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Summary

The thesis is concerned to some mathematical problems on minimal Lipschitz exten-
sions.

Chapter 1: We introduce some basic background about minimal Lipschitz exten-
sion (MLE) problems.

Chapter 2: We study the relationship between the Lipschitz constant of 1-field and
the Lipschitz constant of the gradient associated with this 1-field. We produce two Sup-
Inf explicit formulas which are two extremal minimal Lipschitz extensions for 1-fields.
We explain how to use the Sup-Inf explicit minimal Lipschitz extensions for 1-fields
to construct minimal Lipschitz extension of mappings from R to R". Moreover, we
show that Wells’s extensions of 1-fields are absolutely minimal Lipschitz extensions
(AMLE) when the domain of 1-field to expand is finite. We provide a counter-example
showing that this result is false in general.

Chapter 3: We study the discrete version of the existence and uniqueness of AMLE.
We prove that the tight function introduced by Sheffield and Smart is a Kirszbraun
extension. In the real-valued case, we prove that the Kirszbraun extension is unique.
Moreover, we produce a simple algorithm which calculates efficiently the value of the
Kirszbraun extension in polynomial time.

Chapter 4: We describe some problems for future research, which are related to the
subject represented in the thesis.

Résumé

Cette these est consacrée aux quelques problemes mathématiques concernant les ex-
tensions minimales de Lipschitz. Elle est organisée de maniere suivante.

Le chapitre 1 est dédié a I’introduction des extensions minimales de Lipschitz.

Dans le chapitre 2, nous €tudions la relation entre la constante de Lipschitz d’ 1-
field et la constante de Lipschitz du gradient associée a ce 1-field. Nous proposons
deux formules explicites Sup-Inf, qui sont des extensions extrémes minimales de Lip-
schitz d’1-field. Nous expliquons comment les utiliser pour construire les extensions
minimales de Lipschitz pour les applications de R™ a R". Par ailleurs, nous mon-
trons que les extensions de Wells d’ 1-fields sont les extensions absolument minimales
de Lipschitz (AMLE) lorsque le domaine d’expansion d’1-field est infini. Un contre-
exemple est présenté afin de montrer que ce résultat n’est pas vrai en général.

Dans le chapitre 3, nous étudions la version discrete de I’existence et ’unicité de
I’AMLE. Nous montrons que la fonction tight introduite par Sheffield and Smart est
I’extension de Kirszbraun. Dans le cas réel, nous pouvons montrer que cette extension



est unique. De plus, nous proposons un algorithme qui permet de calculer efficacement
la valeur de I’extension de Kirszbraun en complexité polynomiale. Pour conclure, nous
décrivons quelques pistes pour la future recherche, qui sont liées au sujet présenté dans
ce manuscrit.

vi



Chapter 1

Introduction générale

1.1 Le probleme classique d’extension lipschitzienne

Nous considérons une paire d’espaces métriques (X,dx) et (Y,dy). Soit Q un sous-
ensemble de X et f : Q@ — Y une fonction lipschitzienne. Nous noterons

Lip(f,Q) := sup dy (f(x), f)

x,yeQ dX (X,y)
X#y

la constante de Lipschitz de f sur Q.

Le probleme de I’extension lipschitzienne classique demande des conditions sur
les d’espaces métriques (X,dy) et (Y,dy) de sorte que pour tout Q C X et pour toute
fonction lipschitzienne f : Q — Y, nous avons une fonction g : X — Y qui étend f et
avec la méme constante de Lipschitz que f, c’est a dire, Lip(f,Q) = Lip(g,X). Cela
signifie que nous pouvons toujours étendre les fonctions tout en préservant leur con-
stante de Lipschitz. La paire (X,Y) est dit avoir la propriété d’extension isométrique.
Il est rare pour une paire d’espaces métriques (X,Y) d’avoir la propriété d’extension
isométrique. Dans cette section, nous présentons quelques exemples célebres pour la
paire (X,Y) qui ont la propriété d’extension isométrique.

1.1.1 Théoreme de Kirszbraun

Kirszbraun trouvé un exemple tres célebre de paire d’espaces métriques (X,Y) ayant
la propriété d’extension isométrique.

Théoreme 1.1.1. (Théoréeme de Kirszbraun ) Soient Hy et Hy deux espaces de Hilbert.
Si Q est un sous-ensemble de Hy, et f : Q — H, est une fonction lipschitzienne, alors
il existe une fonction g : Hy — H satisfaisant

g = fdans Q et Lip(g,H;) = Lip(f,Q).

Kirszbraun a prouvé ce théoreme en 1934 [32] pour les paires d’espaces euclidiens.
Plus tard, il a ét€ prouvé de facon indépendante par Valentine en 1943 [52]. Valentine
a aussi généralisé les résultats de Kirszbraun a des paires d’espaces de Hilbert de di-
mension arbitraire. Ce théoreme est appelé théoreme de Kirszbraun, il est parfois aussi
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appelé théoreme de Kirszbraun-Valentine. Ce théoreme affirme que si X et ¥ sont des
espaces de Hilbert, alors (X,Y) a la propriété d’extension isométrique.

Parce que la preuve de ce théoreme pour le cas H; = R" et H, = R” (tous deux
équipés de la norme euclidienne) est tres simple et élégante, nous la reproduisons ci-
dessous. Tout d’abord, nous rappelons le résultat intéressant utilisé dans la preuve du
théoreme de Kirszbraun:

Lemme 1.1.2. [19, Lemma 2.10.40] Soit P un compact de R" x {r:0 < r < oo} et
Y, ={y: |ly—al|l <rt chaque fois que (a,r) € P}

pour 0 <t < oo, Alors ¢ =inf{t : ¥; # 0} < 400, Y, se compose d’un seul point b et
b appartient a I’enveloppe convexe de

A ={a: pour certains r,(a,r) € P, et ||b—al| = rc}.

La preuve du lemme ci-dessus peut voir dans le livre de Federer Geometric Mea-
sure Theory [19, Lemma 2.10.40].

Preuve du théoreme de Kirszbraun . (Pour le cas Hy = R™ et H, = R" tous deux équipés
de la norme euclidienne)

Sans perte de généralité, nous pouvons supposer Lip(f,Q) = 1.

>“Etape 1: Dans cette étape, nous étendons f en un point supplémentaire , c’est-a-
dire, pour x € H;\Q, nous devons trouver f, € H, telle que

Ife— fla)| < [lx—all, Va € Q.

Ceci est équivalent a
N B(f(a),|lx—al) #0.
acd
Comme ces boules sont compactes, il suffira de vérifier que
N B(f(a),[lx—all) #0. (L.1)
acF

pour chaque sous-ensemble fini ' de Q.
Appliquant le Lemme 1.1.2 (en utilisant la méme notation) avec

P={(f(a),|lx—al]):acF},

nous pouvons trouver xp, ..., x; € A et b appartenant a I’enveloppe convexe { f(x;) }ic1,... 1}
telle que

16— f (xi) || = el —xill.
Notre tache est de montrer que ¢ < 1.

k k
Nous écrivons b = Y A;f(x;) pour A; € [0,1] et ¥ A; = 1. En utilisant la formule
= .

1= i=1

2 2 2
2(u,v) = [Jull =+ [VI7 = flu=vI[%,

2



nous avons

0 = 2||Z/1 b)|?
= 22/1/1 —b, f(xj) — b)
= ZM 1 Gai) = BI 117 () = BIP = ILf (xe) = £ () 17]
> ZM [l =] €2l = x| = []xi — ;1]
= Z“ [24e(xi =), e(xj —x)) + (¢ = 1)l|xi —x5]|°]

= ZHCZA H2 C —1)ZQLi/FLiji—XjH2.
ij

Donc, c < 1.
*Etape 2: Nous considérons la classe

Z ={h:Q Cdom(h),h = f dans Q et Lip(h,dom(h)) = Lip(f,Q)}.
Pour hy,h, € £, nous définissons la relation d’ordre:
(hy < hy) < (dom(h;) C dom(hy) et hy = hy dans dom(hy))

En utilisant le lemme de Zorn, .Z posséde un élément maximal g : Q| — H,. La preuve
de ce théoreme est complete si Q = H;. Supposons, par I’absurde que Q| # H;. Alors
il existe & € H;\Q,. En utilisant I’étape 1, il existe N € H, telle que

Im—g@)|| <& —all, Va € Q.

Par conséquent, si nous définissons g; = g dans Q et g1(§) =1, alors g € £, g < g
et g # g1. Ainsi g ne serait pas maximale dans .Z. Nous obtenons une contradiction.
O]

L’idée principale dans la preuve ci-dessus est que : dans I’étape 1, nous utilisons
des caractéristiques géométriques des espaces de Hilbert pour étendre f en un point
supplémentaire, et dans I’étape 2 nous utilisons une certaine forme de 1’axiome de
choix pour étendre f a tout I’espace. Cette idée est la méme que la preuve du classique
théoreme de classique Hahn-Banach, et les caractéristiques des espaces de Hilbert
comme ’existence d’un produit scalaire sont tres importants dans cette démonstration.
La résultat correspondant pour les espaces de Banach est pas vrai en général, pas méme
pour les espaces de Banach de dimension finie. Nous pouvons construire des contre-
exemples ou le domaine est un sous-ensemble de R” avec la norme sup et 1’application
est a valeurs dans R avec la norme Euclidienne. Un contre-exemple simple est la



suivante:

X =R avec dx (x,y) = sup{|x1 = yi, [x2 = ya[},

ou x = (X],Xz),y = (yl;yZ) €X,

Y =R?avec dy (x,y) = ((x1 —y1)* + (2 —y2)}) "%,

ol x = (X],Xz),y = (ylayZ) €y,

Q={(1,-1),(-1,1),(I,1)} CX, f: Q—Y,
Nous avons dx (x,y) = 2 = dy[f(x), f(y)],¥Vx,y € Q et dx(x,0) = 1,Vx € Q, mais il
n’existe aucun & € R? tel que dy (€, f(x)) < 1,Vx € Q.

Plus généralement, ce théoreme n’est pas vrai pour R équipé de la norme ¢,
(p # 2) (voir Schwartz 1969 [50, p. 20]).

1.1.2 Extensions extrémales de McShane-Whitney

SiY =R, alors pour tout espace métrique X arbitraire et tout sous-ensemble Q de X,
chaque fonction lipschitzienne f : 2 — R a une extension g lipschitzienne satisfaisant

g = fdans Q, et Lip(g,X) =Lip(f,Q). (1.2)

En fait, McShane [39] et Whitney [56] en 1934 produisent deux solutions explicites
de (1.2)

ot (F,Q)(E) = inf{f(x)+Lip(f,Q)dx(x,E) :x € Q} pour £ € X, (1.3)
m~(f,Q)(§) = sup{f(x)—Lip(f,Q)dy(x,c) :x € Q} pour & € X. (1.4)

De plus, m™ sont extrémales: la premiére est maximale et la seconde est minimale,
c’est-a-dire

m- (f,Q)(x) <g(x) <m™(f,Q)(x),Vx € X,
pour toute g autre solution de (1.2).

Remarque 1.1.3. Il est clair que les solutions de (1.2) sont uniques si et seulement si
m"(f,Q) =m (f,Q) sur R". Cela arrive rarement.

Exemple 1.1.4. Soit X =R, Q = {—1,0,1}, f(—1) = f(0) =0, f(1) = 1. Alors
Lip(f,Q) = 1. Les fonctions m™ (f,Q) et m~ (f,Q) sont tracées ci-dessous (voir Fig-
ure 1.1 et Figure 1.2).

1.1.3 Rétraction absolument 1-Lipschitz

Nous pouvons demander des conditions sur 1I’espace métrique Z : pour chaque espace
métrique X, la paire (X,Z) a la propriété d’extension isométrique. Pour répondre a
cette question, nous introduisons le concept de rétraction absolument 1-Lipschitz



Figure 1.1: Tlustration m™ (f,Q)

A

Figure 1.2: Tllustration m™~ (f,Q)

Définition 1.1.5. Soit (L,dy) un espace métrique et X une sous-ensemble de L.

Une fonction Lipschitz r : L — X est appelée une rétraction 1-Lipschitz si elle est
I’application identique dans X et Lip(r,L) = Lip(r,X).

Quand un tel rétraction 1-Lipschitz existe nous disons que X est une rétracter 1—
Lipschitz de L.

Un espace métrique X est appelé un rétraction absolument 1-Lipschitz si elle est
un 1— rétracter Lipschitz de I’espace métrique Y chaque fois que Y contient X.

Exemple 1.1.6. L’ensemble R, les arbres métriques et loo = {(x,)n : X, € R} (par rap-
port a la norme ||x||c = max |x,| ot x = (x,),) sont rétraction absolument 1-Lipschitz
n

(see [10], [29]).

Théoreme 1.1.7. [ 10, Proposition 1.2, Proposition 1.4] Soit (Z,dz) un espace métrique.
Les conditions suivantes sont équivalentes

(i) Pour chaque espace métrique X, la paire (X,Z) a la propriété d’extension
isométrique.

(i) Z est rétraction absolument 1-Lipschitz.

(iii) (Z,dz) est métriquement convexe ' et a la propriété d’intersection binaire 2.

1.2 Extensions lipschitziennes absolument minimales
1.2.1 Introduction a la notion d’extensions lipschitziennes absolu-
ment minimales

Nous considérons une paire de espace métrique (X,dx) et (Y,dy) qui a la propriété
d’extension isométrique.

'L’ espace métrique (Z,dz) est appelé métrique convexe si pour tout x,y € Z et A € [0, 1], il existe un
z € Z telle que dz(x,z) = Adz(x,y) etdz(y,z) = (1 —A)dz(x,y).

21 espace métriquement (Z, dz) est dit d’avoir la propriété d’intersection binaire si chaque collection
de boules fermées ayant une intersection deux a deux non vide, a un point commun.



Définition 1.2.1. Soit Q un sous-ensemble de X et f : Q — Y une fonction lipschitzi-
enne. Si g étend f et Lip(g,X) = Lip(f, Q) alors nous disons que g est une extension
lipschitzienne minimale (MLE) de f.

Dans le cas X C R" et Y = R, tous deux équipés de la norme euclidienne, les
formules de McShane- Whitney (1.3) et (1.4) nous donnent deux MLEs extrémales

m* etm~ de f. Ainsi, 2 moins que m* = m™~, nous avons pas unicité d’'une MLE de

f.
Ces MLE extrémales m™ et m™ ne satisfont pas de principe de comparaison et ne
sont pas stables. Plus précisément, la relation f| < f,, en général, ne signifie pas

m*(f1,Q) <m*(f>,Q), dans X,

ou
m~ (f1,Q) <m (f»,Q), dans X,

et m™(m"(f,Q),dV) peut étre différente de m™ (f,Q) sur un ensemble ouvert V CC
X\Q. De plus, pour une MLE g de f, Lip(g, V) est probablement strictement supérieur
a Lip(g,dV) pour certains V CC X\Q. Donc, si nous remplagons g par la nouvelle
fonction

g1(x) = g(x) pourx € X\V, etgi(x) =m"(g,dV)(x) pourx €V,
alors g1 est aussi une MLE de f et
Lip(g1,V) =Lip(g,dV) < Lip(g,V).

Ceci veut dire cela nous pouvons réduire la constante de Lipschitz locale en répétant
I’application de 1’opérateur m™ oum™.

De la discussion ci-dessus, la question suivante se pose naturellement: Est-il possi-
ble de trouver une MLE u avec des propriétés supplémentaires de sorte que u satisfasse
un principe de comparaison et soit stable ? Cette extension peut-elle étre unique ?

Evidemment, si ces fonctions existent, elles doivent satisfaire

Lip(u,V) = Lip(u,dV), pour tout ouvert V CC X\Q, (1.5)

parce que sinon elles ne seraient pas stables.

Cette question a d’abord été discutée paru dans une série de papiers de Aronsson
dans les années 1960 [3, 4, 5]. Aronsson a proposé le concept d’extensions lipschitzi-
ennes absolument minimales (AMLE):

Definition 1.2.2. Une fonction u : X — R est appelé AMLE de f si u est une MLE de
f et u satisfait (1.5).

Cela signifie que u a une constante de Lipschitz minimale dans chaque ensemble
ouvert V. CC X\Q.

Les opérateurs McShane-Whitney fournissent une idée naturelle pour construire
AMLE en réduisant la constante de Lipschitz minimale dans des domaines ou elle
n’est pas optimale. Aronsson (1967) [5] a utilisé cette idée pour prouver I’existence
d’AMLE.



Apres les travaux de Aronsson [3, 4, 5], il y a eu beaucoup de recherches sur les
AMLE et les problemes liés, voir [13, 15, 17, 28, 30, 46].

L’approche la plus populaire pour traiter cette question est d’interpréter le AMLE
comme une limite formelle de u, quand p — oo, ou u, minimise la fonctionnelle

L[] = /U |VulPdx, (1.6)

ot U C R” est ouvert, u € W'P(U;R) avec la condition u = f dans U, et Vu =
(tty,, ..., Uy, ) est le gradient.
Cette approche conduit aussi a réécrire le probleme initial: (1.5) est remplacé par

u=v sur dV entrainer ||Vulr=y) <|Vv| =), (1.7)

pour chaque V C U, et pour chaque v € C(V).

Ce probleme est un probleme de calcul des variations en norme sup. Dans le cas
p < oo, il était bien connu a I’époque que ce probleme conduisait a I’équation d’Euler-
Lagrange A,u=0 pour un minimisateur x mais on ne connaissait pas I’equation d’Euler-
Lagrange pour le probleme (1.7).

Aronsson en 1967 [5] a découvert 1I’équation d’Euler-Lagrange pour le probleme
(1.7), qui est

At =0, (1.8)
ou, pour u € Cc?,
n
Aot i= N il Uy,
jk=1

L’équation ci-dessus est aujourd’hui connu sous le nom d’infini laplacien. Aronsson
découvert cette équation par approximation. Expliquons I’idée au moins formellement.
Il a considéré I’opérateur non-linéaire p-laplacien (p fini)

By = div([Vull?2Vu) = (p = 2) |Vl *Aci+ | VP2 Au

L’équation A,u = 0 est I’équation d’Euler-Lagrange pour le probleme de minimisation
(1.6).
Divisant I’équation A,u = 0 par (p —2)||Vu|”~* conduit &

1
Awtt + ———||Vu||*Au = 0.
p—2

En faisant p — +oo. On aboutir a I’équation
Aoou — O.

Aronsson a prouvé en 1967 [5] que si U est la fermeture d’un domaine borné dans
R" et f est une fonction donnée sur AU alors une fonction u € C? est une AMLE de
f si et seulement si elle est solution de 1’ équation du laplacien infini (1.8) avec la
condition au bord u = f sur dU.



Toutefois, les AMLE ne sont pas C? en général. Les solutions classiques de I’équation
eikonale |Du| = constante produisent des exemples d’ AMLE non C2. Une AMLE non-
réguliere explicite a été donnée par Aronsson en 1984 [6] u(x,y) = x*3 43 Les
derivées premiere de u sont holdériennes avec un exposant 1/3 et les dérivées secon-
des n’existent pas sur les lignes x = 0 et y = 0. A 1’époque, I’ existence et I’unicité des
AMLE était inconnue en général, et la notion de solutions pour I’équation du laplacien
infini (1.8) n’était pas claire.

Une percée importante dans ce sens a été faite par Jensen en 1993 en utilisant les
solutions de viscosité introduites par Crandall et Lions dans un papier tres célebre en
1983 [16]:

Définition 1.2.3. (i) Une fonction semi-continue supérieurement u : U — R est une
sous-solution de (1.8) si A (x) > 0, pour chaque (x,¢) € U x C>(U) telles que (u —
9)(x) = (u—9)(y) pour tous y € U.

(ii) Une fonction semi-continue inférieurement u : U — R est une sur-solution de
(1.8) si Aw(x) <0, pour chaque (x,9) € U x C*(Q) telles que (u—¢)(x) < (u—¢)(y)
pour tousy € U.

(iii) Une fonction continue u : U — R est une solution de viscosité de (1.8) si elle
est a la fois une sous-solution et sur-solution

Le concept de solution de viscosité est une généralisation de la notion classique
pour des fonctions non-lisse. En utilisant cette définition, en 1993 Jensen a prouvé
I’existence et 1’unicité de la solution de viscosité de 'infini laplacien (1.8) avec la
condition au bord u = f dans JU [28].

Jensen a montré aussi que cette solution est également solution du probleme de
Aronsson : pour chaque sous-ensemble ouvert borné V de U et pour chaque v € C(V),
si u est la solution de viscosité de I’infini laplacien alors

u=v sur dV implique ||Vu|z=w) <|[[Vv|r=(y)-. (1.9)

Le travail de Jensen a suscité un intérét considérable dans les longs développements de
la théorie des AMLE en particulier en ce qui concerne 1’existence et I’unicité.

1.2.2 Comparaison avec les cones

Nous introduisons la propriété de “Comparaison avec les cones”. On note que toute so-
lution d’une équation eikonale |Dv| = constante est une solution classique de —A.v =
0 partout ou elle est lisse. Ainsi, le cone

C(x) =a+Db|x—xo|

est une solution classique pour x # xj.

Si b est positif alors le cone C est une sous-solution de viscosité globale sur R”,
mais elle n’est pas une solution de viscosité globale. La comparaison avec les cOnes
est I’outil de base de la théorie.

Définition 1.2.4. (i) Une fonction u € C(U) est dite comparable avec des cones par
au-dessus dans U si pour tout ouvert borné V sous-ensemble de U et chaque xy €
R™ a,b € R, tels que

u(x) <C(x) =a+b|x—xpl|, x€ d(V\{x0}),



alors nous avons u < C dans V.

(ii) Une fonction u € C(U) est dite comparable avec des cones par au-dessous
dans U si pour tout ouvert borné V sous-ensemble de U et chaque xo € R",a,b € R,
tels que

u(x) > C(x) = a+bllx —xol|, x € I(V\{xo}),

alors nous avons u > C dans V.

(iii) Une fonction u € C(U) est dite comparable avec des cones dans U si elle est
a la fois comparable avec des cOnes par au-dessus et comparable avec des cOnes par
au-dessous.

En 2001, Crandall, Evans, et Gariepy [15] ont prouvé que si u est une fonction
continue dans un ouvert borné U C R", alors

u est un AMLE qui satisfait (2.7)
& u est solution de viscosité de I’infini laplacien (2.8)

< u est comparable avec les cones.

En 2010, Armstrong et Smart [2] ont présenté une preuve élégante et élémentaire de
I’unicité des fonctions comparables avec les cones. Cette preuve ne fait aucune utilisa-
tion des équations aux dérivées partielles et ils n’ont pas besoin d’utiliser les solutions
de viscosité développées pour les équations elliptiques du deuxieme ordre. D’apres les
résultats de Crandall, Evans, et Gariepy [15] sur I’équivalence des concepts d’AMLE,
des solutions de viscosité de I'infini laplacien et des fonctions comparables avec les
cones, le résultat d’Armstrong et Smart produit une preuve nouvelle et facile pour
I’unicité de ’AMLE et 'unicité de la solution de viscosité de I’équation de I’infini
laplacien.

1.2.3 Généralisation dans les espaces métriques et jeux

La définition de la comparaison avec des cones (Definition 1.2.4) s’étend facilement
a d’autres espaces métriques. Champion et De Pascale [14] adapté cette définition a
des espaces de longueur 3, ot les cones sont remplacés par des fonctions de la forme
¢ (x) = bd(x,z) + ¢ pour b > 0.

Juutinen [30] en 2002 a utilisé la méthode de Perron pour établir I’existence ’ AMLE
pour des espace séparables.

Peres, Schramm, Sheffield et Wilson [46] en 2009 ont utilisé des techniques de
la théorie des jeux pour prouver 1’existence et ’unicité d’AMLE pour les espaces
généraux de longueur . Cette preuve établit un joli lien entre le laplacien infini et
le jeu “’tug of war”.

L’ équation fonctionnelle intéressante

lyl<e |z|<e

uf(x) = ! (maxug(x+ €y) + min u®(x+ 8z)> (1.10)

qui apparait dans le travail de Peres, Schramm, Sheffield et Wilson [46] joue un role im-
portant dans le lien avec les AMLE (voir Le Gruyer [37](2007) et Oberman [45](2004)).

3Un espace métrique (X,dx) est un espaces de longueur si pour tout x,y € X, la distance dy (x,y) est
la borne inférieure des longueurs des courbes dans X qui relie x et y.

9



1.2.4 Régularité

Nous précisons les propriétés derégularité des solutions de viscosité de
Awu =0, dans U, (1.11)

ou U C R” est un ensemble ouvert.

Une solution de viscosité u est appelé fonction oo-harmonique .

Considérons I’exemple du Aronsson: u(x,y) = x*3 43 Les dériveés premieres
de u sont holdériennes avec un exposant 1/3; les dériveés secondes n’existent pas
sur les lignes x = 0 et y = 0. Par conséquent, dans I’exemple de Aronsson, u € C!
mais u ¢ C?. La question est la suivante : les fonctions co-harmoniques sont elles
nécessairement continiiment différentiable ?

Supposons que u soit une solution de viscosité de 1I’équation (1.11) et B(x,r) C U.
Nous définissons

max u(y) —u(x)

L}_j_ (x) — yEIB(x,r) ,
,
et
) u(x) —yggg&’r)u(y)
L (x):=
r

Crandall, Evans et Gariepy [15] (2001) ont prouvé que les limites

L(x) :=1limLS (x) = limL, (x)

r—0 r—0

existent et sont égales en chaque point x € U.
Evans et Smart [18] (2011) établi que:

i 10~ ()

r—0 r

=(a,y)

existe localement uniformément pour certains a € R” qui satisfont ||a|| = L(x).

En conséquence, les fonctions eo-harmoniques sont partout dérivables et L(x) =
[Du(x)]].

Savin en 2006 [48] a montré que les eo-harmoniques pour n = 2 sont en fait con-
tiniment différentiables. Savin a utilisé tres fortement la topologie de R?, et il est
difficile de généralises les arguments de Savin pour le cas n > 2. La question de savoir
si les fonctions co-harmoniques sont nécessairement C' en général reste le probléme
plus important ouvert dans ce cadre.

