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Résumé en francais

Nous considérons certaines séries de Fourier liées a la théorie des formes modulaires. Nous
étudions leurs propriétés analytiques en utilisant deux méthodes différentes. La premiere
revient a trouver et itérer une équation fonctionnelle de la fonction étudiée (méthode
d’Ttatsu) et la deuxieme provient de ’analyse en ondelettes (méthode de Jaffard). Méme si
les deux méthodes sont différentes, I'étape essentielle de chacune dépend de la modularité
sous-jacente. De plus, elles permettent d’obtenir des informations complémentaires.

Pour une matrice y = (¢ %) € SLy(Z) et z € C on définit la transformation fractionnelle

par
az+b

cz+d’
si cz+d € C\ {0} et v+ (—%) = oo. Une fonction holomorphe M;, définie dans le demi-plan

supérieur H = {z € C|Im(z) > 0} est une forme modulaire de poids k sous SLy(Z) si elle
est holomorphe a l'infinité et si pour tout v = (‘; 3) € SLy(Z) et z € H, on a

vz =

My(v - 2)

My(2) = (et

(L.0.1)

On éerit My(z) = > 07 r,e®™* pour sa série de Fourier. Une forme modulaire est dite
une forme parabolique si 7 = 0. Pour plus de détails, voir par exemple [Ser73]. La
premiere famille de fonctions que nous considérons est définie de la facon suivante. Soit
Mi(z) = > 07, ra€?™% une forme modulaire (ou quasi-modulaire, voir le chapitre [2) sous
SLy(Z) de poids k pair. On définit ensuite

o (o ¢]

r T

M. ( Z n_z sin(2mnz) et Nig(z) = Z n—z cos(2mnz),
n=1 n=1

pour s convenable tel que My 5, Ny s soient bien définies et convergent vers une fonction

continue sur R. Si M, est une forme parabolique, on peut prendre s > 2 sinon s > k, voir

le chapitre [4 lemme [4.8] On suppose que r,, € R.

La deuxieme famille de fonctions étudiée est liée a la fonction théta. Rappelons que la
fonction theéta est définie dans le demi-plan supérieur par 6(z) = >, o, ™’ et quelle est
automorphe de poids % sous l'action du groupe I'y C SLy(Z) qui est engendré par ((1) %) et
(973') et est d’indice 3. Pour d € N et s > 4, nous définissons alors

Sua(z) = Z Z sin(m(ny + ... —I—dnd)a:)
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cos( ”1 + ...+ n2)z)
et Td s T; 7;1 n1 . +n ) .

Nous étudions certaines propriétés analytiques de ces séries : la dérivabilité, le module
de continuité et 'exposant de Holder. On dit qu'une fonction réelle f admet un module de
continuité g, lorsque pour tout x et y dans le domaine de f on a |f(z) — f(y)| < g(|lx —y]).
On dit qu’une fonction réelle f admet un module de continuité local g en x, lorsque pour
tout y dans le domaine de f on a |f(z) — f(y)| < g(]z —y|). On dit que f € C*(x() pour
un « > 0, a ¢ N 'l existe un polynéme de degré inférieur ou égal a [o], et une constante
C' (qui peut dépendre de xg) tels que

|f(z) = P(x — x0)| < Clo — x|,

lorsque * — . On définit alors l'exposant de Holder de f en xy par a(xg) = sup{s :
f € CP(x0)}. 1l est important de noter que si a(rg) = a pour a € N, cela n’implique
pas que f est nécessairement a-fois dérivable en xy. Par exemple, 'exposant de Holder de
x +— zlog(z) en = 0 est 1, mais la fonction n’est pas dérivable en 0.

Pour toutes les séries étudiées, nous observons que leurs propriétés analytiques aux
points irrationnels sont liées aux propriétés diophantiennes de ces points. On définit les
notions suivantes. Soit x € R\ Q et (an(x)), C N la suite des quotients partiels de =,
c’est-a-dire |

r=ay+ ———F— = [ao(x); a1 (x), az(x), ...].

3] T
a2+a3+i

Soit (£ e ;) la suite des réduites de x, ¢’est-a-dire an:L‘; lag(x); a1 (), az(x), ..., an(x)].

Les réduites peuvent étre obtenues des quotients partiels par la formule de récurrence :
pn(x) = an<x)pn—1(x) +pn_2($), Qn(l‘) = an(x)qn—l(x) + Qn—Q(x) pour n > 0et p_1<l’) = 17
p—2(x) =0,¢-1(z) =0,q2(z) = 1.

Définition 0.1. Soit z € R\ Q. On dit que z est Brjuno-carré (square-Brjuno) si

- log(QnJrl ($))

< 0

n=

Nous introduisons également deux conditions techniques :

1
lim 08(@na(®) _ (0.0.1)
log(gy, .
lim 108 (dn.3(x)) =0, et a,(x) =1 seulement pour un nombre fini de n. (0.0.2)

n—oo qn(aj)2
Nous observons que la condition (0.0.1]) est satisfaite pour presque tout z, mais la con-
dition ((0.0.2)) n’est satisfaite pour presque aucun x. Nous montrons au chapitre [2| que la
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propriété Brjuno-carré et les conditions (0.0.1)) et (0.0.2) sont indépendantes. En 1988,
Yoccoz a étudié la fonction définie par

Bi(z) =Y «T(z)T(x)..T" " (x)log ( Tnl(m)) :

ou T(z) = {1} siz #0, T(0) =0 et T9(x) = T(TV"'(z)) pour tout j > 2, maintenant
appelée la fonction de Brjuno, voir [Yoc88, IMMY97]. Cette série converge si et seulement

S1
00

log(gns1(x)) ~
nZ:O Qn(x) =

Cette condition est appelée la condition de Brjuno et a été introduite par Brjuno dans
I'étude des certains problemes de systemes dynamiques, voir [Brj71] [Brj72]. Les points de
convergence sont les nombres de Brjuno. Nous observons que si  n’est pas Brjuno-carré,
alors il est de Liouville, c’est-a-dire pour tout n € N il existe p,q € Z,q > 1 tels que
}x — §| < %. On en déduit que la mesure de Lebesgue et la dimension de Hausdorff de

I’ensemble des nombres irrationnels qui ne sont pas Brjuno-carré sont égales a 0.

G 1
an(x) gn (z)"n (@)

Pour tout n € N, nous définissons k,(x) par ’égalité ‘x — Puis, on

définit

pux) = limsup ki (2),

n—oo
v(z) = h}gg}f Kn(T).
Pour tout z € R\ Q, on a u(z) > v(xr) > 2 et pour presque tout z, v(z) = p(z) = 2.
Si pu(xr) < oo, alors x est Brjuno-carré et il satisfait , ce qui sera démontré au
chapitre 2] La fonction p(x) est I'exposant d’irrationalité et il est souvent défini comme la
borne inférieure des p tel que ’3: — §| < q% pour un nombre fini de p, ¢ € Z. 1l résulte d'un
théoreme classique de Jarnik et Besicovitch que la dimension de Hausdorff de ’ensemble
{z € Rlp(x) = u} est %, voir par exemple [Fal03, p. 157]. Par ailleurs Sun et Wu ont
récemment démontré que la dimension de Hausdorff de 'ensemble {x € R|v(z) = pu(z) = v}
est égale a % pour tout v > 2, voir [SW14].
Nous définissons aussi la version “paire” de ces exposants. Soient

te(z) = lim sup{k, (z)|pn(x), g.(x) ne sont pas tous deux impairs},
n—oo

Ve(x) = lim inf{x, (x)|p,(z), ¢.(x) ne sont pas tous deux impairs}.
n—oo
Au chapitre [2] nous montrons que p. et v, sont bien définis. En outre, nous présentons
plus de détails sur la théorie des fractions continues dans ce chapitre.
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0.1 Motivation

Ce travail est motivé par 1’étude de la fonction de Riemann définie par

S(x) = % sin(rn’x). (0.1.1)

[e.9]

n

A la fin du 19¢me siecle, les mathématiciens soupconnaient que S était une fonction con-
tinue nulle part dérivable. Vers 1910, Hardy et Littlewood ont démontré que S n’est
dérivable en aucun irrationnel et en aucun rationnel qui n’est pas de la forme % et que

S est C%/* nulle part sauf peut-étre aux nombres rationnels 22 [Har76, [HLI4]. En 1970

impair’

dans [Ger70], Gerver a montré que S est dérivable aux nombres rationnels de la forme %.
Sa démonstration est élémentaire mais longue. En 1981, dans l'article “Differentiability of
Riemann’s Function” de 4 pages [[ta81], Itatsu a présenté une démonstration alternative
des résultats sur la dérivabilité de S aux nombres rationnels. Il a utilisé la liaison entre
S(z) et la fonction théta. I1 a étudié la fonction complexe S(z) = > 7 #e"ﬂ”, dont la
partie réelle est S(x). Puis, en exploitant le lien avec la fonction 6 et I'identité modulaire
de Jacobi satisfaite par 6, il a obtenu une équation fonctionnelle pour & dont on déduit

que pour tout § € Q, non nul, on a

S(L 4 1) - (L) = R et oapr),
q q h| 2
ou R(p, q) est une constante qui dépend de p et ¢ et est qui vaut zero si et seulement si p et
g sont tous les deux impairs. Itatsu a lu le comportement de S autour des points rationnels
de cette équation. En 1991, en utilisant la méthode d’Itatsu, Duistermaat a montré que S
est C''/? aux points rationnels qui n’ont pas la forme % et il a aussi trouvé une borne
supérieure de I'exposant de Holder aux points irrationnels, voir [Dui91].

En 1996, Jaffard et Meyer ont montré que S est C*/? aux nombres rationnels %.
Finalement, Jaffard dans [Jaf96], en utilisant la théorie des ondelettes, a déterminé que

I'exposant de Holder de S au point irrationnel x est égal a

1 1
=5 S

Dans la premiere partie de la these, nous exploitons ’approche proposée par Itatsu.
Dans la seconde partie, nous utilisons I'approche de Jaffard.

0.2 Présentation des résultats

Soit k > 4 pair. La série d’Eisenstein de poids k est définie pour z € H par

Ei(2) = - >, :

o (m +nz)k’
(m,n)#(0,0)
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On demande k > 4 pair pour avoir une série absolument convergente. Pour k£ = 2 on
considere

3 1 3
Ey(z) = — i .
2(2) 72 &0 m;GZ (m 4+ nz)?m+ nz| * mlm(z)
(m.m)#(0.0)

Pour k > 2 la série de Fourier de B}, est

ol By, est le k-itme nombre de Bernoulli et oy_1(n) = >, d*=1. Pour k > 4 la fonction
E} est modulaire de poids k sous l'action de SLy(Z). De plus, Fs est quasi-modulaire de
poids 2 sous I'action de SLy(Z), voir [Zag92]. La fonction Fy peut étre regardée comme
une intégrale modulaire (ou d’Eichler) sur SLy(Z) de poids 2 avec la fonction période
rationnelle —22, voir par exemple [Kno90].

Pour k£ > 2 pair et s > k, on considere

Fis(z Z Tk sm (2mnx) et Grs(z Z T cos (2mnx).

n=1 n=1

Comme oy_1(n) < nf~1ag(n) et o9(n) = o(n) pour tout € > 0 (voir par exemple [Ten95)
p. 83]), ces séries convergent uniformément vers des fonctions continues sur R. Les séries
de sinus se comportent différemment des séries de cosinus en ce qui concerne la dérivabilité.
On a en effet le

Théoreme 0.2. Les fonctions Fy3 et Go g ne sont dérivables en aucun point de Q. Cepen-

dant, Ga 3 est dérivable a droite et a gauche en chaque rationnel, ce qui n'est pas le cas de
F273.

. . P 4 N .
En chaque point rationnel § la dérivée de Gy 3 “chute” de ;’7, ou on prend ¢ = 1 si

L =, d.e. sionécrit Gha (27),Gh5 (21) pour la dérivée & gauche et a droite de Gy 3 en
q ’ q ’ q
£ respectivement, alors G 5 <§_> 53 <p +) = ;7 Pour les nombres irrationnels, on a

Théoréme 0.3. (i) Sixz € R\ Q est Brjuno-carré et satisfait (0.0.1) ou (0.0.2), alors
F, 5 est dérivable en x. En revanche, st x € R\ Q n’est pas Brjuno-carré, alors F s
n’est pas dérivable en x.

(1) Siz € R\ Q satisfait (0.0.1) ou (0.0.3), alors Gos est dérivable en .




xii Chapter 0. Résumé en francais

En particulier, 53 et G5 3 sont presque partout dérivables. Nous croyons que ((0.0.1])
et (0.0.2)) sont des conditions techniques et pourraient étre supprimées du théoréme si bien
que Gg 3 devrait étre partout dérivable. La difficulté est expliquée au chapitre .

Nous considérons maintenant le module de continuité de Fy 3 et G 3.

Théoréme 0.4. Pour tout x € (0,1) \ Q et tout y € (0,1), on a

|&A@—mensan—ymg( )+@u—m, (0.2.1)

|z —y

et

|Gmu»—Gm@ﬂscmx—mmg( )+fmm—m, (0.22)

|z —yl

ot les constantes C, Cy, C3, Cy dépendent seulement de x.

Si x est Brjuno-carré et satisfait (0.0.1)) ou (0.0.2)), alors C; = 0. Si z satisfait (0.0.1)) ou
(0.0.2)), alors C3 = 0. Cependant, il existe C1,C3 > 0 et Co, Cy absolues telles que (0.2.1))
et (0.2.2) sont satisfaits pour tout = € (0,1) \ Q et tout y € (0,1).

Nous croyons que nous pourrions prolonger nos résultats sur la dérivabilité de Fy, 41 et
G i+1 a tout k pair. Plus précisément, nous formulons la conjecture suivante.

Conjecture 0.5. Soit k € N* pair.

(i) Les fonctions Fy i1 et Gire1 ne sont dérivables en aucun rationnel. Cependant,
G it1 est dérivable a droite et a gauche en chaque rationnel.

(11) La fonction Gy k11 est dérivable en chaque irrationnel.

(11i) La fonction Fj .y est dérivable en x € R\ Q si et seulement si

o0

log(gnr1(2)) _
;—qn(x)k < 0. (0.2.3)

Pour démontrer les théoremes 0.2 nous utilisons ’approche proposée par Itatsu.
Les démonstrations détaillées sont présentées au chapitre [3| ot nous donnons aussi des
arguments justifiant la conjecture [0.5]

La fonction de Brjuno satisfait une équation fonctionnelle By (z) = —log(xz) + B (%)
sur (0,1). Marmi, Moussa and Yoccoz ont étudié une version généralisée de la fonction de
Brjuno. Ils ont défini un opérateur linéaire T, f(z) = = f (%) et puis considéré 1’équation
(1 —T,)By = f telle que Bf(x + 1) = By(z), voir [MMY97, MMY06]. La condition
“k-Brjuno” dans revient a étudier cette équation avec o = k et f(x) = — log(x).

Nous considérons maintenant 1’exposant de Holder. On a
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Théoréme 0.6. Soit k > 4 pair et My, une forme modulaire de poids k sous SLs(Z) qui
n’est pas parabolique. Pour v € R\ Q, soit ayy,  (x) l'exposant de Holder de My, s en x. On
suppose que
>k + u i (0.2.4)
s —_——— 2.
v(z)  p(x)

K
pi(x)

Alors
an,,(r) =5 —k+

Le résultat est vrai si l'on remplace My, s par Ny s.

On remarque que la condition ((0.2.4)) est satisfaite pour presque tout = et s > k. Nous
ne savons pas si nous pouvons juste supposer que s > k pour tout z € R\ Q.

Remarque 0.7. Dans cette these nous considérons des fonctions réelles. Si les coeffi-
cients r,, d'une forme modulaire M, sont complexes, alors la théoreme est vraie pour
les fonctions de type $°°° Beln) gin(27n2), - () gin(2mnz), $°°°, B cog(27nz),

n=0 ns ns n=0 ns
il M cos(2mnz). De plus, s — k + —~ est un minorant de I'exposant de Holder de la
n=0 n p ‘u(x) p
fonction complexe My s en x € R\ Q dans ce cas.

Sis > %, alors la condition 1} est satisfaite pour tout x € R\ Q. De plus,
I’ensemble de nombres rationnels a dimension de Hausdorff égale a 0. Nous pouvons donc
décrire le spectre des singularités de M}, , dans le théoréme suivant, ot nous utilisons la

convention standard que ’ensemble vide a dimension de Hausdorff —oc.

Théoréme 0.8. Soit k > 4 pair, My une forme modulaire de poids k sous SLy(7Z) qui
n’est pas parabolique et s > % Soit aMk,s(x) lexposant de Holder de My s en x. Alors
%a—%s—l—Z, st o € [s—k,s—g},
dimp{z € Rlay,  (z) = o} =
0 ou — o0, S1nomn.

Comme Ej, n’est parabolique pour aucun k > 4 pair, on peut appliquer le théoreme
quand M, = E;. Comme Fj, 4(x) = _%Mk,w les théoremes et E sont vrais pour Fj g
pour tout £ > 4. Nous pouvons également évaluer I'exposant de Holder de Fj ;.

On ale

Théoréme 0.9. Pour x € R\ Q, soit ay,,(x) lezposant de Holder de Fh, en x. On
suppose que

(0.2.5)

On a alors
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De plus, si pour une infinité de n,

an(x) 27, (0.2.6)
alors

anp,(T) =5 — 2+ )

Le résultat est vrai si l'on remplace F, 5 par Gg .

La condition (|0 est satisfaite pour presque tout z, car la suite des quotients partiels
n’est pas bornée pour presque tout =, V01r par exemple [Khi64, p. 60]. Ainsi, pour tout
k> 2 et tout s >k, on a ay, | (x) =s—3 pour presque tout x € R. D’un autre coté, si
pu(x) = oo, alors la condition est satlsfa1te et nous avons l'optimalité dans ce cas
également. Il est probable que la condition (0.2.6) pourrait étre supprimée.

Nous considérons maintenant les formes paraboliques.

Théoréme 0.10. Soit k > 4 pair et My, une forme parabolique de poids k sous SLy(Z).
Pour x € R\ Q, soit ay, () lexposant de Holder de My, s en x. On suppose que

k 2 2
s> -+1+—<—-—. 0.2.7
2T T ) (0:2.7)
(i) On a alors

k 2
Osz’S<l'> >s5———1+

2 ww)’
(ii) De plus, s’il existe N € N tel que pour une infinité de n,
an(x) =N (0.2.8)
et si u(x) =2, alors
an,, (T) =5 — 7
Le résultat est vrai si l'on remplace My, s par Ny s.

Soit m;(z,n) = 1|{1 < j < nla; = i}|. Pour presque tout = on a lim,_, m(z,n) =
log( 02 (2) log(1+ (+2)) voir [IK02, p. 225]. La condition (0.2.8) est donc satisfaite pour presque
tout z. De plus, v(z) = pu(x) = 2 pour presque tout x, alors pour tout M; parabolique,
pour tout s > g +1onaay,, (v)=5s—3 pour presque tout x.

On considere le discriminant modula1re A de poids 12 :

= m2 Y st = B, (- ey,

1728

ou 7 est la fonction de Ramanujan. La fonction A est parabolique, donc pour tout s > 6
la série

Ag(x) = Z T<2) cos(2mnx)

converge pour tout x € R. On peut lui appliquer le théoreme [0.10
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Corollaire 0.11. Pour x € R\ Q, soit aa,(z) l'exposant de Hélder de Ay en x. On
suppose que s > 8. Alors pour presque tout x on a

an,(x) =s—6.

Zagier dans [Zagl0] a considéré A, il a étudié Y 7, % cos(2mnz) (comme une exten-
sion d'une quantum modular form) et a noté qu’elle est 4 fois mais pas 6 fois contintiment
dérivable sur R. Par le corollaire [0.11] pour presque tout z, on a aa,, (z) = 5.

Pour démontrer les théoremes [0.6H0.10L nous utilisons 'approche proposée par Jaffard

dans [Jaf96]. Les démonstrations détaillées sont présentées au chapitre

L’étude de I'exposant de Holder de Fj, s et Gy s permet de démontrer certains cas de la
conjecture H Par le théoreme onaquepour k >4detr € R\Q,si - — L < %,

v(@)  p(r)
alors I'exposant de Holder de Fj 11 et Gy i1 en x sont tous deux égaux a 1 + % Si

wu(z) < oo, nous en déduisons que Fy i1 et Gggi1 sont dérivables en x. La condition
p(z) < oo implique et une direction de la conjecture (iii) est vraie dans ce cas.
Il est également intéressant de noter que pour presque tout x on a u(x) = v(z) = 2, de
sorte que la conjecture est démontrée pour presque tout x pour tout k > 4.

Nous présentons maintenant nos résultats concernant Sy s et T} ;.
Théoréme 0.12. Les fonctions Sso et 155 ne sont pas dérivables en 0.

Théoreme 0.13. Les fonctions Sso et T59 ne sont dérivables en aucun nombre rationnel
§ tel que p et g ne sont pas tous deux impairs. Cependant, si p € 4Z + 3, alors Ss o est
dérivable a droite en g et sip € 4Z + 1, alors Sz est dérivable a gauche en g.

Théoréme 0.14. Soit x € R\Q tel que p.(x) > 4. Alors Ss o et T 9 ne sont pas dérivables
en x.

Nous démontrons les théoremes [0.12 par la méthode d’Itatsu au chapitre

Nous étudions ensuite 'exposant de Holder de ces séries. Notons {y} la partie fraction-
naire de y. On a le

Théoréme 0.15. Soit d € N*. Pour x € R\ Q, soit ag, (x) l'exposant de Hélder de Sy
en x. On suppose que

d d
Z — 0.2.9
e we(xr)  2pue(z)’ ( )
et dyia(z) — d
HelX) —
s} < e T8 0.2.10
te} 2pe(x) ( )
alors
ag, (r) =s— d + d
o a 2 2p.(z)

Le résultat est vrai si l'on remplace Sqs par Ty .
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En fait, une analyse détaillée montre que si (0.2.9)) est satisfaite et il existe € > 0 tel

que {s} < % (ce qui est moins fort que (0.2.10))), alors as, (7) > s— é—l—m.

Nous considérons maintenant S35 et T3 5. Nous observons que les conditions et
sont satisfaites pour tout x € R\ Q tel que pe(z) > 6. On dedult du theoremem
que l’exposant de Holder de Sy (et Tso) en tel x vaut ag, ,(z) = £ + o ( En particulier,
nous en concluons que S3o et T35 sont dérivables en z € R\ Q si po(z 3 < 3 et ne sont
pas dérivables en = si 3 < po(x) < 6. Le théoreme traite le cas po(x) > 4, alors nous
obtenons le résultat suivant.

Corollaire 0.16. Soit z € R\ Q.
(1) Si pe(x) > 3, alors les fonctions Sso et Tso ne sont pas dérivables en x.

(11) Si pe(z) < 3, alors les fonctions Sso et Tso sont dérivables en .

Sis > 22 alors est satisfaite pour tout z € R\ Q et si d > 4, la condition (0.2.10)

est satlsfalte pour tout € R\ Q. Nous décrivons le spectre des singularités de S, s dans
ce cas.

Théoréme 0.17. Soit d € N,d > 4. Soit s > 3¢, alors

4 4 . d 4
Sa—5s+2, sta€|s—2,s— %2
dlmH{x c R’O{des(x) = CY} — d d ) [ 27 4} )

0 ou — o0, SINOMN.
Les théoremes [0.15] et [0.17] sont démontrés au chapitre [4]

La fonction de Riemann S correspond a St ; et des résultats plus précis que les théoremes
et ont été obtenus par Jaffard dans [Jaf96]. Les détails de cette étude sont
présentés au chapitre . Dans sa these Oppenheim [Opp97] a utilisé la théorie des ondelettes
dans son travail sur la régularité d’'un analogue bidimensionnel de la série de Riemann

0.1.1)). Plus précisément, il a considéré S,(x,y) = > mn>0 eim e t1%y) dans le
(m.n)#(0,0)
cadre des espaces deux-microlocaux et déterminé la régularité et le spectre des singularités

de cette fonction. Chamizo et Ubis dans [CUQO7] ont étudié une autre généralisation de
imnFx 7 L%
S : ils ont considéré la fonction fy o (z) = S22, €2 ot S(x) = fao(a). Ils ont étudié

n=1 s

la dérivabilité, I’exposant de Holder et le spectre ciles singularités de f; s en utilisant des
méthodes de théorie des nombres et d’analyse harmonique. Ils ont lié ces concepts a p(x)
et v(z). Puis dans |CU14], Chamizo et Ubis ont étudié le spectre des singularités de
fonctions plus générales encore : fi(z) = > 7, QWPWZ ou P € Z[z]. 1ls ont introduit de
nouvelles méthodes basées sur certaines approximatlons diophantiennes et des estimations
analytiques et arithmétiques fines des sommes exponentielles.

La fonction 6 apparait dans les études des fractions continues. Par exemple, Kraaikamp

et Lopes dans [KL96] ont établi la relation entre le groupe I'y et les fractions continues

1
(m2+n2)a
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avec les quotients partiels pair. Voir Rivoal et Seuret [RS| pour 1’élaboration sur cette
connexion pour les fonctions similaires a S(z).

La derivabilité et I'exposant de Holder des séries de ces deux types ont également été
étudiés par Chamizo dans [Cha04]. Dans cet article, il a considéré des séries provenant
de formes automorphes f(z) = > "2, r,e*™* de poids k positifs sous 'action d'un groupe
fuchsien : fy(z) =", :L—ZGQMMC. Il a démontré que si M}, est une forme parabolique, alors
My, s n’est pas dérivable en x irrationnel si s < g + 1 et si % < s < % + 1, alors M 4
est dérivable en tout nombre rationnel. De plus, on déduit de [Cha04, Théoreme 2.1] que
I'exposant de Holder de f, aux points irrationnels vaut s — g pour tout % < s < g + 1.
Cependant, sa méthode n’est pas applicable dans le cas de Fj, s et Gy s considéré ici, parce
qu’il demande que s < % + 1 pour f non-parabolique, alors que nous considérons s > k.

Dans le méme article, il a démontré que la fonction fi (z) = >~ T’“n—(f)e”mx, définie
pour % <s< g + 1, est dérivable en x = § si et seulement si p, ¢ sont tous deux impairs,
ou 7(n) est le nombre de représentations de n comme une somme de k carrés, ou 0
est autorisé, ou le signe et l'ordre comptent. Nous observons que iS32(x) + T52(z) =
Yo Ri—g")e”m, ou R3(n) le nombre de représentations de n comme une somme de 3 carrés
des nombres strictement positifs et ou 'ordre compte. Méme si ce n’est pas précisément

f3,2, le théoreme est cohérent avec le résultat de Chamizo.

Certains des résultats présentés dans cette these ont été rédigés sous forme d’article
paru ou de prépublication [Pet13], [Pet14) [Pet].

La these est organisée comme suit. Au chapitre |2l nous rappelons quelques propriétés
des fractions continues, des formes modulaires et de la fonction 8, dont nous aurons besoin
pour démontrer les théoremes annoncés. Puis, au chapitre [3| nous discutons de la méthode
d’Ttatsu, nous démontrons les théoremes [0.2}{0.4] et nous donnons aussi des argu-
ments justifiant la conjecture Au chapitre [4 nous discutons de la méthode de Jaffard et
nous démontrons les théoréemes [0.6}0.10] [0.15 et [0.17] Enfin, au chapitre [5] nous évoquons
des problemes ouverts qu’il pourrait étre intéressant d’étudier dans le futur.
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CHAPTER 1

Introduction

In this thesis, we consider certain Fourier series which arise from modular or automorphic
forms. We study their analytic properties using two different methods. One is based on
finding and iterating a functional equation for the function studied (Itatsu’s method), the
second one comes from wavelet analysis (Jaffard’s method). Even though the two methods
differ, the crucial steps in both of them are based on the underlined modularity. These
methods give complementary information, as we will see later.

For a matrix v = (‘C‘ g) € SLy(Z), and z € C we will denote the fractional transforma-

tion as
az+b

cz+d

if cz4+d € C\{0}, and - (—g) = 00. A holomorphic function M}, defined in the upper-half
plane H := {z € C|Im(z) > 0} is called a modular form of weight k for SLy(Z) if it is
holomorphic at infinity and for any v = (g g) € SLy(Z) and z € H, we have

V2=

My(v - 2)

Mk(z) - (cz+d)k'

(1.0.1)
We then write My(z) = > o7 r,e®™"* for its Fourier series. If ro = 0, then it is called a
cusp form, for details see for example [Ser73]. The first family of functions we consider

is defined as follows. Let M (z) = >_°7 r,e*™* be a modular (or quasi-modular, see
Chapter [2)) form of weight k£ even under SLy(Z) group. We then define

o0 [o¢] r
M. (2 E —” sin(2rnz)  and  Ni4(z E — cos(2mnz),

nS

3

n=1

for suitable s such that M, Nj, ; are well-defined and converge to continuous functions on
R. Throughout the thesis we assume that r,, € R for all n.

The second family of functions studied arises from the theta function. Recall that
the theta function is defined in the upper-half plane by 6(2) = >, ™2 and it is an
automorphic form of weight % under the action of the group I'y C SLs(Z ) which is the
group (of index 3) generated by (é %) and ( ) Then for d € N and s > £, we define

Sua(z) = Z Z sin(m(ny + ... —I—dnd)a:)
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ad Ty =Y .3 Tt F )
d

We are interested in certain analytic properties of these series, namely differentiability,
modulus of continuity and the Holder regularity exponent. We say that a real-valued
function f admits a modulus of continuity g, if for all z,y in the domain of f we have
|f(z)— f(y)] < g(|x—y|). We say that a real-valued function f admits a local modulus of
continuity ¢ at a point x, if for all  in the domain of f we have |f(z) — f(y)| < g(Jx —y]).
We say that f € C%(xg) for some o > 0, o ¢ N when there exists a polynomial P of degree
less than or equal to [, and a constant C' such that

|f(z) = P(x — x0)| < Cla — x|,

as ¢ — x9. Then we define the Holder regularity exponent of f at xg as a(zg) = sup{3 :
f € C%(zp)}. Tt is important to note that if a(zy) = a for a € N, it does not imply that f
is a-times differentiable at z. For instance, z — xlog(z) has Holder exponent 1 at z = 0,
but it is not differentiable at 0.

