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RESUME en francais Les modéles de Feynman-Kac (généralisant les modéles de Markov cachés)
sont aujourd’hui trés largement utilisés afin de modéliser une grande diversité de séries temporelles dans
différents domaines tels que 'aéronautique, 'analyse d’événements rares, le traitement du signal, les mathé-
matiques financiéres, la biologie, etc. La complexité croissante de ces modéles a conduit au développement
d’approximations via différentes méthodes de Monte-Carlo, dont les méthodes de Monte-Carlo par chaines
de Markov (MCOMC) et les méthodes de Monte-Carlo séquentielles (sMC). Les méthodes sMC appliquées au
filtrage particulaire sont au centre de cette thése. Elles consistent & approcher la loi d’intérét a ’aide d’une
population de particules en interaction définies séquentiellement. De nombreux algorithmes ont déja été dé-
veloppés et étudiés dans la littérature. Nous proposons des techniques de parallélisation des méthodes snvic,
en considérant des sous-populations de particules appelées ilots qui peuvent également interagir entre elles.
Nous étudions les propriétés de convergence de ces algorithmes d’ilots de particules. En particulier, nous dé-
montrons un théoréme central limite (TCL) et la stabilité de la variance des estimateurs induits, grace a des
inégalités de déviation exponentielle et des tableaux triangulaires définis au niveau des ilots. Nous proposons
également un nouvel algorithme de type ilots de particules en interaction pour estimer la loi de paramétres
aléatoires conditionnellement & la réalisation d’un événement rare. Nous illustrons sa convergence et nous
I’appliquons & deux cas critiques en aérospatiale.

MoTS-CLES Approximation particulaire de mesures de Feynman-Kac, modéles d’ilots de particules,
calcul en paralléle, méthodes de Monte-Carlo séquentielles, filtrage.

TITRE en anglais ISLAND PARTICLE MODELS AND THEIR APPLICATION IN RELIABILITY

RESUME en anglais Feynman-Kac models (which generalize hidden Markov models) are nowadays
widely used as they allow to model a large variety of time series in several fields such as aeronautics, rare
event analysis, signal processing, finance, biology, and so on. Different approximations based on Monte Carlo
principles have been developed as Markov chain Monte Carlo (MCMC) and sequential Monte Carlo (SMC). In
this thesis, we focus on SMC methods. They consist in approximating a targeted law through an interacting
particle system sequentially defined. Numerous algorithms have been developed and studied in the literature.
We propose techniques of parallelization of such sMC methods, considering subpopulations of particles referred
to by us as islands which can also interact. We study convergence properties of these island particle algorithms.
Especially, we prove a central limit theorem (CLT) and the stability of the variance, thanks to exponential
deviation inequality and triangular arrays defined on the island level. We also propose a novel algorithm
of interacting island particles to estimate the law of random parameters conditionally to a rare event. We
illustrate its convergence and we apply it to two critical cases in aerospace.

KEY WORDS Particle approximation of Feynman-Kac flow, island particle models, parallel implemen-
tation, sequential Monte Carlo methods, filtering.



RESUME ETENDU en anglais Interacting particle systems, also known as (a. k. a.) particle filters or
SMC methods are known to efficiently sample from sequences of complex distributions in a wide range of
applications, including rare event analysis, non-linear filtering, hidden Markov chain parameter estimation,
signal processing, financial mathematics (see [Doucet et al., 2001; Douc et al., 2014b] and the references
therein). These algorithms evolve, recursively and randomly in time, a sample of random draws, called
particles, with associated importance weights. The particle cloud is updated through selection and mutation
operations, where the former duplicates or eliminates, through resampling, particles with large or small
importance weights, respectively, while the latter disseminates randomly the particles over the state space
and updates accordingly the importance weights for further selection. SMC methods are computationally
intensive, as the estimation precision depends upon the particle swarm size, which may be critical in online
applications where only a limited computational power is at hand. It is natural to study techniques allowing
to reduce the particle swarm size, while ensuring good estimates.

Because of the particle interaction during the selection steps, running SMC methods in a parallel architec-
ture is not straightforward. Considerable effort has been devoted in the past decade to the design of schemes
for the parallel implementation of particle filters, from the totally heuristic to mathematically well-principled
approaches. The natural idea we develop in [Vergé et al., 2015a], is to parallelize the algorithm by, instead
of considering a single batch of N particles, simply dividing the particle population into N7 batches of each
N, particles, also called individuals (i.e., N = N;Ns), where each batch is referred to as an island. In this
framework, each island evolves according to the standard sycC scheme subjecting alternately the subpopula-
tion to selection and mutation. Unfortunately, the division of the particle population introduces additional
bias which may be of significant for moderate island sizes N5. Thus, we proposed to reduce this bias by
performing additional selection also on the island level by resampling the islands according to probabilities
proportional to the weight averages over the different subpopulations. Selection on the island level may be
performed systematically, as in the double bootstrap (B?) algorithm or may be activated adaptively by some
criterion measuring the skewness of the island weights (like for effective sample size (ESS) method). The latter
approach will be referred to by us as the double bootstrap with adaptive selection on the island level (B>ASIL)
in [Vergeé et al., 2014]. A sequence of Monte Carlo estimators is obtained by weighing up, using the island
weights, the self-normalized empirical measures associated with the different particle islands. But, island
interaction prevents island parallelization. We have proposed a criterion to determine when island interaction
is needed. We chose to base our criterion on mean squared error. See [Vergé et al., 2015a] for further details.

Convergence, asymptotic and non asymptotic properties of sMC methods have been well studied over
the past two decades, see [Del Moral, 2004] and the references therein. In [Vergé et al., 2014], we present
some novel convergence results for island particle models introduced in [Vergé et al., 2015a]. In particular we
establish a C1.l—as the number of islands and the common size of the islands tend jointly to infinity—of the
B2ASIL algorithm. For this purpose we introduce a notion of archipelagos of weighted islands that generalizes
the particle models studied in [Vergé et al., 2015a] and consider three kinds of convergence properties of
such archipelagos, namely consistency (convergence in probability), asymptotic normality (convergence in
distribution in terms of a CLT with rate v/ N ), and large deviation (an exponential inequality of Hoeffing-
type that holds uniformly over all islands). The analysis of these properties is challenging due to the strong
dependence among the particles through the different operations. So, we perform single-step analyses of three
kinds of operations on archipelagos, namely selection on the island level, selection on the individual level
and mutation, and we find conditions under which the previous set of convergence properties is preserved
by these operations on archipelagos. This theory allows arbitrary compositions of these operations to be
straightforwardly analyzed, providing a very flexible framework covering the B2 algorithm as a special case.
The proposed proofs, which rely on limit theorems for triangular arrays of dependent random variables, are
inductive. We also establish the long-term numerical stability of the B2 algorithm by bounding its asymptotic



variance under weak and easily checked assumptions that are typically satisfied for models with non-compact
state space.

A potential application of island particle models concerns safety and reliability. Indeed, it is not just
evaluating a risk or a probability but estimating the law of random phenomena that leads to critical events.
Some parameters of the model or density parameters of input random variables in the system, may be fixed
by an experimenter. From a risk analysis point of view, it is interesting to determine the impact of such
tuning of parameters on the realisation of some critic event. We developed an algorithm which belongs to
the island particle models, referred to as sequential Monte Carlo square (SMC?) algorithm in [Vergé et al.,
2015b]. This algorithm samples from the law of parameters of a system conditionally on a rare event. smC?
algorithm consists in running an sMC with Nj realisations of parameters, and for each of them, running an
other sMC with N» particles in order to approximate the importance weights (which are often not computable)
by unbiased estimators. The interesting result is that the convergence of this algorithm has been established
as soon as V7 gets large, for any value of Ny. We check this convergence on a test case and we apply smMC?
algorithm from the estimation of launch vehicle booster fallout zone.
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1.1 Présentation générale

L’introduction des méthodes de SMC (aussi appelé filtres particulaires) a été motivée par la résolution des
équations de filtrage dans un cadre général. Les deux modéles de filtrage les plus célébres et pour lesquels
une expression analytique exacte de la suite des distributions a posteriori est disponible sont, les chaines de
Markov a espace d’états fini qui se résolvent grace au filtre de Markov caché (hidden Markov model filter, voir
[Stratonovich, 1960]), et le modéle linéaire gaussien qui se résout grace au filtre de Kalman (voir [Kalman and
Bucy, 1961]). Cependant, les modéles réels sont souvent complexes (non linéaires et non gaussiens, multi-
dimensionnel, etc.) et ne peuvent pas étre résolus analytiquement. Depuis les années 1960, ce probléme a
été largement étudié, en proposant notamment le filtre de Kalman étendu [Jazwinski, 1970; Anderson and
Moore, 1979] qui approche un modéle non linéaire et non gaussien par un modéle linéaire gaussien, a 'aide
de développements de Taylor locaux. Il s’agit d'une approximation locale. Pour des modéles plus complexes,
il est préférable d’utiliser des approximations par méthodes de Monte-Carlo ([Handschin and Mayne, 1969;
Kitagawa, 1987]). Une présentation détaillée de ces différentes méthodes se trouve dans les ouvrages [Doucet
et al., 2001] et [Kiinsch, 2000].

Les méthodes svC [Gordon et al., 1993] sont reconnues pour étre des méthodes efficaces pour simuler
des lois complexes. L’intérét pour le filtrage particulaire n’a cessé de grandir depuis les vingt derniéres
années, comme en témoignent les nombreuses applications pour lestimation d’événements rares [Del Moral
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and Garnier, 2005], lestimation de parameétres pour des modéles de Markov cachés, les mathématiques
financiéres, les problémes d’assimilation de données; voir par exemple [Doucet et al., 2001; Chopin, 2002; Del
Moral, 2004; Cappé and Moulines, 2005; Del Moral et al., 2012]. Les méthodes SMC sont au cceur de cette
thése. Elles consistent a faire évoluer récursivement et aléatoirement, un échantillon de variables aléatoires,
appelées particules, auxquelles sont associés des poids d’importance. Le nuage de particules est mis & jour a
travers des étapes de sélection et mutation successives. L’étape de sélection consiste & ré-échantillonner les
particules, i.e. a dupliquer ou éliminer celles qui ont respectivement des grands ou faibles poids d’importance.
Aprés cette étape, les particules ont toutes le méme poids, mais il y a plusieurs copies de certaines particules et
d’autres ont disparu. Leur diversité a donc été réduite et la phase de mutation vise a réparer cet effet. L’étape
de mutation consiste & faire évoluer les particules sur I’espace d’état de maniére aléatoire et indépendante,
puis & mettre & jour leur poids d’importance en vue de la prochaine étape de sélection. Différentes étapes
de sélection ont été proposées, allant du ré-échantillonnage systématique comme dans ’algorithme bootstrap
particle filter (abrégé bootstrap dans ce document) introduit par [Gordon et al., 1993], au ré-échantillonnage
adaptatif comme dans [Liu and Chen, 1995; Liu, 2008; Del Moral et al., 2012; Douc and Moulines, 2008;
Arnaud and Le Gland, 2009].

La convergence et ’étude des propriétés asymptotiques et non asymptotiques des méthodes SMC ont été
largement étudiées durant les vingt derniéres années, citons par exemple [Del Moral, 2004] et les références a
Pintérieur de ce livre. Plusieurs démonstrations du théoréme central limite (TCL) pour les méthodes SMC ont
été proposées par [Del Moral and Guionnet, 1999], puis par [Chopin, 2004] pour l'inférence bayésienne, avant
que ce résultat ne soit prouvé par [Douc and Moulines, 2008] sous des hypothéses affaiblies. Dans ce dernier
article, les auteurs ont défini les propriétés de consistance et de normalité asymptotique pour les particules
pondérées. Ils ont montré, en s’appuyant sur les théorémes limites pour les tableaux triangulaires, que ces
propriétés se propagent a travers les différentes opérations rencontrées dans les méthodes sy, telles que le
ré-échantillonnage et 1’échantillonnage préférentiel. En particulier, ils ont pu établir la loi faible des grands
nombres et le TCL pour le bootstrap avec éventuellement une sélection adaptative.

Un inconvénient des algorithmes particulaires est qu’ils nécessitent des ordinateurs avec une capacité
de mémoire importante et une grande rapidité d’exécution, car la précision des estimations et les résultats
de convergence dépendent en particulier de la taille de la population de particules considérée. Il est donc
naturel de chercher des techniques permettant d’accélérer ’exécution des algorithmes particulaires, tout en
conservant la précision des estimations. Cet enjeu est important notamment pour les applications en ligne.
Depuis 'apparition des premiers simulateurs paralléles, & la fin des années 70, différentes approches ont
été proposées, certaines heuristiques d’autres mathématiquement justifiées. Le développement d’ordinateurs
multiprocesseurs a conduit naturellement & l'utilisation simultanée de plusieurs processeurs [Suchard and
Rambaut, 2009]. Les calculs massivement paralléle ont pu étre développé grace au passage de processeurs
classiques (CPU pour central processing unit) aux processeurs graphiques (GPU pour graphics processing
unit). Une difficulté du calcul paralléle est néanmoins de coordonner la communication entre les différents
processeurs. Les méthodes de Monte-Carlo faisant intervenir des moyennes sur des échantillons de variables
aléatoires indépendantes, il est aisé de simuler autant de particules mais réparties sur plusieurs processeurs
et ensuite de mettre en commun les simulations en pondérant correctement. Concernant les méthodes smvc,
bien que I'étape de mutation soit complétement parallélisable, la sélection nécessite la communication des
processeurs. La parallélisation des méthodes SMC est un sujet qui intéresse différents domaines tels que
le décodage de linformation dans les réseaux neuronaux [Xu et al., 2014], la bio-mathématique [Suchard
and Rambaut, 2009] ou ’économétrie [Casarin et al., 2013]. [Billio et al., 2013] ont proposé d’utiliser une
combinaison pondérée d’estimateurs de densité sur des données en macroéconomie. Une toolbox matlab
appelée DeCo (pour Density Combination), implémentée sur CPU et GPU, a d’ailleurs été créée. Elle est
présentée dans l’article [Casarin et al., 2013]. Durham et Geweke ont proposé une nouvelle approche pour la
simulation des méthodes SMC en séparant les particules en différents groupes pour faciliter la simulation en
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paralléle. IIs ont illustré leur méthode dans [Durham and Geweke, 2011] sur plusieurs exemples en économie
et finance en utilisant 'extension CUDA du langage de programmation C. Ainsi, 'utilisation d’ordinateurs
multi-cceeur et le développement d’outils de programmation ont accéléré I’estimation par méthodes SMC dans
une faible mesure au vu de l'interaction entre les particules (voir [Lee et al., 2010] pour plus de détails). Suite
& ce constat, une diminution du nombre de particules en interaction dans les méthodes SMC a été envisagée,
quitte a utiliser plusieurs filtres particulaires en paralléle ou en interaction. L’interaction des méthodes syC
est pour la premiére fois mise en ceuvre dans Particle [Jasra et al., 2008], dans le but de favoriser la diversité
des particules et d’améliorer ’exploration de ’espace d’état. L’idée de partitionner ’espace d’état pour les
méthodes de Monte-Carlo n’est pas nouvelle, elle intervient pour ’échantillonnage stratifié (voir [Robert and
Casella, 2004]) et sur des espaces stratifiés (voir [Wang and Landau, 2001]). Le principe est que plusieurs
filtres particulaires sont d’abord simulés en paralléle ou ils sont initialisés sur différentes régions de ’espace
d’état. Quand les filtres atteignent une méme région, les échantillons fusionnent et sont autorisés a interagir.
Les deux points cruciaux de cet algorithme sont la maniére dont ’espace est stratifié et le moment ou les
filtres particulaires commencent & interagir, et leurs réglages sont laissés a 'appréciation de I’expérimentateur.
Dans le cas ot la loi cible est un mélange de distributions, les méthodes SMC en interaction peuvent améliorer
les performances d’un sMC classique. L’idée d’introduire de l'interaction & un niveau supérieur aux particules
a ensuite été évoquée dans [Brockwell et al., 2010] avec lalgorithme sequential interacting Markov chain
Monte Carlo (simCMC). Cet algorithme n’appartient pas & la classe des méthodes de Monte-Carlo par
chaines de Markov (abrégé MCMC, pour Markov chain Monte Carlo) car il n’est pas markovien. Il consiste
a faire interagir des processus qui se comportent asymptotiquement comme des Metropolis-Hastings (MH)
indépendants. A la différence des méthodes SMC ou ’étape de correction fait intervenir un échantillonnage
préférentiel, une étape de MH est utilisée pour le SIMCMC.

Le sequential Monte Carlo square (SMC?) introduit par [Chopin et al., 2013] est une méthode sMC pour
simuler selon la loi a posteriori des paramétres et des états latents dans les modéles de Markov cachés. Une
approche idéale serait d’utiliser un filtre particulaire sur ’espace des parameétres (comme lalgorithme iterated
batch importance sampling (1815) de [Chopin, 2002] pour linférence bayésienne). Mais, les poids d’importance
étant la plupart du temps incalculables, ils sont remplacés par des estimateurs sans biais, obtenus pour tout
parameétre fixé via un filtre particulaire auxiliaire. Le nom sMC? est di & 'imbrication de deux algorithmes
sMcC. L’estimation n’est cependant pas en ligne car elle nécessite pour chaque proposition de paramétre de
générer un filtre particulaire depuis 'instant initial jusqu’au temps de 1’algorithme, afin d’estimer les poids
d’importance.

Un algorithme SMC trés utilisé dans le cadre des événements rares est le splitting. Son principe repose
sur le fait que la région menant & ’événement rare peut étre englobée dans des régions intermédiaires plus
faciles & atteindre. Le splitting a été pour la premiére fois proposé en physique par [Kahn and Harris, 1951],
puis des variantes sont apparues comme dans [Villén-Altamirano and Villén-Altamirano, 1994; Glasserman
et al., 1999; Garvels, 2000; Cérou et al., 2006]. Citons par exemple les articles [Garvels and Kroese, 1998;
L’Ecuyer et al., 2007] qui résument et comparent ces méthodes. Des preuves de convergence se trouvent dans
les articles [Del Moral and Miclo, 2001; Cérou et al., 2006, 2005]. Une amélioration du splitting, le splitting
adaptatif a été introduite par [Cérou and Guyader, 2007], puis analysée dans un cas idéalisé par [Cérou et al.,
2012], et plus récemment par [Bréhier et al., 2014].

En conséquence, ces travaux font apparaitre que les méthodes sSMC ont été largement étudiées tant du
point de vue théorique que pratique. L’idée de faire interagir des méthodes sMC ou de les paralléliser a
été évoquée respectivement dans différents domaines. D’autre part, une approche pour estimer les lois a
posteriori a été développée par Chopin et al. dans [Chopin et al., 2013] dans le cadre des modéles de Markov
cachés, sans toutefois définir les propriétés et la performance des estimations de cette méthode. Néanmoins,
aucun algorithme n’a encore été proposé pour estimer les lois a posteriori de paramétres sachant la réalisation
d’un événement rare.
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C’est dans ce contexte que cette étude a été menée. Le présent travail consiste & définir, calibrer et analyser
asymptotiquement les algorithmes de type ilots de particules qui permettent de paralléliser les méthodes snvC
classiques. En particulier, cette étude a conduit au développement d’un algorithme permettant d’estimer les
lois a posteriori de paramétres sachant la réalisation d’un événement rare, et & établir des propriétés de cet
algorithme.

La démarche a consisté dans un premier temps a développer un algorithme, appelé double bootstrap (B?),
basé sur des ilots de particules en interaction afin de cibler les mémes lois de filtrage ou de prédiction qu’avec
un algorithme sMC classique. Nous avons utilisé les expressions asymptotiques du biais et de la variance des
estimateurs établies dans [Del Moral, 2004] dans le cadre du bootstrap, afin de déduire celles pour I’algorithme
B? et celles des ilots qui évoluent en paralléle. Grace & ces derniéres, nous avons pu confirmer que 'interaction
entre les ilots augmente la variance mais réduit le biais. Il faut donc faire un compromis entre les deux et nous
avons pour cela choisi d’établir un critére basé sur l'erreur quadratique moyenne (MsE). Ce critére permet
de déterminer, en fonction du nombre et de la taille des ilots, quand il est bénéfique de faire interagir ou de
paralléliser les ilots. Ces résultats et des simulations sont rassemblés dans le chapitre 2 et ont été publié dans
la revue Statistics and Computing (voir [Vergé et al., 2015a]).

Dans un deuxiéme temps, nous avons utilisé une autre méthode afin d’établir les propriétés asymptotiques
des algorithmes généraux de type ilots. Pour ce faire, nous avons introduit la notion d’archipel d’ilots pondérés
et nous avons défini des propriétés asymptotiques des ilots pondérés, & savoir la consistance, la normalité
asymptotique et une inégalité de déviation exponentielle. I’analyse de ces propriétés est difficile du fait de la
forte dépendance des particules & travers les différentes opérations sur les ilots. Pour pallier cette difficulté,
I'idée a été de définir des tableaux triangulaires sur les ilots et d’utiliser les théorémes limites pour les tableaux
triangulaires démontrés par [Douc and Moulines, 2008]. Nous avons ainsi mis en évidence des conditions que
I'on espére minimales, sous lesquelles, les différentes opérations élémentaires sur les ilots préservent ces
propriétés asymptotiques. En conséquence, nous avons ainsi analysé les fluctuations des estimateurs dérivés
de lalgorithme du double bootstrap avec une sélection adaptative (double bootstrap with adaptive selection
on the island level (B*ASTL)) au niveau des ilots. A partir de celles-ci, nous avons pu retrouver les expressions
établies au chapitre 2 dans le cas particulier du B2. Puis, nous avons établi la stabilité en temps long
de l’algorithme B? en bornant de maniére uniforme la variance des estimateurs sous de faibles conditions,
typiquement vérifiées dans le cas des modéles de Markov cachés. Ces résultats sont rassemblés dans ’article
[Vergé et al., 2014], et certaines preuves sont détaillées dans le papier supplémentaire [Vergé et al., 2014],
soumis & la revue Stochastic Systems.

Enfin, nous avons introduit un analogue de l’algorithme sMC? dans le cadre de la fiabilité. Cet algorithme,
également appelé sMC?, permet de simuler les paramétres d’'un modéle conditionnellement & la réalisation
d’un événement rare. Cette version du SMC? fait intervenir un algorithme sMC trés utilisé dans le contexte
des événements rares, le splitting. Nous avons validé le SMC? sur un cas test et nous 'avons appliqué a deux
cas critiques en aérospatial : la prédiction de position de retombée d’un étage de lanceur et le risque de
collision spatiale entre un débris et un satellite. L’analyse de cet algorithme se fait en 'interprétant comme
un algorithme SMC sur un espace étendu, caractéristique due aux nouvelles observations disponibles & chaque
itération et qui doivent étre conservées temporellement afin d’estimer les poids d’importance. Ce travail a
donné lieu & un article [Vergé et al., 2015b] soumis dans la revue Mathematics in Computer Science et un
autre article en préparation concernant ’analyse des propriétés du svc2.
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1.2 Structure du document

Le travail de recherche présenté dans cette thése se décompose en trois articles de revue soumis a publication,
retranscrits dans leur intégralité dans les chapitres 2, 3 et 5. Chaque article est précédé d’un résumé en
francais mettant en relief les résultats importants et les contributions.

Le chapitre 2 introduit le formalisme des modéles d’ilots particules et différentes interactions possibles
entre ilots. L’analyse asymptotique des variances et des biais permet d’établir un critére pour déterminer
quand l'interaction entre les ilots est bénéfique.

L’analyse des modéles d’ilots de particules se poursuit au chapitre 3 avec une technique différente. Celle-
ci permet d’établir une loi faible des grands nombres, un TCL et une inégalité de déviation exponentielle.
Les démonstrations étant relativement techniques, par souci de concision et de lisibilité, seules les preuves
remarquables sont conservées dans le chapitre 3. Les autres preuves sont regroupées dans le chapitre 4. Des
résultats complémentaires a l’article [Vergé et al., 2014], qui donneront prochainement lieu & un article, ont
également été ajoutés au chapitre 4.

Par ailleurs, le chapitre 5 présente un nouvel algorithme d’analyse d’événement critique. Ce chapitre est
sans doute le plus pratique. Des résultats plus théoriques d’analyse de cet algorithme sont en cours.

Dans la suite du présent chapitre, les notations et les théorémes qui serviront de base aux résultats dé-
montrés dans cette thése seront exposés.

Chapitre 2. (Article) On parallel implementation of sequential Monte Carlo methods: the island particle
model (C. Vergé, C. Dubarry, P. Del Moral, E. Moulines).

Article publié dans la revue Statistics and Computing. Ce travail a été présenté au workshop Weather forecast
and Geophysical fluids Workshop (CIMI, Toulouse, janvier 2014). Certains résultats seront présentés a la
conférence Signal Processing EUSIPCO (Nice, France, septembre 2015).

Chapitre 3. (Article) Convergence properties of weighted particle islands with application to the double
bootstrap algorithm (C. Vergé, P. Del Moral, E. Moulines, J. Olsson).

Article soumis pour publication dans la revue Stochastic Systems. Ce travail a été présenté au workshop
Advanced Monte Carlo Methods for Complex Inference Problems, (Cambridge, UK, avril 2014). Certains
résultats seront présentés a la conférence Signal Processing EUSIPCO (Nice, France, septembre 2015).

Chapitre 4. (Appendice) Supplement paper to "Convergence properties of weighted particle islands
with application to the double bootstrap algorithm” (C. Vergé, E. Moulines, J. Olsson).

Chapitre 5. (Article) An island particle algorithm for safety analysis (C. Vergé, J. Morio, P. Del Moral)
Article soumis pour publication dans la revue Mathematics in Computer Science. Ce travail a été présenté
4 la conférence Gdr Mascot-Num (Ecole des Mines de Saint-Etienne, France, avril 2015) et a la conférence
18th INFORMS Applied Probability (Istanbul, Turquie, juillet 2015).

1.3 Cadre et notations

1.3.1 Notations générales

Nous rappelons quelques notations utilisées dans ce document. Pour (m,n) € Z? tels que m < n, on définit

[m, n] def {m,m +1,...,n} C Z. Les quantités {as}}_,, seront remplacées par la notation sous forme
vectorielle ay,.n, = (@, - - -, ay), €n prenant comme convention a,,., = & si m > n.
Pour tout N € N*, Mult({a(i)}X,) désigne la loi de probabilité discréte définie sur un ensemble de N

nombres positifs {a(i)}}¥, éventuellement non normalisés. Ainsi, la notation V ~ Mult({a(i)}X,) signifie

que la variable aléatoire V' prend la valeur i € [1, N] avec la probabilité a(i)/ Zi\’le a(t’).
Dans tout ce document les variables aléatoires sont définies sur un méme espace de probabilité (Q2, F, P).

19



Pour tout espace mesurable (X, X') on note respectivement M(X) et P(X) C M(X) les ensembles de mesures
et de mesures de probabilités sur (X,X). De plus, F(X) désigne l’ensemble des fonctions mesurables a
valeurs réelles définies sur (X, X) et Fp(X) C F(X) désigne le sous-ensemble des fonctions bornées. Pour

toute fonction h € Fy(X) la norme sup est notée ||l e sup,ex |h(z)| et loscillation est définie par

osc(h) < sup(, pyexe [h(x) — h(z')|. Pour v € M(X) et f € F(X), on note vf < [ f(x)v(dz) Iintégrale de
Lebesgue de f sous v quand elle est définie. Soit (Y,)) un autre espace mesurable. Un noyau de transition
non normalisé K de (X, X) sur (Y,)) est une fonction K : X x Y — R telle que :

- pour tout x € X, A — K(x,A) est une mesure de probabilité sur (Y,)).

- pour tout A € Y, x — K(z, A) est une fonction X-mesurable.
Si K(z,Y) =1 pour tout « € X, K est appelé un noyau de transition (un noyau de Markov ou plus simplement
un noyau). Le noyau K permet de définir deux opérateurs intégraux, le premier agissant sur les fonctions et
le deuxiéme sur les mesures. Plus précisément, soit f € F,(X) et v € M(X) on définit la fonction mesurable

Kf:bm/f(y)K(ss,dy),

et la mesure
VK Y5 A /K(a:,A)u(dx) ,

quand les intégrales sont bien définies. Enfin, si K est le noyau défini ci dessus et L est un autre noyau
de transition non normalisé défini sur (Y,)) & valeurs dans un troisiéme espace mesurable (Z, Z), alors on
définit le produit de K et L comme le noyau de transition non normalisé

KL:XxZ53 (z,A) |—>/K(x7dy)L(y,A),

de (X, X) sur (Z, Z), quand toutes les quantités mises en jeu sont bien définies.
Pour tout « € X, §, désigne la masse de Dirac associée au point x.

Dans la suite de ce chapitre, nous allons introduire trois techniques de simulation qui servent de base aux
algorithmes étudiés dans cette thése et en particulier aux filtres particulaires. Il s’agit de deux méthodes
particulaires (la méthode de Monte-Carlo et I’échantillonnage préférentiel) et d’une méthode de Monte-Carlo
par chaines de Markov (MCMC). Puis, nous détaillerons le principe des méthodes Monte-Carlo séquentielles
(sma).

1.3.2 Meéthodes de Monte-Carlo

Les méthodes de Monte-Carlo sont des méthodes numériques utilisées pour approcher des intégrales complexes
ou incalculables. Soit n une mesure de probabilité définie sur un espace mesurable (X, X). L’approximation
par Monte-Carlo consiste & approcher l'intégrale

nh = / Way(dz) . (he F(X))

en utilisant un échantillon de variables aléatoires {¢VV(i)}Y, indépendantes et identiquement distribuées

(i. i. 4.) selon la loi 5. La mesure empirique induite, notée n™, est définie par nv def vazl d¢n(iy/N . Notons
que la mesure "V est par définition aléatoire, si bien que les résultats d’approximations seront probabilistes,
comme la convergence presque siire (notée E>), la convergence en probabilité (notée l>), la convergence

en loi (notée g), etc.. D’aprés la loi des grands nombres, ¥ est un estimateur sans biais de 7, i.e. pour
tout h € Fp(X),
Np 22— nh .
" N—+o00
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D’aprés le théoréme central limite (TCL),

VNN b= nh) " N(0.0%(h)

ot 02(h) & Var (h(€N (1)) = n(h?) — n(h)? = n{(h — nh)?}. On peut résumer I'approximation de la loi cible
7 par la mesure empirique 5V, par

N

[ M) = 5 SHE @) (heFX).

i=1

Il n’est pas toujours possible de simuler un échantillon de variables aléatoires directement selon la loi d’intérét
7. Nous présenterons dans la suite de ce chapitre des alternatives pour construire des approximations de la
loi 7, dites techniques de Monte-Carlo avancées.

1.3.3 Echantillonnage préférentiel

Considérons toujours la loi cible 7 définie sur I’espace mesurable (X, X’). L’échantillonnage préférentiel est
basé sur 'idée que dans certaines situations, il est plus approprié de simuler selon une loi auxiliaire u. Cette
méthode sert de fondement a de nombreuses techniques de simulation d’événements rares, telles que dans les
changements de probabilités par décentrage ou modification de la variance pour les vecteurs gaussiens (voir
[Jourdain and Lelong, 2009]), les transformations inspirées des grandes déviations ou la transformation de
Esscher pour les processus de poisson composés. Voir [Rubino et al., 2009; L'Ecuyer et al., 2007; Asmussen,
2003; Glasserman, 2004; Blanchet et al., 2009] pour une présentation de ces méthodes, et de nombreux
exemples d’applications en finance, en assurance, en stireté, etc..

Supposons que la loi cible 1 est absolument continue par rapport & une loi instrumentale p (n < u) et
notons w = dn/du la dérivée de Radon- Nikodym de 7 par rapport & p. La fonction w représente le rapport
de vraisemblances et est souvent appelée fonction d’importance.

Ce changement de mesures de probabilités permet d’écrire, pour toute fonction positive h € F(X),

nh = / ha)n(dz) = / hayw(@)p(dz) = p(wh) .

Soit {¢N (i)}, un échantillon de variables aléatoires i. i. d. selon la loi u. D’aprés la loi des grands
nombres,
1 . ) 5.
~ 2 WE@REN (@) T plwh) = nh.
= ——+00
Comme précédemment, des inégalités de déviations et un TCL peuvent étre utilisés pour étudier les fluctua-
tions de cet estimateur autour de sa moyenne. Nous référons le lecteur intéressé a la section 1.3.8 pour des
rappels sur 'inégalité de Hoeffding ainsi qu’une extension souvent utilisée dans les preuves du chapitre 3.
Souvent, la mesure de probabilité i est connue a un facteur de normalisation prés. La fonction d’importance
w est donc également connue & une constante de normalisation prés. Dans ce cas, l'estimateur auto-normalisé

N ) )
i w(EN (@)h(EN (@)
N .
2im w(EN (@)
permet d’approcher la quantité intégrée nh. En effet, 'estimateur auto-normalisé est défini comme le rap-

port entre les deux estimateurs N2 3w (€N (i))R(€N (1)) et N=2 N w(¢N (i) qui convergent presque
surement vers p(wh) = n(h) p(w) et p(w) respectivement.
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1.3.4 Meéthodes de Monte-Carlo par chaines de Markov (MCMC)

Les méthodes de Monte-Carlo par chaines de Markov (abrégé MCMC pour Markov chain Monte Carlo)
consistent & approcher une loi cible 7 en construisant une chaine de Markov ergodique admettant la loi cible
1 comme loi stationnaire. Ces méthodes ne reposent pas sur le fait de savoir simuler selon une loi d’intérét
7, mais sur le fait de construire un noyau de Markov K qui laisse invariant la loi cible 7, i.e. tel que nK = 7.
Les deux méthodes les plus utilisées sont I’algorithme de Metropolis-Hastings (M) ([Metropolis et al., 1953;
Hastings, 1970]) et l’algorithme de Gibbs (voir [Geman and Geman, 1984; Andrieu et al., 2010; Robert and
Casella, 2004] pour une présentation compléte). L’algorithme de M consiste & proposer un nouveau candidat
et a I’accepter avec une probabilité assurant que le noyau soit réversible par rapport a 7. Il sera détaillé dans
la section 1.3.4. L’algorithme de Gibbs suggeére d’actualiser les composantes de la chaine de Markov une a
une afin d’améliorer la probabilité d’acceptation.

Algorithme de MH

Le but de I’algorithme de MIT est d’échantillonner selon une loi cible 1 dont on connait la densité également,
notée 7, a une constante de normalisation prés, par rapport & une mesure dominante A. Souvent, la forme
trop complexe de la densité ne permet pas de calculer la constante de normalisation [7(z)A(dz). Dans
ce cas, les techniques de simulation classiques, telles que la méthode de Monte-Carlo ou I'inversion de la
fonction de répartition sont inefficaces. La méthode de rejet ou l'algorithme de MH ([Metropolis et al., 1953],
[Hastings, 1970]) peuvent alors étre utilisés. L’algorithme de Mil consiste & créer une chaine de Markov
(Xn)nen qui approche en un certain sens la loi . A ce titre, cet algorithme est une méthode McvmC. La
chaine de Markov X, est initialisée arbitrairement & ’aide d’une loi notée 7. Puis, elle évolue selon des phases
successives de proposition et d’acceptation-rejet. L’étape de proposition vise & explorer l’espace, en proposant
des états selon une transition markovienne, notée ). Comme son nom l'indique, I’étape d’acceptation-rejet
consiste & accepter la proposition précédente avec une certaine probabilité, appelée taux d’acceptation «,
si le mouvement est rejeté, la chaine conserve 1’état précédent la proposition. Pour tout z € X, on notera
q(z,-) la densité de la loi Q(z, ) par rapport a la mesure dominante A. L’algorithme M1l procéde comme suit.

Data: g, @, ¢, n: le nombre d’itérations de ’algorithme, fixé par I'utilisateur

Result: (X,)o<p<n

Simuler Xy ~ 19 ;

for p <+ 0 to ndo
Simuler Y;,41 ~ Q(X,, ) ;
Calculer la probabilité d’acceptation

def n(Yn+1)q(Yn+1a X’ﬂ)
(0% Xn7Yn =1A )
( +1) n(Xn)Q(Xn’Yn-i-l)

avec la convention a(x,y) = 0 si n(x)q(z,y) =0 ;
Simuler U ~ U(]0,1]) ;
if U <a(X,,Y,11) then

‘ XnJrl = YnJrl s
else

| Xni1 =X, .
end

end
Algorithm 1: v
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La transition de M1 est la composée de deux transitions markoviennes. Il s’agit d’un noyau markovien,
noté K, défini pour tous (x,z) € X2 par

K(z,dz) = a(z,2) Q(z,dz) + <1 —/X alz,y) Q(m,dy)) 0z (dz).

La transition de M1 K est 5-réversible donc en particulier la mesure de probabilité 7 est invariante par la
transition de Ml K, i.e.
n=nk. (1.3.1)

La chaine (X,,)nen suit la loi 7, def 1oK™. Remarquons que d’aprés (1.3.1), & tout instant n,
M =1 =n0K" —nK" = (no —n)K" .

Suite a ce constat, on peut espérer une convergence de la chaine X, vers la loi cible 7, sous des hypothéses de
contraction du noyau K. De plus, si la chaine est irréductible, ou plus généralement si la chaine admet une
unique mesure de probabilité invariante, alors on peut démontrer que les trajectoires (Xng+1, " » Xnot+n),
considérées & partir d’'un temps de chauffe ng, vérifient le théoréme ergodique

) 1 no+n
Jim Z+1h(Xp):77h, (h € Fp(X)) P—p.s..
p=no

L’introduction d’un “temps de chauffe” sert a ce que la chaine X,, “oublie” sa loi initiale, et approche la loi
invariante 1. Pour simuler un échantillon i. i. d. de IV variables aléatoires & peu pres simulées selon la loi 7, il
faudrait considérer I’échantillon (X,,,, Xong, - - Xnno)- L’algorithme de MH est un algorithme en temps long,
car la convergence a lieu quand le nombre d’itérations est grand. Il est simple & mettre en ceuvre et trés
général puisqu’il n’y a pas de condition sur 7y et @ (hormis qu’ils admettent des densités par rapport a une
mesure de probabilité dominante). En revanche, la performance de cet algorithme dépend des choix et de
I’expérience de l'utilisateur, comme pour les méthodes de Monte-Carlo. Plus la transition @) a de propriétés,
plus la transition K en a également.

Les algorithmes MCMC deviennent inefficaces quand il s’agit de simuler une suite de lois d’intérét (1;)o<i<n.-
En effet, il faudrait mettre en ceuvre le méme principe que pour le recuit simulé et changer les transitions de
M K; telles que n; = 0, K; (i € [1,n]) au cours de 'algorithme, tout en considérant des temps de chauffe
n; assez important pour approcher chaque loi cible 79,71, - -+ ,7,. Ce procédé est schématisé sur la Figure 1.1

Ky Ko K3

Mo

1 2
no itérations ny itérations ng itérations
Figure 1.1: Recuit simulé

Nous verrons dans la section 1.3.7 que les algorithmes particulaires sont plus adaptés pour approcher une
suite de distributions.

Algorithme Monte-Carlo a chaine de Markov particulaires (PMCMC)

Les méthodes MCMC ont plusieurs variantes. En particulier, lorsque la densité n n’est pas calculable mais
qu’elle peut étre estimée sans biais par un filtre particulaire auxilaire, 1’algorithme devient ’algorithme
pMcMC. Cet algorithme est une combinaison des méthodes MCMC et des méthodes svc. Cette idée de
fusionner ces deux types d’algorithmes avait déja été utilisée par [Gilks and Berzuini, 2001]. L’algorithme
PMCMC a été introduit dans l’article [Andrieu et al., 2010] pour des transitions de Gibbs. Dans la transition
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de MH, le principe du Particle Markov chain Monte Carlo (PMCMC) est le méme. 11 suffit de remplacer les
quantités 7 intervenant dans le rapport d’acception par des estimateurs sans biais. Cet algorithme servira de
comparaison au sequential Monte Carlo square (SMC?) dans le chapitre 5.

1.3.5 Modéles de Markov cachés

Les mesures de Feynman-Kac apparaissent naturellement dans les problémes de filtrage pour les chaines de
Markov cachées. Un modéle de Markov caché (HMM pour hidden Markov model) est une paire de processus
stochastiques & temps discret {(X,,,Y,,)}n>0 ot la suite (X,,),>0 est la chaine cachée (souvent appelée signal)
partiellement observée & travers les observations (Y,)n>0. (Xn)n>0 est une chaine de Markov & valeurs dans
Iespace d’état X et les variables aléatoires (Y,,)n>0 sont indépendantes conditionnellement & (Y,,)n>0 €t &
valeurs dans I’espace d’observation Y. Pour tout n > 0, la loi de Y;, conditionnellement a la suite (Xj)r>o0
ne dépend que de I’état courant X,,. Les modéles de Markov cachés sont utilisés dans une grande classe de
problémes en finance, en biologie ou en traitement du signal, voir [Cappé et al., 2005] et [MacDonald and
Zucchini, 2009] et les références incluses dans ces livres, ainsi que les deux exemples décrits dans cette section.

