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Short Abstract 

 

 

A structural model is provided to capture capacity phenomena in passenger traffic assignment 

to a transit network. That has been founded on a bi-layer representation of the transit network: 

on the lower layer the model addresses each network sub-system (line, station and access-

egress) separately, on the basis of specific capacity effects; on the upper layer a leg-based 

representation is used with respect to the sub-

 

The network model, named CapTA (for Capacitated Transit Assignment), involves a line sub-

model which amounts to a sophisticated cost-flow relationship. The capacity constraints 

pertain to the interaction of passenger and vehicle traffic: vehicle seat capacity drives the in-

vehicle comfort; vehicle total capacity determines the in-vehicle comfort and also the 

platform waiting; passenger flows at vehicle alighting and boarding have an impact on the 

dwell time, which in turn drives track occupancy and service frequency of any service using 

the station track infrastructure; the service frequency influences the service capacity and 

platform waiting. These phenomena are dealt with by line of operations on the basis of a set 

of local models yielding specific flows and costs.  

Equivalently, a station sub-model addresses specific capacity constraints and yields the local 

walking conditions, sensible to the interaction of the passengers in the interior of a station: the 

instant bottleneck created at the entry of the circulation elements delays the evacuation of the 

station platforms; the passenger density and presence of heterogeneous passenger flows slows 

down the passengers who circulate in the station; and the presence of real-time information 

influences the decision making process of the transit users exposed to. These effects do not 

only impact locally the in-station path choice, but most notably they modify the choices of 

transit routes and itineraries on a network level.  
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The Paris Metropolitan Region provides an ideal application field of the capacity constrained 

transit assignment model. It is mainly used as a showcase of the simulation capabilities and of 

the finesse of the modelling approach. The transit network involves 1 500 bus routes together 

with 260 trains routes that include 14 metro lines and 4 light rail lines. Traffic assignment at 

the morning peak hour is characterized by heavy passenger loads along the central parts of the 

railway lines. Increased train dwelling, due to boarding and alighting flows, and reduction in 

the service frequency impact the route and the line capacity. The generalized time of a transit 

trip is impacted mainly though its in-vehicle comfort component. Detailed results have been 

provided for the RER A, the busiest commuter rail line in the transit network.  
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Résumé Court 

 

 

Un modèle structurel 

tation de flux de voyageurs sur un réseau de transport collectifs. Cela a été 

fondé sur une représentation du réseau de transports collectifs en deux couches : sur la couche 

inférieure, le modèle traite séparément chaque sous système du réseau (ligne, station et 

rabattement) en fonction des effets de capacité spécifiques ; sur la couche supérieure, le choix 

une représentation du réseau en leg (ou 

segment de ligne) en utilisant le coût et les caractéristiques opérationnelles des sous-systèmes 

respectifs. 

Le modèle de réseau, nommé CapTA (pour Capacitated Transit Assignment  Affectation en 

Capacité des Transports Collectifs), inclut un sous-modèle de ligne qui revient à une fonction 

de coût sophistiquée. 

voyageurs et trafic de véhicule 

confort à bord ; the flux de passagers en montée et descente ont une incidence au temps de 

stationnem

 ; la fréquence de service influence la 

és par ligne 

spécifiques.  

De manière équivalente, le modèle de station traite de contraintes de capacité spécifiques et 

évalue les conditions locales de marche, qui est sensible aux interactions des voyageurs à 

 

 

les voyageurs qui circulent dans une station 
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influence le processus de décision des voyageurs. Ces effets 

sur e 

service sur le niveau du réseau. 

La Région Ile-de-

flux de voyageurs en transport collectifs sous contraintes de congestion. Plus précisément, il 

est utilisé dans le cadre du modèle CapTA pour illustrer les capacités de simulation et la 

Le réseau de transports collectifs contient 

1 500 missions de cars et autocars, tout comme 260 missions ferroviaires et inclut 14 lignes de 

métro et 4 

ferroviaires qui traversent la ville. Un temps de stationnement élevé, en raison de flux de 

montée et descente, et la réduction de la fréquence de service impactent la capacité des 

composante de confort à bord. De résultats détaillés sont présenté sur le RER A, la ligne la 

plus chargé du réseau ferroviaire régional.  
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UPPER LAYER  

N  Set of nodes on the upper layer network ),( ANG  

A  Set of arcs of the service network RSL AAAA  
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SA  Set of station legs (upper layer) 

RA  Set of access-egress legs (upper layer) 

SsOoosq ,][  Origin-destination trip matrix 

),( six  Passenger flow on the ),( si  station couple on line  

),( sig  Average generalized cost of the ),( si  station couple on line  

),( siw  Actual waiting time for a trip from i  to s  along line   

ix  Outgoing flow on node i  

a  Fictive frequency on link a  

a  Discontinuity attenuation factor on link a  

 Waiting weight factor 

iA  Set of outgoing arcs from node i  

iA  Set of incoming arcs at node i  

d  Local strategy on node i , iAd  and )(iDd  

d
a  Route share on arc a  using strategy d  

d
six )(  Node i  exit flow to destination s  using strategy d  

d
si )(  Flow share of strategy d  on node i  to destination s  

d
si )(  Generalized cost from node i  to destination s  using strategy d  

)(si  Minimum generalized cost from node i  to destination s  
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z  Service route Zz   
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G  Supply graph of line , ),( )()(
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)(
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)()()()()(
ABDI AAAAA  
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)(
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zN  Set of stations serviced along the route z , NN z  
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zay  

Passenger load in a vehicle of service z  along link a  with egress station s  and 

suffering a comfort state r  

za  Service frequency of service z  along link a  

 

IN-VEHICLE COMFORT 

r  Sitting comfort state 

r~   

r  Standing comfort state 

r
zak  Capacity of comfort state r  for a vehicle of service z  along link a  

r
za  The discomfort factor related to r  
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TRANSIT BOTTLENECK 

H  Simulation reference period 
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zak  Total capacity of a vehicle of service z  along link a  

is  Partial stock of passengers from access station i  to egress station s  
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isH  Exit time interval of the passenger flow on the ),( si  station couple  

is)(  Available frequency for the ),( si  station couple 

  

 

RESTRAINED FREQUENCY 

ziHW  Average headway of two consecutive vehicle of service z  at station i  
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STATION MODEL 

s  Transit station, Ss  

)(s
G  Supply graph of station s , ),( )()( s

s
s

ANG  

VA  Set of vertical circulation links (lower layer) 

HA  Set of horizontal circulation links (lower layer) 

PA  Set of platform links (lower layer) 

)(
A  Set of links of transit station s , 

)()()()( s
P

s
H

s
V

s
AAAA  

sN  Set of nodes on station s  

PN  Set of platform edges 

ay  Passenger flow at link a  

P
i  Length of a platform at PNi  

iE  Number of exits from platform PNi  

e
ik  Nominal capacity of an elementary exit from platform PNi  
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Abstract 

 

 

In the transit network of large urban areas, it frequently occurs that the transit system is 

submitted to heavy congestion at the peak hours on working days, especially so at the 

morning peak in the central part of the urban area. Under that circumstances, not only may the 

passengers experience the discomfort of crowding, delay and unreliability, but also the 

operation of services may be disrupted by increased dwelling times, vehicle bunching and 

delays, leading to reductions in service frequency. Along with the congestion on the transit 

services, massive passenger flow influences the in-station walking time for the access-egress 

trips and the transfers of the passengers. Thus, traffic is inconvenienced and disrupted at both 

levels of mobile units, passengers and vehicles, with a straightforward effect in the quality of 

service offered by the transportation system. 

We establish a novel framework for modelling capacity effects and develop the CapTA 

network model (for Capacitated Transit Assignment). It is systemic and modular and 

addresses in particular the following capacity phenomena,  

 The in-vehicle quality of service is linked to the comfort of the passengers on-board. 

The occupation of heterogeneous comfort states (seats, folding seats and standing at 

different passenger densities) influences the perceived arduousness of the travel; 

 The vehicle capacity at boarding influences the waiting time of the passengers and 

their distribution to the transit services; 

 The track infrastructure capacity relates the dwelling time of the vehicles (and by 

extent the alighting and boarding flows) with the performance of the transit services 

and their service frequency; 
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 The in-station quality of service is linked to the circulation and waiting conditions of 

the passengers. 

The capacity effects listed previously modify the local conditions of a transit trip for each 

individual passenger. However, these should be addressed within the transit network in order 

to capture their effect on the network path choices; essentially the economic trade-offs that 

influence the choice between different network itineraries. Their treatment in a network level 

assures the coherence of the path choice.  

A fundamental characteristic, of the CapTA model is the bi-layer representation of the transit 

network. In that way, we can distinguish a demand-oriented upper layer of network flowing 

for the passenger, on the basis of the travel conditions (cost, operational frequency, 

information), and a supply-oriented lower layer of enforcing the capacity constraints, on the 

basis of the network flows.  

While the lower layer is based on an exhaustive arc-based representation (with boarding, 

alighting arcs, etc.), a different representation is used on the upper layer. There, the network is 

trip will be composed be a number of line, station and access/egress legs. A line leg 

corresponds to the average conditions of an individual trip-maker for an in-vehicle trip 

between two stations of a transit line. Respectively, the station leg represents the in-station 

circulation of an individual and, depending on the phase on his trip, may be a part of the 

initial access to (or final egress from) the line or of a transfer between two lines. The 

access/egress leg 

l destination. 

This network duality  with a network model for the assignment on the upper layer and the 

local models for enforcing capacity constraints on the lower layer  requires an intermediate 

level: the system sub-model. Its main purpose is to facilitate the twofold relationship between 

the two layers, by network element: top-down, a vector of passenger flows by leg is imputed 

to each sub-model; bottom-up the sub-model yields the vectors that characterize the 

conditions on the leg: an average generalized cost and, if applicable, the waiting time and the 

operating frequency. In other words, the system sub-models amount to a sophisticated cost-
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flow relationship in a vector form on the upper layer of the network. Moreover, they manage 

the modelling process on the lower layer and call the local models.  

The CapTA model considers three types of system sub-models, equal to the number of 

network leg types: line, station and access/egress. It addresses each network element  line, 

station, access/egress  as a particular subsystem on the basis of these specific models. This 

particular model architecture implies that the relations among lines, stations or other network 

elements are handled on the upper layer, since the lower layer sub-networks are not connected 

with each other.  

A line of operations is defined as a sub-graph of the transit network in a single direction of 

traffic, composed of one or more transit services with different operational characteristics. 

The line topology of the line is useful to establish the chronological order of the traffic 

operations. In fact, there are five parallel and related processes of: (i) passenger alighting; (ii) 

passenger traffic within the vehicle; (iii) passenger waiting on the station platform and 

boarding a vehicle with available capacity and servicing their egress station; (iv) dwell time 

and track occupancy that determine the vehicle operations, hence in turn the service 

operations and their frequency during the period of reference, and (v) interaction with external 

traffic on the interstation links.  

In the level of the line there are two main models: a physical model of flow loading in 

vehicles and service traffic  the line flow loading model  and an economic model of cost 

evaluation in the setting of the individual passenger that would use the line on a given leg  

the line leg costing model.  

 The line flow loading model is used for the estimation of the physical interactions of 

the passenger flow on the elements of the transit in and the effect of the capacity 

constraints. The flow loading algorithm proceeds in the direction of traffic along the 

line, by handling the track links in forward topological order. The treatment of each 

station involves a number of successive steps, following the chronological order of 

traffic operation described previously. A local model is developed for each operation 

that addresses the capacity phenomena.  

 The line leg costing model proceeds in a reverse topological order by evaluating at 

each egress station the trips from the upstream access stations. The formation of the 
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costs of the in-vehicle trips on each service is done by backward accumulation on the 

basis of the physical elements provided by the local models.  

At the local level, at each station the model captures the capacity phenomena related to the 

vehicle seat capacity, the total capacity and the interplay of passenger flows at access and 

egress with the dwell time and service frequency. These phenomena are addressed by line of 

operations on the basis of a set of local models yielding specific flows or costs. The in-vehicle 

comfort local model is adapted from Leurent (2012a), where the passenger flows are faced 

with the available seat capacity at every stage of the route; seated alighting passengers that 

exit at a given station yield residual capacity, while a two level competition (with a priority 

for on-board standing passengers) takes place and the passengers from the same competition 

have equiprobability of occupying a seat. Thereafter, the in-vehicle comfort is dealt at the 

vehicle level.  

The platform waiting and boarding is addressed with the transit bottleneck model described in 

Leurent and Chandakas (2012b). The modelling approach is based on the explicit description 

of the passengers waiting to board a vehicle of an attractive service, who constitute a 

passenger stock by egress station. The passenger stock by service is confronted to the 

, which yields the probability of immediate boarding. 

The average waiting time on a platform for a particular egress station is similar to that of the 

traffic bottleneck.  

The restrained frequency model establishes an interplay between the passenger flows and the 

line operation at the station. Indeed, the passenger exchange flows influence the dwell time of 

the vehicles of the transit services at the station. Prolonged platform occupancy of the vehicles 

of a transit service may lead to the occupation time of the planned service at that section to 

exceed the reference period. Hence, the service frequency of all the services using the track 

infrastructure is restrained. This restrained frequency is propagated downstream. 

A transit station is a bounded area used to access the vehicles of the transit services at the 

ny intermediate point, when transferring between 

services. The station model assigns the in-station passenger flows on the basis of the costs of 

the paths and employs local models for the evaluation of the physical interaction among the 

passengers and the station elements. The local models address the bottleneck created during 
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the nominal evacuation of a platform and the walking delays on the horizontal, vertical 

circulation elements and the station areas. These are related to the density of passengers and 

the presence of heterogeneous passenger flows.  

While the conceptual model is adequately defined, the research involves a major challenge: 

develop a software simulator, programmed in C++, efficient enough to deal with large-scale 

networks. A sequencing of development phases led to the CapTA simulator for passenger 

flow assignment on large-scale transit networks under capacity constraints. In parallel, a 

number of networks were adapted or built in order to assess the behaviour of the various 

models developed: the transit network of the Paris Metropolitan Region; an detailed RER A 

network extracted from the Greater Paris network and a Nation station network for the line 

and station models, respectively; and a series of simple test cases for the local models.  

The Paris Metropolitan Region provides an ideal application field of the capacity constrained 

transit assignment model. It is mainly used as a showcase of the simulation capabilities and of 

the finesse of the modelling approach in CapTA. The transit network involves 1 500 bus 

routes together with 260 trains routes that include 14 metro lines and 4 light rail lines. Traffic 

assignment at the morning peak hour is characterized by heavy passenger loads along the 

central parts of the railway lines. Increased train dwelling, due to boarding and alighting 

flows, and reduction in the service frequency impact the route and the line capacity. The 

generalized time of a transit trip is impacted mainly though its in-vehicle comfort component. 

Detailed results have been provided for the RER A, the busiest commuter rail line in the 

transit network.  
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Chapter 1: 

1 General Introduction 

 

 

1.1   Context and Planning Issues  

Economic and political developments, accompanied by an increased environmental awareness 

of the population, lead us towards a call for a sustainable form of development. Assisted by 

high oil prices, current policies take positive action for a modal shift towards public 

transportation and they encourage the reduction of oil and energy consumption in the 

transportation sector and the decrease in urban congestion. The increase of the intervention 

area of local authorities to urban transportation makes them a key player for the 

encouragement and development of public transportation, while reorganising the public space 

in favour of pedestrians. These issues influence and determine the recent success of public 

transportation. Nonetheless, issues such as congestion appear in the horizon and undermine 

the success of the transit system. 

Transit systems are essential for the efficient operation of large cities and usually are the 

backbone of their transportation network (Merlin, 1991). However, high population and 

employment densities in the cities produce massive passenger flows that exert pressure on the 

local transit systems. Mature cities, with a developed structural transit network such as Paris, 

London and New York, together with developing cities, where the infrastructure development 

lags behind economic growth, face increasing transportation demand. In these large 

agglomerations it becomes the norm for the transit systems to be at saturation, or on the verge 

of it, for sometimes many hours during the day.  

Congestion  occurring when the demand for travel exceeds the transit supply for a certain 

period  can be observed in the largest transit systems in Europe and North America, as well 
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as in Asia and Latin America. Transit congestion gives rise to important costs for the society 

due to the additional time spent travelling in crowded conditions and the stress associated. 

According to a conservative estimate for the London Corporation (Oxford Economic 

Forecast, 2003) the economic effects of congestion only on the City of London (where public 

transport enjoys an 88% modal share) amount to at least 230 million pounds each year. This 

number alone demonstrates the importance of taking into consideration the effect of 

congestion in the evaluation of transportation projects. 

Transport authorities and public transport operators are increasingly interested in these issues. 

Along with a remedy to congestion, they are interested in the efficient operation of transit 

systems to ensure a rational use of public money and in the adequate dimensioning of the 

transit systems to make them capable of providing an acceptable quality of service under an 

increasing patronage. The performance and the organization of the transit systems have been 

widely studied from scientists and engineers (Vuchic, 2005). The travel conditions  grouped 

under the term of quality of the service  provided on the transit system affect significantly 

the behaviour of the transit  and non-transit  users and their improvement guarantees the 

shift towards a sustainable city.  

Knowing the demand and understanding the behaviour of the transit users within a city is 

beneficial. That facilitates the conception of the transportation projects by the transport 

planners. They interact with the project in two levels. On the elementary level, the transport 

planners are given a wide range of methodological tools  such as the ones described into the 

Transit Capacity and Quality of Service Manual (TRB, 2003)  for the efficient design and 

dimensioning of a given line. Yet, on the network level, a single project or a service change 

can affect other parts of the transit network, due to the indirect relations with its network 

elements, the network externalities. At that level, the practitioners do not dispose of widely 

accepted methodological tools, even though these effects are harder to take into consideration. 

The complexity of the transit networks makes the use of transit models necessary. Ortuzar and 

of a part of the real word  

the system of interest  which concentrates on certain elements considered important for its 

analysis from a particular point o In transit assignment models various methods are 

used for the allocation of a given set of origin-destination trips to the transportation network 

(Thomas, 1991). The transit assignment models initially used tools and methods developed 
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for road traffic. However, transit modelling quickly gained its autonomy and became a 

distinct sector of transportation modelling. The particularities of the public transport systems 

and their intrinsic complexity, compared to road traffic, are efficiently dealt with 

breakthrough research, which set a coherent framework for current and future research. 

Nonetheless, the transit assignment models used only rarely address the effects related to the 

capacity constraints or consider them ex-post in the planning process. Modelling the capacity 

effects in transit networks requires the development of new tools and different approaches, 

adapted to the particularities of public transportation; their temporal and spatial availability. 

The temporal availability has to do with the interaction between the passenger arrival and the 

timetable or its vehicle frequency. Therefore, the waiting time is associated with the transition 

from pede

access and transfer in the network. 

The spatial availability is quite straightforward. A transit trip does not include only the in-

vehicle travelling. It also includes the journey from the trip origin (such as a residence for a 

home-based trip) to access the transit network at a stop or station (usually by walking). On the 

other side of the trip, we include the egress journey to reach the final destination. In addition 

to that access  egress trips, a trip may also demand a transfer between lines, thus incurring 

additional walking (for the line change) and waiting. Whereas a road trip can be described 

simply, a transit trip needs an appropriate description of the access-egress, transfer and 

waiting elements. The choice of a path from an origin to the destination has to abide by these 

particularities. 

Current research trends include the development of dynamic transit assignment models for 

capturing the choice of departure time and the temporal variability of the demand and the 

supply; the modelling of the capacity effects and the quality of service of the lines and 

stations, such as seat occupation, for static and dynamic transit assignment models; and the 

emergence of microscopic dynamic models for the simulation of passenger and vehicle 

movement on the network with a very finite description of the space of the movement and the 

behaviour of the agents. 
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The LVMT (Laboratoire Ville, Mobilité, Transports  Laboratory of City, Mobility, 

Transport) has invested highly in the modelling of the quality of service and the capacity 

constraints in the transit network with various research, publications (Leurent and Liu 2009; 

Leurent and Askoura, 2010; Leurent and Benezech, 2011; Leurent et al, 2011, 2012a; 

Leurent, 2012a; Aguilera et al, 2012; Leurent and Chandakas, 2012; Benezech et al, 2013; 

Chandakas et al., 2013b) and PhD Thesis (Liu, 2009; Benezech, 2013). It affirms its position 

with the support of the STIF and the Research and Educat -economics 

 

 

1.2   Problem Statement and Research Objectives 

A variety of transit assignment models have been proposed throughout the years for 

modelling capacity constraints  some of which are already implemented in commercial 

software  and this research sector seems to gain in volume. These researches adopt various 

approaches: some are similar, while others differ significantly. It is a research sector, which 

has not yet reached maturity and currently faces a set of challenges, for a number of reasons 

listed below: 

 Research has been restrained so far on two capacity constraints: total passenger 

capacity and in-vehicle comfort. Nevertheless, a thorough examination of the public 

transportation system reveals numerous capacity constraints that are essential for 

accurately depicting the conditions of a transit trip; whether the line and station 

constraints are concerned, or the interaction between transit supply and passenger 

demand.  

 A multitude of transit assignment models have been proposed by the scientific 

community and treat some specific capacity constraints: total passenger capacity of a 

line and in-vehicle comfort. A thorough literature review accompanied by a theoretical 

and numerical comparison (Leurent and Askoura, 2010) of the main models reveal 

completely different model behaviours and some lack of coherence of their behaviour 

faced to the same capacity constraints. Moreover, there is no empirical work 
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accompanied with the development of these models, since they have not been 

confronted to observations. 

 The research community is currently focused on the development of efficient models 

for transit assignment under capacity constraints. This work often involves tampering 

with some fundamental elements like network representation, traffic flowing or route 

choice. That leads in developing models that are not compatible with each other. Some 

effort has been done recently for combining different models, especially those 

concerning total capacity and in-vehicle comfort. Nevertheless, there is a lack of a 

modelling framework for integrating current models, or models to be developed in the 

future. That integration should be made in a coherent way.  

This research seeks to respond to the issues stated above. More precisely, the CapTA network 

model focuses on the following capacity phenomena: 

 In-vehicle quality of service: In public transportation a trip on a vehicle may be done 

in different comfort states that depend on whether a passenger occupies a seat or a 

folding seat, or he is standing in crowded conditions or not. These conditions, linked 

to the time exposed to each one of them, lead to different perception of the trip that 

so in a transit network with line 

redundancies; 

 Vehicle capacity: When the waiting passengers on a platform are confronted to a 

vehicle with insufficient capacity at boarding, they cannot board with success the first 

arriving vehicle. Therefore, these passengers face an increased waiting time, which 

influences the shares of passengers on each transit service; 

 Track infrastructure capacity: In a transit line with a segregated right-of-way, the 

occupation. Therefore, in the case of the vehicle dwelling at the station, the number of 

alighting and boarding passengers influences the performance of the transit service; 

 In-station quality of service: A transit station has given circulation and passenger 

storage capacity constraints. Thus, an increased passenger demand can degrade the 

walking and waiting conditions when accessing to or transferring in a station. 
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The capacity effects listed previously modify the local conditions of a transit trip for each 

individual passenger. However, these should be addressed within the transit network in order 

to capture their effect on the network path choices; essentially the economic trade-offs that 

lead to the choice between different transit lines. Their treatment in a network level assures 

the coherence of the path choice. The objective of this dissertation is to develop a modular 

framework for passenger flow assignment modelling under capacity constraints. It is based on 

a systemic representation of the public transportation system, where each section of a transit 

trip is managed though a specific submodel. That approach allows building a consistent transit 

assignment model, while keeping a reasonable level of complexity and computation effort.  

 

1.3   Research Approach 

Based on the previous description, this research concludes to a passenger flow assignment 

model, named CapTA, for Capacitated Transit Assignment. This modelling approach 

announces the multi-disciplinarity required by this project. A multitude of skills and 

theoretical tools are needed throughout this research. Hereby, we list the most important ones: 

 Operational Research. A model, as an optimization problem, needs solid background 

in this domain. Especially so, when creating new models and providing the 

mathematical characterization of the traffic equilibrium. 

 Transport Economics. A passenger is considered an economic agent who faces various 

choices. Therefore his decisions are most often economic trade-offs inspired from 

economic theory. 

 Probability and Statistics. As a part of the process for the formulation of consistent 

models, wide knowledge in these domains is required.  

 Programming. The development of an algorithm and the construction of a software for 

transit assignment modelling in C++, requires sufficient knowledge in that language 

and especially of structured programming.  

A fundamental characteristic of the modelling approach of the CapTA model is that we 

distinguish the particular subsystems of the transit system. On the one hand, we address each 
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one of them in a specific way, with respect to their physical characteristics and the capacity 

constraints detected. On the other hand, we deal with them inseparably in the context of the 

transit network. The subsystems we refer to in the CapTA model are the following:  

 The Line Subsystem. It constitutes the basic subsystem of a transit network. The 

operations of a line are autonomous, especially so for lines with exclusive right-of-

way. Each direction of operations can be addressed separately and the vehicle 

operations of different lines rarely interact. The processes included in a transit line 

concern the passenger movement within a vehicle, the passenger alighting at the 

station and the passenger waiting on a platform and boarding a vehicle. In addition, 

the vehicle operations are limited to the dwelling time, linked to the vehicle traffic and 

the interaction of the vehicles with the external traffic.  

 The Station Subsystem. It is an essential component of the transit system and fulfils 

two primary functionalities. First, it acts as an interface between the city and the 

transit services, providing access to and egress from the transit network. Second, when 

two or more lines serve a transit station, a transfer of passengers between them is 

available, leading to an increase in the accessibility of the transit system. Thus, the 

circulation and waiting conditions of the passengers in the transit station are 

specifically addressed.  

 The Access-Egress Subsystem. This subsystem covers the extremities of a transit trip, 

namely the part of the passenger trip where he uses a private mode (such as walking, 

car, or bike). It concerns the access trip from the origin to the first station and the 

egress trip from the final station to the destination of his trip. The conditions of these 

trips vary, with respect to the mode used, the quality of the respective network 

(pedestrian, road and bicycle networks) and the effects linked to the interface of the 

private modes to the transit station. 

The research approach for the elaboration of a traffic network assignment model is based on 

specific stages. The development of the CapTA network model follows the stages listed 

hereby: 

 Systemic Analysis of the Transit System. A transit system is composed of various 

components which can be grouped in subsystems and interact with each other. A 
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systemic analysis is therefore necessary in order to define these subsystems and 

 

 Physical and Economic Modelling of the System  Components and Relations. A 

transit system is not abstract, but it is rather composed of physical entities, such as 

passengers, vehicles and platforms. Therefore, the modelling process focuses on the 

detailed representation of the physical interactions among these entities. Furthermore, 

these physical interactions yield certain travel conditions which are on the basis of the 

economic trade-offs modelled in a network level.  

 Algorithmic and Computational Treatment of the Model. The mathematical 

formulation of the models is followed by the elaboration of efficient algorithms. These 

are included in a coherent modelling framework at the network level. At this stage, 

various mathematical tools are used, in particular probabilities and graph theory. 

Furthermore, a software simulator is developed, programmed in C++, which is 

efficient enough to deal with large-scale transit networks. 

The modelling process presented previously implies a certain number of choices, related to 

the elaboration of the CapTA network model. The priority of the modelling approach is given 

in the exhaustive representation of the public transportation system, without restraining the 

system representation. Based on operational research methods, we privilege the systemic 

representation of the transit system, in order to assure the coherence between its components 

and subsystems, and we address in detail the physical and economic aspects of the 

To these priorities, the mathematic characterization of the traffic 

equilibrium and the elaboration of a software simulator are added. Therefore, the modelling 

approach lacks some important steps, namely, the confrontation of the model assumptions 

with empirical data and the validation of the network model. Although that should not be seen 

as a weakness of this particular model, compared to others, that step should be considered in 

the future for validating the particular assumptions adopted. 

That approach allows developing a passenger flow assignment model, which is consistent 

with the phenomena, observed. The principles of the CapTA model are outlined:  

 A modular framework, where some parts can be replaced by more appropriate models 

or new models can be added; 
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 A bi-layer network representation along with three levels of modelling from network 

to local scale. Each level handles specific aspects of the transit system; 

 A network assignment model, yielding coherence among the particular subsystems 

and addressing the network externalities in particular. In order to handle large-scale 

networks, computational efficiency is required; 

 Particular local models, based on the physical flow of passengers and vehicles, handle 

the effects of the capacity constraints on the travel conditions. 

The transit assignment model developed in this research is based on a stationary user 

equilibrium. While a dynamic transit assignment model (DTA) is the appropriate model to 

apprehend the demand and supply temporal variability within the peak hour, this research 

does not follow that direction for a number of reasons. First, the current dynamic transit 

assignment models require an important computational effort and, thus, they are generally 

limited to small or medium-scale transit networks. That approach does not allow yet 

simulating large-scale networks, one of the main objectives our work. Second, as numerous 

innovations are included into the model, it seems fundamental to concentrate our effort on 

understanding the behaviour of the models on the more comprehensible static context. 

Thereby, we can apprehend the primary and secondary effects of these capacity constraints 

and their relations, while acknowledging the limitations of the static assignment. Future 

research can be focused on adding the temporal variation of the transit supply and demand 

under such models for accounting for capacity constraints on the transit system.  

 

1.4   Original Contributions 

The fundamental contribution of this study to transportation planning is the development of a 

coherent modelling framework for passenger flow assignment under capacity constraints. 

Three subsystems are identified in the transit network and are treated separately at the local 

level with respect to their intrinsic characteristics. Afterwards, the local conditions are 

combined in the network layer.  
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The second contribution involves the development of local models for treating the capacity 

constraints. Whilst conditioned for the CapTA model, they can easily stand alone on other 

transit assignment models. Four local models are developed or adapted:  

 The restrained frequency model for integrating the line capacity effects on vehicle 

flowing. Considering the station platform as a scarce resource, the flow dependent 

dwell time of a vehicle influences the line operation. Thereupon, an interplay between 

the passenger demand and the supply of services is established; 

 A revised in-vehicle comfort model based on vehicle seat capacity (Leurent, 2012a), 

where  in addition to seat occupation  the in-vehicle travel conditions of the 

standees depend on their density. An additional algorithm is provided where the use of 

folding seats is included; 

 Local models for treating saturation and capacity constraints on the station level: a 

systemic approach leads to the development of the platform exit flowing model and 

the pedestrian circulation model on horizontal and vertical elements; 

 The transit bottleneck model for platform waiting and boarding. When the available 

capacity is not sufficient, faced to the demand, a stock of passengers is formed at the 

platform. That has an influence on the local route choice and the platform waiting per 

egress station. The mathematical formulation proposed in Leurent and Chandakas 

(2012b) is further developed in the CapTA model and added to the simulation 

software. 

A series of important contributions are made on the operational level. Data-wise, this research 

sought to collecting and enriching data about the transit network of the Paris Metropolitan 

Region, such as vehicle capacity and characteristics and  assignment to routes, 

essential for passing to the capacity-sensible era of transit assignment modelling. In addition, 

some simple networks, extracted or built, can be the basis for testing alternative models and 

comparing their behaviour.  

This dissertation is part of the research project that concluded in the development of the 

CapTA simulator. The model development and more precisely the model conception and the 

software programming were made with the close collaboration of Fabien Leurent and Alexis 
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Poulhès (Poulhes and Chandakas, 2011). That resulted in a number of scientific papers and 

presentations, on the basis of this model (Leurent et al 2011, 2012; Leurent and Chandakas, 

2012a, 2012b; Chandakas et al, 2013, 2014; Chandakas and Leurent, 2013) 

This research provides a state-of-the art simulator for transit assignment under capacity 

constraints, such as in-  and 

the possibility of activating all of them, or some of them in particular for a simulation. It can 

contribute to a more comprehensive socio-economic evaluation of investment projects, 

especially the ones directed to alleviate passenger congestion, such as the replacement of the 

rolling stock, without planned service changes. 

 

1.5   Outline of the Dissertation 

This study consists of 11 chapters grouped into 4 parts, which present respectively, 

bibliographic reviews, restrained and network models, the CapTA simulator and some 

applications in the Paris Metropolitan Region. 

Part I: Literature Review on Transit Assignment Modelling. This study begins with a 

wide review of transit assignment modelling from the initial models to the more advanced 

contemporary models; static and dynamic. A meticulous study of the transit assignment 

models under capacity constraints is realized.   

Chapter 2, A Review of the Passenger Flow assignment Models for Transit Network, reviews 

the five generations of transit assignment models, from their emergence to the advanced static 

and dynamic models currently under research. The first generation includes the early attempts 

to model transit assignment and the identification of the particularities of public 

transportation. These are adequately treated by the second generation, who established an 

appropriate methodology for the modelling process. The three final generations are developed 

in parallel and respectively deal with: static transit assignment with capacity constraints; 

macroscopic dynamic models; and microscopic dynamic models that address the passenger 

behaviour in limited spaces and the interaction with other individuals as well as simulation-

based models for traffic flow assignment. 
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Chapter 3, Modelling Capacity Effects in Transit Assignment: a State of the Art, is aimed at 

investigating the capacity constraints in public transportation and the research models 

developed so far. We can identify seven capacity effects, which emerge from the interaction 

between the four components of the transit system: line, vehicle, passenger and station. 

Nevertheless, only two of these effects are included in transit assignment models: total vehicle 

capacity and in-vehicle quality of service. A description and a comparative analysis is 

provided for the main groups of capacity-constraint assignment models: Effective 

Frequencies, Fail-to-Board, User Preference Set and Dual Penalty for passenger total 

capacity; and Seat Capacity, Failure-to-Sit and Seat Availability for in-vehicle quality of 

service.  

 

Part II: Restrained Models. The second part examines the development and evaluation of 

the system sub-models, the line and station models. 

Chapter 4, Modelling the Line System on a Structural Transit Network is aimed at presenting 

the line system, its modelling framework and the behaviour of the local models. The chapter 

begins with a description of the line model and the characteristics of the line system. These 

provide the outlines of the line model, developed on the basis of the topological order of the 

network and the chronological order of the processes at a station. The second part of the 

chapter is dedicated to the description of the local models for enforcing the capacity 

constraints: in-vehicle comfort, transit bottleneck and restrained frequency. Simple test cases 

are provided for evaluating the behaviour of each local model.  

Chapter 5, A Transit Station Model on a Structural Transit Network is focused in the 

development of a system sub-model for the transit station. The chapter begins with a systemic 

analysis of the transit station, the thorough description of its components, the relations among 

them and the role of passenger information, as means to discover the appropriate modelling 

approach. Then, the station model is defined; the lower layer representation and the local 

models are formulated and explained. The final part involves an application of the station 

model in a busy station of the Paris Metropolitan Region, the Nation station. The limitations 

of the model are outlined, along with the effects of congestion on the in-station transit paths.  
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Part III: The network model  the CapTA simulator. The third part is aimed at presenting 

the network model for the transit assignment. In addition, the mathematic formulation of the 

CapTA model is addressed, along with a detailed description of the solution algorithm and 

some computational aspects of the model.  

Chapter 6, A Systemic Representation of the CapTA Model, makes an overview of the 

network model and its components. It examines each modelling component separately and 

describes their characteristics and the relationship with each other. Furthermore, key 

components of the CapTA model are thoroughly explained: the bi-layer representation of the 

transit network and the structuring of the models in three hierarchical levels.  

Chapter 7, The Mathematic Characterization of the CapTA model, is aimed at the mathematic 

characterization of the network equilibrium. The chapter starts with a through review of the 

optimization models and the characterization of the traffic equilibrium for various existing 

transit assignment models. The following section details the dependencies among the 

variables manipulated in the model and provides a logical structure of these dependencies. A 

thorough mathematic treatment of the CapTA model is pursued. There, the mathematical 

properties of the leg cost-flow relationship are demonstrated. The traffic equilibrium is 

expressed as a twofold vector of arc flows and strategy shares at the network layer, which is 

characterized as a variational inequality problem.  

Chapter 8, Algorithmic Implementation and Computational Aspects of the CapTA Model, 

presents the algorithms of the CapTA simulator, as programmed in the simulator. The 

structure and the complexity of these algorithms are discussed. The algorithms concern the 

models presented in the previous chapters: the network model with the algorithms for the 

optimal strategy and the flow assignment; the line model with the ZIP and UNZIP algorithms; 

and the local models, i.e. the in-vehicle comfort, the transit bottleneck and the restrained 

frequency. The chapter is completed with a description of the computational aspects of the 

simulator, its structure and a brief description of its components. 

 

Part IV: Application of the CapTA simulator. The final part of this dissertation is aimed at 

presenting the results of the simulation at various networks. These applications provide the 

indications that validate its behaviour on such network. 
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Chapter 9, A Simulation of the Transit Network of the Paris Metropolitan Region presents the 

results of the application of the CapTA model on a large-scale network. First, the transit 

demand and supply are described, along with the transformed calculation network. Four 

model variants  in relation with the capacity constraints activated  are tested and their 

behaviour is compared on the basis of various indicators. The main model variant contains the 

transit bottleneck, the restrained frequency and the in-vehicle comfort, where the comfort of 

the standees is linked to their density. This variant is compared to the unbounded model on 

the basis of some macro-indicators: the operating frequency, the waiting time and the average 

sitting and standing time for a number of representative transit lines.  

Chapter 10, The Results of the CapTA Model on a Restrained Network provides an application 

for the model at the line level, which serves both as a showcase of the capabilities of the 

model and of the finesse of the modelling approach and as a means to further investigate its 

behaviour. The RER A  the busiest commuter rail lines in the Paris Metropolitan Area transit 

network  is chosen as an application instance for the model. Various results are presented in 

relation to the local models: the dwell time of the vehicles and its relation with the operating 

frequency; the formation and behaviour of the passenger stock; and the relative effects of the 

generalized time components. Finally, the effect of the replacement of the one level rolling 

stock with duplex ones is provided, as an input to a cost-benefit evaluation. 

Chapter 11, General Conclusion provides the final remarks of the dissertation. First, it 

summarizes the main results of this research: the development of a modular framework 

together with a bi-layer representation of the transit network; the flexibility given by this 

architecture allows addressing the capacity phenomena. Second, it sketches out some future 

work. Besides issues relevant to the mathematical characterization of the equilibrium, a 

validation of the modelling assumptions is required. Finally, the upgradability of the CapTA 

model allows the enrichment of its capabilities and the improvement of the models included.   
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Chapter 2: 

2 A Review of the Passenger Flow Assignment 

Models for Transit Networks 

 

 

2.1   Introduction 

The contemporary transit assignment models present in the literature have acquired a high 

level of complexity and account for a variety of phenomena. In addition to the transit-related 

phenomena, such as waiting, there are efforts to address phenomena, such as demand and 

supply uncertainty, temporal variability, route choice behaviour, vehicle and line capacity 

constraints and crowding. A consistent way to understand current modelling approaches is to 

follow the evolution of this sector from its initial steps with simple road traffic-based models 

to the complex and consistent actual models. In 60 years of developing many solutions have 

been attempted to fulfil the modelling needs.  

The objective of the chapter is to make a historical review of the transit assignment models. 

For that purpose, the models are grouped into five generations with similar characteristics and 

techniques. The first two generations underline a continuous improvement of the models, 

while the other three generations branch out and correspond to the three modelling approaches 

developed in parallel from th

generation. We conclude with an overview of the evolution of the models and the main points 

discussed in them.  

The first generation of transit models (section 2.2) includes the early attempts to model transit 

assignment by adapting the existing road traffic assignment models (Beckmann, 1956). The 

researchers immediately identified the particularities of public transportation: discrete service 
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availability, transfers and overlapping lines. The second generation of models (section 2.3) 

offered solutions and some fundamental approaches for dealing with overlapping lines, 

modelling large-scale networks. Some concepts, such as the optimal strategies and the 

hyperpaths are still widely used. While each generation marked significant improvements, in 

relation to the previous ones, the generations 3, 4 and 5 are developed simultaneously and 

each one deals with a different object of transit modelling. The third generation (section 2.4) 

of transit models deals with various capacity effects, such as total passenger capacity and 

seating capacity, for large-scale networks in a macroscopic static state environment. The 

fourth generation (section 2.5) covers the development of macroscopic dynamic models. The 

demand and transit services and feasible solution algorithms to capture the dynamic effects of 

transit assignment. Some dynamic models also consider simple capacity constraints. Finally, 

the fifth generation (section 2.6) assembles micro-dynamic models, simulating the passenger 

behaviour in limited spaces with the interaction from the other individuals and other sources.  

Table 1: Basic Notations of Chapter 2 

Variable Definition 

iw  Waiting Time for line i  

i  Frequency at node i  

ot  Time a user has already waited 

)( otRW  Remaining waiting time for a line 

)(Aha  Route probabilities for a link a  on strategy A  

ax  Passenger flow of link a  

 

2.2   First Generation: the Initial Steps  

The first generation of transit assignment models were an attempt to adapt the assignment 

models developed previously for road traffic (Beckmann, 1955) to the context of public 

transportation. The particularities of public transportation were first identified and then some 

simple algorithms (Dial, 1967, Le Clercq, 1972, Last and Leak, 1976) were proposed to 

address them. Its main contribution is the recognition of the complexity of transit assignment 



 

Chapter 2: A Review of the Passenger Flow Assignment Models for Transit Networks 

 

 

 

Modelling Congestion in Passenger Transit Networks 

 
49 

modelling, compared to the route and the formulation of simple models for the modelling of 

transfers between services and for the assignment of passenger flows into multiple services 

for the same route sections. 

2.2.1   Modelling Overlapping Lines and Transfers  

The main difference between public transportation and road transport is the discrete 

availability of the former. In other words, a transit user is subject to waiting before boarding a 

vehicle. This probabilistic waiting time should be included to the total travel time. The 

Transept model (Last and Leak, 1976) introduces the waiting time in the calculation of the 

generalized cost of a trip. Waiting time for accessing to a line is also introduced in Le Clercq 

(1972), where the author assumes that the waiting time, iw , of a service or a group of services 

equals half the inverse of the frequency, i : 

iiw /5,0  ( 1 ) 

In addition to the waiting time, Last and Leak (1976) replace the actual travel time with the 

generalized cost of a path. That cost is deduced by assigning different weights to the 

components of the journey and adding specific penalties, according to the preferences of the 

transit users.  

Attention was also given in addressing the sections where overlapping lines serve the same 

stops. The authors propose different solutions, mainly based on an aggregation of lines for 

each section. In Dial (1967) the characteristics (in-vehicle travel time and frequency) of the 

lines with common sections are expressed by a single section, the trunk-line-link. Le Clercq 

(1972) used a different method without aggregation. Finally, Last and Leak (1976) use the 

section concept with an iterative process in order to assign the trips to the common lines, 

considering capacity and waiting times, through seat competition and a dynamic relationship 

to obtain a stable solution. 

One of the most thoroughly discussed subjects in these papers is the effect of the line transfers 

on the path choice and flow assignment. To capture the effect, a widely used approach is to 

introduce a transfer penalty, equal to the waiting time to which passengers are exposed 

beforehand. This is the approach adopted by Dial (1967) in the Transit Pathfinder Algorithm. 

Le Clercq (1972) suggests another approach, where transfers are modelled as left turn 
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penalties; a concept imported from road traffic assignment models. Last and Leak (1976) opt 

for another methodology, clearly privileging direct routes over transfers. By the generalized 

cost function, they include a constant penalty for every transfer made. Furthermore, they 

apply a simple rule according to which the transfer would take place only in the end of the 

section with the common lines, for facilitating the flow assignment. 

Contrary to the flow assignment in road traffic, transfers increase the complexity of the 

shortest path algorithms. Indeed, in order to reach a node upstream, it is essential to know the 

history of the path. Dial (1967) use an adapted Moore algorithm to find the shortest path. He 

introduces a backward loop, which accounts correctly for the effect of the transfer, but it is 

expensive in computation power. Le Clercq (1972) differs in two ways: first the algorithm 

minimizes the trave -

calculates the cost of the next points to be reached at each advancement step. These 

algorithms have essential differences: In Dial (1967) a label correcting step is included when 

a shortest path is added, while in Le Clercq (1972) a shortest path tree is added at each node. 

Accordingly, after the route choice, the flow is assigned to the selected path.  The solution 

algorithms proposed by Dial (1967) and Le Clercq (1972) minimize the actual travel time for 

each origin - destination. On the other hand, Last and Leak (1976) use a trip loading process, 

by performing a link-by-link loading for each route in a topological order which is appropriate 

only for radial service. It should be noted that all these models provided a heuristic solution 

for the path assignment, without an optimization process. 

2.2.2   The Transept Model  

We hereby present the main lines of the Transept model, which is the first complete transit 

assignment model. Transept, developed in Last and Leak (1976), is a bus model capable of 

evaluating and testing different bus networks, and serving both the transport planner and the 

bus operator. We identify four main innovations of the model. First, it takes into account the 

preferences of the passengers by introducing a generalized cost function and a leg-based 

network description. The generalized cost becomes an essential criterion for the route choice. 

Secondly, in addition to the shortest travel paths, it includes a modal split module, which is 

based on the costs of the alternative modes, such as walking and car, in order to adjust the 

demand for bus services in relation to the alternatives. The authors also develop a method to 
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assign users of each transit path (a sequence of links from origin to destination with one or 

multiple routes) into individual routes. Finally, the model offers an evaluation of the costs and 

benefits for each route and a module to optimize bus frequencies.  

Let us now review the main components of Transept: the network representation, the route 

choice, the flow assignment and the post-modelling reporting. The network is composed of 

three hierarchical levels. First, the bus stops: the points on the space for accessing to the 

public transportation network. Second, the transit links: sections of a path, containing a 

sequence of stops served by one or more transit routes. Third, the transit routes: they serve a 

sequence of stops and their characteristics depend on the bus type, the stopover time and the 

number of vehicles allocated (for the estimation of the headways). 

The route choice relies in selecting the path  composed by a series of transit links  of 

minimum cost for a given origin  destination pair, while privileging the paths including 

direct routes over transf

Alternative paths, requiring at least one transfer, are also considered, for comparison with 

direct paths. Mode choice is done by a multinomial logit model, which also considers 

walking, alternative bus paths and car mode as the alternative modes. The mode choice is 

sensible to car ownership and produces separate origin  destination matrices by mode: car, 

walk and bus.  

In Transept, a passenger is assigned to specific routes from the various paths, on the basis of 

their physical and economic behaviour. Designed for modelling radial networks, the 

passenger flows are assigned to each link, while keeping the upstream priority of passengers 

concerning vehicle and seat capacity. Once the passengers are assigned to transit legs, they 

are dispatched into the transit routes by a two-fold competition: between routes for passengers 

on the one hand and among passengers for seats and capacity on the other. The competition 

for seats and capacity is handled by an iterative loop for every link, involving a probability of 

overloading. The waiting time is recalculated on the basis of the updated conditions.  

The structure and implementation of Transept makes it useful for both transport planners and 

bus operators. For the former, the model assesses the total user benefit in generalized cost and 

its distribution within the study area. By using the modal split model, Transept can evaluate 

the economic benefits from modal shift, through the estimation of the consum
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the latter, the model provides detailed predictions of loading for each route to the operator, for 

adapting accordingly the capacity, and a financial analysis for each route, by comparing fares 

and revenues with the route costs. It can also provide an optimization of the level of service 

by adapting the frequency of the bus routes to the passenger demand, subject to a fixed 

number of buses.  

With Transept, Last and Leak (1976) mark a major breakthrough. In terms of transit 

engineering, a complete transit assignment model can be used in operational level, adapted to 

the computational power available. Its main advantages remain in the modelling of the 

economic behaviour of an agent and in its structure, which provides useful output for the bus 

operator and the transport planner of a given public transport network.  

 

2.3   Second Generation: Setting the Foundations 

The second generation of transit assignment models makes an additional step towards a more 

realistic representation of public transportation. This is achieved by representing waiting time 

as a stochastic phenomenon related to the passenger and vehicle arrival at the station. In 

addition, these models laid the necessary framework, on with more complex contemporary 

models have been developed.  

2.3.1   The Local Route Choice Problem 

The local route choice problem  approached as the combined problem of selecting the 

 is the focus 

of an extensive literature. Andreasson (1976) and Hasselström (1981) proposed a heuristic 

procedure to distribute the passengers to overlapping lines. Chriqui and Robillard (1975) are 

the first who clearly defined explicitly the common lines problem. The objective of their 

model is to define the attractive set of routes between two consecutive nodes. The attractive 

 the sum of expected waiting time and in-

vehicle travel time.  

Chriqui and Robillard (1975) calculate the expected waiting time for each line on the basis of 

the distributions of the passenger and vehicle arrivals at the station. They assume that a transit 

user takes the first approaching vehicle from a subset of attractive lines. They also suppose 
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that the arrivals of the vehicles of the different transit lines are independent. Based on these 

assumptions, they formulate a generic mathematical function for the expected total travel 

time. While they propose a Boolean hyperbolic program (Robillard, 1971) that gives the 

optimal solution, they design a heuristic solution algorithm, applied for the uniform and 

exponential distribution of vehicle arrivals.  

Marguier and Ceder (1984) add a sophistication level by taking into account the elapsed 

waiting time on the local route choice. Indeed, in general, the expected waiting time for a 

vehicle of a given line depends on the time during which the passenger has already waited. 

Another virtue of Marguier and Ceder (1984) is to consider explicitly the relations between 

three types of distributions; the bus regularity, through the headway distribution, the bus 

 

Marguier and Ceder (1984) derive analytical function for the interdependence of the arrivals 

of the transit services and the passengers. The analytical solution developed concerns the 

simple case of two alternative lines, with either deterministic or exponential interarrival 

distribution of the services. Nevertheless, the mathematical form of the local route problem is 

complex and an analytical solution is practically impossible for three overlapping routes or 

more. Therefore they are unable to propose a solution algorithm for a general case. 

2.3.2   Modelling at the Network Scale 

Once the local assignment problem is treated, it is essential to place it in the frame of an entire 

network. On that issue, the first models were based on an all-or-nothing assignment 

procedure, directly inspired from road traffic assignment, with some adaptations to include 

the temporal availability of transit services. At that phase, the scientific community was 

focused on the mathematical expression of the preferences and decisions of travellers 

regarding entire trips (i.e. possibly involving multiple transfers). Various approaches 

emerged. The most popular is the optimal strategy concept, introduced in Spiess (1984) and 

formally presented by Spiess and Florian (1989). That concept is also adopted by De Cea and 

Fernandez (1989), with a different network description. 

Spiess and Florian (1989) first observed that the shortest path algorithms are not optimal in 

regards to the minimization of the expected travel time. Based on this assumption, and the 

random nature of the waiting phenomenon, they deduce an alternative definition of local route 
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choice strategies. The authors define a strategy as a set of rules that, when applied, allow the 

transit users to reach their destination. The type of strategy that travellers can use depends on 

the information that is available to them during the trip. Among the feasible strategies exists 

an optimal strategy, which minimizes the expected total travel time.  

The transit network is modelled as a graph with arcs and nodes. The transit routes are 

represented as a set of arcs between the stops. On that basis, a strategy to reach destination s  

is associated with a partial network ),( ANGs , where AA  is the subset of links that will 

be used.  

Spiess and Florian (1989) formulate a wardropian transit equilibrium as an extremal 

optimization problem with a nonlinear objective function. They demonstrate that it can be 

reduced to an equivalent linear programming problem and they prove that there is an optimal 

solution (see chapter 7). The mathematical treatment allows defining at each stop the 

probability that a link a  is served first among all outgoing links of a node, iA  (the forward 

star of node i  on strategy A ). At the local level, the route proportions designate that 

probability or, alternatively, the share of the passenger flow for each outgoing line. At each 

stop, the formulations of the expected combined waiting time, )(Awi , and the link 

probabilities, )(Aha , are: 

0,/)(

iAa

aii Aw  
( 2 ) 

i

Aa

aaia AaAh

i

,/)(  
( 3 ) 

Where,  is a positive constant related to the arrival distribution of the vehicles and the 

passengers and the perception of the waiting time as opposed to the in-vehicle travel time 

(reference time). 

In addition, the authors develop a solution algorithm with a sequential treatment per 

destination, whose objective is to reduce memory needs and increase calculation speed. The 

optimal strategy algorithm starts from the destination and examines all the arcs upwards, by 

order of increasing cost to destination order. The attractive set consists then of an ordered list 

of the arcs by ascending order to destination which yields the minimum cost from each node 

to the destination. The flow assignment algorithm uses that ordered list to assign the 
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passenger flow according to route frequencies. Spiess and Florian (1989) prove that the 

solution given by the algorithm is the optimum of the dual linear programming problem and 

they evaluate the complexity of the algorithm. If A  is the cardinal of the set A of the links of 

the strategy, the complexity of the algorithm for S  destinations would be )log( AASO . 

Spiess and Florian (1989) lay the foundations of modern transit assignment. They adopt an 

exhaustive mathematical treatment of the optimizing problem, making the connection 

between qualitative description of an economic behaviour and its quantitative formalization. 

In addition they prove the optimality of the solution algorithm and calculated the complexity 

of the entire algorithm. 

Nguyen and Pallottino (1988) propose an alternative formulation of the optimal strategies, 

based on a graph theoretical approach. The hyperpath is formally defined as an acyclic graph, 

which contains a set of nodes and directed arcs related with a strategy. It is composed by 

elementary paths, r , each of them characterised by a path probability. They assume that a 

traveller chooses the attractive set of lines at each station before his departure.  

Nguyen and Pallottino (1988) assume a standard additive cost structure, where the cost of a 

path is simply the sum of the costs of its arcs and nodes:  

ri

r
i

ra
ar wgg , Rr  ( 4 ) 

Considering the hyperpath h  as a set of paths R  where each path has rh  routing proportions, 

its cost is then: 

Rr
rrR ghg  ( 5 ) 

The cost structure adopted above by Nguyen and Pallottino (1988) along with the hyperpath 

property, as a directed acyclic graph, allows the cost of a hyperpath to be computed by a 

recursive formula from the destination in a reverse topological order. The shortest hyperpath 

i , to a given 

destination s , the length i  of the shortest hyperpath satisfies: 
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If the combinational problem of determining the optimal subset of boarding arcs at stop node 

i  can be solved efficiently, the algorithm associa

produces a shortest hyperpath tree (Gallo et al, 1993). 

Nguyen and Pallottino (1988) propose an equilibrium assignment model for the hyperpath 

framework without congestion. The equilibrium model relies on the assumption that all transit 

users travel on shortest hyperpaths. Thus, by applying the conservation of flow equations and 

the wardropian condition for equilibrium (Wardrop, 1952), the optimal flow can be estimated 

as a solution of a variational inequality problem, in which the cost of a hyperpath and its flow 

are associated. If the cost is a positive continuous strictly monotone function, then the 

existence of an equilibrium hyperpath flow is ensured, though it is not necessarily unique. 

