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Contributions a 'inférence statistique
dans les modéles de régression

partiellement linéaires additifs

Résumé

Les modéles de régression paramétrique fournissent de puissants outils pour la
modélisation des données lorsque celles-ci s’y prétent bien. Cependant, ces modéles
peuvent étre la source d’importants biais lorsqu’ils ne sont pas adéquats. Pour éliminer
ces biais de modélisation, des méthodes non paramétriques ont été introduites permet-
tant aux données elles mémes de construire le modéle. Ces méthodes présentent, dans
le cas multivarié, un handicap connu sous l'appellation de fléau de la dimension ou
la vitesse de convergence des estimateurs est une fonction décroissante de la dimen-
sion des covariables. L’idée est alors de combiner une partie linéaire avec une partie
non-linéaire, ce qui aurait comme effet de réduire I'impact du fléau de la dimension.
Néanmoins 'estimation non-paramétrique de la partie non-linéaire, lorsque celle-ci est
multivariée, est soumise & la méme contrainte de détérioration de sa vitesse de conver-
gence. Pour pallier ce probléme, la réponse adéquate est I'introduction d’une structure
additive de la partie non-linéaire de son estimation par des méthodes appropriées. Cela
permet alors de définir des modéles de régression partiéllement linéaires et additifs.
L’objet de la thése est d’établir des résultats asymptotiques relatifs aux divers pa-
rameétres de ce modéle (consistance, vitesses de convergence, normalité asymptotique
et loi du logarithme itéré) et de construire aussi des tests d’hypothéses relatives a la

structure du modéle, comme I’additivité de la partie non-linéaire, et a ses parameétres.

Mots-clefs : Modéle additif, test d’additivité, normalité asymptotique, fléau de la di-
mension, loi du logarithme itéré, estimateur a noyau, intégration marginale, modéle

additif partiellement linéaire.






Contributions to the statistical
inference in partially linear additive

regression model

Abstract

Parametric regression models provide powerful tools for analyzing practical data
when the models are correctly specified, but may suffer from large modelling biases
when structures of the models are misspecified. As an alternative, nonparametric
smoothing methods eases the concerns on modelling biases. However, nonparametric
models are hampered by the so-called curse of dimensionality in multivariate settings.
One of the methods for attenuating this difficulty is to model covariate effects via a
partially linear structure, a combination of linear and nonlinear parts. To reduce the
dimension impact in the estimation of the nonlinear part of the partially linear regres-
sion model, we introduce an additive structure of this part which induces, finally, a
partially linear additive model. Our aim in this work is to establish some limit re-
sults pertaining to various parameters of the model (consistency, rate of convergence,
asymptotic normality and iterated logarithm law) and to construct some hypotheses
testing procedures related to the model structure, as the additivity of the nonlinear

part, and to its parameters.

Keywords: Additive model, additivity test, asymptotic normality, curse of dimension-
ality, iterated logarithm law, kernel estimator, marginal integration, partially linear

additive model.
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Notations
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Estimateur des moindres carrés du parameétre 3.

Espérence conditionnelle de Y sachant X.

Estimateur de Nadaraya-Watson de la fonction de régression m.
Densité conditionnelle de Y sachant X.

Erreur quadratique moyenne.

[¢"¢ composante additive.

Loi khi-deux a p degrés de liberté.

Variance.

Vecteur aléatoir dépourvu de la [¢™¢ composante.
Quantile de la loi normale centrée réduite.
Fonction indicatrice de A.

Convergence en loi.

Ensemble des fonctions k-fois continuement dérivable.
Loi normale centrée réduite.

Classe des fonctions additives.

logarithme décimal.

Notations de landau.

Fonction de régression additive.

Borne supérieure essentielle.

Ensemble des matices réelle n x n.

Indépendante et identiquement distribuée.

Almost surely.



Chapitre 1

Introduction

1.1 Estimation de la régression

La régression est une branche de la statistique mathématique qui développe des
techniques et des modéles pour décrire la relation d’une variable par rapport a une ou
plusieurs autres variables. En particulier, la relation « cause et effet »...Nous expo-
sons dans les deux sections suivantes les méthodes d’estimation, & savoir, estimation

paramétrique et estimation non paramétrique.

1.1.1 Estimation paramétrique

L’estimation paramétrique est ’approche classique pour estimer une fonction de
régression. Ici, on suppose que la structure de la fonction de régression est connue et
ne dépend que d’'un nombre fini de parameétres, qu’on estime a partir d’un échantillon

donné. Considérons le modéle linéaire suivant :
d
Y=B+> BXite, (X,...,Xy)€R?,
i=1

ou les X; sont appelées covariables, € représente I'erreur du modéle, souvent supposée
independante de X et de loi normale centrée et de variance finie 02, et, (B, 31, - - ., 34)
désignent les parameétres du modeéle, supposés inconnus. La fonction de régression li-

néaire est définie par

d
m(Xla"'axd):ﬁO_'_Z/BiX’ia (Xla"'aXd> ERd‘
=1
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L’estimateur du vecteur inconnu (83, B, ..., 3,) est obtenu par l'utilisation de la mé-

\

ou Xj;; désigne la " composante de la covariable X ;. Ensuite, on défini I'estimateur

thode des moindres carrés, donné par

n

N N ) 1
e = ar min —
(Boy - Ba) = arg _ min__ {n >

Jj=1

d
5= Bo— > _BiXy
=1

de la régression linéaire par

d
mn<X17"'7Xd):/80+ZﬁiXia (Xla"'7Xd) GRd
=1

Une littérature abondante s’est développée sur le sujet, on pourra consulter, entre
autres,Prakasa Rao (1983), Seber (1977), Draper and Smith (1981), Farebrother (1988),
Wolverton and Wagner (1969), Gyérfi (1978), Devroye (1976).

Les modeéles de régression paramétrique sont, en général, faciles a interpréter et ils
fournissent de puissants outils pour la modélisation des données lorsque le modéle
est bien spécifié. Cependant, ces modéles peuvent étre la source d’importants biais
lorsqu’ils sont inadéquats ou mal spécifiés. Afin de pallier ce probléme, des méthodes
non parameétriques ont été introduites pour construire des modeéles a partir des données

constituant ainsi une alternative générale et intéressante.

1.1.2 Estimation nonparamétrique

Soient (X1, Y1), ..., (X,,Y,) des vecteurs aléatoires a valeurs dans R? x R, indépen-
dants et identiquement distribués. La fonction de régression, lorsqu’elle existe et finie,

est définie par
m(x) =E(Y|X = x).

L’un des estimateurs les plus utilisés pour la régression est celui Nadaraya et Watson
(1964) défini, pour x € R4, par

S VKGR X=X,

Sty s K ) 0,
g (x) = '

%Z:’L:l Yi, si )i K(x;,)fl) =0.

ol h,, est le paramétre de lissage, appelé aussi fenétre d’estimation. une suite de nombres

strictement positifs telle que h,, — 0 lorsque n — oo, et la fonction réelle K est ici le

16



1.1. Estimation de la régression

noyau de convolution de Parzen-Rosenblatt. Cela se justifie par le fait que la fonction

de régression s’écrit sous la forme
mx) = E(YVX =x) = [ ygvx(ulx)dy
_ /ng,Y(X7 y) dy,

gx(x)
ol gx désigne la densité marginale de la covariable X, gx y est la densité jointe du
couple (X,Y), et gyx représente la densité conditionnelle de Y sachant X. L’estima-
teur de Nadaraya-Watson est obtenu aprés estimation des densités par la méthode du
noyau. Rappelons qu’un estimateur de la densité par la méthode du noyau est donné,

pour tout x € RY, par

gn(x) = nihﬁg[( (X ;f) (1.1)

Les comportements asymptotiques des estimateurs non paramétriques de la densité,
de la fonction de régression ou d’autres fonctionnelles, comprenant la consistance et
les lois limites, sont décrits dans de nombreux ouvrages et articles. Outre les méthodes
d’estimation, la nature des données, comme leurs structures de dépendance (mélange et
ergodicité) ou les méthodes d’observation (censure, troncature, données fonctionnelles
ou temps continu), a aussi motivé de nombreuses recherche. Nous renvoyons, entre
autres, aux travaux de Vapnik and Cervonenkis (1971), Gasser and Miiller (1979)
Priestley and Chao (1972), Collomb (1980) pour I'estimation de la régression a 'aide
de la méhode du noyau. Le livre de Prakasa Rao (1983) donne un apergu assez général
des méthodes et des résultats dans le cas réel et vectoriel. Nous citons aussi comme
références importantes dans ce domaine Silverman (1986), Bosq and Lecoutre (1987),
Fan and Gijbels (1995), Bosq (1996), Delecroix and Rosa (1996) et Gyorfi and Kohler
(2002).

Le résultat suivant, qui donne la consistance de I'estimateur de Nadaraya-Watson
avec une vitesse de convergence et l'ordre du biais, revét un caractére important pour

I’estimation de la fonction de régression.

Proposition 1.1. Supposons que K est un noyau d’ordre k défini sur R, borné et a
support compact, Y est bornée, h, — 0, nh® — oo, lorsque n — 00, gx, gxy sont de

classe Ck. On a alors

17



Chapitre 1. Introduction

En effet, on remarque d’apres la Proposition 1.1 que la consistance et le biais de l’es-
timateur mY" dépendent du parametre de lissage h,,. Un choix optimal de la fenétre
dans le terme du biais donne un mauvais résultat pour la variance, et vice versa; c’est
ce qu’on appelle “Tradeoft”. 1l s’agit alors de considérer un équilibre entre le terme de
la variance et celui du biais pour le choix optimal du parameétre de lissage. Naturelle-
ment, on utilise ici le critére de l'erreur quadratique moyenne, noté “MSE”, pour ce
choix. D’autres critéres de choix du parameétre de lissage, comme le critére de validation
croisée, sont aussi utilisés.

Rappelons que I'erreur quadratique moyenne de I'estimateur /2" est donnée par

MSE "] = E[mY"W (x) — m(x))?

n

= E[in, " (x) — E[i, " (¥)]]” + [E(riny, " (x) — m(x))]?

1
~ 0 <W> Lo m).

La fenétre optimale (ho* = O(n_ﬁ)), qui minimise l'erreur quadratique moyenne,

nous permet de donner la vitesse suivante
natsa Bl (x) —m(x))?) = O (1),

Lorsque la dimension devient importante, cette vitesse se détériore rapidement. Ce
phénomeéne causé par la dimension de la covariable X est connu sous I’appellation de
« Fléau de la dimension ».

L’activité humaine d’aujourd’hui fournit des données qui sont chaque jour plus
nombreuses et de plus grande dimension. Dans tous les secteurs d’activité, les bases de
données n’arrétent de grossir et le nombre de parametres observés n’arréte de grandir.
Cela conduit inéluctablement & des problémes liés a leur dimension dans toute étude
ou analyse de données. Par ailleurs, le traitement manuel de ces données n’etant pas
envisageable, il est d'un intérét majeur de pouvoir traiter correctement de fagon auto-
matique de telles données et de développer des méthodes appropriées pour cela. Dans
un futur proche, on aura des données de plus grande taille et en nombre encore plus

important que les données déja disponibles.

1.2 Le fléau de la dimension : Définition et solutions

Le fléau de la dimension “Curse of dimensionality” fait référence au handicap des
méthodes locales de lissage dans le cas des données multivariées. A cause de la par-
cimonie des données dans les espaces multidimensionnels, le comportement des esti-

mateurs non paramétriques se détériore rapidement quand la dimension augmente. Ce

18



1.2. Le fléau de la dimension : Définition et solutions

phénoméne a été découvert en 1957 par le mathématicien américain Richard Bellman
dans son ouvrage intitulé “Dynamic programming”’, et fut un argument en faveur de
la programmation dynamique. En effet, pour un échantillon uniformément réparti sur
un pavé [0,1]¢ et une fenétre h,, de longueur 0.1, le pourcentage des données qui se
trouvent dans chaque hypercube d’arréte 1/10 est de 102=9%, on remarque clairement
une décroissance significative en fonction de la dimension de ce pourcentage. Silverman
(1986) a abordé le probléme en exploitant le nombre requis d’un échantillon dans le
cadre de 'approximation d’une distribution gaussienne avec des noyaux gaussiens fixes.
Et il a également montré que la taille de ’échantillon, avec une erreur qui ne dépasse
pas 10%, croit exponentiellement en fonction de la dimension (voir Figure 1.1), et il a

donné 'approximation suivante

avec N (d) désignant la taille de 1’échantillon et d étant la dimension de 'espace.

Fléau de la dimension

taille de I'echantillant
4000 6000 8000 10000
| | | |

2000
1

0
1

dimension

F1G. 1.1 — Taille d’échantillon requis pour approcher une distribution gaussienne avec
des noyaux gaussiens fixes, et une erreur approximative d’environ 10%, par rapport a

la dimension de I'espace.

Dans la pratique, si pour tout ensemble de données, cet ensemble ne grandit pas
de maniére exponentielle avec la dimension de 1’espace alors cette dimension sera dite
petite. Inversement, la dimension sera qualifiée de grande. Naturellement, la question
qu’on peut poser est la suivante : Quelle est la limite entre petite dimension et grande

dimension ?

19



Chapitre 1. Introduction

Scott and Thompson (1983) ont trouvé un autre moyen pour aborder le concept de
la grande dimension en introduisant le phenomeéne de I'espace vide “The empty space
phenomenon”. Le volume d’une sphére de rayon r en dimension d est donné par

/2 ;
Vid) = rapsn"
Dans le cas d’une hyperspheére unité, ce volume peut étre défini d’'une maniére équiva-
lente a ’aide de la formule de récurrence suivante

V(d) = TV -2)

ou V(1) = 2 et V(2) = m. La simulation ci-dessous (figure 1.2) montre comment
le volume de I’hypersphére unité décroit en fonction de la dimension de 'espace. On
remarque que ce volume se rapproche de plus en plus de la valeur zéro dés qu’on dépasse

la dimension 20.

Espace vide

volume

T T T T T
5 10 15 20 25

dimension

F1G. 1.2 — Volume de I’hypersphére unité en fonction de la dimension de I'espace.

Pour conclure, et afin de mieux appréhender ce concept, il est souhaitable de com-
parer le volume d’une hypersphére de rayon 0.9 & une autre hypersphére plus naturelle
pour nous. On va choisir comme exemple 'hypersphére unité. Le graphe suivant (Fi-
gure 1.3) donne le rapport des volumes et son évolution en fonction de la dimension de
I’espace.

Les valeurs observées dans la Figure 1.3 montrent que, pour une dimension supé-
rieure a 20, tout le volume de I'hypersphére de rayon 0.9 est contenu dans seulement

10% de celui de I’hypersphére unité.

20



1.2. Le fléau de la dimension : Définition et solutions

Ratio des volumes

0.7 0.8

0.6
1

0.5

Rapport des volmes

0.3
1

0.2

T T T T T
2 4 6 8 10

dimension

F1G. 1.3 — Rapport des Volumes entre I’hypersphére de rayon 0.9 et I’hypersphére unité

en fonction de la dimension de I'espace.

1.2.1 Le modéle semi-paramétrique

Soient (Xy,...,X,) et (Zq,...,Z,) deux échantillons de variables explicatives a
valeurs respectives dans R? et RP. Ici, les vecteurs ((X1,Z1),...,(X,,Z,)) sont des
répliques indépendantes du couple (X, Z). Soit (Y7,...,Y,) un échantillon de variables
expliquées, appelées aussi réponse, a valeurs dans R. Le modéle semi-paramétrique est

défini par

Vi =ZB+m(Xy) +e, i=1,...,n, (1.2)

ol B est un paramétre inconnu p-dimensionnel, ZT représente la transposée du vecteur
Z, m est une fonction nonlinéaire a plusieurs variables & valeurs dans R et €q,...,¢,
est un échantillon aléatoire de moyenne nulle et de variance fini 02. Nous supposerons
par la suite une condition supplémentaire d’indépendance de la varaible e; par rapport

au vecteur aléatoire (X, Z;).

Estimation du paramétre 3

Pour tout ¢ € {1,...,n}, on a
E[Yi|X:] = E[Z] [Xi]B + m(X,).

21



Chapitre 1. Introduction

Il ressort alors

Y; — E[Y|X;] = (Z; — E[Z|X,])" 8 + <.

En utilisant la méthode des moindres carrés, on en déduit que

i=1 i=1

B= (Z(Zi — E[Zi[X])(Zi — E[Zi\Xi])T> (Z(Zi — E[Z:|Xi])(Yi — E[K-\Xi])T> :

Naturellement, les quantités E[Z;|X;] et E[Y;|X;] sont inconnues. Soient Z; et ¥; leurs
estimateurs respectifs obtenus par la méthode du noyau. Par conséquent, I'estimateur

de B, peut s’écrire sous la forme suivante

Estimation de la partie nonparamétrique du modéle

Le modéle (1.2) peut s’écrire d’'une maniére équivalente sous la forme suivante
Y, —Z/B=m(X;)+e, i=1,...,n.

Par conséquent, un estimateur de Nadaraya-Watson de la fonction m est donné par

- Y, —ZIB  [x-X;
~3 _ i i K 7
=2 nhdg,(x) ( By ) '

i=1

L’intérét principal du modéle partiellement linéaire est qu’il permet de distinguer
les relations linéaires et les relations non linéaires du modéle. L’idée est de prendre en
compte ’a priori, que 'on a quant a la linéarité de certaines relations afin de réduire
le cotit de 'estimation qu’aurait un modéle non paramétrique, tout en gardant l'effet
sous-jacente au modeéle nonparamétrique pour expliquer les autres relations. Le modéle
semi-paramétrique a été introduit pour la premiére fois en (1985) par Green et Yandell.
Mais c’est juste aprés I'étude faite en (1986) par Engle, Granger, Rice et Weiss, sur la
relation entre la vente de I'électricité et les conditions météorologiques, que ce modele
a commencé a intéresser les chercheurs. On consultera, entre autres, a ce sujet, Green
(1985), Green and Yandell (1985), Eubank (1985), Heckman (1986, 1988), Speckman
(1988), Horng Shiau and Wahba (1988), Wahba (1986) et Mammen et al. (2011).
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1.2. Le fléau de la dimension : Définition et solutions

1.2.2 Le modéle additif

Le modele partiellement linéaire permet de modéliser un treés grand nombre de
phénomeénes. Sa flexibilité par rapport au modéle linéaire standard et ces résultats
satisfaisants sur I’estimation statistique ont contribué a son succés. Néanmoins, la partie
nonparamétrique du modele partiellement linéaire posera encore des problémes, en
particulier, pour la vitesse de convergence des estimateurs, diis au fléau de la dimension.
Pour pallier ce probléme, on considére une structure additive de la fonction de regression

m. On pose

d
Yizzml(Xu)-i-&’ 1< <n,
-1

ol X;; est la ['®™¢ composante du vecteur X; et m; sont des fonctions réelles univariées

inconnues. Compte tenu du probléme d’identifiabilité, par la suite, on supposera que
EXy) =0, Il=1,...,d, i=1,...,n.

Stone (1985) a montré que l'introduction du modéle additif nous permet de résoudre
le probléme de la dimension dans le sens que I'on obtient des vitesses similaires a celles
de la régression univariée.

De nombreuses méthodes ont été proposées pour estimer les composantes additves
et donner les propriétés asymptotiques de leur estimateurs. Il s’agit notamment de
la méthode algorithmique du Backfitting ordinaire employée par Buja et al. (1989),
dont les proprétés théoriques ont été étudiées plus tard par Opsomer and Ruppert
(1997). Mammen et al. (1999) ont proposé une nouvelle procedure du Backfitting dite
« Smooth Backfitting » pour laquelle ils ont développé toute une théorie asymptotique.
Cette procedure est ensuite reprise par Nielsen and Sperlich (2005) qui ont développé
ses aspects pratiques. D’autres variantes de la méthode du Backfitting ont fait 'objet
de plusieurs travaux, on peut citer ceux de Hastie and Tibshirani (1990) et Mam-
men and Park (2006). Comme alternative aux méthodes du Backfitting, la méthode
d’intégration marginale a été étudiée par de nombreuses auteurs parmis lesquels nous
citons Newey (1994), Tjgstheim and Auestad (1994), Linton and Nielsen (1995) et Fan
et al. (1998). Sur la base de cette méthode d’estimation, le travail de cette thése s’ar-
ticule sur I'étude des propriétés asymptotiques des estimateurs du parameétre linéaire,
de la variance des erreurs et des composantes additives du modéle additif partielle-
ment linéaire ainsi que la construction de tests d’hypotheses relatives aux paramétres
de ce modéle et a la structure d’additivité supposée de la composante non linéaire.

Nos résultats s’inscrivent dans 'utilisation de la méthode d’intégration marginale pour
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I’étude des modéles additifs partiellement linéaires et viennent en complément des tra-
vaux disponibles dans la litérature sur les modéles additifs de regression et les modéles
partiellement linéaires.

Dans le paragraphe suivant, nous présentons le principe de cette méthode pour la

bonne compréhension de notre étude.

1.3 La méthode d’intégration marginale

Dans ce paragraphe, on introduit la méthode d’intégration marginale pour estimer
les composantes additives m;, 1 < [ < d. Cette méthode est moins compliquée que
I’algorithme du backfitting. Ce dernier s’est avéré moins facile a étendre aux études
theoriques sur les propriétés asymptotiques de I'estimateur associé, malgré 1’aisance de
I'implémentation de cet algorithem itératif, le plus adopté en pratique pour 'estimation
des composantes additives. Pour plus de détails sur le sujet, on consultera, par exemple,
les travaux de Mammen et al. (1999) et Lee et al. (2010).

1.3.1 Détail de la méthode d’intégration marginale

En premier lieu, considérons que d > 2 et que la fonction de régression m admet la
forme additive suivante, pour tout x = (z1,...,74) € R?,

d
m(x) = Zml(xl).
=1
Soit ¢ une densité réelle univariée, pour tout 1 < I < d. Posons q(x) = [, qi(z1) et
q(xy) = H;l:l 219 (z;), ot x_ = (%1,...,T)—1, Tiy1, - - -, Tq), des densités d’intégra-
tion définies respectivement sur R?~! et RY, par conéquent, la fonction de régression m

peut s’écrire sous la forme, pour tout x € R,

m(x) =Y Glx) + » m(x)q(x)dx, (1.3)
G(xy) = /Rdl m(x)q_(x_;)dx_; — g m(x)q(x)dx. (1.4)

Remark 1.1. Par intégration de la fonction de régression m, on en déduit que

d

/}Rd_1 m(x)q_(x_;)dx_; = my(x;) + Z mi(x;)qi(z;)dx;.

iAl VR
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1.3. La méthode d’intégration marginale

Remarquons, ensuite, qu’on a 1’égalité

m(x)q(x)dx = Z/le(xl)ql(xl)dxl.

Rd

Compte tenu des deux équations précédentes, nous pouvons écrire

/Rd—l m(X)q(x-;)dx_; — 9 m(x)q(x)dx

= my(x) + mi(z;)qi(z;)dx; — my(x)q(x;)dxy
> >,

= ml(ﬂfz)—/le($l)QZ(Il)dCEl-

Par conséquent, il est facile de voir que

Glw) = mya) — /R () qu(an) . (15)
D’ou 'équation (1.3).