On suppose que (X, )n>0 est une chaine de Markov non homogene de distribution initiale g et de noyau de
transition M,,. Pour tout x € X, soit g(z,-) une densité par rapport & une mesure de probabilité de référence
A. Le modéle de Markov caché est donc défini par les équations d’évolution et d’observation suivantes

Xnt1|Xn =z ~ My (20, ),
Yol Xn = a0 ~ g(xn, ) .
Pour toute observation y,,, on définit les fonctions potentielles g, comme les vraisemblances des observations
gu(@) < gl yn).
On peut montrer en utilisant la formule de Bayes, que pour tout h € F(X"+1),
[ [ h(zo,.. )H;—g gp(p)10(dzo) Mo (0, A1) ... My 1 (201, day,)

/.. pr o 9p(zp)no(dae) Mo(zo, dz1) . .. My—1(zn—1,dzs)
(1.3.2)

E[h(Xo,...,X0n) | Yor. ., V1] =

Nous donnons ensuite deux exemples classiques de modéles linéaires gaussiens.

Modéle linéaire gaussien
Le modéle linéaire gaussien est défini par:

Xpt1 =0 X, +o,Up, Y, =X, +0,V},

ot Xo ~ N (0,0%/(1 = ¢?)), {Up},5, et {Vp},>, sont des suites indépendantes de variables aléatoires i. i. d.
gaussiennes, centrées, réduites, indépendantes de Xy. Le probléme de filtrage consiste & estimer la loi du
signal caché X, conditionnellement aux observations Yy, --- ,Y,,. Le probléme de prédiction consiste a estimer
la loi du signal caché X,, conditionnellement aux observations Yy, -- ,Y,,—1. Dans le cas particulier du modéle
linéaire gaussien, le filtre de Kalman s’applique et permet de calculer de maniére exacte les lois de filtrage et
de prédiction.

Modéle de volatilité stochastique
Le modéle de volatilité stochastique (voir [Hull and White, 1987]) est défini par:
Xerl = O[Xp + O'Up+1 s Y ﬁe 7 s

ot Xog ~ N (0,02/(1 —a?)), {Up}p>0 et {Vp}p>0 sont des suites indépendantes de variables aléatoires i. i. d.
gaussiennes, centrées, réduites, indépendantes de Xy. Pour ce modéle, il n’existe pas de technique de simu-
lation exacte. Les algorithmes sMC ont été développés pour résoudre ce genre de problémes.
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1.3.6 Modéles de Feynman-Kac

Les modéles de Feynman-Kac sont des modeéles plus généraux que les modéles de Markov cachés (voir [Doucet
et al., 2001; Del Moral, 2004]), ou la fonction de vraisemblance g définie sur Xx Y, est remplacée par une collec-
tion de fonctions potentielles g,. Nous commencons par présenter le cadre général des modéles de Feynman-
Kac, puis nous spécifierons deux cas particuliers, et enfin nous donnerons des exemples d’applications qui se
modélisent de cette maniére.

A une suite de noyaux de transition non normalisés {Q,, }nen définis sur un espace mesurable (X, X) et
une mesure de probabilité iy € P(X), on associe la suite {7, }nen des mesures de Feynman-Kac définies pour

tout h € Fp(X) et n € N par

def ’Ynh
Lh & Int 1.3.3
7 7n1X ( )

ol

n—1
’)/nh déf / R / h(xn) nO(de) H Qp(mpa dprrl) ) (134)
p=0

(avec la convention standard HZ:m ap, = 1 quand m > n). Les suites de Feynman-Kac v, et n,, respec-
tivement non normalisées et normalisées, satisfont les relations de récurrence suivantes. Pour h € F,(X) et
(m,n) € N avec m < mn,

TmQm - Qn_1h _ Mm@Qm - Qn-1h
’YQO"'anlllX anm"'anlllX ’

avec la convention @, - -- Q¢ = id si m > ¢. En particulier,

N Qnh
ann]lX

Beaucoup de problémes d’estimation peuvent étre formalisés & I'aide de mesures de Feynman-Kac. Nous
détaillons dans la suite les modéles de Markov cachés et des problémes d’estimation de lois conditionnelles

Ynh = Ym@Qm - Qn-1h et n,h=

’I]n+1h = (h S Fb(X),TL S N) . (135)

qui se rencontrent typiquement en analyse d’événements rares.

Exemple 1: les modéles de Markov cachés
Reprenons les notations de la section 1.3.5. Les lois de prédiction s’expriment en fonction des mesures de
Feynman-Kac. En effet, d’aprés les formules (1.3.2) et (1.3.4) la loi de X,,|(Yo = yo, -+ Yn—1 = Yn—1), s’écrit
Yn/Yn1x = M. N représente donc la loi de prédiction de X, conditionnellement & Yy, ..., Y,,—1, v, représente
la loi jointe de X, et Yy, ..., ¥,,_1 et la constante de normalisation +, (1x) est la vraisemblance de la séquence
d’observations Yy, ..., Y,,—1. Dans ce cas, pour tout p € [0,n — 1], Qp(zp, dzpt1) = gp(xp) Mp(zp, dzpsi1).

Le modéle linéaire gaussien est un modéle de Feynman-Kac particulier ot pour tout p > 0

1 _ 2
exp |:_ (Tp+1 2¢37p)
\V2moy, 20
1 (yp — xp>2]
Tp) = ——exp | —————| .
9r(r) Voo, L { 2073

Le modéle de volatilité stochastique se modélise comme un probléme de Feynman-Kac en posant pour

tout p > 0

Mp(wp,dzpyr) = ] dzpia

1 (xpy1 — axp)?
My(zp, dzpi1) = N €xXp [_W dpir,

1 BPr, + ye v
gp(xp) = ﬁﬁ exp —2—52
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Exemple 2: L’algorithme du splitting

Soit { A, }rnen une suite décroissante d’ensembles (A,, C A,—1) et X une variable aléatoire définie sur 'espace
de probabilité (2, F,P). On cherche & estimer les lois 7, de la variable aléatoire X conditionnellement aux
événements A,, Remarquons que pour tout h € Fy,(X),

1 E [A(X)14,(X)]
h) = 1 h(z)Px(dz) = L
i) = gy [ IR - =5
Les lois 7, vérifient une relation de récurrence. En effet, soit h € Fy,(X), puisque 14,14, =14,,,,
marh = E [h(X)]lApH(X)] _ E [h(X)]lAp+1(X)]lAp(X)] y E []lAp(X)]
! E [1a,,,(X)] E [14,(X)] E [, (X)14,(X)]
_ np(h]lAp+1)
np(]lAp+1)

Soit M), un noyau de Markov laissant invariant la loi 7, (par exemple une transition de Ml qui cible la loi
Np, cf section 1.3.4) alors n, M, = np, et

anp(]lAth) _ npQph
anP(]lAp+1) anp]lX ’

Np+1h =

ou
Qph = My(La, h) ie. Qy(x,B)= /B My(e.dy)la,,,(y) (VBEX).

Les lois conditionnelles de X sachant A, sont donc des mesures de Feynman-Kac. La constante de normali-
sation 7,1x est la probabilité P(A,) d’atteindre ’ensemble A,,.

Les modeéles de Feynman-Kac se définissent soit & ’aide d’une suite de noyaux {Q, }nen, soit a aide de
suites de fonctions potentielles { g, }nen+ et de noyaux de Markov { M, },en . Un cas particulier est le modéle
de Feynman-Kac mis a jour défini lorsque pour tout p € N* et h € Fy,(X),

Qph o Mp(gp+1h) i.e. Qp(:c,B) = /BMp(zydy)gP-&-l(y) (VB e X),

ot {Mp,}nen est une suite de noyaux (normalisés) de Markov définis sur (X,X), 79 est une mesure de
probabilité et {g,}nen- est une suite de fonctions appelées fonctions potentielles, définies par g, : X — R
pour tout n € N*. Ce cas particulier couvre une large variété de modeéles en probabilité et statistiques, tels
que le filtrage optimal pour les modeéles de Markov cachés [Cappé et al., 2005] et 'analyse d’événements
rares (voir [Del Moral and Garnier, 2005; Cérou et al., 2012] et ’exemple du splitting). Cette configuration
particuliére sera utilisée a différents endroits de ce manuscrit, notamment dans le chapitre 5 ou pour étudier
la stabilité en temps long de la variance du double bootstrap (3°) dans subsection 3.4.3.
Une alternative (dépendant du probléme d’intérét) est de définir

Quh(x) = gy(a)Myh(z) (h € Fo(X),z € X,p e N*). (1.3.6)

avec Qg = My. Ce modéle est le modéle de Feynman-Kac prédictif. 1l est étudié au chapitre 2. Les deux
modéles de Feynman-Kac prédictif et mis & jour sont équivalents, et on peut facilement passer de l'un &
I'autre, comme cela a été fait dans la section 4.4.

A Texception du cas du filtrage pour des modéles linéaires, pour lesquels le filtre de Kalman, fournit une
solution ou pour les modeéles de Markov cachés & espace d’état fini, utiliser un modéle de Feynman-Kac est en
pratique non trivial si les mesures {v, }nen ou {9, }nen ne peuvent pas étre calculées de maniére analytique.
Dans ce cas, les techniques SMC permettent d’estimer récursivement les suites de Feynman-Kac.
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1.3.7 Meéthodes de sMmC

Dans cette partie, nous décrivons les méthodes SMC qui permettent d’estimer les lois définies en (1.3.5) par

N Qnh

PO (h € Fp(X),n € N),

nn+1hf -

ot {@Qn}nen est une suite de noyaux de transition non normalisés définis sur un espace mesurable (X, X) et
1o € P(X). Supposons qu’il existe une suite de noyaux de transition (normalisés) R, : X, X X,+1 — Ry tels
que Qn(zn, ) € R, (xy,, ) pour tout x, € X, notons alors w, les dérivées de Radon-Nikodym définies pour
tout n € N par

def dQn Ty
wn(xnyxn—l-l) ; d}%Ex.i(zn-&-l) ((xnyzn-&-l) S Xn X Xn+1) .

Les applications w,, sont appelées fonctions d’importance.

Les méthodes svC produisent une suite d’échantillons de variables aléatoires pondérées, appelées partic-
ules. L’échantillon & l'instant n est noté {(£Y(7),w? (1))}, ott N est le nombre de particules. &Y (i) est la
i®™M¢ particule appartenant a 1’espace d’état X sur lequel la loi cible est définie et w?Y (i) est le poids, positif,
associé & cette particule. Soit n € N. Si I’échantillon de particules pondérées {(¢2 (i), w) (1))}, approche
la loi 7, il est possible de construire un échantillon de particules {(&Y,;(¢), wh, ; ())}L,, qui approche la loi
Nn+1 €n utilisant une étape d’échantillonnage préférentiel décrit en section 1.3.3. En itérant cette étape, on
obtient l’algorithme d’échantillonnage préférentiel séquentiel (SIS pour sequential importance sampling) qui
construit une séquence d’échantillons de particules définis récursivement et qui approchent les lois 7,,.

for i < 1 to N do

&' (1) ~ 103

EN (i) ~ Ro(€) (i), )
wi' (1) < wo (&g (1), &1 (4));
end

forp<—1ton—1do

for i <1 to N do
Simuler indépendamment &, , (i) ~ R, (£ (4),-);
Mettre & jour des poids d’importance : wl, | (i) < wl¥ (i) x wp (&) (i), &0 1 (7));

end
end
Algorithm 2: Echantillonnage préférentiel séquentiel (SIS)

Les premiéres méthodes d’échantillonnage préférentiel séquentiel ont été développées dés le milieu des
années 1950 ([Rosenbluth and Rosenbluth, 1955]) pour simuler numériquement des polymeéres (self-avoiding
random walk) a longues chaines. Cet algorithme utilise les observations uniquement lors du calcul des poids
d’importance, mais ne les prend pas en compte lors de I’évolution des particules sur ’espace d’état. Il est
bien connu que les poids d’importance dégénérent dans certaines situations, c’est pourquoi [Gordon et al.,
1993] ont proposé d’ajouter une étape de ré-échantillonnage des particules & chaque itération : cela a donné
Palgorithme d’échantillonnage préférentiel séquentiel avec ré-échantillonnage (SISR) aussi appelé bootstrap.
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for i < 1 to N do

&' (1) ~ no;

S{V() ~ Ro(&) (4), ")

wi' (i) 4 wo (&' (2), &1 (4));
end

forp< 1ton—1do

Simuler {1 (i)} ~i.a. Mult({w)Y (F)}2,) ;

for i <1 to N do

Simuler indépendamment &), | (i) ~ R, (&) (1) (4)),-);

Mettre & jour des poids d’importance : w), 1 (i) <= w, (&Y (LY (7)), €1 (4));
end

end
Algorithm 3: Bootstrap

Des variantes de ré-échantillonnage évitant de ré-échantillonner de fagon systématique les systémes de
particules ont été introduites comme I’ effective sample size (ESS) (voir [Liu and Chen, 1995; Liu, 2008; Douc
and Moulines, 2008; Arnaud and Le Gland, 2009; Del Moral et al., 2012]) ou ’e-bootstrap (voir [Del Moral,
2004]). Elles seront détaillées et étudiées au chapitre 2.

Ces algorithmes étant inspirés des algorithmes d’optimisation évolutionnaires, la terminologie des algo-
rithmes génétiques est généralement employée. L’étape de ré-échantillonnage est également appelée sélection
et ’étape d’échantillonnage préférentiel est également appelée mutation.

Les méthodes sMC sont des méthodes d’estimation en ligne, ce qui signifie que les estimations sont pro-
duites sans avoir besoin de conserver toutes les observations passées et sans devoir toutes les utiliser pour
produire une seule estimation. Ce genre de procédure est trés utile dans le cas de grands ensembles de
données (pour lesquelles le parcours de toutes les observations serait trop cotteux) ou dans des situations
d’estimation en ligne sur des flux de données (pour lesquelles la mise & jour d’un paramétre et le calcul de
toutes les observations associées est trés cotteux en temps de calcul).

Les propriétés de ces algorithmes ont été largement étudiées. Nous rappelons dans la suite de cette section
certaines propriétés du bootstrap. Soit n € N et h € F,(X). Notons n2 'estimateur de 7,, défini par

der Sy wn (R(EN (D))
S wh (i)

On parle de consistance lorsque nXh —> nnh et de convergence faible lorsque 1’ h —> Nnh. Une

preuve de la convergence faible se trouve dans le livre [Del Moral, 2004] et une preuve sunphﬁee de la
consistance se trouve dans article [Douc and Moulines, 2008]. nXN'h est un estimateur biaisé de 7,h. Des
controles du biais ont été obtenus, voir par exemple [Olsson and Rydén, 2004; Del Moral et al., 2012].

Plusieurs démonstrations du TCIL pour les méthodes SMC ont été proposées. La premiére preuve a été
proposée par [Del Moral and Guionnet, 1999]. L’argument a été considérablement simplifié par [Chopin,
2004] puis par [Kiinsch, 2005]. Cette méthode de preuve a été raffinée et étendue dans [Douc and Moulines,
2008] ou la preuve de normalité asymptotique est ramenée & des résultats classiques de théoréme limite pour
des tableaux de martingales.

Dans ce contexte, le TCL prend la forme:

N ; ;
. (zi_l WY (DA(EN (1) mm) D N0, 02 (h))

Sy whY (k) Noc
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2

ot 02(h) est une quantité positive désignant la variance asymptotique. Dans le cas du bootstrap filter, elle

est définie par

(MeQe - - - Qn—11x)?

On retrouve ce résultat au [chapitre 3, Equation 3.4.5], comme conséquence du TCI. établi pour le B

n—1
o2 (h) def Z NeRe{wiQeq1 - - Qu_1(h —nnh)?}
=0

1.3.8 Inégalité de Hoeffding

Soit X une variable aléatoire. On veut estimer la concentration de la loi de X autour de son espérance. Pour
une suite de variables aléatoires (X,,) i. i. d. admettant une espérance m et une variance o2, on sait d’aprés

le TCL que

N —+o0

1 N D 9
m(N;Xi—m> — N(0,07) .

Le TCL donne un controle asymptotique des déviations autour de la moyenne de l’ordre de o/ VN. L’inégalité
de Hoeffding démontrée au théoréme 1.3.2 précise quand a elle des controles non asymptotiques (i.e. valables
quel que soit N). C’est une inégalité de déviation exponentielle au sens ou elle donne un controle de la
déviation d’'une somme de variables aléatoires par rapport & leur moyenne sans aucune hypothése sur la loi
des variables aléatoires. La borne obtenue est de forme exponentielle. Une condition nécessaire est que les
variables aléatoires soient bornées. On remarque que la borne obtenue ne dépend pas de la variance des
variables aléatoires considérées. Cela signifie qu’on obtient le méme majorant pour deux variables ayant le
méme support borné mais avec des variances différentes. Les inégalités de Bennett et de Bernstein seront
préférées pour des bornes de concentrations plus fines. Néanmoins, pour notre étude au chapitre 3, 'inégalité
de Hoeffding sera suffisante. Nous rappelons son énoncé et une preuve dans le reste de cette section, ainsi
qu’une extension & un quotient de variables aléatoires.

Lemma 1.3.1. Soit Z une variable aléatoire centrée et bornée. Soient (a,b) € R2, tels que a < b et
Pla < Z <b) =1. Alors pour tout réel s > 0,

E [esz] <e

sz(b—a)2
8

—a

Proof. Soit s > 0 et z € [a,b]. On peut toujours écrire z = (1 —A)a+ Ab, en posant A = z . Notons que

—a
A €]0,1[. Par convexité de la fonction (z — e°%), on a

5% — es((lfk)aJr)\b) < (1 _ )\)esa + )\€Sb )

Puis,
5% < b_zesa+z_aesb
“b—a b—a

Ainsi, en utilisant le fait que la variable aléatoire Z est centrée, on obtient la majoration suivante

E [esZ] < E |:ll))_Z:| L +E |:Z—a:| esb

—a b—a

b a
sa esb

e —

b—a b—a
<(1=0)e™ +0e® = (1— 0+ 0e° e o210 < —a/(b— a)
< (1 —6+ aes(bfa))efs(bfa)e
(

IN

— 0+ 0e*)e™ avec u ef s(b—a)

= e®™ | ot ¢(u) 2 —Ou+In(1 — 0 + Oe*)
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Le développement de Taylor pour ¢ implique qu’il existe v €]0,u[ tel que

6(u) = $(0) +ug (0) + ¢ (v).

Or, ¢(0) = ¢'(0) = 0 et en utilisant le fait que a(l — «) < 1/4 pour tout a € R, on a pour tout v > 0,
#"(v) <1/4. Dot ¢(u) < u?/8. On conclut en remplagant u par sa valeur s(b — a). O

Theorem 1.3.2. (Inégalité de Hoeffding) Soit X1, Xs, ..., X,, une suite de variables aléatoires indépendantes
bornées telles que pour tout i € [1,n], X; € [a;,b;] avec probabilité 1. Posons S, def S X, Alors pour
tout € > 0, on a

P(S, —E[S,] = €) < exp <_Z"_1(%:—a)2) ’

P(Sy —E[S,] < —¢) < exp <_Z"_1(2bg—a)2> ’
P(|S, —E[S,]] > €) < 2exp (‘Z"_l(%:—a)?) '

Proof. Prouvons la premiére affirmation, les deux suivantes étant de simples conséquences de la premiére.
P(S, —E[S,] > ¢) = P(e*5»ElS5nD) > ¢%¢) pour tout s > 0
< e *°R [es EZL:l(Xi_]E[Xi])} d’aprés l'inégalité de Markov
n
<e H E {eS(XFE[X’i])} par indépendance
i=1

n 2 2
_ s%(bj—ay) R .
<e % | | e~ & , grace au Lemma 1.3.1
i=1

82 n
< e o Dini(bimad)® ¥ pour tout s > 0,

ol on a posé Y (s) e+ s2/8 31" (b; — a;)?. Sa dérivée s’annule en so = 4/ > | (b; — a;)? et la dérivée
seconde ¢ (s) = Y1 (b; — a;)?/4 est positive. Donc la fonction ¢ est convexe, et atteint son minimum
—262/2?:1(1)1‘ — ai)Q en Sop. O

Remark 3. Si on remplace ’hypothése d’indépendance des (X;)I; par le fait qu’ils ont la méme loi, le
Theorem 1.3.2 est encore vrai.
En effet, notons m leur espérance commune et a et b les bornes. Ainsi, na < S,, < nb puis n(a —m) <
Sn —E[Sp] < n(b—m).
P(S, — E[S,] > &) = (5 El¥)) > ¢5¢) pour tout 5 > 0
<e *E [es(s"fE[S"])}

Cse  Enf—a)® . o1 s
<e e 8 , en appliquant le Lemma 1.3.1 & S,

——_2e _
< e n(-a)? (en suivant les mémes étapes que dans la preuve du Theorem 1.3.2).

Corollary 1.3.4. Soient X1, Xs, ..., X,, des variables aléatoires bornées, de méme loi, telles que X; € [a,b]
avec probabilité 1. Alors pour tout € > 0,

n 2
P (Z(Xz -E[Xi]) > 5) < exp (n(bQia)2> :

i=1
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Nous rappelons ici un lemma trés utile pour obtenir une inégalité de type Hoeffding pour un quotient de

variables aléatoires. Ce lemme sera notamment utilisé dans le chapitre 3.

Lemma 1.3.5. [Douc et al., 2011, Eztension of lemma 4] Soient A,,, B, a,b des variables aléatoires définies
sur le méme espace de probabilité. Supposons qu’il existe des constantes positives 3, B,C et M telles que

n

<Metb>pP—p.s.

n

(i)
(i) Pour tout € > 0 et tout n >0, P(|B, —b| >¢) < 9e—Cine?

(111) Pour tout € > 0 et tout n >0, P(|A, —a| > ¢) < 9e—Can(e/M)?

Alors
P ( €*p

> 5) < 4exp <n(C1 A CQ)W>

An
B

— (A, — a). Alors

. A
Proof. Ecrivons la différence B—" -3

IS
S| = SRS
> =

An
Zh(b— B,
B, )+

An

1 1
Zn < ZMb— By| + =|An —al,
5 b= Bul+ 514, ~al

- B

_a
b

puis

A, a 1 1
— = = > — — — — >
{‘Bn ; _e}c{ﬁM|b Bn|+ﬁ|An a|_6}

ep ep
C {|b—Bn| 22M}U{|An—a|22} .

On conclut que
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Chapitre 2

Parallélisation des méthodes de

Monte-Carlo séquentielles : les ilots de

particules
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Les méthodes de Monte-Carlo séquentielles (abrégé SMC, pour sequential Monte Carlo) sont utilisées
depuis plusieurs années dans différents domaines tels que la fiabilité, le filtrage non linéaire, la théorie du
signal, les mathématiques financiéres, etc. Elles utilisent un échantillon de variables aléatoires, appelées
particules en interaction, qui approchent séquentiellement une suite de lois d’intéréts. Un poids d’importance
est associé a chaque particule. Ce nuage de particules est mis & jour selon des phases successives de sélection
et de mutation. La sélection consiste & dupliquer ou éliminer, via un ré-échantillonnage, les particules ayant
un grand ou faible poids d’importance. La mutation fait évoluer les particules sur 'espace d’état et met a
jour les poids d’importance pour la prochaine étape de sélection.

Une préoccupation constante est d’accélérer I’exécution des algorithmes afin de pouvoir simuler des lois
plus complexes. C’est aussi un enjeu important pour les applications en ligne. En effet, la performance des
méthodes Monte-Carlo séquentielles (SMC) croit avec le nombre de particules considérées, ce qui peut étre
critique pour des applications en ligne ot la puissance de calcul est limitée. Dans ce cas, il est naturel d’étudier
des techniques de réduction du nombre de particules, tout en assurant une bonne qualité d’estimation.

Depuis l'apparition a la fin des années 70 des premiers simulateurs paralléles, différentes approches ont
été proposées, certaines heuristiques d’autres mathématiquement justifiées.

Le développement d’ordinateurs multiprocesseurs a conduit naturellement & ’utilisation simultanée de
plusieurs processeurs [Suchard and Rambaut, 2009]. Par exemple, la commande parfor en Matlab permet
de lancer des simulations en paralléle, ce qui est utile sur un ordinateur multi-cceur ou lorsqu’on a accés
a un cluster d’ordinateurs. Le passage de processeurs classiques (CPU pour central processing unit) aux
processeurs graphiques (GPU pour graphics processing unit) a permis de développer les calculs massive-
ment paralléles. Une difficulté du calcul paralléle est de coordonner la communication entre les différents
processeurs. Les méthodes de Monte-Carlo faisant intervenir des moyennes sur des échantillons de variables
aléatoires indépendantes, il est aisé de simuler autant de particules mais réparties sur plusieurs processeurs
et ensuite de mettre en commun les simulations en pondérant correctement. Concernant les méthodes svic,
bien que I’étape de mutation soit complétement parallélisable, la sélection nécessite la communication des
processeurs.

La parallélisation des méthodes SMC est un sujet qui intéresse différents domaines tels que le décodage
de l'information dans les réseaux neuronaux [Xu et al., 2014], la bio-mathématique [Suchard and Rambaut,
2009] ou l’économétrie [Casarin et al., 2013]. [Billio et al., 2013] ont proposé d’utiliser une combinaison
pondérée d’estimateurs de densité sur des données en macroéconomie. Une toolbox matlab appelée DeCo
(pour Density Combination) implémentée sur CPU et GPU, a d’ailleurs été créée. Elle est présentée dans
Particle [Casarin et al., 2013]. Durham et Geweke ont proposé une nouvelle approche pour la simulation des
méthodes SMC en séparant les particules en différents groupes pour faciliter la simulation en paralléle. Ils
ont illustré leur méthode dans [Durham and Geweke, 2011] sur plusieurs exemples en économie et finance en
utilisant ’extension CUDA du langage de programmation C.

Ainsi, I'utilisation d’ordinateurs multi-cceur et le développement d’outils de programmation ont accéléré
Pestimation par méthodes sMC dans une faible mesure au vu de linteraction entre particules (voir [Lee et al.,
2010] pour plus de détails).

Suite & ce constat, deux aspects ont été étudiés. Le premier est l'utilisation d’un ré-échantillonnage
adaptatif. Des variantes de sélection dans les méthodes SMC ont été proposées, citons par exemple I’ effective
sample size (1:55) introduit par Liu et Chen dans [Liu and Chen, 1995] (voir aussi [Liu, 2008; Del Moral et al.,
2012; Douc and Moulines, 2008; Arnaud and Le Gland, 2009]) ou encore 1’e-bootstrap présenté dans [Del
Moral, 2004]. Il y a essentiellement deux motivations au fait de ne pas ré-échantillonner systématiquement
les particules: l'interaction entre les particules augmente la variance du systéme de particules, et empéche
la parallélisation. En revanche, ’absence d’interaction rend les algorithmes instables et non-convergents.
La sélection 1:5s qui ré-échantillonne les particules uniquement quand il y a trop de diversité au sein de
leurs poids semble étre un bon compromis et est par exemple utilisée dans l'algorithme aSMC, introduit
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dans larticle [Whiteley et al., 2013] puis étudié dans [Lee and Whiteley, 2014]. Cet algorithme généralise
différents algorithmes tels que le sequential importance sampling, le bootstrap particle filter et 1’adaptive
resampling particle filter.

Le second aspect est la diminution du nombre de particules en interaction dans les méthodes sMcC, quitte
a utiliser plusieurs filtres particulaires paralléles ou en interaction. L’interaction des méthodes SMC est pour
la premiére fois mise en ceuvre dans Particle [Jasra et al., 2008], dans le but de favoriser la diversité des
particules et d’améliorer 'exploration de ’espace d’état lorsque les noyaux de transition markoviens sont peu
meélangeants. L’idée de partitionner ’espace d’état pour les méthodes de Monte-Carlo n’est pas nouvelle,
elle intervient pour I’échantillonnage stratifié (voir [Robert and Casella, 2004]) et pour des espaces stratifiés
(voir [Wang and Landau, 2001]). Le principe est que plusieurs filtres particulaires sont d’abord simulés en
paralléle, initialisés sur différentes régions de ’espace d’état. Quand les filtres atteignent une méme région,
les échantillons fusionnent et sont autorisés & interagir. Les deux points cruciaux de cet algorithme sont
la maniére dont 1’espace est stratifié et le moment ou les filtres particulaires commencent & interagir, et
leurs réglages sont laissés & ’appréciation de l’expérimentateur. Dans le cas oil la loi cible est un mélange
de distributions, les méthodes SMC en interaction peuvent améliorer les performances d’un SMC classique.
L’idée d’introduire de I'interaction a un niveau supérieur aux particules a ensuite été évoquée dans [Brockwell
et al., 2010] avec l’algorithme sequential interacting Markov chain Monte Carlo (siMCMC). Cet algorithme
n’appartient pas a la classe des méthodes de Monte-Carlo par chaines de Markov (abrégé MCMC, pour Markov
chain Monte Carlo) car il n’est pas markovien. Il consiste a faire interagir des processus qui se comportent
asymptotiquement comme des Metropolis-Hastings (M) indépendants. A la différence des méthodes snvic
ou l’étape de correction fait intervenir un échantillonnage préférentiel, une étape de Ml est utilisée pour le
SIMCMC.

Dans le chapitre 2, nous étudions la parallélisation des méthodes SMC au sens ot nous introduisons
N, filtres particulaires avec chacun N, particules. On appelle ilot I’ensemble des particules d’un filtre
particulaire et nous introduisons les modéles d’ilots de particules. Les différents filtres particulaires peuvent
étre considérés en paralléle ou bien en interaction. Nous étudions dans le chapitre 2 la possibilité d’introduire
une interaction au niveau des ilots. Nous montrons que les modéles d’ilots de particules appartiennent au
modéle de Feynman-Kac lorsque le potentiel de chaque ilot est le potentiel moyen des particules a I'intérieur
de cet ilot. L’observation fondamentale est que les distributions marginales de Feynman-Kac au niveau des
ilots et des particules coincident. Cela signifie que considérer des ilots de particules en interaction permet
de cibler la méme suite de distributions qu’avec un systéme de particules en interaction classique ou des
algorithmes SMC en paralléle. En ce sens, ce travail différe de D’article [Jasra et al., 2008].

Dans la discussion précédente, nous avons vu que ’on peut utiliser différentes sélections entre les particules.
Nous avons choisi de mener notre étude en considérant du bootstrap (ré-échantillonnage systématique) entre
les particules mais en laissant une certaine latitude sur le type d’interaction utilisée entre les ilots: le bootstrap,
I’Ess, ’e-bootstrap ou bien aucune.

Dans un premier temps, nous avons étudié dans quelles circonstances il est avantageux de considérer des
ilots en paralléle ou de les ré-échantillonner systématiquement. Les algorithmes induits sont respectivement
appelés bootstraps indépendants et double bootstrap (B2). Une analyse asymptotique de ces algorithmes se
trouve dans [Vergé et al., 2015a] et [Vergé et al., 2014]. L’interaction entre les ilots rend plus difficile la
simulation en paralléle car elle nécessite des points de communication, augmente la variance mais permet
de réduire le biais par rapport & des ilots en paralleéle. Il faut donc faire un compromis entre le biais et
la variance. Pour cela nous avons choisi d’établir un critére basé sur 'erreur quadratique moyenne (MSE
pour mean square error). Nous avons établi les expressions asymptotiques du biais et de la variance pour le
bootstrap en faisant apparaitre les erreurs d’échantillonnage locales et en utilisant le résultat établissant la
convergence de la suite des erreurs locales vers une suite de champs gaussiens centrés, ¢f [Del Moral, 2004].
A partir de ces expressions, il est facile d’en déduire les expressions du biais et de la variance asymptotiques
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Bootstrap Nj boostraps indépendants B2

Biais B B B+ B

l1ali -_— -_—
N, Ns NNy
Variance 1 v ViV
N, NNy NNy

Table 2.1: Comparaison du biais et de la variance

pour des bootstraps indépendants. Celles du B2 s’obtiennent & partir de celles du bootstrap, en remplagant
les noyaux de Feynman-Kac par leurs versions au niveau des ilots. La multiplication par le bon facteur et
le passage a la limite en N; puis Ny permettent de faire apparaitre le premier terme des développements
asymptotiques. Le tableau 2.1 présente la forme des expressions obtenues. Le critére prend alors la forme
suivante : lorsque le nombre de particules & l'intérieur des ilots est assez grand, on peut garder les ilots
indépendants. Dans le cas contraire, I'interaction entre ilots devient souhaitable car elle permet de réduire
fortement le biais.

Dans un second temps, nous avons étudié d’autres interactions au niveau des ilots : I'ESs et ’e-bootstrap.
Ces interactions entre ilots proposent un ré-échantillonnage adaptatif. L’algorithme faisant interagir des
bootstraps avec une sélection au niveau des ilots basée sur I'ESS sera appelé dans le reste du document
double bootstrap with adaptive selection on the island level (B?ASIL). L’ESS ne ré-échantillonne les ilots
que lorsque leurs potentiels sont hétérogénes. L’c-bootstrap consiste & introduire une variable aléatoire de
Bernoulli. Avec une probabilité égale & son potentiel normalisé, chaque particule est dupliquée, sinon elle
est ré-échantillonnée. Cette interaction permet aux “bonnes” particules de ne pas étre automatiquement (et
inutilement) ré-échantillonnées. En particulier, on a montré que la variance obtenue en utilisant ’e-bootstrap
est toujours inférieure & celle obtenue en utilisant le bootstrap.

Nous comparons également le nombre de ré-échantillonnages entre les ilots dans le cas du B? et du B>ASIL
sur deux exemples : un modéle linéaire gaussien et un modéle de volatilité stochastique. Le point remarquable
qui est observé par simulation pour le B2ASTL, est que lorsque le nombre de particules No & 'intérieur des ilots
est assez grand, les ilots ne sont jamais ré-échantillonnés et évoluent donc comme s’ils étaient en paralléle.

Auteurs:
e Christelle Vergé (Onera, CNES, CMAP, Palaiseau)
e Cyril Dubarry (Criteo, Paris)
e Pierre Del Moral (Université UNSW, Syduey)

e Eric Moulines (Telecom ParisTech, Paris)

Statut: Le présent chapitre est basé sur Particle "On parallel implementation of sequential Monte Carlo
methods: the island particle model", publié & Statistics and Computing, Issue 2, volume 25, pages 243-260,
mars 2015, [Vergé et al., 2015a]
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Abstract The approximation of the Feynman-Kac semigroups by systems of interacting particles is a very
active research field, with applications in many different areas. In this chapter, we study the parallelization of
such approximations. The total population of particles is divided into sub-populations, referred to as islands.
The particles within each island follow the usual selection / mutation dynamics. We show that the evolution
of each island is also driven by a Feynman-Kac semigroup, whose transition and potential can be explicitly
related to ones of the original problem. Therefore, the same genetic type approximation of the Feynman-Kac
semi-group may be used at the island level; each island might undergo selection / mutation algorithm. We
investigate the impact of the population size within each island and the number of islands, and study different
type of interactions. We find conditions under which introducing interactions between islands is beneficial.
The theoretical results are supported by some Monte Carlo experiments.

Keywords: Particle approximation of Feynman-Kac flow, island particle models, parallel implementation.

2.1 Introduction

Numerical approximation of Feynman-Kac semigroups by systems of interacting particles is a very active
field of researches. Interacting particle systems are increasingly used to sample complex high dimensional
distributions in a wide range of applications including nonlinear filtering, data assimilation problems, rare
event sampling, hidden Markov chain parameter estimation, stochastic control problems, financial mathe-
matics; see for example Doucet et al. [2001]; Chopin [2002]; Del Moral [2004]; Cappé and Moulines [2005];
Del Moral et al. [2012] and the references therein.

Let (X,, X,)n>0 be a sequence of measurable spaces. Denote by B;(X,,) the Banach space of all bounded
and measurable real valued functions f on X,,, equipped with the uniform norm. Let (g, )nen be a sequence
of measurable potential functions, g, : X, — RT. Let (2, F,P) be a probability space. In the sequel, all
the processes are defined on this probability space. Let (X,,)nen be a non-homogeneous Markov chain on
the sequence of state-spaces (X, )nen with initial distribution 79 on (Xg, Xp) and Markov kernels (M, ),en+
L. We associate to the sequences of potential functions (g, )nen and Markov kernels (M,,),en+ the sequence
of Feynman-Kac measures, defined for all n > 1 and for any f,, € By(X,,) by

nn(fn) déf ’yn(fn)/’Yn(]an) ) (211)
Tlfn) CE | fuX) ] 90(50) (2.1.2)
0<p<n
:/Vo(dxo) H gp(zP)Mp+1(xp7dxp+l) fn(xn)a (213)
0<p<n

where we have set by convention 70(fo) = v0(fo) ) [fo(Xo)]-

The sequences of distributions (7,),>0 and their unnormalized versions (v,)n>0 are approximated se-
quentially using interacting particle systems (IPs). Such particle approximations are often referred to as
sequential Monte Carlo (sMC) methods. The 1PS consists in approximating for each n € N the probability 7,
by a set of Ny particles (X%)ivjl which are generated recursively. Typically, the update of the particles may be
decomposed into a mutation and a selection step. For example, the bootstrap algorithm proceeds as follows.
In the selection step the particles are first sampled with weights proportional to the potential functions. In
the mutation step, a new generation of particles (X? +1)£V=21 is generated from the selected particles using

14 Markov kernel on X, X Xp+1 is a function My, 41 : Xpy X X1 — [0; 1], such that, for all ,, € Xpn, Ant1 — Mpt1(Tn, Ant1)
is a probability measure on (Xn+1, Xn+1) and for any Ap41 € Xnt1, Tn = Myp4+1(2n, Ant1) is a measurable function.
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the kernel M,, ;1. The asymptotic behavior of such particle approximation is now well understood (see [Del
Moral, 2004; Del Moral et al., 2012]).

Particle filtering is computationally an intensive method. Parallel computations provides an appealing
solution to tackle this issue (see [Durham and Geweke, 2011] and the references therein for an in-depth de-
scription of parallelization of Bayesian computations). Moreover, parallel SMC has econometric applications.
For instance, it is used in the Matlab package DeCo (Density Combination) to combine density forecasts with
time-varying weights and different choices of scoring rule (see [Casarin et al., 2013] for further details). The
basic idea to implement interacting particle system in parallel goes as follows: instead of considering a single
large batch of N = NN, particles, the population is divided into N7 batches of Ny particles. These batches
are referred in the sequel to as islands. The terminology island is borrowed from dynamic populations theory
(like the genetic type interacting particle model). The particles within each island are selected and mutate,
as described above. We might also introduce interactions among islands.

In this chapter we introduce the island particle models. As we will see below, we may cast the island particle
model in the Feynman-Kac framework, with appropriately defined potentials and transition kernels. The key
observation is that the marginal distribution of the island Feynman-Kac model with respect to (w. r. t.) any
individual coincide with (2.1.3). This interpretation allows to use the interacting particle model at the island
level. The general idea of interacting SMC is already mentioned in [Jasra et al., 2008], but in this contribution
each island targets a different distribution.

The study of the island particle model gives rise to several challenging theoretical questions. In this
chapter, we investigate the impact of the number of particles in each island Ny compared to the number of
islands V7 for a given total number of particles NV def N7 Ns, for an algorithm where the bootstrap mechanism
is used both within and between the islands. We focus on the asymptotic bias and variance when both Ny
and Ny goes to infinity. Fluctuation theorem will be present in chapter 3. We also investigate when and why
introducing interactions at the island level improves the accuracy of the particle approximation. Intuitively,
the trade-off might be understood as follows. When the Nj islands are run independently, the bias induced
in each island only depends on their population size No; when Ny is small compared to the total number
N, the bias will be large (and is of course not reduced by averaging across the islands). To reduce the bias,
introducing an interaction between the islands is beneficial. However, this interaction increases the variance,
due to the selection step. If we consider the mean squared error, the interaction between islands is beneficial
when the improvement associated to the bias correction is not offset by the variance increase. When the
number of particles Ny within each island is small and the number of islands N; is large, then the interaction
is typically beneficial. On the contrary, when N; < Na, the interaction between islands may increase the
mean squared error. We then propose a method whose mean-squared error can be shown to be lower than
the independent island model for any choice of N; and Ns. In this algorithm, the islands are only sampled
when required, based on a generalization of the effective sample size at the island level.

The chapter is organized as follows. In section 2.2 the interacting particle approximation of the Feynman-
Kac model is first reviewed. The island Feynman-Kac model is then introduced. We first investigate the
double bootstrap B? algorithm, in which selection and mutation are applied at each iteration within and
across the islands. The asymptotic bias and variance of this algorithm is presented in section 2.3. The
Feynman-Kac interpretation of the island model leads to several interacting island algorithms, based on
different approximations of Feynman-Kac flows. Some of these are introduced and analyzed in section 2.4.
Some numerical experiments are reported to support our findings and illustrate the impact of the numbers
of islands and particles within each island in section 2.5.
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2.2 Algorithm derivation

In this section, we introduce the island particle model. We first briefly recall the bootstrap approximation of
Feynman-Kac measures.

