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1.1 Context

Scenario studies simulate the whole fuel cycle over a period of time, from extraction of natural
resources to geological storage. Transition scenario studies compare different reactor ¯eet evo-
lutions, such as introduction of SFR, and fuel management options, such as plutonim recycling
or minor actinides partitioning and transmutation, for the future nuclear fuel cycle. There-
fore, they constitute a decision-making support. Consequently uncertainty propagation studies,
which are necessary to assess the robustness of the studies, are strategic. In the frame of the
French act for waste management, these studies evaluate the sustainability of SFR deployment
in terms of plutonium availability, as well as the impact on fuel cycle facilities of minor actinides
transmutation.

Scenario codes, such as COSI, contain advanced physical models, validated with reference codes,
for cooling, depletion, and equivalence. They model the mass ¯ows )actinides, ®ssion products,
etc.* and their isotopic composition between the different fuel cycle facilities in dynamic scenar-
ios.

However, several parameters generate uncertainty in scenario studies:

� nuclear data, such as cross-sections and ®ssion yields?
� scenario parameters, for fuel reactors and facilities description, such as fuel burnup or

reprocessing plant recovery rate.

The need to evaluate the uncertainty propagation on scenario results is all the more impor-
tant that transplutonium elements may have a signi®cant impact on facilities, and their cross-
sections have a greater uncertainty than major actinides. Furthermore, recent scenarios have
been produced through fuel cycle optimization, consequently their sustainability may be more
impacted by these sources of uncertainty.

The aim of this work is to develop and use an uncertainty propagation method for of dynamic
transition scenario studies, and to apply this method to reference scenarios.

This work is limited to the uranium-plutonium cycle.

1.2 Analysis of the problem

Computation codes used in this work are presented in chapter 2. Scenario computations are
performed with COSI )see section 2.2*, irradiation and cooling computations are performed with
CESAR )see section 2.1*.

A scenario computation is a complex object. Recent scenario computations model the behavior
and the interaction of dozens of reactors, fuel cycle facilities, mass ¯ows? and timescales are both
continuous and discontinuous, with the presence of many threshold effects:

� continuous: irradiation and cooling models, recovery rates, mass losses, etc.?
� discontinuous: fuel management and reprocessing strategy )batches are not homogenized*.

A ®rst uncertainty propagation method would be based on perturbation of analytical fuel cycle
equations. Recent studies [1.1] have shown that obtention of analytical formulae for the fuel cycle
comes at the price of important simpli®cations and hypotheses on ¯uxes, spectra, core geometry,
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equivalence models, cross-sections, etc. These hypotheses may have an important impact on both
results and their associated uncertainty.

Stochastic uncertainty propagation methods seem well suited to such complex problems, such as
scenario studies: sampling input parameters according to their distribution, with consideration
of proper correlation between parameters, and analysis of the system output )variance, correla-
tions, etc.* gives information concerning uncertainty propagation in the system. This method
does not require hypotheses nor physical simpli®cation of the model, and is well adapted for
interaction analysis between the different variables.

One of the main drawbacks of this method is the computation time, and the number of eval-
uations required to compute variance, or other results of interest, with a satisfying precision.
It is dif®cult to assess such number, but it increases with the number of parameters and the
complexity of the system. In a scenario computation, many parameters are associated with an
uncertainty. These parameters include )see chapter 5*:

� nuclear data, used for depletion and equivalence models )see section 5.2*:
± cross-sections: covariance matrices of a high number of nuclides, including actinides

and ®ssion products?
± ®ssion yields: spectrum-dependent ®ssion yields uncertainties?

� scenario parameters, for fuel, reactors and plants description )see section 5.3*:
± rates of the different fuel cycle plants?
± fuel burnup and reactor power, yield, load factor, etc.?
± reprocessing strategy )list of batches, fuel types, etc.*?
± composition of natural uranium, etc.

The total amount of parameters is generally around 200 1, which means that the number of runs
required for uncertainty propagation is at least 200.

In the case of recent scenario studies, COSI execution time is between a few hours )mass bal-
ances* to more than 24 hours )inventories*. Computation time heavily depends on the scenario
complexity and details, the type of reactors, and scenario duration )generally more than 150
years*. Taking into account the fact that a COSI simulation requires a high amount of RAM,
and is not distributed in the general case )overlapping of simultaneous runs on the same work-
station*, we obtain unreasonable uncertainty propagation timescales. Therefore, it is necessary
to ®nd a method to accelerate such computation.

A solution to this problem would be to perform uncertainty propagation studies on simpli®ed
scenarios, and generalize the results to complex scenarios, possibly with a transposition factor
taking into account the transposition of results. Such transposition factor could be built from
representativity, using a methodology similar to [1.2], with a scalar product between sensitivity
vectors in both versions of the scenario, weighted by the covariance matrix. However, scenario
computations are very nonlinear, and many threshold effects appear and disappear during the
complexity increase and sophistication process, therefore sensitivity measures would not be suf-
®cient to build such factor. Consequently uncertainty obtained with simpli®ed scenarios might
not be representative of actual uncertainties.

Simpli®cation cannot occur in the scenario itself. However, the physical models may be simpli-
®ed, as every physical information in the system does not contribute to the results of interest,

1In the case of a reference burnup uncertainty propagation computation, the number of parameters is approxi-
mately 5000 )see section 6.2.2.4*.
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and many parameters may be negligible. Decomposition of the simulation time gives the follow-
ing result:

� irradiation and cooling models: � 99= for most results?
� other physical models )equivalence, decay heat, fuel management, etc.*: << 1=?
� various operations: � 1=.

We observe that irradiation and cooling models are heavily dominant, while the impact of other
models and operations on the computation time is negligible. We also observe that the more
complex the scenario is, the more negligible other models are. Consequently, the computation
time problem can be solved through simpli®cation of these physical models, provided the sim-
pli®ed models compute results of interest accurately enough and the computation time gain is
signi®cant.

In section 1.3 we expose the methodology used in this work so as to accelerate such models.

1.3 Physical models for uncertainty propagation

1.3.1 Nuclides of interest

Most of the scenario results are directly linked with the isotopic composition of stocks or fuel
batches. Consequently it is not possible to reduce the system to a scalar mass. Furthermore,
previous studies 2 have shown that considering a system composed of only a few elements, such
as uranium and plutonium, does not give satisfying results as soon as PWR MOX or SFR MOX
are involved.

However, every nuclide does not contribute to scenario results of interest. For instance, stable
®ssion products have no impact on decay heat, or actinides inventories. Consequently it is not
necessary to calculate them in this work. Furthermore, reduction of the list of nuclides to be
estimated reduces the amount of RAM required for the computation and accelerates the mass
¯ows computation. The list of nuclides that have to be calculated in this work is presented in
sections 3.1.1.1 and 3.2.1.2.

1.3.2 Cooling computation

First, in the case of cooling, the COSI reference scheme runs CESAR )depletion code coupled
with COSI* to perform cooling computation for each fuel batch and stock. In COSI, each time
information concerning isotopy of a given fuel batch or any stock is accessed, a cooling compu-
tation is performed. Isotopy is accessed very often because most of the intermediate operations
and results )fresh fuel composition, update of stocks composition, decay heat tests, etc.* require
this information. Consequently, several thousands of cooling computations are performed with
CESAR during a scenario computation.

In this work, we replaced CESAR cooling computation with simple analytical cooling formulae.
This operation is discussed in section 3.2.4.2. As a limited analytic cooling model was already
implemented in COSI, we used the structure of this model, and simply added nuclides of interest
in terms of scenario results, such as several ®ssion products.

2CEA communication, 2012
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1.3.3 Irradiation computation

1.3.3.1 Surrogate models

A surrogate model is a simple analytical model of a computation code. It is generally built
when performing operations that require a high number of code runs, such as optimization or
uncertainty propagation. A simple example of surrogate model is the linear regression, which is
an accurate estimator of the system output in function of the input, where the system is locally
linear.

There are many types of surrogate models:

� multiple linear regression?
� polynomial regression?
� arti®cial neural networks?
� kriging, etc.

The type of surrogate model is generally chosen in function of the nature of the problem: number
of parameters, non-linearity and interactions, etc.

1.3.3.2 Parameters taken into account

Two types of parameters have to be taken into account for surrogate models. First, the surrogate
model must correctly estimate the results of the code, therefore parameters with a non-zero
sensitivity are included. Discussions and sensitivity studies determining the impact of these
parameters )fresh fuel composition, irradiation parameters, etc.* are presented in section 3.1.2.1.

Surrogate models also have to model uncertainty propagation. However, several parameters
subject to uncertainty, such as cross-sections, are not directly included in CESAR data set, con-
sequently we had to add these parameters as well, and perform perturbed depletion computa-
tions so as to take these parameters into account. In the case of cross-sections for estimation of
actinides concentration in spent fuel )see section 3.1.2.1.4*, we study impact of scattering cross-
sections and spectra, and take into account capture and ®ssion cross-sections of approximately
20 actinides. Impacts of decay energies and effective ®ssion energy are discussed as well.

In the case of ®ssion products )FP* estimators, more parameters are taken into account )see
section 3.2.2.1*. The ®ssion yields uncertainties and the capture cross-sections of several ®ssion
reactions are included as well. In section 3.2.2.1.4.2 we provide a sensitivity study concerning
capture cross-sections impacting ®ssion products of interest.

1.3.3.3 Construction of surrogate models

In this work, we constructed surrogate models of the irradiation code CESAR, which means
we built estimators of CESAR output in function of its input. However, we have to model the
concentration in spent fuel of several nuclides for every depletion computation. Consequently
the surrogate models are not directly estimators of the output, but a set of estimators: at least
one for each nuclide of interest.

Furthermore, the CESAR domain of validity is very wide. It covers most of the existing fuel
types and associated irradiation: PWR UOX, PWR MOX, PWR reprocessed uranium, SFR MOX,
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fertile blankets, MA bearing blankets, etc. Consequently, we divided this domain into different
sub-domains, and built a set of estimator in each sub-domain.

First, we built polynomial regressions for actinides. This type of estimator was chosen because of
the physical meaning of its internal parameters: linear terms are slopes, interaction is modeled
with multiplication of parameters, etc. Section 3.1 describes the construction process of such
estimators, according to the usual process:

1. sample parameters )section 3.1.2*?
2. run the code on the design of experiments?
3. build and test estimators )section 3.1.3.1*.

In the general case, polynomial regressions return satisfying results: the estimators are very
close to the code results. However, several nuclides remain hard to estimate correctly, such
as most of the curium isotopes. Rather than increasing the complexity )number of monomials,
degree* of polynomial estimators, which has diminishing returns and introduces over-®tting, we
decided to use a different type of estimators.

Arti®cial Neural Networks )ANN* seem to be adapted to the characteristics of irradiation com-
putations. Indeed they are well adapted for moderately nonlinear functions of a moderately high
number of parameters. Their construction follows the same scheme as polynomial estimators,
and is described in section 3.1.3.2, which also features a few studies aiming at simplifying and
formatting the sample.

ANN gave satisfying results, and the dif®cult cases for polynomial regressions were signi®cantly
improved using ANN. Consequently, ANN were also used for estimation of radioactive ®ssion
products, which contribute to decay heat. Some of these ®ssion products are especially hard to
estimate because they are radioactive, depend non-linearly on cross-sections of both actinides
and ®ssion products, and have to be parameterized with a high number of ®ssion yields. Section
3.2 describes the process of ®ssion products estimators construction. First, ®ssion products con-
tributing to decay heat )and their parents, through decay or neutron capture* are identi®ed, then
physical parameters generating uncertainty in these FP concentrations are discussed. Finally,
ANN FP estimators are built.

An essential step during construction of ANN estimators is their validation:

� result accuracy?
� uncertainty propagation capabilities.

Every estimator needs to be tested on a test sample, in general different from the learning sam-
ple. Different quality indicators are tested.

1.3.3.4 Implementation

Both polynomial regression and ANN were implemented in COSI, and a new, fast computation
scheme, named COSI-MeSAR, was established. The time gain is superior to 1000 for complex
scenarios, and computation time is between a few seconds and a few minutes for any of the
scenarios modeled in this work. Implementation was performed so as to be user friendly: it is
very easy to import a pre-existing scenario and switch its scheme to COSI-MeSAR.
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1.3.4 Equivalence models

A second type of physical model in scenario computation also generates uncertainty: the equiv-
alence models. They are discussed in chapter 4. The equivalence models calculate the fresh fuel
enrichment )for instance plutonium content in PWR MOX* so as to be representative of nominal
fuel behavior. The equivalence condition is generally formulated in terms of end-of-cycle mean
core reactivity. As this results from a physical computation, it is therefore associated with an
uncertainty.

