N

N

On the relationship between contact topology and the
dynamics of Reeb flows
Marcelo Ribeiro de Resende Alves

» To cite this version:

Marcelo Ribeiro de Resende Alves. On the relationship between contact topology and the dynamics
of Reeb flows. Symplectic Geometry [math.SG]. Université Paris-Saclay, 2015. FEnglish. NNT:
2015SACLS084 . tel-01287176

HAL Id: tel-01287176
https://theses.hal.science/tel-01287176
Submitted on 11 Mar 2016

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://theses.hal.science/tel-01287176
https://hal.archives-ouvertes.fr

= UNIVERSITE

PARIS

. SUD
*~ ! Ecole doctorale ,
unive I’Slte i de mathématiques FACULTE o
PARIS-SACLAY i Hadamard (EDMH) DES SCIENCES [ | T
D’ORSAY ORSAY

NNT : 2015SACLS084

UNIVERSITE PARIS-SACLAY
Ecole doctorale de mathématiques Hadamard (EDMH, ED 574)

Etablissement d’inscription : Université Paris-Sud

Laboratoire d’accueil :

Laboratoire de mathématiques d’Orsay, UMR 8628 CNRS

THESE DE DOCTORAT ES MATHEMATIQUES

Spécialité : Mathématiques fondamentales

Marcelo RIBEIRO DE RESENDE ALVES

Sur les relations entre la topologie de contact et la
dynamique de champs de Reeb

Date de soutenance : 19/11/2015

M. ALBERTO ABBONDANDOLO ( Ruhr-Universitat Bochum)
M. VINCENT COLIN (Université de Nantes)

Apreés avis des rapporteurs :

Jury de soutenance :

. FREDERIC BOURGEOIS (Université Paris Sud) Directeur de these

. JEROME BUZZI (Université Paris Sud) Examinateur

. VINCENT COLIN (Université de Nantes) Rapporteur

. ALEXANDRU OANCEA  (
(

CHRIS WENDL

Université Pierre et Marie Curie) Président du jury

s zzzz

University College of London) Examinateur

Fondation mathématique

FMJH

cques Hadamard

—~



UNIVERSITE PARIS-SUD

DoCTORAL THESIS

Sur les relations entre la topologie de contact et la
dynamique de champs de Reeb

On the relations between contact topology and dynamics
of Reeb flows

Author:

Supervisor:
Marcelo RIBEIRO DE RESENDE

Dr. Frédéric Bourgeois
ALVES

A thesis submitted in fulfilment of the requirements

for the degree of Docteur en Mathématiques

i the

Equipe de Topologie Et Dynamique

Laboratoire de Mathématiques Université Paris-Sud

January 2016


http://www.university.com
Research Group Web Site URL Here (include http://)
Department or School Web Site URL Here (include http://)




UNIVERSITE PARIS-SUD

Abstract

Equipe de Topologie Et Dynamique

Laboratoire de Mathématiques Université Paris-Sud
Docteur en Mathématiques

Sur les relations entre la topologie de contact et la dynamique de champs
de Reeb

by Marcelo RIBEIRO DE RESENDE ALVES

In this thesis we study the relations between the contact topological properties of

contact manifolds and the dynamics of Reeb flows.

On the first part of the thesis, we establish a relation between the growth of the
cylindrical contact homology of a contact manifold and the topological entropy of Reeb
flows on this manifold. As a first step towards establishing this relation we prove in
Chapter 5 that if a flow has exponential homotopical growth of periodic orbits then the
topological entropy of this flow is positive. We build on this to show in Chapter 6 that if
a contact manifold (M, §) admits a hypertight contact form Ag for which the cylindrical
contact homology has exponential homotopical growth rate, then the Reeb flow of every
contact form on (M, ¢) has positive topological entropy. Using this result, we exhibit in
Chapter 8 and 9 numerous new examples of contact 3-manifolds on which every Reeb

flow has positive topological entropy.

On Chapter 10 we present a joint result with Chris Wendl that gives a dynamical
obstruction for contact 3-manifold to be planar. We then use the obstruction to show
that a contact 3-manifold that possesses a Reeb flow that is a transversely orientable

Anosov flow, cannot be planar.

On Chapter 11 we study the topological entropy for Reeb flows on spherizations.
The result we obtain is a refinement of a result of Macarini and Schlenk [36], that states
that every Reeb flow on the unit tangent bundle (775, {4c,) of a high genus surface S has
positive topological entropy. We show that for any Reeb flow on (715, £4e0), the w-limit
of almost every Legendrian fiber is a compact invariant set on which the dynamics has

positive topological entropy.
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Sur les relations entre la topologie de contact et la dynamique de champs
de Reeb

by Marcelo RIBEIRO DE RESENDE ALVES

L’objectif de cette these est d’investiguer les relations entre les propriétés topologiques
d’une variété de contact et la dynamique des flots de Reeb dans la variété de contact en

question.

Dans la premiere partie de la these, nous établissons une relation entre la croissance
de la homologie de contact cylindrique d’une variété de contact et ’entropie topologique
des flots de Reeb dans cette variété de contact. Nous demontrons, dans le chapitre 6, que
si la variété de contact (M, &) possede une forme de contact hipertendu Ay pour lequel
la homologie de contact a une croissance homotopique exponentielle, alors tous les flots
de Reeb dans (M, ) ont entropie tologique positive. Nous utilisons ce resultat dans les
chapitres 8 et 9 pour montrer 'existence d’un grande nombre des nouvelles variétés de
contact de dimension 3 dans lequelles tous les flots de Reeb ont entropie topologique

positive.

Dans le chapitre 10, nous prouvons un résultat obtenu en collaboration avec Chris
Wendl qui donne une obtruction dynamique pour q’une variété de contact de dimension
3 soit planaire. Cette obstruction est utilisée pour montrer que, si une variété de contact
de dimension 3 possede un flot de Reeb qui est uniformement hyperbolique (Anosov)
avec variétés invariantes traversalement orientables, alors cette variété de contact n’est

pas planaire.

Dans le chapitre 11, nous étudions ’entropie topologique des flots de Reeb dans les
fibrés unitaires des surfaces de genre plus grand que 1. Nous obtenons le raffinement d’un
résultat du a Macarini et Schlenk, qui ont montré que les flots de Reeb dans les fibrés
unitaires (77, geo) d'une surface de genre plus grand que 1 ont entropie topologique
positive. Nous montrons que la restriction de chaque flot de Reeb en (71,{4e0) au

ensemble w-limite de presque toute fibre unitaire a une entropie topologique positive.


University Web Site URL Here (include http://)
Faculty Web Site URL Here (include http://)
Department or School Web Site URL Here (include http://)

v

Acknowledgements

I warmly thank my Professors Frédéric Bourgeois and Chris Wendl for their guid-
ance, patience, and support which were crucial in the development of this thesis. Their
attitude towards science has been an inspiration for my studies. I also thank them for
their openness in sharing with me their ideas and knowledge. I thank Felix Schlenk for

his interest in this work and for many helpful discussions.

I also thank Alberto Abbondandlo and Vincent Colin for accepting to be rappor-
teurs for this thesis. My gratitude also goes to Jéréme Buzzi, Alexandru Oancea and
Vincent Colin for being members of the jury and for their comments and suggestions

regarding this work.

This work would not have been possible without the support of André Alves, Lucio

Alves, Ana Nechita and Hilda Ribeiro, and I warmly thank them for it.



Contents

Abstract i
Abstract ii
Acknowledgements iv
Contents v
1 Introduction and main results 1
1.1 Topological entropy of Reeb flows . . . . . .. .. .. ... ... ... ... 1
1.1.1 Basic definitions and history of the problem . . . . . . .. ... .. 1
1.1.2  Cylindrical contact homology and topological entropy . . . . . .. 3
1.2 A dynamical obstruction to planarity of contact 3-manifolds . . . . . . . . 5
1.3 Asymptotic detection of topological entropy via chords . . . . . . . .. .. 6
2 Basic concepts in contact geometry and dynamics 8
2.1 Basic definitions from contact geometry . . . . .. ... oo 8
2.2 Some basic concepts in dynamical systems . . . . ... .00 10
2.2.1 Topological entropy of dynamical systems . . . . . ... ... ... 10
2.2.2  w-limits of submanifolds and chords . . . . .. ... ... ... .. 12
3 Pseudoholomorphic curves 13
3.1 Almost complex structures in symplectizations and symplectic cobordisms 13
3.1.1 Cylindrical almost complex structures . . . . . .. ... ... ... 13
3.1.2 Exact symplectic cobordisms with cylindrical ends . . . . . .. .. 14
3.1.3 Splitting symplectic cobordisms . . . . . ... ..o 15
3.2 Pseudoholomorphic curves . . . . . . .. .. L L oo 15
3.3 Pseudoholomorphic buildings . . . . .. ... ... oo 18
3.3.1 Nodal pseudoholomorphic curves . . . . . .. .. ... ... .... 19
3.3.1.1 Nodal pseudoholomorphic curves in symplectizations. . . 19

3.3.1.2  Nodal pseudoholomorphic curves in exact symplectic cobor-
disms . . ... 19
3.3.2  Pseudoholomorphic buildings in symplectizations . . . . . . . . .. 20
3.3.3  Pseudoholomorphic buildings in exact symplectic cobordisms . . . 21
3.4 Moduli spaces of pseudoholomorphic curves . . . . .. ... ... ..... 22



Contents vi
3.4.1 Moduli spaces of pseudoholomorphic curves in symplectizations . . 22

3.4.2 Moduli spaces of pseudoholomorphic curves in exact symplectic
cobordisms . . . ... 23
3.5  Compactification of moduli spaces of pseudoholomorphic curves . . . . . . 24
3.6 The gluing theorem . . . . . . . . .. ... L 26
4 Contact homology 29
4.1 Full contact homology . . . . . . . . ... 29
4.2 Cylindrical contact homology . . . . . . . ... ... ... ... ... 30
4.3 Cylindrical contact homology in special homotopy classes . . .. .. ... 31

5 Homotopical growth of the number of periodic orbits and topological
entropy 36
6 Exponential homotopical growth rate of CHcyl(/\o) and estimates for

htop 44
7 Unit tangent bundles of hyperbolic manifolds 48
7.1 Contact forms for geodesic flows . . . . ... ... ... 48
7.2 Exponetial homotopical growth rate of CHey(ag,,.) - - - - o o o oo L. 50
8 Contact 3-manifolds with a hyperbolic component 52
8.1 Contact 3-manifolds containing (X(S,h), @) as a component . . . . . . .. 53
8.2 Proof of Theorem 8.1 . . . . . . . . . . . . . . ... ... .. 54
9 Graph manifolds and Handel-Thurston surgery 57
9.1 Thesurgery . . . . . .« o o 57

9.2 Hpypertightness and exponential homotopical growth of contact homology
of )\FH ...................................... 61

9.2.1 Exponential homotopical growth of cylindrical contact homology
for )\FH ................................. 67
10 A dynamical obstruction to planarity of contact 3-manifolds 71
10.1 Normal first Chern number . . . . . . .. .. .. ... L. 71
10.2 Holomorphic open book decompositions and diving sequences . . . . . . . 73
10.3 Proof of the mainresult . . . . . .. ... .. ... ... .. ........ 77
11 Asymptotic detection of topological entropy via chords 82

11.1 Exponential homotopical growth of the number of chords and positivity
of htop ...................................... 82

11.2 Topological entropy and w-limits of Legendrian fibers in unit tangent
bundles of higher genus surfaces . . . . . . . . ... ... ... ... .. 87
Bibliography 91



To Hilda, André, Aninha e Lucio.

vii



Chapter 1

Introduction and main results

1.1 Topological entropy of Reeb flows

In this thesis we study relations between contact topology and dynamics of Reeb flows.
One of the main results of this thesis is the proof of a relation between the behaviour of
cylindrical contact homology and the topological entropy of Reeb flows. The topological
entropy is a non-negative number associated to a dynamical system which measures the
complexity of the orbit structure of the system. Positivity of the topological entropy
means that the system possesses some type of exponential instability. We show that if
the cylindrical contact homology of a contact 3-manifold is “complicated enough” from
a homotopical viewpoint, then every Reeb flow on this contact manifold has positive

topological entropy.

1.1.1 Basic definitions and history of the problem

We study the topological entropy of Reeb flows from the point of view of contact topol-
ogy. More precisely, we search for conditions on the topology of a contact manifold
(M, ) that force all Reeb flows on (M, €) to have positive topological entropy. The con-
dition we impose is on the behaviour of a contact topological invariant called cylindrical
contact homology. We show that if a contact manifold (M, ) admits a contact form Ay
for which the cylindrical contact homology has exponential homotopical growth, then all

Reeb flows on (M, ) have positive topological entropy.

The notion of exponential homotopical growth of cylindrical contact homology,
which is introduced in this paper, differs from the notion of growth of contact homology
studied in [13, 43]. For reasons explained in Chapters 5 and 6, the growth of contact
homology is not well adapted to study the topological entropy of Reeb flows, while the

1



Chapter 1. Introduction and statement of the main results 2

notion of homotopical growth rate is (as we show) well suited for this purpose. We begin
by explaining the results which were previously known relating the behaviour of contact

topological invariants to the topological entropy of Reeb flow.

The study of contact manifolds all of whose Reeb flows have positive topological
entropy was initiated by Macarini and Schlenk [36]. They showed that if @) is an energy
hyperbolic manifold and {4, is the contact structure on the unit tangent bundle 7@
associated to the geodesic flows, then every Reeb flow on (T1Q), {4e0) has positive topo-
logical entropy. Their work was based on previous ideas of Frauenfelder and Schlenk
[22, 23] which related the growth rate of Lagrangian Floer homology to entropy invari-
ants of symplectomorphisms. The strategy to estimate the topological used in [36] can

be briefly sketched as follows:

Exponential growth of Lagrangian Floer homology of the tangent fiber (7'Q)

lp

=

Exponential volume growth of the unit tangent fiber (71Q), for all Reeb flows in

(Tle ggeo)

=

lp

Positivity of the topological entropy for all Reeb flows in (T1Q, {geo)-

To obtain the first implication Macarini and Schlenk use the fact that (71Q,£geo) has
the structure of a Legendrian fibration, and apply the geometric idea of [22, 23] to show
that the number of trajectories connecting a Legendrian fiber to another Legendrian
fiber can be used to obtain a volume growth estimate. The second implication in this
scheme follows from Yomdin’s theorem, that states that exponential volume growth of

a submanifold implies positivity of topological entropy. !

In [3, 4] this approach was extended by the author to deal with 3-dimensional
contact manifolds which are not unit tangent bundles. This was done by designing a
localised version of the geometric idea of [22, 23]. Globally most contact 3-manifolds
are not Legendrian fibrations, but a small neighbourhood of a given Legendrian knot in
any contact 3-manifold can be given the structure of a Legendrian fibration. It turns
out that this is enough to conclude that if the linearised Legendrian contact homology
of a pair of Legendrian knots in a contact 3-manifold (M3, €) grows exponentially, then
the length of these Legendrian knots grows exponentially for any Reeb flow on (M3, ¢).
We then apply Yomdin’s theorem to obtain that all Reeb flows on (M3, £) have positive
topological entropy.

!The same scheme was used in [21, 24] to obtain positive lower bounds for the intermediate and slow
entropies of Reeb flows on unit tangent bundles; we discuss these results in more detail in section 7.
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One drawback of these approaches is that they only give lower entropy bounds for
C*°-smooth Reeb flows. The reason is that Yomdin’s theorem holds only for C*°-smooth
flows. The approach presented in the present paper does not use Yomdin’s theorem

and gives lower bounds for the topological entropy of C'-smooth Reeb flows.

Another advantage is that the cylindrical contact homology is usually easier to
compute than the linearised Legendrian contact homology. In fact, to apply the strategy
of [3, 4] to a contact 3-manifold (M3, ¢) one must first find a pair of Legendrian curves
which, one believes, “should” have exponential growth of linearised Legendrian contact
homology. This is highly non-trivial since on any contact 3-manifolds there exist many
Legendrian links for which the linearised Legendrian contact homology does not even
exist. On the other hand the definition of cylindrical contact homology only involves

the contact manifold (M3, &), and no Legendrian submanifolds.

1.1.2 Cylindrical contact homology and topological entropy

Our results are inspired by the philosophy that a “complicated” topological structure
can force chaotic behavior for dynamical systems associated to this structure. Two
important examples of this phenomena are: the fact that on manifolds with complicated
loop space the geodesic flow always has positive topological entropy (see [38]), and
the fact that every diffeomorphism of a surface which is isotopic to a pseudo-Anosov

diffeomorphism has positive topological entropy [18].

To state our results we introduce some notation. Let M be a manifold and X be
a Ck (k> 1) vector field. Our first result relates the topological entropy of ¢x to the
growth (relative to T") of the number of distinct homotopy classes which contain periodic
orbits of ¢x with period < T'. More precisely let A§ be the set of free homotopy classes
of M which contain a periodic orbit of ¢x with period < T'. We denote by Nx(T') the

. . T
cardinality of A%.

Theorem 5.1. If for real numbers a > 0 and b we have Nx (T) > ¢*T+? then hiop(X) >

a.

Theorem 5.1 might be a folklore result in the theory of dynamical systems. How-
ever as we have not found it in the literature, we provide a complete proof in Chapter 5.
It contains as a special case Ivanov’s inequality for surface diffeomorphisms (see [31]).
Our motivation for proving this result is to apply it to Reeb flows. Contact homology
allows one to carry over information about the dynamical behaviour of one special Reeb
flow on a contact manifold to all other Reeb flows on the same contact manifold. In hap-

ter 6 we introduce the notion of exponential homotopical growth of cylindrical contact
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homology. As we already mentioned, this growth rate differs from the ones previously
considered in the literature and is specially designed to allow one to use Theorem 5.1
to obtain results about the topological entropy of Reeb flows. This is made via the

following:

Theorem 6.1 Let \g be a hypertight contact form on a contact manifold (M, &) and

assume that the cylindrical contact homology C’Hgsl

growth with exponential weight a > 0. Then for every C* (k > 2) contact form A on

(Ao) has exponential homotopical

(M, &) the Reeb flow of X, has positive topological entropy. More precisely, if fy is the
unique function such that A = fyAg, then

a

hiop(Xy) >

(1.1)

max fy

Notice that Theorem 6.1 allows us to conclude the positivity of the topological
entropy for all Reeb flows on a given contact manifold (M, &), once we show that (M, &)
admits one special hypertight contact form for which the cylindrical contact homology
has exponential homotopical growth. It is worth remarking that our proof of Theorem
6.1 is carried out in full rigor, and does not make use of the Polyfold technology which
is being developed by Hofer, Wysocki and Zehnder. The reason is that we do not use
the linearised contact homology considered in [9, 43], but resort to a topological idea

used in [30] to prove existence of Reeb orbits in prescribed homotopy classes.

Theorem 6.1 above allows one to obtain estimates for the topological entropy for
Cl-smooth Reeb flows. As previously observed, the strategy used in [3, 4, 36] produces
estimates for the topological entropy only for C'*°-smooth contact forms as they depend

on Yomdim’s theorem, which fails for finite regularity.

Our other results are concerned with the existence of examples of contact mani-
folds which have a contact form with exponential homotopical growth rate of cylindrical
contact homology. We show that in dimension 3 they exist in abundance, and it follows
from Theorem 6.1 that every Reeb flow on these contact manifolds has positive topolog-
ical entropy. In Chapter 8 we construct such examples for manifolds with a non-trivial

JSJ decomposition and with a hyperbolic component that fibers over the circle.

Theorem 8.1. Let M be a closed connected oriented 3-manifold which can be cut along
a nonempty family of incompressible tori into a family {M;,0 < i < k} of irreducible

manifolds with boundary, such that the component M, satisfies:

e My is the mapping torus of a diffecomorphism h : S — S with pseudo-Anosov

monodromy on a surface S with non-empty boundary.
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Then M can be given infinitely many non-diffeomorphic contact structures &, such that
for each & there exists a hypertight contact form Ay on (M, ) which has exponential

homotopical growth of cylindrical contact homology.

In Chapter 9 we study the cylindrical contact homology of contact 3-manifolds
(M, €(qr)) obtained via a special integral Dehn surgery on the unit tangent bundle
(T1S, €geo) of a hyperbolic surface (5, g). This Dehn surgery is performed on a neigh-
bourhood of a Legendrian curve L, which is the Legendrian lift of a separating geodesic.
The surgery we consider is the contact version of Handel-Thurston surgery which was
introduced by Foulon and Hasselblatt in [20] to produce non-algebraic Anosov Reeb
flows in 3-manifolds. We call this contact surgery the Foulon-Hasselblatt surgery. This
surgery produces not only a contact 3-manifold (M,§,)), but also a special contact
form which we denote by Apy on (M, {,))- In [20] the authors restrict their attention
to integer surgeries with positive surgery coeflicient ¢ and prove that, in this case, the
Reeb flow of App is Anosov. Our methods work also for negative coefficients as the

Anosov condition on Agpg does not play a role in our results. We obtain:

Theorem 9.5. Let (M,§(,)) be the contact manifold endowed obtained by the Foulon-
Hasselblatt surgery, and Appg be the contact form obtained via the Foulon-Hasselblat
surgery on the Legendrian lift L, C 71S. Then Arp is hypertight and its cylindrical

contact homology has exponential homotopical growth.

Remark: We again would like to point out that all the results above do not de-
pend on the Polyfolds technology which is being developed Hofer, Wysocki and Zehnder.
This is the case because the versions of contact homology used for proving the results
above involve only somewhere injective pseudoholomorphic curves. In this situation

transversality can be achieved by “classical” perturbation methods as in [14].

1.2 A dynamical obstruction to planarity of contact 3-

manifolds

In chapter 10 we prove a result, that was obtained in collaboration with Chris Wendl,
and which gives a dynamical obstruction for a contact 3-manifold to be planar. Our

result is the following:

Theorem 10.11. Let (M,&) be a planar contact 3-manifold and \a non-degenerate
contact form on (M, ). Then the Reeb flow of X either has a Reeb orbit with odd index

or a contractible orbit.
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The conclusion is that to prove that a contact 3-manifold is not planar it suffices to
prove that it has a contact form whose Reeb flow has no contractible Reeb orbits and no
odd Reeb orbits. In particular, this implies that if a contact 3-manifold admits a contact
form whose Reeb flow is a transversely orientable Anosov flow then this contact manifold
is not planar. In [20] the authors construct infinitely many examples of hyperbolic 3-
manifolds M that admit a contact structure with a transversely orientable Anosov Reeb
flow. Combining this with our result we obtain infinitely many examples of non-planar

contact 3-manifolds (M, §) where M is hyperbolic.

Planar contact manifolds are an interesting class of contact manifolds from a
topological point of view. For example, by a result of Etnyre [17] every overtwisted
contact 3-manifold is planar. In the same paper, Etnyre also proved that there exist
contact 3-manifolds which are not planar. For example, he showed that the unit tangent
bundle (715, &g4e0) of a higher genus surface S endowed with the contact structure £ge,
associated to geodesic flows is not planar. Theorem 10.11 gives a new proof of this result
since (115,&4¢0) admits a contact form whose Reeb flow is a transversely orientable

Anosov flow.

It is worth remarking that all known examples of Anosov Reeb flows on 3-dimensional
contact manifolds are transversely orientable. In this case, as observed above, Theorem
10.11 implies that the underlying contact 3-manifolds are not planar. This motivates

the following question:

Question: Can a contact 3-manifold that admits an Anosov Reeb flow be planar?