The hyperpath framework seems appropriate for the simulation of the particularities of public 

transport such as waiting times and transfers. The algorithm of Nguyen and Pallottino (1988) 

is flexible and it allows for a diversity of approaches regarding cost formation and 

equilibrium, provided that the hyperpath is characterized by an additive cost structure; some 

occasional limitations of the framework exist. 

2.3.3   Capacity Constraints and Congestion 

The models reviewed until now are focused on waiting times, transfers and passenger 

strategies. They let aside the capacity constraints of public transportation networks and their 

consequence: congestion. This topic is not entirely ignored. Early papers addressed it, such as 

Last and Leak (1976) who implements a local equilibrium for each route section. But their 

solution includes various restrictions and do not apply to non-radial networks and other types 

of transport modes. 

Spiess and Florian (1989) propose a non-linear version of the optimal strategy model in order 

to model congestion. They make a parallel with road congestion assuming that the in-vehicle 
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travel time (or generalized cost) increases with the traffic flow of the link. This model is more 

appropriate regarding in-vehicle discomfort, since it does not include any increase in waiting 

times. Previously, Gendreau (1984) took another path by addressing congestion effects on 

both the in-vehicle travel time and waiting time. With that objective, Gendreau (1984) 

develops a theoretical model based on queuing theory where both waiting times and the 

distribution probabilities of passengers among attractive lines depend on the traffic flow.  

London Underground (LUL) used a transit assignment model with capacity constraints. 

According to Harris (1989) the model includes both the effect of congestion in the in-vehicle 

comfort and in waiting time. Namely, it applies a penalty factor in the generalized cost 

calculation, dependent on the traffic flow. A level of service calculation can be also applied, 

via the same mechanism. 

Finally, De Cea and Fernandez (1993) present the effective frequencies model to deal with 

congestion in public transportation vehicles. They use a route choice mechanism derived from 

the optimal strategies of Spiess and Florian (1989). They proposed that waiting time is 

specified by a BPR function of the boarding and in-vehicle flows. The effective frequencies at 

a given station express the local frequency (and the associated waiting time) perceived by the 

boarding passengers. The solution of that asymmetrical problem is obtained by a 

diagonalization method, where an equivalent convex cost optimization problem is solved 

through a Frank-Wolfe algorithm. 

One of the objectives of the authors was to be able to address the common lines problem and 

to obtain the attractive line set. The congestion can be included in the generalized cost 

calculation, with an additional variable linked to the effective frequencies. Nevertheless, in 

the model of De Cea and Fernandez (1993) the boarding flow is not restricted and it is 

possible to locally exceed the service capacity.  

 

2.4   Third Generation: Integrating Capacity in Macroscopic 
Static Assignment Models 

The third generation includes transit assignment models, which deal explicitly with capacity 

effects and congestion in a macroscopic static regime. The impact of capacity constraints on 
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the performance of the public transportation networks is complex. Leurent (2011) identifies 

seven types of capacity constraints in public transport, involving the line infrastructure, the 

stations, the vehicles, the passengers and the interface among them. Two of these effects are 

addressed in great extent by current transit assignment models: vehicle total capacity and seat 

capacity.  

2.4.1   Vehicle Passenger Capacity 

The main path for modelling the impact of total vehicle capacity involved the effective 

frequencies concept introduced in De Cea and Fernandez (1993). Various approaches 

followed, such as Wu et al (1994), for relating the route frequency (and therefore the waiting 

time and routing proportions) with the passenger flow vector. Cominetti and Correa (2001) 

treat the local route choice under congestion, and offer a formalization of the model and a 

proof of existence of the network equilibrium. In addition, through the fixed point problem 

approach in the space of arcs, they provide an extension of the model on large scale networks. 

The model can easily incorporate the effect of congestion, since it keeps the standard 

assignment framework. The work of Cepeda et al (2006) takes on the same concept and 

provides a feasible solution algorithm and a proof of convergence. However, it is based on a 

BPR type function with no apparent justification. 

Lam et al (1999) represents vehicle congestion by applying a penalty to route sections 

between two stations, where the volume exce

linked to each constraint: zero if the constraint is not binding; positive otherwise. In the latter 

case, it represents an additional time per passenger. This model allows the explicit 

representation of the congestion costs and it incorporates them in the generalized cost 

function. Nevertheless, by applying that to all passengers without considering priority rules, it 

is inconsistent with the way public transportation really functions: when a vehicle is saturated, 

the waiting passengers at boarding are those who perceive a penalty.  

Kurauchi et al (2003) considers strict capacity constraints at each station: the flow waiting to 

board is confronted to the available capacity. That ratio refers to the probability that a 

passenger will be able to board in the next available vehicle. The complementary of the 

probability, Fp , is the failure to board probability. If there is no waiting discipline, such as 

FIFO, all passengers have an equal probability to board in a given vehicle. That regime is 
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hereafter. In that case they have equal probability to 

board, Fp1 . Passengers who cannot board are diverted towards escape arcs, directly to the 

destination. This has as consequence to reduce artificially the transit volume on the network 

and to neglect the effect of congestion in the generalized cost function. Shimamoto et al 

(2005) adapted this model to include that congestion effect: The waiting time became function 

of the failure-to-board probability. Nonetheless, Shimamoto et al (2005) disregard the 

interaction among the common lines, and its influence on the waiting times; particularly, 

through the changes of the sets of the attractive lines.  

Hamdouch, Marcotte and Nguyen (2004) follow a different direction to deal with capacity 

constraints. They propose a model based on an alternative definition of the strategy of a 

passenger. According to their definition, on the basis of an ordered set of nodes, the passenger 

flow is assigned: in priority to the attractive lines and then, when saturation occurs, to the 

following lines on the list. The expected costs of the strategy are then derived from the non-

congested costs of the paths, weighted with their probabilities. The main shortcoming of their 

approach is the absence of route cost variability related to the passenger flows. However, a 

solution to that problem is brought by Hamdouch and Lawphongpanich (2008) with the 

dynamic version of the model.  

More r

capacity of a vehicle. The main feature of the model is the Monte Carlo simulation for the 

assignment of the passengers to transit routes, along with the probit model for local route 

choice. The network representation is based on route sections, adapted to specific 

particularities of the simulation. Significant differences from the previous models can be 

measured by ghost passengers: they circulate freely, do not take any space and do not 

contribute to congestion. Furthermore

an error term for each route section. A learning process updates the costs on the basis of a 

convex combination of the previous and the auxiliary state. Finally, strict capacity constraints 

are enforced. However they are adapted to the stochastic assignment of the vehicle loads. The 

interaction between the stochastic demand and supply is modelled by a Monte Carlo 

simulation. 
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2.4.2   Seating Capacity 

In addition to the models treating total capacity, different approaches were developed to 

tackle the seating capacity of public transport, a topic with an increasing interest, since it is a 

main component of the quality of service (LOS) of a route and is proven to affect the 

passenger behaviour.  

The first approach to model explicitly the seat allocation is described in Leurent (2006) and 

Leurent (2012a). The author introduces a model with seating capacity and the distinction 

between standing and sitting comfort state of the passenger trips. The model features priority 

rules for the allocation of passengers to seats. Passengers aboard have the priority over the 

boarding passengers. Moreover, passengers with the same level of priority have the same 

probability to find a seat, if there are not enough seats to accommodate them at all. Obviously, 

the model assumes that a passenger prefers to seat rather than to stand. The segment cost of a 

transit leg  similar to the route section in De Cea and Fernandez (1989)  from boarding to 

alighting is a random variable with structural dependency on the passenger flows. Initially, the 

model concerned the seat allocation mechanism of a single route, but it has been extended to a 

general network. In the latter case, the assignment involves an equilibrium. 

Another approach is investigated by Schmocker et al (2011) who adapted Kurauchi et al 

(2003) failure-to-board model by adding a failure-to-sit probability for each transition. The 

constraints only concern the seating capacity and total vehicle capacity is not addressed. They 

use a markovian loading process, and calculate an expected generalized cost for all the arcs, 

based on the standing and sitting probabilities; all these in a hyperpath framework. The 

underlying passenger behaviour rules are the same as in Leurent (2010) (see Chapter 3 for 

further discussion).  

 

2.5   Fourth Generation: Emergence of Dynamic Models 

The static assignment models presented in the previous section were developed to simulate 

passenger flows on macroscopic context under capacity constraints. They are used for 

calculating average loads during a predefined time period, assuming a uniform arrival 

distribution of passengers at stops. Nevertheless, they generally do not consider a variation of 
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the temporal profile of the demand (constant arrival rates) and the supply during the 

simulation period. The presence of passenger peaks during the period, together with dynamic 

phenomena related to transit operation, are some of the effects that cannot be adequately 

modelled by static transit assignment models.  

The dynamic transit assignment models require an adapted demand and supply representation. 

The demand side translates the temporal variation of passenger arrivals. On the supply side, a 

transit route is described by a set of identical runs. A run is identified as a single trip of a 

transit vehicle from the origin to the destination, through a predefined ordered set of stops. 

Furthermore, the supply representation can use timetables that are closer to the observed one 

during regular operation. Therefore, these models, by definition, are adapted to a temporal 

variation of the headway, travel time and quality of service of the transit routes. Although, the 

dynamic assignment models demand great computational power, recent development in 

computers and the operational research make a step closer to modelling larger networks and 

high frequency lines (Tong et al, 2001). 

utline consists of four parts. First, various approaches for the demand and 

supply representation used in research models are described. Then, the route choice models 

are defined. Finally, some approaches for modelling congestion in dynamic assignment 

models are introduced.  

2.5.1   Demand Representation 

In the context of dynamic travel demand modelling, a dynamic representation of the demand 

is required. Although the spatial distribution follows the assumptions of a static model, the 

temporal distribution can be either exogenous or endogenous. If it is exogenous, the departure 

times are fixed and independent of a day-to-day evolution (Nuzzolo et al, 2001). Such time 

dependent matrix could be calculated with various methods, such as the one described in 

Wong and Tong (2001) who used data collected from ticketing systems. 

In the endogenous case, only the desired arrival time of passengers is exogenous. The 

departure time would be calculated endogenously with respect to the passenger preferences 

regarding travel time, discomfort, early or late arrival etc. In that case an additional departure 

model must be included for each transit user (Sumi et al, 1990). It increases vastly the 

complexity of the model and the data requirements. However, it makes it more responsive and 
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behaviourally more realistic. A typical departure choice model is defined in Nguyen et al 

(2001). For a given class of passengers who travel from an origin to a destination, the latest 

departure time from the origin is calculated. It corresponds to the latest departure time, if a 

free-flow shortest path would be followed. That stands for reference, in order to calculate the 

penalties for earlier than the latest non-congested departure and for late arrival. These costs 

are considered jointly with other trip attributes in the utility function.   

2.5.2   Service Formation 

The representation of transit services is crucial for a transit assignment model. In contrast to a 

static transit assignment  where it is usually assumed that a frequency-based transit service is 

associated with waiting and where the service headways are random variables  the dynamic 

transit assignment may be associated to both schedule-based and frequency based transit 

assignment.  

The schedule-based transit assignment approach relies on a disaggregated service description, 

on the basis of individual vehicle arrival and departure times. The waiting time corresponds to 

the relation between passenger and vehicle arrival time at the stop, while considering queuing 

due to congestion. Although, it is conceptually simple, designing an efficient representation of 

public transportation services consistent with the principles is a challenge. Four alternative 

methods have been explored for representing transit services.  

First, Nuzzolo et al (2001) adopt a dia  also used by Sumalee et al (2009) 

and Hamdouch et al (2011) , composed of three different sub-graphs in which each node has 

an explicit time and space coordinate. These sub-graphs are:  

 a service subgraph s , in which each run of each line is defined both in space, 

through its stops, and in time, through its arrival and departure time;  

 a temporal centroids subgraph d , in which each node represents both temporal 

centroids, in order to simulate space-time characteristics of trips, and passenger arrival 

and departure times; 

 an access-egress subgraph ae , which allows the connection between centroids and 

stops, and stops between them. 
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Secondly, Moller and Pedersen (1999) developed a dynamic model using a dual graph 

representation of a transit system, such as the one introduced in Añez et al (1996). By 

transforming the original links into nodes, the service network is acquired. It is composed of: 

 dual nodes which represent links and retain all the characteristics of the original links; 

 dual graph links which represent transit routes or transfers (including a transfer cost); 

 centroids which are nodes in the original network and remain unchanged in the dual 

one.  

Third, Nguyen et al (2001) uses a discrete space-time graph, ),( ANDOG : O  and D  

are the set of origins and destinations without any temporal attributes; N  is a set of space-

time nodes; and A  is a set of space-time arcs. A  consists of two groups: the first one 

represents the evolution in space and time; and the second group represents a temporal 

movement, where the objects stays in the same location. A transit station explodes into a 

bipartite subgraph of the space-time graph G , which designates the movements allowed in 

the node.  

A similar representation is given by Hamdouch and Lawphongpanich (2008) who adopt a 

time-expanded (TE) network. It resembles the static network supply representation, but 

additional dimensions are added for representing time steps. Therefore, a schedule can be 

associated to each line, indicating the exact times of arrival and departure of each run at each 

station.  

In the case of high frequency transit networks, the explicit description of each run of the line 

may be both limited by computational requirements and memory. This is one of the reasons, 

for which frequency-based dynamic transit assignment models have their own relevance. In 

Schmöcker et al (2008), the reference period is divided into intervals of intermediate size (e.g. 

15 minutes), sufficiently large to justify a frequency-based approach, but still short enough for 

assuming that both supply and demand are static within each interval. The passengers may fail 

to board during one interval. In that case they are transferred to the subsequent time period, 

where they attempt to board again. This approach seems to be a good trade-off between the 

simplicity of static models and the realism of dynamic ones; especially for large-scale 

networks. In a similar approach Meschini et al (2007) propose a multimodal network, where 
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the waiting times are replaced by short-term average waiting time. That time can vary during 

the day, according to a temporal profile. It corresponds to the expected waiting time at stop in 

a frequency-based transit service. A transit frequency propagation model is also included, 

considering the effect of route congestion in actual transit frequencies.  

In the dynamic setting a path from an origin and destination generally includes both temporal 

and spatial aspects. In most of the models, the path is accurately described by a space-time 

sequence; an origin with a departure time, access link and the vehicle runs with their 

corresponding time and a sequence of nodes or arcs with space and time characteristics.  

In dynamic transit assignment models, the cost of a path is not stable in time and depends on 

the temporal and physical availability of the services and the congestion effects. This is not 

the only source of variability regarding the quality of service in public transportation. Indeed, 

this variability can also stem from the variation in the preferences of passengers. To account 

for such variation, a possibility is to introduce random sensitivity coefficients in the 

generalized cost function. The values are not constant, but they are distributed along given 

density functions (Tong and Wong, 1999). The generalized cost may take the form of a time-

dependent generalised cost function (Schmöcker et al, 2008) or simply that of a sum of the 

costs of the relevant arcs.  

2.5.3   Path Choice 

The main particularity of dynamic assignment is that the total travel time from an origin to a 

destination is time dependent. It is therefore impossible to consider both arrival and departure 

time exogenous. For example Nguyen et al (2001) fix the arrival times and deduce from it 

both path choice and departure times. With the departure time model (described in section 

5.1) it is possible to evaluate the influence of congestion on the path choice. An important 

advantage of dynamic transit assignment models is its conceptual simplicity in enforcing strict 

capacity constraints, abiding by the flow conservation principle.  

Since path costs are time dependent, the path choice is connected to the departure time choice. 

Nuzzolo et al (2001) propose a dynamic path choice model based on random utility theory 

and a mixed choice behaviour. In other words, before leaving the origin, the passenger 

decides his departure time and the path choice according to the available information. En-

route, at the stops the user acts in an intelligent adaptive way, choosing if to board at a run 
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with residual capacity when that vehicle serves the station. The pre-trip choices are influenced 

by past experiences through a learning mechanism, which takes into account the attributes of 

the perceived utilities functions, while the en-route choices depend on the information 

available at stops.  

Nguyen et al (2001) develops a latest departure time without congestion algorithm in order to 

calculate the boarding penalty cost for each passenger class, who desire to arrive at 

destination at time *
t . The algorithm is based on a backward sweep of every origin from each 

destination and time period. Thus, an earlier than the latest departure time penalty cost is 

assumed as well as a penalty cost for arriving later or earlier at the destination than desired. In 

addition, vehicle capacity constraints are considered through a penalty cost, which is 

associated with every boarding or transfer at arc a . Each node )(mi  makes reference to the 

time segment, nm ,...,2,1  of the space-time graph. The boarding penalty, for every arc 

jAjmia )),((  of the backward star jA of node j , added to the path cost is estimated by a 

standard function: 

)]([)(
0

)(

m

k
aajkiaa xBP x  ( 7 ) 

where ax  and a  are respectively the flow and capacity on arc a  and a , a ,  are positive 

parameters.  

Tong and Wong (1999) developed a time-dependent optimal path algorithm, introduced in 

Tong and Richardson (1984), which consists of three stages: a forward pass for the shortest 

path followed by a backward pass and a branch and bound method. The first two passes 

follow the Dijkstra shortest path algorithm and they determine the time windows and sub-

networks used later in the branch and bound stage. In that stage the algorithm starts from the 

origin node and the paths branch outward from node i  within the predefined sub-network. A 

path is complete whenever the destination is reached or the weighted arrival at a node is 

greater than the bound (as defined in the backward pass).  

Trozzi et al (2013) propose a frequency based assignment model in a dynamic setting, which 

extends the concept of hyperpaths to transit networks with passenger congestion. A route 
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choice algorithm is developed by adapting the Decreased Order of Time (DOT) method 

presented in Chabini (1998) to the setting of a strategy-based transit assignment.  

2.5.4   Capacity Constraints and Congestion 

By construction, dynamic transit assignment models are particularly relevant when severe 

congestion is involved. Since the transit supply is described in disaggregated level of 

individual vehicles, strict capacity constraints should be easy to be implemented. However, 

that is not the case. This section is focused on how exactly capacity constraints and 

congestion can be represented in dynamic transit assignment.  

An implicit approach used widely is to associate the level of service with a strictly non-

decreasing arc performance function. Although, many similarities with the static context can 

be found, there is no straightforward link to a more complex path choice behaviour of the 

passengers.  

Various approaches have been developed to deal with the impact of strict vehicle capacity 

constraints on boarding. Hamdouch and Lawphongpanich (2008) consider the formation of a 

passenger queue at the station for each service, with a direct impact on waiting times and user 

decisions  through strategy definition. Note that the model allows for multiple classes; the 

waiting times and decisions of each class is taken into account. Nuzzolo et al (2012) propose a 

Additional waiting time due to insufficient vehicle capacity interacts with the departure time 

model. 

Poon et al (2004) proposed a model of route choice with congestion in a schedule-based 

transit network. The authors make use of an alternative minimum path algorithm already 

suggested in Tong and Richardson (1984) and also used in Tong and Wong (1999) in a 

dynamic model without capacity effects. By introducing a bottleneck model at each boarding 

link, a queuing time is calculated for a passenger at each time increment, through the 

difference between cumulative arrival and departure curves in a platform node.  

In the quasi-dynamic frequency-based assignment model of Schmocker et al (2008), a failure 

node is added to ensure priority for on-board passengers. In addition, fail-to-board arcs 

transfer the excess demand back to the stop, ensuring a strict capacity constraint. These 
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failing-to-board passengers are transferred to the subsequent time interval, suffering a delay, 

the overcrowding penalty.  

Building on the frequency-based multimodal assignment model of Meschini et al (2007), 

Trozzi et al. (2010) extend the Bottleneck Queue Model with time varying exit capacity and 

apply it to separate queues. A dummy arc is included for representing queuing when the 

services are saturated. Therefore, the waiting and queuing time is calculated as the waiting 

time before a k
th

 vehicle arrival. The stop model is included to the dynamic user equilibrium 

model presented in Trozzi et al (2013), which extends the shortest hyperpath to the dynamic 

setting. 

Beyond the models addressing service total capacity, other researches focus on in-vehicle 

comfort. For example, Nuzzolo et al (2001) incorporates a discomfort cost attributed to all the 

passengers on-board and related to the vehicle load, without dealing with the strict capacity of 

the vehicle. Although that cost is included in the generalised cost, it does not affect the actual 

travel time. Tian et al (2007) proposed an alternative model with multiple access nodes and a 

single egress node. They focused on the trade-off between on-board standing congestion and 

seating capacity, which has an impact in departure time choice.  

Finally, Sumalee et al (2009) develop a model based on a diachronic graph that seeks to 

differentiate the discomfort level perceived by sitting and standing passengers. Therefore, the 

seating probability depends on the number of available seats, on the priority rules  on-board 

passengers over boarding passengers  he 

last one depends on the time a passenger has been standing and the remaining journey time. 

To apprehend the stochasticity of seat availability, a Gaussian random error term is introduced 

in the disutility for each path. Hamdouch et al (2011) extend this model to include both 

vehicle capacity and seat availability. 

 

2.6   Fifth Generation: Simulation-Based Models 

The fifth generation is characterised by dynamic microscopic modelling. This field of 

research, corresponding to the simulation-based approach, is focused in dynamically 

modelling the movement of both vehicles and passengers on a network, with a very detailed 
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description of the space. It further extends in the modelling of the behaviour of the agents and 

the randomness of certain aspects. Significant effort is made to develop simulation-based 

transit models, such as the Mezzo model described in Toledo et al (2010). However, the 

literature on passenger traffic dynamic modelling mainly concerns the circulation of 

passengers in confined spaces  such as transit stations (Hoogendoorn et al., 2004)  and the 

interaction between pedestrians and various objects  such as vehicles, especially when 

passengers are boarding and alighting (Fiegel et al., 2009). Many approaches have been tested 

to model the space and the agents. These models are generally based on a detailed 

representation of space, the abilities and the general attributes of the pedestrians (Kluepfel et 

al., 2003).  

In these models, the reference space is described as a combination of accessible and 

inaccessible zones. The points of attraction, the obstacles and the events that generate flow 

have to be also defined (Banos and Charpentier, 2010). In some models, the physical space 

accessible to passengers is usually represented as a grid of square cells of various surfaces 

(Blue and Adler, 2001; Banos and Charpentier, 2010; Still, 2000). Other models represent 

physical space as a two-dimensional space within which the pedestrian is moving with 

complete freedom of movement (Teknomo, 2006). This space is endowed with specific 

landmarks and directions, which can influence the path of the pedestrians. The grid 

representation of the space is usually associated with cellular automata models, while the two-

dimensional space is used in the multi-agent systems, which are described right next. 

Microsimulation models differ with respect to the way the pedestrian behaviour and route 

choice are modelled. Two general categories can be distinguished: 

 Cellular automata (CA) and  

 Multi-agent systems (MAS) 

The cellular automata approach models a person by an entity (automatum) with limited 

intelligence, which is able to fulfil at most basic safety manoeuvres (Still, 2000). It is 

basically a probabilistic model. The automata can execute three main movements: side 

stepping, forward movement and conflict mitigation (Blue and Adler, 2001). Its velocity 

depends on the position of the entities in the immediate environment: the presence of other 
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entities may result in the adoption of a different velocity from the desired one, in order to 

avoid collision or passing through other automata.  

The multi-agent systems consider a different representation of a person, by an agent. The 

agents navigate in a dynamic environment composed of a set of constraints and opportunities. 

It is based on the Social Forces Model (Helbing and Molnár, 1995), according to which the 

interaction with the environment is the result of social forces: repulsions and attractions. The 

repulsive force corresponds to the willingness of an agent to create his own private sphere and 

keep distance himself from other pedestrians or area borders and obstacles. The attractive 

force is the result of the attraction by other people or objects; though it is decreasing with 

exposure. The path of a pedestrian is therefore subject to the vector of attractive and repulsive 

forces. Additional randomness may be considered by adding a fluctuation term that produces 

oscillations in individual trajectories (Helbing and Molnár, 1995). 

In the approach of Hoogendoorn and Bovy (2004) three levels of pedestrian behaviour are 

distinguished: strategic, tactical and operational level. They particularly describe the 

pedestrian behaviour at the tactical level: specifically how a pedestrian chooses his activity 

schedule and area and the route to reach it. The authors consider the pedestrian as an 

economic agent who seeks to minimize his expected disutility and they propose an 

optimization program based on solving a dynamic programming equation for decision-making 

in continuous time and space under uncertainty. This optimization program can be solved by 

approximate solutions in a discrete space and discrete time framework and it is compatible 

with the architecture of the pedestrian flow simulation model NOMAD (Hoogendoorn, 2001).  

A validation method for the stochastic behavioural models, that model explicitly the 

interactions of the pedestrians with their environment, is that these models are able reproduce 

the macroscopic flow behaviour of the pedestrians. Validation is required in all possible 

environments. In particular in high pedestrian densities, the presence of various phenomena 

such as pedestrian auto-organization into lanes or cluster formations is expected, as described 

at a macroscopic level in Hoogendoorn and Daamen (2005). The microscopic models aim to 

reproduce pedestrian trajectories within a certain area, under certain conditions and capacity 

constraints. Even though some are used for modelling large transit centres, they have fixed 

origin  destination matrices and they cannot consider the influence of station circulation on 

transfer quality and particular transit route choices.  
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Simulation-based transit assignment models are developed mainly to offer a dynamic aspect 

on transit operations, especially in interaction with other components of the transit system, 

such as passengers. In order to curb the extensive computational effort required on 

microscopic simulations, Toledo et al (2010) develop a multi-agent system, the Mezzo model, 

which can be qualified as a mesoscopic model, since it uses a simplified supply network.  

The bus vehicle is the main modelling entity of the model, characterized by a number of 

attributes: the bus type with specific characteristics, the bus line for which it is generated and 

a bus route (sequence of stops) to be executed. The bus vehicles circulate on sections between 

stops, expressed as network links. These are made up of two parts: a running part where the 

vehicles do not suffer any delay and a queuing part, which corresponds to the additional time 

needed for exi

density. Since Mezzo models cars as an additional entity, the network links can be used to 

model segregated or mixed traffic conditions.  

Although transit operations are described with a high level of detail, passenger demand is 

sufficiently represented. Passengers board individual vehicles to arrive to their destination and 

choose their path on the basis of the network attributes: transit routes, access and egress links, 

estimated travel times and schedules or frequencies. The generation of the path choice set is 

computationally demanding. However specific algorithms have been developed for 

 

Simulation-based transit models are similar to the microscopic dynamic models for 

pedestrians in confined spaces, in the sense that they are generally agent-based simulations 

containing specific entities (bus vehicles, cars and passengers in Mezzo), each one with 

particular characteristics. Their main differences lay in the representation of space (or supply) 

remark that in the case of simulation-based transit models, the case studies presented are of 

small size. Large-scale applications are not sufficiently addressed.   
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2.7   An Overview of the Transit Assignment Models 

This chapter describes the historical development and the subsequent branching of the transit 

assignment models. Initially, these models (1
st
 generation) were based on pre-existing road 

traffic models, adapted for considering transit specific phenomena, such as waiting. However, 

with the advent of more robust models (2
nd

 generation) focusing on the individual route 

choice behaviour, the research community focused on more complex problems, such as 

enforcing capacity constraints and considering the temporal variation of supply and demand. 

Different modelling motivations and objectives led to branching into three main generations: 

static transit assignment (3
rd

 generation), largely dominated by frequency-based modelling 

that considerer various capacity constraints; dynamic transit assignment (4
th

 generation) 

where models are more often schedule-based; and an alternative simulation-based approach. 

The latter includes microscopic models developed specifically to capture the movement of 

pedestrians in closed areas. Figure 1 illustrates that historical evolution. 

The first generation of transit assignment models is characterised by a clearly visible 

inheritance from road traffic assignment models: at this stage transit assignment was still in 

the process of acquiring the autonomy as a research field. The particularities of public 

transport are progressively taken into account, by more or less relevant means. Among them, 

particular interest was given in the influence of transfers in route choice; or the allocation of 

passengers among overlapping lines. These models are characterised by an engineering 

approach, avoiding complex mathematical formalisation, and trying to make a trade-off 

between the computational constraints of the time and the complexity of the phenomena in 

public transportation. 

 

Figure 1: Five Generations of Transit Assignment Modelling 
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The second generation of transit assignment models brings answers to some of the questions 

previously raised by the public transportation particularities. These were associated with the 

robust mathematic formalization of the models developed. It is a fundamental generation, 

since it overcomes critical technical locks: overlapping lines (Chriqui and Robillard, 1975), 

demand representation (Nguyen and Pallottino, 1988). These principles are the basis of many 

modern transit assignment models. Alongside, particular attention was given to the 

appropriate mathematic formalization of the conceptual models and the development of 

efficient algorithms.  

Current generation of static transit assignment models is mainly based on adjustments of the 

framework developed priory for passenger flow assignment, except for one major point: the 

influence of capacity constraints on quality of service and route choice. Various ways to 

model congestion are considered. Generally, the contributions develop a conceptual model 

and then build a relevant optimization problem. They define the appropriate demand and 

supply representation and propose an efficient algorithm. The models developed do not 

include all the capacity effects identified in the literature. Their current capabilities include 

the passenger capacity of vehicles and lines and the seating capacity. These have an impact on 

waiting time and quality of service and therefore on route choice.  

At the same time, new methodological approaches emerged and progressively took 

importance. A dynamic aspect is added, as they include a temporal variation of both demand 

and supply. They mainly concern schedule-based models that assume a stochastic behaviour 

of the demand but a deterministic supply of services. That is the reason that some frequency-

based dynamic models have been developed, due to the efficiency in capturing the stochastic 

behaviour of transit supply. Recent dynamic models deal more thoroughly with capacity 

constraints. Their main advantages laid in their ability to capture dynamic phenomena, such as 

queuing and departure time choice. Despite their recent advances, they are still 

computationally demanding, and they seem more appropriate for medium-sized networks.  

Specific simulation-based models also emerged for solving particular problems. These models 

are applied in two particular circumstances: simulating the passenger and vehicle flows in 
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transit networks and the movement of pedestrians in confined spaces, such as stations. The 

many limitations, they can have a wide variety of applications in transit modelling: from 

modelling the circulating conditions within a large transit station  in conjunction with the 

path assigned from a transit assignment model  to modelling the variability of the dwelling 

time and the boarding and alighting procedure.  

We observe that once the fundamental framework, dealing with the basic phenomena in 

public transportation was developed, a variety of models have been proposed. That led to a 

multitude of models that can be grouped into the three recent generations. The generations 

continue to evolve independently in order to address generation-specific problems. They also 

evolve in conjunction with each other in order to deal with new modelling issues, such as the 

behavioural changes from the development of intelligent transit systems. 
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Chapter 3: 

3 Modelling Capacity Effects in Transit 

Assignment: a State of the Art    

 

 

3.1   Introduction 

In densely populated areas massive passenger flows over a public transportation network may 

degrade the quality of service of the transit system and, thus, reduce its overall attractiveness. 

Indeed, the perception of the quality of service is the most important characteristic of the 

modal choice and route choice of the users. For example, Leurent and Liu (2009) apply a seat 

availability model of in-vehicle comfort and estimate that the link flows are increased up to 

15% at certain metro sections.  

The previous chapter demonstrated the important effort to improve the transit assignment 

models by addressing the impact of the capacity constraints on passenger

Researchers were primarily interested in making explicit the effect of total passenger capacity 

of models emerged; 

distinguished by the way they consider the total perso  the Effective 

Frequencies model; the Failure-to-Board model; the User Preference Set model; and the Dual 

Penalty model.  

Furthermore, a parallel category of models focused on the in-vehicle comfort, with regard to 

the seat capacity of the vehicles. Three main models, or group of models, can be 

distinguished: the Seated Capacity model; the Failure-to-Sit model; and the Seat Availability 

model.  
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This chapter is structured in five parts. First, a panorama of the capacity effects on public 

transportation is provided. Afterwards, the four main types of models representing total 

capacity are described theoretically, analysed and then compared. The description and 

comparison of the three assignment models for seat availability follows. The conclusion 

focuses on some appreciation of the transit assignment models and current modelling needs. 

 

3.2   A Typology of Capacity Effects in Public 
Transportation 

The first step for addressing the passenger flow assignment under capacity constraints is to 

provide a consistent view of the capacity effects, which affect public transport networks. A 

thorough description of the technical characteristics of a transit system is available in the 2
nd

 

Edition of the Transit Capacity and Quality of Service Manual (TRB, 2003). The document 

synthesizes the capacity characteristics and associates them with congestion for all public 

transportation modes.   

A more systematic analysis of these capacity effects was provided in Leurent (2011a). The 

author proceeds to a systemic analysis of the public transportation system, in two main stages. 

First, the major subsystems of the public transport system are identified and described. Then, 

their relations, and particularly those related to capacity effects, are analysed.  Five main 

subsystems, or component categories, are isolated: the line, the station, the vehicle, the 

passengers and the global management. On the basis of this segmentation, seven capacity 

effects are identified, as listed below: 

( I ) The vehicle capacity of an infrastructure: It is a straightforward capacity 

constraint, since an infrastructure cannot accommodate more than a certain number of 

vehicles for a fixed period. It is an essential aspect for assuring the efficiency of the 

services, but in general it is absent from transit assignment models. A variety of mode-

specific vehicle traffic models exist, but passengers are usually absent, or of limited 

importance. A standard capacity method assessment is provided by UIC Leaflet 406, for 

rail transport; other researches, such as Lai et al (2011), and Abril et al (2008) focus on 

the effect of train signalling, service mix on a line, etc.  
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( II ) Operating capacity of a route: While vehicle fleet size can be considered 

variable in long term, it is safe to consider it fix from the perspective of short term 

planning. Then, the vehicle usage demand could affect the planned transit schedule. 

Indeed, as modelled by Lam et al (2002), the increase of a journey cycle time due, for 

example, to a deterioration of commercial speed, will reduce the frequency of the 

service, for a fixed fleet size. The same consequence occurs if other operational 

characteristics, such as dwell time, impact the movement of vehicles. 

( III ) The passenger capacity of a vehicle: At the scale of the vehicle, two types of 

capacity can be distinguished: the seat capacity and the total person capacity of a 

vehicle. It is usually expressed as a strict capacity, measured as the maximum volume of 

passengers that can be accommodated. A third capacity, of a different nature, can be 

considered: the passenger exchange capacity, i.e. the number of passengers boarding and 

alighting on a given period, potentially depending on the platform and in-vehicle 

conditions. 

( IV ) The passenger capacity of a route: As suggested above the seat capacity and 

the total person capacity can be considered at a single vehicle. They can also be 

considered at the level of a service route, which combines the capacity of all relevant 

vehicles. It also involves the service frequency and represents the maximum flow of 

passengers that can be transported on a given period. 

( V ) The passenger capacity of a station: At the station level, the pedestrian traffic 

and the passenger storage capacity can be determined per type of station element for the 

different areas of a station. A station can be a complex system  even more if it is a large 

intermodal facility  and many microscopic station models were developed 

(Hoogendoorn et al, 2004, Hoogendoorn, 2005). However by construction, they are 

limited in the route choice of passengers within the station and not to the repercussion 

on the transit network. 

( VI ) The vehicle storage and movement capacity of a station: This item regroups 

capacity effects relevant to the operation of transit services. These are related to the 

movement or presence of vehicles in stations. 
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( VII ) The capacity of a station as an interface with personal transport modes: A 

great interest has emerged recently, regarding the development of intermodal facilities, 

especially in relation with individual modes (motorized or not). A given station, with a 

given layout, has a certain capacity to allow for intermodal trips combining transit and 

car or bicycle, both in terms of circulation and storage. More precisely, this capacity is 

related to facilities, such as parking, park and ride equipment and bike shelters. 

These capacity effects interact with one another, in a complex but organized way illustrated 

by Figure 2. They are indicated by arrows that link the subsystems and the components of 

these subsystems together. An arrow between two items indicates that the first limits the 

second in terms of capacity. For example, fleet size and service time both limit route 

frequency; dwell time limits service time etc. The Latin number makes reference to the 

previous list of capacity constraints. 

 

Figure 2: A schematic representation of the elements of the transit systems and how they influence the 

capacity effects (adapted from Leurent, 2011a) 

 

The capacity effects have given rise to a number of scientific studies and models (see I-VII). 

Nonetheless, this chapter is focused on the capacity constraints more present to the transit 

assignment models: passenger total capacity and seat capacity.  
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3.3   Passenger Total Capacity 

Throughout the development of transit assignment models, modelling the effect of passenger 

total capacity of a route or a vehicle progressively became a major topic of research. Indeed, a 

large number of static assignment models, and some dynamic or quasi-dynamic ones have 

been proposed to deal with large-scale transit networks. These models are based on both 

physical and economic approaches: some of them assume strict capacity constraints; other 

not. 

This section describes the main models, which address the passenger total capacity effect. 

First

congestion, where the increased waiting time (i.e. the time interval between the passenger 

arrival at the station and the moment they are able to board in a vehicle) is modelled as 

function of a perceived local frequency that decreases with the residual capacity of vehicles 

-to-

(2003) addresses the common lines problem by adapting results from queuing theory. Third, 

rict 

capacity constraint. 

3.3.1   The Effective Frequencies Approach 

3.3.1.1   Model Description 

The effective frequencies model is initially introduced by De Cea and Fernandez (1993). It is 

currently the most widely accepted of the static assignment models treating congestion. The 

vehicle capacity is tackled by a simple mechanism: if a passenger wants to board a heavily 

loaded vehicle, he may have to wait for several vehicles of the service to stop before 

succeeding to board. That is modelled as a local reduction of the service frequency. It has also 

a direct impact on the waiting time and route choice of the passengers. The detail of the 

specification is discussed below. Similarly, Wu et al (1994) suggest a model, which modifies 

only the waiting time needed until boarding a vehicle. Other approaches have been proposed; 

for example Gendreau (1984) addresses congestion using results from queuing theory. That 

implies an unbounded increasing delay function of passenger flows. Bouzaiene-Ayari et al 

(2001) replaces the frequencies with an attraction factor, a strictly decreasing function of 
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passenger flows. That attraction factor is used for the calculation of the local route choice 

probabilities and the waiting time.  

An additional aspect of the effective frequencies approach is that only alters the value of the 

service frequency. Therefore, a frequency-based model jointly affects the waiting time and the 

route choice. In the same time it adheres by the architecture of frequency-based transit 

assignment modes, which makes this model particularly attractive.  

In Cepeda et al (2006), the authors propose a general modelling framework assuming a flow 

dependent frequency function. They use an extremal formulation of the local route choice to 

derive a duality gap function for the network assignment. That guarantees that the equilibrium 

is reached when the duality gap is null. We consider k  as the vehicle capacity, o
ax  and ax  as 

the total flow on-board after the stop and the flow boarding respectively, 0
a  and a  the 

nominal service frequency and the effective frequency. The available capacity after the stop is 

given by o
aa x-k . Cepeda et al (2006) specify the effective frequencies function on the basis 

of a BPR function with a parameter , as follows:  

otherwise

kxif
xxk

x
a

o
a

a
o
aa

a
a

a

0

])(1[
)(x  ( 8 ) 

3.3.1.2   Implementation 

Although various algorithms have been defined in some of the articles cited previously, it is in 

Cepeda et al (2006) that a general solution algorithm with a convergence proof is proposed. A 

heuristic minimization method is proposed for solving the equilibrium problem on the basis of 

the method of successive averages (MSA). At each iteration the frequency at boarding can be 

updated without modifying the general architecture of the model. Other algorithms exist, such 

as in Cominetti and Correa (2001).  

The initialization step of the MSA algorithm needs a feasible initial flow. It can be calculated 

by a free flow assignment on the shortest hyperpaths, using nominal frequencies, as a free-

flow assignment. In order to ensure that the flows are feasible, two solutions are suggested. 

The first one is to provide a subgraph with infinite capacity, such as a pedestrian network, to 
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absorb any excess flow. The second one is to make sure that the effective frequencies never 

go below a certain, given minimum. In other words, });(max{)( aaaa xx , where  is a 

small positive parameter.  

3.3.1.3   Discussion 

It was demonstrated in Cepeda et al (2006) that whenever there is sufficient overall capacity 

(or the previous uniqueness curbing techniques are applied) the model reaches a steady state. 

However, there is no proof that flow does not exceed capacity at convergence. 

An additional issue arises with the type of BPR function like Equation ( 8 ). In fact, with the 

parameters proposed in Cepeda et al (2006), a small boarding flow in relation with the 

available capacity results in a significant reduction in the effective frequency  and a 

respective increase of the waiting time. Figure 3 illustrates the effective frequency  as a 

portion of the nominal frequency  in relation to the boarding flow  as a portion of the 

available capacity, for various values of . 

 

Figure 3: The effective frequencies function for various values of beta 

 

The selection of a small  (for example 0,2  in the numerical example in Cepeda et al., 

2006) reduces very significantly the effective frequency and is not realistic. However it results 
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in a quick convergence to the equilibrium. A bigger value of  would be more acceptable, 

despite its large impact on convergence speed.  

The unrealistic reduction of the service frequency which results in large increase in the 

waiting time implies that at convergence the passenger flows correspond to the optimal 

solution, but the cost is far from realistic. Therefore, the waiting times cannot be used for the 

calculation of a congestion cost. Nevertheless, the great advantage of the Effective 

Frequencies model is its easy implementation, since it is merely an extension of the basic 

frequency based static assignment model. 

3.3.2   The Failure-to-board Model 

3.3.2.1   Model Description 

The failure-to-board modelling approach was initially introduced in Kurauchi et al (2003). It 

is an adaptation of the queuing theory to the problem of common lines. Indeed, making 

explicit waiting times is not easy when multiple services are attractive. In fact the 

attractiveness of a line depends also on the expected waiting time until boarding, and that in 

turn depends on the number of passengers finding this line attractive  this volume is related 

to its available capacity. As a matter of fact, queuing theory is relevant to describe the 

saturation phenomena of a demand sensitive to waiting and in-vehicle travel times. Markov 

chains are used for the loading process, using the route shares (or in that case transition 

probabilities) obtained by the physical flow conditions and the shortest hyperpaths. The states 

of this Markov process correspond to the origin, intermediate and destination nodes. 

Multiplying the transition probability matrix by destination, yields the probabilities that 

passenger traffic traverses a given node. That, in turn is used for calculating the passenger 

traffic by destination. 

With regard to the boarding process, the model considers 

passengers have alighted at a station (supply) and confronts it to the volume wanting to board 

(demand). As a result, passengers have a given probability to be able to board the first vehicle 

to arrive at the stop. In the contrary case, they fail, with a complementary probability, the 

failure-to-board probability, or Fp , of which the model takes its name. The probability of a 

passenger to board the first vehicle is then Fp1 .  
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In Ku

passengers who fail to board are directed towards an escape arc, leading them directly to their 

destinations, and facing a significant cost. Thus, the capacity constraints are clearly satisfied, 

at the expense of the conservation of flow. To overcome this major limitation, Schmocker et 

al (2008) proposed a quasi-dynamic version of the model, where a waiting passenger who 

fails to board the line at that time interval is transferred to the following time interval, and is 

submitted to the corresponding waiting time.  

A penalty is associated with the event of failing to board and thus it is integrated in the 

generalised cost. That penalty can be interpreted as the cost of passengers to be exposed to 

risk (implicitly assuming that they are risk averse). Whatsoever, Kurauchi et al (2003) does 

not explain clearly how this penalty should depend on the failure-to-board probability. In the 

quasi-dynamic version, Schmocker et al (2008) transform that cost into an additional waiting 

time related to the possibility of failing to board. If T  is the duration of a time interval, a 

passenger faces an additional waiting time before boarding Bd  given by the function: 

T
p

p
d

F

F

B
1

 
 

The model adds that penalty to the generalised cost of the passenger; however, the model does 

not take into account the possibility for the passenger to modify his route choice at the stop 

and reduce his travel time. 

3.3.2.2   Implementation  

A classic hyperpath framework, as described in Nguyen and Pallotino (1988), is adopted in 

order to assign the demand in a transit network by minimising the expected travel time for 

each user. Once the attractive set of lines is defined, the passenger flow is assigned with 

respect to the line frequencies. Due to the additive cost structures of the arcs, the Bellman 

equation can be used for the construction of the minimum cost hyperpath.  

An extension of the model is described in Shimamoto et al (2005) for the optimization of 

transit fares. The failure-to-board assignment approach is used within a multi-objective 

optimization problem. The lower lever corresponds to the equilibrium assignment of 

passenger flows with the failure-to-board model. The upper level refers to the total cost and 
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the connectivity reliability for each origin-destination pair  based on the fail-to-board 

probabilities. A non-dominated sorting genetic algorithm (NSGA-II) is used to resolve the 

multi-objective optimisation problem. The minimization problem associated with the transit 

assignment is a result of the combination of the classic method of successive averages (MSA) 

and the absorbing Markov chains.  

3.3.2.3   Discussion 

As mentioned above, the failure-to-board model uses a queuing model approach in order to 

keeping the classic hyperpath framework. Although the model avoids a detailed physical 

description of the waiting process, a failure penalty is calculated. That is considered jointly 

with a risk averseness parameter, . If that parameter is zero, the passengers choose the 

hyperpath with the shortest travel time. When  increases, so does the effort to avoid the risk 

of failing to board a vehicle. 

Although, the quasi-dynamic model transfers the fail-to board volumes to the following time 

intervals, the input demand needs to be inferior to the overall capacity in order to be entirely 

assigned to the transit routes. That implies some special border conditions, with a cooling-off 

period at the end of the period. In addition, the quasi-dynamic model does not include a 

departure time choice model. Therefore, with a fixed temporal profile for the demand, the 

capacity constraints will only result in a delay at the destination. In that sense the trade-off 

between departure time and travel conditions is not captured, as it is in other dynamic models.  

3.3.3   The User Preference Set Model 

3.3.3.1   Model Description 

Hamdouch et al (2004) argues that when transposing Wardropian equilibrium in transit 

networks with rigid capacities or fixed schedules, the strategy defined in Spiess and Florian is 

not sufficient and a different definition of strategy is needed. Thus, the authors adopt the 

concept of Marcotte and Nguyen (1998), which specifies a set of attractive lines and further 

orders them by attractiveness (in comparison to the classic concept where the common lines at 

a station are simply divided to attractive and not attractive ones). Applied to a congested 

transit network, this results in creating for each node and each destination an ordered list of 
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successor nodes. Therefore, a user defines a preference set of lines at each node. The model 

follows a classic assignment procedure by evaluating the arc costs, constructing their optimal 

strategies and then assigning flows on the arcs. 

This model, named User Preference Set (UPS) is based on an access probability, a , which is 

the probability of a passenger to access each successor node. If we consider a  the available 

capacity of the arc a  and ax  the flow, then the access probability, a , is: 

};1min{
a

a
a

x
  

The calculation of the access probabilities for each outgoing arc leads to the calculation of the 

cost in the construction of the optimal strategy.  

 definition of strategy assumes that the flow is assigned to the attractive arcs as 

long as there is available capacity, according to the access probabilities calculated as in the 

optimal strategy. Once, their capacity is reached, the excess flow is assigned to the next line in 

the preference set and so on. In the dynamic version of the model, Hamdouch and 

Lawphongpanich (2008) adapt this ordered preference list of the successor nodes and make it 

sensitive to the temporal availability of the supply.  

In addition, the dynamic model considers the priority of on-board passengers in a vehicle over 

the boarding passengers, by distinguishing two classes of users. The assignment mechanism 

deals firstly with the priority passengers, who have an access probability 11
a   

violate the capacity constraints. Then, the access probabilities are calculated for the non-

priority users. The passengers who fail to board a given vehicle are assigned to the following 

vehicle arrival, where the boarding mechanism is repeated. The cost of each strategy is 

derived from the path costs and the access probabilities for each class of users, while no 

penalties are included.  

3.3.3.2   Implementation 

As mentioned beforehand, the assignment procedure of the model seems classic. First, the 

access probabilities are calculated for each boarding arc, along with the arc cost. Then, the 

optimal strategy is constructed and the flow is loaded. The loading mechanism is based on the 
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ordered preferences set for each node. After the first iteration, where the strategy is reduced to 

the shortest path, the saturated arcs are removed from the preference set, and the residual 

capacity is updated. Then, the access probabilities for the arcs in the preference set are being 

recalculated and the excess flow is assigned.  

The authors use a recursive process for the definition of the optimal strategy. Indeed, the 

optimal preference order for each node i  is calculated by sorting the expected travel costs 

from i  to the destination. The construction process goes through the nodes in a reverse 

topological order, in accordance to Nguyen and Pallottino (1989). After the local assignment, 

a dynamic programming equation is used to compute the costs from the node to the 

destination for each user class.  

In order to reach the strategic equilibrium two approaches are considered, whilst the 

convergence is measured through the relative gap function; a non-negative function whose 

minimum is achieved for the equilibrium flow. The first approach is to reach the equilibrium 

flows by a Frank and Wolfe (1956) algorithm of linear programming. The flow vector of each 

iteration is computed through a convex combination where a step-size, specific to each OD 

pair, is calculated with respect to the distance of the current to the auxiliary flow vector and 

the number of iterations already executed. The second approach consists in a projection 

algorithm using the Euclidean projection of the flow vector on the convex set of feasible 

flows.  

3.3.3.3   Discussion 

The User Preference Set model adapts the strategy concept to a congested transit network. It 

is based on an explicit in-vehicle capacity and provides an according definition of the 

strategy. Nevertheless, contrary to what was proposed in Spiess and Florian (1989), the path 

cost does not include any penalties due to the flow saturation or the failing of the candidate 

passengers to board a given vehicle. That aspect is modified in the dynamic model in 

Hamdouch and Lawphongpanich (2008). 

The model addresses efficiently the priority of the passengers who are on board, over those 

waiting to board. However, at the level of strategies, the model fails to deal with the combined 

frequency problem of common routes and the effect of congestion on their availabilities. 

Without saturation, the model is reduced to an optimal path assignment using average waiting 
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times, rather than an optimal strategy of Spiess and Florian (1989). In addition, the authors 

seem not to deal with the combined treatment of different destinations. Doing so is indeed a 

problem, since the ordered preference list depends on the destination and on the intermediate 

nodes, thus causing ambiguities in the definition of the probability of boarding. Finally, the 

 

3.3.4   The Dual Penalty Model 

3.3.4.1   Model Description 

The last of the modelling approaches presented in this section is the work of Lam et al 

(1999b). The authors address the capacity constraints on a transit network by imposing a 

penalty on the congested segments. Indeed, they assume that when the demand for a service 

exceeds the available capacity, only a part of the passengers will be able to board in the first 

vehicle at a station, or will opt for an alternative route. Whatsoever, these boarding passengers 

will suffer a passenger overload delay due to the increase of their waiting time.   

The delay is determined endogenously at the equilibrium on the basis of the characteristics of 

the congested transit network. The authors do not propose a direct formulation of the 

congestion penalty, but rather that is implicitly calculated in conjunction with alternative route 

choices. In fact, contrary to the previous models, where a delay is calculated in a 

straightforward way from the relation of the volume of candidate passengers and the available 

capacity offered, in Lam et al (1999b) the delay can be expressed as the penalty for which 

passengers are dispatched to alternative paths.  

It is further assumed that the passengers waiting at a station create distinct queues for every 

line, and that they also form groups according to their egress stations. The service rate for 

each queue corresponds to the capacity available on the line. The model suggests an explicit 

representation of the in-vehicle capacity constraints. Even though some arcs may be locally at 

capacity, a sufficient network capacity for every OD path flow is necessary for the 

convergence of such a network with passenger queues (Bell, 1995).  
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3.3.4.2   Implementation  

In Lam et al (1999b) a multipath assignment procedure is used. The procedure is adapted to 

account for the variability in the perception of time by passengers, and also their limited 

knowledge of the actual vehicle timetables. It is also adapted to account for congestion, on the 

basis of the dual penalty approach of which the principle is described above. Let us now look 

at it in detail.  

Let as define the passenger overload delay ad  at an in-vehicle link a  connecting a station i . 

When the flow is lower than the available capacity, aax , the passengers do not suffer any 

additional cost. On the other hand, when aax , insufficient capacity prevents some 

passengers to board the first vehicle. The congestion penalty is integrated in the arc cost. With 

at  the in-vehicle travel time and aw  the waiting time of the attractive set, the cost function is: 

aaaa dwtg   

Formally, the passenger overload delay of a route is calculated through the Lagrange 

multiplier of the Lagrangian of the objective function. It is therefore the value for which, the 

passenger flow is inferior to the capacity constraints. 

The waiting time is calculated as a combination of the frequencies of the attractive lines, as in 

Chriqui and Robillard (1975). Nevertheless, when addressing the congested arcs, the authors 

implement a logit model for traffic assignment on alternative arcs. Therefore, the ratio among 

alternative routes stems from the difference of their cost. The logit scale, parameter  is 

actual timetables. Increasing the value of the parameter implies possessing better knowledge, 

up to considering perfect knowledge ( ), which reduces the Stochastic User 

Equilibrium (SUE) to a Deterministic User Equilibrium (DUE). The equilibrium is achieved 

through an iterative process, using a method of successive averages (MSA). 

3.3.4.3   Discussion 

By developing a stochastic approach for the equilibrium assignment problem and an explicit 

in-vehicle capacity constraint, the dual penalty model expands the conventional transit 

assignment framework. It provides an explicit calculation of the cost of the capacity effect, in 
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competition with other alternative lines. Furthermore, this cost is determined using a 

stochastic user equilibrium and it is incorporated in the path cost of a passenger. 

Nevertheless, even though the authors establish that cost as a penalty for passengers wanting 

to board, it is assigned to the in-vehicle arcs of the transit network. Thus, it is applied to all 

the passengers on-board the vehicle and although it can be interpreted as a discomfort penalty, 

due to the overcrowding of the vehicle, it is incorrect to consider it as a waiting time before 

boarding.  

3.3.5   A Theoretical Comparison of the Total Person Capacity 
Models 

All the approaches discussed above share the common objective to account for the passenger 

capacity of vehicles and transit services. These approaches share some similarities: queuing 

theory is often involved to analyse the relationship between passenger stocks (queues) and 

flows; classical transit assignment models are also often the ground on which these original 

approaches are based on.  