1.2.5 L’extension tight

Présentons une version discrete des AMLE pour les fonctions a valeurs vectorielles.
Soit G = (V,E,Q) un graphe fini connexe de sommets V C R", d’arétes E et Q C V un
ensemble non-vide. Soit f: Q — R™.
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Nous noterons E(f) I’ensemble de toutes les extensions de f sur G. La constante
de lipschitz locale de v au sommet x € V\Q est définie par

LV(X) ‘= sup ||v(y)—v(x)H
vest) Ny —xll

Y

S(x):={yeV:(x,y) €E} (1.12)
est un voisinage de x dans G.

Définition 1.2.5. 4 Si u,v € E(f) satisfont
max{Lu(x) : Lu(x) > Lv(x),x € V\Q} > max{Lv(x) : Lv(x) > Lu(x),x € V\Q},

alors nous disons que v est plus tight que u dans G. Nous disons que u est une extension
tight de f dans G siil n’y a pas v plus tight que u .

Théoreme 1.2.6. [51, Theorem 1.2] Il existe une unique extension u de f qui est tight
sur G. De plus, u est plus tight que tout autre extension v de f.

L’extension tight est la limite des p— extensions harmoniques discretes.

Théoreme 1.2.7. [51, Theorem 1.3] En plus de les hypotheses du théoréme 2.2.6,
supposons que pour chaque p > 0, la fonction uy, : V. — R"™ minimise

Ilul =}, (Lu(x))”,

xeV\Q

ot u, est une extension de f. Alors la suite (u),) convege vers I’extension tight de f.

1.3 Le probleme de I’extension de Whitney

1.3.1 Théoreme de Withney

Le probleme a pour origine de Hassler Whitney: Soit Q un sous-ensemble de R”, et soit
f un fonction continue a valeurs réelles dans le domaine Q. Sous quelles conditions la
fonction f s’étend-elle en une fonction C"™ sur R ? Si la fonction f est dans un certain
sens différentiable dans Q, I’extension F' de f peut-Etre différentiable du méme ordre
sur R" ?

Dans les papiers [56, 57, 58] en 1934 Whitney a développé d’importantes tech-
niques d’analyse et de géométrie pour résoudre le probleme. La difficulté est que les
sous-ensembles d’espaces euclidiens manquent en géneral de structure différentiable.
Nous avons donc besoin de comprendre ce que signifie exactement la dérivée d’une
fonction sur un tel ensemble. Le point de départ est un examen du théoreme de de-
velopement de Taylor. Compte tenu d’une fonction de valeurs de réelles f € C"(R"),

4Par convention, si C = 0 alors max = 0.
c
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théoreme de Taylor affirme que pour chaque a,x,y € R”", il existe une fonction Ry (x,y) —
0 uniformément quand x,y — a telle que

fo=Y m<x—y>°‘+ Y M(x—y)“, (1.13)

| !
| <m (04 ol

ou o est multi-indices entier.
Soit fo = D*f pour chaque multi-indice a. En différenciant (1.13) par rapport a
X, on obtient
S a+pB )
!
pi<na P

falx) = (x—¥)P + R (x,y), (1.14)

ol Ry = o(Jx —y|"~%*) — 0 uniformément quand x,y — a.

La définition des dérivées dans d’une fonction un ensemble général donnée par
(1.14) se pose naturellement a partir d’un examen de la formule de Taylor (1.13).
L’extension du théoreme de Whitney est une réciproque partielle au théoreme de Tay-
lor. Dans le papier original de Whitney en 1934 [56] on a :

Théoreme 1.3.1. [56, Whitney extension theorem] Supposons que (fy)q Sont une col-
lection de fonctions sur un sous-ensemble fermé CQ de R" pour tout multi-indice o avec
|a| < m satisfaisant a la condition de compatibilité (1.14). Alors il existe une fonction
F(x) de classe C™ telle que:

(i) F = fo dans Q.

(ii) D®F = fo dans Q.

(iii) F est un réelle analytique en chaque point de R™\ Q.

Depuis le travail de Whitney, des progres fondamentaux ont été faits par Georges
Glaeser, Yuri Brudnyi, Pavel Shvartsman, Edward Bierstone, Pierre Milman, Erwan
Le Gruyer... Dans une série d’articles récents, Charles Fefferman a résolu le probleme
initial de Whitney en toute généralité. Ses méthodes ont conduit a des développements
tres importants dans le domaine (voir [20, 21, 22, 23]).

1.3.2 MLE pour les champs d’ordre 1

Soit Q un sous-ensemble de I’espace euclidien R”.
Nous définissons

PIRYR)2{P:acR"+ P(a) = p+ (v,a), pe R,y e R"}.
Prenons un champ F d’order 1 (dit aussi 1-champ) sur Q défini par

F:Q— 2 (R"R)
x+— F(x)(a) == fy+ (Dxfra—x), (1.15)

ol a € R” est la variable du polyndme F(x) de degré let f: x€ Q— f, € R, Df :
x € Q— D, f € R" sont des applications associées a F.
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En conséquence du Théoréme 1.1.1, nous avons Lip*(f) = Lip(f,Q) ou
Lip*(f) := inf{Lip(g,R") : g extension lipschitzienne totale de f}.

Soit F un 1-champ. Nous définissons que le 1-champ G est appelé [’extension de F
si dom(G) = R" et G(x) = F(x) sur Q. La question naturelle qui se pose est de savoir
si

Lip*(F) = inf{Lip(D,g,R") : G est un extension de F'}.

Erwan Le Gruyer [36] (2009) a introduit la constante lipschitzienne du 1-champ F
définie par:

I''(F;Q) 2 sup T'(F;x,y), (1.16)
x,yeQ
X7y

F —F
I (Fix,y) 22 sup L@ ZFO)@] (1.17)
ackr [[¥—all* +ly—d|
Le Gruyer prouvé que la constante I'' du 1-champ joue un rdle dans le probleme
de I’extension de facon similaire a la constante Lip de fonction continue:

Théoreme 1.3.2. [36] Soit F un I-champ. La fonctionnelleT! : F — T (F,dom(F)) €
R U{+oo} est I'unique satisfaisant
(PO) T'! est croissante, c’est-a-dire que si U étend F, alors

' (U,dom(U)) > T''(F,dom(F)).

(P1) Si dom(U) = R", et T'(U,dom(U)) < +oo, alors la fonction u définie par
u(x) :=U(x)(x) est différentiable et sa dérivée Vu est lipschitzienne.

(P2) Si u un fonction différentiable telle que dom(u) = R" et Vu lipschitzienne,
alors

' (U) = Lip(Vu),

ou U est le 1-champ associé a u, ¢’est-a-dire, U(x)(a) := u(x) + (Vu(x);a—x),Vx,a €
R™.

(P3) Pour chaque F telle que T (F,dom(F)) < oo, F s’étend en un I1-champ U
satisfaisant dom(U) = R" et

''(U,R") =T (F,dom(F)).

Comme conséquence immédiate de ce théoreme, pour tout 1-champ F, nous avons
Lip*(F) =T''(F,dom(F)).

Ce théoréme est vrai non seulement dans R”, mais aussi dans tout espace de
Hilbert, séparable ou non. Par conséquent, ce théoreme est une extension du théoréme
de Whitney classique. La calcul de I qui généralise la fonctionnelle I'' introduite par
Le Gruyer au ces des m-champs est une question tres difficile.
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1.4 Résultats de la these

Dans cette section, nous présentons les principaux résultats de cette these.

1.4.1 Les relations entre I'! et Lip

Soit F : Q — 2! (R" R) un 1-champ. Il est intéressant de se demander quelle est la
relation entre ' (F; Q) et Lip(Df; Q).
De [36], nous savons que

Lip(Df;Q) <T'(F:Q)
et si Q = R" alors
Lip(Df;R") =T (F;R").
Mais en général, la fonction I'! (F; Q) peut étre strictement plus grande que Lip(Df; Q).

Exemple 1.4.1. Nous donnons un exemple trés simple pour lequel est I'' (F;Q) >
Lip(Df;Q). Soit A et B deux ensembles ouverts dans R” telles que ANB = 0. Soit
Q=AUBetFc Z'(Q) tellesque fy =0six €A, fi=1sixcB,etD,f=0
,Vx € Q. Nous avons

Lip(Df;Q) =0
et

4
I''(F;Q) = supsup

>0,
xea yeb |[x— I

Nous donnons maintenant deux résultats ol nous avons I'' (F,Q) = Lip(Df, Q).

Proposition 1.4.2. Soit F € .#1(Q). Supposons qu’il existe a,b € Q, a # b tels que
I''(F;a,b) =TY(F;Q). Nous avons T (F;Q) = Lip(Df; Q).

Proposition 1.4.3. Soit F € .7 (Q). Supposons qu’il existe Q' CC Q telle que T (F; Q') =
I'Y(F;Q). Nous avons T (F;Q) = Lip(Df; Q).

Nous voyons que, dans certains cas, nous avons I'' (F,Q) = Lip(Df, Q). De plus,
dans I’exemple 1.4.1, Q est ouvert mais pas convexe. Ainsi, nous pouvons espérer
que si Q est convexe alors nous avons I'! (F, Q) = Lip(Df, Q). Malheureusement, cela
est encore faux en général pour un ensemble Q convexe et ouvert. Nous donnons un
contre-exemple ot Lip(V£;Q) < T''(F;Q) pour Q convexe ouverte et F € .#1(Q)

dans la Proposition 3.3.6 de la these.
Notre résultat principal dans cette section est

Theorem 1.4.4. Soit Q un sous-ensemble ouvert de R". Nous avons
I''(F;Q) = max{I'' (F;9Q),Lip(Df;Q)}, (1.18)

out dQ est la frontiére de Q.
De plus, si Q est un sous-ensemble convexe de R", alors

I''(F;Q) <2Lip(Df; Q). (1.19)

Pour comprendre le lien entre I'' (F; Q) et Lip(D f; Q), il est important de connaitre
I’ensemble d’unicité des extensions minimales de F' lorsque € est constitué de deux
points (cette étude a été réalisée dans [27]).
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1.4.2 MLE de 1-champs données explicitement par des formules
en sup-inf

Soit F : Q — 2! (R",R) un l-champ. Par le théoréme 2.3.2, il existe un 1-champ G

sur R" extension lipschitzienne minimale (MLE) de F, c’est a dire, G = F dans Q et
I'(G,R") =T (F,Q).
Nous présentons deux MLEs U™ et U~ de F de la forme

Ut:xeR"—UT(x)(y) :=u"(x)+(Du";y—x), y e R", (1.20)
ou
u" (x) := max inf W' (F,x,a,v), Dxu" := argmax inf Y1 (F,x,a,v), (1.21)
VEA, acQ vEA, acQ)
et
U xeR"—U (x)(y):i=u (x)+(Dyu ;y—x), yeR", (1.22)
ou
u~ (x):=minsupW¥ (F,x,a,v), Du :=argminsup¥ (F,x,a,v), (1.23)
VEAx 4O VEAL4eQ

ol A, est un ensemble non vide et convexe de R” défini dans la Définition 3.4.7 et W=
sont des fonctions définies dans la Définition 3.4.8.

Les MLE u™ sont extrémales : la premiere est plus grande possible et la seconde
la plus petite possible c’est-a-dire

W (x) < g < ut(x), VxR,

pour toute MLE G de F.

Les formules de u™ et leurs gradients sont explicites. De plus, elles ne dépendent
que de F. Les formules de u™ dans le carde des 1 — champ sont similaires aux formules
(1.3) et (1.4) de m* provenant du travail de McShane [39] et Whitney [56].

Soit k est une constante. Lors de la conférence Whitney en 2011, M. Hirn a re-
marqué que: k > IT''(F; Q) si et seulement si

Sy <fit %<Dxf‘|‘Dyfay —x)+ ;(x_)’)z - %{(Dxf—Dyf)z,Vx,y €Q. (1.24)

De plus, si Kk = r! (F;Q), alors le travail de Wells (voir [54, Theorem 2]) nous
donne que w (voir la définition de la fonction w' dans ’annexe 3.8) est une MLE.
De plus, dans ce cas w est une extension minimal extrémale de supérieure de F.

La construction de wt de Wells est explicite quand Q est fini. Il est possible
d’étendre cette construction au domaine infini par passage a la limite mais il n’y a
alors plus de formule explicite. Dans le Chapitre 3 Section 3.4, nous prouvons que si
k =T''(F;Q), alors u™ = w'. De la méme maniére que pour w', nous construisons
une fonction de Wells w™ qui est une extension minimale inférieure de F et w™ =u".

Dans le chapitre 3 Section 3.6, nous prouvons que si Q est fini alors W= sont des
AMLE de F, o W sont les 1-champ associés 2 w* respectivement. Cela signifie que
pour tout ouvert borné D satisfaisant D C R™\Q nous avons

r''(w*, D) =T (W*,0D). (1.25)
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Ce résultat donne d’existence d’AMLEs de F lorsque Q est fini. En général, nous
avons pas l'unicité, car on peut avoir w~ < w'. En fait, nous pourrions avoir un
nombre infini de AMLE de F'.

Lorsque Q est infini, W et W~ sont des MLE extrémales, mais en général ne sont
pas des AMLE de F. Nous donnons un contre-exemple.

Exemple 1.4.5. Soit Q; = dB(0;1), Q; = dB(0;2) et Q = Q; UL,. Nous définissons
F € Z'(Q) comme suit

JSi=0pourx e Q, fy=1pourx e Qy, et D.f =0 pourxec Q.

Définissons
V={xecR%: x| <3/4} cCCR*/Q.

En utilisant de la construction de w™ nous pouvons calculer directement

4

C'(WHV)=4 and T'(W;9V) = 3

Ainsi W n’est pas un AMLE de F.

Dans I’exemple ci-dessus, W et W™ ne sont pas des AMLE de F. Nous pouvons
1
vérifier que E(W+ + W) est I'unique AMLE de F. De plus, cette fonction n’est pas

C?. La question de I’existence d’une AMLE pour les 1-champs est un probléme ouvert
et difficile quand Q est infini.

1.4.3 Formules explicites de MLE pour des applications de R™
dans R"

Dans la preuve du théoréeme 1.1.1 qui est connu comme le probleme d’extension
de Kirszbraun-Valentine [32, 53], nous avons utilisé une certaine forme de 1’axiome
du choix. Par conséquent, nous n’avons pas de formules explicites pour les MLE
d’applications de R dans R".

Expliquons comment utiliser la formule explicite en Sup-Inf des MLE pour des
1-champs pour construire des MLE d’applications de R” dans R". Appelons 2 le
probleme de MLE pour les applications lipschitziennes et 2; le probleme de MLE
pour les 1-champs. Nous montrons que le probleme 2, est un sous-probléme du
probleme 2. En conséquence, nous obtenons deux formules explicites qui perme-
ttent de résoudre le probleme 2.

Plus précisement, soit n,m € N* et @ C R™. Soit u : @ — R”". Supposons que
Lip(u; @) < 4-oo. Définissons

Q:={(x,0) eR"xR": x € w}.

Si x € R”*", nous noterons x := (x") x(") € R™" o x(™) € R™ et x") € R”. Pour
chaque fonction u de domaine @ nous associons le 1-champ F de Q C R"*" dans
2! (R R) comme suit :

fix0) = 0et D, o) f := (0,u(x)), pour tous x € . (1.26)
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Soit G une MLE de F. Nous définissons la fonction & : R — R par
i(x) := (D(r0)8)™, x € R™. (1.27)
Theorem 1.4.6. L’extension ii est une MLE de u.

Si nous remplagons G par deux 1-champ extrémaux U~ et UT de F, alors nous
obtenons deux formules explicites qui résolvent le probleme 2.

Si @ est fini, en utilisant la construction explicite de U T ou U~ de Wells, nous
pouvons calculer facilement U™ et U~. Ainsi le résultat de Wells donne une con-
struction explicite de MLE pour le probleme 2. De plus, nous pouvons les calculer
efficacement.

1.4.4 L’extension de Kirszbraun sur un graphe fini connexe

Nous commencgons par étudier la version discrete de I’existence et ’unicité des AMLE.
Soit G = (V, E, Q) un graphe fini connexe de sommets V C R”, d’arétes E et soit Q C V
un ensemble non vide.

Figure 1.3: Exemple de graphe connexe fini G

Pour x € V, nous définissons
S(x):={yeV:(x,y) €E} (1.28)
un voisinage de x dans G

Exemple 1.4.7. Dans la figure 2.3 nous avons V = {vy,...,v¢}, E = {ey, ...,e10}, S(v3) =
{vi,v2,v4,vs}.

Soit f: Q — R™. Nous considérons 1’équation fonctionnelle suivante avec une
condition de Dirichlet:

() = {K(u,S(x))(x) Vx e V\Q; (129)

flx)Vx € Q,

ou la fonction K(u,S(x))(x) est définie précisement par (4.5).
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Nous disons qu’une fonction u satisfaisant (2.29) est un extension de Kirszbraun
de f dans le graphe G. Dans le chapitre 4, nous prouvons que I’extension tight intro-
duite par Sheffield et Smart (2012) [51] (voir la définition de I’extension tight dans
la Définition 1.2.5) est une extension de Kirszbraun. Donc, nous avons 1’existence
de I’extension Kirszbraun, mais en général I’extension Kirszbraun peut ne pas étre
unique. Cette extension est I’extension lipschitzienne optimale de f sur le graphe G
puisque pour tout x € V\Q, il n’y a aucun moyen de réduire Lip(u,S(x)) en modifiant
la valeur de u en x.

Dans le cas m = 1, Le Gruyer [37] a obtenu une formule explicite pour K (u, S(x))(x)
comme suit

K(u,S(x))(x) = inf sup M(u,z,q)(x), (1.30)
2€8(x) 4es(x)

e flulg) + Il qllu)
M2 00 = L

Le Gruyer a étudié la solution de (1.29) sur un réseau (voir Définition 4.1.2) ou
K (u,S(x))(x) satisfait (1.30). Cette solution joue un rdle important dans les arguments
d’approximation pour les AMLE dans Le Gruyer [37]. L’extension de Kirszbraun u
est une généralisation de la solution dans les travaux de Le Gruyer pour le cas m > 2.

Dans le chapitre 4, nous prouvons que dans le cas m = 1 I’extension de Kirszbraun
u est unique. De plus, dans le cas m = 1, nous produisons un algorithme simple qui
calcule efficacement la valeur de 1’extension de Kirszbraun avec une complexité poly-
nomiale. Cet algorithme est analogue a 1’algorithme produit par Lazarus et et al [34]
(1999) quand ils calculent la fonction de colit de Richman. En supposant que les
hypotheses de Jensen [28], sont satisfaites cet algorithme calcule exactement la solu-
tion de (4.7). En utilisant I’argument de Le Gruyer [37], nous obtenons une nouvelle
méthode pour approcher la solution de viscosité de 1’équation Az = 0 avec la condi-
tion de Dirichlet.

Dans 1’algorithme ci-dessus, la formule explicite K(u,S(x)) donnée par (1.30) et
la structure d’ordre de I’ensemble des nombres réels jouent un réle important. La
généralisation de I’algorithme a m > 2 est difficile puisque nous ne connaissons pas de
formule explicite de K (u,S(x)) quand m > 2 et R? n’a pas de structure d’ordre utile.
Ces difficultés ont limité le nombre de résultats dans le cas m > 2.
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Chapter 2

Introduction

2.1 The classical Lipschitz extension problem

We consider a pair of metric spaces (X,dy) and (Y,dy). Let Q be a subset of X and
f :Q —Y be a Lipschitz function. We denote

Lin(.0) e sup rUCT0))

x,yeQ dx (x7y>
X7y

to be the Lipschitz constant of f on Q.

The classical Lipschitz extension problem asks for conditions on pair of metric
spaces (X,dx) and (Y,dy) such that for all Q C X and for all Lipschitz function f :
Q — Y, then there is a function g : X — Y that extends f and has the same Lipschitz
constant as f, i.e. Lip(f,Q) = Lip(g,X). It means that we can always extend functions
while preserving their Lipschitz constant. The pair (X,Y) is said to have the isometric
extension property. It is rare for a pair of metric spaces (X,Y) to have the isometric
extension property. In this section we introduce some famous examples for the pair
(X,Y) that have the isometric extension property.

2.1.1 Kirszbraun theorem

Kirszbraun found a very famous instance for a pair of metric spaces (X,Y) to have the
isometric extension property

Theorem 2.1.1. (Kirszbraun theorem) Let Hy and H, be Hilbert spaces. If Q is a
subset of Hy, and f : 0 — H» is a Lipschitz function, then there is a function g : Hy — H,
satisfying

g =fonQ, and Lip(g,Hy) = Lip(f,Q).

Kirszbraun first proved this theorem in 1934 [32] for the pairs of Euclidean spaces.
Later it was reproved independently by Frederick Valentine in 1943 [52], where he
also generalized it to pairs of Hilbert spaces of arbitrary dimension. This theorem is
called Kirszbraun theorem, sometimes it is also called Kirszbraun-Valentine theorem.
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This theorem asserts that if X and Y are Hilbert spaces, then (X,Y) have the isometric
extension property.

Because the proof of this theorem for case Hy = R and H, = R" both equipped
with the Euclidean norm is very simple and elegant, let us reproduce it below. First of
all, we recall the interesting result used in the proof of Kirszbraun theorem:

Lemma 2.1.2. [19, Lemma 2.10.40] Let P be a compact subset of R" x {r:0 < r < e}
and

Y, ={y:||ly—al|l <rt whenever (a,r) € P}

for 0 <t < +oo, then ¢ = inf{t : Y; # 0} < oo, Y, consists of a single point b and b
belongs to the convex hull of

A={a: forsomer (a,r) €P and||b—al = rc}.

The proof of the above lemma can see in Federer’s book: Geometric Measure
Theory, Springer-Verlag, 1969 [19, Lemma 2.10.40].

Proof of Kirszbraun theorem. (For case Hy = R™ and H, = R" both equipped with the
Euclidean norm).

Without loss of generality, we can suppose Lip(f,Q) = 1.

*Step 1: In this step we extend f to one additional point, i.e. let x € H\Q, we
need to find f, € H, such that

Ifi = fla)] < llx—al, Va e Q.

This is equivalent to

N B(f(a),|lx—al]) # 0.

acQ

Since these balls are compact, it will suffice to verify that
N B(f(a),|x—all) #0. (2.1)
ackF

for every finite subset F' of Q.
Applying Lemma 2.1.2 (using the same notation) with

P= {(f(a)7 ||x—a||) rac F}7
we can find xq,...,x; € A, and b belongs to the convex hull of {f(xi)}ie{l7...,k} such that
16— f ()|l = ellx —xill.

Our task is to show that ¢ < 1.
k k
We write b = Y A;f(x;), where A; € [0,1] and ) A; = 1. Using the formula
i=1 =1

1

2 2 2
2(u,v) = [Jull =+ [V]I7 = llue =%,

20



we obtain

0 = ZIIZ/1 b)|?

= 2ZM —b,f(xj) —b)

= ZM 1 Gei) = BI 117 Cej) = BIP = IL£ (xe) = £ () 1]
Z“ [l =] €2l = x| = []xi — ;1]
= Z“ [2{e(xi =), e(x; —x)) + (¢ = 1)l|xi —x5]|°]

= 2||CZ;L H2 CZ—I)ZAI'/FL]'H)C,'—X]'HZ.
l’j

v

Therefore, ¢ < 1.
*Step 2: We consider the class

L ={h:Q Cdom(h),h= f onQ, and Lip(h,dom(h)) = Lip(f,Q)}.
For hy,h, € £, we define the order relation:
(hy < hy) < (dom(h;) C dom(hy) and hy = hy on dom(hy))

By Hausdorff’s maximal principle . has a maximal element g : Q; — H,. The proof
of this theorem is complete if Q| = H;. Suppose, by contradiction, that Q| # H;. Then
there exists & € H;\Q;. Applying step 1, there exist € H; such that

I —gla)ll < |6 —all, Va e Q.

Hence, if we define g; = g on Q) and g(§) =1, then g; € £, g < g but g # g;.
Thus g would not be maximal in .Z. We get a contradiction. [

The main idea in the above proof is that: In step 1 we use geometric features of
Hilbert spaces to extend f to one additional point, and in step 2 we use some form of
the axiom of choice to extend f to whole space. This idea is the same as the proof of the
classical Hahn-Banach theorem, and the features of Hilbert spaces like inner product
are very important in this proof. The corresponding statement for Banach spaces is
not true in general, not even for finite-dimensional Banach spaces. We can construct
counterexamples where the domain is a subset of R” with the maximum norm and the
map is valued in R” with Euclidean norm. A simple counterexample is the following:

X = R? with dx (x,y) = sup{|x1 —y1], |x2 —¥2},
where x = (x1,x2),y = (y1,)2) € X,

Y = R2 with dy (x,y) = ((x1 — 1)+ (x2 — 2)2) /2,
where x = (x1,x2),y = (y1,52) €Y,
Q={(1,-1),(-1,1),(1,1)} CX, f: Q—Y,
£(1,=1) = (1,0), £(=1,1) = (=1,0), £(1,1) = (0,V3).
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Then dx (x,y) =2 =dy[f(x),f(y)],Vx,y € Q and dx(x,0) = 1,Vx € Q, but there exists
no & € R? such that dy (&, f(x)) < 1,Vx € Q.

More generally, the theorem fails for R” equipped with any ¢, norm (p # 2) (see
Schwartz 1969 [50, p. 20]).

2.1.2 McShane-Whitney extremal extensions

If Y =R, then for any arbitrary metric space X and any Q subset of X, every Lipschitz
function f : Q — R has a Lipschitz extension g satisfying

g=fonQ, and Lip(g,X) =Lip(f,Q). (2.2)

In fact, McShane [39] and Whitney [56] in 1934 produced two explicit solutions of
(2.2)

m*(f,Q)(E) = inf{f(x)+Lip(f,Q)dx(x,E):xcQ}foré €X, (2.3)
m(f,Q)(E) = sup{f(x)—Lip(f,Q)dy(x,):x€Q} foré €X. (24)

+

Moreover, m™ are extremal: the first is maximal and the second is minimal, that is

m(f,Q)(x) < g(x) <m*(f,Q)(x),Vx € X,
for any g other solution of (2.2).