1.3 Asymptotic detection of topological entropy via chords

In Chapter 11 we study the dynamics on w-limit sets of Legendrian fibers of unit tangent
bundles of higher genus surfaces. Our main result is that these w-limits are invariant
sets which “generically” contain positive topological entropy. More precisely, our main

result is the following

Theorem 11.4. Let A be a contact form on the unit tangent bundle (71.5,&4e,) of a
surface S with genus > 2. Let Ay, =~ be a contact form on (115, £ge0) Whose Reeb flow is
the geodesic flow of a hyperbolic metric gy, on S, and f) be the function that satisfies
A= faldgny,-
Ptop(9xy |y (z,)) Of the restriction of the Reeb flow ¢x, to wi(Lp) is >

Then for every p in the full pp,,-measure set U, the topological entropy

as
e where

ag > 0 is a constant that depends only on S.
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This result may be seen as an improvement of the result obtained in [36]. In [36] it
was proved that every Reeb flow on the unit tangent bundles (71.5, {4e0) of higher genus
surfaces has positive topological entropy. Theorem 11.4 can then be seen as a refinement
of this result, as it shows that if flowing almost any unit tangent fiber of 77.5 by a Reeb
flow ¢y on (115, &4e0), we detect asymptotically a compact set invariant by ¢, on which

the topological entropy is positive.

Theorem 11.4 combined with the techniques used by Katok [33] implies that if
S has genus > 2, then for any contact form A on (715, &4e,) and almost every point
p € S, the number of distinct Reeb orbits of action < T' contained in wy(L,) grows

exponentially with 7.



Chapter 2

Basic concepts in contact

geometry and dynamics

2.1 Basic definitions from contact geometry

In this thesis we study dynamical properties of Reeb flows on contact manifolds. We
start by recalling some basic concepts from contact geometry and dynamical systems

which are central for this thesis.

A contact manifold is a pair (Y, &), where Y is a compact odd dimensional manifold
and &, called the contact structure, is a“totally” non-integrable distribution of planes on
Y. The total non-integrability condition means that for every locally defined 1-form (
such that £ = ker(¢) we have that ¢ A (d{)™ # 0, where 2n + 1 is the dimension of Y.
When there exists a globally defined 1-form A such that ker(\) = £ we call A a contact
form associated to the contact manifold (Y;¢), and say that (Y,&) is a co-orientable
contact manifold. In this thesis we only study co-orientable contact manifolds, and from
now on, every time we write contact manifold we actually mean co-orientable contact

manifold.

Given a contact manifold (Y, &), there are many different contact forms associated
to it. To see this, let A be a contact form associated to (Y,&). Then for every positive

function f: Y — R, f) is also a contact form associated to (Y, &).

To a contact form A, we can associate a vector field Xy, that we call its Reeb vector

field, and that is completely characterised by the following 2 conditions:
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ix/\dA =0, (2_1)
ANXy) = 1. (2.2)

The Reeb flow of A is the flow of the vector field Xj.

Among the submanifolds of a contact manifold a special important class is that
of Legendrian submanifolds. An isotropic submanifold of (Y,¢) is a submanifold L of Y’
whose tangent space is contained in £ for all points of L. The Legendrian submanifolds of
(Y, §) are the isotropic submanifolds of (Y, &) which have the maximal possible dimension.
It turns out, that for 2n 4+ 1-dimensional contact manifolds, that this maximal possible
dimension is n, and therefore the Legendrian submanifolds are the isotropic submanifolds

of dimension n.

There are two special types of trajectories of Reeb flows that have played a central
role in the study of contact topology and dynamics of Reeb vector fields. One of them
are the periodic orbits of a given Reeb flow, which we call Reeb orbits. The other are
the trajectories of a Reeb flow which start in a Legendrian submanifold L and end in a
Legendrian submanifold L (notice that L and L might coincide); these trajectories are
called Reeb chords from L to L. Given a Reeb orbit ~ of the Reeb flow of A\, we define its
action to be A(y) = f,y A; it follows from equation 1.2 above that A(v) coincides with
the period of v. Analogously, for a Reeb chord ¢ of the Reeb flow of A, we define its
action to be A(c) := [ A; like for Reeb orbits the action of ¢ coincides with the “period”
of the trajectory c. Following terminology widely used in the literature, a contact form
A is called hypertight when it doesn’t have any contractible Reeb orbits. Lastly, a Reeb
orbit v is said to be non-degenerate when 1 is not an eigenvalue of the linearisation
qu‘;((;) |¢ of the Poincaré return map associated to the 7; and a Reeb chord c is said to

be transverse if the intersection gb?((;) (L) N L is transverse at the endpoint of c.

We introduce some notation. Given a contact form A\ on a contact manifold we
will denote by P, the set of Reeb orbits of the Reeb flow of A. If p is a free homotopy
class of loops in the manifold ¥ we will denote by P{ the set of Reeb orbits of A which
belong to the homotopy class p. Analogously, we let Xy (L — Z) denote the set of Reeb
chords of A from L to L. If o denotes a homotopy class of paths in Y starting in L and
ending in E, we denote by XyY(L — Z) the set of Reeb chords of A from L to L which
belong to the homotopy class .

One important feature of Reeb flows is that they appear in many different models

of mathematical physics. For instance, every Reeb flow appears as the restriction to an
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energy level, of some Hamiltonian flow in a (possibly non-compact) symplectic manifold
(see [25]). One important example of this relation between Reeb flows and Hamiltonian
flows is seen in the case of geodesic flows. For any Riemannian metric on a compact
manifold @, the restriction of its geodesic flow to the unit tangent bundle T7Q) of @) is a
Reeb flow.

More recently, Etnyre and Ghrist showed in [16] that 3-dimensional Reeb flows
also appear in the context of hydrodynamical 3-dimensional flows. Beltrami flows are an
important special class of hydrodynamical flows. Etnyre and Ghrist showed that every
Reeb flow in a 3-dimensional contact manifold is the reparametrization of some Beltrami
flow; they also showed that every Beltrami flow is the reparametrization of some Reeb
flow. therefore the classes of Beltrami and Reeb flows are equivalent from a dynamical

perspective.

These relations to the field of mathematical physics also justifies the study of the

dynamical properties of Reeb vector fields, as this study might also have impact in this
field.

2.2 Some basic concepts in dynamical systems

2.2.1 Topological entropy of dynamical systems

The topological entropy is an important invariant of dynamical systems, which was
introduced in the 1960’s by Adler, Kronheim and McAndrew. It codifies, in a single
non-negative number, how chaotic a dynamical system is; it is widely accepted that
a dynamical system with positive topological entropy presents some kind of chaotic

behaviour.

We present the following definition, which is valid for dynamical systems in com-
pact metric spaces and is due to Bowen [12]. Consider a smooth compact manifold V'
with a non-vanishing vector field X that generates a flow ¢x. We endow V with an

auxiliary Riemannian metric g, whose associated metric on V' we denote by d.

Let T and § be positive real numbers. A set S is said to be T, d-separated if for
all g1 # q2 € S we have:

nax dg(d (1), ' (g2)) > 6. (2:3)
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We denote by n”»9 the maximal cardinality of a T, §-separated set for the flow ¢x. Then
we define the d-entropy hs(¢x) as:

1 T,0
hs(¢x) = limsup og(n_*) (2.4)
T—+o00 T
The topological entropy hiey, is then defined by
o =li . 2.
iop(6) = lim I () (25)

One can prove that the topological entropy does not depend on the metric d, but only
on the topology determined by the metric. For these and other structural results about
topological entropy we refer the reader to any standard textbook in dynamics such as
[34] and [40].

The definition of topological entropy is quite involved and it is usually quite diffi-
cult to compute or even estimate the topological entropy for a given dynamical system.
To motivate such difficult attempts to estimate or compute this quantity, we present one
striking consequence of positivity of topological entropy for low-dimensional dynamical

systems:

Theorem 2.1. Katok [33]. Let X be a C'*° (5 > 0) wector field on a smooth 3-
dimensional M, whose flow ¢x has positive topological entropy hiop(¢x). Then there
exists a hyperbolic periodic orbit x of X, whose stable and unstable manifold have a
transverse intersection, i.e. a transverse homoclinic intersection. Consequently there is
an invariant set 0 for the flow ¢x, such that the dynamics of the restriction of ¢x to

Q2 is topologically conjugate to a subshift of finite type and hiop(dx |o) > 0.

The theorem above means that simply the non-vanishing of hy,, for a given flow
¢x on a 3-dimensional manifold implies that this flow has complicated orbit structure.
For example, for a given number T' > 0, let P)}?’p (T') be the number of hyperbolic periodic
orbits of ¢x with period smaller then 7. As a consequence of the Theorem above we

have the following corollary also due to Katok:

Corollary 2.2. If the flow ¢x of a vector field X on a 3-manifold M has positive

topological entropy, then we have the following lower bound:

log (PP (T
lim sup log(Py (1)) > 0. (2.6)
T—+o00 T

This means that positivity of topological entropy for these flows implies that they

have infinitely many isolated periodic orbits. Only these results suffice, in my opinion,
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to justify the study of the topological entropy for Reeb flows in 3-dimensional contact

manifolds

2.2.2 w-limits of submanifolds and chords

Let M denote a compact smooth manifold, I and I.” be disjoint compact submanifolds
of M and X be a smooth vector field on M. We will denote by ¢x the flow generated
by the vector field X.

A pair (¢,T) is called an X-chord from L to L/, when ¢ : [0,7] — M is a

parametrized trajectory of the flow ¢x, such that ¢(0) € L and ¢(7T') € L.

Given any submanifold L of M, its w-limit wx (L) is defined as

wy (L) := {x € M | 3 asequence , € L and ¢, — +o00 such that lim ¢%(z,) = z}.
n—-+00
(2.7)
It is straightforward to check that the set wx (L) is compact and invariant by the flow
Px.



Chapter 3

Pseudoholomorphic curves

3.1 Almost complex structures in symplectizations and

symplectic cobordisms

We start by recalling some concepts needed to define pseudoholomorphic curves in sym-

plectizations and symplectic cobordisms.

3.1.1 Cylindrical almost complex structures

Let (Y,&) be a contact manifold and A a contact form on (Y,¢). The symplectization
of (Y,&) is the product R x Y with the symplectic form d(e®*)) (where s denotes the
R coordinate in R x Y'). dA\ restricts to a symplectic form on the vector bundle ¢
and it is well known that the set j(A) of dA\-compatible almost complex structures on
the symplectic vector bundle £ is non-empty and contractible. Notice, that if Y is

3-dimensional the set j(A) doesn’t depend on the contact form A associated to (Y,§).

For j € j(\) we can define an R-invariant almost complex structure J on R x Y’

by demanding that:
JOs =Xy, J |§:j (3.1)

We will denote by J(A) the set of almost complex structures in R x Y that are R-
invariant, d(e®))-compatible and satisfy the equation (16) for some j € j(A).

13
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3.1.2 Exact symplectic cobordisms with cylindrical ends

An exact symplectic cobordism is, intuitively, an exact symplectic manifold (W, @) that
outside a compact subset is like the union of cylindrical ends of symplectizations. We
restrict our attention to exact symplectic cobordisms having only one positive end and

one negative end.

Let (W,w = dk) be an exact symplectic manifold without boundary, and let
(Y*,£%) and (Y—,€7) be contact manifolds with contact forms A" and A\~. We say
that (W, = dk) is an exact symplectic cobordism from A" to A~ when there exist
subsets W=, W+ and W of W and diffeomorphisms ¥+ : W+ — [0, +00) X YT and
U~ W™ — (—00,0] x Y™, such that:

W is compact, W = WHUWUW™ and WHnW— =0, (3.2)
(UH)*(e*AT) =k and (T 7)*(e°A\7) = &

In such a cobordism, we say that an almost complex structure J is cylindrical if:

J coincides with J* € J(CtAT) in the region W (3.3)
J coincides with J~ € J(C~ A7) in the region W~ (3.4)
J is compatible with w in W (3.5)

where Ct > 0 and C~ > 0 are constants.

For fixed J* € J(CtA") and J~ € J(C~A™), we denote by J(J—,J) set of
cylindrical almost complex structures in (R x Y, w) coinciding with J© on W and J~
on W~. It is well known that J(J~,J") is non-empty and contractible. We will write
AT =c» A™ when there exists an exact symplectic cobordism from AT to A~ as above.
We remind the reader that A" ~., A and A =, A\~ implies AT =., A7; or in other
words that the exact symplectic cobordism relation is transitive; see [10] for a detailed
discussion on symplectic cobordisms with cylindrical ends. Notice that a symplectization

is a particular case of an exact symplectic cobordism.

Remark: we point out to the reader that in many references in the literature, a
slightly different definition of cylindrical almost complex structures is used: instead
of demanding that J satisfies equations (18) and (19), the stronger condition that
J coincides with J* € J(A%) in the region W¥ is demanded. We need to consider
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this more relaxed definition of cylindrical almost complex structures when we study the

cobordism maps of cylindrical contact homologies in section 3.3.

3.1.3 Splitting symplectic cobordisms

Let AT, A and A~ be contact forms on (Y, ¢) such that AT ., A, A =c, A\™. For e >0
sufficiently small, it is easy to see that one also has AT ., (1+¢€)X and (1 —€)A = A~

Then, for each R > 0, it is possible to construct an exact symplectic form wgr = dkg on
W =R x Y where:

kp=e T2 \Tin [R4 2, +00) x Y, (3.6)
kr = f(s)Ain [-R,R] X Y, (3.7)
kp =TI\ in (o0, ~R — 2] x (3.8)

and f: [-R,R] — [l —¢,1+ €], satisfies f(—R) =1—¢, f(R)=14¢€cand f/' >0. In
(R x Y, wpR) we consider a compatible cylindrical almost complex structure J; Rr; but we

demand an extra condition on Jg:

Jr coincides with J € J()\) in [-R, R] x Y. (3.9)

Again we divide W in regions: W+ = [R+2,+00) x Y, W(AT,\) = [R, R+2] XY,
W) =[-R,RxY, WAAN)=[-R—2,—R|xY and W~ = (—o00,—R —2] x Y.
The family of exact symplectic cobordisms with cylindrical almost complex structures

(R xY,wg, jR) is called a splitting family from A" to A~ along .

3.2 Pseudoholomorphic curves

Let (S,i) be a closed connected Riemann surface without boundary, I' C S be a finite
set. Let A be a contact form in (Y, ) and J € J(\). A finite energy pseudoholomorphic
curve in the symplectization (R x Y, J) is amap w = (r,w) : S\I' = R x Y that satisfies

0y(w) =dwoi—Jodw=0 (3.10)

and

0< E(w) = sup/ w*d(g\) (3.11)
qe€ JS\T'
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where £ = {q¢ : R — [0,1];¢' > 0}. The quantity E(w) is called the Hofer energy and
was introduced in [27]. The operator d; above is called the Cauchy-Riemann operator

for the almost complex structure J.

For an exact symplectic cobordism (W, @) from A™ to A~ as considered above, and

J e J(J~,J") a finite energy pseudoholomorphic curve is again a map w : (S\T' — W

satisfying:
dwoi=Joduw, (3.12)
and
0 < Ex-(w) + Ee(w) + Ext (w) < +o00, (3.13)
where:

Ey\- (W) = sup,ege f@*l(W*)) w*d(gA ™),
Eyt+(w) = supyeg fm,l(Wﬂ w*d(g\1),
EC(UA;) — fﬁ—IW()\_,)\+) w*w.

These energies were also introduced in [27].

In splitting symplectic cobordisms we use a slightly modified version of energy.

Instead of demanding 0 < E_(w) + E.(w) + E4(w) < +00 we demand:

0 < Ey-(w) + Ex- z(w) + Ex(W) + By )+ (w) + Ex+ (w) < +00 (3.14)
where:
EA(~) = SquGE f~ () W w*d(qN),
E)\ )\ f~,1 U] w,

Ey (0w = f@_l(W(A)\Jr))w w,
and E,-(w) and F\+(w) are as above.

The elements of the set I' C S are called punctures of the pseudoholomorphic w.
The work of Hofer et al. [27, 28] allows us do classify the punctures in two types: positive
punctures and negative punctures. This classification is done according to the behaviour
of w in the neighbourhood of the puncture. Before presenting this classification we
introduce some notation. Let Bs(z) be the ball of radius é centered at the puncture z,
and denote by 9(Bs(z)) its boundary. With this in hand, we can describe the types of

punctures as follows:



Chapter 3. Pseudoholomorphic curves 17

e 2 € I is called positive interior puncture when z € " and lim,/_,, s(2’) = 400, and
there exist a sequence 8, — 0 and Reeb orbit 41 of X+, such that w(9(Bs, (2)))

converges in C™ to v" as n — 400

e 2 € I is called negative interior puncture when 2 € T" and lim,/_,, s(2') = —o0, and
there exist a sequence 0, — 0 and Reeb orbit 7~ of X -, such that w(9(Bs,(2)))

converges in C* to v~ as n — 4o00.

The results in [27] and [28] imply that these are indeed the only real possibilities we need
to consider for the behaviour of the w near punctures. Intuitively, we have that at the
punctures, the pseudoholomorphic curve w detects Reeb orbits. When for a puncture z,
there is a subsequence d,, such that w(9(B;, (z))) converges to a Reeb orbit v, we will

say that w is asymptotic to this Reeb orbit v at the puncture z.

If a pseudoholomorphic curve is asymptotic to a non-degenerate Reeb orbit at
a puncture, more can be said about its asymptotic behaviour in neighbourhoods of
this puncture. In order to describe the behaviour of w near a puncture z, we take
a neighbourhood U C S of z that admits a holomorphic chart ¢y : (U, z) — (D,0).
Using polar coordinates (r,t) € (0,+00) x S! we can write x € (D \ 0) as z = e "t
With this notation, it is shown in [27] [28], that if z is a positive interior puncture on
which @ is asymptotic to a non-degenerate Reeb orbit v of X+, then w o, 1(r,t) =
(s(r,t),w(r,t)) satisfies:

e w"(t) = w(r,t) converges uniformly in C*° to a Reeb orbit v of X+, and the

convergence rate is exponential.

Similarly, if z is a negative interior puncture on which w is asymptotic to a non-

degenerate Reeb orbit v~ of X, then w o4, }(r,t) = (s(r,t),w(r,t)) satisfies:

e w"(t) = w(r,t) converges uniformly in C*° to a Reeb orbit v~ of —X,- asr — 400,

and the convergence rate is exponential.

Remark: the fact that the convergence of pseudoholomorphic curves near punc-
tures to Reeb orbits is of exponential nature is a consequence of the asymptotic formula
obtained in [28]. Such formulas are necessary for the Fredholm theory that gives the

dimension of the space of pseudoholomorphic curves with fized asymptotic data.

The discussion above can be summarised by saying that near punctures the finite
pseudoholomorphic curves detect Reeb orbits. It is exactly this behavior that makes

these objects useful for the study of dynamics of Reeb vector fields.
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3.3 Pseudoholomorphic buildings

In this section we introduce the notion of pseudoholomorphic buildings. Our exposition

is based in section 2 of [45].

We denote by D the open unit disk in C. Let ¢ : (0, +00) x St — D\ {0} be the
biholomorphism given by ¢(s,t) = e~ 27(5+) We denote I := D\ {0}. As (0, 400) x S*
is identified with D by ¢, we can define the circle compactification D of D by

D:=DU ({+00} x S1) = (0, +oc] x S™. (3.15)

An analogous process allows us to compactify any punctured Riemman surface.
Let (X, ) be a compact Riemman surface and T C ¥ be a finite set of points. For each
point z € T we take a neighbourhood B, which admits a biholomorphism v, : (B, z) —
(D,0). We can then use the compactification of D described above to obtain the circle

compactification B, of the punctured ball B, := B, \ {z}:
B, :=B,Ud, (3.16)

where 0, is a circle at infinity. The conformal structure at 7,3 given by j defines a
canonical orientation and a canonical metric on §,. For two different elements z; and
zg of T, an orthogonal diffeomorphism ¢, ,, : §,, — §,, is an orientation reversing
diffeomorphism from d,, to d,, which is an isometry for the canonical metrics on these
two circles. Performing this compactification on all points of T we obtain the circle

compactification ¥ of the punctured Riemman surface 3 = % \ T given by

%= DU (Uperdy). (3.17)

A closed nodal Riemann surface S is a quadruple (S,j,I',A) where (S,7) is a
closed (maybe disconnected) Riemann surface, I' C S is a finite ordered set, and A C §

a finite set that satisfies:
b A = {217§17§27§2“'2n7§n}-

We define S := 5\ (AUT) and let S be the circle compactification of S. For each pair
Zi, z; we choose an orthogonal diffeomorphism ¢; : 6z, — (551_; this is called a decoration
of {Z;, z;}. By choosing a decoration for every pair {Z;, z,} of A we obtain a decoration
of A which we denote by . The quintuple S := (S, j,T', A, ¢) is called a decorated

closed nodal Riemann surface.
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For a decorated Riemann surface S we define

S:=8S/{z~ p(2)} (3.18)

S is a topological surface with boundary. The arithmetic genus of S is defined to be the

genus of S. We say that S is connected when S is connected.

3.3.1 Nodal pseudoholomorphic curves
3.3.1.1 Nodal pseudoholomorphic curves in symplectizations

Letting (Y,&) denote a contact manifold and A\ a contact form on it, denote by J an
element of J7(\) A nodal pseudoholomorphic curve in the symplectization (R x Y, de’\)
is a pair (S,u) where S = (5,4,I",A) is a closed nodal Riemann surface and w : (S \
I'j) = (R x Y,J) is a finite energy pseudoholomorphic map such that for every pair
{Z,z} € A, u(z) = u(z). We will use the notation w: S — (R x Y, J) to denote a nodal
pseudoholomorphic curve. Analogous to what we did for pseudoholomorphic curves, we
use the asymptotic behaviour of @ near the punctures in I" to partition I' in the sets I'+

and I'” of positive and negative punctures.

It follows from the asymptotic behaviour of the finite energy pseudoholomorphic
curves near the punctures in I' that any nodal curve u : S — (R x Y, J) admits an
extension u : S — ([—00, +0o0] x Y, J) from the circle compactification of S of S to the
compactification [—o0o, +00] x Y of R x Y. We let 7S and 0~S denote, respectively,
the sets U,cp+d, and U,cp-d, of circles at infinity at, respectively, the sets I'" and T'~
of punctures. It is clear that U takes 9~S to the boundary component {—oo} x Y of

[—00,4+00] x Y, and 88 to the boundary component {+o00} x Y of [—o0,+00] X Y.

3.3.1.2 Nodal pseudoholomorphic curves in exact symplectic cobordisms

We denote by (W, w) an exact symplectic cobordism from AT to A\~, where AT is a
contact form on the contact manifold (M1, £) and A~ is a contact form on the contact
manifold (M~,£7). On the cobordism (W, w) we consider a cylindrical almost com-
plex structure J € J(J~,J") where J* € J(CTAT) and J~ € J(C~\™) for positive

constants CT and C~.

A nodal pseudoholomorphic curve in (W, w) is a pair (S,u) where S = (5,5,T", A)
is a closed nodal Riemann surface and @ : (S \T',j) — (W, J) is a finite energy pseu-
doholomorphic map such that for every pair {z,z} € A, u(z) = u(z).We will also use

the notation u : S — (W, J) to denote a nodal pseudoholomorphic curve. Using the
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asymptotic behaviour of @ near the punctures in I' we partition I' in the sets I'+ and

I'~ of positive and negative punctures.

Because of the asymptotic behaviour of the finite energy pseudoholomorphic curves
near the punctures in I, it follows that any nodal curve u : S — (R x Y, J) admits an
extension W : S — (WU ({oo} x Y ) U ({400} x YF),J) from the circle compactification
of S of S to the compactification W U ({oo} x Y7) U ({+00} x YT) of W. Similarly to
what we did in the case of symplectizations, we let 7S and 0~S denote, respectively,
the sets U,cr+d, and U,cp- 6, of circles at infinity at, respectively, the sets ' and T'~
of punctures. It is then clear that @ takes ~S to the boundary component {—oco} x Y~
of [—00, +00] x Y, and OTS to the boundary component {+o00} x YT of [~oco, +00] x Y.

