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Résumé

Dans cette these, nous nous intéressons a deux modeles de feux de foréts définis sur
7.

On étudie le modéle des feux de foréts sur Z avec propagation non instantanée dans
le chapitre 2. Dans ce modele, chaque site a trois états possibles : vide, occupé ou en
feu. Un site vide devient occupé avec taux 1. Sur chaque site, des allumettes tombent
avec taux A. Si le site est occupé, il briile pendant un temps exponentiel de parametre
m avant de se propager a ses deux voisins. S’ils sont eux-mémes occupés, ils briilent,
sinon le feu s’éteint. On étudie I'asymptotique des feux rares c’est a dire la limite du
processus lorsque A — 0 et m — o0o. On montre qu’il y a trois catégories possibles de
limites d’échelles, selon le régime dans lequel A tend vers 0 et 7 vers I’infini.

On étudie formellement et brievement dans le chapitre 3 le modéle des feux de foréts sur
7. en environnement aléatoire. Dans ce modele, chaque site n’a que deux états possibles :
vide ou occupé. On se donne un parametre A > 0, une loi v sur (0,00) et une suite
(K;)icz de variables aléatoires indépendantes identiquement distribuées selon v. Un site
vide ¢ devient occupé avec taux x;. Sur chaque site, des allumettes tombent avec taux A
et détruisent immédiatement la composante de sites occupés correspondante. On étudie
I’asymptotique des feux rares. Sous une hypothése raisonnable sur v, on espére que le
processus converge, avec une renormalisation correcte, vers un modele limite. On s’attend
a distinguer trois processus limites différents.

Mots clés : Systemes de particules en interaction, Criticalité auto-organisée, Modeles
de feux de foréts
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Abstract

The aim of this work is to study two differents forest-fire processes defined on Z.

In Chapter 2, we study the so-called one dimensional forest-fire process with non
instantaeous propagation. In this model, each site has three possible states: ’vacant’,
‘occupied’ or ’burning’. Vacant sites become occupied at rate 1. At each site, ignition
(by lightning) occurs at rate \. When a site is ignited, a fire starts and propagates to
neighbors at rate m. We study the asymptotic behavior of this process as A — 0 and
m — 00. We show that there are three possible classes of scaling limits, according to the
regime in which A — 0 and 7 — oo.

In Chapter 3, we study formally and briefly the so-called one dimensional forest-fire
processes in random media. Here, each site has only two possible states: ’'vacant’ or
‘occupied’. Consider a parameter A > 0, a probability distribution v on (0,00) as well
as (ki)iez an ii.d. sequence of random variables with law v. A vacant site i becomes
occupied at rate k;. At each site, ignition (by lightning) occurs at rate A\. When a site is
ignited, the fire destroys the corresponding component of occupied sites. We study the
asymptotic behavior of this process as A — 0. Under some quite reasonable assumptions
on the law v, we hope that the process converges, with a correct normalization, to a
limit forest fire model. We expect that there are three possible classes of scaling limits.

Key words: Stochastic interacting particle systems, Self-organized criticality, Forest
fire model
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I.1. Motivations de la physique statistique

.1.1. L’ubiquité des fractales et des lois puissances

L’étude et I’analyse des phénomeénes qui nous entourent ont été simplifiées et appro-
fondies par 1’évolution de la puissance de calculs (traitement de volumineuses bases de
données). Ces observations ont fait émerger des phénomenes de lois puissances, c’est-
a~dire des phénomenes dont la probabilité d’observer des valeurs extrémement grandes
n’est pas exponentiellement bornée (queue de distribution lourde). Les phénomeénes en
lois puissances sont d’une apparente ubiquité dans la nature et sont I’empreinte des struc-
tures fractales (des structures dont aucune échelle ne prédomine). Ils sont par exemple

observés dans

les tremblements de terre :

mesures) ;

la loi de GUTENBERG-RICHTER énonce que la proba-
bilité d’obtenir un tremblement de terre d’énergie E est de l'ordre de E~5, ou
I'exposant B varie dans l'intervalle [0.80,1.05] (en fonction de la précision des



o le littoral : c’est I'exemple classique de fractale dans la nature, devenu populaire
dans le contexte de chaos et des fractales ([Man82]). La longueur de la cote de
Grande-Bretagne croit de fagon non linéaire (vers I'infini) lorsque le pas de mesure
tend vers 0 (plus on cherche de précision, plus la longueur augmente, et ce de fagon
non linéaire). La dimension de Hausdorff est de 1,24 ;

e les marchés financiers : I’évolution du cours d’une action sur une décennie a la
méme allure que sur une année.

On pourra consulter ouvrage de P. BAK [Bak96] pour retrouver ces exemples et bien
d’autres encore.

Les structures fractales se retrouvent dans les phénoménes critiques. Afin d’illustrer
la notion de phénomene critique, intéressons-nous a un modele bien connu des mathé-
maticiens : la percolation.

1.1.2. La percolation : un exemple de phénomeéne critique

Soit G = (S, A) un graphe, ou S est I’ensemble des sommets et A 1’ensemble des arétes.
La percolation par arétes sur le graphe G est un modele de graphes aléatoires obtenu
en supprimant chaque aréte de G avec probabilité 1 — p, indépendamment des autres
arétes (on dit qu’on ferme les arétes avec probabilité 1 — p). On dit que z meéne a y s'il
existe un chemin d’arétes ouvertes qui va de x a y. Bien que la définition du modele
soit élémentaire, celui-ci exhibe un comportement tres riche. La théorie de la percolation
étudie la géométrie des composantes connexes du sous-graphe aléatoire induit par les
arétes ouvertes. Intéressons-nous au réseau Z? (d > 1), c’est-a-dire au graphe dont
I'ensemble des sommets est Z?, muni de ’ensemble des arétes canoniquement associé
(deux sommets sont reliés si et seulement si ils sont a une distance 1). Dans la suite,
on note C la composante connexe contenant 'origine. Un résultat fondamental de la
percolation (voir par exemple [Gri99]) énonce qu'il existe un nombre p. = p.(d) € (0,1),
tel que si p < pe, alors il n’y a presque slirement pas de composante connexe infinie
tandis que si p > p., alors il existe presque stirement une unique composante connexe
infinie. On dit alors qu’il y a une transition de phase au point critique p = p.. La valeur
critique sépare la phase sous-critique, lorsque p < p., ou toutes les composantes connexes
sont presque siirement finies, de la phase sur-critique, lorsque p > p., ou il y a presque
slirement une composante connexe infinie. Sur Z, on a (trivialement) p. = 1 et sur Z?2
onap.=1/2.

Les phases sous- et sur-critiques de la percolation par arétes sur le réseau Z¢ (d>2),est
plus ou moins connue. Par exemple, en notant [P, la mesure gouvernant la configuration,
on peut trouver dans [Gri99] les estimations suivantes :

PplICl > k] < C4 ci1(p)k) sip < pe,
Pyl < IC| < 00] < O ca(p)k\ /) si p > pe,
Pplz € C,|C| < oo] < exp(—c3(p)|2]) sip # pe.

(p) exp(—ci(p)k
(p) exp(—c2(p)k

exp



Bien que ces résultats ne soient déja pas faciles a établir, la percolation au point critique
p = p. est encore mal comprise et des comportements bien différents sont observés (par
simulation numérique). Par exemple, I'amas C est-il P, fini? En dimension 2, pour des
raisons de symétries (et dualité), il est facile de voir (heuristiquement en tout cas) que
la composante C est P, —presque siirement finie. Qu’en est il dans le cas général 7 Quel
est le comportement de C au wvoisinage du point critique ?

Pour la percolation par site (on ouvre chaque site avec probabilité p) sur le réseau
triangulaire, on a p. = 1/2 et, en combinant les résultats [Kes87], [LSW02], [Smi01] et
[SWO01], on peut montrer que

P,[|C| = 0] = (p — 1/2)*/36T°M) quand p | p,,
P,.[IC| > k] = J—5/91+0(1) quand k — oo,
E,[IC] 1{ic|<o0}] = [P — pe| /¥ quand p — pe,
] p—

P, [rad|C| > n] = n~?/48+°M) quand n — oo,

P,.[z €C] = quand |z| — oo.

|z |5/24+0(1)

ou rad(|C|) = sup{|z| : x € C}.

En physique, les phénomenes de transitions de phases sont trés complexes et la tran-
sition de phase est tres difficile a expliquer du point de vue microscopique. Méme les
modeles les plus simples sont difficiles a étudier au point critique. Or dans la nature, ce
sont bien souvent des phénomenes critiques (invariances d’échelles, structures fractales,
lois puissances. ..) que 'on observe. Des mécanismes aussi simples que le modele de per-
colation ne peuvent expliquer a eux seuls 'apparition de tels phénomenes, car, pour les
observer, il faut régler finement le parametre du modele sur le point critique. Existe-t-il
un modele simple et universel, c’est-a-dire qui décrive une large classe de phénomenes,
qui puisse expliquer I'apparition des fractales et des lois puissances?

Pour tenter d’expliquer 'apparition ces phénomenes, les physiciens Per Bak, Chao
TANG et Kurt WIESENFELD ont introduit [BTW87] le concept de criticalité auto-organisée
(SOC : Self-Organized Criticality).

1.1.3. Le concept de criticalité auto-organisée

Un systeme hors d’équilibre (ouvert sur extérieur), régi par des interactions locales (mi-
croscopiques), évolue de lui méme (auto-organisation) jusqu’a un état critique (dans le
sens ou il n’y a pas de grandeur caractéristique dominante), a partir duquel une réorgani-
sation locale peut avoir des répercussions globales (influencer une partie macroscopique
du systéme) : c’est ainsi que peut étre définie la notion de criticalité auto-organisée. Dans
cette théorie, I’évolution du systeme vers un état critique est déterminée par des regles
locales et non pas par un expérimentateur qui réglerait un parametre (dans le modele
de percolation, on peut décider d’augmenter le parametre s’il n’y a que des amas finis
et de le baisser il y a un amas infini; ce modeéle se développe trivialement vers un état
critique). Ce concept peut étre décrit comme suit : considérons un systéme de particules



en interactions, avec une configuration initiale quelconque, qui est régi par des interac-
tions locales et telle que I’évolution des forces extérieures soit lente (il y a une séparation
entre les échelles de temps du processus interne et celui du processus externe). Un tel
systéme devrait évoluer naturellement vers un état critique sans le réglage de parametres
extérieurs. L’état critique est un état instable mais stationnaire qui doit présenter les
caractéristiques suivantes :

¢ les interactions entre les sites sont locales;

o il y a un effet de seuil : on observe une activité (macroscopique) seulement si un
certain seuil est atteint ;

e il y a un effet dissipatif, pour compenser ’évolution des parameétres externes ;

e les distributions des observations sont en lois puissances.

Pour expliquer ce concept, les auteurs [BTW87] ont proposé le modéle de tas de sable
suivant : considérons une table plate sur laquelle des grains de sables tombent, lentement,
un par un. Les grains peuvent étre ajoutés aléatoirement sur la table ou sur un endroit
particulier, le centre de la table par exemple. L’état ou tous les grains sont au méme
niveau est un état d’équilibre. Comme les grains ont tendance a s’immobiliser du fait de
la friction, on ne revient pas automatiquement a I’état plat quand on arréte d’ajouter des
grains. Au début, les grains de sable restent plus ou moins a I’endroit ou ils tombent. Si
on continue d’en ajouter, le tas devient plus gros et des grains de sable glissent ou créent
des avalanches. Les grains peuvent atterrir sur d’autres grains ou glisser plus bas dans
le tas. Cela peut créer d’autres glissements de grains. L’ajout d’un simple grain peut
causer des turbulences locales mais le tas reste stable dans son ensemble. En particulier,
les événements dans une partie du tas n’affectent pas les grains de sable situés plus loin :
il n’y a pas de communication globale dans le tas, juste des grains de sable seuls.

Plus la pente augmente, plus I'ajout d’un simple grain est susceptible de créer des
glissements d’autres grains. Finalement, la pente atteint une certaine valeur et ne peut
plus augmenter, car la quantité de sable ajoutée compense en moyenne la quantité de
sable qui tombe de la table. On appelle cela un état stationnaire car la quantité de sable
et la pente sont constantes en moyenne au cours du temps. Il est alors clair que pour
avoir cette compensation entre ’ajout de sable au centre de la table et la perte de sable
sur les bords de la table, il doit y avoir une communication & travers toute la pile. On
appelle cette configuration 1’état critique auto-organisé.

L’ajout de grains de sable a transformé le systéme d’une configuration ou les grains de
sable suivent leurs propre dynamique en un état critique ou les dynamiques sont globales.
Dans I’état stationnaire SOC, il y a un systéeme complexe avec sa propre dynamique. On
ne pouvait pas prévoir a priori ’émergence du tas des propriétés individuelles des grains.

Le tas de sable est un systéeme dynamique ouvert car les grains sont ajoutés de I'exté-
rieur. L’état critique doit étre consistant : ¢’est important pour avoir une chance que le
modele décrive le monde réel.

Les tailles des avalanches peuvent étre mesurées de plusieurs fagon, par exemple en
étudiant la durée d’une avalanche ou le nombre de sites affectés. On espére que toutes



ces quantités présentent des distributions en lois puissances. Malgré son nom, le modele
du tas de sable n’a pas été introduit pour décrire les tas de sables réels mais pour
expliquer abstraitement ’émergence des systemes critiques auto-organisés. En particulier,
les auteurs de [BTW8T] envisageaient leur modeéle comme une justification abstraite de
lomniprésence des réponses en 1/ f.

1.1.4. Les limites des SOC

La théorie développée dans [BTWS87] est fascinante car elle offre une explication simple
et universelle a des phénomeénes trés divers qui, comme les tas de sable, semblent obéir
statistiquement a des lois de puissance : I’évolution des cours de bourse, les statistiques
sur la taille des villes, 'audience des sites sur internet, la fréquence des mots, le nombre
d’especes par genre, I'intensité des guerres et des éruptions solaires, I'importance des
catastrophes géologiques.

Malheureusement, ’observation de lois puissances ne suffit pas a décider si un systeme
est SOC ou non. De plus, il est assez difficile de décider si une distribution suit une
loi puissance ou non : faute de mesures faites sur plusieurs ordres de grandeur, on se
laisse abuser par une loi géométrique ou exponentielle. En 2009 CLAUSET et ses co-
auteurs [CNS09] ont discuté de la pertinence de la distribution en lois puissances de
26 modeles : seulement deux modeles ont été validés. Les mesures sur les systemes
biologiques s’étalent sur un trop petit nombre d’années pour étre significatives. De plus,
méme si une distribution en loi puissance est détectée, rien ne dit que I'on a affaire a un
systeme critique auto-organisé.

1.2. Introduction du modéle de feux de foréts

Dans cette partie, on introduit un modele qui, sous certaines conditions, doit exhiber un
comportement SOC : le modele des feux de foréts (MFF).

Une premiére version du MFF a été proposée par BAK, CHEN et TANG [BCT90] mais
la criticalité a été tres rapidement invalidée [GK91] (par simulations numériques). Le
modele qui suit est connue sous le nom de modele des feux de foréts critique de Drossel-
Schwabl (DS-MFF) et a été introduit par Barbara DROSSEL et Hantz SCHWABL [DS92].
Il est intimement lié a la percolation par sites et hérite de certaines de ses notations et
propriétés (technique de simulation, exposants critiques).

Soit d un entier naturel. Considérons B = [—L, L]d NZ* avec L assez grand. Le DS-
MFF est un processus de Markov a temps discret sur B dans lequel chaque site peut
étre soit occupé (par un arbre), soit en feu (occupé par un arbre en feu) ou soit vide (en
cendre). Le processus part d’une configuration initiale quelconque. A chaque étape, la
configuration change suivant les regles suivantes :

e chaque site libre devient occupé par un arbre avec probabilité p;
e chaque site en feu devient vide;

e si un site était occupé et avait un de ses voisins en feu, il devient en feu;



e siun site était occupé et n’avait aucun de ses voisins n’est en feu, il devient en feu
avec probabilité f.

L qui représente la fréquence d’apparition

Ce modele contient deux échelles de temps : p~
des gaines, et f~1, qui représente la fréquence d’apparition des feux. Pour que le systéme
se développe en systeme SOC, I’échelle de temps du mécanisme externe (apparition des
graines et des feux) doit étre beaucoup plus grande que celle du mécanisme interne
(propagation des feux). Ainsi, pour espérer observer de la criticalité, il est raisonnable
d’imposer

p.f —0. (1)

La propagation des feux (troisitme étape) est alors instantanée : comme nous sommes
dans une boite finie et que les taux d’apparition des arbres et des feux sont tres petits, le
feu se sera propagé avant qu’un arbre ou qu’un feu n’apparaisse a nouveau. Autrement
dit, entre deux étapes, si une allumette tombe dans un amas, il le détruit alors instanta-
nément. Malheureusement, il a été montré (par simulations) que cela ne suffit pas pour
développer de la criticalité. Dans 1’état stationnaire, 'afflux d’arbres doit en compenser
la perte, et donc la relation

Ppe = fpo(s)

doit étre vérifiée, ou p. (p,) est la densité de sites vides (occupés) et (s) est la taille
moyenne des amas détruits par les feux. Pourvu que p, et p, ne se comportent pas de
maniere singuliere, on doit avoir
p
(s) < = (2)

Cette relation est parfaitement logique car le quotient p/f correspond au nombre d’arbres
qui ont poussé entre deux incendies. Pour qu'une grande structure se forme, on doit donc
avoir p/f > 1 et donc

I>p>f (3)

Nous ne nous sommes pour l'instant occupés que des échelles de temps microscopiques,
c’est-a-dire entre des étapes de 'algorithme (propagation, croissance, incendie). On doit
de plus calculer I'échelle de temps macroscopique. La propagation des feux doit étre
instantanée en comparaison des échelles de temps de croissance (i.e. p~!) et d’incendie
(i.e. f~1). Comme pour briiler une composante de taille N il faut environ N étapes, on
doit donc avoir, d’apres (2),

? <p L. (4)

Finalement, en comparant (3) et (4), on doit avoir

)
Pept<s

f

Cette dernieére relation est connue sous le nom de double séparation des échelles de
temps : le temps de propagation des incendies (i.e. p/f) est beaucoup plus petit que le

temps caractéristique de croissance (i.e. 1/p) qui lui-méme est plus petit que le temps
caractéristique d’apparition des incendies (i.e. 1/f).



Le modele peut se réécrire de la maniére suivante : soient L € N grand et p, f > 0
petits de sorte que f/p < 1et L>> p/f,

e sur chaque site, les arbres poussent avec taux 1;

o les allumettes tombent sur les sites occupés avec taux f/p et détruisent instanta-
nément I’amas correspondant.

Les exposants critiques correspondants sont calculés par des arguments de champs
moyens et leurs validations dans le modeéle spatial sont vérifiées par simulations. Malgré
cela, plusieurs travaux (par exemple [Gra93], [Hen93], [DCS94]) suggerent des valeurs
plus compliquées pour ces exposants et proposent des corrections sur les hypotheses
posées dans [DS92]. Certains résultats dans le cas unidimensionnel obtenus non rigou-
reusement dans [DCS93] ont été prouvés plus tard par VAN DEN BERG et JARAI [vdBJ05]
et par BROUWER et PENNANEN [BP06] dans un cadre un peu différent (voir la Section
1.3 plus bas), tandis que les autres prédictions de [DCS93] ont été carrément infirmées.

Méme si ce modele est supposé exhiber des lois puissances (avec la distribution de la
taille des foréts), il n’y a a priori aucune raison qu’il exhibe des propriétés d’invariance
d’échelle, condition indispensable pour étre classé dans les systemes SOC. Des travaux
plus récents, comportant des simulations plus poussées ([Gra02],[JP04]), jettent un doute
sur le fait que les conditions énoncées plus haut conduisent vraiment a un comportement
critique en deux dimensions.

1.3. Le processus des feux de foréts

On consideére ici une généralisation du DS-MFF en temps continu.

Soit G = (S, A) un graphe, ou S est 'ensemble des sommets et A est 'ensemble des
arétes. Le graphe G n’est pas nécessairement fini. On note £ = {0,1}° l'espace des
configurations. Pour n € E, on dit que n(i) = 0 si le site i € S est vide et n(i) = 1 si le
site ¢ est occupé par un arbre. On dit que deux sites sont voisins s’il existe une aréte entre
eux. On appelle forét une composante connexe de sites occupés. Pour ¢ € S et n € E,
on définit C(n,7) comme la forét autour de ¢ dans la configuration 7 (avec C(n,i) = ()
si n(i) = 0). Soit A > 0. Le A—processus de feux de foréts (A\—PFF) est défini selon les
regles suivantes : partant d’une configuration initiale quelconque,

e un arbre pousse sur chaque site vide avec taux 1 (une graine tombe et un arbre
pousse instantanément) ;

o des allumettes (ou de la foudre) tombent sur chaque site occupé avec taux A > 0
et brilent instantanément la forét correspondante.

Le cadre standard est celui ol les processus qui gouvernent le systeme sont des processus
de Poisson (les graines tombent selon un processus de Poisson de parameétre 1 tandis que
les allumettes tombent selon un processus de Poisson de parametre A). Sauf mention
explicite du contraire (parties 1.3.3 et 1.3.4), on se place dans ce cadre.



Une des difficultés dans I’étude du modele de feux des foréts (et des systémes critiques
auto-organisés en général) est que l'interaction est non locale. Le processus, méme s'il est
markovien, n’est pas fellerien et certaines des techniques usuelles ne s’appliquent plus.
Comme nous allons le voir (section 1.3.1), en dimension 1, il n’y a pas de réels problémes
pour définir le A\—PFF : la taille des foréts reste toujours finie (il y a toujours des sites
vides). La situation se complique en dimension supérieure : en ’absence de feux, les foréts
deviennent infinies en temps fini (croissance sans feu = percolation par sites sur GG). Mais
les feux ont pour effet de détruire les amas trop gros : méme s’il reste des foréts de taille
arbitrairement grande, une allumette n’a qu’un effet local (dans le sens ou les allumettes
qui tombent loin de l'origine n’affectent pas son état). Le manque de monotonie de
ces modeles rend 1'usage des techniques usuelles impossible : la monotonie permet de
comparer deux processus qui partent de configurations différentes (par couplage). Ici,
un processus dont la configuration initiale contient des arbres briilera indubitablement
plus tot que le processus partant de la configuration initiale vide et ’ordre s’en trouvera
inversé.

Le premier résultat mathématique a été établi par J. VAN DEN BERG et A. JARAI
[vdBJO05]. Ils calculent rigoureusement la densité asymptotique de sites vides lorsque
A — 0 pour le processus des feux de foréts sur Z. Ce résultat apparaissait pour la pre-
miére fois dans le travail de [DCS93], mais les arguments étaient bancals (ansatz erroné).
L’existence et I'unicité des processus de feux de foréts sur un graphe général n’ont été
établies que tres récemment par M. DURRE ([Diir06al, [Diir0O6b] et [Diir09]). L’existence
d’une mesure invariante sur Z a été démontrée par BROUWER et PENNANEN [BP06] puis
étendue dans le cadre Z? par A. STAHL [Stal2]. L’unicité n’a pu étre démontrée que dans
le cas ot A = 1 par X. BRESSAUD et N. FOURNIER [BF09]. Une question importante
(pour rester dans l'esprit de SOC) est de comprendre le comportement du processus de
feu de foréts lorsque A — 0, c’est-a-dire lorsqu’il y a de moins en moins d’allumettes qui
tombent. En dimension 1, X. BRESSAUD et N. FOURNIER ont montré [BF10] que, apres
une renormalisation appropriée, le processus des feux de foréts converge vers un proces-
sus limite quand A — 0. Ils y décrivent la dynamique du processus limite (construction,
existence et unicité) ainsi que la taille typique des foréts. Les auteurs ont étendu leurs
résultats [BF13] dans le cas ou les processus qui régissent la dynamique ne sont plus
des processus de Poisson mais des processus de renouvellement stationnaires. L’étude du
A—PFF est intimement liée au graphe G sous-jacent. Plusieurs variantes du A—PFF ont
été étudiées. On en décrit quelques unes dans la partie 1.3.4.

1.3.1. Existence et unicité du \—processus de feux de foréts

Dans le cas ou le graphe G est fini, ’existence et 'unicité des processus des feux de foréts
est claire : on peut ordonner chronologiquement les temps auxquels tombent les graines
et les allumettes et ainsi construire le processus graphiquement. Dans le cas du processus
des feux de foréts sur Z, un raisonnement simple arrive aux mémes conclusions : si on
veut construire le processus jusqu’a un temps 7', en partant d’une configuration initiale
avec une infinité de sites vides (on peut toujours le faire, car les foréts infinies sont
immédiatement détruites par un feu), il suffit d’en trouver sur lesquels aucune graine



ne tombe jusqu’a T'. On peut alors partitionner Z en une collection (aléatoire) de sous-
intervalles finis, qui n’interagissent pas entre eux (jusqu’au temps 7'). Le processus peut
alors également se construire graphiquement.

Pour des graphes infinis plus généraux, cette approche ne fonctionne plus : 'existence
et 'unicité du processus des feux de foréts sur G requiert des méthodes plus sophisti-
quées. En effet, il est naturel de considérer un processus de percolation dynamique sur G :
considérons une famille {T; : i € S} de variables aléatoires exponentielles indépendantes
identiquement distribuées de parametre 1. Posons m(i) = 0 si t < T;, c’est-a-dire si
aucune graine n’est tombée sur le site ¢ au temps ¢, et (i) = 1 si ¢ > T; : le processus
(m¢(1))¢>0,ies est le processus de feux de foréts... sans feu (A = 0). On lappelle proces-
sus de croissance. Remarquons que, pour tout ¢ > 0, U'ensemble {n;(i) : i € S} est une
percolation de parameétre 1 — e~!. Ainsi, un amas infini apparait au temps critique t.,
défini par 1 — e~ = p,.

Clairement, pour des petits temps, c¢’est-a-dire pour ¢t < t., il n’y a que des compo-
santes finies et le processus de feux de foréts peut étre construit graphiquement. Dés
que t > t., un amas infini peut (potentiellement) apparaitre et la construction graphique
du processus est impossible : ’état d’un site dans 'amas infini est directement influencé
par une infinité d’autres sites. Bien siir, les composantes géantes sont détruites par un
feu et amas infini n’émerge en fait jamais. Tout ceci a été formalisé par M. DURRE
([Dir06a], Théoreme 1) dans le cadre de graphes dont le degré des sommets est uni-
formément borné. Il montre ’existence du processus de feux de foréts pour tout A > 0,
pourvu que la configuration initiale ne contienne pas d’amas infini. Le méme auteur s’est
intéressé a 'unicité des processus des feux de foréts. Dans un premier temps [DiirO6b],
il montre le résultat pour un parametre \ assez grand (dépendant évidemment du para-
metre critique). Il généralise ce résultat dans ¢a these [Diir09] pour tout A > 0 ([Diir09],
Théoréeme 3) et toute configuration remplissant la condition de « cluster size bound »
([Diir09], Définition 7). La configuration initiale vide ou la percolation de parameétre
p < pe remplissent par exemple cette condition. La question de I'unicité pour n’importe
quelle configuration initiale est encore ouverte. De plus, en notant G,, = (Sy, 4,,), ou Sy,
est '’ensemble des sommets qui sont & une distance plus petite que n de 'origine et A,
I’ensemble des arétes associées, le processus des feux de foréts sur GG,, converge presque
stirement vers le processus des feux de foréts sur G ([Diir09], Théoreme 1).

1.3.2. Existence et unicité de mesures invariantes

L’existence d’une mesure stationnaire ne découle pas immédiatement des arguments de
compacité usuels car le processus n’est pas Feller (a cause des intéractions a longue
portée diis a l'existence d’amas géants). BROUWER et PENNANEN ([BP06], Proposition
5.1) montrent @ la main l'existence d’au moins une mesure invariante stationnaire. De
plus, ils définissent un sewil mazimal s)),,,, défini par s, log(s),..) = 1/X, c’est-a-dire
S o

M Nog(1/A)



et montrent qu’il existe des constantes 0 < ¢ < C tel que pour tout A € (0,1), toute
mesure (), stationnaire et invariante par translation pour le processus de feux de foréts
sur Z, et pour tout = < (1/(Alog(1/\))/3,

c C
(I1+2)log(1/A) < m(C0,0) =) < (14 x)log(1/X)’

Récemment, en combinant les méthodes développées dans [Diir09] et [BP06], A. STAHL
a étendu le résultat d’existence de mesures stationnaires et invariantes par translation
dans le cas des processus des feux de foréts sur Z¢ ([Stal2]Théoreme 1).

X. BRESSAUD et N. FOURNIER ont démontré ([BF09], Théoréme 1.1.) 'unicité de la
mesure invariante dans le cas particulier A = 1 (ils parlent de processus d’avalanches,
les graines et les allumettes étant remplacées par des flocons de neige et des avalanches).
Leur méthode se généralise aux modeles de feux de foréts de parametre A > 1 mais pas
a ceux de parametre A < 1. L’unicité de la mesure invariante dans les cas A < 1 reste
encore a démontrer.

1.3.3. Asymptotiques des \—processus de feux de foréts

Pour rester dans l'esprit du DS-modeéle de feux de foréts, il est intéressant de regarder
I’asymptotique des feux rares, c’est-a-dire de décrire le comportement du processus des
feux de foréts quand A\ — 0. Lorsque A = 0, le processus des feux de foréts est juste
un processus de croissance. Ainsi, pour pouvoir voir 'effet d’un feu, il faut regarder le
processus trés longtemps. Pour espérer observer un comportement critique, il faut donc
accélérer le temps. Peut-on trouver un processus limite dans des échelles correctes de
temps et d’espace ? Quelle est la taille typique des foréts (elles tendent vers l'infinie, mais
a quelle vitesse) ?

R. VAN DEN BERG et A. JARAI ont étudié la densité de sites vides dans la limite A\ — 0.
Ils montrent ([vdBJ05], Théoreme 4) qu'il existe des constantes 0 < ¢; < C telles que
pour toute configuration initiale, pour tout A > 0 assez petit et tout ¢ assez grand (de
l'ordre d’au moins log(1/)),

<O
= log(1/X)

C1

log(1/X)

Il est amusant de remarquer que ce résultat avait été établi par DROSSEL et co-auteurs
([DCS93]), mais leur démonstration était basée sur des arguments non rigoureux. D’autres
résultats conjecturés dans [DCS93] (sur la taille des amas) ont été infirmés dans [vdBJ05].

X. BRESSAUD et N. FOURNIER ont étudié [BF10] plus précisément le comportement
asymptotique du processus du feux de foréts. Avant d’identifier un processus limite, il
faut bien entendu décider du changement d’échelle a opérer. On suit ici leur raisonnement.
Soit (nt)‘(’i))tzoﬂ'ez le \—PFF.

Définissons le temps caractéristique comme le temps au bout duquel environ une
allumette tombe dans ’'amas contenant 0. Notons C(n;',0) I’'amas contenant 0 au temps
t. Pour A > 0 trés petit et ¢ pas trop grand, on peut négliger les feux et ainsi ne considérer

<P [5(0) = 0]
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que le processus de croissance. Comme les graines tombent selon un processus de Poisson
de parametre 1, chaque site est occupé avec probabilité 1 — e~ et donc

C,0)| = ¢,

toujours en négligeant les feux i.e. pour ¢ assez petit. Ainsi, comme chaque site briile
~ Xe!. On décide

donc d’accélérer le temps par un facteur ay de sorte que Ae®* = 1, c’est-a-dire

avec taux A, la composante contenant 0 briile avec taux A \C (n},0)

ay = log(1/X).

De cette maniere, on a A ’C (n?, 0)’ ~ 1 et la probabilité qu’une allumette tombe dans
la forét contenant l'origine pendant l'intervalle de temps [0, a)] devrait tendre vers une
valeur non triviale. Cependant, au bout d’un temps ay, les composantes sont trés grandes
juste avant de briler. Il convient alors de contracter ’espace, de sorte que environ une
allumette tombe par unité d’espace et par unité de temps. Comme les allumettes tombent
avec taux A, on contracte ’espace d’un facteur

ny = [1/(Aay)].

Cela veut dire que 'on identifie 'intervalle de temps [0, a)] & [0, 1] et 'intervalle d’espace
[0,n\] € Z a[0,1] C R. Les facteurs ay et ny définis ici apparaissaient déja dans les
travaux [vdBJO05] et [BP06].

Considérons a présent la nouvelle quantité
A 1 A
Dt (0) = n_AC(naAt’O)’

qui n’est rien d’autre que I'amas qui contient 0 dans les nouvelles échelles de temps et
d’espace. En reprenant les calculs menés plus haut, on a

D}M0) ~ny"te® = XMt log(1/)) —

0 sit<l1,
A—0

oo sit>1.

Cela crée immédiatement une difficulté : quand ¢t > 1, on espere que les feux agissent
et rendent alors finie la taille des amas. Malheureusement, comme les feux ne peuvent
que réduire la taille des amas, quand ¢t < 1, la limite de D(0) est réellement 0 : & la
limite, on a perdu des informations. Pour palier a ce manque, on introduit une nouvelle
quantité censée décrire le comportement microscopique des amas, c’est-a-dire les amas
qui ont une taille négligeable devant n.

Muni de ces deux grandeurs (taille des amas de l'ordre de ny et taille des amas
beaucoup plus petits que ny ), ils montrent que le A—processus des feux de foréts converge
en loi lorsque A — 0 vers un processus limite. Ils décrivent précisément la dynamique
de ce processus, montrent son unicité et qu’il peut étre parfaitement simulé. De plus, en
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utilisant ce processus limite, ils montrent que pour t assez grand et A assez petit, pour
tout 0 < a <b<1,

g HC(UQM, 0)’ Sl A_b]} € [e(b—a),C(b—a),
et pour tout B > 0
P HC(U;\/\“O)‘ > nAB} € [ce 2B CemmB),

pour certaines constantes 0 < ¢ < C' et 0 < k1 < Kko. Cela montre, de fagon tres faible,
que pour tout A > 0 assez petit et tout ¢ assez grand (de 'ordre de log(1/X)), la taille
des amas ressemble a

« Be/m

x4+ 1Dlo 1)\1{x<<m}+ n ’
( )log(1/A) A

P HC(nf‘,O)} = x} o~

avec «, 8 > 0. Cela veut dire qu’il y a deux types d’amas : les amas microscopiques, dé-
crits par une loi puissance, et des amas macroscopiques, décrits par une loi exponentielle.
Il y a une transition de phase pres de la taille critique ny = [1/(Alog(1/)))].

Il n’y a donc pas de comportement SOC : il y a bien une distribution en loi puissance
mais elle ne décrit que les amas de taille tres petite devant la taille critique.

Dans [BF13], les mémes auteurs étendent leurs résultats aux processus de renouvelle-
ment stationnaires. Ils considerent ainsi le cas o, en chaque site de Z, le temps d’attente
entre deux graines ne suit plus une loi exponentielle mais une loi vg et que le temps
d’attente entre deux allumettes suit une loi vj;. Pour étudier le processus des feux de
foréts, défini de maniere naturelle, des conditions sur les lois vg et vj; sont imposées.
Ils imposent a vg d’étre soit a support borné, soit a variation lente, rapide ou réguliere,
c’est-a-dire de vérifier

vt >0, lim SUE0) s
z—o0 vg((tx , 00))

(Hs(B))

avec § = oo ou € [0,00). Dans tous les cas, sous des conditions de renormalisation
appropriées obtenues par des considérations heuristiques comme ci-dessus, ils montrent
la convergence du processus des feux de foréts vers un processus limite qui est unique et
qu’on peut construire graphiquement. Ils montrent qu’il y a quatre classes universelles
selon que

e la loi vg est a support borné;

e la queue de distribution de vg décroit rapidement ;
¢ la queue de distribution de vg est polynomiale;

¢ la queue de distribution de vg est logarithmique.

Ils décrivent, dans chaque cas, la taille typique des amas. Dans [BF13] comme dans
[BF'10], on n’observe pas de criticalité. Il est remarquable que leurs résultats ne dépendent
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que d’une hypothese assez faible sur la loi des temps d’attente. En effet, en observant
que z — vg((z,00)) est décroissante, lipschitzienne et convexe, 'hypothese (Hg(3)) est
automatiquement vérifiée par la plupart des lois.

Il n’y a pas encore de résultats précis sur 'asymptotique des feux rares sur des graphes
plus généraux. Comme pour montrer 'existence du A—PFF, Section 1.3.1, les démons-
trations se compliquent deés que la dimension du réseau augmente et font appel a des
arguments tres fins de percolation (géométrie des composantes infinies). Un premier ré-
sultat sur le réseau Z? a été obtenu par J. VAN DEN BERG et R. BROUWER [vdBBO06].
Définissons t.. par la relation 1—e ™t = 1/2 = p.(2). Ils montrent que, conditionnellement
a une conjecture démontrée depuis par Kiss, MANOLESCU et SIDORAVICIUS [KMS13], il
existe t > t. tel que pour tout m > 1,

li inf Lim inf P un arbre de [—m,m]* brille avant ¢ < 1

A—0 n—00 dans le processus de feux de foréts défini sur S,,=[—n,n] 2
Cette derniere inégalité est plutdt surprenante : intuitivement, on peut espérer que pour
t > t, fixé — le processus de croissance sans feu est alors la percolation sur Z? avec
probabilité 1 — e~ > p.(2), il y a donc un unique amas infini — si on fait simultanément
tendre A vers 0 et m vers l'infini, la probabilité qu'un arbre a une distance plus petite
que m de 'origine brile avant t tende vers 1.

L’étude de processus des feux de foréts modifiés peut donner des réponses ou, tout du

moins, des indications sur les comportements du vrai processus des feux de foréts. On
décrit dans la prochaine Section quelques processus de feux de foréts modifiés.

1.3.4. Quelques modéeles en relation avec le A\—processus de feux de foréts

On a vu que I'étude des processus des feux de foréts est rendue difficile & cause des
interactions a longue portée et du manque de monotonie. Pour contourner ce probleme,
on peut étudier d’autres modeles qui contournent ces problemes.

1.3.4.1. Percolation auto-destructrice

Introduite par J. VAN DEN BERG et R. BROUWER dans [vdBB04], la percolation auto-
destructrice (self-destructive percolation) est définie de la maniére suivante. Fixons nous
un graphe infini G = (S5, A4), ou S est I'ensemble des sommets et A est I’ensemble
des arétes. Pour § > 0, considérons la percolation par sites de parametre p (on ouvre
chaque site avec probabilité p, indépendamment les uns des autres). Fermons tous les
sites se trouvant dans les (potentielles) composantes connexes infinies : on dit que les
amas infinis sont brilés. Finalement, ouvrons tous les sites fermés avec probabilité ¢,
indépendamment de tous les choix précédents. On appelle P, 5 la mesure gouvernant
la configuration ainsi obtenue et #(p,d) la P, s—probabilité qu'un site donné (appelé
origine) se trouve dans un amas infini.

On définit
de(p) == inf {d§ : 6(p,d) > 0}
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et on pose p. = p.(G), le point critique pour la percolation par sites. Il est facile de
voir que O(p,d) est nul si p < p. tandis que O(p,d) est positif si et seulement si la
configuration finale contient presque sirement au moins un amas infini (c’est-a-dire
p > pc). La question intéressante est donc de connaitre le comportement de d.(p) quand
p | pe. Dans leur publication originale [vdBB04], VAN DEN BERG et BROUWER ont
conjecturé que, pour un graphe plan, §. est borné uniformément loin de 0 quand p > p,,
c’est-a-dire qu'’il existe existe dg > 0 tel que pour tout p > pe,

0(p, o) = 0. (L3.1)

La conjecture est plutot surprenante : quand p est vraiment proche de p., 'amas infini
est vraiment fin et apres 'avoir briilé, on peut espérer qu’il ne faille ouvrir que quelques
sites pour obtenir a nouveau un amas infini.

Il se trouve que la réponse dépend crucialement de la géométrie du graphe. Elle a été
infirmée pour Z¢ avec d assez grand dans [ADCKS13]. En dimension 2, il a été montré
([vdBB04], Proposition 3.1) que d.(p) > 0 pour p > p.. Ce résultat a été renforcé par VAN
DEN BERG et DE LiMA [vdBdL09] qui ont montré que d.(p) > (p — p.)/p. Récemment
Ki1ss, MANOLESCU et SIDORAVICIUS [KMS13] ont démontré cette conjecture dans le cas
du réseau Z2.

1.3.4.2. Processus de feux de foréts en champ moyen

Nous présentons ici un modele de feux de foréts en champ moyen. Le point de vue
adopté est un peu différent. Il a été étudié par B. RATH et B. TOTH dans [RT09] et
est intimement lié au graphe aléatoire d’ERDOS-RENYI. Un comportement critique auto-
organisé a été rigoureusement établi.

Commencons par rappeler quelques résultats bien connus sur le graphe aléatoire
d’ERDOS-RENYI, qui peut étre vu comme une percolation sur le graphe complet a n
sommets. On note G,, = (Sp, Ay) le graphe complet & n sommets (|S,| = n, tous les
sommets sont joints par une aréte). On consideére le graphe de fagon dynamique : au
temps t = 0, il y a n sommets et aucune aréte. Les arétes s’ouvrent, indépendamment,
avec taux 1/n. On définit la concentration des amas de masse k > 1 au temps t > 0

nombre de composantes de taille k au temps ¢

vp(t) =
1) =

A la limite n — o0, il y a une transition de phase : une composante géante contenant
une fraction positive de tous les sommets émerge au temps critique ¢, = 1. Une facon
de formaliser tout cela est de dire que v}}(t) converge en probabilité vers une limite
déterministe v (t), quand n — oo, ou la limite satisfait

ka(t){zl sit<1,

k>1 <1l sit>1.

Le défaut de masse pour ¢t > 1 est du a 'apparition d’une composante géante, de taille
de l'ordre de n. De plus, pour ¢t < 1, v(t) décroit exponentiellement vite avec k tandis
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que, au temps critique t. =1, on a
vp(te) ~ k™32

Le modeéle est ainsi sous-critique si ¢ < 1, critique pour ¢ = 1 et sur-critique pour ¢t > 1.

On modifie & présent le mécanisme de sorte que la composante géante n’apparaisse
jamais : soit A(n) une fonction telle que 1/n < A(n) < 1. Supposons que des allumettes
tombent sur chaque sommet, indépendamment, avec taux A(n). Quand une allumette
tombe sur un sommet, la composante le contenant est cassée en sommets individuels,
c’est-a-dire que toutes les arétes sont fermés. Heuristiquement, ce mécanisme devrait
interdire les composantes de taille de 'ordre de n (nA(n) > 1). Inversement, la relation
A(n) < 1 montre que les amas de petites tailles ne sont pas touchés par les feux et
peuvent donc grandir plus au moins comme dans le modele d’ERDOS-RENYI. L’heuris-
tique suggere qu’apres le temps critique t. = 1, le systéme reste critique pour toujours.
RATH et TOTH montrent [RT09] que c’est effectivement le cas : en notant o} (¢) la pro-
portion (concentration) d’amas de taille k& au temps t,

o la suite (v} (t))nen converge en probabilité vers une fonction déterministe

vE(t) == lim o (¢);

o sit <t Up(t) = v(t), ot (vg(t))r>1 est définie plus haut;
o sit>te,ona Y s, 0(t) < kY2

Le modele exhibe un comportement SOC dans le sens ou avant t., il n'y a pas de
composante géante tandis qu’apres t., la distribution des tailles est dans un sens critique
pour toujours.

1.4. Travaux de these

On étudie un processus de feux de foréts avec propagation non instantanée. Posons E =
{0,1,2}%. Soit n € E, on dit que 1(i) = 0 si le site i € Z est vide, n(i) = 1 si le site i est
occupé par un arbre et n(i) = 2 si le site i est en feu. On appelle forét une composante
connexe de sites occupés. Pour i € Z et n € E, on définit C(n, i) comme la forét autour
de i dans la configuration 7 (avec C'(n,4) = 0 si n(i) = 0 ou si (i) = 2). Soient A € (0,1)
et m > 1. On définit le (A, m)—processus de feux de foréts ((A\, 7)—PFF) de la maniére
suivante : sur Z, partant d’une configuration initiale vide,

e sur chaque site, des graines tombent selon un processus de Poisson de parametre
1. Si le site est vide, un arbre pousse instantanément ;

o sur chaque site, des allumettes tombent selon un processus de Poisson de parameétre
A. Si le site est occupé par un arbre, 'arbre briile. . .
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e ... pendant un temps exponentiel de parametre 7, avant de se propager a ses
deux voisins. S’ils sont occupés, ils briilent. L’arbre devient alors cendre et le site
redevient vide.

On note (U?’W(i))tzo,iez le processus ainsi défini. Comme dans la Section 1.3.1, on peut
facilement montrer qu’un tel processus existe (sur Z).
D’un point de vue critique (voir section 1.2), le cas intéressant est celui ou

ALl

c’est-a-dire lorsque la fréquence d’apparition des allumettes tend vers 0 et que la vitesse
de propagation des feux tend vers l'infini.

Comme décrit dans la section 1.3.3, en observant le processus dans un intervalle de
temps fini [0,7], aucun comportement critique n’émergera (car A — 0). Pour pouvoir
observer un comportement critique, il faut changer d’échelle de temps. En remarquant
que le calcul heuristique effectué en section 1.3.3 ne fait intervenir que le processus de
croissance (on néglige les feux), un raisonnement analogue implique donc que ’échelle
de temps doit étre de 'ordre de a) = log(1/A) tandis que ’échelle d’espace doit étre
de l'ordre de ny = [1/(Alog(1/)))]. Evidemment, comme 'heuristique est faite en né-
gligeant les feux (et donc la propagation des feux), les échelles ne dépendent pas du
parametre .

On définit alors 'amas contenant 0 dans nos nouvelles échelles,

A, 1 A,
D™ (0) = n—AC(Ua;Q,O)-

La difficulté apercue en section 1.3.3 est encore présente : en ’absence de feu, on a

D}™(0) =y te™ = Mt log(1/)) —

A=0 oo sit>1.

{0 sit<l1,

Pour t > 1, on espere que les feux agissent et rendent alors finie la taille des amas.
Malheureusement, la limite de Di‘ ™(0) est réellement 0 quand ¢ < 1, car les feux ne
peuvent que réduire la taille des foréts. Pour palier & ce défaut, on définit,

m — i
AT )\ai

. AT
KM (0) = {ie [[_mké:liﬂ{ ?axt(l) =0} efo,1],

T _ _log(KtAm(x))
2" (0) = gt

et on introduit, pour ¢ > 0,

A1 e[0,1].
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Observons que my < ny mais que pour t < 1, en se rappelant les calculs effectués plus
haut, en négligeant les feux, on a

CORG 0] ~ e =2 < my,

Ainsi, Kt)‘ ™(0) peut étre interprété comme la densité locale de sites vides autour de 0
(locale car my < ny). De plus, on espére que pour ¢ < 1, on ait Kt)"w(O) ~ A d’ou
Z}™(0) ~ t.
On décrit alors le comportement du (A, 7)—PFF autour de l'origine a travers le pro-
cessus (D;""(0), Z;"™(0))1>0.0cr. L'idée principale est que pour A > 0 trés petit,
e« si Z™(0) = z € (0,1), alors ‘D?’W(O)‘ ~ ( et 'amas contenant 0 est microsco-
pique, dans le sens ou la taille de 'amas avant changement d’échelle est tres petite
comparée a ny ;

o si Z;"W(O) =1, alors ‘D;"”(O)‘ = [a,b] : Pamas qui contient 'origine est macrosco-

pique et la taille de 'amas avant changement d’échelle est de 1'ordre ny |b — a.

On cherche a présent a décrire le comportement d’'un feu. Imaginons qu’une zone
[lany], [bny]], avec a < 0 < b, soit complétement remplie & un certain temps ayto et
qu’une allumette tombe en 0 au temps aytg. Comme le feu met un temps de 'ordre de
1/7 & se propager a son voisin, en négligeant tous les autres phénomenes, il atteindra le
site |bny | au temps

b
a)tog + %

Siny /7 > a) alors, dans les échelles de temps considérées, le feu ne pourra pas atteindre
le site [bny | tandis que si ny/m < ay, le feu atteindra le point |bny| trés rapidement.
Siny /7 ~ pay, avec p > 0, le feu atteindra le site [bny | en un temps de lordre de bpay
(le temps caractéristique).

L’objectif est donc d’étudier la convergence du (A, 7)—PFF lorsque A tend vers 0 et 7
vers l'infini dans les différents régimes, c’est-a-dire lorsque A — 0 et 1 — oo avec

n) 1
—~ — = 0 U .
o~ i 7P € [0, 00) U{oo}

On dit que la convergence a lieu dans le régime
e rapidesip=0;
o intermédiaire si p € (0,00);
e lent si p = oo.

Décrivons a présent les caractéristiques principales des différents régimes.
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Etude de la convergence du (A, 7)—PFF dans le régime lent

Dans cette partie, on s’intéresse a la convergence du (A, 7)—PFF dans le régime ou A — 0
et m — oo avec

n)

— — OQ.

a)T
Ce régime est un peu particulier car il n’y a pas, asymptotiquement, d’interaction entre
les sites : si une allumette tombe sur un site |nyxg| au temps aytg, le feu n’affectera
les sites que localement dans le sens ou pour tout € > 0 et tout |z — zy| > &, pour A
petit et m grand tels que ny/(aym) soit grand, le feu n’atteindra pas le site [nyz| dans
I'intervalle de temps [0,a)T].

Il reste cependant une petite subtilité : on sait que le feu n’affecte pas les sites se

trouvant a une distance de 'ordre de ny. Que se passe-t-il pour les sites proches ? Lorsque

A — 0 et m — oo dans le régime lent, on suppose 'existence et on définit
2o ==sup{s > 0:1/(Naym) — 0} € [0,1].

Rappelons que pour ¢ < 1, la taille des foréts est de ’ordre de A% et qu’un feu démarrant
en ig € Z au temps aytg atteint le site ¢ € Z au temps ayto + |i — ig| /7. Le parameétre
zp est donc défini de sorte que si une allumette tombe dans une zone A alors

o si|A| < A% le feu se propage trés rapidement (instantanément) dans la compo-
sante A et s’éteint ;

o si|A| > A% la forét est trop grosse pour étre briilée entierement dans nos échelles
de temps : le feu briile pour toujours.

Pour zy € [0, 1], on étudiera la convergence du (A, 7)—PFF dans le régime R (o0, 2¢)
c’est-a-dire dans le régime ot A — 0 et m — oo avec

Aa)m log(1/\)

— 20.

Finalement, partant d’une configuration initiale vide, pour ¢ € [0, 1), si aucune allu-
mette ne tombe, la taille des amas est de I'ordre de e = X\~%. Ainsi, si une allumette
tombe & I'instant ayty avec tg < 2, le feu se propage dans une zone de taille =% < \=?0
pendant un temps d’environ

1/(Z77) < ay,.

Comme le (A, 7)—PFF est un processus de Markov, le temps que met la zone a se remplir
a nouveau est (intuitivement) de l'ordre de aytg. Si maintenant une allumette tombe a
Iinstant ayty avec tg > zg, 'allumette tombe dans une zone A de taille

|A] ~ A7 Any > AT,

Le feu n’atteint jamais le bord de la zone. Comme il n’est pas affecté par d’autres feux,
il briile pour toujours.
Ainsi, dans nos nouvelles échelles, le processus limite doit se comporter de la sorte :

18



e pour presque tous les sites, les arbres poussent sans étre affectés par des feux.
Au temps t € [0,1), toutes les zones sont microscopiques et sont décrites par le

A . .
processus (Z; " (x))i>0,zer. Au temps ¢ = 1, les zones macroscopiques émergent ;

o localement (a I’endroit ou tombent des allumettes), des feux démarrent. Si la zone
n’est pas trop grosse, c’est-a-dire si lallumette tombe & l'instant ¢t € [0, 2g), la
forét n’a pas eu le temps de trop grandir et est détruite instantanément. Le feu
s’éteint et crée une barriere de hauteur ¢ (le temps que la zone vidée se remplisse
a nouveau). Si l'allumette tombe apres zy, comme la forét n’a pas été affectée par
des feux (la probabilité que deux allumettes tombent trés proche est treés petite),
le feu continue de briiler pour toujours (dans nos échelles de temps).

Pour tout zy € [0, 1], on définit un processus limite et on montre la convergence du
(A, m)—PFF vers ce processus limite lorsque A — 0 et 7 — oo dans le régime R (o0, 2¢).

Etude de la convergence du (), 7)—PFF dans le régime rapide

Intéressons-nous a présent a la convergence du (A, 7)—PFF dans le régime rapide, c’est-
a-dire lorsque A — 0 et @ — oo avec ny/(aym) — 0. On sait que si une allumette
tombe :

« dans une zone A de taille |A| < ny, alors le feu mettra un temps

Al _ my
— <K —<Kay
T
pour traverser la zone A : a la limite, dans nos nouvelles échelles, le feu se propagera
instantanément.

o dans une zone A = [|any ], [bny]], avec a < b, alors le feu mettra un temps (au
plus)
b—a)n
T
pour traverser la zone A : a la limite, dans nos nouvelles échelles, le feu se propagera

aussi instantanément.

Ainsi, a la limite, dans le régime R(0), tout se passe comme si le feu se propageait
instantanément : dans le processus discret, quand une allumette tombe dans une zone,
le temps que le feu met a se propager est négligeable devant ay, c’est-a-dire qu’apres
changement d’échelle, le feu se propage instantanément. En comparant la dynamique
de ce processus (pour A petit et m grand de sorte que ny/(aym) soit assez proche de
0) avec le A—processus de feux de foréts, défini dans la section 1.3.3 (processus avec
propagation instantanée i.e. « T = 0o »), on espere que le (A, 7)—FFP converge vers le
méme processus limite défini dans [BF10] : les différences dues a la propagation du feu
dans le (A, 7)—FPP ne se répercutent pas a la limite. Dans ce régime, 'interaction est a
longue portée.

On montre que le (A, 7)—PFF converge effectivement en loi vers le processus limite
défini dans [BF10], lorsque A — 0 et m — oo dans le régime R(0).
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Etude de la convergence du (), 7)—PFF dans le régime intermédiaire

Soit p € (0,00). On s’intéresse enfin & la convergence du (A, 7)—PFF quand A — 0 et
T — 00 avec

n)

— = p.

a)T

Comme dans les parties précédentes, étudions l'effet des feux.

o Si une allumette tombe dans une zone A de taille |A| < ny, alors le feu mettra un
temps
4]

— <L ay
m

pour traverser la zone A : a la limite, dans nos nouvelles échelles, comme dans
le cas du régime rapide, le feu se propage instantanément. Ici, l'effet des feux
microscopiques, c’est-a-dire des feux qui se déclarent dans une zone microscopique,
est le méme que dans le régime rapide.

o Le cas ou une allumette tombe dans une zone A = [|an, |, [bny|], avec a < b, est
un peu différent : si I'allumette tombe par exemple en |nyzg|, avec xg € (a,b),
alors le feu mettra un temps

(b — xo)ny

~ p(b—
. p( xo)a,\

a rejoindre le bord de la zone. A la limite, dans nos nouvelles échelles, le feu met
un temps p a traverser une zone de taille 1.

En combinant le comportement des feux microscopiques et des feux macroscopiques,
on peut alors facilement distinguer un processus limite. On définit ce processus et on
montre la convergence du (A, m)—PFF vers ce processus limite dans le Chapitre 5.

1.5. Perspectives

Au chapitre 3 de cette thése, nous présentons des travaux en cours. Il s’agit d’une étude
du processus de feux de foréts en environnement aléatoire. Les démonstrations des théo-
remes n’ont pour l'instant pas été écrites. Le Chapitre 3 n’est constitué que de preuves
heuristiques, nous espérons qu’elles soient tout de méme convaincantes.

On utilise les notations classiques des processus de feux de foréts (définies a la Section
1.3.3). Soit v une probabilité portée par Ry (c’est-a-dire telle que v((—oc,0]) = 0) et
(Ki)iez une suite de variables aléatoires indépendantes et identiquement distribuées selon
v. Soit A > 0. On définit le (A, v)—processus de feux de foréts en environnement aléatoire
((\,v)—PFFEA) de la maniére suivante : partant d’une configuration initiale vide,

o sur chaque site ¢ € Z, des graines tombent selon un processus de Poisson de para-
metre k;. Si le site est vide, un arbre pousse instantanément ;
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e sur chaque site, des allumettes tombent selon un processus de Poisson de para-
metre A. Si le site est occupé, le feu détruit instantanément la composante connexe
correspondante de sites occupés.

On note (1 (i))¢>0,icz le processus ainsi défini. Comme dans la Section 1.3.1, on montre
facilement I'existence et I'unicité d’un tel processus (sur Z).
Pour t > 0, on définit la transformée Laplace de la loi v,

G(t) = /R e lde)

Clairement, G(0) = 1, G est strictement décroissante, convexe, analytique sur (0, 00)

et, comme v(0) = 0, G(t) = 0. Dans cette partie, on suppose de plus que 1/G est
— 00

soit a variation lente, soit & variation rapide, soit & variation réguliere d’indice 5 > 0,

c’est-a-dire que

vt >0, lim Z®) _p
z—o0 G(xt)
oll par convention on pose
0 site(0,1),
t* =471 sit=1,
oo sit>1.

Remarquons que cette hypothése n’est pas vraiment restrictive a la vue des propriétés
de G : la plupart des lois la satisfont.

Le cas intéressant reste bien entendu ’asymptotique des feux rares i.e. ’étude de la
limite A — 0. Pour définir une échelle de temps appropriée, le raisonnement est un peu
différent de celui de la partie précédente. Comme les graines tombent sur le site ¢ € Z
selon un processus de Poisson de parameétre x;, en négligeant les feux, le site ¢ sera
occupé & linstant ¢ avec probabilité E [1 — e *i'] =1 — G(t). Un calcul grossier montre
que pour tout t > 0,

E|[|Ccr,0)]] = 1/G(0).

Comme chaque site briile avec taux A > 0, on décide d’accélérer le temps d’un facteur

an el que
ds = |’
0 G(S)

de sorte que la probabilité qu'une allumette tombe dans ’amas contenant 0 pendant
I'intervalle de temps [0, ay] tende vers une valeur non triviale. On montre facilement que

ay, — oo et )\a)\———>0.
A—0 A—0

Comme les composantes sont trés grandes juste avant de briler, on doit contracter
I’espace. On définit ny, comme d’habitude, par la relation

ny = [1/(Aay)],
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de sorte que, apres changement d’échelle, environ une allumette tombe par unité de
temps et d’espace.
On distinguera alors trois cas :

o dans un premier temps, on étudiera le (A, v)—PFFEA pour les lois v dont l'inverse
de la transformée de Laplace est a variation rapide;

o dans un deuxiéme temps, on étudiera le (A, v)—PFFEA pour les lois v dont l'inverse
de la transformée de Laplace est a variation réguliere d’indice 5 > 0;

o finalement, on étudiera le (A, v)—PFFEA pour les lois v dont 'inverse de la trans-
formée de Laplace est a variation lente.

Ce qui est remarquable au premier abord est 'universalité des modeles limites. On
n’impose qu'une condition — assez faible — sur le comportement en l'infini de la trans-
formée de Laplace de la loi v. En fait, les théoremes Taubérien font le lien entre le
comportement en l'infini de la transformée de Laplace de v et le comportement en 0 de
v. On étudiera notamment les exemples ou

o inf(supp (v)) = 0 et 1/G est a variation réguliere d’indice g € (0,00);
o inf(supp (v)) = 0 et 1/G est a variation rapide;
o inf(supp (v)) = zp > 0 : dans ce cas, 1/G est forcément & variation rapide.