Remark 1.2. En cohérence avec I’équation (1.5), on observe que, pour tout [ =
1,...,d, (; et m; sont des composantes additives de la fonction de régression m qui

sont égales a une constante pres.

Remark 1.3. En tenant compte de la condition d’identifiabilité Em;(x;) = 0, pour tout
=1,...,d, et dans le cas ou les densités d’intégration ¢; sont égales aux fonctions
densité f; de la variable X;, on obtient (; = m;. Ce cas de figure n’est généralement pas

vérifié, car la fonction densité f n’est pas connue; ce qui implique que (; # my.

Par intégration de la fonction de régression multivariée, on peut en déduire, pour

tout [ =1,...,d, que

Pl = [ mfateix— [ mlxaex (16)
Rd-1 R4
Par conséquent, un estimateur de la fonction de régression m, dans le cadre additif, est
donné par
d ~
Mhga(x) = D ¢ w) + » mp(z)q(z)dz. (1.7)
=1
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1.4 Reésultats existants

Dans ce paragraphe, nous allons donner quelques résultats scindés en deux sous-
sections. La premiére est relative au modéle semi-paramétrique tandis que la deuxiéme

concerne le modéle additif. Ces résultats seront présentés sous forme de théorémes.

1.4.1 Le cadre semi-paramétrique

Supposons que 1'on observe une suite de copies indépendantes (Y, X!, Z1), .- (Y™, X" Z"),
du vecteur aléatoire (Y, X,Z), o0 X = (Xy,--- , X)) € RP et Z = (Zy,---,7Z,)" € R

On considére le modéle additif partiéllement linéaire suivant
Y =X"B4+mi(Z)+ - +ma(Zy) +e.

Pour des raisons d’identifiabilité des composantes additives, nous posons la contrainte
E[m;(Z;)] =0, 1 < j <d. Ici la variable ¢ est supposée indépendante des variables X
et Z. Soit B un estimateur de @ définit par

ol X! = X' — add(Z1) et Y = Y — mdd(Z1). Les quantités mad(Z') et madd(Z1)
sont pris ici comme des estimateurs obtenus a l'aide de la méthode du Backfitting. On
pose 1n(Z) = II(E(X|Z)|H), ou II(-|H) est un opérateur de projection sur l'espace H
des fonctions additives m de carré intégrable tel que Em(X) = 0. Alors, sous certaines

conditions de régularité, Mammem et al. (2011) établissent le résultat suivant.

Theorem 1.1. Mammen et al. (2011)
Pour C > 0 et 1 < 5 < p, on suppose que Elexp(|X; — E(X;|Z2)|Z)] < C ps.. Si
h; = O(n™®), avec 1/5 < o < 1/2, alors on a

VB =85 N (0.var(e) [EX = n(Z)(X —n(z))T] ).

Ici, loi de la variabe € n’est pas nécessairement connue. Suivant le travail de Mammen
et al. (2011), la borne inférieure de I'information de Fisher pour estimer le paramétre
B est donnée par

Ting = I, E[X = 0(Z)][X — n(Z)]",

o Z, = [(¢')?/g < oc et g est la densité de la variable . Comme la variance asymp-

totique de 'estimateur 3 est plus grande que la borne inférieure de I'information de
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Fisher Zi,z, on a var(e) > I !. Dans le cas d’erreurs Gaussiennes, le résultat obtenu
est var(e) = Z; 1. Ainsi, Pestimateur 3 atteint la borne inférieure de I'eficacité semipa-

ramétrique.

Soit {(Y:, Xi1, ..., Xip, T3) }i; une suite i.i.d. de n(p + 2) répliques aléatoires indé-
pendantes de méme loi que (Y, X, ..., X,,,T), avec Y une variable aléatoire qui dépend
simultanément d’une variable explicative réelle X; (j =1,...,p) et une variable expli-
cative fonctionnelle 7. On considére le modéle semi-fonctionnel partiellement linéaire
suivant

Y, = ZX”B +m(T;)+e Vi=1,...,n
j=1
Les estimateurs de 3 et m sont obtenus successivement a l'aide de la méthode des
moindres carrés et celle de Nadaraya-Watson, et seront notés par Bh et my,. Sous cer-
taines conditions de régularité (voir Aneiros-Pérez and Vieu (2008)), on a la consistance
de l'estimateur de la partie non paramétrique, la normalité asymptotique du vecteur

Bh ainsi que la loi du logarithme itéré de ces composantes.

Theorem 1.2. Aneiros-Pérez and Vieu (2008)

1

Sous les hypothéses nh'® — 0, (ni_igf)(h)) logn — 0, no(h)

sa(r 2) _1

= O(1) et

-2
(nl TEﬂquﬁ( )) logn = O(1) quand n — oo (@ >0, 0<e <1, a>9/2, r>4et

0 > 2), on obtient

-~ L
Vn(B, — B)=N(0,%),
ol X la matrice variance-covariance.

Si en plus {Y;, Xi1, X, T; } est strictement stationnaire, on a

lim sup

v _ )12
n—00 (210g10gn> ‘Bh] 'B‘ i)

teC neo(h)

Les mémes vitesses de convergence sont obtenues dans un cadre des variables indé-

sup |fin(t) — m(t)| = O(h%) + O ( logn ) a.s.

pendantes par Aneiros-Pérez and Vieu (2006).

Le résultat suivant qui traite le modeéle partiellement linéaire avec des covariables
indépendantes, est di a Hardle and Liang (2007). Ils ont établi, la normalité asympto-

tique d'un estimateur du parameétre du modéle basé sur la méthode du noyau.
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Theorem 1.3. Hérdle and Liang (2007)

On suppose que (i) supy<y<; E(||Z]]*|x) < 0o et ¥ = Cov{Z —E(Z|X)} est une matrice
définie positive. (ii) m(x) et E(z;;|x) sont lipschitz et continues. (iii) la fenétre h, ~
An~15 pour un 0 < X\ < oo. Alors

ViBir = BN (0,0°E7)
Dans le cadre des séries chronologiques, Gao (1995) s’est intéressé au modéle auto-
régressif stationnaire partiellement linéaire suivant

}/;:6}/;,14-771(}/;,2,...,}/;,[,)4—5“ t:p—i-l,,T,

ol 3 est un parameétre inconnu, m est une fonction inconnue sur RP~!, ¢, des erreurs
aléatoires indépendantes et identiquement distribuées et les ; sont indépendantes des
Y pour tout s = 1,...,p. Sous certaines conditions de régularité (voir Gao (1995),
Théoréme 1), on obtient la normalité asymptotique des estimateurs du paramétre [3

ainsi que de la variance du modéle et exposé dans le théoréme suivant

Theorem 1.4. Gao (1995)

On suppose que E(g1) = 0 et E(e?) = 0% < oo. Lorsque T — 00, on obtient
VT(Br — 35N (0,0%0,2),

avec 02 = limy_o 7 >y B((Y; — E(Yio1] X)))? Q1)

Supposons de plus que E(g?) < co. Quand T — oo, on a
V(G2 - ) EN(0, Var(e?),
oy =30 (V= BrYin)?, Y=Y, —iur(Xy), et Yo=Y —mar(X).

Les estimateurs 37 et 02 sont obtenus a I’aide de la méthode des moindres carrés.

1.4.2 Le cadre additif

Soit {(X;, Y;)}I, un processus stationnaire a-mélangeant. On considére le modele
additif suivant
Yi = ma(Xui) +ma(Xai) + maa(Xai, Xai) + &,

avec (X1, X3) un vecteur de variables aléatoires continues dans RP1TP2 et (Xo, Xy)

un vecteur de variables aléatoires discrétes dans R 7% . Sous certaines conditions de
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régularité, Camlong-Viot et al. (2006) ont montré que I’ estimateur des composantes
additives obtenu par la méthode d’intégration marginale, qui dépend a la fois des

covariables continues et discrétes, converge avec le méme vitesse que dans le cas continu.

Theorem 1.5. Camlong-Viot et al. (2006)

e Cas discret :

VBB ([ (1) — i (1)) SN (b(21), v (1)),

ou
br) = %Z [ [(—1)'%?,5 @)+ [ mﬂzﬂ%wl)da] 7
et
/K2 du/// 05 (21, T, T3, x4) + M (21, T2, T3, T4) ]
i e M)
e Cas discret — continu :
V/IRE? (s(ws, 22) = (s, 22) DN (b3, 24), 07 (03,24)),
ou
b(xs, z4)
— H]Z/ b K (u du[ 1)* 8@ (xg,:r;4 /m34 zg,z4)a;q§] (23, 24)dz3p(dzy) |
et

v (23, 14) = g4(a:4)/K2(u)du//[03(3:1,3:2,333,334)—|—m2(x1,x2,3:3,x4)]

g1 (21) g2 (22))?
Xg(ﬂfl,f@,xs,m)

dzip(drs),

avec 05(-) = Var(Y|X =), q(z) = ¢i1(x1)q2(22)gs4(x3, 24) est une densité d’intégra-

tion, K est un noyau et p est une mesure discréte.

Dans le cas discret, le résultat obtenu généralise celui donné par le Théoréme 1 de
Fan et al. (1998) dans le cas de variables dépendantes. Dans le cas discret-continu,

on remarque que la variance asymptotique de l'estimateur de l'intégration marginale
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souffre seulement de la dimension des variables continues. Cela veut dire que la di-
mension des variables discrétes n’affecte en aucun cas la vitesse de convergence de la

variance asymptotique.

La modélisation de type GARCH, trouvant son application notamment dans le
domaine de la finance, a été étudiée par Mammen et al. (2002). Les auteurs considérent

le modéle additif suivant
E(Y|X)=E(Y) + Z m;(X

ou, pour des raisons d’identifiabilité, ils supposent que E[m;(X;)] = 0. La particularité
de ce modele est que, pour un parameétre 3, et pour j > 2, les fonctions m; sont liées

de la fagon paramétrique suivante

my(-) = 37 'ma(-).

Soit B\LS, I’estimateur des moindres carrés de 3, défini par
n J J
Brs = arg min Z SN wi(Xa) iy (Xiw) — 87 (Xir) 1,
=1 j=1 k=1

ou les w; sont des fonctions de poinds et m;, m; sonts deux estimateurs respectifs des
fonctions m; et m,. Sous certaines conditions de régularité, les auteurs obtiennent le

résultat suivant

Theorem 1.6. Mammen et al. (2002)

Supposons le paramétre de lissage de la forme h,, ~ n=/%. Alors,
S c
n'?(Brs — Bo) SN (0,21s),

ol la variance asymptotique est donnée par g = E[{o?(X)H? (X, Bo)+H3(X, o))}/ D% 4],
(H#(X, fp))i=1.2 sont deux fonctions de X et fy, 0*(X) est la variance conditionnelle
de Y sachant X et Drs = 37, S0 {(j — 1A 2 PE{w; (Xe)m3 (X}

Ce résultat peut étre étendu au cas ou les composantes additives peuvent s’écrire

sous la forme générale suivante

m;(+) = Fi{ma(-), 5o}
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1.5. Contributions de la thése

Dans ce cas et de fagon similaire, I’estimateur des moindres carrés de 3 est alors défini

par
J J

n
Brs = arg min DN Wi (X (Xa) — Fi{in (Xar), B3
i=1 j=1 k=1
Cependant, cette fois ci, le paramétre de lissage n’est plus de la forme h,, ~ n=/°. Cela
est dit au bais de I'estimation non paramétrique induite par m;(X;,) — F;{mi(Xu), 8}
Pour remédier a cela, la fonction F}; peut étre remplacée par une fonction plus appro-
priée ﬁ] = Fj 4+ Oy(h2). Une autre alternative, qui donne aussi les mémes résultats,
demande un sous-lissage avec un choix de la fenétre de la forme h,, = o(n~'/4). En effet,
dans ce cas de figure, on aura un parametre 3; = o+ O(h?%) qui donne la convergence

en loi du terme n'/ 2(5 — ;) comme dans le théoréme ci-dessus. Par suite, il suffit de

remplacer 3; par (5.

1.5 Contributions de la thése

Soit (X, Yi,Z;)i>1 une suite de répliques indépendantes d'un vecteur aléatoire
(X,Y,Z) a valeurs dans R? x R x RP.
Notons que le modéle semi-paramétrique défini auparavant par 'equation (1.2) peut

s’écrire sous la forme suivante
Y -Z"8=m(X) +e. (1.8)

En utilisant la méthode de Wand & Jones, un estimateur de la regression de la partie

non paramétrique du modéle précédent est défini, pour tout x € R?, par

_ Y -ZIB (g1, (u—X
mg(x):;—ngn(xi) (Hh—nKl (—hn )) (1.9)

oll ; et X sont respectivement la [*™¢ composante de x et X, et K; (1 <1 < d)
sont des noyaux définis sur R, g, désigne 'estimateur de la densité marginale de la
covariable X donnée par I'equation (1.1) et h, est un paramétre de lissage qui tend
vers zero avec une vitesse bien choisie qui va étre donnée plus tard. Notons que m?(x)
dépend du paramétre inconnu B qu’on doit estimer. Suivant la méthode des moindres

carrés, I'estimateur de 3 est de la forme
B=[22""'7Y, (1.10)
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avec

Vo= Y- X W (XY,

) i L<i<n’ (1.11)
Z = [Zi—ijl Wi (Xi)Z;

)
} 1<i<n

W,; est une fonction poids qui sera définie plus loin dans notre travail.

Pour réduire 'impact de la dimension sur la partie non paramétrique dans le modéle
de la régression semi-paramétrique, on considére une structure additive de la fonction

de régression m et on introduit le modéle additif partiéllement linéaire suivant

d
Y =27"8+ Zmlﬁ(Xl) +e=27Z"8+m?,(X) +e, (1.12)

=1

ot X; est la [®™° composante du vecteur X et mf est une fonction réelle univariée
sous une contrainte supplémentaire afin que le modéle soit identifiable, Emlﬁ (X)) =0
pour tout [ € {1,...,d}, € est I'erreur du modéle telque E[¢|X,Z] = 0 et supposée de

variance finie 2.

En utilisant la méthode d’integration marginale, ’estimateur de la fonction de ré-

gression additive est donné, pour tout x € R?, par

ae) = 3Pl + [ | a(a)ds (113)
et
Pl = [ weoa st ix— [ wlxam)ix (1.14)

Dans la suite, nous présentons briévement les principaux résultats établis dans nos
travaux. Pour pouvoir donner ces résultats, quelques conditions de régularité sont né-

cessaires pour ce fait (voir plus loin dans les chapitres de cette thése).

1.5.1 Quelques résultats asymptotiques sur le paramétre 3

Supposons qu’il existe un réel r > 2 tel que maxi<;<, Fle;|" < oo et que E[e?|X;, Z;] =
o2 p.s., alors nous établissons la normalité asymptotique de lestimateur B du para-

métre du modéle

-~

V(B - B8) % N(0,02B7Y),

32



1.5. Contributions de la thése

2

Z est la variance

ou B est une matrice définie positive qui peut étre estimée par %ZZT, o
. L d .. .
de la variable aléatoire ¢, et — désigne la convergence en loi.
Sous les mémes conditions, on établit la loi du logarithme itéré des composantes de

,B'. Presque stirement on obtient

I -
imsup , / —
n_mp 2loglogn

avec BJ et 3; désignent, respectivement, la j

-~

Bj — B;| = (a2b7)'/2,

tme composante de 3 et 3 et b/ désigne
I'élément de la j°™¢ ligne et la k™€ colonne de B~!.
Un test d’hypotheése est construit pour tester I’hypothese nulle ‘Hy : 8 = B, contre

une alternative H; : 3 # 3,. Sous H, on obtient

ol X%p) désigne la loi 2 a p degrés de liberté.

1.5.2 Etude asymptotique de la variance du modéle

Supposons maintenant qu'’il existe un réel r» > 4 tel que max;<; <, Ele;|” < o0,

alors

V(62 = 02) S N0, Vare?)  a.s.

n

"1 < oo, alors une loi du logarithme itéré pour l'estimateur

Si de plus max;<;<, Fle;

de la variance du modele est donnée par

A2 2

I -
im su —|0
n—>£)o 2loglogn

= (Vare)'?  a.s.

n ¢
Sous I'hypothése nulle Hy : 0. = 09
22232
n(Un ZE) i) X27
Varej

ot x? est la loi khi-deux & 1 degré de liberté.

1.5.3 Consistance uniforme de la partie additive du modéle

Dans un premier temps, nous allons donner le comportement asymptotique des

estimateurs des composantes additives dans le mode¢le additif partiellement linéaire.
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Pour cela, soit [¢ = Hld:1 I; un compact de R?, on définit la fonction ¢ sur l'intervalle

I, par

B(u
() = /Rd_1 ;7<))Q—l(u—l)du—l;

(u_|uy
ot g(u_;|u;) est la densité conditionnelle de X_; sachant X; = w,

avec
HP(u) =E[(Y -Z"B)*)X =ul,u= (ui,...,uy) € R%

Pour tout 1 <[ < d, on considére la quantité suivante

o, = of = sup o) /Klz(t)dt,
wer, \| &lw) Jr

ou g; est la [*™¢ densité marginale de X. Alors on obtient

nh ﬁ?(Il) — (1)

lim | =—————— sup
n—o0 210g(1/hn) 1€l

=07 a.s.

Le résultat suivant fournit une consistance uniforme forte de l'estimateur ffzfdd de la
partie additive du modéle . Sous les mémes conditions et en utilisant le dernier résultat,

on a

d
nh 3

lim [ —— " sup |, (x) — ma ‘—_E 5.
e 2log(1/hy) et Mg () = Maaa(X) . o s

Comme conséquence immédiate du résultat précédent, on a la consistance uniforme
avec vitesse de convergence de I'estimateur de la régression semi-paramétrique donnée

dans le corollaire suivant

p d

m(x,z) — m(x, z)‘ =0, Z(b”)l/2 + Zal/ a.s.,

=1 '=1

Y nhy,
1m — Su
n—oo \[ 2log(1/hy,) x,zGIERP

avec M(x,z) =z B+ mP () et o2 est la variance de ¢.

1.5.4 Test d’additivité

Pour pouvoir définir I’hypothése qui servira a construire notre test d’additivité, on

introduit la classe de fonctions suivante

M = {madd : madd(X) = iml(Xl), E[ml(Xl)] = O, 1 S l S d} .
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Le test consiste a tester I’hypothése nulle Hy : "m € M ", contre une hypothése

alternative Hy : " m ¢ M ". Suivant les mémes idées que celles utilisées par Hérdle

and Mammen (1993) pour des propos quelque peu différents, on considére la quantité
1 & X * ax)
X i q(x

R.o= [ |—S' K ( AN X, ) d 1.15

/. [nhz Y (5) B alX.) ] EITR

qui estime la quantité R = E[E(Y —Z" B — m,qq(X))|X]? égale a zéro si et seulement si
I’hypothése nulle Hy est vraie. Dans la suite, nous établissons la normalité asymptotique
de la statistique R,, qui nous permettra de construire la région de rejet de notre test.

Supposons qu’il existe un réel n > d/(3(2k + 1) — d) tel que E(e (H")) < o0 et que
e est indépendante de (X, Z). Alors, sous I'hypothése nulle Hy, on a

/nhdR, — Dn—1/2p; 2

vzzz/(o—g)2 ~2(1)q? dux/UK t—r)dtrdr,
D= [ o watwdux [ KAt

Comme D et V contiennent des quantités inconnues, alors ils doivent étre estimés pour

ou

qu’on puisse effectuer le test. Le résultat suivant donne la normalité asymptotique

quand D et V sont estimés.

Sous Hy, on a
V/hiR, — Dyn=1/2p,

~

Va

2
V, ;:2/(83)2 ~2(u)q du/ [/K t—r)dt} dr.
D, = /Aignl du/K2

< N(0,1),

avec

et

La région de reget :

Au seuil a, la région asymptotique de rejet associée au test est donnée par
D ={R, >n""h,"D, +n ?h \[V,o" (1 — o)},
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Chapitre 1. Introduction

ou ¢ est la fonction de distribution d’une variable aléatoire N (0, 1).

A T’aide des simulations, on a montré que notre test est puissant et que la puissance
du test est une fonction croissante qui atteint la valeur 1 pour un échantillon de taille
n = 1000. Tandis que 'erreur de premiére espéce est considérablement proche de la

valeur théorique de 5%.
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Chapitre 2

Asymptotic results and additivity test

in partially linear regression model

Ce chapitre est composé de deux publications en (2011) et (2013) aux comptes ren-
dus de I'académie des sciences, mis en forme pour étre inséré dans le présent manuscrit
de thése.

This chapter is devoted to the study of some asymptotic properties of the linear

part of the partially linear regression model defined by

d
Y,i=2Z/B+) m(Xa)+e, 1<i<n,
=1

together with the construction of a test to test the additivity form of the nonlinear part
of this model. Here, Z; = (Z;1,..., Zy) ", X; = (Xi1,..., Xiq)" are vectors of expla-
natory variables, 3 = (3, ... ,ﬂp)Tis a vector of unknown parameters, mq,...,mqy are
unknown univariate real functions, and ¢; are i.i.d. random errors with finite variances
o2. The nonparametric kernel technique combined with the marginal integration me-
thod are used throughout this chapter to estimate the functions (m;)1<;<4 and the
least-square error criterion to estimate the parameter 3, we establish the asymptotic
normality together with the iterated logarithm law of the estimate B of B. In the second

step, we build an additivity test on the nonlinear part of the partially linear model.



Chapitre 2. Asymptotic results and additivity test in partially linear regression model

2.1 Introduction

Let (X;,Y;,Z;)i>1 be a sequence of i.i.d. copies of the R? x R x RP-valued random
vector (X,Y,Z). Denote by f its joint density function with respect to the Lesbegue
measure and by g the marginal density associated to the random vector X. Parametric
regression models provide powerful tools for analyzing practical data when the models
are correctly specified, but may suffer from large modelling biases when structures
of the models are misspecified. As an alternative, nonparametric smoothing methods
eases the concerns on modelling biases. However, nonparametric models are hampered
by the so-called curse of dimensionality in multivariate settings, see Stone (1985) for
details.

One of the methods for attenuating this difficulty is to model covariate effects via
a partially linear structure, a combination of linear and nonlinear parts. This results

in the partially linear regression models of the form
Y =Z"B+m(X) +e, (2.1)

where 3 € R? is a vector of unknown parameters, m is the nonlinear part of the model

and ¢ is random error. Here, Z' stands as the transpose of the vector Z.

The partially linear regression model has a broad applicability in the fields of bio-
logy, economics, education and social sciences among others. This model and various
associated estimators, test statistics, and extensions have generated a substantial body
of literature, which includes the works of Robinson (1988), Liang (2000), Aneiros-Pérez
et al. (2004) and Chen and Wang (2010) together with that of Aneiros-Pérez and Vieu
(2006) and Dabo-Niang and Guillas (2010) in the semi-functional modelling setting.
Notice also the modelization of real data with such models have been carried out in a
number of papers, see, for instance, Robinson (1988), Hardle et al. (2000) and Aneiros-
Pérez and Vieu (2008).

