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Chapter 1

Introduction

After over 100 years of breakthroughs, discoveries and accomplishments, molecular spec-
troscopy is facing new frontiers in the 21st century.

The numerous fascinating avenues of current research include several tests of funda-
mental physical laws. Laboratory experiments have set stringent upper bounds for po-
tential violations of the symmetrization postulate of quantum mechanics by searching for
molecular transitions to states which cannot exist if symmetrization prevails [1, 2]. Po-
tential variations of the proton-to-electron-mass ratio are being sought for in laboratory
experiments [3] and on a cosmological scale, using H2 lines in the absorption spectra of
quasars [4]. Similar experimental techniques are used for probing a potential cosmological
variation of the electromagnetic fine structure constant [5].

The revolution in frequency metrology brought about by the emergence of optical fre-
quency combs [6] has also boosted molecular spectroscopy experiments for absolute tran-
sition frequency measurements down to the 100-Hz-level [7–9]. A strong synergy exists
between such studies providing experimental frequency data with unprecedented accuracy
on the one hand, and parallel enormous progress in ab initio calculations based on first
principles [10–12] on the other hand. Providing stringent tests of quantum electrodynam-
ics, this has opened the door to searches for a potential fifth force beyond the Standard
Model of particle physics in basic molecular systems [13].

Furthermore, there is an exciting quest for the first experimental observation of shifted
energy levels in chiral molecules which is expected on the grounds of parity violation by the
weak interaction [14, 15]. Resolving the resulting minute transition frequency differences
between enantiomers by precision laser spectroscopy is a continued experimental challenge
[16, 17]. An elucidation of parity violation effects in molecular systems could contribute to
a better understanding of the origin of homochirality of biomolecules, which is intimately
linked to the origin of life.

Closing in on the applications targeted by the developments in this thesis, let us
mention that molecular spectroscopy can also contribute to the redefinition of the Kelvin
in terms of an exactly defined value for the fundamental Boltzmann constant kB [18]. This
update of the international unit system SI (Système International), which also concerns the
kilogram, the ampere and the mole, is expected to be adopted by the General Conference
on Weights and Measures (CGPM) in 2018 [19]. Up to then, further precise measurements
of kB with distinctly different experimental techniques have been recommended by the
Committee on Data for Science and Technology (CODATA) [20], in order to provide an
independent verification of the accepted value for kB, thus laying a solid foundation for
the redefinition of the Kelvin. One such technique is the spectroscopic measurement of
kB through the Doppler broadening of a molecular absorption line in a sample in thermal
equilibrium [18], which is illustrated in Fig. 1.1a. First experimental determinations of
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2 CHAPTER 1. INTRODUCTION

Figure 1.1 Two promising metrological applications of molecular absorption spectroscopy:
absolute temperature or Boltzmann constant measurements by the Doppler width ∆νD of
an absorption line (a), and isotopic ratio measurements by the integrated absorptions S1
and S2 of two absorption lines belonging to two isotopologues of one molecular species,
here in the case of CO2, with a relative error below 10−4 (b). The two illustrations both
depict absorption spectra with an absorption coefficient α as a function of optical frequency
ν. kB: Boltzmann constant, T : temperature, m: molecular mass, c: speed of light, ν0:
absorption line center frequency.

kB with this method [21–23] were in agreement with the accepted value and showed a
promising potential for reaching a competitive precision of a few parts per million (ppm)
[24–26] in the near future.

This ppm-precision goal sets the same strict requirements on the frequency resolution
and stability of any spectrometer used for such a measurement. Furthermore, it challenges
the most advanced theoretical models used for describing the shape of a molecular absorp-
tion line [27, 28]. Providing insights into intermolecular interaction processes, molecular
line shape studies are another domain of molecular spectroscopy where fast progress is
currently made through the close cooperation of experimentalists and theoreticians.

Physically sound absorption line profile models are also vital for the rapidly developing
application field of isotopic ratio measurements by laser spectroscopy [29]. As illustrated in
Fig. 1.1b, the integrated absorption due to a line corresponding to a certain isotopologue
of a molecular species is proportional to the number density of that isotopologue. Tiny
changes in the isotopic composition of different natural or artificial samples are due to
fractionation processes, in particular by the different kinetics and equilibrium thermody-
namics of isotopologues with different mass, but also independently of mass, by a differing
isotopologue photochemistry, for instance. These subtle isotopic signatures carry a wealth
of information on the processes which occurred during the formation or the lifetime of
a substance. Consequently, their precise and reliable measurement is highly relevant to
environmental sciences and paleoclimatology [30–33]. Optical measurements by laser spec-
troscopy have been demonstrated for atmospherically relevant species such as water [34,
35], carbon dioxide [36, 37] or methane [38], for instance. Such compact laser instruments,
including commercial [39] and field-deployable [40] devices, can complement or eventually
replace conventional dual-inlet mass spectrometers, which are both bulky and expensive.
Another crucial advantage of spectroscopic approaches is their high intrinsic isotopologue
selectivity, which is due to the fact that different isotopologues have distinct and resolved
infrared spectra. Consequently, even isotopologues of nearly equal mass can be clearly
distinguished by laser spectroscopy.
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At Laboratoire Interdisciplinaire de Physique (LIPhy) in Grenoble, which was for-
merly known as Laboratoire de Spectrométrie Physique (LSP), we build on a long-lasting
tradition of fundamental and applied research in molecular spectroscopy. In particular,
LIPhy researchers have been pioneering development of state-of-the art laser techniques
and instruments for molecular absorption spectroscopy, such as continuous-wave cavity
ring-down spectroscopy (CW-CRDS) [41], optical-feedback cavity-enhanced absorption
spectroscopy (OFCEAS) [42] and mode-locked cavity-enhanced absorption spectroscopy
(ML-CEAS) [43], which have been invented or realized for the first time at LIPhy. The
common ground of all these techniques is the use of optical resonators with highly reflective
mirrors, which guarantee high resolution and sensitivity by providing a sharp frequency
grid and a strong interaction enhancement between light and molecular samples.

To cite just a few examples of the manifold research directions in molecular spec-
troscopy at LIPhy, let us mention CRDS with record-breaking absorption sensitivity for
detecting previously inaccessible absorption features [44], fundamental physics studies [12,
45], and broadband rovibrational spectroscopy [46, 47] for providing comprehensive cov-
erage in spectroscopic databases, which are beneficial for a wide range of applications,
such as planetology [48, 49], for instance. Further efforts are directed at the development
of compact laser instruments for the measurement of isotopic ratios [35, 50] and the de-
tection of trace gases for environmental sciences [51, 52], pollution monitoring [53, 54],
real-time breath analysis [55], and the in situ detection of elusive atmospheric radicals [56,
57], which play a key role in ozone photochemistry.

While traditionally reaching record sensitivities in terms of absorption, the frequency
precision of spectrometers at LIPhy was first limited by a frequency axis calibration based
on grating spectrograph or reference etalon readings and reference lines, and lately by the
measurement precision of optical wavemeters, which reach a frequency resolution at the
MHz level at best.

To go beyond this limitation, we set out on the development of an ultrastable V-
shaped optical cavity as a dedicated reference resonator for frequency-stabilization and
linewidth-narrowing of a conventional near-infrared diode laser by optical-feedback locking
[58]. Combined with radio-frequency fine-tuning using an integrated electro-optic single-
sideband modulator, we thus realized a highly stable, yet tunable laser source with sub-
kHz linewidth, outperforming our best wavemeter by three orders of magnitude in terms
of resolution and short-term stability. Importantly, the narrow linewidth of this VCOF
(for V-Cavity Optical Feedback) laser allows its efficient injection into an optical cavity
with highly reflective mirrors. Clearly, the work in [58] prepared the ground for the
developments reported here.

A first objective of this thesis was to fully characterize the frequency noise and stability
properties of the VCOF laser. This was a non-trivial task due to the fact that no other
light source at LIPhy came close to being sufficiently coherent for qualifying as a reference
oscillator for the sub-kHz-linewidth laser.

The heart of our project was to use this stable VCOF laser for realizing a novel cavity
ring-down spectrometer with unprecedented frequency stability and resolution and fur-
ther increased absorption sensitivity. This Optical Feedback Frequency-Stabilized Cavity
Ring-Down Spectrometer (OFFS-CRDS) was designed for tackling challenging metrolog-
ical applications of molecular absorption spectroscopy, such as Doppler thermometry or
isotopic ratio measurements (cf. Fig. 1.1). Metrology, as the science of measurements, dic-
tates rules for rigorous measurement procedures and requires an experimental setup which
allows traceable measurements of physical quantities. Such measurements are linked to
primary standards, which put the definition of the SI units into practice, by an unbroken
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chain of calibration measurements with a complete uncertainty analysis and error budget.
Once OFFS-CRDS was operational, our objective was threefold. We aimed at fully

characterizing the performance of the new spectrometer, at understanding and alleviating
its limitations, and at carrying out first spectroscopic applications exploiting its charac-
teristic qualities.

In line with the discussion above, this thesis consists of three parts. The first part fo-
cuses on the realization and characterization of highly coherent near-infrared laser sources
for precision spectroscopy. The second part details design aspects and characteristics of
the new OFFS-CRD spectrometer and provides a general analyis of limitations of CRDS.
The third part reports metrological applications of OFFS-CRDS to the rovibrational spec-
troscopy of CO2 with a particular focus on saturated absorption.

Throughout its three parts, the present treatise is based on six peer-reviewed articles
and one theoretical supplementary material, which are concise, yet detailed accounts of
the major scientific results obtained in the framework of this thesis. For the specialist
reader, it may be opportune to start off by reading these articles to gain a broad overview
of the results which have been obtained. Afterwards, the reader may turn to the additional
technical and experimental details as well as further theoretical and experimental results
reported here. As far as possible, the chapters were designed to be self-sufficient, and
references to previous or following sections are made wherever it was opportune. Conse-
quently, the reader interested in one particular aspect of the present work may focus on
the corresponding chapter to begin with.

Naturally, this thesis can be read equally well in a linear fashion. Chapters on basic
concepts, intended to provide a physical and methodological background and an overview
of the relevant literature, are alternated with chapters dedicated to the presentation and
discussion of our scientific results. This linear structure is meant to provide a consistent
global picture and is recommended to the novice reader.

In Chapter 2, we provide an introduction to basic concepts of laser frequency stability
and phase noise, as well as measurement and stabilization schemes. In a similar manner,
optical single-sideband modulation, self-referenced optical frequency combs, as well as the
basic physics and recent developments of ultrastable optical cavities for laser stabilization
will be introduced.

In Chapter 3, the original publication reporting the VCOF laser is followed by an
experimental section detailing its frequency-noise characterization with a massive reference
etalon, as well as long-term frequency drift measurements using either narrow saturated
absorption features or an optical frequency comb. Eventually, ongoing developments on
improved V-shaped reference cavities are presented.

In Chapter 4, we explore straightforward methods for transferring the coherence of our
VCOF laser to other, noisier near-infrared lasers well outside the VCOF laser bandwidth.
These techniques are based on ultra-fast frequency and phase corrections to the noisy
laser light field by single-sideband modulation in a feed-forward configuration. Beside a
methodological and theoretical analysis, we present two articles reporting experimental
results on sub-radian phase coherence transfer and frequency-offset locking on the one
hand, and a generalization of this scheme for coherence transfer over a broad spectral
interval by an optical frequency comb on the other hand. The studies in this chapter were
carried out in collaboration with the group of Prof. Marco Marangoni from Politecnico di
Milano.

In Chapter 5, we provide a brief introduction to historical and methodological as-
pects of CRDS and discuss two different theoretical approaches. Then, ultra-sensitive and
frequency-stabilized CRDS techniques from the literature, which are relevant to OFFS-
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CRDS, are reviewed. Eventually, some exciting recent trends and developments in CRDS
are discussed.

In Chapter 6, we render a detailed account on the new OFFS-CRD spectrometer. The
original publication of the method is followed by an in-depth discussion of all relevant
experimental and technical details including data processing and automation routines.
At the end of the chapter, an experimental study characterizing the dependence of the
absorption detection limit on spectrum averaging is presented, reaching a record low on a
narrow spectral zone.

In Chapter 7, systematic error sources and limitations of CRDS are analyzed from a
general point of view. Covering a broad range of adverse effects, the discussion combines
findings from the literature with our own experimental studies and theoretical develop-
ments. The comprehensive overview of errors and biases provided in this chapter are
meant to promote a considered use of CRDS for metrological applications.

In Chapter 8, an introduction to some basic concepts of rovibrational absorption spec-
troscopy is given, with a particular focus on line profile models. The second half of the
chapter is dedicated to an article reporting further performance characterizations and im-
provements in OFFS-CRDS as well as proof-of-principle applications to broadband spec-
troscopy and precision line shape measurements.

In Chapter 9, a literature review on saturated absorption studies by CRDS is followed
by a detailed theoretical analysis of weak saturation effects in CRDS. In particular, we
derive an analytic formula for the non-exponential ring-down signal in this regime and
apply it to saturated-absorption experiments by OFFS-CRDS. Then, a frequency-comb-
assisted OFFS-CRDS setup is presented, which was used for measuring twelve 12C16O2
transition frequencies near 1.6 µm with an accuracy of a few kHz, again in collaboration
with the Marangoni group of Politecnico di Milano. After the original article reporting
these results, the data processing and error analysis are discussed in more detail, as well
as the impact of these new CO2 reference frequencies for spectroscopic databases.

In Chapter 10, a conclusion of the work carried out in the framework of this thesis is
drawn. Providing an outlook to research activities in the near future, we show preliminary
results on the first application of OFFS-CRDS towards optical isotopic ratio measurements
of 17O in CO2. Eventually, a general perspective on future developments and applications
of OFFS-CRDS is given.





Part I

Highly coherent and tunable laser
sources for precision spectroscopy
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Chapter 2

Methodological foundations and
state of the art

Almost 100 years ago, Albert Einstein predicted the existence of a stimulated emission
process of radiation [59] theoretically. This pioneering contribution and many ensuing
studies ([60], for instance) paved the way to a radiation source of unprecedented spec-
tral purity, the ammonium maser (microwave amplification by stimulated emission of
radiation) realized by James Gordon, Herbert Zeiger and Charles Townes [61] 60 years
ago. Five years later, it was followed by Theodore Maiman’s ruby laser (l for light) in the
visible domain of the electro-magnetic spectrum [62].

After these breakthroughs, it took another 45 years until the Nobel prize in Physics
was awarded to Theodor Hänsch and John Hall in 2005, in particular for their contribu-
tion to the development of self-referenced optical frequency combs. Such frequency combs
have revolutionized optical frequency metrology by mapping an optical frequency to two
radio frequencies (RF) and one integer [6, 63], as will be discussed in detail in a later
section of this chapter. The radio frequencies can be readily measured using a frequency
counter, or locked using analog electronics, thus yielding a straightforward optical fre-
quency measurement at an accuracy ultimately limited by the primary caesium clock used
for realizing the current definition of the SI-second as 9, 192, 631, 770 oscillation periods
of a hyperfine transition in ground-state 133Cs (SI=Système International d’Unités) [64].
A symbolic depiction of such an electron-nucleus spin flip transition for the case of the
hydrogen atom is shown in Fig. 2.1. This phenomenon was judged so fundamental and
universal by NASA (National Aeronautics and Space Administration) scientists that the
pictogram was engraved on the unmanned Pioneer-10 and Pioneer-11 space probes as a
message to potential intelligent extraterrestrial lifeforms who might retrieve the space-
craft. Today, hydrogen masers based on this hyperfine transition are still very powerful

Figure 2.1 Symbolic depiction of the 21-cm-wavelength hyperfine transition of the hydro-
gen atom by NASA scientists Carl Sagan and Frank Drake.

9
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tools for precision spectroscopy [65], by virtue of their outstanding frequency stability,
which typically outperforms rubidium-referenced crystal-oscillator clocks by three orders
of magnitude.

The coherence length of a light source can provide an intuitive grasp of the extreme
stability properties of maser and laser oscillators. It can be defined as the maximum
optical path length difference between two light fields originating from that same source
at which temporally and spatially stable interference fringe patterns can still be observed.
A rough mathematical formulation for this condition can be obtained by considering the
width ∆ν of the frequency spectrum of a light source. Assuming a dephasing of less than
2π for components from both ends of the spectrum leads to the following simple expression
for the coherence length Lc:

Lc ≈
c

∆ν , (2.1)

where c is the vacuum speed of light. Its exact 9-digit value is fixed to c = 299, 792, 458 m/s,
thereby defining the meter as the base unit of length in the SI [66]. The fundamental
dispersion relation

c = λν (2.2)

links the frequency ν of an electro-magnetic wave to its vacuum wavelength λ. The
wavenumber ν̃ = 1/λ, typically expressed in units of cm−1, is a derived frequency unit
commonly used in molecular spectroscopy. With the dispersion relation (2.2), the coher-
ence length (2.1) of a light source can be rewritten in terms of its spectral width ∆λ
around a central wavelength λ:

Lc ≈
λ2

∆λ (2.3)

Visible white light from a black-body source, such as the sun, for instance, is characterized
by a continuous spectrum centered around 550 nm and spanning approximately 300 nm .
In this case, Eq. (2.3) yields a coherence length of only 1 µm, implying that white-light
interferometers need to work at optical path differences below this value. Except for the
case of bidirectional Sagnac loop interferometers [67], where both beams travel an identical
optical path in opposite directions, meeting this criterion often constitutes a considerable
experimental challenge. With an emission frequency on the order of 24 GHz, stable to a
few parts in 1012 at the timescale of one second, the first ammonium laser [61] featured
an unprecedented spectral purity corresponding to a coherence length of over 7000 km.
Today, laser oscillators locked to ultrastable optical resonators, which will be discussed
in greater detail in Section 2.4 below, exhibit second-scale linewidths down to 40 mHz at
optical frequencies on the order of 200 THz [68]. This corresponds to a coherence length
of 7 · 106 km, 18 times the distance between earth and moon.

The ground-breaking scientific advances discussed above are only the tip of the ice-
berg of the enormous progress which was made in the physics of stable oscillators, ultra-
monochromatic light sources and frequency metrology over the past century. The benefits
of ultrastable lasers for fundamental physics in general, and for precision spectroscopy and
time and frequency metrology in particular, are numerous.

The objective of this chapter is to provide a general introduction to the study of
highly coherent optical oscillators, in order to lay a solid foundation for the discussion of
methods and results on laser frequency stabilization and coherence transfer in this thesis,
while embedding it in a broader context. An exhaustive, complete and profound treatment
of this vast field, however, is beyond the scope of this Thesis and not attempted here.
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2.1 Frequency stability and phase noise

An ideally monochromatic oscillator at angular frequency ω0 is characterized by the time-
dependent field amplitude

E(t) = E0 cos (ω0t+ ϕ0) (2.4)

where E0 is the maximum field amplitude and ϕ0 the initial phase of the oscillation.

By contrast, in a real oscillator, there are random phase fluctuations due to noise
processes, such as the spontaneous emission of a photon with random phase in the laser
medium. This is only one particular example, as there are myriads of atoms in the laser
medium, charge carriers in the driving electronics and photons in the pump field and in the
laser resonator, which, in turn, is subject to mechanical perturbation, while all are affected
by thermal motion and the statistics related to thermal excitation. Due to the complex
interactions between all these system constituents, many other stochastic mechanisms may
affect the oscillation of the laser field, giving rise to a random noise process in laser phase.
Consequently, ϕ(t) becomes a time-dependent quantity ϕ(t), and E(t) then reads

E(t) = E0 cos (ω0t+ ϕ(t)) (2.5)

The explicit time-dependency of the phase noise ϕ(t) alters the instantaneous frequency
ω(t) = d(arg [E(t)])/dt of the oscillator:

ω(t) = d (ω0t+ ϕ(t))
dt = ω0 + dϕ(t)

dt (2.6)

This fundamental relationship therefore inseparably links phase and frequency noise pro-
cesses, which are two representations of the same physical reality. For comparing charac-
teristics of oscillators from different domains of the electro-magnetic spectrum, the instan-
taneous frequency is often expressed as a normalized relative frequency y(t) with respect
to the reference frequency ω0 defined as

y(t) = ω(t)− ω0
ω0

(2.7)

The phase noise processes in ϕ, ω and y can be decomposed into contributions from
many spectral frequencies f , which are also called Fourier frequencies in honor of the father
of spectral analysis [69]. To examine their respective impact on the total noise process,
let us first consider the autocorrelation function Ry(τ) of the quantity y(t), which is given
by

Ry(τ) = lim
T→∞

1
2T

T∫
−T

y(t+ τ)y∗(t)dt (2.8)

where the asterisk denotes the complex conjugate. The power spectral density (PSD) of
y(t) then reads

Sy(f) = 2
∞∫
−∞

Ry(τ)e−i2πfτdτ (2.9)

and gives the spectral contribution to y(t) from the Fourier frequency interval [f, f + df ].
This important result is the Wiener-Khintchine theorem [70, 71]. The power spectral
density in Eq. (2.9) is implicitly one-sided, in that its domain of definition is the positive
real axis f ≥ 0. The factor of two in (2.9) originates from the conversion of a symmetric,
two-sided PSD into a one-sided PSD of the same integrated area, which is most commonly
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used in practice. According to Eqs. (2.8) and (2.9), the total variance σ2
y in y(t) is given

by

σ2
y =

∞∫
0

Sy(f)df (2.10)

Relations analogous to Eq. (2.9) also hold for all other time-domain signals. Corre-
sponding to ϕ(t), for instance, Sϕ(f) is the phase noise PSD, which reveals the spectral
composition of the underlying phase noise processes. Moving from angular frequencies to
frequencies, one may define the instantaneous detuning ∆(t) of the laser field in Eq. (2.5)
with respect to its nominal frequency ω/(2π) as

∆(t) = ω(t)− ω0
2π (2.11)

With (2.11), the equivalence relation (2.6) between phase and frequency noise combined
with the ∆- and ϕ-variants of Eq. (2.9) yields the following important relationship between
the phase- and frequency-noise power spectral densities:

S∆(f) = f2Sϕ(f) (2.12)

Common noise processes exhibit power-law-scaling with Fourier frequency in S∆(f), and
consequently in Sϕ(f). For instance, a random walk of laser phase leads to S∆(f) = const.,
called white frequency noise. Another very common noise process often dominating at low
Fourier frequencies is so-called 1/f or flicker noise of technical origin, which is character-
ized by S∆(f) ∼ 1/f . For a more detailed discussion on physical phase noise processes
and an overview on their different power-law scalings in S∆(f) and Sϕ(f), see [72] and
Table 2.1 therein, for instance.

Another important quantity is the power spectral density SE(f) of the light field E(t)
itself, derived via the autocorrelation function RE(τ):

SE(ω) = 2
∞∫
−∞

RE(τ)e−iωτdτ (2.13)

This quantity, which is not to be confounded with S∆(f) or Sϕ(f), is proportional to the
power spectrum of the electro-magnetic field. When measured, it directly provides the
laser linewidth in terms of the width of the peak at ω0. It is also useful for retrieving the
autocorrelation function of the light field by inverting the Fourier transformation in Eq.
(2.9). A very interesting property of SE(ω), which is useful for characterizing the phase
coherence of narrow-linewidth lasers, is the relationship between phase variance σ2

ϕ and
the power Pc in the coherent delta-peak carrier at ω0, as compared to the total signal
power Ptot ∼

∫∞
0 SE(ω)dω [73]:

Pc
Ptot

= e−σ2
ϕ (2.14)

This equation will be used in Article 2 on page 51 for characterizing the sub-radian phase-
coherence transfer by single-sideband modulation in a feed-forward configuration.

An analytic relationship between Sϕ(f) and SE(ω) can be developed [74, 75] by writing
the autocorrelation for the field E(t) as

RE(τ) = E2
0eiω0τe−2

∫∞
0 S∆(f) sin2(πfτ)

f2 df (2.15)
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Figure 2.2 Experimental study on the combined frequency noise power spectral densities
(upper panels) and optical power spectra (lower panels) of three laser pairs by Bucalovic et
al. [76]. The areas under each frequency noise PSD to be used in Eq. (2.18) for estimating
the laser linewidth with the β-separation-line technique are indicated by darker shades.
Adapted from [76] (Figure 2).

Then, SE(ω) follows from Eq. (2.13). Unfortunately, this expression can only be evaluated
analytically in a few simple cases [75], for instance for pure white frequency noise:

S∆(f) = h0 ⇔ SE(ν) = E2
0

h0

(ν − ν0)2 + π2h2
0

4

(2.16)

where frequency units ν = ω/(2π) and ν0 = ω0/(2π) have been used. Consequently, the
power spectrum of an oscillator exhibiting pure white frequency noise is a Lorentzian with
full width at half maximum (FWHM) πh0 centered at ν0. The dashed line for the free-
running DFB laser in Article 1 on page 32 was evaluated on this basis, and corresponds
to a Lorentzian laser lineshape with 2 MHz FWHM. When an explicit analytic form for
SE(ω) does not exist, or in the case of an experimentally measured frequency noise PSD,
one must resort to a numerical integration of Eqs. (2.15) and (2.13) while ensuring that
numerical pitfalls due to the rapidly oscillating integrand or due to the integration bounds
are avoided, which is a challenging endeavor in practice [76].

To address this issue in the case where only the laser linewidth is of interest, Di
Domenico and co-workers have proposed a simple geometrical approach to deduce an
approximate value for laser linewidth directly from the frequency-noise PSD of an oscillator
[75]. To this end, they showed that the sections of the PSD lying below the so-called β-
separation line

β(f) = 8 ln 2
π2 f (2.17)

do not contribute appreciably to the FWHM of the optical lineshape. Physically, in a
modulation-sideband picture of frequency noise, this is due to the fact that contributions
at small modulation depths affect mainly the Lorentzian wings of the optical lineshape,
whereas high modulation depth processes contribute to the central Gaussian portion, which
determines the FWHM. Let A equal the sum of all areas under the curve S∆(f) on intervals
where S∆(f) > β(f). Then, the β-separation-line estimate for the laser FWHM ∆νFWHM
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reads
∆νFWHM ≈

√
8 ln 2 ·A (2.18)

This simple and elegant procedure for obtaining the laser linewidth is illustrated on the
experimental examples shown in Fig. 2.2. One can see that, in spite of significantly dif-
ferent noise structures and orders of magnitude, the combined linewidths estimated with
the β-separation-line technique are in good agreement with the values determined directly
from the power spectra of the respective two-laser beat notes.

Another very important concept in frequency metrology concerns a time-domain char-
acterization of oscillator frequency stability. In order to mark out random noise from
divergent drift processes, Allan suggested a two-sample variance [77] closely related to
the one originally proposed by Neumann et al. [78]. Taking adjacent dead-time free nor-
malized frequency averages yj = 1/τ

∫ τ
0 y (jτ + t′) dt′ over a time interval τ , the so-called

Allan variance σ2
y(τ) reads

σ2
y(τ) = 1

2
〈

(yj+1 − yj)2
〉
, (2.19)

where the angle brackets denote a time average over all squared normalized frequency
differences. As an example, the Allan deviation σy(τ) for the laser oscillator of a state-of-
the-art optical clock based on strontium atoms inside an optical lattice [79] is shown on
the left of Fig. 2.3.

Figure 2.3 Left: Allan deviation σy(τ) for a state-of-the-art strontium lattice clock by
Bloom et al. [79]. The dashed line indicates the averaging behavior expected for random
white frequency noise. Adapted from [79] (Figure 1a). The solid red line is a fundamental
quantum noise limit. Right: Power-law behavior of the Allan deviation with averaging
time τ in double-logarithmic scaling for different phase and frequency noise mechanisms
as well as linear frequency drifts.

On the right of Fig. 2.3, the power-law scaling of the Allan variance for different noise pro-
cesses is sketched schematically. Conveniently measured, typically on the heterodyne beat
note of two optical fields, using a dead-time free counter in the radio-frequency domain,
the Allan variance thus provides a wealth of information about the noise characteristics of
an oscillator, the presence of drifts, as well as the precision level which can be ultimately
attained by averaging. The Allan variance follows from the frequency noise PSD by the
following relationship [72]:

σ2
y(τ) = 2

∞∫
0

Sy(f)sin4 (πτf)
(πτf)4 df (2.20)
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Consequently, the Allan variance of an oscillator can be determined from its frequency
noise PSD, while the inverse is not true in general. Consequently, the characterization in
terms of a PSD should be preferred whenever possible, as it provides complete information
about the noise properties of the oscillator.

As a concluding remark, let us note that Werle and co-workers have applied the con-
cept of Allan variance to the measurement stability and averaging behavior analysis of
molecular absorption spectrometers [80, 81]. In this thesis, the technique was used to
characterize the OFFS-CRDS spectrometer in Articles 4 on page 90 and Article 5 on page
160.

2.2 Frequency noise measurement and laser stabilization
techniques

The frequencies of optical oscillators on the order of hundreds of THz lie well outside the
realm of electronics, turning a measurement of their phase and frequency noise character-
istics into an experimental challenge. Nevertheless, many powerful techniques based on
different physical mechanisms exist.

A very common approach is based on the heterodyne beat-note between two optical
oscillators. Consider the superposition of two fields E1(t) and E2(t) as in Eq. (2.5) on a
photodetector, yielding the signal S(t):

S(t) ∼ (E1(t) + E2(t))2 = E2
1 + E2

2 + E1E2 cos ((ω2 − ω1) t+ ϕ2(t)− ϕ1(t)) (2.21)

where terms oscillating at optical frequencies ω1/2 or higher were omitted, as they are
orders of magnitude beyond the bandwidth of any photodiode. The signal in Eq. (2.21)
oscillates at the difference frequency of both fields. Consequently, for sufficiently similar
optical frequencies, the problem of relative phase noise measurement has been transferred
to the radio-frequency domain.

There, a measurement of the combined linewidth can be readily carried out by examin-
ing the beat note power spectrum SE(ω) with a radio frequency spectrum analyzer. In this
process, the shape of the optical spectrum is preserved in the radio frequency domain on
the condition that the width of the spectrum is small compared to the beat note frequency
ω2 − ω1 [74].

The heterodyne beat note can also be used for characterizing the long-term stability of
both oscillators as well as their underlying noise processes. To this end, a dead-time free
radio-frequency counter may be employed, which counts the number of cycles N of the beat
note signal in a gate time interval tg yielding the instantaneous frequency of the beat note
f = N/tg. The accuracy of this frequency can be ensured by referencing the counter to a 10
MHz timebase signal based on a GPS-disciplined hydrogen-maser or rubidium-clock (GPS:
global positioning system). The dead-time free instantaneous frequency measurements can
then be used for determining the Allan variance of the system by inserting them into Eq.
(2.19), making oscillator stability characterization at hundreds of THz possible, as in the
case of the optical atomic clock in Fig. 2.3. There, the Allan variance from the beat note
of two independent clock lasers was divided by

√
2 to reflect the performance of the single

system, by assuming statistically independent, but equivalent noise processes for the two
systems. If, on the contrary, one reference oscillator with supreme frequency stability is
available, it can be used for a direct characterization of a noisier oscillator with negligible
own noise contribution. This was the case for the characterization of free-running laser
noise by a sub-kHz reference laser in Fig. 2a of Article 2 on page 51, for instance.



16 CHAPTER 2. METHODOLOGICAL FOUNDATIONS AND STATE OF THE ART

Finally, the beat note signal (2.21) can also be processed using a radio-frequency dis-
criminator, or frequency-to-voltage converter [82]. Such a device provides a voltage signal
proportional to the instantaneous frequency of the beat note and allows a direct determi-
nation of its frequency and phase noise PSDs Sy(f), S∆(f) and Sϕ(f)by means of Eqs.
(2.8-2.12).

A sensitive phase discriminator for the beat note signal (2.21) can be realized by
multiplying it with a local oscillator signal ELO cos (ωLO + ϕLO) with negligible phase
noise using a radio-frequency mixer. The RF mixer output signal U(t) then reads

U(t) ∼ ELOE1E2 cos (ωLO + ϕLO) cos ((ω2 − ω1) t+ ϕ2(t)− ϕ1(t)) (2.22)
∼ ELOE1E2 cos ((ω2 − ω1 − ωLO + ϕ2(t)− ϕ1(t)− ϕLO)) (2.23)

after having cut all signals at frequencies ω2−ω1 or higher by a low-pass filter. In the special
case of two highly coherent sources with ϕ2(t) − ϕ1(t) � 1, the choices ωLO = ω2 − ω1
and ϕLO = −π/2 lead to

U(t) ∼ ELOE1E2 sin (ϕ2(t)− ϕ1(t)) ∼ (ϕ2(t)− ϕ1(t)) (2.24)

Consequently, U(t) acts as a phase discriminator yielding a voltage proportional to the
relative phase of the two fields in this regime.

This mixer operation at quadrature as in Eq. (2.24) is particularly useful when using
U(t) as an error signal for an active servo control phase phase-locking the two optical
oscillators to ∆ϕ ≈ 0 at an angular frequency offset ωLO. The basic structure of such a
phase-locked loop (PLL), whether electronic or optical (OPLL), is shown in Fig. 2.4. The

Figure 2.4 Block diagram of a basic phase-locked loop (PLL). Adapted from [83] (Figure
1.1).

control signal u2 in Fig. 2.4 can be the pump current of a diode laser, for instance. Their
particularly fast modulation response has allowed the realization of analog OPLLs with
servo bandwidths as high as 180 MHz [84, 85] in the field of microwave telecommunication,
yielding a phase lock with a root-mean-square (rms) phase error down to 0.2 rad between
lasers with free-running linewidths of several MHz dominated by fast white frequency
noise. Commercial modules for realizing an optical phase-locked loop based on the mixing
signal from a heterodyne beat note and a local oscillator also exist and feature bandwidths
of several tens of MHz. As an example, let us mention the Toptica mFALC 110 module,
without endorsing it in any way. For a noisier relative phase rapidly varying by several ra-
dians, a digital phase discriminator can relax servo bandwidth requirements and provide
a reliable lock with wide locking range at the price of slightly increased residual phase
error. A prominent example for such a system is the broad-range digital phase-frequency
detector by Prevedelli, Freegarde and Hänsch [86].

For measuring the frequency noise PSD of a laser without down-conversion into the
radio-frequency domain, optical frequency discriminator schemes exist. They are based
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on physical processes which exhibit a narrow response as a function of optical frequency
conveying them high discrimination sensitivity. As discussed in detail in Section 3.2.1,
we have used the transmission of a high-finesse Fabry-Pérot cavity with a mode width
of 9 kHz for measuring the frequency noise PSD of the sub-kHz VCOF laser. A similar
approach consists in using a Doppler-broadened absorption line [87] as an optical frequency
discriminator. For obtaining higher frequency sensitivity, using a saturated-absorption
feature (cf. Chapter 9) may be an interesting alternative.

Another approach to measuring the phase and frequency stability of an optical oscilla-
tor without an independent reference consists in the time-delayed interference of two light
fields from the same source. Intuitively, the introduction of a time delay τ approaches
an experimental realization of the autocorrelation function (2.8) of the light field. The
interference can be carried out by splitting the signal into two parts, inserting a fiber-optic
delay line τ in one of the two arms, and recombining the delayed and undelayed beams.
This setup constitutes a Mach-Zehnder type interferometer which converts phase fluctua-
tions of the light fields into intensity variations which can be detected using a photodiode.
If an additional frequency shift is introduced in one interferometer arm, for example by
means of an acousto-optic modulator (AOM), the interference signal can be studied in the
radiofrequency domain by means of an RF spectrum analyzer. An example for such an
experiment can be seen in Fig. 2.5, showing the delay-line-measured power spectrum of a
distributed-feedback (DFB) laser at 1.55 µm shifted to 200 MHz by an AOM.

Figure 2.5 Radio-frequency power spectrum from a self-heterodyne measurement of a DFB
laser with a 6-km-long delay line by Ludvigsen et al. [88]. The solid line corresponds to an
optical lineshape with flicker and white noise contributions. The white-noise contribution
corresponds to a Lorentzian with a linewidth of 440 kHz (dashed line). Adapted from [88]
(Figure 2).

The phase noise PSD S′ϕ of the interferometer output signal may be measured using a
radio-frequency phase discriminator. Then, the phase noise PSD Sϕ of the optical oscilla-
tor can be retrieved using the relation [72]

S′ϕ(f) = 4 sin2
(
(πfτ)2

)
· Sϕ(f) (2.25)

Consequently, the observable noise signature in the interferometer output signal vanishes
quadratically as fτ → 0. In view of this property of Eq. (2.25), the elegant delay-line
technique is unfortunately impractical for characterizing sub-kHz-linewidth lasers with
important frequency noise contributions at Fourier frequencies below fc = 100 Hz (cf. Fig.
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5 of Article 1). To resolve such slow fluctuations in the time domain, a delay line with a
length of c/f ≈ 3000 km would be necessary. In such situations, partial information on
the high-frequency noise properties of the laser can nevertheless be extracted even with a
short delay line [88].

For further details on phase and frequency noise measurement techniques, see [72],
for instance. Let us note that amplitude noise, which is present in real systems and was
set aside here and in the preceding section for the sake of simplicity, can not be distin-
guished from frequency noise in all of the above measurement schemes. Consequently, it is
important to evaluate its impact by means of an independent measurement. In practice,
amplitude noise is often negligible in sensitive phase or frequency noise measurements [73].

While electronic solutions to laser stabilization are most common, diode laser frequency
stabilization and linewidth narrowing by resonant optical feedback from a high-finesse res-
onator is a physically appealing and powerful technique. Physically, the high sensitivity
of such lasers to optical feedback is due to the coupling between electric field amplitude
and phase in the semiconductor laser medium via charge-carrier density variations [89].
Dahmani, Hollberg and Drullinger first demonstrated how the reinjection of light trans-
mitted by an optical cavity into the laser medium leads to a linewidth-narrowing by three
orders of magnitude and self-locking of laser frequency to cavity resonance [90].

This optical feedback self-locking phenomenon can be seen as an optical form of in-
jection locking, where a resonant circuit starts oscillating at the frequency of another
oscillator which is used for exciting the first one, provided that there is a sufficiently
strong coupling between the two [72]. A mechanical analogon to this behavior is the anti-
phase synchronization of two pendulum clocks mounted on a common support discovered
by Huygens in 1665 [91].

An in-depth theoretical treatment of the Maxwell-Bloch equations in a laser medium
with an optical feedback term was given by Laurent and co-workers [92]. The main
results of their analysis have been summarized and discussed in [58]. Another detailed
introduction to optical feedback self-locking in view of optical feedback cavity-enhanced
absorption spectroscopy (OFCEAS) is provided in [42]. Finally, a concise discussion on
essential features and relations of the phenomenon can be found in the introductory part
of Article 1 on page 32. As discussed in the article, we have demonstrated that optical
feedback self-locking allows sub-kHz laser frequency stabilization with a simple lock-in-
based servo loop at a bandwidth of a few 100 Hz, six orders of magnitude lower than the
servo bandwidths of most sophisticated analog OPLLs.

2.3 Optical single-sideband modulation

An optical frequency shifter is an important ingredient for a broad range of experiments
in laser physics, frequency metrology and spectroscopy. It allows fine tuning of the fre-
quency of a light field with the accuracy and precision of a radio-frequency signal without
perturbing the laser oscillation it originates from. Most often, an acousto-optic modulator
(AOM) is used for this purpose. It increases or decreases the photon energy by absorption
or emission of a phonon in a travelling sound wave in the modulator medium, leading
equally to a slight deflection of the light beam corresponding to momentum conservation.
Typical AOM shift frequencies range from several tens to several hundreds of MHz. The
AOM bandwidth is limited by the propagation time of the sound wave inside the modula-
tor, which is typically on the order of several 100µs, corresponding to a bandwidth in the
few-MHz range [93]. An important advantage of AOMs is the high conversion efficiency
of the frequency shifting process, which can reach up to 90%.
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A distinctly different physical approach to optical frequency shifting is electro-optic
single-sideband modulation with an integrated dual-parallel Mach-Zehnder modulator
(MZM). Such a modulator typically features an electro-optic bandwidth from virtually
DC to 20 GHz or higher [94, 95] and can shift the frequency of a light wave on that same
interval on both sides of the carrier frequency. Operated as a differential quadrature phase-
shift keying (DQPSK) transmitter for high-speed fiber-optic telecommunication [94–96],
the integrated modulator can encode two bits of digital information in one phase jump of
the light field, yielding a data rate up to 100 Gbit/s when exploiting a 50 GHz electro-optic
bandwidth [95].

Here, we will give a brief introduction to the basic principles and characteristics of
continuous-wave operation of an MZM as a single-sideband modulator. The nested Mach-
Zehnder-interferometer waveguide structure of the MZM originally proposed and realized
by Izutsu and co-workers [97] is shown in Fig. 2.6. A lithium niobate waveguide is split
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Figure 2.6 Schematic sketch of the lithium niobate waveguide structure (thick black lines)
of a dual-parallel Mach-Zehnder modulator with DC electrodes (blue) and RF electrodes
(red). The corresponding RF and optical signals are represented by qualitative sketches
of their power spectra.

into two symmetric arms, each bifurcating into another parallel waveguide pair, which
subsequently recombines and eventually merges with the second arm, providing a single-
waveguide output. This waveguide configuration constitutes a triple integrated Mach-
Zehnder interferometer (MZI), with two small child MZIs nested in the big parent MZI.
The static phase shifts in the three MZIs, the interferometric working points, are controlled
by applying static electric fields across the waveguides in both arms of each MZI. By the
electro-optic Pockels effect, these fields lead to refractive index changes in lithium niobate,
which are equal in magnitude but opposite in sign for the two arms of each interferometer.
Both contributions thus produce a static dephasing of the light waves in each MZI, which
is controllable by the voltage applied to the respective DC electrode (blue lines in Fig.
2.6). A detailed experimental study of the interferometric transfer functions of the three
MZIs is given in [58].

In a similar fashion, travelling-wave radio-frequency electrodes are used for applying
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rapidly varying electric fields across the waveguides in both arms of the child MZIs, giving
rise to phase modulation sidebands on the respective optical carrier wave. As illustrated
in Fig. 2.6, the 90° phase shift between the RF signals applied to the two child MZI is of
key importance for single-sideband operation. As a static dephasing of π is applied to the
two child MZIs, they become opaque for the optical carrier and transmit only the phase
modulation sidebands. A third static dephasing of ±π/2 is applied between the two arms
of the parent MZI. Thanks to the different intrinsic phase structure of the two-sideband
signals in each arm of the parent MZI related to the 90° RF dephasing discussed above,
this interferometric working point enables destructive interference on one sideband and
constructive interference on the other, yielding a single-sideband suppressed carrier (SSB-
SC) output signal.

Beyond this qualitative discussion of single-sideband modulation, a detailed theoretical
analysis of the multiple interferences inside the MZM is provided in Section 4.3. In reality,
small optical and RF amplitude unbalance effects, imperfections of the interferometric
working points and the 90° RF phase shift, as well as higher-order sidebands due to
deep phase modulation lead to the presence of residual unwanted spectral components
in the MZM output signal. The spectral purity of the MZM output signal in terms of
the suppression ratios of these unwanted signal, which are typically on the order of 30
dB, is characterized in Fig. 4 of Article 1 on page 32. As a rough rule of thumb, the
single-sideband output power of a fibered MZM can reach up to -12 dB of its input. An
experimental study on MZM output power as a function of driving RF power is reported
in [58].

2.4 Ultrastable optical cavities

Narrow lasers locked to ultrastable cavities have numerous applications in fundamental
physics and frequency metrology [63]. Most importantly, they fulfilled a necessary condi-
tion for the advent of a new generation of optical atomic clocks [98–100], by providing a
clock laser with adequate short-term stability and linewidth for probing ultra-narrow clock
transitions with sufficient resolution. An extreme example is an octupole transition in the
171Yb+-ion with a natural lifetime on the order of several years [101]. As a matter of fact,
till very recently, the characteristics of ultrastable cavities were one of the key limitations
of optical clock stability [102, 103]. At present, a state-of-the-art relative stability and
accuracy approaching fundamental noise limits at a few 10−18 has been achieved with a
strontium lattice clock [79].

Another natural application of ultra-narrow lasers lies in the field of precision spec-
troscopy. As a prime example, let us mention the spectroscopy of narrow 1S-2S two-photon
transitions in atomic hydrogen and deuterium with a natural linewidth of 1.3 Hz [65, 104].
The resulting hyperfine splittings and isotope shifts provided fundamental test for quan-
tum electrodynamics (QED). Turning to molecular spectroscopy, we proposed [58] using
a dedicated highly stable V-shaped cavity for a new type of optical feedback frequency-
stabilized cavity ring-down spectrometer, whose realization is discussed in the second part
of this thesis.

Before discussing design and performance aspects of state-of-the-art optical cavities,
let us first recall the underlying physics as well as some of their elementary properties.

2.4.1 Fabry-Pérot resonator basics

In its simplest realization, an optical cavity consists of two partially transparent mirrors
aligned along an optical axis, as shown on the left of Fig. 2.7. This setup is also called
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Fabry-Pérot cavity or resonator in honor of Charles Fabry and Alfred Pérot who first de-
scribed the interference fringes arising from the multiple reflections of a light field between
two partially reflective glass interfaces and used such a system as an interferometer [105].

Figure 2.7 Left: Schematic sketch of a linear optical cavity of length L, for the idealized
case of two mirrors with reflectivityR and loss-free transmission T = 1−R. The intracavity
electric field is denoted E. Right: Intensity distribution of the lowest-order Hermite-Gauss
transverse modes TEMmn of an optical cavity with cartesian symmetry.

Light fields inside the resonator must fulfill the electromagnetic wave equation with
the boundary conditions imposed by the cavity mirrors. In the paraxial approximation
of beams propagating at small angles with respect to the optical axis, the spatial part of
each solution can be written as a linear combination of the so-called Gauss-Hermite modes
[106]. These modes are most commonly labeled TEMmn (for transverse electro-magnetic)
and can be observed in virtually all laser resonators and Fabry-Pérot cavities due to
breaking of cylindrical symmetry, for instance by a slight astigmatism of cavity mirrors,
with different radii of curvature along two principal axes. The spatial distribution of light
intensity in the four lowest-order TEMmn modes in the plane orthogonal to the optical
axis is illustrated on the right of Fig. 2.7. The corresponding electric field amplitude Emn
is given by the expression [107, 108]

Emn = E0
w0
w(z)Hm
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where z is the optical axis, x and y are the transversal coordinates with r2 = x2 + y2,
and Hi denotes the i-th Hermite polynomial [109]. The curvature radius of the wavefront
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Rayleigh range zR is determined by the resonator condition that the wavefront curvature at
the mirror surface must equal the mirror radius of curvature r. For a symmetric resonator
with two identical mirrors at a geometric distance L, it reads
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yielding

zR = L

2

√
2r
L
− 1. (2.28)

Finally, the beam waist w0 is determined by zR through

w0 =
√
λzR
π

(2.29)

Let us note that (2.28) only has a real solution if L ≤ 2r. A more rigorous analysis using
the ABCD matrix formalism (see e.g. [110]) confirms that this is indeed the geometric
condition for stable light propagation in the resonator. This stability criterion is often
formulated in terms of the resonator parameter g:

−1 < g =
(

1− L

r

)
< 1 (2.30)

In the steady state, the light field in a Fabry-Pérot cavity is the superposition of an
infinite number of light fields having travelled a growing number of round-trips inside the
cavity. For constructive interference of all these field contributions, the round-trip phase
of light in the cavity must be a multiple of 2π. Taking both the plane wave phase ikz and
the Gouy phase −i(m+ n+ 1) arctan z

zR
[111, 112] in Eq. (2.26) into account, this leads

to the following expression for the resonance frequencies νlmn of the optical cavity:

νlmn = c

2n0L
·
(
l + m+ n+ 1

π
· arccos g

)
(2.31)

where n0 denotes the refractive of the intracavity medium to distinguish it from the
Hermite-Gauss mode index n. According to Eq. (2.31), the frequency spacing fFSR
between two equivalent TEMmn modes of adjacent longitudinal mode number l and l+ 1
simply reads

fFSR = c

2n0L
(2.32)

This so-called free spectral range (FSR) is the periodicity of the cavity transverse mode
frequency spectrum. Although the discussion in this section is limited to linear cavities,
the FSR of a V-shaped cavity with three mirrors and two arms of length L shall be quoted
here for the sake of completeness:

fFSRV = c

4n0L
(2.33)

For a detailed treatment of the properties of V-shaped cavities, see [58], for instance. Let
us note that the transverse mode resonance frequencies according to Eq. 2.31 are based
on several idealizations, such as the paraxial approximation or the assumption of isotropic
mirror curvature. Consequently, as discussed in Section 3.2.1 and 7.7, several frequency
splittings due to the lifting of degeneracy in Eq. (2.31) lead to a much more complex
transverse mode spectrum for a real Fabry-Pérot cavity [113–115].

The frequency-dependent normalized transmission of the cavity Tcav follows from a
quantitative analysis of the steady-state superposition of field contributions with a growing
number of intracavity round trips (see [116], for instance). This treatment yields the well-
known Airy function

Tcav = (1−R)2

(1−R)2 + 4R sin2
(

Φ
2

) (2.34)
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as a function of mirror reflectivity R and round-trip phase Φ. For R→ 1, the resonances of
(2.34) become very narrow. Consequently, around resonance Φ ≡ 0 mod 2π a first-order
expansion in Φ can be made:

Tcav ≈
(1−R)2

R

Φ2 + (1−R)2

R

(2.35)

This is a Lorentzian function with full width at half maximum ∆Φ = 2(1 − R)/
√
R.

Comparing this to the full phase span 2π yields the finesse F of the cavity, which is
defined as the ratio of free spectral range to cavity modewidth ∆ν:

F = fFSR
∆ν = 2π

∆Φ = π

√
R

1−R (2.36)

In the high-finesse limit R → 1, the formula for the finesse can be further simplified to
F = π/(1−R) in good approximation. The cavity transmission formulae (2.34) and (2.35)
can be reconverted to a frequency description by replacing (Φ mod 2π) = 2π∆/fFSR
with the detuning ∆ from cavity resonance. Consequently, a high-finesse optical cavity
is a sharp band-pass frequency filter and a sensitive frequency discriminator. For a more
detailed in-depth analysis of Fabry-Pérot resonator physics, let us refer the reader to [107,
108, 110].

By inspection of Eq. (2.31) with the explicit expression g = (1− L/r), one sees that
the resonance mode shift dνlmn of the TEMmn mode with longitudinal mode number l is
linked to a cavity length change dL by

dνlmn
dL = − ν

L

1− 1
l
· m+ n+ 1
π
√

2 rL − 1
·

1 +
(m+ n+ 1) arccos

(
1− L

r

)
πl

−1 (2.37)

With 1/l� 1 for macroscopic cavities, this reduces to

dν
ν
≈ −dL

L
, (2.38)

independently of transverse mode number, so that the indices have been dropped. Let
us note that the correction term to (2.38) in Eq. (2.37) is not necessarily negligible for
microscopic cavities with small l, or in the case of exotic macroscopic cavities very close
to the stability limit L → 2r. For such near-concentric cavities, the 1/

√
2(r/L)− 1-

term diverges, thus compensating for the smallness of 1/l. Finally, in the case of our
ultrastable cavity with r = 1 m and L = 15 cm discussed in Chapter 3, ν ≈ 186 THz
implies l ≈ 380000, and the relative error due to the correction term in (2.37) is only
2.4 · 10−7, confirming that Eq. (2.38) indeed holds in very good approximation.

2.4.2 Ultrastable cavity design and performance characteristics

The fundamental significance of relation (2.38) for laser stabilization was first explicitly
discussed by Salomon, Hils and Hall in their seminal contribution [117] aiming at the re-
alization of lasers with mHz-level linewidth for applications in fundamental physics. The
authors demonstrated experimentally that two lasers tightly locked to adjacent modes of
one Fabry-Pérot cavity by means of a sufficiently high-bandwidth analog servo loop ex-
hibited a relative linewidth on the order of 50 mHz and Hz-level long-term stability. Con-
sequently, it became clear that the problem of achieving sub-Hz laser frequency stability
could be reduced to the mere technical challenge of designing an ultrastable Fabry-Pérot
resonator. Over the last decades, enormous progress has been made in the development
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of such ultrastable optical cavities, and the discussion here can inevitably only provide a
selective review of some milestones of this process in order to elucidate essential principles
of ultrastable cavity design.

In general, the dominant drift mechanism of a cavity is due to temperature-induced
length changes, which lead to a resonance frequency shift

dν
ν

= −dL
L

= −αdT (2.39)

according to Eq. (2.38). This experimental issue could be solved by virtue of commer-
cial glass ceramic materials with specified coefficient of thermal expansion (CTE) below
10−8 1/K, notably ultra-low expansion (ULE) glass [118] and Zerodur [119]. To form an op-
tical cavity from these materials, two ultra-polished dielectric mirrors are optically bonded
to the two ends of an ULE or Zerodur cavity spacer using intermolecular adhesion forces.
An experimental characterization of the zero-crossing of the cavity CTE as a function of
temperature can be used to stabilize the reference cavity at a temperature of virtually
zero CTE. In this regime, the total cavity expansion becomes dominated by the dielectric
mirror coatings, as their microscopic µm-level thickness is partially compensated for by
an extremely small thermal inertia [120]. Optically contacted ultra-low expansion mate-
rial cavities thus reduced temperature expansion effects by several orders of magnitude as
compared to Invar cavities. An overview of the physical properties of typical ultrastable
cavity materials is given in Table 5.2 of [58] and Table 3.3 of [72], for instance. In order
to make temperature-related drift mechanisms negligible, a considerable effort in temper-
ature stabilization is nevertheless necessary. Typically, this encompasses passive isolating
layers and an actively temperature-stabilized low-gradient enclosure. Furthermore, the
cavity must be installed on low-conduction posts in a high-vacuum chamber featuring one
or several heat shields with low emissivity to protect the cavity from thermal heat transfer
[58, 68, 120].

As the cavity resonance frequencies scale with the inverse of the refractive index n0
of the residual intracavity gas according to Eq. (2.31), a pressure increase dP inside the
cavity leads to a frequency variation

dν
ν
∼ −dP (2.40)

This relationship, which will be discussed again in Section 3.2.2 (cf. Eqs. (3.12) and
(3.13)), implies that the reference cavity and its surroundings must be pumped down
to a vacuum with a residual-pressure stability better than 10−7 mbar for Hz-level laser
frequency stabilization [58]. To avoid vibration-induced perturbations of cavity length,
the high vacuum from an initial pump-down is generally maintained using an ion pump
without any moving parts.

Vibrations from seismic and acoustic origin are another important technical challenge
in achieving Hertz-linewidth lasers. An established design principle is vertical mid-plane
mounting of the cavity spacer in order to achieve a rough first-order compensation of cav-
ity length changes due to vibration-related accelerations acting on the cavity [121, 122].
In practice, a useful technique to further minimize cavity acceleration sensitivity is based
on a mounting scheme which allows for fine-tuning of the cavity support contact points.
This allows an experimental determination of the mount position for first-order vibration
insensitivity by observing the cavity response to excitation by a vibrating platform [123].
Alternatively, finite-element modeling of the cavity can be used for determining the opti-
mal configuration before constructing the setup, providing a nearly vibration-insensitive
cavity without any iterative mounting adjustments. This approach is illustrated on the
right of Fig. 2.8. In analogy to the efforts for thermal isolation and stabilization, a damp-
ing enclosure for isolating the cavity from acoustic perturbations and an active vibration-
cancellation platform for absorbing accelerations of seismic origin are generally used for
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reducing the expected vibration-induced frequency noise to a negligible level.

With all these technical measures taken, the reference cavity performance approaches
the fundamental physical limit of the definition of cavity length at temperatures T > 0.
Due to thermal motion, the length of the cavity is not an exact constant, but subject to
statistical fluctuations. This thermal noise limit [72, 121, 124] can be analyzed using the
fluctuation-dissipation theorem of statistical physics, which relates random fluctuations of
a system to its losses. An important result, which might seem counter-intuitive at first
sight, is that the thermal noise of the spacer is negligible with respect to the contribution
from the mirror substrate and its dielectric coating in general. Physically, this is due to the
sub-mm size of the laser beam sampling only a small portion of the mirror surface, leading
to less efficient statistical averaging of fluctuations as compared to the cm-scale spacer
[124]. The power spectral density of thermal noise is proportional to both temperature
and the mechanical loss rate of the sample. Therefore, working at low temperatures with
materials exhibiting a high mechanical quality factor Q constitutes an optimal choice for
reducing the fundamental stability limit set by thermal noise. Consequently, fused silica
mirror substrates (QFS ≈ 106) should be preferred to their ULE (QULE ≈ 6 · 104) and
Zerodur (QZD ≈ 3 · 103) counterparts [124], as illustrated by the thermal noise budget on
the left of Fig. 2.8.

Figure 2.8 Left: Comparison of thermal noise PSDs and Allan variance thermal noise
floors for different cavity spacer and mirror substrate materials for the ultrastable cavity
geometry shown in the inset. Right: Acceleration sensitivity of the near-mid-plan-mounted
cavity in the inset determined by finite-element simulation. The optimal mounting position
for first-order vibration insensitivity depends on the spacer material. Colors in the inset
depict the distribution of strain energy in the cavity spacer. Adapted from [68] (Figure
1).

Monocrystalline silicon has an even higher quality factor (QSi > 107) and a zero-crossing
of its CTE at 124 K [68]. Kessler and co-workers have exploited these highly advanta-
geous properties for engineering the ultra-stable cavity illustrated in Fig. 2.8, consisting
of a single-crystal silicon spacer with two equally monocrystalline, optically bonded mir-
rors with aligned crystal axes [68]. The authors demonstrated that a laser locked to
this vibration- and temperature-insensitive silicon reference cavity features a fractional
frequency stability of 10−16 at a second-timescale, a linewidth of 50 mHz and long-term
frequency excursions below 19 Hz over one day.
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2.4.3 Pound-Drever-Hall locking

Beyond optical feedback self-locking as discussed in Section 2.2, many techniques for lock-
ing a laser to the resonance of an optical cavity or vice-versa exist. For retrieving the
necessary frequency-discriminator error signal measuring the detuning of laser and cavity
resonance, they use different physical approaches, for instance based on geometric [125]
or polarization [126, 127] effects. The Pound-Drever-Hall (PDH) technique is particularly
frequently used in various experimental contexts and owes its success to its high perfor-
mance in terms of gain, bandwidth, locking range and robustness. Based on a microwave-
oscillator stabilization scheme by Pound [128], it has been adapted to the optical domain
by Drever, Hall and co-workers [129].

Here, instead of focussing on the original realization, let us discuss the basic principles
and properties of PDH locking on the modified, Mach-Zehnder-modulator-based and all-
fibered PDH locking scheme shown on the left of Fig. 2.9. The experimental realization of
this scheme for tightly locking a high-finesse cavity to a stable laser, which was proposed
in [58], is discussed in detail in Section 6.2.2, as well as in Article 4 on page 90 and Article
5 on page 160.
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Figure 2.9 Left: Schematic sketch of a modified Pound-Drever-Hall locking scheme using a
fibered Mach-Zehnder modulator as a phase modulator and a fiber-optic circulator in order
to retrieve the cavity reflection signal on a fibered photodiode. Right: Oscilloscope traces
of an experimental PDH error signal (upper green curve) versus cavity transmission (lower
yellow curve) during a length scan of the cavity. Note the presence of transient ringing
effects [130] on the error signal in the present rapid-scanning regime. A contribution from
the weak second-order modulation sidebands can be clearly discerned on the error signal
trace.

Physically, the PDH mechanism is based on the presence of phase modulation side-
bands serving as an optical frequency and phase reference for the optical carrier and
vice-versa. The cavity reflection signal contains both the incoming laser directly reflected
off the cavity and the backwards transmission from inside the cavity. The heterodyne
interference of these light fields on a photodiode leads to a signal oscillating at the mod-
ulation frequency Ω of the sidebands. Demodulation with a radio-frequency mixer and
subsequent low-pass filtering yields the PDH error signal, which is sensitive to the relative
phase of the incoming and the intracavity field. Consequently, it can detect fast phase
fluctuations as well as detuning-dependent phase shift of cavity backward transmission,
and thus acts as a combined frequency and phase discriminator [129]. An experimental
PDH error signal obtained through a length sweep of an OFFS-CRDS ring-down cavity (cf.
Part II) against a sub-kHz-linewidth laser (cf. Chapter 3) is shown on the right of Fig. 2.9.
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When the carrier is close to resonance, a complete non-resonant reflection of the phase
modulation sidebands can be assumed in good approximation as long as Ω 6= fFSR. Under
this condition, the PDH error signal SPDH close to resonance can be written as [72]

SPDH ∼ J0(δϕ)J1(δϕ)E0
2 · ∆
δν

(2.41)

where δν and ∆ denote the cavity modewidth and the detuning from resonance, respec-
tively. J0(δϕ)E0 and J1(δϕ)E1 are the electric field amplitudes of the optical carrier and
the phase-modulation sidebands, respectively. Therein, J0(δϕ) and J1(δϕ) are first-kind
Bessel functions of phase modulation depth δϕ, which can be approximated as J0 ≈ 1
and J1 ≈ δϕ/2 for small modulation depths δϕ � 1. Due to the heterodyne amplitude
multiplication in (2.41), small δϕ are sufficient for obtaining a usable PDH error signal.
Equation (2.41), which holds for ∆/δν � 1, corresponds to the central steep slope of the
experimental PDH error signal shown on the right of Fig. 2.9. The full shape of the signal
is obtained when the complete expressions for amplitude and phase of the reflected carrier
and sidebands are taken into account, as in [72], for instance.

In the PDH-scheme illustrated on the left of Fig. 2.9, phase modulation sidebands are
generated by applying phase-modulated radio frequency signals to the driving electrodes of
a Mach-Zehnder modulator. In this way, a single-sideband signal with phase-modulation
satellites is provided at MZM output. This technique is further illustrated in Fig. 1
of Article 5 on page 160. An important feature of this approach is that the residual
carrier does not have phase-modulation sidebands and that those of the suppressed other
sideband have opposite polarity. Therefore, even the hypothetical danger of accidental
locking on one of these small residual spectral components is not given in this locking
scheme. The fiber-optic circulator of the present setup is a robust and cost-effective
alternative to the free-space polarizing beam splitter and quarter-wave plate of the original
PDH setup. Importantly, it allows injecting the cavity with an arbitrary, typically linear,
polarization state (cf. Section 7.7). Furthermore, it is a helpful tool for finding the beam
alignment for optimal mode-matching and guarantees an intrinsic alignment of cavity
backward transmission and fibered PDH photodiode.

2.5 Self-referenced optical frequency combs

The last decades have seen a burst of new science and technological progress related to
femtosecond pulse lasers in general, and in optical frequency combs in particular. Review-
ing this rapidly developing field from a general point of view of ultrafast laser physics [131,
132] or direct frequency comb spectroscopy [133, 134] is beyond the scope of this thesis.
For a broader overview, the reader is referred to [72], for instance. Here, we will focus on
a concise discussion of self-referenced optical frequency comb synthesizers for the direct
and absolute measurement of optical frequencies [135, 136], which have triggered a golden
age of optical frequency metrology [6] and optical atomic clocks [98], distinguished by the
Nobel prize in Physics co-awarded to Theodor Hänsch and John Hall [63, 137].

The term frequency comb originates from a frequency domain representation of fem-
tosecond laser pulses. Such pulses arise when a huge number of longitudinal modes νm
of a laser are locked to in-phase oscillation by a physical process such as self-focussing by
the nonlinear optical Kerr effect, for instance. According to elementary Fourier analysis,
the free spectral range fFSR = c/(2n0L) between longitudinal laser cavity modes (cf. Eq.
(2.32)) equals the repetition rate frep = fFSR of the resulting pulse train. Consequently,
the following relationship holds for the teeth νm of this equidistant comb in frequency
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space:
νm = m · frep + fCEO, (2.42)

with a zero-offset frequency fCEO whose physical origin will be discussed in the following.
This frequency-space representation of an optical frequency comb is illustrated in Fig.
2.10b.

Figure 2.10 A mode-locked femtosecond pulse laser in the time (a) and frequency domain
(b). ωr and ω0 denote pulse repetition rate and carrier-envelope offset, respectively, which
are both expressed as angular frequencies here. Adapted from [6] (Figure 1).

In the time domain, depicted in Fig. 2.10a, the pulse train originates from a giant
pulse circulating inside the laser cavity. A fraction of its power is transmitted by the
cavity whenever the pulse arrives at the output mirror. This happens at a period of
2n0L/c, corresponding to the repetition rate frep found above. Due to dispersion notably
from the wideband mirrors and the active medium, the group and phase velocities in the
cavity, vg = dω/dk and vp = ω/k, respectively, are not exactly equal. This leads to a phase
slip ϕCEO between the pulse envelope and its carrier field oscillation at each subsequent
round trip,

ϕCEO = 4πνcL
(

1
vg
− 1
vp

)
, (2.43)

with the pulse carrier frequency νc. As illustrated in Fig. 2.10, this time-domain phase-slip
leads to the frequency domain zero-offset fCEO

fCEO = ϕCEO
2π · frep = 2νcL

(
1
vg
− 1
vp

)
· frep (2.44)

introduced in Eq. (2.42) above. If fCEO should exceed frep, it can be replaced by an
equivalent frequency modulo frep, so that Eq. (2.42) is still fulfilled after an adequate
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renumbering of modes.

In view of Eq. (2.42) it is clear that if frep and fCEO can be measured or stabilized
precisely, the optical frequency comb constitutes a frequency ruler with hundreds of thou-
sands of markings νm whose absolute values are known to an accuracy corresponding to
the error propagation of fFSR and fCEO in (2.42). Referenced to a rubidium-disciplined
crystal oscillator or a hydrogen maser, their short-term stability is typically on the order
of 10−12 or 10−15, respectively. At optical frequencies on the order of 1015 Hz, this corre-
sponds to an absolute frequency measurement with accuracies down to the Hz-level. The
ultimate limitation at present is the accuracy of the respective primary standard caesium
clock realizing the SI second.

The stabilization of fFSR is rather straightforward, in that it can be easily measured
by counting the comb repetition rate fFSR on a fast photodiode. This provides the error
signal for an active servo control of cavity length L, for example using a piezo-electric
actuator or a fast electro-optic phase modulator, in order to keep fFSR locked to an
adequate local oscillator radio frequency.