However, they differ a lot with respect to passenger behaviour. In order to compare them in a 

systematic way, the criteria set of Leurent and Askoura (2010) is used below. Table 2 

regroups the characteristics of the capacity models, based on the representation of time and 

the following other criteria: first, the representation of the capacity constraint, in other words 

whether it is modelled explicitly or implicitly; second, the presence of a priority rule for the 

passengers on-board over the boarding; third, the method the waiting time at station is 

calculated; fourth, the distribution of the boarding passengers among the attractive routes for a 

given destination.  
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Table 2: A theoretica

constraints 

Capacity Model 
Effective 
Frequencies 
(FF) 

Dual Penalty 
(DP) 

Failure-to-
Board (FtB) 

User Preference 
Strategy (UPS) 

Representation of 
time Static Static 

Static and 

Pseudo-

dynamic 

Static and 

Dynamic 

Representation of 
the capacity 
constraint 

Implicit through 

reduced 

frequency at 

boarding 

Explicit, IVTT 

penalty when 

reaching 

capacity 

Explicit. A 

Failure arc to 

carry excess 

flow 

Explicit. Filling 

arcs one by one  

Priority of 
passengers on-
board over 
boarding 
passengers 

Explicit.  

Capacity 

constraints only 

at boarding arc 

No. 

Penalty at 

interstation arc 

Explicit  

Explicit  

Flow charging 

upstream 

Waiting Time for a 
route for a 
boarding 
passenger 

Waiting time 

increase through 

reduced 

frequency 

Penalty due to 

IVTT increase 

Additional 

waiting time 

added to the 

journey time 

No penalties due 

to excess volume 

Distribution of 
boarding 
passenger 
volumes in a 
station between 
the attractive 
routes for a given 
destination 

Uncontrolled 

effects due to 

frequency and 

capacity 

reduction at all 

load rates (BPR 

function) 

Nested model:  

- Strategy of 

assignment to 

attractive routes 

- MNL between 

strategies 

No interaction 

with other 

attractive lines 

Not dealing with 

discrete 

availability of 

routes 

 

3.4   Seat Availability and In-vehicle Comfort 

This section focuses on the second main capacity constraint represented in transit assignment 

models: the seat capacity. Although, the first in-vehicle comfort models date back from Last 

and Leak (1976), in-vehicle comfort modelling had not acquired enough attention until 

recently. Gendreau (1984) suggested accounting for in-vehicle comfort by applying a 

discomfort penalty to all on-board passengers, without yet distinguishing seated and standing 

ones. In the 200  a significant research effort in order to 

include the effect of seat availability on quality of service and passenger route choice. Transit 

assignment models dealing with seat capacity are mainly static models adapted to large-scale 

transit network modelling. They are heterogeneous, regarding network representations and 

modelling approaches. They are all based on a formal description of the seat allocation 
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mechanism, notably assuming that on-board passengers have a seating priority over boarding 

passengers at a stop. They distinguish the two classes of on-board passengers (seating and 

standing). Three representative seat availability models are discussed below: the static models 

of Seated Capacity (Leurent, 2012a), the Failure-to-Sit (Schmocker et al., 2011) and the 

dynamic Seat Availability model (Sumalee et al., 2009) extended in Hamdouch et al (2011). 

3.4.1   The Seated Capacity Model 

Interested in the transit characteristics that constitute the quality of service in public 

transportation Leurent (2012a) and Leurent and Liu (2009) propose a transit assignment 

model which could capture the fact that upstream passengers have the priority over those 

boarding to obtain a seat, all this in a framework that can efficiently deal with a large scale 

network. This priority rule is consistent with empiric observations, which suggest that 

passengers consider standing to be more penalizing than seating (Kroess et al, 2007), and 

therefore compete to occupy a seat whenever one becomes available.  

The authors model the assignment of passengers to seats as a two-stage mechanism. At the 

arrival of a vehicle in a station, the sitting passengers who are alighting free their seats, and 

the on-board standing passengers compete for them. Then, the passengers boarding compete 

for the remaining ones, if there are any. Formally, at each stop this mechanism yields sitting 

probabilities for the on-board standing and then for the boarding passengers.  

They combine the optimal strategies framework in Spiess and Florian (1989) and the network 

representation in De Cea and Fernandez (1993) to adopt a network description based on route 

sections, or service legs; one service leg is created per transit service and boarding-alighting 

station couple. Since a seated passenger will only stand for alighting, we can define a service 

mode for each boarding-alighting trip with respect to the station the passenger sat. At any 

point of the journey there is a given probability to sit. Hence the cost of a boarding-alighting 

leg is a random variable linked to the probability of having a certain service mode. However, 

a mean cost of a given service leg can be calculated. 

Despite the modifications in the network description and a leg-costing algorithm, Leurent 

(2012a), the route choice model follows standard transit assignment model architecture. The 

route section approach leads to an increase in calculation time. However, the development of 

a cost-flow relationship at the route-level allows dealing with each line separately and, thus, 
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reduces the total number of legs needed. The network assignment problem relies in finding 

the transit network traffic equilibrium on the basis of the calculation of the leg costs. That 

approach can handle with great efficiency a large-scale transit network, such as the transit 

network of the Paris Metropolitan Region, on which the model was applied in Leurent and 

Liu (2009). 

3.4.2   Failure-to-Sit Model 

In Schmocker et al (2011) the authors describe the failure-to-sit model, developed for 

frequency-based assignment, where on-board congestion is related to seat capacity. Through 

the fail-to-sit probabilities at each station, the authors wish to explicit the effect of seat 

availability on route choice, with a method inspired by the Failure-to-board model of 

Kurauchi et al (2003).  

In addition to the fail-to-sit probabilities, the authors propose an alternative network 

description, where a line is modelled with two parallel arcs; one for standing passengers and 

one for sitting passengers. Stations consist of 5 nodes and 8 arcs for each line. At the station, 

simple priority rules are applied to all passengers, where the on-board passengers would have 

priority over boarding passengers to fill the available seats. The fail-to-sit probabilities are 

updated on the basis of these flows.  

The assignment procedure is based on the hyperpath assignment framework with many 

adaptations. Once the fail-to-sit probabilities are calculated, the optimal hyperpath is found 

from each destination to the origins. Simultaneously, the path costs are updated, from 

downstream to upstream, according to the fail-to-sit probabilities. After constructing the 

optimal hyperpath, an algorithm determines the route shares at boarding on the basis of the 

combined frequency of the attractive lines and the fail-to-sit probabilities. The assignment 

algorithm is based on absorbing Markov chains. 

3.4.3   Seat Availability Model 

In Sumalee et al (2009), the authors present a dynamic transit assignment model with two 

levels of discomfort perceived by the passengers based on whether they are sitting or 

standing. In addition, the passengers consider the stochastic nature of the quality of service, 

due to the probability of getting a seat. Departure time choice and route choice are based on 
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the expected travel disutility or generalized cost, and the authors focus specifically on the 

effect of seat allocation on the temporal distribution of travel flows. Aside from these 

elements, the generalized cost also depends on the perceived travel time, the waiting and 

transfer time, the walking access and egress time, the late or early arrival and the total 

monetary travel cost.  

The model is based on the sitting probability for on-board standing and boarding passengers. 

That depends on the number of available seats, the priority of on-board and boarding 

passengers and a passenger motivation to get a seat, related to the time already standing and 

the remaining journey time. The sitting allocation mechanism at a station consists of two 

stages. The first stage concerns the standing passengers on board a vehicle, after the alighting 

passengers left the vehicle. The algorithm assigns randomly a passenger to an empty seat 

based on his willingness to get a seat. This procedure is repeated until all seats are filled. The 

second stage is addressed to passengers boarding according to their arrival time, following the 

bulk-queue model. The passengers of a group will be randomly allocated a seat until all seats 

will be filled.  

The network is represented by a diachronic graph, which contains a service, a demand and an 

access/egress subgraph. According to the authors, the route choice procedure can be assumed 

to be predefined. Alternatively an MSA algorithm can be applied to solve the fixed-point 

problem of the probit stochastic user equilibrium defined in Sumalee et al (2009). Once the 

passenger flows have been loaded on the diachronic graph, an algorithm simulates the run of 

each vehicle from its origin to its destination in order to compute the passenger flows on 

board and execute the two stage seat allocation procedure, as described previously. The 

convergence to equilibrium is monitored through the maximum gap of an auxiliary path flow 

to its updated path flow.  

The seat availability approach is innovative in the sense that it includes a motivation of a 

standing passenger to get a seat - sensible to the time travelled standing and his egress station 

 and all than with a standard seat allocation mechanism in a dynamic context. However, the 

numerical examples are based on simple lines and it seems that the complexity of the 

approach does not allow its implementation on a large-scale network. Recently, Hamdouch et 

al (2011) integrated the seat availability approach into a dynamic assignment model, which 

addresses total and seat vehicle capacity.  
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3.5   Conclusion 

Transit assignment is a recent sector of research, compared to its road counterpart. The 

particularities (spatial and temporal availability) and the complexity (interactions among 

physical line, vehicles, passengers and stations) of public transportation led to a combination 

of unique modelling concepts and generalized modelling techniques. The scientific 

community is focused on three major sectors of research in transit modelling: modelling 

capacity effects on static macroscopic and dynamic assignment models, developing more 

efficient dynamic assignment models for implementation on large-scale networks and 

focusing on the dynamic simulation of vehicle and passenger movements on the network.  

Modelling the capacity effects is of great concern for the realism of transit assignment 

models, as well as for the socio-economic assessment of transit infrastructure projects; and a 

plethora of transit assignment models has been proposed, stretching from small to large-scale 

network implementation and from static to dynamic models. At this stage, only two main 

choice and waiting time for a given service or group of services, and seat availability, a 

determining factor of the quality of service of public transportation networks.  

Regarding the models addressing the total person capacity, various approaches were applied, 

usually inspired from queuing theory. These models generally adopt the classic framework of 

optimal strategies along with their graph representation as hyperpaths and consider the 

priority of the passengers, on-board over boarding. The dynamic models of this category 

generally seem to lack the capability of modelling a large-scale network. Even though there is 

a great variety of models, they do not seem efficient to realistically reproduce both the route 

choices and the congestion cost on the network.  

Recently, more attention has been given to transit assignment models that deal with seat 

availability in both static large-scale network and dynamic. We observe that the models 

representing the phenomenon share a similar loading mechanism, consisting of two stages at 

boarding, and guaranteeing the priorities of on-board passengers over boarding ones. It should 

be noted that the model in Sumalee (2009) is unique in its inclusion of a motivation of 

passengers to get a seat, which depends on the time standing and the egress station.  
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Three main trends of research are being drawn for the future. First, it is essential to overcome 

the great complexity of the transit network and develop efficient algorithms that capture the 

various phenomena, especially for developing dynamic models to simulate large-scale 

ht to be thoroughly 

examined to grasp the capacity effects in an entire network. The third main axis for future 

research lies in including the effect of an intelligent transportation system to the transit 

assignment models and more precisely of the effect of real-time information constantly 

available. 
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Chapter 4: 

4 Modelling the Line System on a Structural 

Transit Network 

 

 

4.1   Introduction 

The transit network of a large metropolitan area is frequently subject to heavy congestion 

during the day. That congestion, not only affects the quality of service experienced by the 

transit users (for instance in-vehicle crowding), but also it can have an effect in the operation 

of the transit services. That double effect is captured by the line model, introduced in Leurent 

et al (2011). The described framework offers an approach to make a connection between 

passenger traffic assignment models for transit networks and transit operation models. 

The line model is established with two main objectives. On the one side, a modular 

framework is developed for treating the capacity constraints within a transit line, based on a 

two-layer representation of the transit network. These upper and lower layers correspond to 

the demand and supply side with a two-way communication. On the upper layer, the demand 

is assigned to paths based on the local costs calculated by the line model on the lower layer. 

Respectively, on the lower layer, each line is treated separately and the cost of each trip 

segment is calculated, on the basis of the upper layer passenger flows and of the local 

constraints at a stop or on a vehicle. 

On the other side, the line model captures certain vehicle and station capacity effects that 

influence 

capacity and station platform occupancy. Each effect is addressed at a local level with a 

specific model. While the seat capacity and total vehicle capacity, modelled by the seat 
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availability (Leurent, 2012a) and transit bottleneck (Leurent, 2011b) models respectively, are 

focused exclusively on the passenger flow, the station platform occupancy  addressed in the 

restrained frequency model  makes a connection between the passenger flow at the station 

affecting the dwell time of a vehicle and the operation of the transit services.  

This chapter is composed of four sections and a conclusion. Section 2 introduces the line 

system and sketches the general line model framework. Sections 3 and 4 deal with the in-

vehicle comfort and transit bottleneck model. Finally, section 5 describes the restrained 

frequency model. 

Table 3: Basic Notations of Chapter 4 

Variable Definition 

N  Set of nodes of the service network, ),( ANG  

A  Set of the line legs of service network, LP AAA  

 Transit line, L  the set of lines of the transit network 

z  Service route Zz  

0z  Nominal frequency of route z  

R
zk  Total capacity of a vehicle of the route z  

),( jix  Passenger flow from the station couple ji  on line  

H  Reference assignment period 1H  

i  Service frequency reduction factor at station platform i  

zin  Stock of passengers willing to board route z  at station i  

zi  Probability of immediate boarding of stock zin  on route z  at station i  

),( jig  Generalized cost of the trip ji  on line  

 

4.2   The Line System and the Model Framework 

The increase in the realism of the transit assignment models and the integration of various 

capacity effects and their interactions achieved in the line model results in these models 

gaining in detail but also in complexity. Our modelling approach is based on a systemic 

analysis of the transit system. In Leurent (2011) the author identifies the components of a 

transit system and along with their interactions. 
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A transit line constitutes the elementary subsystem of a transit network. The operations of the 

line are autonomous, especially so for lines with exclusive right-of-way. Each direction can be 

addressed separately and the vehicle operations of different lines rarely interact. Furthermore, 

the boundaries between transit lines include weak interactions between passengers accessing 

or transferring to the line. The capacity effects internal to the transit line and the cost of the 

individual trips of an origin  destination station couple within the line are addressed within 

this line model.  

The concept of the transit line is reduced to a subset of services that cannot overtake one 

another, especially because they share the infrastructure (station platforms, section tracks). 

One transit line is defined per direction of the service.  

A line of operations is formally defined as a connected, arborescent, acyclic network in a 

single direction of traffic. The link set includes track links either of interstation run or station 

sojourn, together with pedestrian links for egress and access at stations. Let us denote by 

L  a line and )(
A  its set of links, which is composed of: 

)(
IA  the subset of interstation 

track links, 
)(

SA  that of station track links  they both represent the vehicle traffic  and 
)(

BA  

the subset of boarding links and 
)(

AA  that of alighting  these sets represent the passenger 

access and egress. The line is operated by one or several transit services, denoted Zz : each 

service has a given track route i.e. an acyclic path denoted )(
APz  and a node set NN z  

of stations serviced along the route. 

The line and service topology of links and nodes is useful to model not only the topology of 

service legs and line legs, but also the chronological order of traffic operations. Figure 4 

depicts the process of operations. In fact there are five serial and related processes hereby 

listed: 

i. passenger alighting; 

ii. passenger movement within a vehicle; 

iii. passenger waiting on station platform and boarding vehicles with available capacity 

and servicing their egress station;  
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iv. dwell time and track occupancy that determine vehicle operations hence in turn 

service operations and their frequency during the period of reference and 

v. Interaction with external traffic on interstation links. 

 

Figure 4: Overview of the line system (K for capacity) 

 

Each process is treated with a specific local model, where the output vector of one model 

feeds the successor model. Their coordination is achieved by the line model, which calls two 

main models at that level (see chapter 8 for detailed algorithms):  

 a physical model of flow loading in vehicles and of service traffic treating the line in 

the topological order of the stations, and 
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 an economic model of cost evaluation in the setting of the individual passenger that 

would use the line on a given leg. 

The line model manipulates mainly two variables. First, the passenger load sr
zay  in a vehicle of 

service z  along link a  with egress station s  and suffering a comfort state r . Second, the 

frequency za  of service z  on link zPa . The latter identifies the number of vehicles that 

operate on service during the assignment period. 

It would be possible to model one sub-network link by passenger state hence by link a , 

service z , comfort state r  and egress station s . However, it is sufficient to model the service 

topology in relation to the line topology on the basis of the sets zP  and zN , and to identify 

the relevant flow state variables sr
zay  and za . 

The following sections focus on some particular local models, applied at each station: the in-

vehicle comfort for the passenger traffic within the vehicle; the transit bottleneck for the 

passenger waiting on station platform and boarding; and the restrained frequency for track 

temporal occupancy and demand-service interplay.  

The line model manipulates an additional set of local variables. In order to model seat 

capacity (see section 4.3), two comfort states of sitting versus standing are identified by index 

r : incoming passengers in service z  at station link a  have a probability r
zasp  of getting 

comfort state r  with respect to their destination station s . On the previous track link, on-

board standees that do not exit at the station have a probability 
ro

zasp
)(

 of getting state r  from 

previous state . The bottleneck created from the passengers at boarding is expressed by the 

probability of immediate boarding (PIB), zis , for a vehicle of service z  arriving at station i  

for passengers destined to station s  (see section 4.4). The three probability vectors are 

determined within the line flow model together with the flows sr
zay  and the frequencies za . 

Considering the equiprobability to get a seat among boarding passengers, whatever their 

egress station, the previous probability vectors can be expressed with respect to the boarding 

station, regardless of their egress station. All these variables are taken as exogenous in the line 

cost model. The vectors of the probabilities of getting a comfort state ]:[ z
r

za
r

z Papp  and 
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]:[ )()(
z

ro
za

ro
z Papp  determine the in-vehicle travel conditions for a given service leg 

),( siz . The vector of probabilities of immediate boarding ]:[ zziz Ni  in relation with 

the vector of service frequencies 
zPaza ][  determine the boarding share of each service 

zNiz :  .  

 

Figure 5: The process of cost evaluation of a line leg (i,s)  TT for Travel Time 

 

Figure 5 illustrates the process of cost formation of a trip on access-egress station couple 

),( si  by two alternative services, z  and z , that makes reference to the line leg ),( si . The 
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arrows denote the formation of cost the line leg ),( si . That is done in a reverse topological 

order, from egress station s  to access station i  by means of three successive processes.  

From the egress station, a recursive formula for the formation of the service leg cost ),( sizg  is 

used (see sections 4.3 and 8.3.3.2), based on the sitting cost 
zPazat ][ , the standing cost 

zPa
r
zag ][  and the calculated auxiliary cost sjNsj z ,,z(j,s)][   subject to the probabilities of 

improving the comfort state downstream. The average in-vehicle travel time ),(
~

sit  and 

average generalized in-vehicle travel time ),(
~

sig  are calculated as a weighted average of the 

alternative services  given the probabilities of immediate boarding 
zNi][ zi  and the service 

frequencies 
zPaza ][  of the services at i . The previous state variables determine the 

combined waiting time, ),( siw , and the average generalized travel time, ),( sig , for a trip on 

the line leg ),( si . 

 

4.3   The In-Vehicle Comfort 

The in-vehicle travel time is a major component of the journey time and its quality is greatly 

affected by the passenger volumes. The line model uses a local comfort model to assess the 

in-vehicle comfort of an interstation at the station after boarding. The in-vehicle comfort of a 

passenger depends on whether he occupies a seat or not and on the density of the standing 

passengers if he is standing. The in-vehicle comfort model stems from the model for seat 

capacity introduced in Leurent (2006) and developed in Leurent (2012a). Some modifications 

are made to adapt it to the CapTA model and to make the standing comfort state sensible to 

the density of standing passengers. These are detailed in the first section. The second section 

discusses the impact of the folding seats on the in-vehicle comfort, such as discussed in 

Chandakas (2009). 

4.3.1   The Model for Seat Capacity 

The Seated Capacity model, developed in Leurent (2012a), treats the in-vehicle comfort by 

addressing the seat availability during a trip. Two comfort states are defined, sitting and 

standing, where the latter is considered more onerous than the former. That agrees with the 
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founding of stated preference surveys, such as in Kroess (2007) for the Paris Metropolitan 

Region. A rational economic agent seeks to minimize his perceived journey time and 

therefore prefers sitting rather than standing. He will quit the sitting comfort state at the 

alighting station. 

When a vehicle stops at a station i , the alighting passengers free a number of seats, which 

then become available to the standing passengers. Two priority rules are established; first, on-

board passengers have a physical priority over boarding passengers, second, the passengers of 

the same class have equal probability to succeed in sitting, or
zap  and r

zap  for on-board and 

boarding passengers respectively.  

At each level of the competition, let r
zak  denote the available seat capacity and sr

zay  the 

vehicle flow of incoming passengers at link a , of service z , of each competition stage with 

destination s  and comfort state r . The candidate passengers with comfort state r are 

is

sr
za

r
za yy . The symbols o ,  state the competition stages, for on-board and boarding 

passengers respectively. The probability to occupy a seat is:  

};1min{)/(

r
za

r
zaro

za
y

k
p , or 1)/( ro

zap  when 0r
zay  

(  9 ) 

The seat competition is a random procedure. A seated passenger will stand only to alight. We 

can therefore define a service mode: a given trip is identified by the boarding and alighting 

stations and the station of comfort state change to sitting. For a passenger boarding at a station 

i , the average comfort state corresponds to the weighted average of all the service modes 

applicable: its cost will be the weighted average of the cost of the service modes.  

4.3.2   Interaction Between the Seat Capacity and Line Models 

The solution algorithm of the Seat Capacity Model described in Leurent (2012a) holds many 

similarities with the architecture of the line model and its integration is straightforward. The 

two stage treatment of the seat capacity model corresponds to the two main models at the 

level of the line. The passenger flowing is integrated in the line flowing model of the line 

model. Indeed, by considering the chronological order of the operations for every service at a 

stop, the alighting and the updated in-vehicle conditions are followed by the calculation of the 
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on-board sitting probability, while the boarding sitting probability is calculated after the 

platform waiting and boarding local model. Respectively, the service leg cost evaluation is 

performed at each station and for every stopping station throughout the line leg cost 

evaluation model. However, the line model focuses on the individual travel conditions and the 

passenger flows correspond to the vehicle flow vector. The integration of the in-vehicle 

comfort model to CapTA is further described in the algorithmic section of Chapter 8.  

Furthermore, an extension of the model for in-vehicle comfort is the addition of the average 

density of standing passengers. In that way, a linear cost may be imputed to the standing 

passengers, according to the standing conditions. The line model acts as a central module on 

the simulation procedure, which coordinates the input and output of the various local models. 

In that case, the Seat Capacity Model affects the perceived in-vehicle travel time of the 

services. In addition, the local models at the station interact via the line model and produce 

various secondary effects, which are discussed in section 4.6.  

4.3.3   The Effect of Folding Seats on the In-Vehicle Comfort 

While a seat capacity model describes the occupation process of the available seats, for 

simplicity it omits the use of folding seats, due to their complex operating characteristics. 

Indeed, these seats are used at medium vehicle loads  when the load just exceeds the nominal 

seat capacity. At unfolded position, they occupy a part of the vehicle surface used for 

standing. They are still used at low standing densities and they cease to be used when the 

standing densities increase over a critical value. The folding seats and their temporary usage 

are discussed in Chandakas (2009) as a means to accurately provide a measure of the 

variations of the in-vehicle comfort in the commuter rail of the Greater Paris transit network.  

Their modelling is essential for the estimation of the quality of service, since they add roughly 

80-120% and 0-35% of seat capacity to the metro and suburban rail vehicles respectively. 

Furthermore, the use of folding seats at the sides of the door may influence the passenger 

exchange rate. If they are used, the available door width and the number of flow streams may 

be reduced at certain vehicle seat arrangements. It has therefore an impact on the nominal 

exchange capacity of a door and leads to an increased dwell time. In the following section we 

make a description of their operation and the modifications which concern the in-vehicle 

comfort. 
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4.3.3.1   The Attributes of the Folding Seats 

The folding seats are seats usually positioned near the doors of the vehicles or other surfaces 

that are assigned as potential surface for passengers to stand at high congestion levels. When a 

folding seat is used, it covers a given vehicle surface, which is inaccessible for standing 

passengers, therefore reducing the total surface available for standing passengers. When 

folding seats are occupied, a smaller surface is available for the standing passengers, who 

stand denser. The standing density id  is defined as the ratio of the number of standing 

passengers to the surface available for standing at station i . 

Moreover, whether the folding seats are occupied or not is related to the passenger load of the 

vehicle. It is assumed that by civil obligation the sitting passengers liberate the folding seats 

when the vehicle is congested. Moreover, the penalty for occupying a folding seat is greater 

than that of a normal seat, due to the risk of standing later at the trip. The state transition of 

the vehicle between active or inactive folding seats takes place at a certain standing passenger 

density, defined as a critical load. Assuming a different critical density for occupying or 

liberating a folding seat; a higher density is needed for liberating a seat rather than occupying 

it  if unused.  

 

Figure 6: Density of standing passengers on a vehicle in relation to the volume of on-board passengers and 

the effect of the folding seats 
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Figure 6 illustrates the density of the standing passengers and the vehicle load for a standard 

vehicle of the Parisian metro. We observe that standing density increases after the occupation 

of all normal or folding seats. Furthermore, when the load increases, there is a standing 

density, d
d , for which the passengers seated in the folding seats liberate them and join the 

standing passengers. The available space for standing is increased. Therefore, a discontinuity 

in standing density is provoked, associated with a critical load for deactivation, d
y .  

On the opposite direction, when the vehicle load decreases, there is a density for which the 

standing passengers decide to activate the folding seats and occupy them. We assume a 

density for activation da
dd  and a critical load for activation, a

y . At activation, the 

remaining standing passengers will suffer from a reduced available surface, whereas those 

sitting at the folding seats will perceive inferior cost than standing. 

4.3.3.2   In-Vehicle Comfort States 

Previously, the physical characteristics of the folding seats and their activation  deactivation 

mechanism are described according to the density of the standing passengers. A passenger 

who is seated on a folding seat is not fully isolated like the other sitting passengers  suffering 

the passenger congestion  and may face a temporary occupation subject to the density of the 

standing passengers. He should perceive, then, an increased journey discomfort compared to 

one occupying an isolated seat. that makes sitting on a folding seat a distinct comfort state 

which is positioned in terms of travel penalty between the sitting and the standing states.  

To summarize, by including the folding seat as a distinct comfort state, the in-vehicle comfort 

is characterized by three states, with their respective section costs and comfort state 

transitions as follows: 

 Sitting in normal seat with a discomfort cost r
ag  for a passenger sitting on route 

section a . The passenger gives up his state only at alighting; 

 Sitting in folding seat yields a discomfort cost r
ag
~

 for a passenger. A sitting 

passenger competes equally with the standing passengers for the transition to the 

sitting comfort state. High vehicle loads may neutralize folding seats; 
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 Standing with a discomfort cost r
ag . That cost may depend on the density of standing 

passengers )(G aa
r
a dg . A standing passenger tries a transition to sitting comfort 

state and if he fails, to sitting in a folding seat comfort state. 

It stands for the comfort state costs: r
a

r
a

r
a ggg

~
 

 

Figure 7: Cumulative distribution of in-vehicle Comfort States according to the vehicle volume 

 

The composition of the in-vehicle passenger volume by comfort state is illustrated by the 

cumulative passenger flows of a typical vehicle of the Paris metro in Figure 7. The magenta 

defines the number of passengers sitting on a route section and the yellow, those standing. 

Therefore, from volume 0  to r
k  (horizontal axis) any passenger boarding will get a seat. We 

observe that for passenger volumes from r
k  to d

y  (blue line on one direction) and a
y  (green 

line on the opposite direction) there exists a folding seat comfort state with a smaller 

discomfort than the standing passengers. The red line corresponds to the nominal crush 

capacity of the vehicle, R
k . For example, a vehicle containing fr

k  passengers (horizontal 

axis) will be composed of r
k  passengers with comfort state r  and rfr

kk  passengers with 

comfort state r~ . 
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4.4   The Total Passenger Capacity of the Vehicles 

When a passenger demand faces insufficient vehicle total capacity, the failure to treat the 

demand leads to an increased waiting time for the passengers on the platform. Using queuing 

theory approach, a local routing model with capacity constraint is introduced in Leurent 

(2011b

establishing a relation between the exogenous passenger flow, the waiting time and the local 

route choice. That is realized via the endogenous variables of passenger stock per destination 

 

The transit bottleneck is thoroughly described in Leurent and Chandakas (2012). The brief 

theoretical description is followed by an application instance, in order to demonstrate the 

behaviour of the model. A three line and three station simplified network is used to show the 

various traffic states that emerge, the destination competition when capacity is insufficient 

and the congestion externalities.  

4.4.1   The Transit Bottleneck Model 

The transit bottleneck model seeks to capture the effect on waiting time and route choice of 

the strict passenger capacity constraint. We assume that when the available capacity of a 

vehicle at a station is sufficient for handling the passenger demand, the model behaves 

identically to the non-saturated case and produces the same costs. Nonetheless, when the 

demand exceeds the available capacity of a vehicle, a stock of passengers is formed at the 

platform. That stock cannot be dissipated over the reference period H .  

The objective of the transit bottleneck model is to calculate the actual waiting time when 

saturation occurs along with the boarding shares for each transit service. Therefore, as input 

the exogenous flow ),( six  for each in-vehicle trip boarding at i  and alighting at s , the actual 

frequency of the transit service zi  and the available capacity of a vehicle, after passengers 

have alighted at the station, R
zik  are used. The boarding characteristics are estimated through 

the calculation of the passenger stock waiting at a station platform for a vehicle of the 

attractive set of routes and its probability to board that vehicle. 
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A partial stock of passengers, is , is identified for the passengers at station i  who are 

destined to s . The stock of passengers who wish to board a vehicle of the service iZz  will 

be the sum of the partial stocks of the destinations served by z , 
zNs iszin . If the 

available capacity of the vehicle is not sufficient to accommodate the stock of passengers 

waiting, then only a fraction of the stock will achieve to board the vehicle. The probability of 

the stock of passengers waiting for a service z , to board a vehicle of that service will be:  

};1min{
zi

R
zi

zi
n

k
 or 1zi  if 0zin  ( 10 ) 

Leurent and Chandakas (2012b) demonstrate that the partial stock of passengers, queuing in a 

mingled discipline, for each destination ]:[ )(
Nsis  satisfies a Fixed Point Problem 

(FPP). That partial stock must satisfy the following equation.  

is

is

si

si
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Where 
zNsz ziziis :

)(   

The partial stock should then be the solution of the equation: 
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F  ( 12 ) 

When multiple destinations are served from a station i  the problem cannot be solved 

analytically. A Newton - Raphson Algorithm is used for solving the problem by coordinating 

all the destinations from that station. The Fixed Point Problem is shown to have a solution, 

which is unique.  

Let isq  be the discharge flow. When saturation occurs, the exogenous flow entering the queue 

exceeds the discharge flow, 
zNsz isziziissi qx

:),( , since not all the passengers can 

board immediately a vehicle of the transit service. They have to experience a prolonged 

waiting in a stock. A longer than the reference period is needed for the evacuation of that 

flow, noted isH . Since the flow is conserved, it holds isissi HqHx ),(  and we can define 

the exit time interval isH :  
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is

si

is
q
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 ( 13 ) 

Therefore the actual waiting time becomes:  

isis

is
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isis
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qHx

H
w
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1

),(

),(  ( 14 ) 

Since 10 zi , it stands for the perceived frequency at boarding that 
zNjiz zis ,:

)( . 

4.4.2   An Application Instance and the Transit Bottleneck Model 
Behaviour 

A classroom instance is used to demonstrate the behaviour of the transit bottleneck model. 

The example is similar to that developed in Leurent and Askoura (2010) for the comparison of 

various assignment models under capacity constraints. Three parallel lines connect an origin 

A with a destination D. The two (ML2, ML3) also serve node B, which can serve both for an 

origin and a destination, as shown in Figure 8. The following table resumes their operational 

characteristics. 

Table 4: Operational characteristics of the service routes 

 

Route 
Frequency 

(veh/h) 
Vehicle Capacity 

(pass/veh) 
Service Capacity 

(pass/h) 

ML1 6 50 300 

ML2 12 100 1200 

ML3 6 150 900 

 

Figure 8: The service network of the application instance 

 

4.4.2.1   Passenger Traffic Flow States 

The model presented calculates the expected travel time of an access  egress station couple 

in the basis of the passenger stock (for the waiting time) and the weighted average of the flow 

A 
B 

D 

ML1 

ML2 

ML3 

 

10  

14  14  

10  

B  
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assigned to the transit services under strict capacity constraints. Therefore, when looking at 

the combined effect on a line with at least two parallel routes, we can distinguish three flow 

states, depending on the arriving passenger flow. To demonstrate these states, we focus on the 

simpler BD OD pair. While, we maintain the flow 0ADx , we increase the flow BDx , in 

order to saturate first the route ML2 and then the route ML3. Figure 9 (a) and (b) illustrate 

these three traffic flows of the pair BD, relating the in-vehicle time ( BDt ), in a dashed line and 

the journey time ( BDBDBD wttt ), in continuous line, with the passenger stock waiting at 

BD , and the arriving passenger flow BDx .  

 

Figure 9: Average Expected Travel Time (blue) and In-Vehicle Travel Time (red) per (a) stock of 

passengers waiting  left - and  (b) exogenous passenger flow  right. 

 

The three flow states can be distinguished on the line, as indicated in Figure 9 and Figure 10: 

( I ) The uncongested state, where a weak passenger flow does not face any capacity 

constraints; 

( II ) The semi-congested state, when at least one of the services is saturated, while others 

have some available capacity to accommodate the additional flow. Even though, the 

access  egress flow ),( six  can be transferred within the reference period H , there is 

an impact in both the expected waiting time and the in-vehicle travel time; 
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( III ) The congested state, (all the services are saturated) where the access  egress flow 

),( six  cannot be served within the reference period, H . The insufficient capacity 

results in a significant increase of the expected waiting time for the access  egress 

couple.  

Figure 10 illustrates the relation between the arriving passenger flow and the passenger stock. 

We observe that the congested state begins in a slightly bigger traffic flow than the combined 

residual capacity of the routes ( hpass
z z /2100 ). That is attributed to the objective 

function developed due to some mathematical approximation of the queue. Nonetheless, the 

difference observed is insignificant for the calculation of the expected waiting time and the 

flow share of the transit services. 

 

Figure 10: Relation between Passenger Stock waiting to board and arriving passenger flow BDx  

4.4.2.2   Destination Competition 

When multiple access-egress flows share the same transit service, a competition occurs 

among their respective partial passenger stocks at boarding. At unsaturated conditions, the 

route shares correspond to the relative proportions of the service frequencies. When at least 

one of the routes is saturated, the route shares of the passenger flows are modified, due to 

competition of the partial passenger stocks per egress station. The behaviour of the transit 

bottleneck model at congested state is demonstrated using the three-route network described 

previously. In this example, we keep a constant exogenous passenger flow of the A->D access 



 

Part II: Restrained Models 

 

 

 

Ektoras Chandakas 

 
116 

 egress station couple at a low passenger flow ( 800ADx ) and increase the A->B passenger 

flow, ABx , until all routes are saturated. 

Figure 11 illustrates the share of each transit route for the A->D flow. At unsaturated 

conditions the routes ML1, ML2, ML3 are assigned the 25%, 50%, 25% of the A->D flow, 

ADx , respectively, according to the route frequencies. Nevertheless, once a transit route is at 

capacity, an increase in the waiting time and a change in the route shares are observed. For the 

example developed, ML2 is the first to be saturated for passengersxAB 1209  to destination 

B. Beyond that flow, the route share of the ADx  flow is reduced on ML2 ( 40,02ML
AD  for 

1558ABx ). The saturation of ML3 creates a competition between the B and D partial stocks 

at A for the transit routes ML2 and ML3. Therefore, ML1 receives the flow unable to board to 

the other routes and its flow proportion increases from 30,01ML
AD  (for 1558ABx ) to 

377,01ML
AD  (for 1638ABx ). When all services are at capacity, the boarding competition 

reduces the probability of the stock to board ML2 and ML3 and therefore the proportion of 

ADx  passing from ML1 increases to 441,01ML
AD  for  2500ABx . 

 

Figure 11: The cumulative passenger flow share of each transit service 
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4.4.2.3   Congestion Externalities 

A passenger using a transit line will induce an extra travel cost to the line and the other 

passengers, because of the change in the conditions of their trip. The additional cost of a 

single arriving passenger will then depend on the level of congestion. We note 

ADAB GGG   the total cost on the line, where ABABAB xgG   and ADADAD xgG  are 

the total generalized costs for each OD pair and ABg , ADg  are the average generalized times 

of each access  egress station couple. The effect of an additional passenger on the pair AB on 

 

AB

AD

AB

AB

AB x

G

x

G

x

G
 

 

Figure 12: The marginal generalized time of an additional passenger in the AB pair for the AB (red), AD 

(blue) pairs and the marginal total generalized time (green)  

 

The marginal generalized time for each OD pair and that of the line is illustrated in Figure 12. 

The red line corresponds to that of the AB pair, ABx/GAB , the blue line to the AD pair, 

ABx/GAD , while the green is the marginal generalized total time on the line ABx/G . We 

observe that an increase in the AB flow, ABx , has also an impact to the cost of the AD pair, 

since they share the same transit services. In addition, discontinuities occur on the graph, 
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where there is a change in the traffic flow state, since the cost function is non-differentiable 

(see Figure 9(b)) at these points.  

 

4.5   The Station Platform Occupancy 

In addition to the in-vehicle discomfort, crowding and unreliability, felt by the passengers on 

a high duty line, occasionally the service suffers from operational disfunctionalities provoked 

by increased dwell time, vehicle bunching and delays, leading to reductions in the service 

frequency.  

That effect is well known to the transit engineers and the scientific community and thoroughly 

discussed in the Transit Capacity and Quality of Service Manual (TRB, 2003). Lin and 

system performance and the quality of service. They identify three direct effects: the dwell 

; at the station level a stopped vehicle occupies 

the station line for the dwelling, obstructing the following vehicles; and the dwelling time is 

believed to be a major factor for travel time variability and vehicle bunching.  

Lam et al. (1999) propose a model based on the first effect, relating the fleet size and the 

cycle time by vehicle to the service frequency. Meschini et al (2007) adopt a similar approach 

in the setting of a dynamic frequency-based multimodal network. In these models the station 

dwell time and the section running time of the buses are made flow dependent. However, in 

the planning horizon the fleet size is easily adjustable and the scarce resource pertains to the 

second effect linked to the platform availability. Indeed, Harris (2005) and Harris and 

Anderson (2007) consider the station stopping time and the occupation of the station platform 

as the crucial factor for determining the performance and the capacity of high duty guided 

lines (metro and commuter rail).  

Although a flow-dependent service operation seems more suitable to macroscopic dynamic 

assignment models, those proposed so far (e.g. Sumalee et al, 2009) take the service timetable 

as exogenous, in contradiction with the unreliability that appears under severe congestion. On 

the other hand, service operations are planned at the line level on the basis of a vehicle 

running along the service trajectory. The dwelling time and the vehicle load are considered to 
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influence significantly the transit service (e.g. Vuchic, 2005 and Lai et al, 2011), although a 

direct connection with the passenger flows is not established. 

The restrained frequency model addresses the effect of the dwell time on the transit service 

performance, thus making the system dependent. However, it explains 

only a part of the system performance, since it is not extended to other aspects of service 

operation. Aspects, such as rail convergence management and service irregularity are more 

complex and are not directly imputed to the level of passenger flow. They are not considered 

in this model. 

4.5.1   The Restrained Frequency Model 

constraints on 

a station platform. The service frequency is related to the line capacity, defined in the Transit 

capacity is the maximum 

number of vehicles (buses, trains, vessels, etc.) that can pass a given location during a given 

period ber of vehicles of the service that 

pass a given location during a given period and it is directly confronted with capacity. 

occupation of the line and a separation time, before the next passing vehicle. The temporal 

occupation of the line section is defined by the sum of the blocking period of each vehicle. 

The bigger constraint of the temporal occupation is located at the stops. For a stopping vehicle 

of service z , the physical occupation of the station platform i  depends on the boarding, zib , 

and alighting volumes, zie . The occupation period of the platform is linked to the vehic

dwelling time ),( zizizi ebT . The separation time  or roll out-roll in time (RORI)  is the 

period from one vehicle clearing the platform to the following arrival. The shortest time 

interval at which a vehicle can succeed the previous in a scheduled running without impeding 

each other is defined as the safe separation time, noted as zi  (Wendler, 2007). That time 

includes an operating margin for offering some schedule flexibility, in the context of the 

planned service to be able to absorb some minor disturbances along the line. 

The minimum headway time at a station  the time between two successive vehicle departures 

from the station  is then composed of the dwell time and the safe separation time:  
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zizizi THW  ( 15 ) 

The modelling approach is based on guaranteeing that the temporal occupation of a station 

platform during a given period H  

station platform, H , is the sum of the minimum headways of all the vehicles using the 

infrastructure of that platform  whether stopping or not  grouped into transit services with 

similar characteristics. It is defined by the service frequencies and the operation periods. 

In a static regime all the vehicles of a transit service have the same characteristics and an 

average dwell time. Therefore, if zi  is the frequency of a service iZz  using the platform 

infrastructure of station i  the temporal occupation of the station platform by all the transit 

services, is:  

iz
zi )(T' ziziH   

The restrained frequency model guarantees that the temporal occupation of the station 

platform H  does not exceed the temporal constraint, the reference period H , such that:  

HH zizi
iz

zi )(T'  ( 16 ) 

Enforcing the constraint means physically that if the temporal occupation 'H  exceeds the 

reference period, then during the reference period, less vehicles will occupy the station than 

scheduled.  That can be mathematically accomplished by multiplying the left-hand side by a 

reduction factor 1i . To distinguish the different situations, let us assume zi  the 

frequency at the arrival of a vehicle of the service z , before the passenger flowing phase at 

the station i . Then, we impose the reduction factor and zi  the frequency of the service 

downstream at the departure. Therefore,  

zizi i  ( 17 ) 

Therefore, by definition, we consider: 

iz
zi )(T zizi

i

H
 

( 18 ) 
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 The definition of the station occupancy period, H , includes the vehicles of all the missions 

that use the station infrastructure, both the stopping and the direct services  for the latter, 

0ziT , but 0ziziHW . 

4.5.2   A Numerical Example 

A numerical example is used for the evaluation of the behaviour of a transit line upon 

enforcing the occupation constraints at a station, according to the previous formulation. Four 

mass rapid transit lines of the Paris Transit Network are tested: the metro lines, M1, M13 and 

M14 and the central trunk of the RER A line. Especially for the RER A all routes are 

considered homogenous. Their characteristics are summarized at Table 5. 

Table 5: Operational characteristics of the M1, M13 and M14 metro lines and the RER A 

Route M1 M13 M14 RER A 

Nominal frequency per direction, 

zi  (trains/hour) 
34 36 40 30 

Standard dwell time, 
0

ziT (sec) 20 20 20 40 

Safe separation time, zi  (sec) 85 80 70 80 

 

Figure 13 illustrates the effect of the increase of the average dwell time of the vehicles on the 

frequency downstream. Since these lines are currently operating almost at capacity levels 

during the peak hour, we observe that a slight increase in the average dwell time may result in 

an important decrease in the service frequency. For example, exceeding the scheduled dwell 

time by 20 seconds implies a reduction of the line frequency downstream by 14% to 18% 

depending on the line. 

In the case of the RER A, the model suggests that an increase of the dwell time from 40 

seconds per vehicle to 60 seconds (an average dwell time of 55 seconds is regularly observed 

during peak hour), reduces the service offered to 26 trains per hour (13% service reduction for 

50% dwell time increase). Therefore, an increase in the average dwell time at a station may 

cause a reduction on the number of vehicles downstream, hence a reduction to the available 

capacity and an increase in the expected waiting time.  



 

Part II: Restrained Models 

 

 

 

Ektoras Chandakas 

 
122 

 

Figure 13: Restrained Frequency at station in relation to the increase on Dwell Time for Metro lines M1, 

M13, M14 and the RER A 

 

4.5.3   Discussion 

The formulation of the restrained frequency model offers an approach taking into account the 

interaction between the line operation and the passenger flow. Its formulation provides some 

limitations on the type of effects able to reproduce.  Namely, the model is defined within a 

static transit assignment model and it is affected by the average dwell time of the vehicles of 

each route. It does not consider the temporal variation of the arriving passengers. In addition, 

the model tackles at each station the capacity constraints and the frequency propagation 

downstream, without assuming a spillback effect upstream due to insufficient capacity.  

The model described above considers uniquely the effect of the dwell time and station 

platform occupation on the operation of the transit lines. Nevertheless, it does not take into 

account more complex operational effects on the line level, such as the convergence of the 

service branches or the travel time instability due to service reliability.  

The model is formulated in a simple way by imposing a reduction factor whenever the 

temporal occupation of the platform exceeds the reference period. Nonetheless, it has an 

important effect on transit operation and route choice. It is significant if we consider the 

secondary effects induced due to the reduction of the frequency and thus the available 

capacity downstream. Therefore, the path costs and the route choices of the users are 
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influenced by those secondary effects depend on the vehicle capacity availability, such as 

nd seat congestion.  

 

4.6   Combinations of Capacity Effects 

Although each capacity effect is treated with specific local models, the secondary effects 

emerge on the line model, due to the local constraints imposed. Three secondary effects are 

identified on the line model: 

( I ) The restrained frequency on the platform waiting time; 

( II ) The restrained frequency on the in-vehicle comfort and 

( III ) The transit bottleneck on the in-vehicle comfort 

The restrained frequency model treats the effect of the passenger flows, through the vehicle-

platform interaction to the transit operation, in particular the service frequency of the transit 

services. Therefore, restraining the frequency of a service z  at the station i  affects the 

intensity of the boarding passengers downstream. That can be approached, either by the 

available capacity of a vehicle facing a greater exogenous flow ( R
zik  opposed to zisix /),( ) or 

by the exogenous flow competing for a reduced available capacity of the line ( ),( six  opposed 

to 
iz

R
zikzi ). The impact on the local route proportions and the waiting time can be 

significant, particularly if a service gets saturated.  

Similar impact of the restrained frequency can be identified on the in-vehicle comfort, by 

means of the available capacity for boarding. An increase of the boarding flows impacts the 

probability to seat for the on-board and the boarding passengers downstream and, hence, 

degrades the in-vehicle comfort.  

The impact of the transit bottleneck on the in-vehicle comfort is counter-intuitive, since 

constraining the boarding flows improves the comfort of the passengers on-board. Indeed, in 

comparison with a model where the boarding flow is unbounded, the transit bottleneck 

enforces strict capacity constraints on the boarding flow. Therefore, fewer passengers on-

board compete for the same number of seats at each competition stage. Furthermore, 
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enforcing strict capacity constraints on a station implies that the passengers boarding the 

downstream stations will have a bigger probability to access the less penalizing seating 

comfort state. 

 

4.7   Conclusion 

We presented the concept of the line model and the local models for capacity constraints that 

compose it: the in-vehicle comfort, the transit bottleneck and the restrained frequency. The 

line model is located between these local models at the platform level and the network model, 

acting as an elaborate cost-flow relationship. It allows in the same time to restrict some 

capacity constraints within the transit line where they are more relevant, and to provide a 

 egress trips within a line, which are treated 

at the network layer. In other words, the line model acts as a transition between the network 

and the local flow, while coordinating the line operation and the services. 

Into that modular framework, the local capacity models evaluate the effect of the passenger 

flows and the capacity constraints on the travel cost as well as the interplay between the 

demand  as passenger flow  and the supply via the service frequency. The framework is 

essentially systemic and modular: some parts of it may be replaced by more appropriate sub-

models, for instance about track occupancy, or the interaction of access and egress flows in 

station dwelling. Many developments can be thought of: (i) a complimentary model for 

vehicle alighting and platform access, (ii) door allocation to only one direction of traffic flow, 

(iii) control of dwell time and restriction of boarding flow, instead of endogenous dwell time, 

(iv) external traffic on interstation links, (v) featuring the platform layout and its effects on the 

passenger flows and waiting stock, (vi) the return trip of service vehicles relate the two 

directions of traffic on a given line, (vii) stochastic features in the formation not only of travel 

time and generalized cost, but also of flows and stocks and (viii) an elastic vehicle crush 

capacity, related to the passenger stock failing to board.  
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Chapter 5:  

5 A Transit Station Model on a Structural 

Transit Network 

 

 

5.1   Introduction 

In the transit network of large urban areas, it frequently occurs that the transit system is 

submitted to heavy congestion at the peak hours on working days, especially so at the 

morning peak in the central part of the urban area. Along with the congestion on the transit 

servi  

stations. That influences the in-station walking time for the access-egress trips and the 

transfers of the passengers, hence the quality of service of the transportation system.  

The principal design constraint of a transit station is the security evacuation, especially so for 

underground facilities in the case of fire. Various safety guidelines designate the evacuation 

flows and determine the passenger behaviour associated with the safety evacuation of a transit 

station: the NFPA130 (NFPA, 2010) in the United States and the IN1724 (SNCF-GI, 2002) in 

France. The respect of the safety regulations is one of the reasons of the development of 

microscopic and macroscopic simulations models, such as PEDROUTE (Buckman and 

Leather, 1994), Legion (Still, 2000), NOMAD (Hoogendoorn, 2001) and SimPed (Daamen, 

2002). These models are often simulation-based. The circulation or the storage of passengers 

in the transit station is modelled into a very high level of detail.  

The effect of the capacity constraints in a transit station is further discussed in the Transit 

Capacity and Quality of Service Manual (TRB, 2003). It is focused in the nominal operation 

of the transit system and acts as a guideline for station design. It provides some operational 
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characteristics of the station elements that act as reference values for station design and 

suggests a simple framework for estimating the effect of passenger flow.  

However, fundamental issues such as the transfer for the transit system and the circulation 

inside a transit station are not given thorough attention in transit planning, in part due to the 

absence of efficient transit assignment models. The scientific literature boasts various transit 

station models for the assessment of the station design (Hoogendoorn et al, 2004) and other 

operational purposes (Harris, 1991). Other research proposes methods for the assessment of 

the cost of the transfer in particular stations (Guo and Wilson, 2011). Nevertheless, these 

approaches treat a transit station separately, independently from the transit system. The in-

station path flows are assumed of fixed origin and destination and the network effect is not 

taken into consideration.  

A passenger flow assignment on a transit network focuses on the path choice behaviour in 

relation to the quality of the transit service. Recent models are capable of efficiently capturing 

the capacity effects of the transit services on the path choice (such as Cepeda et al., 2006; 

Kurauchi et al., 2003; and Leurent et al., 2011). Nevertheless, they omit the effect of the in-

station passenger flow on the quality of transfers and access-egress trips and the flow 

assignment on the network. 

This chapter is purported to bridge the gap between the microscopic pedestrian simulation and 

the macroscopic transit assignment models. The modelling approach lays into developing a 

simple model for the transit station where the effect of the in-station passenger flows on the 

in-station path travel time and quality is taken into account. That model is integrated to a 

transit assignment model, such as CapTA. 

The rest of the chapter is organised into seven sections. First, a systemic analysis of a transit 

station is conducted in Section 5.2, where the station elements are described along with 

station examples. Then, section 5.3 provides the definition of the network topology. The 

model assumptions and the formulation of the cost flow relationships are outlined in section 

5.4. Section 5.5 addresses the articulation of the transit station model to the network model, 

which stems from CapTA. Section 5.6 deals with an application instance, adapted from the 

Nation station in the centre of the Paris transit network. Finally, the conclusion summarizes 

the model characteristics and discusses some points of potential development.  
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5.2   Systemic Analysis of a Station 

The systemic analysis is essential as a lead-in to the modelling process. The boundaries of the 

system are defined, along with the relations to the external elements and the other systems. 

Furthermore, the elements of the system are described, along with their relations. 

We perform a systemic analysis of the transit station, focusing on the part of the station used 

by the passengers and the activities inside. First, an overview allows the reader to 

place the transit station within the transit system and focus on the functionalities involved and 

the relations among the elements. Then the station elements are defined, first the horizontal 

and vertical elements and then the station areas. Finally, the effect of the transit information 

on the quality of service and the path choice is clarified. 

5.2.1   Overview of the Transit Station 

The systemic analysis of the transit system performed in Leurent (2011) identifies a transit 

station as a separate subsystem of the transportation network. The station fulfils two primary 

functions with respect to the transit users. First, the station acts as an interface between the 

urban area (city) and the transit network (transit service) providing access to and egress from 

the transit system. Second, when multiple transit lines serve a transit station, connections 

between them are available via the transit station allowing a passenger to transfer, hence 

increasing the connectivity and performance of the system. In relation to these functionalities, 

straightforward analogies can be found with the role of the airport terminal to the commercial 

aviation system. 

The boundaries of the transit station subsystem are defined in articulation with the multimodal 

transportation system. Two input and output sides are distinguished. On the city side, a transit 

user can access to (or egress from) the transit station by private modes: walking, using the 

pedestrian network, by private car, using the park & ride (as a driver) or the kiss & ride (as a 

car passenger) facilities available or by cycling, using a bike shelter. On the transit service 

side, a user boards on (or alights from) a transit vehicle: a bus vehicle at a stop or a rail 

vehicle at a platform. These correspond to the origins and destinations of the trips within a 

transit station. 
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The main functionalities of the intermediate components of a transit station are the 

accommodation, consolidation and dispersion of the passenger flows, from the origin and 

destination points. Secondary functionalities of such station components are related with the 

production of the transit service (eg. fare control barriers and ticket machines) and the non-

transit services to passengers (eg. shops) as a way to improve the quality of the service.  

The flowchart in Figure 14 illustrates the transit station and its components. The rounded 

corner rectangles correspond to the external points of the transit station, or the origin and the 

destination of the pedestrian trips within the station, both city side and transit service side. 

The rectangles correspond to the areas of the transit station. Their main functionality is the 

consolidation and dispersion of the passenger flows and the storage of passengers stocks. 

These areas may include various amenities. Finally, the links represent the linear circulation 

elements, both horizontal and vertical. They have an analogue function and the use of 

horizontal or vertical element depends on the station design.  

 

Figure 14: Flowchart of a transit station 

 

The trajectory of a passenger who accesses a transit system originates at the pedestrian 

network (walking) and the intermodal facilities: park & ride (as a car driver), kiss & ride (as a 

car passenger) and bike shelter (as a cycler). Then, he enters the station, circulates through the 
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station concourse (free and paid area) to reach the platform. Some waiting is needed before a 

vehicle becomes available for boarding. An egress trip is defined in an inverse way. Similarly, 

a transferring passenger alighting at the stop or platform circulates at the station concourse 

and the horizontal and vertical circulation elements to reach the preferred platform. Some 

waiting may be needed to board the preferred vehicle.  