To reduce the dimension impact of the nonparametric part in the partially linear
regression model, we consider the additive structure of the regression function m and

introduce the following model, for any 1 <7 <n

d
Y =Z]B+> mu(Xa) + e =2} B+ mau(X;) + &, (2.2)
=1

where X;; is the [-th component of the vector X; and m; is a real univariate function

and ¢; are i.i.d. random errors with E[e;|X;, Z;] = 0. Subsequently, we have to estimate

38



2.2.  Presentation of estimators

the unknown quantities, that is, the vector parameters 8 and the univariate functions
my, 1 <[ <d, as well.

2.2 Presentation of estimators

On the basis of an n-sample drawn from the random vector (X, Y, Z), we first define

the kernel estimator of the marginal density g, for any x € R?, by

1 . X Xz
800 = 3K (55).

where K is a kernel, i.e., a non-negative function defined on R and integrating to 1,

and h,, is a smoothing parameter tending to zero with a suitable rate that will be given

later on. Notice that the model (2.1) may be written also as
—Z'B=m(X)+e. (2.3)

On the basis of the model (2.3), following the usual Wand & Jones method, the

regression estimator involving the nonparametric part of the model may be defined, for

Z = ZTZB (ﬁ hiKl ( _n l)) , (2.4)

i=1 =1 "

any x € R? by

where x; and X;; are the [-th component of x and X; respectively, and K; (1 <1 < d)
are kernels defined on R. Note that 72 (x) depend on the unknown parameter 3 which
needs to be estimated. Considering the model (2.3), the function m clearly depends on

the parameter @ and its additive structure may be written as

M%) = p+ Z my (z), (2.5)

where model identifiability considerations impose that Emlﬁ (X)) =0,1<1<d.

Various methods have been proposed in the literature to estimate the additive
components of the regression model including the marginal integration method and
the backfitting algorithms, we refer to Newey (1994) and Linton and Nielsen (1995), as
well as Hastie and Tibshirani (1986), Sperlich et al. (1999) and the references therein
for an account of results on these topics. The linear part of the semi-parametric models

has been investigated in a number of works. Our aim in this chapter is to introduce
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an estimate of the parameter B8 and to study its asymptotic properties related to the
normality and the iterated logarithm law. Moreover, while the nonlinear part is esti-
mated using the nonparametric kernel method combined with the marginal integration
technique, we construct a test to test the additivity shape of the nonlinear part of the

partially linear model.

Our main results in this chapter establish the asymptotic normality of the estimate
,@ of the parameter 3 together with the iterated logarithm law for every component of
B . Furthermore, we establish the asymptotic normality of the testing statistics allowing
to test the additivity form of the nonlinear part in the model (2.2). The test statistic

is built on the basis of the estimation of the following quantity
EEY —Z'8 — maua(X))|X]*.

In order to set out our estimates and our testing procedure, introduce first some
further notations. For any 1 <1 < d, set x_; = (1, ..., %1, %141, -, Tq),q_1(X_;) =
HZ:M# ge(7x) and q(x) = [, @i(z1), where ¢, 1 < I < d, are univariate densities
functions. Following the marginal integration method, the additive regression function

estimator is given, for any x € R?, by

00 = 3Pl + [ A@ala)dn (2.6
where
Pl = [ weoa st ix— [ wlixam)ix 2.7

Here, g ;, 1 <1 < d, and q stand as densities functions and Zlﬁ is the estimate of the
[-th component of the additive regression function which still depends on the parameter
3. Therefore, one has to estimate the vector parameter 3 to have ready estimates. As

a first step in the modeling procedure, we begin by the vector parameter 3 estimation.

2.2.1 Estimation of the parameters 3 and o2
While considering the partially linear additive regression model
Y =Z" B+ mew(X) +¢, (2.8)

Making use of the statements (2.4), (2.6)-(2.8), and considering the least square error
criterion, it follows that
B =227y, (2.9)
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where .
}j: [Y; Zi—lwnj(xz)yj Lgi<n7 (2.10)
Z = [Zz_ijlwnJ(Xz)ZJ L<i<n7
Unj(Xi)
W, (X;) = 2 2.11
and
1 (Xy-X 1 o — X
U (X)) = —KMD—d—l/ — K [ d
(000 = 3 g (B ) oo [ T (R )
with
1 ZL‘k—X'k
D, = — K | L) q(x_y)dx_,.
l /Rd_Ith k( I )CIZ(XZ)XZ
k=1,k#l
Therefore, the parameter o2 is estimated by
L=~ ~rm A -~
52 ==Y (Yi—Z](Z,Z])'7.Y;)%. 2.12
5= (V- 2 (2.2]) ) (212

i=1

Furthermore, the estimates of the regression function and the additive components are
defined by

and
Pl = [ wRanteix — [ wlxai)dx

2.2.2 Construction of the test statistic

To set the hypothesis to be tested, introduce the following class of function

M = {madd t meaa(X) =Y my(X)), Elmy(X))] =0, 1<1< d} :

Thus, we have to test the null hypothesis Hy : "m € M " versus the alternative
hypothesis is Hy : " m ¢ M ". Notice that the theoretical deviation from the null to
the alternative hypotheses is given by the quantity
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Chapitre 2. Asymptotic results and additivity test in partially linear regression model

R=EEY —Z'B — muu(X))X]?

and the test statistic

o 1 o x—Xj T ~B 2 q(x)

follows as the estimate of R. In the sequel, we establish the asymptotic normality of

the statistic R,, suitably normalized which allows to build the rejection region of the
test.

2.3 Main results

The assumptions involving the distribution function of X, the regression function m,
the kernels K, 1 <[ < d and the smoothing parameters are gathered together hereafter
for easy reference. The first part of these conditions is devoted to the regression function

m and the density g. In the sequel, I¢ is a compact subset of RZ.

m is k-times continuously differentiable.

)

) The marginal density g is bounded from below on its support.
) The marginal density g is uniformly continuous on its support.
)

The marginal density g has k + 1 continuous derivatives.

Throughout, the following hypothesis is considered upon the sequence of bandwidths
(hn>n21-

(H.1) hy, = (

logn

1/(2k+1)
) for 0 <9, <ooand 2k +1 > d.

Set now, for any x € R? K(x) := Hle K;(x;). The kernels are assumed to satisfy the

following conditions

(K.1) For any 1 <1 < d, K, is bounded, Lipschitz continuous and integrating to one.
(K.2) For any 1 <1 <d, K;(u) =0 for u ¢ [-\/2,\/2], for some 0 < \ < 0.

(K.3) K is a kernel of order k.

Consider also the following assumptions upon the random variables Y and Z.
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(M.1) Y and Z are bounded.

(M.2) Z is with mean zero.

The assumptions on the weight functions ¢;, 1 <[ < d, are listed hereafter
(Q.1) For any 1 <[ <d, ¢, has k + 1 continuous and bounded derivatives.

(Q.2) The support of the function q is included in the support of the density g.

2.3.1 Comments on hypotheses.

The most part of hypotheses are needed in considering estimation of the nonlinear
part of the model to build up an estimate of the parameter 3. Indeed, the proofs needs
to use the uniform convergence of the additive regression estimate mfdd to myqq stated
in Camlong-Viot (2001).

Remark 2.1. The limiting behavior of the estimate g,, for suitable choices of the
bandwidth h,, has been studied in a number of works over the last decades. For an
overview of the literature on the subject together with statistical applications we re-
fer to Devroye and Lugosi (2001), Wand and Jones (1995), Scott (1992), Bosq and
Lecoutre (1987), Devroye and Gyorfi (1985) and Prakasa Rao (1983). More particu-
larly, Parzen (1962) established, under some assumptions upon the kernel K, that g,
is asymptotically an unbiased and consistent estimator of g at any of its continuity
points, whenever h,, — 0 and nh¢ — oo with n. Under some additional conditions on
g and h,, he also obtained the asymptotic normality. It is noteworthy to notice, in our
framework, that condition nh? — oo is satisfied whenever 2k + 1 > d. Therefore, we

have to suppose that 2k 4+ 1 > d to reach our results.

2.3.2 Theorems

Theorem 2.1 and Theorem 2.2 hereafter give asymptotic properties of B Let %

denotes the convergence in distribution.

Theorem 2.1. Assume that assumptions [G.1-4], [H.1], [K.1-3], [M.1-2], [Q.1-2] hold.

2

In addition, suppose that max;<;<, E|g;|” < oo for some r > 2 and E[e?|X;, Z;| = o2

a.s.. Then, we have
Va(B = B) 5 N (0,02B7"),
where B is a positive definite matrix that can be consistently estimated by %ZZT and

o2 is the variance of the random variable .
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Theorem 2.2. Under assumptions of Theorem 2.1, for some r > 2, we have

I )
imsup, [ —————
naoop 2loglogn

where BJ and 3; denote the j-th components of ,@ and 3 respectively and »/* denotes
the j-th row and k-th rank element of B~

| = (22 as.,

The following theorem gives the asymptotic normality related to the testing statistic
R,.

Theorem 2.3. Assume that assumptions |G.1-4|, [H.1], [K.1-3], [M.1-2], [Q.1-2] hold
true. In addition, suppose that E(e 2041y« o0, for some 7 > d/(3(2k + 1) — d),
2k — 1 > d and ¢ is independent with (X, Z). Then, under the null hypothesis Hy, we

have 42
/nhiR, — Dn='/2h,
P W” L N(0,1),
where
D = /Ufg_l(u)q(u)du X /KQ(t)dt
and

V::z/@ﬁf ~2(u)q? duxi/{/j( t—rd%an

Since D and V' include unknown quantities, we need to estimate them to perform
the test. The following corollary gives the asymptotic normality when D and V' are

estimated.

Corollary 2.1. Assume that the assumptions of Theorem 2.1 are verified. Under Hy,

we have N 42
Yl = Dan T a0, ),
Va
where
D, = /Aiggl du/K2
and

v, ;:2/(33)2 ~“2(u)q du/[/K t—rdtrdr.
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2.4 Comments and concluding remarks

Remark 2.2. According to Theorem 2.1, the asymptotic variance is given by ¢2B~!

where

B=E (z—iwl(xl)> <z—iwl(xl)> :

and

WhX) = édlE[Z|X — (X1, x| i(x_)dx_; — (d%dl) /Rd]E[Z|X = x]q(x)dx.

Since B is an unknown quantity, it may be consistently estimated by
1 o
B=-Y 77/

where Z; = Z; — Z?Zl W,;(X;)Z;. Indeed, considering Theorem 4.1, it may be stated
similarly that
n d
Z Woi(Xi)Zj — Z WHX)) as. (2.13)
Jj=1 =1

Therefore, it follows that B— B as.

Remark 2.3. This chapter is a first step to various studies and extensions related to
the partially linear model when the nonlinear part is assumed to be with an additive
structure and estimated using the marginal integration method. In forthcoming works,
properties of estimates of the additive components of the regression function are in-
vestigated considering the exact rate of pointwise and uniform strong consistencies.
Such results enable one to derive 100%-confidence bands, in the spirit of the work of
Deheuvels and Mason (2004), for the estimated function parameters. Notice that the
asymptotic normality of these estimates will be considered and applied to build the
usual (1 — «)-confidence bands for the underlying parameters. Further studies may
deal with tests related to the parameters 3 and m and the model goodness-of-fit. Na-
tural extensions may assume some dependency structure upon the data, as the mixing
structure for example, or/and to consider functional data in the nonlinear part of the

model.

Remark 2.4. For a given significance level «, the asymptotic rejection region associa-

ted to the testing procedure is given by

D ={R,>n"'h; Dy +n "0 P\ Vo™ (1 - )},
where ¢ is the distribution function of the A/(0,1) random variable.
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2.5 Semiparametric Efficiency

Let A be the space of all additive functions m such that m(x) = mq(xy) + -+ +
ma(zqg) with Em;(X;) = 0 and Em(X)? < oo. The logarithm of the joint density of
(Y, X, Z) is given by £(3,m; (y,x,2)) = log g.(y —x ' —m(z)), where g. is the density
of € supposed have a finite variance 02 and E(¢|X,Z) = 0, a.s. Following Mammen
et al. (2011), suppose that the mapping 5 ~— mg is Fréchet differentiable function
from R? to A. Then, for any fixed value (3°, mgo), each finite-dimensional submodel
{(B,mgp) : B} has the score function

dl(B,ms)/dBlp=po = (B, mp0)[0B|g=po + (B, m) /M| (5)
= 9.(6)/9:(€)Z + gL(€)/ g=(€)d(X),

where 6 = Omg/0f|p=p0 € A and 0¢/Om denotes the Fréchet derivative of ¢ with
respect to m. The Fisher information matrix for estimating the parameter 3 in each
submodel {(3,mg) : 5} is given by

() = E [(g()/g:(e)* (Z + 8(X)) (Z + 6(X)]
= Elgl(e)/g:()E (Z + 6(X)) (Z+5(X)) ]

The least favorable direction ¢* that minimizes Z(J) over the additive space A is the

solution of the following integral equation : for all 6 € A

0 = Elgl(e)/g:()]"E[Z + 6"(X)]d(X)
= E[gi(e)/g:(6)"E[(E(Z|X) + 6*(X))d(X)] -

Therefore
argm(sinl'(é) = —TI4(E(Z|X =),

here I 4() denotes the projection operator onto the additive space A. Thus, the Fisher

information matrix bound for estimating 3 is given by
T(5") = Elgl(e)/9-(e)E [(Z — TL(B(Z|X))) (Z — TLL(E(Z|X)))"]

Whenever the errors in the model (2.2) are assumed to be Gaussian, the least square

estimator is equal to the maximum likelihood estimator and we have

Elg.()/g-(c)]? = / (@) g (x)dr =
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Thus

I(5) = E [(Z ~ IL(B(ZIX))) (2 - TL(EZX))'].

2
0¢

Recall that Z = Z — 0 W,;(X)Z; = Z — Y1, WL (X)), where
17 n Xi—X; r—X;
WE(Xy) = L0, s [,% K (T) Dy—(d—1)/d [ TIi_, =K (%>q(x>dx] Z;

and Dy = [, || s iK’f (%) q_(x_;)dx_;. It is worth noticing that, our
estimator 3 is semiparametrically efficient since I A(E(Z|X)) can be estimated by
S W,i(X 1) It would be of interest to provide a complete investigation of the semipa-
rametric efficiency question in our framework which requires nontrivial mathematics,

that goes well beyond the scope of the present work.

2.6 Simulations

Hereafter we display some numerical results that show how the proposed test per-
form when testing the additivity against the nonadditivity of the model. Considering

the following models

1.Y=Z"8+ X+ Xy + CX, X,
2.Y = Z'B + sin(r X)) + sin(rXy) + Csin(rX;)sin(rXs),

3. Y = Z'8 + exp(X;) + exp(Xy) + Cexp(X;)exp(Xy),

where X; and X, are (0, 1) random variables, C' is a positive constant taking various
values from the additivity (C' = 0) to the far away position inside the nonadditivity.
The deterministic vector 3 is chosen as the vector (0.5, 1) while Z is taken as a gaussian
random vector. In our simulations, samples of sizes n = 100, n = 500 and n = 1000
have been drawn following the scheme that has been described and m = 500 replicates
have been considered to estimate the first kind error risk «, taken to be 5%, together

with the power of the test. The obtained results
are displayed in the following table.
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Model 1
n 100 500 1000
C=0 0.309 | 0.102 | 0.0553
C=0.1 0.357 | 0.853 1
C=0.5 0.420 | 0.969 1
C=1 0.703 1 1
C=2 0.896 1 1
Model 2
n 100 500 1000
C=0 0.246 | 0.091 | 0.0519
C=0.1 0.257 | 0.762 | 0.952
C=0.5 0.215 | 0.819 1
C=1 0.562 1 1
C=2 0.829 1 1
Model 3
n 100 500 1000
C=0 0.512 | 0.113 | 0.0592
C=0.1 0.507 | 0.743 | 0.968
C=0.5 0.487 | 0.785 | 0.994
C=1 0.729 1 1
C=2 0.764 1 1

It is clear that the power of the test increases to reach the value 1 for large sample
sizes while the first kind error risk estimate is very close to the theoretical value 5%

when the sample size is n = 1000.

2.7 Proof

The proof section is split up into two parts. The first part gives some intermediate

lemmas while the second one displays proofs of our theorems.

2.7.1 Some intermediate lemmas

First recall the following lemma which is needed in proving our results.
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Lemma 2.1. (Liang (2000), Lemma A.1) Let Vi,...,V,, be independent random va-
riables with zero means and finite variances, i.e., sup, <<, E[Vi|" < C (for somer > 2).
Assume that (aki)1<i7k<n, is a sequence such that maxj<; <y |ag| < n~P* for some
0<p <1land ZZ; i = O(nP?) for ps > max(0,2/r —p;1). Then, for s = (p; —p2)/2,

> awVi

max
1<i<n

=0 (n_s log n) a.s.

Hereafter we prove some technical lemmas that are steps in establishing the main

results of this chapter.

Lemma 2.2. Assume that conditions |G.2-3], [H.1], [K.1-2], [Q.1-2] are satisfied. Sup-

pose, for some 7 > 2, that sup,<;<, E|e;|” < co. Then, we have

1
=0 (nhn> a.s.,

=0(1) a.s.,

(i) max max
I<isn 1<j<n

Wi (X)

1<i<n

(i) max | W,;(X;)

= (’)(nﬁ logn) a.s.

(ZZZ) max Z an<Xi)€j
7j=1

1<i<n |4

Proof : e Part(i) Recall that,

Wiy (X5)
~ 1o (Xa— X - X,
- St [ [ T (e
d—1 d 1 2 — X
_<T> /Rdlgh_n[(k<kh7/>q(z)dz] )

Consider first the case where the covariate density g is known. Towards this end, replace

an (Xl) by
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Since by condition (K.2) the kernels K}’s are compactly supported, making use of
Bochner’s Theorem, it follows, for any j € {1,...,n} and any k € {1,...,d}, that we

have

. 1 2z — X
lim —Kk(u)qk(zk)dzk = qk(X]k)
n—0oo Jr hn hn
Similarly, we obtain
d d
. 1 2 — X
lim H h_Kk<%>q—l(z—l)dz—l = H Qk(X]k)
=00 JRrd-1 n n
k=1,kl k=1,k#l
and also
41

Therefore, under Condition (G.2) and the fact that the kernels K}’s are bounded, we

have

d d d
3ot (e (C22) T = (S L) =o(om ).

Now, consider the case where the marginal density function g is unknown and

estimated by g,. Subsequently, observe that the decomposition

d 1 1 d d—1
I | RUARCS) ()
I=1 k=1,k£l k=1

— ; [—ng(lXj) (h%Kl( > k 111# k(X ) (d : 1) ng(Xjk)>

gn(XJ;c_)gg(%) (h_anz( =) 1T a0 (dd1>Hq’“(Xjk))]

=1,k k=1

holds true. Since by (G.3) the density g is uniformly continuous on its support and
the bandwidth h,, satisfies the condition (H.1), which clearly implies the well-known
Csorgo-Révész-Stute conditions, following Stute (1984), we have

log h-d
sup g, (x) — g(x)| :o( Oih; ) a.s. (2.15)

xeld
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Consequently, it follows from the statement (2.14) that

m( - <Xzz ng> H 0 (Xj)— (d;1>qu(xjk)> (2.16)

k=1,kl

1 1 [logh,?
= (E)—k O(nhn nhi > a.s.

This concludes the proof of Part (i) of Lemma 2.2.

M=

=1

e Part(ii) Observe that, for any 1 <1 < d, one may write

g(ﬂih ce ;Sﬂd) = gxl(ﬂl?l) X g(xl,‘..,Xl_l,xm,.--,Xdpq:xl)(xl, X1, L1, de),
where g(x, . x, 1, Xpi1, XalXo=a) (T1, -+ T—1, Ti41, - -+, T4) is the conditional density of
the random vector (X1, -+, X;_1, Xi41, -+, Xg) given X; = z; and gy, is the marginal

density of X;. Moreover, using the strong law of large numbers, it follows, for any
1 <l <dandany z; € R, that

. 1 1 T, — Xl)
lim E K L) =1 as.
n— o0 nhn = ngl(‘le) : ( hn

Therefore, making use of Condition (G.2), we obtain for any 1 <[ <d

) H ar(Xr) ($)£[1%(Xjk)

k=1,k#l

- 1 1
; ng(X;) [h_nKl (

Proceeding similarly as in Part (i) and using the decomposition (2.14), we obtain

5 st [0 (452) I o= () oo

j=1 k=1,k#l k=1

B log b, @
—(’)(1)+(9< i ) a.s.

=0(1) a.s.

n

This states the result.

e Part (iii). Using Lemma 2.1 and the parts (i) and (i7) of Lemma 2.2, the proof of
(i17) follows straightforwardly as we take a;; = W,,;(X;) and V; = ¢;. O

To set the next lemma, we need to introduce further notations. In this respect, for
any 1 <i<mand 1<l <p,set Myaa(X;) = Maaa(X;) — Z] L Whi (Xi)maaa(X;).
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Lemma 2.3. Under assumptions of Theorem 2.1, we have

max
1<i<n

Madd(X;)

=0 (nﬁ]fl log n) a.s.

Proof : Considering the statements (2.4), (2.6)-(2.8), and (2.11), it is easily seen that

max Mqaa(Xi)| = max Maad(X Zmadd Wh;(X:)
= 112%}; madd(XZ-) — Zl(y — ZT,B)WTLJ (Xz) + Zl Wn](XZ)Ez
J= J=
< ax |mada(Xi) — 1ilgyq(X max ZW"J & (2.17)

Making use of Lemma 1 due to Camlong-Viot (2001) where all the conditions related to
the mixing setting considered there are relaxed, it follows, under hypotheses |G.1-2 4],
[H.1], [K.1-3], [M.1]| and [Q.1-2], that

logn
max Maqa(Xs) — o (X;)| = ( i ) a.s. (2.18)
Therefore, considering the statement (2.17) and using Lemma 2.2 (iii), we obtain the
result. U
Lemma 2.4. Let Vi,...,V, be independent random variables with mean 0 such that

maxi <x<n, E|Vi|* < oo for some o > 2. Suppose that liminf, % Yopey Var(Vy) >0,

then we have

lim sup [l =1 a.s
nooo (252 loglog s2)1/2 o

where S, =Y 7 Vi and s2 =37 Var(Vy)

Proof See, for instance, Stout (1974) Corollary 5.2.3. O

2.7.2 Proof of Theorems
Proof of Theorem 2.1

To state our results, let

1 Z,7] = B 8. 2.19
nggonz a.s., (2.19)

=1
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2.7. Proof

where B is a p x p-positive definite matrix. Recall that ¥ = Z78 + mew(X) + &,
B =[2ZT|'ZY and & = ; — 5 W,;(Xi)e;. Thus,

Gi(p-s) - (ra) " (S amae)
_Zzg i 8]—1-2251). (2.20)

Given that Z; = Z; — Z;”Zl W,;(X;)Z;, for any 1 < i < n, the first term in the right

side of the equation (2.20) may be written as
ZZ madd ZZ madd ZZWn] jmadd(X ) (221)
=1 j=1

Since, by Lemma 2.3, maxi<i<,, [Mqaa(X;)| = ( “k/2k+1) 1og n) almost surely. The
classical L.I.L implies that > | Z; = O(y/nloglogn) a.s. Thus, we have

> Zitnaaa(Xi) = o(\/n) a.s. (2.22)
i=1
Considering the second term of the statement (2.21). Observe that

ZZW’U )ZMaaa(X;) < n max Mmee(X;) max max Wm(X)ZZj.