In all studied series we find that these analytic properties at irrational points are related
to their fine diophantine properties. We make the following definitions. Let z € R\ Q and
(an(x)), € N be the sequence of partial quotients of z, that is

1
r=ay+ ———F— = [ao(®); a1 (), az(x), ...].
R
ag+ =

Let (”:T(g)n be the sequence of continued fraction approximations of x, that is SZ—EQ =

lag(x); a1(z), az(x), ..., an(x)]. The convergents can be obtained from partial quotients by
the recurrence relations: p,(z) = a,(2)pp_1(z) + Pu2(x), ¢u(x) = an()gn_1(z) + ¢r_2(x),
forn >0, and p_1(z) = 1,p_s(x) = 0,9-1(x) = 0,q_2(x) = 1.

Definition 1.1. Let © € R\ Q. We will say that x is a square-Brjuno number if

o0

Z log(gni1()) < 00

Gn(7)?

n=0

In addition, we introduce two technical conditions:

lim 10g(n+4 g:z:))
oo gul(2)

=0; (*)

UG
n—oo qn ((L‘)

We observe that Condition is satisfied for almost all x, but that Condition holds
for almost no x. We show in Chapter [2| that the square-Brjuno property and Conditions

=0, and a,(x) =1 for only finitely many n. (xx)



and are independent. In 1988, Yoccoz studied the function defined by

Bi(z) =Y aT(z)T*(x)..T" ' (x)log (Tnl(x)) :

where T denotes the Gauss map and T7(z) = T(T7~*(z)) for all j > 2, now called Brjuno
function, see [Yoc88, IMMY97]. This series converges if and only if

o0

log(Qn-i-l (ZE))
HZ:O —qn(x) < 0.

This condition is called Brjuno condition and was introduced by Brjuno in the study of
certain problems in dynamical systems see [Brj71, [Brj72]. The points of convergence are
called Brjuno numbers. We note that if an irrational number z is not square-Brjuno,
then it must be Liouville, that is for every n € N there exist p,q € Z,q > 1 such that
}:c — ’a” < q%- It follows that the set of irrational numbers which are not square-Brjuno has
both Lebesgue measure and Hausdorff dimension equal to 0.

For each n, we define k,(z) by the equality ‘a: — L "(x)| = 1 We then define

an(x) | 7 gn(z)mnl=)”

p(z) = limsup rn (),

n—oo

v(z) = liminf k, ().
n—oo

For all x € R\ Q, we have p(z) > v(z) > 2, and for almost all z, v(x) = p(zx) = 2. If
pu(x) < oo, then x is square-Brjuno and it satisfies , which we will see in Chapter
The function u(x) is called the irrationality exponent of x, and it is usually defined as
the infimum over p such that {x — §| < qi” for only finitely many p,q € Z. It follows
from a classical theorem of Jarnik and Besicovitch that the Hausdorff dimension of the
set {x € Rlu(x) = u} is %, see for example [Fal03] p. 157], whereas Sun and Wu recently
proved that the Hausdorff dimension of the set {z € R|v(z) = p(z) = v} is equal to L for
all v > 2, see [SW14].

We also define an “even” version of these exponents. Let

te(z) = limsup{k,(z)|pn(x), g.(x) are not both odd},

n—oo

Ve(x) = lim inf{k,,(x)|p,(2), ¢.(x) are not both odd},

which are well-defined, as we will see in Chapter 2l We will provide more details on
continued fractions in the next chapter.
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1.1 Motivation

This work is motivated by the example of the Riemann “non-differentiable” function which

is defined as .

1
S(x) = Zl - sin(mn’z). (1.1.1)
At the end of the 19th century, S was thought to be continuous but nowhere differentiable.
Then in 1910s Hardy and Littlewood proved that S(z) was indeed neither differentiable

at any irrational point x, nor at rational points x = § such that p,q were not both
odd and that was in fact nowhere C%* except maybe the rational points of the form %,

[Har16, HL14]. Later, in 1970 in [Ger70], Gerver showed that S(x) was in fact differentiable
at rational points § such that p and ¢ are both odd, his proof was elementary but long. In
1981, in a 4-page paper “Differentiability of Riemann’s Function” [[ta81], Itatsu gave an
alternative proof of differentiability of S at these rational points. His method was based on
the relationship between S(x) and the theta function 6. He considered a complex-valued
function S(z) = Y07 | —— "7 whose real part is S(z). Then he obtained a functional
equation for § from its relationship to # and Jacobi identity satisfied by 6, from which he
deduced that for all 0 # 2 € Q we have:

S(2 1)~ (L) = Ry @ e R oap)

q q |h| 2

where R(p, q) is a constant that depends on p and ¢ and is zero if and only if p and ¢ are
both odd. He read off the behaviour of S around rational points from this equation. In
1991, Duistermaat used this method to study Holder regularity exponent of S(x) reproving
the results on its differentiability on R, see [Dui91]. He showed that S is exactly C''/? at
the rational points not of the form 234, Then in 1996, Jaffard and Meyer showed that S is

odd
odd

exactly C%/2 at the rational points of the form 29q- In the same year Jaffard, using wavelet
methods, proved in [Jaf96] that the Holder regularity exponent of S at an irrational point

x is equal to
1 1

alr) ==+ ——.
)= 5t o)
In the first part of the thesis we exploit the approach proposed by Itatsu, in the second
part we use the approach of Jaffard in the study of the described families of functions.

1.2 Statement of the results

Let £ > 4 be even. The Eisenstein series of weight k over the upper-half plane H is defined

Ey(z) = - >, :

o (m +nz)k’
(m,n)#(0,0)
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We require k£ > 4 even to have an absolutely convergent sum. For k£ = 2 we consider

3 1 3
Eo(2) = 21 :
2(2) 72 20 mzn;Z (m+nz)?lm + nz| * mlm(z)
(m,n)£(0,0)

For k > 2 the Fourier expansion of Ej, is

where By is the k-th Bernoulli number and o4-1(n) = >4, d*=1. For all k > 4, E}, is
modular of weight k& under the action of SLs(Z), and E, is quasi-modular of weight 2
under the action of SLy(Z), see for example [Zag92]. The function E, can be viewed as
a modular (or Eichler) integral on SLs(Z) of weight 2 with the rational period function

27rz

, see for example [Kno90].
For k > 2 even and s > k we consider

Fi s(x Z 7 sm (2rnx) and Gps(z Z 7 cos (2mnx).

n=1 n=1
Since 0_1(n) < n*log(n) and og(n) = o(n®) for all ¢ > 0 (see for example [Ten953,
p. 83]), these series converge on R to continuous functions. The sine series exhibits different
behaviour with respect to differentiability than the cosine series. We have

Theorem 1.2. Neither Fy3 nor Gy is differentiable at any point in Q. However, Gy 3 is
right and left differentiable at each rational point.
At each rational p the derivative of G5 3 drops by 7 38 where we take ¢ = 1 when p =0,

i.e. if we denote the left and the right derivative of G5 at £ by Gy 3 <5 ) <§ )

il

respectively, then G , <§7> 9.3 <p +) = 3z For the irrational points, we have

Theorem 1.3. (i) Ifx € R\ Q is a square-Brjuno number satisfying or , then
Fy 5 is differentiable at x. On the other hand, if x € R\ Q is not a square-Brjuno
number, then F, 3 is not differentiable at x.

(i) If x € R\ Q satisfies or (#]), then G5 is differentiable at x.

In particular, F, 3 and Gy 3 are differentiable almost everywhere. However, we believe
that conditions and are technical and could be removed from the theorem and
G5 would be everywhere differentiable. The difficulty is explained in Chapter [3|

Then we consider the modulus of continuity of F5 3 and Gg3.
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Theorem 1.4. For all x € (0,1)\ Q and all y € (0,1), we have

Faa(a) — Fas()] < Cile — yllog ( ) L Cyla =, (1.2.1)

|z —y

and

|Gas(x) — Gag(y)| < Cslz — y|log ( ) + Cylx —y|, (1.2.2)

|z =y
for some constants Cy, Cs, C3, Cy dependent only on x.
If = is square-Brjuno satisfying or , then C = 0. If z is satisfies or ,

then C'5s = 0. However, there exist C,C3 > 0, (s, Cy absolute such that ((1.2.1)) and ([1.2.2)
are satisfied for all z € (0,1) \ Q and all y € (0, 1).

We believe that we could extend our results on differentiability of Fj, ;41 and Gy p41 to
any even k. Therefore, we formulate the following conjecture.

Conjecture 1.5. Let k € N* be even. We have the following.

(i) Neither Fy i1 nor Gyt is differentiable at any rational number; however, Gy i1
1s Tight and left differentiable at each rational number.

(i) The function Gy 1 is differentiable at each irrational number.

(11i) The function Fy i1 is differentiable at x € R\ Q if and only if

o0

log(Qn-H(x)) 00
;—qn(x)k < 0. (1.2.3)

In order to prove Theorems 1.2 we use the approach proposed by Itatsu. The
detailed proofs are presented in Chapter (3| where we also give arguments justifying Con-

jecture [L.5]

The Brjuno function satisfies a functional equation B;(z) = —log(z)+zB;(2) on (0,1).
Marmi, Moussa and Yoccoz studied a generalised version of Brjuno function, namely they
define a linear operator T, f(x) = z* f (%) and then consider the equation (1 —7,)Bf = f
such that By(z + 1) = By(x), see [MMY97, MMY06]. The “kth-Brjuno condition” in
corresponds to studying this equation with a = k and f(z) = —log(x).

We now consider Holder regularity exponents. We have

Theorem 1.6. Let k > 4, even, and My be a modular form of weight k under SLo(Z) not
a cusp form. For x € R\ Q, let ayy, (v) be the Hélder regularity exponent of My at x.
Assume that

AL L (1.2.4)

v(z)  p(r)
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Then,

k
Qo r)=s5—k+ —.

The same s true if we replace My, s with Ny s.

We note that (1.2.4]) is satisfied for almost all x for any s > k. We do not know if
(1.2.4) can be relaxed to s > k for any z € R\ Q.

Remark 1.7. In this thesis we are interested in real-valued functions. If we consider a
modular form M, with complex coefficients r,, then Theorem remains valid for the
functions of the form y > | Re—r") sin(27mnz), ZZOZO Imi—r") sin(2mnz), > .07, Rei:") cos(2mnz),

> Imy") cos(2mnz). Moreover, s—k+ M(m) is a lower bound of the Holder regularity

exponent of the complex-valued function Mj s at € R\ Q in this case.

If s > 3k then Condition is satisfied for all x € R\ Q. Also, as the set of rational
points has Hausdorff dlmensmn 0, we can describe the spectrum of singularities of M, ; as
follows, where we use the standard convention that the empty set has Hausdorff dimension
—00.

Theorem 1.8. Let k > 4, even, My be a modular form of weight k under SLs(Z) not a
cusp form and s > % Let apy,, (x) be the Hélder regularity exponent of My, at x. Then

20— 25+2, ifa€[s—ks—5%],

dimg{z € Rlay,  (z) = a} =
0 or — oo, otherwise.

Since E} is not a cusp form for all k£ > 4 even, we can apply Theorem if My, = E},
then Fj 4(x) = —%Mk,s, and Theorems and are valid for Fj ; for all £ > 4. We can
also evaluate the Holder regularity exponent of F ;.

We have

Theorem 1.9. For x € R\ Q, let any,  (x) be the Holder regularity exponent of Fy s at x.

Assume that
2 2

§>24 — — . (1.2.5)
v(z)  plx)
We have 5
an, (1) > 8 =2+ —.
() ()
Furthermore, if for infinitely many n,
an(x) > 7, (1.2.6)
then
oy, (T) =85 =2+ —.
4 (7) ()

The same is true if we replace Fy g with Go .
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Condition is satisfied for almost all z, as the sequence of partial quotients is
unbounded for almost all z, see for example [Khi64, p. 60]. Therefore, for all & > 2 and
all s > k, we have ay, (x) = s — £ for almost all z € R. On the other hand, if p(z) = oo,
then Condition is satisfied, and we obtain the optimality in this case as well. It is
likely that Condition could be removed.

We now consider cusp forms.

Theorem 1.10. Let k > 4, even, and My be a cusp form of weight k under SLs(Z). For
v € R\ Q, let ay, (v) be the Holder regularity exponent of My, at x. Assume that

k 2 2
s>§+1+m—m. (1.2.7)
(i) We have
an, (x)Zs———1+i
’ 2 ()
(i) Moreover, if there exists N € N such that for infinitely many n
a,(x) =N, (1.2.8)
and if p(x) = 2, then
onk’s(x) =5— 5
We get the same results if we replace My, s with Ny, ;.
Let m(x,n) = 2|{1 < j < n|a; = i}| denote the frequency of appearance of i

among the first n partial quotients of x. It is well-known that for almost all  we have
limy, oo mi(z,n) = 2= log(1 + =), see [IK02, p. 225]. It shows that Condition (1.2.8

log(2) i(i+2)
is satisfied for almost all x. Furthermore, v(x) = pu(x) = 2 for almost all z, then for a

cusp form, for all s > £ + 1 we have ay, (2) = s — & for almost all .
Consider the discriminant modular form A of weight 12, which can be written

k

AE) = 2n)2 S rmer= = O (B, o) — By(2)?),

n=1

where 7 is the Ramanujan function. Since A is a cusp form, for any s > 6 the series

Ay(z) = Z SZ) cos(2mnx)

n=1

\]

converges for all x € R. We apply Theorem to it.
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Corollary 1.11. For x € R\ Q, let aa,(x) be the Hélder regularity exponent of Ag at x.
Assume that s > 8. Then for almost all x we have

an,(x) =s—6.

Zagier in [Zagl0] considered series of the type of Ay, in particular he studied Ay; (which
he regards as an extension of a quantum modular form) and mentioned that it is 4 times
but not 6 times continuously differentiable on R. By Corollary [I.11} for almost all z, we
have aa,, (z) = 5.

In order to prove Theorems|1.641.10 we use the approach proposed by Jaffard in [Jaf96].
The detailed proofs are presented in Chapter [

Studying the Holder regularity exponents of Fj ; and G} s enables us to prove some
cases of Conjecture . By Theorem , we have that for k¥ > 4 and =z € R\ Q, if
ﬁ — ﬁ < %, then the Holder regularity exponents of Fj ;41 and Gj 41 at @ are both
14 % If p(x) < oo, then we conclude that both Fj j41 and Gy 41 are differentiable at x.
The condition p(z) < co implies (1.2.3)), and we see that one direction of Conjecture[L.5|(iii)

is true. It is also worth noting that since for almost all = we have u(z) = v(x) = 2, the
conjecture is proved for almost all x for all £ > 4.

We now present results concerning Sg s and Ty ;.

Theorem 1.12. Neither Sso nor Ts 5 is differentiable at 0.

Theorem 1.13. The functions Sso and T3 9 are not differentiable at any rational point §
such that p and q are not both odd. However, if p € 4Z+ 3, then Ss 5 is right differentiable,
and if p € 4Z + 1, then Sso s left differentiable at §.

Theorem 1.14. Let x € R\ Q such that p.(x) > 4. Then neither Sso nor Tso is
differentiable at x.

Again, we prove Theorems by following Itatsu’s method in Chapter [3]

We also examine Holder regularity of these series. Let {y} denote the fractional part
of y, we then have

Theorem 1.15. Let d € N*. For x € R\ Q, let ag, () be the Hélder reqularity exponent
of Sas at x. Assume that

d d
- — 1.2.
ot 2e(r)  2pue(z)’ (12.9)
and dyin(x) — d
HelX) —
5} < WA ¢ 1.2.10
BTN 210
then
(@=s-5+5"
as,, (1) = s =3 2 @)

The same is true if we replace Sqs with Ty .
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In fact, a detailed analysis shows that if (1.2.9)) is satisfied and there exists ¢ > 0 such

that {s} < % (which is a weaker assumption than (1.2.10)), then ag, (z) >
5= g + 4

2pe(z)+e”

Consider now S35 and T3 5. We observe that Conditions ((1.2.9 - ) and (1.2.10 m are satisfied
for all z € R\ Q with pe(z) < 6. We deduce that the Holder regularity exponent of Ss
(and Tj») at such an z is equal to ag,,(z) = 5 + 2/1—() In particular, it follows from
Theorem [1.15] that S35 and Ty are differentiable at # € R\ Q if po(x) < 3 and are not
differentiable at z if 3 < pe(z) < 6. Since Theorem [1.14] addresses the case when j(x) > 4,

we formulate the following result.

Corollary 1.16. Let z € R\ Q.
(1) If pe(x) > 3, then neither Sso nor Ts4 is differentiable at x.

(11) If pe(x) < 3, then Sso and Ts5 are both differentiable at x.

If s > 34 then is satisfied for all z € R\ Q, and when d > 4, Condition 1)

is satisfied for all z € R \ Q. We describe the spectrum of singularities of Sy, in this case.

Theorem 1.17. Let d € N,d > 4. Let s > 34 , then

%a—%s—i—?, if a € [s—g,s—ﬂ,

dimg{z € R|ag, (v) = a} =
0 or — oo, otherwise.

Theorems [1.15 and [I.17) are proved in Chapter [4]

The Riemann function S corresponds to 57, and more precise results than in The-
orems [1.15] and [1.17] were obtained by Jaffard in [Jaf96]. The details of this work are
presented in Chapter . Oppenheim in his thesis [Opp97] applied wavelet theory in his
study of regularity of a two-dimensional analogue of the Riemann series . Namely,

he considered S,(x,y) = > mn>0 e m* e t1%y) in the context of two-microlocal
(m,n)#(0,0)
spaces and determined the regularity and the spectrum of singularities of this function.

Chamizo and Ubis in [CUQT7] considered a different generalisation of S: they considered
imnk
the function fys(z) = S22, €% where S(z) = foo(z). They studied the differentiabil-

n=1 ns
ity, Holder exponent and spectrum of singularities of f; ; by using methods from number
theory and harmonic analysis. They related these concepts to u(xz) and v(z). Then in
[CUI14] Chamizo and Ubis studied the spectrum of singularities of even more generalised
functions, namely fs(z) = > 7, M:S W, where P € Z[z]. They introduced new meth-
ods based on some special diophantine approximations and fine analytic and arithmetic

estimations of exponential sums.

1
(m2 +n2)a

The function 8 appears in the study of continued fractions. For example Kraaikamp and
Lopes in [KL96] establish the relation between the group I'y and continued fraction with
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even partial quotients. See Rivoal and Seuret [RS] for an elaboration of this connection
for functions similar to S(x).

Differentiability and Hoélder regularity of series of these two types were also studied
by Chamizo in [Cha04]. In this paper, he studied series arising from automorphic forms
flz) = Y07 rae®™ of positive weights k& under the Fuchsian group with a multiplier
system: fo(z) =", :L—’;e%mz. His method is based on the theory of automorphic forms.
He proved that if Mj, is a cusp form, then M ¢ is not differentiable at any irrational z
if s < % + 1, and if k—gl < s < % + 1, then M, is differentiable at all rational points.
Moreover, it follows from [Cha04, Theorem 2.1] that the Holder regularity exponent of
fs at irrational points is equal to s — % for all g <5< g + 1. However, his method is
not applicable in the case of F} ; and Gy, s considered here, because he requires s < % +1
for f not a cusp form and we consider s > k. In the same paper, he also proves that
the function fis(z) = > 07, ”n—@e”i”z, where 7(n) is the number of representations of
n as a sum of k squares, where 0 are allowed, the sign and order matter, defined for
g < s < g + 1, is differentiable at x = § if and only if p, ¢ are both odd. We note that

iS32(x) + Tyo(x) =D 07, Rfl—(f)e”m‘”, where R3(n) is the number of representations of n as
a sum of 3 squares of strictly positive numbers and the order matters. Even though it is

not precisely f3 2, Theorem is coherent with Chamizo’s results.
Some of the results presented in this thesis were published in [Pet13], [Pet14) [Pet].






CHAPTER 2

Preliminaries

2.1 Continued fractions

Before we start proving the announced theorems, we will collect and prove some properties
of continued fractions. For the introduction to continued fractions see classical textbooks
by Hardy and Wright [HW60] and Khinchin [Khi64].
If not otherwise stated, we will write a,, = a,(2), pn = Pn(2), ¢n = @u(T), Kn = Kp(x).
Let T be the Gauss map, ie. T(0) = 0 and T(z) = L mod 1 otherwise. For brevity,
write T%(z) = x and T*(z) = T(T* '(x)) if & > 0. The partial quotients of x can be
calculated from the Gauss map by a; = [T%l(x)], where [y] is the floor function. Firstly,

we note that from DPn = QpPn—1 + Pn—2, @n = QnQn-1 + Gn—2 We get that qnPrn—1 — Pndn—-1 =
—(Gn—-1Pn—2 — Pn—1Gn—2)- Since gop_1 —pog—1 = 1, we obtain by induction that for all n > 0

AnPn—-1 — Pndn-1 = (_1)n (211)

It follows from (2.1.1)) that pe(z) and ve(z) are well-defined.
The convergents satisfy the following.

Proposition 2.1. Let z € (0,1) \ Q and k € N. We have:

(1) Fri1 < qi, where ¥, is the jth Fibonacci number;

(2) 5yt < oo;

2
W) sits ST < 20

Proof. These properties can be deduced from the definitions. However, for the convenience
of the reader we present the details. By definition ¢, = apqr_1 + qr_2, since a, > 1 it

00 00 . k

follows that Fyy1 < gg. Then > 7, qij <> %0 ﬁ which converges. Also, > . q; =
k—2 k—2 k—2

Qe+ Qo1+ 50 G = Gt -1+ D50 (@Gr2 — @j2G541) < @+ Qo1+ D50 (Gre — Gj41) =

Qk + Q-1 — @1 + @ < 3qi. Since |:T+(x):| = apy1, we have a; 1 < T+@ < agy1 + 1. Finally,

by definition of ¢i, we have a4 = %’ and hence Tkl(:c) < qk+1q—qu_1 t1< 2(1;%. On
_ 1 Qo1 Gh—1 Ter1=Gu+1/2 _ Qet1
the other hand7 k= 0kqQr—1 + Qk—2 > 2%—2 and TF(z) > " > o = o -

This completes the proof of the Proposition.

13
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If x € Q, then x = [ag; a1, as, ..., a,| for some n € N. Proposition holds also in this
case for all py and ¢ with £ < n.

Let fi(x) = H?:o Ti(z) for k>0, and S_1(x) = 1. Let y(x) = Bp—1(z) log(7r= @) ) for
k > 0. Note that for all k£ and for all x,

0 < Br(x) <1and 0 < y(z).
We state the important facts about S(x) and i (z).
Proposition 2.2. Let z € (0,1) \ Q. Then we have
(1) TH(o) = -z

Pk—1—2qk—1"

(2) B(x) = (=1)" " (pk — qe);

(3) Br(x) = m, for all k > —1.

Proof. This follows from the definitions, however, for the convenience of the reader we

present the details. We note that z = [0;ay,as, ..., ar + T*(z)] = —I;’;Is::—ﬂg)) and it

follows that T*(z) = — =2 proving (1). Since p-y = 1 and ¢_; = 0, we get (2) by
i o +

definition of B and (1). Substituting z = Z}‘zi::—m gives (3). O

We now estimate the values of fi(z) and ().
Proposition 2.3. Let z € (0,1) \ Q. We have:

1 1 .
( ) 2qk+1 — Qet+qR41 = ﬁk(x) = Qo1 for all k = —1;

log(gr+1) _ log(2qx) log(gr41) | log(2)
(2) =, o < p(r) < SEER 4 222 forall k> 0.

Proof. These properties were derived in [MMY97, Proposition 1.4(iii)] and [BM12, Section

3]. However, for the convenience of the reader we present the details. By Proposition (3)

we obtain (1iThe right-hand-side inequality of (2) follows from Proposition (4) and
log(T%(x) .

2 ata T 5 8 de-

creasing function in T%(x), since T*(x) < ﬁ, we have v (z) > %ﬁgﬂk“). If agyq =1,

then (1) is satisfied. If apyq > 2, then % > 2 and by the properties of the logarithm

Proposition [2.2 (3). For the other inequality, we note that ~.(z) =

Ut == 1 o (Tt~ Tk—1 Wt1 1) o Tl _q Wt g, (Gt log (141
08 T 0g og og
we have fyk( ) > 9k ( Ik ) > ( 9k ) ( > > K < 2aqy, ) — < 24y, )
dk+1 dk+1 dk+1 dk
completing the proof of the proposition. ]

We can relate ¢, and g,_1 via k.

Lemma 2.4. Let z € (0,1) \ Q, then

1 1 2
Kn—1—1 S — S Kn—1—1"

qn— 1 qn Qn—l
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Proof. We have |z — =t Pool _ Pn)| — | Pooldn=Pein-t) — 1 hy (2.1.1). On the
dn—1 dn—1 an dn—14n dn—14n
other hand |z — Z2=t| > L|Beci 2ol — 1 = The result follows by the definition of
qn—1 2 | qn-1 qn 2qn—1qn
Rp—1- D

We call an open interval defined by endpoints [0; ay, as, ..., ax] and [0;ay, as, ..., ar + 1]
a basic interval on the kth level I(ay, as, ..., a). The order depends on the parity of k. We
will write I () for the basic interval on the kth level that contains z. For all z € (0,1)\ Q
and all £ € N there exists exactly one basic interval on the kth level that contains x. For
x € (0,1) N Q, we will say that x is of depth k if x belongs to some basic interval on the

kth level but to none on the level k + 1. For z € (0,1) \ Q the end points of Ij(x) are 2

and Pk+Pk—1 )
qktqK—1 . ) ) o
We now summarise some observations concerning the basic intervals.

Proposition 2.5. Let z € (0,1) \ Q. Then we have

(1) the functions T'(z), Bi(x), log(T*(z)), vi(x) are continuous and differentiable on Iy(x)
for all i < k;

(2) for all x € Iy(x) we have (T*(x))' = B;fj11();)2 '

(3) for all x € Ij(x) we have By_1(z) = qik(l — qr—_10k(x)).

Proof. The first statement follows from the definitions. Then differentiating the expression
in Proposition (1) we obtain (T*(z)) = —(_xq’“(pk—(lp_kf‘i’“_—;q);(f’)’;_zq’“)q’“‘l. By (2.1.1)) and
Proposition (2) we get (2), ¢f. |Rivl2, Section 1.1]. Finally, it follows from (2.1.1))
and Proposition (2) that 1 = qxBk—1() + qr—108k(x) and we obtain (3), c¢f. [MMY9T,

Proposition 1.4(iii)] . O

We can relate fi(z) to g using the following claim.

Claim 2.6. We have (—1)*8;(x) Z?:o(_l)j% = @, for all z and all k.

T
Bi(

Proof. We proceed by induction. If £ = 0, then by convention

Assume (—1)*18;_(z) Z?;g(—l)j épj(gé = q_1. By Proposition [2.5 (3) we have

18, (x - _ jTj(x) o w1l — qrfr1 - _ jTj(x) (=1)%Bi(z)(=1)*
(—1)*Bi( );( Ry il ? Y e T A
= (_1)k.1 — Grr (_1)k—1 Qr—1 n 1

qk—1 Bre-1(r)  Bro1(w)
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+ qr + = Q-

1 1
Br—1() Br—1()
This completes the proof of the claim. [

We will now prove that if p(z) < oo, then z is square-Brjuno satisfying . Assume
that p(z) < oo, then x, < M for all n € N and some M > 2. By Lemma 2.4 we
nn 1

have Y00, 8tes < 3 gt g matlon < N[ A which converges.

.. log gr+4 4lo _
Similarly, hm,HOo o < lim,,_yoo M fgq” = 0.

We finish this section with demonstrating that the square-Brjuno condition and
are independent. Define x € (0,1) \ Q by its partial quotients: for all n € N let
Apy1 = [qqk/q?] We then have ZZO:OW—Q"“ = Zf:ow < ZZOZO <M +

a? a2 a
10%?—:“) <32 <10g((]§lq") + ‘/(T";ggq"> which converges. On the other hand, logq:“ >
bg;:*“ > bgf/’g“ > loggq, — oo as n — oo. This shows that x is square-Brjuno, but
does not sat1sfy . Consider now z defined by its partial quotients: for all £ € N let
agprr = 2/M and @, = 1 otherwise. We then have > log;é‘“ Yoo logq‘i;‘:“ >
Do Bk > {3 - On the other hand, *E4H2) < 41052 4 logn
bg(a"*“a”ga"“a”“) and only one of @, 4, Gp13, Ania, apyq is different than 1. We than have,
log q”*“(x) < dlog2 4 log an g2 o g 4s 5 00, This shows that z is not square-Brjuno,

(@? = 4 n+3
but it does satisfy (p .

2.2 Modular and quasi-modular forms

In this thesis, one family of objects studied are Eisenstein series. For any k > 4, E} is a
modular form of weight k, not a cusp form. Whereas, E5 is quasi-modular, that is for any
v=(2%) € SLy(Z) and = € H, we have

Ex(v-z) 6 ¢

Ealz) = (cz+d)?  im(cz+d)

(2.2.1)
Another family of functions is related to 6 function. We recall some facts about it now.
The theta modular group I'y is the set of fractional transformations defined by v € SLo(Z)
such that v = (9§) mod 2, or y = ($9) mod 2.
The 0 function is defined in the upper-half plane as follows:

0(z) = Z g™z,

ne”

If v= (‘; g) defines a transformation from I'y, then 6 satisfies the following equality. For
all z € H we have
0(2) = py(cz +d)"20(y - 2), (2.2.2)
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where p, is a constant dependent only on c and d. It is equal to p, = emim(=d/0)/4  ith
m(—d/c) an integer defined as:

m(oco) =0,
m(0) =1,
m(—dje) = m(=dfc+2),
m(c/d) = m(—d/c) — sign(—d/c).