3.3.2 Pseudoholomorphic buildings in symplectizations

We proceed to define pseudoholomorphic buildings in symplectizations. Consider a

collection of nodal pseudoholomorphic curves
Um S = (Smy Jmy I'my Am) = (R XY, J) (3.19)

for m € {1,...,n}. Assume that there exists for each m € {2,...,n}, an orientation
reversing orthogonal diffeomorphism ¢, : 9~S,,_1 — 07S,,. Then, the collection
U= (UL, .o, Upn; 1, .., Pp) 1 called a pseudoholomorphic building in the symplectization
(R x Y,de’A) if Uy, © ¢y = Um—1]5-5, , for every m € {2,...,n}. The number n is
called the height of the pseudoholomorphic building u. We denote by I' the union
' UT;, of the positive punctures of @i; and the negative punctures of ,. We define
Apr = (Uj<imen I'm) \ T For each m € {2,...,n} and z € I',,_, there exist a unique
z € I')l, such that ¢,,(0,) = dz. We refer to all such pairs {z,z} C Ay, as breaking pairs.
The Reeb orbit 7z ) which is parametrized by Um—1ls, and TUp,|s. is called a breaking
orbit.

Given a pseudoholomorphic building u = (uy, ..., Un; ¢1,...,¢n) We associate a
nodal partially decorated Riemann surface S = (5, 7,T", A, ¢) which is constructed from
the domains S,,, of the levels u,,: (5, j) is defined as the disjoint union of the Riemann
surfaces (S1,71), -, (Sn,jn), I = ' UT,, as explained above, Ay = Ui<me<n Am is the
set of nodal points of the levels of u, A := Ay U Ay, and ¢ is the collection of deco-
rations at the breaking pairs {2,Z} C Ay, given by the maps ¢, : 9~S,1 — 0TS,
We will refer to the partially decorated Riemann surface S as the domain of the pseu-

doholomorphic building .
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We then choose arbitrary decorations v, for the nodal sets A, of S,,,. Combining
these with ¢ we obtain a decoration 1 for S. This allows us to define the compactification
S of S as the surface obtained from the union S; U...US,, by gluing the boundary pairs
associated to the pairs in A via the decoration . It is then possible to extend u to
a continuous map w : S — M. The map @ can also be seen as a map in a suitable

compactification of a space formed by n copies of the symplectization; see [10].

3.3.3 Pseudoholomorphic buildings in exact symplectic cobordisms

We now define pseudoholomorphic buildings in exact symplectic cobordisms. Consider
forme {-n",—n" —1,...,n" —1,n"}, where n= and n™ are non-negative integers, a

collection of nodal pseudoholomorphic curves ., of the following type

Um : Sm = (S, Jm, Doy Am) — R x YT J) if m <0, (3.20)
770 : SO = (S(]ajOaFOaAO) — (W7j)7 (321)
Um : Sm = (Smy Jms Tms Am) = (Rx Y, J7) if m > 0. (3.22)

Assume that there exists for each m € {—n~ + 1,....,n"}, an orientation reversing
orthogonal diffeomorphism ¢, : 0°S,,_1 — 07S,,. Then, we will call the collec-
tion & = (U_p—, vy Uyt D—_py— s vy G+ ) & pseudoholomorphic building in the cobordism
(W, @) if Up|y-g, = Tm-100m for every m € {—n",...,n" —1}. The number n~+n~+1
is called the height of the pseudoholomorphic building w. Similarly to what we did
for pseudoholomorphic buildings in symplectizations we define I' := an_ url' | and
Apr = (U_p-<men+ I'm) \T. For each m € {—n~ +1,..,n"} and z € T’ _; there exist
a unique z € I} such that ¢,,(d,) = dz. We refer to all such pairs {z,z} C Ay, as
breaking pairs. The Reeb orbit vz, (of AT or A7) which is parametrized by %y, —1]s,

and Ty, |5, is called a breaking orbit.

Exactly like we did for pseudoholomorphic buildings in symplectizations we asso-
ciate to our building u a nodal partially decorated Riemann surface S = (S,5,T', A, ¢):
Um: (S, j) is defined as the disjoint union of the Riemann surfaces (S_,,—, j_n- ), ---s (Sp+, Jin+)s
I'= FJ_rn, UT . as explained above, Ay = U_n_§m§n+ A,, is the set of nodal points
of the levels of u, A := Axy U Ay, and ¢ is the collection of decorations at the breaking
pairs {z,zZ} C Ay, given by the maps ¢,, : 9~S,,_1 — 07S,,. We choose arbitrary dec-
orations 1, for the nodal sets A,, of S,, and combine these with ¢ to get a decoration
i for S.

As previously we define the compactification S of S as the surface obtained from

the union S_,,- U ... U S,,+ by gluing the boundary pairs associated to the pairs in A
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via the decoration . With this in hand it is possible to extend u to a continuous map

7:S — W where W is a suitable compactification of W. !

3.4 Moduli spaces of pseudoholomorphic curves

In this section we define the different types of moduli spaces of pseudoholomorphic curves
in symplectic cobordisms and in symplectizations that appear in this thesis. Although
symplectizations are a particular case of symplectic cobordisms, the fact that we only
consider R-invariant almost complex structures on symplectictizations makes this case

present special properties. For this reason we will consider it separately.

3.4.1 Moduli spaces of pseudoholomorphic curves in symplectizations

We begin by recalling the notations from previous sections. Let (M, ) denote a contact
manifold and A a contact form on it. We denote by J an almost complex structure in

T(N).

Let P+ = (v, 75, ;&) and B~ = (77,7 - 7,-) be finite sequences of el-
ements in Py. 2 We then denote by M(v;", 75, ..., ;Jr;fyf,v;, cos Y- J) the moduli
space whose elements are equivalence classes of genus 0 finite energy pseudoholomor-
phic curves without boundary, modulo biholomorphic reparametrisations of the domain,
with positive punctures asymptotic to the Reeb orbits vf R ;+ of X and negative
interior punctures asymptotic to the Reeb orbits vy ,...,7,_ of Xx. In other words,

every element of M(v;, 75, ...,v;r;'yf s V2 5 Y,—;J) is represented by a finite energy
pseudoholomorphic curve @ : (S2\T,ig) — (R x M, J) where I equals the disjoint union

I'*uUr'™ and:
o I't = {p, ...,p:;} and for every k € {1,...,nT} @ is positively asymptotic to fy,":
at the puncture pz,
e I'" ={p,..,p,_} and for every k € {1,...,n™} u is positively asymptotic to 7,

at the puncture p, .

Moreover if two pseudoholomorphic curves u; and us satisfying these conditions are

such that %1 = g o v for some biholomorphism 1 from (52, 4g) to itself then u; and s

W is in fact homeomorphic to the compactification W of W that we mentioned before, but when
extending u the best way to picture W is to think that it is obtained from W by gluing ”over it” n™
copies of [—o00,400] x Yt one over another, and gluing under it —n~ copies of [—00, +0c] X Y~ one
under the other.

2Notice that it might happen that 'yl-i = ’yji for some i # j.
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represent the same element in M(v;", 75, ..., :Lﬁr SYL Vg - ;J). It is well known (see

** n—)

for instance [6] and [14]) that the linearization D9, of the Cauchy-Riemann operator

0y at any element M(’yf,'y;,..., :+;fyl_,'y2_,... ~;J) is a Fredholm map. Lastly,

) 77/77
we denote by M¥(yF ~S ..., ;+;7f,y;, -»Y,—3J) the moduli space of finite energy
pseudoholomorphic curves in .M(fyiF ,7;' s ey :+;fyl_ Vo sy Vs ) that have Fredholm

index equal to k.

In the case of moduli spaces of curves in a symplectization with a R-invariant
almost complex structure J we will need to introduce one more class of moduli spaces.
The reason for this is that, because of the R-invariance of J, one cannot expect that the
moduli spaces introduced above can be compact or admit a reasonable compactification
similar to the one obtained by Gromov for moduli spaces of pseudoholomorphic curves in

compact symplectic manifolds. There is however a natural notion to consider: because of

the R-invariance of J there is an R-action on the spaces M (v, ..., :Lﬁr;yf, s Yo J) and
ME(e,ery ey Cny Yy ooy Vs J, A). - We then define ./K/lv(’yf',’y;',..., Y s )
and ./K/lvk(vf,vg, - :Lﬁr;'yf,v;, -»7,—3J) as the moduli spaces obtained by quotienting
MO A o Y Y s Y J) and ME(YE A g sy, ns ) by the

mentioned R-action.

3.4.2 Moduli spaces of pseudoholomorphic curves in exact symplectic

cobordisms

We will now treat the case of exact symplectic cobordisms. We denote by (W, w) an
exact symplectic cobordism from AT to A~, where AT is a contact form on the contact
manifold (M*,£1) and A~ is a contact form on the contact manifold (M ~,£7). On the
cobordism (W, w) we consider a cylindrical almost complex structure J € J(J~,J%)
where J* € J(CTAT) and J~ € J(C~ A7) for positive constants C* and C~.

We let Bt = (1,75, ) ’y;;r) be a finite sequence of elements of Py+ and P~ =
(Y1572 5+ 7,,~) be a finite sequence of elements of Py-. We will then denote by

./\/l('yfr ) ey 7‘;; VL s Vi ) the moduli space whose elements are equivalence classes
of genus 0 finite energy pseudoholomorphic curves, modulo biholomorphic reparametri-
sations of the domain, with positive punctures asymptotic to Reeb orbit ’yfr ) ey 'y:+ of
X+ and negative interior punctures asymptotic to the Reeb orbits 77, ...,7, _ of X-.

—_;J) is represented by

n—"?

In other words, every element of ./\/l(’yfr, 7;, e v:&;yf, Yo 5 en
a finite energy pseudoholomorphic curve @ : (S? \ T',ig) — (W, J) where I' equals the

disjoint union I'" UT~ and:

o I't = {p], ...,p:;} and for every k € {1,...,n"} ¥ is positively asymptotic to fy,j

at the puncture p,‘f,
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e I'" ={p,..,p,_} and for every k € {1,...,n™} u is positively asymptotic to 7,

at the puncture p, .

Moreover if two pseudoholomorphic curves u; and us satisfying these conditions are
such that u; = s o v for some biholomorphism 1 from (52, 4g) to itself then u; and s

represent the same element in M(y;", 75, ..., :{+5’71_ Vg e J).

Vs

Again, it is well known that the linearization ng of 57 at any element of the
moduli space ./\/l(fyfr ) e :L@; Y1 5o %};j) is a Fredholm map. Therefore it makes sense
to define M (v, ..., :+;71_, -

morphic curves in M(y", ..., :L;;'yf s e 7;_;7) that have Fredholm index equal to k.

~—;+J) as the moduli space of finite energy pseudoholo-

3.5 Compactification of moduli spaces of pseudoholomor-

phic curves

The main motivation behind the introduction of pseudoholomorphic buildings is that
they are needed in order to compactify moduli spaces of pseudoholomorphic curves. The
reason for that, is the fact already observed by Gromov, that sequences of pseudoholo-
morphic curves might not converge to a pseudoholomorphic curve, but to might converge

to a pseudoholomorphic building.

The SFT-compactness theorem of [10] says that a sequence of elements of a moduli
space of pseudoholomorphic curves must converge to a pseudoholomorphic building. We
begin by giving the precise compactness statement which will be used in this thesis in

the case of symplectizations.

Proposition 3.1. Let A be a contact form on a contact manifold (M,€) and J € J(X).
Assume that all Reeb orbits of X\ are non-degenerate. Let BT = ('yf,’y;', - :Jr) and
P~ = (71,7257, be finite sequences of elements in Py. Then the moduli space
MOy :+;*yl_,...,fy;,;J) admits a compactification M (v, ..., :L]r;fyl_, oy Vs J) which
J)
and equivalence classes of pseudoholomorphic buildings. 3 Moreover for every pseu-

~_:J), the compactification S of

n—?

18 a metric space, and whose elements are elements Of./\/l(’yfr, ’y;r, vy 7:+§Vfa V2 s Vs
doholomorphic building u in ﬂ(’yf, s :L]_;’yl_, e
its domain S is diffeomorphic to the domain of the the pseudoholomorphic curves in
M :+571_7-~-7 3 J) and:

o the top level u' must have exactly n* positive punctures {zfr,...,z;;}, and the

1

curve u- is asymptotic 'y]j at the puncture z,:',

3Two pseudoholomorphic buildings 7; and % are equivalent when there exist a biholomorphism
¢ : S1 — Sa2 such that w1 = uz0¢. We refer the reader to [10] for the precise definition of biholomorphism
of decorated nodal Riemann surfaces.
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e and the bottom level @' must have exactly n~ positive punctures {212, }, and

the curve u*

is asymptotic 7y, at the puncture z .
As we will see later, in many particular cases we can obtain more restrictions on

the type of buildings that can appear in the compactification of a moduli space.
We proceed now to state a similar result in the case of exact symplectic cobordisms.

Proposition 3.2. Let (W, @) be an exact symplectic cobordism from \* to A\~ , where
At s a contact form on the contact manifold (M™,£T) and A\~ is a contact form
on the contact manifold (M~,£7), and take a cylindrical almost complex structure
Je J(J,J") where J* € J(CTAT) and J~ € J(C~X\~) for positive constants CT
and C~. Let B+ = (v{, 75, - :+) be a finite sequence of elements of P+ and P~ =
(Y1572 55 7,,—) be a finite sequence of elements of Py—. Assume that all Reeb orbits of
J) ad-

i J) which is a metric space, and whose

AT and AT are non-degenerate. Then the moduli space M(fyfr, e :{+;'71_7 ooy Ve

mits a compactification ﬂ(ﬁ, . :+;fyl_, .

_;J) and equivalence classes

elements are elements of M(v{ vy .., TJ{+;7;,75, ey
of pseudoholomorphic buildings. Moreover for every pseudoholomorphic building w in
ﬂ(’yf, vy :Jr; T ...,’y;_;j), the compactification S of its domain S is diffeomorphic to
:J) and:

s In—>

the domain of the the pseudoholomorphic curves in M(vf, e ;+;fyf,

e the top level ' has exactly nt positive punctures {zf, ...,Z:LQ}, and the curve u'

18 asymptotic 'y,j at the puncture z,j,

e and the bottom level W' has exactly n~ positive punctures {z1,.2,_}, and the

curve U

is asymptotic vy, at the puncture z,_ .
Lastly we state a slightly different compact theorem which is valid for sequences

of pseudoholomorphic curves in a splitting family of exact symplectic cobordisms.

Proposition 3.3. Let AT be a contact form on the contact manifold (M, 1) and X\~ be
a contact form on the contact manifold (M,£7) and let J* € J(AT) and J~ € J(\7).
Assume that all contractible Reeb orbits of AT and A\~ are non-degenerate and that all
Reeb orbits in P;\)Jr and PY_ are non-degenerate for a fized free homotopy class p in M.
Let (R x M,wpg), R € (0,400), be a splitting family of exact symplectic cobordisms,
from Xt to A\~ along a contact form X in M, with Jg € J(J~,J%) for all R € (0, +00)
and coinciding with J € J(X) in the region W (X). For a sequence R, — +oo, let v, €
P§+ and vy, € Pf,) be sequences of Reeb chords belonging to the same free homotopy
class p, and such that there exists a constant € with € > A(vy,)) > A(y,). Let uy,
be a sequence of elements in the moduli space M(v; ;7. ; Jr,) of pseudoholomorphic

cylinders. Then there exists a subsequence of w, which converges in the SFT sense to
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a pseudoholomorphic building uw. Moreover the pseudoholomorphic building u is such
that the compactification S of its domain S is diffeomorphic to a cylinder. There exist
numbers lf\m” and I\***, such that | > I\"** > lg’”” > 1 and such that the levels w’ for

j€{1,....,1} of the building u are finite energy pseudoholomorphic curves that satisfy:

o forje {lz\”m, < IV} the curve w is a pseudoholomorphic curve in the symplec-

tization (R x M, J) of \,

o forj=1""—1,% is a pseudoholomorphic curve in a cobordism (R x M, dg+,j+)

from A\t to A,

o for j = 1™ 4+ 1, W is a pseudoholomorphic curve in a cobordism from (R x
M,ds™,J ) from X\ to A,

o for j <I™" —1, % are pseudoholomorphic curves in (R x M,J7F),
o forj > 1M +1, W are pseudoholomorphic curves in (R x M, J™),

e the unique positive puncture in Ff is asymptotic to a Reeb orbit v € 77§+ and the
unique negative puncture in I'; is asymptotic to v~ € P?L_ both in the homotopy

class p,

o cvery level W has a special positive puncture z;r € Fj which is asymptotic to a
Reeb orbit fyj’-L the homotopy class p, and a special negative puncture z; €'y which

is asymptotic to a Reeb orbit v the homotopy class p,
° 7]11:7]7 foralll1 <j<I1—-1,

2T

o for every 1 < j <, at all punctures of W which are distinct from ;

and zj_ the

curve W’ is asymptotic to contractible Reeb orbits,

e for all punctures in all levels of the building u, the action of the Reeb orbit detected

at these punctures by the levels of u is smaller then the action A(y™).

3.6 The gluing theorem

In this section we recall the gluing theorem for the special kinds of pseudoholomorphic
buildings that appear in the version of cylindrical contact homology used in this thesis.
The general gluing theory needed for all the SFT-invariants, such as the full contact
homology, is still subject of intense research. However, in the case treated in this thesis,
we do not need this machinery. The reason for that is that all the curves that appear

in the construction of the cylindrical contact homology we consider and its cobordism
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maps are somewhere injective pseudoholomorphic curves, and in this situation the gluing
theorem can be obtained using the same methods needed to prove a similar statement

in Floer homology.

The gluing theorem allows us to glue the levels of a holomorphic building to obtain
a pseudoholomorphic curve, and it can be seen as the reverse of SFT-compactness. This
gluing is possible when the levels of the building are Fredholm regular. Like in previous
sections, we will deal separately with the case where all the levels of the building are
symplectizations and the case where one of the levels sits in a cobordism. We begin with

the case of a symplectization.

In conformity with the previous section, we will consider a contact form A\ associ-
ated to (Y,&). Let v, ¥ and o be non-degenerate Reeb orbits in Py. Let J € J(\), and
assume that for every element of the moduli space M?(v;+;.J) the linerized Cauchy-
Riemman operator DJ; over this element is surjective. In this case one can use the
infinite dimensional implicit function theorem to conclude that M?2(y;+/;J) is a one
dimensional manifold. Let u' € M2?(y;+';.J) and u? € M?(vy;~';.J), and denote by
the 2-level building which has @' as top level and %2 as bottom level. In this situation

we have the following

Theorem 3.4. Assume that the linearized Cauchy-Riemman operator is surjective at

both u' and u?. Then, there exists an embedding W : [0, +o00) — ﬂ2('y;7’; J) such that:

o U(0)=u,
o U(t) € M%(vy;9/;J) for every t € (0,+00)

e the map VU is a homeomorphism from [0, +00) to a neighbourhood of u in ﬂQ(fy; ' J).

Moreover, if W, is a sequence of elements of M?(~y;+';.J) converging to u, then there

exists ng such that uy, € ¥([0,1]) for all n > ng.

In words, the gluing theorem says that provided the levels of the building w are

regular, then @ is in the boundary of M- (v:+/; J).

We now proceed to state a version of the gluing theorem for buildings involving a
cobordism. We let AT and A~ be contact forms on a contact manifold (Y, &). We take 4
and ¥ to be non-degenerate Reeb orbits in Py+, and v~ and 5~ to be non-degenerate
Reeb orbits in Py-. Let (R x M, <) be an exact sympletic cobordism from At to A\~ and
J be a cylindrical almost complex structure in J(J~, J¥) where J* € J(A*) and J~ €
J(A7). We assume that all elements of M!(y*;~7;.J) are Fredholm regular; i.e, the

linerized Cauchy-Riemman operator Dd5 is surjective at all elements of My Ty ).
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Let u} € MY (v 5T JT) and ut e MOty ), ul e MO(y+;57;7) and @2 €
MUFT5y5 7).

Theorem 3.5. Assume that the linearized Cauchy-Riemman operator is surjective at
both ul and u%. Then, there exists an embedding U™ : [0, 4+00) — ﬂl('ﬁ;'f;j) such
that:

o UT(0) = Uy, where Uy is the two level building whose top level is U} and bottom
level is ﬂa_,
o Ut (t) e MY(yT;vy=;J) for every t € (0, +o0),
o the map W' is a homeomorphism from [0,+00) to a neighbourhood of Uy in
71 _ -
M (v ).
Moreover, if iy (n) is a sequence of elements of M*(yT;v7;J) converging to Uy, then
there exists ng such that uy(n) € ¥ ([0,1]) for all n > ny.

Analogously, if the linearized Cauchy-Riemman operator is surjective at both u'

and U2, then there exists an embedding W~ : [0, +00) — M (vt~ J) such that:

1

e U (0) = u_, where u_ is the two level building whose top level is u- and bottom

level is u>,
o U (t) € MY(yT,y7;J,L) for every t € (0, +00),
e the map V™ is a homeomorphism from [0,4+00) to a neighbourhood of u_ in

M (v, 7).

Moreover, if u_(n) is a sequence of elements of M'(yT;~v7;J) converging to u_, then

there exists ng such that u_(n) € U=([0,1]) for all n > ny.
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Contact homology

Contact homologies were introduced in [15] as homology theories which are topological
invariants of contact manifolds. In sections 4.1 and 4.2 we give an introduction to the
more basic and well known versions of contact homologies. This serves mainly as a
motivation to section 4.3, in which we define the version of contact homology that will

be used in this thesis. !

4.1 Full contact homology

Full contact homology was introduced in [15] as an important invariant of contact struc-
tures. We refer the reader to [15] and [8] for detailed presentations of the material

contained in this section.

Let (Y22 +1 ¢) be a contact manifold, A be a non-degenerate contact form on (Y, ¢)
and J € J(XA). Recall that Py is the set of good periodic orbits of the Reeb vector field
Xy. To each orbit v € Py, we define a Zs-grading | v |= (ucz(v) + (n — 2)) mod 2,
where ucyz is the Conley-Zehnder index. An orbit «y is called good if it is either simple,
or if v = (y')? for a simple orbit 4/ with the same grading of ~.

2A(Y,\) is defined to be the supercomutative, Zs graded, Q algebra with unit
generated by Py (an algebra with this properties is sometimes referred in the literature
as a commutative super-algebra or a super-ring). The Zo-grading on the elements of the
algebra is obtained by considering on the generators the grading mentioned above and

extending it to 2A(Y, A).

1We stress that while the versions of contact homology presented in sections 4.1 and 4.2 do depend
on the Polyfolds technology currently being developed by Hofer, Wysocki and Zehnder, the version
of contact homology which we use in this paper and is presented in section 4.3 does not depend on
Polyfolds and can be constructed in complete rigor with technology that is available in the literature.
See the detailed discussion in section 4.3 below.

29
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(Y, \) can be equipped with a differential d;. This differential will be defined by
counting solutions of a certain perturbation of the Cauchy-Riemann equation. To define

our differential we need the following hypothesis:

Hypothesis H: there exists an abstract perturbation of the Cauchy-Riemann
operator d; such that the compactified moduli spaces M(y; 71, ...,7;J) of solutions
of the perturbed equation are unions of branched manifolds with corners and rational
weights whose dimension is given by the Conley-Zehnder index of the asymptotic orbits

and the relative homology class of the solution.

The proof that Hypothesis H is true is still not written. Establishing its validity
is one of the main reasons for the development of the Polyfold technology by Hofer,
Wysocki and Zehnder. We define:

COV AL W
di(v)=m() ) mvivé---'%n (4.1)
71777% ’

where C(v,7], ...,7h,) is the algebraic count of points in the 0-dimensional manifold

MY s Yh ) (4.2)

and m(y) is the multiplicity of . dj is extended to the whole algebra by the Leibnitz
rule. Under hypothesis H it was proved in [15] that (d;)? = 0. We have therefore that
(A(Y,N),dy) is a differential Zo graded super-commutative algebra. We define:

Definition 4.1. The full contact homology CH(\, J) of A is the homology of the
complex (A, dy).

Under Hypotesis H, it was also proved in [15] that the full contact homology

does not depend on the contact form A on (Y, ) nor on the almost complex structure

J e TN).