According to the definitions (2.1.1) and (2.1.3) of the sequences of the Feynman-Kac measures (1, )nen
and (Yn)nen, for all f,4+1 € Bp(X,,41) one gets

Y1 (fnt1) = Mnsa (fn-i-l)’yn-&-l (]1X71+1)7

and since,
7n+1(]1Xn+1) = Vn(gn) = nvn(gn)’Yn(]an)v

an easy induction shows that

'7n+1(]lxn+1) = H np(gp)

0<p<n+1
and then,
Y1 (Fas1) = g1 (Farr) [ mlop) - (2.2.1)

0<p<n+1

Moreover, the sequence (1, )nen satisfy a nonlinear recursive relation. Indeed,

’yn(gnMn+1fn+1) nn(gnMnJrlfnJrl)
! +1(f +1) ’Yn(gnMn+1]1Xn+1) Nn(gn) ( )

Let P(X,) be the set of probability measures on X,. Using the Boltzmann-Gibbs transformation ¥,
P(Xn) = P(Xy), defined for all u,, € P(X,,) by

def gn(mn) Hn (dxn)

Uy (pn) (dzn) = () (2.2.3)

the recursion (2.2.2) may be rewritten as

h+1 = \Ijn(nn)Mn—i-l . (224)

The sequence of probability (7, ),en can be approximated using the bootstrap algorithm. Other approx-
imations can also be considered as well, but we only introduce the bootstrap for notational simplicity. Let
Ny be a positive integer. For any nonnegative integer n we denote by

(Ko, X)) (XD p@Ney (2.2.5)

the product space (the dependence of X,, and X, in Ny is implicit). Thereafter, we omit to write the o-field
X,, when there will be no confusion. We define the Markov kernel M, 11(x,,dx,+1) from X,, into X,,4+1 as
follows: for any x,, = (z},...,z)2) € X,,, we set

e
def
Mo (xn,dxngn) <= ] Z e My (2, et ) (2.2.6)
1<i<Ny j=1 k % gn( ")
In other words, this transition can be interpreted as follows:

e In the selection step, the components of the vector x,, are selected with probabilities proportional to
their potential {g, (z%)}2;

e In the mutation step, the selected coordinates move conditionally independently to new positions using
the Markov kernel M, ;1.
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Let us introduce the particles and their evolution. Define by (X, ),>o the Markov chain where for each
n €N,
X, = (X} ..., X)) eX,, (2.2.7)

with initial distribution 770 = 77®N 2 and transition kernel M, ;. Denote by m”? the empirical measure on

X,,, defined as the kernel on X,, x X,, by

1 &
mN2 (Xnv dzn) déf E Z 55E31 (dZn) y
=1

where 0., is the dirac mass at z, € X,,. Equation (2.2.1) suggests the following Ns-particle approximations
of the measures 7,, and =, respectively defined for f,, € B,(X,,) by

Ny
2 (fn) € m szn(Xn):N%an(X;) (2.2.8)
W (fa) End(£) TT n22(90) = 2 (fn) ¥22(1x,) - (2.2.9)
0<p<n

For x,, = (z},---,2]?) € X,,, define the potential function

def
9u(x) = m2g,(x,) = Zgn : (2.2.10)

The sequences of transition kernels (M, )nen and potential functions (g,,)nen given by (2.2.6) and (2.2.10),
respectively, define the Feynman-Kac process. The associated sequences of Feynman-Kac measures are
defined, for each f, € By(X,,), by the following recursions

def

Mo(fo) = Yo(Fo) = E[fo(X0)] , (2.2.11)
Mo (F0) A (Fo)/An(lx,), foralln>1, (2.2.12)
Yolfn) CE | £0(X0) [ 90(Xp)| . foralln>1, (2.2.13)

0<p<n

where (X,,),>0 is a Markov chain with initial distribution -y and transition kernel M,,. The key result,
justifying the introduction of the island particle models, is the following theorem which links (9,,, v )n>0 and

(nnv’Yn)nZO-
Theorem 2.2.1. For any f,, € By(X,) of the form f,(x,) = Ny ' Zf\fl fn(xl) where f, € By(X,),

n

VneN, yu(fn) =m(fn) and n,(f,)=n.(fa) - (2.2.14)
Proof. See subsection 2.6.1. O

The Feynman-Kac model (,,n,,)n>0 can be approximated by an interacting particle system at the island
level. We first describe the double bootstrap B> algorithm where the bootstrap is also applied across the islands
(this algorithm shares some similarities with [Chopin et al., 2013]). This is only one of the many possible
algorithms that can be derived from this interpretation of the Feynman-Kac model at the island level; see
section 2.4 for other approximations.

Define by P(X,,) the set of probabilities measures on X,,. One can easily check that the sequence of
measures (1,,)n,>0 satisfies the following recursion

Nps1 = Un(n,) Mpt1 (2.2.15)
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where ¥,, : P(X,,) = P(X,) is the Boltzmann-Gibbs transformation defined for any u, € P(X,) by

) def gn(Xn) ,un(dxn) .

‘I’n(Mn)(dxn Mo (gn)

Let N; be a positive integer We define the Markov kernel M,,; from (X1, x2N1) to (Xgil,X;?frvf) as
follows: for any (x},...,x2") € X2 and (x},4,... ,ngrl) € Xf:/jrl, we put

Mn+1((xiu-~~7X£1Vl)7d(xilm+1v"' n+1 - H Z Mn+1(x an+1) (2216)
1<i<N; j=1 py 19n( xy)

For each n € N, (X}, ... ,Xf:’l) € XMN1 is a population of N interacting islands each with Ny individuals.
The process {(X),..., XN")},5¢ is a Markov chain with the transition kernel (M, 1)n>0-

In this interpretation, the Nj-particle model defined above can be seen as an interacting particle approx-
imation of the island Feynman-Kac measures {(n,,,%n)}n>0. The transition M, 41 can be interpreted as
follows:

e In the selection step, we sample randomly N; islands among the current islands (Xil)1<i<N1 €

XM with probability proportional to the empirical mean of the potentials in each island g,,(X Zn) =
Nyt S gn(Xi9), 1 <i < Ny

e In the mutation transition, the selected islands are independently updated using the Markov transition
M, .

Also observe that for Ny = 1, every island has a single particle. In this situation, the island Feynman-Kac
model coincides with the Nj-particle model associated with the Feynman-Kac measures 7,,.

Denote by m™ the empirical measure defined for any f, € B,(X,,) and (x},...,xM) € X1 by
der 1 >
mMf (xh . xD) = N an(x;) .
i=1

The Nj-particle approximations of the measures 7),, and 4,, are defined for any f, € By(X,,) by

M (fn) d=9me1f (X5, XNl) (2.2.17)
AN E (£ TT 2 (g,) = 0 (F,) Y2 (1x,) - (2.2.18)
0§p<n
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Data: 19, (9p)p>0, (Mp)p>1
Result: Empirical estimate of 7,

for i < 1 to Ny do
. N
Sample N, independent random variables X = (Xé”) from np;
j=1

end
forp<0ton—1do

. o\
Sample I, = (I;)fill multinomially with probability proportional to (N% Z;le gp(X;,’J)) ;
i=1

for i + 1 to N; do

i\ V2
Sample J;, = (J}7 );V:”l multinomially with probability proportional to (gp(X,fp’J))
j=1

For1<j _g NQ, sample conditionally independently X;ﬁl from the Markov kernel
7 LI . It g
Mpiy (X" ,-), where LT = J,»

end

end
Approximate 7, (f,) by vazll Zjvjl fn (Xf;j) /N1 N, .

Algorithm 4: Double bootstrap (B?) island filter
2.3 Asymptotic analysis of the double bootstrap (B?) algorithm

The bootstrap particle approximation of the Feynman-Kac semigroup can be studied using the techniques
introduced in [Del Moral, 2004] and further developed in [Del Moral et al., 2012]. For £ € N, consider the
finite kernel Qg1 from (Xg, Xy) into (Xg41, Xet1) given for all z, € X, by

Quer (e, dwesr) = go(w) Mysa 2y, daerr) - (23.1)

For p < n, define by Q,, ,, the finite kernel from (X,, X)) into (X,,, X,,) as the following product

def
Qp,n = Qp+1Qp+2 ce Qn P (2'3'2)

and set by convention @, , def I, where I,, is the identity kernel on (X,,, X;,). With this definition, the linear
semigroup associated with the sequence of unnormalized Feynman-Kac measures (7, ),en may be equivalently
expressed as follows

Yn = YpQpn - (2.3.3)

For any ), € X,,, A, € X, Qp,» may be written as the following conditional expectation,
Qpn(zp, An) =E |14, (X5) H 94(Xq) | Xp =1 |,
p<g<n

where (X,,),>0 is the non-homogenous Markov chain on the sequence of state-spaces (X, X,,)n>0 with initial
distribution 7y and Markov kernels (M,,)n>1.
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According to (2.1.1), n, = vn/7n(1x,) implies that 7, = ¥Qpn/¥p@pn(lx,). Denote by ®,,1 the
mapping from P(X,) to P(Xn+1) given, for any p, € P(X,) by

def MnQnJrl
* * /LnQn-H (]]‘Xn-{—l)
Since 1, = v,/7p(1x, ), these relations may be equivalently rewritten as
NpQp.n
M= ———r—— = Ppu(np) (2.3.5)
Mp@p,n(1x,) P

where &, ,, = ®,0®,_; 0---0®,., is the nonlinear semigroup associated to the normalized Feynman-Kac
measures (7, )n>0- This nonlinear semigroup may be associated to the potential kernels

def Qp n Vp(]lX )
P, = d = 2 Qo 2.3.6
b anp,n(]an) ’Yn(]lxn) P ( )
and therefore
M = NpPpn - (2.3.7)

For ¢ € N, consider the finite kernel @, from (X, &y) into (Xy41, X¢41) for any x, € X, by

def
Q1 (x¢,dxp41) = gp(xe) M g1 (x4, dxp41)

where M is defined in (2.2.6) and g, in (2.2.10). For p < n, define by Q,, ,, the finite kernel from (X, X))

into (X,,, X',) by the equation Q, ,, def Q,+1Qp12 - - Q,, . Note that, for any x, € X, A, € X,

Qp,n(xpaAn) =E ]lXAn(Xn) H Qq(Xq) | Xp=%p| ,

p<q<n

where (X,,),>0 is the island Markov chain defined in (2.2.7). With this notation, we may rewrite (2.2.11) as
Yn =pQp,, - According to (2.2.12), n,, = ¥n/¥n(Ix, ) implies that n,, = v,Q,, ,,/7,Q, ,(1x,), and then

M,Qpn
nn = = 77 P o
7,Q,,(Ix,) 7 F

where P, ,, are given by

P d;f Qp,n _ 'Yp(:ﬂ-xp) Q

According to Theorem 2.2.1, v, (1x,) = Vp(1x,) and ¥, (1x, ) = 7. (1x, ), which implies that

To analyze the fluctuation of the interacting particle approximation (17,1:[2)”20 around their limiting values
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(Mn)n>0, we introduced the local sampling errors.

Q Q Qn
Yo = M= 2 p=mnQr — S
4
Q Q Qn
% = %@ < 10°Que = = 70" Qo
Y
Q Qn
"B R - = Q1
I
Qn
B = 0P Qa,
Qn
— nglcgn
4
T
Hence, we may decompose the difference 72 — v, as follows
n
T ==Y |:'Y;;V2Qp,n — N2 Qporn| 902 Qon — T - (2.3.8)

p=1
For any p > 1, note that
N. N. N. N. N. N.
po1@p = ’Yp31(]lxp—1) 21 @p = ’Yp31(]lxp—1) 77,,31(9p—1) q>p(77p31)

N
Wpfl(gpfl)

Ty ) =) Q) = () (%)
-1 p—1

_'7p 1(1X )
Plugging in this relation in the local error yields to
VZZ;VQQp,n - ’Y;J;Vlepfl,n = '7;17V2Qp,n - VZJa\ElQpQP,n

= (9% = (1) (1)1)) @pn = 77 () (1 = @ (m)%)) Qo

which, together with (2.3.8), imply that,
Wy LN Z IWNQ, (2.3.9)

where the local errors (W¥?),>¢ are defined by

W = /No(nd — o) and W2 = /N, [n;fz _ ép(n,ﬂvfl)} . forall p>1. (2.3.10)

The following results, adapted from [Del Moral, 2004, Corollary 9.3.1, pp. 295-298], establishes the conver-
gence of (W, N 2)1<p<n tO centered Gaussian fields.

Theorem 2.3.1. For the bootstrap filter, for any fized time horizon n > 1, the sequence (W]fv2)1§p§n
converges in law, as No goes to infinity, to a sequence of n independent centered Gaussian random fields
(Wp)o<p<n with variance given, for any bounded function f, € By(X,), and 1 <p <mn, by

E [Wp(fp)Z] ="p {(fp - npfp)Q] . (2.3.11)
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Now, consider the sequence of random fields (W7™¥2),,~ defined for any function f,, € By(X,,) by

W2 () /N [ 1] () = /N0 = ()] (23.12)
N2
VN2 Nl ) (2.3.13)
Using the fact that v, (f,, — 7.(fn)) = 0 and (2.3.9), we may write
Na _ _ 7, N2 _
W ) = /N (Vn Yn) (fn = M (fn)) _ Wy (fn = (fn)) ] 2.3.14
n (f ) 2 %]LVz (ﬂxn) fYTJLVz (ﬂxn) ( )

The decomposition (2.3.9) and (2.3.12), combined with the Slutsky’s lemma, imply the following asymptotic
decomposition (which remains valid for more general algorithms than the bootstrap algorithm):

Theorem 2.3.2. Assume that the sequence of local errors (sz\b)lgpgn converges in law, as No goes to
infinity, to a sequence of n independent centered Gaussian random fields (Wp)1<p<n. Then, the sequence
of random fields (W;)'N2)n,>0 converges in law, as Na goes to infinity, to the Gaussian random fields W)
defined for any bounded function f, in By(X,) by

W (fn) =3 (0x, )W (Qpinfn) = ml1x,) Y Wi (Ponfn) (2.3.15)

p=0 p=0

where P, ,, is defined in (2.3.6). The sequence of random fields (WN2)n, <o converges in law, as Na goes to
infinity, to the Gaussian random fields W! defined for any function f, € By(X,) by

W2(fa) E S WPy (o — 0a(fa))) - (2.3.16)

p=0
The asymptotic bias and variance for the single island interacting particle approximation of the sequence of

Feynman-Kac measure formulated in the forthcoming theorem result almost immediately from Theorem 2.3.1.

Theorem 2.3.3. Assume that the sequence of local errors (Wlf\b)lgpgn converges in law, as Ny goes to

infinity, to a sequence of n independent centered Gaussian random fields (Wp)i<p<n. Then, for any time
horizon n > 0 and any bounded function f, € By(X,), one has

Jlim N [ (f) = ()] = Balfu)

lim NyVar (Uf;’Z(fn)) = Vn(fn) )

No—o0
with
Bu(fa) € =Y E Wy (Ppu(Ix,))WoPon(fr — 1 (£a)))] (2.3.17)
p=0
Va(fn) E 3 B [{Wo(Bon (fn — 1 (£))}?] - (2.3.18)
p=0

When the bootstrap algorithm is applied, one gets the following expressions for B, (f,) and V;,(f,) using
Theorem 2.3.1:

Bu(fn) = — an (Ppn(Ix, ) Ppn(fr = 1 (fn))) (2.3.19)
p=0
Va(fn) = an (Pp,n(fn - nn(fn))2) . (2.3.20)
p=0

45



Proof. See subsection 2.6.2. O

We now compute the bias and the variance for the B? algorithm. The asymptotic behavior of the bias
and the variance is derived in the following theorem using techniques adapted from [Del Moral, 2004].

Theorem 2.3.4. For the B> algorithm, for any time horizon n > 0 and any f, € By(X,,), one has

NQ*)OO NIA)

im i NiNoVar (nN (m™2 £,)) = Vi () + Vi (fn) s
where By, (fn) and V,,(f.) are defined respectively in (2.3.17) and in (2.3.18), and where En(fn) and f/n(fn)
are given by:

M=

Bo(fa) = =D (n— OB [We(Pon(1x, ) We( Prn(f = 1 (f2)))] (2.3.21)

14

Il
=]

—i—Z]E W ZP&p(ﬂXp) WZ(Pé,n(fn_nn(fn))) )
£=0 =L

Va(fn) 3" (0 = OF [We(Prn(fu = ma(f)))?] - (2.3.22)

£=0
When the bootstrap algorithm is applied, one gets the following expressions for En( fn) and ‘7”( fn) using
Theorem 2.3.1:

Z:O

n

+ZW Z(Pl,p(]lxp) —Up(]lxp)) Pl,n(fn _nn(fn))) ,

p={

=2 (=0 0 (Pen(fa = ma(fn))?) - (2.3.24)
£=0

Proof. See subsection 2.6.3. O

We can also consider the case where the N; islands are kept independent (a bootstrap filter is still applied
within each island, but there is no interaction between islands). To that purpose, denote by (X Z) 1 Vi
independent islands of size Na, each evolving using the bootstrap filter and, define the estimator of 77”( fn)
for any f,, € By(X,,), given by the empirical mean across islands

~N; ef 1 vi
For functions f, on X,, of the form f, (x,) = m™2f,(x,), with f, € By(X,,), one has

N B 1 N1 . "’1’ N1 No 17

=1 j=1

The asymptotic behavior of the bias and variance of m™2 f,, ()'E ¢) may be easily deduced from the one of
N2 (f,); Theorem 2.3.3 implies that
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Theorem 2.3.5. For any time horizon n > 0 and any f, € By(X,,), one has

lim N, {]E [ﬁgl (mszn)} - nn(fn)} = Bu(fa) ,

N2—>OO

lim N;NyVar (ﬁfl (mNan)) =Vo(fn) »

Ng%oo
where By (fn) and V,(fn) are defined respectively in (2.3.17) and (2.3.18).

The variance of the particle approximation is inversely proportional to N; N3, but because the islands do
not interact, the bias is independent of Ny and is inversely proportional to Ns.

As shown by Theorem 2.3.4 and Theorem 2.3.5, a trade-off has to be made between the bias and the
variance to decide which of the two estimators n* and ﬁan is the best. We can compare the mean squared

error mean squared error (MSE) when the islands interact or when they are kept independent. The MSE

for independent islands is given by % + %f;)z whereas the MSE for the B? is given by %ﬁé(m
2
Therefore,
Va(fn) + Valfn) _ Valfn) | Bulfn)? Bu(fn)?
Un) + Valf) _ V) | Balhn 0 Balf)?
N1 N, N1No N2 Vn(fn)

Consequently, the B2 algorithm outperforms the independent islands when the number of particles Ny within
each island is small compared to the number of islands Nj; the interaction improves the bias (which is
independent of N; when the islands are kept independent). On the contrary, when Ns is larger than Ny, the
variance increase introduced by the interaction (because of the selection step) may be larger than the bias
reduction.

2.4 Extensions

In section 2.3 we have described and analyzed an interacting island model where the bootstrap algorithm
is used both within and across the islands. Of course, other 1Ps approximations may be considered within
and across islands. We will describe how the results of the previous sections may be adapted. The 1rs
approximation of each individual island may be cast in the Feynman-Kac framework. This section is devoted
to check these conditions for various 1PS approximations.

2.4.1 Epsilon-bootstrap interaction

e-bootstrap interaction is a variant of the bootstrap, in which the selection step is slightly modified: only a
fraction of the particles are resampled. Let ¢, be a nonnegative constant such that e, [/g.| ., € [0, 1], where
9nll oo = SUD, ex, |gn(xn)|- For any measure yu,, € P(X,), define S, ,, the Markov kernel on (X, ;) given
for z,, € X, and A4, € X, by

Sn,,un (InyAn) déf €n gn(xn)(srn (An) + (1 — €n gn(‘rn)) \Iln(ﬂn)(An) ; (241)
where U, is defined in (2.2.3). e-bootstrap interaction algorithm proceeds as follows. At iteration n, a particle
X' is kept with a probability equal to €, g,(X?) or resampled with a probability 1 — ¢, g,(X!). Resampling
a particle consists in replacing it by a particle selected at random in the current population with weights
proportional to their potential (g, (X}),...,g,(X2?)). Then, each selected particle is independently updated
according to the Markov kernel M,, ;. When ¢, = 0, all the particles are resampled, which corresponds to
the bootstrap filter. Define the Markov kernel M, ;1 (x;,, dX,+1) from X,, into X,,+1 by

def

My (X, dxng1) = ] Sn’ngzMnH(azf;,dx;H). (2.4.2)

1<i<Ns
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Consider a Markov chain (X ,),>0 where foreach n € N, X, = (X}, ..., X)) € X,,, with initial distribution
1o and transition kernel M, ;. Define the same approximations of the measures 7, and =, as in (2.2.8)
and (2.2.9). Then, consider the island Feynman-Kac model associated to the Markov chain (2.2.11) and the
potential function (2.2.10). The associated sequence {(n,,,7n)}n>0 of Feynman-Kac measures is given in
(2.2.11), (2.2.12) and (2.2.13). We may establish the following extension of Theorem 2.2.1.

Theorem 2.4.1. Let {(;1011)7 .. ,xé\b)}ogpgn be a population of particles generated by the e-bootstrap interac-
tion algorithm specified by (2.4.2). Then, for any f,, € By(X,) of the form f,(x,) = Ny ! vajl fol(xl) with
fn € Bo(Xy), one gets ¥n(fy,) = vu(fn) and n,,(F,) = na(fn)-

Proof. See subsection 2.6.4. O

For each n € N, let (X},..., X)) € XM be a population of N islands each of N, individuals. The
process (X :l, X ;V ') is a Markov chain evolving according to selection and mutation steps, defined as
follows

e Selection step: each island X; is kept with a probability equal to ¢, gn(XﬁL) or resampled with
a probability 1 — €, g,,(X;,). Resampling an island consists in replacing it by an island selected at
random in the current population with weights proportional to their potential (g,,(X1)),..., g, (X2?)).

e Mutation step: each selected island is updated independently according to the Markov transition M, .
These islands particles allow to build the N;-particle approximation of the measures n,, and <, for any
fn € Bp(Xy), as

Pl
N de 1
i=1

AN E it T 2 (g,) = 0 (£,) Y2 (1x,,) -

0<p<n

For this selection scheme, the following results, adapted from [Del Moral, 2004, Corollary 9.3.1, pp. 295-298],
establishes the convergence of (W,?)1<p<n to centered Gaussian fields:

Theorem 2.4.2. For the e,-bootstrap filter, for any fized time horizon n > 1, the sequence (WIfVQ)lgpSn
defined in (2.3.10) converges in law, as No goes to infinity, to a sequence of n independent centered Gaussian
random fields (W,)o<p<n with variance given, for any bounded function f, € By(X,), and 1 < p < n, by

2
E [Wp(fp)Q] =Tp—1 [Sp—l,np_1Mpf§ - (Sp—lmp_lMpfp) ] : (2-4-3)
This variance is smaller than the variance of the bootstrap algorithm.

Proposition 2.4.3. The asymptotic variance of n)? is smaller with respect to a non-zero sequence (€,)o<p<n—1
introduced in (2.4.1) than in the bootstrap algorithm.

Proof. The proof is given in subsection 2.6.5. O
-1

For example, for ¢, = (essupnp (gp)> , 0 < p < n the asymptotic variance of n)2(f,), 0 < p < n is
lower than for the bootstrap. We can also adapt it at the island level. For instance, Algorithm 5 describes
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-1
the e, = [ max g (X7) -bootstrap islands interaction with 1SS filter within the islands.
RN BT L9 e

Data: 1o, (gp)p>0, (Mp)p>1, QParticles
Result: Empirical estimate of 7,

for i + 1 to N; do

, AN , AN
Set wf = (wé’J) =(1,...,1). Sample X = (XS’J) ’ independently distributed according to
J Jj=1

end
for p<0ton—1do

for i < 1 to Ny do

e With probability g, (X ) /13112)1(\7 gp(X’;), set I; = .

e With probability 1 — g, (X ) / ) ér]izg\] g,(X l;), sample I; multinomially with probability proportional

to {Qp(Xl) /Zk 19p(XI;) 5\21-

end

for i < 1 to Ny do

if N5™ > aparticies N2 then
For 1 <j < Ny, set wp_H — wg’jgp(X
Set Ji = (J29) N2, = (1,2,..., Na);

else

S O\N
Set w? | = (w;’j_1>j: =(1,...,1);

I

);

i . i\ V2
Sample J;, = (J;’j );\21 multinomially with probability proportional to <w,€”’J gp(X;"J)) ;

j=1
end
For 1 < j < Ny, sample independently X;’]rl according to M +1(XI’7”L; ), where Li7 = J,f;”j.
end
end
Ny N
Approximate n,,(f,) by — Z Z f (X;J)

zljlz ,

-1
Algorithm 5: TESS within €,-bootstrap interaction for ¢, = (essupnw2 (gp))
P

2.4.2 Effective Sample Size interaction

We describe the particle approximation of the probabilities (7, )n>0 using the £Ss method introduced in [Liu
and Chen, 1995]; see also [Liu, 2008; Del Moral et al., 2012; Douc and Moulines, 2008; Arnaud and Le Gland,
2009]. The difference with the bootstrap filter stems from the selection step of the current particles which is
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not performed at each step, but only when the importance weights do not satisfy some appropriately defined
criterion. Contrary to the bootstrap filter, we now keep both the particles and the weights. Denote by 2%, a
particle and w/, its associated weight, assumed to be nonnegative. For a weighted sample {(w?,z%)}~? the

(Z wngn ) /Z ngn

is the 15s. The algorithm goes as follows. When the 155 is less than aNa, for some « € (0, 1), the particles
are multinomially resampled with probabilities proportional to their weights times their potential functions
and the weights are all reset to 1. When the Tss is greater than V3, then the weights are simply multiplied
by the potential function. The selected particles are then updated using the transition kernel M, ;. For any

nonnegative integer p we set (X,, X,) = ((X, x R¥)N2, (X, ® B(R*+))®N2). Introduce the following set

(0 whga(eh))

criterion

®n,a: Xp = [(1'3747’(1}}7()7...,({)37]2’2,’11}7]:,2)] X, N. 2 > aNy
> izt (Whgn(x,))
Define the Markov kernel M, from X,, into X, 11 by
def
M1 (Xp, dXp11) = ]l@n,a(xn) H Oui ign (ac‘)(dwn-s-l) n+1(33 dxn-‘,—l)
1<i< N,
S~ whgn ()
+ ]1@%,& (xn) H 5y (w n+1 ﬁMn_H (x da:n_H) , (2.4.4)
1<i< N3 Jj=1 n
where x,, = [(a},w;.), ..., (@}?,w])?)] € X, and 6, , is the complement of ©,, o. We define a Markov chain
(X n)n>0 where for each n € N,
X, = [(Xh,wh), . (X2, w)?)] € X, (2.4.5)

with initial distribution 7, o (no ® 61)®N2 and transition kernel M, ;. Equation (2.2.1) suggests the
following Ns-particle approximations of the measures 7,, and ~,, defined for f,, € B,(X,) by

nflV?(fn)d— Zw fo (X2) =m™ f(X,) (2.4.6)
’ﬂ =1

Na(f,) dﬁfnif? n> IT 72 (9) = 02 () v22(1x,,) | (2.4.7)
0<p<n

where m™¥2 stands for the operator given for any f, € By(X,,) by

mN2fn(Xn) : w fn
Zivzl wy, ;

For x,, = ((zL,w}),..., (x)2,wh?)) € X,,, define the potential function

n? n

def N, —
gn(xn) =m 2gn(xn = ZNz i z;wngn n) - (248)

We can define the island Feynman-Kac model associated to the Markov chain (2.4.4) and the potential
function (2.4.8), as in (2.2.11), (2.2.12) and(2.2.13).
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Theorem 2.4.4. For a particle system x,, = ((x},w}), ..., (xN2 wl?)) € X,, generated by the £ss algorithm
and for any f,, € By(X,,) of the form

N> . - Na . .
o) = () Douin et
i=1 i=1
where fr, € By(X,),

Yo(Fn) =(fn) and n,(f,) =n.(fn) - (2.4.9)

Proof. See subsection 2.6.6. O

For each n € N, let (X},..., X)) € XN' be a population of N islands each of Ny individuals. We
associate to each island, a weight Q¢ for i € {1,..., N;}. We can also make the islands interact using an 155
criterion. The process (X1, QL),..., (X2, QN)) is a Markov chain which evolves according to selection
and mutation steps, defined as follows.

e Selection step: if the kss criterion (Zf\;ll Q%gn(X%)Y/ZfV:ll (Qflgn(Xfl))2 is larger than SN, for
one 8 € (0,1), we do not resample the islands and we update the weights thanks to the poten-
tial function 2, 1 = Qig,(X"); otherwise, we resample the islands with probability proportional
to {099, (X} and the weights are all reset to 1.

e Mutation step: each selected island is updated independently according to the Markov transition M, .

These islands particles allow to define the N;-particle approximation of the measures n,, and «,,, for any

fn € Bo(Xy), as

() & Nl o S 0Lp, (X

n =1

AN ) E Nt T nN (f,) YN (Ix,) -

0<p<n

o1



Algorithm 6 describes the ESS within ESS island filter.

Data: 1o, (gp)pzo, (Mp)p21; QParticles
Result: Empirical estimate of 7,

for i < 1 to Ny do
) N»
Set wf = (wé’]) o= (1,...,1);
. A
Sample X = (Xé’] ) independently distributed according to 17o;
1

nd
orp<— 0ton—1do

@

=

Sample I, = (I’)]\i1 multinomially with probability proportional to (gp(X;, w;))jvzll;

for i + 1 to N; do

Set N5 = (0%, w0, >) /5 (v p<Xﬁ’j>)2;
if N5T > apargicles N2 then

For 1 < j < Ny, set w;’il = wi’i’jgp(X;’i”j) ;

Set Ji, = (J2)M2 = (1,2,..., Vo).

else

i,j Na
Set w! | = (wp’H)j:l =(1,...,1);

p /Jj=1

end

i 1

end
end

1 2
Approximate n,,(f,) by — ZZ i (Xf;j )

=1 j= 1 =
Algorithm 6: ESS w1th1n bootstrap island filter (also called B>ASIL)

2.5 Numerical simulations

Example 1 (Linear Gaussian Model). In order to assess numerically the previous results, we now consider

the Linear Gaussian Model (LGM) defined by:

Xpr1 =X, +0,U,, Y,=X,+0,V,,

Sample J; = (J&9)N2, multinomially with probability proportional to (w{,”’j gp(X;p ]))

Ny

Jj=1

i i Ii,L - I
For 1 < j < Ny, sample independently X/, according to My, 1(X,""" ,-), where L}/ = Jpr

where Xo ~ N (0,02/(1 — ¢%)), {Up},>, and {V,} ., are independent sequences of independent and iden-

tically distributed (i. i. d.) standard Gaussian random variables, independent of X,. In the simulations, we
have used n = 150 observations, generated using the model with ¢ = 0.9, ¢, = 0.6 and o, = 1. We focus
on the filtering problem, consisting in computing the distribution of the state X, given Yj,--- |
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problem can be cast in the Feynman-Kac framework by setting for all p > 0

1 (Tpt1 — ¢p)°
My (@, dper) = NI P { 3 202 ] dwes
1 (yp — wp)°
9p(p) = Vono P [_ ”2021’ '

We estimate the mean of the latent state E[X,, | Yo,...,Y,]. We compare the results obtained for different
interactions across the islands and for different values of Ny and N; in all the simulations, the bootstrap filter
is used within the islands. We have run the simulations independently 250 times and we have compared these
estimators with the value computed using the Kalman filter. Figure 2.2 displays the boxplots of the 250 values
of these estimators. As expected, for small values of Ny compared to N7, the bias of independent islands

N=1 N=10 N,=100 lelﬂﬂ()
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LN L I i R e P
A R NI R A e B by
§ £
1 2 3 4 5 1 2 3 4 5 1 2 3 4 5 1 2 3 4 5
02 i - _ ‘i * 0 - T + + -0.04] i T T - E3 #, T = -
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e R eaousoosa e e PR T W o800
2 % it o f Loy 4+ w1 f + L R R A
1 2 3 4 5 1 2 3 4 5 1 2 3 4 5 1 2 3 4 5
of T+ o+ 0T I - T F | - 1 4 % i 1 o T T T +
N I e B [P S Ty Y I
il e B Ml I e B e B e M R
‘ a1 T - ? ? j L; el T T o B3 53 BB B3 ey O B H
015 ¥ L M o4 ! o Lo+ < T4 ] + oL 14
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Figure 2.2: Comparison of different interactions across the islands with bootstrap within each island
for the LGM (1) Bootstrap/independent; (2) B*ASIL; (3) B?; (4) Bootstrap/(1/ || gnll.,))-bootstrap; (5)
Boots‘craup/essupnzv2 (gn)-bootstrap

is large compared to cases where islands interact; on the contrary, the variance is smaller for independent
islands than for bootstrap island interaction. In this example, the type of interaction between islands does
not have a significant impact on the dispersion of the estimator (the bias is negligible).

An important aspect for the efficiency of the algorithms is the number of interactions between islands.
The smaller this number is, the quicker the algorithm will be. The number of interactions in the bootstrap
case is n/N;. We have compared the island interactions number for the €,-bootstrap and the 1SS interactions
w. r. t. the bootstrap one, when we apply the bootstrap filter within the islands. We have computed the
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Ny
N, 1 10 100 1000
1 0 150 | 631 1500 | 6853 15000 | 68851 150000
10 0 150 | 387 1500 | 5244 15000 | 58918 150000
100 0 150 | 162 1500 | 2473 15000 | 30262 150000
1000 0 150 | 57 1500 | 915 15000 | 11593 150000

Table 2.3: Island interactions number using bootstrap within e,-bootstrap and B for the LGM.

Ny
N, 1 10 100 1000
1 0 150 | 718 1500 | 8052 15000 | 80656 150000
10 0 150 | 190 1500 | 2419 15000 | 25772 150000
100 0 150 | 21 1500 | 247 15000 | 2472 150000
1000 0 150 0 1500 0 15000 0 150000

Table 2.4: Island interactions number using BZASIL and B2 for the LGM.

empirical number of interactions over the 250 simulations; the results are respectively given in tables 2.3 and
2.4, For a given number of islands, the island interactions number for the ESs and the ¢,-bootstrap decrease
when the island size grows, whereas it is constant for the bootstrap. The island interactions number is always
much smaller using the ESS or the e,-bootstrap than the bootstrap, across the islands. Moreover, as soon as
the number of particles in each island is large enough, the ESS is no longer resampling the islands.

Theorem 2.4.2 assures that the variance is smaller using the €,-bootstrap than the bootstrap interaction.
The variance gain using e,-bootstrap or ESS instead of bootstrap across the islands is given in table 2.5.
The bootstrap interaction is applied within the islands. The variance is significantly reduced using the
ep-bootstrap or the 1SS interaction across the islands, instead of the bootstrap, up to 41 percent variance
reduction.

Example 2 (Stochastic volatility model). We consider the stochastic volatility model:
Xp
Xerl = aXp + O'Up+1 s Yp = ﬂeTVp 5

where Xo ~ N (0,02/(1 —a?)), {Up}p>o and {V,},>0 are independent sequences of standard Gaussian
random variables independent of Xjy. In the simulations, we have used n = 100 observations, generated

Ny
1 1 1
N, 0 00 000

10 247 274 | 27 147 | 23 3.2
100 247 297|161 12 | 23 27.6
1000 341 29.2 | 264 414 | 17 31.7

Table 2.5: Percentage of the variance gain using bootstrap within e,-bootstrap on the left side and B*ASIL
on the right side, compared to the B2, in the LGM example.
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using the model with a = 0.98, ¢ = 0.5 and 8 = 1. We estimate the mean of the latent state X,, given the
observations Yy, -+ ,Y,,. This problem can be cast in the Feynman-Kac framework by setting for all p > 0

1 (Tpyr1 — axp)?
Vsl ) = S enp |~
1 By + ype”
gp(Tp) = ﬁﬂ exp _2—52

We have computed this quantity using a single run of bootstrap filter with 10® particles. In the following
results, we always consider bootstrap interaction within each island, and we compare different interactions
across the islands, for several values of N; and Ny. We have run the simulations independently 250 times.
Figure 2.6 displays the boxplots of the 250 values of these estimators. The behavior of the different methods
is similar to the one observed for the Linear Gaussian Model example.

1 N, =10 N, =100 N, = 1000
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Figure 2.6: Comparison of different interactions across the islands with bootstrap within each island for
the Stochastic volatility model (1) Bootstrap/independent; (2) B2ASIL ; (3) B%; (4) Bootstrap/(1/ ||gnl . ))-
bootstrap; (5) Bootstrap/essupnNQ (gn)-bootstrap

P

We have compared the island interactions number for the €,-bootstrap and the ESS interactions w. r. t. the
bootstrap one, when we apply the bootstrap filter within the islands. We have computed the empirical
number of interactions over the 250 simulations; the results are respectively given in tables 2.7 and 2.8. The
number of interactions in the bootstrap case is n/N;. The same phenomena are observed as for the Linear
Gaussian Model example.
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Ny
N, 1 10 100 1000
1 0 100 | 332 1000 | 4021 10000 | 42185 100000
10 0 100 | 221 1000 | 3069 10000 | 34789 100000
100 0 100 | 100 1000 | 1523 10000 | 18647 100000
1000 0 100 | 36 1000 | 577 10000 | 7332 100000

Table 2.7: Island interactions number using bootstrap within e,-bootstrap and B for the Stochastic volatility

model.

Ny
N, 1 10 100 1000
1 0 100 | 301 1000 | 3514 10000 | 36108 100000
10 0 100 | 109 1000 | 1229 10000 | 12096 100000
100 0 100 15 1000 186 10000 1956 100000
1000 0 100 0 1000 0 10000 0 100000

Table 2.8: Island interactions number using B?ASIL and B? for the Stochastic volatility example.

The variance gain using the e,-bootstrap or the ©ss instead of the bootstrap across the islands is given
in table 2.9. The bootstrap interaction is applied within the islands. The variance is significantly reduced
using the €,-bootstrap or the ESS interaction across the islands, instead of the bootstrap, up to 66 percent

variance reduction.

Ny
Ny 10 100 1000
10 44.2 57.8 | 35.3 57.2 | 30.4 50.7
100 46.4 49.3 | 52.2 44.6 | 46.8 65
1000 30.4 41.7 | 49.6 66.9 | 55.8 614

Table 2.9: Percentage of the variance gain using bootstrap within e,-bootstrap on the left side and B*ASIL

on the right side, compared to the B2, in the Stochastic volatility example.
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2.6 Proofs

2.6.1 Proof of Theorem 2.2.1

Using (2.2.8) and (2.2.10), g,,(X ) may be expressed as g,,(X,) = 72(g,) where X,, and nN2 are defined
n (2.2.8) and (2.2.7), respectively. Similarly, for any fn € By(X,) of the form f,(x,) = Ny Zl | fo(2)
where f,, € By(X,,), £,.(X ) is given by £, (X,) = n22(f,). Note that

Yn(F) € E [n(xn) 11 gp<Xp>] =E [nﬁf? () T w® <gp>] : (2.6.1)
0<p<n 0<p<n
and since by (2.2.9), it suffices to prove that vY2(f,) is an unbiased estimator of v, (f,), i.e.
E [v22(fa)] = m(fn)- (2.6.2)
Define the filtration 72 %' 5 (X,,0 < p < n) . Note that

Na
1 7o) = 5 LB [£06) | 7] =B [n0x) | 2
=1

_ EE 0 G M (X5 ) @) g

N. 4 N.
Z/L':Ql gp*l(prl) np—zl(gpfl)

where @, is defined in (2.3.1).
By the definition of 2 given in (2.2.9), one has

E ['77]1\[2(.]071)] =E|E |:777]lv2(fn) ‘ ]‘—TILVEl:| H névz(gp)] —F [ﬁn 1 ann H 77 ]

0<p<n 7771 1 g 0<p<n
=E [n2,@Qunfa) [ n°@)| - (26.4)
0<p<n-—1

By iterating this step one gets

B[] =B [m(@Q1 -+ Qufa)| =B [@1 -+ Qufal(XD)]
= 70@1 T ann = Vn(fn) .

2.6.2 Proof of Theorem 2.3.3

We preface the proof by the following Lemma.