In the following parts we describe the components of the transit station. We first address the 

linear circulation elements  horizontal and vertical  and then the station areas. The 

description of the linear circulation elements is related to their functionalities, their geometric 

characteristics, the passenger flow capacity, the travel time and their particularities. The 

description of the station areas involves their functionalities, their geometric forms and their 

position within the operation of the transit system. If not stated otherwise, the values used in 

the following section stem from the Transport Capacity and Quality of Service Manual (TRB, 

2003). 

5.2.2   Horizontal Circulation Elements 

5.2.2.1   Walkway 

A walkway is a linear circulation element connecting two entry/exit points, where usually the 

length of the elements is far superior from its width. A small ramp may exist, however the 

vertical displacement is largely inferior to the horizontal movement of the passengers. The 

walkway may be used for a single or double direction passenger flow, according to the station 

design.  

The capacity of a walkway depends on the pedestrian walking speed, their density and 

characteristics and the effective width of the walkway at its narrowest point. According to 

TCQSM, 2003 its capacity (LOS E) is located at 82 p/m/min or equivalent to 4920 p/m/h. Its 

capacity may be reduced for a bi-directional passenger flow on the walkway according to the 

relative ratio of these flows (Pushkarev and Zupan, 1975). At free flow conditions a passenger 

may reach the maximum walking speed on that element, equivalent to 81 m/min or 4,87 km/h. 

The increase of the passenger flow leads to a reduction of the average speed of the passenger 

flow and reaches 46 m/min (2,76 km/h) at capacity. When the density of the walking 
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passengers is greater than the capacity, the speed, as well as the flow, is reduced until 

reaching a halt.  

5.2.2.2   Moving Walkway 

A moving walkway resembles the functionality of a walkway for the circulation of passenger 

flow. It offers mechanical support for the passenger horizontal movement, usually operating 

at lower than the walking speed, at 1,8-3 km/h. The passenger speed depends on the passenger 

flow, as suggested for the walkway, increased by the operating speed of the moving walkway. 

The capacity depends on the entry width, similarly to the escalator. A standard double width 

moving walkway can transfer up to 5400 p/h. A moving walkway is operated at a single 

direction. Nevertheless, for long corridors, various layouts exist from a single moving 

walkway operating at the direction of the dominant flow to one or more walkways for each 

direction according to the structure of the passenger flows. 

5.2.2.3   Fare Control Barriers 

Fare control is an important function, linked to the performance of the transit operation. 

Usually for the rail mode, the fare control takes place inside the transit station. There, the fare 

control divides the station to the controlled areas (or paid areas), linked to the transit services, 

and the uncontrolled areas (or free areas), which provide the link to the city. In case of 

different transit fares among systems, additional fare control barriers may be placed between 

paid areas inside the transit station. An elementary fare control barrier may have a 

predetermined usage allowing only the entry or exit of passengers, or alternating the operating 

direction according to the principal passenger flow. The latter case means that the capacity of 

a group of fare control barriers may be dynamically allocated during the day according to the 

characteristics of the flow.  

The operating mode of the fare control barriers resembles that of toll plazas on motorways. A 

service time may be defined by the elementary transaction (validate and cross). That time 

depends on the passenger characteristics and the type of fare control mechanism and varies 

from 0,5 to 4 seconds per transaction (TRB, 2003). The capacity of a group of fare control 

barriers depends on the service time and the number of elementary fare control gates used for 

each direction.  
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5.2.2.4   Station Entrance 

The station entrance is defined as the limit between the station exterior and the interior of the 

station and its main functionality is to offer the station concourse a protected environment 

from external conditions. While for a typical ground transit station, such as a railway station, 

the station entrance can be easily noticed, corresponding to the entrance of the building, the 

concept is harder to define for underground transit stations. There, the vertical circulation 

elements frequently play the role of the station entrance.  

In the same way to the fare control barriers, it constitutes an obstacle to the passengers. That 

has as a result to slow down the passengers. Nevertheless, if the entrance elements operate at 

predetermined directions, the opposite passenger flows are separated, increasing their fluidity. 

The capacity of the elements depends on the type of mechanism used for the separation of 

external and internal area  simple, revolving or sliding door  and the passage characteristics. 

5.2.3   Vertical Circulation Elements 

5.2.3.1   Stairway 

The stairway is the main element for vertical circulation of the passenger flow and 

functionally resembles a walkway. It is used to connect areas with a height difference, such as 

different levels of a transit station. Due to the higher effort needed the passengers ascend and 

descend a stairway in slower speeds than walking. In addition, the ascending speed on the 

slope varies according to passenger flow from 33 m/min (or 1,98 km/h) to 20 m/min (or 1,2 

km/h) and it is usually lower than the descending speed. According to the TCQSM (TRB, 

2003), the capacity of a stairway per unit of width, corresponding to the upper limit of the 

LOS E, is 56 p/m/min (3360 p/m/h). If not considered otherwise, ascending and descending 

passengers may coincide at a given stairway. The produced friction causes a reduction of the 

otal capacity.  

5.2.3.2   Escalator 

The increased effort needed for ascending and descending a stairway makes the escalator an 

essential element for the vertical circulation. It provides mechanical assistance and in that way 

increases the quality of the circulation within the station and the passenger flow for the same 
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width. By equivalence to the moving walkway, it operates in a single direction, and 

functionally allows the separation of passenger flows.  

The operation speed of an escalator varies from 27,4 m/min (1,6 km/h) to 36,6 m/min (2,2 

km/h). Therefore, the speed of the passenger flow depends on the operating speed of the 

escalator and the individual passenger on the escalator. Its capacity depends on the entry 

width and varies from 2700 p/h to 5400 p/h for a single and a double width escalator 

respectively.  

The station design usually places the escalators adjacent to the stairway. When instant 

capacity is not sufficient, a queue is created at the base of the escalator. Assuming the 

passengers wish to reduce their travel time, a passenger will accept a maximum waiting time. 

This time is related to the difference of travel times between the escalator and the adjacent 

stairway. The passengers at the end of the queue who perceive their waiting time as greater 

than that travel time difference will use the adjacent stairway.  

5.2.3.3   Elevator 

An elevator can be used in two ways: either as a primary vertical circulation element to access 

levels with an important height difference (such as in deep underground stations) or as a 

secondary element to facilitate a part of the passenger demand which is excluded from other 

vertical circulation elements (such as disabled and persons with reduced mobility). 

 

Figure 15: Elevators for primary use in Paris, Auber station (source: author) 



 

Chapter 5: A Transit Station Model for a Structural Network 

 

 

 

Modelling Congestion in Passenger Transit Networks 

 
133 

The circulation speed and capacity is independent of passenger flow and is linked with the 

operationally it can be distinguished from other circulation 

elements. By its operation characteristics it resembles a transit service with vertical 

movement. It is characterized by discrete availability and a waiting time until it becomes 

elevator used in transit service can be categorized as a fixed route demand responsive transit 

service.  

5.2.4   Station Areas 

5.2.4.1   The Station Concourse 

The station concourse is defined as an area within the transit station with multiple local 

origins and destinations of walking trajectories, acting as a junction of different paths. The 

primary functionalities are the consolidation and dispersion of the passenger flows and the 

storage of passengers stocks. The secondary functionalities are derived by the amenities 

located at the station concourses, which offer various services linked to the transit service (ex. 

ticket sale, information point, waiting area) or not (newspaper stand, etc.). Fare control 

barriers are usually installed at the station concourse, adding a further distinction between 

uncontrolled (free) and controlled (paid) area. In addition, it gives access to non-public 

technical areas. 

The station amenities induce a high impact on the passenger flow. On the one hand, these 

amenities need a minimum space for their operation, limiting the area available for passenger 

circulation and slowing down the passenger traffic. On the other, their positioning at the 

station concourse may lead to a more efficient passenger traffic organization with reduced 

conflicts and hence improve the performance of the facility.  

The walking speed is influenced by the passenger density and the friction with conflicting or 

adjacent passenger flows and can be related to the number of the passengers present per 

surface area. The passenger flow is usually organized in virtual directed corridors within the 

station area, whose width fluctuates according to the composition of the flows in the area.  
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5.2.4.2   Station Platform 

The platform is a particular element of the transit system, acting as a pivot point between the 

transit 

passenger exchange with the transit vehicles (for boarding and alighting), by way of 

consolidating the passenger flows and boarding, as well as alighting and dispersing at the 

station. Furthermore, it serves as storage of passengers that wait for the transit service to 

arrive. Secondary functionalities are related with improving the quality of the waiting with 

various amenities.  

The usual form of the platform resembles a rectangle where the longer sides correspond to the 

input and output points of that element. The one side  along the tracks in the case of rail 

traffic  is used for vehicle berthing, while the other offers a connection, by the circulation 

elements, with the transit station via entry and exit points, as illustrated in Figure 16. When a 

vehicle is present the passengers board and alight the vehicles. The pedestrians in the station 

and the passengers on the vehicles are characterized by different flow forms: a continuous 

flow is associated with the in-station flow, while the on-board passenger are organised in 

packets, due to the discrete form of the transit service.  

 

Figure 16: Schematic representation of a station platform 

 

Waiting occurs before boarding, as a result of to the transition between the passenger flow 

forms. When the number of waiting passengers increases, the passengers choose waiting 

positions at the edge of the platform. Thus, a walking corridor is liberated at the rear, 

facilitating the access and egress circulation on the station platform. The waiting at the 

platform is associated with the storage function: two forms of waiting may be distinguished. 
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On the one hand, passengers waiting at the track-side of the platform, ensure priority from 

later arrivals to enter the vehicle and occupy a seat if available. On the other, passengers at a 

waiting area benefit from the seats available but may face difficulties into ensuring a better 

comfort state on-board. A waiting trade-off appears, between the waiting comfort state and 

the in-vehicle comfort state. The waiting choice of an individual passenger depends on the 

relative time of the waiting time and the in-vehicle travel time as well as the in-vehicle 

comfort conditions and the probability to access an in-vehicle comfort state. 

To summarize the platform functionalities, the boarding passengers use the circulation 

elements to access the platform, suffer some waiting and when the appropriate vehicle arrives 

they board. The waiting passengers are not uniformly distributed along the station platform, 

but certain elements may affect the distribution, such as obstacles, the position of the platform 

entries and the knowledge of the exact position of the doors when a vehicle has stopped  

either by prior knowledge due to a homogenous rolling stock, an information by the operator 

or platform screen doors.  The quality and the performance of the passenger boarding and 

alighting  e  depends on the relative horizontal and vertical 

gap between the vehicle and the platform, the number and width of the doors and ease of 

circulating, due to the density of both the on-board passengers and waiting passengers at 

platform.  

When passengers alight a vehicle, they are in front of the waiting passengers and circulate 

towards an exit, according to their in-station destination. The exit may be a vertical or 

horizontal circulation element, depending on the station design. However, the discrete 

alighting process means that a platform exit faces recurrent packet of passengers arriving. 

That infers to the need of additional waiting for evacuating the platform. Even when the 

hourly (average) capacity of the platform exits is sufficient, a bottleneck may be created at the 

entrance of the circulation element due to the discrete character of the transit services and the 

passenger arrival rate associated.  

A review of the transit systems unveils a diverse typology of platforms where each type of 

platform has certain particularities due to the associated transit systems. We explicit the main 

platform types along with their operational characteristics. A central platform (or island 

platform) is a composite platform formed by two elementary ones. Even though the vehicle 

berth positions are distinct, they share common entry and exit points, affecting the arrival rate 
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of the alighting passengers at the circulation element if simultaneous arrivals occur. A 

perpendicular platform is defined when the single entry/exit is placed at the short sides of the 

platform. That disposition, an extreme case of uneven entry positioning usually found in rail 

terminals, complicates the circulation along the platform and favours the access and egress 

trajectories from certain parts of the vehicles. On the transit operation side, a composite 

platform is formed when a large quantity of vehicle berths is available (usually at bus 

terminals) in a common area. While this can be further detailed in the elementary platforms, 

complex waiting phenomena may occur due to the visual information on the vehicle arrival at 

the other platforms. Hence queuing passengers are susceptible to overtake or abandon a queue 

in the presence of passenger congestion or efficient alternative transit services.  

5.2.5   The Transit Information in the Station and its Effect on the 
Route Choice 

Intelligent transportation systems are being deployed worldwide as a way to improve the 

performance of the transit system and the quality of the service offered. That information  

produced by information and communication technologies - is highly valued by both existing 

and potential users (Hickman and Wilson, 1995). Its presence at the various decision points 

influences the route choices of the passengers. By passenger information we group all the 

information, static (timetables and service maps) and dynamic (real-time information), that 

be divided into three categories:  

( I ) Information prior to the journey 

( II ) Information in the station 

( III ) Information on-board a vehicle 

Various media of information exist, such as paper plans and signs, screens and more recently 

the cellphones and smartphones. An additional medium of dynamic information is considered 

the visual information, based on real-time observation. The information distributed usually 

concerns the time of the next vehicle arrival or the waiting time, but the recent breakthrough 

in information technology may allow sharing more composite information such as the 

dynamic comfort state of the next arrivals or the state of the transit network.  
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Figure 17: An example of real-time information: (a) station screens before the fare control barriers at La 

Defense station (source: author)  left  and (b) smartphone application (source: SNCF Direct)  right 

 

The dynamic information at a station  usually involving display screens with the next vehicle 

arrivals or the waiting time  has an important impact on the path choice. Without information 

on the imminent arrivals at the platforms, a passenger chooses the platform on the basis of 

minimizing the expected travel time to the destination. Therefore, given the location of the 

decision point, without any information, the feasible path set is reduced to a single path. On 

the contrary, when information is available at that decision point, the path choice depends on 

the relative arrivals of the vehicles on different platforms. That choice falls under the optimal 

strategies concept (Spiess and Florian, 1989)  where the path probabilities correspond to the 

relation of the frequencies of the relevant alternatives or bundles, a . 

Real-time information at stop is a basic attribute for establishing the stop model: determining 

the waiting time and route choices. Nevertheless, only few modelling approaches include that 

attribute and its impact. Gentile et al (2005) redefine the stop model to include the knowledge 

of the next arrivals a general headway distribution of the transit services. An Erlang 

distribution (for the vehicle headways) is used to establish a general formulation of passenger 

waiting. Hence, the algorithm introduced in Gendreau (1984) can be extended to compute the 

expected waiting time with real-time information. 

The impact of information at the stop is a basic issue for establishing a stop model. The 

waiting time and the route shares depend on them. That has been widely addressed by 

researchers, often without an efficient algorithm for many alternatives and for a large-scale 

network. However, Gentile et al (2005) proposed a reformulation of the stop model to include 
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the impact from the knowledge of the next arrivals. In that case, they adopt the Erlang 

distribution for the headway of the transit services and develop a general formulation to 

evaluate the main variables on the stop (waiting time and route share). The exponential and 

deterministic cases are no other that special cases of the generalized formulation.   

Nevertheless, the presence of congestion on the platform alters the characteristics of the 

waiting time and hence the path probabilities. The waiting time can be split in vehicle waiting 

time (due to the random arrival distribution of the vehicles) and queuing (due to congestion 

passengers are unable to board the first vehicle). However, queuing acts as a buffer for 

waiting of the next available vehicle. Thus, the combined waiting time  when congestion is 

present  can be no longer considered as a random variable. In that case the combined waiting 

time has a deterministic value and the line option with the waiting time is reduced to a 

pedestrian option evaluated at its average generalized time. 

Under the effect of information on the service operation and the passenger congestion, the 

path choice is managed at the dynamic decision points at the station. By that we define the 

points where real time information (on arrival time and congestion) affects the individual path 

choices on the network level. The dynamic decision points in the transit station have a great 

impact on the network path choices. Their effect is perceived individually by each passenger, 

according to his attributes and the desired trip destination. The trade-off between transfer 

station, access platform and quality of service can be modelled through these dynamic 

decision points.  

5.2.6   The Transit Station in the Bus Mode 

From a simple bus stop to a large bus intercity terminal we can distinguish many different 

types of bus stations. However, we focus on two types of bus stations linked to urban and 

regional services: the bus terminal and the urban bus hub. 

A typical example of bus transit station is the bus terminal, situated at a business district or 

the entrance of the dense city centre, such as the Jules Vernes bus terminal in La Défense 

business district in Paris and the Port Authority bus terminal in Manhattan, New York. It is a 

multi-storey building or part of a building complex, which serves as terminal to the bus 

services and offers a connection with the city and urban transit. The in-station trips are 

bounded by the building. The relation between the in-station transfer trips with the other 
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transit modes and the access/egress trips depends on the location of each terminal but usually 

the former dominate over the latter.  

The elements of the building are clearly distinguished: horizontal and vertical circulation 

elements with standard functionalities, while the station areas have a particular form. A clear 

distinction can be observed between bus-side and passenger-side, and some individual bus 

platforms are grouped into large waiting areas, like in an airport terminal. Therefore, a 

passenger may board the most appropriate service to his destination  according to the 

conditions imposed by the fare system and the type of services grouped.  

The most common bus station is the urban bus hub, a set of bus stops around a central 

location in the city, such as a square, where many bus routes cross, offering an important 

number of possible transfers, like in Figure 18. Such bus complexes are common in the centre 

of cities, such as the hub of Chatelet (around Tour St Jacques) at the centre of Paris and that 

of Trafalgar square in London (Figure 18). Even though they are not bounded by the walls of 

a building, a group of stops can be defined as a transit station, because they are functionally 

linked with each other. The organization of a pulse service  especially for low frequency 

transit systems  improves the coordination of the services and leads to an increase of the 

number of transfers at these transfer points. The transit station may also give access to other 

transit modes, such as the metro.  

 

Figure 18: Map of day buses from Trafalgar Square (source: Tfl) 
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In urban bus hubs the access/egress in-station trips are difficult to be observed, as the use of 

the pedestrian network in all cases makes impossible the division between in-station trip from 

stop to exit and the rest of the access/egress trip. Anyhow, an in-station transfer trip uses the 

pedestrian network and its characteristics depend on the general pedestrian traffic present. 

Due to its exposure on weather and general traffic, the quality of the waiting and transfer 

depends also on the presence of bus shelters.  

While the bus stops feature static information (printed plans etc.) on the neighbouring bus 

services of the urban hub, the real time information is usually limited to the bus routes serving 

a given bus stop. No information is given during the transfer trip, except of the visual 

information consisting of the observation of approaching buses.  

5.2.7   The Transit Station in the Rail Mode 

The rail transit stations are easier to distinguish from the urban context due to the technical 

necessity for separate infrastructure. Apart of the simple transit station, the complex rail 

transit stations destined for urban and regional transit can be classified into three categories: 

 Rail terminals: As a result from the historic development of railways, rail stations with 

suburban and regional dominance terminate at the outskirts of the city centre, such as 

Saint Lazare station in Paris and Paddington station in London.  

 Through-stations: Urban development around existing stations and technical 

advancement in the building methods for the construction in the city centre (usually 

underground) result in through-stations where multiple lines are served and high 

numbers of transfers are effectuated. Such examples are the Chatelet-les-Halles RER 

station in Paris and the Nuevos Ministerios Cercania station in Madrid, both dedicated 

to regional rail service. 

 Mixed stations: Some stations are characterized by terminal and though service, such 

as the Milano Garibaldi station with suburban and regional rail service dominance.  

These can be easily defined as transit stations, due to their particular technical characteristics. 

As a result of their increased accessibility (and labour catchment area), it is common that 

large office complexes and shopping malls are developed around (ex. Gare de Lyon in Paris) 

or over these rail stations (ex. Cannon St. Station in London). That contributes to the increase 
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of the access/egress trips on the station and the development of secondary activities. While 

these activities are generally welcomed by the authorities, because they diversify the revenues 

of the transit system, the additional pedestrian flow that they generate can have a significant 

impact on the passenger flows in the station.  

The multiplication of the pedestrian and passenger flows together with the increase of the 

connections with the city and the other transit modes lead to consider a rail transit station, 

such as a ground rail terminal, as an open area. Since it is a public area, gathering 

functionalities other than transit, it is impossible to separate the passenger flow from the non-

transit pedestrian flow since they are mutually affected. The above implies that an assessment 

of the travel time and the quality of service of the transfer and access/egress trips needs to 

take into account the impedance occurring from these secondary flows.  

The fare control system installed  result of upstream network planning  constitutes an 

obstacle to the free passenger flow. However, in these circumstances it can help to separate 

the passenger flows from non-transit pedestrian flows and to divide the station surface into 

free and paid area. Further divisions can be made if multiple fare zones or tickets are used. In 

addition, in large rail stations, being part of large multimodal transit hubs, multiple 

trajectories exist for each in-station origin-destination trip. The static and dynamic  real time 

 service information and station signalling and the fare system used have an impact both on 

the in-station path choice and on the choice of the route (and by extent on the path choice at 

the network level). 

The quality of service on the rail mode  due to its transport capacity and the massive flow it 

concentrates  is very sensible to the stock of passengers waiting at the station. The storage of 

passengers is a function located at the concourse level  or the station platforms if they are 

adequately dimensioned and there is prior information. At the rail terminals, whose platforms 

are most often not properly dimensioned for accommodating waiting passengers, the waiting 

area is situated at the main concourse. The dimensioning of such an area depends on the 

attributed to the uncertainty on the travel time and the frequency of the transit services 

(Kroess et al, 2007).  
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5.3   Network Topology 

We define the network topology of the transit station used within a passenger flow assignment 

model for transit networks. As shown previously, the transit station is composed of various 

elements with different functionalities, geometrical and operational characteristics.  

The topology of the transit infrastructure network is described by a directed graph 

),( ANG , with N  the set of nodes n  of the transit system and NNA  the set of arcs a  

with endpoints in N . 

The demand representation follows some standard principles. The simulation area is divided 

into zones; each zone includes a set of locations with trip endpoints. Let o  and s  denote a 

trip origin and destination respectively, where Oo  and Ss  (not to confuse with the 

station symbols) and let W  be the set of zone pairs from origin to destination. An origin-

destination pair on the transit network is defined as SOso ),( . Passenger demand on the 

network is modelled as a set of trip makers: each trip maker chooses a network path so as to 

minimize his own cost of travel between his origin and destination points. 

For a given trip-maker, the in-station trajectory corresponds to a path, yielding a generalized 

cost and a travel time on the basis of local characteristics defined by network element, node or 

link of the station.  

5.3.1   The Lower and Upper Network Layers 

The representation of the transit station within a transit assignment model extends the bi-layer 

network representation of the transit services to the transit station. By that approach we define 

the flow characteristics of each station element in detail at the lower layer, while keeping the 

upper layer consistent to the network flow assignment. 

On the lower layer of the network each transit station is modelled as a specific sub-network 

corresponding to the infrastructure network. In other words, each transit station is handled 

separately and the physical elements of the station (simulating to the supply side) are defined 

along with their operational characteristics and the associated cost flow functions. 

On the upper layer a trip-maker is faced to a service network where each station leg 

corresponds to a particular origin  destination trajectory in the station. Such leg represents 
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one or several station physical elements (walkway, stairway, escalator etc.) along the transit 

station in the infrastructure network. Therefore the upper layer acts as a representation of the 

demand side, where a trip from an origin to a destination is made up by line leg arcs 

(corresponding to the access  egress station couples along a line) for the inter-station 

journey, station leg arcs for the intra-station and the access-egress legs for the respective trips.  

There is a twofold relationship between the two layers by station s : top-down, a vector of 

passenger flows ]:[ SaS Aaxx  by leg a  along the station is assigned to the station sub-

model, yielding the local passenger flows; bottom-up, the station sub-model yields the vector 

ag  of the average generalized cost for SAa . In other words, the station model amounts to 

an elaborate cost-flow relationship in vector form on the upper layer of the network.  

5.3.2   The Lower layer representation 

The lower layer corresponds to the infrastructure network. A transit station is represented as a 

specific directed graph ),( )()()( sss
ANG  made up of a set )(s

N  of station nodes n , together 

with a set )(s
A  of arcs a  with endpoints in )(s

N . We define three subsets of the set )(s
N  of 

station nodes: EN  the set of station entry and exit nodes, directly connected with the origin 

and destination nodes Oo  and Ss  of the transit network, the set PN  of platform edges, 

acting as an intermediate between the station and the transit service and the set SN  of station 

nodes. The first two subset act as the origin and destination points for the in-station paths of 

the station subsystem.  

An arc represents a state transition for a trip-maker and the set )(s
A  is composed of the 

following subsets of network infrastructure: the subsets VA  of vertical circulation elements, 

HA  of horizontal circulation elements and PA  of platform arcs.  

The infrastructure network arcs correspond to the physical elements used for the passenger 

circulation and storage within a transit station. Each station element (horizontal and vertical 

circulation and station area) is characterised by a particular flow-dependent travel time 

)( aa yt  and generalized time )( aa yg , described in the following section.  
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5.3.3   The Upper layer representation 

The upper layer corresponds to the service network, as a representation of the demand side for 

the network model. As the transit station representation is concerned, the service network is 

made up of station legs. A station leg corresponds to the average conditions of a passenger 

circulating from an origin to his destination in the transit station subsystem. It is composed by 

consecutive physical circulation elements, as defined on the lower layer and its generalized 

cost and travel time is built upon these elements.  

The station leg arcs on the upper layer are denoted by the subset PVHS AAAA . 

Overall, the service network is made up of the set RLS AAAA  and the associated node 

sets. LA  denotes the subset of line legs, representing the average conditions of the transit 

service of an access  egress station couple on a transit line and RA  the subset of legs for 

accessing to and egressing from the transit network (see Chapter 6.3). 

The transit station is defined as a subsystem of the transit network offering connection 

between the city and the transit lines and among the transit lines, where the passengers 

perform access  egress trip and transfers respectively. In the service network, an access 

itinerary is composed of an access arc and a series of station physical arcs from an origin node 

Oo  connected to a station entry and exit node, EN , to a platform edge node PN , that form 

a station leg. The inverse is applied for the egress trip. Respectively, a transfer is represented 

by a station leg SAa , connecting two platform edges within the station or a bus stop and a 

platform edge.  

 

5.4   The Station Model Formulation 

In the first part of this section we present the form of passenger flow and their particularities 

when dealing with capacity constraints. Subsequently, we develop local models addressing 

the local capacity effects within the station: platform entry and exit flowing, the pedestrian 

travel time by horizontal and vertical circulation element and the modelling of a station area. 

Then we sketch the outline of a station model dealing with these effects. 
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5.4.1   The Passenger Flow Form and their Influence on Capacity 

The passenger flow at the transit systems takes two distinct forms: the continuous passenger 

flow, related to pedestrian walking for transferring and accessing to (or egress from) the 

transit service and the discrete passenger flow, related to the transit services, where 

passengers are organized into repeating on-board packets. 

A phase transition occurs between these forms at the transit station. On the one hand, the 

transition from continuous passenger flow to discrete, upon boarding a vehicle, is associated 

with a waiting time  due to the discrete availability of the transit services. On the other hand, 

a transition of the discrete passenger flows to continuous takes place at the station upon 

passenger alighting a transit vehicle. The latter transition impacts the station operation. The 

circulation elements face recurring packets of arriving passengers and may be subject to 

congestion. At this point, we define two types of congestion: 

 Instant congestion: due to the transition between passenger flow forms, the instant 

discharge rate of the circulation element is inferior to the instant arrival rate of 

passengers, resulting in the formation of congestion. However, the flow is dissipated 

before the arrival of the next packet of passengers, meaning that a recurring instant 

congestion is susceptible with each passenger packet arrival. The capacity during the 

simulation period is sufficient for the passenger demand; 

 Continuous congestion: either by a transition phase or the presence of a bottleneck, 

the congested flow is not dissipated during the simulation period. Passenger 

congestion is present throughout the entire simulation period and the total capacity 

during the simulation period is not sufficient for the passenger demand.  

The continuous congestion of the station elements has a considerable impact on the quality of 

the transit service. However, the instant congestion may influence the path choices at the 

station and at the network level.  

The rest of the section addresses the capacity effects of the station physical elements of the 

lower network layer. A cost flow relationship, along with the model assumptions are 

explicated for the platform flowing, the pedestrian travel time by horizontal and vertical 

circulation element and a modelling approach is defined for the station area.  
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5.4.2   Platform Entry and Exit Flowing 

A station platform is an area of the transit station where vehicles of the transit services are 

made available for boarding or alighting. The edge of the platform has a sufficient length for 

service. Opposite, the platform  vertical or horizontal circulation 

elements are distributed on the length of the platform and act as a connection between the 

platform and the rest of the station.  

door where the passenger accesses the transit service. That is associated with some waiting, 

calculated by the line model, via the arrival distribution of the passengers and vehicles and the 

vehicle boarding capacity effect. However, the presence of a large passenger stock on the 

platform  waiting for the next vehicle  degrades the circulation conditions. The passenger 

travel time on the platform is associated with the relation between passenger stock present and 

the storage capacity of the platform.  

 

Figure 19: The bottleneck created when exiting a station platform 
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The platform exit flowing is related to the arrival of a vehicle and the trajectory of the 

lty of 

circulation due to the passenger stock, the instant arrival at the exits may cause instant 

congestion on the entry of the element. In that case an average waiting time is added at the 

Figure 19 illustrates the bottleneck produced at the base of 

single exit element when arriving flow (blue) is confronted to the discharge capacity (red).  

Let A
t  the walking time on the platform of the most distant passenger to the exit, cV  the 

walking speed and 
e
 the catchment area of that exit element. It is straightforward that 

c
eA

Vt . Let Q
t  be the queuing time of the last passenger. The total evacuation time of the 

platform, E
t , is calculated through the time needed for the last passenger to evacuate and 

QAE
ttt . If e

N  denotes the number of alighting passengers on an elementary exit and e
k  

the nominal capacity of that exit, the evacuation time is e
e

E
kNt . 

By making the appropriate algebraic transformations, the average waiting time, e
w , at the exit 

element due to the instant bottleneck, is given by the following formula:  

)(
2

1

c

e

e

ee

Vk

N
w  ( 19 ) 

If the distribution of the passengers zie  alighting from a vehicle of the service z  at station i  

is homogenous and the station exits are equally distributed, the number of alighting passenger 

at each station amounts to EeN zie , where E  is the number of exits available. Also, the 

catchment area of an exit element will be E
Pe 5,0 , where P  is the platform length. 

The previous formula takes the form: 
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The unbounded bottleneck presented previously, assumes that a passenger who presented 

himself at the base of the escalator remains indefinitely, until evacuating. However, usually 

the station design includes an escalator adjacent to a stairway, the latter having sufficient 

capacity to absorb the excess demand. In such cases, when the waiting time of the passenger 
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exceeds a certain value, Q
tmax , we assume a deterministic behaviour of the passengers at the 

back who use the adjacent stairway instead of queuing. The maximum waiting time at the 

escalator is subject to the estimated difference of the travel time between the escalator and the 

stairway. An equivalent decision case would be the choice between a discontinuous bus 

service to the next stop or walking. The passengers giving up queuing by using the stairway 

suffer an additional time of Q
tmax . The average waiting time for the passengers at the exit is: 

Qe
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 ( 21 ) 

 

Figure 20 illustrates the average waiting time of the passengers on a RER platform with 4 

exits and an escalator in each exit, for the bounded and unbounded bottleneck. We assume 

that the passengers who would wait longer than min1max
Q

t  use the adjacent stairway. 

Although at that case we do not assume any capacity constraints for the stairway, an 

additional bottleneck could be created if an important passenger flow is present. 

 

Figure 20: Average Additional Time of an alighting passenger to exit a station platform 
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Three platform exit phases are designated in Figure 20. For a small passenger flow, the arrival 

rate at the exit is inferior to the discharge rate, making the exit immediately available, without 

any additional time due to waiting. The second traffic state is limited to the arrival rate being 

higher than the discharge rate. Then a bottleneck is created at the base of the exit. If the 

alighting passengers are distributed homogenously, the additional time due to waiting at the 

bottleneck increases linearly. However, in the case of the bounded model an additional traffic 

state can be distinguished. When the queuing time of the last arriving passengers exceeds their 

maximum admissible queuing time then, the last arriving passengers use the adjacent 

stairway, setting an upper bound to the waiting time.  

5.4.3   Pedestrian Travel Time by Circulation Element 

The design guidelines (TRB, 2003) suggest that the density of the circulating passengers 

affects the walking speed. In linear elements, such as walkways and stairways, the relation 

between passenger flows and passenger density is straightforward. Figure 21 illustrates the 

speed flow diagram of the elementary circulation elements in a transit station, a walkway and 

a stairway (ascending), according to the TCQSM (TRB, 2003) guidelines. 

 

Figure 21: Speed - flow diagram for the station's circulation elements 

 

A reduction of the walking speed is observed, from a free-flow pedestrian speed until the 

saturation. Higher passenger densities result in lower speed and flow and are not 

taken into account in the model. The walking speed of the passengers in any circulation 
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element is flow dependent. If the free-flow travel time of that element is available, an 

additional travel time can be evaluated as a function of the flow-to-capacity ratio on the 

element, since a variation in the walking speed  given the constant geometric characteristics 

 influences the travel time. 

 

Figure 22: Travel time multiplier diagram in function of the flow-to-capacity ratio 

 

A path is formed by a series of horizontal and vertical circulation elements with different 

attributes, such as capacity and free-flow travel time. The passenger flow on these elements is 

used to deduce the additional travel time according to Figure 22. 

capacity at the platform exit leads to the downstream homogenisation of the passenger flows. 

However, the elements may be subject to continuous congestion if the available capacity 

during the simulation period is not sufficient.  

A simple modelling approach is used, based on queuing theory for calculating the additional 

time due to continuous congestion. During the simulation period H  , if ay  is the in-station 

HyN ad  is the number of passenger 

demanding the passage. Let ak  the maximum discharge rate (capacity) of the circulation 

element and H  the time needed for cooling the demand. It exists, HkHyN aad  and 

therefore an additional time aw  is calculated for the passengers, where:  
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otherwise

kyif
k

ky

w aa

a

aa

a

0

 ( 22 ) 

5.4.4   Pedestrian Travel Time by Area Element 

A station area, such as the station concourse, is an element with various converging and 

diverging passenger flows. Nevertheless, the pressure of the passenger flow results in the 

formation of virtual walkways. Therefore, neglecting the idle passengers using the amenities, 

the passenger flows in a station area are modelled by directed arcs and a virtual capacity may 

be defined. A station area is reduced to a set of horizontal circulation arcs with predefined 

capacities. 

5.4.5   A Transit Station Model Algorithm 

The conditions external to the station pertain to the passenger load vector by station leg, 

],:[ SuvS Vvuqx , where PES NNV  denotes the set of origin and destinations nodes 

of the in-station paths. By platform element, we denote P
i  the frequency of the services that 

serve the station, inherited from the line model, iE , the number of platform exits and P
i  the 

platform length. We associate by circulation element a , a free flow travel time 0
at  and an 

element capacity ak . 

A network e

defined for each transit station subsystem. The nodes )(s
Ni  represent the origin, destination 

and intersections of the physical arcs, )(s
Aa . The origin and destination nodes vu,  

coincide with the endpoints of the station legs and we define an origin destination pair 

2
),( SVvu . These create arc flows ay  and the cost of travelling on an arc is flow-depended, 

)( aa yg , )(s
Aa , as described in the previous sections. The passenger flow in the transit 

station is described by the in-station flow vector ]:[ )(s
as Aayy . 

The network equilibrium model for the transit station can be formulated as a fixed point 

problem. Each station Ss  is treated separately by an iterative algorithm, based on the 

Method of Successive Averages (MSA). The traffic equilibrium problem of station 
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assignment can be solved, using a decreasing sequence of positive numbers 0)(  with 

10 , as follows: 

 Initialisation: Set 0sy  and 0 ; 

 Cost Formation: by station element based on sy . We treat each physical element on 

the transit station s . 

 Auxiliary State: Shortest path search for all the origin-destination pairs and load the 

OD flows along them, yielding an auxiliary traffic state sy . By destination, a shortest 

path is built on the station network from each node recursively, by a standard graph-

search algorithm (Dijkstra, 1959). 

 Convex Combination: Let sksks yyy )1(  

 Evaluate convergence criterion between sy  and sy . If it is sufficiently small then stop 

with solution sy , evaluate the cost of the station legs SA . Else increment , replace 

sy  by sy  and go to Cost Formation. 

A convergence criterion can be based on the flow gap of the arcs between two consecutive 

traffic states, ss yy . 

 

5.5   The Articulation with the Network Model 

The transit station model is used as an elaborate cost-flow relationship within a network 

assignment model, in order to evaluate the generalized cost of the station legs for each transit 

station. In that form, it can be integrated in the CapTA network model. Further details are 

given in Chapter 6. 

5.5.1   Upper Layer Route Choice 

On the upper layer, station legs a  have generalized cost ag , but they are characterized by a 

waiting time aw  and a revised frequency a , related to that of the line leg at the head of the 
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station leg. Let us define the revised frequency of a station leg, as a function of the conditions 

-station 

information. In that way, the station leg includes the dynamic decision points crossed by the 

in-station path, whose real-time information is susceptible to influence the path choice on the 

network layer. That choice is treated at the upper layer, in accordance with the characteristics 

of the line legs and the alternative station legs, using the revised frequency as follows.  

In CapTA the treatment of the revised frequency is standard when aaw / . If aaw /  

due to crowding congestion on the line platform, the passenger may not be able to board in 

the first incoming vehicle. In this case the leg option is akin to a pedestrian option evaluated 

at its average cost only. To integrate continuous (pedestrian) and discrete (uncongested 

transit) availability, let us  that is 

continuous and decreases from 1 at 0 to 0)(x  whatever x  a small positive parameter. 

The average waiting aw  and effective operating frequency a  delivered by the line model 

yield a revised frequency of 

 aaa /  if 0)/( aaa w , or  

 a  if 0a  
( 23 ) 

In the presence of information, line combination will occur at the station with the formation of 

a line bundle, as considered in the basic model of line combination (Chriqui and Robillard, 

1975), due to the random cost of waiting for a line leg LAa . In that case the average 

waiting cost of a line bundled is evaluated by the combined revised frequency of the line legs 

of the bundle.  

Then, line bundling on the upper layer is based on the revised frequencies and proceeds in the 

classical way, yielding route-based hyperpaths as in (De Cea and Fernandez, 1993). The 

presence of congestion will modify the revised frequencies of the station legs. The 

discontinuity attenuation function is in fact a development of the line model, as it involves 

only results of that model. It is further coordinated with the station model, based on the leg 

representation of the network layer.  
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5.6   An Application Instance of the Station Model 

A transit station of the Greater Paris transit network is chosen as an application instance for 

the transit station model. The Nation station (Figure 23) is an intermodal transit terminal, 

located at the dense zone of the transit system. Apart from the RER A  for which is the first 

station in Paris from the East suburbs  it is served by 4 metro lines (2 of them as a terminal 

station), and 4 bus lines.  

The input data are extracted by a network assignment on the Greater Paris network for the 

morning hyper-peak hour with an increase by 30% of the average peak flow (see simulation 

results of Chapter 9). While there is a significant number of access-egress trips (8250 

passengers, whose one endpoint is Nation), there are largely inferior to the number of transfer 

passengers, who make the 83% of the in-station passenger flow.  

 

Figure 23: A schematic map of the transit system at Nation station (source: RATP) 

 

The upper layer network of the Nation station is composed of 14 station leg endpoints, 

corresponding to the origin and destination points inside the station: 10 line platform edges, 2 

bus stops and 2 entries/exits, as an articulation with the access/egress trips. The paths within 

the station are represented by 134 station legs, connecting each leg endpoint (except the 

entries/exits with each other).  
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The exit flow on the platform induces a bottleneck at the base of the circulation elements.  

Table 6 illustrates some selected platforms. The A/R indicates the directions of the transit 

lines. 

Table 6: Characteristics of station platforms and the additional waiting time of the platform exit flow 

Platform 
Exit Flow 
(pass/h) 

Nb of 
Exits 

Frequency 
(veh/h) 

Platform 
Length (m) 

Combined 
Exit Capacity 
(pass/min) 

Additional 
Waiting Time 
(in min) 

RERA A 10 174 4 30 224 136 0,45 

RERA R 10 164 4 24 224 136 0,61 

M1 R 6 013 2 34 90 124 0,56 

M2 R 6 024 3 34 75 186 0,40 

M6 R 7 638 2 34 75 124 0,79 

M9 A 10 653 4 34 75 248 0,57 

 

The exogenous passenger flow induces an increase in the travel time of the circulation 

elements from 8% to 41%, depending on their capacity, type and passenger flow. The travel 

time of the station legs, connecting the station input/output nodes, faces an increase of 15% to 

79%. However a large part of that increase is attributed to the bottleneck created during the 

platform exit flowing. Here are some results for the transfer between lines: 

 From RERA to M9, the travel time passes from 2,90 to 3,94 min (of which 0,45 min 

for platform exit flowing), an increase by 36% 

 From M1 to M6, an increase by 66% to 1,99 min, of which 0,56 min of platform exit 

flowing 

 From M2 to RERA, the transfer time increases from 4,00 to 5,12 min (+28%, where 

0,40 min of platform exit flowing). 

These results indicate a significant increase of the travel times within the station. It certainly 

does not have the same order of magnitude as the waiting time and the in-vehicle travel time. 

However, its impact on the path choices of the passengers and the path flows on the transit 

network remain to be evaluated. In the case of the Greater Paris transit network, the transfer 
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and access/egress trips on the network amount approximately to 30% of the average 

generalized time of a trip. 

 

5.7   Conclusion 

The transit station is a complex system, composed by a variety of elements, each one with 

distinct geometrical characteristics, functionalities and operational attributes. Furthermore, it 

is an important subsystem of the transit network, acting as an intermediary for the transfers 

between transit lines and for the access/egress trips to the transit services.  

The station model constitutes a framework to represent the features and phenomena, of 

physical and microeconomic nature, that take place in the station and impact the transit 

operations and passenger path choices. With the bi-layer representation the model handles the 

physical interaction of the passengers in the station on the lower layer and the economic 

appraisal of the in-station trips on the upper layer.  

The application at Nation intermodal station shows the effect of the passenger flows on the in-

station pedestrian trips. The bi-layer representation leads to an increase, in the first place, of 

the upper layer station arcs, but the degree of detail chosen for the lower layer depends on the 

station particularities. Even though the influence of the in-station travel time on the total 

travel time is not such as that of the in-vehicle travel time, the more realistic representation of 

the capacity effects within a station is expected to have an impact on the passenger path 

choices, mainly when they involve transfers through congested transit stations.  

Certain capacity effects are included in the current model such as the recurring bottleneck at 

the platform exits when a vehicle arrives, or the impact of the passenger flow to the travel 

time. Nonetheless, the framework is essentially systemic and modular: some parts may be 

replaced by more appropriate sub-models and other effects may be added. Many 

developments can be thought of: additional capacity effects may be included, such as the 

impact of the passenger stock in the travel time in the station areas, or the operation of the 

elevator as a principal circulation element.  
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Chapter 6:  

6 A Systemic Representation of the CapTA 

Model 

 

 

6.1   Introduction 

The previous chapters describe the modelling principles and the behaviour of the models 

restrained to a sub-system of the transit network. They address specific capacity constraints in 

detail for each sub-system and evaluate the impact of passenger flows on the quality of 

service. These are calculated in the context of a network traffic assignment model. That is 

essential for the cost evaluation, in order to ensure that the network externalities are taken into 

consideration in a coherent way for the entire network. The equilibrium between transport 

demand and supply of transit services has also to be addressed in a coherent way. The 

objective of this chapter is to present an overview of the Capacitated Transit Assignment 

network model; hereby referred to as CapTA model. That is structured in a systemic way.  

The chapter is structured in seven sections. Section 6.2 addresses a systemic analysis of the 

transit assignment models and details the components and the state variables of such models. 

Section 6.3 focuses on a fundamental characteristic of the CapTA model, the bi-layer 

representation of the supply and demand. Sections 6.4 and 6.5 describe the characteristics of 

the components on the demand and supply side of a transit assignment model. Section 6.6 

summarizes the hierarchical relation between the model levels. Finally, section 6.7 makes a 

comparison between the CapTA model and other transit assignment models, while suggesting 

some development perspectives. 
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6.2   Systemic Analysis of the Transit Assignment Models 

Similar to the transit system, a network traffic assignment model can be described in a 

systemic way. As such, a systemic representation of its components and relationships follows, 

based in Leurent (2003) and illustrated in Figure 24.  

 

Figure 24: Systemic Representation of the Variables (boxes) and Relationships (ellipses) of a Network 

Traffic Assignment Model 

 

The boxes represent the main variables of the traffic assignment model. The following six 

variables are distinguished:  

 Attributes of Transit Supply: They are defined as the characteristics of each 

component of the transit supply. These are mainly the travel time and capacity of each 

element, along with its frequency, in the case of a frequency-based approach. 

 Structure of Demand: It corresponds to the volume of trips demanded for each Origin 

 Destination (OD) pair. 

 Supply Components: They refer to the quality of service, the perceived travel times 

and the service frequencies, under the influence of the passenger traffic flows. 
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 Transport Services: They include the choice-set available to the transit users and the 

attributes (cost, etc.) of the available paths. 

 Trip Demand: It includes the passenger traffic flow assigned to the supply network for 

each origin  destination pair. 

 Passenger Traffic Flows: They are the aggregated passenger traffic flows on each 

element of the transit network.  

The ellipses in Figure 24 correspond to the models manipulated at each stage of the traffic 

assignment. Each model represents a causal relationship between the input and the output 

variables. Four relationships are distinguished. They are defined as follows: 

 Service Formation: For each transit user, a service is made up of a route, or a set of 

routes, with a given quality of service on the basis of the service characteristics of the 

arcs and nodes the service is composed of. 

 Route Choice: Each user is considered as a rational economic agent who chooses the 

optimal service in order to minimize his perceived travel time. For each user, the route 

choice is modelled as an economic trade-off between quality of service and travel 

time. The output of the model consists in assigning the users to specific transport 

services. 

 Flow Propagation: The passenger traffic flows are assigned to the supply network 

elements. 

 Cost Formation: For each network element, the volume of passengers who wishes to 

traverse it faces the capacity constraints. That yields a quality of service and the 

operation characteristics of the element, on the basis of the traffic flows.  

These models are placed within a loop: each model modifies certain state variables, which 

serve as input to the following model. The network traffic assignment stops when traffic 

equilibrium is reached. In Figure 24, we observe that the dotted line separates the equilibrium 

loop in two sides, in economic terms: they are expressed as the demand-side and the supply-

side of the traffic assignment. On the demand-side, the demand for transport is assigned to the 

transport services on the basis of a fixed quality of service and given operational 



 

Part III: The Network Model  The CapTA Simulator 

 

 

 

Ektoras Chandakas 

 
162 

characteristics. If g  is the vector of perceived travel time,  that of the service frequencies 

and x  the vector flows of the elements, the demand-side corresponds, in the CapTa model, to 

the mapping xg ),( . On the supply side, the perceived cost and service frequencies of the 

arcs are calculated on the basis of the flow vector, as the inverse mapping ),(gx . An 

equilibrium, expressed as a fixed point problem is reached. 

 

6.3   The Bi-layer Representation of Supply and Demand in 
CapTA 

A fundamental characteristic of the CapTA model is the bi-layer representation of the transit 

network. Two superposed layers are defined, the upper and lower layer; each one with the 

appropriate representation of the supply of transit services and of the demand for transport.  

On the one hand, the upper layer is used by the demand-side components, for the estimation 

of the passenger flows on the entire network on the basis of the travel conditions (quality of 

service and operational characteristics).  

On the other hand, the lower layer expresses the supply-side. There the supply network is 

represented in a higher detail in order to realistically capture the effect of the capacity 

constraints to the passenger flows and the travel conditions. That allows adapting the lower 

layer network representation to the needs of the local models used. Thereafter, the supply and 

demand representations of the upper and lower network are further detailed.  

6.3.1   The Representation of the Transit Supply 

The upper layer network ),( ANG  is comprised of a set N  of nodes i  and a set A  of arcs 

),( jia . In the case of CapTA, the arcs on the upper layer are called network legs. They 

correspond to specific trip segments, w

three types of network legs are distinguished, per sub-system: a line leg, a station leg and an 

access-egress leg. They reflect different segments of a trip of an OD pair. Their cost 

corresponds to the average travel conditions faced by a passenger.  

The line leg is the basic network element used in the CapTA model. It expresses a single trip, 

from boarding to alighting in a transit line. Its main attributes are related to the average 
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generalized cost and the combined frequency, as evaluated by the line model, described in 

Chapter 4. In CapTA, the set of line legs is noted LA . 

platform or vice versa, or from platform to platform when a passenger is transferring. There 

the passenger is subject to discomfort and delay due to the capacity constraints inside the 

station. These are considered in the station model, described in Chapter 5. The set of station 

legs of the upper layer is noted SA . 

The access-egress leg represents the trip to access to or egress from the transit network. It 

corresponds to the trip from the origin until entering the transit network  a station or a stop  

as passenger, bicycle, etc). An access-egress model, currently not developed in the CapTA 

model, can address more realistically the travel conditions and the capacity constraints related 

to these modes (e.g. road traffic) and the intermodal facilities (such as the capacity and pricing 

of park and ride facilities and bike shelters). The set of access-egress legs is RA . 

On the upper layer, the service network is RSL AAAA . Therefore, a trip from an 

origin to a destination is composed of a succession of network legs: line legs, station legs and 

access-egress legs, as illustrated in Figure 25. 

 

Figure 25: An origin - destination trip on the upper layer 

 

On the lower layer, the representation of the supply is much more detailed. Various attributes 

are included. They are related to the travel time, the capacity (seat and total capacity of a 

vehicle, etc.). That representation is specific to each system sub-model and independent from 

the other models. For instance, a line is represented as an independent sub-network, composed 

of boarding, alighting, interstation and sojourn arcs. A station is represented by platform arcs, 

horizontal and vertical circulation elements etc. The supply representation of the lower layer 

of the line and station models is thoroughly described in chapters 4 and 5 respectively.  
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6.3.2   The Representation of the Transport Demand 

On the upper layer the demand is represented by journeys effectuated from an origin to a 

destination node. The set of destinations s  is noted S  and that of the origins o  is noted O . 

We associate to each destination a set s
W  of origin  destination (OD) pairs ),( sow  with 

an OD flow osq . Therefore a vector of OD flows Wwwq ][q  is associated to the set 

Ss

s
WW . The vector q  corresponds to the OD matrix and is considered fixed, or the 

results of a travel demand model.  

On the lower layer, the demand is represented in a similar way, with trip origins and 

destinations. For each specific sub-network, the origin and destination nodes correspond to its 

boundaries: the platforms for the line model; station entries and exits and platforms for the 

station models. However the specific OD matrix is not fixed, but it is rather a result of the 

passenger flows of the specific network legs. That top-down relationship, where the flows of 

the upper layer form the origin-destination matrix of each independent sub-network of the 

lower layer, guarantees the coherence between the sub-networks of the transit network. 

 

6.4   Demand-Side Model Components 

The demand-side model components focus on the behaviour of the passengers. On the basis of 

the costs of the trip elements, various choices are made available to the passengers. In the case 

of the transit network, these choices concern the line or set of lines to board, the access and 

information that is available to him and his travel preferences. Hereby, the hyperpath concept 

that serve as a basis for the route choice on the upper layer is presented.  

6.4.1   Strategies and Hyperpaths 

A trip from an origin to a destination is represented as a path, r , on the transit network 

),( ANG . Each available path yields a generalized cost rg  built sequentially according to 

the local generalized cost of the network element; node or link or service. A passenger is 

modelled as a rational economic agent with cost minimization behaviour. Therefore, at each 

decision point there is a set of rules, which by applying them he can get to the destination. 
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This corresponds to the concept of strategy, introduced in Spiess and Florian (1989). The 

optimal strategy is defined as the strategy of minimum cost. The random arrival of the 

vehicles at the s a single service. 

Rather he makes a selection of a set of potential services, called the attractive set, so that the 

expected travel time is reduced. The mechanism suggests that once in a station, a passenger 

fixes a set of attractive services and boards the first arriving vehicle among them. Despite of 

the randomness of the transit supply, the route choice behaviour is assumed to be 

deterministic. Although some existing stochastic path choice models are used, they do not 

necessarily correspond to behavioural attributes.  

Since the transit network is expressed as a directed graph ),( ANG , the optimal strategies 

on the upper layer can be also expressed by a graph theoretic approach, such as the hyperpaths 

introduced in Ngyuen and Pallotino (1988). A hyperpath h  from a node n  to a destination 

node s  is an acyclic subgraph A  with at least one arc. The behavioural assumption for 

the hyperpath concept is limited to the pre-trip choice on behalf of the passengers of the 

attractive lines at each node.  

The hyperpath ),(hh  from a node i  to a destination s   where node s  does not have any 

successors  is defined by a pair, the arc set A  and the routing field h . The arc set  is 

composed in such way that each arc a  belongs to a positive path of the set towards s , 

while no oriented cycles are included. The routing field h  is a mapping of the set A  on ]1,0[ . 

Let ah  be the flow proportion of the tail node i  of an outgoing arc, ),( jia , of the 

hyperpath h . If iA  is the forward star of node i , it holds that 0ah  if a  and 

1
iAa ah  for all nodes m  of the hyperpath between n  and s , except for the destination 

node s .  

Let us define as )()( hR si  the set of elementary paths of the hyperpath from i  to s  and 

)()( hRr si  an elementary path, composed of a series of arcs between i  and s . Therefore, the 

proportion of the flow rh  of the route r  from i  to s  will be the product of the flow 

proportions ah  of the arcs ra , 
ra ar hh . Let }{1 ra  an indicative function equal to 1 if 
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the arc a  traverses the path r  and 0  otherwise. The path flow proportion can be transformed 

into: 

Aa raar hh }{1  ( 24 ) 

Therefore a hyperpath can be interpreted as a set of paths whose flow proportions can be 

calculated directly from the routing field of the hyperpath. The flow of a hyperpath can be 

easily translated into an arc flow vector. That is fundamental characteristic, since that 

relationship between the path and the hyperpath implies the direct transformation of path-

based models and algorithms to hyperpath-based ones.  

The cost of a hyperpath, h
si )( , is calculated according to the optimal strategies (Spiess and 

Florian, 1989), on the basis of the cost of the downstream arcs and nodes. Its mathematical 

formulation follows at Chapter 7.4.3. Nonetheless, in that case, the cost formation requires an 

additive cost structure. The non-additive costs of some congestion phenomena (such as in-

vehicle comfort) can be lifted with the adoption of a leg-based network representation, such as 

the one in the CapTA model.  

