J =1
Q]l~c
le1] QJ)

go(supuw I4B(ES) + o sup(T ) (E [|Z|2Q])2(P<@%>)é)v

§C< pUIT511%)P(25) + sup(|| T3 |14, )E
je jeJ

where Z ~ N(0,1). Using (4.19) and ||Tj||oo < T42% @+ | we get

n (v+l)g
< C’( 5 ) n-2.
log“n

g

. n 2 n (v+1)q
E < Cn2 5 + 5
- log“n log“n

< Cn™f,

2

E [sup(lﬁj(w)l)qﬂm
JjeJ v

We have

as soon as 4 > 2¢q(v + 2). This ends the proof of Proposition 4.5.4.

Proposition 4.5.5 controls the bias term in the oracle inequality.

Proposition 4.5.5. For any j = (j1,...,j4) € Z¢ and j' = (§1,...,54) € Z¢ and
any x, if p € Ha(B, L)

d
Ipjnj' (@) — pjr(x)] < RiaL Z 9=t
=1

where Ris is a constant only depending on ¢ and E We have denoted
FNG =1 A G da N dag)-
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Proof. We first state three lemmas.

Lemma 4.5.6. For any j and any k, we have:

E[pjk] = pjk-
Proof. Recall that
1 9%F 1 & EOI0
2 . .
ik = — 3 Y x (Dj@)ja(Wa) = e SV, [ i<t Wurk> Z200 g
o= Yo x (D) = G 3% [ e Flo)271)

Let us prove now that E(p;i) = pjk-
We have

E(pjr) = éﬂ)d ( / E(Y1e_i<t’2jwl_k>);Z;fggz) dt) .

We shall develop the right member of the last equality. We have :
E {Yle_Kt’ijl_kﬂ = E {(m(X1) + El)e_i<t’2jwl_k>}
e
- E {m(Xl)e—i<t,2jX1—k>} E [e—z‘<t,2151>]
= /m(a:)e_i<t’2jx_k>fX(lU)alflj x F(g)(2't)
= SRFR) (270 F(9)(2).

Consequently
Blin] = o [ F @A) 2 e
2% i<t k> D F () (1),
= o [ F @ T
1

= G | FOOF et

Since by Parseval equality, we have

b= [pOeait = o [ FOIOF 00,

the result follows.

Note that in the case where we don’t have any noise on the variable i.e g(z) =
do(x), since F(g)(t) = 1, the proof above remains valid and we get E[p;i] = pj.

g

113



CHAPTER 4. ADAPTIVE WAVELET MULTIVARIATE REGRESSION WITH
ERRORS IN VARIABLES

Lemma 4.5.7. If for any l, | 3] < N, the following holds: for any j € Z* and any
JUS Hd(ﬁv L);

d 1\B
£l 0]~ (o)) < Lllelliol)2a + 1ty B2
=1

Proof. Let z be fixed and j = (j1,...,jq) € Z% We have:

/K x ydy—/z ZH 27 (271 — k) p(27' gy — k) dyl] =

kg =1

Therefore, using lemma 4.5.6

Now, we use that

d
p(y) —p($) = Zp(xla e L1, YL Y1 - - - 7yd) _p(:Ela < L1 Y1y - ayd)v
=1
with p(z1,..., 2, Y41, -+, Yd) = p(x1, ..., 2q)ifl =dand p(x1, ..., 211,91, -, Yd) =
(yl,...,yd) if [ = 1. Furthermore, the Taylor expansion gives: for any [ €
{1,...,d}, for some u; € [0;1],

p(xla'--axl—laybyl-i-la"'vyd)_p(xla'"xl—laxhyl-‘rla""yd) =
15 ak k
Yy —x
Za k(xly' '$l—17xl7yl+17"'7yd)x(k;!)+
— g7 (@1, T, T+ (Y~ T)UL Y1, - Yd) X
oz} ( Jur g ) 15!
B ROV SO Bk
81‘IL61J b M ) ) ) LBZJ!

Using vanishing moments of K; and p € Hd(g , L), we obtain:
pj(x) — p(z)]
1'@
< D lpjn( |/H22|<P2‘“yz kzIZL ’

FEZ; () kdez a(a)

270t (uy + ky) — my P
SR VREN S 1 (T o1 “M) Ea

d
k162j71(1' ka€Z d(x AA] =1
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Since for any I, k; € Z;;(x), we finally obtain

Ipj(z) — p()]
d A x 279)A
<ol ¥ - % /[ et WIS L @Lﬁi!)du

k,‘1€2j 1(z) kq€Z d(a:) =1

% 2—J1)\Bi
L{lpllolhy@a + 1ty GAX 207 - il
=1

O

Lemma 4.5.8. We have for any j = (j1,...,ja) € Z¢ and j' = (j},...,5,) € Z¢
and any x,

Ky (pj)(2) = pjny (2)-

Proof.

We only deal with the case d = 2. The extension to the general case can be easily
deduced. If for i = 1,2, j; < j! the result is obvious. It is also the case if for [ = 1,2,
Ji < ji- So, without loss of generality, we assume that j; < jj and j5 < jo.