The measurement and stabilization of fCEO is a much more challenging experimen-
tal task and has been the bottleneck for the realization of an optical frequency comb
synthesizer for long. An experimental solution came within reach with the realization
that spectral self-broadening processes in nonlinear materials with a strong third-order
susceptibility χ(3) preserve the phase-coherence of the original femtosecond pulse [138].
Consequently, as soon as highly nonlinear nano-structured photonic crystal fibers became
available, an octave-spanning frequency comb was realized [139]. Such a comb allows a
direct measurement of fCEO by superposing a frequency-doubled portion of the broad-
ened comb with a portion of the original broadened comb on a photodiode, giving rise to
a beat note signal between the teeth 2νm from the first and ν2m from the second field,
respectively. According to Eq. (2.42), the corresponding beat frequency amounts to

2νm − ν2m = 2mfrep + 2fCEO − (2mfrep + fCEO) = fCEO (2.45)

Illustrated in Fig. 2.11, this strikingly simple and elegant principle underlying self-
referenced optical frequency combs is commonly called f − 2f interferometry. Once mea-
sured, fCEO can be stabilized to a reference radio frequency, typically by means of a servo
loop on pump laser power. Such a system is called optical frequency comb synthesizer
(OFCS), as full control of frep and fCEO implies that any optical frequency within the
spectral bandwidth of the comb can be realized on demand as one of the comb teeth νm.

With an OFCS, measuring the absolute frequency ν0 of any continuous-wave laser
within the spectral bandwidth becomes straightforward. After spectral pre-filtering using
a grating or a narrowband interferometric filter, the relevant fraction of the OFC can be
superposed with the laser field in order to generate a beat note at the frequency difference
fBN between the laser and the closest tooth νm0 of the OFCS according to Eq. (2.21). Such
measurements are discussed in Article 6 on page 192, with the experimental setup reported
in Fig. 1 therein. According to Equation (1) of that article, the absolute frequency ν0 of
the laser can be deduced from the beat note frequency fBN as

ν0 = Round
(
ν̃0 − fCEO − sfBN

frep

)
frep + fCEO + sfBN , (2.46)

provided that an approximate value ν̃0 for the frequency to be measured is known to an
accuracy better than frep/2. Furthermore, Eq. (2.46) necessitates a knowledge of the
beat note sign s, which is 1 for ν0 > νm0 and -1 otherwise, and implies fCEO > 0, which
must be ensured experimentally. An easy way of determining s consists in slightly varying
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Figure 2.11 Schematic depiction of f − 2f interferometry for determining the carrier-
envelope offset frequency fCEO in an octave-spanning frequency comb by comparing the
frequency-doubled red end of the comb spectrum to its blue end. Adapted from [6] (Figure
3).

the OFC repetition rate: s = 1 if fBN decreases for increasing frep, and s = −1 if fBN
increases for increasing frep.



Chapter 3

Sub-kHz laser stabilization by
optical feedback from a highly
stable V-shaped cavity

Soon after the beginning of our project of developing a ring-down spectrometer based on
an optical feedback frequency-controlled laser, we were faced with the realization that
mere linewidth-narrowing of a distributed-feedback (DFB) diode laser from several MHz
down to a yet unknown value well below the MHz-level was not sufficient for metrological
applications in molecular spectroscopy [58]. As a matter of fact, locked-laser frequency
drifts of several tens of kHz per second were observed, and unambiguously attributed to
the dimensional instability of the V-shaped feedback cavity used at that time. When
applied to point-by-point absorption spectroscopy, laser frequency drifts of this extent
would lead to a severely distorted frequency axis, impeding the very applications the new
spectroscopic setup was being developed for.

One potential solution would have been the use of a frequency-stabilized Helium-Neon
(HeNe) laser for stabilizing the spectrometer frequency axis at the MHz-level. Introduced
to CRDS by Hodges and co-workers in 2004 [140], this approach will be reviewed in Sec-
tion 5.3. Typical high-end commercial stable HeNe lasers, such as the Melles-Griot model
05-STP-901 used in these CRDS experiments [141], feature a specified short-term sta-
bility on the order of ±500 kHz at 1 min observation time. Although very competitive,
this performance is still insufficient for most challenging metrological applications, such
as the optical measurement of the Boltzmann constant discussed in the introduction. In
spite of its considerable experimental complexity, even a HeNe laser stabilized to an iodine
transition [142–144] would not have been a perfect solution for stabilizing the ring-down
spectrometer frequency axis, as its short-term linewidth of several kHz is much larger than
the sub-Hz linewidth level theoretically attainable by optical feedback locking [58, 92].

In the light of these considerations and the recent ground-breaking developments in
ultrastable Fabry-Pérot resonators from the field of frequency metrology discussed in Sec-
tion 2.4, we chose to stand by our original experimental approach. We proposed to harness
the advantages of such ultrastable resonators for metrological molecular absorption spec-
troscopy and developed a highly stable V-shaped reference cavity for optical feedback laser
frequency stabilization [58].

This approach implies tackling the considerable technical challenges of thermal and
vibrational insensitivity, isolation and stabilization of the cavity. For over a decade, sig-
nificant progress has been made in this field in leading standards and metrology labs.
Consequently, for the conception of our stable reference cavity, we followed the basic de-
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sign principles of classical ultrastable cavity designs [120, 122] detailed in Section 2.4,
based on a vertically mid-plane-mounted ultra-low expansion glass spacer. These cav-
ities feature two ultrapolished mirrors optically contacted to the two spacer end facets
by molecular adhesion. For realizing a cavity with three mirrors, we were constrained
to abandon this method. Our original approach for realizing a V-shaped cavity consists
in tightly contacting two precision-machined low-expansion mirror holders to the spacer.
This first highly stable V-shaped cavity is shown in Fig. 2 of Article 1 on page 32.

When locking a standard DFB diode laser to this reference cavity, its linewidth narrows
to the sub-kHz level and the laser inherits the long-term frequency stability of the cavity.
However, for high-resolution spectroscopy, fine tunability is no less important than stabil-
ity. Therefore, we proposed to use an integrated electro-optic Mach-Zehnder modulator
(MZM) as an optical single-sideband frequency shifter for spectroscopy [58]. Combining
these elements thus provides us with a fine-tunable V-Cavity Optical-Feedback-stabilized
laser source (VCOF).

The first Section of this Chapter contains the original article demonstrating the ex-
perimental principles, the realization and the performances of this VCOF source. Subse-
quently, further details on the frequency noise measurement reported in the Article are
given, en passant revealing the polarization mode splitting of the etalon used for this
purpose. Then, further characterizing long-term drifts of the V-cavity experimentally, we
present a saturation spectroscopy measurement of the cavity resonance frequency drift
with astonishingly high resolution using a molecular transition as a physical frequency
reference. Finally, an absolute measurement of the V-cavity-locked laser frequency by
means of an optical frequency comb is reported. At the end of this Chapter, we provide
an overview of ongoing developments on the realization of a new generation of quasi-
monolithic ultrastable V-shaped cavities based on optical contacting.

3.1 Article 1 - Optical feedback stabilized laser tuned by
single-sideband modulation

In the following article [145], the methodological foundation as well as the experimen-
tal setup for a VCOF laser source are introduced and presented, focussing on the two
key ingredients optical feedback frequency stabilization and MZM-based single-sideband
frequency tuning. Then, important aspects and details of the highly stable V-shaped
reference cavity design as well as its temperature stabilization and vacuum systems are
discussed. In the experimental part, measurements of the cavity free spectral range, fi-
nesse and thermal expansion coefficient are reported, allowing the estimation of an upper
bound for V-cavity mode frequency drifts. Another important measurement concerns the
spectral purity of the MZM single-sideband output in terms of the extinction ratio of
unwanted frequency components. Finally, a measurement of the frequency noise power
spectral density of the MZM-tuned optical-feedback-stabilized laser light is shown and
interpreted.

Let us note that the free spectral range measurements discussed in Section 3.2.2 based
on saturated absorption and in Article 5 on page 160 with an optical frequency comb pro-
vide a much more precise value for the V-cavity free spectral range than the measurement
reported in Article 1 with a wavemeter. Further details on the VCOF laser frequency
noise measurement shown in Fig. 5 of Article 1 will be discussed in Section 3.2.1 following
the article.
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Semiconductor laser self-locking due to optical feedback
[1] is an intriguing phenomenon, which has been theoreti-
cally understood [2] andwidely used in various fields [3,4].
Feedback photons coming from inside a high-finesse
cavity counteract the random walk of laser phase due
to spontaneous emission, leading to drastic linewidth
narrowing and to robust laser frequency stabilization.
Despite the efficient high-frequency noise rejection [5]
and relative experimental simplicity offered by this tech-
nique, its ultimate potential has never been fully exploited
due to insufficient reference cavity stability. Here, we
present a novel highly stable cavity used for distributed
feedback (DFB) diode laser frequency stabilization by
optical feedback. By injecting the stabilized laser light
into a fiberedMach–Zehndermodulator (MZM) [6], we ob-
tain a finely tunable light source with excellent spectral
purity. An optical determination of the Boltzmann con-
stant [7], the generation of accurately tunable terahertz
radiation, and optical isotopic ratio measurements are
only a few examples of its potential applications.
A reference cavity inside a temperature-stabilized vac-

uum chamber is the heart of our setup, shown in Fig. 1.
Its V-shaped geometry ensures that only light from a cav-
ity resonance is reinjected into the DFB laser diode, pro-
ducing optical feedback locking [4]. It follows from
theory [2] that as long as the free-running laser detuning
δν from reference cavity resonance remains within a
locking range Δ, there exists a feedback phase φ that
forces locked laser emission to this resonance frequency:

φ � arcsin�2δν∕Δ�: (1)

The locking range Δ grows with the square root of feed-
back rate [2] and is set to one free spectral range (FSR) of
the reference cavity for continuous locking by means
of a polarizing Glan–Taylor beam splitter. The feedback
phase φ is actively kept at its optimal value by a piezoelec-
tric transducer (PZT) governing the distance between la-
ser and reference cavity. A first-derivative error signal is
retrieved at cavity transmission by modulating the laser
diode injection current at a few kilohertz. As only a small
fraction of the laser power is needed for optical feedback

locking, the rest is injected into a polarization-maintaining
fiber. It is then coupled into the MZM (Covega Mach-10-
060), an integrated lithium niobate electro-optic modula-
tor with nested Mach–Zehnder interferometer waveguide
structure. Applying two orthogonal radio frequency (RF)
signals in the gigahertz range to the MZM, multiple
voltage-controlled interferences in the Mach–Zehnder
waveguide [6] generate a single-sideband modulation sig-
nal with suppressed carrier. This allows for frequency fine
tuning covering more than one FSR of the reference cav-
ity. Therefore, any frequency within the laser gain band-
width becomes accessible with a precision given by the
accuracy of the RF, the residual noise on the feedback
phase [cf. Eq. (1)], and the stability of the reference cavity
resonance frequency ν. Its fluctuations Δν are caused
by changes ΔL of the cavity’s optical armlength L:
Δν∕ν � −ΔL∕L. Therefore, our design aims at minimizing
the cavity’s susceptibility to thermal expansion, vibra-
tional perturbations, and pressure fluctuations.

As in standard ultrastable cavity designs [8,9], we use
an ultralow expansion glass (ULE) spacer to minimize
thermal expansion effects. We achieve the mirror tilt

Fig. 1. Schematic sketch of the experimental setup. PZT,
piezoelectric transducer; νn, reference cavity resonance fre-
quency; νRF, driving RF.
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needed for a V-shaped cavity configuration (Fig. 1) with
two mechanically prealigned cavity flanges machined
from the low-expansion alloy Super Invar. Being held
in tight contact with the 15 cm long ULE glass spacer
by six stiff stainless steel springs, this glue-free configu-
ration guarantees automatic and permanent optical align-
ment. Figure 2 shows this highly stable reference cavity,
held by a stainless steel clamp ring that is supported by
three Macor glass ceramic legs limiting heat conduction
and mounted onto the vacuum chamber bottom flange.
Following established design concepts [8–10], our refer-
ence cavity features a high degree of symmetry and ver-
tical mid-plane mounting. This reduces its sensitivity to
vibration-induced length changes. It is installed inside
a vacuum chamber pumped down to 2 × 10−7 mbar,
thereby reducing refractive index related fluctuations
of its resonance frequencies to the order of 1 Hz. The vac-
uum chamber contains an aluminum radiation shield and
is placed inside an acoustic noise-reducing thermally in-
sulated wood enclosure fixed to a commercial optical
breadboard. We actively stabilize the average value of
two temperature probes at opposite ends of the vacuum
chamber to 23°C, with in-loop root mean square (RMS)
temperature fluctuations of 250 μK and temperature
differences between the probes always smaller than
8 mK.
We have verified the easy and wide tunability of the

locked laser frequency ν0 by performing laser diode tem-
perature sweeps. As long as the laser’s free-running fre-
quency remains within the locking range of a reference
cavity mode, its emission frequency remains unaffected.
When the locking range of one mode is left, the laser
automatically locks to the adjacent cavity resonance,
changing its emission frequency by one FSR. For a scan
from −10°C to 60°C, the DFB laser locked to 2059 con-
secutive modes of the reference cavity, thereby covering
a spectral interval of more than 1 THz between 1587 and
1596 nm. Measuring the locked laser frequencies during
the scan with a high-resolution wavemeter yields a meas-
urement for the V-shaped cavity mean FSR c∕�4L� �
�491.381� 0.001� MHz, where c is the speed of
light. The cavity modewidth of �2205.2� 0.1� Hz at

ν0 � 188.4818 THz determined by cavity ring-down
measurements [11] therefore implies a finesse
F � 222830� 10. To obtain an experimental upper
bound for the maximum reference cavity drift rate _ν,
we relate it to thermal expansion due to heat transfer
processes via

_ν � −ναΔT∕τ; (2)

whereΔT is the difference between the vacuum chamber
wall and cavity temperatures, α is the effective (linear)
coefficient of thermal expansion of the composite cavity,
and τ is the time constant of heat transfer between vac-
uum chamber and reference cavity. As shown in Fig. 3,
we have determined α and τ experimentally by measuring
the frequency drift of the locked laser after a sudden vac-
uum chamber temperature change of −3 K. The rapid ac-
tive stabilization of the in-loop outer surface temperature
(∼2 h) is followed by the thermalization of the whole
vacuum chamber (∼12 h), which afterwards acts as an
ideal thermal reservoir. This leads to the exponential de-
cay of the locked laser frequency with time constant
τ � �12� 1� h, which is visible in Fig. 3. The total fre-
quency drift observed for the −3 K temperature change
implies an effective coefficient of thermal expansion
α � −�6.0� 0.2� × 10−7 K−1. Using the conservative ex-
perimental assessment jΔT j < 8 mK, Eq. (2) yields
j_νj < 20 Hz∕s. Other potential drift mechanisms such
as material aging, fluctuating laser power dissipation
by cavity mirrors, and varying spring tension were evalu-
ated and found to be negligible. As only about 1 mW of
the 30 mW total laser power is needed for continuous op-
tical feedback locking, roughly 15 mW is available at the
MZM input after fiber coupling. Driving the MZM with a
RF synthesizer referenced to a rubidium timebase, we
obtain 1 mW of single-sideband power and achieve fre-
quency shifting with millihertz accuracy over more than
1 GHz, limited by the bandwidth of our 90° two-way split-
ter. Although this is more than sufficient for bridging the
gap between the V-shaped reference cavity modes here,
it could be extended to up to 40 GHz with the appropriate
commercially available RF equipment. In order to char-
acterize the spectral purity of the MZM output, we have
injected it into a scanning Fabry–Pérot cavity serving as
an optical spectrum analyzer. The result in Fig. 4 shows
that the extinction ratios of the optical carrier and the
other sideband with respect to the single sideband were
better than 28 dB. The observed transmission peak shape
is due to the buildup and ring-down dynamics of intracav-
ity intensity. To measure the frequency noise of our light

Fig. 2. Highly stable V-shaped cavity.
Fig. 3. Locked laser frequency response to vacuum chamber
temperature change (thin curve).
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source, we used a Super Invar Fabry–Pérot etalon with a
finesse of �5.5� 0.1� × 105 and a FSR of �4.8� 0.1� GHz
as a frequency discriminator. We tuned the single side-
band to the side of a transmission mode and extracted
the combined frequency noise power spectral density
(PSD) of laser and etalon shown in Fig. 5 from the trans-
mission signal. The measurement exhibits a dominant
contribution from low-frequency seismic perturbations.
The frequency modulation sideband due to diode current
modulation at about 5.9 kHz is clearly visible, and a sharp
mechanical resonance of the setup around 1.1 kHz is also
observable. However, these two contributions to the
locked laser linewidth are negligible at present. In gen-
eral, the laser frequency noise is certainly lower than
the measured curve (Fig. 5), as the latter contains the fre-
quency noise contribution of the etalon, which is most
probably non-negligible. In any event, the observed
frequency noise PSD implies an upper bound of Δν <
530 Hz for final laser full width at half-maximum
(FWHM) by the graphical β-separation line technique [12]
(Fig. 5). This constitutes a narrowing by almost 4 orders
of magnitude starting from a free-running DFB laser with
a linewidth of 2 MHz and nearly ideal white frequency
noise [13].
In conclusion, we have stabilized a DFB diode laser to

a novel highly stable V-shaped reference cavity by optical
feedback. Single-sideband modulation with a MZM pro-
vides us with a source that is continuously tunable over
more than 1 THz with frequency drifts below 20 Hz∕s. Its
linewidth below 530 Hz corresponds to a narrowing by
almost 4 orders of magnitude. It is expected to be further
reduced to the theoretically predicted ultrastable regime
of 300 mHz by active vibration isolation and operation at
the zero- coefficient-of-thermal-expansion temperature.
Already, at present, the stable, tunable and narrow
source presented here has the potential for an optical
measurement of the Boltzmann constant at a 10−6 uncer-
tainty level and could become a widespread tool for other

demanding spectroscopic and metrological applications
necessitating a highly linear frequency axis.

This work was supported by Pôle SMINGUE
(Université Joseph Fourier).
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3.2 Frequency noise and long-term drift

Beyond the mere realization of the highly stable VCOF setup, evidence was provided
in [58] for its exceptional coherence properties and long-term stability. However, a fully
quantitative characterization proved to be challenging, as this new laser was by far the
narrowest and stablest light source available at LIPhy. In this Section, the different steps
undertaken to fully characterize the properties of the VCOF laser source are reported.
First, further details on experimental and evaluation aspects of the frequency noise mea-
surement reported in Article 1 above are given. Then, new data is presented on a measure-
ment revealing long-term VCOF drifts with kHz-level resolution through spectroscopy of
ultra-narrow saturated absorption signatures. Finally, a brief account on absolute VCOF
frequency measurements and drift characterization with a self-referenced optical frequency
comb is rendered. These latter measurements were carried out in the framework of a
collaboration project with the group of Professor Marco Marangoni from Politecnico di
Milano.

3.2.1 Frequency noise measurement using a high-finesse etalon

The sharp TEM00 resonances of a high-finesse Fabry-Pérot cavity convert optical frequency
variations into transmission changes according to the Airy formula Eq. (2.34). With its
kHz-level mode width, such a linear etalon with highly reflective dielectric mirrors is a
very sensitive interferometric frequency-to-amplitude converter and a powerful tool for
frequency noise characterization. It constitutes a pragmatic and practical experimental
solution, as it does not require a spectrally narrower reference laser as in heterodyne
beat-note-based approaches or a complex experimental setup as in sub-Doppler saturated
absorption discriminator schemes [146].

Therefore, we chose to construct the monolithic, compact and massive Super Invar
[147] etalon shown in Fig. 3.1. Two quarter-inch dielectric mirrors with peak reflectivity
at 1580 nm were inserted into the etalon and tightly contacted to the metal surface by
tightening viton O-rings to their rear sides using stainless steel disks and M3 screws. With
a bulk length of (45.0 ± 0.1) mm, the etalon features a mirror spacing of (31 ± 0.1) mm.
According to Eq. (2.32), the FSR between two of its TEM00 modes therefore equals
fFSR = (4.84 ± 0.02) GHz. We mode-matched the VCOF laser to the TEM00 mode of
the etalon by means of an aspheric lens and two metallic steering mirrors. To reach
a resonance of the etalon, we took advantage of the broad and ultra-fine tunability of
the single-sideband-modulated VCOF laser and used a home-made automated LabVIEW
tracking program. The measurement principle for this frequency discriminator based on
single-sideband-tuning and a high-finesse resonator is sketched in Fig. 3.2.

With the laser centered on the etalon TEM00 resonance, we rapidly scanned the single-
sideband (SSB) frequency by an amount ∆ν by means of a synthesizer-generated RF sweep.
This led to the etalon transmission curve T (∆ν) reported in Fig. 3.3. The intensity of any
one of the two peaks in the transmission curve in Fig. 3.3 can be maximized by appropri-
ately bending the single-mode fiber, thereby changing the polarization of the light incident
on the etalon. When the transmission through one mode has been optimized in this man-
ner, the signal from the other peak vanishes. We therefore interpret the transmission
curve in Fig. 3.3 as a direct observation of the splitting of the etalon TEM00 resonance
into a doublet of two eigenmodes with nearly orthogonal polarization. This splitting
cannot be accounted for by the commonly used scalar, polarization-independent TEMmn

Gauss-Hermite resonator modes, which are solutions to Maxwell’s equations in the parax-
ial approximation. The paraxial treatment predicts a frequency splitting of higher-order
TEMmn modes due to mirror astigmatism, that is a slight ellipticity of the mirror surface.
However, it results in degenerate polarization eigenmodes and, consequently, cannot ac-
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Figure 3.1 Super Invar etalon acting as an optical frequency discriminator for measuring
the frequency noise of the optical feedback frequency-stabilized, single-sideband-tuned
laser.

Figure 3.2 Principle and schematic sketch of the single-sideband-tuned VCOF frequency
noise measurement with a Super Invar etalon. Blue curved lines: Optical fibers, red
straight lines: free-space laser beam, PD: photodiode.

count for the observed transmission doublet shown in Fig. 3.3. A theoretical treatment
of Fabry-Pérot resonators beyond the paraxial approximation, in spheroidal coordinates,
shows that the degeneracy of higher-order TEMmn modes with m + n > 0 is lifted by
a mechanism which can be interpreted as a form of spin-orbit coupling for the resonant
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Figure 3.3 Polarization splitting of the Super Invar etalon TEM00 mode observed through
single-sideband transmission during a frequency sweep over 100 kHz in 20 ms recorded at
a sampling rate of 500 kHz.

intracavity field [114]. However, this theory predicts a degeneracy of the two polarization
TEM00 modes in the case of spherical mirrors. By considering the polarization-dependent
phase shift due to the reflection of light from an elliptic paraboloidal surface beyond the
paraxial approximation, Uphoff et al. have shown that the degeneracy of the two polar-
ization TEM00 modes is lifted by mirror astigmatism [115]. They demonstrated that this
geometric polarization splitting mechanism is dominant for mirror curvature radii com-
parable to the wavelength of the intracavity field. In the present case of a macroscopic
etalon, however, we have checked that this effect must be smaller than 20 Hz and thus
cannot account for the 31-kHz-splitting of the TEM00 mode observed here.

Consequently, we attribute the TEM00 polarization doublet of the Super Invar etalon to
residual and stress-induced birefringence of the highly reflective dielectric mirror coating
[148]. Indeed, significant stress-induced birefringence is expected in our screw-fastened
setup due to the strong forces applied to both mirrors. This birefringence should be
accompanied by a slight polarization dependence of mirror losses [148]. This dichroism
is small and one may assume equal losses for both polarization modes in a very good
approximation, implying equal ring-down times and mode widths for both TEM00 modes.
Therefore, we fitted 90 measured transmission curves T (∆ν) like the one shown in Fig.
3.3 with two Lorentzians of equal full width Γ and an offset B:

T (∆ν) = A1Γ
(∆ν −∆ν1)2 + Γ2/4 + A2Γ

(∆ν −∆ν2)2 + Γ2/4 +B (3.1)

As expected, fluctuations of the experimental data around the fit curve are the strongest
on the slopes of both TEM00 modes, corresponding to the frequency-to-amplitude noise
conversion by the etalon. The fit yielded a Lorentzian full mode width Γ = (8991± 1) Hz
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and a polarization splitting of ∆ = (31.04 ± 0.03) kHz, that is ∆/Γ = 3.453 ± 0.004 in
units of the cavity mode width. Together with the FSR value determined above, this
measurement yields a precise value for the etalon finesse at 1590 nm, which amounts to
F = fFSR/Γ = 538000 ± 2000. The mode splitting ∆ corresponds to a birefringence-
induced round-trip phase shift of ∆ϕ = 2π∆/fFSR = 12 µrad in the etalon. A detailed
discussion of the impact of birefringence, dichroism and the polarization mode splitting
on cavity ring-down-spectroscopy will be given in Section 7.7.

Here, for measuring the combined frequency noise of the VCOF laser and the Super
Invar etalon, we simply bent the single-mode fiber to achieve a reasonably good match
between the fiber output polarization and one of the polarization modes of the etalon,
resulting in a single-Lorentzian transmission function as in Eq. (2.35). Inverting this
equation, the offset-cleaned transmission time series T (t) with peak amplitude A yields
a direct measurement of the instantaneous relative frequency ∆(t) of the single-sideband
VCOF source:

∆(t) = Γ
2

√
A

T (t) − 1 (3.2)

The optimal working point of this etalon frequency discriminator is the steepest point
of the transmission slope where the conversion is nearly linear. Consequently, the neighbor-
hood of this point was chosen for the experimental frequency noise measurement. Keeping
the VCOF single-sideband near this point as long as possible is important for maximizing
the measuring time interval. Therefore, the etalon was installed in a thermally isolating
polystyrene box limiting its resonance frequency drift. The measured etalon transmission
trace T (t) shown in Fig. 3.4 corresponds to the combined VCOF-etalon frequency noise
power spectral density shown in Fig. 5 of Article 1. By Eq. (3.2), T (t) yields a measure-

Figure 3.4 Super Invar etalon TEM00 mode transmission for a VCOF single-sideband at
fixed radio frequency, recorded at a sampling rate of 500 kHz.

ment of the relative frequency ∆(t) between VCOF single sideband and etalon resonance.
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As the Super Invar etalon was not temperature stabilized, a linear 2.6 kHz/s drift had to
be substracted in ∆(t) prior to obtaining the frequency noise PSD as the Fourier transform
of ∆(t). After the linear drift correction, ∆(t) exhibits a root-mean-square noise of 450
Hz, in good agreement with the upper bound of 530 Hz obtained from the PSD in Fig. 5
of Article 1 using the β-separation line technique.

3.2.2 Drift monitoring by saturated molecular absorption

In this section we present results on a VCOF frequency drift measurement by optical
feedback frequency-stabilized cavity ring-down spectroscopy (OFFS-CRDS) of saturated
molecular absorption. Here, we will focus on the basic principle of the measurement and
an analyis and discussion of the results. The theoretical and methodological background
for the spectroscopic technique will be discussed later in this thesis, especially in Chapters
6 and 9.

The measurement principle here is conceptually similar to the way an optical atomic
clock works. It consists in tuning a narrow laser into resonance with a molecular tran-
sition. Setting aside bias sources discussed below, the molecular transition frequency is
a physical property of nature, and constant over time to the best of current knowledge.
Here, the aforementioned resonance is a very narrow absorption feature, commonly called
Lamb dip, which is examined with an intense light field at low pressures. Under typical
experimental conditions, its width is of a few hundred kHz, making it three orders of
magnitude narrower than a conventional low-pressure absorption line at room tempera-
ture. Consequently, for a spectroscopic scan across the Lamb dip lasting a few minutes, a
frequency measurement with a precision ranging from 1 to 15 kHz is obtained.

The measurement was carried out on three absorption lines of CO2 near 1.6 µm, at a
partial pressure of 0.28 Pa. They are identified in Table 3.1 and shall be called A, B, and
C hereafter for the sake of simplicity. Their absolute transition frequencies are known with
an accuracy at the few kHz level from a frequency-comb assisted saturation spectroscopy
study carried out in the framework of this thesis. A detailed discussion of these results
can be found in Section 9.4 and in Article 6 therein. The lines A, B and C were auto-
matically measured over and over again by sequentially cycling them in a loop, recording
the saturated absorption spectra on a span of 6 MHz around the center of each line in
frequency steps of 50 kHz. After an appropriate fit, as in Section 9.4.2, each measurement
yields a dip center frequency with kHz precision. Over one day, 305 such Lamb dip mea-
surements were carried out. The observed line center frequencies relative to their initial
value are shown in Fig. 3.5. The spectrometer frequency axis is taken as static, as if the
VCOF laser were perfectly stable. Consequently, any VCOF drift translates into a change
in the observed center position. Nevertheless, a necessary condition for interpreting an
apparent line center change as a VCOF frequency drift is that the observed changes must
be identical for all measured absorption lines, as their cause then lies outside the realm of

Table 3.1 CO2 absorption lines from the 30013←00001 band (cf. Section 8.1.1) used for
measuring VCOF frequency drifts by saturation spectroscopy. See Section 9.4 and Table
9.1 therein for details on the transition frequencies and their uncertainties (in parantheses).

Symbol Transition Frequency (kHz) Wavenumber (cm-1)

A P20 186200304287.5 (6.4) 6210.97360253
B P18 186254902896.0 (4.1) 6212.79481607
C P16 186308650583.8 (3.6) 6214.58764596
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Figure 3.5 Change in apparent line center frequency over time for three CO2 lines mea-
sured by OFFS-CRDS, revealing the drift of the V-shaped reference cavity. The insets
show experimental Lamb-dip spectra from beginning and end of the measurement period,
respectively, with absorption (y axis) as a function of optical frequency (x axis).

spectroscopy. Fig. 3.5 clearly confirms that this important consistency-check condition is
met, showing a perfect alignment of the black, blue and red curves, corresponding to the
lines A, B, and C, respectively.

The observed dip frequencies exhibit a global long-term trend towards higher Lamb
dip frequencies, corresponding to a linear −7 Hz/s drift rate of VCOF frequencies on
average. The most probable origin of this drift follows from the consideration on the V-
cavity free spectral range below. The highest instantaneous drift rate evidenced by the
data in Fig. 3.5 is 22 Hz/s. This result is consistent with the findings of Article 1, where
the temperature stabilization and thermal isolation was significantly better than during
the present experiment. Under those temperature stabilization conditions, a maximum
drift of 20 Hz/s was predicted based on the experimental results.

Now let us turn to the inherent frequency noise level of this spectroscopic laser fre-
quency drift monitoring technique. The frequency measurement noise level at the begin-
ning of the recording period is on the order of 1 kHz per dip. This degree of precision and
accuracy is way better than what could be achieved with state-of-the-art optical waveme-
ters, which feature a short-term stability of a few hundred kHz at best. This performance
is due to the high signal-to-noise ratio of the first measurements. It amounts to up to
140, as shown in the upper left inset of Fig. 3.5. Over time, the Lamb dip signal-to-noise
ratio decreases as saturation fades out due to a rise in intracavity pressure over time.
This pressure increase originates from outgassing of molecules previously adsorbed on the
cavity walls and will be discussed in detail in Section 6.2.4. At the end of the scan, the
dip is broad and shallow, as shown in the inset on the right of Fig. 3.5, and the frequency
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measurement noise approaches 15 kHz, still very competitive with Doppler-broadened
techniques. Not only does the increase in intracavity pressure impair saturation, but it
also shifts the transitions linearly to lower frequencies due to the inter-molecular colli-
sions perturbing the molecular energy levels. Taking coefficient values from the literature
[149] to convert the intracavity pressure reading to an expected pressure shift curve, we
obtained the dashed line in Fig. 3.5. Compared to the observed dip-frequency drift, the
pressure shift has opposite sign and negligible magnitude.

In Fig. 3.5, the traces were superposed using three offsets ∆A, ∆B and ∆C added
to the respective data set, so that the mean difference between the three curves equals
zero. The noise around this zero determines the uncertainty of the relative frequency
measurement. In this way, the frequency spacings ∆BA = ∆B−∆A and ∆CA = ∆C −∆A

were determined to be

∆BA = (54598724.7± 1.7) kHz (3.3)
∆CA = (108346535.4± 1.4) kHz (3.4)

These values are to be compared to the literature values from Table 3.1, which are

∆BAlit = (54598608.5± 7.6) kHz (3.5)
∆CAlit = (108346296.3± 7.3) kHz (3.6)

The uncertainties of the literature values are worst-case estimates based on the results in
Chapter 9. Comparing the experimental and literature spacings, one finds the offsets

ξBA = ∆BA −∆BAlit = (116.2± 7.8) kHz (3.7)
ξCA = ∆CA −∆CAlit = (239.1± 7.4) kHz (3.8)

We shall see in the following that these discrepancies are due to the fact that the V-shaped
cavity free spectral range value ν̃FSR = 491395463 Hz from Article 5 on page 160, which
was implicitly used for determining ∆BA and ∆CA does not reflect the real FSR νFSR of
the V-cavity at the time of this measurement. In accordance with Equation (2) of Article
5, ξCA is proportional to the FSR error ξFSR = ν̃FSR − ν̃FSR:

ξCA = −(kC − kA)ξFSR (3.9)

Naturally, the same equation holds for ξBA with kB. The V-shaped cavity mode numbers
kA, kB and kC with respect to an arbitrary mode zero, which were used for stabilizing
the VCOF laser, were counted with an optical wavemeter whose precision allows their
unambiguous identification. Here, the number of VCOF modes separating the three mea-
surements were kB − kA = 111 and kC − kA = 225. Inserting this result in Eq. (3.9)
together with (3.8) yields a precise value for the current V-cavity FSR:

ξFSR = −(1063± 33) Hz (3.10)
⇒ νFSR = ν̃FSR + ξFSR = (491394400± 33) Hz (3.11)

The current FSR thus significantly disagrees with the previously used value ν̃FSR, which
had been determined with outstanding Hz-level precision in Fig. 2 of Article 5 on page
160.

This FSR change is attributed to a continuous pressure increase in the V-shaped cavity
enclosure during the one year period between the two measurements. As a matter of fact,
the vacuum chamber was evacuated to well below the 10−6 mbar-level during the previous
precise FSR measurement. Then, it needed to be isolated from a defective turbomolecular
pump using a high-vacuum gate valve and has not been repumped since. Consequently, a
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substantial quantity of molecules, essentially water, is expected to have desorbed from the
walls of the vacuum cell, which had never been baked out. The residual gas at pressure P
resulting from this outgassing leads to an increased refractive index n inside the V-shaped
cavity shifting its modes to lower frequencies.

Quantitatively, the inverse proportionality of the V-cavity FSR to n is given in Eq.
(2.33). It implies that a small refractive index change δn leads to an FSR change

∆νFSR = −δn
n
νFSR ≈ −δn · νFSR (3.12)

For a dilute gas, n ≈ 1 was inserted in the last step in very good approximation. δn is
related to the pressure increase δP in a closed volume at constant temperature by

δn = mδP (3.13)

with a proportionality constant m depending on the polarizability of the gas molecules,
as discussed in [58], for instance. For water vapor, an approximate value mvapor =
2.2 · 10−7 mbar−1 can be calculated from the findings in [150]. It is not very different
from the value mair = 2.7 · 10−7 mbar−1 for dry air from the same reference, indicating
that the exact intracavity gas composition is not a critical parameter here. Inserting
δνFSR = ξFSR in Eq. (3.12), one obtains δn = 2.16 · 10−6. Using Eq. (3.13), this corre-
sponds to a partial pressure of water vapor inside the vacuum cell of P = 10 mbar. As no
pressure gauge was installed on the vacuum line before the gate valve isolating the vac-
uum cell from the defective turbo pump, this result cannot be independently confirmed.
However, it appears perfectly realistic in view of the long outgassing period and the vapor
pressure of water, which amounts to 29 mbar at 23.5 deg, the temperature of the V-shaped
cavity and its enclosure. Translating the total refractive index change δn over one year
into a frequency drift, one realizes that the modes of the V-shaped cavity must have drifted
by δnν, equalling about 400 MHz at ν ≈ 186 THz. Per unit of time, this corresponds to
a 12.7 Hz/s drift on average. This is in good agreement with the 7 Hz/s trend observed
during the one-day scan presented here, noting that the outgassing rate is expected to
reduce over time when approaching the vapor pressure.

With the new FSR value νFSR, let us determine the predicted line position of B relative
to A expected from Eqs. (3.9) and (3.10):

ξBAexpected = −(kB − kA)ξFSR = (118.0± 3.7) kHz (3.14)

Therefore, the difference in the spacing between lines B and A from the present study and
from Chapter 9 amounts to

ξBA − ξBAexpected = −(1.8± 8.6) kHz (3.15)

This result is completely consistent with zero, thereby indicating a perfect agreement be-
tween the two independent Lamb-dip frequency measurements on the same lines, providing
further evidence for the validity of both studies.

In conclusion, monitoring three saturated absorption Lamb-dips by OFFS-CRDS over
one day has served a threefold purpose: First, it confirmed the outstanding linearity of the
spectrometer frequency axis due to the stability of the VCOF laser and related findings in
Article 1. Second, it yielded a very precise updated value for the V-cavity FSR, evidencing
that it had slightly changed over one year, most probably due to water outgassing from
the V-cavity vacuum cell walls. Finally, it provided a successful verification of a frequency
spacing between CO2 lines which had been measured with kHz-level accuracy during the
frequency-comb-assisted OFFS-CRDS experiments reported in Article 6 and Section 9.4.



44 CHAPTER 3. V-SHAPED CAVITY OPTICAL FEEDBACK STABILIZATION

To make a closing remark let us point out that the measurement principle described
here can be modified to yield a laser frequency stabilization approach somewhat com-
plementary to the stable-reference-cavity approach chosen in this thesis. By adding a
frequency dithering of the laser around the center of the dip, a first-derivative lock-in
detection approach can be used for detecting the dip center. Using the corresponding
error signal, the laser frequency can thus be locked to the saturated absorption resonance,
guaranteeing its long-term stabilization to the molecular reference. Such approaches have
already been implemented and used for setting up molecular spectroscopy experiments
targeting metrological applications [151].

3.2.3 Absolute frequency measurement with an optical frequency comb

At present, the most accurate technique for measuring the optical frequency of a laser
consists in superposing its light with that of a self-referenced optical frequency comb
(OFC) on a photodetector. As discussed in 2.5, this gives rise to a beat note signal as in
Eq. (2.21). It can be measured in order to determine the absolute optical frequency of the
laser according to Eq. (2.46), provided that its approximate frequency is already known
to better than half the OFC repetition rate frep.

We had the opportunity to carry out such an OFC-VCOF beat note measurement
in the framework of a collaboration project with the group of Prof. Marco Marangoni
from Politecnico di Milano. Using their self-referenced Toptica FFS model frequency
comb with a repetition rate locked at frep = 100 MHz, a carrier-envelope-offset frequency
stabilized to fCEO = 20 MHz and an intrinsic linewidth on the order of 200 kHz, we could
measure the absolute frequencies of several V-cavity modes the VCOF laser was locked
to. The measurement procedure and the results obtained are discussed in greater detail in
Article 5 on page 160 and in Article 6 on page 192. Beyond the enormous benefits these
measurements have for frequency-calibrated molecular spectroscopy (cf. Section 9.4), they
were also exploited to determine the V-cavity FSR with Hz-level precision, as reported in
Article 5.

Finally, monitoring the absolute frequency of the VCOF laser locked to one mode over
a longer period of time also reveals the slow drifts of the V-shaped reference cavity. The
results obtained in this respect are reported in terms of the Allan deviation plot in Fig. 2
of Article 6. They are in very good agreement with the findings of the previous Section and
shall be rapidly reviewed here for the sake of completeness. From a single-shot precision of
200 kHz, the Allan deviation averages down as white noise until it reaches a minimum at
1.4 kHz after 30 s averaging time. Beyond this point, it increases again due to a 28 Hz/s
drift. The precision of this OFC-VCOF beat note frequency measurement is ultimately
limited by two mechanisms: At short averaging times, the OFC short-term noise does
not allow resolving the narrow VCOF laser linewidth, and at long averaging times the
V-shaped reference cavity drift dominates.

3.3 Development of a new generation of V-shaped
ultrastable cavities

Based on the highly stable V-shaped cavity prototype from [58], we have realized a second
cavity with several design improvements. Trying to reduce the first cavity’s abnormally
high coefficient of thermal expansion of −6·10−7 K−1 discussed in Article 1 and in [58], the
second cavity uses an ULE spacer with ultra-polished end facets and threaded M3× 0.5
rods and nuts as well as Belleville washers instead of stainless steel springs for providing a
more uniform and rigid contact between the mirror holders and the spacer. In order to pre-
vent vibrations from impairing locked-laser linewidth, the vacuum system was redesigned
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to operate as a closed system with a small ion pump (GammaVacuum 3S-CV-1V-5K). To
further reduce the passive thermal isolation of the cavity, the aluminium foil heat shield
of the first setup was replaced by a massive copper cylinder between cavity and vacuum
cell. This improved composite V-cavity is shown on the left of Fig. 3.6.

Figure 3.6 Improved first-generation composite ULE-glass and SuperInvar V-cavity with
half-inch mirrors (left) and second-generation quasi-monolithic Zerodur cavity with opti-
cally contacted one-inch mirrors (right), mounted on the bottom flanges of their respective
vacuum cells. Note the difference in scaling between the two photos, which show a CF100
flange with an outer diameter of 152 mm on the left, and a CF160 flange with an outer
diameter of 199 mm on the right.

On the right of this same figure, an entirely new, second-generation V-shaped ultrastable
cavity is shown which was developed in parallel. In terms of cost, a huge difference be-
tween roughly 1 ke for the composite cavity and 20 ke for the second-generation cavity is
to be acknowledged. However, the high price is outweighed by the expected reduction in
vibration sensitivity and two-orders-of-magnitude improvement in locked-laser long-term
stability.

This second-generation V-cavity design is based on a 18-cm-long rectangular Zerodur
spacer with a slightly beveled, roof-shaped top and ultrapolished end facets. Optical con-
tacting of a one-inch mirrors to each facet then yields a quasi-monolithic, intrinsically
aligned V-shaped cavity. Zerodur is a near-zero thermal expansion glass ceramics with a
specified coefficient of thermal expansion below ±7 ·10−9 K−1 in the highest quality grade,
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which was used here. Carried by three long, thermally isolating Macor rods, the cavity
is installed in a full-coverage, massive copper heat shield isolated from the vacuum cell
by three Macor spacers. The only five small openings of this heat shield are inevitably
necessary for laser beam transmission and pumping. Fig. 3.7 shows a section view of this
setup.

Figure 3.7 Section view of the computer-aided-design assembly of the second-generation
ultrastable cavity setup. F: CF160 ultra-vacuum flanges. M: Three one-inch dielectric
mirrors (blue) optically contacted to the Zerodur spacer S, which has a lateral venting
hole V. L: Three leg-type Macor rods carrying the spacer S. H: Massive copper heat
shield with three circular openings for laser beam transmission and two lateral openings
for pumping. B: Three Macor sockets carrying the heat-shield-cavity assembly. I: CF16
flange for connecting the ion pump. T: KF25 flange for connecting a turbomolecular pump
for initial pumping. C: copper tube which can be irreversibly sealed by deformation. W:
three wedged, anti-reflection-coated windows for laser beam transmission (magenta). A
length scale is given by the CF160 flanges, whose diameter is 199 mm.

As in all previous V-cavity setups, virtual leaks due to air trapped in inaccessible small vol-
umes inside the vacuum system were systematically avoided. Using the same ion pump as
above (GammaVacuum 3S-CV-1V-5K), the vacuum system was definitively isolated from
the turbo-molecular pump (Pfeiffer Vacuum HiPace 80) used for the initial pump-down
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by means of a copper tube, which was irreversibly deformed until it was completely leak-
tight. First tests for both cavities showed that their respective vacuum systems operate
well below the 10−6 mbar-level under exclusive ion pumping. To resist extreme tempera-
ture gradients in rough field-campaign environments, the second-generation vacuum cell
is housed in a copper enclosure inside a passively isolating wood box. The six sides of the
copper box are actively stabilized to equal temperature individually, by means of inter-
calibrated temperature probes, resistive rubber heating pads tailored to the size of the
copper faces and a home-made dedicated ARDUINO micro-computer-based temperature
stabilization scheme.

The realization of the experimental setups described here, which are close to opera-
tional, was carried out by two fellow PhD students, Mathieu Casado and Tim Stoltmann,
in the framework of their joint PhD projects between LIPhy and Laboratoire des Sciences
du Climat et de l’Environnement (LSCE) in Gif-sur-Yvette, France, as discussed in more
detail in Chapter 10.





Chapter 4

Feed-forward coherence transfer
between lasers by optical
single-sideband modulation

Transferring the stability and narrow linewidth of the VCOF laser source discussed in
the last chapter to lasers in other spectral regions is an extremely attractive vision for
phase-coherent and metrological applications in general, and for broadband high-resolution
molecular spectroscopy in particular. At Laboratoire Interdisciplinaire de Physique, for
example, in the near-infrared only, we have almost 90 butterfly distributed feedback (DFB)
laser diodes with MHz-level linewidth at our disposal, covering the spectral interval be-
tween 1265 and 1705 nm without any spectral gap. Conveying the stability characteristics
of the VCOF laser to any of these commercial lasers would provide a significant added
value to all spectroscopic studies, with the benefits of a stable and linear spectrometer
frequency axis and an efficient injection of high-finesse cavities discussed in detail in Part
II.

The main experimental challenge to this endeavor is the high phase noise of typical
DFB lasers with a linewidth of several MHz, due to white frequency noise extending up
to very high Fourier frequencies [152]. While this could be accomplished using ultra-fast
optical phase-locked loops with tedious high-bandwidth electronics (cf. Section 2.2), feed-
forward locking is a powerful and conceptually strikingly simple alternative. In simple
terms, this technique consists in measuring the frequency and phase error of the noisy
slave laser with respect to the stable reference laser for subsequently applying it as an
a posteriori correction to the noisy light field using a fast phase and frequency actua-
tor. As we will demonstrate in the following, this feed-forward approach can provide
phase-locking at an arbitrary frequency offset without the loss of lock typically occuring
in feedback schemes under very big and abrupt phase and frequency perturbations of the
slave laser.

Here, we will first consider the basic principles of feed-forward coherence transfer by
revisiting some crucial previous works from the literature. Then, we present results from
a collaboration project with the group of Prof. Marco Marangoni from Politecnico di
Milano, who have made pioneering contributions to the field [93, 153]. The guiding idea
was to unite our know-how on feed-forward frequency stabilization and on Mach-Zehnder-
modulator-based optical single-sideband modulation (cf. Section 2.3) in order to realize
feed-forward frequency and phase locking schemes with unprecedented correction band-
width and spectral coverage. Our first study demonstrates what we call optical phase
cloning, that is a coherence transfer at a 100-mrad phase error level, using an integrated
electro-optic Mach-Zehnder modulator as a feed-forward frequency shifter. Subsequently,

49
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we provide a detailed theoretical analysis of this coherence transfer technique, charac-
terizing its limitations and exploring the different pathways for frequency-offset-locking.
Finally, in another proof-of-principle study, we demonstrate that the MZM-based feed-
forward scheme can be generalized using an optical frequency comb as a transfer oscillator,
by transferring the coherence of our sub-kHz source to a DFB laser over 10 THz away,
independently of the common-mode noise of the teeth of the comb.

4.1 Principles of feed-forward frequency stabilization

Before turning to a rigorous theoretical analysis of feed-forward phase and frequency lock-
ing with a Mach-Zehnder single-sideband modulator in Section 4.3, let us first discuss the
basic principles of feed-forward stabilization schemes in terms of frequency offsets and cor-
rections. Later, it will become evident that the same relationships hold for optical phase
correction, provided that the correction bandwidth of the feed-forward system is sufficient.

The general setting of feed-forward schemes comprises a master laser at frequency ν0,
which is typically, but not necessarily, highly coherent, as well as a noisy slave laser at a
detuned frequency νCW . The feed-forward correction of slave laser frequency consists in
a two-step process.

First, the frequency error of the slave laser is measured in terms of a heterodyne
beat note between the two lasers (cf. Eq. (2.21), which has a frequency fBN = νCW − ν0.
Second, an a posteriori frequency correction corresponding to the measured error is applied
to the slave laser field using a frequency actuator such as an acousto-optic modulator
(AOM) or an optical single-sideband modulator. This yields a feed-forward-corrected
optical output frequency νFF = νCW − fBN = νCW − (νCW − ν0) = ν0, thus restoring the
reference of the master laser on the slave laser. This is coincidence locking.

The beat note fBN can also be mixed with a radio frequency (RF) local oscillator
(LO) at frequency fLO before carrying out the correction. Assuming fLO > fBN with-
out loss of generality, this provides a frequency-shifted beat note f ′BN = fLO − fBN =
fLO−(νCW − ν0). Then, the feed-forward correction is obtained by the frequency actuator
adding f ′BN to slave laser frequency. This yields an output frequency ν ′FF = νCW +f ′BN =
νCW + fLO − νCW + ν0 = ν0 + fLO, that is the master frequency with an arbitrary RF
shift. This is the offset-locking configuration illustrated in Fig. 4.1.

Figure 4.1 Schematic sketch of the frequencies involved in the feed-forward offset-locking
of a slave laser at frequency νcw(t) to a tooth νn of an optical frequency comb. fbeat(t) is
the beat note frequency providing the physical error signal and fLO is a radio-frequency
local oscillator frequency for offset locking. fAOFS(t) is the feed-forward correction applied
to the slave laser light by the acousto-optic frequency shifter, yielding an output stabilized
at an offset fLO from the comb mode νn. Adapted from [93] (Figure 1).
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The term νn in the figure refers to a tooth of the frequency comb which was used by Sala
and co-workers for feed-forward offset-locking of an external cavity diode laser (ECDL)
[93]. The authors demonstrated a narrowing of the ECDL linewidth from the MHz-level
to the comb linewidth of 10 kHz and a relative linewidth of comb and ECDL of 3.1 kHz,
limited by the response bandwidth of the AOM used as the feed-forward frequency actu-
ator.

The bandwidth of the correction is a main limitation of feed-forward frequency and
phase control in practice. In the discussion here, an immediate feed-forward response
was implicitly assumed, corresponding to an infinite correction bandwidth, which is an
obvious idealization. Finite lags and response times in the feed-forward correction lead
to an imcomplete or erroneous compensation of phase errors of the slave laser field. The
impact of a correction delay τ was studied theoretically and experimentally by Gatti and
co-workers [153]. In particular, they showed that the correction bandwidth fBW of the
feed-forward control system depends on τ according to

fBW ≈
1

2πτ . (4.1)

By reducing their AOM frequency shifter delay time to a 200-ns level by an optimized
beam alignment, the authors achieved a correction bandwidth on the order of 1 MHz
yielding a sub-radian phase lock of a DFB laser to a frequency comb. The impact of
a finite delay in the feed-forward correction on residual phase noise will also be treated
theoretically in Section 4.3.

In prior literature, a feed-forward scheme was used for a shot-noise-limited stabiliza-
tion of the carrier-envelope offset of an optical frequency comb [154], which is a signal
with a low intrinsic noise level. Griffin and Kitayama have realized a single-sideband-
modulation approach [155] similar to the scheme discussed in the next section, however
targeting the domain of optical millimeter-wave generation. As broadband spectral purity
of the feed-forward controlled light field is of no concern in that field, the optical output
in their study consisted of several spectral components, including noisy and broadened
ones. Consequently, this technique is not suited to applications such as high-resolution
spectroscopy and coherent manipulation of atoms or molecules.

4.2 Article 2 - Optical phase cloning by an integrated
dual-parallel Mach-Zehnder modulator

In the following article [156], feed-forward phase coherence transfer from the sub-kHz-
linewidth VCOF laser to a DFB laser with 2.6-MHz linewidth at 1 ms observation time
and white frequency noise is demonstrated. Using an electro-optic MZM single-sideband
modulator as a fast phase and frequency actuator, both offset and coincidence locking
regimes were explored and characterized.

First, the experimental principle and general aspects of the feed-forward approach to
phase locking are discussed. A detailed description of the electronic and optical setup for
error signal detection, phase and frequency correction and coherence transfer characteriza-
tion is provided. Then, experimental power spectra of beat notes of the VCOF reference
laser with the free-running DFB laser and the feed-forward-corrected MZM output are
examined, both at coincidence with the VCOF laser and under offset-frequency tuning,
indicating phase coherence well below the radian level in both cases. This was confirmed
by a measurement of the VCOF-MZM-output beat note phase noise power spectral den-
sity in both regimes. The direct homodyne interference signal between reference laser and
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MZM output on a balanced photodetector was used for measuring a time series of their
relative optical phase, again indicating a root-mean-square phase error at the 100-mrad
level. Finally, the narrow and stable feed-forward-corrected slave laser light was injected
into a ring-down cavity in order to illustrate the robustness of the scheme under slave laser
frequency variations and its applicability to high-finesse cavity-enhanced spectroscopy.
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cost-effective compact device benefiting from the wide tunability of DFB lasers. © 2015 Optical Society of America
OCIS codes: (140.3425) Laser stabilization; (120.3930) Metrological instrumentation; (250.7360) Waveguide

modulators.
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Recent progress in various fields, such as frequency
metrology [1], high-resolution spectroscopy [2], optical
atomic clock developments [3,4], gravitational wave de-
tection [5], frequency transfer and timing synchroniza-
tion across fiber networks [6,7], is relying more and
more on ultra-stable narrow-linewidth laser oscillators.
These are typically obtained by locking diode or fiber la-
sers to the resonances of high-finesse ultra-stable optical
cavities, with linewidths ranging from a quite typical Hz-
level down to 40 mHz [8]. Cloning the optical phase of
such an oscillator on a second noisier and less-
expensive laser is highly desirable: it may allow matching
the absorption features of predetermined spectroscopic
targets, reaching the telecom range needed for frequency
transfer or remote clock delivery across long-haul fiber
links, or simply adding frequency tunability to an inher-
ently rigid laser system. Optical frequency combs have
been shown to serve the purpose of phase-coherent
transfer across octave-spanning frequency gaps [9], but
the extent to which phase coherence is transferred re-
mains mainly limited by the control bandwidth of feed-
back systems typically used for optical phase correction.
Physical factors such as the frequency modulation

response of the slave laser and the propagation delay
within the servo loop typically provide an upper limit
to the control bandwidth of a few MHz. This is not
enough to compensate for the high-frequency pedestal
in the noise spectrum of most common lasers, such as
fiber or semiconductor distributed feedback lasers.
Similar bandwidth limitations come into play with
feed-forward control schemes relying on the acousto-
optic control of the slave laser frequency [10]. With this
approach, root-mean-square (rms) phase errors of few
tens of milliradians have been demonstrated, but starting
with relatively quiet signals, such as those for carrier-
envelope-phase control of mode-locked lasers [11].
Ultra-fast optical phase-locked loops with bandwidths
as high as 300 MHz have been demonstrated so far exclu-
sively in the telecom field [12], searching for solutions to
coherent optical detection in long-haul transmission

systems, but require a monolithic integration of laser
source and control electronics that limits the domain
of application [13,14]. In the telecommunication field,
extremely fast feed-forward schemes based on electro-
optic Mach–Zehnder modulators (MZMs) have been also
demonstrated, yet restricted to the target of optical
millimeter-wave generation [15]. In such case, usage of
a simple MZM did not allow generation of a clean
single-frequency optical output, accurately cloning the
master laser field, whereas, as we show in the following,
a dual-parallel MZM configuration may efficiently serve
the purpose.

In this Letter, we present a powerful approach for clon-
ing the optical phase of a laser oscillator with
minimal residual phase error. It relies on a dual-parallel
MZM operated as a single-side-band generator [16] in a
feed-forward control scheme. We show that such a
device, primarily developed for quadrature phase-shift
keying transmission [17], can provide plug-and-play
phase corrections with an electro-optic bandwidth as
large as 20 GHz. It also enables precise and straightfor-
ward multi-GHz frequency tunability of the slave laser
with respect to the master, thus mimicking the behavior
of offset-frequency locking servos without any fast phase
detector or lock-relock procedure.

Figure 1(a) illustrates the operation principle of the
optical phase cloner. A fast optical detector records
the beat note of a slave laser with noisy frequency output
νs mixed with a much narrower master laser with fre-
quency νm. The beat signal between the two lasers,
f beat � νs − νm, drives an MZM whose interferometric
working points allow for the generation of a single-
sideband suppressed-carrier output with frequency
νout � νs − f beat � νs − νs � νm � νm, thus in an ideal
frequency coincidence with the master laser. If the beat
signal is additionally mixed with a tunable radio-
frequency (RF) local oscillator (LO), the MZM output
can be arbitrarily offset with respect to the master, up
to its 20 GHz bandwidth limit. The experimental setup
used for optical phase cloning and the characterization
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of the device is schematically illustrated in Fig. 1(b). The
highly stable master laser was a V-cavity optical-
feedback (VCOF) source based on optical self-locking
of a DFB diode laser to a high-finesse ultra-stable
V-shaped cavity housed in a temperature-stabilized vac-
uum chamber [18]. It features a linewidth below 500 Hz
over 1 s and linear drift rates below 20 Hz/s. The slave
laser was a butterfly-packaged DFB laser coarsely tuned
by temperature control and pumped at constant current.
Both lasers were fiber coupled and operated around
1614 nm. Using fibers in all propagation parts, master
and slave laser were made to beat on a 10-GHz-
bandwidth InGaAs photodiode (Nortel PPX-10GC28).
The broad frequency noise spectrum of the slave laser
is evidenced by the electrical spectrum of the free-
running beat note in Fig. 2(a), which is as large as
2.6 MHz over 1 ms when fitted with a Voigt profile.
To achieve phase cloning in the coincidence locking

regime, f beat was kept between 220 and 470 MHz to com-
ply with the limited working range of the 2-way 90°
hybrid coupler (Minicircuits ZX10Q-2-5+) driving the
two fast electro-optic inputs of the MZM (Covega Mach
10-060). In the offset frequency locking scheme, f beat was
kept at around 1 GHz to comply with the RF amplifier
bandwidth (Minicircuits ZHL-2-8-S; 35 dB, 29 dBm, from
10 MHz to 1 GHz) and shifted down by mixing it with an
LO between 500 and 800 MHz, in order to drive the MZM
with a signal �f beat − f LO� in the working range of the 90°
coupler. The out-of-loop (OOL) frequency and phase
noise measurement setup for characterizing phase
cloning performance under both coincidence and offset
locking conditions will be discussed alongside the exper-
imental results hereafter.
For measuring the phase noise in the coincidence lock-

ing regime, the master laser was frequency offset from
the MZM output by 30 MHz using an acousto-optic modu-
lator, and their beat note was acquired by a balanced

detector (Thorlabs PDB 150 C, DC-150 MHz) to reject
amplitude noise [Fig. 1(b)]. This was not possible in
the offset locking scheme due to the higher beat-note fre-
quency, so that a simple, yet noisier, homemade 1-GHz
detector was used. The spectral analysis of the beat-note
signal (Figs. 2 and 3) was performed by a low-noise
spectrum analyzer (Rohde & Schwarz FSW-8) equipped
with a phase noise measurement option.

Fig. 1. Experimental layout. (a) Schematic of the optical phase cloner. (b) Overview of the experimental setup. Blue: optical fiber
link; red: free-space laser beam; dashed: electrical signal. OOL, out-of-loop phase noise characterization. PD, photodiodes; MZM,
dual-parallel Mach–Zehnder modulator. FC, 2 × 2 fiber couplers; LO, RF local oscillator driving a double-balanced mixer. AOM,
acousto-optic modulator (optional); PC, computer; ESA, electrical spectrum analyzer; DAQ, data acquisition card; PZT, piezoelectric
actuator.

Fig. 2. Electrical spectrum of the beat notes between master
and slave laser. (a) Free-running conditions. (b) Coincidence
locking conditions. The beat-note linewidth collapses to an
instrument-limited value of 1 Hz. (c) Offset locking conditions
with (red) and without (blue) delay compensation in the slave
propagation path. (d) Offset locking conditions with delay com-
pensation. (e) Offset locking conditions: electrical spectra at
different LO frequencies. RBW: spectrum analyzer resolution
bandwidth.
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Figure 2(b) refers to the first case and shows the
electrical spectrum of the beat signal between the MZM
output and the 30-MHz acousto-optically-shifted replica
of the master laser. With a resolution bandwidth (RBW)
of 100 Hz, the carrier-to-background contrast attains a
remarkable value of 80 dB, with no trace of servo bumps
or bandwidth limitations over a span of 50 MHz. We de-
duce that 98.7% of the power was in the coherent carrier,
which is consistent with a residual rms phase error as
low as 114 mrad. At a 1-Hz RBW [inset of Fig. 2(b)],
the carrier exhibits an instrument-limited linewidth with
very weak low-frequency shoulders.
The blue trace in Fig. 2(c) shows over a wider fre-

quency span of 200 MHz the beat-note spectrum acquired
in offset-frequency locking conditions, with a free-
running beating signal at around 1 GHz and an RF LO
set at 550 MHz. Here, the spectrum is affected by an evi-
dent phase noise pedestal, and by the typical modulation
that emerges in linewidth measurements when a short
time delay is added between the branches of a self-
homodyne Mach–Zehnder interferometer [19]. This lag
originates from the phase delay introduced by the RF
components and particularly from the pair of low-pass
filters that have been introduced in the offset-frequency
locking case to filter out the mirror frequency after the
mixer. To first order, this delay can be compensated
for by increasing the slave propagation path upstream
the MZM. By adding a 5-m-long fiber patch, equivalent
to about 25 ns, the electrical spectrum turns into the
red trace reported in Fig. 2(c), which shows an efficient

suppression of the noise pedestal around the carrier and
to barely appreciable modulation signatures over a span
of 200 MHz. Effective control bandwidths beyond this
limit would be within reach by tighter control of time lags
and the choice of dedicated RF components. Figure 2(d)
shows that the carrier-to-background contrast inversely
scales with RBW, as expected for a RBW-limited
measurement.

To highlight the frequency tuning capability in the off-
set locking regime, Fig. 2(e) reports a wide view of the
electrical spectrum of the beat note for different LO
frequencies generated by an RF synthesizer. The LO fre-
quency is the offset between MZM output and master
source. This offset is independent of slave laser fre-
quency within a capture range as large as 20 GHz, i.e.,
twice the bandwidth limit of our MZM device. Efficient
line narrowing for the clone sideband is demonstrated,
while carrier linewidth remains unaltered, and out-of-
phase sideband linewidth doubles. These unwanted
signals are suppressed by more than 30 and 35 dB,
respectively.

Residual phase fluctuations were characterized in a
bandwidth from 1 Hz to 100 MHz by processing the beat-
ing signal with the phase-noise analyzer. Figure 3 reports
the single-sideband phase noise spectrum for both the
coincidence locking (blue) and the offset locking (red)
regimes. The two curves exhibit a similar behavior, with
high noise suppression at frequencies higher than 10 Hz.
Below this limit, they scale as 1∕f 2 random walk phase
noise, partly due to out-of-loop fiber paths that were just
thermally and mechanically isolated. The total integrated
phase noise, from 1 Hz to 100 MHz (panel b), remains
remarkably low, amounting to 139 mrad for coincidence
locking.

This value was independently confirmed by the homo-
dyne time-domain measurement of the relative optical
phase without any acousto-optic frequency shift, which
is reported in Fig. 3(c). This measurement indicates an
rms phase noise of 113 mrad over 1 s and was obtained
by superposing the unshifted MZM output with the
master laser on the balanced detector [Fig. 1(b)]. The re-
sulting homodyne interferometer signal was recorded at
200 Msample/s using a fast analog acquisition card
(GAGE model CS1622). Voltage-to-phase conversion of
the time series was then accomplished by converting
the full-scale voltage swings to �π∕2 phase excursions.

In the case of offset locking, a higher phase error of
235 mrad rms was found. This is related to the use of
two low-pass filters and an additional amplifier with
relatively poor noise figure, all of which exhibit nonflat
amplitude and phase responses.

In order to test the viability of the approach for
molecular spectroscopy at high spectral resolution and
sensitivity, the MZM output was mode-matched to a
high-finesse cavity [20] used as an optical scanning etalon
[Fig. 1(b)]. The spectral width of cavity modes was about
950 Hz at 1610 nm, corresponding to a cavity finesse in
excess of 4.5 × 105. A butterfly-packaged, polarization-
maintaining booster optical amplifier (Covega BOA-
1004) with 24-dB gain was inserted at the MZM output
for achieving high scanned-cavity transmission signals
on an InGaAs photodiode with 90 kΩ transimpedance
gain. The cavity length was slowly modulated over the

Fig. 3. Residual phase noise. (a) Single sideband phase noise
in coincidence locking (blue) and offset locking (red) regimes,
as acquired in an out-of-loop configuration. The curves are not
corrected for detector and environment noise. (b) Rms phase
noise integrated from a variable lower bound to 100 MHz.
(c) Measured 1-s time series of the relative optical phase in
coincidence locking conditions.
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435-MHz cavity free spectral range by applying a triangu-
lar voltage to a piezoelectric actuator at rates ranging
from 1 to 20 Hz. Periodic transmission transients at
the cavity output were acquired, as those reported
in Fig. 4.
For the noise-compensated sideband, strongly peaked,

narrow, and stable transients are observed. Their posi-
tion and height remains unaffected by slave laser fre-
quency jumps within the capture range. They exhibit a
typical chirped modulation structure that arises from
the interference between the nearly monochromatic
source and the intra-cavity radiation, which is Doppler-
shifted by the moving cavity mirror [21]. In contrast,
noisy transients are observed for the moving carrier
and the complementary sideband, the latter moving twice
as fast and being twice as broad because of the inverted-
phase correction. The real-time tuning dynamics are
illustrated by a short video provided as supplementary
material.
To summarize, we have proposed and realized optical

phase locking by MZM-based single-sideband modulation
in a feed-forward configuration, and demonstrated coher-
ence transfer from a highly stable sub-kHz reference laser
toanoisyfiber-coupledDFBlaser.Animportantadvantage
of the new method is that it can be generalized using an
optical frequency comb, thereby allowing feed-forward
phase cloning to slave lasers several hundreds of nano-
meters away [22]. Furthermore it requires only a few elec-
tronic and optic components that could be integrated on a
chip, or at least packaged on a single device. This would
reduce dimensions and bandwidth-limiting time lags to a
minimal level, thereby increasing the overall performance
while cutting costs and facilitating its use for the experi-
mentalist. On the other hand, to extend the approach
beyond the telecom range, a technological effort would
be required for the design of dedicated modulators.