Remark 2.1.3. Clearly solutions of (2.2) are unique if and only if m™ (f,Q) =m ™~ (f,Q)
on R". This rarely happens.

Example 2.14. Let X =R, Q = {-1,0,1}, f(—1) = f(0) = 0,f(1) = 1. Then
Lip(f,Q) = 1. The functions m™ (f,Q) and m~(f, Q) are drawn below:

Figure 2.1: Ilustration m™ (f,Q)

/1\/0' 1
Figure 2.2: Tllustration m™~(f,Q)
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2.1.3 Absolute 1—Lipschitz retract

We may ask for conditions on a metric space Z such that, for every metric space X, the
pair (X,Z) has the isometric extension property. To answer this question, we introduce
the concept of absolute 1—Lipschitz retract.

Definition 2.1.5. Let (L,d;) be a metric space and X be a subset of L.

A Lipschitz map r : L — X is called a I-Lipschitz retraction if it is the identity on
X and Lip(r,L) = Lip(r, X).

When such a 1—Lipschitz retraction exists, we say that X is a I-Lipschitz retract
of L.

A metric space X is called an absolute 1—Lipschitz retract if it is a 1 —Lipschitz
retract of every metric space containing it.

Example 2.1.6. R, metric trees and lo = {(x,), : x, € R} with respect to the norm
||x[|]c = max |x,,| (Where x = (x,),) are absolute 1—Lipschitz retracts (see [10], [29]).

Theorem 2.1.7. [10, Proposition 1.2, Proposition 1.4] Let (Z,dz) be a metric space.
The following statements are equivalent
(i) For every metric space X, the pair (X,Z) has the isometric extension property.
(ii) Z is an absolute 1-Lipschitz retract.
(iii) (Z,dz) is metrically convex ' and has the binary intersection property 2.

2.2 Absolutely minimal Lipschitz extension

2.2.1 The beginning of concept absolutely minimal Lipschitz ex-
tension

We consider a pair of metric space (X,dx) and (Y,dy) that has isometric extension
property.
Definition 2.2.1. Let Q be a subset of X and f: Q — Y be a Lipschitz function. If g

extends f and Lip(g,X) = Lip(f,Q) then we say that g is a minimal Lipschitz extension
(MLE) of f.

When X C R" and Y = R, both equipped with the Euclidean norm, from McShane-
Whitney formulas (2.3) and (2.4), we have two extremal MLEs m* and m™~ of f. Thus,
unless m™ = m~, we have no uniqueness of MLE of f.

These extremal MLEs m™* and m™ fail to obey comparison and stability principle.
More precisely, the relation f; < f, on Q does not, in general, imply either

m+(f1,Q) < m+(f2,Q), on X,

or
mi(ﬁ,Q) < mi(fz,.Q.), on X,

I'The metric space (Z,dz) is called metrically convex if for every x,y € Z and A € [0, 1] there is z € Z
such that dz(x,z) = Adz(x,y) and dz(y,z) = (1 — A)dz(x,y).

>The metric space (Z,dz) is said to have the binary intersection property if every collection of
pairwise intersecting closed balls in Z has a common point.
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and m™ (m™(f,Q),dV) may be different from m™ (f,Q) in an open V CC X\ Q.
Moreover, for g MLE of f, Lip(g,V) is probably strictly larger than Lip(g,dV) for
some V CC X\Q.
Therefore, if we replace g by the new function

g1(x) = g(x) forx € X\V, and g;(x) =m™(g,dV)(x) forx €V,
then g is also a MLE of f and
Lip(g1,V) = Lip(g,9V) <Lip(g, V).

This means that we can decrease the local Lipschitz constant by repeating application
of the operator m* or m™.

From the above discussion, the following question naturally arises: Is it possible
to find a special function © MLE that obeys comparison and stability principle? And
furthermore, could this special extension be unique?

Obviously, if such functions exist, then they must satisfy

Lip(u,V) = Lip(u,dV), forany open V CC X\Q, (2.5)

because otherwise the stability would not hold.

This observation was first appeared in a series of papers of Aronsson in the 1960’s
[3, 4, 5]. Aronsson proposed the notion of an absolutely minimal Lipschitz extension
(AMLE):

Definition 2.2.2. A function u defined on X is called AMLE of f if u is a MLE of f
and u satisfies (2.5).

It means that u has the least possible Lipschitz constant in every open set whose
closure is compact and contained in X\ Q.

The McShane-Whitney operators provide a natural idea to construct AMLE by
reducing the Lipschitz constant in domains where it is not optimal. Aronsson (1967)
[5] used this idea to prove the existence of AMLE.

After the works of Aronsson [3, 4, 5], there has been many researches devoted to
the study of AMLEs and problems related to them, see e.g. [13, 15, 17, 28, 30, 46].
The most popular line of research has arisen from the idea of interpreting the AMLE
as a formal limit of u,, as p — oo, where u,, is the minimizing of the functional

L] := /U |Vu|Pdx, (2.6)

where U C R" is open, u € WP (U;R) with boundary condition u = f on U, and
Vu = (uy,,...,uy,) is the gradient.

This approach also leads to rewrite the original problem in which (2.5) is replaced
by “calculus of variations problems in the sup-norm’:

u=v on dV implies ||Vullz=) < [|VV|1=(v), (2.7)

forall V C U, and for allv € C(V).
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A central question has been to understand minimization problems involving this
related functionals. In that time, it was well-know that the problem (2.6) leads as
usual to the Euler-Lagrange equation A,u = 0, but it was unclear what is the correct
“Euler-Lagrange” equation for the problem (2.7).

Aronsson (1967)[5] discovered the “Euler-Lagrange” equation for the problem
(2.7), that is

A =0, (2.8)

defined on smooth real-valued function u = u(x) by

n

Aot := Z Ui U, U -
Jjk=1

This nonlinear equation is a highly degenerate elliptic equation. The above “Euler-
Lagrange” equation is nowadays known as the infinity Laplace equation.

Aronsson discovered the infinity Laplace equation by approximation procedure.
Let us explain the idea at least formally. He considered for finite p the nonlinear
p—Laplacian operator:

Apu = div(||Vul|P~Vu) = (p = 2)||Vuul|P~* Ao+ || Ve |7 Aut.

The equation A,u = 0 arises as the Euler-Lagrange equation for the problem of mini-
mizing (2.6).
Dividing the equation A,u = 0 by (p —2)||Vu||?~* leads to

1
Acott + —— || Vu||*Au = 0.
p—2

Let p tend to infinity. This leads to the equation
Aoou — O.

Aronsson proved in 1967 [5] that if U is the closure of the bounded domain in R”
and f is a function given on QU then a C? function u : U — R is an AMLE of f if and
only if it is a solution of the infinity Laplace equation (2.8) with boundary condition
u= fondU.

However, AMLEs are not C? in general, the classical solutions of the eikonal equa-
tion |Du| = constant is an example of AMLEs which are not C>. The best known
explicit irregular AMLE - outside of the relatively regular solutions of eikonal equa-
tions - was exhibited again by Aronsson in 1984 [6]: u(x,y) = X3 — y4/ 3. The first
derivatives of u are Holder continuous with exponent 1/3 and the second derivatives
do not exist on the lines x =0 and y = 0 . At the time, the existence and uniqueness
of AMLEs was unknown in general, and it was also unclear what is correct notion for
non-smooth solution of infinity Laplace equation (2.8).

An important breakthrough in this direction was made by Jensen in 1993 using the

viscosity solution concept introduced by Crandall and Lions in a very famous paper in
1983 [16]:

25



Definition 2.2.3. (i) An upper semi-continuous function u : U — R is a sub-solution
of (2.8) if Awp(x) > 0, for every (x,¢) € U x C>(U) such that (u—¢)(x) > (u—9)(y)
forallye U.

(ii) An lower semi-continuous function u : U — R is a super-solution of (2.8) if
A (x) <0, for every (x,¢) € U x C*(Q) such that (u— ¢)(x) < (u— ¢)(y) for all
yeU.

(iii) A continuous function u : U — R is a viscosity solution of (2.8) if it is both a
sub-solution and super-solution.

The viscosity solution concept is a generalization of the classical concept to treat
the problem for non-smooth function. Using this definition, in 1993 Jensen proved the
existence and uniqueness of viscosity solution of infinity Laplace equation (2.8) with
boundary condition u = f on dU [28]. Jensen showed as well that this solution is also
identified by Aronsson: for every open bounded subset V of U and for each v € C(V),
if u 1s the viscosity solution of infinity Laplace equation then

u=v on JV implies [[Vul|z=q) < [[VV|z=y). (2.9)

Jensen’s work generated considerable interest in the long developments in the existence
and uniqueness theory of AMLE:s.

2.2.2 Comparison with cones

We next introduce the property of “comparison with cones”. Notice that any solution
of an eikonal equation |Dv| = constant is a classical solution of —A.v = 0 wherever it
is smooth. Thus the cone

C(x) =a+Db|x—xo|

is a classical solution for x # xg.
If b is positive, then the cone C is a global viscosity sub-solution, but it is not a
global viscosity solution. Comparison with cones is the basic tool of the theory.

Definition 2.2.4. (i) A function u € C(U) is said to enjoys comparison with cones from
above in U if for every bounded open subset V of U and every xo € R",a,b € R for
which

u(x) <C(x) =a+b||x—xol|

holds on d(V\{xp}), we have u < Cin V as well.
(ii) A function u € C(U) is said to enjoys comparison with cones from below in U
if for every bounded open subset V of U and every xg € R",a,b € R for which

u(x) > C(x) = a+b||x—xol|
holds on d(V\{xp}), we have u > C in V as well.

(iii) A function u € C(U) is said to enjoys comparison with cones in U if it enjoin
comparison with cones both above and below.
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Roughly speaking, a function enjoys comparison with cones if whenever it is less
(greater) than a cone on the boundary of a domain, it is less (greater) than the cone in
the interior.

In 2001, Crandall, Evans, and Gariepy [15] proved that if u is a continuous function
on a bounded open set U C R” then

u is AMLE that satisfies (2.7)
& uis viscosity solution of infinity Laplace equation (2.8)
< u enjoys comparison with cones.

In 2010, Armstrong and Smart [2] presented an elegant and elementary proof of
the uniqueness of the functions enjoying comparison with cones. This proof makes no
use of partial differential equations and does not need the viscosity solution machinery
developed for second-order elliptic equations. From the results of Crandall, Evans,
and Gariepy [15] about the equivalence of the concepts of AMLE, viscosity solution
of infinity Laplace equation and function enjoying comparison with cones, the result
of Armstrong and Smart implies a new and easy proof for the uniqueness of AMLE
and the uniqueness of the viscosity solution of the infinity Laplace equation.

2.2.3 Generalizing in metric spaces and games

The definition of comparison with cones (Definition 2.2.4) easily extends to other met-
ric spaces. Champion and De Pascale [14] adapted this definition to length spaces,
where cones are replaced by functions of the form ¢ (x) = bd(x,z) + ¢ where b > 0.

Juutinen [30] in 2002 used Perron’s method to establish the existence of AMLE
extensions for separable length space domains.

Peres, Schramm, Sheffield and Wilson [46] in 2009 used game-theoretic techniques
to prove the existence and uniqueness of AMLE for general length spaces®. It relied
on some complicated probabilistic arguments and a beautiful connection between the
infinity Laplace equation and random-turn tug of war” game.

The interesting functional equation

uf(x) = ! (max uf(x+e€y) + minu®(x+ 8z)> (2.10)

lyl<e |z|<e

appeared in the work of [46] is called Harmonious function. Le Gruyer and Archer
[35] (1998) presented a nice proof for the existence of Harmonious function u® for
any € > 0. The Harmonious function plays an important role in the approximation of
AMLE (see Le Gruyer [37](2007) and Oberman [45](2004)).

2.2.4 Regularity

We study the differentiability properties of viscosity solutions of the PDE

Aou =0, inU, (2.11)

3 A metric space (X,dy) is a length space if for all x,y € X, the distance dx (x,y) is the infimum of
the lengths of curves in X that connect x to y.
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where U C R" is an open set.

A viscosity solution u is called an infinity harmonic function. After the existence
and uniqueness of infinity harmonic function, one wants to know about the regularity
of infinity harmonic function.

Consider the Aronsson’s example: u(x,y) = X3 — y4/ 3. The first derivatives of u
are Holder continuous with exponent 1/3; the second derivatives do not exist on the
lines x = 0 and y = 0. Therefore, in Aronsson’s example, u € C' but u ¢ C?. The ques-
tion is that: Are infinity harmonic functions necessarily continuously differentiable?

Let us assume that u is a viscosity solution of Equation (2.11) and B(x,r) C U. We
then define

max u(y) —u(x)

Lj_ (x) — y€IB(x,r) 7
.
and
) u(x) —yegg&r)u(y)
Ly (x) = ’

Crandall, Evans and Gariepy [15] (2001) proved that the limits

L(x) :=lim L} (x) = lim L, (x)
r—0 r—0
exist and are equal for each point x € U.
Moreover, any blow-up limit around any point x € U must be a linear function (see
[17] for a fairly simple proof): For each r; — 0, there exists a subsequence {r;, } such
that

u(rjy+x)—u(x)

— (a,y) locally uniformly,
Tjx
for some a € R” that satisfies ||a|| = L(x).
Evans and Smart [18] (2011) established uniqueness for the blow-up limit, from
which it follows that the full limit

g 10 ) ~ (2

r—0 r

= (a,y>

exist locally uniformly for some a € R” that satisfies ||a|| = L(x).

As a consequence, the infinity harmonic function is everywhere differentiable and
L(x) = ||Du(x)||. Savin [48](2006) has shown that infinity harmonic functions in n =2
variables are in fact continuously differentiable. Savin’s arguments uses the topology
of R? very strongly, and it is difficult to general Savin’s arguments for case n > 2. The
question of whether infinity harmonic functions are necessarily C! in general remains
the most conspicuous open problem in the area.
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2.2.5 Tight extension

Let us introduce the discrete version of AMLEs for the vector valued case. Let G =
(V,E,Q) be a connected finite graph with vertices set V C R”, edges set E and a non-
empty set Q C V and let f: Q — R™.

We denote E(f) to be the set of all extensions of f on G.

Let v € E(f). The local Lipschitz constant of v at vertex x € V\Q is given by

Lv(x) = sup [v(y) —v()]|
vest) Ny —xll

Y

where
S(x):={yeV:(x,y) €E} (2.12)
1s a neighborhood of x on G.

Definition 2.2.5. 4 If u,v € E(f) satisfy
max{Lu(x) : Lu(x) > Lv(x),x € V\Q} > max{Lv(x) : Lv(x) > Lu(x),x € V\Q},

then we say that v is tighter than u on G. We say that u is a tight extension of f on G if
there is no v tighter than u .

Theorem 2.2.6. [51, Theorem 1.2] There exists a unique extension u that is tight of f
on G. Moreover, u is tighter than every other extension v of f.

The unique tight extension is the limit of the discrete p— harmonic extensions.

Theorem 2.2.7. [51, Theorem 1.3] In addition to the hypotheses of Theorem 2.2.6,
suppose that for each p > 0, the function u,, : V. — R™ minimizes

Llul= ), (Lu(x))”,

xeV\Q

where u,, extension of f. The u, converge to the unique tight extension of f.

2.3 Whitney’s extension problem

2.3.1 Withney theorem

The subject is originated from Hassler Whitney who deals with the following problem:
Let Q be a subset of R”, and let f be a real-valued function defined and continuous
in Q. How can we decide whether f extends to a C" function on R"? If the given
function f(x) is in some sense differentiable in 2, can the extension F(x) be made
differentiable to the same order on R"?

In the seminal papers of 1934 (see [56, 57, 58]) Whitney developed important ana-
lytic and geometric techniques which allowed him to solve the problem. The difficulty

4By convention, if C = 0 then max = 0.
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is that subsets of Euclidean spaces in general lack a differentiable structure. Thus we
need careful considerations of what it means to prescribe the derivative of a function
on a set. The starting point is an examination of the statement of Taylor’s theorem.
Given a real-valued C™ function f(x) on R”", Taylor’s theorem asserts that for each
a,x,y € R", there is a function Ry (x,y) — 0 uniformly as x,y — a such that

f@)=) %@_wu'; %’i’”(x—y)“, (2.13)

where the sum is over multi-indices o.
Let f, = D*f for each multi-index . Differentiating (2.13) with respect to x
yields
S a+B )
!
Bidmia P!

fa(x) = (x—¥)P + R (x,y), (2.14)

where Ry is o(|x — y|"~%) uniformly as x,y — a.

The definition of the derivatives of a function in a general set given by (2.14) arises
naturally from a consideration of Taylor’s formula (2.13). The Whitney extension
theorem is a partial converse to Taylor’s theorem. It was first proved in the original
paper of Whitney (1934)[56]:

Theorem 2.3.1. [56, Whitney extension theorem] Suppose that (fy)q are a collection
of functions on a closed subset Q of R" for all multi-indices o with || < m satisfying
the compatibility condition (2.14). Then there exists a function F (x) of class C"™ such
that:

(i) F = fo on Q.

(ii) D*F = fo on Q.

(iii) F is a real analytic at every point of R™\ Q.

Since Whitney’s seminal work, a fundamental advances to the problem were made
by Georges Glaeser, Yuri Brudnyi, Pavel Shvartsman, Edward Bierstone, Pierre Mil-
man, Erwan Le Gruyer... In a series of recent papers, Charles Fefferman solved the
original problem of Whitney in full generality. His methods led to a number of very
important developments in the field, including new analytic and geometric methods in
the study of Lipschitz structures on finite sets (see [20, 21, 22, 23]).

2.3.2 The minimal Lipschitz extension for 1-field

Let Q be a subset of the Euclidean space R”. Let &2!(R",R) be the set of first degree
polynomials mapping R" to R, i.e

PYR"R)2{P:acR"+— P(a)=p+ (v,a), peR,v €R"}.
Let us consider a 1-field F on Q defined by
F:Q— 2'(R"R)
x— F(x)(a) := fy+ (Dxf;a—x), (2.15)
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where a € R" is the evaluation variable of the polynomial F(x) and f : x € Q> f, € R,
Df :xe€ Qw— D,f € R" are mappings associated with F.

Let us review the Kirszbraun’s extension theorem (see Theorem 2.1.1): Let Q C R”
and let f: Q — R™ be a Lipschitz function. Then there exists a total Lipschitz exten-
sion g of f such that Lip(g,R") = Lip(f,Q). As a consequence we have Lip*(f) =
Lip(f,Q) where

Lip*(f) := inf{Lip(g,R") : g total Lipschitz extension of f}.
Let F be a 1-field. We define that a 1-field G is called an extension of F if
dom(G) = R" and G(x) = F(x) on Q. The natural question is that what is
Lip*(F) = inf{Lip(D,g,R") : G is an extension of F}.
Erwan Le Gruyer [36] (2009) introduced the Lipschitz constant of 1-field F':

I''(F;Q) 2 sup T'(F;x,y), (2.16)
x,yeQ
X7y

where

[ (Fany) 2 2 sup FO@) —F0)(@)

. 2.17)
ackr [x—al*+ [y —al?

Le Gruyer proved that the constant I"' of 1-field plays a role in the extension prob-
lem similarly to the constant Lip of continuous function:

Theorem 2.3.2. [36] Let F be a I-field. The functional T' : F — I''(F,dom(F)) €
R U {+eo0} is the unique one satisfying
(PO) T'! is increasing, that is, U extends F implies that

I''(U,dom(U)) > T (F,dom(F)).

(P1) IfU has total domain satisfying T (U,dom(U)) < oo, then the total function
u defined by u(x) := U (x)(x) is differentiable and its derivative Vu is Lipschitz.
(P2) If u is a differentiable function of total domain with Vu Lipschitz, then

Ir''(U) = Lip(Vu),

where U is the 1-field associate to u, i.e. U(x)(a) := u(x) + (Vu(x);a —x),Vx,a € R".

(P3) For any F such that T'(F,dom(F)) < +oo, F extends to a total 1-field U
satisfying

I''(U,dom(U)) =T} (F,dom(F)).

As an immediate consequence of this theorem, for any 1-field F, we have Lip* (F) =
I''(F,dom(F)).

This main theorem holds not only in R” but in fact in any Hilbert space, sepa-
rable or not. Therefore this theorem generalizes Whitney’s extension theorem in the
differentiable real valued case.

To compute the norm I'"” of the minimal extension on C" which generalizes Le
Gruyer’s work on minimal C! extensions is a very difficult problem and the main thrust
is some attempts to guess the natural norm for which one can obtain the minimal
extension.
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2.4 Results of the thesis

In this section, we introduce the main results in this thesis.

2.4.1 Relationships between I'' and Lip

Let F: Q — 2'(R",R) be a 1-field. It is worth asking what is it the relationship
between I'' (F; Q) and Lip(Df; ) ? From [36], we know that

Lip(Df;Q) <T'(F;Q).
When Q = R", we know that (see [36, Proposition 2.4])
Lip(Df;R") =T1(F;R"),
but in general I'' (F; Q) may be strictly bigger than Lip(Df; Q).

Example 2.4.1. We give a very simple example that is I’ (F;Q) > Lip(Df; Q). Let A
and B be open sets in R” such that ANB = 0. Let Q = AUB and F € .%!(Q) such that
fi=0ifxeA, fr=1ifxeB,and D,f =0 ,Vx € Q. Then

Lip(Df;Q) =0,
and we have 4
r''(F;Q) = supsup ————= > 0.
XEA yeEB ||x _yH

We now give two results where we have I'' (F, Q) = Lip(Df,Q).
Proposition 2.4.2. Let F ¢ .F'(Q). Suppose there exist a,b € Q, a # b such that
I''(F;a,b) =TY(F;Q). ThenT'(F;Q) = Lip(Df; Q).
Proposition 2.4.3. Let F € .7 (Q). Suppose there exists Q' CC Q such that T (F; Q') =
I''Y(F;Q). Then T (F;Q) = Lip(Df;Q).

We see that in some cases we have I'' (F, Q) = Lip(Df, Q). Moreover, in Example
2.4.1, Q is open but not convex. Thus we can hope that when € is convex then we
have ' (F,Q) = Lip(Df,Q). Unfortunately, this is still untrue for open convex sets
Q. We give a counterexample that is Lip(Vf;Q) < T'! (F;Q) for open convex Q and
F € .Z'(Q) in Proposition 3.3.6.

Our main result in this section is

Theorem 2.4.4. Let Q is an open subset of R". We have
I''(F;Q) = max{I''(F;0Q),Lip(Df;Q)}, (2.18)

where dQ is a boundary of Q.
Moreover, if Q is a convex subset of R" then

I''(F;Q) <2Lip(Df;Q). (2.19)

To make the connection between I' (F; Q) and Lip(Df;Q), it is important to know
the set of uniqueness of minimal extensions of * when the cardinality of Q equals 2
(this study was performed in [27]).
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2.4.2 Sup-Inf explicit minimal Lipschitz extensions for 1-Fields

Let F: Q — 2! (R",R) be a 1-field. From Theorem 2.3.2, there exists a total 1-field G
minimal Lipschitz extension MLE) of F,i.e. G=F on Q and I''(G,R") =T (F,Q).
We present two MLEs U and U~ of F of the form

Ut :xeR"—= U (x)(y):i=u"(x)+(Du";y—x), y e R", (2.20)
where
u" (x) := max inf W*(F,x,a,v), Dxu" := argmax inf ¥* (F,x,a,v), (2.21)
VEA, aEQ vEA, aceQ
and
U xeR'"—U (x)(y):=u (x)+(Dwu ;y—x), yeR", (2.22)
where
u~ (x):=minsupW¥ (F,x,a,v), Du :=argminsup¥ (F,x,a,v), (2.23)
VEAY 4O vEAr Q)

where A, is a non empty and convex set of R” defined in Definition 3.4.7, and ¥ are
functions defined in Definition 3.4.8 .

u™ are extremal : the first is over and the second is under that is

u (x) <gr<u'(x), Vx e R,

for all MLE G of F.

The formulas of »™ and their gradients are explicit and they only depend on F. The
formulas of u™ in the 1—field case are similar to the formulas (2.3) and (2.4) of m*
coming from from the work of McShane [39] and Whitney [56].

During the workshop Whitney problems in 2011, M. Hirn made the link between
the constant T'! and the allowable for F. We call the real k¥ € R, with k¥ > 0, to be
allowable for F if k satisfies the following inequality

By < fet 3D +Duf oy =)+ 5 (63— 1 (Def ~ Dy Ve y € Q. 224

M. Hirn proved that « is allowable for F if and only if I'' (F;Q) < k. Moreover if
K is assigned to be the Lipschitz constant of the field F, then from Wells’s works (see
[54, Theorem 2]) we have w™ (see the definition of the function w* in Appendix 3.8)
is a MLE. Further, in this case wT is an over extremal extension of F.

The construction of Wells w' is explicit when Q is finite. It is possible to extend
this construction to infinite domain by passing to the limit but there is no explicit
formula. In Chapter 3 Section 3.4, we prove that if x is assigned to be the Lipschitz
constant of the field F, then u™ = w™. In a similar way of the construction of w*, we
construct a Wells function w— which is an under minimal extension of F andw™ =u".

In Chapter 3 Section 3.6, we prove that if € is finite then W=* are AMLEs of F,
where W are 1-fields associated to w™ respectively. This means that for any bounded
open D satisfying D C R™\Q we have

r''(w*, D) =T (W*,0D). (2.25)
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This result give the existence of AMLEs of F when Q is finite. In general, we have
not uniqueness, since it may happen w~ < w'. In fact, we may even have an infinite
number of AMLE of F.

When Q is infinite, W and W~ are extremal MLEs, but in general are not AMLE
of F. We give a counter-example:

Example 2.4.5. Let Q; = dB(0;1), Q; = dB(0;2) and Q = Q; UQ,. We define F €
Z1(Q) as following

fi=0forxe Qq, f,=1forxe Q;, and D,f =0 for x € Q.

Let us define
V={xcR*: x| <3/4} CCR*/Q.

Using the construction of w' we can compute directly
4
"W V) =4 and T'(W;9V) = 3
Thus W is not AMLE of F.