For more details, see for example [CQ09, VIL.].

Remark 2.7. We have the following.
2
If g=1 mod 4, then m € {1,5} and p, = £ <\/7_+Z—> )

If g=3 mod 4, then m € {3,7} andpy—i<\/7——i—

If p=1 mod 4, then m € {0,4} and p, = £1.
If p=3 mod 4, then m € {2,6} and p, = =i.

Remark 2.8. If 7,7 € T'y such that v - y = 75 - y = oo for some y, then v; = 7 0 ¥,
where 7 is a translation over an even integer.






CHAPTER 3

Itatsu’s method

n=1

tion of z. Already in 1933, Wilton in his work [Wil33] proved that there is a connection
between some series involving the divisor functions and continued fractions. In this paper
(among other series) he considered the following two series

Z %(n) cos 2mnx; Z M sin 2mnz.
n n

n=1 n=1

The differentiability of Fygiq1(x) = > 7 C”:@;—ﬁm sin(27nx) depends on the continued frac-

He showed that the convergence of these series at x depends on the diophantine properties
of x. This kind of series were first introduced by Riemann and also studied by Chowla and
Walfisz [CW35], see also [LMZ10)]

The approach developed by Itatsu has been implemented by various mathematicians.
Recently, Balazard and Martin used it in studying the differentiability of the function

- / {0t .

where {y} is the fractional part of y. The function A(z) is interesting, because the Rie-
mann hypothesis can be reformulated in terms of A(x) or more precisely, the Nyman
and Beurling criterion can be rephrased in terms of A(z). Consider the Hilbert space
H = L*(0,+o0;t72dt). For v € R, let eo(t) = {£}, ¢ > 0. The Nyman and Beurling
criterion says that the Riemann hypothesis is equivalent to the indicator function y of
[1,4+00) being the limit of the linear combinations of e,, @ > 1 in H. We have that

disty (x, Vect(eqy, ..y €a, ) = Gram(ea; ofan ) i Gram(uy, ..., u,) = det((u;, u;j))1<ij<n-

Gram(eay ;- Cap) ’

For all & > 1, we have (e,, x) = bg@%, where ~ is the Euler constant, and for all
a, > 0 we have (eq,eg) = A (%) = %A (g) Therefore, in order to study the distance

disty (x, Vect(€eays .-y €q,, ), we could study the function A. For details, see [BDBLS05]. It
has been shown by Baez-Duarte, Balazard, Landreau and Saias that for all x > 0 we have

A(z) = %log(x) +C+ 12 Z %(n) cos(2mn) / Z

212 n?
n=1

cos (27nt)dt,

where C' is a constant. Balazard and Martin proved that A is differentiable at x if and
only if z >0 ¢ Q, and > ;2 ,(—1)* W converges, where ¢;(z) is the denominator of

the ith convergent of z, see [BM12, BM13].
The first two sections of this chapter correspond to the papers [Pet14] and [Pet].
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3.1 Differentiability of Fj ;1 and Gy 1

In order to prove Theorem , we will proceed as Itatsu in [[ta81]. For & > 0 even, consider
the complex valued function

OO 0743—1(”) min
or(t) =) = e,

n=1

whose imaginary part is Fy ;11 and real part is G r+1. We start by the case when k = 2
and then we consider a general case.

3.1.1 Functional equation for ¢,

We use the convention that 0 - oo = 0 and throughout this chapter we will work with the
principal branch —7 < arg(z) < 7 of z € C. We have the following proposition.

Proposition 3.1. Let v = (‘; 2) € SLy(Z) with ¢ # 0 and x € R. We have

pa(z) = (cx + d) oy - ) — ?Tz(cx + d)Log(cx + d) + P_%(a:)

T (cx + d)*Log(cz + d) + 6 /_zd clct +d)*(c(z —t) — (ct + d))pa(y - t)dt,

c2

where Log denotes the principal value of the complex logarithm and P_a(x) € Clz] is a

polynomial of degree less than or equal to 3 that depends on 5. ‘
The proof of Proposition (3.1 is very technical, therefore we will split the calculations
into various lemmas and claims. Firstly, we note that (5 is differentiable in the upper-half

plane, thus we have the following.

Claim 3.2. Let z € H. We have

. - 01 (n> 2imnz
wo(z) =2im Y ¢ (3.1.1)
n=1

" . 01 (n) 2imnz 3.1.2
Ahle) = —dmt 5 e, (3.1.2)

,,,( ) 8 . 3 i ( ) 2iTnz ’L’]TSE ( ) Z'7T3 (3 ] 3)

z)=—&;m oi(nje = — Z)— —F- e

©g 2 1 3 2 3

We then find a functional equation for ¢}, which will be useful later.
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Lemma 3.3. Let v = (¢}) € SLy(Z) with ¢ # 0 and 7,oc € H. We have

i i3

3c(er 4+ d) N 3c(ca+ d)

(1) = oy - 7) — (v - a) —

2 2 " in? im3
— 2n°Log(er + d) 4 2n°Log(ca + d) + ¢ (o) — ST

Proof. Let v = (2%) € SLy(Z) with ¢ # 0 and 7,a € H. We have

— 4 (Z:l UIT(L" 2”””) - %/ (Es(t) — 1)dt by (B.1.9)

i

ind [ in®
=5 | (Balt )—1)dt+? ( 2(t) — 1)dt
im3 Ey(y - 1) im?
= — dt — — by (2.2.1
#a(0) + 3 /a <(ct—|—d) i ( ct+d T+ 3 ¢ v )

= ¢h(a) +¢5(v-7) — @5y - a) — 3C(CT+d) 3c(ca+d)

2 9 i3 i3
— 2m°Log(cr 4+ d) + 2n°Log(ca + d) — 5T + R
where Log denotes the principal value of the complex logarithm. ]

For v = (}) € SLy(Z) with ¢ # 0 and z € H define

im3 9 in?
+ 27*Log(cz + d) + —=. (3.1.4)

12(2) = A2 = bl )+ g

The next claim shows that f, depends only on ¢ and d.

Claim 3.4. For each v € SLy(Z) the function f, is constant on H. Moreover, if v =
(a1 b1)7,Y — (a2 b2) c SLQ( ) then f’)’l _ f’YQ'

Proof. 1t follows from Lemma that f,(7) = f,(«) for all 7, € H, hence it must
be a constant function on H. Let f,(2) = f, for all z € H. For the second part, let
Y= (‘“ bl) Yo = (“2 bz) € SLy(Z). Observe that the Lemma implies that

"

y(m - 2) —5(v2 - 2) = fry = fras

for all z € H. Since f, does not depend on z, we have

lm - |o5(y - 2) = 03 (v2 - 2) = [for = foul-

z——4
Im(z )>O
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Writing z = x + 1y we have

o5 (71 - 2) — Py (2 - 2)| = 4

00 00
Z 01 (n 2z7rn'yl~z - Z 01 (TL) 62i7rn724z
n n

oo
g n . ajx+by+iay . agx+bo+iay
E 1 ( ) (6227T7’L cx+d+icy — 6227.(” cx+d+icy

2% ay c2+b1 cx+ajdr+bid+taycy %n agc +b2 cx+agdxr+bod+taycy

S
<Ar e (cz+d)?+(cy)? |e

(cz+d)2+(cy)? —e (cz+d)2+(cy)?
n=1 n
o 1 n) _ 2Tny
<871 e (ot +(e)? | (3.1.5)
n=1

Since z — —% and y — 0T, as z — —¢, we conclude from (3.1.5) that

05(71 - 2) — ¥5(12 - 2)| = 0
as z — —%. This shows that f,, = f,,. ]
We will now find a functional equation for 5.

Lemma 3.5. Let v = (Y) € SLy(Z) with ¢ # 0 and 7,oc € H. We have

T

0o (1) = (cm + d)*ph(y - 7) — 2¢(e + d)’pa(y - 7) + 667 / (ct 4+ d)*pa(y - t)dt

[0}

im3 (cr—l—d)

-3 2Log(c¢ +d) — Log(cm + d) + Q+.a(T),

where Q.o(7) € C[1] of degree less than or equal to 2 depending on v and .
Proof. Let v = (2%) € SLy(Z) with ¢ # 0 and 7, a € H. We have

A7) :? / (r — 1)(Es(t) — 1)dt by (3.1.1
Z% : (1 = 1)(Ba(t) — 1)dt + % /a (7 — 1) Ea(t)dt — % /a (r — b)dt
—(1 — )a) + gh(a) + % /a (r — t)Ea(t)dt — %@ — ) (3.1.6)

We apply the relationship (2.2.1) and we integrate the remaining integral.

/C:(T_t)EQ(t)dt _ /(: (T_t)<—<ctj_d)2E2(7.t) — m(c(z—c+cl)>dt

Tt —1) 6 /(cT+d) (et +d)
:/a mE o(y - t)dt — E( . Log(er +d) — TLog(ca +d)—T1+ a)
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3 ( ) /// 1 1 (CT + d) 1
. )t — ~ L d)+ =L d)+ a2
i J (et ap s 0O GRoslerH Dy Glosteat Dt i Ty T 2
(e + d) (et +d)
——( og(ct +d) — Log(coz—ird)—T—i—a) by (3.1.1
i c c
3 " / /
== (= =) @)+ (er + APy - 7) = (ca+ (7 - )
— 2¢(er + d) o7y - T) + 3c(ca + d) (v - @) + 62 / (ct + d)*py(y - t)dt)
1 1 (et +d) 1
L L e
= og(er +d) + 2 og(ca + d) + 2leatd) 2
d d
—£<<CT+ )Log(c7+d)—(CT+ )Log(coz—i-d)—T—i-oc).
i c

Substituting it into (3.1.6|) gives

0h(T) = (e + d)* (v - 7) — 2c(eT + d)3pa(y - 7 —1—602/ (ct + d)?py(7y - t)dt

im3 o (cT 4+ d)
-3 2Log(c7’+d) — 27 Log(ct + d) + Q4,a(7),

where Q. o(7) = B'7? + C'7 + D', with

B i
6
C' =py(a) — @y - a) + i + 2% Log(ca + d) + 27* + Ea
3e(ca+d) 3
=f, +27? by Lemma
D' =—a(gy(e) — ¢5(v - ) + hla) = (ca+ d)*gh(y - @) + 2c(ca + d)*pa(y - )
73 od im3 d
+ ﬁLOg(CCY + d) + 27T LOg(CCY + d) 3 m
.3 .3
i, i
3c? 6

=- Oéfv +5(@) = (ca+ d)* gy (7 - @) + 2¢(ca+ d)’pa(y - a)
w3 2m? 9 it
302 —Log(ca+d) + (ca + d)TLog(ca +d) —2ra + 5 ¢ by Lemma (3.3
This completes the proof of the lemma.

For v = (‘; g) € SLy(Z) with ¢ # 0 and p, z € H define

F -3
91(2,p) = —2fy + 5(2) — (cz + d)*ph(y - 2) + 2c(ct + d)°pa(y - 2) + ;%Log(cz +d)
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2 2 i, 2 [~ 2
+ (cz +d)—Log(cz + d) — 2z + e 6c (ct + d)*pa(y - t)dt.
c
p

The next claim shows that g, depends only on p and 7.
Claim 3.6. For each v € SLy(Z), for all p € H we have g,(z, p) = g,(w, p) for all z,w € H.
Proof. Tt follows from Lemma [3.5] O
For all z € H write g,(2, p) = g,(p). We note that Lemma [3.5| implies that
.3
im
Aale) — (ca+ dYgh(y - ) = gy(0) + af, — 2efea+ gy -0) — LgLos(ea+ d)

92 2 3
— (car + d)iLog(ca +d) + 27%a — Z%o?. (3.1.7)
c

We can now prove Proposition (3.1}
Proof of Proposition . Fix a« € H and vy = (‘gg) € SLy(Z) with ¢ # 0, let 7 € H.
Integrating by parts we get

o (T) :g /T (7 —t)2(Ey(t) — 1)dt

. 3 T

Sk &—ﬂﬁmﬁﬁ—%%[jﬁ—iﬂﬁ+%%K:&—Q%Eﬁy—mﬁ

:'? T(T—t)2E2<t)dt+iﬂ- (018—T> + (7'—206) S(a) + (1 — a)gh(a) + pa().

(3.1.8)

We apply (2.2.1)) to the first term, we then obtain:

<3 T . 3 T
e 2 L 2 1 6c
—t)°F - — _ - E A
6 /. (7 — 1) Ea(t)dt A (1 —1) ((ct—l—d)2 2 (7y - 1) —iﬂ(ct—l—d)> dt
i [T (T_t)Q 2
=2 By t)dt — = 2, N 21
6 ), (etrap2 =G ((e7 +d)*Log(er + d) — (7 + d)Log(ca +d)

—2(ct +d)* + 2(cr + d)(ca+d) + (CT;Ld)2 — (Ca;_d)z).

By (3.1.3), using the substitution u = v - t and integrating by parts we get:

i [T (7 —t)? 1 [T (r—1)? i3 [T (1 —t)?
— ——=FEy (v - t)dt = = e (y - t)dt + — ——=dt
6 |, (wrapt zl(a+@ﬂ%” ) +6tl(d+®2

(3.1.9)

_1 ! (T - t)Q " i
=5 /a EEwIEA (y-t)dt — @(cr + d)Log(cT + d)

im3 ((CT + d)?

63\ (caray * 2+ dlogleatd) —(ca+ ?)
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im3

= [ (= 06ty 0t 57— el ) = psler + d)Logler +d)

ir’ ((CT +d)?
6¢3 \ (ca+ d)

=— /T (ct + d)(2cT — 3ct — d)h (v - t)dt — (ca+ d)* (T — @) py(y - @)

+ 2(ct + d)Log(ca + d) — (ca + d))

(7 —204) Oy - a) — ;%(CT + d)Log(ct + d)
6c3 (t;iag) + 2(er + d)Log(ca + d) — (ca + d))

=(cr 4+ d)*pa(y - 7) + 2(eT + d) (car+ d)* oy - @) = 3(ca + d) pa(y - )

- /T c(ct + d)*(6e(r — t) — 6(ct + d))p2(y - t)dt — (ca+ d)* (T — @)py(7 - a)

_ —2a)2¢,2,(7 ) — ?Tz(cr + d)Log(ct + d)
o (—(&T% 2(er + d)Log(ea +) = (eo+ ) 110

Substituting (3.1.9)) and ( into and gathering the terms we get
im3

303
2 T

— Z—Q(CT + d)*Log(cr + d) + 6/ clct +d)*(c(t —t) — (ct +d))pa(y - t)dt,

[e%

pa(7) = (e +d)*pa(v - 7) — o (e7 + d)Log(er + d) + Pagy(7)

with P, (1) = AT® + Br* + O + D, where

im3

A=—"T
18
1 im3 372 im®
B __ i o . o 2L d . -
1 2
:§f7 + 3% by Lemma
" " / 2/ 3 37T2d
C = —a(py(a) —pa(y- a)) + () = (ca+d)"ps (7 - @) + 2c(ca + d)*pa(y - a) +
2 2d > it ,  27? im3d
LOg(COé -+ d) + 3¢ 2LOg(COé —+ d) — ?OZ — 7(00& —+ d) m
—()+@+@ by L d (3.1.7
=g, (a 52 . y Lemma |3.3| an 1.

D =5a%(¢l(a) — ¢y - 0)) — algh(a) — (ca + dYgh(y - ) — (ca+ d)pa(y - )
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71.2 2 ; 3d
— 2c(ca + d)’apy(v - a)) + pa(a) + —5—Log(ca + d) + 1 P ——Log(ca + d)
3 3nld®  2m3d 7T2 im3d? i3
o3 2
— — d) + — d —_— d
+ 18 2¢? c? (ca+d) + 2¢? (ca+d)”+ 6c3(ca+d) 6 g catd)
1 im3
=— §a2f7 — ag,(a) = (ca +d) a(7 - @) + po(a) + (ca + d)3—Log(ca +d)
2 R 3 2d2 2 Qd
+ (ca + d)2%Log(coz +d) — 2n%a® + %CMB' - 7;62 I —(ca+d)
w2 i3
+ @(ca +d)? — et by Lemma |3.3 and ((3.1.7]
Then we observe that if we let a — —%, then A, B,C,D are well defined. Moreover,
since D g02(—%) we have g7 (-9) = ﬁl + Tgf - ”22 + & f,. Therefore, we obtain
A= —1—8, =17+ 3’2r =4f + 3”2d T;i , D = 9 (——) By Claim [3 . we deduce

that the polynomial P_q - depends only on d and c¢. Write P_ 4, = =P d. Hence we have

©a(1) = (eT + d) oy - T) — ;3 (em + d)Log(cr +d) + P_a(7)
- Z_§<CT + d)*Log(ct + d) + 6 /T c(ct + d)?*(c(t —t) — (ct + d))pa(y - t)dt.

_d
c

Letting 7 — = € R gives the result. ]

3.1.2 Proof of Theorem 1.2

Before we start proving Theorem , we rewrite the polynomial P_4 as

P 4(z) = A(cx + d)* + B(cx + d)® + Ccx +d) + D

c

with

~ it~ f 3n?  imdd d 3nd  d*ind - d
18¢3’ 22 22 T 6 2o T e T e P ( >

c
Proof of Theorem . Let § € Q, p, q coprime, if x = 0, then let ¢ = 1, p = 0. By Bézout’s
identity, we can choose v = (¢ *) € SLy(Z). By Proposition [3.1| we have

) = a = 1)l ) — g — p)Loglaz — ) + Py (z)

- Z-;(qaf — p)*Log(qz — p) + 6 /x q(qt — p)*(q(x —t) — (gt — p))pa(y - t)dt.
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We observe that since po(z) is bounded on R we have

6 /x q(qt — p)*(q(x — t) — (gt — p))pa(y - t)dt

P

<aldl [ (gt = p)lale — 1) — (gt — p))|dt < ea(qz — p)",

for some constants cq, cs.

Asx — §+, Log becomes the natural logarithm log, and we have

P2(z) = 2 (g) - g(qw —p)log(gz — p) + C(gz — p) + O((gx — p)*log(gz — p)). (3.1.11)

Taking the imaginary part of the both sides of Equation (3.1.11)) shows that Fj3 is not
differentiable on §. On the other hand, taking the real part of the both sides of Equa-
tion (3.1.11J) ~shows that Gy 3 is right-differentiable at %’, and the value of the right derivative

at L is qRe(C).

As x — 75’_, we have
.3 4
P i ~ T 9
pa(z) = @2 (5) — 3—q3(q:v —p) log(|gz —pl) + <C+ 3—q3> (92 —p)+O((gz —p)~ log(lgz —pl)),
(3.1.12)
where the coefficient % in front of (gz — p) comes from the complex logarithm. Taking the
real part of the both sides of Equation (3.1.12)) shows that G533 is also left-differentiable

at g. The value of the left derivative at § is qRe(C) + %. In particular, G 3 is not
differentiable at g. At each rational 1—;, if we denote the left and the right derivative of

Gag at 2 by Gy (g—) Ne <§+) respectively, then G (g-) — G, (§+) — = This

3q?
completes the proof of the Theorem.
3.1.3 Functional equations for F33 and Gy33
We have the following proposition.

Proposition 3.7. Let x € (0,1). We have

Fys(z) = =2 Fo3(T(x)) — %mlog(m) + P(z) — 6/0:6 t*(x — 2t)Fo3(T(2))dt, (3.1.13)
Gos(7) = 2*Gas(T(2)) — n?2? log(z) + Q(x) + 6 /09«“ t2(x — 2t)Gos(T(x))dt,  (3.1.14)

where P(x), Q(z) € R[z]| are polynomials of degree less than or equal to 3.
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We note that [ t2(x — 2t)Fo3(T(x))dt and [ t*(x — 2t)Go3(T(x))dt are continuous
and differentiable on (0, 1).

Proof. Let z € (0,1). We apply Proposition Wlth v=(97"). Since z > 0, Log(z) is
just the natural logarithm log(x), and we obtain

er(o) = 2 = 1) = T log(a) + Pa)

3
2 2 ‘o 1
Tx 10g(x)+6/ t (I—2t)(,02<——)dt, (3.1.15)
0 T

where Py(z) = — =3 4 (% + %) 2% + ¢9(0) with f,(z) = 2im® obtained by evaluating
(3.1.4) at z = i. We take imaginary and real parts of Equation (3.1.15]) respectively and
we get

3

Fya(z) = a:4F273( - i) - %xlog(m) 4 Im(Ry)(x) + 6 /0 P zt)FQ,g( - %)dt,

Gas(z) = 33’4G273( - %) + Re(Py) () — n?2? log(x) + 6 /w t*(z — Qt)GZg( — i)dt.

0

Write P = Im(F), @ = Re(F). We conclude by observing that since Fj 5 is odd and Gy 3
is even, and they are both 1-periodic we have that F23< — —) = —F23( ) = —Fy3(T(2))

and Gza(——) Ga3(1) = Gas(T(x)). -

We iterate Equations (3.1.13) and m to obtain:
Corollary 3.8. For alln € N* and x € (0,1) \ Q we have:

3 n

Fag(x) =(=1)"Fao3(T"(2))Bn1(x)" +3Z(—l)kﬁk—l(f)Qﬁk(x)Vk($)
+ > (—D)FP(TH(@)) By (2)*
k=0
T* ()
+6Z DBy )4/ t3(T*(x) — 2t)Fy3(T(t))dt, (3.1.16)
Gog(w) =Gop(T™(2))Bnr(2)* + 7 Zﬁk 1 Vi)

TH(2)
+ Z Q(T*(x))Br-1(x)" +6 Z Bk_l(:c)“/o t2(T*(x) — 2t)Gas(T(t))dt.
. (3.1.17)
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Letting n — oo, we get:

Fuale) = 1 s () + P00

6 é(—l)k“ﬁkl(x)‘* /0 " k) oy Ea et 3118)
Gogla) = gﬁm )+ Z QT (1)) s ()"

+6 kf: B (2)! /0 " (T (w) — 20) (T (1)) (3.1.19)

Proof. Equations (3.1.16]) and (3.1.17)) follow from iterating (3.1.13]) and (3.1.14]), respec-
tively. Since |Fy3| and |Gq 3| are bounded on R, we have |(—1)"F, 3(T"(x))Bp_1(x)*| — 0
and |Ga3(T™(x))By—1(x)* — 0 as n — oo. Thus,

Foale) = 3 (5 (-1 Bha (2 Bu) (@) + (=1 P(TH(2)) By (2)?

k=0

T*(z)
+ (=168 (2)! /0 t(T*(z) — 2t)F2,3(T(t))dt), (3.1.20)
Gaalw) = 3 (7201 (2) By (20 (x) + QT (@) B ()"
+ 6541 (z)* / n £2(TH(x) — 2t)G2,3<T(t))dt). (3.1.21)

Finally, we note that | fo ) 42 (TH(x) — 2t) Fy3(T'(1))
therefore we have

(T*(z))| are bounded on [0, 1],

f: (’g(—l)kﬁk—l(:p)Qﬁk(;p)%(@‘ + ’(_1)kP(Tk(ﬂ?))ﬁk_1(x)4‘

k=0

T(2)
| Enena@t [ @ 20 BT o)])
S% Z Be-1(2)?Be(x)(x) + ¢ Z Bra(x)!

=0
213 o= log gy 1 N
S? Z +1) Z _]3 by Proposition (1) and (2)
k=0 k=

qukH

< Z p < ¢ Z 7 by Proposition [2.1] (1),
k=0

3
k
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for some constants c¢; and c,. This shows that the series (3.1.20)) converges absolutely and
we can change the order of summation obtaining (3.1.18)). In a similar way, we can show
that (3.1.21) converges absolutely and we have (3.1.19)). This completes the proof of the
corollary. [

3.1.4 Proof of Theorem (i)

Let z € R\ Q. Since Fy3 is 1-periodic, we can assume z € (0,1). For brevity, let

ur g () =(=1) By (2) Br(x) i ()
up () =(=1)"P(T*(2)) Br-s(2)* (3.1.22)

T* (z)
s () =(=1)F 1By () /0 12(T* () — 2t) Fy3(T(t))dt.

With this notation, we have

3 n n
Fys(z) = (—1)"Fos(T™(2)) Buo1(x)* + % uy (2 Z ug () + 6 Z u3 ()
k=0 k=0
3 o0 e
- % S wnal@) + Y uza(e) + 6 ugsl)
k=0 k=0 =0

We are interested in the limit FQ’?’(Hh,z_FQ’?’(I) as h — 0. For each h, let K;, € N such

that x + h € Iy(x) for all k < K}, and x + h ¢ Ik, +1(x) (where [ (x) denotes the basic
interval on the kth level that contains z). By Corollary we have

F273<l’ + h) — FQ:,(LE)

h
_ (=1)Fr = (Fog(THn (& + R)) B, —2(x 4 h)* — Fos(T** 1 (2)) B, —2()*)
h
n L (ul,k(z‘f' h) — uik(z)) N ot (U2Js($; h) — ugk(x))
48 Yty (usle +h) - ush()) (3.1.23)

h

We are considering (K, — 1)th iterate from Corollary , because the underlined idea
is to use the Mean Value Theorem to estimate the values of M, i e {1,2,3}.
The functions w;, are continuous and differentiable on I;(z), therefore M =

u;k(tzk), i € {1,2,3} for all £ < K, for some t;; between = and = + h. However, we
exclude Kj, because in the derivative of uyy the factor y(x) = log(Tk(x )Hk o T (2)

appears. This factor can be estimated by % + O(qk_l/ %) (see Proposition (2)).
Since x + h ¢ Ik, +1(x), we cannot relate g, +1(t1,Kx,+1) 10 qre,+1().
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We calculate the limit of (3.1.23) as h — 0. The calculation is long (but not very diffi-
cult), therefore we split it into various lemmas, in which we consider each term separately.
Before we do it, we make the following observation.

Lemma 3.9. Let z € (0,1) \ Q, |h| > 0 and K}, defined as above, then

1 2
<|hl < —

2th+2th+3 th

If ar, = 1 only for finitely many indices k, then there exists hg > 0 such that if |h| < hy we

have ) 5
< |h| < = (3.1.24)

2th+1th+2 th

Proof. Since x + h € Ik, (x), |h| must be smaller than or equal to the distance from x to

one of the endpoints of I, (), which are 22 and Py PR -1 \We then have
4Ky, 9K, TaK;, -1

|h| <max< x — Dkn _ P PR )
- th 7 th + th,1
e <5Kh (@7 (@) | ary — 1 )
Ik, Qi1 G (dr, T+ d,-1)
1 1 1
< max : + ) by Proposition (1)
<QKhQKh+1 ar,+14i,+2 (4K, + ar,-1) (4K, + 4,-1) 23
2
<_
th

On the other hand, since  + h ¢ Ik, +1(x), |h| must be greater than the distance from
x to the boundary of If, 11(z). By [BMI12, Proposition 4], L Ifap =1

M 2 st

only for finitely many indices k, then there exists hg > 0 such that for all |h| < hg, for all
k > K, we have a; > 1 Then the distance from x to the boundary of Ik, 11(z) is greater
than or equal to m by [BM12, Proposition 4]. ]
Remark 3.10. We cannot improve the lower bound on |h| without imposing further con-
ditions on z. To illustrate it, we show that we do not even have (3.1.24)) in a general case.
Let x a square-Brjuno number such that it has infinitely many continued fraction quotients
equal to 1 and infinitely many different than 1, then there exists a sequence (hg, ), such

1

that hg, — 0, as n — 00, x + hg, € Ik, (z), v+ hk, ¢ Ik, +1(x) and |hg,| < PraTE—
Indeed, let K, such that: (1) K; is smallest possible and K, 11 > K,; (2) ak,+2 = 1 and
ax,+3 # 1. Then let |hg | > 0 such that z + hg, = ZXetiPKn e have that |hg, | — 0 as

AK,+11H9K, .
n— o0; r + hKn c IKH(Qf), xr + hKn ¢ IKn+1( ) and |hKn| S e adnia

We consider the first term.
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Lemma 3.11. Let x € (0,1) \ Q such that it satisfies or («+), then

Fy3(TF N + h))Br, 2z + h)* = Fos(T™" ' (2)) Br, —2(2)*
h

— 0,
as h — 0.

