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Résumé

Cette these se compose de deux parties indépendantes qui portent sur le controle stochas-
tique avec des espérances non linéaires et les équations stochastiques rétrogrades (EDSR), ainsi
que sur les méthodes numériques de résolution de ces équations.

Dans la premiere partie on étudie une nouvelle classe d’équations stochastiques rétrogrades, dont la
particularité est que la condition terminale n’est pas fixée mais vérifie une contrainte non linéaire
exprimée en termes de ” f-espérances”. Ce nouvel objet mathématique est étroitement lié aux
problemes de couverture approchée des options européennes ou le risque de perte est quantifié
en termes de mesures de risque dynamiques, induites par la solution d’'une EDSR non linéaire.
Dans le chapitre suivant on s’intéresse aux problemes d’arrét optimal pour les mesures de risque
dynamiques avec sauts. Plus précisément, on caractérise dans un cadre markovien la mesure
de risque minimale associée a une position financiere comme 'unique solution de viscosité d'un
probleme d’obstacle pour une équation intégro-différentielle. Dans le troisieme chapitre, on établit
un principe de programmation dynamique faible pour un probleme mixte de controle stochastique
et d’arrét optimal avec des espérances non linéaires, qui est utilisé pour obtenir les EDP associées.
La spécificité de ce travail réside dans le fait que la fonction de gain terminal ne satisfait au-
cune condition de régularité (elle est seulement considérée mesurable), ce qui n’a pas été le cas
dans la littérature précédente. Dans le chapitre suivant, on introduit un nouveau probleme de
jeux stochastiques, qui peut étre vu comme un jeu de Dynkin généralisé (avec des espérances non
linéaires). On montre que ce jeu admet une fonction valeur et on obtient des conditions suffisantes
pour l'existence d’un point selle. On prouve que la fonction valeur correspond a l'unique solu-
tion d'une équation stochastique rétrograde doublement réfléchie avec un générateur non linéaire
général. Cette caractérisation permet d’obtenir de nouveaux résultats sur les EDSR doublement
réfléchies avec sauts. Le probleme de jeu de Dynkin généralisé est ensuite étudié dans un cadre
markovien.

Dans la deuxieme partie, on s’intéresse aux méthodes numériques pour les équations stochas-
tiques rétrogrades doublement réfléchies avec sauts et barrieres irrégulieres, admettant des sauts
prévisibles et totalement inaccessibles. Dans un premier chapitre, on propose un schéma numérique
qui repose sur la métode de pénalisation et I'approximation de la solution d’'une EDSR par une
suite d’'EDSR discretes dirigées par deux arbres binomiaux indépendants (un qui approxime le
mouvement brownien et l'autre le processus de Poisson composé). Dans le deuxiéme chapitre,
on construit un schéma en discrétisant directement 1’équation stochastique rétrograde doublement
réfléchie, schéma qui présente 1’avantage de ne plus dépendre du parametre de pénalisation. On
prouve la convergence des deux schémas numériques et on illustre avec des exemples numériques
les résultats théoriques.

Abstract

This thesis consists of two independent parts which deal with stochastic control with nonlinear
expectations and backward stochastic differential equations (BSDE), as well as with the numerical
methods for solving these equations.

We begin the first part by introducing and studying a new class of backward stochastic differential
equations, whose characteristic is that the terminal condition is not fixed, but only satisfies a
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nonlinear constraint expressed in terms of ” f - expectations”. This new mathematical object is
closely related to the approximative hedging of an European option, when the shortfall risk is
quantified in terms of dynamic risk measures, induced by the solution of a nonlinear BSDE. In
the next chapter we study an optimal stopping problem for dynamic risk measures with jumps.
More precisely, we characterize in a Markovian framework the minimal risk measure associated
to a financial position as the unique viscosity solution of an obstacle problem for partial integro-
differential equations. In the third chapter, we establish a weak dynamic programming principle
for a mixed stochastic control problem / optimal stopping with nonlinear expectations, which is
used to derive the associated PDE. The specificity of this work consists in the fact that the terminal
reward does not satisfy any regularity condition (it is considered only measurable), which was not
the case in the previous literature. In the next chapter, we introduce a new game problem, which
can be seen as a generalized Dynkin game ( with nonlinear expectations ). We show that this
game admits a value function and establish sufficient conditions ensuring the existence of a saddle
point . We prove that the value function corresponds to the unique solution of a doubly reflected
backward stochastic equation (DRBSDE) with a nonlinear general driver. This characterisation
allows us to obtain new results on DRBSDEs with jumps. The generalized Dynkin game is finally
addressed in a Markovian framework.

In the second part, we are interested in numerical methods for doubly reflected BSDEs with jumps
and irregular barriers, admitting both predictable and totally inaccesibles jumps. In the first
chapter we provide a numerical scheme based on the penalisation method and the approximation
of the solution of a BSDE by a sequence of discrete BSDEs driven by two independent random walks
(one approximates the Brownian motion and the other one the compensated Poisson process). In
the second chapter, we construct an alternative scheme based on the direct discretisation of the
DRBSDE, scheme which presents the advantage of not depending anymore on the penalisation
parameter. We prove the convergence of the two schemes and illustrate the theoretical results
with some numerical examples.
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Chapter 1

General Introduction

1.1 BSDEs with nonlinear weak terminal condition

This chapter is based on a paper written under the coordination of B. Bouchard ' and submitted
for publication: ”BSDEs with nonlinear weak terminal condition” [57].

1.1.1 Preliminaries and overview of the literature

We start by recalling that a Backward Stochastic Differential Equation (in short BSDE) is an
equation which takes the following form

T T
Y, =¢ +/ 9(s,Ys, Z,)ds — / ZdW,, 0<t<T, (1.1.1)
t t

where {W;}o<t<7 is a Brownian motion defined on a probability space endowed with the natural
complete filtration denoted by {F;}o<i<r. The data of a such equation are given by the terminal
condition &, which is a random variable Fpr-measurable, valued in R and a driver g, a random
map defined on [0,7] x © x R x R and valued in R, which is measurable with respect to the
o-algebras P @ B(R) ® B(R) and B(R), where P represents the predictable o-algebra. To solve
this equation means to find a couple of processes {(Y;, Z;) bo<t<r satisfying equation (1.1.1) and
adapted with respect to the filtration generated by the Brownian motion. We give below a more
precise definition.

Definition 1.1.1. The solution of a BSDE is a couple of processes (Y, Z) valued in Rx R such that
Y is continuous and adapted, Z is predictable and P-a.s, t — Z; belongs to Lip(0,T), t — g(t,Y;, Zy)
belongs to L1(0,T) and

T T
Y, =¢ +/ g(s,Ys, Zs)ds — / ZdWs, 0<t<T. (1.1.2)
t t

The BSDEs have been first introduced in the case of a linear driver by J.-M.Bismut [24]. The
starting point of the theory of nonlinear backward equations is the paper of E. Pardoux and S.
Peng [124], since the authors consider BSDEs with nonlinear generator in (y, z). Let us recall this
result:

1T also express my gratitude to Romuald Elie for all the challenging and very useful discussions he has initiated.
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Theorem 1.1.2 (E.Pardoux - S.Peng). Suppose that the driver g is lipschitz in (y, z), uniformly
with respect to (t,w) and

T
E[J¢[ + / 19(5,0,0)[2ds] < +oc.
0
Then the BSDE (1.1.1) admits an unique solution (Y, Z) belonging to Sy x Ha.

Expressed in a ”forward form”, the resolution of such equations boils down in finding an initial
condition Yy and a process Z such that the controlled process (YtY(”Z)OStST satisfies the SDE:

t t
3&22%_/9@@WUQ@+/me (1.1.3)
0 0

and the condition sz/ 0% — ¢ at the terminal time 7. From a financial application point of view, the
study of these equations is related to the pricing of European options in complete markets, since
Y gives the price and Z provides the associated hedging strategy. However, since in incomplete
markets it is not always possible to construct a replicating portfolio such that its terminal value
coincides with the price of the claim &, a weaker formulation is to find an initial condition Y, and
a control Z such that

Yo7 > ¢ (1.1.4)

In this case, one is interested in finding the minimal initial condition Yj, which corresponds to
the cost of the cheapest super-replication strategy for the contingent claim ¢ and the associated
control Z (see e.g. [72]).

Since in most cases, the super-hedging price leads to an unbearble cost for the buyer, which is not
reasonable in practice, it was suggested to relax the strong constraint (1.1.4) into a weaker one of
the form

E[l(Y, "7 — €)] > m, (1.1.5)

where m is a given threshold and [ is a non-decreasing map.

For I(x) = 1{;>0}, this corresponds to matching the criteria Y%/O’Z > & at least with probability
m and corresponds to the quantile hedging problem introduced by Féllmer and Leukert [84]. Then,
this problem has been studied by Bouchard, Elie and Touzi [32] in a Markovian framework, using
the stochastic target techniques developed by Soner and Touzi (see [142]). This approach, based
on the primal formulation of the value function and the geometric dynamic programming, allows
one for a treatement of this problem in a more general framework, e.g. when the strategy of the
agent may influence the value of the risky assets (large investor model). The original treatment of
the problem by Follmer and Leukert relies on the fact that this strategy is linear in the control.

More generally, [ may represent a loss function, a classical example being I(z) := — (27 )9 with
g > 1, see [85] for general non-Markovian but linear dynamics. Another example in financial
mathematics could be represented by the case when [ plays the role of an utility function.
Very recently, Bouchard, Elie and Reveillac [31] have addressed this problem in a nonlinear non-
Markovian setting and to this purpose they introduce a new class of BSDEs whose terminal con-
dition is not fixed as a random variable, but only satisfies the following weak constraint

E[W(Y,>7)] > m. (1.1.6)



The problem can be thus formulated as follows:
Find the minimal Yj such that (1.1.3) and (1.1.6) hold for some Z. (1.1.7)

The key idea is to ”"transpose” problem (1.1.7) written in terms of BSDEs with weak terminal
condition into an equivalent one, expressed as an optimization problem on the solutions of a family
of BSDEs with strong terminal conditions, indexed by an additional control «, as we shall explain
in the sequel. In order to do it, the authors appeal to the martingale representation theorem. More
precisely, if Yy and Z are such that (1.1.6) holds, then the martingale Theorem implies that we
can find an element « in the set Ag of predictable square integrable processes, such that

T
T(Y07) > M = m+/0 o dW. (1.1.8)

Since W is non-decreasing, one can define its left-continuous inverse ® and we get that the solution
(Y*, Z%) of the following BSDE

T T
Y, = o(M) + / g(s, Y Z2)ds — / Z&dW,, 0 <t <T, (1.1.9)
t t

solves (1.1.3) and (1.1.6). It is finally proved that the solution of (1.1.7) is given by
Yo(m) = inf{Yy", a € Ap}. (1.1.10)

We would like to point out that in a Markovian setting, it is used the same idea of introducing an
additional process M and control o and the difficulty relies on the fact that « can take unbounded
values, since it comes from a martingale representation Theorem.

Now, in order to study (1.1.10), the authors make the problem dynamic and define

V(1) == essinf{Y*, o/ € Agst. & =aon [0,7]}, 0<7<T. (1.1.11)

It is shown that the family {}*, « € Ay} satisfies a dynamic programming principle, which can
be seen as a counterpart of the geometric dynamic programming principle. It is then provided
a representation of the family {J* « € Ag} in terms of minimal supersolutions to a family of
BSDEs with driver g and (strong) terminal conditions {®(M;""),a € Ay}, as well as the existence
of an optimal control in the case when g and ® are convex. Some main properties of the value
function given by (1.1.10), as continuity and convexity with respect to the threshold m are obtained.
Finally, by using only probabilistic arguments, it is shown that Problem (1.1.10) admits a dual
representation which takes the form of a stochastic control problem in Meyer form, extending the
results obtained in the case when the driver g is linear (see [32], [84] and [85]).

1.1.2 Contributions

In this Chapter, we introduce a more general class of BSDEs than the one considered by Bouchard,
Elie and Reveillac [31], whose terminal condition satisfies the following nonlinear weak constraint:

E (Y H)] > m, (1.1.12)



where E7[¢] is the nonlinear operator which gives the solution of the BSDE associated to the
terminal condition £ and the nonlinear driver f. We can easily remark that (1.1.6) represents a
particular case of (1.1.12) for f = 0. The problem under study in this paper is the following:

inf{Yy such that 37 : (1.1.3) and (1.1.12) hold}. (1.1.13)

Following the key idea of [31], we rewrite our problem (1.1.13) into an equivalent one expressed
in terms of a family of BSDEs with strong terminal condition. The main difference with respect to
[31] is given by the fact that in our case we have to introduce a new controlled diffusion process,
which is an f—martingale, contrary to [31] where it is a classical martingale. Indeed, for a given
Yy and Z such that (1.1.3) and (1.1.12) are satisfied, using the BSDE representation of W(Y,*7),
we can find o € Ay such that:

T T
T(Y07) > M =m — (s, M™% ag)ds +/ asdWs. (1.1.14)
0 0

Thanks to this observation, we show that Problem (1.1.13) is equivalent to (1.1.10), where, in
our more general framework, Y,* corresponds to the solution at time ¢ of the BSDE with (strong)
terminal condition ®(M7""). We study the dynamical counterpart of (1.1.10):

V(1) == essinf{Y*', o/ € Ag s.t. o =a on [0,7]}. (1.1.15)

We carry out a similar analysis as in [31] of the family {J*, o € Ag}. We start by studying for
each a € Ag the regularity of the family {Y*(7),7 € T}. More precisely, we show that it can be
aggregated into a right-continuous process, result which requires in our case some subtle arguments
of stochastic analysis due to the nonlinearity of the driver f. We then provide that Y* corresponds
to the unique minimal solution of a BSDE. We show that our value function is continuous and
convex (in a probabilistic sense) with respect to the threshold m. In the case of a concave driver f,
we obtain the existence of an optimal control, as well as a dual a representation. Indeed, we prove
that Yo(m) (defined as in (1.1.10)) corresponds to the Fenchel transform of the value function of
the following stochastic control problem, that is Vo(m) = sup,sq(lm — Xy(1)), where

X(l) ;= inf XM 1.1.1
o(l) (A,yl)reluxv o ( 0)

with

Ly
XM =E / L25(5,\s) ds—/ ALV f(s ’ys)ds—l—ﬁ)‘CID(A
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with f ( respectively g, Q:D) the concave conjugate of f ( respectively the convex conjugates of g
and P).

The additional nonlinearity f raises important and subtle technical difficulties, since most of the
results in [31] are provided using specific techniques to the case of linear constraints, which cannot
be adapted to our nonlinear setting. Besides the mathematical interest of our study, this work
is also motivated by some financial applications. Indeed, our problem is closely related to the
approzimative hedging under dynamic risk measures contraints of an European option, which can
be expressed in the following form:

inf{Y} such that 3 Z : por[—(Yr —&)7] < m}, (1.1.17)



where p,r[£] represents the risk measure at time ¢ of £ which is defined as —é't{ +€]. Note that
in the case of a nonlinear concave driver, the associated dynamic risk measure is convex. More
details concerning the design of risk measures in a dynamic setting by means of backward stochastic
differential equations are presented in the next chapter.

1.2 Optimal Stopping for Dynamic Risk measures with
jumps and obstacle problems

This chapter is based on the paper ”Optimal Stopping for Dynamic Risk measures with jumps
and obstacle problems” [61], joint work with M.C. Quenez and A. Sulem, J. Optim. Theory
Applic.(2014) DOI 10.1007/s10957-014-0636-2.

1.2.1 Preliminaries and overview of the literature

In the first chapter, we have introduced the Backward Stochastic Differential Equations in the case
of a Brownian filtration, which can be seen as a generalization of the conditional expectation of a
random variable £, since when the driver g is the null function, we have Y; = E[¢{|F;], and in that
case, Z is the process appearing in (F;);>o-martingale representation property of (E[¢]|F;])i>o-

In the case of a filtered probability space generated by both a Brownian Motion W and a
Poisson random measure N with compensator v, the martingale representation of (E[{|F])i>0
becomes:

E[¢| 7] :§+/tTstWS+/tT/*Us(e)(N—y)(de,ds), P as,

where U is a predictable function. This leads to the following natural generalization of equation
(1.1.1) to the case of jumps. We will say that (Y, Z,U) is a solution of the BSDE with jumps
(BSDEJ in short) with generator f and terminal condition & if for all ¢ € [0, 7] we have P-a.s.

T T T
Y, =¢ +/ 9(s,Ys, Zs,Us)ds — / ZsdWs — / / Us(e)(N —v)(de,ds), 0<t<T. (1.2.1)
t t t *

In 1994, Tang and Li [147] were the first to prove existence and uniqueness of a solution for (1.2.1)
in the case when g is Lipschitz in (y, z, u).

The case of a discontinuous framework is more involved, especially concerning the comparison the-
orem which requires an additional assumption. In 1995, Barles, Buckdahn, Pardoux [9] provided a
comparison theorem as well as some links between BSDEs and non-linear parabolic integral-partial
differental equations, generalizing some result of [125] to the case of jumps. In 2006, Royer [140]
proved a comparison theorem under weaker assumptions, and introduced the nonlinear expecta-
tions in this framework.

Furthermore, in 2004-2005, various authors have introduced dynamic risk measures in a Brown-
ian framework, defined as the solutions of BSDEs. More precisely, given a Lipschitz driver g(¢, z, 7)
and a terminal time 7', the risk measure p at time ¢ of a position £ is given by —X;, where X is



the solution of the BSDE driven by a Brownian motion, associated with g and terminal condition
&. By the comparison theorem, p satisfies the monotonicity property, which is usually required for
a risk measure. Many studies have been recently done on such dynamic risk measures, especially
concerning robust optimization problems and optimal stopping problems, in the case of a Brownian
filtration and a concave driver (see, among others, Bayraktar and coauthors in [13]). In the case
with jumps, the links between BSDEs and dynamic risk measures have been recently studied by
Quenez-Sulem in [137].

Reflected backward stochastic differential equations (RBSDEs in short) have been introduced
in 1997 by the five authors El Karoui, Kapoudjian, Pardoux, Peng and Quenez [71] in the case
of a filtration generated by the Brownian motion. These equations are generalisations of the
deterministic Skorokhod problem. Indeed, given an adapted process & := (&):<r which plays
the role of the barrier, the solution of a RBSDE associated to data (), g,€) is a triplet of square
integrable processes {(Y;, Z;, A;); 0 <t < T} which satisfy:

(

T T
K:n—i_/ g<87w7}/;725)d8+AT_At_/ ZSdWS, 0§t§T7
t t

T
| oi-gjaa=o
\ /0

where A is a continuous, increasing process whose role is to push the solution Y such it remains
above the barrier £. The condition fOT(Yt —&;)dA; = 0 ensures that the process A acts in a minimal
way. More precisely, A increases only on the set {Y = ¢}.

The development of reflected BSDEs has been motivated in particular by two applications:
the pricing and hedging of American options, especially in markets with constraints, and the
probabilistic representation of solutions of obstacle problems for nonlinear PDEs .

Concerning the first application in financial mathematics, El Karoui, Pardoux and Quenez were
the first to show that in a complete market, the price of an American option with underlying asset
(&)i<r and exercise price v is given by Y, where (Y3, 1, Ai)i<r is the solution of the following
reflected BSDE:

—dY; = b(t,Ys, m)dt + dA; — 7 dWy, Yp = (&0 — )7,
T

¥ > (& — )" and / (Y — (€ — 7)*)dA, = 0,

0

(1.2.3)

for a particular choice of b. The process 7 gives us the replication strategy and A is the buyer’s con-
sumption process. In a standard financial market, the function b is given by b(t, w, y, z) = ryy+ 26y,
where 6, is the risk premium and r, represents the interest rate of investement or borrowing.

The generalization to the case of reflected BSDEs with jumps, which is a standard reflected
BSDE driven by a Brownian motion and an independent Poisson random measure, has been
established by Hamadeéne and Ouknine in [90]. A solution for such equation, associated with a



coefficient f, terminal value n and a barrier £, is a quadruple of process (Y, Z,U, A) of adapted
solutions which satisfy the following equation:

( T

T
Y,=n +/ g(s,w,Ys, Zs, Ug)ds + Ap — Ay — / ZdW,
At t
—/ / Uy(e)N(ds,de), 0 <t <T,
' .
Y;/ 2 fta
T
\J 0

Using two methods - the first one based on the penalization argument and the second one on

(1.2.4)

the snell envelope theory -, the authors have shown the existence and uniqueness of solutions if
n is square integrable, ¢ is uniformly lipschitz with respect to (y, z,u) and the barrier & is right
continuous left- limited (RCLL for short) whose jumping times are inaccessible stopping times.
Note that this later condition played a crucial role in their proofs. In this case, the jumping times
of the process Y come only from those of its Poisson process and then they are inaccessible.

The general case of RBSDEs with jumps and irregular obstacles has been considered e.g. in
[78] and more recently by Quenez-Sulem [138]. The barrier £ is just rcll and thus the jumping
times of process Y come not only from those of its Poisson process (inaccessible jumps) but also
from those of the process ¢ (predictable jumps), which means that the process Y has two types of
jumps: inaccessible and predictable ones. The difficulty here lies in the fact that since the barrier £
is allowed to have predictable jumps then the reflecting process A is no longer continuous but just
RCLL. In this case, the difference with respect to (1.2.4) only appears in the Skorokhod condition
which becomes: fOT(Y} —&-)dA, = 0.

An important application of reflected BSDEs is its connection to optimal stopping problems
and its associated variational inequalities in the Markovian case. More precisely, given an RCLL
process (&, 0 <t < T) and a Lipschitz driver g satisfying the additional assumption such that the
comparison theorem holds, the solution Y of the associated RBSDE satisfies: for each stopping
time S € Ty,

Ys = esssup Xs (&, 7), a.s. (1.2.5)

TETs
where for 7 € Tg, X.(&,7) is the solution of the BSDE associated with terminal time 7, terminal
condition &, and driver g (see [138]). Note that Tg represents the set of stopping times with values
in [0,77], a.s. greater than S.

1.2.2 Contributions

In this chapter, we study the optimal stopping problem for dynamic risk measures with jumps in
a Markovian framework.

Let us first formulate our problem. Let 7' > 0 be the terminal time and f be a Lipschitz driver.
For each T" € [0, T] and n € Lo(Fr), set:

p{(an/) = pt(naT/) = _Xt(n7T/>’ 0<t< T,v (1'2'6)



where X;(n,T") denotes the solution of the BSDE with driver g and terminal conditions (77, 7). If
T' represents a given maturity and 7 a financial position at time 7", then p(n,T") is interpreted
as the risk of 7 at time ¢. The functional p : (n,7") — p.(n,T’) thus represents a dynamic risk
measure induced by the BSDE with driver f.

Let (&, 0 <t < T) be an RCLL adapted process in Sy ( which denotes the set of processes
¢ such that E[sup,.; ¢7] < +oo ), representing a dynamic financial position. Let S € Ty. The
problem is to minimize the risk measure at time S. Let v(S) be the associated value function,
equal to the Fg-measurable random variable (unique for the equality in the almost sure sense)
defined by

v(9) = esgiTnf ps(&, 7). (1.2.7)

This random variable v(.S) corresponds to the minimal risk measure at time S.
Since by definition pg(&,, 7) = —Xs(&,, T), we have, for each stopping time S € 7y,

v(S) = essinf —Xg(&,, 7) = —esssup Xs (&, 7). (1.2.8)

TGTS TETS

Now, using the link between reflected BSDEs and optimal stopping (3.2.4), one can relate
the value function of the problem defined by (2.2.8) to the solution of the reflected BSDE. More
precisely, we have:

v(S) = —Ys. (1.2.9)

Since our aim is to characterize this value function in a Markovian framework, we consider the
terminal condition, obstacle and driver of the following form:

&b = N(s, X17), s < T,
7= g(X7), (1.2.10)
g(s7w7y’ Z? k) = 9(87 Xﬁ,x<w)7y7 Z? k)? S S T?

where (¢, x) is a fixed initial condition and X" is a state process which has the following dynamic:
X =g —i—/ b(X5E")dr +/ o (X")dW, —i—/ B(XL", e)N(dr, de). (1.2.11)
t t t R*

The maps f,h,g,b,0,5 are deterministic functions satisfying usual Lipschitz assumptions (the
reader is refered to the corresponding chapter). In the Markovian setting, for each (¢,x), the
minimal risk measure v(¢, x) is defined as:

o(t,r) = =Y, (1.2.12)

where Y57 is the reflected BSDE with data given by (1.2.10).

Our main constribution consists in establishing the link between the value function of our opti-
mal stopping problem and parabolic partial integro-differential variational inequalities (PIDVIs).
We prove that the minimal risk measure is a viscosity solution of a PIDVI. This provides an ex-
istence result for the obstacle problem under relatively weak assumptions. In the Brownian case,



this result was obtained by using a penalization method via non-reflected BSDEs. This method
could also be adapted to our case with jumps, but would involve heavy computations in order
to prove the convergence of the solutions of the penalized BSDEs to the solution of the reflected
BSDE. It would also require some convergence results of the viscosity solutions theory in the
integro-differential case. We provide a direct and much shorter proof.

Under some additional asumptions, we provide a comparison theorem, relying on a non-local
version of Jensen-Ishii Lemma, from which the uniqueness of the viscosity solution follows. We
extend the results of [10] to the case of nonlinear BSDEs, which leads to a more complex integro-
differential operator in the associated PDE. In the case of integro-differential equations, the dif-
ficulty arises from the treatement of nonlocal operators. The main idea is to split them in one
operator corresponding to the small jumps and one corresponding to the big jumps and to use a
less classical definition of viscosity solution introduced in [10], adapted to integro-differential equa-
tions and equivalent to the two classical ones, which combines the approach with test-functions
and sub-superjets (the solution is replaced by the test function only around the singularity of the
measure in the nonlocal operator).

1.3 Generalized Dynkin Games and Doubly Reflected BS-
DEs with jumps

This chapter is based on the paper ” Generalized Dynkin games and Doubly Reflected BSDEs with
jumps” [62], joint with M.C. Quenez and A. Sulem and submitted for publication.

1.3.1 Preliminaries and overview of the literature

The Dynkin game is a zero-sum, optimal stopping game between two players. Fach player can
either stop the game or continue. The game is stopped as soon as either player stops, and the
payoff depends on who stops first. This stochastic stopping game, nowadays known as the Dynkin
game, was first introduced by Dynkin [66] as a generalization of optimal stopping problems. Since
then, there has been a considerable amount of research on Dynkin games and related problems.
Some examples include Dynkin and Yushkevich (1968) [67], Bensoussan and Friedman (1974) [21],
Neveu (1975) [121], Bismut (1977) [23], Stettner (1982) [146], Alario, Lepeltier et Marechal (1982)
[1], Morimoto (1984) [119], Lepeltier and Maingueneau (1984) [111], Cvitanic and Karatzas (1996)
[52], Karatzas and Wang (2001) [101], Ekstrom and Peskir [77], Laraki and Solan [114], Peskir
[135], Rosenberg and al. [139], Touzi and Vieille (2002) [149] etc. Most of the literature focuses
on establishing the existence of optimal stopping times as well as value under various models and
payoff assumptions. In discrete-time, it is easy to show the existence of optimal stopping times
and value using backward induction arguments. In continuous-time, perhaps the most important
result is due to Lepeltier and Maingueneau [111], who proved the existence of e-optimal stopping
times as well as the value.

Let us recall the mathematical formulation of a classical Dynkin Game.
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The setting of the problem is very simple. There are two players, labeled Player 1 and Player
2, who observe two payoff processes ¢ and ¢ defined on a probability space (2, F,P). Player 1
(resp., 2) chooses a stopping time 7 (resp. o) as a control for this optimal stopping problem.
At (stopping) time o A 7 the game is over, and Player 2 pays the amount (,1,~, + &1,<, to
Player 1. Therefore the objective of Player 1 is to maximize this payment, while Player 2 wishes
to minimize it. It is then natural to introduce the lower and upper values of the game

V =supinf F[{,1,5, + (1r<5); V i=infsup Elé, 1,50 + (1<, (1.3.1)
If the two value functions defined above coincide, then the game is said to admit a value function.

An interesting financial application of the Dynkin game is in the study of game options, also
known as Israeli options, as defined by Kifer [103]. A game option is a contract between an is-
suer and a holder, in which the holder may exercise the option at any time for a payoff and the
issuer may cancel the option at any time for a fee. It is one of the few financial contracts in
which the issuer also makes meaningful decisions affecting the payoff. If we ignore the dependence
on the underlying assets and focus on the relationship between decisions and payoffs, the game
option is comparable to a Dynkin game. Moreover, the cancellation fee is typically assumed to
be greater than or equal to the exercise payoff, echoing the standard payoff inequalities found in
Dynkin games. In both discrete-time and continuous-time models, it was shown by Kifer [103]
that the game option has a unique arbitrage price. Further research on game options, as well as
more sophisticated game-type financial contracts, includes papers by Bielecki and al. [22], and
Dolinsky Kifer [56], Dolinsky and al. [55], Hamadene and Zhang [93], Kallsen and Kuhn [97, 98],
and Kifer [103].

We now focus on the relationship between Classical Dynkin Games and Doubly Reflected BSDFEs
(in short DRBSDESs), which have been introduced by Cvitanic and Karatzas [52] in the case of a
Brownian filtration. The solution is forced to remain between two upper and lower barriers £ and
¢ and it is represented by a quadruple of square integrable processes {(Y;, Z;, Ay, A,); 0 <t < T}
satisfying:

(

T T
Y, =§+/ g(s,w, Yy, Z)ds + Ar — Ay — (A — A)) —/ ZdWs, 0<t<T,
t t
& <Y <, (1.3.2)
T T
/ (V) — &)dA, = 0 et / (¢, — Y;)dA, = 0.
\ /0 0

with A and A’ two continuous processes, increasing, whose role is to keep the process Y between
the two barriers. They proved existence and uniqueness of the solution in the case when the
barriers are regular and satisfy the so-called Mokobodski condition which turns into the existence
of the difference of two non-negative supermartingales between ¢ and (.

In the case of a process driver g which only depends on (¢,w), Cvitanic-Karatzas have shown that
the existence of a solution (Y, Z, A) to the above BSDE implies that Y corresponds to the value
function of a Classical Dynkin Game. We give below their result:
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Theorem 1.3.1 (Cvitanic-Karatzas). Let (Y, Z, A, A") be a solution of the BSDE with g(t,w,y, z) =
g(t,w). For any 0 <t <T and any two stopping times (1,0) € T x T, consider the payoff:

TNO
Li(1,0):= / gu)du+ & 1< + (o 1oer,
t
as well as the upper and lower values, respectively,

V (t) := essinf esssup E[I,(7,0)|F;], V(t) := esssupessinf E[I;(7, o)|F].

o€Te  reT; ret;  o€Th

of a corresponding Dynkin game. This game has value V(t), given by the state process Y of the
solution to the BSDE, that is,

Vit)=V(#t)=V({#t)=Y, as YO<t<T,
as well as a saddlepoint (64,7;) € Ty X Ty given by
op:=inf{s e [t,T), Yo =} AT, 7:=inf{se [t,T), Yi=E&} N T.

namely

E[li(7:,61)] < E[Ii(74, 61)] = Yy < E[L(7, 04)],

for every (o,7) € Ty x T;.

Since the seminal paper of Cvitanic-Karatzas, many authors have explored the existence and
the uniqueness of the solution as well as the links with classical Dynkin Games under different as-
sumptions on the coefficient g and regularity of the barriers (see for e.g. Lepeltier-San Martin and
[112]).These results have also been extended to the case of DRBSDESs driven by both a Brownian
motion and a random Poisson measure (see for e.g. [86], [87], [50]).

The above link between classical Dynkin games and DRBSDFEs can be extended to the case of
general nonlinear DRBSDESs, since given the solution Y of the DRBSDE, it is shown to coincide
with the value function of the classical Dynkin game with payoft:

oNT
Is(r, o) = / Gty Y, Zus k)t + €T + Gl (1.3.3)
S

where Z, k are the associated processes with Y. However, this characterization is not really
tractable because the instantaneous payoff g(u,Y,, Z,, k,) depends on the value function Y of
the associated Dynkin game. We shall see in our contribution that we can define a well-posed
game problem (in the sense that the criterium does not involve the value function itself), which
is shown to admit a value coinciding with the solution of a DRBSDE with general nonlinear driver.
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1.3.2 Contributions

In Chapter 3, we introduce a new game problem, which can be seen as a generalization of the
classical Dynkin game. More precisely, the linear expectation in the performance is replaced
by a nonlinear g-conditional expectation, induced by a backward stochastic differential equation
(BSDE) with jumps. We describe below very briefly this new game problem.

Let £ and ¢ be two adapted processes only supposed to be RCLL with (7 = &7 a.s., £ € So,
€Sy, & <G, 0<t<T as.
For each 1,0 € Ty, the payoff at the stopping time 7 A ¢ is given by:

[(7-7 U) = é‘rl‘rga + Coloer. (1.3.4)

Let S € Tp. For each 7 € Tg and o € Tg, the associated criterium is given by Eg . no(I(7,0)),
the g-conditional expectation of I(7,0). At the stopping time S, the first (resp. the second) player
chooses a stopping time 7 (resp. o) after S, in order to maximize (resp. minimize) the criterium.

For each stopping time S € 7y, the upper and lower value functions at time S are defined as

follows:
V(9) := essinf esssup Esno (I(T,0)); (1.3.5)
o€Ts  reTs
V(S) := ess sup essinf Eg 1, (1(T,0)). (1.3.6)
T€Ts o€Ts

The game admits a value function if V(S) = V().

Under Mokobodski’s condition, we show the existence of a value function for this game, which
can be characterized by the unique solution of a nonlinear doubly reflected BSDE (DRBSDE). Up
to now, no interpretation of general nonlinear doubly reflected BSDEs in terms of control or game
problems (with nonlinear expectation) had been given in the literature.

Using this characterization, we obtain some properties of these DRBSDESs, such as a general
comparison theorem and a strict comparison theorem. We also establish new a priori estimates with
universal constant for DRBSDESs, and the proof is based on the characterization of the solution as
the value function of this new game problem. When both obstacles are left upper semicontinuous
along stopping times, we show the existence of a saddle point of the generalized Dynkin game.
We point out that we do not assume the strict separability of the barriers, assumption which is
crucial in the previous literature. We can get rid of it by imposing an additional constraint on the
increasing processes A, A’ which appear in Definition 1.3.2 (note that in our setting the increasing
processes A and A’ are no longer continuous). More precisely, we assume that the measures dA
and dA’ are mutually singular in the probabilistic sense, i.e. there exists D € P such that

T T
0 0

This constraint is also important in order to obtain the uniqueness of the increasing processes
A and A’. Moreover, it allows us to identify the positive and negative jumps of the solution of
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the DRBSDE, this identification being used in the proof of the existence of saddle point without
assuming the strict separability of the barriers.

We continue by studying a generalized mixed zero-sum game under the g-conditional expecta-
tion, in which two players compete by taking two actions: continuous control and stopping. We
provide some sufficient conditions (such as the controlled drivers ¢g*v have a saddle point g™"),
which ensure the existence of a value function of the generalized mixed game and characterize the
common value function as the solution of a DRBSDE with driver ¢*¥. When both obstacles are
left upper semicontinuous along stopping times, the associated generalized mixed game admits a
saddle point.

We then address the generalized Dynkin game in the Markovian framework and study its links
with parabolic partial integro-differential variational inequalities (PIDVTI) with two obstacles. More
precisely, we show that the value function of the generalized Dynkin game in the Markovian case
is the unique viscosity solution of the corresponding PIDVI. From a PDE point of view, this result
provides a new probabilistic interpretation of semi linear PDEs with two barriers in terms of game
problems.

1.4 A Weak Dynamic Programming Principle for Com-
bined Stochastic Control/Optimal Stopping with &£/-
Expectations

This chapter is based on the paper ” A weak dynamic programming principle for Combined Stochas-
tic Control / Optimal Stopping with £/-expectations” [63], joint with M.C. Quenez and A. Sulem
and submitted for publication.

1.4.1 Preliminaries and overview of the literature

The Dynamic Programming Principle (in short DPP) is the main tool in the theory of stochastic
control. The basic idea of the method is to consider a family of stochastic control problems with
different initial states and to establish relationships between the associated value functions. It was
initiated in the fifties by Bellman ([28], [19]), who says that "an optimal policy has the property
that, whatever the initial state and control are, the remaining decisions must constitue an optimal
policy with regard to the state resulting from the first decision”. Typically, a stochastic control
problem in a finite horizon time 7" can be written as follows:

V(0,z) := sup]E[/O f(s, X a)ds + g(XT)], (1.4.1)

acA

where f is the instantaneous reward and ¢ the terminal payoff.
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A formal statement of the DPP is

V(0,z) =v(0,2) := supE[/OT (s, X$ a)ds + V (T, X2, (1.4.2)

acA

where 7 is an arbitrary stopping time such that 7 € [0,T) a.s.

In the case of controlled Markov jump-diffusions, the DPP is used in order to derive the cor-
responding dynamic programming equation in the sense of viscosity solutions. In the literature,
this principle is classically established under assumptions which ensure that the value function
satisfies some regularity /measurability properties, see e.g. Fleming-Rischel, Krylov, El Karoui,
Bensoussan-Lions, Lions P.-L., Fleming-Soner, Touzi for the case of controlled diffusions and Ok-
sendal and Sulem for the case of Markov jump-diffusions. The statement (1.4.2) of the DPP is
very intuitive and can be easily proved in the deterministic framework, or in discrete-time with
finite probability space. However, its proof is in general not trivial and requires on the first stage
that V' is measurable.

The case of a discontinuous value function has been studied in a deterministic framework in
the eighties: a weak dynamic programming principle has been established for deterministic control
by Barles (1993) (see [8]) (see also Barles and Perthame (1986) [11]). More precisely, he proves
that the upper semicontinuous envelope V* and the lower semicontinuous envelope V, of the value
function V' satisfy, respectively, the sub- and super-optimality principle of dynamic programming
of Lions and Souganidis (1985) [114]. He then derived that the (discontinuous) value function is
a weak viscosity solution of the associated Bellman equation in the sense that V* is a viscosity
subsolution and V is a supersolution of the Bellman equation.

More recently, Bouchard and Touzi (2011) (see [35]) have proved a weak dynamic programming
principle in a stochastic framework, when the value function is not necessarily continuous, not even
measurable. They prove that the upper semicontinuous envelope V* satisfies the sub-optimality
principle of dynamic programming, and under an additional regularity (lower semi continuity)
assumption of the reward g, they obtain that the lower semicontinuous envelope V, satisfies the
super-optimality principle.

A weak dynamic principle has been further established, under some specific regularity assump-
tions, for problems with state constraints by Bouchard and Nutz (2012) in [34], and for zero-sum
stochastic games by Bayraktar and Yao (2013) in [14].

In the sequel, we present the classical statement of the problem for both stochastic control and
optimal stopping problems (in a finite horizon time 7°), in the case when the value function is not
a priori continuous, not even measurable. We recall the weak dynamic programming principle
obtained by Bouchard and Touzi ([35]), as well as the associated HJB equations.

(i) Stochastic control and weak dynamic programming in the case of classical expectations

We denote by A the set of all progressively measurable processes a = {ay,t < T'} valued in A,
a subset of R, belonging to Hy (the set of processes ¢ such taht E| fOT $2ds] < +00). The elements
of A are called control processes.
For each control process a € A, we consider the following controlled stochastic differential equation:

dX;,a:,oc — b(X;f,ac,oc’ OzS)dS + O_(Xi,x,oc’ as)dW57 (143)
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where the coefficients b and o satisfy the usual Lipschitz and linear growth conditions so that the
above SDE has a unique strong solution.

For a given initial data (¢, x) and control @ € A, the process X*** is called the controlled process,
as its dynamic is driven by the action of the control process a.

We define the cost functional J on [0,7] x R x A by:

T
J<t’xaa)=E{ / f(s, X2 a)ds + g(X3) |
t

where f is Lipschitz continuous and g Borelian, with quadratic growth.
The purpose is to study the following stochastic control problem:

v(t,x) = sup J(t,z, ), (1.4.4)
acA;
where A; represents the set of t-admissible controls, which are independent of F;.

In order to describe the local behavior of the value function V' by means of the so-called dynamic
programming equation or Hamilton-Jacobi-Bellman, the key point is the Dynamic Programming
Principle. Since the DPP involves the value function itself, which may not be measurable under
these assumptions, Bouchard and Touzi [35] propose a Weak version of the Dynamic Programming
Principle, which is shown to be sufficient for the derivation of the dynamic programming equation.
This weak DPP involves the upper semicontinuous envelope of the value function V', respectively
the lower semicontinuous one, which are defined as follows: for each t € [0, T}, for each x € R,

Vi(t,z) ;== liminf V(¢,2') and V*(¢t,x):= limsup V(¢ ). (1.4.5)

2" )= (tx) (' 2" = (t,x)
Let us now recall the Weak dynamic Programming Principle.

Theorem 1.4.1 (Weak Dynamic Programming Principle). 1. Let {6% « € U,} be a family of
finite stopping times independent of Fy, with values in [t,T|. Then:
6(1
V(t,z) < sup E[ (5, XM a)ds + V(0% X5, (1.4.6)

€A t

2. Assume further that g is lower-semicontinuous and Xi', 1y o is L>-bounded for all v € A;.
Then
g
V(t,z) > sup E| (5, X& ag)ds + V(0% Xg2"™)]. (1.4.7)
acAg t

The above weak DPP is shown without using the abstract theorems of measurable selection.
The authors use instead to Vitali’s covering lemma. The inequality which is the most difficult to
provide is the second one and it requires a lower semicontinuity assumption on the criterium J
(which is satisfied in the case when the terminal reward g is lower semicontinuous).

We also point out that, in the case when V' is continuous, then V' =V, = V* and the above
weak dynamic programming principle reduces to the classical dynamic programming principle:

904
V(t,z) = sup E { (s, X307, ag)ds + V (0%, Xga™")
t

acA;
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As mentioned previously, the dynamic programming principle represents the main step for the
derivation of the dynamic programming equation, corresponding to the infinitesimal counterpart of
the DPP. It is widely called the Hamzlton-Jacobi-Bellman equation.The associated HJB equation
is provided in the following theorem:

Theorem 1.4.2. Assume that the value function V€ CY2([0,T),R), and let f(-,-,a) be continuous
in (t,z) for all fired a € A. Then, for all (t,z) € [0,T) x R:

—0,V (t,x) — sup{b(t,x,a)0,V(t,x) + %Tr[aa(t,x, a)D2V(t,x)] + f(t,r,a)} = 0. (1.4.8)
acA

Note that in the case when the value function V' is not continuous, then it satisfies the above
PDE in the viscosity sense.

We now present the main results concerning optimal stopping, which represent a particular
case of stochastic control problems when the control takes the form of a stopping time.

(i) Optimal stopping and weak dynamic programming in the case of classical expectations

For 0 <t < T < +o0, we denote by T 7 the collection of all F-stopping times with values in
[t,T]. The underlying state process X** with initial condition (¢, ), is defined by the stochastic
differential equation:

dX5P" = b(s, X2")ds + o (s, X2")dW,

where b and o satisfy the usual Lipschitz and linear growth conditions so that the above SDE has
a unique strong solution.
Let g be a measurable function, with polynomial growth, and assume that:

E[ sup |g(X;)[] < oo.

0<t<T
For an admissible stopping time, the criterium is defined as follows:
J(t,z,7) =E [g(X:")]. (1.4.9)
We now consider the subset of stopping rules:
T == {7 € Tpr : 7 independant of F;}. (1.4.10)
The optimal stopping problem is defined by:

V(t,z) = sup J(t,z, 7). (1.4.11)
7'67?

Using the same arguments as for the stochastic control problem presented above, Bouchard and
Touzi show the following Weak Dynamic Programming Principle:

Theorem 1.4.3. For (t,z) € [0,T] x R, let 8 € T be a stopping time such that X" is bounded.

Then:
V(t,x) < sup E [1{rco19(XE") + 150,V (0, X,7)] (1.4.12)
TETH
V(t,z) > sup E [11,<0y9(XE") + 1(roay Va(0, X57)] - (1.4.13)

767?



17

In the case when the value function V' is a priori known to be smooth, the infinitesimal coun-
terpart of the dynamic programming principle is the following:

Theorem 1.4.4. Assume that V € CY%([0,T),R) and let g : R — R be continuous. Then V
solves the obstacle problem.:

min{—(0, + L)V,V — g} =0, (1.4.14)
where LV represents the infinitesimal generator of the Markov diffusion process X .

The classical stochastic control problem (1.4.1) has been generalized by Peng to the case when
the cost functional is defined through a nonlinear controlled backward stochastic differential equa-
tion (see [127] and [128]), under assumptions which ensure that the value function is continuous.
He establishes a dynamic programming by using the backward semigroup method and derives the
associated HJB equations. These results allow him to obtain a stochastic interpretation for a larger
class of nonlinear HJB equations, since the coefficient f also depends on (y, z).

At the end of this section, we would like to mention some developments in the case when the
uncertainty impacts only the volatility of the model. Soner, Touzi and Zhang ([145]) recently
introduced the notion of second order BSDEs (2BSDEs), whose basic idea is to require that the
solution verifies the equations P* a.s. for every probability measure in a non dominated class of
mutually singular measures. This theory is closely related to the notion of G-expectation of Peng
([129]) and provides a different probabilitic representation of the solutions of fully nonlinear HJB
equations.

1.4.2 Contributions

In this chapter, we are interested in generalizing the results obtained by Bouchard and Touzi ([35])
to the case when the linear expectation E is replaced by a nonlinear expectation induced by a
Backward Stochastic Differential Equation with jumps. In a Markovian setting, the value function
of our problem is the following:

Vit,z) = zlelg S&T[g(X%t’x)], (1.4.15)
where £¢ is the nonlinear conditional expectation associated with a BSDE with jumps with con-
trolled driver f(oy, X[, y,2,k). We address this study in the case when the reward function g
is only Borelian. Moreover, in this chapter, we consider the combined problem when there is an
additional control in the form of a stopping time. We thus consider mixed generalized stochastic
control/ optimal stopping problems of the form

V(t,x) == supsup & [h( X)), (1.4.16)

where h(X27) is an irregular payoff.
In order to characterize the value function as the solution of a HJB variational inequality, we
first establish a Dynamic Programming Principle, which is obtained using sofisticated techniques
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of stochastic analysis. We point out that, due to the weak assumptions on the coefficients, the
value function of our problem is not necessarily continuous, not even measurable.

As mentioned in the introductory section, since for fixed ¢, the value function x — V (¢, z) is
not necessarily measurable, we cannot a priori establish a classical dynamic programming. We
thus provide a weak dynamic programming involving the map V, and the map V* defined by

V*(t,x) := limsup V(¢',2'), V(t,z) € [0,T) x R and V*(T,z) = g(z),Vz € R;
(t"x")—(t,x)

Vi(t,z) := liminf V(¢ 2'), Y(t,z) € [0,T) x R and V.(T,z) = g(z),Vx € R.

(" z")—(t,z)

Remark that in our case, the map V* (resp. V) is not necessarily upper (resp. lower) semicon-
tinuous on [0, 7] x R, because the terminal reward g is only Borelian ( it is not supposed to satisfy
any regularity assumption). This is not the case in the previous literature even in the linear case,
where ¢ is supposed to be lower-semicontinuous (see [35]). We give below the sub- (resp. super-)
optimality principle of dynamic programming satisfied by V* (resp. V), one of the main results of
this chapter.

Theorem 1.4.5 (A weak dynamic programming principle). The function V* satisfies the sub—
optimality principle of dynamic programming, that is for each t € [0,T] and for each stopping
time 0 € T, that is

V(t,z) < sup sup&gs [h(r, XEM) 1o + V7 (0, X507) 1,50] (1.4.17)

t,ONT
a€AL TETY

The function V, satisfies the super—optimality principle of dynamic programming, that is for each
t € [0, T) and for each stopping time 6 € T}, that is
V(t,z) > sup Supgz‘éﬁ [h(T, Xt 1, 9+ V*(H,Xg"t’z)ITZg] ) (1.4.18)
a€AL TeTY

In the above theorem, A! represents the set of controls independent on F; and restricted to
[t,T]. Similarly, 7, denotes the set of stopping times independent on F;, with values in [t, T7.

The sub-optimality principle is the easiest to prove. It is based on the flow property for
both backward and forward SDEs and a splitting property, which basically states that given an
intermediary time ¢t < T and a fixed path up to time ¢ (corresponding to the realization of the
Brownian motion and Poisson random measure), the BSDE can be solved with respect to the
t-translated Brownian motion and Poisson random measure. This result is needed in order to be
able to use the definition of the value function, which is a deterministic map.

The second inequality is considerably more difficult and relies on the existence of weak &-
optimal controls for our mixed control/optimal stopping problem (result requiring some subtle
arguments, as an abstract measurable selection theorem), as well as on some new properties of
BSDEs ( for e.g. a Fatou lemma for reflected BSDEs where the limit involves both terminal time
and terminal condition).

Using this weak dynamic programming principle and a new comparison theorem between BS-
DEs and reflected BSDEs, we derive that the value function is a weak viscosity solution of a
nonlinear generalized HJB variational inequality. More precisely, the result is the following:
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Theorem 1.4.6. The function V', defined by (1.4.16), is a weak viscosity solution of the HJBVI

min(V (t,z) — h(t, x), infaeA(—a—V(t, x) — LV (t, x)

ot

—V)(t, 1), BV (t,z))) =0, (t,x) €[0,T) xR (1.4.19)

_f(av t? T, V(ta Z'), (U or

V(T,z) =g(x),z € R

with L* := A® + K%, and for ¢ € C*(R),

o A%p(x):= %02(%@)%(1‘) + b(x,a)%(m)

o Keo(a) = [

E

((b(x + Bz, €)) — p(x) — %(x)ﬁ(x, a, e)) v(de)
o B(x) = d(z + B(z, ) — d(z),

in the sense that V* is a wviscosity subsolution of (1.4.19) and Vi, is a viscosity supersolution of
(1.4.19).

We conclude this chapter with some financial applications of the theoretical part.

1.5 Numerical methods for Doubly Reflected BSDEs with
Jumps and irregular obstacles

This part of the thesis is dedicated to the study of numerical methods for DRBSDEs with jumps and
irregular obstacles and is based on two papers written in collaboration with C. Labart: Numerical
approzimation for DRBSDFEs with jumps and RCLL obstacles [59] (accepted for publication in
Journal of Mathematical Analysis and Applications) and Reflected scheme for DRBSDEs with
Jumps and RCLL obstacles [60] (accepted for publication in Journal of Computational and Applied
Mathematics).

We start this section with a short presentation of the existing numerical methods for backward
SDEs.

1.5.1 Preliminaries and overview of the literature

Since Backward Stochastic differential equations provide probabilistic representations of solutions
of semilinear PDEs, there are many works on numerical schemes in the Markovian setting, in the
case of a filtration generated by a Brownian motion. Among them, we recall the four step algo-
rithm developed by J. Ma, P. Protter and J. Yong ([115], see also [68]), Bouchard-Touzi (see [26]),
Zhang ([152]) etc. In the case of reflected and doubly reflected BSDEs, see e.g. [25] and [45].

A relevant problem in the theory of BSDEs is to propose implementable numerical methods to
approximate the solutions of such equations and the complexity is due to the computation of condi-
tional expectations. Several efforts have been made in this direction. In [26], Bouchard and Touzi
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use the Malliavin calculus to rewrite the conditional expectations as the ratio of two unconditional
expectations which can be estimated by standard Monte Carlo methods. In the reflected case,
where the driver does not depend on Z, Bally and Pages (see [5], [6]) use a quantization approach.
This method is based on the approximation of the continuous time processes on a finite grid, and
requires a further estimation of the transition probabilities on the grid. Gobet et al. ([110]) have
suggested an adaptation of the so-called Longstaff-Schwartz algorithm based on non-parametric
methods and very recently Ph. Briand and C. Labart ([41]) have proposed the Wiener chaos
expansion, which, in the spirit, is not so far from the regression techniques. We also recall the
cubature methods, used by T. Lyons, D. Crisan and K. Manolarakis (see e.g. [50]).

In the non-markovian setting, in the case of standard BSDEs ([134]), as well as in the case of
reflected BSDEs [151], the authors propose another technique which is based on the approximation
of the Brownian motion by a random walk. This method allows them to simplify the computation of
the conditional expectations involved at each time step and to obtain fully implementable schemes.
The BSDE is thus replaced by an appropriate discrete backward stochastic differential equation,
which is shown to convege by a result of Briand, Delyon and Memin [37] ( see also [38]).

While many authors studied discrete schemes for the approximation of solutions of BSDEs in
a purely Brownian setting, in a setting with jumps there is considerably less literature available,
and only in the case of nonreflected BSDEs. In the Markovian setting, Bouchard and Elie ([30])
considered numerical schemes for BSDEs in a pure finite activity jump setting based on the dynamic
programming equation. Recently, Lejay et al. (2014) [109] have extended the results of Briand,
Delyon and Memin to the case of jumps. Their method thus relies on the construction of a discrete
BSDE with jumps driven by a complete system of three orthogonal discrete time-space martingales.

1.5.2 Contributions

In Chapter 5, we study in a non-markovian setting a discrete time approximation for the solution
of Doubly Reflected BSDEs with Jumps, driven by a Brownian motion (denoted by W) and an
independant compensated Poisson process of intensity A (denoted by N ). Moreover, we assume
that the barriers are right continuous left limited processes and admit both totally inaccesible and
predictable jumps. The DRBSDE we solve numerically has the dynamics:

T T T
; :§T+/ 9(s, Yo, Z,, U)ds + (Ar — Ay) — (K7 — K)) —/ Z.W, —/ U.dN,,  (L5.1)
t t t
and satisfies the following constraints:

() Vte[0,T], & <Y; < as.
T

T
(i4) / (Y, — & )dAS =0 and / (G — Y, )dKE =0 as.
0 0
(111) VT predictable stopping time, AAY = AAI1y _.
and AKf_l = AKg]'Y-r*:Q* .

(1.5.2)

\

As we have mentioned in the previous chapters, since we consider the general setting when the
jumps of the obstacles can be either predictable or totally inaccesible, the increasing processes A
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and K, whose role is to keep the solution Y between the barriers, are no longer continous. We can

thus rewrite the Skorokhod condition separately, for the continuous part A¢ (resp. K¢) of A (resp.
K) and the discontinuous one, denoted by A? (resp. K¢).

Our aim is to propose a fully implementable scheme to the above DRBSDE, based on two

random binomial trees and the penalization method, which is then shown to converge to the
solution of the DRBSDE. We present below the main ideas:

(7)

We first introduce a sequence of penalized BSDEs in order to approximate the doubly re-
flected BSDE (1.5.1;1.5.2), satisfying:

T
YP =€+ / o(s,YP, 20, UT)ds + Ab — AY — (KD — K7)
t

T T B
—/ Zdes—/ UPdN,, (1.5.3)
t t

with AV :=p [/(V? — &) ~ds and KV :=p [}(C, — YP)ds.

We provide the convergence of the penalized equations in the case of a general Poisson
random measure and, since we have to deal with a driver which depends on the solution,
the penalization method used in previous literature (which treates only the case of a driver
process, the general case being obtained by a fixed point argument) cannot be adapted to our
general setting. We propose instead a proof which is based on a combination of penalization,
Snell envelope theory, comparison theorem for BSDEs with jumps, a generalized monotonic
theorem under Mokobodski’s condition and stochastic games.

We approximate the Brownian motion and the Poisson process by two independent random
walks, denoted by W™ respectively N™ and defined as follows:

[t/9] ) ) [t/9]
W =0, W=V el Ny =0, N'=> np,
i=1 i=1
with e',7 = 1,n independent identically distributed random variables taking the values

{—1;1}, both with probability % and n*,i = 1,n defined similarly to (e'), but taking the
values {k,, — 1; K, } with probability 1—&,, resp. k,, where k,, = e~ In the above definition,
Op = % represents the time step. The couple (W™, N™) converges to (W, N) in probability
for the J;-Skorokhod topology. Using these approximations, we get the following discrete
approximation of the penalized equation defined by (1.5.3):
y]pm = ffl + g(tja y§7n7 Zg‘)’n7 u?n)gn + ajm - k?n
— (22" ones g g O )
B = D" € K = (G~ ")

yn" =

(1.5.4)

where the third martingale increments sequence {j = 17, j =0,...,n} is needed in order
to obtain the martingale representation (see [109]).
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Then, using the above discrete implicit scheme, we can derive the expressions of the coef-
ficients (27", u™", vi"
in our framework, thanks to the above approximations of W and N. However, the value of

u )j=1n, involving conditional expectations, which are easy to compute
(¥57")j=1,n is N0t s0 easy to deduce, since we have to introduce an operator whose numerical
inversion is quite difficult and time consuming. In order to overcome this issue, we intro-
duce an explicit discrete backward equation, which is obtained by replacing in (1.5.4) yf o
by E[y}!,|F}] in the generator g:

B = o BB, 6 ke
— (27" one o ul i o )
ai" = pon(yi" — &) KT = pon(CF -y,

Y=

(1.5.5)

where F™ represents the discrete filtration generated by (€7, 17) =1

We then introduce the continuous time version (Y™, ZP" UP™ AP™ KP™)o<i<r of the so-
lution of this explicite scheme and show its convergence in n to the solution of (1.5.3).
Coupling this result with the convergence in p of the penalized equation (see (7)), we obtain
the convergence of our scheme in (p,n) to the solution of the DRBSDE.

We finally study numerically our theoretical results, in the case of barriers admiting both pre-
dictable and totally inaccesible jumps. The difficulty in the choice of the examples is due to the
Mokobodski’s condition, that we have to assume and which is difficult to check in practice. We
point out that the practical use of our scheme is restricted to low dimensional cases. Indeed,

since we use a random walk to approximate the Brownian motion and the Poisson process, the

d

complexity of the algorithm grows very fast in the number of time steps n (more precisely, in n?,

d being the dimension) and, as we will see in the numerical part, the penalization method requires
many time steps to be stable.

In Chapter 6, we propose an alternative scheme to (1.5.4) and respectively to (1.5.5) in order
to solve the DRBSDE given by (1.5.1;1.5.2). Compared to the discrete backward equations (1.5.4)
and (1.5.5) , the schemes we present in chapter 6, called implicit reflected scheme and explicit
reflected scheme are based on a direct discretization of (1.5.1;1.5.2). More precisely, there is
no penalization step. Then, this method only depends on one parameter of approximation (the
number of time steps n), contrary to the schemes proposed in Chapter 5 (see (1.5.4) and (1.5.5)),
which also depends on the penalization parameter. We provide the convergence of both schemes.
The explicit reflected scheme is the following:

LR R

{y? = Elyi o [ F71 + 9(t, Blyfa | F7], 255 uf)on + af — K (1.5.6)
ar >0, k<0, alky =0, & <y < () —a) = (yp — Gk =0,

We illustrate numerically the theoretical results and show they coincide with the ones obtained
by using the penalized scheme (1.5.5), for large values of the penalization parameter p.
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1.6 Conclusions and perspectives

In this Phd thesis we have investigated some new problems of interest in stochastic analysis,
stochastic control, game theory and financial mathematics, from both theoretical and numerical
point of views. The main results are the following;:

e In Chapter 3 (based on paper [57]), we introduce and study a new class of BSDFEs with
nonlinear weak terminal condition, related to the approximative hedging under dynamic risk
measures constraints.

e In Chapter 4 (based on paper [61]), we study an optimal stopping problem for dynamic risk
measures induced by BSDEs with jumps and show that the value function corresponds to
the unique viscosity solution of an obstacle problem for partial integro-differential equations.

e In Chapter 5 (based on paper [62]), we introduce a new game problem, which can be seen as
a generalization of the classical Dynkin game to the case of nonlinear expectations , allowing
us to obtain a representation of the solution of general nonlinear doubly reflected BSDEs in
terms of stochastic games.

e In Chapter 6 (based on paper [63]), we study in a Markovian framework a mixed stochastic
control /optimal stopping problem in the case when the classical expectation in the criterium
is replaced by a nonlinear one induced by a solution of a BSDE with jumps and the terminal
reward is only measurable. We establish a weak dynamic programming principle and derive
the associated nonlinear HJB equations.

e In Chapter 7 (based on paper [59]), we introduce a numerical approximation for the solution
of doubly reflected BSDEs with jumps and irregular obstacles, which admit both totally
inaccesible and predictable jumps. We propose a fully implementable scheme, based on pe-
nalization method and the approximation of the Brownian motion and the Poisson process by
two independent random walks, which is shown to converge to the solution of the DRBSDE.
We illustrate the theoretical results with some numerical examples.

e In Chapter 8 (based on paper [60]), we introduce an alternative fully implementable scheme
to the one presented in Chapter 6, in order to approximate the solution of doubly reflected
BSDEs with jumps and irregular obstacles. This scheme is obtained by a direct discretization
of the DRBSDE and it thus depends only on the time step n (no more on the penalization
parameter p). We provide the convergence of the scheme, as well as some numerical examples.

Regarding the perspectives, there are many directions of research to follow, from both theoret-
ical and numerical point of views. In collaboration with R. Elie and D. Possamai we are finishing
a work on BSDEs with weak reflection ([58]), which are related to the approximative hedging for
American options. Together with M.C. Quenez and A. Sulem, we address a new mixed stochastic
control/ optimal stopping game problem in the Markovian framework [64] and study the links
between Generalized Dynkin Games and nonlinear pricing, in complete and incomplete markets
([65]). From a numerical point of view, it would be useful to propose some numerical schemes for
the solution of DRBSDEs with RCLL barriers in the case of a general Poisson measure, as well as
for BSDEs with weak terminal condition.
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Chapter 2

Introduction générale

2.1 EDSR avec condition terminale faible non linéaire

Ce chapitre repose sur un article écrit sous la coordination de Prof B. Bouchard! et soumis pour
publication: <BSDEs with nonlinear weak terminal condition>> [57].

2.1.1 Préliminaires et vue d’ensemble de la littérature

Nous commengons par rappeler qu'une équation différentielle stochastique rétrograde (EDSR) est
une équation de la forme

T T
Y, =¢ +/ g(s,Ys, Zs)ds — / Z dW,, 0<t<T, (2.1.1)
t t

ou {W; }o<t<7 est un mouvement brownien défini sur un espace de probabilité équipé de la filtration
naturelle complete notée {F; }o<i<r. Les données d’une telle équation sont la condition terminale
&, qui est une variable aléatoire Fr-mesurable a valeurs dans R et un générateur g qui est une
fonction aléatoire définie sur [0, 7] x Q@ x R x R, a valeurs dans R, mesurable par rapport a la tribu
P ® B(R) ® B(R) et B(R) ou P représente la tribu prévisible. Résoudre cette équation signifie
trouver un couple de processus {(Y;, Z;) bo<t<r qui satisfont 'équation (2.1.1) et qui sont adaptés a
la filtration générée par le mouvement brownien. Une définition plus précise est donnée ci-dessous.

Definition 2.1.1. La solution d’une EDSR est un couple de processus (Y, Z) a valeurs dans R xR
tel que Y est continu et adapté, Z est prévisible et P-p.s, t — Z; appartient a Ly(0,T), t —
g(t,Y,, Zy) appartient a L1(0,T) et

T T
Y, =¢ +/ g(s,Ys, Zs)ds — / ZdW,, 0<t<T. (2.1.2)
t t

Les EDSR ont été introduites pour la premiere fois avec un générateur linéaire par J.-M.Bismut
[24]. Le point de départ de la théorie des EDSR non linaires est 'article de E. Pardoux et S. Peng
[124] ou les auteurs prouvent I'existence et I'unicité pour des EDSR avec un générateur non linéaire
en (y, z). Rappelons ce résultat:

! Pexprime aussi ma gratitude envers Prof. Romuald Elie pour toutes les discussions trés fructueuses qu’il a
initiées.
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Theorem 2.1.2 (E.Pardoux - S.Peng). Supposons le générateur g Lipschitz en (y, z), uniformément
par rapport (t,w) et

T
BlEP + [ lo(s.0.0)Pds] < +oc.
0
Alors U'EDSR (2.1.1) admet une unique solution (Y, Z) appartenant Ss x Ha.

Exprimée dans le <sens forward>>, la résolution de ces équations revient a trouver une condi-
tion initiale Yy et un processus Z tels que le processus controlé (YtYO’Z)OStST satisfait 'EDS:

t t
ytYOvZ:yO_/ g(s,}/;YO’Z,ZS)d5+/ Z AW, (2.1.3)
0 0

et la condition YTYO’Z = ¢ a la date terminale T'. D’un point de vue des application en finance,
I’étude de ces équations se rapporte a I’évaluation d’options européennes en marché complet car
Y donne le prix et Z fournit la stratégie de couverture associée. Cependant, puisqu’en marché
incomplet il n’est pas toujours possible de construire un portefeuille de réplication tel que la valeur
terminale coincide avec le prix de la créance £, une formulation plus faible est de chercher une
condition initiale Y; et un controle Z tels que

Yol > (2.1.4)

Dans ce cas, nous sommes intéressés a trouver la condition initiale Y, minimale qui correspond
au cout de la stratégie de sur-réplication la moins onéreuse pour la créance éventuelle &, et le
controle associé Z (voir e.g. [72]).

Comme dans la plupart des cas, le prix de sur-réplication conduit a cott trop élevé pour ’acheteur,
il a été suggéré d’assouplir la forte contrainte (2.1.4) en une version plus faible de la forme

E[l(Y," — &) > m, (2.15)

ol m est un seuil fixé et [ est une fonction croissante.