Lemma 2.6.1. For any f}, 2 € By(X,), the pair (W N2 (f1) WnN2(£2)) converges in law, as N tends to
infinity, to (WY (1), Wn(f2)). In addition, for any polynomial function ® : R?> — R, one has:

lim E[® (W (f,), WM ()] = E[@ (W (f), W(£2)] -

NQ—H)O

Proof. For any (a, 3) € R? by the definitions (2.3.9) of W;7"N2 and (2.3.12) of W™V one has

n Tx
AW+ L (12) = 30 e W Q)+ 5 20072 ()

p=0 ( Xn )
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As in the proof of Theorem 2.3.1, a simple application of Slutsky’s Lemma allows to show that aW"N2(f1) +
BW N2 (£2) converges in law to aW)(fL) + BW(f2). The proof follows from [Del Moral, 2004, Theorem
7.4.4], using that for any p > 1,

1/p
sup E “W’Y Na ()] } < (|| frl] (2.6.5)
No>1
1/p
sup B[|[w(12)]"] 7 < eI (2.6.6)
No>1
for some finite constant c¢,(n) depending only on p and n. O

Proof. of Theorem 2.3.3 Consider first the bias term. We decompose the error as follows using (2.3.12):

N [ (fa) = ()] = VNRW2(f,) = Qmwg% (W)
-/ Ly () v (585

Since W)z = /Ny [y)2 — ~,,], Theorem 2.2.1 shows that, the expectation of the second term on the RHS
of the previous equation, is zero. By noting that

’yn(]lx ) :| 1 N 1 1
N = — Wl(x,) = — N
[%]?b(ﬂxn) 2 (1x,) VN2 4 (1x,,)

where W'V is defined in (2.3.9), one gets

Wt (1x,)

N> _ _ 1 ~,No ~,Ns fn - nn(fn)
B 1) = mlfol] = =B |y W (P e )

1
= —mE (W2 (1, W2 (f)]

where WN2 is given in (2.3.12). According to Lemma 2.6.1:
1
Y (1x,,)

by the definitions of W} and W;!. Consider now the variance. We use the decomposition

Var (7771:[2(fn)) =E {(771]1\[2(fn) N (fn) ) } {E [ 2(fn) — nn(fn)]}2

NELHOO NE [77711\/2 (fn) — nn(fn)] = - E Wy (1x, )W (fn)] = Bu(fn) (2.6.7)

Using (2.6.7), one gets {E [n)2(fs) — nn(fn)] }2 = O(N,?). From the definition (2.3.12) of W2 it follows

E | (13 (fa) = m(f))?] = N3 "E [W2(£,)%], implying that limy, oo NaVar (32 (fn)) = E [Wy1(fa)?] =
Vi(frn), by the definition of W, and using again Lemma 2.6.1. O

2.6.3 Proof of Theorem 2.3.4
We preface the proof of Theorem 2.3.4 by the following result on the usual Feynman-Kac model.

Lemma 2.6.2. For any time horizon n > 0 and any functions f}, f2 € By(X,,) such that n,(f}) = 0, one
has

lim N:E |n H77 gp = v, (1x, ZE 1))Wp(Ppn(f nn(fz)))]
p=0

Nz—)OO
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Proof. By the definition (2.2.9) of v2 one has 2 (f}) HZ;& n22(gp) = > (f1), and, according to (2.6.2),
E [y22(£2)] = 7 (f2) = m(Ix, ) (f3) = 0, so that one gets

E =E [y (fa)nd> ()]

n—1
2 (Em (F2) T " (90)
p=0

E [y (f2) (m2(£2) = ma(f)] + E [y (f2)] ma(f2)
=E[(72" (fa) = m(f2) (m>(f2) = na(f2))] = N%E (W2 (F) W2 (£2)] -

Then, Lemma 2.6.1 gives

lim NoE

Ny—o00

=E [

n—1
a2 (i () T ' (a0)
p=0

where WY and W,? are given by (2.3.15) and (2.3.16). O
Lemma 2.6.3. For any time horizon n > 1, and any linear function f, € By(X,) of the form

fo(xn) = mNan(xn) , where f, € By(X,),

one has
Q. fn(xn-1) = m™NQ fr(xn-1) , (2.6.8)
Qp,nfn(xp) = mNzQp,nfn(Xp) 5 fOT any p <n s (269)
Py f (%) = m™ Py (%) for anyp <n. (2.6.10)

Proof. One has from (2.6.3)
mNanfn(xn—l)

mN2gn71 (xnfl)

Mo f,(xn-1) =E[f,(X0n) | Xn1 =%xp1] =E [mN2fn(Xn) | Xpo1= Xn—ﬂ =

)

which implies

mNanfn(anl)

mN?’gn—l (Xn—l) ’

Qufn(xn1) =gy 1(xn1) My f,(x0-1) =m™2g, 1 (xp1) X
showing (2.6.8). The proof of (2.6.9) follows by an induction since

Qp,n.fn(xp) = Qp,nlenfn(Xp) .

Proof. of Theorem 2.3.4 O
Asymptotic bias behavior: For any fixed No, the asymptotic bias behavior of nX1(f,)) is given for any
I € By(X;,) by applying Theorem 2.3.3 to the island particle model in the bootstrap case:

lim ME [,’771:/1 (fn) - T’n(fn)] = - an [Pp,n(]lxn)PP,n (fn - nn(fn))] .

N1—>DO

For linear functions f,, of the form f, = m™2 f,, where f,, € By(X,), Lemma 2.6.3 states that

Py (fr—m,.(F0) (Xp) = mszp,n (fr = nn(fn)) (Xp) = 77117\[2 (Ppn (fr =10 (fn))) 5 (2.6.11)

and
Pyn(lx,)(Xp) = m™ B, o (1x,)(X,) = 1) (Pyn(lx,)) - (2.6.12)
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Therefore, one gets

) Yp [Ppn(]lx )Ppn(fn _nn(.f ))]

My [Py (Ux,) P (1 = 1 (£))] & TS L (2.6.13)
p(Ix,)
o B [Pon(0x,)(X0) Py (£, = 1,(F)) (X,) TTEZg 90(X )]
N 'YP(]lXp)
) B 12 (P (o = i Fu) D (P (1,)) TTEZ) 00 (90)|
- Yp(Ix,) ’

where (1) is simply the definition (2.2.12) of n,, (2) stems from the definition (2.2.13) of 7,, and (3)
follows from Theorem 2.2.1, the definition (2.2.10) of (g,)r>0 and equations (2.6.11) and (2.6.12). As
Mp(Ppn (fn — 1 (fn))) = 0 one may apply Lemma 2.6.2 and

lim  Nomy, [Py n(lx,)Ppn (Fr = 1a(F2))]

No— o0

[
M=

E We(Prp(Bpn(1x,,) = 1pLpn (Ix, ) We(Pep Pp.n(fro = 110 (fn)))]

~
I

0

I
NE

E [Wé(Pé,n(]an) - Pé,p(]lxp))WZ(P&n(fn - nn(fn)))] )

~
Il

0

from which we conclude that

lim  lim NoNAE [ (f,,) — 1,.(F,)]

Ngo—o0 N1—00

Wé Py n(]]-X ) Pf,p(]lxp))WE(P&n(fn _nn(fn)))]

hE ?M:
M: HM"@

I:WK(PK,TL(]an) - Pé,p(]lxp))wé(Pé,n(fn - nn(fn)))]

~
Il
o
I
~

P
where B, (f,) is defined in (2.3.17) and B, (f,) is given in (2.3.21).

Asymptotic variance behavior: For any fixed Ny, the asymptotic variance behavior of nX1(f,) is
given for any f, € By(X,) by applying Theorem 2.3.3 to the island particle model in the bootstrap case:

lim N1Var (T]n (fn)) = an |:Pp,n (fn - nn(fn))2:| .

N1 — 00
p=0

For linear functions f,, of the form f, = m™2f,, where f,, € By(X,,), using the same steps as in (2.6.13), one
gets

Na — 2 77p—1 . No
My [P (£ =1 (£ B (B (o = m ) TS 0™ 90)]

'Vp(]lxp)
As ny(Pp.n (fn, — mu(fn))) = 0 one may apply Lemma 2.6.2 and
p p
NilinooNan |:Pp,n (fn ] :ZE WZ pr pn(fn 77n fn ZE WE Pén n nn(fn)))z} 5
£=0 =0
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from which we conclude that

th th NgNlVar ZZE We(Pen(fr Un(fn)))z]
2—00 N1 —00 -yt
= Z ZE (We(Pon(fr = 10 (fa)))?] = Vil fur) + V() -
£=0 p=¢
where V,,(f,) is defined in (2.3.18) and V,(f,) is given in (2.3.22). O

2.6.4 Proof of Theorem 2.4.1

Lemma 2.6.4. Let ¢, be a nonnegative constant such that €, g, € [0,1]. Then

\I/n(ﬂn) = ,UnSn,/m ,
where Sy, ., is defined in (2.4.1).
Proof. By (2.4.1) and (2.2.3) one has for any A, € X,

,unSn,pn (An) = /,un(dmn)smﬂn (In,An)
= /ﬂn(dxn) [€n 9n(Tn)0z, (An) + (1 — €n gn(n)) Yn(pn)(An)]

. / () g () + (1= € i (90)) W) (An)

n

= Gn/‘n(gn)\l’n(ﬂn)(An) + (1 —€n ,un(gn)) \I’n(/‘n)(An) =V, (pn)(A,) . O

O

Let FN2 be the increasing filtration associated to the particle evolution FN2 % & (X,,0<p<n).As

in the proofs of Theorem 2.2.1 and Theorem 2.4.4, the only point is to prove that
N.
Mp it (pr p)

E |pN2 ]:'Nz —
(1 (o) | o2 NP

)

where @, is defined in (2.3.1). But,

N> N3
W) 7] = 5 B[00 | B ] = 5 S M)
i=1 i=1
Q)

77;772 1(gp—1

= 7711)\[—21Mp(fp) = 77113\[_21517_17,7531Mp(fp) = ‘I’p—l(ﬂfffl) p(fp) = , (2.6.14)

using respectively (2.2.8), (2.4.2), Lemma 2.6.4 and (2.2.3).

2.6.5 Proof of Proposition 2.4.3

For the e-interaction bootstrap, the sequence (Wé\&)lgpgn converges in law, as Ny tends to infinity, to a

sequence of n independent centered Gaussian random fields (W},)o<p<n With variance given by
2
E [Wp(fp)Q] = Wp*lspflmqupfg — Mp—1 [(Spfl,np—lMpfp) ]

= ‘I’p—l(np—l)(Mpfg) — Mp-1 [(Sp—lmpflMpfp)Q} )
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thanks to Lemma 2.6.4.
In the special case €, = 0 (the bootstrap case), the function S, g, is constant and equal to ¥,(n,)(g,) and
the variance for the bootstrap is just

\I/p—l(np—l)(Mpf;g) - (\I’p—l(np—l)Mpfp)z
Therefore, the variance of the e-interaction bootstrap may be decomposed as follows
E [Wp(fp)Q] = (\I/pfl(npfl)(Mpf;?) - (\I’pfl(npfl)Mpfpf)
2
- (npfl {(Spflmp—lMpfp) } - (\ijfl(npfl)Mpfp)Z) .

Observing that

Tlp—1 [(Sp—l,np 1 pfp) } ( p— 1(77;0 1) pfp)2 = Tp-1 ([Sp—l,npflMpfp - \ij—l(np—l)(Mpfp)]2> >0,

allows to conclude.

2.6.6 Proof of Theorem 2.4.4

o\ 1 . .
Using (2.4.6), (2.4.8), (2.2.13), and for f, such that f,(X,) = (Zf\fl w;) Zi\fl wi fr (X2) =m™2f,(X,) =
02 (fn), one gets

V() CE|£.(X0) [] X0 | =E |u2(f) T 7)2(9)

0<p<n 0<p<n

By (2.4.7), it suffices to prove that E [v2'2(f,)] = ¥, (fn). We define by F2"2 the increasing filtration associated
&ef (Xp,0 <p<mn) .Onemay show that for any p > 0 and f, € By(X,), one
has E [nfjv?(fp) | ]—"Nzl} = np 1(prp)/np 2 (gp—1) , where @), is defined in (2.3.1). Indeed, by the definitions

(2.4.4) of M, and (2.4.6) of n)">

to the particle evolution F.V2

N> 3
B[ () | F] = <2 =B (X)) | X,]
=1
Zfilwp 1gp_1<X;;_ )M, fp<X;;_1>]
=1lo, . (X,_ _ .
(S ( P 1)[ 25\721 ;) Iy I(Xp 1)
1 %"’:Zjvﬂwp 19p— I(Xj 1)Mpfp(X£1)]

+]l@C (Xp—l) l N. n
rh N2 > 21Wp 19p-1(X5 1)

_ 77;]>V—21(prp)
1021 (gp—1)
The proof follows exactly along the same lines as Theorem 2.2.1. By iterating this step one gets
E [ (F)] =E [10(@Q1 -+ Qufa)| =E[Q1 -+ Qufa(X3)]

As the reader may have noticed, this unbias property doesn’t depend on the definition of the sets ©,
defining the resampling times. From this observation, we underline that Theorem 2.4.4 is also true for more
general classes of resampling time criterion.
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Chapitre 3

Etude des propriétés de convergence des
flots de particules
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Ce chapitre analyse les propriétés des modéles d’ilots de particules introduits au chapitre 2, voir aussi
[Vergeé et al., 2015a]. Lorsque la puissance de calcul disponible est limitée, on peut étre amené a répartir

les N % N1 N, particules d’un algorithme sMC classique en N ilots de No particules chacun. Chaque ilot
évolue selon un SMC en alternant des phases de sélection et de mutation. D’aprés la discussion du chapitre 2,
lorsque le nombre de particules Ny dans chaque ilot est petit, il est intéressant de faire interagir les ilots afin
de réduire le biais. Différentes interactions sont possibles, certaines systématiques comme pour le B2 ou bien
adaptatives comme pour le B?ASIL. La dépendance introduite par les différentes opérations au niveau des
ilots ou & l'intérieur des ilots rend difficile I’analyse des algorithmes B? ou B?ASIL. La technique employée au
chapitre 2, reformulant I’algorithme B? comme un modéle de Feynman-Kac sur un espace étendu et utilisant
la double asymptotique (N7 puis N tend vers l'infini) a détourné la difficulté et a uniquement permis de
déterminer les expressions asymptotiques du biais et de la variance du B? en fonction de N7 et No, et d’en
déduire sa consistance. La consistance de I’algorithme B2ASIL ainsi qu’un théoréme central limite (TCL) n’ont
pas encore été établis : ce sont des objectifs de ce chapitre.

La propagation du chaos pour les méthodes snmC standards démontrée dans [Del Moral, 2004] implique
que, malgré leur interaction, deux particules deviennent statistiquement indépendantes quand le nombre total
de particules est grand. Cette propriété a permis de mettre en évidence des résultats de convergence pour les
filtres particulaires, [Crisan and Doucet, 2002]. Dans le cas des modéles d’ilots de particules, on conjecture une
loi des grands nombres et un TCL quand N; et Ny tendent conjointement vers I'infini. De plus, par analogie
avec les méthodes sMC avec un seul systéme de particules en interaction (voir [Del Moral and Guionnet, 1999;
Chopin, 2004; LeGland and Oudjane, 2004; Kiinsch, 2005; Douc and Moulines, 2008]), on peut s’attendre a
ce que le taux de convergence du TCIL soit v N.

Dans ce chapitre nous présentons de nouveaux résultats de convergence pour les algorithmes de type ilots
de particules. Pour ce faire, nous avons introduit la notion d’archipel d’ilots pondérés qui généralise les ilots
de particules étudiés en [Verge et al., 2015a] et trois propriétés de convergence sur les archipels : la consistance
(convergence en probabilité), la normalité asymptotique (convergence en loi au sens d’un TCIL en v/N) et
une inégalité de déviation exponentielle (une inégalité de type Hoeffding, uniforme sur les ilots). L’analyse de
ces propriétés est difficile & cause de la dépendance entre les particules & chaque opération. C’est pourquoi,
nous avons décomposé une itération du B?ASIL en trois opérations élémentaires : la sélection au niveau des
ilots, la sélection au niveaw des individus (particules) et la mutation. Nous avons trouvé des conditions que
I’on espére minimales, sous lesquelles les propriétés de convergence des archipels sont préservées par ces
opérations élémentaires. Cette théorie permet d’analyser tout algorithme formé de ces opérations. Le B2ASIL
est un exemple.

Le B2ASIL permet d’estimer en ligne les mesures de Feynman-Kac qui sont généralement non calculables,
a D'exception du cas ou le filtre de Kalman s’applique ou pour des modéles de chaines de Markov cachées a
espaces d’états finis. Le principe de I'algorithme B2ASIL est qu’il ré-échantillonne les ilots uniquement lorsque
leurs poids sont hétérogénes. Pour cela, on introduit un critére de dispersion des poids, appelé coefficient de
variation (coefficient of variation (C'V)) (voir [Kong et al., 1994] et [Liu, 2008]) défini par CV3, ({Qn (1)},
ot Qn(7) est le poids de Iilot i et

N . 2
CV : (RN 3 {a(@)}2 — Ny Z (NW)) —1.

=\l ali)
Le ¢V est proche de I'1:5s proposé dans [Liu, 1996], et utilisé dans le chapitre 3. En effet, comme 1SS peut
s’exprimer comme Ny /[1+CV% ({a(i)}1))], les deux critéres sont équivalents. Le 'V est minimal (nul) quand
tous les poids des ilots sont égaux et maximal (N; — 1) quand les poids sont le plus épars, i.e., quand la
masse totale du systéme est portée par un seul ilot (une situation qui est cependant impossible dans le cadre
de travail considéré puisque tous les poids sont supposés strictement positifs). Quand le CV est inférieur a
un seuil fixé 7 > 0, les ilots n’interagissent pas. Dans le cas contraire, quand les poids des ilots sont trop
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dispersés, les ilots sont mis & jour selon ’étape de sélection au niveau des ilots (multinomial selection on
the island level (SIL)). Ensuite, les ilots évoluent de maniére indépendante et totalement parallélisable selon
la sélection au niveau des individus (multinomial selection on the individual level (Sil.)) et la mutation. Le
pseudo code de l'algorithme B?ASTL est rappelé dans 1’Algorithme 10.

La flexibilité du travail présenté au chapitre 3 généralise les résultats obtenus dans [Douc and Moulines,
2008] pour les méthodes sMC classiques avec un seul systéme de particules. Comme dans [Douc and Moulines,
2008], nos preuves sont inductives et se basent sur les théorémes limites, versions conditionnelles du TCL
de Lindeberg, pour les tableaux triangulaires de variables aléatoires dépendantes. La dépendance entre les
particules nous a conduit & considérer des tableaux triangulaires au niveau des ilots.

En remarquant que le B?ASIL se décompose en opérations élémentaires successives (SIL, Sil et mutation
dont on a préalablement établi qu’elles propagent toutes les propriétés de convergence évoquées dans ce
chapitre), il est facile d’en déduire la consistance, l'inégalité de déviation exponentielle et le TCL (quand les
nombres de particules et d’ilots tendent conjointement vers ’infini) pour le B>ASiL. Pour prouver la normalité
asymptotique par exemple, on montre d’abord qu’elle est préservée par une itération de 'algorithme B2ASIL
et on détermine les formules récursives pour la variance asymptotique en appliquant les théorémes 3.3.3, 3.3.6
et 3.3.9. On en déduit ensuite ’expression générale de la variance asymptotique du B2ASIL. L’algorithme B
étant un cas particulier du B2ASIL (pour 7 = 0), on en déduit facilement les mémes résultats de convergence
pour le B? et on simplifie I’expression de la variance en conséquence. Dans le cas ol SIL n’est jamais utilisé,
on retrouve la variance d’un sMC standard (aussi appelé, bootstrap, ou sequential importance sampling with
resampling). En effet, dans ce cas, N; ilots indépendants (sans interaction) se propagent, chacun suivant un
sMC standard utilisant Ny particules.

Enfin, on établit la stabilité en temps long du B”. D’une part, sous des hypothéses classiques [Del Moral
and Guionnet, 2001; Del Moral, 2004] de mélange fort, valables typiquement pour des modéles de Feynman-
Kac sur des espaces d’état compacts, on explicite un majorant uniforme de la variance asymptotique. D’autre
part, en affaiblissant les hypothéses précédentes par des conditions de type Doeblin local, vérifiées pour une
plus grande variété de modéles (y compris définis sur des espaces non compacts, voir [Douc et al., 2014a]
pour des exemples), on montre que la variance asymptotique du B> est bornée. Pour cela, on commence par
remarquer que la variance asymptotique du B” est la méme que celle du bootstrap a un facteur (n — £) prés.
La preuve pour le B? s’obtient en suivant les mémes étapes que celle pour le bootstrap démontrée dans [[Douc
et al., 2014a], Théoréme 11].
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Abstract Particle island models [Vergé et al., 2015a] provide a means of parallelization of sequential Monte
Carlo methods, and in this chapter we present novel convergence results for algorithms of this sort. In
particular we establish a central limit theorem—as the number of islands and the common size of the islands
tend jointly to infinity—of the double bootstrap algorithm with possibly adaptive selection on the island
level. For this purpose we introduce a notion of archipelagos of weighted islands and find conditions under
which a set of convergence properties are preserved by different operations on such archipelagos. This theory
allows arbitrary compositions of these operations to be straightforwardly analyzed, providing a very flexible
framework covering the double bootstrap algorithm as a special case. Finally, we establish the long-term
numerical stability of the double bootstrap algorithm by bounding its asymptotic variance under weak and
easily checked assumptions satisfied typically for models with non-compact state space.

Keywords : Central limit theorem, exponential deviation, parallelization, particle island models, particle
filter, sequential Monte Carlo methods

3.1 Introduction

This chapter discusses approaches to parallelization of sMC methods (or particle filters) approximating nor-
malized Feynman-Kac distribution flows. At present, SMC methods are used successfully for online sampling
from sequences of complex distributions in a wide range of applications, including nonlinear filtering, signal
processing, data assimilation, e.g. see [Doucet et al., 2001; Chopin, 2002; Ristic et al., 2004; Cappé and
Moulines, 2005; Crisan and Rozovskii, 2011] and the reference therein, and rare event analysis [Del Moral
and Garnier, 2005; Cérou et al., 2012]. These algorithms evolve, recursively and randomly in time, a sample
of random draws, particles, with associated importance weights, and the Feynman-Kac distribution flow is
approximated by the weighted empirical measures associated with this sample. The particle cloud is updated
through selection and mutation operations, where the former duplicates or eliminates, through resampling,
particles with large or small importance weights, respectively, while the latter disseminates randomly the
particles over the state space and updates accordingly the importance weights for further selection.

SMC methods are computationally intensive, which may be critical in online applications where only a
limited computational power is at hand. In particular, since the particle interaction enforced by the selection
operation is of “global” nature (as it draws, with replacement, each particle from the entire particle population
rather than from a subset of the same), running SMC methods in parallel on multicore processors is not
straightforward. The natural ideal of [Vergé et al., 2015a], which is the basis also for the present chapter,
is to parallelize the algorithm by, instead of considering a single batch of N particles, simply dividing the
particle population into N7 batches of each Ny particles (i.e., N = N3 Ns), where each batch is referred to as
a particle island (or simply an island). In this framework, each island evolves according to the standard SMC
scheme subjecting alternatingly the subpopulation to selection and mutation. Unfortunately, the division of
the particle population introduces additional bias which may be of note for moderate island sizes N5. Thus, in
[Vergé et al., 2015a] it is proposed to reduce this bias by performing additional selection also on the island level
by resampling multinomially, when needed, the islands according to probabilities proportional to the weight
averages over the different subpopulations. Selection on the island level may be performed systematically, as in
the B? algorithm (in the present chapter we have chosen to denote the algorithm “B>” rather than “2B”, as we
consider it more correctly described as a “square bootstrap” rather than a “double bootstrap” ; nevertheless,
the algorithm must not be confused with the SMC square (SMC?) algorithm proposed in [Chopin et al., 2013],
which is, if still of a related form, of a different nature) or may be activated adaptively by some criterion
measuring the skewness of the island weights. The latter approach will be referred to by us as the double
bootstrap algorithm with adaptive selection on the island level BASTL. At the end of the day, a sequence of
Monte Carlo estimators is obtained by weighing up, using the island weights, the self-normalized empirical
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measures associated with the different particle islands.

Needless to say, the theoretical analysis of B*-type algorithms is challenging due to the intricate dependence
structure imposed by the island selection operation and the “double asymptotics” introduced by the two
sample sizes N1 and Ns. The authors of [Vergé et al., 2015a], who base their theoretical analysis on a
reformulation of the particle island model as an extended Feynman-Kac model on an augmented space of
dimension N5, detour the latter difficulty by letting first the number N; of islands and then the number Ny of
individuals of each island tend to infinity. By separating the asymptotics in this manner, the analysis can, not
surprisingly, at least in the case of the B2 algorithm, be handled using classical techniques from SMC analysis,
and in this way the authors establish convergence of bias and variance when these quantities are scaled with
the size N of the system. However, working with this somewhat synthetic mode of convergence (with separated
limits), the authors fail to supplement their consistency results with a central limit theorem (CLT). Moreover,
they do not provide any convergence results for the B2ASIL algorithm.

Nevertheless, even though the islands are allowed to interact through selection, any two individuals of the
system should become more and more statistically independent as the number of islands as well as the size of
the islands grow (cf. the propagation of chaos property of standard sMC methods [Del Moral, 2004]). Thus, we
may expect a law of large number as well as a C1I' to hold when N; and N» tend jointly to infinity. Moreover,
in analogy with similar result for standard, single batch sMC methods, see [Del Moral and Guionnet, 1999;
Chopin, 2004; Kiinsch, 2005; Douc and Moulines, 2008, we may expect the rate of such a CLT to be v/N.

The aim of the present chapter is to improve the existing theoretical analysis of particle island models
by establishing results of the previous type. For this purpose we will introduce a notion of archipelagos of
weighted islands that generalizes the particle models studied in [Vergé et al., 2015a] and consider three kinds
of convergence properties of such archipelagos, namely consistency (convergence in probability), asymptotic
normality (convergence in distribution in terms of a CLT with rate v/N), and large deviation (an exponential
inequality of Hoeffing-type that holds uniformly over all islands). After this, we perform single-step analyses
of three kinds of operations on archipelagos, namely selection on the island level, selection on the individual
level, and mutation, and show how these operations preserve the convergence properties under consideration.
As a consequence, we are able to establish that the convergence properties in question are preserved through
an arbitrary composition of the mentioned operations, including the B? algorithm as a special case, and to
provide explicit expressions of the associated asymptotic variance. Moreover, the flexibility of our results,
which generalize those obtained in [Douc and Moulines, 2008] for standard, single batch sMC methods, makes
these well-suited for analyzing particle island algorithms with adaptive resampling strategies such as the
B?ASIL scheme, for which we provide a detailed analysis (including a CLT). In our proofs, which rely on
limit theorems for triangular arrays obtained in [Douc and Moulines, 2008], the working process is highly
inductive. Since the intricate dependence structures of the particle model force us to define triangular arrays
on the island level, we will often, when establishing the preservation of a certain convergence property of a
certain operation, face a situation where the only way of obtaining some critical limit or bound is to add the
same to the list of induction hypotheses. After this, one establishes that the operation in question preserves
also this additional property (limit or bound), by possibly adding, if needed, further assumptions to the
list, and so on. At the end of the day, we have obtained a more or less minimal set (a hexad in the case of
asymptotic normality) of properties that need to be checked at each induction step. In this machinery, the
large deviation property is a critical component, since it provides, as a consequence of the distribution-free
character of Hoeffding-type inequalities, uniform control of the deviation of the empirical measures associated
with the different islands from their common mean.

As a last contribution, we establish the numerical stability of the B? algorithm by bounding uniformly
the asymptotic variance of its output. We carry through this analysis under a strong mizing condition as
well a local Doeblin condition (see subsection 3.6.10 for details), where the latter is considerably weaker
than the former and easily verified for a large variety of models with possibly non-compact state space.
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When operating under the local Doeblin condition, we let the Feynman-Kac model be indexed by a strictly
stationary sequence of random parameters (corresponding, e.g., to random observations in the case of optimal
filtering in hidden Markov models) and show, using novel results in [Douc et al., 2014a], that the sequence
of asymptotic variances is stochastically bounded (tight) in this setting. On the other hand, imposing the
strong mixing assumption, which is classical in the literature of sMC analysis [Del Moral and Guionnet, 2001;
Del Moral, 2004], allows an explicit, deterministic uniform variance bound to be obtained using standard
methods.

To sum up, the contribution of the present chapter is threefold, since we

e introduce a general theory of archipelagos of weighted particle islands and analyze thoroughly the
convergence properties, as the number N; of islands and the common size N5 of the islands tend
jointly to infinity, of such objects when subjected to certain operations. For this purpose, we develop a
machinery that allows triangular arrays defined on the island level to be analyzed and which may be
used for handling double asymptotics appearing in other kinds of island-type particle algorithms.

e apply the previous theoretical results to the B2 and B?AsIL algorithms, yielding laws of large numbers
and CLTs for these schemes.

e establish the long-term stability of the 32 algorithm under weak and easily checked assumptions.

The chapter is organized as follows. In section 3.2 we introduce, after some prefatory notation, the
concept of archipelagos of weighted islands, and define the three different convergence properties of such
archipelagos. Our main results are, along with the three different operations under consideration, presented
in section 3.3, and section 3.4 discusses the application of these results to the B?AsiL algorithm. In particular,
in Corollary 3.4.2 we establish the asymptotic normality of this algorithm, which implies the asymptotic
normality of the B? algorithm as a special case (see Corollary 3.4.3), and provide a formula for the asymptotic
variance ; moreover, in subsection 3.4.3 establish the long-term stability of the algorithm by showing that the
asymptotic variance of the B2 algorithm may, under suitable assumptions, be bounded uniformly. The most
significative proofs are gathered in section 3.6, and in order to avoid repetition we have put some additional
proofs using similar techniques in chapter 3. Finally, section 3.5 provides some technical results that are used
frequently in section 3.6.

3.2 Preliminaries

3.2.1 Weighted particle islands and archipelagos

Let {N1(N)}nen+ and {N2(N)} nen+ be sequences of positive integers such that Ni(N)N2(N) = N for all
N € N* and N;(N) — oo and Na(N) — oo as N — oo. For the ease of notation we will often omit the
index N from the notation and write simply N7 and Ns. In the following, let {({x(4,7),wn(i,7));(4,5) €
[1,N1] x [1, N2]} be an array of X-valued random variables (the {x) with associated nonnegative (possibly
unnormalized) weights (the wy). For each ¢ € [[1, N1], the subset {({n(4,7), wn (z,j))}j\zl of the array will be
referred to as an island. With this terminology, a random variable £x (4, j) in the array will be referred to as an
individual or a particle. Finally, we associate each island {({x (4, 7), wn (z,j))}j\gl with a nonnegative (possibly
unnormalized) weight Qx (7). In the following, the set {(Qn(7), {(§N(i,j),wN(i,j))};-v:"’l)}iV:ll of islands with
associated weights will be referred to as an archipelago on (X, X). We will always require the island weights
to be positive and the particle weights to be positive and uniformly bounded, i.e., there exists some constant
|w]oo such that 0 < |wy (i, 7)| < |w|eo for all (i,7) € [1, Ny(N)] x [1, No(N)] and N € N*.
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3.2.2 Convergence properties of archipelagos

In the following, any limit (—), limit in probability (i>), and limit in distribution (g) is supposed to
hold as N — oo if not specified differently.

Definition 3.2.1 (consistency). An archipelago {(Qn (), {(fN(i,j),wN(i,j))};vil)}fv:ll on (X, X) is said to
be consistent for n € P(X) if for all h € Fp(X),

©1) 3§t i) e i gy =y,
=1 2 W () 53 2 wn(65) N=oo

max I () -
i€l N Qp(ir) Notoo

(C2)

Note that the estimator in (C1) assigns the weight Qx(7)/ 251:1 Qn (7) to the self-normalized importance
sampling estimator Z;-\Ele(i,j)h(gN(i,j))/ Z;.\,[il wy (i,7") associated with island ¢ € [1, Ni], and the
smallness condition (C2) formalizes the fact that this weight, and thus the contribution of each island to the
estimator associated with the archipelago as a whole, should vanish asymptotically as N — oc.

Definition 3.2.2 (exponential deviation). In the following, let n € P(X) and o and {ci}3_, be posi-
tive constants. An archipelago {(Qn (1), {(§N(i,j),wN(i,j))}jyjl)}fV:ll on (X, X) is said to satisfy exponential
deviation for (n, 0, {ce}2_,) if for all h € F,(X), Ny € N*, Ny € N*, and ¢ > 0,

Ny 2
(D) P | max = > wn (i H)AEn(i 4)) — o x nh| > ¢ | < eiNyexp (—02N282> :
i€[1,N1] | Vo o

The exponential deviation inequality in (D) provides uniform control on the deviations of the unnormalized
importance sampling estimators Z;Vil wn (4, 7)h(En(3,5))/Na, i € [1, N1], associated with the different islands
from their common mean level g x nh. The factor N7 on the right hand side of the equality is required to
compensate for the maximum with respect to the island index. Notice that this inequality doesn’t depend
upon island weights. Assumption (D) implies, by a straightforward extension of the generalized Hoeffding
inequality derived in [Douc et al., 2011, Lemma 4], that also the deviations of the properly normalized
importance sampling estimators associated with the different islands from the expectations targeted by the
archipelago can be uniformly controlled as follows.

Lemma 3.2.3. Assume that (D) holds for (n,0,{ce}?_,). Then for all h € Fy(X), N1 € N*, Ny € N*, and
e >0,

P| ma i NI (i) —nh}| e | < 26 exp [ —eaNy =2, (3.2.1)
X _— s — = ~ X — — 5 . /N
el | T gy ST

Finally, we introduce a third convergence property describing weak convergence in the sense of a CLT.
Recall that N denotes the Gaussian distribution.

Definition 3.2.4 (asymptotic normality). In the following, let
o 0% : Fy(X) = R% and v* : Fy(X) — R% be functionals.
e n € P(X) and {ue}s_; C M(X) be measures.

An archipelago {(Qn (), {(En(i,7),wn (i, 7)) ;V:zl)}f\f:ll on (X, X) is said to be asymptotically normal for
(777‘72’1/2, {:U‘Z}?:l) iffor all h € Fb(x)}
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(AN1) \FZ N 1QN( i) = S wn (i g)

and, in addition,

AN Ny wNZ] i —nh r v2(h),
(AN2) Z:: N0 JZ: 10JN(ZJ){ (€n (i j)) —nh} Fra— (h)

N2 w ’L
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=1 , le’L o0
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AN h(En(iy ) —— pah
(AN4) NZ( ) J_1< w le(”)> (v (9) 5o
2
CUNZ] P

(ANS5) 22 Z ( T )> W& (i, 7)) = Hsh s

Qi
(ANG6) lim sup P max le >\ =0
A—00 NeN* i€[1,N1] Zl/ 1 QN( )

Here (AN1) corresponds to a CLT and implies straightforwardly (C1). In addition, since (ANG6) implies
immediately (C2) we may conclude that asymptotic normality is stronger than consistency.

Remark 5. For a classic sMC with N; = 1 and No = N particles, this definition coincides with the asymptotic
normality defined in [[Douc and Moulines, 2008], Définition 2] : (AN1) corresponds to the first assumption
and (AN4) and (ANS5) correspond to the second one.

3.3 Main results : operations on weighted archipelagos

We will next consider three different operations on archipelagos and show how these operations preserve the
three convergence properties listed in the previous section.

3.3.1 Selection on the island level

The first operation, described in Algorithm 7, is referred to as Sit.. This operation consists in conver-
ting an archipelago {(Qn (%), {({n(4,7), wn (4, j))} DN targeting some distribution 7 into an archipelago
{(1, {(gN(i,j),cDN(i,j))} DN with uniform island weights targeting the same distribution 7. This step
allows islands with small/large weights to be eliminated /duplicated, respectively. More precisely, a new fa-
mily of islands is generated from the existing ones by selecting, conditionally independently given the input
archipelago, new islands according to probabilities proportional to the island weights {Q (i )} 1- After this,
the weights and the particles of the selected islands are copied deterministically (which of course implies
that the particle weights of the new archipelago are bounded by the same constant |w|. as the ancestor
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archipelago).

Data: {(QN(i)L{(SN(Z}j),wN(i»j))}jyil)}fV:H
Result: {(1,{({n(i,7), @n (i, 1)} 20},
for i <+ 1 to Ny do
draw Iy (i) ~ Mult({Qn (i) }0));
for j <1 to Ny do
set v (4, 5) « En(In (i), §);
set (I)N(Z,j) — wN(IN(i),j);
end

end
Algorithm 7: Multinomial selection on the island level (SIL)

In the following we will abbreviate Algorithm 7 by writing
“{(L {(gN(27J)7d}N(Z7])) ;Vil)}ivzll < SIL <{(QN(Z)7 {(gN(ivj)va(i7j)) jvzgl)}fill) i

The following theorems state conditions under which SiL preserves consistency, exponential deviation, and
asymptotic normality. The input and output in Algorithm 7 are respectively denoted by
(N (), {(En (s, (i 2 F V2 Y and {(1, { (i, 3,0 (5,5))} 22, 1Y, and all proofs are found in sec-
tion 3.6.

Theorem 3.3.1. Assume that {(Qn(2), {(¢n(3,7), wn (i, 7)) ;V:Zl)}fvzll is consistent for . Then also
{0 (N (3), @n (0 9)) 20 s consistent for 1.

Theorem 3.3.2. Assume that {(Qn (i), {(SN(Z',j)7wN(i,j))}§y:21)}fV:11 satisfies exponential deviation for

(n,0,{ce}s_,). Then also {(1,{(En(i,5),On (i, 7)) ;Vil)}fill satisfies exponential deviation for (n, 0,{ce}?_,).

We impose the following assumption, guaranteeing that Vi grows only subexponentially fast with respect
to Ng.

(S) For all 8> 0, Nyexp(—SNy) = 0 as N — oo.

Theorem 3.3.3. Assume (S) and that {(Qn (i), {(ﬁN(i,j),wN(i,j))}j-szl)}fV:ll satisfies exponential deviation
for (n,0,{ce}2_,) and is asymptotically normal for (n, % v, {ue}3_,).

Then also {(1, {(fN(i,j),of)N(i,j))};y:zl)}f\Ql is asymptotically normal for (0,52, v%,{n, us, us}), where for all
h € Fb(X),

52(h) = o*(h) + v*(h)

(i.e. the SIL operation modifies only o2, 1, and ps).

3.3.2 Selection on the individual level

A second operation, described in Algorithm &, is referred to as Sil., and consists in converting a weighted
archipelago {(Qn(7), {({n (3, 7), wN(i,j))}jyjl)}fv:ll targeting some distribution 7 into an archipelago
{QN(i),{(éN(i,j), 1)}5.\[:21}?:11 with uniform particle weights targeting the same distribution 7. This step

allows particles with large/small weights to be duplicated/eliminated, respectively. Note that the island
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weights remain unaffected.
Data: {(QN(Z)7 {(&v(l,j), WN(Z7]))};V:21)}fV:11
Result: {(Qn (1), {(En(i,5), D}Z )
for i < 1 to Ny do
for j <1 to Ny do
draw Jy (i, j) ~ Mult({wn (i, 5)} 72,3
set En(i,7) < En(i, In(3,7));
end
end
Algorithm 8: Multinomial resampling on the individual level (siL)

Trivially, the particle weights are bounded by |w|s = 1 in this case. As for the SIL operation, we will
express Algorithm 8 in a compact form by writing

L (@) {En 6,9, D2 = SIL (1 @) (i) wn ()20 ) 7

The following theorems state conditions under which Sil. preserves consistency, exponential deviation
inequality, and asymptotic normality.
Here, {(Qn (1), { (€ (i, 3),wx (1,)) 12}, and {(Q (), {(En (is 1), 1)} Y2)}A, denote the input and output,
respectively, of Algorithm 8.

Theorem 3.3.4. Assume that {(Qn(3), {({En(4,7), wn(i,7)) ;V:21)}f\/':11 is consistent for 1. Then also
{0 (), AEn i 3 DY2 )Y, s consistent for 1.

Theorem 3.3.5. Assume that {(Qn(7), {(fN(i,j),wN(i,j))}évil)}fv_ll satisfies exponential deviation for

(n,0,{ce}s—,). Then also {(QN(i),{(gN(i,j),1)}?221)}?:11 satisfies exponential deviation for (n,1,{¢}_,),
where ¢, = 4(1V ¢1) and & = (1 A (c20%/2))/8.

Theorem 3.3.6. Assume that {(Qn(7), {(§N(i,j),wN(i,j))}évﬁl)}fV:ll satisfies exponential deviation for

(0, 0,{ce}?_,) and is asymptotically normal for (n,o2, v {u}s_,).

Then also {(Qn(2),{(En(i,7), 1)};\[:21)}5\21 is asymptotically normal for (0,52, 7%, {u1, u1,n}), where for all
h € Fb(X),

SH

{ 2(h) = o2(h) + pa {(h — nh)?}
72(h) = v2(h) +n{(h — nh)?} .

Again, proofs are found in section 3.6.

