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Sujet : Le Modele d’Izergin—Korepin

Résumé : Parmi les modeéles de mécanique statistique classique avec interaction les sys-
témes intégrables de Yang-Baxter (YB) jouent un role particulier. Le modele central dans
la théorie des systémes intégrables YB est le modele a six vertex. Plusieurs méthodes ont
été développées pour étudier le modele a six vertex. Notre but est de comprendre la phy-
sique du modele & dix-neuf vertex d’Izergin—Korepin (IK), qui peut étre vu comme une
généralisation du modele a six vertex. On donne une vue d’ensemble de I’ Ansatz algébrique
de Bethe pour le modele IK basé sur la matrice R a dix-neuf vertex et on propose une
nouvelle présentation pour les états propres de la matrice de transfert associée. On adresse
aussi la question du calcul des produits scalaires pour le modele IK. Un objet important
dans la théorie des produits scalaires est la fonction de partition avec des conditions aux
bords de domaine. Pour cette fonction de partition, définie pour le modele IK, on obtient
une relation de récurrence pour laquelle on trouve la solution dans un cas particulier. La
théorie de la représentation du groupe quantique (Uq(Ag))) associé au modele IK nous
permet d’obtenir toutes les représentations de dimension plus élevée pertinentes pour ce
modele (les modules de Kirillov—Reshetikhin (KR)). Ceci est réalisé dans la présentation
de Drinfeld des groupes quantiques. Cette présentation a des avantages techniques quand
on calcule les matrices R par la formule de Khoroshkin—Tolstoy (KT). On l'utilise pour
calculer la matrice R evaluée sur le produit tensoriel de la représentation fondamentale et
d’un module KR de dimension plus élevée. D’un autre coté, la présentation de Drinfeld
montre la connexion entre les sous-algebres de Borel du groupe quantique Uq(A?)) et les
algebres d’oscillateurs ¢g-deformés (Oscy). Ces algebres sont étroitement liées a la définition
(par la théorie de la représentation) d’un certain type de matrices de transfert : les opéra-
teurs @); ces opérateurs jouent un role central dans la théorie des relations fonctionnelles
des modeles intégrables. On utilise les algebres de type Osc, dans la formule KT pour
calculer quelques matrices L, qui sont utilisées pour construire les opérateurs (). Finale-
ment, on considére un cas particulier de 1’état fondamental du modele IK avec parameétre
de deformation ¢ égal a une racine de 'unité. Dans ce cas, on calcule explicitement les
valeurs propres de différentes matrices de transfert, y compris de 'opérateur ). On utilise
ce dernier résultat pour obtenir I’état fondamental du modele IK pour des petites tailles.

Mots clés : Modeles intégrables, modele d’Izergin—Korepin, Ansatz algébrique de Bethe,

fonction de partition avec des conditions aux bords de domaine, théorie de la représentation
du groupe quantique Uq(Agz)), opérateurs (), formule de Khoroshkin—Tolstoy



Subject : The Izergin-Korepin Model

Abstract: Among the models of interacting classical statistical mechanics the Yang—
Baxter (YB) integrable systems play a special role. The central model in the theory of
YB integrable systems is the six vertex model. Many powerful techniques were developed
to study the six vertex model. The model under consideration is the Izergin—Korepin (IK)
nineteen vertex model, which can be viewed as a generalization of the six vertex model.
Our aim is to understand the physics of the IK model using the extensions of the methods
which were applied to the six vertex model. We review the algebraic Bethe Ansatz for the
IK model based on the nineteen-vertex R-matrix and propose a new presentation for the
eigenstate of the relevant transfer matrix. We also address the question of the calculation
of the scalar products of the IK model. An important object in the theory of scalar pro-
ducts is the domain wall boundary partition function. For this partition function defined
for the IK model we derive a recurrence relation and solve it in a special case. We move
on to the representation theory of the underlying quantum group (U, (Ag))), for which we
compute all higher dimensional irreducible representations which are relevant for the IK
model (Kirillov—Reshetikhin (KR) modules). The latter is accomplished in the so-called
Drinfeld presentation of quantum groups. This presentation has technical advantages for
computations of the R-matrices by means of the Khoroshkin—Tolstoy (KT) formula. We
use this to compute the R-matrix in a tensor product of the fundamental representation
and a generic higher dimensional KR module. On the other hand, the Drinfeld presenta-
tion makes apparent the connection between the Borel subalgebras of the quantum group
Uy, (Ag)) and the g-deformed oscillator algebras (Oscy). The latter algebras are closely rela-
ted to the representation theoretic definition of special transfer matrices: the Q-operators;
these operators are central in the theory of functional relations of integrable models. We
use the Osc, type algebras in the KT formula to compute some L-matrices which are used
to build the Q-operators. Finally, we consider a special case of the ground state of the
IK model when the deformation parameter ¢ is equal to a root of unity. In this case we
compute explicitly the ground state eigenvalues of various transfer matrices including the
Q-operator. We use the latter result to compute the components of the ground state of the
IK model for small systems.

Keywords: Integrable models, Izergin—Korepin model, algebraic Bethe Ansatz, domain
wall boundary partition function, representation theory of the quantum group Uq(A(22)),
Q-operators, Khoroshkin—Tolstoy formula
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Introduction

In this thesis we study a quantum system of interacting spins on a line subject
to a special symmetry. The model of interest was introduced by Izergin and Korepin
[67], thus we refer to it as the Izergin—-Korepin model. Quantum models are normally
defined by their Hamiltonians H possessing the required symmetry. For the Izergin—
Korepin model we denote the Hamiltonian by Hyyx . We ask the standard question: what
are the physical characteristics of the system under consideration? In order to answer
that one needs to solve several problems. The first is the problem of diagonalizing
the Hamiltonian. If we denote the eigenvectors of our Hamiltonian H by [¢) and the
eigenvalues by F, then we want to solve the eigenvalue problem

Hl|y) = Eli). (0.0.1)

Secondly, we would like to know the physical observables. These are encoded in the
corresponding operators, denote one by (0. The second problem is to compute the
expectation value

Tr (Oe_H/T>

(O)r = W-

(0.0.2)

The temperature T is kept finite here. If we put it equal to 0, then the calculation is
reduced to finding the expectation value of O with respect to the lowest energy state
vectors [1g).

(O)r=0 = {¥0|Olvo) (0.0.3)

(Wolvo)

Solving these problems allows us to understand the physical characteristics of the
system defined by the Hamiltonian H. However, calculations of this kind are very
difficult in general. The cases of noninteracting systems are usually tractable, however,
for realistic systems interactions are essential. There exist classes of interacting models
witch retain the solvability property. A very important class of these models is called
the Yang-Baxter quantum integrable models. The Izergin—Korepin model is a member
of this class. To rephrase the first sentence, this thesis addresses the problem of solving
Egs. (0.0.1) and (0.0.2) for the physical system which is described by the Izergin—
Korepin Hamiltonian H = H;g. The Yang-Baxter solvability of the Izergin—Korepin
model provides us with a number of tools, some of which we use in order to understand
how to solve (0.0.1) and (0.0.2). We restrict ourselves to the study of the finite size
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2 CHAPTER 0. INTRODUCTION

systems, thus we will not address numerous interesting and important topics associated
to the thermodynamic limit.

In Section 0.1 we give the Hamiltonian Hjx and switch to an equivalent description
of the Izergin—Korepin (IK) model in terms of the transfer matrices of a classical
two dimensional statistical model: the IK nineteen vertex model. We proceed with
discussing various approaches to study integrable models and outline a strategy for
the case of the IK model. The motivation for the study of the IK model is convenient
to present at the end of the introduction. The outline of the thesis closes this chapter.

0.1 The transfer matrix method

We start our discussion from the Bullough-Dodd model! [35]. This is a classical
model that describes a scalar field in two dimensions

0, 0_F = —m? (6_2F - eF> . (0.1.1)

It is an important nonlinear differential equation from a theoretical point of view as
well as for applications. We are interested in the quantum version of this model. This
was obtained by Izergin and Korepin [67] by the quantization of the inverse scattering
problem for the above equation. In the inverse scattering problem the scattering data
is expressed in terms of the monodromy matrix. The so-called classical r-matrix plays
a special role here. It tells us how the elements of the monodromy matrix Poisson-
commute. In the quantized version, the commutation of the monodromy matrices is
obtained with the aid of the quantum R-matrix. The trace over the monodromy matrix
is called the transfer matrix 7'(\), where lambda is called the spectral parameter. The
R-matrix-commutation of the monodromy matrices leads to

[T'(t1),T(t2)] = 0, (0.1.2)

Thus the eigenvectors of T'(¢;) are independent of ¢;. What we called before the Izergin—
Korepin model is the one dimensional quantum model defined by the Hamiltonian

dT(t)

H=T"1(
(t) i

lt=o0- (0.1.3)

Therefore, the Hamiltonian is a term in the expansion of the transfer matrix with
respect to the parameter ¢ and the diagonalization of the Hamiltonian follows from
the diagonalization of the transfer matrix. The seemingly more difficult problem of
diagonalizing the transfer matrices can, in fact, be handled more efficiently by means
of the quantum inverse scattering method. Therefore, instead of working with the
Hamiltonian we will be mostly focused on the transfer matrix approach to the problem.
Before turning to the discussion of the problem in this setting we give the explicit form
of the Hamiltonian.

1. This model was introduced by Tzitzeika [119] in the context of differential geometry and later
reintroduced by Bullough and Dodd [35], and then studied by Zhiber and Shabat [125] and Mikhailov
[99]. One can find this same model referred to as the model of a combination of several names from
the list of mentioned authors.
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Consider the N-fold tensor product V ® .. ® V where V is a finite dimensional
vector space. This is the physical space H. Set V = C? with the basis v, vg and v_.
The Hamiltonian can be represented as a matrix acting on the vectors in H

N

H=> Hjju. (0.1.4)
j=1

Where each operator Hjj acts on the j-th and k-th term in M, H;j, € End(V ®
V). We assume also periodic boundary conditions, so Hy 41 makes sense upon the
identification Hy n41 = Hy, 1. Denote the matrix units by ¢; ;, then each term in the
summation in (0.1.4) can be written in the basis of Gell-Mann matrices

A =€13+ €31, Ao =i(e1,3 —€31),

A3 = €1,1 — €33, A =¢€12+ e,

A5 = i(—6172 + 62,1), A = €23 + €32,

A7 =i(e23 — €32), As =37Y2(e11 — 2e9 + €33),
2

as follows

Hip=(a"? +a7 )@ + q-2><A1 ® A1+ A2 ® Ao)
+i(@ 2+ (@ - DM @A+ X ® M)
+2(¢"? + ¢~ 1/2))\3®>\3
(@ + 7 (g + U@ M+ As @ A5 + A6 ® A6 + A7 ® A7)
i@+ ) (g = HOI DA = A5 @ A+ A6 @ A — A7 @ Xg)
+ (@@= )M ® A6+ X6 @A — A5 @ A7 — A7 ®@ X5)
+i(@* =) (MM F A DA — A5 @ Ag + Ag @ Ns5)

2 - B B
+§(—(q1/2+q U2) 4 2(6% 4+ ¢7) +2(6*2 + ¢7%))As @ Xs

+3732(— (g 2+ VD) 4 2(32 + %) — (P2 4 ¢7%?)) (Ns @ id + id ® Ag).

0.2 Algebraic Bethe Ansatz

First of all, we must note that we restrict ourselves within a subclass of methods
which are used to study integrable models. We do not mention many important alter-
native directions of the study of integrable models like coordinate Bethe Ansatz [13],
thermodynamic Bethe Ansatz [122, 123, 115, 124] and many others (see [2, 84, 114, 59]
and references therein).

Let us continue with an overview of the algebraic Bethe Ansatz (ABA) method.
This point of view gives an effective approach to deal with Egs. (0.0.1) and (0.0.2).
As pointed out in Section 0.1, the problem of diagonalising the Hamiltonian (0.1.4) is
replaced by the one of finding the eigensystem of the transfer matrix 7. The central

2. This Hamiltonian can be obtained by direct calculations using the formula (0.1.3), where the
T-matrix is defined as the trace of the monodromy matrix (1.1.6) with R taken in the form (4.4.27).
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object here is the IK R-matrix, R € End(V ® V). Integrability is ensured by the
Yang—Baxter equation

(I ® PROMp)) (PR(N) @ I) (I ® PR(W)) = (PR(1) ® I) (I © PR(N)) (PR(Mp) @ 1).

The element I acts on the representation space V as the unit matrix and the Yang—
Baxter (YB) equation takes place in V ® V ® V. The matrix P € End(V ® V') simply
interchanges the two factors of the tensor product. Due to the YB equation we have the
commutativity (0.1.2) of the family of transfer matrices T'(t). Then we can turn to the
algebraic Bethe Ansatz. As mentioned before, the transfer matrix is given as a trace of
the monodromy matrix, while the commutativity of the monodromy matrix elements
is mediated by the R-matrix. This gives rise to the Yang—Baxter algebra as the algebra
of the matrix elements of the monodromy matrix. Furthermore, using this algebra one
proposes a module on which the T-matrix has diagonal action. Since all participants
are essentially in the YB algebra, one shows the validity of the eigenvalue equation
with the T-matrix with the aid of the commutation relations of the YB algebra. The
cost of this is a set of algebraic equations for a number of unknown complex numbers.
These equations are known as the Bethe equations and the solution is called the set
of Bethe roots. Thus, the problem of solving (0.0.1) is reduced to finding the Bethe
roots. Let us postpone the discussion of the Bethe equations and pass to Eq. (0.0.2).

Physically interesting characteristics of quantum systems are obtained through the
correlation functions. Therefore, one must have an efficient procedure for computing
them. The algebraic Bethe Ansatz, i.e. the use of the YB algebra, is again a powerful
tool here. How to use ABA in the study of correlation functions is described in [84,
111, 112] and in [78]. The latter case concerns the X X Z spin chain (the corresponding
ABA was constructed in [41]). It focuses on finding a computationally convenient
representation for the form factors (building blocks of the correlation functions). In the
limit of infinite system size this representation leads to integral formulae for various
correlation functions [66, 79, 77, 76, 75].

In general, however, one still needs to deal with the Bethe equations. Hence, the
ABA method has to be supplemented by additional numerical or analytical tools.
The numerical calculation of the Bethe roots and a clever algorithm of summing
over the intermediate states can lead to a calculation of important physical quan-
tities which can be measured in the experiment. For the integrable models such as
X X Z spin chain, the §-Bose gas and the Babujan—Takhtajan spin-1 chain we refer to
[22, 23, 100, 110, 109, 104, 80, 40, 120]. A powerful analytical tool is provided by the
theory of functional relations. The functional relations are the relations between the
matrices which commute with the original transfer matrix. These matrices are also cal-
led transfer matrices. They are obtained as traces of monodromy matrices which have
different representations along the so-called auxiliary space. By taking different repre-
sentations 7 for the auxiliary space we arrive at different traces leading to a transfer
matrix 7. As it can be seen for example from the representation theory of the alge-
bra associated to the model under consideration (see e.g. [86] and references therein),
the transfer matrices for certain infinite class of representations are not independent;
they satisfy bilinear algebraic equations, called the TT equations. Since the different
transfer matrices commute with each other, the 1T equations can be viewed as equa-
tions for the eigenvalues. The T'T equations lead to the solution of the Bethe equations
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[86] and allow one to calculate some physical quantities [87]. There exists a special
class of transfer matrices, i.e. those in which the auxiliary space has certain infinite
dimensional g-deformed bosonic representations [5, 8, 81, 14, 16, 15, 17, 98]. These
transfer matrices are called the Q-matrices (or Q-operators). Among the Q-operators
there are operators whose eigenvalues turn out to be the generating functions of the
Bethe roots. The existence of such Q-operators was pointed out first by Baxter (see
[3]). The diagonalization of the Q-operators essentially solves the Bethe equations. An
example where an analytical calculation was performed towards the computation of
a simple expectation value with the knowledge of the ground state eigenvalue of the
Q-operator can be found in [56].

The above discussion is rather general. What is crucial in the algebraic Bethe
Ansatz method is the assumption that the eigenvectors of the transfer matrix can
be obtained by writing a module of the YB algebra. This is an advantage of the
algebraic Bethe Ansatz: its universality. The functional relations are largely based on
the representation theory and are often studied for many quantum affine Lie algebras
at once [86, 88, 60, 61]. A broad class of integrable models can be studied in this way.
One such model which is particularly well studied is the Heisenberg X X Z spin chain.
This will be the reference model for us. For the X X Z spin chain both problems, the
diagonalization of the transfer matrices and the calculation of the correlation functions,
are well handled by means of the ABA.

0.3 Motivations

After the above discussion it follows that one of the first natural motivations for our
study of the IK model is to try to find some of its physical characteristics, achieved
by employing the described methods which, in particular, proved to be efficient for
the XX Z model. The IK model appears to have a very complicated structure of
the algebraic Bethe Ansatz. This brings many technical obstacles when trying to use
the commutation relations of the YB algebra. Understanding how to overcome these
obstacles is important if we want to “go beyond” the X X Z spin.

More generally, we are motivated to study the IK model since it describes a very rich
physical system. It is related to a number of statistical models and, as we mentioned in
the introduction, it is equivalent to the two dimensional IK nineteen vertex model on a
square lattice. The IK nineteen vertex model is a classical statistical mechanics model.
It would be interesting to study the thermodynamical properties of this model. In
order to do that one could follow the example of the the six vertex model (the classical
statistical model equivalent to the X X Z spin 1/2 chain) where the thermodynamics
was studied using the integrability techniques. The six vertex model was solved in [93],
see also [92, 94, 95] and the books [2, 114]. In particular, it was observed that the bulk
free energy of the six vertex model is affected by the boundary conditions [82, 126].
The most famous case of such boundary conditions is the domain wall boundary. The
dependence of the free energy on the boundary must also occur in the nineteen vertex
model. We would also like to mention here the arctic curve phenomena appearing in the
six vertex model in large square domains with the domain wall boundaries. The arctic
curve separates the frozen and the disordered regions in the six vertex configurations
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(see papers [28, 29, 31, 30]). The arctic curve in its appropriately generalized sense
must be also present in the nineteen vertex models. Integrability is one of the main
tools for the study of the arctic curves as demonstrated in the six vertex example.

The configurations of the six vertex model with the domain wall boundary condi-
tions are in one to one correspondence with an important combinatorial objects—the
alternating sign matrices (ASM’s) [89]. The discovery of this lead to solutions of the
enumeration problems of ASM’s [89, 90]. A generalization of such correspondence for
the nineteen vertex models relates the configurations of the nineteen vertex model
with the spin-1 ASM’s [10]. Thus, the relation to the combinatorics of the higher spin
ASM’s is another motivation to study the IK model.

Let us get back to the connection of the IK model to statistical physics. One of the
first found and most important connections is with the dilute Temperley—Lieb loop
model [103, 102]. This loop model describes various two dimensional physical systems
which, in particular, exhibit separation of phases by domain walls: percolation [48],
polymer chains [102]. These two examples correspond to certain regimes with special
interactions in the IK model. In these cases some quantities become more tractable
and allow for explicit analytical calculations [48, 54, 57, 58, 42].

The ground state entries of the dense Temperley—Lieb loop model or the X X Z
spin chain at a certain interaction point were found to be in relation to the combi-
natorics of the ASM’s, as mentioned before. This led to various striking conjectures
[1, 105, 107] that were later proved [49] and [19]. The main conjecture is called the
Razumov—Stroganov (RS) correspondence, which became a theorem after [19]. The
RS-type correspondence has not been observed yet in the dilute Temperley—Lieb loop
model since it remains unclear what combinatorial object is related to the ground state
entries of the dilute Temperley—Lieb model or the IK model.

An interesting relation appears between certain integrable models (IM) and ordi-
nary differential equations (ODE) [38, 36, 6, 7, 97]. This relation is called the ODE /IM
correspondence. For example, the Q-operator of the six vertex model with a twist x cor-
responds to a solution y(x) of the Schrédinger equation with the potential term z2M (%),
More generally the ODE/IM correspondence identifies the functional relations of in-
tegrable models with the Stokes relations of ordinary differential equations. It would
be interesting to understand how ODE/IM works in the case of the Izergin-Korepin

model. The first step in this direction was made in [37].

Finally, there also exists an important representation-theoretic aspect of the study
of this model. The underlying algebra is the lowest rank twisted quantum affine Lie al-
gebra, denoted Uq(AgQ)). Certain representations of this algebra are of physical interest

which provides an interplay between the study of the representation theory of Uq(AgQ))
and the study of the IK model. One prominent example is the category of the prefun-
damental representations of the Borel subalgebras of quantum affine Lie algebras [62].
This study was motivated by the existence of the physically interesting infinite dimen-
sional representations of certain quantum affine Lie algebras [5, 8, 81, 14, 16, 15, 17, 98|.
A large part of this thesis is devoted to this aspect of the representation theory in the
relation to the problem of the computation of the Q)-operators.
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0.4 Overview and outline

The R-matrix of the Izergin—Korepin nineteen vertex model is the central object.
Using this R-matrix one constructs the monodromy matrix and writes the commutation
relations of the generated Yang—Baxter algebra. There exists an algebraic Bethe Ansatz
for the IK model due to Tarasov [116]. It provides a construction of the eigenvectors
of the transfer matrix along with its eigenvalues and the associated Bethe Ansatz
equations. The form of the resulting eigenvectors is very complicated, though. They
are given by a recursive formula, which makes the problem of the computation of the
correlation functions in the framework of the algebraic Bethe Ansatz very difficult. We
present the algebraic Bethe Ansatz of Tarasov in Chapter 1. We propose a new way
of writing the eigenvectors of the transfer matrix by solving the Tarasov’s recurrence
relation. It remains, however, an open question how to cast the ABA for the IK model
in a form that allows for the efficient calculations of the form factors or correlation
functions.

Following our reference model, the six vertex model, we address the question of
the definition and computation of the domain wall partition function. This partition
function plays a crucial role, in particular, in the theory of correlation functions for
the six vertex model [84, 78]. An attempt to identify such object in the IK model is
presented in Chapter 2. As a starting point we choose to consider the partition function
of the nineteen vertex model with the domain wall boundary conditions. This partition
function for a generic value of interaction is hard to write in a closed form. For a special
interacting point we find a determinantal formula.

The representation theory, as we mentioned, is very important for the integrable
models. In particular, one can find various transfer matrices associated to different
representations along the auxiliary space of the monodromy matrix. In Chapter 3 we
compute the higher dimensional Kirillov—Reshetikhin modules. In Chapter 4 this al-
lows us to write the R matrices for the fundamental (three dimensional) and higher
dimensional representations using the explicit form of the universal R-matrix given by
the Khoroshkin—Tolstoy formula [73, 117]. The original goal of Chapter 3 and Chapter
4 was to address the problem of solving the Bethe equations by means of the Baxter’s
Q-operator. According to the theory of prefundamental representations of Borel sub-
algebras [62] for the untwisted A-series quantum affine Lie algebras one must consider
the infinite dimensional limit of the Kirillov—Reshetikhin modules. Taking this limit
in the case of the Uq(Ag)) algebra allows us to obtain certain infinite dimensional re-
presentations which then can be used in the Khoroshkin—Tolstoy formula to compute
the L-matrices (R-matrices in a tensor product of the fundamental and an infinite
dimensional representations). One obtains the Q-operators® by taking a trace of a
product of the L-matrices. The Baxter’s Q-operator should follow from this approach,
unfortunately, we are currently unable to show this. We should note here, that as we
learned recently a similar study was performed in a different spirit by M. Jimbo and
J.-J. Sun. Our work is done independently from the work of Jimbo and Sun.

3. What we call here a Q-operator is different from the notion we used before. The Q-operator
whose eigenvalues are the generating functions of the Bethe roots we call the Baxter’s Q-operator.
Otherwise a Q-operator is a transfer matrix obtained from a monodromy matrix with some infinite
dimensional representation along its auxiliary space.
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Chapter 5 is devoted to the study of the (conjectured) ground state at a root of
unity. In this case we can solve the Bethe equations and find the entries of the ground
state for small system sizes. These results agree with the ground state components
obtained in the loop basis in [48, 54]. The connection between the spin and loop bases
is described in Appendix C.



Chapter 1

Algebraic Bethe Ansatz for the IK
model

In this chapter we discuss the algebraic Bethe Ansatz approach to the Izergin—
Korepin model. This is a very convenient approach allowing for a construction of the
eigenstates of the transfer matrix. The eigenstates live in the module generated by
polynomials in the elements of the Yang—Baxter algebra which act on the reference
state. The eigenstates and the eigenvalues constructed in the algebraic Bethe Ansatz
depend on the set of Bethe roots. Therefore, the algebraic Bethe Ansatz reduces the
problem of diagonalizing the transfer matrix to solving a system of algebraic equations
whose solutions are the Bethe roots.

Our presentation of the algebraic Bethe Ansatz follows the paper of Tarasov [116].
We give it in Section 1.1 and 1.2. The eigenstates of the Tarasov’s algebraic Bethe
Ansatz are written using a recursive formula. In Section 1.3 we propose a new way of
writing the eigenstates of the transfer matrix, which solves the Tarasov’s recurrence
relation. We write a formula which resembles the nested Bethe Ansatz for higher rank
models. It is important to have a convenient formula for the eigenstates in order to
study correlation functions in the framework of the algebraic Bethe Ansatz [84]. We
discuss the scalar products in Section 1.4.

1.1 Introduction

The algebraic Bethe Ansatz (ABA) is a very powerful tool in the study of inte-
grable models. In the ABA, instead of diagonalizing the Hamiltonian one attempts to
diagonalize the family of matrices T'(A) whose members are labeled by the spectral
parameter A. In the case of the IK spin chain one recasts the problem into a pro-
blem of diagonalizing the transfer matrix of the nineteen vertex model possessing the
symmetry of the quantum group U = Uq(AgQ)) = Uq(gl;) 1. This model is called the
Izergin—Korepin (IK) nineteen vertex model [67] and we will refer to it as the IK model.

1. The notation Uq(gl;) means that the corresponding algebra is obtained by twisting the algebra
sl3 with its Dynkin diagram automorphism 7. Thus the algebra Uy (sl3) belongs to the class of twisted
quantum affine Lie algebras



10 CHAPTER 1. ALGEBRAIC BETHE ANSATZ FOR THE IK MODEL

The central object in the IK model is the R-matrix which depends on the spectral
parameter A, thus written R(\). There exist a universal R-matrix which is an element
of the algebra U®U. If V is a fundamental representation of U, then the representation
of R in V ®V gives the R-matrix. We define the R-matrix as R(\) = PR()), where
P permutes the spaces in the tensor product V ® V. The R-matrix is the solution of
the Yang—Baxter equation, which is conveniently written in the R-form as 2

v

Ros(\ — p)Ri2(N) Rag(p) = Ri2(p)Roz(N) Ri2(\ — p), (1.1.1)

where Ry o(z) = R(z) ® I and Ro3(z) = I ® R(x). The element I acts on the repre-
sentation space V' as the unit matrix and Eq. (1.1.1) takes place in V@ V ® V and is
a product of three matrices on both sides of the equality.

A quantum integrable system is characterized by the monodromy matrix M ()
which satisfies the following relation with the R-matrix

v v

RO — ) M(N) @ M(p) = M(p) @ M(A).R(\ — p). (1.1.2)

The monodromy matrix M is a matrix in the space V', which is called the auxiliary
space. If the monodromy matrix has a highest vector (pseudo vacuum or generating
state) then the ABA is applicable. In the IK model, Tarasov [116] showed that such
a pseudo vacuum exists and is represented by the ferromagnetic state |0). The ABA
then provides us with the Yang—Baxter algebra which is the algebra generated by the
matrix elements of the monodromy matrix with the relations encoded in (1.1.2). The
representation space of the Yang—Baxter algebra is called the physical or quantum
space. Taking the trace of the M-matrix in the auxiliary space yields the transfer
matrix 7(\) which is an element of the Yang—Baxter algebra. This is the transfer
matrix that we wish to diagonalize. The pseudo vacuum is a special vector in the
physical space which allows us to generate a module using certain elements of the
Yang—Baxter algebra which play the role of creation and annihilation operators. This
module contains the eigenvectors of the transfer matrix. The latter can be shown
algebraically using the commutation relations of the Yang—Baxter algebra since both,
the transfer matrix and the module itself, are formed by the Yang—Baxter algebra.
The Izergin—Korepin R-matrix, which satisfies (1.1.1) via R, is an operator in the
tensor product of two fundamental representations of U. In the matrix form it reads

r1 O 0|0 0 O 0 0 O
0 2o O]xzs O O 0 0 O
0 0 I3 0 Te 0 X7 0 0
0 y5» Ojaxze O O[O O O
Ruy=|0 0 y|0 24 0]xzg 0 0 |, (1.1.3)
0 0 0|0 0 z2| 0 x5 O
0O 0 y7|0 y 0| 23 0 O
0 0 010 0 y5/ 0 =z O
L 0 O 010 0 O 0 0 =z |

2. Eq. (1.1.1) is written in the additive convention while in the introduction we wrote the Yang—
Baxter equation in the multiplicative convention. Later we will explain how to get from one convention
to the other.
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where the Boltzmann weights z; = zj(u) and y; = y;(u) are the following 3

z1 (u) = 2sinh (; — 277) cosh (g — 377) ,

xo (u) = 2sinh % cosh (; — 377) ,

x3 (u) = 2sinh g cosh (; - 77) ,

x4 (u) = 2sinh g cosh <; - 377> — 2sinh 27 cosh 37,

D=

x5 (u) = 2e” 2% sinh 27 cosh <Z - 317> ,

u) = e Mg (u),

x7 (u) = —2¢"2"sinh 2n[cosh (g - 37]> + esinh %],
1y . u . u
y7 (u) = —2e2" sinh 2n[cosh (2 - 377> — e Tsinh 5] (1.1.4)

The physical space that we are interested in is a chain of length L where each site
is the fundamental representation of U. Such a physical space is a tensor product
Hr = Vi ®---®Vy with L entries V; each of which is C3. The auxiliary space is
also C3, thus the monodromy matrix is a 3 x 3 matrix with entries being themselves
operators in the physical space Hp,

A1<u) B1<u) BQ(U)
M(u)=| Ci(u) Az(u) Bs(u) |. (1.1.5)
Ca(u) Cs(u) As(u)

The monodromy matrix can be viewed as follows. Let us equip the R-matrix with
indices R; ; which indicate that it acts on the spaces V; and Vj. In this notation R; ;1
acts as the R-matrix on the part V; ® V41 of the tensor product of the physical space
Hr and on the remaining part of Hp, it acts as the identity matrix. Let us denote the
auxiliary space by Vy which is also a copy of C3. The R-matrix R;(u) = Ry ;(u) acts
on Vo ® Hy. We construct the following product

M(u) = Ri(u)Ra(u) ... Rp(u), (1.1.6)

where the multiplication is assumed along the auxiliary space Vp. The matrix M (u)
is the monodromy matrix. This gives the construction of the monodromy matrices as
products of the R-matrices along the neighbouring auxiliary spaces. It satisfies (1.1.2)
due to the Yang—Baxter equation. The monodromy matrix M can be viewed as a
matrix acting on Vj and therefore it is a 3 x 3 matrix as in (1.1.5). Let us call the three

3. To obtain the original result [67] one needs to perform certain similarity transformation and
change appropriately the parametrization, see e.g. [85].
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basis vectors of V' spin-up, spin-zero (empty edge) and spin-down, we will also use 1, 0
and —1, i.e. v1, vg and v_ respectively. The space V' will be represented by a line and
the R-matrix, which maps V ® V to V @ V will be represented by four lines (edges)
which meet at a common point. Thus the elements of the R-matrix (1.1.3)

R(zi/z)= Y.  1o5(21/2)eae ® e, (1.1.7)
a,b,c,d=1,0,—1

where €, are the matrix units €, v, = v,, can be represented graphically as in Fig.
1.1. This gives us the graphical notation which we will use in what follows. The arrows

c,d
rap(Z1/22) = zs

FIGURE 1.1 — The components ré’i(zl/zg).

in Fig. 1.1 distinguish the preimage V ® V' from the image V ® V' which has no arrows.
Similarly the R matrix has the expansion

R(z1/z) = > 7‘2’7‘;(21/22)6(170 ® €pds (1.1.8)
a,b,c,d=1,0,—1

where the components %g’z(zl /z2) graphically are represented in Fig. 1.2. The relation

ved
lap(Za/z2) = 2

FIGURE 1.2 — The components 7% (21 /2s).
between r and 7 is

ro(z1/z) = iya(z1/2).

