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Résumé

Le principal objectif de la thèse était d’établir un cadre d’étude des commu-
nications efficace énergétiquement en définissant et en justifiant de nouvelles
mesures d’efficacité énergétique pour divers systèmes sans fils. En général,
le rendement énergétique est défini comme le rapport entre le débit total
et la puissance totale consommée par l’émetteur. Cette définition implique
que, lorsqu’une re-transmission est autorisée (dans le cas d’une erreur sur
les paquets), la maximisation de l’efficacité énergétique peut conduire direc-
tement à minimiser l’énergie dépensée lors de la transmission d’une unité
d’information.

La technique d’utilisation de plusieurs antennes à la fois sur l’émetteur
et le récepteur (MIMO ) , est maintenant bien établie dans le domaine de
la communication sans fil et de la théorie de l’information. Dans ce travail,
l’efficacité énergétique d’un système MIMO point-à-point est étudiée à la
fois dans le cas d’information imparfaite sur l’état du canal (CSI) est dis-
ponible uniquement à l’émetteur et dans le cas d’information imparfaite sur
l’état du canal (CSI) est disponible uniquement au niveau du récepteur. Les
résultats de l’analyse indiquent que, dans les deux cas, il existe une unique
puissance d’émission optimale et que celle-ci permettra de maximiser l’effi-
cacité énergétique.

D’autres résultats montrent également que, lorsque l’information sur
l’état du canal est imparfaite, et l’estimation de canal est nécessaire, utiliser
toutes les antennes d’émission disponibles n’est pas optimal pour la com-
munication à faible consommation d’énergie lorsque le temps de cohérence
du canal est fini. L’efficacité énergétique d’un réseau de petites cellules cen-
tralisé utilisant un MIMO virtuel pour une meilleure efficacité spectrale a
également été analysée dans ce travail. , Il a ainsi été montré que le paramètre
ayant l’effet maximal sur l’efficacité énergétique est le schéma du mode de
sommeil des petites cellules. Dans la plupart des systèmes en pratique, les
émetteurs (dans la couche physique) ont un tampon de mémoire dans lequel
des paquets de données arrivent à partir des couches supérieures selon un
processus stochastique. L’efficacité énergétique inter-couche de l’émetteur,
en tenant compte de la nature sporadique de ces arrivées de paquets a été
étudiée dans la section suivante de la thèse. Une nouvelle métrique d’effica-
cité énergétique a été conçue pour un tel système et il a été montré que cette
nouvelle métrique est quasi- concave par rapport à la puissance d’émission
sous certaines hypothèses sur le taux d’arrivée des paquets. Une formulation
de ce problème par la théorie des jeux, où chaque émetteur agit en tant que
décideur, a également été proposée dans un réseau d’interférence et il a été
montré que le jeu de commande de puissance résultant avait un équilibre de
Nash unique. En outre, un algorithme de meilleure réponse qui permettrait



aux décideurs indépendants d’atteindre cet équilibre de manière distribuée
a également été proposé.

En conclusion, ce travail développe un cadre pour l’efficacité énergétique
pour les cas généraux de contrôle de puissance dans la couche physique
avec MIMO et inter-couche avec une arrivée de paquets sporadique. Des
algorithmes centralisés et décentralisés pour atteindre un point de fonction-
nement économe en énergie pour les systèmes à l’étude ont été proposés. Les
résultats mettent en évidence le compromis entre la consommation d’énergie
et les taux de date en ce qui concerne l’efficacité énergétique des réseaux
sans fil.Le principal objectif de la thèse était d’établir un cadre d’étude des
communications efficaceénergétiquement en définissant et en justifiant de
nouvelles mesures d’efficacité énergétique pour divers systèmes sans fils.
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Abstract

The main objective of the thesis was to establish a framework for energy-
efficient communication by defining and justifying novel energy-efficiency
metrics for various wireless systems and settings. In general, the energy-
efficiency is defined as the ratio of the total data rate to the total power con-
sumed at the transmitter. This definition implies that, when re-transmission
is allowed (in the case of outage), maximizing energy-efficiency can directly
lead to minimizing the energy spent in transmitting a unit of information.

The technique of using multiple antennas both at the transmitter and
receiver (MIMO), is well established in the field of wireless communication
and information theory. In this work, the energy-efficiency of a MIMO point-
to-point link is studied both when imperfect channel state information (CSI)
is available at the transmitter and when imperfect CSI is available only at the
receiver. The analytical results indicate that in both cases, a unique optimal
transmit power exists which will maximize the energy-efficiency. Additional
results also show that when the CSI is imperfect, and channel estimation is
required, using all the available transmit antennas is not optimal for energy-
efficient communication when the coherence time of the channel is finite. The
energy-efficiency of a centralized small cell network using virtual MIMO for
a higher spectrum efficiency was also analyzed in this work. In this, the
parameter of interest with the maximum impact on the energy efficiency
was found to be the sleep mode scheme of the small cells.

In most practical systems, the transmitters (in the physical layer) have a
memory buffer into which data packets arrive from the upper layers through
a stochastic process. The cross-layer energy efficiency of the transmitter,
taking into account the sporadic nature of these packet arrivals was stud-
ied in the next section of the thesis. A novel energy-efficiency metric was
designed for such a system and it was shown that this new metric is quasi-
concave with respect to the transmit power under certain assumptions on
the packet arrival rate. A game theoretical formulation of this problem,
with each transmitter acting as a decision maker, was also studied in an in-
terference network and it was shown that the resulting power control game
had a unique Nash equilibrium. Furthermore, a best response algorithm
that would allow independent decision makers to reach this equilibrium in
a distributed manner was also found.

In conclusion, this work develops a framework for energy-efficiency for
the general cases of power control in the physical layer with MIMO and
cross-layer with a sporadic packet arrival. Both centralized and decentral-
ized algorithms for achieving an energy-efficient working point for the sys-
tems under consideration were proposed. The results highlight the trade-off



between power consumption and date rates in energy efficient wireless net-
works.
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Chapter 1

Introduction

This manuscript is focused on the study and design of energy-efficient
wireless systems. The ideas discussed can be applied for both large scale
energy management while operating radio towers and base stations, as well
as micro-management of mobile terminals.

1.1 Background and motivation

Over the past two decades, designing energy-efficient communication ter-
minals has become an important issue. This is not surprising for terminals
which have to be autonomous as far as energy is concerned, such as cellular
phones, unplugged laptops, wireless sensors, and mobile robots. More sur-
prisingly, energy consumption has also become a critical issue for the fixed
infrastructure of wireless networks. For instance, Vodafone’s global energy
consumption for 2007-2008 was about 3000 GWh [1], which corresponds to
emitting 1.45 million tons of CO2 and represents a monetary cost of a few
hundred million Euros. The Information and Communication Technology
industry currently accounts for 2% of worldwide carbon emissions. With
exponential increases in information and communication traffic, the global
carbon footprint is expected to double over the next 10 years. While incre-
mental approaches to reducing energy consumption are critical, ultimately
they will fail to keep pace, thus requiring significant advancements in the
energy-efficiency of the communication sector. This context explains, in
part, why concepts like “green communications” have emerged as seen from
[2, 3] and [4]. Using large multiple antennas, white spaces, virtual multiple
input multiple output (MIMO) systems, and small cells with sleep mode are
envisioned to be some of the ways of reducing energy consumption drasti-
cally.

Designing green wireless networks [5, 2, 6] has become increasingly im-
portant for modern wireless networks, in particular, to manage operating
costs. A challenge for modern (beyond 4G and 5G) cellular networks is not
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only to respond to the explosion of data rates, but also to manage network
energy consumption. The concept of small cell networks appears as a good
candidate solution to raise such a challenge (see e.g., [7]). As small cell
networks will be distributed to large extent and subject to high inter-cell
interference, designing distributed energy-efficient interference management
schemes appears as a natural need. For being able to design green networks,
find a suitable energy-efficiency metric is crucial. In [8], the EE of a com-
munication between a transmitter and a receiver is defined as the ratio of
the net data rate to the radiated power; the corresponding quantity is a
measure of the average number of bits successfully received per joule con-
sumed at the transmitter. Quite recently, there has been a resurgence of
interest in this performance metric. There are several reasons for this and
only a few are provided. First, the EE as defined in [8], mathematically
translates in a simple manner the trade-off between the benefit of increasing
the transmit power in terms of data rate, and the induced cost in terms of
consumed energy or amount of interference generated. Second, as motivated
in [9], there are applications in which the allowable delay is not tightly con-
strained. Therefore, the data rate is a less relevant measure than the energy
needed to transmit the information and EE naturally appears as a metric
to be optimized.