Les démonstrations des théorémes sont longues et assez fastidieuses. Elles ne sont
pour l'instant pas écrites. On tachera de convaincre le lecteur en donnant des preuves
heuristiques. On montrera notamment que le processus limite trouvé dans [BF10], dans
[BF13] cas § = oo, dans la Section 1.4 cas propagation rapide et celui espéré dans le
cas ou 1/G est a variation rapide dans la présente partie est le méme. On tachera d’en
expliquer la raison.

1.6. Conclusion

On a présenté ici des raffinements du processus des feux de foréts sur Z défini dans [BF10]
(cas poissonnien, avec propagation instantanée en milieu déterministe). Le modele limite
trouvé dans ce travail est universel : il correspond aussi au cas du processus limite dans

o [BF13], cas des processus de renouvellement avec délais a décroissance rapide;
o [LC15], cas du régime rapide;

e le cas § = oo dans le modele en environnement aléatoire, décrit dans la Section
1.5, avec pas (ou peu) de sites arbitrairement lents.

Néanmoins, que ce soit dans le cas des processus de renouvellement (avec délais a
décroissance lente ou polynomiale), dans le cas des processus avec propagation non ins-
tantanée (cas des régimes intermédiaire et lent) ou dans le cas des processus en environ-
nement aléatoire (quand il y a suffisamment de sites lents i.e. avec trés peu de graines),
I’étude du processus des feux de foréts fait apparaitre d’autres limites.

22



Il. Asymptotics of the one dimensional
forest-fire processes with non-instaneous

propagation
Sommaire

II.1 Imtroduction . .. ... ... ... ittt 27
II.1.1 The discrete model . . . . . . . .. ... ... ... ... ..., 27
II.1.2 Notation. . . . . . . . .. .. . 28
I1.1.3 Heuristic scales and relevant quantities . . . . . . . . .. .. .. 29
II1.1.4 Plan of the chapter . . . . . . . ... ... ... ...... 32
I1.2 Mainresults . . . . . . . i i i it i ittt 33
I1.2.1 Main results when p € [0,00) . . . . . ... ... ... ... 33
1I1.2.1.1 Definition of the limit forest fire process . . . . . . . . 33

11.2.1.2 Formal dynamics . . . . . . . . ... ... ... .... 34

11.2.1.3 Well posedness . . . . . .. .. ... ... ....... 34

1I1.2.1.4 The convergence result . . . . ... ... ... .... 35

11.2.1.5 Heuristics argument . . . . . . .. ... ... ... .. 36

11.2.1.6  Cluster size distribution . . . . . ... ... ... ... 37

II.2.2 Mainresultsforp=o00 . . . ... .. ... ... ... ... . 38
11.2.2.1 Definition of the limit process . . . .. .. ... ... 38

11.2.2.2 Formal dynamics . . . . . . .. ... ... ... .... 40

11.2.2.3 Well posedness . . . . .. ... ... ... ... .... 40

11.2.2.4 The convergence result . . . . ... ... ... .... 40

11.2.2.5 Heuristics arguments . . . . . . ... ... ... ... 41

11.2.2.6  Cluster-size distribution . . . . . . .. ... ... ... 41

11.2.2.7 Trreversibility . . . . . . .. ... .. ... .. ... 42

I1.3 Existence and uniqueness of the limit process . ... ... .. 43
I1.3.1 Restriction of the LFFP(c0, z0) to a finite box . . . .. .. .. 43
I1.3.2 Restriction of the LFFP(p) to a finite box . . . . . ... .. .. 44
11.3.2.1  Algorithm . . .. .. .. .. ... .. ... ... ... 44

I1.3.2.2 Restriction of the LFFP(p) to a finite box . . . . . . . 48

I1.4 Propagation Lemmas . . . ... ... ... 51
II1.4.1 Propagation lemma in the intermediate regime . . . . ... .. 52

23



I1.4.2 Propagation lemma in the regime R(0) . . . ... . ... ... 55

I1.4.3 Propagation lemma in the regime R(co,z0) . . . . . . . . . .. 57
I1.4.4 Application to the (A\,m)—FFP . . .. .. ... ... ... ... 59
II.5 Localization of the (\,7)-FFP . . . ... ... ... ... ..., 65
I11.6 Localization of theresult . . . . ... ... ... ... ...... 81
I1.6.1 Localization in the regime R(p) . . . . . . . . . .. .. .. ... 81
I1.6.2 Localization in the regime R(00,20) « . « v« v v v v v v v v o 82
I1.7 Convergence in the slow regime . . . . . . ... ... ... ... 83
II.7.1 Occupation of vacant zone . . . . . . . . . ... ... ... ... 83
11.7.2 Height of the barrier . . . . . . ... ... ... ... . ..... 84
11.7.3 Proof of Theorem I1.6.2 . . . . . ... ... ... ... ..... 86
I1.7.3.1 Thecoupling . . .. ... ... ... ... ...... 87

I1.7.3.2 Asweetevent . .. ..... .. .. .......... 88

I1.7.3.3 Heart of the proof . . . . . ... ... ... . ..... 89

I1.7.3.4 Conclusion . . ... ... ... ... ... ...... 92

I1.8 Convergence in the intermediate regime. . . . . . . ... ... 94
11.8.1 Occupation of vacant zone . . . . . . . .. .. ... ... .... 94
11.8.2 Height of the barrier . . . . . . . ... ... ... ... ... 96
11.8.3 Persistent effect of microscopic fires . . . ... ... ... ... 100
1I1.8.4 Heart of the proof . . . . . . . .. .. ... . ... ... 104
I1.8.4.1 Thecoupling . . . ... ... ... . ... ....... 104

11.8.4.2 A favorableevent . .. ... .. ... ......... 105

11.8.4.3 Heart of the proof . . . . . . .. .. ... ... . ... 108

1I1.8.5 Proof of Theorem II.6.1 forp >0 . . . . . ... ... ... ... 136
11.8.6  Cluster size distribution whenp >0 . .. ... ... ... ... 141
I1.8.6.1 Study of the LEFFP(p) . . . . . ... ... .. ..... 142

I1.8.6.2 Proof of Corollary I1.2.6 when p >0 . . . . . . . . .. 145

I1.9 Convergence in the fast regime . . ... .. ... ... ..... 148
11.9.1 Occupation of vacant zone . . . . . . . .. ... ... .. .... 148
11.9.2 Height of the barrier . . . . . . . ... ... ... ... .. ... 149
11.9.3 Persistent effect of microscopic fires . . . ... .. .. ... .. 152
11.9.4 Heart of the proof . . . . .. ... . ... ... ... 156
11.9.4.1 Thecoupling . . . ... ... ... .. ... ..... 156

11.9.4.2 A favorableevent . . ... ... ... ......... 157

11.9.4.3 Heart of the proof . . . . . . .. .. ... ... . ... 158

11.9.5 Proof of Theorem I1.6.1 forp=0. .. .. ... ... ... ... 166

11.9.6  Cluster size distribution whenp=0 . . . ... ... ... ... 171




Résumé

On considere le modele suivant de feux de foréts sur Z, ou chaque site a trois états
possibles : wvide, occupé ou en feu. Un site vide devient occupé avec taux 1. Sur chaque
site, des allumettes tombent avec taux A. Si le site est occupé, il briile pendant un
temps exponentiel de parametre m avant de se propager a ses deux voisins. S’ils sont
occupés, ils briilent, sinon le feu s’éteint. On étudie 'asymptotique des feux rares c’est
a dire lorsque A — 0 et m — 0o. On montre qu’il y a trois catégories possibles de limites
d’échelles, selon le régime dans lequel A tend vers 0 et w vers 'infini.

Abstract

Consider the following forest-fire model where the possible locations of trees are the
sites of Z. Each site has three possible states: 'vacant’, ’occupied’ or ’burning’. Vacant
sites become occupied at rate 1. At each site, ignition (by lightning) occurs at rate A.
When a site is ignited, a fire starts and propagates to neighbors at rate w. We study the
asymptotic behavior of this process as A — 0 and m — oo. We show that there are three
possible classes of scaling limits, according to the regime in which A — 0 and ™ — oc.
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I1.1. Introduction

This section is devoted to preliminaries. We first define the (A, m)—forest fire process with
non instantaneous propagation. We next give heuristic scales and relevant quantities.
Finally, we give the plan of the present chapter.

11.1.1. The discrete model

Here we introduce the forest fire model with non instantaneous propagation.

Definition I1.1.1. Let A € (0,1] and ® > 1 be fized. For eachi € Z, we consider three
Poisson processes, N°(i) = (N£(i))i>0, NM (i) = (NM(i))i>0 and NF (i) = (NF(i))i>0
with respective parameters 1, A and 7, all of these processes being independent. Consider
a {0,1,2}-valued process ("™ (i))i>0icz such that a.s., for all i € Z, ()™ (i))is0 is
cadlag. We say that (U?’ﬂ(i))tzo,z’ez is a (A, m)—forest fire process (A, m)—FFP in short)
if a.s., for alli € Z, allt > 0,

t t
>\77'( N S . M-
" (4) —/0 1 iy=0p AV () +/0 1im =1y AN ()
t t
Py Py
+/0 Lopm =z =y WNs G +1) +/o Lo iny=a = (iy=1y s (0 —1)

t
P/
—2 /0 Lo iy=2y AN (0)-

Formally, we say that ng\’”(i) = 0 if there is no tree at site ¢ at time ¢ and ni"w(i) =1
if the site ¢ is occupied. The case 775‘ (i) = 2 means that the site 7 is burning. Thus,
the forest fire process starts from an empty initial configuration, seeds fall according to
some i.i.d. Poisson processes of parameter 1 and matches fall according to some i.i.d.
Poisson processes of parameter A\. When a seed falls on an empty site, a tree appears
immediately. When a match falls on an occupied site, a fire starts and waits for an
exponential time of parameter m before it propagates to its neighbors and vanishes. If
its right (resp. left) neighbor is occupied then it becomes burning. Seeds falling on
occupied sites, matches falling on vacant sites and fires propagating to vacant sites have
no effect.

This process can be shown to exist and to be unique (for almost every realization
of N5, NM NP) by using a graphical construction. Indeed, to build the process until
a given time T > 0, it suffices to work between sites ¢ which are vacant until time
T [because N2(i) = 0]. Interaction cannot cross such sites. Since such sites are a.s.
infinitely many, this allows us to handle a graphical construction. It should be pointed
out that this construction only works in dimension 1.

For a,b € Z, we set [a,b] = {a,...,b} C Z. For n € {0,1,2}” and i € Z, we define
the occupied connected component around i as

0 if (i) =0 or 2,

i) = {[[l(n,i) ;r(n, )] if n() =1,
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where I(n,7) = sup{k < i : n(k) = 0or 2} +1 and r(n,7) = inf{k > i : n(k) =
0or 2} —1.

11.1.2. Notation

In the whole paper, we use the convention 1/00 = 0 and 1/0 = oo.

We denote, for J = [a, b] an interval of R, by |J| = b— a the length of J and for a > 0,
we set aJ = [aa, ab].

For I C Z, |I| = #I stands for the number of elements in I. For I = [a,b] =
{a,...,b} C Z and a > 0, we will set ol := [aa,ab] C R. For a > 0, we of course take
the convention that af) = ().

For z € R, |z] stands for the integer part of .

We denote by Z = {[a,b],a < b} the set of all closed finite intervals of R. For two
intervals [a, b] and [c, d], we set

6([0’7 b]7 [C, d]) = ’a’ - C‘ + ’b - d’a 5([@, b]? 0) = ’b - a"
For (z,1),(y,J) in D([0,T], Ry x ZU {0}), the set of cadlag functions from [0, T into
Ry x ZU {0}, we define
T
dr((@. 1) (. ) = [ [Jo(®) = y(0)| + 6(21, 1) .

For two functions I,J: [0,T] — Z U {0}, we set

T
§r(1,J) :/ 81, J,) dt.
0
For (z,t) € R x [0,T] we also set, for p > 0,
APy = (2t —plel) < 2] < t/p)

((r,v) € Al()m) <= v =t—plr—z|) and its part which joins (y, s) to (z,t)

{(z;t=plz—al):z€lx,yl} if(y,s) €Al andy >z,
AW, s) = {(z,t —ple—af): 2 € [y, 2]} if (y,5) €A], , and y <z,
0 else.

Similarly, we define
V?x,t) ={(z+2zt+plz]): z€R}

{(zy,t+plz—x|): 2z €x,y]} if (y,s) € V&t) and y > x,
V2 w.s) = (st +ple—al) iz € lyal} if (os) €V, and y <,

0 else,

see Figure I1.1. Observe that AI():r n (y,s) = Vf)y 5 (x,t). Also observe that

A((]:v,t) = V&w ={(2,t) : z e R} =R x {t}.
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Figure II.1.: AP and VP

On the left side is drawn A'(’z 1y and Afz 1 (¥, 5). On the right side is drawn Vé’z 1y and Vf; (Y, 8)-

11.1.3. Heuristic scales and relevant quantities

We look for some time scale for which tree clusters see about one fire per unit of time.
But for A\ very small, clusters will be very large before a match falls inside. We thus
also have to rescale space. Since we negelct fires, these quantities does not depend on 7.
Hence, these scales are the same as in [BF10]. We also have to find the different regimes
at which A — 0 and 7 — oo.

Time scale

For A > 0 very small and for ¢ not too large, one might neglect fires, so that roughly,
each site is vacant with probability e~!. Indeed, the time we have to wait for the first
seed follows, on each site, the law £(1). Thus C(n;"”,O) ~ [-X,Y], where X,Y are
geometric random variables with parameter e~f. Consequently, for ¢ not too large,

’C(U?’W,O)‘ ~ ¢t

On the other hand, the rate that at which matches fall in the cluster C(n;"”,()) is
)\|C(77t>"7r, 0)|. So we decide to accelerate time by a factor

ay = log(1/A). (I1.1.1)
In this way, )\|C(77-<){f, 0)] ~ 1.

Space scale

We now rescale space in such a way that during a time interval of order a) = log(1/X),
something like one match falls per unit of (space) length. Since fires occur at rate A, our
space scale has to be of order

SR ) e

This means that we will identify [0,n,] C Z with [0,1] C R.
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Rescaled clusters

We thus set, for A € (0,1), # > 1, t > 0 and = € R, recalling Subsection II.1.2,

™ 1 ™
D} () = nC (nah, lnaz)) - (IL1.3)

n

However, this creates an immediate difficulty: recalling that C (775‘ ™,0) ~ e for t not
too large, we see that for each site z, |Dt)"7r(:n)| ~ Mog(1/\)et1e(l/A) = A=t ]og(1/)), of
which the limit when A — 01is 0 for ¢t < 1 and +oo for ¢t > 1.

For t > 1, there might be fires in effect and one hopes that this will make the possible
limit of |Dt>‘ "™(x)| finite. However, fires can only reduce the size of clusters so that for
t < 1, the limit of |D;*"(z)| will really be 0. This cannot be a Markov process because
it remains at 0 during a time interval of length exactly 1. We thus need to keep track of
more information in order to control when it exits from 0.

To have an idea of the sizes of microscopic clusters, we keep some information about
the degree of smallness of microscopic clusters. We consider

1 1
SN ) mis

Remark that my < ny but my > A7, for all t € [0,1). We introduce, for A > 0, 7 > 1,
reR, t>0,

' —my, [mz] +my] )73 =
K} () = HZGH ) A;miflr A i) 1}‘ €[0,1], (I1.1.5)

Ay —log(l— K (2))
A0 = g

Alelo,1]. (11.1.6)

Observe that K;‘ "™ (z) stands for the local density of occupied sites around |nyz| at time
ayt. This density is local because my < ny. We hope that for ¢t < 1, neglecting fires,

KM (z) ~1— AL
whence Z,""(z) ~ t.
For all A > 0 small enough (we need that 2my+1 < 1/)), it also holds that Z;"”(:c) =1
if and only if K;""(z) = 1, i.e. if and only if all the sites are occupied around |[nyz|.
Indeed, Z}"™(x) = 1 implies that

—log(1 — K;""(x)) > log(1/),

so that K" () > 1— XA >1—1/(2my + 1), whence K;""(z) = 1.
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Final description

We will study the (A, 7)—FFP through (D;"™ (), Z;"" (2));>02cr. The main idea is that
for A > 0 very small and 7 > 1 large enough:

e if Z)M™(x) =z € (0,1), then |D}*™(z)| ~ 0 and the (rescaled) cluster containing z
is microscopic (in the sense that the non-rescaled cluster containing [nyz| is small
when compared to ny), but we control the local density of occupied sites around
x, which resembles 1 — A*. Observe that this density tends to 1 as A — 0 for all
z € (0,1);

o if Zt)"w(x) = 1 and Dt)"”(x) = [a,b], then the (rescaled) cluster containing x is
macroscopic and has a length equal to |b — a| (or ]C(n;‘;;, Inyz|)| ~ ny[b—a| in
the original scales).

Propagation velocity

The time needed for a fire to destroy a macroscopic cluster (which contains about ny sites)
is of order 2. Indeed, a burning tree waits for an exponential time of parameter 7 before
it propagates to neighbors. Thus, if a fire starts at 0, neglecting all other phenomena, it
needs roughly a time ny /7 to reach ny. We have to compare the propagation time ny /7
to the characteristic time ay. Thus we decide to separate the three following regimes, as

m o~ 1.

A — 0 and 7 — oo (observe that & ~ MOgQ(l//\)W).
m — 0, which corresponds to the case where fires propagate very fast;

1

NogZ (/) — p, for some p € (0,00), which is an intermediate case;

NogZ(1/)m — 00, which corresponds to the case where fires propagate very slowly.
Recall that, when neglecting fires and for ¢ < 1, 1/A! is the order of magnitude of the
occupied cluster around 0 at time ayt. Thus a match falling in 0 at time ay)t needs a
time of order 1/(\'m) to destroy the whole component. In order to treat the last case,
we suppose that there exists zg € [0,1) such that

1 {0 if t < 2, (a7

%

Ao oo ift > 2.
This means that if the match falls at time axt < ayzg, there are few occupied sites
around 0. Thus the fire destroys the whole component in a time of order 1/(\'7) < ay.
On the other hand, if the match falls a time a)t > ayzy then the component is too big
to be destroyed before a7, for all T > 0.

To summarize, we will treat separately the three following regimes, as A — 0 and
T — 00.

1. R(0): - < 1, the fast regime;

a)T
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2. R(p): 22 ~pe (0,00), the intermediate regime;

a)mT

3. R(00,20): 3 > 1 and 1(12%57/?\) — zp € [0, 1], the slow regime.

Definition I1.1.2. Let (E,d) be a metric space.

Let p > 0. In the rest of the paper, we will say that f(A\,7) € E tends to ¢ € E when
A = 0 and m — oo in the regime R(p) if for all § > 0, there are € > 0 and Ay € (0,1]
such that for all X € (0,Xg) and all # > 1 in such a way that anA—Aﬂ — p‘ < g, there holds
d(f(A\m),0) <.

Let zp € [0,1]. Similarly, we will say that f(A\,m) € E tends to { € E when X\ — 0
and m — oo in the regime R(oco, zg) if for all 6 > 0, there are ¢ > 0, Ko > 0 and
Ao € (0,1] such that for all X € (0, o) and all 7 > 1 in such a way that 22 > Ko and

% — zo‘ < g, there holds d(f(\,m),¢) <§.

11.1.4. Plan of the chapter

In Section I1.2, we give our main results (scaling limits and cluster-size distribution)
together with heuristic proof. In Section I1.3, we study the existence and uniqueness
of the limit process. In Section II.4, we study the effect of fires in the discrete process,
which will be usefull in the rest of the chapter (propagation through an occupied zone).
In Section I1.5, we give a discrete version of Section II.3. The rest of the chapter is
devoted to the rigorous proof of our results: we treat the convergence in the regime
R(c0,29) in Section I1.7, in the regime R(p), for some p € (0,00) in Section I1.8 and
finally in the regime R(0) in Section IL.9. In the end of each two last sections, we deduce
estimates on the cluster size distribution for the process.
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11.2. Main results

11.2.1. Main results when p € [0, 00)

In this section, we are interested in the regime R(p), for some p € [0,00). We treat
together the cases p = 0 and p € (0,00). There are just few differences between these
two cases: see Remark I1.2.2 for an alternative definition in the case p = 0.

11.2.1.1. Definition of the limit forest fire process

We now describe the limit process. We want this process to be Markov and this forces
us to add some variables. We consider a Poisson measure 77 (dz, dt) on R x [0, 00), with
intensity measure dz d¢, whose marks correspond to matches. We use Notation 11.1.2.

Definition I1.2.1. Let p > 0. A process (Zy(z), Hi(x), Fi(x))t>0zcr with values in
Ry x Ry X N such that a.s., for all x € R, (Zi(x), Hi(x))i>0 is cadlag, is said to be a
p—limit-forest-fire-process (or LFFP(p) in short), if a.s., for all t >0, all x € R,

2u0) = [ 1z, ds = S (Fle) A1)

s<t

t
0= [ 2o @1 wenmatizy xds) = [ 1m0 ds, (12,1

= //( S)eA? I{V(r,v)EAfz’t)(y,s) , Zy—(r)=1 and HU_(T)ZO}WM(dya dS)

(z,t)

To the LFFP(p), we associate the process D;(x) = [Li(x), R¢(x)], with

Li(z) =sup{y <z : Zi(y) < 1or Hy(y) > 0},
Ry(z) =inf{y > x: Zi(y) <1 or Hy(y) > 0}.

A typical path of the finite box version of the LFFP(p) is drawn and commented in
Figure 11.3 and a simulation algorithm is explained in the proof of Proposition II.3.4.

Remark I1.2.2. If p = 0, we can rewrite the process (Zi(x), H¢(x), F}(x))t>0,zcr aS
follow

/ 1z7,(s)<1} ds —/ / 17, (@)=1yeDs—(2)} M (dy, ds),
Hi(x) = / Zo (@) 11z, (myeyrar({} x ds) / L1, w150y s,
/ 17, (@)=1yeD_ @)y Tm(dy X {t}),
where Dy_(x) is defined as above. Indeed, for all x € R, allt >0,

{(,5):Y(r,v) € Ay (y,8)  Zy(r) =1 and Hy(r) = 0} = Dy() x {t}
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With a slightly different formulation, this limit process is the same as in [BF10] where the
propagation is instantaneous. This relationship is very natural. Indeed, the case p = 0
corresponds to the case where the propagation velocity is very high.

11.2.1.2. Formal dynamics

Let us explain the dynamics of this process. For p € [0,00), we consider T' > 0 fixed
and set Ar = {z € R: my({z} x [0,T]) > 0}. For each t > 0, z € R, D;(x) stands
for the occupied cluster containing x. We call this cluster microscopic if D(z) = {x}.
Otherwise, we call it macroscopic.

1. Initial condition. We have Zy(x) = Hp(x) = Fy(x) = 0 and Dy(z) = {x} for all
z € R.

2. Occupation of vacant zones. We consider here x € R\ Ar. Then we have Hy(z) =0
for all t € [0,T]. When Z;(z) < 1, Dy(x) = {z} and Z;(z) stands for the local density
of occupied sites around x. Then Z;(x) grows linearly until it reaches 1, as described by
the first term on the RHS of the first equation in (I1.2.1). When Z;(z) = 1, the cluster
containing x is macroscopic and is described by Dy(x).

3. Microscopic fires. Here we assume that x € Ap and that the corresponding mark
of s happens at some time ¢ where Z;_(z) < 1. In such a case, the cluster containing
x is microscopic. Then we set Hy(x) = Z;_(x), as described by the first term on the
RHS of the second equation of (I1.2.1) and we leave unchanged the value of Z;(x) and
Fy(x). We then let H;(z) decrease linearly until it reaches 0, see the second term on the
RHS of the second equation in (I1.2.1). At all times where H¢(x) > 0, that is during
[t,t+ Z;—(x)), the site x acts like a barrier (see Point 4. below).

4. Macroscopic fires. Here we assume that y € Ap and that the corresponding mark
of mar happens at some time s where Z;_(y) = 1. This means that the cluster containing
y is macroscopic. Thus this mark creates 2 fires: one goes to the left, the other to the
right. These fires propagates along of Vp%s), until they are stopped by a microscopic
zone or a barrier or an other fire.

In other words, for all (z,t) € R x Ry, we set Fy(z) = 0 unless there exists one (or
two) mark (y,s) of mps such that (y,s) € A?x’t) (or equivalently (z,t) € V€y7s)) and for
all (r,v) € A’(’m) (y,8), Zy—(r) =1 and Hy—(r) = 0, in which case we set Fy(z) =1 (or
Fy(z) = 2). When z is crossed by a fire, Z;(x) jumps from 1 to 0, see the second term
on the RHS of the first equation in (I1.2.1).

5. Clusters. Finally the definition of the clusters (Dy(x))zer becomes more clear:
these clusters are delimited by zones with local density smaller than 1 (i.e. Zi(y) < 1)
or by sites where a microscopic fire has (recently) started (i.e. Hy(y) > 0).
11.2.1.3. Well posedness

The existence and uniqueness of the LFFP(0) has been proved in [BF10]. The proof in
the case p € (0,00) is in the same spirit.
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Theorem 11.2.3. For any Poisson measure 7y (dz,dt) on R x [0, 00) with intensity
measure dz dt, there a.s. exists a unique LEFP(p). Furthermore, it can be constructed
graphically and its restriction to any finite box [0,T] X [—n ,n] can be perfectly simulated.

The LEFP(p) (Zi(z), Hi (), F(2))t>0,zer is furthermore Markov, since it solves a well-
posed time homogeneous Poisson-driven S.D.E.
11.2.1.4. The convergence result

Theorem I1.2.4. Consider for each A € (0,1],m > 1, the process (Zt)"w(x), D;\’ﬂ)tzo,xe[k
associated to the (A, m)—FFP. Consider also the LFFP(p) (Zi(x), Hi(z), Ft())t>0zer
and the associated (D¢(z))t>00er. We assume that A — 0 and m — oo in the regime
R(p), for some p € [0,00).

1. For any T > 0, any finite subset {z1,...,24} C R,

A, A,
(Z; ﬂ(xi)aDt ﬂ(xi))tE[O,T},izl,...,q

goes in law to (Zy(xi), Dt(2i))iecfo,1),i=1,...q ™ D([0,T],R x (ZU {0})). Here the
space D([0,T],R x (ZU{0})) is endowed with the distance dr.

2. For any finite subset {(x1,t1),...,(xq,tq)} C RX[0,00), (Zt)l‘,’w(xi), Dé’w(xi))izl,__,q
goes in law to (Zy,(x;), Dy, (xi))i=1,...q in (Rx (ZU{0}))?. Here ZU{D} is endowed
with d.

3. For allt >0,

log(|C (a7 0) ) o
log(1/X)  {CER01>1}

goes in law to Z;(0).

Point 3 will allow us to check some estimates on the cluster-size distribution. Since we
deal with finite-dimensional marginals in space, it is quite clear that the processes H and
F do not appear in the limit, since for each x € R, for all ¢t > 0, a.s., Hy(z) = Fy(z) = 0.
(of course, it is false that a.s., for all x € R, all ¢ > 0, H;(x) = F;(z) = 0). We obtain
the convergence of DM (resp. Z™™) to D (resp. Z) only when integrating in time.
We cannot hope for a Skorokhod convergence since the limit process D(z) (resp. Z(x))
jumps instantaneously from {z} (resp. 1) to some interval with positive length (resp.
0), while DA™ () (resp. ZM(z)) needs many small jumps, in a very short interval, to
become macroscopic (resp. empty).

The space (D([0,T],R x (ZU{0})),dr) is not a complete metric space since dr is too
weak. However, it seems that it is not really a problem because in the proof, we use a
coupling argument and obtain a convergence in probability.

35



11.2.1.5. Heuristics argument

We now explain roughly the reasons why Theorem I1.2.4 holds. We consider a (A, 7)—FFP
(7™ (i))>0.icz and the associated process (Z;"™ (), D™ (2))i>0.0er. We assume below
that A is very small, 7 very large and ny/(a)7) close to p.

0. Scales. With our scales, there are ny = [1/(Alog(1/)))] sites per unit of length.
Approximately one fire starts per unit of time per unit of length. A vacant site becomes
occupied at rate ay = log(1/\).

1. Initial condition. We have, for all z € R, (Zé\’”(x), D(’)\’”(x)) = (0,0) ~ (0,{x}).

2. Occupation of vacant zones. Assume that no match falls in a zone [a,b] (which
correspond to the zone [nya,nyb] before rescaling) during [0, 1] (or [0, a,] before rescal-

ing).

a. For s € [0,1), we have
DI (x) ~ [z + A9 ~ {z}

and Z)7(z) ~ s for all x € [a, b].

Indeed, each site is occupied with probability 1 — e™2*% =1 — A%, Thus the local
density is roughly K?’” ~ 1 — A%, whence Zt)‘ (z) ~ s, while the typical size of
occupied clusters is A, whence D™ (x) ~ [z + A*/n,] ~ [z £ A17%].

b. At time s = 1, Z}"™(z) ~ 1 and all the sites in [a,b] are occupied (with very high
probability).

Indeed, we have (b — a)n) sites and each of them is occupied at time 1 with
probability 1 — e™@* = 1 — X so that all of them are occupied with probability
(1 — \)banx ~ = (b=a)/10e(1/X) "\which goes to 1 as A — 0.

Assume now that the zone around z (i.e. the zone [|[nyz| — m),|[nyz| + m,] before
rescaling) has been destroyed at time ¢ (or at time ayt before rescaling) by a fire. Then,
observations 2a. and 2b. above still hold:

i. fors € [0,1) and if no fire starts in [[nyz | —my , [nyz|+m,] during [axt,ay(t+s5)],
we have D?j;(x) ~ [z + A% ~ {2} and ng;(m) ~ s;

ii. Zt)‘ 31(z) ~ 1 and all the sites around z are occupied at time ¢ + 1 with very high
probability.

3. Microscopic fires. Assume that a fire starts at some location = (i.e. [nyx| before
rescaling) at some time ¢ (or ay¢ before rescaling) with Z,""(z) = z € (0,1). The possible
clusters on the left and right of z cannot be connected during (approximately) [¢,t + z],
but they can be connected after (approximately) ¢ + z. In other words, = acts like a
barrier during [¢,t + z].

Indeed, the connected component A of z (or |[nyz| before rescaling) at time t (or axt
before rescaling) has a size of order A' =% (which thus contains approximately A =*n, ~
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A7 sites). The fire destroys the component A in a time of order 1/(A\ay7) < 1 (or
1/(M*m) < ay in original scale). Thus this fire crosses very fast the component A and
cach site of A becomes burning and then empty (i.e. n™7(7) jumps from 1 to 2 then from
2 to 0) during the time interval [t,t + 1/(Naym)] ~ {t} (or [axt,axt + 1/(N\*7)] ~ {axt}
before rescaling). The probability that a fire starts again in A is very small. Thus, using
the same computation as in point 2, we observe that P[A is completely occupied at time
t+ s~ (1= X)N" ~ e 7. When A — 0, this quantity tends to 0 if s < z and to 1 if
5> 2.

4. Macroscopic fires. Assume, now, that a fire starts at some place x (i.e. |nyz|
before rescaling) at some time ¢ (or ayt before rescaling) and that Zt)‘_’w(x) ~ 1. Thus,
Dt)‘fr(:v) is macroscopic (i.e. its length is of order 1 in our scales). Then the match creates
two fires: one propagates to the left and one to the right at speed p (p unit times per
unit space). There are only two burning trees at each instant with very high probability.
Of course, these fires are stopped when they meet a vacant site (i.e. a microscopic zone
or a barrier) or another fire.

Indeed, we have to wait for an exponential time of parameter 7 between each prop-
agation in the original scales. It then produces two independent Poisson processes of
parameter m which stand for the location of the fires. Then, for b > =z, this Pois-
son process is at |nyb| in the original scale (or in b after rescaling) roughly at time
axt + (ny/m)(b — ) (or at time t + (ny/(aym))(b — x) ~ ¢t + p(b — z) after rescaling).
All sites @ € [|naz], [nyb|] becomes successively burning and empty roughly at time
ayt + (i — |[nyx|)/m in the original scale (or the site y = ¢/ny) € R is burning at time
t + p(y — z) after rescaling).

5. Clusters. For t > 0, x € R, the cluster D;""(z) resembles [z &+ A72] ~ {z} if
Z}™(x) = z € (0,1). We then say that z is microscopic. Now, macroscopic clusters
are delimited either by microscopic zones or by sites where there has been recently a
microscopic fire (see point 3) or by a burning tree.

Comparing the arguments above to the rough description of the LFFP(p) (see Section
11.2.1.2), our hope is that the (A, 7)-FFP resembles the LFFP(p) for A > 0 very small,
7 very large and 1/(Aay?) close to p.

Remark I1.2.5. Remark I1.2.2 is now more clear. Consider the regime R(0). If a
fire starts at x (or |nyz] before rescaling) at time t (or axt before rescaling), the time
needed to reach a point b (or |nyb| before rescaling) is roughly ny|b — x|/(aym) ~ 0
(or ny(b — x)/7 < ay before rescaling). It means that if b € DY (z) (or |nyb| €
C(n;";;_, |nyz|) before rescaling) the fire reaches b at time t + ny|b — x|/(aym) ~ t. In
the scaling limit, the cluster containing x is thus destroyed instantaneously.

11.2.1.6. Cluster size distribution

We will deduce from Theorem I1.2.4 the following estimates on the cluster-size distribu-
tion.
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Corollary I1.2.6. Let p € [0,00) be fized. Let (Zy(z), Hi(x), Fi(x))t>02cr be a
LFFP(p) and (D¢(x))¢>0zcr the associated process. For each A € (0,1] and @ > 1,

let (n?’ﬂ(i))tzo,z‘ez be a (\,m)—FFP.

(a). For allt > (5+p)/2, all0 < a <b< 1, for some 0 < ¢; < ca depending on p, as
A — 0 and m — oo in the regime R(p),

I P (|07, 0)| € [1/X°1/X]] = P[2(0) € [a.b]] € [er(b — a) ,ea(b — )],

(b). For allt>3/2, all B >0, for some 0 < ¢ < co and 0 < k1 < k2 depending on p,
as A — 0 and m — oo in the regime R(p),

hmIP’ HC Tant: )‘ > Bn)\} =P[|D;(0)| > B] € [cre” 2P ce 15,

This result shows that there is a phase transition around the critical size n: the cluster-
size distribution changes of shape at ny. The main idea is that two types of clusters are
present: macroscopic clusters, of which the size is of order ny and microscopic clusters,
of which the size is smaller than n).

11.2.2. Main results for p = oo

In this section, we are interested in the regime R(c0, zy), for some zy € [0, 1].

11.2.2.1. Definition of the limit process

In this regime, the limit process is much simpler, in the sense that fires only have a local
(in space) effect (but can have long time effect). This is due to the fact that a fire can’t
go too far away in a finite time.

We consider a Poisson measure 7y (dx,dt) on R x [0, 00), with intensity measure dx d¢,
whose marks correspond to matches.

Definition I1.2.7. Let 2y € [0,1]. A process (Yi(2))t>0zecr with values in Ry such
that a.s., for all x € R, (Yi(z))i>0 is cadlag, is said to be a LFFP(c0,zp) if a.s., for all
t>0, allz € R,

tAzo t
Yi(z) = /0 smar({z} x ds) — /0 v, orcony 45 + Lisaymar ({2} % [20,1]). (I12.2)

The process Y takes its values in [0, 1] and can be non-zero only at locations where
ma({z} x R) # 0. If the mark of 7y; happens at time ¢ < zp, then the (microscopic)
cluster containing z is destroyed instantaneously and Ys(z) € (0,1) during [¢,2t): «
acts like a barrier during this time interval. If the mark happens at time ¢ > zy then the
cluster containing x is too big to be destroyed and Y;(z) = 1 for ever: there is always a
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burning tree close to x. We then naturally associate the process D;(x) = [L¢(x) , R ()],
with

L@y = {* ift<1,

xTr) =

! sup{y <z : Yi(y) >0} ift>1;

Rue) = ift<1,
xTr) =

' inf{y >z : Yi(y) >0} ift>1

A typical path of the finite box version of the LFFP (o0, 2g) is drawn and commented
in Figure I1.2.

Remark I1.2.8. The process Y is a time inhomogeneous Markov process. To make
it homogeneous, we can add a second variable Z as in the first equation (11.2.1) in the
Definition I1.2.1.

t

. . i ] ' .

| : e : E |

1 | ! 1 (X16, T16) . ; ! !

J 1
: : : 1 : . : :
1

: : : ! : : e

1 | 1 : | ! (Xls,Tls):

! 1 1 | !

: | : (X13?T13) ; (X14, T14) :

1“: ! : (X12, T12) [
; (X10, T10) ;(,Xj) o) (X11,T11)

A0 fixgml """ e S
® (X7,T7)
(X6, Ts)
(X5,T5)
(X4, Ty)
(X3, T3)
(X2, T2) i
(X1, Ty)

Figure I1.2.: LFF (00, z9)—process in a finite box.

The marks of 7y are represented by e’s. The filled zones represents zones in which |D(z)| > 0.
The plain vertical segments represent the sites where Y;(z) € (0,1) and the dashed vertical
segments represent the sites where Y;(z) = 1. In the rest of the space, we always have Y;(z) = 0.
Until time 1, all the particles are microscopic. Matches 1 to 7 falls before zo. At each of these
marks, a process Y starts and its life-time equals the instant where it has started. This creates
a barrier with height T} (the segment above Tj ends at time 27%). The other matches falls
after zp. At each of these marks, a process Y starts and remains equal to 1 forever.

Thus, for each z € [—-A, A], D{*(z) = {z} for t € [0,1) and merge at t = 1. Here we have
at time 1 the clusters [7A,X8], [X87X4], [X4,X10], [Xl(),XG], [XG,XQ], [X97X5], [X5,X11],
[)(117 X7] and 5 [)(77 A]

Remark that ¢ — |D¢(z)| is non-increasing on [2z,00) for all .
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11.2.2.2. Formal dynamics

Let us explain the dynamics of this process. We consider A = {z € R: mps({z} x [0,00)) > 0}.
For each ¢t > 0, x € R, D,(z) stands for the occupied cluster containing x. We call this
cluster microscopic if D;(x) = {x}. Otherwise, we call it macroscopic.

1. Initial condition. We have Yp(z) = 0 and Dy(z) = {z} for all z € R.
2. Occupation of vacant zones. We consider here x € R\ A. Then we have Y;(z) =0

for all t € [0,00). When t < 1, Dy(x) = {z}. When ¢ > 1, the cluster containing z is
macroscopic and is described by Dy(z).

3. First kind of fires. Here we assume that x € A and that the corresponding mark of
7 happens at some time ¢ < zp. We set Y;(z) = ¢, as described by the first term on the
RHS of the equation of (I1.2.2). We then let Y;(z) decrease linearly until it reaches 0, see
the second term on the RHS of the equation in (I1.2.2) (i.e. Ys(z) = min(2t—s,0)11s>4).

4. Second kind of fires. Here we assume that z € A and that the corresponding mark
of mps happens at some time ¢ where t > zy. Then we set Y;(z) = 1 for all s € [t,00)
see the third term of the RHS of the equation (I1.2.2).

5. Clusters. Finally the definition of the clusters (Dy(z))zer becomes more clear:
these clusters remain microscopic until t = 1. For ¢t > 1, (D¢(x))zecr,t>1 is delimited by
sites where a fire of first kind has (recently) started (i.e. Y;(y) € (0,1)) or by sites where
a fire of second kind has started (i.e. Y;(y) = 1). Remark that for ¢ > 2z, only fires of
second kind delimit the clusters.

1.2.2.3. Well posedness
The following proposition is obvious from the definition, see Figure I1.2.

Proposition I1.2.9. Let my; be a Poisson measure on R x [0, 00) with intensity mea-
sure dzdt. There a.s. ezists a unique LFFP(00,2y) (Yi(2))t>0zer. It can be simulated
exactly on any finite box [0,T] X [—n,n].

11.2.2.4. The convergence result

We will prove the following result.

Theorem I1.2.10. Let zyp € [0,1]. Consider for each A\ € (0,1] and @ > 1 the
process (Dt)\’w(ﬁﬂ))tzo,xe[& associated with the (A, m)—FFP. Consider also the LFFP(c0, zp)
(Yi(2))t>0,2er and the associated (D¢(x))i>0.0er process. We assume that X — 0 and
T — 00 in the slow regime R (00, 2p).

1. For any T > 0, any finite subset {z1,...,z4} C R, ( (CEZ))tE[OT i=1,..q 90€s
in law to (Dy(;))ie(o,1),i=1,....q "0 D([0,T],Z)?. Here D([0,T],Z)? is endowed with
or.

2. For any finite subset {(x1,t1),...,(xq,t9)} CRx[0,00), (D;;’”(:Ui))i:l,___g goes in
law to (Dy,(2i))ielo,1),i=1,....q 0 L9, T being endowed with §.
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11.2.2.5. Heuristics arguments

We assume below that A > 0 is very small, 7 > 1 is very large, )\ag\w is close to 0 and
log(m)/log(1/A) is close to z.

0. Scales. With our scales, there are ny = |1/(Alog(1/)))]| sites per unit of length.
Approximately one fire starts per unit of time per unit of length. A vacant site becomes
occupied at rate ay = log(1/A).

1. Initial condition. We have, for all z € R, D(’)\’”(x) = ~{x} and Dy(z) = {z}.

2. Occupation of vacant zones. Exactly as in the regime R(p), Di"’r(m) ~ [x £ ~
{z} for t < 1 and the clusters become macroscopic at time 1.

3. First kind of fires. Assume that a match falls at some place = (or |[nyz| in the
original scales) at some time ¢t < zg (or ayt < ayzo in the original scales). Then the fire
burns almost immediately the occupied cluster and it needs roughly a time ¢ (or a)t in
the original scales) to be filled again. Thus x acts like a barrier during [t 2t).

Indeed, the connected component A of = (or |[nyz| before rescaling) at time ¢ (or ayt
before rescaling) has a size of order A\!~* (which thus contains approximately A\'~‘ny ~
At sites). The fire destroys the component A in a time of order 1/(Aaym) < 1 (or
1/(A\'7r) < a, in original scales) due to R(oco, 29). Thus this fire crosses very fast the
component A and each site of A becomes burning and then empty (i.e. 7™ (i) jumps
from 1 to 2 then from 2 to 0) during the time interval [t,t + 1/(Aay7w)] ~ {t} (or
[axt,ant + 1/(\'m)] ~ {a)t} before rescaling). The probability that a fire starts again
in A is very small. Thus, we observe that P[A is completely occupied at time ¢ + s|~
(1 =27 ~e 7. When X\ — 0, this quantity tends to 0 if s < ¢ and to 1 if s > t.

4. Second kind of fires. Assume that a match falls at some place x (or [nyz| in the
original scales) at some time ¢t > zy (or ayt > ayzp in the original scales). Then the
fire needs an infinite time (in our scales) to burn the occupied cluster, so that there is a
burning site close to x forever.

Indeed, Dt)"w(az) contains roughly A% sites if t € (29,1) and n, sites if ¢ > 1. In any
case, the time needed for the fire to cross this cluster is of order ‘Dg\ 7T(ulc)‘ /m, which is

very large when compared to ay in the regime R(c0, z9). Thus, the fire cannot reach the
rim of D} (z).

5. Clusters. For t >0, x € R, the cluster D;""(z) resembles [z + A7) ~ {2} if t < 1,
Now, macroscopic clusters emerge when ¢ > 1 and are delimited either by a burning tree
or by sites where there has been recently a microscopic fire (see point 3).

Comparing the arguments above to the rough description of the LFFP(c0,2p) (see
Section I1.2.2.2), our hope is that the (A, 7)—FFP resembles the LFFP (o0, zy) in the
regime R (00, 2p).

11.2.2.6. Cluster-size distribution

The following corollary is easily deduced from the Theorem I1.2.10.
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Corollary I1.2.11. Let zp € [0,1]. Let (Yi(z))t>0zer be a LEFP(00, zp) and (D¢(x))i>0.zer
the associated process. For each A € (0,1] and 7 > 1, let (U?’W(i))tzo,z‘ez be a (\,m)—FFP.
For allt > 2z, as A = 0 and ™ — oo in the regime R(o0, 29),

1 AT L
= [CORT 0 5 IDUO)] ~ T2t~ 20).
This result shows that for ¢ large enough, there are only macroscopic clusters, that is
clusters with size of order ny.
We immediately give the proof of Corollary 11.2.11. For ¢ > 0, Theorem I1.2.10 shows
that, when A — 0 and m — oo in the regime R(c0, z9),

1 A c
- GOm0 £ IDuo)].
Furthermore, if ¢t > 2z, only fires of the second kind (i.e. matches falling after zg) still
have an effect. Indeed, when a match falls in z at time ¢ < zq, it creates a barrier in x
during [t,2t) C [0,2zp]. Thus, D;(0) is only delimited by sites where a match has fallen
during [zg,t]. This is a Poisson process on R with intensity ¢ — zyp. Consequently,

[DA(0)] ~ T2t ~ 20).

11.2.2.7. Irreversibility

It might look surprising at the first glance that the limit process is non-reversible while
the discrete process is reversible. Indeed, for ¢ > 1 A 2z, clusters in the limit process
are macroscopic and the sizes are non-increasing. On the other hand, in the discrete
process, it is quite clear that, when working in a finite box, the process returns to its
original state. This is due to the time scale: we have to wait a very long time to observe
again the original state.
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11.3. Existence and uniqueness of the limit process

The goal of this section is to show that the limit processes are well-defined, unique, can
be obtained from a graphical construction and can be restricted to a finite box.

11.3.1. Restriction of the LFFP(o0, z;) to a finite box

Let zp € [0, 1] be fixed. In this subsection, we study the LFFP (0o, 20).

Proposition I1.3.1. Let wp; a Poisson measure on R x [0, 00) with intensity measure

dxdt and A > 0.

1. The values of (Yi(7))i>0,2e[—a,4] are entirely determined by mar|(— 4 ajxr, - Actu-
ally, for all x € R, the values of (Yi(x))i>0 are entirely determined by 7| () xr. -

2. There exist some constants a > 0 and C > 0, not depending on A > 0, such that

P {(Dt(x))tzo,me[fA/ZA/ﬂ - [—A,A]} >1—Ce 4, (I1.3.1)

Proof. The first part of Proposition I1.3.1 is obvious from the definition of the process
(Yi(2))t>02er- In order to prove the second part, consider the event Q7 on which
has at least one mark (Xi,7) in [A/2, A] x (3/4,1) and at least one mark (X2, 72) in
[A/2,A] x (1,3/2).

Observe now that on QF,

Yi(X1) >0, forallt e [m,2m) D[1,3/2],
because X is a either a fire of first kind (if 71 < zg), whence Y3(X7) = (2m1 — ¢)4 for
all t > 7, or X is a fire of second kind (if 7 > z), whence Y;(X;) = 1 for all ¢ > 7.
Besides, X5 is always a fire of second kind (because 75 > 1 > zy) whence Y;(X3) = 1 for
all t € [19,00) D [3/2,00] (X2 burns for ever).

Similarily, we define the event €2, on which m); has at least one mark (X'l,ﬁ) in
[—A,—A/2] x (3/4,1) and at least one mark (X2, %) in [-A4,—A/2] x (1,3/2). On Q,
there holds that

Yi(X1) >0, forall t € [1,3/2] C [1,27) and Y;(Xo) = 1, for all t > 3/2 > 7.

Thus, on Q5 NQ,, Diy(z) C [-A,A] for all t > 0 and all z € [-A/2, A/2]. Finally,
we can bound from below the left hand side of (II.3.1) by

P {Qj N QZ} >1—2(e A8 4 e A1)y > 1 — 40748

whence (I1.3.1) with C =4 and a = 1/8. O
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Definition I1.3.2. Let zp € [0,1] and (Yi(2))zert> be a LFFP(00, zp). For all A >0
and for x € [-A, A], we define the process D{}(x) = [L{(z), R (x)], with

LA(z) = x ift <1,
! C\sup{y <z : Yi(y) >0}V (=A) ift>1;
RA(z) = x ift <1,
e inf{y >z: Yi(y) >0}A A ift>1.

As a corollary of Proposition 11.3.1, we have, for A > 0,
P [(Dt(x))tzo,xe[fA/ZA/Q] = (DiA(x))tZO,xe[fA/2,A/2]} >1— Ce A

11.3.2. Restriction of the LFFP(p) to a finite box

The aim of this subsection is to prove Theorem I1.2.3. We define an analogous process
of LFFP(p) on a finite space interval, which can be perfectly simulated. We then show
that these two processes are equal with very high probability.

1.3.2.1. Algorithm

Let p € [0,00). Here we show that when working on a finite space interval, the LEFFP(p)
is somewhat discrete. We consider a Poisson measure mys(dz,dt) on R x [0,00) with
intensity measure dz dt.

Definition 11.3.3. Let A > 0. A process (Z{(z), HtA(x)7F1tA(x))t207$E[—A7A} with
values in Ry x Ry x N— such that a.s., for allx € [—A, A], (Z{(x), H (7))i>0 s cadlag,
is a A—LFFP(p) if a.s., for allt >0, all x € [-A, 4],

t
Z{\(z) :/0 1iza@<1yds =D (FA A1),

s<t

t t
HA(2) = /0 22 @)1 (gyeymar () x ds) - /O Liageysop ds, (I1.3.2)
FA(z) = / / 1 _ _ dy, ds).
0= yment, s aieinnny TODN 020 0=1 and s ey=0y (00 )

To the A—LFFP(p), as usual, we associate the process D{(z) = [L{(z), R{(x)], with

Li(z) =(=A) vsup{y € [-A,z] : Z{(y) < 1 or H{(y) > 0},
RA(z) =AAinf{y € [z, A]: ZA(y) < 1 or HA(y) > 0}.

A typical path of (ZA(z), H{(x), EA(x))tZO,xe[—A,A} is drawn in figure I1.3.
The proof of the following proposition shows the construction of the A—LFFP(p) in
an algorithmic way.
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Figure I1.3.: LFFP(p) in a finite box

The marks of 7wy (matches) are represented as e’s. The filled zones represent zones in which
zZ4 (z) = 1, that is macroscopic clusters. In the rest of the space, we always have zZ () < 1.
The plain vertical segments represent the sites where H{*(z) > 0. F/*(z) = 0 except on the
lines with slope p where FtA(x) =1or FtA(x) = 2 in the crossing point of the fires starting
in (Xi5,T15) and (Xi6,716). Until time 1, all of the clusters are microscopic. The first eigth
marks of the Poisson measure fall in that zone. As a consequence, at each of these marks, a
process H* starts. Their lifetime is equal to the instant where they have started (e.g., the
segment above (X1,7T1) ends at time 271). At time 1, all clusters where there has been no mark
become macroscopic and merge together. However, this is limited by vertical segments. Here,
at time 1, we have the clusters [—A, X3g], [Xs, X7], [X7, X4], [X4, Xs], [Xs, X5] and [X5, A].
The segment above (X4, 7T4) ends at time 274 and thus, at this time, the clusters [X7, X4] and
[X4, X6] merge into [X7, Xg]. The ninth mark falls in the (macroscopic) zone [Xs, X7] and
thus two fires start. They cross the cluster [Xs, X7] at speed p, i.e. cross [Xs, X7] with a slope
p. A process H* then starts at X11 at time Th1. Since Z?u,(Xn) =Ti1— (To+p|Xo — X11])
[because Zﬁﬁp\ngxu |(X11) has been set to 0], the segment above (X11,7T11) will end at time
2T11 — (T +p|Xo — X11|). On the other hand, a fire starts at X0 at time 719 and crosses the
cluster of X19 at speed p. A site x in [X7, A] remains microscopic from time Tho + p | X10 — z
until time Tho + p|X10 — | + 1. The two matches 14 and 12 create microscopic fires (because
they fall on sites where Z{'(z) < 1). Observe finally that the 15th and the 16th fires are
stopped by each oher.

With this realization, we have 0 € (X7, X2) and, thus, Z(0) = ¢t for ¢ € [0, 1], then Z{(0) =1
for t € [1, Tio +pX10)7 then ZtA(O) =t— (T10+pX10) for t € [TIO +pX10, Tio +pX10 + 1), then
Z{(0) = 1 for t € [Tio+pXi0+1,Tie+pXis), etc. We also see that Di*(0) = {0} for t € [0, 1),
D{(0) = [X7, X4] for t € [1,2Ty), D{(0) = [X7, Xs] for t € [2T4,2Ts), Di*(0) = [X7, X10 +
B0=1) for t € [2Ts, Tio+pX10), Di'(0) = {0} for ¢ € [Tro+pX10, Ti0+pX10+1), etc. We finally
have F{*(0) = 0 for all t # {Tio + pXi0, Ti5 + pX15} and Fi 4 px,,(0) = Fii 1 px,, (0) = 1.
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Proposition I1.3.4. Consider a Poisson measure mpr(dz,dt) on R x [0,00) with
intensity measure dz dt. For any A > 0 andp > 0, there a.s. exists a unique A—LFFP(p)
which can be perfectly simulated.

Algorithm. Here we only treat the case p > 0. The case p = 0 is much easier and has
been treated in [BF10], as mentioned in Remark I11.2.2.

Consider the marks (Xj, T )k=1,...n of mar in [-A, A] x [0, 77, ordered chronologically
and set Ty = 0. We describe the construction via an algorithm, which also shows
uniqueness, in the sense that there is no choice in the construction.

Suppose that we have built the process (ZA(z), Hi(x), FtA(x))$e[_A7A} at some time
t > 0. We then can set

i ={re[-A,A]: FA(x) = 1and Z7(@+) =1},
Xi ={rel-4,4]: F@@) =1and Z{(@-) =1},
X? = {x e[-A,A]: HtA(x) >0 or ZtA(x%—) # ZtA(x—)} U{—A, A},
Xt =X Uxi UX?,
where Z{(z4) = hmy@;i, ZA(y) (vesp. Zf(z—) = limyyzaé, Z{(y)). Observe that

(resp. x; ) is the set of fires at time ¢ that spread to the right (resp. to the left) and that
xY is the set of sites where a fire can be stopped (barrier or microscopic zone). We also
define, for r > t,

&= U Vi, 0V, n(-A A x[tr) (11.3.3)
xEXf,yEX;

v U Vg ndyd <t (I1.3.4)

zexiUxy yex?

The set (I1.3.3) is the possible locations (y, s) where two fires may meet during [¢,7]. The
set (I1.3.4) is the possible locations (y, s) where a fire may be stopped by a microscopic
zone or a barrier during [¢t,7]. Thus, &/ is the set of possible locations (y, s) where a fire
may be stopped during [t,r], when no match falls in [—A, A] during [¢,7].
Step 0. Put Z{'(z) = H{'(z) = F{{(x) =0 for all z € [~ A, A].
Assume that, for some ¢ € {0,...,n—1}, the process (Z{\(z), H{(x), FtA(x))t€[07Tq],x€[,A,A]
has been built.
Step ¢+ 1. We build (Z/(z), H{(z), FtA(x))te(Tq,TqH},xe[—A,A] in the following way: for
x€[-A,Aland t € (T,,Ty+1), we set H{*(z) = max(0, H:,‘i‘q (x) — (t—1T,)). We then set,
recall (I1.3.3) and (I1.3.4),
T,
et ={(X5LTh, . (XY, 1)}

ordered chronologically, and put (X, 7)) = (X, T,) and (XN TN = (X1, Typn).

Observe that a.s. T, = T(? < qu < e < T(jv < T(jV‘H = Ty+1. Assume that the
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process has been built until T(f, for some k£ € {0,..., N}. We then build the process on
(TF,TF]. Recall that no match falls in [—A, A] during the time interval (T}, ;).
We first compute (FtA(x))te(Tj,T;““),me[fA,A]' Since a fire can’t be stopped during

. ThE+l_Tk
(qu,quH), ifxz € X;q’“’ we set FA(y) = 1 for all (y,s) € Vf;’Téﬁ)(x + %,Tf“),

recall Subsection 11.1.2, while, if x € x1,,, we set FA(y) =1 for all (y,s) € VZC Tk)(x -
q ’a

Tk _Tk
Vf’vaqk)(er ——— ,Tf“)) U

Tyt -1k . o
%7]”(5”1), Otherwise, that is if (y,s) € <U$€X;k
q
k+1_pk
<U$6x;k Vf)m,Tq’“)(x S Rll § m Ty ,Tf“)), we set FA(y) = 0. To summarize, for all (y,s) €

q
[—A, Al x (Té’g ,T(f‘H), we have

1 ify— > GX;;

A ok
FAy) =11 ify+ % ey,
q

0 else.

We then compute (ZtA(x))te(T§7T§+1),xe[—A,A]' Let us fix x € [-A, A]. We set N, =
#{s € (T, TFY) : FA(z) = 1} and o = TF. 16N, > 1, for j = 0,..., Ny — 1, we set
Tjt1 = inf {s € (5 ,qu+1) :FA(z) = 1}) While z isn’t crossed by a fire, Z2(x) grows

linearly. We thus have, for all s € (Tég ,T(f‘H)

min(Z2, (z) + 5 — T(f, 1) ifse (qu,ﬁ),
q
ZMNz) = min(s — 75,1) if s € [1j,7j41) and Ny > j > 1,
min(s — 7n,, 1) if s € [, , TF ).
if N, > 1, whereas
Z(x) = min(Zgy (z) + s — TF, 1)
q
if N, =0.
We finally compute Fj’f‘kﬂ(x), qu‘kﬂ(x) and Hﬁﬂ(x) for all z € [-A, A].
q q

Case 1. If x # Xé““, observe that at most one fire can reach x at time qu+1 (else
k1 TR+ _pk k+1_ ik

r € & ) Ifﬂ:—MEX;koraz—}—qi
q p q

> L € Xrx, that is if a fire reaches
q
at time T(f‘H, we set F;}H(x) =1 and Z%H(x) = 0. Else, we set F;}H(m) = 0 and
A _ 7A
ZT(;H'l(x) - ZT(;H'l_(x)'
Case 2. If x = Xé““ and k < N, observe that Xé““ isn’t crossed by a fire during
(TF T de. N = 0. 1F XA+ T8 b gng xket f T g -
q°%q RS G : q P Xk q P Xk

(i.e. if the fire which might have reached Xé”‘l has been stopped before T(f) or if
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HA L, (Xé”l) > 0 or Z;}Hl (Xé“‘l) < 1 (i.e. if there has been recently a microscopic
_ A

Iy

fire), then put F%H(Xé“‘l) = 0. Else, there is one (or two) fire that reaches Xé”‘l at
time qu+1 and we set F%H(Xg“) =1 (or 2). To summarize, we put
A k+1
FT§+1(Xq+ ) =1pa

k1 _(
Tq -

X4t1)=0 and Z;‘kﬂ_(X(’;“):l}
q

k+1 ok k+1 ok
k+1_Tg ' —Tq  + k+1, Tg ' —Tq o~
{Xq » EXT[?} X7+ 7 EXTé“}

We finally put

Z%“(Xgﬂ) = ZAk+1_(X§+1)1{FA (Xg =0}

T.
q k+1
Tq

Case 8. lf v = X1 = XéVH and k = N, a match falls in X, at time Tj,11 = T(;V‘H.
We then set

A A
Z7, (Xg1) = ZTQH—(Xq+1)1{2;q+17(xq+1)<1}

and

A
Fr ., (Xg41) = 1{Z;}q+17(xq+1)=1}'

To conclude the construction, we set, for all z € [-A, A]

H{}qﬂ_(aﬁ) if x # Xgy1,

Zﬁ%ﬂrl*(Xq+1)1{zﬁq+1f(Xq+1)<1} if 2 =Xgp1. O

Hﬁi‘qﬂ (z) = {

11.3.2.2. Restriction of the LFFP(p) to a finite box

We now prove a refined version of Theorem I1.2.3.