4.2 Cylindrical contact homology

Suppose now that (Y, ¢) is a contact manifold, \ is a non-degenerate hypertight contact
form. Fix a cylindrical almost complex structure J € J(A). For hypertight contact
manifolds we can define a simpler version of contact homology called cylindrical contact
homology. We denote by CHy(A) the Zp-graded Q-vector space generated by the
elements of Py. The differential df]yl : CHey(N) = CHey (M) will count elements in the
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moduli space M*!(vy;~;.J). For the generators v € Py we define

' (y) = cov(y) Y Clyys TN (4.3)

v E€PA

where C(v;+';J) is the algebraic count of elements in M (vy;4/;.J), and cov(7) is the
covering number of v. For A hypertight and assuming Hypothesis H is true, Eliashberg,
Givental and Hofer proved in [15] that (alf]yl)2 =0.

Definition 4.2. The cylindrical contact homology CH,,(\) of X is the homology
of the complex (CHey(N),d?").

Under Hypothesis H, the cylindrical contact homology doesn’t depend on the
hypertight contact form A on (Y,€) nor on the cylindrical almost complex structure

Je TN

Denote by A the set of free homotopy classes of Y. It is easy to see that for each
p € A the subspace C’Hgyl()\) C C'Hgyi(N) generated by the set P{ of good periodic orbits
in p is a subcomplex of (CHey(N), djyl). This follows from the fact that the numbers
C(v;v';J), that appear on the differential of 7, can only be non-zero for orbits 4 that

are freely homotopic to 7, which implies that the restriction df]yl lcme ,(n has image in
cy

CHY,(\). From now on we will denote the restriction d |CHé>yl: CH[,(\) — CH[,(\)
by d’;. Denoting by CH’C)yl the homology of (Cnyl()\), d’) we thus have the following
formula:

CH.,(N) = @ CHE,. (4.4)

pEA

The fact that we can define partial versions of cylindrical contact homology re-
stricted to certain free homotopy classes will be of crucial importance for us. It will
allow us to obtain our results without resorting to Hypothesis H. This is explained in

the next section.

4.3 Cylindrical contact homology in special homotopy classes

Maintaining the notation of the previous sections we denote by (Y, ) a contact manifold

endowed with a hypertight contact form .

Let A denote the set of primitive free homotopy classes of Y. Let p € A be either
an element of Ag, or a free homotopy class which contains only simple Reeb orbits of A.

Assume that all Reeb orbits in P{ are non-degenerate. By the work of Dragnev [14], we
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know that there exists a generic subset Jieq(A) of J()) such that for all J € Jreq(N) we

have:

e for all Reeb orbits 71,72 € p, the moduli space of pseudoholomorphic cylinders
M(~1,72; J) is transverse, i.e. the linearized Cauchy-Riemann operator DJj(w)

is surjective for all w € M(y1,72; J);

e for all Reeb orbits 1,72 € p, each connected component £ of the moduli space
M(y1,72; J) is a manifold whose dimension is given by the Fredholm index of any

element w € L.
In this case, for J € Jreq(A), we define

&5 (y) = cov(y) Y CPys Ty = Y CPyvs )Y, (4.5)

7’6775 v’ePf

where C?(y;~/; J) is the algebraic count of points on the moduli space M*(y;v'; J). The
second equality follows from the fact that all Reeb orbits in p are simple, which implies

cov(y) = 1.

For X and p as above and J € Jfeg()), the differential d’ : C’nyl()\) — C’nyl()\)
is well-defined and satisfies (d)> = 0. Therefore, in this situation, we can define the
cylindrical contact homology CH@‘ZI(A) without the need of Hypothesis H. Once the
transversality for J has been achieved, and using coherent orientations constructed in
[11], the proof that d; is well-defined and that (d)* = 0 is a combination of compactness
and gluing, similar to the proof of the analogous result for Floer homology. For the

convenience of the reader we sketch these arguments below:

For p as above, d}, : CH’

o(X) = CHZ ()) is well-defined, and for every

v € P{ the differential d’(v) is a finite sum.

The moduli space M!(y;4';J) can be non-empty only if A(y') < A(y). It then follows
from the non-degeneracy of A that for a fixed v the numbers C°¥!(v,~/; .J) can be nonzero
for only finitely many 4. To see that C(v,~';.J) is finite for every v/ € p suppose
by contradiction that there is a sequence w; of distinct elements of M'(y;+';.J). By
the SFT compactness theorem [10] such a sequence has a convergent subsequence that
converges to a pseudoholomorphic building w which has Fredholm index 1. Because
of the hypertightness of A, no bubbling can occur and all the levels @', ..., @w* of the
building w are pseudoholomorphic cylinders. As all Reeb orbits of A in p are simple, it
follows that all these cylinders are somewhere injective pseudoholomorphic curves, and

the regularity of J implies that they must all have Fredholm index > 1. As a result
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we have 1 = Ip(w) = > (Ir(@')) > k, which implies & = 1. Thus w € M!(y;+/;J)
and is the limit of a sequence of distinct elements of M?!(~;4/;.J). This is absurd
because M!(y;+';J) is a 0-dimensional manifold. We thus conclude that the numbers
C%(~,~'; J) are all finite. O

For p as above, (d7)? = 0. If we write

Bodin) = Y myn (1.6)
VIEPL

we know that m., ., is the number of two-level pseudo holomorphic buildings w =
(7;1,1;5) such that w! € M (vy;4/5J) and w? € M(';4"; J), for some 7' € P{. Be-
cause of transversality of w! and w? we can perform gluing. This implies that w is in
the boundary of the moduli space MQ(V;’V” ;J). Taking a sequence w; of elements in
M?2(y;~"; J) converging to the boundary of M (v;v"; J) and arguing similarly as above,
we have that this sequence converges to a pseudoholomorphic building w., whose levels
are somewhere injective pseudoholomorphic cylinders. Using that Ip(ws) = 2 we obtain
that ws can have at most 2 levels. As Wy, is in the boundary of M (v;v"; J) it cannot
have only one level, and is therefore a two-level pseudo holomorphic building whose
levels have Fredholm index 1. Summing up, e, = (W, w2, ), where wl, € M (y;+';J)

and w2, € M\l(’y’;’y"; J), for some o' € PY.

The discussion above implies that m. .~ is the count with signs of boundary com-
ponents of the compactified moduli space ﬂg(fy;'y” ;J) which is homeomorphic to a
one-dimensional manifold with boundary. Because the signs of this count are deter-

mined by coherent orientations of M (v,7"; J), it follows that m., » = 0. O

The discussion above gives us the following

Proposition 4.3. Let (Y,&) be a contact manifold with a hypertight contact form A.
Let p € A be either an element of Ay, or a free homotopy class which contains only
simple Reeb orbits of A. Assume that all Reeb orbits in 73/’\’ are non-degenerate and pick
J € TJfeg(N). Then, d is well defined and (d)? = 0.

Exact symplectic cobordisms induce homology maps for the SFT-invariants. We
describe how this is done for the version of cylindrical contact homology considered in
this section. Let (Y1,£7) and (Y —,£7) be contact manifolds, with hypertight contact
forms AT and A™. Let (W,w) be an exact symplectic cobordism from AT to A\™. Assume

that p is either a primitive free homotopy class or that all the closed Reeb orbits of both
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At and A~ which belong to p are simple. Assume moreover that all Reeb orbits of both
77§+ and P?_ are non-degenerate. Choose almost complex structures J+ € erg()\Jr) and
J~ € Jeg(A7). From the work of Dragnev [14] (see also section 2.3 in [37]) we know
that there is a generic subset Ji%,(J =, J*) € J(J~,J1) such that for J € Fhy(J~, J 1),
vt e 77/’\)Jr and v~ € PY_

e all the curves w in the moduli spaces M (y";~7; J ) are Fredholm regular,

~

e the connected components V of M(yT;~v7;J) have dimension equal to the Fred-

holm index of any pseudoholomorphic curve in V.

In this case we can define a map @ : CH],(\*) — CH[ (A7) given on elements
of 79§+ by

q)J(’Y—i_) = Z n'y*,w*fy_a (47)
o G'Pf(_
where n.,+ .~ is the number pseudoholomorphic cylinders with Fredholm index 0, pos-

itively asymptotic to v* and negatively asymptotic to v~. Using a combination of
compactness and gluing (see [8]) one proves that ®7 o d. =d_o ®7. As a result we
obtain a map &7 : C’HZ’J‘I]JF()\JF) — CHng]_ (A7) on the homology level.

We study the cobordism map in the following situation: take (V =R x Y, w) to
be an exact symplectic cobordism from CA to ¢\ where C' > ¢ > 0, and A is a hypertight
contact form. Suppose that one can make an isotopy of exact symplectic cobordisms
(R x Y, zy) from CA to ¢\, with w; satisfying wy = w and w; = d(e®)\g). We consider

the space J (J,J) of smooth homotopies
el0,1];J, € J(J,J) (4.8)

such that Jy = Jy, Ji € Jreg(A), and J; is compatible with @y for every t € [0,1]. J; is
a deformation of Jy to Ji, through asymptotically cylindrical almost complex structures

in the cobordisms (R x Y, ;). For Reeb orbits v,7" € P{ we consider the moduli space

MM (y9/s J) = {(t, @) | t € [0,1] and @ € M (1393 Jp)}- (4.9)

By using the techniques of [14], we know that there is a generic subset j«eg(J, J) =
J(J,J) such that M*(v,+'; J;) is a 1-dimensional smooth manifold with boundary. The
crucial condition that makes this valid is again the fact that the all the pseudoholomor-

phic curves that make part of this moduli space are somewhere injective.

We have the following proposition which is a consequence of the combination of
work of Eliashberg, Givental and Hofer [15] and Dragnev [14].
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Proposition 4.4. Let (Y, &) be a contact manifold with a hypertight contact form X\. Let
AT = CX and A= = ¢\ where C > ¢ > 0 are constants, and p be either a primitive free
homotopy class or a free homotopy class in which all Reeb orbits of A are simple. Assume
that all Reeb orbits in Pﬁ are non-degenerate. Choose an almost complex structure
J € Jlhg(\), and set J© = J~ = J. Let (W = RxY,w) be an exact symplectic cobordism
from CX to cX, and choose a reqular almost complex structure Je Tteg(J =, JT). Then,
if there is an homotopy (R X Y, wy) of exact symplectic cobordisms from CA to c\, with
wo = w and wy = d(e*\), it follows that the map o7 . CHf?;‘l]()\) — CHQ;‘Z]()\) is chain
homotopic to the identity.

The proof is again a combination of compactness and gluing, and we sketch it
below. We refer the reader to [8] and [15] for the details.

Sketch of the proof: We define initially the following map
K: Cnyl()\) — Cnyl()\) (4.10)

that counts finite energy, Fredholm index —1 pseudoholomorphic cylinders in the cobor-
disms (R x Y, wy) for ¢t € [0, 1]. Because of the regularity of our homotopy, the moduli
space of index —1 cylinders whose positive puncture detects a fixed Reeb orbit + is finite,

and therefore the map K is well defined.

Notice that for ¢t = 1 the cobordism map &1 is the identity, and the pseudoholo-
morphic curves that define it are just trivial cylinders over Reeb orbits. For ¢ = 0, oJ0
counts index 0 cylinders in the cobordisms (R x Y, w). From the regularity of Jy, J;
and the homotopy J;, we have that the pseudoholomorphic cylinders involved in these

two maps belong to the 1-dimensional moduli spaces M Yvo's ).

By using a combination of compactness and gluing we can show that the boundary
of the moduli space M (v;'5 Ji) is exactly the set of pseudoholomorphic buildings w
with two levels wWeop and Wgymyp such that: weep is an index —1 cylinder in a cobordism
(R xY, @) and Wsymyp is an index 1 pseudoholomorphic cylinder in the symplectization
of A above or below w,.qp. Such two level buildings are exactly the ones counted in the
map K o chyl + chyl o K. As a consequence one has that the difference between the maps
&7t = Id and ®7 is equal to K 0d?¥' + d¥' o K. This implies that &7 is chain homotopic
to the identity. O

The result above can be used to show that CH‘CZ{(A) does not depend on the

regular almost complex structure J used to define the differential d;.



Chapter 5

Homotopical growth of the
number of periodic orbits and

topological entropy

Throughout this chapter M will denote a compact manifold. We endow M with an aux-
iliary Riemannian metric g, which induces a distance function d, on M, whose injective
radius we denote by ¢€,. Let M be the universal cover of M , g be the Riemannian metric
that makes the covering map  : M — M an isometry, and dy be the distance induced

by the metric g.

Let X be a vector field on M with no singularities and ¢% the flow generated by
X. We call PX(T) the number of periodic orbits of ¢! with period in [0,T]. For us a
periodic orbit of X is a pair ([y]c, T) where [v]. is the set of parametrizations of a given
immersed curve ¢ : S' — M, and T is a positive real number (called the period of the

orbit) such that:

e Y€ [y]e < v:R— M parametrizes ¢ and ¥(t) = X (7(t))

e for all v € [y]. we have y(T +t) = ~(t) and v(][0,T]) = ¢

We say that a periodic orbit ([y], T') is in a free homotopy class [ of M if ¢ € 1.

By a parametrized periodic orbit (,7) we mean a periodic orbit ([y].,T") with a
fixed choice of parametrization v € [y].. A parametrized periodic orbit (v, T') is said to

be in a free homotopy class | when the underlying periodic orbit ([y]¢, T) is in .

From the work of Kaloshin and others it is well known that the exponential growth

Y o log(PX(T)) . .
rate of periodic orbits limsupy_,, ., =7 can be much bigger than the topological

36
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X
entropy. This implies that the growth rate limsupp_,, M does not give a lower

bound for the topological entropy of an arbitrary flow. There is however a different
growth rate, which measures how quickly periodic orbits appear in different free ho-
motopy classes, and which can be used to give such a lower bound of the topological

entropy of a flow.

Let A denote the set of free homotopy classes of loops in M, and Ag C A the
subset of primitive free homotopy classes. Denote by A§ C A the set of free homotopy
classes g such that there exists a periodic orbit of ¢% with period smaller or equal to T

which is homotopic to o. We denote by Nx(T') the cardinality of A%.

Let {(vi,T3);1 < i < n} be a finite set of parametrized periodic orbits of X. For
a number 7T satisfying T' > T; for all i € {1,...,n} and a constant 6 > 0, we denote by
Ag’(’é(('yl, T1), ..., ("7, Ty)) the subset of A such that:

o/ c Ai’a((yl,Tl), ey (7m, T1p)) if, and only if, there exist a parametrized periodic
orbit (‘y\,f) with period T < T in the free homotopy class | and a number ; €
{1, ...;n} for which max;cjo 71(dg (v, (t),7(t))) <6 .

We observe that

A, T (s Ta)) = | AR (O, T0)). (5.1)
ie{l,...,n}

We are ready to prove the main result in this section. Theorem 4.1 below is well
known to be true in the particular cases where ¢x is a geodesic flow, where it follows
from Manning’s inequality (see [32] and [38]); and where ¢x is the suspension of surface
diffeomorphism with pseudo-Anosov monodromy, where it follows from Ivanov’s theorem
(see [31]). It can be seen as a generalization of these results in the sense that it includes
them as particular cases and that it applies to many other situations. Our argument is

inspired by the remarkable proof of Ivanov’s inequality given by Jiang in ([31]).

Theorem 5.1. If for real numbers a > 0 and b we have Nx (T) > eI then hyop(dx) >

a.

Proof: The theorem will follow if we prove that for all § < % we have hs(dx) > a.

From now on fix 0 < § < %.

Step 1: For any point p € M let Vis(p) be the 46-neighbourhood of 7 1(p).

Because 0 < %, it is clear that Vj5(p) is the disjoint union
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Visip) = |J  Bus(d), (5.2)

per—'(p)

where the ball Bys(p) is taken with respect to the metric g.

Because of our choice of § < % it is clear that there exists a constant 0 < k1 which
does not depend on p, such that if B and B’ are two distinct connected components of
Vis(p) we have dz(B,B'") > k.

Because of compactness of M, we know that the vector field X := 7*X is bounded
in the norm given by the metric g. Combining this with the inequality in the last
paragraph, one obtains the existence of a constant 0 < ks, which again doesn’t depend
on p such that, if v : [0, R] — M is a parametrized trajectory of ¢ ¢ such that v(0) € B
and U(R) € B’ for B # B’ are connected components of Vys(p) then R > ko.

From the last assertion we deduce the existence of a constant K , depending only
g and X, such that for every p € M and every parametrized trajectory v : [0,T] — M
of ¢, the number LT (p,v) of distinct connected components of Vjs(p), intersected by
the curve v([0,T]) satisfies

LT (p,0) < KT +1. (5.3)

Step 2: We claim that for every parametrized periodic orbit (7/,7”) of X we have
2AX(( 1) < KT +1 (5.4)

forall T > T'.

To see this take 7 be a lift of 7 and let p’ = 7/(0) and 7' = 7/(0). We consider
the set {B;;1 < j <mT(y/,T")} of connected components of Vys5(p') satisfying:

o B; £ Byifj £k,

e if B is a connected component of Vys(p') which intersects ~/([0,T]) then B = B;
for some j € {1,...,mT((v,T"))},

e if j <7 then Bj is visited by the trajectory ';’ :[0,T] — M before B;.

From step 1, we know that m?(y/,7") < KT + 1.
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Figure 1: The set {B;;1 < j <mT (v, T")}.

For each | € Aﬁ"s(('y’,T’)) pick (x:,77) in I to be a parametrized periodic orbit
which satisfies dg(x;(t),'(t)) < ¢ for all t € [0,T]. There exists a lift x; of x; satisfying
dz(x1(t), 7' (1)) < & for all ¢ € [0, ).

From the triangle inequality it is clear that the point ¢; = x;(0) is in the connected

component By which contains p’. We will show that x;(7}) is contained in B; for some
je{l,...mT(y,T"}. Because 7(x;(0)) = 7(x1(T1)), we have:

dz(xa(Th), 7~ (1)) = dz(xa(0), 7~ (') < 6, (5:5)

which already implies that x;(7}) € Vis(p’). We denote by 1;2 the unique element 7~ (p’)
for which we have dj(x;(T}),pi") < 6. Using the triangle inequality we now obtain:

dz(v'(Th), p}) < dg(¥(T1), %a(Th)) + dg(a(Th), ') < & + 6. (5.6)

From the inequalities above we conclude that 7~’ (T;) and x;(T;) are in the connected
component of Vjs(p') that contains p;’. Because this connected component contains
;’(Tl), it is therefore one of the B; for j € {1,...,mT (4", T")} as we wanted to show. We

P A?é((’y’,T’)) — {1,...,mT(y",T")} which associates to

can thus define a map T(77’ )
each [ € A?a(v’) the unique j € {1,...,mT (v, T")} for which x;(T}) € B;.

We now claim that if I # [’ then x;(7}) and Xy (Ty) are in different connected
components of Vy5(p’). To see this notice that both x;(0) and xy(0) are in the compo-
o5, that if X;(T}) and Xy (Ty) are in the
same component of Vys(p'), then the closed curves x;([0,7;]) and xp([0,Ty]) are freely
homotopic. This contradicts our choice of (x;,7;) and (xy, Ty) and the fact that [ # .

nent Bi. Therefore it is clear, because § <

We thus conclude that the map T@iT,) : A?é((’y/,T’)) — {1,...mT (¥, T} is

injective, which implies that ﬁ(Ag;’(s((y’, ™)) <m?(y/,T") < KT + 1.
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Step 3: Inductive step.

As an immediate consequence of step 2 we have that if {(;,7;); 1 <@ < m} is a set

of parametrized periodic orbits of X we have j:t(A;F(’é((’yl, T, ooy (Yms Tin))) < m(KT+1).

Inductive claim: Fix 7" > 0 and suppose that SL = {(v;,T;);1 <i < m} is a
set of parametrized periodic orbits such that T > T; for every i € {1,...,m}, and that

satisfies:

e (a) The free homotopy classes [; of (v;,T;) and I; of (v;,T}) are distinct if i # j,

e (b) For every i # j we have maxc(o 1) dg(7i(t),7;(t)) > 9.

Nx(T)
KT+1’
that its homotopy class ,;,+1 does not belong to the set {l;;1 < i < m} and such that

Then, if m < there exists a parametrized periodic orbit (Y41, Tm+1 < T') such

max g (Ym1(t),i(t)) > (5.7)

forallz e 1,....m.

Proof of the claim: Recall that ﬁ(Ag}d(('yl, T1),seeey (Yms Tim))) < m(]?T—i— 1). There-
Nx (T)

KT+1’
Choose a parametrized periodic orbit (Y41, Tim+1) with Ty, 41 < T in the homotopy class

fore, because m < there exists a free homotopy l,,+1 € A;F(\Ag;’&((vl, T1)y ooy (Yms Tim))-

L.

A8 lng1 & A ((11,T1), ey (Y, Tra)), We must have max;c(o,7] dg(Ym+1(t), i (t)) >
0 for all 7 € 1,...,m; thus completing the proof of the claim.

Step 4: Obtaining a T, § separated set.

Nx(T) : foh e < Nx(T)
As usual, we denote by \-f(TJrl | the largest integer which is < Rro

is now to use the inductive step to obtain a set St = {(v;,T;);1 < i < |

The strategy
Nx(T)

I~(T+1J}
satisfying conditions (a) and (b) above with the maximum possible cardinality. We

start with a set S = {(y1,7T1)}, which clearly satisfies conditions (a) and (b), and
if 1 < L%&?J we apply the inductive step to obtain a parametrized periodic orbit
(72, T2 < T) such that SI' = {(71,T1), (72, T2 < T)} satisfies (a) and (b). We can go
on applying the inductive step to produce sets ST = {(v;,T;);1 < i < m} satisfying

the desired conditions (a) and (b) as long as m — 1 is smaller than L]IV?XT(fl)J By this

process we can construct a set ST = {(y;,T;);1 < i < L][Y{XT(JFTBJ} such that for all

i,7€{1,.., L%’;(ffj} (a) and (b) above hold true.




Chapter 5. Homotopical growth... 41

For each 7 € {1, ..., L]IV?XT(J?J} let ¢; = 7;(0). We define the set PL := {g;;1 <i <

LN%(TT” +1}. The condition (b) satisfied by S% implies that PL is a T, §-separated set.

It then follows from the definition of the d- entropy hs that

Nx(T)
)
hs(dx) > limsup —— oI +L"" (5.8)
T—+o00 T

Step 5: Suppose now that for constants a > 0 and b we have Ny (T) > e*T+?,

For every € > 0 we know that for T big enough we have e > KT + 1. This
implies that

Nx (T) aT+b

Mo o og(IS2)) L log([e@m9TH))
limsup ————————— > limsup ———%—— = lim sup

T—+o0 T T—+o00 T T—+00 T

(5.9)

. . (a—)T+b
It is clear that limsupg_, | M

= a — e. We have thus proven that if
for constants @ > 0 and b we have Nx(T') > e*"*? then hs(¢x) > a — €. Because € can

be taken arbitrarily small we obtain:

hs(dx) > a. (5.10)

Step 6: We have so far concluded that for all § < 1% we have hs(¢x) > a. We

then have:

hiop(6x) = lim hs(6x) = a (5.11)

finishing the proof of the theorem. O

Remark: One could naively believe that there exists a constant 6, > 0 depending
only on the metric g, such that if two parametrized closed curves o1 : R — M of period
Ty and o2 : R — M of period T satisfy supycomaxir m)1dg(01(t), 02(t))} < d4 then
(71,T1) and (2, T») are freely homotopic to each other. This would make the proof of
Theorem 1 much shorter. However such a constant does not exist. One can easily find
for any 6 > 0 two parametrized curves in the 3-torus which are in different primitive
free homotopy classes and satisty sup;cjo max{r,175}]{dg(01(t), 02(¢))} < §. We sketch the

construction below.
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%y
D2

Figure 2

Consider coordinates (r,y, z) € (R/Z)?3 on the three dimensional torus T3. Figure
2 above represents the universal cover of the two dimensional torus T? C T2 obtained
by fixing the coordinate z = 0 in T3. The dotted points pg, p, p1 and ps in the figure
represent lifts of a point p € T?. It is then clear that the curve ¢ represented in the

figure projects to a smooth immersed curve in T? C T3.