On [11] the authors bridge the gap between the pioneering work by Verdú
on the capacity per unit cost for static channels [12] and the more prag-
matic definition of energy-efficiency proposed by [8] for quasi-static single
input single output (SISO) channels. Indeed, in [11], energy-efficiency is
defined as the ratio of the probability that the channel mutual information
is greater than a given threshold to the used transmit power. Assuming
perfect channel state information at the receiver (CSIR) and the knowledge
of the channel distribution at the transmitter, the pre-coding matrix is then
optimized for several special cases. While [11] provides interesting insights
into how to allocate and control power at the transmitter, a critical issue
is left unanswered; to what extent do the conclusions of [11] hold in more
practical scenarios such as those involving imperfect CSI? Answering this
question was one of the motivations for the work summarized in Chapter 2.

As most practical communication systems work with some sort of spo-
radic arrival for data packets behind the physical layer, the energy efficiency
of the system would not be the same if packets arrived constantly. In most
of the literature on energy-efficiency, this is not considered and Chapter
3 explores this issue. A distributed algorithm that maximizes individual
energy-efficiency of a transmitter is also proposed. The case where there is
a non-static number of users connected to a network is studied in Chapter 4.
Finally, a technique of exchanging CSI information between interfering and
distributed transmitter-receiver pairs through power level coding is shown
in Chapter 4.
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1.2 Basic definition of the energy efficiency metric

In the proposed approach, the goal pursued is to maximize the number of
information bits transmitted successfully per Joule consumed at the trans-
mitter. This is different from the most conventional approach which consists
in minimizing the transmit power under a transmission rate constraint: [13]
perfectly represents this body of literature. In the latter and related works,
efficiency is not the main motivation. [14] provides a good motivation as
to how energy-efficiency can be more relevant than minimizing power under
a rate constraint. Indeed, in a communication system without delay con-
straints, rate constraints are generally irrelevant whereas the way energy is
used to transmit the (sporadic) packets is of prime interest. Rather, the
approach discussed in this manuscript follows the original works on energy-
efficiency which includes [15, 8, 16, 17, 18]. The current state of the art
indicates that, since [11], there have been no works where the MIMO case is
treated by exploiting the cumulative distribution of the channel mutual in-
formation (i.e., the outage probability) at the numerator of the performance
metric. As explained below, the analysis goes much further than [11] by
considering effects such as channel estimation error effects. Several works
address the issue of power allocation for outage probability minimization
[19, 20, 21] under imperfect channel state information.

In [8], EE is defined as the ratio between the average net data trans-
mission rate and the power consumed for sending a given packet. When
the radiated power is considered as the transmission cost, this ratio merely

equals
Rf(γi(p))

pi
where the quantity R is the constant gross data rate (deter-

mined by the coding and modulation schemes) on the radio interface, p is the
vector of power levels and γi the SINR of user i. Each packet transmitted on
the channel is received without any errors with a probability which depends
on the quality of the communication link, the interference, and transmit
power levels. The corresponding block or packet success rate (also called
efficiency function) is precisely the function f(γi(p)) above. The function
f : [0,+∞)→ [0, 1] is a sigmoidal 1 or S-shaped function verifying f(0) = 0
and lim

x→∞
f(x) = 1 (see [37] for more details). Common examples for f are

f(x) = (1 − e−x)M , f(x) = e−
c
x [11], where M ≥ 1 is the packet length

and c > 0 is some constant related to spectral efficiency. Energy-efficiency
is particularly relevant when packet re-transmission is allowed. When there
is no re-transmission, the energy 2 consumed to send V bits while transmit-
ting at the power level pi is pi

V
R . Minimizing energy amounts to minimizing

pi in the absence of re-transmissions. However, when re-transmission is al-

1. A sigmoidal function is a function which is initially convex for γ ∈ [0, γ+] and
eventually concave for γ ∈ [γ+,∞).

2. Here, the energy under consideration is the energy associated with the radiated
signal.
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lowed (typically by using an automatic repeat request -ARQ- protocol, that
is used at the physical layer independently of the architecture at the upper
layer), the average duration to send a packet equals V

Rf(γi(p))
and the energy

consumed becomes pi
V

Rf(γi(p))
. Clearly, minimizing energy amounts to max-

imizing EE. This means that, at least in presence of re-transmissions, the
classical approach which involves minimizing pi (subject to some quality of
service constraints) induces a loss in terms of minimizing the energy con-
sumption. To be precise, minimizing the power subject to a QoS constraint
does not minimize the energy consumed by the system when the system has
a certain amount of data to be transferred. This will be illustrated through
some numerical results in this manuscript.

Of course, when the system under consideration has just a single trans-
mitter, the energy efficiency can be easily defined to be the ratio of it’s
average data rate to power consumption. However, in a multi-agent system,
there are several ways of defining the energy-efficiency and the best choice
is not so straight-forward or clear. For example, in a small cell cluster with
two base stations serving two users, the energy efficiency can be defined in
two ways. As either the sum of the individual energy efficiencies of each
base station or as the sum of the total rate in the network divided by the
total power. The second choice will certainly lead to a minimization of the
total energy spent by the system but may result in an optimal strategy that
is partial to one agent. In the small cell example, the optimal solution might
be to never serve the user further away from the base stations. In distributed
systems, each agent either optimizes their individual energy efficiencies or
if possible, the sum. When mobile users optimize their energy efficiency by
tuning the uplink transmit power, the most natural assumption is that they
maximize their individual energy efficiency as discussed in [8]. When the
base station optimizes it’s energy efficiency, the second choice is opted as
discussed in some sections of Chapter 2 and 4.

1.3 Structure of the manuscript and publications

In comparison to existing literature, the main contributions of the manuscript
can be summarized as follows:

– One of the scenarios under investigation concerns the case of single-
user MIMO energy-efficiency both with and without imperfect CSI
available at the transmitter.

– Energy efficiency of a virtual MIMO system formed in a cluster of
small cells and some users.

– The energy efficiency of a cross-layer system, i.e taking into account
the sporadic nature of data packet arrival: defining the appropriate
metric and it’s properties.

– Both centralized and de-centralized solutions for many of the above
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scenarios.
– The expected energy-efficiency definition and optimization considering

the dynamic nature of users connected to a network.
– A method of exchanging CSI through power level coding.
– In all the above cases, instead of considering the radiated power only

for the cost of transmitting, the total power consumed by the trans-
mitter is accounted for.

The manuscript is therefore structured as follows. Chapter. II is a study
of energy efficiency of MIMO systems. This chapter is based around three
publications (publications are indexed by J. for journal publications, C. for
conference proceedings, B. for book chapters and P. for patents) that are
provided in the appendix, namely:

C.1 V.S Varma, S. Lasaulce, M. Debbah and S.E. Elayoubi, ”Impact of
Mobility on Wireless Green Networks”, European Signal Processing Confer-
ence (EUSIPCO) 2011.

J.1 V.S Varma, S. Lasaulce, M. Debbah and S.E. Elayoubi, ”An En-
ergy Efficient Framework for the Analysis of MIMO Slow Fading Channels”,
IEEE Trans. Signal Proc., Vol 61, 10, pp: 2647-2659.

C.2 V.S Varma, S.E. Elayoubi, M. Debbah and S. Lasaulce, ”On the
Energy Efficiency of Virtual MIMO Systems”, IEEE Int. Symposium on
personal, indoor and mobile communications (PIMRC 2013).

The work on this chapter has also led to some interesting patents that
have been submitted for approval:

P.1 V.S. Varma, S.E. Elayoubi, M. Debbah and S. Lasaulce, ”Virtual
MIMO optimal antenna selection and sleep mode implementation”, No:
200113-FR (filed).

P.2 V.S. Varma, S.E. Elayoubi and M. Debbah, ”An efficient scheme for
beam-forming in home base stations”, No: 200313-FR (filed).

Chapter 3 deals with the impact of the often ignored queuing process of
packets, that are present before the physical layer in typical communication
systems, on energy efficiency. This chapter is based around the following
publications:

C.3 V.S Varma, S. Lasaulce, Y. Hayel, S. Eddine Elayoubi and Mer-
ouane Debbah, ”Cross-Layer Design for Green Power Control”,IEEE Int.
Conference on Communications (ICC 2012).

J.2 Vineeth S Varma, Samson Lasaulce, Yezekael Hayel, Salah Eddine
Elayoubi and Merouane Debbah, ”A Cross-Layer Approach for Energy-
Efficient Distributed Power Control”, IEEE Trans. on Vehicular Tech. (re-
vised)

Chapter 4 is a summary of techniques and methods that can improve the
energy-efficiency of both centralized and decentralized systems. It is partly
composed of original ideas that are yet to be published, and partly based
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on the following publications:
C.4 V.S Varma, S.E. Elayoubi, S. Lasaulce and M. Debbah, ”A Flow

Level Perspective on Base Station Power Allocation in Green Networks”,
ACM International Conference on Performance Evaluation Methodologies
and Tools (VALUETOOLS 2012, Best student paper award).