1< i<n 1< i<n 1< j<n
=1 j=1

j=1
Since, by Lemma 2.2, max;< ;j<, maxi<j<, W,;(X;) = O ((nh,)™") a.s. From Lemma
2.3, maxi<ij<n Maad(X;) = O (nﬁ log n) a.s.and we have Y | Z;, = O(y/nloglogn) a.s..
It follows then that

Z Z Wi (Xi) Zjmaaa(Xi) = o(v/n) a.s. (2.23)

=1 j=1

Combining the statements (2.22) and (2.23), one can show that
> Zitngaa(Xi) = o(v/n) a.s. (2.24)
i=1

While handling the second term of the second part of the statement (2.20), we have
LA RINEIR
=1 j=1
= Y (7 Y WalX0)Z,) D Wi (X
i=1 g=1 j=1
= D %) Wuy(X) Wag(X
=1 j=1

i=1 g=1 ]:1
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Again since, by Lemma 2.2, max;<;<, Z?Zl W, (Xi)e; = O(n_(k/%“) log n) almost
surely. We have > " | Z; = O(y/nloglogn) a.s.. Thus we obtain

Z Z; Z W,;(Xi)e; = o(v/n) a.s. (2.26)

Proceeding similarly as before, and using assumption [H.1| combining with the fact

that max;<;<, maxi<,<p, Wne(X;) = O((nh,)™!) a.s., we have

n n

DD Wag(Xi)Zg D Waj(Xi)e; < nmax Y Woy(Xy)e; max max Wiy (Xi) Y Zg
7=1 - - - q=1

i=1 q=1 j=1

= o(v/n) a.s. (2.27)

Therefore, combining the statements (2.25)-(2.27), we obtain

Z Z; Z W,;(X)e; = o(v/n) a.s. (2.28)

Combining the statements (2.20), (2.24), (2.19) and (2.28) , it follows that

ﬁ(fs - 5) - (B‘l + 0(1)> (% zn: Zic; + 0(1)> a.s. (2.29)

Recall that Z; = Z;—> "7, W,,;(X;)Z;. We have 37 W,;(X:)Z; — S, WH(X)) a.s.,
see the statement (2.13). Thus, by the central limit theorem, the random sequence
(1/3/n) 21, Zie; converges in distribution to a Gaussian distribution with mean zero

and covariance matrix o2B. Therefore,

-~

V(B —B) L N(0,02B7Y). (2.30)

This completes the proof of Theorem 2.1. 0

Proof of Theorem 2.2

Recall that B~! = (b7),;; and set b/ = (V/!,... 0"P)". From the statement (2.29),
it’s clear that the behavior of (3 — 3); is the same as = 37 | b/ Zie;.
Moreover, for any 1 < i < n, we have Eb’T Z;e; = b/ TE[Z,E(5;|X;, Z;)] = 0 and

T

T
E bJTZigi < 00,

< (Cmax E
1<i<n

&
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since the random vector Z is bounded. Furthermore, observe that

] — . 1 <& .
liminf =Y " Var(b/"Zie;) = liminf— Y E(b/Zg;)?
n—oo M
i=1 =1

n—oo N 4

£

) . 1 1 ~ ~ T ) ,
= o2b .. WP) lim = Y E(Z,Z. Loyt
ol (b ,bj)nggon;(zl)(b’, ,'P)
= o2, "B, ... V¥P)T =P > 0.

£

Taking then V; = bjTZNisi and s2 = no?7 in Lemma 2.4, we obtain

I ! "y b7 o) 2.31
fm sup (m) 20T = (o) s (2:31)
Combining then the statements (2.29) and (2.31), the result follows. O

Proof of Theorem 2.3

For the sake of simplicity, let C' > 0 denote a constant which may have different

values at each appearance in the sequel. Considering the quantity

1 & x — X, -~ _ q(x)
R, = /Rd [n—hﬁ ; K ( I ) (ZJ(B — B) + Maaa(X;) — mfdd(Xi) + 52‘) 2 (x) dx
together with the decomposition
i o l . g — 8
g & 88
it follows that
R,
B 1 x — X, . B q(x)
/. [ﬁ (55 ) (0B ) +2) |
2
1 < X, . 4
+/Rd nhl 2= (X " > (Zz (B = B) + maad(Xi) — Miygq(X5) +€z)
q(x) 2 2
gg (X)g% (X) (g (X) — 8 (X))dX
Moreover, observe that
2
g2(x) — g2(x) = — (8(x) &%) +28x)(g(x) ~ga(x)).  (232)
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Making use of the statement (2.15), we obtain

reom 10 2EA)), 0

) (Z:(ﬁ - B) + Mgqa(X;) — Aaﬁdd(X ) + gi>

- Ll (s

Observe now that R} may be written as

R,:=R,,+R,,+R.s+2R, ,+ 2R, ;+2R, s+ R, ; + 2R, s + 2R, ,,

with

- X\ €7q(x)
L= K2 (X d
le n2h2d/ Z < h g2(x) X,

n

-X; x — X, €ig;q(x)
L= = K= K 1) g
an n2h%d /Rd ZZ < I, hy, g2<x> h

e[S () o 5]

- X, - X ~
Ralz,4: 2h2d/zl ( )K<Xh - Z?(IB—IB)

n

« (maddocj) - (X)) Hax,
e S (g
R ;= thQd/ [ZK (

ha,
T 52 x — X X P (X ax p
Rn,8 n2h,21d /Rd; ( hn <madd( Z) madd( Z)) g2(X) X,

1 " X
1
o= i [, (
1#]
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Therefore, to prove the theorem, it suffices to establish the following assertions

nhi Ry, = D+ o,(n'/*hi?), (2.33)
Rl
nhd—=2 4 Ar(0,1), 2.34
" (0,1) (2.34)
R, . = 0,(n Y2~ Y%) for 1€ {3,...,9}. (2.35)

Theorem, we have
Proof of (2.33) : Consaderer first the expectation of R} , and making use of Fubini’s

) - 2y () B

i L (552)] e
= e et 1 (55 )| B
g(u

1 272 (X—1 Q(X)
_ ek "
e / / % ( B ) W g2

is the variance of ¢. Taking p = 4 and making the change of variable
g

2
where o 5

S =

_ u’ it follows that

E[R. ] = 02K (s )p(u + hy,s)dsdu.

nh

R4 JRd

By Taylor series expansion of the function p, we obtain

E[R.,] = oZg(wp(udu | K (v)dv+o(l).

nhd Rd R4

To evaluate the variance of R! .. observe that

n,1’

S o (o
= n4h4dZE[/ /R K (X_n )K2 (yani)p@)p(y)dxdy}
g 3 (2 Lot (5 meon] [ [ et (4 miv])
- = / d / d / el (50) e (L) peop(v)ey)
o[ [ i (5 psons]

Var [Rim]

= —Var
nipid
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-V
Taking s = X Vondt = y and then integrating, we obtain

hin

VarlRl) = =i | / d / BIEK? (5) K2 (6) plsh, + v)p(th, + v)s(v)
2

xdsdtdv — ng—h%d [/Rd /Rd 0ZK? (s) p(shy, + v)g(v)dsdv

= o(win),

Straightforwardly, by an immediate application of Tchebychev’s inequality, it follows
that

Ry, = n'h,"D+o0,(n ", ).

Proof of (2.34) : Observe that one may write

ViR, :/ n3h3dz (

i#£j

- \/ 3h3d /
1<z<]<n

= 2 Z Hn Ci;Cj )

1<i<j<n

) K (X ;an) cie;p(x)dx

) K (X ;an') i p(x)dx

where (; = (X;,¢;) and

/ — X,
CZ?C] n3h3d/ >K (X hn ]) é‘igjp(X)dX.

Therefore, the asymptotic normality of 4 /nhflR}LQ follows by establishing the result for

the following generalized U-statistics

Y HalGih )

1<i<j<n

It suffices then to state the following statements
(a) E[Hn(CH gj)] = 07

(b) n*E[H (G, G)] = 5 + o(1),
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c) n3E [H2 (G, Gy ¢ cysn| = o(1) holds for any N > 0 (Lindeberg’s condition).
n J n(szC])

Proof of (a) : Notice that

n(Gis G)]

ot L ) (55 o]
- \/; L] / BBl etug(un) K (5
:ZVZ;;AMLA; 1) m_ﬁ@K<X;m)K

Since E[e;] = 0, then we have

(X ; uz) p(x)du;dusdx

<X W 12 ) p(x)du;dugdx.

E[Ha (G, )] = 0. (2.36)

Proof of (b) : To calculate the variance of the U-statistic, observe that

E[H; (G, )]

1 X — X; X — X ?
o () () o]
- X—Xi X—Xj y—XZ y_X]
- n3h3d/Rd/Rd {’ ( hy, )K< I )K< o, )K( I,

y)dxdy

- nghw/Rd/Rd/Rd/Rd e (52w () ()
< (Y )g<u>g<v>p< oy dudvixdy

= g Lo L L () e (5 ) (57)

xK( - )g<u>g<v>p< p(y)dudvidxdy.

l\')

X—u y—u v—u )
z = ——, we obtain

I, hy I,

E[H2(¢ )] = % /R / / / o

xg(u+zh,) K (s) K (s — z) K (t) K (t —z)p(u+ shy)
xp(u+ thn)dsdtdzdu.

By the changes of variables s =

59



Chapitre 2. Asymptotic results and additivity test in partially linear regression model

Therefore, using assumptions (Q.1), (G.4) and the fact that o2 > 0, it follows that

2

BpEG0)) = o [ (e Pewp) [ [ <k @K (- a)de] dasofn
= n_3K+0(n_3). (2.37)

2
Proof of (c) : By holder inequality, whenever % + % =1, we have
1/8 1/
E [HZ(CH Cj)]lH%(Ci7Cj)>N] < [E’HH(CH Cj)‘%] [E]lﬁn(Ci,Cj)>N] K
1/6 1
< [EMaG ) [P (a6 ) > V)|
Making use of Markov’s inequality, it follows then that

1/8 [Emn(@,@n%]”’*
—N®

/v

E [H2(G G ecues>n] < [EIH(G G

[EIHA (G, )2 /o
- N26/~

E|H, (G, G)]%
- N26/v

(2.38)

Moreover, observe that

B[ M (Gir )
E /RdK( " ) K( W J) g:6,p(x)dx

n35h%§d
1 2512 X — )(Z X — X] 2
Bl E [ / K ( ) i (X525 pixax

1
E 202 / / K
n35 h%éd ( |€1 ’ ) Rd JRd Rd

IN

IN

VAN
3
w
S
;N)—‘
g
ISH
o
_S
e
T
T
—
T
=
I\
7 N N
»
=
S
c
N——
=
»
S~—
ISH
»
[
S

Rd
Then, using the following changes of variables s = x ? u’ g =Y h_ V, we obtain
1 0
B 6 < D [ [ swem)| [ K2 G)pisn + was
n hn Rd JRd Rd

5
X { K? (t)p(thn—l—v)dt] dudv.
Rd
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Also, by the continuity of the function p, we readily obtain

0
B )P = s ®? [ e | [ 52 o) ptwis]
{ / K2 (t dt} dudv + o (n"*h,°%)

= O(n¥h, 5d) (2.39)

Since 6 > 1, one may choose § = 1+ n, for any n > d/(3(2k + 1) — d). Combining then
the statements (2.38) and (2.39), we obtain

E [H2 (G, G rccsn] = O (20 p, trild)
Thus,
n’E [H (G Gz cicpsn] = O (n=3p,, (1O
= o(l).

Finally, the asymptotic normality of the statistic

ViR, =20, =2 Y Ha(G, ).

1<i<j<n

follows by combining the statements (a), (b) and (c). Proof of (2.35) : To complete

the proof of our result, we have to show that

R} . =o0,(n""?h"%?) for any 7€ {3,---,9}.

— Case 7 = 3 : Observe that

n

2 1 (x=x\] ax)
Risl < max 12718 - BI [ [Znth( i )] 200"

i=1 n

A

< max 2|18~ BI° [ g 2 () A2

1o, g%(x)
< pax 1211718 - B U [87.x) — g°(x)] ;(gf)dX* /quw"]

Therefore, under assumptions (H.1) and (M.1) in combination with the decom-
position (2.32), the statements (2.15) and the result of Theorem 2.2, it follows
that

R,5 = o(n~V2h Y%, a.s.
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— Case 7 = 4 : By the assumption (M.1), there exists a positive constant C' such
that

1 o~
RS i | s 127108 Bl sup () — )

LESR(s ><>]

< €18 = Bll sup [mada(u) — P, (w) / & (x

uerd

In view of Theorem 4.2, we have

3 log ht
SUP |Maga(1) — M2, (u)| = O (, /g—> . a.s. (2.40)
ueld nhn

Combining the statements (2.15) and (2.40) together with Theorem 2.2, it follows
that

dlog h1logl
VnhiR, , = \/h" 08 ftn” 108108 T , a.s.

nh,

— Case 7 = 5 : Notice that, for any ¢ > 1, X, is independent of ¢, then

EIRL,|
-~ 1 - x — X,
T 2 1
< ||ﬁ_/8||1r2?§};||zi IIHQh%d/Rd;K( W )\alp(X)dX]
< 16 — Bll max |1Z7 | — Ele| K2 (XY p(x)g(v)dxd
< esssup max i €1 p(x)g(v)dxdv.

Since E[e?] < oo, it follows by the Cauchy-Schwarz inequality that E|e;| < oc.
Moreover, since the kernel K is bounded and because of the assumption (M.1),

then there exists a positive constant C' such that

E|RL sl < Cesssup||B— ,BH h2d// (X_V) p(x)g(v)dxdv.

X —V
Considering now the change of variable r = g we obtain
n

E|R) ;| < Cesssup||B— BH hd/ / K (r)p(rh, + v)g(v)drdv.
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Making use of Theorem 2.2, it is easily seen that

VnhiER), 5 = C)<
Moreover, we have

E[(R,5)’]

e | (Lo (5

esssup 8 — BI* max 2]

=)zl )

s L
(o Lo (57 oo

Integrating by substitution with u = *=+,

IN

(n —1)(Eleq])?
n3had

n

E[(R,5)"]

< esssup||,3_:8||2 lfgi};HZzTHQ [ 3h3d

IR

(n = 1)(Ele,])?
n3h2d

log logn
n2hd

(2.41)

eq(x) . 2
<md>

K4( ) g(v) p(x)dvdx

)g(v)dvdx> 2] .

we obtain

K*(u p?(h,u + v)dvdu

(/Rd » K? (u) g(v)p(h”“+V)dvdu) 2] |

Using the assumption (K.1) together with Theorem 2.2 and the statements (2.41),

it follows that

log
nhfLVar [R}w]

o

n2hd

ha,

)

We complete the proof by making use of Tchebychev’s inequality.

— Case 7 = 6 : We have

i [ 3K

7] (

18 — Bl max ||Z] |

1<i<n

X — X — X

hn

1
Rn,6

)x(
w L2k

<

2h2d

) 2] (8- Blp(xax

hnXi) " <

—X.
- ]) £;p(x)dx.

X

Since E[e?] < oo, in view of the classical law of iterated logarithm, we have

zn:sj =0 (anoglogn) ,
j=1

a.s. (2.42)
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Furthermore, combining Theorem 2.2 with the statement (2.42), together with
the assumption (M.1) and the fact that the kernel K is bounded, it follows that

there exists a positive constant C' such that

1 log1
|Rysl < X X 4/ 08081 \/nloglogn/ g.(x)p(x)dx, a.s.
nhd n Rd
log1
< C’Xw/ g.(z)p(x)dx, a.s.
Rd

d
nhe

Therefore, through the statement (2.15), we obtain

log1
VnhiR, g = (o\g/%n>7 a.s.

— Case 7 = 7 : Observe, that

)rp(X)dX
< esssup(man i | [ e () svpoavix

E|R,| < E Sup(madd(u)_m,?dd< / [ gzl (

ucrd

+7;;%d1 /R </RdK<X];LV) g (v )dv) p(x)dx | .

X —
Taki =
aking u e

and considering assumptions upon the functions g and p, we

obtain

K? (u) g(v)p(hou + v)dudv

]ER < esssup(m
| 7| P(Madd — add [Rd i nhd

+nn;g1 /Rd( () g(V)dV)2p(hnu+V)du] :

In view of the statement (2.40), it follows that

log h,*!
VnhiE[R, ;| = O (W) : (2.43)
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Moreover, we have

E[(R,7)’]

- & | [ (ZK( )(madd<Xi>—ﬁfddm)))gp(x)dx

3 1
< esssup(Mmagq — Mo, {/ / 37,54 K* (u) g(v)p*(hn,u + v)dvdu
Rd Jrd TV7IL,

2

nd —1

+n3_h%d( /R N RSCE v)dvduﬂ .

Making use of the statements (2.40) and (2.43), the assumption (K.1) and the

continuity of the function p, it follows that

log? b !
d 1 n
nhyVarlR, ;] = O ( e ) .

Thus, by the Tchebychev’s inequality, we achieve the proof.

— Case 7 = 8 : Since Ele;| < oo and the kernel K is bounded, then there exists a

finite positive constant C' such that

E[R, 4

IA

E Maad(Xi) — Aaﬁdd

max
1<i<n

oz | dZ (5 )|ei|p<x>dx]
< csssup () — M 0] i / s EI&W( ) pxjetv)iy
€ ess5up [ maaa) — o /R d /R d (X _nv) p(x)g(v)dxdv.

Considering now the change of variable u =

IN

, we obtain
n

E|R, sl < CGSSSup‘madd fdd d/ K (u) p(uh, + v)g(v)dudv.
'n/h/ R4 JRA

Combining then the statement (2.40), the assumption, (K.1) and the continuity
of the function p, it follows that

log b1
VnhiE[R, o = O ( thdH) : (2.44)
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Moreover, since, for any ¢ > 1, X; is independent of ¢, we have

E[(R,s)"]
- U Z 2 (5525 (maaaX) - ) %&?dx] 2
ot [EE [ [ e (55 o v
PO (] e (55 wosmva) |

we obtain

€55 sup ‘madd(u) Afdd

IN

Integrating by substitution with u = Xh_ Y.

E[(R,s)"]

B 2 [E[e?
< esssup ‘madd(u) — mfdd(u)‘ {n?’[h;']d / 5 K*(u) g(v)p*(hpu + v)dvdu

(n ‘53;(1?%2 ( / [ K () g(v)p(hu + V>d"d“) ] |

Using the assumption (K.1) together with the statements (2.40) and (2.44), it
follows that

log bt
nhiVar[R,g] = O (thdH) .

We complete the proof by making use of Tchebychev’s inequality.

— Case 7 =9 : Next, arguing similarly as above and reminding that

1 - X — X, X — X
T K i\ j
R = o [k (557) € (550)

(aaa(X0) = (X)) ep ().

we have

Madq(1) — add

)

i L2 (55
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Though, by the statement (2.42) and the fact that K is bounded, it follows that

there exists a finite positive constant C' such that

|R,.0]
\/nloglogn/
< C a K dx, a.s.
< sup () — ()| RdZ p(x)dx, as
\/nlo logn
< C'sup |mgga(u) — add( gd & / a.s.
uerd nhg Rd

Making use of the assumption (H.1) combined with the statements (2.15) and
(2.40) we readily obtain

\/7 loghgl
nhiR, o = prrenl e (’)(\/loglogn>, a.s.

This achieves the proof of the statement (2.35).
Finally, by combining the statements (2.33), (2.34) and (2.35), we readily complete
the proof of Theorem 2.3. U

Proof of the corollary 2.1 : Observe that

nhiR, — D, V |nhiR, -D D- D, (2.45)
[ hd T o | V/nhiV \/nth '
In view of Theorem 2.1, we have
heR, — D
ot =D 4 yrg, 1), (2.46)
nhdV

therefore, to prove Corollary 2.2, it suffices to check the following statements
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Proof of (d) : Observe that
V,—V

= 2/(62) “2(u)q dux/[/f(? t—rdtrdr
—2/(0)2 “2(u)q? dux/[/KQ t—rdtrdr
= 2 [ (@0 - (02w waax [ | [0 -x dtrdr.

(2.47)
Note that
2,2 o22e—2(u :(3721)2 52)2 1 5212 _ (52)2 1
82 Pet ) — (20 = (Ao | s |+ (82— (02) s
_ (@3)? o2)2 g’(u) —gr(u) 5212 _ (52)2 1
- G Bt )+ (O g
Also
gl - 2w (809209 + 2800 (20) ~ g.(x)
gi(u)g?(u) gn(u)g?(u) ‘
Making use of the statement (2.15) and the assumption (G.2), we obtain
—g2(u) —e,(w) — 0, a.s. (2.48)

gi(u)g?(u)
Since from the model (2.2) we have

Y, = Z[ B+ W8, (Xi) + & + (maaa(Xi) — M2,(X,)),

it is clear that

W0 = LT B S (X))~ X)
+— Z B)(maaa(X;) — mfdd(Xz’))‘

Observe by the Cauchy-Schwarz inequality that

I e~ ~ = .
- Z Y; — ZiB[maaa(Xi) — (X))
=1

< [71, Z(Y Zﬁ ] [%Z madd fdd(X))Z

=1
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Therefore, using the statement (2.18), it is easily seen that

I~ o 5 1
- Z(Yz —Z:8)? = - Zé? =02, a.s. (2.49)
=1 =1

Moreover, it is easy to see, again by Cauchy-Schwarz inequality, that

62| < —Z(ZTﬂ 8) + Zw 278112 (B - )|

n

1N -
+ ﬁ;(Yi—Zjﬁ)z—

IA
SI»—‘

n %

max ||Z 118 - BlI* +2 max ||Z 118 -8l [

n

%Z(Yi—ZIﬁ)?—

i=1

_|_

Note that since the random vector Z is bounded, making use of Lemma 2.2 (ii), it
follows that Zi is also bounded for any 1 < ¢ < n. Therefore, considering the statement
(2.49) together with Theorem 2.2, it is clear that

72 —a2=0(1) as. (2.50)
Combining the statements (2.48) and (2.50), we obtain

(52)78, " (w) — (02)*8 (1) = o(1).

Therefore, by the statement (2.47), we achieve the proof of (d).

Proof of (e) : The proof is similar to that of (d), it suffices to replace g2 in the
expression of D, by g 1.

The proof of the corollary is completed while combining the statements (2.45), (2.46),
(d), (e) and making use of Slutzky’s Theorem. O
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Chapitre 3

Estimation and tests in the partially

linear additive regression model

Ce chapitre est composé d'un article publié en (2014) dans la revue Statistical

Methodology, mis en forme pour étre inséré dans le présent manuscrit de these.