1
In the above example, W and W~ are not AMLE of F. We can check that 3 (W +

W) is the unique AMLE of F. Moreover this function is not C? although the domain
Q of F is regular and F is a regular 1-field. The question of the existence of an AMLE
remains an open and difficult problem when € is infinite, see [27] and the references
therein.

2.4.3 The explicit formulas of MLEs for maps from R to R"

In the proof of Theorem 2.1.1 that is known as Kirszbraun-Valentine extension problem
[32, 53], we uses some form of the axiom of choice. Therefore, we have no the explicit
formulas of MLE of mappings from R to R".

We explain how to use the Sup-Inf explicit minimal Lipschitz extensions for 1-
Fields to construct MLE of mappings from R to R”. Let us define 2 as the problem
of the minimal Lipschitz extension for Lipschitz continuous functions and 2; as the
problem of the minimal Lipschitz extension for 1-fields. Curiously, we show that the
problem 2 is a sub-problem of the problem ;. As a consequence, we obtain two
explicit formulas that solve the problem 2.

More specifically, fix n,m € N* and @ C R” with #®» > 2. Let u be a function from
® maps to R". Suppose Lip(u; @) < +oo. Let us define

Q:={(x,0) e R"" xR" : x € w}.

A current element x of R”*" is denoted by x := (x(") x(")) e R™*+"_with x") € R and
x" e R". For each function u of domain @ we associate the 1-field F from Q c R+
maps to 22! (R R) as the following

fx0) =0, and D(, o) f := (0,u(x)), forall x € @. (2.26)

Let G be an minimal Lipschitz extension of F. We define the map i from R to R"
as follows
i(x) == (D(x0)8)", x € R™. (2.27)

34



Theorem 2.4.6. The extension ii is a minimal Lipschitz extension of u.

If we replace the MLE 1-field G of F by two extremal MLEs 1-fields U~ and U™
of F, then we obtain two explicit formulas which solve the problem 2.

If w is finite using the previous transformation u — F' then the Wells explicit
construction of #™ or u~ allows to compute easily u™ and «~. Thus when the domain of
the function to extend is finite, the result of Wells gives explicit construction of minimal
Lipschitz extensions for problem 2. Moreover, we can compute them efficiently.

2.4.4 Kirszbraun extension on a connected finite graph

We begin by studying the discrete version of the existence and uniqueness of AMLE.
Let G = (V,E,Q) be a connected finite graph with vertices set V C R”, edges set E
and a non-empty set Q C V. For x € V. We define

Figure 2.3: A simple picture of graph G

S(x):={yeV:(x,y) €E} (2.28)
to be the neighborhood of x on G.

Example 2.4.7. In Figure 2.3 we have V = {vy,...,v}, E = {ey,...,e10}, S(v3) =
{VI,VZ,V4,V5}-

Let f: Q — R™. We consider the following functional equation with Dirichlet’s
condition:

() = {K(u,S(x))(x) Vx e V\Q; (229

flx)Vx e Q,

where the function K (u, S(x))(x) is defined at (4.5).

We say that the function u satisfying (2.29) is a Kirszbraun extension of f on
graph G. In Chapter 4, we prove that the tight function introduced by Sheffield and
Smart (2012) [51] (see Definition 2.2.5) is a Kirszbraun extension. Therefore, we have
the existence of Kirszbraun extension, but in general Kirszbraun extension maybe not
unique. This extension is the optimal Lipschitz extension of f on graph G since for
any x € V\Q, there is no way to decrease Lip(u,S(x)) by changing the value of u at x.

35



In real valued case m = 1, the function K(u,S(x))(x) was considered by Oberman
[45] and he used this function to obtain a convergent difference scheme for the AMLE.
Le Gruyer [37] showed the explicit formula for K(u,S(x))(x) as follows

K(u,S(x))(x) = inf sup M(u,z,q)(x), (2.30)
z€8(x) q€S(x)

where

e flulg) + ke qllu()
Mz ) = el

Le Gruyer studied the solution of (2.29) on a network (see Definition 4.1.2) where
K (u,S(x))(x) satisfying (2.30). This solution plays an important role in approximation
arguments for AMLE in Le Gruyer [37]. The Kirszbraun extension u is a generaliza-
tion of the solution in the previous works of Le Gruyer for vector valued cases (m > 2).

In Chapter 4, we prove that in the case m = 1 the Kirszbraun extension u is unique.
Moreover, in the real-valued case (m = 1) we produce a simple algorithm which cal-
culates efficiently the value of the Kirszbraun extension in polynomial time. This
algorithm is similar to the algorithm produced by Lazarus el al. [34] (1999) when
they calculate the Richman cost function. Assuming Jensen’s hypotheses [28], since
this algorithm computes exactly solution of (4.7) and by using the argument of Le
Gruyer [37], we obtain a new method to approximate the viscosity solution of Equa-
tion Acu = 0 under Dirichler’s condition.

In the above algorithm, the explicit formula of K(u,S(x)) in (4.8) and the order
structure of real number set play important role. The generalization of the algorithm
to vector valued case (m > 2) is difficult since we do not know the explicit formula
of K(u,S(x)) when m > 2 and R? does not have an adequate order structure for this
problem. The difficulties have limited the number of results in the case m > 2, see [27]
and the references therein.
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Chapter 3

Some results of the Lipschitz constant
of 1-Field on R"

Abstract: We study the relationship between the Lipschitz constant of 1-field intro-
duced in [36] and the Lipschitz constant of the gradient canonically associated with
this 1-field. Moreover, we produce two explicit formulas which are two extremal mini-
mal Lipschitz extensions for 1-fields. As a consequence of the previous results, for the
problem of minimal extension by Lipschitz continuous functions from R™ to R", we
produce explicit formulas similar to those of Bauschke and Wang (see [9]). Finally, we
show that Wells’s extensions (see [54]) of 1-fields are absolutely minimal Lipschitz ex-
tension when the domain of 1-field to expand is finite. We provide a counter-example
showing that this result is false in general.

Key words: Minimal, Lipschitz, Extension, Differentiable Function, Convex Anal-
ysis

AMS Subject Classification: 54C20, 58C25, 46T20, 49

This chapter is based on the paper: Sup—Inf explicit formulas for minimal Lips-
chitz extensions for 1-fields on R", Journal of Mathematical Analysis and Applica-
tions , Volume 424, Issue 2, 15 April 2015, Pages 1161-1185. It has been written in

collaboration with Erwan Le Gruyer.
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3.1 Introduction

Let Q be a subset of Euclidean space R”, with #Q > 2. Let 2! (R™R) be the set of
first degree polynomials mapping R” to R, i.e.

PUR"R):={P:acR"+ P(a) = p+ (v,a), pc R,y €R"}.
Let us consider a 1-field F on domain dom(F') := Q defined by

F:Q— Z'(R"R)
x> F(x)(a) == fi+ (Dxfsa—x), (3.1

where a € R" is the evaluation variable of the polynomial F(x) and f: x€ Q+— f, €R,
Df:xeQw— D,f € R" are mappings associated with F.

We will always use capital letters to denote the 1-field and small letters to denote
these mappings.

The Lipschitz constant of F introduced in [36] is

I''(F;Q) := sup T'(F;x,y), (3.2)
X, yEQ
X7y
where

ackr X —al>+[ly—al*

If ! (F;Q) < o0, then the Whitney’s conditions [56], [25] are satisfied and the 1-field
F can be extended on R": there exists g € ¢'1"! (R?,R) such that

g(x) = fy, and Vg(x) = D, f, Vx € Q,

where Vg is the usual gradient.
Moreover, from [36, Theorem 2.6] we can find g which satisfies

I''(G:R") =T'(F;Q),
where G is the 1-field associated to g, i.e.
G(x)(y) = g(x) +(Vg(x),y—x), x€ Q, ye R".

It means that the Lipschitz constant does not increase when extending F' by G. We say
that G is a minimal Lipschitz extension (MLE for short) of F' and we have

I''(G;R") = inf{Lip(Vh;R") : h(x) = f,,Vh(x) = D,f, x€ Q, he €"(R",R)},

where the notation Lip(u;.) means that

M, x,y € Q, x#y, and Lip(u; Q) := sup Lip(u;x,y)(3.4)

Lip(u;x,y) := —
Hx y” x#yeQ
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It is worth asking what is it the relationship between I'' (F; Q) and Lip(Df; Q) ? From
[36], we know that
Lip(Df;Q) <T'(F;Q).

In the special case Q = R" we have
Lip(Df;R") =T (F;R"),
but in general the formula
Lip(Df;Q) =T (F;Q)

is untrue.
In this paper we will prove that if Q is an open subset of R" then

I''(F;Q) = max{I''(F;9Q),Lip(Df;Q)}, (3.5)

where dQ is a boundary of Q.
Moreover, if Q is a convex subset of R” then

I''(F;Q) <2Lip(Df;Q). (3.6)

To make the connection between I'! (F; Q) and Lip(Df;Q), it is important to know the
set of uniqueness of minimal extensions of F* when #Q = 2 (this study was performed
in [27]). Indeed, many results of Section 3.3 use this knowlege. For further more
details see Section 3.3.

In Section 3.4, we present two MLEs U™ and U~ of F of the form

Ut xeR"—UT(x)(y) :=u"(x) + D3y —x), ye R, (3.7)
where
u" (x) := max inf W* (F,x,a,v), Dxu" := argmax inf ¥ (F,x,a,v), (3.8)
VEAy aeQ VEA, acQ
and
U xeR"—U (x)(y):==u (x)+(Dwu ;y—x), yeR", (3.9
where
u~ (x):=minsupW¥ (F,x,a,v), Du~ :=argminsup¥ (F,x,a,v), (3.10)
VEAx 4 VEAx 4eQ

where A, is a non empty and convex set of R”, defined in Definition 3.4.7.

The point here is that (3.7), (3.8), (3.9), (3.10) give explicit supinf formulas for ut
and their gradients that is to say they only depend on F. In the above formulas, an
important remark is that A, is a non-empty convex set of R” (this study was performed
in [36]), see Definition 3.4.7 for further details.

In addition u™ are extremal : the first is over and the second is under that is

u (x) < g <u'(x), Vx e R",

for all MLE G of F.
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During the workshop Whitney problems in 2011, M. Hirn had make the link be-
tween the constant I'! (see Definition (3.2)) and [54, Theorem 2] using Proposition
3.2.4 and Lemma 3.4.2 as following.

We call the real ¥ € R, with k¥ > 0, to be allowable for F if k satisfies the following
inequalities

1 K 1
fy < fx+ §<Dxf—|—Dyf,y—X> + Z(x_y)z - H((DXf_Dyf)zava) € Qv (311)
From [54, Theorem 2], we know that if k¥ > 0 is allowable for F, then there exists

wt € €1 (R", R) such that
wh (x) = fr, Vwh (x) = Dy f, Vx € Q, and Lip(Vw",R") < k.

Further, if g € €11 (R", R) with g(x) = f, Vg(x) = D f forall x € Q and Lip(Vg, R") <
K, then

g(x) <w'(x), vx e R".

The construction of Wells w is explicit when Q is finite. It is possible to extend this
construction to infinite domain by passing to the limit but there is no explicit formula.

During the workshop Whitney problems in 2011, M. Hirn made the link between
the constant I'! (see (3.2)) and the constant k¥ > 0 in (3.11) that is the real k to be
allowable for F if and only if I'' (F;Q) < k. Moreover if k is assigned the Lipschitz
constant of the field F, then w' is a MLE. Further, in this case w' is an over extremal
extension of F.

In section 3.4, we will prove that if x is assigned the Lipschitz constant of the
field F, then u™ = w™. In a similar way (see Appendix 3.8), we can construct a Wells
function w— which is an under minimal extension of F and w™ =u".

We pay attention to the case when Q is finite. In section 3.6, using the explicit
constructions of w*, we prove that W+ are absolutely minimal Lipschitz extensions
(AMLE:s for short) of F, where W* are 1-fields associated to w* respectively. This
means that for any bounded open D satisfying D C R"\Q we have

r''(w*, D) =T (W*,0D). (3.12)

This result give the existence of AMLEs of F when € is finite. In general, we have not
uniqueness, since it may happen w~ < w. In fact, we may even have infinity AMLE
of F (see Corollary 3.6.2 ).

When Q is infinite, W and W~ are extremal MLEs, but in general are not AMLE
of F. To prove this, we present, in section 3.6, an example of mapping F for which W

1
and W™ are not AMLE of F. In this particular example, we can check that §(W+ +

W) is the unique AMLE of F. Moreover this function is not C? although the domain
Q of F is regular and F is a regular 1-field. The question of the existence of an AMLE
remains an open and difficult problem when € is infinite, see [27] and the references
therein.

In Section 3.5, we explain how to use the previous ideas and methods to construct
MLE of mappings from R" to R", i.e. to solve the Kirszbraun-Valentine extension
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problem [32, 53]. Let us define 2 as the problem of the minimum extension for
Lipschitz functions, and 2 as the problem of the minimum extension for 1-fields.
Curiously, we will show that the problem 2 is a sub-problem of the problem 2.
As a consequence, we obtain two explicit formulas see (3.44) and (3.45) that solve
the problem 2y. The Bauschke-Wang result [9] gives an explicit formula for the
Kirsbraun-Valentine problem from R™ to R”. By our approach, we produce analo-
gous formulas. Moreover, when the domain of the function to extend is finite, the
result of Wells gives an explicit construction of minimal Lipschitz extensions that we
can compute efficiently.

Let u : dom(u#) C R" — R be a Lipschitz function. Departing from the work of
McShane [39] and Whitney [56] in 1934, it is known that the following extensions

(@) = inf . (uly) + Lip(usdom(u)x—]).
mo@) = sup () = Lip(usdom(u) x|

are two extremal minimal Lipschitz extension of u, so that if m is an arbitrary min-
imal Lipschitz extension of u, then m~ < m < m"™. Among all minimal Lipschitz
extensions of u, one can search extensions that have good additional properties. In the
1960s , Aronsson published a series of papers [3, 4, 5, 6], in which the notion of AMLE
appeared. An AMLE has a very good stability properties like harmonious extensions
(see [35]) which is related to “tug of war” game and the infinity Laplacian ( see [46]) .
Moreover it is "locally best” and this notion is also positively correlated with the infin-
ity harmonic functions, we refer the reader to [7] and the references therein. Note that
the formulas which define u™ and u~ for 1-fields in this paper are similar to those of
Whitney-McShane in the continuous case. The results of this paper allows to think that
the notion of an AMLE of 1-field is not sufficient from all this point of view. Indeed,
the minimal extensions " and u~ are extremal like m™ and m™~ in the continuous
case, but also they are two AMLE when the domain Q is finite. Moreover they are
not the “locally best” extensions since the Lischitz constant is not local. Despite these
disappointing results, one might think that there exists some extensions that have good
stability properties and “locally best” like harmonious extensions in the continuous
case (for the definition of stability properties for 1-fields see [1]).

3.2 Preliminaries

In this paper all subsets Q C R” satisfy #Q > 2. If Q is open, we denote by ¢! (Q, R)
the set of all real-valued function f that is differentiable on € and the differential V f is
Lipschitz continuous, that is Lip(Vf;Q) < +o0. The 1-field F of domain Q is defined
by (see (3.1))

F:Q— 2'(R",R)
x+— F(x)(a) = fe+ (Dyf;a—x),a € R" (3.13)

with f:xeQ— freR,and Df : x€ Q— D, f € R".
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Definition 3.2.1. We call F to be a Taylorian field on Q if F is a 1-field on Q and
[''(F,Q) < +oo. Denote by .71 (Q) the set of all Taylorian fields on Q.

Information and precision for the reader : Let F € .7 !(Q). Let us define the

map
f(x) = F(x)(x) = fr, x€ Q.

Using [36, Theorem 1.1] there exists F € .#!(R") which extends F. Moreover f €
¢V 1R, R) and V£ (x) := Vf(x) = D.f, x € Q. Therefore, we can canonically asso-
ciate F and f.

Let V be a subset of R”, V CC Q means that V is compact in Q, and V is the
closure of V.

Let x,y € R". We define B(x;r) := {y € R" : [y —x|| < r} and By 5(x,y) is the
closed ball of center ’% and radius @

The line segment joining two points x and y is denote by [x,y], i.e. [x,y] := {tx+
(I-1)y:0<r<1}.

The | symbol designates in restriction to.

Definition 3.2.2. Let Q; C Q, CR" and F € .7 1(Q)).

We call G € .F!(Q,) a extension of F on Q; if G(x) = F(x) for x € Q.

We say that G € .7 1(Qy) is a minimal Lipschitz extension (MLE) of F on Q, if G
is an extension of F on Q, and

I''(G:Qy) =TH(F:Q)).

We say that G| € .#1(Q,) is an over extremal Lipschitz extension (over extremal
for short) and G, is an under extremal Lipschitz extension of F on Q; if G| and G, are
MLE:s of F on ©, and

82(x) <k(x) < g1(x), x € Qg
for all K MLE of F.

We say that G € .Z(Q,) is an absolutely minimal Lipschitz extension (AMLE) of
F on Q; if G is a MLE of F on 5, and

r''(Gv)=T(G;av),
for any bounded open V satisfying V C Q,\Q;.

Definition 3.2.3. Let Q be a subset of R” and let F € .%!(Q). Forany a #b € Q, we
define

2(fu = f3) + (Daf +Dof,b—a)
la—b|
IDaf = Dif 1]
=]

We recall some results in [36] that will be useful in sections 3.3 and 3.4:

43



Proposition 3.2.4. [36, Proposition 2.2 and remark 2.3] Let Q be a subset of R" and
let F € Z1(Q) then for any a,b € Q, a # b we have

F(a)(y) = F(b)(y)
I''(F;a,b) Aup(F)?+Bap(F)>+|Agp(F)| =2 sup .
= VAP Bl ] =2 s BT T

Theorem 3.2.5. [36, Theorem 2.6] Let Q| C Q; C R" and let F € .F'(Qy) then there
exists a MLE G € F1(Q,) of F on Q.

3.3 Relationships between I''(F; Q) and Lip(Df; Q)

In this section Q is an open subset of R”. Let F € .%!(Q). From Proposition 3.2.4, we
have
I''(F;Q) > Lip(Df; Q).

When Q = R", we know that (see [36, Proposition 2.4])
Lip(Df;R") =T (F;R"),

but in general I'' (F;Q) may be strictly bigger than Lip(Df;Q). For example, let A
and B be open sets in R” such that ANB = 0. Let Q = AUB and F € .%'(Q) such that
fo=0ifx€A, fo=lifx€ B, and D.f =0 ,Vx € Q. Then

Lip(Df;Q) =
and from Proposition 3.2.4 we have
4

r''(F.Q) = supsup ———= > 0.
XEA yEB HX_YH

We now give two new results where we have I'' (F, Q) = Lip(Df, Q).

Proposition 3.3.1. Let F ¢ .F!(Q). Suppose there exist a,b € Q, a # b such that
I''(F;a,b) =TY(F;Q). Then T (F;Q) = Lip(Df; Q).

Proof. Tt is enough to prove that ' (F; Q) < Lip(Df; Q).

Let G = F|y, ) be a Taylorian field on dom(G) = {a,b} with G(a) = F(a) and
G(b) =F(b).

Let U be a MLE of F on R". We have

and
I''(U;R" =T (F;Q) =T (F;a,b) =T (G;dom(G)).

Therefore U is a MLE of G on R".
Using [27, Lemma 8 and Lemma 10], there exists a point ¢ € By ,(a,b) such that

Lip(Du;x,y) = Lip(Du;s,t) =T (G;a,b) =T (F;a,b), (3.14)
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for all x,y € [a,c] (x # y) and s,t € [b,c] (s #1).
Since a # b, we have ¢ # a or ¢ # b. We can assume ¢ # a. Because Q is open,
there exists x # y € [a,c] N Q, thus from (3.14) we have

Lip(Df;Q) > Lip(Df;x,y) = Lip(Du; x,y) = T (F;a,b) = T (F; Q).
O

Proposition 3.3.2. Let F € .7 (Q). Suppose there exists Q' CC Q such that T (F; Q') =

I''(F;Q). Then T (F;Q) = Lip(Df; Q).

Proof. 1t is enough to prove that I (F;Q) <Lip(Df;Q). Let h > 0, we define A, =

{(a,b) e ¥ x Q' :|a—b| > h} and T} (F;Q) = sup TI''(F;a,b). Applying Propo-
(a7b)eAh

sition 3.2.4, the mapping (a,b) — I'' (F;a,b) is continuous on Aj,. Moreover, A, is

compact, thus there exists (ay,by,) € Ay, such that

T (Fiap,by) =T (F. Q). (3.15)
Case 1. There exists 4 > 0 such that
L(F; Q) =TYF.Q). (3.16)
From (3.15),(3.16) and the condition I' (F; Q') = "' (F;Q), we have
I'(Fiap,by) =TH(F;Q).
Applying Proposition 3.3.1 we have
I''(F;Q) =Lip(Df;Q).
Case 2. For all 1 > 0, we always have
L(F:Q) <THF: Q). (3.17)
Let i = 1/n, then for any n € N there exists (an,bn) € Ay, such that
r! (Fian,by) = F}/n(F;@).

Since (ay), (b,) C Q' and Q' is compact, there exist a subsequence (ay, ) of (ay)
and a subsequence (b, ) of (b,) such that (a,,) converges to an element a of Q' and
(b, ) converges to an element b of Q.

If a # b then

r'FQ) = khgor}/nk(F;@) = kﬁi’irl (Fan,bn) =T (F;a,b).
But this is not possible because for [ = |a — b| > 0 we deduce from (3.17) that
I''(F;a,b) <T}(F;Q) <THF; Q).

Therefore, we must have a = b.
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From the proof of [36, Proposition 2.4], we see that if B, /z(x, y) C Q then
' (F;x,y) <Lip(Df;Q).

We will use this property for proving in the case a = b. o
For any € > 0, since (a,,) and (b,,) are both converge to a € Q' C €, there exists
k € N such that By »(an,, by,) C Q and

e+T (Fian,by) >THF, Q) =T (F;Q).
Since By /(@ by, ) C © we have
TY(F;ay,,by,) < Lip(Df;Q).

Therefore
e+Lip(Df;Q) >T'(F;Q).

This inequality holds for any £ > 0, so that we have Lip(Df;Q) > T''(F; Q). O
Proposition 3.3.3. Let Q be an open and convex set in R" and let F € F'(Q). Then
I'(F;Q) < 2Lip(Df;Q).

Proof. Let f be the canonical associate to F'. We can write

1
F0=10) = [(Vfo+t=y)c—yr
0

For any x,y € Q and z € R"” we have

(z) = F(y)(z)
x) = f) +(Vf(x),z—x) = (Vf(¥),z2—y)

!

(x

I
o\_ :

1
(VI +t(x—y)) = Vf(x),x—z)dt +/<Vf(y+t(x—y)) —Vf(y),z—y)dt.
0

Hence
|F(x)(z) = F()(2)]
1 1
g/o Lip(Vf;Q)Hx—yHHx—zH(l—t)dt—i—/o Lip(V/:Q)|[(x = y)lll|z —ylledz
:%Lip(Vf;Q)||x—y||(||x—zl|+||z—y||>

]
< ELip(Vf;Q)(HX—ZH +lz—-yl)?
< Lip(V£:Q) (|lx— 2|+ [lz—y[|*) .

Therefore I'! (F; Q) < 2Lip(Vf; Q) = 2Lip(Df; Q). O
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From the proof of Proposition 3.3.3, we obtain

Corollary 3.3.4. Let Q be an open and convex set in R" and f € €11 (Q,R). Then
F € Z1(Q) where F is the 1-field associated to f.

Lemma 3.3.5. Let u € €' (R",R) then

Lip(Vu;x,y) < i?f]max{Lip(Vu;x,z),Lip(Vu;z,y)}, forall x #y e R".
zEXY

Proof. Letx,y € Q and z € [x,y| then we have ||x—y| = ||x—z|| + ||z —y]|. It follows

Izl
[l =2l 4 fly = <]

[lx =]
[lx = 2]+ fly = <]

Lip(Vu; x,y) Lip(Vu;x,2) + Lip(Vu;z,y)

< max{Lip(Vu;x,z),Lip(Vu;z,y)}.

Proposition 3.3.6. There exist an open convex Q and F € F'(Q) such that
Lip(Vf;Q) < T'(F;Q).

Proof. Suppose n=2. Leta = (—1,0),b = (1,0). We define U € .Z'({a,b}) as

DaM:(O,l),Dbu:(O,—l),ua: , Up = —

R
7

5

Let us define
b—a

Y

k:=TYU;{a,b}), h:=

[\

D,u—Dypu
= dp:= € (0,1).
v o and f3 := []v|| € (0,1)
Using [27, Lemma 7,8], we define
a+b+
c= v
2 )

~ K K

uc =Ula)(c) - EHa—CH2 =U(D)(c)+ EHb—CHz,
D.i=Dyu+x(a—c)=Dpu—x(b—c),

U(c)(z) = tie+ (Deil,z—¢), z € R",

and
( ﬁ(c)(@—%% if p(z) > 0 and ¢(2) <0,

o) = lz (c)(z) + gﬁbc_—qu if p(2) <0 and g(2) >0,
U(c)(2), if p(z) <0and ¢(z) <0,

) - 5 e K i > 0and g0 20
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where p(z) = (a—c,z—c) and q(z) = (b—c,z—¢).
Then the 1-field F which is associated with f is a MLE of U.
Since ||| =1, B =||v|| € (0,1),c—a=h+v,and ¢ —b = —h+ v, we have

(c—a,wg) =0, (c—b,wp) =0. (3.18)

where | .
Wa =h——5v, wp = —h— 5.

B p?

We choose o € (0,+) (see Figure 1) such that x,, x;, € convex hull{a,c,b}, where

Figure 3.1: Tllustration of subsets A, , A, of R?.

Xg = Cc+ 0wy, Xp = C+ Opw,.
Let us define (see Figure 1)

Ay = {xeR>:x=c+aw,a> o},
Ay = {xeRZ:x:chocwa,oczao}.

Step 1. We will prove there exists k € (0, 1) which depends on 8 and o such that

max I''(F; ;) < kk,
=123

where
o =AU{a}, @ =A,UA,, 03 =A,U{b}.