C.5 M. Mhiri, V.S Varma, M.L. Truest, S. Lasaulce and A. Samet, ”On
the benefits of repeated game models for green cross-layer power control in
small cell”, BlackSeaComm 2013

The work associated with this chapter has also inspired the following
patents:

P.3 S. Lasaulce, V.S. Varma and R. Visoz, ”Coding information through
power levels”, Ref No: 200288FR01-PJ. (filed)

P.4 V.S. Varma, S. Lasaulce and S.E. Elayoubi, ”Sleep mode for net-
work resources assisted by information from transportation system traffic
detectors”, 200047FR0-DM. (filed)

Other contributions which will not be discussed in this manuscript have
been obtained and/or published in one book chapter, three conference papers
and one other patent:

B.1 V.S. Varma, E.V. Belmega, S. Lasaulce and M. Debbah,” Energy
Efficient Communications in MIMO Wireless Channels: Information Theo-
retical Limits”, CRC Press book on green communications, 2012.

C.6 F. Meriaux, V.S Varma, S. Lasaulce, ”Mean Field Energy Games
in Wireless Networks”, IEEE Asilomar 2012. (invited paper)

C.7 V.S Varma, S. Lasaulce, M. Debbah and S.E. Elayoubi, ”Green
Power Control for large MIMO systems”, Colloque Gretsi 2013.

C.8 B. Perabathini, M. Debbah, M. Kountouris and A. Conte, ”Physi-
cal Limits of point-to-point communication systems”, IEEE WiOpt 2014 -
PhysCommNet Workshop. (invited paper)

P.5 ”Scheme for broadcasting and receiving accompanying data for TV
or radio services”, V.S. Varma and S.E. Elayoubi. Ref No: 1H518040/655.SF.
(filed)
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Chapter 2

Energy efficiency analysis of
MIMO systems

The focus of this chapter is on the energy-efficiency of MIMO systems.
Two important cases of interest are studied here; the case of single user or
point-to-point MIMO and that of multi-user virtual MIMO. These cases are
arguably two of most practical applications of MIMO technology. In the
first case, the MIMO system is formed between several antennas localized
at one point (transmitter) and several antennas localized at another point
(receiver). Even if many users are connected to the same base station in
a network, but are served on multiple channels, the results from the first
case apply as all the MIMO channels are in parallel. However, if all the
users are connected through the same spectral band at the same time, the
situation belongs to the second case of virtual MIMO. This chapter discusses
and studies the energy efficiency of both these cases in detail. Note that in
this chapter and other chapters in which the transmit power is controlled
by a single entity, the power will be represented by P whereas in distributed
power control like in Chapter 3 (and the introduction), pi will be used for
individual powers and p for the vector of individual powers. This choice was
made for improved understanding while reading and to avoid confusion.

2.1 Single user or point-to-point MIMO systems

2.1.1 System model

A point-to-point multiple input and multiple output communication unit
is studied in this section. The dimensionality of the input and output is given
by the numbers of antennas but the analysis holds for other scenarios such
as virtual MIMO systems [26]. If the total transmit power is given as P , the
average SNR is given by :

γ =
P

σ2
(2.1)
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where σ2 is the reception noise variance.The signal at the receiver is modeled
by :

y =

√
γ

M
Hs+ z (2.2)

where H is the N×M channel transfer matrix and M (resp. N) the number
of transmit (resp. receive) antennas. The entries of H are i.i.d. zero-
mean unit-variance complex Gaussian random variables. The vector s is
the M -dimensional column vector of transmitted symbols follows a complex
normal distribution, and z is an N -dimensional complex white Gaussian
noise distributed as N (0, I). Denoting by Q = E[ssH ] the input covariance
matrix (called the pre-coding matrix), which satisfies

1

M
Tr(Q) = 1 (2.3)

where Tr stands for the trace operator. The power constraint is expressed
as :

P ≤ Pmax (2.4)

where Pmax is the maximum available power at the transmitter.
The channel matrix H is assumed to evolve in a quasi-static manner :

the channel is constant for some time interval, after which it changes to an
independent value that it holds for the next interval [22]. This model is
appropriate for the slow-fading case where the time with which H changes
is much larger than the symbol duration.

When the same (imperfect) CSI is available at the transmitter and re-
ceiver, by estimating the channel for t time, and sending the information to
the transmitter within tf time, the energy-efficiency ηT is defined as:

ηT (P,Q, Ĥ) =
R
(

1− t+tf
T

)
FL

[
IICSITR(P,Q, Ĥ)− R

R0

]

aP + b
(2.5)

where R is the transmission rate in bit/s, T is the block duration in s, R0

is a parameter which has unit Hz (e.g., the system bandwidth), and a > 0,
b ≥ 0 are parameters to relate the transmitter radiated power to its total
consumed power ;define ξ = R

R0
as the spectral efficiency. IICSITR(P,Q, Ĥ)

denotes the mutual information with imperfect CSITR (the receiver also has
the exact same CSI as the transmitter). This form of the energy-efficiency
is inspired from early definitions provided in works like [8], and studies the
gain in data rate with respect to the cost which is the power consumed. The
numerator represents the benefit associated with transmitting namely, the
net transmission rate (called the goodput in [27]) of the communication and

is measured in bit/s. The goodput comprises a term 1− t+tf
T which represents

the loss in terms of information rate due to the presence of a training and
feedback mechanism (for duration t seconds and tf seconds resp. in a T s

8



long block) 1. The denominator of (2.5) represents the cost of transmission in
terms of power. The proposed form for the denominator of (2.5) is inspired
from [25] where the authors propose to relate the average power consumption
of a transmitter (base stations in their case),to the average radiated or radio-
frequency power by an affine model.

The term FL(.) represents the transmission success probability. The
details on this function are given inA.2. The bounds on FL can be expressed
as FL(IICSITR(0, 0,H) − ξ) = 0 (no reliable communication when transmit
power is zero) and as FL → 1 when P → ∞. Therefore, in the presence of
CSI at the transmitter, outage occurs even when the mutual information is
more than the targeted rate due to the noise and finite code-lengths. In this
scenario, the energy-efficiency is maximized when the parameters Q and P
are optimized.

In the absence of CSI at the transmitter, the earlier definition of energy
efficiency is not suitable since H is random, ηT is also a random quantity.
Additionally, in this case, it is impossible to know if the data transmission
rate is lower than the instantaneous channel capacity as the channel varies
from block to block. Therefore, in this case, the source of outage is primarily
the variation of the channel [32], and using (2.5) directly is not suitable. As
the channel information is unavailable at the transmitter, define Q = IM

M ,
meaning that the transmit power is allocated uniformly over the transmit
antennas. Under this assumption, the average energy-efficiency can be cal-
culated as the expectation of the instantaneous energy-efficiency over all
possible channel realizations. For large L, it has been shown in [32] (and
later used in other works like [11]) that the expression can be rewritten and
approximated to :

ηR(P, t) =
R
(
1− t

T

)
PrH

[
IICSIR(P, t, Ĥ) ≥ ξ

]

aP + b
(2.6)

where PrH represents the probability evaluated over the realizations of the
random variable H. Here, IICSIR represents the mutual information of the
channel with imperfect CSI at the receiver. Let us comment on this defini-
tion of energy efficiency. This definition is similar to the earlier definition in
all most ways. Here the parameter t, represents the length of the training
sequence used to learn the channel at the receiver 2. The major difference
here is that the expression for the success rate is the probability that the
associated mutual information is above a certain threshold. This definition

1. In this case, its assumed that the feedback mechanism is sufficient to result in perfect
knowledge of Ĥ at the transmitter. This is done because, assuming a different imperfect
CSI at the transmitter from the receiver creates too much complexity and this problem is
beyond the scope of this manuscript.

2. In this case, the optimization is done over P and t assuming imperfect CSI at the
receiver. A parameter here not explicitly stated, but indicated nevertheless, is M due to
the number of transmit antennas affecting the effectiveness of training
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of the outage is shown to be appropriate and compatible with the earlier
definition when only statistical knowledge of the channel is available [32].