Proof. We have the following

Fy3(TF "M + h))Br, —2(x + h)* = Fys(T™ ' (2)) Br, —2(2)*

— B ala)® EFQ,?,(TKH(Q; + h)f)b - FQ,g(TKhl(g;))>
. (m_g(x + h)Z ~Pr2(0)' p i h)>)  (3.1.25)
We consider the first summand. We have
Fy3(TE=Y(x + h)) — Foz(THE»"1(x))
_ | Z}; 2 (sin (2mn T (@ + h)) — sin(2rn T~ ()))|
203 P (sin((T (2 + h) — TKH(:L];LM) cos((TEn =z + h) + TK"L(z))mn))|
Al '

Let N be the smallest integer greater or equal to #, that is N = “%217 then we have

FQ’g(TKh_1<I + h)) - FQ;;(TKh_l(.T))

h
< g Dot “HP ST o h) = T @) mn)| ST ey P
) 7] ]
< gy St BT @ 4 h) = T ()| ST B
- ] ]
N oo o1(n)
< 8T, 1 Y Ulg) + 22":%1 . (3.1.26)
n=1

The last line follows from the fact that 75~ is continuous and differentiable on I, (z),

and by the Mean Value Theorem |TKh71(m+}‘l})L‘_TKh71(I)| = [(TE»=1(t))| for some t between
x and = + h. By Proposition (2.d) we have that (T*(y)) = (=1)*Bw_1(y)~2. By

Proposition (1) we conclude that [(T**~(2))'| < 4%, ;-
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Consider SN 24 by Abel’s summation formula

n=1 n2
N N—1 N
o1(n) 1 1
n; £ :;(nz_ S )Zal m;m(n)
N-—1 1 n 1
= n—=1 n? k=1 7+ N? nz:l 71

By Theorem 3 in [Ten95, p. 40], there exists ¢; > 0 such that Z ,01(J) <7 k’2+clklogk
for all k € N, and we have

N 5 (n) 1 1
1
nz:; 2 <3 2 3 <En —i—cmlogn) —|—m <12N +clNlogN>
9 N—1 N-1 9
s 1 logn = log N
<— —+3 —
STl T LTy T ATy
2 N-1 2
1 x log N
— +3 -+ — < cplog N 3.1.27
4+61)n1n+12+61 N S lgh, ( )

for some constant ¢ > 0, as >* <log(k) + 2 for all k € N,

nlk

Consider SV o) By [Ten95, p. 88], we have o1(k) < c3klog(log(k)) for some

n=1 n3

constant c3 for all £ € N. We have

= log(log( = (log(n))'/?
log(log(n)) g <o Y (log(n))'* < Z
n=N+1 n=N+1 n=N+1 n n= N+1
C3 o 1 C3 403 703
< dr = <
SNrE e /N+1 A T N A TN 1A S 3N

(3.1.28)

Assume |h| < 1. Substituting (3.1.27)) and (3.1.28) into (3.1.26)), we get

‘F2,3(TKh_1(I +h)) = Fos(T™'(x))
h

1403
3N/

’ < 87rcgqf(h_1 log N +

2 14
< 87rcgqf(h_1 log (E) + ?WUQ,
by the choice of N.
By Lemma |3.9] and Proposition (1), we have

FQ;;(TKh_l(l’ + h)) — FQ}g(TKh_l(l’))
h

BKh*2(‘r)4
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87TCQ 14
<——log(4qx, 1295, +3) + 341 [h]'/?
K, -1 Ak, —1

log(th+3) 14 |h|1/2
4 )

<C3

+
Ak, —1 35,1

for some constant ¢z > 0. If = satisfies , it converges to 0 as h — 0. If x satisfies ,
then Lemma [3.9] and Proposition [2.3] (1) imply
log(th+2) 14 |h|1/2,

Fy3(T50 Yz + h)) = Fys(T50(a
53( ( ) 2.3( (2)) Br, o(x)* < ¢y 3 + 5

for some constant ¢4, > 0, and it converges to 0.

Finally, we consider the second summand of (3.1.25)). Since the function Br, 2(y)* is
continuous and differentiable on Ik, (z), the Mean Value Theorem implies that for some ¢
between x and x 4+ h we have

B, —2(x 4+ h)* — Bi,—a(x)"]
|h|

= [(Br,—2(t)")|
= 46Kh—2(t)3(—1)Kh_2th_2 by Proposition (2)

4
< — by Proposition [2.3] (1).
Ak, —1

Observing that |Fy 3| is bounded, and writing || Fb3]lcc = Supyep1) [F2,3(y)], we obtain

ﬁKh—l(I + h)4 — 5Kh_1(x>4F273(TKh($ + h)) 4||F’2 3”00,

h th 1

which converges to 0 as h — 0 for all z € (0,1)\Q. This completes the proof of Lemmal[3.11}
O

Lemma 3.12. Let x € (0,1) \ Q be a square-Brjuno number, then

o (k@ + h) — ug ()

h
=3 Bl +4Z( P oea o Buaule) (1Y ) = D s (o

as h — 0.

N

<.
Il
o

Before we start proving Lemma [3.12] we will prove the following two lemmas, which
we will use in proving Lemma [3.12
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Lemma 3.13. Let x € (0,1) \ Q. The series > ;- Be—1(z)vi(x) converges if and only if
Yoo log(g# converges.
k

Proof. Since Y- Br—1(x)vk(x) is positive, we have:

Zﬁk (@) () < Z los( quH < i
k=0

where the first inequality follows from Proposition . Since Yoo, 1059 converges for all
k

r e (0,1)\Q,if Y72, log(;’%l) converges, then > By_1(x)vk(x) converges as well. For
k
the converse note that:

1 1
Z og( Qk+1 < Z T + Z og by Proposition (2)
k=0 k=0

k=0

lOg Qk+1

k=0

1 = log(2
= Zﬁkfl(l' )+ Zﬁk 1 (2)T*(z )Qk Ly Z &2%) by Proposition (3)

gk k—0 k
log( 2q
<225k1 )Yk (z +Z &k
k=0

as TF(x )q’“ L <1. The sum )7, logfﬁq’“) converges for all x, which completes the proof of
k
the lemma ]

Lemma 3.14. Both series

T
L

42( RENE ENERES) (—1>JT]<;)2), S B (a)?

<
Il
o

converge for all x € (0,1) \ Q.
Proof. By Claim [2.6] we have

k—1 0o
I(x
42( B ()2 (2 (2) j:0<— ( )2) #3 o)
<4Z|5k1 T) 1|+Zﬁk1
<4Z Q-1 log( 2Qk+1 =1 .
+ Z —2 by Proposition
QkaH PRy q;.

<9) —,
;Qk

which converges by Proposition (2). O
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Proof of Lemma[3.19 Let z € (0,1) \ Q be square-Brjuno. By Proposition (2), for all
k < K; — 1 we have
u k(@ + h)—ui k(@) = (1) Brr (2 + h)*Br(x + )yl + h) — B (2)* Br(@) ()
= (1) (o 4 B — i) og(TH + W) (= + K)o+ pir)?

— (zqr — pr) log(T* () (=g +pk71)3)
= (-1 ()i (2)Q0m(TH ( + ) — log(T*(x))
(=1 (1) B (@) + A=) B (0B s 1
+ Agh? + Byh® + Ckh4> log(T* (z + h)),
with

Ay = =3Bk-1(2)°qe1qr, + 68—-1(2) B (2)gr—1 + 3(=1)*Br_1(2)* Be(2)gr_,
By, = (=1)*BBe-1(2)Ge_1ax — 3B1(x)qGe—y — Be(®)gp_1) — 3Be—1(2)Be(x)gp_y  (3.1.29)

Cr = —Gi_1Gk-
Therefore, by Proposition 2.5 and Claim [2.6] we have
Kp—
0 (Ul p(r+h) —u (e
- Zﬂk '

k 1

—4Z< )" B (x :O ]. ) Zﬁk1

<.

)

‘Z/Bkl )?log(T"(z + h)) + Zﬁk1

¢ Sy )

\ Z V(B (@) By(2) log(T (@ + 1)) D (=1 '3 (x)g)

k= §=0 7
k—1
- Z (1B (@) Bl ne) Do~ 2)
N i(_l)k+1ﬁk 1(2)*Br(x) (log(T 2a:+h)) log(T*(x Z B
k=0
+ i (=) Aphlog(T* (x + h))‘ + i (=1 Bih? log(T"(z + h))‘
k=0 k=0
+ Z_ (=D Ch? log(TF (2 + h))‘ + ‘ Z Br—1(x) k()

k=0
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k—1

(3.1.30)

+4Z( )" Bo—1 (@

k=K, §=0

o)~ 2 At

By Lemmas and [3.14] the last term converges to 0 as h — 0. We will now show
that all the other terms also converge to 0.

We observe that by Proposition , for all k < K, the function T* is non-zero, con-
tinuous, and differentiable on I (z), hence log(T*) is continuous, and differentiable on
Ii(z). Then for all k¥ < K, — 1 and y € I(x) we have log(T*(y))" = Wi)iw By

the Mean Value Theorem |log(T*(z + h)) — log(T*(z))| = |h|Tk o i 11( 5 for some ty

between = and x + h. Since t, € Ii(x), by Proposition 2.1 (4) and 2 - ), we have

Tk%tk) 5 11(tk)2 < 2q’““élqk = 8qxqr+1 and |log(T*(z + h)) — log(Tk( ))| < 8qkqi+1|h|. Thus,

Kh 1 Kh 1
‘Zﬁkl )V log(T*(x + h)) + Zﬁkl ‘
Kp—1
=22 a0 Qo+ ) — (T2
Kh 1 Ky, — 1q Kp—1
< 8|hl Z Br-1(2)*qear1 < 8| LAY 16— Z il

o Ik 0 — @’

by Lemma which converges to 0 as h — 0.
Using the same arguments and applying Claim [2.6] we obtain

N

Kp—1 -1

4) Z 1)+t (5#1(:1:)3&(37) log(T*(x)) ' (_Dj;j((xa;)?)
K1 ) k—1 jTj(CU)
— Z ( )" Br—1(2)* Br(x)vi () j:o(_l) 5j(x)2>‘
<4 Z Br—( ) qr—1|10g(T* (x + h))ge—1 — log(T*(x))]
<32 i Fo el <64q— i .

which converges to 0 as h — 0.
By the Mean Value Theorem, we have

Kp—1 Kp—1

k+1k1 k lo r+h IOT’]€
‘Z 3 )ﬁ()(g(éJr)) g( +Z/6k1 ‘
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Khlﬂk Kn—1
1
\Zﬁ“ Zﬁkl

for some t; between z and x + h. Also, Br_1(y)Bk(y) is continuous and differentiable
on Iy(x) with the derivative (Br_1(¥)Bx(v)) = (=1)*Br(y)qe_1 + (=1)* 1Bv_1(y)qe- By
Proposition (1) for all y € Ix(z) we have |(Bk—_1(v)Bk(y))'| < 2. Therefore, we have

[(h1 Khl

k—l—lkl k lo i h lo Tk
‘Z 5 )B()<g<2+)) g( +Zﬁk1 ‘

= 2 =B (£)B(2) + B ()1
= 3 Al AT |

Khl Kp—1

Qk+1| |
<2 Z Br—1( m <38 Z by Proposition [2.3 (1)

3
th k=0 gk

by Lemma which converges to 0 as h — 0 by Proposition (2).
By Proposition (1), we have |Ag| < 3%(;) + 6L 4 32 % i < 12. Also by Propo-

9k 9k+1

sition [2.1] (4), [log(T*(z + h))| < zqgf. Then by Lemma W, we have
Kp—1 Kt
(— 1) Aghlog(T*(z + h)| <24 S B p < — 3 =
2 ,; s g5

which converges to 0 as h — 0 by Proposition [2.1| (2). Similarly, |By| < 3¢7_, + 32&1 +
3
gtk | fio < 10¢?_,. We then have

dkqk+1 9k+1

Kp—1 Kjp—1
> (—D)F Bk log(T* (x + h))| <20 ) STV < 80—2 —
k=0 k=0 Qk‘ th k=0 Qk;

which converges to 0 as h — 0 by Proposition (2). Finally,

Kp—1 Kp—1
3 (O og(TH o+ )| < 3 Bty o5 L L
k=0 k=0 dk th k=0 dk

which converges to 0 as h — 0 by Proposition (2).

This shows that (3.1.30) converges to 0 as h — 0 completing the proof of the lemma.
[
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Lemma 3.15. Let x € (0,1) \ Q, then

Kp—1
Zk:ho (U2k(

T+ h) —ugp(x))
h
00 k—1
= S (P(TH(x)) 24 42 D) B (@)t 3 (-1
k=0 =0 J

as h — 0, where (P(T*(z)))" is the derivative of the polynomial P evaluated at T*(z).

Before we start proving Lemma |3.15, we will prove the following lemma, which we will
use in proving Lemma |3.15

Lemma 3.16. The series

D (P @) B + (DMPETH @) frs(o) 3 (1P 505)

k=0 Jj=0

converges for all x € (0,1) \ Q.

Proof. Firstly, by Claim we have ¢,_; = (=1 18._1(x) Zf;é(—l)fém(gé Write

|1P|lco = SUDye(0,1) |P(y)| and ||P'||e = SUDye(0,1) |P(y)’|. Since P and P’ are polynomials,
we have || Pl and || P’||« are finite. We then have:

|

(PP @)Y fica2)? + (-DMPTH @) s (0)! D1V 555)]

WE

b
Il

< ||P'||oozﬁk 1 +4||P||oozﬁk (s

o0

1
<|IP||lso Z - + 4[| Pl oo Z 1 by Proposition [2.3] (1)

o k-1 0,

k—1

= 1
< (1P'[loo + 411 Plloc) Y ——
k=0
which converges for all z € (0,1) \ Q by Proposition (2). O

Proof of Lemmam Let 2 € (0,1) \ Q. We have uy(z) = (—1) (T*(x))Br_1(x)* where
P(y) = Ay® + By? + Cy + D, for some constants A, B, C, D € R. We then have

SO (ug (4 B) — ug ()

D (U8 (B + B B (@ + h) = Bu(a)* B ()

k=0
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+ % (—1)k (ﬁk($ + h)25k71<l’ -+ h)2 — Bk($)2ﬁk,1($)2)
+ % S (1 (Bl + a0+ 1)° = Gel@)Be1(2))
+ 2 > (U (Beale + ' = (@) (3131

We consider each term separately. By Proposition (2), for all k < Kj, — 1 we have

(=1 (Be-1(z + h)Bi(x + h)’ = Br1(x) Bi(2)?)
( DF (=D ok — 2qe — har))*(=1)" (pe—1 — 2qe—1 — hge—1) — 5k( )*Br-1(x))
(=1)" (Be(z) + (=1)*hgr)*(Br—1(z) + (=1)* 'hqy_1) — Be(x)?Br-1(2))
3hBr_1(2)Br(x) gy — hBk(x) qrr + 3h*(—=1)*Bre_1(2) Br(2) g} + PP Br_1 () g}
+ 3% (= 1) (@) g1 — 30° Br(@)qr—rqi + P (= 1) qe13-

II"

3

Let

Kp—1 -1

Si(h) =3h > (=1)*Be1(x)Bi(x)g + 1 Z Br1(2)gi + 3h Z )" B () g1 i
k=0
Kp—

— 3h? Z Br(@)qr1qi + 1 Z (=1 'gr1q;-

k=0

We now consider the second term of m Again by Proposition (2), for all
k < K; — 1 we have

(—=1)" (Br(z + h)*Be—1(z + h)* — Br(2)* Br_1(2)?)
= (=" (=" (px — zqr — th))2<( D*(pr—1 — 2qi—1 — har-1))* = Br()* Br_1(2)?)
= (=1* ((Be(x) + (=1)*hae)* (Bro1(z) + (1) hgr_1)® = Br(x)*Bro1(2)?)
= Qhﬁkq(ﬂﬁ)%k(ﬂf)% — 2hfBk_1(x) Bk (z ) Qrk—1 + hz( 1) 51%1(37)2(113

— 4h*(—1)* B (2) B () g1k — 21 B (@) i1} + B2 (—1)F Br(z)’qp_,
+ 2% B (2)qr_qi + b (=1) 17

Let

-1

Kpn—1
—hZ VB (@)q — 40 Y (1) B () Bk (@) 1
k=0

—2h225k1 ) Q- 1qk+hz )diy
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Kh]- Kh].

+2h° Z B(x)gp 1k + h° Z D g; 147

We now consider the third term of (3.1.31). Similarly, by Proposition (2), for all
k < K; — 1 we have

(—1)k (Bk(x + h)Br—1(x + h)s - 5k(£)5k-1($)3)

(=1 (=1 "(pr — zqr — hae) (1)  (Pe—1 — 2q—1 — hqi—1))* — Br(2) Be-1(2)?)
= (=1 ((Be(@) + (=1)*ha) (B (@) + (1) hagr1)* = Br(@) B (2)?)

— 3hB—1(2)*Bi(@)qr—1 + hBr—1(2)*qi, + 3h*(—=1)*Br_1 () Be(2)gh_,

— 1 By(x)gi_y + 3R (—1)* " Br_1 () qr—rq + 3h°Br—1 ()1 qk

+ R (=1 g g

Let

Kp—1 Kp—1

—th ﬁkl qk 1_h225k qk1

Kp—1 Kp—1

+3hz DB () qra g + 307 Zﬁkl ) @1k
k=0
Kn—1
SRS G i TS
k=0

Finally, we consider the last term of (3.1.31). As before, by Proposition (2), for all
k < K;, — 1 we have

(=% (Br-1(z +1)* = Bra(2)?)
(‘Dk (((_1)k(pk—1 — Tqk—-1 — th—l))4 - 5k—1($)4)

(=" ((Be=1(z) + (=1)* Thgr_1))* — Brer(2)*)
= —4hf 1 (2)’ g1 + 6h*(=1)"Brr (2)’qi_y — 4h°Bra (2) gy + B (=1)" g,y

Let
Ky—1 Kp—1 Kp—1
= 6h Z Bk 1( qk 1 — 4h? Z Br—1( qk 1t h? Z (_1)]6%%—1'
k=0

Then we have

fa ! usp(x + h) —usp(z
Z(,(ﬂL})L k(7))

k=0
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Kn—1
= A(3 Z Br-1(x) )2 — Z Be(x)’qr—1 + S1(h))
Kot
(2 Z Bk_l(a: x)qr — 2 Z Br—1( Qk 1+ S2(h))
Mt
C(-3 Z Be-1(2)?Be(x) qr—1 + Z Be-1(x)’qr + S3(h))

42/3“ Sgi_1 + Su(h))

Kp—1
= ) 348 (x) ) — Z A(T*(2)*)Bur () ey + AS: (R)
k=0
Kp—1 Kh 1
+ ) 2BB ()T (x)qe — 2 Y BBy1(2)Bk() qr—1 + BSa(h)
k=0 k=0

K;,—1 Kn—1
+ Z CBir()’qr —3 Y Chroa(x)*TF(2)gio1 + CS5(h)
k=0

—4D Z Br—1( Qk 1 +DS4(h)

Kn—1

- Z (BA(T*(x))? + 2BT*(2) + C) B (2) a1
_ Z )+ 2B(T*(z)?) + 3CT*(z) + 4D)Bp_1(x)3qe1

+A&+B&+C&+D&.
By Proposition (3), we have
BA(T*(2))* + 2BT*(x) + C)Br1(x)
= (BA(T*(x))? 4 2BT*(z) + C)B1_1(z)?

(1 s Aile)
= BA(T*(x))? + 2BT"(x) + C)Br_1(2)*(1 — qu_15k(x))
= (BA(T*(2))* + 2BT*(x) + C)Br1(x)”
— (BA(TH(2))* + 2B(T*(2))* + CT*(2)) Br1 () gi 1.
Hence, we have

Yoty (uza(z + h) — usp(2))
h
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Kp—1 Kj—1

= ) (P(TH(x))) Bra(w)* — 4 Z ) B (2)3q 1

k=0

+ ASl(h) + BSy(h) 4+ CSs(h) + DS4(h),

where (P(T*(z)))’ is the derivative of the polynomial P evaluated at T*(x), that is

~

(P(T*(x))) = 3A(T"(x))? + 2BT"(z) + C.

We then have

S (ug (@ + ) — ug ()

. _kz:%(p(Tk( 2)))B +4ZP (T*(2)) Br1(x) g1
< | 0 (PT @) B ()2 — 4 Z 7)) Bt () i

+ |ASy(h)] + |z%52(h)1 +|CS5(h)| 4 |DSy(h)|. (3.1.32)

The first term converges to 0 as h — 0 by Lemma [3.16 Then applying Proposition (1)
and Lemma 3.9 we obtain

1S1(h)] + [S2(R)| + [Ss(h)| + |Sa(h)]
22 ol

2—225

QKh om0 qk qK,, e

Kp—1
1

1 22
Z 1 RN
4Ky =g e QKh g qe 10

It shows that the expression in (3.1.32)) converges to 0 as h — 0 which completes the proof
of Lemma [B3.15] W

Lemma 3.17. Let x € (0,1) \ Q, then

W (us el + ) — ugp(2))

h
00 p(k)
= 3 (@) TH @) Fas (T (@) + i () /0 2 Fyo(T(1))dt
k+1 ) 2k 4k_1 jTj@)
A [ AT @)~ 20 Pea(T(0) - (o) > )

as h — 0 where p(k) is the smaller endpoint of the interval Iy(z), that is p(k) = & if k is

even, and p(k) = % if k is odd.
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Before proving Lemma we will prove some claims and lemmas, which then we will
use in the proof of Lemmaw First note that for all k <K n the function us , is continuous
and differentiable on Iy, (). For brevity, write Z(z fo V2(Tk(z) — 2t)Fo3(T'(t))dt.
We will now calculate the derivative of ugzy. We begln by calculating the derivative of

Claim 3.18. Let x € (0,1) \ Q. For all k¥ € N we have

1)k+1

T L (@) o (T (),

T/ (z) = (—1)k+1 /p(k) t2F273(T(t))dt—|— (—

51@71(1')2 0 Br— 1( )

where p(k) € Q is the smaller endpoint of the interval Jx(z), that is p(k) = £ if k is even,
and p(k) = M if k& is odd.

Ak +qr—
Proof. We use the substitution y = T*(z), hence % = (jl—l();Q, and we have
d Tk (x) d
T, (1) =— / t2(T"(x) — 2t) Fo3(T(t))dt = — / — 2t)Fy 5(T'(t))dt
dz J, 5k 1(z)? dy
(=Dt d /p““) : < 1 d / 2
t*(y — 2t)F: dt + —F——— —2t)Fy5(T'(t))dt
Bk 1( Qdy ( ) 23( ()) ﬂk 1( ) d ( ) 2,3( ())
oo (1"
))dt + —2y)Fy3(T
Bk 1 )2 /Ov Bk 1(x)2y ( y) 23( <y>)
)k /p(k t2F23 dt—l— ( 1>k+1 Tk(x)3F23<Tk+1($))
ﬁk Brr(@)? Jo Br—1(x)? ’ ’
by the Fundamental Theorem of Calculus and the fact that t2(T%(x) — 2t)Fy3(T'(t))dt is
continuous on (p(k), T*(x)]. O

Claim 3.19. Let z € (0,1) \ Q. For all k¥ € N we have

p(k)
(1) = Bi(@)PTH (@) Fya(TH (@) + B (2)? / 22F,(T(1))dt

+ 4(—1)" T (2) B (z)* ‘ (—1)

Proof. We have

s () =(=1)" T (2) (Bra (@) + (1) (Zi(2)) B ()

AT @) (1)

o

<
Il
o
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(D ) e ), (1941 (0)) By 2)
Br-1(x)?
_1\k+1 ppk)
+(—1)’“+1é]€%)(332 /0 t2Fy5(T(t))dtBy_1 (7)* by Claim [3.18
p(k)
=Bl TH @) Fa(T @) + a0 [ £ PaalT(0)a
KT (o SC4k_1 _ JTj@)
+4< 1) Ik( )ﬁkfl( ) j:O( )BJ(:C)2
This completes the proof of the claim. ]

Lemma 3.20. The series

converges for all x € (0,1) \ Q.

Proof. Since |Fy 3| is bounded, we have

Tk (z) 1
Ti(@)] < | Foalloc / (T4 () — 20)|dt < || Faslloc / 21T (2) — 201t < | Fas e,
0 0

(3.1.33)
and
’i( Fyg(T* () + B (x)? /O " 2 Fy5(T(t))dt
+4(=1)" T () B ( 41;21 T]((x>)2>‘

p(k)
§”F2,3Ho025k +Zﬁk 1 / t2dt
k=0

k—1

NS B (2)
k=0

i=0 i

§|’F2,3H0025k +Zﬁk 1 +4||F23H0025k 1(z)*qx_1 by Claim 2.6]

=1
<(5[[F23lle + 1) 2—2;
o Tk

by Proposition (1). It converges for all z € (0,1) \ Q by Proposition (2). O
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We can now prove Lemma [3.17}

Proof of Lemma[3.17 Let = € (0,1) \ Q. By the Mean Value Theorem and the fact that

ug is continuous and differentiable on [ (z) for all k < K, we have M =

Kh_l Us X —U: xT
u3k(tk) for some t; between x and = + h for all k¥ < K}. Then Tty (vsr(eth)us (@) —

h
Z,Ifho ! uz 1 (tx). We have

S (ug (@ + h) — ug gl
| Z“w =

- () = Dty

k=0 k=0
‘E (1 (t) — g (@ ‘+‘§u3k ‘
k=0 k=K

By Lemma |3.20], o b (z)] converges to 0 as h — 0. Then
k=K) U3,k

Kj—1
D ) — (@)
= Kp—1
< | Y (BT 0 Fos(T (1)) = Bu(@)T* (@) Fas (T4 () )|
k=0
Kp—1 p(k,ts) p(k,2)
n ‘ ; (ﬁk_l(tk)z /0 12Fy (T(1))dt — s (2)? /0 t2F273(T(t))dt)‘
Kp—1 k—1 ‘ T](tk) k—1
- ‘ ; A(=1)* (Ik(tk)ﬁk—l(tk)4 jo(—l)] Bi(te)? ) B 4]20 Bi( >‘
(3.1.34)
We will now show that each of these terms converges to 0 as h — 0.
We start with the first term. We have
Kj—1
‘ > Belt) T (tr) Faa(T* (1)) — Br(2)*TH(2) Fas(TH ()
k=0 .
<Y 1Be(te)* T (tk) — Br(x)*T* ()] | Fas(T* ()]
k=0 o
+ Y [ Fas(TF () — Fos(TF (2))|Bk(2)* T ().
k=0

The function Sx(y)?T*(y) is continuous and differentiable on I, (z) for all k < K, and
by Proposition [2.2[ (2) we have (B(y)?T*(y))" = 2B8%(y)T*(y)(—1)*q + ﬂk(y)2(—1)km.
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Thus for all y € Ig, (z) we have |(8r(y)*T"(y))’| < 3. By the fact that |Fy3|, the Mean
Value Theorem and Lemma [3.9 we have

Kp—1 Kp—1
1

D 1Bet)* T (t) = Bi(2)*TH@) | Faa (T (1)) < [ Foalle Y 3IAI < 3||F2,3||ooq?,
k=0

k=0 h

which converges to 0 as h — 0. Let N = q%(h. Using the same arguments as in the proof
of Lemma [3.11], for some constants ¢, co we have

Kpn—1

> | FBas(TH (1)) — Fas(TH(2))]Bi(2)*TH ()
k=0
Kh thl 1
<c Z |h| B (2)2T* ()2, log N + ¢, Z 5k($)2Tk(:l:)N3/4
k=0
Kh 1 Kh—l
2 21o 1
<o 3 TR L N
9K, —y 9K o UrdK,

by Proposition (1) and Lemma [3.9) which converges to 0 as h — 0.

For the second term, note that since for all k < K, we have t;, € I, (x), then fork < K,

we have that p(k,t;) = p(k,z). As before, we will denote it p(k). Since fo t2F 3(T(t))dt
is bounded by ||F53||o for all k, we have

Kn—1 p(k) p(k)

S [Bstte? [ ERaT©)t - sl [ PR

k=0 0 0
Kp—1 Kp—1 ‘

< Faslloe D 18e-1(te)* = Bro1(2)?] < [|Faslloc Z 2£|h! < 2|!F23Hoo Z
k=0 Kn =

The last line follows from the fact that for all k < K}, the function S;_(y)? is continuous
and differentiable on Ik, (x); by Proposition (2) (Bro1(9)?) = 2Bp1(y)(—=1)* Lqp_y.
Then by Proposition (1) |(Br_1(v)?)] < 2("’;—;1, for all y € I(z). By the Mean Value
Theorem, the fact that [h| > |z — t;| and Lemma [3.9] we obtain the result. It follows from
Proposition (2) that the term converges to 0 as h — 0.

We consider the last term. Applying Claim [2.6] we get

Kp—1 1 . k-1 T (ty, \ k-1 (s
"; A(-1) <zk<tk>ﬁk_1<tk> ;(—1)1@(;))2 ~ T(2) e (2) ;(_DJ@(; ))2 )‘
<4 Y Gl Tult) = BB (0 4 Y s a0

k=0
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By Proposition (1) and the fact that |Fy 3| is bounded, we have

Ky —1 Ky —1

4 Z Q1| Tk (tr) — Ti ()| Brr (tr)® < 4 Z Qk—;lﬂk(tk) — Ii(2)|
k=0 o Ik

Kol o o [T T (x)
<4y _g<) / —2t3F2,3(T(t))dt‘ + ‘ / t2(T* (t) —Tk(x))Fg,g(T(t))dt)
=0 Tk Tk (z) 0
T* (ty)
+‘ / t2Tk(tk)F2,3(T(t))dtD
Tk (z)
Qk 1 F) H )
§4||F273||00 ’/ t?’dt‘Jr‘/ (T (ty) — TF(z dt‘+‘/ t%it’)
Kn-1 T+ (x)
TF(t)* — TF(x
< A|Faslle > q’;;(' (t)* 5 (z)’ |+/ 2[T%(ty) — T"(x)|dt
k=0 k 0

| T* (1) — T"(2)?|
+ b ; )

By Proposition , the functions T*(y)*, T*(y)® and T* (y) are continuous and differen-
(y

tiable on Iy, (x) for all k < K, with (T*(y)*) = 4(=1) ;e (T (y)?) = 3(—1)F -,

and (T*(y)) = (_l)kz. It follows that for y € Ik, (z) we have |(T%(y)*)| < 16¢2,
Br—1(y) h k

[(T*(x)3)| = 12¢? and |(T*(x))'| = 4¢}. By the Mean Value Theorem, the fact that
|t — x| < |h| and Lemma [3.9 we get

Kp—1 Kp—1

T*(x)
437 Gl Zelt) = Tu(@)|Bea()® < A Fosloltl Y- P (844 [ Pdi+4)
k=0 =0 I 0

Kp— 1q Kp—1
< 48l alll] 3 U < B
h k=0

which converges to 0 as h — 0 by Proposition (2). Also, for all & < K}, the function
Br_1(y)? is continuous and differentiable on Iy, (z) and (81 (y)?)" = 3(=1) ' Br_1(v)?@r_1.
Hence, |(Br_1(y)?)'| < 3‘7’;—;1 for all y € I(x). By (3.1.33]) and Lemma we have

k

K,—1 K,—1
q
4> qea|Broa (te)® = Broa (2)?||Ti(@)] < 12] Faslloo Z gr-1|h] 5
k=0 k
Kp—1
< 12”F2,3Hoo Z —
Kn k=0

which converges to 0 as h — 0 by Proposition (2).
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This shows that (3.1.34]) converges to 0 as h — 0 completing the proof of Lemma
O

We are now ready to prove Therem (). For the convenience of the reader, we recall
it.
Theorem (1) If x € R\ Q is a square-Brjuno number satisfying or , then

Fy 35 is differentiable at x. On the other hand, if x € R\ Q is not a square-Brjuno
number, then Iy 3 is not differentiable at x.