We acknowledge support from the Italian Ministry of
Research and Education (ELI project—ESFRI Road-
map); LabexOSUG@2020 (ANR10 LABX56); Université
Joseph Fourier (UJF) Pôle SMINGUE; Réseau FEMTO.
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Fig. 4. Transmission of a scanning optical cavity (see Media 1
and Media 2 for the corresponding video). The vertically shifted
traces correspond to different slave laser detunings. The carrier
(C) and other sideband (R) were revealed by choosing sub-
optimal MZM working points. The feed-forward-corrected
sideband (L) remains stable and narrow (see chirped oscilla-
tions in the upper left inset).
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4.3. THEORY OF SSB PHASE CLONING AND OFFSET LOCKING 57

4.3 Theoretical analysis of single-sideband-based phase
cloning and offset locking

Supplementing the experimental demonstration in Article 2, a theoretical analysis of feed-
forward phase coherence transfer and offset locking is provided in the following. It has
been published as supplementary material to Article 2 [156].

To begin with, the beat note error signal for feed-forward single-sideband phase cloning
of the reference laser field on the slave laser is formulated explicitly. Then, analytic
expressions are provided for the electric fields inside the Mach-Zehnder modulator when
this feed-forward correction is applied, demonstrating how single-sideband modulation
arises with a full compensation of slave laser frequency offset and phase noise.

Subsequently, the extension of this scheme to frequency offset locking by mixing the
correction signal beat note with a radio-frequency local oscillator (LO) is discussed. An
overview of the necessary filtering of the mixer output, the appropriate sideband for noise
suppression, as well as the direction of offset-tuning is provided as a function of sign and
magnitude of the frequency offset between master and slave laser as well as LO frequency.
A particular emphasis is given to the fact that this scheme provides direct control of both
frequency and phase offset of the slave with respect to the master. This may be a crucial
feature for light-matter interaction applications with several coherent light fields.

Finally, going beyond the idealization of immediate electric and optical signal propaga-
tion, an analyis of the impact of correction delays on phase noise suppression is made. In
particular, the residual phase noise PSD of the feed-forward corrected slave laser is derived
as a function of Fourier frequency and the correction delay, providing a simple expression
for the correction bandwidth of the system. The study is closed by a discussion on the
impact of phase noise contributions from unstabilized fiber paths in the optical setup and
perspectives for monolithic integration of the phase cloner setup.
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1. THEORETICAL ANALYSIS

The coherence of a reference laser field

Ere f (t) = E0r cos (ω0t) (1)

with amplitude E0r and angular frequency ω0, idealized here
as perfectly monochromatic for the sake of simplicity, is to be
transferred to a slave laser field

Ein(t) = E0 cos [(ω0 + Δω)t + ϕ(t)] (2)

exhibiting phase noise ϕ(t) and an angular frequency offset Δω,
which is assumed to be positive without loss of generality. To
clone the reference laser coherence on the slave laser, this phase
noise has to be suppressed and the frequency offset corrected.
In feed-forward schemes [1, 2], this is accomplished by compen-
sating the slave laser phase and frequency errors a posteriori, by
first measuring and then correcting them. As the first step, the
error may be measured as the beat note signal SAC(t) of the two
laser fields on a photodiode

SAC(t) = s0

〈
|Ein + Ere f |2

〉
= s0E0E0r cos [Δωt + ϕ(t)] (3)

s0 = ηcε0RAe f f (4)

where η is the photodiode responsivity, c the speed of light,
ε0 the electric constant, R the transimpedance gain, and Ae f f

the effective detection surface. The angle brackets in (3) denote
a time average over the photodiode response time. The time-
independent photodiode signal component SDC is discarded ei-
ther by a high-pass filter or by an AC-coupled radio frequency
(RF) amplifier.
In the second step, this amplifier with gain G supplies a suffi-
ciently strong signal VRF(t) to drive the device actively correct-
ing slave laser frequency and phase.

VRF(t) =
√

G · SAC(t) (5)

Here, we propose using a dual-parallel electro-optic Mach-
Zehnder modulator (MZM) as a single-sideband generator to
achieve this correction with unprecedented bandwidth. The
nested interferometer lithium niobate (LiNbO3) waveguide
structure of the MZM is depicted in Fig. S1.

Three DC voltages are applied to set the working point of the
Mach-Zehnder interferometers (MZIs) for single-sideband op-
eration. The voltages V1 and V2 applied to the two child MZIs
correspond to a static phase shift of π between their interferom-
eter arms. This leads to optical carrier suppression by destruc-
tive interference. The third voltage V3 corresponds to a static
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Fig. S1. Schematic sketch of feed-forward phase cloning using an MZM with nested Mach-Zehnder interferometer waveguide
(black), RF electrodes (red) and DC electrodes (blue). The coherence of the master laser is transferred to the feed-forward-corrected
single sideband (red), whereas the suppressed sideband is broadened (pale red) due to inverted-phase correction. The slave laser
carrier (pale gray) is suppressed in the two child interferometers.

π/2 phase shift between the arms of the parent interferometer,
which is the working point for interferometric single-sideband
generation.
The amplified beat note signal VRF(t) is fed to a two-way 90◦

hybrid power splitter. Its two quadrature RF output signals are
used for driving the travelling wave RF electrodes in the two
child MZIs, leading to phase modulations ϕ1(t) and ϕ2(t) by
the electro-optic Pockels effect:

ϕ1(t) = ϕ̂ cos [Δωt + ϕ(t)] (6)

ϕ2(t) = ϕ̂ cos
[
Δωt + ϕ(t) +

π

2

]
(7)

ϕ̂ = π ·
√

Gs0E0E0r√
2Vπ

(8)

Vπ is the electro-optic half-wave voltage corresponding to a
Pockels phase shift of π.
The timing of this active a posteriori phase noise compensation
is an important issue. After beat note detection, the slave laser
field takes a propagation time τ2 to arrive at the MZM. The
RF correction, in turn, is delayed by τ1 due to propagation,
amplification and the MZM response time. Consequently, the
transformations E(t) → E(t − τ2) and ϕ1/2(t) → ϕ1/2(t − τ1)
must be made. At the MZM input, the combination of both
effects leads to an effective correction delay of τ = τ1 − τ2.
Then, taking into account the static MZI phase
shift of π typically realized in a push-pull config-
uration (π = π

2 −
(
− π

2
)
), the superposition of

waves at the output of child interferometer 1 yields

E1(t) =
E0
2

(
cos

{
(ω0 + Δω)t + ϕ(t) +

π

2
+ ϕ̂ cos [Δω(t − τ) + ϕ(t − τ)]

}

+ cos
{
(ω0 + Δω)t + ϕ(t) − π

2
− ϕ̂ cos [Δω(t − τ) + ϕ(t − τ)]

})
(9)

Using addition theorems, two terms of opposite sign cancel
out, leaving

E1(t) = −E0 cos [(ω0 + Δω)t + ϕ(t)]

× sin {ϕ̂ cos [Δω(t − τ) + ϕ(t − τ)]} (10)

Expressing the nested trigonometric function in terms of its ex-
pansion in first-type Bessel functions Jk

sin (z cos θ) = 2
∞

∑
k=0

(−1)k J2k+1(z) cos[(2k + 1)θ] (11)
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one may drop O(ϕ̂3) terms, which can be made arbitrarily
small for small modulation depths ϕ̂, in a trade-off between out-
put power and spectral purity. This yields

E1(t) = − 2J1(ϕ̂)E0 cos [(ω0 + Δω)t + ϕ(t)]

× cos [Δω(t − τ) + ϕ(t − τ)] (12)

= − J1(ϕ̂)E0

{
cos [ω0t + ϕ(t) − ϕ(t − τ) + Δωτ]

+ cos [(ω0 + 2Δω)t + ϕ(t) + ϕ(t − τ) − Δωτ]
}

(13)

Let us note that even-order sidebands are suppressed by de-
structive interference in the two child MZIs, just as the carrier.
Analogously, one finds for the output of child interferometer 2

E2(t) = J1(ϕ̂)E0

{
sin [(ω0 + 2Δω)t + ϕ(t) + ϕ(t − τ) − Δωτ]

− sin [ω0t + ϕ(t) − ϕ(t − τ) + Δωτ]
}

(14)

The MZM output is found by adding E1(t) and E2(t), tak-
ing into account the static parent MZI phase shift of ±π/2 =
± [π/4 − (−π/4)]:

Eout ± = J1(ϕ̂)E0×{
− cos

[
ω0t + ϕ(t) − ϕ(t − τ) + Δωτ ± π

4

]

− cos
[
(ω0 + 2Δω)t + ϕ(t) + ϕ(t − τ) − Δωτ ± π

4

]

+ sin
[
(ω0 + 2Δω)t + ϕ(t) + ϕ(t − τ) − Δωτ ∓ π

4

]

− sin
[
ω0t + ϕ(t) − ϕ(t − τ) + Δωτ ∓ π

4

]}
(15)

Consequently applying addition theorems, the single-sideband
suppressed-carrier MZM output is retrieved for left (-) and right
(+) sideband:

Eout + =2J1(ϕ̂)E0×

cos
[
(ω0 + 2Δω)t + ϕ(t) + ϕ(t − τ) − Δωτ − 3π

4

]

(16)

Eout − =2J1(ϕ̂)E0 cos
[

ω0t + ϕ(t) − ϕ(t − τ) + Δωτ +
3π

4

]

(17)

The twofold amplitude as compared to plain phase modulation
at equal modulation depth ϕ̂ is due to constructive interference.
In the idealized case τ = 0 of zero correction delay, the left
sideband

Eout − = 2J1(ϕ̂)E0 cos
(

ω0t +
3π

4

)
(18)

completely compensates for slave laser frequency offset and
phase noise and thus accomplishes reference phase coherence
cloning on the slave laser field. Conversely, the out-of-phase
correction on the right sideband Eout + in equation (16) leads
to doubled frequency offset and phase noise. If Δω is negative,
the roles of left and right sidebands are inversed. Spurious
signals from the imperfectly suppressed carrier and unwanted
first-order sideband, as well as from resonant higher order
sidebands are typically on the order of −30 dB [3].

This phase cloning can be generalized to coherent frequency-
and phase-offset locking by mixing the original beat note sig-
nal (3) with a monochromatic RF signal and subsequent low-

or high-pass filtering. With the RF local oscillator (LO) signal
proportional to cos (ωLOt + ϕLO), the feed-forward corrected
output field acquires an angular frequency offset ±ωLO and a
phase offset ±ϕLO, while remaining phase locked to the refer-
ence. When Δω < 0 or ωLO > |Δω|, the phase correction term
ϕ(t − τ) (as in equations (6) and (7), for instance) changes sign.
This inverts the direction of frequency and phase tuning, and
switches the feed-forward-corrected sideband from left to right
or vice-versa, depending on whether low- or high-pass filter-
ing is used. An overview of the tuning behavior under offset-
locking conditions, obtained from derivations analogous to the
one detailed above, is given in Table S1.

Table S1. Tuning behavior for feed-forward offset locking
when either low- or high-pass filtering is applied to the beat-
note-and-LO-mixing signal. Letters: increasing LO frequency
yields increasing (’Positive’) or decreasing (’Negative’) optical
frequency. Signs: left (’-’) or right (’+’) sideband accomplish
feed-forward coherence transfer.

Low-pass filtering High-pass filtering

Δω < 0 Δω > 0 Δω < 0 Δω > 0

ωLO < |Δω| N + P - P + N -

ωLO > |Δω| N - P + P + N -

To give one concrete example, for Δω < 0, ωLO > |Δω|, and
high-pass filtering, the equivalent of equation (17) reads

Eout + = 2J1E0 cos
[
(ω0 + ωLO)t + ϕLO

+ ϕ(t) − ϕ(t − τ) + Δωτ − 3π

4

]
(19)

Thus enabling complete and automatable frequency and phase
offset control, the method is well suited to a multitude of light-
matter-interaction applications necessitating highly coherent
laser fields.

In the following, let us consider the impact of non-negligible
correction delay τ. For feed-forward frequency locking using
an acousto-optic modulator, a similar analysis has been un-
dertaken in [4]. The residual phase noise Δϕ(t) on the feed-
forward-corrected sideband (17) is

Δϕ(t) = ϕ(t) − ϕ(t − τ) (20)

To determine its power spectral density (PSD) SΔϕ, one may
use the Wiener-Khinchin theorem linking it to the phase noise
autocorrelation function RΔϕ:

SΔϕ( f ) =
∫ ∞

−∞
RΔϕ(t′)e−i2π f t′ dt′ (21)

where f denotes the Fourier frequency of spectral components.
Assuming that Δϕ(t) is an ergodic noise process, its autocorre-
lation may be written as

RΔϕ(t′) = 〈Δϕ(t)Δϕ(t + t′)〉t (22)

= 〈ϕ(t)ϕ(t + t′)〉t − 〈ϕ(t)ϕ(t + t′ − τ)〉t

− 〈ϕ(t + t′)ϕ(t − τ)〉t + 〈ϕ(t − τ)ϕ(t − τ + t′)〉t
(23)

= 2Rϕ(t′) − Rϕ(t′ − τ) − Rϕ(t′ + τ) (24)
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The angle brackets with subscript t denote an average over time.
Its translational symmetry has been exploited in the last step.
Inserting the autocorrelation function (24) in (21) yields the
phase noise PSD of the feed-forward-corrected signal at MZM
output:

SΔϕ( f ) = 2Sϕ( f ) − e−i2π f τSϕ( f ) − ei2π f τSϕ( f ) (25)

= 2Sϕ( f ) [1 − cos (2π f τ)] (26)

= (2π f τ)2Sϕ( f ) + O
(
( f τ)4

)
(27)

The Fourier frequency fBW for which the noise prefactor
reaches unity is a useful measure for the correction bandwidth
of the feed-forward system [4]:

fBW =
1

2πτ
(28)

This inverse proportionality to the delay time unbalance τ il-
lustrates the need for a well-balanced, low-delay system archi-
tecture for achieving efficient noise suppression at high Fourier
frequencies. With electro-optic bandwidths well in excess of
10 GHz, MZMs are thus well suited for feed-forward phase
cloning.

So far, phase noise due to the unstabilized fiber paths in the
setup has been neglected in the analysis by assuming a constant
delay time τ for the sake of simplicity. To take thermomechani-
cal fiber noise into account, different delay times τ1 and τ2 need
to be considered in the signal and correction branch, respec-
tively. To a very good approximation, this can be described
by an additional term ϕ f iber(t) in the argument of equation
(2). Then, the phase noise power spectral density of the feed-
forward-corrected output reads:

SΔϕ( f ) = 2Sϕ( f ) [1 − cos (2π f τ)] + Sϕ f iber ( f ) (29)

For optimal phase cloning, as for any fibered frequency metrol-
ogy application, it is therefore vital to keep all fiber paths as
short and free from external perturbations as possible.
In a bench-top setup, this may be reached by actively stabiliz-
ing fiber paths using low-frequency servo loops. Another very
promising way to accomplish this is monolithically implement-
ing the whole MZM-based feed-forward phase cloning appara-
tus. All components – the optical splitters, the fibered photodi-
ode, the MZM waveguide, the RF amplifier, as well as an RF
mixer with an appropriate filter – could be integrated in a sin-
gle package with cm dimensions, necessitating only an external
power supply and RF source, as well as passive or active cool-
ing.

2. VIDEO: SCANNING CAVITY TRANSMISSION

The video first gives a brief overview of the method and the
experimental setup. Then, it shows experimental data on the
transmission of a scanning high-finesse cavity in real time.
This transmission signal allows monitoring the MZM output in
the frequency domain, as the length-scan driving voltage may
be converted into optical frequency modulo one FSR by inter-
polating between two successive cavity modes. This provides
a highly aliased, but nearly linear frequency scale (x axis) for
optical spectral analysis. Cavity transmission (y axis) is propor-
tional to optical power when laser linewidth is smaller than cav-
ity modewidth. When linewidth increases beyond modewidth,
transmission drops off rapidly as jitter inhibits coherent inten-
sity buildup inside the cavity.

For this experimental demonstration, the MZM output was
injected into a high-finesse cavity whose length was linearly
modulated over more than one free spectral range at a rate of
5 Hz. To reveal the carrier and the inverted-phase sideband, the
optimal MZM working points for single-sideband generation
were intentionally left. Subsequently, frequency jumps of the
carrier were abruptly triggered by manually changing the set-
point of the slave laser temperature stabilization.
Analogous to Fig. 4 and the corresponding discussion, the
video illustrates how the phase-cloned sideband remains com-
pletely unperturbed while the broadened inverted-phase side-
band moves at twice the pace of the noisy carrier.
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4.4 Article 3 - Feed-forward comb-assisted laser coherence
transfer

The following manuscript reports proof-of-principle experiments on MZM-based feed-
forward coherence transfer between lasers over vast spectral intervals, using an optical
frequency comb as a transfer oscillator. This approach leads to the reproduction of the
master laser comb offset on the slave laser, yet with respect to another tooth of the comb,
which can be spaced tens or hundreds of nanometers afar. Importantly, the coherence
transfer is not affected by common-mode noise of the frequency comb and does not neces-
sitate f − 2f self-referencing. A preliminary version of the manuscript is available online
[157].

The article starts by introducing the generalization of the feed-forward stabilization
scheme using two teeth of a frequency comb, as well as detailed aspects of its experi-
mental implementation. Then, an experimental test of this scheme with a MHz-linewidth
distributed feedback (DFB) slave laser spaced only a few comb modes apart from the sub-
kHz master laser is reported, allowing a rigorous characterization of the coherence transfer
through the comb. An RF power spectrum analysis of the beat note between master and
feed-forward-corrected slave indicates sub-radian coherence transfer, limited by subopti-
mal characteristics of the components and the frequency comb used in the experiment.
The locked slave laser light was subsequently injected into a high-finesse cavity acting as
an optical spectrum analyser. The presence of coherent ringing signals in cavity transmis-
sion [130] independently confirmed the sub-kHz linewidth of the feed-forward corrected
MZM output signal. Finally, the same experiment was repeated with a slave DFB laser
almost 100 nm away from the master. The cavity transmission of the feed-forward-locked
slave laser showed no appreciable degradation of the ringing transients, thus indicating
an unspoiled coherence transfer, illustrating the enormous potential of the technique for
applications in broadband, sub-kHz-resolution cavity-enhanced spectroscopy.
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Abstract Transferring the coherence of a highly sta-
ble narrow–linewidth master laser to a widely tunable
slave laser whose emission frequency may lie several THz
away is an attracting perspective for precision and high–
sensitivity spectroscopy. Here this transfer is accomplished
through a particularly simple feed–forward locking scheme
that makes use of a frequency comb as a transfer os-
cillator and of a dual–parallel Mach–Zehnder modula-
tor as an extremely fast phase/frequency actuator. As a
proof of principle, cavity ring–down transient decays ob-
tained at 1617 nm out of an optical cavity with a finesse
of 450 000 reveal no appreciable coherence loss with re-
spect to those obtained directly from the master laser at
1521 nm, i.e. 12 THz away.

Highly coherent lasers with linewidth ranging from 1
kHz down to 1 Hz are exploited in several laboratories
for high precision spectroscopy[1–3] and are now com-
mercially available. Their stable and narrowband emis-
sion not only favors high spectral resolution and accu-
racy[4,5], but also leads to enhanced detection sensi-
tivity in combination with optical cavities[3] down to
5 × 10−13/cm/

√
Hz for finesses in excess of 105[6]. How-

ever, the extensive application of such laser sources in
gas phase spectroscopy is hampered by their limited fre-
quency tunability.

In order to cover spectral gaps as large as several
THz away from a high–coherence reference laser one
may introduce a second broadly tunable source, such
as a distributed feed-back (DFB) diode laser, and lock
its phase to the highly coherent master laser through
the interposition of a frequency comb[7]. This coherence
transfer scheme, which relies on the possibility to gen-
erate a highly–coherent broadly–tunable source from a
mode–locked laser[8,9], requires the development of sev-
eral high–bandwidth feedback loops, typically one for
the phase lock of the comb repetition frequency to the
master laser[10,11], a second for locking the comb car-
rier envelope offset frequency to a stable radio-frequency

(RF) synthesizer[12,13], a third to lock the probe slave
laser to the comb. Each of these may actually involve two
loops, one for slower and wider frequency corrections,
the other for the faster corrections[14]. Less efforts are
required with referencing schemes as that proposed by
Telle and co-workers[15,16], where the carrier-envelope
offset frequency fluctuations are electronically removed
from the beat notes of the comb with the two lasers and
these notes are subtracted from each other after proper
frequency scaling. This reduces the amount of electronic
circuitry, yet requires the availability of a direct digital
synthesizer for the frequency scaling of the two notes.
This scaling is necessary to get rid of the comb noise
that is not common mode at the two frequencies (i.e. the
differential phase noise between the two comb modes).

An even simpler coherence transfer scheme would be
of broad interest in several precision spectroscopy exper-
iments that do not require extremely low residual phase
error but rather a widely tunable yet stable and nar-
row (kHz) source with a sufficient power fraction in the
coherent carrier. After an initial investigation on a feed–
forward transfer scheme based on an acousto–optic fre-
quency actuator[17,18], we have recently demonstrated
a powerful approach based on a dual–parallel Mach–
Zehnder modulator (MZM) operated as a single side-
band generator: thanks to its extremely fast response
time, equivalent control bandwidths in the hundreds of
MHz range are easily achieved, together with a GHz-
level capture and tuning range[19].

We explore here the extension of that scheme to a
multi-THz spectral gap between master and slave laser
through interposition of a free-running frequency comb.
Similarly to the Telle approach, but without frequency
scaling and removal of the carrier–envelope offset fre-
quency, the beat notes of slave and master lasers are sim-
ply electronically subtracted and applied to the MZM af-
ter amplification, which makes the slave laser frequency
to reproduce that of the master field. This occurs with
a phase error that remains ultimately limited by the
comb noise that is not of common mode at the two fre-
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Fig. 1 Experimental scheme. VCOF is the sub-kHz
linewidth master laser, DFB the slave distributed–feedback
diode laser, OFC the self-referenced optical frequency comb,
MZM the Mach-Zehnder electro–optic single–sideband mod-
ulator, PD1 and PD2 are photodiodes collecting the beat
notes of both lasers with the OFC, filtered by diffraction
gratings (DG). FC are single mode fiber combiners/splitters,
VA are RF voltage amplifiers, BPF is a bandpass RF filter.

quencies. We applied this scheme to a slave laser wave-
length (1521 nm) 12 THz away from that of the master
(1617 nm), successfully reproducing the ring-down tran-
sients as clean as those observed with a slave close to
the master wavelength, using of an optical cavity with a
finesse as high as 450 000. This proof of principle demon-
strates that cavity ring–down spectroscopy can be read-
ily performed using the proposed scheme with no penalty
for spectral resolution which is limited by the kHz width
of the cavity modes.

The operation principle starts with the acquisition
of the beat notes of slave and master laser with the fre-
quency comb. Let us assume selecting with suitable RF
band–pass filters the beat notes with the closest lower–
frequency comb modes: ∆νm = νm−(f0+Nfrep) for the
master laser and ∆νs = [νs − (f0 +N ′frep)] for the noisy
slave laser, where f0 and frep are the comb offset and rep-
etition frequencies, respectively. An RF mixer provides
their difference, ∆νm − ∆νs = νm − νs + (N ′ − N)frep,
which is amplified and applied to the MZM, injected
by a fraction of the slave laser radiation. In this way,
after adjusting the MZM control bias voltages to pro-
duce only the upper sideband, the RF signal driving
this sideband will subtract the slave laser frequency fluc-
tuations relative to the comb modes and, at the same
time, the common–mode comb frequency fluctuations
on f0. In equations, the MZM output is at frequency
νc = νs +[νm −νs +(N ′ −N)frep] = ∆νm +f0 +N ′frep,
thus being at the same comb offset as the master laser
but relative to the comb mode N ′. As the separation
of slave from master is increased, the comb frequency
fluctuations that are not common–mode at the two laser
frequencies are expected to increase and to become a lim-
iting factor for the coherence transfer. This effect is small
and goes undetected in our proof-of-principle demonstra-

tion involving injection of a (very) high finesse CRDS
cavity over a comb–wide frequency range. Also, as with
active servo loops, the bandwidth of this feed–forward
(FF) control is inversely proportional to time delays ac-
cumulated by both electrical and optical signals. How-
ever, the latter may be used to compensate the former
provided a fiber patch of suitable length is added to the
slave propagation path upstream the MZM correction
unit[19]: To the first order this may lead to a zero net
delay. The bandpass is then limited by photodetectors
and RF components used to drive the MZM, and by the
comb mode spacing.

Fig.1 illustrates our experimental implementation.
Besides the V-cavity optical-feedback (VCOF) master
source detailed elsewhere[20] and a standard fibered tele-
com DFB diode laser, a 100 MHz free-running Erbium
fiber comb (Toptica FFS model) is used, with mode
linewidth of about 10 kHz over 1 ms. A S/N of better
than 25 dB could be obtained for the beat signals of
both CW lasers, still modest relative to that obtained
in [19] and likely a limiting factor here. The ∆νs beat
is kept below the 30 MHz cut-off frequency of a lowpass
filter during several minutes thanks to the good stabil-
ity of current and temperature controllers of the slave
laser, whereas ∆νm could remain for even longer times
at around 70 MHz, at the center of a narrow bandpass fil-
ter, without servos on the master and on the comb. The
sign of the beat notes is chosen in order to use the dif-
ference of these signals as the driving signal of the MZM
(consistently with the equations above). RF amplifica-
tion (∼25 dB for the slave and ∼40 dB for the master)
brings up both ∆νm and ∆νs signals to the range where
the mixer operates with negligible noise contribution. A
bandpass filter selects the difference of the beat notes af-
ter the mixer. A 1 W RF amplifier boosts this signal up
to a level adequate for the MZM to deliver ∼2% of the
incident optical power in the first sideband. We should
note that together with the carrier, destructive interfer-
ence in the dual–MZM eliminates all even order side-
bands as well[19]. The amplified signal is applied to the
MZM via a 90◦ RF splitter operating in the range from
55 to 90 MHz.

As a first test we used a DFB diode tunable in the
proximity of the master laser (1617 nm) allowing for a di-
rect beating of the MZM output against the master. The
result in the upper panel of Fig.2, shows an instrument–
limited 300 kHz peak width for the upper sideband and
a 4 MHz-wide peak for the lower sideband, i.e. twice as
large as the carrier peak. To make this last signal visible,
the MZM bias was intentionally unbalanced, inducing a
change of the peak intensities of the carrier and of the
uncorrected sideband while preserving their widths.

To quantify the width of the coherent peak with
better resolution we downshifted the beat note via a
frequency mixer in order to sample the signal using a
200Msamples/s acquisition card (GAGE model CS1622,
equipped with a 100 MHz low pass filter). By Fourier
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Fig. 2 Beat note of the MZM output with the VCOF mas-
ter laser. Upper panel: Broad band view showing the carrier
and the other sideband which are strongly suppressed after
optimization of the MZM control DC bias levels. Lower panel:
High resolution spectrum of the downshifted beat note, still
limited by the instrumental resolution (24Hz). 58% of the
power is calculated to be in the carrier, corresponding to a
phase noise of 0.75 rad rms.

transform this produces the higher resolution spectrum
in the bottom panel of Fig.2, a beat note with Fourier–
transform–limited 24 Hz width, lying 57 dB above a flat
pedestal. By numerical integration over a span of 60 MHz,
we estimate that about 58% of the power is in the car-
rier, corresponding to phase noise of 0.75 rad rms, much
larger than the ∼0.1 rad rms reported in Ref.[19], where
no comb was introduced in between slave and master
lasers. This result cannot be attributed to non–common–
mode noise of the comb which is negligible at such close–
by frequencies, but it may result from the signal-to-noise
ratio of the beat notes with the comb. The comb mode
spacing of 100MHz is another limitation of this proof-
of-principle setup: it forces us to single out the comb–
DFB beat note from the replicas due to the adjacent
comb modes by means of a tight bandpass filter, thus
slicing off a portion of the DFB noise spectrum rather
than passing it over to the FF correction system. Using a
comb with wider mode spacing (commercially available)
effective control bandwidths exceeding 100MHz would
be available.

In order to test the coherence transfer over a broader
spectral range an ideal solution would be the analysis
of the beat signal between the slave laser and a sec-
ond comb independently phase locked to the master by
means of some fast feedback servo. Without the avail-
ability of such comb, and at the same time with the aim
of verifying the viability of the proposed scheme for pre-
cision spectroscopy, we tested the coherence transfer over
a multi-THz range using as an optical spectrum analyzer
a high finesse optical cavity whose length was linearly

scanned by a piezoelectric actuator. With a cavity length
of 34.5 cm long (Free Spectral Range FSR=435MHz)
and a finesse of 450 000 around 1610 nm, the analyzer
relies on 1 kHz wide resonances. We added a fibered op-
tical amplifier at the MZM output to increase the cavity
injection signal, followed by an optical isolator before
mode–matched cavity injection. The cavity length was
modulated at 1 Hz over one FSR delivering transmis-
sion transients as those reported in Fig.3. The upper
panel refers to the slave laser discussed before, emitting
at 1617 nm with a negligible gap from the master. The
strong narrow peak corresponds to the upper sideband,
while the weaker broad peak corresponds to the other
sideband.

Smaller peaks in Fig.3 are due to transverse modes
appearing due to imperfect mode matching (narrow or
broad, depending on the sideband they correspond to).
By zooming on the narrow sideband transient, a well–
known chirped ringing pattern is visible, which can oc-
cur only if the incident field is spectrally narrower than
the cavity mode[21] over the ∼ 0.5ms duration of the
passage through resonance. This is produced by the in-
tracavity field buildup at the passage through resonance,
which then exponentially decays and beats with the in-
cident field that continues to weakly feed the cavity off-
resonance. The chirp is due to the frequency scan of the
cavity resonance. The other sideband does not show any
ringing, as observed when injecting the uncorrected DFB
laser directly into the cavity. The presence of a ringing
pattern over a noisy pedestal demonstrates that a siz-
able fraction of the MZM output radiation fits inside
a sub–kHz bandwidth, consistently with the above re-
sult from direct lasers beating (Fig.2). This pedestal is
then filtered by the cavity and has no effect on the fre-
quency resolution of ring–down measurements which are
obtained by rapid switch off of the laser beam at reso-
nance.

When replacing the slave DFB laser, the same cavity
output patterns are observed up to the low wavelength
edge of our comb. In particular, the bottom panel of
Fig.3 shows signals from a 1521 nm DFB laser, which
clearly appear equivalent to those from the 1617 nm laser.
Therefore, at the kHz level of the scanning cavity mode
width, the coherence transfer is as good for a laser at the
VCOF frequency (186 THz) as for a laser at the comb
edge (198 THz). Over this range the reflectivity of the
cavity mirrors is almost constant, as is deduced from
the exponential envelope of the coherent peaks in Fig.3
which display a decay constant of about 150 µs at both
frequencies. In other words, if a degradation of the co-
herence transfer is present, it results into a slave laser
narrowing to below 1 kHz (over 0.5ms) across the whole
12THz range allowed by our comb spectral span.

This result is consistent with the frequency noise
analysis of Erbium combs previously reported[22]. In
fact, comb noise is dominated around the optical carrier
by environmentally–induced laser cavity length fluctua-
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Fig. 3 A 450 000 finesse cavity used as an optical spec-
trum analyzer. 1 s on the horizontal scale is one cavity FSR
(435MHz). Top: coherence transfer applied to a DFB laser
emitting close to the master VCOF laser. In the insets are
detailed views of the narrow coherent peak from the upper
sideband and the broad peak from the lower sideband. Bot-
tom: Same observations when using a DFB laser lying at the
far edge of the comb.

tions, which force the comb mode linewidth to increase
by roughly a factor of 0.05 kHz per THz (at 1ms obser-
vation time, longer than the photon decay time of our
high–finesse cavity). Within the 12THz frequency gap
explored here, the non–common–mode frequency noise
contribution can thus be assumed to influence the slave
laser linewidth by about 0.6 kHz, thus barely apprecia-
ble with our swept–cavity linewidth analyzer. It is worth
noting that this limitation from the comb noise, which
is not appreciable with our setup, could be anyway over-
come with a more refined referencing scheme, using a fast
MZM-based frequency correction in combination with
the transfer oscillator configuration by Telle and cowork-
ers[15]. Alternatively one could resort to a simpler one–
stage FF frequency correction as that demonstrated in
Ref.[19] starting from a (more complex but less noisy)
frequency comb with frep phase locked to the master
and f0 to an RF synthesizer[14].

In conclusion, we demonstrated a simple and robust
FF approach for phase locking two CW single mode
lasers beating with the same OFC, using a fast sideband
modulator as the only optical control element. This ap-
proach was shown to lead to high quality and intense
injection signals for a very high finesse cavity over the
12THz spectral range of an Erbium fiber comb, which
will allow cavity ring-down spectroscopy with high fre-
quency precision (sub kHz). A set of cost–effective widely
tunable telecom lasers can thus be used to interrogate
molecular absorption in a high finesse cavity without
any trade-off in terms of precision, sensitivity and spec-
tral resolution, these being inherited from a single high

coherence master. The power loss associated with phase–
modulated sideband generation can in principle be com-
pensated by an optical amplifier without penalty for the
coherence transfer if the amplifier is inserted before the
splitter feeding the modulator and the comb beating line.
In contrast to existing high–end phase–frequency control
loops, this technique is straightforward to implement in
the telecom range, where fibered MZM modulators are
readily available. We expect it to become eventually ex-
ploitable in the visible or mid–infrared regions thanks to
progress with guided optics devices based on lithium–
niobate or silicon technologies, respectively.
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Taking advantage of the highly stable sub-kHz linewidth laser source described in
Part I, we will now turn to its application in ultra-sensitive, high-resolution molecular
absorption spectroscopy. In particular, we present the novel Optical Feedback Frequency-
Stabilized Cavity Ring-Down Spectroscopy (OFFS-CRDS) technique, which was devel-
oped in the framework of this thesis.

As a preface, let us first develop an elementary framework for absorption spectroscopy
as the study of frequency-dependent light-matter interaction. Atoms and molecules inter-
act with light by the coupling of the charges of their constituents to the electromagnetic
field. Consequently, light with an appropriate frequency can trigger transitions between
atomic or molecular quantum states, which correspond to different excitations of their
respective internal motion. For molecules, the electronic motion needs to be distinguished
from the motion of the atomic nuclei, which subdivides into vibration and rotation. A
brief introduction on basic aspects of rotational-vibrational transitions of molecules will
be given in Section 8.1.

For the moment, let us simply consider the fact that the excitation of an atomic or
molecular transition by a light field converts at least one of its photons to internal energy of
the excited entity. In a uniform sample, this leads to a continuous decrease in the intensity
of the light field, which was first studied experimentally by Bouguer [158]. To first order,
the decay of light intensity I(z) along the propagation coordinate z is exponential:

I(z) = I0e−αz, (4.2)

where the decay rate of the exponential is the absorption coefficient α of the sample under
study. With reference to the follow-up studies by Lambert [159] and Beer [160], this
relation is commonly called Beer-Lambert or Bouguer-Beer-Lambert law.

However, in a certain analogy to Ohm’s “law”, one should rather consider Eq. (4.2)
as a local definition of the absorption coefficient α, which might be a function of spatial
coordinates in an inhomogeneous medium, and of light intensity as soon as nonlinear
effect come into play (cf. Chapter 9). Then, in a one-dimensional setting, the absorption
coefficient is defined as the relative intensity decay rate by the following equation:

dI
dz = −αI (4.3)

In the general case, where α is a function α(z, I) as discussed above, the shape of the
intensity decrease I(z) is found as the solution to the differential equation (4.3). Note
that α < 0 can also be physical, in a gain medium with population inversion. For
α(z, I) = const. > 0, the exponential decay Eq. (4.2) solves the differential equation
(4.3), and the simple Bouguer-Beer-Lambert relation is retrieved.

On this basis, let us turn to the dependence of the absorption coefficient on light
frequency ν, as α(ν), which lies at the very heart of absorption spectroscopy. As all ab-
sorbers contribute, the absorption coefficient is proportional to absorber concentration, as
first pointed out explicitly by Beer [160]. The degree of absorption is further determined by
the transition probability of each individual molecule contributing to it. In the framework
of quantum mechanics, this means that the absorption coefficient is also proportional to
the transition matrix element squared [161]. Finally, various physical mechanisms, such as
the Heisenberg uncertainty principle and others discussed later, spread out the absorption
due to a transition over a finite range of frequencies.

The essence of this is that the frequency-dependent absorption coefficient α(ν) in a
molecular sample with volume density N/V and a transition at frequency ν0 can be written
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as
α(ν) = k · N

V
· p(ν − ν0) (4.4)

Therein, k is the so-called line strength of the molecular transition, which is a temperature-
dependent property depending on molecular structure according to first principles. The
absorption line profile p(ν−ν0) describes the shape of the absorption feature. Concerning
units, the most common practice in molecular spectroscopy is to express frequencies in
terms of wavenumbers in cm−1 (cf. Chapter 2) and to give N

V in molecules/cm3. Conse-
quently, k is expressed in cm/molecule and p in cm. By convention, the line shape function
p(ν) is normalized:

∞∫
−∞

p(ν)dν = 1, (4.5)

Different line profile models with an increasing degree of sophistication will be discussed
in Section 8.1.2. Thanks to profile normalization (4.5), Eq. (4.4) implies the following
simple expression for the integrated absorption Sα due to a molecular transition:

Sα =
∞∫
−∞

α(ν)dν = k
N

V
(4.6)

The fundamental relationships (4.4) and (4.6) clearly illustrate how absorption spec-
troscopy provides a wealth of information about the sample in particular, the molecule
in general, and the environmental conditions. Very generally speaking, k gives access
to molecular structure and fundamental physics, N/V yields the concentration of a sub-
stance, and p carries information on pressure and temperature as well as subtle signatures
of intermolecular interaction processes.



Chapter 5

State of the art in ultra-sensitive
and frequency-stabilized cavity
ring-down spectroscopy

The origins of cavity ring-down spectroscopy (CRDS) can be traced back to the mirror
reflectometer based on optical cavity decay time by Anderson, Frisch and Masser [162].
The authors demonstrated how the transmission intensity decay time of an optical cav-
ity provides a precise and straightforward measurement of the reflectivity of its low-loss,
highly reflective cavity mirrors. To acquire an unperturbed transmission decay signal, they
used an electro-optic Pockels cell between two crossed polarizers as a fast optical switch
for shutting off the continuous-wave laser injecting the optical cavity. The authors pointed
out that their technique had the counter-intuitive advantage of gaining in precision the
closer the mirror reflectivities were to one. In the first experimental realization, a mirror
loss resolution of 5 · 10−6 was achieved.

This conceptually simple, yet powerful technique was rapidly picked up by absorption
spectroscopists for monitoring the frequency-dependent losses inside a resonator. Impor-
tantly, in addition to the inherent precision offered by time-domain measurements, the
long lifetime of light in a cavity composed of highly reflective mirrors provides the further
benefit of strongly enhancing the interaction between light and an absorbing sample, as
light is trapped travelling back and forth through the sample in the resonator. The decay
time τ of a cavity with length L then takes the form

1
τ

= 1
τ0

+ αc

n
(5.1)

where c is the speed of light in vacuum, n the refractive index of the sample, α its absorp-
tion coefficient, and τ0 the decay time of the cavity without the sample. This fundamental
relationship of CRDS will be discussed in the next section, in particular with the mirror-
reflectivity-dependent explicit expression for τ0 in Eq. 5.4.

The first cavity ring-down spectrometer based on these principles is due to O’Keefe
and Deacon [163], who demonstrated the measurement of a weak electronic O2 absorption
band near 690 nm by probing the total cavity loss rate with a 15-ns-pulsed laser. The
time-domain measurement provided the important advantage of making the absorption
measurement insensitive to pulse-to-pulse intensity fluctuations of several percent.

Initially, it was widely believed that light pulses shorter than cavity round-trip time
would not undergo interference inside the cavity and thus be transmitted through the cav-
ity unperturbed by its discrete interferometric mode structure (cf. Section 2.4.1). How-
ever, contrary to this interpretation, Lehmann and Romanini demonstrated by a rigorous
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theoretical analysis of pulsed CRDS in the frequency domain [164] that non-negligible
light intensities inside the cavity only occur at frequencies corresponding to cavity reso-
nances. This implies that only the overlap of absorption lines with cavity resonances can
be measured in a simple pulsed CRDS scheme. Another issue for quantitative absorp-
tion spectroscopy was excess absorption noise due to the injection of pulse intensity into
higher-order TEMmn transverse modes of the cavity, whose losses can significantly differ
from those of the fundamental TEM00 mode. Based on the frequency decomposition of in-
tracavity light into the exclusive contributions from resonant cavity modes, Lehmann and
Romanini pointed out that the instrumental apparatus function of a CRDS measurement
is given by the cavity modewidth as long as only one mode is excited, and this in spite of
a potentially noisy probe laser.

This insight paved the way to the realization of a continuous-wave cavity ring-down
spectrometer (CW-CRDS) by Romanini and co-workers [41]. The basic working principle
of this highly successful technique, illustrated by the simplistic sketch in Fig. 5.1, still is
the foundation for most of today’s state-of-the-art CRD spectrometers.

Figure 5.1 Schematic illustration of continuous-wave cavity ring-down spectroscopy (CW-
CRDS). A CW laser is injected into a high-finesse cavity of mirror reflectivity R containing
a gas sample. As soon as a certain cavity transmission threshold is reached, the injec-
tion is shut off by a fast optical switch, leading to an exponential decay of transmitted
light intensity. The time constant of this decay provides a measure of intracavity losses,
including sample absorption, according to Eq. (5.1).

In CW-CRDS, a tunable single-frequency CW laser is spatially mode-matched to a TEM00
mode of a high-finesse optical cavity. Then, the laser is tuned to a TEM00 mode frequency,
or vice-versa, so that a resonant build-up of intracavity intensity is reached. If the laser
linewidth is bigger than the cavity modewidth, this intensity build-up is noisy and less
efficient due to laser frequency jitter [130], as illustrated in Fig. 5.1. When cavity trans-
mission reaches a predetermined threshold, a fast optical switch, typically an acousto-optic
modulator (AOM), is triggered for abruptly interrupting cavity injection by the CW laser.
Consequently, the continuous leakage of intracavity light through the cavity mirrors can
be measured, yielding an exponential decay signal. Its ring-down time τ can be measured
at successive spectral points by jointly tuning laser and cavity mode, thus allowing high-
resolution absorption spectroscopy according to Eq. (5.1), unlimited by the free spectral
range of the ring-down cavity.

In this chapter, we shall first explore two distinct theoretical approaches to cavity ring-
down, namely the most common simple one-dimensional analyis as well as an alternative
genuinely three-dimensional derivation via the field energy in the cavity TEM00 mode.
This latter strategy will be indispensable for the theoretical treatment in Section 9.2.3.
Next, we will review some of the recent developments in ultra-sensitive and frequency-
stabilized CRDS. These specific, yet broad branches of CRDS are highly relevant to the
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discussion of the OFFS-CRDS technique put forward in this thesis, which is itself both
frequency-stabilized and ultra-sensitive. Finally, some exciting current trends in cavity-
ring-down spectroscopy and closely related techniques will be portrayed.

5.1 Two theoretical approaches to CRDS

Most commonly, the fundamental equation (5.1) for the cavity ring-down time is derived
in a 1-dimensional model by considering the intracavity light intensity I(k) after a discrete
number k of round-trips in a cavity of length L, given by

I(k) =
(
R2k · e−α2kL

)
· I(0) (5.2)

with the mirror reflectivity R. Replacing the discrete variable k by the time t = 2nL/c · k
needed for k cavity round-trips in a medium with refractive index n yields the time-
dependent intracavity intensity I(t) as

I(t) = I(0) · e−
( (1−R)c

nL
+αc
n

)
·t (5.3)

using the approximation lnR ≈ R − 1 for R ⇒ 1. Comparing to Eq. (5.1), one identifies
the baseline ring-down time τ0 as

τ0 = nL

(1−R)c (5.4)

Let us note that this consideration is only valid for losses exclusively due to mirrors and
absorption. As soon as elastic and inelastic scattering or diffraction effects come into
play, Eq. (5.4) only holds approximately, and τ0 becomes a global baseline encompassing
all broad-band intracavity loss processes. In that case, it may be difficult to distinguish
broad-band absorption features from the baseline, and great care is needed for establishing
correct values for both τ0 and α.

In the following, we will explore a different approach for deriving Eq. (5.1) for CW-
CRDS, based on the time-dependent total energy W (t) of the intracavity electromagnetic
field. While the first approach is intuitive and captures the essential physical mechanisms,
this second one has the virtue of being more rigorous and genuinely 3-dimensional, by
correctly representing the spatial light intensity distribution inside the ring-down cavity.
In Chapter 9, we will see that this feature is indispensable for deriving the cavity ring-
down behavior in a saturated-absorption regime with an intensity-dependent absorption
coefficient. In that case, α becomes a function of at least two spatial coordinates and time,
and the aforementioned simple 1-dimensional approach breaks down.

Let us begin by considering the total energy W of the EM field E(x, y, z) inside the
cavity:

W = n2ε0

∫
V

E2(x, y, z)dV (5.5)

For an optical coupling of the laser beam into the cavity, CW-CRDS typically uses the
fundamental TEM00 spatial mode of the cavity. The standing wave constituting the res-
onant TEM00 mode can be decomposed into two waves travelling into opposite directions
along the z axis, each carrying half of the total field energy. As we are considering a
symmetric cavity with two identical mirrors here, we may limit our treatment to the
rightward-travelling wave without loss of generality. Its electric field amplitude E(x, y, z)
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is given by Eq. (2.26), as discussed in Section 2.4:

E2(x, y, z) = E0
2

1 + z2/zR2 e
−

2(x2+y2)
w02(1+z2/z2

R) cos2
(
kz − ωt− arctan

(
z

zR

)
+ k(x2 + y2)

2z (1 + zR2/z2)

)
(5.6)

Inserting this squared electric field into the volume integral (5.5) expressed in cylindrical
coordinates with r2 = x2 + y2, the rapidly varying cos2(kz − ωt+ ...)-term averages to 1

2
in very good approximation. Using the identity∫

e−ax2
xdx = − 1

2ae−ax2 (5.7)

one finds

W = n2ε0

∞∫
0

2π∫
0

L/2∫
−L/2

E2(r, z)rdrdϕdz = 1
4n

2ε0E0
2πw0

2L (5.8)

This is the total energy content of the rightward-travelling EM field in the TEM00 mode
of the cavity. The cavity ring-down event consists in a diminution of this energy over time
due to the various intracavity loss processes.

First, we shall quantify the energy loss (dW )m due to the cavity mirrors. It is equal to
the non-reflected fraction 1−R of the power Pm incident on the mirror surface, integrated
over the infinitesimally short time interval dt:

(dW )m = −(1−R)Pmdt (5.9)

Pm is given by the surface integral of the light intensity I(x, y, L/2) = ε0cnE
2(x, y, L/2)

[165] directed at the mirror surface. Pm can be written in polar coordinates using Eq.
(5.6), again taking advantage of the rotational symmetry of the TEM00 mode and time-
averaging over the rapidly varying cos2(kz − ωt+ ...)-term:

Pm =
∞∫
0

2π∫
0

I(r, L/2)rdrdϕ = 1
4ε0cnE

2
0πw0

2 (5.10)

Inserting this result in Eq. (5.9) yields the energy loss rate
(

dW
dt

)
m

due to mirror reflections
as (dW

dt

)
m

= −1
4(1−R)πw0

2cnε0E0
2 = −(1−R)c

nL
·W (5.11)

where the last equality is obtained by comparison with Eq. (5.8). The time constant of
this first-order ordinary differential equation (ODE) is the baseline ring-down time τ0 from
Eq. (5.4).

Now, let us turn to the energy loss (dW )a due to absorption. In Section 9.2, the more
general case of a space- and time-dependent absorption coefficient will be discussed. Here,
we shall limit the discussion to the simple case of a sample with uniform α. We consider
the absorption of light travelling over the infinitesimally short distance dl = c/ndt, for
each volume element dV inside the cavity:

(dW )a = −
∫
V

n2ε0E
2(x, y, z)α · (c/ndt)dV (5.12)

The coordinate-independent α in this simple case can be drawn out of the integral together
with the other constants. Comparison of Eqs. (5.12) and (5.5) shows that the energy loss
rate

(
dW
dt

)
a

due to absorption can be written as(dW
dt

)
a

= −αc
n
·W (5.13)
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Summing up
(

dW
dt

)
m

and
(

dW
dt

)
a
, the total energy loss rate is

(dW
dt

)
=
(dW

dt

)
m

+
(dW

dt

)
a

= −
((1−R)c

nL
+ αc

n

)
·W (5.14)

In complete analogy to Eq. (5.3), the solution of this first-order ODE is an exponential
decay

W (t) = W (0) · e−
( (1−R)c

nL
+αc
n

)
·t (5.15)

with the ring-down time

τ =
((1−R)c

nL
+ αc

n

)−1
. (5.16)

5.2 Ultra-sensitive continuous-wave CRDS

To begin our literature review on state-of-the-art techniques, let us first focus on ultra-
sensitive CW-CRDS techniques which do not contain dispositions for tight laser or cavity
frequency stabilization. We will turn to the latter in the following section. This somewhat
artificial separation is not intended to imply that frequency-stabilized techniques cannot
reach outstanding sensitivity levels, but an attempt to structure the discussion in an in-
telligible manner.

To clarify the terms used in the following, let us define some figures of merit which
are commonly used for characterizing the performance of absorption spectrometers. An
absorption signature smaller than the root-mean-square noise on the spectrometer baseline
cannot be reliably detected. Consequently, that noise is taken to be the detection limit
αmin of the spectrometer. With Eq. (5.1) in the limit α→ 0, it can be written as

αmin = lim
N→∞

√√√√ N∑
i=1

(
1

N − 1

( 1
cτ0i
− 1
cτ0

)2
)
, (5.17)

estimated in practice by a sufficient number N of baseline ring-down time measurements
τ0i with arithmetic mean τ0.

Another important concept is the so-called detectivity of an absorption spectrometer,
which measures how fast a certain detection limit can be reached. This explicitly takes the
important issue of averaging time into consideration. ForN measurements of an absorption
coefficient α with normally distributed white noise, the variance σ2

α of its arithmetic mean
α is the variance σ2

α of an individual measurement divided by N :

σ2
α = σ2

α

N
, (5.18)

according to elementary Gaussian error propagation. Then, if measurements are made at
a frequency f the total averaging time is T = N/f . Consequently, the standard deviation
of the mean α can be written as

σα = σα√
fT

= σα√
f

1√
T

= D√
T

(5.19)

thus defining the spectrometer detectivity D, which is typically specified in cm−1/
√

Hz.
Taking the measurement repetition rate into account, it provides a quantitative measure
for how precise an absorption measurement made with a given spectrometer can be in a
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given interval of time, typically one second. The inverse scaling of σα with the square
root of averaging time is the well-known T−1/2-slope of the Allan deviation discussed in
Section 2.1. The utility of an Allan-deviation approach for characterizing the stability
and averaging behavior of an absorption spectrometer was pointed out by Werle and co-
workers [80, 81]. Consequently, this powerful and widely used tool is also commonly known
as Allan-Werle deviation in this context. Figure 3 in Article 4 on page 90 and Fig. 4 in
Article 5 on page 160 are typical examples for such an analysis.

Let us underscore that a common pitfall in the interpretation of detectivity values is
the implicit assumption that the division of a single-shot noise value by the square root
of repetition rate yields a faithful picture of the averaging behavior of an absorption spec-
trometer. By contrast, the assumption of white noise in Eq. (5.18) is not always fulfilled.
Especially at longer timescales, drifts, sinusoidal modulations, flicker or random walk noise
contributions may affect the absorption measurement and hamper averaging performance.
Consequently, the detectivity should not be used lightly to extrapolate spectrometer noise
levels according to Eq. (5.19). Instead, a full stability and averaging analysis based on an
Allan-Werle deviation approach should be carried out.

Now turning to specific experimental realizations of CW-CRDS with exceptionally high
detectivities and low detection limits, let us take a closer look at an experimental setup at
LIPhy which has been used for a wide range of investigations into very weak absorption
features in the near-infrared spectral region between 1.25 and 1.7 µm in the last years.
This range is seamlessly covered by over 80 telecom-type butterfly-packaged fibered dis-
tributed feedback (DFB) laser diodes, which can be easily swapped, thus conferring a high
degree of versatility on the experimental setup, which is shown in Fig. 5.2. Each laser can

Figure 5.2 Experimental setup for ultra-sensitive CW-CRDS using fibered distributed-
feedback (DFB) lasers at LIPhy by Kassi and co-workers [44, 166]. Adapted from [44]
(Figure 1).

be frequency-tuned over roughly 30 cm−1 by changing its temperature at constant current
using home-made low-noise laser temperature control and current driver electronics. As in
most CW-CRDS setups, an acousto-optic modulator is used as a fast and high-extinction
optical switch for triggering ring-down events. Transmission through the cavity is accom-
plished by means of triangular cavity length scans, usually over slightly more than one free
spectral range of the cavity, by means of the cavity end mirror mounted on a piezo-electric
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actuator, yielding at least one coincidence of laser frequency and a TEM00 resonance of
the cavity per slope. The cavity itself is 140 cm long and equipped with highly reflective
dielectric mirrors providing a finesse up to 500, 000 and record-holding ring-down times
in excess of 700 µs. The frequency axis of the spectrometer is established by diverting
ten percent of laser power to a Fizeau-type wavemeter with a short-term resolution at the
MHz-level and a long-term stability better than 20 MHz over several days.

The typical absorption detectivity of this spectrometer was found to be a photodetector-
noise-limited 1.3 · 10−11 cm−1/

√
Hz, and an Allan-Werle analysis showed that thermo-

mechanical drifts of the absorption measurement limited the optimal averaging time to
roughly 10 s [44]. Consequently, for decreasing absorption noise levels in spite of this
limitation, an approach based on the averaging of successive individual spectra originally
demonstrated by Kassi and co-workers [166] was chosen. If the measurement of individual
spectra is sufficiently fast, the drift-related limitations to averaging discussed by Werle
[81] no longer apply, as a vertical offset of the spectrometer baseline does not affect the
absorption measurement by CRDS.

Averaging spectra for almost five days, no fundamental limitation of this approach
could be evidenced and a 5 · 10−13 cm−1 baseline absorption noise level was reached [44].
This unique performance allowed the detection of the electric quadrupole 3-0 S4 overtone
transition of N2 shown in Fig. 5.3. With a line strength of about 1.5 · 10−31 cm/molecule,
this is the weakest line ever measured by absorption spectroscopy to the best of our knowl-
edge.

Figure 5.3 First detection of the 3-0 S4 line in N2 in absorption by Kassi and Campargue
[44], at a record-breaking root-mean-square noise level of 5 · 10−13 cm−1. Adapted from
[44] (Figure 8).

In conclusion, the near-infrared CW-CRDS setup at LIPhy can stand as an example for
illustrating the key ingredients for achieving ultra-high sensitivity. Firstly, efforts must be
directed at lowering detector noise and parasite fringe amplitudes by a careful electronic
and optical setup. Secondly, long ring-downs herald precise decay time measurements and,
at the same time, limit the systematic impact of parasite fringes. On this latter aspect,
the reader is referred to the discussion in Section 7.8. Finally, averaging of successive
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spectra is a powerful tool for achieving a substantial reduction of detection limits in spite
of long-term baseline drifts of the spectrometer.

As another important fundamental spectroscopic application, this setup was used by
Kassi and co-workers for detecting very weak first-overtone electric quadrupole transition
of H2 [12] and D2 [167]. These simplest neutral molecules are a fascinating and highly
significant testbed for ab initio quantum-electrodynamics, and the experimental line po-
sitions and intensities were in very good agreement with the calculated values.

With a CW-CRDS setup similar to the one discussed above, yet using an active tem-
perature stabilization of the ring-down cavity and an Invar baseplate for mounting the
optical setup to limit thermo-mechanical drifts (cf. Chapter 7), Huang and Lehmann have
demonstrated the detection of methane traces in nitrogen at a sub-parts-per-billion level
near 1650 nm, based on a careful analysis of residual cavity-loss drifts and an optimal
choice of averaging times [168].

5.3 Frequency-stabilized CRDS

As discussed in the last section, absorption measurements by CW-CRDS can be stagger-
ingly precise. Furthermore, as the fundamental relation (5.1) of CRDS gives direct access
to the absorption coefficient, this precision can be turned into accuracy without external
calibration, provided that systematic bias sources are carefully avoided (see Chapter 7).

However, a priori, this high precision and accuracy only concerns one of the two
dimensions of absorption spectroscopy, while the stability and linearity of the spectrometer
frequency axis is just as crucial for retrieving accurate absorption line shapes and line
strength measurements. This issue has first been addressed by Hodges and co-workers in
their pioneering contribution [140] by referencing the ring-down cavity mode frequencies
to a stable external reference, introducing what they called a frequency-stabilized cavity
ring down spectrometer (FS-CRDS).

The crucial innovative feature of this setup was a ring-down cavity with dichroic mir-
rors, providing a high-finesse window with 1−R < 1.5·10−5 around 935 nm for CRDS mea-
surements with an external cavity diode laser (ECDL) [140, 169], and a low-finesse region
at 633 nm with R = 0.95 for locking a TEM00 cavity resonance to a frequency-stabilized
Helium-Neon (HeNe) laser by means of a first-derivative approach using phase-sensitive
detection in cavity transmission (see [170], for instance). This HeNe-laser-based frequency
stabilization scheme is depicted on the left of Fig. 5.4. An acousto-optic modulator in
the HeNe laser beam path before injecting the cavity was used for generating the laser
frequency modulation needed for phase-sensitive detection. In addition, the AOM adds
frequency-tunability to the spectrometer by inducing cavity-length changes by the servo
loop, thus conferring an essentially arbitrary frequency tunability to the setup within the
precision of the HeNe reference laser. In practice, its stability was found to be better than
1 MHz over 24 h by means of a comparison to an iodine-stabilized HeNe laser.

An early application of FS-CRDS consisted in precision measurements of H2O lines
near 925 nm [171], harnessing the stability and linearity of its frequency axis for detecting
subtle line-shape effects beyond the Voigt profile and for retrieving accurate pressure
broadening and shifting coefficients (cf. Section 8.1.2). An example spectrum from this
study is shown on the right of Fig. 5.4. Its inset b) shows that a saturated-absorption
Lamb dip could be discerned at the center of a water line at Pa-level pressures by using
sub-MHz laser frequency stepping. Related studies will be discussed in more detail in
Section 9.1.
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Figure 5.4 Left: Schematic sketch of the ring-down cavity length stabilization scheme
in the first realization of FS-CRDS by Hodges and co-workers [140]. Adapted from [140]
(Figure 1). Right: FS-CRDS spectrum of the water absorption line at 10687.3621 cm−1

measured by Lisak and co-workers [171]. The insets show a saturated-absorption Lamb-
dip at the line center and a weak neighboring transition, respectively. Adapted from [171]
(Figure 1).

The technique being used for a broad range of fundamental and sensing applications
[172], FS-CRDS performance was further improved in the course of time, yielding notably
a detectivity of 2.5 · 10−10 cm−1/

√
Hz, as characterized by an Allan-Werle analysis [173].

In this study, weak oxygen quadrupole transitions near 765 nm were measured and a
detection limit down to 1.8 · 10−11 cm−1 was demonstrated by averaging 100 successive
spectra.

In these recent FS-CRDS experiments, ring-down events were obtained by a loose lock-
ing of probe laser frequency to cavity TEM00 resonances [169]. The scheme was based on
maximizing the incidence of transmission events due to the noisy high-finesse cavity in-
jection [130] by the MHz-level linewidth ECDL laser. For obtaining a transmission-event
histogram, triangular ECDL frequency sweeps were employed, covering first broad, then
narrow frequency intervals around the cavity mode. In this fashion, robust frequency tun-
ing and ring-down event generation were achieved, essentially equivalent to conventional
CW-CRDS setups. The absorption sensitivity of the spectrometer, however, remained
impaired by the adverse effects of laser frequency jitter. With respect to this limitation,
the full potential of a tight lock between laser and cavity for high repetition rates, low de-
tection noise and high intracavity intensities for saturated absorption was already pointed
out as a perspective in the original contributions on FS-CRDS [140, 169].

The first CRD spectrometer with a servo loop locking laser and ring-down cavity
into resonance was realized years before by Paldus and co-workers [174]. They used the
Pound-Drever-Hall (PDH) locking technique (see Section 2.4.3) to stabilize the length of
a low-finesse ring-down cavity to the frequency of a continuous-wave ECDL. In particular,
they used two orthogonal beam polarizations, one for maintaining a continuous PDH lock
in spite of laser frequency tuning, and the other one for generating ring-down events for
CRDS. In this fashion, the authors achieved ring-down repetition rates of 50 kHz at ring-
down times on the order of 1 µs. A modified and optimized system using a narrowband
CW Nd:YAG laser now locked to the cavity was realized by the same group [175]. To
handle ring-down repetition rates of tens of kHz, a scheme based on logarithmic and
differentiating amplifiers was used for a direct analog determination of ring-down times.
At frequency scanning rates up to 500 MHz/s, the setup reached a long-standing record
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detectivity of 10−12 cm−1/
√

Hz, and was used for measuring a CO2 line in the narrow
accessible spectral interval around 1064 nm.

Another CRD spectrometer with the probe laser tightly Pound-Drever-Hall-locked to
ring-down cavity TEM00 resonance was realized by Mart́ınez and co-workers [176]. Using a
widely tunable CW Ti:Sa ring laser, they achieved typical ring-down repetition rates of 10
kHz and a detectivity of 1.4 ·10−11 cm−1/

√
Hz. However, as for all the PDH-locked CRDS

techniques discussed so far, no particular effort was made by Mart́ınez et al. for stabilizing
the length of the ring-down cavity itself, which defines the spectrometer frequency axis.
By monitoring the integrator output of the PDH-servo loop on laser frequency, the authors
estimated that their cavity resonance frequencies were subject to drifts on the order of
50 kHz/s.

Uniting the benefits of tight laser-cavity locking and cavity length stabilization, Cy-
gan and co-workers have realized the initial vision of a Pound-Drever-Hall-locked FS-CRD
spectrometer [177]. They used a 73-cm long cavity with dichroic mirrors for the HeNe ref-
erence laser at 633 nm and ring-down measurements around 687 nm with 1−R = 2.5·10−4.
The probe laser, a continuous-wave ECDL with a free-running linewidth on the order of
200 kHz, was modulated at 20 MHz by a free-space electro-optic modulator generating
the phase modulation sidebands for PDH-locking. The resulting PDH error signal was fed
to a fast commercial servo controller with 10 MHz bandwidth for narrowing the linewidth
of the ECDL by tightly locking it to successive TEM00 cavity resonances. The authors
demonstrated essentially flat cavity transmission traces with a noise level of a few percent,
indicating a near-optimal transmission of light through the cavity. Figure 5.5 shows a
comparison of ring-down event time series in the PDH-locked regime and for conventional
FS-CRDS, respectively. The histogram-based loose lock of the probe laser to the cavity

Figure 5.5 Comparison of ring-down acquisition in Pound-Drever-Hall-locked (panels a)
and b)) and conventional (panels c) and d)) FS-CRDS experiments by Cygan and co-
workers [177]. Note that a three times higher photodetection gain was used for the con-
ventional FS-CRDS measurements. Adapted from [177] (Figure 6).

in classical FS-CRDS (panels c) and d)) leads to noisy cavity injection and, consequently,
erratic ring-down triggering at random peak cavity transmission events. By contrast, the
ring-down time series of the PDH-locked spectrometer (panels a) and b)) shows regular
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ring-up and ring-down events at drastically improved repetition rates of up to 14 kHz.
Together with the beneficial effect of higher cavity transmission on ring-down detection
noise, this led to an enhancement of absorption detectivity to 7.5 · 10−11 cm−1√Hz. As a
demonstration in the original study [177], O2 lineshape measurements with a single-scan
signal-to-noise ratio on the order of 5000 were reported, three times better than in con-
ventional FS-CRDS.

Employing this PDH-locked FS-CRDS setup in conjunction with the spectrum-averaging
approach discussed in the preceding section, an unprecedented signal-to-noise ratio of
220, 000 was demonstrated on absorption lineshape measurements in the O2 band near
689 nm [178]. To this end, 1040 individual spectra were averaged over 33 h and two par-
asite fringes were fitted to the measured spectra. The minimum detectable absorption in
this experiment was evaluated as 2.4 · 10−11 cm−1. A review of several PDH-locked FS-
CRDS experiments is given in [179]. Recently, a comprehensive analysis of PDH-locked
FS-CRDS lineshape measurements in the R-branch of the same O2 band by means of a
multi-spectrum fit procedure was carried out by Domys lawska and co-workers [180]. Be-
sides line parameters for several sophisticated line-shape models, the study also yielded
11 O2 transitions with sub-MHz accuracy by referencing the PDH-locked FS-CRD spec-
trometer to an optical frequency comb. The emerging and rapidly developing fields of
comb-assisted and comb-locked CRDS will be discussed briefly in the following section.

5.4 Recent trends in CRDS

Certainly falling short of completeness, the objective of this Section is to provide a suc-
cinct overview on some ongoing trends in CRDS with promising perspectives. For the
sake of conciseness, the physical principles of these techniques will be presented without
an in-depth discussion of their technical details, which would be beyond the scope of this
thesis.

A first direction of development concerns the scanning speed of CW-CRDS, which
is often considered slow with respect to other techniques, such as Fourier-transform in-
frared (FTIR) spectroscopy [181]. For CRDS, effective scanning speeds for low-noise,
high-resolution spectra typically range from 1 [182] to 30 cm−1 [44] in one hour.