First, the state of the art of equivalence models is exposed and discussed. The conclusion is that
the present equivalent models, as implemented in COSI, are not suited to uncertainty propaga-
tion computation, for the following reasons:

� existing analytical models neglect irradiation, which has a strong impact on the result and
its uncertainty?

� current black-box models are not suited to cross-sections perturbations management?
� models based on transport and depletion codes are too time-consuming for stochastic un-

certainty propagation.

Consequently, a new type of equivalence model is developed, and exposed in section 4.3. It is
based on ANN, constructed with data calculated with neutron transport and depletion codes.
The input of the model are the fresh fuel isotopy, the irradiation parameters )burnup, core frac-
tionation, etc.*, cross-sections perturbations and the equivalence criterion )for instance the core
target reactivity in pcm at the end of the irradiation cycle*. The output of the model is the fresh
fuel content such that target reactivity is reached at the end of the irradiation cycle. Those
models are built then tested on databases calculated with APOLLO2 )for thermal spectra* and
ERANOS )for fast spectra* transport calculation. A short preliminary uncertainty propagation
and ranking study is then performed for each equivalence models.

1.4 Uncertainty data

1.4.1 Classi®cation

We classi®ed different types of parameters generating uncertainty in scenario computations:

� nuclear data, linked to physical measure, such as cross-sections?
� scenario parameters, linked to the nuclear industry.

In chapter 5, we estimate and discuss the uncertainty value associated with these parameters.

1.4.2 Nuclear data

Several physical parameters generate uncertainty in scenario studies via evolution and equiva-
lence models. First, we studied cross-sections )see section 5.2.1*. Cross-section covariance matri-
ces contain their energy-dependent uncertainty and correlation, for a given energy mesh. How-
ever, the physical models in COSI do not handle multi-group data, therefore it was necessary to
produce 1-group uncertainties, adapted to each spectrum of interest, from covariance matrices.
Furthermore, as transition scenario computation model different types of reactors in the same
simulation, knowledge of correlation of cross-sections in different spectra was required.
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Therefore we developed a method that calculates such uncertainty, as well as correlations be-
tween 1-group cross-sections of different reactions, in different spectrum. For instance, this
method calculates the correlation between 238U capture cross-section in PWR UOX and PWR
MOX spectra, or the correlation between 239Pu capture in PWR UOX spectrum and 239Pu ®ssion
in SFR spectrum.

Given that ENDF B-VII contains uncertainty data for all cross-sections of interest, we based this
work on this evaluation. First, we built covariance matrices in convenient energy meshes from
the evaluation, then we produced the sensitivity vectors used in this condensation method, then
we applied the method to produce relative standard deviation and correlation for the nuclides of
interest. Results are exposed in section 5.2.1.5.

Fission yields also generate uncertainty. However, data in a convenient format is already avail-
able in nuclear data evaluations )see section 5.2.2*. We also chose ENDF B-VII so as to be
consistent with cross-sections uncertainty data.

We note that these results were also used during construction of depletion and equivalence mod-
els, so as to parameterize them accordingly.

1.4.3 Scenario parameters and hypotheses

Several parameters of the nuclear industry used in scenario simulations are associated with
uncertainty, variability or indecision. They are discussed in section 5.3. First, we separated this
set of parameters into two subsets:

� scenario parameters , which generate uncertainty?
� scenario hypotheses, which constitute the scenario backbone, and depend on decision-making

hypotheses, not measurement or prediction uncertainties.

The list of scenario parameters )see section 5.3.3* generating uncertainty was established, and
the uncertainty or at least the range of these parameters was estimated. This work is based
on industrial feedback and experimental results. Scenario parameters include burnup, fuel fab-
rication time, reprocessing plant recovery rates, mass losses at different fuel plants, etc. Due
to COSI data structure, burnup uncertainty can be dif®cult to model in pre-existing scenarios,
and the uncertainty propagation method becomes dif®cult to apply, and requires a deep data
set modi®cation as well as introduction of thousands of parameters. Therefore, a study dedi-
cated to burnup uncertainty is performed in section 5.3.3.8, and different sampling methods are
discussed, so as to take burnup uncertainty and correlation into account in an appropriate way.

Scenario hypotheses )see section 5.3.2* are not associated with any uncertainty in these studies:
we considered that changing a scenario hypothesis generates a different scenario. Those param-
eters include: fuel type, stretch-out, reactors starting date, reprocessing capacity, etc. However,
sensitivity studies can be performed to assess the impact on the fuel cycle.

1.5 Uncertainty propagation studies

1.5.1 Method

Uncertainty propagation studies are performed in section 6.
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The uncertainty propagation methodology is straightforward: we sample the parameters asso-
ciated with an uncertainty according to their distribution and analyze the distribution of the
results. Correlations between parameters are taken into account when available. In studies
that consider different parameters, we sampled these parameters altogether. We also performed
several other studies, such as decomposition of variance, which consists in impact magnitude
analysis of the different parameters? or feasibility studies, which determine the probability that
scenarios fail at a given moment, mostly because of a lack of ®ssile material.

1.5.2 Applications

First, in section 6.1 we calculate uncertainty and analyze the variance of spent fuel concentra-
tions in the frame of irradiation computations for PWR UOX, PWR MOX and SFR fuel, so as
to determine the uncertainty of spent fuel concentrations for nuclides of interest, as well as the
contribution of the different physical parameters to the uncertainty. Even though input parame-
ters of the depletion models vary in a scenario calculation, this study gives an idea of the impact
magnitude of different physical parameters.

In section 6.2.1, we compare the COSI results with the results obtained with the new scheme
COSI-MeSAR in the frame of the French historical PWR ¯eet )scenario A*. Then, we compare
these results with ANDRA data. The results are discussed in section 6.2.1.5.

In section 6.2.2 we work on an industrial transition scenario )scenario B*, whose hypotheses
are discussed between CEA and its industrial partners. First, we perform a brief uncertainty
propagation, taking into account burnup uncertainty only. Then, we used this scenario so as
to test the simpli®ed burnup sampling methods de®ned in section 5.3.3.8 and their impact on
several scenario results of interest.

In section 6.2.3, we work on an academic transition scenario )scenario C*, which models SFR de-
ployment without minor actinides transmutation. First, we calculate nuclear data and burnup
uncertainties propagation on a few scenario results. Then, we analyze the behavior of data-
driven equivalence models, whose construction is explained in section 4, in scenario compu-
tations. After that we discuss the impact of burnup and nuclear data uncertainties through
equivalence models on scenario results.

Finally, in section 6.2.4, we study a transition scenario )scenario D, which is based on scenario
C*, which models SFR deployment with americium only transmutation in americium bearing
blankets. First, we calculate nuclear data and burnup uncertainties propagation on several
scenario results: global actinides inventories, natural uranium consumption, fuel fabrication
needs and spent fuel inventory. Then, we analyze the contribution of nuclear data and burnup to
total variance on different types of results. After that, we perform a feasibility study for scenario
D, which consists in calculating the probability that ®ssile material lacks at a certain point.
We also provide several sensitivity studies to parameters such as reprocessing plant recovery
rate and front-end durations, and analyze the impact of decay heat uncertainty on the scenario
feasibility.

These applications of the method allows us to conclude on uncertainty propagation in scenario
studies with COSI.
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2.1 Evolution: CESAR

2.1.1 Introduction

CESAR [2.1] )Code d'+volution Simpli®" Appliqu" au Retraitement, Simpli®ed Evolution Code
Applied to Reprocessing* is a simpli®ed depletion code. It computes nuclear fuel evolution in
)irradiation* and out )cooling* of the reactor, as well as physical parameters of interest: mass
balance, decay heat, radio-toxicity, etc.

CESAR has been developed by CEA and AREVA NC for 30 years, and provides characterizations
for all types of nuclear fuel and waste, as well as structural materials.

In this work, the CESAR5.3 version was used. It is based on JEFF-3.1.1 [2.2] nuclear library, and
is constantly checked against the CEA referenced and quali®ed depletion code DARWIN [2.3].
CESAR incorporates the CEA quali®cation based on dissolution analyses of fuel rod samples as
well as La Hague reprocessing plant feedback experience.

CESAR is the reference code used at AREVA La Hague to compute evolution, in and out of pile,
of spent fuel physical parameters including activity, decay heat, neutron and gamma sources
and spectra, in the frame of technical and economic studies, fuel acceptance and fuel physics
characterization, criticality studies, decay heat studies, etc.

CESAR5.3 quali®cation results are available in [2.1].

2.1.2 Nuclear data

In order to solve numerically Bateman irradiation equation )see section 2.1.3.2*, CESAR requires
nuclear data, including:

� atomic masses?
� cross-sections?
� ®ssion yields?
� radioactive decay periods?
� energies )®ssion, capture, decay, etc.*.

Masses and periods do not depend on the spectrum, therefore they are extracted one and for all
from nuclear databases.

Fission and capture energies depend on the spectrum because they are a function of the incident
neutron energy.

Fission yields also depend on the spectrum. CESAR5.3 uses two ®ssion yields databases, one
for thermal spectra and one for fast spectra. PWR MOX are considered as thermal. The energy-
integrated ®ssion yield � is approximated by an average of ®ssion yields for fast and thermal
neutrons weighted by ®ssion rates � in typical thermal and fast spectra.

� =
� thermal

� thermal + � fast
� � thermal +

� fast

� thermal + � fast
� � fast )2.1*

This approximation is possible because ®ssion yields are not very sensitive to the incident neu-
tron energy.
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The case is different for cross-sections. They are extremely energy-dependent, and are subject
to complex and non-linear phenomena such as resonances. As a consequence, cross-sections are
heavily dependent on the spectrum at any irradiation time, i.e. any burnup step. However, CE-
SAR is not a neutron transport code, and cannot evaluate the spectrum at each burnup step.
Furthermore, CESAR is an industrial code, which means it has heavy CPU time constraints:
performing transport computation at each burnup step is therefore not possible. The adopted
strategy was to build cross-sections estimators, so as to predict them at each moment of irradia-
tion.

As explained, cross-sections are functions of the spectrum, which is itself a function of the fuel
composition at a given time, and fuel composition at any burnup step solely depends on the fresh
fuel composition and the burnup. Therefore, for a given geometry, fresh fuel composition and
burnup are suf®cient to build cross-sections estimators.

In the case of CESAR, cross-sections are estimated by Legendre polynomials. The design of
experiments for construction of these polynomials is one step at a time )OAT*. Parameters de-
pend on the fuel type, and may include different parameters chosen in function of the fresh fuel
composition:

� burnup?
� 235U initial enrichment?
� 239Pu initial content, etc.

Prior transport computations are required to calculate cross-sections. They are generally per-
formed using APOLLO2 [2.4] in the case of thermal spectra and ERANOS [2.5] in the case of
fast spectra. Transport calculations are based on reference calculation schemes. Creation of
cross-sections estimators, in function of burnup and different transport computation parame-
ters, is performed by APOGENE tool [2.1]. Finally, 1-group parameterized cross-sections are
stored in ciphered data libraries called BBL . Each BBL has its own domain of validity in terms
of fresh fuel composition, burnup and speci®c power.

Figure 2.1 illustrates the process of nuclear data generation for a CESAR5.3 computation, and
then irradiation computation. The parameters are as follows:

� � (E ) : point-wise cross-sections?
� � (BU ) : burnup-dependent )and potentially fresh-fuel dependent* energy-integrated cross-

sections?
� y0 : fresh fuel mass fraction?
� BU : burnup?
� � t irr : irradiation time.
� N : concentrations after irradiation.

The steps in the blue frames concern nuclear data and are performed once and for all for each fuel
type. They represent the construction of a BBL. Data in the green frame is the set of parameters
fora CESAR computation. CESAR computation is in the red frame, and results in the orange
frame.
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Figure 2.1: Nuclear data generation for CESAR5.3

2.1.3 Evolution calculation

2.1.3.1 Introduction

Evolution computation means resolution of a differential equations system: Bateman equations.
We denote � � , � � + , � � ! , � IT , � SF the � , � + , � ! , isomeric transition and spontaneous ®ssion decay
constants respectively. We also denote Rx the branching ratio of decay mode x and Tx its half-life.
We have:

8
>>>>>>>>>>>>><

>>>>>>>>>>>>>:

� total =
P

i 2 decay modes
� i

Ttotal =
ln(2)
� total

� x = Rx � total

1 =
P

i 2 decay modes
Ri

)2.2*

The Bateman equations in irradiation and cooling computation are discussed in the next para-
graphs.