Each transmitted block of data is assumed to comprise a training se-
quence in order for the receiver to be able to estimate the channel; the
training sequence length in symbols is denoted by ts and the block length in
symbols by Ts. Continuous counterparts of the latter quantities are defined
by t = tsSd and T = TsSd, where Sd is the symbol duration in seconds.
In the training phase, all M transmitting antennas broadcast orthogonal
sequences of known pilot/training symbols of equal power on all antennas.
The receiver estimates the channel, based on the observation of the training
sequence, as Ĥ and the error in estimation is given as ∆H = H− Ĥ. Con-
cerning the number of observations needed to estimate the channel, note that
typical channel estimators generally require at least as many measurements
as unknowns [23], that is to say ts ≥ M . The channel estimate normalized
to unit variance is denoted by H̃. From [23] its known that the mutual
information is the lowest when the estimation noise is Gaussian. Taking the
worst case noise, it has been shown in [22] that the following observation
equation

ỹ =

√
γeff(γ, t)

M
H̃s+ z̃ (2.7)

perfectly translates the loss in terms of mutual information 3 due to channel
estimation provided that the effective SNR γeff(γ, t) and equivalent obser-
vation noise z̃ are defined properly namely,





z̃ =
√

γ
M∆Hs+ z

γeff(γ, t) =
t

MSd
γ2

1+γ+γ t
MSd

. (2.8)

As the worst case scenario for the estimation noise is assumed, all formulas
derived in the following sections give lower bounds on the mutual informa-
tion and success rates. Note that the lower bound is tight (in fact, the lower
bound is equal to the actual mutual information) when the estimation noise
is Gaussian which is true in practical cases of channel estimation.

Now that the energy efficiency metric has been defined for the single user
MIMO case both with and without CSI at the transmitter, the next step
forward is to study the properties of this metric in order to easily optimize
it.

2.1.2 Imperfect CSITR available

When perfect CSITR or CSIR is available, the mutual information of a
MIMO system, with a pre-coding scheme Q and channel matrix H can be

3. It is implicitly assumed that the mutual information is taken between the system in-
put and output; this quantity is known to be very relevant to characterize the transmission
quality of a communication system (see e.g. [34] for a definition).
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expressed as:

ICSITR(P,Q,H) = log

∣∣∣∣IM +
P

Mσ2
HQHH

∣∣∣∣ (2.9)

The notation |A| denotes the determinant of the (square) matrix A. With
imperfect CSIT, which is exactly the same as the CSIR (i.e., both the trans-
mitter and the receiver have the same channel estimate Ĥ), a lower bound
on the mutual information can be found from several works like [19, 21] etc.
This lower bound for IICSITR is used, which is expressed as:

IICSITR(P,Q, Ĥ) = log

∣∣∣∣IM + Ĥ
P

Mσ2(1 + γσ2
E)

QĤH

∣∣∣∣ (2.10)

where Ĥ is the estimated channel and 1− σ2
E is the variance of Ĥ. Consid-

ering the block fading channel model, from [19] and [23], its concluded that
σ2
E = 1

1+γ t
M

. Simplifying :

IICSITR(P,Q, Ĥ) = log
∣∣∣IM +

γeff

M
ĤQĤH

∣∣∣ . (2.11)

Having defined the mutual information to be used for (2.5), the optimization
of ηT is pursued.

Studying (2.5) and (2.11), its seen that varying the power allocation (or
the corresponding pre-coding matrix) Q, affects only the success rate FL(.)
and the total power P is the only term that is present outside FL(.). As
FL(.) is known to be an increasing function, if the total power is a constant,
optimizing the energy efficiency ηT amounts to simply maximizing the mu-
tual information IICSITR(P,Q, Ĥ). This is a well documented problem and
it gives a “water-filling” type of solution [36]. Rewriting (2.9) as

IICSITR(P,Q, Ĥ) = log
∣∣∣IM +

γeff

M
DSDH

∣∣∣ (2.12)

where the optimal covariance matrix Q = VSVH is achieved through the
singular value decomposition of the channel matrix Ĥ = UDVH and an op-
timal diagonal covariance matrix S = diag[s1, . . . , smin(M,N), 0, . . . , 0]. The
water-filling algorithm can be performed by solving:

si =

(
µ− 1

γ‖di‖2
)+

, for i = 1, 2, · · · ,min(M,N) (2.13)

where di are the diagonal elements of D and µ is selected such that Σ
min(M,N)
i=1 si =

M . Here (x)+ = max(0, x), this implies that si can never be negative. The
actual number of non-vanishing entries in S depends on the values of di as
well γ (and thus P ). Examining (2.13), its seen that when γ → 0, the water-
filling algorithm will lead to choosing sj = M and si = 0 for all i 6= j, where
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j is chosen such that dj = max(di) (beamforming). Similarly for γ → ∞,
si = M

min(M,N) (uniform power allocation).

From (2.5), its seen that the parameters that can be optimized in order
to maximize the energy efficiency are Q and P . Note that for every dif-
ferent P , the optimal power allocation Q changes according to (2.13) as γ
is directly proportional to P . Therefore optimizing this parameter is not
a trivial exercise. Practically, P represents the total radio power, that is,
the total power transmitted by the antennas. This power determines the
total consumed power b + aP , of base stations or mobile terminals and so,
optimizing this power is of great importance.

In this section, a theorem on the properties of ηT (P,QWF (P ), Ĥ) is pro-
vided, where QWF (P ) is the power allocation obtained by using the water-
filling algorithm and iteratively solving (2.13) with power P . This proce-
dure is said to be “iterative” because, after solving equation 2.13, if any
sj < 0, then set sj = 0 and the equation is resolved until the all solutions

are positive. For optimization, desirable properties on ηT (P,QWF (P ), Ĥ)
are differentiability, quasi-concavity and the existence of a maximum. The
following theorem states that these properties are in fact satisfied by ηT .

Theorem 2.1.1 The energy-efficiency function ηT (P,QWF (P ), Ĥ) is quasi-

concave with respect to P and has a unique maximum ηT (P ∗,QWF (P ∗), Ĥ),
where P ∗ satisfies the following equation :

∂FL[IICSITR(P ∗,QWF (P∗),Ĥ)−ξ]
∂P

(
P ∗ + b

a

)
(2.14)

−FL[IICSITR(P ∗,QWF (P ∗), Ĥ)− ξ] = 0

where ∂
∂P is the partial derivative.

The proof of this theorem can be found in Appendix A.2. Thus, the
optimal transmit power for imperfect CSITR depends on several factors like

– the channel estimate Ĥ,
– the target spectral efficiency ξ,
– the ratio of the constant power consumption to the radio-frequency

(RF) power efficiency b
a ,

– the channel training time t and
– the noise level σ2.

Note that in this model, its assumed that the CSI at the transmitter is ex-
actly identical to CSI at the receiver. Because of this, consider the feedback
mechanism to be perfect and take a constant time tf . Although in practice,
tf plays a role in determining the efficiency and the optimal power, in the
model tf is a constant and does not appear in the equation for P ∗.
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2.1.3 Imperfect CSIR and no CSIT

As discussed in the introduction, when re-transmission is possible, max-
imizing the energy efficiency is preferred over power minimization. For the
case without re-transmission, power minimization with a quality of service
constraint can be chosen as shown in A.1. This can lead to some interest-
ing results on the choice of number of transmit antennas in a MIMO system
when under imperfect CSIR. The problem with re-transmissions, has already
been well analyzed in [11] when perfect CSI is available at the receiver and
b = 0. So, in this section consider the case when imperfect CSI is available
and is obtained through channel training. For IICSIR(P, t,H), use a lower
bound on the mutual information obtained from the equivalent observation
equation (2.7), derived in [23]:

IICSIR(P, t, Ĥ) = log

∣∣∣∣IM +
1

M
γeff

(
LP

σ2
, t

)
ĤĤH

∣∣∣∣ (2.15)

Note that here, Q = IM
M is used and has been shown to be optimal in [11]. In

this section the focus is to generalize [11] to a more realistic scenario where
the total power consumed by the transmitter (instead of the radiated power
only) and imperfect channel knowledge are accounted for.

By inspecting (2.6) and (2.15) its seen that using all the available trans-
mit power can be suboptimal. For instance, if the available power is large
and all of it is used, then ηR(P, t) tends to zero. Since ηR(P, t) also tends
to zero when P goes to zero (see [11]), there must be at least one maximum
at which energy-efficiency is maximized, showing the importance of using
the optimal fraction of the available power in certain regimes. The objec-
tive of this section is to study those aspects namely, to show that ηR has a
unique maximum for a fixed training time length and provide the equation
determining the optimum value of the transmit power.

From [37] its known that a sufficient condition for the function f(x)
x to

have a unique maximum is that the function f(x) be sigmoidal. To apply
this result in the context, one can define the function f by

f(γeff) = Pr

[
log

∣∣∣∣IM +
1

M
γeffHHH

∣∣∣∣ ≥ ξ
]
. (2.16)

For the SISO case, for a channel with h following a complex normal distri-

bution, it can be derived that f(γ) = exp
(
−2ξ−1

γ

)
which is sigmoidal. It

turns out that proving that f is sigmoidal in the general case of MIMO is a
non-trivial problem, as advocated by the current state of relevant literature
[11, 38, 39]. In [11], ηR(P ) under perfect CSIR, was conjectured to be quasi-
concave for general MIMO, and proven to be quasi-concave for the follwing
special cases:

(a) M ≥ 1, N = 1;
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(b) M → +∞, N < +∞, limM→∞ N
M = 0;

(c) M < +∞, N → +∞, limN→∞ M
N = 0;

(d) M → +∞, N → +∞, lim
M→+∞,N→+∞

M

N
= ` < +∞;

(e) σ2 → 0;

(f) σ2 → +∞;

In the following proposition, a sufficient condition to ensure that ηR(P, t) is
quasi-concave w.r.t P is given.