Proposition I1.3.5. Let p € [0,00) and myr be a Poisson measure on R x [0, 00) with
intensity measure dx dt.

1. There exists a unique LFFP(p) (Zi(x), Hi(z), F1(x))t>0,2eR-

2. It can be perfectly simulated on [—n ,n] x [0,T] for any T > 0, any n > 0.

3. For A >0, let (ZtA(x)’HtA(x)’FtA(x))tZOJE[—A,A} be the unique A—LFFP(p) and
DA

the associated (D{*(7))i>0,0c[—a,4]- There holds

P |(Zi(x), Hi(z), Fi(2), Dy(®))refom) el 4/2.4/2
= (ZtA(x)vHtA(x%FtA(x)vDtA(x))tE[O,T]JrE[—A/QvA/Qﬂ >1- CTe_aTA (I.3.5)

for some constants ap > 0 and Cp > 0 not depending on A > 0.
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Proof. We divide the proof into several step. We work on [0, 7.

Step 1. We observe that for a mark (X, 7) of 7wy with X € [-A, A], we have HA(X) > 0
or ZA(X) < 1forallte[r,r4+1/2).

Indeed, assume first that Z2 (X) € [0,1/2). Then ZA(X) = ZA (X) +t—71 < 1 for
all t € [7,74+1/2].

Assume next that Z2 (X) € [1/2,1). Then HA(X) = Z2 > 1/2, so that HA(X) =
HAX) —t+7>0foralte[r,7+1/2).

If finally ZA (X) = 1, then ZA(X) =0, whence ZA(X) =t —7 <1fort € [r,7+1).

Step 2. For a € R, we consider the event Q! defined as follows: for {( Xk, Ti) Yo=1,..n
the marks of mp; restricted to [a,a + 1) x [0,T] ordered chronologically, for Ty = 0,
Thy1 =T, we put

min (XfiJrl — XZ) > 0} .
n—1

=1,..,

Ql = {'Enax (Tiy1 —T) < 1/4} N {Z

1=0,...,

We immediately deduce from Step 1 that for any a € R, any A > |a| + 1,

QL c{3z:10,T) = (a,a+1),t — 2; non decreasing
and for all t € [0, 7], H(z;) > 0 or Z{*(x) < 1}.

Thus, on QZ, clusters on the left of a cannot be connected to clusters on the right of
a + 1 during [0, 7]. Furthermore, since the function x is non decreasing, a fire starting
from the left of a can’t cross the zone (a,a+ 1) (i.e. it necessarily would be stopped by
some ). Thus, matches falling at the left of a do not affect the zone (a + 1, 00).

In the same way, we put Q) = {max;—o ., (Ti+1 —1;) < 1/4} N{max;=1,.  n—1(Xit1 —
X;) < 0}. We of course have, for any a € R, A > |a| + 1,

Q2 Cc{3y:[0,7] = (a,a+1),t — y; non increasing
and for all t € [0, 7], H(y;) > 0 or ZA(y) < 1}.

As above, on €], clusters on the right of a+1 cannot be connected to clusters on the left
of a during [0,7] and the fact that y is non increasing ensures us that matches falling
on the right on a + 1 do not affect the zone (—o0, a).

Step 3. Obviously, gr =P [Qfl} = P [Q7] is positive and does not depend on a. Further-

more, QL (resp. ) is independent of Q2 (resp. QF) for all a,b € Z with a # b. Hence
there are a.s. infinitely many a € Z (resp. b € Z) such that QY (resp. Q) is realized.

Then it is routine to deduce the well-posedness of the LEFP(p). The perfect simulation
algorithm on a finite-box [—n,n] x [0,7] is also easy: find a; < ag with a1 +1 < —n <
n < ag such that Qlal N€Qy, is realized. Then apply the same rules as for the A—LFFP(p)
to simulate the process in [a1 ,as +1]. This will give the true LEFFP(p) inside [a1 + 1, ag]
during [0, T7.

Finally, we can clearly bound from below the left hand side of (I1.3.5) by

P [(Uae-a,- 472110z %) 0 (Uaepasza-nnz )] > 1 2(1 — gr) 4?2
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whence (11.3.5) with C7 = 2/(1 — ¢r)? and ar = —log(1 — qr)/2.
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11.4. Propagation Lemmas

Here we study the propagation of a fire through an occupied cluster. When a match falls
on an occupied cluster, two fires start: one goes to the left and one goes to the right.
This propagation is not necessarily linear, it sometimes can regress. However there are
few ’sparks’.

Consider two families of Poisson processes (N;());>0icz and (N{(i))i>0icz with
respective rates 1 and m, all these processes being independent. We consider the propa-
gation process ignited at (0,0) defined by

YA/ - t .
G (i) =1+ Lz +/0 1inm(sy=) AN (0)
t t
Py Py
+ /0 L= mm=ny N (1) + /0 L@ri-n=2gmm=y WNs (1= 1)
t
P/
9 /0 1 vy oy ANE(0)

Roughly, the process (Cvt)‘ "(4))e>0,icz starts from an occupied initial configuration and a
match falls on the site 0 at time 0. Afterwards the fire spreads into Z. We are interested
in the space-time position of burning trees (i.e. (i,t) € Z x [0, 00) such that (™ (i) = 2),
when A — 0 and m — oo in the different regimes.

We set, for t > 0,

i =max{i>0:7(0) =2} (11.4.1)
i =min{i <0: () =2} (11.4.2)
the right and the left fronts at time ¢. Observe that (i} );>0 and (—4; )¢>0 are two Poisson
processes with intensity w. For ¢ € Z, we set
Ty =inf {s>0: 7(0) = 2} (11.4.3)
_ Jinf{s>0:4if =4} ifi>0,
C \inf{s>0:i; =i} ifi<0,

which represents the first time that the site ¢ € N is burning. We clearly have for all
t>0,

Gy ) =2= (i)
and for all i & [i; ,i, ],
G0 =1.
In this section, we will show that burning trees at some time ¢ are concentrated around
i and ;. We say that a site i is a spark at time ¢ if it is a burning tree such that

i & {iy i }.
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We recall that ay =log(1/A), ny = [1/(Aay)] and we introduce

) = (11.4.4)

[«%)
ot

For B > 0, we finally set By = |Bny].
The following Definition will be usefull.

Definition 11.4.1. Let p > 0. In the rest of the paper, we will say that a statement
S(\, ) holds for all (A, ) sufficiently close to the regime R(p) if there are g > 0 and

Ao € (0,1) such that for all X € (0,X9) and all @ > 1 such that ‘a—nﬁ; —p‘ < €p, the
statement S(A\, ) holds.

Similarly, let zo € [0,1]. We will say that a statement S(\,7) holds for all (A, )
sufficiently close to the regime R (o0, 2q) if there are eg > 0, Ao € (0,1) and Ky > 0 such

that for all X € (0, o) and all ® > 1 such that a—né; > Ky and 1;‘;%8% - ZQ‘ < g9, the
statement S(A\, ) holds.

11.4.1. Propagation lemma in the intermediate regime
We first study the propagation in the regime R(p), for some p > 0.
Lemma 11.4.2. Let p > 0,7 > 0. There exists an event Qf’z depending only on the

Poisson processes (N (i), N{ (i))ic[0,an(T+ex)] e[ layn(T--er) s [axm(T-+ex)]] Such that

Qf’T C {At any time t € [0,a)T], any burning tree belongs to

[t +arex)m], = [(t —axen)m[JU[L(E —arex)7 ], [(E + axex)7]]
and is either i} or iy or has vacant neighbors},

where the event on the right concerns (C?’W(i))tzo,z’ez, and
. PT] _
1>1\7r7rT1]P’ [Q)\m} =1

when A — 0 and m — oo in the regime R(p).

Proof. Recall that a spark at time ¢ is a burning tree i such that i ¢ {i; ,i;}. We say
that a site ¢ propagates for the first time when the first fire at ¢ extinguishes and spreads
to its neighbors (if they are occupied). Observe that for ¢ > 0, this happens at time
T;+1, while for ¢ < 0, this happens at time T;_;.

Consider, for ¢ > 0, the events

Qzl = {i remains vacant from the instant at which it propagates for the first time

until the instant at which the fire in ¢ + 1 propagates for the first time} (I1.4.5)
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and

Q? = {i is occupied when the fire in i + 1 propagates for the first time,
but then, ¢ burns for the second time during less than aye) /4
and no seed has fallen on its neighbors i — 1, i + 1

from the instant they burnt for the first time until ¢ propagates for the second time}
(11.4.6)

and similar events for ¢ <0 (replace i + 1 by ¢ — 1). Recall (I1.4.1), (I1.4.2) and remark
that the event on the right hand side in Lemma I1.4.2 contains the event

. a)me . a)\Te
Qf;{ = sup ‘Z:_ — wt’ < ATEA A sup ‘zt + ﬂt‘ < ATEA
’ t€[0,a\T] 2 te[0,a\T] 2

N{Vi € [ig,r +1 ’Z:AT — 1], 9} or Q2 is realized}.

Indeed, the two first terms ensure that the right and the left fronts at time ¢ € [0, a)7]
belongs respectively to

[L(t —axex/2)m ], [(t +arer/2)7]]

and
[—[(t+axer/2)m|,—|(t —axex/2)7]].
This in particular implies that for all i € [—|(T —ex/2)axn], [(T —ex/2)ay7]],

| ane | aje
Tie[m— AEA |Z|Jr AA].

T 2 ' 2

The last term says that either ¢ remains vacant until ¢ + 1 propagates (i.e. there is no
spark) or a seed has fallen on ¢ but then ¢ has vacant neighbors when it propagates for the
second time (i.e. the spark has a size 1). Finally remark that on Qf’z, for t € [0,a,T7,

> t} C [L(t —aren)m], iy ]

and
a)Ee)

{o >i>id; Ty o+ > t} C [i, =Lt —axex)7]],

thus a burning tree (i.e. a front or a spark) necessarily belongs to
Lt — area)r), [t + arxe)m ] U =Lt + anen)w), — (¢ — area)r ],

as desired.

Clearly, Qf’z depends only on the Poisson processes (N7 (i), N7 (i))i>0.icz through
t € [0,ax(T T ex)] and i € [—|axw(T +ex)], [axm(T + &x)]]. It remains to prove that
P [Qi’ﬂ tends to 1 when A — 0 and 7 — oo in the regime R(p).
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Since (i} )i>0 and (—i; );>0 are two Poisson processes with intensity 7, the maximal
inequality for martingales gives

a)me
IP’[ sup ‘zt —|—7Tt’ AT A]:Pl sup ‘z —7'('75‘
te

a>\7T€)\
[0,a,T] te[0,a,7)

§< 2 )4><(3(a>\7rT)2+a)\7rT)

ANTTE )\
1677 1677%a)’
< s = (IL4.7)
(aymes) ™
which tends to 0 when A — 0 and 7 — oo in the regime R(p).
Next, for all ¢ € Z, we have
. m
Plo}] = T (11.4.8)

because seeds fall on ¢ at rate 1 while the fire on 7 4+ 1 propagates at rate 7.
Now, for all 7 > 0, we set

X; =inf {s > Tiy1 : NZ() = N, (i) > 0} = Tipa,
Y :ﬂ+1_ﬂa
Y2 =inf {s > Tipo: NP(i) = N, (i) > 0} — Ty,

Let ¢ > 0. By construction, at time 7;, the site 4 is burning and propagates to neighbors
at time T;41. Thus, X; is the time we have to wait for a seed to fall again on i after
it propagates for the first time. Furthermore, Y;! stands for the duration that i is
burning for the first time. If a seed falls on ¢ before T;,9, that is before the burning
tree ¢ + 1 propagates, then ¢ becomes again burning at time T;;2 and burns during
[Tive, Tiy2 + 7).

The random variables (X;);en are exponential random variables with parameter 1
and the random variables (Y;!);en and (Y;?);en are exponential random variables with

parameter w. All these random variables are independent.
Then observe that, for all ¢ > 0

aye
0 = (106 < V) 0 (2 < 220 (X > V4 Y + Y20 (Xon > YD)
(I1.4.9)
We have by independence
P [Qg i Y;—H’Yz} = (1—e ") x Liyecmny Xe —(HYLL V) oY
=(1—e ) x e Y x e ¥ x e x Liyacmany.
Integrating,
4
P [Qﬂ =7r° /00(1 — e ®)e (™ g« /Oo e~ DY qy /aAeA/ e~ (™22 q,
0 0 0
3
(1 — e~ (Fmarer/ay, (I1.4.10)

S (I m?2 )
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Finally, note that, in the regime R(p),

Ploluo =Plol] +P[0f] = ——+ r (1 — e~ @tmarex/dy
P Z U7 147 T 0+ 022 +7)72
57T2 + 87T _|_ 4 + 7T36—(2+7T)a/\€)\/4

L+ m’@+ )7

—1-

o
>1-—

for some constant o > 0, because e~ (TMaxex/4 « 1 /7 when A — 0 and 7 — oo in the
regime R(p) (indeed, 7 ~ 1/(pAlog?(1/))) whence (2 4 m)ayey =~ 1/(pAlog3(1/N))).
Similar computations hold for ¢ < 0.
Consequently, the probability of {Vi € [iy ++1, i:AT —1], Q! or QF is realized} know-
ing {SUPte[O,aAT} ‘zj - 7Tt’ < gﬁg—%} N {SUPte[O,aAT} ’z; + mf‘ < QA;—Q} is bounded from

below by

|_a/\7r(T+5/\)J \_a>\7r(T+6/\)J
- > pl@ued=1- > a-p[ol]-Pai)
i=—|axm(T+exn)] i=—|aym(T+ey)]
>1- aLT(Z;jL Do (IL4.11)
T s

which tends to 1 when A — 0 and m — oo in the regime R(p). Gathering (I1.4.7) and
(I1.4.11) concludes the proof of Lemma 11.4.2. O

11.4.2. Propagation lemma in the regime R(0)

For all A > 0, we set

AT téx (I1.4.12)

which tends to 0 when A — 0 and m — oo in the regime R(0).

Lemma I11.4.3. Let A, B > 0. There exists an event Qf’:’B depending only on the

. . P .
Poisson processes (N7 (i), N} (Z))te[O,aw;‘jrB},ie[[—AA—mA,BAerA}] such that
Qi’f’B C {There is no more burning tree in [—Ay, B)] at time aA%ﬁ{XB

and a burning tree in [—Ay, By] at some time 0 <t < a)\%f,YrB

is either i} or i, or has vacant neighbors}
where the event on the right concerns (ff’ﬂ(i))tzoﬂ-ez, and

limP PP =1

when A — 0 and m — oo in the regime R(0).
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Proof. Recall (11.4.3), (I1.4.5) and (I1.4.6). We set

n\B a,e nA aye
A = (oo, < 22 B 0 T, <220 20

N N (QF UQ?)
Z’GII*AAfm)(FLB)me)\*lH

N {32‘ €[-Ay—my+1, —AA]]awava(i) = 0}
N {Hi € [Br,B) +m) — 1]]7N5A%/<1VB(Z.) = 0}'

Observe now that the event on the right hand side in Lemma I1.4.3 contains the event
PAB
Q-
Indeed, the two first terms ensure that the left and the right fronts have left the zone
[—Ax, B,] at time aA%)‘éyrB whereas the third term ensures, as in Lemma 11.4.2, that a
spark burns not for a long time and has vacants neighbors. The two last terms prevent

from a return of a fire until aA%f\‘XB.

It remains to prove that P {Qf’f’B} tends to 1 as A — 0 and 7 — oo in the regime R(0).
First, observe that T, 1 m, is a sum of By +m, i.i.d. exponential random variables with
parameter m. Then, Chebyshev’s inequality implies

n)B a)en n)B a)\z’-:)\:| 4 By +m)
P\|T > — <P||T — > <
Batm * } - H Batm ™ ‘ 2 |7 (ayen)? 7w
1
< CB& 5
AN\TT QA\TTEY

which tends to 0 when A — 0 and 7 — oo in the regime R(0). Similar computation of
course holds for 7" 4, —m, -

A basic calculation, as in (IL.4.11), shows that (because it also holds true that e~ (2+maxex/4 «
1/m in the regime R(0))

>1- a2 (for some o = a(A, B) > 0),
T

P{ N (QF UQ?)

Z’EII—AX—mk—f—l,B/\-f—m/\—l]]

which tends to 1 when A — 0 and m — oo in the regime R(0).

VB

¥B < 3, it holds that, using space stationarity,

: A
Finally, as soon as s

P {32 € [Bx, By +my — 1]],Ni\%fv3(i) = 0] >P [32 € [0,m)y — 1]]’Nai/2(i) = 0:|

— 1 _ (1 _ e—a,\/2)mk—1 ~ 1 _ e—ﬁ(m/\—l)

which tends to 1 when A — 0 and 7 — oo in the regime R(0). O
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11.4.3. Propagation lemma in the regime R (oo, z)

Let zp € [0,1]. We first introduce, for A € (0,1] and vy € (0,1),

ml =7
A )\7+(1,7)20a>\ )

For zp = 1, m] is nothing but [yn,]. For zy € [0,1) and v € (0, 1), observe that

20 <y+ (1 —7)2 <1,
so that m] < ny. In any cases, we have m]/ny < 7.

Lemma I1.4.4. Let T > 0, z9 € [0,1] and v € (0,1). There exists an event Qf’};’fy
depending only on the Poisson processes (Nts(i)’NtP(i))te[o,aAT],z‘e[[—m},m}]]; such that
Qi’;{” C {ig,p and iy, belong to [-m}, m]]},

where the event on the right concerns the process (5;\,7‘-(2.))152072‘62, and

lim P (7] =1

K
when A — 0 and ™ — oo in the regime R(o0, 2p).
Proof. Recall (I1.4.1) and (I1.4.2). We define
PT, . —
Q)\Jr ! = {0 S Z:AT S mz} N {_m}/\ S Za/\T S 0}7

which clearly implies that iy , and iy , belong to [-m},m}]. Since i , and —iy ;.

are two Poisson random variables with parameter ay7l’, Markov’s inequality shows that

a,\7rT T 2 1—
P [zaAT < —mv} =P {Z;T > mv} < T~ —aZpar =m0,
A

which tends to 0 when A — 0 and @ — oo in the regime R(00, 29). Indeed, for zy = 1,

then %aiﬂ')\ = %%}% tends to O (it is the definition of the regime R (oo, 1)), while, for

2
zp € 0,1), since zg < v+ (1 —7)zp < 1, then %aiﬂ')\“ﬁ(l_”m = %%Oﬁ)\(l—m)v tends to
0, because log(m)/log(1/)\) tends to 2. O

For z € (0, 1), we next define

.= . 11.4.13
Kxnm Naym +éex ( )
Observe that, if 0 < z < zg, then a,\/fiﬂr tends to 0 when A — 0 and @ — oo in the

regime R (00, 2p).
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Lemma I1.4.5. For all zg € (0,1] and all z € (0, zy), there exists an event Qf’fr,
depending only on the Poisson processes (Nis(i)?NtP(i))te[o,aAT],ie[[—mK,m}ﬂ7 such that

P,Z -+ y— —z
Q,, C {Zawi ) and — laywz _OT€ greater than |27 |

and all i € [[if:wi +1,if

z
ki — 1] burns evactly once before ayk3 .},

where the event on the right concerns the process (gf\’ﬂ(i))tzo,iez; and
lim P 07 =1
when A — 0 and m — oo in the regime R (o0, 29).
Proof. Let z € (0,2p). Recall (I1.4.1), (I1.4.2), (I1.4.5) and remark that
a\Th » = A7 +ayme).
We define

P = {qmim € [IA7], A" + 2anmey J]]}m {z’awim € [-1A7 — 2aymer] , A7 J]]}

N N Q.
iEII* L)\_2+2a)\7re>\J L)\_2+2a)\7re>\J]]
Observe that the event on the right hand side in Lemma I1.4.5 contains the event QPZ.

Indeed, as in the proof of Lemma I1.4.2, the two first terms situate the left and the rlght
fronts. The third term ensures that there is no spark in the zone

[[—Law(niﬁm,Lawmi,ﬁemu3[[z';w;,aw 15 [-A], D2l

+
ari and — la, 'ﬁ are two Poisson random variables with parameter aymr§ o

Chebyshev’s 1nequahty shows

Since 7

P linyug, # -0 = 2ven ) — 01 = B [lig g+ avmnd ) > e

=P [i:wi ) EIANZ], N7+ QaAsAwJ]]} =P {i;ni - ANTHY | > a,\ws)\]
a)\ﬂ-lii,ﬂ' — Kli,’ﬂ' — /<,}Z a_i);\
T (ayeym)?2 apmel Mo
( AEA ) ATEN

which again tends to 0 when A — 0 and 7 — oo in the regime R(o0, z9) (because

log(m) ~ zpay).

Finally, we still have P [Q}] = recall (I1.4.8), whence

The

~

P ﬂ Qzl ef2a)\(lii’ﬂ_+€)\)

i€[—laxm (k3 tex))laam (s} +ex)ll

T 2\_a>\7'((/€§\77_r+8>\)J+1
N (1 + 77)

which tends to 1 when A\ — 0 and 7 — oo in the regime R(00, z9). This concludes the
proof of Lemma I1.4.5. U
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11.4.4. Application to the (\, 7)—FFP

We next give some useful definitions.

Definition 11.4.6. Consider two families of Poisson processes (N7 (i))i>0icz and
(NF(i))i>0.icz. with respective rates 1 and w, all these processes being independent. Let
(xo,t0) € R x Ry. We call

e propagation process ignited at (zg,tg) the process (Ct’ ’ ( ))t>0.icz built using the
S 0
seed processes family (N7 (i))e0iez = (Niayt, (im0 ]) = N2, (i+ 0320 )) 20,57
and the propagation processes family (Ni (i 0))iz04ez = (Nfia,s (@ + [mzo)) —
NE (i 4 [my20)))e=0,icz;
o right and left fronts of the propagation process ignited at (zg,tg) the processes
(ig’+)t20 and (z’?’_)tzo, where fort >0
i =max{i > 0: 0) = 2},

i —mln{z<0 CAFO()—2}.

The processes (z’?’+)t20 and (—ig’_)tzo are Poisson processes with parameter m;

o burning times of the propagation process ignited at (zo,to) the sequence (T2)icz
where, fori € 7,

TP =inf {5 >0:™00) =2}

~ finf{s>0:40% =4} ifi>0,
~ \inf{s>0:%" =i} ifi<0.

Observe that (ﬂo)igz,(ig’+)t20 and (—i?’_)tzo only depend on the propagation processes
family (N (i))ez0,iez.-
We then reformulate Lemmas 11.4.2, 11.4.3, 11.4.4 and 11.4.5 with the previous defini-

tion.

Definition 11.4.7. Consider two families of Poisson processes (N7 (i))i>0icz and
NP t>0,icz. With respectz've rates 1 and m, all these processes being independent. Let
i

(zo,t0) € RxR, and (Ct ™0 (4 ))e>0.icz. be the propagation process ignited at (xo,to), recall
Definition 11.4.6.

e We define, for T > 0, QPT(xO,tO) = QP’T, where Qf\j;{ is defined as in Lemma
I1.4.2, using the process (Ct’ O ))t>0,i€7.-

Lemma I1.4.2 implies that for all 6 > 0, P {QP (xo,to)} > 1—=24 for all (A\,m)
sufficiently close to the regime R(p).
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e We define, for A,B > 0, Qf’f’B(xo,to) = Qf’f’B, where Qf’f’B is defined as in
Lemma I1.4.3, using the process (5;"”’0(1'))2207@-62;.

Lemma I1.4.3 implies that for all 6 > 0, P [Qf’f’B(azo,to)} >1—=0 for all (\,m)
sufficiently close to the regime R(0).

e We define, for z € [0,1] and v € (0,1), Q57 (2o, to) = QY17 where Q317 s

defined as in Lemma 11.4.4, using the process (C?"W’O(i))tz()J@.

Lemma II.4.4 implies that for all 6 > 0, P [Qi’f”(mo,to)} >1—=246 for all (A, m)
sufficiently close to the regime R (o0, 2p).

e We define, for zo € (0,1] and z € (0,z), Qf’;(azo,to) = Qf’;, where Qf’; is

defined as in Lemma 11.4.5, using the process (C?"W’O(i))tz()J@.

Lemma 11.4.5 implies that for all 6 > 0, P [Qi’;(xo,to)} > 1—=90 for all (\,)
sufficiently close to the regime R (o0, 2p).

Finally, we define the destroyed component by a fire starting on |nyzg| at time ayt.
Indeed, knowing the sequence of burning times (7;);cz and conditionally on a suitable
event defined above, we can localize the set of sites which are burning by a fire.

Definition I1.4.8. Consider a family of independent Poisson processes (N{ (i))i>0.icz
with rate 7. Let (z9,t0) € R x [0,T] and let (T?)icz be the burning times of the propa-
gation process ignited at (xo,to). For a N—valued process (n:(%))i>0,icz, we define

CP((m(4))iez 10, (0, to)) = [[nrzo]) + 149, [nyzo] + 1] (I1.4.14)

where

19 = max {Z <0: naAto-l—TiO—({n)\mOJ +1i) = O} + 1,

i = min {i > 0 n, oo ([nazo ) +1) =0} — 1.

We will use this definition with the (\,7)—FFP in the following way: on a suitable
event, CP((ng\’”(i))ieZiZO, (x0,t0)) is exactly the component destroyed by a match falling
in |nyzo| at time aytgy, see the comments below.

Let now (U?’W(i))tzo,iez be the (A, 7)—FFP. Let (z¢,t9) € R x [0,00) be fixed in the
rest of the section. Assume that a match falls in [nyzo| at some time ayto. Then, on
an appropriate event and regardless of the other phenomena, fires propagate with the
good speed while they spread in occupied zones. Indeed, consider (Cvt)‘ ’W’O(i))tzo,iez the
propagation process ignited at (xg, o), the associated right front (ig,+)t20 and left front
(i )i>0 and the associated burning times (TP);cz. Remark that T Inyao) 18 the time
needed for the fire starting in [nyxg| at time aytg to reach i.
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Microscopic fire.

We describe here the effect of a microscopic fire in the discrete process in the different
regimes. Let A € (0,1] and 7 > 1.

Micro(p): here we focus on the regime R(p), for some p > 0. Set

m)
K= A g
a)T

Assume that
> there are —m) < i1 < 0 < io < my such that
Maye (Lo + 1) = gy ([mazo) +i2) = 0
for all ¢t € [tg,to + Hgﬂr],
> there is no burning tree in [|nyzo| + 41, [nrx0| + 2] at time ayto—,
> no other match falls in [|nyzo] + i1, [nrzo] + 2] during [axto,ax(to + ﬁ(im)].

Then, on Qi’z(aﬂo,to), we have

CP (0™ (i))iz0,ie2+ (20, 10)) C [[mazo] + i, [mazo ] + iz]-
Furthermore, 772’;&04_%0 )(z) < 1foralli€ [|nyzo]|+i1, |[nrzo]+io] and the fire destroys
A,

exactly the component CP((ng\’”(i))tzoJeZ, (x0,t0))-
Indeed, since my = a)\ﬂ'(ligm —€)), on Qi’z(azo, to), there holds that TZO1 < aAﬁgﬂr and

T) < aAﬁgﬂr (the left front satisfies g 10

< 41 and the right front satifies i:wo > o,
A,

A,

thanks to Lemma 11.4.2). Consequently,

CP (™ (1)) iz0,ie2, (20, t0)) = [[mazo] + i, [mawo) +i%] C [[mazo] + i1, [mazo] + io]

where 9 and ¢ are defined in Definition 11.4.8. Observe now that, by construction, for
all i € [#9,i9]

A, . XAm,0/ -
Mato+r0 ([BAZ0] +1) = 2= G577 (1)

and 7" ([nyzo] +9 —1) =0 =19 (Inxzo| + i + 1). Recall that on

a>\t0+Ti0g_1 i
Qi’f(mo,to), a spark at time ¢ € [0,a,7] for the process (E{\’”’O(z’))tzoﬂgz has vacant
neighbors. Since for all i € [i9,i%], the processes (¢;"™°(i))¢>0 and (n;\’goﬁ({nAon +
i))t>0 evolve with the same seed processes and the same propagation processes after
burning for the first time until a)\lﬁl()]\m and since the zone [i9,i%] is protected by the

vacant sites i; and g, a straightforward observation shows that for all i € [i9 +1,i% — 1],

A, . N0 /.
na,\(to-kmgm)(Ln)‘xOJ + Z) = Cak"‘ﬁ())\m (Z)
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Observe also that 9 and i¢ burn exactly once during [axty,az(to + 3 _.)] (because the

site 1941 is vacant at time 7% . and 9 —1 is vacant at time Tg 1 with TZ% \/TZ.% < a)\/’i()]\m).

id1
Thus, a site i € [|[nyzo| + i1, [mazo] + i2] \ CF((n)" 0" (1))i>0.iez, (2o, to)) can’t be burnt
during [axto,ax(to + /SJ()]\,W)].

On Qf’z(xo, tg), there is no more burning tree in [-my ,m,] D [i9,4%] at time aAﬁgﬂr
for the process (Ct 0 ))e>0.icz (because my = a)\ﬂ'(l-ﬁg ~—¢€x)) and consequently, its also
holds true in [|nyzg |+, Ln)\xoj +i%] at time ay (to —i—/ﬁ)\ﬂr) for the process (77,5)"7r (1))t>0,icz.-

All this implies that, on Q (mo, to),

772;&0%3 (1) < 1forallie CP (™ (1)) 0,62, (z0, to))

and therefore for all i € [|nyzo] + i1, [nrzo] + i2].

Micro(0): here we focus on the regime R(0). Let A, B > 0 and recall that, for A > 0,
%f’ﬂ = I;w + e). Assume that

> there are —my < ;3 < 0 < i3 < m, such that n;\’;;(LnAmoJ +i1) = W;\;Z(LDAHUOJ +
ig) =0 for all t € [to,tg + %AVB],

> there is no burning tree in [|nyxg]| + i1, [nyxo] + 2] at time aytog—

> no other match falls in [|nyzo| + i1, [nyxo| + 2] during [axty,ax(to + %AVB)],

Then, on Qi’f’B(azo,to), we have

CP (™ (1)) ez0,ie2, (20, t0)) C [[mazo] + i1, [mazo) + d2].-

Furthermore, 77 (t0+%AVB)(') < 1 for all ¢ € [|nxzo] + i1, [nrx0] + 92] and the fire

destroys exactly the zone C’P((nt)"w('))po iez, (To,t0)).
Indeed, this can be checked exactly as above (replace KZ)\ ~ by AXB and Q (xo,to)
by Q32 (w0, t0))-

Micro(oo, z9): here we focus on the regime R(c0,z2), for some zy € (0,1] (in the
case zyp = 0 there are only fires of the second kind). Let 0 < z < zp and recall that
niﬂr /\za — +¢). Assume that

> there are —| A% < i3 <0 < iy < |[A\7?] such that n;\’;;(LnAon +i1) = W;\;Z(LUAHUOJ"‘
iz) = 0 for all ¢ € [to, to + K3 ],

> there is no burning tree in [|nyxg] + 41, [naxo] + 2] at time aytg—,

> no other match falls in [[nyzo] + i1, [mrzo] + 2] during [axto,ax(to + K5 ;)]
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Then, on Qf’fr(xo,to), as in Micro(p) above (replace “An by &3 . and Q (ﬂ:o,to) by
Qi’;(ﬂUo, to)), we have

CP (™ (0)ez,iez, (20, t0)) = [[mxzo] + 9, [mywo) + %] C [[nazo] + i1, [mawo) +d2].

Furthermore, 77>"7Et iz )() < 1foralli € [|nyxo|+i1, |nazo]+i2] and the fire destroys

exactly the zone C''((n; e "(1))e>0,iez, (2o, t0))-
More precisely, on QA (o, to), for the process (&0 ))t>0,icz, all site i € [[2 it

1,2’2’;§ - 1] burns exactly once before aykj , whence there is no spark in [[zaA P
.0,+ .
N 1] at any time t € [0, a)rf .

Since, for all i € [i9,i%], the processes ({"™°(i))e=0 and (n;"A’;OH(Ln)\xOJ + 1))t>0
evolve with the same seed processes and the same propagation processes after burning
for the first time until a\K3 ;s B straightforward observation shows that, for all ¢t €

[axto,ax(to + K% )], and all i € CP((U?’F(Z'))QWEZ’(wo,to)), for i > |mawol, n)" (i)
equals to

mln(n;\j\?() (Z) + Nts-;-akt() ( ) Nas/\t()(') 1) lf a)\t(] < t < a)\to + T

—[nxzo)
2 1fa>\t0+T Ln)\mJ—t<a>\t0+T+1 lnxzo]
min(N/ (i) — N%H_anoj (i),1) if axto + T, _ Inazo) << an(to+ 43 4),

and, for i < [myzo), 7™ (i) equals to

mln(n;\j\go—(l) + Nta—a/\to( ) Nas/\t()(') 1) lf a)\t(] < t < a)\to + T

—[nxzo]
2 1fa>\t0+T |y moj<t<a>‘t0+T 1—|nxzo)
min (NS (i) — N2 (i),1) if axto + T2 1 ) <t < an(to + 45 4),

i—1—|nyzq]

Finally, fori € [|nyzo|+i1 , [myzo]+i2]\CT ((n)"™( i))1>0,icz, (To, to)) and ¢ € [axty,ay(to+
. AT o s . A .
”A,w)]a ;" (7) is nothing but mln(nakto( i) + Ntb:l—aAto( ) — Nei\to( ), 1).

Macroscopic fire:

let A € (0,1] and 7 > 1. Recall that, for x > xg, T is the time needed for

0
[naz]—[nywo]
the fire starting in [nyzo]| at time ayty to reach [nyz]|.

Macro(p): here we focus on the regime R(p), for some p > 0. On Q (xo,to) if
0<z—20<(T—ty— es)\)a” there holds that

ayto + 70 _ —
mal-lmeol gry 4 [naz] — [myzo) en o+ [z — [myzo
a) a)NT a)NT

+€)\]
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and observe that, when A — 0 and m — oo in the regime R(p),

(2| — [my2o| - |nyz| — [nyxo]

[to +
a)T a)T

+ex] = {to + p(x — z0)}.
This is just a rewriting of Lemma I1.4.2.

Macro(0): here we focus on the regime R(0). On Qf’f’B(xo, to), for some B > x — z9
and A > 0, there holds that

axto + TLOHAJL“J* [nyzo] B
€ [to,t
a [to,to + ]

and observe that [ty ,to + %ffw] ~ {to} when A — 0 and 7 — oo in the regime R(p).
Besides, assume that

> there are |ny(zg — A)| < i1 < |nyzo] < iz < |nx(xg + B)] such that ?72;7;(1'1) =
n;\f;(il) =0 for all s € [ty,to + %/(‘XB],
> there is no burning tree in [iy ,i2] at time ayto,

> no other match falls in [i1 ,42] during [axto,a(to + s4 Y P)].

Then, on Qi’f’B(azo,to), we have

A, . .
CP((m ™ (1)ez0i¢2, (20, t0)) € [[mazo] + i1, [mazo] + 2]
Ao+ B)
destroys exactly the zone CP((ni"w(i))tzo,ieZ, (zo,t0)).

This can be shown exactly as in the case Micro(0) (the two statement are very
similar).

Furthermore, n;‘ (i) < 1 for all i € [|nyzo| + i1, [nazo] + i2] and the fire

Macro(oo, zp):  here we focus on fires of second kind in the regime R (o0, zp), for some
20 €[0,1]. Let vy € (0,1), on Qf’;{’y(xo,to), there holds that

.0,— 0,4
| ; 1 ; ¥
m ny\xol| + i, 1 lnyzo] +1+14 7 m
Tg— —2 < ——— B g < L < gy —2
ny ny ny ny

and observe that m]/ny < +: this is just a rewriting of Lemma II.4.4. Thus, since y
can be chosen arbitrarily small, in the regime R (o0, z9), fires have only a local effect.
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11.5. Localization of the (), 7)—FFP

Recall that ay,ny and m, are defined in (II1.2.2), (II1.2.5) and (I1.1.4). For A > 0, we
set Ay = |Any| and I} = [-Ay,A,\]. For i € Z, we set iy = [i/ny, (i + 1)/n)) and
EN — 1/a§’\.

We first introduce the (A, 7, A)—FFP.

Definition 11.5.1. Let A € (0,1],7 > 1 and A > 0 be fizred. For each i € I, we
consider three independent Poisson processes, N°(i) = (N£(i))i>0, NM (i) = (NM(4))>0
and NP (i) = (NF(i))i>0 of respective parameters 1, )\ and , all these processes being

independent. Consider a {0, 1,2}-valued process (nt’ A ))i>0 iery such that a.s., for all

i€ Iy, (nt’ ’ ( ))e>0 is cadlag. We say that (nt’ ’ ( i))i>0, ier), s a (A, m,A)—FFP if a.s.,
forallie I}, allt >0

n;"ﬂ’A(i):/ A oy ANS (0) +/ A=y AN (D)
0

t
P/-
+/ A =2 A=y W (1)

+/1 A GGy A ) }de(z‘—l)

Mg —

_2/ L3 gy ANE )

with the convention NP (Ay +1) = NF(=Ayx —1) =0 for all t > 0.

For n € {0,1, 2}@\ and ¢ € [ i‘l, we define the occupied connected component around ¢

as
0 if n(z) =0 or 2,

Ca(n,i) = {[[ZA(mi) s ra(n,d)]  if (i) =1,

where

la(n,i) = (—A\) V (sup{k <i: n(k) =0or 2} +1),
ra(n,i) = Ax A (inf{k >i: n(k) =0or 2} —1).

For x € [-A,A] and t > 0, we also introduce
x 1
DMA(g) = Ca (i, mas)) © [—Ax/ny, Ax/my] ~ -4, 4], (I1.5.1)

{i € [lnae) —my, [maa] +ma] 0 1y 6) = 1|
[[[naz] — my, [myz] + my] NI}
—log (1 — K?’W’A(m))
log(1/X)

We now give a discrete version of Proposition 11.3.5. Recall Definition 11.4.1.

K} () = €[0,1), (IL5.2)

Z}m A (z) = Al e0,1]. (I1.5.3)
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Proposition I1.5.2. Let T > 0,A € (0,1] and ® > 1. For each i € Z, we con-
sider three Poisson processes N°(i) = (N7 (i))i>0, NM (i) = (NM(i))>0 and NP (i) =
(NF(i))i>0 with respective parameters 1, X\ and w, all these processes being indepen-
dent. Let (Ui\’w(i))tzo,z‘ez be the corresponding (A, m)—FFP and for each A > 0, let

(nt)"w’A(i))tzo,ieljx be the corresponding (A, w, A)—FFP. There are some constants agr > 0

and Cp > 0 such that for all A > 1, for all (\,7) sufficiently close to the regime R(p),
for some p >0 (or to the regime R(o0, 29), for some zy € [0,1]),

_ ( A7, A

M (i))te[o,aAT},ielj‘/Qv

A
P | (n; W(Z))te[o,aAT]JEI)‘

AJ2

(Z" (), D () )icjor)aelaja.a/2 = (207 (@), DtA’mA(x))te[O,T],xe[—A/ZA/Qﬂ
>1-— CTB_OCTA.

Observe that the Proposition 11.5.2 holds for the three regimes, with the same scales
but for different reasons. We thus distinguish the three regimes. The proof given for
p = 0 can be adapted in order to work for p > 0, as in Proposition I1.3.5, but the proof
given here for p > 0 is much simpler.

Proof in the regime R(p) for some p > 0. Consider the true (A, 7)—FFP (Ui\’w(i))tzo,iez-
It of course suffices to prove the result for A large enough. Temporarily assume that for
a € R, there is an event QZ‘;, depending only on the Poisson processes N (i), N (i)
and N7 (i) for t € [0,a,(T + 2)] and

T-1 T-1

ieJ)=[l(a—1-2 )y, (@ +1+2

)nAJ - 1]]’

such that

(i) on Qi;, a.s., there are ¢*: [0,a,T] — J non decreasing and +~: [0,a,7T] — J2
non increasing such that 7;"" (;;/) = 0 or 2 and "™ (¢;) = 0 or 2 for all ¢ € [0, a,T],

(ii) there exists gr > 0 such that for all a € R, we have P [Qi"ﬂ > qr, for all (A, )
sufficiently close to the regime R(p).

The proof is then concluded using similar argument as Step 3 in the proof of Proposition
I1.3.5: thanks to point (ii), the probability that there are —A + 1 + 2% < a <
—A/2—-1-— 2% and A/2+1 —i—Q% <aa<A-1- 2% with Qi‘fT and Qi‘;fT realized
is easily bounded from below by 1 — Cre~ T4, Next, on this event, a fire starting at the
left of [(a1 —1— 2%)HAJ will never cross |(a; +1+ 2%)HAJ < |—An, /2] (thanks to
™). Same thing holds on the right: a fire starting at the right of |(ag + 1 + 2%)HAJ
will never cross |(az — 1 — 2%)n,\J > |An) /2| (thanks to ¢7). Finally, the clusters

D} () and D)™ () clearly coincide for all z € [—4,4] and all t € [0,77.
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Step 1. Fix some a > 0 small enough, say a = 0.001. Recall that } = m,/(aym)+ey.
For A > 0,7 > 1 and a € R, we define the event Qi"; on which points 1 and 2 below
are satisfied:

1. The family of Poisson processes (NM (i ))te[o aAT] ics» has exactly 4 marks in I,

and we call them {(X{,77), (XZ,TQ) (X2,T9), (X2, T])}, in such a way the
match (X7, T7) (resp. (X3 ,T2 )) belongs to

[lla g = —m]. (o= 3 = ——)m]] x [ar(] +) an(1 = )
(resp. [l(a-+ 5+ (a-+ g + )] x fan(f + ) a1 - @)

and the match (X3,73) (resp. (X3,73)) belongs to
ll(a 5= —==m] + 1@~ 5 = —m ] x fa(1+ @) ar(5 ~ a)
(resp. [l(a+ 5 + ) (a-+ 5 + )] = 1] x [ar(1+ ) (5 — ).

2. The family of Poisson processes (N (1))i>0.ic satisfies
a) for k=1,2, for all i € [X — [\73/4], X + |[A73/4]], NSA (1) > 0;

b) for k = 1,2, there are if € [X}) —my + 1, X} — L)\*3/4J 1] and 5 € [X? +
IA=3/4] + 1, X +my — 1] such that N;lj ael (ih) = N£A+a 0 ( 5) = 0;
c) for k = 1,2, there is i§ € [X} — [A73/4], X2 + | A~%/4]] such that N. 3a /2( ik) —

NS() 0;
d) for all i € [[L(a—l—%)n |, L(a—{—l—}— =1, |1, N, aA(lJra (@) > 0.

We now introduce the event Qi (A, m) on which all these four fires propagate at the

good speed
4 A A
XA T
P PT
Qaj()\’ﬂ) - 101 Q)\W <n; ’ al)

recall Definition I1.4.7. We finally set

O0F = Q5 Nl (7).
Step 2. We now prove that on Qi‘,’;, as soon as ’{gm < «a/2, there exist (L;r)tE[O,aAT]
and (t; )iejo,a,7) Which satisfy (i).

Indeed, sites i} and i are vacant until T + a)\ﬁgﬂr because we start from an vacant
initial configuration and 2-(b). On the one hand, they protect the zone [ii + 1,4} — 1]
and thus, the zone [X{ — [A73/4], X + [\73/4]]  [i1 +1,i} — 1] is completely filled
at time 77—, thanks to 2-(a). On the other hand, on Qi’;{(X{\/nA,Tf‘/a)\), as seen in
Micro(p) in Subsection 11.4.4,
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> the match falling on X7 at time T3 destroys entirely the zone [ X7 — [A~%/4], X +
| A=3/4]] before T} + a)\lﬁi(})\m_ (it is still protected by i1 and %),

> the fire does not affect the zone outside [i} 4],

> there is no more burning tree in the zone [i1 ,43] at time T} + ay&% .

Then, since no seed fall on i} during [T}, 3ay/2), 74 remains vacant since it burnt (this
happened between T} and T} + a)\lﬁlgm) until time 3ay/2, thanks to 2-(c).

Remark that same considerations holds around X3: the match falling in X3 at time
T3 doesn’t affect the zone outside [i7,i3] (because they remain vacant until time T3 +
aAngm), and 4% remains vacant during [T5 + a,\ff())\77r ,3a)/2).

All this implies that the zone [|(a — & — %)HAJ e+ 3+ %)n)\ﬂ] is protected
from all the fire until 3a)/2 (except pOfsiblTes 1those falling th (a{(?f‘l, T3) and (X i‘,lTlf‘i).
Thus, thanks to 2-(d), the zone [|(a — 5 — —=)n a+ 5 —)n, || is complete
occuI;ied at time ai(i’—l— a). . ’ : et e : ol ’ '

. PT (X3 Tg
Since now, on Q)\,w (n_A’ a

) , the right front (i )= of the fire ignited at (X3 /ny, T2 /a)
statisfies
iz;\;fT?? < w(a)\T - T?’)\ + a)\e,\) < a)\T('(T —1—-—a+ 6>\),

recall Lemma 11.4.2, then ii’;f[_TSA < (T - 1)'“7A as soon as };&—ﬁr —p} < pﬁ (recall

that 2e < «). This in particular implies that

1 T-1 n
A -3,+ A
X400 g < L= 3= ]+ (0= D22 < [myal.
A A
Similarly, on Qi’z (ﬁ—i, :—‘;) and for ‘a—iﬁ; — p‘ < pﬁ, we clearly have
1 T-1 ny ooy o4
|_n)\aJ < \‘(a + g + T)HAJ — (T — 1)? S X4 + Za’)\Tszi\.
. A AT A 37+ —
We easily deduce that for all t € [0,a\T — T3], nt-{-T)‘(X?’ +4;") = 2 and for all
3
A, 4,—
Finally, we set, for all ¢t € [0,a,T]
it if 0 <t <TP+ 3,
=4 if T + 43, <t < T3,
X+t T <t<a,T.

Clearly, (¢;")e[0,ay77 is nON decreasing, N> (1F) is 0 until T3 and 2 between T3 and a)T'.
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Similarly, we can choose

i3 if0<t<Ty+nr3,,
v =4 i if T + 3, <t < T},
X + ij"__Tz if T <t <ayT.

Clearly, (¢; )te[o,a,7) IS nON increasing, n>™(17) is 0 until 7 and 2 between T} and a)T.

>\7

a,

Step 3. We now prove (ii). The quantity P {Q H does obviously not depend on a € R
by spatial invariance. Then, we observe that we can construct N™ by using a Poisson
measure 7y on R X [0,00) with intensity measure dz d¢, independent of N S and NP,

by setting, for all ¢ € Z,
N{M (@) = mu(in x [0, t/ay)).

Hence, the event on which NM satisifies 1. contains the event Q%T on which m;s
has exactly 4 marks in [a — 1 — 2% sa + 1+ 2%] x [0,T], which can be called
(X1,T1), (Xo,Tv), (X3,T5) and (X4,Ty) in such a way (X3,771) (resp. (X2,75)) belongs
to

5 T-—1 2 T-1 3
la—--——+a,a-———-a]x[;+a,l-q]
6 D 3 P 4
( [+2+Z;i+ +5+Zll ]xﬁ+ 1—a))
resp. |(a — a.,a — — — (0] —
p 3 D ) 6 P 4 ) ’

and (X3, T3) (resp. (X4,Ty)) belongs to

1 T-1 1 T-1
a—=—"——4a,a—-~-————a]x[1+a,>—q
2 P 3 P
( [+1+T—1+ R I+ 3 )
resp. |(a — E— a.,a — —_— — o, - — o).
P 37 ) AT T, "9

Clearly, the probability P {Q%T} does not depend on a nor on A and 7 and is positive.
We then define ¢ > 0 by

P|OM] =200, (%)

We then use basic consideration on i.i.d. Poisson processes with rate 1 (we write Py, for
the conditional probability w.r.t. mys) to show that point 2. occurs with high probability.

o For k= 1,2, we have T} > a,(3/4 + «) and
Pas [Vi € [X = [N X0 4+ AL NG () > 0] = (1= X3/t
k

which tends to 1 when A — 0.
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o For k= 1,2, we have T + ays3 < ay(1 — a/2) (recall that s < a/2) and

Py |3k € [X) + (A4 +1, X0 + my — 1], N2

T,§‘+a>\li

o (i5)=0

A,

>1— (1 _ )\lfa/2)m>\7p\_3/4jfl

which tends to 1 when A\ — 0 (and similar computation for ).

o For k =1,2, we have T)) > a,(3/4 + «) and

Par [3i € [X2 — V91, X2+ YL NG, o) — N () = 0]

>1-(1— )\3/4704)2L)\_3/4J+1

which tends to 1 when A — 0;
o Finally,

Par Vi € [[(a =1 = T—m] L@+ 1+ — )]l N, 10y (9) > O

=(1- )\1+a)(2+2%)nx

which tends also to 1 when A — 0.

Next, since )y is independent of the processes family (N (i))icz+>0 and (NF (4))iez.+>0,
Lemma I1.4.2 directly imply that, forall k = 1,...,4, Py, [Qi’z(Xk, Tk)} tends to 1 when
A — 0 and m — oo in the regime R(p).

All this, together with (%), implies that P {Q;‘H > gr > 0 for all (A7) sufficiently
close to the regime R(p).

In the end, for all (A, ) sufficiently close to the regime R(p), the event Qi‘; depend
only on the Poisson processes Ni* (i), NM (i) and NF (i) for t € [0,a)(T +2)] and i € J).
This suffices to conclude the proof. O

Proof in the regime R(oc0, zp). Let us fix z9 € [0,1]. Consider the true (A 7)—FFP
(7™ (i))1>0.cz. We introduce

Jo =[lany], [(a+ Dny | —1].

As above, for a € R, we are going to construct an event Q;‘; depending only on the
Poisson processes N (i), NM (i) and NF (i) for t € [0,a,(T +2)] and i € J such that

(i) on QZ‘;, there exists +*: [0,a,7] — J2 non decreasing and ¢~ : [0,a,7] — J non
increasing such that 7" (1) = 0 or 2 and 7,""(¢; ) = 0 or 2 for all t € [0,a,7T7,

(ii) there exists gr > 0 such that for all a € R, we have P {Qi‘rﬂ > qr for all (A, )
sufficiently close to the regime R(o0, zp).
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The proof is then concluded as previously. We divide the proof in two cases.

Case 1: zp € [0,1). We fix @« =0.001 and vy € (0, (1 — 29)/4). Recall that

v _ g
m, = {7)\7“1_7)20&& < my < ny.

Step 1. For A > 0,7 > 1 and a € R, we define the event Qg’; on which points 1 and 2
below are satisfied:

1. The family of Poisson processes (NM (i))ic[0,a,17,ics> has exactly 2 marks in JN,
and we call them (X7, T{), (X3, T3), in such a way that

(X}, 72) € [lama] +my, (o + 2)ma) — my — 1] x [a(z0 +29)  ar (1~ 7)),

(X3, 73) € [l(a+ Hma) +my,, [(a+ Dmy) —my — 1 x ax (20 +27)  ax (1 — )]

2. The family of Poisson processes (Nts(i))tzo,ieJé\ satisfies, for k = 1,2,
a) for all i € [X) — m], X} +m}], N5, (i) > 0;
k

b) there are if € [X—my+1,X2—m]—1] and i§ € [X}+m]+1, X +my—1]
such that Nai(l—v) (i%) = Nai(l—w) (i%) = 0.

We now introduce the event on which all of these two fires propagate at the correct

speed,
X 7 X3 T3
QL p (A7) = oyt (—1 —1> nayl? (—2 2.
d ny, a, ’ ny, aj

We finally set
AT A, T
Qa:T = Qa:T N QiT()V 7T)'

Step 2. We now prove that on Q;‘;, (i) holds.

For k = 1,2, thanks to 2-(b), the sites if and i%§ remain vacant until ay(1 —v) > TQ.
Thus, no fire can affect the zone [X — m}, X} + m]] during [0,a,(1 — 7)]. Hence,
the zone [Xp — m], X + m]] is completely filled at time T)*—, thanks to 2-(a). On

A A
Qf’Tﬁ <ﬁ T—k> C QP (A7), the fire starting in X at time 7} does not affect the

X ny ’ ay
zone outside [ X7 — m} , X} + m]] during [0,a,7, recall Macro(oc, zp) in Subsection
I1.4.4. Since X3 — X{* > 2m, > 2m] + 1, we deduce that 7)™ (X7 + it ) =2 for all

S—Tl)‘
s € [T} ,a\T] and )™ (X2 + Zi:T;) =2 for all s € [Ty, a)\T).

Finally, we set, for all ¢t € [0,a,\7]
it if 0<t<Ty,

+

L =

t {X%+z’t1’+w if T <t < ayT.
3
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The process (L;L)te[o,akT] is non decreasing, 7)™ (:1) is 0 for s € [0,77") and 2 for s €
[Tl)\ ) a)\T] :
Similarly, we set for all ¢ € [0,a,T],
B i3 if0<t<Ty,
L = 2, .
t X+ i if Ty <t <ayT,

which also satisfies the requirements.

Step 3. The event Qg’; also satisfies point (ii).
Indeed, the quantity P [Qg"rﬂ does obviously not depend on a € R by spatial invariance.

As previously, we can construct N by using a Poisson measure mj; on R x [0, 00) with
intensity measure dz d¢, independent of N° and N¥, by setting, for all i € Z,

NM (i) = mar(in x [0,t/ay]).

Hence, the event on which N™ satisifies 1. contains the event Q%T on which mys has
exactly 2 marks in [a,a+1] x [0, 7], which can be called (X;,71) and (X2, T5) such that
(remark that v < 1/4)

1
(X1,T1) € [a+7=a+§_7] x [204_2771_'7]

1
and (Xo,T3) € [a+§+’y,a+1—fy] X [z0 + 27,1 —7].

Clearly, the probability P {Q%T} does not depend on a nor on A and 7 and is positive.
We then define q7 > 0 by

P {Q%T} = 2qT. (*)

We then use basic considerations on i.i.d. Poisson processes with rate 1 (we write Py for
the conditional probability w.r.t. ) to show that point 2. occurs with high probability.

e For k = 1,2, we have T,i‘ > ay(zp + 27v) and

PM {VZ S [[X]? — m} ,X]? —+ mXH’NI‘s’? (Z) > O} > (1 o )\zo+2'y)2m}+1

A=Y= (=120 \7(z0+1)

) = exp(—y

~ exp(—)\ZOJr27 - -

which tends to 1 when A — 0.

e For k =1,2, we have
Py [31’5 € [X2 +m] +1, X +my — 1], NS (%) = o} = 1—(1=AlT7ymamy-l

which tends to 1 when A\ — 0, because m}\ < my and A7 < m, (similar
computation holds for i¥).
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Finally, since 7y is independent of the processes family (N (i))¢>0.icz and (NF (i))i>0.cz,
Lemma 11.4.2 directly imply that, for all £k = 1,2, Py, {Qi’;{(Xk,Tk)} tends to 1 when
A — 0 and m — oo in the regime R (o0, 2p).

All this, together with (%), implies that P {Qi‘ﬂ > qr > 0 for all (A, ) sufficiently
close to the regime R (o0, zp).

In the end, for all (A7) sufficiently close to the regime R(oc, zp), the event Qi‘r;
depend only on the Poisson processes N} (i), NM (i) and N/ (i) for t € [0,a,(T +2)] and
i € J2. This suffices to conclude the proof in the case 29 € [0,1).

Case 2: zg = 1. Fix some « > 0 small enough, say o = 0.001. Recall that

1
- __
o = M—aay 7 t e
and assume that x5 _* < a (for (\, ) sufficiently close to the regime R(co,1)). We first

define the event Q;‘r; on which points 1 and 2 below are satisfied:

1. The family of Poisson processes (Nt]\/[(i))te[o,aAT],iEJé‘ has exactly 4 marks in J),
and we call them (X, T{)k—1..._4, in such a way the match (X7, T{) (resp. (X2,73))

belongs to
1 3
[l(a 4+ a)ny|,|(a+ 1 a)ny]] x [a,\(Z + a),a)(1 — 2a)]
(resp. [1a+ 5 + @], [fa+1—am ] x [ax(5 +a) ,an(1 — 20))

and the match (X3,73) (resp. (X3,73)) belongs to

[+ +a)ms), L(a+ 3 —ahnyJ] x far(1+a),ax(> — 20)
(resp. [L(a+ 5 +a)m] , [(a+ 5 — a)maJ] x [ar(1+0a) ax (5 — 20)]).

2. The family of Poisson processes (Nts(i))tzo,ing satisfies,
a) for k=1,2,Vie [Xp— A7), X + A4, N2\ (i) > 0;
k

b) for k = 1,2, there are if € [X} — A"~ —1,X}] and i§ € [X}, X} +
A== + 1] such that N;I? 1,(1(1'9?) =0.

+a>\.l-e>\’7r
c) f01; k = 1,2, therg exists i§ € [X) — [A734] X + [\ 7%/4]] such that
NSaA/Q(Z ) — Nrﬁ?(%) =0;

d) Vi € [lany, |(a + 1)ny], N°

ax (14a) (1) > 0.
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We now introduce the event on which all these four fires propagate on the good speed

o X T Ploa, X3 T3 Pra, X3 T3 o, XY TP
QP )\ — QP,l o 1 1 Q A « 2 2 Q 1, 3 3 N Q , 1, 4 4
a7 ) AT (m ’ aA) A (m ’ aA) A (n>\ ’ a)\) A (m " ay )

recall Definition 11.4.7.
We finally set

A, AT
Qo7 = QN QL (A, ).
We deduce that Qg"r; satisfies (i) as above: the match falling in X}, for k = 1,2,

destroys at least the zone [X} — [A™3/4], X + [A~%/4]] (thanks to 2-(a)) but does not
affect the zone outside [X7 — A==, X + [\~ |] (thanks to 2-(b) and recall
Micro(oco, 1) in Subsection 11.4.4). Hence, for k = 1,2, i§ remains vacant from T +
aAmi;ra until 3a, /2. Thus, i§ and i3 protect the zone [|(a+ 1 —a)ny|, [(a+ 3 —a)n,]],
which is completely filled at time ay(1 + «), thanks to 2-(d). As previously, and since

fires have only a local effect (recall that m§ = |am,]), the right front of the fire 3 and
the left front of the fire 4 burn until a7

We then can set, for all ¢t € [0,a,T]

it if 0 <t <T+ayki %,
o =<3 if TP+ ayel % <t < T3,
X a3t e\
X3+ Zt—TQ it 79 <t < ayT,
and
i3 if0<t<T9+ayki s,
i =413 if T+ ayel % <t < T},
DI e A
X3 +Zt—T4A it T) <t <ayT.