2.1.3.2 Irradiation calculation

2.1.3.2.1 Flux computation

The ®rst step consists in computing the ¯ux. The time variable is discretized. Flux is evaluated
at each time step. We denote t the number of the considered time step. The ¯ux at t is computed
in function of the system state at time (t  1). We have:
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� for the system:

± BU the burnup )in MWd/tHM i.e. MegaWatts days per ton of initial heavy metal*?

± � the neutron ¯ux )in n.m ! 2.s! 1 ie neutrons per square meter per second*?

± HN the heavy nuclides )actinides* )dimensionless*?

± F P the ®ssion products )dimensionless*?

± AP the activation products )from impurities and structure materials* )dimensionless*?

± m0 the initial heavy nuclides mass )tons*

� for isotope i :

± NF (i ) the cumulative number of ®ssions )dimensionless*?

± NC (i ) the cumulative number of captures )dimensionless*?

± E f (i )the mean ®ssion energy )MWd*?

± Ec(i ) the mean capture energy )MWd*?

± � r energy-integrated cross-section of reaction r on isotope i
)c@capture, f@®ssion, a@absorption� f;c*.

The burnup is calculated as follows:

BU =

P

i 2 HN
NF (i )E f (i ) +

P

i 2f HN;F P;AP g
NC (i )Ec(i )

m0
)2.3*

The cumulative number of ®ssions and captures are given by:
8
>>><

>>>:

dNF (i 2 HN )
dt

= � f (i; t ) � N (i; t ) � � (t)

dNC(i 2 HN; F P; AP )
dt

= � c(i; t ) � N (i; t ) � � (t)

)2.4*

We consider time intervals � t small enough to integrate the previous equations. Let � NF denote
the number of ®ssions between t and t + � t, and � NC the captures. Then, we have:

8
>>><

>>>:

� NF =
P

i 2 HN
� f (i; t  1) � N (i; t  1) � � (t) � � t

� NC =
P

i 2f HN;F P;AP g
� c(i; t  1) � N (i; t  1) � � (t) � � t

)2.5*

Finally the ¯ux is calculated as:

� (t) =
� BU

� t
�

m0
P

i 2 HN;F P;AP
N (i; t  1)

�
� f (i; t  1)E f (i ) + � c(i; t  1)Ec(i )

� )2.6*

We note that the evolution chains are truncated? consequently the results are only consistent
after 90 days of cooling.
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2.1.3.2.2 Concentrations computation

Once the ¯ux is computed, each nuclide evolution is then evaluated. For instance, in the case of
heavy nuclide

�
A
Z

�
, the balance expresses as follows:

dN (
�

A
Z

�
; t)

dt
= � cN (

�
A-1
Z

�
; t) � � (t)

+
P

i
mode   ! [A

Z ]
� mode(i )N (i; t )

 � aN (
�

A
Z

�
; t) � � (t)

 � total (
�

A
Z

�
)N (

�
A
Z

�
; t)

)2.7*

This equation is solved using a second order Runge-Kutta method.

2.1.3.3 Cooling calculation

The cooling calculation is expressed as equation 2.7 with a null ¯ux:

dN (
�

A
Z

�
; t)

dt
=

P
i

mode   ! [A
Z ]

� mode(i )N (i; t )

 � total (
�

A
Z

�
)N (

�
A
Z

�
; t)

)2.8*

This equation, much simpler than equation 2.7, does not require a Runge-Kutta solver, then a
matricial resolution is implemented.

2.2 Scenario: COSI

2.2.1 Introduction

Nuclear systems, composed of reactors and various fuel and cycle facilities, are quite complex. In
order to have a complete overview of nuclear systems, it is required to follow precisely material
¯ows, detailed by nuclide, at each step of the front-end and back-end fuel cycle. COSI [2.6, 7]
is a scenario code being developed at CEA Cadarache since 1985. It simulates a pool of nuclear
electricity generating plants, and the associated fuel cycle facilities. COSI was designed to study
various short, medium and long-term options for the introduction of various types of nuclear
reactors. In the frame of the French Act for waste management, scenario studies are carried out
with COSI. The code enables comparison of different options of evolution of the French reactor
¯eet, as well as the different options of partitioning and transmutation of minor actinides and
plutonium [2.8].

Nuclear systems are composed of various facilities:

� mines?
� enrichment plants?
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� fabrication plants?
� reactors?
� reprocessing plants?
� vitri®cation plants?
� material interim storage?
� disposal, etc.

Each facility corresponds to at least one physical model. For instance, reactors contain an irra-
diation model, and fabrication plants contain an equivalence model.

Those facilities are linked via material ¯ows and needs. For instance, reactors need fuel from
fabrication plants, and fabrication plants produce fuel for reactors.

Figure 2.2 illustrates the material ¯ow and needs as implemented in COSI. Material ¯ows can
have additional binary steps causing delay )minimum waiting time, physical constraints on de-
cay heat, etc.*.

10 décembre 2012 |  PAGE 1CEA | 17 JULY 2012

REACTORS

FABRICATION

REPROCESSING

ENRICHMENT

STOCKS

MINES

SPENT FUEL

Uranium
/

Thorium

Dep. U .

Pu

Np

Rep. U

Am

Cm

Decay: 
e(- t)

CESAR5.12
CESAR5.32

SWU calculation

Equivalence models
PWR MOX, PWR REPU,
Fast reactors (w i) or
ERANOS Irradiation: 

- CESAR 4.39
- CESAR 5.12
- CESAR 5.32
- ERANOS

Chemical 
partitionning: 
U, Pu, Am, Np, 
Cm, Th ...

follow the needs
or
imposed cadence

DISPOSAL

disposal area 
calculation

ENERGIE DEMAND
(TWhe / year)

BESOINS EN
COMBUSTIBLES

Material flows
Needs

VITRIFICATION

! limit
waste package
accounting

Post-processing (everywhere):

– flux and isotopic compositions,

– toxicity, thermal power, activity, neutron 
sources,

– proliferation resistance, economy.

COSI6 flow scheme

Figure 2.2: COSI ¯ow scheme

2.2.2 Energy, needs and mass ¯ows

2.2.2.1 Mass ¯ows

A large number of nuclides, including heavy nuclides and ®ssion products, are modeled in COSI.
Mass ¯ows are always detailed in terms of isotopic composition.

In COSI, mass ¯ows are not continuous, but sequential, as in the actual fuel cycles. For instance,
the input mass ¯ow for a given reactor is not continuous in function of time, and consists in a dis-
crete sequence of batches. However time is continuous, and evolution computation is performed
for any time interval, when needed.
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Approximately 100 heavy nuclides and 200 ®ssion products are taken into account in COSI,
including uranium, neptunium, americium, curium nuclides, and most of the ®ssion products
contributing to decay heat at the fuel cycle time scale ) � 1 year*. The list of nuclides is consistent
with CESAR5.3 list of nuclides.

2.2.2.2 Energy demand and production

2.2.2.2.1 Energy production

Annual energy production per reactor is expressed in TWhe/year )TeraWatt � hour of electric
energy per year*, and is calculated as:

E i = 24 � 10! 6 �
X

j 2 batches

BU j � M j � D i;j � � )2.9*

With:

� E i : electrical energy production of a given reactor during year i?
� M j : mass of fuel batch j )tons of heavy metal*?
� BU j : discharge burnup for fuel batch j in MWd/tHM )MegaWatts � days per ton of Heavy

Metal*?
� � : reactor yield )dimensionless, conversion of thermal energy into electric energy*?
� D i;j : proportion on year i of the irradiation time of fuel batch j ?
� the numerical constant corresponds to the conversion of TWh into MWd.

The reactor ¯eet energy production is equal to the sum over reactors of energy production per
reactor.

2.2.2.2.2 Energy demand

Annual energy demand is expressed in TWhe/year. The objective of the energy demand function
in COSI is to equalize energy demand and energy production.

It is possible to reverse equation 2.9 and use energy demand to create a reactor ¯eet and deter-
mine the reactors' successions of loadings, i.e. to calculate the fuel mass in each reactor at any
time of the scenario so as to produce exactly the energy demand.

2.2.3 Facilities and physical models

2.2.3.1 Introduction

Figure 2.3, taken from [2.7], is the operating diagram of a COSI data set. This section explains
the function of the different steps. The green dotted arrows indicate associations between fuel /
batches properties and front-end / back-end paths. The black arrows indicate inclusion relation.
Large arrows indicate mass ¯ows in the fuel cycle, and red arrows other mass ¯ows.
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Figure 2.3: Operating diagram of COSI data set

2.2.3.2 Front-end path

2.2.3.2.1 Plants

2.2.3.2.1.1 Uranium plants

Uranium plants perform uranium extraction or conversion.

They are associated with an operation time )see section 2.2.3.9*, losses and heavy metal capacity.

2.2.3.2.1.2 Enrichment plants

Enrichment plants perform uranium enrichment. Different enrichment processes are imple-
mented, including:

� gaseous diffusion?
� ultra-centrifugation?
� new processes.

Enriched uranium isotopy is given by equation 2.10 using the following notations:

� iso(j ) =
m(j 2 U)
P

i 2 U
m(i )

the isotopy fo the nuclide j , m being the mass?

� Ue the enriched uranium?
� Uf the uranium feeding the enrichment plant )natural or reprocessed uranium*?
� K (j ) the transfer coef®cient of isotope j , which depends on the enrichment process.
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iso( j Ue)
iso( j Uf )

= 1 + K (j )
�

iso(235Ue)
iso(235Uf )

 1
�

1  iso( j Uf )
1  iso(235Uf )

)2.10*

Enrichment plant produces enriched uranium and depleted uranium. 235U isotopy in depleted
uranium is called enrichment tail. They are associated with an operation time )see section
2.2.3.9*, annual uranium losses and annual separative work unit )SWU* capacity.

2.2.3.2.1.3 Fabrication plants

The fabrication plants perform fuel fabrication. They produce fresh fuel and determine its com-
position from constitutive materials. Equivalence models )see chapter 4* determine the enrich-
ment or content for different fuel types, including:

� PWR MOX )plutonium content*?
� PWR repU )uranium enrichment*?
� SFR )plutonium content*.

Different equivalence models can exist for the same fuel type so as to take speci®cs into account
)different core geometries, presence of americium in fresh fuel, etc.*.

PWR UOX enrichment is ®xed )i.e. chosen by the user, not calculated with a physical model*
given that natural uranium composition is not time-dependent.

Fuel fabrication plants are associated with an operation time )see section 2.2.3.9*, losses and
heavy metal capacity.

2.2.3.2.2 Transportation

The back-end transportation works the same as front-end transportation, and introduces a delay
in the path )see section 2.2.3.9*.

2.2.3.2.3 Stocks

The stocks are facilities which can contain material. They are not associated with any physical
model besides cooling )see section 2.2.3.9*. However, cooling duration is not de®ned in the stock
itself, but depends on other plants. They are usually used to model stocks of depleted uranium,
separated plutonium, reprocessed uranium or waste.

2.2.3.3 Reactors and fuel

2.2.3.3.1 Reactor

The reactors are associated with starting and shutdown dates, as well as a load factor. They
belong to a reactor type.

2.2.3.3.2 Reactor type

A reactor type de®nes a net yield, as well as a succession of loadings )the sequence of batches
that will be irradiated in each reactor of a given reactor type*.
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2.2.3.3.3 Succession of loadings

The succession of loadings de®nes a cycle length in EFPD )effective full power days*, as well as
the fuel batches, mass and number of irradiation cycles. A succession of loading may include
different loadings, associated with different cycle lengths or number of cycles.

2.2.3.3.4 Fuel batch

The fuel batch indicates the batch nature )used to distinguish batches together at the back-end
path*, minimum cooling time and/or maximum decay heat before reprocessing and/or transporta-
tion, and a back-end path.

2.2.3.3.5 Fuel type

The fuel type determines the burnup, the equivalence model )see section 4*, the front-end path
and the irradiation model. The irradiation models include:

� CESAR [2.1] )different versions according to ND referential*?
� ERANOS [2.5] )SFR only*.

CESAR5.3 is the main calculation model, it computes the composition )with a detail by nuclide*
of irradiated fuel in function of:

� fuel type )name of the BBL, see section 2.1.2*?
� fresh fuel composition?
� irradiation parameters: end of irradiation burnup, irradiation time.