Proposition 2.1.2 (Optimization of ηR(P, t) w.r.t P ) If ηR(P ) with per-
fect CSIR is quasi-concave w.r.t P , then ηR(P, t) is a quasi-concave function
with respect to P , and has a unique maximum.

This proposition is proved in Appendix A.2.
Quasi-concavity is an attractive property for the energy-efficiency as

quasi-concave functions can be easily optimized numerically. Additionally,
this property can also be used in multi-user scenarios for optimization and
for proving the existence of a Nash Equilibrium in energy-efficient power
control games [8, 40, 41].

The expression of ηR(P, t) shows that only the numerator depends on
the fraction of training time. Choosing t = 0 maximizes 1− t

T but the block
success rate vanishes. Choosing t = T maximizes the latter but makes the
former term go to zero. Again, there is an optimal trade-off to be found.
Interestingly, it is possible to show that the function ηR(P ∗, t) is strictly
concave w.r.t. t for any MIMO channels in terms of (M,N), where P ∗ is
a maximum of ηR w.r.t P . This property can be useful when performing a
joint optimization of ηR with respect to both P and t simultaneously. This
is what the following proposition states.

Proposition 2.1.3 (Maximization of η(P ∗(t), t) w.r.t t) The energy-efficiency
function ηR(P ∗(t), t) is a strictly concave function with respect to t for any

P ∗(t) satisfying ∂ηR
∂P (P ∗, t) = 0 and ∂2ηR

∂P 2 (P ∗, t) < 0, i.e, at the maximum of
ηR w.r.t. P .

The proof of this proposition is provided in Appendix A.2. The pa-
rameter space of ηR is two dimensional and continuous as both P and t are
continuous and thus the set η(P ∗(t), t) is also continuous and the proposition
is mathematically sound. The proposition assures that the energy-efficiency
can been maximized w.r.t. the transmit power and the training time jointly,
provided ηR(P, t) is quasi-concave w.r.t P for all t.

Note that the energy-efficiency function is shown to be concave only
when it has already been optimized w.r.t P . The optimization problem
studied here is basically, a joint-optimization problem, and its shown that
once η(P, t) is maximized w.r.t P for all t, then, η(P ∗(t), t) is concave w.r.t
t.
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2.1.4 Numerical results and interpretations

Several simulations that support the proposed conjectures as well as
expand on the analytical results are presented here. All simulations are
performed using Monte-Carlo simulations as there is no expression available
for the outage of a general MIMO system.

The FL used here is based on the results in [28], FL = Qfunc(
ξ−IICSITR(P,QWF ,H)√

2γ
(1+γ)L

),

L being the code-length. This is the Gaussian approximation that is very
accurate for L large enough and from simulations observe that for L ≥ 10
the approximation is quite valid.

First of all, numerical results are presented that support and present
the analytical results through figures. The first two figures shown assume
imperfect CSITR obtained through training and use a 2× 2 MIMO system.
The quasi-concavity of the the energy-efficiency function w.r.t the transmit
power is shown in Figure 2.1 for ξ = 1 and ξ = 4, and ts = 2 and ts = 10.
This figure shows that for a higher target rate, a longer training time yields
a better energy-efficiency.
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Figure 2.1: CSIT: Energy efficiency (ηT ) in bits/J v.s transmit power (P) in
dBm for a MIMO system with imperfect CSITR, M = N = 2, R0 = 1bps,
Ts = 100, b

a = 10 mW for certain values of ξ and ts.
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Figure 2.2: CSIT: Optimal energy-efficiency (ηT (P ∗,QWF )) in bits/J v.s
spectral efficiency (ξ) for a MIMO system with imperfect CSITR, M =
N = 2, R0 = 1bps, Ts = 100, L = 100 and b

a = 1 mW.

It can be observed that the plots are quasi-concave and so there is an
optimal target rate to use for each channel condition and code-length. In
Figure 2.2, ηT is always optimized over P and Q. Observe that η∗T (ξ) is
also quasi-concave and has a unique maximum for each value of di and ts
(representing the channel Eigen-values as from equations (2.12), (2.13) and
training time lengths). di is ordered in an ascending order, i.e. in this case,
with d2

1 ≤ d2
2. The parameters used are: M = N = 2, R0 = 1bps, Ts = 100,

L = 100 and b
a = 1 mW with ts = 2, 10 and 20 for d2

1 = 1, d2
2 = 3, and

ts = 2 for d2
1 = d2

2 = 1.This figure also implies that the training time and
target rate can be optimized to yield the maximum energy-efficiency for a
given coherence-time and channel fading.
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Figure 2.3: Optimal energy-efficiency (ηR(P ∗)) in bits/J v.s available trans-
mit power (sup(P )) for a MIMO system with imperfect CSITR, M = N = 2,
R0 = 1bps, R = 1bps and b

a = 1 mW.

In Figure 2.3, the energy efficiency function that uses optimized power
allocation is compared to uniform power allocation. In both cases, the train-
ing time and the transmit power is optimized and plot the optimized energy
efficiency v.s Pmax. Note that the optimized PA always yields a better
performance when compared to UPA and at low power, UPA has almost
zero efficiency while the optimal PA yields a finite efficiency. The gain ob-
served can be considered as the major justification in using non-uniform
power allocation and sending the channel state information to the transmit-
ter. However, when the block length is small, imperfect CSIT results in a
smaller gain as seen from the relatively larger gap between Ts = 100 and
Ts = 10000 when compared to the size of the gap in UPA.
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Figure 2.4: No CSIT: Energy efficiency (ηR) v.s transmit power (P) with
ts = M = N = 4,R = 1600bps, ξ = R

R0
=16 and Ts = 55 symbols.

In the following plots, the case where no CSIT is available is analyzed.
σ2

L = 1mW and so the power P can be expressed in dBm easily. Also note

that b
a has the unit of power and is expressed in Watts (W). Sd = 15 µs from

LTE standards [42]. Figure 2.4 studies the energy efficiency as a function
of the transmit power (P ) for different values of b

a and illustrates the quasi-
concavity of the energy efficiency function w.r.t P . The parameters used are
R = 1600, ξ = R

R0
= 16, Ts = 55 and M = N = t = 4.

2.2 Multi-user MIMO energy-efficiency

When many users collectively use MIMO, it can either be done through
combining point-to-point MIMO with OFDM or through virtual MIMO. As
the first case is simply a trivial extension of the previous section; the goal of
this section is to provide insights on how to design green radio access net-
works, especially in the framework of virtual MIMO systems. Indeed, clas-
sical network architectures are focused on integrated, macro base stations,
where each cell covers a pre-determined area, and inter-cell interference is
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reduced by the means of fixed frequency reuse patterns [46]. Heterogeneous
Networks (HetNets) introduced a new notion of small cells where pico or
femto base stations are deployed within the coverage area of the macro base
stations [47]. Virtual MIMO is a step forward in this context that allows
distributed systems of base stations/antennas that cover a common area
and cooperate in order to increase the overall spectral efficiency [48]. This
section focuses on these latter solutions and aims at addressing the problem
from an energy efficiency point of view.

While using many non-localized antennas, a major issue considering the
energy efficiency is the added energy cost of deploying several antenna. Sleep
mode mechanisms have thus been regarded as a solution for this issue; they
consist in deactivating network resources that have low traffic load, elimi-
nating thus both the variable and constant parts of the energy consumption
[45]. This mechanism has been applied to macro networks [45], as well as
to heterogeneous networks with macro and small cells [47]. This section
aims to extend this concept to virtual MIMO networks, where an antenna
that is not significantly contributing to the network capacity (for a given
configuration of user positions and radio channels) is put into sleep mode.

2.2.1 System model

The wireless system under consideration is the downlink in a virtual
MIMO system within a small cell cluster. To be precise, each of the small
cell base stations are connected to a central processor and so they act as
antennas for the virtual MIMO as shown in Fig 2.5.

Figure 2.5: An example illustration of a 2 × 2 virtual MIMO with gi,j rep-
resenting the channel between BS antenna i and user j.

