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Résumé

Dans cette thése, nous nous intéressons a deux modéles dexfele foréts dé nis sur
Z.

On étudie le modéle des feux de foréts suZ avec propagation non instantanéedans
le chapitre 2. Dans ce modéle, chaque site a trois états pob$es : vide, occupé ou en
feu. Un site vide devient occupé avec taux 1. Sur chaque site, deslumettes tombent
avec taux . Si le site est occupé, il brile pendant un temps exponentielle paramétre

avant de se propager a ses deux voisins. S'ils sont eux-mémescupés, ils brllent,
sinon le feu s'éteint. On étudie I'asymptotique des feux raes c'est a dire la limite du
processus lorsque ! Oet !'1 . On montre qu'il y a trois catégories possibles de
limites d'échelles, selon le régime dans lequel tend vers 0 et  vers I'in ni.

On étudie formellement et brievement dans le chapitre 3 lanodéle des feux de foréts sur
Z en environnement aléatoire Dans ce modele, chaque site n'a que deux états possibles :
vide ou occupé On se donne un parametre > 0, une loi sur (0;1 ) et une suite
( i)izz de variables aléatoires indépendantes identiguement digbuées selon . Un site
vide i devient occupé avec taux . Sur chaque site, des allumettes tombent avec taux
et détruisent immédiatement la composante de sites occupé&orrespondante. On étudie
I'asymptotique des feux rares. Sous une hypothése raisonhke sur , on espére que le
processus converge, avec une renormalisation correcte rgain modele limite. On s'attend
a distinguer trois processus limites di érents.

Mots clés : Systemes de particules en interaction, Criticalité auto-@ganisée, Modéles
de feux de foréts







Abstract

The aim of this work is to study two di erents forest- re processes de ned onZ.

In Chapter 2, we study the so-called one dimensional forest- re process with non
instantaeous propagation In this model, each site has three possible states: ‘vacaht
'‘occupied’ or 'burning. Vacant sites become occupied at rée 1. At each site, ignition
(by lightning) occurs at rate . When a site is ignited, a re starts and propagates to
neighbors at rate . We study the asymptotic behavior of this process as ! 0 and

I'1 . We show that there are three possible classes of scaling lits, according to the
regime in which ! Oand !'1

In Chapter 3, we study formally and brie y the so-called one dimensional forest- re
processes in random media Here, each site has only two possible states: 'vacant' or
'‘occupied’. Consider a parameter > 0, a probability distribution  on (0;1 ) as well
as ( j)izz an i.i.d. sequence of random variables with law . A vacant site i becomes
occupied at rate j. At each site, ignition (by lightning) occurs at rate . When a site is
ignited, the re destroys the corresponding component of ocupied sites. We study the
asymptotic behavior of this process as ! 0. Under some quite reasonable assumptions
on the law , we hope that the process converges, with a correct normaliion, to a
limit forest re model. We expect that there are three possible classes of scaling limits.

Key words: Stochastic interacting particle systems, Self-organizedriticality, Forest
re model
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I.1. Motivations de la physique statistique

[.1.1. L'ubiquité des fractales et des lois puissances

L'étude et I'analyse des phénoménes qui nous entourent ontté& simpli ées et appro-
fondies par I'évolution de la puissance de calculs (traiterant de volumineuses bases de
données). Ces observations ont fait émerger des phénoménds lois puissances c'est-
a-dire des phénomenes dont la probabilité d'observer des leurs extrémement grandes
n'est pas exponentiellement bornée queue de distribution lourdg. Les phénoménes en
lois puissances sont d'une apparente ubiquité dans la nataret sont I'empreinte des struc-
tures fractales (des structures dont aucune échelle ne prédomine). lls sontar exemple
observés dans

" les tremblements de terre : la loi de Gutenberg -Richter énonce que la proba-
bilité d'obtenir un tremblement de terre d'énergie E est de l'ordre deE B, ou
I'exposant B varie dans lintervalle [0:80;1:05] (en fonction de la précision des
mesures) ;



" le littoral : c'est I'exemple classique de fractale dans la nature, devenu populaire
dans le contexte de chaos et des fractalesNan82]). La longueur de la cbte de
Grande-Bretagne croit de fagon non linéaire (vers I'in ni) lorsque le pas de mesure
tend vers O (plus on cherche de précision, plus la longueur gmente, et ce de fagon
non linéaire). La dimension de Hausdor est de 124;

~ les marchés nanciers : I'évolution du cours d'une action sur une décennie a la
méme allure que sur une année.

On pourra consulter I'ouvrage de P.Bak [Bak96] pour retrouver ces exemples et bien
d'autres encore.

Les structures fractales se retrouvent dans lephénomenes critiquesA n d'illustrer
la notion de phénomene critique, intéressons-nous a un mokEebien connu des mathé-
maticiens : la percolation.

[.1.2. La percolation : un exemple de phénoméne critique

Soit G = ('S;A) un graphe, ouS est I'ensemble des sommets eA I'ensemble des arétes.
La percolation par arétes sur le grapheG est un modeéle de graphes aléatoires obtenu
en supprimant chaque aréte deG avec probabilit¢ 1 p, indépendamment des autres
arétes (on dit qu'on ferme les arétes avec probabilité 1 p). On dit que x mene ay s'il
existe un chemin d'arétes ouvertes qui va dex a y. Bien que la dé nition du modéle
soit élémentaire, celui-ci exhibe un comportement tres ribe. La théorie de la percolation
étudie la géométrie des composantes connexes du sous-grapiléatoire induit par les
arétes ouvertes. Intéressons-nous au réseaZf (d 1), c'est-a-dire au graphe dont
l'ensemble des sommets estd, muni de I'ensemble des arétes canoniquement associé
(deux sommets sont reliés si et seulement si ils sont a une dimce 1). Dans la suite,
on note C la composante connexe contenant l'origine. Un résultat fodamental de la
percolation (voir par exemple [Gri99]) énonce qu'il existe un nombrep; = pc(d) 2 (0;1),
tel que sip < p, alors il n'y a presque srement pas de composante connexe fime
tandis que sip > p, alors il existe presque sdrement une unique composante coexe
in nie. On dit alors qu'il y a une transition de phaseau point critique p = pc. La valeur
critique sépare laphase sous-critiquelorsquep < p¢, ouU toutes les composantes connexes
sont presque sdrement nies, de laphase sur-critique lorsquep > p¢, ou il y a presque
sirement une composante connexe in nie. SuZ, on a (trivialement) p. = 1 et sur Z?2
onap.=1=2.

Les phases sous- et sur-critiques de la percolation par a sur le réseaZ® (d  2), est
plus ou moins connue. Par exemple, en notanP, la mesure gouvernant la con guration,
on peut trouver dans [Gri99] les estimations suivantes :

PolICj k] Ca(p)exp( ci(p)k) sip <pc;
Polk jCji <11 Ca(p)exp( co(p)k@ V=) sip>pg;
Polx 2C;jCj< 1] exp( cs3(p)jxj) sip6 pc:



Bien que ces résultats ne soient déja pas faciles a établig percolation au point critique
p = pc est encore mal comprise et des comportements bien di érentsont observés (par
simulation numérique). Par exemple, I'amasC est-il Py, ni? En dimension 2, pour des
raisons de symétries (et dualité), il est facile de voir (hedstiquement en tout cas) que
la composanteC est Py, presque slrement nie. Qu'en est il dans le cas général ? Quel
est le comportement deC au voisinage du point critique ?

Pour la percolation par site (on ouvre chaque site avec probailité p) sur le réseau
triangulaire, on a p. = 1=2 et, en combinant les résultats Kes87, [LSW02], [Smi0]] et
[SWO01], on peut montrer que

PoliCi=11=(p 1=2)56*°" quand p#pc;

Pp.iCi K] =k 591+ o(1) quandk!1 ;
EpliCilici<1g 1= ip P **8"°M quandp! pc;
Pp[radjiCj n]l=n 5%*°D quandn!1l ;

1 -
Pp.[x 2C] = ix[5=28+ o(1) quand jxj!1

ou rad(jCj) =sup fj xj : x 2 Cg.

En physique, les phénomenes de transitions de phases sont$& complexes et la tran-
sition de phase est trés dicile a expliquer du point de vue microscopique. Méme les
modéeles les plus simples sont di ciles a étudier au point crtique. Or dans la nature, ce
sont bien souvent des phénomenes critiques (invariances &thelles, structures fractales,
lois puissances...) que I'on observe. Des mécanismes ausisiples que le modéle de per-
colation ne peuvent expliquer a eux seuls I'apparition de té&s phénomeénes, car, pour les
observer, il faut régler nement le paramétre du modéle sur & point critique. Existe-t-il
un modele simple et universel, c'est-a-dire qui décrive unéarge classe de phénoménes,
qui puisse expliguer l'apparition des fractales et des loipuissances ?

Pour tenter d'expliquer l'apparition ces phénoménes, les hysiciens PerBak , Chao
Tang et Kurt Wiesenfeld ontintroduit[ BTW87] le concept decriticalité auto-organisée
(SOC : Self-Organized Criticality).

[.1.3. Le concept de criticalité auto-organisée

Un systeéme hors d'équilibre (ouvert sur I'extérieur), régipar des interactions locales ini-
croscopique$, évolue de lui méme @uto-organisation) jusqu'a un état critique (dans le
sens ou il n'y a pas de grandeur caractéristique dominante} partir duquel une réorgani-
sation locale peut avoir des répercussions globales (in ueer une partie macroscopigue
du systéme) : c'est ainsi que peut étre dé nie la notion de cticalité auto-organisée. Dans
cette théorie, I'évolution du systéme vers un état critique est déterminée par des regles
locales et non pas par un expérimentateur qui réglerait un peamétre (dans le modéle
de percolation, on peut décider d'augmenter le paramétre 8'n'y a que des amas nis
et de le baisser s'il y a un amas in ni; ce modéle se développeitialement vers un état
critique). Ce concept peut étre décrit comme suit : considéons un systéme de particules



en interactions, avec une con guration initiale quelconge, qui est régi par des interac-

tions locales et telle que I'évolution des forces extériews soit lente (il y a une séparation

entre les échelles de temps du processus interne et celui duogessus externe). Un tel

systeme devrait évoluer naturellement vers un état critique sans le réglage de parameétres
extérieurs. L'état critique est un état instable mais stationnaire qui doit présenter les

caractéristiques suivantes :

~ les interactions entre les sites sont locales;

“il'y a un e et de seuil : on observe une activité (macroscopique) seulement si un
certain seuil est atteint ;

" il'y a un e et dissipatif, pour compenser I'évolution des pa ramétres externes;

"~ les distributions des observations sont en lois puissancs.

Pour expliquer ce concept, les auteursgTW87] ont proposé le modéle de tas de sable
suivant : considérons une table plate sur laquelle des gramde sables tombent, lentement,
un par un. Les grains peuvent étre ajoutés aléatoirement suta table ou sur un endroit
particulier, le centre de la table par exemple. L'état ou tous les grains sont au méme
niveau est un état d'équilibre. Comme les grains ont tendane & s'immobiliser du fait de
la friction, on ne revient pas automatiqguement a I'état plat quand on arréte d'ajouter des
grains. Au début, les grains de sable restent plus ou moins aehdroit ou ils tombent. Si
on continue d'en ajouter, le tas devient plus gros et des grais de sable glissent ou créent
des avalanches. Les grains peuvent atterrir sur d'autres gins ou glisser plus bas dans
le tas. Cela peut créer d'autres glissements de grains. L'apt d'un simple grain peut
causer des turbulences locales mais le tas reste stable destn ensemble. En particulier,
les évenements dans une partie du tas n'a ectent pas les gmas de sable situés plus loin :
il n'y a pas de communication globale dans le tas, juste des gins de sable seuls.

Plus la pente augmente, plus l'ajout d'un simple grain est sgceptible de créer des
glissements d'autres grains. Finalement, la pente atteintune certaine valeur et ne peut
plus augmenter, car la quantité de sable ajoutée compense eanoyenne la quantité de
sable qui tombe de la table. On appelle cela ugtat stationnaire car la quantité de sable
et la pente sont constantes en moyenne au cours du temps. |l tealors clair que pour
avoir cette compensation entre l'ajout de sable au centre déa table et la perte de sable
sur les bords de la table, il doit y avoir une communication a tavers toute la pile. On
appelle cette con guration I' état critigue auto-organisé

L'ajout de grains de sable a transformé le systéme d'une comguration ou les grains de
sable suivent leurs propre dynamigue en un état critique ouds dynamiques sont globales.
Dans I'état stationnaire SOC, il y a un systeme complexe avec sa propre dynamique. On
ne pouvait pas prévoira priori I'émergence du tas des propriétés individuelles des grains

Le tas de sable est un systéme dynamique ouvert car les graisent ajoutés de l'exté-
rieur. L'état critique doit étre consistant : c'est importa nt pour avoir une chance que le
modele décrive le monde réel.

Les tailles des avalanches peuvent étre mesurées de plugiedacon, par exemple en
étudiant la durée d'une avalanche ou le nombre de sites a e@&s. On espére que toutes



ces quantités présentent des distributions en lois puissaes. Malgré son nom, le modéle
du tas de sable n'a pas été introduit pour décrire les tas de $des réels mais pour
expliguer abstraitement I'émergence des systémes crities auto-organisés. En particulier,
les auteurs de BTW87] envisageaient leur modéle comme une justi cation abstrae de
l'omniprésence des réponses er-i.

.1.4. Les limites des SOC

La théorie développée dansgTW87] est fascinante car elle o re une explication simple
et universelle a des phénoménes tres divers qui, comme lesstde sable, semblent obéir
statistiquement a des lois de puissance : I'évolution des cws de bourse, les statistiques
sur la taille des villes, l'audience des sites sur internetla fréquence des mots, le nombre
d'espéces par genre, l'intensité des guerres et des érupti® solaires, l'importance des
catastrophes géologiques.

Malheureusement, I'observation de lois puissances ne su pas a décider si un systeme
est SOC ou non. De plus, il est assez dicile de décider si une idtribution suit une
loi puissance ou non : faute de mesures faites sur plusieursdoes de grandeur, on se
laisse abuser par une loi géométrique ou exponentielle. En0OR9 Clauset et ses co-
auteurs [CNS09 ont discuté de la pertinence de la distribution en lois puisances de
26 modeles : seulement deux modéles ont été validés. Les messisur les systemes
biologiques s'étalent sur un trop petit nombre d'années pou étre signi catives. De plus,
méme si une distribution en loi puissance est détectée, riene dit que I'on a a aire a un
systéme critigue auto-organiseé.

[.2. Introduction du modeéle de feux de foréts

Dans cette partie, on introduit un modele qui, sous certains conditions, doit exhiber un
comportement SOC : le modéle des feux de foréts (MFF).

Une premiére version du MFF a été proposée paBak , Chen et Tang [BCT90] mais
la criticalité a été trés rapidement invalidée [GK91] (par simulations numériques). Le
modele qui suit est connue sous le nom de modéle des feux deéfir critique de Drossel-
Schwabl (DS-MFF) et a été introduit par Barbara Drossel et Hantz Schwabl [DS97.
Il est intimement lié a la percolation par sites et hérite de @rtaines de ses notations et
propriétés (technique de simulation, exposants critiques

Soit d un entier naturel. ConsidéronsB =[ L; L]d\ Z9 avecL assez grandLe DS-
MFF est un processus de Markov a temps discret suB dans lequel chaque site peut
étre soit occupé (par un arbre), soit en feu (occupé par un arbre en feu) ou soitvide (en
cendre). Le processus part d'une con guration initiale quéconque. A chaque étape, la
con guration change suivant les régles suivantes :

" chaque site libre devient occupé par un arbre avec probabiité p;
" chaque site en feu devient vide;

"~ si un site était occupé et avait un de ses voisins en feu, il deient en feu;;



"~ si un site était occupé et n‘avait aucun de ses voisins n'esten feu, il devient en feu
avec probabilité f .

Ce modele contient deux échelles de tempsp: 1, qui représente la fréquence d'apparition
des gaines, ef 1, qui représente la fréquence d'apparition des feux. Pour gelle systéme
se développe en systeme SOC, I'échelle de temps du mécanisexterne (apparition des
graines et des feux) doit étre beaucoup plus grande que celidu mécanisme interne
(propagation des feux). Ainsi, pour espérer observer de lariticalité, il est raisonnable
d'imposer

p;f! O (1)

La propagation des feux (troisieme étape) est alorsnstantanée : comme nous sommes
dans une boite nie et que les taux d'apparition des arbres etles feux sont trés petits, le
feu se sera propagé avant qu'un arbre ou qu'un feu n'apparaé® a nouveau. Autrement
dit, entre deux étapes, si une allumette tombe dans un amas] le détruit alors instanta-
nément. Malheureusement, il a été montré (par simulations)que cela ne sut pas pour
développer de la criticalité. Dans I'état stationnaire, I'a ux d'arbres doit en compenser
la perte, et donc la relation
pe=1Ff osi

doit étre vériée, ol . ( o) est la densité de sites vides (occupés) disi est la taille
moyenne des amas détruits par les feux. Pourvu quee et o ne se comportent pas de
maniére singuliére, on doit avoir

i P @)

f

Cette relation est parfaitement logique car le quotientp=f correspond au nombre d'arbres
qui ont poussé entre deux incendies. Pour qu'une grande stature se forme, on doit donc
avoir p=f 1 et donc

1 p f 3)

Nous ne nous sommes pour l'instant occupés que des échelles tdmps microscopiques,
c'est-a-dire entre des étapes de l'algorithme (propagatio, croissance, incendie). On doit
de plus calculer I'échelle de temps macroscopique. La progation des feux doit étre
instantanée en comparaison des échelles de temps de croissa (.e. p 1) et d'incendie
(i.e. f 1). Comme pour briler une composante de tailleN il faut environ N étapes, on
doit donc avoir, d'apres (2),

p k: 4

Finalement, en comparant (3) et (4), on doit avoir

P
f

p 1 f1:

Cette derniére relation est connue sous le hom deouble séparation des échelles de
temps : le temps de propagation des incendiesi.e. p=f) est beaucoup plus petit que le
temps caractéristique de croissancei.g. 1=p) qui lui-méme est plus petit que le temps
caractéristique d'apparition des incendies (.e. 1=f).



Le modele peut se réécrire de la maniére suivante : soiemt 2 N grand et p;f > 0
petits de sorte quef=p letL p=f,

~ sur chaque site, les arbres poussent avec taux 1;

" les allumettes tombent sur les sites occupés avec tauX=p et détruisent instanta-
nément I'amas correspondant.

Les exposants critiques correspondants sont calculés pared arguments de champs
moyens et leurs validations dans le modéle spatial sont véées par simulations. Malgré
cela, plusieurs travaux (par exemple Gra93], [Hen93, [DCS94)) suggérent des valeurs
plus compliquées pour ces exposants et proposent des cotiens sur les hypothéses
posées dans)S97. Certains résultats dans le cas unidimensionnel obtenusan rigou-
reusement dans[PCS93 ont été prouveés plus tard parvan den Berg et Jarai [vdBJO5]
et par Brouwer et Pennanen [BPO06] dans un cadre un peu di érent (voir la Section
I.3 plus bas), tandis que les autres prédictions deJCS93 ont été carrément in rmées.

Méme si ce modeéle est supposé exhiber des lois puissanceseala distribution de la
taille des foréts), il n'y a a priori aucune raison qu'il exhibe des propriétés d'invariance
d'échelle, condition indispensable pour étre classé dangd systemes SOC. Des travaux
plus récents, comportant des simulations plus poussées3fa02],[JP04]), jettent un doute
sur le fait que les conditions énoncées plus haut conduisemtaiment & un comportement
critiqgue en deux dimensions.

|.3. Le processus des feux de foréts

On considére ici une généralisation du DS-MFF en temps contu.

Soit G = ('S;A) un graphe, ou S est I'ensemble des sommets eA est I'ensemble des
arétes. Le grapheG n'est pas nécessairement ni. On noteE = f0;1g° I'espace des
con gurations. Pour 2 E,onditque (i)=0silesitei 2 Sestvideet (i)=1sile
site i estoccupé par un arbre On dit que deux sites sont voisins s'il existe une aréte ent
eux. On appelleforét une composante connexe de sites occupés. Pouk S et 2 E,
on dénit C( ;i) comme la forét autour dei dans la con guration (avecC(;i) = ;
si (i)=0). Soit > 0.Le processus de feux de foréts ( PFF) est dé ni selon les
regles suivantes : partant d'une con guration initiale quelconque,

" un arbre pousse sur chaque site vide avec taux 1 (uneggraine tombe et un arbre
pousseinstantanément) ;

" des allumettes (ou de la foudre) tombent sur chaque site occupé avec taux > 0
et brllent instantanément la forét correspondante.

Le cadre standard est celui ou les processus qui gouvernert $ystéeme sont des processus
de Poisson (les graines tombent selon un processus de Poisste parametre 1 tandis que
les allumettes tombent selon un processus de Poisson de pamatre ). Sauf mention
explicite du contraire (parties 1.3.3 et 1.3.4), on se place dans ce cadre.



Une des di cultés dans I'étude du modéle de feux des foréts (edes systémes critiques
auto-organisés en général) est que l'interaction est non tale. Le processus, méme s'il est
markovien, n'est pas fellerien et certaines des techniquessuelles ne s'appliquent plus.
Comme nous allons le voir (section.3.1), en dimension 1, il n'y a pas de réels problémes
pour dé nir le PFF : la taille des foréts reste toujours nie (il y a toujours des sites
vides). La situation se complique en dimension supérieureen l'absence de feux, les foréts
deviennent in nies en temps ni (croissance sans feu = perctation par sites sur G). Mais
les feux ont pour e et de détruire les amastrop gros : méme s'il reste des foréts de taille
arbitrairement grande, une allumette n'a qu'un e et local ( dans le sens ou les allumettes
qui tombent loin de l'origine n'a ectent pas son état). Le manque de monotonie de
ces modeéles rend l'usage des technigues usuelles impossiblla monotonie permet de
comparer deux processus qui partent de con gurations di éentes (par couplage). Ici,
un processus dont la con guration initiale contient des arkres brdlera indubitablement
plus t6t que le processus partant de la con guration initiale vide et l'ordre s'en trouvera
inverseé.

Le premier résultat mathématique a été établi par J.van den Berg et A. Jarai
[vdBJO5]. lIs calculent rigoureusement la densité asymptotique desites vides lorsque

I 0 pour le processus des feux de foréts suf. Ce résultat apparaissait pour la pre-
miére fois dans le travail de PCS93, mais les arguments étaient bancalsgnsatz erroné).
L'existence et l'unicité des processus de feux de foréts sum graphe général n'ont été
établies que trés récemment par MDilrre ([Dur06a], [Dur06b] et [Dur09]). L'existence
d'une mesure invariante surZ a été démontrée parBrouwer et Pennanen [BPO6] puis
étendue dans le cadr& par A. Stahl [StalZ. L'unicité n'a pu étre démontrée que dans
le cas ou =1 par X. Bressaud et N. Fournier [BF09]. Une question importante
(pour rester dans l'esprit de SOC) est de comprendre le compgtement du processus de
feu de foréts lorsque ! 0, c'est-a-dire lorsqu'il y a de moins en moins d'allumettesqui
tombent. En dimension 1, X. Bressaud et N. Fournier ont montré [BF10] que, aprés
une renormalisation appropriée, le processus des feux deréds converge vers un proces-
sus limite quand ! 0. lls y décrivent la dynamique du processus limite (constration,
existence et unicité) ainsi que la taille typique des forétsLes auteurs ont étendu leurs
résultats [BF13] dans le cas ou les processus qui régissent la dynamique neatsplus
des processus de Poisson mais des processus de renouveligrsiationnaires. L'étude du

PFF est intimement liée au grapheG sous-jacent. Plusieurs variantes du PFF ont
été étudiées. On en décrit quelques unes dans la partie3.4.

[.3.1. Existence et unicité du processus de feux de foréts

Dans le cas ou le graphé& est ni, I'existence et l'unicité des processus des feux deoféts
est claire : on peut ordonner chronologiquement les temps awuels tombent les graines
et les allumettes et ainsi construire le processugraphiqguement Dans le cas du processus
des feux de foréts surZ, un raisonnement simple arrive aux mémes conclusions : si on
veut construire le processus jusqu'a un tempd’, en partant d'une con guration initiale
avec une innité de sites vides (on peut toujours le faire, ca les foréts in nies sont
immédiatement détruites par un feu), il sut d'en trouver su r lesquels aucune graine



ne tombe jusqu'aT. On peut alors partitionner Z en une collection (aléatoire) de sous-
intervalles nis, qui n'interagissent pas entre eux (jusquau temps T). Le processus peut
alors également se construire graphiquement.

Pour des graphes in nis plus généraux, cette approche ne fationne plus : I'existence
et l'unicité du processus des feux de foréts suG requiert des méthodes plus sophisti-
quées. En e et, il est naturel de considérer urprocessus de percolation dynamique su :
considérons une famillef T; : i 2 Sg de variables aléatoires exponentielles indépendantes
identiguement distribuées de parameétre 1. Posons(i) = 0 si t < T, c'est-a-dire si
aucune graine n'est tombée sur le sité au tempst, et ((i)=1sit T :le processus
( t(i))t oi2s est le processus de feux de foréts... sans feu € 0). On l'appelle proces-
sus de croissanceRemarquons que, pour toutt > 0, I'ensemblef (i) :i 2 Sg est une
percolation de paramétre 1 e !. Ainsi, un amas in ni apparait au temps critique t,
déniparl e ' =p.

Clairement, pour des petits temps, c'est-a-dire pourt <t ¢, il n'y a que des compo-
santes nies et le processus de feux de foréts peut étre comsit graphiguement. Dés
quet >t ¢, un amas in ni peut (potentiellement) apparaitre et la construction graphique
du processus est impossible : I'état d'un site dans I'amas ini est directement in uencé
par une in nité d'autres sites. Bien sdr, les composantes giéntes sont détruites par un
feu et 'amas in ni n'émerge en fait jamais. Tout ceci a été famalisé par M. Dirre
([Dur06a], Théoreme 1) dans le cadre de graphes dont le degré des somsest uni-
formément borné. Il montre I'existence du processus de feure foréts pour tout > 0,
pourvu que la con guration initiale ne contienne pas d'amasin ni. Le méme auteur s'est
intéressé a l'unicité des processus des feux de foréts. Dana premier temps [Dur06b],
il montre le résultat pour un parametre assez grand(dépendant évidemment du para-
métre critique). Il généralise ce résultat dans c¢a théseur09] pour tout > 0 ([Dur09],
Théoreme 3) et toute con guration remplissant la condition de cluster size bound
([Dur09], Dé nition 7). La con guration initiale vide ou la percola tion de parameétre
p < pc remplissent par exemple cette condition. La question de I'nicité pour n'importe
quelle con guration initiale est encore ouverte. De plus, @ notant G, = ( Sp;An), 0U S,
est 'ensemble des sommets qui sont a une distance plus petiguen de l'origine et A,
I'ensemble des arétes associées, le processus des feux titdsur G, converge presque
sGrement vers le processus des feux de foréts s@r([Dur09], Théoréeme 1).

1.3.2. Existence et unicité de mesures invariantes

L'existence d'une mesure stationnaire ne découle pas immétement des arguments de
compacité usuels car le processus n'est pas Feller (& causesdintéractions a longue
portée dis a l'existence d'amas géants)Brouwer et Pennanen ([BPO6], Proposition
5.1) montrent a la main l'existence d'au moins une mesure invariante stationnaire De
plus, ils dé nissent un seuil maximal S5, dé ni par Sy 109(Syax) = 1=, c'est-a-dire

S ' ;
" Tlog(1=)



et montrent qu'il existe des constantes 0< ¢ < C tel que pour tout 2 (0;1), toute
mesure , stationnaire et invariante par translation pour le processus de feux de foréts
sur Z, et pour tout x < (1=( log(1= ))*=,

c S c .
@rolga=)  CC =% Gyieg@= )’

Récemment, en combinant les méthodes développées dansif09] et [BP06], A. Stahl
a étendu le résultat d'existence de mesures stationnairest évariantes par translation
dans le cas des processus des feux de foréts &t ([StalZThéoréme 1).

X. Bressaud et N. Fournier ont démontré ([BF09], Théoréme 1.1.) l'unicité de la
mesure invariante dans le cas particulier = 1 (ils parlent de processus d'avalanches
les graines et les allumettes étant remplacées par des ocsrde neige et des avalanches).
Leur méthode se généralise aux modéles de feux de foréts degrmétre > 1 mais pas
a ceux de paramétre < 1. L'unicité de la mesure invariante dans les cas < 1 reste
encore a démontrer.

1.3.3. Asymptotiques des processus de feux de foréts

Pour rester dans l'esprit du DS-modele de feux de foréts, il & intéressant de regarder
I'asymptotique des feux rares, c'est-a-dire de décrire leamportement du processus des
feux de foréts quand ! 0. Lorsque = 0, le processus des feux de foréts est juste
un processus de croissance. Ainsi, pour pouvoir voir I'e etd'un feu, il faut regarder le
processus trés longtemps. Pour espérer observer un compentent critique, il faut donc
accélérer le temps. Peut-on trouver un processus limite dans des écHeb correctes de
temps et d'espace ? Quelle est la taille typique des foréts [les tendent vers I'in nie, mais

a quelle vitesse) ?

R.van den Berg etA. Jarai ont étudié la densité de sites vides dans la limite ! 0.
lls montrent ([ vdBJ05], Théoreme 4) qu'il existe des constantes & c; < C; telles que
pour toute con guration initiale, pour tout > 0 assez petit et toutt assez grand (de
l'ordre d'au moins log(1= )),

o h i o

log(1=) P (©@=0 log(1= )
Il est amusant de remarquer que ce résultat avait été établi pr Drossel et co-auteurs
([DCS93), mais leur démonstration était basée sur des arguments morigoureux. D'autres
résultats conjecturés dansDCS93 (sur la taille des amas) ont été in rmés dans ydBJ05].

X. Bressaud et N. Fournier ont étudié [BF10] plus précisément le comportement
asymptotique du processus du feux de foréts. Avant d'identier un processus limite, il
faut bien entendu décider du changement d'échelle a opére®@n suit ici leur raisonnement.
Soit ( (i)t o2z le  PFF.

Dé nissons le temps caractéristique comme le temps au bout ufuel environ une
allumette tombe dans I'amas contenant 0. NotonsC(  ; 0) 'amas contenant O au temps
t. Pour > O0tres petit et t pas trop grand, on peut négliger les feux et ainsi ne considér
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que le processus de croissance. Comme les graines tombetbseain processus de Poisson
de paramétre 1, chaque site est occupé avec probabilité 1e ' et donc

C(;0) "' €,

toujours en négligeant les feuxi.e. pour t assez petit Ainsi, comme chaque site brdle
avec taux , la composante contenant 0 brile avec taux C( ,;0) ' e'. On décide
donc d'accélérer le temps par un facteua de sorte quee? =1, c'est-a-dire

a =log(l=):

De cette maniere, on a C( ;;0) ' 1 et la probabilit¢é qu'une allumette tombe dans
la forét contenant I'origine pendant l'intervalle de temps [0;a ] devrait tendre vers une
valeur non triviale. Cependant, au bout d'un tempsa , les composantes sont trés grandes
juste avant de brdler. Il convient alors de contracter I'espace, de sorte que environ une
allumette tombe par unité d'espace et par unité de temps. Corme les allumettes tombent
avec taux , on contracte l'espace d'un facteur

n =bl=( a)c:

Cela veut dire que I'on identi e l'intervalle de temps [0 ;a ] a[0; 1] et l'intervalle d'espace
JO;n K Zaj[0;1] R.Les facteursa etn dénis ici apparaissaient déja dans les
travaux [vdBJO5] et [BPOE].

Considérons a présent la nouvelle quantité

D, (0)= ~-C( 4 10)

qui n'est rien d'autre que I'amas qui contient O dans les nouelles échelles de temps et
d'espace. En reprenant les calculs menés plus haut, on a

(

. laat_ 1t — 0 sit< L
D;(0)"' n -€ log(1=)! Lo 1 sit 1
Cela crée immédiatement une diculté : quand t 1, on espére que les feux agissent
et rendent alors nie la taille des amas. Malheureusement, comme les feux ne peuvent
que réduire la taille des amas, quand < 1, la limite de D, (0) est réellement 0 : & la
limite, on a perdu des informations. Pour palier a ce manquepn introduit une nouvelle
gquantité censée décrire le comportemenmmicroscopique des amas, c'est-a-dire les amas
qui ont une taille négligeable devantn .

Muni de ces deux grandeurs (taille des amas de l'ordre da et taille des amas
beaucoup plus petits quen ), ils montrent que le  processus des feux de foréts converge
en loi lorsque ! 0 vers un processus limite. lls décrivent précisément la dyamique
de ce processus, montrent son unicité et qu'il peut étre paditement simulé. De plus, en
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utilisant ce processus limite, ils montrent que pourt assez grandet assez petit pour
tout0 <a<b< 1,

H :
P C(av0) 2[ 2 D]IZ[C(b a);C(b a);

et pourtout B> 0
h i
P C(,¢00 nB 2[ce 2®;Ce B

pour certaines constantes < c<C et0< ;< 5. Cela montre, de facon trés faible,
que pour tout > 0 assez petit et toutt assez grand (de l'ordre de log(z )), la taille
des amas ressemble a

h i e Xx=n

P Cla0 =X i yoga=) M n ot T

avec ; > 0. Cela veut dire qu'il y a deux types d'amas : les amas microspiques, dé-
crits par une loi puissance, et des amas macroscopiques, diés par une loi exponentielle.
Il y a une transition de phaseprés de lataille critique n = bl=( log(1= ))c.

Il n'y a donc pas de comportement SOC : il y a bien une distribuion en loi puissance
mais elle ne décrit que les amas de taille trés petite devantltaille critique.

Dans BF13], les mémes auteurs étendent leurs résultats aux processds renouvelle-
ment stationnaires. lls considérent ainsi le cas ou, en chag site deZ, le temps d'attente
entre deux graines ne suit plus une loi exponentielle mais uwnloi s et que le temps
d'attente entre deux allumettes suit une loi . Pour étudier le processus des feux de
foréts, dé ni de maniere naturelle, des conditions sur lesdis s et \ sont imposées.
lls imposent a s d'étre soit a support borné, soit a variation lente, rapide ai réguliére,
c'est-a-dire de véri er

: ((x;1))
8t> 0 lim 2o = 2 —y - H
x!1 5((tX; 1 )) ( 5( ))
avec =1 ou 2 [0;1). Dans tous les cas, sous des conditions de renormalisation

appropriées obtenues par des considérations heuristigue®mme ci-dessus, ils montrent
la convergence du processus des feux de foréts vers un praeslimite qui est unique et

qu'on peut construire graphiquement. Ills montrent qu'il y a quatre classes universelles
selon que

“laloi g esta supportborné;

" la queue de distribution de s décroit rapidement;
"~ la queue de distribution de g est polynomiale;

" la queue de distribution de g est logarithmique.

lls décrivent, dans chaque cas, la taille typique des amas. &hs BF13] comme dans
[BF10], on n'observe pas de criticalité. Il est remarquable que lers résultats ne dépendent
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que d'une hypothése assez faible sur la loi des temps d'attem En e et, en observant
quex 7! s((x; 1)) est décroissante, lipschitzienne et convexe, I'hypothge Hs( )) est
automatiqguement véri ée par la plupart des lois.

Il n'y a pas encore de résultats précis sur I'asymptotique de feux rares sur des graphes
plus généraux. Comme pour montrer l'existence du PFF, Section 1.3.1, les démons-
trations se compliquent dés que la dimension du réseau augmte et font appel a des
arguments trés ns de percolation (géométrie des composass in nies). Un premier ré-
sultat sur le réseauzZ? a été obtenu par J.van den Berg et R. Brouwer [vdBBO6].
Dé nissonstc par larelation 1 e 'c = 1=2 = p.(2). lls montrent que, conditionnellement
a une conjecture démontrée depuis paKiss, Manolescu et Sidoravicius [KMS13], il
existet >t ¢ tel que pour tout m 1,

liminf liminf P un arbre deJ m;mK brale avant t 1,
1o nll dans le processus de feux de foréts dé ni sug,=J n:nk 2
Cette derniere inégalité est plutdt surprenante : intuitivement, on peut espérer que pour
t>t. xé le processus de croissance sans feu est alors la percttm sur Z? avec
probabilit¢ 1 e !> p¢(2), il y a donc un unique amas in ni si on fait simultanément
tendre vers 0 etm vers l'in ni, la probabilité qu'un arbre a une distance plus petite
que m de l'origine brdle avant t tende vers 1.
L'étude de processus des feux de foréts modi épeut donner des réponses ou, tout du
moins, des indications sur les comportements dwrai processus des feux de foréts. On
décrit dans la prochaine Section quelques processus de fedg foréts modi és.

1.3.4. Quelques modéles en relation avec le  processus de feux de foréts

On a vu que l'étude des processus des feux de foréts est renddecile a cause des
interactions a longue portée et du manque de monotonie. Poucontourner ce probléme,
on peut étudier d'autres modéles qui contournent ces problaes.