2.2.3.4 Reprocessing plants

Reprocessing plants perform fuel reprocessing. This consists in extracting elements of interest
from irradiated fuel, in order to feed stocks that will produce fresh fuel, and reduce the amount of
waste. The irradiated fuel storage plants feeding reprocessing plants are usually distinguished
in terms of fuel type )PWR UOX, PWR MOX, SFR, blankets, etc.*. Separated elements stocks
are produced from mixtures of irradiated fuels, and the user de®nes the nature of the different
spent fuel batches and the proportions of the mix each year. For instance, plutonium for SFR
reactor can be produced using a mix of 60= PWR UOX and 40= PWR MOX irradiated fuel. The
irradiated fuels nature and proportions can be adapted each year of the scenario. User de®nes
himself the proportions of the spent fuel mix for producing fresh fuel )there is no automated
optimization at the moment*. Reprocessing plant can operate in function of the fuel demand
)driven by reactors and their successions of loadings* or in function of a production objective )in
tons of heavy metal per year*.

Reprocessing plants are associated with an operation time )see section 2.2.3.9*, recovery rates,
order of requisition )®rst batch arrived is reprocessed ®rst or last*, annual heavy metal capacity,
annual plutonium capacity and sampling rate 1.

1A reprocessing plant with a yearly capacity X and a sampling rate Y processesX=Y tons every 1=Y year.
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2.2.3.5 Back-end path

2.2.3.5.1 Spent fuel interim storage

Downstream of a reactor, irradiated fuel is stored in spent fuel interim storage plants. The
properties of irradiated batches include:

� batch nature )so as to be distinguished at the reprocessing plant*?
� minimum cooling time before transportation or reprocessing?
� maximum decay heat for transportation or reprocessing.

Figure 2.4 shows a spent fuel interim storage.

Figure 2.4: View of a spent fuel interim storage

2.2.3.5.2 Transportation

Back-end transportation works the same was as front-end transportation, and introduces a delay
in the path )see section 2.2.3.9*.

2.2.3.6 Waste storage and waste disposal

Waste storage and waste disposal host wastes for respectively ®nite and in®nite time periods.

Figure 2.5 represents a waste storage.
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Figure 2.5: View of a waste storage

2.2.3.7 Finished warehouses

Finished warehouses transform waste material into packages. The properties of ®nished ware-
houses include:

� operation time )see section 2.2.3.9*?
� package mass and volume?
� maximum material mass?
� technological limits )function of the material isotopic composition*.

The maximum � radioactivity is an example of technological limit for packages.

2.2.3.8 Transportation

Transportation involves transportation of the material )fresh fuel, spent fuel, etc.*. They are
associated with an operation time )see section 2.2.3.9*.

2.2.3.9 Various delays

Various steps take time, including transportations linking fuel facilities together. Therefore they
are associated with a cooling model. The cooling models in COSI are:

� CESAR: matricial resolution of Bateman cooling equation?
� intern iterative resolution of Bateman equation for heavy nuclides )Runge-Kutta*?
� intern analytical resolution of Bateman cooling equation for heavy nuclides )sum of expo-

nential functions*.

The reference scheme uses CESAR5.3 for matricial resolution.

2.3 Neutron transport calculation

The fuel cycle is dependent on input data coming from transport calculation. In the context of
this work, thermal and fast neutron transport deterministic lattice codes have been used. They
are detailed hereafter.
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2.3.1 APOLLO2

APOLLO2 [2.4] is a deterministic neutron calculation code system developed by CEA. It resolves
2D multicell transport equation, using different solvers: collision probability method )P ij *, dis-
cret ordinates )S n* method, or the method of characteristics )MOC*. It has been validated on a
large experimental database for both UOX and MOX LWR applications.

2.3.2 ERANOS

ERANOS [2.5] is a deterministic neutron transport code system developed by CEA for fast re-
actor core calculation, as well as shielding and fuel cycle calculation. Core calculations are per-
formed in two steps:

� 1D or 2D cell/lattice level, using the ECCO cell code for cross-sections calculation and col-
lapsing?

� core level, using discrete ordinates )S n* methods.

2.4 Statistical analysis: URANIE

URANIE [2.9] is a sensitivity and uncertainty platform developed by CEA. It regroups methods
and algorithms for sensitivity and uncertainty analysis. URANIE is based on the object-oriented
data analysis framework ROOT [2.10]. The main modules include:

� DataServer: data tables and data processing tools?
� Sampler: generation of design of experiments?
� Modeler: construction of surrogate models?
� Launcher: interface with other codes of functions?
� Sensitivity: sensitivity analysis tools?
� Optimizer: mono- and multi-objective optimization algorithms.

The ROOT C;; interpreter allows advanced customization of data treatment with URANIE.
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3.1 Irradiation models for actinides

3.1.1 Speci®cations

3.1.1.1 Identi®cation of actinides to be estimated

A lot of actinides are present in the fuel cycle. A few of those were present from the beginning,
such as 235U or 238U. The presence of other actinides )isotopes of U, Np, Pu, Am, Cm, etc.* usually
results from a succession of captures and/or decay on these nuclides.

Given that the main goal of this study is to calculate scenario results and their associated un-
certainty, actinides irradiation models will have to calculate the concentration after irradiation
of nuclides that contribute to those results.

Nuclides have several ways to contribute to typical scenario results. Those ways of contribution,
which are correlated, are described below:

� nuclide representing a non-negligible part of a given mass balance or inventory?
� nuclides contributing to decay heat?
� nuclide contributing to radio-toxicity?
� nuclide having an impact on reactivity via Boltzmann equation.

Moreover, the nuclide contribution depends on their phase )solid/liquid/gas* in the different fuel
cycle steps.

For instance, in the case of a PWR UOX fuel irradiated up to 45GWd/tHM with a speci®c power
of 31W/gHM, then cooled for 1 year, the contributions of different actinides to several results can
be calculated. Results are shown in tables 3.1 and 3.2.

Nuclide
contribution cumulative

to mass contribution
238U 96.983= 96.983=
235U 1.136= 98.119=

239Pu 0.640= 98.758=
236U 0.606= 99.364=

240Pu 0.273= 99.638=
241Pu 0.161= 99.799=
242Pu 0.070= 99.869=
237Np 0.065= 99.934=
238Pu 0.030= 99.964=
243Am 0.015= 99.979=
241Am 0.014= 99.993=
244Cm 0.005= 99.998=
234U 0.001= 99.999=

242Cm 0.000= 99.999=

Table 3.1: Contribution of several actinides to heavy
nuclides mass fraction in irradiated PWR UOX fuel

Nuclide
contribution cumulative
to decay heat contribution

242Cm 60.461= 60.461=
238Pu 17.600= 78.061=
244Cm 16.135= 94.197=
240Pu 2.030= 96.226=
241Am 1.692= 97.918=
239Pu 1.296= 99.214=
241Pu 0.556= 99.770=
243Am 0.101= 99.870=
243Cm 0.101= 99.971=
242Pu 0.009= 99.980=
239Np 0.008= 99.998=
236Pu 0.003= 99.991=
245Cm 0.002= 99.993=
242Am 0.002= 99.994=

Table 3.2: Contribution of several actinides to heavy
nuclides decay heat in irradiated PWR UOX fuel

The mass of several elements at a given time are part of scenario results. It is the case for the
uranium, neptunium, americium and curium inventories )this work is limited to U-Pu cycle*,
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which are usually calculated each year of a scenario. Therefore, all of the isotopes of these
nuclides with non-negligible half-lives have to be calculated.

A list of actinides representing a high contribution percentage to the different scenario results
was established. It results from a study of contribution to the mass of different inventories of
interest and a decay heat study contribution, presented in 3.2.1.2 page 112. This list is as follows:

list_Actinides =

8
>>>>><

>>>>>:

234U; 235U; 236U; 238U;
237Np; 239Np;

241Am; 242M Am; 243Am;
238Pu; 239Pu; 240Pu; 241Pu; 242Pu;

242Cm; 243Cm; 244Cm; 245Cm; 246Cm

This list is complete enough to be used for PWR UOX, PWR repU, PWR MOX, SFR MOX fuel as
well as fertile blankets, i.e. the complete list of fuels for a reference transition scenario )thorium
fuel cycle excepted*. Further studies may include heavier nuclides such as Cf isotopes.

3.1.1.2 Accuracy of the estimators

The quanti®cation of the estimators' accuracy is an extremely important part of the statistical
modeling process. Frequently, when uncertainty propagation or global sensitivity studies are
performed, surrogate models of the result itself are constructed. Then, indicators such as the
prediction coef®cient, which describe the percentage of the variance calculated during uncer-
tainty propagation through the estimator are calculated.

However, due to reasons explained in part 6.1.2.2, the situation in this study is different. We
do not build estimators of the scenario results themselves, but estimators of the concentrations
of nuclides after irradiation, which are then reprocessed by COSI. Therefore the estimators do
not only have to allow a high percentage of variance propagation )global accuracy*, but they
also have to be precise in terms of estimation of the results )local accuracy on every area of the
domain of variation*.

Furthermore, we need those estimators to be valid on a wide range. Indeed, in a scenario study,
the irradiation parameters and fuel composition of a given core type can vary, and the surrogate
model have to be valid for each of those sets of parameters. The surrogate models must also
be valid for different scenarios, so as to be able to perform uncertainty propagation studies on
various scenarios without having to build additional surrogate models.

A preliminary condition is given now: an estimator can be considered satisfactory if its mean
error does not exceed 0.5=. Let yi be the mass fraction after irradiation for a precise case i , ŷi

the estimator of the mass fraction in the case i , and �y be the mean value of the yi on a design
of experiment representative of the actual distribution of parameters containing N points, then
this relation expresses as follows by equation 3.1:

P

1� i � N
jyi  ŷi j

P

1� i � N
yi

� 0:5% )3.1*

This indicator has the following advantages:
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� it is more stable than a local indicator, such as a maximum?

� it does not depend on the width of the parameters' range.

However, satisfaction of this indicator is not always a possibility. Further details on the accuracy
of the estimators are given in sections 3.1.3.1.5.1 for polynomial estimators and 3.1.3.2.4.1 for
arti®cial neural network estimators.

3.1.1.3 Remark concerning the short-lived radioactive nuclides

Several short-live radioactive actinides )as well as other nuclides* are produced during irradia-
tion. For instance small concentrations of 237U are found in irradiated fuel. However this nuclide
swiftly decays into 237Np.

237U
T1=2=6 :7d
      ! 237Np

We studied the impact of the estimation of ) 237Np; 237U* instead of ) 237Np* alone and did not
estimate 237U. 237U concentration after irradiation is so low that its impact is negligible and
therefore does not improve signi®cantly the quality of the surrogate models. This result was
obtained for the following short-lived nuclides:

237U
T1=2=6 :7d
      ! 237Np

238Np
T1=2=2 :1d
      ! 238Pu

243Pu
T1=2=5 h
      ! 243Am

244Am
T1=2=10 h
      ! 244Cm

3.1.2 Sampling

3.1.2.1 Parameters

3.1.2.1.1 Introduction

The uncertainty value of parameters that are not taken into account during the sampling step
cannot be propagated to scenario results. Therefore all parameters having a non-negligible con-
tribution to the uncertainty of the mass fraction of the nuclides from list_Actinides have to
be taken into account. There are different kinds of parameters, that are described in the next
sections.

3.1.2.1.2 Description of the fuel assembly and spectrum

The mass fractions of the different nuclides present in the fuel before irradiation are taken into
account. In order to be representative of every possible fuel composition, the mass fractions of
all nuclides but 238U are sampled uniformly in a zone covering more 1 than their usual domain of

1Sampling parameters only within the domain of variation may degrade the estimators' accuracy on the borders
of the domain.
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variation. The mass fraction of 238U, signi®cantly higher than the other mass fractions, is used
to complete the fuel composition.

The geometry of the fuel assembly is considered subject to no uncertainty.

The spectrum is indirectly taken into account )see section 2.1*. For each cross-section library
used by CESAR, a series of neutron transport and depletion calculation is performed by APOLLO2
or ERANOS. The fuel composition determines the spectrum, and self-shielding calculation is per-
formed according to this spectrum. The self-shielded cross-sections computed by the transport
code are then stored in data ®les. These ®les are read by an appropriate tool that performs )Leg-
endre* polynomial regressions to model the self-shielded cross-sections in function of the burnup
and fuel composition, and stores the models in the so-called library. Therefore, even though the
spectrum itself is not calculated by CESAR, it is taken into account during the estimation of
self-shielded cross-sections in function of the burnup and fuel composition.

Sampling the spectrum is not necessary as it is an implicit function of fuel composition .