En particulier, I(z) = 1,50} correspond au critere Y;/O’Z > & avec probabilité m au moins ce
qui correspond au probleme de couverture de quantile introduit par Follmer et Leukert [84]. Ce
probléme a ensuite été étudié par Bouchard, Elie et Touzi [32] dans un cadre markovien en utilisant
les techniques de cible stochastique développées par Soner et Touzi (voir [142]). Cette approche,
reposant sur la formulation primale de la fonction valeur et sur la programmation dynamique
géométrique, permet un traitement de ce probleme dans un cadre plus général, par exemple quand
la stratégie de I'agent peut influencer la valeur des actifs risqués (modele avec un grand investis-
seur). La résolution initiale du probléme par Follmer et Leukert s’appuie sur le fait que la stratégie
est linéaire dans le controle.

Plus généralement, | peut représenter une fonction de perte, un exemple classique est [(z) :=
—(27)9 avec ¢ > 1, voir [85] pour des dynamiques générales non markoviennes mais linéaires.
Un autre exemple en mathématiques financieres peut étre représenté avec [ jouant le role d’une
fonction d’utilité.

Tres récemment, Bouchard, Elie et Reveillac [31] ont traité le probléme dans un cadre non linéaire
et non markovien. Dans ce but, ils ont introduit une nouvelle classe d’EDSR pour lesquelles la
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condition terminale n’est pas une variable aléatoire fixée mais satisfait seulement la faible contrainte
suivante

E[U (Y, 7)) > m. (2.1.6)

Le probleme peut alors étre formulé comme suit:
Trouver le plus petit Yy tel que (2.1.3) et (2.1.6) sont vérifiées pour un Z. (2.1.7)

L’idée centrale est de <transposer>> le probleme (2.1.7) écrit en termes d’EDSR avec conditions
terminales faibles en un probleme équivalent, exprimé comme un probleme d’optimisation sur les
solutions d’une famille d’EDSR avec condition terminale forte, indexées par un controle additionnel
a, comme cela sera expliqué dans la suite. Afin de mener a bien cet objectif, les auteurs font appel
au théoreme de représentation des martingales. Plus précisément, si Yy et Z sont tels que (2.1.6)
est vérifié, le théoreme de représentation des martingales implique qu’on peut trouver un élément
a dans I'ensemble Ay des processus prévisibles de carré intégrable tel que

T
W(Yp"7) > My = m+/0 asdWs. (2.1.8)

Puisque ¥ est croissante, on peut définir son inverse continue a gauche ® et on obtient que la
solution (Y*, Z®) de 'EDSR suivante

T T
Y, = o(M) + / g(s, Y Z%)ds — / Z&dW,, 0 <t <T, (2.1.9)
t t

résout (2.1.3) et (2.1.6). Il est finalement prouvé que la solution de (2.1.7) est donnée par
Yo(m) = inf{Y;", a € Ao}. (2.1.10)

Nous souhaitons faire remarquer que, dans un cadre markovien, la méme idée est utilisée: introduire
un processus additionnel M et un controle «, la difficulté provenant du fait que o n’est pas borné
puisqu’il est donné par un théoreme de représentation des martingales.

Maintenant, afin d’étudier (2.1.10), les auteurs rendent le probleme dynamique et définissent

V1) = essinf{Y*, o/ € Agt.q. o =asur [0,7]}, 0<7<T. (2.1.11)

Il est montré que la famille {)*, o € Ay} satisfait un principe de programmation dynamique qui
peut étre vu comme une contrepartie du principe de programmation dynamique géométrique. Une
représentation de la famille {)*, a € Ay} est ensuite obtenue en termes de super-solution minimale
d’une famille ’EDSR avec générateur g et des conditions terminales (fortes) {® (M), o € Ag},
ainsi que l'existence d’un controle optimal lorsque g et ® sont convexes. Quelques propriétés de
la fonction valeur décrite par (2.1.10), comme la continuité et la convexité par rapport au seuil
m, sont obtenues. Finalement, par des arguments probabilistiques, il est montré que le probleme
(2.1.10) admet une représentation duale qui prend la forme d’un probleme de controle stochastique

sous la forme de Meyer, étendant les résultats obtenus lorsque le générateur g est linéaire (voir
[32], [84] et [85]).
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2.1.2 Contributions

Dans ce chapitre, nous introduisons une classe d’EDSR plus générale que celle considérée par
Bouchard, Elie et Reveillac [31] dont la condition terminale satisfait la contrainte faible et non
linéaire suivante:

E1 [V (Y H)] = m, (2.1.12)

ot £7[¢] est I'opérateur non linéaire qui donne la solution de 'EDSR associée & la condition termi-
nale & et le générateur non linéaire f. Nous pouvons facilement remarquer que (2.1.6) représente
un cas particulier de (2.1.12) pour f = 0. Le probleme étudié dans cet article est le suivant:

inf{Yy tel que 37 : (1.1.3) et (1.1.12) sont vérifiées}. (2.1.13)

En suivant 'idée centrale de [31], nous réécrivons notre probleme (2.1.13) en un autre équivalent
exprimé en termes d’une famille ’EDSR avec condition terminale forte. La différence principale
par rapport a [31] est que, dans notre cas, nous devons introduire un nouveau processus de diffusion
controlé qui est une f—martingale, contrairement a [31] ou c’est une martingale classique. En
effet, pour Yy et Z tels que (2.1.3) et (2.1.12) sont vérifiées, utilisant la représentation par EDSR
de \II(YJYO’Z), nous pouvons trouver o € Ay tel que:

T T
T(Y0%) > M =m — / f(s, MI" o )ds +/ adWs. (2.1.14)
0 0

Grace a cette observation, nous montrons que le probleme (2.1.13) est équivalent a (2.1.10) ou, dans
notre cadre général, Y,* correspond a la solution a la date ¢ de 'EDSR avec condition terminale
(forte) ®(M7). Nous étudions la contrepartie dynamique de (1.1.10):

V(1) = essinf{YV*, o’ € Ag t.q. o’ = a sur [0, 7]}. (2.1.15)

Nous réalisons une analyse similaire, comme dans [31], de la famille {J*, « € Ag}. Nous com-
mencons par étudier pour chaque o € Ay la régularité de la famille {Y*(r),7 € T}. Plus
précisément, nous montrons qu’elle peut étre agrégée en un processus continu a droite, résultat
qui nécessiste dans notre cas des arguments fins d’analyse stochastique dus a la non-linéarité du
générateur f. Nous obtenons ensuite que Y* correspond a l'unique solution minimale d’'une EDSR.
Nous montrons que notre fonction valeur est continue et convexe (dans un sens probabiliste) par
rapport au seuil m. Si le générateur f est concave, nous obtenons l'existence d'un controle op-
timal ainsi qu’une représentation duale. En effet, nous prouvons que Yy(m) (défini par (2.1.10))
correspond a la transformée de Fenchel de la fonction valeur du probleme de controle stochastique
suivant, c.a.d. Yo(m) = sup;.o(lm — Xy(1)), ou

Xo(l):= inf XM 2.1.16
ol) == nf X (2.1.16)

avec
L,y
Ag

Ay
Xt i=E E_%) ;

T T
/ £23(s, \)ds — / ALY F(s,s)ds + L35
0 0
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et f (respectivement g, &3) la conjuguée concave de f (respectivement la conjuguée convexe de g
et ®).

La non-linéarité additionnelle de f souleve a des difficultés techniques, puisque la plupart des
résultats de [31] sont obtenus en utilisant des techniques exploitant la linéarité de la contrainte
et ne sont donc pas adaptées a notre cadre non linéaire. Outre l'intérét mathématique de notre
étude, ce travail est aussi motivé par des applications financieres. En effet, notre probleme est
étroitement lié a la couverture approximative sous des contraintes données par des mesures de
risque dynamiques d’'une créance, qui peut étre exprimée par la forme suivante:

inf{Yy such that 3 Z : por|—(Yr —§&)7| < m}, (2.1.17)

ou pr[€] représente la mesure de risque a la date ¢t de £ qui est définie par —5{}[&]. Notons
que lorsque le générateur est non linéaire et concave, la mesure de risque associée est convexe.
Davantage de détails concernant la conception des mesures de risque dans un cadre dynamique au
moyen des EDSR sont présentés dans le chapitre suivant.

2.2 Arrét optimal pour des mesures de risque dynamiques
avec sauts et problemes d’obstacle

Ce chapitre repose sur 'article <Optimal Stopping for Dynamic Risk measures with jumps and
obstacle problems> [61], joint avec M.C. Quenez et A. Sulem, J. Optim. Theory Applic.(2014)
DOI 10.1007/s10957-014-0636-2.

2.2.1 Préliminaires et vue d’ensemble de la littérature

Dans le premier chapitre, nous avons introduit les équations différentielles stochastiques rétrogrades
dans le cadre d’une filtration engendrée par le mouvement brownien, qui peuvent étre vues comme
une généralisation de l'espérance conditionnelle d’une variable aléatoire &, puisque lorsque f est
la fonction nulle, nous avons Y; = E[{|F;], et dans ce cas, Z est le processus qui apparait dans la
propriété de représentation (F;):>o-martingale de (E[¢|F3])i>o0-

Dans le cas d'un espace de probabilité filtré généré par un mouvement brownien W et une
mesure aléatoire de Poisson N avec compensateur v, la représentation martingale de (E[¢|F])i>0
devient:

E[¢|F] :g+/tT ZSdWS+/tT/*Us(e)(N—y)(de,ds), P—ps.,

ou U est une fonction prévisible. Ceci conduit a la généralisation naturelle suivante de I’équation
(2.1.1) dans le cas a sauts. Nous dirons que (Y, Z,U) est une solution de 'EDSR avec sauts
(EDSRS), de générateur g et de condition terminale £ si, pour tout ¢ € [0, T], nous avons P-p.s.

T T T
Y, =¢ +/ 9(s,Ys, Zs,Us)ds — / ZdWs — / / Us(e)(N —v)(de,ds), 0 <t<T. (2.2.1)
’ .

t t
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En 1994, Tang et Li [147] prouvent l'existence et 1'unicité d’une solution pour (1.2.1) dans le cas
ou g est Lipschitz en (y, z, u).

Le cadre discontinu est plus compliqué, particulierement en ce qui concerne le théoreme de com-
paraison qui nécesssite une hypotheése supplémentaire. En 1995, Barles, Buckdahn, Pardoux [9]
obtiennent un théoreme de comparaison ainsi que des liens entre les EDSR et les équations intégro-
différentielles partielles paraboliques et non linéaires, généralisant des résultats de [125] au cas a
sauts. En 2006, Royer [140] prouve un théoreme de comparaison sous des hypotheses plus faibles
et introduit 1’espérance non linéaire dans ce cadre.

En outre, en 2004-2005, différents auteurs ont introduit des mesures de risque dynamiques
dans un cadre brownien, définies comme des solutions d’EDSR. Plus précisément, étant donné un
générateur Lipschtiz (¢, x,m) et une condition terminale T', la mesure de risque p a la date ¢ d’une
position £ est donnée par —X; ou X est la solution de 'EDSR dirige par un mouvement brownien,
associée au driver g et a la condition terminale £. Par le théoreme de comparaison, p satisfait
la propriété de monotonicité qui est habituellement exigée pour une mesure de risque. Beaucoup
d’études ont été faites récemment sur ce type de mesure de risque dynamique, particulierement
concernant les problemes d’optimisation robuste et les problemes d’arrét optimal, dans le cas d'une
filtration brownienne et d'un générateur concave (voir, par exemple, Bayraktar et co-auteurs de
[13]). Dans le cas avec sauts, les liens entre les EDSR et les mesures de risque dynamiques ont été
étudiés recemment par Quenez-Sulem dans [137].

Les Equations Différenticlles Stochastiques Rétrogrades Réfléchies (EDSRR) ont été introduites
en 1997 par El Karoui, Kapoudjian, Pardoux, Peng et Quenez [71] dans le cas d'une filtration
générée par un mouvement brownien. Ces équations sont des généralisations du probleme de
Skorokhod déterministe. En effet, étant donné un processus adapté & := (&)< qui joue le role
d’une barriere, la solution d'une EDSRR associée aux données (7, g, &) est un triplet de processus
de carré intégrable {(Y;, Z;, Ay); 0 <t < T} qui satisfont:

(

T T
Yt:n+/ g(s,w,Ys,Zs)ds—i—AT—At—/ Z dW,, 0<t<T,

t t
Y > 6. (2.22)

T
| oi-gaa—o.
\ J O

ou A est un processus continu et croissant dont le role est de repousser la solution Y afin qu’elle
reste au-dessus de la barriere . La condition fOT(Yt — &)dA; = 0 assure que le processus A agit
de maniere minimale. Plus précisément, A croit seulement sur I’ensemble {Y = ¢}.

Le développement des EDSR réfléchies a été motivé par deux importantes applications: 1’évaluation
et la couverture d’options américaines, particulierement dans les marchés avec contraintes, et la
représentation probabiliste des solutions des problemes d’obstacles pour les EDP non linéaires.

Concernant I'application en mathématiques financieres, El Karoui, Pardoux et Quenez [72]
montrent qu’en marché complet, le prix d’une option américaine avec actif sous-jacent (&)< et
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prix d’exercice 7y est donné par Y, ou (Y, m, A¢)i<r est la solution de 'EDSR réfléchie suivante:

—d}/;g = b(t, }/t; Wt)dt + dAt — Wtth, YT = (fT — ’7>+,

T (2.2.3)
Vi) e [ (- (6 —)7)aA =0,
pour un choix particulier de b. Le processus 7 donne la stratégie de réplication et A est le processus
de consommation de 'acheteur. Dans un marché financier standard, la fonction b est donnée par
b(t,w,y, z) = ry+26; ou 0; est la prime de risque et r; représente le taux d’intérét d’investissement
ou d’emprunt.

La généralisation au cas des EDSR réfléchies avec sauts, qui est une EDSR réfléchie standard
dirigée par un mouvement brownien et mesure aléatoire de Poisson indépendante, a été établie par
Hamadene et Ouknine dans [90]. Une solution pour ce type d’équation, associée a un générateur
f, une valeur terminale 1 et une barriere £, est un quadruplet de processus (Y, Z, U, A) de solutions
adaptées qui satisfont I’équation suivante:

;

T
Y;t:77+/ g<s>w7Y;7ZsaUs)dS+AT_At
t

T T
—/ ZdW, — / Uy(e)N(ds,de), 0 <t <T,
t t R*
}/;5 2 gta

T
| wi-gjaa=o
\ J O

(2.2.4)

Utilisant deux méthodes - la premiere repose sur la méthode de pénalisaton et la seconde sur la
théorie de ’enveloppe de Snell - les auteurs ont montré ’existence et 1'unicité des solutions si 7 est
de carré intégrable, g est uniformément Lipschitz par rapport a (y, z, u) et la barriere € est continue
a droite et limitée a gauche (cadlag) dont les dates de saut sont des temps d’arrét inacessibles.
Notons que la deuxieme condition joue un role crucial dans leurs preuves. Dans ce cas, les dates
des sauts du processus Y proviennent uniquement de ceux du processus de Poisson associé et sont
donc inaccessibles.

Le cas général des EDSRR avec sauts et obstacles irréguliers a été considéré e.g. dans [7§]
et plus récemment par Quenez-Sulem [138]. La barriere £ est seulement cadlag et donc les dates
des sauts du processus Y ne proviennent pas uniquement de ceux du processus de Poisson as-
socié (sauts inaccessibles) mais aussi de ceux du processus & (sauts prévisibles) qui implique que
le processus Y a deux types de sauts: inaccesibles et prévisibles. La difficulté vient du fait que,
puisque la barriere £ peut avoir des sauts prévisibles, le processus réfléchissant A n’est plus continu
mais seulement cadlag. Dans ce cas, la différence par rapport a (2.2.4) apparait seulement dans la
condition de Skorokhod qui devient: fOT(Yt— —&-)dA, = 0.

Une application importante des EDSR réfléchies est leur connexion aux problemes d’arrét
optimal et aux inégalités variationnelles associées dans le cas markovien. Plus précisément, étant
donné un processus cadlag (&, 0 <t < T) et un générateur Lipschitz g satisfaisant une hypothese
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supplémentaire afin que le théoreme de comparaison soit vérifié, la solution Y de 'TEDSRR associée
satisfait: pour tout temps d’arrét S € T,

Ys = esssup Xs(&,,7), p.s. (2.2.5)
T€Ts
ou pour 7 € Tg, X.(&,7) est la solution de PEDSR associée a la date terminale 7, condition
terminale &, et générateur g (voir [138]). On précise que Tg représente 'ensemble des temps
d’arrét a valeurs en [0, 7], p.s. plus grands que S.

2.2.2 Contributions

Dans ce chapitre, nous étudions le probleme d’arrét optimal pour des mesures de risque dynamiques
avec sauts dans un cadre markovien.

Formulons notre probleme. Soit 7' > 0 la date terminale et f un générateur Lipschitz. Pour
chaque T" € [0,T] et n € Ly(F7v), définissons:

P, T') = p(n, T') := =X(n, T'), 0<t < T, (2.2.6)

ou X;(n,T") désigne la solution de I'EDSR avec générateur f et condition terminale (77,7). Si
T’ représente une maturité et n une position financiere a la date 7", alors p(n,T") est interprété
comme le risque de 1 a la date ¢t. La fonctionnelle p : (n,7") +— p.(n,T") représente alors une
mesure de risque dynamique induite par 'EDSR avec générateur g.

Soit (&, 0 <t < T') un processus cadlag et adapté dans Sy qui représente une position financiere
dynamique. Soit S € 7y. Le probléme est minimiser la mesure de risque a la date S. Soit v(5) la
fonction valeur associée, égale a la variable aléatoire Fg-mesurable (unique pour 1’égalité au sens
presque sur) définie par

v(S) = essinf ps(&;, 7), (2.2.7)
TETS
Cette variable aléatoire v(S) correspond a la mesure de risque minimale a la date S.
Puisque par définition pg(&,,7) = —Xs(&,, 7), nous avons, pour chaque temps d’arrét S € 7Ty,
v(S) = essinf —Xg(&, 7) = — esssup Xs (&, 7). (2.2.8)
T€Ts T€Ts

Maintenant, en utilisant le lien entre les EDSR réfléchies et I'arrét optimal (2.2.5), on peut
relier la fonction valeur du probleme défini par (2.2.8) a la solution de I'EDSR réfléchie. Plus
précisément, nous avons:

v(S) = —Ys. (2.2.9)

Puisque notre objectif est de caractériser cette fonction valeur dans un cadre markovien, nous
considérons la condition terminale, I’obstacle et le générateur de la forme suivante:

Ebr = Nh(s, Xb"), s < T,

7= 9(X5"), (2.2.10)
g(S7w7 y7 Z7 k) :: 9(87 X£7x<w)7y7 27 k)? S S T7
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ou (¢, x) est une condition initiale fixée et X** est un processus d’état qui a la dynamique suivante:
X0 = x+/ b(X;f’x)dr%—/ o(X5")dW, —l—/ B(XE e)N(dr, de). (2.2.11)

t t t R*

Les fonctions f, h, g, b, o, § sont déterministes et satisfont les conditions de Lipschitz habituelles (le
lecteur pourra se référer au chapitre correspondant). Dans le cadre markovien, pour chaque (¢, x),
la mesure de risque minimale v(t, z) est définie par:

v(t,z) = =Y)", (2.2.12)

ot Y est 'EDSR réfléchie dont les parametres sont donnés par (1.2.10).

Notre contribution principale est I'établissement d’un lien entre la fonction valeur de notre
probleme d’arrét optimal et les inégalités variationnelles des EDP intégro-différentielles et paraboliques.
Nous prouvons que la mesure de risque minimale est une solution de viscosité d'une EDP intégro-
différentielle. Cela fournit un résultat d’existence pour le probleme d’obstacle sous des hypotheses
relativement faibles. Dans le cas brownien, ce résultat est obtenu en utilisant une méthode de
pénalisation par les EDSR non réfléchies. Cette méhode pourrait aussi étre adaptée dans notre
cas avec sauts, mais impliquerait de lourds calculs afin de prouver la convergence des solutions des
EDSR pénalisées vers la solution de 'EDSR réfléchie. Cela demanderait également des résultats
de convergence des solutions de viscosité dans le cas intégro-différentiel. Nous obtenons une preuve
directe et plus courte.

Sous quelques hypotheses supplémentaires, nous obtenons un théoreme de comparaison, s’appu-
yant sur une version non locale du lemme de Jensen-Ishii, duquel I'unicité de la solution de viscosité
est une conséquence. Nous étendons les résultats de [10] dans le cas des EDSR non linéaires qui
conduisent a un opérateur intégro-différentiel plus complexe dans 'EDP associée. Dans le cas
d’équations intégro-différentielles, une difficulté significative réside dans le traitement d’opérateurs
non locaux. L’idée principale est de les décomposer en un opérateur qui correspond aux petits sauts
et un autre qui correspond aux grands sauts et d’utiliser une définition moins classique des solutions
de viscosité introduite dans [10], adaptée aux équations intégro-différentielles et équivalentes aux
deux classiques qui combinent 'approche avec les fonctions tests et les sub-superjets (la solution
est remplacée par la fonction test seulement autour de la singularité de la mesure dans 'opérateur
non local).

2.3 Jeux de Dynkin généralisés et EDSR doublement ré-
fléchies avec sauts

Ce chapitre repose sur 'article < Generalized Dynkin games and Doubly Reflected BSDEs with
jumps> [62], travail en collaboration avec M.C. Quenez et A. Sulem et soumis pour publication.

2.3.1 Préliminaires et vue d’ensemble de la littérature

Le jeu de Dynkin est un jeu a somme nulle d’arrét optimal entre deux joueurs. Chaque joueur
peut soit arréter le jeu soit le continuer. Le jeu est arrété des lors que I'un des deux joueurs arréte
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et le gain dépend de qui ’a arrété. Ce jeu d’arrét stochastique, de nos jours appelé jeu de Dynkin,
a été introduit pour la premieére fois par Dynkin [66] comme une généralisation des problemes
d’arréet optimal. Depuis, une quantité considérable de travaux de recherche a été réalisée sur les
jeux de Dynkin et les probléemes associés. Quelques exemples: Dynkin et Yushkevich (1968) [67],
Bensoussan et Friedman (1974) [21], Neveu (1975) [121], Bismut (1977) [23], Stettner (1982) [146],
Alario, Lepeltier et Marechal (1982) [1], Morimoto (1984) [119], Lepeltier et Maingueneau (1984)
[111], Cvitanic et Karatzas (1996) [52], Karatzas et Wang (2001) [101], Ekstrom et Peskir [77],
Laraki et Solan [114], Peskir [135], Rosenberg et al. [139], Touzi et Vieille (2002) [149] etc. La
plupart de la littérature s’intéresse a établir I'existence d’arréts optimaux ainsi que la valeur sous
différents modeles et hypotheses de gain. En temps discret, il est facile de montrer 1'existence
d’arrét optimaux ainsi que la valeur en utilisant des arguments d’induction rétrograde. En temps
continu, un résultat important est di a Lepeltier et Maingueneau [111] qui prouvent I'existence de
temps d’arréts e-optimaux ainsi que la valeur.

Rappelons la formulation mathématique d’'un jeu de Dynkin classique.

Le cadre associé au probleme est tres simple. Il y a deux joueurs, nommés Joueur 1 et Joueur 2,
qui observent deux processus de gain £ et ¢ définis sur un espace de probabilité (2, F,P). Joueur
1 (respectivement Joueur 2) choisit un temps d’arrét 7 (respectivement o) comme controle pour
ce probleme d’arrét optimal.

Au temps (d’arrét) o A 7 le jeu est terminé et Joueur 2 paie le montant (,1,~, +&,1,<, a Joueur
1. Par conséquent, 'objectif de Joueur 1 est de maximiser son paiement pendant que Joueur 2
essaie de le minimiser. Il est alors naturel d’introduire les valeurs inférieures et supérieures du jeu.

V =supinf F[{,1,5, + (1r<,); V i=infsup E[&, 1,50 + (1<, (2.3.1)

Si les deux fonctions valeurs définies ci-dessus coincident, on dit que le jeu admet une fonction
valeur.

Une application financiere intéressante du jeu de Dynkin est ’étude des options jeu, aussi
connus sous le nom d’options israéliennes, tels que définies par Kifer [103]. Une option jeu est un
contrat entre un émetteur et un détenteur dans lequel le détenteur peut exercer 1'option a tout
moment pour un gain tandis que I’émetteur peut la résilier a tout moment contre un paiement.

Ceci est I'un des quelques contrats financiers dans lesquels 1’émetteur prend également des
décisions qui affectent le gain. Si nous ignorons la dépendance par rapport aux actifs sous-jacents
et nous concentrons sur les liens entre décisions et gains, 'option jeu est comparable au jeu de
Dynkin. De plus, le paiement associé a la résiliation est typiquement supposé supérieur ou égal
au gain de l'exercice, faisant écho aux inégalités standard sur le gain existant dans les jeux de
Dynkin. A la fois dans les modeles & temps discret et continu, Kifer [103] a montré que 'option jeu
a un unique prix d’arbitrage. D’autres recherches associées aux options jeu ainsi qu’a des contrats
financiers de type jeu ont été initiées par Bielecki et al. [22], et Dolinsky Kifer [56], Dolinsky et
al. [55], Hamadene et Zhang [93], Kallsen et Kuhn [97, 98], et Kifer [103], etc.
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Nous nous concentrons maintenant sur le lien entre les Jeux de Dynkin Classiques et les EDSR
Doublement Réfléchies (EDSRDR) introduites par Cvitanic et Karatzas [52] dans le cas d'une
filtration brownienne. La solution est contrainte de rester entre une barriere supérieure ( et
une barriere inférieure £ et est représentée par un quadruplet de processus de carré intégrable

{(Ys, Zy, Ay, A)); 0 <t < T satisfaisant:
( T
}/;fzg—{_/ g(svwv}/:%Zs)dS_l_AT_At_(A,T_A;)
¢
T
—/ ZdWg, 0<t<T,

) (2.3.2)

é-t S }/;f S Ctv

T T
/ (Yt - ft)dAt =0et / (Ct - Y;)dA; =0.
\ /0 0

avec A et A” deux processus continus, croissants, dont le role est de garder le processus Y entre
les deux barrieres. Ils prouverent l'existence et 'unicité de la solution lorsque les barrieres sont
régulieres et satisfont la condition de Mokobodski qui se transforme en Iexistence de la différence
de deux sur-martingales positives entre £ et (.

Lorsque le générateur g ne dépend que de (t,w), Cvitanic-Karatzas ont montré que lexistence
d’une solution (Y, Z, A) de 'EDSR ci-dessus implique que Y correspond a la fonction valeur d’un
Jeu de Dynkin Classique. Enoncons leur résultat:

Theorem 2.3.1 (Cvitanic-Karatzas). Soit (Y, Z, A, A") une solution de ’EDSR avec g(t,w,y, z) =
g(t,w). Pour tout 0 <t <T et tout couple de temps d’arrét (1,0) € T x T, considérons le gain:

TNAC
It(Ta J) = / g(u)du + 57’1730 + Ca 10'<Ta
t
ainsi que les fonctions valeurs supérieures et inférieures, respectivement,

V (t) := essinf esssup E[I,(7,0)|F;], V.(t) := esssup essinf E[[;(7, 0)|F].

€Tt T€T: T€T: o€T

d’un jeu de Dynkin correspondant. Le jeu a la valeur V(t), donnée par le processus d’état Y de la
solition de ’EDSR, qui est:

Vit)=V#t)=V({#t)=Y;, as YO<t<T,
ainsi qu’un point-selle (64, 7;) € Ty X Ty donné par
o :=inf{s € [t,T), Yo=C(AT; 7:=inf{s € [t,T), Yo =&} AT.

a savoir
E[It(Tty &t)] < E[It(%ta 5::)] =Y < E[]t(%ta Ut)],

pour tout (o,7) € Ty x T;.



36

Depuis l'article séminal de Cvitanic-Karatzas, beaucoup d’auteurs ont exploré 'existence et
I'unicité de la solution ainsi que les liens avec les Jeux de Dynkin Classiques avec différentes hy-
potheses sur le coefficient g et sur la régularité des barrieres (voir par exemple Lepeltier-San Martin
et [112]). Ces résultats ont également été étendus au cas des EDSRDR dirigées par un mouvement
brownien et une mesure aléatoire de Poisson (voir par exemple [86], [87], [50]).

Le lien ci-dessus entre les Jeux de Dynkin Classiques et les EDSRDR peut étre étendu dans le
cas plus général des EDSRDR non linéaires, puisque étant donné la solution Y de la EDSRDR, il
a été montré qu’elle coincide avec la fonction valeur d’un jeu de Dynkin classique de gain:

ONT
Is(r,o) = / 91, Vs Zo, K )t + €1y + G, (2.3.3)
S

ou Z, k sont les processus associés a Y. Cependant, cette caractérisation n’est pas vraiment utilis-
able parce le gain instantané g(u, Yy, Z,, k,) dépend de la fonction valeur Y et du jeu de Dynkin
associé. Nous verrons dans la partie originale que nous pouvons définir un probleme de jeu bien
posé (dans le sens ot le critére n’est pas défini a partir de la fonction valeur elle-méme) dont nous
montrons qu’il admet une valeur qui coincide avec la solution d'une EDSRDR avec un générateur
général non linéaire.

2.3.2 Contributions

Dans le chapitre 3, nous introduisons un nouveau probleme de jeu qui peut étre vu comme une
généralisation du jeu classique de Dynkin. Plus précisément, I’espérance linéaire dans le critere est
remplacée par une g-espérance conditionnelle non linéaire, induite pas une Equation Différentielle
Stochastique Rétrograde (EDSR) avec sauts. Nous décrivons ci-dessous tres brievement ce nou-
veau probleme de jeu.

Soient £ et ¢ deux processus adaptés et qui sont seulement supposés étre cadlag avec (r = &r
ps., £ € Sy (Vensemble des processus ¢ tels que E[sup,cp ¢7] < +00), ( € 83, & < ¢, 0<t < T

p.s.
Pour chaque 7,0 € Ty, le gain au temps d’arrét 7 A o est donné par:

1(7—7 U) = é‘r]-‘rga + CO’1(7<T' (234)

Soit S € Ty. Pour chaque 7 € Tg et 0 € Tg, le critére associé est donné par Eg,n,(I(,0)), la
g-espérance conditionnelle de (7, 0).

Au temps d’arrét S, le premier (respectivement le second) joueur choisit un temps d’arret 7
(respectivement o) apres S, afin de maximiser (respectivement minimiser) le critere.

Pour chaque temps d’arrét S € Ty, les fonctions valeurs supérieures et inférieures au temps S
sont définies comme suit:

V(S) := essinf esssup Eg o (1(T,0)); (2.3.5)

o€Ts  reTg
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V(S) := esssup essinf Eg po (L(7,0)). (2.3.6)

T€Tg oc€Ts

Le jeu admet une fonction valeur si V(S) = V(S).

Sous la condition de Mokobodski, nous montrons I'existence d’une fonction valeur pour ce jeu
qui peut étre caractérisée comme étant I'unique solution d’'une EDSR non linéaire doublement
réfléchie (EDSRDR). Jusqu’a maintenant, aucune interprétation des EDSR non linéaires double-
ment réfléchies en termes de contréle ou de problémes de jeu (avec espérance non linéaire) n’a été
donnée dans la littérature.

Grace a cette caractérisation, nous obtenons des propriétés de ces EDSRDR comme un théoreme
de comparaison général et un théoreme de comparaison strict. Nous établissons également de
nouvelles estimations a priori avec constante universelle pour EDSRDR et la preuve s’appuie
sur la caractérisation de la solution comme la fonction valeur de ce nouveau probleme de jeu.
Lorsque les deux obstacles sont semi-continus supérieurement a gauche le long des temps d’arréts,
nous montrons l'existence d’un point-selle du jeu de Dynkin généralisé. Nous soulignons que
nous ne supposons pas la stricte séparabilité des barrieres, hypothese qui est cruciale dans la
littérature antérieure. Nous pouvons nous en passer en imposant une contrainte supplémentaire
sur les processus croissants A, A’ qui apparaissent dans la définition (2.3.2) (notons que dans notre
cadre les processus croissants A et A’ ne sont plus continus). Plus précisément, nous supposons
que les mesures dA et dA’ sont mutuellement singulieres dans le sens probabiliste, i.e. qu’il existe
D € P tel que

T T
E[/ 1DdAt]:E[/ 1pedAl] = 0.
0 0

Cette contrainte est également importante afin d’obtenir I'unicité des processus croissants A et A’.
De plus, elle permet d’identifier les sauts positifs et négatifs de la solution de 'TEDSRDR.

Nous continuons par I’étude d’'un jeu a somme nulle mixte généralisé sous la g-espérance condi-
tionnelle, dans lequel deux joueurs s’affrontent en prenant deux actions: controle continu et arrét.
Nous obtenons des conditions suffisantes (par exemple les générateurs controlés ¥ ont un point-
selle g™") qui assurent l'existence d’une fonction valeur du jeu mixte généralisé et caractérisent
la fonction valeur commune comme la solution d’'une EDSRDR avec générateur ¢%*. Quand les
deux obstacles sont semi-continus supérieurement a gauche le long des temps d’arrét, le jeu mixte
généralisé correspondant admet un point-selle.

Nous étudions ensuite le jeu de Dynkin généralisé dans le cadre markovien et ses liens avec
les inégalités variationnelles des équations intégro-différentielles partielles paraboliques avec deux
obstacles. Plus précisément, nous montrons que la fonction valeur d'un jeu de Dynkin généralisé
dans le cas markovien est 'unique solution de viscosité de ’équation intégro-différentielle corre-
spondant. Du point de vue des EDP, ce résultat donne une nouvelle interprétation probabiliste de
I’EDP semi-linéaire avec deux barrieres en terme de problemes de jeux.
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2.4 Un principe de programmation dynamique faible pour
des problemes combinés de Controle Stochastique et
d’Arrét Optimal avec des £/-Espérances

Ce chapitre repose sur l'article <A weak dynamic programming principle for Combined Stochastic
Control / Optimal Stopping with £/-expectations> [63] joint avec M.C. Quenez et A. Sulem et
soumis pour publication.

2.4.1 Préliminaires et vue d’ensemble de la littérature

Le Principe de Programmation Dynamique (PPD) est I'outil principal dans la théorie du controle
stochastique. L’idée de base de la méthode est de considérer une famille de problemes de controle
stochastique avec différents états initiaux et d’établir des liens entre les fonctions valeurs associées.
Cela a été initité dans les années 50 par Bellman ([28], [19]) qui disait que <an optimal policy
has the property that, whatever the initial state and control are, the remaining decisions must
constitue an optimal policy with regard to the state resulting from the first decision>> qui pourrait
se traduire en francais par <une regle optimale a la propriété que, quel que soit 1’état initial et
le controle, les décisions ultérieures doivent constituer une regle optimale par rapport a l'état
résultant de la premiere décision>>. Typiquement, un probleme de contréle stochastique avec un
horizon fini T" peut étre écrit comme suit:

V(0,2) = sup]E[/O F(s, X2, a,)ds + g(X2)], (2.4.1)

acA

ou f est le gain instantané et g est le gain terminal.

Une écriture formelle du PPD est

V(0,z) =v(0,2) := suBE/ f(s, X3 ag)ds + V(r, X2, (2.4.2)
ae
ou 7 est un temps d’arrét arbitraire tel que 7 € [0,7) p.s.

Dans le cas des diffusions a sauts markoviennes controlées, le PPD est utilisé afin de calculer
I’équation de programmation dynamique correspondante dans le sens des solutions de viscosité.
Dans la littérature, le principe est traditionnellement établi sous des hypotheses qui assurent que la
fonction valeur satisfait des propriétés de mesurabilité et de régularité, voir e.g. Fleming-Rischel,
Krylov, El Karoui, Bensoussan-Lions, Lions P.-L.; Fleming-Soner, Touzi pour le cas de diffusions
controlées et Oksendal et Sulem pour le cas de diffusions markoviennes avec sauts. La relation
(2.4.2) du PPD est treés intuitive et peut étre facilement prouvée dans le cadre déterministe ou en
temps discret avec un espace de probabilité fini. Cependant, sa preuve dans le cas général n’est
pas triviale et exige dans un premier temps que V soit mesurable.

Le cas d’une fonction valeur discontinue a été étudié dans un cadre déterministe dans les années
80: un principe de programmation dynamique faible a été établi pour le controle déterministe par
Barles (1993) (voir [8], voir aussi Barles et Perthame (1986) [11]).
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Plus précisément, il prouve que I'enveloppe semi-continue supérieure V* et ’enveloppe semi-
continue inférieure V, de la fonction valeur V satisfait, respectivement, le principe de sous- et
sur-optimalité de la programmation dynamique de Lions et Souganidis (1985) [114]. Il montre
ensuite que la fonction valeur (discontinue) est une solution de wviscosité faible de 1’équation de
Bellman associée dans le sens ou V* est une sous-solution de viscosité et V, est une sur-solution
de viscosité de I'équation de Bellman.

Plus récemment, Bouchard et Touzi (2011) (voir [35]) ont prouvé un principe de programmation
dynamique faible dans un cadre stochastique lorsque la fonction valeur n’est pas nécessairement
continue, ni méme mesurable. Ils prouvent que I’enveloppe semi-continue supérieure V* satisfait le
principe de sous-optimalité de la programmation dynamique et avec une hypothese supplémentaire
de régularité (semi-continuité inférieure) du gain g, ils obtiennent que 'enveloppe semi-continue
inférieure V, satisfait le principe de sur-optimalité.

Un principe de programmation dynamique faible a ensuite été établi, sous des hypotheses de
régularité spécifiques, pour des problemes avec contraintes d’état par Bouchard et Nutz (2012)
dans [34] et pour les jeux stochastiques & somme nulle par Bayraktar et Yao (2013) dans [14].

Dans la suite, nous présentons les résultats classiques du probléeme pour le controle stochastique
et larrét optimal (pour des problémes a horizon fini) dans le cas ou la fonction valeur n’est pas
a priori continue, ni méme mesurable. Nous rappelons le principe de programmation dynamique
faible obtenu par Bouchard et Touzi ([35]) ainsi que les équations HJB associées.

(i) Contréle stochastique et programmation dynamique faible pour les espérances classiques

Nous notons .4 'ensemble de tous les processus progessivement mesurables aw = {ay,t < T'} a
valeurs dans A, un sous ensemble de R, appartenant a Hy (I’ensemble des processus ¢ tels que
E[ fOT @2ds] < +00). Les éléments de A sont appelés les processus de controle.

Pour chaque processus de controle o € A, nous considérons I’équation différentielle stochastique
suivante:

XL = b(X™0, a,)ds + o (X077, a,)dW, (2.4.3)

ol les coefficients b et o satisfont les conditions habituelles de Lipschitz et de croissance linéaire
afin que 'EDS ci-dessus admette une unique solution forte.

Etant donné une condition initiale (t,x), le processus X" est appelé le processus controlé car
sa dynamique est dirigée par I'action du processus de controle «.
Nous définissos la fonctionnelle de cout J sur [0,7] x R x A par:

T
Stne) = | [ s, X2 ads 4 905
t

ou f est continue et Lipschitz et g est borélienne a croissante quadratique.
L’objectif est d’étudier le probleme de controle stochastique suivant:

v(t,z) = sup J(t,z,a), (2.4.4)

acA;
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ou A; représente I’ensemble des controles t-admissibles qui sont indépendants de F;.

Afin de décrire le comportement local de la fonction valeur V' au moyen de [’équation de
programmation dynamique ou Hamilton-Jacobi-Bellman, le point clé est le Principe de Program-
mation Dynamique. Puisque le PPD implique la fonction valeur elle-méme qui n’est peut-étre pas
mesurable sous ces hypotheses, Bouchard et Touzi [35] proposent une version Faible du Principe
de Programmation Dynamique laquelle est montrée étre suffisante pour obtenir ’équation de pro-
grammation dynamique. Ce PPD faible fait apparaitre I’enveloppe semi-continue supérieure de
la fonction valeur V', respectivement celle semi-continue inférieure, qui sont définies comme suit:
pour tout t € [0, 7], pour tout x € R,

Vi(t,z) := liminf V(¢ 2') et V*(¢t,z):= limsup V(' ). (2.4.5)

(t' ") (t,x) (t' 2= (t,7)
Rappelons le Principe de Programmation Dynamique faible.

Theorem 2.4.1 (Principe de Programmation Dynamique Faible). 1. Soit {6% « € U} une
famille de temps d’arrét finis indépendants de F; a valeurs dans [t,T|. Alors:
00{
V(t,z) < sup E| f(s, X2 a)ds + V* (0%, X5, (2.4.6)
acA t
2. Supposons de plus que g est semi-continue inférieurement et X, 1; o est L>-borné pout
tout v € A;. Alors:
004
V(t,z) > sup E[ (5, X2 g )ds + V(0% X5ab")]. (2.4.7)
acA; t

Le PPD faible ci-dessus est montré sans utiliser les théoremes abstraits de sélection mesurable.
Les auteurs appellent a la place le covering lemma de Vitali. L’inégalité qui est la plus difficile a
obtenir est la seconde et elle nécessiste une hypothese de semi-continuité inférieure sur le critere
(qui est satisfaite dans le cas ou le gain g est semi-continue inférieurement).

Nous faisons remarquer que lorsque V' est continue alors V = V, = V* et le principe de
programmation dynamique faible ci-dessus se réduit au principe de programmation dynamique
classique:

00(
V(t,z) = sup E [ (5, X2 a)ds + V (0%, Xga")
t

ac At
Comme mentionné précédemment, le principe de programmation dynamique faible représente
I’étape principale pour obtenir I’équation de programmation dynamique qui correspond a la con-
trepartie infinitésimale du PPD. Elle est généralement appelée I’équation Hamilton-Jacobi- Bellman.
L’équation HJB associée est obtenue grace au théoreme suivant:

Theorem 2.4.2. Supposons que la fonction valeur V € CY2([0,T),R) et soit f(-,-,a) continue en
(t,x) pour tout a € A fizé. Alors, pour tout (t,z) € [0,T) x R:

-0V (t,z) — sup{b(t, z,a)0, V (t,x) + %Tr[aa(t,x, a)D2 V(t,x)] + f(t,r,a)} = 0. (2.4.8)

a€A
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Notons que lorsque la fonction valeur V' n’est pas continue, alors elle vérifie au sens des solutions
de viscoité 'EDP ci-dessus.

Nous présentons maintenant les résultats principaux concernant I’arrét optimal qui représentent
un cas particulier des problemes de controle stochastique lorsque le controle prend la forme d’un
temps d’arrét.

(13) Arrét optimal et principe de programmation dynamique faible pour les espérances classiques

Pour 0 <t < T < +o00, nous notons T 7 la collection de tous les F-temps d’arrét a valeurs
dans [t, T]. Le processus d’état sous-jacent X** de condition initiale (¢, x) est défini par I'équation
différentielle stochastique:

AXD" = b(s, X1")ds + o (s, X17)dW,

ou b et o satisfont les conditions habituelles de Lipschitz et de croissance linéaire afin que 'EDS
ci-dessus ait une unique solution forte.
Soit g une fonction mesurable a croissance polynomiale et supposons que:

E[ sup |g(Xy)|] < o0.

0<t<T
Pour un temps d’arrét admissible, le critere est défini comme suit:
J(t,z,7) =E [g(X-)] (2.4.9)
Nous considérons maintenant le sous-ensemble des temps d’arrét:
T} == {7 € Ty : 7 independents de F;}. (2.4.10)
Le probleme d’arrét optimal est défini par:

V(t,z) = sup J(t,z, 7). (2.4.11)
7'67?

En utilisant les mémes arguments que pour le probleme de controle stochastique présenté ci-
dessus, Bouchard et Touzi ont montré le Principe de Programmation Dynamique Faible suivant:

Theorem 2.4.3. Pour (t,z) € [0,T] x R, soit 6 € T} un temps d’arrét tel que X;° soit borné.

Alors:
V(t,z) < sup E [1{r<o19(XE") + 150,V (0, X;7)] (2.4.12)
TETH
V(t,z) > sup E [11,<0y9(XE7) + 1m0y Va(0, X57)] - (2.4.13)
7'67?

Lorsqu’on sait a priori que la fonction valeur V' est réguliere, la contrepartie infinitésimale du
principe de programmation dynamique est la suivante:

Theorem 2.4.4. Supposons que V € CY2([0,T),R) et soit g : R — R continue. Alors V est
solution du probléeme d’obstacle:

min{—(9; + L)V,V — g} =0, (2.4.14)
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ou LV est le générateur infinitésimal du processus de diffusion markovien X.

Le probleme de controle stochastique classique (2.4.1) a été généralisé par Peng lorsque la
fonctionnelle de cotlit est définie au moyen d’une équation différentielle stochastique rétrograde non
linéaire (voir [127] et [128]) sous des hypotheses qui assurent que la fonction valeur est continue. 11
établit une programmation dynamique en utilisant la méthode du semi-groupe rétrograde et obtient
les équations HJB associées. Ces résultats permettent d’obtenir une interprétation stochastique
pour une plus large classe d’équations HJB non linéaires puisque le coefficient f dépend également
de (y, 2).

A la fin de cette section, nous aimerions mentionner quelques développements dans le cas
ou l'incertitude affecte uniquement la volatilité du modele. Soner, Touzi et Zhang ([145]) ont
récemment introduit la notion d’EDSR du second ordre (EDSR2) dont I'idée de base est d’exiger
que la solution vérifie les équations P* p.s. pour chaque mesure de probabilité dans une classe
non dominée de mesures mutuellement singulieres. Leur théorie est étroitement liée a la notion
de G-espérance de Peng ([129]) et permet d’obtenir une représentation probabiliste différente des
solutions d’équations HJB compléetement non linéaires.

2.4.2 Contributions

Dans ce chapitre, nous nous intéressons a la généralisation des résultats obtenus par Bouchard et
Touzi ([35]) lorsque Iespérance linéaire E est remplacée par une espérance non linéaire définie par
une Equation Différentielle Stochastique avec sauts. Dans le cadre markovien, la fonction valeur
de notre probleme est la suivante:

V(t,z) := sup S&T[g(X%’t’x)], (2.4.15)
acA
ou £ est l'espérance conditionnelle non linéaire associée a 'EDSR avec sauts et le générateur
controlé f(ay, X, y,2,k). Nous regardons cette étude dans le cas ou la fonction de gain g est
uniquement borélienne. De plus, dans ce chapitre, nous considérons le probleme combiné lorsqu’il
y a un controle supplémentaire prenant la forme d'un temps d’arrét. Nous considérons ensuite des
problemes de controle stochastique et d’arrét optimal généralisés de la forme

V(t,z) := supsup £ [M(X2H7)], (2.4.16)

e} T

ot A(X2H®) est un gain irrégulié.

Afin de caractériser la fonction valeur comme la solution d’une inégalité variationnelle HJB,
nous établissons tout d’abord un Principe de Programmation Dynamique qui est obtenu en utilisant
des techniques sophistiquées d’analyse stochastique. Nous mettons en avant que, en conséquence
des faibles hypotheses sur les coefficients, la fonction valeur de notre probleme n’est pas nécessaire-
ment continue, ni méme mesurable.

Comme mentionné dans la section introductive, puisque pour t fixé, la fonction valeur r —
V(t,x) n’est pas nécessairement mesurable, nous ne pouvons pas établir une programmation dy-
namique classique. Nous obtenons a la place un Principe Programmation Dynamique faible qui
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implique la fonction V, et la fonction V* définies par
V*(t,x) = limsup V(t',2'), V(t,z) € [0,T) x Ret V¥(T,z) = g(z),Vx € R;
2" —(t,z)
Vi(t,x) = ( hH)liI(lf )V(t’,x’), V(t,z) € [0,T) x Ret Vo(T,z) = g(x),Vx € R.
t'x')—(t,x
Remarquons que dans notre cas, la fonction V* (respectivement V) n’est pas nécessairement
semi-continue supérieurement (respectivement inférieurement) sur [0, 7] x R car le gain terminal ¢
est seulement borélien (il n’est pas supposé satisfaire une quelconque hypothese de régularité). Ce
n’est pas le cas dans la littérature précédente méme dans le cas linéaire ou g est supposée étre semi-
continue inférieurement (voir [35]). Nous donnons ci-dessous le principe de sous- (respectivement
sur-) optimalité de la programmation dynamique satisfait par V* (respectivement V), I'un de nos
principaux résultats de ce chapitre.

Theorem 2.4.5. (Un principe de programmation dynamique faible) La fonction V* satisfait le
principe de sous-optimalité de la programmation dynamique, c¢’est a dire pour tout t € [0,T] et
pour tout temps d’arrét 6 € T},

V(t,x) < sup sup&o [h(T, XOM) 1rcp + V0, X57"7) 1754] (2.4.17)
ac At TeT} ’
La fonction V* satisfait le principe de sur-optimalité de la programmation dynamique, ¢’est a dire
pour tout t € [0,T] et pour tout temps d’arrét 6 € T},

V(t,z) > sup supggé?’ﬁ [A(T, X2 1,9 + Va0, X577) 1,50] - (2.4.18)
a€Al TeT!

Dans le théoréme ci-dessus, A! représente I'ensemble des controles indépendents de F; et re-
strictionnés & [t,T]. De maniére similaire, 7,' denote I'ensemble des temps d’arrét indépendents
de F;, a valeurs dans [t, 7.

Le principe de sous-optimalité est le plus facile a obtenir. Il repose sur la propriété de flot
pour les EDS rétrogrades et classiques et une propriété de séparation qui dit essentiellement que,
étant donné une date intermédiaire t < T' et une trajectoire fixée jusqu’a la date ¢ (correspondant
a la réalisation du mouvement brownien et de la mesure aléatoire de Poisson), 'EDSR peut étre
résolue par rapport au mouvement brownien et a la mesure de Poisson aléatoire les deux translatés
de t. Ce résultat est nécessaire afin de pouvoir utiliser la définition de la fonction valeur qui est
une fonction déterministe.

La seconde inégalité est considérablement plus difficile a établir et repose sur l'existence de
controles e-optimaux faibles pour notre probleme mixte de controle et temps d’arrét optimal
(résultat qui necessite des arguments fins comme un théoreme de sélection mesurable abstrait)
ainsi que sur de nouvelles propriétés des EDSR (e.g. un lemme de Fatou pour les EDSR réfléchies
ou la limite concerne a la fois la date terminale et la condition terminale).

En utilisant ce principe de programmation dynamique faible et un nouveau théoreme de com-
paraison entre les EDSR et les EDSR réfléchies, nous déduisons que la fonction valeur est une solu-
tion faible de viscosité d'une inégalité variationnelle HJB non linéaire généralisée. Plus précisément,
le résultat est le suivant:
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Theorem 2.4.6. La fonction V', définie dans (1.4.16), est une solution de viscosité faible de
HJBVI

’min(V(t,x)(;Vh(t,x), .
infaeA(—E(t, x)— LV (t,x) — f(a,t,z, V(L x), (08_x>(t’ x), B*V(t,z))) =0,
(t,z) €[0,T) xR

\V(T,z) =g(z),r € R

(2.4.19)

avec L* := A® + K%, et pour ¢ € C*(R),

o A%(x):= %a%x,a)%(z) + b(x, ) —(z)

o K(z):= [ (¢(x + Bz, €)) — p(x) — %(x)ﬂ(x,a, e)) v(de)
o B(x) = ¢(z + B(z,a,-)) — d(),

dans le sens ou V* est une sous-solution de viscosité de (2.4.19) et V. est une sur-solution de
viscosité de (2.4.19).

Nous concluons ce chapitre avec des applications financieres de la partie théorique.

2.5 Méthodes numériques pour les EDSR Doublement Ré-
fléchies avec Sauts et obstacles irréguliers

Cette partie de la these est dédiée aux méthodes numériques pour les EDSRDR avec sauts et
obstacles irréguliers et repose sur deux articles écrits en collaboration avec C. Labart: Numerical
approzimation for DRBSDFEs with jumps and RCLL obstacles [59] (accepté pour publication dans
Journal of Mathematical Analysis and Applications) et Reflected scheme for DRBSDEs with jumps
and RCLL obstacles [60] (accepté pour publication dans Journal of Computational and Applied
Mathematics).

Nous commencons cette section avec une courte présentation des méthodes numériques exis-
tantes pour les EDS rétrogrades.

2.5.1 Préliminaires et vue d’ensemble de la littérature

Les Equations Différentielles Stochastiques Rétrogrades offrant une représentation probabiliste de
la solution des EDP semi-linéaires, de nombreux travaux concernent les schémas numériques dans
le cadre markovien lorsque la filtration est générée par un mouvement brownien. Parmi ceux-ci,
rappelons 'algorithme & quatre étapes developpé par J. Ma, P. Protter et J. Yong ([115], voir aussi
[68]), Bouchard-Touzi ([26]), Zhang ([152]) etc. Pour le cas des EDSR réfléchies et doublement
réfléchies, voir [25] et [45].
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Une approche pertinente dans la théorie des EDSR est de proposer des méthodes numériques
implémentables afin d’approximer les solutions de ces équations, la complexité étant due au cal-
cul des espérances conditionnelles. Beaucoup d’efforts ont été faits dans cette direction. Dans
[26], Bouchard et Touzi utilisent le calcul de Malliavin pour réécrire les espérances condition-
nelles comme le ratio de deux espérances non conditionnelles qui peuvent étre estimées par des
méthodes standard de Monte Carlo. Dans le cas réfléchi ou le générateur ne dépend pas de Z,
Bally et Pages (voir [5], [6]) utilisent une approche de quantification. Cette méthode repose sur
I’approximation des processus temporels continus sur un maillage fini et nécessite une autre estima-
tion des probabilités de transition sur le maillage. Gobet et al. ([110]) ont suggéré une adaptation
de l'algorithme de Longstaff-Schwartz qui repose sur des méthodes non paramétriques et tres
récemment Ph. Briand et C. Labart ([41]) ont proposé un développement en chaos de Wiener qui,
dans l'esprit, n’est pas tres éloigné des techniques de régression. Nous rappelons également les
méthodes de cubature, utilisées par T. Lyons, D. Crisan et K. Manolarakis. (voir [50]).

Dans le cadre non markovien, dans le cas des EDSR standard ([134]) et des EDSR réfléchies
[151], les auteurs proposent une autre technique qui repose sur l’approximation du mouvement
brownien par une marche aléatoire. Cette méthode permet de simplifier le calcul des espérances
conditionnelles qui apparaissent a chaque étape et d’obtenir des schémas completement implémentables.
Les EDSRs ont alors été remplacées par une une équation stochastique rétrograde discrete appro-
priée dont la convergence est obtenue grace a un résultat de Briand, Delyon et Memin [37] (voir
aussi [38]).

Alors que les schémas discrets pour I'approximation des solutions des EDSR dans un cadre
purement brownien sont étudiés dans plusieurs travaux, le cadre avec saut a une littéraire moins
abondante et réduite au cas des EDSR non réfléchies. Dans le cadre markovien, Bouchard et Elie
([30]) ont considéré des schémas numériques pour les EDSR avec une activité de saut purement finie
reposant sur I’équation de la programmation dynamique. Récemment, Lejay et al. (2014) [109]
ont étendu les résultats de Briand, Delyon et Memin au cas avec sauts. Leur méthode s’appuie
sur la construction d’'une EDSR avec sauts discrete et dirigée par un systeme complet de trois
martingales orthogonales discretes en temps et en espace, la premiere étant une marche aléatoire
qui converge vers un mouvement brownien, la deuxieme une autre marche aléatoire indépendante
de la premiere, et la troisieme converge vers un processus de Poisson.

2.5.2 Contributions

Dans le chapitre 5, nous étudions dans un cadre non markovien un schéma d’approximation en
temps discret de la solution des EDSR Doublement Réfléchies avec Sauts dirigées par un mouve-
ment brownien (noté W) et un processus de Poisson compensé indépendant d’intensité A (noté N).
De plus, nous supposons que les barrieres sont continues a droite, limitées a gauche et admettent
a la fois des sauts inaccessibles et prévisibles. L'EDSRDR que nous résolvons numériquement a la
dynamique:

T T T
Y, = &r +/ 9(s,Ys, Zy, Uy)ds + (Ap — Ay) — (Kp — K;) — / Z.dW, — / UdN,, (2.5.1)
t t t
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et satisfait les contraintes suivantes:

() vt € [0,T], & <Y <G ps.
T

T

(i) / (Vi — & )dAS =0 et / (G = Vi )AK® = 0 pas. (2.5.2)
0 0

(431) V7 temps d’arrét prévisible, AA? = AAflyT_ —¢ et AK? = AKf_llyT_:C

=

Comme nous avons mentionné dans le chapitre précédent, puisque nous considérons le cadre général
dans lequel les sauts des obstacles peuvent étre soit prévisibles soit totalement inacessibles, les pro-
cessus croissants A et K, dont le role est de garder la solution Y entre les barrieres, ne sont plus
continus. Nous pouvons alors réécrire la condition de séparabilité de Skorokhod, pour la partie
continue A¢ (respectivement K¢) de A (respectivement K) et la discontinue, notée A? (respective-
ment K?).

Notre objectif est de proposer une schéma completement implémentable de TEDSRDR. ci-
dessus, reposant sur deux arbres binomiaux aléatoires et la métode de pénalisation, qui est alors
convergente vers la solution de 'EDSRDR. Nous présentons ci-dessous 1'idée principale:

(7) Nous introduisons dans un premier temps une suite d’EDSR prénalisées afin d’approximer
I'EDSR doublement réfléchie (1.5.1;1.5.2) satisfaisant:

T
YP— ¢+ / g(s,Y?, 22, UP)ds + AB. — A? — (KP — K7)
v T 3
- / ZPdW, — / UPdN,, (2.5.3)
t t

avec AV = pfot(Ysp — &) ds et KV = pfé((s —YP) ds.

Nous obtenons la convergence des équations pénalisées dans le cas d’une mesure aléatoire de
Poisson générale et, puisque nous devons traiter avec un générateur qui dépend de la solution,
la méthode de pénalisation utilisée dans la littérature précédente (qui traite seulement le cas
d’un générateur sous la forme d’un processus, le cas général étant obtenu par un argument
de point fixe) ne peut étre utilisée dans notre cadre général. Nous proposons a la place une
preuve qui repose sur une combinaison de pénalisations, la théorie de I’enveloppe de Snell, le
théoreme de comparaison pour les EDSR avec sauts, un théoreme de monotonicité généralisé
sous la condition de Mokobodski et des jeux stochastiques.

(77) Nous approximons le mouvement brownien et le processus de Poisson par deux marches
aléatoires indépendantes, notées W, respectivement N", et définies comme suit:

20 L
We =0 Wi =vo e, Ng =0, N =3 o,
=1 i=1

avec e', 7 = 1,n des varables aléatoires indépendantes et identiquement distribuées qui pren-

nent les valeurs {—1;1}, chacune avec probabilité % et n',i = 1,n définies similairement

a (e') mais prenant les valeurs {k, — 1;k,} avec probabilités 1 — k,, respectivement k,,
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. _2 e . ,
ol Kk, = e n». Dans la définition ci-dessus, 9, := % représente le pas de temps. Le cou-

ple (W™ N") converge vers (W, N) en probabilité pour la topologie J; de Skorokhod. En
utilisant ces approximations, nous obtenons le schéma d’approximation discret suivant de
I'équation pénalisée définie par (2.5.3):

y_?’ - ]—‘,—1 + g( R y] ) ] ) ] )6 + ap’ k;””
—(z f’nv n€ji1 + uj 77j-|—1 + U? ﬂj-i-l)
a;" = pon(y;" = &) KT = poa((F —uy")

yn" =&,

(2.5.4)

ou la troisieme suite d’incréments de martingale { wy =ejn, j=0,.., n} est nécessaire afin
d’obtenir la représentation des martingales (voir [109]).

Ensuite, en utilisant le schéma discret implicite ci-dessus, nous pouvons déduire les expres-
sions des coefficients (27", u™, v5™"
sont faciles a calculer dans notre cadre grace aux approximations ci-dessus de W et de N.

Cependant, la valeur de (y;");j=1,» n'est pas facile & déduire puisque nous devons introduire

)j=1,» faisant apparaitre les espérances conditionnelles qui

un opérateur dont l'inversion numérique est difficile et consommatrice de temps. Afin de
surmonter ce probléeme, nous introduisons une équation rétrograde discrete explicite qui est
obtenue en remplagant dans (2.5.4) y" par E[y?}|F}'] dans le générateur g:

B =+ gl BRI S+ = 1
—(Zﬁ”"me?+1 + up’ Nj41 + Upﬁﬂ?ﬂ)

af" = pon (" = &) 75 K" = poa((f =y

=g

(2.5.5)

ou F" représente la filtration discrete générée par (€7, n})j=1.-

Nous introduisons ensuite les versions a temps continu (Y™, ZP" UP™, AP"™ ) K7™ )o<i<r de
la solution de ce schéma explicite et nous montrons sa convergence en n vers la solution de
(2.5.3). Reliant ce résultat avec la convergence en p de I’équation pénalisée (voir (7)), nous
obtenons la convergence de notre schéma en (p,n) de la solution de 'EDSRDR.

Nous terminons par étudier numériquement nos résultats théoriques dans le cas ou les barrieres
admettent a la fois des sauts prévisibles et totalement inaccessibles. La difficulté dans le choix des
exemples provient de la condition de Mokobodski que nous devons supposer et qui est difficile a
vérifier en pratique. Nous faisons remarquer que l'utilité pratique de nos schémas est restreinte
aux petites dimensions. En effet, puisque nous utilisons une marche aléatoire pour approcher le
mouvement brownien et le processus de Poisson, la complexité de 1'algorithme croit tres vite avec
le nombre de pas n (plus précisément, en n?, d étant la dimension) et, comme nous le verrons dans
la partie numérique, la méthode de pénalisation nécessite un pas de temps faible afin d’étre stable.

Dans le chapitre 6, nous proposons un schéma alternatif & (2.5.4) et respectivement a (2.5.5) afin
de résoudre TEDSRDR donnée par (2.5.1;2.5.2). Comparés aux équations rétrogrades discretes
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(1.5.4) et (1.5.5), les schémas que nous présentons dans le chapitre 6, appelés schéma réfiéchi
implicite et schéma réfliéchi explicite reposent sur une discrétisation directe de (2.5.1;2.5.2). Il n’y
a pas d’étape de pénalisation. Cette méthode ne dépend que d’un parametre d’approximation (le
nombre de pas de temps n) contrairement aux schémas proposés dans le chapitre 5 (voir (2.5.4)
et (2.5.5)) qui dépendent également du parametre de pénalisation. Nous obtenons la convergence
des deux schémas. Le schéma réfléchi explicite est le suivant:

{y? = Byl + ot Blya 7, 25 0o + 0 — (2.5

@} 20, k<0, afky =0, & <yf <G () - ey = (uf — Gk =0,

Nous illustrons numériquement les résultats théoriques et nous montrons qu’ils coincident avec
ceux obtenus en utilisant le schéma pénalisé (2.5.5) pour de grandes valeurs du parametre de
pénalisation p.

2.6 Conclusions et perspectives

Dans cette these, nous avons exploré de nouveaux problemes en analyse stochastique, controle
stochastique, théorie de jeux et mathématiques financieres, a la fois d'un point de vue théorique
et numérique. Les résultats principaux sont les suivants:

e Dans le chapitre 3 (article [57]), nous introduisons une nouvelle classe d’EDSR avec condition
terminale faible non linéaire, associées a la couverture approximative sous contraintes de
mesures de risque dynamiques.

e Dans le chapitre 4 (article [61]), nous étudions un probleme d’arrét optimal pour des mesures
de risque dynamiques induites par des EDSR acec sauts et nous montrons que la fonction
valeur correspond a l'unique solution de viscosité d’un probleme d’obstacle pour les équation
partielles intégro-différentielles.

e Dans le chapitre 5 (article [62]), nous introduisons un nouveau probleme de jeu, qui généralise
le jeu classique de Dynkin au cas d’espérance non linéaire, permettant d’obtenir une représentation
de la solution des EDSR doublement réfléchies non linéaires en termes de jeux stochastiques.

e Dans le chapitre 6 (article [63]), nous étudions dans un cadre markovien un probleme de
controle stochastique et d’arrét optimal mixte dans le cas ou l'espérance classique dans le
critere est remplacée par une espérance non linéaire induite par la solution d’'une EDSR
avec sauts et la fonction de profit terminal est seulement mesurable. Nous établissons un
principe de programmation dynamique faible et en déduisons les équations HJB non linéaires
associées.

e Dans le chapitre 7 (article [63]), nous introduisons une approximation numérique pour la so-
lution d’'une EDSRDR avec sauts et obstacles irréguliers qui admet a la fois des sauts totale-
ment inacessibles et prévisibles. Nous proposons un schéma completement implémentable,
reposant sur une méthode de pénalisation et 'approximation du mouvement brownien et
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du processus de Poisson par deux marches aléatoires indépendantes dont on montre la con-
vergence vers la solution de 'EDSRDR. Nous illustrons les résultats théoriques avec des
exemples numériques.

e Dans le chapitre 8 (article [60]), nous introduisons un schéma completement implémentable
alternatif a celui présenté dans le chapitre 6 afin d’approximer la solution de I’EDSR double-
ment réfléchie avec sauts et obstacles irréguliers. Ce schéma est obtenu par une discrétisation
directe des EDSRDR et ne dépend alors que du nombre de pas de temps n (et plus du
parametre de pénalisation p). Nous obtenons la convergence du schéma et donnons des
exemples numériques.

Concernant les perspectives, ils y a plusieurs orientations de recherche a venir, a la fois d’un
point de vue théorique et numérique. En collaboration avec R. Elie et D. Possamai nous sommes
en train de finir un travail sur les EDSR avec réflexion faible ([58]) qui sont reliées a la couverture
approximative des options américaines. Avec M.C. Quenez et A. Sulem, nous travaillons sur
un nouveau probleme de jeux mixte avec controle stochastique et temps d’arret dans le cadre
markovien [64] et on étudie les liens entre les jeux de Dynkin Généralisés et le pricing non linéaire,
dans des marchés complets et incomplets [65].