We consider a parametrization by arc length ¢; : [0,71] — R? of the piece of ¢
connecting pg and p;. We can extend ¢; periodically to R by demanding that ¢ (t) =
G1(t) + (1,2) for all t € R. This extension is a lift to R? of the closed immersed curve
obtained by projecting ¢1([0,71]) to T2. By a very small perturbation of the projection
of ¢1([0,71]) we can produce a closed smooth embedded curve o : [0,T}] — T? which
closes at the point (p,0) = 01(0) = 01(71). We consider the natural extension of o1 to

R obtained by demanding that oy(t) = o1(t — T1) for all t € R.

Analogously we consider a parametrization by arc length ¢ : [0, 7} + 1] — R? of
the piece of ¢ connecting pg and pa. We can also extend ¢ periodically to R, this time
demanding that ¢(t) = c2(¢) + (1, 3). By making a very small perturbation of ¢» we can
produce a closed smooth embedded curve o5 : [0, 7] + 1] — T3 which closes at the point
(p, L) = 02(0) = 09(T1 + 1) and which is disjoint from the image of o1 .We consider the
natural extension of o9 to R obtained by demanding that o2(t) = o2(t — (17 + 1)) for all
teR.

We point out that the extensions ¢; : R — R2 and ¢ : R — R? coincide on the
interval [0, T} 4+ 1]. To see this just notice that the piece of ¢ connecting py and p and

the piece of ¢ connecting p; and ps project to the same circle in T2.
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Let now og : [0,7} + 1] — T? be the parametrized curve obtained by projecting
6 :[0,T1 + 1] — R? which equals ¢ : [0,77 + 1] — R2, to the torus T?. The curves

| and o2, are both perturbations of the parametrized curve og. By making

Ul\[o,Tlﬂ
the perturbations sufficiently small we can guarantee that T1j0.1, 41

0,77 +1]

] and T2 0.7, 41 BTC

arbitrarily close. It is immediate to see that T1)j07 41) and 02107y 41y A€ in distinct

homotopy classes.
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Exponential homotopical growth

rate of CH,,;(\)) and estimates for

htop

In this section we define the exponential homotopical growth of contact homology and
relate it to the topological entropy of Reeb vector fields. The basic idea is to use non-
vanishing of cylindrical contact homology of (M, &) in a free homotopy class to obtain
existence of Reeb orbits in such an homotopy class for any contact form on (M, ¢); this
idea is present in [30, 37]. It is straightforward to see that the period and action of a
Reeb orbit are equal and in the sequel we will use the same notation to refer period and

action of Reeb orbits.

Let (M, &) be a contact manifold and Ag be a hypertight contact form on (M, ).
For T > 0 we define /N\T()\o) to be the set of free homotopy classes of M such that
pE /~\T(/\0) if, and only if, all Reeb orbits of X, in p are simply covered, non-degenerate,
have action/period smaller than T and CHY;(Ao) # 0. We define N (o) to be the
cardinality #( /A, (o)).

Definition: We say that the cylindrical contact homology CHey(Ag) of (M, Ao)
has exponential homotopical growth with exponential weight a > 0 if there exist Tj > 0
and b, such that for all T > Ty N¥'(\o) = ﬁ(/~\T(/\0)) > edT+b,

The main result of this section is the following:

Theorem 6.1. Let \g be a hypertight contact form on a contact manifold (M,&) and
assume that the cylindrical contact homology CHeyi(Xo) has exponential homotopical

growth with exponential weight a > 0. Then for every C* (k > 2) contact form X on

44
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(M, &) the Reeb flow of X has positive topological entropy. More precisely, if fy is the

unique function such that X = fyAg, then

a

htop(X/\) Z (61)

max fy

Proof: We write £ = max f.

Step 1:
We assume initially that X\ is non-degenerate and C'*°. For every ¢ > 0 is possible to
construct an exact symplectic cobordism from (E + €)A¢ to A. Analogously, for e > 0

small enough, it is possible to construct an exact symplectic cobordism from A to e)y.

Using these cobordisms, it is possible to construct a splitting family (Rx M, wg, Jr)
from (E+e€)Xg to e, along A, such that for every R > 0 (Rx M, wg, Jr) is homotopical
to the symplectization of \g. We fix a regular almost complex structure Jy € Jileq(No)
and J € J(A), and demand that Jg coincides with Jp in the positive and negative ends
of the cobordism, and with J on [-R, R] x M.

Let p € /N\T(/\o). We claim that for every R there exists a finite energy pseudo-
holomorphic cylinder w in (R x M, Jgr) positively asymptotic to a Reeb orbit in Pfo and

negatively asymptotic to an orbit in Pﬁ\’o.

If this was not true for a certain R > 0, then because of the absence of pseu-
doholomorphic cylinders asymptotic to Reeb orbits in Pfo we would have that Jgr €
Theg(Jo, Jo). Therefore, the map ®/7 : CHgyl()\o) — CHgyl()\o) induced by (R x
M,wpg, Jr) is well-defined. But because there are no pseudoholomorphic cylinders
asymptotic to Reeb orbits in P} , we have that the map IR CH'zyl()\g) — CHsyl()\o)
vanishes. On the other hand, from section 3.3 we know that ®’% the identity. As
®/R vanishes and is the identity we conclude that C]I-]Igyl()\o) = 0, contradicting that

p € (o).

Step 2:
Let p € 7\T(A0), R,, — 400 be a strictly increasing sequence and w, : R x (S x R,i) —
(R x M, Jg,) be a sequence of pseudoholomorphic cylinders with one positive puncture
asymptotic to an orbit in Pfo and one negative puncture asymptotic to an orbit in Pfo.

Notice that, because of the properties of p the energy of w, is uniformly bounded.

Therefore we can apply the SF'T compactness theorem to obtain a subsequence of

W, which converges to a pseudoholomorphic buiding w. Notice that in order to apply
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the SF'T compactness theorem we need to use the non-degeneracy of A. Moreover we

can give a very precise description of the building.

Let @w® for k € {1,...,m} be the levels of the pseudoholomorphic building .
Because the topology of our curve doesn’t change on the breaking we have the following

picture:

e the upper level @' is composed by one connected pseudoholomorphic curve, which
has one positive puncture asymptotic to an orbit vy € Pfo, and several negative
punctures. All of the negative punctures detect contractible orbits, except one

that detects a Reeb orbit «; which is also in p.

e on every other level @" there is a special pseudoholomorphic curve which has one
positive puncture asymptotic to a Reeb orbit 451 in p, and at least one but
possibly several negative punctures. Of the negative punctures there is one that is

asymptotic to an orbit 4 in p, while all the others detect contractible Reeb orbits.

Because of the splitting behavior of the cobordisms (R x M, Jg, it is clear that
there exists a ko, such that the level @* is in an exact symplectic cobordism from (E+¢)Xg

to A. This implies that the special orbit ~, is a Reeb orbit of X, in the homotopy class
0.

Notice that A(y0) < (E +€)T. This implies that all the other orbits appearing as
punctures of the building w have action smaller than (E + ¢)7T', and in particular that

ko has action smaller than (E + €)T.

As we can do the construction above for any ¢ > 0 we can obtain a sequence
of Reeb orbits v, (;) which are all in p and such that A(yg,;)) < (E + %)T Using
Arzela-Ascoli’s Theorem one can extract a convergent subsequence of 'yj’-) . Its limit ~, is
clearly a Reeb orbit of A in the free homotopy class p and with action smaller or equal
to ET.

Step 3: Estimating Ny, (T). !

From step 2, we know that if p € /N\T()\o) then there is a Reeb orbit v, of the Reeb
flow of X with A(y,) < ET. Recalling that the period and the action of a Reeb orbit

coincide we obtain that Nx, (T') > #( Az (Ao)). Under the hypothesis of the theorem we

T
E
have
Ny, (T) > eF 1. (6.2)

'Recall that as we defined in Chapter 5, N x, (T) is the number of distinct free homotopy classes of
M that contain periodic orbits of X with period < T
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Applying Theorem 5.1 we then obtain hs,(Xy) > %. This proves the theorem in the

case \ is C'*° and non-degenerate.

Step 4: Passing to the case of a general C*22 contact form A (the case where A

is degenerate is included here).

Let )\; be a sequence of non-degenerate contact forms converging in the C*-
topology to a contact form A\ which is C* (k > 2) and possibly degenerate. For every
€ > 0 there is ig such that for ¢ > ig; there exists an exact symplectic cobordism from
(E+€)Ao to \;.

Fixing then an homotopy class p € 7\T(A0) we know, by the previous steps, that
there exists a Reeb orbit v,(n) of A, in the homotopy class p with action smaller than
(E+¢€)T. By taking the sequence 7,(n) and applying Arzela-Ascoli’s theorem we obtain
a subsequence which converge to a Reeb orbit v, , of X withA(v.,) < (E+¢€)T. Notice
that here we use that \ is at least C? (so that X is at least C') in order to be able to

use Arzela-Ascoli’s theorem.

Because € > 0 above can be taken arbitrarily close to 0 we can actually obtain
a sequence 7;, of Reeb orbits of X whose homotopy class is p such that the actions
A(vj,p) converges to ET. Again applying Arzela-Ascoli’s theorem, we obtain that the
sequence 7, , has a convergent subsequent, which converges to an orbit v, satisfying
A(vj,p) < ET.

Reasoning as in step 3 above, we obtain that Nx, (T') > s Applying Theorem
1 we obtain the desired estimate for the topological entropy. This finishes the proof of
the theorem. O



Chapter 7

Unit tangent bundles of
hyperbolic manifolds

7.1 Contact forms for geodesic flows

The first class of examples we will study is of unit tangent bundles of orientable hy-
perbolic manifolds. Given a manifold () its unit tangent bundle 7T7Q can be given a
canonical contact structure which we will denote by {geo. This contact structure is as-
sociated to geodesic flows in the sense that for every Riemannian metric g on @, the
geodesic flow of g on T1Q is a Reeb flow on (T1Q, {geo). We begin by recalling how this

can be done; our reference for this construction is [38].

Given a compact orientable manifold ) of dimension n, let g be any Riemannian
metric on ). This metric induces a unique distribution of n planes in the tangent bundle
T'Q, the so called horizontal distribution Hj (see section 1.3 in [38]). This distribution is
always transverse to the vertical distribution V' in T'Q, which is the unique distribution
of n-planes always tangent to the fibres of T'Q). This implies that for every y € T'Q we
have the splitting T,7Q := H,@PV,. Let 7 : TQ — Q be the canonical projection.
Because H is transversal to the fibers we have that at each point y € T'Q) the restriction
of the the differential Dm to Hy is an isomorphism between H, and Ty (,)(Q). With this
in hand, we can use the map 7 to pull back g to an inner product in the distribution
H. The metric g also induces an inner product on the distribution V. Using these two
inner products we have as a result a metric § induced by g on the bundle T'Q), which is

usually called the Sasaki metric on T'Q).

We will now introduce an almost complex structure J, on T'Q) associated to the

metric g. Let v € T,Q and y € 7 !(g). From our previous discussion we know that there
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are unique vectors vy € Hy, and vy € H, which are associated to v: vy is the unique
vector in H, ) that is in the pre-image of the restriction of D7 to H(, ), and vy is the
vector on the fiber T,Q) of T'Q) canonically identified with v. Now, for each vector v € H,,
we define Jy(9) := (7(0))y € V,, and for each ¥ € V}, we define J,(9) := —(7(?))y € Hy.
It is easy to see that there is a unique way to extend J, to an almost complex structure
on 17Q.

With this in hand we can define a symplectic form w9 in T'Q. For vectors v1,vs €
T,TQ we define
@ (v1,v2) == §(Jg(v1),v2). (7.1)

We will not prove here that w9 is indeed a symplectic form, but refer to [38] for the
proof. Define the function H on T'Q by H(q,v) := g4(v,v). Again in the reference [38],
it is proven that the Hamiltonian vector field Xy associated to H via the symplectic
form w is the geodesic vector field G4 of the metric g, and the unit tangent bundle 77 Q)
is diffeomorphic to set H~1(1).

Lastly we have the following definition:

Qg =G, (7.2)

With these definitions, we can state the following proposition, the proof of which

can be found in page 16 of [38].

Proposition 7.1. The restriction ag |11y of ag is a contact form on T1Q. Moreover,
its Reeb vector field X, is the restriction of geodesic vector field Gy to H=1(1).

This proposition justifies what we claimed previously about the relation between
geodesic flows and Reeb flows. It shows that any geodesic flow is a Reeb flow for
some contact form. As the contact form oy on T71(Q) varies continuously as we very g
continuously in the contractible space MET of Riemannian metrics on @), we can apply
Gray’s stability theorem ([25]) to conclude that all oy are associated to a unique (up to
diffeomorphism) contact structure e, on the unit tangent bundle 77Q. This contact
structure e, is therefore related to all geodesic flows on T7Q) as it contains all of them

among its Reeb flows.

Lastly we introduce some terminology. Given a closed geodesic ¢ of a Riemannian
metric g, its lift to T1Q is the periodic trajectory v of the geodesic flow of g associated
obtained from the arc length parametrization of ¢. It follows from our previous discussion
that v is a Reeb orbit of ag, . We will sometimes also refer to 7 as the Reeb orbit of

Qg,,, Obtained by lifting c.
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7.2 Exponetial homotopical growth rate of CH.,(oy,,,)

We now specialise our discussion to the case where of a compact hyperbolic manifold
(Qhyps Ghyp), i-e. Qnyp is a compact orientable manifold endowed with a hyperbolic gpyy,.
In this case, let ag,  be the contact form on T1Qpy, given in Proposition 7.2 In order

to estimate the growth rate of CHy(ay,,,), we begin introducing some notation.

Let A(Qnyp) be the free loop space of Qpyy, and Ag(Qryp) C A(Qhyp) be the subset
of primitive free homotopy classes. For every element p € Ao(Qhyp) let ¢, C Qpyp be
the unique hyperbolic geodesic of gp,, in the homotopy class p; it is a classical fact of
hyperbolic geometry that every non-trivial free homotopy class on a hyperbolic manifold
contains exactly one closed hyperbolic geodesic, see [5]. The geodesic ¢/, lifts to a unique
Reeb orbit v, in T1Qpnyp; 7, is the trajectory of the geodesic flow of gy, associated to
the geodesic ¢,. This uniqueness allows us to define a map $ : Ag(Qnyp) — A(T1Qnyp) !
in the following way: for p € Ag(Qpyp) we define $H(p) as the free homotopy class of the
Reeb orbit 7, defined above. We then have the following

Proposition 7.2. For each p € Ao(Qpyp) the free homotopy class $(p) contains exactly

one Reeb orbit of ag, . This is the Reeb orbit v, constructed above.

Proof: Suppose there is a Reeb orbit 'y;) belonging to free homotopy class $(p) and
distinct from the Reeb orbit «y,. Then v, and ’y; would project to two different hyperbolic
geodesics ¢, and ¢, in Qpyp. Because v, and v, are freely homotopic in T1Qpy,, the two
hyperbolic geodesics ¢, and c;, would be freely homotopic in Q,,, and would moreover
belong to the free homotopy class p. But since ¢, is the only hyperbolic geodesic in p
we must have c; = ¢, which contradicts our assumption that the Reeb orbits 'y;) and v,

are distinct. O

Two consequences of the previous proposition are

H(p)

Corollary 7.3. For each p € Ao(Qnyp) the cylindrical contact homology CH,, (Qgnyp)
on the homotopy class $H(p) is well-defined and does not vanish.

Proof:
Because $)(p) contains only one Reeb orbit of ag, ~which is simply covered, the results of

9H(p)

section 4.3 to imply that the cylindrical contact homology CH, ;" (ag,, ) is well-defined.

cyl
Moreover as the chain complex CHSJ(IP )(ozghyp) contains only one element, it is clear that
H(p)
CH,,; (agny,) 7 0. O

Corollary 7.4. The $ defined above is an injection.

'A(T1Qhyp) denotes the free loop space of T1Quyp.
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Proof: The proof is immediate from Proposition 7.2.
We are now ready to prove the main result of this chapter.

Theorem 7.5. CHyy(ay,,,) has exponential homotopical growth rate.

Proof:
Given T' > 0, denote by AOST(thp) the subset of Ag(Qpyp) of free homotopy classes that
contain a closed hyperbolic geodesic of length smaller or equal to 7T'. It is an elementary
fact that the length of any hyperbolic ¢ equals the action of the Reeb orbit v obtained
by lifting ¢ to the unit tangent bundle. Combining this with Proposition 7.2, Corollary
7.3 we obtain that the set KT(aghyp) contains the set ﬁ(AOST(thp)). This implies that

N (ag,,,) = #OAFT (Qnyp))). (7.3)

Applying then Corollary 7.4 we obtain

N (ag,,) = #AST (Qnyp))- (7.4)

Because each homotopy class in A(Qp,yp)) contains exactly one closed hyperbolic
geodesic, it follows that the number #(A?T(thp)) equals the number N7 (gp,)) of closed
geodesics of g, of length < T'. Moreover, as the geodesic flow of a compact hyperbolic

manifold is Anosov we know [35] that there exist constants Tp, a > 0 and b such that
Nr(ghy) 2 7+ (7.5)
for all T' > Ty. Combining all this we conclude that
N;yl(aghyp) > e, (7.6)

which gives the desired exponential growth. O



Chapter 8

Contact 3-manifolds with a

hyperbolic component

In this chapter we will prove the following theorem:

Theorem 8.1. Let M be a closed connected oriented 3-manifold which can be cut along
a nonempty family of incompressible tori into a family {M;,0 < i < k} of irreducible

manifolds with boundary, such that the component My satisfies:

o My is the mapping torus of a diffeomorphism h : S — S with pseudo-Anosov

monodromy on a surface S with non-empty boundary.

Then M can be given infinitely many non-diffeomorphic contact structures &, such that
for each & there exists a hypertight contact form A\p on (M, &) which has exponential

homotopical growth of cylindrical contact homology.

We denote by S a surface with boundary and w a symplectic form on S. Let h be
a symplectomorphism of (S,w) to itself, with pseudo-Anosov monodromy and which is
the identity on a neighbourhood of 05. We follow a well known recipe to construct a

suitable contact form in the mapping torus X(S, h).

We choose a primitive 3 for w such that for coordinates (r,0) € [—¢,0] x S in a
neighbourhood V' of S we have 8 = f(r)df, where f > 0 and f’ > 0. We pick a smooth
non-decreasing function Fy : R — [0, 1] which satisfies Fy(t) = 0 for t € (—00, 155) and
Fy(t) = 1 for t € (335, +00). For i € Z we define Fy(t) = Fy(t —i). Fixing € > 0, we
define a 1-form o on R x S by letting

a =dt+e(1 — Fi(t))(h)*B + eFi(t) (WY B for t € [i,i+1) (8.1)
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It is immediate to see that this defines a smooth 1-form on R x .S, and a simple compu-
tation shows that if € is small enough the 1-form « is a contact form. For ¢ € [0, 1], the
Reeb vector field X5 is equal to 9; + v(p,t), where v(p,t) is the unique vector tangent
to S that satisfies w(v(p,t), ) = F)(t)5 — Fih*p.

Consider on the diffeomorphism H : R x S — R x S defined by H(t,p) = (t —
1,h(p)). The mapping torus 3(S, h) is defined by:

Z(Sv h‘) = (R X S)/(t,p)~H(t,p)7 (82)

and we denote by 7 : R x S — X(S, h) the associated covering map.

Because H*a = a, there exists a unique contact form « on X(S,h) such that
m*a = a. Notice that in the neighbourhood S! x V' of 9%(S, h), a = dt + ef(r)df, which
implies that X, is tangent to 0X(S, h).

The Reeb vector field X, on X(S,h) is transverse to the surfaces {t} x S for
t € R/z. This implies that {0} x S is a global surface of section for the Reeb flow of a,

and by our expression of Xg the first return map of the Reeb flow of « is isotopic to h.

By doing a sufficiently small perturbation of a supported in the interior of (.S, h)
we can obtain a contact form & satisfying that all Reeb orbits of @ which are not freely
homotopic to curves in 93(S, h) are non-degenerate, and such that {0} x S is a global
surface of section for the flow of Xg. Notice that as the perturbation is supported in

the interior of (S, h), the Reeb flow of @ is also tangent to the boundary of 3(S, k).

8.1 Contact 3-manifolds containing (3(5, h), @) as a compo-

nent

Let M be a closed connected oriented 3-manifold which can be cut along a non-empty
family of incompressible tori into a family {M;,0 < i < k} of irreducible manifolds
with boundary, such that the component M is diffeomorphic to (3(S,h),«). Then
it is possible to construct hypertight contact forms on M which match with @ in the
component My. More precisely, we have the following result due to Colin and Honda,

and Vaugon:

Proposition 8.2. ([13, 43]/) Let M be a closed connected oriented 3-manifold which can
be cut along a non-empty family of incompressible tori into a family {M;,0 < i < k}
of irreducible manifolds with boundary, such that the component My is diffeomorphic
to (X(S,h),«). Then, there exist an infinite family {&k, k € Z} of non-diffeomorphic

contact structures on M such that
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e for each k € 7 there exists a hypertight contact form A\, on (M, &) which coincides

with & on the component M.

We briefly recall the construction of the contact forms Ax, and refer the reader to
[13, 43] for the details. When ¢ > 1, we apply Théoreme 1.3 of [13] to obtain a hypertight
contact form «; on M; which is compatible with the orientation of M;, and whose Reeb
vector field X, is tangent to the boundary of M;. On the special piece My we consider

the the contact form ag equal to @ constructed in the above.

Let {Z;]1 < j < m} be the family of incompressible tori along which we cut M
to obtain the pieces M;. Then the contact forms «; give a hypertight contact form on
each component of M \ %, V(T;), where V(T;) is a small open neighborhood of Tj.
This gives a contact form A on M \ Jj%, V(%;). Using an interpolation process (see
section 7 of [43]), one can construct contact forms on the neighborhoods V(%) which
coincide with A on GW. The interpolation process is not unique and can be done
in such ways as to produce an infinite family of distinct contact forms {A; | k£ € Z} on
M that extend X, and which are associated to contact structures & := ker A\ that are
all non-diffeomorphic. The contact topological invariant used to show that the family

{& | k € Z} is composed by non-diffeomorphic contact structures is the Girouz torsion

(see section 7 of [43]).

8.2 Proof of Theorem 8.1

It is clear that Theorem 8.1 will follow from Theorem 6.1, if we establish that the
cylindrical contact homology of A\, has exponential homotopical growth. This is the

content of

Proposition 8.3. A\, has exponential homotopical growth of cylindrical contact homol-

0gy.

Before proving the proposition we introduce some necessary ideas and notation.
The first return map of Xg is a diffeomorphism h: S — S which is homotopic to
h and therefore to a pseudo-Anosov map. The Reeb orbits of X are in one-to-one
correspondence with periodic orbits of h. Moreover we have that two Reeb orbits ~1 and
vo of Xg are freely homotopic if and only if their associated periodic orbits are in the
same Nielsen class. Thus there is an injective map Z from the set N of Nielsen classes

to the set A of free homotopy classes of Reeb orbits in ¥(S, h).

Denote by N}, the set of distinct Nielsen classes which contain only periodic orbits

of h of period smaller or equal to k. Because of the pseudo-Anosov monodromy of h



Chapter 8. Contact 3-manifolds with a hyperbolic component 55

we know that there are constants @ > 0 and b € R, such that f(Nj) > e+ for all
kE > 1. Analogously define the subset A,(X(S,h)) of free homotopy classes of ¥(S, h)
which contains at least one Reeb orbit of X5 and contains only Reeb orbits with action

smaller than 7.

Because £ is the first return map for a global surface of section of the flow Xg,
there exists a constant 1) > 1 such that ¢ € Ny = E(0) € A, 4(2(S, h)). This implies that
HAP(S(S,h))) > en” ™ for T > n. Let AL(S(S, h)) be the subset of A, (£(S, k) which
contains free homotopy classes in X(S,h) which are primitive and different from the
ones generated by curves in d%(S, h) (we denote by A’(2(S, h)) the set /\ioo(E(S, h))).
Because the fundamental group of 9%(S, h) grows quadratically we know that there is

Ty > 0 such that AS(S(S,h)) > en’ ™ for T > Ty,..