We have:
@) = [ Ky )y
= | Sen@en i

—/ZZ%% (1)@t (22) 051 1y (Y1) 1k, (Y2)P5 () dy1dye
k1 ko

= /ZZ@J 1k1 $1)Q0]2k2(x2)90]1k1 (91)80]21@(92)

k1 k2

X Z Z ey (Y1) Piaty (Y2) P10, (U1) e, (u2)p(ua, ug)duy dusdyr dys.
o 6

Since j; < ji, we have in the one-dimensional case, by a slight abuse of notation,
Vi, €V and

/Z%‘;kl (@1)@j1k, (W1)@j00, (Y1)dyr = /Kjg (@1, y1)@500 (Y1) dyr = @je, (21).
k1

Similarly, since j5 < ja, we have Vj, C Vj, and

/230]242 Y2)®jats (U2) Py (Y2)dy2 —/ 2 (U2, Y2) Py (Y2)dY2 = o, (u2).
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Therefore, with j = j A §/,

Kj/(pj)(x) = /ZZ@jgkrz(@)@jm(Ul)%‘lzl(901)%‘;1@2(“2)])(“1,u2)du1du2
ka 01

= [ 3 S @295, ()05, (@), (w2t w2 )dur
by L2

= / > 50(@)p3(uw)p(u)du
l

= p;@),

which ends the proof of the lemma.

Now, we shall go back to the proof of Proposition 4.5.5. We easily deduce the
result:

ping (@)~ p(@) = Kyplp))(@) — Ky (0)(o)
= [ Ky ei) - o).

Therefore,

IN

Ipjng' () — pjr ()]

[ 15 llps o)~ p(y)ldy

d
< RpLY 279 x / K (2, )| dy,
=1

where Ris is a constant only depending on ¢ and ,67 . We conclude by observing that

d
Jipyldy = [ S-S TR e@hn — llp@iy - hldy)

k1 kg =1

el Y - Z(@(/\cp(v)]dv)d

klezj/yl(:z:) kdezj/,d

IN

< (llellocllell (24 +1))%.

We thus obtain the claimed result of Proposition 4.5.5.

Appendix

Technical lemmas are stated and proved below.

Lemma 4.5.9. We have
E[(6;5)7) < R52% @03,

with R5 a constant depending on q,7y,m,s,0,¢,cg,Cqy.
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Proof. First, let us focus on the case ¢ > 2. We recall the expression of &JZ’;Y

logn

1
BT + 870250,

2 JN
5 = 07 + 2052967

We shall first prove that
E[(9)7) < 02501,

Let us remind that

57 = S (U (Ye, Wh) — Uy (Ye, W)

We easily get

First let us remark that

[SIS)

(Z(Uj(Yz, Wi) — E[U;(Y1, Wl)])2)

l

l

<C ((Z((Uj(n, W) — E[U;(Y1, Wh)])? — o?-)) + ngo?) :

We will use Rosenthal inequality (see [56]) to find an upper bound for

[S]5S)

E (Z((UJ(YI,WZ) — E[U; (Y1, W1)])? — 0]2))
l
We set

By == (U;(Y;, W) — E[U;(Y1, Wh)))* — 0.

The variables B; are i.i.d and centered. We have to check that E[|B;|2] < co. We
have .
E{Bi[4] < C(EI(U; (Y, Wi) — E[U; (vi, W)]|] + o),

but
A
E[|(U;(Y2, W) — E[U; (Y2, Wo)]|] = X,
with A, defined in (4.18). Hence
q Ay g
E[|B|2]<C(t+o]). (4.32)

Using the control of A, in (4.20), equation (4.21) and Lemma 4.5.13 we have

Ay < Ondd||Tyll4?
< cn2%lavta=l), (4.33)
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Now, we are able to apply the Rosenthal inequality to the variables B; which yields

a q
2 4

(ZBl) < C ZEHlegH(ZE[B?}) :
! I I

and using (4.32) and (4.33) we get
q

(o)) < el=( (? <)

q

C (Aq+no! + (At +nio
< C(msj(qqu 1)+n23](2u+1)2 _'_<n25'](4u+3)%).

A

IN

Consequently

IE[&?] < Cn_% (n2sj(qu+q—1) +n25j(2u+1)g + (nQS (41/+3)4 +n225 (2v41) g)
q
2

< C(n17%2Sj(qu+q71) + n! 225 (2v+1)2 54n 42S (4v+3)% + 25 (2v+1) )

Let us compare each term of the r.h.s of the last inequality. We have
n1—g2sj(qy+q—1) < 25]-(21/4-1)% e 25 <n,
which is true by (4.11). Similarly we have
n- 1983 < 98N oy 98 < n,

and obviously
nl—%25]'(2l/+1)% S 25]'(2114-1)%‘

i(2v+1) 4

Thus we get that the dominant term in r.h.s is 2% . Hence

]E[a.j] < CQSj (2V+1)% .

Now using that

g q
1 " 1
E[5?.] < C | E[67] + (20 Og") E[52] + (8 c? Og”> ,

n n

and since C; < Cy/Togn2% @+ we have

SIS

1 2
E[67,] < O [ 253 D3 4 ((logn)n~72% (D) 325 v 4 (Oi "225j<”+1>>
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Let us compare the three terms of the right hand side. We have

q(2V+ )

25 > ((logn)n™ 295 i) 395 2T ey 2%i(0H2) > (log n)%n_%2sj(q”+%)

2% <

log?n’
which is true by (4.11). Furthermore we have

q

2
25j7q<2l;+1) > <10g nQQSj(V"rl)) :

n

q
5 \ &
s 95i(ev+3) > <logn> ’ 95;(qv+q)
B n

— 2% <
log?n’

which is true again by (4.11). Consequently
~ . q
E[5Y,] < Rs2% 414,

with R5 a constant depending on ¢,7,m, s,9,¢,cy,Cy and the lemma is proved for
q=>2.

For the case g < 2 the result follows from Jensen inequality.