D’un pont de vue numérique, il serait utile de proposer des schémas numériques pour la solu-
tion des EDSRDR avec barrieres cadlag dans le cas d'une mesure de Poisson générale ainsi que
des EDSR avec condition terminale faible.
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Part 1

Stochastic control and Optimal Stopping
with non linear expectations

o1






Chapter 3

BSDEs with nonlinear weak terminal
condition

Abstract. In a recent paper, Bouchard, Elie and Reveillac [31] have introduced a new class
of Backward Stochastic Differential Equations with weak terminal condition, in which the T-
terminal value Y7 of the solution (Y, Z) is not fixed as a random variable, but only satisfies a
constraint of the form E[W(Y7)] > m. The aim of this paper is to study a more general class of
BSDEs, with nonlinear expectation constraints on the terminal condition, induced by the solution
of a Backward Stochastic Differential Equation. More precisely, the constraint takes the form
5({ [V (Yr)] > m, where £ represents the f-conditional expectation associated to a mnonlinear
driver f. These BSDEs are called BSDFEs with nonlinear weak terminal solution. We carry out
a similar analysis as in [31] of the value function corresponding to the minimal solutions Y of
the BSDE with nonlinear weak terminal condition: we study the regularity, establish the main
properties, in particular continuity and convexity with respect to the parameter m, and finally
provide a dual representation in the case of concave constraints. From a financial point of view,
our study is closely related to the approximative hedging of an European option under dynamic
risk measures constraints. The nonlinearity f raises subtle difficulties, highlighted through out
the paper, which cannot be handled by the arguments used in the case of classical expectations
constraints studied in [31].

Key words : Backward stochastic differential equations, g-expectation, dynamic risk measures,
optimal control, stochastic targets.

3.1 Introduction

Linear backward stochastic differential equations (BSDEs) were introduced by Bismut as the ad-
joint equations associated with Pontryagin maximum principles in stochastic control theory. The
general case of non-linear BSDEs was then studied by Pardoux and Peng [131]. They provided
Feynman-Kac representations of solutions of non-linear parabolic partial differential equations.
The solution of a BSDE consists in a pair of predictable processes (Y, Z) satisfying

—dY, = g(t,Yy, Zy)dt — Z;dWy; Yr = €. (3.1.1)

23
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These equations appear as an useful mathematical tool in various problems in finance, for example
in the theory of derivatives pricing. In a complete market - when it is possible to construct a
portfolio which attains as final wealth the payoff- the value of the replicating portfolio is given by
Y and the hedging strategy by Z. Since in incomplete markets is not always possible to construct
a portfolio which attains exactly as final wealth the amount &, it was suggested to replace the
terminal condition into a weaker one of the form Yy > £. In this case, the minimal initial value Yj
defines the smallest initial investment which allows one to superhedge the contingent claim &.
Recently, Bouchard, Elie and Reveillac [31] introduced a new class of BSDEs, the so called BSDEs
with weak terminal condition, in which the T-terminal value Yr only satisfies a weak constraint.
More precisely, a couple of predictable processes (Y, Z) is said to be a solution of such a BSDE if
it satisfies:

—dYy = g(t,Ys, Zy)dt — Z,dWi; (3.1.2)

E[U(Yy)] > m, (3.1.3)

where m is a given threshold and ¥ a non-decreasing map. The main question in [31] is the
following;:

Find the minimal Yj such that (3.1.2) and (3.1.3) hold for some Z. (3.1.4)

From a financial point of view, this study is related to the hedging in quantile or more generally
to the hedging with expected loss constraints. This problem was addressed in the literature for the
first time by Follmer and Leukert [85] and then further studied in a Markovian framework in [32]
and [118], using stochastic target techniques .

In [31], the key point of the analysis is the reformulation of the problem written in terms of BSDE
with weak terminal condition into an optimization problem on a family of BSDEs with strong
terminal condition, by using the martingale representation theorem. The main observation is that
if Yy and Z are such that (3.1.3) holds, then the martingale representation Theorem implies that
it exists an element a € Ay, the set of predictable square integrable processes, such that:

T
U(Yr) > M7 =m +/ asdWs, (3.1.5)
0

It is then shown that the initial problem (3.1.4) is equivalent to:
inf{V®, o€ Ay}, (3.1.6)

where Y,* corresponds to the solution at time ¢ of the BSDE with (strong) terminal condition
O(ME), @ representing the left-continuous inverse of W.

The aim of this paper is to introduce a new class of BSDFEs with weak nonlinear terminal
condition . We extend the results of [31] to a more general class of constraints which take the form:

E [ (V)] > m, (3.1.7)

where f is a nonlinear driver and SfT[é] the solution of the BSDE with generator f and terminal
condition &.
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We can easily remark that the constraint (3.1.3) is a particular case of (3.1.7) for f = 0.
The problem under study in this paper is the following:

inf{Y}, such that 37 : (3.1.2) and (3.1.7) hold}. (3.1.8)

Following the key idea of [31], we rewrite our problem (3.1.8) into an equivalent one expressed
in terms of BSDEs with strong terminal condition. The main difference with respect to [31] is
given by the fact that in our case we have to introduce a new controlled diffusion process, which
is an f—martingale, contrary to [31] where it is a classical martingale. Indeed, for a given Y; and
Z such that (3.1.2) and (3.1.7) are satisfied, appealing to the BSDE representation of W(Yr), we
can find o € Ag such that:

T T
U(Yr) > M7 =m — / f(s, M, ag)ds —i—/ asdWs. (3.1.9)
0 0

Thanks to this observation, we show that Problem (3.1.8) is equivalent to (3.1.6), where, in our
more general framework, Y,* corresponds to the solution at time ¢ of the BSDE with (strong)
terminal condition ®(M$). We study the dynamical counterpart of (3.1.6):

V(1) == essinf{Y*, o/ € Ag s.t.o/ = a on [0,7]}. (3.1.10)

We carry out a similar analysis as in [31] of the family {)*, « € Ay}. We start by studying the
regularity of the family Y* and show that it can be aggregated into a RCLL process, proof which
becomes considerably more technical in our context with respect to [31], because we have to deal
with the nonlinearity f. We then provide a BSDE representation of J* and show that, under a
concavity assumption on the driver f, there exists an optimal control. We also study the main
properties of the value function, as continuity and convexity with respect to the threshold m, and
propose proofs specific to the nonlinear case. We finally get, in the case of concave constraints, a
dual representation of the value function, related to a stochastic control problem in Meyer’s form.

Besides the mathematical interest of our study, this work is also motivated by some financial
applications, as it provides the approximative hedging under dynamic risk
measures contraints of an European option, when the shortfall risk is quantified in terms of dy-
namic risk measures induced by BSDEs.

The paper is organized as follows. In Section 2 we introduce notation, assumptions and the
BSDEs with nonlinear weak terminal condition. In Section 3, we study the regularity and the
BSDE representation of the value function Y*. In Section 4, we establish the main properties of
the value function and finally we provide a dual representation in Section 5.

3.2 Problem formulation

3.2.1 Notation

Let (€2, F,P) supporting a d-dimensional Brownian motion W and F := (F;);<r the completed
associated filtration. Fix T > 0.
In the sequel, we adopt the following notation:
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— P denotes the predictable o-algebra on [0, 7] x ;
— Lo(Fr) is the set of random variables £ which are Fp-measurable and square-integrable;

— H, denotes the set of R%valued predictable processes ¢ such that
T
Ipllf, = El(fy ¢7dt)] < oo

— S, is the set of real-valued RCLL adapted processes ¢ such that
”¢”§2 = Elsupy<<r |0e?] < oo;

— I, is the set of non-decreasing adapted processes ¢ such that ||¢||§2 < 00;

— For any o-algebra G C Fr, Lo(G) denotes the set of random variables measurable with
respect to G;

— T denotes the set of stopping times 7 such that 7 € [0, 7] a.s.

3.2.2 BSDEs with nonlinear weak terminal condition
Definition and Assumptions

In this section, we introduce the main object of this paper, the BSDFEs with nonlinear weak
terminal condition.
It is well known that, in the classical case of nonlinear BSDEs introduced by Pardoux-Peng, the
data of the BSDE is represented by a driver g and a terminal condition &.

In the recent paper [31], the authors define a new class of BSDEs called BSDEs with weak
terminal condition. The particularity consists in the fact that the terminal condition is not fixed
as a JFp-measurable random variable, but only satisfies a weak constraint expressed in terms of
classical expectations. The data of this new class of BSDEs is given by four elements: a driver g
and a triplet (W, u, 7) describing the constraint on the terminal condition.

The aim of this work is to introduce a more general class of BSDEs, named BSDFEs with
nonlinear weak terminal condition, whose terminal value verifies a weak constraint defined via a
BSDE with a nonlinear driver f, satisfying the following hypothesis:

Assumption 3.2.1. Let f : (w,t,y,2) € A x [0,T] x R x R¢ — fi(w,y,2) € R be a driver such
that (fi(+,y, 2)) ;< s P-measurable for every (y,z) € R x R? and

|ft(w7y7z> - ft(way/72,)| S Of (|y - y/| =+ ||Z - Z/HRd) )

V(y,2),(y,7") € R x RY, for dt ® dP-a.e. (t,w) € [0,T] x Q, for some constant number Cy > 0.
We also assume that (f(0,0,0)) satisfies the following condition

E MT|ft(o,0)\2dt] < .

Note that the data of this new BSDE are (f, ¥, u,7,¢g) and the particular case when f = 0
corresponds to the class of BSDEs studied in [31]. In the sequel, we shall denote this BSDE with
nonlinear weak terminal condition by BSDE(f,V, u, T, g).
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Before defining this new mathematical object, we introduce the nonlinear conditional expectation
&7 associated with f, defined for each stopping time 7 € T and for each n € Ly(F,) as:

=Y, 0<t<r (3.2.1)

where (Y;):<, is the unique solution in S, of the BSDE associated with driver f, terminal time 7
and terminal condition 7, that is satisfying:

—dY, = f(t, Y1, Z;)dt — Z,dWy;
v=ft 1 2) o (3.2.2)
Yr =,
with Z the associated process belonging to Hy. Moreover, set £/ _[n] := —oo, for any 1 € Lo(F;)

such that E[n~] = +o0, for any o0 € T with 0 < 7 a.s.
We are now in position to define the so-called BSDEs with nonlinear weak terminal condition.

Definition 3.2.2 (BSDEs with nonlinear weak terminal condition). Given a measurable map
UV:RxQ— U, with U C AU{—oc0}, A a bounded subset of R, 7 € T, u € Ly(R, F,), a driver
f satisfying Assumption 3.2.1 and a measurable function g, we say that (Y,Z) € Sy x Hy is a
solution of the BSDE (f, ¥, u, 7, g) if

T T
Y, =Yy +/ 9(s,Ys, Z,)ds — / ZdW,, 0<t<T; (3.2.3)
t t

ELL W (Yr)] > . (3.2.4)

Throughout the paper, we shall assume that the driver g satisfies Assumption 3.2.1, with C|
instead of Cy. To the coefficient g, we associate the nonlinear operator £9 defined as £/, with g
instead of f.

Let us now precise the hypothesis on the map ¥ and the threshold p. We then discuss the
wellposedness of the BSDE(f, V, 7, u, g) under these assumptions.

Assumption 3.2.3. For a.e. w € Q, the map y € R — V(w,y) is non-decreasing and valued in
[0; 1] U {—o00} and its right-inverse ®(w, ) is such that ® : Q x [0,1] — [0, 1] and it is measurable.

This means that ¥(w,-) € [0,1] on [0,00) and ¥(w, ) = —oo on (—00,0). In view of the
definition of the operator £f, this implies that Y7 > 0 a.s. Note that for notational simplicity
we have considered the compact [0, 1], as in [31], which can be obviously replaced by an arbitrary
compact set belonging to R. Moreover, our analysis is the same if for a.e. w the map ¥(w,-) is
valued in [G;(w), Ga(w)], with G, Gy € Loo(Fr).

The threshold g is assumed to belong to D, where D, corresponds to the set of random vari-
ables {n € Ly(F;) such that n € [57]_6,7,[0], EﬂiT[l]] a.s.}. throughout the paper, we shall denote by
(Y, Z"), for i = 1,2, the solution of the BSDE associated to driver f and terminal condition &,
where £ = 0 and &2 = 1.

Concerning the existence of a solution, remark that any random variable ®(§), with £ € [0, 1] a.s.
and é’i +1€] > w could serve as terminal condition. However, the constraint is too weak to expect
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uniqueness.

We now introduce the value function V : D — Lg; (7, 1) — V(7, 1), where D := {(7,u); 7 €
T and p € D, } as follows:

V(r, 1) == essinf{Y; : (Y, Z) € Sy x Hy is a solution of BSDE(f, U, u,7,9)}. (3.2.5)

The rest of the paper is dedicated to the study of the above map. In order to do it, we shall
first establish the link with a control problem for BSDEs with strong terminal condition.

Link with a control problem for BSDEs with strong terminal condition

In the spirit of [31] or [32], we introduce an additional process M which allows to transform the
weak constraint 50{ +[¥(Yr)] > p into a strong one of the form Yr > ®(MY.). Since our constraint
is expressed in terms of nonlinear BSDEs, the process M is an f-martingale, contrary to [31] and
[32] where M is a classical martingale.

For each o € H, stopping time 7 € 7 and pu € D, let M™* be the R-valued solution of the
SDE:

tvT tvT
MBS = — / f(s, M7 ay)ds +/ aldw, 0<t<T.
We introduce the set of admissible controls A, which is defined as follows:
A, = {a € Hj such that M]*"* € [5ng[0], gtf,Tm} dP ® dt a.s. on[r, T]}.

Notice that for all « € A, ,, ®(MF"*) could serve as terminal condition, since satisfies (3.2.4).
We thus introduce for all @ € A, , the BSDE with strong condtion ®(MZ7**) and driver g and
define the value function Y(7, u) as follows:

V(7, ) := essinf E L [D(MF)]. (3.2.6)

OCGATHU,

Our aim now is to link Y(7, u) to V(7, u), i.e. to prove that for all 7 € T and p € D,

V(r,u) =Y(r, 1) as. (3.2.7)
In order to explain the above equality between V and ), we state the following proposition:

Proposition 3.2.4. FizT € T, u € D,. Then (Y, Z) € SoxHsy is a solution of BSDE(f,V, u, T, g)
if and only if (Y, Z) satisfies (3.2.3) and there evists a € A, such that Yy > & [®(MP")] for
t€[0,7], P-a.s.

A sketch of proof is given in Appendix.
We come back to the explanation of equality (3.2.7).

(1) Let (Y, Z) € Sy xHy be asolution of the BSDE(f, U, i, 7, g). Then the above Proposition im-
plies that it exists a € A, , such that Y, > & 7[®(MF")] > Y(7, 1), where the last inequal-
ity follows from definition (3.2.6). By arbitrariness of (Y, Z), we get V(7, u) > Y(7, 1) a.s.
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(it) Fix « € A, . Let Z* be the associated process to the BSDE representation of ®(M7").
Since ®(M ") is admissible as a terminal condition, we obtain, by the Proposition 3.2.4
that (€. r[®(MTH*)], Z*) is a solution, and thus &, 7[®(MT#*)] > V(7, u). By arbitrariness

Bl

of a, we deduce V(1, 1) < Y(7,p1) a.s.

From now on, we fix an initial condition o € Dy at time 0. For each o € Ay, (denoted for
simplicity Ay), we introduce the process (M¢);<7, representing a dynamic threshold controlled by
the action of «, which is defined as follows:

oo, 0,p0,c
M = MO0,

We introduce for each 7 € T the set of admissible controls coinciding with « up to the stopping
time T

AY ={d € A;po @' =adt ®dP on [0,7]}.

The associated value is defined by:

YV (7):= essinf £, [®(MFMT).

o/€AY 7

In the following section, we shall investigate the time regularity of the above function and provide
a BSDE representation. Before doing this, note that

|YV*(7)| < ny as. for all 7 € T, where n belongs to Ss. (3.2.8)

Note that 7 is given by n; := |&]7[®(1)]| + |E/L[@(0)]], t < T

3.3 Time regularity of the value function )Y* and BSDE

representation

In this section, we study the regularity of the family {)*(7),7 € T}. More precisely, we show that
it can be aggregated into a right continuous left limited process. The proof of this result becomes
considerably more technical in our nonlinear case. Some comments regarding the main difficulties
with respect to the case of linear constraints are provided in Remark 3.3.4.

We first state the following dynamic programming principle.

Lemma 3.3.1. For any o € Ay, Y* satisfies the following dynamic programming principle: for
all € T, 7 €T with 7y <7y a.s. it holds:
Ye(r) = essinf £ [V7(r)].
1

acA

Since the proof of the dynamic programming principle is based on classical arguments, we refer
the reader to [31].
We now make the following hypothesis on the map ®, under which we provide the time-regularity
of our value function Y°.

Assumption 3.3.2. The map m € [0,1] — ®(w, m) is continuous for a.e. w € Q.
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Theorem 3.3.3. Under the Assumption 3.3.2, for each o € A, there exists a right-continuous
left limited process (Y, )i<r which aggregates the family {Y*(1), 7 € T}.

Proof. By Lemma 3.3.1, we easily obtain that the family {-Y*(7), 7 € T} is a —g(—) super-
martingale system. Since moreover 3.2.8 holds, we can apply Lemma A.2 in [33] and obtain the
existence of an optional ladlag process, denoted by (Vi*):<r which aggregates the family, that is
Y*(r) = Y2, for all 7 € T. Hence, the following limits:

« e}

lim and lim

se(t, Tt ° se(t,TITt
are well-defined and finite.
Now, we define:
V) = i > tel0,T], Vo= 3.3.1
Vi se(g?]u s [ [, Vr:=Yr ( )

which is by definition a real-valued RCLL process.
In order to prove the desired regularity property, we have to show that for every stopping time
7 € T, it holds that:
?f =YY a.s.
The above relation implies that the processes Y and Y are indistinguishable. The proof is di-
vided in two steps.

Step 1. Fix 7 € T. We first prove that ?f < Y% as.
a. Let o/ € A2, Fix k € N*.

Define /\;ll%’a/ =14+ M§$ (1—1). Note that /\;ll}’al > Mg and ./\;ll}’al — M$ when k — oo. In the

sequel, we denote by (8,{T [ME). ZF) the solution of the BSDE associated to (ME®, f).
Recall that Mg belongs for a.e. w to [0,1]. Hence, by construction, we have:

0< MY < MEY <1 as.
By applying the comparison theorem for BSDEs and since o € A, we obtain:
ELL[0] < M2 < &1L IMEY] as. (3.3.2)

We claim that it exists a sequence of stopping times (7, k), and an admissible control &y € Afn X

such that: 7, — 7 when n tends to +00, 7, > 7 a.s. on {7 < T’} for all n € N and M?’“ < /\;ll}’a/
. The proof is postponed to Step 1.b.
Thanks to the above assertion, we can appeal to (3.3.1) and obtain:

Y. = lim Y2 . (3.3.3)
Using the definition of Y, we get:

<& B )] (33.4)
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As M%k < /\;ll}’o‘/ a.s. and ® is nondecreasing, by applying the comparison theorem for BSDEs,
we get for all n:

£ rl@MP)] < € p[@(MT)] as.

Tn,k» - Tn,k»

The above inequality together with (3.3.3), (3.3.4) and the continuity of the process 8,{T[CI>(./\>I§’O‘/)]
lead to:

V7 < ELL DM,
Since /\;l:kf’o‘, — M%’ a.s. and ® is a.s. continuous, by letting k tend to oo, we obtain:
Ve < £, [0(MY)] as
By arbitrariness of o/ € AY, we conclude:
VI <YYas.

b. i) We first construct, for each k& € N*, the sequence of stopping times (7, ), such that 7,,, — 7
when n — oo and 7, > 7 a.s. on {7 > T} for all n € N.
To do this, we start by defining the following stopping time:

o :=inf{r <t < T; M = Et{T[./\;l?a/}}. (3.3.5)

We use the convention inf () = +oo0.

We introduce (7,,),, a sequence of stopping times which take values in [0,7] a.s. such that
T, > 7 on {1 < T} for all n and 7,, — 7 a.s. when n tends to +oc.
For each n, we define 7, as follows:

Tuk = Tnla, + (T A og) Lag, (3.3.6)

with
Ay = {ELIMEY] = Me =0} € Fro A = {ELIMEY] — M2 > 0} € F.
Remark that by (3.3.2), P(Ax U Af) = 1 and thus 7, | 7 a.s. when n — oco. We precise that we
have to introduce the sets A; and Aj, because o, = 7 on Aj. It thus remains to prove that 7 < oy,
on Af.
The definition of oy, together with the continuity of the processes M“ and 5,{ T [/\;lk’a/], imply that
almost surely, oy, = 400 or & [MEY] < Mg . Moreover, since on Af, we have Si PIMEYT > Mo

o,
and 7 < oy a.s., one can thus conclude that

c
T < o) a.s. on Aj.

i1) We provide the existence of an admissible control &, € A such that MGE < M%O‘/.

The control &* is defined as follows:

dk = asl{sg&k} + Zfl{s>5k}’
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where 65, = o, AT. Recall that Z* is the process associated to the BSDE representation of ./\ZZ}’O‘,.
Note that the above construction ensures that 0 < M%k < M;’a a.s. It remains to show that
aF e A? It is clear that we have:

M = ME L as. (3.3.7)
and hence
M . = /\/lf:/\ak a.s. on Aj. (3.3.8)

Since o, = 7 on Ay, it remains to show that M2 = Mf“: a.s. on Ag. Recall that o/ € AZ.
Hence, by definition of the set Ay, we obtain M2 = 87{ 2IMEY] as. on Ay A strict comparison
theorem for BSDEs and the definition of /\;l?a/ lead to

MES = MY =1, as. on Ay (3.3.9)
The comparison theorem for BSDEs implies:
E JIMET] =M =& (1), as. on Ay (3.3.10)

Moreover, by (3.3.9) and the comparison theorem for BSDEs, we have M2 = Ef’T[l] a.s. on
Ay, and since o € A?, we get M$ = 57{T[1] a.s. on Ag. The strict comparison theorem for BSDEs
allows us to conclude that:

M =& 1] as. on Ay (3.3.11)

Tn

Since o = 7 on Ay and since (3.3.10), (3.3.11) hold, we finally obtain:
MG = EL MG = M3 as. on Ay (3.3.12)

By (3.3.6), (3.3.8) and (3.3.12), we deduce that M2 =M as. and hence that &* € A® .
Step 2. Let us prove now the converse inequality ?j“ > V¢ as.
We apply on [7, 7, the stability result for BSDEs with parameters () ,0) and (V2 ,910.5,)), we
obtain:

n

7 - el <€ (195 - Yl + B o 3R 0P ). (333

Definition 3.3.1, together with the assumptions on the driver g, the convergence of 7, to
7, the observation on the integrability of Y* (see 3.2.8), and Lebesgue’s Theorem imply that
E[f:n 9(s,Y;,0)[?ds] — 0. By the same arguments and (3.3.1), we get |V, — V< |1, — 0. Now,
we let n tend to oo in (3.3.13), and obtain £7_ [Va ] — Y. as., up to a subsequence.

Moreover, Lemma 3.3.1 implies that £7 (V2 ] > V2. This inequality and the above convergence
lead to the desired result. O

Remark 3.3.4. In [31], it is provided the existence of a control v, € AT , with 7, — 7 and 7, > 7
for all n, such that M2" remains ”sufficiently close” to M%'. The control a, is obtained by scaling
« in an appropriate way. This approach cannot be applied in the case of nonlinear constraints, as
being clearly specific to the linear setting.
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Using similar arguments as in Theorem 2.1 in [31] (points (iii), (iv)) one can show the following
BSDE representation for ):

Theorem 3.3.5. Assume that Assumption 3.3.2 holds. Then there exists a family (2%, K*)aca,
satisfying

sup [V, 2% K s,x mxr, < +00. (3.3.14)
acAo

and such that for all o € Ay, we have

T T
VO — (MS) +/ o5, Y, Z9)ds — / ZOAW, + Ko — K& (3.3.15)
t t
K3 = e_s&sing[lean], Vo eT, neT, (3.3.16)
acAY
and
(V% 2%, K 100 = (V*, 2%, K) 1o, Vr €T, a € A (3.3.17)

Moreover, (Y, Z% K*)aca, 1S the unique family satisfying (3.3.14), (3.3.15), (3.3.16) and
(3.3.17).

3.4 Existence of optimal controls in the case of concave
constraints

We show that in the case of concave constraints and under convexity assumptions on ® and g, we
get the existence of an optimal control &, that is Y = £/,[®(MF)].

For all (A, my,ma,t,y1, 10, 21, 22) € [0,1] x [0,1]2 x [0,T] x R? x [RY]?, we assume a.s. the
following;:
(Hconc)

At yr ) + (L= A) f(E vz, 22) < F(E Ay + (1= A)yz, Az + (1= N)2z2).
(Hconv)
O(Amy + (1 = XN)may) < AP(my) + (1 — A)P(my)

g(t7 /\yl + (1 - )‘)y27 /\21 + (1 - )‘)22) < )‘g(ta Y1, Zl) + (1 - A)Q(ta Y2, Z2)'
Proposition 3.4.1. Under Hypothesis (Heony) and (Heonc), for any (1,a) € T x Hy, there exists

am* € AY such that
Ve = er [a(ME")] = €2, D] Ve e T

Proof. By Lemma 3.7.1 in the Appendix, there exists (a"), € AZ such that:
Ve = lim & [®(MF)]. (3.4.1)

n—o0

Recall that (Mg"), is valued in [0,1]. By Komlos Theorem, M2 := LY icn a' converges a.s. to

a random variable My which belongs a.s. to [0, 1].
From the concavity assumption on the driver f and the comparison theorem for BSDEs we get:

~ 1 i
ELIME] = — 3 el My ] = M2, (3.4.2)

i<n
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since o € A for all n.
The a priori estimates for BSDEs lead to:

L IME] — EL M < EJMG — Mo, (3.4.3)

The a.s. convergence M?% — My and the boundness of the sequence (M%), allow us to apply
the Lebesgue’s theorem and to derive that the right hand side of the above inequality tends to 0
when n goes to +00. We thus derive that:

ng[M%] — éf’T[./\;lT] a.s. (3.4.4)

Hence, inequality (3.4.2) combined with (3.4.4) lead to 57{T[MT] > M2,
Let us denote by & the control associated to the BSDE with terminal condition M and driver
f. We define the following stopping time:

0% = inf{r <s <T: MM = 55,7’[0]} AT,
with the convention inf{) = +o0o. We recall that (Y9 Z°) represents the solution of the BSDE
associated to driver f and terminal condition 0 and we define the control & as follows:
Gy i = 0 Lycr + Al {roscpa) + 29108} (3.4.5)
Note that & belongs to A”. Moreover, by construction, we have:
MG < My as. (3.4.6)

Now, by using hypothesis (Heony) and the comparison theorem, we obtain:
. 1 . .
= S e oMy > &ty o). 347
J)’r n ; 7T (MT ) = ~r,T (MT) ( )

By (3.4.1) and Cesaro’s Lemma we have lim,, )7? =YV as.
Similar arguments as in the explanation of the convergence (3.4.4) allow us to deduce that

lim,, 00 &7 1 [@(/\;l%)} =&l [@(MT)] a.s. By letting n tend to oo in (3.4.7) we conclude:

Ve = & |o(Mr)]. (3.4.8)

From (3.4.6), (3.4.8), the non-decreasing monotonicity of the map ¢ and the comparison theorem
for BSDEs, we finally get:

Ve >0 [O(MY)]. (3.4.9)
The equality follows by definition of Y& and & is hence the optimal control.
In order to show the second equality V& = Efﬁ, D)f,m] , V1’ € T., we first observe that Y& =
& EL P @MD)]] = €2, [V4], by definition of the value function Y% and the comparison
theorem. As above, there exists (&") € A% such that &% p[@(MF)] = V3 as. By (3.2.8), the
convergence also holds in Ly. The a priori estimates on BSDEs give: Y2 < &7, [£7, ,[®(M")]] —
gfﬂ'/[ fl’] L
Remark 3.4.2. Note that in [31], the optimal control is obtained directly by using the martingale
representation of My, due to the linearity of the expectation. In our nonlinear case, that is no
longer possible and we need a more complicated construction.
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3.5 Properties of the value function

In this section, we study the continuity and the convexity (defined in a probabilistic sense) of the
map YV;(u) := Y(t, 1) with respect to the threshold p, for any ¢t < 7.

3.5.1 Continuity

Fixt € [0,T]. We give below an estimate on the map p — Y, (1), ensuring its continuity under some
weak assumptions on the map ® ( e.g. ® is Lipschitz continuous with respect to z, uniformly in w
or deterministic continuous). We obtain a nicer and more natural bound for | V(1) — Vi(2)| than
the one provided in the case of classical expectations constraints ([31]), which is expressed through

1. . _
the spread |p—p2|2 (in [31] it depends on (1—52)1, <y +5=L2 1 505 (1520100 + 522,

and on other two terms related to the case when the thresholds take the boundary values 0 and 1).
Moreover, our proof is based on BSDEs techniques, allowing to treat the nonlinear case, contrary
to [31], where the arguments hold only in the case of linear constraints.

Theorem 3.5.1. Lett < T, and pq, o € Dy.
Then |YVi(p1) — Ve(pa)| < Erry (A(uy, p2)), where A(py, o) = Clug — /L2|%, with C' a constant
depending only on (Cy,T) and

Err(€) := esssup{R,(M, M') : M, M’ € Ly([0,1]), E,[|]M — M'|*] < &}, (3.5.1)
where € € Ly(R, F,) and Ry(M, M') := |E/5[®(M)] — E2,[d(M")]|.
Proof. We define fi; := py V ps and g := uy A po. By the monotonocity property of the map
p— Ve(u) (3.7.2), we have YVi(pi1) > Vi(fia) as.

By Lemma 3.7.1, it exists o € A;j, such that lim,_, EgT[Q)(MﬂQ’a")] = Vi(f12) a.s. Fix
n € N. We now construct an admissible control " € A, ;, such that M/:2" € | MEz" EiT[l] :
t <s<T,a.s. It is defined as follows:

ay = o ls<ry + Zi ooy,

where 7 := inf{s € [t,T] : MM:2" = EJ[1]} AT, with the convention inf () = +o0o. Recall that Z*
corresponds to the control associated to the BSDE of terminal condition 1 and driver f.
By definition of the value function ), we get:

Vi(1in) < ELR[@MET)] = EL[BMET)] — EL[DME)] + EL[D(MET).  (35.2)

Let us now estimate B, [| M — M7 2.
Since MA %" and M5E>*" belong to [0, 1] and by construction M4 > MAE" a5, we obtain:

EJIMEE" = M) < By MR — ME. (3.5.3)

A similar linearization technique as in the proof of the Comparison Theorem for BSDEs (see for
e.g. [132]) yields:

i = fis 2 By [Hip (M = M3 B as, (3.5.4)
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where (H}'

#'s)sel,) 18 the square integrable process satisfying

dH}', = H}, [0%ds + BrdW]; H =1,

Wlth ~ ap ~ n
e’ ~ fred ~,
g JEMET G — e MPT Gy,
= — — f1,a& Ao,
t ( ﬂzjlé/!fl,a )_ /\/(léu@ o ) {Mtl #MtQ 3
f t Mt ’ d - f t, Mt ’ ,an ~
B === ,Idt? —ap? (A} = af ) Lappap-

Now, from (1.4.7) and the Holder inequality, we obtain:

[ SIS

BLME ™ = M) = BIH )™ () (M5 = M)

< B [(H7)]? B [HQT(MW" - ML}W")?] ’ (3.5.5)

Note that (6™),, (8"), are predictable process bounded by C/, the Lipschitz constant of f. We thus
have for all n € N, E}; [(HQT)_l] < O, for some C' > 0 depending on Cy and T" (by the properties
of exponential martingales).

The above relation together with (3.5.4) and the fact that MA" — MA" takes values in [0, 1]
a.s., imply:

D=

By |ME = ME1P) < Cjin — fin)?, (3.5.6)

where C' is a constant depending on the Lipschitz constant of the driver f.
By letting n tend to infinity in inequality (3.5.2) and using (3.5.6), we get:

\Vi(fin) = Vie(fi2)| < Erry (A(fu, fiz)) - (3.5.7)

Same arguments as in Step 2 of the previous theorem lead to:

|Vi(p1) — Ve(p2)| < Erry (A, p12)) - (3.5.8)

3.5.2 Convexity

In this section, we provide a convexity result adapted to the non-markovian setting which is estab-
lished for the map p — Y (u), for any ¢ < T'. We extend the results of [31] to the case of nonlinear
constraints, which lead to nontrivial additional technicalities. More precisely, in [31] it is used the
fact that a threshold p ”admissible” at time ¢ (as it belongs to [0, 1] a.s.), it is "admissible” at any
time between 0 and 7. In our case, due to nonlinearity, the admissibility set is not the same for
all ¢, as it is given by the two processes £/[0] and E7[1].

We first recall the notion of F; - convexity introduced in [31].

Definition 3.5.2 (Fi-convexity). (i) We say that a subset D C Ly(R,F;) is Fi-convex if for
all py, pe € D and X € Ly([0,1], F), Apa + (1 — XN)pg € D.
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(ii) Let D be an F;-convex subset of Ly(R, Fy). A map J : D — Ly(R, F) is said to be Fy-convex

if
Epi(J) :=A{(n,Y) € D x Ly(R, Fy) : Y > T ()}

is Fi-conver.

(#ii) Let Epi¢(J) be the set of elements of the form Y n Aa(fin, Yn) with (pn, Yo, An)nsn C
Epi(J) x Lo([0,1], F;) such that y_, Ay =1, for some N > 1. We then denote by Epi(J)

its closure in Ly. The Fi-convex envelope of J; is defined as
TE(p) = essinf{Y € Ly(R, F,) : (1, Y) € Epi (J)}. (3.5.9)

Assumption 3.5.3. We assume that the map ® is Lipschitz continuous in x, uniformly with
respect to w.

Proposition 3.5.4. Under Assumption 3.5.3, the map u € Dy — YVi(u) is Fy-convex, for all
t<T.

The proof is divided in several steps. We follow the arguments used in the proof of Proposition
3.2 in [31] up to non trivial modifications due to the nonlinearity of the driver f. The technical
arguments specific to the nonlinear case are mostly needed in Step 5 of the proof. For convienence
of the reader, we also present the main ideas of Steps 1-4.

Proof. 1. (u, V(1)) € Epi (Y,), for all € D,.

For every fixed element p € Dy, the family F := {Y € Ly(R, F) : (1, Y) € Epi (V,)} is direct
downward since Y 1yicy2y +Y?1gy1oy2y € F for all Y, Y2, by Fi-convexity of Epi‘(Y,). It then
follows that we can find a sequence (Y"),>; C F such that Y™ | Y¢(u) a.s. Moreover, Y and
Y§(u) belong to Ly, and thus the monotone convergence Theorem leads to Y — V(i) in Lo, as
n goes to infinity. The set Epi ()}) is closed in Ly and hence the result follows.

2. Let n € Sy be as in inequality 3.2.8. Then, |Vf(u)| < n, for all t < T and u € D.
We first show that Y¢(u) > —n,. By Point 1, it follows that (u, Y¢(u)) € Epi ()}) is obtaind as
L,-limit of elements of the form >\ An(pin, Y5) with (1, Y, An) C Epi(Yy) x Lo([0, 1], F;), such
that > _y A, = 1. By 3.2.8, each Y™ of the above family is bounded below by —n; and hence this
also holds for Y¢(u). The converse inequality V¢ < 5, is clear since Remark 3.2.8 holds and, by
construction, Y > V.

3. The map p € Dy — Yf(u) is Fi-convex.
We have the show that Epi()¢) is Fy—convex. Let us fix pu',u? € Dy and A € Ly([0, 1], F).
Since Epi ();) is Fi-convex and (i, Ye(ut)) € Epi (V,), for i = 1,2, it follows that (Au! + (1 —
N2 NV () + (1= N)Ve(u?)) € Bpi” (V,), and thus AV (') + (1= Ve (i) > Vi (A + (1= A)pe?,
by definition of Y¢(n). We obtain that AY?! + (1 — A\)Y? > Ye(Au! + (1 — \)p?), for any Y Y?
such that (4, Y?) € Epi(Yy), i = 1,2. The result follows.

4. V() > YVi(p), for all p € Dy.
Let (in)n € Dy be such that u, — p a.s. when n — oo. Recall that under Assumption 3.5.3, the
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map pu — Yi(p) is a.s. continuous and hence Y, (p,) — Vi(p) a.s. when n — oo. Moreover, by
3.2.8 we have Y, (11,) — V(1) in Ly. Note that Epi(),) C Epi (Y;) and thus (i1, V(1)) € Epi (V).
The result follows by using the definition of V.

5. Yi(u) > Vi(p), for all p € Dy.

(i) It follows from Point 1, that there exists a sequence
(ks Yoo, AN Y1821 € Epi(Vr) % Lo ([0, 1], F7)

such that 37 A} =1, for all N, and

(v, Yo) = ) AN (i, Ya) = (1, 5) € Lo (3.5.10)

n<N

~

Fix N > 1 and M > 1. We claim that Y;(fiy) < Yy. The proof is postponed to Step 5, point
(11). We deduce:

lim inf Yi(an) < V7(p). (3.5.11)
N—00
We now define:
. 1
Zy(p) = essinf{,(p) : |p' —pl < M} (3.5.12)

and set D) = {y/ € Dy : |/ — p| < 57} By Lemma 3.7.1, it exists a sequence (u}'), with
" € DY for all n such that

V(M) — Zy(p) a.s. when n — oo. (3.5.13)

One can easily remark that under Assumption 3.5.3, the estimate given in Theorem 3.5.1
becomes:

. 1
Vi(pn') = V()| < Erry(Alpy! = pl) < Kl = plt < Ko (3.5.14)

where K is a constnat depending on C,T" and the Lipschitz constant of ®.
Coupling the inequality (3.5.14) with (3.5.13) and letting first n and then M to oo, we get

Zy () = V() a.s. when M — +oo. (3.5.15)
Now, the convergence fiy — @ a.s. and Lemma 3.7.3 imply that:
Zu(p) <liminf Vi(n) = lim it (D)L, + V00 oy ) < V), (3:5.16)

where:
An =it F L s € DM
Also, since by (3.5.15), Zp(p) T Ve(u) as M goes to 400, the result follows.



(i1) It remains to prove:

Vi(fin) < Y.
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(3.5.17)

Fix e > 0. Let us consider a random variable, F; . measurable (5 such that P [(§ = M7 | F] =

AV, where o, € A, . Clearly, by construction, (5 belongs to 5{+€7T 0], St’[ﬁ’T[l]} a.s. We set:

Py = 5tj,ct+5 [CN] -

We rewrite YV, (fin) as follows:

Velpin) = Viliin) — Ve(uiy) + Vi(py)

and by appealing to Theorem 3.5.1, we obtain:

Viliw) < Erry(Alin — piy)) + Ve(piy)-

~

We now show that limsup._,o [Err(A(in — py)) + Ve(psy)] < Y.
To this purpose, we split the proof in several steps:

Step a. We prove that lim._,o Erri(A(iny — p5)) =0 a.s.

We start by showing that lim. o 5 = fin a.s.

Hn,CQn

Since (fin)n<n are Fr-measurable and P [(5 = M7 | F] = AV, we have

) SE R

n<N

a.s. We split the difference between p%, and py in two terms as follows:

s — fiv] = &L D Leg = ppmon METE"] — B D 1o Mépsen fh] |

n<N n<N

<2 D Vg pagmen M) = ELLLDD T s apmion
n<N n<N

+ 208 > Lazpn] = B> Leg - pgoon ]
n<N n<N

From the a priori estimations on BSDEs, we obtain:

‘ggjt—&—a[z Loz = ppenon M — ggjt-l—a[z Leg =ppmsom in]|?

n<N n<N

< B Logmapen (MU = 1)) < 37 BAMEE™ = o).

n<N n<N

Since for all n < N the processes M#»% are continuous and belong to Sy, we

Lebesgue’s theorem and obtain that the right member of (3.5.22) tends to 0 when e — 0.

(3.5.18)

(3.5.19)

(3.5.20)

(3.5.21)

(3.5.22)

can apply
Moreover,
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by applying Proposition 3.7.4 with £ = }_ | 14 i, we derive that it exists 7., with n. — 0 a.s.
when ¢ — 0 such that:

n<N n<N

From (3.5.21), (3.5.22) and (3.5.23), by letting € tend to 0, we get that lim. o p5 = fin a.s. This
implies that A(fiy — %) = Clin — p&|2 — 0. Since & satisfies Assumption 3.5.3, we get by
Theorem 3.5.1, the desired result.

Step b. We prove that for each n < N, lim._,o Ei[|Vipe (MFE") — Vi(pn)|] = 0 acs.
As Assumption 3.5.3 holds, we can apply Theorem 3.3.3 and get Vi (MU7") — Vi(pn) a.s. This
convergence together with inequality 3.2.8 allow us to apply Lebesgue’s Theorem and to obtain
the desired result.

Step c.
Recall that by (3.5.18) we have u, = 5tf,t+5 (%] - Lemma 3.3.1 leads to:

Vi) < EieVire ()] = Eise <yt+a(z Les —npm; “”Mﬁbaa")>

n<N

By Lemma 3.7.3, we obtain:

V() < Elie (Z 1C§M¢¢;a”yt+s(Mfﬁé%)> : (3.5.24)

n<N

Hn,Qn
t

We now apply Proposition 3.7.4 with £&*:= %" _, Leg = mppom Vire(M25™) and derive that it exists

L, with . — 0 a.s. when € — 0 such that:

Vi) < Elyye (Z 14;:/\45@“"3)&5(/\/1?@%)) < Ep | ) e narnon Vere (M) | 1
n<N n<N
We finally get:
Vi(uy) < Ey Z Leg = pmen Ve(ptn) | + Z By [|Viae (M) = Vi) ] + 112
n<N n<N
Letting ¢ tend to 0 in the above inequality, we obtain, by Step b:
lim sup Vs (py) < Z MY (p) < Z My, = Y, (3.5.25)

e=0 n<N n<N

where the last inequality follows by definition of the sequence (pi,, Yy, ), and (1.4.4).
The desired result (4.4.18) is obtained by combining (3.5.20) with Step a and (3.5.25). O



71

3.6 Dual representation in the case of concave constraints

We now provide a dual representation of the value function defined by (3.2.6), which takes the
form of a stochastic control problem in Meyer form. The results of this section extend the ones
given in [31], but involve technical additional proofs, due to the nonlinearity of the coefficient f.

For each (w,t), let f(w, t,-, -, ) be be the concave conjugate of f with respect to (z, ), defined
for each (p,q) in R x R? as follows:

f:(w,t,p,q)eﬁx[O,T]xRde—> inf (xp+7rTq—f(w,t,x,7r)).
(z,m)ERXRY

For each (w,t), we denote by g(w,t,-,-,-) the convexe conjugate of g with respect to (y, 2),
defined for each (u,v) in R x R? as follows:

G:(w,t,u,v) €Qx[0,T] x RxR* = sup (yu—{—va—g(w,t,y,z)).
(y,2)ERxRY
We also introduce for each w, the polar function of ® with respect to m:

:(w,)€eQxR— sup (ml—d(w,m)).

me[0,1]

In the sequel, we denote by U the set of predictable processes valued in D!, respectively by V
the set of predictable processes valued in D?, where for each (t,w) € [0,T] x Q, D}(w) and D?(w)
are defined:

DIw) = {(pa): f(tw.p.q) > —oo}: DXw) = {(w,0): dlt.w,u,v) < +oo}.  (36.1)

Remark 3.6.1. For each (t,w), D} (w) C U, where U is the closed subset of R x R? of elements
o = (a1, ay) such that || < C, and || < Cy, Vi = 1,d. The same remark holds for the elements
belonging to D (w), with C} instead of C,.

To each | > 0, v = (k,9) € V (resp. A\ = (u,v) € U), we associate the processes A (resp.
L) defined by

t t
A=t [ s+ [ Ao.aw, ve o7y
0

0
t t

L) = 1+/ L‘?,usder/ Liv,dW,, t €[0,T].
0 0

The dual formulation of ), is expressed in terms of

L . LAY
Xo(l) = (A,yl)relzngXO
where
ALY
XM = / L£2G( s)\)ds—/o AL f (s, 7s)d5+£T(I)(£A)

Proposition 3.6.2. Vy(m) > sup;.o(lm — Xy(1)), for allm € 5[{T[O], 5({T[1]] .
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Proof. Fix o € Ay, A= (v,p1) €U, 1 > 0 and v = (k,¥) € V. The definition of ®, together with
Ito formula imply:

B Ly < Y™ + B / ' L25(s, \s)ds] (3.6.2)
0
and
A
B3] = B{®(My)L] > B[A7 My — L39(70)]
A
lm+/ ALY F (s, )ds — LyD( =L o )]- (3.6.3)

Note that since Y™, L2 M™e A € S, Z™* o € H, and Remark 3.6.1 holds, by apply-
ing Burkholder-Davis-Gundy inequality, we obtain that the local martingales fo ymeLrvldwy,
Jo L2ZT AWy, [o M ALY AW, [0 Aol dW are in fact martingales. Hence we can cancel
their expectations. From the two above inequalities, we derive that:

Ly

T
Y, >Im—FE / E’\g(s,)\s)ds—/ A”f(s 'ys)ds—{—ﬁ’\(IJ(A )

s A
0 0 ['

By arbitrariness of (A\,7) € U x V, we get:
Yo"t > m — Xy(1).
We then take the essential infimum on a € A" and the supremum on [ > 0. The result follows. [
We now show that equality holds under some additional assumptions.

Assumption 3.6.3. We make the following assumptions:

(a) For each (t,w) € Q x [0,T], the maps ®(w,-), f(t,w,-) and §(t,w,-) are of class C}. Also
D}(w)and D?(w) are closed.

(b) |VO(w, )|+ |V Ff(w.t,)|rxre + [Vi(w, t,)|rxre < Cs.7 40 for some Cy ;- € Ly(R);

(¢) ®(w, m) = sup;>q (lm — d(w, l)), for allm € [0, 1];

(d) flw,t,z,m) = MiN(, )€ p? (w) (px +7lqg— f~(w, t,p, q)), for all (z,7) € R x RY;
(e) g(w,t,y,2) = maxy, yepi () (yu+z"v— glw,t,u,v)), for all (y,z) € R x R
Proposition 3.6.4. Assume that there exists [ > 0, AelU and Y €V such that
sup(lm — Xp(1)) = Im — Xo(l) = Im — X (3.6.4)
Then there exists & € Hy such that

Vo(m) = Y™ = Im — Xy(1). (3.6.5)
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Also it satisfies

f('?Mm7a7d) :/%Mm’&_FﬁTA _f<'7ﬂ/); M?’&ZV&) (i_q;) ;
7 (3.6.6)

m,& 7m,& A~ mLé ~ m,& ~ 3 m,& ./\/[;“not~"‘17"’y F 'Agﬁ
g(aY ’ 7Z ’ )ZMY ’ +VTZ ’ _g(a/\)7 (I)(MT ):——Q)( A )

£y

Proof. The proof is divided in two steps.

~ 1,5
Step 1. We denote by (8_’} V@(%) , & | the solution of the BSDE associated to the terminal

T

AR{ - 1,5
condition V@ ( ) and driver f. We first need to show that 5({ T [VCIJ (%)] =m.

A
Ly T

By the optimality of Z, we get:

Alw T P4 F
ET (ﬁ%) _/0 Asqf(saf)/s)dS]
l+€7
»C)\(I) A / Al+€'yf S 78) ] ’

for all e > —I. Note that A = [AY for all [ € R. Since by construction ® is a.s. convex, we

deduce that:
T A [ Al
- / F(5,9) A + APV |
0 £

Im — E

m(l +¢) —

me < K £.

We take in the above inequality e = + and ¢ = —=. By letting n tend to co and using (3.6.3) (a)
and Lebesgue’s Theorem, we finally get:

/fs VAL 4 AV Ay’
Ys) + - | (3.6.7)

T

We now introduce the processes (M , N ) € Sy x Hy, solution of the BSDE associated to the

Alﬁ .
terminal condition V& ﬁi and driver
T

hs,w,y,2) = —f(s, ks(w), 5(w)) + yhs(w) + 2 Js(w). (3.6.8)

Note that & is Lipschitz continuous with respect to (y, z), uniformly in (s,w) (see Remark 3.6.1).
Existence and uniqueness of the solution of the above BSDE is thus guaranteed.
We apply Ito formula to AY7M and obtain:

. A’V T .
A%’VMt .Al AL ( ) / f 5,4s) AV ds — / AV N AW, (3.6.9)

t

where N is defined by N := N + M. Clearly, N belongs to H, since N € Hy, M € S, and
[Y|re < C, by Remark 3.6.1 .
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Let us now fix v = (k,9) € V. Since V is convex, we get that for all ¢ € [0,1], v =
(1—¢)(&,0) +e(k,9) € V. o o
Using now the optimality condition Xé”s’)‘ > Xé’w‘, the fact that [ > 0, the Lagrange’s and
Lebesgue’s Theorems, one can easily show that V f (+,7) satisfies:

T
0>F U — A <st(s,%) + V,f(5,95)0ks + qu(s,%)T&?S) ds
0

(Al
+RKp ATV [ Z (3.6.10)
L3

where (6k,69) := (k — &, 9 — ) and K := Ix <6/<as — 5193195) ds + [, 00,dW;.

o ~ 1257 A A
By (3.6.9) we have AlT’VVCID(“i—ﬁ) = A} Mp. Hence inequality (3.6.10) can be re-written as follows:
T

T
02 8| [ - A (Rof(6.3 4 T,f(6.000%,
0

Vo (5,40) 799, ) ds + Ky Ay My . (3.6.11)

The definition of K together with (3.6.11) and It6 formula implies:

T
0<E U ALY ((fo(s,%) — M)oks 4 (Vof (s, 4s) — NS)T(wS) ds} . (3.6.12)
0

We introduce the map © : [0,7] x Q x R x R? — R defined as follows:
O : (W, tu,v) = (Vp f(w, b, (W) = Mi(w)) (u = Fe(w)) + (Vo f (@, 1, 3(w)) = Ni(@)) (v = Di(w)).

By Remark 3.6.1, Assumption 3.6.3 (a) and Theorem 18.19, p.605 in [2], there exists a predictable
7 belonging to V such that 5 =argmin{O(-,u,v), (u,v) € D?}. For each (t,w) € [0,T] x ©, define
the map F' as follows:

(p.q) € D} (w) = F(w,t,p,q) = f(w,t,p,q) — pMy(w) — q' Ny(w). (3.6.13)
Note that we have:
Ot w,u,v) = VF(tw, 30(w)) (1 — ia(w)) + VP (1w, 30(w)) (0 = Di ).

Since (3.6.12) holds for all v € V, we can take Y1lg(.5>0 + 71e(.5)<0- Hence we derive that, for
dt @ dP- a.e. (w,t) € Q2 x [0,T], we have:

O(t,w,u,v) <0, ¥ (u,v) € D}(w).

By a result of convex analysis, this implies that 4;(w) maximizes F(w,t,-) for dt ® dP- a.e.
(w,t) € Q x [0,T] and thus by Assumption 3.6.3 (d) we get:

F(,4) =M +9TN — f(-,M,N). (3.6.14)
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The above relation together with the definition of h (see (3.6.8)) leads to:
h(-,M,N) = f(-,M,N).

Recall that (M, N) represents the solution of the BSDE of terminal condition V@(
h. Hence by applying the comparison theorem for BSDEs, we get

= ) and driver

T

(L], @) (3.6.15)

Now, we take the conditional expectation in (3.6.9) and we get:

I
(AN /fs% A”+A”V<I>(“2 A (3.6.16)

T

We have cancelled the expectation of [ r Ai’&]\NfdeS, since by martingale inequalities, it is a mar-
tingale.

~ I,5
From (3.6.7), (3.6.15), (3.6.14) and (3.6.16), we derive that 5{{7‘ [V@(“Z—Q)] = m and moreover,
T
that the first statement of (3.6.6) holds .

l ~
Since ® is a.s.incresing, we derive that V(D(“z ) > 0 a.s. Also, by construction, ® is a.s.
T

~ Al ~ oAbA
1-Lipschitz, which implies that V@(ﬁ—ﬁ) € [—1,1] a.s. We thus conclude that V@(%) € [0,1]

T T

a.s. and E&T[Vé(%)] =m.

Step 2. First, recall that (Y™% Z™%) represents the solution of the BSDE with terminal condition
N N ~ 1,5
O (M) and driver g, where by Step 1, M = V@(“Z—g).
Now, Assumption 3.6.3 (c) yields
MeALT AL

M) = Tﬁ—A (ﬁ ). (3.6.17)

Using the optimality of ;\, ie. for all e > 0, Xé’;y’)‘g > Xé’;y’)‘ and similar arguments as in Step
1, we get:

(Y™ Zzmey = (Y, Z), (3.6.18)
where (}A/,ZA) corresponds to the solution of the BSDE associated to the terminal condition

O(M*) and driver —§(s, fis(w), Ds(w)) + yps(w) + 27 F(w). Also by the same arguments given at
Step 1, Y satisfies:

Y = (HE[- / ' (s, X)L + LYD(MPS)]. (3.6.19)
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Since by (3.6.18) and (3.6.19) we have Yy = Y7™* and Eé\ = 1, we obtain:
~ kN ~ T N A~ ~ [N
v = | choomp®) - [ ehis as| = £ [y A ]
0

- F

. Af,‘f T R
c;cp(—T)Jr/ L25(s,N)ds]| . (3.6.20)
L. 0

. — s
Now, we appeal to (3.6.7) and since by Step 1, Mp* = V@(“Z—i), we get [M?’QAZT’V] =
T
l (m + F [fOT ALY f (s, ’y)ds] ) —mi+FE [fOT ALV (s, f?)ds] . From the two above equalities, we finally
obtain

~ o ~ A T AP n o~ T Q ~
Y = im—FE [L;@(M*T”’aﬁ) — / A (s, 4)ds + / L£25(s, )\)ds] :
0 0
The above equality together with Proposition 3.6.2 give the desired result. [

We now show that the existence of an optimal control in the primal problem implies the
existence of an optimal control in the dual problem, under the following assumptions:
Assumption 3.6.5.

(a) For each (t,w), the maps ®(w), f(w,t,-) and g(w,t,-) are C} on [0,1] and R x R? respectively;
(b) [VO(w,-)| < Cp(w), for some Cep € Ly(R).

Proposition 3.6.6. Let | > 0 be fized and assume that there exists m € [SéT[O],E({T[l]] and
& € Ay, such that

sup (ml — Yy(m)) = il — Y™, (3.6.21)
mele] pl0L£] 7 1]

Then, there exists (5\,&) €U XV such that
Voliin) = il — Xy(l) = 1l — X5, (3.6.22)

Proof. The proof is divided in three steps.

Step 1. Let M. be an arbitrary f-martingale valued in [£/]0],£/[1]] and € € [0,1]. We denote
by M¢ the process defined as M® = S_JjT Mop +e(Myp — MT)], where M 1= M™% We set
me == Mg and (M, da) := (M — M,a — a&).

We now consider the BSDE associated to 6 Mp and generator:

ho(t,w, u,v) = Vi f(t,w, My(w), dy(w))u + Vi f(t, w, My(w), dy(w)) .

Since M belongs to Ly(Fr) and since by Assumption 3.6.5 on the coefficient f, h is uniformly
Lipschitz in (u,v) with respect to (t,w) , we conclude that the above BSDE admits an unique
solution. This unique solution will be denoted by (VM, Va).

Our aim is to show that e 1(0M°?, daf) converges in Sy x Hy as ¢ — 0 to (VM, Va).
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First, observe that e1(0M¢, dag) solves the following equation:

€ T € T el
OM; _ 5MT+/ <B§V‘55M 4 et 90 )ds—/ 0% aw,, (3.6.23)
€ ] £ £ . €

where

BM< = /01 V. f (S,Ms +r5M§,@s) dr; B = /01 V. f <5,M3,as +r5a§) dr.

We now introduce the processes Z° := ¢ 10 M® — VM and II° := ¢ 1§a® — Va. We can remark
that (=°,11¢) solves the BSDE associated to terminal condition 0 and driver:

ha(t,w,u,v) := B (w)u + B (w) v + D§ (w),

where Dj i= VM, (B = Vo f (L, My, ) ) + Vi (B = Vaf(t M, @)
We apply the stability result with BSDE(E, hy) and BSDE(E,0), where £ = 0. We thus get:

1=%]s, + T, < CJD s, (3.6.24)

In order to show the convergence of |D?|g, to 0 when ¢ — 0, we prove that (M?®, o) converges to
(M, ) in Sy x Hy. In order to do this, we apply again the stability result for BSDEs and obtain:

|ME = MI3, + o — alfy, < COMG — Mal3,) 0 0. (3.6.25)

By (3.6.25), Assumption 3.6.5 and the Lebesgue’s Theorem, we get that |[D°|g, — 0 when
e — 0. Finally, by (3.6.24), we derive that e~ '(0 M, da®) converges in Sy x Hy to (VM, Va) as
e — 0.
Step 2. We denote by (Y¢, Z¢) the solution of the BSDE(g, #(M5)) and we set (17 Z) =
(Y™, Zm&). Using the same arguments as in Step 2, one can show that (2=, 22°) .= (X=X Yooy, £z Z=2)
converges in Sy X Hy to the unique solution (VY,VZ) of the following BSDE:

VY, = V&(Mrp)dMrp + / V,9(s,Ye, Z,)VYds
Vzg(s,Ys,Z VZ, ds—/ VZ]dw,. (3.6.26)

Step 3. Since (1, &) is optimal, we have Y — m. — Yo + ml > 0, for any £ > 0. Dividing now by
€ > 0 and sending £ — 0, we get

A

T T
0 < VOMp)OMyr+ | Vs, Y, Z) (VY,, VZ,)ds — / VZ]dw, (3.6.27)
T ° . T ’
—1 <5MT+/ Vf(s,Ms,&s)T(VMS,VaS)ds—/ VaSTdW5> = VY, — IVM,.
0 0

We set 4y := Vf(s,/\}lt,olt) and )\, = Vg(s,f/t,ZAt), which belong to V and, respectively, U.
Since 4; (' resp. A;) belongs to the subdifferential of f at (M, &;) (resp. the subdifferential of g at
(Y:, Z;)) we have (see [16]):

FO M @) = kM +0Ta — f(-,9). (3.6.28)
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and
g Y. 2y =Y + 07 Z —§(-, ). (3.6.29)

Now, by applying Ito’s formula, we obtain that A"YV.M and LAVY are martingales. As L'é\ =1
and (3.6.27) holds, we thus obtain:

LoVYy — VMo = E [z:}VYT - AQﬁVMT]
. R Afﬁf
LMy | VO(M7r) — E—f > 0. (3.6.30)

T

=K

Since My can be arbitrary choses with values in [0, 1], we obtain that My (w) minimizes the map
1,5 ~ PN « ~ o~ gbA

m € [0,1] — ®(w,m) — m%(w). Thus, we obtain: My A5l — L2AD(My) = ﬁf\pfb(i—ﬁ). This
T T

inequality together with (6.5.2), (3.6.29) and Ito’s formula allow to conclude that I — Yy = Xé’j"&.
The conclusion follows by Proposition 3.6.2. ]

3.7 Appendix

Proof of Proposition 3.2.4. The proof is standard. We provide it for completeness. Let (Y, Z)
be a supersolution of BSDE(g, f,V, u, 7). Now, the BSDE representation of W(Yr) implies that
it exists @ € A, , such that U(Yy) = M7, where p = Sf’T[\I!(YT)]. Since condition (3.2.4) is
satisfied, we have p > u a.s. We define the following stopping time

0% i=inf{r < s <T: M = EL [0} AT,

with the convention inf ) = —oo. Recall that (Y, Z°) represents the solution of the BSDE associ-
ated to driver f and terminal condition 0. We define the control & as follows:

Qg = dsl{sgga} + Z21{3>U&}. (371)

Note that & belongs to A, ,. The control is constructed in such a way that M™*% belongs
to [SA{T[O],S.{T[H]. We have not considered the hitting time of the process E.{T[l], since clearly
MTHE < MTPE We can easily remark that M;p’& > M7 a.s. The monotonocity of ® and the
identity W(Yy) = M7”® imply that

Yr > (00 0)(Yy) > B(MGH). (3.7.2)

Hence, by the comparison theorem for BSDESs, we obtain that Y; > &7[®(M7")] for t € [0,T7.
Conversely, let o € A, ), be such that Y; > &7 [®(M7"*)] for ¢ € [0,T] and suppose that (Y, Z)
satifies (3.2.3). We thus get

U(Vr) > (V0 @) (M) = M.

Taking the f-conditional expectation on both sides, the result follows.
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Lemma 3.7.1. Fizx 0,v € T, with 0 > 7,u € D, and o € A, ,. Then there exists a sequence
(ar,) C Aﬁ;fj ={o' € A, Ijp) = alpe} such that lim, o | & H[O(MF)] = Vg (Mg*®)
a.s.

Proof. In order to obtain the desired result, we only have to prove that
{J() = & [@MP)], o € Aln

is directed downward. Set A = {J(a}) < J(ah)} € Fy and fix o), o) € Aﬁzfj. We denote
& = alpg + Lgn(ajla + ablae). Note that & € Af_:g. We get: J(&') = 597T[<I>(M;’“’a/1)114 +
BM" ") Lae] = min{J(a}), J(ah)}. O

Theorem 3.7.2. Fizt € [0,T]. The map Y, : n — Yy(p); Dy — Lo; is non-decreasing, i.e. for
all py, po € Dy, we have Vy(p1) < Vi(pz) on {pn < po} and Vi(pr) > Vi(pa) on {pn > pio}.

Proof. The proof is divided in two steps.

Step 1. We set fiy := py A po and fig := pq V po. Remark that g, and jis belong to Dy.
By Lemma 3.7.1, we know that it exists o™ € Ay z, s.t. SffT[CI)(M‘ﬁ’an)] — Vi(f1a) aus.
Fix n € N. We define &" € A, ;, as follows:

RN 0
as T as 1S§T + ZS 18>T7

where 7 := inf{t < s < T : Me" = SiT[O]} AT, with the convention inf ) = +oo. Recall that
ZY is the associated control to the the BSDE with terminal condition 0 and driver f.

By construction of a”, we have M%’“" € [0,1] a.s. Now, by using the fact that ® in nonde-
creasing and the comparison theorem for BSDEs, we obtain:

ELrl@ME™)] < ELL[@(MG™)] as.

which implies
Vi) < Elp[@MP)] as. (3.7.3)

By letting n — oo in the above relation, we obtain V(1) < Vi(fi2) a.s.

Step 2. We define A := {u; < po} € F. Let us show that V(i) = Vi(u1)1a + Vi(p2)Lae.
For all a; € Ayy,, @ = 1,2, we set & := 1y (0nla+ aslae) € Ayy . Bt the zero-one law for
f- conditional expectations, we get 5;{T[<I>(M§1*&)] = Elp[O(MP )14 + E) [ @ (MFP2)]1 e and
by arbitrariness of «;, i = 1,2, we derive that YV,(fi1) < Vi(p1)1a + Vi(pi2)Lac. In order to show
that V(1) > Vi(p1)1a + Vi(u2)14c, we use the previous equality with ag := &l + d314c and
Qg i= aply + alye , for all @ € Ay, &g € Ay, and & € A, y,. Similarly, one can prove that
Vi(fi) = Vi(p2)La + Ve(po1) 1L ae.

From Step 1 and Step 2, the result follows. n

Using the same arguments as in Step 2 of the above proof, one can easily show:

Lemma 3.7.3. Fizt € [0,T]. We have Yy(pu11a+ polac) = Vi(p1)Ia+ Vi(po) Lac, for all A € F,
p1, p2 € Dy.
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We now recall the following result, which can be found in [31].
Proposition 3.7.4. Let the Assumption 3.2.1 (with g instead f) holds. Then:

(i) There ezist x4 € Ly and C' > 0 which only depends on Cy and T' such that:

ess sup |E0.[E] < C(L+ Byllx,[*])|z), 0<t<T.
ﬁeLO([Ovl])

(ii) For some & € Ly and t € [0,T), consider a family (€%).s0 C Lo(R%) satisfying |5 < &
and & € Lo(Fiyeynr), for any € > 0. Then, there exists a family (n:)e>0 C Lo(R) which
converges to 0 P - a.s. as € — 0 such that:

|E0e[€7] = BA€7)| < ey Ve € [0,T — 1]

(113) Let (£%)eso and t € [0,T] be as in (ii). Then, there exists a family (n:)->0 C Lo(R) which
converges to 0 a.s. as € — 0 such that

|E7...[€°] — Ei€f)| < ne, Ve e (0,1



Chapter 4

Optimal stopping for dynamic risk
measures with jumps and obstacle
problems

Abstract. We study the optimal stopping problem for a monotonous dynamic risk measure
induced by a BSDE with jumps in the Markovian case. We show that the value function is a
viscosity solution of an obstacle problem for a partial integro-differential variational inequality,
and we provide an uniqueness result for this obstacle problem.

4.1 Introduction

In the last years, there has been several studies on dynamic risk measures and their links with
nonlinear backward stochastic differential equations (BSDEs). We recall that nonlinear BSDEs
have been introduced in [125] in a Brownian framework, in order to provide a probabilistic repre-
sentation of semilinear parabolic partial-differential equations. BSDEs with jumps and their links
with partial integro-differential equations are studied in [9]. A comparison theorem is established
in [140] and generalized in [137], where properties of dynamic risk measures induced by BSDEs
with jumps are also provided. An optimal stopping problem for such risk measures is addressed in
[138], and the value function is characterized as the solution of a reflected BSDE with jumps and
RCLL obstacle process.