3.1.2.1.3 Description of the irradiation parameters

3.1.2.1.3.1 Determination of the main parameters

The three main irradiation parameters are the burnup )BU in GWd/tHM*, the irradiation length
)L in days* and the speci®c power ) P in W/gHM*. They are linked by the relation 3.2.

P =
BU
L

)3.2*

Therefore two among three parameters are enough to describe the irradiation. The burnup will
be sampled uniformly given that its impact on the Bateman equation is strong, but the other
parameter has to be chosen among L and P.

The domain of variation of L )for instance compared to its mean value* is much larger than the
domain of variation of P. L can vary from 100 days to a few years, for instance in the case of
starting batches or nominal batches, whereas for a given fuel, P only varies of a few percents. For
instance, in the case of PWR UOX, P usually ranges from 28 to 32W/gHM. Furthermore, when
L is sampled in its own domain of variation, the power obtained through equation 3.2 reaches
extreme values that are never encountered, whereas when P is sampled in its own domain of
variation, L varies more or less linearly according to BU, in reasonable intervals, which is much
more adapted to a precise and concise description.

Figure 3.1 illustrates this phenomenon. In black, we sampled burnup and duration uniformly

in their respective domaines, and calculated power as P =
BU
L

, while in red, we sample burnup

and power in their respective domains, and calculated duration as L =
BU
P

. We observe that

most of the ®rst case return irradiation power outside of its actual boundaries.
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Figure 3.1: Comparison of two power sampling methods

The burnup and speci®c power are taken into account and sampled in their respective
ranges, the irradiation length is calculated according to equation 3.2.

3.1.2.1.3.2 Impact study of a time-dependent load factor

The impact of the irradiation history can be evaluated. Usually, in scenario studies, fuel is
considered to be irradiated at a constant speci®c power, �P, which is calculated according to
equation 3.3, �f being the mean load factor.

�P = �f � P nominal )3.3*

However, in practice, this factor is not constant, and varies with time. The impact of the time-
dependence of a load factor can be studied, in order to answer the following question: considering
a distribution of time-dependent load factors, is the ®nal concentration of every isotope after ir-
radiation at mean load factor equal to the mean of the concentrations obtained at different load
factors?, i.e. does a dispersion of load factors introduce a bias in results? In order to answer this
question, the following study was carried for a PWR UOX fuel assembly enriched at 4.5=. The
total burnup was considered constant and equal to 45GWd/tHM. The irradiation was divided in
three different steps, of equal length. For each step, the average burnup follows a normal distri-
bution, its average is 15GWd/tHM and its standard deviation is 1GWd/tHM. Let f i be the load
factor for step i . We have:

8
<

:

i 2 f 1; 2; 3g
f i = N (� = 1 ; � = 6 :67%)
�f i = 1

)3.4*

f is the mean load factor, consequently we have:
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8
<

:

f = 1=3 � (f 1 + f 2 + f 3)
f = N (� = 1 ; � = 3 :85%)
�f = 1

)3.5*

The output balance of nuclide X at mean load factor is noted X ( �f ), the mean output balance of
a nuclide considering the dispersion of f is noted �X and its relative standard deviation is noted
� (X ). We also note the relative bias � (X ):

� (X ) =
�X

X ( �f )
 1 )3.6*

nuclide � (X ) (%) � (X ) (%)
234U 0.01 1.36
235U 0.00 0.00
236U 0.00 0.00
238U 0.00 0.00

237Np 0.00 0.01
239Np 0.00 0.01
238Pu -0.02 0.40
239Pu 0.00 0.04
240Pu 0.00 0.02
241Pu 0.00 0.13

nuclide � (X ) (%) � (X ) (%)
242Pu 0.00 0.03
241Am 0.05 1.79

242M Am 0.09 3.97
243Am 0.00 0.01
242Cm -0.12 1.32
243Cm -0.11 2.22
244Cm 0.00 0.13
245Cm 0.00 0.11
246Cm 0.00 0.09

241Am ; 241Pu 0.00 0.02

Table 3.3: Impact of the variability of the load factor on the output balance of PWR UOX fuel

Results are summarized in table 3.3. The impact of the load factor time-dependence is small
for most of the nuclides in list_Actinides . The impact on 241Am is high, but we can expect
this difference to diminish with time, given that it results from the delay in the creation of
241Pu, which then decays to form 241Am. The case is different for 242M Am. The transmutation
¯ow leading to 242M Am is rather complex, and creation of 242M Am is a highly power-dependent
phenomenon given it depends on the presence of 241Am during irradiation, as shown in equation
3.7.

240Pu
(n; )
   ! 241Pu

(� ! )
   ! 241Am

(n;0)
   ! 242M Am )3.7*

It has to be noted that this study is conservative. Indeed, the load factor can vary on a daily
basis, and therefore the irradiation calculation could have been cut into as many segments as
there are days in a fuel irradiation. This effect, coupled with the quasi-linearity of the impact of
small perturbation of the load factor, would have as a consequence to erase, through integration
of the small ¯uctuations, the impact of the dispersion of a time-dependent load factor with short
periods. Indeed the relative standard deviation of the mean f on N irradiation steps following
the same distribution N (� = 1 ; � = k%) is: � ( �f ) = k=

p
N .

Modeling a dispersion of load factors as a mean load factor introduces very few bias to
the output balance of actinides .
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3.1.2.1.3.3 Impact study of the fuel history

In COSI, irradiation history is approximated. Inter-cycle times are not taken into account di-

rectly. Instead, a constant mean irradiation power P is considered, with: P =
1
T

RT
0 P(t)dt, with

T the complete irradiation duration.

The impact of this approximation was assessed in the case of PWR UOX and PWR MOX fuel
after 5 years of cooling. In both cases, we modeled:

� 5 irradiation cycles )9GWd/tHM, 252 days per cycle, 4 inter-cycles of 60 days each*.
P @ 30.0W/gHM?

� 1 irradiation cycle )45GWd/tHM, 1500 days*. P @ 30.0W/gHM.

Table 3.4 summarizes the results for various nuclides of interest. � (X ) has the same de®nition
as in the previous paragraph.

nuclide � (X ) in UOX � (X ) in MOX
234U 0.41= -0.05=
235U 0.04= 0.00=
236U 0.00= -0.01=
238U 0.00= 0.00=

237Np 0.06= 0.03=
239Np -0.04= -0.06=
238Pu -0.17= -0.22=
239Pu -0.22= -0.01=
240Pu -0.03= 0.00=
241Pu -0.23= -0.08=

nuclide � (X ) in UOX � (X ) in MOX
242Pu 0.00= 0.01=
241Am 0.56= 0.17=

242M Am 3.33= -1.12=
243Am -0.04= -0.06=
242Cm -5.47= -4.21=
243Cm -4.31= 0.84=
244Cm -0.20= -0.16=
245Cm -0.06= 0.05=
246Cm 0.02= 0.05=

Table 3.4: Impact of inter-cycle model on various nuclides after 5 years of cooling

We observe that for most of the nuclides, the impact is very small.

Recent developments in COSI allowed to take full irradiation history into account, including
inter-cycles. Therefore this bias will be eliminated in further scenario studies.

3.1.2.1.3.4 Sampling tweaks for the burnup

It will be shown in section 3.1.3.1.2.3, in the case of the estimation of actinide concentrations
after irradiation, that burnup is by far the strongest contributor in terms of importance and
non-linearity. The immediate consequence is that taking into account the burnup degrades the
quality of estimators more than any other parameter. Two tweaks were used in order to moderate
this effect.

a) Division of the design of experiment Figure 3.2 represents the cumulative distribution
function of the burnup in a typical transition scenario calculation. The distribution of burnup is
asymmetric, and we can roughly divide the domain of variation into two sub-domains: less than
nominal burnup, which covers a wide range of under-represented burnup values, and nominal
or higher burnup, which covers a narrow and high density region. For instance, in the case of
PWR UOX fuel, this separation intuitively occurs around 41GWd/tHM. Indeed the domain under
41GWd/tHM represents 66= of the domain of variation, whereas FUOX (41GW d=tHM ) � 0:32.
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Parameter
D D1 D2

min max min max min max
BU BU min BU max BU min BU 0 BU 0 BU max

P Pmin Pmax Pmin Pmax Pmin Pmax

yi yi; min yi; max yi; min yi; max yi; min yi; max

� � i � � i min � � i max � � i min � � i max � � i min � � i max

Table 3.5: Division of a domain of variation into two different designs of experiments
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Figure 3.2: Typical burnup cumulative distribution in a scenario calculation

This observation can be transformed into a gain in precision for the surrogate model: is it possible
to take this into account during the sampling process or the construction process of the surrogate
model\

We consider a design of experiment D associated to a fresh fuel type, for instance PWR UOX
fuel. D is parameterized in mass fraction, burnup, speci®c power, etc. We study the impact of
the division of D into two sub-domains of itself, D1 and D2, in function of the burnup, all other
things remaining equal, as shown on table 3.5.

The division of the domain of variation is usually done such as D1 includes sub-nominal irradi-
ation calculation )starting and shutting-down batches, etc.* whereas D2 is representative of fuel
irradiated at nominal burnup or higher )nominal conditions, stretch-out*:

�
D1 = [ BU min ; BU 0]
D2 = [ BU 0; BU max ]

)3.8*

De®nition of BU0 is shown in equation 3.9. " is chosen such that sub-nominal batches are in D1
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Estimator
D D1 D2

RMAE q2 RMAE q2 RMAE q2

239Pu 1:708� 10! 3 0:9997 9:013� 10! 4 0:9999 3:759� 10! 4 0:9997
240Pu 5:169� 10! 3 0:9995 3:597� 10! 3 0:9997 1:013� 10! 3 0:9996
241Pu 7:150� 10! 3 0:9991 3:111� 10! 3 0:9999 9:739� 10! 4 0:9995
244Cm 2:658� 10! 2 0:9985 4:016� 10! 2 0:9968 1:188� 10! 2 0:9982

Table 3.6: Quanti®cation on the precision on D; D1 and D2

and nominal batches in D2.

BU 0 = nominal burnup � (1  " ); " � 1 )3.9*

This division is highly asymmetric, the objective being to favor the accuracy of the estimator
on the fuel batches which represent the most important part of the total mass, i.e. batches
irradiated at nominal burnup.

Regressions are performed on D1, D2 and D = D1 [D 2. Test samples are D0
1, D0

2 and D0 = D0
1 [ D 0

2.
D0

1, D0
2 are sampled using the same distributions and sample sizes as D1 and D2.

The construction of D imposes card(D) = card(D1) + card(D2), therefore a potential gain in accu-
racy will only result from the division of D, not from an increase of the global sample size. In
order to compare comparable things, we establish the following test for the accuracy of estima-
tors built on D, D1 and D2:

1. construction of polynomial regression P1 on D1, to reach a criterion q2
1. P1 is a combination

of the set of monomials M 1.

2. construction of polynomial regression P2 on D2, to reach a criterion q2
2 = q2

1. P2 is a combi-
nation of the set of monomials M 2.

3. construction of polynomial regression P0 on D = D1 [ D 2. P0 is a combination of the set of
monomials M 1 [ M 2. A single simple least squares regression is performed.

Results concerning several important actinides are summarized in table 3.6. We de®ne the rela-
tive mean absolute error )RMAE* of the estimator �̂ of � over the test sample such as )eq. 3.10*:

RMAE (�̂ ) =
Ej�̂  � j

E(� )
)3.10*

We also remark that in the case of the 244Cm estimator, RMAE coef®cient is higher for D1 than for
D2. Although counter-intuitive at ®rst, we can assess that it mostly comes from the repartition
of 244Cm in function of the burnup: there is very few 244Cm produced at low burnup, therefore
normalization through E(244Cm) strongly increases the value of RMAE. A measure of the effec-
tive gain can be the comparison of the PRESS 2 coef®cients of P0, P1 and P2 calculated over the
test samples. PRESS is in )atoms/ton* 2 in the case of concentrations after irradiation.

8
<

:

PRESS(P0;244 Cm) = 2 :097� 1046

PRESS(P1;244 Cm) = 1 :391� 1045

PRESS(P2;244 Cm) = 7 :242� 1045
)3.11*

2Predicted residual sum of squares: PRESS =
P n

i =1 (yi ! ŷi )2 on the test sample.
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Consequently PRESS (P0;244 Cm) � 2:43� (PRESS(P1;244 Cm) + PRESS(P2;244 Cm)) and we have:

�
card(D0) = card(D0

1) + card(D0
2)

PRESS(P1;244 Cm) + PRESS(P2;244 Cm) < PRESS(P0;244 Cm)
)3.12*

Finally:

Division of the DOE into two sub-domains in function of the burnup increases the accu-
racy of the estimator, especially in the nominal burnup sub-domain.