Each nonzero component of the R-matrix is represented by a vertex with edges
equipped with arrows pointing towards the vertex, outwards the vertex or left free to
denote the zero spin. The total number of the ingoing arrows must match the total
number of the outgoing arrows. An edge corresponding to the preimage of the R-matrix
has a value equal to 1, 0, or —1 if the arrow is outwards, absent or inwards, respectively.
The reverse order of the arrows applies to the edges representing the image. In this
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+ 0 0 0
0 0 0 0
0 0 0 0

0 0 0

_¥_

+

+ 0

0 0

T

0 0

0 0 +

FIGURE 1.3 — The nineteen vertices of the R-matrix are the nonzero elements here.
Their Boltzmann weights can be read off from Eq. (1.3).

o 0 ©o
4o+
0 = O
o o+
0O —» 0
o 0 o0
0 <> 0
o 0 O
o 0 O

A T
R sk i

language the components of the IK R-matrix can be represented by the nineteen ver-
tices. The weights of the nineteen vertices are matched with the corresponding vertices
by comparing Eq. (1.1.3) with Fig. 1.3.

Now we can also introduce a graphical notation for the monodromy matrix ele-
ments. These elements act on the physical space H; thus must have 2L edges, L edges
for the preimage and L for the image. In the auxiliary space V) the Yang-Baxter al-
gebra elements correspond to the specific values of spin. The graphical representation
of each element in (1.1.5) is shown in Fig. 1.4, Fig. 1.5 and Fig. 1.6.

A1(Q) = —» >
A2(0) = —© o
A3(() = = <

FIGURE 1.4 — Graphical representation of the A; (top), Az (middle) and Az (bottom)
operators.

The transfer matrix is obtained from the monodromy matrix upon specifying the
boundary conditions. Here we work with periodic boundary conditions with a twist
which takes into account a vertical magnetic field. It is denoted by s and for now it can
be viewed as a free parameter. Tracing over the auxiliary space we obtain the transfer
matrix

Tw(u) = wA;(u) + Ag(u) + k1 Az(u). (1.1.9)

The twist « will be important later, however, since it is normally easy to recover, we
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Y
0]

B1(¢) =

Y
A

Ba({) =

A

B3(¢) = —©

FIGURE 1.5 — Graphical representation of the B; (top), By (middle) and Bs (bottom)
operators.

Ci({) = = S
C2(¢) = = >
C3(¢) = —© >

FIGURE 1.6 — Graphical representation of the C; (top), Co (middle) and C3 (bottom)
operators.

will omit it in this chapter and consider simply
T(u) = A1 (u) + Az(u) + Az(u). (1.1.10)

Let us discuss now the two crucial components of the ABA: the Yang—Baxter algebra
and the corresponding module built from the highest vector |0) of the monodromy
matrix. The generators of the Yang—Baxter algebra are the entries of the matrix (1.1.5)

Al(u), Ag(u), Ag(u), Bl(u), Bg(u), Bg(u), Cl(u), CQ(U), Cg(U) (1.1.11)

The commutation relations of the Yang—Baxter algebra can be extracted from the
relation (1.1.2) and using the explicit form of the R-matrix (1.1.3). Since there are
plenty of such relations we prefer first to identify which ones are important for us and
then write only those. First of all we define the normal ordering. The operators A;
must stand between the operators B; and C}, where B’s are on the left side to the
A’s. It is not very important for us whether B; is on the right or on the left to Bs or
B3 and similarly for A and C, what turns out to be important is the following. Each
operator A;, B; or C; depends on a spectral parameter (;. Since any two operators
with different spectral parameters do not commute in general, we choose to order them
according to the label j of the parameter ;. Two operators corresponding to the same
letter, say B, ordered as B;((s)B;(() for s <t and any i and j are normally ordered.

As we will see, the eigenvectors of the transfer matrix will be built by the action of
a series of operators By and Bs on the pseudo vacuum. The transfer matrix is a sum of
A-operators thus we need to write the commutation relations which will normal order
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A’s and B’s and also any non ordered combination arising on the way. First we list
the A’s acting on B’s

Ay (u) By (v) = - , (1.1.12)

R4 ()~ o) OO S
$6(U - U) :L‘7(u — U)yG(U — U)
+ B2(U)Cl (U) <332(u — U) B :EQ(U — ’U)l’g(u — U)) ’ (11 13)
BBt i
x5(u — v)Ba(v)C3(u)  yr(u —v)Ba(u)C3(v) (1114
x3(u —v) 23(w — ) 1.

Ai(u),Ba(v)zs(v — u) = —x7(v — u)Ba(u) A1 (v) + z1(v — u) B2(v) Ap (u)

— z¢(v — u)B1(u)Bi(v), (1.1.15)
Ag(u)Bg(v)ZEZ - Zi = By(v)As(u) ZEZ - Zi — By(u)By(v) + Bs(v)Bi(u), (1.1.16)
Asfa) Bao)as(a — ) = Byl dg(o) (- Um0l ) )
x3(v — u)
z1(u—v)zs(v —wyr(v —www —u)  z1(u—v)ys(v — ww(v — u)
+ Ba(v)As(u) ( z1(v — u)xz(v — u) x1(v — u) >
+ Bs(u)B3(v) (z1(u — v)w(v — u) — z4(u — v)), (1.1.17)
_ z2(v—u)Bs(v)Ai(u)  z6(v —u)Bi(u)As(v)
Av(u) Bs(v) = x3(v — u) x3(v — u)
~ z7(v — u)B(u)Ci(v) n ys5(v — u)Ba(v)C1(u) (1.1.18)
x3(v —u) x3(v —u) o

+ BQ(’U)C3 u) <y6(v — u) o xﬁ(v — U)y7(’l) :u)> ’ (1119)
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() Ba(o) = LB As() _ pslu =B As)

332(” - U) $2(u — U)

where we introduced

x1(v)zs3(v)
x3(v)ry(v) — 26(v)ys(v)

w) = (1.1.21)

The operators C; and C5 appeared above, so we need to write some of the commutation
relations between C' and B

c (u)Bl(u)ZEZ — Z; = —Ay(u) A1 (v) + Ag(v) A1 (u) + By (v)Cy(u) ZEZ - Z;
(1.1.22)
C4 (u) Ba(v) = z6(v — u)ys(u — v) Bi(u)Az(v) B zo(v — u)ys(u — v)Bs(v) A1 (u)

xo2(u —v)zs(v — u) zo(u —v)xz(v — u)
(x3(u —v)zz(v — u)ys(u —v) — zg(v — u)xe(u — v)y7r(u — v)) B1(v)Az(u)
zo(u —v)zs(u —v)zs(v — u)
(z3(u — v)27r(v — w)ys(u — v) + 230 — w)yr(u — v)ys(u — v)) Ba(u)C1(v)
xo(u —v)xs(u —v)xs(v — u)

+

+
(—z3(u —v)ys(u — v)ys(v — u) — 23(v — w)r7(u — V)Y7 (v — V) + 23(V — W)TZ (U — V))
zo(u —v)xs(u —v)xsz(v — u)

y7(u — v)Bs(u) A1 (v)

x3(u —v)

+

% By(v)Cy(u) + + (1.1.23)

z2(v — u)Co(u)B1(v) = —x5(v — u)Cs(u) A1 (v) + x6(v — u) Az (v)Ci(u)
+ z7(v — u)C3(v) A1 (u) + z3(v — u) B1(v)Ca(u) (1.1.24)

z3(u — v)Cs(u) B1(v) = ys(u — v)(A1(v)Az(u) — Az(u)A2(v))
+ z4(u — v)B1(v)Cs(u) + x6(u — v)Ba(v)Ca(u) — y7(u — v)B1(u)Cs(v).  (1.1.25)

Cs(u) Ba(v) = (3(u —v)xs(v —u)ze(v — u) — x3(u — V)7 (v — W)yYs (v — 1)) By(v) A2 (u)

zo(v —u)xz(u —v)zg(v — u)

z5(v — wys(u —v)By(u)As(v)  m2(u — v)as(v — u)Bi(v)Az(u)
zo(v —u)xs(u — v) xo(v —u)zsz(u — v)
n (x3(v — u)zs(v — w)yr(u — v) + z3(u — v)z5(v — W7 (v — W)
z2(v —u)z3(u — v)zs(v — u)
(s v)ar(v - wye(v - u) — as(u — v)ad(v - ) + a5(u — V)as(v - Wrs(v - )
xo(v —u)xs(u —v)xsz(v — u)
z7(v — u)Bl(u)Ag(v)'

x3(v — u)

By(u)C3(v)

% Bay(v)Cs(u) + (1.1.26)
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We need also some commutation relations between the B’s.

Bi(w)Bi(v) = w(v — u) (Bl(v)Bl (u) - y(vl_u)Bg(v)Al(u))
1

o B A), (1.1.27)

z1(v — u)Ba(v)B1(u) = z2(v — u)B1(u)B2(v) + x5(v — u) Ba(u) By (v), (1.1.28)
z2(v — u)[Bi(u),B3(v)] = —x5(v — u)B2(u) A2(v) 4+ ys5(v — u) Ba(v) Aa(u), (1.1.29)

x1(v — u)xa(u — v)Ba(u)Bs(v) = —xe(v — u)xs(u — v) Ba(v) Bs(u)
+ (z1(u —v)x1(v — u) — x5(u — v)x5(v — w)) B3(v)Ba(u). (1.1.30)

There are many more relations, however, we must stop here since this will be enough
for our purposes.

1.2 Tarasov’s construction

In the paper [116] Tarasov showed how to construct the eigenvectors of the transfer
matrix (also see [96]). The highest vector of the monodromy matrix has the following
properties

Ci(v)[0) =0,  Ai(v)|0) = i(v)[0), Bi(v)|0) # 0. (1.2.1)

Where the explicit form of a; in the homogeneous and inhomogeneous models reads
respectively

L
i(Q) = (Q),  ai(¢) = [T zi(¢ — 2)- (1.2.2)
j=1

The parameter ¢ is associated to the horizontal line in Fig. 1.4 while the inhomoge-
neities z; are associated to the vertical lines of the physical space Hr. We will work
in the homogeneous setting in this chapter while in later chapters we restore the in-
homogeneities. Since the pseudo vacuum is an eigenstate of the operators A;, Ao and
Ag, it is also an eigenstate of the transfer matrix. The pseudo vacuum is the fully
ferromagnetic state (say, all spins-up) and, therefore, is also called the state with zero
particles, or magnons. By acting on this state with an operator B; or B3 we obtain
a state which is a linear combination of states with an extra empty edge. This extra
empty edge plays a role of a particle, thus such a state is called a one particle state.
Acting with the operator By we overturn one spin, creating two particles. On the other
hand, two particles can be produced by acting twice with any of the two operators By,
Bs. Thus two particles can be viewed either as two empty edges or an overturned spin
(spin-down). The operators C7 and C5 act in the opposite way, their image must have
a deficiency of an empty edge with respect to the preimage, while Cy adds a spin-up
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to the preimage. It is clear now why these operators annihilate the fully ferromagnetic
state (1.2.1). A state with N spins pointing downwards is called an N-particle state.
We can group all states according to the number N into the N-particle sectors. Tara-
sov showed in [116] how to find a unique eigenvector in each sector. Clearly, to get a
state with higher N we must act with the B operators. Equipping each operator of the
monodromy matrix with the grading (called order in [116]) according to the number
of particles they introduce to the system

A1 (u) Bl (u) B2 (U) 0 1 2
grad | Ci(u) A2(u) Bs(u) | =] -1 0 1|, (1.2.3)
Ca(u) Cs(u) As(u) -2 -1 0

we can see that the states in the N-particle sector are created by the polynomials in
the YB algebra elements whose monomials all have the total degree equal to N. The
transfer matrix eigenstates are then written as

[N (C1ye5CN)) = PN (C1se,CN)[0)- (1.2.4)

Where @ is a certain polynomial in the YB algebra elements. The following symmetry
condition for ®x((1,..,(n) is very important

q)N(C17"aCi+17<i7"7CN) = W(QJ - <i+1)q)N(gla'wCi'Ci—i-la“vCN)' (125)

This condition plays a crucial role in the derivation of the recurrence relation for ®y.
We refer to [116, 96] for more details. The answer is written in the following form

DN (C1ynCv) = Br(Q)@N-1(Coerln) + B2(G1) Y e1,i(Clyes V) PN —2(Cae oK),
i>1
(1.2.6)

where (’s satisfy the Bethe equations which we will write below and the variables with
the hat (; are absent from the corresponding list. The initial conditions are &g = 1
and ®; = B1(¢1). The coefficients ¢;; are

n 1 n
i=— G — Zm _ Z(C — C), 1.2.7
& Tgian( z ); WG =3) k}lﬁj ¢k — ¢j) ( )

where we explicitly wrote the dependence on the inhomogeneities z;’s and made use of
the following shorthand notations

2(¢) = , y(Q) = : (1.2.8)

(Ce —¢) if k> 7,

. , (1.2.9)
(G — GIw(G —Ck) ik <.

Z(G — ¢) = {Z

Recall that the physical space H, is composed of L copies of C3. The example of the
graphical representation of the 3-particle eigenstate in ‘Hy4 is shown in Fig. 1.7.
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A A A A
o > A A A A A A A A A A A A
b - +G > < Cl,z+(1 > < Cl,3+(1 > C2,3
:z - & > G > G > <

FIGURE 1.7 — The three particle state |¥4((1,(2,(3)) for the system size L = 4.

One can show using Egs. (1.1.12)-(1.1.30) that the vector (1.2.4) with ®x defined in
(1.2.6) is an eigenstate of the transfer matrix. Below we partially omit the dependence
on the variables ¢; and assume ®n = ®n((1,..,{n), moreover, the notation ®x_1[{]
will mean that (; is absent from the list (¢1,..,{n) and equally ®n_2[¢;,(;] means that
¢; and (; are absent from the same list. First, act with A;({) on (1.2.6). According to
the chosen normal ordering we need to commute the A-operators to the right, using
the YB algebra (1.1.12)-(1.1.30) we get

756 —¢) T
_Bl(C)Z:IxQ(Cj 0 ) H#Z Ck — G)Pn-1[¢lA1(E5)

N -1
+B2(¢) D> GiulC.6.¢) H Z(Ck — Q) Z(Ck — G)

j=21=1 k=1,k#j,l
X PN -2[G651A1(G) A(G) (1.2.10)

where G;(¢,(1,¢;) are defined by
z7(G—¢ 1 . 2(G—Quas(G—¢Q 1

Cleay) = G O0va -5 TG0 mG-0c-¢g 2
Similarly, the action of A9(¢) on ®y reads
oy = TT 25~ H pay(0)
oy w(C— )

— B1(Q) g: vs(C =) ﬁ Z(C; — Cr)PN-1[¢5]A2(¢5)
j=1 $2<C - CJ) k=1,kj
N . N

+B3(¢) Y =0 IT 2 = ¢)PalGlAnG)
=1Y 9 =1,k
N j-1 N

+B2(O) D> Y V¢ II 2 — ) Z(¢ — ¢)
Jj=21=1 k=1,k#3,l

N j-1 N
+Ba2(O) Y Y Ful6a¢) II 26— )26 —¢)
i=21=1 k=1,k#j,l

X @N,Q[Cl, j A]_(C])AQ(CI) (1.2.12)
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The functions Fj; = Fj(¢,(,¢;) and Yy = Yj(¢,¢,¢;) are the following

oo wC-G) 1 (ys(Cl —G) n 2(C=G)  ys(C—aq) y((— Q)
T 5~y - \2(G—¢)  wlC—0) 22— a)yG—§)

), (1.2.13)

o1 €= G) ws(C Q) us(G = G)
= g (- 0k G)  w2(C—G) wa(G— @))' (1214)
Finally, the action of A3(() gives
T m2(C— G
N ) N
B B Z(C — )P r—1[¢;]As (¢
3(4‘)]; =0 kﬂ# (G — ) PN—1[¢]A2(¢)
N j—1 N
+B2(O)> D Hu(¢a6) I 2(¢G—a)2(G— )
j=21=1 k=1, k)l
x ®N_2[(,Cj]A2(¢) A2(Ef), (1.2.15)
where H;;((,(;,¢;) is given by
. NovC=Q@) 1 ys(C=G) 1
Hiles) = o Caua—6) ~ wl =@ yc—G) (1:2.16)

Summing up (1.2.10), (1.2.12) and (1.2.15) one finds that ®n((1,...,(n)[0) is an
eigenstate of the transfer matrix 7'(¢) with the eigenvalue

— (O CCa LNJJQ
(0 =m0 T DiE S

(1.2.17)

which holds if the numbers (;, ¢ = 1,...,N satisfy the Bethe Ansatz equations (BAE)

71(Ca) L - N 2(Ca — &) B .
<$2(Ca)) N b;zél;[:1 Z(Cb — Ca)w(Cb g“)’ =12,.,N. (1.2.18)

In order to pass to the inhomogeneous model we simply replace the terms z;(¢)* with
the products as in (1.2.2).

1.3 Rewriting Tarasov’s eigenstate

Recalling the nested Bethe Ansatz we may try to rewrite Eq. (1.2.6) in a product
form. This means we need to embed our model in a larger space. It can be done as
follows. Consider a N-particle state and define the new operators 5(¢;|Cit1,..Cn) as

B(GilCit1,Cn) =T+ B1(G) fi + Ba(&) x Y _cijfifi, (i=1,.N), (1.3.1)

j>t
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where ¢; ;’s are the same as before (1.2.7), I and f; are elements of some algebra with
I being the identity and f; (i = 1,..,INV) obeying the following properties

[fifil =0, f}=0. (1.3.2)

Taking the product of 3;’s we get an eigenstate of the transfer matrix, which, as we
will argue below, is a sum of the eigenstates of the sectors with 0,1,..,N particles.
The f’s give the grading to the terms in this sum. Choosing the terms of degree j in
f we will get the eigenstate with j particles. We apply to this product the modified
pseudovacuum [0) ® |0), where |0) and its dual will serve to us as projectors to the
polynomials of the degree (in the sense of (1.2.3)) that we ask. The state |0) = |0) 5
ant its dual (0| are such that

MO T fail0) y = Sy (1.3.3)
=1

The eigenstate |¥y) can be written in terms of the operators 3 as

~ N ~
(0N (C1yeiC)) = (O] Hﬁ(Ci‘QH,--,CN)\mN ® [0). (1.3.4)

We can write another expression for this eigenstate avoiding the operators f; but
including instead a contour integration and replacing the product of 8’s by an expo-
nential as follows

Un) = ygw]%il: exp (-’I:2 Y aBaG) x> Bl(@)>: 0), (1.3.5)

1<i<j<N 1<i<N

or

dr 15 s
|UN) = ane #0),
i=1

B((isw) = xBa(G) Y cig+ Bi(G).

i<j<N

The contour goes around the point z = 0. The normal ordering “: ” here is as we

defined above which coincides with that of [116] with the additional condition
X(¢)?* =0, for X =A; B;, Ci, i=123. (1.3.6)

This condition must be understood as a rule of the normal ordering, of course, the
actual matrices A;(¢;), Bi(¢;) and C;({;) do not square to zero. Let us mention a few
realizations of the {I,f;} algebra. In the representation space (C2®N, fi is simply the
Pauli 0% (or 07) matrix acting on the i-th space of the tensor product, and I is the
identity matrix.

fi:o';_:<(1) ?)@@(? 8)@@(3 ?) (1.3.7)
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The nontrivial part of the operators f; in this representation is the Paul matrix o™
acting on the i-th tensor component of the space C2°" . Hence fi and f; commute
when i # j and since the Pauli matrices are nilpotent both conditions in (1.3.2) are
satisfied. B

The vacuum state |0) 5 will become

6>N=<é> ®..®<é> , (1.3.8)
1 N

and in the dual state the zero’s and one’s must be interchanged. Another two realiza-
tions will be

fi= 0 10) —ﬁw- N (0] = %Hdwz (1.3.9)

l_aw@" N_i:1 19 lel’ o=
1 ~ ~

fi = —, 0)y =1, n(0|= %Hdwi, (1.3.10)
¢ =1

Where the contours go around w; = 0. In both realisations we must also require the
condition f? = 0. This condition need not be separately required if we consider the
operators f; acting on the vacuum in the first case (1.3.9) and on the dual vacuum in
the second case (1.3.10)

2

0 A
721—[11}1':0, %Hdwi2=0
Owj i =1 Y
These two realisations are related to the exponential form (1.3.5). Let us now use,
say (1.3.9), to show that the product of 5 in (1.3.4) satisfies the Tarasov’s recurrence

(1.2.6).
o 0

o\H,BZ (¢)|0) N_ygl‘[ ZH (]1+31 (G)m— +B2 (Gi) Zcz,]awj 8%) H“’

where 53;((;) = B((i|Cit1,--,Cn)- Next we isolate the first multiplier £1(¢1) in the product
in the integrand, and expanding it we get three terms

dw; o 0
%H wHH(H—I—BlQ cha 8wz)sz

=1

dw;

Z

N dw; o 0 o 0
+§£Z:Hl w; Bl(Clal;[(H+Bl o +B2 (&) Zc@”@wgaw)gwi
N
+§I§H
=1

In the first term the product which contains the B operators does not depend on wy,
hence w; in the denominator is cancelled with w; coming from |0), and the whole

duw; g o X g 9 \Y
s BQ(CI)ZCLjaw 6 H H‘i'Bl(Cz) +B2 Cz Zcz,jawj% Hwi~

j>1 =1
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integrand does not depend on w;. Therefore the first term is equal to zero. In a similar
way we can also integrate the second and the third terms with respect to wi. For the
second term this integration gives

N
Qﬁanjoﬂig ﬁ&@&ﬁwza>ﬂm

By (¢1)n-1(0] Hﬁi(@)@]\/,l, (1.3.11)

1=2

and for the third term

N
Bﬂﬁ)E:ﬁaﬁlIdwla II<H+Blg) +lb<z§:@ka &M>II

j>1

dw; N
Bs(¢1) 261,3551_[ H [+ By( Cz +B2 (G) Zczkaw 6wz l_g

i>1 k>1,
7 k) i#]
By(G1) ) ey N2 0|I1x3 (G0 s (1.3.12)
i>1 ';é
7]

where the superscript (j) in ﬁi(j)(@) means that 59(@) = B(Ci’7Ci+17~-,6j;--7CN) has no
dependence on (; (for ¢ > j this holds automatically). Gathering (1.3.11) and (1.3.12)
together we obtain

~ N ~ ~ N ~
N (O[T Bi(¢)10) y =B1(¢1) n—1(0] ] Bi(G)10) y
=1 =2
+B3(C1) Y 1 N2 OIHﬁ (€)10) s,

j>1
#J

which has the exact same form as the Tarasov’s recurrence (1.2.6).
Let us get back to (1.3.5). The integrand in (1.3.5)

G(z) = exp <x2 S Btz Y Bl(g)> (1.3.13)

1<i<j<N 1<i<N

is the generating function of the eigenstates of the transfer matrix (1.2.6). Expression
(1.3.13) is motivated by the telephone numbers t,, (sequence A000085 in OEIS). The
first few telephone numbers are

1,1,2,4, 10,26, 76, 232, 764, 2620, 9496,..

These numbers coincide with the number of terms in the polynomial ® 5 (starting from
N = 0), which can be checked by counting terms in @y using the recurrence relation
(1.2.6). Indeed, if we denote the number of monomials in ®x in (1.2.6) by ¢y, then
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the equation (1.2.6) says that ¢y is equal to the number of monomials in ®x_1, i.e. to
tn_1, plus the number monomials in ®_5 taken N —1 times. Therefore the recurrence
(1.2.6) implies the recurrence on the number of monomials ¢ty in @y

tNn =tn_1+ (N — 1)tN_2.

This is precisely the recurrence relation for the telephone numbers.
The form of the generation function G (1.3.13) is a generalization of the generation
function for the numbers t,,

0 " .732
g(x) = nz::OtnE = exp (2 + a:) .
Generalizing g(x) to g(z; 01,02)
g(x; 01,02) = exp <x202 + x(’)l) ,

and assuming that O; and O9 are operators we obtain an expression similar to (1.3.13).
It remains to match @ and Oy with the coefficients of = and 2?2 in the exponential
(1.3.13).

Although the exponential form of the eigenstates |¥ ) (1.3.5) solves the recurrence
relation (1.2.6) it remains unclear what are the precise advantages of the expression
(1.3.5). We hope that the factorized form of the eigenstates written in terms of the
new operators (1.3.1) will allow us to make further steps towards computing the scalar
products and the form factors of the IK model similarly to the case of the six vertex
model [84, 78].

1.4 Scalar products

Since we know how to construct the eigenstates of the transfer matrix we can ad-
dress the problem of the computation of correlation functions. The simplest correlation
functions are the form factors, expectation values of the local spin operators. Let us
clarify what we mean by the expectation value. For that we need to introduce the dual
Bethe states. The dual states are constructed form the dual pseudo vacuum state (0.
This state is defined by similar properties to the state |0)

(01Bi(v) = 0, (0]Ai(v) = (0]ai(v), (0]Ci(v) # 0. (1.4.1)

Notice that the roles of the elements B and C' are reversed. The dual eigenfunctions
of the transfer matrix are defined by the action of a polynomial ® in the elements of
the Yang—Baxter algebra on the dual pseudo vacuum. The formula for the dual Bethe
states is analogous to (1.3.4)

N
(U (CryensC)] = (0] @ (O] T 7(GilGi1,---$a)10), (1.4.2)

i=1
where 7 is

Y(GilGir1Cn) = T4+ CL(G) fi + Co(Gi) x D& fifis (i =1,.N), (1.4.3)

j>t
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where all ingredients were defined earlier except for the coefficients & ;. These coeffi-
cients are, in fact, the same as ¢; ; but with the weights x¢ and yg interchanged. The
discussion of the generating functions for the Bethe states in Section 1.3 is straight-
forwardly translated to the dual Bethe states. In particular, we have

(Un| = %ﬁ(o\: exp (x2 S aCG) Y Cl(cz-)>: , (1.4.4)

1<i<j<N 1<i<N

or

U~ | — . zC(Gisz) .
(x| = b -5 01 [,

1<j<N
The scalar products of states are defined as

SN (B yes s CloeesiC) = (N (1o o) [ O N (G yenC))- (1.4.5)

Thus we can write Sy as

dzdy N N

_ . xC(pisx) . . B(Ciy) .

SN_7§$N+1yN+1<0|. [T et T evBC): o).
=1 =1

If 4,..,(n are Bethe roots and pg,..,un are also Bethe roots, then the quantity in
(1.4.5) becomes the normalisation of the N-particle state. One is usually interested in
the case when one of the two sets of parameters are Bethe roots while the other one
is free. If the parameters u are kept free then Sy is called the off-shell on-shell scalar
product, we will simply call it the scalar product. Indeed, if we want to compute the
expectation value of an operator O

(0) = (U N (11,05 08) O N (C1 1K), (1.4.6)

and, say, we computed the action of O on the dual Bethe state written as a combination
of dual states

(U (1,08)|O = 3 O{UN (470, (1.4.7)
k

where l/i(k) are some new numbers now. The computation of (O) reduces to the compu-
tation of the scalar product (1.4.5). Since the states |¥ ) and (¥ | have a complicated
form, it remains unclear for now how to show the validity of the expansion (1.4.7). It
is also unclear how to express, say, local operators in terms of the Yang—Baxter al-
gebra. The above discussion of the expectation value of an operator O is inspired by
the XX Z spin chain or the six vertex model (Uq(sAlg)), where these issues are well

understood. There, one [111, 112] finds nice formulae for the scalar product S,. The

big distinction between the case of Uq(élg) and our Uq(A(QQ)) is that in the latter the
Bethe states have very complicated form. The Yang—Baxter algebra of the Tarasov’s
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algebraic Bethe Ansatz is not easy to work with and for now it is unclear how to pro-
ceed. Possibly, the new presentations of the eigenstates of the transfer matrix written
as exponentials (1.3.5) and (1.4.4) can be helpful. However, it is far from obvious at
the moment how to make use of it.

We give a final remark of this section. The calculation of scalar products for Uq(glg)
[84, 78] relies on the so called Izergin—Korepin partition function. This partition func-
tion is extremely important in many other respects and, in particular, it is intimately
related to the scalar products. It is natural to ask what is the analog of the Izergin—
Korepin partition function for the model we consider here. The Izergin—Korepin par-
tition function, otherwise called the partition function of the domain wall six vertex
model (DWPF), is the sum of all configuration of the six vertex model on a square
domain with the boundaries fixed as in Fig. 1.8. The naive translation of this into

A A A A
& -
{2
{3
s

A

A

A

Yy v.vy

Ly L I3z L
FIGURE 1.8 — The domain wall boundary conditions for 4 x 4 lattice.

the case of the IK nineteen vertex model is probably not the correct generalization of
DWPF once the calculation of the scalar products is concerned. However, it is probably
the first step towards the right object. In Chapter 2 we address this problem.



Chapter 2

The domain wall partition function
for the IK model

In this chapter we study a particular object of the nineteen vertex model of the
Uq(AgQ)) quantum group. The object of our interest is the partition function of the
model on a square lattice in a N x N square region with the domain wall boundary
conditions !.

As mentioned previously, we are motivated by the domain wall partition function
(DWPF) for the six vertex model Z5%, constructed using the R-matrix of the Uq(Agl))
(U,(sl2)) quantum group. Korepin [83] obtained a set of recurrence relations for Z%
which were solved by Izergin [65] and thus this partition function is called the Izergin—
Korepin (IK) partition function. In statistical physics the six vertex model represents
a model for two dimensional ice, which shows interesting critical phenomena (see [2]).
The partition function Z% plays a very important role in the field of integrable models.
It is a crucial object in the theory of correlation functions for integrable spin chains
[84] such as the X X Z spin-1/2 chain (see also [78]). In combinatorics it allowed the
counting of alternating sign matrices and their symmetry classes [89]. To compute the
domain wall partition functions for other vertex model is a very complicated problem.
One of the main results generalizing the six vertex domain wall partition function
(DWPF) is due to [20], where the Uq(Agl)) higher spin generalization of the DWPF is
obtained in a determinant form. Inspired by this, we address the question of computing
the domain wall partition function for the Uq(Agz)) nineteen vertex model.

The IK R-matrix has nineteen non zero entries (1.1.3), which correspond to the
nineteen possible vertex configurations (see Fig. 2.5 and also Fig. 1.3). We use this R-
matrix to build N by N lattice configurations which have the domain wall boundary
conditions Fig. 2.2. The sum of all such configurations we call the domain wall partition
function Zp. In order to compute Zy we use the ideas from the six vertex model. First,
we establish the recurrence relation for the partition function and then try to find its
unique solution. In the case when the deformation parameter ¢ is generic we cannot
find a compact expression for Zy. However, when ¢> = —1 we are able to find a
determinant expression.