In the present chapter, we focus on the optimal stopping problem for dynamic risk measures
induced by BSDEs with jumps in a Markovian framework. In this case the driver of the BSDE
depends on a given state process X, which can represent, for example, an index or a stock price.
This process will be assumed to be driven by a Brownian motion and a Poisson random measure.

Our main contribution consists in establishing the link between the value function of our optimal
stopping problem and parabolic partial integro-differential variational inequalities (PIDVIs). We
prove that the minimal risk measure, which corresponds to the solution of a reflected BSDE with
jumps, is a viscosity solution of a PIDVI. This provides an existence result for the obstacle problem
under relatively weak assumptions. In the Brownian case, this result was obtained in [71] by using a
penalization method via non-reflected BSDEs. Note that this method could also be adapted to our
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case with jumps, but would involve heavy computations in order to prove the convergence of the
solutions of the penalized BSDEs to the solution of the reflected BSDE. It would also require some
convergence results of the viscosity solutions theory in the integro-differential case. We provide
here instead a direct and shorter proof.

Furthermore, under some additional assumptions, we prove a comparison theorem in the class
of bounded continuous functions, relying on a non-local version of Jensen-Ishii Lemma (see [10]),
from which the uniqueness of the viscosity solution follows. We point out that our problem is not
covered by the study in [10], since we are dealing with nonlinear BSDEs, and this leads to a more
complex integro-differential operator in the associated PDE.

The chapter is organized as follows: In Section 4.2 we give the formulation of our optimal
stopping problem. In Section 4.3, we prove that the value function is a solution of an obstacle
problem for a PIDVI in the viscosity sense. In Section 4.4, we establish an uniqueness result. In
the Appendix, we prove some estimates, from which we derive that the value function is continuous
and has polynomial growth and provide some complementary results.

4.2 Optimal stopping problem for dynamic risk measures
with jumps in the Markovian case

Let (€2, F P) be a probability space. Let W be a one-dimensional Brownian motion and N (dt, du)
be a Poisson random measure with compensator v(du)dt such that v is a o-finite measure on IR*
equipped with its Borel field B(R*), and satisfies [,.(1 A €*)v(de) < oo. Let N(dt,du) be its
compensated process. Let [F' = {F;,t > 0} be the natural filtration associated with W and N.

We consider a state process X which may be interpreted as an index, an interest rate process,
an economic factor, an indicator of the market or the value of a portfolio, which has an influence
on the risk measure and the position. For each initial time ¢ € [0, 7] and each condition x € R, let
X%* be the solution of the following stochastic differential equation (SDE):

X;’x:fL‘—F/ b(Xi’x)d’l“—l—/ U(X:’$)dWr+/ B(X:’f’e)]v(dﬁde), (421)
t t t R*

where b,0 : R — R are Lipschitz continuous, and # : R x R* — R is a measurable function such
that for some non negative real C'; and for all e € R

1B(z,e)] < C(1Ae]), z€R
1B(z,e) = B(z',e)| < Cle—2'|[(1Ale]), z,2" €R.

We introduce a dynamic risk measure p induced by a BSDE with jumps. For this, we consider
two functions v and f satisfying the following assumption:

Assumption H;

e 7:R xR*— Ris B(R) ® B(R*)-measurable,
|v(z,e) — (2 e)| < Clz —2'[(LAe]),z, 2" € Rje € R*
1< (z,e) < CLAJe]), e € R?
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o [:[0,T]xR3x L2 — R is continuous in ¢ uniformly with respect to x, v, z, k, and continuous
in x uniformly with respect to t,y, z, k.

() 1£(0.2,0,0,0)] < C(1 + a7, Var € R
(i) [f(t 2y, 2,k) = f(t, 24,2 K)] < Cly —¢[ + [z = 2'[ + |k = K|r2), V t € [0,T],
v,y 2,2 €R, kK € L?
(i) f(t,z,y,2z, k1) — f(t, 2,9, 2, ko) >< y(x,+), k1 — ko >,,Vt,2,y, 2, ki, ks.

Here, L? denotes the set of Borelian functions ¢ : IR* — IR such that ||€ |2 = f ]R* w)|*v(du) <
+oo. It is a Hilbert space equipped with the scalar product (6, ¢), fR* de) for all
5, 0 e L2 x L2

We also introduce the set H? (resp. H2) of predictable processes (m;) (resp. (l;(+))) such
that EfOT m2ds<oo (resp. Ef0T||ls||%3ds<oo); the set S§? of real-valued RCLL adapted processes
(ps) with E[sup, ¢?] < oo, and the set L?(Fr) of Fr-measurable and square-integrable random

variables.
Let (¢, z) be a fixed intial condition. For each maturity S in [¢, 7] and each position ¢ in L*(Fs),
the associated risk measure at time s € [t, S] is defined by

PeE(C8) = —E5(Q), t < s <8, (4.2.2)

where Stsmv(( ) denotes the f-conditional expectation, starting at (¢,x), defined as the solution in
&2 of the BSDE with Lipschitz driver f(s, X% y, z, k), terminal condition ¢ and terminal time S,
that is the solution (£5*) of

—dEs = f(5, X1, &, ms, 15(1))ds — medWy — [ 1(w)N(dt,du); Es = ¢, (4.2.3)
R*

where (), (I,) are the associated processes, which belong to H? and H? respectively.
The functional p : (,S) — p.((, S) defines then a dynamic risk measure induced by the BSDE with
driver f (see [137]). Assumption H; implies that the driver f(s, X%, y, z, k) satisfies Assumption
3.1 in [138], which ensures the monotonocity property of p with respect to ¢. More precisely, for
each maturity S and for each positions (i, (» € L*(Fs), with ¢; < ¢ a.s., we have pi®((y, S) >
Pt (G2, 5) as

We now formulate our optimal stopping problem for dynamic risk measures. For each (¢, x) €
[0, 7] x R, we consider a dynamic financial position given by the process (£4%,¢ < s < T'), defined
via the state process (X%*) and two functions g and h such that

e g € C(R) with at most polynomial growth at infinity,

e h:[0,7] x R — R is continuous in ¢, continuous in = uniformly with respect to ¢, and there
exist p € N and a real constant C', such that

|h(t,z)] < C(1+ |z|P),Vt € [0,T],z € R, (4.2.4)

o W(T,z)<g(x), Ve eR.
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For each initial condition (¢,z) € [0,7] x R, the dynamic position is then defined by:

{ggz = h(s, X)), s<T
& = g(X5).

Let t € [0,7] be the initial time and let © € R be the initial condition. The minimal risk
measure at time ¢ is given by:

ess inf pp (€47, 1) = —esssup £F(£47). (4.2.5)
T€T: TET: ’
Here 7; denotes the set of stopping times with values in [t, T].
By Th. 3.2 in [138], the minimal risk measure is characterized via the solution Y** in &% of
the following reflected BSDE (RBSDE) associated with driver f and obstacle &:

( T
Vi =g+ [0 XY 2 K )+ A AL

T 3 T .
_/ ZLrdW, —/ / K" (r,e)N(dr,de)
s S R*
Y > 0<s<T as. (4.2.6)

-

Ab" is a nondecreasing, continuous predictable process in S? with
AY* = 0 and such that

T
/ (VI — €9 dAY =0 as. |
\Jt

with Z4% K% € H? (resp. H?). Note that by the assumptions made on h and g, the obstacle
(€57 4> is continuous except at the inaccessible jump times of the Poisson measure, and at time
T with A&:" < 0 a.s., and this implies the continuity of A%* by Th. 2.6 in [138]. Moreover, Th.
3.2 in [138] ensures that

Y =esssup £7(E7)  as. (4.2.7)

TET:
The SDE (4.2.1) and the RBSDE (4.2.6) can be solved with respect to the translated Brownian
motion (W; — W;)s>. Hence Yf”” is constant for each t,x. We can thus define a deterministic
function u called value function of our optimal stopping problem by setting for each ¢, x

u(t,z) == Y (4.2.8)

By Lemma 4.6.4 and Lemma 4.6.5 given in Appendix, the function u is continuous and has at
most polynomial growth.
The continuity of u implies that Y* = u(s, X5*), t <s < T aus.

Moreover, the stopping time 7%%* (also denoted by 7*), defined by

T =inf{s > t, V¥ =7} =inf{s > ¢, u(s, Xg*) = h(s, X%)}

is an optimal stopping time for (4.2.5) (see Th. 3.6 in [138]). Here, the function & is defined by

h(t,x) := h(t,z)1cr + g(x)1i=7, so that &% = h(s, X1*), 0 <t < T a.s.
In the next section, we prove that the value function is a viscosity solution of an obstacle
problem.
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4.3 The value function, viscosity solution of an obstacle
problem

We consider the following related obstacle problem for a parabolic PIDE:

min(u(t,z) — h(t, z), —%(t, x) — Lu(t,z) — f(t,z,u(t, x), (a%)(t,x), Bu(t,z)) =0,
(t,z) € [0, T[xR
w(T,xz) =g(x), € R
(4.3.1)
where
L=A+K,
Ag(t,x) := 302(9&)%(@ x) + b(x)%(t, ),
Ko(t,x) = / (qﬁ(t, z+ B(z,e)) — o(t,x) — %(t,x)ﬁ(x, e)) v(de), (4.3.2)

Bo(t, x)(-) == o(t,x + B(x,")) — ¢(t,z) € L.

The operator B and K are well defined for ¢ € C'?([0,T] x R). Indeed, since 3 is bounded, we
have [6(t, @ + B(x, €)) — 6(t,2)| < C|B(z, )| and
¢

lo(t, z + B(x,e)) — p(t,x) — %(t,x)ﬁ(x,eﬂ < CB(x,e)?.

We prove below that the value function u defined by (4.2.8) is a viscosity solution of the above
obstacle problem.

Definition 4.3.1. e A continuous function w is said to be a wviscosity subsolution of (4.3.1) iff
u(T,z) < g(z),z € R, and iff for any point (f,z¢) € (0,7) x R and for any ¢ € C?([0,T] x R)
such that ¢(tg, zg) = u(to, ro) and ¢ — u attains its minimum at (tg, xg), we have

min(u(to, zo) — h(to, o),

0 0
— a—f(to, xg) — Lo(to, x0) — f(to, xo, u(to, o), (Ua—i)(to, o), Bo(to, x0)) < 0.
In other words, if u(to, o) > h(to, xo), then
¢

—E(to, l‘g) - Lgb(to, xo) — f(tg, Zo, U(to, ZEO>, (0%)@0, 1’0), ng(to, ZE())) S 0.

e A continuous function u is said to be a wiscosity supersolution of (4.3.1) iff w(T,x) >
g(z),x € R, and iff for any point (¢y,7¢) € (0,7) x R and for any ¢ € C'?([0,T] x R) such that
o(to, xo) = u(to, xo) and ¢ — u attains its maximum at (to, zo), we have

min(u(to, zo) — h(to, xo),

— ——(to, wo) — Lo(to, x0) — f(to, xo, u(to, x0), (U%)(toa x9), Bo(to, o)) > 0.
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In other words, we have both wu(to, xo) > h(to, zo), and

_%(to, wo) — Lo(to, o) — f(to, zo, u(to, zo), (0%)(750, o), Bo(tg, o)) > 0.

Theorem 4.3.2. The function u, defined by (4.2.8), is a viscosity solution (i.e. both a viscosity
sub- and supersolution) of the obstacle problem (4.3.1).

Proof. e We first prove that u is a subsolution of (4.3.1).

Let (to,zo) € (0,7) x R and ¢ €  CY([0,7] x R) be such that
b(to, v0) = ulto,zo) and ¢(t,z) > u(t,z), Y(t,x) € [0,T] x R. Suppose by contradiction that
u(to, xg) > h(to, xo) and that

0
—— (o, w0) — Lé(to, x0) — f(to, w0, d(to, o), (Ua—f)(to,%), Bo(to, zo)) > 0.
By continuity of K¢ (which can be shown using Lebesgue’s theorem) and that of B¢ : [0, 7] x
R — L2, we can suppose that there exists ¢ > 0 and 7. > 0 such that: V(¢,z) such that tq <t <
to+n. < T and |z — x¢| < 1., we have: u(t,z) > h(t,z) + ¢ and

0 0
—a—f(t, x) — Lo(t,x) — f(t,x, ¢(t, x), (Ja—qb)(t, x), Bo(t,x)) > e. (4.3.3)
T
Note that Yiowo = ysX™ — y(s, Xta0) as. because X% is a Markov process and u is

continuous. We define the stopping time 6 as:
0 = (to +n.) Ainf{s > to, | X" — 24| > n.}. (4.3.4)

By definition of the stopping time 6,

u(s, X10%0) > h(s, X0"0) + ¢ > h(s, X)), ty < s < 0 as.

This means that for a.e. w the process (Y 0% (w),s € [tg, f(w)]) stays strictly above the barrier.
It follows that for a.e. w, the function s — A¢(w) is constant on [tg,f#(w)]. In other words,
Yiomo = £170(Yp), to < s < 0 a.s, that is (Y™ s € [to, ]) is the solution of the classical BSDE
associated with driver f, terminal time 6 and terminal value Y;O’xo. Applying Ito’s lemma to
o(t, X7, we get:

0 0
o0, %0) = 600, 3*0) — [ s, Xtds = [0 50 (s, X,
t t

N /t 9/ Bo(s, X2")N(ds, de) (4.3.5)

where (s, x) = @(s, x) + Lo(s, x).

Os
0
Note that (¢(s, Xto®0), (aa—gb)(s,XﬁO’xO), Bg(s, X™); s € [ty,0]) is the solution of the BSDE as-
x

sociated to terminal time 6, terminal value ¢(6, X;>°) and driver process —) (s, X'0).
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By (4.3.3) and the definition of the stopping time 6, we have a.s. that for each s € [to, 0]

- _(Sa X£O7x0) - L¢(S7 X§O7x0)

o ( X107, (5, X19%9), (0 90)(5, X10%0), Bo s, X;WO)) > (436)

Using the definition of the function v, (4.3.6) can be rewritten: for all s € [to, 6],

- Q/J(S, Xsto,wo)

— f (S,Xﬁo’xo,qﬁ(s,XﬁO’xO), (O’%)(S,Xio’xo),B(b(S,X;O’xO)) > e

This gives a relation between the drivers —i)(s, X%) and f(s, X% .) of the two BSDEs. Also,
G0, X;070) > u(f, X;0™) = Y0 as.

Consequently, the extended comparison result for BSDEs with jumps given in the Appendix (see
Proposition 4.6.2) implies that:

é(to, z0) = ¢(to, Xfé”“’) > 3@?’%0 = u(to, xo),
which leads to a contradiction.

e We now prove that u is a viscosity supersolution of (4.3.1).
Let (to,z0) € (0,T) x R and ¢ € CY%([0,T] x R) be such that
P(to, o) = ulto, wo) and ¢(t,z) < u(t,x), V(t,x) € [0,T] x R. Since the solution (Y/0*0) stays
above the obstacle, we have:
u(to, xo) > h(tg, o).

We must prove that:

——-(to, w0) — Lé(to, x0) — f <t0,$o,¢(to,$o)7 (U%)(foax0)7 B¢(t071‘0)) > 0.

Suppose by contradiction that:

_%(to, xg) — Lo(to, x0) — f (to,xo, é(to, xo), (U%)(to, Ty), B¢(t0,x0)) < 0.

By continuity, we can suppose that there exists € > 0 and n. > 0 such that for each (¢, z) such
that tg <t <to+mn. < T and |z — x| < 7., we have:

9¢

_E(t’@ — Lo(t,x) — f (t,x,qb(t,x), (a%)(t,x),8¢(t,x)) < —e. (4.3.7)

We define the stopping time 6 as:
0 := (to +n.) Ainf{s > to/| X" — 20| > n.}.

Applying as above Itd’s lemma to ¢(s, X%0) we get that

(¢(s, XLow0), (U?)(S, Xto0), Be(s, X); s € [to,0]) is the solution of the BSDE associated with
T

terminal value ¢(6, Xgo,:m) and driver —)(s, Xt0:®0),
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The process (Y% s € [tg,0]) is the solution of the classical BSDE associated with terminal
condition Y, = u(#, X;>"°) and generalized driver

f(s, Xm0 g 2 q)ds + dA ™.

S

By (5.6.3) and the definition of the stopping time 6, we have :

(_E(S’ X;fo,:co) - L¢(Sv XEO’LEO) - f(87 XEOJO’ ¢(87 X;O7$O)’
(ag_)(S,Xﬁo’mo), Bo(s, X10™)))ds — dA™ < —e ds, ty<s<0as.
x

or, equivalently,

— (s, X100 ds

¢
7oz
+ dAZO"EO —eds, th<s<4bas.

< (f(s, X2, 0(s, X07), (05-) (5, X™), Bé(s, X)) ds

This gives a relation between the drivers of the two BSDEs.
Also, ¢(9,X;°’IO) < u(Q,X;O’ZO) = YJO"'BO a.s. Consequently, Proposition 6.4.1 in the Appendix
implies that:

(to, mo) = d(to, Xi™) < Y™ = u(to, z),

which leads to a contradiction. O

4.4 Uniqueness result for the obstacle problem

We provide a uniqueness result for (4.3.1) in the particular case when for each ¢ € C*2([0,T] x R),
B¢ is a map valued in R instead of L2. More precisely,

Bo(t,z) :== /R*(qb(t, x+ B(x,e)) — o(t,x))y(x, e)v(de), (4.4.1)

which is well defined since |¢(t, z + B(z,e)) — ¢(t, x)| < C|B(x, €)|.
We suppose that Assumption H; holds and we make the additional assumptions:
Assumption H,:

*

L f(s, X" (W), y, 2. k) = | <S,X§"”(w),y, z,/ k(e)v(Xﬁ””(W),e)V(de)) Loz,

where f : [0,7] x R* — R is continuous in ¢ uniformly with respect to z,y, z, k, continuous in x
uniformly with respect to y, z, k, and satisfies:

(i) [f(t,2,0,0,0)| < C, for all t € [0,T],z € R.

(i) |f(t,m,y,2,k) — f(t,2", 0, 2" k)| < Oly — /| + 12 — 2| + |k — K]), for all t € [0,T],
y’ yl7 27 zl? k? k/ E]R'
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(iii) k — f(t,z,v, 2, k) is non-decreasing, for all t € [0,T], x,y, z € R.

2. For each R > 0, there exists a continuous function mg : Ry — R, such that mg(0) = 0 and
|f(t,2,0,p,q) — f(t,y,0,p,0)| < mpr(lz —y|(1+|p])),

for all t € [0, T, |z, |y| < R, |v| < R, p,q € R.

3. [v(z,e) —v(y,e)| < Clz —y|(1 Ae?) and 0 < y(z,e) < C(1 Ale|), for all z,y € R, e € R*.

4. There exists r > 0 such that for all t € [0, 7], z,u,v,p,l € R:

f(t,x,v,p, l) o f(t,a:,u,p, l) > r(u—v) when u > 0.

5. |h(t,x)| +|g(z)| < C, for all t € [0,T], x € R.
To simplify notation, f is denoted by f in the sequel.

We state below a comparison theorem, which uses results of three lemmas. The proofs of these
lemmas are given in Subsection 4.4.1.

Theorem 4.4.1 (Comparison principle). Under the above hypotheses, if U is a viscosity subsolu-
tion and V is a viscosity supersolution of the obstacle problem (4.3.1) in the class of continuous
bounded functions, then U(t,z) <V (t,x), for each (t,z) € [0,T] x R.

Proof. Set
M = sup (U-V).

[0, TR

It is sufficient to prove that M < 0. For each €, > 0, we introduce the function:
P (t—s)? 2

€ r—y
Ut .y) = U )~ Vi(sg) — EPE Ry
for t,s,x,y in [0, T]* x R?. Let
M®":= max 7.
[0,T]2 X R2

This supremum is reached at some point (¢57, s =" y=1).
Using that =7(t=", &1 25" =) > ="(0,0,0,0), we obtain:

(ta,n _ 85,77)2 (xa,n _ ye,n)Q a a
= — = — P (") + (y°")?)

> U(0,0) — V(0,0), (4.4.2)

U7, 257) — V (557, y7) —

or, equivalently,

(ts,n - 86,17)2 N (l,s,n . ya,n)2
g2 g2

+ 72 (252 + (1°)?) < U |los + |V ]loo = U(0,0) — V(0,0). (4.4.3)

Consequently, we can find a constant C' such that:

‘lfﬂ? _ y&TIl _|,_ |t€’77 — 86’77| S C&j (444)
e < e < € (4.4.5)
n n

Extracting a subsequence if necessary, we may suppose that for each 1 the sequences (t*"). and
(s°"). converge to a common limit ¢” when ¢ tends to 0, and from (4.4.4) and (4.4.5) we may also
suppose, extracting again, that for each 7, the sequences (7). and (y="). converge to a common
limit 2.
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Lemma 4.4.2. We have:

N _ ,,6m\2
(x5 —y*")

lim =0; lim =
e—0 52 e—0 52
lim lim M*" = M.
n—0e—0

We now introduce the functions:

p R ()
g2 g2
(2= —y)*  (t7" —s)
\112<Sv y) = U(tsmu xf'fﬂl) - 22 - 2 - 772((376’7]>2 + y2)
As (t,x) — (U — ¥y)(t, x) reaches its maximum at (t=7,2%") and U is a subsolution we have
two cases:

e (=" =T and then U(t=" z=") < g(z°7),

(1) = Vs, +

+1* (2 + (y™")7)

e 157 £ T and then

ov
Hlll’l (U(tsv'r]’ x5777) _ h(tevn, x&’?)’ a_;(tsy'r]’ x&ﬂ) _ L\I[1<t5777’ xsvn)_
1> 3 g 1> 6\111 € 1> € 1>
—f 1t = U, 2™, (o——) (7", 257), BU,(t57, 257) ) | <0. (4.4.6)
i

As (s,y) — (Vg — V)(s,y) reaches its maximum at (s=7,3") and V is a supersolution we have
the two following cases:

e 5o =T and then V(s5", y=") > g(y="),
e s £ T and then

min(V (s, y=") — h(s*", y="),
8\112 en M en &M M ,,E:M €1 o EM
W<S’ Y~ )—L\IJQ(S’ N >_f<5’ Y 7V(57 Yo )7 (447>

ov
(0 2) (5,5, BUs(s™, 7)) > 0.

We now prove that M < 0. Three cases are possible.
1st case: There exists a subsequence of (") such that 7 = T for all n (of this subsequence). As
U is continuous, for all  and for € small enough

U@, z=") < Ut a") +n < g(a") + 1,
and as V' is continuous, for all n and for ¢ small enough
V(s y™") 2 V(" 2") —n = g(a") — 1.

Hence
U= x=") — V(s y=") < 2n
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and

€N _ ,,En\2 $EM — &M 2
MEN — U(te,n’xa,n) . V(Sa,n’ ya,n) . (Z‘ €2y ) o ( 523 )

=P ((257)7 + (y")?) S U, 257) = V(s*7,y™") < 2.

Letting ¢ — 0 and then n — 0 one gets, using Lemma 4.4.2, that M < 0.
2nd case: There exists a subsequence such that t7 # T, and for all n belonging to this
subsequence, there exists a subsequence of ("), such that

U(t57, 251) — h(t", 257) < 0,

As from (4.4.7) one has
V(™ y™") — h(s™",y7") > 0,

it comes that
M < U=, 25" — V(2" y=") < h(t57 257) — h(s™, y=").

Letting ¢ — 0 and then n — 0, using the equality lim,_,o lim._,o M*" = M (see Lemma 4.4.2), we
derive that M < 0.

Last case: We are left with the case when, for a subsequence of 7, we have t7 # T and for all
n belonging to this subsequence there exists a subsequence of (7). such that:

U=", z=") — h(t>", z57) > 0.

! (@ y? (P

g2 + g2
The maximum of the function ¥="(t, s, z,y) := U(t,x) — V(s,y) — ¢(t, s, z,y) is reached at the
point (57, s, k=" y=m).

Let us fix 6 > 0 and consider the ball Bs = B(0,§). We introduce the operators K?°, K’ B BS
corresponding to the operators K and B defined in (4.3.2) and (4.4.1), but integrating on By or
R\B; (also denoted by B§) only.

They are defined respectively for all ¢ € C12, & € C by

+n (2 + y°). (4.4.8)

o(t,s, z,y) =

K[t x, ¢] == /B ((b(t, xr+ fB(x,e)) —o(t,x) — %(t,x)ﬁ(x, e)) v(de) (4.4.9)
Kotz 7, ®] == /BC (q)(t, z+ B(z,e)) — O(t,z) — wf(z, e)) v(de). (4.4.10)
Blt,x, p| := /B (gb(t, xr+ B(z,e)) — o(t, ZL"))’}/(I‘, e)v(de) (4.4.11)

B[t,z, ®] := /B (@(t,x + B(z,e)) — (¢, x))y(x, e)v(de) (4.4.12)

Here C denotes the set of bounded continuous functions.

c
é
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We apply the non-local version of Jensen Ishii’s lemma [10] ( see also Corollary 1 in [10]) and
we obtain that there exists &, such that for any « such that 0 < o < & there exist:

(a,p,X) € PYU@", 25"), (b,q,Y) € P2V (55", y=")
such that

F(tsjn’ x€,777 U(te’n7 'CL‘EJ?)’ a’) 2_97 X7 K5 [tE,T]) ‘CEEJ?, @Ol(’) 8577]7 y&ﬂ)]
KON, 2=, B, U, BO[tE0, 25, oo (-, 557, y=7)] + BOJt=, 257, U]) < 0

(4.4.13)
F(S€7n7 yE’n7 V(S‘E’T]’ ys’n)7 a’ 6’ K K(S [85,777 y€7n’ _(2005 (tE’n7 xE””’? .)]
+RO [, 4=, V], BY 57, 450, — 0o (157, 257, )] 4+ BO[s¥1, 5=, V]) > 0
where
1
F(t,x,u,a,p,X,l1,l5) := —a — =0*(2)X — b(x)p — 1 — f(t,2,u,po(z),ls). (4.4.14)

2

and such that

_ 2@y
= et

p
X 0 , (1 -1 , 10
(o =2 (e (i)

Here, P?* (resp. P*7) is the set of superjets (resp. subjets) defined in [10] (see Definition 3).
Note that the operators K, K° B° and B? satisfy the hypotheses (NLT) of [10] (see Section 2.2
in [10]). Hence we can use the alternative definition for sub-superviscosity solutions expressed in
terms of sub-supersolutions and super-subjets given by Definition 4 in [10]. By Lemma 1 in [10],
we have ¢, = R*[g], with

=p+20%2% G=p—2*y""; p
b

Z — &

Ra[@”(jvﬁ)] = SupZeB(:T:,/«c) SO(Z) - T(Z - $) - ) (j7]5) = ((t&n? 8577171;6,77’ ys,n), (av b,]_), q))

and k is assumed to be sufficiently small. Proposition 3 in [10] together with the Lipschitz conti-
nuity of F' with respect to [y, 5 lead to:

F(t=n, 25 U (5", 25"), a,p, X, KO [t5", 257, ,]

+KO[t=n, x50 B, U], BO[t5, 27, ] + B[t 25" U]) < O(a)
F(s=, 4=,V (s¥1,y77), a,q, Y, K°[s*", 4", —¢, ]

+KO[s77, =1, G, V], B[, 477, —p,] + B[, 477, V]) > O(a),

(4.4.15)

where we denote by ¢, the function (t,z) — ¢(t,z, s, y>") and by ¢, the function (s,y) —
p(t=m, 2=, 5, y).



Since (t°7, s, 5" y=") is a global maximum of ¢*" ;we have:

YNt 55 2T 4 B(a™ e), y=" 4 ByT", e)) < (AT, s, a1 =)
S U 2"+ B(a®"e)) = V(s¥ y=" + B(y™", e))

@ B, ) =y — B, )
52

(t€ﬂ7 B 35’77)2 2 5 5 2 5 5 2
= T (@ B, ) 4 (5 By e))?)
S U@ 25" = V(s= y=T)
B (1,5,77 _ ys,r]>2 B (ts,n . Ss,n)Z

g2 g2

= ((@57)7 + (y°")%).
Consequently, we get:

U= z=" 4+ B(x="e)) — U=, 257 < V(s 45" + B(y™", e))
g, _ €, 2

+ 02 (B2 (257, ) + 225" B(x%" ) + 27" By, €) + B2 (Y™, e)).

The two following lemmas hold.

Lemma 4.4.3. Let

o= KO, 2% 0] + KO[t°7, 257, p, U]
l/K = K(S[Sa’na Yo, — oyl + K—(S[SEW’ y".q V]
We have
, 1
e < e+ 020 + 067) + (542100,

Lemma 4.4.4. Let

lg = B‘s[te’",xs’”, O] + B‘s[tg’",xs’”, U]
ly = B[, 47", —p ] + B[s™7, y=", V).
We have

(21— 1)

/ 1 £ 5
lp <lp+ (0" + 3)00) + O(F————) + O(|«"" = y™"|) + O(r").

We argue now by contradiction by assuming that

M > 0.
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(4.4.16)

(4.4.17)

(4.4.18)

(4.4.19)

(4.4.20)

(4.4.21)
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Using Assumption (Hy).4, we get

0< DM < M.y < r(U(E,257) = V{5, o))
< F(s& =" U@, 257),a,q,Y, U, )
— F(s o V(s y™),a,q, Y, U, )
= F(s¥",y>", U, 25"),a,q,Y, U, Ug)

= F(s™",y™" U (s, y™"), 0,4, Y, U, )
+ F(s*", g U(s¥", y*"),a,q, Y, U, g)
— F(s" =" U(s*", y""),a,q,Y,lk,B)
+ F(s*" y=" U(s"", y""),a,q,Y,lk,B)
— F@" 2= Ut 2%"),a,p, X, i, lp)
+ F(t5", 27, U(t’”7 =), a,p, X, lk,lp)
F(s™y™" V(s y™"), 0,4, Y, Uk, Ip)

S KlU(tsna Iﬁm) - U<S577 =1 )| + F(5€7n7 ye’na U(nga ys’n)7 a’uG? }/7 lK7 lB)
F(t‘EﬂY? 335777’ U(t87777 Xa,n)a a’?ﬁv X7 lKa lB)

4+ )06 + oY) Loy o6 + 0. (a22)

We have used here the (nonlocal) ellipticity of F', the Lipschitz property of F, (4.4.15) and the
estimates proven in Lemma 4.4.3 and Lemma 4.4.4. From the hypothesis on b and o, we have:

C N _ ,,Em\2
)X — 2y < TV

Cla — )

e2

+O0(n%) + O(w),

b(x=")p — b(y*")g < +O(n?).

We thus obtain the inequality:

F(SEW7 y5777’ U(3577]7 yg’n)a a, 67 Y7 lKa lB) - F<t57n7 $5777’ U(t5»777 xan)? a, ]_)7 X7 lK7 ZB)

C e — ys,n 2
( 82 ) + 0(7]2)

+ S, 25 U5, 25, (p + 207)o (257), I

F(™M = U (s> y7"), (p = 20*)o (y™"), Ip
< f5" 2= U (", x“]) (p+ 2n°)o ("), 1p
— f(s57, 2" U (", 257, (p + 20%)a (257), 15
+mp(l2=" — y>"|(1+ (p + 20*)a (277)))

+ KU, 25 = U(s™", y=")| + O((xn;—2) +O0(n?) + O(a). (4.4.23)

<

The last equality is obtained by some computations similar to those in (4.4.22). From (4.4.22),
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(4.4.23) we get

0< SM < M= < f(t7, 257, U, 27, (p + 20 (a™"), 1)

— f(s®M 2= U=, 2=, (p + 2772)0(958’"), lB)
+mp(j2™" = y* (1 + (p + 27 )o (z°7))
+ K|U (5", 257) — U(s™", y=") |+
(xgm B y&n)Q € € 2 1 2

By Lemma 4.4.2, letting successively «, d, e and 7 tend to 0 in (4.4.24) we obtain that 0 < £M < 0.
Hence, the assumption M > 0 made above (see (4.4.21)) is wrong. This ends the proof of Theorem
4.4.1. =

Corollary 4.4.5 (Uniqueness). Under the additional Assumption (Hs), the value function is the
unique solution of the obstacle problem (4.3.1) in the class of bounded continuous functions.

4.4.1 Proofs of the lemmas

Proof of Lemma 4.4.2. For n > 0, we introduce the functions:
U(t,z) = U(t,z) — n?x? and V(t,z) = V(t,x) + n*z>. Set

M":= sup (U"—V").
[0,T] xR

The maximum M?" is reached at some point (£7,£7). From the form of 4>, we have that for fixed
1, there exists a subsequence (57, s, 2", y=). which converges to some point (¢, s", 2", y7) when
¢ tends to 0.

Since M®" is reached at (57, s=", x=" y=7), we have:

(07— VMY (E, 27 = (U = V), 27) — (") + (§7)%) < M=
(ta,n _ 86,7])2

= U7, 2 = V(™) =

_ (336,77 _ ys,n)2 . 772((1’6’7])2 + (ye,n)2>‘

e2
Setting
R
we get
0 <L, STy < (07 = V), 27) = (07 = V) (I, 37) < 0. (4.4.25)

We derive that, up to a subsequence, lim._,q (ft—den)Q =0 and

lim,_,o M*" = M". Similarly, we get lim._,q w =0.
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Let us prove that lim,_,o M" = M. First, note that M" < M, for all 7.
By definition of M, for all § > 0 there exists (t5,x5) € [0,7] x R such that
M — 06 < (U —V)(ts,x5). Consequently, we get

M =222 — 6 < (U = V)(ts, s) — 20222 = (U — V")(Ls, x5) < M7 < M.

By letting 1 and then ¢§ tend to 0, the result follows.

Proof of Lemma 4.4.3. We have:
1
KO0 0] = [ (54 )5 de)
K5[587n7y€’n7 _(Py] = / (__ - 2)52@57”7@)1/((16)_

Equations (4.4.26) and (4.4.27) imply:

1
KO[, 057, 0o SKC (877, 57", =+ (5 40°) | B2y, eJv(de)

1
+ () | B, ep(de) <K (s, 4™, =y [+(54+0°)0(9).
Bs

Using inequality (4.4.16) and integrating on B§, we obtain:

KO, 27 5, U] = / (U(t” 2 4 Bz, €)) — U (57, 2°)

— (p+20*2"")B(2", e ) (V(SE’”,y”7 + By e)) = V(s y™")
o 2 ) () = P
+772/§( 0+ S (e
< &y, q,v] + o= | o),

e2

Using (4.4.17) and (4.4.28), we derive (4.4.18), which ends the proof of Lemma 4.4.3.
Proof of Lemma 4.4.4. From (4.4.11), we derive that:

B 450 ] = /

Bs

((772 + %)62(:55’", )+t Yy
+ 2073 (2", e) |y (2, e)v(de)

Ba[sgﬂi,y&U, _@y] = /

B

(07 = rtrn + 20

— 207y B (Y™, e)) Y(y=", e)v(de).

(4.4.26)

(4.4.27)

(4.4.28)

(4.4.29)

(4.4.30)



After some computations, we obtain:

((n + s +

= <_772 - 8_2)ﬂ2<y57777 e)f)/(ysm? 6) +

26(z=", e)

e2

—20y" "B (Y, )y (y™ ", €)

7+ ) (e e + e o)

2
2
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(61 — ) + 2B e>) (e, )

2B(y=", e)

= (=" —y=")y(y*", e)

b 5 = g (B0 a0 e) = B e )

2 (2B N ) + B ) ). (1431

From (4.4.29), (4.4.30), (4.4.31) and using the hypothesis on 5 and v, we get:

B&[ts,n7 xs,n7 (Pm] S Bé[ss,n7 ys,n

) + (1 + 5)0(6) + O

(= — gy
52

Y+ 0. (4.4.32)

We now estimate the operator B°. Inequality (4.4.16) implies:

(U(ts’”, ="+ (2", e)) — U(t™", xg’”)) v(x=" €)

= (V(Sa’”, Y=+ By e)) = V(s y=")
e,m _ £,m 2
| |Ba,e) = B o)

c2

+p(B(x7",e) = By~ €))

T P(B( €) + 207 B (2 €) + 2B, ) + B, e>) A (@5, )

_ (vw Y4 By €)) — V(s yE’”))’y(yE’", )

b (Ve 807 e) = V) ) (1606 = 27 )

L 1B, €)= Bl )P

e2

(0,004 p(B0,0) = 8077, ) o0

+17’ (62(908’”, e) + 2273 (2%, e) + 2y~ "By, €) + B (y"", 6)) (27, e).

Now, by (4.4.5), we have |z <

integrating on Bf§, we get

B, U] < B, V] 4+ 0 — ) 40

C

— al

Ui

Q

d |y=" < —. Hence, using the hypothesis on 3,7 and
n

e — ye,n)2

T) + O(n?). (4.4.33)

Finally, from (4.4.32), (4.4.19) and (4.4.33), we derive inequality (4.4.20). O
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4.5 Conclusions

In this chapter, we have studied the optimal stopping problem for a monotonous dynamic risk
measure defined by a Markovian BSDE with jumps. We have proven that, under relatively weak
hypotheses, the value function is a viscosity solution of an obstacle problem for a partial integro-
differential variational inequality. To obtain the uniqueness of the solution under appropriate
conditions, we have proven a comparison theorem, based on the nonlocal version of the Jensen
Ishii Lemma, which extends some results established in [10] (Section 5.1, Th.3) to the case of a
nonlinear BSDE.

The links given in this paper between optimal stopping problems for BSDEs and obstacle prob-
lems for PDEs can be extended to a larger class of problems. Among them, we can mention gener-
alized Dynkin games with nonlinear expectation (see [62]), and mixed optimal stopping/stochastic
control problems (see [63]). However, the latter case requires to establish a weak dynamic pro-
gramming principle, which does not follow from the flow property of reflected BSDEs only, and
needs rather sophisticated techniques.

4.6 Appendix

4.6.1 Some useful estimates

Let T > 0 be a fixed terminal time.
Amap f:[0,T] x Qx R* x L2 — R; (t,w,y,2,k) — f(t,w,y,z k) is said to be a Lipschitz
driver if it is predictable, uniformly Lipchitz with respect to y, z, k and such that f(¢,0,0,0) € H2.
Let £},62 € 82, Let f1, f? be two admissible Lipschitz drivers with Lipchitz constant C. For
i = 1,2, let £ be the fi-conditional expectation associated with driver f*, and let (Y;') be the
adapted process defined for each t € [0, 77,

Y} = esssup & (€). (4.6.1)
TET:

Proposition 4.6.1. For s € [0,T], denote Y, =Y}! -~ Y2 €, =¢! — €2 and

— 1
fo =sup, i [f'(s,9,2,k) — f*(s,y,2,k)|. Let n,3 > 0 be such that § > 3 +2C and n < — ik
” n
Then for each t, we have:
eﬁt?? < TR [supfS | Fi —|—77]E/ f ds|Fi]) a.s. (4.6.2)
s>t

Proof. For i = 1,2 and for each 7 € Ty, let (X7, 757 [%7) be the solution of the BSDE associated
with driver f?, terminal time 7 and terminal condition .. Set X, = X7 — X27,

By a priori estimate on BSDEs (see Proposition A.4 in [138]), we have:

T
(XY < TEE|F + | / (1 (s, X27, 27, 127)
t

— (s, X2, w27 127T))ds|F]  as. (4.6.3)

) 5 Vs
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from which we derive that

PUXT )2 < PT(E [supf | 2] +77E/ f ds|Fi]). (4.6.4)

s>t

Now, by definition of Y7, we have Y} = esssup,-, X;” a.s. for i = 1,2. We thus get |Y,| <
eSS SUP, >, | X | a.s. The result follows. O

Let & € 82. Let f be a Lipschitz driver with Lipschitz constant C' > 0. Set

Y, :=esssup & ,(&;) (4.6.5)
TET:

where £ is the f-conditional expectation associated with driver f.

3 1
Proposition 4.6.2. Let n, 5 > 0 be such that > —+2C andn < — ok Then for each t, we have:
n
Y2 < PT(Elsup &2|F) +77E/ f(5,0,0,0)%ds|F]) a.s. (4.6.6)
s>t

Proof. Let X] be the solution of the BSDE associated with driver f, terminal time 7 and terminal
condition &;. By applying inequality (4.6.3) with f!'= f, & =&, f2 =0 and £ = 0, we get:

M(XT)? < STEIEIF] + nE[/T ™ (f(s,0,0,0))*| 7. (4.6.7)

The result follows. O]

Remark 4.6.3. If the drivers satisfy Assumption 3.1 in [138], then Y (resp. Y?) is the solution of
the RBSDE associated with driver f (resp.f’) and obstacle £ (resp. £). Hence the above estimates
provide some new estimates on RBSDEs. Note that n and § are universal constants, i.e. they do
not depend on T, &, &1, €2, f, f1, £2. This was not the case for the estimates given in the previous
literature (see e.g. [71]).

4.6.2 Some properties of the value function u

We prove below the continuity and polynomial growth of the function u defined by (4.2.8).
Lemma 4.6.4. The function u is continuous in (t,x).

Proof. 1t is sufficient to show that, when (¢,,x,) — (¢, z), |u(t,, z,) — u(t,z)| — 0.

Let h be the map defined by h(t,z) = h(t,z) for t < T and h(T,x) = g(z), so that, for
each (t,z), we have £ = h(s, X'*), 0 < s < T as. By applying Proposition 4.6.1 with
X] = Xt X2 = XU, F1(5,0,5, ) 1= Loy (5) (5 X7(), y, 2,6) and

(s w,y,2,q) =1y, 71(s) f (s, X" (w), y, 2, q), we obtain:

T
[u(tn, ) — u(t, 2)]* < KegE[ sup [h(s, X;™) — h(s, X;7)[? +/ (f2)7,
0

0<s<T
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where

1
Ko = eBC 20T max(1, @)
TZ(UJ) = Supy,z,q |1[t,T]f(Sa X;’m@‘j)a Y, z, Q) - 1[tn,T}f(57 X;fn,l‘n (CU), Y, z, Q)‘

The continuity of u is then a consequence of the following convergences as n — oo:

E( sup [h(s, X;") — (s, X;*(za))[*) = 0

0<s<T
T
E| / (F"2ds] — 0,

which follow from the Lebesgue’s theorem, using the continuity assumptions and polynomial growth
of f and h. O

Lemma 4.6.5. The function u has at most polynomial growth at infinity.

Proof. By applying Prop. 4.6.2 , we obtain the following estimate:

T
u(t,z)? < KQT(E(/ f(s,X5%0,0,0)%ds + sup h(s, X07)?). (4.6.8)
0

0<s<T

Using now the hypothesis of polynomial growth on f,h, g and the standard estimate

E[ sup |[X;7*] < C'(1+2?),
0<s<T

we derive that there exist C' € R and p € N such that |u(t, z)| < C(1+2P), Vt € [0,T], Vo € R. [

Remark 4.6.6. By (4.6.8), if (t,x) — f(¢,2,0,0), h and g are bounded, then u is bounded.

4.6.3 An extension of the comparison result for BSDEs with jumps

We provide here an extension of the comparison theorem for BSDEs given in [137] which formally
states that if two drivers fi, fo satisfy fi > fo +e¢, then the associated solutions X' and X? satisfy
X5 > X¢.

Proposition 4.6.7. Let ty € [0,T] and let 6 be a stopping time such that 6 > ty a.s.
Let & and & € L*(Fp). Let fi be a driver. Let fy be a Lipschitz driver. Fori=1,2, let (X}, 7,1}
be a solution in S? x IH* x H? of the BSDE

—dX! = f;(t, X}, 7, 1D dt — 7idW, — / L(u)N(dt,du); Xj=E&. (4.6.9)

*

Assume that there exists a bounded predictable process () such that dt ® dP ® v(de)-a.s.
ve(e) > =1 and |v(e)| < C(1A|e]), and such that

fot, X2, 72 10) — fot, X2, 72 12) > (v, IF — 12),, to<t<0, dt®dP a.s. (4.6.10)
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Suppose also that

§1 > & as.
X7 > folt, X al ) +e, to<t<0, dt®dP a.s.

where € is a real constant. Then,
1 2
Xy, — Xp 2 ea as.

where a is a non negative Fy,-measurable r.v. which does not depend on e, with P(a > 0) > 0.

Proof. From inequality (4.22) in the proof of the Comparison Theorem in [137], we derive that
0
X, — X, >e“"E U Hy, 5ds|}"to} a.s.
to

where C' is the Lipschitz constant of fo, and (Hy,s)secp,,r is the square integrable non negative

martingale satisfying

dHto,s = Hto,s* |:5de5 _I'/ ,YS(U)N(dS7du):| ; Hto,to = 17

*

(Bs) being a predictable process bounded by C. We get
X, —X; > e “TeE[Hyo (0 —to)|F]  as.

Since § > ty a.s., we have Hy (6 —t9) > 0 a.s. and P(Hy (0 —t9) > 0) > 0. Setting
a:=e “TE[Hy; (0 — to)|F,), the result follows. O
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Chapter 5

Generalized Dynkin (Games and
DRBSDEs with Jumps

Abstract. We introduce a new game problem which can be seen as a generalization of the
classical Dynkin game problem to the case of a nonlinear £9-conditional expectation , induced by
a Backward Stochastic Differential Equation (BSDE) with jumps. Let &, be two RCLL adapted

processes with & < (. The criterium is given by

1.77',0' = g,T/\U (’ST]-{TSU} + C0'1{0'<T})

where 7 and o are stopping times valued in [0,7]. Under Mokobodski’s condition, we establish
the existence of a value function for this game, i.e. inf, sup, J;, = sup, inf, J.,. This value can
be characterized via a doubly reflected BSDE. Using this characterization, we provide some new
results on these equations, such as comparison theorems and a priori estimates. When ¢ and ( are
left upper semicontinuous along stopping times, we prove the existence of a saddle point. We also
study a generalized mixed game problem when the players have two actions: continuous control
and stopping. We then study the generalized Dynkin game in a Markovian framework and its links
with parabolic partial integro-differential variational inequalities with two obstacles.

5.1 Introduction

The classical Dynkin game has been widely studied: see e.g. Bismut [23], Alario-Nazaret et al. [1],
Kobylanski et al. [105]. Let &, ¢ be two Right Continuous Left-Limited (RCLL) adapted processes
with £ < ¢ and & = (r a.s. The criterium is given, for each pair (7, ) of stopping times valued
in [0, 7], by

JT,U =L (ng{TSO'} + §0'1{0'<T}) .
Under Mokobodski’s condition, which states that there exist two supermartingales such that their
difference is between & and ¢, there exists a value function for the Dynkin game, i.e. inf, sup, J;, =

sup, inf, J-,. When the barriers &, ¢ are left upper semicontinuous, and & < (;, t < T, there
exists a saddle point.

103
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Using a change of variable, these results can be generalized to the case of a criterium with an
instantaneous reward process (g;), of the form

TNAO
E (/ ngS + ng{Tga} + Ca]-{a<7-}) . (511)
0

In the Brownian case and when (&;) and ({;) are continuous processes, Cvitani¢ and Karatzas have
established links between these Dynkin games and doubly reflected Backward stochastic differential
equations with driver process (g;) and barriers (&) and (¢;) (see [52]).

In this chapter, we introduce a new game problem, which generalizes the classical Dynkin game
to the case of £9-conditional expectations. Nonlinear expectations induced by BSDEs have been
introduced by S. Peng [130] in the Brownian framework . Given a Lipschitz driver g(¢,vy, z), a
stopping time 7 < T and a square integrable F,-measurable random variable n, the associated
conditional £9-expectation process denoted by (€7, (n),0 <t < 7) is defined as the solution of the
BSDE with driver g, terminal time 7 and terminal condition 7. The extension to the case with
jumps is studied in e.g. [137]. We consider here a generalized Dynkin game, where the criterium
is given, for each pair (7,0) of stopping times valued in [0, 7], by

\77',0 - g,’r/\o (57'1{T§U} + CO']‘{U<T})

with £, ¢ two RCLL adapted processes satisfying £ < (.

When the driver g does not depend on the solution, that is, when it is given by a process (g;),
the criterium J;, coincides with (5.1.1). It is well-known that in this case, under Mokobodski’s
condition, the value function for the Dynkin game problem can be characterized as the solution of
the Doubly Reflected BSDE (DRBSDE) associated with driver process (g:) and barriers (§;) and
(Ct) (see e.g. [52, 89, 112]). We generalize this result to the case of a nonlinear driver g(t,y, z, k)
depending on the solution. More precisely, under Mokobodski’s condition, we prove that

inf sup J,, = supinf 7.,
o ’ ;o ’

and we characterize this common value function as the solution of the DRBSDE associated with
driver g and barriers £ and . Moreover, when ¢ and ( are left-upper semicontinuous along stopping
times, we show that there exist saddle points. Note that, contrary to the previous existence results
given in the case of classical Dynkin games, we do not assume the strict separability of the barriers.
We point out that the approach used in the classical case cannot be adapted to our case because
of the nonlinearity of the driver.

Using the characterization of the solution of a DRBSDE as the value function of a generalized
Dynkin game, we prove some results on DRBSDESs, such as a comparison and a strict comparison
theorem, and a priori estimates, which complete those given in the previous literature.

Moreover, we introduce a new mixed game problem expressed in terms of £9-conditional ex-
pectations, when the players have two possible actions: continuous control and stopping. The first
(resp. second) player chooses a pair (u,7) (resp. (v, o)) of control and stopping time, and aims
at maximizing (resp. minimizing) the criterium. This problem has been studied by [41] and [89]
in the classical case, that is when the criterium is given, for each quadruple (u, 7,v,0) of controls
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and stopping times, by

TNO
Eguw {/ c(t, ug, vy)dt + grl{rga} + C01{0<T} , (5.1.2)
0

where Q“" are a priori probability measures and c(t,u;,v;) represents the instantenous reward
associated with controls u,v. In [89], Hamadeéne and Lepeltier have established some links between
this mixed game problem and DRBSDESs, when ¢ and ( are regular. Here, we consider a generalized
mized game problem, where, for a given family of Lipschitz drivers g*", the criterium is defined by

(;L,f/\g (’ST]-{TSU} + CO']-{O'<T}) ) (513>

where £“" denotes the g*“U-conditional expectation. Note that the criterium (5.1.3) corresponds
to a criterium of the form (5.1.2) when the drivers " are linear. We generalize the results of [89]
to the case of nonlinear expectations and irregular payoffs & and (. We provide some sufficient
conditions which ensure the existence of a value function of our generalized mized game problem,
and show that the common value function can be characterized as the solution of a DRBSDE.
Under additional regularity assumptions on £ and (, we prove the existence of saddle points.

The chapter is organized as follows. In Section 5.2 we introduce notation and definitions and
provide some preliminary results. In Section 5.3, we consider a classical Dynkin game problem
and study its links with a DRBSDE associated with a driver which does not depend on the
solution. We provide an existence result for this game problem under relatively weak assumptions
on ¢ and (. Note that Section 5.3, although it contains new results, mainly situates our work
and introduces the tools used in the sequel. In Section 5.4, we introduce the generalized Dynkin
game with £9-conditional expectation. We prove the existence of a value function for this game
problem. We show that the common value function can be characterized as the solution of a
nonlinear DRBSDE with jumps and RCLL barriers ¢ and (. We then study a generalized mixed
game problem when the players have two actions: continuous control and stopping. In Section
5.5, using the characterization of the solution of a DRBSDE as the value function of a generalized
Dynkin game, we prove comparison theorems and a priori estimates for DRBSDEs. Finally, we
address the generalized Dynkin game in the Markovian case and its links with parabolic partial
integro-differential variational inequalities (PIDVI) with two obstacles in Section 5.6. The value
function of the generalized Dynkin game is a viscosity solution of a PIDVI. A uniqueness result is
obtained under additional assumptions.

5.2 Notation and definitions

Let (€2, F P) be a probability space. Let W be a one-dimensional Brownian motion. Let E := IR*
and B(E) be its Borelian filtration. Suppose that it is equipped with a o-finite positive measure
v and let N(dt,de) be a Poisson random measure with compensator v(de)dt. Let N(dt,de) be its
compensated process. Let IF' = {F;,t > 0} be the completed natural filtration associated with W
and N.
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Notation. Let P be the predictable o-algebra on [0, 7] x 2.

For each T' > 0, we use the following notation: L?(Fr) is the set of random variables ¢ which
are Fr-measurable and square integrable; JH? is the set of real-valued predictable processes ¢ such
that ||¢||%,. :== E [ fOT fdt} < 00; 8§ denotes the set of real-valued RCLL adapted processes ¢ such

that [|¢[|%: := E(supgc,<p [#:]*) < 00; A? (resp. A') is the set of real-valued non decreasing RCLL
predictable processes A with Ay = 0 and E(A2%) < oo (resp. E(Ar) < oo). We also introduce the
following spaces:

e L2 is the set of Borelian functions ¢ : E — IR such that [ |[¢(e)|*v(de) < +oo.
The set L?is a Hilbert space equipped with the scalar product
= Jglle v(de) for all ¢, ¢’ € L? x L2, and the norm ||(||2 := [ [¢(e)[*v(de).

) HB is the set of all mappings { : [0,7] x Q2 x E — IR that are P® B(E)/B(IR) measurable and
satisfy [|I[|%. == E [fOT ||lt||§dt} < 00, where [;(w, e) = l(t,w, e) for all (t,w,e) € [0, T]|xQUxE.

Moreover, Ty is the set of stopping times 7 such that 7 € [0,7] a.s. and for each S in Ty, we
denote by Tg the set of stopping times 7 such that S <7 < T a.s.

Definition 5.2.1 (Driver, Lipschitz driver). A function g is said to be a driver if

e g:[0,T|xOxR*x > — IR
(w,t,y, 2, k(:)) = glw, t,y, 2, k(+)) is P ® B(IR?*) ® B(L%)— measurable,

9(.,0,0,0) € H2.

A driver g is called a Lipschitz driver if moreover there exists a constant C' > 0 such that dP & dt-
a.s., for each (y1, 21, k1), (Y2, 22, ka),

lg(w, t,y1, 21, k1) — g(w, £, Y2, 22, k2)| < Clyr — yo| + 21 — 22| + [[k1 — ka|l0).
Recall that for each Lipschitz driver g, and each terminal condition & € L?(Fr), there exists a
unique solution (X, 7,1) € 8* x H? x [H? satisfying

—dXt = g(t, th,ﬂ't, lt())dt — Wtth — / lt(e)N(dt, d€)7 XT = 5 (521)
E

The solution is denoted by (X (&, T),n(&,T),1(&,T)).

This result can be extended when the terminal time T is replaced by a stopping time 7 € Ty
and when ¢ is replaced by a random variable n € L*(F,). The solution X.(n, ) corresponds to the
so-called £9-conditional expectation of 7, denoted by &9 (n).

Definition 5.2.2. Let A = (Ay)o<i<r and A’ = (A}))o<i<r belonging to A'. We say that the random
measures dA; and dA;, are mutually singular, and we write dA; L dA}, if there exists D € P such

that:
T T
0 0

which can also be written as fOT 1pedA; = fOT 1p,dA, =0 a.s., where for each t € [0,T], D, is the
section at time ¢ of D, that is, Dy := {w € Q, (t,w) € D}.
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We define now DRBSDESs with jumps, for which the solution is constrained to stay between two
given RCLL processes called barriers £ < ¢. Two nondecreasing processes A and A’ are introduced
in order to push the solution Y above £ and below ( in a minimal way. This minimality property of
A and A’ is ensured by the Skorohod conditions (condition (iii) below) together with the additional
constraint dA; L dA; (condition (i7)).

Definition 5.2.3 (Doubly Reflected BSDEs with Jumps). Let T' > 0 be a fized terminal time and
g be a Lipschitz driver. Let & and ¢ be two adapted RCLL processes with (r = &7 a.s., € € S2,
CeS? <G, 0<t<T as.

A process (Y, Z,k(.), A, A") in 82 x H? x H? x A% x A? is said to be a solution of the doubly
reflected BSDE (DRBSDE) associated with driver g and barriers &, if

—dY, = g(t,Ys, Zy, ky(-))dt + dA, — dA, — Z,dW, — / ki(e)N(dt, de); Yy = &r, (5.2.2)
E

with
(1) &<V <G, 0<t<T as,
(i) dA, L dA,

T T
(uz)/ (Y — &)dA; =0 a.s. and / (¢ — Y)dAF =0 a.s.
0 0
AAf = AAil{yT_ng_} and AAITd = AA;dl{yT_ —¢__y a.8. V17 € Ty predictable.

Here A¢ (resp A’°) denotes the continuous part of A (resp A') and A? (resp A'?) its discontinuous
part.

Remark 5.2.4. Note that when A and A’ are not required to be mutually singular, they can
simultaneously increase on {&- = (;-}. The constraint dA; L dA} will allow us to obtain the
uniqueness of the non decreasing RCLL processes A and A’, without the usual strict separability
condition ¢ < ¢ (see Theorem 5.3.5).

We introduce the following definition.

Definition 5.2.5. A progressively measurable process (¢;) (resp. integrable) is said to be left-upper
semicontinuous (lL.u.s.c.) along stopping times (resp. along stopping times in expectation ) if for
all T € Ty and for each non decreasing sequence of stopping times (1) such that 7" 1 7 a.s.,

¢; > limsup ¢,, a.s. (resp. E[¢;] > limsup E|¢,, ]). (5.2.3)

n—0o0 n—0o0

Remark 5.2.6. Note that when (¢;) is left-limited, then (¢;) is left-upper semicontinuous (l.u.s.c.)
along stopping times if and only if for all predictable stopping time 7 € Ty, ¢, > ¢, a.s.

5.3 Classical Dynkin games and links with doubly reflected
BSDEs with a driver process

In this section, we are given a predictable process g = (g;) in HZ.
Let £ and ¢ be two adapted processes only supposed to be RCLL with (7 = &7 as., £ € 82, ( € 82,
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E <G, 05t < T as.

We prove below that the doubly reflected BSDE associated with the driver process (g;) and the
barriers £ and ¢ admits a unique solution (Y, Z, k(+), A, A’), which is related to a classical Dynkin
game problem. Our results complete previous works on classical Dynkin games and DRBSDEs
(see e.g. [52], [86]). In particular, we provide an existence result of saddle points under weaker
assumptions than those made in the previous literature.

For any S € Ty and any stopping times 7,0 € Tg, consider the gain (or payoff):

ONT
[S(T, 0) = / g(u)du + ﬁTl{TSU} + §01{0<T}. (5.3.1)
S

For any S € 7Ty, the upper and lower value functions at time S are defined respectively by

V(S) := essinf ess sup E[ls(T,0)|Fs] (5.3.2)
oc€Ts reTs
V(S) := ess sup essinf E[Is(T, 0)|Fs]. (5.3.3)
TE€Ts o€Ts

We clearly have the inequality V(S) < V(S) a.s. By definition, we say that there exists a value
function at time S for the Dynkin game if V(S) = V/(9) a.s.

Definition 5.3.1 (S-saddle point). Let S € To. A pair (7%,0%) € TZ is called an S-saddle point
if for each (1,0) € T&, we have

E[Is(r,0%)|Fs] < E[Is(7*,0%)|Fs| < E[Is(7*,0)|Fs] a.s.
We introduce the following RCLL adapted processes which depend on the process g:
R T R T
@G- Bl [ g@asiFL & =GB+ [ glo)dslF) 0<t<T (534)
t t
They satisfy the property fr_“‘} = Qégp = 0 a.s. Moreover, this change of variables allows us to get

rid of the term [ g(¢)dt, and thus to simplify the notation.

Definition 5.3.2. A nonnegative process ¢, = (¢;) valued in [0, +0o0] is said to be a strong super-
martingale if for any 0,0 € To such that 6 > 0" a.s., Elpg | Fo'] < ¢ a.s.

Lemma 5.3.3. There exist two strong supermartingales (J?) and (J,%) valued in [0,+0c] such
that for all 68 € Ty,

Jj =esssup E [J;g + éﬁ’f@} a.s. and J7 = esssup B [Jﬁ — C~§|.7:9] a.s. (5.3.5)

T7€Ty g€Ty

and satisfying the following minimality property: J9 and J9 are the smallest strong supermartin-
gales valued in [0, +o0] such that

J9> J94E9 and J9 > JI— (9. (5.3.6)

If J§ < 400 and J(;g < 400, JY9 and J" are indistinguishable from RCLL supermartingales.



109

The proof is given in the Appendix. Using this lemma, we derive the following result.

Theorem 5.3.4. Let & and ¢ be two adapted RCLL processes in S? with (p = & a.s. and & < (,
0<t<T a.s. Suppose that J9,J'9 € S%. Let Y be the RCLL adapted process defined by

T
Y, :=J! — J° + Elér +/ g(s)ds|F]; 0<t<T. (5.3.7)
t

There exist (Z,k, A, A") € H? x H? x A% x A? such that (Y, Z, k, A, A") is a solution of DRBSDE
(5.2.2) associated with the driver process g(t).

Proof. By assumption, J¢ and J'9 are square integrable supermartingales. The process Y is thus
well defined. By Lemma 5.3.3, we have J = Jf a.s. Hence, Y = 7 a.s. By the Doob-Meyer
decomposition, there exist two square integrable martingales M and M’ and two processes B and
B' € A? such that:

dJ$ =dM, —dB, ; dJ°=dM, —dB,. (5.3.8)

Set, T
M, = M, - M+ Eler + / g(s)ds| F).
0

By (5.3.8), (5.3.7), we derive dY; = dM, — day — ¢(t)dt, with a := B — B'.
Now, by the martingale representation theorem, there exist Z € H? and k € H2 such that dM, =

ZydWy + [g ki(e)N(de, dt). Hence,

—dY, = g(t)dt + doy — Z,dW, — / ki(e)N (dt, de).
E

By the optimal stopping theory (see e.g. Proposition B.7 or B.11 in [104]), the process B¢ increases
only when the value function J9 is equal to the corresponding reward J'9 + £9. Now, {J} =
J9 4+ &9 = {Y, = &)}. Hence, fOT(?t — &)dB¢ = 0 a.s. Similarly the process B satisfies
fOT(Vt — ()dB;* = 0 a.s. and for each predictable stopping time 7 € Ty we have

AB? = Lo _yo g0 AB? = Iy ¢ _ AB? as. and AB? = Iy ABY as.

By the canonical checomposition of an RCLL process with integrable variation (see Proposition
5.7.9), there exist A, A’ € A? such that a = A— A’ with dA; L dA,. Also, dA; << dB;. Hence, since
fOT 1y s¢ dB; =0 a.s., we get fOT 1y s¢ dA; = 0 a.s. Similarly, we obtain fOT ly, <, dA; =0
a.s. The processes A and A’ thus satisfy conditions (5.2.2)(iii). O

From this theorem, we derive the following uniqueness and existence result for the DRBSDE
associated with the driver process (g;), as well as the characterization of the solution as the value
function of the above Dynkin game problem.

Theorem 5.3.5. Let £ and ¢ be two adapted RCLL processes in S? with (p = & a.s. and & < (,
0<t<T a.s. Suppose that J?, J? € S*. The doubly reflected BSDE (5.2.2) associated with driver
process g(t) admits a unique solution (Y, Z, k, A, A’) in 8% x IH* x H? x (A?)2.
For each S € Ty, Ys is the common value function of the Dynkin game, that is

Vs =V(S)=V(S) a.s. (5.3.9)
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Moreover, if the processes A, A" are continuous, then, for each S € T, the pair of stopping times
(1,0%) defined by

oy :=inf{t >S5, Yi=¢}; t5=inf{t > S, Y, =&} (5.3.10)
1s an S-saddle point for the Dynkin game problem associated with the gain Ig.
A short proof is given in the Appendix.

Remark 5.3.6. The condition dA; L dA] ensures that for each predictable stopping time 7 € 7y,
we have AA? = (AY;)” and AA? = (AY;)* as.

We now provide a sufficient condition on & and ( for the existence of saddle points. By the
last assertion of Theorem 5.3.5, it is sufficient to give a condition which ensures the continuity of
Aand A’

Theorem 5.3.7 (Existence of S-saddle points). Suppose that the assumptions of Theorem 5.3.5
are satisfied and that & and —( are l.u.s.c. along stopping times.

Let (Y, Z,k(.), A, A") be the solution of DRBSDE (5.2.2).

The processes A and A’ are then continuous. Also, for each S € Ty, the pair of stopping times
(15, 0%) defined by (5.3.10) is an S-saddle point.

Remark 5.3.8. The assumptions made on £ and ( are weaker than the ones made in the literature
where it is supposed & < (;,t < T a.s. (see e.g. [1], [52], [105]).

Proof. By the second assertion of Theorem 5.3.5, it is sufficient to prove that A and A’ are con-
tinuous. Let 7 € 7y be a predictable stopping time. Let us show AA, =0 a.s.