Lemma 4.5.10. Under assumption (A1) on the father wavelet ¢, we have for any
j=(1,...,jq) and any x € R,

Zl%k )< (24+1) ||90||d22-

Proof. Let 2 € R? be fixed. We set for any j and any [ € {1,...,d},
ZjJ(l‘) = {k‘l . ‘leiljl — kl| S A},

whose cardinal is smaller or equal to (2A + 1). Since

d
Jr
eir(x) =[] 22 02"z — k),
=1

then
pir(x) #0=Vie{l,...,d}, k€ Z(x).
Now,

d X
Slepp@)] = S 3 [[27 0@ a — k)l
k

ki€Zji(x)  ka€Zja(z)l=1

S5
< Yo Y el %2
k‘lezj',l(a:) kdezj,d(x)
S.
< A+ 1)Yp)d27 .
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Lemma 4.5.11. Under condition (A1) and ¢ is C", there exist constants Re and
Ry depending on ¢ such that

| F()(t)] < Rs(1+[t))™", forany t €R. (4.34)
and

FO)@'| < Rr+1t)7", forany teR, (4.35)

Proof. First, let us focus on the case |t| > 1.

We have by integration by parts that

Flt) = [ e pla)de = |-

1e—itx¢(w)}m + = 1 _thQD/(l')diL'
it oo It '

Using that the father wavelet ¢ is compactly supported on [—A, A], we get

Fo)t) = 5, [ @)do.

By successive integration by parts and using that || > 1 one gets

1 —itx, (r 2" r
i [ @] < o [l @),

the integral fflA (") () |dz being finite.

| F(o)(t)] =

For the derivative we have
Flp)(t) = i/eimﬂp(az)d:ﬂ

Following the same scheme as for F(¢)(t), one gets by integration by parts and using

the Leibniz formula that

1 ite 4 it r—k)
wmnr d . wnr d

(it)r/e dar PP ‘ / Z( ) !

< ( >/|:1c B) ()9 | da,
L+ [t +|7f|

the quantity ;g (;) ff‘A |2 () "R |dz being finite.

F®| =

Hence the lemma is proved for |¢t| > 1.

The result for |t| < 1 is obvious since

F)0)] = | [ ¢ p(a)da

’W/‘ = i/em:ﬂgo(x)dm

Then the lemma is proved for any t.

< [Ie@ldz < o,

and

< /|a:gp(:17)|d:v < 0o0.
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Lemma 4.5.12. Under conditions (A1) and (A3), for v > 0, we have
d
(Dje)(w)| < Rs2%" [T (1 + )™, w e R
=1

where Rg is a constant depending on ¢, Cq4 and cg.

Proof. If all the |w;| < 1 then using (4.3), Lemma 4.5.11 and r > v 4 2 with v > 0
we have

4 & Flo)t)
[(Djp)(w)] < C‘/l:l_ll Flg) (201t
d
< CII [ |Fe) @ +21up?|d
=1
d
< 28] /(1 4t d
=1
d
< C2%7 < O2%V [+ wi) ™ (4.36)
=1

Now we consider the case where there exists at least one w; such that |w;| > 1.
We have

_ 1 —thwz ( ) —ztlwl (t)
(Pio)w) = G Il [t H / S

I=1,|w;|<1 I=1,|w;

For the left-hand product on |w;| < 1 we use the result (4.36). Now let us consider
the right-hand product with |w;| > 1. We set in the sequel

_ Flp)t)
mts) = J:(gl)@jlltl)'

We have

7ztlwl (tl) _ —it wl
H / Zﬂtl)dtl_ H / Wy (4)dt;.

I=1,|w;|>1 1=1, w;|>1

Since |n;(t;)| — 0 when t; — +o00, an integration by part yields

/e_itlwlnl(tl)dtl = iwl_l /e_itlwlng(tl)dtl.
Let us compute the derivative of ;(¢;)

Flo) ) Fg)(27t) — 20 F(9) (294 F () (1)
(Flg)(271t;))? '

n(t) =
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Using Lemma 4.5.11, (4.3) and (4.4)

< O (U [T+ 22 ) 4+ 27 (14 27 ) L+ )T+ 20 )

< C (2”’(1 + ) TR )Y 201+ 200 (L + |tl|)_T)

< OO a7 ) + 2@+ ) 1+ ) )

< 02 (U4 Jul) @7+ )+ (27 ) )T
Therefore,

’/e_itlwlm(tl)dtl
< |~ [ et
< C|wl|’12jly/ (@ 1aD 7@+l + @7+ a1+ [al) ™) di
< Clwy| "2/ (Dy + Dy + Ds),
with D1, Dy and D3 defined below.

Dioi= [ (DT D)+ @ D) D)) d
| <2
< of (Tl @ ) dn
[ti|<277
< CQ*jl(Q*le + 2*3’1('/*1))
< C
Dy = [ (@) TR ) @ )+ ) ) de
2791<||<1
< o[ (@l ) d
270 <|y|<1
271 ) ) . ; i
< C / (27 +277ts)" + (279 - 270s) 71 )2 700 ds
1
A 21 e
< 2 vt / sds + C27v / s""lds
1 1
< G,
as soon as v > 0.
Dy i= [ (DT @+ D)+ @ ) (L )T d
[ti]>1
< cf (i) d
[ti[=1
< G,
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When v = 0 we still have

'/ e~y (t)dt

< C|wl’_12jlll = C’|wl\_1.

Indeed when v =0
n(t) = F(p)(t),

and

iwl_l /e*itl“” ny(t)dt;

z’wl_l/ —w () () d,

|wy|~ lﬂ ) () ’dtz

Clunl™ [+ Jt) "t < Clun| ",

IN

IN

using Lemma 4.5.11 and r > 2.