In Section 2.1 we briefly discuss the DWPF for the six vertex model. In Section 2.2

1. The material of this chapter is the subject of the preprint [55] of the author.

27
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we move to the IK model. In Section 2.3 we derive the recurrence relation using the
vanishing properties of the weights of the R-matrix. The solution to this recurrence
relation at ¢> = —1 is presented in Section 2.4. The proof is given in Section 2.5. We
complete this chapter with a summary of results.

2.1 Six-vertex model with domain wall boundary

For the computation of the IK determinant for the six vertex model we refer to the
papers [65, 83]. Here we present a short discussion for convenience.

The problem is counting the number of configurations which are built by choosing
for each vertex of a square N x N lattice one of the six vertices from Fig. 2.1. A

T TR

FIGURE 2.1 — The six vertices of the six vertex model. The letters a, b, and ¢ are the
weights of the corresponding vertices.

configuration thus constructed will have on each edge one of the two states: a left
arrow or a right arrow if the edge is horizontal and an up arrow or a down arrow for a
vertical edge. We then impose the domain wall boundary conditions as on the example
shown in Fig. 2.2. Each vertex on this lattice has a position (¢,j) where horizontal

A A A A
& -
& <
{3 -
la -

Y VY VY

1 I I3 L

FI1GURE 2.2 — The domain wall boundary conditions on a 4 x 4 lattice. The parameters
(1,-.,C4 are associated to the horizontal lines, while the parameters z1,..,z4 are associated
to the vertical lines.

position ¢ is counted rightwards, and the vertical position j is counted downwards
starting from the top left corner. The weight of the vertex at the position (i,j) is
denoted by w;; and takes one of the three values a;j, b;; or ¢;;. The weight of a
configuration € on a square domain of size N x N will be the product of all weights of
its vertices

T«

1<ij<L
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The IK partition function is the sum over all configurations (states) e

zv= Y I wi. (2.1.1)

eestates 1<4,j <N

The weights a, b and ¢ are encoded in the R-matrix 2. The R-matrix acts on two vector
spaces labeled by ¢ and j, which carry spectral parameters z; and z;, thus we write
R; j(2i,2j). We write the R-matrix in the spin basis: e; = (1,0) and e_ = (0,1), where
e+ corresponds to an up arrow if the edge is vertical and a right arrow if the edge is
horizontal, similarly e_ corresponds to a down arrow if the edge is vertical and a left
arrow if the edge is horizontal.

a(zi,2;) 0 0 0
0 b(zi,z5) c(zi,25) 0
0 c(zi,z5) b(zi,25) 0
0 0 0 a(2i,2)

Rm(zi,zj) = (2.1.2)

In fact the integrable R-matrix depends on the ratio of the spectral parameters:
R; j(zi/z;) o R;j(zi,2j). Using the matrix units €, as the basis for the matrices
acting in C? we can write as before (1.1.7) (the indices in the summations in this
section take values — and +)

R(z1/z2) = ) rig(zl/@)eavc ® €b,ds (2.1.3)
a,b,c,d

where the components of the R-matrix are denoted by rg’g; furthermore we will again

use their graphical representation as in Fig. 1.1 of Chapter 1. We will also need the
R-matrix: R = PR, where P is the permutation matrix now acting in the tensor of
two copies of C?

P=> €® €na, (2.1.4)
a,b
so we have
R(Zl/ZQ) = Z fg:Z(Zl/ZQ)emc X €p.d- (2.1.5)
a,b,c,d

Graphically, the components of R are presented in Fig. 1.2. The integrable R-matrix
satisfies the Yang-Baxter equation. Using the schematic notation of the R-matrix this
equation can be drawn as in Fig. 2.3. The Yang-Baxter equation corresponding to Fig.
2.3 is written then as

v v v v v v

Ri1 (y7x>Ri(zax)Ri+1 (Z7y) = Ri(z’y)RH—l (Z,.%)RZ (y,x), (2'1'6)

where R-matrices here are: RZ = R® Id and Ri+1 = Id ® R. This equation restricts
the possible weighs of the vertices. The solution reads

2,2 2 2_ 2
q°z; — %5 q\z — 7
a(zi,2;) = m, b(zi,zj) = (qz(—l)zl-z)j’ c(zi,z5) = 1. (2.1.7)

2. In this section R is used to denote the six vertex R-matrix.
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> =
> N

FIcURE 2.3 — The Yang-Baxter equation. The spectral parameters z, y and z are
carried by the corresponding vector spaces.

In the square lattice domain as on Fig. 2.2 there are N horizontal spaces carrying
N parameters (1,..,(y and N vertical spaces carrying N parameters zi,..,zx. The
latter parameters are called inhomogeneities and the model therefore is called the
inhomogeneous six vertex model. From the form of the weights Eq. (2.1.7) we see
that the partition function Z% is a polynomial in z’s and (’s divided by a common
denominator that we neglect in what follows. In fact, Z% is symmetric separately in
z’s and in (’s. It can be seen by applying the Ri,i+1 matrix to Fig. 2.2 and using
repeatedly the Yang—Baxter equation. If the R-matrix is applied at a position ¢ from
below or above of the domain Fig. 2.2 this action will switch two rapidities z; and z;11,
if it is applied from the sides ¢; and ;41 will be switched (see Fig. 2.4).

A A A A A A A A A A A A
{1 {1
{2 {2
O e s o s
R - gi
IN-1 IN-1
N In
Yy Yy Yy Yy Yy Yy

FIGURE 2.4 — On the left side of this equation one must use the Yang—Baxter equation
Fig. 2.3 to push through the R-matrix. The boundary conditions are such that on the
both sides of this equation there is only one term of the R-matrix that contributes, i.e.
the vertex with the weight a. The symmetry in z’s is proven similarly.

Now we present the computation of the domain wall partition function Z$ for the
6-vertex model. Zg}’ has two recurrence relations that correspond to setting ¢; = z;
and (; = ¢ '2;. For their derivation one can consult [65, 83] or see the explanation
of similar recurrences in the case of the nineteen vertex model in Section 2.3. The
recurrence relations are

Z?\?(Claa(] = Zia"7<N|Zl>"7ZN) = fi],\;’ZN—l[CjaZi]? (218)



2.2. NINETEEN-VERTEX MODEL WITH DOMAIN WALL BOUNDARY 31
and

AG =g 1z =gN 7 -z 2.1.9

N (Cl)"?(j =q Zla'-a<N|Zl7"aZN) - gz,] N—lKjaZ’L]a ( L. )

where the square brackets indicate which variables are absent from the initial list of
variables on the left hand side. The corresponding factors in the two recurrences are

M= I @Z-= I @G-=D, (2.1.10)
1<k#i<N 1<k#j<N

gi= I G- I G -2 (2.1.11)
1<k#i<N 1<k#j<N

Then 26 is expressed in terms of Z8¥ N_1'S as

N N 2 2
-z
Z37 (kN2 nzn) = Y Zn-1[Cn 2] H 2 — )) Ny, and (2.1.12)
k=1 ik (G %
al NG - N
Z]?/!)(Clu'wCN‘zlw')ZN) = ZZNfl[CNVZk H N 2 o\ gi’N. (2113)
k=1 i=1,i#£k zk o ZZ)

These recurrence relations were established by Korepin and solved by Izergin and the
solution is written as the following determinant

6v __ 1
=N E—aea =D

H1<7,,]<N(<2 — % )(q CQ — % )

Micicjen(C? — ) (22— 2) [T 1(q2—1>N LN

), (2.1.14)

N =

Up to a denominator which contains the product of ¢; N-1 ZN ! the partition function

Z$¥ is a polynomial of degree (N — 1) in each variable (? and 22 and it satisfies the
required recurrence relations together with the initial condition Z9v =

2.2 Nineteen-vertex model with domain wall boundary

Consider an inhomogeneous nineteen-vertex model on a lattice. States of the model
are defined through assigning one of the nineteen configurations to each vertex of the
lattice. Each edge of the lattice can be in three states, denoted by arrows or an empty
edge, in such a way that the total number of arrows pointing towards a vertex has to
be equal to the total number of arrows pointing outwards. This restriction defines the
nineteen possible configurations at each vertex Fig. 2.5.

The weights of the nineteen vertices are encoded in the R-matrix (1.1.3). For the



32 CHAPTER 2. THE DOMAIN WALL PARTITION FUNCTION FOR THE IK MODEL
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FI1GURE 2.5 — The nineteen vertices and their weights.

purpose of this chapter we write the weights (1.1.4) in the multiplicative convention

21(¢) = (¢a® = 1) (¢a* +1)

yr(Q) = (¢ 1) (¢6® -~ g*+1), (22.1)

We are interested in counting configurations of the following object. Consider the
square lattice of size N filled in with the above nineteen vertices in such a way that
the horizontal boundary arrows are pointing in to the lattice, while the vertical ones
pointing outside the lattice. These boundary conditions are presented in Fig. 2.2. The
corresponding partition function is the sum of all possible configurations with weights
defined in Eq. (2.2.1)

Zv=Y JI w. (2.2.2)

ecstates 1<4,7<N

Z(? is the weight of the vertex sitting at the position (7,5) of a configuration e.

This partition function is a symmetric polynomial in both horizontal {; and vertical z;

where w
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rapidities. The fact that it is a polynomial comes from the observation that each vertex
that has a \/C appears necessarily with another vertex that has a /(. These weights
are: x5, Tg, ys5 and yg and they correspond to the vertices which have a “turning”
of an empty line. Clearly, the number of such turnings must be even in any DWPF
configuration. The fact that Zy is symmetric can be proved as in the case of the six
vertex model by attaching the R-matrix to two horizontal external lines of Fig. 2.2
or two vertical external lines and repetitive application of the Yang—Baxter equation.
Hence the partition function Zy((1,..,{n,21,..,2N) iS a symmetric polynomial in z;’s
and (;’s with coefficients being polynomials in ¢ with integer coefficients.

2.3 Recurrence relation

The partition function Zy satisfies two recurrence relations in size with the initial
condition Zy = 1. They both take the form

N

ZN(Cly AN 21502N) = D K€L |21 28) ZN—1 (G CN—t ]y Zie) (2.3.1)
i=1

with some appropriate polynomials ;.
By inspecting the vanishing properties of the weights of the R-matrix we notice
that there are two recurrence relations in size. When we set (; to z; in Z,, we get

ZN (GGG = 2ZivlN|21528) = B ZN-1[G,2), (2.3.2)

This recurrence has a graphical interpretation shown in Fig. 2.6. Indeed, if we look
at the north east corner (position (1,N) on the lattice) of the domain, the boundary
condition allows only for three vertices. These are vertices with the weights z3, 7 and
xg. After setting (1 = zn, x3 and xg vanish, so we are left with the vertex x7. This
vertex has a down arrow on its vertical lower edge and a right arrow on its left edge,
hence due to the boundary condition at the position (2,N) we are forced to put there
the vertex corresponding to the weight z1 and at the position (1,N—1) the other vertex
with the weight z1. In fact, all remaining vertices in the N-th column are frozen, as
well as all the remaining vertices of the first row. These vertices contribute with the
products of x1-weights

T w(G/z) TT 20(G/em)le=en- (2.3.3)

1<i<N-1 2<i<N
A different recurrence appears when we set (; to —q 32 in Zy

ZN(CIv"ij = _q_3Zi,--,CN|Zl,--,ZN) == va,]ZN—l[Cjuz’LL (234)

The graphical explanation of this recurrence is similar to the previous recurrence.
One must consider the top left corner of our domain and observe that only one vertex
does not vanish under the substitution ¢; = —¢~3z;. The first row and the first column
freeze, while the rest returns the domain wall boundary condition for the domain of
the size (N — 1) x (N —1).
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FIGURE 2.6 — The recurrence relation under substitution (; = z4 for a 4 x 4 lattice.
Since the first row is frozen and the last column is frozen we obtain simple factors of
x1-weights, while the remaining configuration has the domain wall boundary conditions
and corresponds to Zj3.

The F' and the G are given by

FY=@+Dz ] (@Pa-2)(@zu+z) [[ (%G — 20 G+ 2), (2.3.5)
1<k#i<N 1<k#j<N

Gli=—¢ "N +Da [ GGi—-da)@+dPw) [ (G — 20l + 20).
1<k#i<N 1<k#j<N
(2.3.6)

If we know Zn_1 these two recurrence relations allow us to determine Zy. We can
consider Zy as a polynomial in (n of degree 2N — 1 with 2N coefficients. Since we
know the values of Zx at N points (y = z; (Eq. (2.3.2) with j = N) and at another
N points (y = —¢ >z (Eq. (2.3.4) with j = N), therefore we can determine all the
coefficients of Zy in its expansion in (. Using the Lagrange polynomial we can write
Zn as a sum of Zn_1’s as follows

IS Gy = 20) (G +07%21)
ZN(§17"3<N|217'W ZZN CNa Hf\ilﬂ;ék(zk _ Zz) .

< Fk N FNIGY >
" _ :
(Cnv —2i) [T (2 + a732:) (G + @ 32) T (@ 32k + 2i)

This is of course a polynomial because the denominators are canceled by the common
prefactor and by the F and G respectively including the factors of ¢ — 1 in the
definitions Eq. (2.3.5) and Eq. (2.3.6). Using this we write

(2.3.7)

N .. —3..
ZN(Cl?"aCN‘erv 3V-1) ZZN CN;Zk H (CN ?Z)(QL_N—'_q Z’L)
i=1,ik 2k = i)
x (<q3<N e [[@o—=) T] (ot 26 (o + B°G)
i+k 1<i<N-1
+ ¢V ey =) [[e = d®=) [T (o + G (o + CIQ'))- (2.3.8)

i£k 1<i<N-—1
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Possibly there is a way to write Zy for generic g as a single determinant, for now this
remains an open question. In Section 2.4 we show how to solve the recurrence relation
for Zn when ¢ = —1.

2.4 Solution for the cubic root of unity

In this section we will assume ¢ = —1. The recurrence relation Eq. (2.3.8) simplifies
in this case. Upon setting ¢> = —1 we observe from Eq. (2.3.8) that Zy factors out
the product

IT G-, (2.4.1)
1<ij<N
which we neglect in the following. The initial condition becomes Z; = 1 and out of the
two recurrence points only one remains, i.e. when we set (; = z;

ZN(C1yGG = ZiselN|21,02N) = Pij ZN-1[Cjy2i)- (2.4.2)

Let us focus on the polynomial P;;, and for convenience we specify i = N, j = N
and set zy = z. The polynomial Py n = P(z|¢1,...(N—1,21,--,2N—1) IS a symmetric
polynomial in (1,..,{(y_1 and separately in z1,..,2x5_1

P(x|C1,CN=1,21,- 7ZN71) =

(Q)N( J\hl (G +qz) H (zi +x/q) + 1J\][:[ (G +z/q) ]\i_[ z+q1:> (2.4.3)
1 7 1 7 1 7 1 7 . S

Note up to the overall factor of ¢V, P is invariant under ¢ — 1/g, which means it
has to be a function of ¢ + 1/q. Since we set ¢> = —1 we have ¢ + 1/¢ = 1 and P
becomes a polynomial with purely integer coefficients. The same is therefore also true
for the Zy itself. Let us consider now P as the generating function for some symmetric
polynomials

LS

2N

Py(z) = P(@[C1y (N 215028) = ()N Y ' Aon—i N (ClynCvo21,028). (2.4.4)
i=0

We included here the factor of ¢”V in order to make A; n g-independent. The polyno-

mials A; y are polynomials of 2NV variables with the total degree ¢. If ¢ < 0 or ¢ > 2N
we set it equal to 0, and also Ay x = 1. Here is the example for N = 2

Ai9 =20 +2( — 21 — 22,

Ao o = (1¢2 + (122 + (222 + (121 + (221 — 22129,
Azo = —(12122 + 2(2C121 + 2¢2C122 — (22122,
Ay = (1¢22122.

These symmetric functions have a few nice properties which we will discuss in Section
2.5. The solution to the recurrence relation (2.4.2) reads

ZN(Cl,..,CN,Zl,..,ZN) = 1<i(}29\771 A3j—i,N(C17~,<N721a--7ZN)7 (2.4.5)

This is the main result that we present in this chapter. The proof of this formula follows
next.
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2.5 Proof

Let us list few properties of A; n. First of all, looking at the definition of these
polynomials we can immediately express them through the elementary symmetric po-
lynomials

N

Non—in = D> (@7 4 ¢ M) En ) (G kN ) EN—ny (2150528),

0<ni,n2<N
ni+ns=1

(2.5.1)
where E;(z1,..,2n) is 0 if i < 0 or ¢ > N, otherwise

Ei(z1,...2N) = Z Zny Zng--n; - (2.5.2)

1<n1<..<n; <N

Note that Eq. (2.5.1) is valid for generic values of q. When g = 1, A; become the ele-
mentary symmetric polynomials of the union of z’s and (’s times a factor of two. So, it
can be considered as a type of g-deformation of the elementary symmetric polynomials.

Let us look at what happens when we set, say, (;y = zy. From the definition of Py
we see that it produces back Py _1q

P(:U|Clv°'7€N721)"JZN)‘CN:ZN = —(ZNQ + 'T)(ZN + qJI)P(fE|C1,..,CNfl,Zh..,ZN,l)
= —q(z%\, +zzN + x2)P(x\(1,..,(N_1,zl,..,zN_l), (2.5.3)

where in the second line we took into account that ¢> = —1. Looking at Eq. (2.5.3) we
can relate the set of A; v’s in which (x = zn to the set of A nv_1’s

Ai N(CryeCN = 2N,215-52N) = A N—1(C1ye AN =1,21,-,2N 1)

+ 2N A1 N-1(Clye SN 15215028 —1) + 20 Ai—a N1 (G CN 152150528 —1) . (2.5.4)

Using this equation and a certain row-column manipulation in the matrix Az;_; y we
are going to show that the determinant (2.4.5) satisfies the recurrence (2.4.2).

Set (n = zn and substitute Eq. (2.5.4) in every entry of the matrix in Eq. (2.4.5).
Starting from the first row subtract from each row ¢ row ¢ + 1 multiplied by zx. Next,
subtract from each column j column j + 1 multiplied by Z%Nflfj ) starting from the
j = (N —2)-th column. In the resulting matrix all elements of the first column become
zero except from the bottom element. The bottom element in the first column takes the
form of Eq. (2.4.4), while the rest of the matrix equals to Az;_; y of size N —1, and the
last row is unimportant upon taking the determinant. The row-column manipulation
above corresponds to the following series of equations. Application of the recurrence
relation in each matrix entry gives

Agj_iN—1+ 2NAzj—i—1,N—1 + 23 Asj—i—aN-1 (2.5.5)
After the first row manipulation the last row remains as before

Asj-N+1,N—1 + 2NA3j_NN-1 + 28 Asj-N_1,N—1, (2.5.6)
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the rest part of the matrix becomes
A3j7i,N71 — Z?VA?)jfif?),Nfl- (257)

We notice that in the last column the first of these two terms vanishes Agy_1)_; y—1
for all # < N — 1, while in the first column the second term vanishes. Next, we use
the last column to eliminate the unwanted terms in other entries of the matrix (except
from the last row). After this, the first column except from its last element will vanish,
while the last element will be

N—1
3(N—-1—j) 2

Z ZN (Azj—Nt1,N—1+ 2NA3j_NN-1+ 2N A3j—N-1,N—1)

i=1

= PNV Pn|Cl e CN-1,21502N—1) (2.5.8)

This completes the proof. We can alternatively view this row column manipulation as
acting on the left and on the right of Eq. (2.5.5) with certain matrices with unit deter-
minant. Let us call the expression in Eq. (2.5.5) As;_j ny—1, and define two matrices

1 -z 0 ... 0 1 23 8 . 31

0 1 -z 0 0 1 23 ... 2(0N-2
A= , B=| ...

0O 0 0 —z 0 0 0 23

0 0 0 1 0 0 0 1

Then we have

A Aai 1~ 1B = 2N-Dp. Ami v o 5E.
Lodet AilgenaBer = NPy (er) | det Agipnoas (259)

2.6 Discussion

As we mentioned in the introduction, our study is motivated by the six vertex
model. Hence, it is natural to look at other related objects which were computed for
the six vertex model. Since the nineteen vertex model seems to have a more complicated
structure, one probably should not expect to obtain nice answers as in the six vertex
case. As we have observed, however, when ¢ is a root of unity the nineteen vertex
model becomes “computable”.

Here we considered the domain wall boundary conditions for the nineteen vertex
model of Izergin and Korepin. An interesting extension of our computation would be to
consider other boundary conditions, i.e. to use reflection matrices on one or two sides
of the V x N domain. In the case of the six vertex model the corresponding partition
functions are known to be determinants or Pfaffians (see [118] and also [90]). One
would need to find first the recurrence relation for the partition function and then after
setting ¢3 = —1 it should be possible to obtain a determinantal expression. We note
here that similar determinants appear in the study of the related loop model exactly
when ¢ = —1. The loop model related to the IK model is called the dilute Temperley—
Lieb (dTL) O(n) loop model [103, 102]. This model has a parameter, the weight n of
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a loop. When ¢2 = —1 this corresponds to n = 1, and the corresponding loop model is
related to interesting statistical models like critical percolation for example. In [58] it
was shown that the sum rule of the dTL O(1) model satisfies a similar recurrence as
in Eq. (2.4.2) and Eq. (2.4.3), and has a solution similar to Eq. (2.4.5).

In the context of the algebraic Bethe Ansatz the domain wall partition function for
the six vertex model represents the highest spin eigenvector of the corresponding trans-
fer matrix with periodic boundary conditions. The parameters (; become the Bethe
roots. This object is essential in the study of correlation functions of the corresponding
model. One may similarly look at the highest spin eigenvector of the transfer matrix
for the IK model. However, as we saw in Chapter 1 the eigenvectors of the transfer
matrix for the nineteen vertex model are much more complicated than in the case of
the six vertex model. For example, to compute the highest spin eigenvector we need to
consider the nineteen vertex model with many different boundary conditions on rec-
tangular domains. The expression for this eigenvector for N = 4 pictorially is shown
in Fig. 2.7. In general, the expression for this eigenvector looks very complicated. For

A A
L = Te A A A A A A
; - Y € W e o T o T
o2 e > C1,2 + ¢y > C1,3+ ¢y > ©— C1,4 +
{3 > S o o o
o e 4Ty YT R SNy
‘ Yy
A A A A
H S c =“ “: LHo ©
I > - C 3 + ! C1,4C2,3 +/, > -— C2 4 +
{2 > -
{g > Yy {3 S
Yy Yy
ey B A A
“ g D C1,3C2,4 + ¢, > S C3,4+§l g D C1,2C3,4
SRR R “ v<
vy

FIGURE 2.7 — This is the highest spin eigenvector of the IK transfer matrix if (;’s are
the Bethe roots. The coefficients ¢; ; are functions of the weights in Eq. (2.2.1) and
are given in (1.2.7). The circles appearing on the right boundaries signify that the
corresponding edges are in the empty state.

the root of unity ¢ = —1 we know few terms here, i.e. those corresponding to the
domain wall boundaries. The other terms should not be expected to have a nice closed
form since they, in general, are not symmetric in (’s nor in z’s. The eigenvector as
a whole is symmetric in (’s and z’s. One then needs to find a recurrence relation for
it and then, if lucky, it will be possible to find its closed form solution at ¢ = —1.
The knowledge of this will be helpful in understanding of the other eigenvectors. In
particular, we could look at the zero spin eigenvectors at ¢> = —1 (i.e. when lower
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boundary has equal number of up arrows and down arrows). One such eigenvector was
computed in the loop basis [57] by means of the quantum Knizhnik—Zamolodchikov
equations. In Chapter 5 we consider this vector in the spin basis. We conjecture that
this vector is the ground state.

Finally, regarding the generic q expression for Zy partition function one could try
to look for its expansion in terms of symmetric polynomials. For example, it is known
that Z% expands naturally in the Hall-Littlewood polynomials [121, 11, 12].
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Chapter 3
2
)

Irreducible representations of U, (A

This chapter is devoted to the study of certain aspects of the representation theory
of the twisted quantum affine algebra Uq(AgQ)). As we will see the finite dimensional
representations lead to the solutions of the Yang—Baxter equation. When restricted
to the fundamental (three dimensional) representation this gives the IK R-matrix. It
is, however, important to understand the higher dimensional representations, as their
infinite dimensional limit must be coupled [5, 62] to the problem of diagonalizing the
transfer matrix of the IK model. Also, they allow us to build the transfer matrices with
higher spin auxiliary spaces, which are related to each other by a series of equations,
called the T-systems [86, 88].

The quantum affine algebras (of twisted and untwisted types) is one of the most
important classes of the quantum groups. The study of the untwisted algebras can be
reduced to a certain extent to the study of the simplest case of Uq(Agl)) = U, (sly) since
the untwisted algebras can be considered as consisting of a number of copies of Uq(sig)
(see [9], Proposition 3.8). To study the twisted algebras one needs to understand also
the representation theory of the algebra Uq(Ag)) [27]. Therefore, there is a strong
representation theoretic motivation for studying the finite dimensional representations

of the quantum group Uq(Ag)).

In this chapter we construct the finite dimensional Kirillov—Reshetikhin modules of
the algebra Uq(AéQ)) 1. We will use these results in Chapter 4 to write the R-matrices
following the Khoroshkin—Tolstoy approach.

3.1 Definition of the algebra Uq(Ag))

Let us briefly describe the algebra Ag), its universal enveloping U(Agz)) and the

g-deformation Uq(Ag)). For more details see [71, 21, 26]. To the generalized Cartan

1. We learned recently that these modules were given without a derivation by [43] in a different
presentation from the one we use here.

41
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matrix C = (C} ;) I={0,1}

ijeD

we assign the twisted affine Lie algebra ¢'(C) = A;Q), which is generated by h; and efc
(i € I). The defining relations of the algebra g'(C) are

[hishj] = 0,
[hi,ej] = C; je;j, [hi7fj] = —Ci;jfij;
[ei, f5] = di i,

for all 4,7 € I, and the Serre relations read
(ad ;) "%iie; =0, (ad f;)' " f; =0,

for i # j, i,j € 1. The Cartan subalgebra h’'(C) of g'(C) is generated by the elements
h;. From the above commutation relations between h; and e,ft we can define the weight
spaces g'(C'), as follows

g(C)y ={z € d'(C) | [ha] = y(h)z, ¥V h € b'(C)},

where 7 are the roots which belong to the space h™*(C), dual to the Cartan subalgebra
bh'(C), and the corresponding elements x are the root vectors. The set of roots is

A(C)={yeh™(C) | v#0,d(C), #{0}}.

Therefore we have the following decomposition of the vector space g'(C')

JO)=v)e P ¢0),
TEA(C)
The generators ef are root vectors corresponding to the roots denoted by «;. These
roots are called the simple roots and any other root is a linear combination of the
simple roots with integer coefficients of the same sign. Thus we have the set of positive
AT(C) = Y;erNua; and the set of negative roots A™(C) = —AT(C), so A(C) =
A~ (CYU AT (CO).
The universal enveloping algebra U(g/(C)) = U (AéQ)) is the unital associative al-
gebra with generators h; and efc. These generators satisfy the same defining relations
as for g/(C) with the Serre relations which can be rewritten as

1701‘&
T 1 - CZ j T —C: i—r
> |1 e <o

Let ¢ be a generic complex number. In the Drinfeld-Jimbo presentation the quan-
tum deformation of U(g'(C')) is the algebra U,(g'(C)) = Uq(A§2)) generated by e, ef
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and ko, k1 with the following defining relations

kiky ' =k ki =1, kikj = kjk, (3.1.1)
kiejik‘;l = qicm'ej[, (3.1.2)
_ ki — k!
e ej] = bij——1, (3.1.3)
qi — 9q;
1-Ci L—C
> <—1>’”[ A ] (eF) e ()0 =0, (i #j), (3.1.4)
r=0 qi
where we used the notations
= LR | (N R s
a—aq" =i r] [rlgtls =7l

and ¢; = ¢% with the numbers dy = 2, d; = 1/2 defining the symmetrized Cartan
matrix C7; = C; ;d; (i =0, 1)

The relation between the Cartan elements k; and the Cartan elements of U(g/(C)) is
given by k; = ¢. The central element of the algebra ¢ = kok? is set to one, hence from

the start we restrict ourselves with the representations of type 1. The algebra Uq(Ag))
is a Hopf algebra with the comultiplication A : Uq(Ag)) — Uq(Ag)) ® Uq(Ag)) given
on generators

A(k;) = k; @ Ky,
Alef)=ef @ki+1®ef,
Ale7)=e; @14k '®e;.
For the computational purposes a more convenient description of the algebra Uq(Ag2))

is achieved via the Drinfeld presentation [39]. It is given by the generators x;", hy,
and K (r € Z, m € Z4) which satisfy the relations

KK '=K 'K =1, Khy=h,K, hih = hhg,

Kfo_l = qile, (3.1.5)
+ _ —

[of ) = P (3.16)
r _

[y y] = i[r](qr +q 7+ (), (3.1.7)

+ + F1 +2y .+ + +1, .+ +
xr+2xs + (q —q )$r+1$5+1 —q T xs+2

+1, 4+, + +2 1y,.t + +1, .+ +
=q TsTpig + (q - C_I¥ )Is+1xr+1 —q Tsiolp, (318)
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Sym(q 3/233?;133ixi (¢/% + _1/2)xia:f;1xt +q 3/2$ixix,§1) 0, (3.1.9)

Sym(q —3/2 fﬂmixi (¢ 1/2+q 1/2)33 xsﬂa: +q3/2xixixfﬂ) =0, (3.1.10)

where Sym means a sum over all permutations of 7,s and ¢. The elements wff appearing
in Eq. (3.1.6) can be written in terms of the generators h; using the relation

F(u) =Y gt = K exp ( (¢—aq" Z@u) (3.1.11)
k=0

We have to stress that often alternative conventions are used. We will adopt these
conventions in Chapter 4. The definition we are using here avoids dealing with square
roots of g, in order to get the other convention one needs to replace above

T = T @2+ 2 B = B /(61 +¢7?), (3.1.12)

and after changing ¢ — ¢* we recover the conventions of [27].
The relation between the two presentations is the following

1
g = K 2(T00y —q@1%g), e = (5,35 — ¢ 'ag 3t K2, (3.1.13)
ef =x3, e =1y, ko=K? k=K. (3.1.14)

The algebra Uq(A(2)) has two Borel subalgebras U,(b") and U,(b~), generated by
kj’ L e;r and k; e e; , © = 0,1 respectively. Alternatively, using the Drinfeld presenta-

tion there are two subalgebras U,(n™) and U,(n~), generated by z;" and z,, r € Z
respectively.

3.2 Transfer matrix and ¢-characters

The purpose of this section is to introduce the g-characters. The g-characters are
very important to study the algebraic properties of the transfer matrices and are tech-
nically useful in the description of higher dimensional representations V*) of Uq(AEZ)).
We will use the notion of the universal R-matrix and the Khoroshkin—Tolstoy formula.
For now this is only needed for the definition of the g-characters as they will be used
later in this chapter for the construction of the representations on V*). In Chapter 4
we will come back to the universal R-matrix and the Khoroshkin—Tolstoy formula.