3.3.3 Mutation

The last operation we consider is Mutation, described in Algorithm 9. This operation converts, using im-
portance sampling on the individual level, an archipelago {(Q2x (%), {(§N(i,j),wN(i,j))};y=21
n € P(X) into another archipelago {QN(i),{(gN(i,j),cDN(i,j))}évjl}i\;ll targeting some other probability

NN targeting

distribution 7}, defined on another state space ()~(, X ). The distribution 7 is related to n through the identity

iih = nQh
nQ1x

(h € Fu(X)) (3.3.1)

where Q : X x X — R, is a possibly unnormalized transition kernel. In the algorithm that follows, let
R:Xx X — R, be a (normalized) transition kernel such that Q(z,-) < R(z,-) for all z € X, and denote the
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corresponding Radon-Nikodym derivatives by

der dQ(, )

= dR(%.)(i) ((z,7) € X x X) .

w(z, T)

In the sequel, we will refer to the mapping w as the importance weight function and assume that w € Fy, (X®)~()
and Q1 € F(X).
Data: {(Q (), {(En (0, 1), wn (i, )) 12D}, Q. R
Result: {(Qu (@), {(Ev (i, 5), &n (i, ) 120 1
for i + 1 to N; do
for j < 1 to N> do
draw &n (i, j) ~ R(En (i, ). );
set Wy (4, 7) = w(én (i, ), En (4, 5))wn (i, 5);
end
T on (gl

set Qn (i) « Qi) =2 ——"—;
Z;‘Y/2=1 WN(Z7]/,)

end
Algorithm 9: Mutation

As before, we will abbreviate Algorithm 9 by writing

O () AEn (D). x GBS, — Mut(Q) ({@n (). {(En (i, 1) won G, B2 M, B) "

where the kernel @ is included in the notation for the sake of completeness. Note that the Mutation operation
forms indeed a proper weighted archipelago with |0]oc = |w|oo ||w||,,- In conformity with the SIL and SiL ope-
rations, the Mutation operation preserves consistency, exponential deviation, and asymptotic normality. This
is established below, where {(Q (4), {(€n (4, 5), wn (i, 1))} 721) ity and {(Qn (), {(En (4, 5), On (7, 5) 1720 1t
denote consequently the input and output of Algorithm 9, respectively.

Theorem 3.3.7. Assume that {(Qn (i), {({N(i,j)7wN(z',j))};szl)}fv:ll is consistent for n. Then
{(On (i), {(gN(i,j),@N(i,j))};\gl)}fgl is consistent for 7 defined in (3.3.1).
Theorem 3.3.8. Assume that {(Qn (i), {(fN(i,j)7wN(i,j))}jyil)}iv:ll satisfies exponential deviation for

(n,0,{ce}?_,). Then {(Qn (3), {(EN(z’,j),@N(i,j))}fél)}fv:ll satisfies exponential deviation for (7, 0,{¢c}?_,),
where 0 = o x NQ1g, ¢ =2(2V ¢1), and

- 1 (1 A Co )
G=s\l=g N5 )
2\6% 2] Qugl%
with § = |B]oe + [w]oo | Qg -
Theorem 3.3.9. Assume that {(Qn(7), {({N(i,j),wN(i,j))}évil)}fV:ll satisfies exponential deviation for
(0, 0,{ce}?_,) and is asymptotically normal for (n,o02,v?, {uc}s_,). Then the mutated archipelago
{(Qn (i), {(fN(i,j),@N(i,j))};y:"’l)}f\gl is asymptotically normal for (7,62, 0%, {jie}3_,), where i is defined in

(3.3.1) and for all h € Fy(X),

5*(h) = (o*{Q(h = h)} + pa R{w?(h — 71h)*} — p2{Q*(h — 7h)}) /(nQ1g)*
72(h) = (v*{Q(h — h)} + paR{w?(h — 7h)*} — ua{Q*(h — 7h)}) /(nQ1g)* ,
fuh = 1 Qh/nQ1lg ,

fish = p2 R(w?h)/(nQ1g)? ,

fish = p3R(w?h)/(nQ1x)* ,
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def

(where Q*h(x) = {Qh(z)}? and R(w?h)(x) def Jw?(z,2")h(z’) R(z,da’) for all x € X and h € Fy(X)).

Remark 10. Note that Theorem 3.3.6 and Theorem 3.3.9 hold true regardless of the intermutual rates by
which Ny and Ns tend to infinity with N. In particular, these results do not, on the contrary to Theorem 3.3.3,
require the condition (S). This is in line with what we expect, as the siL and Mutation operations do not
involve any island interaction.

3.4 Applications

3.4.1 Feynman-Kac models

For a sequence of unnormalized transition kernels {Q,, },en defined on some common measurable space (X, X)
and some probability distribution ny € P(X), a sequence {n, }nen of Feynman-Kac measures is defined by
def Ynh

nh = , , h e Fp(X), 4.1
7 _— n €N, h e F,(X) (3.4.1)

where

3ot [ [ o) (o) ] @ulapedrpin) (1€ FuX)
p=0

(with usual convention H;L:m ap = 1 when m > n). We may express recursively the sequences of unnormalized
and normalized Feynman-Kac measures as, for h € F,(X) and (m,n) € N with m <n,

’VQO e anlh _ anm e anlh
Tm@Qm *++ Qn_11x NMmQ@m -+ Qn-11x ’

respectively, with the convention @, ---Q, = id if m > £. In particular,

N Qnh
ann]lX

which means that we may cast the model into the framework considered in subsection 3.3.3.

P)’nh = ’YQO to anlh and nnh =

Dni1h = (h € F,(X),n e N), (3.4.2)

Example 3. A special instance of the previous framework is formed naturally by specifying, first, a sequence

{M,, }nen of normalized (Markov) transition kernels on (X, X) with an associated initial distribution x and,

second, potential functions {gn }nen+, where g, : X = R for all n € N*, and letting Q,,h(z) def M, (gni1h)(2),

n € N*, z € X, and h € F,(X). In addition, ng def x. This setup covers a large variety of important models
in probability and statistics, such as optimal filtering in hidden Markov models (or state-space models ; see,
e.g., [Cappé et al., 2005]) and models for the analysis of rare events [Del Moral and Garnier, 2005; Cérou
et al., 2012]. We will return to this setting in subsection 3.4.3.

Using a Feynman-Kac model in practice is typically non-trivial as neither the distribution flow {v,}nen
nor {n,}nen can be computed in a closed-form in general (with the exception of the very specific cases of
optimal filtering in linear state-space models, in which case the solution is provided by the Kalman filter, or
hidden Markov models with finite state space).

3.4.2 The double bootstrap algorithm with adaptive selection (B*ASIL) algo-
rithm

In this section, our aim is to form online a sequence of archipelagos targeting the Feynman-Kac flow {n, }nen
by using sequentially the operations described in section 3.3. A special feature of the approach that we
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consider is that the SIL operation is not performed systematically at every iteration of the algorithm, but
only when the island weights fail to satisfy some appropriately defined skewness criterion. In this way we
avoid adding unnecessary variance to the estimator. More specifically, we will analyze an algorithm proposed
in [Verge et al., 2015a, Algorithm 3], where SIL is executed on the basis of the so-called v (see [Kong et al.,
1994] and [Liu, 2008]) given by CV3,({Qn (i) }2,), where

CVy : RN 2 {a(i) “HNZ< ()) 1. (3.4.3)

The CV is closely related to the ESS proposed in [Liu, 1996], which is the criterion used in [Vergé et al., 2015a] ;
nevertheless, since the 1SS can be expressed as Ny /[1+CV3 ({a(i)}X,)], the two criteria are equivalent. Note
that the v is minimal (zero) when all island weights are perfectly equal and maximal (N7 —1) in the situation
of maximal skewness, i.e., when the total mass of the system is carried by a single island (a situation which is
however not possible in our framework, as we always assume the island weights to be strictly positive). More
specifically, as long as the C'V stays below a specified threshold 7 > 0, we let the V] islands evolve without
interaction according to mutation and selection on the individual level. However, when the island weights get
too dispersed as measured by the Cv criterion, the islands are rejuvenated by sSiL. The scheme, referred to
by us as the B?ASIL, is described in Algorithm 10, where we have added the iteration index p to the weighted
archipelagos returned by the algorithm.

Data: {Rp}p 0,
Result: {(QF (1), {(¢% (i, 1), @ (0, 5) Y20, p e [0,7]

for i + 1 to N; do
for j < 1 to N> do
&N (i) ~ o3
Wi (i, 5) + 1;
end
Q0 () « 1

end

{QF ) 1R (), @) 20N — MurQo) ({1 (605, DY) 20}, Ro )

forp<1ton—1do

if OV ({Q%(i)}N1)) > 7 then

(O @) AEP 9,89 NI < SIL({QP ) ER 67, (6D HY );

else

{QW (@), {EX (1,5), 0L @ 7)), LW (1), 1R (1, 5), 0@ (6, 1) 12 )}

end

QR @) AER 6,0, D2 SiL (LOP 0 ED 6,0, 612N );

Q@) AR 60,8 6« Mut(@y) (TR 0 AED 6.0, D201 By )
end
Algorithm 10: The B2ASIL algorithm
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Using the theoretical results obtained in section 3.3 we may prove the following result, establishing that
exponential deviation and asymptotic normality are preserved through one iteration of the B2ASIL algorithm.
As a by product we obtain the incremental asymptotic variance caused by an iteration. Since focus is set on
asymptotic normality, we provide recursive formulas describing precisely the evolution of the functionals and
measures involved in (AN1-5), while leaving the derivation of the analogous formulas for the constants of
the exponential deviation bound (D) to the reader. The proof of this result provides a nice illustration of
the efficiency by which the theoretical results obtained in section 3.3, despite appearing somewhat involved
at a first sight, can be applied for analyzing sequences of archipelagos produced by executing alternatively
the siL, sil., and Mutation operations in an arbitrary order.

Theorem 3.4.1. Assume (S) and that {(Q(")() {( (n)( R (")( j))}N2 NN satisfies exponential devia-

tion and is asymptotically normal for (n,,c2,v2, {M@n)}g 1), n e N*.

Then the archipelago {(Q%LH)(@), {( ](\7,1“)(2 7), (n+1)(z ]))}N2 NN generated through one iteration of Al-

s

gorithm 10 is asymptotically normal for (nn41,02%1,v2 1, {1y _,), where 1,41 is given by (3.4.2) and

for all h € Fp(X),

U?L{Qn(h B 77n+1h)} + 5nV72L{Qn(h - 77n+1h)}

0',,21 h =
+1( ) (ann]lX>2 .
+€nnan{wi(h - 77n+1h)2} + (1 —en)py Rn{w,%(h _ 77n+1h)2}
2 )
2 9 (ann]lX2
V2 () = Vad@nlh = i)} & 1 R {0 (h = 11 ))
" (10 Qn1x)? :
(n+1) i Qnh
h=Q1-en +entintih,
! ( )U?C)?n]lx Mn+1
(n+1) 1" R (wph) (n+1)
h= (1= en) = denns™ Uk
=) Q2
(1)), _ Mo Fin (W)
? (ann]lX)2

where e, << ]l{,ugn)]lx > 741}
Démonstration. First, note that since the input archipelago satisfies (AN3), it holds that
CVAHRY (1Y) = i Ix -1,
which implies
n),. P
H{OVR W ()}) > 7} ———en

where ¢, is defined in the statement of the theorem. Consequently, after the if-else statement in Algo-
rithm 10, the resulting archipelago {(Qg\’,’)(i), {( (p)( J),@ M )(z ]))}N2 )}V satisfies, by Theorem 3.3.2 and
Theorem 3.3.3, exponential deviation and asymptotic normality, the latter for

{(nn’ noVno {:uen }Z 1) ife, =0,

(nnvo—n +Vn’yna77naﬂén)aﬂén)) ife, =1.

Thus, the archipelago {(Qg\’;) (), {({n £(p) (i,9), 1)}§V21)} obtained after additional siL satisfies, by Theorem 3.3.5

and Theorem 3.3.6, exponential deviation as well as asymptotlc normality, the latter for

{% o2() + G = )21 2 () {C =) bl M ) ife, =0,
(s 02() + V2() + 0 { = 102} 22 () + 0 f - = 102}y D s i) i e = 1.
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Finally, considering also the final Mutation operation in Algorithm 10, and propagating, for the two dif-
ferent values of ¢,,, the quantities of the previous display through the updating formulas of Theorem 3.3.9,
establishes, together with Theorem 3.3.8, the statement of the theorem. O

Corollary 3.4.2. Assume (S). Then all archipelagos {(QE\T,L)(Z),{( (")(z 7), (")(z ]))} N e N,
produced by the B> ASIL algorithm satisfies exponential deviation and asymptotic normality, where for h €
Fb(X) and n € N*,
n—1 n—1
R 2 i, _1(h — 1 h)2
Z(h)zz 14+ Z e NeRe{wi Qes1 - Qn—1( 277n ) }7
P pti1 (eQe -+ Qn—11x)

"i M RAwEQus1 -+ Qu_1(h — nuh)?}
MeQr -+ Qr—11x)? ’

a,

I )h:nnh

(under the standard conventions that [[,_, a¢c =1, >)_, ar = 0, and Q- Q,, = id if m > n), and

{entnen~ is given in Theorem 3.J.1. In addition, Mgo) =19 and

a5 (h) = v5(h) = mo{(h —noh)*}  (h € Fy(X)) .

Démonstration. The non-recursive expression above are verified using induction. More specifically, one as-
sumes that the given expressions of (02,12, ugn)) hold true for some n € N (and for all h € F,(X)) and plug
the same into the recursive expressions established in Theorem 3.4.1 under repeated use of the identities

Q- anl{Qn(h - 77n+1h) - ann(h - 77n+1h)} =Q¢ - Qn(h - 77n+1h)
(h € Fp(X),£ € N),

and
nZQZ e anlllX X ann]]-X = WQZ e Qn]]-x (E € N) .

We leave this to the reader. To verify the base case n = 1, note that the initial archipelago

{(1,{( E\?)(i7j)7 1)}?721)} 1} is, by the standard CLT and law of large numbers of for independent random
variables, asymptotically normal for (ng, o3, 03,10, 70,70), where oZ(h) = no{(h — noh)*}, h € Fy(X), and
satisfies, by Hoeffding’s inequality, exponential deviation for (1o, 1,2,1/ 2) Now, by Theorem 3.3.9 and Theo-

rem 3.3.9 also the weighted archipelago {(Q(l)(z) {( (1)( R (1)( ,j))} )}, obtained by mutating the

initial archipelago, satisfies exponential deviation and asymptotic normality for ,ug ) = 71 and

noRo{wg (h —mh)*}
(m0Qolx)?

Under the standard conventions, this is however in agreement with the formula in the statement of the

oi(h) = vi(h) =

(h € Fp(X)) .

theorem. This completes the proof. O

Of special interest is of course the special case where SIL is applied systematically at every iteration,
corresponding to 7 = 0. This yields the standard B? algorithm, in which case the asymptotic variance is given
by the following corollary.

Corollary 3.4.3. Assume (S). Then all archipelagos {(Qg\?)(z),{( (")(z 7), (n)( j))} N n e N,
produced by the B> algorithm satisfies exponential deviation and asymptotic normality, where for h € Fy(X)
and n € N*,

1
2 _ o nfRZ{w%QZJrl e anl(h - nnh)z}
(h)=> (n—20) O O L) : (3.4.4)
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and
o5 (h) = no{(h —moh)?} .

Démonstration. The result is an immediate consequence of Corollary 3.4.2, as 7 = 0 implies that &, = 1 for
all n € N*. O

On the other hand, letting ¢,, = 0 for all n € N* in Corollary 3.4.2, corresponding to the case where SII,
is never applied, yields the variance

n—1
2 o WZRE{ngerl e anl(h - nnh)2}
=2 (MeQe -+ - Qn-11x)? ’

(3.4.5)

which we recognize as the well-known formula for the asymptotic variance of the standard SMC algorithm
(more specifically, the sequential importance sampling with resampling, SISR, algorithm). This is completely
in line with our expectations, as such an algorithm would simply propagate N; independent (non-interacting)
islands, each island evolving as a standard SMC algorithm based on N, particles.

3.4.3 Long-term stability of the double bootstrap (B?) algorithm

As a last part of our study we establish the long-term numerical stability of the B? algorithm by providing
a uniform in time bound on the asymptotic variance of its output. Throughout this section, in the spirit
of Example 3, we will assume that each unnormalized transition kernel @,, p € N, can be decomposed
into a normalized transition kernel M, : X x X — [0,1] and a nonnegative potential potential function
gpt1: X = Ry, e, for all h € Fp(X) and z € X,

Qph(z) = My(gp41h)(2) - (3.4.6)

In this setting, given a sequence {R,},en of proposal kernels such that M,(z,-) < R,(z,-) for all z € X and
p € N, the importance weight function is given by

wp(a, ) = ng(x’)m (z,0') €X |

Remark 4. Instead of letting the Feynman-Kac distribution flow be generated by the unnormalized kernel
(3.4.6), one could, as in [Vergé et al., 2015a], consider an alternative model with a flow {7}, },en generated by

Qph(z) = gp_1(x)Myh(x) (h € Fy(X),z € X,p e N, (3.4.7)

with Qo = My and 7y = x. In [Del Moral, 2004] the two models (3.4.6) and (3.4.7) are referred to as
updated and prediction Feynman-Kac models, respectively. For the prediction model, it is, in the case of the
B? algorithm, possible to achieve full adaptation (borrowing the terminology of [Pitt and Shephard, 1999])
of the algorithm, i.e., to generate archipelagos {(1, {(1, §(p)(z ]))} D3N p € N, with uniformly weighted
islands and individuals targeting the distribution sequence of interest, by letting R, = M, for all p € N and
decomposing the dynamics (3.4.7) into the product

Qp =Gy M, , (3.4.8)

where Gph(x) = gp(x)h(x), (z,h) € X x F,(X), is the Boltzmann multiplicative operator associated with the
potential g,. Now (3.4.8) allows also the Feynman-Kac transition according to Qp to be decomposed into
two subsequent Feynman-Kac sub-transitions, the first according to G, and the other according to M,. The
former corresponds to the Mutation operation

(OO AGY 09, 696NN Mut(Gy) ({0409 GHEDI ) . (349)
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which simply a531gns each particle and island the weights On (4, 7) = gp(n (®) (i,7)) and

ng;)( ) = Z 2 op(EN () (,7))/Na, respectively (where we assumed that we start with uniformly weighted
islands and 1nd1v1dua1s) After this weighing operation, the output (3.4.9) is, in accordance with Algorithm 10
(with 7 = 0), subjected to the SIL. and siL. operations followed by the mutation operation

(AL @ HEDI  Mur(hy) ({10 ED @2 HE M, ) |

yielding an archipelago with perfectly uniform island and individual weights approximating the Feynman-Kac
distribution 7,41 at the next time point. Also this algorithm may be analyzed straightforwardly using our
results, and carrying through this analysis retrieves exactly the variance expression obtained in [Vergeé et al.,
2015a, Equation 43]. We leave this as an exercise to the interested reader.

The previous way of obtaining an archipelago with uniformly weighted islands and individuals approxima-
ting the prediction Feynman-Kac distribution flow can be viewed as a special instance of a general auziliary
double bootstrap algorithm (extending the so-called auziliary particle filter proposed in [Pitt and Shephard,
1999]) based on the decomposition

Qp = Tp@p ’
where Tph(z) = t,(z)h(z), (z,h) € X x F,(X), is a Boltzmann multiplicative operator associated with some
positive auxiliary importance weight function ¢, € F,(X), and

Qp(z,h) E £ (2)Qph(z) (z € X, h € Fyp(X)) .

In analogy with the previous, we may thus construct an alternative algorithm approximating {7,},en by
furnishing the main loop of the B2 algorithm with a prefatory weighing operation

(O OAGR (), 60 GaNEYE — Mut(T) ({6, (@ 61,9). 67 6D HEDHL i)
(3.4.10)

and, after intermediate SIl. and Sil. operations, a terminating Mutation operation

(OFV O A0 V@I Mur@) ({0 G0N R,)
where, consequently, the all weights are given by the importance weight function

d@p(, )

wp(xvxl) = tp_l(x) dRp(Jf, )

(@) ((z,2') €X?).

Thus, choosing ¢,(z) as some prediction of the value of the derivative dQ,(x,-)/dRy(z,-) in the support of
R, (z,) yields close to uniformly weighted islands and individuals (i.e., a close to fully adapted algorithm) ;
for instance, following [Pitt and Shephard, 1999], a possible design is t,(z) = dQ,(x,)/dR,(z, ) (R, id(x)).
Of course, also this algorithm can be analyzed easily using our results (we refer to [Douc et al., 2009] for such
an analysis of the standard auxiliary particle filter).

3.4.4 Uniform in time convergence under the strong mixing assumption

When studying the numerical stability of the B? algorithm we will first work under the following strong mizing
condition.

(M) (i) There exist constants 0 < o_ < o4 < oo and ¢ € P(X) such that for allp € N, z € X, and A € X,

o_p(A) < Mp(z,A) < o p(A) .
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(i) Tt holds that w, e sup,ey [[wp|l o, < oo
(iii) Tt holds that c_ % inf(, ,enxx Qplx(z) > 0
The assumption (M)(i), implying that each M,, allows the whole state space X as a 1-small set, is rather

restrictive and requires typically the state space X to be a compact set. Still, it plays a vital role in the
literature of SMC analysis [Del Moral and Guionnet, 2001; Del Moral, 2004; Cappé et al., 2005; Douc et al.,
2009; Olsson et al., 2008; Douc et al., 2014b]. On the other hand, the weaker assumption (M) (ii) is satisfied
for most applications and (M) (iii) does not require the potential functions to be uniformly bounded from
below ; the latter is a condition that appears frequently in the literature. Under (M), denote

p=1——; (3.4.11)

then the previous assumptions allow the following explicit uniform in time bound to be derived.

Corollary 3.4.5. Suppose (M). Then the sequence of asymptotic variances of the B> algorithm (see Corol-
lary 3.4.3) satisfies, for all n € N and h € Fy(X),

osc?(h)
(1=p)2(1=p?)%c’

on(h) <wg

where p is defined in (3.4.11).

The proof is found in subsection 3.6.10.

3.4.5 Uniform in time convergence under a local Doeblin condition

The explicitness and simplicity of the variance bound in Corollary 3.4.5 are obtained at the cost of restrictive
model assumptions that are rarely satisfied in real-world applications. Thus, in this section we will discuss how
the assumptions of (M) can be lightened considerably and turned into easily verifiable conditions, satisfied
for many models of interest, by considering assumptions under which the asymptotic variance is stochastically
bounded (tight) rather than bounded by a deterministic constant. Since the asymptotic variance (3.4.4) of the
B2 algorithm differs only from that of the SISR algorithm (see (3.4.5)) by the factors n—¢, the results obtained
in this section will rely heavily on similar results obtained in [Douc et al., 2014a] for the standard bootstrap
particle filter. For this purpose, assume that each potential function depends on time through some random
parameter only, i.e., for all p € N*, g, = ¢(Z,,), where {Z, } ,en is some stochastic process taking values in some
state space (Z, Z) and g(z) € F,(X) for all z € Z. Moreover, we assume that the normalized transition kernels
of the model are time homogeneous, i.e., M,, = M for all p € N, and that Mutation is based on the underlying
dynamics of the model, i.e., R, = R = M, and, consequently, wy,(z,z') = wy(Zpt1)(z,2") = g(Zp11)(2)
for all p € N and (z,2’) € X2. Thus, in this case the model generates a parameter dependent Feynman-Kac
flow {n,(Zo.p)}pen. (For instance, in the case of a hidden Markov model, the sequence {Z,},en plays the
role of noisy observations of some Markov chain (the state process) {X,},en with transition kernel M on
(X, X). Conditionally on the state process, the observations are assumed to be independent and such that the
conditional density Z 3 z — g(z)(x) of each Z, depends on the corresponding state X, = x € X only. In this
important framework, 1,(Z.,) is the so-called filter distribution at time p, i.e., the conditional distribution
of the latent state X, given the observations Z.,). In this case, the asymptotic variance o2 (h) of the B’
algorithm is a function of the random vector Zy.,, and we write o2 (Zy.,)(h) to emphasize this fact. We will
replace the condition (M) (i) by a considerably weaker condition of the following type.

Definition 3.4.6. A set C € X is local Doeblin with respect to M if there is pc € P(X) with oc(C) =1 and
constants 0 < o < aé' such that for allx € C and A € X,

ocpc(A) < M(z,AnC) < J(J{goc(A) )
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Now, impose the following assumption.

(L) The process {Z,}pen is strictly stationary and ergodic. Moreover, there exists a set K € Z such that
the following holds.
(i) P(Zy € K) > 2/3.
(if) For all € > 0 there exists a local Doeblin set C such that for all z € Z,

sup (=) (z) < g2} < 0

(iii) There exists a set D € X such that inf,ep M(z,D) > 0 and
E |In™ inf g(Z .
[n inf ¢ o)(w‘)] <0

The condition (L) can be checked easily for a large variety of models; see [Douc et al., 2014a, Section 4]
for examples.

Remark 7. The condition (L) can be weakened further by requiring the local Doeblin condition to hold
only for some iterate Q(z1) - - - Q(2,), 21.» € Z", with a minorizing measure ¢c and constants o, od possibly
depending on the block zi.,.; we refer to [Douc et al., 2014a] for details. In this chapter we have however
chosen to state the most basic version of the condition (corresponding to r = 1) for simplicity.

Under (L), define P(X,D) C P(X) as the set of all x € P(X) for which there exists D’ € X such that (i)
inf,cpr M(x,D) > 0, (ii) Elln" inf,epr g(Zo)(2)] < oo, and (iii) x(D’) > 0. Then the following holds true.

Corollary 3.4.8. Assume (L) and suppose in addition that ny € P(X,D). Then for all h € Fyn(X), the
sequence {02(Zo.n)(h) }nen of asymptotic variances of the output of the B> algorithm is tight, i.e., it satisfies

lim supP (02 (Zown)(h) > A) =0.

A—00 neN

The previous result is obtained by inspecting the proof of [Douc et al., 2014a, Theorem 11]; see subsec-
tion 3.6.11 for some details.

3.5 Technical results

We first recall two results, obtained in [Douc and Moulines, 2008], which are essential for the developments
of the present chapter.

Theorem 3.5.1 ([Douc and Moulines, 2008]). Let (2, A, {Fn}nen, P) be a filtered probability space. In
addition, let, for a given sequence { My} nen of integers such that My — oo as N — oo, {Un (1) f\iff, N €N,
be a triangular array of random wvariables on (Q, A,P) such that for all N € N, the variables {UN('L)}ZAQ’ are
conditionally independent given Fn with E[|Ux (7)| | Fn] < 00, P-a.s., for all i € [1, My]. Moreover, assume

that

My
(A1)  lim supP (Z]E[|UN(z’)| | Fn] > /\> =0.
A—00 NeN Py

(A2) For alle >0, as N — oo,

My

STE(UN()[L{|UNG)| > €} | Fn] == 0.

i=1
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Then, as N — oo,

m m

max |y Un(i)— Y E[Un() | Fn]| = 0.

melbMaT |5 i=1

Theorem 3.5.2 ([Douc and Moulines, 2008]). Let the assumptions of Theorem 5.5.1 hold with E[U% (i) |
Fn] < 00, P-a.s., for alli € [1, My], and (A1) and (A2) replaced by :

(B1) For some constant <> > 0, as N — oo,
> (BURG) | Fx] - B2 [Un () | Fn]) =<
i=1

(B2) Foralle >0, as N — o0,
My

Y E[UF0O)L{|Un ()| > ¢} | Fa] 0.

i=1

Then, for allu € R, as N — oo,

My
E |exp (iuZ{UN(i) —E[Un(3) |]-'N]}> |le s exp (—u%?/2) .

The following lemma is useful when verifying the tightness conditions (A2) and (B2).

Lemma 3.5.3. Let the ({Mn}yen, {Un (i)} XY, {Fn}nen) be the triangular array given in Theorem 3.5.1.
Assume that there exist sequences {Vytnen, {Xn}nen, and {Yn}nen of nonnegative random variables such

that
(i) for all N € N, P-a.s.,

Un(i)| <V + XnY2,
ieﬁl%NN ~n()] < Vv + XnYy

(ii) {Vn}inen and {Xn}nen are {Fn}nen-adapted and such that Vi L0 as N = oo and

lim sup P(Xny > X)) =0,
A—00 NEN

(iii) for some o € {1,2}, v >0, ¢ >0, and C > 0, P-a.s.,

P(Yy >y | Fn) < CMyexp (—cMKy>®) . (3.5.1)

Then for p € {1,2},

My

My
= Y E[URO)L{Un ()] 2 e} | Fx] =50, Ve >0, as N = oo.
=1
Démonstration. We start with the case p = 1. First, note that according to Proposition 4.3.2, for all v > 0,
E [Y31{Yy > v} | Fn] :/ P(Yn >y | Fn) dy +oP (Yy > Vv | Fy)

< CMN/ exp (—eMygy®) dy + CMyvexp (—eMgv®)
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where we used the condition (iii) in the second step. Thus,

(v+ My"/c) CMy exp (—eM¥v) fora=1,

3.5.2
(v+ My"/(2cv)) CMy exp (—cM¥v?) for o =2, ( )

E[Y2L(VE > v} | Fa] < {

using the standard upper tail bound for Gaussian distributions. In any case,

MNE [YZ1{YE > v} | Fy] —— 0. (3.5.3)
N —+o00

In addition, note that (ii) implies, for all &’ > 0 and all § > 0, the existence of a constant As < oo such that
for all A > A,

My
sup P (Il{XN > A E(UNG)] | Fn] > ) <supP(Xy>A)<4. (3.5.4)
=1 NeN

Now, for any € > 0 and A > 0 the quantity of interest may be bounded as

My
S E[[Un( >n{|UN<>|>e}fN1<MNvNP(YN \/>|fN)

=1

+({Xn > A} + 1{Vy > £/2}) ZE U ()] | Fn]+ AMNE [YRI{YR > ¢/(20)} | Fa]

i=1
where the upper bound may, by (iii), (3.5.3), and (3.5.4), be made arbitrarily small in probability by increasing
first A and then N. This completes the proof in the case p = 1.

We turn to the case p = 2. However, by letting Up (i) def U% (i), i € [1, MN]], N € N*, and noting

that max;eqi,ary] UN( ) < Vv + XNYN, where Vy < def 2VZ, Xy def 2X%, and YN Y]%, we thus realise

that the proof of the case p = 1 goes through if we can verify that (3.5.3) and (3.5.4) hold true when
Xy, Y, and {Un (i)} M5 are replaced by Xy, Yy, and {Un (i)}, respectively. Nevertheless, (3.5.4) holds
straightforwardly as tightness of {Xy}yen implies tightness of {Xy}yen. Moreover, using condition (iii)
one shows, along previous lines, that

oo

E [}7]31{17]% > v} | ]-"N] :/ P(Yn > ¢y | Fn) dy+oP (Y > Vo | Fy)
< CMpy /OO exp (—cMK,ya/z) dy + vC My exp (—cMK,UO‘/2) .
v
For a =1,
E |YRL{YR > v} | ]-‘N] < (2VOMy" Je+2My* /¢® +v) CMy exp (—cMgv/v) .
while the case a = 2 corresponds to the first case of (3.5.2). Consequently, as N — oo,
MNE [V31{73 = v} | Fn| 550,
which completes the proof. O

Lemma 3.5.4. Let a € R be nonzero, a # 0, and let {Xn (i)}, Ni(N) € N*, be random variables such
that Xn (i) # 0 for all i € [1, N1]. Assume that max;c; n,7 | Xn (i) — al L£50 as N = co. Then

X)) —at 0.
2y XN O e
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Démonstration. Pick € > 0; then we may write for all > 0,

P X3tG)—a Y >e) <P Xn(i) —al >
(éﬁ?ﬁvﬂﬂ N () —a |_5>_ (ieﬁ?ﬁlﬂ N (i) al_n>

+P ax |X3'(i) —a7l >e, max |[Xn(i)—al < ,
(g P50 =7 2 g vt =l <

where the first term tends to zero as N tends to infinity for any 7 by assumption. For all ¢ € [1, N1], there
exists, by Taylor’s formula, (y (i) € (Xn(i) A a, Xn(i) V a) such that | X' (i) — a™!| = (32()| XN (i) — al.
Thus, if a > 0 and 0 < 9 < a,

P <ier[ﬁ?1i/(1]] XN —at > g’ie%?]ifil]] XN () —al < 17) <P (z‘er[ﬁ?]ifi]] [ XN () —al >ef{a— 77}2> ’

where the right hand side tends, by assumption, to zero as N tends to infinity. On the other hand, if a < 0
and 0 < n < —a,

P X @) —a > Xn(i) — <P Xn(i) — 2
(s P 0= 22 g vt =l <) <2 g w0 el > <t 02)

where again the right hand side tends to zero. This concludes the proof. O

Lemma 3.5.5. Let {Zn}nen be a sequence of random variables such that for some constant zo, € R, as
N — oo,
E [ZN} — Z0o

and is uniformly bounded by some constant z+ € R. Let {Xy} be a sequence of random variables that
converges in probability to some constant T, € R and is dominated by some integrate random variable.
Then, as N — oo,

E [XNZN} — TooRoo -
Démonstration. The result is obtained straightforwardly by writing
IE[XNZN] = Toozoo| < 2R XN — @oo|] + [Too| [E[ZN] — 2]

where the right hand side tends to zero as N tends to infinity by assumption and dominated convergence. [

3.6 Proofs

In this section we will use repeatedly the same notation {UN(i)}i\/:l1 to denote triangular arrays (in the sense
of Theorem 3.5.1 and Theorem 3.5.2), even though the roles of these arrays change throughout the proofs.

3.6.1 Proof of Theorem 3.3.1

We apply Theorem 3.5.1. For this purpose, define the triangular array and filtration

- def wn (In(9), ) I )
UN(Z) - ; N1 Z;\/&:le(IN('L.),j/)h(gN(IN(Z)J)) (Z € [[LNI(N)]LN EN ) ’ (3_6.1)

Fr o ({00, {6l ), on () B2 ) (NN,
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respectively. Now, since the island indices { I (i)}, are, conditionally on Fy, i.i.d. with common distribution
Mult({Qn (")} 1) it holds, as the ancestor sample is assumed to be consistent,

Ny

Qn (1) ik wn (4, J) .y P
E UN Fn NE[Un(1) | Fn] = N ~n(z, —nh. (3.6.2
E )| Fn] = [Un(1) | FN] ;:1 ST );12/ (7 h(&n(i,5)) — nh. (3.6.2)

Thus, since |Un(2)| < [|h|| o, /N1 < oo for all i € [1, N1], it is enough to check the conditions (A1) and (A2)
in Theorem 3.5.1. The tightness condition (A1) is straightforwardly satisfied as sequences that converge
in probability are tight. Moreover, to check (A2) we may apply Lemma 3.5.3 with Vy = [|h| /N1 and
Yn = Xy = 0. Thus, the limits, in probability as N — oo, of the series Zz 1 Un(4) and Zz 1E[Un(3) | Fn)
coincide, which completes the proof.

3.6.2 Proof of Theorem 3.3.2

Trivially, since {In(i)}¥%, C [1, N1] it holds for all € > 0,

P (I 1 — h| >
ielﬁ?z)v(l]] N2ZWN ~N(i),)h(En(IN(i),7)) —oxnh| > ¢

N2
1
<P| max |— wn (i, )0 i) —oxahl s
0 \elLmd NQ; N (@ )h(En (i, 7)) — o xn

where the right hand side has an exponential bound by assumption. This completes the proof.

3.6.3 Proof of Theorem 3.3.3

In order to check (ANT1) using Theorem 3.5.2, define the array

def\/EZZWNIN S hen(In@).3) ) GELMLNEN), (363

2y wn(In (i), J')

and let {Fn}nyen- be the filtration (3.6.1). We first note that E[UZ (i) | Fn] < 4N ||h||io /N1 < oo for all
i € [1, N1]. Along the lines of (3.6.2),

Ny Ny
ZUN(z') = Z{Uw(i) —E[Un(i) | Fn]}
i=1 i=1

N2 . .
\F ) UJN(%]) h i) — ) 564
) Z e IW >;Zﬁilw(i,j'>{ (En(i 7)) = nh} . (3.64)

By assumption, the second term on the right hand side of (3.6.4) converges in distribution to a Gaussian
random variable with zero mean and variance o2(h). To treat the first term using Theorem 3.5.2 we first
consider

Ny

. Ny .o
ZE U3(i) | Fn] = MZ*QN() S =0T eti g —ant | s or), (3.65)
=1 s () 312/1WN(ZJ)

85



where the limit holds as the ancestor archipelago is assumed to satisfy (AN2). In addition,

N> ..
> N(jN(Z J) {(h(En(i,g) —nh} | 50, (3.6.6)

1
E?[Un(i) | Fn] = — | VN
Z )| Z S )

Nl = 7,’ IQN( )

as the right hand side tends, as the ancestor archipelago satisfies (ANT1), in distribution to a scaled y2-
distributed random variable as N — co. Combining the two previous displays shows that the condition (B1)
in Theorem 3.5.2 holds with limit ¢?(h) = v?(h). To check the condition (B2) in the same lemma, we note
that maxX;e[1,N,] |UN(Z)| <Vn+ XNY]%; with Xy =Yy =0 and

o N2 ae CUN(l,J) SN *
Vn = iEr[ﬁ?Jifil]] A/ E ; m{h@N(%J)) 77h} (N eN"). (3.6.7)

Note that the sequence {Vi}nen is Fy-adapted and vanishes in probability as N — oo since the ancestor
archipelago is assumed to satisfy (D) and thus Equation 3.2.1. We may then apply Lemma 3.5.3 to check
the condition (B2) in Theorem 3.5.2, implying that for all u € R,

E lexp <1uz1 {UN(i) —E[Un(3) | ]:N]}> | ]:N‘| Ly exp(—u?r?(h)/2) .

Now, using this limit, the decomposition (3.6.4), and hypothesis that the ancestor archipelago satisfies (AN1)
, we conclude, via Lemma 3.5.5, that for all u € R,

Ny
E |exp <IUZUN(7,)>

which concludes the proof of (ANT1).
To check that the output of Algorithm 7 satisfies also (AN2-5) we proceed along similar lines. The
assumption 1 is used there. We refer the reader to subsection 4.1.1 for all details.

— exp(—u*{o®(h) +v*(h)}/2) ,

3.6.4 Proof of Theorem 3.3.4

We first note that (C2) is trivially satisfied. In order to check (C1) we apply Theorem 3.5.1 to the array
Qn (i)

Na Yo, Qi) =

associated with { Fy } yen given by (3.6.1). Note that all indices {Jn (4, j) € [1, Nl]] [1, N3]} are conditionally
independent given Fx. Moreover, for all ¢ € [1, N] it holds that {JN(i,j) ~ Mult({wn (i, 5 )}N2 y&Nz,
Hence,

Uy (i) % Zh (n(i, In(iy5)) (i € [1,N1], N € N*)

Ny

ZEUN ENESS QN” St enlid) e iy F
i=1 1/1 ()j 12;/ L wn (d,57) , 7

where convergence holds by assumption. First, note that Uy (i) < ||h||, < oo for all i € [1, N;] and N € N*.
Moreover, (A1) is trivially satisfied. Thus, consistency is established by showing that (A 2) is satisfied, which is
an immediate implication of Lemma 3.5.3 with Xy = Yy = 0and Viy = |2 max;cpi v, QN (7)/ nylzl Qn (i),
which is Fn- adapted and tends to zero in probability thanks to (C2). Hence, by Theorem 3.5.1, the series
Zfﬁl Uy (i) and Z 1E[Un (%) | Fn] have the same limit nh in probability. This completes the proof.
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3.6.5 Proof of Theorem 3.3.5

We may bound the quantity of interest according to

a5 Zh En (i, In(iy §))) — nh
Y2 (i, g)
Sze%illalifilﬂ N2 ;51\, ’] +ZEIﬁaNl]] Zlm (&V(Z’]))fnh ’
where we have set
N2 Y
On (i, ) = hlEn G In(0,5)) = Y Z“’NLJ()) (en(0,d") () € LN X [LN2]) . (3.6.8)
§/=1 Luj"'=1

By Lemma 3.2.3, the second term on the right hand side satisfies

N 2 2

wn (i, 5) - %0
P | max ————h(&n(i,7)) —nh| > €/2 | <2c1Njexp | —caNo————— | .
i€[1,N] le 02w (i, 5") Mew (i 9) =n / v ( ? 216||hio>

For each i € [1, N1], the variables {dn (7, j)}; N2 are, conditionally on Fy, independent and identically distri-
buted with zero mean ; moreover, as \SN(Z,])\ < 2||h||, forall (i,7) € [1, N1] x [1, N2], Hoeffding’s inequality
implies that for all € > 0,

Nz 2

1 €
P | max Sn(i,f)| > e/2| Fn | <2Niexp | —No—— | . 3.6.9
i€, N1 Na ; W) 2 o2 P ' p< 28||h||30> 469

Combining the previous two displays show that (D) is satisfied with the choice of ¢ and ¢ given in the
theorem.