Refer to the set of these base stations as the ”cluster”. Each user is
equipped with a single receive antenna. In order to eliminate interference
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zero-forcing is implemented. Consider a block-fading channel model where
the channel fading stays is assumed to stay constant for the duration of
the block and changes from block to block. The base stations require the
channel state information available at the user end in order to implement
the zero-forcing technique. Therefore, in each block channel a training and
feedback mechanism happens, after which data is transmitted. Also assume
that every base station is capable of entering into a ”sleep-mode”. In this
mode, the base station does not send any pilot signals and therefore does
not perform the training or feedback actions consuming a lesser quantity of
power compared to the active base stations. Let there be M base stations in
the cluster and K users. Define K = {1, 2, . . . ,K} and M = {1, 2, . . . ,M}
the sets of users and base station antennas.

As the transmit antennas are not co-located, each of them have an indi-
vidual power budget. When a base station is active, it consumes a constant
power of b due to the power amplifier design and training or feedback costs.
Additionally, it consumes a power Pm‖xm‖2 proportional to the radiated
power, where Pm ≤ Pmax and ‖xm‖ ≤ 1 is the signal transmitted and Pmax

is the power constraint [45][49]. When it is placed on sleep mode, it is as-
sumed that it only consumes power c where c < b. Denote by s the sleep
mode state vector of the cluster with elements sm ∈ {0, 1}. The base station
m is in sleep mode when sm = 1 and active when sm = 0. Thus the power
consumption of the m-th base station is csi + (1 − si)(b + Pm‖xm‖2). The
total power consumption of the cluster is given by:

Ptot =
M∑

m=1

csm + (1− sm)(b+ Pm‖xm‖2) (2.17)

For any given state of the cluster, define ω(s) as the total number of base
stations that are active. This value can be calculated as ω(s) = M−∑m sm.
If M < K, zero-forcing can not be used. However, if M > K, and ω(s) ≥ K,
then the zero-forcing technique can be implemented by choosing K base
stations to transmit the data signals after all ω(s) active base stations train
and obtain feedback on their channels. The communication between the
active base stations and the users is done using zero-forcing pre-coding and
the details on this method are given in A.3.

2.2.2 Energy efficiency optimization

This work aims at minimizing the energy consumption by base stations.
If each user in the network is connected to download some data, then the to-
tal energy consumed by the network is the total power consumed multiplied
by the total duration for which the user stays connected. Energy efficiency
(EE) is a metric that is often used to measure this, and maximizing the
energy efficiency leads to minimizing the total energy consumed.
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Before defining the EE, first calculate the total power consumption of
the network. From (2.17) and the work detailed in A.3, the total power
consumed is given by:

Ptot(P0, H̃, β) =
M∑

m=1

csm + (1− sm)

×


b+ P0

∥∥∥∥∥
(H−1(H̃, β)u)β−1(m)

α(H̃, β)

∥∥∥∥∥

2

 (2.18)

Here define:

∀m ∈M;β−1(m) =

{
j if j ∈ N exists s.t β(j) = m

0 otherwise.
(2.19)

and ()j is the j − th element if j 6= 0 and is 0 if j = 0. In this scenario,
define the instantaneous energy efficiency as:

η(P0, H̃, β) =

∑
k f(γk(P0, H̃, β))

Ptot(P0, H̃, β)
(2.20)

where f() gives the effective throughput as a function of the SINR. f(γk) =
log(1 + γk) for example. However the base station energy efficiency for a
longer duration is studied, the effects of fast fading in H̃ gets averaged and
in this case a more reasonable definition for the EE is:

η̄(P0,G, β) =
EH̄[

∑
k f(γk(P0, H̃(G, H̄), β))]

EH̄[Ptot(P0, H̃(G, H̄), β)]
(2.21)

Some properties of the energy efficiency metric w.r.t P0 are discussed
below. If the goal of a system is to be energy efficient using power control,
then one important question arises: Is there a unique power for which the
energy efficiency is maximized ? The answer to this question lies in the
following proposition:

Proposition 2.2.1 Given a certain path loss matrix G and a selection of
transmitting base stations β in the virtual MIMO system, the average EE
η̄(P0,G, β) is maximized for a unique P ∗0 and is quasi-concave in P0.

The proof and further discussion can be found from A.3.
Given a certain sleep mode state s, there are ω(s) base stations active

that train and obtain feedback. From this set ζ, K base stations have to be
picked for zero-forcing. This choice is mathematically expressed by β. The
β that optimizes the energy efficiency depends on the channel state H̃. The
following proposition details the method of choosing the β that optimizes
EE.
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Proposition 2.2.2 When P0
b → 0, the β∗ that maximizes η̄(P0,G, β) is

obtained by:
β∗ = arg min[α(H̃, β); β ∈ {N → K}] (2.22)

The proof and further discussion can be found from A.3.

2.2.3 Numerical results

In this section, simulations and numerical calculations are used to study
the effectiveness of the proposal as well as the advantages offered. The
common parameters are:

1. c = b
10 W

2. Pmax = 2 W

3. f(γ) = B log(1 + γ)

4. σ2 = 1 mW

Where B = 106 hz is the bandwidth.
The fast fading co-efficient consider is h̄i,j = o(πm,k)Ω+0.1ξ. Where ξ ∈

CN(0, 1), a is the direct line of sight factor which plays a dominant role in
most small cell networks, oπm,k ∈ 0, 1 is the shadow factor and o(pim,k) = 1
with probability πm,k. Here πm,k is the probability that the receiver k has
line of sight with the BS antenna m. Take πm,k = 0.5∀(k,m).

The presented results study the case of two users K = 2 served by a
small cell cluster of three base stations, i.e M = 3. In addition to zero-
forcing, when there are two users a single base station could also alternately
use Orthogonal Frequency-Division Multiple Access (OFDMA) to serve the
two users and keep the other two BS in sleep mode. Two main regimes of
interest are plotted:

1. b = 1W : This regime represents the futuristic case where power am-
plifier efficiencies are quite high and the constant power consumed is
lower than the maximum RF output power.

2. b = 10W : This regime represents the more current state of the art
w.r.t power amplifier efficiency where in small cell antennas, a large
portion of the power is lost as a fixed cost.

Two possible values of Ω, the line of sight factor, are considered. The case
Ω = 10 is representative of pico-cells that are deployed externally, whereas
the case Ω = 0 represents femto-cells deployed internally and no line of sight
communication is possible.

The deployment of antennas and the user locations are shown in Fig 2.6.
In this setting take g1,1 = g2,1 = 4, g3,1 = g1,2 = g2,2 = 0.1 and g3,2 = 10.
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Figure 2.6: Setting B schematic

Figure 2.7: Setting B: EE v.s P0 for b = 1 W

In Fig 2.7, similarly to what was done in the previous setting, study the
EE of a VMIMO system with a very efficient power amplifier. In this figure,
for both Ω = 0 and Ω = 1 its seen that having to use 2 BS antennas and put
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one on sleep mode is the most efficient. In this setting, the configuration of
BS and users are asymmetric and the BS to be put in sleep mode has to be
chosen carefully. BS 1 and 2 are symmetric and are close to user 1, but 3
is closer to user 2. In this case choosing s1 = 1 or s2 = 1 is efficient, but
s3 = 1 is highly inefficient.

Figure 2.8: Setting B: EE v.s P0 for b = 10 W

In this setting, its seen from Fig 2.8 that using OFDMA to divide re-
sources between the two users is not as efficient as ZF due to the higher
SNR when served by nearby BS antennas. Like in Fig 2.7, choosing s1 = 1
or s2 = 1 and zero-forcing is always the most efficient solution.

Additional numerical results where OFDM with sleep mode can be more
efficient over ZF, can be found from A.3.
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Chapter 3

A cross-layer approach to
energy efficiency

In this chapter, as described in the introduction, the practical case of
random packet arrivals onto the packet layer queue are accounted for while
formulating the energy efficiency metric. This leads to a very interesting
set of problems and questions about the properties of this ”new” metric.
One of the main questions answered is, ”Does the work in [8] hold true even
with this more practical metric under consideration?”. If so, what sort of
algorithm or process can be used for decentralized power control?