The universal R-matrix is an element of the tensor product of two copies of a
quantum group A. In fact, R € Uy(b™) ® U,(b™) for the affine quantum Lie algebras.
The universal R-matrix must obey by definition

A(z) =RA(x)R™Y, Ve A, (3.2.1)
(A &® id)R = R1’3R273, (id & A)R = R173’R1,2.
In the first line A’ = AP, in the second line we have objects in A ® A ® A, then to

identify in which two of the three copies of A the universal R-matrix lives we equip it
with indices R;;, 1 < i < j < 3. In the Hopf algebra A’ is another coproduct along



3.2. TRANSFER MATRIX AND q-CHARACTERS 45

with A, so Eq. (3.2.1) tells us that these two coproducts are related by the universal
R matrix. The conditions (3.2.2) imply that R satisfies the Yang—Baxter equation
(1.1.1). If we specify the auxiliary space to be some representation space V = V(z)
and the map my(;) to be the representation of the algebra on the space V', then the
monodromy matrix is

My (z) = (WV(Z) ® id)R. (3.2.3)
Tracing over the space V gives the transfer matrix
Ty (z) = TryeMy(2). (3.2.4)

Where Ty () = Ty (2) as well as My (,) = My(z) and & is a twist which is an element
of the Cartan subalgebra. Thus the transfer matrix associates a representation V to
Ty (z) € Uy(b™)[[z]]. According to Khoroshkin-Tolstoy [117] and also [91] and [32] the
R-matrix can be written as a product of four parts

R =R "R'RK. (3.2.5)

where R* € U,(n*) ® U,y (nT), K is constructed from the Cartan elements, and R°

RY = exp (Z m cmhm ® h_m> )

m>0
with some complex numbers c¢,,. We will come back to Khoroshkin—Tolstoy formula in
Section 4.3 where we will write every multiplier explicitly in terms of the generators

of the algebra Uq(AgQ)) and proceed further applying this formula to various represen-
tations. In order to be able to do so we will need first to construct the representations
and the Cartan—Weyl basis of Uq(Aéz)). This we will do in the later sections and in
Chapter 4. For the present purpose we will be focused on the part RY. There exist a
homomorphism [53] that relates Ty (z) with the g-character x4

xXq(V(2)) =Try ((WV(Z) ® 1)HROK> - (3.2.6)

This homomorphism allows us to relate certain algebraic properties of the transfer
matrix and the g-character xq, see [53], [60, 61]. As we will learn further a typical
matrix element of h, is of the form

v (hy) % (Z -y b;n) . (3.2.7)

Therefore, if we denote

Y, = kexp (Z zmcmamh_m> (3.2.8)
m>0

and take into account the form (3.2.7), the x, becomes a polynomial in Y;*' with

a € C*. The g-character for the algebra Uq(Ag)) is obtained using a certain map

between U, (Agl)) and Uq(Ag)) (see Chapter 8 in [61]). The g-character will be used in
Section 3.3 to obtain important information about the Kirillov—Reshetikhin modules.
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3.3 Kirillov—Reshetikhin modules

Let us briefly recall the classification of the finite dimensional representations of
the quantum affine Lie algebras U,(g) (for more details see [24, 25, 26]). Consider a
rank n algebra U,(g) with the generalized Cartan matrix C' = (Cj;)i=o,.n and put
I = {1,..,n}. This algebra? in the Drinfeld presentation (see Theorem 2.2 in [25]) is
generated by :Bi[r (iel,r€Z), ki (i €l), hi, (i € I,r € Z\ {0}). These generators

obey a similar set of defining relations as the generators of the algebra Uq(Ag))

kiky ' =k ki =1, kih; = hjki, hihy = hihj,

+ +C; .. £
kixi ki = q~ ay,

+ —
+ - 1/}1 s wi,r—}-s
] 6 7‘7

[,
1,77 7,8 —1 )
qi — q;
1 rCijle, +
[hihxj,s] - iij,r—&-s?
+ + +Cij + + Ci.j :t :I: :I: +

Tir+1¥5s — 44 L slire1 = qz LirTj s+l — Lis+1%5r

—Cij
k| 1=Ci |+ + + + + _
Z Z ( 1) [ k ‘TMWU) T mi,m(k)‘rj,sxi,m(kﬂ) sy Tr(1—-Cy =0,
%

)
WESlfciyj k=0 I

if i # j, Sy is the symmetric group on m letters, r1,...,r1_¢, ; are any integers, and
;. are related to h;; through

0 )
; u) = Z w?,::tkuik = kz;tl €xp (ﬂ:(Qi - qi_l) Z hiyiluil) .
k=0 1=1

Let V' be a representation of U,(g). A vector v € V is called a highest weight vector
in the sense of Drinfeld presentation if it satisfies

+ .,
r v =0, wzkv %ko”

for ¢ € I, k € Z and some complex numbers w;tk.o. This representation is a highest
weight representation if, for some highest Weight7 vector v, the whole space V' can be
generated by the elements of the algebra V' = Uy(g).v. The {I x Z}-tuple of numbers
Q/Jfk;o is called the highest weight of the representation V. The classification of finite
dimensional irreducible representations is given by the following theorem

THEOREM (Theorem 3.3 from [25]). Let W = (Y7 )icrkez, then the irreducible
representation V(W) is finite dimensional iff there ezists P = (Pi)icr such that

Z w deg ’LL) _ i wi_,ruin
r=0

2. In fact, we consider a quotient of the algebra Ug(g) by the ideal generated by ¢ — 1, where
c € Uy(g) is a central element. We loosely call this quotient U,(g).

o Pilg; “u)
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in the sense that the left and the right hand terms are the Laurent expansions of the
middle term around 0 and co, respectively.
Applying P;(u) to a highest weight vector v we get

Pi(u)v = P;(u)v.

The polynomials P;(u) must have constant term equal to one. These polynomials are
called the Drinfeld polynomials, and the correspondence between V and n-tuples of
polynomials P;(2),..,P,(2) is bijective [24, 25, 26]. In the case of the twisted quantum
affine Lie algebras analogous classification was established in [27].

For the study of integrable models relevant modules are the Kirillov—Reshetikhin
modules. These modules are defined through the Drinfeld polynomial of the form

Pi(z) = [J(1 = agi™#*'2), Pi(z) =1 (j #4), (3.3.1)

for some ¢ = 1,..,n, where n is the rank of the algebra, ¥ € Z and a € C*. The
parameter a allows us to rescale the variable z, this will be important later when we
will consider the limit of our modules £ — oco. Let us get back to the algebra Uq(AgQ)).
If v € V is the highest weight vector, it is annihilated by all z;} operators (r € Z) and
the elements d}ki act as

ziv =0, Vv = 1/1;507), (3.3.2)

for some complex numbers @Zf,o. Moreover, all vectors of the space V' can be obtained

by the action of the algebra Uq(Agz)) on the highest weight vector V = Uq(Aég)).v.
Such representations V' are defined through the Drinfeld polynomial P(u)

oo
> whutt = ¢ = Wo(u). (3.3.3)
k=0

U (u) we call the Drinfeld rational function, so equivalently, we can say that the repre-
sentations are defined by the Drinfeld rational function. This notion will be important
for the asymptotic algebras [62] as we will see later. The first nontrivial representa-
tion has the dimension equal to 3. It is called the fundamental representation and it
was constructed in [27]. The next higher dimensional representation has the dimension
equal to 6 and was constructed in [61]. In general ([61], proposition 10.1), the dimen-
sionality of the representation is equal to the number of tableaux 7 €Taby? where
the set Tabyg, in the case of Uq(Agz)), consists of tableaux (7})1<j<x with coefficients
in {0,1,2} satisfying the condition 7; < T4 for 1 < j < k. For k = 1 each tableaux
has only one entry 77, hence there are three different tableaux Tab; = {0,1,2}. When
k = 2, T has two components. If we organize them in columns, the set Tabs consists
of six columns

001012
Tab2_<0 L1 9 9 2). (3.3.4)

3. In our case the tableaux is simply a sequence of integers. This happens since our algebra is of
rank one [61].
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It is not difficult to see that the set of tableaux Tab; correspond to the set of numbers
{i,7} satisfying the condition 0 < i < j < k. Indeed, the columns are organized in
nondecreasing sequences of 0, 1, 2 and in order to characterise each column we need
to know where is the border between zero’s and one’s and the border between one’s
and two’s, for which the two integers ¢ < j is sufficient. The dimensionality of the
representation V' must be then (k + 1)(k + 2)/2. It is convenient to write the basis of

the vector space as V' = &) Uny no 4. Thus, each representation is labeled by the
0<n1<na<k

integer k, so V.= V() We reserve the letter k for this purpose and do not write it

explicitly.

The Cartan element K defines the decomposition of V into the weight spaces
2k
V= @OV},, V= {0n1.ns € VIKVny ny = " Py g, p = 01+ na}. (3.3.5)
p:

The module V splits into 2k + 1 pieces V,, under the action of K. Each V), can be
written

Vi = {v0,psV1p—1,-0|p/2],[p/21}, for p <k,
Vo = {Vp—k ks Up—kt 1k—15--Vp/2].[p/2]}, for p>k.
From Eq. (3.1.5) we see that
2, Vp € Vo1, 21V € Voo

If n = {ny,n2} and m* = {mF m3}, such that ny +ny +1=mi +mj and m, <k,
m7 >0, then we can write the action of the elements x; as

+ _ +
Ty vp = Zxr nmt Um# (3.3.6)
m*
where :cffn’m are the corresponding matrix elements of z:*. The space V is best seen

as a graph, where nodes are the vectors vy, n, and the edges can be viewed as the
matrix elements of z;, thus the edges show which vectors are related by the action of
a single operator =& (see Fig. 3.1). In order to make use of the matrix representations
we need a single-indexed labelling of the basis elements of V' = {uyg,..,ur}, where
L= (k+1)(k+2)/2—1. We also need an ordering on vectors vy, n,. We choose the
following ordering

Uny,ne = Umi,mas it mg > ng,

Unin = Umions if m1 > nq. (3.3.7)

The basis vectors u; have all components equal to zero except from the one at position
¢ which is equal to 1. The map from wu; to vy, n, is a little bit complicated, we need
first to introduce some functions

vs = [Vids + 1], (3.3.8)
€ = L%[\/éls A2 - s, (3.3.9)

1— (1) —242
( ; Ts (3.3.10)

0s = s+

4. An alternative basis can be used, see [43].
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Vaa

FIGURE 3.1 — The graph of the vector space V for k = 4. Vertices represent basis
vectors vp, n,, edges connect those vectors which can be obtained one from another by
the action of :rf Vectors belonging to the same subspace V), are aligned vertically.

With these definitions we have u; — vy, (3)n,(:), Where

(n1(i),n2(i)) = (6iyyi — 0; — 1), if i <k, (3.3.11)
(’I’Ll(i),ng(i)) = (k’ — YL—i—1 T+ €r—i—1,k+1— 6L—z’—1)7 if 1> k. (3.3.12)

Here is an example of this map

ug — V0,0, U1 — Vo,1, U2 —> V0,2, U3 — V1,1, U4 — V0,3,

U5 — V1,2, Ug —» V1,3, U7 —> V22, U — V23, Ug —» U3 3.
With this notation the action of z;* becomes

rEu; = Z:pf”u] (3.3.13)
J

This action can be summarized in the directed graphs. For k = 3 see Fig. 3.2 for the
action of x, . The graph of z;" is the same but with the arrows reversed. The adjacency

FIGURE 3.2 — The directed graph representing the action of = on V' = {uy,..,ug}.

matrix of these directed graphs give us the matrix representation of the elements z:.
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The matrix corresponding to the graph in Fig. 3.2 is

o 0 0 0 0 0 0 0 0 0
%y 0 0 0 0 0 0 0 0 0
0 27, 0 0 0 0 0 0 0 0
0 275 0 0 0 0 0 0 0 0
0 0 a3, 23, 0 0 0 0 0 0
0 0 a5 235, 0 0 0 0 0 0
0 0 0 0 ajg 256 0 0 0 0
0 0 0 0 a; @5, 0 0 0 0
0 0 0 0 0 0 z55 75 0 0
0 0 0 0 0 0 0 0 w54 0

Our goal is to obtain a formula for all a:f ivj for any k for the Kirillov—Reshetikhin
modules. Before doing this we need to understand the action of the elements w,f on V.
Let us write the second equation in (3.3.2) for any vy, n, assuming that V is

irreducible

w]i:tvnlan2 = w;;tnIVNQUnl,TLQ- (3314)
Then we can write
iuikwki _ qdeg(Pnlm)—deg(inM)Pnl,nz (¢ 'u) Qnymslqu) — vt ().
= ni,n2 Pnl o (qu) in . (q—lu) ni,n2
(3.3.15)

It can be shown [27] that W . (u) = W, (u), so we will write simply Wy, n,(u) for

both. For n; = ny = 0, i.e. for the highest weight vector, Qoo(u) = 1 and Pyo(u) =
P(u) and we also assume W (u) = ¥o(u) to match the notation in (3.3.3). We will

study the Kirillov—Reshetikhin modules which are defined for Uq(Ag)) by
P(u) = (1 — au)(1 — ag?u)..(1 — ag®~2u). (3.3.16)

To describe explicitly the V() representations of Uq(Ag)) we first compute all
\If,jfl,n2 (u), or equivalently, the polynomials Py, n, and Qp, n,. Most conveniently this

could be done using the knowledge of the g-characters. Using the result of [61], propo-

sition 10.2, we can write explicitly the the g-character for the module V*) of Uq(Agz))
k na k—ng k—n1 A 21 k 1
—a
XeW) =Y S I Zupon 11 S 11 7 (3317
no=0n1=0 j=1 j=k—nad+1 Faq¥ g _p 41 F—agH!

where, following the conventions for twisted algebras of [61], we replaced variables Y,
with Z, with respect to Eq. (3.2.8). Each summand in (3.3.17) is labeled by n; and
ngy. After the substitution

where P(u) =1 — au, (3.3.18)
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we obtain the functions ¥y, »,(u). Indeed, the summation in (3.3.17) occurs because of
the trace in (3.2.6), thus each summand represents a matrix element of my (h,). Recall
the form of my(h,) Eq. (3.2.7). Each summand in (3.3.17) is a product of the form
1L ; ZaiZb_j ! where a; and b; correspond to the numbers a; and b; appearing in Eq.
(3.2.7). Thus the g-characters give the matrix elements of the operators h, and Eq.
(3.1.11) allows us to compute the polynomials Py, ,, and @, », appearing in (3.3.15)

k—n2 k—n1
Pn17n2 (u) = H (1 - auq2(j_1)) H (1 + auq2j_1), (3.3.19)
Jj=1 j=k—n2+1
k—n1 k
Qumew)= ] A —aug”) J] 1+aug?t). (3.3.20)
j=k—no+1 j=k—nl+1

For ny = ny = 0 we recover (3.3.16) and Qo o(u) = 1. Plugging (3.3.19) and (3.3.20)
into (3.3.15) we get the formula for ¥, ,(u)

(1 - aug™) (1 4 auq2k+2> (1 _ auq2k—2n1+1) (1 + auq2k—2n2)

(1 + aug?—2m1) (1 + aug?*—2m+2) (1 — qugZ—2m2=1) (1 — qugk—2n2+1)
(3.3.21)

\Ijm,nz (u) =

Using this formula we can write the matrix elements of ¢l+ (and also ;")

q2 (n1 +n2)

+ _
wl ni,ne q— 1 X

<q—2(k+n1)(_aq2k—2n1+2)l(q2n1 _ 1)(q2n1 _ q2n2+2)(q2k+3 + q2n1)
(q2n1 + q2n2+1)(q2n1 + q2n2+3)
q—2(k+n1)(_aq2(l~c—n1))l(q2n1+2 _ 1)(q2n1 _ q2n2)(q2k+1 + qznl)
(@MHL 4 g2n2) (g2 + @2n2+l) -
q72(k+n2)(aq2k72n271)l(q2n2+2 _ q2n1)(q2n2+3 + 1)(q2n2 _ q2k)
(q2n1 + q2n2+1)(q2n1 + q2n2+3)
q72(k+n2)(aq2k72n2+1)l(q2n2 _ q2n1)(q2n2+1 + 1)(q2n2 _ q2k+2))
(q2n1+1 + q2n2)(q2n1 +q2n2+1) :

+

Later on, when we will consider the “bosonic” modes of the Drinfeld generators we will
rewrite these matrix elements in a nicer form. The matrix elements of h, are important
for further calculations, they have the form

h(r) _ aqukr—i—l (Ar ((_1)7‘q7"—2i7" + q—QjT) _ q(—2k—1)7‘ + (_1)T+1q2r)

( . (3.3.22
" (¢ = Dr ( )

where
Ar=q " +q + (-1 (3.3.23)

In the next section we show the following result
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+

— in the representation space

THEOREM. The matrix elements of the operators x
V&) are given by the formulae

l’;z'Uz',j _ A(_l)qum—%mUi_Lj
(@2H + 1) (¢¥ — ¢¥) <q2k+2 _ q2j) git(1=2j)m—j—k+1
(a = 1%(q + 1) (¢ + %) (¢ + 77
(—1)™ (22 — 1) (g% — ¢%) (q2z‘+1 T q2k+2) g~ 2im—iti—k
T 2(0 1) (2T £ 02 (0 4 T Vitls
(¢ —1)%(g+1) (¢ +¢%7) (¢* + ¢* 1)
+ Bg~ it 0my, (3.3.25)

+ B!

Vi,5—1, (3.3.24)

—. . — A1
T =A

where A and B are free parameters.
In the above formulae we made a choice a = ¢~2*. The parameter a enters as a common
factor in both formulae (3.3.24) and (3.3.25), so it can be easily recovered.

3.4 Commutation relations

In order to find the representations of Uq(AéQ)) we need to “solve” Egs. (3.1.6)-
(3.1.10). We start with Eq. (3.1.7) where we put r =1

[h,2f] = Al (3.4.1)
[hl,.%g] = —Alx;rl.
Let us focus on the equation with 2. Consider the action of 2 and h, on the vector
/UTL:[,TLQ

+ _
Ls Uning = Z O‘m—i,nz-l-i(s)vm—i—17”2+i + Z Bm—i,"ﬁ-i(S)Um—i-i,nz—i—b
7 7

— pr)
hrvm,m - hnl,ngvm,nz?

where i > 0 and «; ;(s) and 3; j(s) are the matrix elements which vanish whenever the
indices of the corresponding vectors vy, ,, do not satisfy 0 < n < m < k. Acting with
Eq. (3.4.1) on vy, », we obtain the recurrence relations

p) Y AQY . _A - 1) =0

( —i+ni—1,i+ns nl,ng)am—l,H—nz (5) 10%¥n; —ii4+ng (8 + ) = Y%

1
(hz(-i-)nl,—i+n2—1 - hgzll),nQ)ﬁi—i—nl,ng—i(S) - Alﬁi—l—nhng—i(s + 1) =0.

These relations are easily solved

(1) (1) s
. h—i+n1—1,i+n2 B h"17n2
an1—i,i+n2 (S) — anl—i,i+n2 A )
1

h(l) . 1= hgzll)ng 8
Bitnma—i(8) = Bisnymg—i | —b=r2= i (3.4.4)
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We set here o, m (0) = apm and By m(0) = Bym. Let us take the same equation (3.1.7)
for arbitrary r and act on vy, n,. We obtain again two equations

T r A"' {T]
Ony—i,itneo (s) (h(_z)—&-nl—l,i—&-ng - hgn),nz) — Qg —ijitng (r+s) r =0,
r , A lr
5i+n1,n2—i(5) (hg-s-)nl,—i-i-ng—l - h"SLl),ng) - Bi—i-m,nz—i(r + ) T,[ ] =0.
Plugging (3.4.3) and (3.4.4) into these equations gives
p) R " A
(r) r —i+n1—1,i+n ni,n2 T[T] .
(h—i-l—nl—l,i—l—ng - h7(11),n2) - ( - A12 r - 07 (345)
RO Y " A
() r i+ny1,—i+n2—1 n1,Mm2 T[T] .
(T T ( S = =o. (3.4.6)
We can simplify this by introducing
h(”) ) _ hg)n
€ = —tmclum e, (3.4.7)
M iimgo1 — it
= ”"1’*”14"2[;1] i (3.4.8)

which brings (3.4.5) and (3.4.6) to
7 =y, =0 (3.4.9)

On the other hand, plugging (3.3.22) into (3.4.7) and (3.4.8) we can compute Qm and
(r)
Xi

aquerrl ((_1)7' (q2(i+1)r _ 1) qr72n1r + (quir . 1) q72n2r>

= @1 |
o ar g2k ((_l)rJrl (qzw o 1) g~ 22t | (q2(i+1)r o 1) q72n27')
T @ = 1)[] |
Egs. (3.4.9) are satisfied only when ¢ = 0 (¢ = —1 also works, but we agreed that

i > 0), which drastically simplifies the pictures in Fig. 3.1 and Fig. 3.2 (compare with
Fig. 3.3). The computations for x, follow the same route. Now we can write the action
of the operators x;" in a more compact form. We equip the coefficients a and 3 with
the super scripts + and — as we need to distinguish the matrix elements of 2™ and z~.
Since the graded operators ;= can be reduced to #% = z using (3.4.3) and (3.4.4) we

will be focused on computing the matrix elements of *. The action of & becomes
+ + +
T Uni,ng = Opy nyUniFlng + Bnl,ngvnhnﬂ:l' (3'4'10)

Note that 3, = oz('{i = 0 and ﬁjz = a;; = 0 for all 7. The graph representing the
vector space V with k = 6 is presented in Fig. 3.3. In the rest of this section we will
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Vo6
Q(Veﬁs O\ Vie
o p°§
e e >
Vod S as Va6

FI1GURE 3.3 — The graph of the vector space V for k = 6.

focus on solving the relations (3.1.6) for » = s = 0 and (3.1.8) again for r = s = 0. As

it turns out this is enough to determine the matrices x*.

First, for simplicity we will assume 3, ,,, = 1, this is possible since we can rescale
)
the basis vectors vy, n,. Indeed, if the new basis is Up, ny, = Ony noVni n, With some
coefficients dy, n,, then acting with z* we get

£ et 3+ -
x vnlynQ - anl,ngvnﬂzlﬂw + IBTLl,ngvnlynQ:Fl’

+ 67117712:!:1

~+ 5711:!:17712 3
UTL1:FI,7‘L2 + Bnl,ng

+ _
T vnlyn2 - an1,n2 vnl,n2:|:1'

5”1 312 5”1 ;12

Comparing the last equation with Eq. (3.4.10) we obtain, in particular,

3+
_ ni,n2
5n1,n2 - 5n1,n2—1 T )
/87117"2
o ni,ne
5”177742 - 6 ;

ni,na+1 ,8_ .
ni,n2

Since both equations define the same ratio d,, ny/0n, ne—1 We get the constraint

3— 3+ - +
ﬁm,nz—lﬁm,nz - n17n2—1ﬁn1,n2'

Which means that in the new basis §~ can be set to a constant. Similar argument also
holds for the coefficients a*.
Take Eq. (3.1.6), set there r = s = 0 and act on vy, »,, we obtain three equations,

two homogeneous

+ — + - _
anl,n2+1/8n1,n2 - am,nz ni—1lng — 07 (3’4'11)
- - + _
an17n25n1+1,n2 - am,nz*l ni,ne 0’ (3'4'12)
and one inhomogeneous
- + - + - + - +
Ty —1,n %y ,no + Xy o ®¥ny+1,mp — Bn17n2*16n17n2 + ﬁn17n2ﬁn1,n2+1
Kp,n, — K71
= —2—"" — [k —n; —nyl. (3.4.13)

q9—q
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The two homogeneous equations can be solved easily, we get

Ay = O g (3.4.14)
ng—2 a=
57—7:7712 = /6:2—177’1,2 H % (3415)

s=n1 as,ng -1

Before turning to the inhomogeneous equation (3.4.13) we can solve another homoge-
neous equation coming from (3.1.8) where we set again r = s = 0. For higher graded
elements =¥ we have

xg:vm,nz = O‘i,ng (r)vnﬂ:l,m + /87:1|:1,n2 (T)Unl,m?l' (3-4'16)
The coefficients o ,,(r) and B3 . (r) as we learned from (3.4.3) and (3.4.4) are
proportional to afflm and Bflm respectively
a'r:l,tl,ng (T) = fT:Ltl,TLQ (T)O[?L:l,ng’ IBT:Il,:l,TLQ (T) = gT:Il,:l,TLQ (T)BT:E,TL27 (3417)
where
P (r) = (ag® D) () = (—ag® )T (3.4.18)
I (1) = (ag®F=m gl (1) = (ag? TRy (3.4.19)

From (3.1.8) for = elements we obtain three equations, two of which are trivially
satisfied and the remaining one reads

a7§1m2+1/67;1,n2 ((q - q72) f7l—17n2+1(1)g771,n2(1) 71—177124-1(2) - qilggl,m (2)> +

Bt (47 672) Frns D9 100(D) = 0 Fr i (2) + Gy 1,0, (2)) = 0,

(3.4.20)
or in a more compact form
a771,n2+1ﬁ;1,n2 + (;5"17”2057:1,”2/67:14-1,7‘&2 = 0’ (3’4'21)
with
¢ B (q2n1+1 + q2n2) (q2n1 _ q2n2—|—2) (3 4 22)
ni,ng (q2n1 _ q2n2) (q2n1 + q2n2+3) e
Eq. (3.4.21) is solved by
k—1
Ay = e 1 onls- (3.4.23)
s=no
We can now rewrite (3.4.15) as
no—2

531777«2 = B;,rz—l,ng H ¢8,n271- (3424)
s=1
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The remaining unknowns are: 5]‘-*'_1,]-, ajk and a; .. Eq. (3.4.13) at n; = ng becomes

047;2,712 Oc:2+1 na O‘T_lzfl na a:27n2
7:27712 1/3712 n2 + nzmzﬂ:z,ng—i—l = [k - 2n2]' (3-4-25)
Two terms from the left hand side vanish since Bgzm_l = ;Fzm =0and o, ,, =
anQJer =0, also we recall g, ,,, =1 and set
Vi = QG kg (3.4.26)
then, taking into account (3.4.14) and (3.4.23) gives
k—1
—_ -1 .
—a;_y ol T o5tis + 650 = [k — 24, (3.4.27)
5=
so we obtain B it
k—1
. -1
Bl =k =251+ [] #5210 (3.4.28)

It remains to compute the numbers ;. We take the same equation (3.4.13) where we
set no =n1+1

- + - +
Ay 10 +1% 41 + Xy +1% 1,0 417
7;17n16n17n1+1 + ﬁm,n1+1ﬁn1,n1+2 [k 2711 - 1} (3'4'29)

Plug here what we already computed and obtain

k—1 k—1 k—1
—1 —1
= 1L e tvn I1 és+vn 11 650 - %H% Ls

s=j+1 s=j+1 s=742
— k=2 — 1] + [k — 2j] — [k — 2j — 261501 (3.4.30)

Now we can solve this recurrence relation for ;

Jj—1 Jj—1 m
) (¢z lz+1) Hs i+1 ¢zs i—1,1 ¢zz+1 +1) HS i+1 ¢z 1,s
7] 1_[1¢7, 12(¢zz+1+1)H5 l+1¢2 1s<mz:()ll_[1 (dh 17,+1)H5 l+1¢zs .

M (—[2k — 2m — 2|pmmi1 + [2k — 2m] + [2k — 2m — 1]) + const>
m,m—+1
(3.4.31)

Note that ¢; ; = ¢;j_; depends on the difference j — ¢ which can be seen from the
formula (3.4.22). Using that, performing some simplifications in (3.4.31) and setting
const = 0 since 9 = 0, we get

[155) dgrort (S0 [k — ] = 61 S0 [k — 2n))
o1 +1

;= (3.4.32)
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The knowledge of ; gives us the solution to all commutation relations of the Drinfeld
presentation (3.1.6)-(3.1.10). Let us summarize the results of this section. Recall that

we put 3, ,, to a constant equal to 1. Now We would like to recover it, set 3, ,, = B.
We also set ai i = A. The matrix elements a® and B* become
aij=A  B;=B
o q—i+j+l<:+2 (q2(i+1) _ 1) (qu _ q2i) (q2i—2k+1 + q—2)
i (a= 1D g +1) (@ +¢%) (¢* +¢¥+) 7
3+k+i—j (2541 2 2%\ (,—2 _ 2j—2k
q (@ +1) (¢¥ —¢*) (a2 —q
Bl =B ( ) (3.4.33)

(4= 12(a+ 1) (@1 + ) (¢ + 57T

Putting this together with (3.4.18) and (3.4.19) into (3.4.17) we obtain the action of
z* on V) for arbitrary k and thus obtain the formulae (3.3.24) and (3.3.25).

3.5 Asymptotic representations

It is known [101, 60] that the characters of the Kirillov—Reshetikhin modules have a
well defined limit when & — oco. This limit allows us to obtain the so called asymptotic
representations of the asymptotic algebra U [62]. This algebra differs from the quantum
group by the condition that its Cartan element analogous to k is not invertible. With
this condition it is possible to avoid the divergences appearing when k — oo. Indeed,
one of the two elements Kvy,, ,, o qum,nz, KW,y o ¢ Fop, na is always divergent.