6.4.2   Service Formation and Route Choice  

The service formation and route choice steps of the assignment model are used for modelling 

the passenger behaviour described previously. In the case of traffic assignment models with 

explicit enumeration of the available paths, such as some schedule-based models, a distinct 

service formation model is essential for the evaluation of the costs of the available paths 

before the route choice model. However, in frequency-based models, such as in CapTA, the 

hyperpaths are implicitly enumerated within the route choice model. The result is a hypertree, 

which is the combination of the hyperpaths for all the origins of the network to a single 

destination. 

The CapTA model follows the hyperpath framework developed previously and addresses 

route choice in both network layers. On the lower layer, the line model handles the route 

choice, in a simple way. Within the line, a passenger at an access station i  boards the first 

vehicle with available vehicle capacity that serves his egress station s . Thus the service 

routes are bundled together. That is realistic, especially so when the vehicles do not overtake 

one another.  
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The route choice on the upper layer is associated with the optimal strategy and the route 

choice can be expressed as a hyperpath. That happens because in CapTA the hyperpath 

formation is sensible to the fictive frequencies on the line legs. The fictive frequency a  is a 

mathematic artefact (see Chapter 7.4.2) that allows passing from a stochastic waiting at 

uncongested traffic due to the random arrivals of the transit vehicles, to the deterministic 

waiting of a passenger stock if the service is saturated. The former traffic state assumes 

availability related to the frequency of vehicle arrivals. The latter is reduced to an arc with 

continuous availability, similar to a pedestrian arc. Furthermore, the fictive frequency of an 

unsaturated line leg depends on the passenger flow vector x , via the restrained frequency and 

transit bottleneck models intervening locally at the line model. A corollary result concerns the 

complications to address the traffic equilibrium since the feasible set of the hyperpaths is not a 

finite topological space.  

The mathematical treatment of the strategies and the characterization of the equilibrium are 

further developed in Chapters 7.3 and 7.4. The route choice model composes the shortest 

hypertree by calling an adapted optimal strategy algorithm, described in Chapter 8.4.1.  

 

6.5   Supply-Side Model Components 

The supply-side addresses the assignment of the passenger flows to the elementary 

components of the t

formation of the cost of these components, on the basis of the passenger flows.  

6.5.1   Volume Loading and Flow Propagation 

In CapTA, the route choice model assigns the passenger flows to the shortest hyperpath per 

destination with a relaxation of the capacity constraints. The volume loading and flow 

propagation steps assign the passenger flows specifically to the network elements. This step is 

embedded to the hyperpath framework, introduced previously. Indeed, the route choice model 

considers each destination separately and builds the shortest hypertree, in other words the 

combination of the hyperpaths from all the origins Oo  to a single destination s . Therefore, 

the passenger flows are assigned to the upper network elements, on the basis of the origin-

destination flows and the flow proportions of the arcs that compose the hyperpath. That is 



 

Part III: The Network Model  The CapTA Simulator 

 

 

 

Ektoras Chandakas 

 
168 

achieved by a specific algorithm, described in chapter 8.4.2. An auxiliary arc flow state Ax  of 

the assignment comes from the accumulation of the arc flows asx , for all destinations Ss .  

The Method of Successive Averages is used to solve the traffic equilibrium problem. That 

method implies that the arc flow vector Ax  of an iteration  stems from the convex 

combination of the arc flow vector 1
Ax  of the previous iteration and the auxiliary arc flow 

vector Ax . The combination step comes from a predefined decreasing sequence of positive 

numbers 0)( , with initial value 10 .  

6.5.2   Cost Formation 

The cost formation is a central element of the CapTA model. Specific sub-models are used for 

each type of sub-network. A twofold relationship is established by these specific models 

between the two network layers. Top-down, the passenger flows of the network legs 

determine the OD flows of the sub-networks. Local models are applied for the evaluation of 

the physical conditions of the traffic flows under strict capacity constraints. Bottom-up the 

cost of the network legs is evaluated with respect to the cost of the lower layer service 

elements. In other words, these specific models amount to elaborate cost-flow relationships 

for a set of network legs. In addition, a network leg cost according to the preferences of the 

classes of transit users (especially when pedestrian circulation and perception of comfort are 

addressed) can be evaluated. 

The modularity of the modelling framework of CapTA allows the development of more than 

one variants of the system sub-model, applied in different circumstances. Indeed, the CapTA 

network model calls two types of line models. The main variant of the line model addresses 

the capacity constraints with particular local models (the in-vehicle comfort, the transit 

bottleneck and the restrained frequency model) for suburban rail, metro, light rail services and 

segregated bus services, as described in Chapter 4. Nevertheless, an additional variant tackles 

specifically the simple bus services. Their cost evaluation is limited to the in-vehicle comfort. 

twork 

the bus services are generally complementary to the structural network and only occasionally 

passengers face difficulties at boarding due to insufficient capacity. On the contrary, it allows 

addressing each specific mode in the appropriate context. The bus services, mixed in general 
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traffic, would require an additional model able to address the influence of the general traffic 

on the operational characteristics, different from the one developed in the dissertation for rail-

services with exclusive right-of-way. 

 

6.6   The Hierarchy of Models in CapTA 

In CapTA we deal with the specific stages of the transit assignment by calling various models. 

These are structured in three hierarchical levels: the network level, the specific system level, 

and the local level. They have different functions, as summarized in Table 7. 

Table 7: Model hierarchy and their characteristics 

MODELLING 
ELEMENT 

NETWORK 
REPRESENTATION  

TASKS AND DESCRIPTION OF THE 
MODEL 

Transit Network 
(Upper Layer) Network 

Legs: {Line leg; station 

leg; access/egress leg} 

- Network flow assignment with 

relaxation of capacity constraints 

- Strategies composed by network legs 

Network Sub-
system 

- Specific Network legs 

of the sub-system 

- (Lower Layer) Service 

links of the specific 

system 

- Manages the transition between the 

network model and the local models 

- Coordinates the local flowing and the 

cost evaluation models;  

- (line model) Uses the chronological 

ordering of the operations 

Local Elements 
Service Links of the 

lower-layer network 

- Local flowing with capacity constraints 

- Evaluates the impact of local route 

share and operational characteristics on 

the cost of network elements 

 

The network model addresses the transit system as a single entity. It provides the general 

framework for the network traffic equilibrium and focuses on the behavioural characteristics 

of the passenger demand for transit services. On that level a flow assignment is performed 

with relaxation of the capacity constraints. The route choices of the passengers are based on 

the node strategies, with respect to the travel conditions and the operational characteristics of 

the network legs (line, station and access-egress legs). The graph representation corresponds 
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to the hyperpath framework. This level assures the coherence of the results of the specific 

system sub-models, which are evaluated independently.  

The system sub-models act as elaborate cost-flow relationships of the network legs and take a 

central part on the CapTA model. They treat each sub-system separately and manage the 

transition between the upper and lower layer. In addition, a system sub-model stands as a 

ticularities. In the case of the 

line model a transit line is addressed in a disaggregated level by transit route. These are 

coordinated at each transit stop.  

Finally, the local models address specific phenomena at the local level. For that purpose the 

service representation is very detailed. There, the local flow is faced to strict capacity 

constraints. They are developed so as to apprehend the impact of the passenger flows on the 

local service elements and the route share: the line model at a given station calls the in-vehicle 

comfort, the transit bottleneck and the restrained frequency models depending on the model 

variant used.  

 

6.7   The Modelling Differences of the CapTA Model and 
Some Development Perspectives 

The CapTA model was briefly described in the previous sections. Many differences can be 

identified from other transit assignment models on the scientific literature, as discussed in 

Chapters 2 and 3. More particularly, this model includes many innovations, linked to the 

modelling of the capacity constraints on the transit system. A fundamental difference of the 

CapTA model and other research models is the representation of the transit network. The 

transit assignment models generally adopt a single layer network representation for the cost 

formation and the flow assignment. On the contrary, a bi-layer representation is introduced in 

this model with the appropriate rules for the transposition between the upper and lower layers. 

The upper layer corresponds to a leg-based representation, as in De Cea and Fernandez 

(1989). The leg-based representation is not limited to the transit lines, but it can be extended 

to the in-station circulation and the access-egress trips. Therefore, at the network level, the 

CapTA model yields passenger flows, on the basis of flow dependent legs throughout the 

phases of the transit trip from origin to destination.  
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The physical conditions of a trip are handled on a detailed lower layer. There, the line model 

handles the combined effect of local route choice and waiting time due to congestion. 

Contrary to the effective frequencies function in Cepeda et al (2006), an increase in the 

waiting time takes place only when at least one transit service reaches capacity. The increase 

in the waiting time is related to the traffic regime, as described in Chapter 4.4.2.1.  

However, the passenger flow great influences the discrete temporal availability of the transit 

services, especially so during congested regimes. The CapTA model allows adjusting the 

service frequencies (operating or fictive) on both layers. These adaptations modify the 

established hyperpath framework and the concept of optimal strategies and are further 

discussed in Chapter 7. The model does not make use of the standard formulation of the 

hyperpaths. Indeed, at the decision points the model makes use of the fictive frequencies 

coupled with the frequency attenuation factor ( a ). This treatment complies with the 

passenger behaviour at the decision points (stations) where congestion replaces waiting with 

queuing. Further influence of the real-time information on the route choice can be included in 

the station model. 

Moreover, the CapTA model assigns passenger flows on both layers. On the one hand, on the 

lower layer, strict capacity constraints are applied and the flow is conserved on the vehicle 

level, since passengers interfere with service frequency. On the other hand, the upper layer 

deals with passenger flows aggregated on the line level and an average generalized cost, with 

a relaxation of the capacity constraints. In these terms, the lower layer yields an average cost 

of a trip for an individual passenger and the upper layer flow assignment is reduced to an 

unconstraint one with respect to the cost of the lower layer. The choice of the relaxation of the 

capacity constraints on the flow assignment of the upper layer and the monotone cost 

function, as a result of the line model, facilitates the definition of an optimization problem and 

the characterization of the traffic equilibrium. Although this approach guarantees a 

mathematical coherency, the formation of a bottleneck will keep a part of the passenger flows 

from being propagated downstream.  

The bi-layer network representation combined with the selected modelling structure and the 

frequency adaptations are significant innovations of the CapTA model, compared to existing 

models. While not all the issues on the research community are addressed, that approach 

opens new perspectives on transit assignment modelling under capacity constraints. It is 
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possible to include specific models for in-station circulation (the station model developed in 

Chapter 5) and the access/egress journey. The mathematical properties of the cost-flow 

relationship resulting from the station model seem to be obvious, especially since a Dijkstra 

shortest path algorithm is selected with monotone local cost functions. However, some issues 

of continuity and differentiability have to be dealt with specifically. Equivalent treatment has 

to be addressed when developing an access/egress systemic model.  

Spiess and Florian (1989) introduced the optimal strategies with specific hypothesis on 

passenger behaviour, based on unconstraint conditions. Indeed, without congestion the model 

addresses the discrete availability of the transit services by assuming that a passenger boards 

the first arriving vehicle among the attractive lines. The presence of congestion and queuing 

modifies the availability of certain services and influences the local route choice and the 

waiting time. More importantly, mingling on the platform creates a buffer time for accessing 

the transit services. This issue is handled in CapTA by adopting a fictive frequency  on the 

upper layer line legs, yielding a continuous service with the presence of congestion.  

Although the passengers are generally assumed to have a perfect knowledge of the travel 

conditions, this is rarely the case within transit systems, especially so when they are 

the presence of real-time information at the decision points and on mobile devices. With the 

explosion of intelligent transportation systems it is essential to handle the effect of travel 

information in transit assignment models, especially in conjunction with transit congestion 

and service reliability. That is treated partly in the station model by explicitly modelling the 

decision points and in the network model by some adaptations on the route choice.  

Equally, the variability of the travel time and the travel conditions can be dealt from the 

CapTA model, as suggested above. In addition to the service reliability and the stochastic 

aspect of the line operation, the presence of different comfort states during the trip (in-vehicle, 

on-platform etc.) has a significant influence on the model. That can be typically interpreted by 

the problem of transfer between parallel services. There, the passengers with the same origin 

destination trip make a choice of transfer station on the basis of their actual and expected 

future travelling conditions.  
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Chapter 7: 

7 Mathematic Characterization of the CapTA 

Model 

 

 

7.1   Introduction 

Although particular methods have been developed for transit, a flow assignment model 

remains an optimization problem subject to a number of physical, economic and mathematical 

constraints. This chapter is dedicated to the mathematical characterization of the CapTA 

model, presented in Chapter 6. Contrary to other studies, this research is focused on the 

systemic aspect of the transit network, together with the physical and economic analysis of the 

passenger flow problem.  

A mathematical treatment is pursued hereby, for establishing the mathematical properties of 

the optimization problem. Rather than redefining an optimization problem and demonstrating 

the existence and uniqueness of the equilibrium solution, we develop the relevant mathematic 

formulation for the CapTA model and provide the connexion with already proven existence 

and uniqueness theorems.  

The mathematical treatment reflects the physical conditions and the economic relations 

addressed in the flow assignment. The priority of the CapTA model is given in the exhaustive 

representation of the public transportation system without restraining its representation. That 

requires a thorough mathematical treatment of the leg cost-flow relationship, to ensure the 

necessary mathematical properties. Furthermore, on the basis of the optimal strategies (Spiess 

and Florian, 1989) the traffic equilibrium is formulated as a twofold vector of arc flows and 

strategy shares and it is characterized as a variational inequality problem 
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The chapter is divided into 4 sections. First, a detailed review of the optimization models and 

of the characterization of the equilibrium for various transit assignment models is presented 

(section 7.2). In section 7.3, the interactions between supply and demand in the CapTA model 

are meticulously established and more precisely the dependencies of the state variables 

throughout the model. Further mathematical treatment of these interactions and the 

formulation of the traffic equilibrium are pursued in section 7.4.  

 

7.2   A Literature Review on the Mathematic Formulation 
and the Characterization of Traffic Equilibrium  

The literature review is concentrated in specific models and issues relevant to the 

characterization of the network equilibrium. In particular, we address the optimal strategy 

concept, the hyperpath framework and selected congestion-based variable frequency and 

stochastic transit assignment models. The formulation of the network equilibrium is analysed 

in detail, faced to the local route choice problem and the presence of capacity effects. Some 

necessary algorithms are included. 

7.2.1   The Optimal Strategies Approach 

The Optimal Strategies approach is introduced in Spiess (1984) and formally presented in 

Spiess and Florian (1989) as a method to link the effect of the waiting phenomena to the 

selection process of routes on a transit network (see Chapter 2.3.2). According to the authors, 

a strategy is defined as a set of rules that, when applied, allow the transit user to reach his or 

her destination. The cost of each arc Aa  of the network ),( ANG  is decomposed on a 

nonnegative constant travel time at  and the cumulative density function aV  for the waiting 

time. The latter depends on the relation between the distribution of the vehicle headways for 

the arc a  and the distribution of passenger arrivals on node i . 

7.2.1.1   The mathematical formulation of the local route choice 

The concept of strategy suggests that from each node i  on the network we can specify a 

nonempty set of attractive lines. Therefore, if iA  is the forward star of node i , the local 
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strategy suggests that there is a subset ii AA  of outgoing arcs that take part on strategy 

A . The subset iA  corresponds to the set of attractive lines and implies that a passenger at i  

will board the first vehicle of any of these lines.  

With the construction of the attractive set of outgoing arcs at i , iA , we can establish the 

combined expected waiting time iw  and the arc proportion ia Aah , . By definition, 

0ah , if iAa . The formulations of the expected combined waiting time )( ii Aw  and the 

probability that arc a  is served first, )( ia Ah  can be therefore expressed via the waiting time 

distribution aV . For matters of simplicity, let us associate the waiting time with the frequency 

a  of the services and a positive parameter , whose value is related with the waiting 

discipline and passenger arrival distribution and the distribution of vehicle headways. 

Therefore, the expression takes the form: 

iAa aii Aw /)(  ( 25 ) 

iAa aaia AaAh
i

,/)(  ( 26 ) 

We denote ix  the sum of the volumes of all incoming arcs and the demand at that node to 

destination s , isAa ai qxx
i

. The node volume is distributed to the outgoing arcs, 

according to the arc proportions: 

iiaa xAhx )(  ( 27 ) 

The algorithmic treatment of the local route choice  by extension the attractive subset of 

lines  is similar to the greedy algorithm proposed in Chriqui and Robillard (1975), adapted to 

reflect the optimal strategies characteristics. We denote )(si  the cost from the node i  to 

destination s   and ag  the cost for traversing the arc a . For a node i , we examine the 

outgoing arcs ),( jia , where iAa , ordered by increasing cost to destination, )(sjag . 

If that cost is lower than the current label, )()( sjasi g  we add the arc to the attractive 

subset of outgoing arcs, }{aAA ii , while updating the node cost-to-destination in 

respect to the arc frequencies, )/()]([ )()()( aisjaasiisi g  and the node 
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frequency of outgoing arcs, aii . The algorithm updates the node label a maximum 

of iA  times, where  denotes the cardinal of the set. In Spiess and Florian (1989) the local 

routing algorithm is integrated to the optimal strategy algorithm. It examines all the nodes and 

evaluated the cost to a single destination, based on the Dijkstra shortest path algorithm. 

7.2.1.2   The formulation of the network equilibrium model 

In their influential paper, Spiess and Florian (1989) formulate an optimization problem as an 

extremal problem, on the basis of constant arc costs, without capacity effects. The objective 

function developed includes the constant travel time on the arcs and the expected combined 

waiting time expressed on the nodes. Let a  be a dual variable of the optimal strategy and ix  

the exit flow from node i , the objective function ( 28 ) is subject to non-negativity constraints 

( 28 ).c, conservation of flow ( 28 ).b and local route choice by node ( 28 ).a. The 

minimization problem takes the following form:  

Ni

Aa aa

i
Aa aa

i

x
xgmin  (P) ( 28 ) 

Subject to: 

i

Aa aa

aa
a Xx

i

, iAa , Ni  ( 28 ).a 

isAa ai qxX
i

, Ni  ( 28 ).b 

0iX , Ni  ( 28 ).c 

otherwise

Aaif
a

0

1
 ( 28 ).d 

 

We observe that this minimization problem has a non-linear objective function and non-linear 

constraints. It is possible to reduce this problem to a linear programming problem (LP), via 

some simple transformations. Indeed by setting 
iAa aaii x , it can be expressed as 

the following linear programming problem:  

Ni iAa aa xgmin  (LP) ( 29 ) 

Subject to: 
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isAa aAa a qxx
ii

, Ni  ( 29 ).a 

iaax , iAa , Ni  ( 29 ).b 

0ax , Aa  ( 29 ).c 

 

The previous formulation corresponds to the extremal formulation of the primal problem. In 

Spiess and Florian (1989) the authors examine the dual problem. Let a  a variable associated 

with the expected combined waiting time. The dual problem (D) can be formulated as:  

Ni siisq )(max  (D) ( 30 ) 

Subject to: 

)()( siaasj g , Aa  ( 30 ).a 

1
iAa aa , Ni  ( 30 ).b 

0a , Aa  ( 30 ).c 

 

The authors use three algorithmic proofs, based on the solution algorithm of the section 

7.2.1.3  to demonstrate that  is a feasible solution of the dual problem (D), that x  is a 

feasible solution of the primal problem (LP) and finally, that the couple ),( x  is the optimal 

solution, since the weak complementarity slackness conditions of the primal-dual problem are 

satisfied.  

In Spiess and Florian (1989) two solutions are proposed to address specifically the walking 

arcs, since they are not subject to the waiting phenomenon. The first approach lies in 

assuming that a walking arc is identical to the other arcs with waiting though its frequency is 

equal to a sufficiently large number that produces a combined waiting time close to zero. The 

second approach treats the walking arcs as complementary elements without waiting, 

resulting in some necessary adaptations on the optimization problem and the proofs.  

7.2.1.3   The solution algorithm of the network equilibrium 

In Spiess and Florian (1989) two algorithms are described for determining the optimal 

strategies and the flow loading per destination. The optimal strategies algorithm is a Dijkstra 

shortest path algorithm, adapted to integrate the local route choice at the stop level. It begins 

in a reverse order, from the destination s  and examines all the network arcs in increasing 
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cost-to-destination )(),( sjjig  order. The attractive set consists then of an ordered list of the 

arcs by ascending order of cost to destination.  

The flow-loading algorithm is based on the flow conservation at the nodes and the previous 

labelling procedure. For the ordered attractive arc set, each arc is treated in decreasing order. 

The node flow ix  is assigned to each outgoing arc of the attractive subset iAa , in respect 

to the arc frequencies.  

Spiess and Florian (1989) demonstrate that the complexity of these algorithms is subject to 

the optimal strategy search. If A  is the cardinal of the set A , the complexity per destination 

s  amounts to )(
2

AO  and can be simplified to )log( AAO  if a heap is used. 

7.2.1.4   Optimal Strategies with flow-dependent arc costs 

As an extension of the extremal formulation of the optimization problem with constant arc 

costs, Spiess and Florian (1989) examine an alternative non-linear optimization problem with 

flow dependent arc costs, given by a continuous function, )(xag , Aa , based on 

 The previous formulation of the arc cost, leads to 

two remarks: first, when we consider an additive cost structure on the network, where 

)()( aaa xgg x , Aa , there exists an equivalent convex combination problem; and 

second, since the arc cost is dependent to the cumulative arc flow for all destinations, it is 

essential to consider the optimization problem for all destinations combined.  

The previous optimization problem (P) may be formulated as a variational inequality problem 

(VIP). If the arc cost function )(xag  is not strictly monotone, the uniqueness conditions of 

the equilibrium flows are not satisfied. Conversely, if the arc cost is defined by a continuous 

increasing function, the minimization problem (P) can be formulated as an extremal 

optimization problem, separable by destination. An adapted algorithm is proposed, which 

involves an additional step before the research of the optimal strategy for updating the flow-

dependent arc costs. 
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7.2.1.5   Application of the Optimal Strategies on a leg-based network 

De Cea and Fernandez (1989) develop a different network representation based on route 

sections. A route section is defined as the part of a transit route between two consecutive 

transfers, similar to the leg used in CapTA. A route section is characterized by an in-vehicle 

travel time corresponding to the weighted average of the lines composing it, and a waiting 

time. The model is extended in De Cea and Fernandez (1993) in order to include a flow-

dependent leg cost, sensible to route congestion. 

Various modifications on the transit assignment model are imputed to the leg-based network 

representations. The equilibrium flows are calculated on the basis of the route section. 

Therefore, the passenger flows of the transit lines are handled in the local level similarly to 

the common lines problem in Chriqui and Robillard (1975). The passenger flows on a route 

section boarding a set of lines compete with the other boarding flows and the flows on-board 

for the available capacity. 

The network representation allows for a simplified route choice algorithm compared to the 

one from Spiess and Florian (1989), with flow dependent route sections. The user equilibrium 

problem is transformed to an equivalent variational inequality problem (VIP), and 

corresponds to an asymmetric network assignment problem. De Cea and Fernandez (1993) 

propose a diagonalization method for the transformation of the vector cost function. Then, the 

symmetric assignment problem is solved by the Frank-Wolfe algorithm. The initialization 

step of the algorithm consists of constructing the attractive line set for each section.  

7.2.2   The Hyperpath Framework 

The variety of network representations and the need to efficiently capture the common lines 

problem incited Nguyen and Pallottino (1988) to develop a generic modelling framework for 

large-scale transit networks using graph theory. That graph-theoretic framework can be used 

for a number of assignment models, such as deterministic, stochastic, etc. giving some 

flexibility to the modelling process. In that framework, the trip from an origin to a destination 

can be described by a hyperpath. The mathematic formalization of the hyperpath concept is 

described in detail in chapter 6.4. However, the initial definition concerned a subgraph from 

an origin to the destination. That is extended in Cominetti and Correa (2001) for addressing 

any node Ni  of the network to a destination.  
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7.2.2.1   The network optimization problem 

Given the cost formulations of the hyperpath, the description of the user equilibrium follows. 

In Nguyen and Pallottino (1988) the user equilibrium is formulated as a variational inequality 

problem (VIP) on the hyperpath space, where the main constraints are the conservation of 

flow on the hyperpath and the non-negativity of the flows. This VIP can be transformed into 

an equivalent optimization problem in the space of paths, based on the arc costs and the 

waiting time of the hyperpath. Indeed, it resembles the optimization problem developed in 

Spiess and Florian (1989) for the flow-dependent arc costs.  

We define the hyperpath flow state H
OSx  and the arc flow state ]:[ AaxaAx . In addition 

the waiting time vector will be ],:[ OSOS
h
i

H

I HhRiwOSw . The optimization problem in 

the space of the feasible hyperpath flows can be transformed into the following inequality:  

0)()()(
*** OSH

I
H
OS

H
OSAAAA g wxxxxx  ( 31 ) 

The most interesting result of the previous formulation, as noted in Nguyen and Pallottino 

(1988) is that the solution of the shortest hyperpath optimization problem can be identified by 

the arc flow state and the corresponding total waiting time. Furthermore, in the case of 

optimal strategies, the waiting time can be calculated directly from the hyperpath arc set .  

7.2.2.2   Solution Algorithms 

Based on the optimal strategies concept of Spiess and Florian (1989)  defining in accordance 

the routing proportions and waiting time in relation to line frequencies  two algorithms are 

described in Nguyen and Pallottino (1989) for determining the shortest hyperpaths to one 

destination, the Dijkstra algorithm and the Bellman-Ford algorithm. 

Dijsktra Shortest Hypertree Algorithm 

The authors suggest a label setting Dijkstra algorithm for determining the shortest hyperpaths 

s . It is an arc-selection based algorithm, 

initialization, the algorithm begins at the destination and examines the incoming arcs 

jAji ),(  at an increasing cost-to-destination order )(),( sjjig . If that complies with the 
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inclusion condition, )(),()( sjjisi g , the arc is added to the hypertree and the node labels 

are updated. In the case of a stop node, multiple outgoing arcs are possible and the node labels 

are then updated. If the arc list is implemented as a heap, the algorithms complexity for each 

destination is equal to )log( AAO . 

Shortest Hypertree Algorithm 

An alternative to the Dijkstra algorithm is described in Nguyen and Pallottino (1989), based 

on the label correcting Bellman-Ford algorithm. After the initialization, the algorithm begins 

from the destination: at each node i , the node is removed from the selection list and the 

outgoing arcs iAji ),(  are examined at an increasing arc cost order, ),( jig . Hence, the 

optimal outgoing arc set is established on the basis of the current node costs. The algorithm 

examines then the incoming arcs iAik ),( . The nodes k  (tail of arc (k, i)) are added to the 

selection on a cost descending order.  

Therefore, the algorithm revisits each node until it produces the minimum cost to the 

destination. Based on the non-negativity of arc costs, at every pass at least one node will be 

)log( NNAO . In Nguyen and Pallotino (1988) the authors estimate that the label correcting 

algorithm is more flexible than the Dijkstra shortest hypertree algorithms but lacks in 

calculation speed.  

7.2.3   Congestion-Based Variable Frequency Models 

Beyond the equilibrium assignment and the solution algorithms based on constant arc costs, 

further research focused on the local route choice and characterization of the network 

equilibrium of variable frequency arcs. In this line of research where both local routing 

probabilities and the waiting time depend on the flow-dependent line frequencies, Cominetti 

and Correa (2001) provide extensive mathematical treatment for the local route choice and the 

characterization of the network equilibrium based on flow-dependent frequencies. In addition, 

they propose a Dijkstra-based solution algorithm. On the basis of the previous work Cepeda et 

al (2006) reformulate the local route choice and define a duality gap. Moreover, they develop 

a consistent solution algorithm for passenger flow assignment on large-scale networks. 
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7.2.3.1   The consequences of the frequency variation  

As a way to establish a direct link between transit congestion and travel conditions on public 

transportation, the frequency of the arcs can be defined as a function of the vector of the 

passenger flows, )(x . That can have some important consequences, on the physical and 

economic grounds and on the mathematical treatment of the equilibrium.  

Earlier research (Chriqui and Robillard, 1975; Spiess and Florian, 1989; Ngyuen and 

Pallottino, 1988) established the arc frequency as the determinant of the local route 

assignment and the combined waiting time. Therefore, a flow-dependent frequency 

characterized by a decreasing function, would alter the local route choices, reducing the flow 

on the most congested lines. Furthermore, it entails increased waiting time for the line and 

increased cost on the local strategy. 

The consequences of a variable arc frequency on the mathematical characterization of the 

network equilibrium are considerable, especially for a hyperpath-based supply representation. 

Indeed, the extremal formulation of the optimization problem in Spiess and Florian (1989) 

guarantees the existence of an equilibrium, which is unique, when the arc frequencies and the 

arc cost (or link travel time) are considered constant. When variable frequency and arc cost 

are considered, different mathematical tools are used for the characterization of the 

equilibrium, mainly by transforming the optimization problem to a Variational Inequality 

Problem (VIP) or a Fixed Point Problem (FPP). 

7.2.3.2   The selection of the local choice set 

The mathematical characterization of the attractive set of routes is an important contribution 

of Cominetti and Correa (2001). The effect of congestion is taken under consideration by the 

introduction of a flow-dependent frequency  named effective frequency  and defined by the 

following strictly decreasing function ),0(],0[: aa  with 0)( aa x  when aax , 

approaching the available capacity  or saturation flow. They further demonstrate that the arc 

flow can be expressed as a function of the hyperpath flows and the arc frequencies. That 

facilitates the optimization problem by substituting the space of hyperpath flows by the 

simpler space of the arc flows. 
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In order to overcome the frequency-based formulation of the local route choice, they 

introduce a variable  and a function )(v  as the inverse of the function )(/ aaaa xxx . 

Although variable  is interpreted as a waiting time in Cepeda et al (2006), the definition 

proposed implies it to make reference to the number of candidate passengers for a vehicle on 

line a , similar to the passenger stock zin  of the transit bottleneck model (see chapter 4.3 ) 

The total waiting time of a strategy in Cominetti and Correa (2001) is expressed as a function 

)(w  of the number of candidate passengers. An extremal nonlinear optimization problem is 

formulated where )(),( wtxf
iAa aax  is the objective function and they demonstrate 

the existence of an optimal solution ),(x  which satisfies the Karush-Kuhn-Tucker 

conditions. An algorithmic proof is given for demonstrating the optimality of the generation 

of the local strategy and the expression of he optimal hyperpath flows on the arc flow vector. 

The boundary conditions revealed in Cominetti and Correa (2001) should be highlighted. It is 

noted that the uniqueness of the solution is not assured in the case of equality of the cost-to-

destination )(sjag  of an arc ),( jia  with the cost of the strategy )(si . In that case, the 

flow can be assigned to two strategies, although the cost is constant. Indeed, that is a distinct 

local route choice problem, also mentioned in Cepeda (2002), where the previous 

optimization problems fail to guarantee the uniqueness of the equilibrium.  

7.2.3.3   The network equilibrium and the Hyperpath-Dijkstra algorithm 

Cominetti and Correa (2001) express the travel time from a node i  to a destination s , )(si  as 

the unique solution of the generalized Bellman equations, similarly to prior research (Nguyen 

and Pallotino, 1988; Spiess and Florian, 1989). In addition, they define the potential cost of 

arc ),( jia  to destination s , as ))(),(()( )()( xxx ttt sjasa , where the travel time and the 

frequency of the arc is sensitive to the vector of network flows. If the node exit flow per 

destination s  is inferior of the available capacity, 
iAa sasix )()( , we define the optimal 

set of the local routing problem, },{)( )()( isasi AaxE x . The optimal solution of the 

network is 
NiSs siEE

, )( )()( xx . 
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An important point towards the simplification of the network representation is the formulation 

of the strategies per node indifferently of their origin. That is also presented in Cepeda (2002) 

under the name node-strategy and allows considering every node of the network Nn  as a 

potential origin node. The solution of a complex network may be expressed as a superposition 

of the local route choices problems. A hyperpath ish  can be defined for any network node 

}{SNi   destination pair on the network. The characteristics of the hyperpaths presented 

in chapter 6.4.1 correspond to this general description. 

A Fixed Point Problem is formulated for the characterization of the equilibrium. The authors 

use a set of infinite arcs (or pedestrian) in order to provide an upper bound on the problem and 

assure the compactness of the feasible set. If the network capacity is sufficient, these arcs are 

unlikely to be used. The existence of the network equilibrium is demonstrated by the 

 

An alternative solution algorithm is proposed in Cominetti and Correa (2001) for building the 

optimal hyperpath. The Hyperpath-Dijkstra Algorithm is based on a Dikstra shortest path 

algorithm, adapted for the hyperpath case. The algorithm begins from the destination s  and 

scans all the nodes on the network. When an arc ),( jia  improves the cost to destination, it 

is added to the attractive set. However, since the arcs are not selected in an increasing time-to-

destination order, a loop is included for removing the arcs with a superior travel time )(sat  

from the updated time to destination )(si . If }:max( NiAd i , the algorithm per 

destination has a maximum complexity of )lnln( dANNO .  

7.2.3.4   The duality gap 

Cepeda et al (2006) revisit the local route choice problem, presented by Cominetti and Correa 

(2001) in order to propose a duality gap function adapted to the optimal strategies concept. 

They interpret the variable  introduced in Cominetti and Correa (2001) as the waiting time 

of the local strategy and they introduce a direct link between that and the passenger flows. 

They use an alternative characterization of the equilibrium, based on the following equation. 
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 ( 32 ) 

Although the conditions for the inequalities can be easily proved, the case of equality 

)(xat  is not sufficiently addressed, despite the proofs provided in Cepeda (2002) and 

Cepeda et al (2006). In that there is not a one-to-one mapping between flow and cost. 

Nevertheless, by adopting the generalized Bellman equations, they extend the local route 

choice problem is extended to the network. For each node }/{SNi  it holds: 

iii Aa

s
asi

a

s
a

Aa

s
aAa sja x

x
xt )()(

)(
max)]()([

x
xx  ( 33 ) 

An algorithmic proof is provided for demonstrating that the equation ( 33 ) becomes equality 

if the optimal strategy flows are considered. By rearranging the variables, they provide a 

duality gap function which is null when the optimal strategy is reached. Although that duality 

gap function is a useful corollary of the local route choice problem, its major difference with 

previous approaches stability at equilibrium, but rather a 

convergence of the strategy costs. 

7.2.3.5   The MSA network algorithm 

A solution algorithm for the flow assignment on large-scale network is provided in Cepeda et 

al (2006). Cepeda (2002) analyzes the alternative solutions that were pursued. A projected 

generalized gradient method developed in Constantin (1993) was tested but it was left aside 

for several reasons: it is hard to develop an analytical formulation for the problem due to its 

high complexity; the proof of convergence in Constantin (1993) is based in some 

particularities inherent to the problem, not found in the current optimization problem; and it 

provided extremely slow convergence in the small network tested.   

A different approach by Cepeda (2002) was to formulate the optimization problem as a quasi 

variational inequality problem (qVIP). In that case, the space of feasible solutions depends on 

the optimal arc flow vector *x . However, a solution algorithm cannot be provided, since the 

feasible flow state is not a polytope, nor convex in the general case.  
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The authors provide in Cepeda et al (2006) a simple heuristic minimization method for 

solving the network equilibrium, the method of successive averages (MSA). The algorithm 

calculates for each iteration an auxiliary state by solving the optimal strategy problem based 

on the network flows of the previous state. A convex combination of the previous and the 

auxiliary state with a predefined step guarantee the convergence. The difference of the 

updated state from the optimal solution is measured by the duality gap function presented 

previously in 7.2.3.4. An initial state can be calculated as an all-or-nothing assignment.  

The heuristic algorithm developed leads intuitively to convergence, especially so since the 

Method of Successive Average on the vector of arc flows is used. Nevertheless, it seems that 

the authors do not provide a formal proof of the feasibility of the solution, but rather some 

indications of that. Indeed, the use of strict capacity constraints limited to the effective 

frequency function transforms the assignment to an unconstraint flow assignment, where it is 

possible for some arc flows to occasionally exceed the arc capacity. The use of the proposed 

function of effective frequency, or the truncated frequencies  as an alternative to the use of 

additional pedestrian arcs  and guarantee the existence of a feasible solution in the case of a 

network with sufficient overall capacity.  

Additional methodological concerns arise from the assignment model. The authors provide 

various approaches for determining a solution algorithm, from an extremal formulation and a 

quasi VIP. Although they use an algorithm based on the Method of Successive Averages 

(MSA), they do not formulate it as a part of a Fixed Point Problem (FPP). The model 

developed in Cepeda et al (2006) lacks a thorough mathematical characterization of the 

equilibrium. However, the main objective of the authors is to provide a functional, easy to 

implement, assignment algorithm, which is clearly the case.  

7.2.4   Stochastic Transit Assignment with Capacity Constraints 

Despite of the extended mathematical treatment of the previous research, alternative 

approaches have been proposed as means to make the assignment models more realistic. In 

particular Lam et al (1999, 2002) explore the transit assignment focusing around the questions 

of the Stochastic User Equilibrium (SUE), the enforcement of strict capacity constraints and a 

variable frequency of the transit routes. 
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To overcome shortcomings of previous research, they adopt a network representation based 

on route sections, such as in De Cea and Fernandez (1993). A route section ),( ji , with 

direct similarities to the line leg used in CapTA, is defined between two transfer nodes and is 

composed of all the direct attractive lines z  which satisfy the optimization problem in 

Chriqui and Robillard (1975). Therefore, the local route proportions within the route section 

correspond to the proportion of their frequencies and the waiting time is calculated by means 

of the combined frequencies, 
z zw / . A path from an origin Oo  to a destination 

Ss  is composed of a sequence of route sections. 

7.2.4.1   Stochastic User Equilibrium and multipath assignment 

Lam et al (1999, 2002) develop a Stochastic User Equilibrium assignment model based on the 

principle that there exist a variation in the perception of the travel times (or costs) from the 

transit users. Therefore, a random variable is included in the path cost function for each of the 

in-vehicle travel time t  and waiting time w . These error terms can be jointly expressed by 

the random error term . If ),(),(),(
~

sorsorsor gg  is the passenger perceived total travel 

time on path osRsor ),( , it is assumed that 0][ ),( sorE  and ),(),( ]~[ sorsor ggE .  

A logit model is selected for the assignment of the origin-destination flows to the appropriate 

paths, according to the relative path costs. A parameter  is used for considering the different 

When , the SUE resembles a 

DUE. If the passenger flows on a given path osRsor ),(  is noted ),( sorx , the assignment of 

the passenger flows between alternative routes will be given by the following equation. 

)()/ln( ),(),(),(),( sorsorsorsor ggxx  ( 34 ) 

However, the cost of the path includes an additional term ),( sord , the passenger overload 

delay. That represents the effect of enforcing strict capacity constraints. 

otherwise

xif
d

sorsor
sor

0

0 ),(),(
),(  ( 35 ) 

The value of the previous penalty, ),( sord , is defined implicitly for every path by the 

appropriate transit assignment problem with bottleneck. Indeed, contrary to other models that 
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define the arc flows based on the costs of the arcs on every given step of the model, Lam et al 

(1999) develops a model that estimates the cost of congestion, with strict capacity constraints 

on the passenger flows on the paths. The penalty ),( sord  is defined at every step from the 

Lagrangian multipliers of the stochastic user equilibrium on the space of the path flows (Lam 

et al, 2002): 

A SsOo Rsor sorsoros
xxwtMin

, ),( ),(),( )1(ln
1

)(  ( 36 ) 

The associated constraints are related to the conservation of flow, the link between arc flows 

and path flows, the strict capacity constraints on the route sections and finally the non-

negativity of the path flows. The passenger overload delay is assigned to the routes using an 

arc section incidence vector. The solution algorithm is based on the algorithm for solving 

SUE problems with explicit constraints proposed by Bell (1995). That algorithm needs a 

complete enumeration of the paths on the network or a Dijkstra shortest path algorithm in the 

case of large networks. The stopping criterion of the algorithm is based on the stability of the 

Lagrangian multiplier.  

Although the approach proposed in Lam et al (1999) leads to a fully functional algorithm, 

some alternatives may be considered. Indeed, it seems that the use of an augmented 

Lagrangian allows faster convergence to the optimal solution, without tampering with the 

fundamentals of the optimization problem. That alternative can provide an enhanced label 

update procedure for the Lagrange multipliers, one of which is linked to the passenger 

overload delay. 

7.2.4.2   Interaction between service frequency and passenger flow 

In Lam et al (2002) the authors further considered the interaction between the boarding and 

alighting passenger flows and the service frequency of the routes. A dwell time function of 

the boarding and alighting flows  therefore the passenger flow vector  is defined in Lam et 

al (1998). They estimate a total vehicle service time zT  of a vehicle on the transit route, 

composed of the dwell time iT , the travel time between stops ),( jit  and the necessary turning 

time in a terminal, T
t . If the fleet size is constant, the vehicle service time and the number of 

vehicles are associated with the route frequency.  
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The SUE transit assignment problem presented previously is modified by expressing waiting 

time and capacity of the route sections as functions of the service frequencies. Therefore it 

can be transformed to a Fixed Point Problem (FPP) where the optimal solution ),(x  is 

reached with constant arc costs. The solution algorithm of the FPP lies in solving the SUE 

transit assignment problem based on constant frequency and then updating the service 

frequency based on the updated path flows and the dwell time function.  

The proposed algorithm does not follow the obvious approach for this kind of problem. In 

fact, the use of such embedded algorithms, where a stationary state is reached for the flow 

assignment for every frequency update, seems computationally expensive. An alternative 

approach of an MSA algorithm consists of a joint calculation of the auxiliary state, first of the 

flow vector, based on the arc costs, and then of the line frequencies, based on the updated 

flow vector. That approach should reduce the complexity of the solution algorithm and 

provide a faster solution.  

In Lam et al (2002) the frequency of the service routes is calculated explicitly for each SUE 

assignment. They further remark that since the boarding and alighting flows of the transit 

vehicles are bounded by the vehicle capacity, there exist upper and lower bounds on the dwell 

times and the frequencies of the transit routes.  

 

7.3   Systemic Characterization of the CapTA Model 

The CapTA model consists in a set of variables that are involved in a set of relationships, 

where each variable depends on some other ones. Demand-side variables depend on supply-

side variables and vice-versa. In this section, we gather the dependencies throughout the 

model and provide the overall logical structure of the model, laying the emphasis on the upper 

layer arc cost-flow functions.  

The section is organized into six parts: the first three deal with the upper layer demand and 

supply functions and their interaction, while the following two address the traffic flowing on 

the lower layer and the evaluation of the line leg cost. Then the logical structure is illustrated 

in an influence diagram. 
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7.3.1   Demand Functions on the Upper Layer 

At the network layer, the demand for travel is expressed by the origin destination trip matrix 

SsNiisNS q ,][Q . A passenger travelling on the network experiences a travel cost linked to 

the travel cost of the links and nodes he traverses. At node i  a passenger disposes of a set of 

local strategies (Spiess and Florian, 1989) dis  D(i) which allow him to reach destination s . 

dis will be noted as d  for simplicity. A local strategy corresponds to a path from node i  to 

destination s  made up of a sequence of links. The cost of a local strategy, d
si )(  stems from 

the travel costs of the downstream links and nodes. A passenger is assumed to be a rational 

economic agent who seeks to minimize his travel cost. Consequently, the passenger flows are 

assigned to the strategies of minimum cost.  

Let d
si )(  be the share of a strategy )(iDd , 0)(

d
si  and 1

)( )(iDd

d
si . Then, at node i  

the flow on a strategy is defined as )()()( isAa as
d

si
d

si qxx
i

. The network flow state 

),(A D
A

D
NSASAS xx  stems from the flows on the strategies D

NSx  and the route shares of the 

outgoing arcs, )](,),(:[ iDdAjia
d

a

D

A . This corresponds to a traffic equilibrium if 

there exists a cost matrix }]{,:[ )( sNiSssiNS , such that for all Ss  and 

}{sNi  the following conditions apply: 

0)(
d

si , )(iDd   
( S. 1 ).a 

ii Aa asisDd

d

is xqx
)(

 
( S. 1 ).b 

0)()( si
d

si , )(iDd  
( S. 1 ).c 

0)( )()()( si
d

si
d

si , )(iDd  
( S. 1 ).d 

7.3.2   Traffic Functions on the Upper Layer  

Let 0d
a  note the route shares of outgoing arc iAa  on strategy )(iDd , with 0d

a  

if arc da  and 1
iAa

d
a . Then the network flow state ASx  is linked to the node exit 

flows D
NSx  of the strategies: 

)(
)(

iDd

d
a

d
sias xx . Therefore this relation can be stated as:  
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),(A D
A

D
NSASAS xx  

( S. 2 ) 

The vector of flows by link on the upper layer Ax , Aa , is linked to the vector of flows by 

destination since, 
Ss asa xx .Since AAL  the line leg flow state, Lx , is related to the 

network flow state : 

)(A ASLL xx  
( S. 3 ) 

The leg flow vector is used in the line model for the calculation of the leg cost vector. By line 

, the dependencies can be structured into two parts, first the physical conditions are 

determined in the basis of the traffic flows along the line (section 7.3.4) and second the leg-

cost is evaluated according to these conditions (section 7.3.5). 

7.3.3   Upper Layer Interaction of Demand and Supply 

For a given network flow state, Lx , the average generalized cost of the upper layer arcs is a 

function detailed in section 7.4.3. It can be stated synthetically by, 

)(G LLL xg  
( S. 4 ) 

The cost d
si )(  of a strategy d  from a node i  to destination s  depends on the travel cost of the 

networks legs and the route shares of the outgoing arcs. The route shares depend on the 

associated fictive frequencies. So, 

),(T LL
D
NS

D
NS g  

( S. 5 ) 

At node i , the minimum travel cost to destination s , )(si , stems from the local cost of the 

network elements, Ag , and the shares of the outgoing arcs, D
A . Let d

si )(  be the share of a 

strategy )(iDd , 0)(
d

si  and 1
)( )(iDd

d
si . We can define a multi-valued mapping of 

the twofold vector ),(xX :  

),,(X),( L
D
NSNSNS

D
NSAS Qx  

( S. 6 ) 
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7.3.4   Line Functions of Traffic Flowing 

At station i , the demand for a destination depends on the partial stock ij  by egress station 

j . It is calculated jointly for all transit services z  and all egress stations ijNj , , by 

the transit bottleneck model. It is related to the leg flows, ),( jix , and by service z , to the 

available capacity zik  and the service frequency inherited from upstream, zi . In Leurent and 

Chandakas (2012), the partial stock for all the destinations at an access station i  is defined as 

the minimum of a potential function )(
~
f . For simplicity we omit the access station index. 

Then, 

),,(B)(
~

minarg ZNZNLNN f kx  
( S. 7 ) 

The passenger stock zin  waiting for transit service z , depends on the partial stock per 

destination of the stations served. 

)(N NZNZNn  
( S. 8 ) 

By service z , the probability of immediate boarding depends on the available capacity zik  

and the demand, expressed by the passenger stock zin . 

),( ZNZNZNZN kn  
( S. 9 ) 

The number of boarding passengers by service is related to the passenger stock and the 

probability of immediate boarding, zizizi ny , so 

),(Y ZNZNZNZN ny  
( S. 10 ) 

By service z , the available frequency is related to the restrained frequency inherited from 

upstream and the probabilities of immediate boarding: 

),(AF)( ZNZNZNZN  
( S. 11 ) 

By service z , the probabilities of sitting if on-board o
zip  and sitting at boarding zip  depend 

on the vehicle loads and the seat available capacity r
zik . In addition, the density of the 
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standing passengers is related to the number of standees and the available surface available, 

considered constant. Therefore, 

),(P r
ZNZNZNZN kyp  ( S. 12. a ) 

),(P r
ZNZN

o
ZN

o
ZN kyp  ( S. 12. b) 

)(D r
ZNZNZN yd  

( S. 13 ) 

By service z  the dwell time is a function of the boarding and alighting flows. Therefore, 

)(DT ZNZNZN yT  
( S. 14 ) 

By service z , the restrained frequency zi  depends on the temporal occupancy of the station 

track and thus on the dwell time of all the services )(iZz  using the track at station i . So, 

),(RF ZNZNZNZN T  
( S. 15 ) 

By service z , an increase in the vehicle run time is related to the dwell time and the restrained 

frequencies. It yields a delay propagated upstream, 

),(T ZNZNAA Tt  
( S. 16 ) 

7.3.5   Cost Functions 

By service leg ),( jiz , a sitting cost by section is built in relation to the updated travel time, 

zat . The intermediate auxiliary cost is evaluated by backward accumulation along the service 

leg and depends on the on-board sitting probabilities o
zip , the in-vehicle density zid  and the 

sitting cost. Therefore: 

)(T AZLZL tt  
( S. 17 ) 

),,,( ZN
o
ZNZLAZLZL dptt  

( S. 18 ) 

The in-vehicle generalized travel time is a function of the sitting probabilities zip , the 

auxiliary cost and the actual travel time: 
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),,(G ZLZLZNZLZL tpg  
( S. 19 ) 

By line leg ),( ji , the average in-vehicle generalized cost ),(
~

jig  is related to that of the 

service legs ),( jizg , and the available frequency, zi)( . 

))(,(G
~~

ZNZLLL gg  
( S. 20 ) 

The fictive frequency on the leg, ),( ji  and the waiting time depend on the service legs and 

the available frequency, zi)( , so 

))((FF ZNLL  
( S. 21 ) 

))((W ZNLLw  
( S. 22 ) 

By line leg ),( ji  the average generalized cost ),( jig  is a function of the in-vehicle 

generalized cost ),(
~

jig  and the available frequency, zi)( , so 

))(,~(G ZNLLL gg  
( S. 23 ) 

7.3.6   Logical Structure 

The equations presented previously portray an interconnected system of dependencies 

between the model variables in CapTA. Figure 26 serves as an overview of the logical 

structure. Thus, the influences between the variables can be traced.  
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Figure 26: Structure of dependencies between the model variables in CapTA 

 

In addition, the following sub-systems can be identified: 

 A route choice and network traffic flowing model in which the traffic equilibrium is 

addressed as a twofold vector of the main state variables, ASx  and D
NS . These are 

determined on the basis of the costs of the strategies and the travel demand. The leg 

flow vector stems from the convex combination of the auxiliary arc flow vector and 

the is a convex combination of the arc flow vectors of the auxiliary problem and of the 

previous network state, 

 A line model for flow loading with the following sub-systems intervening at each 
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o The transit bottleneck model yielding passenger stocks and probabilities of 

immediate boarding, 

o An in-vehicle comfort model for the calculation of the sitting at each stage, 

o A restrained frequency model yielding restrained frequencies and in-vehicle 

travel times on the basis of vehicle loads from the transit bottleneck. 

 A line model for cost evaluation to determine the average generalized cost of the line 

legs and the respective fictive frequencies. It contains a sub-system for the evaluation 

of the average generalized cost of a service leg. 

The structure of the CapTA model is controlled, since the route choice, the line flowing and 

the line cost formation sub-models are straightforward, with no internal feedbacks. 

Nevertheless, there are some feedbacks between the models, namely the dependency between 

the transit bottleneck and the restrained frequency models: the former determines the vehicle 

loads in a station i  that influence the restrained frequency in the station 1i . In that way we 

avoid a direct feedback between frequencies and flows. The logical flow is illustrated in 

Figure 27. 

 

Figure 27: The sub-models and the logical flow between them 
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7.4   Mathematical Analysis of the CapTA Model 

The previous section describes the line cost formation process used in the line model. We 

further establish the regularity and the mathematical properties of the previous dependency 

functions. Sections 7.4.1 and 7.4.2 are devoted in the line flow loading and line leg costing 

functions. Then, sections 7.4.3 and 7.4.4 address the formulation of the traffic equilibrium as 

a variational inequality problem. Finally, section 7.4.5 sketches as equilibrium algorithm and 

defines a rigorous convergence criterion.  

The mathematical analysis of the CapTA model is dealt in two parts. First, we address some 

particularities which arise from the exhaustive representation of the transit network and the 

capacity effects considered. The main issues concern the frequency adaptations along the 

model and the formulation of the arc flow-cost function. Then we formulate a traffic 

equilibrium with respect to a twofold vector ),(xX  of arc flow per destination and share 

of strategy assignment per node and destination. We characterize an equilibrium state as the 

solution of specific variational inequality problem (VIP) for which we provide an existence 

theorem and a computational method.  

7.4.1   Mathematical Properties of Line Flow Loading Functions 

In section 7.3.2, the dependencies of the state variables between demand and supply were 

defined. The mathematical properties of these functions are posed in this section. Six Lemmas 

are developed to demonstrate the regularity of the functions stated in the previous section. 

This section does not follow the order of the functions in section 7.3.  

First we examine the properties of the functions used in the restrained frequency model; 

namely the dwell time function, the track occupancy, the reduction factor and the physical 

travel time function. Then, the functions linked to the boarding process are addressed: the 

partial stock and stock per transit service and the probability of immediate boarding. Finally, 

we develop the lemmas for the continuity of the loading process and the regularity of the 

sitting probabilities function. 

The regularity of the dwell time function, ZNDT , and of the restrained frequency one, ZNRF , 

are examined first. If we consider the station platform as a scarce resource, there is a direct 

effect on the service frequency at the station. The modelling process of the dwell time and the 
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adaptation of the restrained frequency, , are thoroughly described in Chapter 4.5. At a 

station i , the restrained frequency at departure is calculated by the frequency at arrival zi  of 

service z  and the station track occupancy, 
iz izizizTH

' ''' )(' . The reduction factor i  

is calculated from the following equation: 

}
)(

,1min{

' '''iz iziziz

zi
T

H
 ( 37 ) 

Where ziT  is given by the function ZNDT  of boarding and alighting flows per vehicle of the 

service z . ],,,:[ zjijiy
z
ijy  is the vehicle loads matrix of the services on the line, 

calculated by the transit bottleneck model. In the unconstraint case, it would be /xy . The 

reduction factor is defined as )y  and respectively, the restrained frequency is 

)RF(y . The separation time  is a positive constant, related to the type of services.  

If zie  and zib  are the alighting and boarding volumes of a service, given by the service 

volume vector zy , the dwell time function in Leurent et al (2011) is defined as a linear 

function of these volumes, ),(DT ZNZNZN be . This linearity implies that there is a maximum 

when zzizi kbe . Anyhow, for any type of function, there exists an upper bound 

Mzzi )(DT y , since it is reasonable to consider that the operational protocol of the service 

dictates an maximum dwelling: a vehicle cannot dwell indefinitely at a station.  