Proof. Let x € (0,1) \ Q be a square-Brjuno number satisfying (4) or (). By (3.1.23)
and Lemmas [3.11} [3.12] [3.15] and [3.17] we conclude that F 3 is differentiable at z and

F2I73(x) — lim F2’3($ + h) — FQ}g(I’)

h—0 h
TS Bl ii( 1" Bra >2ﬁk<w>vk<x>k_1<—1>jTj(m))
3 k=0 3 k=0 =0 Bj(z)?
—%3;:% 2+; P(T*(2))) Br—1(z)?
fe') k-1 jJZ
FAS (- 1FP(THa)) B (2)' <—1>J’T,( )
k=0 =0 ﬁ](flf)
e p(k)
63 (BT @) Faa T (0) + a(o)* [ £ FaalT (0
k=0 0
Tk (x) k-1
A [T ) — 2P (Tt (o 93D o,

where (P(T%(x)))" is the derivative of the polynomial P evaluated at T%(x) and p(k) is the
smaller endpoint of the interval I;(x), that is p(k) = 2+ if k is even, and p(k) = % if
k is odd.
We formally showed that if 2 is square-Brjuno and satisfies (+) or (), then F3(x) =
Zk o Ul k(T) + 3 0 gua k() + 6 reusk(x) is differentiable at « and

’ﬂ' o o0 o
Fiafa) = T3ty ) + 3 o) 463 uelo)
k=0 k=0

k=0

Suppose now that z € (0,1) \ Q is not square-Brjuno. We will show that there exists a
sequence h,, — 0 such that F“(Hh )J=F23@) 55 as n — oo. For each n € N odd choose
h, > 0 such that if z € I(ay,as, ... an,an+1) then x + h, € I(ay,a9,...,an,a,11 +2) \ Q.
We have x + h, € Ix(x), but  + hy, ¢ I,+1(z), and h, — 0 as n — oo, and [z, x + hy)
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contains the basic interval I(ay,as, ..., apn, anr1 + 1). We also note that if ¢t € [z, 2 + h,]
then

Gnt1 < Gn1(t) < 3ny1, (3.1.35)
which implies that
L ! 1 1) < hy < (3.1.36)
= |I(a1,aq, ..., an, ay n < 1.
18Q72L+1 Q’Vl+1(t) (qn-l-l(t) + Qn) b i Anqn+1
By Equation (|3.1.18]), we have
Fys(@+h) = Fas(n) _ 5 Sy (@ + ha) — uia())
hy, hy,
Yopeo (o + hy) —ugp(x)) 6> 0y (usk(z + hy) — ugp(z))
+ . + : .

We will now show that the last two terms converge to some finite limits as n — oo.

Since Y 72 ug(y) converges absolutely for all y, we have Y 7~ (ug k(z+hy,) —us k() =

Y oro(uak(x + hy) —ug () + > pe i1 (U2 (T + hy) — uz (). By the same arguments as
t Zk o U2, k(z+hn) uz, k()

in the proof of Lemma|3.15, we conclude tha converges to some finite
limit as n — co. By Proposition [2.3] (1) and since 0 < |IP(y)] < ||P|le for all y € (0,1),
we have

Y henan (U2 (@ + hy) — ug k(7)) '
hy,
< Zikentl (|P(T*(z + hp))|Be-1(z + hn)* + | P(T*(2))| Be-1(2)*)

n

IPlle < ( 1 1) - ( 1 1)
< 4+ ) <18||P| - =
hy, k_zn;rl (ge(x + hn))* g 121 k:;rl (ge(x + hn))? ¢

by (3.1.35)) and (3.1.36)). It converges to 0 as n — oo by Proposition (2).

Since Y ;- us x(y) converges absolutely for all y, we have > 72 (us p(z4+h,) —us k() =

Yoro(usk(z + hy) — usp(x)) + Z:‘;nﬂ(u&k(x + hy,) — usk(x)). By the same arguments
t S or_o(us,k(x+hn)—us k()
h

as in Lemma (3.17| we conclude tha converges to some finite limit as

n — 0o. By Proposition (1) and since |F2,3T is bounded, we have

ZZ"nH(u&k(th)—ul,k(x))’ \F23||oo Z (quJrh = +i>

B q

. 1 1
<BIRale Y (st ),
2 \Garr g
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by (3.1.35)) and (3.1.36)). It converges to 0 as n — oo by Proposition (2).

Since Y72 u1 ,(y) converges absolutely for all y, we have Y 7~ (w1, (z+hy,) —u x(z)) =

Yoo (x4 hy) —ur () + >0, 4 (Ui k(@ 4+ hy) — g k(). By Proposition [2.3/ (1) and
(2), we have

S0 (@ 4+ hy) — (@) 1 & 10g (2G4 (x + hn)) log(2q11)
’ Z <<qk< * )

< —
hn B hn ken T + hn))?)QkJrl(x + hn) QI%QkJrl

1

< 36 ( —)
ji: qk:v%—h
by (3.1.35)) and (3.1.36)). It converges to 0 as n — oo by Proposition (2).

As in the proof of Lemma [3.12] we have

2o (U1k(® _; hn) — uz (@ Zﬁk 1(2)? log(T* (x + hn))
Las 3 k S I ()
—1—24 B 1(2)° B () log(T" (@ + hy)) : (—1) B;(x)?
. Z it B (&) Bi() (log (T Ef + ) = log(T*(x)))

n

+ ) (= D)F Aghy log(TH(@ + b)) + > (1) Byh2 log(T*( + h,))
k=0 k=0

+ ) (=1)FCRhE log(T* (@ + hy)),

where Ay, By, Cy were defined in (3.1.29). By the same arguments as in the proof of

Lemma [3.12] we conclude that the last three sums converge to 0 as n — oo. We also

have that the two series > _,_, 4(—1)* B _1(2)3Bk () log(T*(x+ hy)) Z?;S(—l)” BTJ((? and

ZZ:D —1) Hl,ﬁk 1(2)3Be () (log(T*(x + hy,)) —log(T*(x))) both converge to finite limits as
n — o0. Fmally, we have

_Zﬁk 1(2)*log(T* (z + hy)) = i(ﬂk (@) () + Fia (2)” Lo <%>>
k=0 !
— 2 —l—Zﬂk 1(2)? log ({—(_'_%)

Since h, > 0, we have x < x + h,,. If k is odd then log(%) > 0, and if % is even then
log( @) ) > —log(4) by Proposition . Thus, we have

Tk (z+hy)
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Z —Br—1(z)?log(T*(z + hy,)) >Zﬂk1 Zﬁkl *log(4),

k odd

>Zﬁk 1 —log(4 Zﬁk 1

By Propositions [2.3] (1) and [2.1] (2) we have | —log(4) > "~ Br—1(x)?| < oo. Since x is not
square-Brjuno, — > 7' Br—1(z)? log(T*(x + h,)) — 00 as n — oc.
This shows that f22@Hhn)=Fas@) o agp, oo, and we conclude that Fh3 is not

hin
differentiable at z. This completes the proof of Theorem [1.3] (i). O

3.1.5 Proof of Theorem (ii)

Let z € R\ Q. Since Gy 3 is 1-periodic, we may assume z € (0,1). For brevity, let

U1,k($) :5k—1($)5k($)2%@)
vak(7) =Q(T"(x)) Br—1(2)"*

T (2)
mﬂ@:ﬁm¢@{4 2(TH(z) — 2)Gaa(T (1)) dt

By Corollary [3.8| with this notation, for all n € N, we have

n n

Ggyg(l') == G273(Tn($))6n_1(1')4 Z (%1 k + Z (%) k Z U37k(l'). (3137)

k=0 k=0
For each h, let K} € N such that x + h € I;(x) for all k < K and v+ h ¢ Ik, +1(x). We
then have

G273<CL' + h) — GQ;},(%’)

h
_ (Gos(THFr =Y (2 + h))Br, —2(x + h)* = Gos(THh () B, —2()*)
h
723l (vl + ) — vi(@)) i (@ + h) — va ()
h + h
L 6 (sl +h) — vsa(@))

. (3.1.38)

We proceed as in the proof of Part (i) of Theorem [1.3] We consider each summand as
h — 0.

Lemma 3.21. Let x € (0,1) \ Q such that it satisfies or (), then

Gos(T"" (2 + h))Br, 2w + h)* = Gos(T™* () Br, —2(2)*
h

— 0,

as h — 0.
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Proof. The proof is very similar to the proof of the Lemma and therefore omitted.
The difference is that instead of the sum-to-product identity for the sine function we use
the sum-to-product identity for the cosine. O

Lemma 3.22. Let x € (0,1) \ Q, then

()

Zf:ho_l (vir(2 4 h) — vi( i
h i

k—1 ;

+4Z<ﬁk 1 Yi(x) » (=1

=0

) + Z 1M B () B () < o0
k=0

as h — 0.

Proof. The proof is very similar to the proof of Lemma and therefore omitted. The
difference is that we have an additional factor of T%(x) and no (—1)% in vy . O

Lemma 3.23. Let x € (0,1) \ Q, then

o (o + h) — vag(x))
h
=+ Y (DT ) +4z( 2)) B (@ 42 )<oo,

as h — 0, where (Q(T*(x))) is the derivative of the polynomial Q evaluated at T*(x).

Proof. The proof is very similar to the proof of the Lemma [3.15] and therefore omitted.
The difference is that we have an additional factor of (—1)* in vy . O

Lemma 3.24. Let x € (0,1) \ Q, then

S (g 4 h) — g ()
h

p(k)
- Z( 1)1 (T4 (@) G (T (1)) + (~1) s () / G (1))
Tk (2 k—1
+4/ ()tQ(Tk(x)—Qt)G2,3( T'(t))dt - Br—( 42 ><OO,

as h — 0 where p(k) is the smaller endpoint of the interval Ix(z), that is p(k) = 2= if k is

ax
even, and p(k) = % if k is odd.

Proof. The proof is very similar to the proof of the Lemma [3.17] and therefore omitted.
The difference is that we do not have the factor (—1)% in vs . O
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We are now ready to prove Therem (). For the convenience of the reader, we recall
it.

Theorem (11) If x € R\ Q satisfies or , then G5 is differentiable at x.

Proof. Let z € (0,1)\Q satisfy () or («+). By (3.1.38) and Lemmas [3.21}{3.24] we conclude
that Go3 is differentiable at z and

G273<x + h) — G273(£If)

G5 3(z) = lim

h—0 h
=27 >~ (1) (@) (@) + 47 3 (Beoa(@)Bele) o) . (_1)jﬁTjj<<a:3;)2>
+ 723 (D) (2)Bu() + D (—DHQTH (2))) Bea (x)
+4Z (Q(Tk(w))ﬁk—1($)4 : ( )jﬁT;(Epw))>

k—1

T*(z)
4 / (T4 (z) — 26)Gag(T(H))dt - frr(2)* Y (—

j=0

%)

where (Q(T%(x)))" is the derivative of the polynomial @ evaluated at T%(x) and p(k) is the
Zn'lall(z"dendpoint of the interval Ij,(z), that is p(k) = £ if k is even, and p(k) = % if
is odd.

3.1.6 Functional equation for ¢

In order to prove Conjecture for k > 4, we would proceed as in the case k = 2. There
are a lot of terms to analyse, but we believe that for any given £ > 4 this method would
work (adding a technical condition similar to 1} of the type % — 0). However
the calculations become very long, and we do not do it explicitly. We present arguments
justifying the conjecture. We start by finding the functional equation for .

Theorem 3.25. For k > 4 even, for a € H, and 7 € H, we have

1 k

or(1) = TF 2y, (_;) — FTLog( T) + ProlT / Qr.alt, 7)ok <——) dt, (3.1.39)
k

where Log denotes the principal value of the complex logarithm, Py o(T) is a polynomial in

T of degree less than or equal to k + 1 depending on a, Qo (t,T) is a polynomial in t and

T of degree less than or equal to k + 1 also depending on o, and Cj = —%.
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We divide the proof into various lemmas. Let 4 < k € N even, « € H and 7 € H be all
fixed. We make the following observations.

Claim 3.26. We have

Cr - (1) = /T (1 — (B (t) — 1)dt, (3.1.40)

100

— k'2k
where Ck = —m

Proof. It follows by integrating the right-hand side of Equation (3.1.40)) by parts k& times.

O
Claim 3.27. For 1 < j < k41 we have
(9) _ -\ J = Uk_l(”) 2iTnT
A0(7) = amiy 3 T8 e, ay
n=1
in particular
k!
ol () = o (E(r) = 1), (3.1.42)

where Cj, is as in the Claim [3.26]

Proof. We obtain (3.1.41]) by differentiating ¢, (7) j times. Equality (3.1.42) follows from
(3.1.41) and the definition of Eisenstein series. O

Claim 3.28. We have
Ck . gOk(T) = / (T — t)kEk<t>dt +pk,a(7'>,

where pyo(7) is a polynomial in 7 of degree less than or equal to k£ + 1, which depends on
(1—a)kt! k El(T—a)k—m (k—m)
k+1 Zm:D T—m)1(2in)*1 Pk (a).

Proof. We note that Claim [3.26] implies that

a. In particular, py (1) =

Cror(T) = /T(r — )" B (t)dt — /T(T — t)*dt + /& (1 —OF(Ep(t) — Ddt.  (3.1.43)

00
We have

_ /aT(T t)hdt = % (3.1.44)

Then integrating by parts the last term in (3.1.43) k times gives

k

“ ok B _ k!(T—Oé)k_m (k—m)
(r— O4(Be) — e = = 3 AL o)

100 m=0
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Then by with v = ((1)_01), we get

T T(r—t) 1
/a (1 — ) E,(t)dt = /a B =7 ) dt
Substituting (3.1.42|) with 7 = —%, we obtain

T(r— t)k 1 _ T (T — t)k o (k+1) 1

T Nk T A
:/ (r= 8 gy G [T =8 e (_%> dt. (3.1.45)

th kS, otk

Claim 3.29. We have
T (r —t)k
/a e i Lt = —krLog(7) + qr.a(7), (3.1.46)

where gy o(7) is a polynomial in 7 of degree less than or equal to k depending of a. In

particular, gy (1) = S0 2 (=1)™(¥) (7 = T M) - krLog(a) + 7 — a.

Proof. To see that, we note

/aT (r ;t)kdt ) /a (

k—2

k
(—1)’”( >7’kmtmk —krt™t + 1) dt.
. m

O]
Substituting (3.1.44)), (3.1.45)) and (3.1.46)) into (3.1.43)) gives
k 1 T (7’ - t)k (k+1) 1 1
or(T) = —@TLog(T) o /a T -2 )dt+ a(pk,a(f) + Gra(7)). (3.1.47)

It rests to evaluate the integral faT (Tt_kt)kcplgml) (—%) dt.

Then we have

Claim 3.30. We have

T (r—t)k 1 1 ' 1
/ %gpgﬂﬂ) <_¥) dt = kIrH 20, (_;) + 70 (T) —|—/ kol T)@k (—;) dt,

where 71, (7) is a polynomial in 7 of degree less than or equal to k£ + 1 depending on «,
and sy o(t,7) is a polynomial in ¢ and 7 of degree less than or equal to k + 1.



3.1. Differentiability of Fj x+1 and Gy j11 57

Proof. We use the substitution v = —%, and we have

T(r—=t)* 4 1 e 1" et
At—kgo,(€+) - dt = B ub? T+ go,(ch)(u)du.

For simplicity, we will define vy(z,7) = (—l)k_2 (r — )% and for m > 0, v,(z,7) =

T
3muk72(7+%)k
ou™

} . By Leibniz product formula for m < k, we have

T

m, k—2 1)k
vnl<——%,r> _ 0™ (r+13)

ou™
= ; m'k'(J +1) —j—2_m—j h—m-tj
m 1 m-+jJ
§: ME—m+n 7 ey
. k—m+j
Z , m'k‘l(] +1) y2Hhemom—j <7- + l) : .
Dk —m+ j)! Y

Hence for all 0 < m < k, we have v,,,(7,7) = 0. Then integrating by parts k times gives

1 1\ k-1 ]
T k-2 - k+1 _ z+1 (k—i)  _ *

[ (red) =S nd™ ()
1 ]

+/ Uy, <—a,7’) o (u)du.

We observe that 37 (=Dt (a, T)gp,(f 2 (—1) is a polynomial in 7 of degree less than
or equal to k. We then note that

For simplicity, write w; (—+,7) = Zle(—l) (k];klj(),’;jl)), w2 (1 + %)] We then have:

Q=

O [=

1. wg(r,7) = 0;

2. wg(a, 7) is a polynomial in 7 of degree less then or equal to k;
Owy (—=,T i . i—
3. —k( - Z] (=1)7 —k;;klj(gf(rl)) Th=iy =3 (2 (T+ 4 +jut (r+2) 1)5

8 : ) )
4. [%] 1 can be written as t*wyy1.4(t, 7), where wy.1 (¢, 7) is a polynomial

u=—y

in ¢ and 7 of degree less than or equal to k + 1.



58 Chapter 3. Itatsu’s method

Therefore we have

1

-7 1 1 1 L
/ Vg (——,7> o) (u)du = k7" 2, (——> — klaF oy, (——) — wy (o, T) P (__)
1 u T a @
T 1
+ / (Ska(t, 7) + 2kltT") @4 <—¥> dt.

Letting 74 o(7) = Zfz_ol(—l)i“vi(a, T)gp,(ffi) (—a) klak o, (—l) — wy(a, T)pp, (——) and
Ska(t, T) = Wra1.a(t, 7) + 2k1T* ) gives the result. O]

Proof of Theorem . If follows from Equations (3.1.46)) and (3.1.47)) that for o € H, and

7 € H, we have

1 k 1
(1) = 20, <_;> — FkTLog( + Pro(T / Qr.alt,T) (—¥> dt,

where Py o(7) = C%C(pk,a(T) + qr,o(T)) + 257k, (T) is a polynomial in 7 of degree less than or
equal to k + 1, and Qpa(t,7) = #8ka(t,7) is a polynomial in ¢ and 7 of degree less than
or equal to k4 1. This completes the proof of Theorem |3.25 O]

3.1.7 Heuristic approach to Conjecture

We assume we can let a — 0. For x € RT, letting 7 — x, we get:

or(x) = 220, (_l) — Cﬁxlog( )+ Prol(z / Qro(t, x)ex (——) dt.  (3.1.48)

X k

We read the behaviour of F, 11 and Gy, y+1 around 0 from this equation. In order to prove
part (i) of Conjecture , we would find another functional equation for ¢ in a similar
way to the proof of Theorem We would apply the modular property of Ej with ¢t € H
and v = (25) € SLy(Z).

Taking imaginary parts on both sides of Equation (3.1.48]), we get

1
Fk,k+1(x) = Ik+2Fk’k+1 <——> —f-Dkl’ 10g( )+Pk / Qk t ZE)Fk k+1 (——) dt (3 1 49)

where Qx(t,z) = Im(Qpo(t,z)), Pe(z) = Im(Pyo(x)), and Dy = Wg& Taking real
parts on both sides of Equation (3.1.48)), we get

1 v 1
Gk7k+1(x) = gpk+2Gk7k+1 (——) + Rk( ) / Sk(t, x)GMH <_¥) dt, (3.1.50)
0

where Si(t,z) = Re(Qo(t, x)) and Ryi1(z) = Re(Pro(x)).
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Claim 3.31. Let z € (0,1)\Q. Assume that (3.1.48) holds.
1. We have:

P (1) = =22 Fy oy (T(2)) + Dy log(x) + Pela / Qult, ) Fipyn (T()

Gk,k+l (l’) = $k+2Gk7k+1 (T(.’ﬂ)) + Rk(l') + Sk(t, $)Gk7k+1 (T(t))dt (3151)

2. For all n € N, we have

n

Flpy1() :(—1)n+15n(I)k+2Fk,k+1(Tn+l(x)) — Dy, Z(—l)jﬂj—1(x>k5j ()7 ()
j=0
+Z Y Bj-1(2)* 2 Pu(T ()
T/ () ,
+ Z 178,y ()+2 / Qu(t, TV (1)) Frpn (T(D) s (3.152)
0
Grojor1(2) =B (@) G ( +Zﬁy (@) Ry (T ()
n T (2) ,
IR / (0, T2(0)) G (T(1)
=0 0
3. Letting n — oo, we have

B (z :_Dkz ) Bj—1 ()" Bj () ()
+Z Y B51 ()" Pu(T7(x))
T (z) ,
+Z 17+ By ()2 /O Qr(t, T (2)) Frppr (T(t))dt;  (3.1.53)
Gt ( Zﬁg 1(2) M2 Ry (T ()

TI(z) 4
*ZﬁH@)’”Q / Si(t, T (1)) G (T(1) .

Proof. Equations 1| follow from (]3 1. 49[), (]3.1.50[) and the fact that Fj 44 (—%) =

—Fyp1(T(x)) and Gk k1 (1) = Grpp1(T'(2)) for all z € (0,1) \ Q. Iterating the equa-
tions in (3.1.51)) gives (3.1.52). Then we observe that (—1)"™ 3, (z)*"2F, ;1 (T (z)) — 0
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and S, ()" 2Gy 11 (T (x)) — 0 as n — oo. As the series

[e.o]

(De(=1)71 852 B ()5 () + (— 1) B2 (2)* 2 P(T ()

j=0
T7(x)

FEDTBA@ [ QT @) e (T(0)e).

T (x)
> (B R @)+ 5ya(@) ™ [ Su(t. T @) G (T

5=0
converge absolutely, we obtain (3.1.53)). ]
We then have

Claim 3.32. Let z € (0,1) \ Q. For all j € N we have that 3;_;(z)*3;(z)v;(z) is differen-
tiable at x and

(Bi-1(2)*Bj(2)73(2))" = (=1) Bj-1 (2)**
+ (1Y (k +2)8j-1(2) " B(2)7 () gj-1 — (=1)? Bjma (@) Hy5(2).

We also have
> (a4 e D (e = By (@) <
=0

if and only if

Z Og(qkﬁl) < 50

=0 b
Proof. The first part of the claim follows from Proposition [2.5] We obtain the second part
by Proposition [2.3| O

Claim 3.33. Let z € (0,1) \ Q. For all j € N we have that 3;_;(2)*?P(T%(z)) is
differentiable at = and

(Bj-1(2)" 2 Pu(T ()))
= (=177 (k +2)Bj-1(2) g1 Po(T () + (1) B () Pi(TY (),

where P[(T7(x)) is the derivative of Py(y) with respect to y evaluated at T7(z).
We also have that

o0

Z (k +2)B;-1(2) g1 Pu(TV (2)) + Bj-1(2) " PL(T7 (2))) | < oo,

=0

for all z € (0,1)\Q.
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Proof. The first part of the claim follows from Proposition and the fact that P, is
differentiable on R. We obtain the second part by Proposition and the fact that |Py|
and |P/| are bounded on (0, 1). O

Claim 3.34. For all j € N we have that B8, 1(2)"2 [ Qu(t, T9(2)) Fypsr (T(£))dt is

differentiable at x € (0,1) \ Q and

(820 [

4 T3 (x) 4
= (=17 (k+ 2)5j1(5€)k+1qj1/0 Qr(t, T7 () Frp 1 (T'(t))dt

T (x)

Qk@,Tj(x))Fk,Hl(T(t»dt)’

, p(J) )
DB [ QT @) P (T(0)de
0
+ (=17 Bj-1(2) Qu(t, T? () Figea (T7(1)),
where Q). (t,T7(z)) is the derivative of Qi (t,y) with respect to y evaluated at y = T7(z),

and p(j) is the smaller endpoint of the interval I;(z).
We also have

o

T (x) 4
Z ((k +2)8; 1 () g /0 Qi(t, T (2)) Fr 1 (T'(2))dt

Jj=0

p(J) ,
— B (a)" / Qb T (1)) Frn (T(8))

< 00,

— Bi-1(2)" Qu(t, T (x))Fk,kH(TjH(t)))

for all z € (0,1)\Q.

Proof. The first part of the claim follows from Proposition [2.5] the Foundamental Theorem
of Calculus and the fact that Q. (¢, 77 (z)) Fy. k1 (T(t))dt is continuous on (p(j), T7(x)]. We
obtain the second part by Proposition and the fact that |Fy 1], |Qk| and |Q)| are
bounded on (0, 1). O

Supposing that we can let @« — 0 in (3.1.39). The individual terms in the two sums in
(3.1.53)) are differentiable at every = € (0,1) \ Q and the sums of the derivatives evaluated
at x € (0,1) \ Q converge. Since we are dealing with infinite sums, we cannot say that
the derivative of Fj x.1(z) is the sum of derivatives from Claims [3.32 over j € N.
Formally, to prove Conjecture (ii) and (iii), we would proceed as in Sections and

first showing that we can let o — 0 in (3.1.39).
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3.2 Modulus of continuity of I3

3.2.1 Proof of Theorem [1.4]

In this section, we prove Theorem For the convenience of the reader, we recall it.

Theorem For all x € (0,1)\ Q and all y € (0,1), we have

1
Faalo) = Faalw)] < Cile = yllog (2 ) + Cala =1, [z

and

Gaale) — Gaaly)] < Cale — | log ( ) L Cula =y, 22

[z — |

for some constants Cy, Cs, C3, Cy dependent only on x.

Proof. Let z € (0,1)\Q, let y € (0,1) and K, € N such that y € Ix, (v), and y ¢ I, +1().
By Corollary [3.8 we have

|Fos(z) — Fas(y)| < [Fas(T™ ' (2)) Br,—2(2)* — Fos(T™ ' (y)) B, —2 (1)

3 Kyl Ky—1 Ky—1
T
+ T ; w1 () — urk(y)| + kz:; [ug k() — uop(y)| +6 ; lug k() — us ()],

where u i, Us i, us  Were defined in (3.1.22). We will consider each term separately.

Let N = [—5]. By the same arguments as in Lemma [3.11] we have
lz—yl

|Fos(T" 1 (2)) By —2(2)* — Fos(T™(y)) Br,—2(y)"]
< |(Fos(TH () — Fos(T™ ' (v)))Br,—2(y)*|
+ [(Bi,—2(x)* = Br,—2(y)*) Fas (T (2))]

< ey @) S 2 sin(2mne) — sin(2mny)|

n=1 n
> g1(n . .
2@ S 2 jsin(2mna) — sin(2eny)]| + 4] Fogllle —
n=N+1 n
_ 1
< ailr = ylax, 1 log N + oz B, 2(y)" + 4 Faslloclz — ]
< 21z — ylog <H) + (4| Faglloo + ca)| —yl, (3.2.1)

for some constants ¢y, ¢y independent of z and y.
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We observe that uy y, us k, us  are continuous and differentiable on I (z) for all k < K.
Therefore, by the Mean Value Theorem, for each k there exists t; between x and y such
that

Dl i(r) —uik(y)]
= 3 b s (0B )k — Brca (1)) 08T (04)) — B (1)
< |z -1yl (4(log(2) +1) ; Fle + ’; | Br_1(te)? log(T* ()| + ; Fi1+1>'

Observe that for all £ < K, — 1, we have qqk—’“H < Tkt < qufl, and hence {T%(z) <
T*(ty) < 4T*(x). We then have

Ky—1 Ky—1 Ky—1

1 1 1 4
() log(TF ()| < —1 )< —1 -
> )T )] < 3 (mm) <>z og(m))
S | > 1 > 1
q
< log(4)z = + 1 ( k+1) <1 g(S)Z 5 +10g(qu)Z -
ko L k+1 = Ik r P! o Tt

We note that y € Ik, (x) implies that |z — y| < [Ik,(z)] < q%, and hence 2log(qx,) <
: 2 :

log ( ) We have

Ky—1

1
D furs() — eyl < s — yllog (=) +eile — . (3.2.2)
k=0

with ¢5 = 2377 F2 and cs = (log(16) +5) >~ F2

By the Mean Value Theorem and the same arguments as in the proof of Lemma [3.15
for some t; between x and y we have

Ky—1 Ky—1

S Juza(e) = k)l = D 2 = yll(PT (1)) Bir(0)? = AP(TH (1)) B (05|
. Ky—1 . Ky—1

<le-il( 3 1Pz +4 > 1Pl 2) < (1Pl + 41P)) rx—yrZF2 ,

k+1

(3.2.3)

since qx(z) = q(tg) for all k < K, for |P|lc = sup |P(y)| and ||P'||.c = sup |P(y)’].
y€(0,1)

y€(0,1)
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By the Mean Value Theorem and the same arguments as in the proof of Lemma
for some t, between x and y we have

Ky—1 Ky—1
Z us k() — uzk(y)| = Z |2 — y| |8k (tn) > T (t) Fos(TH (1)
k=0 k=0
+ Bra(t )2/p(k) 2 Fy3(T(1))dt + 4(— 1) T () Bra (t1)* H(—1)J’ (k)
k-a(te)” | 2,3 k(tk) Br—1(tx 2 B, ()2
Ky—1 Ky—1 Ky—1
<z —y| (Z —||F23||oo + Z 2||F23||oo +4 Z 1 F23]l00— >
k=0 qurl

< 6] Faz)locl — Z (3.2.4)

k+1

since qi(z) = qi(ty) for all k < K. ,
The result follows from (3.2.1)-(3.2.4]) by letting C} = 2¢; + ”—5 Y reo F% and Cy =

4| Foglloo + c2 + (% (10g(16) +5) + | P'lloc + 4l|Pllos + 36]| Foslloo) D02 52— -

k+1

As we can see, we can choose the constants C;, Cy independent of .