[.3.4.1. Percolation auto-destructrice

Introduite par J. van den Berg et R. Brouwer dans [vdBB04], la percolation auto-
destructrice (self-destructive percolation) est dé nie de la maniére suivante. Fixons nous
un graphe inni G = (S;A), ou S est I'ensemble des sommets ef est I'ensemble
des arétes. Pour 0, considérons la percolation par sites de parameétrg (on ouvre
chaque site avec probabilitép, indépendamment les uns des autres). Fermons tous les
sites se trouvant dans les (potentielles) composantes coBres in nies : on dit que les
amas in nis sont brdlés. Finalement, ouvrons tous les sitesfermés avec probabilité |,
indépendamment de tous les choix précédents. On appellB,, la mesure gouvernant
la con guration ainsi obtenue et (p; ) la Pp. probabilit¢ qu'un site donné (appelé
origine) se trouve dans un amas in ni.
On dé nit
c(p) =inf f : (p; ) > Og

13



et on posep; = p(G), le point critique pour la percolation par sites. Il est facile de
voir que (p; ) est nul si p < p¢ tandis que (p; ) est positif si et seulement si la
con guration nale contient presque sdrement au moins un amas inni (c'est-a-dire

p > pc). La question intéressante est donc de connaitre le compagment de (p) quand
p # pc. Dans leur publication originale [vdBB04], van den Berg et Brouwer ont
conjecturé que, pour un graphe plan, ¢ est borné uniformément loin de 0 quandp > p,
c'est-a-dire qu'il existe existe o > 0 tel que pour tout p > pg,

(p; 0)=0: (1.3.1)

La conjecture est plutbt surprenante : quandp est vraiment proche depc, I'amas in ni
est vraiment n et apres l'avoir brilé, on peut espérer qu'il ne faille ouvrir que quelques
sites pour obtenir & nouveau un amas in ni.

Il se trouve que la réponse dépend crucialement de la géomédrdu graphe. Elle a été
in rmée pour Z9 avecd assez grand dans4DCKS13]. En dimension 2, il a été montré
([vdBBO04], Proposition 3.1) que (p) > 0 pour p > p.. Ce résultat a été renforcé pawan
den Berg et de Lima [vdBdL09] qui ont montré que <(p) (p pc)=p. Récemment
Kiss, Manolescu et Sidoravicius [KMS13] ont démontré cette conjecture dans le cas
du réseauz?.

1.3.4.2. Processus de feux de foréts en champ moyen

Nous présentons ici un modéle de feux de foréts en champ moyehe point de vue
adopté est un peu diérent. Il a été étudié par B. Rath et B. Toth dans [RT09] et
est intimement lié au graphe aléatoire dErdés-Rényi . Un comportement critique auto-
organisé a été rigoureusement établi.

Commencons par rappeler quelgues résultats bien connus sue graphe aléatoire
d'Erdos-Rényi , qui peut étre vu comme une percolation sur le graphe complet n
sommets. On noteG,, = (Sp;An) le graphe complet an sommets {S,j = n, tous les
sommets sont joints par une aréte). On considére le graphe dfagon dynamique : au
tempst =0, il y a n sommets et aucune aréte. Les arétes s'ouvrent, indépendanant,
avec taux 1=n. On dé nit la concentration des amas de masse&k 1 au tempst O

nombre de composantes de taillk au tempst

Vi) = :

Alalimite n!1 ,ily a une transition de phase : une composante géante content
une fraction positive de tous les sommets émerge au temps tigue t. = 1. Une facon
de formaliser tout cela est de dire quevy](t) converge en probabilité vers une limite
déterministe vi(t), quand n!1 , ou la limite satisfait

(
=1 sit 1;
Vi(t) . _
K1 <1 sit> 1:

Le défaut de masse pout > 1 est du a l'apparition d'une composante géante, de taille
de l'ordre de n. De plus, pourt < 1, v(t) décroit exponentiellement vite aveck tandis
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que, au temps critiquet; =1, on a
vi(te) ck 32

Le modéle est ainsi sous-critique si < 1, critique pour t =1 et sur-critique pour t> 1.

On modi e a présent le mécanisme de sorte que la composante ayéte n'apparaisse
jamais : soit (n) une fonction telle que =n (n) 1. Supposons que des allumettes
tombent sur chaque sommet, indépendamment, avec taux (n). Quand une allumette
tombe sur un sommet, la composante le contenant est cassée snmmets individuels,
c'est-a-dire que toutes les arétes sont fermés. Heuristigiment, ce mécanisme devrait
interdire les composantes de taille de l'ordre den (n (n)  1). Inversement, la relation

(n) 1 montre que les amas de petites tailles ne sont pas touchés ipkes feux et
peuvent donc grandir plus au moins comme dans le modéle Etd6s-Rényi . L'heuris-
tigue suggére qu'aprés le temps critique; = 1, le systéme reste critique pour toujours.
Rath et Toth montrent [RTO9] que c'est e ectivement le cas : en notantvy (t) la pro-
portion (concentration) d'amas de taille k au tempst,

" la suite (v (t))n2n converge en probabilité vers une fonction déterministe

Vi) = lim Vi ();

Tsiot te, vik(t) = wi(t), ou (v (t))k 1 est dé nie plus haut;
P -
“sit oti,ona | v(t) k 2

Le modéle exhibe un comportement SOC dans le sens ou avamg, il n'y a pas de
composante géante tandis qu'aprés, la distribution des tailles est dans un sens critique
pour toujours.

[.4. Travaux de these

On étudie un processus de feux de foréts avec propagation non instantané?osonsg =

f0;1;2g%. Soit 2 E, onditque (i)=0silesitei2 Z estvide, (i) =1 sile site i est
occupé par un arbreet (i) = 2 si le site i esten feu On appelle forét une composante
connexe de sites occupés. Pour2 Z et 2 E, on dénit C( ;i) comme la forét autour
dei dans la con guration (avecC(;i)=; si (i)=0ousi (i)=2). Soient 2 (0;1)
et 1.0Ondénitle ( ; ) processus de feux de foréts (( ) PFF) de la maniére
suivante : sur Z, partant d'une con guration initiale vide,

~ sur chaque site, des graines tombent selon un processus deolsson de paramétre
1. Si le site est vide, un arbre pousse instantanément ;

~ sur chaque site, des allumettes tombent selon un processude Poisson de paramétre
. Si le site est occupé par un arbre, l'arbre brdle. ..
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. pendant un temps exponentiel de paramétre , avant de se propager a ses
deux voisins. S'ils sont occupés, ils brilent. L'arbre dewent alors cendre et le site
redevient vide.

On note (¢ (i)t oi2z le processus ainsi dé ni. Comme dans la Sectioh3.1, on peut
facilement montrer qu'un tel processus existe (suizZ).
D'un point de vue critique (voir section 1.2), le cas intéressant est celui ou

1

c'est-a-dire lorsque la fréquence d'apparition des allumites tend vers 0 et que la vitesse
de propagation des feux tend vers I'in ni.

Comme décrit dans la sectionl.3.3, en observant le processus dans un intervalle de
temps ni [0 ;T], aucun comportement critiqgue n'‘émergera (car ! 0). Pour pouvoir
observer un comportement critique, il faut changer d'échde de temps. En remarquant
que le calcul heuristique e ectué en sectionl.3.3 ne fait intervenir que le processus de
croissance (on néglige les feux), un raisonnement analogumplique donc que I'échelle
de temps doit étre de l'ordre dea = log(1= ) tandis que I'échelle d'espace doit étre
de l'ordre den = bl=( log(1= ))c. Evidemment, comme ['heuristique est faite en né-
gligeant les feux (et donc la propagation des feux), les éches ne dépendent pas du
paramétre

On dé nit alors I'amas contenant O dans nos nouvelles échedls,

. 1 .
Dy (0) = n_C( a 00
La di culté apercue en section 1.3.3 est encore présente : en I'absence de feu, on a

( .
0 sit< 1;

D/ (00" n let= 1 tog@=)

¢ ) 9= 1 st 1
Pour t 1, on espére que les feux agissent et rendent alors nie la t& des amas.
Malheureusement, la limite de D, (0) est réellement O quandt < 1, car les feux ne
peuvent que réduire la taille des foréts. Pour palier & ce déft, on dé nit,

$ %
1
m = >
et on introduit, pour t 0,
n . 0
, 123 m ;m K: 5 (i)=0
K¢ (0)= ] 2 [0;1];
: log(K ¢
z; = —29KL 0D 50009

log(1=)
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Observons quem n mais que pourt < 1, en se rappelant les calculs e ectués plus
haut, en négligeant les feux, on a

C(gp0 " €et= ' m:

Ainsi, K, (0) peut étre interprété comme la densité locale de sites vides autour dé
(locale car m n ). De plus, on espére que pout < 1, on ait K, (0) ' ! d'ou
zZ; (0)' t.

On décrit alors le comportement du (; ) PFF autour de l'origine a travers le pro-
cessusD; (0);Z, (0)): oxz2r. L'idée principale est que pour > O trés petit,

“si Zy (0)= z2(0;1), alors Dy (0) ' O et l'amas contenant O estmicrosco-
pique dans le sens ou la taille de I'amas avant changement d'échelest trés petite
comparée an ;

“si Zy (0)=1,alors Dy (0) =[a;H : I'amas qui contient l'origine est macrosco-
pique et la taille de I'amas avant changement d'échelle est de I'atre n jb aj.

On cherche a présent a décrire le comportement d'un feu. Imagons qu'une zone
Joan c;bbn cK aveca < 0 < b, soit complétement remplie a un certain tempsa tq et
qu'une allumette tombe en 0 au tempsa to. Comme le feu met un temps de l'ordre de
1= a se propager a son voisin, en négligeant tous les autres pl@meénes, il atteindra le
site bbn ¢ au temps

bbn ¢
atgt+ :
Sin = a alors, dans les échelles de temps considérées, le feu ne payras atteindre
le site bbn ¢ tandis que sin = a , le feu atteindra le point bbn c trés rapidement
Sin = ' pa,avecp > 0, le feu atteindra le sitebbn ¢ en un temps de l'ordre debpma

(le temps caractéristique).
L'objectif est donc d'étudier la convergence du ( ) PFF lorsque tend vers O et

vers I'in ni dans les di érents régimes, c'est-a-dire lorsque ! Oet !1 avec
n 1
—_— —— 2[0;1)[f1
3 v p2[0;1)([flg

On dit que la convergence a lieu dans le régime
" rapide si p=0;
" intermédiaire si p2 (0;1);
“lentsi p=1.

Décrivons a présent les caractéristiques principales ded érents régimes.
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Etude de la convergence du (; ) PFF dans le régime lent

Dans cette partie, on s'intéresse a la convergence du( ) PFF danslerégimeou ! 0
et !'1 avec n

— 11

a
Ce régime est un peu particulier car il n'y a pas, asymptotigieement, d'interaction entre
les sites : si une allumette tombe sur un siteon xpc au temps a tq, le feu n'a ectera
les sites quelocalement dans le sens ou pour tout" > 0 et tout jx Xoj > ", pour
petit et grand tels quen =(a ) soit grand, le feu n'atteindra pas le sitebn xc dans
l'intervalle de temps [0;a T].

Il reste cependant une petite subtilité : on sait que le feu ma ecte pas les sites se

trouvant a une distance de I'ordre den . Que se passe-t-il pour les siteproches? Lorsque

I Oet !1 dans le régime lent, on suppose l'existence et on dé nit
zo=supfs 0:1=( ®a )! 0g2]0;1]:

Rappelons que poutt < 1, la taille des foréts est de I'ordre de ! et qu'un feu démarrant
enip 2 Z au temps a tg atteint le site i 2 Z au tempsa tg+ ji igj= . Le paramétre
Zp est donc dé ni de sorte que si une allumette tombe dans une zanA alors

T sijA]j Z |e feu se propage trés rapidementifstantanément) dans la compo-
sante A et s'éteint;

" si jA]j 20 la forét est trop grosse pour étre briilée entierement dansas échelles
de temps : le feu brdle pour toujours.

Pour zo 2 [0; 1], on étudiera la convergence du ( ) PFF dans le régimeR (1 ;zg)
c'est-a-dire dans lerégimeou ! Oet !1 avec
1 11 log( )

;' etasy!

Zp.

Finalement, partant d'une con guration initiale vide, pou r t 2 [0;1), si aucune allu-
mette ne tombe, la taille des amas est de l'ordre de? t = t. Ainsi, si une allumette
tombe a l'instant a tg avectg < z g, le feu se propage dans une zone de taille t° Zo
pendant un temps d'environ

1= ) a:

Commele (; ) PFF estun processus de Markov, le temps que met la zone a se rptin
a nouveau est (intuitivement) de I'ordre de a to. Si maintenant une allumette tombe a
linstant a tg avectg > z g, l'allumette tombe dans une zoneA de taille

iAj" tonn Z0-

Le feu n'atteint jamais le bord de la zone. Comme il n'est pas &cté par d'autres feux,
il brle pour toujours.
Ainsi, dans nos nouvelles échelles, le processus limite tiee comporter de la sorte :
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~ pour presque tous les sites, les arbres poussent sans étreemtés par des feux.
Au temps t 2 [0; 1), toutes les zones sont microscopiques et sont décrites pke
processus Z; (X))t ox2r. Au tempst =1, les zones macroscopiques émergent;;

" localement (a I'endroit ou tombent des allumettes), des feux démarrent. Si la zone
n'est pas trop grosse, c'est-a-dire si l'allumette tombe a'instant t 2 [0;zp), la
forét n'a pas eu le temps de trop grandir et est détruite instantanément. Le feu
s'éteint et crée une barriere de hauteurt (le temps que la zone vidée se remplisse
a nouveau). Si l'allumette tombe aprészg, comme la forét n'a pas été a ectée par
des feux (la probabilité que deux allumettes tombent trés poche est trés petite),
le feu continue de brdler pour toujours (dans nos échelles diemps).

Pour tout zg 2 [0; 1], on dé nit un processus limite et on montre la convergencedu
(; ) PFF vers ce processus limite lorsque ! Oet !1 dans le régimeR (1 ;zp).

Etude de la convergence du (; ) PFF dans le régime rapide

Intéressons-nous a présent a la convergence dy () PFF dans le régime rapide, c'est-
a-dire lorsque ! Oet !'1 avecn =(a ) ! 0. On sait que si une allumette
tombe :

" dans une zone A de taille jAj n , alors le feu mettra un temps
jAj n
Ao
pour traverser la zoneA : a la limite, dans nos nouvelles échelles, le feu se propager
instantanément.

" dans une zone A = Joan c;bbn cK aveca < b, alors le feu mettra un temps (au

plus)
(b a)n

pour traverser la zoneA : a la limite, dans nos nouvelles échelles, le feu se propager
aussiinstantanément

Ainsi, a la limite, dans le régime R(0), tout se passe comme si le feu se propageait
instantanément : dans le processus discret, quand une alluette tombe dans une zone,
le temps que le feu met a se propager est négligeable devaat, c'est-a-dire qu'apres
changement d'échelle, le feu se propage instantanément. Ecomparant la dynamique
de ce processus (pour petit et grand de sorte quen =(a ) soit assez proche de
0) avec le  processus de feux de foréts, dé ni dans la sectiom3.3 (processus avec
propagation instantanéei.e. =1 ),onespérequele(; ) FFP converge vers le
méme processus limite dé ni dans BF10] : les di érences dues a la propagation du feu
dansle (; ) FPP ne se répercutent pas a la limite. Dans ce régime, l'inteaction est a
longue portée.

On montre que le (; ) PFF converge e ectivement en loi vers le processus limite
dé ni dans [BF10], lorsque ! Oet !1 dans le régimeR(0).
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Etude de la convergence du (; ) PFF dans le régime intermédiaire

Soitp2 (0;1 ). On s'intéresse enn a la convergence du( ) PFFquand ! O et
1 avec
g
ra p:

Comme dans les parties précédentes, étudions l'e et des fau

~ Si une allumette tombe dans une zoneA de taille jAj n , alors le feu mettra un

temps
Al

pour traverser la zoneA : a la limite, dans nos nouvelles échelles, comme dans
le cas du régime rapide, le feu se propagmstantanément. Ici, I'e et des feux
microscopiques, c'est-a-dire des feux qui se déclarent damne zone microscopique,
est le méme que dans le régime rapide.

~ Le cas ou une allumette tombe dans une zoneA = Joan c¢;bbon cK aveca < b, est
un peu diérent : si l'allumette tombe par exemple en bn Xxgc, avec xg 2 (a;b),
alors le feu mettra un temps

M ! p(b Xo)a

a rejoindre le bord de la zone. A la limite, dans nos nouvellegchelles, le feu met
un temps p a traverser une zone de taille 1.

En combinant le comportement des feux microscopiques et ddgux macroscopiques,
on peut alors facilement distinguer un processus limite. Ondé nit ce processus et on
montre la convergence du ( ) PFF vers ce processus limite dans le Chapitre 5.

I.5. Perspectives

Au chapitre 3 de cette thése, nous présentons des travaux eroars. Il s'agit d'une étude
du processus de feux de foréts en environnement aléatoirees démonstrations des théo-
remes n'ont pour l'instant pas été écrites. Le Chapitre 3 n'st constitué que de preuves
heuristiques, nous espérons qu'elles soient tout de mémers@incantes.

On utilise les notations classiques des processus de feux fdeéts (dé nies a la Section
[.3.3). Soit une probabilité portée par R; (c'est-a-dire telle que ((1 ;0]) =0) et
( i)i2z une suite de variables aléatoires indépendantes et identigement distribuées selon

. Soit 0.0Ondénitle ( ; ) processus de feux de foréts en environnement aléatoire
((; ) PFFEA) de la maniére suivante : partant d'une con guration i nitiale vide,

~ sur chaque site i 2 Z, des graines tombent selon un processus de Poisson de para-
meétre ;. Si le site est vide, un arbre pousse instantanément ;
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" sur chaque site, des allumettes tombent selon un processusle Poisson de para-
métre . Si le site est occupé, le feu détruit instantanément la compsante connexe
correspondante de sites occupés.

On note ( { (i)t oi2z le processus ainsi dé ni. Comme dans la Sectioh3.1, on montre
facilement I'existence et 'unicité d'un tel processus (su Z).

Pourt 0, on dé nit la transformée Laplace de la loi ,

z
G(t) = e X (dx):

Clairement, G(0) = 1, G est strictement décroissante, convexe, analytique sur (01 )
et, comme (0) =0, G(t) !tIl 0. Dans cette partie, on suppose de plus que= est
soit & variation lente, soit & variation rapide, soit & variation réguliére diindice > 0,
c'est-a-dire que

. G(x)
8t> 0O; lim =t;
x11 G(xt)
ou par convention on pose 8
30 sit2(0;1),
tt = 1 sit=1:
3 .
1 sit> 1.

Remarquons que cette hypothése n'est pas vraiment restrigte a la vue des propriétés
de G : la plupart des lois la satisfont.

Le cas intéressant reste bien entendu I'asymptotique des e raresi.e. I'étude de la
limite ! 0. Pour dé nir une échelle de temps appropriée, le raisonneent est un peu
di érent de celui de la partie précédente. Comme les grainesombent sur le sitei 2 Z
selon un processus de Poisson de parametrg, en négligeant les feux, le site sera
occupé a linstant t avec probabilit¢ E 1 e it =1 G(t). Un calcul grossier montre
que pour tout t > 0, h i

E C(::;0) " 1=G(t):

Comme chaque site brlle avec taux > 0, on décide d'accélérer le temps d'un facteur

a tel que 7
a

1
——ds=1;
o G(s)

de sorte que la probabilité qu'une allumette tombe dans I'anas contenant 0 pendant
l'intervalle de temps [0;a ] tende vers une valeur non triviale. On montre facilement qu

a! 1 et a 0:
10 1o

Comme les composantes sont trés grandes juste avant de bréileon doit contracter
I'espace. On dé nit n , comme d'habitude, par la relation

n = bl=( a)c
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de sorte que, aprés changement d'échelle, environ une alletie tombe par unité de
temps et d'espace.
On distinguera alors trois cas :

~ dans un premier temps, on étudierale (; ) PFFEA pour les lois dont l'inverse
de la transformée de Laplace est a variation rapide;

~ dans un deuxiéme temps, on étudierale (; ) PFFEA pourles lois dont linverse
de la transformée de Laplace est a variation réguliére d'inte > 0;

nalement, on étudierale ( ; ) PFFEA pour les lois dont l'inverse de la trans-
formée de Laplace est a variation lente.

Ce qui est remarquable au premier abord est l'universalité ds modéles limites. On
n'impose qu'une condition assez faible sur le comportemet en I'in ni de la trans-
formée de Laplace de la loi . En fait, les théorémes Taubérien font le lien entre le
comportement en l'in ni de la transformée de Laplace de et le comportement en 0 de

. On étudiera notamment les exemples ou

inf(supp ( )) =0 et 1=G est a variation réguliere d'indice 2 (0;1);
“inf(supp ( )) =0 et 1=G est a variation rapide ;
“inf(supp ( )) = Xo > 0: dans ce cas, 4G est forcément a variation rapide.

Les démonstrations des théorémes sont longues et assez fdstuses. Elles ne sont
pour l'instant pas écrites. On tachera de convaincre le le@ur en donnant des preuves
heuristiques. On montrera notamment que le processus limé trouvé dans BF10], dans
[BF13] cas = 1, dans la Sectionl.4 cas propagation rapide et celui espéré dans le
cas ou EG est a variation rapide dans la présente partie est le méme. OrAchera d'en
expliquer la raison.

[.6. Conclusion

On a présenté ici des ra nements du processus des feux de faiesur Z dé ni dans [BF10]
(cas poissonnien, avec propagation instantanée en milieuéterministe). Le modéle limite
trouvé dans ce travail est universel : il correspond aussi agas du processus limite dans

~ [ BF13], cas des processus de renouvellement avec délais a dé@aixe rapide ;
~ [ LC15], cas du régime rapide;

“lecas = 1 dans le modéle en environnement aléatoire, décrit dans la §&on
1.5, avec pas (ou peu) de sitesrbitrairement lents.

Néanmoins, que ce soit dans le cas des processus de renowvelint (avec délais a
décroissance lente ou polynomiale), dans le cas des proagssvec propagation non ins-
tantanée (cas des régimes intermédiaire et lent) ou dans leas des processus en environ-
nement aléatoire (quand il y a su samment de sites lents i.e. avec trés peu de graines),
I'étude du processus des feux de foréts fait apparaitre d'dres limites.
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Résumé

On considére le modéle suivant de feux de foréts suz, ol chaque site a trois états
possibles :vide, occupé ou en feu Un site vide devient occupé avec taux 1. Sur chaque
site, des allumettes tombent avec taux . Si le site est occupé, il brile pendant un
temps exponentiel de paramétre avant de se propager a ses deux voisins. S'ils sont
occupés, ils brdlent, sinon le feu s'éteint. On étudie l'asgnptotique des feux rares c'est
adirelorsque ! Oet !1 . Onmontre qu'il y a trois catégories possibles de limites
d'échelles, selon le régime dans lequel tend vers 0 et  vers I'in ni.

Abstract

Consider the following forest- re model where the possiblelocations of trees are the
sites of Z. Each site has three possible states: 'vacant', ‘occupieddr ‘burning. Vacant
sites become occupied at rate 1. At each site, ignition (by fjhtning) occurs at rate
When a site is ignited, a re starts and propagates to neighbas at rate . We study the
asymptotic behavior of this processas ! 0Oand !1 . We show that there are three
possible classes of scaling limits, according to the regimea which ! Oand !'1
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[1.1. Introduction

This section is devoted to preliminaries. We rstde nethe ( ; ) forest re process with
non instantaneous propagation. We next give heuristic scas and relevant quantities.
Finally, we give the plan of the present chapter.

I1.1.1. The discrete model

Here we introduce the forest re model with non instantaneous propagation.

De nition 11.1.1. Let 2 (0;1]and 1 be xed. For eachi 2 Z, we consider three
Poisson processesN S(i) = (NS(i))t o;NM (i) = (NM (i)t o and NP (i) = (NP (i)t o
with respective parametersl; and , all of these processes being independent. Consider
a f0;1;2g-valued process( ; (i)t oi2z such that a.s., for alli 2 Z, (¢ (i)t o is
cadlag. We say that( ; (i)t oj2z isa(; ) forest re process ((; ) FFP in short)
ifas., forall i22Z,allt 0,

Z, Z,
¢ 0= L g NS+ L oINS ()

0 S 0 s

Zy Z,

P P/

oot e @mgdNs (DY o i b2 i=1gdNs (i 1)

z,

2 1 dN £ (i):

o Te ()29

Formally, we say that , (i) =0 if there is no tree at site i at time t and , (i) =1
if the site i is occupied. The case, (i) = 2 means that the site i is burning. Thus,
the forest re process starts from an empty initial con gura tion, seeds fall according to
some i.i.d. Poisson processes of parameter 1 and matcheslfatcording to some i.i.d.
Poisson processes of parameter. When a seed falls on an empty site, a tree appears
immediately. When a match falls on an occupied site, a re stats and waits for an
exponential time of parameter before it propagates to its neighbors and vanishes. If
its right (resp. left) neighbor is occupied then it becomes lurning. Seeds falling on
occupied sites, matches falling on vacant sites and res pnpagating to vacant sites have
no e ect.

This process can be shown to exist and to be unique (for almosevery realization
of NS:NM:NP) by using a graphical construction. Indeed, to build the process until
a given time T > O, it suces to work between sites i which are vacant until time
T [becauseN<s(i) = 0]. Interaction cannot cross such sites. Since such sitegre a.s.
in nitely many, this allows us to handle a graphical construction. It should be pointed
out that this construction only works in dimension 1.

For a;b2 Z, we setda;K= fa;:::;bg  Z. For 2f0;1;2¢g° andi 2 Z, we de ne
the occupied connected component around as

(

C(:i)= if (i)=0or2;

,Jl(;i);r(;i)K it (i)=1;
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wherel(;i) = supfk <i : (k)=0or2g+landr(;i)=inffk >i : (k) =
Oor2g 1.

11.1.2. Notation

In the whole paper, we use the convention4l =0and 1=0=1 .

We denote, ford =[a; b aninterval of R, by jJj = b athe length of J and for > O,
wesetd =[a;b ]

For | Z, jlj = # | stands for the number of elements inl. For | = Ja;bK=
fa;::i;bg Zand > O,wewillsetl :=[a;b ] R.For > 0, we of course take
the convention that ; = ;.

For x 2 R, bxc stands for the integer part of x.

We denote by | = f[a;h;a bg the set of all closed nite intervals of R. For two
intervals [a; b and [c; d], we set

([&;b[c;d) = ja ¢ +jb dj; ([ab;;)=jb aj:

For (x;1);(y;J) in D([0; T];R+ I[f,g ), the set of cadlag functions from [QT] into

R+ I[fg , we de ne
Z1h [
dr((x;1);(y;J)) = . x(t)  y®j+ (I;J) dt

For two functions |;J : [0;T]!I[fg , We set
Z

T(;3)= OT (It; Jp) dt:
For (x;t) 2 R [0;T] we also set, forp 0,
by = fx+ Zit pjzi):jzi t=py
(rrv) 2 E’X;t) 0 v=1t pjr Xj)and its part which joins (y;s) to (x;t)

8
3f(z;t pjz xj)):z2[x;ylg if(y;s)2 ‘(’X;S) andy > x;
o) (V3 8) = Jf@t piz xi)iz2lyixlg if (yis) 2 sy andy <x;
o else.
Similarly, we de ne

(Xt) f(x+ Z;t+pjzj):z2 Rg

Ef(z t+ pjz xj):z2[x;ylg if(y; s)2V(Xt) andy > x;
V&t)(y;s) =5 f(z;t+pjz xj):z2[y;x]g if(y;s)2 V(Xt) andy <x;
g else

i p Q) = \yP
see Figurell.1. Observe that (X.t)(y,s) = V(y.s)

V(Xt)—f(z t):z2Rg=R f tg

(x;t). Also observe that

(Xt)
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(x;t) t

\/(y;'S)/
)3 (y;

(Xt) S

Figure I1.1.: P and VP

On the left side is drawn 7. and 7, (y;s). On the right side is drawn V(. , and V(. ,(y;$s).

[1.1.3. Heuristic scales and relevant quantities

We look for some time scale for which tree clusters see aboutne re per unit of time.
But for  very small, clusters will be very large before a match fallsnside. We thus
also have to rescale space. Since we negelct res, these qtiies does not depend on .
Hence, these scales are the same as BH10]. We also have to nd the di erent regimes
atwhich ! Oand !'1

Time scale

For > 0 very small and fort not too large, one might neglect res, so that roughly,
each site is vacant with probability e '. Indeed, the time we have to wait for the rst
seed follows, on each site, the lavE(1). Thus C( t; ;0) " J X; YK whereX;Y are
geometric random variables with parametere . Consequently, fort not too large,

C( t; ;0) ' €

On the other hand, the rate that at which matches fall in the cluster C( t; ;0) is
jC( ¢ ;0)j. So we decide to accelerate time by a factor

a =log(l=): (1.1.2)

In this way, jC( 4 ;0)j' 1.

Space scale

We now rescale space in such a way that during a time interval border a =log(1= ),
something like one match falls per unit of (space) length. Sice res occur at rate , our

space scale has to be of order
1 1
= — = — 11.1.2
n a log(1= ) (1112

This means that we will identify JO;n K Z with [0;1] R.
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Rescaled clusters

We thus set, for 2 (0; 1), 1,t 0Oandx 2 R, recalling Subsectionll.1.2,
) . 1 T .
Dy (x) = n_C 4 b xc (1.1.3)

However, this creates an immediate di culty: recalling that C( ; ;0)' € for t not
too large, we see that for each site, jD; (x)j'  log(1= )et'09(=) = 1 tjog(1=), of
which the limit when ! OisOfort< 1and+1 fort 1.

Fort 1, there might be res in e ect and one hopes that this will make the possible
limit of jD, (x)j nite. However, res can only reduce the size of clusters so hat for
t < 1, the limit of jD, (x)j will really be 0. This cannot be a Markov process because
it remains at 0 during a time interval of length exactly 1. We thus need to keep track of
more information in order to control when it exits from 0.

To have an idea of the sizes of microscopic clusters, we keeprse information about
the degree of smallnessf microscopic clusters. We consider

$ L % $ L %

m = = . 1.1.4

a? log?(1=) ( )

Remark that m n but m t forall t 2 [0;1). We introduce, for > 0, 1,
X2 R, t 0,

n _ )
, i2Jn xc m ;bn xc+m K: ,,()=1
Ky (X)= o A1 2 [0;1]; (1.1.5)
zi ()= 29 K 0N ag500.9) (11.1.6)

log(1=)

Observe that K, (x) stands for the local density of occupied sitesaround bn xc at time
a t. This density is local becausem n . We hope that for t < 1, neglecting res,

K "1 4
whencez, (x)' t.
Forall > 0 small enough (we needthatth +1 < 1= ), it also holds that Z, (x) =1
if and only if K,/ (x) =1, i.e. if and only if all the sites are occupied aroundbn xc.

Indeed, Z, (x) =1 implies that

log(1 K¢ (x)) log(1=);

sothatK, (x) 1 > 1 1=2m +1), whenceK, (x)=1.
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Final description

We will study the ( ; ) FFP through (Dy (X);Zy (X))t ox2r. The main idea is that
for > 0 very small and 1 large enough:

~if Zy ()= z2 (0;1), then jDy (x)j' 0 and the (rescaled) cluster containingx
is microscopic (in the sense that the non-rescaled clusterontaining bn xc is small
when compared ton ), but we control the local density of occupied sites around
X, which resembles 1 2. Observe that this density tends to 1 as ! 0 for all
z2 (0;1);

“if Zy (x) =1 and Dy (x) = [a;b], then the (rescaled) cluster containingx is
macroscopic and has a length equal tgb aj (or jC( 4 ,;bn xc)j' n jb ajin
the original scales).

Propagation velocity

The time needed for a re to destroy a macroscopic cluster (whch contains aboutn sites)
is of order ™. Indeed, a burning tree waits for an exponential time of paraneter before

it propagates to neighbors. Thus, if a re starts at 0, negleding all other phenomena, it
needs roughly atimen = to reachn . We have to compare the propagation timen =

to the characteristic time a . Thus we decide to separate the three following regimes, as

I Oand !1 (observe that 2 ?g:(l-jl=—):
B W I' 0, which corresponds to the case where res propagate very $&

A~

ﬁ I p, for somep 2 (0;1 ), which is an intermediate case;

A~

ngzl:—) I'1 , which corresponds to the case where res propagate very sidy.

Recall that, when neglecting res and fort < 1, 1= ! is the order of magnitude of the
occupied cluster around 0 at timea t. Thus a match falling in O at time a t needs a
time of order 1=( ! ) to destroy the whole component. In order to treat the last case,
we suppose that there existszg 2 [0; 1) such that

(
1 0 ift<zy;

! 11.1.7
t 1 ift>zo ( )

This means that if the match falls at time a t < a zp, there are few occupied sites
around 0. Thus the re destroys the whole component in atime dorder 1=( ' ) a .
On the other hand, if the match falls a time a t > a zo then the component is too big
to be destroyed beforea T, forall T > 0.
To summarize, we will treat separately the three following regimes, as ! 0 and
'l

1. R(0): 7~ 1, the fast regime;
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2. R(p): ;— p2 (0;1), the intermediate regime;

3.R(1;z) 7~ 1land |c',3?1(=’> I 22 [0;1], the slow regime.

De nition 11.1.2. Let (E;d) be a metric space.
Let p 0. In the rest of the paper, we will say thatf (; )2 E tends to” 2 E when
I Oand !'1l inthe regime R(p) if forall > O, there are"> Oand 2 (0;1]

such that for all 2 (0; o) and all 1in such a way that — p <", there holds
dif (5 );7) <
Let zg 2 [0;1]. Similarly, we will say that f(; )2 E tendsto™ 2 E when ! 0
and !1 in the regime R(1 ;zy) if for all > 0O, there are” > 0, Ko > 0 and
02 (0;1] such that for all 2 (0; o) and all 1in such a way that;— Ko and
% zo <", there holdsd(f (; );’) <

[1.1.4. Plan of the chapter

In Section 1.2, we give our main results (scaling limits and cluster-size wtribution)
together with heuristic proof. In Section 1.3, we study the existence and uniqueness
of the limit process. In Sectionll.4, we study the e ect of res in the discrete process,
which will be usefull in the rest of the chapter (propagation through an occupied zone).
In Section 1.5, we give a discrete version of Sectioril.3. The rest of the chapter is
devoted to the rigorous proof of our results: we treat the comergence in the regime
R(1 ;zp) in Section I1.7, in the regime R(p), for somep 2 (0;1 ) in Section 11.8 and
nally in the regime R (0) in Section 11.9. In the end of each two last sections, we deduce
estimates on the cluster size distribution for the process.
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[1.2. Main results

[1.2.1. Main results when p2[0;1)

In this section, we are interested in the regimeR (p), for somep 2 [0;1 ). We treat
together the casesp=0and p2 (0;1 ). There are just few di erences between these
two cases: see Remark.2.2 for an alternative de nition in the case p=0.

[1.2.1.1. De nition of the limit forest re process

We now describe the limit process. We want this process to be Brkov and this forces
us to add some variables. We consider a Poisson measurg (dx; dt) on R [0;1 ), with
intensity measure dx dt, whose marks correspond to matches. We use Notatiotl.1.2.

De nition 11.2.1. Let p 0. A process (Zi(x);Hi(x);Fi(X))t ox2r With values in
R+ Rs+ N such that a.s., for all x 2 R, (Z:(x);H{(X)): o is cadlag, is said to be a
p limit-forest- re-process (or LFFP (p) in short), if a.s., forall t 0, all x 2 R,

Z X

Zt(x) = 0 leS(x)< 1g ds (FS(X) n l);
t

S

y4 4

t t
Ht(x) = %Zs (X)lf Zs (x)<1lg M (fXg dS) 0 1fHS(x)> Og ds; (”-2-1)
Z

Fe(x) = lig(rv)2 P (yis)iZy (1)=1 and Hy (r)=0g M (dy;ds):
¥i9)2 (et )
To the LFFP( p), we associate the proces®(x) =[ L¢(X); R¢(X)], with

Li(x) =supfy x: Zi(y) < 1 orH¢(y) > Og;
Ri(x) =inf fy x: Z{(y) < 1 or H¢(y) > Og:

A typical path of the nite box version of the LFFP( p) is drawn and commented in
Figure 11.3 and a simulation algorithm is explained in the proof of Propasition 11.3.4.

Remark 11.2.2. If p=0, we can rewrite the process(Z;(x); Ht(x); Ft(X))t ox2r as
follow

z, .z
Zi(x) = lizox)<1gds liz, (x)=1y2Ds (g M (dy;ds);
0 0 R
z t z t
H(x) = OZs (X)1tz, <19 m(fxg ds) Olst(x)>OgdS;
Z

Fe(x) = e iz, x)=1y2D: (x)g M (dy f tg);
where D; (x) is de ned as above. Indeed, for allx 2 R, allt 0,

n(y;s):8(lr;v)2 0y (¥58) 1 Zy (r)=1 and H, (r)=00= Di(x) f tg
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With a slightly di erent formulation, this limit process is the same as in BF10] where the
propagation is instantaneous. This relationship is very naural. Indeed, the casep =0
corresponds to the case where the propagation velocity isryehigh.

11.2.1.2. Formal dynamics

Let us explain the dynamics of this process. Fomp 2 [0;1 ), we considerT > 0 xed
and setAr = fx 2 R: wnm(fxg [0;T]) > 0g. For eacht 0, x 2 R, D¢(x) stands
for the occupied cluster containingx. We call this cluster microscopic if D{(x) = fxg.
Otherwise, we call it macroscopic

1. Initial condition. We have Zg(x) = Hg(X) = Fo(x) = 0 and Dg(x) = fxg for all
X2 R.

2. Occupation of vacant zones.We consider herex 2 RnAt. Then we haveH(x) =0
forall t 2 [0;T]. When Z{(x) < 1, D¢(x) = fxg and Z(x) stands for the local density
of occupied sitesaround x. Then Z(x) grows linearly until it reaches 1, as described by
the rst term on the RHS of the rst equation in ( 11.2.1). When Z;(x) = 1, the cluster
containing x is macroscopic and is described by (x).