We are now ready for the proof of Proposition 8.3. The main ideas of the argument
are due to Vaugon, which estimated in [43] a different growth rate of the cylindrical

contact homology Ag.
Proof of Proposition 8.3:
Step 1:

Let ¢ : ¥(S,h) — M be the injection we obtain from looking at X(S,h) as a
component of M. Because of the incompressibility of 0%(S,h) in M, the associated
map ix : AR(B(S,h)) — A(M) is injective for any T > 0 (here A(M) denotes the
free loop space of M). It is clear that all curves belonging to a free homotopy class

p € ix(A°(2(S, h)) must intersect the component M.

Using then that the Reeb flow of )y is tangent to 9X(S, h), we conclude that for
every p € i.(A(2(S, h)) all the Reeb orbits of X, that belong to p are contained in the
interior of X(S, k). Therefore, the image i,(A\’(2(S,h)) is contained in the et Ny (M)
of free homotopy classes of M which only contain Reeb orbits with action smaller than
T.

This mean that the map i, : AR(E(S,h)) — A(M), restricts to a map i, :
AF(E(S, 1)) = Ap(M), where by Ap(M) we denote the set of free homotopy classes of

M which only contain Reeb orbits with action smaller than 7'

Step 2: For every p € i,(A\’(2(S, h)) we have CHZ,;(\g) # 0.

Vaugon showed (see the proofs of Lemma 7.11 and Theorems 1.3 and 1.2 on pages
27 and 28 in [43]) that the numbers of even and odd Reeb orbits in p differ. For Euler
characteristic reasons this implies that CHgyl()\k) # 0.
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Step 3:

Recall that in Chapter 6 we defined N5¥'(\) to be the number of different free
homotopy classes ¢ in A,(M) which contained only simple Reeb orbits with action
smaller then 7" and such that Cnyl()\k) # 0.

Combining the first two steps we obtain

0 0

NP ) > 8 (A (S, ) = 4\ (3(S, 1)) > e (8.3)
T T
which establishes the proposition. ]

Proof of Theorem 8.1: As mentioned previously, Theorem 8.1 follows directly from

combining Proposition 8.3 and Theorem 6.1. O

It would be interesting to obtain an upper bound on the constant n above. This

could provide a more precise estimate for the homotopical growth rate of CHeyi(Ax).



Chapter 9

Graph manifolds and
Handel-Thurston surgery

Check notation and numeration on this chapter!

In [26] Handel and Thurston used Dehn surgery to obtain non-algebraic Anosov
flows in 3-manifolds. Their surgery was adapted to the contact setting by Foulon and
Hasselblatt in [20], who interpreted it as a Legendrian surgery and used it to produce
non-algebraic Anosov Reeb flows on 3-manifolds. In this chapter we apply the Foulon-
Hasselblatt Legendrian surgery to obtain other examples of contact 3-manifolds which
are distinct from unit tangent bundles and on which every Reeb flow has positive topo-

logical entropy.

Some clarifications regarding the surgeries we consider are in order. On one hand,
we restrict our attention to the Foulon-Hasselblatt surgery on Legendrian lifts of embed-
ded separating geodesics on hyperbolic surfaces. This is an important restriction, since
Foulon and Hasselblatt perform their surgery on the Legendrian lift of any immersed
closed geodesic on a hyperbolic surface. On the other hand, for this restricted class of
Legendrian knots, the surgery we consider is a bit more general than the one in [20].
They restrict their attention to Dehn surgeries with positive integer coefficients while

we consider the case of any integer coefficient, as we explain in section 9.1.

9.1 The surgery

We start by fixing some notation. Let (S,g) be an oriented hyperbolic surface and
t:S! — S an embedded oriented separating geodesic of g. We denote by 7 : (D, g) —
(S,g) a locally isometric covering of (S, g) by the the hyperbolic disc (D, g) with the

o7
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property that (—1,1) x {0} C 7 !(x(S')). Such a covering always exists since the
segment (—1, 1) x{0} of the real axis is a geodesic in (I, g). We denote by v(6) the unique
unitary vector field over v(0) satisfying Z(v'(0),v(#)) = —%. Our orientation convention
is chosen so that for coordinates z = = + iy € D, the lift of v(#) to (—1,1) x {0} is a
positive multiple of the vector field —9, over (—1,1) x {0}. Also, let I : 715 — S denote

the base point projection.

Because t is a separating geodesic, we can cut S along t to obtain two oriented
hyperbolic surfaces with boundary which we denote by S; and S2. Our labelling is chosen
so that the vector field v(#) points inward Sp and outward S;. This decomposition of S
induces a decomposition of 71.5 in 7757 and T1.55. Both 1151 and 7755 are 3-manifolds

whose boundary is the torus formed by the the unit fibers over t.

Denote by V; s the closed —neighbourhood of the the geodesic t for the hyperbolic
metric g. For § > 0 sufficiently small we have that V; s is an annulus such that the only
closed geodesics contained in Vs are the covers of t, and that satisfies the following
convexity property: if V is the connected component of 7YV, 5) containing (—1,1) x
{0}, then every segment of a hyperbolic geodesic starting and ending in V is completely
contained in V. It also follows from the conventions adopted above, that if we denote
by UT the upper hemisphere of the I composed of points with positive imaginary
component and by U™ the lower hemisphere of the D composed of points with negative

imaginary component, we have:
VAU crY(S)) and VNU™ C 7 ' (S,). (9.1)

This fact has the following important consequence: if v ([0, K]) is a hyperbolic geodesic
segment starting and ending at V; 5 and contained in one of the S;, then [v] is a non-trivial

homotopy class in the relative fundamental group 71 (S;, Vi 5).

On the unit tangent bundle 775 we consider consider the contact form A\, whose
Reeb vector field is the geodesic vector field for the hyperbolic metric g. It is well
known that the lifted curve (¢(6),v(6)) in 715 is Legendrian on the contact manifold
(T1S,ker \y). The geodesic vector field Xy, over the Legendrian curve coincides with
the horizontal lift of v (see section 1.3 of [38]), points inward T3S2 and outward 7157,
and is normal to 071159 = 07451 for the Sasaki metric on 717.5.

Moreover if § > 0 is small enough we know that for every ¢ € L, there exists

numbers t; < 0 and t9 > 0 such that:

¢y (9) € TiSi \ 1T (Vep), (9.2)
¢ (9) € T1S2 \ 117 (Vyy5). (9.3)
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Following [20], we know that there exists a neighbourhood BSZ of L. on which we

can find coordinates (¢,s,w) € (—3n,3n) x St x (—2¢,2¢) such that:

Ag = dt + wds, (9.4)
L. = {0} x §' x {0}, (9.5)

where {0} x {0} x (—2¢,2¢) is a local parametrization of the unitary fiber over 6 € L.,
and € < ﬁ, with ¢ being a fixed integer. Let W~ = {—3n} x S! x (—2¢,2¢) and
W = {+3n} x S x (=2¢,2¢). Tt is clear that I(W~) C S; and H(WT) C Ss. Because
on Ei? the Reeb vector field X, is given by &, it is clear that for every point p € ng
there are p~ € W™, pT € Wt ¢t~ € (—6n,0) and t* € (0,6n) for which:

ok, (p) =p~ and g, (p) =p" (9.6)

This means that trajectories of the flow of X, that enter the box BS’Z enter through W~
and exit through W*. They cannot stay inside Bj" for a very long positive or negative

interval of time. We can say even more about these trajectories.

For o = (p,p) € (S x T,S) in WH UW~ let & = (p,p) be a lift of o to the unit
tangent bundle 71D such that p € V. The geodesic vector field X  in o coincides with
the horizontal lift of p ([38][section 1.3]). For §, n > 0 and € < ﬁ sufficiently small we

can guarantee that:

o TI(BJ") is contained in V; s,
o for the lifts & = (P, p) of points in W¥ U W™ as above, the vector p (which is the
projection of the geodesic vector field Xy (o)) satisfies A(E, —0y) < 0.

With a such a choice of 6 > 0, n > 0 and 0 < € < we obtain that for every

n
4lglm>
o™ € WT there exists t,+ > 0 and for every 0~ € W™ there exists t,- < 0 such that:

Cbt)?:rg (0T) € (T1.82) \ Ves and Vt € [0,¢,+] ¢&Ag (c") ¢ B, (9.7)
0%, (07) € (T181) \ Veg and Vi € [t,-,0] ¢, (o) ¢ BY. (9.8)

To prove this last condition above one uses the fact that 4(5, —0y) < 0 is small and
studies the behavior of geodesics in (D, g) starting at points close to the real axis and
with initial velocity close to —d,. It is easy to see that such geodesics have to cut through
the region V; s and visit the interior of both S; \ V; 5 and S2 \ V; 5. From now on we will

assume that § > 0,7 > 0and 0 < € < are such that the all the above mentioned

n
4q|m
properties described for them being sufficiently small, hold simultaneously.
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Consider the map F : Bo? \ B! — Ba"\ B! defined by
F(t,s,w) = (t,s + f(w),w) for (t,s,w) € (n,2n) x ST x (=2, 2¢), (9.9)

where f(w) = —qR(%) (for our previously chosen integer ¢) and R : [-1,1] — [0, 27]
satisfies R = 0 on a neighbourhood of —1, R = 27 on a neighbourhood of 1, 0 < R’ < 4

and R’ is an even function.

Our new 3-manifold M is obtained by gluing 775 \EZ and BSZ using the map F":

M =OS\BYUBY! /(o e B3\ B! ~ (F@) e S\ B))  (9.10)

Notice that T8 = (T1S\ B!)U B! (z € Be"\B!) ~ (x € TyS\ B). This
clarifies our construction of M and shows that M is obtained from 77S via a Dehn
surgery on L.. We follow [20] to endow M with a contact form which coincides A,

outside of BSZ As a preparation we define the function 8 : (—3n,3n) — R:
e (3 is equal to 1 in an open neighbourhood of [—27, 27],
o |7 < 7 and suppf3 is contained in [—3n, 3n).

Using 8 we define w
Muw):6@X/ o f (2)dz. (9.11)

—2e

We point out to the reader that supp(r) is contained in B2 and therefore so is supp(dr).

Notice also, that in ng \ B! one has dr = 2 f!(w)dw.

Again following [20] we define in 775 \ B! the 1-form

A, = dt + wds + dr for (—3n,—n), (9.12)
A, = dt + wds — dr for (n,3n), (9.13)
A, = )4 otherwise. (9.14)

Notice that because supp(dr) is contained in B2 the 1-form A, is well-defined.

On the box BSZ we define

A = dt +wds + dr. (9.15)

A direct computation shows that F*(A,) = A, which means that the gluing map
F allows us to glue the 1-forms A, and A. We denote by Appr the 1-form in M obtained
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by gluing A and A,. We will denote by B the following region:
~ 3n\ PN 2n

The importance of this region lies in the fact that in M\ B = Ty \ ng, the contact

form App coincides with A,.

Following [20] one shows through a direct computation that (dt + wds % dr) A
(dw Ads) = (1+ g—:)dt A dw A ds. Using the fact that e < ﬁm one gets that |g—:| <1,
thus obtaining that (dt + wds + dr) is a contact form. It follows from this that A, and
A are contact forms in their respective domains and therefore Apg is a contact form in
M. More strongly, Foulon and Hasselblatt proceed to show that if ¢ is non-negative the

Reeb flow of Apg is an Anosov Reeb flow.

9.2 Hypertightness and exponential homotopical growth

of contact homology of \py

For g € N the hypertightness of App follows from the fact that its Reeb flow is Anosov
[19]. In this section we give an independent and completely geometrical proof of hyper-

tightness of App, which is valid for every ¢ € Z.

To understand the topology of Reeb orbits of Apgy we will study trajectories that
enter the surgery region B. We start by studying trajectories in ng In this region we

have

O

X = —. 1
AFH 1+ 0, (9 7)

This implies, similarly to what happens of A\, that for points p € B;Z the trajectory
qbg(AFH (p) leaves the box B3 in forward and backward times. More precisely, there
exists a constant @ > 0 depending only on Apg, such that for p € ng there are
P e W™ = {=2n} x S x [<2¢,2¢], pT € W = {421} x S x [~2¢,2¢], i € (—a,0]
and £+ € [0,a) such that

)

)

QSS(AFH (§) is in the interior of B3" for every t € (t~,t
- .o
Ox,,, B) =D and d, (1)=p". (9.18)

We now analyse the trajectories of points p~ € W~ and pr e W+. For this, we
first notice that on B \ B¢ the contact form Apg is given by dt +wds £ dr, and therefore
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we have in this region

O

Xonpy =
AT £ Gy

(9.19)
which is still a positive multiple of 0.

This implies that for every 5~ € W~ and p* € W there exist t##~ < 0 and " <0
such that
oK., ) €W and ¢k, (57) e W* (9.20)

Xxpm

Again using that X, is a positive multiple of 9; on B \ ng we have that for every
point p in B\ Bg? whose t coordinate is in [27,3n] the trajectory of the flow QSE(AFH
going through p is a straight line with fixed coordinates s and w, that goes from W to
W+. Analogously, for every point p in B \ ng whose ¢ coordinate is in [—3n, —27| the
trajectory of the backward flow of QZ&AFH going through p is a straight line W™ to W™

Summing up, with all the cases considered above we have showed that for every
point p € B the trajectory of the flow QZ)E(AFH going through p for t = 0 intersects W™
for non-positive time and W7 for for non-negative time. In other words, all trajectories
that intersect B enter through W~ and leave through W7, which means that for all
pE B there exist times ty < 0 and t; > (0 such that

tr .
%, ,, D) €W, (9.21)
t- -
¢x,,, ) EW, (9.22)
¢k, (P) € Bforall t € [t7,t]]. (9.23)

Now, because on M \ B=T.S \ Bg’g the contact form App coincides with A, we
have that trajectories of X, , starting at YW~ at the time ¢t = 0 have to leave M \ N as
time diminishes before reentering on B. Similarly the trajectories starting at W+ have
to leave M \ N for positive time before reentering on B. More precisely, one can use
equations (9.7) and (9.8) to show that for p~ € W~ and pt € W there exist t,- < 0
and ¢,+ > 0 such that

t ~
¢)?IFH (p+) € My \ N and Vt € [O,tp+] ¢g()‘FH (p+) ¢ B, (9.24)

0%, (7)€ Mi\N and ¥t € [t,-,0] ¢, (v7) ¢ B, (9.25)
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where

My = (GSNBYUB-) /(4 2oy

\B))
My = (TS \BYUB(H) /(g ¢ BEI(4+)\BY) ~ (F(a) € (BY NT15:)\ B+
\*77

(F(x) € (By! N T151) \ BY)>

2

€

N =T VeV U B [ (o e B\ BY) ~ (Fla) € (B NTus") \ BY).
for B37(—) = [—2n,0] x S! x (=2¢,2¢) and B2(+) = [0,27] x S! x (—2€, 2¢).

Remark: It is not hard to see that M = M1 U My /(:1: € OMy) ~ (ﬁ(x) € OMs,)-
Here F is a Dehn twist which coincides with (s + f(w),w) for w € [~2¢, 2¢] and is the
identity elsewhere. This picture of M is closer to the one in the paper [26] and shows
that M is a graph manifold (a graph manifold is one whose JSJ decomposition consists
of Seifert S' bundles). By using this description of M and applying Van-Kampen’s
to analyse the fundamental group of M, Handel and Thurston show that, for ¢ not
belonging to a finite subset of Z, no finite cover of M is a Seifert manifold thus obtaining

that M is an “exotic” graph manifold.

From their definition one sees that as manifolds, M7 = 1157 and My = T1S5. This
implies OM7 and OM> are incompressible tori in, respectively, My and M. If we look at
M; and My as submanifolds of M, their boundary T coincide and is also incompressible
in M. We remark that M;\ N is diffeomorphic to 71.5; \H’l(Vc#;) which is diffeomorphic
to T1.5; for i =1, 2.

In a similar way we can describe the topology of N. Let N; = M; N N. Reasoning
identically as one does to show that M; is diffeomorphic to 77.5; one shows that N; is
diffeomorphic to a thickned two torus 72 x [—1,1]. As N is obtained from N; and N
by gluing them along T (which is a boundary component of both of them) we have that
N is also diffeomorphic to the product 72 x [—1,1] .

The discussion above proves the following

Lemma 9.1. For all p € B the trajectory {(b’ka (p) | t € R} intersects My \ N and
FH
My \ N.

Proof: We have already established that for p € B its trajectory intersect W+ for
some non-negative time and W~ for some non-positive time, as it is shown in equations
(9.21) and (9.22). One now applies equations (9.24) and (9.25) to finish the proof of the

lemma. O
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Notice that trajectories can only enter in B through the wall W~ which is con-
tained in M; and can only exit B through the wall W which is contained in Ms. We
also point out that all trajectories of the flow ég{AFH are transversal to T, with the ex-
ception of the two Reeb orbits which correspond to parametrizations of the hyperbolic
geodesic t (they continue to exist as periodic orbits after the surgery because they are

distant from the surgery region).

We will deduce from the previous discussion the following important lemma.

Lemma 9.2. Let v([0,T"]) be a trajectory of Xx,, such that y(0) € T, v(T") € T and
for allt € (0,T") we have y(t) ¢ T (notice that in such a situation v([0,T']) C M; for
some i equals to 1 or 2). Then v([0,T"]) N (M; \ N) is non-empty.

Proof: We divide the proof in 3 possible scenarios.

First case: suppose that ([0,7”]) N B is empty. In this case v([0,T"]) also exists
as a hyperbolic geodesic with endpoints in the closed geodesic r. It follows from the
convexity of the hyperbolic metric that [y([0,7"])] € m1(T1S;, T) is non-trivial. This
implies that [y([0,77])] € 71 (M;, T) is non-trivial which can be true only if v([0,7"]) N
(M; \ N) is non-empty since N is a tubular neighbourhood of T.

Second case: suppose that y([0,7”]) N B is non-empty and ([0, T"]) C My. Take
t € [0,7"] such that v(¢) € B. We know from our previous discussion that there are
1 < T < Ty such that y([ty, %2]) € B, y(f1) € (TN B) and ~(f) € W; notice that in the
coordinates (t, s, w) for B considered previously, TN B is the annulus {0} x ST x (—2¢, 2e).
From this picture it is clear that for ¢ smaller that #; the trajectory enters in M.
Therefore we must have 71 = 0 and ~([0,72]) C B. Notice also that for all ¢ slightly
bigger than t, the trajectory is outside B. Because trajectories of X}, , can only enter
B in M; we obtain that ’y([fg,T/]) does not intersect the interior of B and therefore
exists as a hyperbolic geodesic in T7S2. Now, using equations (9.7) and (9.8) we obtain
that, because v(f2) € W, the trajectory v : [ta, T'] — M, has to intersect My \ N before
hitting T at ¢ = T”. Thus there is some t € (£, T") for which ~(t) € My \ N.

Third case: the proof in the case where ([0, 7'])NB is non-empty and v([0, T"]) C

M is analogous to the one of the Second case.

This three cases exhaust all possibilities and therefore prove the lemma. O

Our reason for introducing the above decomposition of M into M; and Mj and for
proving the lemmas above is to introduce the following representation of Reeb orbits of
Arm. Let (7,T) be a Reeb orbit of A\py which intersects both M; \ N and My \ N. We
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can assume that the chosen parametrization of the Reeb orbit is such that y(0) € N,
and that there are ¢4 > 0 and {_ < 0 such that:

v(t4+) € My \ N and ~([0,t4]) € M1 UN, (9.26)
v(t-) € My \ N and ~([t—,0]) € My U N. (9.27)

This means that in an interval of the origin 7 is coming from My \ N and going to
M; \ N. It follows from Lemma 9.2 that there exists a unique sequence 0 =ty < t1 <
2
t1 <ts <..<ty, =T such that Vk € {0,...,n — 1}:
2

. W([tk,tk+%]) C M; for i equals to 1 or 2,
® Y([t;,1,tk11]) € N and there is a unique t € [tpr1,try1] such that v(t) € T,
2 2

o if fy([tk,thr%]) C M; then 7([tk+1,tk+%]) C M;j for j #i.

Notice that fy([to,t%]) C M; and ’y([tn_l,tn_%]) C M. This implies that n is even so
that we can write n = 2n/, and that ~([t, tk+%]) C M, for k even, and y([tg, tk+%]) C My
for k odd. For each k € {0,...,2n" — 1} the existence of the unique t; in the interval
[tk+%atk+1] for which ~(tz) € T is guaranteed from Lemma 9.2 and the fact that T is

the hypersurface that separates M7 and Ms.

In order to obtain information on the free homotopy class of (v,T) we observe
that for y([tg,t;,, %]) coincides with a hyperbolic geodesic segment in 77.S; starting and
ending Vi 5. Therefore, as we have previously seen the homotopy class [y([tx, ;. 1 D]
in m1(715;, Vi,5) is non-trivial which implies that ~([tg,?, 1 ]) is a non-trivial relative
homotopy class in 71 (M;, N). We consider now the curve ~y([tx, txt1]): it is the concate-
nation of 3 curves, the first and the third ones being completely contained in N and
the middle one being ~([t, tk+%]); from this description and the fact that ~([t, tk+$])
is a non-trivial relative homotopy class in 1 (M;, N) it is clear that v([tg, tx+1]) is also

non-trivial in 71 (M;, N) (and also non-trivial in 7y (M;, T)).

We now denote by M the universal cover of M and and 7 : M — M a covering
map. From the incompressibility of T it follows that every lift of T is an embedded
plane in M. We denote by NO a lift of N. Because N is a thickened neighbourhood
of an incompressible torus it follows that N° is diffeomorphic to R? x [—1,1], ie. it
is a thickened neighbourhood of an embedded plane in M. Because N separates M in
two components, it follows that NO separates M is two connected components. ONO is
the union of two embedded planes P° and Pfﬂ which are characterized by the fact that
there are neighbourhoods V_ and V. of, respectively, P® and PJOr such that 7(V_) C M;
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and 7(Vy) C My. We will denote by C° the connected component of M \ N° which

intersects V_, and by C’E)L the connected component of M \ NO which intersects V.

As we saw earlier, [y([ty, t; 1 ])] is a non-trivial relative homotopy class in 71 (M;, N).
We show that this class remains non-trivial when seen in 71 (M, N). Let T; = ON N M;.
Because N is obtained by attaching over each point of T; a small compact interval (i.e
it is a bundle over T; whose fibers are intervals) it follows that [y([ts, ;. 1 ]) would be
trivial in m (M;, T;) if, and only if, it is trival in 71 (M;, N'), which is not the case. As
T, is isotopic to T, it is also an incompressible torus that divide M in two components.
Now, [v([tk, thr%])] would be trivial in 71 ((M; \ int(N)), T;) if, and only if, there existed
a curve ¢ in T; with endpoints (tx) and (2. 1 ), such that the concatenation 7 * ¢ was
contractible in (M; \ int(N)). Because of the incompressibility of T; such a curve v * ¢
should be contractible in (M; \ int(N)) if, and only if, it was contractible in M. This
implies that [y([tx, tk_%])] would be trivial in 71 (M, T;) if, and only if, it was trivial in
m1((M; \ int(N)),T;) which we know not to be the case. Lastly, again because N is
an interval bundle over T;, it is clear that as [y([tx,t;, %])] is not trivial in m (M, T;) it

cannot be trivial in m (M, N), as we wished to show.

Let now 3 be a lift of v such that 7(0) € N°. We know that Y[ty 1 —T,t1]) C
2 2

NO. Tt will be useful to us to define the following sequence:
ti = ;T + ty., (9.28)

where ¢; and r; < 2n’ are the unique integers such that i = ¢;(2n’) +r;. Associated to ti
we associate the lift N? of N , which is determined by the property that ﬁ(t:) e Ni. It
is clear that the sequence N contains all lifts of N which are intersected by the curve
7(R). For the lifts N we define the connected components C% and C of M \ N, and
the planes P’ and PfL analogously as how we defined them for NO. A priori it could be
that for ¢ # j we had Ni = NJ. We will show however, that this cannot happen.