By Remark 5.3.6, we have AA,. = (AY;)™ a.s. Since dA; L dA} , there exists D € P such that:
fOT 1pedA; = fOT 1p,dA, =0 a.s. We introduce the set D, := {w, (7(w),w) € D}. Since A satisfies
the Skorohod condition, we thus have

AA, =1pnpy, = (Yo =Y2)" =1papy, =e (& —Y)" <lpny = (& —Yo)T

a.s., where the last inequality follows from the inequality &,- < &, a.s. (see Remark 5.2.6). Since
¢ <Y, we derive that AA, < 0 a.s. Hence, AA, = 0 a.s., and this holds for each predictable
stopping time 7. Consequently, A is continuous. Similarly, A" is continuous. The saddle point
property of (74, 0%) follows from the second assertion of Theorem 5.3.5. ]

Definition 5.3.9 (Mokobodski’s condition). Let & and ¢ be adapted RCLL processes in 8% with
(r=¢&r a.s.and & < (G, 0 <t <T a.s. Mokobodski’s condition is said to be satisfied when there
exist two nonnegative RCLL supermartingales H and H' in S? such that:

&<H —H < 0<t<T as. (5.3.11)

Proposition 5.3.10. Let g € IH?. Let & and ¢ be two adapted RCLL processes in S* with (p = &r
a.s.and & < G, 0 <t < T a.s. The following assertions are equivalent:

(i) J9 € S?
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(ir) J° € §?
(1ii) Mokobodski’s condition holds.
(iv) DRBSDE (5.2.2) with driver process (g¢) has a solution.

A short proof is given in the Appendix.

5.4 Generalized Dynkin games and links with nonlinear
doubly reflected BSDEs

In this section, we are given a Lipschitz driver g.

Theorem 5.4.1 (Existence and uniqueness for DRBSDESs). Suppose £ and ( are RCLL adapted
process in 8? such that & = (p a.s.and & < (, 0 < t < T a.s. Suppose that J° € S* (or
equivalently suppose that Mokobodski’s condition is satisfied).

Then, DRBSDE (5.2.2) admits a unique solution (Y, Z, k(.), A, A") € §* x H?* x H? x (A?)%
If € and C are Lu.s.c. along stopping times, then the processes A and A’ are continuous.

The proof is based on classical arguments and is given in the Appendix.

Remark 5.4.2. Note that the solution Y of the DRBSDE (5.2.2) coincides with the value function
of the classical Dynkin game (5.3.2) and (5.3.3) with the gain:

ONT
IS(T, 0’) = / g(u,Yu,Zu,ku)du—l—le{ng} —{—§01{0<T}. (541)
S

where Z, k are the associated processes with Y. However, this characterization is not really usable
and exploitable because the instantaneous reward g(u, Yy, Z,, k,) depends on the value function Y’
of the associated Dynkin game.

We now introduce a new game problem, which can be seen as a generalized Dynkin game
expressed in terms of £9-conditional expectations.
In order to ensure that the £9-conditional expectation is non decreasing, we make the following
assumption.

Assumption 5.4.3. Assume that dP ® dt-a.s for each (y, z, ki, ko) € R* x (L2)?,
g(t> Y, z, kl) - g<t7 Yy, z, k2) 2 <,}/§/72,k1,k2 ) kl - k2>1/7

with 71 [0,T] x @ x R* x (L2)* = L2; (w,t,y, 2, k1, k) = 77" "2 (w, )

PRB(IR?)@B((L%)?)-measurable, bounded, and satisfying dP@dt®dv(e)-a.s. , for each (y, z, ki, k)
€ R? x (L})?,
PR > 1 and PR < 0(e), (542

where 1 € L2.
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For example, this assumption is satisfied if ¢ is C' with respect to k with V,g > —1 and
Vgl < 9, where ¢ € L2. Also if g is of the form g(w,t,y,2, k) = g(w,t,y, z, [ k(e)v(e)v(de))
where 1 is a nonnegative function in L? and g : Q x [0, 7] x R® — R is Borelian and non-decreasing
with respect to k, then g satisfies Assumption 6.3.9. (see Proposition 5.7.2 in the Appendix for
details).

Assumption 6.3.9 ensures the non decreasing property of £9 by the comparison theorem for
BSDEs with jumps (see Theorem 4.2 in [137]). When in (6.3.12), 74 > —1, the strict comparison
theorem (see Theorem 4.4 in [137]) implies that £9 is strictly monotonous.

For each 1,0 € 7Ty, the reward at time 7 A o is given by the random variable

](T7 U) = éTlTSU + Ca]-cr<7-- (543)

Note that I(7,0) is F,r,-measurable.

Let S € 7p. For each 7 € Ty and ¢ € Ty, the associated criterium is given by &% _, (I(7, 7)),
the £9-conditional expectation of the reward I(7, o).
Recall that €7, ,,(I(7,0)) = X7, where (X7, 777,177) is the solution of the BSDE associated
with driver g, terminal time 7 A ¢ and terminal condition I(7,0), that is

_dXT = g(s, X7, 777 [77)ds — 7O dW, — / 7 ()N (ds,de); X7 = I(7,0).
E
There are two players with antagonistic objectives. At time S, the first player chooses a stopping
time 7 greater than S, and aims at maximizing the criterium. The other player chooses a stopping
time o greater than S, and aims at the opposite, that is, minimizing the criterium. For each
stopping time S € 7, the upper and lower value functions at time S are defined respectively by

V(S) := essinfess sup & . _(I(1,0)); (5.4.4)
o€Ts T€Ts ’

V(S) :=esssupessinf EL _, _(I(7,0)). (5.4.5)
T€Ts o€Ts ’

We clearly have the inequality V(S) < V(9) a.s.
By definition, we say that there ezists a value function at time S for the generalized Dynkin game
if V(9) =V(9) as.

We now introduce the definition of an S-saddle point for this game problem.

Definition 5.4.4. Let S € Ty. A pair (7%,0%) € TZ is called an S-saddle point for the generalized
Dynkin game if for each (7,0) € T we have

ggﬂ'/\a* (I(T7 U*)) S gg',T*/\(r* (‘[(7-*7 O'*>> S gg,T*/\a(I(T*7 U)) a.s.

We first provide a sufficient condition for the existence of an S-saddle point and for the char-
acterization of the common value function as the solution of the DRBSDE.

Lemma 5.4.5. Suppose that the driver g satisfies Assumption (6.3.9). Let & and ¢ be RCLL
adapted processes in S? such that & = Cr a.s. and & < G, 0 < t < T a.s. Suppose that
Mokobodski’s condition is satisfied.
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Let (Y, Z, k(-), A, A”) be the solution of the DRBSDE (5.2.2). Let S € Ty. Let (7,6) € Ts.
Suppose that (Yy, S <t < 7) is a strong E9-submartingale and that (Y;, S <t < &) is a strong
E9-supermartingale with Y; = & and Yz = (5 a.s.

The pair (7,0) is then an S-saddle point for the generalized Dynkin game (5.4.4)-(5.4.5) and

Ys = V(S) = V(S) a.s.

Proof. Since the process (Y;, S <t < 7 Ad) is a strong E9-martingale (see Definition 5.7.7) and
since Y; = & and Y; = (5 a.s., we have

Ys = E§ins(Yine) = E§ins (§lics + G locs) = E5405(1(7,0))  as.
Let 7 € Tg. We want to show that for each 7 € Tg
Yo > &4 ps(I(1,0))  as. (5.4.6)
Since the process (Y;, S <t <7 A &) is a strong £9-supermartingale, we get
Yq > SSTM( Yirs) as. (5.4.7)
Since Y > £ and Y; = (4 a.s., we also have
Yirne =Yolico +Yoloer > & 1<+ Gloer = 1(7,6)  as.

By inequality (5.4.7) and the monotonicity property of £9, we derive inequality (5.4.6).
Similarly, one can show that for each o € Tg, we have:

5 < 8,0, ([(,0) s
The pair (,4) is thus an S-saddle point and Yg = V(S) = V/(5) a.s. O
We now provide an existence result under an additional assumption.

Theorem 5.4.6 (Existence of S-saddle points). Suppose that g satisfies Assumption 5.4.3. Let £
and ¢ be RCLL adapted processes in S? such that ér = (r a.s.and & < (, 0 <t < T a.s. Suppose
that Mokobodski’s condition s satisfied.

Let (Y, Z k, A, A") be the solution of the DRBSDE (5.2.2). Suppose that A, A’ are continuous
(which is the case if & and —( are l.u.s.c. along stopping times). For each S € Ty, let

=inf{t > S, YV, =¢&}; og:=inf{t >S5, Y, =}

Tg:=inf{t > S, A, > Ag}; og:=inf{t > S, A} > A}
Then, for each S € Ty, the pairs of stopping times (7§, 0%) and (Ts,0s) are S-saddle points for
the generalized Dynkin game and Ys = V(S) = V(9) a.s.
Moreover, Yor = Cox, Yrr = &ri, Ary = As and Ai’é = A a.s. The same properties hold for Ts,Tg.

Remark 5.4.7. Note that oy < g and 75 < Tg a.s. Moreover, by Proposition 5.7.8 in the
Appendix, (Y;, S < t < Tg) is a strong EY9-submartingale and (Y;, S < t < Gg) is a strong
E9-supermartingale.
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Proof. Let S € Ty. Since Y and § are right-continuous processes, we have Yoz = (,z and Y = &+
a.s. By definition of 7§, for almost every w, we have Y;(w) > & (w) for each t € [S(w), 74(w)[. Hence,
since Y is solution of the DRBSDE, the continuous process A is constant on [S, 7] a.s. because
A is continuous. Hence, Ary = Ag a.s. Similarly, AL, = A as. By Lemma 5.4.5, (75, 0%) is an
S-saddle point and Yg = V(S5) = V(S5) a.s.

It remains to show that (7g,7s) is an S-saddle point. By definition of 75, Tg, we have A=, = Ag
a.s. and AL, = Ag a.s. because A and A’ are continuous and Tg, 05 are predictable stopping
times. Moreover, since the continuous process A increases only on {Y; = &}, we have Yz, = &,

a.s. Similarly, Yz, = (5, a.s. The result then follows from Lemma 5.4.5. O]

gs

In the case of irregular payoffs £ and (, there does not generally exist a saddle point. However,
we will now see that it is not necessary to have the existence of an S-saddle point to ensure the
existence of a common value function and its characterization as the solution of a DRBSDE.

Theorem 5.4.8 (Existence of the value function). Suppose that g satisfies Assumption (6.3.9).
Let & and ¢ be RCLL adapted processes in S* such that &7 = (p a.s. and & < G, 0 <t < T
a.s. Suppose that Mokobodski’s condition is satisfied. Let (Y, Z k, A, A") be the solution of the
DRBSDE (5.2.2). Then, there ezists a value function for the generalized Dynkin game, and for
each stopping time S € Ty, we have

Y =V(S)=V(S) a.s. (5.4.8)

Proof. For each S € 7 and for each ¢ > 0, let 7§ and 0% be the stopping times defined by

re=inf{t > S, Y, <& +¢) (5.4.9)
og:=inf{t >S5, Y, > (¢ —¢e}. (5.4.10)
We first prove two lemmas.
Lemma 5.4.9. o We have
Yie <&:zte as. (5.4.11)
Yor > (s —€  a.s. (5.4.12)

o We have A;e = Ag a.s. and A;g = A a.s.

Remark 5.4.10. By the second point and Proposition 5.7.8 in the Appendix, the process (Y, S <
t < 75)is a strong £9-submartingale and the process (V;, S < t < %) is a strong £9-supermartingale.

O

The first point follows from the definitions of 7& and og and the right-continuity of £, ¢ and
Y. Let us show the second point. Note that 7§ € Ts and 0% € Tg. Fix ¢ > 0. For ae. w, if
t € [S(w), 7E(w)[, then Yy(w) > &(w) + € and hence Yi(w) > &(w). It follows that almost surely,
A° is constant on [S, 7§] and A? is constant on [S, 75[. Also, Y(rz)~ > {2y~ + € as. Since £ > 0,
it follows that Y(;z)- > {(z)- a.s., which implies that AA% = 0 a.s. Hence, almost surely, A is

constant on [, 7¢]. Similarly, A" is a.s. constant on [S, og]. O
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Lemma 5.4.11. Let ¢ > 0. For all S € Ty and (1,0) € TZ, we have

Esrnoz(I(1,05)) — Ke < Y5 < & (I(ré,0)) + Ke  a.s., (5.4.13)

,TGNO
where K is a positive constant which only depends on T and the Lipschitz constant C' of f.

Proof. Let T € Tg. By Remark 5.4.7, the process (Y;, S <t < 0%) is a strong £9-supermartingale.
Hence,
YS > gg’T/\og (K—Agg) a.s. (5414)

Since Y > £ and Ygg > Cog — ¢ a.s. (see Lemma 5.4.9), we have:
Yiroy 2 &lrcog + (Cog — €)Lozcr = I(T,05) — € ass.

where the last inequality follows from the definition of I(7,0). Hence, using (5.4.14) and the
monotonicity property of £9, we get

Ys > gg’T/\og(I<T, o) —e) as. (5.4.15)
Now, by a priori estimates on BSDEs (see Proposition A.4, [137]), we have

€8 mnos (L(T;05) =€) = E§opos (I(T,05))| < Ke  as.

€
TAJS

It follows that

Yo > && e (I(1,05)) — Ke  as.

€
TAUS

Similarly, one can show that
Yo < ggng/\a(](Tg, o))+ Ke as.,

which ends the proof of Lemma 5.4.11.

End of proof of Theorem 5.4.8. Using Lemma 5.4.11, we derive that for each € > 0,

esssup &4, - (I(1,05)) — Ke < Ys<ess inf & ., (I(1,05)) + Ke as.,
reTs S o€Ts 'S5
which implies
V(S)—Ke <Yy < V(S)+Ke as.

Since V(S) < V(5) as., we get V(S) = Ys = V(S) a.s. The proof of Theorem 5.4.8 is thus
complete. O

Remark 5.4.12. Inequality (5.4.13) shows that (75,0%) defined by (5.4.9) and (5.4.10) is an
¢’-saddle point at time S with ¢’ = Ke.

Remark 5.4.13. Note that contrary to the classical Dynkin game with payoff (5.4.1) (see Remark
5.4.2), the generalized Dynkin game is well-posed in the sense that the criterium does not depend
on the value function. The characterization of the solution Y of the DRBSDE (5.2.2) in terms of
the value function of the generalized Dynkin game is thus more interesting and exploitable than
the one given in Remark 5.4.2.
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5.4.1 Generalized mixed game problems

We now introduce a new game problem, which can be seen as a generalization of a mixed game
problem studied in [41] and [89] to the case of nonlinear £9-conditional expectations. The players
have two actions: continuous control and stopping.

Let (¢*"; (u,v) € U x V) be a family of Lipschitz drivers satisfying Assumption 5.4.3 .

Let S € Ty. For each quadruple (u,7,v,0) € U X Tg x V x Tg, the criterium at time S is given by
Egno(I(T,0)), where £ corresponds to the g**-conditional expectation. The first (resp. second)
player chooses a pair (u,7) (resp. (v,o0)) of control and stopping time, and aims at maximizing
(resp. minimizing) the criterium.

For each stopping time S € Ty, the upper and lower value functions at time S are defined respec-

tively by
V(S) = Ug]sjs;rel% essuezuTIéTS EsingL(T,0)); (5.4.16)
V(S):=ess sup essinf Eg, (I(7,0)). (5.4.17)

uel,reTg VEV:0€Ts

We say that there ezists a value function at time S for the game problem if V(S) = V/(S) a.s. We
now introduce the definition of an S-saddle point for this game problem.

Definition 5.4.14. Let S € Ty. A quadruple (u,7,0,7) € U X Tg x V x Tg is called an S-saddle
point for the generalized mized game problem if for each (u,T,v,0) €U X Tg X V X Tg we have

53:25([(7'7 7)) < 5§§ E(I(?/\E» < gg:/\a< (7,0)) as.

We prove below that when the obstacles are l.u.s.c. along stopping times, there exist saddle
points for the above generalized mixzed game problem.

Theorem 5.4.15. Let (¢""; (u,v) € U X V) be a family of Lipschitz drivers satisfying Assumptions
5.4.3. Let € and ¢ be RCLL adapted processes in S? and l.u.s.c. along stopping times, such that
¢r=Croas. and & < G, 0<t <T as. Suppose that Mokobodski’s condition is satisfied and that
there ezist controls w € U and T € V such that for each (u,v) € U X V,

Y, Zucke) < (e Zioke) < 6706 e Z k) dE® AP as. (5.4.18)

where (Y, Z, k, A, A") is the solution of the DRBSDE (5.2.2) associated with driver g". Consider
the stopping times

=inf{t >5:Y, =&} ; oi:=inf{t>S5:Y, =}

The quadruple (uw,7$,0,0%) is then an S-saddle point for the generalized mixed game problem
(5.4.16)-(5.4.17), and we have Y = V(S) = V(95) a.s.

Proof. By the last assertion of Theoreom 5.4.6, the process (Y;, S < t < 74 A g§) is a strong

E%P-martingale and Y, + =&y Yor = Cox a.s., which implies

75

Eg: SNGE (Y;'g/\ajé) ggj NG (57517593 + CU§10§<T§) 5;: INGE ( (TE,U})) a.s.
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Let 7 € Ts. Since Y > £ and Y5x = (o a.s., we have
}/:r/\ag = K'lTSO'E + Yo-g 10—§<T Z ST]-TSO'E + <0'§ 10-§<7. = I(T, 0;«) a.sS.
Moreover, by Theorem 5.4.6, A;E = Al a.s., which implies that:

—dY, = ¢ (t,Y,, Z,, ky)dt + dA, — Z,dW, — / ki(e)N(dt,de); S<t<ol, dt®dP as.

E

Hence, (Y;) s<t<raoy 15 the solution of the BSDE associated with generalized driver
g"?(+)dt+dA; and terminal condition Y, 5. . By using Assumption (5.4.18), the inequality Y;rox >
I(1,0%) and the comparison theorem for BSDEs with jumps, we obtain that for each u € U:

Y > E9Y (I(1,0%)) a.s.

S, TAGY

Similarly, one can prove that for each v € V, 0 € Tg, we have:

Y < EV., (I(75,0)) as.

S,T5No

The quadruple (u, 75,7, 0%) is thus an S-saddle point and Yg = V(S) = V(5) a.s. ]

Under less restricted assumptions on the obstacles, we prove below that there exists a value
function for the above game problem which can be characterized as the solution of a DRBSDE.

Theorem 5.4.16 (Existence of the value function). Let (¢*; (u,v) € U X V) be a family of drivers
satisfying Assumptions 5.4.3 and uniformly Lipschitz with common Lipchitz constant C'. Let & and
¢ be RCLL adapted processes in S* such that &0 = Cp a.s.and & < ¢, 0 <t < T a.s. Suppose
that Mokobodski’s condition is satisfied and that there exist controlsw € U and v € V such that for
eachu € U,v € V:

gu,ﬂ(t }/;7 Zt7 kt) S gﬁj(t )/h Zt7 kt) S gﬂ’v(t) }/t) Zt7 kt)7 dt & dP a.s. (5419)

where (Y, Z, k, A, A") is the solution of the DRBSDE (5.2.2) associated with driver g"°.
Then, there ezists a value function for the generalized mixed game problem (5.4.16)-(5.4.17), and
for each stopping time S € Ty, we have

Ys=V(S)=V(9) as.
Proof. For each S € 7, and for each € > 0, let 75 and 0% be the stopping times defined by
To=inf{t >S5 Y, <& +¢e}; og:=inf{t >S5, Y, > G —¢e}.
Let 7 € Ts. Since Y > § and Yoz > (pe — € a.s. ( see Lemma 5.4.9), we have:

Y;'/\O'fg > f‘r]-‘rﬁag + (CO'Z« - 5)1U§<T > [(7—? O—g) —& as.

By Lemma 5.4.9, Airg = A’y a.s. which implies that:

—dYt = gﬂ’g(t, Yta Zt7 ]{ft>dt + dAt - thWt - / kt(e)N(dt, de), S S t S O'gv, dt & dP a.s.
E



118

Hence, (Y;)s<t<rnoe is the solution of the BSDE associated with generalized driver
f(-)dt + dA; and terminal condition Y;,,-. By using Assumption (5.4.19), the inequality Y, pnpe >
I(1,0°) — ¢ and the comparison theorem for BSDEs with jumps, we obtain

Y > Eg'(I(1,0°%) —e) > E¢°(I(T,0%)) — Ke  as. ,

where the second inequality follows from a priori estimates for BSDEs with jumps. Here, the
constant K only depends on 7" and C', the common Lipschitz constant. Consequently, we get

Ys > essinf ess sup &g, (I(7,0)) — Ke as.

VEV.OETs  welreTs
Similarly, one can prove that for each € > 0,

Y <ess sup essinf E7 (I(1,0))+ Ke as.
ueld,reTg VEV.0€Ts

Hence, V(S) < V(S) a.s. Since V(S) < V(9) a.s., the equality follows. O

Remark 5.4.17. Note that Theorem 5.4.16 still holds if g™ is replaced by any Lipschitz driver g
which satisfies (5.4.19).

Application: Let U,V be compact Polish spaces.

We are given amap F : [0, T|x QxUxV xR*x L2 — R, (t,w,u,v,y, 2z, k) — F(t,w,u,v,y, 2, k),
supposed to be measurable with respect to P @ B(U) @ B(V)® B(IR?) ® B(L?), continuous, concave
(resp. convex) with respect to u (resp. v), and uniformly Lipchitz with respect to (y, z, k). Suppose
that F is C! with respect to k with V,F > —1, and that F(¢,w, u,v,0,0,0) is uniformly bounded.
Let U (resp. V) be the set of predictable processes valued in U (resp. V). For each (u,v) €e U x V,
let g™ be the driver defined by

gV (tw,y, 2, k) = F(t,w, u(w), v (w), y, 2, k). (5.4.20)

Let &€ and ¢ be RCLL adapted processes in 82 such that & = ¢r as.and & < ¢, 0<t < T as.
Suppose that Mokobodski’s condition is satisfied.

Let us consider the associated generalized mized game problem. Define for each (¢,w,y, 2, k) the
map

g(t,w,y, z, k) =sup inf F(t,w,u,v,y,z, k). (5.4.21)

Since U and V are Polish spaces, there exist some dense countable subsets U (resp. V') of U (resp.
V). Since F is continuous with respect to u, v, the sup and the inf can be taken over U (resp. V).
Hence, ¢ is a Lipschitz driver.

Let (Y, Z,k, A, A') € 82 x H? x H2 x (A?)? be the solution of the DRBSDE associated with driver
g and obstacles £ and (. By classical convex analysis, for each (¢,w) there exist (u*,v*) € (U, V)
such that

F(t,w,u,v*, Y- (w), Zy(w), ki(w)) F(t,w,u*,v", Y~ (w), Zt(w), kt(w)) (5.4.22)
F(t,w,u*,v, Y (W), Zi(w), ke (w)), Y(u,v) €U x V;

F(t,w,u*,v*, Y- (w), Zy(w), kt(w))

IA A

g(t,w, }/t* (w)) Zt(w)7 kt(w)))
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Let (u,v) € U x V. Since the processes Y;-, Z, and k, are predictable, the map (¢,w,u*,v*)
(t,w,u,v*, Y- (w), Zy(w), ke(w)) is measurable with respect to the o-algebras P @ B(U) @ B(V)
and P @ B(U) ® B(V) ® B(IR?) ® B(L?). By using the measurability property of F, it follows by
composition that the map (¢,w,u*,v*) — F(t,w,u,v*, Y- (w), Zi(w), ki(w)) is P @ B(U) @ B(V)-
measurable. Similarly, the other maps which appear in (5.4.22) are P ® B(U) ® B(V)-measurable,
which implies that the set of all (¢,w,u*,v*) € [0,T] x Q x U x V satisfying conditions (5.4.22)
belongs to P ® B(U) ® B(V'). By applying a section theorem (see Section 81 in the Appendix of
Ch. IIT in [53]), we get that there exists a pair of predictable process (u*,v*) € U x V such that
dt @ dP a.s., for all (u,v) € U x V we have dt ® dP a.s.:

F(tauh?}:)}/;ﬁzt)kt) S F(tau:avra}gvztakt) S F(t7u:7vt7}Q7Ztakt)

and g(t,Yy, Zy, k) = F(t,u;, v}, Ys, Zy, ky). Hence, Assumption (5.4.18) is satisfied. By applying
Theorems 5.4.16 and 5.4.15, we derive the following result:

Proposition 5.4.18. There exists a value function for the generalized mixed game problem as-
sociated with the controlled drivers g*v given by (5.4.20). Let Y be the solution of the DRBSDE
associated with obstacles &, ¢ and the driver g defined by (5.4.21). For each stopping time S €

To, we have Yg = V(S) = V(S) a.s. Suppose that & and ¢ are Lu.s.c. along stopping times, and
consider the stopping times

ro=if{t >S:Y,=&} ; osg:=inf{t >S5:Y, =}
The quadruple (u*, 7§, v*,0%) is then an S-saddle point for this generalized mixed game problem.

We give now an example of application of the above proposition.

Example: Consider the particular case when F' takes the following form:

F(t,w,u,v,y,2,k) = p(t,w,u,v)z+ < y(t,w,u,v,-), k >, +c(t,w,u,v), with 5,7, c bounded. By
classical results on linear BSDEs (see [137]), the criterium can be written

TN

EsingI(1,0)) = Equa [/ c(t, ug, v)dt + I(7,0)|Fs| ,
S

with Q™" the probability measure which admits Z* as density with respect to P, where (Z,"") is
the solution of the following SDE:

A7 = Z0V1B( un, v AW, + / (o, v, ) N(d, de)]; 20 = 1.

E

The process c(t,us,v;) can be interpreted as an instantaneous reward associated with controls
u,v. This linear model takes into account some ambiguity on the model via the probability
measures Q™" as well as some ambiguity on the instantaneous reward. This case corresponds to
the classical mixed game problems studied in [41] and [137], for which the above analysis provides
some alternative short proofs.
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5.5 Comparison theorems for DRBSDEs with jumps and
a priori estimates

5.5.1 Comparison theorems

Theorem 5.5.1 (Comparison theorem for DRBSDEs.). Let &', €2, ¢, ¢% be processes in 8% such
that & = ¢4 a.s. and & < ¢}, 0 <t <T a.s. fori=1,2. Suppose that fori=1,2, £ (" satisfies
Mokobodski’s condition. Let gtand g* be Lipschitz drivers satisfying Assumption 5.4.3.

Suppose that

o < and <, 0<t<T as.
o *(t,y,2,k) < g'(t,y, 2, k), forall(y,2,k) € R*x L% dP @dt — a.s.
Let (Y, Z ki, A, A) be the solution of the DRBSDE associated with (€', ¢%) ,i=1,2. Then,
Y?SYtl, 0<t<T a.s.

Remark 5.5.2. Note that a comparison theorem has been provided in [50] in the case of jumps
under stronger assumptions.Their proof is different and based on It6’s calculus.

Proof. We give a short proof based on the characterization of solutions of DRBSDEs (Theo-
rem 5.4.8) via generalized Dynkin games. Let t € [0,T]. For each 7,0 € T;, let us denote by
E' o (I'(1,0)) the unique solution of the BSDE associated with driver ¢*, terminal time 7 A o and
terminal condition I'(7,0) := & 1,<, + (' 1,-, for i = 1,2. Since ¢*> < g', and I*(7,0) < I'(7,0),

by the comparison theorem for BSDEs, the following inequality
8152,7'/\0'<[2<7—7 U)) S (c;tl,‘r/\a([1 (7-7 U)) a.s.

holds for each 7, o in 7;. Hence, by taking the essential supremum over 7 in 7; and the essential
infimum over ¢ in 7;, and by using Theorem 5.4.8, we get

Y? = ess inf esssup &, (I*(7,0)) < ess inf esssup &, (I'(7,0)) =Y, a.s.
k) o.e 2

€T reTs Tt reT;

TN

O

We now provide a strict comparison theorem. Note that no strict comparison theorem exists
in the literature even in the Brownian case. The first assertion addresses the particular case when
the non decreasing processes are continuous and the second one deals with the general case.

Theorem 5.5.3 (Strict comparison.). Suppose that the assumptions of Theorem 5.5.1 hold and
that the driver g* satisfies Assumption 5.4.3 with v > —1 in (5.4.2). Let S in Ty and suppose that
Y =YZ as.

1. Suppose that A, A", i = 1,2 are continuous. For i = 1,2, let
T =Tig = inf{s > S; AL > AL} and &; = 7, 5 := inf{s > S; A7 > AL}, Then

VI=Y? S<t<TIANToAGI ATy a.s.
and

FYEZE kD) = ¢'(t, Y2, Z2 k) S <t<TIATaAGI ATy, dP®dt—a.s. (5.5.1)
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2. Consider the case when A", A", i = 1,2 are not necessarily continuous. For i = 1,2, define
for each € > 0,

i=inf{t >S5, V) <& +e}; of =inf{t > S, Y > —¢}.
Setting 7; := lim. o T 77 and o; := lim. |y T o7, we have
V!I=Y? S<t<HARAG AGy as. (5.5.2)
Moreover, equality (5.5.1) holds on [S,T1 A To A G1 A ).

Proof. We adopt the same notation as in the proof of the comparison theorem.

1. Suppose first that A, A", i = 1,2 are continuous. By Theorem 5.4.6, for i = 1,2, (7:,0;) is a
saddle point for the game problem associated with ¢ = ¢%, € = ¢ and ¢ = (. By Remark 5.4.7,
(Y, S <t<T;A\o;) is an £ martingale. Hence we have

- Mt TiNT;
Setting 0 =71 ATy ATy A G, we thus have
Vi =&5(Y5), S<t<0 as fori=1,2.

By hypothesis, Y& = YZ a.s. Now, we apply the strict comparison theorem for non reflected BSDEs
with jumps (see [137], Th 4.4) for terminal time #. Hence, we get ;' = Y2, S <t <0 as., as
well as equality (5.5.1), which provides the desired result.

2. Consider now the general case.
Let ¢ > 0. By Remark 5.4.10, (Y, S <t < 7f A0%) is an £ martingale. Hence we have

177

}/Z = 8;75/\0,-5([(7_'5 0-?))7 S S t S Tf A 0—;: a.s.

By the same arguments as above with 71,75 and o7,05 replaced by 77,75 and 07,05 respectively, we
derive V! = Y2, S <t <7i AT Ao Ads as., and equality (5.5.1) holds on [S, 75 A 75 A o§ Ao,
dt ® dP-a.s. By letting € tend to 0, we obtain the desired result. O]

We now give an application of the above comparison theorem to a control game problem for
DRBSDEs.

Proposition 5.5.4 (Control game problem for DRBSDESs). Suppose that the assumptions of Th.
5.4.16 hold. For each (u,v) € U x V, let Y™V be the solution of the DRBSDE (5.2.2) associated
with driver g*v. Then, for each S € Ty, Yo' <Y <Y$" a.s.

Proof. By using Assumption (5.4.18) and by applying the comparison theorem for DRBSDEs (Th.
5.5.1), we get that for each u € U, V¢ < Y a.s. Similarly, for all v € V, we have Y < Y™
a.s. O

Remark 5.5.5. We point out that the above control game problem for DRBSDEs is different from
the generalized mized game problem studied in Section ?7. However, from the above proposition, it
follows that, under Assumption (5.4.18), the value functions of these two game problems coincide.
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5.5.2 A priori estimates with universal constants

Using the characterization of the solution of the nonlinear DRBSDE as the value function of a
generalized Dynkin games and DRBSDEs (see Theorem 5.4.8), we prove the following estimates
on the spread of the solutions of two DRBSDEs.

Proposition 5.5.6. Let ', &% (1, (? € 8% such that & = (% a.s. and & < (¢, 0<t < T a.s.
Suppose that for i = 1,2, £ and ' satisfy Mokobodski’s condition. Let g, g* be Lipschitz drivers
satisfying Assumption 5.4.3 with common Lipschitz constant C > 0. For i = 1,2, let Y* be the
solution of the DRBSDE associated with driver g¢, terminal time T and barriers £, (°.
Forsec[0,T), letY :=Y'—Y2 £:=¢' — €, (=" - and

G, = sup, ;19" (s,y,2,k) — ¢°(s,y,2,k)|. Let n, > 0 be such that 3 > %+ 2C and n < %

Then for each t, we have:

T
Yf < eﬁ(T_’f)E[supf_s2 + sup@QI}"t] + nE[/ P IG2ds| )] a.s. (5.5.3)
t

s>t s>t

Remark 5.5.7. Note that here the constants n and [ are universal, i.e. they only depend on
the terminal time 7" and the common Lipschitz constant C'. This is not the case for the a priori
estimates on DRBSDESs given in the literature (for details see Proposition ?? and Remark 5.7.6 in
the Appendix).

Proof. For i = 1,2 and for each 7,0 € 79, let (X%77, 7479 [%79) be the solution of the BSDE
associated with driver ¢°, terminal time 7 A o and terminal condition I*(7, ), where I'(1,0) =
€1,<5 + 1y Set X7 = Xbmo _ X270 and T =11 (1,0) = I*(1,0) = & 1rco + (Lo er
By a priori estimate on BSDEs (see Proposition A.4 in [138]), we have a.s.:

T
([P < KTVET(r0 | F)+nE( | 016! = (s, X270, m2 B7)Pds | B (554
t

from which we derive that
T
N2 - B(T—1) 22 =2 Bls—t)2
(X, ) <e E[sup§s+supcs\.7:]+77E[/ e g.ds|Fy| a.s (5.5.5)
s>t s>t t

Now, by using inequality (5.4.13), we obtain that for each £ > 0 and for all stopping times 7, o,
Y V2 < X XPTR 4 9K,
Applying this inequality to 7 = 7,0 = 0§ we get
Y = V2 < X XPTE L oKe < | X[ — XPTER| 4 2K, (5.5.6)

By (5.5.5) and (5.5.6), we have:

s>t s>t

T
Y —-Y2< \/e»B(T—t)E[smpg2 + Sup@Z\]-"t] + nE[/ ePls=0g2ds| Fy] + 2Ke.
t

By symmetry, the last inequality is also verified by Y;? — Y;!. The result follows. [
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Remark 5.5.8. Note that the arguments of the above proof are different from those used in the
literature. Based on Theorem 5.4.8, they allow us to obtain universal constants.

We also state the following estimate on the common value function Y of our generalized Dynkin
game problem (5.4.4)-(5.4.5) (or equivalently the solution of the DRBSDE associated with driver

9)-

Proposition 5.5.9. For each t, we have:

T

V2 < PTDE[sup &, + sup G2 F + nE[/ e?5g(5,0,0,0)2ds| F] a.s. (5.5.7)
s>t s>t t

Proof. Let X" be the solution of the BSDE associated with driver g, terminal time 7 A o and

terminal condition I(7,0). By applying inequality (5.5.4) with ¢! = ¢, & =& G =¢( ¢*=0,

2 =0 and ¢ =0, we get:

T
(X77)? < PTYVEI(r,0)|F) + UE[/ " 9(g(s,0,0,0))*| F]. (5.5.8)
t

By using the same procedure as in the proof of Proposition 5.5.6, the result follows. O

5.6 Relation with partial integro-differential variational in-
equalities (PIDVTI)

We consider now the Markovian case, and we study the links between Markovian generalized
Dynkin games (or equivalently DRBSDEs) and obstacle problems.

Let b: IR — IR , 0 : IR — IR be continuous mappings, globally Lipschitz and §: IR x E — IR
a measurable function such that for some nonnegative real C', and for all e € E

B(z,e)l < Cele), |8z, e) = B(a',e)| < Clo —a'[p(e), w,2" € R,

where ¢ € L2. For each (t,x) € [0,T] x IR, let (X>*,t < s <T) be the unique IR-valued solution
of the SDE with jumps:

X§7’3:x+/ b(X:x)dH/ (XE2)dW, +/ /5 (X", e)N (dr, de),
t

and set X" = z for s < t. We consider the DRBSDE associated with obstacles £4*, (** of the
following form: 4% := hy(s, Xb7), Cb% = ho(s, Xb%), s < T, €4° = 5" == g(X;"). We suppose
that g € C(IR), hy,he : [0,T] x IR — IR are continuous with respect to ¢ and Lipschitz continuous
with respect to x, uniformly in ¢ and that g, hy, he have at most polynomial growth with respect
to x.

Moreover, the obstacles £&* and (% are supposed to satisfy Mokobodski’s condition, which holds
if for example h; and hy are C*2.

We consider two functions v and f satisfying Assumption 2.1 in [9]. More precisely, we are given
amap v : IR x E — IR which is B(IR) ® K-measurable, such that
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|v(x,e) —y(2',e)| < Clr —2'|p(e) and —1 < ~v(x,e) < Cp(e) for each x,2" € IR, e € E.

Let f:[0,T] x IR* x L?> — IR be a map supposed to be continuous in ¢ uniformly with respect
to x,y, z, k, uniformly Lipschitz with respect to z,y, z, k uniformly in ¢, such that f(¢,z,0,0,0) at
most polynomial growth with respect to x, and such that for each ¢, x,y, 2, ki, ko, f(t,z,y, 2, k1) —
flt,x,y, 2, ko) > < y(z,:), k1 — ko >,.

The driver is defined by f(s, X" (w),y, 2, k). By Th. 5.4.1, for each (¢,x) € [0,T] X IR, there exists
an unique solution (Y**, Zt¥ Kt Ab* A'5*) of the associated DRBSDE. We define:

u(t,z) ==Y ", t€0,T], v € R (5.6.1)

which is a deterministic quantity. In the following, the map w is called the value function of the
generalized Dynkin game. By the a priori estimates (see Propositions 5.5.6 and 5.5.9) and the same
arguments as those used in the proofs of Lemma 3.1 and Lemma 3.2 in [9], we derive that the value
function w is continuous in (¢, z) and has at most polynomial growth at infinity. It follows that the
process Y* = u(s, X“*) admits only totally inaccessible jumps. Hence, the processes A4* A't®
are continuous.
A solution of the obstacle problem is a function w : [0, 7] x IR — IR which satisfies the equality

uw(T,z) = g(x) and

hi(t,z) < wu(t,z) < ho(t,x)

if u(t,z) < ho(t,z) then Hu >0 (5.6.2)

if hi(t,x) < u(t,z) then Hu <0

where L := A+ K and

o A6(x) == 502 ()T 8 (w) 4 ba) 92 (a), Bolt, )() = 0lt, 2 + Bz, ) — {1, ),
_ 05

o Ko(o) = f (04 5a.€) - 0(a) = 2 (3(2.0) ) vide)

o HO{1,2) = 02 (1,2) ~ Lo(t.x) — [(t.2,6(1,2), (0901, 2), Bt ).

Definition 5.6.1. ¢ A continuous function u is said to be a wviscosity subsolution of (5.6.2) if
uw(T,z) < g(x),x € R, and if for any point (to,zo) € [0,7) x IR, we have hy(to,z0) < u(to, zo) <
hs(to, zo) and, for any ¢ € C%([0,T] x IR) such that ¢(ty, o) = u(te, o) and ¢ — u attains its
minimum at (¢, o), if u(te, zo) > hi(to, o), then (He)(ty, xo) < 0.

e A continuous function u is said to be a viscosity supersolution of (5.6.2) if u(T,x) > g(x),x €
IR, and if for any point (ty,z0) € [0,7) x IR, we have hy(ty,x¢) < u(ty,xo) < ho(to,zo) and, for
any ¢ € CH2([0,T] x IR) such that ¢(ty, o) = u(te, 79) and ¢ — u attains its maximum at (to, o),
if u(to, xo) < ha(to,zo) then (Ho)(ty, xo) > 0.

Theorem 5.6.2. The value function u defined by (5.6.1) is a viscosity solution (i.e. both a viscosity
sub- and supersolution) of the obstacle problem (5.6.2).

Proof. The proof is given for the convenience of the reader. We prove that u is a viscosity super-
solution of (5.6.2), the proof in the case of subsolution being similar.
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Let (tg,z0) € (0,T) x R and ¢ € CH2([0,T] x R) be such that ¢(to, zo) = u(te, o) and ¢(t,z) <
u(t,z), ¥(t,x) € [0,T] x R. Suppose that u(to, zo) < ha(to, x¢) and that

—%gb(t,x) — Lo(t,x) —g (t, z, P(t, ), (a%)(t,m), Bo(t, x)) < 0.

By continuity, we can suppose that there exists € > 0 and 7. > 0 such that: V(¢,z) such that
to <t <t+mn.<T and |x — xo| <1, we have: u(t,z) < ho(t,xz) — € and

-t = Lot - g (tn0.0) 0G0 Boft,0)) < <. (6563)

Let 6 be the stopping time defined as follows:
0 := (to + n.) Ninf{s > to/| X" — zo| > n.}.
By this definition, we have
u(s, X1070) < hy(s, X10™) — € < hy(s, X0™0) t < s < 0 as.

Hence, the process (Yo% = wu(s, X0%0) s € [ty,0]) stays strictly below the upper barrier. It
follows that the continuous process A} is constant on [t,0]. The process (Y™ s € [ty,6]) is
thus the solution of the classical BSDE associated with terminal condition Y,;*™ = u(f, X;>")
and the generalized driver

g(s, X"y 2 q)ds + d A",

s

Our aim now is to use the comparison theorem. We apply as above Itd’s lemma to ¢(s, X*) and

0
we get that (gb(s,XﬁO’xO), (Ua—gb)(s,Xﬁovxf’), d(s, X0 )5 € [t0,9]> is the solution of the BSDE
x
associated to the terminal value ¢(0, X;>°) and driver —)(s, X'0%), where (s, z) := %(S,x) +

L(s,z). By assumption (5.6.3) and the definition of the stopping time, we have :

— (s, XL ™) ds < (g(s, X7, d(s, X070,
0
(aa—¢)(s, Xm0y Bg(s, X0™0)))ds + dA™ — e ds, Vs € [to,0].
x
The above inequality gives a relation between the drivers of the two BSDEs. Moreover, ¢(6, X, 50’””0) <
u(6, X};O’xo) = Y;O’IO. By applying the extended comparison theorem for BSDEs with jumps given
in [9] (Proposition A.3) we get:

é(to, z0) = ¢(to, ng”“’) < Ytzo’wo = u(to, xo),
which provides a contradiction. O

In the sequel, we suppose that the function ¢ is defined by ¢(e) := 1 A |e|] and belongs to
L?. We also suppose that g, hy and hy are bounded, and that Assumption 4.1 in [9] holds. More
precisely, we assume:

(i) f(s, X" () y, 2, k) = [ (5, X0 (W), 9. 2, [ k()7 (X1 (w), e)v(de)) Loz,
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where f : [0,7] x IR* — IR is a map which is continuous with respect to ¢ uniformly in z,y, z, k,
and continuous with respect x uniformly in y, z, k. It is also uniformly Lipschitz with respect to
y, z, k and the map f(¢,z,0,0,0) is uniformly bounded.

The map k +— f(t,2,y, 2, k) is also non-decreasing, for all ¢ € [0,T], z,y, 2 € IR.

(77) For each R > 0, there exists a continuous function mg : R, — IR, with mg(0) = 0 and
\f(t,z,y, 2, k) —f(t, 2"y, 2, k)| < mg(Jx—2'|(1+]|z])), forall t € [0,T7], ||, |2'| < R,|y| < R, 2,k €
R.

(iit)  |y(z,e) —y(y,e)| < Clz —y|(1 Ae?); 0 < y(x,e) < C(AAe|), z,y € R, e € IR*.

(i)  f(t,z,y,2,0) — ft,z,y,2,01) > r(u—v),u>wvtec[0,T], z,u,v,p,1 € IR, where r > 0.

To simplify notation, in the sequel, f is denoted by f

The operator B has now the following form: B¢(x) := [p.(é(x + B(z,e)) — ¢(z))y(x, e)v(de).

Theorem 5.6.3 (Comparison principle). Suppose that Assumptions (i) to (iv). If U is a bounded
viscosity subsolution and V is a bounded viscosity supersolution of the obstacle problem (5.6.2),
then U(t,x) < V(t,x), for each (t,x) € [0,T] x IR.

Proof. The proof is similar to the proof given in [9] (in the case of one barrier). For the convenience
of the reader, we give a sketch of proof, where we draw attention to some points which differ from
the proof in [9]. Set

w—yl? = s

@Z)G’n(t’ S, Jf,y) = U(tv CL’) - V(S>y) - 772(|$|2 + |y|2)7

€2 €2

where €, are small parameters devoted to tend to 0. Let M" be a maximum of ¥*"(¢, s, z,y).
This maximum is reached at some point (7, s7 %" y*"). We define:

o=y Je— 5P

Uy (t,z) ==V (s, y") + 2 -

+ (|2 + [y");

2

< —y? e — s
_ LI

Uy(s,y) == U(t",a°") — |z + |y|).

€2 €

As (t,x) — (U — W¥y)(t, x) reaches its maximum at (¢, 2") and U is a subsolution, we have
the two following cases:

o (" =T and then U(t*7, z") < g(z"),

o 1M £ T hy(t", xo") < U(t", x") < ho(to", x") and, if U (", z9") > hy(t°7, 29"), we then
have:

v
a@tl (7, ) — LWy (197, 257)
ov,

—f (tﬁ’",af’”, U, a®"), (05— )(f’",xe’”),B‘I’l(te’"ﬁf’”)) <0 (564)

As (s,y) — (Vg — V)(s,y) reaches its maximum at (s",y“") and V' is a supersolution, we have
the two following cases:

o 597 =T and V (s, y") > g(y°"),
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o s AT, hy(som yo") < V(s yo") < ho(s9",y") and, if V (s, y7) < ha(s", y=") then

ov,y

- 82? (567777@/6’17) - L\I;2<S€77)’y€:77)

0V,
o——

_ €, €,1 V €,1 €,
F(sS " V(s 49T, ( pe

)9, ySM)), BUo (s y) > 0.

C C
As in [9], we have: |z — y&"| + |t — s91| < Cle, |27 < — and |y < —.
n

Extracting a subsequence if necessary, we may suppose that for each 7 the sequences (¢“7). and
(s converge to a common limit "7, and the sequences (z“"). and (y*"). converge to a common
limit x". Here, we have to consider four cases.
1st case: there exists a subsequence of (¢7) such that 7 = T for all n ( of this subsequence)
2nd case: there exists a subsequence of (¢7) such that ¢” # T and for all n belonging to
this subsequence, there exist a subsequence of (z°7). and a subsequence of (t“")., such that
U(ten, zom) — hy (t7, 297) = 0.
3rd case: there exists a subsequence such that t7 # T, and for all n belonging to this subse-
quence, there exist a subsequence of (y©"). and a subsequence of (s%")., such that V(s7 y") —
ha (s, yo") = 0.

Last case: we are left with the case when, for a subsequence of n we have t7 # T, and for all n
belonging to this subsequence, there exists a subsequence of (z°"), (y7)., (t*"). and (s“"). such
that

U@ z9m) — hy (t97,2°7) > 0;  ho(s“7,y") — V (s, y5") > 0.

We are thus in the case when the solution if strictly between the barriers, that is when there is
no reflection. We can then use the same arguments as in the case of one barrier when there is
no reflection. For convenience of the reader, we recall below the main arguments. We argue by
contradiction by assuming that M > 0. We set

o=y | It sP

I B 2l + ). (56.5)

o(t,s,x,y) =

We know that he maximum of the function ¢, := U(t,x) — V(s,y) — ¢(t, s, x,y) is reached at the
point (¢7, s x" y<"). We can thus apply the non-local version of Jensen Ishii’s lemma in [10],
which leads to the desired result, by using exactly the same arguments as in [9] (see Theorem 4.1,
last case).

Note that the first, second and fourth case are identical to the three cases considered for
reflected BSDEs (see [9]). The third one, which didn’t appear in the case of reflected BSDEs, can
be treated similarly to the second one. O]

We derive that under Assumptions (i) to (iv), there exists an unique solution of the obstacle
problem (5.6.2) in the class of bounded continuous functions.

5.7 Appendix

Remark 5.7.1. Note that L? is a separable Hilbert space. Indeed, by a result of Measure Theory
(see e.g. Proposition 3.4.5 of Cohn’s book on Measure Theory [47]), given a measurable space
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(Y, B, ), if p is o-finite and B is countably generated, then L?(Y, B, u1) is separable. Applying this
property to Y = E (where E = R*), B = B(E) and p = v, since B(E) is countably generated, it
follows that L2= L*(E, B(E), v) is separable.

Proposition 5.7.2. Let (X, A) be a measurable space.

Let f: (X x L2, A® B(L?) — (R,B(R)); (a,k) = f(a,k). Suppose that [ satisfies one of the
three following conditions:

1. f is of class C* with respect to k such that for all (o, k) € X x L2,

Vif(a,k)(e)| <i(e) and Vif(a,k)(e) > —1 dv(e)— as. (5.7.1)

where ) € L2.
2. f is convex (resp. concave) with respect to k and Gateauz-differentiable with respect to k such
that the Gateaux-gradiant Vi f (o, k), which is also the sub- (resp. super-) differential with respect
to k, satisfies (5.7.1).
3. [ of the form f(a, k) o, [ k( v(de)), where v is a nonnegative function in L* and
f:XxR—>Risa measumble map, supposed to be non-decreasing with respect to its second
variable and Lipschitz continuous with Lipschitz constant denoted by C'.

Then, there exists a measurable map v : (X x (L)%, A® B((L?)?)) — (L2, B(L?));
(a, by, ko) = v(a, ki, ko) such that |y(.)(e)] < v(e), wherep € L2; v(.)(e) > =1 v(de)—a.s. and

flayky) = flonky) > <A ki ko), ko — k>, V(o ki k) € X x (L2)%

Proof. 1. Since L2 is a separable Hilbert space, it admits a countable orthonormal basis {¢‘,7 € N}.
Let (a, k) € X x L2. Since f is differentiable at k, for each hin V we have: f(«a,k+h) = f(a, k)+ <
Vif(a, k), h >, +||h||.e(||h]],), where lim, ,oe(x) = 0. By taking h = te;, t € R,7 € N we obtain
that

< Vif(a,k),e; >,=lim flaktte) = Jla, k)
t—0 t
Hence, the map 0; defined for each (a, k) € X x V by §;i(a, k) =< Vif(a,k),e; > is A®
B(L?) -measurable. We thus obtain that Vi f(.,.) : (X x L2, A® B(L?) — (L%, B(L?)); (a, k) —
Vif(a, k) =,y 0i(a, k)e; is measurable.
Now, for each (o, ky, k2) € X x (L?)?, the map t — f(a, ky +t(ky — k1)) is C'. Hence, by the mean
theorem, we have that

f(Oé, ]{Zg) — f(Oé, k’l) = /01 < ka<Oé, kl + t(l{ig — /{?1)) , k’Q — k’l >, dt

= /1 Z Vif(a, ky +t(ky — ky)) (kj — ki)dt.

0 jeN

where for each [ € L2, we have denoted its coordinates in the basis (e');eny by (I*)ien-
Now, by (5.7.1), Hka()Hl, is uniformly bounded. Using this property and Fubini’s theorem, one
can show that

fla, ks) — fla, k1) = < y(a, k1, ko), ko — k1 >,
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where y(a, ki, ky) = fo Vif(a, k:1 + t(ky — k1))dt. Here for each continuous map F : [0,1] —
L%: t — F(t), the integral fo t)dt is defined as fo t)dt == >y fo F'(t)dt)e;. The desired
result follows.

2. Suppose f is convex. By Proposition 5.4 in [76], since f is convex and Gateaux-differentiable,
f is sub-differentiable. By Proposition 5.3 in [76], the Gateaux-gradiant V7 f(«, k) coincides with
the sub-differential at k. Hence, for each k, h in L?, we have:

fla,k+h) > fla,k)+ < Vif(a,k),h >, . By definition of the Gateaux-gradiant (see Definition
fla,k+te;) — fla, k)
; :

5.2. in [76]), we have that for each i € N, < V{f(a,k),e; >,= lim;_

Setting v(a, k1, k) := Vi f(c, k1), the result follows.
Suppose f is concave. By applying the previous property to the convex map —f and with (ko, k;)
instead of (ki, k), we get —f(a, k1) + fa, ke) > < =V{f(a,ks), ki —ky >,, for each (a, ki, ko) €

X x (L2)2. Setting y(av, k1, ko) := Vi f(a, k), the result follows.
3. Setting vy(a, ki, ko) := Cw((i)]-{fE(kg(e)—kl(e))z/;(e)u(de)SO}a the result follows. H

Proof of Lemma 5.3.3: The results of this lemma can be derived from the results of [105]
obtained in the general framework of admissible families of random variables indexed by stopping
times. We give here a sketch of the proof. Set J9 =0 and J© = 0, and define recursively for
each n € N, the RCLL supermartingale processes:

JE = R 4 £, D = R — () (5.7.2)

which belong to 8%, where R is the classical Snell envelop operator. For sake of s1mphc1ty, in the
above definition we have omitted the exponent ¢ in the definition of J™. Since fT = CT =0 a.s.
it follows that, for each n, J:(F”) = Jégn) =0 as.

We have J = 0 and J© = 0. Let us prove recursively that for each n, g ,J.(") are
well defined and nonnegative. Suppose that g™ J.(") are well defined and nonnegative. Then
JY 7 are well defined since (J. ™ + £9)~ and (J" Cg) belong to 82 Also, J"™) >
E[J + &F] > 0 as. smce € = 0 as. Similarly, because (% = 0 a.s., Jt ) > 0 as. By
classical results, J.( and J.™ are RCLL supermartingales.

Let us prove that J™ and J.l(n) are non decreasing sequences of processes. We have Jb > 0= JO
and JY >0=J©, Suppose that J™ > 707D and 7™ > 7Y We then have:

R(I™ + &) 2RIV 4+ RUM = ¢9) 2RI =), (5.7.3)

which leads to J"Y > 7™ and J ™Y > 7™ Let us introduce the following optional processes

valued in [0, +00] deﬁned by J9 :=lim 1+ J™ and J9 := lim 1 J/™

Since for each n, J Jr}(n =0 a.s. we have Ji. = J;g =0 as.

By the monotone convergence theorem, one can show that J9 and J are strong supermartingales.
We now show equalities (5.3.5). In the following, we use the Snell envelope operator R which

acts on admissible families of random variables (r.v.). The reader is referred to Section 1.1 in

[105] for the definition of an admissible family of r.v. indexed by stopping times, as well as the

definition of a supermartingale family. Recall that for each admissible family ¢ = (¢(0))per; valued

in RU {400} with E [esssupyer #(0)] < +00, R(¢) is defined as the smallest supermartingale
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family greater than ¢. Note that by some results of optimal stopping (see Section 1.1 in [105]), we
have

R(¢)(0) = ess sup E[p(T) | Fo] a.s. (5.7.4)
TET
for each stopping time #. In the following, for each optional process ¢. = (¢1)o<t<r valued in

R U {+o0}, we denote by ¢ its associated family of r.v. defined by ¢ := (¢g)ger;- If ¢. € S?, we
then have

R(¢)(0) = ess sup Elp, | Fo] = R(¢.)s as. (5.7.5)

T€Ty

for each stopping time . This property and equalities (5.7.3) lead to the following equalities
written in terms of families and the operator R:

Jntl) . R(J’(") + gg); Jntl) . R(J(") _ Eg)

As the operator R is nondecreasing, for each n € IV , we have J™+1) = R(.J (™) +69) < R(J/9+§9).
By letting n tend to +o00, we get that

J9 < R(J9 +£€9). (5.7.6)

Now, for each n € N, J+D) > J'() 4 ¢9. By letting n tend to +oo, we derive that J9 > J'9 4 £9.
By the supermartingale property of the family of r.v. J9 = (JJ)per, and the characterization of
R(J'9 + £9) as the smallest supermartingale family greater than J'9 + &9, it follows that J? >
R(J9 + £9). This with (5.7.6) yields that J9 = R (J9 +¢). Similarly, J'9 = R(J9 — (¥), which,
by the property (5.7.4), leads to the desired equalities (5.3.5). Note that the supermartingale
property of the families J9 and J'9 corresponds to the strong supermartingale property of the
optional processes J9 and J'9.

We have J9 > J'9+ &9 and J9 > J9 — (9. The proof of the minimality of J¢ and J'9 follows
from Proposition 5.1 in [105].

Moreover, if J§ < +o00 and J(;g < 400, by Th.18 ch. VI in [54], J9 and J" are indistinguishable
from nonnegative RCLL supermartingales, as the non decreasing limits of nonnegative RCLL
supermartingales. O

Remark 5.7.3. The property &% = (% = 0 a.s. ensures that for each n, J:(pn) = Jép(n) =0 a.s. Note
that if we had not made the change of variable (5.3.4), then £€9,¢9 would be replaced by &, ¢ in
the definitions of J™ and J' ™. In that case, £ = (7 a.s. but would not necessarily be equal to
0, and we would have Ji" = —J/™ = 0 a.s. if n is even, and & otherwise.

Remark 5.7.4. The proof of Th. 5.3.4 together with Lemma 5.3.3 ensures that B = A. Indeed,
set Hy := E[Ar — Ay|F (vesp. H| := E[A}, — A}|F;]). Since dA; << dB; (resp. dA; << dBj}), we
have H; < J; = E[Br — B|F] (vesp. H; < J; = E[B}, — Bj|F:]). Moreover, H — H' = J —J'.
Hence, we have H > H' + &9 and H' > H — (9. By the minimality property of .J, J' (5.3.6), we
derive that J = H (resp. J' = H').

Proof of Theorem 5.3.5: Theorem 5.3.4 gives the existence. Let (Y, Z, k, A, A’) be a solution
of the DRBSDE associated with driver process ¢(t) and obstacles (£,(). Let us prove that it is
unique. We first show the uniqueness of Y. For each S € T, and for each ¢ > 0, let
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ro:=inf{t >S5, Vi <& +e} og:=inf{t >8S, YV, > — <} (5.7.7)

Note that o5 and 7¢ € Ts. Fix € > 0. By the same arguments as in the proof of Lemma 4.8, the
function ¢ — A; is constant a.s. on [S, 7] and Yie < ng + ¢ a.s. Similarly, A’ is constant on
[S,0%] and Yoz > (o — € as.

Let 7 € Tg. Since A’ is constant on [S, 0%], the process (Y + fo s)ds, S <t<TAN0)isa
supermartingale. Hence

T/\O'S
Ys > EYope + / g(s)ds | Fs] as.
S

We also have that YT/\O'% = Y:rlrgag + Ycrg 1og<7' > f‘rlrgag + (gcrg - E)la§<‘r a.s. We get
Ys > E[ls(7,0%) | Fs] — € a.s. Similarly, one can show that for each o € Tg,
Ys < E[ls(78,0) | Fs] + ¢ a.s. It follows that for each e > 0,

ess Sél?E[]S(T ,05) | Fs]—e < Ys < essalélfsE[]S(TS, o) | Fs]+¢ as.,

that is V(S) —¢ < Ys < V(S) +¢ as. Since V(S) < V(S) as. we get V(S) = Vg =
V(S) a.s. This equality holds of each stopping time S € Ty, which implies the uniqueness of
Y. It remains to show the uniqueness of (Z,k, A, A’). By the uniqueness of the decomposition
of the semimartingale Y; + fo s)ds, there exists an unique square integrable martingale M and
an unique square integrable ﬁmte variation RCLL adapted process a with oy = 0 such that
dY; + g(t)dt = dM; — doy. The martingale representation theorem applied to M ensures the
uniqueness of the pair (Z,k) € H? x H?.

The uniqueness of the processes A, A’ follows from the uniqueness of the canonical decomposition
of an RCLL process with integrable variation (see Proposition 5.7.9).

Suppose that A and A" are continuous. Since Y and § are right-continuous, we have Yo = &,»
and Y;: = (; a.s. By definition of 73, on [S, 75[, we have Y; > &; a.s. Since (Y, Z, k(.), A, A') is the
solution of the DRBSDE, A is constant on [S, 74[ a.s. and even on [S, 75] because A is continuous.
Similarly, A’ is constant on [S,c%] a.s. The process (Y; + fo s)ds, S <t < 75 A of) is thus a
martingale. Hence, we have Yg = E[Is(7§,0%) | Fs| a.s. By similar arguments as above, one can
show that for each 7,0 € Tg, E[ls(7,0%) | Fs] < Ys and Yg < E[Ig(7§,0) | Fs] a.s., which yields
that (75, 0%) is an S-saddle point. O

Proof of Proposition 5.3.10. Since J9 > J9 + &% and J9 > J9 — (9, J9 € 8?2 = J9 € S%.
Using the minimality property of J and J’ given in Lemma 5.3.3, one can show that J9 € S if
and only if there exist two non-negative supermartingales H9, H'9 € S such that

G<H —H!<{ 0<t<T as (5.7.8)

Since this equivalence holds for all g € IH?, in particular when g = 0, we get (ii) < (iii).
To prove (i) < (ii), it is sufficient to show that (5.3.11) is equivalent to (5.7.8). Suppose that
(5.3.11) is satisfied. By setting

H} := H, — E[&ds|F,] — ft (s)ds|F],0<t<T
H/° = H| — El¢7ds|F)] — ft (s)ds|F],0 <t < T,
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(5.7.8) holds. Similarly, (5.7.8) implies (5.3.11). We have that (i) implies (iv). It remains to prove
that (iv) implies (¢). Let (Y, Z,k, A, A") be the solution of the DRBSDE (5.2.2) associated with
driver process (g). Let HY := E[Ay — A|F] and H,° := E[A}, — A|F]. We have HY — H,° =

ft (5)ds|F;]. Since ¢ <Y < (, condition (5.7.8) holds. O

Proof of Theorem 5.4.1: For 3 > 0, ¢ € IH? and [ € IH? we introduce the norms
19113 := ELfy e”¢2ds), and (U2 := BLf, e™|L]2 ds].

Let IHB,V (below simply denoted by ]Hg) the space IH? x IH* x IH? equipped with the norm
1Y, 2, k) = VI3 + 1212 + K12,

We define a mapping ® from Hé into itself as follows. Given (U,V,l) € H& by Theorem
5.3.5 there exists a unique process (Y, Z, k) = ®(U, V,1) solution of the DRBSDE associated with
driver process g(s) = g(s,Us, Vs, 15). Note that (Y, Z, k) € JHE Let A, A’ be the associated non
decreasing processes. Let us show that ® is a contraction and hence admits a unique fixed point
(Y, Z, k) in IH3, which corresponds to the unique solution of DRBSDE (5.2.2). The associated finite
variation process is then uniquely determined in terms of (Y, Z, k) and the pair (A, A’) corresponds
to the unique canonical decomposition of this finite variation process. Let (U?, V2, 1?) be another
element of ]Hé and define (Y2, 72, k?) = ®(U?, V2 1?). Let A%, A be the associated non decreasing
processes. Set U =U —-U? V=V -V2 l=1-Pand, Y=Y -Y? Z=2-2% k=Fk—k%
By Ito’s formula, for any # > 0, we have

T
Yo+ E/ Y+ Za+ [Flllds + B Y e (AA, — AA% — AA, + AA2)?
0 0<s<T

T T T
= 2E/ 6’8873[9(8, Us, Vi, ls) — g(s, USQ, Vf, l?)] ds + 2E[/ Y~ dA, — / Py - dA?]
0 0 0

—2F] / ' Y dA, — / ' e?Y -~ dA?). (5.7.9)
0 0

Now, we have a.s.

VL dAS = (Y, — £)AAS — (V2 = £)dAS = —(V2 — £)dAC < 0
and by symmetry, Y ,dA% > 0 a.s. Also, we have a.s.

Vi AA] = (Yoo =6 )AA] — (V2 = & )AA] = —(YE =& )AAT <0

and Y,-AA2Y > 0 a.s. Similarly, we have a.s.

VAT = (Y, = QAT — (V] = G)dAY = —(Y] = ¢)dAT 2 0
and by symmetry, Y dA’ ic < 0 a.s. Also, we have a.s.

Vo AAS = (Yoo = G)AAL = (Y2 = G )AA = —(YV7 = (- )AAL > 0

and ?szA’Qj <0 a.s.
Consequently, the second and the third term of (5.7.9) are non positive. By using the Lipschitz
property of g and the inequality 2Cyu < 2C?y? + %uz, we get

— — — — 1 — — -
BIYIE + 12115 + %12, < 6C2IVIE + 5 (NUIE + V15 + 1112)-
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Choosing # = 6C* + 1, we deduce ||[(Y, Z, k)||3 < 31U, V, D)3
The last assertion of the theorem follows from Theorem 5.3.7. O

By similar arguments as above, one can show the following estimate, which is expressed in terms
of the associated increasing processes.

Proposition 5.7.5 (A classical estimate). Let %, &2, ¢, ¢% € 82 such that fori = 1,2, & = (% a.s.
and & < (¢, 0<t <T as. Suppose that fori=1,2, £ and (" satisfy Mokobodski’s condition. Let
g', g% be Lipschitz drivers satisfying Assumption 6.3.9 with Lipschitz constant C' > 0. Fori=1,2,
let (Y, 70, k', A", A" be the solution of the DRBSDE associated with driver g', terminal time T
and barriers £, (.

For s € [O,T], let ?S = )/sl - }/527 zs = gi - 5327 Zs = Csl - Cszf g(s> = gl<S7Y;27Z§7k§) -
g(s, Y2 Z2 k?). We have:

T
J— _2 . —
713 < & (B + L[ P(o)ds)+ |ah + Aol sup L
0 <s

AR + AZ] 2] sup |Zs|||Lz) | (5.7.10)
0<s<T

where the real constant K > 0 is universal, that is, depends only on C and T
For the proof, see proof of Th. 3.2 in Appendix of [50].

Remark 5.7.6. In [50], in the particular case when for each i = 1,2, the lower barrier &' is of
the form &' = M' + B*, where M' is a square integrable martingale and B’ is a square integrable
RCLL predictable non decreasing process with Bj = 0, the authors derive from (5.7.10) the
following estimate:

T
13 < K (B + B[ 6dsl + ol sup Ellia+ 1 swp Goll) . (52.1)
0 0<s<T 0<s<T

where the constant ¢ > 0 is not necessarily universal, depending in particular on ||£%||s2, ||C*]|s2,
lg"(s,0,0,0)|| 2 and B, for i = 1,2. For details, the reader is refered to estimate (14) of Th. 3.2
in [50] proven in the Appendix.

We now easily show an £9-Doob-Meyer decomposition of £9-supermartingales, which general-
izes the results given in [130] and [?] under stronger assumptions. Moreover, our proof gives an
alternative short proof of these previous results.