We can check, as usual, that P {Qi‘ﬂ > qr, for all (A, m) sufficiently close to the

regime R (oo, 1), where 2¢r is the probability that a Poisson measure 7y, has exactly 4
marks (Xy, Ty )k=1,..4 in [a,a + 1] x [0,7] in such a way that

1 3
(X1,Th) € [a—l—a,a—i—z—a] X [Z—{—a,l—Qa],
3 3
(X2, 1) € [a—l—Z—{—a,a—l—l—a] X [Z—l—a,l—Qa],

1 1 )
(X3, T3)€fa+-4a,a+=-—ao]x[1+a,-

-2
1 2 12k

1 3 )
(X4,T4)€[a+§+a,a+z—a]x[l—i—a,Z—Qa]. O

Proof in the regime R(0). We fix T' > 0. It of course suffices to prove the result for A
large enough. We consider the true (A, 7)—FFP (U?’W(i))tzo,iez and set K = |4T'|. For
a € R, we recall that

2Kn
2K A
g =y =

+ e
a)T
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and
Jo = [lany, [(a+ 1)ny] — 1]

and introduce
Jog = [l(a=3K)n,], [(a+3K + 1)n,| —1].

As usual, for a € R, we are going to build an event Qg"r; depending only on the Poisson
processes N (i), NM (i) and NF (i) for t € [0,a,T] and i € Ji"K such that

(i) on Qi‘,’;, there exists ¢T: [0,a)\T] Ji‘,K (resp. ¢~ : [0,a\T] — Ji‘,K), non de-
creasing (resp. non increasing), such that 7)™ (1) = 0 (resp. 7)™ (1;) = 0) for all

t e [O,a)\T],

(ii) there exists g7 > 0 such that for all a € R, we have P {Qi"ﬂ > gr for all (A, )
sufficiently close to the regime R(0).

It is then routine to conclude the proof.
We now fix ae = 0.001 and assume that (A, 7) is sufficienly close to the regime R(0) in
such a way that sy » < a.

Step 1. Here we show that for all b € R, there exists an event Ql;\’g, depending only on

(Nf(2)7 NSZM(Z)7 Np(i))86[073a/\/4]7ie‘]§‘ such that

S
(i) on Qb)"g, a.s., there is i € J{ such that nals(i) = 0 for all s € [0,3/4];
(if) limy o P (7] = 1.

Simply consider the event Qg"g ={Jie J, foau/4(i) = 0}. Clearly, point (i) is satisfied,

since there is a site in .J;* on which no seed falls during [0, 3a,/4]. Since ’Jt;\’ ~ny ~
1/(Alog(1/X)), we deduce that

A, _ _ 1/4
PlOyT] =1 - (1= e3m/hm g - /0 ) — 1,

whence (ii).
Step 2. For A > 0 and 7 > 1, we put k) := [A\~%/8] and observe that ky < ny. For
ke{l,...,K — 1}, we set

k+1 . k+1 1
Tk = andi:T+§.

Consider the event Qg’; on which points 1, 2 and 3 below are satisfied.
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1. The family of Poisson processes (NM (i))tE[O,aAT],iEJAK has exactly 2(K — 1) marks

in Ji‘, x» and we call them
{(Xl)\aTlA)a ) (X;\(—lvTIé—l)} and {(Xf\aj:’f\% e (XI)\(—lvTIé—l)}a

in such a way that, for all k € {1,..., K — 1},

1 2
(X2, 1) € [lla—E+k+2)m ], [(a—K+k+2)m ] x[(m—1/12)ay, (T — s00x) a]
and

S\ A 1 2
(X, T) € [lla+ K = (k+1) +§)UAJ e+ K—(k+1)+ g)nAJ]]
X [(%k — 1/12)a)\ s (7~'k — %)\,W) a)\].

(See Figure I1.4 for a graphical example.)

2. The family of Poisson processes (Nts(i))tzo,ieﬁ,( satisfies, for all k € {1,..., K —

1},
a) there are jg € [[(a — K +k)ny|,[(a—K+k+1/4)n,|] and jg € [|(a — K +
k+3/4)ny],|[(a — K +k+ 1)ny — 1]] such that

Ni(mﬂ/ﬂx) (Jg) — N:i(rk—m) (Jg) = Nzi\(Tk—i-l/él) (ja) — Ni(m_l/z) (ja) = 0;
b) for all i € [X} — ki, X; +kaJ,
Nai(rk—ym) (i) — Ni(Tk_l/g) (i) > 0;
c) there is jo € [X} — ki, X7 + ka] such that
ka(7k+1/4) (jo) — N;i(m_l/m) (jo) = 0.

3. The family of Poisson processes (Nts(i))tz,z'eﬁK satisfies, for all k € {1,..., K —1},

a) there are j, € [[(a+ K — (k+1))ny],|[(a+ K — (k+1)+1/4)n,]] and
ji€lla+ K —(k+1)4+3/4)ny],|(a+ K — (k+ 1)+ 1)ny — 1|] such that

N2 rer1/ay ) = Nas i —1/2)(g) = Nay 1y (Ga) = Noy (r—12) (Ga) = 05
b) for all i € [X} — ki, X} + k],
Ni(%r1/12) (i) — Nzi\(%kfl/Q) (i) > 0;
c) there is jo € [X} — ki, X} + k] such that

Nf}\(%k+1/4) (jO) - Ni(%k—ym) (jo) =0.
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We also introduce the event

K-1 A oA K-1 XA TA
X T X T
PK P2K 2K P2K 2K
Qo :<| | <—k —k>>ﬂ<| | O\ (—k —k>>,

M 7
k=1 Dy ay k=1 Dy ay

recall Definition 11.4.7.
Finally, we set
AT QAT P,K A, A,
Qo = QN N o N 100

Step 3. Here we prove (ii).

The probability of the event on which N™ satisfies 1. does not depend on a € R by
invariance by spatial translation. We also can construct N™ using a Poisson measure
7y on R x [0, 00) with intensity measure dz dt, independent of N¥ and N, by setting,
forall i € Z

NM(i) = mar(ix x [0, t/a5]).
As usual, for all A > 0 small enough, the probability of the event on which N™ satisfies
1 is then bounded from below by some constant 2¢gr > 0, which does not depend on
a€Rmnoron A>0and 7 >1. We write Py, for the conditional probability w.r.t. ma.

Let now k € {1,..., K — 1}. The probability of 2-(a) tends to 1. Indeed, treating e.g.
the case of jg, there holds, recalling ny ~ 1/(Aay) and ay = log(1/\),

P [HJ €llla—K+kn,],[(a—K+k+ 1/4)HAJ]]7N:>\(Tk+1/4)(j) - Ni(rk—1/2)(j) = 0}

=1 (1—e GManym/i g emWhe
A—0

The probability of 2-(b) (conditionally on 7ys) also tends to 1. Indeed, it equals

— _ 5/12
(1 —e 5a>\/12)2k>\+1 ~ e 21(/\)\ 1
A—=0

since ky = |A7%/8] and since 3/8 < 5/12. Finally, the probability of 2-(c) (conditionally
on myy) also tends to 1, since it equals

— _ 1/3
1 _ (1 —e a)\/3)2k>\+1 ~ 1 —e 2k>\)\ /

which tends to 1 when A — 0, since 1/3 < 3/8.

Similar considerations hold for Point 3.

Finally, since 7y is independent of the processes family (N (7))¢>0.icz and (NF (4))i>0.icz,
Lemma I1.4.3 directly implies that, using space/time stationarity, for all k € {1,..., K —
1},

Par Q025 (X, T /)| = Bar (02575 (X3 my, T} /2|

tends to 1 when A — 0 and m — oo in the regime R(0).
All this implies that there exists gr > 0 such that P {Qi‘rﬂ > gr for all (A7) suffi-
ciently close to the regime R(0).
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Step 4. Here we work on QZ"; and we prove that, for all £ € {1,..., K — 1}, if there
is no burning tree in J) , ., at time (7, — 1/2)a,, then there is i € J} -, such that
77;";,;(1) =0 for all t € 1, 7 + 1/4]. We distinguish two cases.

o If the zone [X li‘ -k, X ,i‘ +k,] is completely occupied at time Tl;\—, then each site
burns at least one time (i.e. each site in this zone is ignited and then extinguished)
during [T, T + ays ], thanks to Qf’iK’QK(Xg‘/nA, T} /ay), recall Macro(0) in
Subsection 11.4.4. Since no seed falls on jo, which belongs to this zone, during

[a)\(Tk —1/12),a>\(77€+1/4)] D) [T]?—{—a)\%)\m,a)\(Tk—Fl/ll)] D) [a)\Tk,a)\(Tk+1/4)],
we deduce that né‘;@(jo) =0 for all s € 1,7, + 1/4].

o Assume now that there exists ip € [ X —ky, X} +k,] that is vacant at time T} —.
Recall that there is no match falling in J;* during [ay (7, —1/2),T}), that on each
site of [ X} — ky, X + ky], at least one seed falls during [ay (7, — 1/2),a) (7% —
1/12)] C [ax(rx — 1/2),T}}) and that there is no burning tree in J ., at time
ay (7 — 1/2). Then necessarily, a fire starting at some i, & J 1), at some time
thy < T2, has made vacant ig. Assume e.g. that i), < [(a — K + k)ny]| and
observe that i), < j, < ig. The fire (i}, t},) has then also necessarily made vacant
jg during (ax(r, —1/2),T7). Since no seed falls on j, during [ay (7, —1/2),a)(1x +
1/4)], we deduce that j, remains vacant during [ay7y,a) (7, + 1/4)].

Step 5. We can show, exactly as above, that, on Qg’;, if there is no burning tree in

J;\JrKf(kH) at time (7, —1/2)a,, for some k € {1,..., K—1}, then thereisi € J2+K7(k+1)

such that 77;‘3(1) =0 for all t € [T, Tx + 1/4].

Step 6. To conclude the proof, we now prove by induction (see Figure 11.4) that for all
ke{l,..., K -1}

> there exists i, € J2 -, such that 77;";;(%) =0 for all t € |7, 7 + 1/4];

> there exists ji € Ji‘JrKf( ) such that 77;‘;(%) =0 for all t € [T, 7 + 1/4];

k+1

> there is no burning tree in [ix , ji] at time ay7x nor at time ay7y.

e At time 0, all sites are vacant. Thus, there are ig € Ji\f}( and jo € J£‘+K71 which

remain vacant until time 3ay/4 (thanks to Qi‘fKO N Qi‘fK_l o). Since no match falls

in [ig,jo] until time 77 > a)(1/2 — 1/12) = 5a,/12, there is no burning tree at all in
[0, jo] during [0, 5ay/12) (no match falling outside [ig , jo] during [0, 5ay/12) can affect
this zone).

Thus, Step 4 shows that there are iy € J ., which is vacant during [ay/2,3a, /4]
(because 71 — 1/2 = 0) and iy € J) -, which is vacant during [3a)/4,a,] (because
T9—1/2 =1/4 < 5/12). Similarly, Step 5 above shows that there are j; € J2 ;_, which
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is vacant during [5ay /8, 7a, /8] (because 7, —1/2 = 1/8 < 5/12) and js € J. 5 which
is vacant during [7ay/8,9a, /8] (because 7o — 1/2 = 3/8 < 5/12).

Since TP < (1/2 — 5\ »)ay and | X7 —ig| < | X7 — jo| < 2Kn,, as seen in Macro(0)
in Subsection I1.4.4 (recall that we work on Qi’iKQK(Xf‘/n)\, T{/ay)), there is no more
burning tree in [ig, jo] at time T3 + ayxy r < ay/2 = ay7. Since no other match falls
in [ig, jo] during [T} + aysy r,ay/2|, we deduce that there is also no burning tree in
[i0 . jo] > [i1, 1] at time a7y (because iy and jo remain vacant until a,/2).

Since no match falls in [i1 ,jo] during [ay7i,T}), we deduce that there is no burning
tree in [i1 , jo] at time TP —. But i; and jo remain vacants durmg [T, T + aysn.] C
[axT1 ,a)\7T1] and only one match falls in i1, jo] during [T}, T} + aysy . Hence, recall
Macro(0) in Subsection I1.4.4, there is no more burning tree in [i; ,jo] at time T} +
aysy . We easily deduce that there is also no burning tree in i1, 1] C [i1, 0] at time
a,\ﬁ.

Similarly, since ig < i1 < i3 < jo < j1 < jo and thanks to there is no more
burning tree in [i1, 1] D [i2, jo] at time 75 nor in [is, j1] D [i2 ,]2]] at time 7o.

QPK

e Assume now that there is k € {2,..., K — 2} such that, for all | < k,
D> there exists 4; € J x4 such that 77 “(i) = 0 for all t € [ayT,a\(r + 1/4)];
> there exists j; € J¢;\+K—(l+1) such that 77;\’;;(]‘1) =0 for all ¢t € [ay7;,a)\(7; + 1/4)];
> there is no burning tree in [i;, j;] at time a)7; nor at time a,7;.

Since there is no burning tree in J kb1 C [ik—1,7k—1] at time ay7p_1 = ax(Thq1 —
1/2), see Step 4, there is ij1 € J) ., Which is vacant during [ay7y41, ax(Tk1+1/4)].
Furthermore, observe that iy and ji remain vacants during [a)7 , ay7g+1], no match falls
in [ig,jg] during [a)\%k,leH) C [aaTk,ax(Th+1 — 200.7)] C [arTk,arTg4+1] and there is
no burning tree in [ig, ji] at time ay7x. Thus, as seen in Macro(0) in Subsection
I1.4.4, on QfﬁK’ZK (XI?+1/H>\7TI¢>\+1/3>\)7 there is no more burning tree in [ig, ji] at
time Tk+1 + ay ) r, nor at time a)\Tk+1

Since there is no burning tree in J> ot K—(k42) C lik—1,7k—1] at time ayTx_1 = ax(Tx+1—
1/2), we deduce by Step 5 that there is jy; € J» b K —(k42) which is vacant during
[axTk+1,ax(Tg+1 + 1/4)]. Furthermore, observe that ix1 and ji remain vacants during
[a\Tk+1,axTk+1], no match falls in [ig1q , jx] during [ay7gi1 ,Tk>‘+1) [anTk+1,ax(Thr1 —
#) )] and there is no burning tree in [ig41,Jx] at time ay7iy;. Thus, as seen in

P2k2K (X3, TR .
Macro(0) in Subsection 11.4.4, on Q) ( r':“l, ;;rl , there is no more burning

tree in [ig41,jk] at time Tk+1 + ays) , nor at time a7y41, as usual.

e By the induction above, we deduce that there are

0, T) = Tk
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non decreasing, such that for all ¢ € [0, 7], 772’;;@;,5) =0 and
(0,7 — JQK

non increasing, such that for all ¢t € [0,7], n;\’;;(L;At) = 0. This together with Step 3
conclude the proof in the regime R(0). O

TA

Figure I1.4.: The sweet event

Here T'=3.2, K = 12 and a € [0, 1). The marks of mas (matches) are represented as o’s. The
filled zones represent macroscopic zones (Z;;tr(x) = 1). In the rest of the space, we always
have Z;‘;; (z) < 1. The plain vertical segments represent vacants sites i.e. sites where no seed
falls after being propagated. Remark that sometimes the vacant site is above the match (that

is in an interval with length 2ky) and sometimes it is next to the match (that is an 49 or an
d
1%).
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11.6. Localization of the result

In this section, we localize Theorems 11.2.4 and 11.2.10.

11.6.1. Localization in the regime R(p)

The following Theorem will be proved in Section I1.8 in the case p > 0 and in Section
I1.9 in the case p = 0.

Theorem I1.6.1. Let A > 0 and p > 0 be fized. Consider for each A € (0,1] and each
m > 1, the process (Z;"™*(x), D)™ )i>0.0er associated with the (\,m, A)—FFP. Con-
sider also the A—LFFP(p) (Z{(x), H{(x), F/(2))i>0.zer and the associated (D{*(z))i>0.2eR -

We assume that X\ — 0 and ™ — oo in the regime R(p).

1. For any T > 0, any finite subset {z1,...,24} C R,

A, A A, A
(277 (), D™ (zi))eelo,1,i=1,....q

goes in law to (Zt“‘(xi),Df(xi))te[07;p]7i:17___,q in D([0,T],R x (Z U {0})). Here
D([0,T],R x (ZU{0})) is endowed with the distance dr.

2. For any subset {(x1,t1),...,(xq,ty)} C R x [0,00), (ZQ’F’A(.%'Z'), DQ’F’A(%))i:l,...,q
goes in law to (Z{(x;), D (2;))i=1,..q in (R x (ZU{0}))?. Here ZU{} is endowed
with d.

3. Forallt >0,

log(|C (ay . ) o
log(1/) {107 0=1)

goes in law to Z{(0).

Assuming for a moment that this theorem holds true, we conclude the proof of Theo-
rem 11.2.4.

Proof of Theorem I1.2.J. Let us first prove 1. Consider a continuous bounded function
U ID([0,T],R x (ZU{0}))? — R. We have to prove that G »(¥) tends to 0 when A — 0
and m — oo in the regime R(p), where

Gar(¥) = E |0 (2] (@:), DM (@) iepo.ryizt,a) | B @ ((Ze(@i), Du(@)croryimt...a) |-

Using now Propositions I1.3.5 and I1.5.2, we observe that for any A > 2max;—; 4 |zil,
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there holds that, for all (A, 7) sufficiently close to the regime R(p),

|G ()]
<2[|¥[ooP [(ZtA’W’A(OC)a DY N@))vefor) wel—ajaa/9) # (27 (), Dtm(96))te[o,T],gge[—A/z,A/z]}
+2[|¥ || P [(ZtA(x)’Dzé(x))tE[O,T],me[fA/2,A/2] # (Zt(x)’Dt(55))tE[O,T],me[fA/2,A/2]}
+ B [w (2 @), D™ @) eomyimt) | — B [¥ (2 @), DA @)epyizt..a) ||
<4 ¥ CeoT4

+ ‘E [‘I’ ((Z?’W’A(xi)a D;\77T7A(xi))te[O,T],i:L...,q)} —-E [‘I’ ((ZtA(wz‘)a D;‘(wi))te[O,T},izl,...,q)} ‘ .

Thus Proposition I1.6.1-1 implies that
(Gan (0)] < 50| o CreeT4,

for all (A, ) sufficiently close to the regime R(p). We conclude by making A tend to
infinity.

Point 2 is checked similarly. The proof of 3 is also similar, since D;"™(0) = D;*™*(0)
implies that C(n;";;, 0) = CA(n;"ﬁ’A, 0). O

11.6.2. Localization in the regime R (oo, 2)

The following Theorem will be proved in the next Section.

Theorem I1.6.2. Let zp € [0,1] and A > 0. Consider for each A\ € (0,1] and each
m > 1 the process (D?’F’A(m'))tzo,xe[[g associated with the (\, 7w, A)—FFP. Consider also
the LFFP(00, 20) (Yi())i>0zer and the associated (D{())i>0.0er process. We assume
that A — 0 and m — oo in the slow regime R(00, 2p).

1. For any T > 0, any finite subset {z1,...,24} C R, (D?’W’A(%‘))te[o,T],i:1,_.7q goes
in law to (D{‘(xi))te[O,T}7i:1,...7q inD([0,T],Z)4. Here D([0,T],7)? is endowed with
or.

2. For any finite subset {(z1,t1),...,(zq,tq)} C R x [0, 00), (DQ’W’A(%))Z’:L_M goes
in law to (D;?(xi))te[O’T]7,~:17...7q in Z9, T being endowed with §.

Proof of Theorem I1.2.10. The proof easily follows from Proposition 11.3.1, Proposition
11.5.2 and Theorem I11.6.2, as in the proof above. O
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11.7. Convergence in the slow regime

The aim of this section is to prove Theorem 11.6.2. We thus fix the parameters A > 0
and T > 0.

We recall that a) = log(1/A), ny = [1/(May)], my = [1/(Xa3)], ex = 1/a} and that

A)\ = LAn)\J,
IN = [-Ay, Ay

For x € R, we define
(2)x = [[naz] — my, [nyz| +my].

For a € (0,1), we also define

o a
M= | Yot (-o)mg, |’
()% = [[maz] — m$, [nyz] + my].
Observe that m§ < |any ] for all z5 € [0,1].

1.7.1. Occupation of vacant zone

We start with some easy estimates.

Lemma I1.7.1. Consider a family of i.i.d. Poisson processes (N{(i))i>0ez. Let
0<z<1l,ae(0,1) anda <b.

1. Fort<z,P[W6[[La)\_ZJ,L 2|1, NS (i) > 0}——»0.

2. Fort >z, P |¥i€ [[ax~], [BA~*]], N5, (i) > 0] — 1.

3. Fort>1, ]P’{VZG [lany], [bny]], akt( i) >0} ml.
|

4. Fort <1, P|¥i€ [lam,], [bm,]], N5, (i) > 0] — 0.

A—0

5. Fort>zy+a, P {Vz € [~ lam$ ], [bm§ ], N2 (i) > 0} P 1.
Proof. To check Lemma I1.7.1, observe that, for k) —)\——0—> 0,
—
P (Vi € [—[aky], [bha ], N5 (5) > 0] = (1 = emt)tmaks o e=CmabX' - (q1.7.)
In order to prove 1 and 2, use (I1.7.1) with kx = A% and observe that

JyAt = A—FA¢ oo ift <z,
A=0 (0 it > 2.
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To prove 3, use (I1.7.1) with k) = n, and observe that, if ¢ > 1, nyA* ~ A*~! /a, tends
to 0 when A — 0. In the same way, 4 can be proved using k), = m) and observing that,
if t <1, myA! =~ A\'=1/a? tends to oo when A — 0.

Finally, prove 5 with (I1.7.1) and using kx = m$ and observing that m§ A" ~ %)\t*a*(ka)m
tends to 0 when A — 0 as soon as t — o — (1 — a)zp > 0 (in particular, for ¢t > zp + a >
a+ (1 —a)z)). O

1.7.2. Height of the barrier

We describe here the time needed for a destroyed microscopic cluster to be regenerated.
Assume that a match falls in the site 0 at some time axt; € (0,a52p). As seen in
Micro(oo, zg) in Subsection 11.4.4, on a suitable event, the (A, 7)—FFP is well under-
stood around 0 during [axti,ax(t1 + K5 )], for some 0 < 2 < 2o (it can be expressed

)

using the sequence (T}');cz). We then denote by @i‘l’w the delay needed for the destroyed
cluster to be fully regencrated (after rescaling). We show that ©7 T .

Lemma I1.7.2. Consider two Poisson processes (N (i))is0.icz and (NF(i))is0.icz
with respective rates 1 and , all this processes being independent. Let 0 < t1 < zy. We
call (T});ez the burning times of the propagation process ignited in 0 at time axty, recall
Definition 11.4.6.

Put, for allt >0 and i € Z, Ct)"w(z) = min(N7(i),1) and define

CP(G (@) ezniez (0.11) = [, i),

recall Definition 11.4.8.
We define a process (Cﬁg(i))te[o,ﬂ,iez in the following way (which is inspired by
Micro(oo, zg) in Subsection 11.4.4): we put, for all i € CP((C;"W(i))tZO,iez, (0,%1))

GV (i) = min(NZ (), 1) fort € [0,t; + (T}/a)))

and
fort e[t + (T} /ay) , t1 + (Tz'1+1/a>\)) if i > 0,

() = 2{ 1 1 .
fortelti+ (T; /ayn) ,t1 + (T;—1/ax)) ifi<0

and

A7) min(Ng ;. (0) — Nitl+T_1+1(z'),1) fort € [ty + (T /ax), T if i > 0,
Z = . ! . . .
t1,t min(Nf)\(t'f'tl)(Z) — NitlJrTil_l(Z)’ 1) forte[ti+ (TL,/ay),T] if i <O0.
For all i ¢ C’P((C;"”(i))tzo,iez, (0,1)) and all t € [0,T], we put
Gt (1) = min(Ng 4 (9), 1)
We finally define

(")?{W = inf {t >t :Vi € CP((C15)\7W(’L'))15207Z'62, (O,tl)), Cﬁ’g(l) = 1} .
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Then, for all 6 >0, as A = 0 and m — oo in the regime R(00, 2q), there holds

lim P 107 = 1| >8] =0.

The process (Ct);’j; (1))icz.t>0 is closely related to the process observed in Micro(oo, zp)
in Subsection 11.4.4 (on a suitable event).

Proof. We divide the proof in two steps. We first define a simplest process with an
instantaneous propagation: if a match falls in a cluster, it destroys instantaneously the
entire connected component. The time needed for a microscopic cluster to become again
occupied is almost ¢;. Secondly, we flank the killed cluster CP((C;"”(i))tZO,iez, (0,%1)) to
estimate the time to become again occupied.

Step 1. Let 0 < 71 < z be fixed. Put 9)(i) = mln(Nait(') 1) and 92 ,(i) =
min(N; (T1+t)( i) — N . (i),1) for all t > 0 and i € Z. We define the time needed

ANT1

for the destroyed cluster to be fully regenerated
B =

=) =inf {t>0:Vi€C0),0), ¥} ,() =1}

Then for all § > 0,
i =2 —
)l\lrrbIP’ ““n 1| > 5} =0.

Indeed, we write, for A > 0,

P2}, <h| =P[NS,(0 —0}+ZZP[aATIJ—k) N3 (G+1)=0,
k>1j=0
Vi€ = k41,50, NS (D) > 0,N5 (4 (6) > NE o, ()]

that is

P|=) <h| =" +Zl§xl x AT x (1= —)\h))k

k>15=0
k
= AT XS R(((1 = Am)(1 = A1)
k>1
iy ' (1= 31— X
(1= (L =Am)(1 = AM))2
)\271
=\ + (1= AT)(1 =AM,

()\Tl + )\h _ )\T1+h)2

This quantity obviously tends to 1 as A — 0 if h > 7 and to 0 if h < 7.
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Step 2. Let z € (t1,20) and define Qf’;(O,tl), recall Definition I1.4.7. Set

Q20 11) = 20, 40) N {Fix € [0, |N 71, N5 1,1z (1) = 0}

N{Jiz € [-[A77] ao]],Ni(tlJmim)(i?) =0}

First, Lemma II.4.4 together with Lemma II.7.1-1 show that P {Qf’;(O,tl)} tends to 1
when A — 0 and 7 — oo in the regime R (00, 20) (because t1 + x5 , < (2 +11)/2 < z for
(A, ) sufficiently close to the regime R (o0, zp)). Next, on Qf’fr(O, t1), there holds that

O s 0) = [, CH C [N, A7)

Since C* and C™ are vacant during [ayt; ,ay(t1 + x5 )] C [0,a)(t1 +«5 )], there holds
that, as seen in Micro(oo, zp) in Subsection 11.4.4,

CP((G ™ (@)ezviez, (0,t1)) C C(07 4wz ,0) C [=[AT7],[A7]]

and C;\;Z’fﬁ“i,w)(i) <1 for all i € Z. Besides, CF((¢;"(i))i>0.4ez, (0, 1)) clearly contains

C(97,,0), see Figure IL5.
We trivially deduce that, conditionaly on fo;(o, t1),

=\ AT z =\
t1 + =5 <t + ®t1 <t + K + Shtsz

Remark now that the function : ¢ ~ t + =) is a.s. non decreasing and right-continuous.
We thus deduce from Step 1 that

N 9t
1+ 9% A—0 !

in probability, whence for all § > 0 and all € > 0, there holds that P [’@?{W —t1] > 5} <e
for all (A, 7) sufficiently close to the regime R(o0, 2¢). O

11.7.3. Proof of Theorem 11.6.2

Let us fix zg € [0,1], g € (—A,A), to > 0 and € > 0. The aim of this Section is to
prove the

Lemma 11.7.3. For all 6 > 0, there holds that

P |8(Dy™" (20), D (20)) > €| <6, (IL7.2)
P |57(D ™4 (20), DA (o)) > €| <6, (IL.7.3)

for all (A, ) sufficiently close to the regime R (o0, 2p).
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arzo

ax(ty + K5 ) +

ayt; +—

Figure I1.5.: Height of a barrier: the true killed cluster.

A match falls in 0 at time axt1. The dashed verticals lines represent vacant sites. The zones
C(¥2,+,0) and C(ﬁix(tﬁr%i y»0) are delimited by vacant sites. The site i’ is the first non-

A, S\ -d . : : A, 7 —
oty 4T (1) = 0 and ¢* is the first non-negative site where A (i) =0.

On Q2°2(0, 1), there holds that —[A ™| < ¥ < 0 < % < |A™%] and there is no spark in [: ,4%].
The slope lines represent the burning sites.
Finally, the true destroyed component is included in C (ﬂ;\x(t g ) 0) but contains

C (92,4, 0).

positive site where 7

Clearly, (I1.7.2) and (I1.7.3) will imply the result. Let us first show that (II1.7.2) (which
holds for an arbitrary value of to € (0,7)) implies (I1.7.3). Indeed, we have by construc-
tion for any ¢ € [0,7], §(D;"™*(x0), DA (20)) < 4A. Hence, by dominated convergence,
(I1.7.2) implies that E |:6(D5\7W’A($0),DZ4($0)} < § for all (A, m) sufficiently close to the
regime R (00, 2p), whence again by dominated convergence, E {5T(D’\’”’A(xo), DA(xo))} <
J.

1.7.3.1. The coupling

We are going to construct a coupling between the (A, 7, A)—FFP (on the time interval
[0,a,T]) and the LFFP (o0, 29) (on [0, 77): we build the LFFP (00, 20) (Y2(2))e[0,77,2€[-4,4]
from a Poisson measure mj; and we take for the matches for the discrete process the
Poisson process

NM (i) = mu([i/nx, (i +1)/ny) x [0, t/a,])
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for all i € I} and t € [0,a,T].
We next introduce a family of i.i.d. Poisson processes (N (i))¢>0.icz and (NF (4))1>0.iez
with respective parameter 1 and 7, independent of ;.
The (A, 7, A)—FFP (ni\m(i))»o,ie[j‘ is built from the seed processes (N;(i))i>0.icz,
from the match processes (N (i))1>0.iez and from the propagation processes (N7 (1))¢>0,icz-
Observe that (Yt(x))te[o,T],me[—A,A] is independent of (qu(i))te[o,aAT],ite‘ and (Nf(i))te[o,aAT},ielg'
When a match falls at some = € [-A, A] at some time ¢ € [0, 7] for the LFFP (o0, 2p),
it will fall at |[nyx| at time ayt in the discrete process.

11.7.3.2. A sweet event

We call
n:=mp([0,T] x [-A, A])

and we consider the marks (Tq,Xq)q:L___m of mps ordered in such a way that 0 < T <
- < T, <T. We introduce

TM = {Tl,...,Tn} and BM = {le---aXn}-

We also introduce
SM:{QtZtGTM,t<ZQ},

which has to be seen as the possible limit values of t + @?’W ~ t+t, recall Lemma I1.7.2.
For a > 0, we consider the event

0% (a) = { min |t — s| > 2a, min |z —y| > 2a},
SE€ETMUSM, z,y€BarU{zo,—A4,A},
te{0,20,t0 } Ty

which clearly satisfies limy—0 P [Q9, ()] = 1. For any given « 6 (0,1), on Q9,(c), there
holds that for all z,y € By U{zo} with z # y, (2)§ N (y)§ =0 = () N (y)a-
We set

2o = (20 — @) V (20/2).
For ¢ € {1,...,n}, using the seed processes family (N;(i));>0.cz and the propagation
processes family (N/'(i))i>0.ez, we build, recall Definition 11.4.6, (Ct)‘ "49(4))¢>0,icz the
propagation process ignited at (X, T,), (i?")i>0 and (i’ )¢>o the corresponding right
and left fronts, and (7);cz the associated burning times. We also define Qi’;{’a(Xq, Ty)
and Qi’;a (X, Ty), recall Definition I1.4.7. If z5 € (0, 1], we set

P,T,« Pz,
QP (a, N 7m) = () (0 “(Xg, Ty) N2 (X, Ty)).
q:17"'7n

If zg = 0, we simply set

QP (a, A\ m) = () QUDY(Xy Ty)
q=1,....,n
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By Lemma I1.4.4 and since 7y is independent of (N (i))i>0.iez and (NF (i))i>0.icz, we
deduce that P [QP’T(a, A, 77)} tends to 1 when A — 0 and m — oo in the regime R (00, 2¢).
Next we introduce the event Qf (A, ) on which the following conditions hold: for all
qge{l,...,n},
o if T, < zq,, there are —|[ A\ 7% | < <0 <] < [A\7%] with Nai(Tq-mj‘fﬂ)(Ln)\XqJ +
i) =Ny ([naX) +5) = 0;

ax(Ty+r3%)
o if Ty > 20+ a, for all i € (Xy)S, N3 7, (1) > 0.

Since k3% can be made arbitrarily small in the regime R(0co,z2p), Lemma I1.7.1 then
show that P {Qf()\, 71')} tends to 1 when A — 0 and — oo in the regime R (o0, 2p).
We also consider the event 5 ()\) on which the following conditions holds

o if tg < 1, there are |nyzo] — my < i < |nywg| < i < [nyxo] + my with
Nas;\t() (Zl) = Nas;\t() (7/2) = 07

o forallie[-Ay,A\], Ni(i) > 0.

Lemma II1.7.1 together with space/time stationarity implies that limy_,o P [Qg()\)} =1

We also need Qg’P(%)\,ﬂ'), defined for v > 0 as follows: for all ¢ = 1,...,n with
T, < zo, there holds that ]@:)};W’q—Tq] < 7. Here @%;”’q is defined as in Lemma I1.7.2 with
the seed processes family (Nf’q(i))t207iez = (N7 (i+|nxX,]))i>0.cz and the propagation
processes family (th,q(i))tzo,iez = (NF(i + [nxXy]))i>04ez. Lemma I1.7.2 directly
implies that for any v > 0, P {Qg’P(fy, )\,71)} tends to 1 when A — 0 and m — oo in the
regime R (o0, 2p).

We finally introduce the event

e, 7, A, ) = Q9 (@) NPT (@, A, 1) N QT (A, 7) N Q5N N Q3T (A, 7).
We have shown that for any 6 > 0, there exists « € (0, 1) such that for any v > 0, there
holds P [Q(c,y, A, 7)] > 1 — ¢ for all (A, ) sufficiently close to the regime R (o0, zp).

11.7.3.3. Heart of the proof

The next Lemma is the key of the proof: it guarantees that each fire have a local effect.
It will be repeteadly used in Lemmas I1.7.5 and 11.7.6.

Lemma I1.7.4. On Q(a,, A\, ), the match falling on |nyX,| at time a\T,, for some
q € {1,...,n}, does not affect the zone outside (X,)$ during [ayTy ,axT].
Consequently, on Q(a,v, A\, 7), for all i € I} \ Ug=1, . .n(Xy)S and all t € [0, T, there
holds that
A A . .
na;; (Z) = mln(NZ;S)\t(Z)7 1)
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Proof. Asbe seen in Macro(oo, zg) in Subsection 11.4.4, on Qf’z’a(Xq, Ty) C Qo v, A, m),
there holds that

.qg.,— . +
me ny X, | + & nX,| +14+% m¢
q__ASLqJ—akTsXqSL al aATSXq—i-—)\
n) n) ) )

with m$/n) < o. Hence, each fire has only a local effect and does not affect the zone
outside (X,)§. O

‘We now turn to fires of the second kind.

Lemma II1.7.5. Let q € {1,...,n} such that Ty, > 2o + . On Q(a, v, A\, 7), for all
t € [axTy ,a)\T], there holds that

)\7 7A .q,+ >\7 7A Y4
’I’]a;; (Ln)\XqJ + ng(t—Tq)) =2= na;; (LnAXQJ + Z?a>\(lf—Tq))'

Proof. At time a)T;—, at least one seed has fallen on each site of (X,)S, thanks to
Q7 (\, 7). Thus, the zone (X,)$ is completely filled at time a)7,—, thanks to Lemma
I1.7.4 (no fire can affect this zone during [0,a,7;)). The conclusion is then straight-
forward, since on Qi’;{(Xq,Tq) there holds that i%T < m¢/ny and i%~ < m$/ny (as
seen in Macro(oo, zp) in Subsection 11.4.4) and since no match falling outside (X,)$ can
affect this zone. O

Finally, we treat the case of the fires of the first kind.

Lemma I1.7.6. Let ¢ € {1,...,n} such that T; < zp — . On Q(o,7y,\,m), there
holds that

AT,q

(T (D)repp ey = (5 = [0 Xq))iefomie(x0)

where the last process is defined as in Lemma I1.7.2, using the seed processes fam-
ily (Nts’q(i))tzo,iez = (NP(i + [nxX,]))is0icz and the propagation processes family

(NS9@))iz05ez = (NP (i + [13X]))iz0,ie2-
Consequently, on Q(a,y, A\, ), for some vy € (0,a),

(a) ift € [Ty + o, 2T, — «, then there exists i € (X4)$ such that 77;";;(1) =0,
(b) ift > (2T, + @) V1, then 11,73(i) = 1 for all i € (X,)5.

Proof. First observe that the process (ni;Z’A(LnAXqJ +14))te(0,7],ie[-mg,mg] and the pro-

cess (C%ﬁq(i))te[O,T],z'e[[—m‘;,m‘;]] evolve according to the same seed processes family and
to the same propagation processes family.
Lemma I1.7.4 implies that, for all i € (X,)$ and all ¢t € [0,T},),

AT . .
naAt(Z) = mln(NZ;S)\t(Z)? 1)?
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because no match falls in (X,)§ during [0,a,7;). This in particular implies that, for all
i€ (Xg)Yandall te0,T,),

>\7 > >\7 I y
W) = G — [naX,)):

On Qf’fro‘ (X, T,)NQF (A, 7), as seen in Micro(oo, z) in Subsection I1.4.4, since the two
processes are building using the same seed processes family and the same propagation
processes family, there also holds true that for all i € (X,)§ and all ¢ € [T, , T, + k3 |,

>\7 y >\7 ) y
Maye (1) = ¢ (i = [m3 X)),

Finally, since there is no more burning tree in (X,)§ at time ay (75 + 3% ) and since
seeds fall according to the same processes, we deduce that, thanks again to Lemma I1.7.4,
the two processes remain equal during (7}, + /@i‘jﬂ ,T1.

All this implies that

s (Do xgs = (G510 = [00Xg))ieo.rie(xp)2- (I1.7.4)

Consider now the zone destroyed by the match falling on |nyX,| at time a)Tj,

CF = O™ (0))iz0 ez, (Xo Ty)):
As seen in Micro(oo, zg) in Subsection 11.4.4, C¥ C [—| A%« |, |A"%]] because there
are i1 € [—|[A7*],0] and iz € [0, [A7* |] which are vacant until a) (7}, + £37), thanks
to QF (\, 7).
From (I1.7.4) and since no match falling outside (X,)§ can affect this zone, it follows

that
@%;mq = inf {t >Tg:Vie CP((nt)\m(i))tZO,ieZa (Xq,Tq)),Uéﬂ(i) - 1} '

Hence, the zone CT is not completely occupied during (ay (7, + Kix)an(Ty + @%f’q))

but is completely filled at time ay (T} + @%;”’q).
Using Qg’P(% A7) NQY,(a) and since v € (0, ), we deduce that,

Ty4+ o< 2T, —a<2T,—y <T,+ 03" < 2T, +~ < 2T, + a.

q
We now conclude.
(a) If t € [T, + o, 2T, — al, then the zone CT is not completely occupied at time ¢.
Hence, there exists i € CT C (X,)§ such that 77;";;(2) =0.
(b) Ift > (2T, + @) V 1, then CT is completely filled at time ¢ because t > T, + a.

Consider now i € (X,)$\ CP. Then i has not been killed by the fire starting
at |[nyX,|. Thus i cannot have been killed during [0,axt] D [0,a,], thanks to
Lemma I1.7.4. We conclude using that ¢ > 1, so that on Qf()\), i is occupied at
time ayt. ]
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11.7.3.4. Conclusion
First, the case ty < 1 is simple.
Lemma I1.7.7. Forty <1, on Q(a,v, A, ), there holds that
(D™ (w0, D (a0) < 2
Proof. Thanks to Q5 ()\), there are i) € [|nyzo|—my , [nyzo]] and iy € [|nyzo] , [nrzo |+

m, ] such that n;\’géA(il) = 77;‘;7;(’)‘4(2'2) = 0. Thus, 0(77;\;720, Inyzo|) C [|nazo]—my , [nazo]+
m, ] whence D%’F’A(azo) C [zo —my/ny, 29 +my/n,]. Since Dj (z) = {zo}, we deduce
that 5
m
8(Dyy™" (wo), Dig (wo)) < == =

We now turn to the case t5 > 1.

Lemma II.7.8. Forty > 1, on Q(a,~y, A\, m) for some 0 < v < a and for all (A, 7)
sufficiently close to the regime R(00, zg) in such a way that k3% < o and [27%| < m§,
there holds that _—

m
8(Dy™ " (o), Djg (o)) < —2.
A
Proof. Clearly, since tg > 1, Di (o) = [a,b] for some a,b € By U {—A, A}. Assume
—A < a <b< A, the other cases being treated similarly. In the limit process, we then
have Yy, (a) > 0, Y3, (b) > 0 and Y;,(z) = 0 for all € (a,b). We will prove separately
that

1. there are i € (a)§ and j € (b)§ such that 7375 (i) = 0 or 2 and 735 (j) = 0 or 2;

axto axto

2. for all z € Byy N (a,b), for all i € (x)%, ™A (G) = 1;

axto

3. foralli € [[mya]+m§+1, [n\b] —m§ —1]\Uzep,,n(ap) (T)S, We have n;"A%A(z) =1.

Points 1., 2. and 3. imply that,
[lona) +m§ +1, [nyb] —m§ —1] € C(na7,, lmwo)) C [[maa) —mS§ —1, [nyb]+mS +1]
and thus [a + m$/ny,b —m§/n,] C D%’”’A(xo) C [a —m$/ny,b+ m¢$/n,], whence,

8(D (o), D™ (w9)) < 2m$ /my.

We prove 1. Let k € {1,...,n} such that a = Xj. There are two cases.

Case 1. If Yy (X)) = 1 in the limit process, then tg > T}, > zo whence to > T}, > zp+2«
due to Q9,(a). We then use Lemma I1.7.5 and conclude that there is a burning tree in
(a)§ at time ayto.

Case 2. If Yy (a) € (0,1) in the limit process, then T} < zp < 1 < ¢y < 2T}, whence
Ti +4a < 20+ 2a < tg + 2a < 2T}, due to Q9,(a). We conclude using Lemma 11.7.6-(a)
that there is a vacant site in (a)§ at time ayto.

Similar considerations hold for b.
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We prove 2. Let z € By N(a,b) and let k € {1,...,n} such that x = Xj.

Case 1. If Ty, > to, then no fire has fallen in (X;)$ during [0, axto]. Using QF (A, 7)
and Lemma I1.7.4, we conclude that (Xj)$ is completely occupied at time ayty (because
no fire can affect this zone).

Case 2. If T}, < tp, since in the limit process Y;,(X%) = 0, necessarily T}, < zo < tp
and 2T} <ty whence T}, < zg — 2« and 2T}, < t9 — 2 due to Qp7(a). Lemma I1.7.6-(b)
concludes this case since tg > (27, + o) V 1.

We prove 3. Letic [[nya]+m§ +1, [nyb] —m§ —1]\Uj=1,.»(X;)3, using Lemma
I1.7.4 and Q5 (\), we immediately conclude that i is occupied at time aytg. O

We now can conclude.

Proof of Lemma I1.7.3. Let 6 > 0 be fixed. We first consider o € (0,¢/2), 70 € (0, ),
Ao € (0,1], g > 0 and Ky > 1 such that for all A € (0, )\g), all 7 > 1 in such a way that

ny log(m)
arm > Ky and Tog(1/3) zo‘ < €g, we have

P [Q(Oéo,’}’o, )\,71')] >1-—4.

Then we consider A; € (0, ), K1 > Ky and €; € (0,¢€p) such that for all A € (0, ;)

and all 7 > 1 in such a way that :A—*ﬂ > K and 1;;%1(7;) - Zo‘ < €1, we have

. 2m)\/n>\ < g,
. kY <a,
o 2\ /ny < 2m§/ny < e.

log(r)

For all A € (0,A1), all 7 > 1 in such a way that ;A—Aﬂ > K and e (/%) —zo‘ < €1,

Lemma I1.7.7 implies that, if 5 < 1,

2m
P [5(053 (x0), Dy (20)) > a} <P {5(17;3 (x0), D™ (20)) > n—ﬂ
S ]P [Q(a07 Y0, )‘7 ﬂ-)c]
<0
while, if ¢y > 1, Lemma I1.7.8 implies that, (since a > v and o > k3 )
A A, A A A, A 2mj’
P |8(Djy(wo), Dy (20)) > | <P |8(Dfj (wo), Dig™ (o) > =
< P [Q(ao, 70, )" ﬂ-)c]
< 0.
This concludes the proof. O
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11.8. Convergence in the intermediate regime

The aim of this section is to prove Theorem I1.6.1 for p > 0 and this will conclude the
proof of Theorem 11.2.4 for p > 0.

In the whole section, we fix the parameters A > 0, T > 2 and p > 0. We omit the
subscript /superscript A in the whole proof.

We recall that ay = log(1/)), ny = [1/(Aay) |, my = [1/(Xa3)], ex = 1/a3. We set as
usual Ay = [nyA] and I} = [~Ay, A,\]. For i € Z, we set iy = [i/ny, (i + 1)/ny). For
[a,b] an interval of [-A, A] and A € (0,1), we introduce, assuming that —A4 < a < b < A,

[a,bb\ = [[LnAa—Fm)\J +1, {n)\b—m)\J —1]] C Z,
[—A,bh = [[—A)\,I_n)\b—m)\J - 1]] C Z,
[a,A]l, =[|nya+my] +1,A4,] CZ.

For A € (0,1) and 7 > 1, we recall that

0 _ 2
Kxnm = anm +€x
and introduce
kyr = laxm(ex+0x7)], (I11.8.1)
Vi = E3x+ O, (11.8.2)
e)\,ﬂ' = E)\ + U)\77r7 (1183)

where vy = (% \/QA) ‘n—* —p‘. Observe that ky »/ny, vy, and ey, tend to 0 as

a)T
A — 0 and ™ — oo in the regime R(p).
For z € (—A,A), A€ (0,1) and m > 1, we introduce

(2)x = [Inaz] —my, [nyz| + my] C Z, (I1.8.4)
(@)rx = [lnaz] —kar, [maz] + ki ] CZ, (11.8.5)
[#]a7 = [[aa] — my — 2ky 7, [nyz] +my + 2k) -] C Z. (11.8.6)

11.8.1. Occupation of vacant zone

We start with some easy estimates.

Lemma I1.8.1. Consider a family of i.i.d. Poisson processes (N (i))i>04icz. Let
a<b.

1. Fort <1, limy_,o P |:VZ € [[L(Zm)\J ) meA“]’NaSAt(i) > O} =0;
2. Fort > 1, limy o P |¥i € [[am, ], [bmy]], N5, (5) > 0] = 1;

3. For t <1, limy o P |¥i € [[an, ], [bny[], N5, (i) > 0] = 0;
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4. Fort > 1, limy 0P [Vi € [any ], [bny]], N5, (6) > 0] = 1;
5. For t >0, limy 0P |3i € [[any ], [bny [], N5, () > 0] =1;
6. Fort>0 and § > 0, limy P [Vi € [\~ |, [N~ ] N (5) > 0] = 0;
7. Fort >0 and § > 0, limy_,oP [vz' € [ A, (A NS L (6) > 0} =1;

8. Fort <1, Timy 0 P Vi € [lakyr] , [bka]], NS, (5) > 0] =0 (when X — 0 and
T — 00 in the regime R(p));
9. Fort > 1, lim s P |¥i € [Laky ], [by]], NS, () > 0] =1 (when A — 0 and

T—> 00

T — 00 in the regime R(p)).

Proof. This lemma is closely related to Lemma I1.7.1. For r) —)\——0—> 00, we have
—

P [w € [—larx], [bra]], N3 (i) > o} S e e e

Observe now that

D oo ift <1,
my\ ~ —— ——
al a0 |0 ift> 1,

from which points 1 and 2 follow, that

AL 0o ift<1,
ay, X=0

MmN~
0 ift>1,

which implies points 3 and 4. For the point 5, it suffices to note that, for any i € Z,
P |Ng (i) = 0] = e,

Hence

P {32' € [lany], [bny]], Nait(i) > 0} 1 — e A—0 .

For t > 0 and § > 0, we have
P Vi€ [- A0 A ] NS () > 0] ~ e — 0,
A—0
which is point 6, while
P Vi€ [- A0 ), A NG 6) > 0] 2 e ——1
A—0
which is Point 7.

For the two last statement, as A — 0 and m — oo in the regime R(p), we have,
observing that vy » — 0,

bX A1 if t < 1,
ky A~ aymAf(ex+0) 1) ~ o - oot

a—i—nwz—la?’—i—nwﬂ
(e + oan) aup(/A ) 0 ift>1 O
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11.8.2. Height of the barrier

We describe here the time needed for a destroyed microscopic cluster to be regenerated.
Roughly, we assume that the zone [—m) ,m,] around 0 has been made vacant at some
time ajtg. Then we consider the situation where a match falls on 0 at some time
axt1 € (axto,an(to + 1)) and we compute the delay needed for the destroyed cluster to
be fully regenerated. We have to distinguish two cases.

a) We first consider the case where a match falls on 0 at time axt; € (0,a)). This
case is closely related to Lemma I1.7.2.

b) We then consider the case where a fire propagates through [—my ,m,] at time
aytp and a match falls on 0 at time axt; € (axtp,ax(to + 1)). This case is a little
bit different but is proved in the same way as the previous case.

Lemma I1.8.2. Consider two Poisson processes (N (i))is0.icz and (NF(i))i>0.icz
with respective rates 1 and , all this processes being independent. Consider also M =
(io;to,tl) € ZX(R+)2 with ’Zo’ S [[m)\,m)\-i-zk)\ﬂr]], to € {O}U(l,oo) andt] € (to,t0+1).
Fori e Z and t > 0, we consider the process

Ct)\ﬂr’M(i) = (1 - 1{tZaA(t0*VA,Tr) i_iO}) X Lity>1)

Sy
T Lizann im0 }*/ (M =0y 4N ()

+/ Ly rmM iy 1)=g XM (i)=1) ANS (i +1)
+/ I{CMM 1)=2,0"M(i)=1 }stP(i—l)
P, .

Using the propagation processes (NF (i))i>0.icz, consider the burning times (T});cz of the

propagation process iginited at (0,t1), recall Definition I1.4.6, and define the destroyed
cluster due to the match falling in 0 at time ayty, recall (11.4.14),

CP (™M) is0,ez, (0,11)) = [, i

We finally define the time needed for CP((¢™M(i ))e>0,iez, (0,t1)) to become again
occupied

@)\’W = lnf{t >tV e CP((C)\WM( ))t>0 i€Z (0 tl)) C)\WM( ) 1} .
For all 6 > 0, there holds that,
. AT N _
lim P H@M (t1 to)‘ > 5} -

when X — 0 and m — oo in the regime R(p).
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Let us explain the behaviour of the process (C;\’W’M(i))tzo,iez- If to = 0, then the
process starts from a vacant initial situation and a match falls on 0 at time ajt;. It
does not depend on iy and since 0 < ¢; < 1, the zone [—m),m,] is not completely
filled at time ay(t; + ’f())\m)a see Lemma I1.8.1-1 (and because lig]\m — 0). The process
is then governed by the propagation processes (N/ (i))i>0,icz and the seed processes
(N (i))e>0.icz With the same rules as the (A, 7)—FFP. As seen in Micro(p) in Subsection
I1.4.4, the fire is extinguished at time ax(t; + &3 ;).

If tg > 1, then the process starts at time 0 from an occupied initial situation, nothing
happens until a match falls on iy at time ay(tg — vy ). Two fires start: one goes to the
left and one goes to the right. Thus, on Qi’;{(io/nmto — Vx), recall Definition 11.4.7,
and since

I_a)\7T(3V)\77r — 8)\” > 2my + 2k)\77r,

recall (I1.8.1) and (I1.8.2), each site of [-my , m,] burns and extinguishes before ay(to +
2v) r), recall Lemma I1.4.2. Hence, the zone [—m) ,m,] is not completely filled when
the match falls on 0 at time ayt;, see Lemma II1.8.1-1 and because ay(ty + 2vy ) <
axt; < ay(tp + 1) for all (A, 7) sufficiently close to the regime R(p).

Proof. The proof is in the same spirit as the proof of Lemma I1.7.2. We first define
the simplest process with an instantaneous propagation: if a match falls in a cluster,
it destroys instantaneously the entire connected component. Secondly, we flank the
killed cluster CP((C?’W’M (1))t>0,icz, (0,t1)) to estimate the time needed to become again
occupied, see Figure I1.6.

Step 1. Let 70 < 71 < 79 + 1 be fixed. Put 92 ,(i) = min(Ni(TOH)(i) — N2 (i),1)

70,1 axTo
and ﬂi‘m(i) = min(N?i(ﬁH) (1) — Nzin (i),1) for all t > 0 and all i € Z. We define the
time needed for the destroyed cluster to be fully regenerated
Zh o =inf {t>0:Vi € O, 0, 0), 92,() =1}

Then for all § > 0,
lim P (|23, — (1 — )| > 6] =0.

T0,T
A—0 0,71

This has been checked in Step 1 of the proof of Lemma I1.7.2 when 79 = 0. This of
course extends without any difficulty, using time stationarity.

Step 2. Assume tg = 0. In that case, the process not depends on iy. Consider the
event Qf’z(O, t1), recall Definition 11.4.7. We define

~P7T7M P7T s .
Q)\,T( = Q)\ (07 tl) N {321 S [[_m)\ ) 0]]7 Nf}\(tlﬂLﬂg,ﬂ)(Zl) = O}

N {322 € [[Oam)\]]aNaSA(tl+H(;\ ﬂ)(z2) = 0}
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Lemma I1.4.2 together with Lemma I1.8.1-1 show that P {Qf’z’M} tends to 1 when A — 0

and m — oo in the regime R(p) (because t1+£3 < (t1+1)/2 < 1 for all (A, 7) sufficiently
close to the regime R(p)).
Next, on Qf’f(o, t1), there holds that

C ()

0t1453 7 0) :==[C~,C*] C [i1,i2] C [-my,m,].

Since, by definition, no seed falls on C* and on C~ until a, (t; + 3 ) and since we start
from a vacant initial situation, we deduce that

GmMeT)y = Met) =o

for all t € [0,ay(t1 + mg ] D [axts,ax(ts + S )] As seen in Micro(p) in Subsection
I1.4.4, the fire destroys exactly the zone CP((CA M ))t>0.icz, (0,t1)) and

CP (™M (@) )iz0,ez, (0,t1)) € [C™,CF] € [-my, my)]

t+0

Since CP((CA”M( ))i>0,iez, (0,11)) clearly contains C(93,,,0), we deduce that, on

P,T .M
Q)\W )

with CA M )() <1 for all i € Z (the fire is extinguished at time ay(t; + Ii(;\m)).

t1+=0t1§t1+@ <t1+’£>\7r+53\,t1+,.;§ .

Remark now that the function : t — t+ Eé,t is a.s. non decreasing and right-continuous.
We thus deduce from Step 1 that

f+ 0N 20
S,

in probability, whence for all § > 0 and all € > 0, there holds that P H@j‘\f — tl‘ > 5} <e
for all (A, ) sufficiently close to the regime R(p).

Step 3. Assume now ¢y > 1. We may and will assume iy € [-my — 2k » , —m,], by
symetry.
Consider the events Q (zo/nA, to— V) and QPT(O t1), recall Definition 11.4.7. We
define
QPTM QPT(O tl)ﬁQAﬂ(Zo/n)\,to V)\Jr)
N {3i1 € [-my,0], N, a,\ (t1+x9 )(11) - Nz—i\(toka’,r)(il) = 0}

N{Jiz € [0, mA]] a)\(t1+n )(1.2) - Nfi(to—V,\,w)(iZ) = 0}.

Lemma I1.4.2 together with Lemma II1.8.1-1 directly imply that IP’[ tends to
1 when A — 0 and # — oo in the regime R(p) (because t; + /ﬁgﬂr — (to — van) =

~P,T,M
Q)\,ﬂ' :|
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t1 —to+ KS .+ Vvar < (1 —to+1)/2 < 1 for all (\,7) sufficiently close to the regime
R(p)).

Recall Lemma I1.4.2. Since all the sites are occupied at time ay(tg — v ) and since
10 + {a)\ﬂ'(?)V)\Jr — 8)\)J > my,

on Qf’z(io/nk,to — V),x), there is no more burning tree in [—m, ,m,] at time ay(ty +

2v)\77r)7 nor during the time interval [a)(to + 2V x),axt1). Thus, the match falling in 0

at time ayt; destroys at least the zone C(ﬂa’)‘i‘QVA,ﬂwtl’O)'

QP,T,.M
A,

Next, on , we have

C () 0) == [C™,C"] C [i1,i2] C [~my,m,].

0
toka’ﬂ,t1+n>\’7r7

Since no seed falls on C'~ and on C* during [ay(to — v r) , ax(t1 + ﬁgm)] and since C~
and C" are made vacant during the time interval [ay(to — v z),ax(fo + 2v) )], thanks
to Qi’;{(io/nA, to — Vr), we deduce that there is no burning tree in [C~,C*] at time
ayt;— and

mMEey = MEt)y =0 forall t € [ty + Ii())\m_].

a>\t a>\t

Hence, as seen in Micro(p) in Subsection I11.4.4, the match falling on 0 at time ayt;
destroys at most the zone [C~,C*] C [i1,i2] and there is no more burning tree in
[C—,CT] at time ay(t; + £3.).

M

. ~PT .
To summarize, on 2, """, see Figure I1.6, we have

CWD vy .11:0) € CTG™ M (0)iz0.ez, (0,11)) € C(9} 0) C [i1, 2]

0
to—vx,mstitry 7

with additionally ¢V

a)\(tl‘i’ﬁ(/)\’ﬂ.)(i) <1 forall i € [-my,my].

No fire affect the zone [—my) , m,] during [a)\(tl—Hi())\m) ,a\T1], thanks to Qfg(io/nA, to—

Va,r). We deduce that, on Qf’Z’M and for all (A, ) sufficiently close to the regime R(p),

A

—A AT 0 =
t+ —to+2vVx x,t1 St + eM St + Rxm + “to—va,mt1 S

Then, one easily concludes. The function s — t; + Ef‘o +s, 18 a.s. non increasing and
right-continuous while the function s — ¢; + s + Ei})—s,tﬁs is a.s. non decreasing and
right-continuous. Since Ii())\ » — 0, we thus deduce from Step 1 that

t+ONT A—P: 2t1 — to,

as desired. O
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Figure I1.6.: Height of a barrier in the regime R(p), for p > 0.

At time ay (to—va,=)—, all the sites are occupied. A match falls on 4o at time ax(to—va,x). Two
fires start: one goes to the left and one goes to the right. Thus, on Qf: (fo/nx,to —v,x), each
site of [—m, ,m,] burns and extinguishes before ay(to + 2vi, ) (bel:ause to + axm(3va,x —
£x)] = my).

Next, a match falls on 0 at time axt;. Since no seed fall on C~ € [-m,,0] and
C* € [0,m,] during [ax(to — Va,x),ax(t1 + K3 )], they remain vacant after burning. Thus,
the true killed cluster [i9,i%] contains C’(ﬁ?oﬁ‘,%mtl,()) but is included in [C~,CT] =

CT (¢ ™ iz 0,iez, (0, 11)).

11.8.3. Persistent effect of microscopic fires

Here we study the effect of microscopic fires. First, they produce a barrier, and then, if
there are alternatively macroscopic fires on the left and right, they still have an effect.
This phenomenon is illustrated on Figure I1.7 in the case of the limit process.