3. Microscopic res. Here we assume thatx 2 A r+ and that the corresponding mark
of m happens at some timet whereZ; (x) < 1. In such a case, the cluster containing
X is microscopic. Then we setH(x) = Z; (x), as described by the rst term on the
RHS of the second equation of I{.2.1) and we leave unchanged the value oZ:(x) and
Fi(x). We then let H{(x) decrease linearly until it reaches 0, see the second term ahe
RHS of the second equation in [1.2.1). At all times where H{(x) > 0, that is during
[t;t+ Z; (X)), the site x acts like a barrier (see Point 4. below).

4. Macroscopic res. Here we assume thaty 2 A + and that the corresponding mark
of w happens at some times whereZgs (y) = 1. This means that the cluster containing
y is macroscopic. Thus this mark creates 2 res: one goes to th&ft, the other to the
right. These res propagates along ofV(py;s), until they are stopped by a microscopic
zone or a barrier or an other re.

In other words, for all (x;t) 2 R R, we setF;(x) = 0 unless there exists one (or
two) mark (y;s) of \ such that (y;s) 2 f’x;t) (or equivalently (x;t) 2 V(py;s)) and for
all (r;v) 2 ‘()X;t)(y;S);ZV (r)=1and Hy (r) =0, in which case we setF{(x) = 1 (or
Fi(x) = 2). When x is crossed by a re, Z;(x) jumps from 1 to O, see the second term
on the RHS of the rst equation in (11.2.1).

5. Clusters. Finally the de nition of the clusters ( D¢(x))x2r becomes more clear:
these clusters are delimited by zones with local density snieer than 1 (i.e. Zi(y) < 1)
or by sites where a microscopic re has (recently) started (ie. H¢(y) > 0).
11.2.1.3. Well posedness

The existence and uniqueness of the LFFP(0) has been proved i[BF10]. The proof in
the casep 2 (0;1 ) is in the same spirit.
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Theorem 11.2.3.  For any Poisson measure y (dx; dt) on R [0;1 ) with intensity
measure dx dt, there a.s. exists a unique LFFRp). Furthermore, it can be constructed
graphically and its restriction to any nite box [0; T] [ n;n] can be perfectly simulated.

The LFFP(p) (Zt(x); Hi(X); Ft (X))t ox2r is furthermore Markov, since it solves a well-
posed time homogeneous Poisson-driven S.D.E.

11.2.1.4. The convergence result

Theorem 11.2.4.  Consider for each 2 (0:1]; 1, the process(Z, (X);D¢ )t ox2r
associated to the(; ) FFP. Consider also the LFFP(p) (Z:(x); Ht(X);Ft(X))t ox2r
and the associated(D:(x))t ox2r. We assume that ! Oand !1 in the regime
R(p), for somep2 [0;1 ).

goes in law to(Z¢(xi); Dt(Xi))t2[0:Tpi=1:::q 1N D(O; TR (1 [f,g )). Here the

spaceD([0;T];R (I[f,g )) is endowed with the distancel.

with .
3. Forall t> 0,

log(iC( 4 +;0)))
log(1=) ic(, 0 1g

goes in law toZ(0).

Point 3 will allow us to check some estimates on the cluster-size disbution. Since we
deal with nite-dimensional marginals in space, it is quite clear that the processedd and
F do not appear in the limit, since for eachx 2 R, forallt 0, a.s.,H(x) = F¢(x) =0.
(of course, it is false that a.s., for allx 2 R, all t 0O;H{(x) = F¢(x) = 0). We obtain
the convergence ofD: (resp. Z° ) to D (resp. Z) only when integrating in time.
We cannot hope for a Skorokhod convergence since the limit picessD (x) (resp. Z (X))
jumps instantaneously from fxg (resp. 1) to some interval with positive length (resp.
0), while D (x) (resp. Z* (X)) needs many small jumps, in a very short interval, to
become macroscopic (resp. empty).

The space O([0;T];R (I[f;g ));dt) is not a complete metric space sincalt is too
weak. However, it seems that it is not really a problem becaus in the proof, we use a
coupling argument and obtain a convergence in probability.
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11.2.1.5. Heuristics argument

We now explain roughly the reasons why Theorenil.2.4 holds. We considera(, ) FFP

( ¢ (i)t oi2z and the associated processZ, (x), Dy (X))t ox2r. We assume below
that is very small, verylarge andn =(a ) close top.

0. Scales. With our scales, there aren = bl=( log(1= ))c sites per unit of length.
Approximately one re starts per unit of time per unit of leng th. A vacant site becomes
occupied at ratea =log(1=).

1. Initial condition. We have, for allx 2 R, (Zg (X);Dg (x))=(0;;)" (0;fxg).

2. Occupation of vacant zones. Assume that no match falls in a zone &; b (which
correspond to the zoneln a;n bKbefore rescaling) during [Q 1] (or [0;a ] before rescal-
ing).

a. For s 2 [0;1), we have
D¢ (x)' [x '°]'f xg
and Zg (x)' sforall x 2 [a;h.
Indeed, each site is occupied with probability 1 e @5=1 S. Thus the local

density is roughly K, ' 1 S, whenceZ,; (x) ' s, while the typical size of
occupied clusters is $, whenceDg (x) ' [x S=n J' x s,

b. Attime s=1, Z; (x)' 1 and all the sites in [a; b are occupied (with very high
probability).

Indeed, we have b a)n sites and each of them is occupied at time 1 with

probability 1 e @ =1 so that all of them are occupied with probability
1 )b an = g (b a)zlogl=) which goesto1as ! 0.

Assume now that the zone aroundx (i.e. the zoneJdmn xc m ;bn xc+ m Kbefore
rescaling) has been destroyed at timé (or at time a t before rescaling) by a re. Then,
observations 2a. and 2b. above still hold:

i. fors2[0;1)andifno restartsin Jon xc m ;bn xct+m Kduring[a t;a (t+89)],
we haveD,<(x)' [x 1 S]'f xgandZ,<Xx)"' s;

ii. Z4q(X)' 1and all the sites aroundx are occupied at timet + 1 with very high
probability.

3. Microscopic res. Assume that a re starts at some location x (i.e. bn xc before
rescaling) at some timet (or a t before rescaling) withzZ, (x) = z 2 (0;1). The possible
clusters on the left and right of x cannot be connected during (approximately) [;t + z],
but they can be connected after (approximately) t + z. In other words, x acts like a
barrier during [t;t + z].

Indeed, the connected componen of x (or bn xc before rescaling) at timet (or a t
before rescaling) has a size of order! Z (which thus contains approximately ! Zn '
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Z sites). The re destroys the component A in a time of order 1=( “a ) 1 (or
1=( # ) a in original scale). Thus this re crosses very fast the compaent A and
each site ofA becomes burning and then empty (i.e. * (i) jumps from 1 to 2 then from
2 to 0) during the time interval [t;t+1=( “a )]'f tg(or[at;a t+1=( % )]'f a tg
before rescaling). The probability that a re starts again in A is very small. Thus, using
the same computation as in point 2, we observe thaP[A is completely occupied at time
t+s' @ S ' e °°.When ! 0, this quantity tendsto 0 if s<z and to 1 if
s>7z.

4. Macroscopic res. Assume, now, that a re starts at some placex (i.e. bn xc
before rescaling) at some timet (or a t before rescaling) and thatz, (x) ' 1. Thus,
D, (x)is macroscopic (i.e. its length is of order 1 in our scales)Then the match creates
two res: one propagates to the left and one to the right at speed p (p unit times per
unit space). There are only two burning trees at each instantwith very high probability.
Of course, these res are stopped when they meet a vacant sitg.e. a microscopic zone
or a barrier) or another re.

Indeed, we have to wait for an exponential time of parameter between each prop-
agation in the original scales. It then produces two indepedent Poisson processes of
parameter  which stand for the location of the res. Then, for b > x, this Pois-
son process is atbn bc in the original scale (or in b after rescaling) roughly at time
at+(n=)b x)(orattime t+(n =(a ))(b x)' t+ p(b x) after rescaling).
All sites i 2 Jon xc;bn bcKbecomes successively burning and empty roughly at time
at+(i bn xc= in the original scale (or the sitey = i=n 2 R is burning at time
t+ p(y x) after rescaling).

5. Clusters. Fort 0, x 2 R, the cluster D; (x) resembles x ! ?]'f xg if
Z; (x) = z 2 (0;1). We then say that x is microscopic. Now, macroscopic clusters
are delimited either by microscopic zones or by sites wherehere has been recently a
microscopic re (see point 3) or by a burning tree.

Comparing the arguments above to the rough description of tle LFFP(p) (see Section
11.2.1.2), our hope is that the (; )-FFP resembles the LFFP(p) for > 0 very small,

very large and 1=( a 2 ) close top.

Remark I11.2.5. Remark 11.2.2 is now more clear. Consider the regimeR (0). If a
re starts at x (or bn xc before rescaling) at timet (or a t before rescaling), the time
needed to reach a pointb (or bn bc before rescaling) is roughlyn jb  xj=(a ) "' O
(or n (b x)= a before rescaling). It means that ifb 2 D? (x) (or bn bc 2
C( 4 ¢ ;bn xc) before rescaling) the re reachesb at time t+ n jb xj=a )' t. In
the scaling limit, the cluster containing x is thus destroyed instantaneously.

[1.2.1.6. Cluster size distribution

We will deduce from Theoremll.2.4 the following estimates on the cluster-size distribu-
tion.
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Corollary 11.2.6. Let p 2 [0;1) be xed. Let (Zi(x);Hi(x);Fi(X))t ox2r be a
LFFP (p) and (D¢(x))t ox2r the associated process. For each 2 (0;1] and 1

let ( ¢ (i)t oi2z be a(; ) FFP.

@. Forall t (5+p=2,all0<a<b< 1, for some0<c; <c, depending onp, as
I Oand !'1 in the regime R(p),

h
imP C(J0) 2[1= 1= ¥ = PZ(0) 2 [ab] 2 [ab &)ico(d )]

(b). Forall t 3=2,all B> 0, forsome0O<ci<cpand0< 1< 5, depending onp,
as ! Oand !1 in the regime R(p),

h i
imP C( 40 Bn =P[Di(0)j Bl2[ce 2%;ce Bl

This result shows that there is aphase transition around the critical sizen : the cluster-
size distribution changes of shape ah . The main idea is that two types of clusters are
present: macroscopic clusters, of which the size is of order and microscopic clusters,
of which the size is smaller thann .

[1.2.2. Main results for p=1

In this section, we are interested in the regimeR (1 ; zg), for somezg 2 [0;1].

11.2.2.1. De nition of the limit process

In this regime, the limit process is much simpler, in the sens that res only have a local
(in space) e ect (but can have long time e ect). This is due to the fact that a re can't
go too far away in a nite time.

We consider a Poisson measurey (dx; dt) on R [0; 1 ), with intensity measure dx dt,
whose marks correspond to matches.

De nition 11.2.7. Let zo 2 [0;1]. A process (Yi(X))t ox2r With values in Ry such
that a.s., for all x 2 R, (Y:(X)): o is cadlag, is said to be a LFFH1 ;zp) if a.s., for all
t O al x2R,

Zt’\Zo Zt
Yi(x) = , S m(fxg ds) Olst(x)Z[O;l)gdS+ 1t 209 m(fXg  [z0:t]): (11.2.2)

The processY takes its values in [0; 1] and can be non-zero only at locations where

m(fxg R) 6 0. If the mark of \ happens at timet < z o, then the (microscopic)
cluster containing x is destroyed instantaneously andYg(x) 2 (0;1) during [t; 2t): x
acts like a barrier during this time interval. If the mark hap pens at timet > z o then the
cluster containing x is too big to be destroyed andYs(x) = 1 for ever: there is always a
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burning tree close tox. We then naturally associate the proces®D(x) =[ L¢(x) ; R¢(X)],
with

( X if t< 1;

Li(x) = , , )
supfy  x: Yi(y)>0g ift 1,

( . _

Ry(x) = X if t< 1;

inffy x: Yi(y)>0g ift 1L

A typical path of the nite box version of the LFFP( 1 ;zp) is drawn and commented
in Figure 11.2.

Remark 11.2.8. The processY is a time inhomogeneous Markov process. To make
it homogeneous, we can add a second variabE as in the rst equation (I11.2.1) in the
De nition 11.2.1.

t

. . - ' ' 1

: | Lo | i I

1

: | : 1(X16:T16) . i L

1 1 1 ! | 1 II

1 1 1 1 | 1 !

. . . \ \ . 1

. . . | \ . 1

1 1 1 ! | ! (X15;T15) |

1 1

! : ! ! | (X14:T14) :

: : | (X13iT13) ! '
1“' 1 1 (X12:T12) 1

! . ! (X11;T11)
20 VL,.,,,()ElSLT,lO,),,, P(XoiTe) o o oo li,il ,,,,,,,

(Xg;Te)

(X7;T7)
(X6:Te)
(X5:Ts)
(X4:Ta)
| (X3:T3)
(X2;T2)
(X1;T1)

Figure 11.2.: LFF( 1 ;zp) process in a nite box.

The marks of w are represented by 's. The lled zones represents zones in whichjD (x)j > 0.
The plain vertical segments represent the sites where Y;(x) 2 (0;1) and the dashed vertical
segments represent the sites whereY; (x) = 1. In the rest of the space, we always have Y;(x) = 0.
Until time 1, all the particles are microscopic. Matches 1 to 7 falls before zo. At each of these
marks, a processY starts and its life-time equals the instant where it has star ted. This creates
a barrier with height Ty (the segment above Tx ends at time 2Tyx). The other matches falls
after zp. At each of these marks, a processY starts and remains equal to 1 forever.

Thus, for each x 2 [ A;A], Df*(x) = fxg for t 2 [0;1) and merge att = 1. Here we have
at time 1 the clusters [ A;Xg], [Xs;Xa], [X4;X10], [X10;X6], [X6;Xse], [Xo;X5s], [X5;X11],
[Xll;X7] and y [X7;A].

Remark that t 7! j D{(x)j is non-increasing on [ ;1 ) for all x.
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11.2.2.2. Formal dynamics

Let us explain the dynamics of this process. We considek = fx 2 R: u(fxg [0;1)) > Og.

For eacht 0, x 2 R, D¢(x) stands for the occupied cluster containingx. We call this
cluster microscopic if D{(x) = fxg. Otherwise, we call it macroscopic

1. Initial condition. We have Yp(x) = 0 and Do(x) = fxgfor all x 2 R.

2. Occupation of vacant zones.We consider herex 2 Rn A. Then we haveY;(x) =0
forallt 2 [0;1). Whent< 1, D¢(x) = fxg. Whent 1, the cluster containing X is
macroscopic and is described by (x).

3. First kind of res. Here we assume thatx 2 A and that the corresponding mark of

m happens at some timet < z 5. We set Y;(x) = t, as described by the rstterm on the
RHS of the equation of (1.2.2). We then let Y;(x) decrease linearly until it reaches 0, see
the second term on the RHS of the equation in [1.2.2) (i.e. Ys(x) =min(2t s;0)1lts tg).

4. Second kind of res. Here we assume thatx 2 A and that the corresponding mark
of m happens at some timet wheret > z . Then we setYs(x) = 1forall s2 [t;1)
see the third term of the RHS of the equation (1.2.2).

5. Clusters. Finally the de nition of the clusters ( D{(X))x2r becomes more clear:
these clusters remain microscopic untilt = 1. For t 1, (D¢(X))x2r:t 1 IS delimited by
sites where a re of rst kind has (recently) started (i.e. Yi(y) 2 (0;1)) or by sites where
a re of second kind has started (i.e. Yi(y) = 1). Remark that for t 2zq, only res of
second kind delimit the clusters.

11.2.2.3. Well posedness
The following proposition is obvious from the de nition, see Figure 11.2.

Proposition 11.2.9.  Let \ be a Poisson measure ofR [0;1 ) with intensity mea-
sure dx dt. There a.s. exists a unique LFFR1 ;Zzp) (Yi(X))t ox2r. It can be simulated
exactly on any nite box [0;T] [ n;n].

11.2.2.4. The convergence result

We will prove the following result.

Theorem 11.2.10. Let zop 2 [0;1]. Consider for each 2 (0;1] and 1 the
process(D; (X))t ox2Rr associated with the(; ) FFP. Consider also the LFFP(1 ;z)
(Yi(X))t ox2r and the associated(D(X)): ox2r process. We assume that ! 0 and

'l in the slow regimeR(1 ;zp).

1. For any T > 0, any nite subset fx1;:::;Xq0 R, (D¢ (Xi))t2[0:T]5i=1 ;9 90€S
in law to (D¢(Xi))t2[0:T]:i=1:::zq IN D([0; T];1)9. Here D([0;T];1)% is endowed with
T-

.....
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11.2.2.5. Heuristics arguments

We assume below that > 0 is very small, 1 is very large, a? is close to 0 and
log( )=log(1= ) is close toz;.

0. Scales. With our scales, there aren = bl=( log(1= ))c sites per unit of length.
Approximately one re starts per unit of time per unit of leng th. A vacant site becomes
occupied at ratea =log(1=).

1. Initial condition. We have, for allx 2 R, D4 (x) = ;'f xgand Do(x) = fxg.

2. Occupation of vacant zones Exactly as in the regimeR (p), D,y (x)' [x ' "
fxg for t < 1 and the clusters become macroscopic at time 1.

3. First kind of res. Assume that a match falls at some placex (or bn xc in the
original scales) at some timet<z (or a t< a zg in the original scales). Then the re
burns almost immediately the occupied cluster and it needs eughly a time t (or a t in
the original scales) to be lled again. Thus x acts like a barrier during [t; 2t).

Indeed, the connected componeni of x (or bn xc before rescaling) at timet (or a t
before rescaling) has a size of order! ! (which thus contains approximately * tn

! sites). The re destroys the component A in a time of order 1=( 'a ) 1 (or
1=( ') a in original scales) due toR(1 ;z). Thus this re crosses very fast the
component A and each site ofA becomes burning and then empty (i.e. * (i) jumps
from 1 to 2 then from 2 to 0) during the time interval [t;t + 1=( ta )] ' f tg (or
[at;at+1="!)]'f a tg before rescaling). The probability that a re starts again
in A is very small. Thus, we observe thatP[A is completely occupied at timet + s]'

z

@ S “* e °°.When ! 0, thisquantity tendsto Oif s<t andto 1ifs>t.

4. Second kind of res. Assume that a match falls at some placex (or bn xc in the
original scales) at some timet > zg (or a t > a zg in the original scales). Then the
re needs an in nite time (in our scales) to burn the occupied cluster, so that there is a
burning site close tox forever.

Indeed, Dy (x) contains roughly ! sites ift 2 (zp;1) and n sitesift 1. In any
case, the time needed for the re to cross this cluster is of ater Dy (x) = , which is
very large when compared toa in the regime R(1 ;zp). Thus, the re cannot reach the
rim of Dy (x).

5. Clusters. Fort 0, x 2 R, the cluster D, (x) resemblesx ! ?]'f xgif t< 1.
Now, macroscopic clusters emerge when 1 and are delimited either by a burning tree
or by sites where there has been recently a microscopic re ée point 3).

Comparing the arguments above to the rough description of tle LFFP(1 ;zy) (see
Section 11.2.2.2), our hope is that the (; ) FFP resembles the LFFP( ;zp) in the
regime R(1 ; zp).

[1.2.2.6. Cluster-size distribution

The following corollary is easily deduced from the Theoremil.2.10.
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Corollary 11.2.11. Let zop 2 [0;1]. Let (Yi(X))t ox2r be aLFFP(1 ;zp) and (D¢(X))t ox2R

the associated process. For each 2 (0; 1] and 1,let( ¢ ()t oi2zbea(; ) FFP.
Forall t> 2zp,as ! Oand !1 inthe regime R(1 ;zo),

Lctivot DO @t 2

This result shows that for t large enough, there are only macroscopic clusters, that is
clusters with size of ordern .

We immediately give the proof of Corollary 11.2.11. Fort 0, Theorem|l.2.10 shows
that, when ! Oand !1 inthe regime R(1 ;Zzp),

= civot pio):

Furthermore, if t > 2z, only res of the second kind (i.e. matches falling afterzg) still
have an e ect. Indeed, when a match falls inx at time t < z g, it creates a barrier in x
during [t; 2t) [0;2z0]. Thus, D{(0) is only delimited by sites where a match has fallen
during [zo;t]. This is a Poisson process ofR with intensity t z. Consequently,

iDi(Q)j (2t z0):

11.2.2.7. Irreversibility

It might look surprising at the rst glance that the limit pro cess is non-reversible while
the discrete process is reversible. Indeed, far 17" 2z, clusters in the limit process
are macroscopic and the sizes are non-increasing. On the ahhand, in the discrete
process, it is quite clear that, when working in a nite box, the process returns to its
original state. This is due to the time scale: we have to wait avery long time to observe
again the original state.
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11.3. Existence and uniqueness of the limit process

The goal of this section is to show that the limit processes a& well-de ned, unique, can
be obtained from a graphical construction and can be restrited to a nite box.

[1.3.1. Restriction of the LFFP (1 ;zy) to a nite box
Let zo 2 [0; 1] be xed. In this subsection, we study the LFFP(1 ; zg).

Proposition 11.3.1. Let \ a Poisson measure orR [0;1 ) with intensity measure
dxdt and A> 0.

1. The values of(Y{(X)): ox2[ aa] @re entirely determined by wmj; aa] r. - AcCtu-
ally, for all x 2 R, the values of(Yi(x)): o are entirely determined by wm jixg r, -

2. There exist some constants > 0 and C > 0, not depending onA > 0, such that

h i
P (Dt(X)t oxe[ A=2a=2 [ AJA] 1 Ce A: (11.3.1)

Proof. The rst part of Proposition 11.3.1 is obvious from the de nition of the process
(Yi(X))t ox2r. In order to prove the second part, consider the event » on which
has at least one mark K1; 1) in [A=2;A] (3=4;1) and at least one mark X2; ») in
[A=2;A] (1;3=2).

Observe now that on ;,

Yi(X1) > 0; forallt2[1;21) [1;322];

becauseX, is a either a re of rstkind (if 1 zy), whenceY{(X1) =(2 1 t); for
all t 1, Oor X1 is a re of second kind (if ;1 > z(), whenceY;(X1) =1 for all t 1
Besides, X is always a re of second kind (because, > 1 zp) whenceYy(X2) = 1 for
alt2[2;1) [3=2;1] (X2 burns for ever).

Similarily, we de ne the event , on which \ has at least one mark K1;~1) in
[ A, A=2] (3=4;1) and at least one mark (X2; »)in[ A; A=2] (1,;3=2). On ,,
there holds that

Yi(X1) > 0; forall t 2 [1;3=2] [~;2~)and Yi(X2)=1; forallt 3=2 ~:

Thus,on A\ ,,D¢(xX) [ A;Alforallt Oandallx2][ A=2;A=2]. Finally,
we can bound from below the left hand side of I].3.1) by
h i
P s\ 4 1 2e™8+e™Y 1 4”8

whence (1.3.1) with C=4and =1=8. O
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De nition 11.3.2. Let zp 2 [0; 1] and (Yi(X))x2rt be aLFFP(1 ;zp). Forall A> 0
and for x 2 [ A;A], we de ne the processD{ (x) = [ L{(x) ; R (x)], with

(

LA(X) = X if t< 1;
‘ supfy  Xx: Yi(y)>0g_( A) ift 1
Rf(x)z X if t< 1;

inffy  x: Yy(y)>0g”~ A ift L

As a corollary of Proposition 11.3.1, we have, forA > 0,
h i
P (Dt(X))t oxz2[ A=2a=2] = (D (X))t oxz[ a=2a-2y 1 Ce

[1.3.2. Restriction of the LFFP (p) to a nite box

The aim of this subsection is to prove Theoremlil.2.3. We de ne an analogous process
of LFFP(p) on a nite space interval, which can be perfectly simulated We then show
that these two processes are equal with very high probabilit.

11.3.2.1. Algorithm

Let p2 [0;1 ). Here we show that when working on a nite space interval, the LFFP(p)
is somewhat discrete. We consider a Poisson measurg, (dx; dt) on R [0;1 ) with
intensity measure o dt.

De nition 11.3.3. Let A > 0. A process (ZA(X);HA(X); FE (X))t oxz[ aap With
valuesinR: Ry N suchthatas., forallx 2 [ A;A] (ZA(X);HA(X)t o is cadlag,
isaA LFFP(p)ifas., forallt O,alx2[ A;A]

A Zt X A
Z (x) = 0 le_é(x)< 1g ds (Fs A1)
t
Zt ) Zt
HA(x) = %zﬁ (X)124 (x)<1g M(FXg ds) 01fH§(X)>Ogo|s; (1.3.2)
Z
FA(x) = leo . _ _ dy: ds):
¢ (x) vz P\ ([ AA] [0 ) 8(rv)2 P (1:8):Z8 (=1 and HA ()=0g m (dy; ds)

(xt)

To the A LFFP(p), as usual, we associate the proced3{ (x) = [ L2 (x); R{(x)], with

LE(x)=( A)_supfy 2 [ A;x]: Z{(y) < 1 or Hi(y) > Og;
RA(X) = AN inffy 2 [x;A]: ZB(y) < 1 or HA(y) > Og:

A typical path of ( Z#(x); HE (X); FA (X))t ox2[ aaj is drawn in gure 11.3.
The proof of the following proposition shows the constructon of the A LFFP(p) in
an algorithmic way.
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t t
(X17:T17)
(X16:T16) (X15:;T1s5)
(X13:T13) (XaaiTae) (X12;T12)
(X11:T11)
(X10:T10)
(X7:T7) .
Xt (Xs5:Ts)
(X3;T3)
| (X2:T2)
(X1;T1)
1
A 6 A

Figure 11.3.: LFFP( p) in a nite box

The marks of u (matches) are represented as 's. The lled zones represent zones in which
Z8(x) = 1, that is macroscopic clusters. In the rest of the space, we always haveZ# (x) < 1.
The plain vertical segments represent the sites where H# (x) > 0. F#(x) = 0 except on the
lines with slope p where F*(x) = 1 or F(x) = 2 in the crossing point of the res starting
in (X15;T1s) and (X 16; T16). Until time 1, all of the clusters are microscopic. The rst eigth
marks of the Poisson measure fall in that zone. As a consequenre, at each of these marks, a
processH” starts. Their lifetime is equal to the instant where they hav e started (e.g., the
segment above X 1;T1) ends at time 2T1). Attime 1, all clusters where there has been no mark
become macroscopic and merge together. However, this is linited by vertical segments. Here,
at time 1, we have the clusters [ A; X 3], [Xg;X7], [X7;X4], [X4;X6], [Xs;Xs] and [Xs;A].
The segment above (X4; T4) ends at time 2T, and thus, at this time, the clusters [ X7; X 4] and
[X4;X 6] merge into [X7;Xe]. The ninth mark falls in the (macroscopic) zone [ Xg; X7] and
thus two res start. They cross the cluster [ Xg; X 7] at speedp, i.e. cross Kg; X 7] with a slope
p. A processH” then starts at X11 attime Tii. SinceZf, (Xu)= Tu (To+ pjXe Xuj)
[becauseZ¢g+ pixs x1j(X11) has been set to 0], the segment above X 11; T11) will end at time
2T11 (To+ pjXo Xi1j). On the other hand, a re starts at X0 at time Tio and crosses the
cluster of X 1o at speedp. A site x in [X7;A] remains microscopic from time Tio + pjX10  Xj
until time Tio + pjX10 Xj+1. The two matches 14 and 12 create microscopic res (because
they fall on sites where Z#(x) < 1). Observe nally that the 15th and the 16th res are
stopped by each oher.

With this realization, we have 0 2 (X7;X>) and, thus, Z{(0) = t for t 2 [0;1], then ZA(0) =1
fort 2 [1; Tio + leo), then ZtA (0) =1t (T10 + leo) for t 2 [Tlo + leo;Tlo + leo +1), then
ZP(0)=1for t2 [T+ pX1o+1;Tis+ pXis), etc. We also see thatDA (0) = f0Og for t 2 [0; 1),
D (0) = [ X7;X4] for t 2 [1;2T4), D (0) = [ X7;X6] for t 2 [2T4;2Te), D (0) = [ X7; X 10 +
Tlop—l) for t 2 [2Te; T10+ pX10), DtA (0)= fogfort 2 [Tio+ pXi0; Tio+ pX10+1), etc. We nally
have F{*(0) =0 for all t6 fTio + pX10;T1s + pX1sg and Ff 4 px 1o (0) = Ffyes px 45 (0) = 1.
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Proposition 11.3.4. Consider a Poisson measure y (dx;dt) on R [0;1 ) with
intensity measuredx dt. Forany A> Oandp O, there a.s. exists a uniqueA LFFP (p)
which can be perfectly simulated.

Algorithm. Here we only treat the casep > 0. The casep = 0 is much easier and has
been treated in BF10], as mentioned in Remarkll.2.2.

Consider the marks Xy; Tk)k=1:-=n Of m In[ A;A] [0;T], ordered chronologically
and set Tp = 0. We describe the construction via an algorithm, which also shows
uniqueness, in the sense that there is no choice in the constction.

Suppose that we have built the processZ{(x); H (X); F{ (X)) x2[ aa] at some time

t 0. We then can set

n o]
T= x2[ AJALIFA(X)=1and ZA(x+) =1 ;
n o]
¢ = x2[ AJAl:FA(X)=1and ZA(x )=1 ;
n

(0]
9= x2[ A;A]:HAX)> 0orZM(x+) 8 ZP(x ) [f AAg;
_ + 0.
t= [ «[ ©

where Z£(x+) = lim Y ZA(y) (resp. ZA(x ) = lim Y X ZA(y)). Observe that |

(resp. ;) isthe set of res at time t that spread to the right (resp. to the left) and that
9 is the set of sites where a re can be stopped (barrier or micrecopic zone). We also
dene, forr>t,

E = [ VP AV

Py \V R\ ([ AAL [tir]) (11.3.3)

X2 ;’;y2[t
[ v(px;t)\ (fyg [t:r]: (11.3.4)
x2 {[ 2 ?

The set (11.3.3) is the possible locations ¥; s) where two res may meet during [t;r]. The
set (11.3.4) is the possible locations ¥;s) where a re may be stopped by a microscopic
zone or a barrier during ft;r]. Thus, B is the set of possible locationsy; s) where a re
may be stopped during f;r], when no match falls in [ A;A] during [t;r].

Step 0. Put Zf(x)= HE(X)= F&(x)=0forall x2[ A;A].

has been built.
Step g+1. We build (ZA(x); HA (x); FA (X)) t2 (Tq;Tqes 1x21 Asa] in the following way: for
x2[ A;Alandt 2 (Tq; Tge1), We setH{ (x) = max(0; H{-*q(x) (t Tg)). We then set,
recall (11.3.3) and (11.3.4),
. n o
Erit = (XgiTg)iiin(Xg;Tg)

ordered chronologically, and put (X 3; T9) = ( Xq; Tg) and (X§'*; T ) = (X ger s Tgen)-
Observe that as. Tq = T < T4 < <TQ <Tg*h = Tga. Assume that the
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process has been built untllT" for somek 2f0;:::;Ng. We then build the process on
(T&; TE*]. Recall that no match fallsin[ A;A] durlng the time interval ( Tg; T&+).
We rst compute (FtA(X))tZ(Tk.Tk+1).X2[ AAT Since a re can't be stopped during

k+1
Tq

T(;(.T(!‘(+l)
we setF£(y) =1 forall (y;s) 2 V(XTk)(X

(T TEH), if x 2 ﬂ(, we setFA(y) = 1 for all (y;s) 2 V(ka)(X +
recall Subsectionll.1.2, while, if x 2 Th

k+1
Tq
p

S k+1
T T§ ;T&*). Otherwise, that is if (y;s) 62 ~,, + VI Tk)(x T T4 TE)
T

(x;
!

S Tl<+1

k
2 (ka)(X %‘L;Tc‘;”) , we setF2 (y) = 0. To summarize, for all (y;s) 2
q

[ A;A] (TE;TEM), we have
8

k
31 ify 502
Fem =41 fy+ iz
q
"0 else.

A . —
>]Ne then compute (Z; (x))tzqu;T;ﬂ);xz[ AAT Letus x x2 [ A;A]. We setNy =
# os2 (TE T FL() =1 and o= TS IE Ny, 1, forj =0;::0;Ny 1, we set

n (e]
j«1 =inf s2 (;TE) F&(x) =1 ). While x isn't crossed by a re, Z?(x) grows
linearly. We thus have, for all s 2 (T&; T&*!)

8
3MIn(ZAX)+s T if s2 (T8 o)
q
Zé\(x)=gmin(s ;1) ifs2[j;ja)and Ny j 1
“min(s  n,;1) if s2 [ N, TE):

if Ny 1, whereas
Z2(x) = min( zﬁqk (x)+s T

if Ny =0.
We nally compute Ffm (x), Z¢k+1 (x) and H1’5q+1 (x)forall x 2 [ A:;A]
q q

Case 1. If x 8 X k+1 observe that at most one re can reachx at time Tc';*l (else

-I-k+l Tk+1 Tk ¥ Tk+1 Tk
Xx2E; ) Ifx -2 Lyorx+ A_—42
p T p T

at time TS, we set FTk+l (x) = 1 and Z¢k+1 (x) = 0. Else, we set Fﬁm (x) =0 and
q q q

A - 7A
ZT(:(” (x) = ZT(:(” (x).

that is if a re reaches x

Case 2. If x = X¢*™ and k < N, observe that X ¢*! isn't crossed by a re during

k+1 k k+1 k
(TXSTE L) e Ny = 0. I XK 279 62 7, and XK' + 120 62

p Tq i)
(i.e. if the re which might have reached X('j’“l has been stopped beforeT(;‘) or if
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kaﬂ (X&) > 0or me (X&*1) < 1 (i.e. if there has been recently a microscopic
q
re), then put Ffm (X g*l) = 0. Else, there is one (or two) re that reaches X('j’“l at
q

time T&*1 and we setFA.; (X&) =1 (or 2). To summarize, we put
q

A k+1y —
FTqm(Xq )= Liya | (xE)=0and zA ., (XK )=1g

k+1 k+1
T T
q 0 q 1
k+1 K +1 k+1 k g .
k+1 Tg Tq + k+1 , Tq Tq
fXq fz Tcs(g fXq +#2 ng

We nally put

A k+1y — A k+1 .
ZTq'“l (Xq™)= Zquﬂ (Xq )1fF$k+1 (Xg§*")=0g°
q

Case 3.1f x = Xqu1 = X§'™ andk = N, a match falls in X1 at time Tgep = Tg'*t.
We then set
A — A
L1y Xg1) = Z7,,, (X q+l)1fz¢q+1 (Xq+1)<1g

and
A _ .
FTq+1 (X g+l ) - 1f Z¢q+1 (Xq+1 )=1g"

To conclude the construction, we set, for allx 2 [ A;A]

8

< H¢q+l (x) if X6 Xgs1;

HA (x)= .
To (X) :Z{*q+1 (Xq+l)1fz¢q+1 (X )<lg I X= Xz O

11.3.2.2. Restriction of the LFFP (p) to a nite box
We now prove a re ned version of Theoremll.2.3.

Proposition 11.3.5. Letp2[0;1) and \ be a Poisson measure oiR [0;1 ) with
intensity measure dx dt.

1. There exists a unique LFFRpP) (Z¢(x); Ht(x); Ft(X))t ox2R-
2. It can be perfectly simulated on[ n;n] [0;T]forany T > 0, any n> 0.

3. For A> 0, let (ZA(X);HA(X);FA(X)): oxz g be the uniqueA LFFP (p) and
the associated(D# (x)); ox2[ AA]- There holds

h
P (Z¢(x); He(X); Fe(X); De(X)) t210:T1x2[ A=2:A=2] i

= (ZE)HE ) FA () DR D) 2o ix2l A=2a=z7 1 Cre T4 (11.3.5)

for some constants t > 0 and Ct > 0 not depending onA > 0.
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Proof. We divide the proof into several step. We work on [Q T].

Step 1. We observe that for amark (X; )of u with X 2 [ A;A], we haveHA(X) > 0
or ZA(X)< Lforallt2[; +1=2).

Indeed, assume rst that ZA (X) 2 [0;1=2). Then ZA(X)= ZA (X)+t < 1for
alt2[; +1=2].

Assume next that ZA (X) 2 [1=2;1). Then HA(X) = ZA  1=2, so that HA(X) =
HAX) t+ > Oforallt2]; +1=2).

If nally z” (X)=1,then ZA(X) =0, whence ZA(X)=t < 1fort2[; +1).

the marks of \, restricted to [a;a+ 1) [0;T] ordered chronologically, for To = 0O,
Th+r = T, we put

= _ryax (Ti+1 Ti) <14 \ 1min (Xi+1 Xi) >0
= n 1=
We immediately deduce from Step 1 that for anya2 R, any A> jaj +1,

l f9 x:[0;T]! (a;a+1);t7! x; non decreasing
and for all t 2 [0; TI;H{ (x¢) > 0 or Z8(x¢) < 1g:

Thus, on g clusters on the left of a cannot be connected to clusters on the right of
a+1 during [0 ;T]. Furthermore, since the function x is non decreasing, a re starting
from the left of a can't cross the zone &;a+ 1) (i.e. it necessarily would be stopped by
somexXg,). Thus, matches falling at the left of a do not a ect the zone (a+1;1 ).