Using [27, Lemma 9] we have
A v(F)=0,Vie{l,2,3}, Vx#x € o (3.19)
Using (3.18) and the definition of F and by noting that

18] =1, B =v[ € (0, 1),
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c—a=h+v, andc—b=—h+v,

it is easy to calculate the following expressions
If x,x' € A,, then

1 [(x—x",a—0)] (B-1)
—Lip(Vfix,X) = ! —1- . 3.20
PSS = el T T TR (320
If x,x’ € Ap, then
1. [(x—=x'sb—c)] (B—1)?
—Lip(Vf;x,x) = =1- . (3.21)
AN e | P R B
If x € A,, X' € Ap, then
1. —(x—x',c—a)(c—a) {(x—x',c—b)(c—b)
—Lip(Vf;x,x) = H +
K [l —x'[|[|e —al|? [l —x'[[[|e — b
(B-1)?
- 22
1+ B2 G-22)
If x=c+ aw, € Ay, then
1 [{(x—a,a—c)|
—Lip(Vf;x,a)
K [x—alllla—c||
2(B2_1)2
— 1 . g‘(ﬁ 2) S (3.23)
(I+B2)(B*(1—0)*+ (B> —a)?)
If x=c+ aw, € Ap, then
1 [{(x—b,b—c)|
—Llp<Vf,x,b)
K [x=bll[[6—cl|
2(82_1)2
= 1= 5 ;X(ﬁ 2) 3 7 - (3.24)
(L+B2)(B*(1—0)*+ (B> —a)?)
From (3.19),...,(3.24), Proposition 3.2.4 and noting that
o (B2 17 o (B> 1)
(1+BH)(B(1—a)* + (B2 —a)?) = (1+B)(B2(1 —)* + (B? — x)?)’
for all o > oy, we obtain
max. I''(F;ay) < kk, (3.25)
l: 1<
where
)2 2(2_1)2
k—sup {1—- B % (" —1) L (326)

1+B2 7 (1+B)(B2(1—a0)> + (B2 — a)?)

Step 2. We will define an open convex Q and a 1-field G € .7 !(Q) such that

Lip(Vg;: Q) < TH(G; Q).
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Let us use the notation
Rey={x+t(y—x) : teRT}.

Define (see Figure 2)

A1 = convex hull(A,URy, ), A2 = convex hull(A,UA), A3 = convex hull(R,, ,U
Ap), and Q be the interior of A} UA; UA3. Then Q open and convex. Then Q =
A1 UA» UAj is convex.

Figure 3.2: Illustration of 1-field G.

For each i € {1,2,3}, let us consider G; be a MLE of F|e,. We define a 1-field G
on Q by
G(x) = Gj(x), for x € A;, fori e {1,2,3}.

Let us show that g € €' (Q,R). Indeed, for all x € Q, there exists » > 0 such that
B(x,r) C Q. For all h € B(x,r), we have

|8x+h — 8x— (Dxgsh)| = llG(erh)(xﬂLh)—G(X)(xﬂLh)L
< Eig?§3F1(Gi;Ai)llh\|2-

Hence g € €' (Q,R). Thus, by applying Lemma 3.3.5, Proposition 3.2.4 and (3.25)
we have

Lip(Vg:Q) < max Lip(Vg;A;) < ma 31"1 (F; ;) < k. (3.27)
1= 1= 1= =

Therefore, by applying Corollary 3.3.4 we have G € .# (). On the other hand, we
have

r'G:Q) =1YG;Q) >T(G;a,b) = x. (3.28)
From (3.27) and (3.28). We have
Lip(Vg:Q) < kx < kI''(G;Q) < TH(G: Q).
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Remark 3.3.7. With the same notation as the proof of Proposition 3.3.6. There exist
an open strictly convex Q' subset of Q such that a,b € ', and we have

Lip(Vg:; Q') < Lip(Vg: Q) < kx < kI''(G; Q) = kT (G, Q') < TH(G; Q).

Thus in Proposition 3.3.6 we can replace  open convex by L open strictly convex.
Moreover, when we let x,, x; such that dist(x,, [a,b]) and dist(x, [a,D]) converge to

0. Then the constant k satisfying (3.26) converges to \/T§ An interesting question is that
what is the optimal constant ¢ that is the largest constant and satisfies Lip(Vg, Q) >
¢! (F, Q) for all Q open convex set and for all F € .%!(Q) ? We do not exact value of
the optimal constant ¢, but from above consideration and Proposition 3.3.3, we obtain

c €3, @]
Theorem 3.3.8. Let Q be an open set in R" and let F € F'(Q). We have

I''(F;Q) = max {Lip(Df;Q),Fl(F;(9Q)} .
Proof. From [36, Proposition 2.10] We have I'' (F; Q) = "' (F;Q). Thus

I''(F;Q) >TY(F;0Q). (3.29)

Furthermore, we know that I'' (F; Q) > Lip(Df; Q). Therefore,

I''(F;Q) > max {Lip(Df;Q),F1 (F;0Q)}.
Conversely, let us turn to the proof of the opposite inequality:

I''(F;Q) < max {Lip(Df;Q),"' (F;0Q)}. (3.30)

Let Fiyq be the restriction of F to dQ and let G be a MLE of Fjpq on R™\ Q. We have
G = F on dQ and

I''(G:RM\Q) =T (F;9Q). (3.31)
We define

| F(x),ifxeQ,
H(x) '_{ G(x), if x € R"\Q.

Step 1. We will prove that H € .7 (R"). Indeed, let x,y € R" (x # y). We have three
cases:
Case 1. If x,y € Q (x # y) then

I'(H;x,y) =T (F;x,y) <THF;Q).
Case 2. If x,y € R"\Q (x # y) then since (3.29) and (3.31) we have

I'(H;x,y) =T (G;x,y) <THG,R\Q) =T (F;9Q) <T!(F,Q).
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Case 3. If x € Qand y € R"\Q. Let H, ,, be the restriction of H to dom(H|,}) =
{x,y}. From [27, Proposition 2], there exists ¢ € By »(x,y) such that:

I (H;x,y) < max{T''(H;x,z),[' (H;z,y)}, forall z € [x,c] U [y,c].
Let z € ([x,c] U]y, c]) N dQ, we obtain
' (H;x,y) < max{T''(H;x,2),T" (H;z,y)}.
Moreover, since X,z € Q we get
I''(Hix,z) = Y (Fix,z) <TYF;Q)=TYF;Q),
and since y,z € R"\Q we get
I''(H;z,y) = T''(Giz,y) <THGRN\Q) =T (F;9Q) <T'(F;Q).

Therefore
I''(H;x,y) <T'(F;Q).

Combining these three cases we have
I''(H;R") <THF;Q) < +oo.

This implies that H € .Z ! (R").
Step 2. We will prove (3.30). Since H € . (R"), we have ' (H; R") = Lip(VA; R")
by ([36, Proposition 2.4]). Thus

I''(F;Q) =T (H;Q) <T'(H;R") = Lip(Vi;R").
On the other hand, Lip(Df;Q) = Lip(Vh; Q) and
I''(F;0Q) =T'(G;R"\Q) =T (H;R"\Q) > Lip(Vi; R"\Q).
Therefore, to prove (3.30), it suffices to show that
Lip(VA;R") < max {Lip(Vh;Q),Lip(VA;R"\Q) }.

The final inequality is true from Lemma 3.3.5. [

3.4 Sup-Inf explicit minimal Lipschitz extensions for 1-
Fields

In this section let Q be a subset of R” and F € .#!(Q). To better understand the
sections 3.4 and 3.6, let us recall some selected results in [54, Theorem 1,2].

Definition 3.4.1. The real k¥ € R, with k¥ > 0, is allowable for F if K satisfies the
following inequalities

1 1
fy < fx+ §<Dxf+Dyfay_x> + ;(x_y)z - R(DXf_Dyf)27vx7y € Q. (332)
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Lemma 3.4.2. The real  is allowable for F iff T (F;Q) < k.
Proof. Applying Proposition 3.2.4, we have I'! (F;Q) < x if and only if

VALE) B (F) 1A, (F) < k. Yy € @
This inequality is equivalent to
B} ,(F)
2k

and hence it is equivalent to

K
+Ax,y(F> S 57

1 1 1
fy < ot 5 (Def +Dyf .y =)+ g Klly = = £ lIDof = Dyf|]%, forany x,y € Q.
O

Definition 3.4.3. Let k be allowable for F. Denote by w (F,Q, k) the Wells function
which is described in [54, Theorem 1] (or see in Appendix 3.8) when Q is finite and

T(F,Q = inf wT(F,P
wHEQR)() = inf w" (F.PR),

when Q is infinite, where Z2(Q) is the set of all finite subsets of Q.

The following corollaries are the direct consequences of the Lemma 3.4.2, [36,
Proposition 2.4] and [54, Theorem 1,2].

Corollary 3.4.4. WH(F,Q,x) is an extension of F and T'(W*(F,Q,x);R") < k.
Moreover for any extension G of F on R" which satisfies T' (G;R") < k we have

g(x) <wh(F,Q,x)(x), x e R".
Corollary 3.4.5. If Q C Q| C Q», then
W (F,Q0,K)(x) < w' (F,Q1,K)(x), x € R".

Corollary 3.4.6. If k ="' (F;Q) then wt (F,Q, k) is an over minimal Lipschitz exten-
sion of F.

In the remainder of this section, we define k := ' (F; Q). We will give two explicit
formulas for extremal extension problem of F on R”.

Definition 3.4.7. For any a,b € Q and x € R", we define

1

Vap = E(Daf+Dbf)+g(b—a),
1 2
Gup = 2(fa— ) + 5 (Duf +Duf b =) — L Daf ~ Dy P+ la b
B, F2 2
T IR S PR
1 K 2
Busl) = |3(0uf - Duf) + 5210 0)
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Clear from proof of Lemma 3.4.2, we know that ¢, ;, > 0 thus we can define

Tab (x) = ) + Ba.,b (x),

Ay = {v eR":||[v—vap| < rap(x),Va,b e Q}.

Definition 3.4.8. For any a € Q, x € R" and v € A, we define

1 K 1
W (F,x,a,v) = fa+§<Daf+v,x—a>—|—Z||a—x||2—RHDaf—vHZ,
1 K 1
¥~ (F,x,a,v) := fa+§<Daf+v,x—a>—Z||a—x||2+ﬁ||Daf—V||2,
ut(x) = sup inf ¥ (F,x,a,v).
VeAxaeg

An important part of the proof of [36, Theorem 2.6] shows that A, is non-empty
for all x € R”. This allows us to define u™.
The map u™ is well defined. Indeed, from the proof of [36, Theorem 2.6] we have

—oo < u(x) < inf ¥ (F,x,a,v),
acQ

for any U MLE of F on R".

Thus —eo < u™(x).

Moreover since A, is compact, and the map v € R” — ¥ (F, x,a,v) is continuous
for any a € Q, we have

sup W (F,x,a,v) < 4o
VEA,

for any a € Q.
Thus u™ (x) < +oo. Therefore u™ is well defined.

Proposition 3.4.9. Fix x € R". Then there exists a unique element v{" € A, such that

ut(x) = inf ¥ (F,x,a,v]).
acQ

Proof. Since A, is compact and non-empty, there exists v;” € A, such that

u (x) = inf W1 (F,x,a,v]).
acQ)

We will prove that v} is uniquely determined. Indeed, for any a € Q we define
ga(v) =¥ (F,x,a,v), forve A,.

Then for any 7 € (0,1) and (v,v;) € R” x R", we have

galtv1 4+ (1= 1)v2) = 184(v1) + (1 ~1)ga(v2) + =11 =1) oy =2 .

—t
4K

Thus g, is strictly concave.
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If we define g(v) = ingga(v) for v € A, then for any ¢ € (0,1) and (vi,v;) €
ac

R x R" we have

(tvi+ (1= 1)) 2 tg(v) + (1 = 1)g(v2) + 711~ 1)~ vl

—t
K
Thus g is also strictly concave.
To prove v} is uniquely determined, we need to prove that if g(v) = g(v;) then v =v],
where v € A,.
Assume by contradiction there exists v € A, such that v # v} and g(v) = g(v{).
Since A, is a convex subset of R”, we have

tv+ (1 —t)vf € A,

fort € (0,1).
Thus
g(tv+(1—1)v)) > 1g(v) + (1 —1)g(vy) = 8(v)).
which contradicts the equality g(v) = sup g(v). O

VEA,

The previous proposition allows to define the following 1-field

Definition 3.4.10.
Ut :xeR'"— U (x)(y):i=u"(x) +(Du";y—x), y e R", (3.33)
with

u" (x) := max inf W' (F,x,a,v), Dxu" := argmax inf ¥*(F,x,a,v).
vEA, acQ) vEA, acQ)

Using the proof of [36, Theorem 2.6] , we can easily show the following proposi-
tion

Proposition 3.4.11. Let xo € R" and define ) = QU {x¢}. Let U an extension of F
on Q1. Then the following conditions are equivalent
(i) U is a MLE of F on Q.
(if)
supW ™ (F,x,a,Du) < u(x) < inf W (F,x,a,Du), Vx € Q.
acl acQd

Furthermore

supW ™ (F,x,a,Du) < inf W7 (F,x,a,Du)| < [Du € A,], Vx € Q.
aceQ acd

Corollary 3.4.12. Let Qi be a subset of R" such that Q C Q. Let G be a MLE of F
on Q1. For all x € Qy, we have D,g € A, and

supW ™ (F,x,a,Dyg) < g(x) < inf W7 (F,x,a,D,g) <u'(x), Vx € Q.
acQ) acQ

Proof. The proof is immediate from Proposition 3.4.11. [
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Theorem 3.4.13. The 1-field U™ is the unique over extremal extension of F.

Proof. Applying Corollary 3.4.6, W (F;Q, k) is an over extremal extension of F on
R". Let w be an over extremal extension of F on R". Let W™ be the 1-field canonical
associated to w. We will prove UT = W on R".

Step 1. Let x € Q. Since W™ is an extension of F we have W (x) = F(x).

Noting that A, has a unique element to be D, f (since x € Q and from the definition
of Ay). So that D,u™ = D, f and

ut(x) = aigg‘I’Jr(F,x,a,Dxf).
From Proposition 3.4.11 we have
W (F,x,a,D.f) > f(x), for any a € Q.
Furthermore, when a = x we have
W (F,x,x,Dcf) = f(x).

Therefore

Conclusion for all x € Q,
Ut(x) =Wt (x) =F(x).

Step 2. Let x € R"\Q. We first prove that u™ (x) > w (x).
Since W is a MLE of F on R", we can apply Proposition 3.4.11 to obtain D,w €
A, and

wh (x) < inf WY (F,x,a,Dw) <u'(x).

aceQ)

Conversely, we will prove that u™ (x) < w'(x).
Applying Proposition 3.4.9, D,u™" is the unique element in A, such that

ut(x) = inf W*(F,x,a,Du™").
ac)

We define the 1-field G of domain QU {x} as
G(y) :=F(y), y € Qand G(x) := U™ (x).
Since Dyg = Dyut € A, we can apply Proposition 3.4.11 to have

g(x) =ut(x) = inf ¥ (F,x,a,D,g) > sup¥ (F,x,a,D,g). (3.34)
acQ) acl

From (3.34) and Proposition 3.4.11, we have G to be a MLE of F on QU {x}.
By applying [36, Theorem 2.6] there exists G to be a MLE of G on R".
Since dom(F) C dom(G), G is also a MLE of F on R".
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Since W is over extremal extension of F on R”, we have
g(x) <wt(x), Vx e R".

Thus
' (x) = g(x) = &(x) <w'(x).

Combining this with w* (x) < u™*(x) we have
ut(x) =wt(x).
Finally, using Proposition 3.4.11 and the previous equality we have

ut (x) =wh(x) < inf ¥"(F,x,a,D,w™) <u'(x) = inf Y (F,x,a,Du").
acQ) acQ)

Thus we obtain the following equality

inf W*(F,x,a,Dxw") = inf W*(F,x,a,Dyu™).
acQ acQ

Therefore Dyw"™ = Dyu™ by Proposition 3.4.9. Conclusion for all x € R", Ut (x) =

W (x).
The uniqueness of over extremal extension of F arises since W™ is an arbitrary
over extremal extension of F'. U

Proposition 3.4.14. Let Q be a subset of R" such that Q C Q1. Let G be an over
extremal extension of F on Q. Then g, = u™ (x) and Drg = Vu™ (x) for all x € Q.

Proof. We first prove that g, = u™ (x) for all x € Q.
Indeed, since G is an over extremal extension of F on ;| and since ”|+szl is MLE of

F on Q, we have
ut(x) < g Vx € Qy.

Conversely, by applying Proposition 3.2.5, there exists E; is a MLE of G on R".

Since G is MLE of F on Q;, we have G is a MLE of F on R".
By Theorem 3.4.13 we know that u™" is an over extremal extension of F on R”,
thus

~

g(x) <ut(x), Vx e R".

Thus N
g =8(x) <u'(x),Vx € Q.

And thus
g =u"(x), Vx € Q.

We will prove that D,g = Vu™ (x) for all x € Q;.
Fix x € Q1, by applying Proposition 3.4.12 we have D,g € A, and

gx < inf WH(F,x,a,D,8) <u"(x).
acQ
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Since u™ (x) = g, , we have

ut(x) = inf W (F,x,a,D,g).
acQ

By applying Proposition 3.4.9, to prove D,g = Vu™ (x) we need to prove
ut(x) = in;fz‘PJ“(F,x,a,VuJr (x)).
ac

By Proposition 3.4.12, since U, is a MLE of F on ©; we have

12

Vu'(x) € Ay

and
ut(x) < insf2‘I‘+(F,x,a,Vu+(x)) <u'(x).
ac
Thus
ut(x) = inf Y1 (F,x,a,Vu"(x))

acQ

as desire.

]

Proposition 3.4.15. Let Q C Q| C Qp C R". Let G be an over extremal extension of

F on Q) and let K be an over extremal extension of G on §, then k, = u™ (x) and
Dk = Vu™ (x) for all x € Q.

Proof. We first prove that k, = u™ (x) for all x € Q5.

Indeed, since G is a MLE of F on Q; and since K is a MLE of G on £2,, we have
K is a MLE of F on 5.

By applying Proposition 3.2.5, there exists K is a MLE of K on R” and so that X is
also a MLE of F on R".

Since u™ is an over extremal extension of F on R”, we have

;(x) <ut(x), Vx e R".
Thus N
ke = k(x) <ut(x), Vx € Q.
Conversely, we have
U9y =T (G:Q) =M
and by Proposition 3.4.14 we have
u'(x) = gx,Vu' (x) = Dxg,

for x € Q.

So that U™ is a MLE of G on ;. Thus u™(x) < k, for all x € Q. And thus
ut(x) =k, for all x € Q.

Since k(x) = u™(x) for all x € Qy, K is a MLE of F on Q, and uﬁgz is an over
extremal extension of ' on €, we have K to be an over extremal extension of F on
Q.

Applying Proposition 3.4.14 we have Dk = Vu™ (x) for all x € Q. N
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Thanks to result of Theorem 3.8.14. Indeed, this result allows to define an under
extremal extension of F. That is

Definition 3.4.16. For any a € Q, x € R" and v € A, we define

u (x) := inf sup¥W (F,x,a,v).
V€A 4eQ

Using the strict convexity of the map v — W~ (F,x,a,v) and the compacity of
A, as in the proof of proposition 3.4.9 when concavity is replaced with convexity, we
obtain the following proposition

Proposition 3.4.17. Let x € R". Then there exists a unique element v, € Ay such that

u~(x) =sup ¥ (F,x,a,vy).
acQ

This allows us to define the following 1-field
Definition 3.4.18.

U xeR"—U (x)(y):==u (x)+(Dwu ;y—x), yeR", (3.35)
with

u~ (x):=minsupW¥ (F,x,a,v), Dyu :=argminsup¥ (F,x,a,v).
VEAx 4 VEAx 4eQ

Theorem 3.4.19. The 1-field U™ is the unique under extremal extension of F.

Proof. Using Theorem 3.8.14 and Proposition 3.4.17, the proof uses similar arguments
as in the proof of Theorem 3.4.13. [

In conclusion we have the following corollary

Corollary 3.4.20. For all minimal Lischitz extension G of F we have

u (x) <glx) <u'(x), Vx e R".

3.5 Sup-Inf explicit minimal Lipschitz extensions for
functions from R maps to R”

Now, we propose to use the results of the previous section to produce formulas compa-
rable to those Bauschke and Wang have found see [9]. Let us define 2 as the problem
of the minimum extension for Lipschitz continuous functions and 2, as the problem
of the minimum extension for 1-fields. Curiously, we will show that the problem 2 is
a sub-problem of the problem 2;. As a consequence, we obtain two explicit formulas
that solve the problem 2.

More specifically, fix n,m € N* and @ C R” with #® > 2. Let u be a function from
® maps to R”. Suppose Lip(u; @) < 4o and define [ := Lip(u; ®). Let us define

Q:={(x,0) e R"" xR" : x € w}.
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A current element x of R”*" is denoted by x := (x(") x(")) e R™*+"_with x") € R and
x(" e R". For each function u of domain @ we associate the 1-field F from Q c R+
maps to 22! (R" R) as the following

Jx0) :=0, and D(, o) f := (0,u(x)), forall x € . (3.36)
Let a,b € @, with a # b. Observing that
fa0) = fp,0) = 0, and (D(, 0)f + D, 0)f, (b —a,0)) =0,
and applying Proposition 3.2.4 we have

1D,0)f = Do) fl
|b—al|

I'(F.(a,0),(b,0)) =
Therefore
I''(F,Q) = Lip(u, ®). (3.37)
Let G be an minimal Lipschitz extension of F. We have G € .# ! (R"*+") and
r''(F,Q) =T (G,R™™"). (3.38)
Using [36, Proposition 2.4] we have
I''(G;R™™) = Lip(Dg; R™™). (3.39)
Now we define the map i from R to R”" as following
i(x) == (D(x.0)8)", x € R™. (3.40)

We will show that i is a minimal Lipschitz extension of u. Let x € ®. Since G is
an extension of F' and by construction of F we have

i(x) = (Dx0)8)" = u(x).

Thus i is an extension of u. Let x,y € R™ with x # y. Using (3.37), (3.38) and (3.39)

we have
1(D(1,0)8)™ —(D(y,008)™ |
IDuoe—Duns] 7
08 D08
— ol (3.41)

Lip(i;x,y)

1A A
2
Q_
7

3
J’_
=

Conclusion, # is an minimal Lipchitz extension of u. Therefore, we obtain another
proof of Kirsbraun’s theorem (see [32]).

Theorem 3.5.1. Let u be a function from @ C R to R". Suppose that u is a Lipschitz
continuous function. Let F be the 1-field defined by the formula (3.36). Let G be any
minimal Lipschitz extension of F. Then the extension ii define by the formula (3.40) is
a minimal Lipschitz extension of u.
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If we replace the 1-field G of Theorem 3.5.1 by U~ and U™ which are defined
by the Definitions 3.4.10 and 3.4.18 we obtain two explicit formulas which solve the
problem 2. Now we will describe these formulas. Let a,b € @ and x € R™ we define

= (300500 +ue) ).

1 , I?
Gy = —llu(@) B>+ S la—bl,
a+b
Bap(®) = Pllx———| ||—( (a) —u(b))|%,
raJ,(x) = aa,b+ﬁa,b(x)7
Ay = {VER™:|v—vupll < rep(x),Va,b € o}

For v € R we define

1 ! 1
O (u,x,a,v) = S x—a)+ Zlla—x|> = ()P + [Ju(a) — v |R3,42)
2 4 41
B L ! , 1 )
" (ux,a,v) = S(V™ x—a)—lla—x +4—1(Hv NP+ () —v™[13.43)

Now using the previous notations, we define two maps from R” to R" as following

k*(x) := (argmax inf ®F (u,x,a,v))", x € R", (3.44)
VEA, ACE®
and
k™ (x) := (argmin sup® (u,x,a,v))", x € R™. (3.45)
VEAXQECO

Theorem 3.5.2. The maps k™ and k™ define by the formulas (3.44) and (3.45) are
minimal Lipschitz extensions of u.

Remark 3.5.3. If @ is finite using the previous transformation u — F then the Wells
explicit construction of u™ or u~ allows to compute ™ and u~. We know that the
proof of Kirszbraun-Valentine’s theorem and the proof of [36, Theorem 2.6] use Zorn’s
lemma. Noticing that, the proof which allows that A, is non-empty set, does not use
Zorn’s lemma. Thus the proofs of Theorem 3.4.13, 3.4.19 and 3.5.2 does not use Zorn’s
lemma. This is also true in [9] and [54, Theorem 2].

3.6 Absolutely minimal Lipschitz extensions

In this section let Q be a subset of R" (n >2) and F € .#!(Q) and k = I'' (F,Q).
Let wt = w*(F,Q, k)(x) where w*(F,Q, k) are defined by the Definition 3.4.3 and
Definition 3.8.10.
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3.6.1 Finite domain
Proposition 3.6.1. Suppose Q is finite, then W and W~ are AMLEs of F on R".

Proof. By Corollaries 3.4.6 and 3.8.13, W are two MLEs of F and
r'(W*R") = «. (3.46)

Let V be a bounded open satisfying V C R"\ Q. We need to prove that I''(W*,V) =
(W, ov).

Using the same notations like in the proof of [54, Theorem 1] and using [54,
Lemma 17], there exist S € K and x,y € dV with x # y such that x,y € Tg . Applying
[54, Lemma 21] we have

VW™ (x) = Vw ' ()| = xllx—y-
Thus Lip(Vw™;x,y) = k. Using (3.46) and the previous equality, we obtain

C'(WH,v) < x=Lip(Vwt;x,y) <Lip(Vwh;9V) <T'(WT,9v) <TY(WT,V).
(3.47)
Thus
C'w,v)=r'(wt,av).
Therefore W is an ALME of F.
The proof for W™ is similar by using Proposition 3.8.9 and Lemma 3.8.11. U

Corollary 3.6.2. Suppose Q is finite and w* # w™, then there exists an infinite number
of AMLEs of F on R".

Proof. Let xo € R"\Q such that w (xp) # w™ (xo). Noting that
We=tWr+(1-1)W",

is MLE of F on R”, for any 7 € [0, 1].