A drastically accelerated scanning scheme based on sideband-tuning with an electro-
optic modulator (EOM) was introduced by Truong and co-workers [183]. For the original
setup, which they called frequency-agile rapid-scanning (FARS) spectroscopy, the carrier
frequency of a narrow-linewidth fiber laser was fixed at a stable offset to the cavity TEM00
mode by referencing it to a self-referenced optical frequency comb, while the cavity was
stabilized against an iodine-referenced HeNe laser. Phase-modulation sidebands from the
EOM are then resonantly injected into successive cavity TEM00 modes by changing the
driving radio frequency from an ultrafast synthesizer with a bandwidth of 20 GHz and a
switching time of 0.1 ms. This frequency-agile rapid-scanning scheme is illustrated on the
left of Fig. 5.6. At a detectivity of 2 · 10−11 cm−1√Hz, the original setup was used for a
proof-of-principle study of CO2 in ambient air, with a 2-s scan over a spectral interval of
2 cm−1.

In a follow-up study [184] using an external cavity diode laser (ECDL), the complex
double-referencing to frequency comb and HeNe laser was simplified by directly PDH-
locking the ECDL to the ring-down cavity. For obtaining a robust and tight lock in spite
of rapid frequency scanning, an approach analogous to the one by Paldus et al. [174],
discussed in the preceding section, was chosen. One linear polarization of the probe laser
was always on for steady PDH-locking, reaching a relative linewidth between cavity and
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Figure 5.6 Left: Illustration of the working principle of frequency-agile rapid scanning
cavity ring-down spectroscopy (FARS-CRDS) by Truong and co-workers [183]. Adapted
from [183] (Figure 1). Right: CO2 line spectrum at 6336.24 cm−1 (upper panel) measured
by FARS-CRDS with an ECDL in 2 ms by Long et al. [184], by recording subsequent
ring-down events (lower panel) at a frequency spacing of one cavity FSR[184]. Adapted
from [184] (Figure 4).

ECDL of 130 Hz. The orthogonal polarization was used for rapid sideband frequency tun-
ing and the generation of ring-down events. The potential of this approach is illustrated
by the CO2 spectrum on the right of Fig. 5.6, where the probe laser sideband was stepped
from one TEM00 cavity mode to the next at each single ring-down event, thereby leading
to a spectrum acquisition in only 2 ms. The detectivity of this ECDL-based FARS-CRDS
scheme attained 2 · 10−12 cm−1√Hz.

While FARS-CRDS provides ultra-fast scanning on a narrow zone at a limited spectral
resolution for time-critical applications such as trace gas monitoring at atmospheric condi-
tions, broadband spectroscopy for fundamental molecular spectroscopy studies remain of
prime interest. To extend the coverage of our ultra-sensitive CW-CRDS spectrometer at
LIPhy (cf. Section 5.2) based on fibered DFB lasers between 1.25 and 1.7 µm with ever-
increasing precision, a very similar spectrometer was developed with a fiber-coupled ECDL
by Kassi and co-workers, covering a gap-free wavelength interval from 1.2 to 1.26 µm with
a single diode [185]. Using an automated diffraction grating and pump current control,
mode-hop free tuning over 0.8 cm−1 is achieved, and broadband spectra can be readily
obtained by concatenating the individual mode-hop free scans. With ring-down times on
the order of 200 µs, the spectrometer was used for measuring weak electric quadrupole
transitions in the first rovibrational overtone band of H2 at different pressures, in order
to retrieve line positions and intensities, as well as pressure shift and collision-induced-
absorption [186] coefficients.

The new setup was equally applied to a systematic broadband study of line positions
and intensities in the 4-0 rovibrational band of CO from 8094 to 8317 cm−1 [187]. Com-
pared to conventional CW-CRDS with DFB lasers at a linewidth of about 2 MHz, the
new setup evidently benefits from the improved light injection of the 100-kHz linewidth
ECDL into the cavity with a finesse well over 100000. The resulting lower photodetection
noise allowed a spectrometer baseline detection limit of 5 · 10−12 cm−1 to be reached on
a regular basis at a typical frequency stepping resolution of 25 MHz, which corresponded
to a tuning speed on the order of 16 cm−1/h. In the future, the spectral coverage of this
scheme is expected to be further expanded by exchanging the 1.2-µm laser diode currently
installed in the commercial ECDL module.
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Let us now turn to conceptually intriguing techniques which replace or complement
ring-down time measurements by a spectroscopic characterization of the TEM00 mode
structure of the ring-down cavity itself. While these approaches cannot qualify as CRDS
techniques strictly speaking, they are nevertheless highly related by the fundamental prin-
ciples of Fourier transformation and the Kramers-Kronig relations, which link absorption
and dispersion and follow from electromagnetism and causality [188–190].

The first of these approaches is based on the fact that the width Γ of a cavity mode is
related to the ring-down time τ of a light field in that mode by

τ = 1
2πΓ (5.20)

This relation can be deduced from Eqs. (2.36), (2.32) and (5.4) and corresponds to the
fundamental equivalence of a description of ring-down signals in the time-domain or by
the cavity mode structure in the frequency domain, linked by Fourier transformation.
The mode width Γ can be determined experimentally by measuring and fitting the Airy-
shaped cavity transmission spectrum (2.34), which reduces to a Lorentzian (2.35) in the
high-finesse limit. Then, the ring-down time τ of this mode can be retrieved according
to Eq. (5.20) and the circle to CRDS closes. This is the principle of cavity mode-width
spectroscopy (CMWS). Following an initial proposal and proof-of-principle demonstration
by Long and co-workers in their contribution on ECDL-based FARS-CRDS discussed
above [184], the technique was explicitly introduced and studied by Cygan and co-workers
[191]. Its principle and the experimental setup are illustrated in Fig. 5.7.

Figure 5.7 Schematic sketch of an experimental setup by Cygan et al. [192], which can
be used for cavity ring-down (CRDS), cavity-modewidth (CMWS) and one-dimensional
cavity-mode dispersion spectroscopy (CMDS). Adapted from [192] (Figure 3).

The cavity length was stabilized to a HeNe laser as in the FS-CRDS experiments discussed
in the preceding section. An external cavity probe laser is tightly PDH-locked to a TEM00
mode of the cavity using one linear polarization. The cavity mode spectrum is then
measured using the orthogonal polarization and an acousto-optic modulator as a frequency
shifter for tuning through adjacent TEM00 cavity modes while recording the resulting
transmission signal.

The same measured cavity transmission signal can be equally used for one-dimensional
cavity-mode dispersion spectroscopy (1D-CMDS). This second technique, which was first
realized by Cygan and co-workers [192], is also illustrated in Fig. 5.7. The approach here is
even more radical in that it reduces the full information of an absorption spectrum to the
measurement of only one physical quantity, namely the frequency of cavity TEM00 modes.
An absorption of the intracavity sample is accompanied by a dispersion of its refractive
index which is governed by the Kramers-Kronig relations [58, 188–190]. They state that
absorption and dispersion are fully equivalent quantities, so that knowledge of one implies
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knowledge of the other. The local cavity free spectral range, that is the spacing between
successive TEM00 modes of the cavity can also be determined from the measured cavity
transmission spectrum discussed above. As the dispersion of cavity mode frequencies has
a characteristic first-derivative shape with respect to the absorption signal, the difference
between mode locations follows a second-derivative behavior. Plotting these frequencies
differences against the absolute optical mode frequencies thus yields a spectrum with two
frequency axes. Let us underscore again that this dispersive frequency-frequency spectrum
is fundamentally equivalent to the absorption spectrum as measured by CRDS.

The performance of the different techniques was compared on a CO absorption line
at 6201 cm−1, achieving a ratio of peak absorption to root-mean square fit residuals of
roughly 10200 for CRDS, 7200 for CWMS and 1600 for CMDS. Line intensities and col-
lisional broadening from fitting the CMW spectrum were in good sub-percent agreement
with CRDS-based values. After resolving PDH-lock-point-related issues, CMDS-based
fit parameters showed percent-level agreement with CRDS. Due to the stronger profile-
dependency of fit parameters in dispersive spectra, this already constituted a remarkable
agreement between dispersive and absorptive spectra in practice. Holding the promise of
further performance improvements, the main challenge to CMWS and CMDS is the time-
consuming measurement procedure which requires the measurement of one narrowband
cavity transmission spectrum for each single point of the absorption spectrum. Neverthe-
less, beyond their unarguable conceptual appeal, the techniques have intrinsic advantages,
such as a reduced sensitivity to detection nonlinearities (cf. Section 7.3) in CMDS, for
instance. CMWS is complementary to CRDS in that it avoids the need for measuring
very short decays at high absorptions, which lead to dramatically increased noise levels
according to Eq. (6.35) and raise bandwidth issues (cf. Section 7.4). In CMWS, broad-
ening of cavity modewidths at high absorption help precision and partially balance the
loss of cavity transmission intensity. Consequently, it could be an interesting perspective
to use a CMWS approach at very high absorption levels to increase the dynamic range of
the OFFS-CRD spectrometer presented in the following chapter to well beyond the 106

mark.

The revolution of frequency metrology brought about by the emergence of self-referenced
optical frequency combs, as discussed in Section 2.5, has also fostered a broad range of
experimental developments in molecular spectroscopy in general, and in CRDS in partic-
ular.

A first important group of CRDS techniques with an optical frequency comb can
be qualified as comb-assisted in that they combine a conventional spectroscopy scheme
with an absolute referencing of the spectrometer axis to the optical frequency comb. In
this manner, such techniques can provide spectral line data of unprecedented frequency
accuracy, for databases and semi-empirical effective Hamiltonian models and for validating
state-of-the-art computational physics studies based on first principles, for instance.

Comb-assisted, PDH-locked FS-CRDS was first reported by Domys lawska and co-
workers, with the experimental setup shown in Fig. 5.8. The spectroscopic part corre-
sponds to the one discussed in the previous section. The absolute frequency measurement
is accomplished according to the procedure laid out in Section 2.5, using the beat note
of frequency comb and probe laser as well as a wavemeter-based approximate frequency
reading for the latter. A very similar experimental scheme was used by Truong and co-
workers for an absolute CO2 transition frequency measurement at 1.57 µm with a combined
uncertainty of 9 kHz [193]. The comb-assisted PDH-locked FS-CRDS CO2 frequency mea-
surements near 1.6 µm by Long et al. [194] will be discussed in detail in Article 6 on page
192.

In parallel to the realization of the comb-assisted OFFS-CRD spectrometer devel-
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Figure 5.8 Schematic of comb-assisted, Pound-Drever-Hall-locked FS-CRDS by
Domys lawska et al. [180]. Blue light paths on the right: HeNe-laser-based cavity length
stabilization and tuning using an acousto-optic modulator (AOM2). Red light paths:
External-cavity diode probe laser (ECDL), PDH-locked to ring-down cavity and frequency-
monitored by means of a wavemeter (WM) and the optical frequency-comb beat note (BN).
Adapted from [180] (Figure 1).

oped in the framework of this thesis (see Chapter 9), the classical DFB-based CW-CRDS
experiments at LIPhy were adapted for a comb-assisted absolute frequency calibration
by Mondelain and co-workers [195]. To this end, a portion of probe laser light was
superposed with an automatedly grating-selected portion of a self-referenced frequency
comb. The resulting beat notes combined with a wavemeter reading provided measure-
ments of the instantaneous absolute frequency of the noisy DFB laser at a refresh-rate
of 3 kHz. Compared to high-bandwidth locking approaches, this conceptually simple
on-the-fly frequency-calibrated ring-down acquisition scheme provides a straightforward
upgrade for existing CW-CRDS spectrometers, while preserving easy broadband tunabil-
ity on an absolute frequency axis. The technique was used for an extensive survey study
of the absorption spectrum of CO between 6173 and 6418 cm−1. With a detectivity of
1 · 10−11 cm−1/

√
Hz, absolute line center frequencies could be measured at line strengths

below 10−28 cm/molecule, including lines from hot bands and minor isotopologues. The
transition frequencies in the main 3-0 overtone band of 12C16O were retrieved with an
average line center accuracy of 300 kHz up to rotational quantum numbers over 30.

Comb-locked CRDS, which is a distinctly different approach to CRDS with absolute
frequency calibration, was recently introduced by Gatti and co-workers [196]. In CL-
CRDS, an ECDL probe laser is stabilized to a tooth of a self-referenced frequency comb
by means of a feed-forward coincidence locking scheme using an acousto-optic modulator
(see Chapter 4). Consequently, the absolute frequency comb itself becomes the clock for
the whole spectroscopic setup. Frequency tuning is accomplished by slightly varying the
comb repetition rate using an RF synthesizer while keeping the probe laser feed-forward-
locked. Finally, an FPGA-controlled PZT-tracking scheme is used for loosely locking the
ring-down cavity length to resonance with the probe laser. In this manner, an absolute
CRDS frequeny axis is accomplished without a HeNe laser for cavity length stabilization,
as in FS-CRDS, or a real-time frequency monitoring of laser jitter, as in the on-the-fly
calibration scheme discussed above. The single-scan absorption detection limit of the first
CL-CRDS setup was found to be 5.7 · 10−11 cm−1. A full Allan-Werle analysis showed
that an intrinsic detectivity of 3.9 · 10−12 cm−1/

√
Hz was impaired by short-term drift

mechanisms of unknown origin. As a spectroscopic application testing instrument perfor-
mance, a CO2 line at 1.57 µm was measured with a combined uncertainty of 3 kHz, thus
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independently confirming the value measured by Truong et al. [193].

Without going into any detail, let us still mention the interesting developments in
CRDS schemes based on fiber-optic resonators made from optical fibers and directional
couplers. Proof-of-principle experiments on bend-induced fiber loss and absorption in so-
lutions [197, 198] as well as magnetic field sensing [199] were carried out both in more
conventional time-domain measurement configurations [197] and in spatial-domain ring-
down schemes based on frequency-shifted interferometry [198, 199]. Typically, the evanes-
cent wave around a narrow fiber taper inside the fiber resonator is used for probing the
absorption of a sample outside the taper. While the detectivity of fiber-resonator CRDS
schemes generally falls short of free-space CRDS performance by many orders of magni-
tude due to high intrinsic losses, these techniques have application perspectives based on
their compactness, low cost and the possibility for extreme resonator lengths well beyond
the km-level with multiple sensors at different locations for spatially resolved distributed
sensing.

For a discussion on ultra-high resolution CRDS techniques based on saturated absorp-
tion, the reader is referred to Section 9.1 in Part III dedicated to this topic.



Chapter 6

OFFS-CRDS - method, setup and
automation

Designed for ultra-sensitive absorption spectroscopy with extreme frequency resolution
and stability, OFFS-CRDS builds on the development of highly coherent single-sideband-
tuned Optical Feedback Frequency Stabilized laser sources in particular, and on a broad
fundament of powerful state-of-the-art Cavity Ring-Down Spectroscopy techniques (cf.
Chapter 5) in general.

To briefly summarize the objectives and principles of OFFS-CRDS, let us quote from
Article 5 on page 160, which captures the essence of the new spectroscopic technique:

In particular, OFFS-CRDS was designed to meet the following five inti-
mately related requirements: (1) a sensitivity on a par with state-of-the-art
CW-CRDS setups, (2) a highly stable and linear frequency axis, (3) the ab-
sence of excess absorption noise due to frequency jitter conversion on slopes,
(4) an arbitrary frequency stepping resolution for resolving delicate features
of advanced Doppler-broadened line shapes or even sub-Doppler features, and,
in turn, (5) very high intracavity power for saturating even weak transitions
in the near infrared. (1) and (5) call for the resonant excitation of a very
high-finesse cavity which guarantees long, well-defined RD events and strong
passive intracavity power amplification. (2) and (3) necessitate a highly stable
optical length of the RD cavity, while (4) combined with (2) suggests working
in the radio frequency (RF) domain, where sub-Hz frequency accuracy and
resolution are readily achievable.

Fulfilling all five conditions, our approach consists in tightly locking a high
finesse RD cavity to a sub-kHz linewidth stable laser finely tunable by means
of electrooptic single-sideband modulation. Among the key elements of this
setup are the optical feedback frequency-stabilized laser using a highly sta-
ble V-shaped reference cavity and single-sideband modulation with a dual-
parallel Mach-Zehnder modulator (MZM), as well as a modified fibered Pound-
Drever-Hall-locking scheme for tight locking of a high-finesse RD cavity. These
methodological advances provide high cavity transmission for low-noise pho-
todetection and guarantee an unbroken stability transfer chain from the V-
shaped reference cavity to the absorption spectrum frequency axis.

Before moving on to specific technical and experimental details on the ring-down cavity
design for OFFS-CRDS, its temperature stabilization and vacuum system, MZM-tuning
as well as data processing and experimental automation, let us begin with the article
OFFS-CRDS was first reported in.
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6.1 Article 4 - Optical feedback frequency-stabilized cavity
ring-down spectroscopy

After a general introduction, the following article [200] begins with a description of the
experimental setup for OFFS-CRDS, with a particular focus on Mach-Zehnder-modulator-
based single-sideband frequency tuning. Then, Pound-Drever-Hall locking of the ring-
down cavity and the automation of the experimental setup are discussed. Characterizing
the quality of ring-down acquisition, experimental ring-down fit residuals are presented
subsequently. The precision of ring-down measurements is characterized in terms of an
Allan plot, and a broadband spectrum of CO2 near 1.6 µm is reported as a first application
in molecular spectroscopy. Characterizing the detection limit of the technique, a detailed
analysis of the spectrometer baseline structure is conducted in view of parasite fringes.
The article concludes on two further proof-of-principle applications, namely the study of
an absorption line profile with high signal-to-noise ratio and the observation of a saturated
absorption Lamb dip.

In complement to Fig. 1 of the following article, a more comprehensive schematic of
the experimental setup for OFFS-CRDS is provided in Fig. 1 of Article 5 on page 160.
Some readers may prefer reading Articles 4 and 5 consecutively before moving on to the
technical and experimental details in the following sections of this chapter.
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We introduce optical feedback frequency stabilized cavity ring-down spectroscopy (OFFS-CRDS), a near-shot-noise-
limited technique that combines kilohertz resolution with an absorption detection sensitivity of
5 × 10−13 cm−1 Hz−1∕2. Its distributed feedback laser source is stabilized to a highly stable V-shaped reference cavity
by optical feedback and fine-tuned by means of single-sideband modulation. The stability of this narrow laser is
transferred to a ring-down (RD) cavity using a new fibered Pound–Drever–Hall (PDH) locking scheme without a
dedicated electro-optic phase modulator, yielding several hundred RD events per second. We demonstrate continu-
ous coverage of more than 7 nm with a baseline noise of 5 × 10−12 cm−1 and a dynamic range spanning six decades.
With its resonant intracavity light intensity on the order of 1 kW∕cm2, the spectrometer was used for observing a
Lamb dip in a transition of carbon dioxide involving four vibrational quanta. Saturating such a weak transition at
160 μW input power, OFFS-CRDS paves the way to Doppler-free molecular overtone spectroscopy for precision
measurements of hyperfine structures and pressure shifts. © 2014 Optical Society of America
OCIS codes: (300.6190) Spectrometers; (300.6320) Spectroscopy, high-resolution; (300.1030) Absorption; (300.6260)

Spectroscopy, diode lasers; (300.6390) Spectroscopy, molecular; (300.6460) Spectroscopy, saturation.
http://dx.doi.org/10.1364/OL.39.004695

Continuous-wave cavity ring-down spectroscopy (CW-
CRDS) [1] is a widely used, powerful tool for ultrasensi-
tive laser absorption spectroscopy. It yields the absorp-
tion coefficient α of a sample in an optical cavity in terms
of the cavity exponential decay time τ as αc � τ−1 − τ−10 ,
where c is the speed of light and τ0 is a baseline incor-
porating mirror transmission and losses as well as scat-
tering and diffraction losses. By combining the benefits
of cavity enhanced light-matter interaction with the pre-
cision of time-domain based measurements, CW-CRDS is
capable of achieving detection limits down to a few
10−13 cm−1 [2]. In recent years, frequency stabilized
CRDS techniques [3,4] have responded to a growing need
for unbiased high-precision measurements of both shape
and integrated area of molecular absorption lines. Appli-
cations of absorption line metrology include comparison
with ab initio line shapes [5,6] and intensities [7] and
measurement of isotopic ratios highly relevant to envi-
ronmental sciences [8,9], as well as fundamental mea-
surements, for instance, a redetermination of the
Boltzmann constant [10,11] in view of the imminent
redefinition of the Kelvin. Recent advances [12,13]
achieving cavity-mode-width-limited apparatus functions
on the order of 10 kHz underline the significant interest in
the development of ultrasensitive ring-down (RD) spec-
troscopy techniques with high frequency stability. In this
Letter, we introduce a conceptually different experimen-
tal approach: optical feedback frequency stabilized
CRDS (OFFS-CRDS). It features a unique combination
of kilohertz frequency resolution and stepping, shot-to-
shot RD time fluctuations as low as 1.5 × 10−5, and
kW∕cm2 level intracavity light intensity.
In OFFS-CRDS, the RD cavity length is stabilized to

resonance with the laser source using a modified fibered
Pound–Drever–Hall (PDH) locking scheme. The laser de-
rives its frequency stability from a highly stable V-shaped
reference cavity, to which it self-locks by optical

feedback. Arbitrarily fine, adaptive tunability is accom-
plished using optical single-sideband modulation [14].
Thanks to this direct stability transfer chain, the RD
cavity length is referenced to the highly stable V-shaped
cavity. Consequently, the frequency axis linearity of
OFFS-CRDS is not affected by optical path length
changes induced by absorption features according to
the Kramers–Kronig relations.

The experimental setup for OFFS-CRDS is depicted in
Fig. 1. A distributed feedback diode laser emitting
between 1608 and 1616 nm is optical feedback locked
to an evacuated, temperature stabilized, ultralow-
expansion glass and Super Invar composite V-shaped
cavity with a free spectral range of 491.38 MHz and a
finesse in excess of 2 × 105. This laser source with sub-
kilohertz linewidth and drift rates below 20 Hz/s is dis-
cussed in detail in [14]. The laser locks to successive
modes νn of the V-shaped cavity when its current or tem-
perature is changed. This coarse frequency tuning is com-
plemented by frequency shifting over more than 1 GHz
with millihertz accuracy by means of a fibered Mach–
Zehnder modulator (MZM) working as an optical single-
sideband frequency shifter [14].

In addition to arbitrarily fine-tuning, using a MZM has
two further important benefits for CRDS. First, RD
events can be triggered using a fast switch cutting the
MZM driving radio frequency (RF) νRF to −80 dB within
20 ns. This is a significant improvement on convention-
ally used acousto-optic modulators, whose inferior ex-
tinction ratio and switching bandwidth may degrade the
quality of RD measurements [15]. Second, phase modu-
lation (PM) sidebands on the frequency shifted MZM out-
put can be generated by supplying a phase modulated RF
carrier at the MZM input. Therefore, the modified PDH
scheme we propose (Fig. 1) goes without an additional
electro-optic modulator. The beam reflected by the RD
cavity is detected with a fibered photodiode using a
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fiber-optic circulator. Its return loss around −50 dB gen-
erates an optical fringe. This parasite etalon can be aver-
aged out by rapidly varying circulator-cavity distance
with a piezoelectric transducer (PZT)-mounted steering
mirror. A PDH local oscillator frequency νPDH around
400 kHz was chosen in order to minimize electronic noise
and RF parasite radiation. The resulting error signal is
used to control the RD cavity length by moving the out-
put mirror mounted on a PZT. The latter is glued on a
massive 33 cm long aluminum hollow cylinder of 50 mm
outer and 8 mm inner diameter. For tuning this cavity
into resonance with the laser, a relative stability on the
PZT high voltage (HV) supply on the order of the inverse
RD cavity finesse F ≍450; 000 is needed. This criterion
has been met by means of the split voltage driving
scheme shown in Fig. 1. Two signals with a common
ground are connected to the PZT: a DC offset from a
homemade low-noise HV source controlled by an opto-
coupled digital signal, and a component from a commer-
cial analog servo controller with a bandwidth of 7 kHz.
The OFFS-CRDS spectrometer is fully automated using

a LabVIEW program. For instance, PDH lock of the RD
cavity onto the laser is automatically acquired within a
fraction of a second and maintained by updating the ap-
propriate DC voltage offset on the PZT. This robust lock
is not perturbed by switching off the laser at kilohertz
rates for generating RD events. Laser current and temper-
ature changes are synchronized with MZM driving RF
steps for frequency tuning, while reference cavity mode
jumps are counted using a 60 MHz resolution Michelson-
type wavemeter. RD events are triggered, acquired, and
fitted in real time with adaptive acquisition parameters.
The spectrometer can thus operate completely autono-
mously and is able to realize broadband scans with adap-
tive resolution, as well as long-term averaging of spectra
over several days.
RD events are recorded at 650 kHz sampling rate using

an 18-bit analog-to-digital converter (ADC). Its 13 μV RMS
noise level is evidenced by the tail of the exponential fit
residuals shown in Fig. 2.
Long-term averaging of successive fit residuals reveals

an underlying static pattern, which does not change with
increasing averaging time. It is therefore attributed to
ADC nonlinearity and its amplitude is well within the ac-
quisition card specification. The front part of single event
fit residuals exhibits an exponential noise envelope

decaying at twice the RD time. It is due to photon shot
noise and constitutes the quantum limit for the definition
of a RD signal. The two RD noise components together
determine themeasurement precision,which can be char-
acterized in terms of anAllan plot [16]. The result is shown
in Fig. 3, derived from the RD time series depicted in the
inset. At 260 RD events per second, the absorption Allan
deviation without any etalon scrambling reaches 1.9 ×
10−13 cm−1 after 1 s by averaging down as white noise,
within a factor of 1.5 from the fundamental shot-noise
limit as given by analytical error propagation in an ideal
exponential fit. The remaining difference is due to ADC
noise (Fig. 2). During fringe scrambling, 518 RD events
per second are reached, as a shorter RD acquisition time
can be chosen without increasing shot-to-shot fluctua-
tions. This is the realistic case for spectroscopic scans,
as varying frequency reveals the circulator-cavity etalon.
The result shows that this fringe is averaged out efficiently
by varying the corresponding distance. The averaging
behavior is well understood by means of a Monte-
Carlo-type simulation, which gives the Allan deviation
for virtual RD events (red curve), taking into account
the relevant experimental values, such as RD repetition
rate, scrambling frequency, and fringe amplitude, for in-
stance. The resulting detection sensitivities with andwith-
out etalon scrambling are 5 × 10−13 cm−1 Hz−1∕2 and
1.9 × 10−13 cm−1 Hz−1∕2, respectively.

As a first spectroscopic application and performance
test, the broadband spectrum of 10 Pa of CO2 shown

Fig. 1. Experimental setup for OFFS-CRDS. The laser source is optically locked to a highly stable V-shaped reference cavity and
fine-tuned using single-sideband modulation [14]. Curved lines, polarization-maintaining optical fibers; straight lines, laser beam;
dashed lines, electrical signals.

Fig. 2. Exponential fit residuals of a single RD event exhibit
photon shot noise. Averaging over many residuals reveals
an integrated acquisition card nonlinearity of a few parts per
million.
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in Fig. 4 was recorded during a 17 h scan with 2.5 s
averaging time per point. It features a spectral coverage
of 28.5 cm−1 with a baseline RMS absorption noise
around 5 × 10−12 cm−1. The strongest measured absorp-
tion of 3.4 × 10−6 cm−1 therefore accounts for a dynamic
range of 7 × 105. A rigorous baseline structure analysis
revealing residual etalon effect contributions is vital
for retrieving unbiased line parameters and uncertainties
[17]. Therefore, the cavity was evacuated to record the
line-free baseline section shown in the upper panel of
Fig. 5. The Fourier transform of the linearly corrected
baseline reveals a parasite etalon between photodiode
and RD cavity and a residual contribution from the
scrambled circulator-cavity fringe. Integrating over the
corresponding sections of this absorption noise power
spectral density (PSD) (lower panel of Fig. 5) shows that
the two fringes represent one-half and one-quarter, re-
spectively, of the total 2 × 10−23 cm−2 absorption baseline
variance. Their amplitude scales with the inverse cavity
finesse. This is an important advantage of high-finesse-
cavity-based methods compared to sensitive but low
finesse techniques such as [18].
OFFS-CRDS was used for studying the isolated line at

6214.5877 cm−1 in 2 Pa of CO2. Figure 6 shows the profile
recorded in a single 4 min scan with adaptive resolution,
gradually increasing from 435 MHz on the baseline to

10 MHz on top of the line. Even at this low pressure,
the residuals from fitting with a Doppler profile reveal
a clear w-shaped signature due to collisional broadening.
This is correctly accounted for by a standard Voigt pro-
file, which yields flat residuals corresponding to a single-
scan signal-to-noise ratio (SNR) of 3 × 104, dominated by
the excess noise from the shorter RDs at high absorption
on the line center. Fitting with the Voigt profile yields a
Doppler temperature of �295.96� 0.06� K, in good agree-
ment with the RD cavity temperature stabilized
at �296.1� 0.1� K.

Finally, at even lower pressure, the Lamb dip shown in
Fig. 7 has been observed at the center of the same CO2
line. The saturated absorption regime is attained with
160 μW input power yielding approximately 10 W reso-
nant intracavity power (1 kW∕cm2). With an Einstein
A coefficient of 7.3 × 10−3 Hz, the transition probed here
is 2–4 orders of magnitude weaker than the ones mea-
sured in previous saturated CRDS studies [19,20]. The

Fig. 3. Absorption measurement stability without modulation
of the circulator-cavity distance is close to the fundamental
shot-noise limit at short averaging times. The inset shows the
corresponding RD time series. Absorption noise during circula-
tor-cavity fringe scrambling averages out rapidly in a character-
istic manner shown by the simulated line.

Fig. 4. Absorption spectrum of 10 Pa of CO2 without any base-
line correction recorded at frequency steps of 50 MHz.

Fig. 5. Spectrometer baseline in the absence of absorp-
tion features recorded at frequency steps of 10−3 cm−1 after
linear correction (upper panel). The corresponding absorption
noise PSD reveals two interference fringes (lower panel).
On the x axis, the frequency space period f of spectral
components is expressed in terms of the corresponding etalon
length c∕�2f �.

Fig. 6. Isolated 3001�3�←0000 P(16) line in 2 Pa of CO2
recorded with adaptive resolution. Upper panel: experi-
mental data points and adjusted Voigt profile. Lower panel:
fit residuals from fits with a Gaussian (top) and a Voigt profile
(bottom).
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Lamb dip SNR of 50 allows a line center retrieval at 2 kHz
precision for a measurement time below 1 min. The Lamb
dip width is dominated by transit time broadening. The
baseline tilt is due to an increase in CO2 concentration
by outgassing. To determine correct absorption coeffi-
cients from the nonexponential RDs in the saturated re-
gime, a retrieval algorithm similar to the one in [20] must
be adopted for future quantitative studies.
Summing up, OFFS-CRDS is a novel absorption spec-

troscopy technique approaching the fundamental shot-
noise limit. It features a RD cavity that is tightly locked
to a single-sideband-tuned laser stabilized to a highly sta-
ble V-shaped reference cavity. Reaching a detection sen-
sitivity of 5 × 10−13 cm−1 Hz−1∕2, it opens up a multitude of
direct application opportunities in various fields. To cite
a few examples, broadband scans can be carried out to
measure accurate line positions and intensities for com-
parison to ab initio calculations. Isolated absorption
lines can be measured with adaptive resolution for test-
ing state-of-the-art line-shape models and retrieving pre-
cision line parameters. Combining kilohertz resolution
with high resonant intracavity power, OFFS-CRDS is
ideally suited for studying sub-Doppler absorption
features by saturating even weak molecular transitions.
This should allow resolving hyperfine structures, retriev-
ing pressure shifts with increased precision and, in a
comb-assisted setup, making many new absolute optical
frequency references available. Finally, with its small
sample volume on the order of 10 ml and its footprint
inherently below 1 m2 and 50 kg, OFFS-CRDS holds a
considerable potential for building highly sensitive, mo-
bile instruments for field measurements of isotopic ratios
for atmospheric and climate science.

This work was performed in the framework of Labex-
OSUG@2020 (ANR10 LABX56) and was supported by
Pôle SMINGUE (Université Joseph Fourier).
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6.2 Technical and experimental details

6.2.1 Ring-down cavity design

Striving for a tight Pound-Drever-Hall (PDH) lock of ring-down cavity length and an op-
timal noise level of the OFFS-CRD spectrometer, several cavity designs were planned,
realized and tested in the framework of this thesis. First PDH-locking tests in [58]
clearly indicated that the mechanical stability of a conventional ring-down cavity with
breadboard-mounted mirrors was insufficient for achieving a robust and tight lock.

For illustrating the difficulty of the endeavor, let us recall that locking the CRDS
cavity length onto the VCOF laser implies a resonance frequency stability on the order of
the cavity modewidth δν. Rewriting δν using the free spectral range definition (2.32), it
can be translated into the associated cavity length stability δL according to Eq. (2.38),
yielding the intuitive result

δL = − 1
F
· λ2 (6.1)

At λ = 1.6µm and with a cavity finesse F = 450000, this corresponds to

|δL| = 1.8 pm (6.2)

A substantial technical effort was required to meet this challenging criterion. The elec-
tronic part considering the piezo-electric actuator, on which the cavity end mirror was
mounted, will be discussed in the following section.

Here, we shall focus on the considerations concerning the mechanical stability of the
main body of the ring-down cavity. In view of the good experiences made with the V-
shaped cavity mirror holders intrinsically aligned by precision machining (see Article 1
on page 32 and [58] for a detailed account), a massive monolithic cavity design with two
mirrors tightly contacted to polished metal surfaces was chosen as the fundamental de-
sign principle. The most recent ring-down cavity we have designed and developed on this
basis is shown in Fig. 6.1. The corresponding technical drawing is reported in Fig. 6.3.
Aluminium was chosen as the cavity material for its ease of machining, rigidity and high
thermal conductivity. The latter makes it compatible with stabilizing the ring-down cavity
at a well-defined, uniform and stable temperature. This is crucial for many metrological
applications of CRDS and will be discussed in more detail in Section 6.2.3. Consequently,
the classical choice of stainless steel as a material was ruled out from the start on account
of its poor thermal conductivity.

To first order, the cavity is a hollow cylinder with 76 mm outer diameter and 8 mm inner
diameter. This massive body was chosen for enhancing the cavity’s mechanical stability,
and to provide it with a considerable thermal inertia enabling an efficient thermalization
of the intracavity sample. The rather spacious central bore ensures that diffraction losses
are completely negligible for light in the TEM00 cavity mode. On one side of the cavity, a
half-inch mirror support is machined into the cavity bulk. The highly reflective front facet
of the mirror is tightly contacted to a precision-machined polished aluminium surface.
The mirror is held in this position by a Viton fluoroelastomer o-ring and a stainless
steel disk tightened using four M3× 0.5 screws. On the other side of the cavity, another
Viton o-ring and a stainless steel disk tightened with four M2× 0.4 screws provides the
vacuum seal. Using the ultra-low-vapor-pressure epoxy resin TorrSeal, a stack-type piezo-
electric actuator (PZT, Physik-Instrumente P-016.10H) is glued onto this disk. A two-part
stainless steel mirror mount, in turn, is glued onto the other side of the stack PZT. The
second mirror is contacted to the mount using another Viton o-ring tightened by a stainless
steel ring. The completely mounted mirror-PZT assembly is shown in Fig. 6.2.
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Figure 6.1 Most recent ring-down cavity machined in a monolithic aluminium cylinder.
Mirrors, O-rings, adjustment screws and PZT-assembly are not yet mounted on this pho-
tography.

Figure 6.2 Fully mounted mirror-PZT assembly installed at cavity output. Eight mirror
orientation adjustment screws are also visible.

One of the crucial features of this monolithic cavity is that it allows fine adjustments
of mirror orientation. This is realized by cutting two 6-mm-deep trenches into the cavity
bulk on a lathe, leaving a wall thickness of only 0.6 mm at the thinnest point. This creates
two soft spots close to the mirror supports, which can be deformed using strong torques
from 8 M3× 0.5 adjustment screws on each side of the cavity, thereby enabling a slight
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controllable mirror tilt with respect to the symmetry axis of the cavity. The adjustment
screws on each side are organized in four pairs along two orthogonal axes, each pair
containing one screw pushing outwards and one screw pulling inwards. The redundant
degrees of freedom in this screw-based cavity deformation approach are useful in two
ways. Firstly, they allow distributing the considerable forces occuring under deformation
to several threads. Secondly, one can use them to apply forces acting in opposite directions,
thereby efficiently freezing the deformation in its current state.

Since the first 15-cm-long cavity prototype, the cavity length has been progressively
increased up to the current 34.5 cm over the subsequent design versions. At each step, the
PDH-locking behavior of the cavity was tested. The result was always positive, indicating
that moving towards a cavity length of 50 cm should be possible in the near future, while
being able to maintain a sturdy lock.

In order to facilitate the measurement of intracavity pressure and to open the possibility
of working with samples in a continuous flow, the cavity features two vacuum connection
ports. After repeated leakage problems with national-pipe-thread (NPT) or Swagelok
tube fitting connections, two female Swagelok VCR-type threads were machined into the
cavity bulk for ensuring leak-tight operation. Finally, six 3-mm bores were drilled 2-cm-
deep into the cavity bulk to host temperature probes allowing a reliable and spatially
resolved characterization of cavity temperature. The probe sites are located at angles of
120° around the cylindrical symmetry axis of the cavity and divide its length into three
equal parts.
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Figure 6.3 Technical drawing of the most recent ring-down cavity for Pound-Drever-Hall-locked OFFS-CRDS.
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6.2.2 Low-noise, high-voltage cavity length servo loop

Tightly locking the ring-down cavity TEM00 mode onto the stable, but tunable VCOF
laser is a key feature of OFFS-CRDS. It guarantees an unbroken stability transfer chain
from the V-shaped reference cavity to the CRD spectrometer frequency axis. Physically,
this lock is realized in terms of a servo loop on the ring-down cavity length controlled by
a moving cavity end mirror mounted on a piezo-electric actuator (PZT). To begin with,
let us examine the voltage stability needed on the PZT for this purpose. To first order,
the PZT displacement δL is proportional to its driving voltage change δV and reaches one
free-spectral range of the cavity at model-dependent characteristic voltage VFSR:

δL = δV

VFSR
· λ2 (6.3)

Inserting this PZT property into the cavity length condition (6.1) one obtains the voltage
stability criterion ∣∣∣∣ δVVFSR

∣∣∣∣ = 1
F

(6.4)

Again, this is a very intuitive result, stating that the voltage stability normalized to the
FSR voltage must be better than the inverse cavity finesse. For the present case of a
high-finesse CRDS cavity with F ≈ 450000 this applies a voltage stability on the order of
2 · 10−6 for voltages well over 100 V.

To meet this challenging voltage stability criterion, we developed the dedicated elec-
tric setup depicted in the schematic in Fig. 6.4. The heart of this innovative approach
to PDH-locking of a high-finesse cavity lies in that the PZT is driven by the potential
difference between the outputs of a computer-controlled low-noise high voltage source and
a commercial analog servo controller (Toptica PID 110) operated in low-voltage mode.
The effective voltage range typically used on both sources was 10 V to 150 V and ±1 V,
respectively.

First, let us discuss the high voltage offset applied to the PZT plus pole. It is supplied
by a home-made high-voltage (HV) amplifier with a constant voltage gain of 45. It uses
a standard LM741 operational amplifier and has a very low intrinsic noise level, as will
be shown further below. The HV setpoint, divided by the factor of 45, is provided as an
analog voltage signal from a digital-to analog converter. The device serving this purpose
in the present setup is a Texas Instruments DAC-1220-EVM, which provides an output
voltage between 0 and 5 Volts with 20-bit resolution and a root-mean-square (rms) noise
level on the order of 7µV according to the datasheet. This high performance comes at the
expense of a low effective bandwidth on the order of 300 Hz, limiting the rate at which
the high voltage level can be effectively updated. Finally, to send a new voltage setpoint
from the computer controlling the experiment to the DAC-1220, a National Instruments
USB-8540 USB (universal serial bus) to SPI (serial-peripheral-interface) communication
interface is used. To achieve the necessary ultra-low noise level at DAC-1220 output, the
USB-8540 and DAC-1220 grounds needed to be galvanically separated by transmitting
the SPI communication through digital optocouplers (Fairchild FODM8061). These inte-
grated components contain a light-emitting diode (LED) and a receiving photodiode for
transmitting a pulsed signal without galvanic contact between the emitting and receiving
circuits.

The noise level eventually obtained with this custom-made high-voltage supply scheme
was on the order of 0.3 mV rms at 20-kHz bandwidth for a 180 V output signal, thus satis-
fying the strict voltage stability criterion (6.4). Taking the voltage gain of 45 into account,
this noise level is in good agreement with the 7µV DAC-1220 rms noise, indicating that
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Figure 6.4 Schematic of the electronic setup for Pound-Drever-Hall(PDH)-locked OFFS-
CRDS. Analog components are depicted in blue, digital ones in orange. PZT: Piezo-electric
actuator controlling ring-down cavity length, PD: photodiode, BP: band-pass filter, RF:
radio frequency, amp: amplifier, synth: synthesizer, PC: personal computer, USB: uni-
versal serial bus, SPI: serial-peripheral-interface, DAC: digital-to-analog converter, TTL:
transistor-transistor logic, HV: high voltage, PID: proportional-integral-derivative con-
troller, IF: RF mixer intermediate frequency output, LO: local oscillator.

the home-made HV source only negligibly contributes to the total noise level. It is impor-
tant to note that the performances reported here could only be attained by meticulously
eliminating ground loops between the different parts of the setup, which would lead to
oscillatory parasite signals. Furthermore, a pair of 12 V-accumulators was used as a power
supply for the OFFS-CRDS instrument, thus avoiding any parasite common-mode signals
related to the three-phase laboratory power grid.

Now, let us turn to the fast signal applied to the PZT minus pole by the analog servo
controller. It is based on the error signal obtained by means of a Pound-Drever-Hall
(PDH) scheme using the MZM and a fiber-optic circulator. This modified PDH-locking
scheme was proposed and treated in detail in [58]. Its working principle is also discussed
in Articles 4 and 5. To implement it, we chose high-end commercial components wherever
possible. Before and after 24 dB amplification by a low-noise amplifier (Minicircuits ZFL-
500LN+), the signal from the PDH photodiode is filtered by a 350-450 kHz band-pass filter
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(MiniCircuits ZFBP-400K+), keeping only the frequency band carrying the PDH error
signal. The latter is obtained using a 17-dBm level RF mixer (MiniCircuits ZP-3H+) by
demodulating the PDH photodiode signal using a local oscillator sine wave supplied by the
RF synthesizer. The resulting PDH signal was wired directly to the error signal input of
the analog servo controller. The maximum servo bandwidth of this Toptica 110 controller
is on the order of 7 kHz here, well-matched with the in-phase response bandwidth of
the PZT, which was evaluated experimentally to be superior to 6 kHz. In practice, best
locking results were obtained when using the maximum 7-kHz servo bandwidth on the
Toptica 110. In a standard PDH setup, a low-pass filter needs to be inserted between
RF mixer and servo controller in order to filter out the PDH signal component at twice
the modulation frequency. In the present setup, the intrinsic bandwidth of the Toptica
110 was seen to serve this purpose perfectly, and any addition of supplementary low-pass
filters negatively affected lock quality.

Summing up, the PZT plus pole is kept at a constant high potential by the home-
made low-noise HV source. The potential at the minus pole, in turn, is given by the fast
correction signal from the analog servo controller referenced to the same ground potential.
In this manner, the analog PID controls the voltage applied to the PZT by shifting the
reference potential of the HV offset. In this differential voltage-driving scheme, the servo
controller can thus lock the cavity length with an output voltage close to zero.

A last important point concerns the method by which the HV offset value needed
for finding the TEM00 cavity mode is determined. It is evident that this task is not
trivial when comparing the analog servo locking range of ±1 V to the PZT FSR voltage
VFSR ≈ 90 V. To find the approximate PZT voltage corresponding to the TEM00 cavity
mode automatically and reliably, a fast computer-based routine was developed. It first sets
the analog servo output to 0 V using its built-in reset functionality controlled by a +5 V
TTL signal, as indicated in Fig. 6.4. Then, it carries out a 50-ms long voltage sweep by
stepping the DAC-1220 through discrete voltage values covering more than one FSR of the
cavity. The peak in the CRDS transmission signal recorded during this sweep corresponds
to the TEM00 mode. Having localized the mode, a second scan with a narrower span
is carried out centered around the approximate position of the mode. This procedure is
typically repeated 7 times, leading to a determination of the TEM00 voltage much better
than the required ±1 V-level. Once this iterative procedure has converged to the adequate
HV offset, the analog servo is switched back on by the computer. Now within the TEM00
locking range, it automatically locks the cavity to resonance with the VCOF laser. This
automated cavity relock procedure takes approximately half a second at present and can
be triggered on demand anytime. Finally, in order to always keep the analog servo out-
put centered around its working point of 0 V, the HV offset is automatically updated by
communicating a new offset value to DAC. Such a HV update event is triggered as soon
as the analog servo output, monitored by the computer, leaves a narrow voltage interval
around 0 V. In this case, the HV offset is changed by a small amount, typically 4 mV. If
necessary, another step is made a few ms later. This automatic computer-controlled HV-
offset tracking allows perpetual servo operation without breaking the cavity lock, thanks
to the small voltage steps and the high correction bandwidth of the analog PID.

To conclude, let us note the astounding fact that triggering hundreds of ring-down
events per second with the corresponding dark laser-off periods does not negatively affect
the robust PDH-lock of the cavity. Ring-down cavity and VCOF laser therefore seem to
be sufficiently stable for passively maintaining their resonance over the few-ms dark period
during each ring-down event.
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6.2.3 Ring-down cavity temperature measurement and stabilization

Keeping the ring-down cavity at a stable temperature during spectroscopic measurements
is vital for two important reasons: First, it minimizes spectrometer baseline fluctua-
tions due to thermo-mechanical drifts of empty-cavity losses. Second, it prevents absorp-
tion line intensities from changing due to molecular population redistribution related to
temperature-dependent Boltzmann statistics (cf. Section 8.1.1). Consequently, a double-
stage temperature stabilization approach was developed for OFFS-CRDS, trying to lock
ring-down cavity temperature to a setpoint value while keeping temperature gradients in-
side the cavity as small as possible.

The ring-down cavity is installed inside the polystyrene enclosure shown in Fig. 6.5,
which provides a stable environment by passively isolating the cavity from perturbations in
the air-conditioned laboratory room. The air temperature inside the enclosure is actively

Figure 6.5 Peltier-stabilized polystyrene enclosure containing the OFFS-CRDS setup.

stabilized by means of a commercial two-fan air-air Peltier cooler SuperCool AA040-1222
with 41 W nominal cooling power, which can be seen at the upper left side of the box
in Fig. 6.5. It stabilizes the reading from a 100 Ω platinum temperature probe (PT100)
installed in the middle of the box. According to the European IEC751 standard, the
accuracy of this probe can be conservatively estimated to 0.3 K.

As the second temperature stabilization stage, two resistive silicone rubber heating
bands were tightly contacted to the ring-down cavity surface. They feature resistance
values of 55 Ω and 107 Ω and dimensions of 30 cm× 5 cm and 30 cm× 2.5 cm, respectively.
The current driver for this heating scheme is a home-made circuit with an OPA548 oper-
ational amplifier and a voltage gain of 2.4. By applying the same voltage to both heating
bands, a roughly equal power density per surface area is delivered by both bands. The
heating current is controlled by the experimental control computer, using a software PID
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servo loop and an analog output between 0 and 10 V from a data acquisition card, as dis-
cussed below in Section 6.3.2. The basis for this second-stage stabilization is an accurate
and spatially resolved measurement of cavity temperature. It is provided by six 1000 Ω
platinum temperature probes (PT1000) with a specified accuracy of 0.1 K, installed in
three 3-mm-diameter holes 2.5-cm-deep in the cavity bulk, as discussed in Section 6.2.1
above. A photo of the ring-down cavity with all temperature probes and both heating
bands installed is shown in Fig. 6.6. The PT1000 resistance values are read by means of

Figure 6.6 Ring-down cavity with heating bands and temperature probes installed on the
breadboard with the optical setup for OFFS-CRDS.

six home-made Wheatstone-bridge circuits with a precision voltage reference. The result-
ing voltage signals are transferred to the experimental control computer by means of two
analog-to-digital converters and USB communication interfaces. They are subsequently
converted to temperature by the computer and used for the software servo loop mentioned
above. The intrinsic technical noise of this temperature measurement scheme is very low,
on the order of 100µK, and up to 16 measurements can be made per second. The tem-
perature measurement accuracy, however, is partially lost due to the uncertainties in the
Wheatstone bridge resistances and, to a lesser extent, the voltage reference, leading to
reading differences between uncalibrated probes on the order of a few 0.1 K.

Therefore, we carried out a calibration of the six PT1000 probes by equilibrating the
ring-down cavity temperature using only the Peltier stabilization stage. Thanks to its mas-
sive design and its high thermal diffusivity, the ring-down cavity then acts as an effective
thermal reservoir with minimal temperature gradients. Recording temperature measure-
ments over several hours, the six probes were calibrated to the temperature measured by
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the commercial PT100 probe of the Peltier cooler, thus used as a common temperature
reference. The result of this measurement is shown in Fig. 6.7, with the respective calibra-
tion offset already added to the reading of each PT1000 probe for the sake of readability.
The corresponding offset values for each probe are quoted in the legend. The curve from

Figure 6.7 Upper panel: Temperature readings from the six PT1000 temperature probes
installed at different sites in the cavity main body actively stabilized by the Peltier cooler.
The temperature values were corrected for the offset shown in the legend for matching the
reference PT100 temperature. Lower panel: Differences between the temperature readings
from different probes. The root-mean-square fluctuations of these differences are reported
in the legend.

probe 5 is shown in dotted gray, as it exhibits excess noise, significant drifts and, from time
to time, measurement artifacts exhibiting sudden temperature jumps and spikes. In the
light of these problems, the probe is considered unreliable, and its reading is not used for
any purpose at present. Consequently, probe 5 and the respective readout circuit should
be replaced in the next revision of the setup. The lower panel of Fig. 6.7 shows the evolu-
tion of the difference in temperature reading by the five operational probes, exhibiting an
essentially flat behavior indicating a temperature uniformity at the sub-mK level inside
the aluminium body of the cavity. Consequently, the arithmetic mean of the temperature
readings from the five operational probes constitutes a very precise measure for cavity
temperature.

Switching on the second-stage heating band stabilization, the average cavity temper-
ature was increased to 26 °C and monitored over almost two days. The temperature
readings by the five operational calibrated probes during this measurement are shown in
Fig. 6.8. The root-mean-square temperature fluctuations of the actively-stabilized average
temperature (blue curve) amount to only 260µK. Three of the probes were within 5 mK
from the setpoint, while the other two were at +18 mK and −22 mK, respectively. These
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Figure 6.8 Evolution of ring-down cavity temperature over time during active double-stage
stabilization, as measured by five PT1000 probes at different sites.

temperature differences are attributed to temperature gradients arising in the cavity un-
der the effect of heating, which is not perfectly uniform and isotropic at present. This
interpretation was confirmed by further increasing the cavity temperature, which lead to
a roughly proportional growth of temperature differences, as expected. Let us note that a
contribution from a temperature gradient effect on the Wheatstone bridge resistances can-
not be excluded with certainty in the present setup. To improve this aspect, even longer
wires may be used for the temperature probes in the future, thus completely separating
the bridge circuit from the cavity. Finally, in future versions of the setup, a more complete
and uniform coverage of the cavity surface with customized heating bands should allow
further reducing temperature gradients inside the cavity body.

6.2.4 Vacuum system, pressure measurement and sample inlet

Ultra-sensitive techniques such as OFFS-CRDS are ideally suited for low-pressure and
long-term measurements. To ensure well-defined and stable measurement conditions, the
vacuum and sample inlet system must therefore comply with the highest possible stan-
dards in terms of pumping performance and leak tightness. With this objective in mind,
Swagelok VCR and Ultra-Torr fittings for high-vacuum applications were chosen for the
critical parts of the vacuum setup.

As discussed in Section 6.2.1, the ring-down cavity features two home-made quarter-
inch Swagelok VCR-type vacuum ports. A VCR-to-6-mm-tube adapter was definitively
installed in both, creating a gasket-free vacuum seal by the deformation of the cavity
aluminium by the stainless steel VCR adapter. On one vacuum port, an MKS Baratron
626C capacitance manometer with a full range of 10 Torr (13.3 mbar) for intracavity pres-
sure measurements is installed using an quarter-inch Swagelok Ultra-Torr elbow and a
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6-mm-to-KF25 vacuum adapter for connecting the gauge. On the second port, a Swagelok
Ultra-Torr elbow and a 6-mm-tube-to-VCR adapter are installed for connecting a manual
Swagelok SS-BNV51 high-purity bellows-sealed valve, which is used for isolating the cavity
from the pumping and gas inlet circuit connected to the valve by a quarter-inch Swagelok
VCR bellow. This flexible bellow leaves the temperature-stabilized enclosure (cf. Section
6.2.3) and, via another Ultra-Torr adapter, links the system to the pumping and gas inlet
circuits by means of a Swagelok 6-mm tube-fitting tee. On the gas inlet side, a manual
Swagelok SS-1RS6MM precision needle valve is placed for manually controlling the sample
inflow and for isolating the vacuum system from atmospheric pressure when the sample
gas bottle is changed. On the pumping side, a full-opening KF25 gate valve is placed to
allow isolating the system from the turbomolecular pump (Pfeiffer Vacuum HiPace 80)
when necessary. This turbo pump operates at 1500 revolutions per second and has an
ultimate pressure below 10−7 mbar. It is backed by a dry scroll pump (Varian SH-110)
with a typical ultimate backing pressure on the order of 2 · 10−2 mbar.

In order to obtain accurate pressure readings with the Baratron gauge, its zero pressure
signal must be calibrated by evacuating the cavity to well below the minimum pressure
which can be detected with the gauge, that is 10−2 Pa for the present model. With
an MKS 925 Micro-Pirani gauge, we independently checked that the ring-down cavity
can be evacuated to below 10−3 Pa without problems. While thus evacuated, the zero
pressure calibration shown in Fig. 6.9 was carried out. Based on this measurement,

Figure 6.9 intracavity pressure reading before gauge zero setting. During this measure-
ment, the cavity was evacuated to less than 10−3 Pa.

the zero-pressure value of the gauge was set to 0.62 Pa. The observed apparent pressure
fluctuations are attributed to the impact of temperature variations in the laboratory room.
They indicate that an accuracy better than 0.1 Pa cannot be reliably expected under the
present conditions. With this zero-pressure calibration, the calibrated Baratron gauge has



6.2. TECHNICAL AND EXPERIMENTAL DETAILS 107

an accuracy on the order of 0.1 Pa plus 0.3% of the pressure reading.
For characterizing the vacuum properties of the ring-down cavity, it was isolated from

the pumps using the valve. The resulting intracavity pressure evolution over one day
measured by the Baratron gauge is shown as the blue curve in Fig. 6.10. For comparison,

Figure 6.10 Comparison of the pressure increase in the isolated ring-down cavity over time
for two ring-down cavities of different vacuum design, but equal volume. The effective
leak rates are indicated for both curves. The circular inset shows a zoom on periodically
occuring discrete leakage events.

the red curve shows the pressure behavior of an OFFS-CRDS ring-down cavity from an
earlier revision, using a vacuum-greased quarter-inch conical NPT (national pipe thread)
vacuum connector and Swagelok tube fittings for the vacuum line. Its pressure increase is
4.5 times faster than in the current setup. Furthermore, it exhibits discrete leakage events
of unknown origin, shown by the circular inset in Fig. 6.10. They periodically occur at
quite regular 17 min intervals and lead to a pressure increase by about 0.3 Pa each. Using
the relations (6.5) and (6.6) below, this single-event pressure increase corresponds to a
gas volume of 0.06 mm3 at atmospheric pressure. Accumulating events over one day then
yields a total volume of 5 mm3. No trapped gas volume inside the cavity could explain
this phenomenon, which was observed unaltered over several weeks. Therefore, it must
be considered to originate from a genuine, external leak with some sort of periodic inlet
mechanism. Looking closely at the blue curve for the current setup, one discerns that a
similar phenomenon occured twice, separated by over 14 hours. In this light, the sharp
signal peak in Fig. 6.9 is understood not to be a measurement artifact, but rather another
discrete leakage event, which is rapidly absorbed back to zero pressure by the pumping
system.

As indicated in Fig. 6.10, the blue curve implies an effective pressure increase rate
Ṗ = 1.5·10−6 mbar/s for the new, optimized ring-down cavity vacuum setup. To determine
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the corresponding leak rate, let us consider the ring-down cavity volume

Vcav = π(0.4 cm)2 · 34.5 cm = 17.3 ml (6.5)

This value should be rounded up to Ṽcav ≈ 20 ml, as a rough estimate for the tubing and
pressure gauge volumes. Then, the observed pressure increase Ṗ corresponds to a leak
rate

R = ṼcavṖ ≈ 3 · 10−8 mbar · l
s (6.6)

Before quantitatively discussing this result, let us note that the composition of gases
contributing to this leak rate was studied spectroscopically by OFFS-CRDS near 6198 cm−1.
Water, carbon dioxide and methane concentrations were probed in this manner, showing
that approximately 30% of the observed pressure increase was due to water. This result
indicating significant water outgassing from the cavity walls was expected, as the cavity
had never been baked out. Carbon dioxide and methane were present in traces at the
permil level. Importantly, the observed increase in CO2 partial pressure was continuous,
hinting that CO2 is being adsorbed on cavity walls and into Viton O-rings. In view of the
temperature-dependent dynamic equilibrium between adsorption and desorption and the
slow time constants in play, a certain degree of partial pressure fluctuations over time is
therefore expected in any static sample measurement on CO2 in the present setup.

Substracting roughly 30% of water outgassing from the effective leak rate (6.6), a poten-
tial external leak of roughly 2·10−8 mbar · l/s remains to be accounted for. Let us therefore
consider the Swagelok VCR connections with silver-plated Nickel gaskets and the Ultra-
Torr connections with elastomer O-rings in the system. According to the specifications,
the leak rate of each such connection is guaranteed to be better than 4 · 10−9 mbar · l/s.
As there are currently eight such or equivalent connections in total, the tolerable leak
rate of the system has an upper bound of 3 · 10−8 mbar · l/s. Although this tolerance in
itself could already account for the observed effective leak rate, leaks in the valve or the
ring-down cavity itself are not excluded, for example related to the four O-ring seals. A
Helium leak detector (Alcatel ASM-120h) was used to test this hypothesis, but no leakage
signal was found even at very high flow rates of He outside the cavity. In principle, this
means that external leaks of the ring-down cavity should be smaller than 10−9 mbar · l/s.
In practice, the measurement can not be considered to be quantitatively reliable, as the
leak detector calibration period had expired.

In view of these findings and the effective ring-down cavity leak rate of 3·10−8 mbar · l/s,
the vacuum system can be qualified as very tight according to common standards for vac-
uum systems [201] already at present. Nevertheless, the origin of the rare, but periodic
leakage events is still unclear. It should be elucidated and remedied in future generations
of ring-down cavities for OFFS-CRDS. As an order-of-magnitude improvement in perfor-
mance is probably unrealistic with the current design and materials, we have identified
several strategies for further improving the ring-down cavity vacuum system properties in
future realizations.

First and foremost, the many fluoroelastomer seals in the current system may lead
to micro-leaks due to their permeation properties and are expected to contribute to out-
gassing and memory effects by storing molecules from previous gas samples and ambient
air. In future setups, they could be replaced by O-rings from materials such as silicone
or PEEK (polyether ether ketone), which are expected to have better high-vacuum prop-
erties. A hydrophobic coating of the cavity walls could be used to decrease adsorption
affinities in particular of water, but its effect on the adsorption of apolar molecules such
as CO2 is still unclear. Finally, inaccessible volumes around the mirrors and in the PZT-
mounting assembly should be further reduced in order to minimize virtual leaks. If these
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improvements can reduce intracavity pressure rise rates to well below the 10−6 mbar/s
level, truly long-term spectroscopic measurements over several days come into reach even
in the low-pressure regime needed for saturated absorption studies, such as in Section 3.2.2
and Chapter 9.

6.2.5 Further improvements in single-sideband frequency tuning

Within the electro-optic bandwidth of the Mach-Zehnder modulator (MZM), typically
ranging from DC to between 13 and 20 GHz, the single-sideband tuning range is typically
limited by the radio frequency (RF) equipment and components used for supplying its
input signals. In the first realization of a single-sideband-tuned VCOF source in Article
1 on page 32 above and in [58], the necessary criterion was that SSB tuning must be
able to cover more than one free spectral range (FSR) of the V-cavity to enable arbi-
trarily fine frequency tuning for spectroscopy without spectral gaps. This was achieved
with a Rohde&Schwarz SMB100A RF synthesizer supplying up to 30 dBm for frequencies
up to 2.2 GHz and a Minicircuits ZX10Q-2-19+ quadrature two-way splitter operating
on the RF interval from 1.1 to 1.925 GHz, thus covering almost two V-cavity FSRs by
SSB tuning. In practice, satisfactory MZM extinction ratios were also obtained for fre-
quencies below 1.1 GHz, and the setup could be used for covering up to three FSRs by RF.

For fast spectroscopic scans, however, it is desirable to exploit the full potential of the
MZM, with RF components allowing to work over a much broader spectral interval. This
has the further advantage that whole spectral lines can be recorded using only RF tuning,
without changing the VCOF mode. In such a situation, any doubt on the uniformity of
the V-cavity FSR at the sub-kHz level does not impact the spectroscopic measurement.
For achieving such an advantageous situation by upgrading the MZM driving system, we
have targeted the tuning interval from 2 to 18 GHz. To this end, suitable RF equipment
was identified and acquired. A Rohde&Schwarz SMF100A RF synthesizer which supplies
power levels over 25 dBm up to 22 GHz was chosen to replace the SMB100A. As a 90°
hybrid splitter, Narda model 4356 was chosen. Beyond frequency tuning, the SSB also
automatically serves the purpose of triggering ring-down events by cutting the RF power
driving the MZM. To this end, a very fast and highly absorptive RF switch is needed. For
the previous low-frequency setup, this was carried out by a Minicircuits ZASWA-2-50DR+
operating from DC to 5 GHz with a switching time of 10 ns and a typical attenuation of
90 dB or better for RFs below 2 GHz. This switch was replaced by a Hittite HMC-C019
model working from DC up to 20 GHz with an isolation better than 75 dB up to 16 GHz,
and even faster switching times below 10 ns. Finally, all SMA (sub-miniature version
A) cable assemblies used for connecting the components were replaced by high-frequency
versions compatible with RFs up to 26 GHz.

In spite of adequate components and a meticulous mounting procedure for all SMA
connectors, moving to higher RFs approaching 20 GHZ comes at the price of reduced
available power levels. The insertion losses of the hybrid splitter only slightly increased
from 0.8 dB to 1 dB, but the fast switch contributes an insertion loss increase from roughly
2 dB to between 3 dB and 4 dB depending on RF. Furthermore, even the highest quality
cables have insertion losses exceeding 2 dB/m at 20 GHz. Overall, the SSB power available
for OFFS-CRDS decreased by a factor of two to three in this upgraded high-frequency
setup.

Nevertheless, the advantages of the broad RF tuning range largely outweigh this power
loss which may be compensated using an optical amplifier or a transimpedance gain at
the ring-down detection photodiode. Fig. 6.11 shows a typical CRDS cavity transmission
signal at zero absorption, in terms of the transmission photodiode voltage at a tran-
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Figure 6.11 Typical CRDS cavity transmission signal as a function of MZM driving
frequency using the new high-bandwidth single-sideband-tuning setup. The red curve is a
phenomenological nineth-order polynomial fit used for optimizing the PDH error signal.

simpedance gain of 91 kΩ. The red fit curve is a nineth-order polynomial fit of the signal
which phenomenologically yields an analytic relationship S(f) between SSB-tuning RF
and cavity transmission.

Experience shows that this polynomial S(f) is useful for actively controlling the phase
modulation (PM) depth for PDH error signal detection, in order to obtain a PDH lock
in the same dynamic regime and, consequently, of the same quality, by compensating the
global power change on the physical signal by a factor of two. To this end, a simple
physical scaling can be set up noting that a SSB power variation changes the strength of
the detected PDH signal and, consequently, the effective gain of the cavity length servo
loop. Quantitatively speaking, the PDH signal strength should be proportional to the
product of the global power signal S(f) and the PM depth ∆ϕ:

S(f)∆ϕ(f) = const. (6.7)

This proportionality can be used for choosing a reference signal S(f0) at RF f0, at which
a good PDH lock is achieved for a PM depth ∆ϕ0. Then, following the proportionality
relation (6.7), the optimal phase modulation depths ∆ϕ(f) at all other frequencies should
be given by

∆ϕ(f) = S(f0)
S(f) ∆ϕ0 (6.8)

where the reference transmission signal shown in Fig. 6.11 can be inserted as S(f). This
automatic phase modulation depth compensation of signal power changes works well in
practice and yields a stable and tight PDH lock of the ring-down cavity over the whole
RF tuning range.
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6.3 Data processing and experimental automation

6.3.1 Exponential ring-down fitting

To handle the fitting of hundreds of ring-down events per second in real-time, a fast
exponential fit algorithm developed by Prof. Marco Prevedelli from Università di Bologna
was used as a starting point. It is based on the following ansatz for a discrete ring-down
signal time series yi with N data points i = 0..N − 1:

yi = Api + b (6.9)

with the ring-down amplitude A, the per-point intensity loss factor p and a constant offset
b. With the sampling period tS between two data points, p is related to the ring-down
time τ by

p = e−
tS
τ (6.10)

The original algorithm followed an approach implicitly assuming an equal precision level
for all data points, which is the case for a signal limited by a constant level of technical
white noise. As discussed in Articles 4 on page 90 and 5 on page 160, however, this
condition is no longer met in a regime where the fundamental photo-electron shot noise
becomes a limiting factor. Hence, we developed an extension of Prevedelli’s algorithm in
order to perform a weighted exponential fit, which shall be detailed in the following.