In present chapter, we focus on the partially linear additive model defined by

d
EZZIB—FZWM(XM)-F% 1 <i<mn,
=1
where Z; = (Z;1,...,Zip)" and X; = (X;1,...,X5)" are vectors of explanatory va-
riables, B = (31,...,3,) "is a vector of unknown parameters, my, ..., mg are unknown

univariate real functions, and ¢; are i.i.d. random errors with finite variances o2. More
precisely, we first consider the problem of testing the null hypothesis Hé’ : B3 =By The

second aim of this paper is to propose a test for the null hypothesis HY : 02 = o2, in

c =

the partially linear additive regression models. Under the null hypotheses, the proposed

test statistics are shown to have standard chi-squared distributions asymptotically.

3.1 Introduction

Regression analysis has proved to be a flexible tool and provided a powerful statis-

tical modeling framework in a variety of applied and theoretical contexts. Parametric
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regression models provide useful tools for analyzing practical data when the models
are correctly specified, but may suffer from large modeling biases when structures of
the models are misspecified which is the case in many practical problems. In the latter
case, it is pertinent to proceed with nonparametric regression modeling of the data.
However, nonparametric models are hampered by the so-called curse of dimensiona-
lity in multivariate settings, see Stone (1985, 1986), Fan Fan and Gijbels (1996) and
Hérdle (1990) among others. One of the methods for attenuating this difficulty is to
model covariate effects via a partially linear structure, first introduced by Engle et al.
(1986), are special semiparametric models. Since the partially linear models contain
both parametric and nonparametric components, they are more flexible than the stan-
dard linear models when it is believed that the response depends on some variables in
linear relationship but is nonlinearly related to some other particular independent va-
riables, for several examples concerning with practical problems involving partial linear
models Hardle et al. (2000). To be more precise, the partially linear regression models

are defined as follows
Y =Z"8+m(X)+e¢, (3.1)

where 3 € RP is a vector of unknown parameters, m is the nonlinear part of the model
and ¢ is the modelling error. Here and in the sequel, Z' stands as the transpose of the
vector Z. The partially linear regression model has a broad applicability in the fields of
biology, economics, education and social sciences. This model and various associated
estimators, test statistics, and generalizations have generated a substantial body of
literature, which includes the works of of Rice (1986), Chen (1988), Robinson (1988),
Chen and Shiau (1991), Eubank and Speckman (1990) Donald and Newey (1994), Shi
and Li (1995a,b), Bhattacharya and Zhao (1997), Hamilton and Truong (1997), Liang
et al. (2008), Shen et al. (2011), Mammen et al. (2011) and the reference therein. To
reduce the dimension impact of the nonparametric part in the partially linear regression
model, we consider the additive structure of the regression function m and introduce
the following model

d
Vo 2B Y mXa) + = 32

=1
where X, is the /-th component of the vector X; and my is a real univariate function
and ¢; are i.i.d. random errors with Elg;|X;, Z;] = 0 and E[¢?|X;, Z;] = ¢ almost surely.
In many case we are interested to finding out the impact of the covariates Z on the

response Y, in this chapter we construct a statistical test, under model (3.2), of the

72



3.2. Estimation procedures

null hypothesis
HO’B : B3 =08, versus H’? : B # By

Also, we will be interested in testing the null hypothesis

HG : 02 = op versus MY :o0? # op.

The remainder of the present chapter is organized as follows. In Section 3.2, we
briefly describe the estimation procedure which play a central role in the construction
the statistical tests. In Section 3.3, we propose statistical tests for checking the null
hypotheses ’Hoﬁ and H{. The asymptotic distributions of the test statistics under the null
hypotheses are derived in Section 3.4. To avoid interrupting the flow of the presentation,

all mathematical developments are relegated to the appendix.

3.2 Estimation procedures

We consider a sequence {X;,Y;,Z; : i > 1} be independent and identically distribu-
ted random replicae of the random vector (X,Y,Z) € RY x R x RP. We denote the joint
density function of (X,Y,Z) by f with respect to the Lesbegue measure and denote by

g(x) = f(x,y,2)dydz,
Rp+1

the density of X. For each n > 1, and for each choice of the bandwidth h, > 0, we
define the kernel estimator of the marginal density g, for any x € R%, by

1 . X—Xl
000 = 3K (7).

no=1

where K is a kernel function, i.e., a non-negative function defined on R? and integrating
to 1. Notice that the model (3.1) may be written also as

Y -Z'8=m(X)+e. (3.3)

On the basis of the model (3.3), following the usual Wand & Jones method, the regres-
sion estimator involving the nonparametric part of the model may be defined, for any
x € R?, by

_ " Y, — 78 (5 1 20— X;
T W(Hh—K<T)) a0
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where z, and X, are the /-th component of x and X; respectively, and K, (1 < ¢ < d)
are kernel functions defined on R. Note that m?(x) depend on the unknown parameter
(B which needs to be estimated. Considering the model (3.3), the function m clearly

depends on the parameter 3 and its additive structure may be written as

migga(x) = p+ Yy mi(z), (3.5)

where model identifiability considerations impose that Emf (Xy) =0,1 < ¢ < d.
Various methods have been proposed in the literature to estimate the additive com-
ponents of the regression model including the marginal integration method [see, e.g.,
Newey (1994), Tjgstheim and Auestad (1994) and Linton and Nielsen (1995)] and the
back-fitting algorithms [cf. to Hastie and Tibshirani (1986), Sperlich et al. (1999) and
the references therein for an account of results on these topics|. The linear part of the
semi-parametric models has been investigated in a number of works. Our approach
combines the marginal integration method to estimate m,, £ = 1,... d, and the least
square error criterion to estimate the parameter 3. We need to introduce some further

notations. For any 1 < /¢ <d, set x_y = (z1,...,Zp-1,Tps1,---,%d),

ax)= ][] @)

=170
and

a(x) = [ ae(wo),

where ¢y, 1 < ¢ < d, are known univariate density functions. Following the marginal

integration method, the additive regression function estimator is given, for any x € R,

by

Mpa(X) = 3_ & (@e) + | mf(x)a(x)dx (3.6)
where
Plai = [ mRaxdixc~ [ mexaixax 1)

Here, Ef is the estimate of the /-th component of the additive regression function which

still depends on the parameter 3. Therefore, one has to estimate the vector parameter
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B to have ready estimates. Now, we give the estimation procedure estimation of (3.

While considering the partially linear additive regression model
Y =78+ mau(X) + ¢, (3.8)

Making use of the statements (3.4), (3.6)-(3.8), and considering the least square error
criterion, it follows that

B=[2Z"'ZY, (3.9)
where .
v = v, Zizl W (XY, | 10,
Z = [ZZ = 2= Wi (X4)Z, L<i<n’
Un'(XZ)
W,.(X;) = — 3.11
(X = S (3.11)
and
1 Xy— X ¢ zp — X
i — Xje E— Xjk
where

1 T — X
Dg = / H h—Kk (%) q_g<X_g)dX_g.
L n

Finally, the estimates of the regression function and the additive components are defi-

ned by
d ~ ~
() = 38w + [ wleoalxx (3.12)
=1 Rd
and
Pl = [ | mha(xdix~ [ meacax (.13

3.3 Statistical tests

In order to test the null hypothesis Hoﬁ , through the Wald-type statistic, we propose
the following statistic

n(8—B)"B(B - ﬁ)

=2
On

R, =

(3.14)
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where
n

~2 1 ¥ 7T (7 7 T\—1r7 v-\2

G =" ;(n — Z(Z,Z)) ' Z;Y;)?. (3.15)
Here, B is a p x p-positive definite matrix. Under some regularity conditions, we prove,
in Theorem 3.3, that the limit law of the test statistic R, a y>-distribution with p
degrees of freedom. An application of Theorem 3.3, leads to reject the null hypothesis
Hoﬁ , whenever the value of the statistic R,, exceeds z1_,, namely, the (1 — a))-quantile
of the x? law with p degrees of freedom. The corresponding test is then, asymptotically
of level o, when n — oco. Then the confidence region associated to our test, for a given

level significance «, is formulated by the following ellipsoid
R={becR :n(G2) ' (B-b) BB -b) <z}

Our second test concern the variance o2 of the model (3.2), we test the null hypothesis

HY 02 = op
Versus

HY o2 # op.
To test the null hypothesis H{, we propose the following statistic

2

(@, —o2)

T, = )
Va

(3.16)

where

n — e~ ~ 2
1 G 7TV 7 Y2 _ 52
v, ._HZ((YZ 21 (Z,Z1)\Z.Y)) 0) .

i=1
In Corollary 3.1, we show that T, follows asymptotically a y?-distribution. Therefore,

the confidence interval, for a given level significance «, is given by
T = {0 €ER:n(@2 —0?)? < Vnza},

where z, is a x? quantile of order a.

3.4 Main results

Remind that
1 - -~
lim — > ZZ/ =B as,

n—oo M,
=1
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where B is a p X p-positive definite matrix. Further assumptions involving the distri-
bution function of X, the regression function m, the kernels Ky, 1 < ¢ < d and the
smoothing parameters are gathered together hereafter for easy reference. The first part
of these conditions is devoted to the regression function m and the density g. In the
sequel, 1% denotes a compact subset of R?. We make use of the following conditions.
(G.1) m is k-times continuously differentiable.

(G.2) The marginal density g is strictly positive on the support I of the function q.
(G.3) The marginal density g is uniformly continuous on its support.

(G.4) The marginal density g has k + 1 continuous derivatives.

Throughout, the following hypothesis is considered upon the sequence of bandwidths
(hn)nZL
logn

1/(2k+1)
(H.1) hn:f}l( ) for 0 < ¥ < oo and 2k +1 > d.

n

Set now, for any x € R, K(x) := H;l:l Ky(xy). The kernels are assumed to satisfy the
following conditions.

(K.1) For any 1 < /¢ < d, K, is bounded, Lipschitz continuous and integrating to one.
(K.2) For any 1 < ¢ <d, K;(u) =0 foru ¢ [-X/2,\/2], for some 0 < A\ < 0.
(K.3) K is a kernel of order k.
Consider also the following assumptions upon the random variables Y and Z.
(M.1) Y and Z are bounded.
(M.2) Z is with mean zero.

The assumptions on the weight functions ¢, 1 < ¢ < d, needed for our analysis are the

following.
(Q.1) For any 1 < /¢ <d, g, has k4 1 continuous and bounded derivatives.

(Q.2) The support of the function q is included in the support of the density g.

3.4.1 Comments on hypotheses.

To establish the consistency of the parameter 3, the most part of hypotheses are
needed for this aim, see, for instance, Chokri and Louani (2011) for more details.
In the sequel, « L Jenotes the convergence in distribution.

The main results to be proved here may now be stated precisely as follows.
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Theorem 3.1. Assume that assumptions (G.1-4), (H.1), (K.1-3), (M.1-2) and (Q.1-
2) hold. In addition we suppose that maxi<;<, E|e;|” < oo for some r > 4. Then, as
n — oo,

V(@2 — o) 5 N(0, Vare?),
The proof of Theorem 3.1 is postponed to the Appendix.

Theorem 3.2. Under assumptions of Theorem 3.1. In addition suppose that, for some

r > 4, max;<;<, E|g;|"™! < co. Thus we have, as n — oo,

/ n
1. o /\2 o 2
! ,fﬂfo 2loglogn 7 7

2 _ 0% = (Vare)'? a.s.
The proof of Theorem 3.2 is postponed to the Appendix.

Theorem 3.3. Assume that assumptions (G.1-4), (H.1), (K.1-3), (M.1-2) and (Q.1-2)
hold true. In addition, suppose that max;<;<, Ele;|” < oo for some r > 2. Then, we

have, under the null hypothesis Hoﬂ ,

Ry = X%p)’
where X?(p) denotes the Chi-square distribution with p degrees of freedom.
The proof of Theorem 3.3 is postponed to the Appendix.

Theorem 3.4. Assume that assumptions of Theorem 3.1 hold. Then, under the null

hypothesis H{,
n(G2 —02)? 4
Spi=—"—F5— —
Vv X

where V := Vare? and x? := x*(1) denotes the y*-distribution with one degree of

2
)

freedom.

The proof of Theorem 3.4 is postponed to the Appendix.
Notice that when the quantity V' is unknown, the previous Theorem doesn’t permit to
perform our test. To overcome this problem, it suffices to replace V by its estimate.

Then, the corollary below is a new version of Theorem 3.4 when V' is estimated by V,.
Corollary 3.1. Assume that assumptions of Theorem 3.1 hold. Under the null hypo-

thesis ‘H{, we have

T, 4 x2.

The proof of Corollary 3.1 is captured in the forthcoming appendix.
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3.5. Simulations

Remark 3.1. In the present paper, we are mainly concerned with performing statisti-
cal tests. Towards this aim, we have used the marginal integration technique to profile
the nonparametric part and then minimize a profiled squared error criterion to estimate
the parameter 3. In the paper by Mammen et al. (2011), the authors were interested in
the investigation of the efficiency gains when the nonparametric part of the model has
an additive structure. For this end, they make use of a smooth backfitting technique
to deal with the additive nonparametric part in order to provide semi-parametric effi-
cient estimators for 3. We mention that the estimated profile likelihood based on the
Gaussian error model investigated in Section 3.2 of Mammen et al. (2011), coincides

with the least square error estimators.

3.5 Simulations

In this section, series of experiments are conducted in order to examine the perfor-
mance of the proposed statistical tests, defined in (3.14) and (3.16). More precisely, we
have undertaken numerical illustrations regarding the power of these statistical tests
in finite sample situations. The computing program codes are implemented in R. The

following three models were considered in the simulation study

ModelI: YV = Z'8+ X; + X,
Model IT: Y Z' B+ sin(7X,) +sin(7X>),
Model IIT: Y = Z'B+ exp(X;) + exp(Xa),

where X;, X, and the error are assumed to standard normal random variables. The
deterministic vector 3 (respectively ¢2) is chosen to take different values from near
to far from the null hypothesis while Z is taken as a gaussian random vector. In our
simulations, samples of sizes were n = 25, n = 50, n = 100, n = 500 and n = 1000 have
been drawn following the scheme that has been described and m = 1000 replicates have
been considered for each scenario. The first kind error risks were @ = 0.01, a = 0.05

and o = 0.10. The obtained results are displayed in the following tables.
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TAB. 3.1 — Power estimate of 0.01 tests for R,, against alternatives for different values
of B based on 1000 replications : Model I.

G n
25 50 100 200 500 1000

(1.01,200)T 11 101 .098  .091  .084  .086
(1L.1,2)T 159 231 337 446 779 .866

(1.5,2.5)7 724 946  .999 1 1 1
(2,3)" 978 1 1 1 1 1
(3,4)7 1 1 1 1 1 1

TAB. 3.2 — Power estimate of 0.01 tests for R,, against alternatives for different values
of B based on 1000 replications : Model II.

B n
25 50 100 200 500 1000

(1.01,2.00)T 111 112 132 148 104 171
(1.1,2.)T 129 178 246 448 796  .977

(1.5,2.5)7 41 745 977 1 1 1
(2,3)" 791 983 1 1 1 1
(3,4)7 98 1 1 1 1 1
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TAB. 3.3 — Power estimate of 0.01 tests for R,, against alternatives for different values
of B based on 1000 replications : Model III.

G n
25 50 100 200 500 1000

(1.01,2.01)" .078 071 .085 .100  .117  .093
(1.1,2.1)T  .091  .100 .099 .123 128  .169
(1.5,2.5)7  .193  .182  .294 430 .719  .941

(2,3)7 379 456 671 .874 999 1
(3,4)7 746 886 .985 1 1 1

TAB. 3.4 — Power estimate of 0.05 tests for R,, against alternatives for different values
of B based on 1000 replications : Model I.

B n
25 50 100 200 500 1000

(1.01,2.01)T 204 178 220 206 203  .208

(1.1,2.1)" 267 327 381 454 .801 1
(1.5,2.5)"  .700  .917  .993 1 1 1
(2,3)" 966 999 1 1 1 1
(3,4)" 1 1 1 1 1 1
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TAB. 3.5 — Power estimate of 0.05 tests for R,, against alternatives for different values
of B based on 1000 replications : Model II.

G n
25 50 100 200 500 1000

(1.01,1.01)T 213 246 214 232 225 273
(1.1,21)T 313 403 499 679 914 983

(1.5,2.5)"  .842 986  .999 1 1 1
(2,3)" 993 1 1 1 1 1
(3,4)7 1 1 1 1 1 1

TAB. 3.6 — Power estimate of 0.05 tests for R,, against alternatives for different values
of B based on 1000 replications : Model III.

B n
25 50 100 200 500 1000

(1.01,2.01)" 202 188  .194 217 234 219
(1.1,2.1)T 194 196 205 250 273 .334
(1.5,2.5)T 305 328 458 574 .840  .982

(2,3)" 522 626 812 951 1 1
(3,4)7 862 946 997 1 1 1
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TAB. 3.7 — Power estimate of 0.10 tests for R,, against alternatives for different values

of B based on 1000 replications : Model I.

G n
25 50 100 200 500 1000

(1.01,2.01)" 273 275 .309 .315  .310  .303

(1.1,2.1)7 344 393 478 524  .901 1
(1.5,2.5)7 781 950  .996 1 1 1
(2,3)" 983 1 1 1 1 1
(3,4)7 1 1 1 1 1 1

TAB. 3.8 — Power estimate of 0.10 tests for R,, against alternatives for different values
of B based on 1000 replications : Model II.

B n
25 50 100 200 500 1000

(1.01,2.01)" 285  .310 .292  .309 .324  .346

(1.1,21)7 442 573 681 801 972 1
(15,257 903 1 1 1 1 1
(2,3)7 1 1 1 1 1 1
(3,4)7 1 1 1 1 1 1
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TAB. 3.9 — Power estimate of 0.10 tests for R,, against alternatives for different values
of B based on 1000 replications : Model III.

G n
25 50 100 200 500 1000

(1.01,2.01)T 291 289 296  .298  .327  .339
(1.1,2.1)"7 231 245 293 .325 409 455
(1.5,2.5)" 430 466 532  .624  .956 1

(2,3)" 624 730 .885 1 1 1
(3,4)7 1 1 1 1 1 1

Notice that, as in any other inferential context, the greater the sample size is, the
better the power of the tests, studied here, is. Simple inspection of the results reported
in the preceding tables allows to deduce that for large values of the sample size n, the
empirical powers of the considered tests are all close to 1, in particular for n = 1000.
We observe that even for moderate sample sizes (n = 25, n = 50) the power of the
test is close to 1 for the value of a = 0.10 and B = (3,4)". This can be explained
naturally by the fact that the value of 3 is rather far from the null hypothesis. Thus
the modification of the test R, may become necessary if the sample size is small. The
results reported in the Tables 3.1-3.9 lead to the conclusion that the power of R, is close
to 1 for large sample sizes or in the situation when we are far from the null hypothesis.
From Table 3.10, similar conclusions are valid for the test T}, where we have considered
only the Model II, which leads to more satisfactory results comparing with the two
other models. Finally, we conclude that the illustration of simulation studies display
that the proposed tests methods are effective in all three models for R, and in the
Model II for T),. In order to extract methodological recommendations for the use of
the proposed statistics in this work, it will be interesting to conduct extensive Monte
Carlo experiments to compare our procedures with other alternatives presented in the

literature, but this would go well beyond the scope of the present paper.
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TAB. 3.10 — Power estimate of the test T,, against alternatives for different values of
o2 based on 1000 replications : Model II.

a0 n
25 20 100 200 500 1000
1.01 104 197 314 347 398 339
.1 121 188 257 316 .582  .659
0.01 1.5 .159 .161 304 431 778  .891
2 337 357 530 782 983 1
3 D590 694 875 988 1 1
4 746 833 961 1 1 1
5 851 909 .986 1 1 1
1.01 274 402 478 528 502 537
1.1 267 287 469 476 519 675
1.5 293 319 413 557 846  .899
0.05 2 408 480 619 838  .998 1
3 651 739 913 988 1 1
4 999 1 1 1 1 1
bt 1 1 1 1 1 1
1.01 375 .530  .590  .571 570  .580
1.1 348 461 504 506 534 874
01 15 364 449 542 601 .789  .968
2 ATt 518 675 974 1 1
3 843 950 998 1 1 1
4 1 1 1 1 1 1
bt 1 1 1 1 1 1
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Conclusion

Testing the hypotheses Hg and H{ is an important step in practice. Towards this
aim, the present paper gives two statistical tests in the framework of the partially linear
additive model. The limiting distributions under the null hypotheses of the proposed
test statistics are derived, and their properties are examined by Monte Carlo simula-
tions. The simulation studies display that the test methods are effective in particular

for large sample sizes.

3.6 Appendix

To unburden our notation a bit and for simplicity, C' denotes a generic finite positive

constant which may have different values at each appearance throughout the sequel.

Proof of Theorem 3.1

Keeping in mind the equation (3.15), one can see the following decomposition of 52

1 -~ ~ o~ ~ ~ ~ A~ ~ ~
02 = —(Y-Z"(ZZ")'ZY)' (Y —Z"(ZZ")7'ZY)
n

= (VBRI - BT,

n

where
PP
P; =7'(Z7") 7.
Notice that, it’s easy to show that P is an idempotent operator, ie., Py P, = P,

fulfilling P, = Py. It follows that

Vn(@, = o)
1 ~n . . -
- %(YTY —Y'RY —Y'P Y +Y P, P;Y) — v/no?
1 - .
— WYT(LL — P)Y — /no?,
where Z,, denotes the identity matrix of order n. Using the fact that PzzT =77 and
ZPQ = Z, we infer that

(Z, — P3)Z" = 0,,, and Z(Z, — P) = 0y,
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where 0,,., and 0,4, are the null n x p, respectively p x n, matrices. This, in turn,
implies that
Vn(G; — o?)
— 2

1 1 = T
= ——c'e—+/no?— %Jpzs - %ME (Z,, — Py) M. + %Me (Z, — Py)e

= Vn[(l, —02) — L+ I3+ 214, (3.17)
where
M. = (Maaa(Xi) — &)1<icn,
Magd(Xi) = Mada(Xi) — i Wi (Xi)mada(X;)
=1
and ]

=) WX
k=1

Recall I3 from the statement (3.17). We have the following bound

< -1 — 1z

3] < n fgégx(lmadd ) +|§ Wk (Xi)ee )T — Pyllm, ()
< 1
<~ Clrgax(|madd | + ’ ZWnk 5k|

where ||Z,, — Py||m,..r) < C and M, ,(R) indicate the set of n x n real matrices. In

view of Lemma 2.2 and Lemma 2.3 given bellow, we have, almost surely,

1121?2; |Maaa(X;)| = O (nﬁjfl 10gn> and 112?3; | ZWnk ekl = (nﬁ 10gn> ,
which implies that
| =n"tO <n% log® n) =o(n™'?) a.s. (3.18)
Now, we claim that, almost surely,
L =o(n'?),

where

1 o~~~ ~
Iy =—e"Z(ZZ")'Z ¢

n
7 as defined in (3.10). Notice that, for any ¢ = 1,...,n and 1 < ¢ < p, we have

]E[Zig&fi] = E[ZwE({-?AXw, Zw)] =0 and E Zifgi < 00,

1<i<n
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and

1 — -
liminf =Y E(Zyg)? =2 >0
minf — Y E(Zye)* = o ,

i=1

where b the (£0)-th element of B. Then, we infer from Lemma 2.4, by taking V; = Zigei

and s2 = no?b®, that

no. 1/2
Z Ziyci = O(n log log n) a.s. (3.19)

In addition, we have
1 ~~
lim —ZZ" = B a.s.

n—oo M

Using the last equation in connection with (3.19), one finds
I =o(n?) a.s. (3.20)

Recall I from the statement (3.17). We have the chain of inequalities

L] < % Zﬁladd( ZZWnk i )EREi
i—1 i=1 k=1

Z Madd(Xi)ei — Z Woi(Xi)el — Z Z Wi (Xi)eke
i=1 i=1 i=1 k#i
( Z Wrm, Z Z Wnk: 5/652

i=1 k#i
We evaluate the first term in the right side of the last inequality. One can see that

n n
Z Maaa(Xi)e; < max Maaa(X;) Z E;.
Py 1<i<n i—1

Making use of the Lemma 2.3, we have, almost surely,

IN
3IQ

VAN

) |

(3.21)

max Mgqq(X;) = O (n(_k/%H) log n),

1<i<n

which, combined with the law of the iterated logarithm, we conclude that
Zmadd(xi)gi = o(n'?) a.s. (3.22)
i=1
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Once more, observe that

An application of Lemma 2.2 (i), gives
max W, (X;) = O(n~ /21 (log n)~1/2k+1) 5.