 

Lemma 1  Regularity of track occupancy and of reduction factor  

The station track occupancy is a function of the in-vehicle volume matrix y  and the service 

frequencies Z  of the services of the line, denoted by, ),(H zNiH y . The platform 

temporal occupancy has a lower bound for scheduled time minHH  and it is strictly 

increasing. Let the reduction factor be }/,1min{ iii HH . It is therefore continuous with 

respect to ),(y  and continuously differentiable except along }'{ HH .The same is valid 

for ),(RF ZiZizi T . 
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Proof. By definition, the dwell time function, )(DT zzi y , is continuous and strictly increasing 

in respect to the vehicle loads and has an upper bound, Mzzi )(DT y . Furthermore, the 

station track occupancy H  is continuous, strictly increasing and has an upper bound as a sum 

of strictly increasing bounded functions. The regularity of the reduction factor stands for 

HH , since the function yields 1 for HH  or HH /  for HH , which is 

continuously differentiable on their restricted domain. The line }'{ HH  separates the two 

sub-domains of differentiability. The reduction factor is strictly decreasing and has a lower 

bound, . The regularity property and the lower bound will also hold for the restrained 

frequency function ),(RF ZiZizi T , since by definition ziizi . 

 

Lemma 2  Regularity of physical travel time function AT  

The physical travel time of a lower-layer arc at  is a function of the dwell time ziT  and of the 

reduction factor i . It is continuous with respect to ),(y  and continuously differentiable 

except along }'{ HH . 

Proof. The arc travel time is subject to a combination of functions. First, the travel time 

increases in respect to the dwell time. By definition the dwell time function )(DT zzi y , is 

continuous and strictly increasing in respect to the vehicle loads and so it is the arc travel 

time. Secondly, the restrained frequencies produce a vehicle flowing delay reflected travel 

time increase on the vehicle travel propagated upstream. It depends on the regularity factor 

and by Lemma 1 travel time is continuous and differentiable except along }'{ HH . 

 

expressed by the partial stock per destination with the transit supply. The transit bottleneck 

model estimates the partial stock ij  on the basis of the exogenous flows ijjii x ][ ),()(x , 

the available capacities 
)(

][
iZzzik  and the service frequencies 

)(
][

iZzzi  of the services 

stopping at node i .  
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In Leurent and Chandakas (2012b), it is demonstrated that the partial stock ij  is the solution 

of the equation ijijjiijij xHN )()2( ),( . We define the associated mapping 

ijijjiijijijij xHNF )()2()(
~

),( , which yields ],,:
~

[
~

NijijFijF . Then 

],,:[ Njiijij  is the vector of partial stocks from a given access station i . A 

potential function is constructed so as ],,:
~

[)(
~

NijijFf ij . Therefore, the solution 

corresponds to the value of  that minimizes the potential function: )(
~

minarg f . In 

addition, the solution ij  belongs to the feasible set },:0{ ijijij NijV . 

 

Lemma 3  Regularity of partial stock and stock per service 

If the potential function ),,,(
~

ZNZNLNf kx  is differentiable with respect to its parameters, 

Lx , ZNk , ZN , the same stands for the functions ),,(B ZNZNLNN kx  and 

)(N NZNZNn .  

Proof. The stock per service is the sum of the partial stocks per destination, for the 

destinations served, 
zNjij ijzin

,
. If the partial stock is continuous, the continuity is 

maintained by the operator of addition.  

By construction, the potential function is defined from a reference point 0 , such that 

Nij ijij dFf
0

)(
~

)(
~

. The potential function is continuously differentiable for any 

value of Lx  and ZN . It is furthermore continuously differentiable with respect to Zk  except 

at }{
zi

nk zi . The partial stock ij  is the solution of the minimization program )(
~

min f  

subject to 0  and ijijN ][ . According to the envelope theorem (Milgrom and Segal, 

2002) if the potential function is differential almost everywhere and has directional 

derivatives everywhere, the potential function is differentiable on the parameters. Since the 

potential function is differentiable, by applying the envelope theorem, the partial stock, and 

by extension the stock per service, is also continuously differentiable with respect to its 

parameters, except at }{
zi

nk zi .  
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Lemma 4  Regularity of probability of immediate boarding 

It stands )(N Nzizin  and ),,(B ZiZiLii kx . These functions yield 0zin  for 0)(ix  

and 0zin  for 0)(ix . Let the function ), ZiL kx  be }/,1min{),)( ziziZii nkkx , for 

0x  and 0zik , else 0), ZiL kx  if 0zk , else 1), ZiL kx  if 0zk  and 0x . 

Then, the function  is continuous with respect to ),( ZiL kx , except at )0,0( . It is 

continuously differentiable except along )},,({ zzz knk x . The same applies for the 

function of available frequency ),(AF)( ZNZNZNZN .  

Proof. The probability of immediate boarding function is obviously continuous for 0zik , 

0x  and ),,( zzz knk x  since the function will yield either 1 if ),,( zzz knk x , 

or ),,(/ zzzz knk x  if ),,( zzz knk x . It is differentiable on each restricted domain 

and by Lemma 3 the stock per service function is also continuous. The two sub-domains of 

differentiability are separated by the line }{ zz nk . If 0zk , then the function  is right 

continuous at 0x , since zz nk /  as 0x  and therefore 1. On the other hand, 

if 0zk  and 0x , then it holds 0)0,(xzi  as 0x  and therefore function zi  is 

continuous in the vicinity of )0,0( . Furthermore, since the probability of immediate boarding 

function is regular, the same exists for the function of available frequency 

),(AF)( ZNZNZNZN , since the product of zi  by ziRF  is continuous. 

Although the function ), ZiL kx  is continuous close to )0,0( , a discontinuity arises at that 

point. In order to ensure the existence of equilibrium, the property of regularity must hold for 

all values. The function can be made continuous, by enforcing on each transit service and 

station a strictly positive, though arbitrarily small minimal residual capacity, . This seems 

also realistic since a passenger would prefer to board a very crowded vehicle, rather than wait 

indefinitely long. We define a continuous approximation of the probability of immediate 

boarding function in respect to the positive parameter  and the derived variable zik : 

}
},max{

,1min{
zi

zi
zi

n

k
 ( 38 ) 
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In other words, the parameter  constitutes a lower bound of any residual capacity in order to 

ensure the regularity of the function. If we pose 0 , we approach as close as required to 

the basic function, except of the point of discontinuity at )0,0(),( ZiL kx . Moreover, we can 

define the same approximation for the available frequency function ziRF . 

We develop a lemma for the vehicle loading throughout a transit service. 

 

Lemma 5  Continuity throughout line flow loading 

Along a transit service z  of a transit line, at every station i , the functions ziK  and ziY  

are continuous and sub-differentiable with respect to the vector Lx . That also applies for the 

comfort loading functions, r
ziK  and 

r
ziY , and the derived functions.  

Proof. We use an inductive process for the proof. From the origin station 1i , we have 

zkk1  for a given service and 0ziy . Let the Induction Assumption that the Lemma 

property holds for a station i  and the transit service z . Let us consider the next station 1i . 

If zik  is the available capacity at the departure from station i , the number of passengers 

alighting at 1i , 
1 )1,(1 ij ijzzi yy  and the available capacity 11 zizizi ykk  are 

regular. Therefore, these functions are continuous and sub-differentiable.  

Similarly, by using an Induction Assumption, we prove that the functions of flow loading per 

comfort state },{ rrr  are continuous and sub-differentiable.  

 

Lemma 6  Regularity of density and sitting probabilities functions 

For 0),( r
zizi ky  : let }/,1min{),(P/

zizizizizi
o

zi ykkyp  if 0ziy  and 0r
zik , else 

0),(P zizizi ky  if 0r
zik , else 1),(P zizizi ky  if 0ziy  and 0r

zik . Then function ziP  is 

continuous with respect to ),( r
zizi ky , except at )0,0( . It is continuously differentiable except 



 

Chapter 7: Mathematic Characterization of the CapTA Model 

 

 

 

Modelling Congestion in Passenger Transit Networks 

 
203 

along }{ zi
r
zi yk . The function )(D r

zizizi yd , where rr
zi

r
zizi Ayy /)(D  and r

A  is a 

constant related to the type of vehicle, is continuously differentiable.  

Proof. The density function )(D r
zizi y  is by definition continuously differentiable on its 

domain. The sitting probabilities functions are continuous for 0r
zik , 0ziy  and zi

r
zi yk , 

since function ),(P zizizi ky  yields either 1),(P zizizi ky  if zi
r
zi yk  or zizizizizi ykky /),(P  

if zi
r
zi yk . They are differentiable in their restricted domain. In addition, the line }{ zi

r
zi yk  

separates two sub-domains of differentiability. If 0r
zik , then ziP  is right continuous at 

0ziy , since zi
r
zi yk /  as 0ziy , therefore, 1zip . Respectively, if 0r

zik  and 

0ziy , then 0zip  as 0ziy . This point of discontinuity can be lifted if we use an 

approximation of the available capacity. 

Similarly to Lemma 4 and the approximation of the function of the probability of immediate 

boarding, we enforce at each transit service and station a strictly positive, though arbitrarily 

small minimal residual capacity, . We define a continuous approximation of the sitting 

probability function in respect to the positive parameter  and the derived variable r
zik : 

}
},max{

,1min{)/(

zi

r
zio

zi
y

k
p  ( 39 ) 

In other words, the parameter  constitutes a lower bound of any residual capacity in order to 

ensure the regularity of the function. If we pose 0 , we approach as close as required to 

the basic function, except of the point of discontinuity at )0,0(),( r
zizi ky . 

7.4.2   Mathematical Properties of Line Costing Functions 

This section includes three lemmas for the demonstration of the regularity of the line leg cost-

flow relationship on the basis of the physical conditions developed previously. Similarly to 

the description in section 7.3.4, the Lemmas concern the continuity through the service and 

line leg costing and the regularity of the fictive frequency function. 
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Lemma 7  Continuity through line costing on the service legs 

If, between stations i  and j  on a service z , the segment cost functions 
r

kkt 1,  by comfort state 

},{ rrr  are continuous with respect to zy , then the approximate functions of seated cost 

ZLT , of conditional cost ZL  and of in-vehicle generalized travel time ZLG  on the service leg 

),( jiz  are also continuous.  

Proof. We proceed by induction from the egress station j  to the access station i  in reverse 

topological order. For the initialization, the cost functions of a fictive leg ),( jjz  are null. Let 

the Induction Assumption that the property holds at every station k , located between 1i  

and j . At station i , since by Lemma 2 the physical time functions are continuous, the 

continuity is also maintained for their sum, which produced the seated cost function. From 

Lemma 6 and the approximation approach, the sitting probability functions are continuous 

even at 0r
ziy , where it takes the value 1r

zip . Therefore, the composite approximate 

functions of the conditional cost, ZL  and the in-vehicle average generalized time ZLG  

maintain the continuity through the operator of addition. The continuity is maintained at 

station i  and by the Induction Assumption it holds for all the stations. 

Furthermore, the in-vehicle average generalized time ZLG  has lower and upper bounds. The 

lower bound, mZLG , obviously stems from a trip where no constraints are enforced, such 

as the case where only a single user travels. On the opposite side, the upper bound, MZLG , 

corresponds to the worst case trip, where a user stands for the whole duration of the trip at 

maximum standing density. This existence of the upper is linked to the existence of strict 

capacity constraints at boarding.  

 

Lemma 8  Regularity through line leg costing 

If the available frequency function is continuous, with respect to the line flows Lx , then the 

approximate functions of the average in-vehicle generalized cost, LG , of the waiting time 

LW  and of the average generalized cost LG  are also continuous.  
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Proof. According to Lemma 7, the approximate function of the average in-vehicle generalized 

cost of a service leg ),( jiz  is continuous. Furthermore, a truncation of the available vehicle 

capacity, yields a continuous approximation of the available frequency function ziAF , 

according to Lemma 4. The probability of immediate boarding yields 1zi  for 0x  and 

by the capacity truncation, it stands 0zi . We denote 
),(

)(
jiz ziziij  the combined 

available frequency. From Lemma 1, zi  is continuous and has a lower positive bound. 

Therefore, their sum yields also a continuous function where 0)( ij . The approximate 

function of the average generalized in-vehicle cost G  of the line leg ),( ji  will also be 

continuous as a linear combination of continuous function.  

The waiting time of the line leg is defined as )/(w , which is continuous since 

0)( ij  everywhere. Finally, the continuity is maintained for the approximate function of 

the average generalized function G  from the operator of addition. Finally, since 0)(  

and by Lemma 6 function G  is bounded, the average generalized function has an upper 

bound, MG  

 

Lemma 9  Regularity of fictive frequency and leg waiting functions 

The discontinuity attenuation a  is a function of the excess waiting time, aw  on a line leg. It 

stands 1)0(  and 0)(w , for every w , a small parameter. If )(wa , let 

aaa /  if w  and a  for every w . If )(w  is a continuous function, so 

does the function of fictive frequency, ))((FF aa . The same applies for the leg waiting time 

aw . 

Proof. The leg waiting is the inverse of the leg fictive frequency, aaw )/( , where  is 

the waiting weighting factor and depends on the queuing discipline, the vehicle and passenger 

arrival distribution. By definition and Lemma 4, the function is continuous, since the property 

is conserved with the operator of multiplication, if it is nowhere zero. 
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The discontinuity function )(w  is by definition a continuous strictly decreasing function. If 

w  is the excess waiting time where )/1( aaa ww  and 0)(w  for every w , it is 

continuous everywhere. Therefore, the fictive frequency function ))((FF aa  is continuous 

for w , since aaa /  , where 0)/( aaa w  is strictly positive.  

Nevertheless, the previous definition suggests a discontinuity when a  (for 0a ). 

That implies that for a queuing time exceeding a small parameter , the line leg Aa  is 

reduced to a pedestrian arc with continuous availability and infinite frequency. The regularity 

of the functions is addressed by accepting an upper bound on the leg frequency 

)}/(/,min{ aaaa w  (see appendix A4 in Leurent et al., 2012b). The fictive 

frequency function is continuous for all the values and differentiable on the two sub-domains, 

except along })/{( aaw . 

The effects of the local models on the line level are expressed in sections 7.4.1 and 7.4.2 

where the dependencies are declared among the state variables of the line model. The 

continuity of the line leg cost-flow relationship is demonstrated in Theorem 1.  

 

Theorem 1  Continuity of leg cost-flow relationship 

Let the service leg costs ),( jizG  of the transit services z  be functions of the leg flow vector 

with 0Lx . Respectively, let the expected waiting time for a line leg to be a function of the 

leg flow vector. If the travel cost functions and the waiting cost function are continuous with 

respect to Lx , so it is the approximate average generalized line leg cost function ),( jiG , 

except at the points where 0zk  and 0x . 

The Lemmas 1 to 9 that have been developed in the previous sections make the Theorem 1 

hold true.  
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7.4.3   Formulation of Traffic Equilibrium 

As defined previously the line model amounts to an elaborate three-fold function 

],,[ LLL wg  of the line leg vector AL xx . Let A
G ),0[ , A

W ),0[  and A),0(  

denote the vector of feasible sets of the vectors Ag , Aw   and A . The line model can be 

formulated as a function of the arc flow per destination matrix, ASx , hence:  

)(F],,[ ASLLLL xwg  ( 40 ) 

Theorem 1 proves the continuity of the line leg cost with respect to the line leg flow vector. 

Equivalently, the combination of Lemmas 4 and 9 suggests the continuity of the line leg 

waiting time and the fictive frequency. By extent these are also continuous with respect to the 

arc flow per destination matrix, ASx . 

We further determine the cost structure by destination Ss . For each node }{\ sNi  the 

local route choice to the destination is given by a local travel strategy iAd , where iA  is 

the set of outgoing arcs from node i . For each node and strategy, we associate a cost d
si )(  to 

destination s . Let )(si  denote the cost of the strategy of minimum cost from node i  to 

destination s  and d
i  the combined revised frequency, 

da a
d
i . The set of local 

strategies at i  is expressed as },{)( dAdiD i . The local travel strategy yields a 

travel cost:  

d
i

da sjaad
si

g )( )(

)(  where ),( jia  ( 41 ) 

Let us demonstrate the continuity of the travel cost to destination with respect to ),( AAg . 

 

Lemma 10  Continuity of the travel cost to destination function 

If the arc cost-flow LG  and fictive frequency functions LFF  are continuous, so does the 

function of travel cost to destination ),(T AA
D
NS

D
NS g .  
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Proof. Theorem 1 and Lemma 9 imply that the arc cost-flow function and the fictive 

frequency function are continuous. In addition, by combination of Lemma 1 of section 7.4.1 

and Lemma 9, the fictive frequency function has lower and upper bounds. The continuity is 

maintained through the operations of addition and division, as long as the denominator in the 

division is not zero. 

From any current node }{\ sNi  we consider that within the directed graph ),( ANG  

there is a direct path to destination s  composed of arcs Aa . The travel cost to destination is 

the solution of the generalized Bellman equations (Nguyen and Pallotino, 1988; Spiess and 

Florian, 1989). Therefore: 

siif
g

siif

d
i

da sjaa

iDd
si

)(
min

0

)(

)(
)(   ( 42 ) 

The recursive building of optimal hyperpaths on the basis of the leg conditions ),( AAg  on 

the upper layer links yields minimum hyperpath costs. In their Proposition 1, Cominetti and 

Correa (2001) demonstrate that for each couple GAA ),(g  there is a unique solution of 

the generalized Bellman equations ( 42 ) that yields the minimum travel costs to destination 

Ns . Furthermore, they prove that the solution is continuous with respect to ),( AAg .  

The authors define a mapping NN
M ],0[],0[:  with 0)( NsiM  if si  and  

d
ida sjaaiDdNsi gM /])([min)( )()(  if si . The mapping is monotone with 

respect to Ns . Therefore, the equations ( 42 ) are formulated as a Fixed Point Problem 

)( NsNNs M . The continuity of the mapping and the compactness of its feasible set assure 

the existence and uniqueness of a solution. These conditions are also satisfied in CapTA since 

every node i  can be connected to s  by a path with at most 1N  arcs. That implies that the 

vector Ns  has an upper bound, hence it is finite.  

Proposition 1 of Cominetti and Correa (2001) is valid in the case of the CapTA model. 

Therefore, the minimum travel costs to destination Ns  can be expressed as a function 

),(T AANSNS g  which is continuous with respect to ),( AAg . 
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Let d
si )(  denote the flow share of each local strategy )(iDd . We can therefore define the 

vector )](:[ )()( iDd
d

si
D

si , where d
si )(  and 1)(Dd

d
si . From the previous definition 

of the minimum hyperpath cost, a strategy assignment D
si )(  at a current node }{\ sNi  is 

optimal if and only if any strategy of strictly positive share is of minimum cost:  

0)( )()()( si
d

si
d

si , )(iDd   ( 43 ) 

Let d
a  denote the route share of outgoing arc iAa  on strategy d . There would be 0d

a  

if arc da  and 1
iAa

d
a . In the case of the strategies described in Spiess and Florian 

(1989) the route share of an outgoing arc in strategy d  stems from the frequencies in a 

proportional way. In CapTA model the route share stems from the fictive frequencies, a . 

Therefore, denoting by }{1 da  the indicator function and assuming that strategy d  is a non-

empty set, the route share is derived as: 

d
idaa

d
a /1 }{ , where iAa  ( 44 ) 

The strategy assignment and the local route share of each strategy determine the arc share ash  

per destination in the following way: 

)( )(iDd

d
si

d
aash  ( 45 ) 

 

Lemma 11  Continuity of the arc share function 

The arc share ASh  is a continuous function of ASx  and of 
D
NS . 

Proof. For a given strategy, the route share is a continuous with respect to ASx . Indeed, 

Lemma 9 implies that the fictive frequency function is continuous. In combination with 

Lemma 1 the fictive frequency function AFF  has upper and lower bounds and therefore the 

route share function is always defined. Therefore the continuity is preserved through the 

operations of addition and division, since the operands are not zero. By construct, the arc 

share is also continuous with respect to the vector of strategy assignment. 
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By destination s , the total arc flow transiting at node i  is conserved, according to the 

equation: 

ii Aa asisAa as xqx   

Since the outgoing flow per strategy d  is )()()( iAa asis
d

si
d

si xqx  and the flow of an arc 

is 
)( )(iDd

d
a

d
sias xx , the arc flow can be expressed on the basis of the strategy assignment: 

)(
iAb bsisasas xqhx , iAba,  ( 46 ) 

In order to make use of equation ( 46 ) we put it under matrix form. Let us define the node-arc 

incidence function 1)(
iae  if iAa  (resp. iAa ) or 0  otherwise. Furthermore, if  

denotes the cardinal of a set, let ],:[ )()(
AaNieiae  be a AN  matrix related to the 

directed graph ),( ANG . Finally, let us define the diagonal matrix ):( AahDiag assh . 

Equation ( 46 ) in vector form amounts to:  

)( AsNs

T

sAs xeqehx  ( 47 ) 

 

Definition 1  Traffic Equilibrium 

A twofold vector ),(xX  is a traffic equilibrium if and only if it satisfies the system of 

conditions described by 
Ss AsA xx  and the equations ( 40 ), ( 41 ), ( 43 ), ( 44 ) and( 45 ).  

7.4.4   Equilibrium Characterization as a Variational Inequality 
Problem 

Here we define a Variational Inequality Problem that characterizes a traffic equilibrium. 

Given vector X , let us define a quadratic function on the basis of equation ( 47 ):  

2

)~(~

2

1
),~(J AsNs

T

sAsAss xeqehxXx  ( 48 ) 
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By construct if Asx~  satisfies equation ( 47 ) then it must minimize function sJ . The converse 

also holds true. Define }~:0~{
iAa Ni isasAss qxE x  as the feasible set of Asx~  and 

}10:){(
)( )()()()()( iDd

d
si

d
siiDd

d
si

D
si andB  that of the strategy assignment D

si )( . 

 

Lemma 12  Compactness of the feasible sets 

The feasible sets (a) sE  and (b) D
siB )(  are closed and compact.  

Proof. (a) The set of arc flow per destination has lower and upper bounds defined respectively 

by the non-negativity constraint ( 0asx ) and the total flow on the network (
Ni isas qx ). 

Since it contains its boundaries, it is a closed set. In addition, it is a nonempty set, since it 

exists at least one path with sufficient capacity (
Ni isqk ). Furthermore, the graph 

contains a finite number of arcs, hence a finite number of paths for each origin destination 

couple, which guarantees its finite dimension. Therefore, it is a nonempty, convex polytope of 

finite dimension, hence a compact set.  

(b) The same properties apply to the strategy assignment since by definition for any 

D
si

d
si )()(  , we have 0)(

d
si  and 1

)( )(iDd

d
si . Thus, the set D

siB )(  is closed and 

compact. 

Let ),~(J
~

XxAss  be the gradient of the quadratic function ( 48 ) along Asx~ . The minimization 

of sJ  with respect to Asx~  over sE  at *~
Asx  is a convex minimization program which can be 

expressed as a variational inequality: 

sAs Ex~ , 0)~~(),~(J
~ **

AsAsAss xxXx  ( 49 ) 

This formulation allows us to formulate a variational inequality problem with respect to the 

vector ),(xX . Let F  denote the cost function of X : it has components D
NST  along 

d
si )(  

and asAss x~/),~(J Xx  along asx . 
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Definition 2  Variational Inequality Problem (VIP) 

If 
NiSs

D
siSs s BE

, )( , find *
X  such that 0)()( **

XXXF , X . 

 

Theorem 2  Characterization of the VIP 

(a) If X  is a traffic equilibrium, then it solves the Variational Inequality Problem (Def.2). 

(b) Any solution of the VIP is a traffic equilibrium. 

Proof. (a) The first part of the demonstration lies in showing that a traffic equilibrium 

),(xX  must belong to the admissible set. Indeed, this is true for the part D
NS  by the 

definition of a strategy assignment. Furthermore, from the formation of the travel costs of the 

strategy, equation ( 43 ) states that only the strategies that locally minimize the travel cost 

have a strictly positive strategy share d
si )( . Equation ( 41 ) implies that at node Ni  any 

local strategy must comply with a network lattice made up of links ),( jia  such that 

)()( sjsi . Finally, the node flow conservation equation ( 46 ) guarantees that at any arc 

Aa  the arc flow per destination asx  stems from the path flows from origin nodes i  

upstream of a  via the lattice to destination s  with inflows of isq  on the local network. 

Therefore, 
Ni isas qx , so the arc flow per destination is bounded. This implies that 

X . Since by construction the Variational Inequality Problem conditions reflect the 

equilibrium conditions, the twofold vector ),(xX  solves the VIP. 

(b) Let ),(
*** D

NSASxX  be a solution of the Variational Inequality Problem. The 

construction of function )(XF  implies that 
Ss AsA xx , the equation ( 41 ) of the cost of a 

local strategy and the generalized Bellman equations ( 42 ) hold true. Furthermore, the 

conditions for *
ASx  to be a solution of the VIP corresponds to the equation ( 41 ) for D

NS . 

Therefore the lattice condition of acyclic chaining of strategies holds true. The flow 

conservation on the node suggests that equation ( 47 ) must have a solution, noted ASx . In 

that case, ASx  must also be a solution of equation ( 48 ), thus is should belong to the 
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admissible set sE  and it should yield 0),(J *Xx ASs . Indeed, since ),(
*** D

NSASxX  is the 

solution of the VIP over sE  it minimizes function sJ , hence 0),(J **
Xx ASs . Therefore, 

there exists a *
ASx  that satisfies equation ( 47 ). That completes the proof that a solution 

),(
*** D

NSASxX  of the VI problem is a traffic equilibrium.  

Theorem 3  Existence of traffic equilibrium 

The Variational Inequality Problem has at least one solution in  which corresponds to a 

traffic equilibrium. 

Proof. Lemma 12 states that the sets sE  and D
siB )(  are nonempty convex polytopes. Hence the 

admissible set of the VI problem, 
NiSs

D
siSs s BE

, )(  is also a nonempty compact 

set. Furthermore, the cost function )F(X  is continuous: the component asAss x/),(J Xx  is 

continuous with respect to X  and ASx , and the component D
NST  is continuous according to 

Lemma 10. However, this is true under the appropriate approximations developed in Lemmas 

4, 6, 8 and 9. Since the admissible set of the VI problem is a nonempty compact set and the 

cost function is continuous, it has a solution. Theorem 2 shows that this solution corresponds 

to a traffic equilibrium of the CapTA model.  

7.4.5   Equilibration Algorithm 

A solution algorithm is further proposed. Since the cost function )F(X  of the VI problem is 

continuous, the solution can be reached by successive approximations. This corresponds to 

the Auxiliary Problem Principle (Cohen, 1988): an iterative algorithm is specified of which 

the elementary step amounts to solving an auxiliary problem, in which a simpler optimization 

problem that yields an auxiliary state which is used to enhance the current state. In traffic 

assignment the Auxiliary Problem Principle is implemented in the two most widely used 

algorithms: the Frank-Wolfe algorithm (Frank and Wolfe, 1956) and the Method of 

Successive Averages, MSA (Beckmann et al, 1956). 

The Auxiliary Problem Principle consists of a typical step at each iteration : given the 

current state ),( 111
xX , we evaluate )F( 1

X  and solve the VI problem. That 
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amounts to minimize the duality gap function )()( 11 XXXF  which yields an auxiliary 

state ),(xX . Let 0)(  be a decreasing sequence of positive numbers. The next current 

state ),(xX  is derived by the convex combination )( 11 XXXX . 

However, the algorithm should revise  to avoid the existence of cyclic paths. In order to 

ensure the existence of a solution, the arcs ),( jia  such that )()( sjsi  should be 

discarded on the basis of the costs of the current state. In such algorithm, the duality gap 

)()( XXXF  provides a rigorous convergence criterion.  

Nevertheless, dealing explicitly with the strategy assignment vector is likely to be 

computationally costly. An alternative can be a heuristic algorithm, such in Cepeda et al 

(2006), which focuses on the arc vector x  only and derives vector  only on special 

occasion. To do so, they propose a specific algorithm that starts from a given destination and 

proceeds backwards to deal with every node. Given vector ASx , algorithm A of the proof of 

Theorem 3.2 (Cepeda et al, 2006) decomposes the local vector of arc flows as a positive linear 

combination of strategy assignments . This is done by progressive subtraction of the 

projection of its residual flows d
six )(  along the strategy, as follows:  

Initialization: Set 0)(
d

six , )(iDd  

Main: )(iDd , d , do: 

 }/{min)( a
d
iasda

d
si xx   , 

iAa as
d

si
d

si xx /)()(  

 and da  let d
ia

d
siasas hxx /)(  

This algorithm uses the vector of arc flows ASx  in order to evaluate the flows on each local 

strategy D
NSx  and the local strategy share D

NS . It proceeds in reverse order, compared to the 

flow assignment algorithm of the auxiliary state. The algorithm A on ASx  enables the 

evaluation of the duality gap )()( XXXF . 
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7.5   Conclusion 

The chapter discusses the mathematical treatment of some transit assignment models. The 

first section shows the particular treatments of various approaches of static transit assignment 

models. There, the conditions of local and global traffic equilibriums are detailed. That 

mathematic characterization of the traffic equilibrium comes along with the description of 

efficient algorithms.  

Furthermore, a detailed representation of the mathematical composition of the CapTA model 

follows. Although the line and station models address each model component in detail and 

with respect to each sub-system characteristics, the consistency is maintained at the system as 

a whole. The structure of dependencies of the state variables is useful for distinguishing the 

relationship among them and especially the distinction between the upper and lower network 

layers. In total 12 Lemmas and 3 Theorems are defined, in order to explicit the connections of 

these variables and discuss their mathematical properties.  

Finally, the characterization of the traffic equilibrium on the upper network layer is pursued. 

The leg-based representation of the upper layer makes the demonstration of the continuity of 

the leg cost-flow relationship developed on the lower layer necessary. In addition, the 

replacement of the leg frequencies with the fictive frequencies demands to further specify the 

conditions for traffic equilibrium. Thus, a variational inequality problem is formulated on the 

basis of a twofold vector ),(xX  of arc per destination flows and node strategy shares. It is 

shown that the solution of the VI problem corresponds to a traffic equilibrium. An 

equilibration algorithm is sketched. Although a heuristic algorithm can be used to reduce the 

computational effort, a rigorous convergence criterion can be determined in relation with the 

VI problem formulated.   
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Chapter 8:  

8 Algorithmic Implementation and 

Computational Aspects of the CapTA Model 

 

 

8.1   Introduction 

While the mathematic characterization of the traffic equilibrium guarantees a sound modelling 

framework, it is fundamental to develop or combine efficient algorithms to build a transit 

simulator. This chapter discusses the new algorithms that accompany the development of the 

conceptual models and the adaptations of existing algorithms to the particularities of the 

CapTA model. Three main characteristics are highlighted by these algorithms. 

First, the algorithms that address the route choice at the upper layer and the flow assignment 

are clearly inspired by those proposed in Spiess and Florian (1989) and Ngyuen and Pallottino 

(1988). However, the research of the optimal strategy and the flow assignment on the 

hyperpaths carry some necessary adaptations. These modifications stem from the complexity 

of the route choice model and the frequency adaptations connected to the service availability 

and the presence of congestion, as described in chapter 6 and 7.  

Second, along with the formulation of a line model in chapter 4, an appropriate line algorithm 

is developed. While the network flows and operational characteristics are external inputs, the 

model addresses the effect of the passenger flow and congestion on the transit operation and 

on the cost of the individual trip of a passenger within the line. The line model, as it is 

developed for the guided transit lines, is based on a treatment of the stations on a topological 

ordering. It is executed by two core line algorithms: a line flow loading ZIP algorithm for 

loading passenger flows into routes and vehicles according to the capacity constraints and a 
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leg costing UNZIP algorithm for the economic evaluation of the actual and generalized time 

of each access  egress station couple. The chapter describes the line model variant used for 

the guided transit. The bus routes are treated on the same basis by a simpler line model, which 

includes only the in-vehicle comfort.  

Thirdly, within the line model, we apply the local constraints at each station through a series 

of local models: the exit model, the in-vehicle model, the platform model and the track model 

for restrained frequencies. These are implemented in the ZIP algorithm where certain 

algorithms are called. The PASS_BOTTL algorithm calculates the passenger stock per egress 

station and the probability of immediate boarding of that stock; the COMF_ALC estimates the 

probabilities of a change in the comfort state, particularly the probability of standing on-board 

passengers to sit and the probability of boarding passengers to sit; and the RSTR_FRQ 

algorithm calculates the dwell time of each service and the total track occupation at the 

platform for appropriately restraining the service frequencies. The economic evaluation of the 

transit trips is made in a reverse topological order. Within the UNZIP algorithm we call the 

INV_COST algorithm for the evaluation of the cost of the route-legs.  

The chapter is divided into five parts and a conclusion. After a description of the structure of 

the algorithm, the transit network algorithm is presented (section 8.2). Section 8.3 proposes 

the main algorithms for the line model: the ZIP and UNZIP algorithms. In addition, we 

explicit the algorithms of the local models: the PASS_BOTTL, the COMF_ALC, the 

INV_COST and the RSTR_FRQ. Then, the network algorithms on the upper layer for the 

composition of the auxiliary state of the network are described (section 8.4). Finally, some 

elements of the architecture of the software built for the transit assignment model are 

presented (section 8.5). 

Table 8: Basic Notations of Chapter 8 

Variable Definition 

N  Set of nodes of the service network, ),( ANG  

A  Set of the arcs of service network, LRS AAAA )(  

 Transit line, L  the set of lines of the transit network 

A  Set of the arcs of the lower layer on line  

z  Service route z  
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zN  Set of stations of line  serviced along the route z  

0z  Nominal frequency of route z  

R
zk 0  Total capacity of a vehicle of the route z  

r
zk 0  Vehicle capacity in passengers with comfort state r  of the route z  

isx  Passenger flow from the station couple si  on line  

H  Reference assignment period 1H  

is  Passenger stock from station i  to egress station s , ]:[ isisi  

zin  Stock of passengers willing to board route z  at station i , 
zNs iszin  

zi  Probability of immediate boarding on route z  of the stock zin   

),( sig  Generalized time of the trip si  on line  

Ax  Current traffic state 

Ax  Auxiliary traffic state 

SsOoos s
q ,][  OD trip matrix 

 

8.2   The Transit Network Model 

8.2.1   The Structure of the Network Model 

The CapTA model is characterised by a bi-layer network representation. On the lower level, 

each transit line is modelled as a specific sub-network, with vehicle links (for sojourn and line 

section between adjacent stations) and pedestrian links (for boarding and alighting). The 

upper layer is composed of line legs (reflecting the cost of an individual trip within a line) and 

pedestrian links.  

On the upper layer network, a stationary user equilibrium of passenger traffic is defined as a 

conjunction of passenger choice of minimum cost strategies, passenger assignment to upper 

layer link, flow conservation in the upper layer nodes and the dependency of generalized time, 

wait time and frequency on the vector of upper layer link flows. The traffic equilibrium is 

computed by a Method of Successive Averages (MSA), adapted from Leurent (2012a). The 

line model of seat capacity can be replaced with the more comprehensive CapTA line model.  
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The initial flow state corresponds to an empty network ( 0Ax ). In order to calculate the 

cost of the upper level network, the line model is called. By using the vector of passenger 

flows of the upper layer ]:[ LaL Aaxx  of the line legs, the line model yields three vectors 

that characterise the line leg costs: the average minimum generalized cost, Lg , the waiting 

time Lw  and the fictive frequency L . These vectors are calculated by the ZIP and UNZIP 

algorithm of the line model algorithm, described in section 8.3. 

 

Figure 28: The structure of the CapTA model 

 

The revised cost )( AAg x  and the fictive frequency L  of the line legs are used for the 

calculation of the auxiliary flow vector Ax . The route-based hyperpaths and the flows are 

calculated in a classical way as in De Cea et al (1989). The flow assignment procedure assigns 

the passenger origin-destination flows on the elements of the optimal sub-set, therefore 
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creating an auxiliary flow state Ax . That procedure, modified to account for the bundling of 

the line legs at the station, is further described in section 8.8.4  . 

At the flow update stage, the arc flow vector of the auxiliary state Ax  is combined with that of 

the previous traffic state Ax  and thus creating a new traffic state with a flow vector Ax . That 

procedure corresponds to a convex combination with an adjustable step. 

Finally a test is made to evaluate the convergence of the traffic states. If the stopping criteria 

are met, the loop is broken and the stationary state corresponds to a passenger flow vector Ax  

and the associated costs )( AA xg . Otherwise, the updated flow vector is used as an input for 

the cost formation procedure. Figure 28 outlines the structure of the CapTA network model, 

and the local and line algorithms are explicitly illustrated. 

8.2.2   The Transit Network Assignment Algorithm 

A solution algorithm is proposed for the implementation of the CapTA model. It follows the 

directions described previously, with four well identified steps. The first network state is 

acquired by a network flow assignment on the basis of the leg cost of an empty network. Then 

three steps (cost formation, auxiliary state and flow update) are repeated until the flows have 

converged to a steady state solution. The convergence is guaranteed by the Method of 

Successive Averages (MSA) and the existence of a traffic equilibrium (see Chapter 7.4.4). A 

decreasing sequence of positive numbers 0)(  with 10  is used for the convex 

combination of the arc flows.  

Steps 1 to 3 of the following algorithm are repeated until the stopping criteria have been met; 

the gap between two successive states is sufficiently small. This gap is calculated through the 

weighted sum of the relative variation of the arc flow vector on the upper layer, according to 

the following equation:  

)()(
, SsAa

as

asas

x

xx
GAP  (  50 ) 

The description of the transit network algorithm follows.  
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Algorithm MAIN:  

Input:  

),( ANG : the service network 

for each arc Aa : )0(aa Gg  the cost of an arc without congestion, a  the fictive 

frequency of an arc and r
zk 0  the arc total capacity 

for each service route z  

SsOoos s
q ,][ : the OD trip matrix  

0)( : a decreasing sequence of positive numbers, with 10  

 : the tolerance on the convergence level 

: the counter of iterations 

lim
I  : the maximum number of iterations 

  

Output:  

for each arc Aa : Ax  the arc flow vector, Ag  the arc costs, A  the fictive frequencies. 

 

Initialization: 

Set 0Ax  and 0ASx  

Let 0  

 

Main: 

Step 1  Formation of Costs: 

For each line L , evaluate the cost of the transit legs: 

 Execute ),(),,,,,,( 000 zazsiz
r
z

R
zza ZNkkxNZIP  and 

   ),(),,,( sizazsz gNNUNZIP  

 

Step 2  Auxiliary State: 

Let 0ASx . For every destination node Ss , do: 

 - Find the optimal hyperpath destined to s  under the updated arc costs Ag   

- Load the OD flows  SsOoos s
q ,][  on the optimal hyperpaths to s , and calculate the 

auxiliary arc flows per destination, ASx  and  

- Let ASAA xxx  for all Aa  
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Step 3  Flow Update: 

Let ASAS)1( xxx AS  and  

AA)1( xxx A  

 

Step 4  Stopping Criterion: 

If GAP  or lim
I  then terminate, else let 1  and go to Step 1 

END 

8.3   The Line Model Algorithm  

The line model algorithm acts as an elaborate cost flow relationship as described in Chapter 4. 

Each line is treated independently and the effect of the passenger flows on the in-vehicle and 

on-platform quality of service and the line operations within a transit line is evaluated. A 

simpler variant of the line model algorithm is used for the bus mode, where the capacity 

constraints are limited to the in-vehicle comfort.  

For each line L , two algorithms are applied: the ZIP  line flow loading  algorithm and 

the UNZIP  leg costing  algorithm. The former addresses every station Ni , where N  is 

the set of stations of the line , in a topological order, by imposing the local capacity 

constraints. The latter treats every egress station Ni  in a reverse topological order (from 

the terminal nodes and upstream) in order to evaluate the cost of the service legs. The 

following section presents the two core algorithms and the local capacity constraints 

algorithms. 

8.3.1   The Line Flowing Problem and the ZIP Algorithm 

The line flow-loading problem consists of assigning the line access  egress trip matrix 

inherited from the network assignment to each route segment. In addition, it enforces the local 

station platform temporal occupancy by calling the relevant local capacity models. The 

outputs are the passenger stock waiting at a station, coupled with the probability 

of immediate boarding on each route, the sitting probabilities at each stage of the trip and the 

restrained frequency for all transit routes using the station infrastructure  whether stopping or 

not.  
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The Line Flow Loading Algorithm proceeds in the direction of traffic along the line, by 

handling the track links or equivalently the line stations in forward topological order. It 

consists in one initialization step followed by the sequential treatment of stations. To initialize 

the algorithm, the residual capacities and the current service frequencies are set at their 

respective nominal values. The on-board flows 
rs
azy
,
,  are set to zero. The arc notations are 

illustrated in Figure 29. 

 

Figure 29: The representation of the vehicle links of a service with reference to the station platform i  

 

The treatment of each station i  involves successive steps as indicated below, in which iz,  

denotes the interstation link prior to i  for service z , iia ,  the sojourn link and zi,  

the next link for that service: 

 By service z  such that zNi , apply the Exit model to yield the exit load zie  and 

update the residual vehicle capacity by comfort state, 
r

azk , . Apply the In-Vehicle 

Comfort model to the riders that remain on board and obtain updated 
rs
azy
,
,  and 

r
azk , . 

 Apply the Transit Bottleneck model at i  to the incoming flows isx  for is  and the 

residual overall capacities 
R

azk , , so as to get the boarding flows zisb  by destination s  

and by vehicle of any service z  stopping at i  and serving s . 

 By service z  stopping at i  and destination s  served by z , apply the In-Vehicle 

Comfort model to get the 
rs

izzy
,

,,  for all stations is  in zN , together with the 

residual capacities r
zizk ,, . 

 Apply the Track occupancy and Restrained Frequency model to all services passing at 

i  - i.e. using link ii,  or zi,  - so as to determine the service frequency ziz ,, . 

Alighting 

<z,i> <i,i> <i,z> 

Boarding 

i 
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The algorithm is structured as follows: 

Algorithm ZIP:  

Input: 

N : the set of stations in a topological order of the line  

isx : the passenger flow from an access station Ni  to egress station isNs :  

)(iZ : the set of routes of line  passing from station i  

Zz : the service routes composing line  and for each route:  

0z : the nominal frequency of the route 

R
zk 0 : the vehicle capacity in passengers for the service route 

r
zk 0 : the vehicle capacity in passengers with comfort state r  

zN : the ordered set of stations serviced along route z  

 

Output: 

zi : the probability to board of the passenger stock waiting the route Zz  at station zNi  

izz , : the frequency of route Zz  at arrival at station zNi  

 

Initialization: 

Set 1H  

For each service route, Zz  

 Let 0][ zi
ar
zsy  for all Rr  and 0][ zi

aR
zsy  

 Set r
z

r
za kk 0  for all Rr  and R

z
R
za kk 0  

 

Main: 

For each station node Ni  in a topological order:  

 For each service route zNiz : , serving node i , do:  

If i  the origin station of the route, set 0, zziz  and R
z

R
ziz kk 0,  

else set izziiz ,,  the local frequency at station i and apply the Exit 

model: 

Calculate the exit volume 
Rr

riz
zizi ye

,  and update the residual 

capacity zi
R

izz
R

iiz ekk ,,   

For each destination isNs : ,  

Set 0B
s   

  For each route Zz , if zNs , do izz
B
s

B
s ,  
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Execute ),(),,,,(_ ,, ziiis
B
siiz

R
iiz nHxkBOTTLPASS  

For each service route zNiZz : , do: 

Calculate 
zNs iszin  

If 0zin , then 0zisb  

If 0zin , then 

},1{min
,

zi

R
iiz

zi
n

k
 

zNs iszizib  where iszizisb  

Let zizizizi yyyy 1  

Execute ),,,,]([),,][,(_ zizi
o
zi

S
zNs

sr
zaz

S
zNs

sr
za

z
ij dppkyAkyyALCCOMF

zz
 

Execute ),(),,,,,,,,(_ ,
10

, zizziziziziziziziziiiz THbeTTFRQRSTR   

END 

In order to assess the complexity of the ZIP algorithm, it is broken down to the elementary 

processes. The initialization process will need )( ZNO  elementary operations, where  

denotes the cardinal of the set. Then, by station we require by elementary process:  

 The exit model requires )( ZO  for alighting and the evaluating the residual capacities 

and )( ZNO  for updating the load by service and destination; 

 The platform model requires )()(
2

NOZNO  for solving the fixed point 

problem by a fixed number of iterations of the Newton-Raphson algorithm 

(PASS_BOTTL); 

 The comfort model requires )(
2

ZNRO  for updating passenger loads and residual 

capacities at each stage either from on-board or boarding; 

 The restrained frequency model is of minimal complexity, requiring at most )( ZO  

elementary operations. 

By aggregating the elementary process within the ZIP model, the treatment of a station 

requires )()(
22

NOZNRO  elementary operations, of which the dominant term is 
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)(
2

NO . The overall complexity of the ZIP algorithm for treating all the station in line , 

amounts to )(
3

NO . It is reduced to )(
2

NO  for a single-service line. 

8.3.2   The Leg Costing Problem and the UNZIP Algorithm 

The line leg-costing problem evaluates the individual cost of a passenger for a trip between a 

couple of access  egress stations. The travel conditions include the generalized in-vehicle 

time as well as the time spent on the platform  queuing or waiting at an eligible place for the 

arrival of the next vehicle. These conditions are adapted to integrate the perceived discomfort 

of each state. 

The line flow model provides the physical conditions along a trip: the probabilities of 

immediate boarding, the in-vehicle seating conditions and the restrained frequency of the 

service routes at each station. The generalized time stems from multiplying the actual time 

with the discomfort coefficients, r
za , of each travel state. 

Then the UNZIP algorithm treats the access stations Ni  in a reverse topological order 

from downstream to upstream while updating the in-vehicle generalized cost of the access  

egress station couples upstream. The local generalized time is calculated by network element 

according to the physical time and the passenger flow, in respect with the in-vehicle comfort. 

The DELAYF _  function propagates upstream a vehicle delay due to the restrained 

frequencies.  

The complexity of the algorithm is calculated by breaking it up to its elementary processes. 

Therefore, the initialization requires )( ZNRO  elementary operations. The treatment of 

each egress station requires )(
2

ZNRO . The complexity of the UNZIP algorithm over the 

entire set of station on the line amounts to )(
22

ZNRO . 

The algorithm is structured as follows: 
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Algorithm UNZIP:  

Input: 

N : the set of stations of line , in a topological order 

Zz : the service routes composing line  

zN  : the set of stations served by route z  

zi : the probability of immediate boarding on a vehicle of route z  of the passenger stock 

izz , : the frequency of route z  at arrival  

 

Output: 

),( sit  : the average travel time of the line leg ),( si   

),( sig  : the average generalized time of the line leg ),( si   

),( si  : the fictive frequency of the line leg ),( si   

),( siw : the average platform waiting time 

 

Main: 

For each station node Ns  in a reverse topological order:  

 For each service route zNsz : , do: 

  Execute )(),(_ zazaza ttDELAYF  

  Execute ),(),,,(_ ),(),( sizsizz
o
z

r
zaza gttCOSTINV pp  

For each access station, siNi : , leading to s ,  

Set 0)( is , 0B
s , 0).( sit  and 0),( sig  

  For each service route when zNi , do:  

   ziiizisis ,)()(  and iiz
B
s

B
s ,  

  For each service route when zNi , do: 

   ),(
,

),(),(
)(

siz

is

ziiiz
sisi ttt  and 

   ),(

,

),(),(
)(

siz

is

ziiiz

sisi ggg  

  Calculate the line leg cost: 

otherwise

if
B
s

B
sis

B
sB

sissi

0

1
)

1

)(

1
()

1

)(

1
(1

),(  

otherwise

if sisi
B
s

si

0/ ),(),(
),(  
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is

sisi gg
)(

),(),(  and B
ssisiw ),(),(  

END  

8.3.3   The Local Constraints Algorithms 

The ZIP and UNZIP algorithms provide the framework for the separate treatment of the 

transit lines in the context of the cost formation. Nevertheless, in order to assess the capacity 

effects, the ZIP algorithm calls specific algorithms, which calculate the effects of the capacity 

constraints; the waiting time of the passengers at the station, the perceived in-vehicle journey 

time and the station platform temporal occupancy by the vehicles of the line.  

The PASS_BOTTL algorithm is used by the platform model to calculate the partial stock of 

passengers for each egress station downstream. Given the available capacity at a station, the 

flow of passengers for each OD station couple and th

algorithm calculates the partial stock of passengers at the station for each egress station, is , 

and the stock of passengers willing to board at any service route zNiz :  at station i .  

The in-vehicle comfort is treated by two algorithms, the COMF_ALC and the INV_COST. 

These are adapted from Leurent (2012a) to the architecture of CapTA. The COMF_ALC 

algorithm, used in ZIP, estimates the probabilities of a passenger to change comfort state, 

given the alighting, on-board and boarding flows at a station. The INV_COST algorithm is 

called by the UNZIP algorithm and calculates the perceived average in-vehicle travel time of 

the service legs.  

Finally, the RSTR_FRQ algorithm addresses the restrained frequency problem at a transit 

station. Considering the operating characteristics of each service route )(iZz  sharing the 

infrastructure of line  and the boarding and alighting flows for the stopping services, the 

algorithm calculates the dwell time of a vehicle of each service route and assesses its impact 

on the frequency of the services.  

8.3.3.1   The Transit Bottleneck Algorithm 

The Transit Bottleneck algorithm is structured as a Fixed Point Problem, which is solved 

through a Newton-Raphson algorithm. An initial state of the partial stock vector is calculated 

in relation to the flow and frequency of each line leg. We approach the solution vector by a 
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simultaneous evaluation of the partial stock for every destination. The solution is reached 

when the solution of the )(F  function is sufficiently close to zero. 

Algorithm PASS_BOTTL: 

Input: 

R
iizk ,  : the relative capacity of the vehicles of route z  at station i  

iiz , : the frequency of the mission z  at station i  

B
s : the frequency of the services from station i  to egress station s   

isx : the total flow of the station couple ),( si  

H : the reference period 

: the tolerance on the convergence level  
lim
N : the maximum number of iterations 

 

Output: 

is : the partial stock of passengers from access station  i  to egress station s  

zin : the stock of mission Zz  at station i  

 

Initialization:  

Set 0o  and 0 and 0N  

For each egress station s , do: 

 
B
s

iso xH
s)(  and  

Set 100GAP  

 

Main  Newton Algorithm: 

While GAP  and lim
NN  

Calculate is

is

is

is

is
is

x

Hx
F )(

2
)(

2
, for all is  

with available frequency, 
zNsz ziiizis : . )()(  and the probability of 

immediate boarding, },1{min
zi

R
zi

zi
n

k
 

Calculate ))((FJ  with : 
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  the diagonal terms 
zNsz zi

zi

iiz

is

is

isis

s

n

x

Hx

F
:

,

22
)(

2
   

and the non-diagonal terms 
zNsz zi

zi

iiz

is

s

n

F
:

,
)(  

Set ))(.)))(((( 1
FFJv  

Let )(FGAP  and 1NN  

END 

8.3.3.2   The In-vehicle Comfort Algorithms 

As mentioned previously, the in-vehicle comfort is estimated by adapting the line model for 

seat capacity in Leurent (2012a) to the architecture of the CapTA model. Indeed, the model is 

composed of two algorithms, at the image of the line model in CapTA. 

The COMF_ALC algorithm uses the exit flows, in-vehicle load per comfort state and 

boarding flows in order to calculate the probability of a passenger to change comfort state at a 

station, namely, the probability of the on-board standing passengers to sit, o
zip , once seats are 

liberated by alighting passengers and the probability of the boarding passengers to sit zip . In 

addition, the COMF_ALC algorithm includes the calculation of the average density of the 

standing passengers per trip segment. These calculations are made on the basis of the 

passenger flow per vehicle of a service z . It is executed at each station during the ZIP 

algorithm and is structured as follows:  

 

Algorithm COMF_ALC: 

Input: 

zisb : the passenger flow of the ),( ji  access  egress station couple, ziiszisb  

zNs
sr
zay ][ : the vehicle passenger flow with comfort state r  per egress station zNs  on an 

arc a  of a route Zz   

r
zak : the available vehicle capacity for comfort state r  on an arc a  of route z . The sitting 

state is given by r (or simply r ), while the standing state is r  

zA : the surface available at the vehicle for the standing passengers 
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Output: 

zNs
sr
zay ][ : the updated vehicle flow with comfort state r  per egress station. 

r
zak : the available vehicle capacity for comfort state r  on an arc a  of route z  

o

zip : the probability of occupying a seat if standing on-board at i  

zip : the probability of occupying a seat if boarding at i  

zid : the density of standing passengers at i  

 

Main:  

Step 1  Seat liberation: Residual seat capacity after seated passengers alight: 

ri
izz

r
izz

r
iiz ykk

,
,,,  

 

Step 2  On-board competition:  

is

rs
iiz

r
iiz yy

,
,,  for on-board standing passengers 

};1min{

,

,

r
iiz

r
iizo

zi

y

k
p  for probability of sitting at i , or 1o

zip  if 0,
r

iizy  

r
iiz

o
zi

r
iiz

r
iiz ypkk ,,, , updating residual capacity 

for is , rs
iiz

o
zi

rs
iiz

rs
iiz ypyy

,
,

,
,

,
,  and rs

iiz
o
zi

rs
iiz ypy

,
,

,
, )1(  for egress flows 

 

Step 3  Boarding competition: 

 
is ziszi bb  for boarding passengers 

 };1min{
,

zi

r
iiz

zi
b

k
p  for probability of sitting at i , or 1zip  if 0zib  

zizi
r

iiz
r

ziz bpkk ,, , updating residual capacity 

for is , ziszi
rs

iiz
rs

ziz bpyy
,

,
,

,  and zis
o
zi

rs
iiz

rs
ziz bpyy )1(,

,
,

,  for egress 

flows 

 

Step 4  Density of standing passengers: 

z

is

rs
ziz

zi
A

y
d

,
,

, the density of the standing passengers. 

END 
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The INV_COST algorithm is called by the UNZIP algorithm. Its purpose is to calculate the 

in-vehicle cost of the service legs ending to the station. By egress station of a service route the 

cost from each access station is constructed in a recursive way by using the sitting 

probabilities (on-board and boarding) calculated with the COMF_ALC algorithm.  