In the same way we show that for all z € (0,1) \ Q and all y € (0, 1) we have

Gaale) — Gaaly)] < Cale — ] log ( ) L Cila—y,

1
[z — |

for some constants C3,Cy > 0, which depend on z. The proof follows from (3.1.37)), the
arguments in the proof of Lemma and Lemmas (3.2213.24

3.3 Differentiability of S35 and T3>

Let
+..4n2)z

Tas(@ Z an—l— .+ n2)s’

ni=1 n—l

whose imaginary part is Sy, and real part is T;,. We start by finding the functional
equation for T3 ,.

3.3.1 Functional equation for Tj,

We have the following proposition.
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Proposition 3.35. Let v = (2%) € To = ((§ 1), (Y 3')) C SLa(Z) with ¢ # 0 and = € R.
We have

3 2
Yyale) = per + 0Tz (0-2) + 2 + dogler + 0
+ A(cx +d)? + B(cx + d)** + C(cz +d) + D(cz + d)* + E

+ gp?y (py(cx 4+ d)*? — (cx + d)*) (Yool - @) + Tia(y - 7))

3
+ g ((cz + d)? — p2(cx + d)5/2) Tia(y- )

T 2
L / (SC(ct +d)*/? + 3% (t =) (ct+d)" 2) Tso(y-t)dt

d
c

— %Cpi /m <<3pn,(ct +d)*? — A(ct 4+ d)? + <t — a:) (%va(ct +d)"? = 2¢(ct + d)>>

ol

(Top(y ) + Tia(y- t))>d75
= §p7 /_md ((5(025 +d)>? — 3,03(015 +d)*? + (t — x) (%(ct +d)3? — %pi(ct + d)1/2>>

4
TLQ(’Y . t)) dt

with
2
- om
A=——
16¢2
2
- T
b= 2c2"
o 3nr , wd  h,
82 8¢? c
b
2c2

where Log denotes the principal value of the complex logarithm, x'/? denote the principal
value of the complex square root.

The proof of Proposition [3.35| is very technical, therefore we will split the calculations
into various lemmas and claims. Firstly, we note that Y3, is differentiable in the upper-half

plane, thus we have the following.

Claim 3.36. Let z € H. We have

o oo oo eiw(n2+m2+k2)z

T 5(2) =im Z Z Z L2 inT31(2), (3.3.1)

n=1m=1 k=1



66 Chapter 3. Itatsu’s method

PSSt ) -1t (332

n=1 m=1 k=1

"
5 o( -7

We then find a functional equation for T3 ,, which will be useful later.

Lemma 3.37. Let v = (24) € Ty with ¢ # 0 and 7,0 € H. We have

Tg,z(T) = ng(oz) + Pi(CT + d>1/2T§,2 (vy-7)— p‘:))y(COé + d>1/2T§,2 (v-a)

cpd cp3
— %(CT + d)3/2T3,2 (v-7)+ %(ca + d)3/2T372 (v-a)

3 T 302 1/2 37T2 2
+ p7 T(Ct + d) T372 (’}/ . t) dt + gprOg(CT + d)

_ 38_pVLOg(cog + d)
_ z—jpw (p’Y(CT + d)1/2 _ (CT + d)) (Tll(’y . 7—) + Tl,l(’Y ) 7_))
+2—jpg (P'Y(Coz+d)1/2 (ca+d)) (To1(y @)+ Tii(y-a))

3 c
—§p <2py(cr—|—d)3/2 cler +d)?) (Top(y-7) + Tia(y - 7))

3 c
—i—épfy <§p7(ca+d)3/2—ccoz+d2> (Too(y-a)+ Tia(y-a))
d

3 T [ 3c?
+200 [ (Bommtet + 07 2t +)) (Taaly -0+ Vsl - )
2

3 372
= Sopler + A+ == py(ca+ d)

3
— P ((CT + d)3/2 — ,03(07 + d)l/Z) Tya(y-7)

3T
t P ((ca+d)*? = p2(ca+d)' ) Ty (7 - a)

3 3¢
4p’Y (5 CT+d5/2 9

3 3¢ c
+ & (E(ca + 0l)5/2 — §p3(ca + d)3/2) Tio(y- @)

3 T [ 15c2 3c?
+ Z—lpy/ (T(ct +d)3? - Tpi(ct + d)l/Q) Tyo(y-t)dt

3.2 3.2 2
+ pzlc (et +d)~12% — pjlc (ca+d)~1? + %T— %a.

) € I'y. Fix a € H. We have

Pi(CT + d)3/2> Tia2(y-7)

2

Proof. Let v = (24

Ty ,(2) = —m? / (MT_l)3dt: —n? /ia <‘9(75)T_1>3dt—7r2 /a (Q(t); 1)3dt

500 00
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Then by (2.2.2) the second term becomes

- %2/06 0() — 1) dt — —”—2/7 (p(ct + d) 20 (- 1) — 1)’ dt

. p 3 T . )
:pi/ (ct+d) P15 (- W—?Pv/ (py(ct +d)™2 — (ct +d)™) O (v - 1) dt
32

T - - w2 [T -
—?pw/a ((ct+d)~% = p2(ct + d) 3/2)0(7-t)dt—§/a (P(ct+d)™* 1) at,

We evaluate each integral in turn. We have

o / (ct + d)~3/2Y (v - 1) dt
3 1/2~ 3 1/2~ cp; 3/2
= Py(CT + d) T3,2 (vy-7)— Py(ca + d) T3,2 (v-a)— 7(07 + d) T3z (vy-7)
cp; 3/2 5 [73¢ 1/2
+ 7(004 +d) Yo (v a) + pw/ T(Ct +d) Y50 (y - t)dt.

Also, using the substitution © = 7 - ¢ and integrating by parts, we have

3m ’ _ -
- ?pv/ (py(ct +d) 32 _ (ct 4 d) N6 (v- t)? dt
_ 37 4 12, 3T 5 3% 4 L1p 3T
= va(m' +d)7 7+ gp,YLOg(CT +d) — va(coz +d) — gpyLog(ca +d)
3
= 505 (py e+ d)'? = (em + d)) (Toa(y - 7) + Tia(y - 7))
207
3T
575 (pr(ca+ )2 = (ca +d)) (Taoa(y - @) + Tra(y - @))
5 2p,y(c7'—|—d) cler +d) 22(7-7) + Tia(y - 7))
3
+ Ep (gpw(coz—l—d)w2 —clca+d 2) Too(y-a)+ Tia(y- @)
3 T [ 3c?
+ 5,03/ (%pv(ct +d)? = 2c%(ct + d)) (Too(y-t)+ YTi2(y-t))dt.

Again, using the substitution u = 7 - ¢t and integrating by parts, we obtain

RY &

-5 /T ((ct+d) ™2 = p2(ct +d) /%) 0 (v - t)dt

2

_ @ 1/2 3 2 4 3 1/2 37T23 ~1/2
——Zp7(07+d)/ " ——p2(eT +d)” / " “py(ca+d)Y —i—zpv(ca—i-d) /
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3
4™ (e +d)*/ = p2(er + d)/*) Ty (y - 7)
3m
o ((cat )2 = i (ca +d)?) Tra(y - a)
3 3c c
i (5(cr +d)** - 5/%(07 + d)3/2> Tia(y-7)
3 3c 5/2 C 9 3/2
+ 30 | G lea+d) = opnleat d)T ) Tia(y - o)

3 T (152 3c?
#20 [(Brter @ - 2 ) Tty o

Finally, we have

2 3 -2
2 7T2

™
(et +d)™? - %<Ca +d)"V2 4 %7’ - g

7T2 T 5 p37T
- t+d)? —1)dt = =22
8/,1 (pr(ct +d) ) 4c

Summing up gives the result. [
For v = (2}) € I'y define h, : H — H by

3
cp
hy(2) = T5,(2) — pi(cz + d)l/zTg,Q (v-2)+ 7%02 + d)3/2T3,2 (v-2)

+ %4—7;2,07(02 +d)\? - Z—Zpi(cz +d)7H? — 38—7fp3L0g(0Z +d) - %22
+ 205 (pyfez + @) — ez + d)) (Laa(y - 2) + Taa(y - 2))
+ gpi (gpv(cz +d)*? — c(ez + d)2) (Too(v - 2) + Tia(7 - 2))
+ i_j'% ((cz+ d)3/? — pfy(cz + d)l/g) Tia(y-2)
+ va (%(cz + )" = Spdez+ d)3/2) Tia(y-2)

g [ ﬁ(ct+d)1/2’r (y-t)dt
Py .4 3,2 Y

3

z 302
52 [ Crmtesdr =22+ ) (Taaly )+ Taaly - )i

3 Z [(15c2 3c?
~ 1P /_d (T(ct +d)3? — Tp,%(ct + d)1/2> Tyo(y-t)dt. (3.3.3)

Since Y32, To2, T12 are bounded on C, the function A, is well defined.

Claim 3.38. For each v € I'y the function h, is constant on H. Moreover, if v; =
(ac1 %)772 - (ac2 1112) € L'y, then h,, = h,.
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Proof. By Lemma for all o, 7 € H we have h,(a) = h, (7). Therefore, it is a constant
function on H. As seen in Section 2.2, p, depends only on ¢ and d. Moreover, T;; is 2
periodic and by Remark 2.8 Y, (v - 2) = Y, ;(72 - 2) for i € {1,2,3} and j € {1,2}. [

We can now prove Proposition (3.35]
Proof of Proposition . Fixae Hand vy = (’; 3) € I'y with ¢ # 0, let 7 € H. Integrating
by parts we get

Tyo(r) = / T (9“)2_ 1)3 dt
—? /a(t—T) <9(t)2— 1)3dt+7r2 /T(t—T) (M;lfdt
=(7 — ) Tho(@) + T32(a) + 7° / T(t —7) (9(@2— 1)3 dt. (3.3.4)
We apply to the second term, we then obtain:

7 /aT(t —7) (e(t)z_ 1>3dt - %2/6:(75 —7) (py(ct+ )20 (y - 1) —1)° dt

—— b [ et + DV, (e

:3_7#03 /T(t = 7) (py (et +d) 2 — (et +d) 1) O (y - 1)) dt

8
32

+— P /T(t —7) ((ct+d)? = p2(ct +d)™?) 0 (v - t) dt

7T2
-8

/T(t —7) (P2 (ct +d)~** — 1) dt. (3.3.5)

We evaluate each integral in turn. We have

— / (t = 7)(ct +d)/2TL, (v 1)) dt
=2 (a—17) (ca+d)'PYyy (v @) + p(er + d)** s (v 7)
— 3 ((ca +d)*? + g (a—7) (ca+ d)3/2> Ts0(y- )

T 32
-0 / (BC(ct +d)*? + % (t =) (ct +d)"/ 2) Ty (y-t)dt. (3.3.6)

Also, using the substitution © = 7 - t and integrating by parts we get:

32

?pi /{:(t —7) (pylct +d) 3% — (ct +d)7) 0 (v t))? dt
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T m w2 2 _
= 2—02p§(07+d)1/2+ﬁpz(CT+d)Log(CT+d)—Wp?y(CTde)—4—62p§(67+d)(ca—l—d) 1/2
32 312 v, 3T
- ﬁpv(CT + d)Log(ca + d) — pr(ca +d) 802 —— 5 (ca+d)
3T
— Zpi(oz —7) (pv(ca + d)l/2 — (ca + d)) (Tor(y-a)+Tii(y-a))
3
+ §pi (pq,(m' + d)5/2 — (e + d)g) (Yoo(y-7)+ Tia(y-7))
3
= 202 (p(ea+ )2 = (cat d)? + (a = 1) (Spy(ca+ )2 = clea+ d)?))
S(Toa(y- @)+ Tia(y - @)
3¢,

> /aT <<3py(0t +d)P? — 4(ct + d)? + (,5 _ T) (%Mct A 9e(et + d)>>
(Taa(y-£) + Tra(y-1))dt. (3.37)

Again, using the substitution u = 7 - t and integrating by parts we get:

32 i _ _:
?pv/ (t=7) (et +d)™2 = ph(ct +d)7*) 6 (v - 1)) dt
) g 3/2 o 1/2 m? 3/2
= —g@r(er + )77 = o gpi(er +d) — o py(ca+d)
32 3’ 3
+ P (ca+d) 2+ JzP(er+ d)ea+d)? 4 5 (er + d)pi (cor+ d) 712
3T
— Ep,y(a —7) ((ca + d)a/2 — pi(ca + d)1/2) Tia(y- @)
3
o (e + 472 = Rer + ) Taaty 1)
3 3
— 1P ((ca +d)? — pi(ca +d)? 4 (o —7) (Ec(coz +d)>? — g[)z(ca + d)3/2))

“Tia(y- @)
_3c ! 5/2 2 3/2 B 15¢ 32 3C 5 1/2
4p«,/a <<5(ct+d) 3p5(ct +d)*= + (t 7')( 1 (ct +d) 4pw(ct+d) >>

Toa(y- t))dt. (3.3.8)

Finally,
71_2 T 5 5 p37.‘.2 p3 2
o _ -3/2 _ 1/2 _ Py 1/2
3 /a (t—7) (p3(ct +d) 1)dt = 52 (et +d) 12 (ca +d)

3.2 2 2 2

- pI; (et +d)(cat d)™+ T+ Ta? — Tora. (33.9)

Substituting (43.3.5} into and gathering the terms, we get
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3 2
T32(7) = p5 (CT+d>5/2T52(’y T)+ < pi(CT—i—d)Log(CTde)
+ AT 4+ Ber +d)*? + Cler +d) + Fr+ D(er +d)'* + E

+3 nler + P2 — (e7 4 4) (Taaly 1)+ T1alr 7))

3
+ 5oy ((er + d)"? = p2(cr + d)*?) Tia(y - 7)

-3 /aT (3c(ct +d)3? + 342 (t—7)(ct+ d)l/Q) Y3o(y-t)dt
— %pﬁ /T ((3/)7(015 +d)*? — 4(ct 4+ d)? + (t — 7') (%p,y(ct + d)% — 2¢(ct + d)))
(Taa(y 1)+ Traly- 1) )dt

_ %pr /aT <<5(ct +d)P? - 3p3(ct +d)3? 4 (t _ 7) (1750(615 )2 - %pi(ct n d)1/2>>
ISRIGE t))dt

" 2™
2

= — 3—7T2p2 +3—7T2p (ca—i—d)1/2 37 “—p?Log(ca +d) — p3(0a+d)_1/2
82" 42" 827 4c2"7
2
c T
F=pi5(ca+d)*Yas(y-a) + Thy(a) = pica+d) Ty (v- ) = 7a

* ?;ﬂﬂi (py(ca+d)"? = (ca+d)) (Toa(v- @) + T1a(7y - @)

( (car+d)*? — e(ca + d)2> (Tou(y-a)+Tia(y- )
— ( co+d)3? — pi(coz + d)l/z) Tii(y- )

4
3 3c c
+ 1P (E(ca +d)*? — épi(ca + d)3/2) Tia(7 - @)

32 32
=h., +p (ca+d) 1z _ Zfcpv(coz%—ol)l/sz8—7TC,()3Log(ccH—al)

4c
+p7/ (et +d) P sy (y - t)dt

3 / (et P 2t 40)) (Yaal ) + Taaly - 0)
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3 [ (15 2 3P, s
+am T(ct +d)** — Tpv(d +d) Ty o(y-t)dt by Lemma [3.37]
_py
- 2c2
c
E =T35(a) — pi <(ca + d)5/2 + 504(004 + d)3/2> Tso(y-a)— aTgQ(a)
3 1/2~n i o T 3/2 2
+p7a(ca+d) Yo (y-a)+ 6% @p,y(coz—l—d) + @py(ca—l—d)
p 3T
B o) = 3T 2 (o o+ ) = (e ) (Taal(y- ) + T~ )

— g,o7 (py(ca+d)** = (ca+ d)* + @) (5/)7(004 +d)3? — ¢(ca + d)2)
S(Taa(y-a) +Tia(y - @)
s (o d)¥? — 2 (ea+ d)'?) Y1a(y - )

— Zm((ca +d)7? - pi(coz +d)>% + a(%(ca +d)>? — gpi(ca + d)3/2>>T1,2(7 Q)
“Yy(a) - pfea+ Ly (7-0) ~ Ta® — g (et d)Y? — b, + 2 g car )
- 47r—;pi(ca +d)Y? + 034—7;2,07(004 +d)Y? — a%(ca +d)"Y? - a38—7;2p3L0g(coz +d)
= 202 (pa(ca+ 42 = (ca+ d)F) (aa(y ) + Yaaly - )
3

— 2o, ((ca+ ) — 2o+ %) Tia(y - )

(et +d) PPy (- 1) dt

|

Q

e}

2w

—
-9 Q
|OD
[\o]

4
—alp /a (3702;”(@5 + )2 = 22(ct + d)) (Taa(y-) + Tialy - 1))t
[

2
(ct 4+ d)*/* — SZ p3(ct + d)1/2) Ty o(y-t)dt by Lemma [3.37]

Rearranging gives

32
Ts4(7) = p,?;(CT + d)5/2T3,2 (v-7)+ @pi(w + d)Log(cr + d)

+ A(er +d)? + Bler +d)*? + Cler + d) + D(er + d)? + E

+ gpi (py(cT + d)>? — (cr + d)*) (Too(y-7) 4+ Tia(y - 7))

3
+ g ((CT + d)7/2 - /)3(07 + d)5/2) Tio(y-7)
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-’ /C: (30(ct +d)%? + STCQ (t—7)(ct+ d)1/2) Y3o(y-t)dt
- %pﬁ /aT <<3p7(ct +d)*? — 4(ct + d)* + (t - T) (%pv(ct +d)Y? — 2¢(ct + d)>>
(Tao(y 1)+ Yaaly 1)) ) dt
— Bchﬁ, /aT ((5(015 +d)*? - 3p2(ct + d)3? + (t - 7') (1756(015 +d)%? - %pz(ct + d)1/2>>

Tia(y - t))dt (3.3.10)

with
i-T
16
2
~ T
B="2am
= __ L0 - /2 )
C 52" 802+ C+p7/_d 4(ct~|—d) N3z (y-t)dt
3, [* (3 1/2 2
+top | et d) T =2 (et +d) ) (mea(y - 1) +ma(y - 1)dt
3 o 15¢2 3c?
+ —py (et +d)3? — —pi(ct—i—d)l/2 Moy - t)dt
4 _a \ 4 4
32
p=22
2c?
o _ 3 5/2 N m? 2 3_7T2 2
B =ny(0) — fea+ d) Pz (7-0) — (et ) — (cor+ )y + 2 ca )
2 2
T 3 1/2 317
— @pﬂy(ca +d)/° — gpv(ca + d)Log(ca + d)
3
B Ep?y (pw(ca +d)*? — (ca + d)g) (M22(7 - @) +ma(y - a))

3
= 37y ((ca+ )" = pi(ca+d)*?) ma(y- o)

3c
— (ca+d)p} / ) Z(Ct +d) Y235 (v - t) dt

3 * [ 3c
— (ca+ d)§p3 / , (Zp,y(ct +d)Y? — 2¢(ct + d)) (aa(y - t) +mua(y - t))dt

3 * (15¢ 3c
(o [ (St Skt 0 ) ot .

Then we observe that if we let o — —%l, Equation |3.3.10|is well defined. Letting 7 — z € R
gives the result. ]
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3.3.2 Proof of Theorems 1.12 and 1,13

In this section, we prove Theorems [1.12| and [1.13] For the convenience of the reader, we
recall them and then prove them simultaneously.

Theorem Neither Sso nor Ty is differentiable at 0.

Theorem . The functions Sso and Ts 9 are not differentiable at any rational point §
such that p and q are not both odd. However, if p € 47+ 3, then Ss is right differentiable,
and if p € 4Z + 1, then Sso s left differentiable at §.

Proof. Let § € Q, p, g coprime and not both odd, if x = 0, then let ¢ =1, p = 0. Since §
belongs to [g-orbit of 0 (see for example [Duidl]), we can choose v = (4 ) € T'y. We note
that by the definition of p,, Remark and Claim [3.38| the choice of v does not matter.
As |T35],[Tasl,|T1] are bounded, Proposition [3.35 implies that

3.2 2
P poT 3T
Tso(x) = Tsz (5) - ;—qQ(qx —p)'?+ 8—q203(q93 — p)Log(qz — p)

32 mp h
+ <—8—(12p§ taat ﬁ) (qr —p) + O((gz — p)*?) (3.3.11)

as r — §. We take the imaginary part of both sides of Equation (3.3.11)), and we obtain
that as © — §+ we have

3.2

Im(p2)m 3
Ss2(x) = S32 (g) + 2—;2((1:6 -p)*+ S—flm(pi)(qx — p)log(qz — p)

- (_Z%Im(p% + —Iméw) (g = p) + Ol(gz = p)*"*), (3.3.12)

and as z — §_ we have

Re(p?)),nﬁ 37'('2
Saale) = Sua () + =02 lge = o+ 22 ae ~ p)log gz —

3 2
+ (—ilm(p?y) +

Im(h,)  37?
8¢2 —

S_qZRe(pi)> (qz = p) + Oz — p*?). (3.3.13)

By definition of p,, Im(p?) and Im(p?) are both 0, if p € 47Z + 3, but then Re(p?) and
Im(p?) are not both 0 (see Remark ; therefore we deduce from and
that Ss 5 is not differentiable at any £ with p, ¢ not both odd. However, if p € 4Z + 3 then
Im(p?) and Im(p?) are both 0 and (3.3.12) implies that S is right differentiable at £ On
the other hand, if p € 4Z + 1, then Re(p?) and Im(p?) are both 0 and (3.3.13)) implies that
Ss9 is left differentiable at g.
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We take the real part of both sides of Equation (3.3.11f), and we obtain that as x — §+
we have

3 2
(qr — p)"/> + ==

p> | Relpy)m Sr3Re(s) (g — p) og(az 1)

Tsa(w) = Tsz (5 2¢°
RY 2 Re(h
+ (—8—(123@(%)3) + 8—;20 + %) (qz —p) + O((qz —p)*/?). (3.3.14)

Since Re(p?) and Re(p?) cannot be both 0, we conclude from (3.3.14)) that T, is not
differentiable at g with p, ¢ not both odd. Also x — 57 we have

312
T —7.. (P o2 4 2T Re( 2 1 B
32(2) = T30 <q 2 lgz — p[/* + 3 e(p3)(qr — p)log gz — p|

3’ oy, ™p  Re(h,) 3n° 2 3/2
+ (—8—(]236(%) T Y 8_q21m(p'y) (gz — p) + O(lgz — p|**). (3.3.15)
Since Im(p?) and Re(p?) cannot be both 0, we conclude from (3.3.15) that T5 is neither
left nor right differentiable at %’. This completes the proof of the Theorems. ]

3.3.3 Proof of Theorem [1.14

In this section, we prove Theorem [1.14] For the convenience of the reader, we recall it.

Theorem [1.14, Let x € R\ Q such that p.(x) > 4. Then neither Sso nor T3y is
differentiable at x.

Proof. We will prove the case of T3 9, the case of S5 is done in a very similar way. Let z €
R\ Q, such that there exists an infinite subsequence of continued fraction approximations

< L. For each 2%:, let v, € Ty,

= i

of z, (pn—’“> , with py,, , gn, are not both odd and ‘x — Do
Gny, k qny

such that (%) = 00. Because of Claim [3.38 and the definition of p, we conclude that
g

the choice of v, does not matter.
For brevity, let

w2 2
m(2) = pcz + )Tz (v 2) + o5 (2 + d)* = S5y (cz +d)*
p?y (py(cz + d)5/2 — (cz+ d)3) (Too(v-2)+ YTia(y-2))

+10v (2 + ) = piez +d)°P*) Ti(y - 2)
> 2
—pt / (30(075 +d)*? + 3% (t—z) (ct +d)"/ 2) Yz (y-t)dt

2 [ ((soutet+ @ — et +ay

_d
c
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+ (t — z> (%pv(ct +d)"* — 2¢(ct + d))) (Yoo(y-t) + Tia(y- t)))dt
s, /_ ) ((5(@& + )2 — 32 (ct + d)/2

n (t - z) (%(ct T2 %pz(ct n d)1/2>>T172(7 - t))dt.

We observe that 7, (—g) = (. With this notation, by Proposition we have

3r? 3r2 , wd h
Y3a(x) = @pw(cx + d)Log(cx + d) + (—@p7 ) + ?V) (cx +d)
3.2 d
+ %(cx +d)Y? 4Ty, (_E) +n,(x). (3.3.16)

Then for all z € R we have

17,(2)] <Y32(0 )]cz+d!5/2+ \cz—l—d\z—i- |cz+d\3/2

16¢2
3
+§T2,2(0) (Jez 4+ d* + |ez + dJ?)
3
+—T1,2(0) (|cz + d\7/2 + 3|ez + al|5/2 + 2|cz + d|3)

15|c|
4

3lc
L|T32( )‘CZ‘i‘d‘

Ts2(0) | [ et + d*’*dt| +

<

/ et + d|/?dt
_d

3 z 15
+%(T272(0> + TLQ(O)) |/ . (6’Ct + d|2 —+ Z|Ct —+ d|3/2>dt

3' 31 1, ,(0) + Tra(0))]cz + d

: /3
/ (Z]ct +d|"? 2t + dy)dt
_d

15]c|
16

T1,2(0) /d <7yct +d”? 4 3ct + dy3/2> dt

9
1|2|T12( )|cz+d|/ 5yct+d|3/2+\ct+d|1/2)dt

2

d 1/2
]cz+ ] 202

<|cz + d|*’* (ng( ez +d| + — 16 5

3 3
+§T272(0) (lcz +d| + |z + d|3/2) + ZLTLQ(O) (Jez + df* + 3|cz + d| + 2|cz + d|3/2)

+27T5,5(0)]cz + d| + = (T2 2(0) + T1.2(0)) (3lez + df’2 + 2lez + d]

3
+5T12(0) <2|ct +d? + et + d|>>.



3.3. Differentiability of S5 and 75 - 7

Assume that |cz + d| < 1, then we have
ny(2)] < crlez + d*?, (3.3.17)

for a constant ¢; € R.
Then we let y be such that:

L |gny — ool < 15

2. ifm (g”’“> =2 mod 4, then y < p”’“, if m <§"’“> =0 mod 4, then we will consider

"k "k

y > (thls ensures that Re(p%(any Py )Y?) #0);

Pryg

3.3.18
-~ (3.3.18)

for some constant a that will be described below.

Taking the real part of (3.3.16]) we get

T3,2(?/) - Ts,z (%) ‘ =

Nk

372
gRe(pik (@ny = Pny) 108 |Gny — )|
ng

<_ 37’ Re( 2 )_ _7T2pnk + Re(h'Yk)
8q’gk Tk 8q721k an

) (¢nY — Puy.)

728
+ Re ( 2q2% (@ny — Poy)"/ 2) + Re(n(y))
N

> T /2 _ r uo( ! )

32 7wp 33 1
- + = b |+ )—any—pnl—cllqny—pn |32,

We now consider |h,,|. Asitisa constant which depends on the pole of v, we can estimate
its size using (3.3.3]) with z = p"’“ + zo— Then Im(z) = qi and Im(yy - 2) = qz%a.
"k

Let z € H. We first note that TQJ( ) = e Rol) pinlz where Ry(f) is the number
of ways of writing ¢ as a sum of two squares where zeros are not allowed and the order
matters. We have Ry(¢) < ro({), where ro(f) is the well-known sum of squares function,
namely the number of ways of writing ¢ as a sum of two squares where zeros are allowed
and the order and the sign matters. We have that ro(f) = > 4 (—1)@ Y72 see for

example [Ber06, p. 56]. It follows that Ry(¢) = o(¢¢) for all € > Oc,l (;:dlserefore we conclude
that [ Yo 1(2)] < i . This bound is not optimal,
nonetheless because of estimation of |15 ,(2)| which we will see in the next paragraph, it
is sufficient in our case.




78 Chapter 3. Itatsu’s method

Also, Tho(2) = £T51(2) = £ 32, R3 Ltz where Ry(f) the sum of squares function,
that is the number of ways of writing € as a sum of three squares where zeros are not
allowed and the order matters. We have Rs(¢) < 32°_, ( ) =7l + O((Y?) = O({), see
[Har99, p. 67]. Therefore |T5,(2)| < 5> ;2 e imIm < , for some constant ¢, > 0
for all z € HL.