Lemma 4.5.13. There ewist constants R1g depending on s, m, 0, ¢ ,cq4, C4 and Ry
depending on ¢, ¢4, Cy4 such that

0.]2 S R102Sj(2’/+1), HJ—']HOO S R112Sj(y+1).

Proof. We have

0]2- Var(U;(Y1, W1))

< E[ju;m, )]
r 2
= E le Djp) ;1 (Wi)pjk(z)
r 2
= E ||(m(X1) +e1) ) (Djg);,, W1)pju(@)
k
i 2
< 2Iml% +2E ||X (D), (Wh)oju(a)
k
2
< 2l +02) [ |30 (Die) e @epn@)| fiv(w)dw
k
2
< 2ml + ol ixle [ 2|3 (Dig) @0~ Dpn(a)| du.
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Now making the change of variable z = 2w — k, we get by using Lemma 4.5.10 and
Lemma 4.5.12 to bound (D;y)(2)

2
2(lmlfs +2)1ixle [ (3 (Ds6) (hon(e)] dz

2
0/225V d
1—1—\2 zk:’%k :

< R102Sj (21/—}—1)’

AN

IN

where Ry is a constant depending on s, m, 9, ¢ ,¢4, Cy . This gives the bound for

2
O'j.

For ||T}||, using again Lemma 4.5.10 and Lemma 4.5.12, we have

i
ITilloe < max [[(Dje0)jklloc D lejr(@)] < 22 [[(Djip)lloc D Ik ()]
k k

R112Sj (l/+1)’

IA

where Ri; is a constant depending on ¢, ¢4, Cy.

4.6 Perspective

In this chapter, we study the problem of adaptive estimation of multivariate regres-
sion function in the errors-in-variable model:

Yi=m(X)+e, Wi=X+6, =1,...,n.

We propose a wavelet-based kernel estimator and obtain the optimal rates of con-
vergence over anisotropic Holder classes where the distribution of the errors d;’s is
ordinary smooth. It would be interesting if we complete the study with the super-
smooth case on the density of the errors covariates g, e.g we suppose that there exist
cg:Cy>0,veERY w o€ (Ri)d such that V¢ € R¢

d
(1 + [tu) ™" exp(=am|t)| @) < |F(9)(t)] < Cg [T+ [t]) ™" exp(—wnlts|®).
1 =1

E&

l

Standard examples of supersmooth densities are Gaussian and Cauchy distributions.
Furthermore, most studies of errors-in-variables model assume that the distribution
of the errors is known. However, in practice the noise density may be unknown and
there are just a few studies in literature which have been investigated the errors-in-
variables model with unknown error densities. We refer to the works of Delaigle et
al. [32], Delaigle and Meister [33] and Linto and Whang [76] for related studies of
univariate nonparametric regression in the case of unknown error distribution where
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these authors use replicated observations to construct an estimator for the unknown
error density. Thus an extension to the case of unknown distribution of the errors
in the multidimensional setting should be considered for future research.

A second perspective is that we consider the errors-in-variables model where the
noise in the covariates is multiplicative. We aim to investigate the following model
in the multidimensional setting:

Y = m(X; i
m(X) + €, (4.37)
Wi=X;060, i=1,...,n,

where (X1,...,Xy), (€1,...,€,) and (61,...,0,) are i.i.d R%valued vectors and ®

is the Hadamard product (see [60, 93]) defined by A ® B = (aijbij)K, L Mul-
_1»7‘7_711

tiplicative errors-in-variables model is sparsely studied in statistics, but only in the
parametric setting. We may cite here the works of Hwang [62] who considered a
linear model with multiplicative errors in variables to analyse the data collected
by the Department of Energy concerning energy consumption and housing charac-
teristics of households in the United States where some of the predicting variables
in the original data have been multiplied by random number to preserve confiden-
tiality, and Nguyen et al. [88] who consider a linear mixed model where the data
are contaminated by multiplicative errors. Other studies on multiplicative high-
dimensional linear regression model can be found in Arellano-Valle et al. [4] and
Loh and Wainwright [77]. Moreover, to the best of our knowledge, there is no study
about nonparametric multiplicative errors-in-variables model. Hence, it would be
interesting if we explore the errors-in-variables model with multiplicative errors to-
gether with a practical application.

125






1]

2]

[9]

[10]

[11]

References

M. Ackermann, S. C. Stearns, and U. Jenal. Senescence in a bacterium with
asymmetric division. Science, 300(5627):1920-1920, 2003.

H. Aguilaniu, L. Gustafsson, M. Rigoulet, and T. Nystrom. Asymmet-
ric inheritance of oxidatively damaged proteins during cytokinesis. Science,
299(5613):1751-1753, 2003.

D. Aldous. Stopping times and tightness. The Annals of Probability, 6(2):335—
340, 1978.

R. B. Arellano-Valle, H. Bolfarine, and L. Gasco. Measurement error mod-
els with nonconstant covariance matrices. Journal of Multivariate Analysis,
82(2):395 — 415, 2002.

K. B. Athreya and P. E. Ney. Branching processes, volume 196. Springer
Science & Business Media, 2012.

A. Bakushinskii. On the construction of regularizing algorithms under random
noise. In Soviet Math. Doklady, volume 189, pages 231-233, 1969.

V. Bansaye. Proliferating parasites in dividing cells: Kimmel’s branching
model revisited. The Annals of Applied Probability, pages 967-996, 2008.

V. Bansaye, J.-F. Delmas, L. Marsalle, and V. C. Tran. Limit theorems for
markov processes indexed by continuous time galton-watson trees. The Annals
of Applied Probability, 21, 2011.