Thus there exists an infinite number of MLE of F on QU {xo}.

Let G be a MLE of F on @ U {xp}. By the same argument as the proof of Proposi-
tion 3.6.1, we have w' (G,QU {xo},«) and w™ (G,QU {x¢}, k) are two AMLEs of F
on R". Therefore, there exists an infinite number of AMLE of F on R”. O

3.6.2 Infinite domain

From Section 3.6.1, we know that if Q is a finite set then the functions W and W~
are two AMLEs of F on R". When Q is infinite and n > 2, we give an example that
shows the opposite.

Proposition 3.6.3. Suppose n = 2, then there exist Q and F € .F'(Q) such that W+
and W~ are not AMLEs of F on R".

62



Proof. Let us define Q) = dB(0;1), Q; = dB(0;2) and Q = Q| UQ;.
We define F € .#1(Q) as following

fi=0forxe Qq, f,=1forxe Q;, and D,f =0 for x € Q.

We will prove that W™ is not an AMLE of F on R”". To do this, we need to find an
open set V CC R?/Q such that

W v) £TH (Wt av).

Let us define
V={xeR?:|x| <3/4} cCc R*/Q.

we will prove that

W v) £TH (Wt av).

Figure 3.3: Illustration of subset A,, of Q.

Applying Proposition 3.2.4, we have k =T'!(F;Q) = 4.
Let o7 be the set of all finite subsets Ay of Q of the form

Ay ={p1,..,pn}U{q1,....qn}, N € N*,
which satisfies
{PbPZ;---PN} C Ql7 {q17q27'“7QN} - Q27 and Di S [ani]; Vie 17"'7N

(see Figure 3).
By construction, we have Ay € 7.
For brevity let us denote the functions w (F,Ay, k) by WXN.
Applying Proposition 3.2.4, we have

kv =T (WAJ;/;AN) =4=x, forall Ay € &
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For all i € {1,...,N}, let us denote by 7}, using the same notation like in [54,
Theorem 1] and using the corresponding definition for the finite set A = Ay. We can

check that
[& Di + qi

2 ’ 2 ] - pPi»
(see detail computing at Appendix 3.8.2) and from the definition of WXN, we have
N 2 Koo Pi Pitqi
wy (%) = E(x—p,) = Ed (x;0Q), forall x € [5, > .

Let us define Z, 5 :={y € R" | a < [|y|| < B}, @ < B and Z(Q) to be the set of all
finite subsets of Q.
We will prove that

wh(x) = gdz(x;aﬂl) forallx € 233>
Indeed, letx € 5 35, there exists Ay € </ such that x € [0,q;] where g1 € Ay N €.
From the definition of w™ (see 3.4.3), we have w (x) <wjt (x) = 5d*(x;0Q).
Conversely, for all P € Z2(Q), there exists Ay € .7 such that P C Ay and x € [0, ¢]
where g, € Ay N Q.
Applying Corollary 3.4.5, we have w' (F, P, k) > WXN (x) = 5d*(x;0Q).
Hence

+ — 1 + > E 2
w™ (x) Pe%{g)w (F,P,x)(x) > 2d (x,0Q).

Therefore "
wh(x) = Edz(x;%!l), Vx € D232
Noticing that
+ K 2. K 2
w ()C) = Ed (x,&Ql) = E(HXH — 1) , forall x € @1/273/4,

for all x,y € 9} 3/4 such that x € [0,y], we have

VW™ (x) = VW™ ()] =

X0 y
el = 1)~ (ol - I)MH T

Hence
kK >THWTRY) >TH W', V) > Lip(Vwh; V) > «,

and hence
r'whv)=x=4. (3.48)

On the other hand, for all x,y € dV, we have ||x|| = ||y|| = 3/4, so that

Vw™ (x) — Vw y =lx(lx||—-1)— — K y—l—y H——X—V.
e + || ( ) ( )H
Vw™(x) —Vw™(y K
B, (W") = =—.
(W) [lx =yl 3
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Moreover, since w' (x) = w'(y) and (Vw™ (x) + Vw'(y)) is perpendicular to (y —x),
we have

2w (%) =wT (y) + (VW' (x) +Vw ™ (y),y —x)
lx =]

AXvY(W+) = = O'

Applying Proposition 3.2.4, we have

K 4
C'w*iov) = sup (\/42,+B2,+[Aw|) =5 =3 (3.49)

x,yeav
From (3.48) and (3.49) we have
W v) £TH (W av).

And therefore W is not an AMLE of F on R”.
The proof for W™ is similar. [l

Remark 3.6.4. With the same notation as in Proposition 3.6.3. By computing directly
*and w™ (see Appendix 3.8.2 for full detail computing), we obtain

_ K 5
whx) = —w (x):l—zx Vxeﬁo’%,
whx) = —w (x)= —dz(x aQ)), Vx € @%71,
w+(x = w (x)= —dz(x 2Q)), Vx € @1 3

)
)
wi(x) = w(x)=1 ——dz(x dQ,), Vx € .@%72,
) = 1+§d2(x,8£22), VX € D e,
)

= 1- gdz(x,%)z), VX € D) 4o,

where k =T (F;Q) =4.
We see that W = w is an AMLE of F on R? (although W+ and W~ are not
AMLE:s of F on R?) and w ¢ C?(R2,R).

Moreover, all MLEs of F coincide on {x € R?: 1 < ||x|| < 2} (because w = w™
on {xcR?: 1< x| <2}).

From Proposition 3.6.3, we know that W is not an AMLE of F on R” in general
case. But in some case, we have W to be an AMLE of F on R”. We give an example:

Proposition 3.6.5. Let Q be a subset of R (n>2). Let F € F(Q) such that @ = {p—
"f : p € Q} is a subset of an (n — 1)-dimensional hyperplane H, where k =T (F,Q).
Then W is an AMLE of F on R".

Proof. For brevity let us denote W (F,Q) by WT. We prove that W+ is an AMLE of
FonR" Put k =T (F;Q).
From Corollary 3.4.6, we have W to be an MLE of F on R”".
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Let V C R"™\Q. We need to prove that ' (W+;V) =T (W;9V).

Indeed, the inequality I''(WT;V) > T/ (W+;9V) is clear, so that we only need to
prove that

r'(wtov) >ri(wh;v).
We have
k=T'(WHR") >T'(WH;v) >TH(WT;9V) > Lip(Vw™,aV).

Thus it suffices to show that Lip(Vw™,9V) > k.

Let xo,y0 € dV, xo # yo such that (xo — yo) is perpendicular to the hyperplane H.

SRR

T, T T, Ty T

251 P2 Pa

Figure 3.4: The partitioning of R” into regions Ts

Let & be the set of all finite subsets of Q. For any P € &, we have the correspond-
ing function W (F, P, k) (see Definition 3.4.3) or W, for short.

We define K and Ty for S € K the same notations like in [54, Theorem 1] with the
corresponding definition for the finite set A = P.

Put kp = ' (W, ;R"). Since Q={p- D%f : p € Q} is a subset of H and (xo — yp)
is perpendicular to the hyperplane H, there exist S € K such that xq,yg € T.

Applying [54, Lemma 21], we have

[V (x0) — Vv (30) | = Kplxo — ol .
Moreover, for any € > 0, there exists P € & (by [54, Proposition 3]) such that
IVwp (xo) = Vw™ (xo) | < &, [IVwp (vo) = Vw' (3o)[| < &, and kp > K —&.

Therefore
[Vw™(x0) = Vw™ (o)

Lip(Vw,0V) >

[lx0 = yoll
o Ivwt (o) = VwE (o)l [Vw (o) = Vwg (o)
- [0 = ol [0 = ol
L I C0) = Vwp 0ol
[lx0 = yoll
—2¢
= oyl < 7F
Hence Lip(Vw,dV) > k. O
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3.7 Extremal point

In this section, we present a new result in Theorem 3.7.5.
Let S = {x,y} CR" (x #y) and let F € .Z'(S) such that M :=T"'(F,S) > 0. We
recall some notations

2(fx _fy) + <Dxf+Dyf=y_x>

Aol T |
|Dxf —Dyf||
By y(F) T
From Proposition 2.2 in [36] we have
M=T'F;x,y) = \/AW(F)Z + By (F)2+ Ay (F)|. (3.50)

We define

Xty Dxf_Dyf
c:= > +5 M ,

where s = 1 if A, (F) >0and s = —1if A, ,(F) <O.
We call the point ¢ to be the extremal point of F associated to (x,y).

Proposition 3.7.1. We have A, ,(F) = 0 if and only if (c —x,c—y) = 0.

Proof. From (3.50), Ay, (F) = 0 if and only if M = B, ,(F). This is equivalent to

fo— 202y 2L By el
2 2M 2 7
and hence it is equivalent to (¢ —x,c —y) = 0. O

We recall some results of the extremal point which are useful in the proof of Theo-
rem 3.7.5.

Lemma 3.7.2. ([27],Lemma 8) We define F, € F1R") as
Fv'c(z) = .}V‘C—i_ <DC]?3Z_C>7Z € Rn?

where

~ M
fe = Flc) —S5||X—C||2,

D.f = Dyf+sM(x—c).
IfA,y(F) =0, we define

~ M {z—c,x—c)> M {z—c,y—c)?

8(2):=Fe(z) —s 5 ——F—— s —— >,z €RY
‘ 2 fx—cl? 2 ly—clP
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Then G is a MLE of F on R".
If A y(F) #0, let z€ R" and let p(z) := (x—c,z—c) and q(z) == (y —c,z—c). We
define

( M (z—c,x—c)?
~ _ SAZ (z !xc_ycﬂ;z’
Fe 3 hodPf if p(z) <0 and g(z) > 0
Fe(z), if p(z) <0andq(z) <0,
F, >0

M{z—c,x—c)> M{z—c,y—c)? .
—5— +s5— , Ifp(z) >0and q(z
O T T e PP &

if p(z) = 0 and g(z) < 0,

Y

Then G is a MLE of F on R".

Remark 3.7.3. Let g be the same notation as in Lemma 3.7.2. By computing, we have

IVg(a) —Ve®)| _ [IVs(s) = Vel _,,
la b ls =] ’

for all a,b € [x,c] (a # D) and s,t € [y,c] (s #1).

Lemma 3.7.4. ([27],Lemma 10) All MLE of F on R" coincide on the line segments
[x,c] and [y, c].

Theorem 3.7.5. Let Q be a subset of R" such that {x,y} C Q and B(c,p) C Q for
some p > 0. Let H be a MLE of F on Q. Assume that h is 2-differentiable at c, then
(c—x,c—y)y=0.

Proof. If A, ,(F) = 0 then from Proposition 3.7.1 we have (¢ —x,c—y) =0.
If Ay, (F) # 0. Since h is 2-differentiable at ¢, we have

Dh(a) = Dh(c) +D*h(c)(a—c)+||a—c||lw(a—c), Ya € B(c,p), (3.51)

where y : R” — R” and Ilin(l) y (k) =0.
H
Since M =T (F;x,y) =T (H,Q) > Lip(Dh;Q), we have

Lip(Dh;7',z) <M, Vz,7 € Q,
From (3.51) and (3.52), we obtain
|{D*h(c)(v),v)| <M, W eT, (3.52)
where
T:={veR":|v|=1}.
Leta; € [x,c)NB(c,p). We define

xX—c ay—c

V] = = .
lx=cll - lar =<l
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Applying Lemma 3.7.4 we have H = G in the line [x,c] Uy, c], where the 1-field G
is defined in Lemma 3.7.2, we obtain

sM(z—c,x—c)(x—c)

D) =0 =

, Vz € [x,c)NB(c,p) (3.53)

and

sM{z—c,y—c)(y—c)
ly—cl?

Dh(z) = xo+ , Vz € (¢,y]NB(c,p), (3.54)

where xg = Dyh+ sM(x — c¢). Without of loss generality, we can assume that s = 1.
Thus from (3.51) (by replacing a = a; and a = ¢) and (3.53), we have

M{a; —c,x—c)(x—c)

—c|? = x0+D*h(c)(ar — ) + |la1 — c||y(a; —c)

X0 —

Hence
—M = (D*h(c)(v1),v1) + (W(a1 —c),v1)
Taking the limit as a; — ¢, we obtain
(D?h(c)(vi),v1) = —M. (3.55)
Therefore from (3.52) and (3.55) we have
(D*h(c)(v1),v1) < (D*h(c)(v),v), Ve T. (3.56)

Now put A = D?h(c), then A is a symmetric matrix.

We will prove that v; is a eigenvector of A. Indeed, let B = {f},..., fin} be a or-
thonormal basis consisting of eigenvectors of A and A; is eigenvalue corresponding to
fiforany i€ {1,...,m}. We have

Afi=Aifi, Vi={1,....m}.
Suppose that A; = min A;.
1
We can write vy in the form
vi=cifi+...+cmfm

We have ¢? + ... +¢2 = 1 since ||v; || = 1.
Thus (Avy,v) = ¥ c?4; and (Af}, f;) = Aj. From (3.56), we have
Y ciri <A (3.57)
Since A; = minA;, we obtain ¢; = 1 and ¢; = 0,Vi # j. Thus v; = f;.
1
Similarly, let v, = ﬁ, then we have v, = f with 4; = max 4;.
l
Thus (vi,v2) = (f}, f) = 0 since j # k. Thus, (¢ —x,c —y) = 0. From Proposition

3.7.1 we have A, ,(F) = 0. This contradicts with A, ,(F) # 0. Therefore, we come to
the conclusion that (c —x,c —y) =0 and A, ,(F) = 0. O
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3.8 Appendix

3.8.1 The constructions of w™ and w.

Let Q be a subset of R” containing at least two elements, and F be a 1-field in .# 1 (Q).
Suppose that k is allowable for F, i.e. k > I''(F, Q). We will describe the w* (F,Q, k)
and w™ (F,Q, x) of 1-field F and we will give the properties used for the understanding
of this chapter.

Case 1: Q is finite.

Recall the constructions of w™.
Let M >T!(F;Q). For p € Q we define:

ﬁ+ = p_Dpf/Ma

1 1 ~
45 () = Sy (Dpf?/M+ M5

When S C Q we define

ds™* = infd,"
S (X) 11723 p (X),

st = {pt:pes},
ST := convex hull of ST,
S;; := smallest hyperplane containing §+,
Sp = {x:dy(x)= d;,(x) for all p,p’ € S},
SE o= {xidy(x) = d;:,(x) < d;,,(x) forall p,p’ € S,p" € Q},
K" := {S:SC Qandforsomex €SS, df (x) <df ((x)}.

Proposition 3.8.1 ([54], Lemma 3). Let S: = S} NS}, for S € K" then S is a point.

Definition 3.8.2. Forall S € KT, set
1 ~
T i={x:x= §(y~|—z)f0r somey € ST andz € S}

Proposition 3.8.3 ([54], Lemma 15,17). We have U Tt =R" and (T{ NTy )" =0

SeK+
ifS+S'.
Definition 3.8.4. w{ (x) := ds(S) + sMd>(x,S};) — tMd?(x,S}) for S€ K and x €
T—|—
S .

Definition 3.8.5. w' (F,Q,M)(x) := wy (x) if x € T

From [54] we know that w* (F,Q, M) is well defined in R”, w* (F,Q,M) € €' (R",R)
and
Lip(Vw™ (F,Q,M),R") < M.
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Theorem 3.8.6. We have w* (F,Q,M) € €1 (R",R) withw™ (F,Q,M)(p) = f,, Vw' (F,Q,M)(p) =
D, f forall p € Q and Lip(Vw" (F,Q,M),R") <M .

Further, ifg € €1 (R",R) with g(p) = f», Vg(p) =D, f when p € Q and Lip(Vg,R") <
M, then g(x) < wt (F,Q,M)(x) for all x € R".

Proof. Applying Proposition 3.2.4, we have I'! (F; Q) < M if and only if

VALF) B (F) + A0y (F) < M. ey Q.
This inequality is equivalent to

B: (F)
M,

Y

M
+Ax7y(F> S ?

and hence it is equivalent to

1 1 1
fiy < fx+§<Dxf+Dyfay_x> +ZM||y—x||2— mHDxf—Dnyza for any x,y € Q.

Using [54, Theorem 1], we finish the proof of this theorem. 0

Corollary 3.8.7. In the case M =T (F;Q), let W (F,Q, M) be the 1-field associated
tow (F,Q,M) then W*(F,Q,M) is an over extremal extension of F on R".

Proof. From [36, Proposition 2.4] we have
Lip(Vw" (F,Q,M),R") =TY (W' (F,Q,M),R").
Thus the proof is immediate from Definition 3.2.2 and Theorem 3.8.6. [

The constructions of w™.
By the same way, we can construct the function w™ as follows. For p € Q we
define :

ﬁi = p+DPf/K,
_ 1 1 -
dy () = Sty Dpf? k= el P,
and for any S C Q,
dg (x) := supd, (x),

PES
S = {p :peSs},
S~ := convex hull of § ,
Sy = smallest hyperplane containing S -,
Sg = {x:d, (x)=d(x) forall p,p €S},
Sy = {x:id,(x)= dl;(x) > d;,,(x) forall p,p’ € S,p” € Q},
K~ = {§:5C QandforsomexeS,,dg(x)>d, ((x)}.
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Definition 3.8.8. Let us define
1 N
Ty ={x:x= E(y—i—z) forsomeye S andze S, }, forall Se K.

Proposition 3.8.9. For all S € K~ and for all x € T there exists an unique couple
(v,z) € S~ x S, such that x = %(y+z).

We have
U 15 =R",
SeK—

Ty NTy =0, and Ty #0, forall S,S' € K, with S # 5.

Forall S € K™, the set S; NSy contains a single point denoted by .
Forall S € K™, hyperplanes S, Sy are orthogonal.

Definition 3.8.10. Let us define
1 1
wy (x) 1= ds(Sg) — E1«12(x,5,;) + Exdz(x, Sg), forallS€ K~ andx € Ty,

and
w (F,Q,x)(x) :=wg (x) forall x € T .

Lemma 3.8.11. Forall S € K~ and x € T, we have

K 1 ~
VW?(Fagv K')(X) = E(y_z)v where x = EO]—'—Z)’ with (y,z) €S X S;;
and

VW™ (F,Q, k) (x) = Vw™ (F,Q, k) ()| = x||x = x|, forall S € K~ and x,x' E(?Sé)

Theorem 3.8.12. We have w™ (F,Q, k) € € (R",R) and Lip(Vw™ (F,Q, k); R") =
k,. Furthermore, w™ (F,Q.,K) is an extension of F and for all g € €' (R" R) exten-
sion of F such that Lip(Vg;R") < k, we have

W (F.Q.6)(x) < g(x), x € R,

Corollary 3.8.13. If k =T} (F;Q), then W~ (F,Q, k) is an under extremal extension
of F.

Case 2: Q is infinite.

Denote by Z2(Q) the set of all finite subset of Q. Since for any x € R”, and for any
P,P' € 22(Q) satisfying P C P’ we have

w (F,P,x)(x) <w (F,P,k)(x) <w'(F,P,k)(x) <w'(F,P,Kk)(x).
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So that we can define

+ — +
WHEQ)W) = inf w (F.PK)(x)

and
w(F,Q)(x) = sup w (F,P,K)(x).
Pe2(Q)

Theorem 3.8.14. Let Q be any subset of R" and F € F'(Q). If k =T (F;Q), then
W (F,Q, k) is an over extremal extension of F and W~ (F,Q, k) is an under extremal
extension of F.

Proof. Using [[54], Theorem 2], the proof is similar as Theorem 3.8.6 and Corollary
3.8.7. O

3.8.2 Details of computation for the proof of the counterexample
of Proposition 3.6.3

We consider in R%. Fix N € N we let py,ps,...,py € dB(0;1) and q1,92,....qy €
dB(0;2) such that p; € [0,¢;] for all i € {1,...,N}. We put py+1 = p1, gn+1 := 41,
po := pn and qo 1= gn.

We denote:

Ry 1s the ray starting a and passing through another point b.

L, p 1s the line passing through a and b.

[a,D] is the line segment joining two points a and b.

Figure 3.5: The domain of 1-field F

We put Qi = {p1,p2,.... o8} Q= {q1,92,....qn} and A = Q UQ,. Let F € F(A)
satisfying f, = 0 for all p € Qy, f, = 1forall ¢ € Qy and D, f = 0 for all x € A. We
will show clearly the form of w*(F,A) and w™ (F,A).

The form of w (F,A)
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Put M =T'(F,A) = 4.
For any p € Q1 and g € Q,, we have

p" = p—D,f/M=p,

1 1 -~
a5 () = fo—5(Dpf M+ Mx— 5P = = pl

q" = q—Dyuf/M=gq,
1 1 N
dy(x) = fq—E(qu)z/MJrZMHx—q*Hz:1+HX—QI\2-

Foralli e {1,...,N}, letray Ry, be the bisector of the angle p;o\pi. The tangent to the
circle dB(0,2) at g; cut the ray Ry, at k;. We call a;,b;, c;,m;,n; to be the midpoints of
the segments [0, pil, [ki, pil, [ki+1, pi], [ki» qi], [ki+1,qi], respectively. Let rays Ry, Ry,
such that Ry, 1s parallel to Ry, .. and Ry, is parallel to Ry, ... .

vie 22/
S v

Figure 3.6: The rays R

LetST € KT,
*Case 1: ST = {p;}.

We have St = {p;}, S, = {pi}, Sf = R", ST to be the convex hull of {0,k;,k;11},

S&E =85S ={pi}, and T{J;l_} to be the convex hull of {a;,b;,c;}.

Thus for all x € T{;} we have
1 1
wHFA)(x) = d(SE)+5Md*(x,S) — 5 Md* (x, ;)
1 1
= d;:(pl) + EMdZ(X, pi) - EMdz(xa Rn)
1
= M= pil?
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Figure 3.7: ST = {p;}

*Case 2: ST = {q;}.

We have ST = {g;}, S5 = {g;}, S = R", S to be the region bounded by ray Ry,
ray Ry, .., and the segment [k;, kiy1], S& = SE NS, = {g;}, and T{Jr;'} to be the region
bounded by ray Ry, ray Ry, and the segment [m;, n;].

Figure 3.8: ST = {q;}
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Thus for all x € T{;} we have
1 1
wh(FA)(x) = di(SE)+ EMd2 (x,875) — szz (x,5%)

1 1
= d+(‘]z) + 2Md2(x QI) 2Md2(xaRn)

= 1+ Mlx—gl?,

*Case 3: ST = {pi,qi}.
We have ST = [p;,qil. Sy = Lpigi» S§ = Lo, - ST = [kiskiv], S& = Sz NSy = {qi},
and T{+ 4} to be the convex hull of {m;,n;, b, ci}.

Figure 3.9: ST = {p;,qi}

Thus for all x € T, { gy W€ have

1 1
wh(FA)(x) = d(SE)+ 5Mdz(x, Sh) — 5Mdz(x, SF)
1
= d;z_'<qi)+§Md2(x’LpiQi)_
1 2
= 1+ EMd (%, Lpig:) — 5
*Case 4: ST = {pj,pi+1}.

We have St = [p,,p,H] S =Lppii» St = Lok

Lok ﬂLpile , and T{plvarl}

b ST =10ki), SE=SENSh =

. to be the convex hull of {a;,a;11,c¢;,bit1}-
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Figure 3.10: S* = {p;, pir1}

Thus forallx € T;" | we have
{pi-pit1}

1 1
WHEA)) = df(SE)+ oM (v, S) — S Md(x, )

1 ) | .
- d;<L0ki+lmLPiPi+l)+ Md"(x, plp,+1) EMd (X»Loki+1)

2
Pi— Pi+1 1
- ‘ ITI + 2Md ( PlPHrl) EMdz(x7L0ki+l )
*Case 5:. St = {q”%Jrl}
We have §* [ql,q,_H] St =Lggir» S§ = Lok.,» ST =Rz, S¢ = SE NS =

NLgg,» and Ty

(pipiot} to be the region bounded by ray R, ray Ry, 4., and

LOki+1
the segment [n;, m;1].

Thus for all x € T{Z ) we have

i1qdi+1

1 1
WHEA)) = df(SE)+ 3Md (v, S) — M)

1 1
= d;;(LOkiHmL‘quiH) 2Md2( Lyigiiy) — EMdZ(XyLOkiH)
i — qi+1 1
= 1+'—q’ 2q+ + 2Md2( Lygi) = 3Md* (x, Logg.. )

*Case 6: S* = {p;, pi+1,9i,qi+1}-
We have ST to be the convex hull of {p;, pi+1,4i,qit1} , Sgp =R", St ={ki1}, ST =
{kiv1}, SE=8inSy; ={kiy1},and T, {; i) © be the convex of {c;,bi1,ni,mi+1}.
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Figure 3.11: ST = {¢i,qi+1}

Thus for all x € T~

we have
{pipiv1}

1 1
wh(FA)(x) = di(SE)+ 5Mdz(x, Si) — 5Mdz(x, SF)
1 1
= dg (kit1)+ iMdZ(X, R") — EMdZ(X, kit1)

1
= 1+ |lgi— kit |~ §M|!x—ki+1 [

*Case 7: ST = {p17p27"'7pN}
We have S™ to be the convex hull of {p1,p2,...,pn} , S5 = R, St = {0}, ST = {0},

St =5EnS} ={0}, and T{;17p27~-~,p1v} to be the convex hull of {aj,as,...,ay}.

Thus forall x € T,

we have
{pr1.p2,--,pn}

1 1
wh(FA)(x) = di(SE)+ zMdz(x, Sh) — 5Mdz(x, SE)
1 1
= df (0)+ EMd2 (x,R") — 5Md2 (x,0)
1
= 1= EMHxHZ-
The form of w™(F,A)

Put M =T (F,A) = 4.
For any p € Q; and g € Q,, we have

p = p+Dyf/M=p,
d;(x) = Yo, M= M= 5P = — = 2
b (x) = fp+2( pf)7/ 1 lx=p~ I =—llx—pll~.
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Figure 3.13: ST = {p1,p2,....on}

g = q+Duf/M=q,
B 1 2 1 ~ 2 2
d, (x) = fq+§(qu) /M—ZMllx—q ©=1—x—ql"

Foralli € {1,...,N}, let ray Ry, be the bisector of the angle pi/_E)i. The tangent to
the circle B(0,1) at p; cut the ray Ry, at [;. We call a;,d;, e;, ri,s; to be the midpoints
of the segments [0, p;, [li,qil, lli+1,4i], lli, Pil, [li+1, pi]. respectively. Let rays Ry, Re,y,
such that Ry, is parallel to Ry, ;; and Ry, is parallel to R;, . ..
LetS™ € K.