Introducing a noise level σi for each data point, elementary statistics [202] shows that
the decisive measure for fit quality are the squared deviations of the data points from the
model normalized by σ2. By the maximum-likelihood principle, an optimal fit must be
the model yielding the highest possible probability for observing the yi which were indeed
measured. One can show that such a fit minimizes the sum of squared and normalized fit
residuals given by

χ2 =
∑
i

wi
(
yi −

(
Api + b

))2
=
∑
i

wi
(
y2
i +A2p2i − 2Ayipi + 2Abpi − 2byi + b2

)
,

(6.11)
with the weights wi = ασi

−2 and an arbitrary factor α > 0. Minimization of χ2 implies
the following three necessary conditions:

dχ2

db = dχ2

dA = dχ2

dp = 0 (6.12)

The weight normalization factor α is therefore arbitrary, as it does not impact on any
of these conditions. For the sake of compatibility with the unweighted fitting algorithm,
we shall always choose α in a way that c0 = ∑

iwi = N in the following. Sytematically
evaluating the above conditions explicitly, one obtains the following equations for b, A and
p:

b = s1 −Ac1
c0

= s1 −Ac1
N

(6.13)

A = s2 − bc1
c2

(6.14)

f(p) = s1 (c2c3 − c1c4) + s2 (c0c4 − c1c3) + s3
(
c1

2 − c0c2
)

= 0 (6.15)
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with the abbreviated sums

c0 =
∑
i

wi = N (6.16)

c1 =
∑
i

wip
i (6.17)

c2 =
∑
i

wip
2i (6.18)

c3 =
∑
i

iwip
i−1 (6.19)

c4 =
∑
i

iwip
2i−1 (6.20)

and

s1 =
∑
i

wiyi (6.21)

s2 =
∑
i

wiyip
i (6.22)

s3 =
∑
i

iwiyip
i−1 (6.23)

All the above equations only depend on the input data yi and wi as well as the fit parameter
p. Inserting the quantities (6.16) through (6.23) in Eqs. (6.13), (6.14) and (6.15), one sees
that all of them are functions of the single free parameter p only. After some simple
algebra, one finds the explicit relationships

b = s1c2 − c1s2
c0c2 − c12 (6.24)

A = c0s2 − c1s1
c0c2 − c12 (6.25)

This result demonstrates the first enormous advantage of the algorithm: it reduces a
seemingly three-dimensional optimization problem to a one-dimensional one. After con-
vergence, the optimal b and A parameter values simply follow without ambiguity by in-
serting the optimal p in Eqs. (6.24) and (6.25).

Consequently, the initial problem of finding a maximum-likelihood exponential fit is
now reduced to finding the root of Eq. (6.15). For fast convergence of the fit, the quadrat-
ically converging Newton method is chosen. The iterations pk thus take the form

pk+1 = pk −
f (pk)
f ′ (pk)

(6.26)

f(pk) can be evaluated using the findings above. For a fast and precise computation, an
analytic form is preferred for the derivative f ′(p). Obtained by differentiation f(p) in
(6.15), it reads

f ′(p) = s1 (c2c5 + c3c4 − c1c6) + s2
(
c0c6 − c3

2 − c1c5
)

+ s3 (c1c3 − c0c4) + s4
(
c1

2 − c0c2
)

(6.27)
with the new quantities

c5 =
∑
i

i(i− 1)wipi−2 (6.28)

c6 =
∑
i

i(2i− 1)wip2i−2 (6.29)
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To avoid any danger of divergence in the Newton iteration, the algorithm verifies after
each iteration whether the absolute value of f(p) has decreased. If not, the last Newton
step pk−1 is abandoned, and an only linearly converging, but much more robust interval
bisection scheme is adopted for the next iteration pk. Finally, the algorithm is considered
to have converged to a root of Eq. (6.15) as soon as |f(p)| < ε, with a predetermined
precision goal ε.

For the sake of completeness, let us note that in the special case of equal weights,
wi = 1∀i, the cj in Eqs. (6.16) to (6.20) as well as (6.28) and (6.29) can be written as
geometric sums or related formulae, such as

c3|wi=1 = 1
p

N−1∑
i=0

ipi = (N − 1)pN −NpN−1 + 1
(1− p)2 =

1 + pN
(
N − 1− N

p

)
(1− p)2 (6.30)

for instance. This substitution of lengthy sums by simple analytic expressions is the
second reason for the outstanding speed of the original algorithm. With variable weights,
an iterative determination of the cj is inevitable. Fortunately, an optimized strategy,
which strictly avoids any division or redundant floating point operation, can limit the
additional computational cost to a very reasonable level. We have checked that, on a
personal computer and in one second, the new algorithm can still fit several thousands of
ring-down events consisting of over 1000 data points. This is roughly two to three times
slower than the original algorithm, but completely suffices for real-time CRDS operation
in practice, even at the highest repetition rates.

The algorithm elaborated here was implemented in terms of the C source code given
in the Appendices, on page 211. This fitting routine, which is downward-compatible with
previous versions, was compiled as a dynamic link library (dll) and subsequently embedded
in LabVIEW. This allowed its straightforward integration into existing and new CRDS
experimental control, automation and simulation routines.

From a practical point of view, it is not trivial to determine the correct noise level
σi values for each point of an unknown ring-down event with previously unknown char-
acteristics. To address this issue, here we propose a semi-analytic approach developed
for ring-downs which combine statistically independent contributions from technical noise
and shot noise. Technical noise is due to the measurement apparatus and equal for all
data points, σTk = σT . Shot noise, on the contrary, is a fundamental physical process
due to the Poissonian number statistics of the light field and the photo-electron excitation
process. Following the detailed derivation in Section 3.1 of Article 5 on page 160, it is
proportional to the square root of the ring-down signal:

σSNk =
√
eRV0
tg

e−
ktS
2τ (6.31)

With the elementary charge e and the known values for the photodiode amplifier tran-
simpedance gain R, the sampling period tS and the analog-to-digital converter gate time
tg, only the initial signal voltage V0 and the ring-down time τ still need to be determined
to obtain the theoretical shot-noise level of the signal over time. Returning to the observed
ring-down signal, a simple unweighted exponential fit yields very precise estimates for V0
and τ . This realization is the basis for the approach proposed here.

First, a simple exponential fit of the ring-down signal is carried out. With the resulting
V0 and τ , the shot noise level is calculated according to Eq. (6.31). The technical noise σT
is taken as the root-mean-squared noise on the tail of the ring-down signal, assuming that
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a sufficiently long ring-down acquisition had been chosen by the user or by an automated
routine. Adding the empirical σT and the semi-analytic σSNk for the two independent
statistical processes thus yields the best-effort noise estimate

σ2
k = σ2

T + σ2
SNk

(6.32)

With this result and the corresponding normalized weights wk = ασk
−2, a true maximum-

likelihood exponential fit following the above algorithm is carried out as a second pass to
obtain an optimal precision in τ .

We have implemented this double-pass semi-analytic-weights maximum-likelihood fit
procedure for partially shot-noise limited ring-down signals as a LabVIEW routine. Taking
a ring-down signal with 1200 data points as a benchmark test, the program performed
5870 fits per second on an Intel i5-3317U notebook at 1.7 GHz. Using this fitting routine,
the single-ring-down precision attainable by OFFS-CRDS was 3 ·10−12 cm−1 in absorption
units, as given by the first point of the Allan-Werle plots in Fig. 3 of Article 4 and Fig. 4 of
Article 5. When using an unweighted exponential fit, on the contrary, precision was never
better than 6 · 10−12 cm−1 per ring-down. This clearly illustrates how a fast exponential
fitting procedure with adequate weights, such as the one presented here, is crucial for
attaining ultimate precision by CRDS in a shot-noise-limited regime.

6.3.2 Looped automated measurement routines

Owing to its increased complexity as compared to classical CW-CRDS setups, several
new experimental control tasks arise in OFFS-CRDS. In the framework of this thesis, all
necessary functionalities and several different types of automated measurement programs
were developed, targeting a full automation of the experimental setup. All programs and
routines were implemented as LabVIEW virtual instruments. As discussed in Section
6.3.1 above, the fast ring-down fitting algorithm was programmed in C and embedded in
LabVIEW using a dynamic link library.

Here, we shall first discuss the experimental control routines needed for OFFS-CRDS
in more profound detail. The control tasks arising from the temperature stabilization of
the V-shaped reference cavity vacuum cell were treated in the framework of [58]. For
historical reasons, these tasks are carried out by an independent computer in the current
realization of OFFS-CRDS, although all tasks could be carried out by a single computer
without problem. If V-cavity transmission is above a certain threshold, the VCOF laser
can be considered locked. In this case, a +5 V signal is transmitted to the digital input
port of a National Instruments PCI-6281 acquisition card of the OFFS-CRDS control
computer.

Via USB, that computer reads the VCOF carrier frequency measured by a wavemeter.
At the beginning of an experiment, the frequency of the TEM00 mode the laser is locked
to is measured and logged. The arbitrary mode number 0 is then assigned to that V-cavity
mode. From then on, a background routine converts the wavemeter frequency reading to
the corresponding mode number, while assuring that the VCOF laser is really locked to a
TEM00 mode of the V-cavity. For applications not necessitating any absolute frequency
referencing, a low-finesse etalon could be used for counting VCOF modes instead of a costly
high-end wavemeter. With the constantly updated information on the present VCOF
mode number, another routine carries out laser current sweeps until the target VCOF
mode is reached. The corresponding PCI-6281 analog output signal is connected to the
DC-coupled modulation input of the VCOF laser current driver. With a ±10 V voltage
swing, a spectral interval of almost 20 GHz, corresponding to roughly 40 VCOF modes,
can be covered in this fashion. When the limit of this current-tuning range is reached,
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another routine can be called to change the temperature of the laser chip via serial-
peripheral-interface (SPI) communication with a home-made temperature control servo
card. A typical temperature-to-frequency conversion factor is on the order of 15 GHz/K
for a DFB laser at 1600 nm. Frequency fine-tuning by MZM-single-sideband modulation is
carried out by communicating with the radio-frequency (RF) synthesizer by VISA (Virtual
Instrument Software Architecture) over ethernet. At each new spectral point, the radio
frequency (RF), RF power level, as well as phase-modulation depth and rate are updated
on the synthesizer if necessary.

As described in Section 6.2.2 above, PDH lock of the cavity onto the VCOF single-
sideband can be automatically acquired by a computer-controlled hybrid analog-digital
PZT voltage driving scheme within a fraction of a second. Such relock events are trig-
gered by the OFFS-CRDS software whenever necessary, for instance when the lock is
broken due to a strong external perturbation. When the laser frequency is changed by
exactly one free spectral range (FSR) of the ring-down cavity, the cavity is always resonant
and the lock is not broken. Therefore, it is advantageous to change the MZM-tuning radio
frequency (RF) by exactly one FSR within the tuning range of the RF components. A
spectrum with higher frequency stepping resolution can nevertheless be obtained by rear-
ranging the spectral points into several chains with successive points separated by exactly
one FSR. These chains can be measured subsequently and eventually yield the complete
spectrum. This highly advantageous spectral interlacing approach considerably increases
measurement speed by avoiding redundant PDH-relock events and is chosen wherever
possible.

On demand, an adequate ring-down threshold is determined by recording the PDH-
locked CRDS cavity transmission for some tens of milliseconds. All subsequent ring-down
events at the given spectral point are then triggered using that signal threshold. A typical
result of such a ring-down threshold calibration plotted against the MZM-tuning radio
frequency using spectral interlacing is shown in Fig. 6.11 of Section 6.2.5.

During ring-down acquisition, the scrambling PZT position is automatically changed
using a PCI-6281 analog output, according to the scrambling schemes discussed briefly
in Article 4 above and comprehensively in Article 5 on page 160. With another analog
output and a second scrambling PZT, we have recently realized discrete fringe scrambling
also between cavity output and the detection photodiode, thereby neutralizing any small
residual fringe related to light scattered by the detection photodiode. Additional OFFS-
CRDS routines, which were implemented for choosing optimal acquisition parameters and
for quality checking acquired signals, will be discussed in detail in the following section.

On the fundament of all these basic functionalities for OFFS-CRDS, a multitude of
automated programs for spectoscopic measurements of different types was realized. As
an example, the graphical user interface of one such software is shown in Fig. 6.12. This
particular program is intended for the automated scan of predetermined target lines under
changing experimental conditions. A typical application would be the recording of many
absorption lines with different J values from the same rovibrational band at different
pressures for subsequent determination of physically relevant and reliable line parameters
by a multi-spectrum-fitting approach [203, 204]. The program was used for alternatingly
measuring one water and one carbon dioxide absorption line with surrounding methane
lines for the monitoring of intracavity gas composition during outgassing, as mentioned in
Section 6.2.4 above. One key feature of the program lies in that it is capable of reading a
list of lines to be measured in HITRAN format. It then automatically determines which
VCOF mode the laser should lock to for measuring each line. For each line, a measurement
grid is automatically set up, and the corresponding radio frequencies for driving the MZM
are calculated, depending on whether the lower or the upper single-sideband is used, and
whether an upward or a downward scan in frequency is desired. After each spectrum,
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Figure 6.12 Typical user interface for one type of automated OFFS-CRDS measurement.

the laser temperature is automatically changed to reach the VCOF mode corresponding
to the next absorption line. At each spectral point, a new ring-down trigger threshold is
determined. The program can thus handle decreasing cavity transmission levels due to
increasing absorption, for example if additional sample was introduced into the cavity by
the user in the course of a multi-pressure measurement.

A similar automated OFFS-CRDS measurement program was developed for the sub-
sequent and repeated measurement of predetermined Lamb dips on top of absorption lines
with very well-known relative positions. It was notably used for carrying out the triple-dip
VCOF-cavity drift measurement described in Section 3.2.2. This program first sets up a
predetermined measurement grid around each Lamb dip in the HITRAN-type line list
provided by the user. Let us point out that HITRAN-grade transition frequency precision
is generally insufficient for obtaining symmetric measurement windows around each dip,
as a typical measurement interval around the sub-MHz-width Lamb dip typically spans
only 5 to 10 MHz. If no more precise transition frequency data is available, the positions
in the line list may be adjusted by hand to obtain centered Lamb dips. This, in turn, can
yield a measurement of their frequency separation with kHz-level accuracy, as discussed in
Section 3.2.2. After setting up the measurement grid, contrarily to the routine discussed
above, the software first conducts a ring-down threshold calibration procedure, which is
carried out once for each spectral point. The corresponding trigger threshold values are
then used for all subsequent measurements. For measurements over many hours or even
days, this approach is very economical from a measurement-time point of view and widely
used in OFFS-CRDS software. After successful ring-down threshold calibration, the pro-
gram starts recording the selected Lamb dip spectra in an infinite loop eventually stopped
manually by the user. An extract of the LabVIEW diagram structure for this program
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is shown in Fig. 6.13. In order to compensate for any long-term drift of laser power, for

Figure 6.13 Main loop structure of the LabVIEW program for automated sequential and
repetitive measurements of predetermined Lamb dip targets by OFFS-CRDS.

instance due to a progressive misalignment of the VCOF fiber coupling, the wavemeter
power reading is used to update the predetermined ring-down trigger threshold levels by
multiplying them with the corresponding factor at the beginning of each new spectrum
acquisition. In this way, global power fluctuations do not adversely affect the automated
spectrometer operation.

Further OFFS-CRDS operating software was developed for specific measurement ap-
plications, such as repeated measurements of the spectrometer baseline or high-signal-to-
noise absorption line profiles with adaptive acquisition parameters, for instance. These
programs are conceptually similar to the ones presented above, and discussing them in
great detail is beyond the scope of this thesis.

Finally, the only experimental aspect which has not been automated yet is sample
treatment, comprising tasks such as gas inlet, pressure or flow regulation and automatic
cavity flushing cycles with dry nitrogen. These tasks are so far carried out manually by
the experimenter, as described above in Section 6.2.4. A complete automation of these
functions is planned for the near future and currently ongoing. Once accomplished, it will
in particular enable a full remote control of OFFS-CRDS, allowing even new scans and
measurements to be launched at a distance, for instance via internet.

6.3.3 Adaptive acquisition parameters and ring-down quality checking

Several automated routines of the OFFS-CRDS automation software ensure that optimal
acquisition parameters are chosen for the ring-down measurements at each spectral point,
and, subsequently, that the acquired signals are of good quality.

To optimize the ratio of signal to technical noise, the smallest possible analog-to-
digital converter (ADC) voltage on the ring-down acquisition card (NI PCI-6281) is chosen
among ±0.5 V, ±1 V, ±2 V, ±5 V and ±10 V, depending on the predetermined ring-down
trigger threshold. As short ring-down events correspond to low cavity transmission, the
threshold can also be used to determine whether the integrated 40-kHz low-pass filter of
the acquisition card may be used. This filter dramatically decreases the technical noise
level at the expense of a systematic bias for short ring-down times (cf. Section 7.4.2). To
avoid any danger of an ADC-bandwidth-related bias of the CRDS measurement, using
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the filter was abandoned at an early stage, and this functionality is obsolete in all current
versions of the operating software.

Some versions of the OFFS-CRDS operating software include the possibility of carrying
out a rapid survey-type scan in order to analyze the spectral zone under study. In a
second step, the measured spectrum is fitted in order to determine an optimal sample and
measurement time distribution. This approach was used, for instance, for the ultraprecise
lineshape measurements in Article 5 on page 160. The number of samples per ring-down
acquisition is chosen to be a multiple of the ring-down time at each point, typically between
10 and 15 times the ring-down time depending on the precision goal. Another important
parameter is the number of samples recorded for each spectral point. In order to choose an
optimal averaging length, one needs to consider the averaging behavior of the OFFS-CRDS
setup, as given by the Allan-Werle plots in Fig. 3 of Article 4 and Fig. 4 of Article 5,
compromising between measurement speed and accuracy. Qualitatively speaking, longer
averaging times T are needed at short ring-down times τ , as the signal-to-noise-ratio is
lesser, and because there are less points available for fitting, which actually carry a physical
signal. Following the derivation of Eq. 7 in Article 5, the shot-noise σα in absorption scales
with the ring-down time as

σα ∼ τ−
3
2 (6.33)

Averaging a number N of ring-down events, this random white noise averages as

σαN ∼ τ−
3
2N−

1
2 (6.34)

Imposing a constant noise level after averaging for all spectral points in spite of lower
per-shot precision thus implies

τ−
3
2N−

1
2 = const.⇔ N ∼ τ−3 (6.35)

Consequently, one needs to average eight times more ring-down events if ring-down times
are two times shorter. This hefty scaling has less drastic consequences in the case of a
tightly locked CRDS where the ring-down repetition rate f ideally scales as f ∼ τ−1.
Expressing the number of ring-down events N = fT in terms of the averaging duration
T , Eq. (6.35) reads

T ∼ τ−2 (6.36)

In an ideal tightly locked OFFS-CRDS experiment, one should choose T according to Eq.
(6.36) for each spectral point. Such a scaling was used for the lineshape measurements
with very high signal-to-noise ratio shown in Fig. 7 of Article 5.

To check the quality of the acquired ring-down signals, several criteria were imple-
mented. If the acquired ring-down signal data at a spectral point do not meet the quality
requirements that point is rejected. Depending on the scan strategy, it is then either re-
peated or the measurement continues at the next spectral point. One main reason for the
strict quality control was the theoretical possibility of a parasitic injection of the residual
VCOF carrier and second sideband into the TEM00 mode or higher-order transverse modes
of the cavity. In practice, this was virtually never observed thanks to the high MZM par-
asite signal extinction of almost 30 dB, the excellent mode matching of the laser beam to
the TEM00 mode, with an injection of less than 0.5 percent of the TEM00 intensity for all
other TEMmn modes, and, most importantly, the cavity finesse of 450000, which implies
a very small a priori probability of 450000−1 for finding a cavity mode by pure chance.
In any case, if an accidental injection coincidence or another experimental perturbation
nevertheless happened, it should be detected by the following ring-down quality checking
scheme:
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The most important quality criterion are the ring-down fit residuals. If they reveal
a non-exponential structure or exhibit excess noise, the ring-down acquisition must have
been perturbed by some parasite or spurious signal. Consequently, if the fit residual rms
exceeds a certain value depending on the acquisition parameters, the corresponding ring-
downs are rejected. Furthermore, the quality checking routine verifies that a sufficient
number of ring-down events was recorded for each spectral point. The inverse case in-
evitably leads to an increased noise level for the respective spectral point and might thus
create a spike in the spectrum. A typical reason for an insufficient number of ring-down
events at a spectral point is an unlocking of the cavity lock due to an external perturbation.
Too big differences in the ring-down times measured at one spectral point, quantified by
the root-mean-square variation about their mean, are also used as an indicator for a po-
tential issue with the measurement. If the root-mean-squared ring-down noise is too high,
the corresponding events are discarded. In the special case of discrete fringe scrambling as
discussed in Article 5 on page 160, an additional criterion is introduced. A certain degree
of uniformity in the ring-down-number distribution on the four scrambling positions is
required. Otherwise, this might again lead to an abnormally high noise-level and a spike
at the respective spectral point.

Owing to the experience that distorted, perturbed ring-down events virtually never
occur in practice, later versions of the OFFS-CRDS software generally only check for
the minimum number of RD events and for their uniform distribution over the discrete
scrambling steps. This dual criterion ensures a uniform noise level over the entire spectrum
and avoids spikes due to single, noisy spectral points.

6.4 Spectrum averaging and detection limits

In Section 5.2, we elaborated why averaging absorption spectra rather than ring-down
events is a beneficial strategy for lowering spectrometer detection limits in the long term.
Examples from the literature were discussed where this approach was applied to reach
unprecedented minimum detectable absorption levels and signal-to-noise ratios. Conse-
quently, complementarily to the exhaustive spectrometer performance characterization
studies reported in Articles 4 on page 90 and Article 5 on page 160, we have also tested
the long-term spectrum averaging behavior of the OFFS-CRDS instrument.

To this end, the cavity was kept evacuated to below 10−3 Pa, and repeated auto-
mated spectrometer scans were carried out at a fixed frequency stepping resolution on
a given spectral interval. Experience shows that two types of measurements need to be
distinguished: a first group of 229 spectra was recorded on a broad span of 4700 MHz
at frequency steps of 39.5 MHz, taking 7.4 min per spectrum on average. Such a scan
configuration typically corresponds to a precision measurement of one Doppler-broadened
absorption line up to its far wings, for instance. A second group of 202 spectra was
measured on a 10 MHz span at 50 kHz intervals between spectral points in an average
7 min per spectrum. Such a scan, in turn, corresponds to a configuration for measuring
high-resolution sub-Doppler saturated absorption spectra (cf. Chapter 9).

Spectrum averaging was carried out in both cases by involving a growing number N
of spectra in the averaging. A linear slope was removed from each averaged spectrum to
compensate for the mirror baseline. The resulting root-mean-square baseline noise corre-
sponds to the OFFS-CRDS detection limit αmin after averaging N spectra. The result of
this analysis is reported in Fig. 6.14, both for the broad and narrow span measurements.

Averaging of the spectra acquired at a span of 4700 MHz is drastically slower than the
1/
√
N -scaling expected for a signal limited by random white noise and stops progressing
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Figure 6.14 Absorption detection limit αmin by OFFS-CRDS on two different spectral
intervals as a function of the number N of averaged spectra. Dashed lines indicate the
1/
√
N scaling of random white noise.

after roughly 100 averages. This impeded averaging behavior is attributed to the fact that
the OFFS-CRD spectrometer baseline on a broader spectral interval is limited by tiny,
slow periodic variations notably due to residual parasite interference fringes (cf. Section
7.8), as analyzed in detail in Fig. 5 of Article 5 on page 160 and the corresponding discus-
sion therein. Fluctuating losses due to the influence of higher-order TEMmn modes near
the TEM00 mode, as discussed in Section 7.6, are also a potential issue. Consequently,
the minimum detectable absorption in OFFS-CRDS on such a spectral interval is limited
to 1 ·10−12 cm−1 at present, as long as no post-treatment such as a subtraction of a quasi-
static baseline background is carried out.

The averaging on a 10-MHz span is in stark contrast with the aforementioned observa-
tions. Here, the full potential of OFFS-CRDS is unleashed, and a near-ideal white-noise
averaging behavior is observed. In this way, an unprecedented minimum detectable ab-
sorption level of 8.4 · 10−14 cm−1 was achieved. Small deviations from the white noise
1/
√
N -averaging behavior indicate that the data cannot be described in terms of a purely

white noise process with a constant spread. Instead, the deviations from the straight
dashed line in Fig. 6.14 are mainly due to fluctuations of single-scan rms noise over time
and from spectrum to spectrum. The 111th spectrum was excluded from the averaging
analysis, as it was affected by a pressure-related spike (cf. Section 6.2.4). Importantly,
no substantial slowdown in averaging was evidenced during the whole day-long measure-
ments and no sign for a fundamental limitation of further averaging can be perceived at
this stage.

This drastic improvement with respect to the broad-span spectra is attributed to the
fact that optical path length differences of 100 m and beyond would be needed for generat-
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ing parasite fringes with a periodicity prone to affect a spectrum on a 10 MHz interval. As
such distances do not exist in the OFFS-CRDS setup, no periodic structures are observed
on the single-scan and averaged baseline spectra on the 10 MHz interval. This result is
shown in Fig. 6.15.

Figure 6.15 OFFS-CRDS baseline spectra on a 10 MHz interval at 50 kHz frequency steps
after linear slope correction. A single scan exhibits a root-mean-square noise of 10−12 cm−1,
whereas the averaged baseline reaches the unprecedented detection limit indicated in the
figure.

This record-breaking 10−14 cm−1-level baseline noise after averaging for less than one day
is an important and precious result in itself, as it paves the way to saturated-absorption
Lamb dip spectroscopy with signal-to-noise ratios higher than 1000, which have so far
only been reached for Doppler-broadened lines. Beyond that, it also hints at a consider-
able potential for yet higher OFFS-CRDS performance on broad spectral intervals, which
might be reached by subtle improvements in the optical setup aimed at further reducing
the impact of optical fringes (cf. Section 7.8) and of the higher-order transverse mode
structure of the ring-down cavity (cf. Section 7.6).





Chapter 7

Systematic biases and error
sources in CRDS

A generally acclaimed feature of CRDS is that it yields auto-calibrated absorption coef-
ficient measurements in very good approximation. However, this does not mean that the
accuracy of a CRDS measurement may simply be equated to its precision, as there are a
multitude of systematic effects which can bias RD time measurements and, consequently,
impair the absorption accuracy of CRDS. Consequently, the objective of this chapter is
to give an overview about potential bias effect in CRDS, trying to be as exhaustive as
possible without the pretention of completeness. To this end, literature reviews are inter-
weaved with original results from this thesis throughout the chapter.

First, error sources related to an over-simplified usage of the basic relationship between
ring-down time and absorption coefficient are analyzed. Then, limitations in ring-down
signal acquisition are discussed. Subsequently, real deviations of the ring-down signal
from an ideal exponential function as well as their physical sources and their impact are
analyzed. Finally, spectroscopic error sources related to the spectrometer baseline are
brought into focus.

7.1 Acquisition card timebase error

For quantifying absorption, CRDS substitutes a light intensity loss measurement by a de-
cay time measurement. Consequently, the accuracy of the measurement is fundamentally
limited by that of the underlying timebase. An inaccurate clock can formally be intro-
duced into the fundamental equation (5.1) of CRDS in terms of a time dilation factor γ:

1
(1 + γ)τ = 1

(1 + γ)τ0
+ αc

n
(7.1)

Inserting the observed biased ring-down times (1 + γ)τ and (1 + γ)τ0 into Eq. (5.1) yields
the timebase-biased absorption coefficient α̃

α̃ = 1
1 + γ

α (7.2)

Consequently, the systematic error δα = α̃ − α can be expressed in terms of the relative
inaccuracy γ of the CRDS timebase as

δα

α
= −γ (7.3)

This result, namely that the relative absorption error is equal to the relative timebase
error, is trivial from a physical point of view. The inaccurate timebase defines a biased
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pseudo-second which, by the definition of the meter in terms of the speed of light, translates
into a biased pseudo-meter. The absorption coefficient, which is defined as the relative
intensity loss per unit length, is altered accordingly.

Although this effect is small in practice, it is not necessarily negligible for the error
budget of state-of-the-art measurements. For the present OFFS-CRD spectrometer, for
instance, the accuracy of the internal timebase of the National Instruments PCI-6281
acquisition card is specified to 5 · 10−5. For measurements with a signal-to-noise ratio
approaching 105, such as the line profile in Fig. 7 of Article 5 on page 160, the systematic
timebase error therefore leads to a bias bigger than random noise.

In conclusion, the CRDS signal acquisition system must be referenced to the SI second
to ensure a traceable, unbiased measurement. In practice, this can be realized by locking
the analog-to-digital converter internal clock to a 10 MHz signal from a GPS-disciplined
Rubidium timebase.

7.2 Sample refractive index

It is intuitively clear that the refractive index n must influence the CRDS absorption
measurement, as the presence of a medium alters the phase velocity of light, thereby
prolonging its lifetime inside the cavity. This is confirmed by the explicit n-dependence of
the ring-down time τ derived in Section 5.1:

τ =
( 1
τ0

+ αc

n

)−1
=
((1−R)c

nL
+ αc

n

)−1
(7.4)

In practice, however, n is often implicitly neglected by using n = 1 in (7.4). While this is
a good approximation for very dilute samples, the impact of n is non-negligible at higher
pressures, and the full equation (7.4) must be used.

Quantitatively speaking, the error made by setting n = 1 depends on whether the
baseline ring-down time τ0 is measured with an empty cavity or determined as a fitting
baseline when analyzing the absorption spectrum.

In the first case, when τ0 is measured, setting n = 1 in Eq. (7.4) leads to the following
determining equation for the biased absorption coefficient α̃:

τ−1 = (1−R)c
nL

+ αc

n
= (1−R)c

L
+ α̃c (7.5)

For gas samples at atmospheric pressures or below, the refractive index is close to one and
can be written as n = 1 + ε with ε� 1 in very good approximation. Then, Eq. (7.5) and
some simple algebra, dropping higher orders of ε yields

δα = −ε · 1
cτ

(7.6)

for the absorption error δα = α̃−α due to neglecting the refractive index. In this case, the
systematic absorption coefficient error thus amounts to the fraction ε of total intracavity
losses per length.

In the second case, when τ0 is determined by fitting, the baseline is not biased by
setting n = 1. The biased absorption coefficient α̃ then follows from the simpler equation

τ−1 = τ0
−1 + αc

n
= τ0

−1 + α̃c (7.7)

which yields
δα

α
= −ε (7.8)
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Here, even more intuitively, the relative systematic error in the absorption coefficient is
just equal to 1− n.

Let us evaluate an order of magnitude of this effect for the present OFFS-CRD spec-
trometer. Absorption-related refractive index changes according to the Kramers-Kronig
relations (cf. Section 5.4) are also governed by Eqs. (7.6) and (7.8), but shall not be
treated here explicitly. Instead, the impact of the global off-resonant refractive index shall
be considered. In most applications, the baseline is determined from a fit of the measured
absorption spectrum, and Eq. (7.8) applies. As an example value for the refractive index
near 1.6 µm, CO2 has n = 1+4.4·10−4 at 1 atm [205]. The effect of this refractive index on
the ring-down time measurement must then be taken into account for pressures in excess
of

Plim = p · 230 Pa (7.9)

where p is the relative accuracy target in ppm for the absorption coefficient.
For specific applications, such as the measurement of absorption continua, however,

the baseline τ0 cannot be determined from fitting, but must be measured for the evacuated
cavity. In this case, Eq. (7.6) applies and the impact of the bias due to the refractive index
can be much bigger. Still in the case of CO2 near 1.6 µm, and for an empty-cavity ring-
down time of approximately τ0 = 168µs, the absolute absorption error δα as a function
of P in the limit of very weak absorption signals τ ≈ τ0 can be written as

δα(P ) = −8.7 · 10−11 cm−1atm−1 · P (7.10)

while the relative error diverges towards infinity for α→ 0.

7.3 Nonlinearities

Nonlinearities can arise at many steps of the ring-down signal detection and acquisition
chain. They can originate from the photodiode itself, its amplifier circuit as well as
the analog-to-digital converter (ADC) acquisition card. Characterizing these influences
separately by separating them systematically and measuring them with respect to some
reference of higher linearity is a task necessitating meticulous experimental work.

This quest is complicated by the fact that nonlinearities due to intensity-dependent
losses may even arise in the ring-down phenomenon itself. Then, they carry physical in-
formation such as in the case of saturated absorption analyzed in great detail in Chapter
9. Another potential mechanism could be a temperature-dependent loss variation in the
highly reflective dielectric coating of the cavity mirrors, due to the exponential decrease
of dissipated power in the coating during each ring-down event. This effect most probably
exists, but should be tiny, as it has not yet been observed in CRDS to the best of our
knowledge.

In order to analyze the impact of nonlinearities on the determination of the ring-down
time quantitatively, let us consider the following unique property of an exponential signal:

y(t) = y(0)e−
t
τ ⇔ τ = −y(t)

ẏ(t) (7.11)

Therefore, an easy analytic estimation of the ring-down time τ is possible in terms of the
instantaneous apparent ring-down time τ̃(t) for a nearly exponential signal ỹ(t):

τ̃(t) = − ỹ(t)
˙̃y(t) (7.12)
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Assuming τ̃ = τ without considering any details of the exponential fitting procedure used
for determining the ring-down time is clearly simplistic. However, Eq. (7.12) evaluated
at the starting point of the exponential fit generally provides an approximate, yet faithful
reproduction of the ring-down time found by the fit. This is due to the fact that the fit is
overwhelmingly dominated by the strong-signal at the beginning of the ring-down event.
Consequently, this approach is a powerful tool for capturing the essential physical features
of the ring-down time measurement in simple analytic expressions and will be used also
in the following Sections 7.4, 7.6 and 7.7.

On this basis, let us study an ideal exponential intensity decay I(t) = I0e−t/τ with
peak intensity I0. We may then introduce a nonlinearity of the detection and acquisition
setup by writing the resulting ring-down signal ỹ(t) as

ỹ(t) = rI(t) · (1 + βI(t)) (7.13)

with a proportionality constant r and the coefficient β characterizing the magnitude of
the first-order nonlinearity. Next, Eq. (7.12) may be used for quantifying the impact of
β on the ring-down time measurement. Inserting the nonlinearity-affected signal (7.13) in
Eq. (7.12) thus yields

τ̃(t) = τ · 1 + βI0e− t
τ

1− 2βI0e− t
τ

(7.14)

As expected, the effect of the nonlinearity vanishes for t→∞ as I → 0, and τ̃ → τ . Now,
for a reasonably designed system, the nonlinearity bias is much smaller than the signal
itself, βI(t)� 1. Consequently expanding Eq. (7.14) to first order in βI(t) and evaluating
the apparent ring-down time at t = 0 yields

τ̃(t = 0) = τ (1− βI0) (7.15)

In this first-order analysis, the relative error in the ring-down time determination is thus
identical to the dimensionless nonlinearity parameter βI0.

Let us examine the propagation of this error to a biased absorption coefficient α̃ accord-
ing to the basic equation (5.1) of CRDS by inserting the nonlinearity-affected apparent
ring-down times τ̃ with sample absorption and τ̃0 on the baseline as in Eq. (7.15):

α̃c = 1
τ̃
− 1
τ̃0

= 1
τ (1− βI0) −

1
τ0 (1− βI ′0) (7.16)

This is the general result when τ and τ0 are determined from ring-down events with
different peak intensities I0 and I ′0, respectively, which is the typical case when studying
strong absorption features. For the sake of simplicity, we shall limit our further discussion
to the case of weak absorption, where I0 ≈ I ′0 in good approximation. In this case, the
relative absorption error σα/α in the limit βI(t)� 1 simply reads

σα
α

= α̃− α
α

= βI0 (7.17)

This result implies that the systematic absorption coefficient error in the limit of weak
absorption is simply equal to the relative nonlinearity βI0 in the ring-down detection and
acquisition system.

The National Instruments PCI-6281 data acquisition card used in OFFS-CRDS is spec-
ified at an integrated nonlinearity of 10 ppm, which can be identified with the term βI0
from the present analysis to first order. Consequently, a systematic error on that order
due to ADC nonlinearity has to be expected in OFFS-CRDS. The acquisition card specifi-
cations are in good agreement with the static µV-level structures observed in the averaged
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ring-down fit residuals reported in Fig. 2 of Article 4 on page 90 and Fig. 3 of Article
5 on page 160. A dedicated experimental study confirming that the nonlinearities of the
cavity transmission photodiode and its transimpedance amplifier circuit are negligible in
OFFS-CRDS still needs to be carried out. However, no experimental evidence for such
nonlinearities was found so far when the laser beam intensity was distributed uniformly
over the full photodiode front facet surface.

The impact of ADC nonlinearity as a systematic error source in molecular line strength
measurements was studied using PDH-locked FS-CRDS by Wójtewicz and co-workers
[206]. The authors compared two ADC digitizer cards, one with nonlinearities at the
percent level (ADC1, Gage Applied model CompuScope Octopus 8327) and one whose
linearity properties are significantly better (ADC2, Gage Applied model CompuScope
14200). Having discussed the propagation of nonlinearity-biases from absorption coeffi-
cients to line strengths based on Eq. (4.4), the authors used both acquisition cards to
record the same O2 absorption line, determining ring-down times on several different fit-
ting intervals. The comparison of line strength values deduced from the spectra obtained
in this manner is shown in Fig. 7.1.

Figure 7.1 Line intensities for the O2 B-band line near 14546.01 cm−1 measured by PDH-
locked FS-CRDS with two distinct analog-to-digital converters and for different fitting
intervals by Wójtewicz and co-workers [206]. Adapted from [206] (Figure 4).

As expected for a reliable ring-down detection and acquisition system, the line strength
values measured using ADC2 do not exhibit any significant dependency on the experi-
mental parameters. In stark contrast, the line strengths deduced from measurements with
ADC1 exhibit systematic trends with the time interval used for ring-down fitting, provid-
ing further strong evidence for acquisition card nonlinearities. The line strength values
with ADC1 are systematically biased by up to 5%. This is consistent with the percent-
level nonlinearities observed on the exponential fit residuals for this digitizer card.

To conclude, let us point out that the outstanding exponentiality of the ring-down
signal may be an important asset for further improving data acquisition. After an initial
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experimental study for ensuring that both photodiode and ring-down cavity are operating
in a regime where intensity-dependent nonlinearities are completely negligible, and with
an excellent polarization matching of the input laser beam to a polarization eigenmode of
the ring-down cavity (cf. Section 7.7), one may attempt to calibrate the acquisition card
itself using the nearly ideally exponential ring-down signals. First promising tests aiming
at such an experimental acquisition-card nonlinearity calibration were made by recording
full-scale ring-down events over several days for generating a look-up table containing the
voltage error for every bit of the ADC.

7.4 Bandwidth limitations

Cavity ring-down spectroscopy converts an intensity loss measurement into a decay mea-
surement in the time domain. As discussed in Chapter 5 and Section 6.2.5, an optical
switch turning off the input laser field many orders of magnitude faster than the response
time of the cavity is a necessary requirement for this purpose [162] (cf. discussion in Sec-
tion 7.5). Then, the light field leaking out the cavity provides a nearly perfect exponential
decay, although several limitations and restrictions apply, as discussed in the following
sections.

On this basis, an idealized ring-down signal y(t) triggered at time t0, as seen by a
photodiode with an ideally linear, immediate response, can be written as

y(t) =

1 t < t0

e−
t−t0
τ t ≥ t0

(7.18)

with ring-down time τ and an initial signal normalized to 1 without loss of generality for
the sake of simplicity.

Let us now introduce a limited bandwidth somewhere in the detection system, in terms
of a first-order low-pass filter with cut-off frequency νc which is represented by the transfer
function

H(s) = 1
1 + s

ωc

(7.19)

where s = σ + iω is the complex Laplace transform variable and ωc = 2πνc is the angular
cut-off frequency of the first-order low-pass. At the cut-off frequency, the power of a signal
transmitted through such a filter is reduced by a factor of two, that is 3 dB. For frequencies
higher than νc, the signal strength vanishes at the characteristic first-order roll-off slope
of -6 dB per octave. The Laplace transform of a function f(t) is defined as

F (s) =
∞∫
0

f(t)e−stdt (7.20)

The convolution theorem of Laplace transformation states that the effect of the low-pass
filter on the signal is given by the product of their Laplace transforms:

Ỹ (s) = H(s) · Y (s) (7.21)

This simple relationship justifies the enormous utility of a Laplace-transformation ap-
proach for an analytic treatment of bandwidth-limitation effects. After having taken the
action of the low-pass into account according to (7.21), one may retrieve the altered signal
ỹ(t) by returning to the time domain by means of an inverse Laplace transformation.



7.4. BANDWIDTH LIMITATIONS 129

Therefore, let us begin by transforming y(t) to the Laplace domain according to Eq.
(7.20), using the linearity of the transformation:

Y (s) =
t0∫

0

e−stdt+
∞∫
t0

e−
t
τ e−stdt = 1− e−st0

s
+ e−st0
s+ 1

τ

(7.22)

Then, introducing the limited bandwidth according to Eqs. (7.19) and (7.21) yields

Ỹ (s) = 1
1 + s

ωc

(
1− e−st0

s
+ e−st0
s+ 1

τ

)

= 1
s

1
1 + s

ωc

− e−st0 1
s

1
1 + s

ωc

+ e−st0 ωc

s2 +
(
ωc + 1

τ

)
s+ ωc

τ

(7.23)

This signal in the Laplace domain needs to be transformed back to the time domain. To
this end, one may treat the three terms in (7.23) one by one thanks to the linearity of the
transformation. Without going into smaller details, let us indicate the most important
identities and Laplace transformation properties, which were used for the evaluation of
ỹ(t). The inverse transformation of the first term in (7.23) can be carried out using

1
s
F (s)↔

t∫
0

f(u)du (7.24)

and the following correspondence between Laplace and time domain:
1

s+ a
↔ e−at (7.25)

For the second term, one may reuse the result for the first term, together with the time-
shifting property of the Laplace transformation,

e−t0sF (s)↔ f(t− t0)Θ(t− t0), (7.26)

where Θ(t) is the Heaviside step function, which is 0 for t < 0 and 1 otherwise. Fi-
nally, to transform the third term back to the time domain, one may rely on the Laplace
transformation pair

eat sinh (bt)↔ b

(s− a)2 − b2
(7.27)

and the time-shifting relation (7.26). Inserting sinh x = 1/2 (ex − e−x) leads to a consid-
erable simplification of the result here.

With all this, summing up the three terms of Eq. (7.23) transformed back into the
time domain yields

ỹ(t) =


1 t < t0

1
1− 1

ωcτ

e−
t−t0
τ +

(
1− 1

1− 1
ωcτ

)
e−ωc(t−t0) t ≥ t0

(7.28)

which can be further simplified to yield the final result for the bandwidth-limited ring-down
signal ỹ(t) as

ỹ(t) =

1 t < t0
1

ωcτ−1

(
ωcτe−

t−t0
τ − e−ωc(t−t0)

)
t ≥ t0

(7.29)

Naturally, for an infinite system bandwidth ωcτ →∞, ỹ(t) = y(t) and the unbiased signal
of Eq. (7.18) is retrieved. It is important to note that the first derivative at t = t0 van-
ishes for any value of ωc and τ : ẏ(t)|t=t0 = 0. This means that the introduction of a finite
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bandwidth, which is present in any real physical system, does away with the unphysical
non-differentiable behavior of the idealized ring-down signal in (7.18) at t = t0.

To understand the bias of a finite system bandwidth on cavity ring-down time mea-
surements quantitatively, let us use the notion of instantaneous apparent ring-down time
τ̃ developed in Section 7.3, according to Eq. (7.12):

τ̃(t) = −y(t)
ẏ(t) =

τe− t
τ − 1

ωc
e−ωct

e− t
τ − e−wct

, (7.30)

where t0 ≡ 0 was assumed for the sake of simplicity, without loss of generality. Equation
(7.30) exhibits a strong t-dependence of the apparent instantaneous ring-down time due
to the fading of the limited-bandwidth effect with growing t. It is most useful to express
this bias in terms of a relative systematic error ξ:

ξ = τ̃ − τ
τ

=
1− 1

wcτ

e(ωc− 1
τ )t − 1

(7.31)

Let us now introduce an accuracy target p, requiring a relative systematic bandwidth-
related error ξ < p for the ring-down measurement. Then, Eq. (7.31) implies a minimal
waiting time tw between the ring-down trigger at t = 0 and the ring-down time determi-
nation at t ≥ tw, typically by means of an exponential fit. Letting ξ = p in Eq. (7.31)
yields the following relationship between p, τ , tw and ωc:(

ωc −
1
τ

)
tw = ln

(1− ωcτ
p

− 1
)

(7.32)

In the limiting case of an accurate measurement p� 1 in a well-designed system ωcτ � 1,
whose bandwidth is big compared to the ring-down time, the result can be simplified using
first-order expansions in these parameters, yielding the succinct expression

tw ≈ −
ln p
2πνc

(7.33)

This provides the interesting and useful insight that tw is nearly independent of τ as long
as ωcτ � 1 is fulfilled. Furthermore, by combining Eq. (7.33) and Eq. (7.18), the accuracy
may be related to the relative fitting threshold y(tw)/y(0) through

p ≈
(
y(tw)
y(0)

)2πνcτ
(7.34)

In the light of the findings, typical potential bandwidth limitations in cavity ring-down
spectroscopy shall be discussed quantitatively in the following, on the concrete example
of the OFFS-CRD spectrometer presented in this thesis.

7.4.1 Photodiode bandwidth

The ring-down detection photodiode and amplifier circuit are at the heart of cavity ring-
down measurements and their noise, linearity and bandwidth properties often direclty limit
those of the cavity ring-down measurement. We have therefore measured the bandwidth
of the detection photodiode setup used for OFFS-CRDS to ensure that it is sufficient for
guaranteeing accurate ring-down measurements.



7.4. BANDWIDTH LIMITATIONS 131

The setup consists of an indium gallium arsenide (InGaAs) photodiode with a home-
made transimpedance amplifier whose gain can be switched to either 91 kΩ, that is two
resistors of 91 kΩ and 1 MΩ, respectively, in parallel, or 1 MΩ using an optocoupled switch
and a 0/+ 5 V TTL (transistor-transistor logic) control signal. The bandwidth measure-
ment was carried out by focussing the light from an infrared LED (light-emitting diode) on
the photodiode, while modulating the LED driving current at different frequencies. The
modulation bandwidth of the LED was well over 10 MHz in this experiment. To reveal the
bandwidth limitation of the photodiode-amplifier system, a 1-s-long logarithmic frequency
sweep spanning five decades was programmed on an arbitrary waveform generator and fed
to the LED current driver modulation input. The resulting LED output power modulation
was picked up by the photodiode, and the voltage output signal from its transimpedance
amplifier circuit was recorded at a sampling rate of 1 GHz by means of an AC-coupled
Tektronix digitizer oscilloscope. The result of this measurement at two different tran-
simpedance amplifier gain values is shown in Fig. 7.2, with the AC-coupled voltage signal
normalized to its maximum value. The first-order bandwidth of the photodiode-amplifier

Figure 7.2 AC-coupled photodiode signal for an intensity-modulated LED undergoing a
one-second logarithmic modulation frequency chirp. One measurement was carried out
for each of two transimpedance amplifier gain values (red and blue curves). The resulting
effective photodiode bandwidth frequencies νc91 kΩ and νc1 MΩ are reported in the figure.

system follows from the experimental curves by locating the half-maximum intersection
of the signal envelope, which monotonously decreases with modulation frequency. This
−3 dB criterion for finding νc is illustrated by the dashed lines in Fig. 7.2 and yields a
bandwidth of 320 kHz at 1 MΩ and 4.0 MHz at 91 kΩ. The latter is slightly higher than
the 3.5 MHz expected for a constant gain-bandwidth product.

Finally, let us turn to the implications of these results for our OFFS-CRDS setup.
According to Eq. (7.33), a 10−6-accuracy level ring-down time measurement requires
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waiting times tw91 kΩ = 0.5µs and tw1 MΩ = 7µs, respectively. Therefore, even the high-
gain bandwidth is sufficient for making highly accurate ring-down measurements, provided
that a waiting time of approximately 7 µs before exponential fitting is respected. For
strong intracavity absorption, this becomes a non-negligible fraction of the ring-down
time, implying a maximum fitting threshold of 50% of the peak signal for a typical very
low ring-down time of 10µs, for instance. In practice, all metrology-grade OFFS-CRDS
measurements were carried out at a transimpedance gain of 91 kΩ. The corresponding
waiting time of 0.5 µs is three times shorter than the shortest sampling interval of the
National Instruments PCI-6281 card used for ring-down signal acquisition. By virtue
of this fact and according to Eq. (7.33), working at a transimpedance gain of 91 kΩ
guarantees that there is no deterioration of ring-down time accuracy in OFFS-CRDS due
to photodiode-bandwidth effects.

7.4.2 Low-pass filtering

Inserting a low-pass filter before analog-to-digital conversion is imperative for avoiding
aliasing of higher-frequency noise components in the discrete digitized signal. Further-
more, a low-pass filter reduces the bandwidth of white technical noise, leading to a pro-
portional reduction in noise variance. While an analog low-pass filter before the ADC is
thus necessary and beneficial, care must be taken to avoid the bandwidth issues in ring-
down time determination discussed above.

In OFFS-CRDS, the analog bandwidth of the National Instruments PCI-6281 card
used for ring-down acquisition amounts to 750 kHz by default. In this case, Eq. (7.33)
requires a waiting time of 3µs between ring-down triggering and exponential fitting for
an accuracy of 10−6. If a photodiode gain of 1 MΩ is chosen, that bandwidth limitation
dominates. Therefore, let us focus on the case of 91 kΩ, where transmission photodiode
signal levels typically allow measuring ring-down times down to 60µs. Consequently,
a waiting time of 3µs corresponds to a fitting threshold of over 95%, which is entirely
sufficient for precise ring-down measurements. The PCI-6281 acquisition card also features
a built-in low-pass filter with νc = 40 kHz, which is a very attractive choice for ultra-low-
noise ring-down measurements. When it is activated, the resulting noise level reduction
allows working at the digitized noise of the acquisition card with effective 18-bit resolution,
corresponding to observed photodiode signal dark voltage root-mean-square noise levels
down to 13µV. However, when accuracy is an issue, using this low-pass filter becomes
problematic. Inserting p = 10−6 and νc = 40 kHz in Eq. (7.33), one obtains a waiting
time tw = 55µs. For the case of τ = 60µs discussed above, this would correspond to very
low fit threshold of 40% in order to meet the accuracy goal. This can be sufficient under
certain conditions, and the accuracy criterion may be enforced by discarding the number
of first ring-down data points corresponding to the respective waiting time. In practice,
all metrology-grade absorption spectra by OFFS-CRDS were recorded at full 750-kHz
bandwidth, again excluding any deterioration of accuracy by bandwidth limitations.

7.5 Imperfect signal extinction

Theoretical treatments of CRDS in textbooks and in the literature, but also the ones
in this thesis, generally assume - either implicitly or explicitly - an ideal interruption or
switch-off of the light source used for injecting light into the ring-down cavity before trig-
gering the ring-down event. This idealization is twofold, requiring both an infinitely fast
switch-off at t = 0 and a signal that drops to strictly zero, corresponding to an infinite ex-
tinction ratio, as described mathematically by a Heaviside step function Θ(−t). In reality,
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this picture is naturally only partially fulfilled and the elements of the experimental setup
lead to a finite switch-off time of the light source down to a finite signal extinction ratio.
Then, the residual cavity injection interferes with the resonant intracavity field, leading
to fluctuations of the ring-down signal, which bias the ring-down time determination by
exponential fitting.

The condition of switching off the input field much faster than the cavity ring-down
time was analyzed theoretically in the seminal paper by Anderson, Frisch and Masser
[162], whose decay-time mirror reflectometer was the foundation for all future CRDS
developments. The impact of finite extinction, in turn, was studied both theoretically
and experimentally by Huang and Lehmann [207]. They considered the general case
∆νLτ � 1 of a noisy laser whose linewidth ∆νL is big compared to the cavity modewidth
∆νC = 1/(2πτ), here expressed in terms of the cavity ring-down time τ . Consequently,
the authors carry out a statistical analysis of the random process of cavity injection and
present an explicit treatment of effects due to the sweeping of the laser through cavity
resonance with the cavity, or vice-versa. Due to the noisy cavity injection in this limit
discussed in greater detail in [164], the transmitted-intensity threshold for triggering a
ring-down event Ith can be bigger than the time-averaged transmitted intensity I0. The
ratio between the two values should not be much bigger than unity, as ring-down events
become less frequent with growing Ith.

On this basis, the authors deduce the single-shot root-mean-square noise σk in the
cavity decay rate k = τ−1 as a function of the inverse power extinction ratio εr of the light
switch used for generating ring-down events, with εr � 1. In the case of ring-down fitting
with equal weights for all data points, which is appropriate in a technical-noise-limited
regime (cf. Section 6.3.1), they find(

σk
k

)2
= 64

27
I0
Ith

εr (7.35)

The effect scales with the amplitude of the residual cavity injection proportional to √εr,
as intuitively expected for a ring-down signal deformed by heterodyne interference. In the
case of shot-noise-limited ring-down acquisition, where a weighted least-squares fit of the
decay signal must be carried out (cf. Section 6.3.1), the prefactor of the result is slightly
different: (

σk
k

)2
= 4 I0

Ith
εr (7.36)

In [207], Huang and Lehmann also report CRDS experiments with variable laser-
off extinction ratio εr for verifying these results experimentally. They use a standard
continuous-wave CRDS setup with an acousto-optic modulator (AOM) acting as a fast
switch for triggering ring-down events. The radio frequency (RF) signal driving the AOM
is generated using a dedicated setup composed of two RF switches, a step attenuator, a
power splitter and an amplifier, allowing full experimental control over the effective RF
attenuation during the laser-off period for the ring-down measurement. In this manner, εr
was varied in steps of 5 dB, while ring-down time shot-to-shot noise was characterized at
each εr value by recording 400 ring-down events. The result of this experiment is shown
in Fig. 7.3. The experimental curves are in excellent agreement with the prediction of Eq.
(7.35). At high extinction ratios, the ring-down time noise levels off, indicating that it is
no longer limited by poor input laser extinction, but by the intrinsic technical noise of the
CRD spectrometer detection and data acquisition system.

In view of these findings, great care was taken in the setup of the OFFS-CRD spec-
trometer to guarantee sufficient extinction ratios for unbiased and low-noise ring-down
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Figure 7.3 Relative variance of ring-down times measured at different laser-off extinction
ratios and comparison to theoretical predictions by Huang and Lehmann. Adapted from
[207] (Figure 2).

detection. The Mach-Zehnder modulator (MZM) proved to be an ideal tool to this end.
With its electro-optic bandwidth in excess of 10 GHz, it features intrinsic sub-ns switch-
ing times. Furthermore, the absence of a driving RF unambiguously guarantees that no
single sideband exists. Therefore, the problem of optical switching with the MZM re-
duces to finding a RF switch with sufficient suppression ratio and switching time. As
discussed in Section 6.2.5, two such switches were used for OFFS-CRDS so far, a Minicir-
cuits ZASWA-2-50DR+ with a typical extinction of 90 dB in the lower GHz range and a
Hittite HMC-C019 whose extinction still reaches 75 dB at 16 GHz. Their switching times
of 10 ns or better are completely negligible in view of the digitizer sampling interval of at
least 1.5 µs used in OFFS-CRDS so far.

With εr ≈ 10−9 for the ZASWA-2-50DR+ switch, Eq. (7.36) provides a quantitative
estimation of ring-down time noise in OFFS-CRDS due to imperfect laser-off extinction.
For the PDH-locked system, the ring-down trigger threshold is essentially identical to the
continuous locked maximum transmission level and I0 ≈ Ith ≈ 1. With these values,
Eq. (7.36) implies σk/k = 6.3 · 10−5. Switching to absorption units, and for typical
spectrometer baseline losses of 2 · 10−7 cm−1 this corresponds to an extinction-related
absorption noise prediction of 1.3 · 10−11 cm−1. This value is significantly higher than the
single-shot ring-down noise as low as 3 · 10−12 cm−1 really observed, as reported in Fig. 3
of Article 4 on page 90 and Fig. 4 of Article 5 on page 160.

We suspect that this discrepancy can be attributed to the fact that the ring-down cavity
length is locked to the stable VCOF laser in OFFS-CRDS. Therefore, to first order, there
are no frequency fluctuations leading to intensity fluctuations due to noisy cavity injection.
Instead, a tiny but continuous background transmission signal of the cavity is expected,
which should not bias the ring-down time determination. An experimental study similar
to the one by Huang and Lehmann [207] should be carried out in the future to confirm this
continuous-background hypothesis. If confirmed, this would further underline the benefits
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of OFFS-CRDS for obtaining extreme detection sensitivity. Let us note that for obtaining
the single-ring-down precision down to 3 · 10−12 cm−1 demonstrated by OFFS-CRDS, a
challenging extinction ratio of almost 100 dB would be necessary in a noisy-laser scenario
according to Eq. (7.36), for the typical value I0/Ith = 2.5 used in [207].

7.6 Transverse mode coincidences

An intriguing phenomenon occasionally occuring in CRDS is intimately linked to the trans-
verse mode structure of a high-finesse cavity [113]. At some temperatures or gas pressures
the baseline loss and single-shot ring-down noise increase. When the effect is marked, a
clear decrease in cavity transmission is also observed, hinting to an increase in intracavity
losses. Huang and Lehmann [182] explained this phenomenon in terms of the coincidence
of the resonance frequency of the TEM00 mode used for high-sensitivity CW-CRDS with
the one of another TEMmn mode, with m+ n� 1 in general.

Recalling the transverse mode resonance frequencies (2.31) of the TEMmn modes of
an ideal Fabry-Pérot resonator of length L in the paraxial approximation

νlmn = c

2n0L
·
(
l + m+ n+ 1

π
· arccos g

)
(7.37)

with the intracavity refractive index and the resonator parameter g from Section 2.4,
one sees that coincidences of TEMmn mode frequencies with those of TEM00 modes of
arbitrary longitudinal mode number l occur when the second term in the (7.37) is an
integer j:

m+ n = j · π

arccos g (7.38)

The precision needed for a coincidence to occur is given by the width of the cavity modes,
and thus the cavity finesse. However, the finesse for higher-order modes is much lower
than for the TEM00 mode due to increased losses, thereby facilitating the occurrence of
coincidence events. Furthermore, mirror astigmatism and polarization effects [113–115]
lift the frequency degeneracy of modes with same m + n in real resonators, giving rise
to multiplets with 2(m + n + 1) individual modes with various splittings. Consequently,
the simplistic Eq. (7.37) can only provide an approximate picture of the occurence of
coincidence events in high-finesse resonators.

One way of approaching the effect of transverse mode excitation in the vicinity of a
TEM00 mode is to write down the photodiode signal y(t) for a light field containing a
main TEM00 contribution with amplitude A and a tiny contribution εA with ε� 1 from
a higher-order mode in terms of the ansatz

y(t) = Ae−
t
τ + 2εAεe−( 1

2τ + 1
2τ ′ )t cos (∆t+ ϕ) (7.39)

where τ and τ ′ are the ring-down times for the TEM00 and the higher order term, respec-
tively, ∆ is the frequency separation between the nearly degenerate modes, and ϕ is the
phase difference of the fields of the two modes. The second-order term in ε was dropped in
Eq. (7.39). Assuming a non-zero beat note between the two modes with ε 6= 0 is justified
when the orthogonality between the TEMmn is lifted by the limited integration bounds
corresponding to spatial clipping of the higher order mode. Such an aperture insufficiency
may occur for instance on the detection photodiode, as the radial size of a TEMmn mode
scales as

√
m+ n+ 1w0 with the TEM00 waist radius w0 [182]. In addition, the eigen-

modes of a real resonator with mode-dependent losses are only nearly orthogonal [108].
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The ring-down signal y(t) in (7.39) may be inserted into Eq. (7.12) for estimating the
apparent ring-down time τ̃ at t = 0 in the mode beating regime:

τ̃(t = 0) = − y(0)
ẏ(t)|t=0

= τ
1 + 2ε cosϕ

1 +
(
1 + τ

τ ′
)
ε cosϕ+ 2ε∆τ sinϕ (7.40)

This expression can be further simplified by expanding to first order in ε� 1 again. Then,
the relative ring-down bias due to transverse mode beating reads

τ̃ − τ
τ

= −ε ·
((

τ

τ ′
− 1

)
cosϕ+ 2∆τ sinϕ

)
(7.41)

For ϕ � 1, this result thus predicts a decrease in ring-down time, as τ ′ < τ in general.
Huang and Lehmann have observed such mode-beatings on experimental ring-down signals
and obtained a good fit with a function equivalent to the one in 7.39, yet without dropping
the ε2-term [182]. This result is shown in Fig. 7.4.

Figure 7.4 Ring-down signal measured in CW-CRDS by Huang and Lehmann [182],
carrying a heterodyne beat note between a TEM00 and a higher-order TEMmn mode.
The excellent fit (black curve) is based on a mode-beating function similar to Eq. (7.39).
Adapted from [182] (Figure 5).

Note that mode beating alone cannot account for the global drop in signal intensity
observed during coincidence events. In [182], Huang and Lehmann propose that the phe-
nomenon bears some analogy to an avoided crossing between the energies of a two-level
system with two quantum states linked by an off-diagonal coupling term. In the case of
the cavity, such a coupling between modes arises from diffuse diffraction by mirror imper-
fections leading to an interferential speckle pattern [208], which couples energy into other
cavity modes according to projection-integral theory [106]. This coupling mechanism was
initially proposed and studied by Klaassen and co-workers [209]. They demonstrated ex-
perimentally how the coupling leads to mode-broadening and transmission reduction when
approaching degeneracy. Contrary to the interpretation by Klaassen and co-workers, we
hold that the mixing of TEM00 and TEMmn properties in the new eigenmodes arising
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from the coupling term can lead to a significant reduction in ring-down time, due to
the fact that the bigger TEMmn mode samples the imperfections of the mirror surface,
whereas the small TEM00 mode is generally aligned to the zone of lowest losses by the
experimenter. Consequently, as the coupling between the modes becomes stronger as they
approach degeneracy, losses in the new eigenmode increase and the ring-down time de-
creases. Therefore, and in the light of the findings by Huang and Lehmann [182], the
conclusion drawn by Klaassen and co-workers [209]

These effects cannot be observed by cavity ringdown experiments; this should
serve as a warning to experimentalists.

is not correct, unfortunately for cavity ring-down absorption spectroscopists.

Systematic effects on absorption measurements due to transverse mode coincidences
were also observed in NICE-OHMS (noise-immune cavity-enhanced optical heterodyne
molecular spectrometry) by Silander and co-workers [210]. In all three studies, on the
fundamentals of transverse mode coupling [209], its impact on CW-CRDS [182] and on
NICE-OHMS [210], the mode-broadening and loss-enhancement effects could be drastically
reduced by inserting an aperture with small diameter a into the cavity, thereby efficiently
suppressing the propagation of big higher-order TEMmn modes with their

√
m+ n+ 1

size scaling. The diffraction limit is characterized by the Fresnel number Nf = a2/(λL),
where λ is the wavelength. A rough estimate for the highest-order modes which can still
propagate in the cavity is then given by m + n ≤ πNf [108]. Therefore, restricting the
cavity diameter is an efficient means of increasing losses for higher-order modes, thereby
minimizing their coupling with the TEM00 mode.

Although no quantitative systematic analysis was made, several observations indicate
that transverse mode coupling effects are also a key limitation for OFFS-CRDS. When
varying the temperature of the ring-down cavity, periodic episodes of decreased ring-down
times and cavity transmission are observed, as illustrated by the measurement shown in
Fig. 7.5. The active heating and cooling of the ring-down cavity (red curve) was carried
out using the Peltier system (cf. Section (6.2.3)). The temperature changes by up to
5 °C lead to relative cavity length variations of 10−4 in view of the coefficient of thermal
expansion of aluminium, which amounts to roughly 2·10−5K−1. Under these drastic cavity
length drifts, Pound-Drever-Hall locking of the cavity on the laser would be instable due
to failure of the high-voltage tracking scheme (cf. Section (6.2.2)). Therefore, ring-down
times (black curve) were measured using simple PZT-triangle scans of slightly more than
one FSR yielding one or two ring-down events per slope as in classical CW-CRDS. To
obtain a reasonable transmission signal in spite of this inefficient cavity injection scheme,
the unshifted VCOF laser light was used by bypassing the Mach-Zehnder modulator. The
measured ring-down times reveal a plenitude of intracavity loss increase events of different
amplitude, reducing ring-down times down to below 140 µs for a normal empty-cavity
loss level corresponding to about 162 µs. The inversion of the temperature change in
the second half of the measurement reveals the reproducibility of the loss-increase events
and provides strong evidence for their interpretation on the grounds of transverse mode
coupling. The strong delay between the cavity temperature measured by five platinum
probes in the cavity bulk (cf. Section (6.2.3)) naturally does not challenge causality, but
is due to the big temperature gradients between air from Peltier cooler heating the cavity
surface and interior of the cavity. It hints at a disalignment-based component of the
cavity length changes leading to the transverse mode coincidences. This interpretation is
supported by the strong hysteresis of the ring-down time evolution, which exhibits a much
faster succession of loss events when going from high to low temperatures than vice-versa.
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Figure 7.5 Ring-down time evolution (black curve) for an empty cavity undergoing a
temperature change (red curve), exhibiting recurring Lorentzian loss-increase events at-
tributed to spectral coincidence of higher order TEMmn modes of the ring-down cavity
with the TEM00 mode. A zoom on one of the events is shown in the inset, together with
a Lorentzian fit (blue curve). Brackets indicate the reproducibility of the loss events for
some example pairs corresponding to the same coincidence. Note that five additional pairs
of corresponding coincidences are visible in the figure.