V. Bansaye and S. Méléard. Some stochastic models for structured populations
: scaling limits and long time behavior. arXiv:1506.04165, 2015.

V. Bansaye, J. C. P. Millan, C. Smadi, et al. On the extinction of continuous
state branching processes with catastrophes. Electron. J. Probab, 18(106):1-31,
2013.

V. Bansaye and V. C. Tran. Branching feller diffusion for cell division with
parasite infection. ALFA, Lat. Am. J. Probab. Math. Stat., 8, 2011.

127



REFERENCES

[12]

[15]

[16]

23]

[24]

[25]

[26]

128

B. Bercu, B. De Saporta, and A. Gegout-Petit. Asymptotic analysis for bifur-
cating autoregressive processes via a martingale approach. FElectronic Journal
of Probability, 14(87):2492-2526, 2009.

M. Bertero and P. Boccacci. Introduction to inverse problems in imaging. CRC
press, 1998.

K. Bertin, C. Lacour, and V. Rivoirard. Adaptive pointwise estimation of con-
ditional density function. Ann. Inst. H. PoincarAl Probab. Statist., 52(2):939—
980, 05 2016.

N. Bissantz and H. Holzmann. Statistical inference for inverse problems. In-
verse Problems, 24(3):034009, 2008.

T. Bourgeron, M. Doumic, and M. Escobedo. Estimating the division rate of
the growth-fragmentation equaion with a self-similar kernel. Inverse Problems,
30, 2014.

A. Calsina and M. Sanchoén. Stability and instability of equilibria of an equa-
tion of size structured population dynamics. Journal of Mathematical Analysis
and Applications, 286(2):435 — 452, 2003.

R. J. Carroll, A. Delaigle, and P. Hall. Nonparametric prediction in measure-
ment error models. J. Amer. Statist. Assoc., 104(487):993-1003, 2009.

L. Cavalier. Nonparametric statistical inverse problems. Inverse Problems,
24(3):034004, 2008.

L. Cavalier and N. W. Hengartner. Adaptive estimation for inverse problems
with noisy operators. Inverse Problems, 21(4):1345, 2005.

G. Chagny. Penalization versus goldenshluger- lepski strategies in warped
bases regression. ESAIM: Probability and Statistics, 17:328-358, 2013.

C. Chesneau. On adaptive wavelet estimation of the regression function and its
derivatives in an errors-in-variables model. Curr. Dev. Theory Appl. Wavelets,
4(2):185-208, 2010.

M. Chichignoud, V. H. Hoang, T. M. Pham Ngoc, and V. Rivoirard. Adaptive
wavelet multivariate regression with errors in variables. hal-01253508, 2016.

B. Cloez. Limit theorems for some branching measure-valued processes. arXiv
preprint arXiv:1106.0660, 2011.

F. Comte, V. Genon-Catalot, and A. Samson. Nonparametric estimation for
stochastic differential equations with random effects. Stochastic Processes and
their Applications, 123(7):2522-2551, 2013.

F. Comte and C. Lacour. Data driven density estimation in presence of un-
known convolution operator. Journal of the Royal Statistical Society: Series
B, 73(4):601-627, 2011.



REFERENCES

[27]

[28]

F. Comte and C. Lacour. Anisotropic adaptive kernel deconvolution. Ann.
Inst. Henri Poincaré Probab. Stat., 49(2):569-609, 2013.

F. Comte, A. Samson, and J. J. Stirnemann. Deconvolution estimation of onset
of pregnancy with replicate observations. Scandinavian Journal of Statistics,
41(2):325-345, 2014.

F. Comte and M.-L. Taupin. Adaptive estimation in a nonparametric regres-
sion model with errors-in-variables. Statist. Sinica, 17(3):1065-1090, 2007.

D. De Canditiis and M. Pensky. Simultaneous wavelet deconvolution in peri-
odic setting. Scandinavian Journal of Statistics, 33(2):293-306, 2006.

A. Delaigle, P. Hall, and F. Jamshidi. Confidence bands in non-parametric
errors-in-variables regression. Journal of the Royal Statistical Society: Series
B (Statistical Methodology), 77(1):149-169, 2015.

A. Delaigle, P. Hall, H.-G. Miiller, et al. Accelerated convergence for non-
parametric regression with coarsened predictors. The Annals of Statistics,
35(6):2639-2653, 2007.

A. Delaigle and A. Meister. Nonparametric regression estimation in the het-
eroscedastic errors-in-variables problem. Journal of the American Statistical
Association, 102(480):1416-1426, 2007.

J.-F. Delmas and L. Marsalle. Detection of cellular aging in a galton—watson
process. Stochastic Processes and their Applications, 120(12):2495-2519, 2010.

O. Diekmann, M. Gyllenberg, J. J. A. Metz, and R. H. Thieme. On the for-
mulation and analysis of general deterministic structured population modelsi.
linear theory. Journal of Mathematical Biology, 36(4):349-388, 1998.

S. Donnet and A. Samson. Estimation of parameters in incomplete data models
defined by dynamical systems. Journal of Statistical Planning and Inference,
137(9):2815-2831, 2007.

M. Doumic and P. Gabriel. Eigenelements of a general aggregation-
fragmentation model. Mathematical Models and Methods in Applied Sciences,
20(05):757-783, 2010.

M. Doumic, M. Hoffmann, N. Krell, L. Robert, et al. Statistical estimation
of a growth-fragmentation model observed on a genealogical tree. Bernoulli,
21(3):1760-1799, 2015.