*Case 1: S~ = {p;}.

We have S~ = {p;}, Sy = {pi}. Sz =R", S; to be the convex hull of {0,/;,/i11},

¢ =S NSy ={pi},and T; . to be the convex hull of {ai,ri,si}.
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Figure 3.14: The function w*

Thus for all x € T{Pi} we have

1 1
w(FA)(x) = dg(Sg)— EMdz(x, Sn)+ EMdz(x, Sg)
- 1 2 1 2 n
= d,(pi) - yMd (x, pi) + FMd (x, R")
1

= —Mlx—pil
*Case 2: S~ = {q;}.
We have S~ = {¢}, Sy = {qi}, Sy =R", S, to be the region bounded by ray R,
ray Ry, ..., and the segment [/;, ;1 1]. So = S; NSy = {q;}, and T,y to be the region
bounded by the ray Ry, ray R, and the segment [d;, ¢;].

Thus for all x € T{;_} we have

w(F,A)(x) = dS_(SE)—%Mdz(x,S,})—l—%Mdz(x,SE)

1 1
= d,(g9i)— EMdz(x, qi) + EMdz(x» R")

1
— 1Ml gl?

*Case 3: S~ = {pi,qi}.
We have S~ = [p,-,qi], S[_{ = Lpiqi’ SE = Llil S. = [li,li+1]. SE = SE NS, = {pi},

i1 %
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Figure 3.15: The rays R

and 7,

(i} © be the convex hull of {r;,s;,e;,d;}.

Thus for all x € T{_ we have

Pirgi}
1 1
w(FA)(x) = dg(Sg)— EMdz(x, S)+ EMdz(x, Sg)
_ 1 ’ 1 5
= dp,'(pi) - EMd (xaLpiqi) + EMd (x7Llili+1)

1 1
= _EMaQ(x’Lpith) + EMdz(xaLl;liﬂ )-
*Case 4: Ef ={pi,pi+1}-

We have S~ = [pi, pit1], Sy = Lpipiiis Sg = Loz s Si = [0,0ir1]. Sg =S NSy =
Loz, NLp.p,,,» and T{;i,pm} to be the convex hull of {a;,a;11,ri+1,5i}

Thus for all x € T{’ we have

PisPit1}

w(F,A)(x) = dS(SC)—lMdz(x,SH)Jr%Mdz(x,SE)

2
- 1 1
- dl’i (LOZiH ﬂLPiPiH) - EMdz(x7LPiPi+1) + EMdz(x,LoziH)
2
Pi— Pit1 1 1
_HITZ _szz(x,LPiPHl)_i_5Md2(-x7LOZi+l).

*Case 5:.AS_ = {gi,9i+1}

We have S~ = [gi,qi+1], Sg = Lgigiv1» Sg = Loziy» Sx = Ry Sc =8NSy =

i+1%i+1°

81



Figure 3.16: S~ = {p;}

Loz, NLyyg;,,» and T and

(gigin1} to be the region bounded by ray R,,y;, ray Ry

i+10i+1
segment [e;d; 1]

Thus for all x € T{;i,qm} we have

WFAN) = dy (Sg)— 5Md(x,Sy) + 3 Md(x, )

2
_ 1 1
- dqi (L01i+1 quiQHI) - EMdz <X7Lqiq,'+1) + EMdz (x7LOZi+1)
2
= l - ’ Ql 2ql+1 - EMdz(xg Lqiqi+1 ) + EMdZ(.x, LOZH»] ).

*Case 6: S~ = {pi, pi+1,4i,9i+1}-
We have S~ to be the convex hull of {p;, pi+1,4i,q9i+1}, Sy =R", Sg = {lis1}, Sy =

{liz1}. Sc =S NSy ={lit1}, and T{;i7l7[+176]i76]i+1} to be the convex hull of {s;,r;11,e;,d;y1}.

Thus for all x € T{;i7pi+l7qi7qi+l}

we have
WEA) = dy(Sg) — sMd(x,Sy) + 3 M (x,57)
= d,(lis1)— %Mdz(x, R") + %Mdz(x, li1)
= o=l P Ml ]
*Case 7.5 = {p1,p2,--,PN}

We have S~ to be the convex hull of {p1,ps,...,pn}, Sy =R", S = {0}, S, = {0}.
Sc =Sg NSy ={0}, and T, pan..py to be the convex hull of {a1,ay,...,an}.
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Figure 3.17: S~ = {¢;}

Thus for all x € we have

T{;17p2>~“7p1\’}
w (FA)(x) = dS_(SE)—%Mdz(x,S,})—l—%Mdz(x,SE)
= d,,(0)- %Mdz (x, R™") + %Mdz (x,0)

= 1M

Since above computing, by limiting, we obtain

_ K 5
whx) = —w (x)zl—ix,Vxegoé,
whx) = —w_(x):gdz(x,aﬁl),Vxe.@%?l,

— () = gdz(x,aﬂl), Ve,

)

wrx) = w(x)=1— gdz(x,c?ﬂg), Ve gy,
) = 1+ gdz(x,agz), VX € D oo,
)

— 1- gdz(x, 9D2), Vx € Do,

where k =T (F;Q) = 4.
We see that W = W is an AMLE of F on R? (although W+ and W~ are not
AMLEs of F on R?) and w ¢ C?(R?,R).

Moreover, all MLEs of F coincide on {x € R?: 1 < ||x|| < 2} (because w = w™
on {xeR?: 1< x| <2}.
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Figure 3.18: S~ = {pi, ¢}

Figure 3.19: S~ = {p;, pi+1}
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Figure 3.20: S~ = {gi,qi+1}

Figure 3.21: S~ = {p;, pi+1,9i,qi+1}
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Figure 3.22: S~ = {p1,p2,---,Pn}
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Figure 3.23: The function w™
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Chapter 4

Kirszbraun extension on a connected
finite graph

Abstract: We prove that the tight function introduced Sheffield and Smart (2012) [51]
is a Kirszbraun extension. In the real-valued case we prove that Kirszbraun extension
is unique. Moreover, we produce a simple algorithm which calculates efficiently the
value of Kirszbraun extension in polynomial time.

Key words: Minimal, Lipschitz, extension, Kirszbraun, harmonious, AMLE.
This chapter is based on the paper: Kirszbraun extension on a connected finite

graph. Preprint. 2015. arxiv 1511.01748. It has been written in collaboration with
Erwan Le Gruyer.
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4.1 Introduction

Let A be a compact subset of R”. The best Lipschitz constant of a Lipschitz function
g:A—>R"is

Lip(g,A) := sup M

: (4.1)
XFYEA Hx_yH

where ||.|| is Euclidean norm.
When m = 1, Aronsson in 1967 [5] proved the existence of absolutely minimizing
Lipschitz extension (AMLE), i.e., a extension u of g satisfying

Lip(u;V) = Lip(u,dV), for all V. CcC R"\A. 4.2)

Jensen in 1993 [28] proved the uniqueness of AMLE under certain conditions.

In this chapter we begin by studying the discrete version of the existence and
uniqueness of AMLE for case m > 2.

We define the function

: 18(a) =yl
A(g,A)(x) ;= inf sup——"——
( ) YeR" gep  [la—x]|

if x € R"\A. (4.3)
From Kirszbraun theorem (see [19, 32]) the function A(g,A) is well-defined and
A(g,A)(x) <Lip(g,A).

Moreover, (see [19, Lemma 2.10.40]) for any x € R"\A there exists a unique y(x) € R"”
such that

A(g,A)(x) = supM, (4.4)

and y(x) belongs to the convex hull of the set

B={g(z):z€ Aand W =A(g,A4)(x)}.
Thus we can define
g(x) if x € A;
K(g,A)(x) := arg min Supw if x € R"\A. 4

yeR" gep [la— x|

We say that K(g,A)(x) is the Kirszbraun value of g restricted on A at point x. The
function K(g,A)(x) is the best extension at point x such that the Lipschitz constant is
minimal. We produce a method to compute A (g,A)(x) and K(g,A)(x) in section 4.4.

Let G = (V,E,Q) be a connected finite graph with vertices set V C R”, edges set
E and a non-empty set Q C V.
For x € V, we define

S(x):={yeV:(x,y) €E} (4.6)

to be the neighborhood of x on G.
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Figure 4.1: A simple picture of graph G

Example 4.1.1. In Figure 4.1 we have V = {vy,...,v¢}, E = {ey,...,e10}, S(v3) =
{V],V27V4,V5}.

Let f: Q — R™. We consider the following functional equation with Dirichlet’s
condition:

() = {K(u,S(x))(x) Vx e V\Q; 47

fx) Vx e Q.

We say that a function u satisfying (4.7) is a Kirszbraun extension of f on graph
G. This extension is the optimal Lipschitz extension of f on graph G since for any
x € V\Q, there is no way to decrease Lip(u,S(x)) by changing the value of u at x.

In real valued case m = 1, the function K(u,S(x))(x) was considered by Oberman
[45] and he used this function to obtain a convergent difference scheme for the AMLE.
Le Gruyer [37] showed the explicit formula for K (u,S(x))(x) as follows

K(u,S(x))(x) = elg(f : sg%o)M(u,z,q)(x), (4.8)
2e0lX) geS(x

where

e llulg) + ke qllu()
M2 @) = L el

Le Gruyer studied the solution of (4.7) on a network where K (u, S(x))(x) satisfying
(4.8). This solution plays an important role in approximation arguments for AMLE in
Le Gruyer [37].

The Kirszbraun extension u is a generalization of the solution in the previous works
of Le Gruyer for vector valued cases (m > 2). We prove that the tight function in-
troduced by Sheffield and Smart (2012) [51] is a Kirszbraun extension. Therefore,
we have the existence of a Kirszbraun extension, but in general Kirszbraun extension
maybe not unique.

In the scalar case m = 1, Le Gruyer [37] defined a network on a metric space (X, d)
as follows
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Definition 4.1.2. A network on a metric space (X,d) is a couple (N,U) where N C X
denotes a finite non-empty subset of R” and U a mapping x € N — U(x) C N which
satisfies

(P1)For any x € N, x € U(x).

(P2) For any x,y € N,x € U(y) iff y € U(x).

(P3) For any x,y € N, there exists xy,...,x,—1 € G such that x; = x, x, =y and
X; € U(xi+1) fori=1,...,n—1.

(P4) For any x € N, any y € N\U (x) there exists z € U (x) such that d(z,y) <d(x,y).

In the above definition, U (x) is called the neighborhood of x on network (N,U). Let
g:A CX — R. In [37] Le Gruyer defined the Kirszbraun extension of g with respect
to the network (see [37, page 30]) and he proved the existence and uniqueness of the
Kirszbraun extension of g on the network. In particular, when X = R" equipped with
the Euclidean norm, Le Gruyer obtained the approximation for AMLE by a sequence
Kirszbraun extensions (u,) of networks (N,,U,) (n € N) having some good properties.

Similarly to Le Gruyer’s result about the uniqueness of the Kirszbraun extension
on a network, in this chapter we prove the uniqueness of the Kirszbraun extension
u of f on graph G when m = 1. The graph is more general than the network since
there are many graphs that do not satisfy (P4). Moreover, in the scalar case m = 1,
we produce a simple algorithm which calculates efficiently the value of Kirszbraun
extension u in polynomial time. This algorithm is similar to the algorithm produced by
Lazarus el al. (1999) [34] when they calculate the Richman cost function. Assuming
Jensen’s hypotheses [28], since this algorithm computes exactly solution of (4.7) and
by using the argument of Le Gruyer [37] (the approximation for AMLE by a sequence
Kirszbraun extensions (u,) of networks (N,,U,) (n € N)), we obtain a new method to
approximate the viscosity solution of Equation A,z = 0 under Dirichlet’s condition f.

In the above algorithm, the explicit formula of K(u,S(x)) in (4.8) and the order
structure of real number set play important role. The generalization of the algorithm
to vector valued case (m > 2) is difficult since we do not know the explicit formula of
K(u,S(x)) when m > 2 and R? does not have any useful order structure. Extending the
results of the approximation of AMLE to vector valued cases (m > 2) presents many
difficulties which have limited the number of results in this direction, see [27] and the
references therein.

4.2 The existence of Kirszbraun extension

In this section, we prove the existence of Kirszbraun extension satisfying Equation
4.7).

Let G = (V,E,Q) be a connected finite graph with vertices set V C R”, edges set
E and a non-empty set Q C V and let f: Q — R™.

We denote E(f) to be the set of all extensions of f on G.

Let v € E(f). The local Lipschitz constant of v at vertex x € V\Q is given by

L) i sup POV =0

= sup
vesty Iy —x]

where S(x) is neighborhood of x on G.
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Definition 4.2.1. ! If u,v € E(f) satisfy
max{Lu(x) : Lu(x) > Lv(x),x € V\Q} > max{Lv(x) : Lv(x) > Lu(x),x € V\Q},

then we say that v is tighter than u on G. We say that u is a tight extension of f on G if
there is no v tighter than u.

Theorem 4.2.2. [51, Theorem 1.2] There exists a unique extension u that is tight of f
on G. Moreover, u is tighter than every other extension v of f.

Proposition 4.2.3. Let u € E(f). Let x € V\Q, we define

oy {0 e,
K (1. S) (), ify =x.

If K(u,S(x))(x) # u(x) then v is tighter than u.
Proof.
*Step 1: In this step we prove that for any y € V\Q, we obtain

Lv(y) < max{Lv(x),Lu(y)}. 4.9)

Indeed,
*If y ¢ S(x) U{x}. Since v(y) = u(y) and v(z) = u(z) for all z € S(y), we obtain

Lv(y) = Lu(y).

*If y = x. Since v(x) # u(x) and v(x) is the Kirszbraun value of u restricted on S(x)
at point x, we have

Lv(y) < Lu(y).
*If y € S(x) we have

[v(z) =vO)
O = e ey
C ax {Ilv(x)—v(y)H ||u(z)—u(y)ll}
SO U =yl 7 llz—yl
< max{Lv(x),Lu(y)}.

Therefore, for any y € V\Q we have
Lv(y) < max{Lv(x), Lu(y)}.

*Step 2: In this step we prove that v is tighter than u. It means that we need to show
that

max{Lv(y) : Lv(y) > Lu(y),y € V\Q} < max{Lu(y) : Lu(y) > Lv(y),y € V\Q}

By convention, if C = 0 then max = 0.
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Indeed, if Lv(y) > Lu(y) then from (4.9) we have Lv(y) < Lv(x). Thus
max{Lv(y) : Lv(y) > Lu(y),y € V\Q} < Lv(x) (4.10)

Since v(x) # u(x) and v(x) is the Kirszbraun value of u restricted on S(x) at point x,
we have

Lv(x) < Lu(x). 4.11)
From (4.10) and (4.11) we obtain

max{Lv(y) : Lv(y) > Lu(y),y € V\Q} < Lv(x)
< Lu(x)
<

max{Lu(y) : Lu(y) > Lv(y),y € V\Q}.

]

We obtain the existence of a Kirszbraun extension satisfying Equation (4.7) as a
consequence of the following theorem.

Theorem 4.2.4. If u is a tight extension of f, then u is a Kirszbraun extension of f.

Proof. Let u be a tight extension of f. Suppose, by contradiction, that there are some
x € V\Q such that

K(u,S(x))(x) # u(x). (4.12)

we define
sy {0 eV,
Y7 K, S(x)), ity = x.
By applying Proposition 4.2.3 we have v tighter than u. This is impossible since u is
tight of f. [

4.3 An algorithm to compute Kirszbraun extension when
m=1

In this section, let G = (V, E, Q) be a connected finite graph, with vertices set V C R”,
edges set £ and a non-empty set Q C V. Let f: Q — R.

We recall some properties of Kirszbraun function introduced in (4.5) which are
useful in the proof of Theorem 4.3.2.

Theorem 4.3.1. Let S = {xy,....,x,} CR" and u: S — R. For each x € R"\S, we use
the notation d; = ||x; — x|, i=1,...,n.
(a) (see [45, Theorem 5]) We have

diu(xj) —l—dju(xi)
d,'—|—dj ’

K(u,S)(x) =
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where i, j are the indexes which satisfy
uCxi) —ulxj)| _ n  f ulx) —ulx)]
d;+ dj k1l ‘
(b) (see[19, Lemma 2.10.40]) Let

— infsup LI e o g
A(u,S)(x) —ylglgzlég la—xi if x € R"\S. (4.13)

then the set

lu(z) = K(u,S) ()]
Iz =]

B:{u(z):zeSand =7L(M7S)(X)},

is not empty, and K (u,S)(x) belongs to the convex hull of B.

Theorem 4.3.2. There is a unique Kirszbraun extension u of f on the graph G. More-
over, the Kirszbraun extension u of f can be calculated in polynomial time.

Before proving Theorem 4.3.2, we need the following definition

Definition 4.3.3. Let G’ = (V/,E’, Q) be a subgraph of G,i.e. Q CV' CV and E' CE.
A connecting path with respect to G' is a sequence

V0,€1,V1,---,€n,Vn (l’l Z 1)

of distinct vertices and edges in G such that
* each e; 1s an edge joining v;_; and v;,
* 1o and v, are in V/,
*for 1 <i<n,v;isin V\V’, and
*for1 <i<n,eisin E\E'
Let u’ be a Kirszbraun extension of f on G'. We define

W) = (v0)]

n
Y [[vi—vi1]]
i=1

We say that c is the slope of the connecting path vy, ey, vy, ..., e,, v, with respect to 1’

Proof of Theorem 4.3.2. We construct an increasing sequence of subgraph G, = (V,,, E,,;, Q)
of G and u,, which is a Kirszbraun extension of f on G,. We finish the algorithm with
a Kirszbraun extension u on G.

Step 1: Construct an increasing sequence of subgraph

We begin with the trivial subgraph G| = (V},E},Q) where V] = Q, E; = 0 and let
u; = f on Q. It is clear that u; is a Kirszbraun extension of f on G;. The algorithm
then proceeds in stages.

Suppose that after n stages we have an increasing sequence of subgraph G; =
(V,E;, Q) of G and y; is a Kirszbraun extension of f on G; forl = 1,...,n.
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If there are no connecting paths with respect to G, and u,,, we go to step 2.

If there are some connecting paths with respect to G, and u,. We construct G,
subgraph of G and u,,| Kirszbraun extension of f on G4 as follows:

Find a connecting path vg,eq,vy,...,ex, vk (k > 1) on G, with respect to u, with
largest possible slope c;,.

Without loss of generality, we label the vertices of the path so that u, (vi) > u,(vo)-
We define

un(x), Vx € G,

= l 4.14
1 (%) un(vo) +cn Y [Ivi—vi-ill, ifx:viforizl,...,k—l.( )
j=1
Vg1 = VuU{vi,.vimr}
E,i1 = E,U{ey,..,ex}

We will show that u,, | is a Kirszbraun extension of f on graph G, = (V,41,Ept1, Q).
For x € V,11\Q, let

Si(x):=={yeVi:(x,y) €E;} forie{l,..,n+1}.

be the neighborhood of x with respect to G;.

Case 1: x € V,,\{vo, w}.

We have S;,+1(x) = S, (x), unt1(z) = un(z) for all z € Sy (x) U{x} and u,(x) =
K (upn, Sp(x))(x) since uy, is Kirszbraun of G,, . Thus

Upt1(x) = K(upt1,Sm4+1(x))(x), forxe V,\{vo,v}.

Case 2: x € {vy,...,vi_1 }.
Noting that S, 41 (vi) = {vi—1,vit1} forall i = 1,...,k — 1. Moreover, from (4.14),
we have

Un1 (Vi) — 1 (Vie1)
[vi—vii]

=c,,Vi:1<i<k.

Hence

Unt1(x) = K(ps1,Sn+1(x))(x) Vx € {vi,...,vn_1}.

Case 3: x € {vo, v }.
We need to prove that

Un+1(v0) = K (thn1-1,Sn+1(v0)) (vo)- (4.15)

(Proving uy41(vk) = K (tn+1,Sp+1(v)) (vk) is similar.)
To see (4.15), we must show that

sup |un+1(x)_un+1(V0)|<inf sup |t 11 () =y

XESn+1(vo) [lx = voll B YER xe8,. 1 (vo) ||x—vo|

(4.16)
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Noting that u, 1 (x) = u,(x) forall x € S,,(vo) U{vo}, Sn1(vo) = Sp(vo) U{vi} and

_ Jun1 (V) =t g1 (o)

Cn v isvol . Moreover, since u, is a Kirszbraun extension of f on G,, we
have
Sup ‘un(x) B un(VO)l S lnf Sup |Mn(x) _y| .
XESy(vo) Hx -V ” yERxeSn(vo) HX — V0 H
Thus
sup |1 (x) —tnr1(vo)| sup [t 1(x) — tnr1(vo)|
xE8ut1(vo) [l —vol| xXES, (vo)U{v [ —vo|
~ max { |t (x) — ttn(vO)| |ttn1(v1) — g1 (vo)] }
XESy (v0) lx—vol v — ol
- max{ max [140(X) = ttn (v0)| ,cn} ,
x€Su(vp) H)C — V()H
and
max ‘Mn (‘x) — Up (VO)‘ S lnf Sup ‘un (‘x) _y‘
xeSyvo) [P =vol YeR ves, (vo) X —voll
< inf sup [tnt1(x) —y]

yeRxES,,+1(V()) HX_VOH
Therefore, to obtain Equation (4.16), we need to prove that

o < )~ (o)
=l

(4.17)

for some x € S, (vp).

Let .# be the set of slope of connecting paths occurring in the algorithm. Remark
that each edges and each vertices entered in our algorithm relate with a slope in .%. So
that, for any y € V,,, there exist some x € S,(y) and ¢ € .# such that

(4.18)
[lx =y

From above remark, to see (4.17), we need to show that the sequence of slope of
connecting paths occurring in the algorithm is non-increasing. We show this in our
present notation. Suppose that

WOaftha--~7fm7Wm (m > 1)

is a connecting path on G, with respect to u, | with slope c,+1. We need to prove
that ¢,, > ¢,+1. We assume without loss of generality that u, 11 (wo) < up11(Wp)-

e If wg and w,, are both in V,, then the connecting path on G, with respect to
un+1 is actually the connecting path on G,, with respect to u, . Therefore, since ¢, is
the largest slope of connecting paths with respect to G,, and u,,, we have ¢, > ¢,+1.
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e If wo = v; and wy, = v; for some 0 < i < j < k. We consider the path through the
vertices

Vo, .-+, Vi—1,W0, ...,Wm,Vj+1, ceey V-
The slope of above path is
| (Vi) — tn(v0)|

i m k '
Yivi—vicill+ X lwi—wiall+ X [vi—vi]
=1 =1 =41

CcC =

Since ¢, is the largest slope of connecting paths with respect to G, and u,, we have
¢, > ¢. Moreover,

. |“n(Vk) - ”n(VO)|

n — k 9
X vi—vil|
=1

thus we obtain

m J
Y lwi—wiall > Y vi=vial-
=1

I=i+1
Hence
_ 1 (vm) = i1 (wWo)| i1 (V) = tn 1 )] _ [t 1 (V) =1 (vi)|
Cn+1 = m = m < ; = Cp-
Y llwg —wi1 ] Y [lwk —wi—1]] Y vi—vii]]
k=1 k=1 I=i+1

Step 2: Completing the algorithm

If there are no connecting paths with respect to G, = (V,,, E,;, Q) and u,,. Then each
unlabeled vertex v is connected via edges not in E,, to exactly one vertex w of V,,. We
extend u, to the point v by putting u,(v) := u,(w). This completes the algorithm, and
we obtains a Kirszbraun extension of f.

Time complexity

Denote |V| is the cardinal of vertices of G and |E| is the cardinal of edges of G.

Each stage adds at least one edge, and each stage can be accomplished by all-pairs
shortest paths Floyd-Warshall algorithm [24, 59] with time complexity O(|V|?) .

Therefore, if we use the Floyd-Warshall algorithm to find the shortest path, then
our algorithm to compute the Kirszbraun extension on graph can be calculated in
O(IVP|E|).

Uniqueness

Let u be the Kirszbraun extension of f defined by the algorithm above and / be
another Kirszbraun extension of f. Let v be the first vertex added by algorithm such

that u(v) # h(v) .
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e If v is added to a subgraph G' = (V',E’, Q) as part of a connecting path through
the vertices

VOy-ees Viy--3 Vn

with slope ¢ and v = vy.
We can assume without loss of generality that u(vg) < u(v,). Let

L ={v;i:0<i<nh(v) >uvi),h(vi)—h(vi_1) > u(v;) —u(vi_1)}

We prove that .Z # (. Indeed, by contradiction, suppose that .Z = 0. Since u(vg) =
h(vp) and . = 0 we must have

h(vi) <u(vy).
If A(v2) > u(v,) then
h(va) —h(vy) > u(vy) —u(vy).
Hence v, € .Z. This contradicts with . = (0. Thus we must have
h(va) <u(vz).
By induction, we have
h(vi) <u(v;))Vi:0<i<k. (4.19)

Since v = vy, h(v) # u(v) and (4.19), we have h(vi) < u(vy). Thus if h(vis1) > u(viyr)
then

h(vie1) —h(vi) > u(viy) — u(vg).
Hence vy, | € .Z. This contradicts with .2 = (. Thus we must have
h(vir1) <u(visr)-
By induction, we have
h(vi) <u(vi), Yk <i<n.