Definition 5.7.7. Let Y € 8* . The process (Y;) is said to be a strong E9-supermartingale (resp
E9-submartingale), if £ (Y;) <Y, (resp. €9 .(Y7) > Y;) a.s. ono <7, for all o,7 € Ty.

Proposition 5.7.8. Suppose that g satisfies Assumption (5.4.3).

o Let A be a non decreasing (resp non increasing) RCLL predictable process in S* with Ay = 0.
Let (Y, Z, k) € §* x H? x H? following the dynamics:

—dYs = g(s,Ys, Zs, ks)ds + dAs — ZsdW — / ke(e)N(ds, de). (5.7.12)
E

Then the process (Y:) a strong E9-supermartingale (resp E9-submartingale).
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o (£9-Doob-Meyer decomposition) Let (Y;) be a strong £9-supermartingale (resp. £9-submartingale).
Then, there exists a non decreasing (resp non increasing) RCLL predictable process A in S*
with Ay =0 and (Z, k) € H?* x H? such that (5.7.12) holds.

Proof. Suppose A is non decreasing. Let (X7, 77,1") be the solution of the BSDE associated with
driver g, terminal time 7, and terminal condition Y, Since g satisfies Assumption 5.4.3 and since
9(s,y, 2, k)ds+dAs > g(s,vy, z, k)ds, the comparison theorem for BSDEs (see Theorem 4.2 in [137])
gives that Y, > X7 = &7 _(Y;) a.s. on {0 < 7}. The case when A is non-increasing can be shown
similarly.

Let us show the second assertion. Fix S € 7. Since (Y;) is a strong £9-supermartingale, we derive
that for each 7 € Tg, we have Yy > 5§77(YT) a.s. We thus get Ys > esssup,cr, ng(YT) a.s. Now,
by definition of the essential supremum, Yg < esssup, ¢, 8577 (Y;) a.s. because S € Tg. Hence,

Ys =esssup & _(Y;) a.s.
TETs ’
By Theorem 3.3 in [138], the process (Y;) coincides with the solution of the reflected BSDE asso-
ciated with the RCLL obstacle (Y;). The result follows. O

We now show the following result on RCLL adapted processes with integrable total variation,
which can be seen as a probabilistic version of a well-known analysis result.

Proposition 5.7.9. Let (2, F, P) be a probability space equipped with a completed
right-continuous filtration (F;)o<t<r. Let o = (on)o<t<r be a RCLL adapted process with integrable
total variation, that is, E(fOT |doy|) < oo.

There exists an unique pair (A, A’) € (AY)? such that a« = A — A" with dA, 1 dA,.

This decomposition is called the canonical decomposition of the process .

Moreover, if (B, B') € (A')? satisfies « = B — B, then dA; << dBy in the (probabilistic) sense,
that is, for each K € P with fOT 1xdB;, =0 a.s., then fOT 1xdA; =0 a.s.

Proof. By classical results, the process o can be written as & = B — B’ with B, B’ € A!. Let
C; := By+ Bj. This process belongs to A'. For almost every w, the measures dB.(w) and dB’(w) on
[0, T are absolutely continuous with respect to dC.(w). By using the Radon-Nikodym Theorem for
predictable RCLL non decreasing processes (see Th. 67, Chap. VI in [54]), there exist nonnegative
predictable processes H and H' such that for each t € [0, 77,

t t
B; = / H,dC, and B;= / H.C, as
0 0
Let A and A’ be the processes defined by

t t
A, ::/(HS—H;)+dCS and Al ::/(HS—H’)‘dCS.
0 0

They belong to A'. Now, the set D defined by

D = {(tvw)7 Ht<w) - H;(w) > 0}
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belongs to P. We have [\ 1pedA; = [\ 1(p, m<oy(Hy— H;)*dC; = 0 a.s. Similarly [} 1p,dA, =0
a.s., which implies that dA; L dA;.

It remains to show the uniqueness of this decomposition. Since dA; L dAj, it follows that, for
almost every w, the deterministic measures dA;(w) and dA}(w) are mutually singular in the classical
analysis sense. Hence, for almost every w, the non decreasing maps A.(w) and A’(w) correspond to
the unique canonical decomposition of the RCLL bounded variational map a.(w) by a well-known
analysis result. This implies the uniqueness of A, A’.

Moreover, since (H; — H,)™ < H,, the last assertion holds. O

Remark 5.7.10. Note that it is obvious that, if the random measures dA; and dA; are mutually
singular in the probabilistic sense (see Definition 5.2.2), then for almost every w, the deterministic
measures on [0,7] dA;(w) and dAj(w) are mutually singular in the classical analysis sense. The
converse is not so immediate. However, it holds by the above property.
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Chapter 6

A Weak Dynammic Programming
Principle for Stochastic Control/Optimal
Stopping with f-Expectations.

Abstract. We study combined optimal control/stopping problems with £/-expectations in the
Markovian framework on a finite horizon of time 7. We establish a weak dynamic programming
principle, which extends to the nonlinear case the one obtained in [35] in the case of linear expec-
tations . To this purpose, we prove some measurability properties and a "splitting” result stating
that, given an intermediary time ¢ < T', the problem can be decomposed into two independent
parts, one corresponding to the past (before t) and one to the future (after ¢). Using this weak dy-
namic programming principle and properties of reflected backward stochastic differential equations,
we prove that the value function of our combined control problem, which is not necessarily con-
tinuous, not even measurable, is a weak viscosity solution of a nonlinear Hamilton-Jacobi-Bellman
variational inequality.
Some illustrating examples in mathematical finance are provided.

6.1 Introduction

Markovian stochastic control problems on a given horizon of time T' can typically be written as
T
u(0,x) = sup E[/ flas, X&)ds + g(XT)], (6.1.1)
acA 0

where A is a set of admissible control processes a,, and (X¢') is a controlled process of the form

Xg:x+/ b(X;j,au)du+/ a(Xg,au)qu+/ B(X2, oy, €) N (du, de).
0 0 0 R

The random variable g(X%) may represent a terminal reward and f(a,, X&) an instantaneous
reward process. Formally, for all initial time ¢ in [0,7] and initial state y, the associated value
function is defined by

u(t,y) = sup E| / Flow, X2)ds + g(X2) | X2 =y (6.1.2)

acA
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The dynamic programming principle can formally be stated as

t
u(0,2) = sup E| / Flas, X@)ds + u(t, X2)], fort in [0, ] (6.1.3)
ac 0

In the literature, this principle is classically established under assumptions which ensure that
the value function u satisfies some regularity/ measurability properties. We refer e.g. to the books
by Fleming-Rischel (1975) [82], Krylov (1980) [106], El Karoui (1981) [70], Bensoussan-Lions J.
(1988), Lions P.-L. (1983) [113], Fleming-Soner (2006) [83], Oksendal-Sulem (2007) [122], Pham
(2009) [131].

The case of a discontinuous value function has been studied in a deterministic framework in
the eighties: a weak dynamic programming principle has been established for deterministic control
by Barles (1993) (see [8]) (see also Barles and Perthame (1986) [11]). More precisely, he proves
that the upper semicontinuous envelope u* and the lower semicontinuous envelope u, of the value
function u satisfy, respectively, the sub- and super-optimality principle of dynamic programming
of Lions and Souganidis (1985) [114]. He then derived that the (discontinuous) value function is
a weak viscosity solution of the associated Bellman equation in the sense that u* is a viscosity
subsolution and u, is a supersolution of the Bellman equation.

More recently, Bouchard and Touzi (2011) (see [35]) have proved a weak dynamic programming
principle in a stochastic framework, when the value function is not necessarily continuous, not even
measurable. They prove that the upper semicontinuous envelope u* satisfies the suboptimality
principle of dynamic programming, and under an additional regularity (lower semi continuity)
assumption of the reward g, they obtain that the lower semicontinuous envelope u, satisfies the
super-optimality principle.

A weak dynamic principle has been further established, under some specific regularity assump-
tions, for problems with state constraints by Bouchard and Nutz (2012) in [34], and for zero-sum
stochastic games by Bayraktar and Yao (2013) in [14].

In this chapter we are interested in generalizing these results to the case when the linear
expectation E is replaced by a nonlinear expectation induced by a Backward Stochastic Differential
Equation (BSDE). Typically, such problems in the Markovian case can be formulated as

sup E8r (X)), (6.1.4)
acA

where £% is the nonlinear conditional expectation associated with a BSDE with jumps with con-

trolled driver f(oy, X7, y, 2, k).

Note that Problem (6.1.1) is a particular case of (6.1.4) when the driver f does not depend on
the solution of the BSDE, that is when f(ay, X, vy, 2, k) = f(ay, X7).

We study here the case when the reward function g is only Borelian. We provide a weak
dynamic programming principle. To this purpose, we prove some measurability properties and a
“splitting” result stating that, given an intermediary time ¢ < T', the problem can be decomposed
into two independent parts, one corresponding to the past (before t) and one to the future (after
t). We point out that no regularity conditions on the reward g are required to obtain the sub and
super-optimality principles, which is not the case in the previous literature even in the linear case
(see [35], [34] and [14]). Using this weak dynamic programming principle, we derive that the value
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function u, which is not necessarily continuous, not even measurable, is a weak viscosity solution
of an associated nonlinear Hamilton-Jacobi-Bellman (HJB) equation.

Moreover, in this chapter, we consider the combined problem when there is an additional control
in the form of a stopping time. We thus consider mixed generalized optimal control/stopping
problems of the form

sup sup & [h(T, X2)], (6.1.5)
acATET

where T denotes the set of stopping times with values in [0,7], and h is an irregular reward
function.

The chapter is organized as follows: in Section 6.2, we introduce our generalized mixed control-
optimal stopping problem. Using results on reflected BSDEs, we express this problem as an optimal
control problem for reflected BSDEs. In Section 6.3, we prove a weak dynamic programming
principle for our mixed problem with f-expectation. This requires some specific techniques of
stochastic analysis and BSDEs to handle measurability and other issues due to the nonlinearity of
the expectation and the lack of regularity of the terminal reward.

Using the dynamic programming principle and properties of reflected BSDEs, we prove in
Section 6.4 that the value function of our mixed problem is a weak viscosity solution of a non-
linear Hamilton-Jacobi-Bellman (HJB) variational inequality. In Section 6.5, we give illustrating
examples in mathematical finance such as optimization problems involving recursive utilities and
dynamic risk measures.

6.2 Formulation of the problem

We consider the product space Q := Qy ® Qn, where Qu := C([0,T]) is the Wiener space, that is
the set of continuous functions w! from [0, 7] into R? such that w!(0) = 0, and Qy := D([0, 7)) is
the Skorohod space of right-continuous with left limits (RCLL) functions w? from [0, 7] into R,
such that w?(0) = 0. Recall that  is a Polish space for the topology of Skorohod. Here p,d > 1,
but for notational simplicity, however, we shall consider only R-valued functions, that is the case
p=d=1.

Let B = (B!, B?) be the canonical process defined for each t € [0,7] and each w = (w!,w?)
by Bi(w) = Bi(w") := wi, for i = 1,2. Let us denote the first coordinate process B! by W. Let
PY be the probability measure on (Qyy, B(€y)) such that W is a Brownian motion. Here B(Qy)
denotes the Borelian o-algebra on Q.

Set E := R"\{0} equipped with its Borelian o-algebra B(E), where n > 1. We define the jump
random measure N as follows: for each ¢t > 0 and each B € B(E),

N(,[0,t] x B) := > liapeny. (6.2.1)

0<s<t

The measurable set (E,B(E)) is equipped with a o-finite positive measure v such that [ (1 A
le|)v(de) < oo. Let PV be the probability measure on (Qy,B(Q2y)) such that N is a Poisson
random measure with compensator v(de)dt and such that B? = D 0<s<t AB? as. (note that
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the sum of jumps is well defined up to a PV-null set). In the following, we set N(dr,de) =
N(dr,de) — v(de)dt.

Let F := (F;)i>0 be the completed filtration associated with the canonical process B. We also
define the product probability measure P := PV @ PV,

Let T > 0 be fixed. Let H2 (denoted also by H?) be the set of real-valued predictable processes
(Z;) such that E fOT Z2%ds < oo and let 82 be the set of real-valued RCLL adapted processes (¢5)
with E[supg<,<7 ¢3] < 00,

Let L? be the set of measurable functions [ : (E, B(E)) — (R, B(R)) such that
HlH2 = Jg (e de < oo. The set L? is a Hilbert space equipped with the scalar product

= Jgle v(de) for all I, I € L2 x L2

Let Hi denote the set of predictable real-valued processes (k:(-)) with E fOT ||k8||%3 ds < o0.

Let A be the set of controls, defined as the set of predictable processes o valued in a compact
subset A of R?, where p € N*. For each o € A, initial time ¢ € [0,7] and initial condition = in
R, let (X®5%),cs<r be the unique R-valued solution in 82 of the stochastic differential equation
(SDE):

Xso"t’x:l'—{—/ b(Xf"t’x,ar)dr—l—/ U(Xf"t’x,ar)dWTjL/ /B(Xf"t’x,ar,e)]v(dr, de),
t t t E

where b, 0 : Rx A — R, are Lipschitz continuous with respect to x and o, and f: Rx A X E — R
is a measurable bounded function such that for some constant C' > 0, and for all e € E

|B(z,a,e)] < CV(e), z€R,a € A where Ve L2
1B(z,a,e) — B!, d/ e)| < Clx — 2| + |a— ) ¥(e), z,2" € R,a,a € A.

The criterion of our mixed control problem, depending on «, is defined via a BSDE with driver
function f satisfying the following hypothesis:

Assumption 6.2.1. f: A x [0,T] x R3 x L2 — (R, B(R)) is B(A) @ B([0,T]) ® B(R?) ® B(L?)-

measurable and satisfies
(i) |f(a,t,2,0,0,0)] < C(1+ |z|"),Va € At € [0,T],x € R, where p € N*.

(@) |fla,t,z,y, 2, k)= f(o/ 8,2y, 2 K)| < Clla—/[+ |z =2/ |+ y—y'[+|z = 2|+ [k = K| 12),
Vit € [0,T], z,2',y,v, 2,2 €R, kK € L2, a,a € A.

(”’Z) f(a,t,x,y, Z, k2) - f(aathay?Za kl) Z< P)/(Oéataxaya Z, kla k2)7 k2 - kl >V7Vtaxay7 Z, kla k’g,Oé

where v : A x [0, T] xR3 x (L2)* — (L2, B(L?)) is B(A) @ B([0,T]) ® B(R*) @ B((L?)?)-measurable,

v()(e)] < U(e) and ~(.)(e) > —1 dv(e) —as. where e L2

Remark 6.2.2. Note that if f is of the form f(a,x,y,2,k) = f(a,z,v,2, [ k(e)¥(e)v(de)),
where ¥ is a non negative function belonging to L? and f : A x [0,7] x R* — R is Borelian,
non-decreasing with respect to its last variable, and Lipschitz continuous with constant C' (as in
[9]), then f satisfies condition (iii) with y(k1, k2)(e) := CV(€)L( 1 (ky(e)—ki(e)W(e)r(de) < 0}-
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For all (t,2) € [0,T] x R and all control o € A, let f*"* be the driver defined by
fa7t7x (T’ w’ y? Z’ k) :: f(ar (w)7 T’ X’r(’)[7t’x (w)7 y7 Z7 k)'

Since [ satisfies condition (iii), the driver f®"* satisfies Assumption 6.3.9, which ensures that the
Comparison Theorem for BSDEs with jumps holds (see Section 6.3.3 or [137]).

We introduce the nonlinear conditional expectation &/*"" (denoted more simply by £*4*)
associated with f"® defined for each stopping time S and for each n € L?(Fgs) as:

EXTn =M, t<r <8,

where (X%*);<,<g is the solution in §? of the BSDE associated with driver f***  terminal time

S and terminal condition 7, that is satisfying:

—dXONT = fla,,r, Xobe, xote gote [eabe())dr — ZobedW, — [ K& (e)N (dr, de)
xght =,

where (Z25%), (K®'*) are the associated processes, which belong respectively to H? and H2.
For all (t,z) € [0,7] x R and all control o € A, we define the reward by h(s, X***) for
t <s<Tand g(X3"") for t = T, where

e g: R — R is Borelian.

e h:[0,7] x R — R is a function which is continuous with respect to = uniformly in ¢, and
right-continuous and left-limited with respect to t on [0, T7.

o [n(t,0)] +lg(x)| < C(1+ |2l?), ¥t € [0,T],z € R, with p € N

Let T be the set of stopping times with values in [0, T]. Suppose the initial time is equal to 0.
For each initial condition x € R, we consider the mixed optimal control/stopping problem:

u(0,x) := sup sup 5&£’x[ﬁ(77 X0y (6.2.2)
acATET

where

h(t,z) := h(t,z)1ier + g(2)11—7.
Note that A is Borelian but not necessarily regular in (¢, z).

We now make the problem dynamic. We define, for ¢ € [0,7] and each w € ) the t-translated
path w! = (W!)s>¢ = (ws—wy)s>¢. Note that (wh) sy := (w!—w})s>¢ corresponds to the realizations
of the translated Brownian motion W* := (W, — W;)s>; and that the translated Poisson random
measure N := N(]t, s],.)s>¢ can be expressed in terms of (w?'),>; := (W? — wW?)s>¢ similarly to
(6.2.1). Let F* = (F!)i<s<7 be the completed filtration associated with W* and N*. Let us denote
by T,' the set of stopping times with respect to F* with values in [t,T]. Let P* be the predictable
o-algebra on Q x [t, T] equipped with the filtration F*.

We now introduce the following spaces of processes. Let ¢t € [0,T]. Let H? be the P!-measurable
processes Z on Q x [t,T] such that || 7]y = E[ftT Z2du) < co. We define H7, as the set of P'-

measurable processes K on € x [t, T] such that || K|l = E[ftT || Ky||2du] < oo. Also, we denote
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by S? the set of real-valued RCLL processes ¢ on X [t,T], adapted to the filtration F*, with
Efsup,< .7 93] < o0.

Let A! be the set of controls « : Q x [¢t, T] — A, which are P*-measurable. For each initial time
t and each initial condition z, the associated value function is defined by:

u(t,x) == sup sup & [h(r, X)), (6.2.3)
a€AL TET}
Note that since a and 7 depend only on w', the SDE satisfied by X*** and the BSDE satisfied by
EX[h(r, X2:0%)] can be solved in S x H? x H ,, with respect to the translated Brownian motion
W' and the translated Poisson random measure N' and the filtration F*. Note that the solution
depends on w only through w’. Hence the function u is well defined as a deterministic function of
t and z.

For each o € AL, we introduce the function u® defined as

u®(t,x) := sup 5a’t’m[l_z(7', Xb)].,

t,T
TETE
We thus get
u(t,x) = sup u(t, z). (6.2.4)
acAl

Note that for each o, u®(t,x) > h(t,x), and hence u(t,z) > h(t, ).

Moreover, u*(T,x) = u(T,x) = g(x).

By Theorem 3.2 in [138], for each «, the value function u® corresponds to the solution of the
reflected BSDE associated with driver f*'* := f(a.,-, X*"* y, 2, k), (RCLL) obstacle process

ot — f(s, X**),<o<p, and terminal condition g(X3""), that is
s s SS8S g T
u®(t, x) = Y, (6.2.5)

where (Yobte zobte [ate) e §2 x H? x H? is the solution of the reflected BSDE:

( T
Vit = gOXR) [ fann Xp0, V0w, 220 K2t () + A — AT

T o R
—/ Zﬁ”t’deT—/ /Ka’t’z(r, e)N (dr,de)
s s E

}/;Oé7t,$ 2 5?7t7$ — h(S7Xg’t’x)’O S S < T a.s. 5

A2 is 3 RCLL nondecreasing predictable process with A%"* = 0 and such that

(6.2.6)

T
atx _ ¢atx a,t,x,c otx,d a,t,x
\/ (Y; M)A =0 a.s. and AAJ = —AA; 1{Ysoit,z:£::1t,1} a.s.
0

Here A%%*< denotes the continuous part of A and A%"®? its discontinuous part. In the particular
case when h(T~,x) < g(x), then the obstacle £** satisfies for all predictable stopping time 7,
&~ <& a.s. which implies the continuity of the process A%** (see [138]).

In the following, for each o € Al Y*"* will be also denoted by YSO‘T” [g(X357)]. Using this
notation, equality (6.2.5) can be written:

u(t,m) = YOI = YRt lg(X3h)). (6.2.7)
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The reflected BSDE (6.2.6) can be solved in S7 x H x H7, with respect to the ¢-translated Brownian
motion and the ¢-translated Poisson random measure. Note that the solution depends on w only
through w'.

Our mixed optimal stopping/control problem (6.2.3) can thus be reduced to an optimal control
problem for reflected BSDEs:

u(t,z) = sup Y, = sup YV, 5" [g(X55)].
acAl acAl

This key property will be used to solve our mixed problem. We point out that in the classical

case of linear expectations, this approach allows us to provide alternative proofs of the dynamic
programming principle to those given in the previous literature.

Remark 6.2.3. Some mixed optimal control/stopping problems with nonlinear expectations have
been studied in [15, 138]. In these papers, the reward process does not depend on the control,
which yields the characterization of the value function as the solution of a reflected BSDE. This
is not the case here.

6.3 Weak dynamic programming

6.3.1 Splitting properties

Let s € [0,T]. For each w, let *w := (wypps)o<r<r and w® := (W, — ws)s<r<7-
We shall identify the path w with (*w,w?®), which means that a path can be splitted into two parts:
the path before time s and the s-translated path after time s.
Let a be a given control in A. We show below the following: at time s, for fixed past path © :=°w,
the process a(®,.) which only depends on the future path w® is an s-admissible control, that is
a(®,.) € AS; furthermore, the criterium Y*%%(%,.) from time s coincides with the solution of the
reflected BSDE driven by W* and N*, controlled by a(, .) and associated with initial time s and
initial state condition X %% ().

We introduce the following random variables defined on €2 by

SPrw fwy TP i we W
Note that they are independent. For each w € €2, we have
W= Ss(w) + Ts(w)l]&T},

or equivalently w, = wprs + wilysr(r), fort all r € [0, T7.

We introduce the following notation : for all paths w,w’ € €, (*w,T*(w’)) denotes the path
such that the past trajectory before s is that of w, and the s-translated trajectory after s is that
of w’. This can also be written as:

(Cw, T°(W") == *w+T(W)sr = *w+ wlsl]s,T} = (wrlpcs + (ws + Wl — W) Lrss)o<r<-

Note that for each w € Q, we have (*w, T%(w)) = w.



144

Lemma 6.3.1. Let s € [0,T]. Let Z € H?. There exists a P-null set N such that for each w in
the complement N¢ of N, setting @ := *w = w s, the process Z(0,T%) (denoted also be Z(o,.))
defined by

Z(@,T°): Qx [s,T] > R; (W, r) = Z.(0,T° ("))

belongs to H2. Moreover, if Z € A, then Z(0,T¢) € AS.

Proof. By a classical property of conditional expectations, we have
E[fsT Z2dr])= E[]E[fsT Z2dr|F,]] < +oo. Using the independence of T with respect to F, and the
measurability of ¢ with respect to F;, we then derive that

T T
]E[/ Z2dr| F)] = E[/ Z,(S°, T")2dr| F)] = F(S%) < 400 P —as.

where F(@) :=E[[] Z.(@,T%(-))2dr).
It remains to prove that the process Z(w,T?) : (u',r) — Z,.(©,T%(w')) is P*-measurable.
Suppose we have shown that the map

(A x[s,T],P°) = (A% [s,T],P); (1) — (0, T*()),r)

is measurable. Note that we have Z (w0, T?%)(w',r) = Z o ¢p(w', 1) for each (w',7r) € Q x [s,T]. Since
Z is P-measurable, the P*-measurability of Z(w,T*) thus follows by composition.

It remains to show that the map v is P*-measurable. The proof is based on classical arguments
of Integration Theory. Recall that the o-algebra P is generated by the sets H x|v, T, where H is
a cylindrical set belonging to F,, that is of the following form: H = {B;, € A;, 1 <i < n}, where
A; € B(R?) and t; <ty < ... < w. It is thus sufficient to show that ¢~ (H x]v, T]) € P*. Note that
VY Hx]v,T]) = H x]v, T], where H = {w' € Q, (®,T%(w')) € H}. We have:

- 0 if 3 7 such that t; < s and @,, & A;
{wi, —wi € A;, Visuch that ¢; > s} otherwise.

Hence H' € F¢. This implies that ¢»=*(H x]v,T]) € P*. The map 1 is thus P*-measurable. [

Remark 6.3.2. The same proof shows that this property still holds for each initial time ¢ € [0, T'].
More precisely, let s € [t,T]. Let Z € H? (resp. \Al). For almost every w € €, the process

Z(*w,.) = (Z,(*w, T?)),>s belongs to H? (resp. A%).

Let Z € H2 Let us give an intermediary time s € [0, 7] and a fixed past path *w. Note that
the Lebesgue integral ([ Z,dr)(*w,.) is equal a.s. to the integral [ Z,(*w,.)dr. This property is
not so clear for a stochastic integral. We now show that the stochastic integral ( [ “ Z,dW,) (Cw, )
coincides with the stochastic integral of the process Z(*w, .) with respect to the translated Brownian
motion W?, that is fsu Z(Pw,.)dW?. A similar property holds for the integral with respect to the
Poisson random measure.

Lemma 6.3.3 (Splitting properties for stochastic integrals). Let t € [0,T]. Let s € [t,T]. Let
Z € H? and K € Hf’y. There exists a P-null set N such that for each w € N¢, and & := w, we
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have (Z,(0,T%))y>s € HZ and (K, (2,T%)),>s € H2,,, and thus for eachu € [s,T), [* Z. (&, T*)dW;

and [" [ K.(@,T%,e)N*(dr,de) are well defined, and

(/uZdWT)(@,TS) = /u H(©0, T*)dW? P — as. (6.3.1)
/ /K N(dr,de))(@,T%) = / /K -, e)N*(dr,de) P —as..
Remark 6.3.4. Equality (6.3.1) is equivalent to ([ Z,dW,)(@, = ([1 Z.(@,T)dW;)(w')

for P-almost every w’ € 2. A similar property holds for the Second equahty.

Proof. We shall only prove the first equality with the Brownian motion. The second one with the
Poisson random measure can be shown by similar arguments.

Let us first show that equality (6.3.1) holds for a simple process. Let a < T and let H € L?(F,).
For each w = (Pw, w?®) = (S*(w), T%(w)) € 2, we have

([ HlamdV,)(w.0%) = HCw,0°) (0 i, / H (%, T 1jq V) ().

Let now Z € H2. Let us show that Z satisfies equality (6.3.1). The idea is to approximate Z by an
appropriate sequence of simple processes (Z"),en so that the sequence (Z™),en converges in H? to
Z, and that, for almost every past path *w, the sequence (Z"(*w,T*))nen converges to Z(*w,T*)
in HZ.
For each n € N*, define Z" :=n Z:;l(f@ Zudu)l]gyw](r).

By inequality (6.6.1) in the Appendix, we have [H(Zr(w))?dr < [ Z,(w)?dr, and for each w € Q
and s <wu, [(ZMw) — Z,(w))?dr — 0. As [ Z2dr € L*(9), it follows, by the Lebesgue theorem
for the conditional expectation, that

]E[/u(Zﬁ — Z,)%dr|F,] =0 (6.3.2)

excepted on a P-null set N. Since 5° is Fy-measurable and T is independant of F, there exists
a P-null set including the previous one, such that for each w € N¢, setting @ = *w, we have

B[ (2 - 200l F)@) ~ B[ (201 - 2@ T
= E[(/uZ”( , T)dW?E — /UZT(@,TS)de)Q]. (6.3.3)

The second equality follows by the classical isometry property. Now, for each square integrable
martingale M, M? — (M) is a martingale. Hence, for each w € N¢ where N is a P-null set
included the previous one, setting w = *w, we have

E[/U(Z]} — Z,)¥dr|F)(@) = E[(/u ZmdW, — /u Z,dW,)?| F,) (@)

_ E[((/SqudWT)(cD,TS)—(/SqudWr)(cD,Ts)) . (6.3.4)
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For each n, since Z™ is a simple process, it satisfies equality (6.3.1) everywhere, that is
(/ 20, (@, T%) = / 206, T)dW.

By the convergence property (6.3.2), equalities (6.3.3) and (6.3.4), and the uniqueness property of
the limit in L2, we derive equality (6.3.1), which ends the proof. O

Using the above lemmas, we now show that for each s > t, for almost every w € €, setting
@ = 5w, the process Y*"*(w, T*) coincides with the solution of the reﬂected BSDE on 2 x [s, T,
associated with driver f@7):s1@) yith obstacle h(r, X" o(B.79),8, X3 0"(@) ) and filtration F*, and
driven by W* and N*.

To simplify notation, T* will be replaced by - in the following. In particular Y*"* (&, T%) will
be simply denoted by Y*"*(&, ).

Theorem 6.3.5 (Splitting properties for the forward-backward “system”). Let t € [0,T], o €
Al and s € [t,T). There exists a P-null set N such that for each w € N, setting & = *w, the
following properties hold:

o There exists an unique solution (X&) "N _ 1 in 82 of the following SDE:

u

Xo@den@ — p(p) 4 / b(X @)@ oy (2, -))dr + / o(X@)50@) o (&) dWE

s

//ﬁ @)@ (5 ). )N (dr, de), (6.3.5)

where (@) 1= XSO (&), We also have Xba (@, ) = XX&#1@) g < p < T pog.s.

e There erists an unique solution (Y, zel&)sn@), Kfl@")’s’"@))SQST in S xH3 xHZ,
of the reﬂected BSDE on Q x [s,T] driven by W*# and N® and associated with filtration F?,
driver fo@)s0@)  and with obstacle h(r, X2© "9 We have:

Yore(G,) = ye@sn@) s<r<T, P-—as. (6.3.6)

Zﬁx,t,x@?}’ ) = Zg(ovw),sm(@), s<r<T, dP®dr—a.s.
Kg,t,x((b’ y e) _ K—g(w,-),s,n(w)(.7 e), s<r<T, dP®dr® dy(e) — a.s.

Yatx( ) Ya(w )sm(@) = u® (@, )(3 77( )) (6.3.7)

Proof. Recall that by Lemma 6.3.1 the process a(®, ) := (. (@, )),>s belongs to A?.
Let us show the first assertion. To simplify the exposition, we suppose that there is no Poisson
random measure. There exists a P-null set N such that for each w € N¢, setting © = *w,

Xot(@,) = n(@) + / (X (@), (@, ) du + / (XA )W) (@),

on [s,T] P-a.s. Now, by the first equality in Lemma 6.3.3, there exists a P-null set A/ such that
for each w € N¢, setting @ = Sw, we have

( / o(XE, 0,)AWE) (@, ) = / O(XE(@,.), ar(@,)AW; P —as.,
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which implies that the process (X" (@, -))reps,1 is a solution of SDE (6.3.5), and then, by unique-
ness of the solution of this SDE, we have X®t(@,.) = X2@1@) ¢ < < T pPas.

Let us show the second assertion. First, note that since the filtration F* is generated by W* and
N*, we have a martingale representation theorem for Fs-martingales with respect to W* and N°*.
Hence, there exists an unique solution (Y;*@)#1®) zo@)sn(@) pro@)en(@)y i §2 x H2 x HZ,
of the reflected BSDE on Q x [s,7] driven by W* and N* and associated with filtration F* and
with obstacle h(r, X¢® ") " Equalities (6.3.6) then follow from similar arguments as above
together with the uniqueness of the solution of a Lipschitz BSDE. Equality (6.3.7) is obtained by
taking r = s in equality (6.3.6) and by using the definition of u®(®), O]

6.3.2 Existence of weak c-optimal controls

We first show a measurability property of the function u®(¢, x) with respect to control a and initial
condition .

Lemma 6.3.6. Let s € [0,7].
The map (o, z) — u(s,z); (A x R, B(A2) ® B(R)) = (R, B(R)) is measurable.

Proof. Recall that u®(s,z) = Y. 777" [g(X7™")] also denoted by Y77 [h(., X**7)].
Let 1, 2% € R, and o', a® € A%. By classical estimates on diffusion processes and the assumptions
made on the coefficients, we get

Efsup [X;"0 — X207 P < C(llat = o®|lf, + |2 = 2*P). (6.3.8)
r>s
We introduce the map ® : A3 x R x 82 — 8Z; (o, x,§) = Y77 [€ ], where
Y '77"[€ ] denotes here the solution at time s of the reflected BSDE associated with driver f**% :=
(f(ay,r, X", )1,55) and obstacle & .
By the estimates on reflected BSDEs (see the Appendix in [61]), using the Lipschitz property of f
with respect to z, @ and estimates (6.3.8), for all z',2? € R, a!,a? € A% and ¢!,£% € S?, we have

Yol = Y P < Ol = g + |2t = 2P + 1€ - €113,

The map @ is thus Lipschitz-continuous with respect to the norm || [, + . [* +[| . [5; -

Moreover, the reward map h is Borelian, which implies that the map (a z) = (o, z, h( X))
defined on (A% xR, B(A$)®@B(R)) and valued in (A x RxS? | B(A$)@B(R)®B(S?2) is measurable.
By composition, it follows that the map (o, ) = Y7 [h(., X**%)] = u®(s, ) is measurable. []

For each (¢, s) with s > ¢, we introduce the set A% of restrictions to [s,T] of the controls in AL
They can also be identified to the controls « in A% which are equal to 0 on [t, s].

Let n € L*(F?!). Since n is F,-measurable, it can be written as a measurable map, still denoted
by 7, of the past trajectory *w.

For each w € QF, by using the definition of the function u we have:

u(s,n(°w)) = sup u(s,n(°w)). (6.3.9)

a€AS
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Note that for fixed s, the map x — u(s, z) is not necessarily Borelian.
We now introduce the map u, defined by
u(t, ) == ( hII)l iI(lf )u(t',x’) V(t,z) € [0,T[xR and u.(T,z)=g(x) Vz € R. (6.3.10)
t'a')—(t,x
The map u, thus coincides with the classical lower-semicontinuous envelope of u on [0, T[xR. Tt
follows that wu, is Borelian. Note also that u, < u.

Using the measurability of the maps (o, x) — u®(s, ) and x — (s, x), we derive the existence
of nearly optimal controls for (6.3.9) satisfying some specific measurability properties.

Theorem 6.3.7. (Erxistence of weak e-optimal controls) Let t € [0,T], s € [t,T] and n € L*(F!).
Let € > 0. There exists of € AL such that, for almost every w € Q, of(*w,T*) is weak e-optimal
for Problem (6.3.9), in the sense that

(s, (w)) < w5 n(°w)) + e

Proof. Without loss of generality, we may assume that ¢ = 0. We introduce the space *Q2 :=
{(wr)o<r<s;w € Q}, equipped with the o-algebra F;, that is the o-algebra associated with the
coordinate process, and the probability measure °P, which corresponds to the image of P by *S
ie. Po(S%)~L

Let # € R. From the definition of u(s, z) as a supremum (see (6.2.4)), we derive that for each
@ € *Q, there exists a° € A$ such that u(s,n(®)) < u® (s,n(©)) + ¢ and hence such that

us (s, (@) < u (5,7(@)) +&.

Recall that the Hilbert space H? of square-integrable predictable processes on ° x [s, T'], equipped
with the norm || - ||m2 is separable. It follows that A is a Polish space because it is a closed
subset of H2. Also, recall that the space *Q) of paths (RCLL) before s is Polish for the Skorohod
metric. Now, 7 is F-measurable and the map wu, is Borelian. Moreover, by Lemma 6.3.6, u® is
B(R) ® B(.A%)-measurable with respect to (z,«). We thus have that

A={(@,0a) €’ Ux A, uls,n@)) <u(s,n@))+e} € Fs®B(A]). (6.3.11)

Now, a measurable selection theorem of [53] in Section 81, Appendix of Ch. III (see also [16])
ensures that if A is a Borel subset of 2 x E, where ) is a metrizable space and E a Polish space,
and if for each w € €, there exists a € F such that (w,«) € A, then there exists an universally
measurable map h :  — E such that for allw € Q, (w, h(w)) € A. Also, by a result of Measurable
Theory (see Remark 6.6.4), if £ is a (separable) Hilbert space, for each probability P on B(f)
there exists a Borelian map h : Q — E such that h(w) = h(w) for P- almost every w.

Let us apply these properties to our case with (2 replaced by *€2, P replaced by *P, E = A3,
A = A defined by (6.3.11). We thus obtain that there exists a Borelian map &° : (°Q, F;) —
(A%, B(A2)); @+ &°(w,-) such that

uy(5,1(0)) < u @) (s, (@) +e for *P — almost every & € *Q.

Since H? is a separable Hilbert space, for each @, we have &5 (w,w) = Y, ¢ (w)el,(w) dP(w) ® du-
a.s. , where "°(@) =< &°(@,),€'(-) >m2 and {e’,7 € N} is a countable orthonormal basis of H?.
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Note that 3% is F,-measurable.
Let af : (°Q, Fs) v (A%, B(A%)); @ = af(w,-) = >, 85 (@)e'(+). It is a measurable map.

We now define a process o on [0,T] x Q by af(w) := >, 3%°(5*(w))e'(w). It remains to prove
that it is predictable, that is P-measurable. Note that 3% o S® is F,-measurable by composition.
Since the process (€,)s<u<r is P*-measurable, the process (3 o S%) ¢!, is P-measurable. Indeed,
if we take e’ of the form ¢!, = H1y, 7(u) with r > s and H a random variable F?-measurable,
then the random variable (8°0S®) H is F,-measurable and hence the process (8“0 S*) H1y, 1y is
P-measurable. The process o is thus P-measurable.

Note also that af (@, T%(w)) = Y, 4 (@)e' (@, w). Now, we have ¢'(@, T%(w)) = €'(w) because €' (w)
depends on w only through 7%(w). Hence, af(®, T*(w)) = a*(@,w), which completes the proof. [

Remark 6.3.8. Recall that in control theory, selection theorems are closely related to the exis-
tence of optimal or nearly optimal controls and their regularity or measurability properties (see,
among others, [81] in a deterministic framework, and [17] in a discrete time Markovian stochastic
framework).

The above result will be used to prove that the map wu, satisfies a super—optimality principle of
dynamic programming (see Theorem 6.3.13). In the next section, we provide a Fatou lemma for
reflected BSDEs which will be also used to prove this super—optimality principle.

6.3.3 A Fatou lemma for reflected BSDEs

In this section, we establish a Fatou lemma for reflected BSDEs, where the limit involves both
terminal condition and terminal time. We first introduce some notation.

A function f is said to be a Lipschitz driver if
[0, TIxQAxR*x L2 — R (w,t,y,2,k(-)) = f(w,t,y, 2 k() is PQB(IR*) @ B(L?)— measurable,
uniformly Lipschitz with respect to ¥, z, k(-) and such that f(.,0,0,0) € IH?.

A Lipschitz driver f is said to satisfy Assumption 6.3.9 if the following holds:

Assumption 6.3.9. Assume that dP ® dt-a.s for each (y, z, ki, ko) € R? x (L2)?,

f(t>y7 Z, kl) - f<t7y7 Z, k2) 2 <7ty,Z7k17k2 ) kl - k?)l/?

with y = [0,T] x Q x R2 x (L2)2 = L2; (w,t,y, 2, ki, ks) — 422" (w. ), supposed to be P &
B(R?) @ B((L?)?)-measurable, bounded, and satisfying dP @ dt @ dv(e)-a.s., for each (y, z, ki, ko)
€ R? x (L})?,

APERR ) > 1 and WP ()| < (e),  where  1p € L2 (6.3.12)

Recall that this assumption ensures the comparison theorem for BSDEs with jumps (see [137]
Th 4.2).

Let (1;) be a given obstacle RCLL process in 8 and let f be a given Lipschitz driver. In
the following, we will consider the case when the terminal time is a stopping time ¢ € T and
the terminal condition is a random variable £ in L?*(Fy). In this case, the solution, denoted
(Y.0(8),Z 0(£),k.0(€)), of the reflected BSDEs associated with terminal stopping time 6, driver f,
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obstacle (7,)s<g, and terminal condition £ is defined as the unique solution in & x H? x H2 of the
reflected BSDE with terminal time 7', driver f(t,y, z, k)1p<gy, terminal condition § and obstacle
mlico + Elisg. Note that Yip(&) =&, Zig(§) = 0,k p(§) =0 for t > 6.

We first prove a continuity property for reflected BSDEs where the limit involves both terminal
condition and terminal time.

Lemma 6.3.10 (A continuity property for reflected BSDEs). Let T' > 0. Let (1) be an RCLL
process in 8. Let f be a given Lipschitz driver. Let (0™),en be a mon increasing sequence of
stopping times in T, converging a.s. to 0 € T as n tends to co. Let (§")nen be a sequence of
random variables such that E[sup,,(§")?] < +oo, and for each n, £" is Fyn-measurable. Suppose
that ™ converges a.s. to an Fy-measurable random variable £ as n tends to oco. Suppose that

ng <& as. (6.3.13)

Let Y gn(£7); Y 9(&) be the solutions of the reflected BSDEs associated with driver f, obstacle
(Ms)s<on (Tesp. (Ns)s<g) , terminal time 0™ (resp. ), terminal condition £" (resp. £). We have

Yoo(€) = nl_lgloo Yoor(§")  a.s.

When for each n, 6, = 0 a.s., the result still holds without Assumption (6.3.13).

Remark 6.3.11. Compared with the case of non reflected BSDEs (see Proposition A.6 in [137]),
there is an additional difficulty due both to the obstacle and to the variation of the terminal time.
An additional assumption (Assumption (6.3.13)) is here required to obtain the result.

Proof. Let n € N. We apply a classical estimate on reflected BSDEs (see Proposition 5.7.6) with
P = fLli<on, [2 = fli<g, & =€, & =&, 0 = nilicon + E Lgnayer and 17 = n1ycp + Nplo<icon +
£1lgneior. Using the notation of Proposition 5.7.6, (Y?, Z¢, K') denotes the solution of the reflected
BSDE associated with terminal time 7', driver f, obstacle (n}) and terminal condition £*. We have
Y1 =Y ¢gn(£") a.s. Moreover, since by assumption 79 < £ a.s., we have Y? =Y 4(¢) a.s. Note that
(Y2, Z2, k) = (£,0,0) a.s. on {t > #}. We thus obtain

on

Vo (€") - Yaole) < & (EIE" ~ 0 + B[ £5.6.0.005 )46 | sup In=rolliz, (631

0 <s<Om

where the constant K depends only on the Lipschitz constant C' of f and the terminal time T,
and where the constant ¢ depends only on C, T, ||n|/s2, sup,, ||€"||z2 and || f(s,0,0,0)| 2. Since
the obstacle (1) is right-continuous and 6" | 6 a.s., we have lim,,_, ;o || SUPg<s<gn [7s — 0] 2 = 0.
The right member of (6.3.14) thus tends to 0 as n tends to +0o0. The result follows. O

Using this lemma, we derive a Fatou lemma in the reflected case, where the limit involves both
terminal condition and terminal time.

Theorem 6.3.12 (A Fatou lemma for reflected BSDEs). Let T > 0. Let (n;) be an RCLL process
in 8%. Let f be a Lipschitz driver satisfying Assumption 6.3.9. Let (0")nen be a non increasing
sequence of stopping times in T, converging a.s. to 6 € T as n tends to oo. Let (§")nen be a
sequence of random variables such that E[sup,,(§")?] < +o0, and for each n, £" is Fyn-measurable.
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Let Y gn(£") ; Y g(liminf, 1 &™) and Y g(limsup,_,, &™) be the solution(s) of the reflected
BSDE(s) associated with driver f, obstacle (ns)s<on (resp. (Ns)s<q) , terminal time 6™ (resp. 0),
terminal condition " (resp. liminf,_, . " and limsup,_,, " ).

Suppose that

lminf&™ >ny (resp. limsup&” >ny) a.s. (6.3.15)

n—r+00 n——+00
then Yo o(liminf £") < liminf Yj ¢ (") (resp. Yo o(limsup &™) > lim sup Yg gn (5”)) :
n—+00 n—+00 n——+00 n—+o00

When for each n, 6, = 0 a.s., the result still holds without Assumption (6.3.15).

Proof. We present only the proof of the first inequality, since the second one is obtained by similar
arguments. For all n, we have by the monotonicity of reflected BSDEs with respect to terminal
condition, Yj gn (inf,>, &) < Ypon(€"). We derive that

e Yoo (U1 %) < I i Your ()

By Assumption (6.3.15), since lim,,_, ;o inf,>, & = liminf, ,, " a.s. , Lemma 6.3.10 yields that

lim Ypgn(inf €7) = Yp p(liminf £").
n—-+00

n—+o00 p>n

The desired result follows. O

6.3.4 A weak dynamic programming principle

Since for fixed s, the value function x — (s, x) is not necessarily Borelian, we cannot a priori es-
tablish a classical dynamic programming principle. We will provide a weak dynamic programming
principle involving the map w, (defined above by (6.3.4)) and the map u* defined by
u*(t,x) ;== limsup u(t',2') V(t,z) € [0,T[xR and u*(T,z)= g(x) Vx € R.
(t' ") (t,x)

The map u* coincides with the classical upper semicontinuous envelope of u on [0, T[xR. Tt
follows that u* is Borelian (as u,). Note that u* (resp. w,) is not necessarily upper (resp. lower)
semicontinuous on [0, 7] X R, because the terminal reward map ¢ is Borelian but is not supposed to
satisfy any regularity assumption. Note also that u, < u < u* and u.(T,.) = u(T,.) = u*(T,.) =
9(.)-

We now prove that the value function satisfies a weak dynamic programming principle, in
the sense that u* (resp.u,) satisfies a weak sub- (resp. super-) optimality principle of dynamic
programming. In order to do this, we will use the splitting properties (Th. 6.3.5 ), the existence
of weak e-optimal controls (Th. 6.3.7) and the above Fatou lemma for reflected BSDEs, where the
limit involves both terminal condition and terminal time (Th. 6.3.12).

Theorem 6.3.13 (A weak dynamic programming principle). The function u* satisfies the weak
sub—optimality principle of dynamic programming, that is for each t € [0, T| and for each stopping
time 6 € T, that is

u(t,z) < sup sup& g2 [h(r, X2 ) 10 + (0, X" ) 1759] (6.3.16)
acAt reTt
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The function u, satisfies the weak super—optimality principle of dynamic programming, that is for
each t € [0,T] and for each stopping time 6 € T}, that is

u(t,z) > sup supé&, .9tAT [A(T, XM7Y 1 g + w0, Xg7) 1,50] - (6.3.17)
ac Al TeT?
Remark 6.3.14. We stress that no regularity condition is required on the terminal reward map g
to ensure these dynamic programming principles, even the second one, which is the most difficult
one to establish. This is not the case in the previous literature even in the case of a classical
expectation, where g is supposed to be lower-semicontinuous (see [35], [34] and [14]).

Before giving the proof, we introduce the following notation. For each § € T and each &
in L?(Fy), we denote by (Y5"(€), 2% (€),k%""(€)) the unique solution in &% x H? x HZ of
the reflected BSDE with driver f***1,<¢}, terminal time T, terminal condition £ and obstacle
h(r, X®)1, 9 + £1,5¢.

Proof. By estimates for reflected BSDE (see Prop. 5.1 in [61]), the function u has at most poly-
nomial growth at infinity. Hence, the random variables u*(6, X¢*"") and u.(6, X§*"") are square
integrable. Without loss of generality, to simplify notation, we suppose that ¢t = 0.

We first show the second assertion (which is the most difficult), or equivalently:

sup Ybaeox [u. (0, X5"")] < u(0,2), VOe€T. (6.3.18)
acA

Let @ € T. For each n € N, we define

2" —1

0" =Y tyla, + Tlor, (6.3.19)
k=0

where t;, := (Hl)T and Ay, = {kT <0< (k;#} Note that ™ € 7 and 0™ | 0 a.s.

On {0 = T} we have " = T a.s. for each n. We thus get u.(0", Xg:>%) = u. (0, X5"") as. for
each n on {# = T'}. Moreover, on {# < T}, the lower semicontinuity of u, on [0, T[xIR together
with the right continuity of the process X*%% implies that

u (0, X50%) < liminf u, (07, X3:2%)  as.

n—-+o00

Hence, by the comparison theorem, we get:

YO‘T(;O’I [u. (0, X507)] < YE)O"(;O’QC lim inf u, (6", X3:%) | a.s.

n—-4o0o

On {0 < T}, we have

lim inf (0", Xg:"") > lim inf A(0", Xg:"") = lim h(0", X3:%) = h(0, X3°*")  a.s.

n—oo n—oo n—00

by the regularity properties of h on [0, T[xR.
On {0 = T} we have " =T a.s. for each n. We thus get

w (07, Xg2"") = ul (T, X30F) = g(X$0%) = h(T, X3°%)  a.s.
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Hence, we have liminf,_, o u. (0", X3:%) > h(, X5") a.s. Condition (6.3.15) is thus satisfied
with €* = u, (0", X3:0%) and & = h(t, X{*""). We can thus apply the above Fatou lemma for
reflected BSDEs (Th. 6.3.12). We thus get:

Yo [u*(G,Xg"O’x)} < YOO [limiinf u, (07, X:") | < liminf Y 50" [u. (67, Xgi;o’x)] a.s.
’ ’ n—-+00 n—o00 ’
Fix n € N. Let A;, be the set of the restrictions to [tg, 7] of the controls « in .A. By Theorem
6.3.7, for each € > 0, for each k, there exists a weak e-optimal control control a™* in Agk for the
control problem at time ¢; with initial condition n = Xf;’o’z, that is satisfying the inequality

,0,x (t ek (T . a,0,x (t
Ui (b, X0 P () < w0 (4 XPOT(Tw)) + e (6.3.20)
. e,k (t .
for almost every w € Q. By definition of u®""" (") we have
ikt . t XQ’O’I(tkw) an,e,k tn X(X»O,ﬂ”
a"vavk(tkw,-) a,O,I tr . a™ ( W, )7 k> tg . slks g th
k a,0,z
a"’s’k,tk7X?’O’z o€ ,tk,th’ o Ot"’s’k,tk,X?’O’z .
Here, Y L= v), [h(r, X, * )] denotes the solution of the reflected

. . . . 7 Oén’s’kikvXta’O,m .
BSDE associated with terminal time T, obstacle (h(r, X " Nt<r<r and driver
a,0,z
amek g X0 . n.e,k st Xy
f o (r,y, 2, k) = fla™®F r, X, Y, 2, k).

2n—1 :
Set o = a™ 1, . Since for each k, Ay € F;,, we have

an,e,k’thOﬁO,Z

an,e,k tr X;LOJT f tg 1A _ an,s,k ts XOMOJ
b bl k o k ’ I tk
Y;tk,T ]‘Ak - }/;k,T [h(?“, Xr )]‘Ak]
n,e gn on,O,z 0.3
fa rgn ]‘Ak _ an,e’en’Xgéﬁ ’
=Yyr [(r, X )1a,]
a™e gn X&,O,JC
o U, A gn
= Yy 14, a.s.,

where, for a given driver f, Y/14r denotes the solution of the reflected BSDE associated with f1 A -
Using inequality (6.3.20), we get

on_q
a,0,z a,0, an,syan’XO(,O,x
w, (0", Xgn ") = Ua(th, X )a, < Ygurpm 7 4 as.
k=0
We set:
6&?76 = Oés]_s<9n + Oég’a]_gngsg’f.

Note that a™* € A. Using the comparison theorem together with the estimates on reflected BSDEs
(see [61]), we obtain

N a,0,x ~n,
Yo (0", Xg:2)] < Yo oy "0 | 4 Ke = Yo ™07 + Ke,

where the last equality follows from the flow property. Since %O:‘;’e’o’z < u(0,x), we have

)/()C:zé%w[u*(gn’ Xéiio’””)] <u(0,z)+ Ke a.s.
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which holds for all n. Hence, by inequality (6.3.4), we get
Yool [ua(0, X5°%%)] < (0, x) + Ke.

Taking the supremum on «a € A and letting ¢ tend to 0, we obtained inequality (6.3.18).
It remains to show the first assertion, that is, u* satisfies the sub—optimality principle of dynamic
programming (which is the easiest one). It is sufficient to show that for each 6 € T,

w(0,x) < sup Yyy™* [u* (0, X5 . (6.3.21)
acA

Let 0 € 7. As in the proof of the super-optimality principle, we approximate 6 by the sequence

of stopping times (0"),cn. Let n € N. By applying the flow property for reflected BSDEs, we get
n a,0,x

YO‘?"TOW — }/E]?‘ég’m [Yﬁ? Ko ]. By similar arguments as in the proof of the super—optimality principle

(but without using the existence of weak-optimal controls), we derive that:

a,0,z
0™ X5

n * a,0,x
Yo p 70 <07, X ) as.

By the comparison theorem for reflected BSDESs; it follows that

n a,0,z
Yo = Y Y ] < Yl (07, X507 aus.

By taking the limit in n in the above relation and using the Fatou lemma for reflected BSDEs with
respect to both terminal time and terminal condition (Th. 6.3.12), we get:

YO‘f"TO’x < lim sup Yoofé%m [u* (6", X;;O’I)] < Yo%’o’gc[lim sup u* (0", Xgﬁ;o’x)] a.s.

n—o0 n—oo

By the upper semicontinuity property of u* on [0,7[x IR and the fact that u*(T,z) = g(x), we
finally obtain

Yor” < Yog "llim sup u* (0", Xg2)] < Yo' w0, X5"7)] as.

n—o0

Since a € A is arbitrary, we get inequality (6.3.21), which completes the proof. O]

Remark 6.3.15. The above proof also shows that the weak dynamic programming principle of
Theorem 6.3.13 still holds with 6 replaced by 6% in inequalities (6.3.16) and (6.3.17), given a family
of stopping times indexed by controls {6%, a € Al}.

6.4 Nonlinear HJB variational inequalities

6.4.1 Some extensions of comparison theorems for BSDEs and re-
flected BSDEs

We provide two results which will be used to prove that the value function u, defined by (6.2.3),
is a weak viscosity solution of some nonlinear Hamilton Jacobi Bellman variational inequalities
(see Theorem 6.4.5). We first show a slight extension of the comparison theorem for BSDEs given
in [137] which formally states that if two terminal conditions &;, &, satisfy £ > & + &, then the
associated solutions X! and X? satisfy X! > X% 4 ¢K.



155

Lemma 6.4.1. Let ty € [0,T] and let 6 € Ty,. Let & and & € L*(Fy). Let fi be a driver. Let fo
be a Lipschitz driver with Lipschitz constant C' > 0, satisfying Assumption 6.3.9. Fori=1,2, let
(X}, 7wl 18) be a solution in 8* x IH* x IH? of the BSDE associated with driver f;, terminal time 0
and terminal condition &;. Suppose that

&1 >&+eas and fl(t,th,ﬂtl,ltl) > fg(t,th,ﬂtl,ltl) to<t<0, dt ®dP a.s.

where € is a real constant. Then, for each t € [to, 0], we have X} — X} > ee T a.s.

Proof. From inequality (4.22) in the proof of the Comparison Theorem in [137], we derive that
tho — XEO > e “TE [Hyyp¢ | Fi,) a.s., where C is the Lipschitz constant of f,, and (Hyy,s)sefto,m) 18

the non negative martingale satisfying dH,, s = Hy, s~ [BsdWs + fE vs(w)N(ds, du)| with Hy, 4, = 1,
(Bs) being a predictable process bounded by C. The result follows. n

From this property, we derive the following comparison result.

Proposition 6.4.2 (A comparison theorem between a BSDE and a reflected BSDE). Let t, € [0, 7]
and let 0 € Ty,. Let & € L*(Fy). Let fi be a driver. Let fo be a Lipschitz driver with Lipschitz
constant C' > 0 which satisfies Assumption 6.3.9. Let (£2) € §?.

Let (X}, 7}, 1}) be a solution of the BSDE associated with fy, terminal time 6 and terminal condition
&' Let (Y}?) be the solution of the reflected BSDE associated with fo, terminal time 6 and obstacle
(£2). Suppose that

{f1<t7Xt177Ttl7lt1) Z fQ(t7Xt177Tt17lt1)7 tO S t S ‘97 dt ® dP a.s. (6 4 1)

X§2§f+5, to <t <46 as.
Then for each t € [ty, 0], we have X} > Y2 +ce T a.s.

Proof. Let t € [tg,0]. By the characterization of the solution of the reflected BSDE as the value
function of an optimal stopping problem (see Theorem 3.2 in [137]), Y{* = esssup,cy, , E7-(€7).
Now, by Lemma 6.4.1, for each 7 € Ty g, X} > £ ,(€2) + ¢ "¢ a.s. By taking the supremum over
7 € Tp9), the result follows. O

Remark 6.4.3. We stress that unlike to the comparison theorem for two reflected BSDEs where
condition f(t,y,z,k) > f3*(t,y,z, k) is required for all y,z,k, in the above Proposition, this
condition is required to be satisfied only along the solution of the BSDE. This point will be used
in the proof of Theorem 6.4.5.

6.4.2 The value function, weak solution of a nonlinear HIBVI
We introduce the following Hamilton Jacobi Bellman variational inequality (HJBVI):

(min(u(t, ) 5 h(t,z), 5
infuea (= (6 0) = Lu(t,2) = fla,t,a,u(t ), (050)(t,2), Bult, 2)) = 0,
(t,2) € 0,T) x R

\u(T,7) = g(x),r € R

(6.4.2)

where L% := A% + K%, and for ¢ € C*(R),
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o A%(x):= %(72(13, a)%(x) + b(x, a)%(x) and B*¢(z) == ¢(z + Bz, a, 1)) — o(x).
99

o Ko¢(z) = [g | ¢(x + B(z,a,¢) — ¢(x) — -~ (2)B(z, a, €) | v(de).
ox

Definition 6.4.4. e A function u is said to be a wiscosity subsolution of (6.4.2) if it is upper
semicontinuous on [0, T[xR, if u(T,z) < g(x),x € R, and if for any point (¢, x¢) € [0,T[xR and
for any ¢ € C12(]0, T] x R) such that ¢(to, xo) = u(te, ro) and ¢ —u attains its minimum at (¢, z),
we have

min(u(to, zo) — h(to, o),

it (=22 1, 20) — L6t 20) — (01 o, 70, ulto,w0), (00 ho, w0), B(to, ) < 0.

In other words, if u(to, zo) > h(to, xo),

iIlf (—aa—f(to, I'0> — La¢(t0, ZE()) — f(Oé, t(], Zo, U(to, ZL'()), (U%)(fo, .To), Ba¢(t0, .%'0))) S O

acA

e A function w is said to be a wviscosity supersolution of (6.4.2) if it is lower semicontinuous on
[0, T[xR, u(T,x) > g(x),z € R, and if for any point (to, zo) € [0, T[xR and any ¢ € C12([0, T] xR)
such that @(to, o) = u(to, o) and ¢ — u attains its maximum at (tg, zo), we have

min(u(to, zo) — h(to, zo),

inf (—%(ﬁ(lﬁo, ZL’(]) — La¢<t0, 130) — f(Oé, to, Zo, U(to, l’o), (U%)(fo, .To), Bagb(t(), .170))) Z 0.

a€cA

In other words, we have both wu(to, zog) > h(ty, z) and

inf (-g—f(to, lL‘()) — Lagb(t(), ZL‘()) — f(a, t(), Zo, U(to, [L'()), (Ug—i)(tm 170), Bagb(to, ZL‘()))) Z O

acA

Note that if a map is both a viscosity subsolution and a viscosity supersolution, then it is
continuous and a viscosity solution in the classical sense. Here, since the value function u is not
regular, it is not in general a viscosity solution in the classical sense.

Using the weak dynamic programming principle (Theorem 6.3.13) and the comparison theorem
between a BSDE and a reflected BSDE (Proposition 6.4.2), we now prove that the value function
of our problem is a weak viscosity solution of the above HIBVI. More precisely, without additional
assumptions, the following theorem holds.

Theorem 6.4.5. Under the same assumptions as those of Theorem 6.3.13, the function u, defined
by (6.2.3), is a weak viscosity solution of the HIBVI (6.4.2), in the sense that u* is a viscosity
subsolution of (6.4.2) and u. is a viscosity supersolution of (6.4.2).

Proof.  We first prove that u* is a subsolution of (6.4.2). Let (to,z9) € [0,T[xR and ¢ €
C12([0, 7] x R) be such that ¢(tg, 7o) = u*(to,zo) and ¢(t,z) > u*(t,z), V(t,z) € [0,T] x R.
Without loss of generality, we can suppose that the minimum of ¢ —u* attained at (to, x¢) is strict.
We suppose that u*(to, o) > h(to, zo) and that

i (2 (10 20) — L6t 20) — (0 o, 0, 0lt0,70), (090, 20), Bk, ) > 0.
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By uniform continuity of K%¢ and B%¢ : [0,7] x R — L? with respect to a, we can suppose that
there exists € > 0, . > 0 such that: V(¢,z) such that to <t <ty +n. <T and |z — x| < 7., we
have: ¢(t,x) > h(t,z) + € and
) N ¢ o
_agb(tv .1') - L ¢(t,$) - f(aata z, ¢(t7 iIZ’), (Ua_)@ax)a B ¢(t,$)) > €, Va € A. (643>
x

We denote by B,,_(to, zo) the ball of radius 7. and center (¢, z). By definition of u*, there exists
a sequence (t,z,), in B,_(to, zo), such that (t,, zn, u(ty, z,)) = (to, o, u*(to, z0)).
Fix n € N. Let a be an arbitrary control of Aiz and X*™ the associated state process.
We define the stopping time 6" as

0™ == (tog + o) Ainf{s > t,, | X>T™ — x0] > 1.}

Applying It6’s lemma to ¢(t, X", we obtain:

gosm

(ﬁ(tn,Xg;tn,xn) — ¢(9a,n7X0aOf2,xn) . / was (S, Xsa’t"’x")ds
t

n
90411

- [ e, - [

9 y(s,2) + L0 (s, v).

Os
0
Note that (¢(s, X)), (aa—as)(s,Xf’t"’m”), B ¢(s, X&' ™); s € [t,,0%"]) is the solution of the
T

BSDE associated with the driver process —¢®:(s, X®'*n) terminal time §*" and terminal value
G(O", Xoatw™). By (6.4.3) and by definition of #", we get that for each s € [t,, 0*"]:

9¢
ox

ean

/ B ¢(s, X2 )N (ds, de)
E

where (s, ) 1=

—Y% (s, X) > flon, s, X3 g5, X, (057) (s, X, Bo(s, X)) 4 (6.4.4)

for each s € [t,,0%"]. This inequality gives a relation between the drivers —i® (s, X®'*n) and
f(as, ) of two BSDEs. Now, since the minimum (%o, x¢) is strict, there exists . such that:

u*(t,x) — o(t,x) < —v. on [0, 7] x R\ B, (to, xo). (6.4.5)
We have
GO Nt Xy ) = ot X" ) Lycgon + (0%, Xpali ™ Vysgon, by <t <T.

To simplify notation, set . := min(e, 7). Using (6.4.5) together with the definition of %", we
derive that for each t € [t,,, 0*"]:

oL, XY > (h(t, XY 4 5) Lycgam + (u* (0%, X52l ™) + 0.)1j—gam  aus.

This, together with inequality (6.4.4) on the drivers and the above comparison theorem between
a BSDE and a reflected BSDE (see Proposition 6.4.2) lead to:

Gtn, 2n) > Y2gir [t X7 ) ycgam + w (0%, Xgior ™ ) Li=pe] + 0K,
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where K is a positive constant which only depends on 7" and the Lipschitz constant of f.

Now, recall (t,,z,, u(t,, x,)) — (to, xo, u*(to,z0)) and ¢ is continuous with ¢(tg, ) = u*(to, o).

We can thus assume that n is sufficiently large so that |¢(t,, z,) — u(ty, z,)| < 5T.Hence,

(03 x (03 x * a,n (e €T 5 K
U(tn, ) = Y000 [h(E, X7 Lcgon + u™ (00", Xgal ™ ) 1i—ga] + ——.

As this inequality holds for all a € Aﬁz, we get a contradiction of the sub-optimality principle of
dynamic programming principle (6.3.16) satisfied by u* (see also Remark 6.3.15).

e We now prove that u, is a viscosity supersolution of (6.4.2).

Let (tg, z9) € [0, T[xR and ¢ € C*?([0,T] x R) be such that ¢(tg, xg) = u(to, xo) and ¢(t,z) <
u(t, ), V(t,z) € [0,T] x R. Without loss of generality, we can suppose that the maximum is
strict in (to, zo). Since the solution (Y *0#0) stays above the obstacle, for each o € A, we have
us(to, xo) > h(ty,xo). Our aim is to show that:

igg(—%¢(to,xo) — L?¢(to, o) — f(a, to, 0, d(to, To), (U%)@o, o), B¢(to, 20))) > 0.

Suppose for contradiction that this inequality does not hold.
By continuity, we can suppose that there exists a € A, € > 0 and 7. > 0 such that:
V(t,x) with tg <t <ty +n. <T and |x — zo| < 7, we have:

9¢

a « «
—agb(t, x) — LY(t,x) — fla,t,z, ¢(t, ), (0%)@,1:), BYp(t,x)) < —e. (6.4.6)

We denote by B,_(to, o) the ball of radius 7. and center (to,zo). Let (¢,,z,), be a sequence in
B, (to, xo) such that (t,, 2, u(tn, ) — (to, To, ux(to, xo)). We introduce the state process X @i on
associated with the above constant control a and define the stopping time 6™ as:

0" == (to + ne) Ainf{s > t, , | Xt — 20| > p,}.