3.6.6 Proof of Theorem 3.3.6
We start with (AN1). In order to apply Theorem 3.5.2; define the array

v Z{h ExtinG ) —nhy () € LM x L], (3:6.10)

equipped with the usual filtration {Fx} yen given by Equation 3.6.1. We first note that Uy (i) < 2v/N ||h]|
oo for all ¢ € 1, N;1] and N € N*. In order to check (B1), write, following the arguments of the proof of
Theorem 3.3.4,

() \ A wn(id) h(én (i, §)) — nh}?
N )> ;Z 1wN(”){ (En(i,4)) — nh}

E[U%(i) | Fn] = N
Z )| Fn] = Z(z

YO an) N [ wnli))
+N1(N2 — 1); (W) ;m{ (gN('L ])) _nh}
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Moreover, since

2 /N, . 2
E2 (U Fnl _onGd) ey —ony |
s 1 7=V () S APNTRTRE L
we obtain
Z{E UX (i) | Fn] —E* [Un(i) | Fnl} (3.6.11)

M giiE wn (7
=N1Z<Z> Z n(6,J) {h (§N(i7j))_77h}2

i=1 1WN(Z J’)

—NZ(ZNQN()> ZN“N(”{ (€n. ) - nh)

=1 SN (1) 2 wn(i,5")

Since the ancestor archipelago satisfies (3.2.1) and is consistent for 1, we deduce that

2
No

MZ( o (Z,)> S ol ey (i, ) — b 0.

j=1 /=1 wN(Z7] )

Then, since the ancestor archipelago also satisfies (AN3) we conclude that the variance (3.6.11) tends
in probability to pui{(h — nh)?}. Consequently, the triangular array satisfies Assumption (B1) with limit
p1{(h —nh)?}. In order to check Assumption (B2) we may apply Lemma 3.5.3 by bounding

max |Un(i)] < Vy + XnYZ2 (N € N¥), (3.6.12)
1€[1,N1]

with, for N € N*,

: Na o
Vv = VN max QNi() ~max Z;z%{h(&v(i,j))—nh}

Xy =N; m ,
N LieM] Zi}’l_l QN(Z/)
Y2 = N max ZéN i,7)
N1 1€[1,Nq] N2

where the dys are defined in (3.6.8). Here {Vx}nyen+ is Fy-adapted and tends to zero in probability by
(ANG6) and Lemma 3.2.3. In addition, {Xy}nen+ is Fy-adapted and, by (ANG6), tight. Moreover, for all
N € N*, Yy has, by (3.6.9), a tail of the type

4
P(Yy > ¢ | Fy) < 2Np exp < N HZII )

Thus, Lemma 3.5.3 applies, which establishes (B2). Finally, we may conclude, by using Lemma 3.5.5, the
proof of (AN1) to obtain that 5%(h) = o2(h) + ui1{(h — nh)?}.

The conditions (AN2-6) are checked using similar techniques. We refer the reader to subsection 4.1.2
for all details.
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3.6.7 Proof of Theorem 3.3.7

First, note that

N QN() No ‘:}N(i,j) I
h i
; =1 O (0 );Z;Yil@v(i,j’) (& (5 9))

_XLONE) S () A OnGd) e e
ZW1QN( );Zyl1 ();Z/lwzv(zj) h(En(i5)),  (36.13)

using the definition of {Qx (i)}, in Algorithm 9. In order to determine the limit in probability of this
quantity we apply Theorem 3.5.1 to the array

() DSt 6D e ) e N e
> =1 QN () j=1 Zj'il wn (i, 5')

associated with the filtration {Fy}nyen given in (3.6.1). For each (i,7) € [1, N1] x [1, N2], the conditional
distribution of &xn(i, ) given Fn is R(En(,7),); thus,

E [ (i, )h(Ev.9)) | ] =ow(3.3) [ w(€n (i, 0),5)(2) R(EnG.),45)

(3.6.14)
= WN(ZﬂJ)Qh(gN(lﬂj)) )
implying that
ZE Un(i) | Fn] = EZN?N&.,)ZQIZN?N“N?J)Qh@v(z’,j)) @k, (36.15)
i=1 2ui'=1 V) j=1 2ujr=1WN{

where convergence holds since the ancestor archipelago satisfies Assumption (C1). This implies (A1). To
check also the condition (A2) we apply Lemma 3.5.3 with Xy =Yy =0 and

Vn = |lw|lo |l o max;eqi,n,g O (i)/ ny;lﬂN(i’), where Vi is Fy-adapted and tends to zero in pro-
bability by the assumption (C2). Hence, Theorem 3.5.1 ensures that the two series vall Uy (i) and
Z 1E[Un (%) | Fn] have the same limit nQh in probability. Moreover, by setting h is equal to the constant
functlon 15 we deduce that

SN Q) e 1
N1 A . - 1<’
Zi’:l QN(Z) T/Q X

(3.6.16)

which allows us to complete the proof of (C1) using Slutsky’s lemma.

Finally, Assumption (C2) is checked straightforwardly by just noting that

Qn(4) QN< ) S On(i)
max —ga—— < u I
i€f1,N1] Zi’:lQ ( ) e[[lN I Z ( )Ei”:l Qn (i )

where the right hand side tends to zero in probability by (3.6.16) and the fact that the ancestor archipelago
satisfies (C1).
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3.6.8 Proof of Theorem 3.3.8

Note that ¢ x nh = ¢ x nQh and bound the quantity of interest according to

N2
max |- 3 (i, (i) = 0 x 10n
< Jnax o N2 Z:éN i, ) e N N2 ;ww i, J)QR(En (4, 5)) — o x nQh| ., (3.6.17)
where
S (i) = On (i, )hEn (i, 5)) — wn (i, HQREN G, ) ((i,5) € [1, Na] x [1, Na]) - (3.6.18)

Since the input archipelago satisfies (D) it holds that

No 2
1 3
P| max {on (2, 7)QR(EN (i, 4)) — e X nQh}| = €/2 | < Nicrexp | —caNp———5——05- | .
1 [ HlQixIE I

For each i € [1,N;], the random variables {0y (i, Y N2 are, conditionally on Fy, independent and, by
(3.6.14), zero mean. Moreover, since for all (i, j) € [[1,N1]] x [1, N, [ox(3,7)| < 8|, where § is defined
in the statement of theorem, Hoeffding’s inequality implies that for all € > 0,

N» 2
1 ~ €
P max E On(i, )| >¢€/2| F <2Njexp| —-No———— | . 3.6.19

i€[1m] Ny | n(i.)| 2 /2 Fn ' p( #9252 ||h||§o> ( )

By combining the two previous displays we may conclude that (D) is satisfied with ¢; and é; defined as in
the theorem statement.
3.6.9 Proof of Theorem 3.3.9

We preface the proof by the following auxiliary result, which is obtained as a straightforward extension of
the generalized hoeffding inequality in [Douc et al., 2011, Lemma 4].

Lemma 3.6.1. Let the assumptions of Theorem 3.3.8 hold. Then for all Ny € N*, No € N*, and € > 0,

( Qn(i)
P max
1€[1,N1]

an() 19N

s) < Nyéexp (—EaNag?) (3.6.20)

where & < 2(c; v &) and & % {(ca/ [|w]|%) A é2}o? /4.

To check (AN1), take h € F(X) and assume without loss of generality that 7h = 0 and, consequently,
nQh = 0. We again rewrite the estimator according to (3.6.13) and apply Theorem 3.5.2 to the second factor.
For this purpose, define the array

. No ~ ..
Un(i) < VN QN(Z)( )Z On(J) i) (e L] N €N, (3.6.21)

S Qe (@ N wn (i, )

and furnish the same with the filtration {Fxy}yen+ defined in (3.6.1). We may now write

N N N . N. .o
1 e 1 . . 1 ) 2 CUN(Z,]) . .
;UNU ;{UNO E[UNO|fN]}+x/N;Z£19N(i,);Eﬁiw(i’ﬂ@ (n (i), (3.6.22)
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where, by assumption, since ||Qh|| . < [|h| [|@1g|ls, the second term on the right hand side satisfies the
CLT

N, -
Z wn (4, §) Qh(en(i, §)) i>J\/'(0,02(Qh)) .

N
Z z/1 ( 312/1WN(ZJ)

Our main challenge will be to handle the first term on the right hand side of (3.6.22). Since all individuals
of the mutated archipelago are conditionally independent given Fy, we notice that for all ¢ € [[1, Nq],

N{ (i, 5) 3 .- woning) )
- SN (g eV | =D \am | Bwh?)(en(ij
25 i) O] ) = 2 (ijgw(zm) et

2

N» WN(i,j) o N2 ( (JJN ; j) )2 ) N
TR e (Qn)(en (i)
- ;zﬁ;mmﬂQ (&n (i) 223 S gy QN D)

Using this, we turn to the variance and deduce the expression

Z{]E UR (i) | Fn] —E? [Un(i) | Fn]}

2 Ny 2
Z’ 12 j=1 j'= 1WN<ZJ)
2 No L. 2
Nz ( v N(Z/)) > (W) (@h)(en(ing) . (36.23)

j=1 ]_le(Z J )

which tends in probability to psR(w?h?) — u2(Qh)? as the input archipelago satisfies Assumption (AN4)
. This implies that Assumption (B1) in Theorem 3.5.2 holds with the same limit. To verify the Lindeberg
condition (B2) in Theorem 3.5.2, note that proceeding as in (3.6.17) yields

max |Un(i)| < Vy + XnY2 (N e N¥), (3.6.24)
i€[1,N1]

where, for N € N*,

VR e — 20 S el ”
Vv = \/ﬁze[[laNl]] ZNl N leﬂlaNl]] z; Z 02w (4,7 )Qh(&v(z’])) ,

Xy =N, max QNiU
i€1,N1] Z QN( )
N 5
Ny i[N]3 wN( ,J’)

Here {Vn}nen+ is Fy-adapted and tends to zero in probability by (AN6) and Lemma 3.2.3, { Xy} yen+ is
Fn-adapted and tight by (ANG6), and Yy has, by (3.6.19), (D), and the extension of Hoeffding’s inequality
in [Douc et al., 2011, Lemma 4], a tail of the form (3.5.1) (with a = 2). Thus, by Lemma 3.5.3, (B2) holds
true, and we may conclude the proof of (AN1) using first Lemma 3.5.5 and then Slutsky’s lemma.
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We turn to (AN2) and decompose the quantity under consideration according to

2
Ny

QN() Ny (:JN(Z"]') i N
2 SN i) ——~ ———h i,
i=1 Zz/ 1 ( ) J; ;\P:l (‘:}N(i7j/) (fN( ])>

Z]*\/I}:l QN(ZW) al QN( ) QN (Z) 1 N2 CDN(i, ]) I
No=57—= - _ _onvWI) e,
2
Ny

LXNL O R O (2 awlid)
o N T L. ; . (3625
277Q]15( Zglzl Qn (i) 1:21 Zy}:l Qn (i) ; Zj\fil wn (i, 5") (En(3,7)) ( )

The convergence in probability of the second term on the right hand side will now to be established using
Theorem 3.5.1. For this purpose, define the triangular array

. Nso ~ ..
UidéfNQNi() _onGd) ez i€ [1,Ni],N € N*) 6.
~ (i) 221/ o () ;Zé\{ilw\/(i’j’) (én(i,5)) (i € [1,M1], N e N) (3.6.26)

and associate the same with the o-field Fy defined in (3.6.1). We now apply the previous machinery and
study the convergence of the series

Yoooan) & wnGi) )
ZE Un(i) | Fn] = Z’VZ(W> R(wh?)(€n(i,5))
=1 /=1 ( )j:l j'=1 WN(Z7],)

2
Ny

Ny QN(') S vl onienig)

N
i=1 1/1 ~ (i) j=1 2, wn (i, 5")

S 0 S (_enlid)
- . ( o ) (@) (En(0,9)) .
=1 Zz’ 1 ( ) ; Zj\/lzzl wN(iaj,)
which tends in probability to v?(Qh) + usR(w?h?) — uz(Q>h) as the ancestor archipelago satisfies (AN2)

and (ANS5). Thus, the condition (A1) in Theorem 3.5.1 is checked. In addition, (A2) is checked using
Lemma 3.5.3, as

max |Un(i)| < Vi + XnYE (N €N*),
1€[1,Nq]

where for N € N*, Vy = 0 and
Qn (i)
N 3 28
€L Y Qe ()
N N
| No o (i,7) T
Yy =4/— —h , ,
N N zer[ﬁal)\fi]] Z > M wn(i, ) (Ew (0. 9))

=1

Xn=M

where {Xn}nen+ is Fy-adapted and tight by (AN6) and each Yy has, by [Douc et al., 2011, Lemma 4],
since the input and output archipelagos satisfy (D), a tail of the form (3.5.1) (with oo = 1). Thus, (A1) holds
true, and we may conclude that the series vazll Un (i) and Z LE[Un(%) | Fn] tend to the same limit in
probability.

We turn to the first term of (3.6.25) and show that this tends to zero in probability. Indeed, note that the
absolute value of the same is, up to the factor nylzl Qn ")/ Ziv,,l:l Qn (i), which converges in probability
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by (3.6.16), bounded by

Ny N.

On (i) N on(hd) e
N2;Z%Ll Qn (i) ;Zgile(i,j’) (En (@) ’

where the first factor vanishes in probability by Lemma 3.6.1 and Lemma 3.5.4, and the convergence of the
second factor was established above. This establishes (AN2).
To check Assumption (ANG6), consider the bound

Qi) Qn (i) oL On() 1
~max =N & < ”wHooNl _max Ny . Ny . ® oy 1
i€[1,N1] Zi’:l QN(Z ) i€[1,N1] Ei’:l QN(’L ) Ziuzl QN(Z ) nQ X

QN(i/) 1

Qn(i")  nQly

max
i/ €[[1,N1]

n 1
nQly )
(3.6.27)
where the second factor on the right hand side is tight as the ancestor archipelago is assumed to satisfy
(ANG). Moreover, as the third factor tends to 1/7Q1y in probability by (3.6.16) we conclude that (ANG6)
holds true also for the output. The assumptions (AN3—5) are checked using similar techniques, and we refer
the reader to subsection 4.1.3 for all details.

Ny

3.6.10 Proof of Corollary 3.4.5

For / € N, combining the identity

MeQe -+ Qn-11lx = neQelx X ney1Qu41 - Qn-11x
with the bound 7,Q,_11x > c¢_ (the latter implied by (M) (iii)) yields

NeRe{wi Qi1+ Qu_1(h — nnh)*} < ¢ e ‘ Qeir - Quor(h—mah) |12
(1eQe - Qrn-11x)? T N M1 Qe Qualx o
However, since, by Vergé et al. [2014],
Qes1- - Qu1(h —mnh) pn !
h 6.2
’ Ne41Qey1 - Qnoalx ||~ 1-—0p osc(h) (3.6.28)
it holds that ) ) Snt1)
DY J— n—£—
NeRe{w; Qi1 -+ - Qn—1(h —nyh)?} <w, p osc(h) .

(MeQe - - Qn-11x)? (1—p)2c_
Finally, the proof is concluded by summing up the terms. Additional details may be found in section 4.2.

3.6.11 Proof of Corollary 3.4.8

Since the ¢th terms of the asymptotic variances (3.4.4) and (3.4.5) differ only by the multiplicative constant
n — £, the proof follows straightforwardly by direct inspection of the proof of the analogous result for the
standard bootstrap particle filter given in [Douc et al., 2014a, Theorem 11] (which in turn is an adaptation of
the proof of Theorem 10 in the same paper, providing the analogous result for the particle predictor). More
specifically, the result is obtained by

e embedding, using a trivial extension of Kolmogorov’s extension theorem, the stationary sequence
{Z,}pen into a stationary process {Z,},cz with doubly infinite time.

e bounding, for a given n € N, using [Douc et al., 2014a, Equations 34-35|, 02(Z.,)(h) by a quantity
of form ¢ ,_o(n — €)An_¢(h)(Z_oo0—1, Zo:n), where ¢ is a P-a.s. finite random variable and Eeach
function A,,(h) : Z*° — Ry, m € N, is of the same type as the terms of the sum in [Douc et al., 2014a,
Equation 35].
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e using the stationarity to conclude that Z?Zo(n — O A, —o(h)(Z_00:0—1, Zo.r) has the same distribution
as ZZL:O ng<h>(Z,oo:,g,1, fozo)-

e bounding, using [Douc et al., 2014a, Equation 39|, each term of the sum as Ay(h)(Z_co:—t—1,Z—1.0) <
dB¢, P-a.s., where d is a P-a.s. finite random variable and f < 1 is a constant. This shows that
02(Zon)(h) < ed Y )2, ¢B* < oo, P-a.s., which concludes the proof.
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Ce chapitre compléte essentiellement le chapitre 3. D’une part, il donne des détails et achéve les véri-

fications techniques de certains résultats du chapitre 3. D’autre part, il fournit des nouveaux résultats sur
I’analyse des modéles d’ilots de particules. En particulier, un TCL joint pour le B? est démontré.
Ce chapitre s’organise de la facon suivante. Dans la section 4.1, on compléte les preuves des théorémes
3.3.3, 3.3.6, 3.3.9 qui montrent que les transformations élémentaires des ilots (SIL, Sil, et la Mutation re-
spectivement) propagent la normalité asymptotique. En effet, seules certaines hypothéses sont vérifiées dans
le chapitre 3. Les hypothéses restantes, (AN2—6) dans le cas des sélections au niveaux des ilots et des
particules, et (AN3—5) dans le cas de la mutation sont vérifiées dans la section 4.1. Ces preuves complémen-
taires utilisent les mémes techniques que les preuves du chapitre 3, notamment les théorémes limites pour
les tableaux triangulaires de variables aléatoires obtenus dans [Douc and Moulines, 2008]. Des détails de la
preuve du Corollary 3.4.5, qui établit une borne uniforme de la variance asymptotique de ’algorithme du B
sous des hypothéses de mélange fort, se trouvent dans la section 4.2. De plus, un résultat technique utilisé
dans la preuve du Lemma 3.5.3 est démontré dans la section 4.3. Dans la section 4.4, on compare les résultats
obtenus dans chapitre 2 et ceux obtenus comme conséquence du chapitre 3 pour ’estimateur de prédiction
dans l'algorithme B?. Enfin, un CLT joint est démontré dans la section 4.6. Le lecteur intéressé pourra se
référer au chapitre 3 pour les détails concernant les notations, acronymes, etc.

Auteurs:
e Christelle Vergé (Onera, CNES, CMAP, Palaiseau)
e Eric Moulines (Telecom ParisTech, Paris)

e Jimmy Olsson (KTH Royal Institute of Technology, Stockholm, Suéde)

Statut: Chapitre basé sur 'article Supplementary to "Convergence properties of weighted particle islands
with application to the double bootstrap algorithm', soumis aux Annales de I’Institut Henri Poincaré, en
octobre 2014, [Vergé et al., 2014]

96



Introduction This supplementary material, providing details that were omitted from some proofs in chap-
ter 3, is structured as follows. In section 4.1 we complement the proofs of Theorem 3.3.3, Theorem 3.3.6, and
Theorem 3.3.9 by checking that archipelagos transformed by siL, sil,, and Mutation operations, respectively,
satisfy all properties of the definition of asymptotic normality given that these properties hold true for the
ancestor archipelago. Since a few of these properties are checked in chapter 3, the remaining properties are
(AN2-6) in the cases of selection on the island and individual levels and (AN3-5) in the case of Mutation.
Our proofs, which rely on limit theorems for triangular arrays obtained in [Douc and Moulines, 2008], will be
propelled by the same machinery as the proofs of chapter 3. In addition, section 4.2 provides some details of
the proof of Corollary 3.4.5, establishing time uniform boundedness of the asymptotic variance of estimates
produced by B? algorithm. We refer to the chapter 3 for all details concerning notation, acronyms, etc.
Finally, we prove an additional convergence result in section 4.6 which is a joint CLT.

4.1 Additional details concerning the preservation of asymptotic
normality

4.1.1 Checking the assumptions AN2-6 in the proof of Theorem 3.3.3
First, a prefatory lemma.

Lemma 4.1.1. Assume (D) and (S). Then

wn (7,
g ¥ ((i,j)eﬁlglv?ﬁ(x[u,zvzﬂ 22% - A) -0
Proof. Using the boundedness of the particle weights,
(i) 1 & h
(D) EMNIX[LNa] T wn (i, g) = |°°¢er[ﬁ%1]] Ny ;wN(i’j) ’

where the quantity on right hand side is tight as it converges in probability to |w|~/0 by (D), (S) and
Lemma 3.5.4. O

We start off with Assumption (AN2) and apply Theorem 3.5.1, this time to the array U],V (7) def UZ (i),
i € [1,N1],N € N*, where {Un(i)}Y!, is defined by (3.6.3), and the filtration {Fx}yen- is defined by
(3.6.1). To prove that Zf\]:ll Uy (@) converges in probability, we first note that the sum 25\21 E[Ux (i) | Fn]
converges in probability to v?(h) by (3.6.5). Moreover, the two conditions (A1) and (A2) in Theorem 3.5.1
are straightforwardly satisfied for the array under consideration, the latter condition by Lemma 3.5.3 as
max;c[i v, |Uy(i)| < V&, where Vy is defined in (3.6.7) and V2 vanishes in probability by Lemma 3.2.3.
Consequently, (AN2) is satisfied with 7% = /2.

In the case of multinomial island selection, (AN3) coincides with the consistency property, which is
implied by (AN1); thus, fi; = 7.

To check (AN4) we apply Theorem 3.5.1 to the array

det N2 ok < wn (In (i), 5)
2

M j=1 j\/h:l wWN (IN(Z')a J,)

Un (i)

) h(En(In(i),5)) (i€ [1,N1], N € N7).

associated with the same filtration as previously. Since the ancestor archipelago satisfies (AN5),

S ) A ewlid) Y r
ZE [Un (i) | Fn] = No Z N Z (ZNQ - )) h(én(i, 7)) — psh, (4.1.1)

=1 QN(l/) j/:]_ wN(i,j/

j=1
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and we show that Z Un (i) tends to the same limit by using Theorem 3.5.1.
First, Uy (i) < No? ||h|| /N1 < oo for all i € [1,N1] and N € N*; moreover, be reusing (4.1.1) for |h| we
check (A1). To check the Lindeberg condition (A2), we bound, using {Iy (i )}N11 C 1, M],

max _|Un(3)| < max 2%
i€[1,N1] (4,5)€[1,N1]x[1,N2] Zj/2:1 WN(i,j')

No ..
LIS Gy,

X  max
ieﬂlaNll] Nl =1 Z o 1WN(Z J )

where the first factor on the right hand side is tight by Lemma 4.1.1 and the second term is bounded by
||l o, /N1, which tends to zero when N tends to infinity. Thus, Lemma 3.5.4 can be applied for checking
(A2), which establishes that jio = ps.

Finally, in the case of selection on the island level, (AN5) coincides with (AN4) and (ANG6) is trivially
satisfied.

4.1.2 Checking the assumptions AN2-6 in the proof of Theorem 3.3.6
To check (AN2) and prove that the series Zi\lel Un (i), where

2

NS on(?) ;{h(ﬁN(i,Jw(m)))—nh} (i €1, ], N € N*) ,

converges in probability as N — oo, let {Fn}nen be defined as in (3.6.1) and consider the sum

Un (i) = fn ()

Ny

ZEUN ENEDISELL S vl e ) - ay?
i=1 1/1 ()] 12 2 wn (i) ’

Ny

. No ..
+<N2—1>ZW>() Z%{ (ex(ii) —nh} | . (412)

N2

where we used, as previously, that for each ¢ € [1, Nl]] the variables {h(&y (4, JN(i 4)))};2, are independent

and identically distributed with common mean Z 2w (4, 7)h(En (4, j))/z 22, wn (4, 7"), conditionally on
Fn. The first term of the right hand side of (4.1. 2) tends in probability to n{(h — nh)?} by consistency,
while the second term tends in probability to Vz(h) by (AN2). Since this establishes the condition (Al)
in Theorem 3.5.1, the series Zf\sl Un (i) and Z LE[Un (i) | Fn] have the same limit n{(h — nh)?} + v2(h)
in probability as soon as the condition (A2) in the same theorem can be checked for the array in question.
However, write

max |Un(i)| < Vy + XyYg (N €N,

’LE[[l Nl]]
where, for N € N*,
N 2
O (4) S wn (i) -
VN = 2N max 7. - max —,,h(gN(%J)) )
i€[1,N1] Z Qn (i) \ i€lLM] ; Zj\/fz:l wn (2,7

0
Xy =2 max Nl#,
i€lt,M] Zi’lzl Qn (i)

2
Yy = Sn (i j
v \z v )
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and the dys are defined in Equation 3.6.8; then, since Viy tends to zero in probability (by (ANG6) and
Lemma 3.2.3), Xy is tight, and Yy has an exponential tail (by (3.6.9)), Lemma 3.5.3 applies, establishing
that the array satisfies Assumption (A2). Consequently, we obtain that 7%(h) = n{(h — nh)?} + v?(h).

To verify (AN3) we retain to the previous machinery and study the array

def N1 Qn (4) i %2:

Un(i) = <N> h(&n (i, In (i, 7)) (i € [1,N1], N € N¥)
Ne > i N () =1

associated with the filtration {Fx}nyen+ defined in (3.6.1). To establish the convergence of EfV:ll Un (i) we

reapply Theorem 3.5.1 and consider

2N2

Z]E Un(i) | Fy] = MZ( S 1QN( )) ;z%h(ﬁN(i,j))Lulh, (4.1.3)

where convergence follows since the ancestor archipelago satisfies (AN3). By reusing (4.1.3) for |h| we check
that the condition (A1) in Theorem 3.5.1 is satisfied. Moreover, since

. 2
max U ()] < [l (Wﬁ“”) ,

i€lt,M] Dty v (W)

where the right hand side vanishes in probability by (ANG6), Lemma 3.5.3 implies that the array satisfies
(A2) as well. Thus, (AN3) holds true with i1 = p;.

In addition, since Assumption (AN4) coincides with (AN3) in the case of uniform particle weights, we
obtain immediately that fio = 1. Moreover, (AN5) coincides precisely with (C1),
which is satisfied as the output satisfies the stronger condition (AN1), and we obtain fig = 7. Finally, (ANG6)
holds trivially true.

4.1.3 Checking the assumptions AN3-5 in the proof of Theorem 3.3.9

In order to check (AN3), pick h € F(X) and decompose the quantity of interest according to

2N2
)Z ond) i, )

j=1 Z]’ 1WN(Z J)

le (
N 2 2 . No
- N ( Ly Z ( x) ) (gﬁﬁ - ) > MBI ey )

z’ 1~ Z/ z’ IQN( ) = 1CUN(’L])

SM ) | ( (i) ) 2 an(d) s
NinQly | ==t — — N p(En(i, ). (414

In order to handle the second term of this decomposition, we apply Theorem 3.5.1 to the array

Qn (3) 2N
Un = N | S ol h(én(i.g) (i€ [LM]N eN
" <fo“19w<@">> 2N iy @) (LMY EN)

furnished with the filtration {Fn}nen+ given by (3.6.1). First, we observe that

2N2

E : w (4 j) hEn (i) 5 1 Qh |
Z VO = Z( = 1QN(1/)> ;Zj‘\'];WN(ivj/)Q (Ev () = @
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as the ancestor archipelago satisfies Assumption (AN3). Thus, the condition (A1) in Theorem 3.5.1 holds
true. In addition, as

2
max |Un(8)| < wl 17 (W e ZQN()()>

ZElIl, 1]]

also (A2) is verified by Lemma 3.5.3 (applied with Xy = Yy = 0) and the fact that the input archipelago
satisfies (ANG6). Consequently, the also series Zivll Un (i) tends in probability to the limit u;Qh, which,
by (3.6.16), implies that the second term of (4.1.4) tends to 1 Qh/nQlg. To treat the first term of (4.1.4),
note that this is, up to the factor ZZ, 1 Qn ()] Zw 1 Qn(2"), which converges in probability by (3.6.16),
bounded by

) o IS () ) SE e e
11’6[[1?1}\51]} Qn(7) el ;(zi\/’ilﬂ]\[( )) ]ZIZ 1WN(Z ])|h| §N< 2 3))

which tends to zero in probability by the previous computation and Lemma 3.6.1. This completes the proof
of (AN3).
In order to prove (AN4), introduce the array

Qn (i) 2N, on (i, ) 2
Un(i) 9 N [ — 20 W)hz N
N() (nyl—1QN(Z')> ;( ;‘\/[2:1UJN(Z',j’) (§N( J)) ( 6[[ ]] c )

and equip the same with usual filtration {Fn}nyen<. With this notation, the quantity of interest in (AN4)
Q
Zz 1 N Z U
Zz’ 1 QN
where the first factor tends to 1/(nQ1y)? by L(\nnna 3.6.1. Thus, it is enough to show that the second factor

tends to s R(w?h) in probability, and for this purpose we use Theorem 3.5.1. As the ancestor archipelago
satisfies (AN4), the quantity

ZE Ux() | Fa] = Ni(Wfi(W)QR(w%)(w M
AL Qv (@) >y wn (i, ) ’

j=1

can be written as

tends in probability to the desired limit pyR(w?h). This implies the condition (A1) in Theorem 3.5.1. In
addition, (A2) is checked using Lemma 3.5.3; indeed,

2

Qn (1) No
max U < |w w h max —————— max ——————
max (U (0)] < folos [l bl <¢ R (,)> 0 e

where the the right hand side is adapted to {Fx}nen+ and vanishes in probability by Lemma 3.5.4, as the
ancestor archipelago satisfies (AN6) and (D). This shows (AN4).
Finally, in order to prove (AN5) we decompose the quantity of interest according to

N2 T 2
N2Z Z(W) h(én (i, 5)) =

ir= 1QN(2)J 1 j=1 wn (4, ')

Y oon@) \ &N anl) w1 V& ani)  \ .-
N2 < N, ! ~ . )Z ZNl . (QN(Z) - 77Q1>‘<> Z( ;\72 . > h(gN(Za]))

2= N (") ) i vl O (i) j=1 2y wn (i, 5')

IR MO ( x i) ) )
N G h(én(i, 7)) . (4.1
MR (Zﬁfilﬂzv(i”);Zz/ L Qi )Z T gy ) NI )
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To deal with the second term we reapply Theorem 3.5.1, this time to the array

Un (i) = Nyl i(z 2ltd) )h(éw,j)) (i€ [LV]LN eNY).

Zi/1:1 Qn ('Ll) j=1 j/2:1 WN (7’5 ]/)

As usual, we study first the series

ZE Uni) | F) = NZZ Z(W) Rw*h)(En (i, )

z’ 1QN( i') Zj/z:l wn (i, 5')

N usR(w?h) ,

where the limit is a consequence of the fact that the ancestor archipelago satisfies (ANS5).
This establishes (A1) in Theorem 3.5.1. To check also (A2), consider the upper bound

QN N.
max Uy (8)] < wloo 0], 4] i( Ja SR\
i€[1,N1] |I1 N 1 Z ( ) l€|Il Nl]] Z 1UJN('L ])

)

which is {Fn}nven--adapted and tends to zero in probability by Lemma 3.5.4, as the ancestor archipelago
satisfies (C2) and (D). Now, Theorem 3.5.1 guarantees that Zf\gl Un (i) and Zi\r:ll E [Un (%) | Fn] have the
same limit puzR(w?h) in probability. Moreover, note that the second term of (4.1.5) is, up to the factor
S QN (i) N, Qn (i), bounded by

Ov()) 1 | QN(’) N onGi) N -
N2i6%?§1ﬂ Qn(i) nQlx ; iy O (@ );<Z§YZM(N)> R ’

which tends to zero in probability by (3.6.20) and Lemma 3.5.4. Thus, also (AN5) holds true.

4.2 Some additional details for the proof of Corollary 3.4.5

In subsection 3.4.3 we establish that the asymptotic variances, given in Corollary 3.4.3, of Monte Carlo
estimates produced by the B2 algorithm are uniformly bounded in the iteration index n. In the following we
check (3.6.28) in the proof of Corollary 3.4.5. Write, for all (¢,n) € N? such that £ <n and z € X,

Qe Qn-1(h —nyh) ()

NeQe -+ Qn-11x
_ Qe Quaah(z) Q- Qnoalx(x)
Qe Quoalx MeQr - Quo1lx
Qe Quy () [ Qe Qunth(z) Qe Qu_1h

Qe Qulx [Qr- Quo1lx(z) Qe Quorlx] (4.2.1)

Note that since Q... Qn—1h(x) = 6,Q¢ ... Qn_1h (where ¢, denotes the Dirac mass located at =) we may,
under (M), apply [Douc et al., 2014b, Proposition 10.20], yielding the uniform bound

0:Qe - Qnh NeQr - Qnh

6wQ€ t Qnﬂx nZQé t QnIlX
Combining (4.2.1) and (4.2.2) with the uniform bound

QZQ”fl]lx(x) <Ji:i (.’Eex)a

MQe - Qn_1lx —o- 1-p
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where p=1—0_/04, we obtain

’Ql"'Qn—l(h_nnh)H oy
Qe+ Qnalx ||~ 1—p

n—~{

osc(h) ,
showing (3.6.28).

4.3 Technical result in the proof of Lemma 3.5.3

We recall here two properties of the expectation that are used in the proof of Lemma 3.5.3.

Lemma 4.3.1. Let X be a random variable. Then,

—+o0
0

—+o0 +oo —+oo
/ P(X > t) dt = / / x(dz) dt = / Px (dz) dt
0 0 t 0<t<e<+0

P
/+Oo (/ow dt) Px(dz) = /0+OO z Px(dz) = E[X1x>0] .

Proof.

0
O
Proposition 4.3.2. Let X be a random variable and € > 0. Then,
400
E[X]lng]:/ P(X>t) dt+E]P)(XZE)
€
Proof. E[X1xs.] =E[(X —e)lx_.s0] + P(X >¢). Write U & X —¢,
E [(X - 8)]].)(_520] =E [U]IUZO]
—+oo
= / P(U > t)dt using Lemma 4.3.1
0
+oo
= / P(X >t+e)dt
0
+o00
:/ P(X > y)dy
€
O

4.4 Analysis of the double bootstrap (B?) predictor

In this section, we apply the results proved in chapter 3 to derive the asymptotic variances of the B2 predictor
algorithm and compare them with the expressions found in chapter 2. As a consequence, we deduce the
asymptotic variance for the standard bootstrap predictor. This section specifies Remark 4 in chapter 3.

Let M, be a collection of normalized transition kernels M, : X x X — [0,1] and g,, be a collection of
nonnegative potential functions g, : X — R . The B predictor algorithm approximates the sequence of
distributions {9, }nen, defined by recursion as n,11h = 19y (gnMnt1h)/Nngn . The B? predictor algorithm
proceeds as follows. Start with an un-weighted archipelago {(1, {( ](\(,)) (i,7), 1)}?:21)}1?\21, where fj(\?)(i,j) are
ii.d. according to no. Then, each iteration n € N of the B? algorithm can be decomposed into 4 steps:
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e The weighting of the archipelago: suppose that the archipelago {(1, {(51(\7) (4,7),1) ?El)}Nll approxi-

mates 7,, then, the weighting of this archipelago consists in the mutation step introduced in Algorithm
9 with

Hence, the weight wg\?) (i,5) = gn(fjf,l (i,7)) is affected to each particle 55\7) (,7), and the island weights

are defined by QS\?)( ) = Ny Zj 1 9n( (”)(z j))- At the end of this step, as a consequence of Theo-
rem 3.3.7 and Theorem 3.3.9, the archipelago {(Qg\?) (), {( (n)( J),w (") (4,4))} is consistent for 7,, and

asymptotlcally normal for

( Ons n){,ul 7:“15 )MU{(’, )})a Where

ﬁnh =Tn (gnh)/nngn

oah =07 {gn(h —inh)}/ (Nngn)?
I?,%h = V%{gn(h - ﬁnh)}/(nngn)2

ﬂgn)h = Mln){th}/ann

SV = 1§ {920}/ (ngn)?

iV = p$ G20} (11ngn)?

The new estimator ZZ 1 Z] 2 (gnh )(fN (1, ]))/Z i1 gn(§§\7> (i,4)) approximates 7, h.

The island selection : this is exactly the same step described in Algorithm 7. As a consequence of
Thoorom 3.3[1 and Theorem 3.3.3, the output archipelago

{(1 {( () (In(7),7),w (") (In(7), ))};V"‘l)}fvll is consistent for 7j,, and asymptotically normal for (52 +
Uy Ups ATl 1 n),ﬂ3n)}) The output estimator

SN SN (g h) (€Y (In(0), 1) /N1 021 g (€4 (In (i), 7)) approximates 7, h.

The individual selection: this is exactly the same step described in Algorithm 8. As a consequence of
Theorem 3.3.4 and Theorem 3.3.6, the output archipelago

{(1,{( 1(\7,1) (IN(i),JN(i,j)), 1)} DN is consistent for 7, and asymptotically normal for (52 + 72 +
i {(h nh)?}, U2 + 0 {(h = 71,h)?}, {fn, T, T })- The output estimator

Z DO <">( (@), In(i, §)))/ N1 Nz approximates 7, .

The mutation: this step is an application of Algorithm 9 with

w(z,y) =1
R= MnJrl
Q — Mn+1

As a consequence of Theorem 3.3.7 and Theorem 3.3.9, the output archipelago
{(L,{(&y (n+1) (i,7), )} )}V s consistent for 7,1 and asymptotically normal for
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(072L+17 V72L+1’ {7771+17 Nn+1, 77n+1})7 where

Nnt1h = T (Myi1h) = w .

02 {gnMpi1(h = np1h)} V2 gnMus1(h — nny1h)}
2 + 2
(nngn) (ann)

V?L{gnMn-H (h — 77n+1h)}
(Mngn)?

‘7721+1h: +77n+1{(h_77n+1h)2)}

+ Nt 1{(h — Nng1h)?}

2 —
Vn+1h -

Define Q,, : X x X — R a possibly un-normalised transition kernel, as in (2.3.1) or (3.4.7), i.e. Qn(z,dy) =
Gn—1(x) M, (z,dy) . Also recall the definition (2.3.6) of the finite kernel P, ,, from X x X to R,

_ Qp+1@p+2 .o Qn
77pr+1Qp+2 L Qnlx

(p<n), (4.4.1)

p,n

e 2
Then, one may write v;;,; as

dni1(h = nuiah
1/,21+1hzu2{Q +1(h = nniah)

n = + g1 {(h — 77n+1h)2} .
ann+1]1X }

By iteration, one may show that

- - - 2
- Qp1Q +2"~Qn(h_nnh) - 2
2h = P pTe _ = P, n(h —nnh , 4.4.2
o pgonp ( NpQp+1Qpy2 - Qnlx ) pz_%np{( " ( inf)) } ( )

with the convention P, , = id for all p € N. From the variance increment for the B* predictor

Ont1 (B — g h
oniih=o; O (= i )}+V?%+1hv

" { ann-i-lILX

one may deduce the explicit expression for the asymptotic variance

O’?Lh = Z V;?; {Pp,n(h - nnh)}

p=0
S 0 { (PP )}
p=0 £=0
= i i Ne {(PZ,n(h - nnh))z}
(=0 p=t

= Z(n —l+1)ne {(Pe,n(h - nnh))2}
£=0
= Va(h) + Vi (R)

where V,,(h) and V,,(h) are defined in chapter 2 by

n

Valh) = 3 { Ponlh =)} and Tu) = (0= )y { (Bl — )}
p=0

p=0
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Remark 1. The standard bootstrap predictor algorithm can be viewed as a particular case of the B? predictor
algorithm for N; = 1. In this case, there is necessarily no island selection. So, the variance increment for the
standard bootstrap predictor becomes

~n h — Ilin h
02, h=0o> Q +1(~ Mn+1h)
n7an+11X

} + D1 {(h — 77n+1)2} . (4.4.3)

It follows immediately that the explicit variance of the standard bootstrap predictor algorithm is V,,(h), as
shown in chapter 2.

In the light of the previous remark, the variance of the B? predictor algorithm is the sum of the variance of
the standard bootstrap predictor algorithm (V;,(h)) and an additional variance due to the island interaction

(Va(h))-

4.5 Some additional convergence result for the B° filter algorithm

4.5.1 Joint central limit theorem for the B” filter algorithm

The following theorem extends property (ANT1), giving a joint CLT. Denote by ¢ the filter estimator
produced by the B? algorithm (cf Algorithm 4), where for all p > 0,

Nl . N2
Q(P)( ) (P)(

Al = 3 o 2 5 wfpf() Sl 6. (451)
=1 i’=1 Jj=1 / =1"N )]

N1 No ®) 7@\ -
det 1 wy (I’ (3), 4) @) 7(P) 5\
¢§V+1(h3p+1) = N - h3p+1( N (IN (Z)aj»a (452)
' Mz Zz BAGAOND
def 1 i, X
O 1o (hapra) = NN, Zzh3p+2 VP @), JP6.49)) (4.5.3)
=1 j=1

and by h,, the centered functions, where for all p € N,

- def
hSp = h3p nphl%p,

def
hapt1 = hapt1 — Nphspt

def
haps2 = hapro = nphspsn -
We establish the joint convergence in distribution of the vector (V N¢N (hy))o<r<n for all n € N.