Assume |g| > 1, the algebra U is given by the generators &, hay, and kg (r €
Z, m € Z4 ) and relations similar to U, (Ag))

dg =1, Wy =k} (3.5.1)

Iioilr = iLrl-Qo, h hl iL FL

KoTEkg ' = qTiaE, (3.5.2)
- -

g lata; —a E = Yres ?{“ (3.5.3)

The generators Z;” and Z, satisfy also the relations (3.1.8), (3.1.9) and (3.1.10) after
substituting x+ — Z. As before, we have

o)

Z%ﬂ —eXp(qq Z l)

e}
“(u) = Zwiku*’“ =f€36><p< q—q "> h- zu)
k=0 =1
There is an isomorphism between the algebras Uq(A(QQ)) and U (see [62])

Ug(AS)) = U ®cro] Clro:kg -
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The Drinfeld generators of Uq(Ag)) are related to the generators of the asymptotic
algebra by

7 - —1 %~ + —17+ -1
=i, T, =Ko I, Ve =Ky Yy, K=ky . (3.5.4)

Representations of the asymptotic algebra are obtained from the representations of
Uy (AgQ)). First we write

+ _ 2(1—nq)\r -1 _k 5+ —2rns—+r
T, Vg iy = A(—¢ ( 1)) Un—1ms + B7 ¢ n1,n29 2 Uny o1,

- —1 k~— -2 —2rng—
Ly Unyng = A™q an1,n2(_q m)rvm-&-l,nz + Bqg~ =" Tvn1+1,n27
where we already chose a = ¢~2* and also
+ k3t - ka—
ning — 4 Bnl,nz’ Xnyny = 4 Xnyng-
Choose A =1 and B = ¢, we get
+ _ 2(1—nq)\r 2+ —2rng+r
Ly Unyng = (_q ( 1)) Uni—1,n2 + 5n1,n2q ? Uni,ng—1 (3'5'5)
- k(~— -2 —2rng—
Lyr Unying =4 (anl,ng(_q nl)rvnlJrl,nQ +4q e TvnlJrl,nQ)' (356)
From here we can derive the representations of the asymptotic algebra using (3.5.4)
=+ _ 2(1— G+ —2rna+
Ly Uning = (_q ( m))rvn1—1,n2 + /Bnl,nQQ e Tvnl,nQ—l (357)
- . 1 —2 —2rng— 1
By Vnimg = Oy @™ 2T (=) Wy g1y + g 2T s, (3.5.8)

Now we can perform the limit & — oo and obtain the asymptotic representation on

the space Voo = @ Upy o
0<n1<ns

. i=2jr—j+r43 (2541 1) (g2 — %
PV = <_q2_21)rvi_1j + = 2 (q2 1 +2)' (qz' q2) 1
’ (g = 1)2(g+ 1) (P + ¢%) (¢* 4¢P

- (=) ¢+ (@ 1) (¢* — ¢*) i=2jr+j—r+1

Vi 5—1, (359)

I T T 1D2(q + 1) (@2 1 g%) (qF + g%t1) il +4q Vij+1s
(3.5.10)
. G (Pu 1) (¢ — qu) (¢¥ +u) _—
(w)vi,j = 2 2 2 2+1 _ 2 _ Vi,gs (3.5.11)
(¢*" +u) (¢* + ¢*u) (¢ u) (g% — qu)
B 2it2j41, —1 (2 | o —1\ (2, —1 2,14 1
(T pp— vl ) (¢ —g) (¢ + 1) (3.5.12)

(q2iu—1 T 1) (quu—l 4 q2) (q2j+1u—1 _ 1) (quu—l — q) Vi j-

Note, that 1/;0_ vanishes in this representation, and 1/73 = 1. Let us turn to the Drinfeld—
Jimbo presentation. Using Egs. (3.1.13) and (3.1.14), we obtain an isomorphism bet-
ween the asymptotic algebra U and the Borel subalgebra U,(b™)

(q2 +1) (q¥+2 — 1) i3I+ -

(4= 1) (@ + %) (% + g277%)

- (q4i+6 _ (qz +1) g¥t2 4 1) (q2j _ q2i) (q2j _ q2i+2) g2t ts
(¢ = 1)3(q + 1) (¢27+1 + ¢2)° (¢2743 + ¢%7) (¢% + ¢%I+1)
(q2j+1 + 1) (q2j _ q2i) qi*j+3

(¢ = 12(g+ 1) (¢* " + ¢¥) (¢* + ¢¥ )

edvij = (g — 1)g* v 440 +

1}1'_0_2,]', (3.5.13)

efvm = Vij—1+ Vi—1,4- (3.5.14)
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This representation is characterised by the Drinfeld rational fraction, i.e. the highest
weight of W(u)

~ 1

¥ (3.5.15)

C1l—q
One can check that this representation satisfies all relations of the Borel subalgebra.
This way of constructing the Borel representations from the asymptotic algebra is due
to [62]. For the untwisted algebras it led to some understanding of the appearance of the
g-oscillator representations previously found in [5, 4, 81] and [14, 17| for the algebras
corresponding to the A series. In Chapter 4 the infinite dimensional representations
will be very important for us, however, we will not make use of the Borel subalgebras
and their asymptotic representations. Instead, we will work with the “bosonic” modes
of the Drinfeld generators.

Looking at the representations above (3.5.13)-(3.5.14) and also (3.5.9)-(3.5.10) one
can already anticipate the troubles that we will run into. The problem is that the
representation that we wrote depends on rational functions in the variables ¢* and ¢’.
Eventually we would like to take the trace over the auxiliary space, this means we will
encounter summations over ¢ and j which run from zero to infinity. Performing such
summations when the rational functions are involved is a hard problem. Note, this
issue does not appear in the untwisted case.
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Chapter 4

Universal R-matrix for Uq(Ag))

The R-matrices can be constructed using the notion of the universal R-matrix.
The universal R-matrix lives in some completion of the tensor product of the quantum
affine algebra A ® A. Taking a particular representation of A we obtain an R-matrix
which automatically satisfies the Yang—Baxter equation. The latter is ensured by the
definition of the universal R-matrix. We will compute R-matrices using the represen-
tations obtained in Chapter 3, but first we need an explicit formula for the universal
R-matrix written in terms of the generators of the algebra of our interest Uq(Ag)).
For our purposes it is better to use the Khoroshkin-Tolstoy (KT) construction of the
universal R-matrix [117, 73] (see also [91, 32]).

The KT formula is written in terms of the higher root vectors eff of the algebra.
These higher root vectors must obey the Cartan—Weyl condition, i.e. the commutators
of the root vectors [e;r €y ] must have a simple form expressed in the Cartan generators.
The construction of this basis is given after the preliminaries. Next, we will present
the KT formula. The first application of the KT formula will be the calculation of
the IK R-matrix. It corresponds to the representation V() @ V(1 After that we will
compute the R-matrix for the representation V() @ V) with the free parameter
k which labels the representation spaces of different dimensions. Next, we will send
k to infinity in a certain way and obtain an L-matrix (which is the R-matrix for
vl g V(OO)). This L-matrix corresponds to the representation V() associated to the
Drinfeld rational fraction (4.6.5). There are two more L-matrices: one corresponds to
the Drinfeld fraction (3.5.15) and the second one, roughly speaking, to the inverse of
the fraction (3.5.15). These two L-matrices have a complicated form, therefore we do
not present them here.

Our initial goal was to compute the L-matrix that will allow us to build the Baxter’s
Q-operator. Under the Baxter’s Q-operator, we understand the transfer matrix whose
eigenvalues are the generating functions of the Bethe roots. The Baxter’s Q-operators

(1

were found for U,(A; )) and Uq(Agl)) in [5, 4] as transfer matrices constructed from
the L-matrices. Finding the Baxter’s Q-operator for Uq(Ag)) turns out to be a very
complicated problem at this stage. As we mentioned, the L-matrices have an infinite
dimensional representation in one of the tensor components. These representations are
defined by the Drinfeld rational fractions [62]. We expect to have three different L-

61
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matrices corresponding to three Drinfeld rational functions . It turns out that only one
of them has a good form which permits computing the trace (it appeared first in [15]).
This L-matrix does not correspond to the Baxter’s Q-operator. We made an attempt
to compute another L-matrix which corresponds to (3.5.15). The components of the
latter L-matrix are very complicated to work with. In particular, it is not evident how
to take the trace in order to compute the corresponding Q-operator.

4.1 Introduction
Let us recall the two equations which define the universal R-matrix

Al(z) = RA(x)R™Y, V€ A, (4.1.1)
(A X ld)R = R173R273, (ld X A)R = R173R172. (412)

The first equation here is called the quasi-commutativity condition, while the second
one is called the quasi-triangularity condition. If we restrict to the R-matrices of the
form

RZZW@%
i

where u; and v; are lowering and raising elements of the quantum algebra, then the
quasi-commutativity condition is enough to fix the universal R-matrix up to a constant
[68, 73]. Khoroshkin and Tolstoy [117] obtained a formula for the universal R-matrix
and then showed that it satisfies the relation (4.1.1) applied to all generators of the
algebra. The second statement follows from a certain property of the g-exponentials
[72]. The definition of the g-exponentials is given in (4.3.4). The main theorem of [73]
says that there is a unique universal R-matrix written in the Ansatz form

R=RK, ReT,(U,(67)2U,(b7)), (4.1.3)

where I is a simple factor constructed from the Cartan elements while the reduced
matrix R lives in the Taylor extension of the tensor product of the Borel subalgebras
T,(Uy(67)®@U,(b7)). The Taylor extension stands for the linear space of formal Taylor
series consisting of monomials in ef with coefficients being rational functions in the
Cartan elements. More explicitly, the reduced matrix R is a product of g-exponentials
with exponents of the form const x ef/ ® e5, and the product is running over the root
system. In order to make sense out of this product one defines the normal ordering of
the roots and then defines the associated higher root vectors. The higher root vectors
are certain products of simple root vectors. In Section 4.2 we write the normal ordering
and the higher root vectors in the Cartan—Weyl basis. The normal ordering of the roots
for Uq(AEQ)) was given in the paper [73]. There, also the Cartan—Weyl basis is proposed.
However, we prefer to use the Drinfeld generators, hence we redo the computation in
our conventions and show the Cartan—Weyl property of the constructed higher roots.

1. The three rational fractions correspond to the three choices of the reference vectors w0, vo,k
and vk, on the diagram (3.3), where k is assumed to be sent to infinity.



4.2. CARTAN-WEYL BASIS 63

4.2 Cartan—Weyl basis

Before we write the Cartan—Weyl basis for the algebra Uq(A§2)) let us make a couple
of redefinitions. First of all, we rescale the generators

1
et s ot qgler, f - ———n¢f. (4.2.1)
[qL/2 4 g—1/2

This rescaling affects the definition of the algebra, namely, the non homogeneous rela-
tion (3.1.3) has to be rewritten as

_ ki — k!
el ej]=dij—— 1.

4.2.2
q—q! (4.2.2)

This relation remains the same if we rescale the generators in the following way
el —aief, e —ailer, (4.2.3)

with some coefficients a;. Our formulae become nicer if we choose

1

= —q3/2(q O, (4.2.4)

a1 =1, a

Now we turn to the normal ordering of the root system. The normal ordering of the

roots for Uq(Ag2)) algebra was written in [73]. The root system A consists of positive

and negative roots A = A, LI A_. The root vectors e(jf and e{c we rewrite as follows

+ - _
ei *eaia ez‘ *fOéia

where g and «y are the simple roots of the algebra Uq(Ag)). The symmetrized Cartan
matrix C*® defines the bilinear form on the space dual to the Cartan subalgebra

(ai,a;) = Cf.
Thus we have
(vo,00) =4, (a1,01) =1, (ap,a1) =—2.
It is convenient to use ¢ and « instead
0 =ag+ 201, a=aj,
then the bilinear form becomes
(0,0) = (a,0) =0, (a,0) =1.
With these notations the positive roots can be written as a union of five parts

Ap ={a+mdm € Z>o} U{2a + (2m + 1)6|m € Z>o}
U {m5|m S Z>0} @] {(5 —2a + 2m5|m € ZZQ} U {5 —a+ m(5|m S Zzo} (4.2.5)
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The negative roots are defined through A_ = —A,. Usually one uses the following
normal ordering on this root system

v+ ké <mo < (§ — )+ 10, v=a2a, kl€Zsy, me ZLsy. (4.2.6)
More explicitly, the first set is
a, 2a+ 9, a+ 6, 2a+ 39, a+ 20, 2a + 54, a + 39, 2a + 76, ..., (4.2.7)
the middle set is
9, 20, 36, 46, 50, 60, ..., (4.2.8)
and the last set is

vy 0 —2a+60, 6§ —a+25,0 —2a+40, 0 —a+0d,6 —2a+26, 0 —a, § — 2a.
(4.2.9)

In our calculations, however, we use another normal ordering, which is the opposite to
the above

(6 —7)+10 <mé < v+ kd, v=a2a, k|l €Zsg, me L. (4.2.10)

The Cartan—Weyl basis allows us to write the higher root vectors as commutators
of simple roots. In this basis we have

ky — k3!

1 )

it . I 4.2.11
q-q" ( )

ey, fy) =

where k, = [[; k" if v = 3=, m;a;. Now we present the Cartan—Weyl basis and show
that the Cartan—Weyl property (4.2.11) holds. In order to do that we will re-express
the higher roots in terms of the Drinfeld generators. This was done for untwisted affine
Lie algebras in [74]. The positive root vectors corresponding to the higher roots are
defined as

es—a = [217 % [es-20:€alqs €5 = [e5—artalas (4.2.12)
Catms = (quurl[eg,ewm_l)(g]q, (4.2.13)
€5—at+ms = (]—i—qil—i—l[eg’%_a“m_l)dq’ (4.2.14)
€20+ (2m—1)§ = [2];1/2[ea+m57ea+(mfl)6]w (4.2.15)

1/2[

e5—2a+2(m+1)5 = 1215 “[€5—atmé> €5—at(m+1)slq> (4.2.16)

e;’n(s = [65—a>€o¢+(m—1)6]q- (4217)
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The negative root vectors are given by

f(S—oc = [2]11_1/2[fa7f5—2a]q—1a f(g = [faafd—a]q—1, (4218)
1
fatms = m[fmr(mq)a,fé]qﬂ, (4.2.19)
1
fo—atms = m[féfaﬂm—l)&fé]q*l? (4-2-20)
f20‘+(2m*1)5 = [2];1/2[fa+(m71)67fa+m6]q—17 (4.2.21)
f672a+2(m+1)5 = [2};1/2[f67a+(m+1)57 f§—a+m§}q—1a (4222)
f1/n§ = [faJr(mfl)é?féfa]q*l- (4223)

We used here the g-commutator
le,e4]q = eqey — g7 ee,. (4.2.24)
Following [73] we also define the unprimed imaginary root vectors

es(u) = (q/_lq/) log(1+ (g — g~ 1)eb(w) (4.2.25)

fs(u) = mlog(l —(q—q ") fi(w) (4.2.26)

Where we used the generating functions es(u), fs(u) and €j§(u), f5(u) for the unprimed
and primed imaginary root vectors respectively

65(“) = Z umemda eg(u) = Z ume;néa (4227)
m>0 m>0

fs(u) =D u ™ fms,  f5(w) =D u" frus. (4.2.28)
m>0 m>0

Let us show that the roots written in this form are Cartan—Weyl. For this purpose
we will use the Drinfeld presentation in which we take into account the redefinition
(3.1.12) and omit the bar in Z;* and h, for simplicity. From now on we will work with
the redefined in this way Drinfeld generators. First we find that

ca = 200020, fo= 1204075 (4.2.29)

Let us write Eq. (4.2.12) in which we substitute (3.1.13) and (3.1.14) to pass to the
Drinfeld generators

1
€5—a = [2];1/2 [65—2a76a]q = 1/2
¢32(q+1)[2q[2)}17
x K3 (zgxyxd — qry g g — afvg o] + qrdayxg), (4.2.30)

where we used

et KL = PR

T
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Now we commute z§ to the left using Eq. (3.1.6), after cancelations we get

1 _ _ _
YT 1)[2]q[2]§{/22K 2((q+ vk, +qK[h1’x0])’ (4.2.31)

where we took into account the relation between 1 and h; that can be obtained from
(3.1.11)

U1 = (¢"? = ¢ V) Khy, (4.2.32)
and for the later use we add here also
Yoy =—(¢"? = ¢ VK h_y. (4.2.33)
In the last term in the brackets in (4.2.31) we use (3.1.7) (keeping in mind (3.1.12))
50 = —q [2] 11/421(—1 - (4.2.34)
A similar calculation for the negative root vectors gives
foa =12 Ko, (4.2.35)
If we take the commutator of these two root vectors, we get

[667017.]06701] = q71[2]q_11/2 [Kﬁlwl_7Kwt1]
K'1-K
— _1-1 .t ] —
= [2]q1/2[33—17371] T =
as it should be since ks_o = k1ko = K ! and the result agrees with (4.2.11). Next we
compute the imaginary root vectors e and f§ using Eqgs. (4.2.34), (4.2.35) and (4.2.29)
and the commutation relations of the Drinfeld generators. This calculation yields

¢ =aq 2 b1, f5=al2] ah (4.2.36)

Looking at Eq. (4.2.29) we notice that the recursive formulae (4.2.13) and (4.2.19)
become similar to Egs. (3.1.7). We can solve the recurrence relations given by (4.2.13)
and (4.2.19) in terms of the Drinfeld generators

_ 1/2 1/2 _—
Catms =q (2] 1/4 ‘va fatrms = q"[2] 1/4 L _m- (4.2.37)

The Cartan-Weylness (4.2.11) is easily verified

_ _ K—-K!
[ea-+mss fat+ms] = [2]q11/2 [ ) = F (4.2.38)
The Cartan element of the vector o+ md is k" 'kJ" = K, hence the right hand side.
Now we solve the recurrence relations given by (4.2.14) and (4.2.20)
—1- 1/2 -1 — 1/2
€5—a+ms = (_Q) ! m[ ] 1/é K 1 L1 fﬁ—a—i—m(S = _(_Q)m[ ] 1/é K.%'_m 1
(4.2.39)
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It is easy to check that these two vectors have the commutator

[66—a+m67f6—a+m5] = (_q)_1[2]q_11/2[K_lxr_n-i-l?Kxi—m—l]
_ _ K1'1-K
= _[2]q11/2 [xtm—17$m+1] = ﬁ (4.2.40)

The Cartan element is ks_q1+ms = k%mﬂkéﬂﬂ = K, as expected.

Plugging the roots eqtms and fo1ms from (4.2.37) into Egs. (4.2.15) and (4.2.21),
respectively, we obtain

a2 P @y =zt (4.2.41)
Foar@m—1)s = 2] (207 2™ (@ 12 — € T ) (4.2.42)
The Cartan—Weyl condition is
K? - K2
a—q '
One can check that it holds by repetitive application of the commutation relations

(3.1.5)-(3.1.7) and also using the relation between 1 and hy and ¥_1 and h_ (4.2.32)-
(4.2.33). Similarly, we compute (4.2.16) and (4.2.22) and find

[62a+(2m—1)57f2a+(2m—1)5] =

€5—2a+2(m+1)8 = —12] 5 [2];1/2(27”74[(72(*’37_n+195;1+2 — 4T 9T i), (4.2.43)

]_11/2 [2];1/2q2mK2($i—m72xi—m71 - q71x+m71xfmf2). (4244)

DO

fs—2at2(mins = =
The Cartan—Weyl condition reads
K—2 o K2

q—q!
and can be verified by application of the commutation relations of the Drinfeld gene-

rators as previously. Let us turn to the primed imaginary root vectors (4.2.17) and
(4.2.23). Substituting (4.2.34) and the e-formula from (4.2.37) into (4.2.17) we get

[€5—20-+2(m+1)55f5—20+2(m+1)5] =

€ms = [es—aCatm-1)slg = =4 "2 1 K oy 2, ]

Jr —
_mpo-1 g1 Ym =
=q "2 K W

Similarly, substituting (4.2.35) and the f-formula from (4.2.37) into (4.2.23), we get

frlné = [fa+(m71)67f6—a]q—1 = qm[2]q_11/2K[1:i_17x:m+1]

+ _
_om —1 w—m - ¢7m
=q [2]q1/2Kq1/2 _q71/2'

For m > 0, ¢, = ¢*,, = 0, thus we obtain

/ o —mrp—1 w;;,
ems =4 K =" (4.2.45)
[ g Yo - (4.2.46)

q9—q
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Finally we write the unprimed imaginary root vectors. Inserting the coefficients (4.2.45)
and (4.2.46) in the corresponding generating functions in (4.2.27) and (4.2.28) and
recalling the relation between 1, and h,, (3.1.11) we find

e (u) = L — (e(ql/Z_q71/2)Em>o hmu™q™™) _ 1),
q—dq

F(u) = — (@S g o)y,
q—q

Plugging this into (4.2.27) and (4.2.28) we get

ems = q " hm, (4.2.47)
fms = q"h—p,. (4.2.48)

This concludes the construction of the Cartan—Weyl basis. All higher roots are now
expressed through the Drinfeld generators, which is very convenient as we already
know how the Drinfeld generators act on the representation V(). Let us summarize

the results of this section. We list all higher roots written in terms of the Drinfeld
generators.

_ —1/2 —-1/2 _—

eatms =0 "2t farms = a2 A 0
_(_ ,1,m 1/2K 1 - . (_ 1/2K

es—at+ms = (—q) 2] | ql/2 Tt1s fo—at+ms = —(—q)™[2] | ql/? T _ 1>
€20+(2m—1)5 = [2];1/ 2], R A CR AN EANI
Joat@m—1)5 = [2];1/ 2], V2=l (g T 1 — 1),
€5—2a+2mé = _[2];1/ [2] 1/2 —ame 2K ( ;H—l - q1‘771+1$_),
f6—2a+2m6 = _[2}_11/2[2] 1/2 me 2K2( —m— 1xi_m q 1xtmxi_m 1)
6/ — quKfl r—’r—L f/ — _qu ¢:m
md q_q_17 md q_q_17
Ems = qimhrm fms = th—m- (4249)

Now we can turn to the KT formula and the construction of the R-matrices.

4.3 Khoroshkin—Tolstoy formula
The universal R-matrix of KT is constructed as a product of four terms
R =R . sRsRsK. (4.3.1)

This formula is the same as previously (3.2.5), except that we use a different indexing
of the factors to reflect the ordering of the higher roots. First factor is defined as

R>5 = HR(S—a,m H R&—?a,ma (432)

Ro—ym = expy (¢ — ¢ ")es—yims @ f5-yms); (4.3.3)
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where v = «, 2c,, m € Z>0 and the order of the products coincides with the chosen nor-
mal ordering. We used the notation ¢, = ¢~ and the g-exponential is understood

as the series
2 23
_l’_

exp,(z) =1+z + 2. B

+ .., (4.3.4)

where

(n)g! = (n)q(n — 1)..(2)g(1)qs (n)g =

The term R4 in our conventions becomes

Rr— 1/2 _ ,—1/2 m . m) 435
5 = exp ((q q )gﬂ 2l (@ g+ (1)) ems @ fms ). (4.3.5)

The third factor is again a product of g-exponentials

R<s = H Ra,m H R2o¢,m, (436)

Reym = expy, (4 — 4 )eytms @ frams)- (4.3.7)

where v = a, 2o, m € Z>¢ and the order of the products coincides with the cho-
sen normal ordering. Finally, the last term is defined as follows. For any two vectors
ve VE) and w e V2 we have kv = ¢M®v and kw = ¢ w, where A and [ are
the weights of v and w, then the matrix elements of K in the space V#1) @ V(k2) are
defined as

Kv@w= ¢ e w. (4.3.8)

4.4 Khoroshkin—Tolstoy formula and V) @ V()

In this section we use the Khoroshkin-Tolstoy (KT) formula [117] in order to
compute the R-matrix for the tensor product of two lowest dimensional representations
(k=1) Vc(ll) ® VC(;). This calculation was first done in [73], see also [15].

In order to proceed with the formula (4.3.1) we need to specify the representation
space. As will be seen below it will allow us to truncate the series of exp,(z) and thus
we can perform further computations. In this section we will work with the first lowest

dimensional representation space Vc(l), where ( is the spectral parameter attached to
the representation space Vc(l), and the corresponding representation map will be called
goé. As the R-matrix belongs to Uq(Agz)) ® Uq(Ag)) we will consider its representation

on the space Vc(ll) ® VC(;). We write gpé(Uq(Aéz))) in the matrix form taking into account
the redefined conventions from the beginning of Section 4.3

00 ¢ 000

pt(f)=121"21 00 o |, ptleo) =22 0 0 0 |, (44
00 0 c 00
000 01 0

pe(f)y= 100 |, pile)=| 0 0 1 (4.4.2)
01 0 000
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The Drinfeld generators in the matrix form read

1/2 0 q7'¢? 0
cba) =150 o (e |,
0 0 0
s 0 0 0
pta) =1L | a7¢ 0 0|, (4.4.3)
0  (=1)7¢" 0
and h, is
q2 %" (#r-1)¢
(@-1)r oY 0
1 _1\1—r, 5—2ar( 2r _ _ 1\ AT r
hy) = (=)' 7q2 7% (g7 —1)((-1)"q"—1)¢
SOC( ) 0 (@—Dr 0
O 0 \/g(il)r-&-l(quil)gw‘

(g=1)r
(4.4.4)

Let us start with the middle term R = goél ® @%2 o Rgs, rewritten in the Drinfeld
generators

Rs = ex < V2 g1 . L (he) ® hT).
§ p (q q )T>ZO [27“]q1/2(qT+q*T+(—1)r+1) QDCI( ) (10(:2( )

(4.4.5)

This term is clearly diagonal. Since the Yang—Baxter equation is homogeneous in R we
can choose the normalization of the R-matrix. It is convenient already at this point to
choose the normalization. Denote it by p1((1/(2) and write for simplicity (12 instead
of (1/(2. We make the following choice

(08, ® ©f, © R).vo @ vo = p1(C12)v0 @ vo, (4.4.6)

with

(¢"—q )¢
= exp (Z T 1)T+1)> , (4.4.7)

which can be easily verified by substituting (4.4.4) into (4.4.5) and performing the
computation in (4.4.6). Therefore, now we need to compute the following matrix

Rs(C12) = (94, @ 94, o Rs)(p1(Cr2) )1, (4.4.8)

where [ is the nine dimensional identity matrix. After using the matrix representation
of h, (4.4.4) the matrix elements of Rs become of the form

00 b'r —a
exp (ZZ Ty ) g_bj) (4.4.9)

1 r=1 j r=1
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with a;,b; € C and ¢ and j running over some finite sets of integers. This property is
expected to hold for any V*) representation. Using the matrix units €;,; wWe can write
the “imaginary” part of the R-matrix as

(1—-C2)@a1®es  (1—C(2)¢" (Ga+q) e @ess

R6 —_— € ® € + +
11 ® €1 2 — (i (¢ = Ci2) (G2 +¢°)
(1-Cg®)e2®@en | qCg+1)ear®eas | (1—C(2) @ Des
+ + 2 t
1—C12 C12+q q 7C12
1 _— 2 3 +1 ® 1-— 2 ®
(1 = i2¢?) (Gi2g ) €33 ® € n (1 - G2¢°) €33 © ea +e33®@e33.  (4.4.10)
(1= Ci2) (C2g + 1) 1=

Now turn to the computation of the term R_s which consists of the a-term R,
and the 2a-term Roq, as in (4.3.6). The g-exponential series of R, truncates after the
third term because of the nilpotency of the operators e and f in & = 1 representation.
Thus we get

t2
RQ(C12) = (()0%1 ® Spég o ROL) = SD%I ® SDéQ ° H (1 + tCVym + Oé7m|)7 (4411)
m>0 (Q)Qa'
where
7504,m = (q - q_l)ea—I—m(S ® fa+m6 = (C] - q_l)[2];11/2x7—; ® x:m' (4'4'12)

Once again, because of the nilpotency of the operators, the product in (4.4.11) trun-
cates and we get

Ralt) =l 5 ¢ (1 # 3 tamt T S tamsnsttom + 1 )

m>0 m>0n>0 m>0

(4.4.13)

Note that the order of the terms in the second summation appears according to the
chosen order of the roots. After computing each term and gathering the results together
one finds

Ro(Cr2) =T+ s (c12®@ €21 + €23 ® )qQ_1 ® €19+
- —— € € € € € €
al\12 (412 — 1) q 1,2 2,1 2,3 3,2 612 n q 2,2 1,2
21 ~“12(g+1) (4% —
1 €23 ® €21 + — (= D%a+ 1) (0" = ) €13® €31 (4.4.14)

q(C12qg + 1) (B —1)¢? (G2 +4q)

The g-exponential series of Roq,m truncates after the second term because it is
quadratic in e and f in k = 1 representation. We obtain

RQQ(C12) - (gDél ® 802:2 © R2a) = ()0221 ® SD%Q © H (1 + t2a7m)7 (4'4'15)
m>0

where now taq,,n stands for

t2a,m = (q - q_1)62a+(2m+1)(5 & f2a+(2m+1)6 = (q - q_l)[2]712/2 [Q]q_l

q
X (xhah —qrhat ) © (@l — g T, aTy,). (4.4.16)
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Expanding the product in (4.4.15)

Roa(Cl2) = 04, ®pL, 0 [ 1+ D taam | - (4.4.17)
m>0
and performing the summation we get
Cia(g" = 1)
R2a(Ci2) =1 — 2 5—~—5€13® €31, (4.4.18)
* (C122 - 1) >

The term R.s is computed similarly, it contains the product over the factors
Rs—a,m which is denoted Rs_, and the —2a term Rs_24,m denoted Rs_a,. The first
term is

2

R_a(CIQ) = (()02'1 ® ()02-2 © R(S*Oé) = SD%‘I ® gpéz © H (1 + t_a,m + <;)a7n:)7 (4419)
m>0 qoc*

where t_ ;,, this time reads

t—cx,m = (q - q_l)e(;,aerg ® f67a+m5 = (q - q_l)q_l[z];l/QK_lx;Hl ® xi—mfl'
(4.4.20)

R_,(¢12) becomes

q
R_a(G12) = ¢, ® @¢, (1 + D team T Y D teamintit-am+ q+1 tQ—a,m)

m>0 m>0n>0 m>0
G2 (¢° - 1) Ci2 (62 — 1)
=]—-— " (21 Q€12+ €32RQ€3)— 5 ————€1®e3
(G2 —1)q ( ) ¢ (G2 +q)
2 2 2 2
-1 -1 +1 -
_Gea(@ =) o, SRl 1l 2 W =C) ey, (4.4.21)
Ci2q +1 (= 1) ¢* (G2 +q)
And the —2q term is
R_204(C12) = (Qpél ® 9022 © R—Qa) = 9021 ® (10%2 o H (]‘ + t—2a,m)7 (4422)
m>0
where t_24 m
t—2a,m = (q - q_l)e§—2a+2m6 b2 f6—2a+2m5 = (q - q_l)[2];12/2 [2](1_1q_4
X K 2@ = G5 1a7) © K20t oty — ¢ atat, ). (44.23)

Performing the summations we get

4

g —1
R—Qa(ClQ) = Lpél X (péz o (1 + Z t—2a,m> =1-— %éz (_ 1) ql €31 ® €13. (4424)
12

m>0
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The last term (4.3.8) is
Koy = ((P%l ® (,0%2 oK) = q(€171 Qe +€33RX 63’3) + q_1(61,1 Q€33+ €33 6171)-1-
€11 X €2+ €2R €11 +€2R€2+ €2 R@e33+ €330 €. (4.4.25)
Now we gather all pieces together

R(C12) = R_a(Ci12) R—20(C12) Rs5(C12) Ra(Ci2) R2a (Ci2) Ko- (4.4.26)
We obtain the R-matrix of the Izergin—Korepin model

R(¢)=q '(e11 @ €11+ €33 D e33) — (qg__lg)

2
—1
q(?q2_g)) (Ce21®er2+(e32@e3+ep®e +e3®es)

(¢ —1)q(¢+q) (C—1)

— (1,1 ®e33+ €33 €1,1) — poae

(22 ® €11 + €22 D €33)

+

(€11 ® €22+ €33 R €2)

(> =) (C+¢%) —¢
N (—C+Cq5—Cq‘“rq“—C(J?’JrCCJQ—C2(J+Cf1)6 9e
(>~ C+d) e
(-1 (C+¢*—¢a+q) (> 1)+ +C¢P— )
-0+ BT T RO BE
-1 ( 3 9
+ 1@ -0 (C+ g ( g €12®€320 —q€23R® €21+ (qeza ®er o+ Cea 1 @ 62,3) .

(4.4.27)

A more conventional form of the IK R-matrix is slightly different. In order to achieve
this form we need to perform a grading transformation and a similarity transformation.
The appropriate similarity transformation is

R(Gi2) =57 ® S 'R((12)S ® S, (4.4.28)
where
0 0 —ig'/*
S = 0 i 0 : (4.4.29)
—ig'* 00

Next we set (12 = 23 /27, apply the gauge transformation and multiply the result by ¢
in order to make the first matrix element equal to 1.

R(z2/71) = qG(22) @ G(21)R(23/23)G ()t @ G71(21). (4.4.30)
where G(z) is defined by

0 0
G(z) = 0 1 0 |. (4.4.31)
0 =z
The matrix denoted here by R is the same, up to a normalization, as the matrix (1.1.3)

with the Boltzmann weights (1.1.4) written in the multiplicative convention

zo/z1 = el/2 qg=—e2.
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4.5 Khoroshkin-Tolstoy formula and V! @ V(%)

In this section we will leave the second factor of the representation space of the
R-matrix to be V®) for any k while the first factor will be in the fundamental re-
presentation. The goal is to show how to work with V() representation concerning
the KT formula. The first factor of the R-matrix in V) @ V*) representation allows
us to truncate the exponentials of the KT formula which enables us to proceed with
calculations. One could, in principle, take V#1) @ V(¥2) however, in this case the calcu-
lations become much more complicated and it is not clear for us at the moment how to
perform them. It is probably more useful to use in this situation the integral formula
for the universal R-matrix [34].