Therefore, we have

9 3me
)] < 02002 4 (et T 4 3T0a(0) 4 3T1000) )

3me 3 9 3
+ ( 5 2+ T32(0) + 5 T22(0) + T12(0)> qo/> e 4 Z161,1(0)(15‘;12 3/2

9
+—=" 1(0)%11;& + _T‘-Tl 1(0)(17142 1/2a

2

_ o T o . 3Tl —« T
an1/2 1/2 _I__q 3/2+1/2 +¥10g(an)+§z

* ol e S,

4
If we let &« = 1, noting that |z| is bounded, we get

| (2)] < C54my.,

for some constant c; independent of k£ and z. It follows that 8?:1L2 + T p”’“ + |hy,
’nk

C6Gn,,, for some constant cg. Also observing that if ¢ > 1, then log(t) § 4tl/ 4 we have

2
DPn
Ts2(y) — Ts2 (T’“)‘ NN |Gy — Pu'? — 2q2 |any P |7
Gy,
- 66|any - pnk| - Cl|any - pnk|3/2-
By the choice of y we have
2 2
DPn LV, 12 ST g4 3/4
T32(y) — Tsz( k)‘Z |G, = Py |7 — 550" qn, @ — P,
Gy, Qﬁqgk : * 2¢2, * §
— 60|, — Pn,| — €108°?|gn, @ — o [*?
1/2 2 372
_a 12( T T 1/4 1/4
60 @, |gnyx — po | — 103, algn,x — pnk|>
1/2 2
a of T 3 1 2
o g St )
Now if we choose a > 0 such that % — %al/‘l — cga/? — c1a > 0, we have

pnk

Tya(y) - ng(q )\ —lans =l
Nk ng
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for some constant b > 0, which is independent of k.
If ‘ng(l’) —Ts9 (p"’“ﬂ < |Ts9(x) — T34 (y)|, then let z;, = y, otherwise let z;, =

ny,

IIl either case ‘T&Q(y) — T3?2 <pnk>‘ S 2 |T3,2(ZL') — T372 (l‘k)|, and

qny,

C,
T32(z) — T2 (2x)] > q7|an$ — P,

Nk

with C| = g Then we observe that

. o

ng

|r — xp] < Cy

’

with Cy = a + 1.We then have

Cr _ 1/2
Tya(@) = Tya (aa)| o oty 9 ~ Pl < Cr 1o

> =4
- 1/2 — Nk
ngif xr — 02

— 00,

|z — x| - |z — x| Pry

ny,

as k — oo. This completes the proof of the the Theorem.

Py,

"k






CHAPTER 4

Jaffard’s method

In this chapter we describe the relationship between wavelets and regularity, and we apply
this method to Mjy s, Ni s, Sqas and Ty, series. The first two sections correspond to the
paper [Petl13].

4.1 Wavelet transform and regularity

For background information about wavelets, we refer the reader to the book by Ingrid
Daubechies, “Ten Lectures on Wavelets” [Dau92], chapter 2 is especially relevant for this
chapter.

We define the transform of an L* function f with respect to the wavelet ¢ € L'(R) as

o clann) =y [ 07 ()

where 9 denotes the complex conjugate of ¥, @ > 0, and b € R. On the other hand, we
can reconstruct the function from its wavelet transform, using the formula:

ro= "% [o(50) canmm

where ¢ is a reconstruction wavelet, i.e. g satisfies the following:
a) a'p(a)g(a) € L'(R);

b) [ b@)gl@) % = 1;

o) J3 d(-a)j(-a)% = 1;

It is not unique, but in some cases we can have g = v, see [HT91l, p.160]. In the last 20
years, it has been established that wavelets, which originate from applied mathematics, can
be very useful in the analysis of pointwise regularity. Apart from the paper by Holschneider
and Tchmitchian [HT91], we should mention monographs by Stéphane Jaffard and Yves
Meyer [JM96], [Mey98] in which they describe in detail the connection between wavelets
and regularity. Also Oppenheim in his thesis [Opp97] applied wavelet theory in his study
of regularity of a two-dimensional analogue of Riemann series (1.1.1)).

We will denote the Fourier Transform of a function g by g(§) = [, g(x)e " dz. We
now recall Proposition 1 from [Jaf95].

81
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Proposition J. Let a > 0, and m = [a] its integer part. Assume the following:

1. |(x)] + [pD (@) + ... + |[wm ()] < apme for some constant c;
2. [p(x)de = [ ap(x)de = ... = [pa™p(x)de = 0;
3. ¢(f) =014&<0;
4. fo W} ng < 0.
Leta € (0,1),beR. If f: R — R € C*(xg), then for some C that depends on xy and f,

we have ; N
Cla,b)(f)] < Ca® (1 " @) |

a

as b — xy and a — 0.
Conversely, if for some C' that depends on x¢ and f we have

1C(a,b)(f)] < Ca® ( L axo‘) for an o < a,

as b — xg and a — 0, then f € C*(xy).

4.1.1 The wavelet

As in the previous chapter, we work with the principal branch —7 < arg(z) < 7 of z € C.

For s > 0 and z € R, consider
1

Vs(x) = @r it

We now show that v, satisfy the assumptions 2-4 of Proposition J. Assumption 1 will be
considered separately in the proofs of Theorems and [1.15. We start by noting the
following fact that will be used later.

Lemma 4.1. Let p >0, z € C\ R. We have

/ et gt = c(p)e® if Im(z) >0,
g(t—2) " 0 if Im(z) <0,

. ~ et /2
with ¢(p) = 2 F(p; :

Proof. First assume that Im(z) > 0. Then we have fR ei =1° fR — +zt —<S——dt. The result
follows from |[GRO7, p. 347] Equatlon 6, with p = —1 V = ,0 and 8 = —iz. On the other
hand, if Im(z) < 0, then fR = e PP fR G dt. The result then follows from
[GROT, p. 347] Equation 7, With p = —1, v = p and [ = iz. However in this reference, no

proof is given and therefore we provide a proof in Section for the convenience of the

reader. O]
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Then we calculate the Fourier transform of ;.
Lemma 4.2. For s > 1, we have
2.6 = e~ mHDEE(s + 1)e™t if € >0,
’ 0 if €<0.
Proof. By definition of the Fourier Transform, we have
N —ing emimlstles [ dt if €0,
Ps(€) = / 6—,+1dx — . 15 fR (tfzgz;r ‘ 3
r (x+10)° —eimstles [ amgerdt if € <0.
We conclude by Lemma [1.1] O
o Assumption 2

Lemma 4.3. For s > 1 and o < s, we have

/d}s(:v)d:v = / rps(x)de = ... = /xm¢s(x)dx =0,
R R R
with m = [a].
Proof. Set 125 (0) = 0. Since s > 0, by Lemma {/J\S is a continuous function. Then for all
n < s, we have
Sy e D(EO™ if Tm(ie) = 0,
e (@t if Im(i€) <0,

for some constant ¢(n, s). In particular, the function is 0 at £ = 0. As a < s, it follows

that for all n < m, we have
xn
———dx = 0.
/R@; Fip

o Assumption 3
See Lemma 4.2

o Assumption 4

Lemma 4.4. We have

0 d
/ \m(g)ﬁf < .
0

Proof. By Lemma [4.2| we have

/Oo IzZs(ﬁ)!2§ = |c(s +1)|? /OO 277284 = [&(s + 1)]*27%T(25) < 0.
0 é 0

We have shown that 1, fulfils the assumptions 2-4 of Proposition J.
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4.1.2 Proof of Lemma [4.1]

In this section we present the proof of Lemmal4.1] In fact, we will prove something stronger,
namely, we will show that the formula is true for all p > 0. First we observe, that if p > 1,
then the integral f_oooo %dt converges in the sense of Lebesgue. Otherwise, the integral
is a convergent generalised Riemann integral. We divide the proof into three claims. First

we consider p € (0,1), then p € RT \ N, and finally p € N.

Claim 4.5. Let p € (0,1), and z such that Im(z) # 0. Then

/°° e dt_{ el ez if Im(z) > 0,
g 0

o (t—2)P if Im(z) <0.

Proof. We will consider two cases depending on the sign of Im(z).
Case 1: Im(z) < 0. We fix R > 0 and we integrate along the contour I'g presented in

Figure [4.0]

Cr

SN

Figure 4.1: Contour I'g

2

Since Im(z) < 0, the function ¢ — ﬁ is analytic on Im(t) > —e, for some 0 < € <
|Im(2)|, hence we have

it R it it
0:/ e—dt:/ 6—dt+/ _C
rp (t—2)° pt—=2) e (t—2)°

Let t = Re', then

it T —Rsin(0) o
/ e di — / e,e—iReleechos(e)de,
cp (E—2)° o (Re? —z)r
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this converges to 0, as R — oo by the dominated convergence theorem. It follows that

R eit
lim dt = 0.

Case 2: Im(z) > 0. We integrate along the contour I'. 5 g presented in Figure
”
Cr

Ca,é

» L Im(2)+46

T Im(2)—6

Y

-T R T

Figure 4.2: Contour I'. 5 p

We set z = x + iy, and we have

elt xz+(y+0)i it it —T+(y—0)i it
/ it = / dt + / dt + / it
Tosn (L—2)° _Ty(ytoyi (L —2)° c., (L—2)F oty (t—2)°

-T eit R eit eit
—i—/ —dt—|—/ —dt—i—/ dt. (4.1.1
[ s v I s v A T

We analyse the integrals in turn. We have
(w0} * v i(utiy) @ (u-tiy)
—dt — . ——du = ——du; (4.1.2
/—T+(y+6)z‘ (t = 2)r /—T lu + 1y — z|peirarslutiv=2) “ /_ r (x — u)peirr u; )

—T+(y—9)i et -T ei(utiy) z et(utiy)
/ Tt = / ; iparg(utiy—z) du = / ——zTrdu’
vr-oy  (E—2)° o Jutiy — zfpetrarslitiy 1 (T —u)re

(4.1.3)
as 6 — 0. Moreover,
it
C _dt— 0, as R — oo, (4.1.4)
e (E—2)°
as in the Case 1. Also
’L(Z+E€7’9)
/ o / zsewdﬁ < e’ =0, (4.1.5)
CE § o Z
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as € — 0. Finally,

-T et y i (—T+iv)
/ dt — / : idv — 0, (4.1.6)
- 0

Tyiy (E—2)P T +iv—z)r

as T — oo. Since fl“sa gt =0forall R > 0,6 > 0and e > 0, by substituting

R (t—2)°

(4.1.2)-(4.1.6) into (4.1.1]), and letting R — 0o, § — 0 and € — 0, we deduce

0o it —o0 i(utiy) —0o i(u+iy)
/ 6—dzf = / e—.du — / 6—.du
LT T G ), Goapew

] ] oo ei(w+iy)e—iv ] 00 ]
= (" — e T ——— dv = 2isin(mp)e*” v e "dv.
0 vP 0

It is a standard result, that if 0 < p < 1, then

/ v e dy = —ie™*T(1 — p),
0

see for example |[GROT, p. 346], Equation 7 with k = 1 — p, and g = 1. Summing up and
using the identity I'(p)['(1 — p) = Talpmys We have

<o et o QreirT/2
dt = 2sin(mp)ee™?I(1 — p) = e”
/_oo (t—z)r ) ( ) L'(p)

This completes the proof of Claim [4.5] O
Claim 4.6. Let p € Rt \ Z, and z such that Im(z) # 0. Then

o0 i mel™P/2 iz
/ et dt _ 2 F(p; e 1f Im(Z) > 07 (417)
(t—z)r 0 if Im(z) <O.

—00

Proof. We will prove the claim by induction. Let o € N, and p € (0,1), R > 0, integrating
by parts gives:
R it p R oit eit R
/—R (t—=2)p ;/—R (t —2z)rtt " L’(t—z)ﬂ}R'

ezt R
lim |——— =0,
R—o0 Z(t — Z)p _R

Letting R — oo

and, by Claim

0 it 2ime'™P/2 iy 2meim(ptD)/2 4. .
/ e T € = Tt e i Im(z) > 0,
oo (= 2)PHL if Im(z) <0.
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This shows that formula (£.1.7) holds for p € (1,2). Let p € (k,k + 1), and assume
Equation (4 is true for all n < k, in particular for p — 1. Integrating by parts, we have

/R eit - 1 / eit . eit R
N R e Y A N () L NS I N

, R
Again, letting R — oo we have limpg_; [#} = 0, and using the inductive hypoth-
-R

/oo oit dt—{ 27r;zf;f)’/26iz if Im(z) >0,

o (t—2)P 0 if Im(z) <0.
This completes the proof of Claim [4.6] O
Claim 4.7. Let p € N*, and z such that Im(z) # 0. Then
o8] ) wel™P/2 iy -
/ e’ gt — 2 F(p; e’ if Im(z) >0,
oo (t—=2)P 0 if Im(z) <O0.

Proof. If Im(z) < 0, then we repeat the proof from Claim Assuming that Im(z) > 0,
we integrate along the contour I'g presented in Figure 4.3|

esis, we get

"
Cr

IS ]

Figure 4.3: Contour I'g

We then have
R it it it
/ ¢ dt+/ e—dt:2i7rRes ¢ Jgt=2z].
_r(t—2) cn (t—2)° (t—=2)°

We have that

it

lim dt =0,
R—oc0 Cr (t — Z)p
and also
eit ) zt z 0 Z
=e' = e¥? —(t — 2)kFP.
(t—2)r (t—z)r — k:
Thus the residue for k = p — 1 is e”* _ — ¢ The result follows. ]

(p—1)! F(P)
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4.2 Holder regularity exponent of M, ; and N;

4.2.1 Wavelet transform of M

Before we calculate the wavelet transform, we show the convergence of M, ; for certain s.

Lemma 4.8. The series My, s converges normally on R for all s > k, and for all s > §+ 1
if My is a cusp form. Moreover, if My is a cusp form, then My s is well-defined and
continuous on R for all s > g

Proof. By a result of Hecke, if M, is not a cusp form, then r, = O(n*~1), and if M, is a
cusp form, then r, = O(n*/?), which proves the first part of the Lemma. Then Deligne
proved that if M;, is a cusp form, then r, = O(n*=1/2+%) for all ¢ > 0. For details, see for
example [Ser73, p. 153-154]. Chamizo improved Deligne’s result, showing that if M, is a
cusp form, then M, ; is well-defined and continuous on R for all s > g, [Cha04l, Proposition
3.1]. O

We also need the following fact in order to calculate the wavelet transform of Mj, ;.

Lemma 4.9. Let p > 1, then

: reim(p=/2 :
/ sin(t) gt — {Te if Im(z) >0,
R

(t—=z)r #e_” if Tm(z) < 0.

Proof. Recall that by Lemma [4.1, we have

/ et gt = c(p)e”® if TIm(z) >0,
r(t—2 10 if Im(z) <0.

On the other hand

/ ot o / o—iu - { e”f J @du if Im(z) >0,
g (t—2)P r (—u —2)P e o Grpdu if Im(z) <O.
Thus A
/ e~ du — { 0 ' ' if Im(z) > 0,
r (u—2)P c(p)e e if Im(z) < 0.

The result then follows from sin(u) = “=5—. O

Now we will calculate the wavelet coefficients of M, ; with respect to the wavelet 1.

Lemma 4.10. Let s > §+ 1 of My is a cusp form and s > k otherwise. The wavelet
transform of My, s with respect to the wavelet 1 is

C(a,b)(My,s) = Ca®(My(b + ia) — o),

where C = (QW)STIE?:IS In particular, if My is a cusp form, then

C(a,b)(My.s) = Ca® My (b + ia).
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Proof. By Lemma we can change the the order of summation and integration, and we
have

1 sin(2mnx)
C(a,b)(Mys) = /Mks z b )s+1 / - $+1d3:.
Then we use the substitution u = 27nx, and we obtain
sin(u du
C(a,b)(Mys) =
(a, b) (M, = n / ﬁfb 5“ 2mn

1 io: rn/ 5+1 27r)s+1 stlsin(u) du
ns

— (u — 2mnb — 2mnai)® ' 2mn

B 1irn/ a* T (2m)s T st sin(u) du
= 3

n® (u— 27nb — 27ma2)8+1 2mn

(u — 2mnb — 2mnai)

= (2m)%a’ Z T / sinfu) du.
n=1
Then, by Lemma we have

Cl(a,b)(Mys) = a*(2m)e(s + 1) Y ™™ = Ca® (M (b + ia) — 7o),

n=1

with C' = (27)2(s + 1) = (2m) 25

The result is still valid if we let M, = E,. If My = Ej, then Fj (x) = _123_};ch75‘
Therefore for all & € N* even, the wavelet transform of Fj, ; with respect to the wavelet 1),
is

]

C(a,b)(Fys) = a’cx(s)(1 — Ex(b +ia)),

. . eiﬂ's/22571ﬂ_5+lBk
with Ck(S) = W

We will now estimate the value of C(a, b)(My ) distinguishing between cusp form and
non-cusp form, and the case of Fs.

4.2.2 Estimating C(a,b)(M} ;) when M} is not a cusp form
We first estimate |Mj(2)].

Claim 4.11. Let M; be a modular form, not a cusp form. There exist r,cy,co,c3 > 0,
such that:
if Im(z) < r, then

IMi(2)| < ot
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if Im(z) > r, then
co < |[Mi(2)| < cs.

Proof. Let r > 0 such that |ro| > >"°7  |r,|e™?™". Again, by Hecke we have r,, = O(n*~1)
(see [Ser73, p. 153-154]). Therefore, there exists ¢ > 0 such that |[M(z)| < |ro| +
CLi Yooy nFlem2™ImE) - Then there exists a polynomial Py_; of degree k — 1 vanishing

—27Im(z) . .
at 0 such that Y °0  nk-le=2mim() — %. Since 0 < e~?™™(*) < 1, there exists

ca > 0 such that | Py (e72™m()) | < czke’%lm(z). Finally, there exists ¢z > 0 such that
—27Im(z) c3,
(1_66—27r1m(z))k — (27rIr?1ECz

E Summing up, we get that

CLrCokC3r 1

‘Mk(z)‘ < ’7“0‘ + (2ﬂ.>k Im(z)k'

C1,kC2,kC3,k

If Im(z) < r, then the first part of the Claim follows from setting ¢; = |ro|r* + o
On the other hand, if Im(z) > r, then letting ca = |ro] — >_oo | [rale”®™ and ¢z =
7o + D00, [rale™2™" gives the result. u

We define half-rings around the point x, see below and Figure , and estimate
the size of |C(a, b)(My,)| using Claim [£.11] The following proposition is an analogue of
Proposition 2 in [Jaf96]. The significant difference is that Jaffard fixes D = 3. This is
possible because in the analogue of Claim he can take r = 1. We cannot do it in
general. In order to be able to use the lower bound from Claim .11} we need to carefully
choose D, as we will see in the proof of the Proposition.

|~ . |~ - e [
11 + + H+ I
sl e SE 2l s &l s e sl e
alo | als al | o
| il | | 8 |
8 Q 8 8 _Q 8
A | Q Q + _Q
I &8 | + & +
8 8 & ]

Figure 4.4: Half-rings around z
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Proposition 4.12. Let x €¢ R\ Q. Let a € (0,1),b € R.

(i) Let D > 1. For each n, if

D‘m—]ﬁ §\b—$+ia|§Dm—§"i , (4.2.1)
we have either:
1C(a,b)(Mp..)] < Ca~F+H/mn=1 (1 N V)?Tx') k/#n_1 |
or
Cla b)) < Camtm (14 M)/ |

for a constant C' that may depend on k, s, x and D.

(i) There exists Dy > 1 depending at most on k, s and x, and there exists C >0 that
may depend on k, s, x and Dy such that for infinitely many n, there exists a point
b+ ia in the domain with D = Dy satisfying

" . k/kn
C(a,b)(My)| > Cas=t+4/mn (1 U f“') |

The first part of the proposition is later used to find the lower bound for the Holder
regularity exponent of M s at x, whereas we use the second part to find the upper bound
for it, see the proof of Theorem [I.6]

Proof. Consider

= ((—1)”qn_1 (—1)n—1pn_1) |

dn —Pn
By (2.1.1) we have ~,, € SLy(Z). Let z € C with Im(z) > 0. We have
P (=1)"gn1 (2= +2) + (=1)""pas
dn qn(q—n z Pn
(_1)n(ann71 - pnfl%l) + Z(_l)nanIQn

4z
_ -1+ (_1)nZanIQn
Ui
(_1)nQn—1 1

In 2z
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By (1 we have

‘Mk(p_n+z),:\Mk<7n-<z—:+z>>\ (g

anZIk’

Tm (% _ L) _ Im()

In g2z q3|z*

We now consider two cases.

Case 1: Assume that 2‘(’2) < r. By Claim [4.11| we have

|g221" anl2l*
M n = ¢y mZL
‘ ' ( " ) = Mg Fm()F T M )F
For z =b+ia — z—z, we have
k
|My (b+ia)| < cia™¢" |b+ia — Dn
an
By (T21), we have
D -1 n D
T|b+ia—x|<‘b+m—p— < + b+ ia — x|. (4.2.3)
Also by ([4.2.1) and Lemma [2.4] since
D D
D hria—al <
Qn 4p— 1
we have
b+ ia — x|V < q, < D|b + ia — |t rn-1)/Fam (4.2.4)

Substituting it, we get

| My, (b+ia)| < ei(D + 1)ka_k|b +ia — x|k/nn_1

k —k+k |b — x| Hlrn
< e1(D + 1)kg=hFk/mna (1 + —) . (4.2.5)
a
Since —k + k/k,_1 < 0 and a € (0,1), we have a ***/#n-1 > 1. Also, as k/k,_1 > 0, we
k/ﬁn—l
have (1 + @) > 1. Then

1C(a,b)(Mis)| = lacu(s)(1 = Mi(b + ia))| < a’leu(s)|(1 + [Me(b + ia)])
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s ko —ktk/k b — x| Krn
< a’leg(s)| | L+ (D + 1)%a n-t 1—{—T

b_m k/nn 1
S a5|ck(s)| (1 —{—Cl(D—l— 1)k) a—k+k/f'in_1 (1 + %) .

The result follows with C' = |¢j(s)| (1 + e1(D + 1)F).

Case 2: Assume that ;;j(j'g > r. By Claim {4.11| we have

’Mk‘ (&—1—2)‘ S —C3 PR
an |gn2|

By @24) and (L23), we get

D \*
b k+k/kn < —k+k/kn
b+ ia — x|~ alp—7) @

)
( ) . ( Ll ; b|)k/ﬁ". (4.2.6)

As before, since a=F+*/fn <1 4 k= bl) > 1, we have

| My, (b+ ia)| < c3 <

1Cla,b)(M)] = la*en(s) (1 — Mib+ia))] < a*ley(s)[(L + [Me(b + ia))

D \* = B\ "
< S 1 —k-‘rk‘/nn 1
JM(S)'( e (D—l) ‘ T

D \* |z — b\
< S 1 - —k‘-}—k/fin 1 o )
JM(S)'( +CB(D_1)>G T

The result follows with C' = |¢x(s)| (1 + o3 (3 1)k)

For the second part of Proposition 2| first suppose that (g»~?), is unbounded. Then
for any D > 1 there exists an increasing sequence (n,,)m, such that for all m we have

D?+1
g > %r, (4.2.7)

where 7 is the constant defined in Claim , and n,, is large enough so that qﬁi”m_k >

4(v/'D2% + 1)*. Now consider the point a = q,i%, b = x, which satisfies (4.2.1)). Then we see
that with z = b + ia — B2m

Gnm’

VD? 11

2| =
qnm
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and it follows that
Im(z) D

q2|z|? D2 +1

Kn—2

In

Then by Claim [£.11], we have

_ 1 Nm e 1
Qnm qnm z

By (4.2.2)) we have

—k+kkn,,
p’l’b 02 CQqnm
M, (—m + z> ‘ > = , 4.2.8
‘ e |Gn2[F (VD2 1) (428)

and hence by (4.2.7)), we have

Ca _ _
C ,b Ms > skn+kkn—k
0l )Mo 2 en(s) gt

" s—k+k/knp,
o(Z)

Knyy,

qnm

. B . b k/Knpm,
_ C(a/)s k+k/ nm <1+ ’ a/x|) ’

with C' = 5 ¢D2j21§§§;17,6+k 5, and Dy = D.

Now consider the second case, namely suppose that (g"»~2), is bounded. We will

describe how we choose Dy. As (g"~?), is bounded, it has a converging subsequence, and

the limit Lg is greater than or equal to 1, because ¢, > 1 and k,, > 2, for all n. Then

Tt 5 Ly > 1, as € — oo, (4.2.9)
We also observe that <(_1)Zl$)£ is bounded, and has a converging subsequence. Suppose
e
_1 nl(m)qn _
(=1) =t g (4.2.10)
Ing(m)
Finally, since (—1)™» = 1 for infinitely many m or (—1)"m = —1 for infinitely many

m, we may extract a constant subsequence of (—1)™. We will thus assume that all the
elements are equal to 1, the same arguments apply to the other case. For simplicity we
will denote this subsequence (1, ).

Since M, is a holomorphic function in H, we can choose Dy > 1 and § > 0 such that

1—iDy
Dz +1

M, (L1 _ LO) £0, (4.2.11)
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and

e >4, (4.2.12)

for € small enough. Let ¢y > 0 such that for all ¢ < gy, (4.2.12) is satisfied. For each m
consider the point

1—4D
‘Mk (L1 ‘ OL0+5>

Dy
b =1,
Nm,

which satisfies |D Using the previous notation z = b+ ia — Z mmwe have

nm

a =

(_1)annm—1 . 1 _ np,—1 . 1
e T @ (Reiw— o)
_ npm—1 1 - dn,,—1 qg:;m -

G g2 (i + ) G, Do+ 1

Inm

_ Qo1 (1= iDo)gu 1—iD,

G, D} +1 YoDEy

L07

as m — 0o, by (4.2.9) and (4.2.10]). Therefore, there exists L € N such that for all m > L
we have

o 1 —iDy)gimm ™2 1—iD
qm1_( Zzo)qm L+ Lo
Gn,, Di+1

k
/D2
and gnrF > w. By (4.2.2)) and (4.2.12)) we have

’ Z ot (DI

Nm

Then we have

5 D s—k+k/kn,
Clab) ] 2 Aottt > & (1)

~2(y/DE4 1) G

k/”’ﬂm
— 5a5_k+k/"fnm (1 + |b_ ill") ’
a

. =~ _ Ck(s)(s . o . . . 2
with C' = /DRt Dy This completes the proof of the proposition with Dy satisfy

ing (£.2.11). O

4.2.3 Estimating C(a,b)(Fb)

We first estimate |Ey(z)].
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Claim 4.13. If Im(z) < 1 then

Cy
E. <
| 2(2)| = Im(z)27
for some ¢4 > 0.
If Im(z) > 1 then
19 21
— < |E. < —,
20 = 1B = 55

Proof. We have

| By (2 |<1+24Za e~2mIm(z) <1 4 94 Z o1 (n +24§:er” > o).

j=1 27
(e Im(z) J n= Im(z)

Since 2 01(n) = O(N?), see for example [HW60, p. 266], it follows that there exists
¢4 > 0 such that if Im(z) < 1, then |Ey(z)| <
The second part of the claim follows from

24 Z o (n)62i7rnz
n=1

Im(z)

< 24i0_1(n 217rnz‘ < 242”’2 —2mnlm(z) < 242” e —2mn o

— 20
O]
Proposition 4.14. Let a € (0,1),b € R.
(i) For each n, if
3‘95 Dol < b — 2 +ia| < 3|0 — 2222 (4.2.13)
n dn—1
we have either:
b _ 2/'infl
Clab)(Fa)| < Car2aim (14 B2
a
or 2
b— o
Ca,b)(Fys)| < Car =212/ (1 ' u> |
a
for a constant C' that may depend on s and x.
(i) Moreover, if for infinitely many n
a, > 7, (4.2.14)

then there exists C > 0 that may depend on s and x, such that for infinitely many n

(which satisfy (4.2.14)) there exists a point b+ ia in the domain with

_ b . 2/Kkn—1
(C(a,b)(Fy)| > Ca*=>+2/mns (1 n ‘”’“"') . (4.2.15)

a
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Proof. Consider
_1\n _1\n—1
vn=(< D (2 p) € SLy(Z),

Qn —Pn

as in the proof of Proposition 4.12| By (2.2.1)), we have

\EQ(p_nﬂ)\gEQ(w(s—:ﬂ))) 5w

2 +_
I Gn (Z—:+z> — Dn ™ (”: +Z> = Pn

o ((—n;qnfl _ %N 6

_ - + , (4.2.16)
|| 7|z|
Then we observe that
LD 1Y In(e)
an 2z)  @lz*
Consider two cases.
Case 1: Assume that ““‘(Z'; < 1. We have
(_l)n n— 1
’EQ (S - F)‘ N il AEIN
c =c )
PR = gzPIm(z)?  m(z)?
Forz—b+za— , we have
2
n 6
|Ey (b+ia)| < csa™2q2 |b+da — D) 4
qn ‘b + Z

By (4.2.13)), we have
DPn

2 4
—lb+ia—z| < |b+ia——| < =|b+ia—z|
3 q 3

n

Also by (4.2.13]) and Lemma , since

3 3
—<\b—|—za—x!< -,
qn n—1

we have
’b"‘ 7;@ — x‘fl/'{” S Qn S 3’[)_{_ ia _ x‘(lfﬁn—l)/"in—ll

Substituting it, we get

9
|Ey (b+ia)| < csd?a™2|b + ia — x| @/ 4 Z|b + ia — |~
m
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_ 2//fnfl
< 0442a—2+2/'€n71 (1 + u) + ga—l
a T

_ 2/’%1—1
< oxa2H2/En (1 n b x\) 7
a

for some constant cs, because —2 + 2/k,,_1 < —1. Since -2+ 2/k,_1 < 1 and a € (0, 1),
2/Kn—
we have a=2+%/%»-1 > 1. Also, 2/k,_; > 0 implies that (1 + @) "> 1. We have

C(a,b)(Fa)| = |aca(s)(1 — Ea(b+ia)| < a®lea(s)|(1 + | Ex(b + ia)])
2/Kn—1
< a®|cy(s)| (1 + cga” 2T (1 + b x\) )

a
b _ 2/Nn—l
< a*lea(s)] (1 + c5) a” 242/ (1 - !) ’
a
The result follows with C' = |ea(s)] (1 4 ¢3).
Case 2: Assume that ;gl‘fj% > 1. By Claim |4.13, we have
Pn 21 6
Ey—+2)] < + .
’ (Qn > = 20|gn2* w2l
Using the same estimates as above, we get
| By (b4 ia)| < 21 (3 2|b+' | 722/ )
— | = ia—x TR S ——
? =20 \ 2 7|b + ia — x|
S @a—2+2/l’in + ga—l
80 s
i 2/kn,
< cga 22/ <1 i |z b|> 7
a

2/kn
fors some constant cg, since —2 + 2/k, < —1. As q=2+%/xn (1 + @) > 1, we have

Cla,b)(Fo,)| = la*ea(s)(1 = Ex(b+ia)] < a’lea(s)|(1 + | Ea(b + ia)])

s —242/k |ZE - b| 2/rn
< a’lea(s)| [ 14 cea "1 —
a

s —24+2/kK |I B b| 2/
< a’lea(s)| (1 + ¢6) a " 1—1—7 :

The result follows with C' = |ea(s)] (1 + ¢).
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We now prove (4.2.15)). Consider the point a = qgin,b = x, which satisfies (4.2.13).