Firstly, N° # N'because 7([to, #1]) is non-trivial in (M, N). Also, we have that
N' c CY because y([to, t%]) C M. An identical reasoning shows that N2 # N' and:

N?c L. (9.29)
On the other hand we have that N° C C!, because &'([fg,t%]) gives a path totally
contained in M \ Nt connecting NO and P!. As N2 C C’_1~_ and NO C Cl, we must
have N2 #+ NO°. In an identical way, one shows that N3 #* N 1 and more generally that
N+2 £ Nt and N*t! &£ N, Now for N3, we have that N3 C C2. As ?([%,t%]) is a
path completely contained in M \ N2 connecting N° and P_% we obtain that N C C_%,
and therefore N3 =+ NO.
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Proceeding inductively along this line one obtains that N #* NO for all i %0, and
more generally, N #* NJ for all i = j. As a consequence of this, we obtain that the curve
7(R) cannot be homeomorphic to a circle and therefore v(R) cannot be contractible. We

are ready for the main result of this section.

Proposition 9.3. Appy is hypertight.

Proof: there are two possibilities for Reeb orbits.

Possibility 1: the Reeb orbit « visits both M; \ N and My \ N.

In this case, we have just showed above that v is not contractible.

Possibility 2: the Reeb orbit v is completely contained in M; for i € {1,2} .
In this case, the Reeb orbit does not visit the surgery region B. Therefore it existed
also before the surgery as a closed hyperbolic geodesic in M; \ B=TS; \ ng Such a
closed geodesic is non-contractible in 717 S; which is diffeomorphic to M;. We have thus

obtained that v C M; is non-contractible in M;.

Looking now at M; as a submanifold with boundary of M, we recall that M is
an incompressible torus in M. This implies that every non-contractible closed curve in
M; remains non-contractible in M. Therefore v is also a non-contractible Reeb orbit for

this case. O

9.2.1 Exponential homotopical growth of cylindrical contact homology

for )\FH

We proceed now to obtain more information on the properties of periodic orbits of X}, .

We state the following important fact:

Lemma 9.4. If a Reeb orbit (,T) of Ay visits both M\ N and M\ N, then any curve

freely homotopic to (v, T) must always intersect T.

Proof of lemma: As we saw earlier the lift 7 intersects all the elements of the

sequence N (of lifts of N') which satisfy N; # Kfj for all i # j.

Introducing an auxiliary distance d on the compact manifold M (coming from a
Riemannian metric) we obtain an auxiliary distance don M by pulling d back by the
covering map. It is clear that for ¢ sufficiently big the d distance between Nj:i and ng
becomes arbitrarily large. As a consequence, one obtains that for each K > 0 there
exists tx > 0 such that d((£tx), No) > K.

Let now ¢ : [0,7] — M be closed curve freely homotopic to ([0, 7]). An homotopy
H :[0,T] x [0,1] = M generates an homotopy H : R x [0,1] — M from a lift 5 and
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a lift Z . Using the fact that H is uniformly continuous one proves that there exists a

constant € > 0 such that d(H ({t} x [0,1]),7(¢)) < € for all t € R.

Take now K > 2€. Using the triangle inequality and the facts that d((H({t} x
0,1])),3(t)) < € and d(3(£tx), Ng) > K we obtain H({tx} x [0,1]) is always in the
same connected component of ¥(tx). This implies that E (R) visits both connected
components of M \ Ny and must thus intersect No. Even more, because ¢(R) intersects
both components of 8]% we have that ¢ visits both components of M \ N and therefore

has to intersect T. This completes the proof of the lemma. ]
We are now ready for the most important result of this section:

Theorem 9.5. Let (M, ¢, ) be the contact manifold endowed obtained by the Foulon-
Hasselblatt surgery, and Aps be the contact form obtained via the Foulon-Hasselblat
surgery on the Legendrian lift L, C T1S. Then Appg is hypertight and its cylindrical

contact homology has exponential homotopical growth.

We divide the proof that CH®! (M, Ary) has exponential homotopical growth in
steps.

Step 1: A special class of Reeb orbits.

We will obtain our estimate by looking at Reeb orbits which are completely con-
tained in the component M;. As we saw previously such orbits never cross the surgery
region B. Thus they are in a region where Apy coincides with Ay, and such Reeb or-
bits exist also as closed geodesics in (S1,g). Conversely, every closed geodesic in (57, g)
does not cross the region BS’Z and thus also exist as Reeb orbit of Agpg. This gives a
bijective correspondence between closed geodesics of (S7, g) which are not homotopic to

a multiple of 051 and Reeb orbits of Apg which are completely contained in Mj.

Let A(S1) denote the set of free homotopy classes in S; which are not covers of
[0S1]. We know that each p € A\(S1) contains exactly one closed geodesic c,. Letting
vp be the canonical lift of ¢, to 7151, we know that 7, is a Reeb orbit of A\;. As we
saw above each v, can also be seen as a Reeb orbit of Apg. We will denote by A(S1)ST
the set primitive of free homotopy classes in 57 whose unique closed geodesic has period
smaller or equal to T. Because g is hyperbolic it is a well known fact that there exist
constants a > 0, b such that (A (S1)ST) > e+,

Let © : A(S1) = A(T1S1) (where A(7151) is the free loop space of T751), be
the map which associates ¢, to v, in T151. © : A(S1) = A(T151) is easily seen to be



Chapter 9. Graph manifolds and Handel-Thurston surgery 69

injective. Because 715 is diffeomorphic to M; we can also view O(/A(S1)) as a subset
of the free loop space A (M) of M.

Step 2:

Let i : M7 — M be the injection obtained by looking at M; as a component of
M. As seen before the boundary d(i(M7)) = T is an incompressible torus in M. We
consider the induced map of free loop spaces i, : A(M1) — A(M). As a consequence of
the incompressibility of d(i(M;), the restriction of i, to ©(/A(S1)) is injective.

To see that, it suffices to show the following claim: if ¢ and ¢’ are curves in M;
which cannot be isotoped to a curve in M7 and which are in the same free homotopy
class in M, then ¢ and (' are freely homotopic in M;. For ¢ and ¢’ satisfying the
hypothesis of our claim there is a cylinder Cyl in M whose boundary components are ¢
and ¢’ which intersects 9M; transversely. In such a case, Cyl intersects M in a finite
collection of curves {w,} which are all contractible in M; the contractibility of these
curves is due to the fact that both ¢ and ¢’ cannot be isotoped to a curve contained in
OM;. The incompressibility of dM; implies that these {wy} are all contractible already
in M. Now, we cut the discs in Cyl whose boundary are the curves ¢, and substitute
them by discs contained in Mj. This produces a cylinder Cyl’ completely contained in
M whose boundaries are ¢ and ¢’. This implies that ¢ and (’ were already in the same

free homotopy class in M7, as we wished to show.

From step one, we know that for each p € i,(©(/(S1))) there is a Reeb orbit v,

in p.

Step 3: For each p € i,(©(/(S1))), the Reeb orbit 7, considered in Step 1 is the

unique Reeb orbit of Apg in p.

Let v be a Reeb orbit in p. If it is contained in M;, we know that v exists also
as a closed geodesic in (S7, g). Using an argument as in step 2 above, it is easy to show
that v and v, are freely homotopic in M, and therefore also in 771.51. Projecting to S;
we obtain that v and ~, are lifts of geodesics of (51, ¢g) in a same free homotopy class of
Sp. But for each free homotopy class of S there is a unique closed geodesic of (51, g);

this implies that v = ,.

Step 3 will now follow if we prove the following claim: every Reeb orbit of Arp

in p is completely contained in M;.
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Proof of the claim: if v was contained in M then it would be possible to isotopy

7, to a curve completely contained in dM;. This is impossible by the definition of A (S1).

The only remaining possibility is that + visit both M; and Ms. In this case, it
has to visit both M; \ N and M, \ N (the reason for that is that if v is completely
contained in M; U N convexity of the hyperbolic metric implies that v is in M;). As ~y
visits both M; \ N and M> \ N, we know from the Lemma 9.4 that every curve which is
freely homotopic to « has to intersect the torus T. As 7y, does not intersect T it cannot

be freely homotopic to v which implies that v ¢ p, finishing the proof of step 3.

Step 4: End of the proof.

From the previous steps we know that for each p € i,(©(/A(S1))), there exists a
unique Reeb orbit 7, € p. This implies that for each p € i,(©(A(S1))), the cylindrical
contact homology C’Hf)yl(M, Arm) # 0.

Let p € ix(O(A(S1)ST)). Then as we showed, in the previous steps, the unique
Reeb orbit of Agpy in p has action smaller or equal than T and Cchoyl(M JArg) # 0.
This implies that:
cyl .
N7 (e 2 8O\ (SD)=T))- (9.30)

As i, restricted to O(A(S1)=T)) is injective, and © is injective we conclude that:

20 (O(A(S1)=1)) = (A (S)=T) = e, (9:31)
Combining formulas (9.30) and (9.31), we obtain

N App) > e TH. (9.32)



Chapter 10

A dynamical obstruction to

planarity of contact 3-manifolds

In this chapter we establish a dynamical obstruction for a contact manifold to be planar.
We then use this obstruction to provide some new examples of non-planar contact 3-
manifolds. All the results in this Chapter were obtained in collaboration with Chris

Wendl.

10.1 Normal first Chern number

In this section we define the normal first Chern number of a pseudoholomorphic building.

This is the main tool which we will use to prove our dynamical obstruction result.

We begin by introducing some notation. Let (S,v) denote a finite energy nodal
pseudoholomorphic curve in a symplectization (RxY, d(e®*)), J) or in an exact symplectic
cobordism (W, w, J). Here S = (S, 5,T", A) denotes the domain of the pseudoholomorphic
map v. The set T" of punctures of (S, v) can be partitioned into two disjoint sets I'g and

I'; defined in the following manner:

e z € I'y if, and only if, the pseudoholomorphic map v is asymptotic at z to a Reeb

orbit with even Conley-Zehnder index,

e z € I'1 if, and only if, the pseudoholomorphic map v is asymptotic at z to a Reeb

orbit with odd Conley-Zehnder index.

Clearly every element of I' must be either in I'g or I'j, and can belong to only one of

these sets. The elements of I'y are called even punctures and the elements of I'y even

71
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punctures. Assume that all Reeb orbits detected by (S,v) are non-degenerate. We
define:

Definition 10.1. The normal first Chern number ¢y (v) € Z of a finite energy nodal

pseudo holomorphic curve (S,v) is defined as
2en (V) == ind(v) — 2+ 29 + #1o, (10.1)

where g is the genus of the compactification S of the domain of (S, 7).

As explained in [45] the normal first Chern number has a clear intuitive meaning
when the curve v = (a,v) is embedded and lives in a symplectization (M x Y, d(e®)), J).
Because of the R-invariance of the almost complex structure J we have the following
consequence (see [45]): the projection v of the finite energy curve w is an em-
bedded surface in M if, and only if, the normal first Chern number cy(v)

vanishes.

In the more general case where the finite energy surface v lives in a symplectic
cobordism W, ¢y (v) has an important role in determining whether v can be part of a

finite energy foliation of W; see [29, 45].

The normal first Chern number can also be defined for pseudoholomorphic build-
ings. Let u be a pseudoholomorphic building in a symplectization or in an exact sym-
plectic cobordism as defined in sections 3.3.1 and 3.3.2, and denote by S the domain of
u. Recall that S = (5,4,T, A, ¢) is a partially decorated Riemann surface and that T’
is the union of positive punctures of the top level u and the negative punctures of the
bottom level of w. Just as we did previously in the case of nodal pseudoholomorphic
curves, we partition I' into the sets 'y of even punctures and I'; of odd punctures. With

this in mind we define

Definition 10.2. Let @ be a finite energy pseudoholomorphic building with domain S
and that detects only non degenerate Reeb orbits at every level. The normal first Chern

number ¢y (u) € Z of the building w is defined by
2en (V) == ind(v) — 2+ 29+ #L' (10.2)
where g is the arithmetic genus S, i.e the genus of the compactification S.

We state two formulas of Wendl which are useful tools to compute the normal
first Chern number of a pseudoholomorphic building. The first is Proposition 4.8 of [44],
which relates the normal first Chern number of a pseudoholomorphic curve and of its

multiple covers.
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Proposition 10.3. [/4] Let (S,j) be a compact connected Riemann surface, I C S a
finite set and v be a finite energy pseudoholomorphic curve from S\f to a symplectization
or an exact symplectic cobordism. Let then (S’,j") be another compact Riemann surface,
¥ (S,5) = (S,5) a holomorphic map, T := 1Y) and define @ := vo. Then the

normal first Chern number cy(w) is given by the formula
en (@) = deg()en (V) + Z(dd) + Q, (10.3)

where 1) S\f — S’\f’ is the restriction of ¥ to S\f, deg(1)) is the degree of 1), Z(d&)

is the algebraic count of zeroes of the differential of ¥ and Q is a positive number.

The second is a formula which relates the normal first Chern number of a pseudo-
holomorphic building and that of its connected components. It is proved in Proposition
6.4 of [45].

Proposition 10.4. Let u be a pseudoholomorphic building in a symplectization or in
an ezxact symplectic cobordism whose domain we denote by S. Let N be the number of
connected components of S, and denote by (S, ji) for 1 <k < N the distinct connected
components of S. We let uy, the restriction of u to (Sk,jx), and refer to the maps uy as

the components of the building u.' Then the normal first Chern number cy () satisfies
N
en(@) =) en(@)+ Y pyzs) + #AN(D), (10.4)
i=1 {72} C Ay (1)

where Ay, (u) is the set of breaking pairs of u, p(v(zz)) is the parity of the Reeb orbit

Yz,z} associated to the breaking pair {Z, z}, and An(u) is the set of nodes of u.

10.2 Holomorphic open book decompositions and diving

sequences

Before defining open book decompositions we introduce some notation. In the solid
torus D x S1, we will call the circle {0} x St its core. We consider polar coordinates

(0,7,¢) € (D\ {0}) x S in the solid torus minus its core.

We denote by g the foliation of (D \ {0}) x S! by surfaces which is obtained by
fixing 6 and letting r and ¢ vary. g is a foliation of (D\ {0}) x S* by annuli. Associated

1We remark that one level of % might contain more than one connected component. Note also that
the components of a building are pseudoholomorphic curves in the sense of section 3.2 and not nodal
pseudoholomorphic curves as defined in section 3.3.1.
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to this foliation there is a fibration, which we also denote by g, that is associated to

the map o, : (D \ {0}) x S' — S! defined in the coordinates considered above by
oy (0.7.0) = 0. (10.5)

It is clear that the fibers associated to this fibration are the leaves of the foliation Oy,

which is the reason why we use the same notation for these two structures.

Definition 10.5. An open book decomposition £ of a compact 3-manifold M is a pair
(B, mp) where B is a link in M and

7o: M\ B — S! (10.6)

is a fibration. Moreover, we demand that for each knot K C B there exists a neighbour-
hood Vi of K and a diffeomorphism 73, : (Vi, K) — (D x S, {0} x S'), such that the

diagram

Vi \ K

e

O

D\ {0}) x §1 —20 , g1

is commutative, where the vertical map on the right side of the diagram is the restriction
of mo to Vi \ K.

The fibers 751(0) are all diffeormorphic surfaces, and are called the pages of the
open book decomposition £, while the link B is called the binding. The openbook O is

called planar when its pages have genus 0.

Definition 10.6. A contact form A\ on a contact 3-manifold (M, ¢) is said to be sup-
ported by an open book decomposition D of M when the binding B of O is composed
by Reeb orbits of A, the pages of 9 are transverse to the Reeb flow of A, and every tra-
jectory n(t) of X, which is not contained in B, intersects every page of O in infinitely

many positive times and infinitely many negative times.

If (M,€) admits a contact form A supported by an open book O, we will say that
(M, &) is supported by O.

Definition 10.7. A holomorphic open book decomposition 2 of a contact 3-manifold
(M, &) is a triple (X, Fy, D), where X is a contact form on (M, &) supported by the open
book decomposition 9, and F) is a foliation by surfaces of R x M which is invariant by

R translations in the first coordinate of R x M and satisfies:
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e a) there exists J € J(A) such that every leaf of F) is the image of a Fredholm
regular embedded finite energy pseudoholomorphic curve in (R x M, J),

o if F'is a leaf of F) then it is either a trivial cylinder over a Reeb orbit of A contained
in the binding of O, or it is the image of an embedded pseudoholomorphic curve
(a,u) =u:(S\T,j) = (R x M,J) with only positive punctures whose projection
mu (F)? is a page of O, and such that the M-component v : S\ T — M is an
embedding.

As it is observed in [2] and [46], if 20 = (A, F), ) is a holomorphic open book
decomposition, then O has to be planar. The following important result is shown in [1]
and [46]:

Theorem 10.8. [1, /6] Every planar contact 3-manifold admits a holomorphic openbook

decomposition.

Let now (M, &) be a planar contact manifold, and 20 = (A, Fy,O) a holomorphic
open book decomposition for (M,¢), and J € J(A) the almost complex structure that
is associated to 20 as Definition 10.7. We will denote by 71, ..., 7, be the simple Reeb
orbits of A which form the binding B of O, i.e, the union of the images of 1, ..., v, is
the link B.

Taking X another non-degenerate contact form on (M, &), we denote by f; the
function that satisfies \ = f3A. We follow a well known recipe to construct an exact
symplectic cobordism (R x M, @, 5) from (max f5+1)A to \. Take coordinates (s,p) €
R x M, and let h: R x M — R be a function satisfying:

e the derivative 0sh of h is always > 0,
e h(s,p) = ((max f5 +1))e*~! for s > 1,

o h(s,p) = e f(p) if s > 1.

We then define @, 5 := hA, and it is easy to check that (R x M,w, 5) is an exact

symplectic cobordims from (max f; + 1) to Y

On (R x M,w, ,5) we consider a cylindrical almost complex structure J which
coincides in [2,+00) x M with the almost complex J associated 20 and that matches
a cylindrical almost complex structure J—= € J (X) We will from now on assume that
the J~ is chosen so that every pseudoholomorphic curve in (R x M, J™) all of whose

punctures detect Reeb orbits of \ with action smaller than (max f5 +1) maxi<p<n A(7k)

2Here mas : R X M — M denotes the projection on the second coordinate.
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are Fredholm regular. The results of [14] and [7] imply that the set of elements J (X)

satisfying this condition is generic.

Let F' be a leaf of F) which is not a trivial cylinder over some Reeb orbit con-
tained in B. Then F = Image(ur) where (ap,ur) = ur : (S%\I,jo) — (R x M, J)
is an embedded finite energy pseudoholomorphic curve with only positive punctures.
Therefore, the real coordinate ap : S%,\I' — R x M is bounded from below. As the
foliation F) is invariant by R translations, we can assume, without loss of generality,
that ar(S?,\I') > 2. This implies that the map up : S%,\I' = R x M is also a pseudo-
holomorphic map if we consider in R x M the almost complex structure J , since J and

J coincide in [2,4+00) x M.

Recall that 71, ...,7;, are the simple Reeb orbits of A which form the binding B
of ©. Then we know that the pseudoholomorphic curve g : (52,\I, jo) — (R x M, J)
is an element of the moduli space M2 (71, ..., Viy; j) We will denote by M%(B; j) the
connected component of M2 (Y1, ..., Yi,; J ) which contains the up. Because the Reeb
orbits 71, ...,71, are all simple, we know that all elements of M%(B : J ) are somewhere
injective pseudoholomorphic curves. The results of [14] and [7] imply that we can pick
the almost complex structure J € J(J~,.J) such that all elements of M3 (B; J) are

Fredholm regular.

It is clear that every element of M2 (B;.J) is bounded from below, in the sense that
for every v € M3 (B; J) there exists a constant Cj such that Image(v) C [Cy, +00) x M.
We denote by min(v) the supremum of the set {¢ € R | I'mage(v) C [¢c,+00) x M}. It

is clear that for every v € MZ%(B;J) there exists p; € M such that (min(v),p;) €
Image(v).

The following result is proved in [2] and [47]:

Proposition 10.9. There exists a sequence v, of elements of M%(B; J) that satisfies

ngrfoo min(v,) = —oo. (10.7)

For the proof, which we sketch below, we refer the reader to [47].
Sketch of proof:
We argue by contradiction. Assume there exists C' such that min(v) C [C,400) x M for
allv € M%(B; j), and denote by C the supremum of all such C.

Then, there must exist a sequence v, € M%(B ;J) such that lim,_, 4o min(v,) =
C. An argument of Siefring (see [41] and [2]) shows that ¥,, must converge to either an
embedded pseudoholomorphic curve v € M%(B ; J ) or to a nodal pseudoholomorphic

curve. The reason for this is that if v, converged to a pseudoholomorphic building v
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with multiple levels it would have positive generalised intersection number with elements

of M2 (B; J), in the sense defined in [41], something which cannot happen.

Moreover, if v is a nodal pseudo holomorphic curve in R x M whose punctures
detect some of the Reeb orbits 71, ...,7;,, then it must have only two connected compo-
nents, both of which are somewhere injective and Fredholm regular, and have Fredholm

index 0 and normal first Chern number 0.

Because v, converges to v, and lim,, ;o min(?,) = C we have min(?) = C. Wendl
then shows (see step 6 of the proof of Theorem ? in [47]) that in both possible cases
for v, there exists an open neighbourhood of I'mage(v) that is foliated by elements of
M2 (B; J ). This implies that there must exist elements of M2 (B; J ) whose minimum
is smaller the C, leading to the desired contradiction. O

We will call a sequence v,, of elements of ./\/l% (B; J) for which limy,—, 4 oo min(v,) =

—00, a diving sequence.

10.3 Proof of the main result

We start with a Proposition about the behaviour of the normal first Chern number.

Proposition 10.10. Let X' be a non-degenerate contact form on a contact 3-manifold
(M', &) all of whose Reeb orbits are even, and let J' € J(X') be a cylindrical almost
complex structure in the symplectization of X' such that all somewhere injective finite
energy pseudoholomorhic curves in (R x M',J') are Fredholm regular. Then, for every
finite energy pseudoholomorphic curve v in (R x M',J'), its normal Chern number
1s non-negative. Moreover, if such a pseudoholomorphic curve is not either a simply
covered plane or a trivial cylinder over a Reeb orbit, then its normal Chern number is

positive.

Proof:
Step 1: We prove the first statement in the case where v is simply covered
or a trivial cylinder. It follows from our choice of .J/, that all simply covered
pseudoholomorphic curves (R x M’, J") have non-negative Fredholm index. If ¥ is simply

covered and has only even punctures we use the formula
QCN(fﬁ) = an(ﬁ) — 24+ #Iy (10.8)

to treat two possible cases. In the first case, where v is a trivial cylinder over a Reeb

orbit, we apply formula 10.8 to conclude that ¢y (v) = 0. In the second case, where v
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is not a trivial cylinder over a Reeb orbit, the non-negativity of ¢y (v) follows from the
fact that both ind(v) > 1 and #I'g > 1. Notice moreover that in this second case, if v
is not a pseudoholomorphic plane we have that both ind(v) > 1 and #I'g > 2, which
implies that cy(v) > 1.

Step 2: We prove the first assertion in the case where v is multiply
covered.
Suppose now that v is a multiply covered pseudoholomorphic curve. Then there exists
a simply covered curve w and a biholomorphism ¢ : domain(v) — domain(w) such
that ¥ = w o ¢. As w has only even punctures and is simply covered we know from
Step 1 that its normal Chern number is non-negative. Using the covering formula of

Proposition 10.3 we obtain
en () = deg(¢)en (0) + Z(dd) + Q, (10.9)

where Q and Z(d¢) are both non-negative. The non-negativity of ¢y (@) then follows
from this formula and the non-negativity of ¢y (v). This finishes the proof of the first

statement.