In order to deal with the unspecified representation V) in the second factor of
V) @ V®) we will substitute the Drinfeld generators ;" and K with another set of
operators. This is needed to perform the summations in the KT formula. Indeed, de-
composing the operators x; into two parts, each of which is restricted to one direction
in V®)_je. it acts either on the first or on the second index in v;,j, we see from Egs.
(3.4.16)-(3.4.19) that the grading r of the operators z;¥ can be taken out since ;" o 2
when restricted to one of the two directions.

Introduce the algebra A’; of operators a1, ag, a1, as, k1, kKo, which satisfy the follo-
wing commutation relations

la1,a2) = [az,a1] = [k1, k2] =0,

- —8; - S i —
kiaj =q “Yajki,  Riaj = q " ajki,

(4.5.1)
(4.5.2)
arag — azay ¢(ki,k2) =0, (4.5.3)
aza1 — araz (k1,K2) =0, (4.5.4)
a1@1 = D1(k1,62), a1a1 = D1(q "k1,k2), ( )
asas = Da(k1,K2), @2as = Da(k1,q " Ka), ( )
where the new functions are
ot * (3 — ) (43 — 1) (7 + )
k1(q — 1) (k3 + riq) (k% + K3q)
r1a2 ™ (k30% — 13) (3q® + 1) (¢ — 3)
r2(q — 1)? (K1 + K30q) (K] + K3¢%)

D1 (Kvl,lﬁ:Q) = s (4.5.7)

: (4.5.8)

Dy (K1,k2) =

and the function ¢ is defined as

(3~ 53) (53 + 3a")
(53 #8a) (=7 — n37)

Qb(/{l 7/{2) —

We call it ¢ since it has the eigenvalues on V*) equal to ¢ij = ¢j—; with ¢; defined
in (3.4.22).

We need to specify the normal ordering of the operators since it will be used
later. The operators of .Al; are normally ordered when k1 and ko are to the right of
a1, a2, a1, as and within the a’s the operators with the index 1 are to the left from the
operators with the index 2.
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If we restrict ourselves with the representation spaces V(*), then we can use the
algebra AF to write the Drinfeld generators of Uq(Ag))

K ="k ky !, (4.5.9)
ol = (=1)'¢" a1k > + q"agky ", (4.5.10)
z, = q Tagky " 4 (—1) ak; (4.5.11)

With this substitution we can perform the summations in KT formula and obtain the
answer written as a 3 x 3 matrix with the entries in A’q“. Formulae (3.4.33) define the

representation of .A’; on V)

i .
R1Vi,5 = q V55, K2V ; = (]J’Um'7 (4.5.12)
a1v; s = a1 "_6+" (4513)
lvl’] - ai,jvl_lvj’ GQ/UZJ - 2'7‘7‘,1)@7.7_1, o
(_zlvm- = agjvi+17j, (3,21)7;7]' == ﬁgjvi7j+1. (4514)

The Drinfeld rational function W(u) can be written in the language of the operators of
A% using the formula (recall Eq. (3.1.6))

U(u) = ¢ x4 (62— ¢V [z g ],
r>0

which can be written as

PuDy (%m2)  quDs (R12) uDy (ki) uDy (k)

2

U (u
() KT+ q?u qu — K3 u — K3q K+ u

(4.5.15)

Before proceeding with the computation of the R*)-matrix we make a remark. The
operators a;, a;, although act on one direction of the space v (k) (first or second index
in v; j), have their matrix elements depending on both indices. This means that the two
species {ay,a1,k1} and {as,a2,k2} are not independent which can be seen from (4.5.3)
and (4.5.4). We can pass to another algebra B(’; where this does not happen. This
algebra is generated by k1, ko, by, ba, by, by. It has two species of operators {by,b1,r1}

and {bg,l_)g,lig} which are independent of each other. The algebra ij has the following
commutation relations
[b1,b2] = [b2,b1] = [b1,b2] = [b1,b2] = [w1, k2] =0, (
Kibj = q*‘sivjbj/ii, Ril_)j = q‘sivjl_)j/ii, (4.5.17
bibi = Di(k1), bibi = Di(q "k1), (
boby = Dy(kg), bobo = Dy(q tko). (

The operators ]_31,2 are defined as

- - qg—k (K%QQ . 1) (K% + q2k+1>
I(Hl) - = /’il(q_l)2 )
. a7 (k3% + 1) (4% — 3)

ra(g —1)?




76 CHAPTER 4. UNIVERSAL R-MATRIX FOR Uq(Ag))

The isomorphism between .A’; and Bf; is given explicitly by

f2 - 1 7.2 2
ap + ————b1, a1+ ———s b1 (K] — K3)
K2+ qrd K% + qr3 ’
1 K _
2 2y - 1
a9 — ———— ba (K] — K a9 — ———=bo.
K% + qr3 (k1 = #2), K2 + qrK3

The algebra B’; is easier to work with and it resembles the g-oscillator algebras fre-
quently used to study the L-matrices. Indeed, to construct the L-matrices one often
looks for a g-oscillator algebra (Osc,) which is homomorphic to a Borel subalgebra
of the quantum group under consideration. It is usually done by writing an Ansatz
which, after mapping Osc, to the Borel subalgebra, must satisfies the corresponding
Serre relations. This gives certain constraints which fix the Osc, algebra up to a certain
extent (see [5, 4, 81] and [15] for the Uq(Ag)) algebra). In our work the g-oscillator
algebra Bé‘“' was obtained constructively, i.e. directly from the representation V*). We
will, however, stick to the algebra AI; in what follows, as the formulae that we obtain
are a bit more compact in this case.

Now we can turn to the calculation of the R-matrix. We start with the imaginary
part Rs. As we learned in Section 4.4 it is worth to start straight from the normalized
version of this term, i.e. subtracting in the exponent the term which is obtained by
acting with A, ® h_, on the highest weight vector of the representation V() @ V(%)
denote it by v again

kr—r kr —kr
r ol (h) @ oF, (hor) ¢ (¢ = )

[27"](11/2 (¢"+q "+ (1)t U= (@ +q" + (—D)r) . (4.5.20)

(¢ —q717?%)

If we write

802-1 (hr) ® SO]CCQ (h‘*r)'v = 777‘((12)'”7 (4521)
then we need to evaluate
1 k
(k) _ < 12 _—1/2 r (¢, (he) ® ¢, (h—y) — Ur(Cw)))
Rs" = ex . 4.5.22
o = (@ Y T+ D) 1522

Using our result (3.3.22) to write the representation for go’é(h_r) we can evaluate the
exponent. We get three diagonal terms in the exponential

(=) g3 ((=1)"q"Rk3" + (—1)" T q" + ki — 1)
T

¢ (=T 4 (<1 = 1) (1) g B3+ k) + 1)

+ , €22
_q2k7’ + (_1)r+1q2kr+r + (_1)7’qrﬁ.’%r + R%r

+ . €3.3.

€1,1
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After performing the summation we obtain

oo () @ -cr)  (1-6) (¢ =) (¢ + )
R (€)= @ -0+ ) €1,1 + (1 — Cii%) @ =0 (CH% +q) €22
1 _ 2k 2k+1 1
( ! ) (Cq . )6373‘ (4.5.23)

(1—¢r3) (Cars +1)

Now we derive the other terms of the R-matrix. The o term reads

1/2

B = [ aero a1 (- DBl

R() =1+ 172(1[]1{?2(0&14-6]) 2\/6(0&%—1)
[

+ €23 (GQ (q _ 1)[2];{?2 — a1 ( ) 2]1{?2) +

Va(Crk3g+1) Ty (ChT 1)

N 613<a251 (a—1*Crmta) oo (a—1*(@ ki)
’ ¢*? (Cr3 — 1) ((PkTR3 — 1) 3/2( 2kikg — 1) (CKT +q)
2 (¢ —1)* (¢r3q +1) _ a2 (¢ —1)* (¢k? *1)
N T Rty rrm e e ) MRS

the 2« is

20R3a =1V, Gri(g— 1)
R(k)(g) =1+ 6173< — @) ?2(:@3 + i/a +ai szlg(i%q 73 1)

__ (RIR3(g — 1) (g+ 1) (¢® + 1) (K} + K3q)
e (et (o) (45.25)
The —« term
Cralg = V205052 Cralg— D[22
(k) _ /2 o /2
RYL(C) =1+ e (a2 k1 (@ — CKD) a1 2 (O + ¢F)
Crilg—D2M70 4 Cralg — 1)[2)1 0,0
R Ry oy S (T
. ( ST )G A o DY S VR V. Gl Uit )
AT+ B) (- BRIk T KB (CRE + ¢B) (kT 4 qT)
2C2 ( )2 2k+ (CH +q) CQ((]— )2 2k+ (C’f +q) 1L5.96
R e ) T ) (452
and finally the —2« term
(k) zC( )2 2R3 (g —1)%g%3
R0 =1+ e ey ~ e
Clg—D%* g+ 1) (> +1)q 2“% (K% + K3q)
T T (o + m30) (@ — CRIRD) ) (45.27)
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In these formulae we performed the commutations between a; and as where it lead to
more compact expressions.

Next we need to multiply all the terms together according to the ordering in (4.3.1).
We write the result in the following form

A1 B1 By
RM()=g()| &1 A Bs |, (4.5.28)
Ca C3 .A3
where we have
1
1O=@E-ocrd
A = )\gl), Ay = —|— )\( )a 1a9 + )\( )agal,
A — )\( ) + )\é )ala/Q + )\( )a2a1 + )\( )al 2 + A( ) 2@1,

By = I/]E )al + V£2)_2, By = Vél)a% + 1/52

B3 = V?E )al + V?() )ag + Vé )a1a2 + V?() )azal,

¢ = pMar + pPar, = pMa? + a3 + paras,

Cs = ( )al + ué )ag + ug )a sa? + ,u( )a 1a3. (4.5.29)

)a + Vég)alag,

Coefficients A, 1 and v are written in Appendix A. The R*®)-matrix satisfies the equa-
tion

R(z/y)R™ (2)R® (y) = RW (y) R¥) (2) PR(z/y). (4.5.30)

Taking the products of appropriately normalised R*)-matrices and performing the
trace we obtain the transfer matrices Tj(z) = Ty, (z)- These transfer matrices com-
mute among each other because of the Yang-Baxter equation. They also satisfy qua-
dratic equations called the TT-relations. These relations can be found using the ¢-
character theory [60, 61], see also [86, 87, 88]. Below we write the TT-relation [88]
satisfied by the transfer matrices constructed from R®*)

Tt (OTis (o) =TT (a7) + ’fﬁzq ~SC G, (s

where we denoted by n the length of the physical space, since the previously used letter
L in this chapter is used for other purposes. In order to check Eq. (4.5.31) one first
needs to perform the transformation as in (4.4.30). One must take the R(*)-matrix

R®(¢) =¢*G(¢HSTIRB(THSGH ¢, (4.5.32)

with G and S defined previously (4.4.31) and (4.4.29).
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4.6 L-operators

Along with the transfer matrices constructed with higher dimensional representa-
tions V) in the auxiliary space there is another important set of transfer matrices.
These transfer matrices are obtained from the monodromy matrices with infinite di-
mensional auxiliary spaces. In the untwisted algebras one often uses oscillator repre-
sentations [5, 4, 81, 16, 14, 15, 17] in the auxiliary space. Transfer matrices constructed
in this way we call the representation theoretic QQ-operators, or simply the Q-operators.
We define these operators as

Qv(z) = TTV(OO)HMV(OO)(Z), (4.6.1)

where & is some element of the Cartan subalgerba and V(°°) is an infinite dimensional
representation of the Borel subalgebra U, (b™) which cannot be extended to a represen-
tation of the full quantum group. Normally one expects that the monodromy matrix
My () (2) in Eq. (4.6.1) can be written as a product of L-operators, where L can be
defined as a representation of the universal R-matrix on V() @ V() Therefore the
first task is to find representations V(> and then to compute the corresponding L-
operators. Using these L-operators one can show that the corresponding Q-operators
commute with the transfer matrix

[Q().T(¢)] =0, (4.6.2)

if k in (4.6.1) agrees with the one in (3.2.4).

In the original works of Baxter the Q-operators were defined as operators whose
eigenvalues are polynomials in the spectral parameter with the roots equal to the Bethe
roots [3, 2]. To these Q-operators we assign the index B. Understanding relations
between the representation theoretic Q-operators and the Baxter’s QP-operators is,
in general, a hard task. Such relations are well studied for the algebras Uq(sAlg) and
U, (sl3) in [5, 4].

Taking into account that the roots of the operators QP are the Bethe roots? the
equation for the eigenvalue of the transfer matrix (1.2.17) can be rewritten as

TOQMOQP (V=) = Zf((q%QB(\/qlé)QB(qC)

POFGE) prmr s 1
T FOF g0 ©9 (V=420 +aQ® (¢ O QB (V=40), (4.6.3)

where
PO =T (¢-).
i=1

This equation is called the T'Q-equation corresponding to the Tarasov’s Bethe an-
satz for the IK model. The main motivation for our study of the @Q-operators was

2. In fact, the operator QZ in this case has the eigenvalues equal to HZ(C2 —(?), where ¢; are Bethe
roots. In the usual case it would be [[, (¢ — ¢).
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to construct the Q-operator that satisfies (4.6.3) using the representation theory ap-
proach. At the moment this problem remains open. Below we propose a way of com-
puting L-operators based on the representations obtained in Chapter 3. The first Q-
operator that we compute essentially coincides with the one constructed? in [15].

If we take a limit £ — oo in V) @ V() and evaluate the universal R-matrix on the
resulting space, we will obtain a L-matrix. One can take the limit of the representation
V*) in different ways which correspond to different Drinfeld’s fractions, thus leading
to different L-matrices.

The easiest way to take the limit k& — oo is to redefine beforehand the reference
vector of the space represented in Fig. 3.3. Choosing the vector v, j, to be the reference
vector we see that the limit £k — oo sends to infinity symmetrically both wings of
the representation space Fig. 3.3. This redefinition of the reference vector amounts to
rescaling the operator ko and leaving untouched x;. We write

K1 — A1, K — qk)\gl, (4.6.4)
and assuming the u-basis: v; ; = u;_; we get
MU = qiui7j, Aot j — qjui,j.
The module obtained in such a way corresponds to the Drinfeld fraction

(1—qu)
(1+wu)’

Note, in the u-basis there is no restriction on the indices i < j as for v; ;. The only
restriction is that ¢ + 5 = k, which is symmetric in ¢ and j. Upon taking the limit
k — 0o, assuming |q| < 1, the algebra becomes A(®) and the relations of its generators
(4.5.1)-(4.5.6) must be modified. In order to make the formulae compact it is also

;{?2(q2 —1)~1. We obtain
the algebra Al) generated by c1, cJ{, ca, cg and A1, Ag, where ¢; and c;r replace a; and
ai, respectively, while A\; and )y are defined in (4.6.4). Generators of A(>) satisfy

GO (y) = (4.6.5)

useful to rescale the generators a; and a; by a factor of [2]

[Cl?cg] = [6276-{] = [)‘17 AQ] = 07 (4.66)
Aer =g e, )\161 = qcI/\l, (4.6.7)
Aaca = qeada,  dach = ¢ eb, (4.6.8)
Aica = c2hi, Aich = chAi, (4.6.9)
A2c1 = 19, )\261 = CI/\2, (4.6.10)
cieo —cac1 ¢ L =0, (4.6.11)
chel =l ¢t =0, (4.6.12)
P+ (1-X¢?) (M -1)al@+1) A
= = — .6.13
A3 —1 1 1) (1 - M3¢?
OSSR O B D[ a0 P U DN v 0 (4.6.14)
/\1/\2 )\1)\2

3. In the paper [15] the L-matrix was constructed from which the Q-operator can be obtained using
(4.6.1).
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One could, of course, apply a transformation to ¢; and c} in such a way that the
operators with the index 1 commute with those with the index 2.

Define the L-matrix as
1

¢ (* =) (C+¢°)

Take the R*)-matrix (4.5.28) and the coefficients from Appendix A, set there (4.6.4)
and send k — oo. The resulting matrix L(¢) is equal to

R™®)(¢) = L(¢). (4.6.15)

AogB 2 Aig7 A1¢P 201 (A3 +¢3
Mg’ qT gt (O3 + @) PPty e d A+l W

g’ Mg (gt —¢ 2 (A2
TS ST TS BPC o VP WO U e o s Ced R
¢A3¢° CA2q? A2g? 2 9 CAIA @ (C+A1°
Gbwcey chet art e 43 Pcherg + et (Cqull)22 - (A1>\21 )
(4.6.16)

This L operator satisfies the RLL-relation that reads
PR(z/y)L(z) ® L(y) = L(y) ® L(x)PR(z/y). (4.6.17)

Using this L operator we can construct a Q-operator using the formula (4.6.1). This
Q-operator must satisfy certain functional relations. In order to find these functional
relations one must understand other limits & — oo of the representation space V().
These limits will lead to new L-operators which must lead to new Q-operators. The
construction of the latter QQ-operators from the L-matrices, however, is a hard problem
which remains unsolved.

In the conclusion of this chapter let us discuss another limit & — oo of V(*¥). Recall
the asymptotic representation discussed in Section 3.5 of Chapter 3. This asymptotic
representation corresponds to the Drinfeld fraction

Bp=
1—-qglu

The asymptotic representations are defined in [62] using the the Drinfeld—Jimbo ge-
nerators. We prefer to use the Drinfeld generators or, more precisely, the operators
of the algebra A’;. In the language of the operators of the algebra A’;, in order to
regularize the representation for the purpose of sending k to infinity, we simply need
to rescale the generators a; and as by multiplying them with the factor ¢—*. This must
be done on an earlier stage of the KT calculation, i.e. before we use any commutation
relations. After that, we can compute the corresponding L-matrix. Unfortunately, the
final expression is too large and we already have the R(*)-matrix which takes three
pages in Appendix A. The large expression for this L-matrix is not a big problem, we
could still do the calculations. However, because of the terms of the form

(a3 + 1) (a"s7 +3)

(where z and y are some integers) which appear in the denominators of some matrix
elements due to Egs. (4.5.5) and (4.5.6), it becomes very complicated to take the trace.



82 CHAPTER 4. UNIVERSAL R-MATRIX FOR Uq(Ag))

At the moment we are not aware of a solution to this problem. In the previous case,
when we were working with the representation associated with the Drinfeld rational
fraction (4.6.5), this problem was absent since the rescaling of k9 in (4.6.4) and the
limit k& — oo killed the unwanted denominators in Eq. (4.5.5) and Eq. (4.5.6) leading
to the formulae (4.6.13) and (4.6.14) like in the usual g-boson algebras.



Chapter 5

The twisted ground state at ¢° = —1

In Chapter 1 we discussed an approach to the diagonalization of the transfer matrix
of the IK model. We showed how to construct the eigenstates of the transfer matrix
and presented a formula for the eigenvalues. The resulting formulae for the eigenstates
and eigenvalues, however, depend on the Bethe roots. The Bethe roots satisfy the
Bethe Ansatz equations which are given in (1.2.18). If we want to obtain the solution,
we need to solve the Bethe Ansatz equations. In general, further finite size exact
analytical calculations are not possible. However, there are few instances when the
Bethe equations simplify. This happens, in particular, when ¢ = —1 and ¢* = —1.

A similar phenomena appears in the X X Z-spin chain. The specification to ¢ = 1,
called the combinatorial point, leads to a simplified ground state [113, 106, 1, 107]. In
order to compute the entries of the ground state an alternative to BA technique based
on certain difference equations was developed [49, 108]. These difference equations are
sometimes referred to as the quantum Knizhnik—Zamolodchikov (¢KZ) equations. The
problem can also be reformulated in the loop basis, which corresponds to passing to
the dense O(n = 1) Temperley—Lieb model [49, 127, 47, 51, 44, 130]. This approach led
to the computation of the ground state elements, their sum rules and some expectation
values [49, 129, 52, 33, 18, 63]. It is possible to write the elements of the ground state
in the form of a contour integral [69, 51, 108] which comes from certain expectation
values of the vertex operators of the quantum group Uq(§l2). This approach proved
to be very powerful also for the combinatorial points of higher spin representations
[50, 128, 45]. The method of difference equations (¢KZ) is possible to extend to the case
of the Izergin-Korepin model at ¢3 = —1 (for the loop version see [46, 54, 57, 58]) and
¢* = —1. In the case of ¢* = —1 one can obtain integral formulae for the components
of the ground state. They can be computed using the vertex operators for Uq(Agz))
which were found in [70]. We choose, however, to follow the ABA approach.

In this chapter we will consider the (conjectured) ground state of the transfer
matrix at a root of unity ¢ = —1 with the twist x = ¢, where x in this chapter is
understood in the sense of Eq. (1.1.9). We observed for small systems that the state
we are dealing with is indeed the ground state. The proof of this claim is absent at
this stage. In the text below we will, nevertheless, refer to this state as to the ground
state.

The ground state eigenvalue of the appropriately normalized transfer matrix be-

83
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come a simple polynomial in the inhomogeneities, as we will see. This means that the
entries of the normalized ground state should be also polynomials in the inhomogenei-
ties. In Section 5.1 we obtain the ()-function and show that it satisfies the BAE. Next
we find the T-matrix eigenvalue and using the T'T-system (4.5.31) we find eigenvalues
for some higher spin transfer matrices. In Section 5.2 we use our knowledge of the Q-
function to find the small size exact ground state components written as polynomials
in the inhomogeneities. Also, we write the expression for the scalar product for N = 2.
The connection of the IK model with the Temperley-Lieb dilute O(n) is discussed in
Appendix C. In particular, using this connection the ground state components of the
Temperley—Lieb dilute O(1) loop model appearing in [48, 54] can be matched with
those from Section 5.2 here.

5.1 Bethe equations at ¢° = —1

The ground state of the IK model on a chain of length L = N corresponds to a state
with IV particles (1.2.6). In this section we find the solution of the BAE (1.2.18) for the
ground state of the IK model at ¢3 = —1 with the twist x = ¢ (in the sense of (1.1.9)).
In this specific case the equations simplify and we are able to find the Q-function. The
Q-function Q(() is the generating function of the elementary symmetric polynomials
of the Bethe roots. Since all quantities (entries of the eigenstates and the transfer
matrix eigenvalues) are symmetric in the Bethe roots it is possible to express them in
the basis of the elementary symmetric polynomials in the Bethe roots. This gives the
explicit answer. For small systems this allows us to write the entries of the grounds
state vector. Let us introduce once more the R-matrix which has the same form as
(1.1.3) but this time the weights are reduced due to the fact that we set ¢> = —1. We
will replace the parameter ¢ by w =e"™/3. The R-matrix weights become

0= 0=y

0= 7% w0 = e

0= T " G

0= o O T

wo(@) = Y ] (511

€ +w)(Cw—-1)’

(€ +w)(Cw—1)

These Boltzmann weights are written in the multiplicative convention, i.e. one must

take the weights of (1.1.4) and switch there to ¢ and ¢ using ¢ = e%/?, ¢ =
one notices that all weights (1.1.4) have a common

Replacing further ¢ with w =e'™/3

factor of (? — 1. Dividing the result by

2¢2

(@ -1V +w)(w—1)

—e 2,
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we obtain (5.1.1). In this chapter we will only use the R-matrix with the Boltzmann
weights (5.1.1). Let us define the action of our R-matrix on the space H =V, ®---®@V;,,
where the index L in # is implied. The matrix R;;+1(%i,2i+1) = Rii+1(zit1/2i) acts
non trivially only on the part V,, ® V.., of the space H. Define the spin basis in the
space H as follows. Let R act as

R(2)vj, @ vj, = Z Vg, @ kaR(z)ﬁ”],fQ, (5.1.2)
k1 ka—t,0

i+1

where the ordering of the basis in V@V is vy @ vy, v4 @ vg, v4 Q@ v_, 19 ® vy, Vg @ vy,
Vo ®V_, V_ R4, v_Qup, v— @v_. We also use the spin notation, i.e. the labels {1 ,0, | }
for {+707_}

vy =vp=|1) =(1,0,0), vy =1y =10)=(0,1,0),
v =wv, =|])=1(0,0,1). (5.1.3)

The space H splits into sectors of fixed spin, i.e. into subspaces Hs which are spanned
by the vectors which have the total number of up spins 1 minus the total number of
down spins | equal to the integer s. This is the same splitting of H as considered in
Chapter 1. Our ground state is antiferromagnetic, this means that the total spin s
must be minimal s = 0, or assuming that | + 7= 0, the sum of all spins must add up
to 0. Thus we restrict in what follows to the subspace Hg.

In Chapter 1 the N-particle eigenstates were denoted by Wpy. The ground state
with IV particles in a system of length N will be denoted by \I/S\?). The vector ‘1153)
in Hop depends on the set of Bethe roots (i,..,(y, which we need to find, and on the
inhomogeneity parameters z1,..,zx. The eigenstates are symmetric in the Bethe roots
up to an overall factor which can be derived from the formula (1.2.5). If we write

N

U (CuomCv) = TT (07 = ) Un(GrC), (5.1.4)

1<j

then Uy is symmetric in the Bethe roots. Solving the BAE means finding the functions
C1(215,2N),-CN (21,..,2n). In fact, we find the elementary symmetric polynomials, de-
fined in (2.5.2), of the Bethe roots E;((1,..,(n). After that we express the ground state

\Tlg\?) in the basis of the elementary symmetric polynomials

\ig\(;)(El(Clv"’CN)a"aEN(<1a"aCN); Zla--azN)'

We substitute the E’s and find the ground state vector which depends only on the
inhomogeneities. Let us, by the abuse of notation, use the letter ¥ again for the final
result, so \ilg\?)((l,..,CN; 215.,2N) = YN (z1,..,28). The vector ¥ has the entries denoted
by Yn,,.nn (215-,2N)

\I’N(Zl,..,ZN) = Z Tﬁnl,..,nN(2’1,--7ZN)\7117~-7TLN>- (515)
n1,..,nL="10,{
ni+..+ny=0

In order to find the components ¥y, . ny(21,..,25) we need to obtain the symmetric
polynomials En((1,..,(n). Let us now turn to their calculation.
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The BAE (1.2.18) in the multiplicative convention with the twist x = g read

ﬁ (2 - ng;) H N (-G (aF+ ) N 5.16)

ma(E-¢)  p@e-¢)(@r)

which must hold for all ¢;, j = 1,..,N. It can be easily verified that one of (; must be
equal to zero as a consequence of the choice of the twist. Hence, Q(() is proportional
to ¢2. Notice that Eq. (5.1.6) depends on the squares of the Bethe roots. This means if
the numbers (3,..,(i solve the BAE, then changing the sign of any (; will also lead to
a solution of BAE. Because of this we introduce the new roots A; = (?. Recall that the
eigenvalue depends on a spectral parameter which we denoted by ¢ in (1.2.17), hence
we also introduce the parameter A = (2.
It is convenient to rewrite the Bethe equations using the functions

N N

QUMW) =N =JTx=Xx), FCN)=FN=]] (A - 23) . (5.1.7)

i=1 =1

After expressing (5.1.6) in terms of Q" and F’ we get
F'(¢®) | Q' (ca X)) Q' () _

= 5.1.8
POy e @ o) 19
When g is a third root of minus one ¢ = w the Bethe equations simplify
Fl 2)\ . / 2)\ . 2
Sw )y @) 5 = (5.1.9)
FrN) w@ (w2))
We can also rewrite it as
2 2
wF' (0P) Q@ (w2) + F' () Q' (w?) =0 (5.1.10)

If we substitute \; with a parameter ¢ in the right hand side of (5.1.10), then the
expression

6lt) = wF (1) @ (~1)* + F () @ (1)’ (5.1.11)

must vanish whenever ¢t = A; for any j = 1,.., N. This means that G(t) is proportional
to Q'(t). This can also be seen by looking at the transfer matrix eigenvalue. The ground
state eigenvalue of the transfer matrix with the twist k = ¢, ¢ = w, written in terms
of the A roots becomes

WF'()Q' (tw?)” QF (—tw) | wQ(—tw)
Q) F (tw?) Q' (—tw) = wF (tw?) Q'(—tw)  Q'(t)

where we put A’(t) = A(v/t). Rearranging this we find
NOF (t?) Q ()Q (—tw) + w ™ F' ( W) Q'(1)
—w (wF’ (1?) @ (~tw)* + F'(t 2) = (5.1.13)

N(t)= : (5.1.12)
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The last term in this equation is precisely G(¢) (5.1.11), so we have, indeed, that G(t)
is proportional to Q'(t) and we also have the proportionality factor

G(t) =w2Q () (wA’(t)F’ (th) Q' (—tw) + Q'(t)F’ (—tw)) (5.1.14)

Now we solve Eq. (5.1.10). Let us introduce another useful function

(x — z) . (5.1.15)

||::]z

The former F” function can be expressed through F as

Fl(z) = (DN F (~v/a) F (Va). (5.1.16)

The function G(t) becomes

() = (-1 (wF (ov8) P (Vi) @' (st + F (VI) F (v1) @' (51)").

Now plug in (5.1.17) the following Ansatz for Q’(t)
Q'(t) = constv/t (F (—\/i) F (—w\/%) ~F (\/Z) F (w\/i)) . (5.1.18)
The overall constant here will be fixed later. After a little bit of algebra we get

G(t) = const(—1)Ntw? (F (—\/E) F (—w\/{f) - F (\/f) F (w\/{f))

(P (V) P (wVE) — F (VE) P (—o)) F (VA P (o2VD)  (5.119)
Comparing this to (5.1.18) we see that G(t) is indeed proportional to Q'(t), therefore
the BAE are solved with the Q'-function given by the expression (5.1.18). The expres-

sion (5.1.18) defines Q' up to an overall constant. Using the definition of ' (5.1.15) we
can write the Q'-function as a polynomial

\/E(H,fil(zﬁr\/f) (ZlJr\[UJ)* P 11(\le) (\fw—zl))

2WNHE (21,.,28) (W™ —w)

Q'(t) = ,  (5.1.20)
where we fixed the overall constant. This expression is, in fact, a polynomial in ¢ as will
be seen below. Notice that in the polynomial in the parenthesis (which is a polynomial
in \/t) the constant term is absent, therefore its expansion starts with v/¢. This means
that Q'(t) starts from the first power in ¢ and thus has one root equal to zero as we
established earlier. Expand the function (5.1.20) in ¢

Q) = i i~ Gi—n/2en Bz 2n) By (21,02n) (F1)™ e + w7

2(1 — w?) E1(21,--,2N) ’

(5.1.21)
i,5=0
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and rewrite it in the form

1 2N—-1

Ql(t) _ tN m/2 E(Z 72)
% (_wi—m—l 4 wit2m+2 4 w—i+3m+3 _ w—i) : (5.1.22)

where we assumed Fj;(z1,..,2y) = EZ-(Z). The last factor that depends on w in the
summation is equal to zero for all odd m, so we have

1 2N—-1 2m+2

StV N EPES) (0 - w7 (5.1.23)

QU=
2B (1 —w?) o) i=0

On the other hand, from the definition of Q" in (5.1.7) we have

N

Q) =1 Z tN=m(—1)ymEW, (5.1.24)

i=1

where again we assumed F;(A1,..,Ay) = Ei()‘). The Q-function is the generating function
of the Bethe roots exactly in the sense of the formula (5.1.24). Comparing (5.1.24)

with (5.1.23) we find the elementary symmetric polynomials in the Bethe roots EZ»(’\)

as functions of the elementary symmetric polynomials in the inhomogeneities Ei(z)

)m 2m+2 ' '
> BPEG) i - W), (5.1.25)

E<A>:_(—
2B (1 —u?) &

m

To conclude this section we write the eigenvalues of “spin”-k transfer matrices Ag.
Using Egs. (5.1.14), (5.1.18) and (5.1.19) and after some algebraic manipulations we
find

w? (F (—tw) F (—tw?) + F (tw) F (th))

Alt) = A (t) = F (—tw) F (tw)

(5.1.26)

This is one of the two required initial conditions for the T7T-system. The second one
will be Ag = 1. Now we can use the T'T" relations from (4.5.31), which we write as

(~DFF (—tw!™F) F (01 F) A1 (tw) + P(=6) P (0) Ak () A1 (—t?)