1<i<n

This when combined with Lemma 2.4, implies

Z Wi (X,)e2 = o(n'?) a.s. (3.23)
i=1

By using similar arguments, we obtain

Z Z W (Xi)eres < O(n(_k/%“) log n) Z €i
=1 ki i=1
= o(n'?) a.s. (3.24)
Combining the statements (3.22), (3.23), (3.24), we conclude that
I =o(n?) a.s. (3.25)
The central limit theorem gives

Vil — 62 S N0, Vars?)  as. (3.26)
The proof of Theorem 3.1 is completed by combining the statements (3.17)-(3.18),
(3.20), (3.25) and (3.26). 0
Proof of theorem 3.2

By using the law of the iterated logarithm, we get

1/2
. n 1/2
fim sup (m) -0 = (Vars) " as. (3.27)

By the same arguments of the proof of Theorem 3.1 combined with the statement
(3.27), the results of Theorem 3.2 follows. O
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Proof of Theorem 3.3

Since B is positive definite matrix, then, from Theorem 2.1 of Chokri and Louani
(2011), we have

_n(B-P)"B(B-B)

Ry : > % X (3.28)

Since from the model (3.8) we have
Yi=2/B+ mfdd(xi) + & + (Maga(X5) — ms}dd(Xi))a

it is clear that

n

IS = IS 2B D (X)) — (X))
] i=1 1=1
2 ST = ZiB) (maaa(X,) — (X))

Observe by the Cauchy-Schwarz inequality that

I~ o = _
- > 1Y = ZiBlmaaa(Xs) — by, (X))
=1

N

% Z(madd(Xz’) - mfdd(Xi))Ql

i=1

Making use of Lemma 1 due to Camlong-Viot (2001) where all the conditions related to
the mixing setting considered there are relaxed, it follows, under hypotheses |G.1-2 ;4],
[H.1], [K.1-3], [M.1] and [Q.1-2], that

. logn
max [maga(Xi) — Ml (Xi)| = O (\/ i ) : (3.29)

Therefore, using the statement (3.29), it is easily seen that

1o & 1<
- § Y =728 = - § el =02 a.s. (3.30)
n
i=1

n <
=1
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Moreover, it is easy to see, again by Cauchy-Schwarz inequality, that

72— o2 < —Z(zTﬁ B) + Zw 21 BIIZ] (B~ B)|

1 n
+Hm LW -2y

i=1

IN

1

17L 2

max || Zi{|*8 — BI* +2 max || Z]]|1 — B IEZY ) ]
i=1

1<i<n

1 Y 7T
~> (Vi-Z]p) -

i=1

Note that since the random vector Z is bounded, making use of Lemma 2.2 (ii), it
follows that Z; is also bounded for any 1 < i < n. An application of Theorem 2.2 of
Chokri and Louani (2011), gives

18- Bl =o(1) as. (331)
Therefore, considering the statement (3.30) and (3.31) together, it is clear that
52 —02=0(1) a.s. (3.32)

Combining the statements (3.28), (3.32) and the Slutsky’s Theorem, the proof of Theo-
rem 3.3 follows. ]
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Proof of Theorem 3.4

The proof is a consequence of Theorem 3.1. U

Proof of Corollary 3.1

First, note that a straightforward calculus gives
Vi(€2) — Vare?

IS (G- mraE mvy - a) E(s - 52)
i=1

1 <& Y e e~ ~ . R 2 2
= > ((Vi-Z]@Z) 23 - ot - (32— 0?)) —E( - ?)
=1
L (o s STy - 2
= Y (G -2/ @ZZ])' 27 - 02) + (62 - o?)?
n
=1
IEN ¥ 7T (7 g T\—1z v7\2 2\ (22 2 2 2\ 2
—2- > ((Vi = Z](Z2])'ZY))? = 02) (52— 02) — E(&} - o2) .

i=1

In view of the statement (3.32) and the fact that

L Cn [ e o

=3 ((YZ- ~ZN(ZZT) T — a§> —o(1) as.
n

i=1

and

we infer that
Vi(e3) — Vare:

L /e o~
= > (G -Z[ @) 2 - o
n
i=1

[\
N—
no
|
=
RS
o
= DN
|
Q
(U )
N—
no
_|_
)
—
[S—
~—
Q
°

By the law of large numbers, we obtain

I /e o~
=S (G- 2] @22y — o
n

=1

[\v]
——
no
I
=
VRS
n
—
|
Q
LI
——
Do
+
)
~~
—_
~—
IS
V>

This, in turn, implies

Vi(€2) = Vare? = o(1) a.s. (3.33)
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Finally, we have

n(o, —o2)?  n(Gs —o02)?  Vare]
_ X .
Vo (e2) Vare? V,(2)

It suffice to combine the Theorem 3.4 and the statement (3.33) to achieve the proof of
Corollary 3.1. 0
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Chapitre 4

Some uniform consistency results in
the partially linear additive model

components estimation

Ce chapitre est composé d’un article publié en (2014) dans la revue Comm. Statist.

Theory Methods, mis en forme pour étre inséré dans le présent manuscrit de thése.

In this chapter, we are mainly concerned with the partially linear additive model

defined, for a measurable function ¢ : R? — R, by

d
V(YY) =Vi=2Z B+ ng(X,g,i) +¢e; for 1<i<n,

=1
where Z; = (Zi1,...,Zip) " and X; = (X1,4,...,Xi)" are vectors of explanatory va-
riables, B = (31,...,3,) "is a vector of unknown parameters, my, ..., mg are unknown
univariate real functions, and €4, . . ., €, are independent random errors with mean zero,

finite variances o. and E(¢|X,Z) = 0 a.s. We establish exact rates of strong uniform
consistency of the nonlinear additive components of the model estimated by the margi-
nal integration device with the kernel method. Our proofs are based upon the modern
empirical process theory in the spirit of the works of Einmahl and Mason (2000) and
Deheuvels and Mason (2004) relative to uniform deviations of nonparametric kernel-

type estimators.
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AMS Subject Classifications : 62G20, 62G32, 62J05, 60G07, 60F17, 60F15, 62GO08S.
Keywords : Additive model ; Regression function ; Marginal integration ; Non-parametric Es-
timation ; Density estimation ; Regression estimation ; Strongly consistent ; Kernel estimation ;

Empirical processes ; Functional estimation.

4.1 Introduction

Let (X,Y,Z) be a R? x R? x RP-valued random vector and v : R? — R be a
measurable function. We assume that the relation between the response variables and

the covariates can be represented by the partially linear model, that is
W(Y)=Y=mo+2Z'B+mX)+e, (4.1)

where B € RP is a vector column of unknown parameters, m is the nonlinear part of
the model and ¢ is the modeling error and my is a constant. Here and elsewhere, the
transpose of a vector V will be denoted by V. Model (4.1) compromises between
the linear model and the fully nonparametric model, the linear component Z'3 pro-
vides a simple summary of covariate effects which is estimated with the best rates of
convergence, while the smooth baseline component m is included to insure more model
flexibility. We mention that the nonparametric isotonic regression model, which is a
special case of the model (4.1) without the linear part, was first proposed by Brunk
(1958) and has received extensive attention since the middle of the last century in
the statistical literature. Since the introduction of (4.1) by Engle et al. (1986), for
¥(y) = vy, the partially linear model has been widely used in various fields, see for
example Speckman (1988), Liang et al. (1999), Severini and Staniswalis (1994) and
the references therein. The model (4.1), for ¢(y) = y, and various associated estima-
tors, test statistics, and generalizations have generated a substantial body of literature,
which includes the works of Rice (1986), Chen (1988), Robinson (1988), Chen and Shiau
(1991), Eubank and Speckman (1990) Donald and Newey (1994). Shi and Li (1995a,b)
and Hamilton and Truong (1997). A comprehensive literature review of the estima-
tion and application of model (4.1), for ¥(y) = y, can be found in the monograph
Hardle et al. (2000). Parametric regression models provide powerful tools for analy-
zing practical data when the models are correctly specified, but may suffer from large
modeling biases when the structures of the models are misspecified. As an alternative,
nonparametric smoothing methods ease the concerns on modeling biases. However, it is
well known that unrestricted multivariate nonparametric regression models are subject

to the curse of dimensionality, and fail to take advantage of the flexibility structure
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in modeling phenomena with moderate set of data. The papers by Stone (1985, 1986)
proposed the additive model regression, which allows easier interpretation of the contri-
bution of each explanatory variable and reduction of the computational requirement.
Hence, additive regression models circumvent the curse of dimensionality that afflicts
the estimation of fully nonparametric regression models. There is a huge literature on
these models and their applications. It is not the purpose of this paper to survey this
extensive literature, the interested reader may refer to Fan and Gijbels (1996), Hardle
(1990) and the references therein for further details.

To reduce the dimension impact of the nonparametric part in the partially linear regres-
sion model (4.1), we consider the partially linear additive model that puts an additive

structure to the nonparametric function m

d
YY) =mo+2Z B+ mX) +e, (4.2)
(=1

where X, is the /-th component of the vector X and my is a real univariate function.
Manzan and Zerom (2005) showed that the estimator 8 which is designed to exploit
additivity is asymptotically more efficient than an estimator that ignores the additive
structure, see for further details Chamberlain (1992). We may refer also to the paper
by Mammen et al. (2011), that analyzes efficiency gains in semiparametric models from

imposing additional structure on the nonparametric component.

The primary goal of the present paper is concerned with the exact rate of strong
uniform consistency of estimators of additive regression model components in the same
spirit, as the results on the weak consistency investigated in the work Debbarh (2008)
and the related results established in Deheuvels and Mason (2004) and Einmahl and
Mason (2000, 2005) for kernel-type functionals estimates. Our results allow us to build
simultaneous almost certainty bands (100% confidence bands) for the components that

we estimate.

The layout of the article is as follows. In the forthcoming section, we first present
the model and the estimators that we consider throughout this paper. In Section 4.3,
we state the major assumptions and give the main theoretical results. In Section 4.4,
we give some concluding remarks and possible developments. To avoid interrupting the
flow of the presentation, the mathematical developments are relegated to Section 4.5.

A few technical results are given in the appendix.
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4.2 Presentation of estimators

Let (X;,Y;,Z;);>1 be asequence of independent random replicee of a random vector
(X,Y,Z). Denote by fxyz its joint density function with respect to the Lebesgue
measure and by fx, fy and fz the corresponding marginals. For any x € R?, we define

the kernel estimator of the marginal density fx by

R -X;
10 = g S ().
noi=1 "

where K is a non-negative function defined on R? and integrating to 1 and a,, is a

smoothing parameter tending to zero with a suitable rate that will be given later on.
To avoid unnecessary complexity, we assume mgy = 0. Notice that the model (4.1) may

be rewritten as follows

V(Y)—-Z"8 =m(X) +e. (4.3)

On the basis of the representation (4.3), using the internal estimator, the regression

estimator involving the nonparametric part of the model may be defined, for any x €
R?, by

N ~ (YY) -Z{B, (x-X
w2 =X e () -
where K is a kernel function defined on R? that is bounded, non-negative and integrated
to 1, and h,, is the smoothing parameter converging to zero with a specific rate that
we precise below in condition (H.2). See Remark 4.1 below for a discussion on the
definition of this and other related estimators. Note that the estimator m? depends on
the unknown parameter 3 which needs to be estimated.

Keeping in mind the model defined in (4.3), the function m depends naturally on the

parameter 3 and its additive structure may be written as follows

Ml (X) = Z my (xy), (4.5)

d
(=1

where x, is the (-th component of x. For identifiability of the additive component

functions my, we put the constraints
Em?(X,) =0 for 1<(<d.

Various methods have been proposed in the literature to estimate the additive com-

ponents of the regression model including the marginal integration method, which
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consists in integrating the regression function m with respect to a suitable density
function, [see, e.g., Newey (1994), Tjostheim and Auestad (1994), Linton and Nielsen
(1995), Camlong-Viot et al. (2000) and Camlong-Viot et al. (2006)] and the back-fitting
algorithms [cf. to Hastie and Tibshirani (1986), Sperlich et al. (1999) and the references
therein for an account of the results on these topics|. The back-fitting asymptotic pro-
perties are difficult to analyze, however, the works Opsomer and Ruppert (1997) and
Mammen et al. (1999) have made an important progress in the development of the
asymptotic theory of back-fitting methodology. In contrast, the asymptotic theory of
the marginal integration method is relatively easy to establish which has attracted
much attention among statisticians and econometricians. Motivated by these proper-
ties, our approach based on the marginal integration method to estimate the linear
parameter 3 uses the least square criterion. It results then that our estimates take the
form which depends only on the kernels, the smoothing parameters and the integration
density, avoiding to consider any choice procedure of the weights leading to minimiza-
tion issues. Notice that estimators built up considering unknown weight quantities are
studied in several papers. Obviously, in such cases, optimization procedures are nee-
ded to obtain efficient estimates. The resulting optimal weights are always functions
depending on unknown parameters that must be estimated. This fact was illustrated,
for instance, by the work Fan et al. (1998).

Throughout this paper, the marginal integration method is used to build the estimates.

To be more precise, we first need to introduce some notation and definitions. For any

1< l < d, set x_yp = (131, e L1, Lpg 1y - ,$d),
d d
g-o(x_0) = [[ai(z;) and q(x) = [ ae(0),
£ =1

where ¢, 1 < ¢ < d, are known univariate density functions. In the following, all
the integrals related with continuous variables will be taken with respect to Lebesgue
measure. Following the marginal integration procedure, the additive regression function

is given, for any x € R?, by

d
add 2771? ) / madd z)dz, (4.6)
=1

where

77?(%) = /Rdl maﬁdd(X)Q—E(X—f)dx—é - /Rd mgdd<X)Q<X)dX' (4.7)
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Here, 77? is the /-th component of the additive regression function which still depends
on the parameter 8. To unburden our notation a bit, mfdd will be denoted by mgq4q
and nf by ny. Now, for a given parameter 3, using the marginal integration method,

we define the estimator of m,gq as follows

0 = S () + [ laa(a)in (1.9
where
Pl = [ #8000 ax x| eoaxdx (49)

Either, in what follows, ﬁzfdd will be denoted by 444, M2 by m,, and ﬁf , the estimate
of the ¢-th component of the additive regression function with fixed parameter 3, by
n¢. Therefore, we shall estimate the vector parameter 3 to get a ready estimate of m,44q.

We close this section by the following remark.

Remark 4.1. Let us recall general kernel-type estimator of regression function defined,

for x € RY, by

- _ i YY) K ((x — Xi) /hn)
D (s 5 (10)

By setting ¢ (y) = y into (4.10) we get the classical Nadaraya-Watson kernel regression

function estimator of m(x) := E(Y | X = x) given by

o (o) s St Vi (O = X))
T LK (= X))

(4.11)

We define the internal estimator at some predefined point x by

] — x — X, Y,
m =— ) K : — 4.12

For more details on the estimators (4.11) and (4.12), the interested reader may refer,
e.g., to Wand and Jones (1995). Linton and Jacho-Chavez (2010) pointed out that
Mack and Miiller (1989) were the first to propose 7’7\11{1}1” (x), for d = 1, with a view

to the estimation of derivatives by computing the derivative of the regression, which

has a simpler form than the derivative of the Nadaraya-Watson smoother. The term
“internal” stands for the fact that the factor f,!(X;) is internal to the summation,

while the estimator m,,., (x) has the factor

- (Hre(5X)
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externally to the summation. Jones et al. (1994) considered various versions of kernel-
type regression estimators, especially the Nadaraya-Watson estimator and the local
linear estimator. They established the equivalence between the local linear estimator
and the internal estimator. Linton and Jacho-Chéavez (2010) and Shen and Xie (2013)
indicated that the internal estimators are particularly adequate for the additive non-

parametric regression model, since,

/\Il?t - B d B _ 7 / K i - - d 4—‘13
/Rdlmn,hn(x)q o(x_g)dx_y nhd;fn(Xi) . 0 q_o(X_¢)dxd.43)

If ¢_4(+) is chosen smooth enough, and the kernel K such that the convolution

X — Xz
/ K ( A ) q—e(x_g)dx_g
Rd-1 n

can be very closely approximated by

K, (%) q—o(X ).

n

Then the last integral in (4.13) can be approximated as follows

n

~1In 1 }/; Ty — Xl
/ d 1m}uzn(x)q_g(x_g)dx_g ~ )Kg( ¢ - 74) (X)), (4.14)
-

Notice that the estimator in (4.12) has been used also by Hengartner and Sperlich
(2005) in the context of estimating additive models. The authors showed that it has
some additional theoretical advantages over the use of Nadaraya-Watson estimator.
More precisely, it is possible to obtain asymptotic normality of 7,(z,) at the opti-
mal rate for one-dimensional nonparametric regression without assuming additional
smoothness. They also mention the computational attractiveness and better perfor-
mance of the internal estimator (compared to its classical counterpart), in particular,
when the covatiates are correlated and nonuniformly distributed. Indeed, the internality
of the factor f~1(X;) in the summation play an instrumental role in the approximation

(4.14), that simplifies very much the computation of the estimator 7y(x).

4.2.1 Estimation of the parameter 3

Consider the partially linear additive regression model
V(YY) =Z"B+meau(X) +¢.
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In the sequel, we will use the notation, for £ =1,...,d,
Ky(up) = K(u)du_y, and K_,(u_y) = / K(u)duy.
Rd—1 R

Following Chokri and Louani (2011), the estimator of 3 is defined by
B=[22""'ZY, (4.15)
where

n

Y = [@D(Yi) - Z an(XiW(Yj)]  Z= [Zi -> an(X,-)Zj] (4.16)

J=1

1<i<n 1<i<n
Un(Xl)
Woy(X;) =~
and
d
1 Xei — Xju 1 z — X,
%ﬁ@z}j;&(—774)D4—M—Q&ﬁﬂ( h]>WML
=1 " n n n
where

1 Z_yp— X,gj
D_,= K = q_¢(z_ ¢
¢ /Rdl pi ( I )q (Z—¢)dz_,

For more details on the estimation of the parameter 3, see the paper Robinson (1988).
Finally, to estimate the regression function and the additive components, we use the

following

Maaa(X) = _Telxe) + | M(z)q(z)dz, (4.17)
and

Polze) = /R () o(x )~ / o (%) (x)dx. (4.18)

4.3 Main results

To state our results, we consider an additional assumption on the model structure.

In this respect we suppose that

1 s
lim -y Z'Z,=B 4.19
Jim > 2, as (4.19)

=1
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where B is a p X p-positive definite matrix. Throughout this paper, we assume that
v € F which will denote a pointwise measurable VC subgraph class of R9%-valued
functions. Let

d d
]d = H]g = H[ag,Cg]
=1 =1
and
d d
JE =117 =]]law ¢l
=1 =1

be two fixed pavements of R? such that ay < ap < cp<cyforl <?<d.

Further assumptions involving the density function of X, the regression function m,
the kernel functions K, for 1 < ¢ < d, K and the smoothing parameters are gathered
together hereafter for easy reference and reader’s convenience. The first part of this set

of assumptions concern the density function fx and the regression function m.

(G.1) m is k-times continuously differentiable and there exists a constant 0 < € < oo
such that

OFm(x)

sup | —————
k
ozt ... Ol

xel

<€ ki,....,kq>0, kv +---+kyg=Fk;

(G.2) The density fx is continuous and bounded away from 0 on R?;
(G.3) The density fx is k’-continuously differentiable on its support and &’ > kd.

In the sequel, (hy,),>1 and (a,),>1 denote sequences of positive constants satisfying the
following conditions.

Viogn

n

1/(2k+1)
(H.1) hn:ﬁl( ) for 0 <y < o0

log(1/a?) s o0 and h, logn

H.2) (i ii) naj, atlog(1/hy)
(H.2) (i) an — 0, (i) nag — oo, (i) 74 n af log(1/hy)

— 0 asn — oo.

We suppose that the kernel functions K and K are bounded, Lipschitz continuous

functions. We say that the kernel L is of order s if
/ L(x)dx =1,
R4
/ R L(x)dx =0, Ky, kg >0, kiAo kg=1,...,5—1,
R4
/ |xlf1...x§d|L(x)dx< 00, ki,...,kg>0, ki+--+kyg=s.
Rd
In addition, we assume that K and K satisfy the following additional assumptions.
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(K.1) K and K are of order k' and k respectively ;
(K.2) K(x) =0, for x ¢ [—0/2, 0/2]%, for some 0 < ¢ < 00;
(K.3) K is of bounded variation on R?.

Also, we consider the following assumptions upon the random variables Y and Z.

(M.1) The class of functions F is bounded;
(M.2) Z1x¢ ey is bounded.

Finally, to state our results, we will work under the following assumptions on the

density functions ¢y, for 1 < /¢ < d.
(Q.1) ¢ is bounded and continuous, for all 1 < ¢ < d;

(Q.2) ¢ has k + 1 continuous and bounded derivatives, with compact support é; C I,
forall 1 < /¢ <d.

Now, we define a function ¢ on the interval I, as

s u
Ri-1 iuiim)z)“(“f)d“b (4.20)

¢(W) =
where, for fixed ¢ € F,
HP(u) =E[W(Y)-Z"8)?X =ul,u= (u,...,uy) € R% (4.21)

Here, f(u_y|uy) denotes the conditional density of X_, given X, = u, which we assume
to be bounded away from zero on the support of fx, this requirement is used in order

to make ¢ well defined. For 1 < ¢ < d, consider the following quantity,

oy = 0b = sup \/qﬁ(u@) /RKf(t)dt, (4.22)

weel, \| fe(ue)

where f; is the ¢(-th marginal density of X.

The main result, concerning the additive component estimate 7, to be proved here

may now be stated precisely as follows.

Theorem 4.1. Assume that the conditions (G.1)-(G.3), (H.1)-(H.2), (K.1)-(K.3), (M.1)-
(M.2) and (Q.1)-(Q.2) are satisfied. Then, we have for fixed i) € F,

nh
lim [ =" sup [fi(x1) — = 5. 4.23
S STog(1 /iy S Ine) =m(@)l =01 as (4.23)
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The proof of Theorem 4.1 is postponed until §4.5 .
The following result handles the uniform deviation of the estimate m,q9 With respect

to Myqq and provides the uniform strong consistency with rate.