In the same way, we put [ = fmaxj=g.n(Ti+a Ti) < 17g\f maxj=1.:n 1(Xi+

Xi) < 0g. We of course have, for anya2 R, A> jaj +1,

L f9 y:[0;T]! (a;a+1);t7'y; non increasing
and for all t 2 [0; TI;HA(yy) > 0 or Z2(yy) < 1g:

As above, on }, clusters on the right of a+1 cannot be connected to clusters on the left
of a during [0; T] and the fact that y is non increasing ensures us that matches falling

on the right on a+1 do notha ect the zone (1 ;a).
|

Step 3. Obviously, gr = P |, = P[ ] is positive and does not depend ora. Further-

more, g(resp. L) is independent of {)(resp. b) for all a;b2 Z with a & b. Hence
there are a.s. in nitely many a2 Z (resp. b2 Z) such that | (resp. 1) is realized.

Then it is routine to deduce the well-posedness of the LFFP). The perfect simulation
algorithm on a nite-box [ n;n] [0;T]is also easy: nda; <a,with a;+1 < n<
n < a» such that [31\ 5, is realized. Then apply the same rules as for thé LFFP(p)
to simulate the process in f; ;a, +1]. This will give the true LFFP( p) inside [a; +1 ; ay]
during [0; T].

Finally, we can clearly bound from below the left hand side of(I1.3.5) by

h i
P(azpa a2z o)) (a2jas2a iz &) 1 21 qr)?2 2
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whence (1.3.5) with Ct =2=(1 qgr)?and 1= log(l qr)=2.
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I1.4. Propagation Lemmas

Here we study the propagation of a re through an occupied clster. When a match falls
on an occupied cluster, two res start: one goes to the left ad one goes to the right.
This propagation is not necessarily linear, it sometimes ca regress. However there are
few 'sparks.

Consider two families of Poisson processesNE(i))t oi2z and (NP (i)t oi2z with
respective rates 1 and , all these processes being independent. We considére propa-
gation process ignited at(0; 0) de ned by

Zy
t (1) =1+ lfizog+ o 1 (i):OngsS(i)
Z, z,
P P,
+ lf S; (i+1)=2 ;S; (i):lngS (I +1)+ 0 1f s; (i 1):2;5; (i)zlngS (| 1)
z,
2 1 dN g (i):

o fe ()=2g

Roughly, the process( ; (i)t o2z Starts from an occupied initial con guration and a
match falls on the site 0 at time 0. Afterwards the re spreads into Z. We are interested
in the space-time position of burning trees (i.e.(i;t) 2 Z [0;1 ) suchthat ,/ (i) =2),
when ! Oand !1 in the dierent regimes.

We set, fort 0,

n _ o]
ii =max i 0:, (i)=2 (1.4.1)
n (0}
ip =min i 0:, (i)=2 (11.4.2)

the right and the left fronts at time t. Observe that(i{ ): oand ( i; ); o are two Poisson
processes with intensity . Fori 2 Z, we set
n ] (0]
Ti=inf s 0:¢ ()=2 (1.4.3)
inf s 0:ig =i ifi 0
inffs O:ig =ig ifi O
which represents the rst time that the site i 2 N is burning. We clearly have for all
t 0,
¢ (g)=2= ¢ (iY)
and for all i 623, ;i{ K
¢ (i)=1:
In this section, we will show that burning trees at some timet are concentrated around

if andi,. We say that a site i is a spark at time t if it is a burning tree such that
i 62f;i{ g
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We recall that a =log(1= ), n = bl=( a )c and we introduce

1-
?.

(11.4.4)

For B> 0, we nally set B = bBn c.
The following De nition will be usefull.

De nition 11.4.1. Let p 0. In the rest of the paper, we will say thata statement
S(; ) holds for all (; ) su ciently close to the regime R(p) if there are "¢ > 0 and

0o 2 (0;1) such that for all 2 (0; o) and all 1 such that ;— p <"o, the
statement S(; ) holds.

Similarly, let zp 2 [0;1]. We will say that a statement S(; ) holds for all (; )
su ciently close to the regime R(1 ;zy) if thereare "> 0, ¢2 (0;1) and Kg > 0 such
that for all 2 (0; () and all 1 such that .~ > K o and Io'g?l(z)) zo <", the
statement S(; ) holds.

[1.4.1. Propagation lemma in the intermediate regime

We rst study the propagation in the regime R(p), for somep > 0.

Lemma I1.4.2. Letp> 0;T > 0. There exists an event '?;T depending only on the
Poisson processegN{(1); N (i) i2[0:a (T+7 yi2oba (T+" )oba (T+" )ok SUch that

"T f Atany time t 2 [0;a T];any burning tree belongs to
Job(t+a")c;b(t a")cK[I(t a")cbt+a") cK
and is eitheri; or i, or has vacant neighborg;

where the event on the right concerng , (i)); o2z, and

h i
imp T =1

when ! Oand !1 in the regime R(p).

Proof. Recall that a spark at time t is a burning tree i such thati 62 f, ;i g. We say
that a site i propagates for the rst time when the rst re at i extinguishes and spreads
to its neighbors (if they are occupied). Observe that fori 0, this happens at time
Ti+1, while for i 0, this happens at time T; ;.

Consider, fori 0, the events

L = fi remains vacant from the instant at which it propagates for the rst time
until the instant at which the re in i +1 propagates for the rsttimeg (11.4.5)
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and

iz = fi is occupied when the re ini +1 propagates for the rst time,
but then, i burns for the second time during less thama " =4
and no seed has fallen on its neighbors  1,i+1

from the instant they burnt for the rst time until i propagates for the second timg
(11.4.6)

and similar events fori 0 (replacei +1 by i 1). Recall (11.4.1), (11.4.2) and remark
that the event on the right hand side in Lemma 11.4.2 contains the event
( L) L)
PT=  sup i} t \ sup i+t
t2[0:a T] 2 t2[0;a T] 2
1
i

\f8i2Jd, ;+1;i5+ 1K

or 2is realizedy:

Indeed, the two rst terms ensure that the right and the left f ronts at time t 2 [0;a T]
belongs respectively to

bt a" =2) c;bt+a" =2) cK

and
Job(t+a" =2)c;b(t a" =2) cK
This in particular implies that for all i 2 Jb (T " =2)a c;bT " =2)a cK
o oAt i al
T 2 > + >

The last term says that either i remains vacant until i + 1 propagates (i.e. there is no
spark) or a seed has fallen om but then i has vacant neighbors when it propagates for the
second time (i.e. the spark has a siz&). Finally remark that on '?'T, fort 2 [0;a T],

an

O | |:‘ :Ti+2 + 4

t Bt a") cjifK

and

4
thus a burning tree (i.e. a front or a spark) necessarily belags to

a

0 i iy :T 2+ t J,;b(t a") cK

bt a")cbt+a" ) cK[JIb(t+a")c;,b(t a") cK

as desired.

Clearly, '?;T depends only on the Poisson processddS(i); N (i)t oi2z through
t20;a (T+" ) andi2Jba (T+")c;ba (T+" )cK It remains to prove that
P "7 tendstolwhen ! Oand !1 in the regimeR(p).
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Since(i; )t o and ( i; )t o are two Poisson processes with intensity , the maximal
inequality for martingales gives

# " #
. a " . a "
P sup i+t > =P sup if t >
t2[0:a T] 2 t2[0;a T] 2
2 4
~ Ba T)’+a T)
16T2 16T 2al0
m = (1.4.7)
(a 2)2 2
which tendstoOwhen ! Oand !1 inthe regime R(p).
Next, for all i 2 Z, we have h o
-
P T (11.4.8)

because seeds fall onat rate 1 while the re on i +1 propagates at rate .

Now, for alli 0, we set
n o}
Xi=inf s>Ti :NS(G{) NP, ()>0  Tis;

Yit= T T
h )
Y2=inf s>Ti2 :NP(i) N+3i+2 (i)>0 T

Leti 0. By construction, at time T;, the site i is burning and propagates to neighbors
at time T;+1. Thus, X; is the time we have to wait for a seed to fall again oni after
it propagates for the rst time. Furthermore, Y,! stands for the duration that i is
burning for the rst time. If a seed falls on i before Tj+», that is before the burning
tree i + 1 propagates, theni becomes again burning at timeT;+» and burns during
[Tisz ; Tivz + Y;2).

The random variables (X;)ion are exponential random variables with parameter 1
and the random variables(Yil)iZN and (Yiz)iZN are exponential random variables with
parameter . All these random variables are independent.

Then observe that, foralli 0

n

a
P= X Yig\f vP< — VX 1> Yt + Y+ P X > Y g

(1.4.9)
We haveh by independence
|
P 2 YLyl v?2 =1 eYh) 1. 2y € A RGN
=(1 e Yi%rl) e it e vit e 2v? 1in2 a4" g:
Integrating,
h i Z, Z, Zar
P 2 =23 (@1 eXe(™xqgx e ( "DYdy e ( 24z
0 0 0
3
- 2+ )a " =4y.
= ¥ ees )2(1 e a ): (11.4.10)
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Finally, note that, in the regime R(p),
h L 2i h li h 2i 3
P il 7 =P 7 +P 7 =93 T ar 22 )2(1

52+8 +4+ 3e 2+ )a" =4

e @+ )a" =4

=1
1+ )22+ )2
1 -
for some constant > 0, becausee @* )2 " =% 1= when ! Oand !'1 inthe

regime R (p) (indeed, 1=(p log?(1=)) whence(2+ )a " ' 1=(p log3(1=))).
Similar computations hold fori 0.
Consequently, the probability of 81 2 Ji, 1 +1 it o 1K lor ?Zis realizedy know-

b

iNg  SUPoa 7] if T 25— \ supppga Ty it *t & is bounded from

below by
ba (T+" )c h i ba (T+" )c h i h i
1 P(Il D=1 @P P
i=ba (T+" )c i=ba (T+" )c

a (T+1 a

p & 0+h Sl (1.4.11)

2

which tendsto 1when ! Oand !1 in the regime R(p). Gathering (11.4.7) and
(11.4.11) concludes the proof of Lemmall.4.2. O

[1.4.2. Propagation lemma in the regime R(0)

For all A> 0, we set
n A+

(4 =1

" (11.4.12)

which tendstoOwhen ! Oand !1 in the regime R(0).

Lemma 11.4.3. Let A;B > 0. There exists an event " depending only on the
Poisson processegN{(i);NE (1)) i2p0a (A_8Ji20 A m B +m k Such that

I?;A;B f There is no more burning tree inJ A ;B Kattime a { *-°

and a burning tree inJ A ;B Kat some time0 t a {?-P
is either i{ or i, or has vacant neighborg

where the event on the right concerng (i)t o2z, and

h

i
imp  PAP =1

when ! Oand !1 in the regime R(0).
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Proof. Recall (11.4.3), (11.4.5) and (11.4.6). We set

P:AB _ n B a" n A a

= Toem o+

i2J A m +1;B +m 1K

\ 9i2J A m +1; AKNg{U(i)zo
\ 9i2JB ;B +m 1|<N§{,¥B(i)=o

Observe now that the event on the right hand side in Lemmall.4.3 contains the event
P;A;B
'Indeed, the two rst terms ensure that the left and the right f ronts have left the zone
J A ;B Kattime a { #-B whereas the third term ensures, as in Lemmdl.4.2, that a
spark burns not for a long time and has vacants neighbors. Thawo last terms prevent
from a return of a re until a { #-B

|
It remains to prove that P " tendstolas ! Oand !1 inthe regimeR(0).

First, observe that Tg +m IS aysum ofB + m i.i.d. exponential random variables with
parameter . Then, Chebyshev's inequality implies

nB a" n B a" 4 B +m
PTgsvm >—+ > P Tg +m > 5 @ )2 2
n 1
Cp——— _
Ba a "2
which tendstoOwhen ! Oand !1 in the regime R(0). Similar computation of

course holds forT o m .
A basic calculation, as in (1.4.11), shows that (because it also holds true thate @+ )a

1= in the regime R(0))
2 3
! 1 2 a
P4 ([ 9 1 — (forsome = (A;B)> 0);
i2J A m +1;B +m 1K

" =4

whichtendsto 1when ! Oand !1 in the regime R(0).
Finally, as soon as{ ’;*-B % it holds that, using space stationarity,

h i
P9i2JB ;B +m 1KN§’{A78(i):O POi2J;m 1KNJ_(i)=0

- l (1 e a =2)m 1. 1 e p_(m l)

which tendstol1when ! Oand !1 in the regime R(0). O
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[1.4.3. Propagation lemma in the regime R(1 ;Zz))
Let zp 2 [0;1]. We rstintroduce, for 2 (0;1]and 2 (0;1),

m = ———
+H1  )zog

For zo =1, m is nothing but b n c. For zo 2 [0;1) and 2 (0;1), observe that
zp< +(1  )zo< L
so that m n . In any cases, we havan =n

Lemma I1.4.4. LetT >0, 22 [0;1]and 2 (0;1). There exists an event "'
depending only on the Poisson processgiN(i); Nf’(i))tz[o;a Tli2J m :m k sSuch that

PTi f it . andi, ; belong tod m ;m Ky;

where the event on the right concerns the process, (i))t oi2z, and

h i
imp T =1

when ! Oand !1 inthe regime R(1 ;zp).
Proof. Recall (11.4.1) and (11.4.2). We de ne

"T=f0 if; mog\f m i, Og

a

which clearly implies that i ; and i, ; belongtoJ m ;m K Sincei} ; and i, 1
are two Poisson random variables with parametera T , Markov's inequality shows that

h i h i
: ' a T T
Pi,r< m =Pil:>m - ' —g?2 1 ),
which tendstoOwhen ! Oand !1 inthe regime R(1 ;zy). Indeed, forz; =1,
then Ta? = T2 tends to O (it is the de nition of the regime R(1 ;1)), while, for

2
202 [0;1), sincezg< +(1  )zo< 1,then Ta? *@ )z = I2_ (I 20) tends to
0, becauselog( )=log(1= ) tends to z. O

For z 2 (0;1), we next de ne

1 mn
Z = 3 + " (11.4.13)
Observe that, if 0 < z < z g, then a Z tendstoOwhen ! Oand !1 in the

regime R(1 ; zp).
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Lemma 11.4.5. For all zg 2 (0;1] and all z 2 (0;2), there exists an event %,

depending only on the Poisson processeiN S (i); Nf’(i))tz[o;a Tli2J m :m K Such thaf

"z f it ., and i

a @ are greater thanb “c

andalli2J, . +1;i7 .  1Kburns exactly once befora 2 g;

where the event on the right concerns the process; (i)t oi2z, and
h i
imp 7% =1
when ! Oand !1 inthe regime R(1 ;zp).
Proof. Let z2 (0;zy). Recall (11.4.1), (11.4.2), (11.4.5) and remark that
a Z - z + a n
We de ne
PZ= iy . 2% Zc;b *+2a " oK\ i, . 2Jb ? 2a " c;b %K
' ' \
\ L.
i2Jb Z+2a " cb ?+2a " cK

Observe that the event on the right hand side in Lemmall.4.5 contains the event '?;Z.
Indeed, as in the proof of Lemmall.4.2, the two rst terms situate the left and the right
fronts. The third term ensures that there is no spark in the zane

Jba (% +")c;ba (%2 +")K J, . iz - K Jb Zc;b ZcK

a

Sincei; . and i, . aretwo Poisson random variables with parametera 2

ChebysheV's inequality shows
Pi, - 62b * 2a" c¢;b ?*K=Piji, . +a % j>a"

a

=P i}

2 z 62b Z*c;b *+2a" cK=P iy . a % >a"
a = _* _,2
(a " )2 a n 2
which again tends toOwhen ! Oand ! 1 in the regime R(1 ;zp) (because
log( ) zpa ).
Finally, we still have P ,1 = recall (11.4.8), whence
2 3
o4 \ 7 2ba(€+")c+1|62a(z;+")
. ! 1+
i2Jb a ( Z +" )gha ( Z +" )cK
which tendsto1lwhen ! Oand !1 inthe regime R(1 ;zg). This concludes the
proof of Lemmall.4.5. O
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I1.4.4. Application to the (; ) FFP

We next give some useful de nitions.

De nition 11.4.6. Consider two families of Poisson processe$N:(i))t oi2z and
(NP (i)t o0i2z with respective rates1 and , all these processes being independent. Let
(Xo;to) 2 R R+. We call

propagation process ignited at(xo; to) the process( 0(i))t 0:i2z built using the
seed processes familgN >°(i))t 012z = (NS4 o (i+bn xo0) N$( (i+bn xo0)t 022
and the propagation processes famiIXNtP;o(i))t oizz = (Nf to (i + bn XxoC)

NE (i + bn Xo0)t o2z

right and left fronts of the propagation process ignited at (Xo;tp) the processes
(%) oand (i¥ )i o, where fort 0
. n . o]
i?'+ =max | 0: i 0(|):2 :
n 0

% =min i 0:,/ %i)=2

it
The processes(i?;")t o and ( if; )t o are Poisson processes with parameter ;
burning times of the propagation process ignited at(xo;to) the sequenceg(T )2z

where, fori 2 Z,

n . (0]
T°=inf s 0: ¢ %)=2

inf s 0:i%*=i ifi O
inf s 0:i =i ifi o

Observe that(T%)i2z,(i2* ) o and ( i ); o only depend on the propagation processes
family (N (i)t o;i2z.

We then reformulate Lemmaslil.4.2, 11.4.3, 11.4.4 and I1.4.5 with the previous de ni-
tion.

De nition 11.4.7. Consider two families of Poisson processe$N:(i))t oi2z and
(NP (i)t o0i2z with respective rates1 and , all these processes being independent. Let

(Xo;to) 2 R Ry and ( 0(i))t 02z be the propagation process ignited afxo; to), recall
De nition 11.4.6.

*We dene, for T >0, "T(xoito) = =T, where is de ned as in Lemma

I1.4.2 , using the process(  °(i))t oi2z.

P;T

|
Lemma 11.4.2 implies that for all > 0O, P F:;T(xo;to) 1 for all (; )
su ciently close to the regime R(p).
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" We dene, for A;B> 0, "Af(xgitg) = ©AF, where TP s dened as in
Lemma 11.4.3, using the process( ¢ °(i)) oi2z.

i
Lemma I1.4.3 implies that for all > 0, P "B (xgte) 1 forall (; )
su ciently close to the regime R (0).

* We dene, for 202 [0;1]and 2 (0;1), " (xoito) = T, where T s
de ned as in Lemma I1.4.4, using the process( ;* (i)t oi2z.
% .

|
Lemma 11.4.4 implies that for all > 0, P '?;T; (Xo; to) 1 for all (; )
su ciently close to the regime R(1 ;zp).

" We dene, for z2 (0;1]and z 2 (0;20), - “(Xoito) = 7, where "7 is
de ned as in Lemma 11.4.5, using the process( %)) 0i2z-
h [

Lemma I1.4.5 implies that for all > 0, P I?;Z(xo;to) 1 for all (; )
su ciently close to the regime R(1 ;zp).

Finally, we de ne the destroyed component by a re starting on bn Xgc at time a tog.
Indeed, knowing the sequence of burning timegT;)i>z and conditionally on a suitable
event de ned above, we can localize the set of sites which areurning by a re.

De nition 11.4.8. Consider a family of independent Poisson processeiN{” (i)t oi2z
with rate . Let (Xo;to) 2 R [0;T] and let (T%);»z be the burning times of the propa-
gation process ignited at(xo;tp). For a N valued procesy ((i))t oi2z, Wwe de ne

CP(( t(i))i2zt 0:(Xoite)) = Jon xpc+ i%;bn xpc+ i9K (11.4.14)
where
n (0]
i9=max i 0: 5470 (b0 Xoc+i)=0 +1;
n ' )
i9=min i 0:, oe70 (BN XoC*+)=0 L

We will use this de nition with the (; ) FFP in the following way: on a suitable
event,CP(( ¢ (i))i2zt o; (Xo;to)) is exactly the component destroyed by a match falling
in bn Xxgc at time a tg, see the comments below.

Letnow ( ¢ (i)t oi2z bethe(; ) FFP. Let (Xo;to) 2 R [0;1 ) be xed in the
rest of the section. Assume that a match falls inbn Xxgc at some timea to. Then, on
an appropriate event and regardless of the other phenomenares propagate with the
good speed while they spread in occupied zones. Indeed, cater ( 0(i))t 0i2z the
propagation process ignited at(Xo;tg), the associated right front (i?;+ )t o and left front
(i?; )t o and the associated burning times(T?)»z. Remark that Tiob n xoc IS the time
needed for the re starting in bn xpc at time a tg to reachii.

60



Microscopic re.

We describe here the e ect of a microscopic re in the discree process in the di erent
regimes. Let 2 (0;1] and 1

Micro (p): here we focus on the regimdR (p), for somep > 0. Set
Q = m_ + "o
a ;

Assume that

B thereare m <ii;<0<is< m suchthat
a t(bn xoc+ i1)= 4 ((bn xpc+ iz) =0
forall t 2 [to;to + ? 1,
B there is no burning tree inJon Xxec+ i1;bn Xxgoc+ ioKat time a tg
B no other match falls in Jon xoc+ i1;bn xec+ ioKduring [a to;a (to+ 9 )].
Then, on %7 (xo; to), we have
CP(( ¢ ()t oi2zi(Xoite)) Jn XoC+ iz;bn Xoc+ i2K

Furthermore, ;(W o )(i) 1foralli 2 Jon Xgc+ip;bn Xoc+iKand the re destroys

exactly the componentCP (( ¢ (i)t oi2z; (Xo;to)).
Indeed, sincem =a (% ") on l?;T(xo;to), there holds that T a ¢ and
TS a 9 (the left front satis es i o i1 and the right front saties i’ , i,

thanks to Lemma 11.4.2). Consequently,'
CP(( ¢ ()t ai2z;(Xo;to)) = Jon xec+ i9;bn xec+ i9K  Jbn xoc+ i1;bn XoC+ i2K

wherei9 and i¢ are de ned in De nition 11.4.8. Observe now that, by construction, for
alli 2 Ji9;i9

o torro(tn Xoc+ ) =2=" 15 °()

and (bn xoc+i9 1) =0= (bn xoc+ i9+1). Recall that on
1

aY to+ Ti% a,. to+ Ti%+l
T;;P(xo;to), a spark at time t 2 [0;a T] for the process( ' °(i)); oi2z has vacant

neighbors. Since for alli 2 Ji9;i9K the processes( ;' %(i)); o and ( , o+ t(bN XoC +

i)t o evolve with the same seed processes and the same propagatiprocesses after

burning for the rst time until a ? and since the zoneli9;i%is protected by the
vacant sitesi; and i, a straightforward observation shows that for alli 2 Ji9+1 41K

NG R D R Of
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Observe also thati9 and i burn exactly once during[a tg;a (to + ? )] (because the

siteid+1 is vacant attime T2,, andi9 lisvacantattime T3 ;with T3_T% a 2 ).

Thus, a sitei 2 Jon xoC+ i1;bn xoc+ ioKnCP(( t; (i)t oi2z;(Xo;to)) can't be burnt
during [a to;a (to+ © )]
on 7T (xo;to), there is no more burning tree ind m ;m K J9;i%Kattime a ©
for the process( ;* °(i))t oi2z (becausem = a ( 9 ")) and consequently, its also
holds true in Jon Xoc+i9;bn xec+i9Kattime a (to+ 9 ) forthe process( { (i)t oj2z-
All this implies that, on T (xo; to),

ai (to+ 0 () Lforalli2 CP(( ¢ (It oi2z; (Xo;to))
and therefore for alli 2 Jon Xxgc+ i1;bn XgCc+ 12K

Micro (0): here we focus on the regimdR (0). Let A;B > 0 and recall that, for A> 0,

{A =22+ Assume that

B thereare m <i;<0<i<m suchthat 5 (bn xoc+ i1)= , ((bn Xoc+
i)=0 forall t 2 [tg;to+ { ’;*_B],

B there is no burning tree in Jon xgC+ i1 ;bn Xec+ ioKat time a tp ,

B no other match falls in Jon Xoc+ i1;bn Xoc+ ioKduring [a to;a (to+ { #-B)].

Then, on TAB

(Xo;to), we have
CP(( ¢ (Dt oi2z;(Xosto)) Jbon XoC+ ig;bn xoc+ i2K

Furthermore, ;(t0+{A_B)(i) 1forall i 2 Jn xgc+ i1;bn xgc+ i2Kand the re

destroys exactly the zoneCP (( ¢ (i)t oi2z; (Xo;to)).
Indeed, this can be checked exactly as above (replacé by { #-B and F;;T (Xo; to)
by % (xo0:t0)).

Micro (1 ;zp): here we focus on the regimeR(1 ;zp), for somezy 2 (0;1] (in the
casezg = 0, there are only res of the second kind). Let0 < z < z ¢ and recall that

2 = x—+" . Assume that

B thereareb Zc<i;<0<iz<b Zcsuchthat ;  (bn xoct+is) = , ((bn Xoc+
i2)=0 forall t 2 [to;to+ 2% ],

B there is no burning tree in Jon xoC+ i1 ;bn Xec+ ioKat time a tp ,

B no other match falls in Jon xgCc+ iy ;bn Xxec+ ioKduring [a tg;a (to+ Z )].
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Then, on  ©#(xo; to), as in Micro (p) above (replace © by 2 and " (xo;to) by
" (x0; o)), we have

CP(( t; (i)t 0i2z;(Xo;to)) = Jon Xxec+ i9;bn Xxec+ 9 Jbon XoC+ i1;bn XxgoCc+ io2K

Furthermore, a (to+ ? )(i) 1foralli 2 Jon Xoc+ip;bn Xoc+iKand the re destroys
exactly the zoneCP(( | (1)t oizz: (Xoito))-

More precisely, on F;;Z(xo;to), for the process( ¢ °(i))t oi2z, all site i 2 3% . +
1; ig”’z_ 1K burns exactly once beforea Z whence there is no spark inJig; z +
1;ig;+zi IKat any time t 2 [0;a 2 ]. |

Sincye, for alli 2 Ji9;i%K the processes( ;' °(i)); o and ( ; o+ t(BN XoC + 1))t o

evolve with the same seed processes and the same propagatiprocesses after burning
for the rst time until a % , a straightforward observation shows that, for all t 2

[ato;a (to+ 2 ), and alli 2 CP((y (i)t oizz:(Xoito)), fori bn xec, ¢ (i)
equals to

8 . . . .
smin( 5 () + NSa () NP (0);1) ifate t<ato+ TS

ibn xpc
32 ifat0+Ti0bn XoC t<at0+Tiglbn XoC
: min(NtS(i) NTSi+1 - XOC(i);l) if a tg+ Ti(-)a-l bn xoc t a(to+ Z );

and, fori b n xec, ¢ (i) equals to

8 .
gmin( 4, ()+ NSa () NP (1) ifate t<ato+ TS

ibn xpc
2 ifat0+Ti0bn XoC t<at0+Tiolbn XoC
%min(NtS(i) N?O . (1);1) if a tg+ Tio 1bn xoc t a(tg+ Z );
I n XOC

FinaIIy, for i 2 Jon Xgctiq;bn xoc+i2I¢1CP(( t; (I))t O;izz;(XQ;to)) andt 2 [a tp;a (t0+
2 )], ¢ (i) is nothing but min( )+ NS4 () NS (i);2).

Macroscopic re:

let 2 (0;1] and 1. Recall that, for x > X 0, TS 4o n xoc IS the time needed for

the re starting in bn Xgc at time a tg to reach bn xc.

Macro(p): here we focus on the regimeR(p), for somep > 0. On F:;T(xo;to), if
0 x xo (T to " )&, there holds that

0
atot+ Ty, yepn XoC bn xc bn xeoc , bn xc b n xgc
a 2[to + a to+ 2 +

"]
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and observe that, when ! Oand !1 inthe regimeR(p),

bn xc b n xoC bn xc bn xgc
[to + 3 O v+ 3 1 to+ p(X Xo)T:

This is just a rewriting of Lemma 11.4.2.

Macro (0): here we focus on the regimdr (0). On
and A > 0, there holds that

"AB (Xo;to), for someB >x  Xo

at0+Tl§)n xcb n xgc
2 [to;to+ { B
3 [to;to+ {7 ]

and observe that[tg;tg + { E;‘ ]'f togwhen ! Oand !1 inthe regime R(p).
Besides, assume that

B there arebn (Xo A)C<ii< bn XoC<i»< bn (Xo+ B)csuchthat 4 s(i1) =
a s(i1) =0 forall s2 [to;to + { #-P],

B there is no burning tree in Ji; ;ioKat time a tog,

B no other match falls in Jiy ;ioKduring [a to;a (to+ { #-®)].

Then, on TAB

(Xo;to), we have
CP(( ¢ ()t oizz:(Xoito)) Jbn XoC+ i1;bn xgc+ i2K

Furthermore, ;(t0+{AfB)(i) 1forall i 2 Jdn Xgc+ i1;bn Xgc+ ioKand the re

destroys exactly the zoneCP (( ; (i)t oi2z; (Xo;to)).
This can be shown exactly as in the caseMicro (0) (the two statement are very
similar).

Macro(1 ;zo): here we focus on res of second kind in the regim& (1 ;zo), for some
202 [0;1]. Let 2 (0;1),on °T (xo;to), there holds that

m  bn xec+ i ¢ bn xoc+1+ i0% m
Xp — ———  Xp Xo+ —
n n n n
and observe thatm =n . this is just a rewriting of Lemma 11.4.4. Thus, since

can be chosen arbitrarily small, in the regimeR (1 ;zp), res have only a local e ect.
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[1.5. Localization of the (; ) FFP

Recall that a ;n and m are de ned in (l11.2.2), (I11.2.5) and (11.1.4). For A > 0O, we
setA = bAncandl, =J A ;AK Fori 2 Z, weseti =[i=n ;(i+1)=n ) and
" =1=ad

We rstintroduce the (; ;A ) FFP.

De nition 11.5.1. Let 2 (0;1] 1l and A > 0 be xed. For eachi 2 I,, we
consider three independent Poisson processebl S(i) = (NS(i))t o;NM (i) = (NM (i) o
and NP (i) = (NP (i)t o of respective parametersl; and , all these processes being
independent. Consider af 0; 1; 2g-valued process( A O)R 0i21, such that a.s., for all
i 215, (™ (i)t ois cadlag. We say that( /™ (i)), oizi, Sa(; ;A ) FFPifas,
foralli21,,alt O

VA t VA t

(7= L a (g INS() + T (=1 g NS (1)

P .
£ =2 peg NS (D)

P .
oA G p=2: A (i)mgdNs (1)

P .
0 f o (i)=zngs (i)

with the conventionNS(A +1)= NS( A 1)=0forallt O.

For 2f0;1;,2¢'a andi 2 1,, we de ne the occupied connected component around
as (
. ; if (i)=0 or2
Ca(si) = o . (.)_ _
Ja(i);ra(G)K 0 (1)=1;
where
Ia(;i)=(C A)_(supfk<i: (k)=0 or2g+1);
ra(;i)=A ~(nffk>i : (k)=0or2g 1):

Forx2 [ A;A]landt 0, we also introduce

D/ (x) = nicA J®bnxc [ A=n;A=n] [ AA] (15.1)
n (0]
A i2Jn xc m ;bn xc+m K\ I, 2% (i)=1
K, = 2[0:1] (11.5.2
¢ 00 Jn xc m ;bn xc+m K\ I, [0:33 (1152)
y log 1 K™ (%)
LA - A 1T
Z: " (%) 5a0=] 12 [0;1]: (1.5.3)

We now give a discrete version of Propositiorll.3.5. Recall De nition 11.4.1.
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Proposition 11.5.2. Let T > 0; 2 (0;1] and 1. For eachi 2 Z, we con-
sider three Poisson processeN S(i) = (NS(i))t o;NM (i) = (NM (i)t o and NP (i) =
(NF (i)t o with respective parametersl, and , all these processes being indepen-
dent. Let (¢ (i)t oi2z be the corresponding(; ) FFP and for each A > 0, let
(¢ A (1)) 0i21, be the corresponding ; ;A ) FFP. There are some constants 1 > 0
and Ct > O such that for all A 1, for all (; ) suciently close to the regime R(p),
for somep O (or to the regime R(1 ;zy), for some z5 2 [0; 1)),

) H — A H .

P (¢ (Depa 2, =0 ¢ (Dezjoa 121, _
|

(Z¢ (X);D¢ (ezoryxe) A=za=2 = (Z¢ ™ (0iD¢ A (D e2porryxel a=2a=2)

1 Cre TAZ

Observe that the Proposition I1.5.2 holds for the three regimes, with the same scales
but for di erent reasons. We thus distinguish the three regimes. The proof given for
p =0 can be adapted in order to work forp > 0, as in Proposition 11.3.5, but the proof
given here forp > 0 is much simpler.

Proof in the regime R (p) for somep > 0. Considerthetrue(; ) FFP ( { ()t oi2z-
It of course su ces to prove the result for A large enough. Temporarily assume that for
a2 R, there is an event ., depending only on the Poisson processes(i); N (i)
and NP (i) fort 2 [0;a (T +2)] and

T 1 T 1

i2J;=JWa 1 2 )n c;b(a+1+2

)n ¢ 1K

such that

(i) on ;;T, a.s., there are " : [0;a T] 7! J, non decreasing and :[0;a T] 7! J,
non increasing such that ; (;{)=0or2and ; (,)=0 or2forallt2 [0;a T],

h [
(ii) there exists gr > 0 such that for all a 2 R, we have P ;;T or, forall (; )

su ciently close to the regime R(p).

The proof is then concluded using similar argument as Step 3nithe proof of Proposition
11.3.5: thanks to point (ii), the probability that there are A +1+2 151 < a; <

A=2 1 2T landA=2+1+2T:1<a<A 1 2Ttwith , .and , . realized
is easily bounded from below byl Cre TA. Next, on this event, a re starting at the
left of b(a; 1 2T—p1)n c will never crossh(a; +1+2 T—pl)n ¢ b An =2c (thanks to

*). Same thing holds on the right: a re starting at the right of b(a, + 1 + 2 %)n c
will never crossb(a, 1 2%)n ¢ b An =2c (thanks to ). Finally, the clusters
D¢ (x) and Dy (x) clearly coincide for allx 2 [ 4 ;4] and all t 2 [0;T].
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Step 1. Fixsome > O0small enough, say = 0:00L Recall that ? =m =(a )+".
For > O 1 and a 2 R, we de ne the event *;;T on which points 1 and 2 below
are satis ed:
1. The family of Poisson processe¢NM (Mt210:a 11525, has exactly 4 marks in J,,
and we call them f(X;;T;);(X5;T,);(X3;T3);(X4;T4)0, in such a way the
match (X,;T;) (resp. (X,;T,)) belongs to

5 1 2 T 1 3
Jo(a G 0 )n c;b(a 3 0 )n cK [a (Z+ );a (1 )
(resp. Jo(a + §+ T 1)n c;b(a+ (53+ T 1)n cK [a (§+ );a (1 0;
and the match (X3;T3) (resp. (X4;T,4)) belongs to
1 7T 1 1 7T 1 3
ba 5 )n c+l;ba 3 T)n cK [a@d+ )a(; )
1 1 7T 1

(resp. Jo(a + %+ T )n c;b(a+ §+ Jnc 1K [a(l+ );a (g N:

2. The family of Poisson processegN>(i)), 023, satis es
a) fork=1;2 foralli2JX, b 3¢;X, +b 3cKN2 (i) > 0;
k

b) for k=1;2, there areif¥ 2 JX, m +1;X, b 4% 1Kandik2 JX, +

b 3#c+1;X,+m  1Ksuch that N$k+a o (%)= NT5k+a o (i5)=0;

c) fork=1;2 thereisi§ 2 X, b 34c; X, +b 3cKsuchthat N3 _,(i¥)
Ng (%)= 0;
d) foralli2J(a 1 TTl)n c:b(a+1+ %)n KNS 4. () > 0.

We now introduce the event ;T(; ) on which all these four res propagate at the
good speed |
4 !
P(: )= e X
a;T\ > - : n
i=1
recall De nition 11.4.7. We nally set

é;T é;T \ g;T( ; ):
Step 2. We now prove that on ., as soon as ° = 2, there exist ( { )i2p0:a T]
and (¢ )i2p0:a 1] Which satisfy (i).

Indeed, sitesii and i3 are vacant until T, + a ? because we start from an vacant
initial con guration and 2-(b). On the one hand, they protec t the zone Ji} +1 ;i3 1K
and thus, the zoneJX; b 3F¢;X; +b 34K Jii+1;i3 1Kis completely lled
attime T, , thanks to 2-(a). On the other hand, on """ (X,=n ;T;=a ), as seen in
Micro (p) in Subsectionll.4.4,
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B the match falling on X, attime T, destroys entirely the zonedX; b  3¢c; X, +
b 3*cKbeforeT, + a © (itis still protected by i} and i%),

B the re does not a ect the zone outside Jif ;i3K

B there is no more burning tree in the zoneli1;i}Kat time T, +a ©

Then, since no seed fall ori} during [T, ;3a =2), i1 remains vacant since it burnt (this
happened betweenT; and T, + a ? ) until time 3a =2, thanks to 2-(c).

Remark that same considerations holds aroundX,: the match falling in X, at time
T, doesn't a ect the zone outside JiZ ;3K (because they remain vacant until time T, +
a ? ), and i remains vacant during[T, + a ° ;3a =2).

All this implies that the zone Jo(a 3 TTl)n c;bla+ 3+ %)n cKis protected
from all the re until 3a =2 (except possibles those falling at(X5;T3) and (X4;T,)).
Thus, thanks to 2-(d), the zone Jo(a 3 %)n c;bla+ 3+ Tpl)n cKis completely
occupied at timea (1+ ).