But we know that i(v,) = u(v,), thus we have a contradiction. Therefore . # 0.
Let v; € .Z. We have

h(vi) > u(vy);
{ h(v)) —h(vi_1) > u(v;) —u(v;_1). (4.20)
Hence
pc= M) ) uv) Zuiy) _ s g 4.21)

lvi—vi1| Vi —vi1|
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Set
Sx):={yeV,(x,y) €E}, forxeV.
Since K (h,S(v;))(v;) = h(v;), by applying Theorem 4.3.1, there exists z; € S(v;) such

that
h(z1) = h(vi) :maX{M :y €S}
ler—wil ly—=wll '
Thus
e —h(n) A= 1) _

Vi —vi1]|

We extend path of greatest z1,z2,... such that zj | € S(z;) and

legen) “H) _ o HO) M), g
=gl Ty v es@ A

This path must terminate with a z,,, € V'.
Since A > 0, we have

h(zm) > ... > h(v)) > u(v;) > u(vo).

lz1 =il

Thus z,,, # vo.
Finally, consider the path through the vertices

V(),Vl,...,Vl,Zl,...,Zm.

Set 7 := v;. The above path is the connecting path on G’ with respect to u.
Moreover, c is the largest slope of connecting paths with respect to V/ and u, and

u(vo) = h(zo), u(zm) = h(zm), h(zo) = h(vi) > u(v;),
h(ziy1) — h(zi) u(vy) —u(vo)

H ” 2A,l | =c, and A>c.
Zi+1 — < _
S Y vier —vill
i=0
Thus we have
. s u(zm) —u(vo) o _hzm) = h(zo) +u(vi) —u(vo)
- -1 m—1 — -1 m—1
Y vier—=vill+ X llzicr—zll X [vigr —vill + X lzie =zl
i=0 =0 i=0 i=0
_ ’"Zlh(ziﬂ)—h(zz') lzit1 — 2|
P Z I_Z .1—1 m—l
5 M=l T e~
i=0 i=0
y ||
Vil — Vi
i u(vl)—u(vo) i=0 ol l
[—1 -1 m—1
Y Avicr—vill X [vier—vill+ X llziv1 =zl
i=0 i— i=0
m—1 [—1
,%Hau—aﬂ ,;ﬂWH—WH
1= 1=
Z Al—l m—1 +C'l—1 m—1
Y vigr—vill+ X lziv1 —zil| Y vier—vill+ X lzic1r —zl|
i=0 i=0 i=0 i=0
>
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The last inequality is obtained by A > c. Thus we have a contradiction.

e If v is added during the final step of the algorithm. We call G’ = (V' E’, Q) to be
the subgraph of G = (V,E,Q) when we finish step 1 in the algorithm. Thus there are
no connecting paths with respect to G’ and u. Therefore, v is connected via edges not
in E' to exactly one vertex w of V',

We can find the largest connected subgraph G” = (V" E” Q) satisfying

vwweV'v'nV ={w}, and E'NE' =0.
From the definition of u, we have
h(w) = u(w) = u(x), Vx e V".
Since u(v) # h(v) and h(w) = u(w) = u(v), we have h(w) # h(v). Therefore, we must
have sup h(z) # h(w) or inf h(z) # h(w).
eV zEv”
Suppose sup h(z) # h(w) (we prove similar for the case ir%/f h(z) # h(w)). Let
zeV”

zev”
vo € V" such that

h(vo) = sup h(z) # h(w).
zev”
Set
S"(x):={yeV":(x,y) € E"}, forx e V'\{w},
and
S(x):={yeV:(xy) €E}, forxeV\Q.
Noting that
S(x) =8"(x), ¥x € V'\{w}. (4.22)
Since G” is a connected graph, there exists a path through the vertices
Vs Vi eees Viny W

such that v; € 8" (vi_1),Vie {1,...,n} and w € §"(vy,).
On the other hand, from (4.22) and since 4 is Kirszbraun extension, we have

h(vo) = sup h(z) > sup h(z) = sup h(z).
zev” z€8"(vo) z€8(vo)

Thus applying Theorem 4.3.1 we have
h(vo) = h(s), Vs € S(vo).
In particular, we have h(vg) = h(vy). By induction, we obtain
h(vo) =h(v1) = ... = h(vy) = h(w).

This contradicts with A(w) # h(vo). O
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Remark 4.3.4. Assuming Jensen’s hypotheses [28], since this algorithm computes ex-
actly solution of (4.7) and by using the argument of Le Gruyer [37] (the approximation
for AMLE by a sequence Kirszbraun extensions (u,) of networks (N,,U,) (n € N)),
we obtain a new method to approximate the viscosity solution of Equation Ay = 0
under Dirichlet’s condition f.

Definition 4.3.5. For any x,y € V. There exists a chain x1,...,x, € V such that x; =
x,x, =y and x; € S(x;41) for i = 1,...,n— 1. To any chain we associate its length

n—1
.ZI ||x; —x;||. We define the geodesis metric d, of graph G by letting d,(x,y) be the
=

infimum of the length of chains connecting x and y.

By using induction respect to increasing sequence of subgraph in the algorithm, we
obtain the following proposition.

Proposition 4.3.6. Let u be the Kirszbraun extension of f. We have

sup M < sup M,

x,yev dg (x,5) x,yeQ dg (x,)

and
inslzf(z) <u(x) <supf(z), VxeV.
€ 7€Q
4.4 Method to find K(f,S)(x) in general case for any
m>1

We fix S = {p1,...,pn} CR"and f: S — R™ to be a Lipschitz function. Let x € R"\S.
We denote

: 1y —f(pi)l
A(f,S)(x):= inf sup .
(1:8)) YERmie{l,..I.),N} [l — pall

By applying Kirszbraun’s theorem (see [19, 32]) we have A < Lip(f,S).

In this section, we show a method to compute A(f,S)(x) and K(f,S)(x) given by
4.5).

We recall some results that will be useful in this section.

Lemma 4.4.1. ([19, Lemma 2.10.40]) There exists a unique y(x) € R™ such that

A(f,S)(x) = supM

: (4.23)
aes  lla—x|

and y(x) belongs to the convex hull of the set

1@ =l _,

B={f(z):z€Sand T

(f8) ()}

Moreover, from the definition of K(f,S)(x), we have K(f,S)(x) = y(x).
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To compute the value of K(f,S)(x) we need some properties of Cayley-Menger
determinant. We recall some definitions and basic results.
Let xi,...,xx € R". We define the Cayley-Menger determinant of (x;);—; . as

0 1 1 1

1 0 i —x2l® oo [ =l
F(xl, ...,xk) =det | 1 HXZ —X1||2 0 ||x2 —xk||2

1 e —xil* f—x|* ... 0

Definition 4.4.2. A k—simplex is a k—dimensional polytope which is the convex hull
of its k+ 1 vertices. More formally, suppose the £+ 1 points u, ..., u; € R" are affinely
independent, which means u| — u, ..., ux — ug are linearly independent. Then the k—
simplex determined by them is the set of points

k
C= {touo—|—...—}—tkuk:t,~ > 0,0SiSk,Zti: 1}
i=0

Example 4.4.3. A 2-simplex is a triangle, a 3-simplex is a tetrahedron.

The k — simplex and the Cayley-Menger determinant have beautiful relations by
following theorem:

Theorem 4.4.4. [11, Lemma 9.7.3.4] Let (x;)i=1,. x+2 € R" be arbitrary points in
k-dimensional Euclidean affine space X. Then I'(xy,...,x;42) = 0. A necessary and
sufficient condition for (x;)i=1 ... j+1 to be a k-simplex of X is that T'(xy,...,x;+1) # 0.

-----

Lemma 4.4.5. Let the point u lie in the convex hull of the points qo,q1,...,qs of R™. If
u' distinct from u, then for some i:

e —gil| < [[u’ =g

Proof. Choose H to be the (m — 1)— dimension (or hyperplane) through u which is
perpendicular to the segment [u,u]. Then for at least one value for i, g; must lie in the
halfspace of H which does not contain u’. Thus we have

e —gil| < [lu’ =g

]

Proposition 4.4.6. Suppose there exist J C {1,2,...,N}, fo inside convex hull of { f(p;) } jes

and Ay > 0 such that

Ifo—f(pj)l = Aollx—pjll, VjeJ

and
lfo = f (Pl < Aollx—pill, Vie {1,....N},
then Ao = A(f,S)(x) and fo = K(f,S)(x).
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Proof. We have

o= sup WSl e o =Sl

i{l,...N} [l = pall C YR e N [ = pall

(f8) (x)-

On the other hand, for any y € R™, by applying Lemma 4.4.5 there exists i € J such
that

Iy =F(p)ll = |lfo—f(p)ll = Aollx — pill-
Hence

wp =10l W)

ic{l,...,N} [[x— pall

Since Inequality (4.24) is true for any y € R™, we have A(f,S)(x) > Ao. Thus

A(f,8)(x) = 2o.
Therefore, we have
1fo—f(pi)ll
Af,S)(x)= sup ————,
U= Sy Tl
From Lemma 4.4.1 we have fo = K(f,S)(x). O

A method to compute K(f,S)(x)
Recall that f : § — R"™. By applying Lemma 4.4.1, we have

1f (@) = K(f,S) ()| < A(f,S)(x)]|la — x|, Va €S.

Moreover,

1/ (@) = K(f,S) )]

lla— x|

B:{f(a):aESand :l(u,S)(x)}7
is not empty, and K(f,S)(x) belongs to the convex hull of B.

Therefore, there exist { f(pi,) }k=1....1+1 C f(S) such that

(I) I <m, where m is dimension of R";

(1) {f(pi,) }k=1,...1+1 is a [—simplex. From Theorem 4.4.4, { f(pi,) }x=1,...;+1 15 a
[—simplex to be equivalent to

F(K(f7s)(x)7f(pi1)"'af(pi1+1)) 7& 0; (4-25)
(I1I) K(f,S)(x) belongs convex hull of {f(pi,) tk=1,...1+1;
(v)
||K(f,S)(x) _f(plk)H = A(fas)(x)HX—szHv Vk = 17vl+ L. (426)
V)

1f(a) = K(f,$) )| < A(f,$)(¥)la—x]|, Va €S.

From the above observations, we obtain
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Theorem 4.4.7. There exist {f(pi,) }i=1....1+1 C f(S) (1 <1 < m, where m is dimen-
sion of R™), fiiy..iy,, € R™and Ayj,. i, € R satisfying some following properties

(@) fiiy..iy,, inside convex hull of { f(pi,) }i=1,....141-

(b) F(f(ph)vf(piz)a "'7f(piz+1)) 7& 0.

(C) Hﬁ1i2-~~il+1 _f(Pk)” = Aill'2-~~l'1+1 ||x_pk||7 Vk € {i|>i2> "'il-H}'

(@) | frigivers = FPON < Ay oo [1X = Prlls V€ {1,...,N}.

Moreover, from Proposition 4.4.6 we have f;;,...i,,, = K(f,S)(x) and A;,
A(f,8)(x).

Therefore, to compute the value of A(u,S)(x) and K(u,S)(x) , we need to find
{f(Pi) k=1,...141 C f(S) firin.i, € R™ and 44,5, , € R satisfying the conditions
(a),(b),(c),(d). We can do that step by step as follows

ioiip) =

*Step 1: Forall i,j € {1,....N},(i # j). Let

lx—pjll lx — pill
fij f(pi)+ f(pj);
’ = pill + [lx = pj] e = pill +llx = psll "
) 1/ (pi) = f(pj)l
Aij :
[lx = pill +[lx = pjl]
We have f;; inside convex hull of {f(p;), f(p;)} and
1fij = f (i)l = Aijllx— pul|, for ke {i, j}.
Test the following condition
1fij = F (i)l < Aijllx— pl], Yk €{1,...,N} (4.27)

If (i, j) satisfies the above condition, then from Proposition 4.4.6 we have fi; = K(f,S)(x)
and A;; = A(f,S5)(x). We finish. If there is no (i, j) € {1,...,N}, (i # j) that satisfies
the above condition, then we go to step 2.

*Step 2: For all (i,j,k) € {1,....N} x{1,....N} x {1,...;N}. Test the following
condition

L(f(pi), f(pj): f(pr)) #O. (4.28)

Let A is the set of all (i, j, k) that satisfies (4.28). We consider a (i, j,k) € A. Thus from
Theorem 4.4.4 we have

b {f(Pi),f(Pj)7f(pk)} 1s 2—simplex.
e For any f;j inside convex hull of {f(pi),f(pj)yf(pk)} we have

C(fijks f (i), f(Pj), f(pk)) =O.

We consider the following equations

C(fiji, f(pi), f(pj), f(Px)) = 0;
[ fijk = F(PO) Il = Aijiellx— pull, VI € i, j, k};
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We replace || fjjx — f(p1)| by Aiji|[x — pi|| into the equation

C(fijis £(Pi), £ (P)), £ (Pk)) = 0.

We obtain that

0 = T(fiji f(pi): f(pj), f(Pr))

0 1 1 1 1
1 0 | fiie— A Hﬁjk—f.f\f i — £
= det| 1 ||fi—firl] 0 =6l A= AP
VR Ve 0 If; = £l
U= fnl® A= AP l—A)P 0
0 1 1 1 1
1 0 Aiji”llx — pil|® Az‘jszx_ijz Aiji”lx — pel|?
— det| 1 Al pill 0 (V1 VA
U Al = pil 5= A 0 1= fll®
I IR [ 7 1 O (P 0
= a(x) A +b(x)A% +c(x),

where a(x),b(x),c(x) are function only depending on x and initial data x;, f(p;) for
ledi,j,k}.

By solving the equation

a(xX) A+ b(X)A% + c(x) =0, (4.29)

we obtain that A;j is a positive real root of the above polynomial. It maybe that
Equation (4.29) have no any positive real root. In this case, we consider another
(', j',k') € A until Equation (4.29) with respect to (7, j/,k") have a positive real root.
We call L is the set of all positive real root of equation (4.29).

Let A;jx € L. We find f;j by solving the equations

| fije — F(p)ll = Aijillx — pull, VI € {i, j, k}. (4.30)

After that, we test the condition f;j in convex hull of {f(p;)}icyi > and test the
following condition

ik = F (POl < Aijellx = pall, VI € {1,...,N}. (4.31)

If we has a A;jx € L such that fj in convex hull of {f(p;)}eqi i satisfying
Equations (4.30) and Inequalities (4.31) then from Proposition 4.4.6 we have f;j =
K(f,S)(x) and A;jx = A(f,S)(x). We finish. If there is no (i, j,k) € A that satisfies the
above conditions, then we go to step 3.

*Step 3: By the similar way as step 2 for (i, j,k,1), (i, j,k,l,h),... until we can
find a (iy,...,i) C {1,...,N} such that f; ;, ; and A satisfying some following
properties

(a) fiiy..i, inside convex hull of {f(p;,) }n=1.

i1 j2.. 0k
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(b) F(f(ph)?f(plz)a 7f(plk)) 7& 0.

(©) [furizewii = F(PON| = Aisiy..ig1x = pull, VI € {ir,in, i}

(d) Hfilin--ik _f(pl)” < ;Lilj2~--7ik ’x_lev Vi e {17---7N}

By applying Proposition 4.4.6, we obtain f; i, ; = K(f,S)(x) and A;, ;,. i, =A(f,S)(x).

Remark 4.4.8. By applying theorem 4.4.7, this method terminates when k =1+ 1 <
m+ 1, where m is dimension of R".

Remark 4.4.9. In step 3, when we solve f;, ;,..;, by considering the equation

F(fil,iz.,,ik,f(ph)7f(pi2)7---»f(pik)) =0,

by replacing || fi,i,...i, — f(P1)]| bY Aijiy...i, ||[x — pil], for I € {iy, iz, ...ix }, this equation is
equivalent to

a()AY 4+ b()A?, o +c(x) =0, (4.32)

l]l'z.“l'k i1i24..ik

where a(x),b(x),c(x) are function only depending on x and initial data x;, f(p;) for

I €{iy,...,ix}. The polynomial a(x)A}
polynomial with variable A = A2
fast to obtain exactly the value of A,

+b(x)A?

i1ip...0x i1iy...05
Therefore, we can solve Equation (4.32) very

+ ¢(x), in fact, is 2—degree

i1ip...0;"
i1i...ig
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Chapter 5

Conclusions and perspectives

In this chapter, we describe some problems for future research, which are related to the
subject presented in the thesis.

5.1 A numerical method to approximate Kirszbraun
extension

We introduce a numerical method to approximate the Kirszbraun extension. We can
not prove the convergence of this numerical method but we present some interesting
numerical test results and some natural questions.

Let G = (V,E,Q) be a connected finite graph with vertices set V C R”, edges set
E and a non-empty set Q C V and let f: Q — R™.

Let ug be an extension of f on G.

Since G finite, we have V\Q = {vy,..., v, }.

We define uéo) :=ug. We define by induction the sequence of functions (ul(k)) (with
u(()k) = uékil) for all k > 1) as follows

k
) (x) = {K(ul()las(vi))(vi> for x = v;;
i T k
) (x) Vx € V\{wi};
fori=1,...,hand k > 0, where S(x) is the neighborhood of x on G defined in (4.6) and
the function K is defined in (4.5).

Definition 5.1.1. We define

S.D

k
Dy (up) = ”5: ),
If ul(k) =+ ul(f)l, then from Proposition 4.2.3 we have ul(k) tighter than ul@l. Thus
it is natural to conjecture that ®;(ug) converges to a Kirszbraun extension of f when

k — oo. We give some numerical test results:
Example 5.1.2. Consider graph G drawn in Figure 5.1 with
vV =1{1,2,3,4,5} x{1,2,3,4,5} C R?,
E is the set of edges connecting points in V (see Figure 5.1),

Q={(1,1),(2,1),(1,3)}.
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For x € V, we define

S)={yeV:(xy) €E}
to be the neighborhood of x on G.

PIXIXIA]
SR
4»4»4&
DX 4)4

V{

%
SR

Figure 5.1: Graph G

For example, we have S(vi) = {v2,v3,Vv4,Vs,Vg6,V7,V8, V9 }.
Let f: Q — R? be a function satisfying f(1,1) = (10,1), f(2,1) = (1,3), f(1,3) =
(2,9).

Case 1: Let g;(v) = K(f,Q)(v), for all v € V. By computing directly, we obtain

sup {K(P30(g1),5(v))(v) = P3o(g1)(v)} < 0.00008.
veV\Q

Case 2: Let g»(v) = f(v) for all vin S, and g(v) = (1,2) for all v € G\Q. By
computing directly, we obtain

sup {K(q)30(g2),S(v))(v) — <I>30(g2)(v)} < 0.00088.

veV\Q
ngg{K (P40(82),S(v))(v) — Pao(g2)(v)} < 0.00007.
Moreover
Slvll\DQ{K(d)so(gl),S(V))( v) = K(P30(g2),5(v))(v)} < 0.0023.
V:g{’Q{K(%o(gl)aS(V))( v) = K(P40(82),5(v))(v)} < 0.001.

In this example, we see that the functions ®(g;)(v) and P (g2)(v) converge to the
same solution of (4.7).

When we change the domain €, the data value f or the initial extension g of f,
we obtain similar approximate results. Moreover, when we change the graph G by
another one we also obtain similar approximate results. Therefore, we guess that the
Kirszbraun extension is unique (the uniqueness of Kirszbraun extension may depend
on the construction of G) and ®y(g)(v) converges to the Kirszbraun extension when
k — 4o for any extension g of f on G.

Problem 1. Let u( be an arbitrary extension of f. Is it true that ®y(ug) converges to
a Kirszbraun extension of f when k — «? What are conditions on the graph such that
Kirszbraun extension of f is unique?
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5.2 The Kneser-Poulsen conjecture.

It is easy to see that the following theorem is equivalent to the Kirszbraun theorem
(Theorem 2.1.1)

Theorem 5.2.1. [43, Lemma 1.20] Let H| and H, be Hilbert spaces, {xﬁ} Ber @ subset
of Hy, {yg}ger a subset of Ha, and {rg}pgcs a collection of nonnegative real numbers.

If
1y =yl < llxg —xyl (5.2)

forall B,y €I, then ﬁﬂ B, (yg,rp) # O whenever Bﬂ B, (xg,rg) # 0.
€l €l

If H; = H», then the contraction hypothesis (5.2) in Theorem 5.2.1 implies that we
can rearranging the ball B(xg,rg) in a way that the centers of the balls are closer to
each other. In addition, if dimH; = dimH> < +oo and the index [ is finite, then it is
natural to conjecture that the volume of the intersection should increase as we push the
spheres together. In fact, we have

Problem 2. [33, 47, Kneser-Poulsen conjecture] Let {ry,...,ry} be a collection of
nonnegative numbers and {x,...,xy } and {yy,...,yn } two subsets of R". If {y;,...,yn}
is a contraction of {x1,...,xx} , i.e

yi =yl < llxi —x;ll,

forall 1 <i,j<N. Then

N N
Vol ('ﬂlB(yi,r,')) > Vol (.OIB(xi,r,')>
The above was conjectured independently by E. T. Poulsen and M. Kneser [33, 47].
The Kneser-Poulsen conjecture is solved only in dimension 2 by K.Bezdek and R.
Connelly [12]. This is still open in dimensions 3 and higher.

5.3 The existence of AMLE in the general case.

Definition 5.3.1. Let two metric spaces (X,dx) and (Z,dz). Let Y be a subset of X and
a Lipschitz mapping f : Y — Z. A Lipschitz mapping g : X — Z is called an absolutely
minimal Lipschitz extension (AMLE) of f if g = f on Y, and for every open subset
U C X\Y and every Lipschitz mapping & : X — Z that coincides with g on X\U we
have

Lip(h,U) > Lip(g,U). (5.3)

Remark 5.3.2. If (X,dx) is path-connected and the pair (X,Z) has the isometric ex-
tension property then the AMLE condition (5.3) is equivalent to the condition: for all
open U € X\Y we have Lip(g,U) = Lip(g,dU).
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Recall that a metric space (X,dy) is a length space if for all x,y € X, the distance
dy(x,y) is the infimum of the lengths of curves in X that connect x to y.

Problem 3. Let Z be an absolute 1-Lipschitz retract (see Definition 2.1.5). Is it true
that for every length space X and every closed subset Y C X, any Lipschitz f: Y — Z
admits an AMLE g : X — Z? If we have the existence of AMLE, is it unique?

Remark 5.3.3. R, /. and metric trees are absolute 1—Lipschitz retracts (see [10, 29]).
In these cases we have the existence of AMLE (see [7, 44]), but in general case (Z is
an absolute 1-Lipschitz retract) this question is still open.

Problem 4. For X = R" and Z = R" both equipped with the Euclidean norm, is it true
that for every Y C X, any Lipschitz f : Y — Z admits an AMLE g : X — Z?

Extending results on AMLE’s to vector valued functions presents many difficulties,
which in turn has limited the number of results in this direction.

5.4 Find the norm I of minimal Lipschitz extension
on C",

Let Q be a subset of Euclidean space R”. Let 2™(R",R) be the set of m—degree
polynomials mapping R” to R. Let us consider a m-field T : Q — Z"(R",R). We
want to find the norm I of the minimal extension on C" which generalize Le Gruyer’s
work on minimal C! extensions. More precisely, we have

Problem 5. Find the functional I : T — I™(T,dom(T)) € R U {+oo} satisfying
(PO) I'™ is increasing, that is, U extends T implies that

I"(U,dom(U)) >T"(T,dom(T)).

(P1) If U has total domain satisfying I (U, R") < +oo, then the total function u
defined by u(x) := U(x)(x) is in C™ and D"u is Lipschitz.
(P2) If u € C"™(R") with D"u Lipschitz, then

I"(U,R") = Lip(D"u),

where U is the m—field associate to u.
(P3) For any T such that I"(7,dom(7)) < +eo, T extends to a total m—field U
satisfying
"Uu,R") =1"(T,dom(T)).

To compute the norm I of the minimal extension on C" which generalize Le
Gruyer’s work on minimal C' extensions is a very difficult problem and the main thrust
is some attempts to guess the natural norm for which one can obtain the minimal
extension.
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Résumé

Cette thése est consacrée aux quelques problemes mathématiques
concernant les extensions minimales de Lipschitz. Elle est organisée de
maniére suivante.

Le chapitre 1 est dédié a lintroduction des extensions minimales de
Lipschitz.

Dans le chapitre 2, nous étudions la relation entre la constante de Lipschitz
d’ 1-field et la constante de Lipschitz du gradient associée a ce 1-field.
Nous proposons deux formules explicites Sup-Inf, qui sont des extensions
extrémes minimales de Lipschitz d'1-field. Nous expliquons comment
les utiliser pour construire les extensions minimales de Lipschitz pour les
applications R™a R" . Par ailleurs, nous montrons que les extensions de
Wells d'1- fields sont les extensions absolument minimales de Lipschitz
(AMLE) lorsque le domaine d’expansion d'1-field est infini. Un contre-
exemple est présenté afin de montrer que ce résultat n'est pas vrai en
général.

Dans le chapitre 3, nous étudions la version discréte de I'existence et
l'unicité de 'AMLE. Nous montrons que la fonction tight introduite par
Sheffield and Smart est I'extension de Kirszbraun. Dans le cas réel, nous
pouvons montrer que cette extension est unique. De plus, nous proposons
un algorithme qui permet de calculer efficacement la valeur de I'extension
de Kirszbraun en complexité polynomiale. Pour conclure, nous décrivons
quelques pistes pour la future recherche, qui sont liées au sujet présenté

dans ce manuscrit.
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Abstract

The thesis is concerned to some mathematical problems on minimal
Lipschitz extensions.

Chapter 1: We introduce some basic background about minimal Lipschitz
extension (MLE) problems. Chapter 2: We study the relationship between
the Lipschitz constant of 1-field and the Lipschitz constant of the gradient
associated with this 1-field. We produce two Sup-Inf explicit formulas which
are two extremal minimal Lipschitz extensions for 1-fields. We explain how to
use the Sup-Inf explicit minimal Lipschitz extensions for 1-fields to construct
minimal Lipschitz extension of mappings from R™ to R". Moreover, we
show that Wells’s extensions of 1-fields are absolutely minimal Lipschitz
extensions (AMLE) when the domain of 1-field to expand is finite. We
provide a counter-example showing that this result is false in general.
Chapter 3: We study the discrete version of the existence and uniqueness of
AMLE. We prove that the tight function introduced by Sheffield and Smart is
a Kirszbraun extension. In the realvalued case, we prove that the Kirszbraun
extension is unique. Moreover, we produce a simple algorithm which
calculates efficiently the value of the Kirszbraun extension in polynomial
time. Chapter 4: We describe some problems for future research, which are
related to the subject represented in the thesis.