Ap(t) = F(—t)F(t)Ap—2 (—tw?)

(5.1.27)

The higher “spin” eigenvalues are

Ao(t) =

and
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and so on
N (B(=t)F(—tw) = F(t)F(tw)) (F(—D)F (tw?) — FO)F (—1w?))
() = F(—t)F(t) F(—tw) F(tw) ’
As(t) =

The system (5.1.27) can probably be linearized and solved in a closed form.

5.2 The ground state eigenvector

In this section we write the components of the ground state for small systems. The
ground state eigenvector of the transfer matrix can be written either using the Tarasov’s
formula (1.2.6) or using the exponential representation (1.3.5). The raw ground state
written in terms of the Bethe roots (; already for N = 2 is a large expression, therefore
we do not present it here. Using the knowledge of the Q-function from Section 5.1 we
can eliminate the Bethe roots. After this procedure we find

Pr(21,20) = —w32219(21,20),
Yo,0(21,22) = —w (21 + 22) g(21,22),

1 1(21,22) = —Ww 2249\ %1,22),
Yu(an,22) = —w!Paag(z1,2)

where we used the notation for the components from (5.1.5) and the overall factor
g(z1,22) depends on the Q-function and reads

- H?:1 (G +wzj) (WG — z))
3122323 (w2g + 21) '

g(z1,22) =

The dual state has components denoted by ) which have the common factor denoted
by g(21,22)

Uy (21,22) = w2g(21,22),
Po,0(21,22) = §(21,22),

JJLT(ZLZ?) = wl/zg('ZhZ?)v
w(wze + 21)

glz1,7) = 3CiG (21 + 22)

The ground state components for N = 3 normalized by the entry 190 are the
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following

21 (W23 + w2129 + 2wz32s + w223 — 2322)
\/(;(Zl + 29+ 23) (2122 + 2322 + 2123)
21 (W23 + w2123 + w223 + w2122 + 2223)
Vw (21 + 22 + 23) (2122 + 2322 + 2123)
29 (W2l + wzoz1 + w221 + wzezs + 2321)
Vw (21 + 22 + 23) (2122 + 2322 + 2123)
23 (wz221 + Z% + 2921 + 2321 + 2223)
Vw (21 + 22 + 23) (2122 + 2322 + 2123)
29 (w2123 + 23 + 2123 + 2223 + 2122)
Vw (21 + 22 + 23) (2122 + 2322 + 2123)
z3 (—w2129 + 23 + 22120 + 2322 + 2123)
Vw (21 + 22 + 23) (2122 + 2322 + 2123) '

Uy 0,1 (21,22,23) =

Ur 1 0(21,22,23) =

Yot | (21,22,23) =

o, 4 (21,22,23) =

P1.10(21,22,23) =

V) 04(21,22,23) =

The dual state normalised in a similar way is again trivial

P10.(21,22,23) = Ur.1.0(21,20,23) = Yor.y(21,22,23) = w2,

@EO,\L,T('Z%ZQ?ZS) = ,(ZLT,O(ZLZQ;Z:}) = &LO,T(ZDZQ’Z?)) = w1/2~

We also present here the small size scalar product result. Recall the definition of
the scalar product (1.4.5). Sy depends on the three sets of variables: the Bethe roots
(1,--,C, the parameters p1,..,uny and the inhomogeneities. The expression for S5 is

So(p1,12,C1(21,22),C2(21,22); 21,22) = ha(p1,12,(1,C2; 21,22)
2 2 2
x ESY (E§Z> — g > <_ BV ED 4 g EO BP9l g

)2

2 2 3
+ BV ED” 4 BB 4 2pt ) B 4+ B )

) _ g2 ,,2 ;
where E;" ' = E;(uf,p5) and the overall factor is

1 12[ w3 <WC¢2 + Cf) (w,u? + ,u?)
243G pin3{2 2 (w? = 1)P GGy
6
z

il J

sidier (@2 = 1% Gui (@3¢ + 27) (wipi? + 7).

h2 (/“Ll 7”27<1 7<2; 21722) =

5.3 Conclusion

We saw that in the case when ¢ = —1 it is possible to obtain the formulae for the
symmetric polynomials of the Bethe roots. The ground state components can then be
derived from the algebraic Bethe Ansatz. The next question would be how to compute
the correlation functions. One way of doing it is by using the scalar products [84]. If
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one finds a good formula for the scalar products, then we could use the knowledge
of the Q-function to rid of the Bethe roots. This would lead to the form factors. An
example of such computation appears in [56] for the X X' Z spin chain.

The calculations of this chapter were performed for the ground state at ¢ = —1.
It is possible to repeat the same for the case ¢* = —1. The resulting expressions are
slightly more complicated. Alternatively, the (also conjectured) ground state compo-
nents at ¢* = —1 can be obtained via the vertex operators. A comprehensive and
rigorous discussion of the vertex operators approach should be given separately.
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Appendix A

R*)_matrix

Coefficients of the R*)-matrix (4.5.28), (4.5.29) are presented below.

\ _ 6" (Rt + %) (¢° — )
! R1Kk2 ’

0 = - (0 (¢ 1) (a* ~ cub) (3 + )
(¢ =1)° (¢k3 = 1) ¢kt +q)
_ Cri2q" 2 Dy (1 ri2) (42 + ¢°) _ Ch1g" 3 D1 (k1 ,k2) (6 — CR3)

k1(g+1) (Cv3 — 1) K2(g+1) (CkT +q) ’
k
NOR 1)241121q 7

k-1
/\53) _ _(qz _ 1)2@11(]

K2

)

k (q2 - C) (C + q3) (Cq% . 1) (qukz-s-l + 1)
C(? —1)* (¢h —1) (Ch3q + 1)
_ ( K7 (¢ + %) D1 (w1,k2) (CK3 +q)
(¢+1) ‘g (Chi—1) (w3 —1) (ChTg+1)
#3/3 (¢ +¢°) D2 (k1,k2) (¢* — Cﬁ%))
(CKT +q) (Chag +1) (Ch3g? — 1)
N k1(q — 1)2qk_%D1 (k1,k2) (¢* — CK3) D1 (K1g,K2)
k2(q+1) (Chig +1)
ko(q — 1)26°2 Dy (k1,k0) (CK2 + %) D2 (K1,k24)
r1(g+1) (Cr3q% — 1)
(Cw3 —1) 1B, (k1,k2) D2 (k1,k2) C1 (K1,k2q) D1 (K1,k29)
k1k2(q + 1) (Chikg — 1) 2 (Chika + 1) 2 (kT +q)

)\:())1) _¢ (q2 B 1)2 (/ﬂmq_

((qg’“ -~ 1)
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¢"~ % By (k1,k2) D1 (k1,k2) (¢kT 4 q) Ca (k1,k2q) D2 (K1q,k2)
kika(q+ 1) (Crikg — 1) 2 (Crika + 1) 2 (CK3 — 1)
) (0= 1) (03— 1) (et 1) o (P )
kiko(q+ 1)2 (Crika — 1) 2 (Chika + 1) 2

(¢ —1) (PwTR3 +1) " (K] + K3¢%) (CHE + q) (K3 +a)
r1ke(q+1)2 ((2kiR3 — 1) 2
2((q — )2 M1 (g? = ¢RY) (ChE +q)
Ky TRy (g4 1)2 (42”%’% —1)2
n 2¢ (k1 + k3) (Ck3 — 1) " (k] + K3¢%) (CKT + q)>
r1ka(q + 1)2 ((Pk3K3 — 1) 2 ’

_l’_

_l’_

2

G inayi )
(q2 1) (k5 + K1g°) ’ﬁ\i K5q%)

2 #2)

=¢ <q2 1) (HQ + ﬁlqm/@?—i- k3q7)’
C<q2 1)2 2 2 k 27
C(q2 1)2 it 2 A

q2 (1) (q —¢K3).

=q (1) (¢ +d%),

v = (¢ = 1*(q+ D)q' Frunag (¢ = r3)
V§2) =(¢—1)*(q+ 1)q1_k/€1/<62 (C/ﬁ +4q ) ,
v = —(g—1)%(q+1)¢"

. Fraa(a +1) (5 + r3q) (Crink3 (¢° + 1) + ¢* (k3q — K7))
(k3 + K1q) (kT — K342)

)

1) _ 2 (r3(q — 1) By (K1,k2) Da (K1,k2)
=—(¢* - 1)( NACE B
(r3(q — 1) Ba (#1,k2) (CKT + q) D2 (K1g,k2)
Va (C"&% —1) (C2“1“2 1)
 CRilg = 1)*v/a (¢® — Cw3) D1 (kig;k2)
Cn%q +1

kikaq ™ (C+¢%) (¢ — 1) (k3 + )

i W3 —1) (C%q + 1) )




@ _ o (CKi(g—1)By (k1,k2) D1 (K1,k2)
N (T
_ Ck3(q — 1) ((k3 — 1) By (k1,k2) D1 (K1,k29)
Va (¢2rik3 — 1) (CKT +q)
N Cr3(q — 1)%/q (CKT + ¢°) Dy (k1,k2q)
1 — (K32
.\ rikag * (C+ %) (Ca™ = 1) (¢* - CH%))
(CKT +q) (Crig® — 1) ’
W = (g - Sl = ;)z(q +1)
> 1)@%((1 —1)*(¢+1)

KT + 3
p = —¢(g—1)%(q + 1)q3kC137q

3
i) = —Clq—1)%(q + 1)g**
o @+ 1) (51 +~3q) (ChT +¢° + 4 — Crdg)
k1ka (K1 — Kaq) (K1 + Kaq) (K3 + K1q)

9

) = g —1)2(q+ 1)g* (q2 ’“021( n20) Dx (72)

”1“2 (q - 42"52"5%)

_ ¢ "3 Dy (k1K) (CK3 4+ %) Oy ( 52‘1) (¢ —1)g2 le (k1,k2) (4% — ¢K3)

riks (g — 1) (¢ — (3wik3) K3 (CKT +q)
F1g % (C+ ) (Ca® = 1) (3 + q)>
ka(g —1) (Cr3 — 1) (KT +q) ’

e (Hl,@ ) D1 (k1,k2) (¢ — CK3)
”152 (C"h + Q) (q - C2“2“2)

l_ K
qz2 kCQ ('%17"{‘2) Dl (/117?2) (q — 1)q—k—%D2 (K/l 52) (CK/I + q )
Kk (¢ — Chinj) ki (Cr5 — 1)

u® = (g 12(q+ 1)g** (




96 APPENDIX A. R® _MATRIX

| et G+ ) (¢a® —1) (¢n? - q2>)
r1(g — 1) (Ck3 — 1) (Cki +q) ’

2 —k—1
q“—1)q
p = clg—1)% g+ 1)q3’“—( 5)2 :
2

2 1 —k -
ps) = —Cg—1)%(q+ 1)q3kw + asaj.
1

These expressions are written in terms of rescaled operators

a; =\ q"?+q V%a;, a; =\/¢"?+q a4,

and the tilde was omitted. Also we used several functions Bj(k1, k2), Ba(k1,k2) and
C4(k1,k2), C2(K1,k2) which are defined as

= R+ (Rt + CR3d + ¢ + CraRid’ — ¢,

By (k1,K2)

By (k1,k2) = —Cr3 + q° + (Praq + (Priksq — (kig — g,

Cy (k1,k2) = CR3RT + (R3RTG + K1q® + K3¢° + Crlq® — qCPR3KT,
Cy (k1,k2) = —C*RTKy — k1q° + (RiRsq" — k3q° + (PRTkaq + (Rag.

The functions D;(k1k2) and Da(k1k2) were defined earlier (4.5.7)-(4.5.8).



Appendix B

Factorisation of the -matrix

The weights of the R(z1/22)-matrix are such that when the ratio z1/22 = ¢~2 we

can write it in a product form
R =YTY. (B.1)

This is related to the quasi triangularity condition of the R-matrix (4.1.2). In this
appendix we give an elementary presentation of the factorisation property (B.1).

YT maps C? to C*> ® C? and Y maps C> ® C3 to C3. Using v, as a standard basis
of C3 we can write the components of Y7 and Y

Yt = Z Japla @ €pe, Y = Z yoCe, p ® ve. (B.2)

a,b,c (l,b,C

Components of the Y-matrices are depicted graphically in Fig. B.1 and Fig. B.2.
Yoo =

FIGURE B.1 — Graphical representation of the components 3¢ ,.

(o3

yg,b

(¢}

FIGURE B.2 — Graphical representation of the components yg’b.
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The relation between components ?(q*Q), 7 and y is

vCl,bl Z yc 21,b1‘ (B3)

This means that we take the vertex of the R-matrix turn it into a line and then cut
it in the middle, see Fig. B.3. This produces the trivalent vertices which are the two

zqf
b by b by

ci,by a 5
Fop (@70 = = = > Ryt
a

C C1 Cc C1
z

F1GURE B.3 — The splitting of the R matrix into Y7 and Y.

Y -matrices. The nontrivial entries of Y7 are those in which the indices are related as
in gg*gb = Ta,b, SO We have

0 0 0
710 O 0
0 #1,-1 O
o1 O 0
0 Yoo O (B.4)
0 0 o1
0 911 O
0 0 Y-1p0
0 0 0

And for Y, ygfb = Yab

0 1o O wyo1 O 0 0 0 0

00 w1 0 o 0 ya1 0 0], (B.5)
0 0 0 0 0 w1 0 y_10 O

Many of these entries follow from Eq. (B.1). Other entries will be fixed by the Yang—
Baxter relation, but first, we write the “unitarity” condition for Y’s

yYyT =1,
-2 0 0
4,3 o2

Z UoTes = Tayey = | 0 —CHCEFEEOE | (B.6)

0 0 -2

Where we used the identity
Z JaVb, ® €ci,a - €a,cy @ Vay = €by e @ €cyan Z fa (B.7)
a a

Graphically the unitarity for Y operators is shown in Fig. B.4. The Yang-Baxter
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b o2 a a a a =
§ ygl y(?,b = = = Ialqaz
cb

FIGURE B.4 — Unitarity relation for Y7 and Y.

dzﬂ dzﬂ
ap by , az b2
2 by Al by
Ad = Ad
a C1 a1 C2
A C Z [
d; d;
t t

FIGURE B.5 — The Yang-Baxter equation with the R.

equation with the R-matrix is shown in Fig. B.5. If we set z; = 29¢~2 in Fig. B.5 and
attach the Y matrix from the left sides in Fig. (B.5) we get Fig. B.6 (where we omit
the indices, spectral parameters and the orientations of the vector spaces).

From the equation in Fig. B.6, if Y and Y7 satisfy

YRRYT = constIR, (B.8)
which is better seen in Fig. B.7, we obtain the equation
YRR = constRY, (B.9)

which is shown graphically in Fig. B.8. In components Eq. (B.8) reads

,d - bo,d - = ,d -
STyt g et e = const Y Tay ir®% % (—q /1), (B.10)
7

c1,b1,c2,b2,d

where “const" is the proportionality factor in Fig. B.7 and Fig. B.8

q(t = 2)(t + ¢°2)
(g + 1)t2

O - <<

F1GURE B.6 — Attaching Y to the Yang—Baxter equation Fig. B.5 where z1 = z9¢7~.

(B.11)

const =
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Raes

FiGURE B.7 — Pushing the line through a trivalent vertex and using the unitarity for
Y and Y7,

FIGURE B.8 — Eq. (B.9).

Eq. (B.1) and Eq. (B.8) fix the entries of Y7 and Y up to a normalization

0
0

2iq?

(g—4)g+1
-1 0
2i(g—1)\/q
(g—4)g+1

0

2i
(g—4)g+1

0

0

S = O
o O O o o

(B.12)

|
—

o O O o O
o = O

0 -1 0 0 0
i(q—l)(q2—4q+1)
2q3/2
0 0 0 1 0



Appendix C
The loop basis

In the loop basis we have the face operators

N o ~ (] \\ Jf
G N 5 BN () BN ) BN () BN () BN 0 BN € )N )

p? p'9 p pP ™ p® D p®p

Ficure C.1 — The plaquettes here are the operators acting in the so-called space of
the link pattern states [54, 57]. The R°-matrix is a linear combination of the operators
from the firs row. The R°-matrix is a linear combination of the operators appearing
in the second row. The latter operators are denoted by p(), respectively, as shown in
the last row.

The corresponding R-matrices in the loop basis will be distinguished by the super-
script o. The R°-matrix is

9 .
RS (z1.201) = > prilz.211). (C.1)
=1

There is a mapping of the weights of the nineteen vertex model to the weights 7;(2)
[64]. First step is to consider the tilted R-matrices Fig. C.2 for both vertex and loop
versions. Now, take the tilted loop R-matrix and orient each loop in the plaquettes.
The orientation has a weight of €#?, where v is a free parameter for now and ¢ is a
clockwise turning angle of the loop, considering that each loop enters and exits the
rhombic plaquette perpendicularly. Next, we need to fix the appropriate grading for
the vertex model R-matrix to make this map possible. With our conventions this is
achieved by performing the following transform of the vertex model R-matrix

R(Zl,ZQ) = G(Zl) X G(ZQ)R(Zl,Zg)G_l(Zl) X G—1(22)7 (02)
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where the matrix G(z) is the following diagonal matrix

R#/z) = 2/

FiGURE C.2 — The tilted R-matrix. The dashed rhombus is the dual representation of
the R-matrix corresponding to the R°-matrix.

This transform affects the weights x5, xg, 7, y5, y6 and y; in following way

75(¢) = C'as(Q), 76(¢) = ¢ w6(C),  z7(¢) = (P'z7((),
75(Q) = ¢ys(0), 76(C) = s Q). 57(Q) = ¢ Pyr(0), (C.4)

For the rest of the gauge transformed weights we have: ; = x; and y; = y;. The
change of the grading introduced a new parameter [ which will be very important in
what follows. The correspondence of the loop and the vertex weights is as follows

z1(¢) =79(C), Z2(¢) = 15(¢) =76(C),
23(¢) =7s(¢), za(C) = r7(Q),
Z5(¢) = r2(Q)e™™* = ra(¢)e ™,
26(¢) = r1(Qe™ ™™™ = rg(Q)e ),
75(C) = r2(Q)e™* = r4(¢)e™™,
¥6(C) = 7“1(()6“ ™ = ry(¢)e®

(¢) =rs(¢)

() =rs(¢)

y7(¢) = rg(¢)e?V (e +T9(C)€2wa- (C.5)

Integrability (YB equation) requires that e?¥® = ¢ L and €™ = —ig~!. In the loop
model a closed loop has a weight denoted by n. Using the above notion of oriented loops
we have n = e?*™ + ¢~ 2" which in terms of ¢ reads n = —¢* — ¢~ 2. Egs. (C.5) define
the mapping between the weights of the loop model and the vertex model. Previously
when we worked with the loop models [54, 57, 58] we used different conventions, in
particular, we were using ¢§ = —q for the parameter ¢ and also we used the weights
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7i(21,22) = 237;i(23/23). The loop model weights read

771(21,2’2) = 73(2’1,22) = d3/2 (1 — (j2) (Z% — Z%) y

fQ(Zlu'ZQ) = 7:4(2:1,22) = (62 _ 1) (632,3 _ Z%) ’
~ q 22 _ 252 ~3z2 . 22
T5(21,22) = re(21,22) = q(ei = %) (2 2>’

Z1%9
~4 2 ~.2
_ q-z - A4 q=
T7(21,22) = 2122 (—22 +(G+1) (q4 -+ 1) — ;) )
21 <2
~2 2 2 ~.2 2
. i — % zi — %
Fo(21,2) = g (21 — #3) (q21 2)’
Z1%29
~2 .2 2 ~3.2 2
- G217 — 23) (G727 — =
rg(zth):_( i —23) (A ) (C.6)
Z1%29

Now, we need to interpret the Y operators in terms of the loop plaquettes and find
the weights of the Y-matrix in the loop basis. Before we do that let us change ¢ to § in
the R-matrix, and then apply the gauge transformation to the R-matrix. The Y and
YT matrices after the transformation become

0¢g o0 gt 0 0 0 0 0
Y=[0 0 @ 0 L= 0 —ig®"' 0 0], (C.7)
00 0 o 0 ¢ 0 g~
0 0 0
bk 0 0
0 ,L'qQH-l 0
g 0 0
Vs g+
yr'=1 0 NG 0 (C.8)
0 0 gt
0 —ig 2t 0
0 0 g
0 0 0
In components this reads
Y = be(zq) e (2g%) 7, (C.9)
a,b,c
YI =3 gs ()" (z) " (C.10)
a,b,c

The analogous operators to Y and Y7 in the loop basis we call M and M. These
operators can be written as a combination of triangular plaquettes Fig. C.3.

4 ) B 4 ;
Mj = Z,ujl)mi, Mj == Z[L§ )ﬁ”LZ (Cll)
=1 =1
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ﬂ(l) /1(2) ﬂ(?’)

~ (4
/J()

N

1 2 3 4
/1() 2 3 4

Iz Iz Iz

FI1GURE C.3 — Entries of the operators M and M.

Now we equip the loops in u; and ji; with orientations and multiply the weights
ms, my, M3, M4 by ¢ if the orientation is clockwise and by ¢~ if the orientation is
counterclockwise. The weights msy and M must be multiplied by a factor of —ig—2~!
and iG?*! for the clockwise and counterclockwise orientation respectively. The weights

of the M-operators of the loop basis read

I
3

m

3 (C.12)

(C.13)

mi ="+ g =n, m

~—1/2

L,
m1:q1/2+q 1.

Il
S
Il
S
Il

4

=n, my 3 4
The existence of this factorisation property gives rise, in particular, to a recurrence
relation for the eigenstates. This recurrence relation was crucial in the computation of

the ground state elements of the dilute O(n = 1) Tempreley-Lieb model [48, 54, 57].



Appendix D

Résumé en francais

D.1 Introduction

Cette these est consacrée a 1’étude d’un modele intégrable de vertex de Yang—
Baxter, plus précisément, le modele a dix-neuf vertex d’Izergin et Korepin (IK). Ce mo-
dele est intéressant du point de vue de la physique statistique, la physique quantique en
basse dimension, la théorie de la représentation des groupes quantiques, combinatoire,
holomorphicité discrete, la géométrie algébrique, etc. Ce modele est important parce
que nous pouvons l'utiliser pour tester et développer des méthodes telles que 1’Ansatz
de Bethe, les équations ¢-Knizhnik—Zamolodchikov (¢KZ), Papproche des opérateurs
de vertex, opérateurs @ et les relations fonctionnelles. Ces méthodes sont tres efficaces
pour résoudre les problémes dans le modele a six vertex, qui est 1’'un des plus célebres
modeles intégrables de Yang—Baxter. Par conséquent, le modele a six vertex devient
un exemple trés important qui nous permet d’apprendre les méthodes d’intégrabilité.
D’autre part cette these peut étre comprise comme une travail vers la généralisation
des résultats qui ont été obtenus pour le modele a six vertex.

Nous introduisons le modele IK en utilisant la formulation de matrice de transfert.
D’abord, nous introduisons les matrices R et R. Le matrice R est un endomorphisme
de Tespace V@ V ou V = C3. La forme explicite de R est la suivante

z7 0 0|0 O O]O0 O O
0 zo Ofxzs O OO0 O O
0O 0 x3]/0 x¢ 0 |xy O O
0 y5 0|z O OO0 O O
Ru)y=10 0 wyw|0 x4 0|z 0 0 |, (D.1.1)
0O 0 0|0 0 a2/0 =5 O
0O 0 |0 yg 0 |2ax3 0 O
0 0 0]0 O wys|0 zo O
L 0 0 0|0 O O[O0 0 =z |

ou chaque poids z; et y; dépend du parameéetre u, qui est appelé le parameétre spectral.
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Les poids de Boltzmann sont

x1 (u) = 2sinh (; - 277) cosh <; - 377) ,

x9 (u) = 2sinh % cosh (; - 317) ,

x3 (u) = 2sinh % cosh (; — 17) ,
. U U .
x4 (u) = 2sinh 5 cosh <2 — 377) — 2sinh 27 cosh 37,

5

—e"ws (u),

2e~ 2% 2 sinh 2n sinh - Bt

ys (u) =

(u) = 2¢~2%sinh 27 cosh ( — 377)
(

(u) =

(
(

8
)

u) = " ag (u)

<
(=

z7 (u) = —2e~ 2% sinh 2n[cosh ( - 37}) + e sinh g],
yr (u) = —2e2%sinh 2n[cosh ( — 377> — e sinh g] (D.1.2)

Le parameétre supplémentaire 7 est appelé le parametre de croisement. La matrice P
est définie comme la matrice qui permute I'espaces V et W dans V ® W, de sorte
que la matrice R est égale a PR. Les poids de R ci-dessus sont tels que I’équation de
Yang-Baxter (YB) est satisfaite

Ros(A — ) R12(A\) Raa(p) = Rua()Ros(\)Ria(A — p), (D.1.3)

oit Ryo(x) = R(z) ® I et Ryz(x) = I ® R(x). Nous pouvons maintenant passer i la
formulation de la matrice de transfert. Considérons une matrice R qui agit sur ’espace
Vo®@V; et 'appelons Ry ;, ou tout simplement R;. La matrice de monodromie est définie
comme

M(u) = Ri(u)Ra(u) ... Ry(u), (D.1.4)

o N € N est la longueur du systéme. Considérant M (u) comme une matrice dans
I’espace V{y nous pouvons écrire

A1 (U) Bl (U) B2 (’U,)
M(u)=| Ci(u) As(u) Bs(u) |, (D.1.5)
Ca(u) Cs(u) As(u)

ou les éléments de la matrice sont des opérateurs agissant sur H = V1 ® -+ ® Vy,
appelé I'espace physique. Maintenant, en raison de I’équation de Yang—Baxter (D.1.3)
nous avons

R(A = p)M(N)M () = M(u) MM R — p). (D.1.6)
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Lorsque les produits M (A)M (u) et M(u)M () doit étre comprise comme produits
tensoriels de deux matrices M écrites sous la forme (D.1.5). Par conséquent, pour
chaque nombre complexe u les éléments {A;(u), B;(u), C;(u) }i=1,23 forment une algebre
dont les relations peuvent étre obtenues en utilisant ’équation (D.1.6). Cette algebre
est appelée 'algebre de Yang—Baxter.

La matrice de transfert du modele IK est définie par

T(u) = Try, kM (u), (D.1.7)

ou la trace est prise sur I'espace V) et xk est une matrice diagonale dans I'’espace Vj
qui est appelé le twist. En utilisant la matrice de transfert IK (D.1.7) on peut écrire
le Hamiltonien IK

dT (u) |
du ="

Pour comprendre la physique des systémes décrits par le modele IK nous devons dia-
gonaliser ce Hamiltonien (ou de maniére équivalente, la matrice de transfert). Pour
ce faire, nous utilisons ’Ansatz de Bethe algébrique (ABA), voir Chapitre 1. L’ABA
fonctionne dans le cadre de la matrice de transfert. Cette méthode donne une re-
présentation des états propres de la matrice de transfert. Dans cette représentation
les états propres sont construits comme des produits d’opérateurs de l'algebre de YB
agissant sur un état spécial appelé ’état de référence. En outre, chaque état propre
dépend d’un ensemble de nombres complexes (1,..,(;n, O m est le nombre total de
particules dans le systeme. Ces nombres sont appelés racines de Bethe. Les valeurs
propres de la matrice de transfert sont également écrits en termes de racines de Bethe
correspondantes. L’ABA donne les équations de Bethe pour chaque état propre, dont
les solutions sont les racines de Bethe. Les équations de Bethe forment un systéeme
d’équations algébriques. Nous pouvons les résoudre analytiquement seulement dans
des cas tres spéciaux.

Donnons un apergu de la suite de ce chapitre. Dans la Section D.2 nous présentons
I’Ansatz de Bethe de Tarasov pour le modele IK. Dans cet Ansatz de Bethe les états
propres de la matrice de transfert sont écrits dans une forme récursive. Nous résolvons
cette récursion qui nous permet d’écrire les états propres sous une forme de produit.
Ce produit a des applications potentielles dans la construction des facteurs de forme et
des fonctions de corrélation du modele IK. Comme nous avons appris de la littérature
sur le modele de six vertex, la fonction de partition avec des conditions aux bords
de domaine (domain wall partition function DWPF) est extrémement important pour
I’étude des fonctions de corrélation du modele de six vertex. Il est crucial que DWPF
peut étre écrit comme un déterminant. Par conséquent, il est nécessaire d’identifier
un objet similaire pour le modele IK. Section D.3 est consacrée a ce probléme. Dans
cette section, nous proposons une généralisation directe de la DWPF du modele de
six vertex a modele & dix-neuf vertex. Pour cette fonction de partition nous écrivons
deux relations de récurrence qui la fixent complétement. Nous sommes en mesure de
trouver une expression de déterminant pour cette fonction de partition pour une valeur
particuliere du parameétre n (ou ¢ = —1, ot ¢ = —e~2"). Le cas ¢> = —1 représente
un systéme dans un régime d’interaction particulier. Afin de comprendre les régimes
plus généraux, il faut connaitre les racines de Bethe a ¢ générique. Ces racines de

H=T""(u) (D.1.8)
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Bethe sont les racines des valeurs propres d’un opérateur qui est appelé 'opérateur ()
de Baxter. La matrice de transfert peut étre exprimée en termes de cette opérateur
Q. Pour comprendre comment construire cette opérateur () nous devons étudier la
théorie de la représentation de l'algebre assosié au modele IK. La construction des
représentations irréductibles de toute dimension k est I’objet de la Section D.4. Nous
utilisons ces représentations dans la Section D.5 pour calculer un opérateur Q. Cela va
comme suit. On peut calculer les matrices R a partir de la théorie de la représentation,
comme opérateurs sur Vo ® V;. Ceci est basé sur la formule de Khoroshkin—Tolstoi. En
utilisant la méme formule et en prenant pour V{) une représentation de dimension k£ dans
laquelle k est envoyé & oo (de certaines maniéres), nous construisons les opérateurs L.
En construisant les matrices de monodromie comme dans (D.1.4) ot R est remplacé par
un L et en prenant la trace sur la représentation de dimension infinie, nous arrivons a
une notion des opérateurs () en théorie de la représentation. Ces opérateurs () devraient
étre reliés aux opérateurs () de Baxter. Cette connexion est inconnue actuellement. En
outre, du fait que prendre la trace de certaines matrices L représente un probléeme
technique difficile, ces opérateurs () ne sont pas actuellement disponibles.

Les valeurs propres de I'opérateur (Q de Baxter sont appelées les fonctions (). Quand
¢® = —1, il est possible de trouver la fonction Q correspondant & 1’état fondamental
(conjecturellement). Nous considérons cela dans la Section D.6. Nous montrons com-
ment résoudre 1’équation de Bethe pour I’état fondamental, puis calculer la valeur
propre de la matrice de transfert et les composantes de 1’état fondamental pour les
petits systemes.