PT 22 therightfront (if); oofthe reignited at (Xz=n ;T;=a )

Since now, on

statis es
3, n n .
i I, @T Ty+a") a (T 1 +");
3,+
recall Lemmall.4.2, then i " T, (T 1)% assoonas;— p Prr Ty (recall

that 2" < ). This in particular implies that

.3 1 1 n
Xg+id" _ b(a 3 )n c+(T 1)? < bn ac
. PT X,.T
Similarly, on " 5+ and for ;— P Py We clearly have
1 n 4

bnac<b(a+%+T nc (T 1)F Xg+i

aT T4:
We easily deduce that for allt 2 [0;a T Tj], t;+T (X5 + i*) = 2 and for all
3
t2[0;aT T,1 L, Xg+if )=2.
4
Finally, we set, forall t 2 [0;a T]

i if0 t<T,+ 2
i3 it T, + % t<Ty;
T X5+ if”Ts ifT, t aT:

[EENEIN

+
t =

w AW 00

Clearly, ( t+)t2[0;a 71 is non decreasing, ¢ (¢) isOuntil T; and 2 betweenT; anda T.
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Similarly, we can choose

i3 ifo t<T,+ 9
i ifT, + 0 t<Ty,;
TXg it 0T, t oaT:

4

t =

w /AW 00

Clearly, (¢ )i2j0.a 17 IS NON increasing, ¢ () isOuntil T, and 2 betweenT, anda T.
h o
Step 3. We now prove (ii). The quantity P, does obviously not depend ora 2 R
by spatial invariance. Then, we observe that we can construcN™ by using a Poisson
measure y on R [0;1 ) with intensity measure dx dt, independent of NS and NP,
by setting, for all i 2 Z,
NM(@)= wm(@  [0;t=a ]):

Hence, the event on whichNM™ satisies 1. contains the event Y. on which
has exactly 4 marks in[a 1 2T1:a+1+2T1] [0;T], which can be called
(X1;T1); (X2; T2);(X3; T3) and (X4; T4) in such a way (X1;T1) (resp. (X2; T2)) belongs
to

5 T 1 2 T 1 3
[a 6 0 + 5a 3 " p ] [Z+ ;1]
2 1 5 T 1 3
(resp_[a+§+ 5 + ,a+6+T ] [Z+ 1)
and (X3;T3) (resp. (X4;T4)) belongs to
1 7T 1 1 7T 1 3
[a > 0 + 5a 3 p 1 [+ > ]
(esp.fa+ g+ o+ ja et ] L+ )
h [
Clearly, the probability P ggT does not depend oma nhor on and and is positive.
We then de ne gr > 0 by h i

P ¥ =2ar: (?

We then use basic consideration on i.i.d. Poisson processesdth rate 1 (we write Py for
the conditional probability w.r.t. ) to show that point 2. occurs with high probability.

" For k=1;2, we haveT, a (34+ )and
h i ]
Pu 823X, b 3¥c;X +b KNS (i)>0 (1 3 )P e
k

which tends to 1 when ! O.
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" For k=1;2 we haveT, +a © a(l =2)(recall that ° =2)and

Pu 9iK23X +b 3Mc+1;X, +m IKNS o (=0

T, ta

1 @ 1 :Z)m b 3%%c 1

which tends to 1 when ! 0 (and similar computation for i¥).

" For k=1;2 we haveT, a (3%4+ ) and

h i
Pu 923X, b Fc;X +Db KNG (1) N2 (i)=0
k

1 @ 3=4 )Zb 3=4c+1
which tends to 1 when ! O;
" Finally,

1 T 1

Py 8i2Jda 1 )n c;bla+1+ 5

)n KNS 4. (i) >0

= (1 1+ )(2+2 3N

which tends also tol when ! O.

Next, since \ is independent of the processes familyl\{f(i))izz;t o and (NF())i2z:t o
Lemmall.4.2 directly imply that, forall k=1;:::;4,Py - (Xk;Tk) tends to1when

I Oand !'1 inthe regime R(p). h i

All this, together with (?), implies that P ;;T gr > Ofor all (; ) suciently
close to the regimeR (p).

In the end, for all (; ) su ciently close to the regime R(p), the event ;;T depend
only on the Poisson processellS(i);NM (i) and N (i) for t 2 [0;a (T +2)] andi 2 J,.
This su ces to conclude the proof. O

Proof in the regime R(1 ;z). Let us x zo 2 [0;1]. Consider the true (; ) FFP
(¢ ()t oi2z. We introduce

J, = Joan c;bla+1)n ¢ 1K
As above, fora 2 R, we are going to construct an event ;;T depending only on the
Poisson processeslS(i); NM (i) and N (i) for t 2 [0;a (T +2)] andi 2 J, such that

(i) on ‘;;T, there exists *: [0;a T]7! J, non decreasingand :[0;a T]7! J, non

increasing such that ; ({)=0or2and ; (,)=0 or2foralt2][0;a T],
h i
(i) there exists gr > 0 such that for all a 2 R, we haveP ;;T or forall (; )

su ciently close to the regime R(1 ;zp).
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The proof is then concluded as previously. We divide the probin two cases.

Case 1:252 [0;1). We x =0:001and 2 (0;(1 2zp)=4). Recall that

M = @ Jmg ™ N

Stepl. For > O 1 and a2 R, we de ne the event *;;T on which points 1 and 2
below are satis ed:
1. The family of Poisson processegNM (I)t2[0:a 1120, has exactly 2 marks in J,,
and we call them (X;T;);(X,;T,), in such a way that

(X1:T;)2 Jan c+ m ;b(a+ %)n c m IK [a(zo+2);al )

(X,:T,) 2 (a+ %)n c+m ;ba+l)nc m 1K [a(n+2 )a(l )

2. The family of Poisson processegN (i), 02, satises, fork=1;2,
a) foralli2JX, m ;X ,+m KNTS (i) > O;
k

b) therearei¥2 X, m +1;X, m 1Kandi§2 X, +m +1;X,+m 1K
suchthat N3, ()= N7, (% =0.

We now introduce the event on which all of these two res propajate at the correct
speed, ! !

P ( ): P:T; X_lT_l \ P:T; X_ZT_Z
aTt ? n 'a ' n ' a
We nally set
ar = Tar\ oar(o)

Step 2.  We now prove that on ;;T, () holds.

For k = 1;2, thanks to 2-(b), the sites i and i§ remain vacant untl a (1 ) >T,.
Thus, no re can aect the zone JX, m ;X, + m Kduring [0;a (1 )]. Hence,
the zoneJX, m ;X, + m Kis completely lled at time T, , thanks to 2-(a). On

PT, X . Ty

n 'a
zone outsideJX,, m ;X, + m Kduring [0;a T], recall Macro (1 ;zg) in Subsection
I.4.4. SinceX, X; 2m  2m +1, we deduce that ¢ (X, + ii;"T ) =2 for all

1
s2[T,;aTland ¢ (X, + iz; ;)=2forals2[T,;a T]
2
Finally, we set, forall t 2 [0;a T]
8
. Sit if0 t<Tq;

t = . L+ : .
.X1+|tT3 ifT, t aT:

51(; ), the re starting in X, at time T, does not aect the
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The process( t+)t2[0;a 1 is non decreasing, ¢ (¢)isO0fors2 [0;T;) and 2 for s 2

[T, ;a Tl
Similarly, we set for allt 2 [0;a T],
8
< i% if0 t<T,;

t = . :2; : :
.X2+|tT2 ifT, t aT,;

which also satis es the requirements.

Step 3. The event alsoisatis es point (ii ).

é;Th
Indeed, the quantity P ;;T does obviously not depend ora 2 R by spatial invariance.

As previously, we can constructN™ by using a Poisson measurey, on R [0;1 ) with
intensity measure dx dt, independent of N Sand NP, by setting, for all i 2 Z,

NM (@)= wm(@ [0;t=a ]):

Hence, the event on whichNM satisies 1. contains the event . on which \ has
exactly 2marks in[a;a+1] [0;T], which can be called(X 1; T1) and (X 2; T2) such that
(remark that < 1=4)

XuT)2fa+ a+ 3 1 [+2;1 ]

and(Xz;Tz)Z[a+:—2L+ ;a +1 ] [z0+2 ;1 1
h i
Clearly, the probability P '—XH does not depend ona nor on and and is positive.
We then de ne gr > 0 by h o i

P ¥ =20 (?

We then use basic considerations on i.i.d. Poisson processeith rate 1 (we write Py for
the conditional probability w.r.t. ) to show that point 2. occurs with high probability.

" For k=1;2, wehaveT, a (z+2 )and

h i

Pu 8i2JX, m ;X +m KNf (i(Y>0 (1 2%2)2m +1
k

20+2 @ )z (20+1)

") = exp(

exp( a 3

which tends to 1 when ! O.

“ For k=1;2, we have
h i
Pu 952X, +m +1;X,+m 1KNJ, ,@5=0 =1 @ *t )™ ™!

which tends to 1 when | 0, becausem m and ! m  (similar
computation holds for i¥).

72



Finally, since \ isindependent of the processes familyhlts(i))t 027 gnd(NtP(i))t 0227
Lemma I1.4.2 directly imply that, for all k =1;2, Py F;;T(Xk;Tk) tends to 1 when

! Oand !1 intheregimeR(1 ;z). h i

All this, together with (?), implies that P ;;T gr > Ofor all (; ) suciently
close to the regimeR (1 ;zp).

In the end, for all (; ) suciently close to the regime R(1 ;Zzy), the event ;;T
depend only on the Poisson processagS(i); NM (i) and N (i) for t 2 [0;a (T +2)] and
i 2 J,. This su ces to conclude the proof in the casez, 2 [0; 1).

Case 2:zp=1. Fix some > 0small enough, say =0:001L Recall that

and assume that 1 < (for (; ) suciently close to the regime R(1 ;1)). We rst
de ne the event ~;.; on which points 1 and 2 below are satis ed:

1. The family of Poisson processegNM (iDt2[0;:a 120, has exactly 4 marks in J,,

.....

belongs to

Jo(a+ )n c;b(a+% )n cK [a (i—i+ );a (1 2)]

(resp.Jb(a+§+ )n c;bla+1 )n cK [a (§+ );a (1 2))];

and the match (X5;T3) (resp. (X4;T,)) belongs to

5

Jo(a + Zl+ )n c,b(a+5 Jn cK [a (1+ ),a(21 2 )]

(resp.Jb(a+%+ )n c;b(a+§1 )n cK [a (1+ );a(?1 2)D:

2. The family of Poisson processegN (i), 023, satises,
a) fork=1;2,812J3, b ;X +b ¥cKN2 (i)> 0
k

b) for k = 1;2, there areif 2 X, b @ Jc 1;X.Kandi§ 2 X, ; X, +
b @ Jc+iKsuchthatN® —, (if)=0.
k ;

c) for k = 1;2, there exists i§ 2 X, b ¥Fc;X, + b 3#*cKsuch that
NS (%) NTSk (i%)=0;

d) 8i 2 Jan ;b@a+1)n KNJ 4, () > 0.
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We now introduce the event on which all these four res propagte on the good speed

- X,y T - X, T T Xq T X, T
ST ERRAINES o A b AR b A G ]
recall De nition 11.4.7.
We nally set

a;t;T: a;T\ g;T(; ):
We deduce that ;;T satis es (i) as above: the match falling in X, for k = 1,2,

destroys at least the zoneJX, b 34c;X, + b 3¥cK(thanks to 2-(a)) but does not
aect the zone outside X, b @ Jc;X, + b @ IcK(thanks to 2-(b) and recall
Micro (1 ;1) in Subsectionll.4.4). Hence, fork = 1;2, i§ remains vacant from T, +
a 1. until 3a =2. Thus, i3 and i protect the zoner(a+ 7 Jncibla+ 3 3 )n cK
which is completely lled at time a (1 + ), thanks to 2- (d) As prewously, and since
res have only a local e ect (recall that m = b n c), the right front of the re 3 and
the left front of the re 4 burnuntil a T.
We then can set, forallt 2 [0;a T]

8
301 ifo t<T,+a ;. ;
t’f:gi% ifT, +a 3. t<Tg;
i3+ i .
and 8
Eig ifo t<T,+a 1. ;
t:a'3 ifT,+a 5. t<Ty;
X4+| ifT, t aT:
h“_ i
We can check, as usual, thatP ¢ or, for all (; ) suciently close to the
regime R (1 ;1), where 2qr is the probability that a Poisson measure \ has exactly 4
marks (Xk; Tk)k=1:-4 in [@;a+1] [0;T] in such a way that
1 3
(XyT)2fa+ j;a+, ] [+ 1 2]
3 3
(X2iT)2[a+ 2+ ja+1 ] [+ 1 27
1 1 5
X3 Ts)2[a+ =+ ;a + = 1+ ;> 217
(XgiTg)2[at+ ;+ ja+5 ] [1+ 55 I
1 3 5
X4;Tg)2[a+ =+ ;a + = 1+, - 217 ]
XaT)2[a+r 5+ sa+ 3 1 [1+ ;5 2]

Proof in the regime R(0). We x T > 0. It of course su ces to prove the result for A

large enough. We consider the trug(; ) FFP (¢ (i)t oi2z and setK = b4Tc. For
a2 R, we recall that

n

R 2K n
' a
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and
Jy = Jban c;b(a+1)n ¢ 1K

and introduce
Jak =Jd(a 3K)n c;ba+3K +1)n ¢ 1K

As usual, fora 2 R, we are going to build an event ;;T depending only on the Poisson
processeN & (i); NM (i) and N (i) for t 2 [0;a T]andi 2 J, such that

(i) on ;;T, there exists *:[0;a T] 7! Jak (resp. 1[0;a T] 7! J, ), non de-
creasing (resp. non increasing), such that, ({)=0 (resp. { () =0) for all
t2[0;a T],

h [

(ii) there exists gr > 0 such that for all a 2 R, we have P ;;T gr forall (; )
su ciently close to the regime R(0).

It is then routine to conclude the proof.
We now x =0:001and assume that(; ) is su cienly close to the regime R(0) in
such a way that { -

Step 1. Here we show that for allb2 R, there exists an event B;o , depending only on
(NS(i);NM (i);NsP(i))sz[o;s‘.j1 =123, such that

(i) on g, as., thereisi 2 Jy such that 4 s(i) =0 for all s 2 [0;3=4];

e . h N I
(i) lim, oP o =1.

Simply consider the event ,, = f9i 2 J, ;N3 _,(i) =0g. Clearly, point (i) is satis ed,

since there is a site inJ, on which no seed falls during[0;3a =4]. Since J, n

1=( log(1=)), we deduce that
h i

- 3a =4\n 1=( ¥a ), .
P o 1 (1 e ) 1 e .!01,

whence (ii).

Step 2. For > 0 and 1, we put k = b 3%8c and observe thatk n . For
k2f1;:::;K 1g, we set

—k+1and _k+1+1.
T T4 *T T3 Ty

k

Consider the eventﬂ,jl;T on which points 1, 2 and 3 below are satis ed.
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1. The family of Poisson processegNM (i))tz[o;a THi23,, has exactly2(K 1) marks
in J, , and we call them

in such a way that, forall k2f1;:::;K 1g,
(XiiTe) 2 Ba Koke 9n ciba K+ke Dn o [« 1=12a ;(x {: )a]
and
1 2
X T) 2 b(a+ K (k+1)+ é)n c;bla+ K (k+1)+ é)n cK

[(« 1=12)a ;(« {;)al

(See Figurell.4 for a graphical example.)

1g,
a) there arejg2 Jola K +Kk)n c;b(a K+ k+1=4)n cKandjq2 Jo(a K +
k+3=4)n c;bla K +k+1)n 1cKsuch that

ND (o) N3 19900) = NJ (L i1myla) N3, 19(a) =0;
b) forall i 23X, k ;X +kK
Néc’( « 1=12)(1) NS (v 1=2() >0
c) thereisjo 2 X,k ;X, + k Ksuch that
NS (r=n0)  NZ(, 1:12(0)=0:

3. The family of Poisson |orocesse(sl\lt3(i))t 023, satises, forall k 2f 1;:::;K 1g,

a) there arejg 2 J(a+ K (k+1)n c;b(a+ K (k+1)+1=4)n cKand
ja2Jd(a+ K (k+1)+3=4)n c;bla+ K (k+1)+1)n 1cKsuch that

Nas(j(+1=4)(jg) Nas(j( 1:2)(jg) = Nas(j(+1=4)(jd) Nas (« 1=2)(jd) =0;
b) forall i2 JX, k ;X +k K
Nash 1=12) (1) Na?(j( 1=2)(1) > 0;
c) thereisjo 2 JX; k ;X + k Ksuch that

Ng,(w+l=4)(j0) I\Ias(q( 1=12)(j0):03



We also introduce the event
I I
1 I 1 Il
pic _ W o X Ty \ P2k K. T

k=1 ’ n a k=1 ’ n a

recall De nition 11.4.7.
Finally, we set

; PK
aT — a;T\ ; \

a Ko\ ark 10
Step 3. Here we prove (ii).
The probability of the event on which NM satis es 1. does not depend ora 2 R by
invariance by spatial translation. We also can constructNM using a Poisson measure
m onR [0;1) with intensity measure dx dt, independent of NS and NP, by setting,
foralli2 2z
NM (@)= wm@ [0;t=a]):

As usual, for all > 0 small enough, the probability of the event on whichNM satis es
1 is then bounded from below by some constangr > 0, which does not depend on
a2 Rnoron > 0and 1. We write Py for the conditional probability w.r.t. .

Letnow k 2f1;:::;K 1g. The probability of 2-(a) tends to 1. Indeed, treating e.g.
the case ofj g, there holds, recallingn ' 1= a ) anda =log(1=),

h i
P 9j2d(a K+kncia K+k+1=n cKNZ (L1() N2, 1(0) =0

=1 (1 e (3=4)a )" =41 gn 344 1:
1o

The probability of 2-(b) (conditionally on ;) also tends to 1. Indeed, it equals

sincek = b 3%cand since3=8 < 5=12. Finally, the probability of 2-(c) (conditionally
on ) also tends to 1, since it equals

1 (1 e a :3)2k +1 1 e 2k 1=8

which tends to 1 when ! 0, sincel=3 < 3=8.
Similar considerations hold for Point 3.
Finally, since y is independent of the processes familgN (i)t oi2z and (N (i)t o2z,

1g’ h P;2K; 2K I h P;2K; 2K I
PM ;' ’ (Xk:n ,Tk:a.) = PM ;' ’ (Xk:n ,T-k:a.)

tendstolwhen ! Oand !1 inthe regimeR(0). i
All this implies that there exists gr > 0 such that P ;;T >qt forall (; ) su-
ciently close to the regimeR (0).
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Step 4. Here we work on ;;T and we prove that, for all k 2 f1;:::;K 1g, if there
IS no burning tree inJ, ¢, attime (  1=2)a , then there isi 2 J, ., such that
2 ¢(i)=0 forall t2 [ x; x+1=4]. We distinguish two cases.

" Ifthe zone JX, k ;X, + k Kis completely occupied at timeT, , then each site
burns at least one time (i.e. each site in this zone is ignitecand then extinguished)
during [T ; Ty +a {; ] thanksto ©#? (X, =n ; T, =a ), recall Macro (0) in
Subsectionll.4.4. Since no seed falls ofg, which belongs to this zone, during

[a(k 1A12);a («+14)] [Te+a{; ja(k+1=4)] [a «;a («+1=4)];
we deduce that 3 s(jo) =0 forall s2 [ «; « +1=4].

" Assume now that there exists ig 2 X, k ;X, + k Kthat is vacant at time T,
Recall that there is no match falling in J, during [a ( « 1=2);T, ), that on each
site of XX, k ;X, + k K at least one seed falls duringa ( « 1=2);a (
1=12)] [a (k 1=2);T,) and that there is no burning tree in J,  ,, at time
a (k 1=2). Then necessarily, a re starting at somei, 621, ., at some time
t% < T,, has made vacantiop. Assume e.g. thati{, < ba K + k)n c and
observe thati{y <j 4 <io. The re (i{,;t$) has then also necessarily made vacant
jgduring (a ( k 1=2);T,). Since no seed falls ofng during [a ( k 1=2);a ( ¢+
1=4)], we deduce thatjy remains vacant during[a ¢;a ( « +1=4)].

Step 5. We can show, exactly as above, that, on ;;T, if there is no burning tree in

Jark  (k+p) ALtIMe (5 1=2)a , forsomek 2f 1;:::;K  1g, thenthereisi 2 J,, ()

such that  (i)=0 forall t 2 [«;~« +1=4].

Step 6. To conclude the proof, we now prove by induction (see Figurdl.4) that for all
k2fl:::;K 1g

B there existsik 2 J, ¢, such that a(i)=0forall t2 [ «; x+1=4]

B there existsjy 2 J k) Such that 5 ((jk) =0 forall t 2 [+~ +1=4];

atK (

B there is no burning tree in Jiy ;jxKat time a ¢ nor at time a ~.

At time O, all sites are vacant. Thus, there areig 2 J, ¢ andjo 2 J,, ¢ ; Which
remain vacant until time 3a =4 (thanks to ; .o\ 4k 10)- Since no match falls
in Jig;joKuntil time T, a (1=2 1=12) = 5a =12, there is no burning tree at all in
Jig;joKduring [0;5a =12) (no match falling outside Jig;joKduring [0;5a =12) can a ect
this zone).

Thus, Step 4 shows that there arei; 2 J, « ,; Which is vacant during [a =2;3a =4]
(because ;1 1=2 =0) and i» 2 J, k., Which is vacant during [3a =4;a ] (because
2 1=2 =1=4< 5=12). Similarly, Step 5 above shows that there argj1 2 J,, « , Which
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is vacant during [5a =8;7a =8] (because~ 1=2=1=8<5=12)andj,2 J,,« 3 Which
is vacant during [7a =8;9a =8] (because~ 1=2=3=8< 5=12).

SinceT; (1=2 {. )a andjX; o] ] X1 Jjoi 2Kn , as seen inMacro (0)
in Subsectionll.4.4 (recall that we work on ’?;ZK; 2 (Xy=n ;T,=a)), there is no more
burning tree in Jig;joKat time T, + a { . a =2 = a 1. Since no other match falls
in Jig;joKduring [T, + a { . ;a =2], we deduce that there is also no burning tree in
Jio;joK Jip;jiKattime a 1 (becauseig and jo remain vacant until a =2).

Since no match falls inJi1 ;joKduring [a 1;T;), we deduce that there is no burning

tree in Jip;joKat time T; . But i1 and jo remain vacants during[T; ;T; + a { . ]
[a 1;a ~1] and only one match falls inJi1;joKduring [T; ; T; + a { . ]. Hence, recall
Macro (0) in Subsection1l.4.4, there is no more burning tree inJi;;joKat time T; +
a { . . We easily deduce that there is also no burning tree indi1;j1K Ji1;joKat time
a —.

Similarly, since io <i1 <i»<j2<j1<]jo and thanks to " there is no more
burning tree in Ji1;j1K Jig;joKat time 5 norin Jiz;j1K Jiz;j'zKat time ~.

Assume now that there isk 2f 2;:::;K  2g such that, for all | Kk,
B there existsi; 2 J, ., suchthat ; (ij)=0 forallt2[a ;a (| +1=4)];

B there existsj; 2 J, « (1+1) suchthat ; ((j))=0 forallt2 [a ~;a (4 +1=4)];

B there is no burning tree in Ji| ;j;Kat time a | nor at time a -.

Since there is no burning tree inJ, y ,y+1 Jik 1:jk 1Kattime a x 1= a ( k+1
1=2), see Step 4, there i$x+1 2 J, g 1+ x+1 Whichisvacantduring[a +1;a ( k+1 +1=4)].
Furthermore, observe thatiy, and jx remain vacants during[a ~;a k+1], no match falls
in Jiy;jkKduring [a «;T,,1) [@ x;a (ka1 {: ) [@ «;a k+a1] and there is
no burning tree in Jix;jkKat time a ~. Thus, as seen inMacro (0) in Subsection
I1.4.4, on P2, 1 =n ;T =a , there is no more burning tree in Jiy;jkK at
time T,,, +a{. ,norattime a y41.

Since there is no burning tree inJ_, (k+2) Jk 1;jk 1Kattimea « 1= a (x+1
1=2), we deduce by Step 5 that there isjx+1 2 J,, « (k+2) which is vacant during
[a ~«+1 ;@ (~«+1 +1=4)]. Furthermore, observe thatix+; and jx remain vacants during
[ k+1;@ x+1], nomatch falls in Jig+q ;jkKduring [@ k413 Tyyy)  [@ ke15@ (ke
{ . )] and there is no burning tree in Jix+1 ;jkKat time a y+1. Thus, as seen in

. . s X, .. T . .
Macro (0) in Subsection I1.4.4, on %G Tkl there js no more burning

tree in Jigs1 ;jkKattime T,,; + a { . nor attime a .1, as usual.

By the induction above, we deduce that there are

T[0T Jak
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non decreasing, such that for allt 2 [0;T], , (( %) =0 and
[0 TIE Jak

non increasing, such that for allt 2 [0;T], ; (4 () = 0. This together with Step 3
conclude the proof in the regimeR (0). O

N N\ A A AY AY AY AY AY AY AY - AY AY AY AY N N N A AY AY AY
AN N N N N A A A A A A A A A A A N N N N A A
AY N\ N N N AY AY AY AY AY

N N N N N N N N N N
N N N N N N N N N N N N N N N N N N
N N N N N N N N N N N N N N N N N N N
N N N N N N N N N N N N N N N N N N N N
N N N N N N N N N N N N N N N N N ~
N N N N N N N N ~ N\ N N N N N N N N
N N N N N N N N N N N N N N N N N N
N N N N N N N N N N N N N N N N N
N N N N N N N N N N N N N N N N
N N N N N N N N N N N N N N N N
N N N N N N N e ——————— = N N N N N N N
N N N N N N N N N N N N N N
N N N N N N N N N N N N N
N N N N N N N N N N N N N N
N N N N N N N N N N N N
N N N N N ~ N N N N N N
N N N N N N N N N N N N

Figure 11.4.: The sweet event

Here T =3:2;K =12 and a2 [0;1). The marks of u (matches) are represented as 's. The
lled zones represent macroscopic zones Z, (x) = 1). In the rest of the space, we always
have Z, (x) < 1. The plain vertical segments represent vacants sites i.e. sites where no seed
falls after being propagated. Remark that sometimes the vacant site is above the match (that

is in an interval with length 2 k ) and sometimes it is next to the match (that is an ¢ or an
+d
i).
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[1.6. Localization of the result

In this section, we localize Theoremdl.2.4 and 11.2.10.

[1.6.1. Localization in the regime R(p)

The following Theorem will be proved in Sectionll.8 in the casep > 0 and in Section
[1.9 in the casep=0.

Theorem 11.6.1. LetA> Oandp O0be xed. Consider for each 2 (0;1] and each
1, the process(Z, ™ (x);D{ ™ )i ox2r associated with the(; ;A ) FFP. Con-
sider also theA LFFP (p) (Z2(x); HA(X); FA (X))t ox2r and the associated D{ (X))t ox2R-
We assume that ! Oand !1 in the regime R(p).

goes in law to (Z{(Xi); D& (X)) t2poTpi=1 g 0 D(O;TLR - (1[fig ). Here

D(O;TI;R (I[f,g )) is endowed with the distanced.

.....

with

3. Forall t> 0, '
logGC( 4% ;0)i) '

. N
log(1= ) fic(ih o 1g 1

goes in law toZ#(0).

Assuming for a moment that this theorem holds true, we conclale the proof of Theo-
remll.2.4.

Proof of Theorem I1.2.4. Let us rst prove 1. Consider a continuous bounded function
D(0;TLR (I[f,g ))97! R. We have to provethatG. () tendstoOwhen ! 0
and !1 inthe regime R(p), where

h i h i
G, ()= E (Zt; (Xi);Dt; (Xi))tZ[O;T];izl;:::;q E (Zt(xi);Dt(xi))tZ[O;T];i:l;:::;q :
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there holds that, for all (; ) su ciently close to the regime R(p),
iG; () 1n
2k kl P (Zﬁ, A (X);Dt; A (X))tZ[O;T];XZ[ A=2;A=2] 6(Zt; (X);Dt; (X))tZ[O;T];XZ[ .A=2;A=2]
[
+2khk1 P (Z8(X); DR (X)) t2p0:Tyxe] A=2:a=2) 6 (Zt(ﬁ();Dt(X))tZ[O;T];XZ[ A=2:A=2]
i
+E (Zt’ A (Xi);Dt' " (Xi))tZ[O;T];i=l'""q E (ZtA(Xi);Df\(xi))tZ[O;T];izl-----q

..........

i h i

..........

Thus Proposition 11.6.1-1 implies that

jG, ()i 5k kiCre ™4
for all (; ) suciently close to the regime R(p). We conclude by makingA tend to
" Iglct)}i/rlwt 2 is checked similarly. The proof of 3 is also similar, Bice D; (0) = D; * (0)
implies that C( ; ,;0)= Ca( 4% ;0). O

[1.6.2. Localization in the regime R(1 ;zo)

The following Theorem will be proved in the next Section.

Theorem 11.6.2. Let z5 2 [0;1] and A > 0. Consider for each 2 (0;1] and each
1 the process(D; ™ (X)): ox2r associated with the(; ;A ) FFP. Consider also
the LFFP (1 ;2z0) (Y¢(X))t ox2r and the associated D{(x)); ox2r process. We assume
that ! Oand !1 in the slow regimeR(1 ;Zzp).

1. Forany T > 0, any nite subset fx1;:::;xq@ R, (D¢ (Xi))t2[0T}i=1 :mq 9OES
in law to (DtA(Xi))tz[o;T];i=1;:::;q in D([O;T];1)9. Here D([0;T];1 )Y is endowed with
T-

.....

Proof of Theorem 11.2.10. The proof easily follows from Proposition1.3.1, Proposition
[1.5.2 and Theorem11.6.2, as in the proof above. O
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[1.7. Convergence in the slow regime

The aim of this section is to prove Theoremll.6.2. We thus x the parameters A > 0
and T > 0.

We recall that a =log(1l=),n = bl=( a )c, m = bl=( a?)c," =1=a® and that
A = bAn ¢
I,=J A AK

For x 2 R, we de ne
(x) =Jn xc m ;bn xc+m K

For 2 (0;1), we also de ne

M = =@ Jwg
(x)

Jn xc m ;bn xc+m K
Observe thatm b n cforall zg 2 [0;1].

[1.7.1. Occupation of vacant zone
We start with some easy estimates.

Lemma I.7.1. Consider a family of i.i.d. Poisson processes(NS>(i)): oi2z. Let
O0<z< 1 2(;l)andac<h.
h [
1. Fort<z,P 8i2Ja Zc;bb ZcKNS.(i)> 0! 0.

10
h [
2. Fort>z,P 8i2Ja Zc;bb ZcKNJ,(i)> 0! 1.

10
h i
3. Fort 1,P 8i2Jban c;bbn cKNJ (i)> 0! 1.

10
h i
4. Fort< 1, P 8i 2 Joam c;bbm cKNS (i) > 0! 0.

1o
h i
5 Fort>zo+ ,P 8i2Jbam c;bom cKNS(i)> 0! o b
Proof. To check Lemmall.7.1, observe that, for k ! o 1,
h i t
P 8i2Jbakc;bbk ckNJ (i)>0 "' (1 e hHhb ak g bk = (77)
In order to prove 1 and 2, use (I.7.1) with k = Z and observe that

1 ift<z;
o 0 ift>z:

k t— Zt!
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To prove 3, use (I.7.1) with k = n and observe that, ift 1, n '' ' l=a tends
to Owhen ! 0. In the same way, 4 can be proved usingg = m and observing that,
ift<1lm ' t'l=32tendstol when ! O.

Finally, prove 5 with (11.7.1) and usingk = m and observingthatm '' — t (& )z
tends to O when ! 0 as soon ag (1 )zo > O (in particular, for t zg+ >

+@1 )20)). O

[1.7.2. Height of the barrier

We describe here the time needed for a destroyed microscopatuster to be regenerated.
Assume that a match falls in the site 0 at some time a t; 2 (0;a zp). As seen in
Micro (1 ;zp) in Subsectionll.4.4, on a suitable event, the(; ) FFP is well under-
stood around O during [a ti;a (ta+ % )], for some0 < z <z (it can be expressed
using the sequencgT!)i>z). We then denote by t;l the delay needed for the destroyed

cluster to be fully regenerated (after rescaling). We show hat {1 t1.

Lemma 11.7.2. Consider two Poisson processegNS (i)t oi2z and (NF (i)t o2z
with respective rates1 and , all this processes being independent. Led <t <zg. We
call (T})i2z the burning times of the propagation process ignited i) at time a t;, recall
De nition 11.4.6.

Put,forall t Oandi2 2z, ; (i)=min( NS(i);1) and de ne

CP(( ¢ ()t oi2z;(0;ty)) = Ji9;i%

recall De nition 11.4.8.
We de ne a process ( t;l;t(i))tZ[O;T];iZZ in the following way (which is inspired by

Micro (1 ;zo) in Subsectionll.4.4): we put, for all i 2 CP(( ¢ ()t oi2z; (0;t1))

(D) =min( NS (i):1) for t 2 [0;t; + (T =a ))

and (
' ()=2 for t2 [ty +(Tit=a );ty +(Ti,=a)) ifi O
it for t 2 [ty +(Tl=a );ta+(Ti=a)) ifi O
and
8
()= <MINNG oy () NS qa (0:1) fort2 [ta+(Thy=a ) TIif i 0
t1;t -

C min(N3 () N§t1+Til 1(i);l) for t2 [ty +(Tt,=a);T]ifi O

a (t+t;
For all i 62CP(( ¢ (i)t 0i2z;(0;t1)) and allt 2 [0;T], we put
G (i) = min( NS (i) 2):
We nally de ne

" (0]
=it tot0:812CP((¢ D oz Ot)i a() =1
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Then, forall > 0,as ! Oand !1 in the regime R(1 ;z), there holds

h i

imP | ¢t =0:

1

The process( t;l;t(i))iZZ;t o is closely related to the process observed iMicro (1 ;zp)
in Subsectionll.4.4 (on a suitable event).

Proof. We divide the proof in two steps. We rst de ne a simplest process with an
instantaneous propagation: if a match falls in a cluster, it destroys instantaneously the
entire connected component. The time needed for a microscopcluster to become again
occupied is almostt;. Secondly, we ank the killed cluster CP(( ¢ (i)t oi2z; (0;t1)) to
estimate the time to become again occupied.

Step 1. Let 0 < 1 < zo be xed. Put # (i) = min(NJ (i);1) and # () =
min(NJ ( ,,() N (i);1) forall t> Oandi 2 Z. We dene the time needed
for the destroyed cluster to be fully regenerated

n )
,=inf t>0:812C(# ,;0); # (i)=1

Then for all > 0,

- h. - i
|I!m0Pj L 1 =0:
Indeed, we write, forh > 0,
h i h o box o xt h oo s
P , h=PNy (0=0 + PNy .G kKl=N7 (G+1)=0;
k 1j=0 i
C o GKNS (i ‘NS : S iy -
8i2J k+1;JKNg ,(i))> 0Ny (,+n@)>Ng () ;
that is
h i X K1 he K
P , h= 1*+ ! ! @a N1 )
k 1j=0
X k
= 4 2rok(@ e "
k 1
21

— 1

faa a9

21

= 1+( P 1+h)2(1 (1 h):

This quantity obviously tendsto 1as ! 0ifh> ;andtoOif h< 1.
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Step 2. Let z 2 (t1:20) and de ne I?;Z(O;tl), recall De nition 11.4.7. Set

FROt) = THOit)\9 11200;b “eKNF (. = (i) =0g
\f9 i22Jdb  ZC;OKNZ (. . (i2)=0g:
h i
First, Lemma 11.4.4 together with Lemma 11.7.1-1 show that P *'?’Z(O;tl) tends to 1

when ! Oand !1 intheregimeR(1 ;zo) (becauset; + % < (z+t1)=2<z for
(: ) suciently close to the regime R(1 ;zg)). Next, on “’?;Z(O;tl), there holds that

C(#,+ 2 ;0):=JC ;C'K Jb Zc;b ?cK

SinceC* and C are vacant during[a ty;a (t1+ 2] [0;a (ta+ 2 )], there holds
that, as seen inMicro (1 ;zp) in Subsectionll.4.4,

CP(({ (Mt 0i22:(0;t1))  Cl#,s - 300 b “eib “eK

and i+ 2 (i) lforalli2z. Besides,CP(( ¢ (i)t oi2z;(0;t1)) clearly contains

C(#,:0), see Figurell.5.
We trivially deduce that, conditionaly on “F;;Z(O;tl),

y z
ti+ ¢ it ¢ it L+ e

Remark now that the function : t 7! t+ , is a.s. non decreasing and right-continuous.
We thus deduce from Step 1 that

t, + t;l ! o 2t
h i
in probability, whence forall > Oandall "> O, there holdsthatP j ti] <"
forall (; ) suciently close to the regime R(1 ;zp). O

11.7.3. Proof of Theorem 11.6.2

Letus x zp 2 [0;1], X0 2 ( A;A),to> 0and" > 0. The aim of this Section is to
prove the

Lemma 11.7.3. For all > 0, there holds that
h i
P (DA (x0):Dfy(x0) >" < ; (1.7.2)
|
P 7(D'* (x0);D*(x0) >" < ; (11.7.3)

for all (; ) suciently close to the regime R(1 ;zp).
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a Zg +
C(#, (ta+ 2 );0)
a (tl+ Z, )4* i I
1 C(#ai0) 1o
b Z‘cc i9 0 idc+b ‘2¢

Figure 11.5.: Height of a barrier: the true killed cluster.

A match falls in O at time a t;. The dashed verticals lines represent vacant sites. The zores
C(#a 1,,0) and C(#, (1,+(z );0) are delimited by vacant sites. The site i9 is the rst non-

positive site where a - Til(i) =0 and iYis the rst non-negative site where a - Til(i) =0.