Algorithm INV_COST: 

Input: 

zat : the physical time of the arcs of the service z  

r
za : the discomfort factor related to state r  

zNi
o
zip ][ : the probability of occupying a seat if standing on-board at i  

zNizip ][ : the probability of occupying a seat if boarding at i  

 

Output: 

),( sizt : the average travel time by station couple issi :),( , at i  for the service z   

),( sizg : the average generalized time of the service leg between a station couple issi :),(  

 

Main:  

For each egress station is  in a reverse topological order of the service: 

),(),(),( sjzjizsiz ttt , the physical time for ),( jia , where tz(i, j ) = tza  

r
sjz

r
jiz

r
siz ggg ),(),(),( , the leg time for comfort state r  (seated) 

),1(1),1(1)1,()1,(),( )1( siz
o
zi

r

siz
o
zi

r

iiziizsiz pgpt , the auxiliary variable and  

),(),(),( )1( sizzi
r

sizzisiz pgpg , the average generalized time of the service leg 

END 

8.3.3.3   The Restrained Frequency Algorithm 

The RSTR_FRQ algorithm is divided into two steps. In the first, the dwelling time of all the 

vehicles of all the transit services that stop at the station platform are calculated. That 

dwelling time is used for the evaluation of the actual temporal occupation period of the station 

platform, H . All the transit services sharing the line infrastructure )(iZz  are included in 

that calculation, both the stopping and the express services.  
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In the second step the modelling period is confronted with the actual temporal occupation of 

the platform. If the latter is greater than the former, a reduction factor of the platform 

occupancy, i , is calculated. It is applied to reduce the nominal frequency for all the transit 

services )(iZz  using the line infrastructure at station i . Hence the frequency is propagated 

to the downstream stations.  

The algorithm is of minimal complexity. At each station we consider the dwell time of the 

stopping service routes zNiz : . Therefore the complexity amounts to )( ZO . The 

algorithm is structured as follows. 

Algorithm RSTR_FRQ: 

Input: 

For a station Ni  and  

for the transit services )(iZz  using the track by the platform, we distinguish, (a) the 

services dwelling at i , zNiz :  and (b) the direct services, that use the infrastructure without 

stopping, ]:[)( zi NizZ .  

izz , : the frequency of a service z  at arrival in the station 

0

ziT : the planned acceptable dwell time ( D
zizi TT

0 , a small value for direct services) 

zi : the sum of safe separation time and operating margin of iZz  at i  

1

ziT : the operating time of the vehicle of service z  at the station i  

zie : the number of passengers alighting from the vehicle of the service z  at the stop i  

zzizi Xt : a ratio of the time needed for alighting per user zit  which is a joint 

characteristic related to vehicle and station design and zX  the number of doors used. 

zib : respectively, the number of passengers boarding a vehicle 

zzizi Xt : respectively the ratio of time boarding per user zit  and zX  

H : the reference period used for the frequency calculation 

 

Output: 

For a station Ni  on line , for each transit service )(iZz  

ziT : the dwell time of a vehicle of transit service )(iZz  at the station i , if zNi  

ziz , : the frequency of a service z  at departure from station i  
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Initialization: 

Let 0H  

 

Main: 

Step 1  Calculate H : 

for each transit service )(iZz  using the line infrastructure, do: 

Add Safe Separation Time: izzHH ,zi  

Calculate Dwell Time:  

If z direct, set D
zizi TT  

else, ),max( 10
zizizizizizizi beTTT  

Add Dwell Time: izzzireal THH ,  

 

Step 2  Enforce the Local Constraints and Propagate Frequency: 

If HH , then 
H

H
i  

 else, 1i  

  

for each )(iZz , let izziziz ,.   

and execute )(),(_ za
o
zizi tTTDTADD  

END 

8.4   The Auxiliary Network State 

The transit network assignment algorithm suggests that an auxiliary network state is 

composed of a flow vector, calculated for each destination on the basis of an arc cost vector in 

two steps. These stem from the algorithms proposed in Spiess and Florian (1989) for 

calculating the optimal strategies, while adapting them to the particularities of the CapTA 

model. 

In fact, the service network ),( ANG  consists of the set of transit nodes and the arc set 

LM AAA , where LA  states the set of the line legs and SRM AAA  the set of 

pedestrian links. Indeed, in this case, the CapTA model is limited to the applying the line 

model. Therefore, the network representation does not use the more consistent station legs 
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(described in Chapter 5). To get around that, current algorithm considers the presence of 

platform links MP AAa : an arc connecting the main station with the specific platform 

line. Hence, at the platform level, the passenger chooses the line leg  composed of the transit 

services between an access and an egress platform  which minimizes his travel time. 

Nonetheless, at the station level, the presence of real-time information conditions the choice 

of the platform, in relation with the expected waiting time. The flow will be assigned to the 

optimal strategy sub-set of a destination s , creating an auxiliary flow vector per destination 

ASx .  

8.4.1   The Adapted Optimal Strategy Algorithm 

An algorithm similar to the one in Spiess and Florian (1989) is used for the research for the 

optimal strategies and the composition of the hypertree per destination s . Nevertheless, the 

current AD_OPTSTR algorithm is adapted to the particular passenger behaviour considered in 

this model and to the modified representation of the transit network.  

First, the route choice hierarchy made by the transit users is discussed. We assume that a 

passenger at the station concourse level chooses the platform according to the information 

provided and the knowledge on the operation characteristics. Once on the platform, he boards 

the first vehicle with available capacity, which stops at his desired egress station, according to 

the assumptions of the line model. Therefore, that particular two-level route choice implies 

that from a decision point at the station level, the choice is related to the random arrival of 

traffic vehicles. The attractive set and the associated choice behaviour is represented by a 

hyperpath. That is further influenced by the congestion of the line legs, where the use of a 

mathematic artefact, such as the attenuator of discontinuity a  of the transit service reduces a 

congested line leg to a link with instant availability (see Chapter 7.4.3  Lemma 9). 

Second, the algorithm is adapted to abide by the specific leg-based network description of 

CapTA. At the platform, a user chooses a single line leg of minimum cost to destination. 

However, a line combination (bundle) is formed at the decision points within the station, 

based on the type of information available and the presence of congestion. The waiting time is 

adapted to the line combination and the hyperpath, at the station level. 
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Algorithm AD_OPTSTR:  

Input: 

),( ANG , the network with LM AAA  

ag : cost for every arc in A  

 

Output: 

A : ordered set of the arc in the optimal strategy for each destination 

i , iw : total time and waiting time for each node Ni  

 

Initialization: 

Set i , }{sNi , 0s  where s  is a destination 

Set 0iw , Ni  

Set SAA  and A  

 

Main: 

Step 1  Advance to next link: 

If A , stop 

else  

find Ajia ),(  which satisfies:  

 ),(),( jijjij gg , where Ajia ),(  

 }{aAA  

 

Step 2  Update node label: 

If jjii g ),( , then 

- If LAjia ),( ,  

then ),(),( jijiji wg  and ),( jii ww , ),( jii  

- else if PAjia ),( , a platform then  

if 0jw  do  

jiji

j

jij

ji

i
ii g )( ),( , 

ji

iw
1

 and  

jii  

else  

),( jiji g  , 0iw  and i  
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- else  

),( jiji g  

}{aAA  

Go to Step 1 

END 

8.4.2   The Adapted Flow Assignment Algorithm 

The AD_OPTSTR algorithm defines the attractive set of arcs by an ordered set of links with 

increasing cost to the destination. Then, the AD_FLASS algorithm simply sweeps the arcs of 

the attractive set at a reverse order (in decreasing cost to the destination) and assigns the 

corresponding passenger flow with respect to certain rules.  

A simple adaptation of the algorithm in Spiess and Florian (1989) is needed at the station 

level, so as to integrate the effects modelled. While at the platform level the flow is assigned 

entirely to the attractive line leg, at the station the passenger is assigned to the hyperpaths on 

the basis of the fictive frequencies of the line legs, a . Hence, with the presence of 

congestion, this choice is reduced to a pedestrian link.  

Algorithm AD_FLASS: 

 

Input: 

A : ordered set of the arc in the optimal strategy for each destination 

i : the fictive frequency for each node Ni   

),( ji : the fictive frequency of the arcs ),( jia  

),( jiw  the waiting times of the arcs ),( jia  

),( jig : cost for every arc in SA  

 

Output: 

ax : passenger flow for each arc 

 

Initialization: 

Set 0ax , Aa   

Set isi qX , Ni , where 0isq  for zone origin 

 

Main  Loading: 

Do for every arc Aa , in decreasing order of )( ),( jij g :  



 

Chapter 8: Algorithmic Implementation and Computation Aspects of CapTA 

 

 

 

Modelling Congestion in Passenger Transit Networks 

 
239 

If  Aa , then:  

- If pAa  and 0),( jiw , then:  

i

i

ji

aa Xxx
),(

 and i

i

ji

ji XXX
),(

 

- else, iaa Xxx  and ijj XXX  

otherwise, 0ax  

END 

8.5   Software Architecture 

The algorithm presented is implemented in a software created for that particular purpose. The 

CapTA software is programmed in C++ language and built around five executables and 

libraries. The diagram in Figure 30 shows the dependencies of each component. The CapTA 

software is composed of 3 executables and 2 libraries. It is thoroughly described in Poulhes 

and Chandakas (2011). 

 

Figure 30: The dependencies between libraries of the software (Poulhes and Chandakas, 2011) 
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8.5.1   Network Build 

The Network Build is an executable, which serves to transform the standard network, as input 

with a common format, to the service network used later by the assignment executables. It 

creates the platform access and egress arcs, if they are not present, and associates the physical 

transit arcs with the composite service legs and line legs. It is an essential part for preparing 

the network for the transit assignment. It uses the functions stored at the common library. 

8.5.2   CapTA Assignment 

 

Figure 31: An example of the text file with the model parameters 

 

The CapTA_IHM and CapTA_TEST are used to make a complete assignment on the service 

network with the CapTA model. The CapTA_IHM uses a graphic interface to introduce the 
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inputs and the parameters required by the software. A window illustrates graphically the 

evolution of the assignment procedure. The CapTA_TEST uses a text file for the same 

purposes, acting as a safe mode for executing the assignment software. They both make use of 

the functions described in the CapTA_lib assignment and common library. 

8.5.3   The Libraries 

The objects of the CapTA software are concentrated in the two static libraries, the Common 

and CapTA_lib. The Common is used for the objects, which are called by both the assignment 

and the network building phase. It stores the parameters and the network classes (arcs, legs 

etc.). It also contains some general utility functions. 

The CapTA software is polyvalent, offering the possibility to program and run a transit 

assignment model, other than the CapTA model presented here. Capta_lib, as shown in Figure 

32, contains the basic algorithms for running a transit assignment with a different network 

representation, arcs, service legs and line legs. From that starting point, various models may 

be included, such as the Effective Frequencies model described in Cepeda et al (2006). 

 

Figure 32: The VTOC of the Capta_lib architecture (Poulhes and Chandakas, 2011) 
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For a typical transit assignment with CapTA, the program will call the process, which handles 

the entire assignment procedure. It is supposed to call the appropriate procedures to load the 

attributes (Inputs_loading), execute the assignment phase using a line leg network description 

(Affect_line) and then calculate some indicators and export the results (Output_Saving). The 

Affect_line procedure runs the assignment procedure by calling the USEM for the cost 

formation phase. That in its turn uses the ZIP and InVehicleCost processes to estimate the 

effects of the capacity constraints. A software architecture based on 5 libraries is used to 

distinguish the functions used only occasionally and mutualise in one (CapTA_lib) those used 

more commonly.  

 

8.6   Conclusion 

The algorithm and the software implementation of the CapTA model are presented in this 

chapter. Its algorithmic implementation is structured at three levels  the network, the line and 

locally at the station  each one endowed with the appropriate set of algorithms. At the 

network level, we treat the line legs and the private arcs using a set of algorithms similar to 

those described in Spiess and Florian (1989). While some adaptations to the specific network 

description and route choice of the model are needed, such classic framework allows us to 

focus on the other aspects of transit assignment under capacity constraints. 

The main breakthroughs concern the cost formation algorithm at the line level. Two 

algorithms are called: the ZIP algorithm for the passenger flow loading and the enforcement 

of the capacity constraints and the UNZIP algorithm for the evaluation of the perceived 

generalized cost of the line legs. Although the double passage on each line may increase 

slightly the overall calculation time, two advantages are highlighted. First, the transit 

operation is internalized and the line interfaces are clearly defined; that is consistent with the 

characteristics of the line system. Second, the ZIP  UNZIP algorithm couple is a coherent 

approach which addresses the capacity effects in an endogenous way inside a transit line. The 

line sub-model is extensible; the addition of specific local constraint models is possible if it 

does not affect significantly the model architecture. 

The architecture of the model allows then a structured treatment of the local constraints 

at the station. Once the inputs and outputs of each local capacity model are determined, these 
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local models are called in the chronological order of the stopping process, as described in the 

line model. The capacity models are independent from one another and it is possible to isolate 

the effects, giving the visibility and the ability to control the modelling process. 

The CapTA model is built as a structured algorithm where the boundaries of each operation 

are well identified. Thus, a solution algorithm with minimal complexity and great flexibility is 

provided. On the downside, there is a slight increase in the running time for the entire 

assignment procedure, which can be treated with the parallelization of some processes, such 

as the cost formation per transit line and the flow assignment per destination.  
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Chapter 9:  

9 A Simulation of the Transit Network of the 

Paris Metropolitan Region 

 

 

9.1   Introduction 

Once the transit assignment model is described and its behaviour is tested in simple networks, 

it is desirable to apply is to a large-scale network. Paris, capital of France, and the Ile-de-

France region cover an area of 12 012 km2 and accommodate a population of 11,4 million 

(OMNIL, 2012), making it an ideal field of application.  

From the opening of the first metro line in 1900, an extensive public transportation system has 

been built, with a diversity of competing and complementary transit modes: boat, coach, 

buses, light rail, metro, RER and commuter rail. With 41 million daily trips by all motorized 

and non-motorized transport modes, the adequacy of the transportation system is crucial. In 

addition, the population boom and transport policies favourable to public transportation have 

put the transit system under pressure and the saturation of some of its elements make the 

travel conditions intolerable (Le Figaro, 2010).  

The analysis of the results does not pretend to be a diagnosis of the state of the Greater Paris 

transit network. It rather acts as an assessment of the simulation capabilities of the CapTA 

simulator on a large-scale network and as a means to further investigate  

behaviour. Moreover, these results serve as the basis for the elaboration of specific indicators 

mirroring the travel conditions on the network. 

The chapter is articulated in 8 parts and a conclusion. First, the transport demand (section 9.2) 

and the transit supply (section 9.3) of the application field, the Paris Metropolitan Region are 
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presented. In section 9.4 the model variants as well as the simulation parameters and 

characteristics are described. Thereafter, sections 9.5-9.8 present the results from the 

simulations and the comparison among the model variants. The passenger flow and the traffic 

state are dealt in section 9.5. The effect of the passenger flow on the transit operation is 

treated in section 9.6. Finally, sections 9.7 and 9.8 deal with the impact of the capacity effects 

on the passengers. We conclude by an assessment of the capability of the CapTA model to 

handle a large-scale transit network and discuss the potential developments. 

 

9.2   The Transport Demand in the Paris Metropolitan 
Region 

Along with its big population, the Greater Paris accommodates massive transport flows. 

According to the last global travel survey  the EGT 2010  (OMNIL, 2012), in 2010 we 

observed 41 million daily trips by all transport modes (not-motorized and motorized) of which 

39% were pedestrian trips. The public transportation was involved in 34% of the motorized 

trips, with significant spatial diversity; its modal share was up to 73% if the trip has an origin 

or destination at the centre of the agglomeration.  

 

Figure 33: Modal share of the motorized trips in Greater Paris by geographic relation (source: OMNIL, 

2012) 
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Figure 33 illustrates the modal shares of the motorized trips, grouped by geographic relation. 

While the car captures nearly 80% of the motorized trips inside the suburbs, within Paris 

(intra-muros) and for the radial trips  where Paris is at one end  public transportation 

captures over 70% of the volume, due to a dense network and its greater efficiency compared 

to car.  

 

Figure 34: The map of the demand zones of the Paris Metropolitan Region by geographic sector 

 

The simulation of the Paris Metropolitan Region presented in this chapter concerns 

exclusively the public transportation modes. The input consists of the data distributed by the 

DRIEA (the Regional Directorate for Infrastructure and Development). In particular, the 

Greater Paris is divided into 1305 emission and reception zones with the same number of zone 

centroids. The 1305x1305 Origin  Destination (OD) matrix concerns the morning peak hour 

trips by public transportation in 2008. By excluding 84 367 intra-zone trips (with the same 

origin and destination), the typical hour consists of 1 146 976 public transportation trips.  
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Despite the fact that the Origin-Destination matrix corresponds to the public transportation 

trips made in the most loaded period of the day, the morning peak hour, preliminary 

assignments made with CapTA exhibited only minor congestion issues on the 2008 reference. 

In order to test the ability of the CapTA model to represent situations of critical saturation the 

initial OD Matrix was homogeneously multiplied by a 1,3 factor. It can be interpreted as a 

representation of the hyperpeak flow within the morning peak, but its main purpose is to test 

CapTA for high transport flows. 

 

9.3   The Transit Supply in the Paris Metropolitan Region 

The Greater Paris is characterised by a dense transit system and a great diversity of modes and 

types of services. From the metro- and bus-dominated central area, passing from the RER 

which cuts across the agglomeration to connect the suburbs between them and with Paris, to 

the standard commuter rail connecting the 6 central Paris train stations to the near and distant 

suburbs, we observe a significant variability in the frequency and the commercial speed of the 

services. Table 9 summarizes the main characteristics of the Greater Paris transit system by 

transport mode. 

Table 9: The characteristics of the Greater Paris transit system 

Transit Mode Nb of Lines Station or stops Total length (km) 

Rail 13 443 1 401 

Metro 16 301 215 

Tram 4 71 42 

Bus 1 372 30 100 23 263 

VAL 2 8 11 

 

The transit supply used in the CapTA model is based on the data provided by the DRIEA. 

Some transformations were necessary. The service timetable from the initial data was used in 

order to estimate the hourly frequency of each transit service. The in-vehicle travel time of the 

transit arcs was calculated on the basis of the actual length of the transit links within the 

network and an in-vehicle travel time ration per transit route provided. Further modifications 

were made to in order to adapt the travel time of the transit services to the actual station-to-

station travel times.  
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The transit network is characterised by a multitude of different types of rolling stocks. There 

are at least 17 types of trains with different compositions and interior design characteristics at 

the rail network. The same occurs in the metro, with 7 types of vehicle on rail or tyre. As long 

as the buses and the coaches are concerned it is not simple to define the actual models 

circulating. We have defined 7 categories of road vehicles with average characteristics 

(Annex A and Chandakas, 2012). We assigned a type of rolling stock on each one of the 

transit routes of the Greater Paris network. An additional table was created with the 

characteristics of the transit services: seat and total capacity, headway, dwell time and number 

of flow streams for the passenger exchange at stations.  

 

Figure 35: The total capacity of the transit lines, by transport mode (central sector) 

 

In Figure 35 the line capacity per transit mode is shown on the central section of the Greater 

Paris transit network. The green and red lines designate the commuter rail and RER, while the 

blue line corresponds to the metro lines. The light rail (and tramway) is coloured in orange, 
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but it is masked by the other lines with greater capacity. The bus services are indicated in 

grey.  

The final service network is transformed into the calculation network, which will be used in 

the transit assignment. The modifications mainly concern the guided transport modes (rail, 

metro, tramway and VAL) and their stations. The transit lines are identified (Chapter 4) 

together with the station platforms for each direction. These are distinguished by adding a 

platform walking arc between them and the station concourse level, for each direction as 

described in Chapter 8.4. When the simulation includes in-vehicle comfort on the buses, 

service legs are added to the calculation network. 

Table 10: The main characteristics of the modelled transit network 

Transit Supply 

Directional Transit Lines  95 

Transit Services (all modes) 4 742 

      of which affected to transit lines  259 

Station Platforms 1 889 

Zones 1 305 

 

Then, the bi-layer representation of the transit services stems from the initial network, by 

adding the relevant network legs. A line leg is added between each station couple within the 

line.  

Table 11: The graph elements of the service network 

Service Network Elements 

Initial Nodes 17 413 

Service Network Nodes 159 447 

Initial Arcs  64 558 

Standard Arcs Representation 296 525 

Line Legs 30 729 

Total Legs and Arcs (for upper 

layer assignment) 

307 694 

 

Table 11 summarizes the network used as input for the network assignment model and the 

line models. We observe that by substituting the line legs to the service arcs on the transit 

lines, there is only a slight increase in the number of link elements (+3,8%). In other words, 

some 19 560 transit arcs (boarding, in-vehicle sojourn and interstation and alighting arcs) are 
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replaced by 30 729 line legs (+57%) that connect the station couples within each transit line. 

The number of line legs depends only on the number of stations on a transit line, whereas the 

arcs also depend on the number of alternative transit services within a transit line. 

 

9.4   Simulation Characteristics and Model Variants 

The Greater Paris transit network was simulated by 4 variants of the CapTA model. The 

purpose is to investigate how the various effects contribute to 

to the traffic state of the transit network. Hence, the model variants are compared with a 

reference situation: the unbounded model (UC). Hereby, the model variants are defined as 

follows: 

 UC: It corresponds to the unbounded model, where no capacity constraints apply. The 

passenger flow under these free-flow conditions select the best strategies, independent 

of congestion; 

 CNC: This variant includes the total capacity and platform occupancy constraints, 

modelled by the transit bottleneck and the restrained frequency models. Simple 

applications in Chapter 4.4 suggest that the passengers make a trade-off between 

platform waiting (due to insufficient vehicle capacity) and in-vehicle comfort; 

 CWCF: It includes all the capacity constraints included in CapTA, namely, the total 

capacity and restrained frequency for guided transit (rail, metro, tramway) and the in-

vehicle comfort for all the transit modes (guided transit and buses). In-vehicle comfort 

only depends on whether the passenger is seated or standing and the comfort 

multiplier is fixed; 

 CWCV: Equivalent to the previous variant, except that the in-vehicle comfort factor is 

variable, depending linearly on the density of the standing passengers in the vehicles 

(which cannot exceed the maximum passenger density). It is the most comprehensive 

simulation. If not stated otherwise, the results of the bounded model correspond to the 

CWCV model variant. 
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The main global parameters in a CapTA simulation are the penalty factors to be considered in 

the generalized cost function. Indeed, the generalized cost of a path is the sum of the actual 

travel times for each arc in the path weighted by a penalty factor which depends on the 

e simulation we distinguish four different 

types of cost components: access  egress, transfer, waiting and in-vehicle. Each one has a 

different penalty factor, according to Table 12. 

Table 12: Multipliers of physical time 

Penalty factors of cost components 

Access and Egress 2 

Transfers  2 

Waiting in platform 2 

In-vehicle comfort Fixed 1,8 or 

Variable 1,2-2 

 

The in-vehicle comfort model is able to include a variety of penalty structures: a constant 

penalty for standing; a fixed or variable multiplier of the physical travel time; or a 

combination of those. In addition, the generalized cost for seating passengers can also be 

made to depend on the density of standing passengers. That has not been applied in current 

simulation. The fixed comfort multiplier is assumed to be equal to 1,8 of the in-vehicle 

seating time, as suggested in Leurent and Liu (2009).  

 

Figure 36: The standing comfort penalty as a function of the density of standing passengers 

 

Some researches (TRB, 2003; Kroess et al, 2007) suggest that the comfort multipliers depend 

on the density of standing passengers. That is the reason why CWCV is the main variant of 
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the model. A linear function of the standing penalty factor )( a
r
za d  is considered, where ad  

is the density of standing passengers for a certain trip segment a . The CWCV variant adopts 

a linear standing multiplier, varying from 1,2 (for 0ad ) to a maximum of 2,0 (for 

2/4 mpda ), as shown in Figure 36. 

Furthermore, an OD matrix multiplier is added as a simulation parameter. It allows 

multiplying all the cells of the OD Matrix by a given coefficient. As noted above, this 

coefficient is set at 1,3 in all the simulations in this chapter. All the parameters are included in 

a simple text file (see Chapter 8.5) and can be easily accessed and modified. 

The model was coded in C++ using an object-oriented approach. The simulation runs on a 

2,66 GHz Intel PC with 4 GB of RAM. The average run time per iteration amounts to 8 

minutes for the unbounded model (UC). Each iteration in the capacitated model (CWCF and 

CWCV)  extending the in-vehicle comfort also to the bus services  requires about 23 

minutes. Within an iteration, the in-vehicle comfort for the buses takes additional 6 minutes 

and for the guided transport, 7 minutes: the treatment of the in-vehicle comfort alone takes 13 

minutes per iteration. 

 

Figure 37: Convergence Indicator of the bounded model variants 

 

The convergence is calculated by the average gap of the passenger flows on each arc (Chapter 

8.2.2). Figure 37 illustrates the convergence of the model variants, CNC, CWCF and CWCV. 
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value. We observe that the inclusion of comfort leads to a quicker convergence. That can be 

attributed to the most attractive itineraries being more penalized. Therefore, the passengers 

are dispersed to alternative itineraries.  

 

9.5   Passenger Flows on the Transit Network 

The passenger flow is the main output of the transit assignment model. The unbounded 

variant (UC) corresponds to the itineraries, without congestion, under free-flow conditions. 

Some structural lines, such as the main commuter lines, RER A (east-west) and RER B 

(north-south) are particularly loaded, with flow to capacity ratios that can reach 1,7 (or 

100 000 passengers per direction per hour, for a capacity of 58 000) for the central section of 

the RER A. There are 42 000 passengers in excess at the most loaded hour compared to 

nominal capacity: this, together with the fact that the passengers of the RER A often do not 

have satisfying alternatives, explains why the RER A suffers from considerable congestion. 

For the bounded variants (CNC, CWCF, CWCV), the route choice takes into consideration 

the effect of the passenger flows on the generalized cost and the path choice due to the local 

capacity constraints: the vehicle and route total capacity, the seat occupation and the vehicle 

capacity of the station track.  

Figure 38 illustrates the passenger flows on the network (line width) and the flow to capacity 

ratio (colour) on the guided mode lines for the CWCV variant. The line segments with a flow 

up to 75% of total operative capacity are in light and dark green. The yellow (resp. orange) 

arcs designate a flow to capacity ratio comprised between 75% and 90% (resp. 90% to 100%) 

flow exceeds the hourly capacity. It should be noted that for the CWCV variant these 

segments are limited (9 out of 1750) and the highest flow exceeds line capacity by only 

3,75%. It is apparent that the capacity constraints induce the passengers faced with increased 

waiting time to choose to transfer to alternative paths with lower perceived costs.  
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Figure 38: Passenger flows and the ratio of flow to operative capacity for the bounded model 

 

Figure 39 illustrates the distribution of the volume-to-capacity ratios of the rail arcs (light rail, 

metro and commuter rail) for the four model variants. We observe that the relaxation of the 

capacity constraints at the network flow assignment for the bounded models (CNC, CWCF 

and CWCV) results in some arcs being loaded with a passenger flow exceeding their nominal 

capacity. For the CNC model the distribution of the volume-to-capacity ratios is quasi-

identical to the unbounded variant up to 80% flow-to-capacity ratio and a significant number 

of arcs exceed nominal capacity (48 out of 1750 with the most loaded arc exceeding capacity 

by 8%). For the unbounded model there are more oversaturated arcs (58) and their volume-to-

capacity ratios are more severe, with a maximum of 1,78 of the nominal capacity. The models 

with in-vehicle comfort show fewer arcs that exceed line capacity (18 and 9 for the CWCF 

and CWCV respectively), demonstrating that comfort plays an important role in spreading 

passengers to alternative routes.  
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Figure 39: Number of Arcs in relation to flow to capacity ratio 

 

The CNC model unveils the impact of the transit bottleneck model (addressing vehicle 

capacity) by reducing the flow of oversaturated arcs, just below their nominal capacity. 

Indeed, at the CNC model variant, a large number of arcs  compared to all other variants  

lies between 80% and 100% of the operative capacity. As long as the comfort variants 

(CWCF and CWCV) are concerned, the distribution of the arcs reaches a peak around 35% of 

the capacity.  That reflects the seat capacity. Indeed, the seat capacity roughly 

corresponds to 40-

tramway. Comparing the two comfort variants, we observe a higher concentration of arcs 

close to the seat capacity for the CWCF, combined with a lower concentration at high flow-

to-capacity ratio. That steams from the fixed penalty discomfort of the CWCF variant, 

penalizing the standing position uniformly, whereas the density is taken into account in 

CWCV.  
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9.6   The Operation of Transit Routes Under Capacity 
Constraints 

The track occupancy and the restrained frequency model (Chapter 4) evaluates the impact of 

passenger flows on the vehicle flowing and route performance. According to the model, the 

operative frequency, z , of a transit route at a station depends on the dwell time (and 

therefore the boarding and alighting flows) and the safe separation time between two 

following vehicles and that for all vehicles of the transit routes sharing the track 

infrastructure. 

 

Figure 40: The initial and restrained frequency at the terminal for some rail lines in the Greater Paris 

transit network. 

 

The simulation of the Greater Paris transit network allows investigating the behaviour of the 

bounded variants. We can make two observations with concordance to the theoretic model: 

 The effects change significantly whether the model is applied to an unbounded model 

(UC) or a bounded one (CWCV). Indeed, taking into account the capacity effects 

disperses the passenger flows from the most loaded lines, modifying the structure of 

the network flows. Therefore, the critical points of the variants (UC, CWCV) are not 

located at the same stations and the network externalities influence the localization 

and the magnitude of their effects. 
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 The restrained frequency effect is not triggered at the most loaded sections, but rather 

at the stations where the passenger exchange exceeds the exchange capacity. Thus, the 

restrained frequency can occur upstream of the loaded sections, reducing the line 

capacity where it is needed the most.  

The simulation on the Greater Paris transit network demonstrates that a heavy-duty network 

with massive passenger flows sees frequencies drop along some of its transit routes. Figure 40 

illustrates the drop of the hourly frequency (compared to the nominal frequency) on some 

structural routes on the bounded CWCV variant. Line M1 (east-west) of the Paris Metro 

shows a reduction of its hourly frequency from 34 veh/hour to 27,4 veh/hour for the 

eastbound and 31 veh/hour for the westbound service, while line M14 (automatic, east-west) 

faces a reduction by 6-15%, from a nominal frequency of 40 veh/hour to 33,9 veh/h for the 

westbound and 37,4 veh/h for the eastbound service.  

 

Figure 41: The relative frequency drop due to the restrained frequency in the central sector of the Paris 

Metropolitan Region 
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Figure 41 demonstrates the relative frequency drop in the central sector of the Greater Paris 

transit network. While the great majority of the structural transit lines are not affected, a 

reduction up to 5% of their initial frequency can be observed in lines such as Line M6, M7 

and M9 (depending on direction) and the RER C.  

The RER A westbound service faces a reduction of its nominal frequency by 9,3% from 30 

veh/h to 27,2 veh/h. Consequently, the service capacity on the RER A westbound service is 

reduced by 9,3% west of Etoile or equivalently by 5 360 passengers and 1 620 seats per hour. 

That corresponds to the capacity of 2,1 duplex high-capacity trainsets.  

Currently the dwell time function of the restrained frequency model is identical for all the 

types of modes and platform dispositions. However, more detailed functions can be 

developed, addressing the interface between platform and vehicle, in-vehicle and on-platform 

passenger density and the presence of sliding doors at the platform. Thus, it will be able to 

apprehend more complex effects linked to the line performance.  

 

9.7   Impacts on Users 

The average generalized cost on the transit network consists of the waiting, the in-vehicle 

time and the walking time needed for transfer and access-egress.  Table 13 summarizes the 

average generalized time for the model variants, as well as the details of its components. The 

composition of the average optimal generalized time (GT) for the CWCV model variant is 

analyzed. The waiting time component consists of both the initial waiting time and any further 

waiting time due to potential transfer. Waiting time amounts to 29,1% of the total GT. The 

most important element is the in-vehicle travel time with 41,5% of the total GT, while the 

transfer is only 5,6% and the access  egress time forms the 23,8% of the total GT. 

 Table 13: Average generalized time (in minutes) on the Greater Paris transit network 

Model 
Variant 

Optimal 
GT 

Actual 
TT 

Perceived 
WT 

Perceived 
IVTT 

Perceived 
Transfer T 

Perceived 
Access-Egress 

Nb of 
Transfers 

UC 61,56 40,63 18,79 23,10 3,96 15,71 1,42 
CNC 62,73 41,40 19,44 23,65 3,98 15,67 1,44 

CWCF 69,96 41,77 20,02 29,02 3,97 16,95 1,35 
CWCV 68,45 41,70 19,90 28,40 3,88 16,27 1,35 

%diff  
CWCV-UC 

11,2% 2,63% 5,9% 23% -2,04% 3,6% -5,13% 
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We observe that in the CWCV variant the average generalized time for a journey on the 

network increases by 11,2% in comparison to the unbounded model (UC). Most of this 

change results from the increase of the average in-vehicle travel time (26% and 23% for the 

CWCF and CWCV variants) in comparison to the UC (and the CNC) variant, due to the 

inclusion of in-vehicle discomfort penalties. On the other hand, the increase in the waiting 

time is relatively modest (it amounts to approximately 14 800 additional waiting hours during 

the morning peak hour). In Chapter 4.4.2.1 we analysed the behaviour of the transit bottleneck 

model under various traffic states. When the services of a line are saturated the waiting time 

increases disproportionally to the passenger flow. The combination of the moderate increase 

in the waiting time and the presence of few arcs whose flow exceed line capacity imply that 

the overall capacity of the network is sufficient. Note that the average costs discussed here 

also include the bus routes where only the in-vehicle comfort model is applied.  

 

Figure 42: Passenger Flows and Average Perceived Waiting Time on selected lines for the unbounded 

(UC) and bounded (CWCV) model 

 

The increased waiting time in some lines makes other transit lines attractive to certain 

passengers and disperses the passenger flows. Congestion is concentrated on a number of 
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structural lines, inducing a considerable increase in the waiting time of the passengers. The 

average waiting time of the eastbound service of line M1 increases by 14% (mainly due to the 

reduced capacity from the restrained frequency), while for the southbound line M11 increases 

by 22% and both directions of line M14 face an increase of roughly 3%. These are significant 

effects, as they correspond to an additional waiting time of 230h for the users of eastbound 

line M1 and 130h for the users of southbound line M11, during the morning peak hour. 

Applying the capacity constraints to a simulation modifies significantly the distribution of the 

passenger flows on the transit lines. Figure 42 (left hand side) illustrates the total number of 

passengers travelling on each line during the simulation period for the unbounded (UC, in 

blue) and the bounded model (CWCV, in brown). We observe a reduction of the passenger 

flows on the second case. In addition, the effect on the waiting time under strict capacity 

constraints is illustrated at the right hand side of the figure. The increase in the average 

waiting time is moderate (up to 5%), except for the eastbound RER A (+76%), the 

southbound M13 (+19%), the M11 (+22%) and the eastbound M1 lines (+14%). This 

observation implies that a transit assignment model with capacity constraints, such as CapTA, 

succeeds in both representing passengers choosing alternative routes to avoid the effects of 

congestion and the impact of public transport level of service of the passengers who do not 

change their itinerary.  

 

9.8   The Impact of In-Vehicle Comfort on the Users 

In the previous section, we observed that the in-vehicle travel time is the most significant 

component of the total travel time. In addition, the increase of the generalized time between 

the UC and the CWCV variants is attributed by 3/4 to the increase of the in-vehicle travel 

time. The in-vehicle comfort model (see Chapter 4.3), which impacts all the transit modes 

(including buses) allocates the passengers to the seats available and evaluates the cost of a 

trip, with respect to the sitting probabilities and the standing densities.  

The analysis focuses on two elements, the in-vehicle cost and the average standing time. 

Standing passengers can be found in the buses, the tramlines, the metro, the RER and the 

commuter rail (CR) lines. However, due to the linear discomfort function adopted in CWCV, 

the additional cost depends on the density of the standing passengers. The additional cost of 
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an average trip (sitting and standing passengers combined) on the metro lines varies from 

27% of the average actual travel time for line M10 to 68% for the heavy-loaded line M14.  

 

Figure 43: Average Sitting and Standing time on selected lines for the unbounded (UC) and the bounded 

model (CWCV) 

 

Denote r
zib  the number of passengers that do not find a seat when boarding and r

ay  the 

standing passengers at arc a . Then, we can evaluate an average standing time r
t  per line  

as the ratio of the total standing time and the total number of passengers who have been 

standing during a trip, as follows: 

zzi

r
zi

zza a
r
ar

b

ty
t

,

,
 ( 51 ) 

It expresses the average time a passenger will stand if he does not find a seat at boarding. 

Figure 43 illustrates the average sitting and standing time for a trip for the UC and CWCV 

model variants. In the case of the M14 the average standing time is evaluated at 2,5 and 4,5 

minutes according to the direction. Nevertheless, the impact of standing is more notable on 

longer lines, such as M8. There, a passenger who fails to seat at boarding will stand for an 

average of 7,5 minutes (CWCV model) before sitting or alighting. The comparison shows that 
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in the case of the bounded model the average sitting time increases significantly (from 10,5 to 

12,5 minutes for M8).  

To summarize, two observations are highlighted following the analysis: 

 The intensity and the length are not always correlated and should not be confused with 

each other. Although discomfort leads to an increase of the cost of the trip up to 68% 

for M14, the average standing time amounts only to 4,5 minutes. On the other hand in 

M8 a passenger stands longer (7,5 minutes) but in better conditions; 

 The in-vehicle comfort significantly alters the structure of passenger flows. The 

comparison of the UC and CWCV variants (Figure 43) reveals an increase of the 

average sitting time and a decrease of the average standing time of CWCV compared 

to UC (except for line M1). That, combined with the reduction of the number of 

transfers (-5%), implies that indeed, if seated, the passengers prefer longer tips rather 

than frequent transfers (which are associated with the risk of standing afterwards). 

 

9.9   Conclusion 

In order to evaluate the capability of the CapTA model to simulate large-scale networks, the 

model is tested on the Paris Metropolitan Region. Indeed, this transit network, with 4 

tramlines, 14 metro lines and 13 commuter rail lines and a central core with line redundancies, 

offers an ideal field for applying a transit assignment model with capacity constraints. 

Massive passenger flows are concentrated on main north-south lines, the RER B and metro 

line M13 and east-west axes such as the RER A and metro line M1 and M14. A number of 

scenarios were tested (UC, CNC, CWCF, CWCV) in order to detect the behaviour of each 

one faced to high passenger flows. The main comparisons between the unbounded model 

variant (UC) and the bounded one (CWCV) reveal the adequacy of the CapTA model for 

simulating such a network.  

The high passenger flow impacts the operation of the transit routes and the frequency is 

restrained in most of the metro lines of the Paris network. The frequency is reduced up to 15 

and 19% on the metro lines M14 and M1 respectively, which induced secondary effects along 

the lines due to the reduced downstream capacity and the increased passenger stock on each 
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vehicle arrival. On the passenger side, these effects contribute to the increase of the average 

waiting time up to 14% and 22% for the line M1 and M11 respectively. Although, the 

increase seems moderate, it corresponds, only for the eastbound direction of line M1 to 

additional 230 actual hours waiting during the morning peak hour. In addition to longer 

waiting times, the passengers face in-vehicle discomfort when they travel standing. The 

average travel time a passenger stands depends on the topology and on the congestion of the 

line. Thus, lines without excessive passenger flows may have the longest standing time, such 

as line M8 where it takes values from 5,5 to 7,5 minutes depending on the direction.  

The demand scenario is fictive and we cannot make an extensive analysis of the state of the 

transit network of the Paris Metropolitan Region. However, the model accomplishes its main 

objectives: 

 It addresses a variety of capacity constraints whose effects can be clearly distinguished 

and prioritized. In this network, the most significant effect is the in-vehicle comfort, 

since the overall network capacity is sufficient; 

 Although a relaxation of capacity effects intervene on the network assignment, the line 

model achieves to disperse the flows when they exceed line capacity. On the CWCV 

variant the maximum flow-to-capacity ratio exceeds capacity by 3,7%; 

 The calculation time of an iteration amounts to 23 minutes, mostly for the steps of cost 

formation and of the optimal strategy search. 

The computation time can be reduced if we treat in parallel order the multiple independent 

processes treated sequentially. Other than the computation efficiency, the model, being 

modular, can be further developed. A more detailed interaction may be considered between 

the boarding and alighting flows, the in-vehicle passenger load and passenger stock at the 

influence the dwell time. Further microscopic phenomena can be added, such as a willingness 

to board an overcrowded vehicle, if the available capacity is insufficient and the passenger 

stock is too important, thus affecting the in-vehicle discomfort of on-board passengers. 

Finally, additional models may be added, first, within the line model, by considering the 
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station model to capture the effect of passenger flows on the quality and travel time of 

transfers and access-egress trips. 
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Chapter 10:  

10 The results of the CapTA model on a 

restrained network 

 

 

10.1   Introduction 

This chapter provides an application for the CapTA model at the line level, which serves as a 

showcase of the capabilities of the model. It further demonstrates the level of detail of the 

modelling approach and investigates the behaviour of the line model. The RER A  the 

busiest commuter rail line in the Paris Metropolitan Area transit network  is chosen as an 

application instance for the model. The transit supply stems from the 2008 data of the DRIEA, 

while the demand on the line is estimated by an assignment of the same model on the Paris 

Metropolitan Area (Chapter 9). 

The CapTA model aims to capture the capacity phenomena related with the vehicle seat 

capacity, the total capacity and the interplay of passenger flows at access and egress with the 

dwell time and the service frequency. These phenomena are dealt with by line of operations 

on the basis of a set of local models yielding specific flows and costs. The line model is 

described in detail in Chapter 4. 

The rest of the chapter is structured in seven parts and one conclusion. First, we present the 

initial and extracted transit network, the demand used and the services present in the RER A 

line, before focusing on the passenger flows on the network level. Then, we relate the dwell 

time and the operating frequency with the passenger exchange flows. In the fifth part, a transit 

service is used as an example to demonstrate the relation between the residual capacity of the 

service and the boarding flows and inquire on the in-vehicle comfort. Part six focuses on the 
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formation and the behaviour of the passenger stock of different services. More precisely, the 

partial stock to La Defense station is extracted and related to the exogenous flow. Then the 

effects relative to the generalized cost are illustrated. Finally, we assess the effect of the 

replacement of the lower capacity one-level trainsets with more spacious duplex ones.  

 

10.2   Transit Network, Trip Demand and Supply of Services 

10.2.1   The Initial Network 

The CapTA model is first applied to the transit network of the Paris Metropolitan Region 

(Chapter 9). The transit network is composed of 95 directional railway lines (for the guided 

transit modes  Train, RER, Metro and Light Rail) yielding 259 guided transit services, and 4 

483 bus services. Demand at the morning peak hour involves 1,23 million trips between 1 305 

travel demand zones. The network contains about 159 800 nodes and 307 700 arcs and line 

legs. An acceptable level of convergence was reached after 50 iterations (with a gap reduced 

 

10.2.2   The Restrained Network - RER A Commuter Rail Line 

The results are limited, for clarity, to the RER A, the busiest commuter rail line on the 

network, with a daily patronage often exceeding the one million passenger threshold. The 

RER A line is composed of 46 stations spread on its five branches and the central trunk. Two 

branches on the east (Marne-la-Vallée on the northeast and Boissy-St-Leger on the southeast) 

and three branches on the west (Cergy-le-Haut and Poissy on the northwest and St-Germain-

en-Laye on the southwest) converge to the central trunk. Therefore, the east and west suburbs 

are connected to the centre of Paris and La Defense business district. The restrained network 

contains 1 200 service network nodes, while the 182 initial arcs are transformed into 1 702 

line legs. 

The demand on the RER A was extracted by an assignment on the entire network as described 

previously. An OD multiplier equal to 1,3 and 50 iterations on the bounded model yield the 

passenger flows used as input on the restrained network. The simulations (variant CWCV of 

the model) share the same penalty coefficients for the trip components, (see Chapters 9.4 and 
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10.2.4). The results show about 107 000 passengers circulating eastbound, while 141 000 

passengers board on the westbound direction which connects the centre of Paris with La 

Defense business district on the east. The RER A line totals around 248 000 passengers 

during a morning hyper-peak hour on both directions.  

 
Figure 44: The RER A (red) and the rest of the transit network (grey) 

 

10.2.3   The Westbound Transit Supply 

During the morning hyper-peak hour, the westbound transit supply is composed of 18 trains 

from Marne-la-Vallée (MLV) and 12 trains from the Boissy-St-Leger (BOI) branch that 

converge at Vincennes station (see Figure 45). Thereafter, 30 trains per hour run on the 

central trunk until La Defense, before diverging to the three branches, in the number of 5 for 

Poissy (POI), 5 for Cergy (CRG) and 16 for St Germain-en-Laye (STG) branch (4 vehicles 

per hour terminate at La Defense). 

These trains are associated with 15 different transit services, each one characterized by a 

scheduled frequency, a stopping policy (express, local, etc.) and a type of rolling stock, 

detailed in Table 14. This level of detail of the service variation can be captured sufficiently 

by the line model in CapTA. 
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Figure 45: The frequency at departure on the westbound RER A 

 

Three types of rolling stock run on the tracks of the RER A. One-level trains, such as the 

MS61 with 600 seats and a total capacity of 1 888 passengers per train set and the MI84 with 

432 seats and a total capacity of 1 760 passengers coexist with more spacious duplex trains; 

the MI2N offers 1 056 seats and a total capacity per train set of 2 580 passengers.  

The boarding and alighting passengers are evenly distributed on flow streams. A flow stream 

is defined as a lane at the door of a vehicle. Its width is equal to 0,65m (EgisRail, 2009) and 

can accommodate exactly one passenger boarding or alighting simultaneously. The number of 

flow streams indicates the exchange capacity: the maximum boarding and alighting rate of 

passengers. Per vehicle side, we can find 64 flow streams on the MS61, 72 on the MI84 and 

90 on the MI2N (see Table 15). 
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Table 14: The detailed stopping policy for the westbound transit services 

Transit Service BABY BIPE BROU TATI TEDY THEO TOUL UCLA UGIN UNIR UPAC YRIS XUTI ZARA ZEBU

Type of Vehicle MI84 MI84 MI84 MI84 MI84 MI84 MI84 MI84 MI2N MI2N MI2N MI84 MS61 MS61 MS61

Frequency (vehicles/hour) 1 1 2 2 1 1 1 1 1 2 1 4 5 6 1
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10.2.4   Simulation Parameters and Convergence 

The generalized time is evaluated from the actual travel time of the trip components as 

described in Chapter 9.4. Each component is subject to a penalty coefficient according to its 

importance . The assignment on the RER A restrained network uses the 

parameters of the central variant of the CapTA model (CWCV, see Chapter 9.4). Hence, the 

access and egress trips and the transfer time (without the additional waiting) are multiplied by 

2, as happens with the waiting time. The in-vehicle comfort makes reference to the obvious 

differentiation between two comfort states; travelling standing or sitting. A linear function of 
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the standing penalty factor )( a
r
za d  where ad  is the density of standing passengers for a 

certain trip section a . The standing penalty coefficient varies from 1,2 (for 0ad ) to 2 (for 

2/4 mpda ), while the multiplier for travelling seated is 1.  

An acceptable level of convergence was reached after 30 iterations, with a convergence 

 

 

10.3   Passenger Flows on the Network 

10.3.1   Passenger Flows on the Line 

The passenger flow throughout the restricted network is quite similar with the flows on the 

RER A of the initial network. Figure 46 illustrates the network passenger flows and the flow-

to-capacity ration on the line. The width of the lines represents the passenger flow, while the 

colours (from light green to red) correspond to the ratio of the total flow on the line to the 

capacity of the transit services. Additional attention must be given due to the overlapping of 

the westbound and eastbound arcs.  

 

Figure 46: The passenger flow throughout the restrained RER A network 
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As expected, the passenger flow and the used capacity are low at the extremities of the RER 

A on both directions, while increasing significantly before the various branches converge to 

the central trunk. Indeed the flow-to-capacity ratio exceeds 75% before the convergence of 

the branches to the central trunk. The maximum load corresponds to the westbound 

interstation between the Chatelet-les-Halles and Auber stations, with 59 319 passengers. The 

flow exceeds slightly the nominal capacity from Nation to Etoile at the central trunk, to reach 

a peak on the Chatelet-les-Halles Auber section with 1,03 of the nominal line capacity.  

10.3.2   Boarding and Alighting Passengers Flows 

We focus our analysis on the westbound section. In Figure 47, we show the boarding and 

alighting hourly flows on the busiest line section, from Noisy-le-Grand (MLV branch) and St-

Maur Creteil (BOI branch) stations on the east to the Maison Lafitte (POI-CRG branch) and 

Reuil Malmaison (STG branch) stations on the west.  

 

Figure 47: Boarding and Alighting Flows on the busiest sections of the westbound service 

 

The relation between the boarding (blue) and alighting (brown) flows in Figure 47 allows 

distinguishing three sections with specific flow characteristics:  

 Access section: From the east suburbs, until Vincennes, the boarding flows clearly 

dominate, on an up to seven times ratio, the alighting flow. That segment acts as a 

feeder from the east suburbs to the centre of Paris and La Defense business district; 
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 Transfer section: At the central segment, from Nation until Etoile stations, the 

boarding and alighting flows are equal and the boarding is subject to the limited 

available capacity. The stations of the central trunk of the RER A act as transfer poles 

for the structural transit network of the Paris Metropolitan Region; 

 Egress section: The westbound service from La Defense station to the western stations 

is characterized by an alighting flow exceeding the boarding one. That abides by the 

line topology, since the on-board passengers naturally alight when reaching the end of 

the line. 

In addition, we inquire on the size of the passenger exchange flow. At the branches the flow is 

limited and the boarding or alighting flows never exceed 6 000 passenger/hour. However, that 

is not the case for the central trunk, where the boarding and alighting flows are significant and 

their combined flow varies from 18 000  45 000 passengers/hour. Indeed, as shown at 

section 10.4, the passenger exchange flow saturates the capacity offered and the increased 

dwell times of the vehicles of the transit services on the line result in a reduction of the 

downstream frequency.  

 

10.4   Dwell Times and Service Frequency 

The dwell time of a vehicle is related to the passenger exchange flow per vehicle and the 

number of flow streams available. The boarding and alighting flows are assumed to be evenly 

distributed on the available flow streams. Thus, in the line model, the dwell time function is 

linear, depending on the elementary boarding (or alighting) time per passenger (equal to 1,55 

seconds/passenger). That makes the dwell time of a vehicle insensible to the congestion on-

board and the density of the passengers present on the platform.  

The calculated dwell time is composed of the minimum time for the passenger exchange and 

the operation time  the period without passenger movement, necessary for the operation of 

the doors and the safe departure of the vehicle.  Hence, the actual dwell time is the maximum 

of the calculated and the scheduled dwell time. That implies the existence of a critical 

passenger exchange flow. It is defined as the passenger flow for which the calculated dwell 
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time is equal to the scheduled one, amounting to a little less than one half of the total capacity 

for the rolling stock circulating on the RER A.  

Table 15: The characteristics of the rolling stock circulating on the RER A 

 Seat capacity 
(per vehicle) 

Total person 
capacity 

Nb 
doors 

Nb of flow 
streams 

Critical passenger flow (w 
reduced flow streams) 

MI84 432 1760 32 64 832 
MS61 600 1888 36 72 929 
MI2N 1056 2580 30 90 1161 

 

The suboptimal use of the flow streams is addressed by reducing their number by 1/3. 

Therefore, 43, 46 and 60 simultaneously available flow streams per vehicle side are 

considered for the MI84, MS61 and MI2N vehicles respectively. 

 

Figure 48: Dwell Time in relation to the exchange volume on the rolling stock used in the RER A 

 

In the case of the westbound RER A services, the total passenger exchange flow at the Etoile 

station amounts to 45 000 passengers, leading to a frequency restraining downstream. 

Depending on their characteristics, the dwell time of each service varies from 49,8 to 61,4 

seconds/vehicle, higher than the 40 seconds/vehicle of the schedule, as illustrated in Figure 

49. The differences in dwell time stem from the variability of the boarding and alighting flows 

among services and the differences of the rolling stock assigned to each service. The total 

exchange flow of the westbound service in Etoile is 44 804 passengers/hour with 44% 

alighting and the remainder boarding.  



 

Part IV: Application of the CapTA Simulator 

 

 

 

Ektoras Chandakas 

 
278 

 

Figure 49: Boarding, alighting passenger flows and dwell time per vehicle of the westbound services at 

Etoile station 

 

As shown in Figure 50, the combined frequency downstream is reduced in Etoile station by 

13,6% from 30 to 25,91 veh/h, as does the capacity. Although at La Defense station the dwell 

time varies from 40 to 65 seconds, the frequency is not restrained, since the platform 

 

 

Figure 50: Frequency at departure for the westbound transit services at the Central Trunk 
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10.5   Residual Capacity and Boarding Flows on a Vehicle 

The CapTA model is characterised by strict capacity constraints at the line level (and their 

relaxation at the network level). Besides the competition among services, the boarding flow 

depends on the in-vehicle capacity available. Figure 51 illustrates the boarding and alighting 

process for the TEDY service (Marne-la-Vallée to Poissy).  

 

Figure 51: The boarding and alighting process on a vehicle of the TEDY service 

 

We apprehend the relation between the available capacity and the boarding flow. At the 

beginning of the service, the available capacity is sufficient for the boarding flow. However, 

at the busiest section any available capacity comes from the alighting passengers who liberate 

space for the passengers waiting on the platform. At these stations the alighting flow, the 

available capacity and the boarding flow are equal. Therefore, at the line level, when the 

available capacity is not sufficient, only a share of the waiting passengers can board. That 

induces an increase in the average waiting time and contributes to the formation of a 

passenger stock. 

Furthermore, the area betwe

capacity. The available capacity being inside that area means that some boarding passengers 
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will find directly a seat. In the case of the TEDY service (as well as the other services on the 

MLV branch), the seats are occupied very early on the trip and no seats are available at 

boarding between Bussy-St-Georges (see Table 14 for stopping policy) and Etoile. To 

summarize, in 14 out of 24 stations served by TEDY the available seats are only those 

liberated by the alighting passengers and occupied by the on-board passengers, who have 

priority. Hence, the boarding passengers are sure to make a part of the trip standing. The 

probability to find a seat downstream depends on the intensity of the on-board standing and 

alighting sitting passengers.  