We say that P = (to,t1,...,tx) satisfies (PP1) (like ping-pong) if

1. K> 2

[\)

Dt €{0}U(1,00) and tg < t] <ty < -+ < tg;

3. forall k=0,..., K —1, tp41 —tr < 1;

4. tag—tg>1land forall k=2,... K — 2 tg10 —tp > 1.
We say that 7 = (e; 19,12, ..., ik ) satisfies (PP2) if
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1. ee{-1,1}
2. ’10’ S [[m)\,m)\ + 2k)\77r]];
3. forall k =2,..., K, gii; € [my,my + 2k, ]|, where we set ¢, = (—1)ke.

Finally, we say that 8 = (P,Z) satisfies (PP) if P satisfies (PP1) and Z satisfies
(PP2).

Let % satisfy (PP). Consider two Poisson processes (N (i))¢>0.icz and (NF (1))i>0.iez
with respective rates 1 and 7, all this processes being independent. We define the process
(™% (1)) i>0.4ez as follows

)‘771—7 y J—
G =1+ Limig,zartto—vam) Hio21) + Liimg isayn o ¥ (0)=1}
K
+ Z 1{2 =i, t>an (t—va ), (0P )— (ik)=1}

Pay(ty—va )=

+ / It dNS( )
Py
+/ {CA‘rr‘ﬁ ’L 1 274-5)\;#,‘,‘3@):1} st (’L — 1)
P/
+/0 1{42;”"“3(“1):2,@}‘3(z‘):1} dNg (i +1)

t
P,
_ 2/0 1{<§L”’m(i)=2} dN, (Z)

We now explain the behaviour of the process (¢ (i ))t>0,icz.-

e If tg = 0, then the process starts from a vacant initial configuration. The match
falling on 0 at time axt; € (0,a)) creates a barrier, see Lemma I1.8.2, because
t1 € (0,1). Then, fires start in i; alternately on the right and on the left of 0 at
times a) (ty, — vy ) for all k = 2,..., K and fires spread accross Z according to the
same rules as the (A, 7)—FFP.

o If tg > 1, the process starts from an occupied initial situation. Nothing happens
until a match falls on ig at time ay(to — vy ) and spreads across Z. Next, a
match falls on 0 at time ayt; € (axto,ax(to + 1)). It then creates a barrier, see
Lemma I1.8.2. Afterwards, matches fall successively in ij, at time ay(ty — vy ) for

each kK = 2,..., K and fires spread accross Z according to the same rules as the
(A, 7m)—FFP.
For all v > 0 such that
2y < i:OI,.I.l.i,rII(—l(ti+1 —ti,t; +1— ti+1) V i:OI,.I.l.i,rII(—Z(ti+2 — tz‘), (11.8.7)

consider the event
OF"(\my) = {¥k € {2,..., K}, 3j € [-m, ,m,],
VEE [ty +2van b+ 1 =), ¥ () = 0}
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Lemma I1.8.3. Let P = (to,...,tx) satisfy (PP1) and Z = (e;ig,i2,...,ix) Satisify
(PP2). Foreach A € (0,1) and each ™ > 1, consider the process (Cg"ﬂm(i))tzo,iez defined
above.

Ifto—t1 < t; —to, when A — 0 and ™ — oo in the regime R(p), for all v > 0 satisfying
(I1.8.7), there holds

. S,P _
1)1\%1[[]’ {Q‘D ()\,7'(',’)’)} =1
Proof. We define, recall Definition 11.4.7,

PT, PT pT ( ik
Q)\,ﬂ' ¥ = Q)\Jr (0’ tl) N ﬂ Q)\,ﬂ <n_, lk — V)\Jr) .
k=0,2,... K A

There holds that P {Qi’z’ﬂ tends to 1 as A — 0 and m — oo in the regime R(p), by
Lemma I1.4.2. We fix some v > 0 satisfying (I1.8.7). In the whole proof, we work on
Qf’zm and assume that (A, 7) is sufficiently close to the regime R(p) in such a way that
3V)7\77r <.

For simplicity, we assume that e = —1, {9 = 0 and that K is even. The other cases
are treated similarly (see for example Step 3 in Lemma I1.8.2). Fix o = 1/K. We define
M = (0;0,t1), recall Lemma I1.8.2.

Observe that on Qi’zm, a burning tree at time a)¢ necessarily belongs to [ix+ |aym(t—
tr —E)\)J i+ {a)\ﬂ'(t—tk—i-&‘)\)“] or to [[Zk — {a)\ﬂ'(t—tk-i-&“)\” i — {a)\ﬂ'(t—tk —8)\)“],
for some k € {0,..., K}, and is either a front of a fire or has vacant neighbors.

Observe that for all i € [-my — 2k, », —m,], we have, recall (I1.8.1) and (I1.8.2),

1+ I_a)\7T(3V)\77r — 8)\)J > m) (11.8.8)
while for all i € [m) ,my + 2k, -], we have

7 — I_a)\7T(3V)\77r — 8)\)J < —I). (11.8.9)

First fire. We put C* = CP((C?’W"B(Z'))QOJE% (0,t1)), the destroyed cluster due to
the match falling on 0 at time ayt;, recall (I1.4.14). Since 0 < ¢; < 1, there holds
CP C [~|amy], |amy]|] with probability tending to 1 (use Lemma II.8.1-1, space/time
stationarity and Micro(p) in Subsection I1.4.4). Thus the match falling at time ayt;
destroys nothing outside [—|am) |, |am,) |] and there is no more burning tree in Z at
time ay(t1 + “g,w)-

Second fire. Since ty — vy > 1, at least one seed has fallen, during [0,ay(t2 — v x)),
on each site of [-my — 2k », —|am, | — 1] with probability tending to 1 (use Lemma
I1.8.1-2 and space/time stationarity). Since this zone has not been affected by a fire
during the time interval [0,a)(t2 — vy ,)), this zone is completely occupied at time
a>\(7f2 — V)\Jr)—.

Besides, with probability tending to 1, there is (at least) an empty site in C* C
[—|amy ], [am)|] during the time interval (ay(¢; + /{9\,”) ,ax(ta +2vy 1)) because ty +
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2vag <t + @j‘\’/{r with probability tending to 1 (by Lemma I1.8.2, @j‘\’} ~t —ty =1t
and ty — ¢t < t; —top = t; by assumption) and because by definition of @j‘\f, there is an
empty site in C* C [~|am, ], |am, |] during [ay(t; + li()]\m) say(ty + @j‘\’/{r)].

Thus, the fire ignited on iy € [-my — 2k) », —m,] at time a)(to — vy ) burns each
site of [-my — 2k) », —|am, | — 1] before a)(t2 + 2v) ) and does not affect the zone
[lomy] +1,my+2k) -], thanks to (II.8.8) and Qi’z(ig/nA, to— vy ) (because the right
front of the fire 2 reach a vacant site and thus extinguish).

Third fire. All the sites of [[amy |, my + 2k, -] are occupied at time ay(t3 — vy )—
with probability tending to 1 (because on Qf’z(O, t1)N Qf’z(ig /ny, ta — vy 1), they have
not been affected by a fire during [0, a)(t3 — \;A,ﬂ)) and because t3—Var >tla—Vyr > 1,
see Lemma I1.8.1-2.).

Next, the probability that there is a site in [—|2amy |, —|[am)]] where no seed falls
during [ay(t2 — Vi r),ax(ta —y+1)] tends to 1 as A — 0 and 7 — oo in the regime R(p)
(use Lemma I1.8.1-1 and space/time stationarity). Thus, since t3 — to < 1 — 2, with
probability tending to 1, there exists a vacant site in [—|2am) |, —|am) || during

[ax(t2 +2viar),ax(tz — v+ 1)] D [ax(ts — vax),ax(tz + 2vaq)]

(because each site of [—|2am) |, —|am)|] has been made vacant by the second fire
during [ax(t2 — vax),ax(t2 +2var)]).

Thus, the fire ignited on i3 € [my ,my + 2k, ] at time a,(t3 — v ) burns each site
of [lamy] + 1, my + 2k, -] before ay(t3 + 2v) ) and does not affect the zone [-m) —
2k  , —|amy, | —1] with probability tending to 1, thanks to (I1.8.9) and Qf\j’;{(ig/nA, ts—
V) (because the left front of the fire 3 reach a vacant site and thus extiﬁguish).

Fourth fire. All the sites of [-m) — 2k, », —[am, | — 1] are occupied at time ay(t4 —
V,r)— with probability tending to 1 (because on Qi’};(O,tl) N Qi’;{(’bﬁ/n)\,tQ — V)N
Qi’f(ig/nx, t3—Vaz), they have not been affected by a fire during (ay(t2+2vy ), ax(ta—
Va,r)) and because t4 — 3vy r —t2 > 1, see Lemma I1.8.1-2 and spae/time stationarity).

The probability that there is a site in [[am) |+ 1, |2am) |] where no seed falls during
[ax(ts — var),ax(ts —y+1)] tends to 1 as A — 0 and m — oo in the regime R(p) (use
Lemma I1.8.1-1 and space/time stationarity). Hence, since t4 — t3 < 1 — 2, there is at
least one vacant site in [|amy | + 1, [2am,|] during

[ax(tz +2var),an(ts — v+ 1)] D [ax(ts — v r) ,an(ts + 2va )],

with probability tending to 1.

Thus, the fire ignited on iy € [-my — 2k) ,,—m,] at time ay(t4 — vy ) burns
each site of [-my — 2k) »,—|am,| — 1] before ay(ts + 2v, ) and does not affect
the zone [|amy |, my + 2k, ] with probability tending to 1, thanks to (II.8.8) and

PT /.
Q)\:W (24/11)\, ty — V}\,ﬂ')'
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Last fire and conclusion. Iterating the procedure, we see that with a probability tend-
ingtolas A — 0 and 7 — oo in the regime R(p), the zone [—m\—2k) . , —| (K«o/2)m, |—
1] = [-my — 2ky », —|m, /2] — 1] is completely occupied at time a(tx — vy )— and
there is at least one vacant site in [[(K — 1)a/2m, |, |(Ka/2)m)|] during the time
interval (ay(tx—-1 + 2V>\77T) san(tgk—1 —v+1)) D (ax(tx — V)\Jr) san(tyx + 2V)\77r)). Thus,
the fire ignited on ix € [-my — 2k) », —m,] at time a)(tx — vy ) destroys each site
of the zone [-my — 2k r,—|m, /2| — 1] before a)(tx + 2v) ») and does not affect the
zone [my /2, my], thanks to (I1.8.8) and Q& (ix /0y, tx — Var)-

Finally, the probability that there is at least one site in [—m) ,—m) /2] with no
seed falling during [a)(tx — Vax),ax(txk — v + 1)] tends to 1 (by Lemma IL.8.1-1.).
Consequently, the probability that there is a vacant site in [—-my,—m)/2] during
[ax(tx +2vyr),ar(tx —y+1)] tends to 1 (because it has been made vacant by the fire

All this implies that for all k € {2,..., K},, there is j € [-m, ,m,] such that for all
t € [ty +2Vyr,tp + 1 —7) there holds C;‘ﬁ’m(j) = 0, as desired. O

11.8.4. Heart of the proof
11.8.4.1. The coupling

We are going to construct a coupling between the (A, 7, A)—FFP (on the time interval
[0,a,7]) and the A—LFFP(p) (on [0,T]). Let mps be a Poisson measure on R x [0, c0)
with intensity measure dx dt.

First, we take for the matches of the discrete process the Poisson processes

NM (i) = mar(fi/my, (i + 1) /my) x [0,t/a,])

foralli e Z and t € [0,T].

We call n := mp([0,7] x [-A, A]) and we consider the marks (Tf,, X4)g=1,...n of Tar
ordered in such a way that 0 < Ty < --- < T, <T.

Next, we introduce some i.i.d. families of i.i.d. Poisson processes (Nf’q(i))tzwez and
(th’q(i))tzoﬂ-ez with respective parameter 1 and «, for ¢ = 0,1,..., independent of ;.

Then we build two families of i.i.d. Poisson processes (Nts’)"w(i))tzo,iez and (NtP’)"ﬂ (1))t>0,iez
as follows.

e Forge {1,...,n}, for all i € [X ]y, set (NOV7(0))iz0 = (N0 — (12 Xg)))ez0
and (NSM(0))is0 = (NF9(i — [naXy)))iso (if @ belongs to [Xg]xx N [X,]ar for
some q < r, set e.g. (Nts’/\’”(i))tzo = (N> — In)X,|))e>0 and (NtP’A’”(i))tZO =
(N — |n\X;|))t>0. This will occur with a very small probability, so that this
choice is not important).

« Forall other i € Zset (N (i))is0 = (N2°(i))i0 and (N7 (1))i=0 = (NF°(1))e=0.

The (A, 7, A)—FFP (nt)\’ﬂ-(i))tzojélﬁ is built from the seed processes (Nf’)"w(i))t207iez,

the match processes (N (i))i>0,icz and the propagation processes (Nf’)\’ﬂ(i))tzo,iez-
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Figure I1.7.: Persistent effect of microscopic fires.

Here we focus on the limit process with o > 1. A first fire starts at time ax(to — v =) and
spread across Z. Thus, the match falling in 0 at time axt; creates a barrier during ax (¢t1 —to). If
there are alternatively macroscopic fires on the left and right, there necessarily exists a vacant
site around 0 during (ax(to + 2va,x),ax(tx +1 — va,x)).

Finally, we build the A~LFFP(p) (Z;(x), Hy(z), Fy(7))ecjo,1),0c[-4,4] from 7y and
observe that it is independent of (Nts’q(i))te[O,a)‘T],iEZ,qZO and (NtP’q(i))te[O,a)‘T],iEZ,qZO-

Observe that if a match falls at some X, at time T}, for the LEFP(p), it will fall at
|n)\ X, | at time a)Tj in the discrete process, and thus if the resulting fire is microscopic
in the limit process, it will involve with the same seed and propagation processes for all
values of A and 7 in discrete process.

11.8.4.2. A favorable event

We set T; = 0 and introduce

TM = {T(),Tl,...,Tn} and BM = {Xl,...,Xn}.
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For g e {1,...,n},z € [-A,A] and t € [0,T], we define

Ty(z) =Ty + ple — X, (11.8.10)
t—T,

XS (t) = Xg+ p 1 (11.8.11)
_ t—T,

X, (t) =X, - 5 K (I1.8.12)

which are respectively the possible transit time in x of the fire starting in X, at time T},

and the possible location of the right and the left front at time ¢ of the fire starting in

X, at time T,. Observe that all z € [~ A, A] either equal to X, (Tk(z)) or X, (Tx(x)).
We next introduce, for ¢ € {1,...,n},

Sug ={Te(Xq) =T + p|Xq — Xp| : k # ¢}
the set of all the possible transit times in X, of the other fire £ and

Sy = Ug=1,...n SMq.

)

We also introduce
Siyy={2T;—s:qe{l,....,n},s € Snq s < Ty}

which has to be seen as the set of the possible end of the microscopic fires, recall Lemma
I1.8.2 and, for ¢ € {2,...,n},

T, — Ty
p

T, — T,

Bbg:{X;r(Tq):Xk—F :1§k3<q}U{Xk(Tq):Xk+ :1§k3<q}
which has to be seen as the set of the possible locations of the fire k at time 75,

We finally introduce

T, — 1T X, + X
BQ — q q
e

T, + 1T, X, +X
q k+pq k

:Xk<Xq} andSJZ\/[:{ 5 5

1<k<qg< n}
which has to be seen as the set of the possible locations and the set of the possible times
where two fires may meet as well as the set Cjs of connected component of [—A, A] \
(Byr U B3,) (sometimes refers as cells).

For a > 0, we consider the event

Q) = min [t — s| > 3a min [t—(s+1)] > 3«
1 2 ’ 1 2 )
s,tETquSMUS]MUSNI, SJET]MUSJV[US]MUSNI,
s#t
. 3a
min |z —y| > —
xvyeBMUB?V]U{_AvA}v p
Ty
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which clearly satisfies lim, 0P [Q/(«)] = 1. For any given o > 0, there exists A\, €
(0,1) and €, > 0 such that for all A € (0,),) and all # > 1 in such a way that
Iny/(aym) —p| < €a, on Qpr(a), there holds that for all z,y € By UB3, U{—A, A}, with
x# Y, [2hax N Yhe =0

For ¢ € {1 .,n}, using the seed processes (N (i ))t>0,icz and the propagation

processes (N ( ))i>0.cz, we build, recall Definition 11.4.6, (¢;"™(i))1>0.cz (the prop-

agation process ignited at (X4, 1)), (zg >0 and (if)s>0 (the corresponding right and

left fronts) and (7});cz (the associated burning times). We also use Qf’z(Xq, T,), recall
Definition I1.4.7. We set

OPT ) = () Q05X Ty).
q=1,...n

Since 7y is independent of the processes (N, (i /))¢>0,icz and (N (i /))¢>0,icz, Lemma
I1.4.2 implies that P [QPT()\, 7T):| tends to 1 when A — 0 and 7 — oo in the regime R(p).
Let ¢ € {1,...,n}. We define
79+ = { X + Zam(xq)_w gy — X (T(X)] k£ g (IL.8.13)
797 = { [ Xe) + 08 )y — M XG (Te(XQ))) ke # g} (11.8.14)

Observe that, on QPT(\, 71), Z9~ C [my, m)+2Kk) ] while Z¢" C [-my—2k) ,, —m,].
We then call U, the set of all possible P = (P,Z) satisfying (PP) where

o P =(to, Ty, t2,...,tx) satisfies (PP1) with {to,%2,...,tx} C Sm,qU{0} and with
Tq—to >t2—Tq;

o I = (g;ip,ia,...,ix) satisfies (PP2) with e € {—1,1} and {ig,i2,...,ix} C ZPTU
9.

For P € U,, we introduce the event QS’P’q()\ 7, a), defined as in Subsection I1.8.3, with

the Poisson processes (N;9(i));>0,icz and (N}*?(i))i>0.cz. Then we put

0P\ 7, a) =

DL

{for all P € Uy, Q' (\ 7, ) holds} ,
1

q

which satisfies limy P [Qf’P()\,TF,Oé)} =1 when A\ — 0 and 7 — oo in the regime R(p).

Indeed, by construction, mj/ is independent of (N, S’q( ))e>0icz and (N, P’q( ))t>0.icz. Ob-
serve that for [ € {1,...,n}, the location zl AT (Xg)—van—T)) depends only on the prop-

agation process NPA™ restricted to [axT},a\(T}(Xy) — Vanx)] X Z whereas the event
Q%P’q()\,w) depends on the location only after ay(7;(X,) — va ). Thus, it suffices to
work with some fixed {to,t2,...,tx} C Smq and some fixed (ix)r—02, . x CZTTUIP™.

The result then follows from Lemma 11.8.3. o
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We also consider the event Q5 (\,7) on which the following conditions hold: for all
t1,to € Ty USH USE, with 0 <ty —t; < 1, for all ¢ =1,...,n, there are

—my — 2k <ip < -—my <ip <0 <iz<my <iy <my+ 2k,

such that N> )(ij) - NS7qt1—4vAm)(ij) = 0 for j = 1,...,4. There holds that

ay(t2+4vy « ay(

P [Qg()\,ﬂ)} tends to 1 as A — and m — oo in the regime R(p). Indeed, it suffices to

prove that almost surely, lim y_,o P {Qg (A7) ‘ 7TM:| = 1. Since there are a.s. finitely
™00

many possibilities for ¢, t1, %5 and since 7y, is independent of (Nf’q(i))tzoﬂ-ez, it suffices
to work with a fixed ¢ € {1,...,n} and some fixed 0 < t3 —t; < 1. The result then
follows from Lemma I1.8.1-1,8 together with space/time stationarity and the fact that
Var — 0.

Next we introduce the event Q5 (A, 7) on which the following conditions hold: for all
g€ {l,...,n}and all i € I)

S\, . S, .
N Tuisan)+14ex0 @ = Nal Ty (i/ma)res () >0

and if T, (i/ny) > 1,

S, . S, .

an (Ty(i/nn)—va) () = Nl (T i/ny)—1—avy ) () > 0
There holds that P {Qg()\,ﬂ')} tends to 1 as A — and # — oo in the regime R(p).
Observing that ‘I j\l‘ ~ 2An), Lemma I1.8.1 and space/time stationarity shows the result.

We also need Qf’P('y, A, ), defined for v > 0 as follows: for all ¢ = 1,...,n, for all
M = (ig;to, T,) such that ¢ty € Sy, U {0} with tg < T, < to+ 1 and ig € Z¢T UZT ™,
there holds that ‘@j‘\f’q — (T, — to)‘ < 7. Here, @j‘\’}’q is defined as in Lemma I1.8.2

with the seed processes family (NtS “I(i))t>0.ez and the propagation processes family
(th’q(i))tzo,iez;- Lemma I1.8.2 directly implies that for any v > 0, P {QE’P(V,)\,W)}
tends to 1 as A — and m — oo in the regime R(p).

We finally introduce the event

e, 7, A, ) = Qi (@) NPT 1) N QPP (A, 7,0) N QS (A7) NS (A7) N QP (7, A, 7).

We have shown that for any 6 > 0, there exists o € (0, 1) such that for any v > 0, there
holds that P [Q(c, v, A\, 7)] > 1 — ¢ for all (A, 7) sufficiently close to the regime R(p).

11.8.4.3. Heart of the proof

Consider the A~LFFP(p) (Zi(z), Hi (), Fi())¢>0,2¢[—A,A]-
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For z € (A, A), we put
. =lim 7
1= (z) = lim 2 (),
Zi(x+) = lim Zy(y) and Z(z—) = lim Z;(y),
Y\ y, \x

Zi—(at) = lim Z,_p(y)-(y) and Z(2—) = L, Zitply-a)-(Y)-
For t € [0,T], we set
i ={re[-A,A: Fi(z) > 0and Z;(a+) = 1},
X; ={ze[-A,A]: F(z) >0and Z;(z—) =1},
XD ={xe[-A,A]: Hi(z) > 0or (Fy(z) =0 and Zy(a+) # Zi(z—))} U{-A, A},
Xt =X Uxi UX{-
For x € Byy and t > 0 we set
Hy(z) = max(Hy(x),1 — Zi(x),1 — Ze(x+),1 — Zs(z—)). (I1.8.15)

Actually, Z;_(x) always equals either Z;_(z—) or Z;_(z+) and these can be distinct only
at a point where has occured a microscopic fire (that is if z = X, for some g € {1...,n}
with Ty < t and Z7, (X)) < 1).

For all z € (—A, A) we define for all t € [0,T]

T¢(z) = sup {s <t:Fy(z)>0and Hy_ (z) = O} V0, (11.8.16)

which represents the last time before ¢ that a macroscopic fire has crossed x. Observe
that

for & Bar, Zi(x) = min(t — 7(x),1) for all t € [0,T], (IL.8.17)
forg=1,...,n, Z(X,) = min(t — 7(X,), 1) for all t € [0,T,). (11.8.18)

We also define for all i € I} and all t € [0,7]]
P (i) = sup {s <t (i) = 2} (11.8.19)

where a)\pi‘ "™ (1) represents the last time before ayt that the site ¢ has been burnt in the
discrete process (with the convention 778"_”(2') =2 and né"”(i) =0 for all i € I}).

For g € {1,...,n}, we define the death time of the right front of the q’s fire as the
time where the fire ¢ is stopped in the limit process, that is,

t—1T,
TP+ = inf{t > T, F (Xq + = q) _ o} (11.8.20)

as well as the death position of the right front of the q’s fire as the position where the
fire ¢ is stopped in the limit process, that is,
P+ — 1T,

D7 J—
Xq +—Xq+q7

11.8.21
’ ( )
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Similarly, the death time and position of the left front of the q’s fire are defined as

t—T,
p

TP~ -1,
):o} and X/~ = x, - —L——1
p

TqD’f = inf {t > Ty F(Xy —

Observe that, if Z7,_(X,) <1, then T.,)~ =T, = TP+ and XPT = X, = X~
We set

BY = {xP*t xP~ ... XxP+ XD~} c By UB3,, (I1.8.22)
TR ={rP*t, P, TP TPy € T u Sy USE,. (11.8.23)

Let t € [0,T] and g € {1,...,n}. If t € [0, TP + vy ), we set

)\7 7+ 5 , 7T N 7+ —
Qq,f = {Vs € [Ty, (TqD - V) A t]?ﬁz)i\)\s(tn)\XqJ + ZZA(S—TQ)) =2}

and, if t € [TqD’Jr + v, T, we set

A+ Ao+ D, D, A q,+ _
Qq,t = Qq,Tf* N {35 € [Tq t VA ’Tq — VA,n]anaAs(Ln)\XqJ + ng(szq)) = 0}-

Similarly, we set, if ¢ € [O,TqD’_ +Var),

)\771',— ,— , T -q,— _
Qq,t ={Vs e [Tq ) (TqD = Vo) A t]W?ﬁs(Ln)\XqJ +if (s—Tq)) = 2}

ay
and, if t € [TqD’* + v x, T, we set
AT, — AT, — D,— D,— A, -G, — _
Qq,t = Qq’TqD,f N{3s e [Tq — Var ’Tq + V)\,ﬂ']’ na;Z»(LnAXqJ + ng(szq)) = 0}.
Finally, we set, for all ¢t € [0,T],
)\,7'(' >\,7T7+ AﬂTyi
Q= (Wl neyr).
q=1,....,n
The aim of this section is to prove the following Lemma.

Lemma I1.8.4. Let > v > 0. For all (\, ) sufficiently close to the regime R(p) in
such a way that 4(vy » + p(my + 2ky »)/ny) < o, Q:)}’w a.s. holds on Q(a,v, A\, 7).

We work on Q(a,y, A\, 7). We fix g, > 0 and A\, € (0,1) such that for all A € (0, \y)
and all 7 > 1 in such a way |ny/(aym) —p| < o, we have 4(vy r+p(my+2ky »)/ny) < a.
Observe that for all x,y € ByyUB3,U{—A, A}, with z # y, we then have [z]) N[y]x~ = 0.

Clearly, Q;‘Jf a.s. holds, because no match falls in I i‘l before ay77. We will show that for
g=0,...,n—1, Q%q’r implies Qa\ﬂqfrl This will prove that Qéﬁ: holds. The extension to
Q:)}’W will be straightforward and will be omitted.
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We thus fix ¢ € {0,...,n — 1} and assume Q;ﬁf Let A, be the set of points where a
fire stops during the time interval (T, ,Tj41) that is, (z,t) € Ay if (z,t) = (X,?’JF,TI?”L)

(or (Xl?’_,TkD’_)) for some k < g with TkD’Jr (or TkD”L) in (Ty ,Ty41). We then put

(X3, 1), (X T} = A U{(Xg, Ty), (g1, Tyrn)}

ordered chronologically (thus (X,,Ty) = (X9, 77) and (Xq41,Ty41) = (XéVqH,T(quH)).

We recall that if Z7,_(X;) = 1, for some | € {1,...,n}, on Qy(a), we have by
construction,

o TPTATPT > T+ 3
o Z1,—(y) =1forall y € (X; —3a/p,X; + 3a/p);
s Fr(y)=1and ]:ITl(y),(y) =0forally e (XlD’f ,XlD”L);

o forall t € [T, ,TlD”L —3a] and all y € (X;"(t), X;" () + 3a/p), Hi(y) = 0 (similar
thing for X, (t));

o forallt € [I}7F =30, T ") and all y € (X} (1), X;7(¢) + (T = 1) /p), Zi(y) =1
(similar thing for X, (¢)).

Recall that on Qpr(«), for all k € [0, Ny],
k+1 k
;77 =17 > 3.
We decompose the proof in four stages.

— Stage 0. We deduce, on Q(a, 7, A\, 7), the last time that a site has been burned.

Stage 1. We prove that on Q(a, v, A\, 7), Q;!;ﬂ implies 99;14“ B

Stage 2. We prove that on Q(a,v,\,m), for 0 < k < Ny, Qa\,’,vaA implies
q T
Q)\,ﬂ'

TE pavy

implies Q;‘J” , which is the
- a1

— Stage 3. We prove that on Q(a, vy, A\, 7), QT
T, T+4v
goal.

In the whole proof, we repeatedly use the following estimates. For k € {1,...,n} and
t > T}, there holds that, recall (I1.8.1), (II.8.2) and (IL.8.3),

[l Xe] + [anm(t = Th —ex)], [ Xi] + [anm(t = Ty +ex)]] C (X ()rn  (11.8.24)

which is the possible location of the right front of the fire k at time ayt, recall Lemma
11.4.2,

[oa Xk ] + [aam(t — viar — Tk —ex) ], [na Xk ] + a7 (t — var — Tk +en)]]
C [l X7 (t)] —my — 2ky , [\ X, (¢)] —m,] (I1.8.25)
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which is the possible location of the right front of the fire k at time a)(t — vy ),

[on Xk ] + [aam(t + var — Tk —ex) ], [naXg ] + |axm(t +var — Tk +en)]]
C [l Xy ()] +my, [y XG5 ()] + my + 2k ] (11.8.26)

which is the possible location of the right front of the fire k& at time ay(t 4+ v ).
For k € {1,...,n} and ¢ > T}, there also holds true that

Ln)\XkJ + La)\ﬂ'(t —€\g — Ty + 6)\)J < LII)\X;F(t)J (11.8.27)

and
Ln,\ij + La,\w(t —4vy o =Ty + E)\)J < Ln)\X,:'(t)J —m) — 3k r, (11.8.28)
Ln,\ij + La,\w(t +4vy g, — T} — E)\)J > Ln)\X,:'(t)J +my + 3k . (11.8.29)

Very similar estimations of course hold for X, ().
Finally, for all i € I} and all k € {1,...,n}, there holds that

1— |nyx 1— |nyx ) )
a)Tm a)T ny ny
30)

which has to be seen as the time interval where a tree may be burn due to the fire k.
STAGE 0.

In this Stage we fix some so € [0,7] and work on Q(a, v, A, m) N QL™ We deduce an
estimate of the last time that a given site has been burned.

Lemma I1.8.5. Let s € [0,T] and qo such that sg € [Ty, , Tyo+1)- On Q(a, v, A, m)N
Q). for all (i,t) € I} x [0, s0] such that

i¢g U@n-u U ((XTha 0% ) (11.8.31)

wExt 1<k<qo
then
1. 7(i/ny) = 0 if and only if p}"™ (i) = 0;
2. if 7(i/ny) = T(i/ny), for some k € {1,...,q0}, then

) 1 — |nyX i — |nyX
) € [Tk+| peal —5)\7Tk+| [ny kJ|+€)\
a)T a)T
The condition (I1.8.31) means that, at time ¢, the site ¢ is neither near a burning tree
nor near a place where a fire has been stopped.
Observe that for (i,t) be as in the statement, in the two cases, there holds that, using

(I1.8.30),

A . .
7 (6) = 7ilifna)| < ex
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Let now ¢t € [0,s0] and € (—A,A) in such a way that [z]y, N [y]x- = 0 for all
y € x¢ UBY. If 7y(z) = Ty(x), for some [ € {1,...,n}, then by construction 7;(i/ny) =
Ti(i/ny) for all i € [x]) ». Thus, using (I1.8.25) and (I1.8.26), Lemma II1.8.5 implies that
for all i € (x),
P (i) = Ti(@)] < Van

whence, using (I1.8.28) and (I1.8.29), for all i € [z]) », there holds that
AT/
P () = Tilw)| < dvan

Proof. Let sp € [0,T] and go such that sg € [Tg, , Tyo+1)-

Step 1. The key of the proof is the observation that if a site ¢ € Iz‘ is burning at time
ayt < aysg then there exists £ € {1,...,qo} such that C;‘;E’iTk)(z — |y Xi]) = 2: a
burning tree in the (A, 7, A)—FFP corresponds to a burning tree in some propagation
process.

Indeed, assume that a match falls on |ny Xy | at time a7}, < a)t. Recall that the prop-
agation process ignited at (X, 7)) is defined using the seed processes (NE’A’W(i))tzo,ieZ
and the propagation processes (Nf’)\’ﬂ(i))tzo,iez- Thus, with our coupling, the right front
of the fire in the propagation process (Ct)"w’k(i))tzwez at some time a,s is zi’jg whence
the (hypothetical) right front of the (A, 7, A)—FFP at time ay(s + T) is [nxXx| + zﬁ’;
Recall that a spark in the propagation process (Ct)‘ ’w’k(i))tzo,iez corresponds to a site
1 € Z where a seed has fallen between the instant at which ¢ propagates for the first time
and the instant at which ¢ + 1 if ¢ > 0, or ¢ — 1 if 4 < 0, propagates for the first time.
On Qi’;{(X &, T%), such a spark has vacant neighbors. Thus, with our coupling, the site
|n)Xy] + 4 is a spark in the (A, 7, A)—FFP (that is a burning tree which is not a front
of a fire) if the site ¢ is also a spark in the propagation process. Such a spark in the
(A, 7, A)—FFP has inevitably vacant neighbors.

Step 2. By Step 1, Lemma I1.4.2 and (I1.8.24), we deduce that a burning tree at time
ayt in the (A, 7, A)—FFP necessarily belongs to

[[oa Xk ] + [axm(t — Tp —ex)], [aXe) + laxw(t — T + ex) [] € (X5 (0)ax
or to
[loaXy] — [aaw(t = T +ex)], [a Xy ] — [aaw(t — T — ex) ] € (X, ())ar

for some k € {1,...,qo} such that Ty <¢.
Conversely, if a site i € I} is burning at time ayt < ays then there is k € {1,...,n}
such that, recalling (I1.8.30),

7 — InyX 7 — InyX 1 7
e |py PomXell g o e X| +€A] C (Tk (_) ~ern T (_) +em) .
a)T a)T n) n)
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Step 3. Next, we observe that if a site j is burnlng at some time ayu < aysg, then
there is k € {1,...,qo} such that u € [T} +( " na X Jay), Ty + M +¢e,] and for

all s € [Ty, Ty, + (T 0y Xy J/a>\)] we have

na/\S(l_n)\XkJ + Za (s Tk)) = 2
if j > |n)Xy| while if j < |nyXj |, we have

Waks(LnAXkJ + ZaA(S Tk)) = 2.

Indeed, by construction, a fire starting on |nyXy| at time a)T}j, for some k €
{1,...,qo} does not affect the site j before a)T} + T " oy X and by Qf’z(Xk,Tk),

as been checked on Step 1, does not affect the site j after a1y + % + ayey.
Assume e.g. that j > [n)Xx| and that there is s € [Ty, Tk + (T LkaJ/.':U\)) such

that naAS(Ln)\XkJ + za’JEs )) = 0: the right front reaches a vacant site. Since sparks
has vacant neighbors, the right front can not propagate more and is stopped (after a

while, thanks to our coupling). Hence, the right front cannot reach j.

Step 4. Here we prove that for ¢ and ¢ be as in the statement and if 7(i/n)) =

Ti.(i/ny) > 0, for some k € {1,...,qo}, then ¢ is not affected (in the discrete process) by
any fire during the time interval [ay (T} + ht:kii(’““ +ex),ant].

Assume e.g. that i/ny = X,/ (T}(i/n,)) € XTk(z/nA) and let | # k such that T} < t.
If i/ny = X;"(Ty(i/ny)),

(a) either t < TlD’+ whence X;"(t) € x;". Since X;"(t) < i/ny (because 7¢(i/ny) =
T (i/ny)), we necessarily have [nyX;" (t)] +ky» < i (because i & (X;"(t))rx). By

Step 2, we easily deduce that the right front does not affect the site i during the
considered time interval;

(b) or t > TZD’Jr whence i/ny > X1D7+- Since i ¢ [XZD”L]AJF, we deduce that 7 >
LnAXlD’—FJ + my + 2k) . By Qi‘ﬂ and (I1.8.26), we deduce that there is a site
j e [XID’JF]MT such that 77 T+Tl (j) = 0. By Step 3, we deduce again that

—lnxXy)
the right front does not affect the site 7 during the considered time interval.

If i/ny = X, (T;(i/ny)), similar arguments lead to the same conclusion.

Step 5. Here we prove that for i and t be as in the statement, if 7(i/ny) = Tx(i/ny) > 0
for some k € {1,...,n}, then (i) =2.

—[n\Xg]

Indeed, assume for example that i/ny = X;" (Ty(i/n,)), for some k € {1,...,n}. By
construction, there holds that i/n) < X,?’Jr and i/ny < X (so) whence [nyXy] <i <
I\ X7t | —my — 2Ky (because i ¢ [ X ]xx) and [0y X3 ] < i< (03X} (s0)] — kar
(because if sy < T,f“ then i & (X (s0))a.r and if so > T,?’Jr then [nyX; (s0)| —kar >
Ln)\X,?’JrJ —my — 2k, ). We distinguish two cases.

aT+T
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o Ifsg> T,?’Jr — V), then by Q?g)’r, we deduce that n;‘;g(Ln)\XkJ +i:;JEs—Tk)) = 2 for

all s € [Ty, 7T/?’+_V>\,7r]- This also implies, thanks to (I1.8.25), that 77aier+T]%1 _ () =
2 for all j € [|nyXg], Ln)\XI?”LJ —m) — 2k, ]. It especially holds for i, thanks
to the previous observation.

o« If 59 < TkD”L — Vi x, we deduce, by QPT(\ ), (I1.8.24) and the previous observa-
tion, that

I\ Xk ] <i < [nyX; (s0)] —kax
< [ Xp) + lanm(so = Tk —e2)] < [maXp) +ip 0, gy (11.8.32)

Finally, by ", we have najw(|naXx) +ipf, ) = 2 for all u € [Tj, so] which

s0 0
implies the claim.

Step 6. We now conclude in the case 7(i/ny) = Ti(i/ny) > 0. By Step 4, we deduce
that i~ [ X |
_ i—|n
a)T

By Step 5, we deduce that p;"" (i) > Ty + TF

z—\_nAXk“/a)\ and conclude using QP7(\, 7)
that

. 1 — [nyX
() ZTk+| [0y Xy ]| e
a)Tt

Step 7. Finally, if 7(i/n)) = 0, we conclude, using similar argument as in Step 4
(recall that i € Uj<p<g, ([X,?’Jr]>\77r U [X,?’_]A,ﬂ)), that no fire can affect the site ¢ until
axt and thus p)™ (i) = 0.

Conversely, if pi"w(i) =0, then for all [ € {1,...,n} such that 7;(i/ny) < t, we neces-
sarily have Fr,(;/m,)(i/nx) = 0 (else, applying Qi"”, one should have 77>‘ =

T 7 —
T, (i)

2). This concludes the proof.

STAGE 1.

The aim of this stage is to prove that on Q(«,~, A, ), Q;!q” implies Q%qi dvy -

Observe that for all i € I} \ {|n\ X, ]},

)\,7‘(‘ 3 )\77r .
R () = 1% ()
while
A, o
Tayr, (10 Xa]) = 2100 1, x, 1y

First, we situate the burning trees at time a7y for the (A, 7, A)—FFP.

Lemma I1.8.6. We work on Q%q” NQa,y, A\, 7).
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1. At time a\Ty, a burm'ng tree which is not located at [nyX,| necessam’ly belongs to
(@) \x, for some x € XT Uxr, € BM , and is either at |nyXx]| —i—zaA(T 1y O at

|0\ X3 + 1, k.~ N(Ty—T)? for some k < q, or has vacant neighbors.

2. If X (T,) = Xx +Tq T ¢ XT for some k < q, then naAT ([ Xk +Z§’)\(Tq 7)) =2

and 1,77, (i) = 1 for all i € [ Xe) +ig g, gy + 15 [0 (Xk + 20/p) ],

3. If X, (T,) = Xk—T‘I T € Xz, for some k < g, thenna (LnAXkJ—HaA(T Tk)) 2
and ni;’;qm—lfor all i € [[on(X, = 20/p)], (M3 Xe) + g7, gy — 1]

Proof. First, observe that, by Qu/(«), |z —y| > 3a/p for all z,y € B}LCIUBZ\% with z # y.
Hence, for all z € B%/Lq’ there is a unique k < ¢ such that = = X;" (T,) or z = X, (T,).
In the whole proof, we work on Q(a,y, A, 7) N Qé‘ﬂqﬂ

Step 1. We first prove 1. As claimed in Step 2 in the proof of Lemma II1.8.5, due
to QPT(\, 7), if a tree burns at time a)T, in the (A, m, A)—FFP, it necessarily belongs

to (X;7 (T, )>)\7r or (X, (Ty))»n~ for some k < ¢ and is either |nyXj| + i or

a/\(T —Tk)
|ny Xy | + zaA (Ty—Ty) OF has vacant neighbors.

It remains to prove that if x € Biﬂ,q \ (X;Fq U Xi), then there is no burning tree in
() )~ at time ayT,. We assume e.g. that x = X,j(Tq) for some k < q. Since = ¢ XJTrq,

there holds that TkD’+ < T, whence TkD’+ < T, —3c and =z > X,?’+ + 3a/p, due to
Qpr(a). We deduce by Q;ﬁ;ﬂ, that there is s € [Té)’Jr — Var ,TkDﬂL + Vi x) such that

nég@(LnAXkJ + z (s )) = 0 whence as usual (using (II.8.25) and (I1.8.26)) that there

Flax such that n (j) = 0. Since k is unique, we conclude,

ay T +Tk

[nxXp]
using similar arguments as in Step 3 in the proof of Lemma I1.8.5, that there can not
be burning tree in (z)) . at time a7, (because the right front has been stopped in

(XPH)r and [myz) —kyx > [ X27F ] 4+ my + 2k ).

is j € (X}

Step 2. We next prove 2. Let k < g. We set z := X, (T}) € Biﬂ,q' Since = & B, we
have T,f“ > Ty, > T}, whence, by Qs (o), T,f“ > Ty +3a > Ty +6a. Since Zr,_(z) =1,
there holds that T, — 77, (x) > 1 whence T, — 77, _(x) > 14 3c, thanks to Qps(a). We
deduce that Zr, (y) =1 and Ty — 77, (y) > 1+ a for all y € [z, 2 + 2a/p]. We set
m1,— () = Ti(x), for some I € {0,...,q—1}.

Let us fix i € [|myz] +ky »+ 1, [ny(x + 2a/p)|]. Observing that i ¢ U:vEXTq () a7 U

Ur<k<q ([X,?’JF]A,7T U [X,?’_]Mr), we deduce from Lemma II1.8.5 and by (I1.8.30) that

p;!;ﬂ_ (i) < 71, (i/ny) + ey whence

AT
pr,— (1) <Tg—1—a+exs.
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We conclude using Q3 (\, 7) that i is occupied at time a)T},.

Let now i € [[nyXy]| + ifl:th—Tk) + 1, |nyz] + ky z]. The site 7 has not (yet) been
affected by the fire k. By QF (), 7), if p:)};;r_ (1) = 0 then i is occupied at time a)Tj,, because
T, > 1. If pé‘{(z) > 0, by QPT(\,7), we necessarily have p:)};;r(z) e [T + % -
ex, 1]+ % + £,]. We deduce as above that

pr (i) < Tiifny) +ens STy —1—aters
and conclude using using Q?“? (A, m) that ¢ is occupied at time ayTj,.

Step 3. Finally, point 3 is proved exactly as Point 2. O
We finally examine the (A, 7, A)—FFP around [n)X,| at time a,Tj.
Lemma II1.8.7. We work on Q(c,~v, A\, m) N Q%qﬁ

1. If Zr, (Xy) < 1 then there are ji,j2 € (Xg)x such that j1 < [n)\X,] < j2 and
s (j1) = 1as(j2) = 0 for all s € [Ty, T, + &3]

2. If Zr, (Xy) = 1 then 772’;}(1_(2') =1 foralli € [[nx(X;—2a/p)], [nx(Xy+2a/p)]].

Proof. First observe that |z — X,| > 3a/p for all y € B%/Lq UBL whence Fr,_(y) = 0 for
all y € (X, —3a/p, Xy + 3a/p). We deduce, by Lemma I1.8.6, that there is no burning
tree in [|ny (X, — 2a/p)], [n\(Xq + 2a/p)|] at time ayT,— in the (A, 7, A)—FFP. We
distinguish two cases.

Step 1. We first study the case 77,_(X,) > 0. By construction, recalling (II.8.18)
and since no match has fallen in X, during [0,7}), there is a unique k < ¢ such that

1, (y) = Ty (y) for all y € (X, — 3a/p, Xy + 3a/p).

If Zr, (X,) <1, then Z1, (X,) =T, — 1,-(Xy) < 1 whence T, — 17, (X,) < 1 - 3a,
thanks to Qa/(a). Recall that for i € (X;),, seeds fall according to (N2 —
[y Xg]))i>o0-
By Lemma I1.8.5, for all i € (X,)x,

i — [myX i — |y X
i — [y kH_Q’TkJr! [ X ]|
AT a)m

C (TTq,(Xq) — Vanr ,TTq,(Xq) + V}\,ﬂ')'

Py (i) € [T + el

Since we work on Q5 (X, 7) and since Ty, 71, (X,) € By U B}, there are some
—m) < i1 < 0 < i3 < my such that no seed has fallen on 7; and on i3 during
[ax(Tr,— (Xq) —4vax),ax(Ty+4vy -)] D [arTy ,a)\(Tq%—mgm)]. All this implies that
i1 and iz remain vacant during (at least) the time interval [a\T, ,ax (T + mgyﬂ)].
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If Zr, (X,) =1, then T, — 71, _(Xy) > 1 whence T, — 77, (Xy) > 1+ 3a and T, —
17,—(y) > 1+ a for all y € (x — 2a/p, x + 2a/p), thanks to Qpr(a).

By Lemma I1.8.5, for all i € [|ny (X, — 2a/p)], [nx(Xg + 2a/p)]], we deduce

Py (i) € [Ti(i/my) — exr, Tu(i/n)) + exzl.

Since we work on Q5 (A, 7), at least one seed has fallen on each site during [ay (T (i/ny)+

exr) ax(Tk(i/my) + 1+ ey )] C [ax(Tk(i/ny) + exr),a\T,). Since, by definition,
¢ cannot been affected by a fire during (p:);;r_ (i) ,axTy), we deduce that the zone
[[nx (X — 2a/p)] , [nx (X + 2/p)|] is completely filled at time a\T,—.

Step 2. Here we study the case 77, (X,) = 0. By Qu(a), we have 77, _(y) = 0 for all
y € (X, —3a/p, X, +3a/p).

If Zr,_(X,) <1, then Z7,(X,) = T, < 1 whence T, < 1 — 3a. Since we still work on
Q5 (A, ), there are some —m) < i < 0 < 4 < my, such that no seed has fallen
on i1 and on iy during [0,a, (T, +4vy )] D [0,ax(T, + &% ,)]. Since we start with
a vacant initial configuration, we deduce that i1 and is remain vacant during (at
least) the time interval [a)\T} ,a) (T}, + ’%gm)]'

If Zz,—(X,) =1, then T, > 1 whence T, > 1 + 3a. By Lemma I1.8.5 we deduce that
p;\“:;r—(z) =0 for all i € [[nx(Xy — 2a/p)|, [mA(Xq + 2a/p)]] and thus

A, . . S,A, .
. (i) = min(NS3 (i), 1).

Since we work on Q5 (), 7), at least one seed has fallen on each site during [0,a,] C
[0,a)T;]. All this implies that the zone [|ny(X, — 2a/p)], [nx (X4 + 20/p)]|] is
completely filled at time a)7;—. O

The following corollary completes Stage 1.
>\7 ,, y )\7
Corollary I1.8.8. On Q(«a,~,\, ), QT; implies QT;MVA,W'
Proof. Let k < ¢ such that TkD’Jr € (T;,T4+1). By Qu(a), we have Ty 4+ 3o < TkD’Jr
whence T, + 4v) , < TkD’+ — V. Thus, no fire extinguishes during [T, , T, + 4vy ] (in
the limit process). Hence, we have to prove that

. if X;7(T,) € Xi, for some k < ¢, then ni;Z(Ln)\XkJ + if:):tt*Tk)) =2forall t €
[Tq ,Tq + 4V)\77r];

o if X, (Ty) € X7, for some k < ¢, then n;";g(Ln)\XkJ + Z.Z;_(t—Tk)) =2forallt e
(T4, Ty + 4vizl;

o if Z7,_(X,) < 1, then the left and right fronts of the fire ignited at (Xg,T) are
stopped during the time interval [a\T} ,ax(T; + v x)].

118



Observe that, on QPT(\, 7) there a.s. holds that, for all k& < ¢,

ke, + oot

0 < o)1, +4vs o ~1i) ~ Tar(z,—m) < A0+ 2Kar) < [mia/p)

and

‘kv )
—[ma/p] < —4(my + 2k>"”) < Lay (Ty+dva—Tk) — ax(Ty—Th) =0.

All this implies that a front of a fire at time a)T,, which belong to (z)\ . for some
x € By, U{n\X,}, can not affect the zone outside [[nr(z — a/p)|, [nx(z + a/p)]]
during the time interval [ayTy ,a)(Ty + 4vy «)].

Step 1. Here we prove that for k < g such that x :== X7 (T}) € ijr_q then n;‘;i(Ln)\XkJ +
ii’;Et—Tk)) =2forallt e [T,, Ty + 4vy .
Indeed, by Lemma I1.8.6-2 if k < ¢ or by Lemma 11.8.7-2 if k£ = ¢, there holds that

A, o+
naA?q(LnAXk‘J + ZaA(Tq_Tk)) = 2

and

i, (i) = 1for all i € [ Xe| +ipty 0 +1, [na(@ +2a/p) ]
But by the previous consideration, no fire, except this one, can affect the zone [|n) Xy |+
ii;JETq_Tk) +1, |ny\(z+«/p)|] during [ayT; ,a)(Ty; +4v) )] and conversely, this fire can
not affect the zone outside [|ny(x —«a/p)|, [nx(z+ a/p)|]. Hence, the right front of the
fire k is not stopped during the time interval [a)T; ,a) (T, + 4vy )], as desired.

Step 2. Let k < g, if = X, (T;) € x7, then ni‘ﬂ([n,\XkJ + iz;_(t_Tk)) = 2 for all
te [Ty, Ty +4vy «]. This can be shown using similar arguments as in Step 1 above.

Step 3. If Zy,_(X,) < 1, we have T, = TP* = TP~ By Lemma IL1.8.7-1, we deduce
that there are ji,j2 € (Xg)a such that j; < [nyX,] < j2 and

?73;’2(,7'1) = 77;\;7;(j2) =0 for all s € [T, T, + “(x)\m]'

Hence, on Q27(X,,T,), there holds that n™™ ny X, | + ik, =0,
AT ( q q) naA;quTJi*Ln,\XqJ (L qJ TJqlfln,\XqJ )

q 0 5T q7+ —
because Tq + le* [nxXq] /aA < Tq + B and na)\quLTJ('ZQ*Ln)\XqJ (LnAXqJ * ZTJqlanAXqJ) =0
because T, + J;IQ*LH)\XqJ Jayx < T, + ”g\m’ as desired. O

STAGE 2.

In this Stage, we assume that A, # () and we fix £ € [0,N; — 1]. We work on

Qo v, A, ) N QT and prove that QT§+1

Thtdvy , a.s. holds. We repeatedly use the

+4V>\’ﬂ-
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fact that no match falls in [—A, A] during the time interval [Téc +4vy « ,qu+1 + al.
Observe that, for all i € I7},

AT N K .
naA(T§+4VA,n)*(Z) - naA(T(er‘lVA,Tr)(Z)'
We first examine the position of the burning trees of the (A, 7, A)—FFP at time aA(T(f—i—
4V)\,7r)-

Lemma I1.8.9. We work on Q(a,v, A, m) N Q;,LMA

1. At time a)\(qu + 4vy x), a burning tree necessarily belongs to (x)xr, for some

+ —
T € XTk avy U Xk avy and 1is either |nyX;| + z (T’“+4v>\ gy O In)\X;| +

- )
by (Th vy o —T})’ for some | < q, or has vacant neighbors.

2. If XfL(Té'g +4vy ) for some I < q, then

+
€ X7k tavy 7

~ (Inx X + 2

o )=
naAT§+4v>\’,r (Tk+4V)\ Trle)

. A,
and WaATk+4vA (i) = 1 for all i € [|[nxX;| + zaj(TégHv%FTl) + 1, | (X (TF +
4vaz) + 20/p) |1

3. If X, (TF + 4vy,) € Xt+av,, am bvrn (InyX;] +

q,— AT
aA(Tk+4V>\‘rr*Tl)) =2 and 77aATk+4vA,,T( i) =1 for all i € [[n\(X; (T§ +4var) —

2a/p)], [\ X))+l ATty -1y~ -

> for some I < q, then 77

Proof. The proof is very similar to the proof of Lemma I1.8.6.
Indeed, we prove point 1 using QP7(\,7) (as in the proof of Lemma I1.8.5) which
implies that a burning tree necessarily belongs to (X, (T’l‘C +4vy o ))ag or (X (Té’g +

ax(TF+4vy —T) OF X |+ MTE44vy —T})

or has vacant neighbors. Furthermore, if X;F(qu +4vyg) < X/ (qu +4v) x), for some
1 #1', we deduce, by Qps(a), that

4vy x))xr for some I < g and is either LnAXlJ—i—z

_ 15%e"
Xy (TF+4vy ) = X[ (TF 4+ 4viaqz) > Ba—8viaz)/p > 7%

Thus, as claimed in Step 3 in the proof of Lemma II1.8.5, for a site iy in <Xl+(qu +

4V x))ax is burning at time a)\(qu +4v) x), since [ is unique, it is necessary that

AT N . .
naATH—T LHAX”( j) =2 for all j € [|[n\X;],i0].

But, if XlJr(T;‘C +4vag) & X;k+4v then TD”L < T(f. By QTk+4V , we deduce

that there is j € [XID”L]A7T such that 77 T+T (j)) =0 (because there is s €
—lnxX]
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[T, D+ _ Var ,T t v ) such that naAS(Ln)\XlJ + zak(s )) = 0, recall (I1.8.25) and
(I1.8.26)).  Since (X;"(TF + 4v) z))ax N [XlD Iar = 0, thanks (11.8.29) (recall that
XlD’Jr = XlJr(TlD”L)), there is no burning tree in <Xl+(qu +4vy 7)) xr at time a)\(Tég +
4V)\,7r)-

Point 2 (or point 3) is proved as in Lemma I1.8.6. Indeed if X;" (Tf+4v>\,,r) € X;§+4V/\,7r,

then TlD’+ > TE > TF+3c and | XN (TF+4vy ) —y| > 2a for all y € BY. Furthermore,
on Qu(«), by construction, we have

ﬁTé“—i—élV)\,,r (y) = 0 for all Yy € (XZJF(qu + 4V)\,7r) 7Xl+ (qu + 4v)\,7r) + (3(1 - 4V}\,7r)/p))

Thus, we prove that n (T’“+4VA )( j) = 1 for all j € [|n)\X;] + Zak(T’“+4"A 1) T
1 Ln)\(X+(Tk+4V)\ )+2a/p) ] by distinguishing the cases j € [|n)X;| +Za/\(Tk+4v/\7\'_Tl)+
1, [y X (TF+4vy 2) | +ka <] and j 6[LnA)Q+CEf+4VAJ)}+kXW,LnALX+(Tf+4VAJ)+
2a/p)]] (recalling that Xl+(qu +4vag) & Bﬁ[). O

We then compute the cluster destroyed by a microscopic fire. We use the notation
introduced in Lemma I1.8.2.

Lemma II1.8.10. Let m < q, if Z7,,—(Xm) < 1, we define to = Tp,, — Z1,,—(Xm),
which is nothing but 1, —(X,,), recall (I1.8.18). We then define, recall (11.8.13) and
(IL.8.14),

(i) if to = T;(Xm) > 0 for some l <m and if X;m = X; (to),
M= (Im\X;] + Zak(to vanety) — MaXm i to, Tn);
(it) if to = T)(Xim) > 0 for some I <m and if X,, = X (to),
M= (In\X;] + Zak(to vanety) — X3 to, Tn);
(iii) if to = 0,
M = (0;0,T},),
Then, working on Q(c,y, A\, 7) N Q;,Z:% o in each case, there holds that

(CAﬂMm(

)‘7
(na;zrﬁ( ))te[to -V 7r,Tm—f—,‘@)\ Tr] 1€(Xm)a I_n)\X J))te[to—Vk’ﬂ,Tm-i-H(;\m],iE(Xm)A

where the last process is defined as in Lemma 11.8.2 using the seed processes family
Smy - . . Pm .
(N (4))e>0,icz and the propagation processes family (N; " (i))i>0.icz-

This in particular implies that, still on Q(c,y, A, 7) N Qa\,,vaA

CP(m™ (@)ezviezs (Xim, Tm)) = [[03Xm] + 149, (03X ] + 9] C (Xim)a

where [i9 ,i%] = CP (™M™ (i ))t>0.iez, (0, T)) C [—my,my], recall Lemma I1.8.2.
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Proof. We only treat the case (i). The case (ii) is of course similar and the case (iii) is
easier.
We thus fix 1 <1 < m < ¢ in such a way that

10— (Xm) = to = T)(Xim) and X, = X" (to).

By Qp/(«), we deduce that TlD’+ > tg + 3a and T}, > tg + 3a > 1} + 6. Hence, by
construction, there holds that Zy, v, (y) = 1 for all y € (Xp — Vax/p, Xm + 2a/p).
Observe that ch“' +4vy . > T + K?\Jr'

By N

T§W+4V)\77r’ we deduce that at time ay(typ — vy ») the site

[0 X3] + ii{j(to,vm,m € [[nX] —my — 2k r, 03 X5 | — my\]

I+ )
ax (to—van—1)) T 15 |ny (X, +2a/p)|] is completely
occupied (use very similar arguments as in Lemma I1.8.9-2, recalling that no match
falls on X,, during [0,7},) D [0,t0)). Comparing (7" (i))>04cz and (™™ (i —

o ) ) I_n)\XmJ +

a)(to—va-—T;

is burning whereas the zone [|nyX; |+

|n) X7, |))e>0,icz, we deduce that they are equal on [[nyX;| +1
m) + 2k>\77r]] D (X)) at time ay (tg — V)\Jr).

Since, with our coupling, seeds fall according to the same processes and fires spread
according to the same processes on [X,,|x », we deduce that the fire preads in the same

way through [|n)X;| +i:;\4(>tofv)\,7r*Tl) , [0\ X ] +my +2k), . ]. Thus, (U?’ﬂ(i))tzo,iez and
(C;"”’M’m(i — 03X ]))e>0icz remain equal on [|nyX;| + ig;JEtova,ﬂle) +1, [0\ X, ] +

m) + 2k, -] D (X;,)x during the time interval [ay(to — v x),ax(to + 4vy )], recall
(I1.8.29). No other fire affect the zone (X,,), until a match falls on |n)X,,| at time
a)T,, because the zone (X, ), is protected by vacant site during the time interval [ay(to+
vy x)ax(Tm + K())\J)] (by construction for (MM and because in the (\, 7, A)—FFP,
on Q5 (A, ), there are

—m)y — Qk)\,ﬂ << -—my <my <iyg<my+ Qk)\,ﬂ

where no seed fall during the time interval (ay(to — 4var),ax(Tm + 3 ) and because
the sites |nyX,,|+4; and [nyX,,|+1i2 has been made vacant by the fire [ during (ax(to—
4vy r),ax(to +4vy r)), recall (I1.8.28) and (I1.8.29)). Thus, since seeds fall on [X,,]x »
according to the same processes, (1" (1))i>0.4ez and (™™ (i — 03X ]))i>04cz Te-
main equal on (X,,), during [ay(to + 4va),axTy). Finally, by Q5 (A, 7), we deduce
that there are some sites

—m) <i3<0<1g <my

where no seed fall during the time interval [ax(to — vax),ax(Tm + /19\7”)] whence, as
usual, in both cases, the sites |n)X,,| + i3 and |nyX,,| + i4 are vacant during [a,(to +
Var),ax(Tm + ngﬂr)], recall (I1.8.26) (because they are made vacant by the fire ). Since
the two processes evolve according to the same rules, the match falling on |nyX,, | at time
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a\T,, destroys the same zone. Thus, (U?’W(i))tzo,iez and (C?’W’M’m(i — 02X ]))e>0icz

are also equal on (X,,)\ during [a)T}, ,ax(T, + ngm)].
We deduce, on Q5 (), 7), as seen in Micro(p) in Subsection I11.4.4, that

P M (1)) iz0,ez, (0, Trw)) = [ ,i%] € [~my ,my]

and that there is no more burning tree in (X,,)x at time ay (T, + &3 ), whence

CP (™ ()20, (Xin, Tn)) = (03 Xom ] + 89, [0aXin | + %] C (X ). O
We will need the following lemma.

k k+1 AT
Lemma II.8.11. Let so € [T/ + o, T; " +a]. We work on Q(a, 7, A, ) mQT(fJFZlV)\,ﬂ—.