The most recent ring-down cavity (cf. Section 6.2.1) used for recording the data in
Fig. 7.5 consists of two mirrors with r = 100 cm radius of curvature spaced L = 34.5 cm
apart, corresponding to a resonator parameter g = 0.655 according to Eq. (2.30). Con-
sequently, Eq. (7.38) predicts a transverse mode coincidence within 2 · 10−3 of the cavity
FSR for j = 3 and at the mode index m+ n = 11, a coincidence within 4 · 10−3 for j = 6
and m + n = 22, and so on. According to Eq. (7.37) this would be sufficient to avoid
coincidence effects in view of the cavity finesse of 450000. However, the mirror curvature
radius value is not known to better than 1%, so that immediate coincidence cannot be
excluded. Even worse, the degeneracy lifting of TEMmn modes, giving rise to multiplets
of 2 · (m + n + 1) modes due to astigmatism and polarization as discussed above, tears
this simple picture down definitively. In the case of the TEM10 and TEM01 modes studied
by Huang and Lehmann [182], for instance, an astigmatism-related splitting of 7 · 10−4

in units of the cavity FSR was found, corresponding to sub-percent imperfections in the
mirror curvature. To first order, this effect is expected to scale with m + n, leading to
TEMmn multiplets of considerable frequency extension. The current OFFS-CRDS cav-
ity inner diameter 8 mm has a Fresnel number of Nf = 29, implying that cavity modes
with m + n ≤ πNf ≈ 91 can propagate in the cavity without huge diffraction losses.
Consequently, the transverse mode structure of the present cavity provides an extremely
unfavorable configuration for OFFS-CRDS, as confirmed by the observed dense pattern
of transverse mode coincidences shown in Fig. 7.5.
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For a quantitative analysis of this mode structure leading to a precise determination
of the mirror parameters and a cavity mode assignment of the observed coupling reso-
nances, some meticulous work is still necessary for thoroughly representing the complex
transversal mode frequency structure of a real cavity to high orders in TEMmn, taking
both scalar-field astigmatism splittings [113] and polarization-related splittings [114, 115]
into account. While certainly cumbersome, such an analysis would have the benefit of
providing one of the most stringent experimental tests of optical resonator physics beyond
the paraxial approximation to date [114].

To conclude, let us discuss a pragmatic strategy to try and remedy biases related
to transverse mode coincidences in future versions of OFFS-CRDS. Firstly, a pinhole of
3.2 mm diameter could be inserted at the middle of the cavity, reducing the Fresnel number
of the system to Nf = 4.6, allowing only transverse modes with m+ n ≤ 14 to propagate
in the cavity with negligible diffraction losses. Secondly, one may tailor the transverse
mode frequency structure of the cavity in order to avoid coincidences of the TEM00 mode
with any of the multiplets with m+n ≤ 14 by setting arccos g/π in Eq. (7.37) to 0.93, for
instance. In practice, such a near-concentric cavity configuration can be realized with two
r = 25 cm mirrors and a cavity length of L = 49.4 cm. With a mirror curvature precision
better than 1%, such a cavity is stable and should render transverse mode coincidences
with non-negligible impact impossible.

7.7 Polarization mode mismatch

In Section 3.2.1, an experiment resolving the polarization splitting of the TEM00 mode
of a macroscopic high-finesse Fabry-Pérot resonator was presented. Here, we shall discuss
the impact of such splittings on CRDS.

In the literature, Huang and Lehmann have carried out a systematic study of linear
birefringence- and polarization-dependent losses of CRDS mirrors [148]. Importantly, the
authors confirmed that stress-induced birefringence is the dominant mechanism lifting the
polarization degeneracy of the TEM00 mode of macroscopic high-finesse cavities, typically
used in highly sensitive CRDS experiments. Modelling the birefringence and polarization-
dependent losses of the mirrors using a Jones matrix formalism [211], they derived an
analytic expression for the polarization mode splitting of the two nearly linear polariza-
tion eigenmodes with slightly different losses. The authors validated their analysis with
an extensive experimental study on the dependency of output polarization and measured
ring-down times on cavity mirror orientation and input polarization. However, an explicit
deformation of the ring-down signal due to the heterodyne beating between light fields
from the two polarization eigenmodes of the cavity could not be observed directly in the
study by Huang and Lehmann. This was attributed to the fact that the TEM00 frequency
splitting was too small [148].

Here, we shall focus on a direct analysis of the impact of polarization mode beating on
ring-down determination. First, a theoretical treatment is made for obtaining an explicit
expression for a ring-down signal originating from light from both polarization eigenmodes
of a cavity. Second, we present an experimental study providing, to the best of our knowl-
edge, the first direct observation of polarization mode-beating in CRDS. Then, a mea-
surement of related ring-down time biases is reported and compared with the theoretical
description. Finally, a simple experimental protocol for ensuring an optimal matching of
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the input laser polarization to one of the cavity TEM00 polarization eigenmodes is given,
and its effectiveness for eliminating polarization biases in CRDS is demonstrated.

7.7.1 Theoretical analysis

A theoretial framework for the description of the two polarization eigenmodes e1 and e2
was provided by Huang and Lehmann in [148]. Here, let us denote the frequency splitting
of the TEM00 mode doublet by ∆ and their Lorentzian full-width-at-half-maximum as Γ1
and Γ2, respectively. Recalling Eq. (5.20), these cavity modewidths are related to the
ring-down times τ1,2 by

τ1,2 = 1
2πΓ1,2

(7.42)

As the difference in losses for both modes is small [148], it is useful to introduce the small
parameter γ loss difference γ so that

Γ2 = Γ1 + γ (7.43)

quantifying the difference in losses between both polarization modes.

On this basis, let us now study the shape of a ring-down signal when the light field
exciting the ring-down cavity is not in one of the two polarization eigenstates of the cavity.
One may arbitrarily choose the mode of lower frequency ν to have τ = τ1 and Γ = Γ1
without loss of generality. Furthermore, let us assume that the polarization state of the
exciting laser field is close to this polarization eigenmode of the cavity. Then, the electric
field amplitudes transmitted through the cavity during a ring-down event can be written
as

E1 = Êe−
1
2
t
τ e−i2πνt (7.44)

E2 = κÊe−
1
2
t
τ e−πγte−i2π(ν+∆)t+ϕ0 (7.45)

where Ê and κÊ are the amplitudes in the first and second polarization mode, respec-
tively, and κ is a real number between 0 and 1. Let us note that, due to the overlap of the
Lorentzian modes of the doublet (cf. Section 3.2.1), a non-zero amplitude fraction κ� 1
can be present in the second mode even for an infinitely narrow laser perfectly locked to
the peak of the main polarization mode. An explicit study of the mode excitation process
with an expression for κ and the relative phase ϕ0 between the two fields at t = 0 is
beyond the scope of this analysis.

On the CRDS detection photodiode, the electric fields from both modes of the polar-
ization doublet interfere, yielding a photodiode signal S(t) which reads

S(t) ∼ (Re(E1e1) + Re(E2e2))2 = (Re (E1))2+(Re (E2))2+2Re (E1e1)·Re (E2e2) (7.46)

In spite of the losses in the system leading to e1 · e2 6= 0, this signal is generally very
weak, as an approximate orthogonality between both polarization modes still holds [148].
Therefore, let us consider the case where a linear polarizer with transmission axis e0 is
introduced between the cavity and the photodiode. In this special case, which will be
important in the next section, the expression for the photodiode signal takes the altered
form

S(t) ∼ (Re(E1e1 · e0) + Re(E2e2 · e0))2

= (Re (E1e1 · e0))2 + (Re (E2e2 · e0))2 + 2Re (E1e1 · e0) Re (E2e2 · e0) (7.47)
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To illustrate the difference between both cases, let us consider the example of two orthog-
onal linear polarizations and the polarizer oriented at 45° with respect to both. Then
Eq. (7.46) yields S(t) ∼ (Re (E1))2 + (Re (E2))2, whereas Eq. (7.47) yields S(t) ∼
1/2

[
(Re (E1))2 + (Re (E1))2 + 2Re (E1) Re (E2)

]
.

As the following derivation is analogous in both cases, let us concentrate on the im-
portant second case with a polarization analyzer here. Inserting the expressions (7.44)
and (7.45) for the electric field amplitudes into Eq. (7.47), the photodiode signal can be
written as

S(t) ∼ 1
2Ê

2e−
t
τ

(
p2

1 + κ2p2
2e−2πγt + 2κp1p2e−πγt cos (2π∆t+ ϕ0 + ϕ2 − ϕ1)

)
(7.48)

where the polarization scalar products have been expressed as e1 ·e0 = p1eiϕ1 and e2 ·e0 =
p2eiϕ2 and rapidly oscillating terms such as cos2(2πνt) have been replaced by their time
average 1/2. Abbreviating the phase ϕ = ϕ0 +ϕ2−ϕ1 of the oscillating term, introducing
the signal amplitude A ∼ 1/2Ê2p2

1 and the coupling parameter ε = p2/p1κ, one retrieves
the following expression for the photodiode signal:

S(t) = Ae−
t
τ

(
1 + ε2e−2πγt + εe−πγt cos (2π∆t+ ϕ)

)
(7.49)

Therefore, in the presence of light from both polarization eigenmodes of the cavity and a
polarization analyzer projecting the two polarization onto a common axis, oscillations at a
frequency equal to the mode splitting ∆ appear on the ring-down signal, which is no longer
a pure exponential. In the case without a linear polarizer behind the cavity, the factor
ε2 in Eq. (7.49) needs to be replaced by an additional independent parameter. However,
as discussed above, the effect on the ring-down signal is generally much smaller in this case.

To conclude, let us examine the impact of the non-exponential signal S(t) in (7.49),
exhibiting polarization-related oscillations, on the determination of the cavity ring-down
time τ by exponential fitting. As discussed in Section 7.3, a simple analytic approximation
for the apparent ring-down time of a nearly exponential signal is given by Eq. (7.12).
Inserting the signal (7.49) which exhibits polarization oscillations, one obtains the following
rough estimate for the apparent ring-down time τ̃ ≡ τ̃(t = 0):

τ̃ =
(
τ−1 + 4π2∆ε sinϕ

1 + ε2 + 2ε cosϕ

)−1

(7.50)

In the special case of orthogonal linear polarization eigenmodes of the cavity, the two
polarization projections in Eq. (7.48) can be written as p1 = cosϑ and p2 = sinϑ in terms
of the orientation ϑ of the polarization analyzer with respect to the polarization of the
first cavity eigenmode. Inserting these expressions into the coupling parameter ε yields

ε = p2/p1κ = κ tanϑ (7.51)

To obtain a simple analytic expression, we will exclude the divergent case ϑ→ 90° in the
following by requiring ε � 1. This implies κ � 1, that is an injecting laser field which is
almost polarization-matched to the first eigenmode of the cavity. To first order in ε, the
denominator of Eq. (7.50) can then be taken as unity, yielding

τ̃ = τ

1 + 4π2κ∆τ sinϕ tanϑ (7.52)

Finally, one may again use ε = κ tanϑ � 1 for a series expansion of the denominator to
first order, yielding the final result for the approximate biased ring-down time τ̃ :

τ̃ = τ
(
1− 4π2κ∆τ sinϕ tanϑ

)
(7.53)
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The apparent ring-down time τ̃ is thus expected to exhibit a bias scaling as tanϑ under a
variation of the polarization analyzer angle ϑ.

7.7.2 Experimental results and polarization matching

For obtaining optimal cavity transmission in OFFS-CRDS, one generally aligns the
polarization-maintaining fiber carrying the VCOF laser beam so that it mostly injects
one of the two polarization eigenmodes of the cavity. In this case κ� 1 of weak coupling
into the second polarization mode and with the approximate orthogonality of the two
modes |e1 · e2| � 1 the non-exponential perturbation signal in Eq. (7.46) is very small.
Under certain conditions, it can be discerned as a structure in the fit residuals after
averaging hundreds of ring-down events, which is often still compatible with acquisition
card nonlinearity specifications.

As discussed in the previous Section, one may place a linear polarizer between ring-
down cavity and detection photodiode in order to enhance and study polarization-dependent
effects and biases in CRDS. The polarizer projects the electric field amplitudes from the
two polarization modes of the TEM00 doublet onto a common axis for maximizing their
interference signal. Such an experiment with our OFFS-CRDS setup is shown in Fig.
7.6, using a photodiode transimpedance gain of 1 MΩ to compensate for the strong signal
attenuation by the polarization analyzer rotated by 70° with respect to maximum trans-
mission.

Figure 7.6 Experimental cavity ring-down signal with a linear polarizer placed between
cavity and photodiode (upper panel). Residuals for a simple exponential fit and a fit
using the function in Eq. (7.49), which takes into account the effect of polarization (lower
panel). The ring-down times resulting from both fits are indicated in the figure.

Its upper panel shows a ring-down signal with sampling intervals of 1.5µs obtained by
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averaging 3000 individual events at equal trigger threshold. The oscillating fit residuals
from a simple exponential fit (red diamonds) reveal a drastic deformation of this ring-down
signal by the beating signal of the two polarization modes. Consequently, this fit with an
inadequate model yields a strongly biased ring-down time τ̃ = 190.8µs. In contrast, the
residuals from fitting with the polarization-affected ring-down signal of Eq. (7.49) (blue
circles) are perfectly flat at a root-mean-square noise level of 15µV. Importantly, this fit
yields the following realistic physical parameters:

τ = (158.64± 0.04)µs (7.54)
∆ = (734± 1) Hz (7.55)
ε = (1311± 3) · 10−4 (7.56)

The uncertainties given above are statistical and based on an error propagation in the fit
procedure. The fit according to Eq. (7.49) thus provides a very precise measurement of
the polarization mode splitting of the ring-down cavity. Expressed relative to the cav-
ity modewidth, which is Γ = (2πτ)−1 = (1003.3 ± 0.3) Hz here, this splitting amounts
to ∆/Γ = 0.732 ± 0.001, indicating a significant overlap of the two polarization modes.
Their separation is on the same order of magnitude as the ∆/Γ = 3.453± 0.004-splitting
observed for the TEM00 polarization doublet of the high-finesse etalon in Section 3.2.1.
Let us emphasize that splittings are expected to vary from cavity to cavity depending on
the birefringence-inducing stress on the cavity mirrors and the relative orientation of their
polarization main axes.

In another measurement with different input polarization, yet still roughly matched
to one ring-down cavity mode by turning the polarization-maintaining fiber port, the
polarization-induced bias on ring-down time was studied as a function of the polarization
analyzer angle ϑ. To this end, the analyzer was turned in steps of 10° and several hundred
ring-down events were averaged at each angle. The ring-down times resulting from a
simple exponential fit and from a fit according to Eq. (7.49) are reported in Fig. 7.7 as
the red diamonds and blue circles, respectively.
The fit taking polarization into account yields an unbiased RD value of τ = (158.8±0.1)µs.
In contrast, the red curve exhibits a strong tanϑ-dependency, following its theoretical
shape (7.53), as indicated by the fit equation reported in Fig. 7.7. The offset of the red
curve zero crossing at τ̃ = (158.1± 0.1)µs with respect to the unbiased value hints to the
presence of an elliptic polarization contribution. Averaging over all polarizer orientations
ϑ, the measurement in Fig. 7.7 also yields a supplementary measurement of the TEM00
polarization mode splitting

∆ = (730± 20) Hz, (7.57)

in good agreement with the result (7.55). The statistical uncertainty in (7.57) is due to
the spread of the individual measurements.

To minimize the bias due to polarization mode beating in CRDS, the polarization of
the probe laser field must be matched to one polarization eigenmode of the cavity. Then
κ = 0 and the electric field E2 in Eq. (7.45) vanishes, so that no heterodyne beating signal
can arise.

In practice, an experimenter can obtain full polarization control with high purity by
inserting a combination of linear polarizer and quarter-wave plate before the cavity. Then,
a polarization analyzer placed behind the cavity serves as an excellent discriminator for
tailoring the input polarization to an eigenmode of the TEM00 doublet: maximizing the
mode-beating signal by turning the polarizer by typically 70° with respect to its maximum
transmission axis, one may readily adjust the input polarization by hand until the beating
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Figure 7.7 Difference in ring-down times obtained by fitting with a pure exponential and
with the function of Eq. (7.49) for two different degrees of polarization-matching between
laser field and ring-down cavity. The dashed lines are fits of Eq. (7.53) to the data, with
the results indicated in the figure.

signal vanishes. This situation corresponds to a near-perfect polarization-state matching
of probe laser and ring-down cavity.

The beneficial effect of polarization mode-matching for retrieving unbiased ring-down
times is clearly visible in Fig. 7.7. The data points from fitting with a simple exponential
(empty orange diamonds) show but a very slight systematic dependence on the polarization
analyzer angle ϑ, as indicated by the dashed fit curve according to 7.53. In view of the
small effect, the polarization analyzer zero angle ϑ0 = 1.9° in the fit was fixed to the
more precise value deduced from the previous experiment with approximate polarization
matching, where the effect was much bigger. Comparing the fit equations in the roughly
and finely polarization-matched equations, one obtains the ratio of the respective coupling
coefficients κr and κf as κr/κf ≈ 21. The polarization beat signal is due to the heterodyne
interference between two fields and the effect therefore scales as κ. However, the power
in the second polarization mode scales as κ2, implying that the polarization matching of
laser and cavity in the finely adjusted case was improved by a factor of 440 with respect
to the roughly adjusted case.

This square-root-scaling of ring-down time biases with polarization matching illustrates
the difficulty of near-perfect polarization matching in practice. The manual adjustment of
the injection polarization optics is extremely sensitive and large-diameter rotation mounts
should be used. Furthermore, even very small thermomechanical drifts in the polarization
optics orientation or tiny depolarization effects due to diffuse scattering lead to the cou-
pling of light into the second mode. Tiny effects can then still be visible in the presence of
a polarization analyzer when using a low-noise detection photodiode and signal averaging,
as demonstrated by Fig. 7.7.
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Finally, without surprise, the ring-down times retrieved from the advanced ring-down
fit according to Eq. (7.49), shown as turquoise circles in Fig. 7.7, yield an unbiased value
of τ = (158.48±0.04)µs also in the case of near-perfect polarization matching. Let us note
that small differences in the ring-down times deduced from the three independent measure-
ments in this Section are not in contradiction, but simply due to slow drifts in ring-down
cavity losses over the total measurement period of several hours during which the cavity
was not temperature-stabilized due to the ongoing manual polarization adjustments.

7.8 Interference fringes due to parasite reflections and
diffuse scattering

A very common limitation of the detectivity, noise level and accuracy of absorption spec-
trometers originates from periodic sinusoidal signal modulations known as etaloning, op-
tical fringes or parasite fringes depending on authors and sources. They are due to in-
terferences of the probe field with light fields of much smaller amplitude due to parasite
reflections or diffuse scattering somewhere in the optical setup. Consequently, the peri-
odicity of the sinusoidal modulation signature corresponds to the optical path differences
between both interfering waves and can be used for identifying location and origin of each
parasite reflection. Experimental examples for such interference fringes can be seen in the
spectrometer baselines and the corresponding Fourier spectra of Fig. 5 of Article 4 on
page 90 and Fig. 5 of Article 5 on page 160, which also illustrate how parasite fringes
limit the performance of OFFS-CRDS.

To develop a quantitative picture on the origin and the impact of optical fringes, one
may consider the output of a high-finesse cavity with mirror reflectivity R = r2 in the
limit R → 1, where r is the amplitude reflection coefficient, assuming a loss-free mirror
transmission T = 1−R for the sake of simplicity. Let us place a parasite reflection site with
a tiny amplitude reflectivity coefficient ρ in the limit ρ→ 0 and a transmission θ2 = 1−ρ2

at a distance D before the cavity input mirror. For reasons which will be discussed in
detail below it is useful to also introduce an additional round-trip amplitude loss factor κ
with 0 ≤ κ ≤ 1 between parasite reflection site and cavity. Let us designate the one-way
phase shift of light in the cavity as ϕ = kL where k is the wave vector and L is the cavity
length. Analogously, Φ = kD shall be the one-way phase shift for a light wave travelling
between the cavity input mirror and the parasite reflection site.

On this basis, one may examine the impact of the parasite reflection ρ and the loss
factor κ on the transmission of this coupled system of one low-finesse and one high-finesse
cavity as a generalization of the derivations of the Airy function (2.34) (cf. [116], for
instance). The following derivation sets aside the effect of absorption for the sake of
simplicity, but it can readily be generalized to take absorption α into account by inserting
the appropriate multiplicative terms such as e−αL in the ansatz (7.58).

In the steady state, the field amplitude Eout transmitted by the high-finesse cavity can
be written in terms of the incoming amplitude Ein before the parasite reflection site as

Eout
Ein

= θeiΦ
(

1− rκρei2Φ +
(
−rκρei2Φ

)2
+ ...

)
t2eiϕ

(
1 + r2ei2ϕ + (r2ei2ϕ)2 + ...

)
(7.58)

In words, the transmission of the cavity is the infinite sum of amplitude contributions from
a growing number of round-trips inside the cavity, and this, in turn, for an infinite sum
of input amplitude contributions due to the parasite reflection. The corresponding terms
can be factored out, as all of these input amplitude contributions eventually perform the
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same round-trip pattern in the cavity. The infinite sums in Eq. (7.58) are geometric series,
leading to the following simplification in terms of analytic expressions:

Eout
Ein

= θt2eiΦeiϕ
(1 + rκρei2Φ)(1− r2ei2ϕ) (7.59)

The light intensity transmitted through the cavity is proportional to the absolute value
squared of Eq. (7.59). It is useful to introduce ε = 1−R with ε� 1 in the present high-
finesse limit, which also implies ϕ � 1 for non-zero cavity transmission. Then, various
fractional and trigonometric expressions can be expanded to leading order in the small
quantities ρ, ϕ and ε, leading to considerable simplifications after some lengthy algebra
which shall be omitted here. Eventually, one finds the transmissivity of the cavity as∣∣∣∣EoutEin

∣∣∣∣2 ∼ 1
ϕ2 + 1

4
ε2

1−ε+2κρ cos(2Φ)
, (7.60)

which is a Lorentzian function in ϕ with a full width at half maximum (FWHM) of

∆ϕFWHM =
√

ε2

1− ε+ 2κρ cos (2Φ) (7.61)

The resulting cavity modewidth is then retrieved using the dispersion relation φ = kL =
2πLν/c:

∆νFWHM = ∆ϕFWHM ·
c

2πL (7.62)

and the corresponding cavity ring-down time τ = 1/(2π∆νFWHM ) reads

τ = τ0 + κρL

εc
cos (2kD) (7.63)

with the ring-down time of the isolated cavity τ0 given by Eq. (5.4), after expansion
to first order in ε in the present high-finesse limit. Equation (7.63) thus describes an
optical parasite fringe on the ring-down time with a period λ/2 when varying the distance
D. According to the dispersion relation k = 2πν/c, the fringe period with respect to
a frequency change of the laser equals ∆νfringe = c/(2D), which is the optical fringe
analogon of the free spectral range in Eq. (2.32). The amplitude τ̂ = κρL

εc of this fringe is
best expressed in relative units, yielding

τ̂

τ0
= κρ (7.64)

in the limit R → 1. With κ = 1 when there is no obstacle between parasite reflection
site and cavity, this astonishingly simple result yields a direct estimate for the parasite
reflectivity corresponding to a certain fringe amplitude and vice-versa. For instance, the
optical circulator used in OFFS-CRDS (AFW model CIR-PM-1590-C-5-2), as discussed
in Article 4 on page 90 and in Article 5 on page 160, has specified return losses better
than -50 dB, implying ρ =

√
10−5. For a spectrometer baseline of α0 ≈ 2 · 10−7 cm−1

expressed in absorption units, this corresponds to a fringe amplitude of 6 · 10−10 cm−1,
perfectly matching the observations. The amplitude of this circulator fringe exhibits vari-
ations over time, hinting to an interferometric phenomenon inside the circulator leading
to a modulation of effective return losses. Inserting a neutral density filter with an optical
depth of 0.5, corresponding to an intensity loss by a factor of three per passage, the fringe
amplitude could be reduced by that same factor, as expected according to Eq. (7.64) with
κ =

√
(1/3)2 = 1/3 for two passages through the density filter per fringe-etalon round-

trip. For experiments with sufficient input power level, this proved to be a beneficial choice
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allowing a considerable reduction of the averaging times needed for both fringe-scrambling
schemes discussed in detail in Article 5 on page 160.

In the case of a neutral density filter, κ is due to a bidirectional signal attenuation and
reduces the fringe amplitude at the expense of a loss in optical power by the same factor,
as indicated above. However, κ < 1 can also be implemented by means of an optical
isolator. Equation (7.64) illustrates how high-end double-stage isolators with κ ≤ 10−3

lead to a very efficient suppression of parasite fringes. Unfortunately, this would come at
the expense of losing the Pound-Drever-Hall signal in cavity reflection in a setup based on a
fibered circulator, such as the current realization of OFFS-CRDS. In such a situation, fiber-
coupled PDH-detection could be abandoned by inserting an adequate free-space optical
isolator, whose lateral exit port provides the cavity reflection beam for free-space PDH
signal detection.

7.9 Spectroscopic interference from unresolved absorption
background structures

A very important bias source in practice does not come from the CRD measurement sys-
tem itself, but from real physical background loss structures with a seemingly chaotic
spectrum. We suspect that such background spectra might be due to the presence of
heavier, probably organic molecules exhibiting a complex, partially resolved near-infrared
spectrum. An impressive experimental observation of this effect by OFFS-CRDS is shown
in Fig. 7.8.
The right side of the spectrum, before the pumping event evacuating the cavity, is the
measured CRD spectrum of 4 Pa CO2 in 44 Pa of a gas of unknown composition due to
outgassing and periodic leakage into the cavity (cf. Section 6.2.4). In the middle of the
44-min scan, the valve isolating the cavity from the pumping system was opened, lead-
ing to a rapid pressure drop back towards zero inside the cavity. The spikes in pressure
and absorption which are visible in the vicinity of the pumping event are due to the fact
that the spectrum was not recorded with monotonously decreasing frequency, but with
the spectral interlacing approach discussed in Section 6.3.2. The most immediate effect
visible on the left side of the spectrum, after pumping, is a strong reduction of intracavity
losses by the elimination of a continuous absorption background due to the intracavity
gas. It is interesting to note that the spectrum provides real-time monitoring information
on the residual CO2 concentration in the cavity during the pump-down process: The CO2
line at 6214.0 cm−1 has an observed peak absorption of 2.7 · 10−11 cm−1, corresponding
to a CO2 partial pressure of 3 Pa. This is higher than the measured total pressure of 0.6
Pa, thereby indicating a strong pressure gradient during pump-down between cavity and
pressure gauge, as expected for the older cavity version with only one vacuum port used
in this measurement (cf. Section 6.2.4). Five minutes later, at the much stronger line at
6213.87 cm−1, no absorption signal can be descerned beyond the baseline noise level of
5 · 10−12 cm−1. This yields an upper bound for CO2 partial pressure of 0.5 mPa.

Most important for the present consideration, however, is the astounding decrease in
(pseudo-)noise on the absorption baseline by a factor of ten after the pumping event. This
reveals that the baseline structure before pumping was not limited by random noise or
optical fringes, but by a real absorption signature with a very complex, yet partially re-
solved structure. The size of the measurement bias due to this effect is hard to predict
in advance, but the measurement demonstrates that it can easily introduce a systematic
error ten times as big as the intrinsic spectrometer noise level. Consequently, spectro-
scopic interference from such parasite background structures may constitute the dominant
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Figure 7.8 CRDS spectrum (black curve) with a frequency stepping resolution of 1.7 ·
10−3 cm−1, showing a drastic baseline change when evacuating the cavity. Before pumping,
the cavity contained 4 Pa of CO2 in 44 Pa of an unknown gas mixture due to outgassing
or potential leakage. The intracavity pressure is reported as the gray curve (right axis).
CO2 absorption line strengths in this spectral interval according to the HITRAN 2012
database [212] are indicated as vertical bars. The root-mean-square noise levels on the
baseline before and after pumping are indicated above the spectrum.

contribution to total systematic uncertainty in linewidth or integrated absorption mea-
surements under certain conditions. The effect must imperatively be taken into account in
the error analysis and budget for any metrological application, as overfitting of absorption
lines might erroneously assimilate the background structure into an advanced line profile,
thereby biasing its physical parameters.

Several strategies for limiting the impact of this bias source can be envisaged. From
an empirical point of view, one may observe the fingerprint spectrum arising over time
with increasing pressure to subtract it from the measured spectra in later measurements.
This approach, however, is prone to fail as soon as the gas composition leading to the
background spectrum changes, rendering the measured fingerprint obsolete. Working in
a steady flow of sample gas is an efficient experimental solution tackling the problem
at its origin. Unfortunately, it is not applicable to all experimental circumstances, for
example in the case of a very precious, small sample. Finally, a hard but rewarding
approach to minimizing the effect lies in optimizing the vacuum system, by eliminating
outgassing sources as well as virtual and external leaks (cf. Section 6.2.4). Indeed, the
effect discussed here was observed to be much smaller in the most recent ring-down cavity
with the optimized vacuum setup discussed in Section 6.2.4.
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Chapter 8

Broadband rovibrational
spectroscopy and advanced
absorption line shapes

In this chapter, some proof-of-principle applications of OFFS-CRDS in molecular spec-
troscopy will be presented. Here, a main focus is put on broadband spectroscopy over
a spectral interval of several nanometers on the one hand and on a precision study of
an isolated absorption line shape on the other hand. Saturated-absorption experiments
which were made by OFFS-CRDS, in particular applied to kHz-accuracy line center fre-
quency measurements for CO2, will be discussed in great detail in the dedicated Chapter 9.

Here, we will begin by introducing some very basic notions of molecular absorption
spectroscopy. This discussion is intended to lay the foundation for this and the following
chapters. Clearly, it can neither outstrip nor substitute the systematic and exhaustive
treatments made in classical textbooks on the matter [161, 213, 214], which are highly
recommended to the novice reader for further study. In the second part of this chapter, an
article targeting metrological applications of OFFS-CRDS in absorption spectroscopy is
presented. It contains the proof-of-principle measurements mentioned above, and an anal-
ysis of the experimental techniques needed for putting them into practice with supreme
precision. Perspectives for specific applications beneficial to various currently open re-
search questions are discussed in the foreword preceding the article.

8.1 Some basics of rovibrational absorption spectroscopy

A molecule is a bound system composed of atomic nuclei and electrons. In view of the
proton-to-electron mass ratio mp/me ≈ 1836, their masses are separated by three orders of
magnitude. In their seminal contribution [215] on the quantum theory of molecules, Max
Born and Robert Oppenheimer showed that this mass disparity naturally gives rise to an
energy hierarchy of molecular motion in terms of an expansion in powers of 4√me/mnuc,
where mnuc is an average nuclear mass. They demonstrated that the Hamiltonian govern-
ing the motion of molecules can thus be decomposed in good approximation as

H = Hel +Hvib +Hrot (8.1)

in the rest frame of the molecule. The energy contribution Hel of electronic motion dom-
inates, while the nuclear motion Hamiltonians Hvib for vibration and Hrot for rotation
correspond to higher orders of the aforementioned expansion.

151



152 CHAPTER 8. BROADBAND SPECTROSCOPY AND LINE SHAPES

Transitions between energy eigenstates of the Hamiltonian (8.1) separated by ∆E
give rise to the absorption or emission of a photon, a discrete quantum of light obeying
Einstein’s frequency-energy relation

∆E = hν = hc

λ
= hcν̃ (8.2)

with Planck constant h, speed of light c, frequency ν, wavelength λ and wavenumber ν̃.
The second equality in Eq. (8.2) is based on the dispersion relation (2.2).

To provide very rough orders of magnitude for the energies in play, transitions be-
tween electronic energy levels typically correspond to a photon energy between 1 and 10
eV, placing them in the visible or ultraviolet range of the electromagnetic spectrum. Vi-
brational transitions are generally found for spacings between 0.1 and 1 eV in the near-
and mid-infrared, whereas rotational transitions are associated with microwave photons
with typical energies between 0.1 meV and 0.1 eV. A practical rule of thumb for converting
energies to wavenumbers and vice-versa is 1 meV ≈ hc · 8 cm−1.

In the following, we will focus on studies in the near infrared, where so-called rovibra-
tional transitions are located, which combine both vibrational and rotational excitation.
A basic description of the rotational energy levels of a linear molecule can be obtained by
considering a rigid rotor, as illustrated on the left of Fig. 8.1.

Figure 8.1 Left: Simple classical picture of molecular rotation for a linear diatomic or
triatomic molecule, such as CO2. Right: Harmonic oscillator potential as a first-order
framework for describing molecular vibration. The anharmonic Morse potential [214]
comes closer to reality by taking the diverging repulsion at zero separation and the un-
bound asymptotic state at infinite internuclear separation into account. Figure based on
[216].

The classical expression for the kinetic energy of such a rigid rotor with two masses m at
a separation R, rotating at an angular momentum L, is given by the Hamiltonian

Hrot = L2

2I (8.3)

where I is the moment of inertia I = µR2 of the rotor, with the reduced mass µ = m/2.
Replacing the angular momentum L by a quantum-mechanical operator L̂ with canonical
commutation relations [217], the absolute value squared of the angular momentum can
only take on values L2 = ~2J(J + 1), with a rotational quantum number J [217]. By the
correspondence principle, the energy eigenvalues of the quantum mechanical rigid rotor
governed by the Hamiltonian (8.3) thus read

Erot = ~2

2I J(J + 1) (8.4)
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The (2J + 1)-fold degeneracy of these energy levels corresponding to different orientations
of the rotor can be lifted by applying an external magnetic field.

Naturally, the picture of an infinitely rigid rotor is an idealization. In practice, the
internuclear separation increases with growing J . This distortion of the molecule increases
R, thus lowering the Erot in Eq. (8.4). A rigorous quantum-mechanical treatment of the
non-rigid rotor confirms this qualitative analysis and yields the refined energy levels as a
series expansion in J(J + 1) [161]:

Erot = hc
(
BJ(J + 1)−DJ2(J + 1)2 +HJ3(J + 1)3 + LJ4(J + 1)4 + ...

)
(8.5)

with the so-called spectroscopic constants B, D, H and L, which were defined in wavenum-
ber units in Eq. (8.5). D is the distortion constant and H and L correspond to higher-order
corrections.

On the right of Fig. 8.1, the potential energy of two nuclei is traced along their spatial
separation coordinate. Due to the presence of binding electrons, a minimum of potential
energy exists and discrete bound states emerge. Around this minimum, the potential can
be approximated by a quadratic harmonic oscillator potential. A quantum-mechanical
harmonic oscillator [217] has the unique property of equidistant energy eigenvalues:

Evib = hν ·
(
v + 1

2

)
(8.6)

with a vibrational quantum number v labelling the states and a zero-point energy hν/2.
By the dominant electric dipole interaction [165], only transitions changing the vibrational
quantum number v of the harmonic oscillator by ±1 are allowed, and ∆v = ±1. However,
as shown in Fig. 8.1, the potential energy of a real molecule is not harmonic, as repulsion
becomes infinite at small distances and attraction goes to zero at infinite distances. Due
to the anharmonicities of the potential energy surface, the selection rule ∆v = ±1 only
holds approximately, and overtones with ∆v = ±2,±3, ... exist, yet suppressed by several
orders of magnitude with respect to the fundamental.

The nuclear motion in the vibrational state v slightly changes the average molecular
geometry. As the moment of inertia in Eq. (8.3) depends on the internuclear spacing,
the spectroscopic constants become functions of v, as denoted by indices in Bv, Dv, Hv

and Lv. Thus taking the interaction between rotation and vibration into account, the
rovibrational energy levels can be written as

Erovib = hc
(
Gv +BvJ(J + 1) +DvJ

2(J + 1)2 +HvJ
3(J + 1)3 + LvJ

4(J + 1)4 + ...
)

(8.7)
with the vibrational energy hcGv of the anharmonic oscillator in the vibrational state v
measured with respect to the zero-point energy, so that G0 ≡ 0 without loss of generality.

8.1.1 Band structure and line strength

For examining the structure of rovibrational absorption bands, let us drop higher-order
rotational terms in Eq. (8.7) in the following for the sake of simplicity. With Eq. (8.2), a
transition from a lower state v′′, J ′′ to an upper state v′, J ′ thus occurs at the wavenumber
ν̃v′,J ′←v′′,J ′′ given by

ν̃v′,J ′←v′′,J ′′ = (Gv′ −Gv′′) +Bv′J
′ (J ′ + 1

)
−Bv′′J ′′

(
J ′′ + 1

)
(8.8)

As discussed above, no strict selection rule relating v′ and v′′ holds for the anharmonic
oscillator. By contrast, the change in rotational angular momentum ∆J = J ′ − J ′′ for
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rovibrational electric-dipole transitions is subject to the following selection rule in most
cases:

∆J = ±1 (8.9)

This rule gives rise to two distinct branches of a rovibrational absorption band, the P-
branch with ∆J = −1 and the R-branch with ∆J = +1. In the case of degenerate
bending-type vibrations in polyatomic molecules or in the presence of additional angular
momentum due to electronic motion, a Q-branch with ∆J = 0 is also allowed.

Adopting the selection rule (8.9), let us focus on the structure of a rovibrational band
with P- and R-branch by inserting J ′ = J ′′ ± 1 in Eq. (8.8). By defining the running
index m as m = J ′′ + 1 for R-branch transitions and m = −J ′′ for P-branch transitions,
the following unified description for the transition wavenumbers over the whole absorption
band is obtained, comprising both branches:

ν̃v′←v′′,m = (Gv′ −Gv′′) + (Bv′ +Bv′′) ·m+ (Bv′ −Bv′′) ·m2 (8.10)

This means that the transition frequencies in a rovibrational band can be described by a
so-called Fortrat parabola in m to good approximation. If the higher-order terms with Dv,
Hv and Lv in the rotational energy expansion (8.5) are taken into account, an equation
analogous to (8.8) holds. The P- and R-branch frequencies can then still be stated as a
polynomial in m, which is of order 8 if the spectroscopic constants up to Lv are included.
This lengthy expression shall be omitted here. It is provided in [9], for instance.

Now, let us still examine the distribution of absorption line strength k, as defined in
Eq. (4.4), in a rovibrational absorption band such as the one in Eq. (8.10). The integrated
absorption due to a transition was found to be

Sα = k
N

V
(8.11)

with the molecular number density N/V . However, only molecules in the lower state of
the transition under study contribute to its absorption. Consequently, the line strength k
must reflect the fraction of molecules which are in that lower state, which is governed by
elementary Boltzmann statistics in thermal equilibrium at temperature T . Accordingly,
the number Nv′′,J ′′ of molecules in the lower vibrational state v′′ with rotational quantum
number J ′′ obeys the distribution

Nv′′,J ′′

N0,0
= e−

hcGv′′
kBT ·

(
2J ′′ + 1

)
e−

hcBv′′J
′′(J′′+1)

kBT (8.12)

The first factor in (8.12) is the Boltzmann factor due to vibrational energy, with the
Boltzmann constant kB. Vibrational energies for v > 0 are usually large compared to
thermal energy kBT , which amounts to 25 meV at room temperature. Consequently,
so-called hot bands, which consist of transitions starting from a vibrationally excited
level, are normally much weaker than transitions from the vibrational ground state at
room temperature. The factor (2J ′′ + 1) is due to the degeneracy of the rotational levels
and contributes, together with the Boltzmann factor due to rotational energy, to the
characteristic shape of rovibrational bands, which can be seen on the CO2 spectrum shown
in Figure 6a of Article 5 on page 160, for instance. Higher-order rotational constants were
neglected in the rotational Boltzmann factor to very good approximation. Due to the
temperature dependence of Eq. (8.12), spectra at very low or very high temperatures
appear completely different, although they originate from the same molecular species with
unchanged energy levels.
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It is important to note that line strengths are often also weighted to reflect the nat-
ural abundances of different isotopologues of a molecular species. This is the case in the
HITRAN database [212], for instance. This has the practical advantage that spectra can
be simulated or evaluated without dealing with abundances explicitly. In exchange, care
must be taken when using such line strength values in studies on isotopically enriched or
depleted samples.

In view of the upcoming discussions on spectroscopic results on CO2 in the following
chapters, let us point out that the vibrational states of CO2 will be labeled using a common
five-digit nomenclature [218] in the following, 00001 denoting the vibrational ground state.
Transitions are identified using the upper and lower vibrational state, the branch of the
rovibrational band, as well as the rotational quantum number J ′′ of the lower state. For
an absorption from the vibrational ground state at J ′′ = 16 to the 30013 state at J ′ = 15,
this yields 30013←00001 P16, for instance. A detailed discussion on the physics and
the labelling of the vibrational modes of CO2 would be beyond the scope of this brief
introduction and is provided in [213, 218], for instance.

Likewise, for a detailed discussion on the impact of nucleus-exchange symmetry and
nuclear spin with regard to the symmetrization postulate of quantum mechanics, the reader
is referred to classical textbooks on the matter [161, 214]. Here, let us just point out that
every second line in the rovibrational bands of 12C16O2 is missing due to the presence of
two undistinguishable 16O nuclei with zero nuclear spin.

8.1.2 Absorption line profile models

In the preface of Chapter 5, the frequency-dependent absorption coefficient α(ν) due to a
transition at frequency ν0 was written as

α(ν) = k · N
V
· p(ν − ν0) (8.13)

with line strength k, molecular number density N/V , integrated absorption Sα = k ·N/V
and a normalized absorption profile or line shape p(ν − ν0) with

∫∞
−∞ p(ν)dν = 1. Now

turning to explicit formulations of the profile function p(ν), we shall first discuss the
Lorentzian profile, then derive the Doppler and Voigt profiles and eventually turn to a
qualitative discussion on advanced analytic line shape models.

The Lorentzian profile, named after Hendrik Antoon Lorentz, is given by

pL(ν − ν0) = 1
π

γ
2

(ν − ν0)2 + γ2

4
(8.14)

and has a full-width-at-half-maximum (FHWM) of ∆L = γ. This profile is the frequency-
domain equivalent, that is the Fourier transform, of a sinusoidal at frequency ν0 whose
signal envelope exponentially decays at a rate γ. Consequently, the Lorentzian describes
the natural linewidth γnat of a transition, which is due to the finite lifetime γ−1

nat of its
upper state. Beyond that, an exponentially decaying signal can also be caused by the
decoherence induced by intermolecular collisions, which progressively randomize the phase
between individual absorbing or emitting molecules. In the frequency domain, this leads
to a Lorentzian of FWHM γP , which is proportional to pressure:

γP = γ0 · P (8.15)

The pressure-broadening coefficient γ0 depends on the collision partner. Typical coeffi-
cient values given in molecular line databases such as HITRAN [212] are the half-width
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coefficients γ0
air/2 for broadening by air and γ0

self/2 for broadening by the absorbing gas
itself. As the convolution of two Lorentzians with γ1 and γ2 is another Lorentzian with
γ1 + γ2, the broadening effects of natural lifetime and collisional dephasing add up to

∆L = γ = γnat + γP (8.16)

For the weak transitions in the near infrared, γnat is usually negligible compared to γP ,
even at low sub-Pa pressures.

The Doppler profile arises when considering a sample in the gas phase, whose transla-
tional molecular velocities follow the Maxwell-Boltzmann distribution of thermal motion.
Along any arbitrary one-dimensional axis, this distribution reads

F (v) =
(

m

2πkBT

) 1
2

e−
mv2

2kBT (8.17)

as a function of velocity v, with the molecular mass m, the Boltzmann constant kB and the
temperature T . According to F (v), the contribution dN

V to number density by absorbers
from the velocity interval [v, v + dv] is

dN
V

= N

V
F (v)dv (8.18)

For these absorbers at speed v, the Doppler effect leads to a frequency shift of the exciting
light field by

∆ν = v

c
· ν +O

((
v

c

)2
)
, (8.19)

where v was taken to be negative along the propagation direction of the light field. Con-
sequently, in their rest frame, the individual molecules see a Doppler-shifted light field at
frequency νv:

νv = ν0

(
1 + v

c

)
. (8.20)

To determine the absorption line shape resulting from this interplay of Doppler effect
and Maxwell-Boltzmann distribution, let us set aside the Lorentzian contribution from
intermolecular collisions for the moment. In that case, the natural linewidth of a molecular
transition in the near infrared is many orders of magnitude smaller than the Doppler width.
Therefore, one may consider the contribution dαv′(ν) to absorption at the frequency ν by
the velocity class v′ as monochromatic in very good approximation:

dαv′(ν) = k
dNv′

V
δ(ν − νv′) = k

N

V
δ(ν − νv′)F (v′)dv′ (8.21)

with the delta function δ(ν−νv′) imposing resonance with the molecular transition for each
velocity class. In the second step, Eq. (8.18) was inserted. Integrating over the absorption
contributions (8.21) from all velocity classes under the substitution v′ = c/ν0(νv′ − ν0)
based on the Doppler shift relation (8.20), one obtains the frequency-dependent absorption
coefficient as

α(ν) = k
N

V

∞∫
−∞

δ (ν − νv′)F
(

(νv′ − ν0) c
ν0

)
c

ν0
dνv′ (8.22)

which straightforwardly yields

α(ν) = k
N

V

c

ν0
F

(
(ν − ν0) c

ν0

)
(8.23)



8.1. SOME BASICS OF ROVIBRATIONAL ABSORPTION SPECTROSCOPY 157

Finally, identifying the line profile according to Eq. (4.4) and inserting F (v) from Eq.
(8.17) yields the Doppler profile pD(ν − ν0) of gas-phase absorption lines at very low
pressures:

pD(ν − ν0) = c

ν0
F

(
(ν − ν0) c

ν0

)
=
(

mc2

2πkBTν2
0

) 1
2

e
− mc2

2kBTν2
0

(ν−ν0)2

. (8.24)

It is a normalized Gaussian bell curve centered at ν0, with full-width-at-half-maximum

∆D = ν0

√
8 ln 2kBT

mc2 (8.25)

On this basis, let us derive the so-called Voigt profile by revisiting Eq. (8.21) of
the above derivation. There, the simplifying assumption of a monochromatic resonance
described by a δ-distribution eventually gave rise to the Doppler profile. We shall now
generalize this ansatz by replacing δ(ν − νv′) by the Lorentzian profile pL(ν − νv′) due to
natural lifetime and collisional broadening. Then, the contribution dαv′(ν) to absorption
at the frequency ν by the velocity class v′ reads

dαv′(ν) = pL (ν − νv′) k
N

V
F
(
v′
)

dv′ (8.26)

Integrating over these contributions by again using the substitution v′ = c/ν0(νv′ − ν0)
yields

α(ν) = k
N

V

∞∫
−∞

pL (ν − νv′)
c

ν0
F

(
c

ν0
(νv′ − ν0)

)
dνv′ (8.27)

In Eq. (8.27), the Doppler profile pD (νv′ − ν0) can be identified using Eq. (8.24). With
this simplification and the detuning variable ∆′ = νv′−ν0, the new line profile pV (ν − ν0)
reads

pV (ν − ν0) =
∞∫
−∞

pL
(
(ν − ν0)−∆′

)
pD
(
∆′
)

d∆′ = (pL ∗ pD) (ν − ν0) (8.28)

This is the well-known result that the molecular absorption lineshape in the presence of
both homogeneous and Doppler broadening is the convolution pL ∗ pD of a Lorentzian
profile with a Gaussian profile. This Voigt profile [219], named after Woldemar Voigt, is
also normalized, as one easily verifies using the normalization of both pL(ν) and pD(v):

∞∫
−∞

pV (ν − ν0) dν =
∞∫
−∞

pD
(
ν ′ − ν0

) ∞∫
−∞

pL
(
ν − ν ′

)
dν

dν ′ = 1 (8.29)

The Voigt profile is a good approximation if velocity changes due to collisions are negligi-
ble in the thermal motion giving rise to the Gaussian profile, and if statistical correlations
between this thermal motion and the internal quantum-state evolution underlying the
Lorentzian profile are negligible, too. These prerequisite assumptions are inherent to the
ansatz in Eq. (8.26), but not sufficiently well fulfilled in reality at higher pressures, where
intermolecular collision effects become important.

A first effect which needs to be taken into account for going beyond the Voigt profile
are velocity-changing collisions, as opposed to the internal-phase-changing collisions, which
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lead to collisional broadening. Dicke showed by elementary theoretical consideration that
the velocity-averaging effect due to collisions can narrow the width of Doppler-broadened
lines [220], a phenomenon consequently called Dicke narrowing. For molecular hydrogen,
this effect is particularly strong, as illustrated by the experimental result from LIPhy [12]
shown in Fig. 8.2. The effect of velocity-changing conditions can be studied in two limiting

Figure 8.2 Pressure-normalized experimental CRDS spectrum of the electric-quadrupole
transition 2 ← 0 O2 of H2 with ∆J = −2, measured at two different pressures by Cam-
pargue and co-workers [12]. A strong Dicke narrowing due to velocity-changing collisions
and a pressure shift on the order of −3 ·10−3 cm−1 can be observed on the higher-pressure
line. Note that 1 Torr equals approximately 133 Pa. Adapted from [12] (Figure 1).

cases leading to different absorption profiles. On the one hand, there is the hard-collision
limit, where the velocity of an absorbing molecule is fully randomized by a collision event.
This gives rise to hard collision profile, which is also commonly called Nelkin-Ghatak
profile [221]. On the other hand, a soft-collision setting, where molecular velocity un-
dergoes only a slight change at each collision, leads to the so-called Galatry profile [222].
Both these profiles introduce one additional parameter representing the effective frequency
of velocity-changing collisions. Under certain conditions, it can be related to the mass-
diffusion coefficient of the molecular sample and typically has the same order of magnitude
as the latter [223].

A further effect of collisions is a perturbation of the intramolecular potential which
modifies the energy eigenstates of the molecule and leads to a line center frequency
shift proportional to pressure [223]. As pointed out by Rautian and Sobel’man [224],
Doppler broadening and collisional broadening are only statistically independent if the
collisional broadening and shifting coefficients are independent of the velocity of the ab-
sorbing molecule. In the opposite case where statistical independence does not hold, a
speed-dependence of these parameters arises, and the line profile becomes asymmetric
[224].

The impact of speed-dependent collisional width and shift parameters was theoretically
studied by Berman [225]. Based on an inverse power law potential in the intermolecular
separation, he derived an asymmetric, speed-dependent extension of the Voigt profile, the
so-called speed-dependent Voigt profile. To simplify calculations, a quadratic approxi-
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mation of this speed dependence is generally made. The reliability of this widespread
approach was characterized by De Vizia and co-workers [226], for instance, by compar-
ing the quadratic approximation with the more sophisticated hypergeometric dependence.
The aforementioned effects of velocity-changing collisions and speed-dependent pressure
broadening and shifting can be combined in terms of the speed-dependent Nelkin-Ghatak
[227] and Galatry [228] profiles.

By also taking temporal correlations between velocity-changing and state-changing col-
lisions into account in terms of one additional parameter, the partially-correlated quadratic-
speed-dependent hard-collision model is obtained [27, 226]. It provides a comprehensive
coverage of the various effects induced by molecular collisions and features two pressure-
independent parameters and five parameters which are proportional to pressure. The
computational cost of this profile can be drastically reduced by decomposing it into basic
complex Voigt profiles [229], for the approximate calculation of which fast algorithms exist
[230]. The combination of all these properties make this profile an excellent compromise
for multi-fit analyses over whole vibrational bands and in different pressure ranges [27],
which is the most promising approach to date for retrieving physically meaningful fit pa-
rameters and for evidencing potential systematic deviations of the experimental data from
the model profile.

Consequently, the IUPAC (International Union of Pure and Applied Chemistry) task
group on “Intensities and line shapes in high-resolution spectra of water isotopologues from
experiment and theory” has recently issued a recommendation that the partially-correlated
quadratic-speed-dependent hard-collision profile should supersede the Voigt profile in spec-
troscopic databases [231], stating that

The Task Group recommends that the partially Correlated quadratic-Speed-
Dependent Hard-Collision profile (pCqSD-HCP) should be adopted as the ap-
propriate model for high-resolution spectroscopy. For simplicity this should
be called the Hartmann-Tran profile (HTP). The HTP is sophisticated enough
to capture the various collisional contributions to the isolated line shape, can
be computed in a straightforward and rapid manner, and reduces to simpler
profiles, including the Voigt profile, under certain simplifying assumptions.

Indeed, the inadequacies of the Voigt profile have become a pressing issue for many appli-
cations of spectroscopic data, such as remote sensing and radiation transfer calculations
in atmospheric sciences, where the use of a Voigt profile was shown to lead to considerable
errors [232].

In conclusion, advanced analytic absorption line models in general, and the Hartmann-
Tran profile in particular, can provide precious insights into the properties of the molec-
ular system under study, as they reflect interaction mechanisms at a microscopic level.
However, the deviations from the Voigt profile are usually not very large, and the many
parameters of most sophisticated models come at the price of correlations between these fit
parameters or potential over-fitting of noise signatures. Therefore, state-of-the-art absorp-
tion spectrometers with unimpeachable precision and linearity on both axes are needed
for carrying out molecular absorption lineshape studies and multi-fit analyses at very high
signal-to-noise ratios.
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8.2 Article 5 - Absorption line metrology by optical
feedback frequency-stabilized cavity ring-down
spectroscopy

To begin with, the following article [233] focusses on a detailed description of the method-
ology and experimental setup for OFFS-CRDS, thus complementing the discussion in
Chapters 3 and 6. In particular, a precision measurement of the V-shaped reference cavity
free spectral range is reported and the Pound-Drever-Hall locking behavior in the ring-
down regime is characterized. This is followed by an in-depth discussion of the limitations
of spectrometer performance due to photo-electron shot noise and parasite interference
fringes. Experimental results evidencing the impact of both mechanisms in OFFS-CRDS
are presented, and a detailed analysis of two efficient fringe cancellation schemes is pro-
vided.

On this basis, the application of the OFFS-CRD spectrometer to the measurement of
a broadband spectrum of CO2 between 6188 and 6217 cm−1 with a dynamic range ap-
proaching 8 · 105 is reported. Importantly, the spectrum confirmed the need for a revision
of the 40013← 10001 hot band line center frequencies for 12C16O2 in the HITRAN 2012
database [212]. Eventually, an application of the spectrometer to an absorption line shape
study of 12C16O2 broadened by N2 with a signal-to-noise ratio of 8 · 104 is presented. At
this high precision, only line profile models taking both velocity-changing collisions and
speed-dependent broadening and shifting parameters (cf. Section 8.1.2) into account were
able to reproduce the data with flat, unstructured fit residuals.

Let us comment on some application perspectives of OFFS-CRDS in rovibrational
spectroscopy, which ensue from the comprehensive proof-of-principle experiments reported
in the article below.

The fact that the Doppler temperature retrieved with the Hartmann-Tran profile
(HTP) was in good agreement with the platinum resistor temperature measurement sup-
ports the applicability of OFFS-CRDS and the HTP to Doppler thermometry. A calibrated
temperature probe with an accuracy well below the 100 mK-level should be used in a long-
term Doppler temperature measurement at different temperatures for a rigorous validation
of the precision, accuracy and reliability of Doppler thermometry by OFFS-CRDS.

Another exciting application of OFFS-CRDS, equally building on its high precision
and stability on both axes and the versatility of the automated setup, is the measurement
of absorption lines up into the very far Lorentzian wings of the lineshape. Adaptive
frequency steps eventually attaining one free spectral range of the ring-down cavity could
be used for speedy scanning to quickly cover broad spectral intervals with a slowly varying
absorption signal. Such a measurement could provide a precious direct experimental test
of the physical validity and significance of the ±25 cm−1-truncation of Lorentzian profiles
which is commonly used in absorption continuum studies [234–236].

Let us underscore the wealth of absolute frequency information on hot bands and minor
isotopologues contained in broadband spectra such as the CO2 spectrum near 1.6 µm
shown in Figure 6 of the article. An absolute frequency axis calibration for spectra in this
region can be carried out thanks to the kHz-accuracy CO2 reference frequencies presented
in Section 9.4 and Article 6 therein. In this manner, transition frequency measurements
with sub-MHz accuracy should be possible without an optical frequency comb and even
for weak lines.

Finally, as discussed in the article, the OFFS-CRD spectrometer should be used for
automated lines shape measurements on many lines of a rovibrational band repeated at
different pressures, in order to enable a multispectrum fitting approach such as in [180],
providing a stringent test of line-shape models and yielding physical line parameters.
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1 Introduction

Ultra-sensitive measurements of molecular absorption by 
means of continuous-wave-laser cavity ring-down spec-
troscopy (CW-CRDS) [1] have a multitude of applications 
in atmospheric trace gas concentration monitoring and the 
detection of extremely weak absorption features [2] for 
improving spectroscopic databases [3–5]. In recent years, 
the increasing demand for precision field measurements is 
reflected by a growing market for commercial CRDS field 
instruments [6] detecting various relevant molecules in 
situ at atmospheric concentrations. This process is acceler-
ated by the rapidly developing field of spectroscopic iso-
topic ratio measurements [7], whose long-term objective 
is replacing bulky and expensive dual-inlet isotopic ratio 
mass spectrometers by compact, inexpensive and highly 
selective near- or mid-infrared laser instruments. Signifi-
cant progress in measuring the isotopic anomalies of 2H, 
17O, 18O and 13C has been made for important atmospheric 
constituents such as water vapor [8, 9], carbon dioxide [10] 
and methane [11], equally triggering the development of 
commercial devices [12].

In CRDS, the absorption coefficient α of a gas sample 
filling an optical cavity is obtained from a measurement of 
the exponential ring-down (RD) decay time τ via

c being the speed of light and τ0 the RD time on the spec-
tral baseline. Relying purely on time and frequency meas-
urements, CRDS holds the promise of highly accurate, 
SI-traceable line strength measurements for validating ab 
initio calculations [13, 14], which could pave the way to 
absolute gas concentration measurements by laser spec-
troscopy [15]. Besides high sensitivity, a stable and linear 

(1)αc = τ−1 − τ−1
0

Abstract Optical feedback frequency-stabilized cav-
ity ring-down spectroscopy (OFFS-CRDS) is a near-
shot-noise-limited technique combining a sensitivity of 
2 × 10−13 cm−1/

√
Hz with a highly linear frequency axis 

and sub-kHz resolution. Here, we give an in-depth review 
of the key elements of the experimental setup encompass-
ing a highly stable V-shaped reference cavity, an integrated 
Mach-Zehnder modulator and a tightly locked ring-down 
cavity with a finesse of 450,000. Carrying out a detailed 
analysis of the spectrometer performance and its limita-
tions, we revisit the photo-electron shot-noise limit in 
CRDS and discuss the impact of optical fringes. We dem-
onstrate different active schemes for fringe cancelation by 
varying the phase of parasitic reflections. The proof-of-
principle experiments reported here include a broadband 
high-resolution spectrum of carbon dioxide at 1.6 µm and 
an isolated line-shape measurement with a signal-to-noise 
ratio of 80,000. Beyond laboratory-based absorption line 
metrology for fundamental research, OFFS-CRDS holds a 
considerable potential for field laser measurements of trace 
gas concentrations and isotopic ratios by virtue of its small 
sample volume and footprint, the robust cavity-locking 
scheme and supreme precision.
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frequency axis is vital for such precision measurements. 
This issue has been addressed by frequency-stabilized 
CRDS (FS-CRDS) [16, 17], which consists in locking the 
laser to a dichroic-mirror RD cavity stabilized by means 
of a helium-neon laser. The advent of FS-CRDS has fos-
tered experimental development for high-fidelity line-shape 
measurements beyond the Voigt profile [18, 19], crucial 
for an accurate retrieval of line parameters and a physical 
understanding of intermolecular potentials and collision 
processes [20–22].

The recently developed optical feedback frequency-
stabilized cavity ring-down spectroscopy (OFFS-CRDS) 
technique [23] follows a distinctly different route to CRDS 
frequency stabilization. It is based on tightly locking a 
high-finesse ring-down cavity on a narrow laser referenced 
to a highly stable resonator via a tunable radio frequency. 
Combining extreme sensitivity with an undistorted fre-
quency axis, the method was conceived to address current 
and future challenges in high resolution and sensitivity 
molecular spectroscopy. It exhibits performances suitable 
for fundamental applications, such as an optical determi-
nation of the Boltzmann constant [24–26], as well as both 
robustness and limited complexity compatible with field 
measurements in demanding environments [27–29].

2  Method and experimental setup

In particular, OFFS-CRDS was designed to meet the fol-
lowing five intimately related requirements: (1) a sensitiv-
ity on a par with state-of-the-art CW-CRDS setups, (2) a 
highly stable and linear frequency axis, (3) the absence of 
excess absorption noise due to frequency jitter conversion 
on slopes, (4) an arbitrary frequency stepping resolution for 
resolving delicate features of advanced Doppler-broadened 
line shapes or even sub-Doppler features, and, in turn, (5) 
very high intracavity power for saturating even weak transi-
tions in the near infrared. (1) and (5) call for the resonant 
excitation of a very high-finesse cavity which guarantees 

long, well-defined RD events and strong passive intra-
cavity power amplification. (2) and (3) necessitate a highly 
stable optical length of the RD cavity, while (4) combined 
with (2) suggests working in the radio frequency (RF) 
domain, where sub-Hz frequency accuracy and resolution 
are readily achievable.

Fulfilling all five conditions, our approach consists 
in tightly locking a high-finesse RD cavity to a sub-kHz 
linewidth stable laser finely tunable by means of electro-
optic single-sideband modulation. Among the key elements 
of this setup are the optical feedback frequency-stabilized 
laser using a highly stable V-shaped reference cavity and 
single-sideband modulation with a dual-parallel Mach-
Zehnder modulator (MZM) [30], as well as a modified 
fibered Pound-Drever-Hall-locking scheme for tight lock-
ing of a high-finesse RD cavity [23]. These methodological 
advances provide high cavity transmission for low-noise 
photodetection and guarantee an unbroken stability transfer 
chain from the V-shaped reference cavity to the absorption 
spectrum frequency axis. An overview of the experimental 
setup for OFFS-CRDS is depicted in Fig. 1.

2.1  Optical feedback frequency stabilization 
and single-sideband modulation

A distributed-feedback (DFB) diode laser emitting between 
1,608 and 1,616 nm is locked to a high-finesse V-shaped 
Fabry-Pérot cavity by optical feedback. The optical self-
locking of diode lasers to an external feedback cavity 
[31, 32] relies on the stable frequency and phase of the 
resonant light field in the feedback cavity. When its back-
ward transmission is reinjected into the laser medium, the 
stimulated emission by feedback photons counteracts the 
random walk of laser phase due to spontaneous emission. 
This leads to laser linewidth narrowing by several orders 
of magnitude and frequency locking to feedback cavity 
resonance. The optical-feedback-locking range is propor-
tional to the square root of feedback power [32]. We there-
fore use a Glan-Taylor polarizing beam splitter to divert a 

Fig. 1  Schematic of the experimental setup for optical feedback frequency-stabilized cavity ring-down spectroscopy (OFFS-CRDS)
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percent-level fraction of the total laser power toward the 
V-cavity. The feedback power is fine-tuned for obtain-
ing a locking range equal to the free spectral range (FSR) 
between successive longitudinal modes of the cavity. The 
light not needed for optical feedback locking is coupled 
into a polarization-maintaining (PM) optical fiber carry-
ing roughly 50 % of the initial laser power. As the relative 
phase of the feedback field gives rise to frequency pulling 
within the cavity modewidth, a sub-kHz-bandwidth servo-
loop actively controlling the laser-cavity distance is needed 
to keep the laser locked to the center of a TEM00 resonance. 
The corresponding error signal is obtained by laser current 
modulation at a few kHz and phase-sensitive first-harmonic 
detection in cavity transmission.

The highly stable reference cavity [30] consists of a ver-
tically mid-plane mounted 15-cm-long cylindrical ultra-
low expansion (ULE) glass spacer with Super Invar mirror 
holders tightly contacted to both ends. These cavity flanges 
are precision-machined for holding three dielectric mirrors 
at appropriate angles for automatic and permanent V-shape 
alignment. The reference cavity is placed in a high-vacuum 
chamber pumped down to a few 10−7 mbar. The latter is 
temperature stabilized to better than 8 mK over its entire 
surface.

This optical feedback frequency-stabilized laser source 
features a linewidth below 530 Hz at 1 s and drift rates 
below 20 Hz/s. The laser locks to successive reference 
cavity modes when its current or diode temperature are 
changed, thereby enabling easy and fast mode-by-mode 
frequency tuning over 8 nm.

To cover the spectral gap between reference cavity 
modes, we have proposed fine-tuning by single-sideband 
modulation using a PM-fiber-coupled dual-parallel Mach-
Zehnder modulator (MZM) [30, 33]. In its nested lithium 
niobate LiNbO3 interferometer waveguide, phase-mod-
ulation sidebands generated via the electro-optic Pock-
els effect undergo DC-voltage-controlled destructive and 
constructive interferences yielding a single-sideband out-
put. The optical carrier is suppressed by static destructive 
interference in the two inner Mach-Zehnder interferometers 
(cf. Fig. 1). The suppression ratios of unwanted spectral 
components are better than 28 dB [30]. The accuracy and 
resolution of this frequency-shifting mechanism are given 
by the RF synthesizer (Rohde&Schwarz SMB100A) refer-
enced to a 10 MHz Rubidium timebase (SRS PRS10). The 
tuning range of the present setup was limited to approxi-
mately 1 GHz by the bandwidth of the 90° hybrid coupler 
(Mini-Circuits ZX10Q-2-19+) needed for driving the two 
RF electrodes of the MZM (Covega Mach-10-060). In a 
follow-up setup currently under preparation, a commer-
cial 2–18 GHz broadband hybrid coupler will be used for 
achieving a 32-GHz tuning span around the optical feed-
back frequency-stabilized carrier.

Summing up, the optical frequency ν synthesized by the 
single-sideband-tuned optical feedback frequency-stabi-
lized laser is

where k is the number of the V-cavity mode the laser is 
locked to and ν0 is the optical frequency of the arbitrarily 
chosen mode defined as k = 0. ν0 and k are measured by 
monitoring ten percent of the optical feedback locked laser 
power on a Fourier-type wavemeter (Burleigh WA-1650). 
According to Eq. (2), this procedure limits the knowledge 
of ν to the wavemeter accuracy of ±20 MHz. This limita-
tion could be readily overcome by monitoring the beat note 
of the stable laser with a self-referenced frequency comb 
[34]. The uncertainty of the MZM-generated frequency 
shift ±νRF is well below the Hz-level.