On *f’;z (0;t1), there holdsthat b *c<i%< 0<i%< b Zcandthereis no sparkin Ji?;i’K
The slope lines represent the burning sites.
Finally, the true destroyed component is included in C(#, (,.;- ,;0) but contains

C(#a 11;0)-

Clearly, (11.7.2) and (11.7.3) will imply the result. Let us rst show that ( 11.7.2) (which
holds for an arbitrary value of tg 2 (0;T)) implies (11.7.3). Indeed, we have by construc-
tion for any t 2 [0;T],, (Dy A (Xo): D{(x0)) < 4A. Hence, by dominated convergence,
(11.7.2) implies that E  (D; ™ (xo);DA(x0) < for all (;h ) su ciently close to trile

regimeR (1 ;zp), whence again by dominated convergenc& 1(D A (xo); DA (Xg)) <

[1.7.3.1. The coupling

We are going to construct a coupling between the(; ;A ) FFP (on the time interval
[0;a T])and the LFFP (1 ;Zo) (on [0; T]): we build the LFFP (1 ;zo) (Yt(X))t2[0;T1:x2[ AA]
from a Poisson measure y and we take for the matches for the discrete process the
Poisson process

NM@i)= wm(i=n ;(i+1)=n) [0;t=a])
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foralli21, andt2[0;a T].
We next introduce a family of i.i.d. Poisson processe$NS(i))t oi2z and (NF (i)t o2z

with respective parameter1 and , independent of .
The (; ;A ) FFP (¢ (i), 0i21, is built from the seed processegNS (i)t o2z,

from the match processe§NM (i)): o2z and from the propagation processe$N{ (i)t o:i2z.
Observe that (Ye(X))tz2[o;Tjx2; aa]is independent of(NS(i)) 20,0 1121, @nd (NS (D) 200 1121, -
When a match falls at somex 2 [ A;A] at some timet 2 [0; T] for the LFFP (1 ; zp),

it will fall at bn xc at time a t in the discrete process.

11.7.3.2. A sweet event

We call
n:= wm(0;T] [ A;A)D

We also introduce
Sy =f2t:t2Ty;t<zo0;

which has to be seen as the possible limit values df+ t; " t+t, recall Lemmall.7.2.
For > 0, we consider the event
0 n (0]
= min jt sj> 2; min j X i>2 ;
M( ) szTM[sM;J ) X;y2Bw [f Xo; A:Ag;J A
t2f 0;z0;to0 X&'y

which clearly satiseslim | P % () =1. Foranygiven 2 (0;1),on 9 ( ), there
holds that for all x;y 2Bwm [f Xogwith x 6y, (X) \ (y) =; =(x) \ (y) .
We set

z =(z20 )_(20=2):

processes family(N” (i)t o2z, we build, recall De nition 11.4.6, ( % (i)t oj2z the
propagation process ignited at(X ¢; Tq), (if" )t o and (if" )¢ o the corresponding right
and left fronts, and (T;%)i»z the associated burning times. We also de ne F;;T; (Xq: Tg)
and '?;Z (Xq: Tg), recall De nition 11.4.7. If z5 2 (0;1], we set

\

PTG )= (57 XgT\ 7% (Xai To):
g=1;::5n
If zo =0, we simply set
\ :
PT(v; ): T (Xq’Tq)
g=1;::5n
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By Lemma 11.4,4 and sincei m IS independent of(NtS(i))t 02z and (th(i))t 02z, We
deduce thatP  PT(;; ) tendstolwhen ! Oand !1 intheregimeR(1 ;zp).
Next we introduce the event $(; ) on which the following conditions hold: for all

“if Tg<z ,thereareb Zc<ij<0<ij<b 2 cwith Nf(Tq,rz; ,(bn X qc+
D)= NS (0 2 (00 Xge+ i3) =05

“if Tq>zo+ L foralli2 (Xg) NS (i)> 0.

Since Z can be mzlalde arbitrarily small in the regime R(1 ;zp), Lemma Il.7.1 then
show that P 3(; ) tendstolwhen ! Oand!1 inthe regimeR(1 ;zo).

We also consider the event 5( ) on which the following conditions holds

“if tp < 1, there arebn xoc m < i$ < bn xoc <Y < bn xec+ m with
Nasto(il): Nasto(iz)ZO;

“forall i2J A ;A KNS (i)> 0.

h [
Lemma I1.7.1 together with space/time stationarity implies that lim | P  5( ) =1.
We also need 37 (;; ), denedfor > 0 as follows: for allq = 1;:::;n with

Tq<zo, there holds thatj 1% Tgj< . Here ;% isdenedasinLemmall.7.2 with
the seed processes familfN>%(i)); iz = (NS(i+bn X40): 0i2z and the propagation
processes family(N,”9(i)), ojez = (N (i + bn Xq0)t 0iz2z. Lemma 11.7.2 directly
implies that forany > 0, P ?P ;; ) tendstolwhen ! Oand !'1 inthe
regime R(1 ;zp).

We nally introduce the event

Cive )= WOV PTG Y 26O 300N 570G )
We have shown that for any > 0, there exists 2 (0;1) such that for any > 0, there
holdsP[( ;;; )]>1 forall (; ) suciently close to the regime R(1 ;zp).

11.7.3.3. Heart of the proof

The next Lemma is the key of the proof: it guarantees that eachre have a local e ect.
It will be repeteadly used in Lemmasll.7.5 and 11.7.6.

Lemmall.7.4. On ( ;;; ), the match falling onbn Xqc at time a Tq, for some
g2f1;:::;ng, does not a ect the zone outside(Xy) during [a Tq;a T].

Consequently, on( ;;; ), foralli21,n[g1;::n(Xq) andallt2][0;T], there
holds that

2P () =min( NS (i);1):
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Proof. Asbe seenirMacro (1 ;zo) in Subsectionll.4.4,on 77 (Xq;Tg) (535 ),
there holds that

m bn Xqc+ i bn Xqc+1+ i m
Xq m q aT Xq q aT Xq+ o
n n n n
with m =n . Hence, each re has only a local e ect and does not a ect the pne
outside (Xq) . O
We now turn to res of the second kind.
Lemma I1.7.5. Letq2f1:::;ngsuchthatTq>zo+ . On ( ;;; ), for all

t2 [a Tq;a T], there holds that
PiA ks —o— A :d; .
a't (bn Xqc+ig, Tq))—2— a't (bn Xgc+iy Tq)).
Proof. At time a Ty , at least one seed has fallen on each site ¢X) , thanks to

$(; ). Thus, the zone (Xq) is completely lled at time a T4 , thanks to Lemma
I1.7.4 (no re can aect this zone during [0;a Tg)). The conclusion is then straight-

forward, since on ©'T(Xq; Tg) there holds that i m =n andi% m =n (as
seen inMacro (1 ;Zzp) in Subsectionll.4.4) and since no match falling outside(X4) can
a ect this zone. O

Finally, we treat the case of the res of the rst kind.

Lemma I1.7.6. Let g2 f1;:::;ng such that Tq < zg . Oon (5 ), there
holds that

A H — - H .
(at (NeoTrizcg = Tqﬂ (i bn XqO)e210T1i2(Xq)

where the last process is de ned as in Lemmadl.7.2, using the seed processes fam-
ily (NZ9i)t oizz = (NS(i + bn X))t oi2z and the propagation processes family
(NCYUDe 0i2z = (NP + N X))t o2z

Consequently, on( ; ; ; ), for some 2 (0; ),

(@ if t2 [Tqg+ ; 2Tq ], then there existsi 2 (Xq) such that 2@ =0,
(b) if t (2Tg+ )_1,then ; (i)=1 foralli2 (Xg) .

Proof. First observe that the process( ‘;;f (bn XqgC+ i))i2(073i20 m ;m kand the pro-

cess( Tq‘t‘ (i)t210:T1i20 m :m K €volve according to the same seed processes family and
to the same propagation processes family.
Lemmalll.7.4 implies that, for all i 2 (X4) andallt 2 [0;Tg),

a t())=min( N3 ((i); 1);
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because no match falls in(Xy) during [0;a Tg). This in particular implies that, for all
12 (Xq) andallt?2[0;Ty),

Sd= 49 G bn Xqo):

On '?;Z Xq: T\ $(; ), asseenimMicro (1 ;zo) in Subsectionll.4.4, since the two
processes are building using the same seed processes famaifyd the same propagation
processes family, there also holds true that for ali 2 (Xq) and all t 2 [Tq; Tq+ Z 1s

4 ()= Tq‘ﬂ (i bn Xq0):

Finally, since there is no more burning tree in(Xy) attime a (Tq+ Z ) and since
seeds fall according to the same processes, we deduce thdtanks again to Lemmall.7.4,
the two processes remain equal duringTq + Z i TT.

All this implies that

(a't (NepTrzog = Tt (0 b XgOe2poryizexg) (1.7.4)

Consider now the zone destroyed by the match falling orbn Xqc at time a Tq
CP=CP(( ¢ ()t 0i2zi (Xqi Tg)):

As seen inMicro (1 ;z) in Subsectionll.4.4, C® Jb Z c;b % cKbecause there
arei;2Jb  ? c;0Kandiz 2 J0;b  # cKwhich are vacant until a (Tq+ Z ), thanks
to $(; ).

From (11.7.4) and since no match falling outside(X4) can a ect this zone, it follows
that N n . . 0

1t =inf t>Tq:812C7(({ (D oizz; Xg;Ta)); a (1) =1

Hence, the zoneCP is not completely occupied during(a (Tq+ 2 );a (Tgq+ qu )
but is completely lled at time a (T + qu ).

Using 37(;; )\ % ()andsince 2 (0; ), we deduce that,

Tq+ < 2Tg 2T Tq+ 10 2Tq+  2Tq+ :
We now conclude.

(@ If t 2 [Tq+ ; 2Tq ], then the zone CP is not completely occupied at time't.
Hence, there existsi 2 CP (X4) suchthat ; (i) =0.

(b) If t  (2Tq+ )_ 1, then CP is completely lled at time t becauset T+

Consider nowi 2 (Xq) nCP. Then i has not been killed by the re starting
at bn X4c. Thus i cannot have been killed during[0;a t] [0;a ], thanks to
Lemma I1.7.4. We conclude using thatt 1, so that on $( ), i is occupied at
time a t. O
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[1.7.3.4. Conclusion

First, the casetg < 1is simple.

Lemma Il.7.7. Fortp< 1,on ( ;;; ), there holds that

(D™ (x0); DE (x0)) < an:

Proof. Thanksto 3( ),therearei 2 Jin xoc m ;bn xecKandi9 2 Jon xoc;bn xec+
m Ksuchthat ;% (i1)= J'% (i2)=0. Thus,C( 4 {,;bn Xo€) Jon Xxoc m ;bn xoc+

m KwhenceD™ (xo) [xo m =n ;xo+m =n ]. SinceD{ (xo) = fxog, we deduce

that
2m

(D™ (x0)iDf(x0) O

We now turn to the casety 1.

Lemma 11.7.8. Forte 1, on ( ;;; ) for some0 < < and for all (; )
su ciently close to the regime R(1 ;Zzy) in such a way that Z andbz ¢ m ,
there holds that 9

m

(Di* (X0); DA (x0)) < -

Proof. Clearly, sincety 1, DQ(XO) =[a;h for somea;b2 By [f A;Ag. Assume

A <a<b <A , the other cases being treated similarly. In the limit process, we then
have Yi,(a) > 0O, Yi,(b) > 0 and Y;,(x) =0 for all x 2 (a;b). We will prove separately
that

1. there arei 2 (a) andj 2 (b) suchthat ;% (i))=0 or2and ;% (j)=0 or2;
2. forall x 2By \ (a;b), foralli2 (x) , 't (i)=1;

3. foralli2 Jon ac+m +1;bn bc m  1KN[ xo8,\ (an)(X) , We have j (i)=1.
Points 1., 2. and 3. imply that,
Jon act+m +1;bn bc m 1K C( ;b0 xo¢) Jn ac m 1;bn bctm +1K

andthusfa+m =n ;b m =n] D " (xo) [@ m =n ;b+m =n ], whence,

(DA (x0);D,™ (X)) 2m =n :

We prove 1. Let k2f1;:::;ngsuch that a= X. There are two cases.

Case 1.1f Y, (Xk) = 1 inthe limit process, thenty Ty zowhencety Ty zp+2
dueto (). We then use Lemmall.7.5 and conclude that there is a burning tree in
(a) attime a tg.

Case 2. If Yi,(a) 2 (0;1) in the limit process, then T, zp 1 to 2T whence
Tg+4 Zo+2 to+2 2Ty, due to ﬁ,l ( ). We conclude using Lemmall.7.6-(a)
that there is a vacant site in (a) at time a to.

Similar considerations hold forb.
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We prove 2. Letx 2By \ (a;b andletk 2f1;:::;ng such that x = Xy.

Case 1. If Ty >to, then no re has fallen in (Xy) during [0;a to]. Using 3(; )
and Lemmall.7.4, we conclude that (X) is completely occupied at timea tq (because
no re can a ect this zone).

Case 2. If Ty  to, since in the limit processY;,(Xk) = 0, necessarilyTy  zo to
and 2Ty towhenceTy 2z 2 and2Ty to 2 dueto m( ). Lemmall.7.6-(b)
concludes this case sincegy (2Tq+ ) _ L

1.7.4 and 3( ), we immediately conclude thati is occupied at time a t. O

We prove 3. Leti2Jmn ac+t+m +1;bn bc m IKN[j=1::n(Xj) , using Lemma

We now can conclude.

Proof of Lemma Il.7.3. Let > Obe xed. We rstconsider 2 (0;"=2), 02 (0; o),

02 (0;1], o> 0andKy 1suchthatforall 2 (0; o), all 1in such a way that
-~  Kpand Iokg);?1(=)) 0 < o, We have

P[( o o0 J)>1
Then we consider 1 2 (0; o), K1 >Kgand 12 (0; o) such that for all 2 (0; 1)

and all 1in such a way that ;— K3 and |c:(g)?1(:)) Zo < 1, we have

A~

2m =n <",

RS

~ 2 Z :n < 2m :n < " .
Forall 2 (0; 1), all 1 in such a way that — > K ; and Ic',g?l(z)) Z0 < 1,
Lemma Il.7.7 implies that, if tg < 1,
h A CA [ A CA 2m
P (Di;(X0); D™ (X0)) > P (Dt;(X0); Dy, (X0)) > o
PI( o o5 )
<

while, if to 1, Lemma l1.7.8 implies that, (since and Z )

h i i A om
P (D{(x0);Dg,” (x0)) >" P (D{(x0);Dg," (x0)) >

n
PI( o o )
<

0

This concludes the proof. O
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11.8. Convergence in the intermediate regime

The aim of this section is to prove Theoremll.6.1 for p > 0 and this will conclude the
proof of Theorem|1.2.4 for p > O.

In the whole section, we x the parametersA > 0, T > 2 and p > 0. We omit the
subscript/superscript A in the whole proof.

We recall that a =log(1=),n =bl=( a )c,m = bl=( a?)c," =1=a%. We setas
usual A = bn Acandl, =J A ;A KFori2Z weseti =[i=n ;(i+1)=n ). For
[a;hanintervalof [ A;A]land 2 (0;1), weintroduce, assumingthat A<a<b<A ,

[a; b Jna+mec+l;bn b mc 1K Z;
[ A;b] JA bnb mc 1K Z
[a;A] =Jn a+mc+1;A K Z:

For 2 (0;1) and 1, we recall that

0 m

= — + "
a
and introduce
k. =ba (" +v. )c; (11.8.1)
v. = (? +vV. (11.8.2)
e. =" +v. ; (1.8.3)
wherev. = TB_ZA —— p. Observe thatk; =n , v, ande;, tendto O as
I Oand !1 inthe regimeR(p).
Forx2 ( A;A), 2(0;1) and 1, we introduce
(x) =Jn xc m ;bn xc+m K Z; (1.8.4)
fxi. =Jon xc k. ;bn xc+ k. K Z; (11.8.5)
[xX]. =Jn xc m 2k. ;bn xc+m +2k. K Z: (1.8.6)

[1.8.1. Occupation of vacant zone
We start with some easy estimates.

Lemma 11.8.1. Consider a family of i.i.d. Poisson processes(NJ(i))t oi2z. Let
a<b.

h i

1. For t< 1, lim | oP 8i 2 Joam c;bbm ckNJ (i)> 0 =0;
h i

2. Fort 1,lim , oP 8i 2 Jam c;bom cKNJ,(i)>0 =1;
H .

|
3. Fort< 1, lim , gP 8i 2 Joan c;bbn cKNS ,(i)> 0 =0;
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h i
4, Fort 1, lim , oP 8i 2 Joan c;bn cKNS,(i)>0 =1;

h i
5 Fort> 0, lim , gP 9i 2 Joan c;bn cKNS ,(i)>0 =1;
h i
6. Fort> 0and > O, lim , oP 82Jb ™ )c;b ™ IcKNS,(i)>0 =0;
h i
7. Fort>0and > 0,lim, oP 8i2Jb  Jc;b  JeKNS,(i))>0 =1;
H .

|
8. Fort< 1,lim ; g P 82 Joak. c;bbk. ckNS,(i))>0 =0 (when ! Oand
11
'l in the regime R(p));
h [
9. Fort 1,lim , oP 8i2Jwak. c;bok. cKNS,(i)>0 =1 (when ! 0 and
1
'l in the regime R(p)).

Proof. This lemma is closely related to Lemmall.7.1. For r ! o 1 , we have
h i ’
P 8i2Jbar c;bbr cKNS,()>0"' (1 e?atfh®ar g ®ar
Observe now that (
t1 1 ift< 1
m U !

a2 1o 0 ift L
from which points 1 and 2 follow, that

( .
Y tll 1 ift< 1
a 1o 0 ift 1

which implies points 3 and 4. For the point 5, it su ces to note that, for any i 2 Z,
h i
PNJ()=0 =e?"

Hence h i
P 9i 2 Jan c;bn cKNZ(i)>0 ' 1 e .
Fort> Oand > O, we have
h [
P8i2Jb eib MIKNT ()>0" e? | , O
which is point 6, while
h i
P8i2Jb ® Jg;b ¢ JeKNS ()>0 "' e? ! o1
which is Point 7.
For the two last statement, as ! Oand ! 1 in the regime R(p), we have,
observing thatv. ! O,
(
t t1 1 ift< 1
k. '"a Y +v. )’ n (" +v. ) — 1mad+v. | ! ’
‘ ’ ’ ap ’ ; o ift 1. 0O
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[1.8.2. Height of the barrier

We describe here the time needed for a destroyed microscopatuster to be regenerated.
Roughly, we assume that the zone] m ;m Karound O has been made vacant at some
time a tg. Then we consider the situation where a match falls on0 at some time
at2(atg;a (top+1)) and we compute the delay needed for the destroyed cluster to
be fully regenerated. We have to distinguish two cases.

a) We rst consider the case where a match falls on0 at time a t; 2 (0;a ). This
case is closely related to Lemmadl.7.2.

b) We then consider the case where a re propagates througld m ;m Kat time
a tgp and a match falls on0 at time a t; 2 (a tg;a (to +1)). This case is a little
bit di erent but is proved in the same way as the previous case

Lemma 11.8.2. Consider two Poisson processegNS (i)t oi2z and (NF (i)t oi2z
with respective rates1 and , all this processes being independent. Consider aldd =
(io;to;t1) 2 Z (R+)?with jigj2 Jm ;m +2k. Kto2f0g[ (1;1)andt; 2 (to;to+1).
Fori2 Z andt 0, we consider the process

v Moy
t ()= 1+1¢ a(to v. yiziog  Lito>1g
Zt

ft a tp;i=0; a”th (0)=1g + 0 1

+1 £ M (0 g ANS()

P/
F oo M(i+1):2;s§§ M(I):lngS (|+1)

P .
§ o M(i 1):2;5;; M(i)ZlngS (l 1)

Priy-
0 f S;; M (i)=ngNS (|)
Using the propagation processe$N{ (i)t o2z, consider the burning times(T);2z of the
propagation process iginited at(0;t;), recall De nition 11.4.6, and de ne the destroyed
cluster due to the match falling in0O at time a tq, recall (11.4.14),

CP(( ¢ M)t o2z (0ty)) = Ji%;i%

We nally de ne the time needed for CP(( ¢ ™ (i)t 0i2z;(0;t1)) to become again

occupied
. . n . .« M . .« M . 0
v o=inf t>t1:8i2CP(( ¢ M ()t 02z (Oit); 4 (1) =1
For all > 0, there holds that,
h i
imP (t1 to) =0

when ! Oand !1 in the regimeR(p).
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Let us explain the behaviour of the process( ;' M (i))t o0izz. If to = O, then the
process starts from a vacant initial situation and a match fdls on 0 at time a t1. It
does not depend onig and since0 < t; < 1, the zoneJ m ;m Kis not completely
lled at time a (t; + ? ), see Lemmall.8.1-1 (and because ? I 0). The process
is then governed by the propagation processe$Ny (i)t oi2z and the seed processes
(NS(i))t o2z with the same rules as the(; ) FFP. As seen inMicro (p) in Subsection
I1.4.4, the re is extinguished at time a (t;+ 9 ).

If to > 1, then the process starts at time0 from an occupied initial situation, nothing
happens until a match falls onig at time a (tp v. ). Two res start: one goes to the
left and one goes to the right. Thus, on """ (ip=n ;tg V. ), recall De nition 11.4.7,
and since ’

ba (3v. ") 2m +2k. ;

recall (11.8.1) and (11.8.2), each site ofJ m ;m Kburns and extinguishes beforea (to+
2v. ), recall Lemmall.4.2. Hence, the zoneJ m ;m Kis not completely lled when
the match falls on O at time a t;, see Lemmall.8.1-1 and becausea (top +2v. ) <
ati<a (tg+1) forall (; ) suciently close to the regime R(p).

Proof. The proof is in the same spirit as the proof of Lemmall.7.2. We rst de ne
the simplest process with an instantaneous propagation: ifa match falls in a cluster,
it destroys instantaneously the entire connected componean Secondly, we ank the
killed cluster CP(( M (i)t oi2z;(0;t1)) to estimate the time needed to become again
occupied, see Figurdl.6.

Step 1. Let o< 1< o+1 be xed. Put # (i) = min( Ng( oy (D) NS ,(i);1)
and # (i) = min( N2 Cien () NS ,(i);1) forall t> Oand alli 2 Z. We de ne the
time needed for the destroyed cluster to be fully regeneraid

n [0}
., =inf t>0:8i2C# ., ;0)# 4()=1

0
Then for all > 0, h
imPj o, (1 o) =0:

This has been checked in Step 1 of the proof of Lemm#.7.2 when ¢ = 0. This of
course extends without any di culty, using time stationari ty.

Step 2. Assumetp = 0. In that case, the process not depends omg. Consider the
event ©7(0;ty), recall De nition 11.4.7. We de ne

oI = BTOi) V9 1120 m JOKNS . 0 y(i)=0g
\f9 i, 2 J0;m KNf(tl+ o ,(i2)=0g:
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h i
Lemmall.4.2 together with Lemma 11.8.1-1 show thatP ~"""'™ tendstolwhen ! 0

and !'1 intheregimeR(p) (because i+ ? < (ty+1)=2< 1forall (; ) suciently
close to the regimeR (p)).
Next, on =77 (0;11), there holds that

C(#g,4 0 :0)=3C 'C*"K Ji1;ioK J m ;m K

Since, by de nition, no seed falls onC* and onC until a (t;+ ? ) and since we start
from a vacant initial situation, we deduce that

t;; M(C ): t;; M(C+):O
forall t2[0;a (ta+ % )] [ati;a (t1+ 2 ). Asseen inMicro (p) in Subsection
1.4.4, the re destroys exactly the zone CP(( " ™ (i)t 0i2z;(0;t1)) and
CP(( ¢ M (e 0i2zi(Oit)) I C'K I m ;m K

with a”(ti’i o y(i) 1foralli2Z (the reis extinguished at time a (t1 + 2)).

Since CP(( ¢ ™ ()t oi2z;(0;t1)) clearly contains C(#,,;0), we deduce that, on
~P;T;M

; 0
t; + 0:t1 ti+ ty + .t Oit1+ O

Remark now that the function : t 7! t+ . is a.s. non decreasing and right-continuous.
We thus deduce from Step 1 that

t, + M ! _P 2t1
h i
in probability, whence forall > Oandall"> O, there holdsthatP  ,  t; <"
for all (; ) suciently close to the regime R(p).
Step 3. Assume nowtg > 1. We may and will assumeig 2 J m 2k. ; m Kby

symetry.
Consider the events "' (io=n ;to v, )and ©'7(0;ty), recall De nition 11.4.7. We
de ne
“PTM = PTOit)\ PT(omn sto v, )
\f9 1123 m ;OKND (. o y(i1) NJ¢ . y(i1)=0g

\f9 i,2J0;m KNE?(t1+ 0 4(i2) NS v. y(i2)=0g:
h i
Lemma 11.4.2 together with Lemma 11.8.1-1 directly imply that P ="M tends to
lwhen ! Oand ! 1 in the regime R(p) (becauset; + ? (to v. )=
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t1 to+ ? +Vv. < (t1 to+1l)=2< 1forall (; ) suciently close to the regime
R(p)).

Recall Lemmall.4.2. Since all the sites are occupied at timea (to Vv . ) and since

ip+ ba (3v. ") m;

on '?;T(iozn ;to  v. ), there is no more burning tree inJ m ;m Kat time a (to +

2v . ) nor during the time interval [a (to+2Vv. );a t1). Thus, the match falling in 0O

at time a t; destroys at least the zoneC(#,,., . 0).
~P;T;M

;tl;
Next, on , we have

C#, v 4+ 0:0=3 ;C'K Jig;ixK I m ;mK

Since no seed falls o€ andonC* during [a (to V. );a (t1+ ? )] and sinceC
and C* are made vacant during the time interval [a (to Vv. );a (to+2v. )], thanks
to F;;T(i0=n ;to V. ), we deduce that there is no burning tree inJC ;C* Kat time
at; and

saMEe )= SiMct)=oforal t2ty;ty+ O I:

Hence, as seen irMicro (p) in Subsection |1.4.4, the match falling on 0 at time a t;
destroys at most the zoneJC ;C*K Ji;;ipKand there is no more burning tree in
JC ;C*Kattime a (t1+ 2 ).

~P;T;M

To summarize, on ~. , see Figurell.6, we have

Cgsav. ;00 CP(C¢" M (It 0i2z:(0ity))  C(# ;0)  Jig;ioK

to v, ;ti+ ©

with additionally (ti+ 0 )(I) lforalli2J m ;m K
No reaectthezone J m ;m Kduring[a (t+ © );a Tl thanksto ©7(io=n ;to
V. ). We deduce that, on ~""""™ and for all (; ) su ciently close to the regime R(p),

; 0
Ut geov, 1n bt o ow it oty e 0

Then, one easily concludes. The functiors 7! t; + .y, IS @.s. non increasing and
right-continuous while the function s 7! t; + s+ ¢+ IS @.s. non decreasing and
right-continuous. Since ? I 0, we thus deduce from Step 1 that

tit !0 2 to

as desired. O
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a (t1 + O )

a t1 4

a ('[0+2V; )A

a(to v,; )

Figure 11.6.: Height of a barrier in the regime R(p), for p > 0.

Attime a (to v. ) ,allthe sites are occupied. A match fallsonig attime a (to v. ). Two
res start: one goes to the left and one goes to the right. Thus, on F;’?T (io=n ;to Vv. ), each
site of J m ;m Kburns and extinguishes beforea (to +2v. ) (becauseio + ba (3v;
") m).

Next, a match falls on O at time a t;. Since no seed fall onC 2 J m ;0K and
C* 2 J0;m Kduring[a (to V. );a (t1+ 0 )], they remain vacant after burning. Thus,
the true killed cluster Ji9:i%K contains C(#t0+2\,; t,,0) but is included in JC :C*K =

CP ¢ M) 0i22:(0;t2)).

[1.8.3. Persistent e ect of microscopic res

Here we study the e ect of microscopic res. First, they produce a barrier, and then, if
there are alternatively macroscopic res on the left and right, they still have an e ect.
This phenomenon is illustrated on Figurell.7 in the case of the limit process.

1. K 2

2.t02f0g[ (1;1)andtg<t;<t,< <tg;

3. forallk=0;:::;K 1, tesr  t < 1

4.1, to>landforallk=2;:::;K 2t te> L

100



1."2f 1;1q;
2. jioj2Jdm ;m +2k. K
3. forallk=2;::;K, "kik 2Jm ;m +2k. K where we set'y =( 1)k".

Finally, we say that P = (P;l) satises (PP) if P satises (PP1) and | satis es
(PP2).

Let P satisfy (PP). Consider two Poisson processe@N (i)t o2z and (NP (i)t o2z
with respective rates1 and , all this processes being independent. We de ne the process
(¢ Pt oi2z as follows

v Py =
t () =2+ Lizigx a (to v, )9)1fto 197F lfi:O;t aty;, L 0=1g
a ty

X
+ 1

fizit a (te V. P

N, (0elg

S .
£ F’(i)zongs ()

P .
o TP =2 Pi1gdNs (1 1)

P .
f o P(+y=2; P(i):lngS (i+1)

P(iy-
2 lf S;; P(i)ZZQdNS (|)

We now explain the behaviour of the procesg ;' © (i)t oi2z.

" If to =0, then the process starts from a vacant initial con guration. The match
falling on O at time a t; 2 (0;a ) creates a barrier, see Lemmadl.8.2, because
t1 2 (0;1). Then, res start in iy alternately on the right and on the left of O at
timesa (tx v. )forallk=2;:::;K and res spread accros<Z according to the
same rules as thg ; ) FFP.

" If tg > 1, the process starts from an occupied initial situation. Nothing happens
until a match falls on ip at time a (to Vv. ) and spreads acrosZ. Next, a
match falls on O at time a t; 2 (a tg;a (tg +1)). It then creates a barrier, see
Lemmall.8.2. Afterwards, matches fall successively iny at time a (tx v. ) for

eachk = 2;:::;K and res spread accrossZ according to the same rules as the
(; ) FFP.
For all > 0 such that
2 i= mIE 1(ti+1 tpti+1 ti) I=0I'T]IE 2(ti+2 ti); (1.8.7)

consider the event
P )=f8k2f2::;Kg 9523 m ;m K
8t2 [ty +2v. ;te+1 ); a”tp(j)=09:
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Lemma 11.8.3. Let P =(tg;:::;tx) satisfy (PP1) and| = (";ig;i2;:::;ik) satisify
(PP2). Foreach 2 (0;1) and each 1, consider the procesy F’(i))t 0:i2z de ned
above.

Ift, tp<ty to,when ! Oand !1 inthe regimeR(p), forall > O satisfying
(11.8.7), there holds h i

impP  SF(;; ) =1:

Proof. We de ne, recall De nition 11.4.7,

- . \ ) i
TP = Tt T S v,
k=0;2;:::;K n

h [

There holds that P 7P tendstol1as ! Oand !1 in the regime R(p), by
Lemmall.4.2. We x some > O satisfying (11.8.7). In the whole proof, we work on

'?;T;P and assume that(; ) is su ciently close to the regime R(p) in such a way that
v. <

For simplicity, we assume that" = 1, to =0 and that K is even. The other cases
are treated similarly (see for example Step 3 in Lemmadl.8.2). Fix =1=K. We de ne
M =(0;0;tq), recall Lemmall.8.2.

Observe thaton ©'"*, a burning tree at time a t necessarily belongs tdix+ ba  (t
tk " )ciik+tba (t tg+")cKortodixk ba (t tg+" )cjixk ba (t t¢ ")cK

Observe that for alli 2 J m 2k. ; m K we have, recall (1.8.1) and (11.8.2),
i+ba (3v. ") m (11.8.8)
while forall i 2 Jm ;m +2k. K we have

i ba (3v. ")c m : (11.8.9)

First re.  We put C? = CP(( ' P(i))t 0i2z;(0;t1)), the destroyed cluster due to
the match falling on O at time a tq, recall (11.4.14). Since 0 < t, < 1, there holds
C” Jb m c;b m cKwith probability tending to 1 (use Lemmall.8.1-1, space/time
stationarity and Micro (p) in Subsection1l.4.4). Thus the match falling at time a t;
destroys nothing outsideJb m c¢;b m cKand there is ho more burning tree inZ at
time a (tp+ 9 ).

Second re. Sincet, v. > 1, atleast one seed has fallen, during0;a (t2 v. )),
on each site ofJ m 2k. ;b m c 1Kwith probability tending to 1 (use Lemma
[1.8.1-2 and space/time stationarity). Since this zone has not bemr aected by a re
during the time interval [0;a (t2 Vv. )), this zone is completely occupied at time
a (t2 V. )

Besides, with probability tending to 1, there is (at least) an empty site in CP
Jb m c;b m cKduring the time interval (a (t1 + ﬁ’ );a (t2+2v. )) becauset, +
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2v. <ti+ |, with probability tending to 1 (by Lemmall.8.2, , ' t1 to=1;
andt, t;<t; tp=ty; by assumption) and because by de nition of M , there is an
empty site in C®  Jb m c;b m cKduring [a (t1+ 2 );a (ta+ )l

Thus, the re ignited on i,2J m 2k. ; m Kattime a (t; v. ) burns each
site of J m 2k. ;b m c 1Kbeforea (t+2v. ) and does not a ect the zone
Jb m c+l;m +2k. K thanksto (11.8.8) and I?;T(i2=n ;t2  v. ) (because the right
front of the re 2 reach a vacant site and thus extinguish).

Third re.  All the sites of Jb m ¢c;m +2k. Kare occupied at timea (t3 Vv. )
with probability tending to 1 (because on %7 (0;t1)\ T (i=n ;t; v. ), they have
not been a ected by a re during [0;a (t3 Vv. )) and becausdsz v. >t v. > 1,
see Lemmall.8.1-2.).

Next, the probability that there is a sitein Jb 2 m c; b m cKwhere no seed falls
during [a (t2 v. );a (t2 +1)] tendstolas ! Oand !1 intheregimeR(p)
(use Lemmall.8.1-1 and space/time stationarity). Thus, sincets tp; < 1 2 , with
probability tending to 1, there exists a vacant site inJb 2 m c¢; b m cKduring

[a (tz+2v; );a (t2 +1)] [a(ts v );a(ta+2v; )]

(because each site oflb 2 m c; b m cKhas been made vacant by the second re
during [a (t2 Vv. );a (t2+2v. )]).

Thus, the re ignited on i32Jmn ;m +2k. Kattime a (t3 V. ) burns each site
ofJb m c+1;m +2k. Kbeforea (t3+2v. ) and does not a ect the zoneJ m
2k. ;b m c 1Kwith probability tending to 1, thanks to (11.8.9) and PT(is=n ;t3
v . ) (because the left front of the re 3 reach a vacant site and thus ext’inguish).

Fourth re.  All the sites of J m 2k. ;b m c 1Kare occupied at timea (t4
v; ) with probability tending to 1 (because on " (0;t1)\ T (io=n itz v, )\
I?;T(igzn ;t3 v. ), they have not been a ected by a re during (a (t2+2v. );a (ta
Y ;' )) and becausety 3v. t, > 1, see Lemmall.8.1-2 and spae/time stationarity).

The probability that there is a site in Jo m c+1 ;b2 m cKwhere no seed falls during
[a (t3 Vv. );a (t3 +1)] tendstolas ! Oand !1 inthe regime R(p) (use
Lemma 11.8.1-1 and space/time stationarity). Hence, sincety t3< 1 2, thereis at
least one vacant site inJbo m c+1 ;b2 m cKduring

[ (ts+2v; );a(ts  +1] [a(ta v, )ia (ta+2v, )]

with probability tending to 1.

Thus, the re ignited on iy 2 J m 2k. ; m Kattime a (t4 v. ) burns
each site ofJ m 2k. ;b m c 1Kbeforea (t4+2v. ) and does not aect
the zonedb m c;m + 2k. Kwith probability tending to 1, thanks to (11.8.8) and

PT(is=n ity v, ).
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Last re and conclusion. Iterating the procedure, we see that with a probability tend-
ingtolas ! Oand !1 intheregimeR(p),thezoned m 2k. ;b (K=2m c
1IK=J m 2k. ;bm =2c 1Kis completely occupied at timea (tx v. ) and
there is at least one vacant site inJo(K 1) =2m c;b(K = 2)m cKduring the time
interval (a (tk 1+2v. );a (tk 1 +1)) (a (tk V. );a (tk +2v. )). Thus,
the re ignited on ixk 2J m 2k. ; m Kattime a (tx V. ) destroys each site
of thezoneJ m 2k. ;b m =2c 1Kbeforea (tx +2v. ) and does not a ect the
zoneJm =2;m K thanksto (11.8.8) and 5 (ix=n ;tx V. ).

Finally, the probability that there is at least one site in J m ; m =2Kwith no
seed falling during[a (tk Vv. );a (tk +1)] tends to 1 (by Lemma 11.8.1-1.).
Consequently, the probability that there is a vacant site in J m ; m =2K during
[a (tk +2v. );a (tk +1)] tends to 1 (because it has been made vacant by the re
K).

t2 [ty +2v. ;tc+1 ) there holds ;% " (j)=0, as desired. O

[1.8.4. Heart of the proof
[1.8.4.1. The coupling

We are going to construct a coupling between the(; ;A ) FFP (on the time interval
[0;a T]) and the A LFFP(p) (on [0;T]). Let \ be a Poisson measure oR  [0;1 )
with intensity measure dx dt.

First, we take for the matches of the discrete process the Peson processes

N"(@)= wm(i=n ;(i+1)=n) [0;t=a])

foralli2 Zandt2[0;T].

We calln:= u([0;T] [ A;A]) and we consider the marks(Tq; Xg)g=1;::n Of m
ordered in such away that0<T;< <T,<T.