M. Doumic, M. Hoffmann, P. Reynaud-Bouret, and V. Rivoirard. Nonpara-
metric estimation of the division rate of a size-structured population. SIAM
Journal on Numerical Analysis, 50(2):925-950, 2012.

M. Doumic, B. Perthame, and J. P. Zubelli. Numerical solution of an in-
verse problem in size-structured population dynamics. Inverse Problems,
25(4):045008, 2009.

129



REFERENCES

[41]

[42]

[43]

[44]

[45]

[46]

[47]

(48]

[49]

[50]

[54]

[55]

130

M. Doumic and L. M. Tine. Estimating the division rate for the growth-
fragmentation equation. Journal of mathematical biology, 67(1):69-103, 2013.

L. Du, C. Zou, and Z. Wang. Nonparametric regression function estimation
for errors-in-variables models with validation data. Statist. Sinica, 21(3):1093—
1113, 2011.

S. N. Ethier and T. G. Kurtz. Markov processes: characterization and conver-
gence, volume 282. John Wiley & Sons, 2009.

S. N. Evans and D. Steinsaltz. Damage segregation at fissioning may increase
growth rates: A superprocess model. Theoretical population biology, 71(4):473—
490, 2007.

J. Fan and J.-Y. Koo. Wavelet deconvolution. IEEE Trans. Inform. Theory,
48(3):734-747, 2002.

J. Fan and E. Masry. Multivariate regression estimation with errors-in-
variables: asymptotic normality for mixing processes. J. Multivariate Anal.,
43(2):237-271, 1992.

J. Fan and Y. K. Truong. Nonparametric regression with errors in variables.
Ann. Statist., 21(4):1900-1925, 1993.

J. 7. Farkas and T. Hagen. Stability and regularity results for a size-
structured population model. Journal of Mathematical Analysis and Appli-
cations, 328(1):119 — 136, 2007.

R. Ferriere and V. C. Tran. Stochastic and deterministic models for age-
structured populations with genetically variable traits. ESAIM: Proc., 27:289—
310, 20009.

N. Fournier and S. Méléard. A microscopic probabilistic description of a lo-
cally regulated population and macroscopic approximations. Annals of applied
probability, 14:1880-1919, 2004.

F. Gach, R. Nickl, and V. Spokoiny. Spatially adaptive density estimation by
localised Haar projections. Ann. Inst. Henri Poincaré Probab. Stat., 49(3):900—
914, 2013.

A. Goldenshluger and O. Lepski. Universal pointwise selection rule in multi-
variate function estimation. Bernoulli, 14(4):1150-1190, 11 2008.

A. Goldenshluger and O. Lepski. Bandwidth selection in kernel density esti-
mation: orcale inequalities and adaptive minimax optimality. The Annals of
Statistics, 39(3):1608-1632, 2011.

J. Guyon. Limit theorems for bifurcating markov chains. application to the
detection of cellular aging. The Annals of Applied Probability, 17(5/6):1538—
1569, 2007.

J. Hadamard. Lectures on Cauchy’s Problem in Linear Partial Differential
Equations. JSTOR, 1925.



REFERENCES

[56]

[57]

[58]

[59]

[60]

[61]

[62]

[63]

[64]

[65]

[66]

[67]

[68]

[69]

[70]

[71]

[72]

W. Hérdle, G. Kerkyacharian, D. Picard, and A. Tsybakov. Wawvelets, approz-
imation, and statistical applications, volume 129 of Lecture Notes in Statistics.
Springer-Verlag, New York, 1998.

T. E. Harris. The theory of branching processes. Springer, Berlin, 1963.

V. H. Hoang. Estimating the division kernel of a size-structured population.
2015.

M. Hoffmann and A. Olivier. Nonparametric estimation of the division rate
of an age dependent branching process. Stochastic Processes and their Appli-
cations, 126(5):1433-1471, 2016.

R. A. Horn. The hadamard product. In Proc. Symp. Appl. Math, volume 40,
pages 87-169, 1990.

C. Houdre and P. Reynaud-Bouret. Exponential inequalities, with constants,
for v-statistics of order two. Progress in Probability, page 55, 05.

J. T. Hwang. Multiplicative errors-in-variables models with applications to
recent data released by the us department of energy. Journal of the American
Statistical Association, 81(395):680-688, 1986.

N. Ikeda and S. Watanabe. Stochastic differential equations and diffusion
processes. volume 24 of North-Holland Mathematical Library.

D. A. Ioannides and P. D. Alevizos. Nonparametric regression with errors in
variables and applications. Statist. Probab. Lett., 32(1):35-43, 1997.

J. Jacod and A. Shiryaev. Limit Theorems for Stochastic Processes. Springer-
Verlag, Berlin, 1987.

K. P. Jagdish and B. Campbell. Handbook of the normal distribution. Marcel
Dekker Inc., New York, NY, 1996.

P. Jagers. A general stochastic model for population development. Scandina-
vian Actuarial Journal, 1969(1-2):84-103, 1969.

A. Joffe and M. Métivier. Weak convergence of sequences of semimartingales
with applications to multitype branching processes. Advances in Applied Prob-
ability, pages 20-65, 1986.

I. M. Johnstone, G. Kerkyacharian, D. Picard, and M. Raimondo. Wavelet
deconvolution in a periodic setting. Journal of the Royal Statistical Society:
Series B (Statistical Methodology), 66(3):547-573, 2004.

J. Kalifa and S. Mallat. Thresholding estimators for linear inverse problems
and deconvolutions. Annals of Statistics, 31(1):58-109, 2003.

G. Kerkyacharian, D. Picard, and M. Raimondo. Adaptive boxcar deconvolu-
tion on full lebesgue measure sets. Statistica Sinica, 17(1):317-340, 2007.