The gain increases with non-linearity of the isotope, the gain for isotopes relatively linear in
function of the burnup is small. This gain in precision is free from the point of view of the size of
the DOE and it even reduces the construction time of the regressions.

b) Non-uniform burnup sampling

Introduction

Until now we have only considered uniform sampling for every parameter, including the bur-
nup, so as to cover equally every domain of the design of experiment, and obtain an estimator
which precision is as homogeneous as possible over the DOE )even though the lack of ®t of the
estimators is not homogeneous*.

It is even preferable to have a higher sampling density at high burnup because the most dif®cult
nuclides to describe are usually formed only at high burnup.

However some concentrations after irradiation are highly increasing in function of the burnup,
therefore certain zones of the output space are much less dense than others. This is especially
detrimental in the case of very heavy nuclides. We look for a sampling distribution of the burnup
that would homogenize the precision over the DOE without arti®cially biasing the least squares
method.

We de®ne:

� X the random variable representing the burnup, and its associated PDF f X;I de®ned on
the interval I = [ a; b].

� g the function of irradiation, calculating the concentration after irradiation in function of
the burnup.

� Y the random variable representing a concentration after irradiation, with Y = g(X ).

The burnup function g is monotonic therefore the probability density function f Y of Y can be
calculated as shown in equation 3.13 )change of variables in PDF ; derivation of the inverse
function*:

f Y (Y ) =

�
�
�
�

1
g0(g! 1(Y ))

�
�
�
� f X (g! 1(Y )) )3.13*

A non-uniform PDF for Y will alter the process of construction of the estimator of the concen-
tration after irradiation because it biases the value of the residual sum of squares during the
application of the least squares method.

Monomial approximation

We propose to give a rough approximation of a function leading to an approximately uniform
density of Y . First, we de®ne our irradiation function: g(X ) = kX � . This function is monotonic,
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and representative of the production of a nuclide obtained after roughly � successive radiative
captures from an isotope present in the initial composition. k is a scalar, its value is linked to
the reaction rates in the system.

For instance, in the case of production of 244Cm from 239Pu )eq. 3.14* in MOX fuel we have � � 5.

239Pu
4 (n; )
    ! 243Pu

� !
  ! 243Am

(n; )
   ! 244Am

� !
  ! 244Cm )3.14*

We have:

8
<

:

g(X ) = kX � = Y
g0(X ) = k�X � ! 1

g! 1(Y ) = k! 1=� Y 1=� = X
)3.15*

We inject the relations 3.15 in 3.13 and obtain:

f X (X ) = k1=� �Y
� ! 1

� f Y (Y ) )3.16*

Let I y = g(I ), l 2 R� + . We de®ne the function 11I y such that:

�
11I y (x) = 1 if x 2 I y

11I y (x) = 0 if x =2 I y
)3.17*

We want f Y to be uniform over its domain of variation: f Y = l � 11I y with I y = g(I ). We obtain,
for X 2 I :

f X (X ) = k�lX � ! 1 )3.18*

For a given irradiation function g : X 7! X � , the sampling distribution of the burnup
f X : X 7! kX � ! 1; k 2 R� + such as integration of f X over I is 1, leads to a uniform a
posteriori distribution of the concentration.

Example : the case of � = 1 is trivial: a uniform distribution of the burnup gives a uniform
distribution of the concentration. In the case of � = 2 we build a test-sample with a linear
distribution and apply the irradiation law g(X ) = X 2. The relation 3.18 implies that using
a polynomial burnup distribution of degree �  1 = 1 )ie a linear distribution* will produce a
uniform distribution for the concentration. Figure 3.3 illustrates this application for a test-case:

1. burnup is sampled using a linear distribution

2. concentration distribution is evaluated as the image of the burnup distribution through the
irradiation function. Its distribution is indeed uniform over its domain of variation.

Exponential approximation

In the case of an exponential irradiation function the same calculation can be performed. For
instance g(X ) = ke�X ; (k; � ) 2 (R� + )2 gives:

f X (X ) = Ke �X ; K 2 R )3.19*
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Figure 3.3: Burnup sampling in the case of a polynomial )degree 2* irradiation function

This result is interesting because if we approximate the burnup function over its domain of
variation as an exponential function of parameter � )and measure � *, then we can obtain a more
or less uniform distribution of the concentration after irradiation using a burnup sampling of
parameter � .

Example: in the case (� = 2 ; k = 1=3000), we build a test-sample with exponential distribution
and apply the irradiation law g(X ) = 1 =3000� e2X . Relation 3.19 implies that using a exponential
burnup distribution of parameter � = 2 will produce a uniform distribution for the concentration.
For instance, we choose: f X (X ) = K

 
e2(X ! 1)

�
on I = [0 ; 1]. Figure 3.4 illustrates this application

for a test-case:

We obtain a uniform a posteriori distribution for the concentration after irradiation.

General case

In the general case, the irradiation function is neither a monomial nor an exponential function:
it is more or less a polynomial with terms present at 2 or more degrees. We propose the following
method in order to produce a very approximately homogeneous sample:

1. application of the irradiation function on a few points of the DOE

2. construction of an exponential estimator of the irradiation function )for instance using
the least squares method*. We obtain the estimator �̂ of the exponential parameter, even
though the irradiation function is not really exponential.

3. construction of the sampling using �̂ as the exponential distribution parameter.

Example : let g : X 7! X=5 + 6X 2 + 5X 4 be the irradiation function. We note that g is not a
Taylor development of an exponential function. We perform an exponential regression of g over



66 Chapter 3. Evolution models

htemp
Entries  4323
Mean  0.6566
RMS  0.2626

)
2(1-X)

burnup (sampling with expo. distribution, f(X)=2(e
0 0.2 0.4 0.6 0.8 1

sa
m

pl
in

g 
de

ns
ity

 (
po

in
ts

 p
er

 b
in

)

0

20

40

60

80

100

htemp
Entries  4323
Mean  0.6566
RMS  0.2626

Histogram expo_cr { expo_cr>0 }

burnup
0 0.2 0.4 0.6 0.8 1

2X
irr

ad
ia

tio
n 

fu
nc

tio
n 

g(
X

)=
K

e

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

Scatterplot fct_expo:expo_cr           { expo_cr>0 }
htemp

Entries  4323
Mean  0.4195
RMS  0.1844

concentration after irradiation (a posteriori distribution)
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8

sa
m

pl
in

g 
de

ns
ity

 (
po

in
ts

 p
er

 b
in

)

0

10

20

30

40

50

htemp
Entries  4323
Mean  0.4195
RMS  0.1844

Histogram fct_expo { expo_cr>0 }

Figure 3.4: Burnup sampling in the case of an exponential irradiation function

its domain of variation I = [0 ; 1] and obtain its estimator ĝ : X 7! Ke �̂X ; �̂ � 3:61.

Figure 3.5 illustrates the construction of the exponential estimator, and its ¯aws.

Then we build an exponential distribution of the burnup over I using an exponential distribution
with � = 3 :61. Finally we compute the image of this distribution through g and obtain the a
posteriori distribution of the concentration after irradiation.

Figure 3.6 represents the image of I when the burnup is distributed following a uniform distri-
bution. We notice that near-zero cases are over-represented, and give few information during the
construction of the concentration estimator )given that when a concentration is almost null, it is
not important to predict it accurately*. On the other side, ®gure 3.7 represents the image of I
when the burnup is sampled according to an exponential distribution, where � is estimated from
an exponential estimator of the irradiation function. Even though the distribution is not uni-
form, but just an approximation of it, it is much more useful for the construction of the estimator
of the concentration.

Consequently:

An exponential sampling of the burnup based on an estimation of the irradiation func-
tion is well adapted to the construction of convenient samples. .

On a side note, we can remark that the new sampling function can be interpreted as an impor-
tance function that could be applied to weight the least squares method. However, the speci®city
of our case is that changing the sampling method is less time-consuming than implementing a
weight in the least squares method, therefore we chose to adapt the samples. Furthermore a
high density sampling at high burnup is interesting because of the higher degree of interaction
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Figure 3.5: Construction of the exponential estimator of the irradiation function
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Figure 3.7: Image of estimated exponential distribution through g

between the parameters.

3.1.2.1.4 Cross-sections

3.1.2.1.4.1 Introduction

Several perturbation values are associated to cross-sections. The perturbation values are scalars,
de®ned in one energetic group only. Therefore the value of the perturbation can depend on the
spectrum. The calculation of one energy group uncertainties is described in part 5.2.1. Pertur-
bations of the capture ) � c* and ®ssion )� f * cross-sections of the isotopes of list_Actinides are
de®ned. The perturbation values are sampled using uniform distributions, covering domain de-
®ned according to standard deviation values, in order to be representative of the perturbations
on all the domain: I i �

�
 

p
3SD(i ) ;

p
3SD(i )

�
. This interval ensures the possibility to create

a model able to take into account a uniform sampling of the cross-section in order to perform
uncertainty propagation. Analysis of the Gaussian repartition function on this interval shows
that the con®dence level is only 91.6=, which is not optimal, but this model is mostly designed
as a ®rst approach to uncertainty propagation.

Section 3.1.2.1.4.2 shows that the impact of scattering cross-section uncertainty on concentra-
tions after irradiation is weak. Consequently scattering cross-section perturbations will not be
considered as parameters for the irradiation surrogate models.

Section 3.1.2.1.4.3 shows that the impact of the spectrum change during irradiation is such as
one-group cross-section uncertainty is almost the same before and after irradiation. Therefore
only one value of cross-section perturbation per type of fuel will be taken into account for the



3.1. Irradiation models for actinides 69

Si;j = � s (j )
Ci

@C(i )
@�s (j )

j
235U 238U 239Pu nat Zr 1H 2 H2O 16O

i

235U 0.00 -0.02 0.00 -0.01 -0.51 0.02
238U 0.00 0.00 0.00 0.00 0.01 0.00

237Np 0.00 -0.01 0.00 -0.01 -0.57 -0.02
238Pu 0.00 0.00 0.00 -0.01 -0.93 -0.03
239Pu 0.00 0.00 0.00 0.00 -1.06 0.04
240Pu 0.00 0.01 0.00 0.01 -0.29 0.02
241Pu 0.00 0.01 0.00 0.01 -0.87 0.05
242Pu 0.01 0.04 0.00 0.01 -1.02 0.03
243Am 0.00 0.05 0.00 0.01 -0.58 0.02
242Cm 0.00 0.03 0.00 0.01 -0.58 0.03
244Cm 0.00 0.07 0.00 0.01 -1.16 0.01

Table 3.7: Sensitivity of concentrations after irradiation up to 45GWd/tHM to scattering cross-section in
PWR UOX fuel

construction of irradiation surrogate models.

3.1.2.1.4.2 Impact of scattering cross-section on irradiation calculation

a) Overview
The impact of elastic scattering cross-section perturbation on different nuclides can be calculated
with neutron transport codes. A ®rst rough estimation of the impact can be obtained through
1-group perturbation of the scattering cross-section of nuclides. We calculate the sensitivity of
several concentrations to elastic scattering perturbation according to equation 3.20.

Si;j =
� s(j )

Ci

@C(i )
@�s(j )

)3.20*

Numerical application was performed in the case of a PWR UOX fuel assembly )EPR, 17 � 17*
irradiated at 45GWd/tHM. Sensitivity was calculated using OAT method, and perturbation of
cross-sections is performed via CHABINT module in APOLLO2: direct perturbation of cross-
sections after self-shielding. Perturbations are not re-evaluated at each irradiation step. The
perturbations are computed for 1% bias in cross-sections. The sensitivity values obtained are
shown in table 3.7. We noted nat Zr the natural zirconium, and performed a totally correlated
scattering cross-section perturbation of each isotope of zirconium, which is conservative.

It appears that the sensitivity of every isotope but 1H 2 H2O and 16O is very low. Considering
the uncertainty of these cross-sections being rather low )a few percents*, we can neglect their
impact on the ®nal concentrations. The cases of 1H and 16O have to be studied speci®cally.