Next, we introduce some i.i.d. families of i.i.d. Poisson pocesseiNtS;q(i))t 0i2z and

(N{9(i))¢ o2z with respective parameter1 and , for q=0;1;:::, independent of .
Then we build two families of i.i.d. Poisson processeN:>" " (i)); oizz and (N{ " (i)t oi2z
as follows.

and (NS (i)t 0= (NJO( b n Xq0)t o (if i belongs to[Xq]. \ [X,]. for
someq <r, sete.g. (N (i)t 0= (N> bn Xq)t oand (N7 (i)t o=
(NS b n Xq0)t o. This will occur with a very small probability, so that this
choice is not important).

~ Forallother i2 Zset(NZ' (i) o= (N 2>): oand (NS (i)t o= (NSO(30))¢ o.

The (; ;A ) FFP (¢ (i), 021, is built from the seed processe$N " (i)t o2z,
the match processeNM (i)): oi2z and the propagation processe$NtP” (Nt oizz-
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Figure 11.7.: Persistent e ect of microscopic res.

Here we focus on the limit process with to > 1. A rst re starts at time a (tp v. ) and
spread acrossZ. Thus, the match falling in 0 at time a t; creates a barrier during a (t1 to). If
there are alternatively macroscopic res on the left and rig ht, there necessarily exists a vacant
site around O during (a (to+2v. );a (tk +1 v. )).

Finally, we build the A LFFP(p) (Z¢(x);H¢(X);Ft(X))t2j0:T1:x2[ Aaa] from u and
observe that it is independent of (N>%i)) 20 T1i22:q 0 @nd (NC i) 2[0a Tri22:q 0

Observe that if a match falls at someXq at time Tq for the LFFP (p), it will fall at
bn Xqcattime a Tq in the discrete process, and thus if the resulting re is micioscopic
in the limit process, it will involve with the same seed and propagation processes for all
values of and in discrete process.

[1.8.4.2. A favorable event

We set Top = 0 and introduce
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Tq(X) = Tq+ pix  Xgj (11.8.10)

XI(t)= Xq+ " qu (11.8.11)
t T

Xq (1) = Xq 5 d (11.8.12)

which are respectively the possible transit time inx of the re starting in Xq at time Tq
and the possible location of the right and the left front at time t of the re starting in
Xgq at time Tq. Observe that all x 2 [ A;A] either equal to X (Tk(x)) or X, (Tk(x)).

Smig = FTk(Xg) = Tk + pjXq Xkj:k6 qg

the set of all the possible transit times in X4 of the other re k and

We also introduce

Bug = Xi(Tg)= Xy + 1 k<q [ X (Tg= X¢+ 1 k<gq

which has to be seen as the set of the possible locations of thee k at time T,
We nally introduce

2p 2

1 k<g n
which has to be seen as the set of the possible locations anddlset of the possible times
where two res may meet as well as the setGy of connected component off A;A]n
(Bm [B 2 ) (sometimes refers as cells).

For > 0, we consider the event

8
2
w( )= min it si 3; min jt (s+1)j 3;
Zst2TuSwmIS IS 3 st2Tu [SwmIS HIS 3
st
9
=
min XY 3—_
xy2Bu B 3 [f AAg; p 7
X&'y
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which clearly satises lim | oP[ m( )] = 1. For any given > 0, there exists 2
(0;1) and " > 0O such that foral 2 (0; ) and all 1 in such a way that
in=a ) pj<" ,on m( ), there holds that for all x;y 2 By [B ,%,l [f A;Ag, with
x6y, [xI; VD, =..

processegN,; " (i) oi2z, we build, recall De nition 11.4.6, ( ¢ (i)); oi2z (the prop-
agation process ignited at(Xq; Tg)), (if" )t o and (i )t o (the corresponding right and
left fronts) and (T%)i»z (the associated burning times). We also use '?;T (X Tg), recall
De nition 11.4.7. We set

PTG )= \ I:;);T(Xq;TqY

Since  is indepengent of the Qrocesseé\lts“ (i)t oizzand (N (i)t oi2z, Lemma
11.4.2 impliesthat P PT(; ) tendstolwhen ! Oand !1 inthe regimeR(p).

n _ 0
| O o nbn X C+ i{;}Tk(Xq) v 1y BN OX{(Tk(Xg)c:k6 q0 (1.8.13)

D K; . :
1% = bn Xyc+ iy TeXq) v, To) bn X, (Tk(Xg)c: k6 q : (1.8.14)
Observe that,on PT(; ), 1%  Jm ;m +2k. Kwhilel %" J m 2k. ; mK

We then call Uy the set of all possibleP = (P;1) satisfying (PP) where

19 .

For P 2 Ug, we introduce the event >79(; ; ), de ned as in Subsectionl!.8.3, with
the Poisson processeN, > %(i)); oi2z and (N{9(i)); oi2z. Then we put
SiP \1n SiP; °
TGy )= forall P 2Ug 379 ; ) holds ;
g=1

h i
which satises lim. P $F(;; ) =1when ! Oand !1 in the regime R(p).
Indeed, by construction, y is independent of(N;>9(i))¢ oi2z and (N{9(i)); oi2z. Ob-

I;+

serve that for | 2 f 1;:::;ng, the location i MXe) v, T depends only on the prop-

agation processNPi restricted to [a T;;a (Ti(Xq) V. )] Z whereas the event

29 ) depends on the location only aftera (T|(Xq) V. ). Thus, it suces to
work with some xed fto;to;:::;tk g S mq and some xed (ix)k=0:2::k | 7 [1 & .
The result then follows from Lemmall1.8.3.
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We also consider the event 5(; ) on which the following conditions hold: for all
t1;t22Tm [Swm [S Y with 0<t, ty< 1 forall g=1;:::;n, there are

m 2k. <ig< m <iy<0<ig<m <ig<m +2k.

sych that I}If;‘(‘tzﬂv; (i) Nf;‘gtl a. (j) =0 forj =1;:::;4. There holds that
P 3(; ) tendstolas ! andh 'l in thei regime R(p). Indeed, it su ces to

prove that almost surely, lim , o P 3(; ) wm = 1. Since there are a.s. nitely
1

many possibilities for q;t1;t, and since \ is independent of(NtS;q(i))t 02z, it su ces
to work with a xed q2f1;:::;ngand some xed0<t, t; < 1 The result then
follows from Lemma 11.8.1-1,8 together with space/time stationarity and the fact that
v. I 0

Next we introduce the event $(; ) on which the following conditions hold: for all

SH i S;; ;
N (rotien e e )) N (rizn yee () >0
and if Tq(i=n ) 1,
S H S;; H .
Na" (ratizn ) av. ) N (rgi=n ) 1 av, (>0
h [
There holds that P 5(; ) tendstolas ! and ! 1 in the regime R(p).
Observingthat 1, ' 2An , Lemmall.8.1 and space/time stationarity shows the result.
We also need fp( ;; ), dened for > 0 as follows: forallg=1;:::;n, for all
M = (io;to;Tq) such that tg 2 SM;q [f Og with tg < Tq <tp+1l andig 2| a+ [| a
there holds that 9 (Tq to) < . Here, 9 is dened asin Lemmall.8.2
with the seed processes famiMNtS;q(i))t o2z and the propagation processes family
(NJ9(i))¢ oi2z. Lemma 11.8.2 directly implies that for any > 0, P 37(;; )
tendstolas ! and !1 inthe regime R(p).
We nally introduce the event
Cive )= wOV PTGV £7G OV 3G OV 3G OV G )

We have shown that for any > 0, there exists 2 (0;1) such that for any > 0, there
holds that P[( ;;; )]>1 for all (; ) suciently close to the regime R(p).

11.8.4.3. Heart of the proof

Consider the A LFFP (p) (Zt(X); Ht(X); Ft(X))t ox2[ AAl-
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Forx2 ( A;A), we put
Zi (x)=1im Zs(x);
Zi(x+) = lim Zi(y) and Zi(x ) = lim Z(y);
y& x Y% X
Zy (x+)= IiynngZt oy x) (Y)andZy (x )= l;g;XZHp(y x) (¥):

Fort 2 [0;T], we set
f=fx2[ A;A]:F(x)> 0and Zy(x+)=1g;
¢ =Tx2[ A;A]:Fi(x)>0and Zi(x )=10;
? fx2[ A;A]l:H{(X)> 0or (Fi(x)=0 and Z;(x+) 6 Z{(x ))g[f AAqg;
= [ [
For x 2By andt O we set
Hi(x) =max( H{(X);1  Z¢(x);1 Zi(x+);1 Zi(x )): (11.8.15)

Actually, Z; (x) always equals eitherZ; (x ) or Z; (x+) and these can be distinct only
at a point where has occured a microscopic re (that is ifx = X4 for someq2f1:::;ng
with Tq <t and Z1, (Xq) < 1).

Forall x2 ( A;A)wedeneforallt2[0;T]

n o
t(X)=sup s t:Fg(x)>0andHs (X)=0 _ 0O (11.8.16)

which represents the last time beforet that a macroscopic re has crossedx. Observe
that

for x 62 By; Zi(x) =min(t  (x);1) forall t 2 [0;T]; (11.8.17)
forg=1;:::;n; Z¢(Xg) =min(t  (Xg);1) forall t 2 [0; Ty): (11.8.18)
We also deneforalli2 1, andall t2 [0;T]
n [0}
g ()=sup s t: ;¢ ()=2 (11.8.19)

wherea | (i) represents the last time beforea t that the site i has been burnt in the
discrete process (with the convention 4 (i)=2 and 4 (i) =0 forall i 2 1,).

time where the re qis stopped in the limit process, that is,

. t T
D;+ —; . 9
TO* =inf t Tq:F Xq+

=0 (11.8.20)

as well asthe death position of the right front of theq's re as the position where the
re gis stopped in the limit process, that is,

T T
4 (11.8.21)
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Similarly, the death time and position of the left front of theq's re are de ned as

Lo t T . TS T
T =inf t Tq:Fu(Xq 9h=0 andX =Xq -L+—

Observe that, if Z7, (Xq) < 1, then TP' = Tq= T9'* and XJ'* = Xq= X
We set

BO = XD XD i XPtxP g By [BZ; (11.8.22)
TR =TT T TR g TwISwISH: (11.8.23)

Lett2[0;T]andq2fL;:::;ng. If t 2 [0; T + v, ), we set
gt =82 [Tqi(Te" v, )~ tl 4 s(bn Xqc+ ig?+(s 1) =20
and, if t 2 [TP* + v, ;T], we set
c;;;t = (;;;th:+ \f9 s2 [TqD;Jr v, ;TqD;Jr +Vv. | as(bn Xqc+ ig;+(s Tq)):093
Similarly, we set, if t 2 [O;TqD? +v. ),
gt = Bs2[Tqi(Ty" v, )" tl 4 s(bn Xqc+ iy 1) =20
and, if t 2 [TY" +v, ;T], we set
G = c;;;Tl?; \f9 s2[Tg" v, ;Tg" +v; I 4 s(bn Xqet i3 (¢ 1)) =00

Finally, we set, for all t 2 [0;T],

The aim of this section is to prove the following Lemma.

Lemma 11.8.4. Let > > 0. Forall (; ) suciently close to the regime R(p) in

such a way that4(v. + p(m +2k. )=n) , + as.holdson( ;;; ).
Weworkon ( ;;; ). Wex" >0and 2 (0;1)suchthatforall 2 (0; )
and all linsuchawayjn =(a ) pj<" ,wehaved(v. +p(m +2k. )=n)

Observe thatforall x;y 2Bu [B 3 [f  A;Ag, with x 6 y, we then have[x]. \ [y]. =;.

Clearly, T;l a.s. holds, because no match falls ih, beforea T1. We will show that for

q=0;:::;n 1, + implies ; .. This will prove that ; holds. The extension to
q g+l n

+ will be straightforward and will be omitted.
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We thus x q2f0;:::;n 1g and assume T;q . Let Aq be the set of points where a

re stops during the time interval (Tq;Tq+1) thatis, (x;t) 2 A4 if (xt) = (X T2T)

(or (X ;T2 ) for somek qwith T2 (or T2 ") in (Tq; Tger ). We then put

ordered chronologically (thus (Xq; Tg) = (X $; T) and (X g+1; Tge1) = ( X T ).

We recall that if Zy, (X;) = 1, for somel 2 f1;:::;ng, on m( ), we have by
construction,

TIPTATY T+
~ Zry (y)=1forally2 (X, 3=p;X,+3=p);
FT|(y)(y):1 and HTI(Y) (y):o for all y2 (XID; ;XID;+);

“forall t2][T ;TID” 3landally 2 (X, (t); X, (t)+3 =p), Hi(y) =0 (similar
thing for X, (t));

“forall t2 T2 3;T P yandally 2 (X (1); X (®)+(T>" t)=p, Z«(y)=1
(similar thing for X, (t)).

Recall thaton v ( ), for all k2 JO;NgK
k+1 k .
T TE> 3

We decompose the proof in four stages.

Stage 0.We deduce, on( ; ;; ), the last time that a site has been burned.
Stage 1.We prove thaton ( : ;: ), T;q implies T;q+4v;
Stage 2. We prove that on ( ;;; ), for 0 k < Ng 1, implies
q ;
T,c:”l +4v .
Stage 3. We prove that on ( ; ;; ), +§q+4V; implies T'q+1 , Which is the
goal.

t Ty, there holds that, recall (11.8.1), (11.8.2) and (11.8.3),
Jn Xyc+ba (t Te " )c;bn Xyc+ba (t Te+ " )cK h X (b)i. (11.8.24)

which is the possible location of the right front of the re k at time a t, recall Lemma
11.4.2,

Jon Xyc+ba (t v. Tq " )c;bn Xyc+ba (t v. T+ " )cK
Jn Xg()e m  2k. ;bn X (t)c m K (11.8.25)
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which is the possible location of the right front of the re k attime a (t v. ),

Jon Xyc+ ba (t+ v, T¢ " )c;bn Xyc+ ba (t+ v, T+ " )cK
Jn X (t)c+ m ;bn X (H)e+ m +2k. K (11.8.26)

which is the possible location of the right front of the re k attime a (t+ v. ).
Fork2f1;:::;ngandt T there also holds true that

bn Xyc+ba (t e. T+ " )c bn X.(t)c (1.8.27)

and
bn Xyc+ba (t 4v. Tc+")c bn X (t)e m 3k. ; (11.8.28)
bn Xyc+ ba (t+4v. T« ")c bn X (t)c+m +3k. : (11.8.29)

Very similar estimations of course hold forX, (t).

Tk+1|bnxc1 ";Tk+1|bnxc1+" T, 1B e Te - +e
a a n n
(11.8.30)
which has to be seen as the time interval where a tree may be bardue to the re k.
STAGE 0.
In this Stage we x somesg 2 [0;T] and workon ( ;;; )\ ¢ . We deduce an
estimate of the last time that a given site has been burned.
Lemma 11.8.5. Let sg2 [0;T] and g such thatsg 2 [Tg,; Tge+1). On (555 )\
g » forall (i;t) 21, [0;so] such that
N B [ : _
162 i [ XL LIXE 1 (11.8.31)
X2 ¢ 1 k g

then

1. (i=n )=0 ifand only if  (i)=0;

ji bn Xkcj+,,

¢ ()2 T+

ji bn Xgcj T+
a

The condition (11.8.31) means that, at time t, the site i is neither near a burning tree
nor near a place where a re has been stopped.

Observe that for (i;t) be as in the statement, in the two cases, there holds that, usig
(11.8.30),

¢ (i) (i=n) e,
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Let now t 2 [0;s0] and x 2 ( A;A) in such a way that [x]. \ [y]. = ; for all

Ti(i=n ) forall i 2 [x]. . Thus, using (11.8.25) and (11.8.26), Lemma 11.8.5 implies that
forall i 2 (x) ,

¢ ) v,
whence, using (1.8.28) and (11.8.29), for all i 2 [x]. , there holds that

t; (i) t(X) Av

Proof. Let sg 2 [0;T] and g such that sg 2 [Tq, ; Tge+1)-

Step 1. The key of the proof is the observation that if a sitei 2 |, is burning at time

at a sgthen there existsk 2 f1;::::¢g such that (,;;'(‘t 1ol bn Xk =2:a
burning tree in the (; ;A ) FFP corresponds to a burning tree in some propagation
process.

Indeed, assume that a match falls orbn Xy cattime a Tx ~ a t. Recall that the prop-
agation process ignited at(Xy; Tx) is de ned using the seed processe(sxlts“ (Nt oizz
and the propagation processeSth” (i)t oi2z. Thus, with our coupling, the right front
of the re in the propagation process ( ; * (i)); oi2z at some timea s is i§" whence
the (hypothetical) right front of the (; ;A ) FFP attime a (s+ Tg) isbn Xyc+ i
Recall that a spark in the propagation process( ik (i)t 0i2z corresponds to a site
i 2 Z where a seed has fallen between the instant at which propagates for the rst time
and the instant at which i +1 if i 0, ori 1ifi O, propagates for the rst time.
On F.’;T(Xk;Tk), such a spark has vacant neighbors. Thus, with our couplingthe site
bn Xk'c+ i isasparkinthe(; ;A ) FFP (thatis a burning tree which is not a front
of a re) if the site i is also a spark in the propagation process. Such a spark in the
(; ;A ) FFP has inevitably vacant neighbors.

Step 2. By Step 1, Lemmall.4.2 and (11.8.24), we deduce that a burning tree at time
atinthe (; ;A ) FFP necessarily belongs to

Jn Xyc+ba (t Te " )c;bn Xyc+ba (t Te+ " )cK h X[ ()i
or to
Jn Xgc ba (t Te+")c;bn Xyc ba (t T " )cK h X, (1)i,

for somek 2 f 1;:::;00g such that Ty t.
Conversely, if a sitei 2 1, is burning attime a t a sp then thereisk 2f1;:::;ng
such that, recalling (11.8.30),

ji bn XCj

. ji bn Xgcj i i
t2 Tg+ Tkt ———+ Ty — e. ;Tx — +e.
k k a k H : k :
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Step 3. Next, we observe that if a sitej is burning at some timea u  a sp, then
there isk 2 f 1;:::;pg such that u 2 [T +( T, | x, = )i Tk+ b Xd 4 ]and for

all s2 [T; T+ (T, , x, =@ )] we have

; oK —
4 s(bn Xye+ i7'g 1)) =2
if j bn Xgcwhileifj b n Xgc, we have
; +k; — 5.
a s(bn Xyc+ iy 1) =2:

Indeed, by construction, a re starting on bn Xyc at time a Ty, for some k 2
f1,:::; 00, does not aect the site j beforea Ty + Tjkb R and by l?;T(Xk;Tk),
as been checked on Step 1, does not a ect the site after a Ty + ibn Xkd 4 g

Assumee.g. that ] b n Xyc and that there is s 2 [Tx; Tk + (Tj"b N Xcd )) such

that 4 s(bn Xyc+ ig”(s Tk)) = 0: the right front reaches a vacant site. Since sparks

has vacant neighbors, the right front can not propagate moreand is stopped (after a
while, thanks to our coupling). Hence, the right front cannot reach j.

Step 4. Here we prove that fori and t be as in the statement and if {(i=n ) =

any re during the time interval [a (Ty + % +");at]

Assumee.g. that i=n = X (Tx(i=n )) 2 'T'k(i:n yandlet| 6 k such that Ty <t.
If i=n = X" (Ti(i=n )),

(a) either t < T”* whenceX ;' (t) 2 {. SinceX;'(t) <i=n (because ((i=n ) =
Tk(i=n )), we necessarily haven X" (t)c+ k. i (becausei 62 K, (t)i. ). By
Step 2, we easily deduce that the right front does not a ect the sitei during the
considered time interval;

(b) or t T>* whencei=n X", Sincei 62[X”*]. , we deduce thati
bn X”*c+m +2k. . By | and (11.8.26), we deduce that there is a site
j 2 X271, such that N et (j) = 0. By Step 3, we deduce again that
jbn Xc
the right front does not a ect the site Ii during the considered time interval.

If i=n = X, (Ti(i=n )), similar arguments lead to the same conclusion.

Step 5. Here we prove that fori andt be as in the statement, if {(i=n )= Ty(i=n ) > 0
for somek 2 f 1;:::;ng, then a TerTh Xkc(|) =2.

construction, there holds that i=n XE;+ andi=n X (sp) whencebn Xyc i
bn X2 c m 2k, (becausei 62X, "], Yandbn Xyc i bn X/ (so)c k.
(because ifsy T ' theni 62K, (so)i. andifso>T " thenbn X, (so)c k.
bn XE”C m 2k . ). We distinguish two cases.
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“If s TkD;+ v. ,thenby ¢ ,we deduce that 4 s(bn Xyc+ ig”(s 1) =2 for

all s 2 [Tk ;TlP;+ v . ]. This also implies, thanks to (11.8.25), that - ()=
' a k-"Tj bn Xyec

2forall j 2 Jn Xgc;bn XE”C m 2k . K It especially holds fori, thanks
to the previous observation.

“If so<T2" v, ,wededuce, by PT(; ), (11.8.24) and the previous observa-
tion, that

bn Xxc i bn X.(sg)c k.
bn Xic+ba (so T ")c bn Xec+ il s (118.32)

(s

Finally, by ¢, , we have 4 u(bn Xyc+ ig;+(u 1) = 2 for all u 2 [Ty ;so] which

implies the claim.

Step 6. We now conclude in the case((i=n ) = Tx(i=n ) > 0. By Step 4, we deduce
that b n X
t; (l) Tk+ n n kCJ +

a
By Step 5, we deduce that ; (i) T+ TX x,=@ and conclude using PT(: )

|
that . :
ji. b n Xgcj

a

¢ () T+

Step 7. Finally, if ((i=n ) = 0, we conclude, using similar argument as in Step 4
(recall that i 6271 o [X 71, [ [XQ' 1, ), thatno re can aect the site i until

atandthus ; (i)=0.

sarily have Fr=n )(i=n ) =0 (else, applying ; , one should have et (i) =
ibn Xjc
2). This concludes the proof. O
STAGE 1.
The aim of this stage is to prove thaton ( ;;; ), T;q implies +q+4v_

Observe that for all i 2 1, nfon Xqcg,
N OERFEN

while

a (BN Xq0) =21 a 1q (BN Xq0)=1g"

First, we situate the burning trees at time a T, for the (; ;A ) FFP.

Lemma 11.8.6. Weworkon + \ ( ;;: ).
Tq
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1. Attime a Tg, a burning tree which is not located atbn Xg4c necessarily belongs to
: +
i, forsomexz Tl 1, B M:q» @nd is either at bn XkC+|a(T T,) Or at

bn Xyc+ i for some k < g, or has vacant neighbors.

a(T Tk)?

2. If X[ (Tg) = Xy+ = Tk 2 7, forsomek<q then , 1 (bn XkC+|a(T ) =2
and aT(I)—lfOI‘aHIZan Xkc+| +1;bn (Xx+2=p)cK

a(T Tk)

3.1 Xy (Tg) = X =512 o for somek <q, then ;T(bn XkCHig . 1,)) =
d ;Tq(i)zl forall i 2 Jon (Xx 2=p)c;bn Xyc+ |a T Ty K

Proof. First, observe that, by wm( ),jx yj> 3=p forall x;y 2Bj;,[B y with x 6 y.
Hence, for allx 2 B,%,l;q, there is a uniquek < ¢ such that x = X (Tq) or x = X, (Tg).
In the whole proof, we work on ( ; ; ; )\ T;q .

Step 1. We rst prove 1. As claimed in Step 2 in the proof of Lemma 11.8.5, due

to PT(; ), if atree burns at time a Tqinthe (; ;A ) FFP, it necessarily belongs

to hX*(Tq)i or X, (Tg)i. for somek < g and is either bn Xyc+ |§ (Tq T OF

bn Xyc+ |a (Tq Te)’

It remains to prove that if x 2 B,%,l;q n ( ﬂ [ Tq), then there is no burning tree in
hxi . attime a Tq. We assumee.g. that x = X (Tq) for somek < g. Sincex 62 +q,
there holds that T>'* T, whenceT.>'*  Tq 3 andx X' +3=p, due to
M( ). We deduce, by ;. that there is s 2 T2 v, ;T + v, ] such that

a s(bn Xgc+ |a (s T )) 0 whence as usual (usingl{.8.25) and (11.8.26)) that there
isj 2 [XJ"]. such that

using similar arguments as in Step 3 in the proof of Lemmadl.8.5, that there can not
be burning tree in hxi, at time a Ty (because the right front has been stopped in

XZ2"]. andbn xc k., b X Tc+tm +2k. ).

or has vacant neighbors.

(j) = 0. Sincek is unique, we conclude,

Step 2. We next prove 2. Letk <q. We setx = X, (Tg) 2 Bj,- Sincex 62 B, we

have TO'* > Tq> Ty whence, by wm( ), O >Tq+3 >T +6 . SinceZr, (x)=1
there holds that Tq 71, (X) 1WhenceTq (x) 1+3 ,thanksto m( ). We
deduce thatZt, (y) =1 and Tq 1, (¥) 1 + forall y 2 [x;x +2 =p]. We set
1, (X)= Ti(x), for somel 210;:::;q 1g.

Letus x i 2Jon xc+ k. +1; bn (x +2 =p )cK Observing that i 62 X2 thxi; [

1k g XCTT [IXP 1, . we deduce from Lemmall.8.5 and by (11.8.30) that
Tq (1) 1, (i=n )+ e. whence

S

L) Tg 1 +e,
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We conclude using $(; ) that i is occupied at time a Ty.
Let now i 2 Jon Xyc+ i",f"(Tq ot 1;bn xc+ k. K The site i has not (yet) been
aected by the re k. By 3(; ),if T;q (i) = 0 theni is occupied at timea Tq becquse
Tq L If  ()>0by PT(; ), we necessarily have { (i) 2 [Ti+ fibh X

CTt “b:ﬂ + " ]. We deduce as above that
i, () T@=n)+e Tqg 1 +e,
and conclude using using $(; ) that i is occupied at timea Tq.

Step 3. Finally, point 3 is proved exactly as Point 2. O
We nally examine the (; ;A ) FFP around bn X4c at time a T
Lemma 11.8.7. Weworkon ( ;;; )\ T;q :

1. If Z, (Xg) < 1then there areji;j2 2 (Xq) such thatjs < bn Xqc <2 and
ds(in)= ds(i2)=0forall s2[Tq;Tq+ % 1.

2. If Z1, (Xg) =1 then ;Tq (i)=21foralli2 Jn (Xq 2=p)c;bn (Xq+2 =p)cK

Proof. First observe that jx Xgj > 3=p for all y 2 By, [B p whenceFr, (y)=0 for
ally2 (Xq 3=p;X q+3=p). We deduce, by Lemmall.8.6, that there is no burning
tree in Jon (Xq 2=p)c;bn (Xq+2 =p)cKattime a Tq inthe (; ;A ) FFP. We
distinguish two cases.

Step 1. We rst study the case 1, (Xq) > 0. By construction, recalling (11.8.18)
and since no match has fallen inX4 during [0; Tg), there is a uniquek < g such that

Tq (y): Tk(Y) fora”yZ(Xq 3:p;Xq+3:p).

thanks to v ( ). Recall that for i 2 (X4) , seeds fall according to(N>i
bn Xq0)t o-

By Lemma [1.8.5, for all i 2 (Xg) ,
ji_ bn Xk ji_ bn Xkej .,
a a

i ()2 Mo Ty

]
(Tq (Xq) V. ;g (Xg)+ Vv ):

Since we work on 3(; ) and sinceTg; T, (Xq) 2Bm [B hl,“q, there are some
m <ii < 0<iz< m such that no seed has fallen ori; and on i, during

@ (1, (Xg) 4v; );a (Tq+tdv, )] [a Tq;a (Tg+ ? )]. All this implies that

i1 and i remain vacant during (at least) the time interval [a Tq;a (Tgq+ ﬁ’ )].
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If Zr, (Xq)=1, then Tq 1, (Xq) 1whenceTq 1, (Xq) > 1+3 andTq
T, (Y)> 1+ forally2 (x 2=p;x +2=p),thanksto n( ).

By Lemma I1.8.5, for all i 2 Jon (Xq 2=p)c;bn (Xq+2 =p)cK we deduce
i, ) 2[Tk(=n) e; ;T(i=n)+e; I

Since we work on $(; ), atleast one seed has fallen on each site durig (Tk(i=n )+
e. );a (Te(i=n )+1+ e. )] [a (T(i=n )+ e, );a Tgy). Since, by de nition,

i cannot been aected by a re during ( T;q (i);a Tg), we deduce that the zone
Jn (Xq 2=p)c;bn (Xq+2 =p)cKis completely lled at time a Tg

Step 2. Here we study the case 1, (Xq)=0.By wm( ), we have 1, (y)=0 for all
y2 (Xqg 3=p;Xgq+3=p).

If Zr, (Xq) < 1, then Z7,(Xq) = Tq < 1 whenceTq < 1 3 . Since we still work on
5(; ), there are some m <iji< 0<ip< m such that no seed has fallen
oniigandoniy during [0;a (Tq+4v. )] [0;a (Tq+ (? )]. Since we start with
a vacant initial con guration, we deduce that i1 and i, remain vacant during (at
least) the time interval [a Tq;a (Tq+ 2 )I.

If Z7r, (Xq) =1, then Tq > 1 whenceTq > 1+3 . By Lemma 11.8.5 we deduce that
T;q (i)=0 forall i 2 Jn (Xq 2=p)c;bn (Xq+2 =p)cKand thus

i, (i):min(Nf;}q (i); ):

Since we work on $(; ), at least one seed has fallen on each site durirf@; a ]
[0;a Tg]. All this implies that the zone Jon (Xq 2=p)c;bn (Xq+2 =p)cKis
completely lled attime a Tq . O

The following corollary completes Stage 1.

Corollary 11.8.8.  On ( ;;; ), T;q implies T;q+4v,

Proof. Let k < q such that TO'* 2 (Tq;Tqe1). By wm( ), we haveTq+3 < T 2*

whenceTg+4v, < T,P;" v. . Thus, no re extinguishes during [Tq; Tq+4v . ](in
the limit process). Hence, we have to prove that

“if Xg(Tg) 2 7, for somek g, then s ¢(bn Xyc+ igf'(t To) =2 forall t2
[Tq; Tq+4v. |,

if Xy (Tq) 2 5, for somek g, then 4 ¢(bn Xyc+ i'; « Ty) =2 forall t2
[Tq: Tq+4v. [,

if Zt, (Xq) < 1, then the left and right fronts of the re ignited at (Xq; Tq) are
stopped during the time interval [a Tq;a (Tq+ v ).

118



Observe that, on PT(: ) there a.s. holds that, for allk g,

ikt Tki+ -
0 iy (Tetav. T la (Tq To) 4m +2k. ) bn =pc
and
_ -k; -k; )
bn =pc 4m +2k; ) iy (Tatav. To la (g 10 O

All this implies that a front of a re at time a Tg, which belong to lxi . for some
X 2 B,%,l;q [f n X409, can not aect the zone outside Jon (x  =p)c;bn (x + =p)cK
during the time interval [a Tq;a (Tq+4v,; ).

Step 1. Here we prove that fork g such that x = X, (Tq) 2 ;q then ; ((bn Xyc+

iK' 1) =2 forall t2 [Tg;Tq+4v, .

Indeed, by Lemmall.8.6-2 if k < q or by Lemma 11.8.7-2 if k = g, there holds that

; kit -
a To(bn Xyc+ iy (Ta T9) =2
and
; P = i kit . — ‘
a Tq(|)—1 forall i 2 Jon Xyc+ iy (Tq 1o 1 ;bn (X +2 =p)cK

But by the previous consideration, no re, except this one, @n a ect the zone Jon Xyc+
ig;J’(Tq Totl ;bn (x+ =p)cKduring [a Tq;a (Tq+4v . )] and conversely, this re can
not a ect the zone outside Jon (x =p)c;bn (x+ =p)cK Hence, the right front of the

re k is not stopped during the time interval [a Tq;a (Tq+4v. )], as desired.

Step 2. Letk q if x = X, (Tq) 2 7, then 4 ¢(bn Xyc+ i",f « 1) = 2 for all

t2 [Tq;Tq+4v, ]. This can be shown using similar arguments as in Step 1 above.

Step 3. If Z7, (Xq) < 1, we haveTq= Tg** = T9' . By Lemma 11.8.7-1, we deduce
that there are j1;j2 2 (Xq) suchthatj; < bn Xqc<j, and

as(i)= 4s(i2)=0forall s2[Tq;Tq+ 2 I

P:T . ; +q; _
Hence, on : (Xq: Tg), there holds that a TgrTO (bn XqC + [pust ) =0,
j1b n Xqc j1b n Xqc
becauseTy+ T =a Tq+ ° ,and ' bn Xqc+ %% =0,
q jibn Xgc q ; a Tq+qu2b N qu( a qulb N qu)

q — 0 ;

becauseTq+ T, x =@ Tq* - ,asdesired. O
STAGE 2.

In this Stage, we assume thatAq 6 ; and we x k 2 JO;Ng 1K We work on

(5 )\ T;qk+4v; and prove that TE sy, a.s. holds. We repeatedly use the
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fact that no match falls in [ A;A] during the time interval [T&+4v, ;TX + .
Observe that, for all i 2 14,

a{(Tl§<+4v; ) (i): a{(Té<+4v; )(i):

We rst examine the position of the burning trees of the (; ;A ) FFP attime a (T(;‘+
4v . ).

Lemma 11.8.9. We work on ( ; ;; )\ T'(5<+4V;
1. At time a (Tc'; +4v. ), a burning tree necessarily belongs tdxi. , for some
+ . . S+
X 2 Th+4v . [ Theav, and is either bn X c+ i (Tirav, 1) OF bn Xc+

. .
s (Th+av, T for somel @, or has vacant neighbors.

+ 1Tk +
2. If X[ (Tqg +4v. )2 Th+av, , for somel q, then
; i+ -
a terav, (BN XICHI gy 1)) =2
; iy = i T . + Tk
and . Th+av, (i) =1 forall i 2 Jon Xic+ i (Th+av,  T) +15bn (X" (Tq +
4v. )+2 =p)cK
3.If X, (T¥+4v, ) 2 Theay, for some | g, then ;quﬂw; (bn X c +
la (Tyeav, ) =2 and Th+av, (i) =1 forall i 2 Jn (X, (T&+4v, )
2=p)c;bn Xc+ i 1K

a (Tk+4v, T))

Proof. The proof is very similar to the proof of Lemmal1.8.6.
Indeed, we prove point 1 using PT(; ) (as in the proof of Lemma1.8.5) which
implies that a burning tree necessarily belongs tohX " (T(']‘ +4v. )i. orhX, (Tg +

4v. )i. forsomel qgandiseitherbn Xc+i'* 1) Orbn X|c+ig(qu+4v; ™

a (T; +4v .
or has vacant neighbors. Furthermore, ifX," (T(']‘ +4v. ) <X |o(T('f +4v. ), for some
| 6 1° we deduce, by v ( ), that

5

k Kk _ )
X|o(Tq+4V; ) X|+(-|-q+4V; )> (3 8v . )_p>2_p_
Thus, as claimed in Step 3 in the proof of Lemmall.8.5, for a site ip in X" (T(‘; +
4v, )i, isburning attime a (TS +4v . ), sincel is unique, it is necessary that

. reT (j)=2 forall j 2 Jn Xc;igk

b n Xjc
. + k + D;+ k )
But, if X" (Tq +4v, .) 62 Th+av, theTn T, Tq- By Thvay, + We deduce
that there is j 2 [X,D'+]; such that T+l (j) = 0 (because there iss 2
jbn Xc
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[T7" v, TP + v, Jsuchthat 4 s(bn Xic+ i " 1,) =0, recall (11.8.25) and

(1.8.26)). Since X[ (T& +4v. )i, \ [XP'], = ;, thanks (11.8.29) (recall that
XD = XH(TPT)), there is no burning tree in X" (TX +4v, )i, attime a (T&+
dv . )

|50int2(or point 3) is proved as in Lemmall.8.6. Indeed ifX " (T&+4v, )2 I,,.,, .
q ;

then T>'* T TE+3  andjX| (Tg+4v, ) yj> 2 forally 2 Bf . Furthermore,
on wm( ), by construction, we have

Hqu+4v; (y)=0 forally2(X|+(T(';+4v; );X,*(Tc';+4v; )+ (3 4v . )=p)

Thus, we prove that ai(Tk+4v ,() =1 forall j 2 Jn Xc+ i!a;1+(Tk+4v .
q ; q ;

1;bn (XI+ (T(';+4v; )+2 =p )cKby distinguishing the caseg 2 Jon X|c+i2+(qu+4v; m?*
1;bn X" (T¢+4v, Yotk Kandj 2 Jon X" (TE&+4v, etk ;bn (X (T&+4v, )+
2=p)cK(recalling that X" (TS +4v, )62 ). O

We then compute the cluster destroyed by a microscopic re. W& use the notation
introduced in Lemma 11.8.2.