Theorem 4.2. Under assumptions of Theorem 4.1, we have

) nh
lim sup

d
STog(1 /i) S [aaa(X) = Maaa(¥)| = 5. 4.24
n—oo \| 210g(1/hy) xega Maqa(X) —m dd(X)) ;w a.s (4.24)

The proof of Theorem 4.1 is postponed until §4.5.

As a consequence of Theorem 4.1 and 4.2, we have the following corollary.

Corollary 4.1. Under assumptions of Theorem 4.1, we have

d
nh L
lim /—+-+"— sup |m(x,2) —m(x,z)‘ =0 B2+ op a.s., (4.25)
n—eo 2 log(l/hn) x,zE [ XRP : ; Z’z::l
where
m(x,z) =z B+ m2,(x),
o2 is the variance of € and b, ¢ = 1,...,p, are the diagonal entries of matrix B~

The proof of Corollary 4.1 is postponed until §4.5.

Remark 4.2. Notice that the condition (H.2) is satisfied for the choice

oo\ /K +d)
&n:ﬁQ( Ogn) for O<192<OO.

n

The limiting behavior of f,(+), for appropriate choices of the bandwidth a,, has been
studied by a large number of statisticians over many decades. For good sources of re-
ferences to research literature in this area along with statistical applications consult
Devroye and Lugosi (2001), Devroye and Gyorfi (1985), Bosq and Lecoutre (1987),
Scott (1992), Wand and Jones (1995) and Prakasa Rao (1983). In particular, under
our assumptions, the condition that a, — 0 together with na? — oo is necessary and
sufficient for the convergence in probability of f,(x) towards the limit f(x), indepen-
dently of x € R? and the density f(-). The convergence result in (4.34) below, should
minimally require (H.2)(iii) to hold almost surely which illustrates the sharpness of the
condition (H.2). Finally, if we replace (H.2)(iii) by nal/logn — oo, the results of the
present work hold in probability.
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Remark 4.3. Note that the condition (M.1) may be replaced by more general hypo-
theses upon moments of Y as in Einmahl and Mason (2000, 2005). That is

(M.1)" The class F has a finite valued measurable envelope function

F(y) >sup [¢(y)], y € R,
peF

such that, for some s > 2,

sup E(|F(Y)[[X = x) < ox,

xeld

or a more general form as in Deheuvels (2011)

(M.1)"” We denote by {M(x) : x > 0} a nonnegative continuous function, increasing on

0,00), and such that, for some s > 2, ultimately as = T oo,
[ ) Y
(1) 2 M(x) |; (i) " M(z) 1. (4.26)

For each t > M(0), we define M™(t) > 0 by M(M™(t)) = t. We assume
further that :
sup E (M (|F(Y)]) | X =x) < oc.

xeld
The boundedness assumption on the support can be replaced by a finite moment as-
sumption (M.1)’; but this will add much extra complexity to the proofs. We will need

also that the sequence {h,},> satisfies
hy,t < (n/log(1/hy)) 2"

Under the last additional condition and replacing condition (M.1) by (M.1)" all our
results remain valid, see Section 4.6.1. For more details we may refer to Einmahl and
Mason (2000), Deheuvels and Mason (2004) and Deheuvels (2011). The introduction of
the function ¢ in our setting motivated by Remark 1.2 of Deheuvels and Mason (2004)
or Remark 1.1 of Deheuvels (2011).

Remark 4.4. Notice that the conditions (G.1), (G.3) and (K.1) are classical in the
nonparametric estimation procedures. In particular, by imposing the condition (K.1),
the kernel function exploits the smoothness of the density function or the regression
function. It is well known that the best obtainable rate of convergence of the kernel
estimator, in the AMISE sense, is of order n=%?, in the univariate case. If we loose the
condition that the kernel function K must be a density, the convergence rate could be

faster. Indeed, the convergence rate can be made arbitrarily close to the parametric n !
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as the order increases. In fact, Chacon et al. (2007) showed that the parametric rate
n~! can be attained by the use of superkernels, and that superkernel density estimators
automatically adapt to the unknown degree of smoothness of the density. The main
drawback of higher-order kernels in this situation is the negative contributions of the
kernel may make the the estimated density not a density itself. The interested reader
may refer to, e.g., Jones et al. (1995), Jones and Signorini (1997) and Jones (1995).

4.3.1 Confidence bands

Our results allow to construct simultaneous confidence bands for the true com-
ponent 7;(x1) of the additive regression function. Towards this end, we infer from
Theorem 4.1 that, for any 0 < € < 1 and suitable chosen data-dependent functions

L,(z1) > 0, we have, as n — oo,

P (m(x1) € n(z1) — (L +¢€)Ln(z1),Mi(z1) + (L +€)Lp(x1)] , Vo1 € 1) — 1, (4.27)
and

P(m(xq) € [m(xr) — (1 —e)Lp(xy),m(z1) + (1 — €)Ly(21)], YV, € ;) — 1. (4.28)
Whenever the statements (4.27) and (4.28) hold jointly, we can say that the intervals

[An1(21), Bu(@1)] = [Mi(21) = Lu(@1), i (21) + Lu(21)],

provide asymptotic simultaneous optimal confidence bands (at an asymptotic confi-
dence level of 100%) for ny(xy) over z; € I;. In practice, the plot of A, (x1) and
By,1(x1) over x; € I; provides useful visual information on the unknown values of 7,
on I; (refer to Derzko and Deheuvels (2002) for a biomedical example).

To construct L, (z1), for z; € I, it suffices to choose an appropriate estimator o,,; of

o1, and to take then

Lo(z1) = {M x ain<x1)}l/2.

nh,

Considering the statements (4.20)-(4.22), it is natural to take the following estimate of
2
b

oin(z1) = U RHOLL N @W(Y,) - 2] BPK (@)

=1

q,l(x,l)dx,l.

x 1—X_1;
Ko (=)
X
Rd-1

hi ! fu(%)?
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Notice that the confidence bands of the additive regression function mggq(x) may
be deduced similarly from Theorem 4.2. Indeed, the asymptotic confidence bands for
Maga(X), for x in I, is given by

d

d
> Az + | M(z)q(z)de, Z Byi(x;) +

i=1 R4

[An(x), Bn(%)] =

T?Ln(z)q(z)dz] :

Rd

Remark 4.5. Since the confidence bands depend upon h,,, an optimal choice of h,
with respect to some criterion will improve them. Notice that the paper Deheuvels and
Mason (2004) consider local plug-in type estimators hy = /f;n(x) of h that satisfy the
condition

P(an gﬁn(x) gbn:xeld> — 1,

where a,, = c1h,, and b, = csh,,, with ¢; < cq, or fulfill, for any € > 0

P | sup
xeld

where ¢ is an appropriate continuous function on /¢. This issue together with the

~

(%)

b,

— p(x)

> e) — 0, (4.29)

related uniform in bandwidth problem will be investigated in a future work.

4.4 Concluding remarks

We have addressed the problem of derivation of uniform results for nonparamptric
kernel-type estimators of the components of additive regression. Toward this aim, we
have used the methodology of proof proposed in Einmahl and Mason (2000). In general,
the stochastic component of the error between m,, and m is a greater problem than the
deterministic one, i.e., the bias. For bounding the stochastic part, i.e., in order to find
almost sure bounds of the stochastic process, we especially need assumptions about
the kernels with a recurrent assumption being right-continuity and bounded variation
in addition of general assumptions about the density. The deterministic component
requires more assumptions about the smoothness of m and the density function f.
There is an increasing interest in obtaining so-called uniform in bandwidth results for
nonparametric estimators depending on a bandwidth sequence. The first paper that
focused on obtaining uniform in bandwidth results for the kernel density estimator
making use of empirical process techniques were Einmahl and Mason (2005). After this
seminal paper many other works investigated these uniform in bandwidth problems
in different contexts, such as the local polynomial regression [Dony et al. (2006) and

Blondin (2007)], the local uniform empirical process [Varron (2006)|, the conditional
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U-statistics [Dony and Mason (2008)], the estimation of integral functionals of the
density [Giné and Mason (2008)], Shannon’s entropy [Bouzebda and Elhattab (2009,
2011)], the kernel distribution function estimators and the smoothed empirical process
[Mason and Swanepoel (2010) and Chacéon and Rodriguez-Casal (2010)], the kernel-
type estimators of copula derivatives [Bouzebda (2012)]. It will be interesting to enrich
our results presented here by an additional uniformity in term of A, in the supremum
appearing in all our theorems, which requires non trivial mathematics, this would go

well beyond the scope of the present paper.

4.5 Proofs

This section is devoted to the proofs of our results. Throughout the proofs of our
results, we shall assume, for the sake of notational convenience, but without loss of

generality, that our kernel K has support contained in [—1/2,1/2].

Proof of Theorem 4.1.

Recall that

o) = [ n)aixdx = [ mnx

R4

where

(YY) -Z]B . (x— X,
)= 2 X K( i )

We first decompose {n,(z;) — n¢(x¢)}, for 1 < ¢ < d, into the sum of two components,
by writing

o(e) = me(we) = 02(we) — 7P (xe) + 72 () — mel)
Dl(l’g) + Dg(xg). (430)

Let, for 1 < /¢ < d,

~

(z¢) == /R d_lrj\ﬁn(x)q_g(x_g)dx_g— / i (x)q(x)dx,

Rd

where

~ ﬁﬁ - ZTB x—X;
a0 - 2 (552)

=1
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There is no loss of generality to display our proofs only for ¢ = 1.

Part (I). Considering the second term Ds, observe that one may write

Dy(ry) = (1) — 77A1(551) R R R
= [(z1) = 0y (z0)] + [ (21) — B0y (21))] + [E@ (21)) — m(21)]
=: Tl(l‘l) + TQ(Z’l) + T3<$1). (431)

Consider the first term 7’ (x;). Under condition (Q.2), we infer that

M (z1) = m(z1)
[ﬁ%n(x) - fﬁn(x)] q_1(x_1)dx_1 — / [ﬁ/:%n(x) — ﬁln(x)] q(x)dx
Rd—1 Rd
< [
Rd—1 xel
+ / sup
Rd xel
Recall the following elementary observation

L1 Ux=1/)

kT <k

From the last equation we can infer the following

T1 (I‘l)

o~

ﬁzn(x) — mn(x)‘ q-1(x_1)dx_4

Fin (%) — ﬁzn(x)‘ g(x)dx. (4.32)

n

i) = o) + = 3 (0(v:) ~ 2T

X — Xz> fx(X;) = fu(X5)
b, fx(Xi) fu(X5)

This, in turn, implies that

1 < - X
< g 00 - TR (55

ma, i | fx(X2) — £u(X0)
| fx (X5) fn(X5)]

According to Ango-Nze and Rios (2000) or Stute (1984), under conditions (G.2-3),
(H.2) and (K.1), it holds, as n — oo, that

(4.33)

sup | f(x) — f(x)|:(’)< log"> a.s. (4.34)

d
xcId nan
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Since the kernels K, for 1 < ¢ < d, are compactly supported, making use of Bochner
Lemma [see, e.g., Theorem Al of Parzen (1962)], it follows, for each 1 < j7 < n and
1 <0 <d, that
) 1 T — X
lim h—Kg (%) qe(xe)dre = qo(Xj0).-
n—oo R n n

Similar arguments yield also

. 1 X_ 1 — X _ 1
= ( - LJ) Pl =g (X ), (43))
and . -
. x —X;
nh_)II;O » ﬁK < - j) q(x)dx = q(X;). (4.36)

Finally, combining the statements (4.33)-(4.36) and making use of assumptions (M.1)-
(M.2) and (Q.1), we obtain readily that

N 1
/ sup |m,(x) — fﬁn(x)’ q-1(x_1)dx_1 =0 < Og::) a.s., (4.37)
Rd-1 xcJd na,
and
2 1
/ sup |m,(x) — ﬁzn(x)‘ q(x)dx = O ( og;z> a.s. (4.38)
R4 xeJd na,,

Hence, one concludes, from (4.32), (4.37) in connection with (4.38), that

logn
=0 ( na ) a.s. (4.39)

By using the last equation in combination with the assumptions (H.1) and (H.2), we

(@) — ()

sup
r1€l)

obtain

nh
— " qup |Ty(x1)] = o(1 a.s. 4.40
STy S 1] = o) (4.40)

Now, we investigate the behavior of the term T3(x;) in (4.31). Recall that
Ty(a1) = E@y(21)) = m(21).
By Fubini’s Theorem, it is plain that
[ (21) = m(a)

[ () =BG (0))a-sx-ix = [ (i

Rd

—E(%n<x)))q(x)dx] . (4.41)
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Note that

m<x)—1E(v%n(x))] = ' (Z¢nfx ZTﬁhlﬁK< LX))'

- 'm(x) _ m(u)h—ng (X — “) du

Rd hn

By a Taylor series expansion of order k and a change of variables in connection with
a straightforward application of Lebesgue dominated convergence theorem, for x € I¢
and 0 < 0 < 1, we have

m(x) — E(nn (x)

= ‘m(x) — [ m(vhl +x)K (v)dv
R4
< |m( ) —m(vhd +x)| K (v)dv
*m(vho
_ / Z |hk1 ki hkd kd’ 9 Tr;c(v +kX) K( )dV
RY T ovyt ... 0y

1 k
< o5sup % hl€1 hkd/ itk K (v)dv. (4.42)

k' XEId 81}1 avd [ +kd

Keeping in mind the statement (4.41), it follows that

sup |T3(71)|
r1€l1
< 2sup |m(x) — E(m,(x))|
xeld
2 oF
< sup kL(X)k 3 hk/ Wb K (v)dv.  (4.43)
xela 81)1 avd Fp -tk g=F

Now, under conditions (H.1), (G.1) and (K.1), we infer that

nh,, B
m wslléfl)l |T3(.I'1)| = O(]_) a.s. (444)

For n > 1, we consider the process defined by

Vit (ar) =l [

Rd-1

(%n(@ - E(mn(x))) g1 (x_1)dx_;. (4.45)
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Making use of the Fubini’s Theorem, we obtain readily that
(7 1) = By (21)) = o [ (Fonlo) = Bl ) ) s x-0)x
Rd—1
“nh, / (n%n(x) - E(ﬁzn@))) g(x)dx
R4
= ViGulen) = [ VG (oo (1.46)
R
We have, therefore, by (4.46),

nh% o Cﬁ(xl) Cn(xl)
210g(1/hn)T2($1> © Vholog(L/hy)  Jr A2k, log(1/hy)

Recall that f; = fx, is the marginal density of X associated to the first component X,

of X. Set
1 < 5:/171 T — Xu)
k) K 9 ,
h 2 AT ( hn

i=1

(J1 SCl dl’l (447)

and

= N 1 X1 — X1, q-1(x_1)
Yip =(0(Y:) =Z: ) /Rd—l hfle_l I JP(X—171'|X1,1')dX_17

where X; = (X14,...,X;q) and X; 1 = (Xj2,...,X;4). For the sake of notation
simplicity, ZE 1(z1) will be denoted by Zn,1(961)- Recalling the definition (4.45) of (,,
then

|<n(x1)| q
& /20, log(1/hn)

nh,

2log(1/h,)

d.flfl

[ (09 = B ())) ax)ix

nh,

2Tog(1/h) (4.48)

A (@,1(:171) - E(En,l(ah))) ¢ (w1)dxs | -

Considering the Cauchy-Schwartz inequality combined with the condition (Q.2), it
follows that

1/2

[ —aeyny < [ | [ (Gt ~EGatn)) ]
X { L 1 qf(:cl)da:l] 1/2, (4.49)
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where %) is defined in (Q.2). Making use of Camlong-Viot et al. (2000)’s results, we

have

~ - ~ 2
Var(Goi (1)) = E (Gut(@1) = EGua(@1)) = O (1/nha)
which, combined with Fubini’s Theorem, implies that
~ - ~ 2
/ Var(Cp1(z1))dzy = / E <Cn,1($1) - E(Cm(%))) dzy
@ @
~ ~ 2
= E (/ (Cn,l(ﬂﬂl) - E(Cn,l(xl))> dﬂ?l)
1
= O(1/nh,). (4.50)
Combining now the statements (4.49) and (4.50), we conclude that

|Cn(x1)| 1
\/mql x1)dry = (’)( m) a.s. (4.51)

The condition (H.1) on the smoothing parameter h, gives

R \/2h, log( 1/h

which, by the statement (4.47), implies that

x1)dry = o(1) a.s., (4.52)

nh,
_— T.
2log(1/hy) 9681121)1 2(71)
_ Gn(1) Gn(1) ql 1)day
z1€ \/thlog(l/hn) r \/2h, log(1/h,,)
= sup [Cnlr)| +o(1) a.s. (4.53)
1€l 2hn log(l/hn)
Making use of the Proposition 4.1 given below, we obtain
h,
lim 4|~ sup |Ty(z1)| = 01 a.s. (4.54)

n—00 210g<1/hn) 1€l

Thus, combining the statements (4.40), (4.44) and (4.54), we conclude that

nh
lim 4/ ——=— sup |Ds(x1)| = 01 a.s. 4.55
A Tog(1 /Ry S 1Pl =0 (4.55)
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Part (II). Consider now the first term D; of the statement (4.30) and observe that
Dy(ay) =1 (1) — 10t (1)

= [ (@#00 = a800) aatxaixa = [ (@860 - ) ax)dx

T B ' B .
/Rd Z th(l? (X IB; Ky (371 thﬂ) K4 (thixu) q-1(x_1)dx_4q
— 1 ZT 5 /B - X
d /Rd Z nhdfn z ( hn ) Q(X)dX

1 X1 — Xl,i 1 X_1— X—Li
{h_nKl(T> Lo (T) 411 )
50 [ (o]
For 1 <17 <n, set
1 1 X1 — X1, 1 x 1 —X_q;
1 _ L 1 1 1 1
Wh(x) = —nfn<Xz> {hnKl <7hn ) /Rd1 Bl K ( I > qi(x_1)dx_q

(5 L (5525 oo

Consider first the case where the covariate density fx is known. Towards this end,
replace W' (x) by

1 1 X1 _Xli 1 X1 _X—li
| A (A g (PR s ax
nfx(Xy) {hn 1( I )/R = 1< I )q (X-1)dx

_(‘%1) /]R higK (X ;nx) q(x)d:x] .

Observe, for any 1 < ¢ < d, that one may write

W, (x)

nt

fX(xla ce ,I’d) = fﬁ(xf) X f(xla sy D=1, T 15 - - 7$d|$€)-

Notice that, for any z; € I, we have

lipir (252)] - it (5
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Thus, we have

) I < 1 T — Xu)
lim K =~ =1 a.s.
n—00 1y, ; A1) ( hn

Therefore, considering the condition (G.2) and combining the statements (4.35) and
(4.36), we obtain

Sl (5205
o)), as (4.57)

Investigating the case where the covariate density function fx is unknown and estima-

ted by f,, observe that we have the following decomposition

nfntXi) (hinKl (331;—5(171'>Q—1(X_1,i) — (%)q(xl))

fo(Xi) = fx(Xi) »

n fn(Xi) fx (X5)

(hinK1<x1;7:(1’i>q1(Xu) — <%>Q(Xl)> ~ (4.58)

Thus it follows, from condition (G.2), the statements (4.34), (4.57) and (4.58), that

o (-

i=1

n

_ ;ﬁ(,}nm(L;fl’i)q_ﬂx_l,i)—(d%dl)q(X») +O< 12if>

- O(l)+(’)< bg”) a.s. (4.59)

d
nas

Notice that it is stated in Chokri and Louani (2011), for 1 < ¢ < p, that

n ~
li ,/7‘ - ‘ = (%2 as., 4.60
Vv e Be = Be| = (0207)7" a.s (4.60)

where we recall that o2 is the variance of €. It is easy to see that the condition (H.1)

implies that
log logn

_— 0 . 4.61
log(l/hn)ﬁ , as n— oo ( )
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Therefore, making use of the condition (4.61), it follows, for any 1 < ¢ < p, that

’ nhy,
11m su N
nHoop log(l/hn)

B\g - ﬂg‘ =0 a.s.

(4.62)

Using now the condition (M.2) and the statements (4.56), (4.59) and (4.62), we conclude

that

log(1/h
sup Dy(x1) = o log(1/hn) a.s.

x1€l nhn

(4.63)

It suffices then to combine the statements (4.30), (4.55) and (4.63) to achieve the proof.

O

Proof of Theorem 4.2.

Keep in mind the following definitions

d
M oz m,(x)q(x)dx,
da(x ;77 0) / q

and

Maad(X) = > (o) + [ Maaa(x)q(x)dx.

=1 R4

Considering the statements (4.17) and (4.6), it is obvious that

nh,,

log(1/h.,) &

(X madd

HM&

ol

d
log 1/h Z Ne(xe) = me(2e) — 00)
=1

— Maaa(x)) g(x)dx|

Hlogl/h Z‘Wﬂfe — () —Uz‘
oy [ [t
log(1/hy) Jaa "™

— Myga(X) ’q(x)dx
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which, in turn, implies that

nh,
—————— sup
log(l/hn) xeld

d
madd( madd E Oy ‘
=1

Ne(e) — m(:w) - Uz’

Z Tog( 1/h ) ool

x€ly

a . 4.64
\/ log 1/h /Rd ~ Maad(X ’q (4.64)
Recall that by Theorem 4.1, we have
d
Z _ e sup [1¢(xe) — ne(xg) — O'g‘ =o(l) a.s. (4.65)
— |/ 1og(1/hn) ze1,

For the second term of equation (4.64), observe that

\/ Tog(1/h,,) 1/h /]R
\/mgﬁ/ﬁw
Vgt Ll

R U(Y)-ZIB . (x—X
X = 2 X K( h )

n

— Mgga(X) ‘q(x)dx

m(x) — my,(x) ‘q(x)dx

X) = Maaa(X) [g(x)x (4.66)

Recall that

Making use of conditions (M.1)-(M.2), there exists a positive constant A such that

[ [7) = o] atxx
- L () o
[ G 17018 - 81| 3 i

< AIB -8l (4.67)

We infer, in turn, from the last inequality and (4.60), that

nh ~
li — mP
el \Tog (/1) /R i ()

IN

=
/N
»
& |
e
S~
x
QL
»

— fﬁn(x)‘q(x)dx =0 a.s. (4.68)
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It is straightforward to see that

I

My (X) — Mgga(Xx) |g(x)dx < /

Rd

o)
Rd
)

Rd

Under (H.2) and by using equation (4.38), we have

\/ Tog(1/h) log (1 /h /R

By combining (4.48) and (4.52), we get

it L

Notice that the condition (H.1) implies that

nh2k+1
log(1/hy)

—0, as n—o0

which permits to infer from equation (4.42) that

nh,, ~
\/ Tog(1/7,) /R £
nh,, N
\/ Tog(1/h,,) /R in (%)

By (4.66) in connection with (4.67) and (4.69), we conclude that

\/ log( 1/h /Rd

X) — mn(x)‘q(x)dx =o(1) a.s.,

therefore

- mn(x)‘q(x)dx —o(1) as.

mn(x)‘q(x)dx =o(1).