D.2 L’Ansatz algébrique de Bethe pour le modele IK

L’ABA pour le modele IK a été étudiée par Tarasov [116]. Dans cette section,
nous allons donner les résultats de sa construction. Tout d’abord définissons ’état du
pseudo-vide |0)

Ci(v)[0) =0,  Ai(0)|0) = i(v)[0), Bi(v)|0) # 0, (D.2.1)

ot a;(¢) = zF(¢). Les équations ci-dessus fixent 1’état |0). Cet état correspond & 1'état
avec zéro particules. Si v1, vy et v_q sont les vecteurs de base de V, alors cet état
correspond a produit tensoriel v1 ® - -+ ® v; avec L multiplicateurs v. Le nombre de
particules est un bon nombre quantique, donc on peut décomposer le espace quantique
‘H dans les sous-espaces Hy avec un nombre de particules IV fixe. Dans le secteur avec
zéro particules I’état |0) est I’état propre de la matrice de transfert. Avec cet état on
peut construire les autres états propres de la matrice de transfert qui appartiennent a
d’autres secteurs V. Ces états propres est obtenu par l'action de certains polynémes
@ de l'algebre de YB sur ’état |0). Tarasov a montré que ces polyndémes obéissent a
la relation de récurrence suivante

q)N(glv"vgN) = Bl(C1)‘I)N—1(§27"7CN) + BQ(Cl) Z Cl,i(cl7"><N)(I)N—2(C%"vfia"?CN)a
>1
i (D.2.2)
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avec la condition initiale &5 =1 et

Cl; = —X NN it ; 71 . _ (.

i 1(¢) ;y( 4= kE#Z(ck &), (D.2.3)
~z1(¢) —z3(¢)

A= 00 Y97 0

Z2(G—¢) =1~
(Ck CJ) {Z(gk: _ Cj)W(Cj — Ck) sik < j.

La matrice de transfert (avec k égal a l'identité) peut étre représentée comme

T(¢) = A1(C) + A2(C) + As(¢)- (D.2.4)

La matrice de transfert T'(u) et I’états @ sont construits de les éléments de ’algebre
YB, alors on peut utiliser les relations de commutation pour montrer que les états ¥ =
®n|0) sont les états propres de T'(u). Ce dernier est possible en vertu de 'hypothese
que certains termes disparaissent. Il est équivalent a un ensemble de conditions sur
les parameétres (1, ...,(y qui apparaissent dans (D.2.2). Ces conditions sont appelées
équations de Bethe

w1 G\ o A=) _
(:@(@)) = b;gl G Ca)w(gb ¢), a=12,.,N, (D.2.5)
et les valeurs propres correspondantes Ay (¢) sont
N N N
A — L Y — L Z(C_Ca) L xQ(C_Ca)‘
N(¢) = z1(C) al;[lZ(C ¢) +22(C) (};[17“’(4_ &) + 3(¢) (};[17333((_ &)
(D.2.6)

Pour le calcul de fonctions de corrélation nous avons besoin de considérer les pro-
duits scalaires de ’état propre avec I’état dual [84, 78]. Pour ce faire, il est important
d’avoir une bonne formule pour I’état propre ¥y de la matrice de transfert. Ci-dessous,
nous proposons une formule pour ¥y (ou @) qui est écrit en termes d’un produit qui
résout la récurrence (D.2.2).

Tout d’abord nous présentons les regles d’ordre normale pour les opérateurs de
l’algébre YB {AZ(CJ), BZ(C]), Ci(Cj)}iZl,Z,?v ] = 1, ey N pour certains N. Un monome
d’éléments de 'algebre de YB est dans 'ordre normale si les opérateurs A; sont situés
entre les opérateurs B; et Cj, ou B; sont sur le coté gauche a I'opérateurs A;. Deux
opérateurs avec des parametres (; et (; pour ¢ # j ne commutent pas, en général, a
cause de cela nous choisissons d’ordonner les opérateurs {Xi((;), X2(¢5), X3(Cx)}, ou
X = A, BouC, selon I'indice de , c’est a dire que le produit X, (¢;) Xn,((;) est dans
I’ordre normale si ¢ < j. En outre, le produit de deux opérateurs, dont les indices de ¢
coincident doit étre mis & zéro. Avec ce choix de I'ordre normale nous pouvons écrire

Un) = 55 %5 exp (332 > cgBaG) x> B1(C¢)>: |0), (D.2.7)

1<i<j<N 1<i<N
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ou

dz N
_ . zB((x) .
|\I]N> _¢$N+l : H€ & ) |0>7
i=1
B(Gix) = xBa(G) Y cij+ Bi(G)
i<j<N
ou ’exponentielle est comprise comme une série entiére en x et les monoémes entre “ :”
sont considérés dans l’ordre normale. Aux fins de calcul, nous aimerions aussi avoir
une représentation qui ne comporte pas un ordre normal. Une telle représentation
peut étre dérivée a partir de (D.2.7) au prix de 'introduction d’une nouvelle algebre.

Cette algebre se compose de 1’élément de I'unité I et d’éléments f;, ou (i =1,...,N),
ces éléments doivent obéir les propriétés suivantes
[fifi1=0, fZ=0. (D.2.8)

A T’aide de cette algébre nous obtenons

[UN(C1ye5CN)) O\Hﬁ GilGit1,--Cn)10) y @ 10), (D.2.9)
B(Cil i1, ,<N>fH+B1<<z)fZ+BQ (G) x> cijfifi, (i=1,.N), (D.2.10)

j>i

ot |0) N €t ~ (0] sont D'état vide et I'état vide dual, respectivement, d’une représentation
de l'algebre des opérateurs f. Ces état sont définis en exigeant

n
N<0’ Hfai|0>N = 5n,N- (D.Q.ll)
i=1
Pour prouver que (D.2.9) satisfait les relation de récurrence de Tarasov il faut prendre
le produit (D.2.9), puis isoler le premier terme 5((1|2,..,(n), écrire explicitement les
états comme dans (D.2.10) et, enfin, utiliser les propriétés de 1’algeébre des opérateurs
fi et de létat vide (D.2.11). Pour plus de détails voir Chapitre 1.

En utilisant cette représentation pour les états propres de T'(u) et la représentation
analogue pour les états duals

J) —_ C 17
<\I’N|_¢:L'N+1 Hem (Cisz

1<j<N
ou les coefficients ¢ sont donnés par la méme formule que les coeflicients ¢ mais avec
les poids xg et yg échangé, nous pouvons écrire le produit scalaire (défini comme)

SN (B yes s Cloeesl) = (N (10 o) [ O N (G enCN)), (D.2.12)

de la maniére suivante

dzdy N
. "EC L) . . B i3 .
SN_¢xN+1N+1 ”6 ) TL e o)
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Nous pouvons éviter 1'utilisation de 'ordre normal en introduisant les éléments f; de
I’algebre ci-dessus. Le calcul du produit scalaire peut alors étre accompli avec l'aide
de la formule de Baker—Campbell-Hausdorff grace a la nilpotence des opérateurs f;.
Nous espérons que cette nouvelle approche nous permettra de surmonter les difficultés
techniques qui se posent dans le calcul des produits scalaires.

D.3 La fonction de partition DWBC pour le modéle IK

La fonction de partition avec des conditions aux bords de domaine pour le modeéle
IK peut étre définie comme suit. Les éléments de la matrice R ont une représentation
en termes de dix-neuf vertex qui sont présentés dans Fig. D.1. Prenons un domaine

L
R
Db

FIGURE D.1 — Les dix-neuf vertex et leurs poids.

A

&
{2
{3
s

A

A

A

Yy v.vy

L L Iz L

F1GURE D.2 — Les conditions aux bords de domaine sur un réseau 4 x 4. Les parametres
(1, ..,(4 sont associés a des lignes horizontales, tandis que les parametres z1, .., 24 sont
associés a des lignes verticales.

carré D d’un réseau carré (voir par exemple Fig. D.2 ci-dessus) telle que les bords
sont représentés par des arétes. Pour chaque sommet avec coordonnées ¢ et j, comptés
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Y

F1GUrE D.3 — Une configuration typique du modele IK avec les conditions aux bords
de domaine sur un réseau 4 x 4.

(horizontalement et verticalement, respectivement) de 1 & N a partir du coin Nord-
Ouest, on associe deux parametres (; et z;. Ensuite, on choisit pour chaque sommet
de ce réseau I'un des dix-neuf vertex de la Fig. D.1 de telle maniére que les fleches
ou leur absence sont d’accord sur chaque aréte. De cette fagon, nous produisons une
configuration € du modele IK dans le domaine carré D. Le poids de cette configuration
est égal au produit des poids de chacun des vertex qui font partie de la configuration
e. De plus, les poids sont des fonctions de (; et zj, ou 4,7 sont les coordonnées des

sommets correspondants. Notons (D) ’ensemble de toutes les configurations ¢ du
()

domaine D et x1((i/2;), yk((i/2;) les poids des dix-neuf vertex ! par une fonction w; ;-

Nous avons la fonction de partition

2o ¥ I ol

eeQ(D) 1<i,j<N

Sur 'ensemble des configuration Q(D) choisissons seulement les éléments qui ont leurs
arétes aux bords comme sur la Fig. D.2. Ceci définit les conditions aux bords de
domaine (DWBC) et la fonction de partition correspondante (maintenant désignée par
Z ou Zy pour le domaine N x N) est appelée la fonction de partition du modele IK
avec DWBC. Maintenant, nous pouvons nous tourner vers la dérivation des relations
de récurrence.

De la méme maniére que pour le modele de six vertex nous dérivons les relations
de récurrence en considérant les propriétés des poids. Plus précisément, choisissons
un coin dans le domaine de la taille N x N avec DWBC et regardons sur toutes les
configurations possibles dans ce coin (par example le coin avec les coordonnées (N, N)).
Quand (v est égal a zy nous trouvons que toutes les configurations dans cette domain
N x N se réduisent a la configuration du sous-domaine de la taille (N — 1) x (N — 1),
tandis que les configurations a positions (i, N) et (N,i) (pour i = 1...N) sont gelées.
Un phénomene similaire se produit lorsque nous fixons (y égal & —¢ 3zx. En fait, en
raison de I’équation de Yang—Baxter on peut montrer que la fonction de partition Zy
est symétrique dans les variables 21, .., 2y et dans les variables (i, .., (y. Par conséquent

1. Les poids xr(u), yi(u) sont considérés ici dans la convention multiplicatif ¢ = e/? g =—e" ",

et t doit étre remplecé par (;/z; pour tenir compte de la position 4,5 du sommet correspondant dans
le domaine D.
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la récurrence ci-dessus est valable si nous remplacons (ny par un quelconque (; et de
méme pour zy. Le résultat de cette observation est les relations de récurrence suivantes

ZN(C1yGj = ZivlN|2150028) = Fy Zn-1[G5, 2], (D.3.1)
ZN(CrynsGy = —q_3Zi,--,CN|21,~-,ZN) = G, ZN-1(,zi), (D.3.2)
ou la fonction Zn_1[(j,2;] ne dépend pas de (j et z;, et les fonctions FZ]\JZ , et GN sont
FN=@+Dz ] (Pz-z)(@Pz+z) [] (@G —2)(@G+ ),
1<k#i<N 1<k#j<N
(D.3.3)
Gi=—aV" @+ Du [ (m-da)z+ ) [ (G— z0)(ale + 2)-
1<k#i<N 1<k#j<N
(D.3.4)

Ces relations de récurrence avec le condition initiale Zy = 1 déterminent complétement
un unique polynéme Zy((1,..,CN,21,..,2n5). En utilisant (D.3.3) et (D.3.4) nous pouvons

écrire Zy utilisant I'interpolation de Lagrange 2
N -3
(v = 2i)(CN + g%
ZN(Cl)"aCN"erw ZZN CN)ZIC H - ) Z)
i=1,i#k Zk &
(@ ra [@a-= [I ot @O +Eo)
ik 1<i<N-1
+ Vv =) [[(e —?2)  [] (2 + G)(ze + QQ)) (D.3.5)
ik 1<i<N—-1
Il est difficile de voir si la fonction de partition Z avec ¢ générique peut étre écrit
comme un déterminant. Lorsque ¢°> = —1 la récurrence devient plus simple
<<17 7Cj Ziye 7CN‘ZI7 7ZN) P’i,jZN—l[Cj,Zi], (D?)G)
ou

P($|C17--,CN—1,Z1,--,ZN—1) =

N-1 N-1 N—-1
1
(—Q)N< IT i+ a) H (zi+z/9)+ - [ (G +z/a) I] (= +qx)>, (D3.7)
i=1 i=1 7 i=1
la condition initiale devient Z1 = 1 et nous trouvons une expression de déterminant
ZN(C1y-CN 21552 ) = lgifjiggv_lA3j—i,N(C1,~-,CN7217~,ZN), (D.3.8)

Ce déterminant est écrit en termes de polyndémes symétriques A;,, qui sont générés
par le polynéme Py (x)

2N

Py (z) = P(x|C1,-- (N, 215-02N) = (—Q)NZ96iA2N-¢,N(C17--,CN721,--,ZN), (D.3.9)
i=0

2. 1l est facile de calculer le dénominateur de Z, donc nous pouvons toujours normaliser Z de sorte
qu’il devient un polynéme dans les parametres ¢ et z.
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Pour prouver (D.3.8) on doit appliquer une série de manipulations sur les colonnes et
des lignes de la matrice Az;_; y. Apres cela on arrive a un déterminant de Ag;j_; y—1
dans les premiers N —1 lignes et N —1 colonnes, la derniere ligne est zéro, sauf I’élément
(N,N) qui est égal exactement au polyndéme (D.3.7). Voir les détails dans Chapitre 1.

D.4 Représentations irréductibles de Uq(A§2))

La connaissance de la représentation fondamentale (dimension égal & trois) de 1’al-
gebre Uq(Ag)) permet de calculer la matrice R du modele IK. Nous pouvons faire ceci
en utilisant la formule de Khoroshkin—Tolstoi (KT), dans laquelle on définit la matrice
R universelle comme un élément de Uy(b1) ® Uy(b7), ot Uy(b™) et Uy(b™) sont les

deux sous-algebres de Borel de Uq(Ag2)). Par définition ’élément R satisfait

A(z) =RA(x)R™Y, Vz e A,
(A®id)R = Ri13R23, (id® AR = Ri13R12.

La formule KT est une formule explicite pour la matrice R écrite en termes de généra-
teurs de I’algebre Uq(Aéz)). En prenant une représentation VoW de Uq(A§2))®Uq(Ag2))
pour R, par les équations ci-dessus, il est garanti que le résultat satisfera 1’équation
de Yang—Baxter. La matrice R de IK est la représentation de R sur I’espace V ® V' ou
V est la représentation fondamentale de Uq(AgQ)). En suivant les exemples donnés en
[5, 4], nous aimerions trouver des représentations de dimension infinie V(>) de U, (b%)
(ou Uy(b™)) qui peuvent étre utilisés pour la construction de 'opérateur (). Ces der-
niers opérateurs sont les matrices de transfert construits comme dans (D.1.7) ou la
trace est prise sur une représentation de dimension infinie V(*°) de Uy(bT). A cet effet,
nous trouvons certains représentations irréductibles de plus haut poids V(*) (modules
de Kirillov—Reshetikhin) de dimension (k + 1)(k 4+ 2)/2, ou k € N. Nos formules dé-
pendent explicitement de k, prendre la limite £ — oo conduit a des représentations de
dimension infinie V(> Selon le choix du vecteur de référence dans V*) on arrive a dif-
férentes représentations V(°°). Soyons plus spécifiques. L’algébre U, (Agz)) est associée

& la matrice de Cartan
4 =2
S __

et est définie par les générateurs (de Drinfeld) o, hyp, et K (r € Z, m € Zy) qui
satisfont les relations

KK '=K'K=1, Khy=hK, hgh =Mhhy,

Kfo_l = qile, (D.4.1)
+ _ —

[of ] = P e, (D.42)
r T T

(] = i[r](q’" +q "+ (=), (D.4.3)
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F1 iQ):I::l: +1 4+ +

:I: +
Lriols + ( —q $r+1$s+1 —q T, xs+2
+1, .+, + 1 + +
=4 Ty Tryg +(@? =gz +1$r+1 7 1’5+25L‘r» (D.4.4)

Sym(¢* 2t afaf — (¢ + ¢ Vel of + ¢ afatal ) =0, (D.45)
Sym(q—3 2z ke — (¢ + ¢V Datah, 2 + ¢ Pafatal,) = 0, (D.4.6)

ou Sym désigne une somme sur toutes les permutations de r, s et t. Les éléments zp,f
apparaissant dans I’équation (D.4.2) peuvent étre écrits en termes de générateurs h
en utilisant la relation

F(u) =) et = Kl exp ( 9—q Z hiu > (D.A7)
k=0

Soit V' une représentation de Uq(Ag)). Un vecteur v € V' est appelé un vecteur de
plus haut poids dans le sens de la présentation de Drinfeld si il satisfait

:Ugv =0, wkiv = wki;ov, (D.4.8)

pour ¢ € I, k € Z et certains nombres complexes wfk;o. Cette représentation est une
représentation de plus haut poids si pour un vecteur de plus haut poids v nous avons
V = Uq(Ag)).v. L’ensemble des nombres {wick;o} est appelé le plus haut poids de la
représentation V. D’aprés le théoreme de classification (Théoreme 3.3 de la [25]) il
résulte que les représentations irréductibles de dimension finie des algebres quantiques
affines peuvent étre définies par les polynémes de Drinfeld P(u). Les coefficients de ces
polynoémes sont précisément les nombres d}z‘i,k;(] apparaissant dans (D.4.8). Nous avons

Z ’QZ);‘—’LLT.U _ qdeg(P) P Z w— -

au sens que les termes de gauche et de droite sont les développements de Laurent du
terme du milieu autour de 0 et oo, respectivement. La classe de représentations qui
est pertinente pour nous, appelé les modules de Kirillov—Reshetikhin, est définie par
le polynéme de Drinfeld

k
H k 20+1 )

Cette représentation est marqués par le nombre k et, d’apres Proposition 10.1 de [61], la
dimension de cette représentation est égal a (k+1)(k+2)/2. Nous représentons l’espace

V#) comme V = D Unyn, et 'élément de Cartan K définit la décomposition
0<n1<n2<k

de V(¥ en les espaces de poids

2k
V= GBOV;” Vp = {Unl,nz € V|Kvn1,n2 = qk_pvnl,nw p=mn1+ n2}- (D'4'9)
p:
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Les éléments de matrice de qpf: dans V*) peuvent également étre extraits de la Pro-
position 10.1 de [61]. Nous pouvons écrire

i kgt _ qdeg(Pnl,nQ)—deg(in,nQ)P'fll,n2 (@ ') Quimo(qw) _ o+ (w),
k=0 e Pnl,nz(qu) in,nz(q_lu) 2
(D.4.10)
ou
k—n2 k—n1
Pnl,n2 (u> = H (1 - auq2(j_1)) H (1 + auq2j—1), (D411)
Jj=1 j=k—n2+1
k—n1 k
Quims(w) = [[ (1 —aug®) JI 1+ aug¥tt). (D.4.12)
J=k—na+1 j=k—nl+1

Donc nous connaissons la forme explicite de 1@'[ et, par conséquent, en utilisant la for-
mule (D.4.7), on peut calculer les éléments de matrice h;. En remplagant ces derniers
dans les équations (D.4.3) dans la représentation V) on peut voir que I'action des
opérateurs - est de la forme

l';t’unth = a;ll:l,ng (T)Un1$1,n2 + B?zztl,ng (T)Un1,n2¥1v (D'4'13)

+
n1,n2

résultat signifie que la représentation sur Despace V(¥) peut étre représenté par un
graphe dont les noeuds sont les vecteurs vy, , et les arétes relient les vecteurs qui sont
liés par I’action d’un opérateur = (voir Fig. D.4). Ensuite, nous calculons les éléments

ol « (r) et Bi ,,(r) sont les éléments de matrices correspondants. Ce dernier

r

FIGURE D.4 — Le graphe de 'espace vectoriel V(6.

des matrices a;f ., (r) et B, (r). En utilisant les relations de commutation entre les

générateurs de Drinfeld, on obtient un certain nombre de relations de récurrence pour
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I’éléments « et 5. Apres la résolution de ces relations de récurrence, nous obtenons

x;ﬂ)i,j _ A(_l)mq2m72imvi_17j
(%1 4+ 1) (¢% — ¢%) <q2k+2 _ q2j) g+ (1-2i)m—j—k+1
(¢ —1)2(q+ 1) (¢ + ¢%) (¢% + g% 1)
(—1)m (q2z‘+2 _ 1) (q2j . q2i) (q2i+1 + q2k+2> q—Qim—i—i—j—k
—1)2 D) (021 1+ g27) (g2t & g2i+1 Vit1,j
(@ —1)%(g+1) (¢ +¢%) (¢* + ¢* 1)
+ Bq By (D.4.15)

+ B! vij—1, (D.4.14)

T, Ui,j = A_l

ou A et B sont des parameétres libres. Ces formules dépendent explicitement de k, d’ou
la limite £ — oo nous donne les représentations de dimension infinie correspondant au
vecteur de référence vg o. Choisir d’autres vecteurs de référence (voir par example Sec-
tion 4.6, Eq. (4.6.4)) nous ameéne a “différentes” représentations de dimension infinie.
Dans la Section D.5, nous utilisons ces représentations pour calculer les matrices L.
Ces dernieres matrices jouent le méme réle dans la construction de 'opérateur () que
la matrice R pour la construction de la matrice de transfert.

D.5 Matrice R universelle pour Uq(Aéz))

La matrice universel R est définie par les équations suivantes

Al(z) = RA(x)R™Y, Vo € A, (D.5.1)
(A &® id)R = R173R273, (id ® A)R = R173R172. (D 5.2
Prenons I’Ansatz
R = Z U @ 4,

ol u; et v; sont les éléments de (certaines extensions de) Uy (b™1) et U, (b™) respective-
ment. Dans ce Ansatz la solution de (D.5.1) et (D.5.2) est un produit d’exponentielles

sur I’ensemble des racines plus élevées de 1’algebre Uq(Ag )). Nous écrivons les racines
simples ag et o comme

a=a;, ay=0d-—2aq,
puis les racines positifs sont

Ay ={a+mdm e Zso} U{2a+ (2m + 1)d|m € Z>o}
U{md|m € Zso} U{0 — 2ac +2md|m € Z>o} U{d —a+md|lm € Z>o}  (D.5.3)

Ensuite, nous choisissons 'ordre dans I’ensemble des racines

(6 —7)+16 <mb < v+ ko, v =0a2a, kl€Zsy, meZLsg. (D.5.4)
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La formule KT est écrite comme un produit de quatre termes
R =R.sRsRsK, (D.5.5)
R>—(5 = H R(S—a,m H R6—2a,ma
m m
Réf'y,m = equ,y((q - qil)eéf'wrmé ® f577+m5)7 7= Q, 2a,

Rs = ex ( 12 _ g 1/2 o em@m)a
= e (@ 2 g ) e I

R<5 = H Ra,m H RQa,mv

R’y,m = equW((q - q_l)e’y+m6 by fw—i—m(S), v =, 2a;

ou la g-exponentielle est la série

x? z3
qg"—1
(n)g! = (n)q(n — 1)q..(2)¢(1)q, (n)g = g—1

Le dernier terme K est défini comme suit. Pour deux quelconques vecteurs v € V(™)
et w e VW, nous avons kv = ¢*Yv et kw = ¢ Dw, on \ et 1 sont les poids de v et
w, alors

Kvow=q¢ e w. (D.5.7)

La formule KT est écrite en termes de générateurs de Drinfeld—Jimbo; dans la Sec-
tion 4.2, nous montrons comment réécrire la formule KT en termes de générateurs de
Drinfeld. Cela se révéle étre tres pratique du point de vue technique; d’ailleurs, les
représentations que nous avons construit avant peuvent étre substitués dans la formule
KT écrit dans la présentation de Drinfeld.

Il est possible d’évaluer analytiquement la matrice R universelle sur I’espace V@ W
si 'un des facteurs V ou W est de dimension basse. Plus précisément, si W =V = V1),
deux représentations fondamentales, la formule KT donne la matrice R de modele IK.
La deuxiéme application de la formule KT est ’évaluation de R sur Pespace V) @V (%)
dénotée R®) . Avec la matrice R*®) on peut calculer les matrices de transfert avec des
espaces auxiliaires de dimension plus élevée. Ces matrices de transfert sont importantes
dans la théorie des relations fonctionnelles.

Rappelons que la représentation V*) de la section précédente est obtenue avec le
vecteur de référence vo o (voir Fig. D.4). On peut modifier V*) en changeant son état
de référence (voir par example Section 4.6, Eq. (4.6.4)). Envoyer k & oo dans R®)
nous donne trois matrice L. Ces matrices L correspondent aux trois choix de vecteurs
de référence : v, vo et vk (voir [62] pour les explications). Malheureusement, le
calcul des trois opérateurs @) se révele étre tres difficile techniquement. L’opérateur @)
correspondant a vg j est le plus simple d’entre eux. Cela est dii au fait q’il peut étre
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écrit en termes d’une algebre de g-bosons (¢Osc)

B 2 2 kgt (Cr2+q3
2L 4 (rAg® q7cJ{ + q4c£ (CK% 4+ ¢3) cJ{ A(Zil) + c} %%4 + ; 7/\((%1) )
2
L=| —tath?  —qdacad+a'a Q) o 4 S g, o
3¢5 22 At KA @ ((+r2q°
%'f(qfl) cgcfcqﬁ + 2T 2cber¢ + P e? (qil)Q + ( — )

ou les éléments c1, CJ{, ca, cg et k, A forment une algebre ¢g-Osc avec les relations de
commutation

[er.eh] = [eaiel] = [k, A = 0,

kel = q terk, H,CJ{ = qc];/i,
KCy = KC3, ﬁc; = HC;,

Act = 1A, )\cl = cl)\

Aco = gAco, )\02 = q_l)\cg,
cre — 201 q’1 =0,

tob _ olal

CyC] — C1Cy G —O,
(g+1) (1 — K¢ k2 —1)q(g+1)
el = E@)\ )’ CICl:J I)ix\ ’
2 2 2
T__()\ —1)q(¢g+1) o (g+1)(1-X¢)
6262— K/)\ B 0202— K/)\ .

Afin de comprendre la relation entre les opérateurs ) venant de la théorie de la
représentation et les opérateurs () de Baxter il faut régler d’abord le probleme du
calcul des deux opérateurs () restants.

D.6 L’état fondamental du modéle IK au régime ¢° = —1

Nous avons vu que la fonction de partition DWBC a une représentation de détermi-
nant & ¢ = —1. Il se trouve que dans ce cas spécial ¢3 = —1 il est possible de calculer
d’autres quantités intéressantes. Notamment, nous pouvons trouver certaines solutions
des équations de Bethe. Avec la connaissance des racines de Bethe nous pouvons calcu-
ler I’état propre (et la valeur propre) correspondant, en utilisant I’ Ansatz algébrique de
Bethe présenté auparavant. En fait, on conjecture que c’est ’état fondamental. Cette
conjecture est basée sur de calculs pour les systemes de petites tailles.

Dans cette section, nous allons nous limiter a des états propres de secteur de N
particules et la longueur du systéeme est également pris égal a N. En outre, nous
considérons les conditions aux bords tordues avec la twist k = diag{q,1,1/q}. Les
équations de Bethe correspondant sont

H N (22— q%}) T (¢ -a¢) (a2 + ) —0, forj=1...N. (D6.1)
i1 ( CQ) 51 (Q2Ci2 - Cf) (sz +q<12)
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Les parametres z; sont les inhomogénéités. Tout d’abord, nous remarquons que ¢; = 0
résout cette équation. Cela est une conséquence du choix spécial du twist. Ensuite,
nous notons que cette équation dépend des carrés des racines de Bethe, cela signifie
que changer le signe de I'une des racines de Bethe n’a aucun effet et donne ainsi une
solution séparée. Introduisons de nouvelles variables \; = CZZ et A = (2. Les équations
de Bethe peuvent étre écrites comme

F'(g®N) | Q (=¢7'"N) Q' (¢*N)

POy Q@@ o) (B-6:2)
ol
N N
QM =TI0-x), FN=TI(r-22). (D.6.3)
i=1 =1
Soit w = €i™/3 et mettez ¢ = w. Il peut étre directement vérifiée que
Q' (t) = const\/t (F (f\/i) F (—wﬂ) ~F (ﬂ) F (wﬁ)) , (D.6.4)
ou

N
Fz)=]](@-=2), (D.6.5)
=1

résout ’équation (D.6.2). Ca veut dire qu'il existe un état propre (et aussi un état
propre dual) qui correspond a cette solution des équations de Bethe. Nous appelons
cet état 1y et conjecturons que cet état est I’état fondamental. De (D.6.4) et (D.6.3)
nous trouvons que les polynémes symétriques élémentaires dans les racines de Bethe,
notée EZ-(’\), peuvent étre écrits explicitement en termes de polynoémes symétriques

712 . . YA 7 z
élémentaires dans les inhomogénéités, notée El( )

(_1)m 2m-+2 ] ]
S EPER) (W — ), (D.6.6)

XN )
2680 (1-w?) =

m

Notant en outre que les expressions pour les états propres et les valeurs propres données
par I’Ansatz algébrique de Bethe sont symétriques dans les racines de Bethe, nous
pouvons utiliser (D.6.6) pour obtenir la solution explicite. La valeur propre pour les
systemes de taille générale N est

w? (F (—tw) F (—tw?) + F (tw) F (th))
A®) = F (—tw) F (tw) ' et

L’état propre ¥y, cependant, ne peut pas étre écrit sous une forme fermée pour N
grand. Les exemples de ¥ pour petits N sont présentés dans le Chapitre 5. Dans le
méme chapitre, on peut aussi trouver les produits scalaires de ’état ¥ et son état
dual pour N = 2.

On peut vérifier que l'expression (D.2.6) pour les valeurs propres de T'(u) et les
équations de Bethe dépendent des carrés des inhomogénéités et peuvent étre rédigés
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en termes de @Q’. Les fonctions @', & son tour, dépendent & la fois des puissances
paires et impaires des inhomogénéités. C’est-a-dire que changer le signe d’un sous-
ensemble des inhomogénéités z1, .., zy conduit également a une solution des équations
de Bethe. Cette solution, en raison de (D.2.6), donne automatiquement une autre valeur
propre de la matrice de transfert. En inspectant la formule (D.6.6), nous voyons que de
cette maniére nous pouvons produire 2V 1 différentes valeurs propres de la matrice de
transfert. Les états propres correspondants pour les systémes de petites tailles peuvent
également étre calculées. Ces calculs sont limités & un certain sous-ensemble des états
propres du secteur avec des N particules dans le régime quand ¢ est une racine de
I’unité. Résolvant les équations de Bethe pour les cas de g générique n’est pas possible
analytiquement. Toutefois, certains outils permettent d’obtenir quelques informations
sur les racines de Bethe. L’un de ces outils est d’utiliser ’operateur ). Pour le construire
il faut d’abord étudier la théorie de la représentation du groupe quantique qui sous-
tend le modele IK. Ce groupe quantique (I’algebre de Lie quantique affine) est appelée

Uy (Agz)), et nous nous tournons vers I’étude de certains des aspects de la théorie de la
représentation dans la section suivante.
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