Lemma [1.8.10. Let m g, if Zt, (Xm) < 1, wedenetyo= Ty Z1, (Xm),
which is nothing but ., (Xn), recall (11.8.18). We then de ne, recall (11.8.13) and
(1.8.14),

(i) if to= Ti(Xm) > Ofor somel<m and if X = X" (o),
o 0 choe .
M = (bn Xic+ i 0y 1) BN XmCito; Tm);

(i) if to= T\ (Xm) > O0forsomel<m and if Xy, = X, (to),

M =(bn X c+ i'a;1 (to v. T bn Xmcto; Tm);

(i) if to=0,
M =(0;0;Tm);
Then, workingon ( ;;; )\ T;k+4v , In each case, there holds that
q ;
e — v Mom o
Catepe v, Tu+ © pizexm) =0 % (i b XmDeoge v, T+ © Ti2(Xm)

where the last process is de ned as in Lemmadl.8.2 us@ng the seed processes family
(Nts'm(i))t 02z and the propagation processes faminNtP'm(i))t 0i22-

This in particular implies that, stillon ( ; ;; )\ T;k+4v_ :
q ;

CP(( ¢ (Nt oizz; Xm;Tm)) = Jon Xme+i9;n Xme+ 19K (Xm)

where Ji%;i9k= CP(( /" M ™)t 0i22;(0;Tm)) J m ;m K recall Lemmall.8.2.
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Proof. We only treat the case (i). The case (ii) is of course similar and the case (iii) is
easier.
Wethus x 1 |I<m qin such a way that

Tw (Xm)=1to=Ti(Xm) and X, = X|Jr (to):
By wm( ), we deduce thatT”" >to+3 and Ty >to+3 >T ;+6 . Hence, by
construction, there holds that Zy, . (y) =1 forally 2 (Xm Vv; =p;Xm +2=p).
Observe that T¥ +4v,  Tp+ ©

By T;g+4\/; , we deduce that at timea (to Vv . ) the site

bn Xjc+it* my2Jdn Xpe mo 2k, ;bn Xmc m K

a (to v.
is burning whereas the zonelbn X,c+ i!,;’(to v, T|)+l ;bn (Xm+2 =p)cKis completely
occupied (use very similar arguments as in Lemmadl.8.9-2, recalling that no match
falls on X during [0;Tm)  [0;to)). Comparing ( ; (i)t oizz and ( M ™i
bn Xme)t oi2z, we deduce that they are equal onJon X,c+ i(,';”'(to v. TI);bn XmcC+
m +2k. K (Xpy) attime a (to v. ).

Since, with our coupling, seeds fall according to the same picesses and res spread
according to the same processes diXm]: , we deduce that the re preads in the same

way through Jon Xic+is |, 1,:bn0 Xmc+m +2k, K Thus, ({ (i))t o2z and
(¢ M™Gi bn Xmc)t oi2z remain equal ondon X c+ i(,';“'(to v. T)tlibn Xpc+

m +2k. K (Xm) during the time interval [a (to V. );a (to +4v. )], recall
(11.8.29). No other re aect the zone (Xn) untl a match falls on bn X,c at time
a Ty because the zoné€X ) is protected by vacant site during the time interval [a (to+
4v. );a (Tm + ? )] (by construction for i M:™ and because in the(; ;A ) FFP,
on 3(; ), there are

m 2k. <ig< m <m <iz<m +2k.

where no seed fall during the time interval(a (to 4v. );a (Tm + ? )) and because
the sitesbn X,c+i1 andbn X,c+ i, has been made vacant by the rel during (a (to
4v. );a (to+4v. )), recall (11.8.28) and (11.8.29)). Thus, since seeds fall onXny].
according to the same processes, ; (i))t oizz and (¢ V"™ b n Xm0)¢ oizz re-
main equal on (Xp,) during [a (to+4v. );a Ty). Finally, by 35(; ), we deduce
that there are some sites

m <izg<0<igz<m

where no seed fall during the time interval[a (to Vv. );a (Tm + (? )] whence, as
usual, in both cases, the sitedn Xnc+ izandbn Xyc+ i4 are vacant during [a (to +
v. );a (Tm+ ? )], recall (11.8.26) (because they are made vacant by the rel). Since
the two processes evolve according to the same rules, the nitfalling onbn X, cat time
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; M;m(

a T destroys the same zone. Thus( { (i)t oi2z and ( ¢ i bn Xmo)t oiz2z

are also equal on(Xpy) during [@ Ty;a (Tm+ 9 )]
We deduce, on 5(; ), as seen inMicro (p) in Subsection|l.4.4, that

CP(C ¢ MM 0i2z: (0 Tm)) = 39K I m ;m K
and that there is no more burning tree in (Xy) attime a (T + ? ), whence
CP(( ¢ (Dt oizzi(Xm;Tm)) = In Xme+i95n Xpe+ i9%K (Xm) : O
We will need the following lemma.
Lemma [1.8.11. Letso2 [Tf+ ;T &1+ ] Weworkon ( ;;; )\ T;é(+4v;
1. In the limit process, if, for some | g, X" (T(';+4v; )2 $g+4\/; in such a way
thatsy T and
Frosay, (¥)=0 forally2 (X" (T&+4v, )X/ (so+ )); (11.8.33)

then, in the discrete process, the siteon X" (so)c is not aected by a re during
the time interval [a (T¢ +4v; );a (so e; ).

2. In the limit process, if, for some | g, X, (Tc']‘+4v; )2 1,4, Insuchaway
q ;

that s, T and Frisav, (V) =0 forally2 (X, (so+ )X, (T&+4v; ),
then, in the discrete process, the siten X, (sg)c is not a ected by a re during
the time interval [a (T +4v; );a (so e; ).

Proof. It of course su ces to prove 1.
First, using (11.8.33), we deduce that

(X[ (Tq +4v; )X (so+ )\ Teav, U oTpeay, T

Hence, by Lemmall.8.9-1 and by (11.8.24), we deduce that there is no burning tree in

Jn Xic+ iy gy, 7y tLin X[ (so+ )e k; Kattime a (Tg +4v ).
Onthe one hand,on ( ; ;; ), recall (11.8.27) and Lemma ll.4.2, there holds that
bn Xic+ L' o gy < b X[ (so)c:

Thus the right front of the re | does not reachbn X" (sg)c beforea (sp e. ). Hence,
no re coming from the left can a ect the site bn X" (sp)c during the considered time
interval.

On the other hand, no re coming from the right can a ect bn X" (so)c beforea (so
e. ). Indeed, since there is no re inJn X, (so)c;bn X "(sp+ )c k. Kat time
a (T(']‘ +4v. ), we deduce, by ( ;;; ), that if a re aect the site bn X, (so)c
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during the time interval [a (Tc';+4v; );a (so e. )], itis necessarily a left front. But,
by construction, if X,o(T¢+4v, )2 [, .forsomel® g, then X (s)) Xjo(So)
q H

(becausesy TID;+). By (11.8.27) and Lemma 1l.4.2, we then have
.10
bn Xjc+ |'a’(SO e To > bn Xo(sp)c b n X, (sg)c:

Hence, no re coming from the right can aect bn X" (sg)c during the considered time
interval. O

The two following lemmas are the keys of this Stage. The rst d them insure thata re

indeed propagates. The second insure that a re is stopped wén it meet a microscopic
zone.

ky -T k+l C ;
Lemma 11.8.12. Letsp2 [T+ ;T q" + ]. Weworkon ( ;;; )\ Thsav,
1. In the limit process, if X" (T¢ +4v, )2 T, forsomel gqin such a way
q ;
thatsp T”" and Frivay, (y)=0 forally 2 (X[ (TE+4v, )X (so+ ),
then
éTH'Tilbn ch(l)zz
. i+ . +
forall i 2 Jn Xic+ i (Th+av, TI),bn X/ (sp)c m 2. K

2. Inthe limit process, if X, (T&+4v, )2 4, forally2 (X, (so+ );X, (T&+
q ;

4v . )), then ;lel (i)=2 foralli 2 Jn X, (sp)c+m +2k. ;bn X,c+

b n Xjc
Ia (Té+av, T|)K

We can prove the propagation of the re | only to bn X;"(sp)c m 2k . . Unfor-
tunately, if sp= T&* = T and X[ (Tf) = Xk = X" (that is if the right front
of the re | is stopped at time Té(*l in the limit process), we can not say anything more
on the discrete process without a careful study of the proces We will show below (see
Lemma 1.8.13) that, in this special case, the zonelon X§*c m 2k, ;bn X&e
m Kis actually completely occupied at timea (T(';+l 4v . ). This will imply that the
re propagates indeed until a (Tc';+l v. ), thanks to (11.8.25).

Proof. Lemma 11.8.11 shows that the site bn X, (so)c is not aected by a re dur-
ing [a (T(‘; +4v. );a (sp e: )]. Hence, no re coming from the right a ect the
zone Jon X,c + ig+(Tr5‘+4V; m* 1;bn X" (so)cK during the time interval [a (T(;‘ +
4v. );a (so Vv )] and, conversely, the right front of the re | does not a ect the zone

on the right of bn X" (sg)c. Since (Tisay. (N XiC+ i 1)) =2, thanks
q ;

k
a (Tq +4v .
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. . .|;+
to Lemma 11.8.9-2, it then su ces to show that for all i 2 Jon X,c+ i} (TE+av, T +
1;bn X,"(so)c m  2k. K

; i)=1
aT|+Ti|bn Xc ()

i.e. the site i is occupied just before that the right front of the re | reachesi.
Observe that by construction, in the limit process, no re a ect the site i=n 2
(X[ (TE+4v,; );X["(s0)) during (T¥+4v, ;T(i=n )) whence in the discrete process,

no re can a ect the site i 2 Jon X, c+ i2+(Tk+4v TI)+1;bn X"(so)c m 2k. K
q ;

during [a (T&+4v, );a Ti+ T/, x o) All this implies that for all i=n 2 (X" (Tg +
4v. ); X" (so0)), we have

Tii=n ) (=N )= qrigy, (=)

while for all i 2 Jon X,c+ i2+(qu+4v; . +1;bn X (sp)c m 2k . Kwe have
TY|+Ti'bn X,c=2 (i)= T’g+4v; ():

Step 1. Here we show that for allj 2 Jon Xc+ i';(quMv; 1y *1ibn X\ (T& +

4v; )c+ k. Kwehave | T T o ke ()=1.

In Lemma 11.8.9-2 we have proved that
.|;+
la (Té+av, T)
observation.

. (T +av ,(i) =1 forall j 2 Jbn Xc+

+1;bn X/ (Tc']‘ +4v. )c+ k. K The result follows from the previous

Step 2. Here we show that for allj 2 Jon X" (T¥+4v, )c+k, +1;bn X" (so)c
m  2k; Kn[pgp[yl; . we have ;T|+T.| G)=1.
J

Indeed, on the one handZ (. ) (=n )= 1.then Ti(=n ) 1qen ) (=n ) > 1
whence
TG=n) (=N )<Ti(j=n) 1 3;
thanksto (). Onthe other hand, recalling that there is no burnin%tree inJon X' (T('q‘+
4v, )c+k, +1;bn X" (sp)cKattime a (TE+4v, ) (andthusj 627, hi. )

TK+av .

LS ;
and sincej 62 ,,go [x]; , we deduce from Lemmall.8.5 and by (11.8.30) that

'|;'CI|<+4V; () Th+4v (j=n )+ e,
All this implies that
i L () TG=n) 13 +e

jbn Xjc™
Recalling that T+ T/, , =@  Ti(j=n ) e, ,thanksto (11.8.30), ande; < ,

we conclude using 3(; ) that the site j is occupied at timea T, + TjI bn Xic
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Step 3. Here we show that for ally 2 Bf, \ (X" (Tt'q‘ +4v. ); X, (sp), for all j 2
[y]. , there holds a (Ti(y) 4v. )(j) = 1. This will conclude Lemmall.8.12 sincea T, +
Tj'b nXic @ (Tiy) 4v. )forallj 2[y]. ,thanks to (11.8.28).

Preliminary considerations. Lety 2 B\ (X" (T&+4v, ); X" (s0)). SinceX " (so)
X", we havey X' 3=p. We may assumeX; (so) y+ =p,by wm( ). We
know that Hy,yy (y) = 0, whenceHry,yy (y) = 0 and Zy,y) (Y) = Zry) (Y+) =
Zt (y )=1. This implies that T|(y) 1 (becauseZi(y)= t forall t< 1 and all
y2[ AA).

As pointed out in Step 2, we have, settingjg=bn yc m  2k. 1 and observing
that T+ T/ py x /@ Tily) 4v,  Tg+dv,

m +2k. +1
- ;

'I;'|(y) 4y . (g) Ti(g=n) 1 3 +e; =T(y) 1 3 +e; p

Using a similar argument forjg = bn yc+ m +2k. +1, we conclude that no match
falling outside [y]. = Jjg+1;jq 1Kcanaect[y]. during(a (Ti(y) 1 );a (Ti(y)
4v . )), because

m +2k.
— Ti(y) 1

Ty av, Ug)*+2" +2
and because to a ect a sitei 2 [y]. , a match falling outside [y]. needs to crosgq or
jg and thus must verify, recall Lemma 1.8.5,

to e @ Crgyoa, (o™ ) gy a0, (e N+20 2 +e; )

Case 1. First assume thaty 2 BZ . Then we know that no match has fallen onl[y].
during [0;a T,(y)). Due to the preliminary considerations, we deduce that no re at all
has concernedy]. during (a (Ti(y) 1 y;a (Ti(y) 4v. )). Using 3(; ), we
conclude that [y]. is completely occupied at timea (T|(y) 4v. ).

Case 2. Assume thaty = X, 2 By with m g+ 1. Then we know that no match
has fallen on[X]. during [0;a T;(Xm)) [0;a Tm). We conclude as in Case 1 using
5(; ) thatthe zone [Xy,]. is completely occupied at timea (Ti(y) 4v. ).

Case 3. Assume thaty = X, 2 By with m gand Zt, (Xm) = 1, so that
there already has been a macroscopic re ifX,]. (attime a Ty). There is no more
burning tree in [Xy]. attime a (T +4v. ), thanksto ©'" (Xm;Tm) and (11.8.29).
SinceZt, (Xm)=0 and Z1,x,,y (Xm)=1, we deduce that'i'|(xm) Tm 1, whence
Ti(Xm) Tm 1+3 asusual. We conclude as in case 1 that no re at all has conceed
[Xm]. during (a (I(Xm) 1 );a (TI(Xm) 4v. )), which implies the claim by

5G )

Case 4. Assume thaty = X, 2By with m gand Z1, (Xm) < land T)(Xm)

Tm 1, whenceT|(Xm) Tm 1+3 dueto pnm( ). Then there already has been a
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microscopic re in [Xn]. (attime a Ty). There is no more burning tree in[X]. at
time a (Tm +4v; ), thanks to 7" (Xm;Tm) and (11.8.29). No match falls on [Xm];
during (& (Tm+4v; );a (TiXm) 4v; ) (@ (Ti(Xm) 1 );a (TiXm) 4v; )
and we conclude as in case 1.

Case 5. Assume thaty = Xy 2By with m  gand Zt, (Xm) < land T)(Xm)
Tm < 1, whenceT|(Xn) Tm 1 3 dueto m( ). There has been a microscopic re
in [Xm]; (attime a Tp). SinceHr,(x,,)(Xm) =0, we deduce thatTy, + Z1,, (Xm)
Ti(Xm), whenceTm + Z1,, (Xm) Ti(Xm) 3 by wm( ). WedeneM ={(iog;to; Tm)
as in Lemmall.8.10.

Consider the zoneC” = CP(( ¢ (i)t oi2z; Xm;Tm)) (Xm) destroyed by the
match falling on bn X,c at time a Tn,. This zone is completely occupied at time
a(Tm+ 4" ) this follows from the de nition of /™ (see Lemmall.8.2), from
Lemmal.8.10 and from the preliminary considerations (becausel, T|(Xn) 1 ).
Using 3(;; ), wededuce thatTm+ "  Tm+Z1, Xm)+ <T (Xm) 2,
since < . HenceCP is completely occupied at timea (Tj(Xm) 4v. ).

Consider nowi 2 [Xn]. nCP. Then i has not been killed by the re starting at
bn Xmc. Thus i cannot have been killed during(a (T\(Xm) 1 );a (Ti(Xm)
4v . )) (due to the preliminary considerations) and we conclude, umg $(; ), that i
is occupied at timea (T\(Xm) 4v. ). This implies the claim. O

We now examine the process at timea Tc';*l around bn X'é*l c in the case where the
re is stopped by a microscopic zone (in the limit process).

Lemma 11.8.13. On ( ;;;
(X&) such that

I\ Sy, o f Frpn (X&) 1, there existsi 2
q ;
as(i)=0forall s2 [T v, T+ v,
Furthermore,
(i) if X& = X["(T¥*) for somel g, then the zone
Jn X¢Me mo 2k, ;bn XEte m K
is completely occupied at timea (Tc']‘+l 4v. );

(i) if X§T = X, (TE) for somel g, then the zonedon X5*c+ m ;bn X&c+
m +2k. Kis completely occupied at timea (Tc‘;+l 4v . ).

Proof. We have H i (X&*1) > 0: in the limit process, a re is stopped in X §** at time
Tc']"“1 by a microscopic zone. Without loss of generality, we assumghat ZTqm (Xc']"“l )=
1. We have either Hrxa (X&) > 0or Zrn (X&*+) < 1 Clearly, X&* = X 2
Bw for somem g, with Zt, (Xm) < 1 (else, we would haveHTu;lm (Xé*l) =0 and
Zrn (X&) = Zgn (X&*1+)). We dene M = (ig;to; Trn) as in Lemmall.8.10.
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By construction, there is | 2 f 1;:::;qg such that X, = X" (T&*). Hence, & =

T2 and X" (T¥ +4v, ) 2 ;qkm; with Fryay, (v) =0 forally 2 (X[ (T§ +
4v . );Xg+l + =p). By Lemma 11.8.9, we deduce that there is no burning tree in
Jon X c+ i|2;.+(Té<+4V; ry t1;bn X&*lcKat time a (T +4v, ) whence by Lemma

11.8.11, that the site bn X&' cisnotaected by a reduring [a (T¢+4v, );a (T&H
4v . )]. The site bn Xé*lc m 2k. 1lis not been a ected by any re during the

time interval (a (T 12 );a (TS 4v, ), recall Step 2 in the proof of Lemma
11.8.12.

Case 1. Assume rst that HT15<+1 (Xé*l) > 0. Then by construction, there holds
T+ Z1, (Xm) > TE™R > Ty, whence by w( ), Tm + Z1, (Xm) > TET +2 >
Tm +4

We deduce from Lemmall.8.2 that there is a vacant site in

CP=CP( ¢ MMt 0i22;(0;Tm)) = Ji%i%K I m ;m K

during the time interval [a (Tm+ 2 );a (Tm+ " )] (by denitonof ™ ). By
Lemma 11.8.10 and with our coupling (recall that seeds fall on(X) according to the
processes(NtS;m(i bn XmO)t oi2(xm)) We deduce that there is also a vacant site in
Jon Xmc+ i9;bn Xpme+ i9%K (X)) during [a (Tm+ 2 );a (Tm+ " )]. But
by $7(;; ), we seethat ,™ Zr. (Xm) whence Ty + ;" Tm +
Zt, (Xm) >T 142 >T &1 +v, since < andv, < . Allthisimplies
that there is a vacant site in C” (X)) during [a (T&™ v, )sa (T + v, )]

Since the match falling onbn X, c does not a ect the zone outside(X ) , we deduce
from the preliminary considerations that the zoneJon X&*c m 2k, ;bn X&*c
m Kis not a ected by any reduring [a (T 1 );a (T&* 4v, )], which implies
the claim by $(; ).

Case 2. Assume thatHTqm (Xm) =0. Then by construction, there hoIdsTc'l‘+l [Tm
Zt, (Xm)] 1, whenceT{* [T Zr, (Xm)] 1+3 . Since Hrxs (Xm) =0,
we haveZpian (Xm+) < 1= Zpo (Xm ) and T + Z1,, (Xm) T4, so that
Tn+ Z1, Xm) T 3.

We aim to use the event f;P 77 ). We recall that to = Ty, Z1, (Xm) =
Tm (Xm). Observe that Zy, (Xm) = Zt; (Xm )= Zt, (Xm+) =1 because there is
no match falling on x during [0; T).

Set nowt; = Tr,. Observe that0<t; tp< 1 (becauseZr, (Xm) < 1). Necessarily,
Z; (X+) has jumped to O at least one time betweenty and Té(*l (else, one would have
ZTqm (X+) = 1,sinceT(']‘+l to 1byassumption) and this jump occurs aftertp+1 >t

(since a jump of Z; (x+) requires that Z; (x+) = 1, and since for allt 2 (to;tpo + 1),
Zy (X+)=1t to<1).
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We thus may denote byt, <tg3 < <tk, forsomeK 2, the successive times of
jumps of the process(Z; (X );Z: (X+)) during (to + 1;T§+1). Then we observe that
Z: (x+) and Z; (x ) do never jump to 0 at the same time during (tg ;T(;"'l) (else it
would mean that x is crossed by a re at some timeu, whence necessarilyH,;(x) = 0
and Z, (x+)= Z; (x )forall r 2 [u; T

Furthermore there is always at least one jump of(Z; (x );Z: (x+)) of any time
interval of length 1 (during (to;T(']"’l)), because elseZ; (x ) and Z; (x+) would both
become to be equal tol and thus would remain equal forever.

Finally, observe that two jumps of Z; (x+) cannot occur in a time of length 1 (since
a jump of Z; (x+) requires that Z; (x+)=1) and the same thing holds forZ; (x ).

Subsectionll.8.3.
For eachl 20;2;:::;Kg, there is a unique (thanks to  ( )) ki 2 JO;gKsuch that
ti= Ti,(Xm). We set, foralll 2f0;2;:::;Kg,

i = bn Xyc+ i:;al V. T bn Xmc

if the jump at time tjisajumpofZ; (Xm ) (thatisif x = X;l(t|)) and

i =bn Xyc+ ilgll;(h v T bn Xne
if the jump at time t; is a jump of Z; (Xm+) (thatis if x = X, (t))). Set for example

ip=0iftg=0. We alsoput" = 1lifx= XI’; (t) and " =1 else. We thus may denote

All this implies that P = (P;l) saties (PP).

Next, there holds that t, t; <Zrt, (Xm) = t1 to, because else, we would have
Hi, (Xm) =0 and thus the re ks would crossX, so that Z; (x+) andZ; (x ) would
remain equal forever. Furthermore, we have0 < TA‘” tk < 1 because else, we would
have Zpx: (Xm )= Zppn (Xm+) =1, whenceT&*t <ty 3 .

Finally, we check that

Cati2te v, e +av. Fizxm) = ( 2t M b X0 V. itk v Ti2(Xm)
(11.8.34)

this last process being built with the family of seed processs(NtS;m(i))t 0i2z and the
family of propagation processes(th;m(i))t 0i2z as in Subsectionll.8.3. We do e.qg. it

in the case where" = 1 andtp > 1, the other cases being treated similarly.
Observe that for all | 2 f0;2;:::;K g there holdst; = Ty, (Xm) = TE;+ (if Xm =
Xp(t))or T' (if Xm = X, ()). Hence, sinceT¥ +4v,  Tj+v, ,we have
a v. (BN Xmc+ i) =2 (11.8.35)

forall 1 2f0;2;:::;Kg, thanks to

-
Tq+4v;
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We already have checked in Lemmall.8.10 that ( { (i)t oizz and ( ;' °™(i
bn Xxc))t oi2z are equal on(X,) during the time interval [a (to v. );a (Tm+ ? )].
Using similar argument, observing that seeds fall onfX]. and res spreads through
[Xm]. according to the same processes and usingl.8.35), we easily deduce that
(11.8.34) holds on ( D

We thus can use (;; ) and conclude that

SiP
1

“thereis @2 (Xm) with 4 .(i) =0 forall t 2 [T&* v, ;T& + v, ]
[tk +2v. tx +1

" no re coming from the right can a ect the zone on the left of bn Xé‘*l ¢ m dur-
ing the time interval [a Ty ;a (T"+l . )] (because the re are stopped by va-
cant site in (Xm) ). Hence, to a ect the zonern X&1e m o 2k, ;bn Xgce
m Kduring this time interval, a re must come from the left and th us must aect
the site bn X'é*lc m 2k . 1. We deduce from the preliminary considera-
tions that the zone Jon X§*c m 2k, ;bn XX*c m Kis not aected by
any re during [a (TS 1 );a (TS 4v, )] which implies the claim by

$G ). m

We deduce the following corollary, which is the goal of Stage.

Corollary 11.8.14.  On ( ;;; ), Theav, implies TE say,

Proof. We have to prove that for | g,
(@) if X[ (Tg+4v, )2 J.,, and if T2 6 T& then 4 s(bn Xic+il' g 1)) =

k 7K+l .
2forall s2 [T +4v, ;T +4v, |;

i k i TD; k+1 ; 0 —
(b) if X; (Tg+4v, )2 Thsav, andif T 6 Tg™, then 4 s(bn Xic+iy (s T|))‘
2foraII32[T(;‘+4v; ;T(';+1+4V; I
() if X[ (Tc|1(+4v? )2 'T'é‘+4V; and if TID "t = Tk+l then 4 s(bn X|C+'a (s T|)) =
2forall s2 [T" +4v. 'T"+l v, Jandthereiss 2 [T v, ;T + v, ]

such that 4 s(bn X|c+ |a s 1)) =0

(d) if X; (T&+4v, )2 Tieay, and ifTID? = & then 4 s(n Xic+iy o 1)) =
2 forall s2 [Tk +4v. 'T"’f1 : ]and thereiss 2 [Tf™ v, ;T + v, ]

such that 4 s(bn XIC+ 'a (s Tl)) =

All this will imply the result (observe that only these four ¢c ases may occur).
Observe that either F (X&*1) =2 (i.e. two res meetattime T&*) or Frica (X&)
1 (i.e. a reis stopped by a microscopic zone).
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Step 1. We start by studying the case whereFTqm (Xé*l) = 2. There arel; and I,

such that X" (T&*) = X &1 = X (T&*). In this Step, we prove (c) for the re I3 and
(d) for the re Io.

By construction, we haveX ' (T¥+4v, ) 2 ;é(+4V; and X, (T¥+4v; )2 Tx+av,
With Fry.gy, (y)=0 forally 2 (X\D(TE+avV, )X (TE+4v, ) and X (TE+4v ;)
XD(TeE+4v, )=2(TEY TE 4v, )=p 5=p.

We rst prove that 4 s(bn X|1c+i:;;z's T|1)):2 forall s2 [a (TE+4v, );a (TEH
v . )]. Equivalently, we prove that

’ 1 :2
a T|1+Tj|1b N x|lc(J)
; St . St
forall j 2 Jon X, c+ |al (Theav, Ty ;bn X, c+ |al Ty Tll)K
Firstly, Lemma 11.8.12 with sp = T(‘;*l directly implies that o et (j)=2
117 b n x| ¢
forall j 2.Jm Xic+ilin,, o, X§Me mo 2 K

Secondly, we prove that

; i = i k+1 .
a (TE ay, )(I) =1 foralli2[Xi™],; :
This will completes the claim, using similar arguments as inLemma 11.8.12 since there

is no burning tree in Jon X, c+ il;;zwﬂw; ny t1ibn X+ ilaz;(Té<+4v; n,) t1K

at time a (TS +4v. ) (by Lemma 11.8.9) and since bn X ¢+ it

a (T& v, 1)

bn X&*c m andbn Xc+ i'az; bn X§tc+m (by PT(; )and
(11.8.25)).

No re can aect the zone [X &™), during [a (TE¥+4v, );a (TE 4v, )], thanks
to (11.8.28) and to Lemma11.8.9, (which implies that there is no burning tree in Jon X, c+
ila; . il2; ; —
|alE'qu+4v; TI1)+1,bn X|2c+|;(qu+4V; ) 1K. By construction, we have Z (X&) =
Zyen (X&) = Zpxa (X K1) =1, whenceT¥"! Tkt (X&) 1and TEH
Tk (X&) 1+3 by wm( ). Since no match has fallen onX*! 2 B2 during
[O;Tc']"'l], using similar argument as in Case 1 Step 3 in the proof of Lemmll.8.12, we

then deduce that for all j 2 [X§*]. ,

k
(T v, Ty)

; k+1 .
a (T;ﬂ 4V; )(J) Tq 1 1

which implies the claim by $(; ). Same thing of course holds fot.
Furthermore, we have shown that attimea (T¥*? v. ), the sitesbn X, c+i't" .,
q ’ 1 a (Tq 2 T|1)

P .
+ilz
and bn X,c i T v T are burning and

, =1 (11.8.36)

a (T&
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I1;+
for all i 2 Jon X|1c+| (T T|l)+l ; bn X|2c+| (Tk+1 V; ) 1K

We next show that the res are stopped during [a (Tc‘;+l V. );a (Tc‘;+l +v. ).
Observe that, on PT(; ), thanks to (11.8.26), there isip 2 [X &,  such that

. I+ o
ip=bn X;c+ |T1|1 = bn X|,c+ |T2|'2
iptl1 b n X|1c ip 1bn X|2c

We deduce from (1.8.36), that

())=2 forall j 2 Jn X;c+ |'1+ TigK

aT|1+T (T v, 1Y)

jbn X|
and
a T|2+T (j)=2 forall j 2 Jig;bn X,c+ | K

k+1
jbn X|zc (Tq v, T|2)

We know that the re in ig propagates at time

aT,+T" —aT,+T?

iotl1 b n X|c io 1bn X|2c'

Thus, on  PT(; ), with our coupling, at time a T, + TI0+l bn X either the site

ig+1 is vacant (because it has been burnt by the rel;) or the S|te ig+1 is occupied
but has vacant neighbors until it propagates, that is until a T, + T, . (because

io*2 b n Xy,c
it is a spark for the re I,). In any case, since

aT,+Th 2[a (T v, )a (TEh+ v, )

ipt2 b n Xy, c

recall (Il. 830) there is s 2 [T¢™ v, ;T + v, ] such that 4 s(bn X ¢+

'alfsl 1)) = 0. Similarly, we can nd s; 2 [T&t v, ;TE™ + v, ] such that
a s,(bn Xj,c+ |'a2 J(’s 1) =0, which completes this Step.
2

Step 2. Here, we study the case wher& . (X §11)  landX g™ 62f A;Ag. Assume

for example that Xg"l = XI’; (Tc';*l) for somelg g. In this Step, we prove (c) for the
re lo.
By construction, XIJ;(Tcl]( +4v. ) 2 ;é(+4V; and Friigy, (y) = 0 forally 2
(X (T +4v, );xk+1+ =p).
We rst prove that 4 s(bn X|oc+|g“(’S 1.y =2forals2[a (Te+av, );a (TEH
0
)]. Equivalently, we prove that

, 1 :2
a T|0+TJ|% N X|OC(J)
| |
forall j 2 Jon X;,c+ I;J(erMV; SRR UM |;sz+1 v TIO)K
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Firstly, using Lemma 11.8.12 with sp = Tc']“'l, we deduce that (j)=2

+7'0

lo jbn X|0c
. .|’ .
forall j 2 Jon X;,c+ |;’('Tg+4v; T|o)’bn Xé*lc m 2k. K

Secondly, Lemmall.8.13-1 shows that the zoneJon X&*'c m 2k, ;bn Xg*c
m Kis completely occupied at timea (T(';+l 4v . ). Since no re coming from the
right can a ect the zone on the left of bn Xé*lc until a (Tc‘;+l v. ), we deduce the
claim using similar argument as in Lemmall.8.12.

Finally, Lemma 11.8.13 directly imply that there is j 2 (XX*1) suchthat 4 s(j) =0
forall s2 [T¢* v, ;T + v, ] Since

o+ k+1 .
+ jlo +
bn Xj,c Iy Ty, T) bn Xq c+m ;

recall (11.8.26), thereiss 2 [T¥*1 v, ;T¥*1+v. Jsuchthat 4 s(bn X|0c+ig’;zs )=
0
0, as desired.

Step 3. Here we study the case wher@('cj+1 2 f A;Ag. Assume for example that
X&H = X[ (Tg) = A for somelg . In this Step, we prove (c) for the re lo.

This case is very simple: by construction X (T(';+4v; )2 $g+4\/; andFryigy, (V) =
Oforally 2 (X (T&+4v, );A).

Since there is no burning tree inJn X,c + i!’:;-{T§+4V; 1) 1;bn AcKat time
a (Tg +4v . ) (thanks to Lemma 11.8.9), we deduce, using similar argument as in the

proof of Lemmall.8.12, that a Tig+ T/ (j)=2 forallj 2 Jbon X|0c+i'°;+ bn Ac

Tbn oxpc a (T+av, T|0);
m 2k. K The zoneJon Ac m 2k . ;bn AcKis not a ected by any re during
[@a (T&™ 1 );a (TE™ 4v, )] (recall Step 3 in the proof of Lemmall.8.12) and
no match falls in this zone during [0;a T]. We deduce as usual, using $(; ), that
this zone is completely occupied at timea (T(';+l 4v . ). Thus, we have

6; T|0+Tj|b | X|OC(J) =2
forall j 2 Jon Ac m 2k . ;bn AcK which implies the claim since bn X,,c +

-|0;+
a (T v, Ty bn Ac m .

We immediately deduce the claim since ¢ (bn Ac+1)=0 forall s2 [0;1 ).
Step 4. Here we study the case whereo = X, (T&+4v, )2 I.,,, With T,E” 8
q ;
Tc'l“'l, for somelg g. We prove (a) for the re Ip.
By wm( ), we haveTI'(?;+ Tet+3 Frisay, (y)=0 forally >xo, necessarily

Frivay, (¥)=0 forally 2 (xo; Xy (T¢* +3 ). Lemmall.8.12 with so = Tg* +2
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directly implies the result, since on PT(; ), recall (11.8.24), there holds that
ilos+ + (Tk+1
bn Xj,c+ i) (TEvav, Ty bn X, (Tqg " +4v. )c+ k.

bn X! (T¢"+2 )c m 2,

Else, we de ne n o
Xy =inf y>Xxgq: Fricay, (y)=1
and distinguish several cases.

Case 1. Assume that X3 Xo > (T&*' T +2 )=p. Using Lemma1.8.12 with
so= T&* + , we immediately deduce that

; i)=2
a T+ Ty, X'oc()

forall i 2 Jn X,c+i'%"

: k
a (TE+av . Tlo)’bn Xp(Tgtt+ )c m 2k, Kwhence

2 s(bn Xj,c+ i[,;;(s 1)) =2 forall s2 [TE+av, ;T +av, ]

: o
because on P:T(; ), there holdsbn X;,c+ I:’:T(;Hl v, Ty bn X (Tgt+ e
m 2K .

Case 2. Assume thatxy Xo (T&™ TE+2 )=pbut Frisay, (y) =0 foral

y 2 (x1;xg+(TE TE+2 )=p). Necessarilyx; = X (T&+4v, )2 ¥g+4\/; for
somel; Q.
Using Lemmall.8.12 with so = T T2, we deduce that 5 (i)=2
a T *+Tign X, c

for all i 2 Jon X;,c+ it

a (TE+4v Tll);m XP(T&M)e m o 2k, K Thus, using
(11.8.28), we deduce

; 1 - . .
as bn Xpc+ifio o) =2foral s2 [T, ;T¢™  4v;
i iloi+ . iloi+
We now prove that forall i 2 Jon X c+i (Th+av. Ty ;bn XipCHi (T 4ay T|0)K
we have
* (iy=2:
a T|0+Ti|(l)) n Xpc

This will concludes this case.

Firstly, by construction, we have x; > x g+1=pwhence by u( ), X1 >Xxo+(1+3 )=p.
Thus, using again Lemmall.8.12 with sg = Tj,(X1) , we deduce that
(1)=2

lo
a Tig*Tih n X|g¢

134



for all j 2 Jon X,,c+ ‘?;?quv; TIO);bn (X1 =p)c m 2k . K(recall that
X (Tip(X1)) = X1).

Secondly, oberve thatT, < T & (because elsd|, = T¥ and X (T&+4v, )2 Tx+av,
with xo <X | (T&¥+4v, ) <X (Tf+4v, ))whenceby w( ), T, <T& 3. This
especially imply that Ti,(y) T,(y)+1+3 forally 2 [x; 3=p;X I; (Tc']‘+1+ )]. Recall
that no match falls on any sitey 2 (x; 3=p;X ,’; (Tc']"“l + )) during the time interval
(Tg 3;T &+ ). Thus, in the limit process, forally 2 (xa  3=p;X | (T& + ),
we have 1, (y) (¥) = Ti.(Y).

Letnowi 2 Jn (x1 2=p)c;bn X,’; (T(‘;+l + )cK Observe that there is no burning
tree in Jon X,,c+ i:;?ﬂ}wv; )+l ;bn xic k, Kattime a (TS +4v, ), thanks
to Lemma 11.8.9. Since no match falls oni during [a (T;,(i=n )+ e. );a (Tc']"“l + )],
we deduce that no re at all can a ect the site i during the time interval [a (T (i=n )+

. |
e. );aT,+ Tjob " XIOC) whence
L (i) Ty(=n )+ e,
Tio* % n Xjge 2 !

Thus, forall i 2 Jon (x1  2=p)c;bn X (T¢* + )cK we have

' i T, (i=n 1 3 +e.
TI0+Tj|% n X|0°: ( ) IO( ) Y

and conclude using 3(; ) that (i) =1 whence

a T|O+T,Io

ibn X|0c
; | (i) =2
a T|0+Ti% n X'OC
: .|0;+ —
because (T+av | y(n Xjpe+ iy (Tk+av . Tu)) =2.

Al this implies that, for all i 2 Jin X;,c+ jlo*

. + k+1
a (T§+av, Tlo)’bn Xlo(Tq+ + )cK we

have (i) =2 whence
a s(bn XjoCH i 1)) =2 forall s 2 [T&+av, T +av, |

lo;+

. L
sincebn Xj,c |a(qu+1+4v; Ty)

bn X,’; (Tc‘;+l + )c. This completes this case.

Case 3.In the general case, by construction, there arexg <x ;1 <X, < < X m such
that, forall j 2f0;:::;m 1g,

Xj  Xj+1 (Tcllﬁl Tc|1(+2 )=p

and
FT§+4V; (y)=0 forall y2 (Xj ;Xj+1)
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