Efin (%) — Maga(x) ‘q(x)dx.

(4.69)

(4.70)

Finally, combining (4.64), (4.65) with (4.70) to achieve the proof of Theorem 4.2. [
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Proof of Corollary 4.1.
We have, for all (x,z) € I? x R?,

|T?L(X, Z) - m(Xa Z)| = ZTB + m(zdd(x) - ZT/6 - madd(x)
= |7+ 7%
< |[Al+]%A],

where, Ty =z B—2z' 8 and % = P (X) —Maqa(x). According to the result of Chokri
and Louani (2011) and using conditions (M.1)-(M.2), we show that

nhy, T3 T - 00\1/2
_ — =0, by 1 .S. 4.71
210g(1/hn)|z B—z Bl=o0 ;1( )24 0(1) a.s (4.71)
By combining the last equation and Theorem 4.2, we obtain the desired result. U

4.6 Appendix

As indicated in the introduction, a part of our proof will be based on the results
of Deheuvels and Mason (2004) and Einmahl and Mason (2000, 2005). Note that the
notations of this section are similar to that used in Deheuvels and Mason (2004) and
changes have been made in order to adopt it to our setting. We now impose some
slightly more general assumptions on the kernel K () than that of our theorems. Here
we gather together some basic facts that we need for the proofs. Let (27, &) be a
measurable space. Throughout this section, we assume that on the basic probability
space (€,.%,P) we have independent (%, .</)-measurable variables X; : Q — 27,

1 <4 < n, with common distribution function F.

(C.1) Let ¢ be a pointwise measurable class of functions from 2" to R, that is, there
exists a countable subclass 4, of ¢ such that we can find for any function g € ¢
a sequence of functions {g,, : m > 1} in %, for which

9m — 3.

This measurability assumption is imposed to avoid using outer probability measures
in all of statements which is discussed in van der Vaart and Wellner (1996). Consider

the class of functions
K= {K((x /R i h>0, x € Rd}.

The class of functions K fulfills the condition (C.1) whenever K is right continuous,
that is,
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(K.4) K is right continuous on RY, i.e., for any t = (¢1,...,%;), we have

K(tl,...,td): lim OK(t1+€1,...,td—|—€d).

€110,....eql

which is implied by our conditions (refer to the papers by Deheuvels and Mason (2004)
and Einmahl and Mason (2000, 2005)) .

(C.2) Let G be a finite-measurable function fulfilling for all x € 27,

G(x) > sup [g(x)|-
geYq

For e > 0, set

N(e,9) = sgpN(&?\/Q(GQ),S?,dQ),

where the supremum is taken over all probability measures @ on (27, <7). Here, dg
denotes the Lo(Q)-metric and N(e\/Q(G?),¥,dg) is the minimal number of balls
{9 : dg(g,9") < e} of dy-radius ¢ needed to cover &4. We assume that ¢ satisfies the

following uniform entropy condition.

(C.3) For some C' > 0 and v > 0,
N, 9)<Ce",0<e< 1. (4.72)

Observe that the last condition is satisfied whenever (K.3) holds true, i.e., K is of
bounded variation on R? (in the sense of Hardy and Kauser, see, e.g. Clarkson and
Adams (1933), Vituskin (1955) and Hobson (1958)), meaning that K (dt) defines a
totally bounded Lebesgue-Stieltjes signed measure on R? we may refer to Deheuvels
(2011) or (Bouzebda, 2012, pp. 60-61) for more references on the preceding conditions.
In the sequel the conditions (C.1-3) will be denoted by (&).

Let «v, be the multivariate empirical processus based upon (X;, ¥ (Y;), Z;);>1 defined,
for g € ¢4, by

1 n
i=1
and set for any class ¢4 of such functions ¢
[vnaw||, = sup [Vna(g)| .
geydy

For any real valued function ¢ defined on a real set B, consider the notation

195 = sup [J(x)] = ||]].
zeB
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Denote by |u| the integer part of u. Recalling that I} = [a1,¢], let 0 < v < 1 be a

fixed number and set, for n > 1,

T1; = +]"}/hn, 0 S] S \‘Cl ;LG/IJ - ln (473)
Vin

For X; = (X1,4,...,X;4), 1 <i <mn, we introduce the following quantity

git P (X, 0(Y3), Zi) = (0(Y,) = 2] B)G (X)) K, (xl;biX“) ’ (4.74)

where
1 x_1— X

= K_
hi=1f(Xi) Jras ' ( hon
Set, forn > 1,0 < j <I,, and fixed ¢ € F,

G(XZ> ) q_1<X_1)dX_1. (475)

gn = {gﬁl’j’ﬁ :0< ] < lnaﬁ € Rp} :
Obviously, for each 0 < j <, x1 € I;, and any 3 € RP, we have

g1+ [lgnt 2|l < 2,

n

where & is a positive constant. Recall the definition of ¢, (-) in (4.45), and keep in mind
that

o) = [ (0 = B () 01 (1)

= > (0P (Xe 0 (Y0), Z) — Bl (X5, (Y1), Z:))

=1
= \/ﬁan (gﬁ,lﬂ)'

Furthermore, let €4, ..., g, be a sequence of independent Rademacher random variables,
independent of Xy,...,X,,. As said before, to prove Proposition 4.1 below, we shall
require some standard fact, which we recall for easy reference and completeness. We
need the following inequality, which is essentially due to Talagrand (1994) [see also
Ledoux (9597)].

Fact 1. Let ¢4 be a pointwise measurable class of functions satisfying for some 0 <
M < oo, such that
l9lle <M, g9

Then we have for all £ > 0,

P{lgln?fn | Vmao, o> As (E 2619(}(1)

Ayt? Aqt
<2dexp| — > + exp VA ,
9

)
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where
aé = sup Var(g(X))

geY
and A;, Ay are universal constants.
The following fact is due to Einmahl and Mason (2000).

Fact 2. Let ¢ be a pointwise measurable class of bounded functions fulfilling the
assumptions above. In addition, for some constants 7 > 0, v > 0, Cy > 1 and

0 <o <1/8C, and a function G defined above, assume the following conditions

(A.1) E[G*(X)] < 7%

(A.2) N(,9) < Coc™, 0<e<1;

(A.3) 0f := supyey E[g*(X)] < 0?;

(A.4) supgey [|glle < (1/2v/v +1)y/n0o?/log(1 V 1/0).

Then, for a universal constant As > 0, we have

Zgig(Xi)

We need the following fact, given for example in the work (Pollard, 1984, Appendix
B).

E < As\/vno?log (1 V 1/0).

g

Fact 3. (Bernstein’s inequality) Let Z,. .., Z, be independent random variables with

2 < 00. Assume further that for

some constant C > 0, |Z;| < C, 1 <i < n. Then, for any ¢t > 0, we have

common mean 0 and common finite variance 0 < o

t2
P(Z,....Z, >t < .
(21,2 2 2 /) < exp <202 + (2/3)Cn—1/2t>

The following proposition plays the central role in the proofs of the preceding section.

Proposition 4.1. Suppose that the assumptions (G.1)-(G.3), (H.1)-(H.2), (K.1)-(K.3),
(M.1)-(M.2) and (Q.1)-(Q.2) are satisfied. Then, as n — oo, we have

b | (giP)]
1€l th lOg(l/hn)

The proofs of Proposition 4.1 will be given in two steps, the upper bound, and then the
lower bound as in Deheuvels and Mason (2004) and Einmahl and Mason (2000, 2005).
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Proof of Proposition 4.1 : Upper bound part

Let o1 be as in the statement (4.22). In this part we will prove, for any ¢ > 0, that

z1,0
lim sup sup 2n(g:" ") <oi(l+¢) as. (4.76)

n—oo x1€l; th log(l/h”> B

The proof of (4.76) will be split up into two parts : the discretization and the oscillation.

e Discretisation

Investigating the behaviour of the process a,, on the grid defined in the statement
(4.73), we have

Var (gﬁl’jﬁ(xiaw(Yi)aZi)) = E( Il’j’ﬁ(Xz’ﬂ/J(Yi)?Zi))Q - [E( xl‘j’ﬁ(Xi,¢<Yi)aZi))]2

n n

Note that

B (X, 0(¥).2) = (E((Y) - 2 B)o00) K (222 ).

Making use of conditions (M.1) and (M.2) combined with the statement (4.75) lead to

E (920X, (Y1), Zi)) = O(hy,).

n

Therefore,
Var (g7 (X;,(Y5), Z;))

= B ((0(¥) - 2P xRt (T4 ) 4 ofn)

= (B(Y) - 218 X)GXOR? (P45 ) )+ olhy

_E <Hﬁ(Xi)G2(Xi)K12 (%)) + o(h). (4.77)

Observe now that

E (HB(XZ-)GQ(XDK% (%))

<K (T-) F(u)du,
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Let

v=(v v)_(xl—ul :cd—ud>
= (V1,...,0q) = ey .
hy, b,

By Taylor series expansion and using the assumptions (K.1) and (Q.2), we find

1 X_1— U
/Rdl WKA (T) C]—l(Xfl)del

— K_1(v_1)g-1(voihoy +u_y)dv_,
Rd-1

= K_1(v_1) [Q—l(uq)

Rd—1

0Fq_
+ Z vke .Ugdhf; . ..hﬁdﬁ(v_lh_lg—ku_l)]dv_l
ko+...+kq=k 81}2 . a'Ud

= q_1(u_q)+o(1),

where h_y = ( h,,...,h,)" and 0 < § < 1. Then, we deduce
———

(d—1)-times

E (gﬂ(XJG%Xi)Kf (%»

HB<LI) T1; — U
[ ne (1

Thus, from (4.20), (4.22) and (4.77), we obtain

) du + o(hy).

Var (gilyj”8<Xi7 w(Yz)7 Zz)) S J%h” + O<h”)

(4.78)

(4.79)

Since ||g£1’jﬁ|| < K, an application Bernstein’s inequality, given in Fact 3, with C = &,

to the variable
Z; = giaB(X, (Y,), Z), for i=1,...n,

for any given 7 > 0 and for all large n, we have

«lelg
P< max [@n(gn )| o1(147)
0<j<ln /2h,, log(1/hy,)

< 9L, +1)ex 203(1 4 7)*log(1/h,)
- P 201h + (ko1 /3v/n)\/2h, log(1/hy,)

< h1+7'

= O(hf/Q),
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where we have used (4.73), i.e., [, = O(h,'). Note that from assumption (H.1), which

implies the statement (4.61), we can infer that

[e.e]

Zh;ﬂ < 00,

n=1

as it was mentioned in Einmahl and Mason (2000). Therefore we conclude that

o (g )]
lim sup max <o(l+7) as., (4.80)
n—oo 0<j<In \/ th 1Og(1/hn)
by a standard argument based upon the Borel-Cantelli Lemma. ([l

e Oscillation

Next, we study the behavior of the process a,, between the grid points 1 j, 1 j 1
with 1 < j <[, and 3 € RP. Set now

Gy = {9503P — i P,y <ay <y},
and
G = U G-
j

We claim that g; C g’, where G satisfies conditions (&). By the fact that the function

K is of bounded variations, it follows that

{Kl(x;> :xellcR,h>O}

is a bounded VC class of measurable functions, refer to van der Vaart and Wellner
(1996). Now, consider the class

r—Uu

F={bu(v)-wiB)K () s e L R A >0, < D, Be R},

where D > 0 is the bound of the function G(u). Following Deheuvels and Mason (2004),
one may show that F fulfills the conditions (&’). An easy argument shows now that the
class of functions of (u,v, w) € R? x R? defined by

r—Uu

¢ = {bev) - wIBK (=
cx,al € I b > 0,0, V| < D, B, 8 € RP}

) - vwtv) —wT g (S0
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fulfills conditions (&), refer to refer to van der Vaart and Wellner (1996). As measurable

envelope function G for G', we can take

Gu, P(v), w) = 2Cyw || K|,

where Clyy, depends only upon ¢ and w. Since G, C G, the claim is proved. O

Lemma 4.1. There exists a positive absolute constant B, such that for any € > 0, one
may find a constant v, satisfying the condition (4.73) such that 0 < v < ~.. Then, we
have with probability one

lim sup ||n1/204n||g; < By/enh,log(1/h,). (4.81)

n—o0

Proof. Uniformly over g € G, ; C G,, ||g]] < k. Moreover, by similar arguments as

those used in the proof of (4.77), we have

= sup Var(9(X,¥(Y),Z)) < 4h,07. (4.82)

9€6,,

2

Therefore, by Fact 1, for any ¢t > 0, we have for suitable finite constants A, A3 > 0,

n

ZeiQ(Xi’¢(Yi)v Zz‘)

=1

+1
In

Ayt? A
< 2 {exp <_n02§ > + exp (—%) } . (4.83)
G

Next, using the statement (4.82) combined with Fact 2, we obtain

P ||n1/2an||g;L2A1 E

< As\/vnh,log(1/h,), (4.84)
G

zgqfl B Xza ¢ ) z)

where Aj is an absolute constant. Thus, using the statements (4.84) and (4.83) we

obtain the following bound

P {||n1/zan||g; > 2 {AlAg\/ynhn log(l/hn)}}
- {exp (_AgAgulog(l/hn)> . (_AgAg\/Vnhn log(l/hn)>}

402 K

< O(hT), (4.85)
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where 7/ = AyA3/407 > 0. Taking B = 2A;A3\/ve in the statement (4.81), we com-
plete the proof of Lemma 4.1. O

For 1 < j <1, we have g;w. C @G, and then

maxo<;<i H”W%HQ;J ||”1/20‘n||g;

V/2nh,log(1/h,)  — \/2nh,log(1/h,) '

Using the statement (4.85) in connection with the inequality (4.86) and choosing A =

B : ;
S e obtain the following

(4.86)

{ max <<y, | |”1/2an| |g;z j

N UIA\/E} = O(h,). (4.87)

O
Conclusion : Combining the statements (4.80) and (4.87), we conclude that there

exists an absolute constant A > 0, such that

SUp,, cr, [ (9P|
P 1=-1 > (1+74+ AVe)o
{ 2h, log(1/hy) ( Ve

x1,5,08
< P{ max 9 (g )| > (1+7)oy
1<j<ln /2hy, log(1/hy,)

+P< max Hn%@an;’j > Ayeo
1<i<ln \/2nhy, log(1/hy,) il

Since for any € > 0, we can choose 7 > 0 and € > 0 small enough such that 7+ A\/e < ¢.
Then, we have

x1,8
P SUPy ery o (giP)| > (1+e)o b = O(hT(“LT/2)/\T/)' (4.88)

Noting that from assumption (H.1) and recall the statement (4.61), we can infer that

ihgr/Q)/\T/ < 0.

n=1

By using the Borel-Cantelli Lemma combined with the statement (4.88), we obtain

. | (g5P)]
lim sup sup <oi(l4+7) as. (4.89)
n—oo x1€l1 A/ th log(l/hn)
O
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Proof of Proposition 4.1 : Lower bound part

Let &,,&,, ... be a sequence of i.i.d. random vectors taking values in R™ with com-
mon distribution H. For each n > 1, consider the empirical distribution function,
defined, for any s € R™, by

Hn(s) =n! Z ﬂ{gigs},
=1

where as usual t < s means that each component of t is less than or equal to the

corresponding component of s. For any measurable real valued function g defined on
R™, set

Halo) = | o(s) dHL(s).  n(g) = Eg(8)) and o(g) = v/ Var(s(E)).

Let {b, : n > 1} denote a sequence of positive constants converging to zero and
satisfying the condition

log(1/b,,)/loglogn — oo. (4.90)

Consider a sequence
G, ={g™; i=1,... ky}

of sets of real-valued measurable functions on R™, satisfying, whenever g( ) e Gn, the

conditions

(R.1)
P{o"(€) £ 0, ¢"(€) £0} =0 VI <i#j <k,
kn
> P{a"©) #0} <1/2

Furthermore, assume that
(R.2) For some 0 < r < o0, byk, — 1 as n — oo;

(R.3) For some —oo < pu1, pa < 00, uniformly in 1 < i < k,, for any n large enough,
butin < 1(g") < bupa; (4.91)

(R.4) For some 0 < 07 < 09 < 00, uniformly in 1 <i < k,, for any n large enough,
a1V/by < 0(g;") < 02v/b (4.92)

129



Chapitre 4. Some uniform consistency results in the partially linear additive model
components estimation

(R.5) For some 0 < k' < oo, uniformly in 1 < i < k,, for any n large enough,
g™l < w".

The following lemma due to Einmahl and Mason (2000) is the main tool to prove our

result. We will work only in the “+” version case, the arguments for the “—” case can

be obtained similarly.

Lemma 4.2. Under the above assumptions, with probability one for each 0 < ¢ < 1,
there exists an /N, such that for each n > N,,

HMXnV%HAQM)—M@?U}><1_@.
ik o (g")/2log(1/by)

Proof. See Proposition 2 of Einmahl and Mason (2000). O
For any € > 0, select a sub-interval Z; = [A1,C4] of I} = [aq, ¢1], such that

(4.93)

1
P{X, €I} < 3

and

1/2 > o1(1 —¢/2), (4.94)

n ¢(u1) { 2
U1€£1 fl(u1> /RKl

where ¢ and oy are as defined, respectively, in (4.20) and (4.22). Our aim is to verify

conditions allowing to apply Lemma 4.2. In the interval Z;, select the points

Ci —
x1; = A1 +2jh,, for 1 <j < \‘ IQhAlJ —1:=k,.
For each z, ;, with 1 < j < k,,, define the function
n . T, — T
0" (x,y,2) 1= g,y 2) 1= (V) — 2 B)GOOK (FE—H). (4.95)

Notice that, for each 1 < j <k,
Hg](n)H < kKk:=kK.

Along this proof, we choose a,, = h,,, then, as n — oo,

m@ﬁ{a_m}:
2
Since Ki(s) =0 for s ¢ [—1/2,1/2], observe that
WX Y.Z) # 0 [T R < D
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which implies that
21— Xual = |wy — 2+ — Xog| > 20, — %
Thus, for all 1 <i # j < k,, we have
]P’{ d"(X,Y,Z) #0 and ¢ (X, Y, Z) # 0} —0.
Now, for any 1 < i < k,, set
7(g") = Var(g” (X. Y, 2)).
Then, combining the statements (4.77), (4.79) and (4.94), we obtain

o2(1 = e)hn < 5(g\™) < 02(1 + &) . (4.96)

%

This implies that (4.92) holds true. Similarly, one may verify that the condition (4.91)
is satisfied. Therefore, all the assumptions required in Lemma 4.2 are satisfied. Note
that (4.96) implies that, for each 1 <i < k,,

Gg")(1—2) > a(1—e)VI—ev/h,
= o1(1—2)**/h,.

So, with probability one, for each 0 < e < 1 and n large enough, we have

1/2 (n)y _ (n)
I 1) 0 0) S
1<i<kn 2h,, log(1/hy,)

Taking (1 —¢€)%2 =1 — %/, and using the inequality,

SUDsyer Onlgn®) o 0P (H(g)) — p(g”)
2hy log(1/hy,) — 1<ishkn 2h, 10g(1/hyy)

)

we readily obtain

x1,03 /
lim inf “PmEh n(gn") > o0y (1 — 6—) a.s. (4.97)
noo /20 Tog (1)) 2

This allows us to obtain the lower bound and to complete the proof of Proposition 4.1.
O
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4.6.1 The unbounded case

In this section we will briefly discuss the unbounded case, where (M.1) is replaced
by (M.1)" and the sequence h,, satisfies in addition to (H.1) the following

hyt < (nflog(1/hy))' 2.

We begin with a truncation argument as in Einmahl and Mason (2000). Let

4 (X 0¥ 2) = (Y0 - 2P ) K () o)
" 1o (21) = nE (MG (X,) K, (%)) , (4.99)
where

D(Yi) = DY) Lypeyycnresy and O(Yi) i= O(Yi) Ly iviznr/ey-

It is easy to see that

an(g5P) = an(gp?) = Zw(Yi)G (X;) K <%) — fin(z1). (4.100)

Follwing the proof Lemma 1 of Einmahl and Mason (2000), we have

sup @l (4.101)

zien \/nhylog(1/h,,)

and

< 0. (4.102)

> ()G (X) K, (%)
i=1 "
When combined with (4.101), (4.102) implies, almost surely

a, 79;‘175 —a, ﬁlﬁ
sup (62 () = 0. (4.103)
el nhy, log(1/hy,)

Let, for fixed ¢ € F,
Gn={gs"? 11 € I},
Following the proof of Proposition 4.1, we obtain the following result.

Proposition 4.2. Suppose that the assumptions (G.1)-(G.3), (H.1)-(H.2), (K.1)-(K.3),
(M.1)-(M.2) and (Q.1)-(Q.2) are satisfied. Then, as n — oo, we have

| (gitP)]
sup
1€l 2hn 10g<1/hn)

— 01 a.s,

provided that
hy' < (n/log(1/hn))' 2.
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Perspectives de recherche

Les perspectives de recherche prolongeant les études effectuées dans le cadre de
cette these sont diverses. Les résultats obtenus sur le modeéle additif partiellemnt li-
néaire donnent la possibilité d’explorer d’autres alternatives et cela a plusieurs niveaux.
Il serait intéressant d’étendre notre travail aux données présentant une structure dé-
pendance faible des covariables (cas de processus mélangeants). Ce méme modeéle peut
étre envisager dans le cas de données incomplétes (données censurées). Dans ce travail,
les erreurs de modélisation sont supposées homoscédastiques. Plusieurs phénoménes
pourrait étre modéliser en considérant une hypothése d’hétéroscédasticité des erreurs.
Il serait alors intéressant d’étudier les propriétés de ce modéle dans ce cas de figure.
Enfin, en guise de perspective, nous présentons briévement certains travaux en cours

de préparation.

5.1 Les modéles semi-paramétriques : cas de données

ergodiques

Dans un premier stade, on va considérer un modele partiellement linéaire mais avec
des covariables ergodiques, ensuite supposer une structure additive de la fonction de
régression non-parammeétrique, pour aboutir & un modéle additive partiellement linéaire

dans le cadre ergodique.
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5.2 Les modéles semi-fonctionnels partiellement linéaires

Dans ce travail, on va exploiter le modele additif partiellement linéaire défini aupa-

ravant par
d
Y =Z"8+) m(X)+e,
=1

mais cette fois-ci les X; sont des variables explicatives fonctionnelles.
Nous envisageons également d’introduire le modéle semi-fonctionnel généralisé partiel-

lement linéaire défini par
Y =Z"8+m(p(X)) +e,

avec @ est une fonction multivariée.

5.3 Les modéles fonctionnels partiellement linéaires

C’est un autre théeme principal de recherche que nous aimerions développer dans le

futur en considérant un modéle de regression sous la forme

Y:/TZ(t),o(t)dt—l—/Tm(X(t))dt+5,

ou Z(-), X(-) sont des variables fonctionnelles définies sur [0, 7| & valeurs dans un espace
de Helbert, p est un opérateur linéaire inconnu et m est une fonction de régression
non-paramétrique inconnue. Pour le cas de la regression linéaire fonctionnelle on peut
consulter Mas and Pumo (2009).
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