1. In the limit process, if, for somel < gq, XfL(T;C +4vy.) € X;k
q

that sg < TlD’Jr and

in such a wa
+4V>\’ﬂ- Yy

Friqay, (y) =0 forally € (XH(TF + 4vy0) , X (s + @), (11.8.33)

then, in the discrete process, the site |n\X; (so)| is not affected by a fire during
the time interval [a)\(qu +4vy o), ax(so —exqr)]

2. In the limit process, if, for some l < q, X; (Té’g +4vy 1) in such a way

€ Xi}“ﬂlv)\m
that sg < TlD’f and FT§+4VA,W (y) =0 for all y € (X; (s0 + ) ,Xf(qu +4vir)),
then, in the discrete process, the site |n\X; (so)] is not affected by a fire during
the time interval [a)\(qu +4vy ), ax(so —exqx)]

Proof. It of course suffices to prove 1.
First, using (I1.8.33), we deduce that

(X;*(T;? + 4v)\77r) ,X[F(S(] + Oé)) M <X;§+4v>\’ﬂ_ U XT§+4V>\"") = @

Hence, by Lemma I1.8.9-1 and by (I1.8.24), we deduce that there is no burning tree in
1, .

[ X;] + Zaj(Té“r‘lV%FTl) + 1, [0 X" (s0 + @) | — kaz] at time a)(TF + 4vy ).

On the one hand, on Q(«,~, A, 7), recall (I1.8.27) and Lemma I1.4.2, there holds that

1,
|y X | + zaj(so_%_m < [m\ X, (s0)].

Thus the right front of the fire I does not reach |nyX;" (so)] before ay(so — ey ). Hence,
no fire coming from the left can affect the site |nyX; (so)| during the considered time
interval.

On the other hand, no fire coming from the right can affect |n,X;" (so)] before ay(so—
e ). Indeed, since there is no fire in [[nyX;"(so)], [m\ X (so + @)] — ki 4] at time
aA(qu + 4vy ), we deduce, by Q(a,v, A, 7), that if a fire affect the site |n)X;"(so)]
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during the time interval [aA(qu +4v) ), ax(so —exr)], it is necessarily a left front. But,
by construction, if X, (TF +4v) ) € X;§+4Vm’ for some I’ < ¢, then X;"(sg) < X/ (o)

(because sg < TZD’JF). By (I1.8.27) and Lemma I1.4.2, we then have

a
{n)\Xl/J + (N

Aso—ex.—Ty) > I_HAX7(SO)J > {nAle(so)J.
Hence, no fire coming from the right can affect n)X;"(so)] during the considered time
interval. O

The two following lemmas are the keys of this Stage. The first of them insure that a fire
indeed propagates. The second insure that a fire is stopped when it meet a microscopic
zone.

k k+1 AT
Lemma I1.8.12. Let so € [T + o, T +a]. We work on Q(a, 7, A, 7) N QT§+4V)\""-'

1. In the limit process, if Xl+ (T(f' +4vy ) for some I < q in such a way

+
= XT§+4V/\,7\'
that so < TlD’+ and FT§+4VAW(y) =0 for ally € (X;"(TF + 4vax), X}  (s0 + @),
then

A,

—lnxX;]

) 1,
for alli € [[I_n)\XlJ + Zaj(T§+4v>\’,r7Tl) R I_n)\Xl—’—(So)J —m) — 2k)\77r]].

2. In the limit process, if X, (Tq]““—|—4v>\7,r) € Xrkyay,  Jorally € (X] (so+a), X, (T(f—{—
q 57T
4vy r)), then 772;7FTZ+T? (i) = 2 for alli € [[nyX; (so)] +my+2ky -, [m)\X;] +

—[n\X;]
i ]
ax(Tr+dvy =T 4"

We can prove the propagation of the fire [ only to [nyX;"(so)] — my — 2k, .. Unfor-
tunately, if sg = T(f‘H = TlD’Jr and X;F(T(;”l) = X(;“‘H = XlD’Jr (that is if the right front
of the fire [ is stopped at time qu+1 in the limit process), we can not say anything more
on the discrete process without a careful study of the process. We will show below (see
Lemma I1.8.13) that, in this special case, the zone [[ny X! | —my —2k) r, [my X5+ | -
m, ] is actually completely occupied at time a)\(T(f‘H —4v) ). This will imply that the
fire propagates indeed until a>\(qu+1 — Vax), thanks to (I1.8.25).

Proof. Lemma I1.8.11 shows that the site [nyX;"(so)| is not affected by a fire dur-

ing [a)\(qu + 4vy x),ax(so — exr)]. Hence, no fire coming from the right affect the
A+ . . .

zone [|n\X;| + I (kv o~T) T 1,[n)X;"(s0)]] during the time interval [a)(T}F +

4vy r),ax(so — v r)| and, conversely, the right front of the fire [ does not affect the zone

on the right of [n)X;"(so)]. Since 77:1\;\7ET(56+4V>\’7\-)(|‘H>\XlJ + igj(T§+4VA,W—Tl)) = 2, thanks
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to Lemma I1.8.9-2, it then suffices to show that for all i € [|n)X;] + z
1, [my X" (s0)] — my — 2ky«],

NThttvaa—T)) T

AT N
naATerT —ny X, (Z) =1

i.e. the site i is occupied just before that the right front of the fire [ reaches 1.

Observe that by construction, in the limit process, no fire affect the site i/n) €
(X+(Tk +4vy ), X+(so)) during (T’l‘C + 4V)\ x> 11(i/ny)) whence in the discrete process,
no fire can affect the site i € [|n)X;] + ZaA(T’C+4vA T [\ X" (s0)] — my — 2k ]
during [a>\(Té’g +4vy ). a\T + T LleJ). All this implies that for all i/ny € (X, (TéC +
4vyx), X; (s0)), we have

TTy(i/ny) ( /n)\) - 7—T’“-l—4v>\ ( /n)\)

while for all i € [|n)\X;| + ZL’:F(TkHvA Tt 1, Ln,\Xl (s0)] —my — 2kj ] we have

A\, .
p’]"l+ ( ) = pT§+4VA,7r (Z)

i LnAXj/a/\

Step 1. Here we show that for all j € [|nyX;| + z (T’C+4vA oyt L Ln,\XlJr(ch +

4vy r)| + ki =], we have na Tl+Tl (=1

J—lnxXl
In Lemma I1.8.9-2 we have proved that 77 (Tk+4v>\ )( j) = 1forall j € [|nyX;] +
ib +(Tk+ aaT)) + 1, X, (Té’C +4vyx)] + ki ]. The result follows from the previous
observation.

Step 2. Here we show that for all j e [[Ln)\X‘F(T;‘C +4vy )| +kar+1, {nAX;'(sO)J —
m) — 2k -] \ Uyegﬁ [Y]xx, we have 77 TH_TI . _U) =1
nxAy
Indeed, on the one hand, ZTl(j/nA)_(j/nA) =1, then Tj(j/nx) — T7,(j/ny)—(1/m1) > 1
whence

TG /my)— (/1) < Ti(j/ny) — 1= 3a,
thanks to Q2j/(). On the other hand, recalling that there is no burning tree in [|n) X;" (Tf—l—
vy )| +kar+1, LnAXJF(so)J]] at time a)\(Tk+4V)\ +) (and thus j ¢ UmGXTk+4 {@)rr)

and since j & U,cpp [ [z]x,x, we deduce from Lemma I1.8.5 and by (I1.8.30) that

A .
pTIZr+4vA (j) < TTh+4vy (4/my) + ex\r-

All this implies that

A, . .
pj—‘l+T oy, XJ/aA (]) S,Ijl(]/n)\)_l_?)a_{'e)\,w-

Recalling that T; + T _ oy XLJ/aA > Ti(j/ny) — exr, thanks to (I1.8.30), and ey » < «,
we conclude using Q3 ()\ ) that the site j is occupied at time a)T; + T LX)
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Step 3. Here we show that for all y € BY N (X;F(Tf +4vaq), X; (s0)), for all j €
[y]x 7, there holds n;‘;?Tl () —vs )(j) = 1. This will conclude Lemma I1.8.12 since a1} +

le,_LnleJ > ay(T;(y) — 4vy ,) for all j € [y]x r, thanks to (I1.8.28).

Preliminary considerations. Let y € B]\Ddﬂ(XlJr(qu—l—ller) , X;" (s0)). Since X;"(s0) <
Xl[)’+, we have y < XlD’+ — 3a/p. We may assume X; (so) > y + a/p, by Qur(a). We
know that Hry,)_(y) = 0, whence Hrpy,)—(y) = 0 and Zg)—(y) = Zr)-(y+) =
Z1(y)—(y—) = 1. This implies that Tj(y) > 1 (because Z;(y) =t for all t < 1 and all
Y€ [_Aa A])

As pointed out in Step 2, we have, setting j, = [n\y| —mjy — 2k,  — 1 and observing
that T} + 1} |, x, /20 2 Ti(y) — 4vage 2 Ty + 4var,

m)y + 2k>\77r +1
n) '

A, . .
PTy(y)—tvy o) < Ti(Jg/mx) =1=3a+eyr = Ti(y) —1-3a+ex—p

Using a similar argument for j; = [nyy| + my + 2k,  + 1, we conclude that no match
falling outside [y]x » = [jg+1,ja—1] can affect [y]  during (ax(Ti(y) —1-a),ax(Ti(y)—
4vy ), because

- ) m) + 2k,
oy, (Jg) +2er+2—"E<Ti(y) —1—a

(y)74v>\,7r a>\7-r
and because to affect a site ¢ € [y]) , a match falling outside [y] » needs to cross jq or
Jg and thus must verify, recall Lemma, I1.8.5,

™

A , A , A ,
pTl7(ry)_4V>\,7r (1) < (pTl7(Ty)—4V,\,7r (jg/n)‘) v pTl(y)_4V/\,7r (Ja/mx)) + 2('%9‘7” + eA’”)'

Case 1. First assume that y € B3;. Then we know that no match has fallen on [y] »
during [0,a,T;(y)). Due to the preliminary considerations, we deduce that no fire at all
has concerned [y] » during (ax(Ti(y) — 1 — @), ax(Ti(y) — 4va ). Using Q5 (), 7), we
conclude that [y] » is completely occupied at time ay(7;(y) — 4vy x).

Case 2. Assume that y = X,,, € Bys with m > ¢+ 1. Then we know that no match
has fallen on [X,,]) » during [0,a)7;(X,,)) C [0,a)T,). We conclude as in Case 1 using
Q3 (A, 7) that the zone [X,]) - is completely occupied at time ay(7}(y) — 4vy ).

Case 3. Assume that y = X,,, € By with m < ¢ and Zp,_(X,,) = 1, so that
there already has been a macroscopic fire in [X;,]) » (at time ayT3,). There is no more
burning tree in [X,]x» at time ay(Ty, + 4vy x), thanks to Qf’f(Xm,Tm) and (I1.8.29).
Since Zr,, (Xm) = 0 and Zg;(x,,)-(Xm) = 1, we deduce that Tl(Xm) — T > 1, whence
T1(Xm)— T > 143« as usual. We conclude as in case 1 that no fire at all has concerned
(X x during (ax(T}(Xm) — 1 — o) ,ax(T7(Xm) — 4V x)), which implies the claim by
Q5 (A, 7).

Case 4. Assume that y = X,,, € By with m < ¢ and Zg,,_(X,,) < 1 and T}(X,,) —
T, > 1, whence Tj(Xy,) — T, > 14 3a due to Qp(«). Then there already has been a
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microscopic fire in [X,,]x » (at time a)T},). There is no more burning tree in [X,, ]y » at
time ay (75, + 4vy x), thanks to Qi’z(Xm,Tm) and (I1.8.29). No match falls on [X,]x ~
during (ay(Ty +4v 1) ,ax (T(Xm) —4¥3.7) 2 (ar(Ti(X)— 1= ) , ay (Ty(Xpn) — 4v5.1))
and we conclude as in case 1.

Case 5. Assume that y = X,,, € By with m < g and Z7,,— (X)) < 1 and T)(X,,) —
T < 1, whence T} (Xy,) — T, < 1—3a due to Qps(a). There has been a microscopic fire
in [Xpnxnx (at time axT,,). Since Hyy(x,,)(Xm) = 0, we deduce that Ty, + Zr,, - (X;,) <
T1(Xom), whence T, + Z1,, — (Xim) < T1(Xm) — 3a by Qpr(a). We define M = (ig; to, Tin)
as in Lemma I1.8.10.

Consider the zone CF := CP((H?’F(Z'))QOJEZ’ (Xm,Tm)) C (Xm)a destroyed by the
match falling on |nyX,,| at time ayT,,. This zone is completely occupied at time
a)(Trm + @f‘\f’m): this follows from the definition of @f‘\f’m (see Lemma I1.8.2), from
Lemma I1.8.10 and from the preliminary considerations (because T, > T;(X,,) — 1 — «).
Using Q3 (v, A\, 7), we deduce that T}, + @j‘\’f’m < T+ Z1,,—(Xim) + v < T1(Xm) — 2a,
since v < a. Hence CP is completely occupied at time ay(7;(Xy,) —4vy x).

Consider now i € [X;]x - \ CT. Then i has not been killed by the fire starting at
In)X,,]. Thus ¢ cannot have been killed during (a)(T;(Xm) — 1 — ), ax(T1(Xm) —
4v ) (due to the preliminary considerations) and we conclude, using 5 (), ), that i
is occupied at time ay(7;(X,,) — 4va ). This implies the claim. O

We now examine the process at time a)\Tq]‘H‘1 around |[n)X, é‘”‘lj in the case where the
fire is stopped by a microscopic zone (in the limit process).

Lemma I1.8.13. On Q(a,v,\,7) N Q;’,ZFHVA L if FTk+1(X(]1€+1) < 1, there exists i €
q T q

(Xé“‘l))\ such that
77;";;(2) =0 forall s € [qu+1 — Vir ,qu+1 + Vx)

Furthermore,

(i) if XFT = X;"(TF) for some | < q, then the zone
[ X | —my — 2k, () X — my]
is completely occupied at time a)\(T(f‘H — 4V x);

(ii) if Xg“ =X, (quH) for some | < q, then the zone [[Ln)\Xé“HJ +m,, Ln)\Xg‘HJ +
m) + 2Kk ] is completely occupied at time a,\(Té'ngl —4vyg).
Proof. We have ng+1(X(];+1) > 0: in the limit process, a fire is stopped in Xé““ at time
q
T;‘Jrl by a microscopic zone. Without loss of generality, we assume that ZTé“Ll— (X, 5“ -) =
1. We have either HT§+17(X5+1) > 0 or ZT(?H?(X;““%—) < 1. Clearly, Xi*! = X, €
Bys for some m < ¢, with Zp,, _(X,,) < 1 (else, we would have HT;H(X(?“) = 0 and

Zprr (XFH =) = Z 1 (XET4)). We define M = (io; to, Trn) as in Lemma I1.8.10.
q q
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By construction, there is I € {1,...,q} such that X,,, = XfL(TfH). Hence, qu+1 =
TlD’+ and X["(Té’C +4vy ) € X;§+4VA,W with FT§+4V)\7W(y) =0 for all y € (X["(TéC +
4vy x) ,Xg“ + a/p). By Lemma I1.8.9, we deduce that there is no burning tree in
[InaX;| + igj(quHVA,ﬁsz) +1,[ny X} ] at time a)(TF + 4v) ;) whence by Lemma
I1.8.11, that the site LnAXé“HJ is not affected by a fire during [a)\(qu—FZlV)\Jr) ,aA(T(f‘H -
4vy ). The site Ln)\Xé““J —my — 2k, . — 1 is not been affected by any fire during the

time interval (a)\(Té’“‘H —1-2aq) ,a)\(qu'H —4v) x)), recall Step 2 in the proof of Lemma
11.8.12.

Case 1. Assume first that HTk+1_(XZ;+1) > 0. Then by construction, there holds
q
T + Zp,— (X)) > Tf“ > T, whence by Qu(@), Tr + Z1, - (Xpm) > T(f‘H + 200 >
T + 4o
We deduce from Lemma I1.8.2 that there is a vacant site in

oF = CP (™M™ (@) Jis0,iez, (0, T)) = [19,i%] € [-my, my)]

during the time interval [ax(Ton + &3 ), ax(Tm + @j‘\’f’m)] (by definition of @j‘\’}’m). By
Lemma I1.8.10 and with our coupling (recall that seeds fall on (X,,), according to the
processes (N{q’m(i — [n3Xon]))e>0,ie(xm))» We deduce that there is also a vacant site in
[lox X + 49, [y Xon ] + 9] C (Xom)a during [ax(Ty, + RS ) s ax(Ton + @f‘\fm)] But
by Qf’P(%)\,ﬂ'), we see that @f‘\’f’m > Z1,,—(Xm) — v whence T, + @f‘\f’m > T +
Z7, —(Xm)—7 > T;“'“ +2a—7vy > Tf“ +v) rsince v < a and v < a. All this implies
that there is a vacant site in CF' C (X;,)x during [ay(TF™ — vy ), a)(TFH + vy )]

Since the match falling on |nyX,, | does not affect the zone outside (X,,)x, we deduce
from the preliminary considerations that the zone [|ny X ™ | —my —2ky -, [m X | —
m, ] is not affected by any fire during [a)\(Té”l —1—a) ,a)\(T(;H'1 —4v) )], which implies
the claim by Q5 (\, 7).

Case 2. Assume that H «+1_(Xp,) = 0. Then by construction, there holds T(f“—[Tm—
q
Zr, —(Xm)] > 1, whence qu+1 — [T — Z1,,— (X)) > 1+ 3. Since Hprv1 (Xp) = 0,
q
we have Zpii1 (Xm+) < 1 = Zpen (Xp—) and Ty + Zp,— (X)) < TFT so that
q q
T + 21— (Xm) < TFH = 3a.

We aim to use the event Qf’P()\,T(,Oé). We recall that tg = Tp,, — Z7,,—(Xim) =
77,,— (Xm). Observe that Z;,_(X,,) = Ziy— (Xm—) = Ziy—(Xm+) = 1 because there is
no match falling on x during [0,T;,).

Set now t; = T},,. Observe that 0 < ¢; —tp < 1 (because Z7,, (X;,) < 1). Necessarily,
Z;—(z4) has jumped to 0 at least one time between to and 7, f“— (else, one would have

Z,

Iy

(since a jump of Z;_ (x4 ) requires that Z;_(zy) = 1, and since for all ¢t € (to,tp + 1),
Zi (xy)=t—1tg <1).

k+1_(z4) =1, since Tq]“‘l—to > 1 by assumption) and this jump occurs after to+1 > ¢;
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We thus may denote by to < t3 < --- < tg, for some K > 2, the successive times of
jumps of the process (Z;—(x_), Z;—(x4)) during (fo + 1,7,™). Then we observe that
Zi_(z+) and Z;_(x—) do never jump to 0 at the same time during (¢o ,Té”l) (else it
would mean that z is crossed by a fire at some time w, whence necessarily H,(z) = 0
and Z,_(z+) = Z,_(xz—) for all r € [u,T(f‘H]).

Furthermore there is always at least one jump of (Z;_(z_),Z;—(z4)) of any time
interval of length 1 (during (to ,Tq]“‘l)), because else, Z;_(x_) and Z;_(z4) would both
become to be equal to 1 and thus would remain equal forever.

Finally, observe that two jumps of Z;_ (x4 ) cannot occur in a time of length 1 (since
a jump of Z;_ (x4 ) requires that Z;_(z4) = 1) and the same thing holds for Z;_(z_).

Consequently the family P = {to, ..., tx} necessarily satisfies the condition (PP1) of
Subsection I1.8.3.

For each [ € {0,2,..., K}, there is a unique (thanks to Qs(«)) k; € [0, ¢] such that
t; = T, (Xom). We set, for all I € {0,2,...,K},

il = LnAXli + ikl’+ — Ln)\XmJ

ax(ti—va,»—Tk,)

if the jump at time ¢; is a jump of Z;_(X,,,—) (that is if x = X,;;(tl)) and

= (X + i:l):(_tl_VA,W_Tkl) = [ X
if the jump at time #; is a jump of Z;_ (Xp,+) (that is if 2 = X} (#;)). Set for example
ip=0iftp=0. Wealsoput e =—-1ifx = Xf;(tQ) and € = 1 else. We thus may denote
T = (&;0kys Tkys - - - » Uiy )- Clearly, 7 satisfies (PP2), thanks to (I1.8.25).

All this implies that P = (P, Z) satifies (PP).

Next, there holds that ty — t; < Zp,—(X,,) = t1 — to, because else, we would have
Hy, (X,,) = 0 and thus the fire ko would cross X,,, so that Z;_(x4) and Z;_(z_) would
remain equal forever. Furthermore, we have 0 < T(f'“ — tx < 1 because else, we would
have ZT(;CH(Xm—) = ZT§+1(Xm—|—) = 1, whence qu+1 < tg — 3a.

Finally, we check that

)\7 . )\7 ] y
(M3 ()t fto—vamtictava ahie(Xmn = (G ™ (0= 02 ]) )it —va rotrctava 2 i€ (Xm)
(I1.8.34)

this last process being built with the family of seed processes (Nts’m(i))t207,~ez and the
family of propagation processes (Nf’m(i))t207,~ez as in Subsection 11.8.3. We do e.g. it
in the case where ¢ = —1 and ty > 1, the other cases being treated similarly.

Observe that for all I € {0,2,..., K} there holds t; = Ty, (Xy,) = Tk[l)’Jr (if X, =

X,;:(tl)) or T,fl)’f (if X, = X, (t;)). Hence, since Tf +4vy x> T + Vv x, we have

Ao (0 X +i)) =2 (11.8.35)

MTay (#, —V,x)

for all I € {0,2,..., K}, thanks to Q;’§+4VA )
q S\
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We already have checked in Lemma II.8.10 that (nt)" (1))t>0,icz and (CA o, m( -
|nxz|))i>0,icz are equal on (X,,,), during the time interval [a(to—var),ax(Tmn +£3 )]
Using similar argument, observing that seeds fall on [X,,] » and fires spreads thro{lgh
[Xim]ar according to the same processes and using (I1.8.35), we easily deduce that
(I1.8.34) holds on Q(a, v, A, 7).

We thus can use Qf’P(A, 7, «) and conclude that

o there is i € (X;,)x with 77;";;(1) = 0 for all t € [TF — vy, TF + v, 4] C
[t + 2Vyn,tg +1— al;

« 10 fire coming from the right can affect the zone on the left of [ny\X**!| —mj dur-
ing the time interval [a)T, , a>\(qu+1 —4v) )] (because the fire are stopped by va-
cant site in (X,;,)»). Hence, to affect the zone [[LnAXé“HJ —my—2ky Ln)\Xg‘HJ -
m, | during this time interval, a fire must come from the left and thus must affect
the site Ln)\Xé“HJ —m) — 2k, » — 1. We deduce from the preliminary considera-
tions that the zone [|myX ™| —my — 2ky ., [m\X¥*!| —m,] is not affected by
any fire during [a)\(T;€+1 —1—-a) ,a)\(T(f‘H — 4v) )] which implies the claim by
Q3 (\, 7). O

We deduce the following corollary, which is the goal of Stage 2

Corollary I1.8.14. On Q(«,~, A\, ), Q;:H implies QT’“+1+4 -

Proof. We have to prove that for [ < g,

. D
(a) i X[ (T +4van) € Xy, , and 77" # TEFY, then nai([maXi ) +43 0, _p) =
2 for all s € [T(f +4vy . ’qu+1 +4vir);

(b) if X, (TF+4vy,) € X;§+4 and 1fT " # THH then naAS(LnAXlJ aA(S ) =
2 for all s € [TéC +4vy r ,qu+1 +4vy 1;

(c) if Xl+(T§+4v)\77r) € XJTF§+4VM and if TlD,+ Tk+1 then naAs({n,\XlJ-HaA(S Tz)) _
2 for all s € [Tk +4vy 5 ,T]€+1 — V)« and there is s € [Tq]“‘1 — Vanr ,qu+1 + V)
such that né;g(LnAXlJ + zaA(s ) = 0;

(d) if X; (T, Fidvy o) € XT’€+4 and 1fT = T’H'1 then naAs(Ln)\XlJ—HaA(s Tz))
2 for all s € [T’l‘C +4v,, W,T’l‘“r1 — Vx) and there is s € [qu*l —Van ,qu+1 + V)
such that naAS(LnAXlJ + Za>\(s Tz)) —0.

All this will imply the result (observe that only these four cases may occur).
Observe that either Fr+1 (Xg“‘“) = 2 (i.e. two fires meet at time Tf“) or Flit1 (Xg“) <
N q

1 (i.e. a fire is stopped by a microscopic zone).
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Step 1. We start by studying the case where FTkH(XZ;"'l) = 2. There are I; and Iy
q
such that X;;(Tf“) = Xé”l =X, (Tq]“'l). In this Step, we prove (c) for the fire [; and
(d) for the fire lo.
~ + ok + — (k -

By construction, we have X;" (T,/+4v) ) € XTkavy and X, (T, +4vy ) € XTk avy
with Fr 4y, (y) = 0forally € (X (TF+4vaz) , X, (TF+4vy 7)) and X (TF+4vy -)—
XH(TF +4vaz) = 2T+ = TF — 4vA W)/p > 5a/p.

We first prove that nakS(LnAXllj —i—zaA(S 7, ) =2foralls € [an(TF+4va ) an(TF T —
Var)|. Equivalently, we prove that

A, .
=2
LAV Lo J(J)
-l )
for all j € [[n\ Xy, | + [ N ANTE+Avy —T),) Iny\Xp, | + " (Tk+17v)\ *Tzl)]]'
Firstly, Lemma I1.8.12 with s = TkJrl directly implies that 7™ (j) =2
aATlﬂLT lny Xy, )

for all j € [|nx\ Xy, | + zll’(TkHvaTll) [\ XK | — my, — 2k ]

Secondly, we prove that
AT N . k+1
naA(T;H%VAJ)(z) =1forall i € [X" ]\

This will completes the claim, using similar arguments as in Lemma I1.8.12 since there
. . . Iy do,—
is no burning tree in [|nyXj, | + Z;A?T§+4vx,ﬂlel) + 1, [n\Xg, | + Z:A(T§+4v%ﬂfT12) + 1]

. k . 11, +
at time a)(7T; + 4vy,) (by Lemma I1.8.9) and since |n)Xj, | + T (T vy o—T1,) <

k41 PT
(Tk“—VA,W—TzQ) > [np Xy +my (by Q57 (A7) and

[0\ X5 ] —my and [0, X, | —1—1
(I1.8.25)).

No fire can affect the zone [XF™], » during [ax(TF +4vy z) ,ax(TF ! —4v) )], thanks
to (I1.8.28) and to Lemma I1.8.9, (which implies that there is no burning tree in [|ny X, |+

‘l17+ : E+1\ __
ZaA(T§+4v)\,ﬁ7Tl1)+1 {n,\XlQJ—i‘ZaA(T’vaA <—Th,) —1]). By construction, we have ZT;H,(XQ )=

ZTk+1 (Xk+1+) = ZT§+1_(Xq+1 ) = 1, whence qu+1 - TT(;CH(X(?H) > 1 and qu+1 -

Tk+1(Xk+1) > 1+ 3a by Qu(«). Since no match has fallen on Xg“ € B2, during
0, T(f“], using similar argument as in Case 1 Step 3 in the proof of Lemma I1.8.12, we
then deduce that for all j € [XF1], -,

A, . k+1 1
paA(T§+174v>\’ﬂ)(’]) < Tq 1 «,

which implies the claim by QfF (A, 7). Same thing of course holds for Is.
l1,+

Furthermore, we have shown that at time ay (Tt —vy 1), the sites [ny X, |+ Al (T vy 7))
q s T 1

and [n, X, | + 2 are burning and

(Tk+1 Va7 _,Tlg )

AT (i) =1 (11.8.36)

naA (Ty T v x)
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17
for all i € [|nyX;, | +i an(TH vy —T,) + 1, [n\Xg, | + i (THI—VA,W—TLQ) —1].

We next show that the fires are stopped during [a>\(TfJrl = Var) ax(TF + vy o)l
Observe that, on Q7(X, ), thanks to (I1.8.26), there is iy € [X¥™], » such that

io = [\ Xy | + % = [mX,) +i2

ig+1—[nyXjy, | = 10 1-lny X, ] =

We deduce from (I1.8.36), that

AT — 11, + .
naATlquT i, J( J)=2forall j € [|n\X;, |+ ax(TE vy ,—Tp,) 0]
and
A, do,—
aAT12+T (j) =2 for all j € [ig, |nr Xy, | + ¢ an(TFH vy oy,

[nx X, ]

We know that the fire in i¢ propagates at time

0+1 na Xy, ] — io—1—|ny Xy, "

Thus, on QP (X, 7), with our coupling, at time a)Tj, + TOJrl A X, |7 either the site

ip + 1 is vacant (because it has been burnt by the fire ls) or the site ig + 1 is occupied
but has vacant neighbors until it propagates, that is until a)7;, +T0+2 A X1, | (because

it is a spark for the fire l3). In any case, since

a1}, + T € [ax(TF ™ —vaq)  an(TF + v )],

i0+2— |_n X, J

recall (I1.8.30), there is s; € [Tq]“‘1 — V)\Jr,quJ'_l + Vx| such that né;@([n)\XhJ +

dy A+ .
ZalA(SrTll)) = 0. Similarly, we can find so € [T(f‘H — V>\77T,Té€+1 + V)] such that

ng"A’;Q(LnAXIQJ + zl2’(82 1, ) = 0, which completes this Step.

Step 2. Here, we study the case where Fixt1 (Xé“‘l) < 1land X(;“‘H g {—A, A}. Assume
q

for example that Xg“ = Xf;(TfH) for some [y < ¢. In this Step, we prove (c) for the
fire lg.

By construction, Xf; (Té’g + 4vax)
(X+(Tk +4vir), X’ngl + a/p).

We first prove that 7a;s(|nyX;, | —i—zg’(s T )) =2forall s € [ay(TF+4vy x),ax(TF -

€ Xt iavy, 04 Fripg, (y) = 0 forall y €

Var)|- Equivalently, we prove that

A, .
(Jj) =2
a1y, +T Zlny Xy )

7+ l 7+
for all j € [|nxX;, | + a)\(Tk:+4v)\ e Tig) X, | +i° an(TH vy T )
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Firstly, using Lemma I1.8.12 with sy = Té”l, we deduce that 77)"7r . (j)=2
a,\TLO—f—T].O

—lnxX, ]
. b
for all j € [|nxX;, | + Z;;—(FT;+4V/\,W_TLO) [ X —my, — 2k, L]

Secondly, Lemma I1.8.13-1 shows that the zone [[my X +! | —my —2ky -, [m\XF+!] -
m,] is completely occupied at time a>\(qu+1 — 4vy ). Since no fire coming from the
right can affect the zone on the left of [n) X! | until ay(TF — v 1), we deduce the
claim using similar argument as in Lemma I1.8.12.

Finally, Lemma I1.8.13 directly imply that there is j € (X}*1)) such that najs(j) = 0
for all s € [qu*l — Var ,qu+1 + Vi x]. Since

o, + k+1
mX; |+ > nn X +m
[0 lOJ ax(Tyt ' +va—Ty,) = [ d J A

recall (I1.8.26), thereis s € [Tf“—v;mr ,Tq]““H—!—V)\Jr] such that nﬁg’Z(LnAXzoJHﬁ)j;,Tl )) =
0

0, as desired.

Step 3. Here we study the case where Xé”‘l € {—A, A}. Assume for example that
Xkt = XF(TF+1) = A for some Iy < ¢. In this Step, we prove (c) for the fire lq.

This case is very simple: by construction, Xf; (T(f—{—llvxﬂr) € X;§+4VA,W and Friyay, , (y) =
0 forall y € (X;O'(T(f +4vyr),A).

Since there is no burning tree in [[nyXj, | + ig);er§+4VAm_Tl0) +1,[n\A]] at time
a>\(T(§g +4v) ) (thanks to Lemma I1.8.9), we deduce, using similar argument as in the

proof of Lemma I1.8.12, that n;\’” (j) =2forallj € [[LnAXlOJ—H'lO’Jr ) InyA|—

ATlOJrTJQMXIJ a\(Th+4vy Ty,
m) — 2k, r]. The zone [[nyA| — my — 2k, », [n\A]] is not affected by any fire during
[an(TF —1—a),a\(TF™ — 4v) ;)] (recall Step 3 in the proof of Lemma I1.8.12) and
no match falls in this zone during [0,a,7]. We deduce as usual, using Q5 (), 7), that

this zone is completely occupied at time a>\(qu+1 —4vy ). Thus, we have

A, .

) — 2
a/\TlO-i-TJl._Ln)\XlOJ j)
for all j € [[nyA] — my — 2k) -, |n\A|], which implies the claim since |n)X;, | +

-lo,+
T < [nyA| — m,.
a)(Tyt —va -—Ty,) — [naA] A

We immediately deduce the claim since 7™ (|nyA| + 1) = 0 for all 5 € [0, 00).
Step 4. Here we study the case where zy = Xng (TC’ILC +4vy .)€ XJTF§+4VM with Tl?’Jr %+
Té”l, for some ly < g. We prove (a) for the fire .

By Qpr(«), we have T/(?’Jr > Tfﬂ +3a. If FT§+4VA,W (y) = 0 for all y > zp, necessarily

Friiav, _(y) =0 for all y € (xo ,X;O'(quJrl + 3a)). Lemma I1.8.12 with 5o = 7)™ + 2a
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directly implies the result, since on QP7 (), ), recall (I1.8.24), there holds that
o, + + (k41
lnAXlOJ + ZaA(T§+1+4vA,w—TLO) - lnAX (T + 4V>\’7T)J + k)\ﬂr
< {n)\Xl—g(qu—i_l + 204” —my — 2k)\77r.

Else, we define
x1 = inf {y > x0 : Frigay, (y) = 1}
and distinguish several cases.

Case 1. Assume that x1 — zy > (Té’€+1 - qu + 2a)/p. Using Lemma I1.8.12 with
so = T + o, we immediately deduce that

AT

axTy,+T)_ (Z) =2

[nx Xy, ]

for all i € [|nyX;| +4 erk+4v>\ o—Tiy) LII)\Xng(TfH + a)] —my — 2k ] whence

naAS(Ln)‘XZOJ + Zﬁ—f}i(s Tl )) =2forall s € [ + 4V)\ﬂ' aTk+1 + 4V)\ 71']

because on QT (X, 1), there holds [ny Xy, | +1 —(’—Tk+1+4V)\ i) < Ln)\Xf‘(T(f‘H +a)| -

my — Qk)\,ﬂ.

Case 2. Assume that z; — 9 < (T} — TF + 20)/p but FT§+4VAw(y) = 0 for all

y € (x1,21 + (TF™ = TF + 20) /p). Necessarily z; = X:(qu +4vy.) € X;k+4v>\ for
q , 7T
some [1 < q.
Using Lemma I1.8.12 with sp = TkJrl < TD T we deduce that ™" (1) =2
a/\Tl1+T [y X, )
1, .
for all ¢ € [|n Xy, ] + 3 ?T§+4VA’W*T11) ) LII)\XIJIF(T(;“H)J —my — 2ky r]. Thus, using

(I1.8.28), we deduce

sk (IaXu ) + 0 g, )) =2 for all s € [Ty, Ty — vy ).

ay(s—T,
We now prove that for all i € [|nyXj, |+ l°’+ [0y X, |+
prove at 1or all ? n)Aj, (T,;“+4V>\ w_TLO)’ n)Ajg, (T§+1+4v>\ -7 )7
s , T 0
we have
" (1) = 2.
aATlOJrT [nxXo]

This will concludes this case.
Firstly, by construction, we have x; > x9+1/p whence by Qps(«), 1 > xo+(1+3a)/p.
Thus, using again Lemma I1.8.12 with sg = T}, (1) — a, we deduce that

" (Jj) =2

axTy, +T = Lny Xy, ]
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for all j € [[n\X,] + 10’

Xpo (Tig(21)) = a1).
Secondly, oberve that T, < Tk (because else T}, = T and X, (T, k4 vy =) € XT’C+4VA
with xo < X (Té’g +4vy.) < X+(Tk +4v) ) whence by Qpr(a), T}, < Tk — 3a. This
especially imply that T}, (y) > Tj, (y)+1+3aforall y € [z1—3a/p, X (Tk+1+a)] Recall
that no match falls on any site y € (1 —3a/p, Xlo (T +a)) durmg the time interval
(qu —3a, Tf“ + «). Thus, in the limit process, for all y € (x1 — 3a/p, Xl'g(T(f‘H +a)),

we have 77, (,)-(y) =T, (y)-
Let now i € [|ny(z1 — 2a/p)], Ln)\Xl‘g(quH + a)]]. Observe that there is no burning
tree in [|nyXj, | + ot

ay
to Lemma I1.8.9. Since no match falls on i during [a (7}, (i/ny) + ey ), ax(Ty ™ + a)],
we deduce that no fire at all can affect the site ¢ during the time interval [ay (7}, (i/ny) +
exr), Ty, + T " maxy, J) whence

MTE4Avy ~Ty) " (21 — a/p)] — my — 2ky ] (recall that

(TH+4va.n T, ) +1, [nyz1] — k] at time a)\(T(fC +4v) ), thanks

A\, .
p < T, (i/ny) + exx-
i e (S TG/

Thus, for all i € [|ny(z1 — 2a/p)], Ln)\Xf;(TfH + a)|], we have

AT . .
1) <T,(i/ny) —1—-3a+e
pj"l0+T] X, J/aA*( ) = 10( / )\) AT
and conclude using Q5 (), 7) that 77 ;) = 1 whence
3 a,\Tz +T
0 =l Xg )
AT .
1) =2
naATzowLT [y Xy, J( )

l )
because 77 (T’“+4VA ([ Xy, | + Z;A(:rk_|_4vA W—Tll)) = 2.

All this implies that, for all i € [|n)X;, ] + ZZ);(T’C+4V>\ ~Tyy) LnAXng(T(f“ + )], we

have ™ (1) = 2 whence

lo
aATlo +T; —lnyX,)

né;@(LnAXIOJ +1 aA(S O)) =2 forall s € [T;C +4vyx ,T;-H +4v) ]

+

1o
since |ny)X —1—1 ’
{ A lOJ AT vy =Tiy) —

< [0, X;"(TFH! + «)]. This completes this case.

Case 3. In the general case, by construction, there are xg < r1 < 9 < -+ < &y, such
that, for all j € {0,...,m — 1},

zj =z < (T3 =Ty +20)/p

and
FT§+4V>\’7\-(y) =0 forall y € (z;,41)
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and finally
Frisavy,, (y) = 0 for all y € (@ , 2 + (T, = Ty = 20) /p).

Clearly, for all j € {1,...,m}, we have x;

{1,...,q} such that z; == X[;(T(f +Vir)
We first prove, exactly as in Case 2, that

+ ists 1
€ XTk vy, whence there exists [; €

mar (X, | + it ) =2forall s € [T} +4vy -, T, — dvy 4.

ax(s—Ti,,)

Next, exactly as in Case 2, we can prove that

n;";;(LnAle_IJ 4 glm—1t )=2forall s € [qu +4vy ~ ,Tf“ +4v) ]

ax (S_Tlm,1 )

and so on.

. . _ _ . D

Step 5. Finally, if 2o = X, (TéC +4vy ) € XTktavs, with T) + o qu+1, for some
lo < q, we deduce (b) for the fire [y using similar argument as in Step 4.

This completes the proof. ]

STAGE 3.

In this Stage, we treat the time interval [T(jv +4v) » , Ty41]. On this time interval, no
fire is stopped in the limit process. A match falls in X, at time T,;. The proof of
the following lemma is very similar to the proof of the previous Stage.

Lemma I1.8.15. On Q(a, \,v,7), Q’\’]@q implies Q;l;rl
q v

T, I 44v x
Sketch of the proof. Observe that TJ\? N (Tqu ,Ty+1) = 0. Hence, we have to prove

. L + N, + _ N, _
that if = X;"(T,? +4va.) € XTqu—I—4VA,7r (or X; (Ty" + 4viy,) € XTquJF4V>\,7r) for

some | < g, then 7% (|nxX;) + ii{j(s—Tl)) = 2 (or mars(|myX;] + ii{:(s—Tl)) = 2) for all
s € [Tqu +4vy x, Ty11] (because TlD’Jr > Tyi1 + 3a).

We can prove similar lemmas as Lemmas [1.8.11 and I1.8.12 replacing T(f by TqN 7 and
T(f‘H by T4+1. Thus, Lemma I1.8.15 follows exactly as in Step 4 and Step 5 in the proof
of Corollary 11.8.14. O

The proof of Lemma I1.8.4 is completed.

11.8.5. Proof of Theorem 11.6.1 for p > 0
We finally give the proof of the Theorem I1.6.1 in the case p > 0.

Proof. Let us fix zg € (=A,A), to € (0,T) and € > 0. We will prove that with our
coupling (see Subsection 11.8.4.1), when A — 0 and m — oo in the regime R(p), there
holds that
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(8) limy P [S(Dp (0), Dy (20)) > £] = 0;

(b) Timy < P [7(DV (29), D(wo)) > ] = 0;

(c) limy P _\Z{\’ﬂ(aﬂo) — Zi(xo)| > €:| = 0;
(d) limy P [f5 127 (20) = Zu(wo)| dt > €] = 0;
(e) limy P UW{(\)’”(QUO) — Zt (0)| > 5} = 0, where

log(|C(n37,+ [nazo))])
AT _ axto’
Vo W‘( log(1/\) Liomy meohizny | M

These points will clearly imply the result.
First, we introduce the event Q7 (v, A, 7) on which

(i) 2o & Uyenp Uy, (W = 3a/p,y + 3a/p);

ii) for all s € {T)(xo) :k=1,...,n} U Ty USy USL, US?, with s < tg, there holds
M M >
that tg — s > 3

(iii) if to # 1, for all s € {T}(2z0) :k=1,...,n} U Ty USy USi, US with s < t,
there holds that [tg — (s + 1)| > 3a;

. . S - SAT - ,

(iv) if tg > 1, for all i € I}, Nyt (@) — Nak(to—l)(z) > 0;

(v) if te = tg — 7to— (o) < 1, there are

—ATEF | < (AT <0< (AT <y < AT

such that
o N2O (lnpwo) +141) — N0 (lnxzo] 4+ i1) = 0 and N9 (|nyzo] +
axto \LAL0 1 ax(Tig— (20) =V, ) \ A0 1 axto \LHAL0
. S,0 . ]
i2) = Na/\(TtO*(xO)_V/\,W)(\‘nAxOJ +i2) = 0;

. (4. — —(tp— S,0 .
. fOl; (;all j € [ "t | |A"Cte=) ] there holds that Nt ([mazo] + ) —
Na)’\(TtO—(‘TO)+v)\,Tr)(LnAxOJ +)>0.
Since to—7¢,— (z¢) = 1 occurs with positive probability only if ¢y = 1 (and 74, (z¢) = 0) the
probability of the three first points clearly tend to 1 when « tends to 0. Since (7¢(x0))t>0
is independent of (Nts’)"w(i))tzo,iez and since (1¢(20))t>0 C {Tk(z0) : k=1,...,n}, the
probability of the two last points tend to 1 as @« — 0 and A — 0 and @ — oo in the
regime R(p), thanks to Lemma I1.8.1-4,6,7. All this implies that for all 6 > 0, there is

a > 0 such that P [QZ“%O (v, )\,77)} > 1 — ¢ for all (A, ) sufficiently close to the regime
R(p)-
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Let us now fix 6 > 0. We consider ag € (0,¢), 70 € (0,a9), Ao € (0,1) and ¢y € (0,1)
such that for all A € (0,\g) and all 7 > 1 in such a way that |ny/(aym) — p| < €, we
have

P {Q(ao,’yo, A, )N QZ%“ (v, )\,77)} >1-0.

We then consider A; € (0, \g) and €; € (0,¢p) such that for all all A € (0, ;) and all
m > 1 in such a way that |ny/(axm) — p| < €1, we have

o 4(vax+p(my+2ky ) /ny) < ap;

* ap +log(ay)/log(1/A) <e;

o 4(my +ky)/ny <eg;

o 1/(2myAle™f) < § and 1/(2mpy\etVar) < 4 if . < 1.

All this can be done properly by using the fact that vy » — 0 and (my + kj »)/ny — 0.
In the rest of the proof, we consider A € (0,A;) and # > 1 in such a way that
Iny/(aym) —p| < €1. Observe that, on Q(ag, Y0, A, ), there holds that 7, (x¢) = 74, (x0)

and [xO]A,ﬂ N (UxeBﬁUXm ['I])\Jr) = 0.

Step 1. We first show that (a) (which holds for an arbitrary value of to € (0, 7)) implies
(b). Indeed, we have by construction, for any t € [0,7], §(D;"™(x0), Di(xq)) < 4A.
Hence, by dominated convergence, (a) implies that limy . E [J(Dt)"w(xo),Dt(xo))} =0,

whence again by dominated convergence, lim)  E [(ST(DA’F(xo), D(mo))} =0.
Step 2. Next, (c) implies (d), exactly as in Step 1.

Step 3. Due to Lemma I1.8.5, we know that, on Q(ag, 70, A, 7) N Qﬁ‘j’%o(ao, A, ), since
tg > Tto(.%'o) + 3ay, for all ¢ € (.%'0))\,

AT
i (0) = 7o (w0) | < Var
For all i € (z¢),, since 77;‘;7;0 (1) <1, there holds

AT . S, - S\, .
Majto (8) = min(Ng 33" (4) = N5 0 (0), 1)

axto ay Ptd (Z

Thus, for all i € (x),

T . )\7 . _)\7 .
57 (1) < Mt (1) < Mol (4)

where

A, N s S,0 (. S,0 .
ﬂa;;o (Z) ._ Inln(]\fa/\t() (Z) o Na)\(TtO (:Bo)«l»v)\’ﬂ_)(z)? 1)7

AT . S0 /. S,0 .
Nayto (i) = mln(NaAto (i) — Nak(no(xo)ka,ﬂ)vo(m 1).

We also recall that by construction, (7¢(zo))s>0 is independent of (Nts’o(i))tzo,iez.
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Step 4. Here we prove (e). We work on Q(ag, 70, A, 7) HQZO,’%O(QO, A, ). By Step 3 and
point (v) of the event Qj%o(ao, A, m), we observe that if 0 < t. =ty — 7¢,(xo) < 1, then
[mazo)] — [A~e0)| | nyag) + (A7) ] € C(ﬁiﬂo, [nxzo))
C Clmiys o)) € CT,, o)) € [lmaeo] +ir, [nawo + o]
C [laao) = (A0 [nyag | + [A~CeFeo]].

Thus, this implies that,

A log(2)
|Wto7r(~’50) = (to = 7o (w0))| < g + m <Eé.
If now tg — 7, (x0) > 1, then tg — 73, (o) > 1 + 3 thanks to Qz‘f’jéo(ao, A, 7). Then
Step 3 and point (iv) of Q%4 (ag, A, 7) imply that (z)x C C(n;";;o, |nyzo]) whence
|C’(77;";;0, [nyzo])| > 2my. Consequently,

log(ay)

WM (20) > 1 — —2 51— ¢

R T

It only remains to study what happens when t3 = 1. By construction, we have

Tto (z9) = 0 and by Lemma II1.8.5, we have pg\o’”(i) = 0 for all i € (xp)x. By Step 3 and
point (iv) of the event Qf{tl}“ (o, A\, ), we deduce as above that (zg)y C C’(ni";;o, [nyzo])

and conclude |C (77;";;0, |nyzo])| > 2my whence

AT IOg(a)\)
Wb >1— =N 5
i (x0) > 1 Tog(1/\) 1-e¢

Recalling that Z;,(zo) = (to — 74, (z0)) A 1, we have proved that

P |[Wi™ (w0) = Zi(20))] < €] > P [Q(a0,70, A, 7) N Q0 (a0, A, m)] > 136,

as desired.

AT z
Step 5. Here we prove (c). Recall that Zt)(‘)’w(xo) = (—W) A 1 where
Kt)(‘)vﬂ'(xo) = (2m>\ + 1)*1 ‘{Z € [[I_n)\XoJ —1my, {n)\XoJ + m)\]] : ?7;\;\7;0(1) = 1}‘ We work

Z0,t0

on Q(ap, Y0, A, m) N Qyr (avo, A, ) and set t. = tg — 74, (z0).

Case 1. If t. > 1, we have checked in Step 4 that 77;";;0 (7) =1 for all i € (z9)x, whence
Kt)(\)m(m'o) =1 and Zti\;ﬂ(l'o) =1.
Case 2. If now 0 < t. < 1, we deduce from Step 3 that

T T A,
K3 (x0) < K™ (z0) < Ky (20)

139



where

Kz\o’ﬂ(ﬂfo) = (2my + 1) HZ € [lnXo) — my, [myzo) +my] i p7 (i) = 1}

Layto

_>\,7T — . —A,T .
Ky (20) = (2my + 1) |{i € [[naXo) — my, [nazo) +my] : 7, (6) = 1}
The random variable X?O’W(:UO) = (2m) + 1)5;‘0’”(3:0) has a binomial distribution with
parameters 2my + 1 and 1 — A¢=VArx, Then, using Bienaymé-Chebyshev’s inequality,

P K (0) < 1= A 7] = P [X3)7 (o) < (2my + 1)(1 = X))

<P (| X3 (@0) — (2ma + 1)(1 = AeVA7)| > (2my + 1) (M7= = AT )|

(Qm)\ + 1) (1 _ )\tcfv)\,fr) )\tc*VA,‘rr
S 2 te—e __ tcfv)\,ﬂ- 2
1 — AlemVanm 1
(zm)\ + 1))\2&ch>\7# ()\v)\yﬁfe _ 1)2 - Qm)\)\t672€+v>\ﬂr
1
— 2my\te—¢
<.

(because 0 < vy » < o < €)

By the same way, since 72\0’”(%) = (2m, + 1)K2\0’7T(x0) has a binomial distribution
with parameters 2my + 1 and 1 — AfetVar,

=\, S
=P Hyi\éﬂ(xo) —(2my +1)(1— )\thFVA,ﬂ)

> (2my + 1) (Atﬁv“ _ Atm)}

(2m), + 1) (1 = Aletvam) ) et 1 s
(2m>\ + 1)2()\tc+v>\’7r _ )\tc+s)2 - QmA)\tcﬁ’V)\’ﬂ- — 7

All this implies that,

P [K%’”(xo) e(l—Aee,1— Atc+6)] >1—cf,
for some constante ¢ > 0, whence
P [Zt)(‘)’”(xo) € (te—e,te+ 8)} >1—cd.

This is nothing but the goal, since Z;,(z¢) = tg — 7, (x0) = t. as soon as Z,(zg) < 1.

Step 6. It remains to prove (a). On Q(ag,y0, A, 7) N QZO’;;O (ag, A, ), we check that

(i) If Zy,(x0) < 1, then Dy (z9) = {x0} and C(n.ﬁ’ﬁo, Inxzo|) C (x0)r (see Step 4
above), whence
D" (o) C [wo — my/ny, 2o + my /).
We deduce that
8(D3y" (o), Diy (w0)) < 2y /.
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(ii) If Zi,(xo) = 1 and Dyy(x0) = [a, b], for some a,b € xy,, then

« foralli € [[nya)+my+2ky -, [nyb]—my—2ky <\ (Uyepp [2la 7 ) TG, (1) =
1. Indeed, there is no burning tree in [|nya| + ky , [n\b| — k) ] at time
aytp (use a very similar result as in Lemma I1.8.6). Next, by construction,
Zy,(y) =1 for all y € (a,b) whence 7, (y) < t9 — 1. Using Qz%o(ao, A, ), we
deduce that 74, (y) < to — 1 — 3ap. Using finally Lemma I1.8.5 and Q3 (A, ),
we deduce the claim;

o forallz € BYN(a,b),and alli € [z]) ., 77;";;0 (i) = 1. Indeed, on Qﬁ’ff’ (ag, A\, ),
we have Hy,_(z) = 0 whence 74, (29) < to — 1 — 3ap. We deduce that no
match falling outside [z]y , affect this zone during the time interval [ay(tg —
1—ayp),axtp] and conclude by distinguishing several cases, as in Step 3 in the
proof of Lemma I1.8.12;

o if a € i, Uxy, there is i € (a)) - such that 77;";;0 (1) = 2 (thanks to Q:)}’W, since
on Qf{tl}o (a0, A, ), we have [tg — s| > 3a for all s € T;7) whereas if a € x{,,
there is ¢ € (a)y such that 77;";;0 (1) = 0 (use similar argument as in Lemma
11.8.13, observing that [tg — s| > 3« for all s € 7;7). Similar observation of

course holds for b;

so that
[lnxa] +my + 2k« , [nab] — my — 2k ] C 0(772;7;0, |ny\zo])
C [Inya] —my —ky », [nxb] + my + ky ]
and thus

2K\ 2Kk -~ 2Kk 2Kk
my + 2k ,b—m’\+ A, ] CD%,W(xO)C[a_m,\-i— A, ,b+m’\+ A,
ny ny ny ny

[a+

I,

whence 8(Dp " (), Dy (20)) < 4(my + ky 1) /ny.

Thus, on Q(ag, Y0, A, m) N QZ‘?’%O(QO,)\,W), we always have 5(D;\O’7T(xo),Dt0(xo)) <
4(my + k) »)/ny. We conclude that

P |:6(Dt);)77r(x0),Dto (:CO)) < 6} > P [Q(aoﬁoa )‘,ﬂ-) N Q:Z(),,]EO(QO’ )‘,ﬂ-):| > 1-46.

This concludes the proof of Theorem I1.6.1 for p > 0. O

11.8.6. Cluster size distribution when p > 0

The aim of this section is to prove Corollary I1.2.6 when p > 0.
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11.8.6.1. Study of the LFFP(p)
Recall Subsection I1.1.2 and Definition I1.2.1.

Definition I11.8.16. Let (Z(z), Hi(x), Fy(x))t>02er be a LFFP(p). For all x € R

and all t > 0, we define
D(x) = [Zi(x), ()]

where
L) =it {y <z:¥(rv) €AY, (.t —p( —y)), Zo(r) =1 and H, (r) =0},
() = sup {y >z :VY(rv) € A?x,t)(y,t +p(r—vy)), Zu—(r) =1 and H,_(r) = 0} .
Observe that for all ¢t € [0,7] and all x € R,
o Zy(xz) =0 if and only if 7ps ((.@t_ (x) xR)N A’(’m)) > 0;
o D(x)={z}ift€[0,1);

« D) <2(t-1)/p.

Lemma I1.8.17. Let (Zi(x), Hi(z), Fi(x))t>0.er be a LFFP(p) and consider (Di(x))i>0,zcr
and (Z¢(z))i>0,zer the associated processes. There are some constants 0 < ¢ < ¢p and
0 < K1 < kg, depending only on p, such that the following estimates hold.

(i) For anyt € (1,00), any x € R, any z € [0,1), P[Z;(x) = 2] = 0.

(ii) For anyt € [0,00), any B >0, any x € R, P[|D¢(z)| = B] = 0.
(iii) For allt € [0,00), all € R, all B > 0, P[|Dy(z)| > B] < cge 15,

(iv) For allt € [X,00), allz € R, all B > 0, P[|Dy(z)| > B] > cie"25.

(v) For allt € [0,00), allz €R, all B >0, P[|%(z)| > B] < coe 15,

(vi) Forallt € [2,00), allz € R, all B € (0,(2t-3)/p), P[|%(z)| > B] > crer2(B+B?)
(vii) For allt € [(5+p)/2,00), all0<a<b<1,all x €R,

c(b—a) <P[Zy(z) € [a,b]] < ca(b—a).

Proof. By invariance by translation, it suffices to treat the case x = 0.
Point (i). For ¢t € [0,1], we have a.s. Z;(0) =¢. But for t > 1 and z € [0,1), Z;(0) = 2
implies that a fire has crossed 0 at time ¢ — z, so that necessarily WM(AI()O,t)) > 0, recall

Subsection II.1.2. This happens with probability O.

Point (ii). For any t > 0, |D;(0)] is either 0 or of the form |z — y|, for some z,y € x;.
We easily conclude as previously that for B > 0, Pr(|D.(0)| = B) = 0.
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Point (iii). First if £ € [0,1), we have a.s. |D;(0)| = 0 and the result is obvious. Recall
that for (X, 7) a mark of mys, we have Hy(X) > 0 or Z;(X) < 1forall t € [r,7+ 1/2)
(see the proof of Proposition I1.3.5-Step 1). This implies that for ¢t > 1,

{|D(0)| > B} C {[0, B/2] is connected at time t or [-B/2,0] is connected at time ¢}
CA{mm([0,B/2] x [t —1/4,t]) =0} U {mnm([-B/2,0] x [t — 1/4,t]) = 0}.

Consequently, Pr[|D;(0)| > B] < 2¢75/8 as desired.

Point (iv). Fix B>0andt¢>11/8. Set A = % and K = {% (B + %)J +1. Consider

the event () p = Qg N ﬂkK:_Ol Q Bk, illustrated by Figure I1.8, where

« O p={mu([=5/(4p), B +5/(4p)] x [t —5/4,t]) = O};
o forall ke [[0,K —1], U pr = {mm(Dy) =1} N {7 (Cy \ D) = 0} where

11 11
= |—— 4+ kA, —— kE+1)A t—11/8,t—-5/4
Ci= |~ + KA~ (kDA x [t = 11/8,¢ = 5/4
11 1 11 2
Dy=|—+(k+2)A, —+(k+2)A t—11/8,t—5/4
o= gy (kA g+ (DA x =118, - 5/4)

see Figure I1.9. Observe that Uf—g' C D [-11/(8p), B + 11/(8p)].