By It6’s lemma applied to ¢(s, X&), we have that

8 « X n
(65, X2, (0 92) (5, X ), Bo(5, X2 5 € [1,67)

is the solution of the BSDE associated with terminal time ", terminal value ¢(6", Xg:"*") and
driver —¢p*(s, X®'¥n). The definition of the stopping time 6™ and inequality (6.4.6) lead to:

99
o2

- wa((S? X,Sa,tn’mn) S f(a7 S? X‘90é7tn’$n7 ¢(87 X?’tn7mn)’ ( 81‘

)(s, Xgmmm), Bg(s, X)), (6.4.7)

for t,, < s < 0" ds ® dP-a.s. Now, since the maximum (o, x¢) is strict, there exists 7. (which de-
pends on 7)) such that u, (¢, 2) > ¢(t, 2)+7. on [0, T]xR\ B, (to, 7o) which implies (6", Xgu'"") <
w4 (0, Xgi;t"’x") — 7. Hence, using inequality (6.4.7) on the drivers, together with the comparison
theorem for BSDEs, we derive that:

Otn, Tn) = & lgnld(0", Xgi™™)] < ERGt w0, X5 ™) = 7] < Epigi [un (67, Xgi ™)) = 7K.
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where the second inequality is obtained by using the above extension of the comparison theorem

0. K
(Lemma 6.4.1). Now, we can assume that n is sufficient large so that |¢(t,, z,) —u(t,, ,)| < 52 .

Hence, we get:

K
lt, ) < ELG (07, Xgitmom)] = T (6.4.8)
Since u, satisfies the super-optimality principle of dynamic programming (Th. 6.3.13), we have
U(tn, 2n) > & fé‘,;“ [, (07, Xg:"")]. This inequality with (6.4.8) lead to a contradiction. O

Remark 6.4.6. We mention the paper [127] which studies stochastic control with nonlinear ex-
pectation in the regular case (and when there is no stopping time optimization). The approach is
different and relies on the continuity assumption of the reward function. We also mention [145]
where relations between some nonlinear HJB equations and second order BSDEs in the Brownian
case are studied.

6.5 Examples in mathematical finance

Maximization of recursive utility of terminal wealth. We consider a portfolio optimization
problem for an agent with recursive utility. His wealth process X®%* is controlled by «, which
represents a portfolio-strategy. The recursive utility process is defined via a BSDE associated
with a driver f: [0,T] x R? x L2 — R; (t,y,2,k) — f(t,y, 2, k) satisfying Assumption 6.2.1 and
concave with respect to y, z, k. The terminal reward is given by h(X%’t’x), where h is a concave
non decreasing map. Recall that the recursive utility generalizes the standard additive utilities but
in this case, the utility depends on the future utility through the dependance of the driver f on y
(see [69]). Also, the recursive utility may depend on the future utility “variability” or “volatility”
through the dependance of f with respect to z and k.

If x is the initial wealth, for each strategy «, the associated recursive utility function at initial
time ¢ is equal to & p[h(X3"")], where € is the f-conditional expectation associated with the driver
f. The aim of the investor is to maximize his recursive utility of wealth over all portfolio-strategies
a € Al. By Theorem 6.4.5, the value function u(t, x) defined by

u(t, z) ;= sup é’tt;[h(X;m)]

acAl
is a weak viscosity solution of the nonlinear HJB equation:

Sup(%(t, x) + Lu(t, z) + f(t, z,u(t, x), (0%)@@), B%u(t,z))) =0, (6.5.1)
aEA €T

with (7, x) = h(x), where the operators are defined by (6.4.2).
An example given in [69] in a Brownian framework is f (¢, z,y, z, k) := —C|z|. We can generalize
this example to the case of jumps by setting f := f; with

Fult 2 k) = —Cy2] — Cg/E|k(e)\\If(e)y(de). (6.5.2)

The constants C4, Cy are here positive constants which can be interpreted as risk-aversion coeffi-
cients. Note that this driver allows us to model asymmetry in risk-aversion, depending on whether
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the risk comes from the Brownian random source or from the jumps random source (Poisson ran-
dom measure). If Cy < 1, then, f; satisfies Assumption 6.2.1, in particular condition (iii), which
ensures the monotonicity of the recursive utility with respect to terminal reward, and thus to
terminal wealth because h is non decreasing.

We can also consider an extension of this example to the case of a seller of a European option
with payoff G(St), where G is an irregular function, for example

where B is a Borelian, and S is a Markovian jump-diffusion process representing the price of the
underlying asset. He wants to maximize his recursive utility of terminal wealth over all portfolio-
strategies. In this case, the value function at time ¢ is then given by

u(t,x) := sup 5:$[h(X;m — G(Sr))].

acAl

Note that u is not necessarily continuous, not even measurable. By Theorem 6.4.5, one can derive
that u is a weak viscosity solution of an associated nonlinear HJB equation with terminal condition
uw(T,z) = h(zy — G(x2)) for x = (21, x2).

Minimization of the risk of terminal wealth. We consider the same model as in the above
example and a dynamic risk-measure p defined for each position ¢ € L?(Fr) by

pt,T(g) = —5t7T[9(€)]a 0<t<T,

where ¢ is a Borelian non decreasing function with polynomial growth. At time ¢, for a given
initial wealth x, the aim of the investor is to minimize his risk-measure of terminal wealth over all
portfolio-strategies o € AL The value function v(t, x) is given by

o(t,2) = it purlg(X3")] = —ult, ),

where u(t, z) := sup,e Er[g(X55)]. As in the previous example, u is a weak viscosity solution
of HJB equation (6.5.1) with u(T,x) = g(x). An example is given by fi defined by (6.5.2), where
the coefficients C'; and C5 can also be interpreted as risk-aversion coefficients when the risk comes
from the Brownian random source, respectively from the jumps random source.

We can also consider the minimization problem of shortfall risk for the seller of a European
option with payoff G(S7), where G is an irregular function such as an indicator function. More
precisely, at time ¢, for an initial wealth x, the aim of the seller is to minimize the risk measure
associated with the negative part (shortfall) of his terminal position given by —(X+"* — G(Sr))~.
The value function v(t, z) is then given by

o(t, ) = inf po[—(X3"" = G(Sr))7].

acAj

The extension to the case when the agent or the seller also acts on stopping times leads to a
mixed optimal control/stopping problem.
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6.6 Appendix

Lemma 6.6.1. The function u has at most polynomial growth at infinity.

Proof. Applying some estimates on the solution of a reflected BSDE (see Prop. 5.1 in [?]), we
obtain:

T
|Yto"t’””|2 — |Y0‘3"t’””|2 < K(IE(/ flag, s, X0 0,0,0)st + sup h(s,X;"’t’x)z),Va e A
0

0<s<T

where K is a real constant which depends only on C'and T'. Using now the hypothesis of polynomial
growth on f, h, g and the standard estimate E[supyc,<p [ X5 [?] < C'(142?), we derive that there
exist C' € R and p € N such that [u®(t,z)| < C(1 + |2[P), for all ¢ in [0,7] and all x in R. We

finally get that [u(t,z)| < supgeq [u®(t, z)| < C(1 + |zfP). O
We recall the following property.
Lemma 6.6.2. The Hilbert space H? is separable.

Proof. A short proof is given for the convenience of the reader. Since the paths are right-continuous,
for every r > ¢, F!_ = o({w!, u € Qand t < u < r}) and is thus countably generated, that is
generated by a countable subfamily of F'_. Now, the predictable o-algebra P* on Q x [t,T] is
generated by the sets of the form [r, T[xH (or |r,T| x H), where r is rational with r > ¢, and H
belongs to F'_. It follows that P' is countably generated. By an argument of Measure Theory
(see e.g. Proposition 3.4.5 in [47]), since P! is countably generated, the space HZ= L*([t,T] x
Q, P! ds ® dP) is separable. O

A result of classical analysis. We state a result of classical analysis concerning the approx-
imation of a real-valued function in L%([0,T)),dt) equipped with the norm || f Hi% = fOT f(r)%dr
by a specific sequence of step functions as well as useful inequalities used in the chapter. For
each n € N, we consider the linear operator P, : L*([0,T],dr) — L*([0,T],dr) defined for each
f € L*([0,T],dr) by

n iT

P =0 Y[ 0 s 1)

=1 n
By Cauchy-Schwartz’s inequality, we have that for each ¢ E]%, (Hl)T], 1<i<n—1, P"(f)2(t) <

n
T
n [y f2(r)dr. Hence,

(g < WAllzzs 1Ba(f) = fllzg = 0, when n — oo. (6.6.1)

Indeed, the above convergence clearly holds when f is continuous, and the general case follows by
using the uniform continuity of f and the density of C([0,T]) in L.

A result of Measure Theory (see Lemma 1.2 in [49]) ensures the following property.
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Lemma 6.6.3 (A result of Measure Theory). Let (X, F, Q) be a probability space. Let F¢ be the
completion g-algebra of F with respect to Q), that is the class of sets of the form BU M, with B €
F and M being a subset of a set N belonging to F with QQ-measure 0. Let E be a separable Hilbert
space, equipped with its scalar product < ., . >, and its Borel o-algebra B(E).

Then, for each F-measurable map f : X — E, there exists an F-measurable map fq such that
fo(z) = f(x) for Q-almost every z, in the sense that the set {x € X, fo(x) # f(z)} is included
in a set belonging to F with QQ-measure 0.

Proof. For completeness, we give the proof of this lemma. Since F is a separable Hilbert space,
its admits a countable orthonormal basis {e’,i € N}. Hence, for each € X, we have f(z) =
S fi(z)e' with fi(z) =< f(z),e' >. Note that f; : (X, Fg) = (R, B(R)) is measurable. It is thus
sufficient to show that the result holds for f valued in £ = R.

For r € Q, let B, := {x € X, f(x) <r}. For each x € X, we have f(z) = inf{r € Q, z € B, }.
Since B, € Fo, there exists B, € F such that B, C B, and BT\BT C N,, where N, € F with
@Q-measure 0. For each z € N¢, x € B, if and only if # € B,, which ensures that f(z) = inf{r €
Q, z € B,}. Define fg for each each © € X by fo(z) := inf{r € Q, x € B,}. The map fg is
F-measurable because for all x € X, we have fg(x) = inf,cq ¢, (), where ¢, is the F-measurable
map defined by ¢, (z) := r if x € B, and ¢,(z) := 400 otherwise. Also, {z € X, fo(x) # f(z)}
C UregN,. Hence, fo(z) = f(x) for Q-almost every x. ]

Remark 6.6.4. One can immediately derive the following result, used in the proof of Theorem
6.3.7. Let X be a topological space. Let P(X) be the set of all probability measures on B(X),
the Borelian o-algebra of X. For each @ € P(X), Bg(X) denotes the completion of B(X) with
respect to . The universal o-algebra on X is then defined by U(X) := Ngepx)Bo(X).

Let now E be a separable Hilbert space. Let f : X — E be an universally measurable map, that is
U (X )-measurable. By Lemma 6.6.3, for each probability @) on B(X), since U(X) C Bg(X), there
exists a Borelian map fg : X — E such that f(z) = fo(z) for Q-almost every x.
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Chapter 1

Numerical approximation of doubly
reflected BSDEs with jumps and RCLL
obstacles

Abstract. We study a discrete time approximation scheme for the solution of a doubly reflected
Backward Stochastic Differential Equation (DRBSDE in short) with jumps, driven by a Brownian
motion and an independent compensated Poisson process. Moreover, we suppose that the obstacles
are right continuous and left limited (RCLL) processes with predictable and totally inaccessible
jumps and satisfy Mokobodski’s condition. Our main contribution consists in the construction
of an implementable numerical sheme, based on two random binomial trees and the penalization
method, which is shown to converge to the solution of the DRBSDE. Finally, we illustrate the
theoretical results with some numerical examples in the case of general jumps.

1.1 Introduction

In this chapter, we study in the non-markovian case a discrete time approximation scheme for
the solution of a doubly reflected Backward Stochastic Differential Equation (DRBSDE in short)
when the noise is given by a Brownian motion and a Poisson random process mutually indepen-
dent. Moreover, the barriers are supposed to be right-continuous and left-limited (RCLL in short)
processes, whose jumps are arbitrary, they can be either predictable or inaccessible. The DRBSDE
we solve numerically has the following form:

( T

(1) Vi =¢&r +/ 9(s, Y5, Zs, Us)ds + (Ar — Ar) — (K1 — Ky)
T vt T 3
—/ ZsdWg — / UsdNj,

¢ ¢
(1) Vt € [0,T],& <Y; < Ga.s., (1.1.1)

T T
(1i1) / (Y- — &-)dA; = Oa.s. and / (¢- — Y- )dKf = Oa.s.

0 0

(iv) V7 predictable stopping time , AA? = AAflyT_ —¢ _ and AK?
= AKf_l]_Kﬁ = -
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Here, A° (resp. K¢) denotes the continuous part of A (resp. K) and A? (resp. K49) its
discontinuous part, {W; : 0 < ¢t < T} is a one dimensional standard Brownian motion and
{Nt = Ny — A\t,0 < t < T} is a compensated Poisson process. Both processes are independent
and they are defined on the probability space (2, Fr,F = {F; }o<t<7, P). The processes A and K
have the role to keep the solution between the two obstacles £ and (. Since we consider the general
setting when the jumps of the obstacles can be either predictable or totally inaccessible, A and K
are also discontinuous.

In the case of a Brownian filtration, non-linear backward stochastic differential equations (BS-
DEs in short) were introduced by Pardoux and Peng [124]. One barrier reflected BSDEs have
been firstly studied by El Karoui et al in [71]. In their setting, one of the components of the
solution is forced to stay above a given barrier which is a continuous adapted stochastic process.
The main motivation is the pricing of American options especially in constrained markets. The
generalization to the case of two reflecting barriers has been carried out by Cvitanic and Karatzas
in [52]. It is also well known that doubly reflected BSDEs are related to Dynkin games and in
finance to the pricing of Israeli options (or Game options, see [102]). The case of standard BSDEs
with jump processes driven by a compensated Poisson random measure was first considered by
Tang and Li in [147]. The extension to the case of reflected BSDEs and one reflecting barrier with
only inaccessible jumps has been established by Hamadene and Ouknine [90]. Later on, Essaky
in [78] and Hamadene and Ouknine in [91] have extended these results to a RCLL obstacle with
predictable and inaccessible jumps. Results concerning existence and uniqueness of the solution
for doubly reflected BSDEs with jumps can be found in [50],[62], [86], [92] and [79].

Numerical shemes for DRBSDEs driven by the Brownian motion and based on a random tree
method have been proposed by Xu in [151] (see also [117] and [134]) and, in the Markovian frame-
work, by Chassagneux in [45]. In the case of a filtration driven also by a Poisson process, some
results have been provided only in the non-reflected case. In [30], the authors propose a scheme for
Forward-Backward SDEs based on the dynamic programming equation and in [109] the authors
propose a fully implementable scheme based on a random binomial tree. This work extends the
paper [37], where the authors prove a Donsker type theorem for BSDEs in the Brownian case.

Our aim is to propose an implementable numerical method to approximate the solution of
DRBSDEs with jumps and RCLL obstacles (2.1.1). As for standard BSDEs, the computation of
conditional expectations is an important issue. Since we consider reflected BSDEs, we also have
to model the constraints. To do this, we consider the following approximations

e we approximate the Brownian motion and the Poisson process by two independent random
walks,

e we introduce a sequence of penalized BSDEs to approximate the reflected BSDE.

These approximations enable us to provide a fully implementable scheme, called explicit penal-
ized discrete scheme in the following. We prove in Theorem 2.4.3 that the scheme weakly converges
to the solution of (2.1.1). Moreover, in order to prove the convergence of our sheme, we prove,
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in the case of jump processes driven by a general Poisson random measure, that the solutions of
the penalized equations converge to the solution of the doubly reflected BSDE in the case of a
driver depending on the solution, which was not the case in the previous literature (see [79], [86],
[92]). This gives another proof for the existence of a solution of DRBSDEs with jumps and RCLL
barriers. Our method is based on a combination of penalization, Snell envelope theory, stochastic
games, comparison theorem for BSDEs with jumps (see [137], [138]) and a generalized monotonic
theorem under the Mokobodski’s condition. It extends [112] to the case when the solution of the
DRBSDE also admits totally inaccessible jumps. Finally, we illustrate our theoretical results with
some numerical simulations in the case of general jumps. We point out that the practical use of our
scheme is restricted to low dimensional cases. Indeed, since we use a random walk to approximate
the Brownian motion and the Poisson process, the complexity of the algorithm grows very fast in
the number of time steps n (more precisely, in n?, d being the dimension) and, as we will see in
the numerical part, the penalization method requires many time steps to be stable.

The chapter is organized as follows: in Section 2 we introduce notation and assumptions. In
Section 3, we precise the discrete framework and give the numerical scheme. In Section 4 we
provide the convergence by splitting the error : the error due to the approximation by penalization
and the error due to the time discretization. Finally, Section 5 presents some numerical examples,
where the barriers contain predictable and totally inaccessible jumps. In Appendix, we extend the
generalized monotonic theorem and prove some technical results for discrete BSDEs to the case of
jumps. For the self-containment of the chapter, we also recall some recent results on BSDEs with
jumps and reflected BSDEs.

1.2 Notations and assumptions

Although we propose a numerical scheme for reflected BSDEs driven by a Brownian motion and a
Poisson process, one part of the proof of the convergence of our scheme is done in the general setting
of jumps driven by a Poisson random measure. Then, we first introduce the general framework, in
which we prove the convergence of a sequence of penalized BSDEs to the solution of (2.1.1).

1.2.1 General framework
Notation

As said in Introduction, let (€2, IF, P) be a probability space, and P be the predictable o-algebra on
[0,7] x Q. W is a one-dimensional Brownian motion and N(dt, de) is a Poisson random measure,
independent of W, with compensator v(de)dt such that v is a o-finite measure on IR*, equipped
with its Borel field B(IR*). Let N(dt,du) be its compensated process. Let I = {F;,0 <t < T}
be the natural filtration associated with W and N.

For each T' > 0, we use the following notations:

e L?(Fr) is the set of random variables £ which are Fr-measurable and square integrable.

e IH? is the set of real-valued predictable processes ¢ such that ||¢[|%,, :=E [ fOT (bfdt} < 00.
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e L2 is the set of Borelian functions ¢ : IR* — IR such that [p. [((u)]*v(du) < +oc.

The set L2 is a Hilbert space equipped with the scalar product (4, ¢), := |[ R0 v(du)
for all 6, £ € L7 x L2, and the norm [|{||2 := [, |0(u)[*v(du).

e B(IR?) (resp B(L?)) is the Borelian o-algebra on IR? (resp. on L?).

o JH? is the set of processes [ which are predictable, that is, measurable
([0, T x Q2 x R*, PR B(R")) — (IR,B(IR)); (w,t,u)— l;(w,u)
such that ||/]|3,. == E [fOT HltHgdt] < 00.

o S?is the set of real-valued RCLL adapted processes ¢ such that ||¢||%. := E(supg<<p [¢4]?) <
.

o A? is the set of real-valued non decreasing RCLL predictable processes A with 4y = 0 and
E(A%) < oo

e 7 is the set of stopping times 7 such that 7 € [0,7] a.s

e For S in 7y, Ts is the set of stopping times 7 such that S <7 < T a.s.

Definitions and assumptions

We start this section by recalling the definition of a driver and a Lipschitz driver. We also introduce
DRBSDEs and our working assumptions.

Definition 1.2.1 (Driver, Lipschitz driver). A function g is said to be a driver if

e g:Ox[0,T|x R**x L? - IR
(w,t,y, 2, 6(+)) = g(w, t,y, 2, k(+)) is P @ B(IR*) @ B(L2)— measurable,

i ||g(a07070)||oo < 0.

A driver g is called a Lipschitz driver if moreover there exists a constant Cy > 0 and a bounded,
non-decreasing continuous function A with A(0) = 0 such that dP®dt-a.s. , for each (s1,y1, 21, k1),

<827y27227k2)7
lg(w, s1,y1, 21, k1) — g(w, 82, Y2, 22, k)| < A(|s2 — s1]|) + Cylyr — yo| + |21 — 22| + ||k1 — ka2l|,).

In the case of BSDEs with jumps, the coefficient ¢ must satisfy an additional assumption,
which allows to apply the comparison theorem for BSDEs with jumps (see Theorem 1.9.1), which
extends the result of [140]. More precisely, the driver ¢ satisfies the following assumption:

Assumption 1.2.2. A Lipschitz driver g is said to satisfy Assumption 1.2.2 if the following holds:
dP @ dt a.s. for each (y, z, ki, ko) € IR? x (L?)?, we have

g(ta Y, z, kl) - g<t7 Y, z, k?) Z <637z’k17k27 kl - k2>V7
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with
0 :Q x [0,T] x R* x (L2)* — L?;

(w,t,y, 2, k1, k) — 02772 ()
PRB(IR*)RB((L?)?)-measurable, bounded, and satisfying dP@dt@v(du)-a.s., for each (y, z, ki, k2) €
R x (L),

) 2 1 and 07744 ()| < (),

where 1) € L2.

We now recall the ”Mokobodski’s condition” which is essential in the case of doubly reflected
BSDESs, since it ensures the existence of a solution. This condition essentially postulates the
existence of a quasimartingale between the barriers.

Definition 1.2.3 (Mokobodski’s condition). Let &, ¢ be in S?. There exist two nonnegative RCLL
supermartingales H and H' in 8% such that

Vt € [0,T], &licr < Hy — H, < (1y<r a.s.

Assumption 1.2.4. £ and ¢ are two adapted RCLL processes with &7 = (p a.s., £ € 8%, ( € 82,
& < G for allt € [0,T), the Mokobodski’s condition holds and g is a Lipschitz driver satisfying
Assumption 2.2.4.

We introduce the following general reflected BSDE with jumps and two RCLL obstacles

Definition 1.2.5. Let T > 0 be a fized terminal time and g be a Lipschitz driver. Let & and
¢ be two adapted RCLL processes with & = (p a.s., £ € 8%, ( € 8%, & < ¢ for allt € [0,T]
a.s. A process (Y, Z,U, ) is said to be a solution of the double barrier reflected BSDE (DRBSDE)
associated with driver g and barriers &, C if

(i)Y € 8% 7 € H* U € H? and o € §?, where « = A — K with A, K in A

T

(ZZ) Yt fT + / S }/57 ZS, U )dS + (AT — At) (KT — Kt)

[ zaw- [ ] s, a2

(1it) Yt € [0,T),& <Yy < Ga.s.,
' T T
\(w) /0 (Yi- — &-)dA; = Oa.s. and /0 (G- — Y-)dK; = 0a.s.

Remark 1.2.6. Condition (iv) is equivalent to the following condition : if K = K¢+ K¢ and
A = A°+ A4 where K¢ (resp. K?) represents the continuous (resp. the discontinous) part of K
(the same notation holds for A), then

T T
/ (Y — &)dA; =0 as., / (¢ — Y )dK; =0 a.s.
0 0
and

V7 € Ty predictable, AAﬁ = AAﬁlnyngf and AKf = AKflyP —¢ _
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Theorem 1.2.7 ([62], Theorem 4.1). Suppose & and ¢ are RCLL adapted processes in 8* such that
for allt € [0,T], & < ( and Mokobodski’s condition holds (see Definition 1.2.8). Then, DRBSDE
(1.2.1) admits a unique solution (Y, Z,U,«) in §* x H? x H2 x A*.

Remark 1.2.8. As said in [62, Remark 4.3], if for all £ €]0, 7] &- < (- a.s., [62, Proposition 4.2]
gives the uniqueness of A, K € (A?%)2.

Definition 1.2.9 (convergence in J1-Skorokhod topology). &" is said to converge in probability

(resp. in L?) to & for the J1-Skorokhod topology, if there exists a family (¥™)nenv of one-to-one

random time changes from [0,T] to [0,T] such that sup,ejo 1) [¢"(t) — t| —— 0 almost surely and
’ n—00

SUPye(o,1] [§in () — &) ——> 0 in probability (resp. in L?). Throughout the chapter, we denote this
’ n—00
convergence ||€" — &||j1—p — O (resp. ||€" — & 12 — 0).

1.2.2 Framework for our numerical scheme

In order to propose an implementable numerical scheme we consider that the Poisson random
measure is simply generated by the jumps of a Poisson process. We consider a Poisson process
{N; : 0 <t < T} with intensity A and jumps times {73 : £ = 0,1,...}. The random measure is
then

N
N(dt,de) =~ 6,,.1(dt, de) — Adtdy(de)
k=1

where 6, denotes the Dirac measure at the point a. In the following, N; := N, — At. Then, the
unknown fonction Us(e) does not depend on the magnitude e anymore, and we write Uy := Uy(1).
In this particular case, (1.2.1) becomes:

((z')YGSZ,ZEJHQ,UEJH2 and o € 8%, where a = A — K with A, K in A?
T

(1) Vi =¢ —1—/ g(s,Ys, Zs, Us)ds + (Ar — Ay) — (K — Ky)
t

T T B
—/ Z,dW, —/ U,dN,, (1.2.2)
t t
(ZZZ) YVt € [07T]7£t S }/:5 S Ct a.s.,

T T
(iv) /O (Y, — & )dA, = Oa.s. and /0 (G — Y, )dK, = 0 as.

In view of the proof of the convergence of the numerical scheme, we also introduce the penalized
version of (1.2.2):

T T T
Vo=t [ als 2.2 UNds 4 Af - A (- KD) - [ zeaw.— [ oraR., (23
t t t

with AV := pfOt(YSp — &) ds and K} := pfé((s —YP)"ds, and of := AY — K7 for all t € [0, T].
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1.3 Numerical scheme

The basic idea is to approximate the Brownian motion and the Poisson process by random walks
based on the binomial tree model. As explained in Section 1.3.1, these approximations enable
to get a martingale representation whose coefficients, involving conditional expectations, can be
easily computed. Then, we approximate (W, N) in the penalized version of our DRBSDE (i.e. in
(1.2.3)) by using these random walks. Taking conditional expectation and using the martingale
representation leads to the explicit penalized discrete scheme (1.3.9). In view of the proof of the
convergence of this explicit scheme, we introduce an implicit intermediate scheme (1.3.5).

1.3.1 Discrete time approximation

We adopt the framework of [109], presented below.

Random walk approximation of (I, N)

For n € N, we introduce §,, := % and the regular grid (¢;);=,.., with step size 6, (i.e. t; := jo,)
to discretize [0, T]. In order to approximate W, we introduce the following random walk

W =0
[t/0n] (1.3.1)

Wi = \/& Z e
i=1

where e}, e}, ...,e" are independent identically distributed random variables with the following
symmetric Bernoulli law:

To approximate N, we introduce a second random walk
Ny =0

t/6n

/5]
NP =Y onf
=1

where 0,15, ...,n" are independent and identically distributed random variables with law

(1.3.2)

P(n?:’ﬁn_D:l_P(n?:kn):’Qn

where K, = e~n. We assume that both sequences e, ....,e" and 77, ny,...,n" are defined on the
original probability space (£, F, P). The (discrete) filtration in the probability space is F" = {]-"J" .
j=0,..,n} with 7§ = {Q,0} and F}' = o{el,...,e},nf,..,nj} for j =1,....n.

The following result states the convergence of (W™, N™) to (W, N) for the .J;-Skorokhod topol-
ogy, and the convergence of W™ to W in any LP, p > 1, for the topology of uniform convergence
on [0,7]. We refer to [109, Section 3] for more results on the convergence in probability of F"-
martingales.
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Lemma 1.3.1 ([109], Lemma3, (III), and [37],Proof of Corollary 2.2). The couple (W™, N™) con-
verges in probability to (W, ]\7) for the Ji-Skorokhod topology, and

sup W =W -0 asn — oo
0<t<T

i probability and in LP, for any 1 < p < oco.

Martingale representation

Let y;j41 denote a F}', -measurable random variable. As said in [109], we need a set of three
strongly orthogonal martingales to represent the martingale difference m; 1 1= y;41 — E(yj+1|fjn).
We introduce a third martingale increments sequence {u} = ejn},j = 0,--- ,n}. In this context
there exists a unique triplet (z;,u;,v;) of F'-random variables such that

M1 = Yj1 — Byl F}) = Vonzjel oy +uniy +vjugig,

and
( 1 n T
Zj:\/é—E(ijrlej—i-l“Fj)a
B3 1 | F7) |
uj = — == E(yjs1m74 | F2), 1.3.3
IR 2EY) Rl = )l (1.3.3)
CE(yopa D1

E(Z/jﬂ#?ﬂ‘]:f)

v; = =
(7 B2 F) kel = k)

Remark 1.3.2 (Computing the conditional expectations). Let ® denote a function from R%*?
to IR. We use the following formula to compute the conditional expectations

n n n n () Kn n n n n
E(q)(elfu 7ej+177]17"' 777]+1)|*F.j) :—@(617-” ;%;177]17"‘ 7nj7Hn_1)

2
Kn n n n n
+7(I)(€1,“' 7ej7_177717"' 777]'7511_1)
1_"1" n n n n
9 CD(ela"'76]"177717""77]'7’%71)
1—k,

n n n n
(I)<€17"' 76]'7_177717'” 777]'7’{11)-

1.3.2 Fully implementable numerical scheme

In this Section we present two numerical schemes to approximate the solution of the penalized
equation (1.2.3): the first one, (1.3.5), is an implicit intermediate scheme, useful for the proof of
convergence. We also introduce the main scheme (1.3.9), which is explicit. The implicit scheme
(1.3.5) is not easy to solve numerically, since it involves to inverse a function, as we will see below.
However, it plays an important role in the proof of the convergence of the explicit scheme, that’s

why we introduce it.
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In both schemes, we approximate the barrier (&); (vesp. ((;):) by (€}) =0, (resp. (}')j=0, n)-
We also introduce their continuous time versions:

Et = gﬁ/én]’ Ct = C[?/‘Sn]
These approximations satisfy

Assumption 1.3.3.

(i) For some r > 2, sup,,cy max;<, E(|€7]") + sup,,c y max;j<, E(|C}'[") + sup,7 E[&|
+ supycp E|G[" < o0

(i7) € (resp C') converges in probability to & (resp. ) for the J1-Skorokhod topology.

Remark 1.3.4. Assumption 1.3.3 implies that for all ¢ in [0, 7] Ezn(t) (resp. Z:Zn(t)) converges to
& (resp. () in L2

Remark 1.3.5. Let us give different examples of barriers in S? satisfying Assumption 1.3.3. In
this Remark, X represents either £ or (.

1. X satisfies the following SDE

t t t
X, = Xo+ / by (X, )ds + / o (X, VAW, + / ex (X, )dN,
0 0 0

where by, ox and cy are Lipschitz functions. We approximate it by

[t/on]—1 t t
X) =X+ Y (X5 )0+ / oy (X7 )dW™ + / ex (X7 )dN™

Since (W™, N™) converges in probability to (W, N) for the Jl-topology, [141, Corollary 1]
gives that X converges to X in probability for the J1-topology (for more details on the
convergence of sequences of stochastic integrals on the space of RCLL functions endowed
with the J1-Skorokhod topology, we refer to [96]). Then, X satisfies Assumption 1.3.3
(#7). We deduce from Doob and Burkhélder-Davis-Gundy inequalities that X and X satisfy
Assumption 1.3.3 (i) and that X belongs to S

2. X is defined by X; := ®(t, W, Nt), where ® satisfies the following assumptions

(a) ®(t,x,y) is uniformly continuous in (¢, y) uniformly in x, i.e. there exist two continuous
non decreasing functions go(-) and g;(+) from IR, to IR, with linear growth and satisfying
90(0) = ¢1(0) = 0 such that

v (t,t/,$,y,y/>, ‘(I)(t,l',y) - (I)(t/,l',y/)’ S gO(‘t - t/’) + gl(’y - y/‘)

We denote ag (resp. aj) the constant of linear growth for gy (resp. ¢1) i.e. V (t,y) €
(IR1)%, 0 < go(t) + g1(y) < ao(1+1) +as(1 +y),
(b) ®(t,z,y) is “strongly” locally Lispchitz in z uniformly in (¢,y), i.e. there exists a

constant Ky and an integer py such that

V(t,x, 2 y), |t z,y) — Ot 2, y)| < Ko(1+ || + |2/|P°)]|z — 2/|.
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Then, V(t, x,y) we have |®(t, z,y)| < aolt|+a1|y|+Ko(14]|z[?)|z|+|P(0,0,0)|+ag+a;. From
this inequality, we prove that X satisfies Assumption 1.3.3 (i) by standard computations.
Since (N™) converges in probability to (V) for the J1-topology and lim,,_, sup, |[W*—W;| = 0
in L” for any p (see Lemma 1.3.1), we get that (X7), := (®(3,[t/,], W, NI*)); converges in
probability to X for the J1-topology.

Intermediate penalized implicit discrete scheme

After the discretization of the penalized equation (1.2.3) on time intervals [t;,¢;11]o<j<n—1, We get
the following discrete backward equation. For all j in {0,---  n — 1}

it =y gyl 2 ) 0 A" = R = (2 Oneg a0 )
a? :p(sn( Y, _ggn) akg')’ Zpﬂsn(@n— Yy )77

pn = gn.
(1.3.4)

Following (1.3.3), the triplet (2", u}™,v¥") can be computed as follows

( n 1

Z;J’ :\/5—E<y§)f1€?+l‘ﬁn)>
W1 o

quit = mE(yﬁﬁbHV:j),
n 1 n n (A

\Uf’ :mE(y§+1ﬂj+1|ﬂ)7

where we refer to Remark 1.3.2 for the computation of conditional expectations. By taking the
conditional expectation w.r.t. F7' in (1.3.4), we get the following scheme, called implicit penalized

discrete scheme: y2" := ¢ and for j=n—1,---,0
(
it = (OPm) B FT),
= P~ )75 = (G
n M n 1.3.
Zf = \/_5—nE(?J§+1ej+1|]:f)a (1.3.5)
1
W = — BNl
\ J /‘in(l —/in) JHLHG+HLIY g

where OP"(y) =y — g(j0n, y, 25", u)")0p — pon(y — &F) + pon(C} —y) ™
We also introduce the continuous time version (Y,”", ZP" UP"™ AP™ ) KP™)o<i<r of the solution
o (1.3.5):

/5] /50]
YP" =yl 20T = Ay UPT =l AP = ) al T KT =y R (1.3.6)
=0 =0

We also introduce of" := AP — K" for all ¢ € [0, T].
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Main scheme

As said before, the numerical inversion of the operator ©P" is not easy and is time consuming. If
we replace 37" by E[y7" | F}] in g, (1.3.4) becomes

" =T+ ol BRI, 7
@ = pén@? — 5”) B = p5 (C” 77",
T =6
Now, by taking the conditional expectation in the above equation, we obtain:
—p, n| PN PN —pn 7PN
?/? = [3/]+1’~7:n] + g(t]7E[y_]+1"F ] ? )571 + a;  — kj : (1'3'8)

Solving this equation, we get the following scheme, called explicit penalized scheme: yP™ := £
and for j=n—1,---,0

(7" = B[y, |F7] + ot B AIFT), 25" @ ™o + @) — K

a;?’“:%( TIF) + baglts, BRI 27 W) — €5)

k"= 1+p5 (G = BN = oug(ty, EGEL 1FF1 20" @) (1.3.9)
z" = \/%E(yffleyﬂufj”),

T = ﬁE@f#mﬁllﬁn)-

Remark 1.3.6 (Explanations on the derivation of the main scheme). We give below some ex-
planations concerning the derivation of the values of a P and Eﬁm We consider the following
cases:

o If &P <y < (F, then by (1.3.7) we get @;" = Ep’n = 0, which corresponds to

pén P; 0 P, 0 »n—v n p5 =P, n
1+ po,, (B[S FM + 6ug(ty, BIgE 0 | FPL 20" ™) — €7) =1+ 5 (7" =€) =0and
Pon

T+ o, (G — Byl — ong(ty, Elgyt | 771 25" ™)) = 1 (C”—‘p’) =0.

o If&F > 97", then by (1.3.7) we have @™ = pd,, (£} 7}

j’n) and Epn = 0; we then replace E?’” and
pon

K" in (1.3.8) and we get a}" = Tr po. (B0 | Fr + gty B | Fr), 280, b6, — €7)
p n D () n| =i 771 =P\
We also have T (Qj —EGN | F}] — 0ng(ty, E[70 [ F)L 20", w0™)) = 0 and hence
w P, . )
K= (G — BT — dug(ty, EGSAIF 25" )

1+ péy,

e The case ¢} < 7" is symmetric to the one studied above: &7 > ™.
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As for the implicit scheme, we define the continuous time version (7? " 7?’”, Uf’n, Zf’n, Ff’n)ogtgp
of the solution to (1.3.9):
[t/6n] [t/6n]
ypn —p,n —pn —p,n TP —p,n Tpn —p,n 7.p:n
Yo =Wusy 20 =Zsy U =Ty A Z o =" ®" (13.10)
=0

We also introduce a?" := A)" — K" for all t € [0, 7).

1.4 Convergence result
The following result states the convergence of 8" := (7p’n,7p’n,ﬁp’n,ap’”) to © := (Y, Z,U, a),
the solution of the DRBSDE (1.2.2).

Theorem 1.4.1. Assume that Assumptions 1.2.4 and 1.3.8 hold. The sequence (Y' ', 2", U"")
defined by (1.3.10) converges to (Y, Z,U), the solution of the DRBSDE (1.2.2), in the following
sense: Vr € [1,2]

T T T
lim lim (E [/ vy - Yslzds} +E [/ Z." - Zs|rds} +E U " - Usl’"dsD =0.
P—00 N—>00 0 0 0
(1.4.1)

Moreover, Z"" (resp. U"") weakly converges in IH? to Z (resp. to U) and for 0 <t < T, a{;;f}
converges weakly to oy in L*(Fr) as n — oo and p — oo.

®)

In order to prove this result, we split the error in three terms, by introducing
Or™ = (Y™, ZP", UP", ™), the solution of the implicit penalized discrete scheme (2.4.3) and
er .= (Y;p, th, Ut, at) the penalized version of (1.2.2), defined by (1.2.3). For the error on Y, we
get

T T T T
[ v < (oW v [ e vepa cu [ v via),
0 0 0 0

and the same splitting holds for [Z”" — Z|" and |U"" — U|". For the increasing processes, we have:
El[an ) — oul?) < 3 (Ell@ng, — ol Yl + Ellai, — ot +Ellf —aiff) . (142)

The proof of Theorem 1.4.1 ensues from Proposition 1.4.2, Corollary 1.4.4 and Proposition
1.4.5. Proposition 1.4.2 states the convergence of the error between ©"", the explicit penalization
scheme defined in (1.3.10), and ©P", the implicit penalization scheme. It generalizes the results
of [134]. We refer to Section 1.4.1. Corollary 1.4.4 states the convergence (in n) of ©P" to ©PF.
This is based on the convergence of a standard BSDE with jumps in discrete time setting to the
associated BSDE with jumps in continuous time setting, which is proved in [109]. We refer to
Section 1.4.2. Finally, Proposition 1.4.5 proves the convergence (in p) of the penalized BSDE with
jumps ©P to ©, the solution of the DRBSDE (1.2.2). In fact, we prove a more general result in
Section 1.4.3, since we show the convergence of penalized BSDEs to (1.2.1) in the case of jumps
driven by a Poisson random measure.

The rest of the Section is devoted to the proof of these results.
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1.4.1 Error between explicit and implicit penalization schemes

We prove the convergence of the error between the explicit penalization scheme and the implicit
one. The scheme of the proof is inspired from [134, Proposition 5].

Proposition 1.4.2. Assume Assumption 1.3.3 (i) and g is a Lipschitz driver. We have

T T
lim sup (EH?ﬁm — Y2 + E[/ Z0" — 7P 2ds) + E[/ " — Uf’n|2ds]) = 0.
0 0

n—oo OStST
Moreover, lim,, o (@™ — of™) = 0 in L*(F;), fort € [0,T].

Proof. By using the definitions of the implicit and explicit schemes (1.3.4) and (1.3.7), we obtain
that:

—p,n

Yirn — U =" =17 + (9t Bl F5L 557 27 ,U?”)—g(tj,y] 52 ")) o0n

+ (Z? - 7§’n)€?+1\/5n + (U? - _p”)mﬂ + ( _pn)ﬂg+1

where g, (¢, 51,42, 2, 1) = g(t,y1, z,u) + p(y2 — &)~ — p(¢; — y2)~. It implies that:

El" — 75" =Bl — 75 1 Bl B 7 2
gyl " 2 )6 — 5“—5?’%216“
~ Bl —m")? o B[} — TP~ )i

+ 2E[(gp (L5, 45" 5", 25" ™)
— gty BT F7L 70" 20 al™ ) (" = 770

In the above relation, we take the sum over j from ¢ to n — 1. We have:

n—1 n—1
El(y!" = 5™ + 8n Y B[P =25+ (1= ka)rn ) E[(uf" —5")?]
j=i j=i
n—1
S 25nZE[<gp(t]7yj 7yj n? ]7 ’u§7n)
j=i

gp (5, BG5S 557 25 a5 ) (g = 777))-

Let us introduce f Yy (y _E?)i - (Z: - y)i We have gp<t7 Y1,Y2, 2, U) = g(tv Y1, 2, U) +pf(y2)
The last expectation of the previous inequality can be written

El(g(t, 07", 25" ™) = o(0y BT 3 0" = 3) +p( 6™ — @)W~ 7"

Since f is decreasing and ¢ is Lipschitz, we obtain:

n—1
Bl ~ 7" + 6, ZE P (1= ) DBl )
Jj=i
n—1
<20,y E[(Clyp™ — B[ F7] + Cyl 2™ = 207 | + Cylul™ —al™ )" —75"|]

j=i
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6’” n
Consequently, by applying the inequality 2ab < a*+b* for a = Coly}™ —77"[\/20,; b= 4/ §|z§’ -

n 1 - Ivn n —p,n
7 and 0= O =7 VB 0= [ e ottt
_I{n

E[(y?" = 7")*] + 0n ZE 7"+ %ZE — ;")

n—1 n—1 n—1
<20,C2 Y Bl -+ B BT -+ e SR -7
j=i j=i n n =i
(1 _k )IQ n—1 n—1
+ Ll S ) 4 20,8,E(3 1" - 72" — B
j=i j=i
Now, since 77" — E[y7 [ F}] = g,(t, E[g54 [ F7], 27", W™ )y, the last term is dominated by
n—1
On Y (2C, + VE[(y)" — ;")) + )5, ZE 9ty B F L7 2 ).
=i

Using the definition of g, yields

gp(t By F7 L 05" 257 w7™) < Mgty BYE i F7] 250w + o195 | + 1651+ 167D,
< 1g(t;,0,0,0)| + Co(IE[FAIFF + 1257 + [75™]) +p(|yj |+ 161+ 165D

We get
n—1 n—1
05> Elgp(ty, BFL T FL 90", 20" ™)) < Coba(dn > 19(t5,0,0,0)
Jj=t Jj=t
+0, Y 12"+ 6, ) [u)"P) 4+ Co(pd E(|¢r[?
Z\ | Z\ o(9)(max B (I€7 )
+mja><E(!Cj| ) + 0053( +p )mjaxﬁ(!??’”IQ)
here Cjy denot i tant d di C,. Si On ! A d
where enotes a generic constant depending on C,. Since = - an
’ s P s 7 (1= Kp)kn  A(L—e2n)e=2on
2x (5 1
e’ S e < 62’3, we get ————— < — e Hence, for §,, small enough such that (3 + 2p +
-1 (1 —Kp)kn — A

20, + 203(1 + 1e**7))é, < 1, Lemma 1.8.1 enables to write:

n—1 n—1
n — n 1 n —p,n
E[(y" — 7 "+ 5= k)R BRY(" —@)
Jj=t j=t

2025, e,
< (1 +2C, +2C2 + m) 5nE[Z(y§.’” 7"+ Ci(p)da,  (1.4.3)

j=i
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where C;(p) = Co(]|g(+,0,0,0)||% + p?*(sup,, max; IE|§§L|2 + sup,, max; E|C]"|2) + (1 +p2)KLem.1.8.1)v
K7 e 1 51 denotes the constant appearing in Lemma 1.8.1. Discrete Gronwall’s Lemma (see [134,
Lemma 3]) gives

sup B[(y" — 70")?) < Ci(p) el H20 20503,

> n
<n

Since 8, < T, (1 — kp)kn > Ape 2 and Equation (1.4.3) gives
T n T n
i 7 zpa v 0 - 0 e <
0 0

where C{(p) is another constant depending on C,, A\, T" and C;(p). It remains to prove the
convergence for the increasing processes. We have

t t t
AR =V -V [ V2 T sk [ 7w [T,
0 0

syt s 1 ¥s Vs
0

t t t
Ap® P = P YR / g(s, Y, Z00 UP™)ds + / ZPr AW + / UPrdNT.
0 0 0

Using the Lispchitz property of g and the convergence of (Y. —Ypn Z2" — zpn T2 — UP™) | we

s

get the result. O]

1.4.2 Convergence of the discrete time setting to the continuous time
setting

The following Proposition ensues from [109].

Proposition 1.4.3. Let g be a Lipschitz driver and assume that Assumption 1.8.3 (ii) holds. For
any p € N*, the sequence (Y™, ZV"  UP™) converges to (Y, Z},UF) in the following sense:

T T
lim (||va" —YP||3 e+ E[/ |ZPm™ — ZP|2ds +/ |UP™ — U§|2ds]) =0. (1.4.4)
0 0

n—oo

Proof. For a fixed p, we have the following:
YPr —YP = (YP" — YRy (YR YPeod) 4 (YPOd VP, (1.4.5)

where (YPo21 7504 [JP°94) ig the Picard approximation of (Y?, Z? UP) and (YP™41 ZPm4 [JP™9)
represents the continuous time version of the discrete Picard approximation of (y}™, 20", uf™), de-
noted by (y2™9, 0™ u2™7). Note that (y2™%", 22™9 4291 ig defined inductively as the solu-
tion of the backward recursion given by [109, Eq. (3.16)], for the penalized driver g, (w,t,y, z,u) :=
glw, t,y, z,u) + ply — & (W)™ — p(C; (w) —y)~. Since € and ¢ satisfy Assumption 1.3.3 (i),
(gn(w, -, -, -, +))n converges uniformly to g(w, -, -, -, -) + ply — &(w))” — p(G(w) — y)~ almost surely
up to a subsequence (i.e. g, satisfies [109, Assumption (A’)]).

Now, by using (1.4.5), [109, Proposition 1], [109, Proposition 3] and [109, Eq. (3.17)], one can
easily show that (1.4.4) holds. O
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The following Corollary ensues from Proposition 1.4.3.

Corollary 1.4.4. Let g be a Lipschitz driver, & and ¢ belong to 8%, Y™ is the random mapping
introduced in Proposition 1.4.8 and assume that Assumption 1.53.3 holds. For any p € N*, the
sequence (YP", ZP" UP™) converges to (Y, ZF , UY) in the following sense:

n—o0

T T T
lim E[/ [YP" — YP|?ds + / |ZP™ — ZP|*ds +/ \UP™ — UP|ds] = 0,
0 0 0

Moreover, AP™ (resp. KP™) converges to AP (resp. KP) when n tends to infinity in L* for the
J1-Skorohod topology.

Proof. Note that:

T

T T
| evpas <2 [ ovg e [, - vepas
0 0 0

where 7"(s) represents the inverse of 1" (s).
Proposition 1.4.3 gives that the first term in the right-hand side converges to 0. Concerning
the second term, s — Y7 is continuous except at the times at which the Poisson process jumps.

Consequently, Y2 | converges to Y? for almost every s and as Y? belongs to %, we get that

" (s)
E[fOT |Yn€l(s) — Y?|?ds] — 0 when n — oo.

Now, remark that we can rewrite A?" and A? as follows:

t t
AP — p/ (yrm — z)—ds AP = p/ (YP — &) ds. (1.4.6)
0 0
Then

sup |Ap,) — APl = sup [AP" — AL |
te[0,7) te[0,7)

= sup |AY" - A |+ sup sup A7 — Af]n(t)’-
ke{0,-- ,n} ke{0,+ ,n} t€[tx try1]

since ¢ and Y belong to S?, we get that the second term in the right hand side tends to 0 in L?
when n — oo.

T
sup  |AD" — AL | <p / YR P 4 Eds.
k{0, ,n} 0

Since lim,, o0 E[f) [YP" — YP|?ds] = 0, lim, 00 E|E, — &y(0)|* = 0 (see Remark 1.3.4) and
lim,, o0 E[fOT & (s)—Es[*ds] = 0 (€ is RCLL, its jumps are countable), we get that supyc(o ... oy |48
A | converges to 0 in L? in n, which ends the proof.

]
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1.4.3 Convergence of the penalized BSDE to the reflected BSDE

As said in the Introduction, this part of the proof deals with the general case of jumps driven by
a random Poisson measure. We state in Proposition 1.4.5 that a sequence of penalized BSDEs
converges to the solution to (1.2.1). To do so, we give in Section 1.4.3 an other proof of existence
of solutions to reflected BSDEs with jumps and RCLL barriers based on the penalization method.
We extend the proof of [112, Section 4] to the case of totally inacessible jumps. We are able
to generalize their proof thanks to Mokobodski’s condition (which in particular enables to get
Lemma 1.4.7, generalizing [112, Lemma 4.1]), to the comparison Theorem for BSDEs with jumps
(see Theorem 1.9.1 and Theorem 1.9.2) and to the caracterization of the solution of the DRBSDE
as the value function of a stochastic game (proved in Proposition 1.9.5).

We introduce the penalization scheme, generalizing (1.2.3) to the case of random Poisson
measure :

T

T T T
VP —¢r + / o(s,Y?, 20, UP)ds + p / (Y7 — &) ds —p / (Co— YP)ds — / 204w,
t t

t

/tTt/* UP(e)N (ds, de) (1.4.7)

with A} = p [/(Y? — €)~ds and K} = p [;(¢, — YP) ds.

S

Proposition 1.4.5. Under Hypothesis 1.2.4, YP converges to Y in IH?, ZP weakly converges in
H? to Z, UP weakly converges in H? to U, and of := AY — K? weakly converges to oy in L*(F).
Moreover, for all r € [1,2[, the following strong convergence holds

T T z
/ |Z8 — Zy|"ds + / (/ ur — UsPu(de)) ds] =0. (1.4.8)
0 0 R*

The proof of Proposition 1.4.5 is postponed to Section 1.4.3.

T
lim E [/ VP — Ys|2ds] +E
0

p—o0

Intermediate result

For each p,q in IN, since the driver g(s,y, z,u) + q(y — &)~ — p(¢s — y)~ is Lipschitz in (y, z, u),
the following classical BSDE with jumps admits a unique solution (Y74, ZP4 UP9) (see [?])

T

T T T
Y;pﬂ :fT + / 9(37 Y;p,q’ Z?q? Ufyq)ds + Q/ (}/;p,q - gs)_ds - p/ (Cs - Yt9p7q)_d8 o / Z§7qus
t t

t

/tTt/*qu(e)N(ds,de). (1.4.9)

We set AP? = qf(f(YSp’q — &) ds and K7 = Pfot(Cs —YP)"ds.

Theorem 1.4.6. Let us assume that Assumption 1.2.4 holds. The quadruple (YP1, ZP1 UP1 oP9),
where aP1 = AP — KP4 converges to (Y, Z, U, «), the solution of (1.2.1), as p — oo then ¢ — oo
(or equivalently as q¢ — oo then p — o0) in the following sense : YP4 converges to'Y in IH?, ZP1
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weakly converges to Z in IH?, UPY weakly converges to U in IH?, of'? weakly converges to oy in

L*(F;). Moreover, for each r € [1,2[, the following strong convergence holds
T
lim lim E (/ |y — Y5|2d5)
P—00 ¢—00 0

T T z
+E (/ 1229 — Z,"ds + / (/ jUP — U5|2y(de)) ds> — 0. (1.4.10)
0 0 R*

The proof of Theorem 1.4.6 is divided in several steps. We prove

1. the quadruple (Y4, ZP4 UP9 oP?) converges as ¢ — oo then p — 0o
2. the quadruple (Y4 ZP2 UP? oP9) converges as p — oo then ¢ — 0o
3. the two limits are equal (see Lemma 1.4.11)

4. the limit of the penalized BSDE is the solution of the reflected BSDE (1.2.1) (see Theorem
1.4.3)

5. Equation (1.4.10) ensues from (1.4.27) and (1.4.29).

Proof of point 1.
Let us first state the following preliminary result.

Lemma 1.4.7. Suppose that H, H' € S8? are two supermartingales such that Assumption 1.2.4
holds. Let Y* be the RCLL adapted process defined by Y;* := (Hy — H}) 1,7+ &r1i—r. There exists
(Z*,U*, A*, K*) € H? x H2 x A% x A? such that (Y*, Z*,U*, A*, K*) solves (1), (i1), (iii) of (1.2.1).

Proof. By assumption, H and H’ are square integrable supermartingales. The process Y* is
thus well defined. By the Doob-Meyer decomposition of supermartingales, there exist two square
integrable martingales M and M’, two square integrable nondecreasing predictable RCLL processes
V and V' with Vj = V; = 0 such that:

dH, = dM, — dV,; dH, = dM, — dV} . (1.4.11)

Define
Mt = Mt — Mff

By the above relation and (1.4.11), we derive dY;* = dM, — dV; + dV;. Now, by the martingale
representation theorem, there exist Z* € H?, U* € H? such that:

dM, = Z;dW, +/ Uy ()N (de, dt). (1.4.12)

Consequently, (1.4.11) and (1.4.12) imply that:

T T
}/t* :§T+/ 9(57}/:7Z:7U:>d5_ (/ g(sa}g*7Z:7U:)dS+<VT_%)_(VT/’_‘/t/)>
t

¢
T T 3
—/ Z;‘dWS—/ / Uz (e)N(ds,de).
¢ ¢ Jrr
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Now let gt (resp. ¢~ ) denote the positive (resp. negative) part of the function g. By setting
Ar = Vi+ [ gt (s, Y5, 22, Uf)ds and Kj o= Vi + [ g~ (s, Y, Z,Ur)ds, the result follows. [

Proposition 1.4.8. Suppose Assumption 1.2./ holds. Then, there exists a constant C, independent
of p and q such that we have :

T T
E [ sup (V%) ] +E {/ |Zf’q|2dt} +E [/ / |UP(e)|?v(de)dt
0<t<T 0 0o JR

+ E[(A})?] + E[(K})?) < C. (1.4.13)

Proof. This proof generalizes the proof of [112, Proposition 4.1] to the case of jumps. Since p and
q play symmetric roles, the calculations over p and ¢ are uniform throughout this proof. From
Lemma 1.4.7, we know that there exists (Y*, Z*, U*, A*, K*) in 82 x [H* x IH? x A? x A? such that

T
Y =¢r +/ g(s,07)ds + (A% — AY) — (K5 — K7) —/ ZEdW, — / / U*(e)N(ds, de)
t t *

and & <Y* < ( dP ®dt a.s. (0% denotes (Y, Z¥ U?)). Then, for p,q € IN, we also have

T

T T
Vet [ als.00ds+ (g = A = (5= KD+ [ (6 =¥ ds—p [ 07 =)t

t
—/ Z5dWs — / / U (e)N(ds, de).
t *

Let 077 .= (Y?", 27", UP") and 974 = (YP4, ZP4 UP4) be the solutions of the following equa-
tions

T

?P,q _6 /T P * * _ VP4 _ 4 yPq +
¢ =S+ (5,0, )ds + (A7 — A )+q =Y. )ds—p [ (Y, —()Tds  (1.4.14)

_/ 77w, — / / U ()N (ds, de). (1.4.15)

T

T T
Vet —grt [ als 0 = (85— K q [ (€= Tptas—p [ (779 -C)ts (1416)

t

—/ ZPadW, — //qu N(ds, de). (1.4.17)
t *

By the comparison theorem for BSDEs with jumps (see Theorem 1.9.1), we get that for all p, ¢ in
IN, YPU<YPt <Y & <Yy <Y,"and Y/ <Y < (. Applying this result to (1.4.14) gives
that (qu qu,qu) is also solution to

T T T
V= gt / o(s, T ds + (A3 — A7) — p / (T~ ) tds - / 7w,
t t t

_ /T TP (e)N (ds, de). (1.4.18)
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Doing the same with (1.4.16) gives that (Y?4, ZP4 [P9) is also solution to
T

T
- / o(s,00)ds — (K — K7) + g / (6 — VPO ds

t

_/t ZPadw, — //qu N(ds, de). (1.4.19)

Let us consider the following BSDEs
T
T=4r +/ 9(s,0)ds + (A7 — A7) — / Zrdw, — / / U (e)N(ds, de), (1.4.20)
t t *

Y, _§T+/tTg(s,05)ds—(K§F—Kf)—/t Z=dw, — / / N(ds,de),  (1.4.21)

where 0} = (Y;*, ZF,U}) and 05 := (Y, Z;,U;). Since K* :=p [[(Y2? — ¢,)Tds and AP? .=
qfo & — YP9)tds are increasing processes, Theorem 1.9.1 applied to (1.4.18) and (1.4.20) (resp.
0 (1.4.19) and (1.4.21)) gives Y, < Y, (resp. Y;” < Y9). Combining theses results with the
inequality Y < Y? < Y7 leads to

Y(p,q) € N?, Vt € [0,T], Y, <YPI<YPI<Y' <Y/ (1.4.22)
Then we have
E[ sup (V"*)?] < max{E[ sup (Y;")’],E[ sup (¥;7)*]}. (1.4.23)
0<t<T 0<t<T 0<t<T

Since A* and K* belong to A%, Itd’s formula, BDG inequality and Gronwall’s Lemma give
E[supg<;<7(¥;7)?] < C and E[supy<,<(¥;7)?] < C. Then we get

E[ sup (Y?9)?] < C. (1.4.24)

0<t<T
Let us now prove that E[(A%9)?] + E[(K29)?] < C. Since for all p,q in IN, Y? < Y9 < Y79
then A?? > AP9 > (0 and K, > KP? > 0. Tt boils down to prove E[(A%%)?] + E[(K}')?] < C.
Let us first prove that E[(A%%)?] < C. To do so, we apply [78, Equation (17)] to (1.4.19) (as a

sequence in ¢). In the same way, we apply [78, Equation (17)] to (1.4.18) (as a sequence in p). We
get E[(K7")?] < C.

It remains to prove E [fOT |Zf’q|2dt} +E UOT =

formula to |Y[%, we get

B2+ | [ 1zpas] v ] [ wreopias]

T
— i)+ 28 | [ vrgls vz, 22002

t

UP(e)Pv(de)dt] < C. By applying 1to's

T T
P T o [ et |
t t
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The third term of the right hand side is null it Y7 > &,.

Then we can bound it by 2E [supy<,<p |&|(A%? — AP9)]. The last term of the right hand side
is bounded in the same way. We bound it by 2 [supg<,<y [G|(K7? — KP1)]. By using that g is
Lipschitz, we bound the second term of the right hand side

T T
= U Yi9(s, Y1, 229, Uf’q)ds} =2 U Y (lg (- 0,0,0) o + Co(IY] + 1289 + [UZ]))ds
t t

By applying Young’s inequality, we get

E [[Y7]*] + E MT |Z§’q|2ds} +E MT /IR |U§”q(e)|2y(de)ds}

T
< l9(-0,0,0)[% + (1 +2C, + 4C?)E [ / |5@M|2ds]

+ Eu | ZP1| ds}—k EU / \UP4(e)*v(de)d ] (1.4.25)

+E[sup & +E[ sup ]+ E[(AR)’] + E[(K7)7).

0<t<T 0<t<T

By combining the assumptions on &, ¢, (1.4.24) and the previous result bounding E[(A%7)?] +
B[(K2?), we get B[, |Z09)%ds] + E[f]" [,.. [UP4(e)Pv(de)ds] < C. O

In (1.4.9), for fixed p we set g,(s,y,z,u) = g(s,y,2,u) —p({s —y)~. g is Lipschitz and

B ([ s 0.0.00%5) < 28 ([ (065:0.0.0)% ) +207E sup (6)1) < .

0<t<T
By Theorem 1.9.1, we know that (Y??) is increasing in ¢ for all p. Thanks to Theorem 1.9.4, we
know that (Y7, ZP4 UP?) . has a limit (Yo, ZP>° UP>) := 67> such that (Y??), converges
increasingly to Y7 € 82, and thanks to Theorem 1.9.3, we know that there exists ZP> € IH?,
UP> € JH? and AP>™° € A? such that (YP°, ZP> P> AP>) satisfies the following equation

T
YPo gy / g5, 07)ds + (AL — AP) _p /

t

/ / UP(e)N(ds, de) (1.4.26)

ZP> is the weak limit of (Z7%), in IH?, UP> is the weak limit of (UP?), in H? and AP™ is
the weak limit of (AY?), in L*(F;). Moreover, for each r € [1,2[, the following strong convergence

holds
T
lim E ( / YPa — Y;W|2ds)
q—o0 0

T T 5
+E (/ | ZP9 — ZP>|"ds +/ (/ \UPa — Uf’oo|2y(de)) ds> = 0. (1.4.27)
0 0 R+

From [78, Theorem 5.1], we also get that V¢ € [0,T], Y”™ > & and fo (Y220 — & )dAP™® =0
a.s. Set K" = pf(f(g“s —YP*)~ds. Since YP? A YP>® when ¢ — oo, KP4 7 KP* when ¢ — oo.
By the monotone convergence theorem and (1.4.13), we get that E((K%>)?) < C. Then we get

the following Lemma

T

T
(Cs —YP™>)"ds — / ZP>dW,
t
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Lemma 1.4.9. There exists a constant C independent of p such that
T T
E [ sup (th)ﬂ +E [/ ]Zf”o"\zdt] +E [/ / TP ()2 (de)dt
0<t<T 0 0 .

+E[(AF™)*] + E[(K7™)*] < C.

From Theorem 1.9.2, we have Y>> Y**° then there exists a process Y such that Y7 \
Y. By using Fatou’s lemma, we get

E ( sup <Yt>2> <c,

0<t<T

and the dominated convergence theorem gives us that lim, ,., Y7 =Y in IH?. Since (Y?9), is a
decreasing sequence, (A7), is an increasing sequence, and by passing to the limit ((A?), weakly
converges to AP™®), we gett AP < APTH® Then, we deduce from Lemma 1.4.9 that there exists
a process A such that AP A A and E(A%) < oco. Since AP? — AP = fStCI(fr — YP9)tdr <
[fa(& — YPHhayrdr = AV — APHLa) e get that

Af,oo - A;S),oo < Af—o—l,oo . A;g—i—l,oo Vv 0 <s<t< T.

Thanks to Lemma 1.4.9, we can apply the “generalized monotonic Theorem” 1.6.1: there exist
Z € H? U € H? and K € A? such that

T T
Yi=&r+ / 9(s,Ys, Zs, Us)ds + Ap — Ay — (Kp — Ky) — / ZsdW

_ /tT/i U,(e)N(ds, de), | (1.4.28)

K is the weak limit of K?'* in L*(F;), Z is the weak limit of ZP* in IH? and U is the weak limit
of UP*> in IH?2. Moreover, AP strongly converges to A; in L*(F;) and A € A?, and we have for
cach r € [1,2],

T
lim E </ Y — Y;|2ds)
p—o0 0
T T 5
+E / |20 — Z|"ds +/ </ |UP> — Us|21/(de)> ds | =0. (1.4.29)
0 0 R*

Proof of point 2.
Similarly, (Y?9), is decreasing for any fixed g. The same arguments as before give that
(YPa, ZPa UP9) ey has a limit (Y°9, 229, U?) := §°7 such that (Y?9), converges decreasingly

to Y4 € §? and thanks to Theorem 1.9.3, we know that there exists Z°*4 € H? U7 € [H?
and K> € A% such that (Y°4, 754 [J>4 [°9) satisfies the following equation

T T T
Vet gt [ gls. s g [0 ) ds - (50 k) [z,
t t

- /t i /ZR * U>(e)N(ds, de) (1.4.30)
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Z°1 is the weak limit of (ZP4), in IH?, U is the weak limit of (UP?), in IH2 and K, is the
weak limit of (KP?), in L*(F;). From [78, Theorem 5.1], we also get that Vt € [0,T], Y™ < ¢
and fOT(YOO’q — ()R = 0 as. Set A9 = g [/(V04 — €)~ds. Since YP9 N, Y4 when

fia
p — oo, A4 A A°4 when p — oo. By the monotone convergence theorem and (1.4.13), we get
that E((A7"7)?) < C. We get the following result, equivalent to Lemma 1.4.9

Lemma 1.4.10. There exists a constant C' independent of q such that

E [Oi%(nw)?] +E { /0 ' |Zf°’q|2dt} +E [ /0 ' /R () Py de)
+E[(AF)?) 4 E[(KF)) < O

From Theorem 1.9.2, we have Y,*¢ < Y;"%*! then there exists a process Y’ such that Y4 2
Y’. By using Fatou’s lemma, we get that Y’ belongs to S?, and the convergence also holds in IH?.

By using the same proof as before, we can apply Theorem 1.6.1: there exist Z' € H?, U’ € IH?
and A’ € A? such that

T T T
Y/ = & + / (s, Y 20UV ds + A — AL — (K — K!) — / 2w, — / / U/ (¢)N (ds, de).
t t *

t

A} is the weak limit of A;™? in L?(F;), Z' is the weak limit of Z°? in [H? and U’ is the weak limit
of U4 in IH2. Moreover, K;°? strongly converges to K/ in L*(F;) and K’ € A?. We will now
prove that the two limits are equal.

Proof of point 3.

Lemma 1.4.11. The two limits Y and Y’ are equal. Moreover Z = Z', U = U’ and A — K =
A - K.