 

10.6   Passenger Stock and Probabilities of Immediate 
Boarding 

10.6.1   The Passenger Stock on the Central Trunk of the RER A 

The transit bottleneck model is used to apprehend the effect of total capacity by explicitly 

describing a passenger stock. Indeed, from a given access station i , a passenger stock, is , 

per egress station s  denotes the number of passengers wishing to board any of the transit 

services directly connecting that couple of stations. It depends on the exogenous flow isx  by 

destination station and the available boarding capacity zik  by vehicle. The passenger stock of 

a transit service zin  is the sum of the partial stocks of all the stations called by that service z . 

Hence, at a given station two services with identical stopping policies downstream will be 

have the same passenger stock, whatever their load. The vehicle inflows depend on the 

probability of immediate boarding zi . 

Figure 52 illustrates the passenger stock at boarding of the westbound transit services on the 

central trunk of the RER A. The services are grouped by destination according to their colour. 

Two observations are made in relation with the behaviour of the model:  

 At each station, we compare the passenger stocks of each service. On the first section, 

from Vincennes to Auber, the boarding passengers are destined to the stations of the 

central trunk (with an important part alighting at La Defense), where the stations are 

served by all the services. Thus, the passenger stock is similar. However, at Etoile and 
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La Defense stations, before the divergence to the branches, the passenger stock of the 

transit services varies according to their stopping policies downstream and the partial 

passenger stock per destination. For example, the passenger stock of XUTI (red), 

ZARA (orange) and ZEBU (brown) differs according to their stopping policy, even 

though all three serve the St-German-en-Laye branch (southwest). 

 Along the line, the value of the partial stock depends on the level of saturation of the 

transit services. When the combined capacity of the services is sufficient but at least 

one service is at capacity, the passenger stock slightly increases compared to 

),(
/

siz zisisx . That is attributed to the failure of some passenger to board the first 

vehicle and is extended to the average waiting time for the station couple. For 

example, at Nation, the waiting time for a trip to La Defense is equal to 3,06 minutes 

(compared to a reference time of 2 minutes). Furthermore, when the combined 

capacity is insufficient, the passenger flow cannot be evacuated during the simulation 

period and the passenger stock increased significantly. In Chatelet, the stock reaches a 

value of 2 300 and the waiting time to La Defense is 12,09 minutes  a six fold 

increase from the reference situation. 

 

Figure 52: The Passenger Stock at the central section 
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10.6.2   The Partial Passenger Stock to La Defense Station 

We isolate the westbound trips ending at La Defense and focus on the relation between the 

exogenous flow isx  and the discharge rate isq . When no congestion occurs, these values 

should be equal. That is true only approximately, since some simplifying assumptions lead to 

a slight underestimation of the discharge rate, even though insignificant. Indeed, it varies 

around 1-5% of the exogenous flow according to the combined frequency of the services. On 

the other hand, when the combined capacity is not sufficient, as is the case in Chatelet and 

Auber, the difference between the exogenous flow and the discharge rate is significant, as 

shown on Figure 53.  

 

Figure 53: The exogenous flow versus the discharge rate and the exit time interval alighting at La Defense 

 

The difference between exogenous flow and discharge rate can be expressed by the exit time 

interval, isH ; the time needed to evacuate the passenger flow waiting to board during the 

simulation period, expressed by the ratio isx  over isq  (Chapter 4.4.1). In the uncongested 

conditions it is slightly higher than 1, due to the non-equality between isx  and isq , explained 

previously. Nonetheless, if congestion occurs, the exit time interval reflects the pressure 
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exercised by the passenger stock at boarding. In fact, we observe that in Figure 53 the highest 

value of isH  is not found at the central trunk, but rather at Fontenay station ( 10,1isH  at 

Boissy-St-Leger branch) with a low exogenous flow. The limited frequencies and the low 

available capacity offered at Fontenay station make the evacuation of the passengers present 

take longer. 

10.6.3   Boarding Flows and Route Proportions 

The flow boarding a certain vehicle 

capacity after alighting and the passenger stock of that service. In addition, the probability of 

immediate boarding ( };1max{ ziziiz nk ) acts as the confrontation of the history of the 

service  which defines the vehicle load at arrival and the available capacity zik   and the 

downstream stopping policy  which designates the passenger stock, zin .  

Table 16: Boarding Flows for the unbounded and bounded model variants 

Transit Service 
Frequency 
(veh/h) 

Route Proportions 
for Bounded 

Route Proportions 
for Unbounded 

% 
difference 

BABY 1 3,20% 3,08% 4% 

BIPE 1 2,93% 3,08% -5% 

BROU 2 6,68% 6,16% 8% 

TATI 2 5,86% 6,37% -8% 

TEDY 1 3,16% 3,24% -2% 

THEO 1 3,31% 3,18% 4% 

TOUL 1 3,13% 3,24% -3% 

UCLA 1 2,93% 3,56% -18% 

UGIN 1 5,31% 3,54% 50% 

UNIR 2 10,61% 7,09% 50% 

UPAC 1 4,14% 3,56% 16% 

YRIS 4 16,73% 13,14% 27% 

XUTI 5 12,65% 16,59% -24% 

ZARA 6 16,88% 20,71% -18% 

ZEBU 1 2,47% 3,45% -28% 

TOTAL 30 100% 100%  

 

Although the transit services with identical stopping policies downstream have the same 

passenger stock zin , their boarding flow, and in extent their routing proportions, depends also 

on that available capacity, zik . By comparing the route proportions of the bounded and the 

unbounded variants at Nation station, we observe differences, which range from -28% to 
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increase their share on the boarding flow from 3,54% and 7,09% to 5,31% 10,61%, 

respectively, since they have sufficient capacity to accommodate the flow failing to board 

other services (see Figure 54) and a probability of immediate boarding equal to one.  

Having identified the partial stock of the Nation  La Defense station couple, we can 

disaggregate the boarding flows of the services per destination, illustrated in Figure 54. The 

boarding flow destined to La Defense (in blue) and the miscellaneous (in brown) compose the 

intrinsic characteristics and the destination competition, we observe that the boarding flow to 

La Defense is not evenly distributed along the services. It varies according to probability of 

immediate boarding and the frequency of the services. 

 

Figure 54: Route Proportions at boarding and Probability of Immediate Boarding at Nation 

 

10.7   Average Generalized Cost 

The average generalized cost for both directions on the RER A line includes the in-vehicle 

travel time (depending on the comfort level) and the platform waiting. We compare the total 
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travel time and its components of the unbounded variant with those of the bounded one  

including the three types of capacity constraints simulated in the CapTA model. The average 

generalized travel time of a trip is 34,05 minutes for the bounded variant, an increase by 41% 

from the unbounded benchmark (24,16 minutes). That increase can be attributed for 1/3 to the 

increase of the perceived waiting time and for 2/3 to the increase on the perceived in-vehicle 

travel time due to the less comfortable states suffered by the passengers on-board. In addition, 

the difference of the actual travel time between these models is attributed to the waiting time, 

since in the restrained RER A network, there are no alternative routes.  

The line model takes into account the local capacity constraints for the evaluation of the cost 

of the line legs along a line. Figure 55 illustrates the actual (continuous line) and the perceived 

(dotted line) travel time of the westbound trips ending at la Defense from the station on the 

Marne-la-Vallée branch, the Boissy-St-Leger branch and the central trunk. The in-vehicle 

travel time (IVTT) is green and the waiting time (WT) is red. The total travel time (TT) is the 

sum of the previous components and is depicted in blue. 

 

Figure 55: The average generalized time of the trips ending at La Defense station 
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We observe that naturally the actual IVTT decreases for the trips beginning closer to La 

Defense, similarly to the distance between the boarding and alighting stations. Furthermore, 

the gap between actual and perceived IVTT increases as the on-board volume increases, 

expressing the difficulty to find a seat and the density of standing passengers on-board. Due to 

the chosen parameters, that gap amount to 40-70% of the actual IVTT. We make three 

relevant observations concerning the travel time along a radial line: 

 Although the length of the trips changes significantly, we observe that the perceived 

TT on the branches oscillates around 60 minutes. In other words, there are not any 

notable differences between trips with different access station heading to La Defense. 

The low frequencies and the length of the trip from the furthest stations are 

Paris are shorter but face degraded travel conditions; 

 A comparison of a trip beginning at Noisiel and another from an upstream station 

(Lognes, between Torcy and Noisiel) reveals that the second is more attractive, with a 

passenger downstream will travel standing; 

 Equivalent to the previous case, the actual TT from Chatelet (TT of 21 minutes) is 

greater than the one from upstream stations, such as Nation (18 minutes). The main 

reason is the increased waiting due to the presence of an important passenger stock.  

 

10.8   The Impact of a New Rolling Stock 

As a means to deal with the saturation of the RER A, the transport authority (STIF) and the 

transit operator (RATP) of the Paris metropolitan area decided to invest 2 billion euros for the 

complete replacement of the one-level trains on the RER A, MS61 and MI84 by 130 duplex 

trainsets, the MI09 (Le Monde, 2012). The new train is very similar to the actual duplex, 

MI2N, and offers 948 seats for a total capacity of 2 600 passengers/vehicle (RATP, 2011). 

Therefore, the line will see a significant increase on its nominal capacity by 30% to be able to 

carry about 77 000 passengers per hour and direction. The model makes it possible to assess 

the effect of additional capacity to the level of service, without any service modification. 
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Applying the CapTA model at the line level shows the effects of the replacement of all one-

level trainsets with the new duplex MI09. The capacity offered is sufficient to carry all the 

transport demand during the morning peak hour. However, that does not apply for the 

passenger capacity exchange since the boarding and alighting flows in Etoile lead to a 

reduction of the combined frequency by 3% (as opposed to -13.6% of the benchmark). The 

average travel time per trip on both directions is reduced by 17% to 28,2 minutes. Globally, 

the reduction of the total travel time for all the passengers during the morning peak hour 

roughly amounts to 24 150 hours. By multiplying the peak hour gain by 5 to deduce the entire 

day and by 250 for a year, we estimate a conservative annual gain of 30,2 million hours per 

year. With a value of tim -level trains will bring a 302 

-economic benefit.  

Although that estimation unveils the evident socio-economic benefit of the project, these 

indications should be taken with extreme caution since some mutually excluding effects are 

not considered. First the current assignment does not take into account the network effect; the 

new travel conditions on the RER A may attract new passenger flows, inducing additional 

discomfort on the line, but easing the congestion on other lines of the network. In addition, 

these values correspond to the 2008 situation and not to a more saturated transport demand in 

medium term, if no investment is made. Finally, the operational benefits are not taken into 

consideration, although the new trainsets boast a reduction by 31-55% of the energy 

consumption per passenger from the rolling stock it will replace. 

 

10.9   Conclusion 

This chapter offered a simplified application instance of the CapTA model, restraining the 

simulation to the RER A line, the busiest commuter rail line in the Greater Paris transit 

network, with a patronage exceeding one million passengers daily. It completes the simulation 

on the entire transit network and focuses on particular elements of the line model. 

Analysing the westbound service of the RER A, we produce a series of remarks related to the 

capacity effects. We observe that although the Chatelet  Auber is the busiest section, with 59 

300 passengers/hour on board, it is at Etoile station where the passengers exchange seems 

insufficient. Indeed, the vehicles  dwell time greatly exceed the scheduled 40 seconds, 
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resulting in a restrained frequency and a loss of capacity downstream by 13,6%. The seats are 

ars before the convergence of the 

branches to the central trunk. As a result of the heterogeneous stopping policies and rolling 

stock of the transit services, the flow is not uniformly distributed among the services, some 

being saturated while other offering available capacity, which in turn affects the waiting time 

of the passengers on the platform. Taking La Defense business district as a destination, the 

previous effects lead to a generalized trip time which oscillates around 60 minutes at the 

branches  whatever the access station is  and to an actual travel time which may even 

increase as we approach the destination, if we compare a trip started from Nation (18 minutes) 

to one from Chatelet (21 minutes).  

By integrating these capacity effects to the CapTA model, we may proceed to conservative 

estimations of a project, which would offer greater capacity, without changing the service 

timetable. Indeed, in the case of the replacement of the actual old one-level trainsets on the 

RER A by more spacious duplex ones, the model brings sufficient evidence to back up a cost 

benefit analysis and implies a yearly gain of 30,2 million hours. 

Some modelling issues appear for further research. In the current assignment model, we 

adopted a comfort multiplier, which ranges from 1,2 to 2, according to the average density of 

the standing passengers. We agreed to the hypothesis of a gradual increase of the comfort 

penalty due to the on-board conditions. However we do not differentiate between the waiting 

time linked with the random arrival of the next vehicle and the quasi-deterministic waiting in 

a saturated platform. Furthermore, when the capacity available is insufficient at boarding, the 

passenger stock willing to board explodes along with the expected waiting time while the 

probability of immediate boarding plummets. That situation could designate a sort of pressure 

exercised at the boarding stock to board the vehicle. In other words, that could lead into an 

overcrowding acceptance, where the boarding flow exceeds the available capacity at boarding 

and the vehicle load exceeds its nominal capacity (considering 4 standing persons per 

available m
2
). An increased passenger load will worsen the level of comfort perceived by the 

passengers already on-board.  
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Chapter 11:  

11 General Conclusion 

 

 

11.1   Introduction 

The research project associated with this dissertation makes an effort to answer to the issues 

raised by the scientific community of transit assignment modelling and thus provide some 

novel elements to this research sector. Namely, we sought to develop new approaches for 

modelling the capacity effects of various elements of the transit system and formalize a 

coherent framework that can jointly address them. These efforts resulted in the elaboration of 

a transit assignment model, CapTA, for Capacitated Transit Assignment, able to simulate 

large-scale networks.  

The general conclusion is structured in two sections. First, we address the main results of this 

work and some conclusions for the CapTA model (section 11.2). Second, the main elements 

that emerged during this work are discussed (section 11.3) in connection with future research 

perspectives that can result in the elaboration of more realistic transit assignment models. 

 

11.2   Main Results and Conclusions 

A set of selected issues has been examined in this work. In addition to these results, some 

general conclusions can be drawn. These conclusions are outlined here. 

11.2.1   Representation of the Transit Network 

A fundamental component of the CapTA model is the bi-layer representation of the transit 

network. That stems from the motivation to provide a network representation adapted to the 
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needs of each modelling stage. Two superposed network layers are defined: the upper and 

lower network layers, with respect to the demand and supply side of the modelling process 

(Chapter 6).  

The upper layer focuses on a thorough description of the passenger behaviour on a transit 

network. The network elements of the upper layer network, which represent the trips of an 

individual on each sub-system, are called network legs. Three types of network legs have 

been identified with respect to the nature of the subsystems: the line leg, the station leg and 

the access-egress leg. Their cost is defined from the average travel conditions and quality of 

service perceived by an individual.  

On the lower layer, the service representation is more detailed and emphasizes on the effects 

of the capacity constraints. Each sub-system is represented by an isolated sub-graph. 

Particular local models evaluate the effect of the capacity constraints on the passenger flow 

and the local route choice, the quality of service and the operational characteristics. That 

implies that the lower layer representation of each system is specific to that system and the 

local modelling approach.  

The use of that bi-layer representation has an impact on the transit assignment model. The use 

of an additional network layer (the upper leg-based network) increases the size of the service 

network. In the case of the Greater Paris transit network (Chapter 9.3) the set of line legs is 

57% larger than that of the line service arcs it replaces. However, that corresponds to an 

increase of only 3,8% on the link elements of the entire upper layer network. Furthermore, 

that distinction requires the elaboration of specific procedures for the modelling of the top-

down and bottom-up relationships of the upper and lower network layers.  

Nevertheless, the main advantage of the bi-layer representation is that each step of a traffic 

assignment model can be addressed with the appropriate network. Indeed, that distinction 

allows the elaboration of a modular modelling framework where the local models on the 

lower layer are not subject to the constraints of the architecture of the upper layer network 

assignment. Therefore, local models can be added or modified and the lower layer 

representation can gain in detail where it is required; all that without any significant impact on 

the modelling process. A corollary effect of this bi-layer representation is the distinction 

between the flow loading (and evaluation of physical conditions) and the cost evaluation 
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processes. That allows the evaluation of distinct travel costs for each class of passengers, on 

the basis of his preferences.  

11.2.2   Modular Framework and Specific Models  

The use of a bi-layer network allows the development of a modular framework. That is 

elaborated around three hierarchical modelling levels, described in Chapter 6. The set of 

models contains a mixture of novel models that bring significant innovations and existing 

models with the necessary adaptations and enrichment. These modes were the object of a 

consistent algorithmic development with objective to simulate large-scale networks; in the 

case of this study, the Greater Paris transit system. 

The CapTA model contains local models that address the issues at the stop level and a 

network model for the management of the assignment process. However, the specific bi-layer 

representation requires an intermediate level of system sub-models. These system sub-models 

act as a coordinator of the local effects and assure the transition between the upper and lower 

layer. Namely, the line and station models developed here offer the flexibility to the modeller 

to address all relevant capacity constraints at the station and the line level, such as the in-

vehicle quality of service, the platform waiting and boarding process and the vehicle temporal 

occupancy of the platform.  

The in-vehicle quality of service is dealt with the in-vehicle comfort model. That is an 

adaptation of an existing model described in Leurent (2012), which distinguishes the sitting 

and standing comfort states. The initial model carries two adaptations. First, the standing 

penalty becomes sensible not only to the travel time but also the density of the standing 

passengers. A similar penalty can be introduced for the sitting passengers. Second, a 

modification is suggested on the algorithm (see Annex B) in order to address the use of 

folding seats within the vehicle. These adaptations increase the realism of the in-vehicle 

comfort model. 

The platform waiting and boarding process required the elaboration of the transit bottleneck 

model. Its main characteristic is the identification of a passenger stock per destination. That 

allowed modelling the competition of a passenger stock for a given destination at boarding 

with passengers stocks of other destinations and for all the services available at the platform. 

The main advantage of that approach is the joint assessment of the route share to all available 
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routes and of the combined waiting time separately for each access-egress couple on the line. 

In addition, that leads to the specification of three traffic states (chapter 4.4.2), by order of 

increasing passenger flow: 

 The unsaturated state, where the route share and waiting time are consistent with a 

unbounded assignment; 

 The semi-congested traffic state, where insufficient capacity at one or more services 

results increased route shares for the remaining services, in addition to a small 

increase of the combined waiting time, and 

 The congested state, where all transit services for a given destination are congested. 

There, the passengers face a significant increase in the waiting time on that access  

egress couple. 

Finally the in-vehicle and on-platform passenger flows influence the service operations along 

a transit line, captured by the restrained frequency model. There an increase of the dwelling 

time of the vehicles may restrain the service frequency downstream on the basis of a 

frequency-based modelling approach. That frequency reduction affects directly the waiting 

time. But its indirect effects in the waiting time and the quality of service are more significant, 

since it leads to a reduction of the downstream available capacity. For example the frequency 

reduction on the westbound service of the RER A (chapter 9.6) results in a reduction of the 

hourly capacity, equivalent to 2,1 high-capacity trainsets.  

In addition to the novel line and station models, the use of a leg-based upper layer network 

representation permits to tamper with the unbounded network traffic assignment. The main 

adaptation concerns the replacement of the route frequencies with the fictive frequencies on 

the line legs. That has a two-fold effect on the assignment process:  

 First, it disconnects the frequency of the line legs with that of the services forming it 

and allows the bundling of the available options at the station level, with respect to the 

presence of real-time information, and  

 Second, it eases the distinction between an unsaturated discontinuous line leg and a 

congested one. In the latter case, the service becomes continuous and that leg is 
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reduced to a pedestrian option with a fixed waiting time due to the mingling of the 

passengers at the platform. 

Some important adaptations were made on the mathematical formulation of the upper layer 

network model. There, the transition between discontinuous and continuous service is 

achieved by a discontinuity attenuator, which reduces the fictive frequency once congestions 

exists. A traffic equilibrium is defined as a twofold vector of arc flows and strategy share by 

node. That is characterized as a variational inequality problem. Although the equilibration 

algorithm is likely to be computationally costly, it can provide a rigorous convergence 

criterion.  

11.2.3   Congestion Effects and Evaluation 

A model such as CapTA is an ideal tool for examining the effects of the capacity constraints 

on the transit network. The transit assignment on the large-scale network produces two 

straightforward observations. In Chapter 9 we compared different variants of the CapTA 

model, with respect to the simulation parameters and the capacity constraints included. We 

observed that among the variants considered, those that included the in-vehicle comfort 

(CWCF and CWCV) lead to a faster and smoother convergence to the static state, than the 

variant where only total capacity (CNC) is considered. That is attributed to the nature of the 

in-vehicle comfort model, since the most loaded lines are much more penalized and that from 

a lower flow-to-capacity ratio. That facilitates the spread of high passenger flows to 

alternative itineraries, as long as the network has sufficient capacity.  

Similar observation is made on the distribution of the arcs with respect to their flow-to-

capacity ratio (Chapter 9.5). The traffic assignment on the upper layer takes place with a 

relaxation of the capacity constraints. Nevertheless, the use of capacity constraints achieves in 

reducing the number of arcs that exceed their capacity. The most efficient model variant is the 

CWCV bounded one, where very few arcs exceed the line capacity and that by no more than 

3,7% of the nominal capacity.  

A transit assignment model with capacity constraints achieves in simulating certain aspects of 

the passenger behaviour. These are revealed when comparing the bounded model with the 

results of an unbounded transit assignment. In the case of the Paris Metropolitan Region, we 

focus on the results of the CNC variant where only the transit bottleneck and restrained 
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frequency models are considered. We observe that the effects of congestion are not 

concentrated in the waiting time, but rather the increase of the travel time, compared to the 

unbounded model is distributed to the waiting time and the in-vehicle travel time. Imposing a 

capacity constraint on boarding does not affect only waiting. Especially in a network with 

strong connectivity where alternative itineraries are available, the expected trade-off of the 

passengers between waiting time, in-vehicle travel time and the other components of a trip is 

revealed. Whatsoever, the in-vehicle comfort stands for the 3/4 of the increase in generalized 

travel time, compared to the unbounded conditions. If we limit our analysis on selected lines, 

we observe that an increase of the average sitting time per trip is combined with a 

simultaneous decrease in the average standing time per trip. That indicates that a passenger 

prefers to make a longer trip seated, and avoids standing and frequent transferring. However, 

the latter depends on the saturation of the transit network and the possibility that the passenger 

improves his travel conditions.  

A significant result of the analysis on the restrained network (Chapter 10) has to do with the 

evolution of a trip travel time along a transit line. We focus on the average generalized travel 

time of each station of the westbound service of the RER A to La Defense business district 

(Chapter 10.7). We found out that the average generalized time of a station upstream can be 

lower to that of a station closer to the destination. That is explained by the opportunity of a 

passenger at each station to travel seated. Once the seats on a radial network are occupied, the 

next passenger boarding travels in more onerous conditions standing; and in the case of the 

RER A at high densities. The same occurs at the central trunk of the RER A, where the 

intensity of the boarding flows at one station makes it less attractive than the stations 

upstream (even if compared to the actual travel time to the destination).  

A significant element of CapTA  compared to other models  is its ability to evaluate the 

effect of a change in the rolling stock, even without a change on the planned service. In that 

case, the travel time gained comes from the improvement of the service operations and of the 

in-vehicle comfort. For example, in the case of the RER A, the replacement of current one-

level trainsets with high-capacity duplex ones, increases the peak-hour capacity of the line by 

30% and facilitates the passenger exchange at dwelling. These result to the service frequency 

being less restrained and to an improvement of the in-vehicle comfort. They are evaluated as a 

actual gain of 24 150 passenger hours for the morning peak hour only, under certain flow 
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assumptions. Taking into account these effects has certainly a positive impact in the socio-

economic analysis of projects that seek to improve the productivity and the offered capacity 

of existing infrastructure.  

 

11.3   Discussion and Perspectives 

A number of issues that occurred during the development of the CapTA model are discussed. 

These concern the mathematic characterization of the equilibrium and the validation process. 

Finally, some future perspectives for the elaboration of more realistic models are suggested.  

11.3.1   Issues Relevant to the Mathematic Characterization of the 
Equilibrium 

The mathematic characterization of the existence and uniqueness of the traffic equilibrium is 

the centrepiece of each network traffic assignment model. In fact, a continuity of the arc cost 

with respect to the traffic flows is required on the feasible set of the solution. That is generally 

maintained, except at certain points. Namely, a discontinuity arises when on a node i , the cost 

d
si )(  to reach a destination s  by the strategy d  coincides with the minimum cost of an 

alternative option. That discontinuity is curbed if the flow is assigned to two simultaneous 

strategies. In order to curb the non-uniqueness of that problem, various mathematical 

approaches have been suggested.  

The previous case showed that it is possible that on certain conditions the uniqueness of an 

equilibrium solution is not assured. That is also the case when locally a discontinuous service 

(with frequency and waiting time) is compared with a pedestrian choice with continuous 

availability. At the critical point the pedestrian link yields identical and minimal cost to 

destination: then either one would yield an optimal path. To curb that non-uniqueness issue, 

an approximation is generally used. The private links are associated with a very high 

frequency, and are transformed into discontinuous services. Despite of the convenience of this 

adaptation, it seems essential to include a more coherent distinction between continuous and 

discontinuous service, carried over to the traffic assignment algorithms.  
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11.3.2   Confront the Models to Observations  

The development of any models requires a validation step. There we confront the model 

results  in the case of a transit assignment, the passenger flows  to the field observations in 

order to verify that the model can reproduce correctly the observed flows. That is essential 

when building specific regional models. Since a model is by definition a simplified 

representation of the reality, errors can be present at various stages: at the zone representation 

and the quality and quantity of connectors; at the description of the service network 

(particularly for an extensive and complicated network) and at the travel demand model used 

for the elaboration of the modal origin-destination matrix.  

In addition to the inaccuracy of the modelling data, the model and its very basic assumptions 

need to be validated against observed data sets. The calibration process concerns the 

parameters used throughout the model, such as the in-vehicle comfort and waiting time 

penalties. However, a main difficulty consists in the verification of the assumptions relevant 

to the passenger behaviour. Basic assumptions, such as the complete rationality of the 

economic agents and the use of hyperpaths have to be validated, or at least the conditions for 

which the validity is guaranteed have to be identified.  

The validation process of the regional models requires extensive origin destination surveys 

and passenger flow counts, which are quite onerous. The validation of the modelling 

assumptions is usually the object of particular stated preference surveys. However, the 

development of intelligent transport services and the use of intelligent devices is a major 

source of data. The use of the so-

as cellphones, e-ticketing, GPS devices  that produce a large quantity of information  seems 

necessary for the validation of the basic behavioural assumptions of the assignment models.  

11.3.3   Improve and Enrich the Transit Assignment Models  

Some issues linked to the development of the flow assignment models are finally addressed 

and some future research themes are suggested. A fundamental issue of any transit traffic 

assignment model has to do with the computational time needed. In the case of the CapTA 

model, a single iteration of the bounded model (CWCV) on a large-scale network such as the 

Paris Metropolitan Transit network takes up to 23 minutes in an efficient personal computer. 

A speeding-up of the simulator can be easily achieved, especially so since the algorithm 
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includes many independent processes that can be parallelized. This parallelization process can 

easily reduce the calculation time, although there exists a minimum bound. The calculation 

time is an important issue mainly in schedule-based assignment models that require extensive 

calculations over the reference period. The reduction of the computation time can come from 

more efficient algorithms and the improvement of the convergence for reducing the number of 

iterations needed to reach a satisfactory solution.  

The modular framework is an important element of the CapTA model. The existing models 

can be modified and additional models can be added for modelling more detailed interactions 

between the system components. Such interactions can include the overcapacity effect 

produced when a boarding passenger faces a long waiting time and a very loaded. In fact, the 

boarding passengers are willing to accept  and make the others suffer  higher standing 

densities than the nominal capacity to compensate for a significant waiting time. Therefore 

the nominal capacity seems a strict but flexible variable, sensible to the waiting time of the 

boarding passengers.  

An additional interaction to be modelled concerns the vehicle dwelling. This complex 

phenomenon concerns the boarding and alighting passenger flows and is influenced by the 

general on-platform and in-vehicle conditions. Degraded conditions, attributed to the 

interaction among boarding flows, alighting flows, in-vehicle load, on-platform passenger 

stock and vehicle and platform characteristics may result in longer dwelling times and 

increased travel time variability.  

In these lines, we can sketch other complex interactions. Modelling accurately the in-vehicle 

and on-platform waiting conditions should reveal -offs relevant to the 

waiting conditions. These conditions  seating or standing  depend on the availability of 

seats on the platform and the in-vehicle comfort states. In case in-vehicle sitting is difficultly 

available, a passenger may wait standing to improve his priority to board and his probability 

to get a seat. The decisions relate the perceived in-vehicle travel time and the perceived 

waiting time a  

An additional level of realism will be gained with the modelling of the reliability of the transit 

network: the recurrent small and occasional big delays of the transit services. Although that is 

a random pheno
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service and the perceived travel time. That can be modelled exogenously (as a penalty) or 

endogenously with respect to certain conditions: mixture of heterogeneous services, vehicle 

load, and variability of dwell time. Anyhow, it is important for the evaluation of infrastructure 

projects that seek to improve the reliability of the services.  

In addition to the modelling of particular passenger behaviour, the CapTA model allows the 

modelling of the service operations and the development of particular system sub-models. The 

existing line model includes some elements of the service operation with the modelling of the 

vehicle dwelling. However, the operational model can be extended to account for the delays 

caused by the convergence of rail branches and by the heterogeneity of the service. As long as 

the bus services are concerned, a specific line model can be developed for taking into account 

the influence of general traffic and traffic lights on the travel time and the journey variability. 

Furthermore, an access-egress model can be created for modelling in detail the quality of the 

interface between the intermodal facilities and the private modes (park and ride facilities, bike 

shelters and neighbouring road and pedestrian network) and the modes used for the access to 

and egress from the transit network.  

The development of the intelligent transportation system and the explosion of the use of the 

intelligent devices and of the information available modify profoundly the behaviour and the 

choices of the passengers. A passenger decision is not limited to certain decision points, but 

the multiplication of the intelligent devices allows him to make his choice at any moment. It is 

essential to adapt the existing assignment models and develop new ones to account for the 

way the presence and the type of the real-time information available influences the 
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ANNEX A:  

Vehicle Capacity on the Greater Paris Transit 

Network 

 

 

Introduction 

This annex acts as a census of the characteristics of the rolling stock that circulate on the 

transit network of the Paris Metropolitan Region. All the transit modes are included, from the 

buses and coaches to the regional trains. The characteristics of the vehicles are grouped in two 

parts: the passenger capacity and the exchange capacity of the vehicles. The annex contains 

only the vehicle characteristics that are relevant to the CapTA model. The rolling stock 

described is allocated to transit services used in the simulation in Chapter 9 and 10. The 

asterisk denotes that the value of the attributed is not confirmed. 

 

Passenger Capacity 

The passenger capacity is defined with respect to the seats available and the total passenger 

capacity of the rolling stock on the network. As long as the seat capacity is concerned, we 

Furthermore, the data contain the surface available for the standing passengers (if the folding 

seats are not used).  

 passenger capacity is defined as the sum of the seats (without the folding 

seats) and maximum number of standing passengers admitted, which is the product of the 

surface available for the standing passengers and the maximum density (4 standing passengers 

/ m
2
).  
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The rolling stock is distinguished by transit mode. Table 17 contains the characteristics for the 

Parisian metro. The data are limited to the situation in 2008. The new data of the renovated 

vehicles after 2008 are not included. 

Table 17: The passenger capacity of the metro 

Rolling 
Stock 

Nb of 
carriages 

Line 
Seats (without 
folding seats) 

Seats (with 
folding seats) 

Surface 
(m²) 

Total 
Capacity 

MP 89 CC 6 1 132 242 147 720 

MF 67 5 2 120 264* 114 575 

MF 67 5 3 120 264* 114 575 

MF 67 3 3bis 72 156* 67 341 

MP 59 6 4 144 320 139 700 

MF 67 5 5 120 264* 114 575 

MF 73 5 6 120 266 114 575 

MF 77 5 7 128 240 112 574 

MF 88 3 7bis 64 64 72 351 

MF 77 5 8 128 240 112 574 

MF 67 5 9 120 264* 114 575 

MF 67 5 10 120 264* 114 575 

MF 59 4 11 96 212 92 464 

MF 67 5 12 120 264* 114 575 

MF 77 5 13 128 240 112 574 

MP 89 CA 6 14 144 216 145 722 

* estimation 

Table 18 contains the characteristics of the rolling stock used in the RER and the Commuter 

Rail by the rail operators, RATP and SNCF. Some trainsets are used by both operators and 

have a double name. These are the MI79 (RATP) or Z8100 (SNCF) and the MI84 (RATP) or 

Z8400 (SNCF). In addition, the Z22500 trainset of the SNCF and the MI2N of the RATP are 

very similar in their characteristics, but must be distinguished in matters of their interior 

design and passenger capacity.  

Furthermore, in Table 18, the US makes reference to the elementary train that can run on the 

rail network. The UMx denotes a trainset composed of x elementary trains. The xV represents 

the number of carriages destined to passengers (for the train composition with an engine 

carriage) and the xC symbolizes the number of carriages to compose an elementary train. The 

lines on which these trains are assigned are given on an indicative basis. 
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Table 18: The passenger capacity on the RER and commuter rail 

Rolling Stock Line 
Seats (without 
folding seats) 

Seats (with 
folding seats) 

Surface 
(m²) 

Total 
Capacity 

Z5300.US D, R, N 390 469 101 794 

Z5300.UM2 D, R, N 780 938 202 1588 

Z5600.4C.UM2 C, R 1102 1160 194 1878 

Z5600.6C.US C 883 940 155 1503 

Z6100.UM3 K, H 819 849 198 1611 

Z6300.UM3  534 729 195 1314 

Z6400.UM2 L 730 904 184 1466 

Z6400.GCO.US L 272 272* 100 673 

Z8100.UM2 B 630 856 264 1686 

Z8800.UM2 C, U 1070 1128 186 1814 

Z20500.4C.UM2 C, D, P, L, H 

K 

1200 1200 202 2002 

Z20500.5C.UM2 1608 1608 252 2610 

Z.20900.4C.UM2 C, H, K 968 1000 194 1744 

Z22500.UM2 E 1100 1100 366 2564 

Corail.7V  545 545 113 994 

Corail.8V  623 623 284 1759 

Corail.9V  700 700 145 1278 

Corail.10V  760 760 - 760 

RIB/RIO.8C  880 880 142 1446 

Z20500.4C+5C  1404 1404 227 2306 

X72500.3C.UM2  438 456 - 456 

VB2N.6V J 888 888 155 1510 

VB2N.7V J, H 1045 1045 184 1778 

VO2N.8V PSL 980 980 - 980 

MS61.UM3 A 600 876 322 1887 

Z2N RATP.UM2 A 1056 1056 381 2580 

MI84.UM2 A 432 * 332 1760 

NAT.7C L 318 392 109 754 

NAT.8C J, H 394 486 130 915 

* estimation 

Table 19 summarizes the passenger characteristics of the light rail vehicles. However, they 

contain the bus vehicles that are used in the TVM bus rapid transit line. Furthermore, the light 

rail train Siemens Avanto S70 is usually known with its SNCF name of U25500. 
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Table 19: The passenger capacity of the light rail and bus rapid transit vehicles 

Rolling Stock Line 
Seats (without 
folding seats) 

Seats (with 
folding seats) 

Surface 
(m²) 

Total 
Capacity 

TFS T1 54 58 30 174 

Citadis 302.US - 32 48 45 212 

Citadis.302.UM2 T2 64 96 90 424 

Citadis 402.US T3 78 78* 57 304 

Avanto S70 T4 80 86 41 242 

Irisbus Agora L TVM 45 45* 26 149 

* estimation 

Finally, the passenger capacity of the buses and coaches used in the Paris Metropolitan 

Region are addressed. Nevertheless, the diversity of the rolling stock used and the absence of 

precise information make the allocation of vehicles to transit routes a hard task. The passenger 

capacity of theses vehicles is a product of the information of the Optile (concession of private 

operators) and the RATP to the STIF (the Metropolitan Transport Authority). Table 20 and 

Table 21 report the composition of the fleet and its passenger characteristics of the buses and 

coaches respectively.  

Table 20: The bus fleet composition and its characteristics (source: STIF from Optile and RATP) 

  Optile RATP 

  

Nb of 
Vehicles 

Nb of 
Seats 

Total 
Capacity 

Nb of 
Vehicles 

Nb of 
Seats 

Total 
Capacity 

Standard Bus 2000 21-35 80-125 3660 26-37 91-115 

Articulated Bus  331 35-61 136-198 476 38-58 133-167 

Minibus 44 9-5 17-37 85 9-14 22-32 

Midibus 194 16-25 63-90 72 14-21 55-73 

 

Table 21: The coach fleet composition and its characteristics (source: STIF from Optile and RATP) 

 

Optile RATP 

Nb of 
Vehicles 

Nb of 
Seats 

Total 
Capacity 

Nb of 
Vehicles 

Nb of 
Seats 

Total 
Capacity 

Standard Coach 2011 49-64 49- 95 0 0 0 

Minicoach 48 7-23 7-23 4 16 16 

Midicoach 30 27- 32 27- 38 2 35- 39 35- 39 

 

We observe that there is a big diversity of bus and coaches running in the network. For the 

simulation, we consider a standard bus and coach vehicles by category, whatever their 
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operator. The characteristics of the vehicles included in the simulation of the Greater Paris 

transit network are given in Table 22. 

Table 22: The passenger capacity of the buses and coaches 

Vehicle 
Seats (without 
folding seats) 

Seats (with 
folding seats) 

Surface 
(m²) 

Total 
Capacity 

Standard Bus 31 34 18 103 

Standard Articulate Bus 48 54 26 152 

Standard Minibus  12 12 4 28 

Standard Midibus  21 21 28 77 

Standard Coach  49 49 0 49 

Standard Minicoach 16 16 0 16 

Standard Midicoach 32 32 0 32 

 

Exchange Capacity 

The exchange capacity is defined as the maximum number of passengers that can cross a 

given section. Namely, it is limited to the number and the width of the doors and more 

precisely to the number of flow streams available per vehicle side. A flow stream is defined as 

the width at the door occupied by a single passenger when boarding or alighting a vehicle. 

The standard width of a flow stream is assumed to be 650 mm (EgisRail, 2009).  

For the calculation of the number of flow streams it suffices to divide the width of a vehicle 

door by the elementary width of a flow stream. The number of flow streams per door is the 

result of the division rounded down to the closest integer. The total number of flow streams is 

the sum of the flow streams of all the doors per side of the rolling stock.  

Table 23: Exchange capacity on the metro 

Rolling 
Stock 

Line 
Nb of carriages 

per trainset 
Nb of doors 

per side 
Flow streams 

per side 
Typical door 
width (mm) 

MP 89 CC 1 6 18 36 1650 

MF 67 2 5 20 40 1300 

MF 67 3 5 20 40 1300 

MF 67 3bis 3 12 24 1300 

MP 59 4 6 24 48 1300 

MF 67 5 5 20 40 1300 

MF 73 6 5 20 40 1300 

MF 77 7 5 15 30 1575 

MF 88 7bis 3 9 18 1586 
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Rolling 
Stock 

Line 
Nb of carriages 

per trainset 
Nb of doors 

per side 
Flow streams 

per side 
Typical door 
width (mm) 

MF 77 8 5 15 30 1575 

MF 67 9 5 20 40 1300 

MF 67 10 5 20 40 1300 

MF 59 11 4 24 48 1300 

MF 67 12 5 20 40 1300 

MF 77 13 5 15 30 1575 

MP 89 CA 14 6 18 36 1650 

 

Table 24 resumes the exchange capacity of the rolling stock on the RER and the Commuter 

Rail. However, it is common to a number of trainsets to have doors with different width. 

Namely, for the Z5600 and the similar rolling stock there is: 

 Z5600.4C: composition (ZB+ZRB+ZRAB+ZB). It has 4 doors with a width of 

1300mm and 4 doors with a width of 1800mm 

 Z5600.6C: composition (ZB+3*ZRB+ZRAB+ZB). It has 4 doors with a width of 

1300mm and 8 doors with a width of 1800mm 

On the RER C a variety of rolling stock runs in various compositions (Z8800.4C.UM2, 

Z20500.4C.UM2 and Z20900.4C.UM2). However, they have the same characteristics with 

respect to the exchange capacity. 

Table 24: Exchange capacity on the RER and Commuter Rail 

Rolling Stock Line 
Nb of carriages 

per trainset 
Total nb of 

doors per side 
Flow streams 

per side 
Typical door 
width (mm) 

Z5300.US D, R, N 4 12 24 1250 

Z5300.UM2 D, R, N 8 24 48 1250 

Z5600.4C.UM2 C, R 8 16 32 
1300  1800 

(ZR) 

Z5600.6C.US C 6 12 24 
1300  1800 

(ZR) 

Z6100.UM3 K, H 9 27 54 1700 

Z6300.UM3  9 27 54 1700 

Z6400.UM2 L 8 24 48 1300 

Z8100.UM2 B 8 32 64 1300 

Z8800.UM2 C, D, P, 

L, H, K 

8 16 32 
1300  1800 

(ZR) 

Z20500.4C.UM2 8 16 32 1300  1800 
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Rolling Stock Line 
Nb of carriages 

per trainset 
Total nb of 

doors per side 
Flow streams 

per side 
Typical door 
width (mm) 

(ZR) 

Z20500.5C.UM2 C, H, K 10 20 40 
1300  1800 

(ZR) 

Z22500.UM2 E 10 30 90 2000 

Corail.7V  7 14 14 650 

Corail.8V  8 16 16 650 

Corail.9V  9 18 18 650 

Corail.10V  10 20 20 650 

RIB/RIO.8C  8 24 48 1300 

Z20500.4C+5C  9 18 36 
1300  1800 

(ZR) 

CAR  1 1 1 650 

X72500.3C.UM2  6 6 6 650 

VB2N.6V J 6 12 24 1800 

VB2N.7V J, H 7 14 28 1800 

VO2N.8V PSL 8 16 32 1800 

Z.20900.4C.UM2 C 8 16 32 
1300  1800 

(ZR) 

MS61.UM3 A 9 36 72 1300 

Z2N RATP.UM2 A 10 30 90 2000 

MI84.UM2 A 8 32 64 1300 

NAT.7C L 7 7 21 1950 

NAT.8C J, H 8 8 24 1950 

 

Table 25 groups the exchange characteristics of the light rail trains and the vehicles used in 

the TVM bus rapid transit line. 

Table 25: Exchange capacity on the light rail and bus rapid transit 

Rolling Stock Line 
Nb of carriages per 

elementary unit 
Total nb of 

doors per side 
Flow streams 

per side 
Typical door 
width (mm) 

TFS T1 3 4 8* - 

Citadis 302.US - 5 6 10* - 

Citadis.302.UM2 T2 10 12 20* - 

Citadis 402.US T3 7 8 14* - 

Avanto S70 T4 5 5 10* - 

Irisbus Agora L TVM 1 3 6* - 

* estimation 
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ANNEX B:  

On the In-Vehicle Comfort Model with Folding 

Seats 

 

Introduction 

The in-vehicle comfort model is developed in Chapter 4 and the algorithms are detailed in 

Chapter 8.3.3.2. Furthermore, the folding seats and their activation mechanism are described 

in Chandakas (2009) and developed in Chapter 4.3.3. Annex B presents a variant of the in-

vehicle comfort model, including the effect of the folding seats. Moreover, in chapter 4.3.3.2 

we describe the in-vehicle comfort states available when taking into account the folding seats. 

 

ules 

Every passenger seeks to minimize his perceived travel cost. Therefore, a passenger who is 

standing has the motivation to seat on a normal seat and if he fails on a folding seat. In 

addition, a passenger who is seated on a folding seat wishes to occupy a normal seat, in order 

to reduce the probability to stand later, if the folding seats are deactivated due to the 

downstream density of standing passengers. Therefore, if the number of available seats is not 

sufficient for the standees, only a proportion will be seated.  

Once a seat becomes available, there is competition. At that time, we will have standing and 

at stay on-board with a priority over boarding passengers. We assume 

that folding and standing passengers have equal probability to occupy a normal seat. 

Therefore we have four successive competitions: first, among standing and folding passengers 

for normal seats. Then, for standing passengers to occupy folding seats.  Later for boarding 

passengers to occupy normal seats and if failing, folding seats.  
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The Folding Seat Mechanism 

We define the folding seats as a different in-vehicle comfort state, due to their 

activation/deactivation particularity. Namely, at low levels they can be used to increase in-

vehicle comfort, but at high levels of passenger flow, the passengers are requested to liberate 

their seats to make more room for standing passengers and therefore to improve their standing 

conditions. In that case they join them in standing. On the contrary, when the density of 

standing passengers is reduced, some standing passenger will activate the folding seats. 

However, the precariousness of sitting makes the passengers sitting on folding seats to be 

equally motivated with the standing passengers to occupy normal seats. 

We further describe the conditions for activating and deactivating folding seats. When at 

boarding the standing passengers exceed a given standing density, the passengers on the 

folding seats will be force to give up their seats (deactivate folding seats) for liberating 

standing space and join them in standing. In contrast, when the folding seats are not used and 

the density of standing passengers fall to a certain level, the standing passengers will use the 

folding seats (activating). The density levels for activating and deactivating folding seats 

 

 

Service Leg Cost 

The attribution of a given service mode does not depend on the passenger, since he will 

always try to improve his travelling conditions and occupy a less onerous comfort state. The 

seat allocation process includes three comfort states and two user classes, with transition 

probabilities between each state and for each class of passengers. We define the following 

state transitions: ro
zip

),/(  for through and boarding passengers that occupy a normal seat and 

ro
zip

~),/(  for through and boarding passengers that occupy a folding seat. Finally, the dual 

variable f
zi  is used to state whether the folding seats comfort state is activated ( 1f

zi ) or 

not ( 0f
zi ). On the basis of these probabilities and the binary variable, the generalized time 

of the access-egress service leg is calculated in a recursive way. 
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Service Flow Loading Model: Implementation Algorithm 

-egress matrix to the seating, 

folding seats and standing states, along the line segments and therefore to establish sitting and 

folding sitting probabilities at station i  for standing passengers, either boarding or on-board. 

We use the access  egress trip matrix (of route legs). At a station we have r
izzk ,  the 

available capacity at arrival for each comfort state r , r~ . The algorithm calculates the 

probabilities for occupying a comfort state when on-board, ro
zip

. , or boarding r
zip

, . The line 

algorithm treats each station at a topographic order from upstream to downstream. The 

algorithm is built in seven steps, as follows. 

Algorithm FS_COMF_ALC: 

Input: 

zisb : the passenger flow of the ),( ji  access  egress station couple, ziiszisb  

zNs
sr
zay ][ : the vehicle passenger flow with comfort state r  per egress station zNs  on an 

arc a  of a route Zz   

r
zak : the available vehicle capacity for comfort state r  on an arc a  of route z . The sitting 

state is given by r , r~  and the standing state is r  

a
zA : the surface available on the vehicle for the standing passengers when the folding seats 

are in use 
d
zA : the surface available on the vehicle for the standing passengers when folding seats are 

not in use  
a

d : the critical density of the standing passengers for the activation of the folding seats 
d

d : the critical density of the standing passengers for the deactivation of the folding seats 

 

Output: 

zNs
sr
zay ][ : the updated vehicle flow with comfort state r  per egress station. 

r
zak : the available vehicle capacity for comfort state r  on an arc a  of route z  

ro
zip

, : the probability of occupying a seat if standing on-board at i  

r
zip

, : the probability of occupying a seat if boarding at i  

zid : the density of standing passengers at i  

f
zi : the state of folding seats at i  

 

Initialization: 
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Folding seat activation and deactivation vehicle critical volumes: 
d
z

ar
z

a
Adky  for the activation of the folding seats 

a
z

dr
z

r
z

d
Adkky

~
 for the deactivation of the folding seats 

1f
zi  

 

Main:  

Step 1  Seat liberation: Residual capacity per comfort state (seats and folding seats) after 

seated passengers alight: 
ri

izz
r

izz
r

iiz ykk
,

,,,  for seat capacity 

ri
izz

r
izz

r
iiz ykk

~,
,

~

,

~

,  for folding seat capacity 

 

Step 2- Folding Seat Status:  

Vehicle volume on-board at departure: 
is r

r
zizziz yy ,,  

If 11
f

zi  (folding seats are used) and d
ziz yy , , then 

 0f
zi  and 0

~r
zk  

 for is , rs
iiz

rs
iiz

rs
iiz yyy

~,
,

,
,

,
,  and 0

~,
,

rs
iizy  

else if 01
f

zi  (folding seats are not used) and a
ziz yy , , then 

 1f
zi  and r

zo
r
z kk

~~
 

else if 01
f

zi  (folding seats are not used) and a
ziz yy , , then 

 0
~,ro

zip  and 0
~,r

zip  

 

Step 3  On-board competition for seats:  

- 
is

rs
iiz

r
iiz yy

,
,,  for on-board standing passengers and  

- 
is

rs
iiz

r
iiz yy

~,
,

~

,  for on-board passengers on folding seats 

- };1min{
~

,,

,,

r
iiz

r
iiz

r
iizro

zi

yy

k
p  for probability of sitting at i , or 1,ro

zip  if the vehicle 

flows are 0
~

,,
r

iiz
r

iiz yy  

- )(
~

,,
,

,,
r

iiz
r

iiz
ro

zi
r

iiz
r

iiz yypkk , updating residual seat capacity and 

respectively for the folding seats 
r

iiz
ro

zi
r

iiz
r

iiz ypkk
~

,
,~

,

~

,  

- for is , 
rs

iiz
o
zi

rs
iiz

rs
iiz ypyy

,
,

,
,

,
, , 

rs
iiz

ro
zi

rs
iiz ypy

~,
,

,~,
, )1(  

and standing 
rs

iiz
ro

zi
rs

iiz ypy
,

,
,,

, )1(  for egress flows 

 

Step 4  On-board competition for folding seats:  
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if 1f
zi , on-board competition for folding seats, then 

 - };1min{

,

~

,~,

r
iiz

r
iizro

zi

y

k
p  at i , or 1

~,ro
zip  if 0,

r
iizy  

- r
iiz

ro
zi

r
iiz

r
iiz ypkk ,

~,~

,

~

, , updating residual capacity 

- for is , rs
iiz

ro
zi

rs
iiz

rs
iiz ypyy

,
,

~,~,
,

~,
,  and rs

iiz
o
zi

rs
iiz ypy

,
,

,,
, )1(  

 

Step 5  Boarding competition for seats: 

 
is ziszi bb  for boarding passengers 

 };1min{
,,

zi

r
iizr

zi
b

k
p  for probability of sitting at i , or 1,r

zip  if 0zib  

zi
r

zi
r

iiz
r

ziz bpkk
,

,, , updating residual capacity 

for is , zis
r

zi
rs

iiz
rs

ziz bpyy
,,

,
,

,  and zis
r

zi
rs

iiz
rs

ziz bpyy )1( ,,
,

,
,  for egress 

flows 

 

Step 6  Boarding competition for folding seats: 

 if 1f
zi , boarding competition for folding seats, then 

 - };1min{

,

~

,~,

r
ziz

r
iizr

zi

y

k
p  at i , or 1

~,r
zip  if 0,

r
zizy  

- r
iiz

r
zi

r
iiz

r
iiz ypkk ,

~,~

,

~

, , updating residual capacity 

- for is , rs
iiz

r
zi

rs
iiz

rs
iiz ypyy

,
,

~,~,
,

~,
,  and rs

iiz
r

zi
rs

iiz ypy
,

,

~,,
, )1(  

 

Step 7  Density of standing passengers: 

d
z

f
zi

a
z

f
zi

is

rs
ziz

zi
AA

y
d

)1(

,
,

, the density of the standing passengers at station i  

END 

Service Leg Costing Model: Implementation Algorithm 

The FS_INV_COST algorithm is called by the UNZIP algorithm (see Chapter 8.3.2). 

Similarly to the INV_COST algorithm in Chapter 8.3.3.2, by egress station of the service 

route the cost from each access station is constructed in a recursive way by using the sitting 

probabilities calculated by the FS_COMF_ALC algorithm. The most significant 

modifications concern the use of three auxiliary variables for the calculation of the cost: 
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 r
siz ),(  is the auxiliary cost if a passenger is standing at i . Downstream he may 

improve his comfort by occupying a seat or a folding seat; 

 r
siz

~

),(  is the auxiliary cost if a passenger occupies a folding seat at i . Downstream he 

may improve his comfort by occupying a seat, or degrade and stand it if the folding 

seats are deactivated; 

 ),( siz  is the auxiliary cost if a passenger does not occupy a seat at i . This cost 

depends on the probability of occupying a folding seat state or not at station i , or find 

a seat at a downstream station 1i . 

The service leg cost formation is outlined hereby: 

Algorithm FS_INV_COST: 

Input: 

zat : the physical time of the arcs of the service z  

r
za : the discomfort factor related to state r  

zNi
ro

zip ][ , : the probability of occupying comfort state r  at i  

zNi
r

zip ][ , : the probability of occupying comfort state r  at i  

zNi
f

zi ][ : the state of folding seats at i  

 

Output: 

),( sizt : the average travel time by station couple issi :),( , at i  for the service z   

),( sizg : the average generalized time of the service leg between a station couple issi :),(  

 

Main:  

For each egress station is  in a reverse topological order of the service: 

- ),(),(),( sjzjizsiz ttt , the physical time for ),( jia  

- 
r

sjz
r

jiz
r

siz ggg ),(),(),( , the leg time for comfort state r  (seated) 

- ])1()[(1( ),1(

~,
1

~

),1(

~,
1

,
1)1,()1,(),(

r
siz

ro
zi

r
siz

ro
zi

ro
zi

r
iiziiz

r
siz pppt , the auxiliary 

variable if standing at i , 

- ])1()[(1( ),1(1

~

),1(1
,

1

~

)1,()1,(

~

),(
r

siz
f

i
r

siz
f

i
ro

zi
r

iiziiz
r

siz pt , the auxiliary 

variable if occupying a folding seat at i , 
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- r
siz

ro
zi

r
siz

r
zi

r
siz

r
zisiz gppp ),1(

,
1),(

~,~

),(

~,
),( )1( , the auxiliary variable if not 

seated at i , and  

- ),(),(),( )1( sizzi
r

sizzisiz pgpg , the average generalized time of the service leg 

END 

Conclusion 

The algorithms presented in the annex address the inclusion of the folding seats and their 

activation mechanism in the calculation of the in-vehicle comfort. The added complexity is 

not significant and the general mathematic framework remains valid. 
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