Then we note that with the notation z = b+ ia — 2, we have [z| = ﬁ, so that

Kn—2

Tn4n

¢l 10

We now assume that there exists an increasing sequence (1), such that for all m we
have a,, .1 > 7. It follows that

1 n 20410
grinm =2 = > dtl S >T> . (4.2.17)
'm dn
Then, l—qufnm > 1, and by Claim we have
py (CU g 1|19
In,, Q@ z 20
By (2.2.1)) we have
N 19 6 19gnTHmm GgEnm g 2R,
B (P 2] s 6 19qn, _ 6aui - o  42.18)
In,, 20|qn,, 2> 7|z 200 /10 200

by our assumption (4.2.17)). Furthermore, there exists M € N such that for all m > M we

have q%’”n > 400, and we conclude that
1 —Skn+26n—2 __ 1 ]' 3 ° 2+2/“nm
(Cla0)(Fos)] 2 eals )400q - (S)m 357242/ K <C]5Zm>

_ $—242/Kkny, " o 2/Knm
> C (i) — Casf2+2/nnm <1 + |b (L‘|> ’

Knm
a

qnm

with C' = ¢y(s) -

400 35—1-

]

As in the case of k > 4 we could show that even if the condition a,,, +1 > 7 is not
satisfied, we could choose a sequence of points, each in the domain of (4.2.13)), and 6 > 0

such that ’E ( —L" qmq"m_l — q21 Z)‘ > 6. However, this is not enough to conclude that
" 2/k

|C(a,b)(Fy,5)| > Cas=22/rmm (1 + @) " Since Es(z) is quasimodular, there is an

additional term % coming from ([2.2.1f), which has the same order of magnitude as

lan ZI2
for our choice of z, and we do not see another choice of 2 that would counteract this extra

term. Furthermore, in (4.2.18) we could use the other inequality, namely |E2(b + ia)| >
|E2((*1)"Qn—1_ 1 )

2 . . .
—W?Z| — ﬁl” e w2 however the calculation then becomes considerably more technical
n

and it would not solve all the remaining cases, namely the cases when 1 < a,, < 6 for all
n € N.
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4.2.4 Estimating C(a,b)(M}s) when M; is a cusp form

If My is a cusp form, |My(2)| is not bounded below by a strictly positive constant as
Im(z) — oo. In the case of M} not a cusp form, the lower bound was used to prove the
optimality of the Holder exponent. Therefore we add a condition on (a,), and pu(z).

Claim 4.15. Let My be a cusp form. There exists ¢; > 0, such that for all z € H we have:

C1

| M (2)] < ()21

Proof. By Hecke we have r,, = O(n*/2) (see [Ser73} p. 153]). Therefore, there exists ¢, > 0
such that |[My(2)| < c1pdo0r nk/2e=2mIm(2)  Then there exists a polynomial P, /2 of degree

. . P, —27Im(z) X
% vanishing at 0 such that Y oo | n*/2e=2mm(z) — q 'Zfﬁ:lm@)k/%l. Since 0 < e~ 2™m(x) < 1

there exists ¢y, > 0 such that |Py/s(e —2rIm(2))| < Co k€ —27Im(2) * Finally, there exists ez >0

672771111(.2) C3 .k
such that (1_€,2W1n,(z>)k/2+1 S (27rIm(z))k/2+1' ]

We estimate |C(a, b)(Mj,s)| in the half-rings defined in (4.2.1]) using Claim [£.15]

Proposition 4.16. Let k > 4 be even. Let My, be a cusp form of weight k, and let s > g—l—l.
Let e R\ Q. Let a € (0,1),b € R.

(i) Let D > 1. For each n, if b+ ia satisfies , then we have:

_ 2/kn—1
|C(a,b)(My)| < Cas=F/2-152/mm (1+ b x!) |
a

for a constant C' that may depend on k, s, x and D.
(i) Moreover, let us assume that there exists N € N such that for infinitely many n,
a, = N. (4.2.19)

Then, there exists C >0 that may depend on k, s and x, such that for an increasing
subsequence of n, there exists a point b+ ia in the domain with

k/kn—1
Cla b)) 2 Gt (14 BT

Proof. As in the proof of Propostion 4.12| consider

o (e C0 ) )

Qn —Pn

As in (4.2.2)), we have

(o)
‘Mk <@+z)‘ n__ /] (4.2.20)
an |G|
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We observe that

(D 1) ()
( )

Gn @z)  @lzP
Then by Claim we have

21, 12\k/2+1 20,2
(P )| < allzP) U i
In ‘qnz|k1m(2)k/2+l Im(z)k/2+1

Forz:b—i—ia—fzﬁ,we have
n

2
Pn

b+ ia — —
Gn

| My, (b+ia)| < cla_k/Q_quL

By (4.2.3) and (4.2.4) we have
| My (b+ia)| < er(D + 1)%Yb+ ia — [>/rn

b — 2|\ "
S Cl(D+ 1)2a7k’/271+2/ﬁn_1 (1+ —> )
a

Then
|C(a,b)(My.s)| = a’lek(s)| | Mg (b+ia)| < |ex(s)|ei(D + 1)2as’k/2’1]b +ia — :c\2/””"‘1.

The result follows with C' = |cx(s)|ei(D + 1)2.

For the second part of Proposition [4.16] suppose that a,, = N for infinitely many n for
some N € N. Since ¢""~2 < 4a,,; we have that (¢"~~?), has a converging subsequence. The

results then follows from exactly the same arguments as in the proof of Proposition[d.12, O

4.2.5 Proofs of Theorems [1.6), and

We will start by considering the first assumption of Proposition J. Recall that p(z) =
limsup,,_,, kn(2z) and v(z) = liminf, o K, (z).

Lemma 4.17. For all k € N* even, s > k and x € R, there exists 6g > 0 such that for all
0 <6 <y we have
(1) m+) (| <« ¢

with m = [s —k+ ﬁ] , for some constant c.

Proof. For all x € R, from (Jz| — 1)® > 0 we get

91/2 1 1

> = .
ol +1 7 (2P + D2 e+
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Then we note that for all n € N* we have

_ (s+1)(s+2)...(s+n)
(x+2')s+1+n ’

If 60 <1, then s+ 1+n <m+ 2, we have

C

(n) _
@) <

for all n € N* for some constant c. It suffices to show now that [i4(x)| < W

Let 6y < M. Since k — {s} > 0 and kp(x) — k — {s}p(x) > 0 for all

k—{s}
x €R,s >k and k > 2, we have §y > 0. It follows that {s}+ %% < 1, therefore

[ —k+ )= 5] < s —1 for all § < dy, which completes the proof of the Lemma. ]

The proofs of Theorems [1.6] [L.9) and are very similar and follow from Lemma
Propositions [4.12] [4.14] [4.16| and Proposition J. Therefore we will only present the details
of the proof of Theorem [1.6] For the convenience of the reader, we recall it.

Theorem . Let k > 4, even, and My be a modular form of weight k under SLo(Z) not
a cusp form. For x € R\ Q, let ayy, (v) be the Hélder regularity exponent of My at x.
Assume that

k k
s>k+——— —. (1.2.4)
v(z)  p(z)
Then,
(x) k+ i
ay, (x) =5 — —_
" p(x)
The same is true if we replace My, s with Ny s.
Proof. Let x € R\ Q, and assume that s > k + V(x) (kx). Let dg as in Lemma [4.17

Assume that p(z) < oo, very similar arguments apply to the other case, and therefore we
omit the details. There exists 6; > 0 such that for all 0 < § < §; we have
k k

S>k+y(x)—5_ﬂ(x)+5‘ (4.2.21)

Let 0 < § < min(do,d;) be given. Then, there exists N € N such that for all n > N we
have
v(z) —0 < Ky < plx) +9. (4.2.22)

Let D > 1 and let w = b+ ia € H be such that

PN
x__

lw—2| <D
4N
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As (4.2.1) defines half-rings around x converging to = (see Figure[1.4)), there exists n, > N

such that
D 'x — Do
qnw
By Proposition 4.12f we have

pnw—l

§|w—x|§D’x

an—l

a

b o k/ﬁnw
1C(a,b)(Myy)| < Cat=F+/mn (1 + M)

or

b _ k/ﬁnw—l
C(a,b)(My5)| < Ca*FFh/mno (1 + | x') .
a
It follows from (4.2.22]) that
b x|>k/<u<x>—5>

\C(a,b)(Mk,s)\ < Casfk+k/(u(at)+6) (1 + |
a

Then we conclude by (4.2.21) and Proposition J that M, , € Cs~F+k/(1@)+9) at 2. Letting

6 — 0 shows that oy, () > s —k+ ﬁ

For the optimality of this exponent, we see that Proposition (ii) implies that for
each 0 > 0 there exists a point b + ia, arbitrarily close to x such that

\C(fl, b)(Mk,s)\ > CqsFtk/ (u(@)=5) (1 + M

k) (v(2)+9)
a ) ’

By Proposition J, we conclude that M, , ¢ Cs~#k/(®)=9) at 2. Letting § — 0 shows that
k
ay, () =5 —k+ ——.
£ (%) p()
This completes the proof of the theorem. [

4.2.6 Proof of Theorem [1.8

In this section, we prove Theorem 1.8, For the convenience of the reader, we recall it.

Theorem . Let k > 4, even, My, be a modular form of weight k under SLs(Z) not a
cusp form and s > % Let g, () be the Hélder regularity exponent of My, at x. Then

%a—%s—I—Z, if a € [s—k,s—g},

dimg{z € Rlay,  (z) = a} =
0 or — oo, otherwise.

Proof. 1t is well known that the set E, = {# € R|u(z) > p} has the Hausdorff dimen-
sion dimy E, = ;%’ see for example [Fal03, p. 157]. It has been shown in [Jaf96] that

2
dimy £, \ Uys, By = dimyg E,, = —. The result follows by noting that dimy Q = 0. O
[
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4.2.7 Substituting cosine for sine

Theorems remain still valid if we replace Fj, s with G} s and My, s with Ny, 5, since
the wavelet transform of the series with cosine function with respect to 1, differs from the
wavelet transform of the series with sine only by a multiplicative constant. For example,
the wavelet transform of G, ; with respect to v is

1 1 237Ts+16i7r(s+1)/2 o0 . .
Cla,b)(Grs) == | Gpol)————dx = SE B 2imn(b+ia)
(@ 0)(Gs) a/R W Ty = T 2 e

We see that it differs from the wavelet transform of Fj, s only by a multiplicative constant.

4.3 Holder regularity exponent of S;; and 1,

Before we start proving the theorems we note that the series that we consider are well-
defined and continuous on R. It follows from the next lemma.

Lemma 4.18. The series Sqs and Ty s converges normally on R for s > %.

Proof. Recall that the series

1
Z (n? + ...+ n2)’

nl,...,ndZI
converges if and only if Re(s) > d/2. O

We then note that we can write Sy (and similarly T, ) as

Sds = Z RZEE) sin(mlz),
=1

where Ry({) is a number of ways to write £ as a sum of d squares of positive numbers where
the order matters.

We remark that Stéphane Jaffard in [Jaf96] considered the case when d = s = 1. He
proved the following theorem.

Theorem J. Let x € R\ Q,then

1 1
0451’1(1') = 5 + 2}1,6(5(7).
Also
da—2, ifaels,?],
dimp{z € R|ag, () = a} = <0, if o = %,
—00, otherwise.

Our theorems are the generalisation of the first part of this result.
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4.3.1 Wavelet transform of Sy

We start by computing the wavelet coefficients of S, with respect to 5.

Lemma 4.19. Let s > %. Fora >0 and b € R we have

a a

1 /RSCLS(:U)ES (a: — b) dx = a’cq(s) (0(b+ia) — 1)d>

7.‘.5+1 eiws/Q

where Cd(S) = m

Proof. Since Sy s converges normally on R, we have

o0 o

1 1 1 1 sin(m(n? + ... + n2)x)
— | Sys()——dr =~ E E dz.
G/R d, (ac) z—b _Z.)s+1 X a (n%+...+n§)s/]g (m—b .)s+1 x

( a n=1 ng=1

Then we use the substitution u = m(n? + ... + n%)z, and we obtain

1 1
5 /R Sd75 (m)mda:

1 i i 1 / sin(u) du
Ca (n? 4 ...+ n2)s Jp <“2 _)SHW(n%—t—...—l—nZ)
—1

W(n%-&-“.-knd)—b
a

1 f: i 1 /as+17rs+1(n%+ <. + 1) sin(u) du
a =" = (A0 S (u— (0?4 4 n2)(b 4 da) T T(n] 44 nd)

ey LY / Sin(u) du.

s+1
S —— m(ni + ... +n3)(b+ ai))

Then by Lemma we have have

1 1 c(5+1) o= o= irni an?)(bai
_ S - _dx =a’7 im(ng+...4+n3)(b+ia)
G/R d, (3:)(‘%_6_2.)er1 Y Z Ze

a ni=1 ng=1

= a’cq(s) (0(b+ia) — 1)%,

7I_s-klei7rs/2

with Cd(S) = m

Therefore, the wavelet transform of S;, with respect to the wavelet 15 is

C(a,b)(Sqs) = aca(s) (B(b +ia) — 1)7.
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4.3.2 Estimating C(a,b)(Sq4s)

In this section we estimate |0(b+ ia) — 1|, as a — 0 and b — x. Jaffard in [Jaf96] divided
the plane into half-rings as in (4.2.1)) with D = 3 (see Figure 4.4)). Then he stated in

1/(26n
Proposition 2, that |0(b + ia) — 1| < Cal/Zrn)=1/2 (1 - lb%f') or [0(b+ia) — 1] <

1/(26n-1)
Cal/(rn-1)=1/2 <1 + @ depending on the parity of p,, and ¢, for some constant

C. However, when p,, and ¢, are both odd there seems to be a technical problem. Namely,

< lia+b—z| < 3‘x—p"*1
qn—1

)

on page 456 Jaffard is writing that if p,, ¢, are both odd, 3’:10—2’—:
then

‘b+z‘a—]ﬁ 23‘,)—&. (4.3.1)
In n

Consider the example of z = %, % = %, a = 107% b = 0.37001. Then it verifies all the
assumption, but Inequality is not satisfied. We do not see how to fix this problem
easily. Because of that, we use estimations of the size of |#(b + ia) — 1| in regions which
were proposed by Oppenheim in his thesis [Opp97].

Oppenheim defined the regions around 0 and then he used the estimations of 6(z+b+ia)
for b + ia in one of the regions, and looked at the estimate when a — 0 and b — 0. In
order to be consistent with the previous sections, we will redefine these regions by shifting
each element by z. In this way we would consider the estimate of 6(b + ia) as a — 0 and
b— .

We define a disk I',, centred at (p" L ) of radius =15, that is:

an’ 242 243
P=dbtioer | [pria-22- ]!
n = ia a————| < —= ¢,
W 2a5| T 24,
see Figure [4.5]
"
Ly,
ot
b oz T

Figure 4.5: The contour of I,

Also, for n > m let

D(”am)z{b+ia€H | q"(a2+(b_&)2)1/2Sqm(aQ—i—(b—Zﬁ)Q)l/Q}_

dn dm
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Then we define

Qn:< N D<n,m))\(UD(m,n)).

0<m<n m>n

In other words,

(e + (0= 2)")

Q, = b+ia e H dn <1
D | G (a2 + (b — 7;—3)2)1/2

The contour of §2,, depends of the values of a,,, a, 11, a,12 and all possible cases are presented
in [Opp97,, p. 84-85]. We have H = U, (I, U (2, \ T',)), 'y € Q,, for all n, and as n — oo
the region I',, gets closer and closer to . Then it is proved that

Proposition O. [Opp97, p. 88, 92-94] Let x € R\ Q. Let % <t< %, t+t < % For all
n € N we have

1. if b+1ia € '), and p,,q, are not both odd, then

—¢

Y

2y b—
00 +ia)| < Cray (@ + (0= 1)) < G (1+—| ax’)

2. ifb+1a € 'y, and p,, q, are both odd, then

¢

I

n — o _ b—
|9<b+m)lSCéq;1/2+2”(a2+(b—z—)2) Y < Gl 1(1+—| ax‘)

3. ifb+ia € Q, \ T, then

_ h— —t
10(b+ia)| < Chay, " (a® + (b— &)2) Va2 < Cpat™ <1 + | x|> :
n a

for some constants C!, that depends on o and n and C,, that depends on n.
On the other hand, if b+ ia € T',, and p,, q, are not both odd, then

|9(b—|—2a)| Z O/qgl/2<a2 + (b _ &)2)71/4’
4n
for some C".
Furthermore, limsup,,_,.. C,, < oo if and only if t +t' < % and

lim Sup{q; 1/2—kn/2+tkn |
n—o00

Pn, Gn are not both odd} < co.

As b — x and a — 0 we deduce that we can replace 6(b + ia) with (b + ia) — 1, only
changing the constants.
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4.3.3 Proof of Theorem [1.15

We will consider the first assumption of Proposition J.

Lemma 4.20. For all d € N*, s > %l and z € R, if {s} < %, then there exists g > 0
such that for all 0 < 6 < 0y we have

C

s(@)] + [0 (@)] + .. + B ()] < (el 7 e

with m = [s — % + m} , for some constant c.

Proof. By Lemma for all x € R and all n € N* we have

~ (s+1)(s+2)...(s+n)
(z +4)stin ’

If 6o <1, then s+ 1+n < m+ 2, we have

() < €
@) < g
for all n € N* for some constant c. It suffices to show now that [i)s(z)| < W
Let §, < 2 e(x)ﬁggf}{s}“ <@ " Since {s} < %, we have §y > 0. It follows that
{s} + (Q_d)éi’:e(s)_;i())ﬁd < 1, therefore [S — 44 Wi)—é < s—1 for all § < §y, which
completes the proof of the Lemma. ]

We are ready to prove Theorem [1.15, For the convenience of the reader, we recall it.

Theorem [1.15 Let d € N*. For v € R\ Q, let as, () be the Holder regularity exponent
of Sas at x. Assume that

d d d
. _ 1.2.0
oot 2e(x)  2pue(x)’ ‘ )
and
due(x) —d
(s} < Welr) =d (T.2.10)
2/1e()
then
d d
as,,(r) =5 — 5 + 21e()
The same is true if we replace Sqs with Ty .
Proof. Let z € R\ Q. Assume that s > 4 + ﬁ‘l(x) - ﬁd@. Suppose that pe(x) < oo the

case when p.(z) = oo is treated a very similar way and therefore omitted. There exists
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01 > 0 such that for all 0 < § < d;, we have s > ¢ —|— Let 0 < 6 < ;. Let

_ d
20 (:1:) 2pte(x)+0

_1 _
t—2+mandt— W.Then
bt =1y ! ! <1
2 2u(r)+ 8 2we(z) -8 2
and
1 Kn 1 1 1 Kn

3T " (5 * 246 (x) + 5)1% -7 2p6(x) + 6
Since there exists N € N such that for all n > N with p,, g, are not both odd, we have
Fin < pe(7) + 5. Therefore limsup {g,"/2~"/>*" | p, g, are not both odd} < oco. By

n—oo
Proposition O, we have

—t'd
|C(a,b)(Sas)| < Clgs+(t-1d (1 . u)

a

Y

£C| d/(2ve(z)—9)
a

_ C«as—d/2+d/(2ue(l’)+5) (1 + ’b;

for some constant C' as @ — 0 and b — x. Since s — d/2 + d/(2ue(x) +9) < s — d/2 +
d/(2pe(x) — dp), by Lemma we have that « = s — d/2 + d/(2ue(x) + 6) fulfils the
assumption of Proposition J. Since s > g + 21/0((;)7 = — 2%@) = by Proposmon J we have
that S C’S_d/“d/(?"e(”")*‘s) at x. Letting § — 0 shows that ag, () > ( ;-
Taking b + ia = p" + m e I',, with p,, ¢, not both odd, by the second part of Propo-
sition O we have that for 0 < § < &g (where ¢y is as defined in Lemma “ there exists

a point arbitrarily close to x such that

~ d/(2ve(x)+0)
‘C(a7b>(sd,s)| > C’as’d/“d/(%c(x) 5) (1 + | I|) ’
a

by Lemma and Proposition J we conclude that Sy, ¢ Cs~4/2+d/Cne(@)=0) at 2. Letting

6 — 0 shows that ag, (z) =s— 4+ S (x This completes the proof of the theorem. [

4.3.4 Proof of Theorem [1.17|

In this section, we prove Theorem [1.17, For the convenience of the reader, we recall it.

Theorem Letd e N,d > 4. Let s > 3d , then

4 4 - d d
ca—=25+2, ifae|s—5,s— 9,

dimg{z € Rlag, (v) = a} = I I [ d
0 or — o0, otherwise.
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Proof. Let E,, = {z € R|pc(z) > pu}. It has been shown in [Jaf96] that
dimy ey, \ | By = 2
H e, e, ,u

W>p

However, for the convenience of the reader, we present the main steps of the proof. Let
to(w) = 1 D,y {#(2) [P (2), @a () are both odd}, and let oy, — {z € Rluo(x) > i}
E, = {z € Rlju(x) > p}. We have

E,=E.,UE,,.

By [Fal03, p.115,157], we have that dimy E, = % and the % dimensional Hausdorff

meausure H2/* of E, is positive. If the H2/H-measure of E,, is zero, then the H2m
measure of E,, must be positive. On the other hand, if x € E,, ,, then § € E, ,, thus if the
H2/t-measure of E, , is positive, so is the H?/*-measure of E. . Finally, since the H2/ -
measure of (J,., Ee v is zero, dimg Ee \ U,s, Eey = ;% The result follows by noting
that dimy Q = 0. H



CHAPTER 5

Conclusion

5.1 Alternative approaches

The differentiability of Gj 11 could be also studied using the connection to ((y)) map. Let
((y)) = {y}—13, its Fourier series is ((y)) = =< >, w Let Ly(z) =272 02, @
It is an example of Davenport series which appear in the work of Hecke [Hec22]. The
regularity of Davenport series was studied by Jaffard, see [Jaf04]. The function Lj converges

uniformly on R and it is integrable. Then for z € R we have

G (z) = / " Le(O)dt + )¢k +1).

We could then study the differentiability of fox Ly (t)dt. This approach was suggested to
the author by Don Zagier.

Furthermore, the functions ¢y could be studied in the context of the theory of periods
of modular forms. A period with moment s of a cusp form f of weight & introduced by
Eichler is defined by r(f) = [;~ f(2)2°dz, for 0 < s < k—2. This notion can be extended
to modular forms, see |[Zag91]. Stefano Marmi asked the question whether it is possible to
obtain the functional equation of using the methods presented in [Zag91] and

[Lan76, Chapter V].

Another approach would be to analyse M}, s in a more general context, namely two-
microlocal spaces C** | see for example [JM96, [Jaf91], as it was done by Oppenheim for
2-dimensional Riemann function in [Opp97]. Let s,s’ € R, xg € R", the two-microlocal
space C2*" is the Banach space of distributions such that [So(f)(z)] < C(1+ |z — x])™*
and |A;(f)(x)] < C2775(1 4+ 2|z — x0|)~*, where Sy is a convolution operator. They
generalise Holder spaces in the sense that, for s +s' > 0 and s > 0 we have C** (2() C
C*(xg) C C**(xp); and they can be characterised by wavelet transforms: a function f
belongs to C2*" if its wavelet transform satisfies |C(a,b)(f)| < Ca*(1 + @)75/. They
allow to investigate local behaviour of functions like chirps and logarithmic chirps, which
describe strong local oscillations (for example of the type x® sin(x=?)).

5.2 Further work

The method used in calculating Holder regularity exponent of M}, ¢ was only applicable for
irrational points, as we used the infinite continued fraction expansion at x. In the study

111
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of rational points of the Riemann function, it was used that S is 2-periodic and satisfies:
S(1+ z) = 18(4z) — S(z). We do not have an analogue of such an equation in a general
case. Therefore, one of the first questions to consider would be

Question 5.1. What is the Holder regularity exponent of My, ; at a rational z?

Even though the functions Fj , and G arose from Eisenstein series which exist only
for k£ even, we could consider Fj s and Gy for k odd. However, in this case we do not
have the underlined modularity on which Itatsu’s and Jaffard’s methods were based in an
essential way. New approaches would need to be developed.

The next step would be to generalise the findings to automorphic forms.

Question 5.2. Let Ay be an automorphic form of weight & under a Fuchsian group G C
SLy(Z) of finite index such that (1) € G and having multiplier system m such that
m(y) = 1. It admits a Fourier expansion Ay(z) = Y > a,e™"*, see for example [Iwa97,
Section 2.7]. Define a series Ay s(x) = Y~ 22> for suitable s. Chamizo showed that if
s < §+ 1 then Ay 5 is not differentiable at any irrational number, [Cha04, Corollary 2.1.1].
He also showed that the Holder regularity exponent of Ay s at irrational points is equal to
s—Eforall £ <s<£+41if Ay is a cusp form, [Cha04, Theorem 2.1]. What is the Holder
regularity exponent of Ay s at an irrational x for s > g + 17 What is the Holder regularity

exponent of A, at an irrational z if Ay is not a cusp form?

A further direction would be to consider functions of multiple variables depending on
a parameter. For example, for ¢ € [0,1] and and z € [0, 2] we could study

2. sin(mn?z) cos(27mnt)
Fy(z,t) = - .

n=1

We note that Fy(x,0) is the Riemann function. The procedure would be to use the
method of Itatsu and find the functional equation exploiting the connection to 6(z,7) =
S ez €7 FH2TINT which satisfies certain Jacobi identities. It is conjectured that Fy(z, 2)
is differentiable at = = %, for instance.

Another question that remains open is the behaviour of S5 5 and T o at irrational points
with pe(x) = 3. By Theorem , the Holder regularity exponent at these points is equal
to 1. Moreover, both functions are differentiable at irrationals such that u.(z) < 3 and not
differentiable at irrationals such that pe(z) > 3, therefore we ask

Question 5.3. Are the functions S3o and T3, differentiable at irrational points with
pe() = 37
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Propriétés analytiques et diophantiennes de certaines séries de
Fourier arithmétiques

Résumé: Nous considérons certaines séries de Fourier liées a la théorie des formes modu-
laires. Nous étudions leurs propriétés analytiques : la dérivabilité, le module de continuité
et 'exposant de Holder. Nous utilisons deux méthodes différentes. La premiere revient a
trouver et itérer une équation fonctionnelle de la fonction étudiée (méthode d’Itatsu) et
la deuxieme provient de 'analyse en ondelettes (méthode de Jaffard). L’étape essentielle
de chacune dépend de la modularité sous-jacente. Nous trouvons que les propriétés analy-
tiques de ces séries aux points irrationnels sont liées aux propriétés diophantiennes de ces
points. Ce travail a été motivé par ’étude de la fonction de Riemann.

Mots clés: dérivabilité, module de continuité, exposant de Holder, formes mod-
ulaires, séries d’Eisenstein, fonction théta, ondelettes, fractions continues

Analytic and Diophantine properties of certain arithmetic
Fourier series

Abstract: We consider certain Fourier series which arise from modular or automorphic
forms. We study their analytic properties: differentiability, modulus of continuity and the
Holder regularity exponent. We use two different methods. One is based on finding and
iterating a functional equation for the function studied (Itatsu’s method), the second one
comes from wavelet analysis (Jaffard’s method). The crucial steps in both of them are
based on the underlined modularity. We find that the analytic properties of these series
at an irrational x are related to the fine diophantine properties of x, in a very precise way.
The work was motivated by the study of the Riemann series.

Keywords: Differentiability, Modulus of continuity, Holder regularity, Modular
forms, Eisenstein series, Theta function, Wavelets, Continued fractions




	Résumé en français
	Motivation
	Présentation des résultats

	Introduction
	Motivation
	Statement of the results

	Preliminaries
	Continued fractions
	Modular and quasi-modular forms

	Itatsu's method
	Differentiability of Fkk+1 and Gkk+1
	Functional equation for Phi2
	Proof of Theorem 1.2
	Functional equations for F23 and G23
	Proof of Theorem 1.3 (i)
	Proof of Theorem 1.3 (ii)
	Functional equation for Phik
	Heuristic approach to Conjecture 1.5

	Modulus of continuity of F23
	Proof of Theorem 1.4

	Differentiability of S32 and Nks
	Functional equation for Eta32
	Proof of Theorems 1.12 and 1.13
	Proof of Theorem 1.14


	Jaffard's method
	Wavelet transform and regularity
	The wavelet psis
	Proof of Lemma 4.1

	Hölder regularity exponent of Mks and Nks
	Wavelet transform of Mks
	Estimating CMks when Mk is not a cusp form
	Estimating CF2s
	Estimating CMks when Mk is a cusp form
	Proofs of Theorems 1.6, 1.9 and 1.10
	Proof of Theorem 1.8
	Substituting cosine for sine

	Hölder regularity exponent of Sds and Tds
	Wavelet transform of Sds
	Estimating CSds
	Proof of Theorem 1.15
	Proof of Theorem 1.17


	Conclusion
	Alternative approaches
	Further work

	Bibliography