3.1 System model

The purpose of this section is to describe the communication model
considered for cross-layer energy-efficient power control, which consists in
expressing the SINR and packet arrival rate for a given user. A general in-
terference network is considered with N transmitter-receiver pairs, in which
each transmitter communicates with its respective receiver, while under in-
terference from the other transmitters [50]. Let N = {1, 2, ..., N} be the set
of transmitters. Transmitter i ∈ N transmits with power level pi ∈ [0, Pmax],
where Pmax > 0 is the maximum possible transmit power, which is identical
for all transmitters (the analysis does not lose its generality with this as-
sumption). The vector p = (p1, p2, . . . , pN ) will be referred to as the power
or action profile on the current data block or packet. Denote by p−i, the

(N − 1) dimensional vector obtained by removing the ith component from
p. For notational simplicity, sometimes p is represented as (pi, p−i), when
the dependence of certain functions on pi has to be shown explicitly. By
transmitting at pi, each user i has a resulting SINR γi at his receiver of
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interest which is a function of p, and is assumed to be given by:

γi(p) =
pigii

σ2
i +

N∑

j=1,j 6=i
pjgji

(3.1)

where gji represents the quasi-static or block fading channel gain of the link
between transmitter j and receiver i on a given band, σ2

i = σ2 is the vari-
ance of the Gaussian noise at receiver i (these variances can be assumed
to be equal without any loss of mathematical generality). In wireless sys-
tems such as those being implemented in recent cellular system standards,
packets arrive from an upper layer (e.g. IP layer) following an arrival rate
that is related to the SINR. In this chapter, assume that the packet ar-
rival process follows a Bernoulli process with probability qX(γi(p)) where
X ∈ {CAR,AAR}, CAR corresponding to constant arrival rate and AAR
corresponding to adaptive arrival rate; this corresponds to the classical
ON/OFF sources [51]. In the case of CAR, it trivially expresses as:

∀i ∈ N , qCAR(γi(p)) = q (3.2)

with q ∈ [0, 1]. This is best used for real-time applications where delay is
not tolerable, however, in some applications this packet arrival model is not
suitable. For instance, this is the case for applications such as file transfer
or browsing. In such a situation, there is no constant stream of data and so
the arrival rate can be optimized for best performance in terms of data rate
and QoS. This is one of the reasons why the case of AAR is investigated for
which the arrival rate is given by:

∀i ∈ N , qAAR(γi(p)) = g(ΦAAR(γi(p))) (3.3)

where ΦAAR is the packet loss function and g is a function which is assumed
to be continuous, invertible, and has an inverse function g−1 which is twice
differentiable, decreasing, and convex. To provide a specific example, the
widely used and very useful approximation of the arrival rate process for the
Transmission Control Protocol (TCP), which is due to [52], verifies these
conditions. Therein, g is merely given by g(Φ) = κ√

Φ
, where κ ∈ [0, 1] is

a parameter which depends on the system design and the round trip time.
The resulting rate can be interpreted as the average value for the rate.

3.2 A new energy-efficiency performance metric

3.2.1 Construction

If ΦX, X ∈ {CAR,AAR}, represents the packet loss due to both bad
channel conditions and packet buffer finiteness (more details about this is
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provided a little further), a packet is re-transmitted 1 qX(γi)[1−ΦX(γi)]
f(γi)

times

on average, the average power consumption is b + pi
qX(γi)[1−ΦX(γi)]

f(γi)
. Since

the net data rate or goodput is given by RqX(γi)[1−ΦX(γi)], now define the
EE metric ηi,X(p) as the ratio between the average net data transmission
rate and the average power consumption, which gives:

ηi,X(p) = R
qX(γi(p))

[
1− ΦX(γi(p))

]

b+ pi
qX(γi(p))[1−ΦX(γi(p))]

f(γi)

. (3.4)

This definition shows that the cross-layer design approach of power control
is fully relevant in terms of EE when the transmitter has a cost, which is
independent of the radiated power; otherwise, when b = 0 the EE function
falls into the original framework of [8].

By considering the stationary regime of the queue and assuming the
protocol X, the fraction of lost packets ΦX can be expressed as follows:

ΦX(γi(p)) = [1− f(γi(p))]ΠX(γi(p)) (3.5)

where ΠX(γi) is the stationary probability that the packet buffer is full.
Indeed, as already mentioned, each transmitter is assumed to be equipped
with a device that allows the packets to be stored in a memory buffer (of
size K ≥ 1) before transmission. Packets arrive into the buffer and get
transmitted through a queuing process at the buffer. Denote by Qi,t the
size of the queue for transmitter i at time slot t. The size of the queue Qi,t
is a Markov process on the state space Qi = {0, 1, . . . ,K}. It is known (see
[57] for example) that in the stationary regime of the stochastic process Qi,t
the probability that the size of the queue equals K is given by:

ΠX(γi(p)) =
ωKX (γi(p))

1 + ωX(γi(p)) + . . .+ ωKX (γi(p))
(3.6)

with

ωX(γi(p)) =
qX(γi(p))

[
1− f(γi(p))

]
[
1− qX(γi(p))

]
f(γi(p))

(3.7)

where X ∈ {CAR,AAR}.
In the case of X = AAR, the packet arrival rate qAAR is a function

of the packet loss and the packet loss, a function of qAAR. The following
proposition ensures that the AAR process achieves an average packet arrival
rate according to the following proposition.

Proposition 3.2.1 The packet arrival rate qAAR is obtained as the unique
fixed point of these equations:

ΦAAR(γi(p)) = (1− f(γi(p)))ΠAAR(γi(p)) (3.8)

1. For the sake of clarity, here and in other places in this chapter, p is omitted from
the notations.
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where ΠAAR(γi(p)) has qAAR as a parameter as seen from (3.7) and (3.6),
and:

qAAR(ΦAAR) = g(ΦAAR). (3.9)

When the packet arrival is constant (i.e., X = CAR), the dependency
of ΠX regarding the SINR follows a simple relation. However, when the
AAR protocol is assumed, the relationship is less trivial. Indeed, the packet
loss ΦX depends on ωX through (3.5) and (3.6). The quantity ωX depends
on the arrival rate qX. But, in the AAR case, qX also depends on the
packet loss. This is the reason why under the AAR protocol assumption, its
assumed that each transmitter operates at the fixed point associated with
the aforementioned dependency chain. Therefore, this amounts to fixing
the packet loss function to have a certain form. AAR can thus be seen as
an indirect way of imposing a certain QoS on the transmission. A detailed
discussion on this subject is provided in B.2.

3.2.2 Properties

The EE function ηi,X possesses a very attractive property regarding its
dependency toward pi. This is what the next proposition states.

Proposition 3.2.2 For all i ∈ N , the EE function ηi,CAR(p) is quasi-
concave w.r.t. pi and has a unique maximum point denoted by p∗i (p−i).

The proof relies, in particular, on the sigmoidness assumption for f and
can be found in App. B.2. This result is very useful for the NE analysis
which is conducted in Sec. IV. Remarkably, the quasi-concavity property is
not only available in the case of CAR but also in the case of AAR, which is
not obvious a priori.

3.2.3 QoS constraint

As already mentioned in Sec. I, one of the recurrent problems with most
works using the performance metric introduced in [8] is that EE can be
maximized at a power level which does not guarantee a minimum QoS. This
is why, in the case of CAR, also consider a constraint when maximizing
(3.4): the packet loss rate ΠCAR[1 − f(γi)] has to be less than an upper
bound ε. For example, in cellular systems, typical values for ε are 0.1 or
0.01, based on the system requirements. Adding this constraint restricts the
range of power usable by the transmitter by adding a lower bound on the
power. This lower bound depends on the entry probability q and on the size
of the queue K.
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3.3 Equilibrium analysis and distributed power con-
trol algorithm

Since it is assumed that transmitter i, i ∈ N , can only control the
variable pi of the N−variable function ηi,X(p) and is assumed to consider
the energy-efficiency of his own communication, the power control problem
is naturally distributed in terms of the decision. The ultimate goal of this
section is to propose a power control algorithm which is distributed both
in terms of the decision and information (only individual SINR feedback is
required to adapt the power level). While the algorithm itself is directly
inspired from existing works, its convergence analysis does not follow from
a direct adaptation of existing results.

3.3.1 Equilibrium analysis of the associated games

A non-cooperative game under strategic form is merely given by an or-
dered triplet (see e.g., [40]). With the notations of this chapter it writes
as

GX =
(
N , {Pi}i∈N , {ui,X}i∈N

)
(3.10)

where the set of decision-makers (DMs) or players is therefore the set of
transmitters, the action space for DM i is Pi = [0, Pmax], and ui,X is the
payoff function of DM i when the arrival rate model is X. As explained in
Sec. II, when CAR is assumed, a QoS constraint is imposed on the packet
loss. Under this assumption, the payoff function is chosen to be:

ui,CAR(p) =

∣∣∣∣∣∣

ηi,CAR(p) if ΦCAR(γi(p)) ≤ ε

R
q
[
1− ΦCAR(γi(p))

]

b+ Pmax
otherwise

. (3.11)

This payoff definition means that as long as the QoS constraint can be met,
energy-efficiency maximization is pursued. However, if the constraint cannot
be met, goodput maximization or packet loss minimization is sought. Note
that, for any constraint ε, the action space of any DM i is still the interval
[0, Pmax]. The constraint is instead merged into the payoff function in such
a manner that as long as the constraint is not satisfied, it is always optimal
to increase power. For the AAR case, the payoff function is simply defined
by

ui,AAR(p) = ηi,AAR(p). (3.12)

A fundamental solution concept for a non-cooperative game is the Nash
equilibrium. The purpose of the following propositions is to show that the
two games discussed in this section possess a unique Nash equilibrium, which
will further lead to the development of a simple algorithm that is guaran-
teed to converge to the aforementioned equilibrium. First, of all, the Nash
equilibrium is formally defined in this context as:
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Definition 3.3.1 The vector of transmit power levels pNE
X

is a pure Nash
equilibrium of the game GX if:

∀i ∈ N , ∀pi ∈ Pi, ui,X(pNE) ≥ ui,X(pi, p
NE
−i,X). (3.13)

Proposition 3.3.2 For X ∈ {CAR,AAR}, the game GX admits at least
one pure Nash equilibrium.