J.-Y. Koo and K.-W. Lee. B-spline estimation of regression functions with
errors in variable. Statist. Probab. Lett., 40(1):57-66, 1998.

131



REFERENCES

73]

[74]

[75]

[79]

[80]

[36]

132

C. Lacour and P. Massart. Minimal penalty for goldenshluger—lepski method.
Stochastic Processes and their Applications, 2016.

C.-Y. Lai, E. Jaruga, C. Borghouts, and S. M. Jazwinski. A mutation in the
atp2 gene abrogates the age asymmetry between mother and daughter cells of
the yeast saccharomyces cerevisiae. Genetics, 162(1):73-87, 2002.

A. B. Lindner, R. Madden, A. Demarez, E. J. Stewart, and F. Taddei. Asym-
metric segregation of protein aggregates is associated with cellular aging and
rejuvenation. Proceedings of the National Academy of Sciences, 105(8):3076—
3081, 2008.

O. Linton and Y.-J. Whang. Nonparametric estimation with aggregated data.
Econometric Theory, 18(02):420-468, 2002.

B. P.-L. Loh and M. J. Wainwright. High-dimensional regression with noisy
and missing data: provable guarantees wth nonconvexity. The Annals of Statis-
tics, 40(3):1637-1664, 2012.

P. Massart. Concentration Inequalities and Model Selection. Lectures from the
33rd Summer School on Probability Theory held in Saint-Flour, 6-23, 2003.
Springer, 2007.

A. Meister. Deconvolution problems in nonparametric statistics, volume 193
of Lecture Notes in Statistics. Springer-Verlag, Berlin, 2009.

S. Méléard and S. Roelly. Sur les convergences étroite ou vague de processus
a valeur mesures. Comptes Rendus de I’Academie des Sciences, Serie 1 317,
1993.

S. Méléard and V. C. Tran. Slow and fast scales for superprocess limits of
age-structured populations. Stochastic Processes and their Applications, 122,
2012.

S. P. Meyn and R. L. Tweedie. Stability of markovian processes iii: Foster-
lyapunov criteria for continuous-time processes. Advances in Applied Proba-
bility, pages 518-548, 1993.

P. Michel. Existence of a solution to the cell division eigenproblem. Mathe-
matical Models and Methods in Applied Sciences, 16(supp01):1125-1153, 2006.

P. Michel, S. Mischler, and B. Perthame. General relative entropy inequal-
ity: an illustration on growth models. Journal de mathématiques pures et
appliquées, 84(9):1235-1260, 2005.

K. Mosegaard and A. Tarantola. Probabilistic approach to inverse problems. In
International Handbook of Farthquake and Engineering Seismology. Academic
Press, Incorporated, 2002.

J. B. Moseley. Cellular aging: symmetry evades senescence. Current Biology,
23(19):R871-R873, 2013.



REFERENCES

[87]

[88]

[92]

(93]

[94]

[95]

[100]

[101]

M. H. Neumann. On the effect of estimating the error density in nonparametric
deconvolution. Journal of Nonparametric Statistics, 7(4):307-330, 1997.

D. V. Nguyen, D. Sentiirk, and R. J. Carroll. Covariate-adjusted linear mixed
effects model with an application to longitudinal data. Journal of nonpara-
metric statistics, 20(6):459-481, 2008.

S. V. B. Penda. Deviation inequalities for bifurcating markov chains on galton-
watson tree. ESAIM: Probability and Statistics, 19:689-724, 2015.

M. Pensky and T. Sapatinas. Functional deconvolution in a periodic setting:
uniform case. The Annals of Statistics, 37(1):73-104, 2009.

B. Perthame. Transport equations arising in biology. Frontiers in Mathematics.
Birchkhauser, 2007.

B. Perthame and L. Ryzhik. Exponential decay for the fragmentation or cell-
division equation. Journal of Differential equations, 210(1):155-177, 2005.

R. Reams. Hadamard inverses, square roots and products of almost semidefi-
nite matrices. Linear Algebra and its Applications, 288:35 — 43, 1999.

P. Reynaud-Bouret, V. Rivoirard, F. Grammont, and C. Tuleau-Malot.
Goodness-of-fit tests and nonparametric adaptive estimation for spike train
analysis. The Journal of Mathematical Neuroscience, 4(1):1, 2014.

L. Robert, M. Hoffmann, N. Krell, S. Aymerich, J. Robert, and M. Doumic.
Division in escherichia coli is triggered by a size-sensing rather than a timing
mechanism. BMC biology, 12(1):1, 2014.

S. M. Ross. Stochastic processes, volume 2. John Wiley & Sons New York,
1996.

A. Samson and M. Thieullen. A contrast estimator for completely or partially
observed hypoelliptic diffusion. Stochastic Processes and their Applications,
122(7):2521-2552, 2012.

B. W. Silverman. Density estimation for statistics and data analysis, vol-
ume 26. CRC press, 1986.

E. J. Stewart, R. Madden, G. Paul, and F. Taddei. Aging and death in
an organism that reproduces by morphologically symmetric division. PLOS
Biology, 3, 2005.

J. Stirnemann, F. Comte, and A. Samson. Density estimation of a biomedi-
cal variable subject to measurement error using an auxiliary set of replicate
observations. Statistics in medicine, 31(30):4154-4163, 2012.

V. Sudakov and L. Khalfin. Statistical approach to correctness of problems
in mathematical physics. DOKLADY AKADEMII NAUK SSSR, 157(5):1058,
1964.