We accept the hypothesis of scattering cross-section uncertainty's weakness of the impact
on concentrations after irradiation in PWR UOX fuel for the rest of the study, with the
exception of 1H and 16O.
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b) Study of 1H in PWR UOX fuel
The case of 1H 2 H2O is different: its sensitivity is much higher. The study must be re®ned to
analyze the impact of the uncertainty on ®nal concentrations. The ®rst step is the acquisition
of � s

 
1H 2 H2O

�
uncertainty data. The covariance data of this cross-section can be found for

instance in the ENDF B-VII [3.1] evaluation or in COMAC [3.2]. The correlation matrix in a
175 energy groups scheme is shown on ®gure 3.8 and the energy-dependent relative standard
deviation on ®gure 3.9.
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This correlation matrix is very special: all groups are almost fully correlated. This leads to a
remarkable property: the covariance matrix can be modeled as an energy-dependent vector of
uncertainty, whose shape is the same as shown on ®gure 3.9. Therefore this energy-dependent
perturbation is considered for the evaluation of the uncertainty of several minor actinides due to
the uncertainty of � s

 
1H

�
.

Considering the small amplitude of variation of this cross-section, we assume the linearity of the
impact of its perturbation to the ®nal concentrations, and the absence of signi®cant interactions
between scattering perturbation and other factors. Consequently:

@Ci (� s(1H)
@�s(1H)

�
Ci (� s(1H) +

p
V ar (� s(1H)))  Ci (� s(1H))

p
V ar (� s(1H))

)3.21*

We use the ®rst order of the Taylor expansion for the second moment )variance* of functions
)concentration* of a random variable )cross-section* and obtain:

V ar (Ci ) �

!
Ci (� s(1H) +

p
V ar (� s(1H)))  Ci (� s(1H))

p
V ar (� s(1H))

" 2

� V ar
 
� s(1H))

�
)3.22*

Therefore, we have:

p
V ar (Ci )

Ci
�

�
�
�
�
�
Ci (� s

 
1H

�
+

p
V ar (� s (1H)))  Ci (� s

 
1H

�
)

Ci (� s (1H))

�
�
�
�
�

= �C i )3.23*
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Hence the values of �C i can be calculated in only two direct runs. The values obtained for �C i are
shown on table 3.8. Although �C i are always positive, we attributed the sign of the sensitivity
value to them .

i �C i �
p

V ar (Ci )
Ci

)%*
235U -0.24
238U 0.00

237Np -0.24
238Pu -0.29
239Pu -0.35
240Pu -0.05
241Pu -0.23
242Pu 0.13
241Am -0.31
243Am 0.00
242Cm -0.07
244Cm -0.10

Table 3.8: Uncertainty of concentrations after irradiation due to 1H scattering cross-section in PWR UOX
fuel

The uncertainty resulting from the uncertainty of � s
 

1H
�

is small )less than 0.5= in any case*.

We accept the hypothesis of the weakness of the impact of 1H scattering cross-section
uncertainty on concentrations after irradiation in PWR UOX fuel for the rest of the
study .

A further study may consider construction of irradiation surrogate models through transport;irradiation
calculations in order to take into account this parameter natively.

c) Study of 16O in PWR UOX fuel
The case of 16O is more or less similar to 1H, with a lower sensitivity. ENDF B-VII data concern-
ing the covariance matrix of � s(16O) is shown on ®gure 3.10 and its energy-dependent relative
standard deviation on ®gure 3.11.
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We divide the energy range in 3 energetic macro-groups a, b and c, corresponding to the 3 di-
agonal macro-groups on ®gure 3.10. These 3 groups are uncorrelated because the correlation
is a block diagonal matrix. We make the following assumptions, which consists in associating
in each macro-group a unique value of uncertainty, equal to the maximum value found in the
macro-group:

8
>>><

>>>:

p
V ar (� s (16 O))

� s (16 O) = 2 :0% for E < 3:329MeV group a
p

V ar (� s (16 O))
� s (16 O) = 1 :5% for 3:329MeV < E < 10:000MeV group b

p
V ar (� s (16 O))

� s (16 O) = 4 :0% for E > 10:000MeV group c

)3.24*

We assume, as usual, Gaussian uncertainty of nuclear data.

We perform one reference computation and three perturbed computations, one per macro-group.
The value of the cross-section perturbation is its standard deviation. The values of the pertur-
bations are low )less than 5=*. Therefore we can assume the absence of signi®cant interactions
between these macro-groups. Given that these three macro-groups are uncorrelated, and the
interactions are negligible, we have:

�C i �
p

V ar (Ci )
Ci

=
p

V ar (Ci;a )+ V ar (Ci;b )+ V ar (Ci;c )
Ci

i:e: �C i �
q

�C 2
i;a + �C 2

i;b + �C 2
i;c

)3.25*

The same method can be used as in a) to evaluate the uncertainty propagation in each macro-
group �C i;j , computing only the reference case and the perturbed case.

Hence only four computations give us information to estimate the concentrations after irradia-
tion's uncertainty associated due to 16O scattering cross-section uncertainty.

The values for �C i in each macro-group and on the whole energetic domain, in the case of 16O
perturbation cross-section are exposed in table 3.9. Each and every uncertainty value of con-
centration after irradiation is below 0:12%. We can conclude that impact of the uncertainty of
� s(16O) on actinides concentrations after irradiation is minor and can be neglected for the rest of
the study.
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isotope mass fraction )=*
238Pu 3.06
239Pu 52.53
240Pu 25.86
241Pu 8.32
242Pu 8.55
241Am 1.68

Table 3.10: Pu vector for 1H scattering cross-section impact study in PWR MOX fuel

i �C i;a )%* �C i;b )%* �C i;c )%* �C i )%*
235U 0.04 0.00 0.00 0.04
238U 0.00 0.00 0.00 0.00

237Np 0.01 0.02 0.01 0.02
238Pu 0.02 0.02 0.01 0.03
239Pu 0.10 0.00 0.00 0.10
240Pu 0.04 0.00 0.00 0.04
241Pu 0.03 0.00 0.00 0.03
242Pu 0.05 0.01 0.00 0.05
241Am 0.12 0.00 0.00 0.12
243Am 0.04 0.00 0.00 0.04
242Cm 0.07 0.00 0.00 0.07
244Cm 0.02 0.00 0.00 0.02

Table 3.9: Uncertainty of concentrations after irradiation due to 16O scattering cross-section in PWR
UOX fuel

We accept the hypothesis of the weakness of the impact of 16O scattering cross-section
uncertainty on concentrations after irradiation in PWR UOX fuel for the rest of the
study .

d) Study of 1H in PWR MOX fuel
1H being the nuclide with highest scattering sensitivity value, its sensitivity was computed in
the case of PWR MOX fuel. Fuel is MOX with UOX environment, MOX is divided in three zones,
plutonium mean mass content is 10.1025= and Pu vector is shown in table 3.10. Impact is
studied at 46GWd/tHM, the method is the same as described in b) .

The values obtained for �C i are shown on table 3.11. Although �C i are always positive, we
attributed them the sign of the sensitivity value.
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i �C i �
p

V ar (Ci )
Ci

)%*
235U -0.04
238U 0.01

237Np -0.76
238Pu -0.01
239Pu -0.21
240Pu 0.02
241Pu -0.04
242Pu 0.08
241Am -0.06
243Am 0.01
242Cm 0.05
244Cm -0.05

Table 3.11: Uncertainty of concentrations after irradiation due to 1H scattering cross-section in PWR
MOX fuel

The impact of 1H scattering cross-section is low: less than 0:1% in any case with the exception
of 237Np at 0:76%. Considering 1H is the most contributing nuclide to scattering, we choose to
neglect the impact of scattering in PWR MOX fuel.

We accept the hypothesis of the weakness of the impact of scattering cross-section uncer-
tainty on concentrations after irradiation in PWR MOX fuel for the rest of the study.

d) Study of 23Na in SFR MOX fuel

The impact of this cross-section was not studied in this work, but should be investigated in
further studies.

3.1.2.1.4.3 Impact of spectrum on scalar cross-section uncertainty

Cross-section uncertainty is energy-dependent, therefore spectrum has an impact on the scalar
value of energy-integrated uncertainty.

For a given fuel type, the spectrum changes during irradiation, because of modi®cation of mass
fractions.

Section 5.2.1 shows a method of energy-dependent cross-section covariance matrix condensa-
tion, based on the principle of conservation of reaction rates uncertainty. Besides the scalar
uncertainty values for cross-sections, an application of this method is the comparison of scalar
values of cross-section considering two different spectra.

For instance, in the case of PWR UOX fuel enriched at 4.4=, scalar uncertainty condensed from
covariance matrices before and after irradiation at 45GWd/tHM is shown in table 3.12. ENDF B-
VII data was used. Computation of reaction rates and irradiation was performed by APOLLO2.
Several nuclides such as Cm isotopes are not present before irradiation, and were introduced as
traces )mass fraction @ 10! 15* in fresh fuel. Relative values of uncertainty are presented here.

We noted: u(� f (%)) = 100 �
p

V ar (� f )
� f

.
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It appears that irradiation has little impact on scalar uncertainty for most nuclides. The only
nuclide whose uncertainty changes appears to be 240Pu, this effect may be a result from changes
in self-shielding, which is important in the case of 240Pu.

nuclide
before irradiation after irradiation

u(� c(%)) u(� f (%)) cor(� c; � f )(%) u(� c(%)) u(� f (%)) cor(� c; � f )(%)
234U 2.98 20.03 0.00 2.91 19.82 0.00
235U 1.37 0.33 -33.78 1.34 0.33 -35.16
236U 3.80 22.70 0.00 3.71 21.81 0.00
238U 1.42 0.52 0.01 1.43 0.52 0.02

237Np 4.64 2.83 0.00 4.58 2.82 0.00
239Np 32.65 147.89 0.00 32.49 147.11 0.00
238Pu 9.81 0.24 0.00 9.83 0.22 0.00
239Pu 1.15 0.77 -53.75 1.13 0.77 -51.11
240Pu 1.66 3.06 0.00 1.61 1.99 0.00
241Pu 2.13 1.47 0.00 2.15 1.47 0.00
242Pu 11.49 1.87 0.00 11.42 1.87 0.00
241Am 5.07 4.90 0.85 5.12 4.61 1.36

242mAm 23.66 4.67 0.00 23.75 4.69 0.00
243Am 3.61 8.08 0.00 3.59 8.05 0.00
242Cm 13.43 4.62 44.10 13.74 4.68 47.34
243Cm 28.37 6.65 12.18 28.36 6.50 11.53
244Cm 8.25 4.03 -4.61 8.26 4.21 -4.68
245Cm 18.58 8.37 11.14 18.88 8.54 11.15

Table 3.12: Cross-section uncertainty in PWR UOX spectrum before and after irradiation

The same computation was performed for PWR MOX fuel in PWR UOX environment. Pu mass
content is 8.65=, Pu vector is shown in table 3.13. These fuel characteristics correspond to typ-
ical MOX fuel in the present French ¯eet )MOX parity, expected burnup@45GWd/tHM*. Cross-
section scalar uncertainty was computed for fresh fuel and for fuel irradiated at 45GWd/tHM.
Results of cross-section scalar uncertainty in PWR MOX fuel are shown in table 3.14.

Impact of irradiation on cross-section uncertainty and correlation is small, and will be
neglected for this study. However, each type of fuel (PWR UOX, PWR MOX, etc.) will be
associated with a different set of covariance matrices .

In the general case, we will take into account the maximum value of the cross-section uncertainty

isotope mass fraction )=*
238Pu 2.5
239Pu 54.5
240Pu 25.2
241Pu 8.6
242Pu 7.9
241Am 1.3

Table 3.13: Pu vector for cross-section uncertainty condensation in PWR MOX fuel
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nuclide
before irradiation after irradiation

u(� c(%)) u(� f (%)) cor(� c; � f )(%) u(� c(%)) u(� f (%)) cor(� c; � f )(%)
234U 3.15 19.92 0.00 3.58 20.01 0.00
235U 3.92 0.36 -1.00 3.40 0.36 -1.30
236U 3.19 21.25 0.00 2.71 21.17 0.00
238U 1.50 13.58 -0.44 1.53 14.02 -0.42

237Np 4.15 4.33 0.00 4.36 4.39 0.00
239Np 30.91 237.17 0.00 31.70 238.45 0.00
238Pu 9.69 0.43 0.00 9.73 0.42 0.00
239Pu 4.92 0.41 0.49 4.21 0.41 0.40
240Pu 8.57 5.48 0.00 6.88 5.93 0.00
241Pu 4.64 0.76 0.00 4.02 0.76 0.00
242Pu 5.81 4.36 0.00 5.27 4.54 0.00
241Am 5.02 3.12 0.21 5.20 3.19 0.28

242M Am 17.92 10.85 0.00 18.38 10.60 0.00
243Am 2.38 6.11 0.00 2.39 6.07 0.00
242Cm 8.73 4.56 4.39 8.69 4.50 5.15
243Cm 27.11 2.60 2.66 27.21 2.60 4.03
244Cm 9.14 3.00 2.59 8.50 3.05 3.77
245Cm 16.44 2.44 1.64 16.47 2.44 2.19
246Cm 18.67 8.89 -0.14 19.24 9.40 -0.11

Table 3.14: Cross-section uncertainty in PWR MOX spectrum before and after irradiation

and correlation before or after irradiation for the whole computation.