In view of Eq. (2), it is also essential to have a precise 
knowledge of the V-cavity FSR and its slight wavelength-
dependence in order to record spectra by using its modes as 
a frequency grid. A precision measurement of this quantity 
was carried out by successively locking the laser to two dis-
tant modes of the V-cavity and recording its beat note with 
a self-referenced frequency comb (Toptica FFS1550) using 
a 200 MHz 16-bit acquisition card (GAGE model CS1622). 
Using a less precise value for the FSR from previous 
wavemeter-based measurements, the two V-cavity modes 
could be unambiguously numbered and the beat notes com-
bined to yield an accurate measurement of their frequency 
spacing. Dividing it by the number of modes yields the 
Hz-level precision average FSR values for different laser 
wavelength intervals shown in Fig. 2. The linear trend at 
the limit of statistical significance can be attributed to mir-
ror dispersion. For most applications, using the weighted 
average FSR = 491, 395, 463(6) Hz over the entire spec-
tral interval is sufficient in Eq. (2). Knowing the FSR, the 
V-shaped cavity finesse around 2.8 × 105 was determined 
by means of a ring-down measurement [35]. In the absence 
of technical noise, this would correspond to a sub-Hz laser 
linewidth under optical feedback locking [32].

2.2  Pound-Drever-Hall cavity-locking and ring-down 
measurement

The RD cavity used here consists of two highly reflective 
dielectric mirrors separated by a massive 33-cm-long alu-
minum hollow cylinder of 50 mm outer and 8 mm inner 
diameter with a lateral 1/4″-NPT vacuum fitting for pump-
ing and gas inlet. The cavity output mirror mounted on a 
piezo-electric actuator (PZT) allows tuning the TEM00 
mode of the cavity to resonance with the stable laser. 
This necessitates a relative voltage stability on the order 
of the inverse cavity finesse, which ranges from 425,500 
at 1,616 nm to 462,200 at 1,608.5 nm here. For achieving 

(2)ν = ν0 + k × FSR ± νRF
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this challenging stability goal, we realized the split voltage 
supply scheme illustrated in Fig. 1. The PZT electrodes are 
driven by two signals referenced to a common ground, one 
low-noise, low-bandwidth high-voltage component and one 
7 kHz-bandwidth low-voltage signal from a commercial 
analog servo controller (Toptica PID110). This approach 
allows for a two-step automated relock procedure discussed 
in detail in Sect. 2.3.

To obtain an error signal for the analog servo loop, we 
set up an all-fibered, slightly modified Pound-Drever-Hall 
(PDH) locking scheme [36]. In PDH locking, a phase-
modulation sideband pair serves as a phase- and frequency 
detector for the optical carrier in cavity reflection. Instead 
of adding an electro-optic modulator for generating these 
sidebands, we supply a phase-modulated RF at the MZM 
input, which generates a single-sideband frequency-shifted 
optical signal with small phase-modulation satellites. The 
resulting PDH signal in cavity reflection is detected on a 
fibered photodiode (PD) by means of a fiber-optic circu-
lator. This robust locking scheme reduces experimental 
complexity and minimizes insertion losses. The RF driving 
the MZM is phase-modulated at νPDH = 400 kHz and the 
error signal retrieved with commercial general-purpose RF 
components, such as bandpass filters (Mini-Circuits ZFBP-
400K+) and amplifiers (Mini-Circuits ZFL-500LN+).

As soon as a certain cavity transmission threshold is 
reached, RD events are triggered by a 5-V TTL (transistor-
transistor logic) signal driving a broadband absorptive RF 
switch (Minicircuits ZASWA-2-50DR+). The switch cuts 
the MZM single-sideband output by attenuating the RF driv-
ing signal by more than 80 dB within tens of nanoseconds. 
In this scheme, contrary to classical CW-CRDS, an acousto-
optic modulator with additional insertion losses and inferior 

switching characteristics is no longer needed. The RD sig-
nals on the transmission PD are acquired at a sampling rate 
of 650 kHz by an 18-bit analog-to-digital converter (ADC) 
card (NI PCI-6281). Figure 3 shows an example of a PDH-
locked RD measurement with an acquisition time of 1.2 ms 
per RD, resulting in a RD event rate of approximately 
400 Hz. As the robust locking is not perturbed by the RD 
events, switching the light back on leads to near-exponential 
transmission ring-up events, which exhibit random intensity 
noise features mainly due to residual frequency jitter at the 
sub-kHz level. Exponential least-squares fitting of the RD 
signals is carried out in real-time by an optimized C algo-
rithm embedded in LabVIEW, which can handle RD event 
rates on the order of 10 kHz on a standard computer.

As shown in the lower panel of Fig. 3, the fit residuals 
from a single RD event exhibit an exponentially decaying 
shot noise component at the beginning of the ring-down. It 
is due to the Poissonian nature of the coherent laser field 
and dominates for the first few RD times after the trigger, 
indicating a near-shot-noise-limited measurement. Fur-
ther evidence for this and a more detailed discussion of 
the shot-noise-limit are given in Sect. 3.1. Averaging over 
many fit residuals cancels the random shot-noise and ADC 
noise components and reveals a static pattern. This struc-
ture is stable in time and attributed to ADC nonlinearity 
well within the acquisition card specifications. The associ-
ated relative systematic error [37] amounts to 5 × 10−6 in 
the present case.

2.3  Automated spectrometer operation

In order to allow acquisition of broadband spectra and 
long-term averaging, the spectrometer operation has been 

Fig. 2  Measured average refer-
ence cavity free spectral range 
for different laser wavelength 
intervals
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completely automated using a dedicated LabVIEW soft-
ware. Its basic principle is to acquire an absorption spec-
trum by measuring many RD events at one laser frequency 
and subsequently stepping to the next frequency, while log-
ging experimental parameters such as time, pressure and 
temperature. Looping this procedure yields time-resolved 
or averaged spectral information. An overview of the 
automatization tasks is given in the following.

The laser frequency is changed by means of an opti-
mized combination of the elements of Eq. (2). Rapid fine-
tuning by single-sideband modulation at the computer-
controlled synthesizer frequency νRF is complemented by 
FSR-by-FSR tuning as soon as the RF tuning range is left. 
To change the V-cavity mode k, a laser current sweep con-
trolled by a digital-to-analog converted (DAC) voltage is 
applied to the DC modulation input of the current driver. 
When the limit of current-based laser frequency tuning is 
reached after roughly 15 GHz, the system automatically 

stabilizes to a new laser diode temperature to connect the 
next current-scanning interval. This tuning scheme enables 
an arbitrary frequency stepping resolution limited only by 
laser drift and linewidth. One may choose uniform fre-
quency steps for survey-type broadband spectra (cf. Sect. 
3.2) or an adaptive measurement frequency grid in the 
case of known spectra, in particular for isolated lines (cf. 
Sect. 3.3). This allows choosing a distribution of points 
which optimizes the measurement precision for a given 
parameter, such as width or integrated absorption, and a 
given measurement time. For carrying out the latter type of 
measurement, the spectrometer first acquires a rapid survey 
spectrum at uniform frequency steps. The software then 
determines an adaptive measurement frequency grid which 
is subsequently used for repeatedly acquiring spectra of 
that spectral interval.

After tuning the laser frequency, Pound-Drever-Hall lock 
of the cavity is acquired by means of a DAC-controlled 

Fig. 3  Upper panel Ring-down 
cavity transmission under 
Pound-Drever-Hall-locking con-
ditions with ring-down trigger-
ing by the black signal (orange 
background). Lower panel 
Residuals from exponential 
least-squares fit of a ring-down 
signal. Averaging of 104 (black) 
and 105 (white) successive fit 
residuals reveals a static pattern 
attributed to acquisition card 
nonlinearity
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PZT-voltage sweep which localizes the TEM00 mode of the 
ring-down cavity. The corresponding high-voltage offset is 
then kept constant, while the analog servo loop takes over 
and locks the system. Once lock is acquired within roughly 
half a second, ring-downs are triggered, acquired and fitted 
in real time at kHz-level rates. In order to average out the 
RD time bias due to an interference fringe from the return 
losses of the fiber-optic circulator, the distance between 
circulator and cavity is triangle-modulated by means of 
a PZT-mounted steering mirror. The impact of this active 
fringe cancelation scheme will be discussed in detail in 
Sect. 3.1. For known spectral regions, the length of the 
laser-off RD acquisition period is automatically adapted to 
be a fixed multiple of the RD time τ. At the RD signal-to-
noise ratio (SNR) of Fig. 3, for instance, ten RD times are 
sufficient for optimal exponential fit precision. The quality 
of RD residuals is checked for ensuring that there is no res-
onant injection of the residual carrier or other sideband into 
cavity transverse modes, whose geometric overlap with the 
laser beam [38] is at the permil level. In practice, this situa-
tion virtually never arises due to the high-cavity finesse and 
the strong suppression of unwanted spectral components at 
the MZM output. For frequency steps exactly equal to one 
RD cavity FSR or smaller than the PDH locking range of 
±νPDH, as in the case of saturated-absorption spectra [23], 
the system remains locked after changing the RF. As no 
relock procedure is required in these cases, they are chosen 
whenever very small or rather big (cf. baseline of Fig. 7) 
frequency steps are applicable.

In order to ensure well-defined experimental conditions, 
the ring-down cavity is actively temperature stabilized, cur-
rently by means of a stand-alone ventilated Peltier cooler 
(Laird AA-040-1222) regulating the reading from a 100 � 
platinum temperature probe (PT100) contacted to the 

cavity surface. For the follow-up setup under development, 
six 1 k� platinum probes (PT1000) will be deployed in a 
uniform distribution centimeter deep within the cavity bulk 
for low-noise temperature stabilization and residual tem-
perature gradient monitoring.

The pressure inside the RD cavity is monitored using a 
10 Torr Baratron gauge (MKS 626B). A completely auto-
mated pumping and gas inlet system based on solenoid and 
pneumatic valves is under development. Enabling com-
pletely automated spectrometer operation and remote con-
trol, this will notably allow for regular nitrogen flushing 
and cycling of calibration gas and sample gas for optical 
isotopic ratio measurements.

3  Results

The OFFS-CRDS prototype was used for a series of proof-
of-principle experiments, which will be discussed in the 
following, characterizing its performance and illustrating 
its potential for absorption line metrology applications.

3.1  Absorption measurement precision, stability and fringe 
scrambling

The measurement stability can be characterized by means 
of a two-sample variance approach originally developed 
for estimating the stability of frequency standards by Allan 
[39]. The concept has been applied to absorption measure-
ments by Werle et al. [40] to quantify the limitations of 
noise reduction by averaging in the presence of instrumental 
drifts. The Allan-Werle deviation for ring-down measure-
ments by OFFS-CRDS, expressed in absorption coefficient 
units, as a function of averaging time is depicted in Fig. 4.

Fig. 4  Allan-Werle deviation 
characterizing the ring-down 
absorption measurement stabil-
ity. The x axis corresponding 
to the number of averaged 
measurements N has been 
expressed in units of time here 
to facilitate comparison. The 
inset shows the time series of 
ring-down events corresponding 
to the respective experimental 
Allan-Werle deviations
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The blue circles, corresponding to the time series shown 
in the inset, is the Allan-Werle deviation recorded without 
moving the circulator-cavity fringe-scrambling PZT. Start-
ing at a single-shot precision of 3 × 10−12 cm−1, it reaches 
its minimum at 1.4 × 10−13 cm−1 after 4 s. Beyond this 
point, the drift due to the circulator-cavity fringe becomes 
dominant. For shorter averaging times, the Allan-Werle 
deviation is inversely proportional to the square root of the 
number of averages N and remarkably close to the photo-
electron shot noise (green line).

To derive this fundamental limit for CRDS [41], let us 
consider the photocurrent I(t) during a RD event

yielding a voltage V(t) = RI(t) at the transmission PD tran-
simpedance amplifier gain resistance R. Sampling V(t) 
by an ADC at time intervals ts with a gate time tg yields a 
discrete time series Vk related to the number Qk of photo-
electrons accumulated during the gate time. Expressing Qk 
in terms of the photocurrent and the elementary charge e 
yields

The last equality holds in good approximation for  tg ≪ τ.  
Qk exhibits random fluctuations due to the quantum char-
acter of the coherent light field and the random nature of 
photo-electron generation. The standard deviation σQk

 of 
this Poissonian photo-electron shot noise process is

Determining the RD time τ by means of an exponential fit 
of the infinite digitized voltage time series Vk can be formu-
lated as a linear regression on the natural logarithm of the 
dimensionless charge Qk according to Eq. (4):

Obtaining a maximum-likelihood estimate for τ implies 
minimizing the sum 

∑∞
k=0

(
(yk − yk)/σyk

)2 of normal-
ized differences between data yk and model yk , with 
σyk

= 1/
√

Qk  by simple error propagation of Eq. (5) in Eq. 
(6). This weighted least-squares fit has an analytic solution 
[42] which allows error propagation on the fit parameters 
A and B by using the geometric series and related expres-
sions. Converting σB to στ and expressing in absorption 
units σα through Eq. (1) yields the CRDS shot-noise limit

(3)I(t) =
V0

R
e−t/τ

(4)Qk =
1

e

kts+tg∫

kts

I(t)dt ≈
V0tg

eR
e−kts/τ

(5)σQk
=

√
Qk

(6)yk ≡ ln Qk = ln

(
V0tg

eR

)
−

ts

τ
k ≡ A + Bk

(7)σα =

√
eR

V0c2τ 3

ts

tg
= α

√
eRts

V0τ tg

In the present case, ts
−1 = 650 kHz, tg = 1 µs, V0 = 1.4 V, 

R = 90, 900 � and τ = 167 µs lead to a shot-noise limit 
of 2 × 10−12 cm−1 for single-RD precision. An important 
practical consequence of this analysis is that a weighted 
exponential fit has to be employed in the near-shot-noise-
limited regime to reach optimal precision. In practice, 
Allan-Werle deviations of RD time series from unweighted 
exponential fitting were up to 50 % higher than those based 
on a true maximum-likelihood estimate for the present 
setup.

The black diamonds in Fig. 4 are the Allan-Werle devia-
tion derived from RD events under fringe-scrambling con-
ditions, reaching a minimum of 1.9 × 10−13 cm−1 after 
20 s. Exploring all possible values of the circulator inter-
ference fringe by varying its phase through the scrambling 
PZT position significantly increases RD time fluctua-
tions, as clearly visible on the time series in the inset. This 
pseudo-noise is counterbalanced by a shorter RD acquisi-
tion period which increases the RD repetition rate, thereby 
leading to efficient averaging with a characteristic oscilla-
tory behavior.

The shape of this Allan-Werle deviation can be modeled 
in terms of a Monte-Carlo simulation of fringe-scrambled 
RD measurements αk based on the ansatz

where tri(t,fs) is a symmetric triangle function with ampli-
tude ±1 and periodicity fs

−1 evaluated at time t. εk and ξk are 
random numbers with zero mean representing RD meas-
urement noise and non-uniform RD timing, respectively. 
The scrambling frequency fs = 17 Hz and the RD event rate 
fRD = 518 Hz are imposed by the measurement conditions 
of Fig. 4. The fringe amplitude ∆α = 5 × 10−11 cm−1,  
the PZT-scrambling modulation depth d ≈ 2.5 controlled 
by the high voltage applied to the PZT, as well as the 
8.5 × 10−12 cm−1 standard deviation of εk were equally 
fixed to experimental values. The fringe offset ϕs = 1.25, 
t0 = 0, and the range |ξk| ≤ 625 µs of possible RD timing 
jitter values were manually adjusted to the data. The excel-
lent agreement between the experimental Allan-Werle devi-
ation and the one calculated from the simulated absorp-
tion coefficient time series αk indicates that the averaging 
behavior under fringe-scrambling conditions is well under-
stood in terms of the physical processes formalized by Eqs. 
(8) and (9).

An Allan-Werle plot such as the one in Fig. 4, based 
on measurements at one single frequency, can be mislead-
ing in the presence of optical fringes. Taken in itself, it 
is thus insufficient for characterizing frequency-scanned 
spectrometer performance. In this regime, a systematic 
analysis of spectrometer baseline structure is vital to 

(8)αk = α0 + ∆α sin (2πd × tri(tk , fs) + ϕs) + ǫk

(9)tk = tk−1 + fRD
−1 + ξk
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analyze and minimize the impact of interference fringes 
due to parasite reflections. For the present OFFS-CRD 
spectrometer, the 0.5 cm−1 wide baseline section shown 
in the upper panel of Fig. 5 was recorded at frequency 
steps of 10−3 cm−1. Measuring for 1.5 s at each point 
yielded 300 RD events on average, resulting in a baseline 
rms noise level of only 2 × 10−12 cm−1. The improvement 
in comparison with the first demonstration [23] is due to 
a meticulous optimization of alignment and cleaning of 
all optics, the use of a quarter-wave plate between cav-
ity and photodiode, as well as a more sophisticated fringe 
cancelation procedure.

This scheme exploits the fact that the RD time bias due 
to the interference fringe changes sign when the phase of 
the latter changes by ±π. In analogy to Eq. (8), the bias ∆α 
of the absorption measurement due to two fringes ∆αa and 
∆αb

 may be generalized as

by expressing the parameter d in terms of the scrambling 
PZT displacement p. In the paraxial approximation, d is 
roughly equal to 2p/(�/2) for an interference fringe having 
its origin before the last steering mirror, represented by ∆αb

,  
and p/(�/2) for parasite scattering by the steering mirror 
itself, represented by ∆αa.

In order to cancel the effect of both fringes, the PZT 
may therefore be stepped to four positions pj = j × �/8 
with j = 0, . . . , 3, yielding fringe contributions with oppo-
site signs. The arithmetic mean ∆α  of the correspond-
ing ∆αj

 is thus zero, corresponding to complete fringe 
canceling:

(10)∆α = ∆αa sin

(
4πp

�
+ φa

)
+ ∆αb

sin

(
8πp

�
+ φb

)

In practice, ∆α  is determined by averaging Nj RD measure-
ments at each position  pj.

The random noise σα on the ∆αj i
 values propagates to ∆α  as

via Eqs. (11) and (12). In the optimal case Nj = N/4 ∀j, 
this fringe cancelation method therefore yields a RD meas-
urement precision equal to the one for N fringe-biased 
measurements at a single displacement p. In practice, care 
has to be taken to keep the number of RD events close 
to N/4 for all spectral measurement points, since noise 
increases considerably for a non-uniform Nj distribution 
according to Eq. (13). Small deviations from  Nj-uniformity 
are irrelevant in a regime where RD acquisition noise is 
negligible compared with optical fringes. This is clearly the 
case for the present near-shot-noise-limited spectrometer 
with kHz-level repetition rates.

For the sake of generality, let us nonetheless note that 
the present scheme can be beneficially applied also in a 
regime where random acquisition noise dominates over 
interference fringes, even if the  Nj are non-uniform. In this 
special case, the weighting in Eq. (11) should be modified 
to read

While this compensation strategy leads to only partial 
fringe cancelation, it has the benefit of not impairing the 
statistical noise reduction due to averaging.

As shown in the lower panel of Fig. 5, converting the 
baseline noise to a power spectral density (PSD) by Fou-
rier transform clearly reveals several periodic contribu-
tions. With the help of the etalon length corresponding to 
these peaks in the PSD, the optics responsible for each 
parasite reflection may be identified. In the present case, 
small signatures of the FC-APC fiber out-coupling, the 
anti-reflection-coated, wedged rear side of the dielectric 
cavity mirrors, as well as the transmission photodiode can 
be discerned. A small residual from the scrambled circula-
tor fringe is also still visible. The dominant 15 cm-fringe 

(11)

∆α =
1

4

3∑

j=0

∆αj
=

∆αa

4

3∑

j=0

cos
(
φa + j

π

2

)

+
∆αb

4

3∑
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cos (φb + jπ) = 0
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1

Nj

Nj∑
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∆αj i

(13)σ∆α
=

σα

4

√√√√
3∑
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1

Nj

(14)∆α =
∑3

j=0 Nj∆αj∑3
j=0 Nj

Fig. 5  Spectrometer baseline after linear correction (upper panel). 
The corresponding absorption noise power spectral density (lower 
panel) reveals interference by parasite reflections with different 
etalon lengths
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is presumedly due to intra-cavity scattering losses. This 
hypothesis will be checked by means of the slightly differ-
ent RD cavity design of a follow-up setup.

3.2  Broadband spectrum of CO2 at 1.6 µm

OFFS-CRDS was used for acquiring the broadband, high-
resolution spectrum of carbon dioxide around 1.6 µm 
shown in Fig. 6. This 17 h measurement was carried out 
for CO2 at natural isotopic abundances and a partial pres-
sure of 10 Pa for optimally exploiting the dynamic range of 
the spectrometer. Being defined as the ratio of the biggest 
signal to the noise on the baseline, this quantity amounts to 
almost 8 × 105 in the present case, with a baseline noise as 
low as 4 × 10−12 cm−1. The inverted red curve in Fig. 6a 
shows a simulated spectrum based on the HITRAN 2012 
database [43] for comparison.

For lines in the 40013 ← 10001 hot band of 12C16O2, 
the measured spectrum reveals significant disagreements 
with the center frequencies from the HITRAN database. 
For instance, the center of the R6 line shown in Fig. 6b 
was determined to be 6,210.7097(5) cm−1 and clearly 
disagrees with the HITRAN value of 6,210.7126 cm−1 
given at an accuracy better than 10−3 cm−1. Our value is 
in excellent agreement with previous CRDS measure-
ments [5] (6,210.7094(10) cm−1) and the position calcu-
lated from the band parameters by Miller and Brown [44] 
(6,210.7096(4) cm−1), consequently underpinning the need 
for a revision of HITRAN values for this band.

A more comprehensive evaluation of the spectrum in 
Fig. 6 is in progress. It is expected to yield sub-MHz line 
center accuracies also for weak bands by using absolute 
frequency references at 1.6 µm.

Fig. 6  a Black curve Meas-
ured broadband absorption 
spectrum in the P-branch of 
the 30013 ← 00001 band of 
CO2 at 10 Pa and 296 K with 
second-order polynomial 
baseline correction. The fre-
quency stepping resolution was 
50 MHz, with several hundreds 
of RD events averaged for each 
point. Red curve Simulated 
HITRAN spectrum at identical 
conditions. b Zoom showing 
the individual data points and 
the spectrum baseline noise. 
The 40013 ← 10001 R6 line 
at 6210.71 cm−1 exhibits a 
significant frequency offset with 
respect to the HITRAN value
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3.3  Isolated line-shape study of CO2 in N2

A precision lineshape measurement of CO2 broadened 
by N2 was carried out at a temperature of 295.8 ± 0.1 K 
and a pressure of 150 Pa, with a CO2 mole fraction of 
5.04 × 10−3. The 3.6 min single scan depicted in Fig. 7 
was recorded with adaptive measurement parameters, such 
as the number of averaged RD events and the frequency 
stepping between 40 and 434.4 MHz. It exhibits a SNR of 
almost 8 × 104. The experimental data were fitted with var-
ious common line-shape models to compare their perfor-
mance. In view of the high SNR, all parameter were kept 
floating during fitting. With the molecular mass m and the 
Boltzmann constant kB, the fitted Doppler width ∆D allows 
a critical comparison of the corresponding Doppler tem-
perature TD = (∆D/ν)2mc2/kB to the measured RD cavity 
temperature. The fit residuals are shown in the lower panels 
of Fig. 7 and the deduced physical parameters are reported 
in Table 1. As a semi-quantitative indicator for fit quality, 

the quality figure (QF) defined as the ratio between peak 
signal and rms fit residuals [21] was adopted. Depend-
ing on the distribution of spectral points, QF may consti-
tute a somewhat ambiguous measure. Nevertheless, it is a 

Fig. 7  Isolated 30013 ← 00001 
P16 line of CO2 at 
6,214.588 cm−1 broadened by 
N2 at a total pressure of 150 Pa 
and a CO2 concentration of 
5.04 × 10−3, with first-order 
polynomial baseline correc-
tion. The lower panels show 
the fit residuals from different 
line profile models. Fit quality 
is indicated as the ratio QF of 
peak signal to rms fit residuals

Table 1  Comparison of the models used for fitting the line profile in 
Fig. 7.

QF fit quality figure,  TD Doppler temperature,  Ŵ Lorentzian width, 
A integrated absorption, NG Nelkin-Ghatak, qSD quadratic speed-
dependent, pC partially correlated

Profile QF TD (K) 10
4Ŵ (cm

−1)   109A (cm-2)

Voigt 16001 293.37 1.335 3.0590

NG 44043 294.56 1.353 3.0575

Galatry 62158 296.40 1.249 3.0564

qSD Voigt 62104 296.41 1.248 3.0564

qSDNG 79322 295.90 1.275 3.0567

pCqSDNG 79711 295.91 1.338 3.0567
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sensitive and meaningful fit quality indicator for the present 
study, as most measurement points were taken close to the 
line center.

The characteristic residuals from fitting with a Voigt pro-
file clearly show its inadequacy even at this rather low pres-
sure, underlined by the severely biased Doppler tempera-
ture (2.4 ± 0.1 K) below the true value.

As a first refinement beyond the Voigt profile, velocity-
changing collisions leading to collisional (Dicke) narrow-
ing [45] are often taken into account by means of the hard-
collision Nelkin-Ghatak model [46]. In the present case, its 
fit residuals are significantly flatter than for the Voigt pro-
file, but retain a considerable systematic structure. This is 
reflected by the biased Doppler temperature deduced from 
the fit, which is still wrong by 1.2 ± 0.1 K. The Galatry 
profile [47] is based on a complementary approach to col-
lisional narrowing considering soft collision leading to only 
slight velocity changes. Here, it yields further improved fit 
residuals, which feature only little residual structure. None-
theless, this seemingly good agreement is accompanied by 
a significantly biased Doppler temperature retrieval off by 
0.6 K. These observations indicate that collisional narrow-
ing alone is not sufficient to describe the physics underly-
ing the observed lineshape.

Line-narrowing can also be due to the speed-depend-
ence of the collisional width and shift. This is taken into 
account in a quadratic approximation by fitting with the 
quadratic speed-dependent Voigt profile. Although based on 
an entirely different physical mechanism, the residuals and 
parameters from this fit are very similar to those obtained 
with the Galatry profile. Combining both collisional nar-
rowing and speed-dependence by the quadratic speed-
dependent Nelkin-Ghatak (qSDNG) profile leads to a fur-
ther, significant improvement in fit quality. Importantly, the 
Doppler temperature derived from this fit is consistent with 
the resistive temperature probe measurement. The residu-
als are flat over the whole scanning range, yielding the true 
SNR of the measurement, and indicating that the introduc-
tion of further parameters should create parameter correla-
tions without improving the fit quality. This is the case when 
fitting with the so-called Hartmann-Tran profile (HTP) 
[48], which generalizes the qSDNG profile by including a 
partical correlation between velocity-changing and dephas-
ing collisions (pCqSDNG). It has been suggested that this 
profile should supersede the Voigt profile in databases for 
atmospheric applications and radiative transfer models 
[49], as it preserves backward compatibility and features 
a very limited computational cost, with seven parameters 
which are either independent of or proportional to pressure. 
The HTP yields results in terms of fit quality and Doppler 
temperature which are very similar to those obtained with 
the qSDNG, but their Lorentzian broadenings Ŵ differ by 
almost 5 %. To resolve this ambiguity, a multi-fit procedure 

combining spectra at different pressures should be carried 
out, ideally from the Doppler-limited to near-Lorentzian 
regimes. By taking the physical scaling of parameters with 
pressure into account, this approach allows resolving the 
correlations between single-spectrum fit parameters [48] 
and is to be recommended for reliably retrieving physically 
meaningful quantities. Nevertheless, we have demonstrated 
here that a spectrometer with a very high signal-to-noise 
ratio distinguishes between the different physical broaden-
ing and narrowing processes in a remarkably efficient man-
ner already on a single-line basis. The differences between 
the retrieved integrated absorption areas, which are at the 
10−4 level even for profiles beyond Voigt, suggest the cau-
tious use of advanced profiles for applications such as trace 
gas monitoring and isotopic ratio measurements.

4  Conclusions

OFFS-CRDS combines an adaptive resolution down to the 
kHz-level with a near-shot-noise-limited absorption sen-
sitivity of 2 × 10−13 cm−1/

√
Hz, and allows recording 

broadband spectra over a 1 THz span with an rms baseline 
noise as low as 2 × 10-12 cm-1. This performance makes it 
a versatile, powerful tool for absorption line metrology. For 
achieving optimal performance, a thorough minimization 
of interference fringes due to parasite reflections is crucial. 
To this end, two active fringe cancelation schemes based 
on triangle-shaped and discrete piezoelectric mirror dis-
placements were experimentally realized and theoretically 
described.

The OFFS-CRDS prototype was used for recording a 
high-resolution spectrum of CO2, with a dynamic range 
approaching 800,000, between 6,188 and 6,217 cm−1, 
confirming a need for improvement of the line center fre-
quencies of the 16O12C16O 40013 ← 10001 hot band in the 
HITRAN 2012 database. By linking OFFS-CRDS to abso-
lute frequency references of any type, such high-resolution 
survey-type spectra should allow broadband line center 
frequency measurements with sub-MHz accuracy even for 
weak bands.

We measured the spectrum of an isolated transition of 
CO2 broadened by N2 with adaptive resolution and a sig-
nal-to-noise ratio of 80,000, clearly distinguishing line-
narrowing effects beyond the Voigt profile at a pressure of 
150 Pa. This performance opens the door to a systematic 
multi-fit analysis of line measurements over whole absorp-
tion bands and wide pressure ranges, for validating state-
of-the-art lineshape models and retrieving accurate, physi-
cally meaningful line parameters. To harness this potential 
for applications in environmental sciences, we are currently 
developing an OFFS-CRD spectrometer dedicated to car-
bon dioxide isotopic ratios measurements.
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Due to its tightly locked high-finesse ring-down cavity, 
OFFS-CRDS features kW/cm2-level intracavity light inten-
sity for input powers on the order of 100 µW. We demon-
strated elsewhere [23] how this can be exploited for satu-
rating weak CO2 transitions around 1.6 µm involving four 
vibrational quanta. In a setup linked to a self-referenced 
frequency comb, such sub-Doppler Lamb dip measure-
ments could pave the way to extensive near-infrared line 
center retrievals with sub-kHz-accuracy. This is expected to 
yield a multitude of new frequency references for precision 
spectroscopy and to contribute to the verification of state-
of-the-art ab-initio energy level calculations.

Beside these promising lab-based applications, the rela-
tively compact and rugged experimental setup, which uses 
fiber-optic components to a great extent, calls for mobile, 
field-deployable spectrometers. The development of such 
an OFFS-CRDS instrument for monitoring the concentra-
tion and isotopic composition of water vapor in Antarctic 
air is currently underway.
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Chapter 9

Saturated absorption

Absorption consists in an attenuation of the light field by transferring molecules from the
lower to the upper state of a transition. For intense light fields, the fraction of molecules
remaining in the upper state can become non-negligible. These molecules no longer con-
tribute to absorption, and, on the contrary, lead to stimulated emission due to their
interaction with the light field. Consequently, the absorption coefficient α becomes a
monotonously decreasing function of the intensity I of the light field:

I ↗⇒ α↘ (9.1)

This phenomenon is called saturated absorption. In the limit of an infinitely strong light
field I → ∞, an equal number of molecules are in the upper and lower state of the
transition, absorption and stimulated emission balance one another, and the medium
becomes transparent: α→ 0.

Mechanisms limiting this total equilibration of lower and upper population include
the finite natural lifetime of the upper state, collisions with other molecules leading to
dephasings or direct population redistribution, and transit effects, where molecules leave
and enter the interaction zone due to their non-zero velocity according to the Maxwell-
Boltzmann distribution in an ideal gas. For molecular overtone and combination tone
spectroscopy, transition dipole moments are generally weak. Therefore, transferring a
non-negligible fraction of the population to the upper state, before collisions and transit
effects lead to a reequilibration, becomes challenging. As a consequence, very high light
intensities are required to observe a measurable decrease in sample absorption.

The exceptional potential of OFFS-CRDS for saturated molecular absorption spec-
troscopy resides in its ability to coherently inject a laser into a resonator with very high
finesse, yielding a passive intracavity intensity amplification by a factor of 105. With its
ultra-high absorption sensitivity, it allows working at very low pressures, a necessary con-
dition for obtaining narrow spectroscopic features with widths on the order of 100 kHz.
OFFS-CRDS can then resolve these features with a negligible apparatus function due to
its sub-kHz linewidth laser with negligible drifts.

Throughout this chapter, the perspectives of saturated OFFS-CRDS shall be explored
on the basis of a thorough theoretical analysis validated by proof-of-principle experiments.
First significant spectroscopic applications on the near-infrared spectroscopy of CO2 are
also presented and discussed in the later sections, in particular line center frequency mea-
surements near 1.6µm with previously unattained performance. Furthermore, we shall
argue that saturation in CRDS should not be considered as a bias source, but rather as
an additional physical property of the system under test. It is inherently contained in
the measurement signal, thus adding an additional degree of freedom to spectroscopic
studies. To this end we derive a closed, analytic expression for a ring-down signal in the
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weakly saturated regime as a function of the relevant physical parameters. We demon-
strate how such an approach yields an unbiased measurement of unsaturated absorption
coefficients and lineshapes in a saturated-absorption regime, and how it opens the door
to concentration-independent transition dipole moment measurements, which may yield
precious insights into the very foundations of molecular physics.

In the literature, some previous CRDS studies are reported that have taken up the
experimental challenge and successfully exploited saturated molecular absorption in the
mid- and near-infrared spectral regions, thereby realizing previously practically impossible
measurement applications.

9.1 Prior saturated-absorption measurements by CRDS

To the best of our knowledge, the first experimental demonstration of saturation effects
in continuous-wave (CW) CRDS was made by Romanini and co-workers at Laboratoire
de Spectrométrie Physique (LSP) in Grenoble [237]. With a single-mode CW titanium-
sapphire (Ti:Sa) laser, mode-matched to the TEM00 mode of a cavity with ring-down times
on the order of 100 µs, they achieved intracavity power levels on the order of 20 W at
800 nm. Virtually eliminating collisional decoherence effects by probing nitrogen dioxide
molecules in a continuous supersonic planar jet, they were able to observe saturation Lamb
dips in absorption, as shown in Fig. 9.1. The authors used the fact that during a ring-

Figure 9.1 Saturated-absorption Lamb dips in a cavity ring-down spectrum of NO2 in a
supersonic slit jet by Romanini et al. [237]. The different curves correspond to exponential
fitting of different parts of the ring-down signal. Adapted from [237] (Figure 1).

down event saturation fades out with the decaying intracavity intensity, thus allowing an
approximate determination of the unsaturated absorption coefficient by fitting the tail of
each ring-down event. A spectrum obtained in this manner is shown as the unbroken black
line in Fig. 9.1. Inversely, taking into account the beginning of the ring-down event reveals
strong saturation, manifesting itself through a decrease in absorption and the emergence
of Doppler-free Lamb dips at the center of the lines. Beyond that, this supersonic-jet
CRDS study also provided evidence for extremely narrow two-photon-transitions of NO2
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observed in a fluorescence signal acquired simultaneously with the cavity-transmission-
based ring-down signal.

Let us cite a discussion paragraph from the article [237], which sums up very pre-
cisely the endeavor we undertake in Section 9.2 of this thesis, by developing an analytic
theoretical framework for carrying out quantitative CRD spectroscopy explicitly encom-
passing saturation effects, opening the promising perspective of concentration-independent
transition dipole measurements:

We are not going further into the determination of the function α(I), however,
all information should be available in order to write down a complete and
accurate rate equation model. This should include the velocity distribution of
the molecules and the intensity profile of the intracavity TEM field. Analytic
or numerical integration would allow determining the exact ringdown profile.
From an accurate measurement of the intracavity optical power density and
the corresponding saturation observed in the ringdown, an estimation of the
value of the transition moment should then be possible. This would allow to
determine the absolute absorption intensities without knowledge of number
density and partition function.

Another proof-of-principle experiment in saturated absorption CRDS was carried out
on a strong ethylene transition at 10.6 µm by Bucher and co-workers [238]. Starting from
a CO2 laser with 10 W, they used a CdTe electro-optic modulator driven by 20 W of
microwave power to obtain two times 1 mW of tunable sideband power. The length of the
ring-down cavity was then tuned and locked into resonance with one of the sidebands by
means of a piezoelectric actuator as well as a slow thermal-expansion-based cavity length
servo for compensating bigger drifts. The corresponding error signal was obtained by
sideband frequency modulation and phase-sensitive detection. With the resulting reso-
nant intracavity amplification, the authors could demonstrate saturated absorption Lamb
dips at the center of the studied C2H4 line. They quantitatively characterized the degree
of saturation as well as the power broadening of the dip by recording spectra at several dif-
ferent sideband powers. Although the absorption coefficient could be considered constant
during a ring-down event in their study due to the very short cavity decay time, which was
small compared to population relaxation times, the authors conclude their article stating
that

An important feature to be studied is the degree to which the transients are
nonexponential, inasmuch as this will provide a direct measure of the saturation
of the optical absorption.

This outlook essentially matches the proposal by Romanini et al. in [237].
Exploiting saturated-absorption CRDS for quantitative spectroscopy, Lisak and Hodges

studied four closely spaced water lines near 1.4 µm by FS-CRDS (cf. Section 5.3) [239].
Besides integrated-absorption measurements and error budget considerations for water
vapor in nitrogen, they also investigated the case of very low water partial pressures
originating from outgassing from the cavity walls. Due to the negligible impact of inter-
molecular collisions in this regime, saturation of transitions can be achieved at comparably
low light intensities. Furthermore, the spectrometer frequency axis was referenced to a
I2-stabilized Helium-Neon laser, leading to kHz-level precision and resolution. Thanks to
the combination of these factors, Lamb dips could be evidenced at the top of the four lines
using narrow-span scans with high frequency stepping resolution. This result is shown in
Fig. 9.2. The Doppler-free Lamb dips are three orders of magnitude narrower than the
Doppler-broadened line. The authors demonstrated how this can be used for precise line
center measurements, in spite of the limited signal-to-noise ratio of the dips. They report
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Figure 9.2 FS-CRDS spectrum of four water vapor absorption lines near 1392 nm at a
total pressure of 38 mPa by Lisak and Hodges [239]. The insets show the Lamb dip at the
center of each line measured with very small frequency steps on a narrow spectral interval
at the top of the line. Adapted from [239] (Figure 3).

that the uncertainty in the relative position of the four lines is reduced by a factor of 3 to
8 by going from Doppler-limited to sub-Doppler measurements. Using the Lamb dips, the
frequency spacings between the four water transitions could be determined at an accuracy
of a few 100 kHz.

Taking advantage of the intense transitions in the mid-infrared, Giusfredi and co-
workers have devised a CRDS technique dubbed SCAR (for saturated-absorption cavity
ring-down), specifically dedicated to saturated-absorption measurements and capable of
decoupling the ring-down spectrometer baseline from absorption signal [240]. In intuitive
terms, its principle is to induce virtual transparence in the gas sample due to saturation
at the beginning of the ring-down event. This allows a determination of the spectrom-
eter baseline loss at each measurement point in spite of absorbing gas sample. The ab-
sorption coefficient due to the gas then builds up to its unsaturated level as intracavity
intensity decays, and can thus be determined at the tail of each ring-down event. This
measurement scheme makes SCAR immune to common CRDS bias sources such as op-
tical fringes in principle and is illustrated in Fig. 9.3. The decay functions f essentially
represent saturated absorption and are plotted for different initial saturation parameters
G0 in Fig. 9.3. The time-dependent saturation parameter satisfies a differential equation,
which is solved numerically for fitting the experimental cavity ring-down photodiode sig-
nals during a SCAR measurement. A theoretical analysis of noise and detection limits in
SCAR as a function of the initial saturation parameter has been undertaken by Lehmann
[241]. To demonstrate the resolution of the SCAR spectrometer as well as its sensitivity
in the strong saturation regime, Guisfredi and co-workers measured the Lamb dips and
saturated-absorption crossover resonances at the top of an intense 17O12C16O line in 0.2
Pa of CO2 at natural abundance. More than one Lamb dip is observed on top of this line
due to the electric quadrupole interaction of the 17O spin-5

2 -nucleus with the intramolecu-
lar electric field gradient at the nucleus position. This leads to a hyperfine splitting of the
line into three components corresponding to different changes in the nuclear spin orienta-
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Figure 9.3 Illustration of the SCAR principle with an experimental saturated ring-down
decay signal with fit residuals. SCAR decay functions f(t) representing saturated sample
absorption are shown for different values of the initial saturation parameter. Adapted
from [240] (Figure 1).

tion with respect to the molecular rotation axis. With the difference-frequency-generated
mid-infrared laser source referenced to an optical frequency comb, this study improved
the knowledge of the fundamental rovibrational 00011 ← 00001 R0 transition frequency
in the asymmetric stretching mode by three orders of magnitude. The SCAR technique
was equally employed for the first radioactive carbon-14 concentration measurements in
gaseous 14C16O2 samples at and below natural abundance (14C/C ≈ 10−12), reaching a
detection limit corresponding to a relative 14C-abundance of 4.3 · 10−14 [242].

In the next section, we follow an approach which is similar to the one in [240] but
focus on the derivation of an analytic formula for a weakly saturated ring-down signal by
means of a detailed theoretical analysis including the quantitative impact of the intensity
distribution in the Gaussian TEM00 mode. Furthermore, we set out the experimental path
to accurate concentration-independent transition dipole measurements using saturated-
absorption CRDS.

9.2 Theoretical analysis of saturation effects in CRDS

Many detailed treatments of saturation effects in laser physics and absorption spectroscopy
exist in the literature [243, 244], and considerable theoretical efforts were made to represent
the saturated absorption lineshape with high fidelity [245, 246]. An exhaustive treatment
is beyond the scope of this thesis. Instead, we will focus on points which are vital to
saturated-absorption cavity ring-down spectroscopy in a regime of weak saturation. This
special case is of primordial interest here, as it is typical when probing weak rovibrational
molecular transitions in the near-infrared in a gas in thermal equilibrium.
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First, we will give a brief overview of basic aspects of light-matter interaction giving
rise to saturation as well as the relevant physical parameters. Then, we go on to discussing
the differences between the homogeneous and inhomogeneous line broadening regimes and
explaining the appearance of narrow absorption dips in the latter. Finally, we shall derive
an analytic formula for the cavity ring-down signal due to a weakly saturated absorption
line.

9.2.1 Homogeneous versus inhomogeneous saturation

Spectral lines are said to be homogenously broadened if the effective transition frequency
ν0 is the same for all molecules and each one contributes to the total absorption with the
same line profile p(ν) (cf. Section 8.1.2). In this case, the absorbing ensemble behaves
essentially equivalently to a single molecule, naturally scaled by the particle density N/V .
From fundamental light-matter interaction considerations in a two-level system [247–249],
one may show that the absorption coefficient then takes the Lorentzian form

α = N

V

k∗

(ν − ν0)2 + γ2

4 + k̃I
(9.2)

as a function of frequency ν, depending on the full linewidth of the transition γ as well
as on the exciting light intensity I. By explicitly writing the two constants k∗ and k̃ in
terms of the relevant physical quantities, as given for instance in [58], Eq. (9.2) becomes

α = N

V

ν0γµ
2

2cε0~
1

(ν − ν0)2 + γ2

4

(
1 + I

IS

) (9.3)

with
IS = cε0h

2γ2

4µ2 (9.4)

This saturation intensity IS is an intrinsic property of the physical system under study,
depending essentially on the lifetime of the upper level and the strength of the transition
dipole moment. It is common practice to define a saturation parameter G as

G = I

IS
(9.5)

G is a dimensionless light intensity quantifying the degree of saturation for the transition
in question at given experimental conditions. One can see from Eq. (9.3) that saturation
in the homogeneous regime leads to a broadening of absorption lines proportional to the
light intensity, and, simultaneously, to a drop in sample absorption. Let us now quantify
its impact on the integrated absorption S due to the transition by integrating Eq. (9.3):

S =
∞∫
−∞

α(ν)dν = N

V

πν0µ
2

cε0~
1√

1 + I
IS

(9.6)

According to the basic formula S = kNV for integrated absorption, Eq. (4.6), the unsatu-
rated line strength of the transition is

k0 = πν0µ
2

cε0~
(9.7)

and the line strength diminished by saturation, which incorporates the explicit intensity
dependence, then reads

k = k0√
1 + I

IS

, (9.8)
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Following from first principles, the transition dipole moment µ in Eqs. (9.3) through (9.8)
is a fundamental physical property of the molecular system under study. Both S and
IS depend on it and can therefore be used for determining µ experimentally. However,
S is also proportional to N/V and thus yields a concentration-dependent measurement,
ultimately limited by the accuracy of the pressure gauge used for the measurement. IS ,
on the contrary, holds the promise of a concentration-independent transition dipole mea-
surement, a fascinating possibility towards which first steps shall be explored in Section 9.3.

The homogeneous saturation case could be hypothetically realized by trapping a single
molecule or an ensemble of molecules in an optical lattice and performing spectroscopy
on them. However, as discussed in Section 8.1.2, an absorption line in the gas phase
is inhomogeneously broadened by absorption contributions at different Doppler-shifted
frequencies due to the Maxwell-Boltzmann distribution F (v) of molecular velocities v
in thermal equilibrium. The impact of saturation in this inhomogeneous regime follows
directly from the homogeneous case in Eq. (9.8) and the derivation of the Doppler profile
in Section 8.1.2. Inserting k(I) in Eq. (8.23) thus yields

α(ν) = k
N

V

c

ν0
F

(
(ν − ν0) c

ν0

) 1√
1 + I

IS

(9.9)

Defining the unsaturated absorption α0(ν) = α(ν)|I=0, one may write

α(ν) = α0(ν)√
1 + I

IS

(9.10)

This is the fundamental equation for the impact of saturation in the Doppler-broadened
regime. As mentioned above, a weak light field is an important special case. Expanding
Eq. (9.10) to first order in this weak saturation regime I � IS yields:

α(ν) = α0(ν)
(

1− I

2IS

)
+O

((
I

IS

)2
)

(9.11)

The linearity of the correction term in the weakly saturated regime shall prove very helpful
in the following. Interesting phenomena arise when considering that the exciting light
intensity I itself can become a function of frequency. These deviations from the simple
Doppler profile due to inhomogeneous saturation shall be discussed in the following section.

9.2.2 Doppler-free Lamb dips

As discussed in the previous section, each velocity class saturates independently and con-
tributes to the total inhomogeneously Doppler-broadened absorption. Importantly, only
the light intensity which is effectively resonant with the transition may be taken as I in
Eqs. (9.10) and (9.11). However, this exciting light intensity is no longer equal for all
velocity classes in a configuration with collinear counter-propagating light beams. This is
due to the fact that the Doppler effect changes sign depending on the direction of propaga-
tion of the light wave. When inverting the direction, the excitation switches from velocity
class +v to −v and vice-versa.

Let us illustrate these considerations with the schematic setup in Fig. 9.4 a). Two
nearly collinear counter-propagating light beams, commonly called pump and probe beam,
are transmitted through an absorbing gas sample. Let us assume that they have equal
intensity I and frequency ν for the sake of simplicity.
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Figure 9.4 Basic saturation spectroscopy. a) Schematic sketch of the essential components
of an experimental setup. b) Ground-state population as a function of frequency, for
counter-propagating pump and probe laser beams of equal frequency off resonance with
the molecular transition (left), or on resonance (right), giving rise to a Lamb dip at the
center of the Doppler-broadened line.

If their frequency is not resonant with the transition frequency of the gas molecules
but still lies within the inhomogeneously broadened Doppler profile, each beam excites
molecules from one velocity class vz and −vz, respectively. The velocities, which are
projections onto the optical axis of the system, fulfill the condition vz = ±c(ν/ν0 − 1)
according to Eq. (8.19) and are symmetrically located with respect to the line center ν0.
For these two velocity classes, some of the gas molecules from the ground state of the
transition are transferred to its excited state. The resulting population distribution for
the ground state is illustrated on the left of Fig. 9.4 b).

If, however, the two beam frequencies resonantly coincide with the transition frequency
of the molecules, ν = ν0, then only the velocity class vz = 0 satisfies the interaction
condition and both the left- and right-propagating wave excite the molecular transition,
leading to a two-fold increase in interacting light intensity. Consequently, as illustrated
in Fig. 9.4 b), the resonant depopulation of the ground state for molecules with vz = 0
is stronger than the one for the two velocity classes ±vz 6= 0 in the off-resonant case
discussed above. By an excess depopulation of the transition ground state, the two-fold
intensity increase on resonance with both beams thus leads to a decrease in absorption at
the line center, as stated by Eq. (9.1).

This type of dip was first discovered by McFarlane, Bennett and Lamb as a decrease in
light amplification at the center of the gain profile of a single-mode Helium-Neon laser [250].
Analogously to the discussion above, this dip is due to the fact that the resonant laser beam
interacts with the same velocity class for both its counter-propagating intra-resonator
waves, instead of benefiting from the population inversion in two independent velocity
classes +vz and −vz, as in the case of frequency pulling off the Neon line center by the
laser resonator. Owing to the fact that Lamb predicted this gain-reduction phenomenon
in his extensive theoretical treatise on laser physics [251], it is most commonly termed as
Lamb dip in his honor.

In the case of saturated absorption, the effect translates into an increase in transmission
through an absorber, which is also known as inverted Lamb dip [243]. In the framework
of the present thesis, we are considering absorption coefficients. As increased transmission
is equivalent to reduced absorption, we therefore encounter downward-oriented dip signa-
tures in the absorption coefficient. Let us note that the special case of counter-propagating
beams with equal frequency and intensity is highly significant here, as it corresponds to a
high-finesse resonator with highly reflective mirrors. In the steady state and directly after
switching off the light source injecting such a resonator, this is a completely symmetric
system with a standing wave inside the cavity, which can be decomposed into two waves
of equal intensity travelling into opposite directions.

For the sake of conceptual simplicity, the above discussion was made for an infinitely
narrow homogeneous linewidth of the transition in question, leading to the interaction with
a single perfectly monochromatic velocity class. This is obviously just an idealization, as
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the number of absorbers in such an infinitely narrow velocity class is infinitesimally small.
When taking the finite homogeneous linewidth into account, the Doppler profile gives
way to the Voigt profile, which is a convolution of the Gaussian Doppler profile and the
homogeneous Lorentzian profile, as discussed in Section 8.1.2.

On the basis of this consideration, it is clear that not only the infinitesimally narrow
velocity class with vz = 0 can interact with both of the counter-propagating beams, but
all velocity classes within the bounds of their homogeneous profile p(ν). Introducing the
full intensity-dependent homogeneous absorption coefficient from Eq. (9.3) into an ansatz
like Eq. (8.26) leads to a complex expression with a rich behavior in the case of strong
saturation. Such shapes of saturated absorption features under different conditions were
analyzed in great detail in the literature (e.g. [243, 245, 246]).

Here, we shall choose a conceptually simpler, phenomenological approach, which is
valid in the weak saturation regime. As G� 1 in this case, there are only small changes
in the homogeneous absorption line shape p(ν) due to saturation. Under this condition,
one can write the total light intensity effectively interacting with the molecular transition
as

Itot(ν) = I

(
1 + p(ν − ν0)

p(ν0)

)
(9.12)

The factor in brackets is a dimensionless effective velocity parameter with the shape of
the homogeneous line profile p(ν − ν0) and shall be called g here:

g(ν − ν0) = 1 + p(ν − ν0)
p(ν0) (9.13)

It describes the degree of interaction with the two counter-propagating light beams, taking
values between 1 and 2, with the limiting cases g → 1 for (ν − ν0) → ±∞ and g → 2 for
(ν− ν0)→ 0. Through its link to I via its definition (9.5), the saturation parameter G for
two counter-propagating beams of equal intensity and frequency can thus be written as

Gtot(ν) = G · g (ν − ν0) . (9.14)

Inserting the frequency-dependent effectively interacting intensity Itot from Eq. (9.12)
into the absorption coefficient in Eqs. (9.10) and (9.11) qualitatively changes the inho-
mogeneous absorption profile as expected, by the appearance of a Lamb dip with shape
g(ν − ν0) at the line center ν0. The depth of this dip as compared to the absorption
α1(ν) = α0(ν) (1− I/(2IS)) for excitation by a single light beam is given by

∆α = α0(ν0)
(

1− I

2IS

)
− α0(ν0)

(
1− g(0)I

2IS

)
= α0(ν0) I

2IS
, (9.15)

with g(0) = 2. Using the fact that terms quadratic in I/IS are negligible in the case of
weak saturation, one may reformulate this in terms of α1(ν) as follows:

∆α ≈ α1(ν0)
(

1 + I

2IS

)
I

2IS
≈ α1(ν0) I

2IS
(9.16)

In this regime, the saturation parameter can thus be readily determined from the observed
depth of the Lamb dip:

G = 2 ∆α
α1(ν0) (9.17)

This strikingly simple and useful result is important for the evaluation of the CO2 Lamb
dip measurements discussed in Section 9.4, for instance.
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9.2.3 Analytic formula for weak saturation

With the intensity-dependent saturated absorption coefficient α(Itot) of Eqs. (9.10) and
(9.11) as well as the frequency-dependent effectively interacting light intensity Itot(ν) of
Eq. (9.12), we shall now turn to a theoretical description of a cavity ring-down event in
the weakly saturated, inhomogeneously broadened regime. As stated above, the challenge
lies in the varying degree of saturation both over the temporal and the spatial coordinates.
This is due to the intensity decay during the ring-down event and the spatial intensity
distribution in the TEM00 mode of the ring-down cavity, respectively.

For this analysis, let us revisit the second theoretical approach from Section 5.1, which
consists in considering the energy loss of the ring-down cavity. We have seen that the total
electromagnetic field energy stored in the travelling-wave TEM00 mode is given by

W = 1
4n

2ε0E0
2πw0

2L (9.18)

The energy loss rate
(

dW
dt

)
m

due to the mirrors given by Eq. (5.11) is unaffected by the
intensity-dependent α(I). To obtain a differential equation, and, eventually, an analytic
formula for the saturated ring-down signal as a function of time, we need to reconsider
the energy loss due to absorption:

(dW )a = −
∫
V

n2ε0E
2(x, y, z)α (g · I(x, y, z)) c

n
dtdV (9.19)

Note that α(g · I) can no longer be pulled out of the volume integral in Eq. (9.19) due
to the dependence of I on the spatial coordinates. In writing α(I), we implicitly assume
that there is a continuous re-equilibration of the upper and lower state population to a
steady state at each I. This adiabatic approximation is valid if the ring-down time is
much longer than the inverse homogeneous linewidth of the transition, a condition which
is fulfilled in the low-pressure high-finesse CRDS studies targeted here. As a next step, we
write the volume integral in Eq. (9.19) in cylindrical coordinates and insert the weakly
saturated absorption coefficient from Eq. (9.11). Expressing the one-way intracavity
intensity I = ε0ncE

2 explicitly in terms of the electric field E, this yields the energy loss
rate

(
dW
dt

)
a

due to absorption as

(dW
dt

)
a

= −cnα0ε0

∞∫
0

2π∫
0

L/2∫
−L/2

E2(r, z) ·
(

1− cnε0g · E2(r, z)
2Is

)
drdϕdz (9.20)

Comparing to Eq. (5.12), the first term in the above equation can be simplified by writing
it in terms of the electromagnetic field energy W . The second term acquires an additional
factor 1

2 by time-averaging over the rapidly varying cos2(kz−ωt+ ...)-term, reflecting the
fact that the molecular population distribution is not affected by intensity variations as
fast as optical frequencies. In the volume integral, the trivial ϕ-integration yields 2π and
the r-integration can be carried out using the identity (5.7). Once more identifying W in
the result by completing with the cavity length L leads to

(dW
dt

)
a

= −α0c

n
W

1− gcnε0E0(t)2

2IS
1

2L

L/2∫
0

dz
1 + z2

z2
R

 (9.21)

The z-integration yields an arctangent. Expressing the Rayleigh range zR for a symmetric
cavity with identical mirrors in terms of L and the mirror radius of curvature r as in Eq.
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(2.28), one obtains

(dW
dt

)
a

= −W α0c

n

1−
1
4gcnε0E0

2
√

2r
L − 1 arctan

((
2r
L − 1

)−1/2
)

2IS

 (9.22)

In this equation, one may identify the effective one-way light intensity

Ieff = 1
4cnε0E0

2
√

2r
L
− 1 arctan

((2r
L
− 1

)−1/2
)

(9.23)

Then, the intracavity energy decay rate due to absorption takes on the simple form(dW
dt

)
a

= −W α0c

n

(
1− gIeff

2IS

)
(9.24)

It is remarkable that the complex intensity distribution inside the TEM00 cavity mode
can eventually be completely absorbed into a mere effective, or pseudo-average, intracavity
intensity. Its nontrivial geometric scaling factor

√
2r/L− 1 arctan

(
(2r/L− 1)−1/2

)
goes

to 1 for the limiting case of a cavity with flat mirrors. Then, the result Ieff = 1/4cnε0E0
2

is very intuitive, corresponding to exactly half the time-averaged one-way peak intensity.
Comparison of Eq. (9.24) with Eq. (5.13) shows that in CRDS weak saturation in an
inhomogeneously broadened regime simply diminishes the absorption-related decay rate,
and this proportionally to the effectively interacting light intensity. Importantly, the pres-
ence of the velocity parameter g in (9.24) implies that Lamb dips also can be observed in
CRDS decay rates.

Combining the saturated absorption energy decay rate (9.24) with the mirror-loss-
related decay rate from Eq. (5.11) one obtains a differential equation for W :

dW
dt = −W

((1−R)c
nL

+ α0c

n

(
1− gIeff

2IS

))
(9.25)

The first two terms on the right would yield the same linear ordinary differential equation
(ODE) as for the unsaturated case in Eq. (5.14). The third term, however, is quadratic
in Ieff , because Ieff as in Eq. (9.23) is proportional to the total intracavity energy W of
Eq. (5.8). Therefore, it is straightforward to reformulate the differential equation (9.25)
in terms of Ieff (t):

dIeff
dt = − 1

τu
Ieff + kSI

2
eff (9.26)

with the unsaturated ring-down time τu and a saturation factor kS given by

τu
−1 = (1−R)c

nL
+ α0c

n
(9.27)

kS = cgα0
2nIS

(9.28)

The nonlinear differential equation (9.26) has an analytic solution which takes the form

Ieff (t) = I0
e−

t
τu

1− bτu
(
1− e−

t
τu

) (9.29)

As expected, this is a slightly non-exponential function with initial intensity I0 at t = 0. It
exibits a slower decay at small times t due to saturation, represented by the new parameter



186 CHAPTER 9. SATURATED ABSORPTION

b. For big t, saturation fades away, and the decay time returns to the unsaturated ring-
down time τu. b is proportional to the effectively interacting light intensity normalized
to the saturation intensity, and thus carries fundamental information on the molecular
transition and Lamb dip signatures in its frequency dependency:

b(ν) = kSIeff = cα0(ν)
n

g(ν)I0(ν)
2IS

(9.30)

In b(ν), cα0(ν)/n is directly given by τu through Eq. (9.27), which is equivalent to the basic
equation (5.1) of CRDS. The peak intracavity intensity I0(ν), in turn, can be determined
experimentally by means of the ring-down photodiode signal SPD. The link between both
quantities is established as follows: The one-way intensity integrated over the output
mirror surface gives rise to a directional power Pm which was derived in Equation (5.10).
This power is transmitted through the cavity output mirror according to its transmission
coefficient T .

Pout(t) = TPm(t) = 1
4πw

2
oTcnε0E0(t)2 = Tπw2

0√
2r
L − 1 arctan

((
2r
L − 1

)−1/2
) · Ieff (t) (9.31)

In the last step, Eq. (9.23) was used to express Pout in terms of Ieff (t). This transmitted
power Pout then experiences losses on its way into the photodiode semiconductor material
due to various factors, including scattering, absorption, diffraction, reflection and clipping.
One may globally combine all these processes in terms of a single loss factor 0 < ξ < 1,
whose frequency dependence may not be negligible in all cases. Here, it shall be treated
as constant for the sake of simplicity. The photodiode then converts the incoming power
ξPout to a photocurrent ηξPout, with its power-to-current conversion sensitivity η typically
given in A/W . Finally, the transimpedance amplifier circuit converts the photocurrent to
the voltage signal SPD through its transimpedance gain Rgain, yielding

SPD(t) = RgainηξPout(t) = ηξTπw2
0Rgain√

2r
L − 1 arctan

((
2r
L − 1

)−1/2
) · Ieff (t) (9.32)

Using the relationship between beam waist and Rayleigh range from Eq. (2.29) and the
explicit expression for zR in Eq. (2.28), this simplifies to

Ieff (t) =
2 arctan

((
2r
L − 1

)−1/2
)

ηξTRgainλL
· SPD(t) (9.33)

For a sufficiently good knowledge of the system constants r, L, T , η, Rgain and ξ, which
need to be predetermined experimentally in independent measurements, the photodiode
signal thus constitutes a direct measure for the effective intracavity light intensity.

Having determined b(ν) from fitting the analytic function (9.29) to the saturated ring-
down signal, g(ν) normalized to the yet unknown saturation intensity follows as

g(ν)
IS

= 2n
cα0(ν)I0(ν)b(ν) (9.34)

As discussed above, g(ν) essentially has the shape of the homogeneous line profile. There-
fore, fitting

g(ν)/IS = (1 + p̂(ν − ν0)) /IS (9.35)

with a Lorentzian p̂(ν − ν0) of unitary amplitude and a scaling parameter 1/IS allows
retrieving both g(ν) and the molecular property IS .
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As discussed above, such a concentration-independent measurement is of high interest
for fundamental molecular physics studies. The homogeneous linewidth γ can be retrieved
from a fit of g(ν) in good approximation for weak saturation. Then, Eq. (9.4) can
be inverted, yielding the experimentally determined concentration-independent molecular
transition dipole moment by weakly-saturated CRDS as

µ =
√
cε0h2γ2

4IS
(9.36)

9.3 Non-exponential cavity ring-down spectroscopy

Using the findings described in the previous section it is a promising endeavour to not
treat saturation as a source of bias, but to see it as a natural property of the ring-down
signal, which can be determined experimentally by fitting the ring-down in the saturated
regime with the appropriate slightly non-exponential function (9.29). For the present
proof-of-principle measurements, saturated-absorption CRDS measurements were carried
out on the 30013←00001 P18 line of CO2 at 6212.795 cm−1, at a partial pressure of 1
Pa. A 7-minute OFFS-CRDS scan was carried out on a span of 10 MHz around the line
center, at an equidistant 50-kHz-spacing between measurement points. On the order of
300 individual ring-down events were averaged at each spectral point to obtain a good
signal-to-noise ratio.

When attempting to fit the saturated ring-down signals from this scan with simple
exponentials, one obtains non-flat fit residuals revealing their non-exponential features, as
shown in Fig. 9.5. Oscillatory non-exponential signatures indicating a slower decay at the

Figure 9.5 Comparison of residuals from fitting averaged ring-down events at different
degrees of saturation with a simple exponential function and the slightly non-exponential
ring-down function in the weakly saturated regime. Inset: Zoom onto the fit residuals at
the beginning of the ring-down.

beginning, and a faster decay at the end of a ring-down event, respectively, are clearly
visible on the orange and red traces. The orange one corresponds to a frequency close
to the center of the Doppler-broadened line. The red trace exhibiting an even stronger
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effect originates from ring-down events at the center of the Lamb dip, where saturation
is twice as strong. This physics is captured by the weakly saturated ring-down function
(9.29) from the previous section, which yields flat residuals during the whole ring-down
event both on and off the Lamb dip resonance. These two cases are reported as the two
curves in different shades of blue in Fig. 9.5. Fit residuals from ring-down events in the
absence of any absorption are shown as the black curve for comparison.

Whether the simple exponential function or the analytic ring-down function (9.29) for
weak saturation is used for fitting the ring-down signals clearly has an important impact
on the retrieved absorption coefficient. The spectra resulting from the two approaches are
shown in Fig. 9.6 for comparison. The simple exponential fit accounts for the reduced

Figure 9.6 Absorption coefficients at the top of the CO2 line at 6212.795 cm−1 deter-
mined by fitting ring-down events with a simple exponential (blue diamonds) and the
non-exponential function (9.29) yielding unsaturated absorption coefficients in spite of
weak saturation (red circles).

absorption and longer decay time due to saturation at the beginning of the ring-down event
in terms of an averaged effective ring-down time. The saturation bias on the exponential
decay constant is twice as strong in the Lamb dip, thus leading to a correct qualitative
representation of the dip shown as blue diamonds in Fig. 9.6. The saturated ring-down
function (9.29), however, explicitly contains the fit parameter τu, which corresponds to the
ring-down time in the unsaturated limit of infinitesimally small laser power. Therefore, it
yields an absorption spectrum unbiased by saturation effects, reported as the red circles
in Fig. 9.6.

All saturation effects are entirely captured by the second fit parameter b, shown in
Fig. 9.7 as a function of detuning around the line center, which measures the degree of
saturation according to Eqs. (9.29) and (9.30). The parameter b(ν) is proportional to the
frequency-dependent saturation parameter G(ν), but combines several other effects, too.
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Figure 9.7 Saturation parameter b at the top of the CO2 line at 6212.795 cm−1 from
non-exponential ring-down fitting.

To retrieve the pure shape of the Lamb dip in terms of the velocity parameter g(ν) and
the saturation intensity IS using Eq. (9.34), one needs to take into account both changes
in unsaturated absorption α0 and laser intensity variations in I0(ν).