133



REFERENCES

[102]

[103]

[104]
[105]

[106]

[107]

[108]

[109]

[110]

134

A. Tarantola. Inverse problem theory and methods for model parameter esti-
mation. siam, 2005.

A. N. Tikhonov. Regularization of incorrectly posed problems. SOVIET
MATHEMATICS DOKLADY, 1963.

A. N. Tikhonov and V. Y. Arsenin. Solutions of ill-posed problems. 1977.

V. C. Tran. Modeéles particulaires stochastiques pour des problémes d’évolution
adaptive et pour 'approximation de solutions statisques. PhD dissertation,
Université Paris X - Nanterre, http://tel.archives-ouvertes.fr/tel-00125100,
2006.

V. C. Tran. Large population limit and time behaviour of a stochastic par-
ticle model describing an age-structured population. ESAIM: Probability and
Statistics, 12, 2008.

V. C. Tran. Une ballade en foréts aléatoires : Théorémes limites pour des
populations structurées et leurs généalogies, étude probabiliste et statistique de
modeles SIR en épidémiologie, contributions a la géométrie aléatoire. HDR dis-
sertation, Université Lille 1, https://tel.archives-ouvertes.fr/tel-01087229v1,
2014.

A. B. Tsybakov. Introduction to Nonparametric Estimation. Springer series in
Statistics. Springer, New York, 2009.

A. S. Whittemore and J. B. Keller. Approximations for regression with co-
variate measurement error. Journal of the American Statistical Association,
83(404):1057-1066, 1988.

L. Wu. Exact and approximate inferences for nonlinear mixed-effects mod-
els with missing covariates. Journal of the American Statistical Association,
99(467):700-709, 2004.



Titre: Estimation adaptative pour des problémes inverses avec des appli-
cations a la division cellulaire

Résumé : Cette these se divise en deux parties indépendantes. Dans la premiere,
nous considérons un modele stochastique individu-centré en temps continu décrivant
une population structurée par la taille. Ce modele est motivé par la modélisa-
tion des divisions cellulaires et par la détection du vieillissement cellulaire en bi-
ologie. La population est représentée par une mesure ponctuelle évoluant suivant
un processus aléatoire déterministe par morceaux. Nous étudions ici 'estimation
non paramétrique du noyau régissant les divisions, sous deux schémas d’observation
différents. Premierement, nous observons I’évolution des cellules jusqu’au temps
T et nous obtenons 'arbre entier des divisions. Nous construisons un estimateur
a noyau avec une sélection adaptative de fenétre dépendante des données. Nous
obtenons une inégalité oracle et des vitesses de convergence exponentielles optimales.
Deuxiemement, dans le cas ou 'arbre de division n’est pas complétement observé,
nous montrons que le processus microscopique renormalisé décrivant 1’évolution de
la population converge vers la solution faible d’'une équation aux dérivés partielles
(EDP). En considérant un probléme de valeurs propres lié a I’étude du comportement
asymptotique des solutions de cette EDP, nous proposons un estimateur du noyau
de division en utilisant des techniques de Fourier. Nous montrons la consistance de
Iestimateur. L’étude de la vitesse de convergence est un travail en cours.

Dans la seconde partie de la these, nous considérons le modele de régression non
paramétrique avec erreurs sur les variables dans le contexte multidimensionnel.
Notre objectif est d’estimer la fonction de régression multivariée inconnue. Nous
proposons un estimateur adaptatif basé sur des noyaux de projection fondés sur une
base d’ondelettes multi-index et sur un opérateur de déconvolution. Le niveau de
résolution des ondelettes est obtenu par la méthode de Goldenshluger-Lepski. Nous
obtenons une inégalité oracle et des vitesses de convergence optimales sur les espaces
de Holder anisotropes.

Mots clés : Population structurée par la taille, noyau de division, estimation non-
paramétrique, méthode de Goldenshluger et Lepski, adaptation, ondelettes, décon-
volution, régression anisotrope, erreurs de mesure.




Title: Adaptive estimation for inverse problems with applications to cell
divisions

Abstract: This thesis is divided into two independent parts. In the first one, we
consider a stochastic individual-based model in continuous time to describe a size-
structured population for cell divisions. This model is motivated by the detection of
cellular aging in biology. The random point measure describing the cell population
evolves as a piecewise deterministic Markov process. We address here the problem of
nonparametric estimation of the kernel ruling the divisions, under two observation
schemes. First, we observe the evolution of cells up to a fixed time 7" and we obtain
the whole division tree. We construct an adaptive kernel estimator of the division
kernel with a fully data-driven bandwidth selection. We obtain an oracle inequality
and optimal exponential rates of convergence. Second, when the whole division tree
is not completely observed, we show that, in a large population limit, the renor-
malized microscopic process describing the evolution of cells converges to the weak
solution of a partial differential equation (PDE). Considering an eigenvalue problem
related to the asymptotic behavior of the PDE’s solutions, we propose an estimator
of the division kernel by using Fourier techniques. We prove the consistency of the
estimator. The study of rates of convergence is a work in progress.

In the second part of this thesis, we consider the nonparametric regression with
errors-in-variables model in the multidimensional setting. We estimate the mul-
tivariate regression function by an adaptive estimator based on projection kernels
defined with multi-indexed wavelets and a deconvolution operator. The wavelet level
resolution is selected by the method of Goldenshluger-Lepski. We obtain an oracle
inequality and optimal rates of convergence over anisotropic Holder classes.

Keywords: Random size-structured population, division kernel, nonparametric
estimation, Goldenshluger-Lepski’s method, adaptation, wavelets, deconvolution,
anisotropic regression, measurement errors.
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