We have P {Qg,B} = exp (—%(B + 2%)) whence for all £ € [0,K — 1], P[Q;pi] =

A A
% x e~ 24 x e~ 12. All these events being independent, we conclude that

5 5 A K
P[4, 5] = exp <_Z(B + %)> x <ﬁ€_%> > cre”P
for some constant ¢; and k2 not depending on B. To conclude the proof of (iv), it thus
suffices to check that Q; p C {[0, B] C D:(0)}. But on € p, using the same arguments
as in Point (iii), we observe that:

o for (X,7) a mark of mps, HA(X) > 0 or ZA(X) < 1 for all s € [, 7+ 3/8]. Thus,
for all k € [0, K — 1], there is # € Dy, such that HZ(z) > 0 or Z2(x) < 1 for all
se[t—>5/4,t—1];

o calling (X, 7x) the mark of 7ps in Dy, we have 7, + p(Xp11 — Xi) € [t —5/4,t—1]
and 7 + p(Xp — Xp—1) € [t —5/4,t — 1], see Figure I1.9. Thus, if the fire starting
on X at time 7 is macroscopic, it is (at least) stopped by the marks (Xy_1,7x_1)
and (Xg41,7k+1) and does not affect the zone [0, B] after ¢ — 1;

o for (Y,95) a mark of mys such that (Y,5) ¢ [-11/(8p),B + 11/(8p)] x [t — 11/8 1]
and Y + (t — S)/p € [0, B], then there exists k € [0, K — 1] such that
t—11/8 -8 c 11 1 11

Ny YN

Y
* P 8p 3 8p 3
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We immediately conclude that S+ p(Xi41 —Y) € [t —5/4,t — 1]. Thus, the right
front of (Y,S) is stopped by the match (Xxi1,7x+1) and does not affect the zone
[0, B] after t — 1;

o for (Y,95) a mark of mys such that (Y,5) ¢ [-11/(8p), B + 11/(8p)] x [t — 11/8 1]
and Y —(t—95)/p € [0, B], we prove as above that the left front of (Y, S) is stopped
by such a match (X;_1,7t_1) and does not affect the zone [0, B] after ¢ — 1;

o by construction, the other fires may not affect the zone [—11/(8p), B + 11/(8p)]
during the time interval [t — 1 ,¢].

As a conclusion, the zone [0, B] is not affected by any fire during [t — 1,¢]. Since the
length of this time interval is greater than 1, we deduce that for all z € [0, B], Z;(x) =
min(Z;—i(x) +1,1) = 1 and Hy(x) = max(H;—1(z) — 1,0) = 0, whence [0, B] C D(0).

Point (v) First if ¢t € [0,1), we have a.s. |Z;(0)| = 0 and the result is obvious. If ¢ > 1
and B > 2(t —1)/p,
P[|2:(0)| > B] = 0.

Recall that for (X,7) a mark of 7y, we have Hy(X) > 0 or Z;(X) < 1 for all t €
[7,7 4+ 1/2) (see the proof of Proposition 11.3.5-Step 1). This implies that for ¢ > 1 and
B e (0,2(t-1)/p),

{12:(0)| = B} c {[0,B/2] C [0, %(x)] or [-B/2,0] C [Z(x),0]}
< {mu ({(rv) € A, (B/2,5 = pB/2) s € [t —1/4,4]}) = 0}
U {ma ({(r,v) € Ny o (=B/2,5 = pB/2) : s € [t = 1/4,1]}) = 0}.
Consequently, P[|Z;(0)| > B] < 2¢~5/8, as desired.
Point (vi) Let ¢ > 3/2 and B € (0,(2t — 3)/p). From Point (iv), using space/time
stationarity, we define an event () p, depending on the Poisson measure my(dz,ds)

restricted to [-B/2 —11/(8p), B/2 4+ 11/(8p)] x [t — pB/2 — 3/2,t — pB/2|, on which
D,_,p/2(0) D [-B/2, B/2]. Next consider the event

O p = {mu ([-B/2,B/2] x [t —pB/2,t]) = 0}.
We have P {QgB} = e PB*/2,
The events Qt, B and Q?, p are independent, thus we have, recalling point (iv)
P[5 N0 5] =P [Q0p] x P[0 5] > cremm2 (P45,

Finally, we observe that for (X,¢ — pB/2) a fire a time t — pB/2 with, for example,
X < —B/2, we have, by construction, X + (¢t — (t — pB/2))/p < 0. Thus,

QN p c{|2:(0)] > B}.

This concludes the point.
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Point (vii) For 0 <a <b<1andt>1, we have Z;(0) € [a,b] if and only if there is
T € [t —b,t — a] such that Z.(0) = 0. And this happens if and only if

t—a
Xtap = /tib /R1{(y,s—p\x—y\)e@S,(0)><[0,3}}7TM(dy7ds) > 1.

We deduce that

P[Z(0) € [a,b] = P [Xpap > 1] < E[Xpap] = T E[2:0)1ds < C(b— a),

t—b

where we used Point (v) for the last inequality.
Next, we have {mp(Z;—p(0) x [t —b,t —a]) > 1} C {Xyqp > 1}: it suffices to note
that a.s.,

{Xtap =0} C{Xtap=0,%_4(0) C Z,(0) for all s € [t —b,t —al]}
C {rat (Z14(0) x [t — bt —a]) = 0},

Since now Z;_4(0) is independent of ms(dx, ds) restricted to R x (t — b, 00), we deduce
that for t > (5 +p)/2

P[Z:(0) € [a,b]] > P 7y (Z—p(0) x [t —b,t —a]) > 1]
>P[|2-5(0)] > 1] (1 — e~ )
c(l — e_(b_a))’

v

where we used Point (vi) (here t —b > 3/2 and (2t — 3)/p > 1) to get the last inequality.
This concludes the proof, since 1 —e™® > z/2 for all z € [0, 1]. O

11.8.6.2. Proof of Corollary 11.2.6 when p > 0

We finally give the

Proof of Corollary I1.2.6 when p > 0. For each A € (0,1) and each m > 1, consider
a (\,m)—FFP (n?’ﬂ(i))tzo,ieZ- Let also (Z(z), Hi(z), Fi(x))t>0,2cr be a LFFP(p) and
consider the corresponding process (D¢(x))t>0,zcR-

Point (b). Using Lemma I1.8.17-(iii)-(iv) and recalling that |C(77;";;, 0)|/ny = |D}™(0)],
it suffices to check that for all ¢ > 3/2 and all B > 0, when A — 0 and 7 — oo in the
regime R(p),

lim P [|D}7(0)] > B| = P[IDi(0)| > B

This follows from Theorem 11.2.4-2, which implies that [D;"™(0)| goes in law to [Dy(0)]|
and from Lemma I1.8.17-(ii).
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Figure I1.8.: The event §); p.

The marks of mas are represented by e. A match falls on each zone Dy C Cj.

P[Z:(0) € [a,b]].

0)| € A, A7

"7a>\t’

et

A,

Due to Lemma I1.8.17-(v) we only need that for all 0 < a < b < 1, all
limP

t>(5+4+p)/2, when A — 0 and m — oo in the regime R(p),
AT

Point (a).

But using Theorem I1.2.4-3 and Lemma I1.8.17-(i), we know that

(0) € [a,0]]

}G[a,b]] ~P[Z,

A,
021

{Ic(n

Lo

when A — 0 and 7 — oo in the regime R(p). One immediately concludes.
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Figure IL.9.: The event £ p .

A match falls on Dy, = [fé—; +(k+ 3)A, 751;_117 + (k+ %)A} x [t —11/8,t — 5/4] and is repre-
sented by e. The dashed slope lines stand for the hypothetical fronts of the fire. The plain
slope lines stand for the upper and lower possible positions of the fronts. The plain vertical
thick line is the possible microscopic zone due to the fire in Dj. Thus, if the match falling on
Dy is macroscopic, it is necessarily stopped by a microscopic zone in D11 and in Dy_1, since
Ho(Xp41) >0o0r Zg(Xp1) <lforall se[t—5/4,t— 1] and Hs(Xk—1) > 0 or Zs(Xk—1) <1
forallse[t—5/4,t—1].
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11.9. Convergence in the fast regime

The aim of this section is to prove Theorem I1.6.1 when p = 0 and this will conclude the

proof of Theorem 11.2.4.

In the whole section, we fix the parameters A > 0 and T > 2. We omit the sub-
script/superscript A in the whole proof. The proof follows the ideas of the Section

II.8.

We recall that ay = log(1/)), ny = [1/(Aay) |, my = [1/(Xa3)], ex = 1/a3. We set as
usual Ay = [nyA] and I} = [-Ax, Ay]. For i € Z, we set iy = [i/ny, (i + 1)/ny). For
[a,b] an interval of [—-A, A] and A € (0,1), we recall, assuming that —A < a < b < A,

that

[a,b], =[|nxa] +my+1,[nyb] —my — 1] C Z,
[—A,bb\ = [[—AA,LII)\Z)J —m)\—l]] C Z,
[a,A]y = [[maa] + my+1,45] C Z

For A € (0,1) and w > 1, we set

211)\14
a)Tt

Hyg = + €.
For z € (—A,A), A € (0,1) and m > 1, we also recall that
(@) = [[mrz] —my, [nyz] +my] C Z
11.9.1. Occupation of vacant zone

For simplicity, we recall Lemma I1.8.1.

Lemma I1.9.1. Consider a family of i.i.d. Poisson processes (N (i))i>0.icz-
a<b.

1. Fort <1, limy o P [¥i € [[am, ], [bmy ], N5, (3) > 0] = 0;

2. Fort>1, limy_oP|Vi € [|lamy], [bmy]], aAt(z) > O} =1;

|

|

5. Fort <1, limy o P ¥ € [[any], [boy ], N5, (3) > 0] = 0;

4. For t > 1, limy 0P [Vi € [Lany], [bny]], N5, (6) > 0] = 1;
[

5. Fort >0, limy_,oP |3 € [|an, ], |bny]], aAt( i) > O} =1;

6. Fort >0 and 6 > 0, limy o P [Vi € [-[ A=+ |, |\ NS (i) > 0] =0;

7. Fort>0 and § > 0, limy_,o P [w € [~ A D], A ] NS () > o} =1.
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1.9.2. Height of the barrier

We describe here the time needed for a destroyed microscopic cluster to be regenerated.
Roughly, we assume that the zone (x7)) around |nyz1 |, for some x; € [—A, A], has been
made vacant at some time aytg. Then we consider the situation where a match falls on
|nyzi| at some time ayt; € (axto,ax(to + 1)) and we compute the delay needed for the
destroyed cluster to be fully regenerated. As in Subsection I1.8.2, we have to distinguish
the cases to = 0 and ¢ty > 1.

Lemma I1.9.2. Consider two Poisson processes (Ni(i))i>0.cz and (NF(i))i>0.iez
with respective rates 1 and w, all these processes being independent. Consider also M :=
((1‘0,150), (Z’l,tl)) with zg,z1 € (—A,A), ty € {O} U (1,00) and t1 € (to,to + 1). For
1€ Ij‘l and t > 0, we consider the process

AT My
i) = (1 + 1{t2axt0,i=LnAl‘0J}) X Litg>1)

T Lezaytimnne | QM (m =1} T /0 Lponmmyy—oy AN (0)
+/ Limdtiyzprm M=y A5 (4 1)

+/ Lionmm(g_1ym moyony AN (0= 1)

-2 /0 1oy _y AN (0)

with, the convention ("™ (|nyA| +1) = (™ M(=|nyA| —1) =0 for all t € [0,00).

Using the Poisson processes (N (i))1>0.ez, consider the burning times (T})icz of the

propagation processes iginited at (x1,t1), recall Definition I1.4.6, and define the destroyed
cluster due to the match falling in |nyz1| at time ayty, recall Definition I1.4.8,

CP U™ (1))s0,0ez, (T1,11)) = [[naz1 ] + 49, [mazy | + 7.

We finally define the time meeded for C’P((CA”M( ))e>0.icz, (T1,t1)) to become again
occupied

@j‘\’f = inf {t >ty : Vi e CP((™MG ))e>0,iez: (T1,t1)), C:X;M( ) = 1}-
For all 6 > 0, there holds that,
. AT _
1521[»“@ (1 —to)| > 6] =
when A — 0 and m — oo in the regime R(0).

The process (C;"W’M ())¢>0,icz defined in Lemma I1.9.2 is closely related to the process
defined in Lemma I1.8.2. If {5 = 0, then the process starts from a vacant initial situation
and a match falls on |nyxzi] at time ayt;. It does not depend on zy € R. Since
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0 < t; < 1, the zone (x1)y is not completely filled at time ay(t; + s ), see Lemma
I1.9.1-1 (using space stationarity). The process is then governed by the propagation
processes (NF(i))i>0.4cz and the seed processes (N7 (i))i>0,icz with the same rules as
the (A, m)—FFP. As seen in Micro(0) in Subsection I1.4.4, the fire is extinguish at time
a)\(tl + %)\,W)-

If tg > 1, then the process starts at time 0 from an occupied initial situation, nothing
happens until a match falls in [nyzg]| € Iz‘ at time aytg. Two fires start: one goes to
Qi’?rA’QA(mO, to), recall Definition I1.4.7, each

site of I} burns and extinguishes before ay (g + 3 ), recall Macro(0) in Subsection
I1.4.4. Hence, the zone (1), is not completely filled when the match falls on [nyz;| at
time aytq, see Lemma I1.9.1-1, because ay(to + 25 ) < axt; < ay(tp + 1) for all (A, )
sufficiently close to the regime R(0).

the left and one goes to the right. Thus, on

Proof. The proof is very similar to the proof of Lemma I1.8.2. We first define the simplest
process with an instantaneous propagation: if a match falls in a cluster, it destroys
instantaneously the entire connected component. Secondly, we flank the killed cluster
CP((C;"”’M (1))t>0,iez, (x1,t1)) to estimate the time needed to become again occupied.

Without loss of generality, we assume that x; = 0 and zy € [—A, A] (using space
stationarity).

Step 1. Let 70 < 71 < 7o + 1 be fixed. Put 92 ,(i) = min(N? (i) — N (i),1)

70,t ay (To+t) a)To
and 19;\1715(1') = min(ka(Tth) (1) — Niﬁ (7),1) for all ¢ > 0 and all i € Z. We define the
time needed for the destroyed cluster to be fully regenerated
Eh o = f {t>0:¥i € O, 1,0y, 0), 9,(0) =1}
Then for all § > 0,
. =A _ _ _
lim P {2}, , — (11— 70)| = 8] =0.

This has been checked in Step 1 in the proof of Lemma I1.8.2.

Step 2. Assume t3 = 0. In that case, the process does not depend on xy. Consider the
event Qf’iA’QA(O,tl), recall Definition I1.4.7. We define

~ P, A,M P2A2A . .
Q)\,ﬂ = Q)\,ﬂ' (07 tl) N {311 € [[_mA ) 0]]7 sz)\(tl-f—%/\m)(Zl) = O}
N {Hig € [[0 , m)\]], Nf}\(tlJr%)\m)(ig) = 0}.

Lemma I1.4.3 together with Lemma 11.9.1-1 show that P [Qi’f’M} tends to 1 when A — 0
and m — oo in the regime R(0) (because t1+3) » < (t141)/2 < 1 for all (A, 7) sufficiently
close to the regime R(0)).

Next, on Qi’f’M (0,t1), there holds that

C(ﬁé,tﬁrﬁ)\m’o) = [[Ci ’CJF]] C [[il aiQ]] - [[_m)\ ) m)\]]-
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Since, by definition, no seed falls on C* and on C~ until ay(¢; + »#),) and since we start
from a vacant initial situation, we also deduce that

GmMeT) =g MeT) =0

for all t € [0,ax(t1 + 25 7)) D [axti,ax(t1 + 25 ~)]. As seen in Micro(0) in Subsection
I1.4.4, the match falling on 0 at time ayt; destroys exactly CP((¢™ M(z))tzo,iez, (0,t1))
and

CP (™M (@) )iz0,ez, (0,t1)) € [C™,CF] € [-m)y, my]

with CA ﬂt/\i% )() <1 for all i € Z (the fire is extinguished at time ay(t1 + 2 «)).

Since CF(( A”M( ))e0,icz, (0,t1)) clearly contains C(9,,,0), we deduce that, on
QL AM ’

—\ A, =
i1+ 20,1 <t + 6/\/1 <t + X\ + S0,t14500 5

Remark now that the function : ¢t — ¢+ E&t is a.s. non decreasing and right-continuous.
We thus deduce from Step 1 that

f+ N 20
Ky

in probability, whence for all § > 0 and all € > 0, there holds that P H@M — t1’ > 5} <e
for all (X, ) sufficiently close to the regime R(0).

Step 3. Assume now ¢y > 1. We may and will assume zp € (—A,0), by symmetry.
Consider the events Qf’iA’QA(mo,to) and Qf’iA’QA(O,tl), recall Definition 11.4.7. We
define

Qf;?,M — Qi,2A,2A(0 ¢ ) N QP,2A,2A($ 750)
N {311 € [[ m)\,o]] ay (t1+s, 7r)(Zl) Na)\to( ) - 0}
N{Jiy € [0, m,], N, )\(t1+%)\ Tr)(i2) - Neito(w) = 0}.

Lemma I1.4.3 together with Lemma I1.9.1-1 directly imply that P [QP’A’M} tends to 1

when A — 0 and 7 — oo in the regime R(0) (because t1 4+ s\ » —tg < (t1 —to+1)/2 < 1
for all (A, ) sufficiently close to the regime R(0)).

First, since the sites [nyA| + 1 and —|nyA] — 1 remain vacant all the time and
since Ij‘l is completely occupied at time aytg, on QP 24, 2A(azo,t0), as seen in Macro(0)
in Subsection I11.4.4, the match falling on |nyzg| at time ayty destroys each site of I 2
during the time interval [aytg,a)(top + s\ ~)]. Furthermore, there is no more burning
tree in Iﬁ at time ay(to + s x).

QPAM

Next, on since no seed falls on i1 and i9 during the time interval [axto,ay(t1 +

1), we clearly have

C(0 41450y, 0) = [C™,CH] C [lix,ia] C [-my,m,].
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Since, by definition, no seed falls on C~ and on C" during [ayto,ax(t1 + ) )] and
since C~ and C* are made vacant during the time interval [axto,ay(to + 0\ 1)], We
deduce that

mMEey=mMEet) =0 forall t € [ty ¢ + 2\ ]

a)t ayt

Hence, as seen in Micro(0) in Subsection I1.4.4, the match falling on 0 at time ayt;

destroys exactly the zone CP((C;\’W’M(’L'))t207iez, (0,t1)) C [C~,C*] C [li1 ,i2]-

To summarize, since C’P((C?’W’M (1))t>0,iez, (0,t1)) clearly contains C’(z?f;ﬁm _450),

on Qf’:’M, we have
A My . .
0(19?0+%M,t1,0) c P (¢ (4))>0,icz, (0,t1)) C C(ﬁﬁ),tlmma 0) C [i1 o]

with additionally ¢ )(i) < 1forallie I

ay (t1+x x

We deduce that, on Qf’:’M and for all (A, ) sufficiently close to the regime R(0),
- A, =
t1 + :?0+7"/\,7r7t1 <t1+ QMW Sttt :i;),tl-l-%x,w'

Then, one easily concludes. The function s — t; + Ef‘o +st, 18 a.s. non increasing and
right-continuous, while the function s — t; + s + Eg}),tﬁs is a.s. non decreasing and
right-continuous. We thus deduce from Step 1 that

t1 + (_‘)j\\,/zr —)\E—> 2t1 — to,
T

as desired. 0

11.9.3. Persistent effect of microscopic fires

Here we study the effect of microscopic fires. First, they produce a barrier, and then, if
there are alternatively macroscopic fires on the left and right, they still have an effect.
This phenomenon is illustrated on Figure I1.10 in the case of the limit process.

We say that P = (g; (xo,t0), (x1,t1), ..., (xK,tK)) satisfies (PP) if

1. K>2ande e {-1,1}

2. th € {0} U(1,00) and tg < t1 <tg < -+ < tg;

3. forall k=0,..., K —1, tpy1 —tr < 1;

4. tog—tg>1land forall k =2,... K — 2 tg10 —t > 1;

5. forallk=0,...,K,zy € (—A,A) and forall k = 2,..., K, ex(xp —x1) > 0, where
we set e = (—1)"e.
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Let P satisfy (PP). Consider two Poisson processes (N{(i))i>0.icz and (NF (i))i>0.iez
with respective rates 1 and m, all these processes being independent. We define the
process (™7 (i i))i>0, icr, as follows

@, P
C ( ) (1 + 1{2 [nxzo], t>a>\t0})1{to>1} + 1{@ [nyzq | t>anty, a}\tli(LnA:mJ) 1}

" Z iz nsae ) tzant & 7 (Inaak))=1}

+ / (P ()= dNS (4)

+/o L P -ny=2,0P ()=1} ANF (i —1)
- /ot L mP ny=2,0m P ()=1) ANJ (i +1)
2 /ot Lo (i=ay ANa ()

with the convention ;"™ (|nyA| +1) = (™ (= [myA] —1) =0 for all t € [0, 00).
We now explain the behaviour of the process (Ct)\mﬂ)(i))tZOJEIﬁ'

e If tg = 0, then the process starts from a vacant initial configuration. The match
falling on |nyz1] at time ayt; € (0,ay) creates a barrier, see Lemma 11.9.2, because
t1 € (0,1). Then, fires start in |nyzy| alternately on the right and on the left of
[nyz1] at times ayty for all k = 2,..., K and fires spread accross Z according to
the same rules as the (A, 7, A)—FFP.

o If tg > 1, the process starts from an occupied initial situation. Nothing happens
until a match falls in |nyxo| at time ayto and spreads across [ j\l (because all the
sites are occupied at time aytop— and [nyA|+1 and —|nyA|—1 are vacants). Next,
a match falls on [nyz1]| at time ayt; € (axtg,ay(to+1)). It then creates a barrier,
see Lemma I1.9.2. Afterwards, matches fall successively in [nyxy| at times ayty
for each £ = 2,..., K and fires spread accross [ 2‘ according to the same rules as

the (A, m, A)—FFP.
Consider the event
QPPN 7m) = {Vk € {2,..., K}, 3j € (z1)x, Yt € [ty + 000, t1 + 1], Q7T () = 0}.

Lemma I1.9.3. Let P = (g;(xo,t0), (x1,t1),...,(xK,tK)) satisfy (PP). For each
A€ (0,1) and each ™ > 1, consider the process (Ct ’”’P( ))t>0,icz defined above.
Ifta — t1 < t1 —tg, when A — 0 and ™ — oo in the regime R(0), there holds

lim P Q37 0m| =1
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Proof. Without loss of generality, we assume x1 = 0 and (zy)r=0,2, .k C [-A,A].
We define, recall Definition 11.4.7,

PAP _ ~P2A2A P2A2A
O = 0,0) N () Q0 (@ ).
k=0,2,... K

There holds that P {Qi’f ’P] tends to 1 as A — 0 and @ — oo in the regime R(0)
by Lemma II.4.3. In the whole proof, we work on Qf’f P and assume that (A7) is
sufficiently close to the regime R(0) in such a way that s < mingj|t; —t;] and
ming—o 2, & |[myxr|| > my.

For simplicity, we assume that ¢ = —1, tp = 0 and that K is even. The other
cases are treated similarly (see for example Lemma I1.9.2). Fix o = 1/K. We define

M = ((0,0),(0,¢1)), recall Lemma I1.9.2.

ta+1

ty
to+1

_t5

t3

to

to+1
ty

A xo x4 X9 T x5 X3 A

Figure I1.10.: Persistent effect of microscopic fires.

Here P = (—1; (51»'07 t0)7 (1111, t1)7 ($27t2)7 ($37t3)7 ($47 t4)7 (1:57 t5))'

Since (nyA|+1and —|nyA| — 1 remain vacant all the time, on Qi’f P a burning tree
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at time ayt is either a front of a fire or has vacant neighbors. Thus, there is no burning
tree outside Up—1 g [axty,ax(tr + 200 1)]-

First fire. We put CT = C’P((C)‘WP( ))e>0icz, (0,11)), the destroyed cluster, recall
(I1.4.14). Since t; + s\, < 1, CF C [~|amy|, |am, |] with probability tending to 1
(use Lemma I1.9.1-1, space/time stationarity and Micro(0) in Subsection I1.4.4). Thus
the match falling at time ayt; destroys nothing outside [—|am, |, |amy]] and there is
no more burning tree in I} at time ay(t; + Hym)-

Second fire. Since to > 1, at least one seed has fallen, during [0, ayts), on each site of
[—[nrA], —|am)y | —1] with probability tending to 1 (use Lemma I1.9.1-4 and space/time
stationarity). Since this zone has not been affected by a fire during the time interval
[0,ayts), this zone is completely occupied at time ayto—.

Besides, with probability tending to 1, there is (at least) an empty site in CF C
[—lamy |, |amy ] during the time interval (ay(t1 + s\ x),ax(t2 + s, ) because t; +
g <to <tatiy, <t +®j‘\’} with probability tending to 1 (by Lemma I11.9.2, @j‘\’} ~
t1 —to =ty and to — t; < t; — tog = t; by assumption) and because by definition of @j‘\’},
there is an empty site in C¥ C [—|am, |, |am, |] during [ax(t1 + 20 x) ,ax(t1 + @j‘\’})].

Thus, the fire ignited on |nyz2| € [—|nyA],—m,] at time ayty burns each site
of the zone [—|nyA|,—|amy] — 1] before ay(t2 + ) ) and does not affect the zone
[lomy]+1, |nyA]], thanks to Qi’iA’ZA(xQ, t9), as seen in Macro(0) in Subsection I1.4.4.
Third fire. All the sites of [|am) |+ 1 J{nAA ] are occupied at time ayts— with prob-
ability tending to 1 (because on QP2 2 (0,t1) N QPQA 2A( 2,t2), they have not been
affected by a fire during [0, ayt3) and because t3 > t2 > 1, see Lemma I11.9.1-4).

Next, since t3 —ty < 1, the probability that there is a site in [—|2amy |, —|amy | — 1]
where no seed falls during [ayt2,ay(t2 + 1)) tends to 1 as A — 0 (use Lemma I1.9.1-1
and space/time stationarity). Thus, with probability tending to 1, there exists a vacant
site in [—|2amy |, —|[amy |] during [ax(ta + 25 1), ax(t2 + 1)) D [arts,ax(ts + s 1)
(because all the sites of [—|nyA],—|am)| — 1] have been made vacant by the fire 2).

Thus, the fire ignited on |nyz3| € [my,|nyA|] at time ayts burns each site of
[lomy]+1, [nyA|] before ay(t3+s2 ) and does not affect the zone [—|nyA|, —|2am, |]
with probability tending to 1, thanks to Qi’iA’QA(xg,tg), as seen in Macro(0) in Sub-
section I1.4.4.

Fourth fire. All the sites of [—|nyA]|,— 2am)\ — 1] are occupied at time ayt4— with
P, 2A 24 P2A2A

probability tending to 1 (because on Q 24.2400,¢1) N Qy (wa,t2) N7 (23, t3),
they have not been affected by a fire durlng (ax(ta + ) 7r) ayty) and because ty — ty —
sy > 1, see Lemma 11.9.1-4 and space/time stationarity).

Since t4 — t3 < 1, the probability that there is a site in [|amy ]| + 1, |2amy |] where
no seed falls during [ayts,ay(t3 + 1)) tends to 1 as A — 0 (use Lemma I1.9.1-1 and
space/time stationarity). Hence there is at least one vacant site in [|amy |+1, [2am) |]
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during [a)(t3 + 225 1), ax(t3 + 1)) D [axts,ar(ts + 2y )], with probability tending to 1
(because all the sites of [|lamy | + 1, |[nyA]] have been made vacant by the fire 3).

Thus, the fire ignited on |nyz4] € [—|[n A, —m,] at time ayty burns each site of
the zone [—|[nyA],—|2am,| — 1] before ay(t4s + 2, ) and does not affect the zone
[[2amy] + 1, [n)A]] with probability tending to 1, thanks to Qi’iA’zA(x4,t4), as seen
in Macro(0) in Subsection I1.4.4.

Last fire and conclusion. Iterating the procedure, we see that with probability tending
to 1 as A — 0 and 7 — oo in the regime R(0), the zone

[= (oAl = [(Ka/2)my | — 1] = [=[nyA], —[my /2] — 1]

is completely occupied at time axtx— and there is at least one vacant site in [| (K —
Da/2my | + 1, [my/2]] during the time interval [ay(tx—1 + 20\ x),arn(tk—1 + 1)) D
[axti ,ax(tix + 2\ «)]. Thus, the fire ignited on |[nyzx | € [—|n\A|,—m,] at time a)tx
destroys each site of the zone [—|nyA|,—|m, /2| — 1] before a)(tx + s, ) and does
not affect the zone [|my /2], [nyA]].

Finally, the probability that there is at least one site in [—m) ,—m) /2] with no
seed falling during [axtx ,a)(tx +1)] tends to 1 (by Lemma I1.9.1-1). Consequently, the
probability that there is a vacant site in [—my , —|m)/2|] during [a)(tx+2e) =), ax(tx +
1)] tends to 1. All this implies the claim. O

11.9.4. Heart of the proof
11.9.4.1. The coupling

We are going to construct a coupling between the (A, 7, A)—FFP (on the time interval
[0,a,7]) and the A—LFFP(0) (on [0,T7]). Let mps be a Poisson measure on R x [0, c0)
with intensity measure dx dt.

First, we take for the matches of the discrete process the Poisson processes

NM (i) = mar(fi/my , (i + 1) /my) x [0,t/ay])

foralli € Z and t € [0,T).

We call n := mp([0,7] x [-A, A]) and we consider the marks (Tf,, X4)g=1,...n of Tar
ordered in such a way that 0 < Ty < --- < T, <T.

Next, we introduce two families of i.i.d. Poisson processes (N (1))¢>0.iez and (Nf ())i>0.icz
with respective parameters 1 and 7, independent of ;.

The (A, 7w, A)—FFP (U?’W(i))po@'e[ﬁ is built from the seed processes (N;(i))i>0.icz,
the match processes (N (i))1>0,ez and the propagation processes (N{ (i))i>0.icz-

Finally, we build the A—LFFP(0) (Zi(x), He(), Fy(7))iec(0,7],0€[-A4,4] from mpy and
observe that it is independent of (qu(i))te[o,aAT],z‘eZ and (Nf(i))te[o,aAT},ieZ-

Observe that if a match falls on some X, at time T;, for the A—LFFP(0), it also falls
on [nyX,| at time a)7} in the discrete process.
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11.9.4.2. A favorable event
We set Ty = 0 and introduce
TM = {T07T17---7Tn} and BM = {Xl,... ,Xn}

as well as the set Cps of connected components of [—A, A] \ Bys (sometimes referred to
as cells). We also introduce

v ={2t—s:ste€Ty,s<t}

which has to be seen as the set of the possible extinction times of the microscopic fires,
recall Lemma I11.9.2.
For o > 0, we consider the event

Q = i t—s|>2 i t— 1| >2
() = 1 i, 220 i = e ) 220
s#t
min |z —y| > 2
z,yEBpU{—A,A},
Y

which clearly satisfies lim,_,0 P [Qa(c)] = 1. For any given a > 0, there exists Ay > 0
such that for all A € (0, \,), on Qpr(c), there holds that

o forall z,y € Byy U{—A, A}, with z # y, (z)x N (y)r = 0;
o the family {cy,c € Cys} U{(2)x,z € By} is a partition of I7}.

For ¢ € {1,...,n}, using the seed processes (N;(i));>0, zeZ and the propagation pro-
cesses (NI ())i>0,icz, we build, recall Definition 11.4.6, (Ct "™9(4))¢>0.4ez (the propaga-
tion process ignited at (X,,Ty)), (i7" )i and (i )s>o (the corresponding right and left
fronts) and (7});cz (the associated burning times). We also use Qi’frA’QA(Xq, Ty), recall
Definition I1.4.7. We set

Q"um = N Rt (X. TY).
g=L,...,n
Since 7 is independent of the processes (N{(i))i>04cz and (NF(i))i>0icz, Lemma
I1.4.3 implies that P [Qi’P()\, 7T):| tends to 1 when A — 0 and m — oo in the regime R(0).
Forg=1,...,n, we call U, the set of all possible P = (&; (z0, t0), (Xq, 1y), - - -, (TK, tK))
satisfying (PP) where {to, to,... ,tK} C T, {.%'0, X9, ... ,JJK} C By with Ty—to > to—1j
and with e € {—1,1}. For P € U,, we introduce the event Q%P()\, 7), defined as in Sub-
section 11.9.3, with the Poisson processes (N7 (i))i>0,icz and (N£ (i))i>0.4ez. Then we
put
n
QPP (7 = ﬂ N 23",
q=1Pel,
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which satisfies limy . P [Qf’P()\,ﬂ')} =1, when A — 0 and 7 — oo in the regime R(0),
thanks to Lemma I1.9.3.

We also consider the event Q5 (\,7) on which the following conditions hold: for all
t1,t0 € Ty with 0 <9 —t1 < 1, for all g =1,...,n, there are

—m) <11 <0<19 <my

such that Ni(tﬁm,ﬁ)(tn)‘X‘ﬂ +ij) — Ni o, (ImyXy] +14;) = 0 for j = 1,2. There holds

that P [Qg()\,ﬂ)} tends to 1 as A — and m — oo in the regime R(0). Indeed, it suffices
to prove that almost surely, lim o P [Qg()\, ) ‘ WM} = 1. Since there are a.s. finitely
T—r 00

many possibilities for q,¢1,¢, and since 7wy is independent of (N (i));>0.iez, it suffices
to work with a fixed ¢ € {1,...,n} and some fixed 0 < t3 —t; < 1. The result then
follows from Lemma I1.9.1-1 together with space/time stationarity.

Next we introduce the event Q5 (A, 7) on which the following conditions hold: for all
t1,t2 € Tm USM,

e ifto —t; > 1, for all ¢ € Cpy, for all i € ¢y with N2, (i) — Ni(m%A (1) > 0;

o iftog —t; > 1, for all z € By, for all i € (), with Nim(i) — NS

ay (t1+sa,x)

(1) > 0.

There holds that P {Qg()\,w)} tends to 1 as A — and m — oo in the regime R(0). As
previously, it suffices to work with some fixed t1,t2 € Tar, © € By and ¢ = (a,b) C
(—=A,A). Observing that |c)| ~ (b — a)ny and that |(z),] ~ 2m), Lemma I1.9.1 and
space/time stationarity shows the result.

We also need Qf’P(% A, m), defined for v > 0 as follows: for all ¢ = 1,...,n, for all
M = ((xo,t0), (Xq,Ty)) such that tg € Tas with tg < Ty < to + 1 and zg € Bar \ { X4},
there holds that ‘@j‘\’f — (T, — to)‘ < 7. Here, ©)7 is defined as in Lemma 11.9.2 with the
seed processes family (N;?(7));>0.4ez and the propagation processes family (Nf (i))>0.cz-
Lemma I1.9.2 directly implies that for any v > 0, P {Qf’P(fy, )\,71)} tends to 1 as A — 0

and m — oo in the regime R(0).
We finally introduce the event

Qe 1, A7) = Que(@) N QYO ) N QPP 1) N QS (A7) NQ§ (A, 7) N QPP (4, A, 7).

We have shown that for any 6 > 0, there exists o € (0, 1) such that for any v > 0, there
holds that P [Q(c, v, A\, 7)] > 1 — ¢ for all (A, 7) sufficiently close to the regime R(0).

11.9.4.3. Heart of the proof

We now handle the main part of the proof.

Consider the A—LFFP(0). Observe that by construction, we have, for ¢ € Cp; and
x,y € ¢, Zi(x) = Z(y) for all t € [0, T, thus we can introduce Z;(c).

If © € Byy, it is at the boundary of two cells c¢_,c; € Cpr and then we set Zy(x_) =
Zy(e—) and Zy(xy) = Zi(cq) for all t € [0,T].
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If x € (—A,A)\ By, we put Zy(z_) = Zy(zy) = Zi(z) for all t € [0, 7.
For x € Byy and ¢t > 0 we set

H(x) = min(Hy(x),1 — Z(x),1 — Zy(z_),1 — Zy(z4)). (I1.9.1)

Actually Z;(x) always equals either Z;(z_) or Z;(x4) and these can be distinct only at
a point where has occurred a microscopic fire (that is if = X, for some g € {1,...,n}
with Ty < t and Z7,_(X,) < 1).

For all z € (—A,A) and t € [0,T], we put

() =sup{s <t: Zs(xy) = Zs(x_) = Zs(x) = 0} € T
For ¢ € Cpy and t € [0,T], we can define 7¢(c) as usual with the convention Zy_(z) =1
for all x € [-A, A].
Observe that

for x & Bar, Zi(x) = min(t — 7(x), 1) for all t € [0,T], (I1.9.2)
forg=1,...,n, Z(X,) = min(t — 7(X,),1) for all t € [0,T,). (I1.9.3)

We also define, for all t € [0, 7], all i € I3},
AT\ COANT o
p;y" (i) = sup {s <timpls (i) = 2} (I1.9.4)

with the convention 778"_”(2') =2 and né"”(i) = 0.
For ¢t € [0,T], consider the event

Qi\m = {VS € [07t] \ U [TQ7TQ + %)\,ﬂ')a Ve e CM7 Vi € CX, p?m(z) - TS(C)’ < %)\,ﬂ} .
q=1

Lemma I1.9.4. Let o« > v > 0. For all A € (0,)\y) and m > 1 sufficiently close to
the regime R(0) in such a way that sy » < a, Q%’W a.s. holds on Q(a,v, A\, m).

Proof. We work on Q(a,7, A, 7) and assume that A € (0,,) and # > 1 are such that
sy < a. Clearly, 79(c) = 0 and pg"w(i) =0 for all ¢ € Cj; and all i € I, so that Qé"”
a.s. holds. We will show that for ¢ =0,...,n —1, Q:)}Zr implies Q;ﬁil The extension to
Q%’W will be straightforward and will be omitted.

We thus fix ¢ € {0,...,n — 1} and assume Q%qw We repeatedly use below that for
all k& < ¢, on the time interval (T} ,7Tk41), there are no fires at all (in [—A, A]) for
the A—LFFP(0) and, on Qi’P()\,T('), no burning tree at all (in I}) during (ay(T} +
#5x),a\Tjy1) for the (A, m, A)—FFP.

Besides, n:l‘quf(i) = ni‘qu (i) for all i € I} \ {|nxX,|} while

AT
Mayt, (M Xql) = 2L nr 0 x, =1y

axTq—
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Step 1. Here we prove that, on QA;”, for all 1 <k < g, if Dy, (Xy) = [a,b], for some
a<b,a,be By U{-A, A}, then

A, ) — 92

1
TasTiA T |y ©

for all ¢ € [a, b],.

On the one hand, by construction, for all ¢ € Cyr, ¢ C (a,b), we have 77, (¢) = Ti. By
Q;‘w:;r C Q%:;mm, we deduce that T}, < p%;Z%A’W(LnAbJ —my — 1) < Ty + 55 5.

On the other hand, recall Lemma I11.4.3: on Qf’iA’QA(Xk, T}.), a burning tree is either

a front or has vacant neighbors. Recall that there is no burning tree at all in i‘l at time
a)T,—. Assume for example that there is a site ¢ € [|[n)\Xy], [n\b] —my — 1] such that

o (1) = 0. Then the fire starting at |nyXj]| at time a)T} does not affect
AATHT |y )

the zone [i, [nyA]], as seen in Macro(0) in Subsection II.4.4. This especially implies
that ni‘;?(Ln)\bJ —my —1) <1forallt e [T},T;+ ). (because no other match falls on
I} during [a)Ty ,ax(Tk + 5 x)]) whence p%;;m _([n\b] —my —1) < T, a contradiction.

Step 2. We show that on Qg};’r, for all ¢ € Cyy, all i € ¢y,

- ) A ) ), )
() <ty (6) < T (0) (I1.9.5)

—a)\qu

where

A . . S . S .
T, (@) = min(Ng 7, (1) = NJ 1oy (D):1),

YW . . . .
naAqu(z) = mm(NiTq_(z) — NEATTq_(C) (1),1).

Indeed, thanks to Qi’P(A, 7) N Qpr(e), there is no burning tree in I} at time a)T,—.
Furthermore, for ¢ € Cpy, by Q%;ﬂ, we have

mr,-(c) < p:)};;r_ (i) < 11, (c) + 2007 foralli € cy.
By definition, no fire can affect the site 7 during (a)\p;‘if_ (1) ,a\Ty) whence (I1.9.5).

Step 3. We show here that if Z7, (X,) < 1, there exist ji,jo € (X,) such that

J1 < [mXg| <jo
i (71) = 1 (j2) = O for all ¢ € [Ty, Ty + 3007,
Indeed, since no match falls on X, during the time interval [0, 75), we have 77, _ (X) =

T, — Zr,—(Xy) = Ty, for some 0 < k < ¢q. Observe that Zr,_(X,) < 1 implies that
Tq — TTq,(Xq) < 1.
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o If 1 <k < g, then, by construction, we have X, € lo)Tk,(Xk) = (a,b), for some
a,be By U{—A, A}. By Qu(e), we have |a — X | A |b— Xj| > 2a whence (X)) C
la,b],. We deduce from Step 1 that n;‘;nger (1) =2for all i € (X,)x. Since

’L*Lﬂ)\XkJ
we work on Q5 (\, 7) and T}, T, € Tar, we know that there are some sites

I\ Xp] —my < ji < [mXy| <jo < [mpXjg] +my

such that no seed has fallen on j; and jo during [ay7r,—(X,),ax(T,; + 2\ 1))
Since they are made vacant by the fire k during the time interval [ayT} ,a) (T +
7)), we deduce that they remain vacant during [ay(Tk + s x) , ax(Tg + 20r7)] D
[Ty, ax(Ty + »0ax)]-

o If £ =0, that is if 77, (Xy) = 0 we deduce that T;; < 1. We conclude using
Q5 (A, 7) that there are j; < [nyX,] < jo with j1,j2 € (X;)x where no seed fall
during [0, a) (T, + s ~)]. Since all the sites are vacant at time 0, we deduce that
J1 and jp remain vacant until ay (7, + s ).

Step 4. Next we check that if Z7, (c) = 1 for some ¢ € Cpy, then
T, (i) = 1 for all i € cy.

Recalling (I1.9.2), we see that Z7, (c) = 1 implies that T, — 77, (c) > 1 and T —
71,—(c) > 14 2 by Qpr(ar). Using Step 2, we see that for all i € ¢y,

A, . )\7 N . S . S .
/r’aAqu(Z) Z Qa;;"q (Z) - mln(Na/\Tq—(Z) - Na)\TTq_(C)+%)\7ﬂ- (2)7 1)

We conclude using Q5 (A, 7) that for all i € cy, ﬁ;\’;}q (i) = 1 whence ni‘quf(i) =1, as
desired.

Step 5. We now prove that if fITq,(az) = 0 for some = € By, then
77;‘;71[[1_(1') =1for all i € (x),.

Preliminary considerations. Let k € {1,...,n} such that x = X}, which is at the
boundary of two cells c_, ¢ € Cps. We know that Hy,_(z) = 0, whence Hr,_(z) = 0
and Z7, (x) = Z7,—(cy) = Z1,—(c—) = 1. This implies that T, > 1 (because Z;(x) =t
for all t < 1 and all z € [-A, A]) and thus T, > 1 + 2« due to Qpr(e).

No fire has concerned j, = [myXj] —my — 1 € (c_), during (a)\p%:;i(jg),aATq).
By Q;ﬁ;ﬂ, we deduce that 77, _(c_) < p%:;:(jg) < 71, (c-) + ) x. Recalling (I1.9.2),
Zr,—(c—) = 1 implies that 77, (c_) < T; — 1 whence, by Qs(c), there holds that
71, (c—) < T; —1 — 2c. Using a similar argument for jg = [n\Xj] +my +1 € (c4)y,
we conclude that no match falling outside (X)) can affect (X)) during (ay(7, — 1 —
a),a)Ty) (because to affect (Xj)x, a match falling outside (Xj)y needs to cross jg or

Jg)-
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Case 1. First assume that k¥ > ¢. Then we know that no fire has fallen on (Xj)x
during [0,a,T3). Due to the preliminary considerations, we deduce that no fire at all
has concerned (Xj), during (a)(T, — 1 — a),a\T,). Using QF()\,7), we conclude that
(Xk)x is completely occupied at time ayTy—.

Case 2. Assume that k < ¢ and Z7,_ (X)) = 1, so that there already has been a
macroscopic fire in (Xj)y (at time ayT}). Since Z7, (Xi) = 0 and Z7,_(Xj) = 1, we
deduce that T;, — T}, > 1, whence T;, — T}, > 1 + 2« as usual. Since there is no more
burning tree in (Xj)x at time ay (7} + s ), thanks to Qf’f(Xk,Tk), we conclude as
in Case 1 that no fire at all has concerned (X)) during (aA7(Tq —1—«),ayT}), which
implies the claim by Qf(\, 7).

Case 3. Assume that k < gand Z7, _(X}) < 1and T,—T}, > 1, whence T,—T}, > 142«
due to Qps(c). Then there already has been a microscopic fire in (X)) (at time a)T}).
But there are no fire in (Xj), during (a)(Ty + s x) ,axTy) D (ax(T; —1—«),a)\T,) and
we conclude as in Case 2.

Case 4. Assume finally that &k < ¢ and Z7,_(Xj) < 1 and T; — T} < 1, whence
Ty—T) < 1—2a due to Qp7(v). There has been a microscopic fire in (Xj) (at time ayT}).
Since Hr,(X}) = 0, we deduce that T}, + Zr, (X) < T}, whence T}, + Zr, (Xx) < T; -2«
by Qa(a). There is | < k such that 77, —(Xj) = T;. We set M = ((X;,T7), (Xg, Tk)),
recall Subsection 11.9.2 (if [ = 0 i.e. 77— (Xk) = 0, set for example Xy = 0).

We first show that

AT AT My
(T’t Tr(Z))tE[a)\Tl,a)\(Tk+%)\",r)],Z'€(Xk))\ = (Ct " (Z))te[aATl7a>\(Tk+7’f)\,Tr)},i€(Xk))\' (1196)
Here, the process (Ct)\’mM(i))te[aATl,aA(Tker DLie(Xy), 18 built as in Subsection I1.9.2
using the seed processes (N;(i))i>0.cz and the propagation processes (NF (7))i>0.icz-

o We first assume that 7; > 1, whence 7} > 1+ 2a by Qp/(«). Since no match
has fallen on (Xj)y during [0,a)7;] and since Z7,— (X)) = 1, the zone (Xj)x
is completely occupied at time ayT;—, recall Case 1. Thus, (U?’W(i))tzo,z‘ez and
(C;\’W’M(i))tzo,iez are equal on (X%), at time a)7;. By Step 1, we deduce, that

)\771' N .
77a>‘Tl+Til—|_n>\XlJ (1) =2 for all i € D, (X))a.
Since (X%)x C Dr,— (X)), we deduce that n;‘;7TTZ+Tl (1) =2 for all i € (X)a.
i*LrA)\XlJ

Observe that, with our coupling, the fire [ propagates according to the same pro-
cesses in both cases. Since seeds fall on (Xj), according to the same processes
and since ()" (4))¢>0,icz and (M (2))¢>0,icz evolve according to the same rules,
we deduce that they remain equals on (Xj)y during [a)T},a)(7} + s ~)]. Next,
no fire affects the zone (Xj)x during [ay(T} + s x),axTk) (because to affect the
zone (Xi)x, we need Zs_(c_) =1 or Zs_(cy) = 1 for some s € (T;,Ty) whereas
Zs(c—) = Zs(cq) = s =T for all s € [T}, Ty]) and since seeds fall on (X}), accord-
ing to the same processes, they are again equal during this time interval. Finally,
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CP((C;"W’M(Z'))QOJGZ, (X, Tx)) C (Xg)a, recall Lemma I1.9.2. We deduce (11.9.6)
because the match falling on |nyXj| at time a)T}) destroys the same zone, since
the two processes evolve with the same rules on (Xj)».

o If T} < 1, then by construction [ = 0 and 77, (X}) = 0. We also deduce (I11.9.6)
using similar arguments as above (this case is easier).

Consider now the zone CF = CP((nt)"W(i))tZO,iez, (Xk,Ty)) destroyed by the match
falling on |n)Xj| at time ayTy. This zone is completely occupied at time ay (T +
@j‘\’f): this follows from the definition of @j‘\’}, see Lemma I1.9.2, from (I1.9.6) and
from the preliminary considerations. Using QF(y,\,7), we deduce that T}, + @j‘\’f <
Ty + Z1,— (X)) +v < T, since v < . Hence CF is completely occupied at time a\T,—.

Consider now i € (X;)»\C*. Then i has not been killed by the fire starting at [ny X} |.
Thus i cannot have been killed during (a)(7; — 1 — «),a)\T;) (due to the preliminary
considerations) and we conclude, using Qg (A, m), that ¢ is occupied at time a)7;—. This
implies the claim.

Step 6. Let us now prove that if Hr,_ () > 0 and Zr,_(z4) = 1 for some z € By,
there is iy € (z)y such that 77;";,;(11) =0 for all t € [Ty, T, + »,|. Recall that x is at
the boundary of two cells c_, cy.

We have either Hr, (x) >0 or Zr, (c—) <1 (because Zz,_(cy) = 1 by assumption).
Clearly, + = X}, for some k < ¢, with Z7, _(X}) < 1 (else, we would have Hy(z) = 0
and Zi(c_) = Zy(cq) for all t € [0,T;)). Thus, recalling (11.9.2), T}, — Z7,—(Xj) =
77, — (X)) = Tj, for some [ < k.

As checked in case 4 in the previous Step, on Q(a, v, A, 7), setting M = ((X;,T7), (X, Tk))
(if I = 0, set for example Xy = 0)

AT/ A My
(mz (Z))te[aATl7a>\(Tk+7’f)\,Tr)]7i€(Xk)>\ = (G (Z))te[a)\Tl7a)\(Tk+%>\,‘n)]vie(Xk))\

where the process (Ct)\ﬂr’M(i))te[aATl,aA(Tk+m,ﬂ)],z’e(Xk)A is built as in Subsection 11.9.2
using the seed processes (N;(i));>0.cz and the propagation processes (N{ (i))i>0.icz-
Hence, either | = 0 whence 778"”(1’) =0 for all i € (Xj), or all the sites in (X)) burn at
least on time during [axTj,a) (1] + s\ z))-

Case 1. Assume first that Hr, (z) > 0. Then by construction, there holds T} +
ZTk—(Xk) > Tq > Ty, whence by QM(Oé), Ty + ZTk—(Xk) > Tq + 2a > T}, + 4a.

Consider C* = CP((ng\’”(i))tzoJeZ, (Xk,Ty)) the zone destroyed by the match falling
on |nyXy] at time a)Tj. By Q5(\,7) and (I1.9.6), we have C¥ C (X};)\ (because
Ty — Zr,—(Xk) and T}, belong to Tas, because 0 < Zp, (X)) < 1 and because all the
sites in (X)) have been made vacant during [a\T},ax (T} + s x))).

By Definition of @j‘\’}, see Lemma 11.9.2 and by (I1.9.6), we deduce that CF is not
completely occupied at time ay (7} + @j‘\’}) (because in both cases, seeds fall on (Xj)x
according to the same processes). But by Qf’P(% A, ), we see that @j‘\’} > Zr,— (Xk)—7,
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whence T}, + @j‘\’} > Ty + Zr,—(Xg) — v+ 2a > Ty + 5 since v < a and s < a. All
this implies that there is a vacant site in C¥ during [ayT} ,a\ (T}, + »xx)]-

Case 2. Assume next that Hr, (x) = 0 and that T, —T; < 1 (whence T, — T} < 1—2a).

o If I > 1, recall that a match has fallen (in the limit process) on X; € By, at time
T, € Ty with X, € lo)Tl,(Xl). Since T} and T, belong to Ty and since their
difference is smaller than 1 by assumption, Q5 (), ) guarantees us the existence of
i1 € (Xk)a, such that no seed fall on 4; during [ayTj,a)(Ty + s ~)]. Since all the
sites in (Xj)) have been made vacant during the time interval [ayTj,ay (1] + s )]
(see Step 1), one easily concludes that ¢; is vacant during [a\T} , ax(T; + s )]

o If{ =0 that is if 0 < T, < 1, there holds 0 < T, < 1 — 2a by Qr(a). We conclude
using Q5 (), 7) that there is a site 4; € (Xj;), where no seed has fallen during
[0,a)(Ty + s )] whence n;\’;,(il) =0 for all s € [ayTy,a\(Ty + s\ )], as desired.

Case 3. Assume finally that Hy, (x) = 0 and that T; — [T} — Z7, —(X})] > 1, whence
T, = [Tk — Z7, - (Xi)] > 14 2a by Qpr(a). Since Hr,—(x) = 0, there holds Z7, _(c_) <
1= ZTq,(CJr) and T}, + Zka(Xk) <T,, so that T}, + Zka(Xk) < Ty — 2.

We aim to use the event Qf’P()\, 7). We introduce

to =Ty — Zp—(Xg) = 71— (Xz) = T).

Observe that 77, _(c—) = 71, —(c4) = 71— (x) because there has been no fire (exactly)
at x during [0,T}). Thus Z;,_(v) = Zyy—(2—) = Z,—(v4) = 1 and Zy,(z) = Zy,(c-) =
Zt,(c4+) = 0 (using the convention Zy_(y) =1 for all y € [-A, A4)).

Set now t; = Tj. Observe that 0 < t; —ty < 1. Necessarily, Z;(c—) has jumped to 0 at
least one time between to and Ty — (else, one would have Z7, (c_) = 1, since T — 19 > 1
by assumption) and this jump occurs after to + 1 > ¢; (since a jump of Z;(c_) requires
that Zy(c_) = 1, and since for all t € [tg,to + 1), Zi(c—) =t —tg < 1).

We thus may denote by t9 < t3 < --- < tg, for some K > 2, the successive times of
jumps of the process (Z;(c-), Zi(c4)) during (to + 1,7,) and say z2,...,xx the corre-
sponding locations of the fires. We also put € = 1 if ¢5 is a jump of Z;(cy) and e = —1
else.

Then we observe that Z;(c_) and Z;(cy) do never jump to 0 at the same time during
(to,Ty) (else, it would mean that they are killed by the same fire at some time u, whence
necessarily, H,(u) = 0 and Z,(c_) = Z,(cy) for all r € (u,Ty)). Furthermore, there
is always at least one jump of (Z;(c_), Zi(c4)) in any time interval of length 1 (during
[to +1,Ty)), because else, Zi(c4) and Z;(c—) would both become equal to 1 and thus
would remain equal forever. Finally, observe that two jumps of Z;(c_) cannot occur in
a time interval of length 1 (since a jump of Z(c_) requires that Z;(c—) = 1) and the
same thing holds for Z;(c4.).

Consequently, the family P = {¢; (xo,t0), (Xk, Tk),- - ., (Tx,tK)} necessarily satisfies
the condition (PP) of Subsection I1.9.3.
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Next, there holds that to — ¢, < Z7,_(X;) = t1 — to, because else, we would have
Hy,—(X%) = 0 and thus the fire destroying c; (or c_) at time t2 would also destroy c_
(or ¢4), we thus would have Z,(cy) = Zta(c—) = 0, so that Z;(cy) and Z;(c—) would
remain equal forever. Furthermore, we have tx < T, < tx + 1 because else, we would
have Zr, (cy) = Zr, (c-) = 1.

Finally, we check that

AT/ APy
(77t (Z))tE[aAtoya)\(tKJr%)\m)],iE(Xk)A = (Ct (Z))te[aAto,a)\(tKJr%)\m)],iE(Xk)Aa

this last process being built upon the families (N (i))i>0icz and (N (i))i>04ez as in
Subsection 11.9.2. Indeed, seeds fall according to the same processes and fires propagate
according to the same processes on (X )x. We already have checked that (77,5)"7r (1))t>0,iez
and (C;\’W7P(i))t20,i€z are equal on (Xj)y during the time interval [axto,ax(T) + 20\ x)].
Nothing happens on (Xj)x during [ax(T) + s ) ,axt2). In both cases (say ¢ = —1),
a match falls on [nyx2] € [—|ny\A], |nyX;] — my] at time ayte. This fire destroys
destroys the zone containing |nyXj| — my (by definition of ¢(»™” and because, by
construction, Dy,_(x2) = [a, X}], for some a € By, U{—A}, whence n;";;Q_(j) =1 for all
J € [Inxz2], 02X | — my], see Steps 4 and 5 above) at the same time, since with our
coupling, the second fire spreads according to the same rules and to the same processes
in both cases. This implies that (n?’ﬂ(i))tzo,iez and (C?’W’P(i))t207iez are also equal on
(Xk)x during the time interval [ay (T} + s\ ), ax(t2 + 50\ x)]. And so on.

We thus can use Qf’P()\,ﬂ') and conclude that there is a site 47 in (X)) which is
vacant during [ay(tx + s x) ,ax(tx +1)] for ( ?’”’P(i))tzo,iez. Since seeds fall on (X )
according to the same processes, we deduce that there is also a vacant site in (Xj)y
during [a)(tx + 20xx),a\(tx + 1)] C [a\T,,ax(Ty + s, )] for the (A, 7, A)—FFP, as
desired.

Step 7. We now conclude. We put z := Z7, (X,) and consider separately the cases
z € (0,1) and z = 1. Observe that z = 0 do never happens, since by construction,
Zr,(Xy) = min(Zr,_, (Xq) + Ty — Ty—1,1) > 0 and since Ty, > T 1.

Case z € (0,1). Then in the A-LFFP(0), we have Zr,_(X,) = Zr,(X,) for all
r € (—A,A) whence 77, (c) = 71,(c) = 71,4, ,(c) for all ¢ € Cy;. Using Step 3, as
seen in Micro(0) in Subsection 11.4.4, we see that the match falling on [nyX,| at time
a)T, destroys nothing outside [j1 ,j2] C (X,)x and there is no more burning tree in I
at time ay (T}, + 3 -). We deduce that p}™ (i) = p:)};r(z) for all s € [T, , Ty + > x| and

all i € (Xg)x. Thus, applying Q%;ﬂ, we deduce that for all ¢ € Cp; and all i € ¢y,

A A, ,
Lyt (€) = T1,(c) < p7" (i) = p7 (1) < 71, (C) + 5000 = T4y, (€) + 5001

Thus, on Q(a, v, A, 7), Q;ﬁ;’r implies Q;‘{lm _. Since no match falls on I} during (a) (T, +

szx),axTy+1) and since n;‘;TTHr(i) = 77;‘;7}Q+1(i) for all ¢ # [n)\Xy41], we deduce that
on Qa,v, A\, ), for all ¢ € Cpy and all i € ¢,

)‘7 3 >\7 y
qui%)\yﬂ. (Z) = quj,l (Z) a'nd TTq+%>\,7r (C) = TTq+l(C)'
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All this implies that on Q(«, v, A, ), Q;ﬁf implies Q;Z;L when z € (0,1).

Case z = 1. Then there are a,b € By U {—A, A} such that Dy, (X,) = [a,b]. We
assume that a,b € By, the other cases being treated similarly. By construction, we know
that for all ¢ € Cy with ¢ C (a,b), Zr,—(c) = 1, for all x € By N (a,b), fITq,(az) =0
while finally Hr,_(a) > 0 and Hr,_(b) > 0.

For the A—LFFP(0), we have

(i) 7r,(c) = T, for all ¢ € Cps with ¢ C (a,b),
(ii) 7r,(c) = 71,—(c) for all ¢ € Cpy with ¢N (a,b) = 0.

Next, using Steps 4, 5, using Step 6 for a (and a very similar result for b), we immediately
check that the fire occurring on [ny X, | at time a)Tj, as seen in Macro(0) in Subsection
11.4.4,

o destroys completely all the cells ¢ € Cpy with ¢ C (a,b),

o destroys completely all the zones (x)y with € By N (a,b),

o does not destroy completely (a)y nor (b)y,

o does not destroy at all the sites i € I} with i € [|nya] — my, [nyb| + m,].