Theorem 4.5.1. For the 5° filter, for all n € N and all functions (ho, ..., h,) € Fp(X)"H1,

(\/mkN(Ek)) P N, Tp(ho, .. k) s

0<k<n N-—+o0

where the asymptotic covariance matriz T, is recursively given by Fo(ho,ho) = O'Oh() = no(ho) and for all
p =0,
Psp42(Qpha(pr1), ho)
NpQpLx
Tapi2(ho, ..., hapy2) B B
Lsiny(ho, - haen) = Uapr2(Qapr2hap1), hapt2) '
_ pQ@plx . _
* F3P+2(Qph3<p+l>» QPhS(pH)) + <3(p+1>(h3(p+1))
(npQp1x)?
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where
— 72 P
Sipr) (ha1) = Mp{ Rp(wihspin)) — (Qphspen)?} (4.5.4)

Lap i1 (hsps2, ho)

Tspia(ho,... hapya) = | Tspr1(hos.. hapia) : ;

Lapi1(hapro, hapi1)

* ‘ F3P+1(E3P+27E3P+2) + g§p+2(ﬁ3p+2)
where
2 - —2
Spt2(hapr2) = mpihspiat (4.5.5)
Tsp(hap+t1, ho)
F3p+1(ho,...,h3p+1) = F3P(h07""h3p) B : . ,
_ Dsp(hapta,hap)
* ‘ F3P(h3p+17 h3p+1) + §§p+1(h3p+1)
where
2 T 2
Spt1 (hapt1) = v (hsps1) - (4.5.6)

In the previous formulas, for all (m, £) € N2, T, (hy, he) denotes the asymptotic covariance between /N X (h.y,)
and \/Nqbév(ﬁg) and * is the transpose of the top right vector, as a covariance matriz is symmetric.

Proof. We make a recursive proof. Define the filtration (Gi')x>0, where for all p € N,

def : .
a3y < o (1QF ()A€ 6.9, G )
G Gy v (P OHY)
def
e Gl Vo (LRGN
By definition, for all k € N, ¢& is G-measurable. Let n be a non negative integer.
o If n+1=0[3], there exists some p € N such that n+ 1 = 3(p+ 1). Write

VNS SN Wl (6 ) Ry (€5 (6, 7)) /NLN:
Z?Ql §V21W1(\Z/)+1 (4,7) /N1 N2 ’

VNG, 1) (i) =

where the denominator converges in probability to 7,Q,1x. Write the numerator

N1 Ny
2 Un(G) =D _{UNG) —E[UnG) | Gipsal} + VNGZ, 12(Qphapin)

where

. d ..
Un(i) = Zw(pﬂ) (i, Dy (€FTV (0,9)) -

VN1N2

One may apply Corollary 4.6.2 in order to prove that

<(\/N¢£V(hk))o§k§3p+z> D

—— N(O,T oy h :
SN Un (i) vores V(0 sy (ho 3(p+1)))
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where
Tapi2(Qphaps1); ho)

f‘g(p+1)(h0, ey hg(p+1)) = F3P+2 (hO, ceey h3p+2) B . B ,
Dapi2(Qphapt1), hapr2)

* | Tapr2(Qphspr) Quhams) + S5 r1) (Bas1))

and gg(p+1)(ﬁg(p+1)) is defined in (4.6.4). First, (B1) and (B2) are respectively checked using the
same lines as (3.6.23) and (3.6.24). Then, in order to check (B4), take a = (ao,...,a3p+1))" €
R3P*+4 and notice that Z3p+2 k\zﬁ¢,iv(hk) + Qg(p+1)\/ﬁ¢é\;)+2(Qph3(p+1)) = 221:61 arVNo (hi) +
\ﬁ¢3p+2 (a3p+2h3p+2 +a3(p+1)Qph3(p+1)) converges in distribution using the Cramer’-Wold device and
the recursive hypothesis. Hence, we have

((\/N¢;cv(hk))0§k§3p+2) D

< — P L, NO,T ho,....h , 45.7
\/Nd)é\;-s—Q(QphS(p-&-l)) N—+oo (0, Ta(pr1) (o 3+1)) ( )

where the covariance matrix is

Lap42(Qphs(pr1)s ho)

f3(p+1)(h0, ceey h’3(p+1)) = F3P+2(h’07 Tt h’3p+2) .
sp12(Qphap1), hap+2)

* ‘ F3p+2(Qph3(p+1) Qph3(p+1))

Finally, one may apply the generalization of Slutsky’s Lemma 4.6.3 to conclude the case n+1 = 0][3].
e If n+ 1= 23], there exists some p > 0 such that n + 1 = 3p + 2. Write

VNG, 2 (hapi2) Z{UN Un(i) | Gopia]} + VNGB, 1 (hspya)

where

Un (i) Zh3p+2 VAP, TP 6, 9))) -

(B1) and (B2) are respectively checked using the same lines as (3.6.11) and (3.6.12). Assumption (B4)
holds as an immediate consequence of the recursive hypothesis

T3pi1(hapr2, ho)

((\/N(bl[ev (hk?))0<k?<3p+1> D N O, F3p+1(h0, ceey h3p+1)

\/ﬁ¢é\;+1 (hsp+2) N=oo Lspt1 @3”27 ESPJrl)

* ‘ Tspt1(hspr2, h3pt2)

Hence, we apply Corollary 4.6.2 to conclude the case n +1 = 23].
e If n+ 1 =1[3], there exists some p > 0 such that n + 1 = 3p+ 1. Write

VN¢3, 1 (hapia) Z{UN Un(i) | G5p]} + VN3, (hapi1)
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where N

ar VN S5« (I (0).J)

= < -
N par i) wg\lfj)(lz(\lfj)(z)a]/)

(B1) and (B2) are respectively checked using the same lines as (3.6.5), (3.6.6), and (3.6.7). Assumption

(B4) holds as an immediate consequence of the recursive hypothesis

Un (1)

Raps1 (€9 (I (0), 1)) -

L, (hapy1, ho)

N
<(\/N¢k: ](th))OSkSC"‘;D) D N 07 ng(hm ey h3p) o B (458)
\/N¢3p(h3p+1) N—+o0 sy (hapt1s hsp)
* | Tsp(hapi1, hapt)
Hence, we apply Corollary 4.6.2 to conclude the case n + 1 = 1[3].
O

4.5.2 Technical lemmas

First,

we prove a corollary of Theorem 3.5.2 that is used in the proof of the joint ¢ T Theorem 4.6.1.

Corollary 4.5.2. Let (Q, A, {Fn}nen,P) be a filtered probability space. In addition, for a given sequence
{My}new of integers such that My — 0o as N — oo, let {Un(i)}MN, N € N, be a triangular array of random
variables on (Q, A, P) such that for all N € N, the variables {Un (i)})Y are conditionally independent given
Fn with E[UN(7)? | Fy] < 00, P-a.s., for all i € [1, My]. Let {Vn(i)}MY be a triangular array of random
variables on (Q, A,P) such that Viy(i) is Fy-measurable, for all i € [1, My]. Moreover, assume that

(B1)

(B2)

For some constant ¢ > 0, as N — oo,

My

Y (BIUNG) | Fal - B [Ux(0) | F]) 5 <2

For alle >0, as N — oo,

My
ZE [Un(i)*1{|Un(i)| > €} | Fn] = 0.

(B3) ( ZQ/I:NI Vn (k) > L)N(O,F)

Then,

Proof.

which

SN E[Un(K) | Fn] | Notoo
Spy Vi (k) D 0 0
— — N (0,T .
( SIS Uy (k) ) Noree o @
One may use the Cramer’-Wold device. For all (a,b) € R?,
E {ei{asz;{ Vi () +b S0 Uw(k)}}
-E [ei{aziﬁg Vi (B)+b o E[UN (B)| P ]} [eib{szzf\{{UN(k)f]E[UN(k)U-‘N}}} | ]_-NH
converges using Theorem 3.5.2 and Lemma 3.5.5. O

Then, recall a generalization of Slutsky’s lemma for random vectors.
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Lemma 4.5.3. Let XV = (X{V,..., X7 be a sequence of random vectors which converges in distribution
to a random vector X, and DV be a n-by-n random diagonal matriz which converges in probability to a
deterministic n-by-n diagonal matriz D € D, (R). Then, DV XN converges in distribution to DX .

Proof. The proof is based on the Cramer’-Wold device. For all a = (ai,...,a,)T € R, a?’ DVNXN =
D

S ar DN XN ﬁ Sr_i axDp Xy = a” DX , using Slutsky’s lemma and the Cramer’~Wold theorem
— 400
applied to X7, O

4.6 Some additional convergence result for the B” filter algorithm

4.6.1 Joint central limit theorem for the B’ filter algorithm

The following theorem extends property (ANT1), giving a joint CLT. Denote by ¢ the filter estimator
produced by the B? algorithm (cf Algorithm 4), where for all p > 0,

N1 (), N2 (P);
def Qy’ (4) wy (4,7) ®) .
S (hap) =3 —3 ——hap (€3 (i, 5)) (4.6.1)
Y el D) QI (1) Rt DI A L)
N1 Nj @7 5
def 1 wy (In7(1),7) ®) 7)1 -
Bhpar (hapy1) = = D> — N - hgp1 (€ (I (i), 5)) (4.6.2)
N j=1 Z;Yzzl wj(\];) (I](\;/?)(Z)a]/)
N; Ns
def 1 . .
Ohpralhspsa) © 5 DD hapsa €0 V() TN G))) (46.3)
i=1 j=1

and by h,, the centered functions, where for all p € N,

7 def
h3p = h3p - nphSP ’

- def
hapt1 = hapi1 — phapyt
- def
hapya = hspira — Nphspio -
We establish the joint convergence in distribution of the vector (VN¢ (hi))o<k<n for all n € N.

Theorem 4.6.1. For the B° filter, for all n € N and all functions (ho, ..., h,) € Fp(X)"H1,

(VNOY () — L N(0,Tn(ho, ... Fn))

0<k<n N-—rfoo

where the asymptotic covariance matriz T, is recursively given by To(ho, ho) def odhy = no(ﬁi) and for all
p=0,
F3P+2(QPE3(1)+1)7EU)
NpQplx
F3P+2 (hO, L) h3p+2) 7 7
Par1)(ho, - -5 hapn) = Usp2(Qapt2ha(pr), hapt2) ’
_ NpQplx > _
. Lap12(Qphap+1), @ehsp+1)) + Sspa1) (h3+1)
(np@p1x)?
where )
C??(p+1)(h3(p+1)) = Up{Rp(wfohB(pH)) - (Qph3(p+1))2} ) (4.6.4)

109



Lapi1(hap+a, ho)

Tapia(ho,... hapya) = | Topri(ho, hapsa) : ;

Tapi1(hapio, hapi1)

* ‘ Tapi1(hapt2, hapyo) + sipra(hapio)

where ,

§§p+2(h3p+2) = np{hapyat (4.6.5)

Tap(hapt1, ho)
Lspt1(ho, ..., haps1) = Lsp(ho, - - -, hap) o ,
_ FSE(h3p+1’ h3p) _
* | Tap(hap+1, hap1) + Gpi1 (hapr1)

where

Gpi1(hapr1) = vy (hapta) - (4.6.6)

In the previous formulas, for all (m, ) € N2, T, (hm, he) denotes the asymptotic covariance between /' NN (h,,)
and \/N¢év(ﬁg) and * is the transpose of the top right vector, as a covariance matrixz is symmetric.

Proof. We make a recursive proof. Define the filtration (Gi')x>0, where for all p € N,

g3 o ({0 O AEP (0,9, NP2 )
Ghy = gy v o (1Y H)
Gy Gl Vo (LRGN -
By definition, for all k € N, ¢& is GI¥-measurable. Let n be a non negative integer.

o If n+1=0[3], there exists some p € N such that n+ 1 = 3(p+ 1). Write

VN S SR W@ (6 )R (€8 (0,5)) /N1 N
SN SN w8V (6, 4) /NN

where the denominator converges in probability to 7,Q,1x. Write the numerator

m(i)é\{pﬂ) (ha(pr1)) =

)

N1 N
Z Un(i) = Z{UN(i) —E[Un(i) | G5 0]} + VNGS5 (Qphapsn)) -

where

1el (+1) (p+1)
Un(i) < NlNQpr (i, sy Ex 7 (0,7)) -

One may apply Corollary 4.6.2 in order to prove that

(mw <hk))ogkg3p+2> D

0,T ho,...,h
2’5\21 UN(Z) N> too N( ’ 3(p+1)( 0 ’ 3(p+1)))7

where
L3pi2(Qphspt1s ho)

Dapir)(hos .-, haeny) = | Davrz(ho,. o hapy2) o B ,
Pspto (QPh3(P+1)7 h3p+2)

* | Tap2(Quhai1), @ohamin) + Siprn) (a1
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and §32(p+1)(ﬁ3(p+1)) is defined in (4.6.4). First, (B1) and (B2) are respectively checked using the
same lines as (3.6.23) and (3.6.24). Then, in order to check (B4), take a = (ao,...,a3p11))” €
R3P+4 . and notice that Z3p+2 ar VNG (hy) + azpi1 \/>¢3p+2(Qph3(p+1)) p_+1 ay \/>¢k (hi) +
VN ¢3p+2(a3p+2h3p+2 +a3(p+1)Qph3(p+1 ) converges in distribution using the Cramer’-Wold device and
the recursive hypothesis. Hence, we have

(VNoR (hi))o<k<spta D
(VReh iomazs) s MO T sty (167)
where the covariance matrix is
Lap42(Qphs(pr1): ho)
fS(p+1)(h0, RN h3(p+1)) = F3I)+2(h'07 sy h3p+2)
F3P+2(Qph3(p+1)7 hzp2)
* ‘ L3p12(Qphs(pi1), @pha(pi1))

Finally, one may apply the generalization of Slutsky’s Lemma 4.6.3 to conclude the case n+1 = 0]3].

If n + 1 = 2[3], there exists some p > 0 such that n 4+ 1 = 3p + 2. Write

N

VNG, a(hapr) = Y _{Un(i) —E [Un(i) | Gopra]} + VNGS, 41 (Raps2)

i=1

where

UN(i)d ﬁzh3p+2 (p) I(P)() J(P)( M) .

(B1) and (B2) are respectively checked using the same lines as (3.6.11) and (3.6.12). Assumption (B4)
holds as an immediate consequence of the recursive hypothesis

L3pi1(hapt2, ho)

((m¢g(hk))0<k<3p+1> D |0, | Tapralhos .. hspin)

VNGE, 1 (hap2) N=foo Tspi1(hapr2, hapt1)

* ‘ Lspi1(hspi2, hapi2)

Hence, we apply Corollary 4.6.2 to conclude the case n + 1 = 2[3].

If n 4+ 1 = 1[3], there exists some p > 0 such that n+ 1 = 3p + 1. Write

VN¢3, 1 (hapia) Z{UN Un(i) | G5p]} + VNG5, (hapi1)
where
.\ def \/7 (p)(I(p)(Z)7]) 7 p p)(; :
Un (i) < Tj S %I)V(I]@ W,)h3p+1<§§v><m’<z>,J>).
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(B1) and (B2) are respectively checked using the same lines as (3.6.5), (3.6.6), and (3.6.7). Assumption
(B4) holds as an immediate consequence of the recursive hypothesis
Lap(hap+1, ho)

Ao, | Tsplhos. - hap) : . (468)
N—+oo U3y (hapy1, hsp)

* | Tap(haps1, haps1)

(VN (hi))o<k<sp D
( \/ﬁljb?{\; (E3p+1) )

Hence, we apply Corollary 4.6.2 to conclude the case n +1 = 1[3].

4.6.2 Technical lemmas
First, we prove a corollary of Theorem 3.5.2 that is used in the proof of the joint CLT Theorem 4.6.1.

Corollary 4.6.2. Let (Q, A, {Fn}nen,P) be a filtered probability space. In addition, for a given sequence
{My}nen of integers such that My — 0o as N — oo, let {Un(i)}MN, N € N, be a triangular array of random
variables on (Q, A, P) such that for all N € N, the variables {Un (i)})Y are conditionally independent given
Fn with E[Un(i)? | Fy] < 00, P-a.s., for all i € [1, My]. Let {Vn(i)}MY be a triangular array of random
variables on (Q, A,P) such that Vi (i ) is Fn-measurable, for all i € HI,MN]]. Moreover, assume that

(B1) For some constant ¢> > 0, as N — oo,

My

> (BlUNG)? | Fnl = E? [Un(i) | Fyl) = 62

i=1

(B2) For alle >0, as N — oo,

ZE Un()?1{|[Un(i)| > €} | Fn] =5 0.

ZM () D

(EEnD ) wmon (e (3 2))

Proof. One may use the Cramer’-Wold device. For all (a,b) € R?,

Then,

{ i{a S MN vy (k)+b SMN UN(k)}i|
—E [ez‘{aziﬁi Vi (k)+b S p E[Uw(k)\fN]}E[ T {UN () —E[UN (R) FN]} | INH
which converges using Theorem 3.5.2 and Lemma 3.5.5. O

Then, recall a generalization of Slutsky’s lemma for random vectors.

Lemma 4.6.3. Let XY = (XN, ..., X7 be a sequence of random vectors which converges in distribution
to a random vector X, and DV be a n-by-n random diagonal matriz which converges in probability to a
deterministic n-by-n diagonal matriz D € D, (R). Then, DN XY converges in distribution to DX.
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Proof. The proof is based on the Cramer-Wold device. For all a = (ay,...,a,)T € R*, a7’ DNXVN =
S ar DY XN # Sy axDk Xy = a” DX | using Slutsky’s lemma and the Cramer’-Wold theorem
—+0o0

applied to XN. O
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Chapitre 5

Un exemple d’algorithme d’ilots de
particules pour 'analyse d’événements
rares
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La streté et la fiabilité sont au centre des préoccupations dans plusieurs domaines tels que ’aérospatial
[Morio, 2011a], aéronautique [Prandini and Watkins, 2005], la génétique [Rosenbluth and Rosenbluth, 1955],
la finance [Richard and Zhang, 2007; Glasserman et al., 2000], Passurance [Asmussen, 2003], les phénomeénes
géologiques [Asmussen, 2003; Kagan and Knopoff, 1977], les réseaux informatiques [Parekh and Walrand,
1989] ou le nucléaire [Sjoberg and Drottz-Sjoberg, 1991]. Les régles de sécurité et de prévention dans ces
différents domaines sont tels que le risque de défaillance des systémes doit étre extrémement faible. Ce risque
doit étre évalué et nécessite de pouvoir calculer des probabilités d’événements rares.

La technique la plus connue pour estimer une probabilité p est la méthode de Monte-Carlo classique
(abrégé CMC pour crude Monte Carlo) qui consiste & approcher la probabilité p par la moyenne empirique
d’un échantillon de N variables aléatoires i.i.d. selon une loi de Bernoulli. Le CMC est simple & implé-
menter et fournit un estimateur sans biais et consistant de la probabilité d’intérét p. L’erreur relative (qui
est le rapport entre I’écart type de l'estimateur et sa moyenne) mesure la variabilité de ’estimation par
rapport & la quantité que ’on cherche & estimer, et constitue un indicateur important de la qualité de
Iestimation. L’erreur relative du CMC est de 'ordre de 1/4/Np. Ainsi, pour estimer une probabilité faible
p =107 (k € N) avec une erreur relative de 10% en utilisant le CMC il faut un échantillon de grande taille
N = 10**2. C’est pourquoi, dans le cadre des événements rares, le CMC est inefficace et de nombreuses
techniques de réduction de variance ont été proposées pour estimer des faibles probabilités depuis les années
1950. L’échantillonnage préférentiel [Engelund and Rackwitz, 1993; Orsak and Aazhang, 1995; Richard and
Zhang, 2007; Kroese and Rubinstein, 2012] est a la base de plusieurs méthodes telles que la transformation
d’Esscher pour les processus de Poisson composés [Asmussen, 2003; Glasserman, 2004; Blanchet et al., 2009],
les transformations des vecteurs aléatoires Gaussiens [Jourdain and Lelong, 2009], les méthodes de Monte-
Carlo séquentielles (SMC) [Rosenbluth and Rosenbluth, 1955; Gordon et al., 1993; Doucet et al., 2001], ete.
Le splitting est un exemple de méthodes SMC et a été considérablement étudié et amélioré ces derniéres dé-
cennies, voir les nombreuses références [Kahn and Harris, 1951], [Rubinstein, 1981], [Fishman, 1995], [Melas,
1997], [Glasserman et al., 1999], [Garvels, 2000], [Au and Beck, 2001], [Cérou et al., 2006], [Lagnoux, 2006;
Lagnoux-Renaudie, 2009], [Cérou and Guyader, 2007; Cérou et al., 2012], [Au et al., 2007], [Gogate and
Dechter, 2011]. Différentes techniques comme les méthodes de Monte-Carlo par chaines de Markov (MCMC),
FORM/SORM (pour first/second order reliability methods) [Bjerager, 1991; Madsen et al., 1986; Yan-Gang
and Tetsuro, 1999], ou la théorie des valeurs extrémes [Fisher and Tippett, 1928; Leadbetter et al., 1983;
Leadbetter and Rootzén, 1988] sont aussi utilisées pour estimer des probabilités d’événements rares. Leurs
principes et leurs avantages et inconvénients ont également été largement étudiés, voir par exemple ’article
[Morio et al., 2014].

Dans cette section, nous nous focalisons sur des événements rares qui se modélisent sous la forme d’un
dépassement de seuil de la sortie d’une fonction scalaire déterministe. Cette fonction entrée-sortie souvent
vue comme une “boite noire” posséde des entrées aléatoires. Certains paramétres, notés dans la suite par un
vecteur ©, dans les fonctions de type “boites noires” peuvent étre fixés, comme les parameétres du modéle ou
les paramétres des lois des variables d’entrées du modéle, et leur valeur influence I’estimation de la probabilité
de ’événement rare. Ces hypothéses sont souvent faites pour des raisons de simplicité et de réduction de cott
de calculs. Du point de vue de I'analyse de risques, il est intéressant de déterminer la variabilité des sorties du
code par rapport aux incertitudes liées aux parameétres d’entrée © ou par rapport & un parameétre particulier,
et de quantifier 'impact d’un tel paramétrage sur la réalisation de I’événement critique. Bien str, différentes
valeurs des paramétres © peuvent fortement modifier ’estimation de la probabilité de I’événement critique.
Il ne s’agit pas seulement de tester tous les paramétrages possibles, mais aussi de prendre en compte leur
vraisemblance. Un sujet de préoccupation en streté est de ne pas sous-estimer le risque & cause d’un mauvais
réglage des paramétres. C’est pourquoi, nous proposons dans cette section d’estimer les lois des paramétres
conditionnellement & un événement rare, et nous exposerons deux algorithmes a cette fin.

Des études sur des sujets proches ont été récemment proposées, principalement basées sur de ’analyse
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de sensibilité. L’indice de fiabilité des méthodes FORM/SORM [Lemaire et al., 2009] peut étre utilisé pour
analyser linfluence des paramétres d’entrée sur la probabilité de défaillance. L’échantillonnage stratifié
[Munoz Zuniga et al., 2011] et I'échantillonnage préférentiel [Morio, 2011a] ont été adapté dans le méme
but, voir [Beck and Arnold, 1977] pour une présentation détaillée des méthodes d’estimation de parameétres.
L’analyse de sensibilité des paramétres concerne en particulier I’analyse phylogénétique [Wheeler, 1995], la
biologie des systémes [Cho et al., 2003], le design des bassins hydrologiques [Beven and Kirkby, 1979], etc.

L’algorithme smc? introduit par Chopin et al. [2013] est un exemple d’algorithme SMC permettant de
simuler selon les lois a posteriori des paramétres et des états latents dans les modéles de Markov cachés. Une
approche idéale serait d’utiliser un systéme de particules sur 'espace des paramétres © (comme ’algorithme
IBIS de Chopin [2002] pour 'inférence bayésienne). Mais les incréments de vraisemblances étant la plupart
du temps incalculables, ils sont remplacés par des estimateurs sans biais, obtenus pour tout paramétre fixé
par un autre algorithme sMC sur Pespace d’état X. Deux algorithmes SMC étant imbriqués (un avec Ny
particules en 6 et 'autre avec N, particules en X), cet algorithme s’appelle smc?. Malgré approximation
des vraisemblances, ’algorithme sMC? cible les lois d’intérét: les lois a posteriori au fur et & mesure que les
observations arrivent. Les étapes de mise a jour (mutation), nécessaires a tout algorithme sMC appliqué aux
problémes statiques, sont assurées par des noyaux de Markov introduits récemment par les méthodes dites de
Monte-Carlo & chaine de Markov particulaires (PMCMC). La méthode n’est cependant pas en ligne puisque
son coiit computationnel augmente avec le nombre d’observations, en raison de 1’étape de mise a jour. Cet
algorithme peut étre vu comme un algorithme SMC sur Pespace étendu © x XM=, De cette facon, on prouve
la consistance de 'estimateur induit par le sSMC? quand le nombre Ny de particules en 6 tend vers 'infini.
L’analyse de la complexité algorithmique du smMC? a été faite dans Chopin et al. [2013] sous des hypothéses
fortes, qui sont rarement vérifiées en pratique. Une étude théorique de la variance de cet estimateur en
fonction du nombre d’observations n’a pas encore été menée et viendrait justifier théoriquement 1'utilisation
de la méthode sMC? pour I'estimation des lois a posteriori dans les modéles de Markov cachés.

En analyse de sensibilité, un paramétre est influent quand ses variations augmentent ou diminuent la prob-
abilité d’un événement rare. Dans cette section, nous nous focalisons plus précisément sur les réglages des
parameétres qui augmentent la probabilité de ’événement critique, ce qui est plus intéressant en fiabilité et
sireté. La méthode que nous proposons est d’estimer et analyser les distributions des paramétres d’entrée
conditionnellement & la réalisation de ’événement critique considéré. Nous présentons deux méthodes pour
estimer ce genre de lois d’intérét, dérivées des algorithmes PMCMC et SMC?, introduits respectivement par
[Andrieu et al., 2010] et [Chopin et al., 2013] pour faire du filtrage sur des modéles de Markov cachés. Ils
sont respectivement des versions bruitées des algorithmes MCMC et SMC ou les quantités incalculables sont
remplacées par des estimateurs sans biais produits par des filtres particulaires auxiliaires. La différence avec
les algorithmes développés par [Andrieu et al., 2010] et [Chopin et al., 2013] est que notre probléme nécessite
I’estimation de probabilités d’événements rares. Nous devons donc introduire une des méthodes spécifiques
a l'estimation de tels événements et nous avons choisi d’utiliser le splitting.

L’algorithme MCMC consiste & construire une chaine de Markov dont les transitions laissent la loi d’intérét
invariante. Les exemples les plus courants sont ’algorithme de MH et ’échantillonneur de Gibbs. Ils néces-
sitent tous deux dans leur implémentation ’estimation de probabilité d’événements rares pour différentes
propositions de paramétres. Comme elles ne peuvent pas étre calculées explicitement, elles doivent étre
estimées. Dans ce cas, I’algorithme s’appelle alors PMCMC.

L’algorithme SMC consiste & simuler un échantillon de particules définies sur ’espace des paramétres, et
de sélectionner puis de mettre a jour les paramétres selon des étapes de sélection et de mutation, pour estimer
séquentiellement les lois d’intérét. Dans ce cas précis, pour chaque valeur de paramétre dans 1’échantillon,
il faut calculer une probabilité d’événement rare, qui peut étre estimée par un autre algorithme smc (le
splitting). On a donc développé un algorithme de type SMC pour Ianalyse d’événements rares. Cet algorithme
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est aussi un exemple d’ilots de particules introduits au chapitre 2 ot un ilot est composé d’un paramétre et
du filtre particulaire (auxiliaire) associé.

A notre connaissance, le développement de ces méthodes pour I'analyse d’événements rares et des appli-
cations en fiabilité n’a jamais été utilisée auparavant. Nous prouvons la validité de ces algorithmes dans les
sections 5.3.3 et 5.4.3. Nous illustrons la convergence de ces deux algorithmes sur un cas test. Puis nous
appliquons le sMC? pour estimer la zone de retombée d’un étage d’un lanceur spatial et le risque de collision
en orbite entre un satellite et un débris spatial. Le principal avantage de ’algorithme SMC? est de contourner
la convergence en temps long de I’algorithme PMCMC, en utilisant des ilots en interaction.

Auteurs:
e Christelle Vergé (Onera, CNES, CMAP, Palaiseau)
e Jérome Morio (Onera, Toulouse)

e Pierre Del Moral (Université UNSW, Sydney)

Statut: Le présent chapitre est basé sur l'article "An island particle algorithm for rare event analysis",
soumis & Reliability Engineering & System Safety, en mai 2015, [Vergé et al., 2015b]
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Abstract Estimating rare event probability with accuracy is of great interest for safety and reliability
applications. Nevertheless, it is not just evaluating a risk or a probability but estimating the law of random
phenomena that leads to critical events. Some parameters of the model or density parameters of input random
variables in the system, may be fixed by an experimenter for simplicity reasons. From a risk analysis point
of view, it is interesting to determine the impact of such tuning of parameters on the realization of a critical
event, because a bad estimation of these parameters can strongly modify rare event probability estimations.
In the present section, we present an example of island particle algorithm (see [Vergé et al., 2015a]) referred
to as sMC?. This algorithm is adapted from an existing one, introduced in [Chopin et al., 2013] in order to
do inference for hidden Markov chains. Our version concerns rare event analysis. This algorithm samples
from the law of parameters of a system conditionally on a rare event, and allows to determine the parameters
that, in case of bad estimation, tend to increase the rare event probability value. It also gives an estimate of
the rare event maximum probability taking into account the prior of the parameters. The principles of this
statistical technique are described throughout this section. The smc? algorithm is compared to the PvCMC
algorithm introduced by [Andrieu et al., 2010] and applied on a test case in order to illustrate its convergence,
and to estimate the fallout zone of launch vehicle booster. Another application concerns the estimation of
the probability of collision between orbit objects.

Keywords: Rare event, sequential Monte Carlo, island particle models, particle filtering, sensitivity anal-
ysis, reliability theory

5.1 Introduction

Safety and reliability have been an increasing attention in various fields as aerospace [Morio, 2011a], aero-
nautics [Prandini and Watkins, 2005], genetics [Rosenbluth and Rosenbluth, 1955], finance [Richard and
Zhang, 2007; Glasserman et al., 2000], insurance [Asmussen, 2003], geological phenomena [Asmussen, 2003;
Kagan and Knopoff, 1977], informatic networks [Parekh and Walrand, 1989] or nuclear domain [Sjéberg and
Drottz-Sjoberg, 1991]. The recent security rules or constraints in all those areas are such that the failure of
a complex system must be a rare event. It is thus essential to be able to compute small probabilities.

The most popular technique to estimate a probability p is the Crude Monte Carlo (CMC) which consists
in approximating a probability by an empirical mean of N independent and i.i.d. samples. CMC is simple
to implement and provides an unbiased and consistent estimate of the probability of interest p. The relative
error (which is the ratio between the standard deviation of an estimator and its mean) measures the variability
of the estimation with respect to (w. r. t.) the quantity to estimate. It is an indicator for the quality of the
estimation. The relative error of the CMC is of order 1/1/Np, so that in order to estimate a low probability p =
10~% (k € N) with a relative error of 10%, a very large sample N = 10¥*2 is needed. In the rare event context,
the CMC is thus inefficient and a lot of fast simulation and variance reduction techniques have been proposed
to estimate small probabilities since the 1950s. Indeed, importance sampling [Engelund and Rackwitz, 1993;
Orsak and Aazhang, 1995; Richard and Zhang, 2007; Kroese and Rubinstein, 2012] is one of the most famous
methods and is the basics of a lot of other methods as the Esscher transformation for compound Poisson
processes [Asmussen, 2003; Glasserman, 2004; Blanchet et al., 2009], the transformations for random Gaussian
vectors [Jourdain and Lelong, 2009] or sequential Monte Carlo (SMC) methods [Rosenbluth and Rosenbluth,
1955; Gordon et al., 1993; Doucet et al., 2001]. Splitting (also called subset simulation) is an example of SMC
methods and has been considerably studied and improved over the past decades, see the references [Kahn and
Harris, 1951], [Rubinstein, 1981], [Fishman, 1995], [Melas, 1997], [Glasserman et al., 1999], [Garvels, 2000],
[Au and Beck, 2001], [Cérou et al., 2006], [Lagnoux, 2006; Lagnoux-Renaudie, 2009], [Cérou and Guyader,
2007; Cérou et al., 2012], [Au et al., 2007], [Gogate and Dechter, 2011]. Different techniques as Markov
chain Monte Carlo (MCMC), first order reliability methods (FORM) /second order reliability methods (SORM)
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[Bjerager, 1991; Madsen et al., 1986; Yan-Gang and Tetsuro, 1999], or extreme value theory [Fisher and
Tippett, 1928; Leadbetter et al., 1983; Leadbetter and Rootzén, 1988] are also notably well known simulation
algorithms to estimate very small probability of failure. Their principles and advantages/drawbacks have
also been deeply studied, see for example [Morio et al., 2014].

In this section, we focus on rare event which can be modeled by a threshold exceedence of a deterministic
output function. This "input-output" function can be seen as a "black-box" with random inputs. Some
parameters, denoted by a vector ©, in black-box functions are implicitly set, such as parameters of the model
or of the input parametric model density, and their value influences the rare event probability estimation.
These hypotheses are often assumed for simplification and computational reasons. From a risk analysis point
of view, it is interesting to determine the variability of the output of a code w. r. t. the uncertainty on theses
input parameters © or w. r. t. one particular parameter, and to quantify the impact of such tuning in the
realization of a critical event. Of course, different values of © can strongly modify rare event probability
estimation and sometimes miss a risk situation. The issue of concern in safety would be to underestimate a
risk because of a bad tuning of model parameters ©. That is why in this section we propose to estimate the
law of the parameters conditionally on a critical event, and to present different algorithms for this purpose.

Some studies on close topics have been proposed recently, mostly based on sensitivity analysis methods.
Monte Carlo filtering [Saltelli et al., 2004] consists in determining the differences between a "safe" sample and
a "faulty" sample via standard statistical tests. The reliability index resulting from FORM/SORM [Lemaire
et al., 2009] can also be used to analyze the influence of input parameters on the failure probability. Stratified
sampling [Munoz Zuniga et al., 2011] and importance sampling [Morio, 2011a] have been adapted with the
same purpose. See [Beck and Arnold, 1977] and the references wherein for an in-depth presentation of
parameter estimation methods. The analysis of parameter sensitivity is challenging in numerous domains
such as molecular phylogenetic sequence analysis [Wheeler, 1995], systems biology or postgenomic era [Cho
et al., 2003], basin hydrology design [Beven and Kirkby, 1979], etc.

The methods proposed in this section are rather different. Indeed, in sensitivity analysis, a parameter is
influent if its variation increases or decreases the rare event probability. It is not the case here since one
focuses more precisely on the settings of the parameters that increase the rare event probability, which is of
major interest for safety and reliability. The proposed approach is to estimate and analyze the distribution of
these input parameters conditionally on the rare event of interest. We present two methods to estimate this
kind of targeted laws derived from the PMCMC and the sMC? algorithms, respectively introduced by [Andrieu
et al., 2010] and [Chopin et al., 2013] to do filtering on hidden Markov models. There are respectively
noisy versions of MCMC and SMC algorithms where intractable quantities are replaced by unbiased estimators
produced by an auxiliary sMC algorithm.

MCMC consists in constructing a Markov chain whose transition kernels leave the target density of interest
invariant. The most common examples are the MH algorithm and the Gibbs sampler. In their implementation,
they both require the evaluation of the probability of the rare event for different proposals of parameters.
As it cannot be computed, it must be estimated by one method designed for rare event estimation, and
the algorithm becomes the PvCMC. We have chosen to implement splitting in order to estimate rare event
probabilities in this section.

SMC algorithms consist in running a batch of particles defined on the parameter space, and to select and
update these parameters through recursive selection and mutation steps, in order to sequentially approximate
the targeted laws of interest. In this special framework, for each value of parameter in the sample we need
to compute the probability of the rare event given this parameter, which can be estimated by another smcC
algorithm (as the splitting). We then have two embedded sMC algorithms that justify the terminology snc?
algorithm. Tt is also an example of island particle algorithm introduced by [Vergé et al., 2015a).

To our knowledge, the development of these methods for rare event case and safety application has not
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been proposed yet. We proved the validity of these algorithms in subsection 5.3.3 and subsection 5.4.3. We
illustrate the convergence of these two algorithms on a test case. The main advantage of the SMC? algorithm
is to bypass the long time convergence issue of the PMVCMC algorithm using interacting island Monte Carlo
spatial integrations. When there is a single individual in each island, the sMC? coincides with the conven-
tional SMC algorithm.

In the section, we firstly raise the fundamental question : how to estimate the law of © conditionally
on a rare event? Two algorithms, PMCMC and sMC?) are proposed to solve this issue. Their principle and
algorithmic implementation are notably described, and the performance of these algorithms are discussed on
a test case. We also apply the sMC? algorithm to two realistic simulations in the aerospace domain : the
estimation of fallout position of a stage of a launch vehicle and the estimation of a space collision between a
satellite and a space debris.

5.2 General problem

In this section, we underline the challenge of estimating conditional distribution of the parameters of a model
given a rare event event in reliability, and we set notations.

Let us consider a d-dimensional random variable X defined on a measurable space (X, X), ¢ a continuous
positive scalar function ¢ : R — R and S a given critical threshold. The function ¢ is static, i.e. does not
depend on time, and represents for instance an input-output model. This kind of model is notably used in
various applications [Keane and Nair, 2005; Banerjee et al., 2010; Grancharova et al., 2011; Kreinovich and
Ferson, 2004; Worden et al., 2007]. We assume that the output ¥ = ¢(X) is also a positive random variable
(typically a distance). The quantity of interest on the output Y is the probability of exceedance

P(Y > S) =P(¢(X) > 5) .

When the event {Y > S} is rare relatively to the available simulation budget (which is often the case in
safety and reliability issues), different algorithms described in [Sobol, 1994; Bucklew, 2004; Rubinstein and
Kroese, 2004; Zhang, 1996; Bjerager, 1991; Botev and Kroese, 2012; Cérou et al., 2012] have notably been
proposed to estimate accurately its probability.

In the present section, one focuses on the case where the law of X is uncertain and depends upon unknown
parameters. We assume that X is distributed according to a well known parametric model and its parameters,
denoted by a random vector ©, have a probability density v. We also suppose that © has a density fg w. r. t.
a dominating measure of reference A, that is

v(df) = fo(6) A(d0) .

For instance, in the applications considered in this section, X is a random vector with a multivariate normal
distribution, and ©® may describe the mean or the covariance matrix of X. It corresponds notably to realistic
applications where it is not always possible to evaluate accurately the density of input parameters. This
formalism enables thus to consider a large range of input probability density function.

The probability of interest P(Y > S) depends of course on © and thus on the distribution v. In safety
applications, it is important to estimate a superior bound of the rare event probability P(Y > S) taking also
into account the prior on ©. The prior on © is important since unrealistic bad tuning values of © which lead
to high probabilities P(Y > S) are not relevant. The idea of this section is thus to determine the distribution
of © conditionally on the fact that Y exceeds the threshold S. This distribution, denoted by m, will be
referred to in the sequel as the target law.

In the further development, when there is no confusion, we sometimes write P(Y > S|0) instead of
PY > S|© =4).
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Note that using the Bayes’ formula, the target law can be written

1

w(df) = m

P(Y > S|0)(df) . (5.2.1)

We propose in this section two techniques in order to estimate w. The first one is based on the con-
struction of a Markov chain that evolves according to proposition and acceptance/rejection steps, and which
approximates m when the number of iterations gets large. The second method uses an SMC algorithm which
evolves according to iterative selection and mutation steps, and which approximates the target law when the
number of particles gets large. These two methods are detailed in the following sections.

5.3 The PMCMC algorithm

We assume that all Markov kernels and probability measures considered in the sequel have a density w. r. t.
some common dominating measure A. In the following, we will make a slight abuse of notations writing it in
the same way. MCMC methods consists in constructing an ergodic Markov chain (6,,),cn with 7 as stationary
law. Ergodic theorem ensures that the occupation measure of the Markov chain approaches the target law
m as the number of iterations gets large. The key point of these methods is to build a Markov kernel that
leaves invariant the target law. The most common methods are the M1 sampler (see [Metropolis et al., 1953;
Hastings, 1970]) and the Gibbs sampler (see [Geman and Geman, 1984; Robert and Casella, 2004; Andrieu
et al., 2010] for a complete introduction).

5.3.1 The MH algorithm

The M1 algorithm consists in proposing a new candidate and accepting it with a probability ensuring the
reversibility of the M1l kernel w. r. t. the target law 7. In order to apply the Mil algorithm we only need to
know the density of the target law up to a normalizing constant. According to (5.2.1),

7(d0) < P(Y > S]0) fo (0)A\(dB) .