The case of SFR fuel was not studied in this work. However, as cross-sections are generally
less spectrum-dependent in SFR spectra, we assumed that uncertainty was similar in fresh and
irradiated fuel.

3.1.2.1.5 Fission yields

The contribution of ®ssion yield perturbations on the ®nal concentration of actinides is very
small, and results from the spectrum modi®cation by the ®ssion products.

The weakness of ®ssion yields impact is assessed using results of section 3.2: for every fuel type,
several ®ssion yields were sampled. The sensitivity of concentrations of actinides after irradia-
tion was assessed, and the result was always a null sensitivity. These ®ssion yields correspond
to ®ssion products involved in decay heat only, therefore several isotopes, for instance the stable
isotopes involved in burnup credit, were neglected. However, we can reasonably assume that the
impact of ®ssion yield leading to those isotopes is negligible.

The in¯uence of the uncertainty of ®ssion yields is neglected for this study .
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3.1.2.1.6 Energies

3.1.2.1.6.1 Effective ®ssion energy

Fission produces energy. The amount of energy per ®ssion transformed into heat is called effec-
tive ®ssion energy, Eef f , de®ned as [3.3]:

Eef f = E total  h E � i  � E � )3.26*

with E total the total energy emitted in the ®ssion process )from absorption of the neutron to �
decay of product fragments*, hE � i the mean energy taken by anti-neutrinos during � decay of
®ssion fragments and � E � the energy of � electron and photons from ®ssion fragments that did
not decay at a given moment. The standard deviation of Eef f is around or below 0.10= for 235U,
239;241Pu and about 0.22= for 238U [3.3].

The impact of ®ssion energy uncertainty on ®nal concentrations is indirect. It modi®es the
amount of ®ssions necessary to reach the ®nal burnup, which is imposed in our study.

PWR UOX fresh fuel contains only one major ®ssile nuclide, 235U. Given that ®ssion energy
produces approximately � � 60% of the total energy, the remaining energy coming from ) n;  *
and )n;el*, the number of ®ssions N necessary to reach a given burnup BU can be )very* roughly
approximated as:

N =
�BU
Eef f

)3.27*

Intuitively, we can note that the ratio � is a monotonically increasing function of the effective
®ssion energy, expressed as:

� =
energy from ®ssion

energy from ®ssion + other energy
=

Eef f

Eef f + a
; a 2 R� + )3.28*

Indeed, for a given burnup to be reached, when the ®ssion energy increases, the part of ®ssion
in total energy increases. For a bias of 235U effective ®ssion energy dEef f � Eef f , we obtain:

dN
dEef f

=
d�

dEef f

N
�

 
N

Eef f
,

dN
N

=
d�
�

 
dEef f

Eef f
)3.29*

Given that � is monotonically increasing in function of the effective ®ssion energy and:

d�
�

=
dEef f

Eef f

a
Eef f + a

with 0 <
a

Eef f + a
< 1 )3.30*

we obtain:

�
�
�
�
d�
�

 
dEef f

Eef f

�
�
�
� =

�
�
�
�
dEef f

Eef f
�

�
a

Eef f + a
 1

� �
�
�
� <

�
�
�
�
dEef f

Eef f

�
�
�
� )3.31*

We inject 3.31 in 3.29 and obtain:

�
�
�
�
dN
N

�
�
�
� <

�
�
�
�
dEef f

Eef f

�
�
�
� )3.32*
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actinide T1=2
p

V ar(Qef f )=E(Qef f )
237U 6.75d 0.2118=
239U 23.47m 0.1980=

238Np 2.12d 0.0851=
239Np 2.36d 0.2633=
238Pu 87.70y 0.0036=
241Pu 14.33y 0.9558=
241Am 432.80y 0.0021=
242Am 16.04h 0.8906=

242M Am 141.00y 0.9859=
242Cm 162.85d 0.0013=
243Cm 30.00y 0.0433=

Table 3.15: Qef f values of several radioactive actinides

As the number of ®ssion reactions is directly 3 linked to the ®nal concentration of every nuclide
in irradiated fuel, we can estimate that the magnitude of the impact of perturbation of effective
®ssion energy is less than � (Eef f )

Eef f
� 0:1%, which can be neglected for our study.

In the case of competitive ®ssion reactions, � is expressed as:

� i =
energy from ®ssion i

energy from ®ssion i + other energy
)3.33*

and the impact is even lower if we consider that the effective ®ssion energies of the different
®ssile nuclides are uncorrelated, because of the usual process of addition of uncorrelated distri-
butions: �

�
�
�
� (N )

N

�
�
�
� < max

�
�
�
�
� (Eef f )

Eef f

�
�
�
� )3.34*

Impact of the uncertainty of the effective ®ssion energy is negligible in our study .

3.1.2.1.6.2 Decay energy

The uncertainty of the decay energy of ®ssion products is already taken into account in the
effective ®ssion energy uncertainty.

The decay energies of actinides are generally well-known. For instance, the Qef f )mean global
amount of energy released by the decay* of 241Am has an associated standard deviation of
0.0021=.

Table 3.15 gives the Qef f relative standard deviation of several radioactive actinides, taken from
JEFF-3.1.1 database. Those nuclides are obtained through neutron capture or decay of common
actinides in fuel.

We can observe that the Qef f are generally well-known.

3although sometimes non-linearly, because of spectrum effects, competitive reactions and radioactive decays
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Given the small contribution of actinides decay energy to the burnup and the accu-
racy of the Qef f , we assume the hypothesis of weak impact of actinides decay energy
uncertainty on the burnup.

However, it would be interesting to estimate the magnitude of this effect in a next study.

3.1.2.1.7 Parameters taken into account: summary

Table 3.16 summarizes which parameters are taken into account or neglected for actinides sur-
rogate models. Neglected parameters are only taken into account as their mean value.

parameter taken into account neglected number of parameters

burnup � 1
irradiation length � 1

speci®c power � )calculated, not sampled*
non-uniform load factor �

fresh fuel mass fractions � 2 ! 9
actinides ®ssion XS � 19

actinides capture XS � 19
FP capture XS �

actinides scattering XS �
FP scattering XS �

other nuclides scattering XS �
®ssion yields �

effective ®ssion energy �
mass �

half-life �

Table 3.16: Summary of the parameters taken into account for actinides surrogate models

3.1.2.2 Design of experiment

3.1.2.2.1 Presentation

There are several approaches to generate the sample. Our design of experiments is characterized
by the following assertions:

� there are approximately 40 < n < 50 different parameters to be sampled at the same time?
� parameters are not correlated a priori even if we have information concerning correlations?
� the impact of each input parameter on the output is smooth )monotonic or has only one

extremum over its domain of variation*?
� there are few interactions between parameters, with the exception of burnup, which inter-

acts with other parameters?
� statistical regression method will be applied on the sample?
� a run of CESAR is reasonably short, i.e. around 10 seconds, depending on the cross-section

library and the burnup.
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We can conclude that the CESAR calculation time for the construction of the design of experi-
ments in the aim of building polynomial surrogate models is not really a limiting parameter in
our study, hence the gain of adaptive low-discrepancy sequences is limited.

Given the convenience of its implementation in URANIE )see section 2.4* and its superiority
over simple random sampling, we chose Latin Hypercube Sampling )LHS* as a sampling method
for our designs of experiments.

3.1.2.2.2 Determination of the sample size

The sample size has to be chosen in function of the estimator. Sample size is determined in
section 3.1.3.1.4 in the case of polynomial regressions and in section 3.1.3.2.1 in the case of
arti®cial neural networks.

3.1.2.2.3 Application

All the parameters are sampled at the same time. LHS was chosen as the sampling method. The
design of experiment for the fabrication sample contains 1000 points, those for the test sample
also contain 1000 points. This almost ensures that the error of the estimators comes from a
saturation )lack of ®t* of the estimators, rather than a lack of knowledge.

Figure 3.12 shows a part of the multivariate sampling matrix in the case of PWR UOX fuel,
irradiated at sub-nominal burnup. The color is representative of the density of irradiation com-
putations per bin. Additional dimensions corresponding to ®ssion and capture cross-section per-
turbations are not represented.
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Figure 3.12: Partial sampling matrix of PWR UOX fuel irradiated at sub-nominal burnup

Although parameters are sampled without a priori correlations, a posteriori correlations some-
times appear due to limitations in the domain of validity of CESAR BBL )see section 2.1.2*. This
is for instance the case for PWR UOX fuel, where a boundary given by equation 3.35 appears.
These limitations originate from the construction of one energy group cross-section libraries on
a limited fuel composition domain.

y(234U) < � � y(235U); � 2 R� + )3.35*

The length of irradiation and the 238U mass fraction are calculated in function of the parame-
ters sampled. The partial design of experiment )DOE* matrix, which is the translation of the
sampling matrix into CESAR input data, is shown on ®gure 3.13.

As expected, the length of irradiation is strongly correlated with the burnup, and the 238U mass
fraction with 235U.
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Figure 3.13: Partial DOE matrix of PWR UOX fuel irradiated at sub-nominal burnup

3.1.3 Regression

3.1.3.1 Polynomial regressions

3.1.3.1.1 Presentation

The polynomial regressions were chosen for a ®rst approach given their simplicity and their
physical interpretation. Indeed, the ®rst order coef®cients are the sensitivities of the different
parameters in the model, given that the design of experiments is uncorrelated, and the higher
order terms give information about the non-linearity )sign of the second order term, etc.* inter-
action )synergy between parameters* of parameters. The numerical value of monomials is highly
informative, and is sometimes used for short local or even global sensitivity studies. Therefore
polynomial models are not black-box models, although the numerical value and sign of high-
order monomials are sometimes dif®cult to interpret.

The polynomial regressions also have several downsides. First, high-degree polynomials can
lead to non-physical oscillations or collapses, especially near the boundaries of the design of
experiment. Therefore it is generally advised to stay under a reasonable degree )usually between
2 and 5*. However, this constraint introduces a lack of ®t, inherent to the model, that any design
of experiment cannot overcome. Another constraint, common to most of the estimators, is the
exponential scaling of the models complexity with the non-linearity of the model output and the
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number of parameters.

The evolution of the number of monomials N in a d-degree polynomial as a function of p param-
eters is given in equation 3.36. Numeric application for a few cases is shown in table 3.17.

N =
dX

i =0

�
p + i  1

i

�
)3.36*

N
degree of the polynomial

0 1 2 3 4
pa

ra
m

et
er

s
1 1 2 3 4 5
2 1 3 6 10 15
5 1 6 21 56 126

10 1 11 66 286 1001
20 1 21 231 1771 10626
50 1 51 1326 23426 316251

Table 3.17: Number of monomials in a d-degree polynomial of n variables

However, in practice, not every term in the polynomial is computed, since the contribution of
most of the monomials is negligible, and an iterative method allows computing only the N0

®rst terms to reach a given coef®cient of determination. In the case of actinides, the model
complexity remains reasonable due to the weakness of interactions between parameters )usually
polynomials of 40 monomials or less are adequate, as shown in part 3.1.3.1.5*, and therefore
polynomial models can be accepted.

Arti®cial neural networks are presented as an alternative to polynomials in section 3.1.3.2.

3.1.3.1.2 Determination of the model's parameters

3.1.3.1.2.1 Overview

The parameters of polynomial regressions have to be chosen among the DOE parameters )pre-
sented in part 3.1.2.1*, or directly accessible through them. The parameters to be taken into
account are as follows:

� Burnup and speci®c power are uncorrelated in our sampling and therefore used to describe
fully the irradiation parameters?

� All the initial mass fractions except y
 

238U
�

are taken into account. The parameter y
 

238U
�

is not considered as it results from the other parameters and its account being taken would
add an unnecessary degree of freedom to the system?

� Every cross-section perturbation is taken into account. Several perturbations may have
an almost null effect, however they are still considered, in order to obtain at least linear
tendencies.

� Fission yield perturbations are not taken into account.

The maximum degree is a supplementary parameter intervening in the construction of polyno-
mial regressions. A short study is carried out to determine the best degree to use.


























































































































































































































































































































































































































































































































