As discussed in the previous section, using Eq. (9.33), I0(ν) can be unambiguously
determined from the photodiode signal S0 at the ring-down trigger threshold. This signal,
with units on the right axis, is shown in Fig. 9.8. This CRDS cavity transmission signal

Figure 9.8 Effective one-way-travelling intracavity light intensity Ieff during the saturated
CRDS measurement shown in Figs. 9.6 and 9.7. A proportionality to the ring-down cavity
transmission photodiode signal SPD holds to very good approximation in this case.
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exhibiting an inverse Lamb dip is in itself an impressive illustration of the force of high-
finesse cavity-enhanced absorption spectroscopy techniques featuring strong enhancement
of the effective light-matter interaction path-length. The inverse Lamb dip signature
is superposed on a sinusoidal 0.8-percent variation of intracavity power with a period
of roughly 2.3 MHz. It is attributed to small variations of single-sideband generation
efficiency by the Mach-Zehnder modulator or slight changes in the ring-down cavity lock
point due to residual amplitude modulation (RAM) by the MZM [252]. On the left axis
of Fig. 9.8, the photodiode signal has been converted to effective one-way intracavity
intensity. Due to the extremely small change in λ, amounting to 10 MHz/186 THz ≈ 5·10−8

during the scan across the dip, SPD and Ieff may be considered proportional to each
other in very good approximation, assuming similarly small variations in η, ξ and T . This
justifies plotting a single curve on two y axes with different units in Fig. 9.8. To make the
conversion from S0 to I0, experimentally determined or realistic values were inserted in
(9.33). For the ring-down cavity used here r = 1 m and L = 34.5 cm, yielding a geometric
factor arctan

((
2r
L − 1

)−1/2
)

in Eq. (9.32) approximately equal to 0.4283. The factor√
2r
L − 1 in Eqs. (9.23), (9.31) and (9.32), in turn, equals 2.190. The product of both is

still close to unity and corresponds to a geometric correction with respect to a plane-mirror
cavity configuration amounting to about 6 percent. A photodiode sensitivity η = 0.9 A/W
was taken as a typical value for InGaAs photodiodes. The photodiode front facet was not
antireflection-coated, and its Fresnel reflectivity at normal incidence was expected to be
on the order of 30 percent based on its refractive index. This loss process outweighs
all others, as direct absorption in air is negligible in the present spectral region, making
ξ = 0.7 a good estimate. The value T = 3.1 · 10−6 for the cavity mirror transmission
coefficient was determined experimentally. The photodiode amplifier transimpedance gain
was Rgain = 91 kΩ.

Inserting the fitted b(ν) and α0 from Figs. 9.7 and 9.6 as well as the measured I0(ν)
from Fig. 9.8 into Eq. (9.34) we thus finally retrieve the desired result g(ν)/IS shown in
Fig. 9.8. This scaled velocity parameter carries the pure Lamb dip signature. Fitting it
with the function 9.35 yields the saturation intensity of the transition, IS = 9.5 kW/cm2

at the homogeneous full width at half maximum of 418 kHz, which equally follows from
the fit. With the average one-way light intensity from Fig. 9.8, this implies a saturation
parameter G = 2.4 · 10−2 outside the dip for this measurement. A slight tilt of the experi-
mental data points in Fig. 9.9 is due to an increase of pressure and therefore homogeneous
linewidth during the scan. Future precision measurements might necessitate taking this
effect into account. Alternatively, one may minimize it by further increasing measure-
ment speed and decreasing outgassing. Comparing the noise on the baseline section to
the inverse dip amplitude yields a potential dip signal-to-noise ratio of 115 for the present
measurement.

Finally, let us consider the above results in view of the possibility of concentration-
independent transition dipole moments by saturated-absorption CRDS. We have seen that
a plot like in Fig. 9.9 yields experimental values both for IS and γ. Equation (9.36) then
implies an empirical value for the transition dipole moment. In the present case, one finds
µ = 7.3 ·10−34 Cm with the above values. Translating this dipole moment to an Einstein A
coefficient for the inverse natural lifetime of the transition [253], one finds A = 7.25 mHz.
This is in very good agreement with the value AHITRAN = 7.31 mHz in the HITRAN 2012
database [212].

Clearly, this concentration-independent determination of µ for the 30013←00001 P18
transition of CO2 cannot be considered an unbiased measurement, as very rough esti-
mations were made in the parameters ξ and η. Nevertheless, it is a proof-of-principle



9.4. COMB-ASSISTED LAMB-DIP SPECTROSCOPY OF CO2 191

Figure 9.9 Velocity parameter g over saturation intensity IS at the top of the CO2 line at
6212.795 cm−1 obtained from the fitted b(ν) in Fig. 9.7 (black circles). Fit curve according
to Eq. (9.35) (blue line).

experiment demonstrating the enormous potential of the method, provided that the con-
stants η, ξ and T and their potential frequency dependences will be determined very
precisely in future quantitative studies.

Importantly, the theory and measurements reported here clearly show how unsatu-
rated absorption and saturation effects including Lamb dips emerge as two independent
characteristics of a ring-down signal. Figures 9.6 and 9.9 illustrate how the two effects can
be separated by fitting with the analytic formula for weakly saturated ring-downs. This
approach opens the door to unbiased absorption coefficient measurements by CRDS in
spite of saturation.

9.4 Comb-assisted Lamb-dip spectroscopy of CO2

In this section, we shall discuss frequency-comb-assisted OFFS-CRDS measurement of
saturated-absorption Lamb dips on twelve weak absorption lines of 12C16O2 near 1.6 µm
with accuracies at the few kHz level. This outstanding performance is based on the
high intracavity light intensity as well as extreme resolution and sensitivity offered by
OFFS-CRDS, and relies on the absolute frequency supplied by an optical frequency comb
referenced to the SI second through a GPS-disciplined Rubidium clock. Like the studies
in Chapter 4, this work was carried out in collaboration with the group of Prof. Marco
Marangoni from Politecnico di Milano.

Let us begin with the article [254] these results were originally reported in. Right after
the article, the key spectroscopic results of this study are provided as a linelist in Table 9.1.
Then, the signal correction, fitting procedure and error analysis methods, which are con-
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cisely discussed in the article, are treated in bigger detail. Finally, the incorporation of the
new kHz-accuracy transition frequencies into the carbon dioxide spectroscopic databank
CDSD [255] will be discussed.

9.4.1 Article 6 - Communication: Saturated CO2 absorption near 1.6
µm for kilohertz-accuracy transition frequencies

At the beginning of this article [254], previous CO2 transition frequency measurements
and their link to progress in frequency metrology, as well as prior saturated-absorption
CRDS studies are discussed in a concise literature survey. Then, the experimental setup
is described, with a main focus on the absolute frequency measurement based on a beat
note between the frequency comb and the optical feedback frequency stabilized laser. The
precision and averaging behavior of this frequency measurement is characterized in terms
of an Allan plot before turning to the experimental Lamb dip spectra. The resulting
experimental 12C16O2 transition frequencies are then compared to relevant reference data
and subsequently used for an optimized spectroscopic constant fit for the upper vibrational
state.
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Doppler-free saturated-absorption Lamb dips were measured on weak rovibrational lines of
12C16O2 between 6189 and 6215 cm−1 at sub-Pa pressures using optical feedback frequency stabilized
cavity ring-down spectroscopy. By referencing the laser source to an optical frequency comb,
transition frequencies for ten lines of the 30013 ← 00001 band P-branch and two lines of the 31113
← 01101 hot band R-branch were determined with an accuracy of a few parts in 1011. Involving
rotational quantum numbers up to 42, the data were used for improving the upper level spectroscopic
constants. These results provide a highly accurate reference frequency grid over the spectral interval
from 1599 to 1616 nm. C 2015 AIP Publishing LLC. [http://dx.doi.org/10.1063/1.4921557]

The linear geometry of the carbon dioxide molecule as
well as its internuclear distances was unveiled in the first
half of the 20th century by means of rotational Raman spec-
troscopy1 and infrared absorption spectroscopy.2 Ever since,
spectroscopic techniques with growing resolution and sensi-
tivity have been used for scrutinizing the rovibrational energy
structure of the CO2 molecule. In recent years, the advent of
self-referenced optical frequency combs (OFCs) has greatly
facilitated the absolute measurement of optical frequencies3

and has boosted metrological research, also on CO2 transi-
tion frequencies.4,5 The Gaussian broadening of spectral lines
by the Doppler effect due to thermal motion, amounting to
several hundred MHz at room temperature, is generally a crit-
ical limitation to the attainable precision. By repeatedly record-
ing seven Doppler-broadened absorption lines from the R-
branch of the 30013 ← 00001 band of 12C16O2 (see Ref. 6 for
the vibrational nomenclature) at 1.6 µm with a high signal-
to-noise ratio, Long et al.7 nevertheless retrieved transition
frequencies with an accuracy on the order of a few tens of kHz.
For reducing uncertainties further, saturation spectroscopy is a
powerful tool to circumvent the Doppler limit.8 By overpro-
portionally depopulating the ground state of molecules at rest
with respect to two counter-propagating beams, it leads to an
absorption decrease at the line center, commonly called Lamb
dip.9 This feature can be several orders of magnitude narrower
than the inhomogeneously Doppler-broadened line. It is insen-
sitive to the asymmetry that Doppler-broadened absorption
profiles exhibit due to the speed-dependent impact of inter-
molecular collisions at non-zero pressure,10 a potential source
of systematic errors in Doppler-limited measurements. Con-
sequently, saturation spectroscopy studies in the mid-infrared
using frequency referencing to an OFC yielded CO2 transition
frequencies with unprecedented accuracies at the kHz-level4

a)Electronic mail: johannes.burkart@ujf-grenoble.fr
b)Electronic mail: samir.kassi@ujf-grenoble.fr

or better.5 Optical-cavity-based techniques such as cavity ring-
down spectroscopy (CRDS) are fundamentally well-suited for
saturation spectroscopy. Their resonator modes are composed
of two perfectly superposed counterpropagating beams with
equal intensity, and their passive intracavity power amplifica-
tion proportional to the cavity finesse increases with cavity
mirror reflectivity. Lamb dips by CRDS could be observed
on NO2 lines near 0.8 µm,11 for instance, and were used for
resolving blended water lines near 1.4 µm12 and the hyperfine
structure of 17O12C16O at natural abundance near 2.3 µm.13

Due to the difficulty of coherently injecting laser light into a
resonator with a mode width on the order of a few kHz, high-
finesse CRDS techniques generally suffer from low intracavity
intensity levels, impairing their capability of saturating weak
rovibrational overtone transitions.

Here, we demonstrate that this limitation can be overcome
by tightly locking a CRD spectrometer with a finesse of 4.5
× 105 to a sub-kHz linewidth laser, thereby achieving intracav-
ity intensities on the order of 1 kW/cm2 at an input power of
100 µW. Harnessing the combination of absorption sensitivity,
frequency resolution, and light intensity offered by this optical
feedback frequency-stabilized cavity ring-down spectrometer
(OFFS-CRDS),14 we measured Doppler-free Lamb dips on
CO2 lines with line strengths down to 5 × 10−25 cm/molecule,
among the weakest ever studied by saturation spectroscopy. By
referencing the spectrometer to an optical frequency comb, we
used these narrow saturated-absorption features to determine
absolute transition frequencies with an accuracy of a few kHz.

The experimental setup schematically depicted in Fig. 1
is based on the recently developed OFFS-CRD spectrometer
described in detail in Refs. 14 and 15. Its distributed-feedback
(DFB) diode laser is stabilized to a sub-kHz level by means
of optical feedback from a highly stable V-shaped reference
cavity made from ultra-low expansion (ULE) glass and Su-
per Invar. Coarse frequency tuning between 1608 nm and
1616 nm is accomplished by locking to different longitudinal

0021-9606/2015/142(19)/191103/5/$30.00 142, 191103-1 © 2015 AIP Publishing LLC
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FIG. 1. Schematic of the experimental
setup with optical fiber paths (curved
lines), free-space laser beams (straight
lines), electrical signals (dashed lines)
as well as optical and radio frequencies
(in italics). FC: fiber outcoupling, DAQ:
data acquisition, RF: radio frequency,
PD: photodiode, PS: 50% power split-
ter, PZT: piezoelectric actuator, PDH:
Pound-Drever-Hall, P: pressure, T: tem-
perature.

modes of the reference cavity. Arbitrarily fine tunability for
high-resolution molecular spectroscopy is achieved by single-
sideband modulation using an integrated dual-parallel Mach-
Zehnder modulator (MZM).16 The length of the massive,
rugged ring-down (RD) cavity is tightly locked to this VCOF
(V-cavity-based optical feedback) source by means of a Pound-
Drever-Hall (PDH) locking scheme using a fiber-optic circu-
lator. This guarantees an unbroken stability transfer chain
from the V-shaped reference cavity to the spectral x axis as
well as a near-optimal resonant intra-cavity intensity buildup.
While this approach confers state-of-the-art stability and line-
arity to the spectrometer frequency axis, absolute frequency
measurements at the sub-MHz level call for a self-referenced
OFC. Representing its femtosecond pulses in frequency space,
the comb consists of equidistant teeth νk = k frep + fCEO. For
frequency metrology purposes, the radio frequencies frep and
fCEO are actively controlled and referenced to the SI second,
typically by means of a global positioning system (GPS)
disciplined rubidium clock. Consequently, the tooth number
k establishes a direct link between the radio and the optical
frequency domains. In OFFS-CRDS, frequency fine-tuning
and laser-off events for RD measurements are carried out by the
MZM. Its optical input signal, the unshifted VCOF laser locked
to a reference cavity mode at frequency ν0, is highly stable and
never switched off. Therefore, this signal is ideally suited for
continuously measuring the absolute frequency of the system
by monitoring its beat frequency fBN with the closest tooth k0
of the frequency comb. With an approximate value ν̃0 known to
better than frep/2 and the beat note sign s, which is 1 for ν0 >
νk0 and −1 otherwise, ν0 can be unambiguously determined

ν0 = Round
(
ν̃0 − fCEO − s fBN

frep

)
frep + fCEO + s fBN. (1)

In the present setup, ν̃0 was measured by monitoring a fraction
of the VCOF carrier on a Fourier-type wavemeter (Burleigh
WA-1650) with a specified accuracy of ±20 MHz. To generate
its beat note with the optical frequency comb (Toptica FFS
model, frep = 100 MHz) on a fast photodiode, we used two
fibered 50-50 splitters to superpose the stable laser light with a
fiber-coupled, grating-filtered portion of the optical frequency
comb. After low-pass filtering at 50 MHz, this beating signal
was acquired at a sampling rate of 200 MHz in groups of 10 000
samples by a fast analog-to-digital converter card (GAGE
model CS1622). Fourier transform of the successive beat note

time series yielded 1000 frequency measurements per second
with a resolution of 20 kHz, an order of magnitude below the
200 kHz short-term OFC-linewidth. While suboptimal in terms
of averaging performance due to abundant dead times, this
acquisition-card-based beat frequency measurement scheme
constitutes a straightforward and efficient solution when the
uncertainty budget is not limited by the optical frequency
measurement itself, as is the case here.

The precision and averaging behavior of the beat note
frequency measurement was characterized in terms of the
Allan deviation plot shown in Fig. 2. From the comb-linewidth-
limited single-measurement noise of about 200 kHz root-
mean-square (RMS), the Allan deviation averages down to a
minimum of 1.4 kHz at 30 s averaging time. For longer aver-
aging the VCOF drift, amounting to 28 Hz/s here, dominates.
When correcting for this drift by a linear trend removal, the
Allan deviation drops below the 1 kHz mark at 46 s averaging.
As a typical Lamb dip measurement takes less than 2 min,
we therefore chose to fit the observed beat note frequencies
with a linear model for each dip. The fBN given by this fit
were then inserted into Eq. (1) to correct the frequency of
each individual data point of the spectrum. As the GPS-Rb-
referenced OFC frequency stability is superior to the beat note
measurement precision given by Fig. 2, we have taken the latter
as the systematic error in the absolute frequency measurement
for each recorded Lamb dip.

FIG. 2. Discrete Allan deviation of the beat note frequency of the optical-
feedback-stabilized laser with one tooth of the optical frequency comb. On
the x axis, the number of averaged individual beat note frequency values has
been converted to averaging time τ.
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FIG. 3. Lamb dip at the center of the Doppler-broadened 30013 ← 00001
P16 absorption line in 0.27 Pa of CO2.

Figure 3 shows a Lamb dip in the absorption coefficient
α measured at the center of the 30013 ← 00001 P16 line in
0.27 Pa of CO2 over a span of 15 MHz at frequency steps of
40 kHz. For the sake of simplicity, each RD signal was fitted
with a pure exponential in spite of its slightly non-exponential
shape in the saturated regime. The resulting relative imperfec-
tions of the exponential fit residuals were at the 10−3 level.
This effect is negligible for the present study, as its objective
was to determine highly accurate transition frequencies rather
than the exact shape or surface of the Doppler-free absorption
feature. The signal-to-noise ratio of the Lamb dip shown in
Fig. 3 is close to 90, and its depth ∆α implies a saturation
parameter S = 3.5 × 10−2 in the present weakly saturated,
inhomogeneously broadened regime.17 Its Lorentzian full-
width of 510 kHz due to collisional and transit-time-related
broadening is almost three orders of magnitude smaller than
the 345 MHz Gaussian width of the Doppler-broadened line
at room temperature. The measured absorption coefficients
exhibit a small oscillation with a period of roughly 2.4 MHz.
It is caused by few-percent light intensity variations, probably
due to uneven MZM single-sideband modulation depth, which
are evidenced by the measured CRDS transmission photodiode
signal. Using this signal and the empirical saturation param-
eter S, the slight changes in the absorption coefficient with
light intensity could be unambiguously corrected for without
any adjustable parameters. The remaining asymmetry of the
intensity-fluctuation-corrected Lamb dip shown in Fig. 3 is
attributed to a 1.4 µPa/s partial pressure increase of CO2 due
to outgassing from the cavity walls during the 6-min-long
measurement. The fit curve takes this effect into account by
a Lorentzian with a linearly varying amplitude factor on a
baseline with a constant and a quadratic component. The latter
two contributions correspond to the dip-free maximum of the
Doppler-broadened absorption line.

Doppler-free Lamb dips were measured for ten lines
from the 30013 ← 00001 band and two lines from the 31113
← 01101 hot band of 12C16O2 at partial pressure ranging from

TABLE I. Measured 12C16O2 transition frequencies ν with combined statis-
tical (σA) and systematic (σB) uncertainties.

Transition ν (kHz)
σA

(kHz)
σB

(kHz)

30013← 00001
P16e 186 308 650 586.8 (3.6) 0.5 3.6
P18e 186 254 902 894.2 (4.1) 0.7 4.1
P20e 186 200 304 286.2 (6.4) 1.0 6.3
P22e 186 144 851 639.3 (4.5) 0.7 4.5
P24e 186 088 541 462.1 (3.5) 0.8 3.4
P26e 186 031 369 904.4 (9.9) 1.9 9.7
P28e 185 973 332 755.6 (15.0) 3.0 14.7
P38e 185 669 994 726.4 (7.0) 1.9 6.7
P40e 185 606 659 086.7 (8.0) 2.6 7.6
P42e 185 542 420 573.5 (5.6) 2.8 4.8

31113← 01101
R22f 186 247 597 864.1 (5.2) 2.9 4.3
R23e 186 251 719 634.6 (11.4) 2.9 11.0

0.27 Pa to 4.5 Pa while continuously monitoring the beat note
of the VCOF carrier with the OFC. To optimize measurement
time allocation, the corresponding spectra were recorded at
30 or 40 kHz frequency steps over spans of 3 or 4 MHz. For
each of the ten transitions, between 9 and 50 individual Lamb
dip measurements were carried out, lasting around 1.5 min
each. The observed line center frequencies obtained by means
of the above-mentioned fitting procedure are red-shifted by
collisions among CO2 molecules and with other residual gas
molecules. This pressure shift needs to be corrected for in
order to retrieve the unperturbed rovibrational energy levels
of the CO2 molecule. The shift is proportional to pressure, and
precise coefficient values based on extensive Fourier-transform
spectroscopy exist in the literature for both self-shifts18 and
air-shifts.19 Using the RD cell pressure reading, we therefore
corrected the observed Lamb dip center frequencies by the
expected pressure shifts, which amounted to less than 15 kHz.
Table I lists the resulting absolute transition frequencies with
their respective statistical and systematic uncertainties. The
statistical error was estimated by weighting the spread in
successive line center frequency measurements for each transi-
tion with Student’s t-distribution in order to obtain a 1-σ uncer-
tainty interval. Besides the sub-kHz systematic uncertainty
due to the OFC-beat-note frequency measurement discussed
above, several further effects contribute to the uncertainty
budget of the present transition frequency measurement. First
and foremost, there are systematic uncertainties related to
several aspects of the Lamb dip fitting procedure. On the
one hand, the uncertainty due to a slight asymmetry of the
measurement window was quantified using the broad-span
Lamb dip in Fig. 3 as a model, by retrieving the apparent line
center shift which arises when fitting it on an equivalently
smaller and asymmetric spectral interval. On the other hand,
the uncertainties due to the intensity-correction and the fitted
CO2 partial pressure increase were cautiously estimated by
propagating a 15% error in the respective parameters to dip
center frequency errors. The combined 1-σ uncertainty due
to the Lamb dip fitting procedure ranges from 1.5 to 14 kHz.
Second, the pressure shift correction of observed transition
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frequencies relies on both accurate pressure readings and shift
coefficient values. The RD cavity pressure measurement was
limited at an uncertainty of 1 Pa by the zero-pressure calibra-
tion of the capacitive gauge. The error due to the uncertainty
in intracavity gas composition was estimated by considering
the difference between air- and self-broadened shifts. A 10%
uncertainty for literature shift coefficients was assumed in view
of the significant disagreement between four air-broadened
pressure shift studies for J values between 16 and 42 displayed
in Fig. 7 of Ref. 19. In spite of these conservative estimation,
the uncertainty in the pressure-shift correction never exceeds
5.5 kHz. Third, the expected quadratic AC Stark shift term
∆E = −1/4α̃E2

0 in the molecular Hamiltonian20 due to the
intense intracavity laser field with amplitude E0 was estimated
by taking an approximate value for the molecular polariz-
ability α̃ from the CO2 refractive index n = 1 + 4.38 × 10−4

at 1610 nm and 1 atm.21 A typical peak intracavity field E0
= 60 kV/m yields ∆E/h = −420 Hz, with the Planck constant
h. The corresponding AC Stark shift of rovibrational transition
frequencies is due to small differences in α̃ for the involved
upper and lower states. This effect should be much smaller than
∆E/h and is therefore negligible in the systematic error budget.

Figure 4 shows the measured 30013 ← 00001 band P-
branch transition frequencies relative to the most recent version
of the carbon dioxide spectroscopic databank (CDSD).22 The
measured and calculated R-branch frequencies of the same
band given by Long et al.7 based on Doppler-broadened line
center measurements are equally shown. The agreement be-
tween the two studies within a few 100 kHz confirms a fre-
quency error in the HITRAN 2012 database,23 which increases
with J, amounts to over 6 MHz for J = 42, and exceeds the
HITRAN error bar of 10−4 cm−1 for J ≥ 28. Line positions in
CDSD are based on an exhaustive global effective Hamiltonian
fit of empirical CO2 transition frequencies. The center frequen-
cies and uncertainties by Long et al. were used as input data
for the 2014 version of CDSD. As indicated in Fig. 4, three
pairs of lines from the present P-branch study and the R-branch
measurements by Long et al. allow establishing combination
differences corresponding to rotational level spacings of the

TABLE II. Improved spectroscopic constants for the 30013 state of
12C16O2 (Jmax = 42).

Gv 186.708 240 752(22) THz
Bv 11.593 307 06(15) GHz
Dv −5.143 40(32) kHz
Hv 29.61(26) mHz
Lv 0.31(7) µHz

vibrational ground state of 12C16O2. They should coincide with
the ground state levels given by Long et al.7 We checked that
the latter agree with the CDSD ground state within 10 kHz for
J ≤ 42, as indicated qualitatively by the apparent symmetry of
the Long et al. model curve in Fig. 4. For the P20 and R18 lines,
the observed combination difference exhibits an insignificant
(−28 ± 34) kHz offset from the ground state model level spac-
ing. For P18 with R16 and P28 with R26, however, the differ-
ences between measured and calculated spacings amount to
(−221 ± 32) kHz (6.9σ) and (−132 ± 23) kHz (5.7σ), respec-
tively. This significant disagreement is incompatible with both
the high accuracy of our Lamb-dip measurements and the well-
established ground state model. Therefore, the R16 and R26
frequencies were excluded from the weighted fit of the Long
et al. R-branch measurements with the P-branch frequencies
from this study. The refined spectroscopic constants up to Lv

for the 30013 state determined in this manner are reported
in Table II. The experimental transition frequencies exhibit a
RMS scatter of 24 kHz about this model, for which a detailed
line list is provided as the supplementary material.24 For the
new, dip-based measurements, the spread is only 6.6 kHz, in
good agreement with our error bars. This constitutes an order
of magnitude improvement over the 62 kHz fit RMS reported
for the Doppler-limited measurements by Long et al.7

In conclusion, highly accurate near-infrared CO2 tran-
sition frequency measurements by saturation spectroscopy
necessitate a combination of ultra-high frequency resolution,
absorption sensitivity, and light intensity. In the present study,
we demonstrated that comb-assisted OFFS-CRDS unites all

FIG. 4. Measured transition frequen-
cies and calculated models from this
study and Long et al.7 relative to the
corresponding values from the carbon
dioxide spectroscopic databank CDSD
2014.22 With the rotational quantum
number J of the lower state, m is de-
fined as −J for P-branch transitions and
J+1 for R-branch transitions, respec-
tively.
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these assets by reporting Doppler-free Lamb-dips on 12
12C16O2 lines near 1.6 µm, among the weakest ever studied by
saturation spectroscopy. The resulting experimental transition
frequencies with 12 significant digits were used for refining
the spectroscopic constants for the 30013 ← 00001 band
of 12C16O2. This provides 42 reference frequencies with
kHz-level accuracy spanning the spectral interval from 1599
to 1616 nm. They complement the well-known acetylene
frequency standard by Madej et al.25 between 1511 and
1545 nm. The accuracy of the 12C16O2 references from this
study is comparable to that of the 12C2H2 frequencies,25

although the latter are derived from transitions two to three
orders of magnitude stronger. The new 1.6 µm CO2 reference
frequency grid may be beneficial for sub-MHz-accuracy
frequency-calibrated spectroscopy, for further refining state-
of-the-art databases, and for validating future generations of
ab initio calculations for the CO2 molecule. Beyond that,
the performance of the experimental apparatus presented here
should stimulate further fundamental research and frequency
metrology by extensive frequency-comb-assisted saturated
molecular absorption cavity ring-down spectroscopy.

This work was supported by Université Joseph Fourier
(UJF) Pôle SMINGUE, LabexOSUG@2020 (ANR10
LABX56), Réseau FEMTO, and the Italian Ministry of
Research and Education (ELI project—ESFRI Roadmap). We
are grateful to S. A. Tashkun and V. I. Perevalov (IAO Tomsk)
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Table 9.1 Line list of 30013←00001 transitions of 12C16O2. The calculated frequencies were obtained by fitting the measured P-branch transitions
from this work with R-branch transitions and ground state constants from Long et al. [194]. ν̃calc: calculated transition wavenumber, S: line
intensity from the HITRAN 2012 database [212], νcalc: calculated transition frequency, νD: measured transition frequency from this work, σνD : 1-σ
uncertainty in νD, νL: measured transition frequency by Long et al. [194], σνL : : 1-σ uncertainty in νL, νobs − νcalc: Observed frequency minus
calculated frequency.

Trans. ν̃calc (cm−1) S (cm/molec.) νcalc (Hz) νD (Hz) σνD (Hz) νL (Hz) σνL (Hz) νobs − νcalc (Hz)

P42e 6189.028963874 2.376×10−24 185542420571291 185542420573500 5599 2209
P40e 6191.171730601 3.086×10−24 185606659101702 185606659086738 8004 -14964
P38e 6193.284379271 3.938×10−24 185669994715473 185669994726448 6954 10975
P36e 6195.367110811 4.938×10−24 185732433436252
P34e 6197.420119921 6.081×10−24 185793981100967
P32e 6199.443594144 7.354×10−24 185854643332074
P30e 6201.437713008 8.728×10−24 185914425511648
P28e 6203.402647216 1.016×10−23 185973332757260 185973332755630 15000 -1630
P26e 6205.338557903 1.159×10−23 186031369899601 186031369904425 9889 4824
P24e 6207.245595944 1.295×10−23 186088541461784 186088541462055 3533 271
P22e 6209.123901319 1.416×10−23 186144851640294 186144851639255 4539 -1039
P20e 6210.973602530 1.513×10−23 186200304287547 186200304286176 6350 -1371
P18e 6212.794816072 1.577×10−23 186254902896000 186254902894164 4113 -1836
P16e 6214.587645958 1.599×10−23 186308650583804 186308650586755 3622 2951
P14e 6216.352183281 1.572×10−23 186361550081941
P12e 6218.088505843 1.492×10−23 186413603722834
P10e 6219.796677820 1.357×10−23 186464813430399
P8e 6221.476749475 1.167×10−23 186515180711511
P6e 6223.128756924 9.264×10−24 186564706648869
P4e 6224.752721940 6.444×10−24 186613391895249
P2e 6226.348651810 3.312×10−24 186661236669114
R0e 6228.689960744 1.678×10−24 186731427345146
R2e 6230.215738773 4.985×10−24 186777169019710
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Table 9.1 (continued)

Trans. ν̃calc (cm−1) S (cm/molec.) νcalc (Hz) νD (Hz) σνD (Hz) νL (Hz) σνL (Hz) νobs − νcalc (Hz)

R4e 6231.713392026 8.107×10−24 186822067534703
R6e 6233.182862000 1.091×10−23 186866121136238 186866121130000 21000 -6238
R8e 6234.624075705 1.328×10−23 186909327636169 186909327580000 49000 -56169
R10e 6236.036945816 1.515×10−23 186951684416499 186951684360000 51000 -56499
R12e 6237.421370859 1.646×10−23 186993188435142
R14e 6238.777235453 1.720×10−23 187033836233085
R16e 6240.104410596 1.739×10−23 187073623942931 187073623720000 32000 -222931
R18e 6241.402753997 1.709×10−23 187112547298874 187112547270000 33000 -28874
R20e 6242.672110454 1.636×10−23 187150601648105
R22e 6243.912312287 1.529×10−23 187187781963692
R24e 6245.123179815 1.397×10−23 187224082858950
R26e 6246.304521888 1.250×10−23 187259498603346 187259498470000 18000 -133346
R28e 6247.456136470 1.096×10−23 187294023139962
R30e 6248.577811272 9.416×10−24 187327650104564
R32e 6249.669324447 7.940×10−24 187360372846314 187360372790000 28000 -56314
R34e 6250.730445333 6.572×10−24 187392184450172
R36e 6251.760935261 5.342×10−24 187423077761035
R38e 6252.760548421 4.266×10−24 187453045409662
R40e 6253.729032785 3.347×10−24 187482079840450

The two transition frequencies marked in italics were not included in the fit.
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9.4.2 Lamb dip fitting procedure and transition frequency uncertainty
budget

In this section, we shall provide some additional details on the Lamb dip fitting procedure
and the error analyis used for the CO2 transition frequency measurements reported in
Article 6 above.

To begin with, the absorption coefficients α were determined by subtracting the previ-
ously determined spectrometer baseline 1/(cτ0) from 1/(cτ) according to the basis equation
of CRDS, Eq. (5.1). As mentioned in the article and discussed in Section 9.3, the observed
absorption coefficients had to be corrected for minute changes in the probe laser intensity
prior to fitting in order to avoid deformations of the Lamb dip profile. This correction
could be carried out in the weak saturation regime on the basis of Eq. (9.17), which states
that the saturation parameter is approximately equal to twice the depth ∆α of the Lamb
dip normalized to the dip-free absorption coefficient α1(ν0). To determine these quantities
empirically, a preliminary Lorentzian fit of the Lamb dip was carried out. It eventually
yields an empirical saturation parameter, which amounted to Gemp = 0.035 outside the
Lamb dip in the measurement shown in Fig. 3 of Article 6, for instance. By combining
Eqs. (9.17), (9.29), (9.33), (9.30) and (9.34), one can show that saturation fluctuations
δα/α in the absorption coefficient are related to the measured small CRDS transmission
signal fluctuations δSPD/SPD through

δα

α
≈ −gGeff2 · δSPD

SPD
(9.37)

in the weak saturation regime. Using the nomenclature from Section 9.2, 1 ≤ g ≤ 2 is the
velocity parameter carrying the Lamb dip signature. After a first preliminary fitting run
for Geff and g(ν), Eq. (9.37) thus allows an empiric intensity-fluctuation correction of
the measured absorption coefficients without any freely adjustable parameter. In Fig. 3
of Article 6 the intensity-corrected data points are shown as blue full circles, whereas the
uncorrected α values are reported as black empty circles. The latter data points exhibit
excess noise and a fringe-like oscillatory structure. The fact that they are not present on
the blue curve reveals that these effects are actually real and simply due to intracavity
intensity variations.

Let us now turn to the impact of slow variations of intracavity CO2 partial pressure
due to adsorption and desorption from the cavity walls. To take them into account, one
may exploit the proportionality of the absorption coefficient to the number density of
absorbers (cf. Eq.(4.4)). Thus taking α ∼ N/V , the ideal gas law implies α ∼ Pp with the
CO2 partial pressure Pp. Further assuming a constant frequency scanning speed dν

dt and
pressure increase rate, which are given here to very good approximation, one may thus fit
the intensity-corrected absorption signal with a function of the form

α(ν) = (1 + s(ν − ν0)) ·
(
α0 −∆α γ2/4

(ν − ν0)2 + γ2/4

)
(9.38)

with peak absorption α0, dip amplitude ∆α, Lorentzian full-width γ and center ν0 as well
as a linear slope factor s representing the speed of CO2 partial pressure increase. Having
eliminated the main sources for drift, tilt and distortion of the Lamb dip profile during
and due to the measurement, the line center frequency ν0 can be determined with a high
degree of precision and confidence.

In order to obtain a conservative estimate of the uncertainty due to the intensity
correction according to Eq. (9.37) and the fitted pressure increase rate parameter s, both
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Table 9.2 Uncertainty budget of the transition frequency measurement for the
30013←00001 P16 line of CO2.

Correction (Hz) Uncertainty (Hz)

Systematic 3592
Absolute frequency 971
Fit model 2388

I-correction 884
P-increase 947
Asymmetry 557

Pressure shift 9894 2536
Gas composition 301
Shift coefficients 487
Pressure gauge zeroing 1748

AC Stark shift 0 � 420
Statistical 463

Total 9894 3622

the best fit value for s and the empirical estimate for the laser intensity fluctuation effect
δα were changed by 15%. The resulting apparent line center shift was taken to be the
systematic uncertainty due to the two effects.

To complete the systematic error budget, details on the estimation of the uncertainty
due to pressure shift coefficient literature values, intracavity gas composition, pressure
gauge zeroing, the frequency-comb-beat-note-based absolute frequency measurement or
an eventual asymmetry of the measurement window around the Lamb dip are discussed
in the body of Article 6. A concise argument why the AC Stark shift is expected to be
negligible in the present study is equally given therein.

All the systematic uncertainties following from the above considerations are reported in
the global uncertainty budget shown in Table 9.2, on the example of the 30013←00001 P16
CO2 line. Let us now turn to the estimation of the statistical uncertainty reported in Table
9.2. An upper bound for this error was estimated by computing the standard deviation
σ̃stat of the N observed transition frequencies around their unweighted arithmetic mean.
Then, the corresponding two-sided 70-percent confidence interval σstat was determined
using Student’s t-distribution:

σstat = tφ ·
σ̃stat√
N

(9.39)

The t values for this 1-σ confidence interval as a function of the number φ = N − 1 of
statistical degrees of freedom are tabulated in the literature. For N = 5, for instance,
t4 = 1.19. In the case of the 30013←00001 P16 CO2 line, however, N = 45 averages cor-
respond to t44 = 1.048, very close to the limiting case of the normal distribution N →∞
with t∞ = 1.036. This value close to unity justifies the commonly used term 1-σ confi-
dence interval for a two-sided 70-percent confidence interval.

Having set up a detailed uncertainty budget comprising both statistical and systematic
uncertainties, as the one in Table 9.2, one can combine the statistical error σstat and
the systematic error σsysti for each individual dip measurement, which are statistically
independent by definition. This yields the total uncertainty σi for each measurement:

σi =
√
σ2
systi

+ σ2
stat (9.40)
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To combine the individual transition frequencies from N measurements with their respec-
tive σi-values to a final experimental transition frequency ν with a well-defined uncertainty,
we chose to follow a maximum-likelihood approach. It consists in maximizing the prob-
ability for measuring the very transition frequencies which were indeed measured. From
basic statistics [202], it follows that this condition is met by a weighted average of the N
frequencies according to

ν =
(

N∑
i=1

1
σ2
i

)−1

·
N∑
i=1

νi
σ2
i

(9.41)

The statistical and systematic uncertainties in the final value ν are then obtained from
elementary error propagation [202]

σstat =
(

N∑
i=1

1
σ2
i

)−1

·

√√√√ N∑
i=1

1
σ4
i

· σstat (9.42)

σsyst =
(

N∑
i=1

1
σ2
i

)−1

·
N∑
i=1

σsysti
σ2
i

(9.43)

Again, the combined statistical and systematic uncertainty is retrieved as the quadratic
sum of both values as in Eq. (9.40). The experimental CO2 transition frequencies and
uncertainties reported in Table 1 of Article 6 were determined using this procedure.

9.4.3 Integration of the results into the CO2 spectroscopic databank
CDSD

As discussed in Article 6, the line positions of the carbon dioxide spectroscopic databank
CDSD are based on a broad survey of experimental data used for an exhaustive global
fit of parameters in an effective Hamiltonian for the CO2 molecule. The emergence of
new, highly accurate experimental data thereby promises an improvement in the effective
Hamiltonian parameters.

Consequently, the Lamb-dip-based experimental frequencies reported here and in Ar-
ticle 6 were incorporated into a new global CDSD fit for 12C16O2 by Sergey Tashkun
from the V.E. Zuev Institute of Atmospheric Optics (IAO) in Tomsk, Russia. This fit
also included the 30013 ← 00001 R-branch frequencies from Long et al. [194] and the
30012 ← 00001-band measurements around 1575 nm from a recent study by the same
authors [256], both originating from a Doppler-broadened regime. The results are shown
in Table 9.3 in terms of the residuals of this new fit. The agreement of the new CDSD fit
with the Lamb-dip-based transition frequencies is consistent with the fact that the data
could be very well described in terms of the polynomial rotational energy levels of Eq.
(8.5), as can be seen in Fig. 4 of Article 6. The significant deviation of around 7 σ for
the R16 and R26 lines by Long et al. [194] confirms the issue with these two experimental
frequencies, which was pointed out and discussed in Article 6.

In conclusion, the excellent agreement of the CDSD fit model and the Lamb-dip-
based data is a further confirmation of its high quality. Constituting the most accurate
measurement of CO2 30013 ← 00001 and 31113 ← 01101 band transition frequencies, its
integration into the data pool for the effective global Hamiltonian fit can further improve
the precision of the CO2 databank CDSD.
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Table 9.3 Comparison of measured transition frequencies ν to a new global fit of 12C16O2
effective Hamiltonian parameters for the CO2 spectroscopic databank CDSD taking the
new experimental data into account. Fit residuals ρ (observed-calculated) are reported
both in absolute values and normalized to the uncertainties σ. The deviations are marked
in italics wherever they exceed 3 σ.

Transition ν (kHz) σ (kHz) ρ (kHz) σ/ρ

Burkart et al. [254]:
30013← 00001
P16e 186308650586.8 3.6 2.4 0.67
P18e 186254902894.2 4.1 -0.1 -0.05
P20e 186200304286.2 6.4 1.7 0.26
P22e 186144851639.3 4.5 2.5 0.55
P24e 186088541462.1 3.5 3.1 0.89
P26e 186031369904.4 9.9 5.9 0.60
P28e 185973332755.6 15.0 -3.0 -0.20
P38e 185669994726.4 7.0 5.7 0.82
P40e 185606659086.7 8.0 -16.6 -2.07
P42e 185542420573.5 5.6 2.7 0.47
31113← 01101
R22f 186247597864.1 5.2 -0.5 -0.09
R23e 186251719634.6 11.4 1.1 0.10

Long et al. [194]:
30013← 00001
R16e 187073623720.0 32 -222 -6.94
R32e 187360372790.0 28 -60 -2.15
R10e 186951684360.0 51 -64 -1.25
R8e 186909327580.0 49 -66 -1.35
R6e 186866121130.0 21 -19 -0.90
R18e 187112547270.0 33 -26 -0.80
R26e 187259498470.0 18 -134 -7.42





Chapter 10

Conclusion and perspectives

At the origin of this thesis work stood the idea of developing a new type of cavity ring-down
spectrometer based on a highly coherent laser source stabilized to a separate reference cav-
ity via optical feedback. This next-generation instrument was to be designed for tackling
today’s and tomorrow’s most demanding metrological applications in molecular absorp-
tion spectroscopy, which necessitate a combination of supreme frequency stability and
absorption sensitivity.

In this spirit, we devised the new spectroscopic technique put forth in this thesis, which
we called optical feedback frequency stabilized cavity ring-down spectroscopy (OFFS-
CRDS). It is based on a near-infrared distributed-feedback diode laser which is tightly
locked to an ultrastable V-shaped reference Cavity by Optical Feedback (VCOF) and can
be fine-tuned using optical single-sideband modulation.

In the framework of this thesis, we have carried out an exhaustive characterization of
the VCOF laser, including a measurement of its frequency noise spectrum with a home-
made etalon frequency discriminator and long-term drift measurements using both molec-
ular transitions and an optical frequency comb as absolute frequency references. We found
that the linewidth of the VCOF laser was smaller than 530 Hz and that its long term drifts
did not exceed a few 10 Hz/s, thereby confirming its adequacy for OFFS-CRDS.

In order to transfer the spectral quality of the VCOF source to noisier lasers, we
collaborated with our partners from Politecnico di Milano and set up a straightforward
phase-coherence transfer scheme based on a single-sideband modulator acting as a fast
frequency and phase actuator in a feed-forward configuration. This approach consists in
measuring the phase error of the slave laser with respect to the reference and applying it as
a high-bandwidth, real-time correction to the noisy laser field. We demonstrated cloning
of the VCOF laser phase on a standard DFB laser with a residual phase error as low as 133
mrad. Importantly, we showed that this technique can be generalized by using an optical
frequency comb as a transfer oscillator and reported sub-radian coherence transfer over a
12 THz spectral gap. This opens the door to extensive spectroscopy with VCOF-grade
frequency resolution and stability over broad spectral ranges in the near infrared.

The new OFFS-CRD spectrometer developed on the basis of the VCOF laser involves
several methodological advances. It dissolves the distinction between reference and probe
laser by an unbroken stability transfer chain from the V-shaped reference cavity to the
CRDS frequency axis. This is made possible by a tight Pound-Drever-Hall lock of ring-
down cavity resonance to the probe laser frequency, in spite of the extreme cavity finesse
of around 450,000. A decisive step towards this unprecedented accomplishment was the
design and construction of a massive ring-down cavity that is mechanically and ther-
mally stable, and that provides an intrinsic alignment of the two cavity mirrors, while

205
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nevertheless allowing for fine adjustment of their orientation. Finally, the application of
single-sideband modulation to laser tuning provides great versatility and ease of use for
high-resolution spectroscopy.

OFFS-CRDS currently reaches a shot-noise limited absorption detectivity down to
2·10−13 cm−1/

√
Hz and features a tunability over 1 THz with kHz-resolution, using a single

VCOF laser. In this thesis, we have provided a detailed characterization of the performance
and limitations of the spectrometer, notably including the impact of photo-electron shot
noise and parasitic interference fringes. By averaging the spectra from repeated OFFS-
CRDS scans on a narrow 10-MHz spectral interval at frequency steps of 50 kHz over one
day, we found a detection limit of 8.4 · 10−14 cm−1, which is the lowest ever reached in
absorption spectroscopy to the best of our knowledge.

With the aim of better understanding the limitations of CRDS and of contributing to
its metrological use, we have carried out an in-depth analysis of systematic errors and bias
sources in CRDS. To cite a few examples, we have provided a quantitative criterion for the
bandwidth requirements of the ring-down acquisition system and discussed the impact of
the transverse mode structure of the ring-down cavity as well as a strategy for optimizing
it. Furthermore, we have analyzed the role of polarization effects and reported the first
observation of polarization mode beating in CRDS to our knowledge, in good agreement
with our theoretical considerations.

First applications of OFFS-CRDS to the rovibrational spectrum of CO2 near 1.6 µm
have shown very promising results, such as a high-resolution broadband spectrum with a
dynamic range approaching 8 · 105 and an isolated line-shape measurement with adaptive
frequency stepping and a signal-to-noise ratio of 8 · 104.

A major focus was placed on applications in saturated absorption spectroscopy, as
OFFS-CRDS is ideally suited for detecting and measuring sub-Doppler absorption fea-
tures even on weak lines in the near infrared. This capability is founded on its unique
combination of resonant kW/cm2-level intracavity light intensity, high sensitivity and kHz-
resolution. Consequently, OFFS-CRDS was used for recording Lamb dip spectra with
single-scan signal-to-noise ratios better than 100 at sub-Pa pressures, on CO2 transitions
involving four vibrational quanta. In collaboration with our partners from Politecnico di
Milano, we set up a comb-assisted OFFS-CRDS experiment to exploit the extreme intrin-
sic frequency precision offered by these narrow sub-Doppler features. We thus measured
twelve transition frequencies of 12C16O2 near 1.6 µm with an accuracy of a few parts in
1011, that is at the kHz level. These results were used for obtaining improved spectro-
scopic constants for a vibrationally excited level of 12C16O2 and provide the most accurate
reference frequency grid near 1.6 µm at present.

In a detailed theoretical analysis on saturated-absorption effects in CRDS, we have
notably derived an analytic formula for ring-down signals in the weakly saturated regime
and established a link between the observed photodiode signal and the effective intracavity
light intensity. By fitting saturated OFFS-CRDS ring-down signals with the analytic signal
shape function, we demonstrated that it yields flat fit residuals also in saturated regimes
where a simple exponential cannot reproduce the experimental signal. Importantly, the
weak-saturation fit decouples the saturation parameter from the unsaturated absorption
coefficient, so that both crucial quantities can be simultaneously retrieved. This enables
unbiased CRDS absorption measurements also in saturated regimes and opens the door
to concentration-independent measurements of molecular transition dipole moments.

Before turning to an outlook on upcoming developments and applications of OFFS-
CRDS in the near future, let us take a rapid glance at preliminary results of a first proof-
of-principle experiment towards CO2 isotopic ratio measurements by OFFS-CRDS. For
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details on basic concepts of laser-based isotopic ratio measurements, the reader is referred
to the literature references in the introduction of this thesis. For the brief, preview-like
account which is presented here, as many technical details as possible shall be omitted,
and no real isotopic ratios involving a two-sample approach with a reference sample for
traceability to an isotope standard were considered. Instead, relative changes in the ratio
of integrated absorption of two lines have been measured, which are essentially isotopic
ratios with an arbitrary reference. This approach allows us to assess the precision, stability
and reliability of the measurement by OFFS-CRDS for upcoming applications.

In this experiment, we have recorded OFFS-CRDS spectra like the one shown in Fig.
10.1 on a promising spectral interval near 6197 cm−1 over one day.

Figure 10.1 OFFS-CRDS spectrum of 1265 Pa of CO2 at 19.85 °C recorded in 4 min at
frequency steps of 43.5 MHz. The respective isotopologue and assignment is noted above
each line. The integrated-absorption ratios of the 17O12C16O line to the 12C16O2 lines
provide a precise optical isotopic ratio measurement, whereas the ratio of the two 12C16O2
lines can be used for confirming the measured ring-down cavity temperature evolution.

For each of the 4-min scans, the three lines were fitted with a Hartmann-Tran-profile.
Surrounding lines from the HITRAN database were also taken into account, so that merely
a linear mirror baseline was needed for reproducing the spectra. The changes in the
integrated absorption ratio between each pair of lines deduced from this measurement was
corrected for the line-strength temperature dependence due to Boltzmann statistics [257]
using the mK-precision ring-down cavity temperature reading. The result is equivalent to
three isotopic ratios over time with respect to an arbitrary reference, and shown on the
left of Fig. 10.2.

A first important result is that the ratio change between the two 12C16O2 lines is
consistent with zero over the whole one-day measurement interval. As both lines measure
the concentration of the same isotopologue, this is an important consistency check. It
is complemented by the fact that the two ratios involving the 17O12C16O line are also
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Figure 10.2 Left: Temperature-corrected integrated absorption ratios between the CO2
lines in Fig. 10.1 over time. 627: 17O12C16O, 626: 12C16O2, main: stronger line, aux:
weaker line. Dashed line: quadratic trend for the ratio between 627 and 626 (main).
Right: Allan plot for the ratio between 627 and 626 (main), before and after removal
of the quadratic trend. White-noise averaging behavior (dotted line) is indicated for
comparison.

in excellent agreement, thus validating the line-strength correction scheme based on the
ring-down cavity temperature reading. In the light of these results, a measurement of the
smaller 12C16O2 line may be omitted in future studies as its weakness leads to excess noise.

By contrast, an isotopic ratio measurement based on the 17O12C16O line and the
stronger 12C16O2 line appears highly promising in view of its 65-ppm (parts-per-million)
single-shot precision evidenced by the Allan plot shown on the right of Fig. 10.2. The de-
trended isotopic ratio averages down to the 10-ppm level during the one-day measurement.
Precision levels improved by at least a factor of two are expected after an optimization
of spectrometer baseline noise in view of the single-scan signal-to-noise ratio of 8 · 104

demonstrated in this thesis. Independently of the experimental technique, it is remarkable
that variations of 17O12C16O concentration can be measured with this degree of precision,
given the natural abundance of the 17O nucleus in nature, which is inferior to 0.04%.

The quadratic trend in the observed 17O12C16O isotopic ratio, which changed by more
than 1.4 permil over one day, seems to represent a real change in the isotopic composition
of the sample. To confirm this beyond the mere encouraging agreement between the two
12C16O2 lines, we carried out experimental tests showing that pressure changes during the
one-day measurement period cannot be held accountable for the effect. The origin of the
observed 17O12C16O ratio change therefore remains to be elucidated. Isotopic exchange
of CO2 molecules with water adsorbed on the cavity walls may be one potential subject
for further investigations.

Beyond this promising proof-of-principle experiment, considerable efforts are currently
devoted to the development of dedicated OFFS-CRDS instruments for isotopic ratio mea-
surements for water and carbon dioxide. Both projects are carried out in close collab-
oration with Laboratoire des Sciences du Climat et de l’Environnement (LSCE) in Gif-
sur-Yvette, France, where the operational instruments will be deployed for applications in
atmospheric physics and geosciences after the initial development phase at LIPhy. Two
PhD fellows are working on these joint projects at present. Tim Stoltmann is setting up
an OFFS-CRDS spectrometer near 1.6 µm dedicated to the optical measurement of CO2
isotopic ratios in the framework of the ANR (Agence Nationale de la Recherche) project
LITOS directed by Mathieu Daëron, with a particular focus on the measurement of 17O
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anomalies [258, 259] on the one hand, and the multiply substituted, so-called clumped
isotopologue 18O13C16O [33, 260] on the other hand. Mathieu Casado is working on a
1.4 µm version of OFFS-CRDS for measuring the isotopic composition of water vapor in
ambient air at very low humidity levels in the framework of the ERC (European Research
Council) project COMBINISO led by Amaëlle Landais. It targets both fundamental stud-
ies on processes involved in isotopic fractionation of stable water isotopes [261] and field
applications in environments with extremely low humidity levels, such as Antarctica, in
particular. The considerable interest of these measurements to environmental and climate
science contrasts with the fact that commercial optical isotopic ratio analyzers reach their
sensitivity limits at air humidity levels on the order of 200 ppm [262]. Consequently, de-
veloping a dedicated ultra-sensitive OFFS-CRD spectrometer with high accuracy even at
still lower humidity levels is a promising endeavor.

These projects also involve developments towards several further improvements to the
experimental setup for OFFS-CRDS. Importantly, a new generation of VCOF sources is
nearing completion. It is expected to yield a further stability enhancement by two orders
of magnitude, thereby relaxing the environmental requirements for stable operation. In
this context, let us underscore that OFFS-CRDS has a long-term potential for integration
in compact, rugged instruments for field applications. Furthermore, this improvement
in stability also broadens the scope of potential applications in fundamental physics or
metrology. Refinements to the CRDS vacuum system and optimized automated solutions
to sample handling and gas inlet are also currently being devised, and will allow both for
static measurements on small sample sizes and for continuous-flow measurements for very
long-term averaging under constant experimental conditions. Finally, a longer ring-down
cavity with optimized transverse mode structure for further reducing OFFS-CRDS de-
tection limits, which will be put into operation shortly, is another example for upcoming
technical and experimental improvements.

To sketch out some directions for the near future, let us underscore that a stringent
validation of the accuracy of Doppler thermometry by OFFS-CRDS is urgent in view of
the enormous potential at hand, now that saturation effects have been mastered. Such
a validation should be carried out in terms of a long-term comparison of the spectro-
scopic temperature reading with a calibrated temperature probe. In the expected case of
a positive outcome, an attempt at measuring the Boltzmann constant by OFFS-CRDS
before the Kelvin redefinition in 2018 should be made, with the appropriate equipment,
infrastructure and know-how for extreme temperature stabilization and thermometry.

Broadband rovibrational spectroscopy is another highly promising application of OFFS-
CRDS. In the short term, dedicated V-shaped reference cavities can be used for covering
the spectral range corresponding to each respective molecular target. As soon as this
approach becomes restricting, feed-forward coherence transfer through a frequency comb,
which is now available at LIPhy, may be used for accessing essentially all spectral ranges
where single-sideband modulators are available. Taking advantage of automated OFFS-
CRDS routines, a particular application emphasis should be placed on measurements of
isolated lines over whole absorption bands and with high signal-to-noise-ratios for subse-
quent multispectrum fitting, providing physical line parameters and putting most advanced
lineshape models to the test.

Exploiting the unique combination of advantages of OFFS-CRDS for saturated ab-
sorption spectroscopy, extensive line center frequency measurements with kHz-accuracy
by comb-assisted sub-Doppler Lamb dip spectroscopy should be carried out on various
molecular species with weak transitions in the near infrared. This would provide a wealth
of new absolute frequency information and thus contribute to establishing a complete near-
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infrared reference frequency grid, with a catalytic effect for precision spectroscopy in the
long-term. A particularly exciting and challenging quest is the saturation of simple molec-
ular systems, for which more and more sophisticated theoretical predictions based on first
principles exist. Confronting such calculations with experimental data with unprecedented
accuracy provides a stringent test for quantum electrodynamics and thereby contributes
to the search for fifth forces beyond the Standard Model. Finally, let us point out that a
traceable measurement of intracavity light intensity will be the crucial step towards ab-
solute, concentration-independent molecular transition dipole moment measurements by
saturated-absorption OFFS-CRDS for a broad range of lines in the near infrared.

Already at the onset of this project, many fascinating application perspectives existed
for an instrument with the characteristics and the performance of OFFS-CRDS. In parallel
to the realization of the spectrometer and the other work accomplished in the framework
of this thesis, the number and scope of these perspectives have continuously grown, and
many promising developments are well underway. This leads us to hope that the brightest
days of OFFS-CRDS are yet to come.



Appendix

C source code for fast exponential fitting with weights

1 // Based on an algor i thm by Marco P r e v e d e l l i , Un ive r s i t à d i Bologna
2 case 3 : // New case f o r maximum l i k e l i h o o d l e a s t squares f i t
3 { // us ing Newton ’ s method
4
5 f o r ( j = 0 ; j<MAXIT; j++) //main loop f o r f (p ) and f ’ ( p )
6 {
7
8 f o r ( i = 1 , s2 = w[ 0 ] ∗ y [ 0 ] , s3 = 0 , c1 = w[ 0 ] , c2 = w[ 0 ] , c3 = 0 , c4 = 0 ,

m = 1 ; i<ndat ; i++) // Weights and a d d i t i o n a l i n i t i a l i z a t i o n s f o r c1 . . c4 .
9 {

10 q = w[ i ] ∗ y [ i ] ∗ m; // Avoid r e c a l c u l a t i o n
11 s2 += q∗p ;
12 s3 += q∗ i ;
13 sumbuff = w[ i ] ∗ i ∗m; // Avoid r e c a l c u l a t i o n
14 c3 += sumbuff ; // I t e r a t i v e sum ins t ead o f a n a l y t i c formula
15 c4 += sumbuff ∗m∗p ; // I t e r a t i v e sum ins t ead o f a n a l y t i c formula
16 m ∗= p ;
17 sumbuff = w[ i ] ∗ m; // Avoid r e c a l c u l a t i o n
18 c1 += sumbuff ; // I t e r a t i v e sum ins t ead o f a n a l y t i c formula
19 c2 += sumbuff ∗m; // I t e r a t i v e sum ins t ead o f a n a l y t i c formula
20 }
21
22 mp = 1 − p ;
23 i f (mp<1E−6 | | p<1e−4)
24 {
25 errCode = 10 ;
26 goto e r r o r ;
27 }
28
29 //p2=p∗p ; // Analyt i c formulae
30 //mp2=1−p2 ; // f o r geometr ic sums . . .
31 //pn=pow(p , ndat ) ; // . . . sad ly
32 //p2n=pn∗pn ; // no
33 // c1=(1−pn) /mp; // l onge r
34 // c2=(1−p2n ) /mp2 ; // p o s s i b l e ,
35 // c4=(p+p2n∗ (p∗ ( ndat−1)−ndat/p) ) /mp2/mp2 ; // t h e r e f o r e
36 // c3=(1+pn∗ ( ( ndat−1)−ndat/p) ) /mp/mp; // unnecessary !
37
38 // f (p)
39 f = s1 ∗ ( c2∗c3−c1∗ c4 ) + s2 ∗ ( c4∗ndat−c1∗ c3 ) + s3 ∗ ( c1∗c1−c2∗ndat ) ; // c0=ndat
40
41 // converged ?
42 i f ( f abs ( f )<EPS) // convergence c r i t e r i u m unchanged with c0=ndat
43 break ;
44
45 i f ( ( f abs ( f o )<f abs ( f ) ) | | ( f abs (1 − f o / f )<TOL) )
46 {
47 p = 0 .5 ∗ ( ppos + pneg ) ; // b i s e c t i o n step
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48 }
49 e l s e
50 {
51 // c a l c u l a t e f ’ ( p )
52 f o r ( i = 2 , s4 = 0 , c5 = 0 , c6 = w[ 1 ] , m = 1 ; i<ndat ; i++)
53 {
54 sumbuff = w[ i ] ∗ i ∗ ( i − 1) ∗m; // Avoid r e c a l c u l a t i o n
55 s4 += y [ i ] ∗ sumbuff ;
56 c5 += sumbuff ; // I t e r a t i v e sum ins t ead o f a n a l y t i c formula
57 c6 += (2 ∗ sumbuff + i ∗w[ i ] ∗ m) ∗m; // Faster than c6+=w[ i ] ∗ i ∗ (2 ∗ i −1)∗m∗m
58 m ∗= p ;
59 }
60
61 // c5=(2∗p2−pn∗ ( ndat∗ ( ndat−1)+(ndat−2)∗ ( ndat∗ ( p2−p−p)−p2 ) ) // Analyt i c
62 // ( p2∗mp∗mp∗mp) ; // formulae
63 // c6=−(ndat∗ (2 ∗ndat−1)∗p2n+p2∗ // no longe r
64 // (−1−3∗p2+p2n∗ (1+(2∗ndat−3)∗ ( p2∗ ( ndat−1)−2∗ndat ) ) ) // p o s s i b l e ,
65 // ( p2∗mp2∗mp2∗mp2) ; // o b s o l e t e !
66 //
67
68 // f ’ ( p )
69 fd = s1 ∗ ( c4∗ c3 + c2∗ c5 − c1∗ c6 ) + s2 ∗ ( c6∗ndat − c3∗ c3 − c1∗ c5 ) + s3 ∗ ( c3∗ c1 −

c4∗ndat ) + s4 ∗ ( c1∗ c1 − c2∗ndat ) ; // c0=ndat
70 // Newton step
71 p −= f / fd ;
72 }
73
74 // next
75 f o = f ;
76 i f ( f >0.) ppos = p ;
77 e l s e pneg = p ;
78 }
79
80 i f ( j == MAXIT)
81 {
82 errCode = 40 ;
83 goto e r r o r ;
84 }
85
86 m = c1∗ c1 − ndat∗ c2 ; // c0=ndat
87 i f (m == 0)
88 {
89 errCode = 39 ;
90 goto e r r o r ;
91 }
92 break ;
93 } // end new case 3 with weights
94
95 d e f a u l t :{ break ; } // d e f a u l t
96
97 } // end switch
98
99 ∗ exp a = A = ( s1 ∗ c1 − s2 ∗ndat ) / m; // w i l l be c o r r e c t e d in case 3

100
101 switch ( ∗method )
102 {
103 case 0 :
104 {∗ bs ln = B = ( c1∗ s2 − c2∗ s1 ) / m; break ; }
105 case 1 : {∗ bs ln = B; break ; }
106 case 2 : {∗ bs ln = B; break ; }
107 case 3 : {∗ bs ln = B = ( c1∗ s2−c2∗ s1 ) /m; ∗ exp a=A=(s1 ∗c1−s2 ∗ndat ) /m; break ; }
108 d e f a u l t : {∗ bs ln = B; break ; }
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Bordé, and C. Chardonnet. Direct determination of the Boltzmann constant by an
optical method. Phys. Rev. Lett. 98(25):250801, 2007. doi: 10.1103/PhysRevLett.
98.250801.

[22] C. Lemarchand, K. Djerroud, B. Darquié, O. Lopez, A. Amy-Klein, C. Chardonnet,
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[176] R. Mart́ınez, M. Metsälä, O. Vaittinen, T. Lantta, and L. Halonen. Laser-locked,
high-repetition-rate cavity ringdown spectrometer. J. Opt. Soc. Am. B, 23(4):727–
740, 2006. doi: 10.1364/JOSAB.23.000727.

[177] A. Cygan, D. Lisak, P. Mas lowski, K. Bielska, S. Wójtewicz, J. Domys lawska,
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Abstract
High-precision molecular absorption spectroscopy is a powerful tool for fundamental physics and
metrology, as well as for a broad range of applications in fields such as environmental sciences, plane-
tology and astrophysics. In recent years, spectroscopic techniques based on the enhanced interaction of
laser light with molecular samples in high-finesse optical cavities have provided outstanding detection
sensitivities on the absorption axis, while the spectrometer frequency axis rarely met as high precision
standards.

In this thesis, we addressed this challenge by the development of Optical Feedback Frequency-
Stabilized Cavity Ring-Down Spectroscopy (OFFS-CRDS). This novel technique features a unique
combination of sub-kHz frequency resolution and stability, kW/cm2-level intracavity light intensity, a
shot-noise limited absorption detectivity down to 2 · 10−13 cm−1/

√
Hz, as well as a detection limit of

8.4 · 10−14 cm−1 on a narrow spectral interval. This unprecedented performance is based on the tight
Pound-Drever-Hall lock of the ring-down cavity to a single-sideband-tuned distributed-feedback diode
laser which is optical-feedback-stabilized to a highly stable V-shaped reference cavity. To transfer the
coherence of this sub-kHz laser source to noisier lasers in other spectral regions through an optical
frequency comb, we have explored a novel high-bandwidth feed-forward phase cloning scheme and
demonstrated a residual phase error as low as 113 mrad. Applying OFFS-CRDS to the spectroscopy
of CO2 near 1.6 µm, we obtained a broadband spectrum with a dynamic range of 8 · 105 and re-
trieved twelve absolute transition frequencies with kHz-accuracy by measuring sub-Doppler saturated
absorption Lamb dips with a comb-assisted setup. Furthermore, we have performed a comprehensive
analysis of systematic error sources in CRDS and derived an analytic formula for the non-exponential
ring-down signal in a weakly saturated regime, which may contribute towards future concentration-
independent transition dipole moment measurements. Our results open up promising perspectives
for metrological applications of OFFS-CRDS, such as advanced absorption lineshape studies, isotopic
ratio measurements and extensive saturated absorption spectroscopy in the near infrared.

Résumé
La spectroscopie d’absorption moléculaire est un outil incontournable non seulement pour la physique
fondamentale et la métrolgie mais aussi pour des domaines aussi divers que les sciences environnemen-
tales, la planétologie ou l’astrophysique. Ces dernières années, des techniques spectroscopiques qui
exploitent l’amplification résonnante d’interaction entre lumière laser et molécules dans une cavité op-
tique ont fourni des détectivités exceptionnelles sur l’axe d’absorption, tandis que l’axe de fréquence
des spectromètres n’atteignait généralement pas le même niveau de précision.

Dans cette thèse, nous avons répondu à ce défi en développant la spectroscopie en cavité par temps
de déclin stabilisée en fréquence par rétroaction optique (OFFS-CRDS en anglais). Cette nouvelle tech-
nique présente une combinaison unique de stabilité et résolution fréquentielles sub-kHz, d’un niveau
d’intensité lumineuse intra-cavité de l’ordre du kW/cm2, d’une detectivite de 2 · 10−13 cm−1/

√
Hz

limitée par le bruit de photons, et d’une limite de détection de 8.4 · 10−14 cm−1 sur une plage spec-
trale étroite. Ces performances inédites sont dues à l’asservissement de la cavité spectroscopique à un
laser balayé en fréquence par modulation à bande latérale unique et stabilisé par rétroaction optique
avec une cavité en V de réference ultrastable. Pour transférer la cohérence de ce laser sub-kHz à des
lasers plus bruiteux dans d’autres gammes spectrales à travers un peigne de fréquence optique, nous
avons exploré une nouvelle méthode de clonage de phase par une correction anticipative à large bande
passante et démontré une erreur résiduelle de phase de 113 mrad. En appliquant l’OFFS-CRDS à la
spectroscopie du CO2 à 1.6 µm, nous avons obtenu un spectre large bande avec une dynamique de
8 ·105, et nous avons déterminé douze fréquences de transition absolues avec une exactitude de l’ordre
du kHz en mesurant des Lamb dips sub-Doppler en absorption saturée avec un dispositif équipé d’un
peigne de fréquence. Par ailleurs, nous avons procédé à une analyse détaillée des sources d’erreurs
systematiques en CRDS et nous avons déduit une formule analytique pour le déclin de cavité non-
exponentiel dans un régime faiblement saturé qui est susceptible de contribuer à de futures mesures
de moments de transition dipolaire indépendantes de la concentration. Nos résultats ouvrent des per-
spectives prometteuses pour des applications métrologiques de l’OFFS-CRDS, comme par exemple
l’étude de profils de raie poussés, la mesures de rapports isotopiques et la spectroscopie d’absorption
saturée extensive dans le proche infrarouge.
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