The Markov chain (0,,),, is arbitrarily initialized. Denote by 7 its initial distribution. Then, it evolves
according to successive proposition and acceptance-rejection steps. The proposition step allows to explore the
state space ©, proposing a new candidate using a Markov kernel ). The acceptance-rejection step consists
in accepting the previous proposal with some probability «, called acceptance rate; if the move is rejected,
the chain goes back to the state before the proposition. For all § € ©, set ¢(6,-) the probability density of
Q(0,-) w. r. t. the dominating measure A. The MH algorithm proceeds as follows.
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Data: mg, @, ¢, n: the number of iterations of the algorithm, fixed by the experimenter
Result: (6,)o<p<n

Sample 0y ~ g ;

for p+ 0 to ndo
Sample 0;, ~ Q(0y, ") ;
Compute the acceptance probability

P(Y > 516;) fo(0;)a(6},05)

-y def
O 0p) = 1N B516,) o (0,)a(0,.07)

P ¥p

with the convention a(6,,6,,) = 0 if the denominator is zero ;
Sample U ~ U([0,1]) ;
if U < a(f,,0,) then

P?/ P

‘ 9p+1 = ep )
else

| Opr1 =10,
end

end
Algorithm 11: The MH algorithm
Notice that the acceptance rate « can be simplified when the proposal kernel () is chosen reversible w. r. t.
the prior v. For example the Cranck-Nicholson shaker that proposes 8’ ~ /1 —afl + \/aZ, where a €]0;1]
and Z is sampled from a standard Gaussian random variable, is reversible w. r. t. the standard Gaussian
distribution. In this case, ¢(6,0") = exp {—(0' — /1 — a6)?/2a}/\27a .
The MH transition is a Markov kernel denoted by M, defined for all (z,z) € ©2 by

M(z,dz) = a(z, z) Q(z,dz) + (1 —/ alz,y) Q(w,dy)) 0, (dz).
e
The M1 transition M is reversible w. r. t. m, so that the target law « is invariant by M, i.e.

m=7uM. (5.3.1)

5.3.2 The splitting algorithm

Uuless in trivial cases, the probabilities P(¢(X) > S|© = 6) are mostly not computable, but can be estimated
for different settings of parameter 6. In the following, one value of 6 is fixed and we discuss the estimation
of P(¢(X) > S|©® = 6). One possibility is to use the splitting algorithm |Kahn and Harris, 1951; Cérou
et al., 2006; Cérou et al., 2006]. The idea of the splitting algorithm is to decompose the probability of a rare
event into a product of probabilities that are not rare. For that purpose, introduce a sequence of increasing

thresholds

0¥ s <8 <---<8, s,

Using Bayes’ formula,

P(H(X) > 510 = 0) = [ PO(X) > Spialé(X) > 5,,0 = 6). (5:3.2)

p=0

sMC methods allow to construct an unbiased estimator of P(¢(X) > S|© = ). The key idea is to interpret
P(¢(X) > S|© = 0) defined in (5.3.2) as the normalizing constant of a sequence of new targeted distributions
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Mo (which depends upon a parameter ). Let (1, ¢)pen be a sequence of probability measures defined on
the measurable space (X, X'). For all bounded measurable function h on X, and all p € N, n, ¢ is defined by

ﬂp,oh déf !
P(¢(X) > 5p|6 = 6)

x / h(@)gp-1.0(z) p(z|0)A(d2)

/X To(ayss, h(z) p(zl0)A(d2)

where g, 10(7) = Lg(z)>s, and p(z|#)A(dz) is the conditional distribution of X given © = 6.

As the thresholds are increasing, i.e. gp+1,6 = gp+1,0 X gp,0, ONe obtains

_ p.0(9p.0h)

Np+1,6h .
i 771),9(919,9)

If M), ¢ is a Markov kernel that leaves 1, g-invariant (1,9 My e = 1p.0), One gets

Mp,0(9p,0 X Mpt1,0h)
77p,9(gp,9)

Np+1,0h = (5.3.3)

One way of constructing such a Markov kernel M1 ¢ is to consider a M1l kernel that targets 7y4+1,9. Assume
a new particle is proposed using a Markov kernel T'. For all x € X, set ¢(z, -) the probability density of T'(z, -)
w. r. t. the dominating measure A. Then the proposal is accepted with probability

gp.o(x")p(a'|0)t(a’, )
gp.o(x)p(x|0)t(x,2')

apg(z,z’) =1A

so that the Ml kernel is Myy10(z,d2) = ape(z,2)T(z,d2) + (1 - [y ape(z,y) T(z,dy)) 6,(dz). This
acceptance-rejection procedure can be repeated Ng,, times in order to decrease the correlation between
particles.

In the light of (5.3.3), one can interpret 7, ¢ as the Feynman-Kac probability measure associated to the
couple (gp 9, Mp ). Hence, it can be estimated by an interacting particle system that evolves recursively
according to selection and mutation steps.

Consider (511),9, very ZIX 5) an N,-particle system which evolves respectively according to selection steps (with

gp.0) and mutation steps (with M, g). The Feynman-Kac theory (see [Del Moral, 2004]) ensures that

m—1 1 N, )
H (N Z]l{¢(€;,9) 2 Sp+1}> )
p=0 Ti=1

is an unbiased estimator of P(¢(X) > S|© = 0). In other words, P(¢p(X) > S|© = 0) is estimated by the
products of proportions of particles which exceed each threshold up to the last one.
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Data: Sp, S1,...,Sm, T, t, Ng,, the number of applications of the Markov kernels (M, g)nen-
Sample (55,9, ...,ggg) i.i.d. according to the conditional density p(z|0) ;
for k< 0tom—1do

Sample (511,07 ...,é,i\fg) randomly and independently among the particles (5;797 - 5,]6\{;) which have
reached the next threshold Sk1 ;

for r <~ 1 to Ng,, do
for i +— 1 to N, do
Sample = ~ T( 4,) ;

Compute the acceptance probability

p(@lf)t(e, €i.0)

ak,@(élic,ea ) =1 A ly)>s A =
o p(f}?e Q)t(fiﬂ,x)

b

Sample U ~ U([0,1]) ;
ifU< ak’g(f,i’g,x) then
‘ glzc+1,9 =,

else

| Giio=E,-

end
while r < N7, do
‘ fzic,e = flic+1,9
end
end
end
end

Algorithm 12: The splitting algorithm

Notice that only proposals that are above the next threshold are considered in the acceptance-rejection
step.

Instead of fixing the thresholds in advance, which is difficult in practice and requires experience accumu-
lated by practitioners, the thresholds can be adaptively set. Ideally, the multilevel decomposition should be
chosen in such a way that the probability P(Y > S,4+1]Y > S, © = 0) of hitting the (p + 1)-umpteenth level
set given that the p-umpteenth level has already been reached, is independent of the index p, denoted by
~. Based on this remark, adaptive strategies have been recently proposed in [L’Ecuyer et al., 2006; Cérou
and Guyader, 2007], and limit theorems [Cérou et al., 2005] have been proved in the special case of a one-
dimensional state space, in which the levels are chosen online. By construction, these algorithms guarantee a
probability of success of v for the transition from one virtual level to the next virtual level, whereas the num-
ber of virtual levels that should be crossed to finally hit the critical set is not known in advance, and is learned
by the algorithm as well. Alternatively, an empirical method called RESTART (see [Villén-Altamirano and
Villén-Altamirano, 1994; Tuffin and Trivedi, 2000]) can also be used to compute rare transient events and
the probability of rare events in steady state, not only the probability to reach the target before coming back
to a recurrent set.
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5.3.3 The PMCMC algorithm

PMCMC may be understood as exact Monte Carlo approximations of an ideal algorithm, as it samples exactly
from the distribution of interest, in the sense that for a fixed number of particles N, > 1, the transition
kernels leave the target density of interest invariant. PMCMC is a noisy version of an ideal algorithm where
some intractable quantity of the ideal algorithm is replaced by an unbiased Monte Carlo estimator produced
by an interacting particle system.

This is for instance the case for the Particle Metropolis-Hastings (PMH) algorithm which is a noisy version
of the MH presented in [Andrieu et al., 2010]. The adaptation of Pnvi algorithm to our problem of rare event
estimation is described in Algorithm 13.

Data: mg, @, ¢, n: the number of iterations of the algorithm, Sy, ...,S,,: the intermediary thresholds,

fixed by the experimenter

Result: (6,)o<p<n

Sample 0y ~ mg ;
Estimate P(Y" > S|6p) using Algorithm 12;

for p <+ 0 to ndo

Sample 6, ~ Q(0p,) ;

Estimate P(Y" > S|6,,) using Algorithm 12;
Compute the acceptance probability

m S {66k o) > Skia}/Ne fo(0.)q(0!,0,)
Nma’el défl i=1 Wp @pq pUp 7
Ot =\ e = e Toat0, )

with the convention o™+ (6,,0;) = 0 if the denominator is zero ;
Sample U ~ U([0,1]) ;
if U <a™=(0,,0)) then

P Yp
‘ Opi1 = 91/0 J
else
| Opt1 =10, .
end

end
Algorithm 13: The PMH algorithm

[Andrieu et al., 2010, Theorem 4] establishes that the Pnvi update leaves 7 invariant, reformulating the
PMH as a MH on an extended state space. Moreover, as the indicator functions are upper bounded, the
acceptance probability a¥= of PMH converges to the one of M as N, — +oo (see [Andrieu et al., 2010,
Theorem 1]). On the same way, our version of the PMiT algorithm for rare event estimation allows to estimate
the target law 7.

Similarly, the Particle Gibbs algorithm which has been introduced by [Andrieu et al., 2010] is a noisy
version of the Gibbs sampler. The Particle Gibbs algorithm has notably been studied in [Lindsten et al.,
2014], where the authors show that the Particle Gibbs Markov kernel is uniformly ergodic under rather
general assumptions.
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5.4 The sMC” algorithm

5.4.1 Principle

The smc? algorithm introduced by [Chopin et al., 2013] is a noisy version of an SMC algorithm, the IBIS
algorithm introduced in [Chopin, 2002]. These two algorithms are designed for exploring the parameter
posterior distribution. 1B1S algorithm is a kind of idealized algorithm where the importance weights are often
not computable, and are replaced in the sMC? algorithm by unbiased estimators produced by an auxialiary
sMC. We adapt the svc? algorithm from [Chopin et al., 2013] for rare event analysis in order to sample from
the target distribution 7. In SMC?; two sets of particles are embedded. The first set of particles is defined
on the parameter space ©, the second one is defined on the state space X and is useful to produce unbiased
estimates of the probabilities P(Y > S10).
Define a sequence of increasing thresholds

0S5 <8 < <8, s, (5.4.1)
For all n € [0, m], denote by 7, the conditional distribution of the parameters © given the exceedence of the
threshold S,,. The target law is of course m,, = 7, but this distribution will be estimated sequentially using
the auxiliary distributions (7,)o<n<m—1. Thanks to the Bayes’ theorem, one can rewrite 7, such as :

T (df) x P(Y > S,|0) v(df) (n € [0,m]) . (5.4.2)
Notice that for all n € [0, m],
n—1
P(Y > S0 =0) = [[P(Y > Spa|Y > 5,0 =0). (5.4.3)
p=0

Denote by G,(6) the conditional probability

Go(0) EP(Y > Syt |V > S,,0=0) (pe[0,m—1]). (5.4.4)

As the thresholds are increasing, the target distributions may be defined by recursion: for all bounded
measurable function h on ©, one has

If M,y is a Markov kernel that leaves 7,41 invariant, then

ﬂ-n(Gn X Mn+1h)

. 4.
el (5.4.5)

7Tn+1h =

For example, one can consider the MH kernel that targets m,,1. Consider a Markov kernel @) and for all
6 € ©, set ¢(0,-) the probability density of ¢(6,-) w. r. t. the dominating measure A. Assume a new particle
is proposed using a Markov kernel ), then this proposal is accepted with probability

IT,—0 Go(') fo(6))q(¢,0)
11—, G,(0) fo(0)a(6.6")

an(0,0') =1/
so that
M, 11(0,d2) = o, (0,2)Q(0,dz) + (1 _/e an(Q,H')Q(H,dG’)> dp(dz). (5.4.6)

Equation 5.4.5 may be cast in the Feynman-Kac framework and then, each measure 7, can be approximated
by an interacting particle system which evolves in accordance with selection steps related to the so-called
potential functions G, and mutation steps related to the Markov kernel M, .
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5.4.2 The IBIS algorithm

Denote by {(6},...,0])}p>0 a system of Ny particles defined on the state space ©N.

0, o, Op+1
Selection . Mutation
o) 7y 0,
Initially, (63, ... ,Qévg) are i.i.d. according to the prior v. Then, for p > 1, the transition between the samples
(05, ...,000) and (0], ,,... ,9;,\;?1) is made up for a selection and a mutation step.

e Selection stage: selection consists in choosing randomly and independently Ny particles among
{9;}?;91 with probabilities proportional to their weights {Gp(%)};vjl, according to the probability mea-
sure m,(Gp-)/mp(Gp). Thus, the particles with low weights are eliminated whereas those with large
weights are duplicated. The number of particles is kept constant in this stage and a new set of particles
{5;}5191 can be defined.

The importance weights G(0,) = P(Y > Sp41|Y > 5,0 = 0,)), defined in (5.4.4), have to be com-
puted.

e Mutation stage: mutation consists in updating the selected particles conditionally independently
using a Markov kernel M, that leaves 7,41 invariant using (5.4.6). This step enables to increase the
diversity of the selected sample without changing its probability law, which is already close to mp 1.
This acceptance/rejection procedure can be repeated ngp times in order to decrease the correlation
between particles. At the end of this stage, a new set of particles {0; +1}f\;91 is defined.

Mutation and selection stages are applied m times until reaching the target threshold S,,. At the end of
the algorithm, the particles {67 }? provide an estimate of 7 :

Ny
1
~No _ E )
'ﬂ—m = N9 : 59;Ln .
i=1

The Feynman-Kac theory [Del Moral et al., 2012| ensures that at each transition stage p € [0, m],



Data: Sy, ...,S,,, the number of applications ngp of Markov kernels M, Q, q
Sample (6], . ..96\79) ~iid Vs
for k<~ 0tom—1do

Compute the weights {Gk(%)}f\fl ;
Sample (Il, e, IN") ~i.i.d. Mult ({Gk' (9?@)}?31)’

Set (5,1,...,5{}9) - (9,{1,...,%”9);

for r < 1 to ngp do

for i < 1 to Ny do

Sample 65 ~ Q(0%,-) ;

Compute the weights Gy(62) and G(61) for € € [0, k] ;
Compute the acceptance probability

1 p iz Gel@L) Fo @61 8))
[Li—o Ge(0}) fe(6})a(6},6;")

Qg (é\llcv alk/) =

Sample U ~ U([0,1]) ;
if U < ak(’%,g};’) then
| set 0l = g1/

else

| set 07, =05

end
end
while r< fopp do
| set 0 =0,
end
end
end

Estimate 7 with 72V ef vagl d9: /N -

Algorithm 14: The IBIS algorithm
One may notice that at iteration k € [0, m — 1], for each particle {9};};191, the TBIS needs to compute the
weights G(0}) for £ € [1, Ng]. In practice, these weights are often not analytically computable but can be
estimated using a splitting algorithm for the different parameters of the sample. The 1B1S is thus an idealized
algorithm, and we present in the following its practical counterpart : the syc? algorithm.
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5.4.3 The sMcC” algorithm

For i € [1,Ny] and k € [0,m — 1], the point is to compute the probability G,(f}). If they cannot be
analytically calculated, they can be estimated with another interacting particle system (also called, in that
case, SMC, importance splitting, subset simulation or subset sampling). It is a rare event estimation technique
detailed in subsection 5.3.2, which consists in estimating several conditional probabilities that are easier to
evaluate than estimating only one probability through a very tough simulation. Its principle is also based on
iterative selection and mutation stages.

For each © = 0}, one can construct a sample {(&,...,&"*)}o<p<k, using the splitting algorithm
(Algorithm 12) with the thresholds Sy, ..., S,, defined in (5.4.1), such that for all ¢ € [0,k], G,(6}) =
P(¢(X) > Seq1]é(X) > Sp,© = 0i) is approximated by Z;V:g”l 1{¢(&,7) > Sit1}/Ny. Moreover, for all

¢ e [0,k],

N,
1 - i, P i
E;ﬂ{¢(§ej) > S€+1} m Gé(ek) .

For a given particle 6, a complete set of particles {QJ}E%E?I is thus generated. A single particle 0}

and its associated {52]}}235‘ particle set, can be considered as an island. The sMC? is thus an example
of island particle model introduced in [Vergé et al., 2015a]. The smcC? algorithm is described in Algorithm

15.
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Data: Sy, ...,S,,, the number of applications ngp of Markov kernels M,,, the number of applications

Ng,, of the Markov kernels M, 9, Q,q, Tt

Sample (63, ...600°) ~;ia v;
for i < 1 to Ny do

‘ Sample (€5, ..., €5™) i.i.d. according to the conditional density p(x]6});
end

for k< 0tom—1do
Run a particle system {(£,",...,&™")} <<k associated to each 6% in order to estimate G (d%) for
£ € [0, k] with Algorithm 12;

N, N, 1,7 No
Sample ([1’ | 9) ~iia Mult <{ijl 1{o(&) > Sk+1)}} 1);

Set (é}"--vé\ivs)=(9£1,...,9,g%); =

for r <+ 1 to ngp do

for i <+ 1 to Ny do

Sample 5}6’ ~Q(0i,);

Run/\a particle system {(ézl, . ~2’N”)}1gegk associated to each @i’ in order to estimate
Go(8;) for £ € [0, k] with Algorithm 12;

Compute the acceptance probability

~.
/

ﬁ S HOE") > Sen} fo(0 )M,@/,ﬁ,@))
=0 251 H{(&7) > Sean} fol "))

al= (65,01)) = 1A (

Sample U ~ U([0,1]) ;

if U< ahe (9727@\,2’) then
‘ set 0] = @k’

else

| set 0}, =05

end
end
while r< ngp do
| set 0 =6,
end
end
end

~

Estimate 7 with 72Ve def va:gl d9: /N -
Algorithm 15: The sMC? algorithm

The sMc? algorithm can be reformulated as an SMC algorithm on the extended state space © x XM=,
This interpretation allows to establish the consistency of the empirical estimate induced by the syMC?, as the
number Ny of 0-particles gets large.

This algorithm is however not online since its computational cost increases at each iteration, with the
number of intermediary thresholds.
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In most applications, the potential functions G, are strictly positive, so that the interacting island model
described in Algorithm 14 is well defined at any time. In the reverse angle, the evolution of the particles
within each island described in Algorithm 12 is based on a selection mechanism associated with indicator
functions. When all particles in a given island, cannot enter into the desired event, their evolution is stopped
and the corresponding level crossing probability is estimated by 0. To bypass this technical difficulty, we can
use adaptive multiple levels evolution strategies [Cérou et al., 2012].

5.5 Application on different test cases

In this section, we apply the SMC? algorithm on a Gaussian toy case and on two realistic aerospace examples.

5.5.1 Gaussian toy case

In this part, we illustrate the convergence of the PMCMC and the SMC? algorithms presented in this section
in order to sample from the conditional distribution 7 of model parameters given a rare event. We consider
a simple example where one is able to compute exactly the density of 7. We assume that ¢ is the identity
function, and X and © are normal random variables

X~N(@®©,1) and ©~N(0,1). (5.5.1)

In the light of (5.5.1), X can be written as X = © + Z where (0, Z) ~; ;4 N(0,1). Hence, X ~ N(0,2).
The probability of interest P(¢(X) > S) can be explicitly computed in this particular case, since

P(¢(X) > 8) = Fz(~5/V2) ,

where F'z is the cumulative distribution function (c.d.f.) of the standard normal distribution. Moreover, in
order to determine the conditional distribution =, it is required to compute the following expectation for all
bounded measurable function h on ©,

B[O)1{6(X) > S} ~E@)L {0 +2 > 5= [ [ ) Lo e 2agas
RJS—6 27

6_92/2 Too 2/9
= | h(f)—— (/ e ? dz) de
/]R ) v 2T S_p V21

e—0%/2
_ /Rh(e)im Fu(6— S)df .

Thus,
E[n(©)|p(X) > S] =

dé,

E[RO)1{¢(X) > S} _ / 02 Fa(6=5)
P(¢(X) > S) R V2 Fz(—S/V?2)

so that, we deduce the conditional density of 7 is

e~/ Fu0-9)
Vom Fz(=S/V2)

We plot the exact density of 7 in red for S = 5. In this case, P(¢(X) > S) ~ 2 10~%. The intermediate
thresholds are between [0.5,5] with a step of 0.1.
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We run the sMcC? algorithm for the settings Np = 2000, N, = 20, Ng,,, = 3,N£pp = 10,m = 46. With
the notations used in subsection 5.4.3, 7 is approximated by the empirical distribution Zf\fl doi /Ny. So, we
plot in green the density of this last sample, using a kernel density estimator.

We also apply PMCMC with n = 100000 and N, = 500. According to the ergodic theorem, the occupation
measure of the Markov chain approaches . We plot its density, after a warm-up time of 10000 iterations, in
blue.

These densities are represented in Figure 5.1. We observe that the two algorithms converge to the

Representation of 1t

0.7
smMc?
0.6f ——PMCMC |
— true density
0.5} 1
0.4} 1
0.3} 1
0.2} 1
0.1t |
0 L L
-2 0 2 4 6 8

Figure 5.1: Estimation of = with PvMCMC and SMC? on a toy case, compared to exact density.

theoretical density. However, the convergence of the PMCMC is slow, so that the PMCMC necessitates a large
number of iterations n. We can compare the number of calls to the function ¢. It is 1.8 10® for the PyviCMC
and 1.9 10° for the syc?. Considering this present example and the conditions of the convergence, we favor
the utilization of the sMC? in the following applications.

5.5.2 Estimation of launch vehicle booster fallout zone

Spatial launch vehicle fall-back safety zone estimation is a very important problem in space applications since
the consequences of a mistake can be dramatic for the population. We consider a solid rocket booster that is
the first stage of a launch vehicle. Its mass is about 35000 kilograms and the launch point is at an altitude
of 112 kilometers with a slope of 15 degrees. At the end of its mission, the rocket booster falls into the sea
at some distance of a predicted position. Similar models have already been analyzed in [Morio, 2011b].

The launch vehicle stage fall-back is thus modeled as an input-output model with 4 Gaussian inputs X and
one output Y = ¢(X), representing the distance between the estimated launch stage fall-back position and
the predicted one. In this study case, the aim is to estimate the probability that the distance to the predicted
impact position exceeds 0.72 km: P(¢(X) > 0.72). The different inputs (components of X) that can influence
the impact position of the stage of the launch are:

e meteorological conditions (2 inputs).
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Figure 5.2: Law of Y given © = 0,4 estimated with 100000 runs of Monte Carlo simulations.

e launch vehicle mass (1 input).
e the slope angle between the vertical axis and the velocity vector (1 input).

Indeed, the wind variations during the fall-back can influence the impact position. In addition, the mass of
the different parts of the launch vehicle is also slightly random during the fall-back.

The uncertainty on X is modeled by a Gaussian random vector with mean © = (0,04, O3, @4)t and
a covariance matrix equals to the identity matrix. Its mean vector © is also uncertain since it is difficult
to estimate accurately these quantities. We thus assume that each component of © has a standard normal
distribution. The input-output code includes the transformation that allows to switch from the standard
space of the input to the physical space where evolve the different input parameters.

The law of Y given © = 04 is represented in Figure 5.2 with 100000 runs of Monte Carlo simulations.
The probability P(¢(X) > 0.72|© = 04) is estimated to 8.5 10~%, with a relative error of 11%.

The smc? algorithm has been applied on this example with the following parameters: Ny = 250, N, = 500,
ngp = 3, Ni,, = 3. The intermediate thresholds expressed in kilometers are {0,0.2,0.4,0.6,0.72}. The
estimators of the different marginals of 7, obtained with the smMc? algorithm, are given in Figure 5.3, where
the first marginal is related to the first parameter and so on. Table 5.4 gathers estimations of the probability
P(Y > 0.72|© = 0) for different values of §. The interpretation based on Table 5.4 is that parameters ©
and ©4 have to be tuned accurately in order to not underestimate P(¢(X) > 0.72). Indeed, in the light of
Figure 5.3, distributions of the #-particles at the end of the smcC? algorithm are very different from initial
probability distribution 7y (standard normal distributions), particularly for parameters ©; and ©,4. It means
that, if the assumption "©; and ©4 have zero means" is not valid, then, there is a high risk to underestimate
P(¢(X) > 0.72|© = 0) (see Table 5.4) and it can be very problematic for obvious safety reasons. At the
opposite, the initial assumption on parameters O, and O3 already maximizes the trade-off between prior of ©
and the probability P(¢(X) > 0.72). Thus, if ©2 and ©3 are not equal to 0, the probability P(¢(X) > 0.72)
will not increase too much or even decrease which is positive for safety.

The estimated probabilities I@’(Y > 0.72|© = 6%,), where {#% } N are the particles at the end of the sMc?,
are given in Figure 5.5. Their values can be much higher than @(Y > 0.72|© = 04), that is when O is equal
to its mean value. For instance, when § = >N 6% /N, the probability BP(Y > 0.72/0 = SN 91 /Np) is
equal to 0.034. This increase of the probability, compared to the initial situation where ® = 04, has to be
taken into account in order not to underestimate the rare event probability.

134



Histogram of the law of Gll(p(x)>0.72 Histogram of the law of 62|<p(x)>0.72
40 i i i

0
-4 -2 0 2 4

Histogram of the law of e3|q;(x)>o.72 Histogram of the law of 64|(p(x)>0.72
40 40

Figure 5.3: Estimations of the marginals of 7w using the sMmc? algorithm.

135



01 | 62 | 05 | 64 | P(Y >0.72/0)
O[O0 | o0]oO 8.510*
1]0]01]oO 3.510°3
11001 1.05 1072
11001 1.02 1072
-11] 0 0 | -1 1.14 1072
0 |-1] 010 9.4 1074
0 | -1 110 9.8 10*
0 1 1 0 9.71074
01 |-1]0 1.0 1073
00 |[-1]0 7.2107%

Table 5.4: Estimates of the probability P(Y > 0.72]0) for different values of parameter 6.
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For large values of the threshold S the probabilities P(Y > S|0) can be extremely small and the computa-
tional cost rather high. For critical values of interest, which can be evaluated in a reasonable time, the smC?
outperforms the conventional Monte Carlo method, and bypasses the long time equilibrium convergence of
the PMCMC.

5.5.3 Estimation of collision probability between orbiting objects

In this last use case, we consider two spatial objects (a debris and a satellite) orbiting around an Earth
centered inertial reference frame. The orbital motion of the spatial objects is simulated using a simplified
deterministic dynamical model that may be considered as an input-output function. Their geometry is
assumed spherical (i.e. the objects have a high tumbling motion when compared with their orbital period)
and we assume that we perfectly know the radius of such sphere and the mass of the objects. We wonder
whether the distance between the two objects could be smaller than a conflict distance T' during a given time
span I. SGP4 deterministic model [Miura, 2009] is used to propagate the trajectories of debris and satellite
according to the time. This use case may be modeled by an input-output function where:

e the input X represents the position and the speed of the debris space (the position and the speed of the
satellite are assumed to be known). X is a 6-dimensional multivariate normal random vector of mean
(©1,65,03,0,,05, @6)t and covariance matrix is equal to the identity matrix. The means corresponds
to the debris measurement errors on its position and speed.

e the input-output function ¢ enables to propagate the debris and satellite trajectories with the SGP4
model during I. The input-output code includes the transformation that allows to switch from the
standard space of the input to the physical space in which evolve the satellite and debris position and
speed.

e The error on the drag coefficient which is considered inside the function ¢ is also random and follows
a normal distribution with mean ©; and variance 1.

e the output Y is the minimum distance between the debris and the satellite during I.

The threshold T is set to 20 meters. The probability of interest is in that test case P(¢(X) < T'). The
parameter vector O is thus defined by © = (01, 02,03,0,, 05, Og, 97)t. We assume that each component
of © has a standard normal distribution.

The snmc? algorithm has been applied on this example in order to estimate 7, the conditional law of ©
given ¢(X) < T, with the following parameters: Ny = 1000, N, = 50, ngp =1, Ni,, = 1. The intermediate
thresholds on the output distance are expressed in meters with {200, 100, 66, 50, 40, 33,28, 25,22, 20}. The
estimators of the different marginals of 7, obtained with the sMc? algorithm, are given in Figure 5.6, where
the first marginal is related to the first parameter and so on.

The estimated probabilities @(Y < T|® = 0), when O follows v and 7 are represented in Figure 5.7. The
mean probability P(Y' < T|© = ) when © follows v is estimated to 3.9 104, When 6 = Y.~ 6% /Ny, the
probability P(Y > 0.72|© = SN 6% /Ny) is equal to 0.034.

The question is how to analyze the estimated density of 7 for the tuning of ©. A possible approach is
to consider the Kullback-Leibler distance between the estimated marginal density of 7 for the parameter ©;
and the initial marginal density of v for parameter ©,. If the Kullback-Leibler distance is significant for ©;,
then one can assume that ©; has to be finely tuned and conversely. In that case, a misestimation of ©; will
indeed tend to increase the failure probability. Table 5.8 summaries the different Kullback-Leibler distance
obtained for the different components of ©. The first error component ©; of the position vector seems to
be the most influent parameter on P(¢(X) < T). On the contrary, the second error component of position
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Figure 5.6: Estimations of the marginals of 7 using the smc? algorithm. The red curve corresponds to the

standard normal density.
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Figure 5.7: Estimates of P(Y < T'|0) with O following v and .

139



Component of © | Kullback-Leibler distance
G2 0.46
O, 0.13
O3 0.30
04 0.24
05 0.11
O 0.25
O7 0.10

Table 5.8: Kullback-Leibler distance between marginal density 7= and v for parameters ©;.

and speed vector, that are ©5 and O3 require a low accuracy since an error on these parameters will tend to
decrease the failure probability. In the same way, the density parameter ©7 of the drag coefficient does not
require also a too fine tuning.

5.6 Conclusion

In this article, we have proposed original methodologies to analyze the influence of the input probability
density function (p.d.f.) parameters on a rare failure probability. The proposed methods based on the
pPMCMC and sMC? algorithms have been described in the case of a general problem where the model is a
black-box system. Applications illustrate the convergence of these algorithms. One of them deals with the
application of this algorithm on the estimation of a launch vehicle booster fallout zone. We firstly show that
it is important to estimate input p.d.f. parameters since they influence strongly the value of the output model
probability. The conditional law 7 is estimated with success in that realistic case.

A possible perspective to this work could be the analysis of the particles obtained by the snc? algorithm with
Sobol indices [Sobol and Kuchereko, 1993]. A possible ranking of the most influent input p.d.f. parameters
could then be derived.

Acknowledgments The authors gratefully acknowledge Juan Carlos Dolado Perez (CNES) for the spatial
collision model used in the final application.
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Conclusion et perspectives

Nous avons introduit dans cette thése les modéles d’ilots de particules. La motivation de ce travail était
la parallélisation des méthodes sMC, qui n’est pas aisée & cause de ’étape de ré-échantillonnage. Nous
avons donc proposé de diviser la population totale de N = N; N, particules en N; sous-ensembles appelés
tlots, chacun de taille réduite, No, par rapport & un SMC standard. Ces ilots peuvent par exemple étre
traités par différents processeurs. Chaque ilot évolue selon un sMC standard en alternant ré-échantillonnage
(sélection) et échantillonnage préférentiel (mutation) au niveau des particules. C’est un moyen de paralléliser
les méthodes sMC. En revanche, lorsque le nombre Ny de particules & l'intérieur de chaque ilot est faible, le
biais est important et I'interaction des ilots permet de réduire ce biais. Nous avons donc donné des exemples
d’interaction des ilots :

e D’échantillonnage systématique (comme dans le double bootstrap (B?)),
e des échantillonnages adaptatifs qui pénalisent moins la parallélisation:

— le premier est basé sur le coefficient de variation des poids des ilots (le double bootstrap with
adaptive selection on the island level (B*ASIL)),

— le second ne ré-échantillonne que les ilots qui ont de faibles poids (comme ’e-bootstrap).

Nous avons validé ces algorithmes en montrant que les estimateurs induits sont consistants et ciblent les
meémes lois qu’un SMC classique. Ces convergences ont été illustrées sur des exemples en filtrage (cf Chapitre
2). Afin de déterminer quand il est bénéfique de faire interagir les ilots, nous avons établi un critére basé
sur lerreur quadratique moyenne, en fonction des nombres de particules Ny et d’ilots N;. Enfin, nous avons
prolongé I’étude des propriétés de convergence du B?AsIL. Cette étude est difficile due a la forte dépendance
des particules pendant les ré-échantillonnages des ilots et des particules. Mais, la propriété de propagation du
chaos (voir [Del Moral, 2004]) suggérant que les particules deviennent asymptotiquement indépendantes quand
le nombre total de particules tend vers l'infini, permet d’espérer établir un théoréme central limite (TCL)
avec un taux de v/N. Ainsi, nous avons établi la consistance (loi faible des grands nombres), la normalité
asymptotique (TCL) et une inégalité de déviation exponentielle pour ’algorithme B2ASIL, en faisant une
preuve par récurrence sur les itérations de l'algorithme. Pour ce faire, nous avons décomposé une itération
du B2AsIL en différentes opérations élémentaires (la sélection au niveau des ilots, la sélection au niveau des
particules, et la mutation des particules) et montré que chacune de ces opérations élémentaires préservent les
trois propriétés sus-nommées. Ces preuves se basent sur la définition de tableaux triangulaires au niveau des
ilots, I’application des théorémes de Lindeberg pour les tableaux triangulaires et des inégalités de déviation
exponentielle de type Hoeffding. L’intérét de faire cette décomposition est d’avoir une preuve trés générale
qui permet d’établir la consistance, la normalité asymptotique et une inégalité de déviation exponentielle
pour n’importe quel algorithme qui se décompose en opérations élémentaires (sélection au niveau des ilots,
sélection au niveau des particules, mutation). En particulier, on déduit de I’étude du B?ASIL, la consistance,
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la normalité asymptotique et une inégalité de déviation exponentielle pour le B?. Nous montrons la stabilité
du B? en bornant sa variance asymptotique du B2, sous des hypothéses souvent utilisées dans la littérature,
typiquement vérifiées pour des espaces d’états compacts. Nous étendons ce résultat & des hypothéses plus
faibles, comme dans [Douc et al., 2014a]. Dans le chapitre 5, nous avons donné un exemple d’algorithme
d’tlots de particules afin d’estimer la loi de parameétres aléatoires conditionnellement & la réalisation d’un
événement rare. Cet algorithme est ’adaptation du sMC? introduit par [Chopin et al., 2013] dans le cadre du
filtrage bayésien. Sa dénomination s’explique par le fait que deux niveaux de particules imbriquées (de natures
diverses) interviennent. Cet algorithme est une version approchée d’un sMC standard ou les vraisemblances
et les poids d’importance sont incalculables et approchés par des estimateurs sans biais dérivés d’un autre
algorithme sMC (comme le splitting dans le cas des événements rares). Nous illustrons la convergence de cet
algorithme et nous ’appliquons & deux cas critiques en aérospatiale: ’estimation de la position de retombée
d’un étage d’un lanceur et ’estimation de collision entre un satellite et un débris spatial.
Voici quelques perspectives de recherche dans la continuité de ce travail de thése.

Analyse de sensibilité

Il serait intéressant de faire une étude de sensibilité sur les deux exemples multidimensionnels proposés en
fiabilité pour essentiellement deux raisons: d’une part, dans le but de confirmer notre interprétation suite &
I’application du sMC?; d’autre part, afin de réduire la dimension des variables d’entrées, ce qui permettrait
d’avoir des codes simplifiés et donc plus rapides d’exécution.

Application du sMC? en fiabilité

Les modéles étudiés au chapitre 5 sont de types “boite noire”. Le temps d’exécution de la fonction ¢ dans
ce modeéle est un critére important pour I'application du sMC? en fiabilité en des temps raisonnables. En
effet, en considérant N; particules en 6 et Ny particules auxiliaires, 2M Ny N appels a la fonction ¢ sont
effectués pendant M itérations du sSMC?. Lorsque plusieurs minutes sont nécessaires pour évaluer la fonction
¢ en une seule valeur, le temps d’exécution de l’algorithme devient trés grand et n’est pas satisfaisant. Dans
ce cas, 'utilisation de modéles de substitution (ou méta-modéles) qui approchent la fonction ¢ pourrait étre
envisageée, tels que le krigeage ([Kaymaz, 2005]), les machines a vecteurs de support (SVN, [Basudhar et al.,
2012; Bourinet et al., 2011]), les méthodes a base de surface de réponse ([Faravelli, 1989; Hurtado, 2004])
ou les réseaux de neurones ([Hurtado and Alvarez, 2001]). Pour le krigeage notamment, I'incertitude liée a
I'erreur du méta-modéle peut étre quantifiée. Il serait intéressant d’appliquer des modeéles de substitution &
nos exemples en fiabilité et de quantifier 'impact de 'incertitude du modéle sur ’estimation finale.

Etude des algorithmes d’ilots de particules faisant intervenir 1’e-bootstrap

Dans le chapitre 2, nous avons montré que l'algorithme e-bootstrap généralise le bootstrap dans le cas ou
e = 0 pour tout n € N, et a une variance plus faible que celle du bootstrap. Considérer ce type de sélection
au niveau des ilots permet de diminuer l'interaction entre les ilots. En revanche, un TCL et la variance
asymptotique en N1 Ny n’ont pas été établi pour cet algorithme. Cette étude peut se mener de la méme
maniére que celle du B”AsiL. En effet, pour I’s-bootstrap, avec une certaine probabilité e
sont pas sélectionnés et avec la probabilité 1 — ¢/, étape multinomial selection on the island level (Si1.) est
appliquée. Si e)¥ converge en probabilité quand N tend vers l'infini vers une constante ¢, (ce qui est le cas

pour lalgorithme 5 par exemple), la preuve se déroulera de la méme maniére que celle du théoréme 3.4.1.

, les ilots ne

Variantes des algorithmes d’ilots de particules Dans le chapitre 2, nous avons établi un critére
permettant de déterminer que l'interaction des ilots est bénéfique quand

B2
Ny < #Nl .
V,

n
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Malgré leurs expressions explicites, les quantités B2 et V,, ne sont pas calculables. On pourrait imaginer que
ces quantités soient estimées en ligne & chaque itération de l’algorithme, et adapter les nombres d’ilots et de
particules, N7 et N, respectivement, de maniére & ne jamais ré-échantillonner les ilots. L’inconvénient étant
que ces estimations nécessitent la communication des ilots ce qui est contraire & la volonté de les paralléliser.
Une autre idée serait de modifier la sélection au niveau des ilots et de dupliquer uniquement les meilleures
particules des ilots, au lieu de dupliquer entiérement des ilots.
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Modele d'llots de particules et application en fiabilité

Les modéles de Feynman-Kac (généralisant les modéles de Markov cachés) sont aujourd'hui trés
largement utilisés afin de modéliser une grande diversité de séries temporelles dans différents
domaines tels que l'aéronautique, l'analyse d'événements rares, le traitement du signal, les
mathématiques financiéres, la biologie, etc. La complexité croissante de ces modéles a conduit au
développement d'approximations via différentes méthodes de Monte-Carlo, dont les méthodes de
Monte-Carlo par chaines de Markov (MCMC) et les méthodes de Monte-Carlo séquentielles (SMC).
Les méthodes SMC appliquées au filtrage particulaire sont au centre de cette thése. Elles consistent a
approcher la loi dintérét a l'aide d'une population de particules en interaction définies
séquentiellement. De nombreux algorithmes ont déja été développés et étudiés dans la littérature.
Nous proposons des techniques de parallélisation des méthodes SMC, en considérant des
sous-populations de particules appelées ilots qui peuvent également interagir entre elles. Nous
étudions les propriétés de convergence de ces algorithmes d'lots de particules. En particulier, nous
démontrons un théoréme central limite (TCL) et la stabilité de la variance des estimateurs induits,
grace a des inégalités de déviation exponentielle et des tableaux triangulaires définis au niveau des
flots. Nous proposons également un nouvel algorithme de type ilots de particules en interaction pour
estimer la loi de paramétres aléatoires conditionnellement a la réalisation d'un événement rare. Nous
illustrons sa convergence et nous l'appliquons a deux cas critiques en aérospatiale.

Mots-clés : APPROXIMATION PARTICULAIRE DE MESURES DE FEYNMAN-KAC ; MODELES D'ILOTS DE
PARTICULES ; 6 CALCUL EN PARALLELE ; METHODES DE MONTE-CARLO
SEQUENTIELLES ; FILTRAGE

Island particle models and their application in reliability

Feynman-Kac models (which generalize hidden Markov models) are nowadays widely used as they
allow to model a large variety of time series in several fields such as aeronautics, rare event analysis,
signal processing, finance, biology, and so on. Different approximations based on Monte Carlo
principles have been developed as Markov chain Monte Carlo (MCMC) and sequential Monte Carlo
(SMC). In this thesis, we focus on SMC methods. They consist in approximating a targeted law
through an interacting particle system sequentially defined. Numerous algorithms have been
developed and studied in the literature.

We propose techniques of parallelization of such SMC methods, considering subpopulations of
particles referred to by us as islands which can also interact.We study convergence properties of
these island particle algorithms.

Especially, we prove a central limit theorem (CLT) and the stability of the variance, thanks to
exponential deviation inequality and triangular arrays de ned on the island level. We also propose a
novel algorithm of interacting island particles to estimate the law of random parameters conditionally to
a rare event. We illustrate its convergence and we apply it to two critical cases in aerospace.

Keywords : PARTICLE APPROXIMATION OF FEYNMAN-KAC FLOW ; ISLAND PARTICLE MODELS ;
PARALLEL IMPLEMENTATION ; SEQUENTIAL MONTE CARLO METHODS ; FILTERING
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