Step 3: We prove the second statement.
To prove the second statement, about the positivity of ¢y if ¥ is not either a simply

covered plane or a trivial cylinder, we consider three distinct cases:

e (a) v is a simply covered pseudoholomorphic curve distinct from a plane and a

trivial cylinder,

e (b) v is a multiple cover of a simply covered pseudoholomorphic w which is not a

trivial cylinder,

e (c) v is a multiple cover of a trivial cylinder w.

Case (a): In this case we have that both ind(v) > 1 and #I'g > 2. Plugging this
in formula (10.8) implies that ¢y (v) > 1.

Case (b): We treat two distinct possibilities. First if the simple curve w is not a
plane then the positivity of ¢y (v) follows from combining the fact that ¢y (w) is positive

(as we showed in Case(a)) with the covering formula (10.9).

If w is a plane then the map ¢ that satisfies v = w o ¢ has at least one branch
point, and we conclude that Z(d¢) > 1. We then apply the covering formula (10.9) to
obtain that ¢y (v) > 1.
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Case (c): In this case we can assume that the map ¢ that satisfies v = v o ¢
has a branched point, otherwise ¥ would be a trivial cylinder. Thus Z(d¢) > 1 and it
follows again from (10.9) that cy(v) > 1. This last case finishes the proof of the second

statement. OJ

Theorem 10.11. Let (M,§) be a planar contact 3-manifold and X a non-degenerate
contact form on (M,§). Then the Reeb flow ofX either has a Reeb orbit with odd index

or a contractible orbit.

Proof:
Assume that A has no odd Reeb orbits.

Since (M, €) is planar we know from Theorem 10.8 that it admits a holomorphic
open book decomposition 20 = (A, Fy, ). We then consider the exact symplectic cobor-
dism (R x M, @, 3 as constructed in the previous section and consider almost complex
structures J € J(A), J~ € J(A) and J in (R x M, @y

With this in hand we can apply Proposition 10.9 to obtain a diving sequence u, of

as in the previous section.

elements of M3 (B; J).
Passing to a subsequence if necessary, we can assume, without loss of generality,
that @, converges to a pseudoholomorphic building @. From the definition of the normal

Chern number for buildings we know that ey (u) = ey (u,) = 0.

Siefring’s intersection theory for punctured pseudoholomorphic curves implies that
the building u does not have levels in the symplectization of A, see Theorem 3.4 in [2]

. We thus know that the top level @° of @ lives on the cobordism (R x M, w and

A—N)
that all its positive punctures are asymptotic to simple odd Reeb orbits of X\. Therefore
u? is the union of connected simply covered pseudoholomorphic curves all of which have

negative punctures which detect even Reeb orbits. We make the following claim:

Claim: If w is a connected component of u° then cy(w) is non-negative.
Proof of the claim:
We first consider the case where w has only one negative puncture. In this case we
must have that ind(w) > 1 since w has only one even puncture, and ind(w) is non-
negative and has the same parity of #I'o(w). Formula (10.1) then tells us that cy(w) =
ind(w) — 2+ #L'p(w) >1-24+1>0.

The case wherew has more than one negative puncture is easier. In this case
we have #Io(w) > 2 (since all negative punctures are even) and ind(w) > 0 since w
is simply covered and J is generic. It then follows from formula (10.1) that cy(w) =
ind(w) — 2+ #Tg(w) > 0 — 242 > 0. This finishes the proof of the claim.
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All other levels of @ contain only punctures asymptotic to Reeb orbits of X, which
are necessarily even, and Proposition 10.10 tells us that all the connected components of
these other levels have non-negative normal Chern number. We use the convention that
the normal Chern number of a level %* which has connected components @’ is the sum
of the the normal Chern numbers of @w/. The above claim combined with Proposition
10.10 implies that all connected components of the building % have non-negative normal

Chern number. We will denote by v; for [ € {1, ..., ¢z} the connected components of u.

Because we assumed that A has only even Reeb orbits we know that all breaking
orbits of the building u are even. This implies that p(yz,) = 0 for every {Z,z} C
Ac¢(w). This combined with the formula from Proposition 10.4 gives us

4
en(@) =Y en(@) + An(a). (10.10)
=1
As we know that cy(u) = 0 and that all ¢y (7;) > 0, we conclude that A () must

vanish and that ey (7)) = > en ().

Finally we observe that since 0 = cy(u) = Y. ey (u*) and all ey (u") are non-
negative, we must have cy(u*) = 0 for all k. This implies that all the components of
@" that live in the symplectization of \ are either simply covered finite energy planes or
trivial cylinders over Reeb orbits. Since the bottom level of @ lives in the symplectization
of X and only has positive punctures, we know that all of its connected components
are simply covered pseudoholomorphic planes. Therefore we conclude that there exist
a pseudoholomorphic plane in the symplectization of X and that A has at least one
contractible Reeb orbit. We thus conclude that if A doesn’t have an odd Reeb orbit

than it must have a contractible Reeb orbit. O
As an application of Theorem 10.11 we have the following corollary:

Corollary 10.12. Let (M,£) be a 3-dimensional contact manifold that admits contact
form X\ whose Reeb flow is a transversely orientable Anosov flow.> Then (M, &) is not

planar.

Proof:
Because the Reeb flow of A\ is Anosov it is non-degenerate. Moreover, since it is a 3-
dimensional Anosov flow it does not have contractible periodic orbits [19]. As the the
Reeb flow of A is a transversely orientable Anosov flow it does not posses any odd Reeb

orbits. It follows then from Theorem 10.11 that (M, &) is not planar. O

3A 3-dimensional Anosov flow is transversely orientable if the strong unstable and stable foliations
of the flow are trivial line bundles.
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In the paper [20], Foulon and Hasselblatt constructed many new examples of
contact 3-manifolds that admit Anosov Reeb flows. As observed by Vaugon [42], the
Anosov Reeb flows constructed by Foulon and Hasselblatt are transversely orientable. As
a consequence of Corollary 10.12 we know that all the examples of contact 3-manifolds
admitting Anosov Reeb flows constructed by Foulon and Hasselblatt are not planar.
In particular this gives examples of infinitely many distinct hyperbolic manifolds which

admit non-planar contact structures.



Chapter 11

Asymptotic detection of

topological entropy via chords

In this chapter we study the topological entropy of Reeb flows restricted to the w-limit

of Legendrian curves.

11.1 Exponential homotopical growth of the number of

chords and positivity of Ay,

In this section M will denote a compact manifold. We endow M with an auxiliary
Riemannian metric g, which induces a distance function d, on M, whose injective radius
we denote by €4. Let M be the universal cover of M , g be the Riemannian metric that
makes the covering map 7 : M — M an isometry, and dj be the distance induced by
the metric g. We denote by X a C? vector field on M with no singularities, and by ¢’
the flow generated by X.

Let I and I” be disjoint embedded submanifolds of M. Take disjoint tubular
neighbourhoods V4, and Vi of, respectively L and I.! We choose e, > 0 to be a positive
number such that for every p € V1, we have dy(p, L) < er. Analogously, we choose 1, > 0
to be a positive number such that for every p € Vi, we have dy(p,L") < €.

We denote by €, the injective radius of the Riemannian metric g and define
min{eg, er, €1/}

o= (11.1)

14 and Vi, are diffeomorphic to disc bundles over, respectively, L and L’. Therefore they admit
deformation retracts to , respectively, L and L.

82
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Recall that a chord (&, f) of the flow ¢x from L to L is a trajectory ¢ : [0,T] — M
of ¢x such that ¢(0) € L and &(T) € L'. Given a chord (¢,T), the number 7T is called
the period of the chord (c, T) We will refer to the chords of the flow ¢x as X-chords.

Denote by Q(L — L) the set of homotopy classes of paths starting in L. and ending
in L'. We define Q% (L — L) as the set of homotopy classes in Q(L — L’) which admit
an X-chord from LL to I with period smaller than T'. In other words

QYL = L) :={p € QL — L) | there exists an X-chord (c,,T,) € p such that T, < T'}.
(11.2)
Lastly we define
NEL = L) = #0% (L - L)). (11.3)

We introduce some notation which will be needed later. Let ¢ : R — M be a
parametrized trajectory of the flow ¢x. Given a constant § > 0 we define the subset
TST(O') C Q(M, A — A) by the following condition:

e pc Tg(a) if, and only if, there exists a chord (c,,T},) of ¢x from A to A with
action/period < T" and such that maxcjo 7{dy(r,(t),0(t))} <6 for all t € [0,T7].

For a collection {o;;1 < i < n} of parametrized trajectories of ¢x we define
TgT(al, ..., 0p) by the condition:
e p € TgT(al,...,an) if, and only if, there exists a chord r, of ¢x from A to A
with action/period < T and such that maxcpr{dy(7,(t),0i(t))} < § for some
1<i<n.

We are now ready to prove the main result of this section.

Theorem 11.1. Using the motation introduced above, suppose that there exists real

numbers a > 0, b and Ty > 0 such that
NE@L - L) > T+, (11.4)

for all T > Ty. Then hiop(dx) > a. More precisely, if K is a compact set which contains
L and is invariant by ¢x, then the topological entropy hiop(dx|K) of the restriction of
ox to K is > a.

The method for proving the theorem is a variation of the one used to prove The-

orem b5.1.
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Proof: The theorem will follow if we can prove that, under the assumptions of the

theorem, for all 0 < § < ;% we have hs(dx) > a.

Step 1: Pick 0 < ¢ < {&%. We will denote by Vjs(IL") the 46 neighbourhood of
the pre-image 7~ !(I’) of the submanifold " of M, obtained by considering the distance

function dj on M. Tt is clear that Vis(I') can be written as a disjoint union

Vis(L) U Bys(L). (11.5)
L’ is a connected component of =—1(L/)

Because § < 1, it follows that there exist a constant ki such that if B and B
are distinct connected components of Vis(L'), then dg(B, B) > ki. It is clear that we
can, by shrinking §, assume that k1 > 1004. From now on we fix 0 < ¢ < {$ such that

k1 > 1004.

The norm of the pullback X := 7X of X is bounded from above in the g.
Combining this with the inequality of the previous paragraph we obtain that there
exists a constant ko > 0 such that, if o : [0,7] — M is a trajectory of ¢ ¢ such that
0(0) € B and o(T) € B, where B and B are distinct connected components of Vys(I/),
then T > ko.

Finally, we deduce from the discussion above the existence of a constant K, which
depends only on g and X, such that for every parametrized trajectory o : [0,T] — M
of ¢ ¢, the number LT(L/, o) of distinct connected components of Vys(IL') intersected by
o([0,T7]) satisfies:

LT, o) <XT + 1. (11.6)

Step 2: Given an X-chord (¢, T ) from IL to I/ we will, by a small abuse of notation,
also denote by ¢ the trajectory obtain by extending the domain of the given X-chord to
all R. We then claim that for every chord (¢,7) we have

#YT(@) < KT +1, (11.7)

for the ¢ fixed in step 1.

To prove that, we first take a lift ¢ of ¢. We consider the set {B; | 1 < j <m7T(¢)}

of connected components of Vys(IL') satisfying:

o Bj# By if j £k,
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e if B is a connected component of Vj5(L’) which intersects ¢([0,7]) then B = B;
for some j € {1,...,m7(¢)},

e if j < i then Bj is visited by the trajectory ¢: [0,T] — M before B;.

It follows from step 1, that m?(¢) < KT + 1.

For each | € TJT(E) pick (¢;,T7) in I to be a X-chord from L to L/, with period
T; < T, and which satisfies dg(¢;(t),¢(t)) < ¢ for all t € [0, T]. There exists a lift ¢ of ¢
satisfying dg(c;(t),c(t)) < 0 for all ¢ € [0,T].

We will show now that ¢(7;) € Vys(L'). Because ¢;(T;) € L' and using the triangle

inequality, we obtain:
dg(e(T7), 7 (L) < dg(&(T1), a(Th)) +dg(@(Ti), 7 (L) = dg(&(T1), a(Th)) < 6. (11.8)

This implies that ¢(7;) € Vis(IL"). Moreover, because of our choice of d, we also have that
¢(T;) and ¢(T;) belong to the same connected component of V5(IL'). The reason is that
their distance is so small that they cannot be in distinct connected components Vys(L').
This implies that ¢(7;)) is in a connected component of V(L") which is intersected by
¢([0,T]). Thus that there is some j € {1,...,m%(¢)} such that ¢,(T})) € B;.

As a result we can define a map Eg’é : T;[;’(S(E) — {1,...,mT(¢)} which associates
to each [ € T§’5(E) the unique j € {1,...,m7(¢)} for which ¢(T}) € B;.

It is immediate to see that if [ # I’ are elements of TZ;’(S (¢), then ¢(T;) and ¢y (Ty)
must lie in distinct connected components of Vys(IL"). Too see that notice that ¢;(0) and
¢y (0) belong to the same lift Ly of L. If ¢;(T}) and ¢ (7)) belonged to a same connected
component of Vjs(L'), then they would belong to a same lift L of L. Because M is
simply connected, we would then conclude that ¢;([0,7;]) and ¢ ([,07y]) are homotopic
as paths from Lj to L{. But this would imply that the chords (¢;,T;) and (¢y,Ty) are
homotopic as paths from L to I/ which contradicts the assumption that [ # I’

The discussion of the previous paragraph implies that the map EET"s : T?(’é(/c\) —

{1,...,mT(¢)} is injective. This gives
#YT @) <m?(@) > kT + 1, (11.9)

as claimed.

Step 3: Inductive step.
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Let {(¢;, T;); 1 <1i < n} be a set of X-chords from L to L' such that:

e The period T; of ¢; is < T for all 7,
e maxc(o 1) dg(ci(t), cj(t)) > 0 whenever i # j,
e The homotopy classes of (¢;,T;) and (¢;,Tj) in Q(L — L') are distinct whenever
i # 7.
T ’
Then, if n < L%_ZL)

(cnt1, Thnt1) in ppt1 with period Ty,41 < T such that:

|, there exists an element p,+; € Q% (L — L') and a chord

e maxyc(o 1] dg(cnr1(t),ci(t)) > 6 for all 1 <i <n.

To see that this is indeed the case notice that #(Y7 (c1,...,cn)) < n(KT + 1) <
NIL(L — L) = #Q% (L — L'). Therefore there exists p,11 € QL (L — L)\YT (cq, ..., ¢n))
and a chord ¢, in the homotopy class p,+1 with period T),+1 < T'. The fact that p,41 is
not in Yj (c1, ..., ¢) implies that the chord cpy1 satisfies maxie(o 7y dg(cng1(t),7i(t)) > 6
forall 1 <i<n.

Step 4: Obtaining a T, §-separated set.

%ﬂj} of X-chords

from L to I/ such that max,c(o7] dg(ci(t),cj(t)) > 0 whenever i # j. It is clear that
eTa+b

{ci(0) | 1 <i < |Gy ]} is a T, 6-separated set. We then obtain:

Using step 3 we can produce a set {(¢;,T;);1 < i < |

NE(L-L) J )

log([ =%
hs(¢x) > limsup I;T—H > lim sup
T—+o00 T—+o0

log(| £~ 1)
e (11.10)

Since the inequality above is valid for arbitrarily small § < {J, it follows from the

definition of the topological entropy that hiop(¢) > a.

Step 5: The second statement of the theorem follows from the fact that if a
compact set K is invariant by ¢x and contains L, then it contains the T, §-separated
sets which we constructed in step 4. Repeating then the argument done in step 4 we

obtain that the topological entropy of ¢x restricted to K is > a. O
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11.2 Topological entropy and w-limits of Legendrian fibers

in unit tangent bundles of higher genus surfaces

We will now apply the results of the previous section to obtain dynamical information

about Reeb flows on unit tangent bundles of higher genus surfaces.

Let S be a surface of genus > 2. As explained in chapter 7 the unit tangent
bundle 7715 of S carries a distinguished contact structure {ge,. This contact structure is
characterised by the fact the for every Riemannian metric g on S, there exists a contact

form Ay on (715, &4e0) whose Reeb flow ¢x, coincides with the geodesic flow of g.

We will be interested in a special class of Legendrian curves in (715, &4e0). For

every p € S the unit tangent fiber £, over p is a Legendrian curve in (715, geo)-

We fix a hyperbolic metric gp,, on S. We denote by Ay, ~ the contact form on

yp
(T1S,&ge0) whose Reeb flow is the geodesic flow of gp,,. Given another contact form A
on (115, &ge0) we will denote by fi the function that satisfies A = fa\g, . We are ready

to state the following

Proposition 11.2. Let A be a contact form on (T15,&4e0) and fy be as defined above.
Then, there exists constants Ty, as and Bg (depending only on S) such that for every
point q € S there exist a point ¢’ # q for which

agT

NE (Ly — Ly) > emxin s (11.11)

for T > 1Ty.

Proposition. Let (Y,§) be a contact manifold and L and L be two disjoint Legendrian
submanifolds. Let ag be a hypertight contact form on (Y,&) that is adapted to the pair
(E,E). Assume that the strip contact homology LCHg (o, L — E) has exponential
homotopical growth with exponential weight a > 0. Let o be another contact form asso-
ciated to (Y,€), and take g > 0 to be the function such that o = gocvy. Then there is

Tp > 0 such that the number N;a(ﬁ — L) satisfy

aC

NE (£ = L) > emaxtoa) (11.12)

for all'T > Tg.

The second is Theorem 5.4 of [3]

~

Theorem. Given q € S there exists ¢ # q in S, such that the LCHg (A Ly— Ly)

Jhyp)

has exponential homotopical growth with exponential weight ag.
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It is easy to see that Proposition 11.2 follows immediately from the combination

of these two results.

Recall that given a contact form A on (715, &ge0) the w-limit wy(L,) of the of the

Legendrian curve £, for the Reeb flow of A is defined as:

wr(Ly) :=={x € T15 | 3 a sequence z,, € L, and t,, — 400 such that nll)rfoo o\ (zn) =z}

(11.13)
As explained in chapter 2 the set wy (L)) is a compact subset of 71.5 that is invariant by
the Reeb flow of A.

As alast piece of notation we will denote by /iy, the measure on S induced by the

hyperbolic metric gp,,. We make the following observation regarding the sets wy(Lp).

Lemma 11.3. Let A be a contact form on (115,8g4e0). Then, the subset Uy C S defined
as
Uy = {p es ‘ ,Cp C w,\(ﬁp)}, (11.14)

is of full measure in S, with respect to the measure pipyp.

Proof:
Step 1: Let Rec(X)) be the set of recurrent points of the Reeb flow of \.? Because
¢, preserves the measure pypgy (generated by the volume form A A d)\), Poincaré’s

Recurrence Theorem [39] tells us that Rec(X)) is of full measure in (71, andy)-

For ¢ € S let By(e) be a ball centered in ¢ and radius € > 0 with respect to the
metric gpyp. We assume that € is small enough so that By(e) is an embedded disc in S.
There exists then a diffeomorphism 1), : D — By(e). This map has a canonical lift to
the unit tangent bundles D x S* and T} By(¢) of, respectively, D and B,(€).> We denote
this lift by

P, D x St = 7H(Byl(e)). (11.15)

On D x S! we consider two measures. The first is the pullback pu; = E* (Handn)-
We let c(u1) == pr(D x S'), be total measure of D x S! with respect to 1. The
second measure we consider is pg := Cé’;é)d:c A dy A df where ((z,y),0) € D x St are

coordinates. It is easy to check that us(D x S) = e(p1) := pr(D x S'). As Rec(X))

has full puypgr-measure in 715 we conclude that

tixnax (T (Bg(€)) = panaa(Rec(X5) N7 1(By(e)) = p1 (v, ' (Rec(X))) = c(pa).
(11.16)

2Recall the a point = belongs to Rec(X ) if there exists a sequence t, — +oo such that ¢x(zn) = x.
3Here 7 : T1.S — S is the base point projection.



Chapter 11. Asymptotic detection of topological entropy... 89

The fact that p; and jp are both smooth measures in D x S' imply that the O-measure
sets of these two measures are the same. This implies that ¢, ' (Rec(X))) is also o full
measure for g, i.e. pa(ih, ' (Rec(Xy))) = ¢(u1). Let Xyt (Ree(xy)) * D X St — R be the
characteristic function of ¢ LH(Rec(X))).

Step 2:
For each fiber p € S define R), := Rec(X,) N L. Because 1, is the lift to the unit
tangent bundles of the map 1), we can define the set A, C S! by

A, :={0€ 5" | §,(2,0) € Ry, )} (11.17)

Clearly A, is dense in S! if, and only if, Ry, (=) is dense in L, since 4, = J;l(qu(z)).
We denote by x4, : S' — R the characteristic function of the set A, C S'. For the

Lebesgue measure f1g1 generated by df in S we have

jg (AL) = /S . (0)d6, (11.18)

Using Fubini’s theorem and the fact that U,cp = E;l(Rec(X)\)) we obtain

—— c
(T, 1(Rec(X,\))) - (1) /D . Xw(;l(Rec(X)\))de Ndx A dy
X

273
=) [ ([ xa@anyizndy =) [ sy ayde ndy
2w D JSt 2w D
Since pgi(A,) < 27 we have
<) / psi(Az)dz A\ dy > clm) / 2ndx N dy > c(p) (11.19)
271'3 D * - 27'1'3 D - ’

o(p1)
273

almost every z in ID, with respect to the measure pg,nqy generated by dxr A dy.

and the equality c(u1) = Jp ts1(Az)dx A dy can only happen if pgi(A.) = 27 for

Step 3:
We will denote by B, the subset of D defined by
B, :={z€D| ps(A4;) =2n}. (11.20)

As we showed in step 2 pgzngy(Bg) = 2. Then it is clear that 14(B,) C By(e) has full
measure in By(e), for the smooth measure (¢q)«ftazndy- As the measure fip,y, restricted

to By(e) is also smooth we have

(¢q)*ﬂdmAdy(D \B,) =0 = Nhyp(Bq(e) \¢q_1(%q)) =0, (11.21)
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which shows that ¢, (B,) has full fi,,-measure in By(e).
Step 4: We will show that if p € w;l(‘Bq) then p € U,,.

To see that, notice that as p € Q/Jq_l(%q) then wq_l(p) € B,. This implies that
A vl C Sl is a set of full pgi-measure in S' and therefore A v () is dense S*.
As a result we obtain that {1, '(p)} X A¢;1(p) is dense in {y;'(p)} x S*, which is
equivalent (since the restriction v, : {@Dq_l(p)} x S1 — £,) is a diffeomorphism) to the
set Ry = b, ({1, ' (p)} ¥ A¢;1(p)) being dense in L,,.

It is easy to see that every point z € R, belongs to wy(Ly). As wy(Lp) is closed
we conclude that
Ly, = closure(Rp) C wr(Lp) (11.22)

when p € ¢, (B,).

Step 5: Our preceding discussion can be summarised as follows: every point
q € S has an open neighbourhood By(e) and a subset 9, 1(:B,) C Uy which has full

phyp-measure in By(e). This implies that Uy has full ji,,-measure in S. O
We are now ready to prove the main result of this section.

Theorem 11.4. Let X be a contact form on the unit tangent bundle (T1S,&4e0) of a
surface S with genus > 2. Let Ay, = be a contact form on (T1S, €geo) whose Reeb flow is
the geodesic flow of a hyperbolic metric gny, on S, and fy be the function that satisfies
A = faAgy,,- Then for every p in the full ppyp-measure set Uy, the topological entropy
Ptop(@x, lwy(c,)) Of the restriction of the Reeb flow ¢x, to wi(Ly) is > 25—, where

max fy ’

as > 0 is a constant that depends only on S. *

Proof:
The proof is a straightforward combination of Theorem 11.1, Proposition 11.2 and
Lemma 11.3.
By definition, for every p € Uy we have £, C wx(L,). But by Proposition 11.2 there
exists £,y such that

agT

N)?A(ﬁp — L) > emaxh +bs

(11.23)

for T > T,. This combined with the second statement of Theorem 11.1 implies that the

restriction of ¢x, to any compact set which is invariant by ¢x, and contains £, already

has topological entropy > —*& 7 The fact that wx(Lp) is such a compact invariant set

completes the proof of the theorem. O

4 ag > 0 is the constant from Proposition 11.2.
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