Consequently, we have, for all ¢ € Cpy with ¢ C (a,b) and all i € (c)y,
A .
TTQ+%/\,7|' (C) = TT(I (C) = Tq S pTZ:—%/\J‘. (Z) S Tq + %)‘771— - TTQ (C) + %Ayﬂ- - TTQ+%/\,7|' (C) + %Ayﬂ-’

while if ¢N (a,b) =0, for all i € (¢)y,

Trytoen 1 (6) = 71,(¢) = 71, (0) < p3 () = 7y, (D)

< 71, (¢) + 5007 = T1,(¢) + 2007 = Trytsey . (€) + 2007
AT
Tq+senx
[ax(Ty + »02x) ,a\Ty+1) and since n;‘;?qﬂ_(i) = 77;‘;7}%1(1') for all i # [n)\Xg41], we

deduce that on Q(a, v, A\, 7), Q%:%m _ implies Qa\ﬂ;rl

All this implies that on Q(a, v, A\, 7), Q;ﬁ;ﬂ implies Q;Z;L when z = 1. This completes
the proof. O

We conclude that when z = 1, Q%qw implies 2 . Since no match falls on 2 during

11.9.5. Proof of Theorem 11.6.1 for p =0

We finally give the proof of the Theorem I1.6.1 in the case p = 0. The proof is closely
related to the proof in the case p > 0, recall Subsection I1.8.5.

Proof. Let us fix g € (=A,A), to € (0,T) and € > 0. We will prove that with our
coupling (see Subsection 11.9.4.1), when A — 0 and 7 — oo in the regime R(0), there
holds that
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P|6(D A (o), Dy (x0)) > 6} =0;

) limy - o

hm)\w 5T l))‘7r 1‘0 (1‘0)) > E} = 0;

P[s(D
o1
) limy < P [| 27 (w0) = Zu(wo)| > €] = 0;
) timo P [fi |20 (o) = Zu(wo) | dt > 2] = 0;
[

) limy . P ’Wt)‘w xo) — Zy, (mo)’ > 6} = 0, where

log(|C (7%, [mazo))|)
AT _ axto
W mﬂ_( log(1/A) Yemigmeoizny ) M

These points will clearly imply the result.
First, we introduce the event Q%7 (o, A, 7) on which

(i) zo & Uyeny (v — 20,y + 2a);

(ii) for all s € Ty U Sy with s < tg, there holds that tg — s > 2a;

(iii) if t9 # 1, for all s € Tps U Spy with s < g, there holds that [t — (s + 1)| > 2a;
)

(iv) if to > 1, for all i € I}, N3, (i) — Ni(to (@) >0

v) it t. =t9 — 1¢,—(xo) < 1, there are 21 and 7o such that
f 0 1, th ] di h th
—ANTEF | < <« (AT <0< (AT <y < [ATEFY)

and such that
o N2, (Inxzo]| +i1) — N2 (Imazo] +41) = 0 whereas N, AtO(Ln)\azoj +

ayto a)\TtO_(xo)

i2) = N& ~(wo) ([mrz0] +12) = 0;

ATt

o forall je [—|[A" ()] | A~(ema)]],
Nz‘)s')\to(l_n)\xOJ +j) - fo(ﬁof(xo)-l—%)\’,r)(I_n)\xOJ +j) > O.

Since tg — 7,— (o) = 1 occurs with positive probability only if tg = 1 (and 7, (z¢) = 0),
the probability of the three first points clearly tend to 1 when « tends to 0. Since
(1¢(w0))¢>0 is independent of (N;(4));>0.iez and since (7(x0))e>0 C Tar USws, the proba-
bility of the two last points also tend to 1 as &« — 0 and A\ — 0 and m — oo in the regime
R(0), thanks to Lemma I1.9.1-4,6,7 and space/time stationarity (recall that s . — 0).
All this implies that for all § > 0, there is o > 0 such that P [Qz(j%o(a, A, 7'(')} >1- for

all (A, ) sufficiently close to the regime R(0).
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Let us now fix 6 > 0. We consider ag € (0,¢), 70 € (0,a9), Ao € (0,1) and ¢y € (0,1)
such that for all A € (0, ) and all 7 > 1 in such a way that ny/(axm) < €y, we have

P |2(a0, 90, A, ) N (a0, A, m)] > 1= 6.

We then consider \; € (0, ) and €1 € (0,¢p) such that for all all A € (0, A;) and all
m > 1 in such a way that n)/(a)m) < €1, we have

o 0\ q < Qp;

* ag +log(ay)/log(1/A) <&;

e 4my/ny < ¢

o 1/(2my\fe™2¢) < § and 1/(2mpy\letan) < §if t. < 1.

All this can be done properly by using the fact that sy » — 0 and my/ny — 0.
In the rest of the proof, we consider A € (0,A;) and # > 1 in such a way that
ny/(aym) < €;. Observe that, on on’%o(ao, A, ), we have 1, (zg) = 74, () and (xg)x N

(UggeBM (x)A) = (). We call ¢y € Cps the cell containing x.

Step 1. As in Subsection I1.8.5, Steps 1 and 2, (a) (which holds for an arbitrary value
of typ € (0,T)) implies (b) and (c) implies (d).

zo,to

Step 2. Due to Lemma I1.9.4, we know that, on Q(ag, 70, A, 7) N Q7 (g, A, ), since
to > T, (o) + 3av, for all i € (),

AT
Tt (co) < pry" (1) < Th(co) + 2n-
For all i € (zg),, since 77;‘;7;0 (1) <1, there holds

AT . S, - S\, .
na/\t() (Z) = mln(Nakt() (Z) - Na A,T\'(') (7/)’ 1)
APy (2

Thus, for all i € (),

AT (s AT D W
M0 (8 < Ml (2) < M, (4)

where

ﬂi’;;() (i) = min(Ng,, (i) — Ni(% (@0)+7.n) ()5 1)

AT L . . .
Nayto (Z) = mln(Neito (Z) - N«"iTtO (mo)(z)’ 1)

We also recall that by construction, (7¢(z¢)):>0 is independent of (N (7))¢0,icz-
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Step 3. Here we prove (e). We work on Q(ag, 70, A, 7) HQZO,’%O(QO, A, ). By Step 2 and
point (v) of the event Q% (cg, A, 7), we observe that if 0 < t, =ty — 7,(z0) < 1, then

[nxzo] — (A0 | [nywg] + [N~ (=20 ]
- C(ﬁiﬂoa [nyzo]) C C(nﬁ;’io, Inyzo)) © C(ﬁiﬂw lnnzo) )
C [[nazo] — L)\*(thra)J  [nazo ] + L)\f(tCJra)H].

Thus, this implies that

) log(2)
Wi o) = (0 = o) <+ s <

If now tg — 7, (x0) > 1, then tg — 7, (o) > 1 + 2 thanks to Qﬁ‘j’%o(ao, A, ). Then
Step 2 and point (iv) of QZ‘?’%O(QO,)\,W) imply that (zg)y C C(n;";;o, |nyzo]) whence
|C’(77;";;0, |nxzo])| > 2m). Consequently,

1
W™ (20) > 1 — loglay)

log(1/A)

It only remains to study what happens when ty) = 1. By construction, we have
Tty (o) = 0. Observe that on Q(a, 7y, A\, 7), a match falling on |n)Xj| at time a)T} < 1,
for some k € {1,...,n}, does not affect the zone outside (Xj)x. Thus, for all i € (),

] (i) = min(Ng, (i), 1).
Using point (iv) of the event Qﬁ’ff’ (o, A, ), we deduce that
A,
(zo)r C C(Ma}tes [mAZ0])

and conclude that |C(77;";£0, |nxzo])| > 2m,y, whence

AT log(a)\)
Wto (xo)zl—mzl—ff

Recalling that Z;, (zo) = (to — 7, (z0)) A 1, we have proved that
P [IW ™ (20) = Zio(w0))| < 2] > P[00, 70, A7) N Q5 (a0, A\, m)] > 156,

as desired.
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AT z
Step 4. Here we prove (c). Recall that Zt)(‘)’w(xo) = (—W) A 1 where
Ky (z0) = (2my + 1)1 [{i € [[naXo) —my, [ X0 +ma] : 7, (6) = 1}]. We work

Z0,t0

on Q(ap, 0, A, ™) N Qyr (o, A\, ) and set t. = tg — 74, (z0).

Case 1. If t. > 1, we have checked in Step 3 that 77;";;0 (i) =1 for all i € (zg)y, whence
Kt)(\)ﬂr(xo) =1 and Zt)(\)77r($0) =1.

Case 2. If now 0 < t, < 1, we deduce from Step 3 that
™ T N7
K" (o) < K™ (z0) < Ky (o)

where

Kz\o’ﬂ(ﬂfo) = (2my + 1) HZ € [[InxXo) — my, [myao] + my] 1 )7 (i) = 1}
J

Ky (w0) = (2o + 1)1 {i € [InaXo) — my, (o) +mu] = 77, () = 1
Recalling Step 5 in Subsection I1.8.5, we deduce that
P Ky (w0) € (1= N7, 1= Xet)| > 1 c5,
for some constant ¢ > 0, whence
P [Zt)(‘)’”(xo) € (te—e,te+ 8)} >1-—cd.

This is nothing but the goal, since Z;,(z¢) = tg — 7, (x0) = t. as soon as Z,(zg) < 1.

Step 5. It remains to prove (a). On Q(ag,70, A, 7) N Qf{’i}“ (v, A, ), we check that

(i) If Zy,(x9) < 1, then Dy, (z9) = {xo} and C(n;"go, Inxzo|) C (x0)r (see Step 3
above), whence Dt);’w(xo) C [xg — my/ny,x9 + my/ny]. We deduce that

8(D™ (), Dy (0)) < 2my/my.

(ii) If Zy,(zo) = 1 and Dy, (x0) = [a, b], for some a,b € By U{—A, A}, then

o for ¢ € Cpr with ¢ C (a,b), 772’;;0(2) = 1 for all i € ¢y (see Step 4 of the
preceeding proof);

o forx € ByyN(a,b), 77;‘;7;0 (i) =1for all i € (x)) (see Step 5 of the preceeding
proof);

o there are i € (a)) and j € (b)) such that 77;‘;7;0 (1) = 77;";;0 (j) = 0 (see Step 6
of the preceeding proof);

170



so that
[[maa) +my, [nyb) —my] € CORY mazo)) C [Imaa) — my, [03b] + my]
and thus
la+my/ny,b—my/ny] C Dy (z0) C [a—my/ny,b+my/ny,
whence J(Dt);)’w(xo),Dto (70)) < 4my /ny.

Thus, on Q(ag,v0, A, 7) N QZ%O(QO,)\,W), we always have 5(D2)’”(330),Dt0(3:0)) <
4m) /ny. We conclude that

P |:6(Dt);)77r(x0),Dto ('IO)) < 6} > P [Q(aoﬁoa )\,7'(') N Q:Z(),,]EO(QO’ )\,7T):| > 1-46.

This concludes the proof. O

11.9.6. Cluster size distribution when p =0

The aim of this section is to prove Corollary 11.2.6 when p = 0. We first recall a result
of [[BF13], Lemma 3.11.1].

Lemma I1.9.5. Let (Z:(x), Hi(z), Fi(x))t>0zer be a LEFP(0) and consider (Di(x))i>0,zcr
the associated process. There are some constants 0 < ¢1 < c3 and 0 < K1 < K9 such that
the following estimates hold.

(i) For anyt € (1,00), any x € R, any z € [0,1), P[Z;(x) = 2] = 0.
(it) For anyt € [0,00), any B >0, any z € R, P[|D(z)| = B] = 0.
(iii) For allt € [0,00), all x € R, all B > 0, P[|Dy(x)| > B] < cge™™B.
(iv) For allt € [3,00), allz € R, all B> 0, P[|Dy(z)| > B] > cie 25,
(v) For allt € [5/2,00), all0 <a<b< 1, alzxeR,

c(b—a) <P[Z(zx) € [a,b]] <ca(b—a).

We now handle the

Proof of Corollary I1.2.6 when p = 0. For each A\ € (0,1) and each m > 1, consider
a (A, m)—FFP (ng\’ﬂ(i))tzon‘ez- Let also (Z(z), Hi(x), Fy(x))t>0,0er be a LFFP(0) and
consider the corresponding process (D¢(x))t>0,zcR-

Point (b). Using Lemma I1.9.5-(iii)-(iv) and recalling that \C(n;";;, 0)|/ny = |D;}"™(0)],
it suffices to check that for all ¢ > 3/2 and all B > 0, when A\ — 0 and 7 — 0 in the
regime R(0),

mP ||DM(0)] > B] = P(|Dy(0)] > B].

This follows from Theorem 11.2.4-2, which implies that [D;"™(0)| goes in law to [Dy(0)]|
and from Lemma I1.9.5-(ii).
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Point (a). Due to Lemma I1.9.5-(v) we only need that forall 0 <a <b < 1,allt > 5/2,
when A — 0 and 7 — 0 in the regime R(0),

lm P ||C( 7,0l € WA = P(Z(0) € o, b]).

But using Theorem 11.2.4-3 and Lemma I1.9.5-(i), we know that

- p [ 10e(C0RT,0))
e [ECOEOD1 ey € oo8] =P120) € )
as A = 0 and 7 — 0 in the regime R(0). One immediately concludes. O
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Résumé

On considere le modele suivant des feux de foréts sur Z, ou chaque site a deux états
possibles : vide ou occupé. Donnons nous un parametre A > 0, une loi v sur (0,00) et
une suite (k;);cz de variables aléatoires indépendantes identiquement distribuées selon v.
Un site vide ¢ devient occupé avec taux k;. Sur chaque site, des allumettes tombent avec
taux A et détruisent immédiatement la composante de sites occupés correspondante. On
étudie 'asymptotique des feux rares. Sous une hypothése raisonnable sur v, on espére
que le processus converge, avec une renormalisation correcte, vers un modele limite. On
s’attend a distinguer trois processus limites différents.

Abstract

Consider the following forest fire model where the possible locations of trees are the sites
of Z. Each site has two possible states: 'vacant’ or ’occupied’. Consider a law v on (0, c0)
and an i.i.d. sequence of random variables (k;);ez with law v. Each vacant site i becomes
occupied at rate k;. At each site, ignition (by lightning) occurs at rate A\. When a site is
ignited, a fire starts and destroys immediately the corresponding connected component
of occupied sites. We study the asymptotic behavior of this process as A — 0. Under
some quite reasonable assumptions on the law v, we hope that the process converges,
with a correct normalization, to a limit forest fire model. We expect that there are three
possible classes of scaling limits.
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l11.1. Definitions, notation and assumptions

111.1.1. The discrete model

For a,b € Z, we set [a,b] = {a,...,b} C Z. For n € {0,1}? and i € Z, we define the
occupied connected component around ¢ as

0 if n(i) =0,
[[l(% Z) ’T(m Z)]] if 77(1) =1,

where I(n,7) =sup{k <i:n(k) =0} +1 and r(n,i) = inf {k > i:n(k) =0} — 1.

C(U,i) = {

Definition ITI.1.1. Let A € (0,1], v a probability distribution on (0,00) and (K;)icz
an i.i.d. sequence of random variables with law v. For each i € 7, consider two Poisson
processes N°(i) = (N7 (i))i>0 and NM (i) = (NM(i))i>0 with respective parameters r;
and X, all these processes being independent. Consider a {O,l}Z—valued process such
that a.s., for all i € Z, the process () (i))i>0 is cadlag. We say that (n)(i))i>0.icz is a
(\,v)—Forest Fire Process in Random Media ((\,v)—FFPRM in short) if a.s., for all
t>0 andalli € Z,

t t
0 = [ Ly 9m0y ANF0) = 3 [ Ty ANV (B
0 kez 0

Formally, we say that (i) = 0 if there is no tree at site i at time ¢ and (i) = 1 if the
site 7 is occupied. Thus, the forest fire process starts from an empty initial configuration,
on each site i, seeds fall according to some Poisson process of parameter x; and matches
fall according to some Poisson process of parameter A. When a seed falls on an empty
site, a tree appears immediately. When a match falls on an occupied site, it burns
instantaneously the corresponding connected component of occupied sites. Seeds falling
on occupied sites and matches falling on vacant sites have no effect. This process can
be shown to exist and to be unique (for almost every realization of N, NM) by using a
graphical construction. Indeed, to build the process until a given time 7" > 0, it suffices
to work between sites i which are vacant until time 7' [because N2 (i) = 0]. Interaction
cannot cross such sites.

111.1.2. Assumption

Our assumptions will concern the Laplace transform of v.

Definition IT1.1.2. The Laplace transform of the law v on (0,00) is defined as

G(t) = /OOO e "y (dx).

Observe that G is convex, non increasing and G(t) == 0.
— 00
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Figure III.1.: Graphical construction of the (A, v)—FFPRM.

Matches are represented as bullets and seeds as squares. On the sites —5 and 6, no seed fall
during [0, 77, so that these sites remain vacant until 7. One can thus clearly deduce the values
of the process in [—5, 6] during [0, 7] using only the bullets and squares inside [—5, 6].

In the rest of the paper, we will assume that the Laplace transform of the law v
satisfies

G(x)

G(xt)

It is well known ([Kor04], Theorem 2.3 p. 181) that, if (III.1.1) holds true, then there
is € [0,00) U{oo} such that

vt >0, lim €10,00) U{oo} exists. (II1.1.1)

RV (3): The Laplace transform of the law v satisfies

) G(x)
1 =P I11.1.2
vt > 0, Jim. Gat) P, ( )

with the convention
0 ifte(0,1),
t>* =<1 ift=1,
oo ifte(1,00).
When g > 0, we say that 1/G is a regularly varying function with index 5. When g = 0,
1/G is said to be a slowly varying function whereas 1/G is said to be a rapidly varying
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function when 8 = oo.

Observe that this hypothesis is not so restrictive, since it is satisfied by all reasonable
laws (G is decreasing, convex and analytic on (0, 00)).

Roughly, under RV (00), all the k;’s are not too small i.e. they are not too close to
0. This happens for example when there is ag > 0 such that v([ag,00)) = 1. However,
there are some laws v such that v((e,00)) < 1 for all ¢ > 0 with Laplace transform
satisfying RV (00), for example the law of an a—stable subordinator, with a € (0,1),
which satisfies G(t) = e~*" for all t > 0. In this case, there are very few k;’s which are
close to 0.

The archetype of law which satisfy RV (f), for 5 € (0, 00), is the Gamma distribution
which has for density fg(z) = (xﬁfle*m/l“(,b’))l{mw}.

We finally introduce the following notation.

Notation II1.1.3. We set

e (I11.1.3)

and we define 1 as the inverse function of ¢. Clearly, ¢ is non-decreasing, ¢(0) = 0 and
limy o () = 00 and i has the same properties.

111.1.3. Notation

In the whole paper, we denote, for I C Z, by |I| = #I the number of elements in I. For
I =a,b] ={a,...,b} CZ and a > 0, we will set af := [awa,ab] C R. For o > 0, we of
course take the convention that af) = 0.

For J = [a,b] an interval of R, |J| = b — a stands for the length of J and for a > 0,
we set aJ = [aa, ab].

For z € R, |z] stands for the integer part of x.

We denote by Z = {[a,b] : a < b} the set of all closed finite intervals of R. For two
intervals [a,b] and [c,d], we set

8(ja,b],[c,d) = la—c| + |b—d], (I11.1.4)
6([a,0],0) = [a —b].

For two functions I,J: [0,T] — Z U {0}, we set
T
§r(I,J) = / §(I,, ;) dt. (ITL.1.5)
0

For (x,1),(y,J) in D([0,T],Ry x (Z U{0})), the set of cadlag functions from [0, 7]
into Ry x ZU {0}, we define

dr((@.1): () = sup [(t) = (0] +62(1,) (IIL.L6)

179



111.2. Heuristic scales and relevant quantities

111.2.1. Time and space scales

We look for some time scale for which tree clusters see about one fire per unit of time.
But for A very small, clusters will be very large before a match falls inside. We thus also
have to rescale space.

Time scale

For A > 0 very small and for ¢ not too large, one might neglect fires, so that roughly,
each site i is vacant with probability E [e™ "] = G(¢) (because the time we have to wait
for the first seed follows, on each site, the law £(k;)). Consequently, for ¢ not too large,

E |[C(n?,0)]] ~ % (IT.2.1)

On the other hand, the rate that at which matches fall in the cluster C(n},0) is
AlC (i, 0)].

We decide to accelerate time by a factor ay which solves

ay 1
A /O a5 = el = 1 (IT1.2.2)

By the way, the probability that a match falls in C(n*,0) during [0, ay] should tend
to some nontrivial value.
Observe that

ay — 09, (I11.2.3)
A—=0
Aay — 0. (I11.2.4)
A—0

Indeed, recall Notation III1.1.3. We have ay = 1(1/)). Clearly, A — a, is non-increasing
and tends to oo as A — 0. Next, since G(t) decreases to 0 as t — oo, we easily deduce
that ¢(t)/t increases to oo as t — co. Consequently, p(ay)/ay tends to oo as A — 0,
which implies, since ¢(ay) = 1/, that Aay — 0 as A — 0.

Space scale

We now rescale space in such a way that during a time interval of order ay, something
like one match falls per unit of (space) length. Since fires occur at rate A\, our space
scale has to be of order

n, = biaAJ . (I11.2.5)

This means that we will identify [0,n)] C Z with [0, 1] C R.
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111.2.2. Rescaled cluster
We thus set, for A € (0,1),¢t>0 and z € R,

1
DMz) = n_AcmgAt, Inyz]) C R. (I11.2.6)

Using (I11.2.1) and Lemma A.1, we see that

D} w)| ~

2 {Q(ﬁ +1tf if Be0,00) (mL2.7)

n)\G(axt) x—0 |¢t>® if = o0.

Case 5 € [0,00).

In this case, everything is fine: for all times of order ayt, the good space scale is indeed
ny. Thus we will describe the (\,v)—~FFPRM through (D} (z));>0.zck-

Case [ = oc.

This estimate (I11.2.7) (neglecting fires) suggests that for all z € R, for t < 1, [D} (z)| — 0
and for t > 1, |D(x)| — oo. For t > 1, fires might be in effect and we hope that this will
make finite the possible limit of |D{(z)|. But fires can only reduce the size of clusters,
so that for t < 1, the limit of | D (x)| will really be 0.

Since we would like to have an idea of the sizes of microscopic clusters, we have to
keep some information about the degree of smallness of microscopic clusters.

We consider a function my: (0, 1] — N satisfying

lim>\_,0 my = o<, lim)\_,o(m)\/nA) = 0,
A — my) is non-increasing,

Vz € [0 s 1), limy_.g m)\G(aAz) = 00, (111'2'8)
(2my + 1)G(ay) < 1.
The existence of such a function will be proved in Lemma A.3.
We introduce, for A > 0, x € R and ¢t > 0,
i€ [[naz| —my, [nyz] +my] ) (i) = 1}‘

K)Nz) = H > 1 I11.2.

Aa) 1 0.1, (29
G711 - K}

ZMx) = ( £(®) A1 €e[0,1]. (I11.2.10)

ax

Observe that K7 (z) stands for the local density of occupied sites around |nyz| at time
ayt. This density is local because my < ny. We hope that for ¢ < 1, neglecting fires,

Kt)‘(x) ~ 1 — G(ayt),

because each site is occupied at time ayt with probability 1 — G(ayt), whence Z (x) =~ t.
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It also holds that Z}(x) = 1 if and only if K}(x) = 1, i.e. if and only if all the sites
in [|nyz| — my, |nyz| + my] are occupied. Indeed, Z}(z) = 1 implies that G~1(1 —

K} (z)) > a,, so that
1

KMz)>1-— 1— —

whence K)(x) = 1. This last assertion comes from the facts that K}(x) takes its values
in {k/(2my+1):k=0,...,2my + 1}.

Since we will allow my to be arbitrarily close to ny, Zt)‘(x) = 1 will imply, roughly,
that the cluster containing [nyz| is macroscopic, i.e. has a length of order n,.

We will study the (A,v)—FFPRM through (D}(z), Z}())i>0zer. The main idea is
that for A > 0 very small:

o If ZMz) = 2 € (0,1), then |D}(2)| ~ 0 and the (rescaled) cluster containing z is
microscopic (in the sense that the non-rescaled cluster is small when compared to
ny ), but we control the local density of occupied sites around z, which resembles
1 — G(ayz). Observe that this density tends to 1 as A — 0 for all z € (0,1).

o If ZMx) =1 and D} (z) = [a,b] then the (rescaled) cluster containing z is macro-
scopic and has a length equal to b — a, or

C (03, 1: [naz])| = (b — a)ny
in the original scales.

Comparing the heuristic description above with the heuristic description given in [BF10],
the limit process as A — 0 for the (A, v)—FFPRM should be the same as in [BF10].

Summary
o We accelerate time by the factor ay, defined by Ap(ay) = 1.
o Our space scale is ny = |[1/(Aay)].
o If €0, 00), we will only study the rescaled clusters (D ())i>0.zeR-

o If B = oo, we will study the rescaled clusters (D} (x))i>0.zcr, as well as the local
densities of occupied sites (Z{(2))i>0.zeR-

111.3. The case 3 =

111.3.1. Definition of the limit process

We describe the limit process in the case where § = oco. As mentioned above, it is
exactly the same process as in the Poisson case studied in [BF10] and is well interstood.
We consider a Poisson measure 7y (dz,dt) on R x [0, 00), with intensity measure dz dt,
whose marks correspond to matches.
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Definition II1.3.1. A process (Zy(x), Di(x), Hi(x))t>0,zcr with values in Ry x T xR
such that a.s., for all x € R, (Zy(x), Hy(x))i>0 is cadlag, is said to be a LFF(00)—process
if a.s., for allt >0, all z € R,

t t
Zi() :/0 1z, (x)<1} dS—/O /R1{23_(x)=1,yeps_(x)}ﬂM(ds,dy),
t t
Hi(w) = [ Ze @)1z, weymards < {oh) = [ 1,000 ds,
where Dy(x) = [L(z) , Ry(x)], with

Li(x) =sup{y < x: Z(y) <1 or H(y) > 0},
Ri(z) =inf{y >z : Zi(y) < 1 or H¢(y) > 0}

and where Dy_(z) is defined in the same way.

We refer to [BF10] for the formal dynamic of this process.

111.3.2. Well-posedness

The existence and uniqueness of the LFF(co)—process has already been proved in [BF10].

Theorem II1.3.2. For any Poisson measure mys(dx,dt) on R x [0, 00) with intensity
measure dxdt, there a.s. exists a unique LFF(oco)—process. Furthermore, it can be
constructed graphically and its restriction to any finite box [—n ,n|x[0,T] can be perfectly
simulated.

111.3.3. The convergence result.

We expect the following Theorem. We will give a heuristic proof in the next Section.

Theorem II1.3.3. Let v be a probability distribution on (0,00) and (k;)iez an i.i.d.
sequence of random wvariables with law v. For each X € (0,1), consider the process
(ZMz), DMx))i>0 2cr associated with the (A, v)—FFPRM. Consider also the LFF(co)—process
(Ze(x), De(x), He(z))t>0,2er. Assume RV (00).

1. For any T > 0, any finite subset {z1,...,zp} C R,
(Z{\(%'), Dt)\(xi))te[O,T],izl,...,p

goes in law to (Zi(x:), Di(:))icio.1),i=1,...p @ D(0,T],R x ZUP)P, as A tends to
0. Here D([0,T],R x ZU ) is endowed with the distance dr.

2. For any finite subset {(x1,t1),...,(xp,tp)} C R x [0,00), with t, # 1 for k =

L...,p, (Z)(20), D (2))im1,...p goes in law to (Zy, (i), Dy, (@:))seo 1)im1,...p 0
(R x ZUD)P, as A tends to 0. Here (R x ZU D) is endowed with the distance
d.
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3. Using the convention G=(1/0) = 0, for all t > 0,

<G‘1(1/IC(?7§W0)I)> N1

ax

goes in law to Z¢(0) as A — 0.

Observe that the random media has disappeared in the limit process.

Example 1. Consider the case where there is ag > 0 such that inf(supp v) = ag. Here,
G clearly satisfies RV (00) and we have (see Appendix A, Example 1)

1
ay ~ —log(1/\).
ag

Example 2. Here we examine the example where G(t) = e~*" for all t > 0 and for some
a € (0,1): G is the Laplace transform of the law of an a—stable subordinator, which
is supported by (0,00). Observe that G satisfies RV (co). In this case, we have (see
Appendix A, Example 2)

ay ~ log(1/\)Y?.

Remark I11.3.4. Let us consider
v ==004, + (1 —0)dp,,

with 0 < ag < by and 6 € (0,1). In this case, we have ay = log(1/\)/ag, see Example 1
above. It might look surprising at the first glance that neither the time and space scales
ay and ny nor the limit process depend on the parameters 8 and by. Only the definition
of the process (Z}(x))i>0zcr depends on the parameters.

In fact, there are two kinds of sites. On the one hand, seeds fall often on sites i with
ki = by. For example, at time ag/by < 1 (or at time log(1/\)/by in the original scale),
neglecting fires, all the sites i with k; = by are occupied while sites i with k; = ag are
all occupied only at time 1 (or log(1/X)/ag in the original scale). On the other hand,
since sites i with k; = ag are uniformly distributed at random on Z (because the sequence
(Ki)iez 1s i.4.d.), in each zone of the form [L,R], with L,R € Z, L < R, there are
roughly (R — L) slow sites. But, using (I11.2.8), we see that, for allt,s > 0,

a)t

P Vi € [ [0my ], [0my ], NS (114 (0) = N3 () > 0] = (1= Glas))*™

) 1
~ exp (—20m)\G(ays)) — {0 ifs <1,
A—0

1 ifs>1.
Thus, microscopic zones, i.e. zone of the form [—my,m,], become to macroscopic at

time 1 (or at time log(1/\)/ag in the original scale) and one can neglect fast sites i.e.
one can consider that all the fast sites are always occupied.
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The same arguments show that any macroscopic zone destroyed by a fire will need a
time exactly one to be completely occupied again.

Concerning microscopic fires, they will burn a larger zone if 0 is small and/or by is
large. But the delay needed for this zone to be occupied again will always be (roughly)
the same (because if 0 is small and/or by is large, more sites are fast).

111.3.4. Heuristic arguments

Let us explain here roughly the reasons why Theorem III1.3.3 holds true. We consider,
for (k;)icz a sequence of i.i.d. random variables with law v and for A > 0 very small, a
(A, v)=FFPRM (n(i))¢>0,icz and the associated processes (Z;(z), DMz))i>0 2R

1. Initial condition. For all z € R, (Z§(x), D}(x)) = (0,0) ~ (0,{x}).

2. Occupation of vacant zones. Assume that a zone [a,b] becomes completely vacant at
some time ¢ (because it has been destroyed by a fire).

(i) For s € [0,1) and if no fire starts on [a,b] during [t,¢ + s], we have
Dy o(z) =[x £1/(0\G(ars))] = {z},

see Lemma A.1, and Z},  (7) ~ s for all x € [a,b).

Indeed, D ,(z) ~ [z — X/ny,z + Y/n,], where X and Y are approximately
geometric random variables with parameter G(ays). (Recall that for any ¢t,s > 0
and for any site i, the probability that a seed fall in ¢ during [axt,a)(t + s)] is
E[l —e ¥l =1 — G(ays)). Thus

Kt)‘+s(x) ~1—G(ays),
whence Zt>‘+3(x) ~ s. For the same reasons, it holds that
D (x) =[x +1/(nxG(ars))] =~ {x}
since nyG(ays) — oo because s < 1, recall Lemma (A.1).

(i) If no fire starts on [a,b] during [t,¢+1], then Z\ ;(z) ~ 1 and all the sites in [a, b]
are occupied (with very high probability) just after time t + 1.

Indeed, we have (b— a)n) sites and each of them is occupied at time t + 1+ ¢ with
approximate probability 1 — G(ay(1 + ¢€)), so that all of them are occupied with
approximate probability

(1= Glan(1 +¢))""™ > exp(—(b — a)nrG(ax(1 + ¢)),

which tends to 1 as A — 0 for any € > 0, thanks to Lemma A.1.
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8. Microscopic fires. Assume that a fire starts at some place x at some time ¢, with
Z} () = z € (0,1). Then the possible clusters on the left and right of x cannot be
connected during (approximately) [¢, ¢+ z], but can be connected after (approximately)
t+ z.

Indeed, the match falls in a zone with approximate density 1 — G(ayz), so that it
should destroy a zone A of approximate length 1/G(ayz) < ny. The probability that
a fire starts again in A after t is very small. Thus the probability that A is completely
occupied at time t + s is approximately equal to

(1= G(ars)) /9™ = exp(—Glars) /Glar2)).

When A — 0, this quantity tends to 0 if s < z and to 1 if s > z.

4. Macroscopic fires. Assume now that a fire starts at some place x, at some time ¢
and that Z (z) ~ 1, so that D} (z) is macroscopic (that is its length is of order 1 in
our scales, or of order ny in the original process). This will thus make vacant the zone
D} (z). Such a (macroscopic) zone needs a time of order 1 to be completely occupied,
see Point 2.

5. Clusters. For t > 0, z € R, the cluster D}(x) resembles

[z £1/(m\G(ars))] ~ {z}

if ZMz) = z € (0,1), thanks to Lemma A.1. We then say that = is microscopic.
Macroscopic clusters are delimited either by microscopic zones, or by sites where there
has been recently a microscopic fire.

6. Random media. There is a slight abuse in the above arguments, since we more and
less do as if on each site, seeds fall according to a renewal process of which delay’s law
has G for Laplace transform. However, this is not a true problem.

For example, let us check that, for all @ < b and all 0 < t; < to < t3 < t4, the
probability that at least one seed falls on each site of [|any], [bny|] during the time
intervals [ayt; ,axte] and [axts,axts] tends to

1 iftg—t1>1andt3—t4>1,
0 ifto—ti<lortyz—tyg<1

whereas, for all z € (0,1), the probability that at least one seed falls on each site of
[0,]1/G(axz)]] during the time intervals [axt; ,axta] and [axts ,axts] tends to

1 iftg—t1>zandt3—t4>z,
0 iftg—ti<zorts—ty <z

This reinforces our intuition that the random media does not create some substantial
time correlations.
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The first claim is obvious since for all 0 < s < ¢,

P {Vi € [lany], Lbn,\J]],N‘,it(i) — Nis(z‘) > 0} ~ (1 — Glax(t — 5))E~2m
1 ift—s>1,

~ exp(—(b — a)n)\G(a)\(t - S))) _)\—;0_) {0 ift—s<1

where we used Lemma A.1. The last claim is also obvious: for all z € (0,1) and all
0<s<t,
P |Vi € [0,[1/G(ax2)]], N5 (i) — N3, (i) > 0] ~ (1= Glax(t — 5))"/¢e)

1 ift—s> 2z,
0 ift—s<z,

~ exp(~Gla(t - 5)/G(arz))) — {

where we used RV (c0) in the last step.
Thus, we don’t need exact computations (knowing (k;);ez), since the limit is trivial.
111.3.5. Cluster size distribution

We may easily deduce from Theorem II1.3.3 the following estimates on the cluster size
distribution.

Corollary IIL.3.5. Let v be a probability distribution on (0,00) and (ki)icz an
i.i.d. sequence of random wvariables with law v. For each X\ € (0,1), consider the
process (ZMNx), DNx))>00er associated with the (\,v)—FFPRM. Consider also the
LFF(co)—process (Zy(z), Di(x), H(x))t>0,0cr. Assume RV (c0).

1. ForsomeO<cl<02,foralltzg, all0<a<b<,

lim P [|0(3, 0)] € [1/G(ara),1/Glarb)]] = P1Z(0) € [a, ] € [er(b-a) , e2(b—a)].

2. For some 0 < ¢1 < ¢ and0<%1</€2,f07’allt2%, all B> 0,

lim [P UC(??;\ £ 0)[ = Bn)\} =P [Dy(x) > B] € [cre 28 | cge™™1B].
A—0 A

I11.4. The case 5 € (0, 00)

111.4.1. Definition of the limit process.

In this case, there are only macroscopic clusters and thus no microscopic fires. This is
due to the fact that for § < oo, the space scale n) is correct for all times. We describe
the limit forest fire process by a graphical construction. The limit forest fire process
(Yi(2))t>0,2er will take its values in {0,1}. In some sense, Y;(z) = 0 means that there is
no tree at x at time ¢.
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For (Y (x))zer with values in {0,1}, we define the occupied component around = € R
as
CY,z) =[l(Y,z),r(Y,x)] (I11.4.1)
where {(Y,z) =sup{y <z :Y(y) =0} and r(Y,z) = inf{y > z: Y(y) = 0}.
If Y(z) =0, then C(Y,z) = {x}.
We consider a Poisson measure 7y (dz, dt) on R x [0, 00) with intensity measure dz dt,

whose marks correspond to matches. We also introduce a Poisson measure 7g(dz,dl) on
R x Ry, independent of w7, with intensity measure

P
L'(B+2)

Let us denote by {(zx,lx) : k € N} the marks of mg. Conditionally on 7g, we consider,
for each k € N, a Poisson process (M;(zx))s>0 with parameter lj. Let

A:={z, : ke N}.

d 1.

Formally, (Y;(2))>0,zer is defined as follows: on all sites € R\ A, seeds fall contin-
uously while for all k£ € N, seeds fall on z;, according to (M(z))s>o0-

At time 0T, all sites are occupied except those of A. When a match falls on some
site zg € R at some time tp, it destroys the corresponding connected component C
(necessarily delimited by two elements of A). All the sites of C'\ A are immediately
occupied again (at time t§) while the sites of C' N A wait for the next seed (first jump
of their Poisson process after ) to become occupied again.

For convenience, we slightly change these rules: we simply set Y;(x) =1 for all ¢ > 0
and all x € C'\ A: in other words, for sites where seeds fall continuously, we do not
formalize the instantaneous changes from 1 to 0 to 1.

A rigorous construction is not hard to handle. Fix T' > 0. First, we easily find a.s. a
sequence (x;)icz C A satisfying the conditions that

Xi <Xi+1, Xo<0<xi, lim x;=-o0, lim x;=o00, Mr(x;)=0.
1——00 11— 00

We set Yi(x;) =0foralli € Zandallt € [0,7] and handle the construction separately
on each (x;,xi+1). Let thus ¢ be fixed. Denote by (aj,pj);=1.. i the marks of my in
[0,T] x (xi,Xi+1) ordered chronologically.

For t € [0, p}), we put Y;(z) =1 for all x € (xi, xi+1) \ A and

Yi(z) = min(My(z),1) for all x € (xi,Xit1) NA.
This allows us to define the connected component of o} at time p}—. We thus set

[{ :C(Yif,o/i)

P1
and
1 for all x € (i, Xxi+1) \ A,
Yy (@) =Y, (z) forallze A\ If,
0 forallz € ANI;.
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Next, for all ¢ € [p, pb), we put Yi(x) =1 for all x € (x;,xi+1) \ A and

Yi(z) = min(Y,; (2) + My(2) — M (x),1) forall =€ (xi,Xi+1) N A

And so on.
A typical path of the LFF(3)—process is drawn on Figure II1.2.

t="1T

A‘ILLL t:p(4)

L_ ,\,,L,,\,J,‘,LJ,,‘J,.J_l,,‘,L,,,l,,,L,,,LJA t:pg
VL,J,L,,,L,,,L.,J,L,,,L,,L t:pg

LL_ 1.1 _g-L__ =0

s L ! | ‘l 1 1 L | | L | | t=0

X0 21 zZ9 z3 Z4 zZ5 26 z7 zg X1

Figure IT1.2.: LFF(8)—process with 8 € (0, c0).

The plain segments represent vacant sites and occupied clusters are delimited by these segments.
The marks of mas (matches) are represented as bullets.

No seed falls on xo nor on x:1 (which are marks of ms) during [0,7]. Let (zx,lx)ren be the
marks of mg in (xo0,x1) X Ry. Observe that, for all ¢ > 0, {k € N:l; > ¢} is an infinite
countable set while {k € N : [}, < e} is a finite set. Thus we cannot draw ezactly the process on
any finite interval (x;, xi+1). Seeds fall continuously except on zy, for all k € N, where seeds
fall according to a Poisson process with parameter [y.

We fix some small ¢ > 0 and we call (zx,lx)r=1,..s the marks of ms in (xo,x1) X Ry with
lp <e.

When the first match falls at time p?7 no seed has fallen on z5 and zg while at least one seed has
fallen on each other site which belong to (25, z6). Thus, this match destroys the zone (25, 2¢).
When the second match falls at time pg, no seed has fallen on z5 and x1 while all the other sites
contained in the zone (25, x1) are occupied. Thus, the match destroys the zone (25, x1). Seeds
fall on z6, 27 and zg according to Poisson processes with respective parameter lg, I7 and ls.
For example, the height of the two plain segments above z7 are two independent exponential
random variables with parameter I7.

Proposition IT1.4.1. Let wps, mg be two independent Poisson measures on R x [0, 00)
and Rx [0, 00) with intensity measures dx dt and dz(8/T(8+2))1°~1 dl. There a.s. exists
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a unique LEF()—process (Yi(x))i>0zer. It can be simulated exactly on any finite box
[—n,n] x [0,T]. For each t > 0 and x € R, we will denote by Dy(z) = C(Yi, x), recall
(ITL4.1).

111.4.2. The convergence result

We now state our expected result in the case § € (0,00). We use Subsection I11.1.3. A
heuristic proof will be given Subsection.

Theorem II1.4.2. Let v be a probability distribution on (0,00) satisfying RV (8), for
some 3 € (0,00). Let (ki)iez be an i.i.d. sequence of random variables with law v. Con-
sider, for each A € (0,1], the process (D (x))i>0.zer associated with the (\,v)—FFPRM.
Consider also the LFF([3)—process (Yi(z))t>0zer and the associated (Di(x))t>0,zeR-

1. For any T > 0, any finite subset {x1,...,2,} C R,

(Dt)\(xi))te[O,TLi:l,...,p

goes in law to (Dy(x))ic(0,1),i=1,....p 1 D([0,T], )P, as X tends to 0. Here D([0,T],T)
1s endowed with the distance dr.

2. For any finite subset {(x1,t1),...,(xp, tp)} C R X (0,00), (D} (;))i=1,...p goes in
law to (Dy,(zi))iejo,1),i=1,...p 0 L7, as X tends to 0, T being endowed with §.

Observe that the random media is still present in the limit process through the Poisson
measure Tg.

Example 3. Consider the case where v is a Gamma distribution with parameter g €
(0,00). It is easy to show that G satisfies RV(/3) and that (see Appendix A, Example
3),

ay)

A—0

B4 1\ V/(6+D)
)

111.4.3. Heuristic arguments
Recall that ay and ny are defined in (II1.2.2) and (IIL.2.5).

1. A convincing easy computation. Here we show that for all ¢ > 0, neglecting fires,
denoting by R} = inf {z >0:m,,(i) = 0} and by R; = inf {x > 0: Y;(x) = 0}, we have

This suggests that the intensity of mg should be the right one.
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Since we neglect fires and since each site is vacant at time ajxt with probability
E [em@\it] = G(ayt), R} is nothing but a geometric random variable with parameters
G(axt). Using Lemma A.1, we have

n,\G(aAt) )\—) 1

-0 (B+1)t8

We easily deduce that R} /ny converges in law to an exponential random variable with
parameter 1/((8 + 1)t7).

The link with the LFF(8)—process is simple since, neglecting fires, the random variable
R; follows an exponential law with parameter

~r 51 p I S
ﬁ+2/ /l o drdl= (5+2)/l ¢ A=y

2. The Poisson measure. Here we want to explain that wg will be obtained as the limit
of
A
s = Z 5(i/nA7a>\ni)'
€L
Let us e.g. show that, for all @ < b and all K > 0,

D KP
Zovi| =P <(s - ngf) ) (111.4.2)

where Z¢;\7b7K = 713([a,b] x [0, K]) (observe that fOK pIA—1dl = KP).
Since G(t) = L(t)/t?, where L(t) = t’G(t) is a slowly varying function, we can argue
that, using Theorem 15.3 p.30 in [Kor04],

L(l/e) 5 _ G(/e)
v((0,2)) S0 T(B + 1)65 CT(B+1)

whence, using Lemma A.1,

(b—a)KP
=0 T(B+1)(B+1)

(1) = Lama |+ ) x (0. K /) ) o= x Glan /K)

The conclusion follows easily because ‘Z 2\7177 K‘ has a binomial distribution with param-
eters [bny | — |any] + 1 and v((0, K/ay)).

3. Occupation of vacant zones: first argument. Here we claim that for all sites not
concerned by ﬂg, seeds fall almost continuously as for the limit process. More precisely,
we will verify in Lemma A.2 that for all 0 < s < t and all a < b,

S S
Jm inf P Vi € [lany ], [boa )1\ 224 50 Noa (i) = N& () > 0] = 1. (I11.4.3)
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4. Occupation of vacant zones: second argument. Consider (z,1) such that 73 ({(z,1)}) ~
ws({z,l}) = 1. Then on i := |zn,) |, seeds fall according to a Poisson process with rate
k; = l/ay, and thus with rate ayk; = [ after acceleration of time by a,.

In the limit process, seeds fall on x according to a Poisson process with rate [: this is
very similar.

5. Conclusion. We have seen in points 4 and 5 that in the discrete process, seeds fall
almost continuously on sites not concerned by Wé} (as in the limit process) and according
to Poisson processes with the good rate on sites concerned by Wé (as in the limit process).
Clearly, fires have the same effect on both processes. Thus, the two processes should
behave similarly.

111.4.4. Cluster size distribution
We aim here to estimate the law of the occupied cluster around 0. We expect the

following behavior.

Lemma II1.4.3. Let § € (0,00). Consider the LFF(f)—process (Y¢(2))t>0.0cr and
the associated (D¢(z))t>0zcr. Consider a probability distribution v on (0,00) as well as,
for each X € (0,1], a (A\,v)—FFPRM (n}(i))i>0.icz. Assume RV(B). There are some
constants 0 < ¢ < ¢ and 0 < k1 < ko such that for allt > 1 and all B > 0,

lim PP HC(HS t70)‘ = Bn)\] = P[|D;(0)| > B] € [ere™ 2P | cpe B,
A—0 A

111.5. The case =0

111.5.1. Definition of the limit process

In this case, the limiting process is trivial: we consider a Poisson measure g on R with
intensity measure dr and we put, for all t > 0, all x € R,

Yi(®) = 1{rg ()0} (ITL5.1)

Denote by {x;}iez the marks of mg with the convention that --- < xy_1 <0< x9 < ....
Then for all £ > 0, all i € Z, recalling (I11.4.1),

C(Ye, ) = [Xi» Xit1] (I1L.5.2)
for all z € (xi,xi+1) and C(Yy, i) = {Xi}-

Proposition II1.5.1. Let wg be a Poisson measure on R with intensity measure dz.
There obuviously a.s. exists a unique LFF(0)—process (Yi(z))i>0zer. It can be simulated
exactly on any finite box [—n,n] x [0,00]. For each t > 0 and x € R, we will denote
Dy(z) = C(Yy,x) the occupied cluster around x, see (I11.4.1).

We do not see fires at the limit but we should keep in mind that when a match falls,
it destroys a zone which becomes immediately occupied, because seeds fall continuously
on almost every sites. This zone is delimited by sites where seeds never falls. A typical
path of the LFF(0)—process is drawn on Figure II1.3.
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X0 X1 X2 X3
Figure II1.3.: LFF(0)—process.

The marks of mas (matches) are represented as bullets. We draw a plain vertical segment above
each mark of wg. For all times, the occupied clusters are delimited by these vertical segments.
In some sense, fires have an instantaneous effect, represented as dotted horizontal segments.

111.5.2. The convergence result

We now state our expected result in the case 8 = 0. We use Subsection II1.1.3. A
heuristic proof will be given in next Subsection.

Theorem IIL.5.2. Let v be a probability distribution on (0,00) satisfying RV(0).
Consider (k;)icz an i.i.d. sequence of random variables with law v. Consider, for each
A € (0,1], the process (DMNx))i>0.zer associated with the (A, v)—FFPRM. Consider also
the LEF(0)—process (Yi(z))t>0zecr and the associated (Di(x))t>0zeR-

1. For any T > 0, any finite subset {z1,...,x2p} C R, (DZ\(xi))te[o,T],izl,...,p goes in
law to (D¢(xi))iejo,1),i=1,...p 1 D([0,T],Z)P, as A tends to 0. Here D([0,T],Z) is
endowed with the distance o.

2. For any finite subset {(x1,t1),. .., (Tp,tp)} C R x (0,00), (D} (x;))i=1....p goes in

i

law to (Dy,(xi))iejo,,i=1,...p 10 L7, as X tends to 0, T being endowed with §.

111.5.3. Heuristic arguments

Here we give a heuristic proof of Theorem II1.5.2.
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1. Conwvergence of seed process. For 8 > 0, we define the measure

pIe!

LA R

150y dl.

Loosely speaking , the measure gg converges, as 3 — 0, to the Dirac mass at 0 in the
sense where, for all L > 0,

B g Y
w0 =555 ), = Ty !

while, for all 0 < A < B,

B / B o5 1 3 B
A,B|)= === PF7dl = =———=(B" - A7) — 0.
(A B) =t | g -4
Thus, when £ tends to 0, the LFF(3)—process tends (in a weak sense) to the LFF(0)—process,
where there are only two kinds of sites: slow sites where the first seed never falls (i.e.

seeds fall according to a Poisson process with parameter 0) and fast sites where seeds
fall continuously.

2. The Poisson measure. For K > 0 and a < b, let us denote by

Zypr = {i € [lama ], [bny]] : ks < K/ay}

the (random) set of sites which have an abnormally small parameter.
Using similar arguments as in point 2 in the heuristic proof in Subsection I11.4.3, it is
easy to show that

L
122 x| <= P( - a)).
—0
This last quantity does not depend on K > 0.

3. Occupation of vacant zones. Hence roughly, for A > 0 very small, Zioo,oo ~ Zﬁoom’K

(roughly, for all K). As a consequence, there are only two types of sites: sites of Z* 50,007
for which ayx; < 1, on which the first seed will never fall (in our time scale), and sites of
Z\Z* 0,000 for which ayr; > 1, on which seeds will fall almost continuously (in our time
scale). Slow sites are located, roughly, according to a Poisson, measure with intensity 1

on R (after rescaling of Z by ny).

4. Conclusion. Comparing the arguments above, we hope that, if G satisfies RV(0),
when A tends to 0, the (A, v)—FFPRM converges to the LEF(0)—process.

111.5.4. Cluster size distribution

The LFF(0)-process is very simple and the following is obvious.

194



Corollary IIL.5.3. Let v be a probability distribution on (0,00) and (ki)icz an
i.4.d. sequence of random wvariables with respect to the law v. Consider, for each
A € (0,1], the process (DNx))i>0.zer associated with the (A, v)—FFPRM. Consider also
the LFF(0)—process (Yi(x))i>0zcr and the associated (Di(z))i>0qzecr. Assume RV(0).
Then, fort >0 and B > 0,

lim P [|C(2,.0)| > Bny| = P(IDi(0)] > B] = / re " de = (B + e 5.
A—0 B
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A. Appendix.

In this Appendix, we first prove (II1.2.7) and (II11.4.3). We next prove the existence of
a function my satisfying (I11.2.8). Finally, we study the three examples encountered in
the paper.

A.1. Some well known results about regularly varying functions

We first prove (II1.2.7).

Lemma A.1. Let v be a probability distribution on (0,00) with Laplace transform G.
Recall (111.2.2), (I11.2.3) and (I11.2.5). If G satisfies RV(53), for some B € [0, 00) U{o0},
then for all t # 1,

B+t if Be[0,00),
iff=o00andt <1,
if =00 andt > 1.

1
n)\G(ayt) r—0

Furthermore, if G satisfies RV (00), then nyG(ay) tends to 0 when X tends to 0.

Proof. Let us first assume that G satisfies RV(3) for some 3 € [0,00). Thus, 1/G has

a representation
1
—— =Lt
<0 (t)
where L is some slowly varying function. By Karamata’s Theorem ([Kor04], Proposition
5.1 pl186), since ay — oo, we can argue that

B+1
ax 1 ax ax a 1 ay
ds:/ tPL(s)ds ~ L(a / tFds =2 _I(ay) = —— .

Recalling (II1.2.2) and (II1.2.5) and using RV(f), we easily deduce (II1.2.7) for § €
[0, 00).

We next assume that G satisfies RV (00). Recall (I11.2.2) and (II1.2.5) and observe
that
Glayt) _ 1 Glat) o 1 Glant)

Aay ayJo G(s) 0o G(ays)

This last quantity obviously tends to 0 as A — 0 when ¢ > 1 (using RV (c0), (II1.2.3)
and the dominated convergence theorem) and tends to oo when ¢ < 1 because then

n)\G(ayt) ~

0 G(ars)

L G(ayt) /1 G(ayt) 1—t  G(ayt)
ds > ds >
"= Jusne Glars) =2 Glax(t+1)/2) rs0

We next prove (I11.4.3).
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Lemma A.2. Consider a probability distribution v satisfying RV (5) for some [ €
(0,00). Let (ki)iez be an i.i.d. sequence of random wvariables with law v. For all A €
(0,1), all a < b and all K > 0, consider the random set

Zpyx ={i € [lany], [bny]] : ayk; < K}

Then, for all 0 < s < t, there holds that

L . A S [ S (s _
Jm it V€ [lany], [0 ]]\ 2 k0 N2 0) = N () > 0] =1

Proof. By time stationarity, we assume that s = 0. First, for all A\ € (0,1), by space
stationarity

P [3i € [lany ], a1\ Zap o N3 (3) = 0] < (b—at+1)nyP kg > K/ay, N3,(0) = 0]

— (b—a+1)n, /Oo e L(dr). (A1)

K/ay
But
/K/aA e Ty (dr) = {y((O,7"))673”"1}7":1(/6\A +ayt /K/aA v((0,7))e " dp
— (0, K/ay))e Kt + /KO: (0, 2/ (at))) da
< [ e,/ @) da
whence - -
0 <my /K/aA e ™y (dr) < ny, /Kt e "v((0,x/(axt))) dz. (A.2)

On the one hand, since G satisfies RV (), using Theorem 15.3 p.30 in [Kor04], which
ensures us that (1))

1/e
0,6)) ~ —tE
V(( 78))8%0:[1(5—'—1)7

we deduce that there is C' > 0 such that for all z € (0,1],
v((0,2)) <C x G(1/x).
On the other hand, for all z > 1, we easily have
G(1/x) > G(1) > G(1) x (0, 2).

Hence, there is C' > 0 such that, for all z > 0, v((0,2)) < C x G(1/z) and we may
write

ny /I: e (0, 2/(axt))) dz < ny x C x /I: e~ Glaxt /z) dz. (A.3)
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Recalling (II1.2.5) and using Karamata’s Theorem ([Kor04], Proposition 5.1 p. 186),

we deduce that
1 1 ax 1] 1
ny ~ ~—— =

— ds ~ —F——.
My ax Jo Gls) S0 (B DGlay)
Hence there is C' > 0 such that for all A € (0,1),

_ G(a)\t / x)
et TNEAW )

Kt G(ay)
An immediate consequence of the representation theorem of slowly varying function

([Kor04], Theorem 2.2 p. 180) ensures us that for any v > 0, there is b = b(vy) > 0 such
that for all 0 < v < u < o0,

n, / e~ Glaxt/z)dx < C dz. (A.4)
Kt

ﬁ —
u_G(u)>b<u—i—1> “f’
v Gv) T \wv+1

q =i () (1)

Hence there is C' > 0 such that for all A € (0,1), all K > 1 and all x > Kt,

which implies that

G(axt/x) AR
e <o) (A.5)

Gathering (A.1), (A.2), (A.3), (A.4) and (A.5), we deduce that there is C' > 0 such
that for all A € (0,1) and all K > 1,

P |3i € [lans], [bny]]\ Z2y o Ny (i) = 0] < C(b - )/KO: (%)ﬂﬂ e da.

Taking the supremum over A € (0,1) and letting K tend to oo, we deduce the claim.
O

A.1. Existence of a function m,

Lemma A.3. Let v a probability distribution on (0,00). Assume RV(oco). There
exists a function my: (0,1] — N satisfying (I111.2.8).

Proof. By Lemma A.1, there holds that for any n > 1,

A2y _ 0 and 1im 2@

I
A0 G(ax(1—1/n)) A0 Aay

=0.

Thus there exists A, € (0, 1] such that for all A € (0, )\,,),

)\a)\ G(a)\)
G(ax(1—1/n)) <1/n and ay < 1/(4n).
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We ay of course choose the sequence (A, ),>1 decreasing to 0. Then we defineey: (0,1] —
(0,1] by setting, for all n > 1, ex = 1/n for A € (Ay41,An]. There holds limy_,ge) = 0.
Finally, we put

===

This function is obviously non-increasing and satisfies, for all n > 1, all A € (A\41, ),

my ay _ Aay < 1
ny, Gax(l—e))) Gax(l1-1/n)) " n
and
Gla)  ,Ga) Aay 3
B+ DG <3G =) ~ > Aay Glan(l— 1/m) = dn?

whence limy_,0(my/ny) =0 and (2my + 1)G(ay) < 1.
Finally, fix z € (0,1) and consider n large enough, so that 1 — 1/n > 2. Then for
A€ (0,\,), there holds ) < 1/n, whence

__ Gaxz) G(ayz) ~
Clarzims > G —an) = G~ 1/m)
as A — 0, since z < 1 —1/n, by RV(c0). O

A.1. Examples

We finally compute in details the time scale ay, recall (I11.2.2), for various examples.

Example 1. The first example is the case where there is ag > 0 such that v((—o0, ag)) =
0 and v([ap,ap +¢€)) > 0 for all € > 0. First, since G(¢) < e~%", we have

1 )\/aA L s> 2 eman _ 1
o G(s) ~ ag

whence 1
ay < - log(1 + ag/A). (A.6)
0

Conversely, for all € > 0, there is ¢ > 0 such that G(t) > coe(@0tet Thyg,

ax 1 A
1:>\/ ds < — 2 (elaote)ar _q
o G(s) ~ co(ag+ 8)( )

whence

1
ay > P log(1 4 cc(ag +¢)/N). (A7)

Gathering (A.6) and (A.7), we easily deduce that

1
ay ~ a—olog(l/)\).
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Example 2. Here we examine the example where G(t) = e~*" for all ¢ > 0 and for some
€ (0,1). We prove that G satisfies RV (c0) and that ay ~ [log(1/\)]'/.
We have

g((ft)) = exp(—z*(1 — t%)) — t°°.

Furthermore, setting ¢(s) = 1/(G(s)s®), we have

i.e.

/m 1 xlfa 1
ds ~ —— .
0 G(s) oo a G(z)
We deduce that .
ax 1 Aay, @ A
1= — ds~ 122 ==
/0 G(s) Y G(ay) a™ ©

It is not hard to conclude that
ay ~ (log(1/X)"/*.

Example 3. We finally consider the law I'(3, 1), for § > 0, which has the density

2Plez

fa(z) = Wl{mo}-

Its Laplace transform is given, for ¢ > 0, by

zP—le—= 1
G(t) = / e dr = ———
W=k, TE® T T
and satisfies RV(f) since, for all ¢t > 0,
G(z)  (1+at)? 8
G(zt) (1+z)f a0
We have
1 —)\/akids—)\/ak(l—ks)ﬁds— A (@ +an —1)
Y G o S g
whence 1/(8+1) 1/(8+1)
aA=<1+E) o~ <@) _
A A—0 A
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