Proof. Since YP? 2 YP> and YP? N\, Y1 we get that for all p,q € IN, Y4 < YP1 < YPeo,
Then, since Y7 Y and Y7 7Y’ we get Y/ <Y. On the other hand, since Y7 < YP4 we
get that forall 0 < s <t < T

A]tjvq _ A};:q S Atoozq _ A?O’q.

Since (AP?), weakly converges to A in L*(F;), (A;>7), weakly converges to A} in L?(F;), and
(AP>), strongly converges to A; in L*(F;), taking limit in ¢ and then limit in p gives

Ay — Ay < AL — AL (1.4.31)
Since YP4 < YP> we get that forall 0 < s <t <T
KpP? — KP4 < K™ — Kb,
Letting p — oo and ¢ — oo leads to
K, - K. <K, — K. (1.4.32)

Combining (1.4.31) and (1.4.32) gives that for all 0 < s <t < T, A, — Ay — (K; — K;) <
A, — AL — (K] — K!). Thanks to Theorem 1.9.1, we get that Y’ > Y. Then Y’ =Y, and we get
2 =Z U =U,and A — K' = A— K. 0
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Proof of point 4.

It remains to prove that the limit (Y, Z,U, A — K) of the penalized BSDE is the solution of the
reflected BSDE with two RCLL barriers £ and ¢. To do so, we use stochastic game theory (see
Proposition 1.9.5) and Snell envelope theory (see Appendix 1.7).

Theorem 1.4.12. Let o := A — K. The quartuple (Y, Z,U,«) solving (1.4.28) is the unique
solution to (1.2.1).

Proof. We know from Theorem 1.2.7 that (1.2.1) has a unique solution. We already know that
(Y, Z,U, A, K) belongs to 8 x IH? x IH? x A? x A? and satisfies (ii). It remains to check (i7i) and
(1v). We first check (iii). From (1.4.26), we know that (YP°°, ZP>° UP>° AP} i the solution of
a reflected BSDE (RBSDE in the following) with one lower barrier . Let a?™ := AP — KP:>°,
Then, (YP*°, ZP>° P> oP*) can be considered as the solution of a RBSDE with two barriers &
and ¢ + (¢ — YP>)~, since we have

T
E<YP® < CH(C—YP) / (VP — )dA™ = 0
0
and
T T
/ (V7™ — ¢ — (¢ — YP) )JAK?™ = —p / (Y7 — C) (G — YP<)dt = 0.
0 0

From Proposition 1.9.5 we know that

oNT
Y™ = essinf esssup E (/ 9(s,077)ds + & 1rco + Coloar + (G — Yfm)lgq‘}-t)
t

€Tt TET:

oNT
> essinf esssup E (/ g(s,00)ds + &1, <, + <010'<7'|]:t)
t

€Tt TETE

ONT
> essinf esssup E (/ g(s,0s)ds + &1« + C010<T|.7-"t>
t

o€Ty TET:
T
ey ( [ e =iz - 2+ o - Usnudsm) .
0

Since YP* — Y in H?, ZP>° — Z in H" for r < 2, and UP*° — U in [H’, for r < 2, there exists a
subsequence p; such that the last conditional expectation converges to 0 a.s. Taking the limit in
p in the last inequality gives

oNAT
Y; > essinf esssup E (/ g(s,05)ds + & 1< + C010<T‘.7-}) . (1.4.33)
€Tt TET: t

In the same way, we know that (Y4, 74 7> [°7) is the solution of a RBSDE with one
upper barrier (. Let a® := A% — K°4. Then (Y1 Z°1 U1 °9) is the solution of a
RBSDE with two barriers £ — (Y°? — ¢)~ and (. By Proposition 1.9.5 we know that

oNAT
Y>> < esssup essinf E (/ g(s,05)ds + & 1,<5 + Cglg<7}.7:t)
t

TE€T; €Tt

T
# O ([ -yl 120 - 2+ U - Ulsl:).
0
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Since Y4 — Y in H?, Z°9 — Z in H" for r < 2, and U®? — U in [H", for r < 2, there exists
a subsequence g; such that the last conditional expectation converges to 0 a.s. Taking the limit in
q in the last inequality gives

oNT
Y, < esssup essinf E (/ g(s,05)ds + & 1<, + (C,IKT‘]-}) . (1.4.34)
reTy €T t B

Comparing (1.4.33) and (1.4.34) and since esssup essinf < essinf esssup, we deduce

oNT
Y; = esssup essinf E (/ g(s,05)ds + & 1,<5 + CC,10<T’]-}>
t

reT: €Tt

oNT
= essinf esssup E (/ g(s, Hs)ds +& <o + Cala<7’./rt> .
t

o€Te TET:

Let M, :=E(&r + fOT (s,05)ds|Fy) fo s,05)ds, & =& — M, and ( = ¢ — M,. We can rewrite
Y in the following form

Y; = esssup essinf E <£T r<o + C(, a<7|-7:t> + M,

T€T: €T

= essinf esssup E <§T <o + (1 KT!E) + M,

o€Tt  reT;

Then Y; — M, is the value of a stochastic game problem with payoff I;(1,0) = 57179 + 5},10<T.
Let us check that € and ¢ are in S2. Since ¢ and ¢ are in 82, we only have to check that M € S2.

Using Doob’s inequality
T 2
+(/wuamﬁ),
0

T
SCO+E/|KPH&F+MM%@<m
0

2

0<t<T 0<t<T

E( sup (M;)?) < 2E ( sup (E(S + /OTg(Sﬁs)dSIE))

Since & = (r = 0 and € and ¢ satisfy Mokobodski’condition, we can apply [112, Theorem 5.1]:
there exists a pair of non-negative RCLL supermatingales (X, X~) in §? such that

X7 =Ri(X™+§), X7 =Ri(Xt =),

where R;(¢) denotes the Snell enveloppe of ¢ (see Appendix 1.7). Thanks to [112, Theorem 5.2],
we know that Y; — M, = X;" — X,;". Moreover, by the Doob-Meyer decomposition theorem, we get
X" =E(ALFR) — A, X; = E(KHF,) — K/, where A', K' are predictable increasing processes
belonging to A2. With the representation theorem for the martingale part we know that there
exists Z! € H? and U' € H? such that

Y, =M, + X" — X;
t

T
— E(f—i—/ g(s,0,)ds + AL — K1|F,) —/ g(s,0,)ds — A} + K},
0

t
=Y, + /ZdW +// N(ds, de) — /g(s,es)ds—AHKg.
0



190

Then, we compare the forward form of (1.4.28) and the previous equality, we get

(A, — K)) — (A — K = /(z Z1dWW, +// 1(¢)) N (ds, de)

and then Z; = Z!, U, = U} and K; — A; = K! — Al. By using the properties of the Snell envelope
n (1.4.35), we get the Xt > X~ +¢&and X~ > Xt —(, which leads to £ = M +¢ <Y =
M+ Xt — X~ < M+ =¢and (iii) follows.

It remains to check (iv). From the theory of the Snell envelope (see Section 1.7), we get that

T T T
= [ (Xt — (& +X2)dA = | (XFE —XZ —¢& + M, )dA = | (Y,- —&-)dA}L,
0= [ 06 = G +xnast = [ - Xz -6+ v = [ -

T 5 T T
0= /0 (X7 — (XF — & ))dE) = /0 (X7 — XF 4+ — M, )dK) = /0 (G — Vi )dEKD,

which ends the proof. O

Proof of Proposition 1.4.5

In order to prove the convergence of (Y7, ZP UP oF), we rewrite (1.4.26), the solution of the
reflected BSDE with one lower obstacle &

T T T
Ve <t [ gls o )as+ (g — ) —p [ (G -veyas— [z,
t

t
//Upoo N(ds, de),

and (1.4.30), the solution of the reflected BSDE with one upper obstacle ¢

T T T
Vet =g [ gls s v [ (-6 7ds = (K7 = K = [z,
t t

/ /*U""p N(ds, de).

Since Y > & and Y™P < (;, we can substract pftT(YSp’C><J — &)~ ds to the first BSDE
and we can add p ftT(CS — Y>P)~ds to the second BSDE. By the comparison theorem we get
Y2r <YP < YPT Since YP™® N Y and Y*P NY when p — oo, we get that Y — V;
almost surely, for all ¢ € [0,7]. From (1.4.29) and the corresponding result for Y>°? we get that
limy o0 E(f) [V — Y,[2ds) = 0,

Applying 1t6’s formula to E(]Y? — Y;|?) between [0, 7], a pair of stopping times such that t < o <
T < T, we get

Y7 = Yo"+ | |20 Z|"ds + U2 (e) = Us(e)[*v(de)ds | = E(|Y} - Y:[*)
(v [ [ 1. )

+ 2 / (Y2 = Y)(g(s,07) — g(s,0,))ds) + > (AA?+ D> (AKP+2 > AAAK

o[-y -, -2 [ 07— v - K.
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By using the Cauchy-Schwarz inequality, the convergence of Y? to Y in IH?, and the fact that
g(s,07) and g(s,0,) are bounded in L?(2 x [0,T]), we get that the second term of the r.h.s. tends
to zero when p tends to oo. From the dominated convergence theorem the last two terms of the
r.h.s. also tend to zero. Since 2y .. AAAK <> (AAP?+Y .. (AsK)?, we are back
to Theorem 1.9.3, which ends the proof of (1.4.8). o o

It remains to prove that Z? weakly converges to Z in IH?, UP weakly converges to U in IH? and
of weakly converges to o in L?(F;). Since VP < YP <YP™ we get AV < AP and KP < KP™,
Then, by using Lemmas 1.4.9 and 1.4.10, we obtain E((A4%)?) + E((K%)?) < C, where C' does not
depend on p. By applying Ito’s formula to |Y;”|*> and by using Young’s inequality as in (1.4.25) we
get E(foT | ZP12dt + fOT ([ 1UP(e)|Pv(de)ds)) < C, where C does not depend on p. The sequences
(ZP)p>0, (UP)ps0, (A7)0 and (K7),>o are bounded in the respective spaces IH?, IHZ, L*(F,) and
L?*(F;). Then, we can extract subsequences which weakly converge in the related spaces. Let us
denote Z',U’, A" and K’ the respective limits. Since (Z?7, UP) strongly converge to (Z,U) for any
q <2 (see (1.4.8)), we get that Z = Z" and U = U".

Let us prove that A’ — K’ = A — K. We have
t
AV — KPP =YP-YP - / g(s, Qp)ds—i—/ ZPdW, +/ / UP(e)N (ds, de),

At—Kt:YO—Yt—/ (39)d$—|—/ZdW—|—// dsde)

Taking the limit in p in the first equation, we get A, — K} = A; — K.

1.5 Numerical simulations

In this section, we illustrate the convergence of our scheme with two examples. The difficulty in the
choice of examples is given by the hypothesis we assume, in particular the Mokobodsi’s condition
which is difficult to check in practice.

Example 1 : inaccessible jumps

We consider the simulation of the solution of a DRBSDE with obstacles having only to-
tally inaccessible jumps More precisely, we take the barriers and driver of the following form:

Our example satisfies the assumptions assumed in the theoretical part, in particular Hypotheses
2.2.5 and 1.3.3 (see Remark 1.3.5, point 2. ) Assumption (1.2.4), which represents the Mokobod-
ski’s condition, is fulfilled, since H; := (VVt) +Nt+2(T t) satisfies & < Hy < (; and Hy = M+ Ay,
where M, := (Wt) +N,+T—tisa martingale and A; := T'—t is a decreasing finite variation process.

Table 2.1 gives the values of Y, with respect to parameters n and p of our explicit sheme. We
notice that the algorithm converges quite fast in p and n. However, when n is too small (n = 20
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and n = 50), the result for p = 20000 is quite far from the “reference” result (n = 600 and
p = 20000). Concerning the computational time, we notice that it is low, even for big values of p

and n.

Table 1.1: The solution 7”™ at time ¢t = 0

ypr n=20 |n=50 |n=100 [ n=200 | n=400 | n=500 | n=600
p=20 1.1736 | 1.2051 | 1.2181 | 1.2245 | 1.2277 | 1.2283 | 1.2288
p=50 1.2077 | 1.2482 | 1.2648 | 1.2728 | 1.2767 | 1.2775 | 1.2780
p=100 1.2214 | 1.2634 | 1.2808 | 1.2894 | 1.2936 | 1.2945 | 1.2950
p=500 1.2350 | 1.2753 | 1.2939 | 1.3033 | 1.3079 | 1.3088 | 1.3094
p=1000 1.2365 | 1.2767 | 1.2957 | 1.3051 | 1.3098 | 1.3107 | 1.3113
p=5000 1.2376 | 1.2778 | 1.2971 | 1.3066 | 1.3113 | 1.3122 | 1.3129
p=20000 1.2377 | 1.2780 | 1.2974 | 1.3069 | 1.3116 | 1.3125 | 1.3132

CPU time for p=20000 | 0.00071 | 0.0084 | 0.0644 | 0.6622 | 6.3560 | 12.5970 | 20.0062

Figure 2.1 represents one path of (7", &, ,(")=0. We notice that for all ¢, 7" stays between
the two obstacles.

Trajectories of the solution and the barriers

Figure 1.1: Trajectories of the solution y”" and the barriers En and Zn for A =5, N = 200, p = 20000.
Example 2 : predictable and totally inaccessible jumps

We consider now the simulation of the DRBSDE with obstacles having general jumps (to-
tally inaccessible and predictable). More precisely, we take the barriers and driver of the fol-
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lowing form: & = (W,)* + N; + (T — t)(1 — 1y,20), G := (W)* + Ny + (T — 1)(2 + Liyza),
g(t,w,y,z,u) := =bly + z| + 6u — 1.

We first give the numerical results for two different values of a, in order to show the influence of
the predictable jumps given by 1y,>, on the solution Y and also the convergence in n and p of
the numerical explicit scheme (see Tables 1.2 and 1.3).

Then, Figures 1.2, 1.3 and 1.4 allow to distinguish the predictable jumps of totally inaccesible
ones and their influence on the barriers (for e.g. the first jump of the barriers is totally inaccessible,
the second and third ones are predictable). Moreover, we remark, as in the previous example, that
the solution Y stays between the two obstacles £ and (.

Table 1.2: The solution Y at time ¢t = 0 for a=-1
Yo" n=100 | n=200 | n=400 | n=500 | n=600

p=20 1.0745 | 1.0698 | 1.0782 | 1.0748 | 1.0759
p=50 1.1138 | 1.1103 | 1.1191 | 1.1159 | 1.1170
p=100 1.1266 | 1.1238 | 1.1328 | 1.1297 | 1.1308
p=500 1.1373 | 1.1353 | 1.1448 | 1.1419 | 1.1431
p=1000 | 1.1387 | 1.1369 | 1.1465 | 1.1437 | 1.1449
p=5000 | 1.1399 | 1.1382 | 1.1481 | 1.1453 | 1.1466
p=20000 | 1.1401 | 1.1385 | 1.1484 | 1.1456 | 1.1469

Table 1.3: The solution Y at time t = 0 for a=1
Yy n=100 | n=200 | n=400 | n=500 | n=600

p=20 1.2125 | 1.2177 | 1.2203 | 1.2208 | 1.2212
p=50 1.2582 | 1.2647 | 1.2680 | 1.2686 | 1.2690
p=100 1.2738 | 1.2808 | 1.2843 | 1.2850 | 1.2855
p=500 1.2866 | 1.2944 | 1.2982 | 1.2990 | 1.2995
p=1000 | 1.2884 | 1.2962 | 1.3001 | 1.3008 | 1.3013
p=5000 | 1.2898 | 1.2976 | 1.3016 | 1.3023 | 1.3029
p=20000 | 1.2900 | 1.2979 | 1.3018 | 1.3026 | 1.3032
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Trajectory of the Brownian motion
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Figure 1.2: Trajectories of the Brownian motion for a = —0.2, N = 200.

Trajectory of the Compensated Poisson process
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Figure 1.3: Trajectories of the Compensated Poisson process for A = 5, N = 200.
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Trajectories of the solution and the barriers

Figure 1.4: Trajectories of the solution Y and the barriers £ and ¢ for a=-0.2, A =5, N = 200.

1.6 Generalized monotonic limit theorem

The following Theorem generalizes [133, Theorem 3.1] and Theorem 1.9.3 to the case of doubly
reflected BSDEs with jumps.

Theorem 1.6.1 (Monotonic limit theorem). Assume that g satisfies Assumption 1.2.2, and &
belongs to L*(Fr). We consider the following sequence (in n) of BSDEs :

T T
yr—e / G(s, Y™ 2 U™)ds + (A% — A™) — (K — K7) / Zraw,
t

//m N(ds, de)

such thatY™ € 8%, A" and K" are in A%, and sup,, E fo |Z"|*ds)+sup,, E fo I
oo. We also assume that for each n € IN

Um(e)|*v(de)ds) <

1. (A™),, is continuous and increasing and such that A3 = 0 and sup, E((A%)?) < oo
2. Kl —KI > K/ —K!, forall0<s<t<T and for all i < j
3. forallt € [0,T), (KM), /Ky and E(K2) < oo

4. (Y]")n increasingly converges to Yy with E(supg<,<p |Yi|*) < 00.
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Then K € A% and there exist Z € IH?, A € A? and U € IH? such that

T
:f‘i‘/ g(sa}/;;ZsaUs)d5+AT _At - (KT - Kt) —/ Z dW / / dS de)
t t *

Z is the weak limit of (Z™), in H?, K; is the strong limit of (KP), in L*(F;), A; is the weak
limit of (A7), in L*(F;) and U is the weak limit of (U™),, in IH?. Moreover, for all r € [1,2[, the

following strong convergence holds

T T T 5
lim E (/ Y —Y,|2ds +/ |Z" — Z,|"ds +/ (/ U™ (e) — Us(e)\zy(de)) ds> = 0.
=0 0 0 0 *

Proof of Theorem 1.6.1. This proof follows the proofs of Theorem 1.9.3 and [133, Theorem 3.1].
From the hypotheses, the sequences (Z"),, (U"), and (g(-, Y™, Z", U")),, are bounded in IH? IH?
and L*([0,T] x ), then we can extract subsequences which weakly converge in the related spaces.
Let Z, U and gy denote the respective weak limits. Thus, for each stopping time 7 < T, the
following weak convergence holds in L?(F,)

/g(s,YS”,Z:,U:)ds — go(s)ds, / ZrdWs — ZsdW
0 0 0

n—oo n—oo 0

and
// U™(e)N(ds, de) // N(ds,de), K" — K,
" n—00 " n—00
since (K}"),, / K; in L*(F).
AT =Y —YT"—/ g(s,Y;”,Zg,U:)ds%—Kf—i-/ ZrdW; —i—/ / U"(e)N(ds, de)
0 0 *
we also have the following weak convergence in L?(F;)
AZAAT::YO—YT—/gO( )ds + K, +/ZdW+// (e)N(ds, de).
0 0 *
Then E(A%) < co. Since the process (A7), is increasing, predictable and such that A7 = 0, the
limit process A remains an increasing predictable process with Ag = 0. We deduce from [133,

Lemma 3.2] that K is a RCLL process, and from [133, Lemma 3.1] that A and Y are RCLL
processes. Then Y has the form

=£+/tTgo(8)ds+AT—At—(KT—Kt)—/t Z.dW, — /t [ v s. o),

It remains to prove that for all r € [1,2]

lim E </OT \Z" — Z|"ds + /OT </JR U (e) — Us(e)|2u(de))gds> =0



197

and for all ¢ € [0, 7]

¢ ¢
/go(s)ds:/ 9(s,Ys, Zs, Us)ds.
0 0

Let N, = [ [4. Us(€)N(ds, de) and N = [ [,.. UT(e)N(ds, de). We have Ay(Y"—Y) = A (N"—
N+ K"— K+ A) We appply It6’s formula to (Y," — Yt) on each subinterval ]o, 7], where o and
7 are two predictable stopping times such that 0 < o <7 < T. Let 67 denotes (Y., 22, U")

/ 20— ZPPds + Y A
o<s<T

=7 =Y [ 07 = Vi)l 02) — ls)ds + 2 / (7= Yodar -2 [ (v~ v, )da,

T

—2 [ - YoR: - K -2 [0 o2 - Zoaw,
2 [ (0 - YOURE) - Uile) N ds, de)
Since [T(Y —Y,)dA? <0, =2 [T(Y = Y,-)d(K! — K,) <0 and

DAY =YP =) ANT=NP+ > A(E" - K+ ) (AA)

o<s<T 0<s<T 0<s<T o<s<T

+2 ) AAA (K" - K).

o<s<T

By taking expectation and using Y* —Y,- = (Y' = Y;) = A,(Y" = Y), we get

B(Y" +IE/ Zr — 7, ds+E/ / U (e) = Ue) Prlde)ds + B S AL(K" — K
o<s<T
<E(Y"—Y.)? +2E/ (Y7 — Y.)(g(s, ") — ())ds—ZE/ (V7 = V)dA, +E 3 (A,4)
g o o<s<T
It comes down to [78, Equation (10)], we refer to this paper for the end of the proof. ]

1.7 Snell envelope theory

Definition 1.7.1. Any F;-adapted RCLL process n = (n:)o<t<r 1S of class D[0,T] if the family
{n(7)}remy is uniformly integrable.

Definition 1.7.2. Let n = (m)i<r be a Fi-adapted RCLL process of class D[0,T]. Its Snell
envelope R¢(n) is defined as

Ri(n) = esssup E(n,|F;).

veT:

Proposition 1.7.3. R.(n) is the lowest RCLL F;-supermartingale of class D[0, T] which dominates
n, i.e. P-a.s., for allt € [0,T], R(n); > n;.



198

Proposition 1.7.4 (Doob-Meyer decomposition of Snell envelopes). Let 1 := (1)< be of class
D([0,T]). There exists a unique decomposition of the Snell envelope

Rt(n) = M, _Ktc_Kga

where M, s a RCLL F;-martingale, K¢ is a continuous integrable increasing process with K§ = 0,
and K% is a pure jump integrable increasing predictable RCLL process with K& = 0. Moreover, we
have

/0 (Ri-(n) — me-)dK; = 0,

where K := K¢+ K¢,

Proof. The first part of the proposition corresponds to the Doob-Meyer decomposition of super-
martingales of class D[0, T]. To prove the second part of the proof, we write

/O (Re- () — - )dE, = / (Re- () — m- K+ / (Re- () — - )dK?.

The first term of the right hand side is null, since {AK? > 0} C {R(n)_ = n_} (see [91, Property
A.2, (ii)]). Let us prove that the second term of the r.h.s. is also null. We know that (R;(n)+K?2); =
(M; — KY); is a supermartingale satisfying R.(n) + K > n; + K¢, then R;(n) + K > R(n, + K2).
On the other hand, for every supermartingale N; such that N; > nt+th, we have Nt—th > ng, and
then N; — K& > R(n); (since (N; — K?); is a supermartingale), then N; > R(n); + KZ. By choosing
Ny = R(n+K?);, we get Ry(n)+ K¢ = R(n;+K¢). Since K¢ is continuous, (R4(n)+ K?2); is regular
(see [136, Exercise 27]). Then, from [91, Property A3], we get that 7 := inf{s > ¢: K¢ — K > 0}
is optimal after ¢. This yields [["(R(n)s + K¢ — (n, + K2))dK¢ = 0 for all ¢ < T. Then, we get
Jy (R (1) = m=)dIs; = 0. =

1.8 Technical result for standard BSDEs with jumps

Lemma 1.8.1. We assume that 8, is small enough such that (342p+2C,+2C7 (14 1e*7))d, < 1.
Then we have:

n—1
sgp]E " 1 + 6, ZE \_pn (1 — &)k ZEHE?”’Q] < Klem.isa
j<n j=0

where
n n 2 12T
Kremas: = (g, 070,0)H§o+(p2+CgT)(SupmjaxEHfj|2]+SupmjaxEHCj|2]))6(3+2p+209+2%<2ﬂ )

Proof. From the explicit scheme, we derive that:

H_pn’ ] - Hyffﬂ | = —5n]E[|_p’n\2] — (1 — kp)kE Hﬂp’”]Q] —(1— /in)/inEH@?’n\z]

— 0 Elgy (4, BTy 1 F7 L 20" @) ™)] + 20, E (55" g, (t, B [T F7 ] 25w ™)].

’J’J ’]’]
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Taking the sum for j =1,...,n — 1 yields

n—1

E[[77" "] < E[I§"[*] — dx Z]E 2] = (1= k)i ) E[[@")7]

j=i

+ 20, ZE% gv (5, BIY5 5 151,25 1)

—_

n—

E[|€"?] — 6, Z]E\‘p" (1= k) y  E[T0"?

Jj=t

+ 26, ZE 72"|(1g(t;,0,0,0)]

+ Cg|E[@§’f1|f“]| + G2+ Cola™ | + p(75" | + 1671+ 1¢'1)]

Hence, we get that:

?
L

(172" 2 Z]E Bk I{nZE |_pn E[|g(t;,0,0,0)[%]

+ (0 + Gy (max E[Jg ) + mjaxEncj )

<.
Il
-

2026 !

] %

On 1 .
Since ﬁ < Xe”T, the assumption on ¢, enables to apply Gronwall’s Lemma, and the
Kn(1 — Ky,

result follows. O

1.9 Some recent results on BSDEs and reflected BSDEs
with jumps

For the self-containment of the chapter, we recall in this Section some recent results used several
times in the chapter.

1.9.1 Comparison theorem for BSDEs and reflected BSDESs with jumps

Theorem 1.9.1 (Comparison Theorem for BSDEs with jumps ([137], Theorem 4.2)). Let & and
& be in L*(Fr). Let fi be a Lipschitz driver and fy be a driver. For i = 1,2 let (X}, 7, 1}) be a
solution in 8* x H? x H? of the BSDE

LAXT = it X ) dE— widW, — / E()N(dt, du); X = €. (1.9.1)

Assume that there exists a bounded predictable process () such that dt @ dP ® v(du)-a.s

m(u) = =1 and [y (u)] < ¢(u),



200

where ¥ € L2 and such that
filt, X7, 7 ) — [t X7, 7 ) > (e, 1 — 1F),, t €[0,T],dt ® dP a.s. (1.9.2)
Assume that
&> & as. and fi(t, X2, 7212 > fo(t, X2, 72, 12) t € [0,T],dt ® dP a.s. (1.9.3)
Then we have
X} > X?a.s. for allt €[0,7). (1.9.4)

Moreover, if inequality (1.9.3) is satisfied for (X}, n},1}) instead of (X2, 72,12) and if fo (instead
of f1) is Lipschitz and satisfies (1.9.2), then (1.9.4) still holds.

Theorem 1.9.2 (Comparison Theorem for reflected BSDEs with jumps ([138], Theorem 5.1)).
Let &1, €% be two RCLL obstacle processes in S%. Let fi and fo be Lipschitz drivers satisfying
Assumption 2.2.4. Suppose that

g<¢g,0<t<Tas
f2(tay727k) S fl(t,:U,Z,k), fOT all (y)z)k) c R2 > _[/12/7 dP@dt s,

Let (Y, Z' k', AY) be a solution in 8* x H? x H2 x 8% of the reflected BSDE
—dY) = f;(t, Y], Z1 k() dt 4+ dAL — ZidW, — / K (u)N(dt, du); Yi = &, (1.9.5)
Vi >& 0<t<Tas. (1.9.6)
and A" is a non decreasing RCLL predictable process with Ay = 0 and such that
/T(Y;’ — E)dAY =0 a.s. and AAY = AYllyl i 0.8,
0

Then Y2 <Y} for allt in [0,T] a.s.

1.9.2 Convergence results on reflected BSDEs with jumps

Theorem 1.9.3 (Monotonic limit theorem for reflected BSDEs with jumps ([78], Theorem 3.1)).
Assume that f satisfies [78, Assumption A.2], & € L? and K™ is a continuous and increasing
process such that sup,,cy E(K7)? < 0o and K =0 for anyn € N. Let (Y™, Z™, V") be the solution
of the following BSDE

T
Yt"=£+/ f(s,Ys”,ZSJQ")dHK;—Kf—/ 7AW, — / /V" N(ds,du), t <T,
t t
where SupneNEfoT |Z"2ds < oo and SupneNEfOT S VI () Pr(du)ds < oo. If Y™ converges in-

creasingly to' Y with E(supy<,<p Y;?) < oo, then there exists Z € H?, K € A* and V € H such
that the triple (Z, K, V') satisfies the following equation

T
Y;=§+/ f(S,Y;,Zs,Vs)dS-FKT—Kt—/ ZdW, — // N(ds,du), t <T.
0 t
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Here Z is the weak limit of (Z™), in H?, K, is the weak limit of (K}"),, in L*(F;) and V is the
weak limit of (V™),, in H2. Moreover, for every p € [1,2|, the following strong convergence holds

/OT!ZS—Zs!pds+/OT (/U!V;”(w—m(u)\2y<du>)gd5] _ 0.

Now we introduce the following penalized equation

n—oo

T
hmEUﬂw;mW%+E
0

T T T
Y/'=¢ +/ f(s, Y, Z2,Vds + K — K|' — / Z0dW, — / / VP (u)N(ds,du), t < T,
t t Ju

t
where K] = nf(f(Ys” — Ss)~ds. We have

Theorem 1.9.4 ([78], Theorem 4.2). The sequence (Y, Z" V™), has a limit (Y, Z,V) such that
Y™ converges to Y in 8% and Z is the weak limit in H?, K, is the weak limit of (K['), in L*(F;)
and V is the weak limit in H2.

1.9.3 Stochastic game for DRBSDE

Let us now give the characterization of the solution of the DRBSDE as the value function of a
stochastic game we introduce. For more details on stochastic games applied to DRBSDE, we refer

to [138].

Proposition 1.9.5. Let (Y, Z,U,a) € 8% x H? x H2 x A? be a solution of the DRBSDE (1.2.1).
For any S € Ty and any stopping times 7,0 € Tg, consider the payoff:

TNAO
[S<7-7 U) = / Q(S,}/;,ZS,US<'))dS+f~,—1{7§0} +C01{0'<T}' (197>
S

The upper and lower value functions at time S associated to the stochastic game are defined re-
spectively by

V(S) := essinf esssup E[I5(7, 0)| Fs]. (1.9.8)
o€Ts TETg

V(S) := esssup essinf E[Is(7, 0)| Fs] (1.9.9)
T€Ts o€Ts

This game has a value V', given by the state-process Y solution of DRBSDE, i.e.

Yg = V() = V(S). (1.9.10)
Proof. For each S € Ty and for each € > 0, let
ro:=inf{t >S5, Y, <&+e} oi:=inf{t>S5, V> —¢} (1.9.11)

Remark that 0§ and 7§ € Tg. Fix € > 0. We have that almost surely, if ¢ € [S, 75[, then Y; > & +¢
and hence Y; > &. Tt follows that the function ¢ — A¢ is constant a.s. on [S,75] and ¢ — A is
constant a.s. on [S,7§[. Also, Y(z5)- > {(7¢)- +€ a.s. Since € > 0, it follows that Yie)- > §)-
a.s. , which implies that AA% = 0 a.s. (see Remark 1.2.6). Hence, the process A is constant on
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[S,75]. Furthermore, by the right-continuity of (§;) and (Y;), we clearly have Ve < &= +¢  ass,
Similarly, one can show that the process K is constant on [S, 05| and that Yoo > (o — € as.
Let us now consider two cases. First, on the set {og < 7}, by using the definition of the stopping

times and the fact that K is constant on [S, 0§, we have:

€

95
[S(Ta UE’) < / g(S, }/87 Zsa Us()>ds + Yag +e— (Kcrg - KS) + (Aog - AS)
S

§Y3~|—/ SstWs+/ S/ U,(e)N(ds,de) + ¢.
s s Jre

On the set {7 < 0§}, we obtain:

T

IS(Tv Ug) S / 9(87}/87 Z57 Us())ds + YT - (KT - KS) + (AT - AS)
S

<Ys+ / Z,dW, + / / U,(e)N(ds, de).
S s Jre
The two above inequalities imply:
E[Is(T, Ug)|F5] < YS +e.

Similarly, one can show that:
E[ls(7g,0)|Fs] > Ys —e.

Consequently, we get that for each € > 0

esssup E[Ig(1,05)|Fs] —¢ < Yg < essiTnfE[Is(Tg,a)]fS] +e as.,
T€Ts o€ls

that is V(S) —e < Yg < V(S)+¢e as. Since V(S) < V(9) ass., the result follows.

(1.9.12)



Chapter 2

Reflected scheme for doubly reflected
BSDEs with jumps and RCLL obstacles

Abstract. We introduce a discrete time reflected scheme to solve doubly reflected Backward
Stochastic Differential Equations with jumps (in short DRBSDESs), driven by a Brownian motion
and an independent compensated Poisson process. As in [59], we approximate the Brownian motion
and the Poisson process by two random walks, but contrary to this chapter, we discretize directly
the DRBSDE, without using a penalization step. This gives us a fully implementable scheme,
which only depends on one parameter of approximation: the number of time steps n (contrary to
the scheme proposed in [59], which also depends on the penalization parameter). We prove the
convergence of the scheme, and give some numerical examples.

2.1 Introduction

Non-linear backward stochastic differential equations (BSDEs in short) have been introduced by
Pardoux and Peng in the Brownian framework in their seminal chapter [124] and then extended
to the case of jumps by Tang and Li [147]. BSDEs appear as a useful mathematical tool in fi-
nance (hedging problems) and in stochastic control. Moreover, these stochastic equations provide
a probabilistic representation for the solution of semilinear partial differential equations. BSDEs
have been extended to the reflected case by El Karoui et al in [71]. In their setting, one of the
components of the solution is forced to stay above a given barrier which is a continuous adapted
stochastic process. The main motivation is the pricing of American options especially in con-
strained markets. The generalization to the case of two reflecting barriers has been carried out
by Cvitanic and Karatzas in [52]. It is well known that doubly reflected BSDEs (DRBSDEs in
the following) are related to Dynkin games and to the pricing of Israeli options (or Game op-
tions). The extension to the case of reflected BSDEs with jumps and one reflecting barrier with
only inaccessible jumps has been established by Hamadéne and Ouknine [90]. Later on, Essaky
in [78] and Hamadene and Ouknine in [91] have extended these results to a right-continuous left
limited (RCLL) obstacle with predictable and inaccessible jumps. Results concerning existence
and uniqueness of the solution for doubly reflected BSDEs with jumps can be found in [50],[62],
[86], [92] and [79].

203
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Numerical shemes for DRBSDEs driven by the Brownian motion have been proposed by Xu in
[151] (see also [117] and [134]) and, in the Markovian framework, by Chassagneux in [45]. In this
chapter, we are interested in numerically solving DRBSDEs driven by a Brownian motion and an
independent Poisson process in the case of RCLL obstacles with only totally inacessible jumps.
More precisely, we consider equations of the following form:

( T

()Y = &r + / 9(5, Y, Zo, U)ds + (Ar — Ay) — (Kr — K)

t

T T B
—/ ZdWs — / UsdNg,
) ) (2.1.1)
(ZZ> vt S [07T]7£t S }/; S Ct a.s.,

(id4) /0 Y~ €)dA, = 0 as. and /0 (G- VK = Oas.

{W,:0<t<T}is a one dimensional standard Brownian motion and {N; := N, — A\t,0 < t < T}
is a compensated Poisson process. Both processes are independent and they are defined on the
probability space (2, Fr,F = {F; }o<t<r,P). The processes A and K have the role to keep the
solution between the two obstacles £ and (. Since we consider that the jumps of the obstacles are
totally inaccessible, A and K are continuous processes.

In the non-reflected case, some numerical methods have been provided: in [30], the authors
propose a scheme for Forward-Backward SDEs based on the dynamic programming equation and in
[109], the authors propose a fully implementable scheme based on a random binomial tree. In the
reflected case, a fully implementable numerical scheme has been recently provided by Dumitrescu
and Labart in [59]. Their method is based on the approximation of the Brownian motion and
the Poisson process by two random walks and on the approximation of the reflected BSDE by a
sequence of penalized BSDEs.

The aim of this chapter is to propose an alternative scheme to [59] to solve (2.1.1). The scheme
proposed here takes the following form:

v = By [ 7]+ 9@, Blg)a [ F7] 25, w7)0 + af — k;
ar >0,k <0, ak; =0, (2.1.2)
Gy <G, @ -y =@ -k =0
It generalizes the scheme proposed by [151] to the case of jumps. Compared to the scheme
proposed in [59], the scheme proposed here —called reflected scheme in the following —is based
on the direct discretization of (2.1.1). In particular, there is no penalization step. Then, this
method only depends on one parameter of approximation (the number of time steps n), contrary
to the scheme proposed in [59] (which also depends on the penalization parameter). We provide
here an explicit reflected scheme and an implicit reflected scheme and we show the convergence of
both schemes. We illustrate numerically the theoretical results and show they coincide with the
ones obtained by using the penalized scheme presented in [59], for large values of the penalization
parameter.
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The chapter is organized as follows: in Section 2 we introduce notations and assumptions. In
Section 3, we precise the discrete time framework and present the numerical schemes. In Section
4 we provide the convergence of the schemes. Numerical examples are given in Section 5 .

2.2 Notations and assumptions

In this Section we introduce notations and assumptions. We recall the result on existence and
uniqueness of solution to (2.1.1). We also introduce some assumptions on the obstacles £ and ¢
specific to this chapter (Assumption 2.2.5).

Let (2, IF,P) be a probability space, and P be the predictable o-algebra on [0,7] x €. Let
W be a one-dimensional Brownian motion and N be a Poisson process with intensity A > 0. Let
IF ={F;,0 <t <T} be the natural filtration associated with W and N.

For each T' > 0, we use the following notations:

e L?(Fr) is the set of Fr-measurable and square integrable random variables.

e IH? is the set of real-valued predictable processes ¢ such that ||¢[3,, :=E [ fOT gbfdt} < 00.

B(IR?) is the Borelian o-algebra on IR

o S§?is the set of real-valued RCLL adapted processes ¢ such that ||¢||%. := E(supg<<p [¢4]?) <
.

A? is the set of real-valued non decreasing RCLL predictable processes A with Ay = 0 and
E(A2) < .

Definition 2.2.1 (Driver, Lipschitz driver). A function g is said to be a driver if

e g:Ox[0,T]x R*— IR
(w, t,y, z,u) = g(w, t,y, z,u) is P @ B(IR?)-measurable,

® [9(.,0,0,0)[[0c < o0.

A driver g is called a Lipschitz driver if moreover there exists a constant Cy > 0 and a bounded,
non-decreasing continuous function A with A(0) = 0 such that dP®dt-a.s. , for each (s1,y1, 21, 1),

(32711127227“2)7
l9(w, 51,1, 21, u1) — g(W, 52, Y2, 22, u2)| < A([s2 — s1]) + Cy(|yr — y2| + |21 — 22| + [ug — ual).

Definition 2.2.2 (Mokobodski’s condition). Let &, ¢ be in 8?. There exist two nonnegative RCLL
supermartingales H and H' in 8% such that

Vt c [O,T], é-t]-tST S Ht — Ht/ S Ct]‘tST a.s.

The following Theorem states existence and uniqueness of solutions to (2.1.1).
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Theorem 2.2.3 ([62],Theorem 4.1). Suppose & and ¢ are RCLL adapted processes in S* such that
forallt € [0,T], & < (;, Mokobodski’s condition holds and g is a Lipschitz driver. Then, DRBSDE
(2.1.1) admits a unique solution (Y, Z,U,«a) in 8? x IH? x IH?* x 82, where a := A— K, A and K
in A2

Let us now introduce an additional assumption on g, which ensures the comparison theorem for
BSDEs with jumps (see [137, Theorem 4.2]). The comparison theorem plays a key role in the proof
of the convergence of the penalized scheme (see [59]), which is useful to prove the convergence of
the reflected scheme (see Section 2.4).

Assumption 2.2.4. A lipschitz driver g is said to satisfy Assumption 2.2.4 if the following holds
s dP®@dt a.s. for each (y, z,ui,us) € IR, we have

g(tvyvzvul) - g(t,y,Z,UQ) Z 9(“’1 - u?)) with — 1 S 0 S 90-
We also assume the following hypothesis on the barriers.

Assumption 2.2.5. £ and  are It processes of the following form

t t t
& =& + / bids + / aﬁ, dWs + / ﬁg,dﬂfs (2.2.1)
0 0 0

t t t
Ct=<o+/ b§ds+/ agdW5+/ 85 dN, (2.2.2)
0 0 0

where b8, VS, of, 0, B¢ and B are adapted RCLL processes such that there exists v > 2 and
a constant Ce ¢ such that E(sup,cp |5]") + E(sup,<q [0S]7) + E(sup,<p |[08]7) + E(sup,<qp |0$]7) +
E(sup,<p |85]") + E(sup,<r |85]") < Cec. We also assume &r = (p a.s., & < ¢ for allt € [0,T)
and the Mokobodski’s condition holds.

2.3 Discrete time framework and numerical scheme

2.3.1 Discrete time framework

For the numerical part of the chapter, we adopt the framework of [109] and [59], presented below.

Random walk approximation of (W, N )

.....

discretize [0, 7). In order to approximate W, we introduce the following random walk

Wy =0
° s (2.3.1)
Wy =Voy i er

where e, e, ...,el are independent identically distributed random variables with the following
symmetric Bernoulli law:
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To approximate N, we introduce a second random walk

N =0
{(l /3] (2.32)
Np =200

where 7', ny, ...,n are independent and identically distributed random variables with law
P(f = kn —1) =1 =Py = k) = ks

where k, = e . We assume that both sequences €7, ...,e" and 0}, 74, ...,n" are defined on the
original probability space (€2, F,P). The (discrete) filtration in the probability space is F" := {F}" :
j=0,..,n} with 7§ = {Q,0} and F}' = o{e},....el,nf,..,nj} for j=1,...,n.

The following result states the convergence of (W™, N") in the .J;-Skorokhod topology. We
refer to [109, Section 3] for more results on the convergence in probability of F"-martingales .

Lemma 2.3.1 ([109],Lemma3, (II1)). The couple (W™, N™) converges in probability to (W, N) for
the Ji-Skorokhod topology.

We recall that the process £" converges in probability to £ in the J1-Skorokhod topology if
there exists a family (¢"),en of one-to-one random time changes from [0, 7] to [0, 7] such that
SUPyepo,r) [V (t) — t| —— 0 almost surely and supyep 1y [£5n () — &| —— 0 in probability.

’ n—00 ’ n—00

Martingale representation

Let y;11 denote a F}, -measurable random variable. As said in [109], we need a set of three
strongly orthogonal martingales to represent the martingale difference m; 1 := y; 11 — E(y;11|F}).
We introduce a third martingale increment sequence {u? =emni,j =0, ,n}. In this context

there exists a unique triplet (z;,u;, v;) of J'-random variables such that

M1 = Yjo1 — By |F) = Voziel y +umiy + v,

and
( 1 N
%= _5E(yj+lej+1’]:}l)7
E(y+10)441 ;) 1
! EI%((anrl)Qlf]{;)) Iin(l — Fén) ( J+1 J+1| j ) ( )
Yit1Hy 1 | FS 1 . ,
\ ’ E((Mjﬂ)z’}—j ) Kn(l — Hn) JHIFG 11

The computation of conditional expectations is done in the following way:

Remark 2.3.2 (Computing the conditional expectations). Let ® denote a function from IR**?
to IR. We use the following formula

n n n n () Kn n n n n
E(q)(ela"' 7€j+177]17"' 777j+1)|'F.]) :7q)(617"' 7€j717n17"' Jnjafin_l)

+7q)(e1117 76?7_177]?7"' 77]‘?7/€n_1)
1_/{/” n n n n
9 <I>(€17"'7€ja1>7717"'a77j7/{n)
11—k,

n n n n
(I)<€17"' 76j7_]-77717"' 777]'7’171,)‘
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2.3.2 Reflected schemes

The barriers £ and ¢ given in Assumption 2.2.5 are approximated in the following way: for all
ke{l,--- ,n}

k-1 k-1 k—1

=L+ > b0+ or Vel + Y Bty (2.3.4)
=0 1=0 =0
k—1 k—1 k—1

Gr="Cot+ D b0+ or Vel + Y B, (2.3.5)
1=0 1=0 1=0

Lemma 2.3.3. Under Assumption 2.2.5, there exists a constant Ce¢ ¢\ depending on Cec, T and
A such that

(¢) supmax E([}[") + sup max E(|¢}'[") +sup E([&[") +sup E(|G:[") < Ce e
n o J n J t<T t<T

(73) €™ (resp. ™) converges in probability to & (resp. () in J1-Skorokhod topology.

Proof. (i) ensues from Burkholder-Davis-Gundy and Rosenthal inequalities, and (ii) ensues from
[96, Theorem 6.22 and Corollary 6.29]. O

Implicit reflected scheme

After the discretization of the time interval, our discrete reflected BSDEs with two RCLL barriers
on small interval [t;,t; 1], for 0 < j<n—11is

{y? =y + oty yf 2 ul)d + af — K — V0ep y —uinfyy — vy, (2.3.6)

af 20, k5 20, apky =0, & <y < G () — &) = () — G =0,

with terminal condition y;; = £7'. By taking the conditional expectation in (2.3.6) w.r.t. FJ', we
get

Yn = &n>

yi = By} [F] 4 g(ty, uf, 27 uf )0 + aff — k7,

aj >0, kj >0, a}k} =0,

& <y <G (7 —&§aj = (yj — Gk} =0,

(S1)

Lemma 2.3.4. For 6 small enough, (Sy) is equivalent to

n __ ¢n
yn_na

yp = U Elypa | F]) + af — k),
af = Bly} | F7]+ g(ty, € 4 uf)d — &)
ki = (Ely | P + gk, G2 )s — G

(S2)

where W(y) ==y — g(t;,y, 2}, uj)o.
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Proof. For § small enough, W is invertible because the Lipschitz property of g leads to (V(y) —
() —y) = (1-0C)(y—y)* =0

We first prove that (S;) implies (S;). Let us firstly assume that Vj < n —1 &} < ¢F. On
the set {y7 = €} we have k' = 0, then o} = ¥(¢}) — B[yalF7] = (Bl 7] — W(€)
(since E[y? | F] — W(&F) = ¥(y}) — V(&}) —aj < 0) and on {y} > &} we have af = 0,
(Elyf | F7 — (&) = ¥(y}) — U(E}) + k7 > 0 (thanks to the monotonicity of W)). Then,
aj = (E[y} | F;']—¥(&})) . The same type of proof leads to the fourth line of (S;). If there exists
J < n—1such that £ = (7, we get ' = ( = yj. Then, we have a] = 0 or k7 = 0. If both are
null, we get W(y}) = Ely7,|F;] = U(£}) = V(¢}). This coincides with the definitions of a} and
k7 given in (Sp). If af > 0, k7 = 0 and we get af = V(y7) — E[y7,[F}'] = V(£}) — E[y}, | F}],
then af = (E[y},,|F}'] — ¥(£}))~. Conversely, assume (Sz), let us prove ajk} = 0, (yj — £7)a} =
(y7 — )k} = 0and £ <y7 < (7. If af > 0, we get U((}) > W(&F) > E[y]+1|]:]"] then Ky =
Let us prove that (y7 — &7)al = 0. If af > 0, U(y}) = E[y},,|F}] + af = (). Since ¥ is a one
to one map, we get y;' = £'. The same argument holds to prove (yj —(7')k} = 0. Let us prove that
£ < yj. To do so, assume that y7 < £7. In this case a} = k7 = 0, which gives W(£7) < E[y},,|F}],
by definition of a%. Then V(y}) = E[y},,[F}'] > ¥(£}). ¥ being a non decreasing function, this
leads to absurdity. O]

We also introduce the continuous time version (Y;", Z7*, Uf*, A}, KT')o<i<r of (yf, 27, u}, a%, k) j<n:

[t/d] [t/d]
Y= ye 2= 2y, U o= ugyye), A = Z al, K| = Z k. (2.3.7)
=0 =

In the following ©" := (Y™, Z™, U™, A™ — K™).

Explicit reflected scheme
The explicit reflected scheme is introduced by replacing y7 by E[g}, ,|F}'] in g. We obtain

Yy =Yiq + g(tj,E[yjﬂHU:]”], 2"7_?)5 +aj — ~(z _n\/_gj-s-l Uini, — Uj i
0, k; >0, a'k; =0, (2.3.8)

with terminal condition 7' = £". By taking the conditional expectation in (2.3.8) with respect to
Fi', we derive that:

)T =B | FP) + 9t Bl | F7), 20, w8 + af — k;
0, k; >0, a'k; =0,
vy < ¢ (77 —&a = (Y —¢)k; =0.
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As for the implicit reflected scheme, we get that (S;) is equivalent to (Ss)

Un =&
() 47 = Bl + o0t Elgnl 7, 25,500 + @ - K,
ay = (E[yj. | F7] + 9(t;, [yj+1|f”],_J, uy)e — &)
ki = Byl 77+ 9t By [FL 25, w7)0 — )T
We also introduce the continuous time version (Y Z,, Ut , At , )0<t<T of (¥}, 7}, u}, aj ,E;b)]gn:
1/5] 1/5)
Yt = gﬁ/(s],zt = Zﬁ/(s],U = ut/(s Z :: ZkZ (239)

In the following " := (Y", 2", U, A" - K").

2.4 Convergence result

We prove in this Section that 0" to converges to O := (Y3, Z;, Up, Ay — K})o<i<r, the solution to
the DRBSDE (2.1.1). The main result is stated in the following Theorem.

Theorem 2.4.1. Suppose that Assumption 2.2.5 holds and g is a Lipschitz driver satisfying As-
sumption 2.2.4. Then we have

T T T
lim E U Y, — Yt|2dt+/ Z, — Z,|?dt +/ U, — Ut|2dt} = 0.

Moreover, @), converges weakly to oy in L3(Fr).

Proof. To prove this result, we split the error in three terms. The first one is the error © — ©",
the second one is ©" — OP" where O™ := (YP" ZPn UPn AP™ — KP™) represents the solution
given by the implicit penalization scheme (see (2.4.3)), and the third error term is ©P" — ©, whose
convergence has already been proved in [59]. The result on the convergence of ©P" to © is recalled
in Theorem 2.4.3.

We have the following inequality for the error on Y (the same inequality holds for the errors
on Z and U)

T

T T T
B[ (V7 - viPdd <3B([ (V7 - Pan+ 3B ve - venpa s v - vita
0 0 0 0
For the increasing processes, we have:
E[[ @) — 0ul?) < 3 (E[[ang) — oyl + Ellaugy — o)+ Ellof" — o)) (24.1)

Then, combining Propositions 2.4.6, 2.4.7 and Theorem 2.4.3 yields the result. O
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Definition 2.4.2 (Definition of ¢ and Ny). In this Section and in the Appendiz, ¢ denotes a generic
constant depending on Cy, [/g(+,0,0,0)||s and Cecrr. No is defined by Ny := 4T(1+ C, + 092 +

20T

026 )

The rest of the Section is organized as follows: Section 2.4.1 recalls the implicit penalization
scheme introduced in [59] and the convergence of ©P" — ©, we give some intermediate results in
Section 2.4.2 and we prove the convergence of ©" —©" (see Proposition 2.4.6) and the convergence
of " — ©P" (see Proposition 2.4.7) in Section 2.4.3.

2.4.1 Implicit penalization scheme

In this Section we recall the implicit penalization scheme introduced in [59]. For all j in {0,--- ,n—
1} we have

Yt =yl gty Yyt 2 )0 4 al "t — KT — (zﬁ-”"\/ge?H + Ul nr ol )

p,n __ p,n n p,n __ n p,n\ —
" = po(y" =€) KT = o~y (24.2)
Yt =&

Following (2.3.3), the triplet (27", u}",v}"™) can be computed as follows

( n ]' n n
Z;')’ = %E(y?-i—le]—l—l'}?)u
n 1 n n (A
up” = ME(yﬁ-lnj—l—lLFj):
1
b, ()
\Uj = (L — Kn)E(yJHMJH“F )-

Taking the conditional expectation w.r.t. F}' in (2.4.2), we get

g = (I T B IF),
a?n = p?(y?n - f) ) k? = 5((]71 - y]pm)ia
7" = %E(yﬁfle?ﬂlf?%

1

p,n p,n (3
\Uj = mE(%Hnﬁﬂﬂ ),

where WP (y) =y — g(jo,y, 27", ul™)6 — pd(y — &)™ +pd(C} —y) ™
We also introduce the continuous time version (Y,”", Z7", U™, AP™, K7™ )o<i<r of the solution
of the discrete equation (2.4.2):

14/9) 14/9)
VP =y, 20T = Ay, UPT =y AP =y b KT = ) KT (2.4.3)
=0 =0

and a?" := AP — KP". The following result ensues from [59, Theorem 4.1 and Proposition 4.2].
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Theorem 2.4.3. Assume that Assumption 2.2.5 holds and g is a Lipschitz driver satisfying As-
sumption 2.2.4. The sequence (YP™, ZP™ UP™) defined by (2.4.3) converges to (Y, Z,U), the solu-
tion of the DRBSDE (2.1.1), in the following sense: ¥r € [1,2]

T T
lim lim (E [/ |y r — }/;|2d8:| +E [/ |ZPm — Zs|rds}
P—>00 N—r00 0 0
T
e[ e —ura]) »
0

Moreover, ZP™ (resp. UP™) weakly converges in IH? to Z (resp. to U) and for 0 <t < T, ity

converges weakly to oy in L?(Fr) as n — oo and p — oo, where (™) e is a one-to-one random
map from [0,T] to [0,T] such that supep 7 [¥"(t) —t] —— 0 a.s..
’ n—00

2.4.2 Intermediate results
In this Section we state two intermediate results useful for Section 2.4.3.

Lemma 2.4.4. Under Assumption 2.2.5 we have

1

n—1
up B+ |55 20 + a1 - ZWI? e 52%? <
J

7=0 7=0
Proof. Since £} <y} < (7, Assumption 2.2.5 gives sup; E(!yﬂ?) < c. Let us deal with 2} and uj.
We apply the discrete [t0’s formula and we get:

n—1

E[|y?? +5ZE\Z |+ k(1= k) Y EfJul?]

=7

n—1
[|€| +252Ey1 t”L?yz?Zz? 1 +22Eyz a; _QZEynkn
i=j

n—1 n
<E[|& 1] +5§gtz,000)+5(1—|—20 +202 + nljﬁn)ZE[lyﬁlz]
511—1 -1
+ 3 S EllrP) + Zw +—ZE e 5ZEW’ 5ZE‘k"
i=j

Since € <y < (7', we get

a7 < (E(E111G7) + 0g(ts, &, 2 uf) — €)= 0(0, + g(ti, &' 27 u)) (2.4.5)
kzng( (H—l‘gn)—i_dg(t“ 7,7Z17u7,) C )+:5(b§1+g(tl7 z’zz7uz))+

Then, using the Lipschitz property of g gives

n—1 n—1
%Z (Jal?) < 5a8 > E[B5|* + |g(t:, 0,0,0)* + C2(E + 127 + [ul[*)] (2.4.6)
=]

i=j
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and the same result holds for %Z:‘;;Eﬂkﬂ?) By Using Assumption 2.2.5 and the inequality
sup; E(|y}'[*) < ¢, we get

n—1 n—1 n—1
5ZEHZ?|2] + hin(1 — k) ZEHU"\ | <c+d ( + 10a02) > E(=P)
=7 1=) i=j

1
+ kn(1 — ) <2 + 100402 ) ZE lu?[?)

Since (1 ,f)ﬁ = %(1 e,’k(f;)e 5 and e* < :fizl < e** we get m < 1€ Then, by taking
a= 4002 (Ae A1), we get 637 VE[1272] + fn(1 = ) > "E[ju?|?] < ¢. Plugging this result
in (2.4. 6) ends the proof. O

The same type of proof gives the following Lemma

Lemma 2.4.5. Under Assumption 2.2.5, we have

1
5Z|z“|2+»en ZW %2%-712 T i

sup E[|77°] + E
J 7=0

2.4.3 Proof of the convergence of ©" — ©" and ©" — OP"

Proposition 2.4.6. Assume that Assumption 2.2.5 holds and g is a Lipschitz driver. We have

T T
lim sup E[¥ — Y2 + E[/ 7" — 27 ds) + E[/ T — U 2ds] = 0. (2.4.7)
0 0

n—oo OStST
Moreover, lim,, (@ — al') = 0 in L*(F;), for t € [0,T).

Proof. Let us consider y7, the solution of the discrete implicit reflected sheme (2.3.6) and 77}, the
solution of the explicit reflected scheme (2.3.8). We compute |y} — ¥ "2 we take the expectation

and we get:

Elly} — 7 1%) <Elly}er — T l?) = OE[12} = Z51) = wa(l = ) Elluf — T
+20E[(y} —77)(9(t;, 97, 27 uf) — g(ty, By [F7, 27, ;)]
—E |(g(t;. . 7} ) — 90t B[l 7). 7, 0) + (0 = @) — () = K]
+ 2E[(yj - yj)(aj - E)] - QE[(CU;L - @j)(k’? - E;L)]
< Ellyfs = Tl = 0[5 — =] — w1 = ) E[5 ~ )
+ BE((y} — T ot y) 25 u)) — 9t Bl 771,75,

The last inequality comes from (yf —77)(a} —aj) < 0 and (y7 —7})(k} —E;) > 0 (this ensues



214

from the third and fourth lines of (S;) and (S;)). Taking the sum from j =i to n — 1 we get

n—1
Elly" — 77 + 6Z]E ) w1 = ) ) E[luf — )]
j=i
<2(SZE (jayja ]7u]) (t E[yjﬁ-l"rn]’_?’_?))]

n—1

—n n 0 n —n
< 25C, ZE i =51y — B[l 7] + 2003 (1 + m) > Elly; — %51’

=1 Jj=t

Y n —n /in(l B Hﬂ) n —n
+§ZE[|zj — 72+ TZEH% — . (2.4.8)
J=1 J=t
Since Y7 — B[y |FP) = oy — 70 + 77 — BT | FP) =y — 77 + 6g(t;, B[y | FP), 20, a)) + @) — &

we get
26C4E [|yj = T5 11y} — BTGl F7] < (2C, + 1)oE[y} — 75 /]
+CoE {(yég(taaE[%H’]‘—n]a Zy )| + |ay | + \k ]) }

Plugging the previous inequality in (2.4.8) and using Lemma 2.4.5 gives

. . 5 n—1 . n—1 o
E[Iyi—y¢\2]+§z (2} — 27 1]+ ZE 717
j=t j=t
2 2
§(1+2Cg+20g 1_Kn>5Z]E|yJ ]+ co”.
Let n be bigger than Ny, then (1 4 2C, + 2C7 + %) < 1 (for all n > 1 we have m <
162)\T).
X

The assumption on § enables to apply Gronwall’s Lemma to get supg<;<, E[|y!" — 77|*] < ¢6°.
Plugging this result in the previous inequality leads to (2.4.7). The convergence of (A" — K™) —
(A" — K") ensues from

t t t
=Ky =y - vy = [ vrzn s [ ziawy+ [ oy,
—n  =n N N Ot N SN 7N Ot—n Ot—'n =
1 K =YV —/ g(s,YS,ZS,US)ds—i—/ stwgwr/ U dN",
0 0 0
from the Lipschitz property of g and from (2.4.7). ]

Proposition 2.4.7. Assume that Assumption 2.2.5 holds and g is a Lipschitz driver. Forn > Ny,
we get

T

T
sup E[|Y] — YP"P] + E[ / 2" — 707 ds) + B / Un — UPnPds] <
0 0

0<t<T

7 (2.4.9)

Moreover, ¥V t € [0,T], E[|af — of"|?] <

Sl
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Proof. Let us first prove (2.4.9). From (2.3.6), (2.4.2) and the discrete 1t6’s formula applied to
(v —y5")?, we get

n—1 n—1 n—1
Elyf —gf" P+ 06> Elz = 2"+ (1= kn)rn D Bluf — ]+ (1= k)rn Y E[fvf — o]
i=j i=j i=j
_2Z]E g<tl7yzu 17 z) _g(t’wyz n7 7, n7uzp’n)>5]

+2Z]E v P (a — QZE )(kP — k2™

Let us deal with the last two terms (yZ -y (alr — al™) = (yr — fln)af — (" = EMal — (yr —

EMal™ + (Y — EMal™ < (yP" — €M)~ al. By using same computations, we derive (y! — y?") (kP —
k") > =y — )RR
By using the Lipschitz property of g, we get

Fn(l — Kp)

n 1 n n n n n
Elly; — o7 1" + —5E[\z' — 22"+ Efju” — u?"|?]

9 j j
n n—1
2 2 pn ny— ,n pn n\+1.n
§(2Cg+2cg 1—mn>5ZE )]+2ZE[<% =& a + (v =GR
i=j
Using Cauchy-Schwarz inequality gives
n Fn(l — Kp) " n
Elly} —y;"*] + 5E[I = "+ =Bl — "]

g(2cg+2cj N )5ZE "=y’
+2 <5§E [((yﬁ”" - 5?)_)2]> 2 (% E:E[(a?)z])
42 (5§E [((yf’” — C?Wﬂ) E (% EE[(W)Q]) §

N

, 2C25 il
< (20, +2C + P 0y Ely —y"

=7

9 1 n—1 o 5 117,71 e % 9 1 n—1 - % 1n71 o %
7 (E;E[(a’f’ ) ]) (5;1@[(%) ]) - (E;E[(ki’ ) ]) <5 ;E[(@) ]) :

Since n > Ny, Lemma 2.4.4, Lemma 2.6.1 and Gronwall inequality give (2.4.9). Concerning

n p,n
Qp — Oy

[N

we have
t
af = ol (Y =P = (O = VP = [ (s Y 20U — g(s, Y2 220 U
0

t ¢
+/ (Z2 = 2™ dW?r —|—/ (U} —UP™AN?.
0 0
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It remains to take the square of both sides, then the expectation, and to use the Lipschitz property
of g combining with (2.4.9) to get the result. O

2.5 Numerical simulations

We consider the simulation of the solution of a DRBSDE with obstacles and driver of the following
form: & := (Wt)Q—I—Q(l—%)Nt—i—%(T—t), G o= (Wt)Q—i-(l—%)((]\N/t)g—i-l)—i—%(T—t), g(t,w,y, z,u) =
—5|y + z| + 6u.

Table 2.1 gives the values of Y, with respect to n. We notice that the algorithm converges quite
fast in n. Moreover, the computational time is low.

Table 2.1: The solution 3™ at time ¢t = 0
n | 10 20 | 50 | 100 | 200 | 300 | 400
ye 1.2191 1.3238 [ 1.3953 | 1.4167 | 1.4293 | 1.4332 [ 1.4352
CPU time | 2.14 x 10~ [ 1.5 x 103 | 0.0211 | 0.1622 | 1.4230 | 5.2770 | 12.5635

When we use the explicit penalized scheme introduced in [59], we get y§™" = 1.4353 for n = 400
and p = 20000. The CPU time is 12.85s.

Figures 2.1, 2.2 and 2.3 represent one path the Brownian motion, one path of the compensated
Poisson process (with A = 5) and the corresponding path of (y, £, (*)1<i<n. We notice that for
all 4, y!' stays between the two obstacles. The values of yf and y§™ are almost the same when
n = 400 and p = 20000. The CPU times are also of the same order. The main advantage of the
reflected scheme is that there is only one parameter to tune (n).

one Brownian path

0.8
0.6
0]
0.2

0.0

0.0 0.1 0.2 0.3 0.4 05 0.6 0.7 0.8 09 1.0

Figure 2.1: One path of the Brownian motion for n = 400.
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one compensated Poisson path

0.5+

0.0

5 T T T T T T T T T T
0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

Figure 2.2: One path of the compensated Poisson process for A = 5 and n = 400.

2.6 Technical result for the implicit penalized scheme

In this Section, we use Ny and ¢ introduced in Definition 2.4.2.

Lemma 2.6.1. Suppose Assumption 2.2.5 holds and g is a Lipschitz driver. For each p € N and
n > Ny we have

n—1 n—1 —1 n—1
1 1
SUp B[l 7]+ 3 Bl ") + (1 — ) 3 El —52 o5 ElkP <e
7=0 7=0 =0 7=0

Proof. By applying the discrete [t0’s formula, we get

n—1 n—1
E[ly?" ] + 8 3 ElP ] + k(1 — k) Y E[ul™ ] + (1 ZE pn)?
i=j P
n—1
Efl¢a ) +2ZE\y gl g?™, 22", ™)) + 2ELY (47"l — PR,
i=j

Note that y}"a}" = —5(a7")* + ap™ and yf" k)" = S5 (k") + (PhP". We have that:

pd
5 n—1 K (1__ K ) n—1 1 n—1 1 n—1
5 DBl + T Y Bl P+ — Y Ellaf" ]+ — > B[k

i=j iy po = po =

n—1l n—1
2C%6
< E[I€: 7] + 0E[Y_ |g(t:,0,0,0)[°] + 20 (1 +2C, + 207 + ,<;(1—g,<;)) > E[lyr

i=j n - M i=j

n—1
+2) E[(¢)al 221@ P,
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Figure 2.3: Trajectories of the solution ™ and the barriers ™ and (" for A = 5 and n = 400.

We get
n—1 1 n—1 2
oS wlen] < oo i)+ 2 ()
i=j ! i=j
2
and 2 2?731 E[(¢MEP"] < BE(sup; |¢M?) + +E (Z:;l kf") . Following the same type of proof as

= B
[109, Lemma 2|, we get

n—1 2 n—1 2 n—1
E (Z af’") +E <Z kp") < Cle+ED (gl P + 20" P) + k(1 — k) (Jul > + [07" ).
i=j j

=7 1=j

Finally, by taking a = § = 4C' and by applying the Gronwall inequality (we recall n > N),
we get that:

. 5 n—1 . Iin(l . Iin) n—1 . 1 n—1 . 1 n—1 .
A D DIC D DI U D DI D DI LA N
J §=0 J=0 J=0 Jj=0
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