In the current state of the art, all related works on energy-efficient power
control use utilities which are continuous with the power profile p. Interest-
ingly, a relevant power control game in which continuity is not available can
be exhibited for the case of X = CAR.

Proposition 3.3.3 For X ∈ {CAR,AAR}, the game GX admits a unique
pure Nash equilibrium, for which the equilibrium power policy will be denoted
by pNE

X
.

3.3.2 The proposed distributed interference management al-
gorithm

The property of the previous proposition is also sufficient to guarantee
convergence of some important distributed optimization algorithms. Note
that the argmax set mentioned in the proof is a singleton (a scalar value),
which can be checked from App. B.2. While this property is available for
the scenario studied in [8] and many related works, it is seen here that,
although the proposed QoS oriented cross-layer approach leads us to more
complex and more general utilities, this property is still valid.

This means that for these algorithms, not only is convergence ensured,
but the convergence point is also unique. This is very useful to characterize
the performance of an implemented distributed power control algorithm, the
best-response dynamics algorithm. This algorithm is well known in game
theory [60] and draws its roots from the chapter by Cournot [61]. It has
been used in [8] and is often used because convergence to the NE can be
guaranteed. Let pNE

X
be the unique NE of GX. For the algorithm, define p(t)

as the power control policy in the previous time slot, and p(t + 1) as the
power control policy for the current time slot. Algorithm 1 implements the
sequential best-response dynamics for GX :

Several comments are in order.

1. Its assumed that DM 1 updates first, who is followed by DM 2, etc.
In fact, this order can be arbitrary provided it is fixed.

2. To update the power levels m times, a duration corresponding to mN
time-slots is required.

3. The quantity δ > 0 corresponds to the accuracy level wanted for the
stopping criteria in terms of convergence to the NE.
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Algorithm 1 Sequential best-response dynamics

∆← 2δ . Initialize the observed difference in power levels over time, δ is
the tolerance.
p0 ← (Pmax, Pmax, . . . , Pmax) . The starting power is uniform power with
Pmax.
t← 0 . The starting time is 0.
while ∆ ≥ δ do . The outer loop that iterates till the power policies
converge.

for i = 1→ N do . The inner loop iterating over the DM indices.

Γi =
γi(p

t)

pti
. Using the SINR feedback from its receiver, DM i

calculates the interference term Γi for the previous time slot.

p∗ ← arg maxp


 RqX(pΓi)(1− ΦX(pΓi))

b+
p

f(pΓi)
qX(pΓi)(1− ΦX(pΓi))


 . Calculate

the optimal power that maximizes the EE.
if X=CAR then

p+ ← min(p; ΦCAR(pΓi) ≥ ε) . Calculate the minimum power
to satisfy the QoS constraint.

pt+1
i ← min(max(p∗, p+), Pmax) . Choose the optimal power

for CAR if less than Pmax and more than p+.
else

pt+1
i ← min(p∗, Pmax) . Choose the optimal power for AAR if

less than Pmax.
end if

end for
∆← maxi(|pt+1

i − pti|)
t← t+ 1

end while
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4. The algorithm 1 is completely distributed in the sense that to update
his power, a DM only needs to know the SINR corresponding to his
chosen power level, i.e., BRi,X(p−i) can be calculated by knowing γi
for some pi. This is typically achieved using a feedback mechanism
and does not require a central entity that provides knowledge of the
channel conditions or power levels chosen by the other DMs.

3.4 Numerical results

3.4.1 General setup

Unless explicitly stated otherwise, the following choices and parameters
are assumed for all the simulations provided here:

– The number of users or transmitters is set to two (N = 2). This sce-
nario was chosen because the behavior of various metrics like the price
of anarchy (PoA) can be easily analyzed in this situation. The case
of “high interference”, as defined below, is also studied to compensate
for this choice. In addition, some specific figures also study the case
with more interferers.

– The block success rate function is chosen as in [11]: f(γi) = exp

[
−
(

2
R
R0 −1
γi

)]

where R0 = 1 MHz is the bandwidth used and the gross data rate is
R = 1 bit/s.

– When the adaptive arrival rate scenario is considered, it it is assumed
that g(φ) = 0.1√

φ
.

– Define the low (resp. high) interference scenario as: E(gii) = 2.5 and
E(gij) = 0.5 for j 6= i (resp. E(gii) = 2.5 and E(gij) = 2 for j 6= i). For
some simulations, the channel gains will be assumed to be fixed while
for the others it will follow classical block Rayleigh fading. The values
indicated will be the instantaneous channel fading when the scenario
considered is static and otherwise will indicate the variance.

– The noise level is set to σ2 = 1 mW; the maximum power Pmax = 1000
mW; buffer size of K = 10; ε = 1 (packet loss constraint) and the fixed
power consumption b = 1000 mW.

– To measure the global efficiency of the interference network with re-
spect to the centralized solution, the price of anarchy is used. [62]
gave a definition of PoA where the optimal situation correpsponds to
a POA equal to 1, while other situations correspond to a PoA> 1:

∀X ∈ {CAR,AAR}, PoAX =

max
p

∑

i

ui,X(p)

∑

i

ui,X(pNE)
. (3.14)
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3.4.2 About the considered EE performance metric

Assume a single-user scenario i.e., N = 1, a fixed channel gain (namely
g11 = 2.5), and the arrival rate to be fixed (CAR scenario). Fig. 3.1 depicts
the EE (3.4) as a function of the chosen radiated power for different values
of the fixed consumption cost b and packet arrival rate q. First, the figure
illustrates what has already been proved through Prop. 3.2 namely, EE is
quasi-concave w.r.t. the radiated power. Second, fix q to one and assess
the influence of b. As b increases, the curve becomes less peaky. In fact,
if b becomes very high, EE tends to merely becomes a packet success rate
function. This means that power control becomes irrelevant since it merely
boils down to transmitting at maximum power whatever the channel con-
ditions. Now fix b to 1000 mW. By moving from the arrival rate of q = 1
(framework of [53]) to q = 0.6 (with a buffer size of K = 10), it is seen that
the EE curve is quite significantly changed and the optimal radiated power
changes from 460 mW to 320 mW. In the next section, the gain in terms of
radiated power brought by the cross-layer approach is quantified in a more
general scenario.
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Figure 3.1: CAR: EE against p1, i.e., the energy efficiency as a function of
the transmit power for various values of the constant power (b) and packet
arrival rate (qCAR).

3.4.3 Influence of the packet arrival rate in the CAR scenario

The low interference scenario; For K = 10, Fig. 3.2 represents the gains
in dB in terms of radiated power which is brought by the proposed cross-layer
approach (after convergence of the proposed distributed power control algo-
rithm) w.r.t. the conventional approach in which it is (implicitly) assumed

that q → 1 [53]. The gain is therefore defined by 10 log10

(
pNE
i [q → 1]

pNE
i [q]

)
,

for a given i ∈ {1, 2, 3}, say i = 1 (the gain is the same for the different
transmitters since the average channel gains are identical). The gain is rep-
resented as a function of the packet arrival rate. It is seen that, for different
numbers of transmitter-receiver pairs (N = 2 or N = 3) and a raw packet
error rate of ε = 0.1 (by raw it is meant before re-transmission), the gain
is significant if the arrival rate is typically less than 0.5. Gains as high as
10 dB (with N − 1 = 2 interfering users on the same band) or 30 dB (with
N − 1 = 1 interfering user on the same band). If the raw QoS constraint is
relaxed (ε = 1), quite similar observations can be made. These gains are not
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in terms of energy consumed by the whole transmit device but they mean
that transmitters use much less radiated power and therefore create much
less interference, while reaching the same QoS.
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Figure 3.2: CAR: 10 log10

(
pNE

1 [q → 1]

pNE
1 [q]

)
against q, i.e., the ratio of equi-

librium power levels in the cross-layer case to the case where the buffer is
ignored and arrival rate is one. Interestingly, this cross-layer approach does
not only allow the EE to be maximized but also allows significant gains in
terms of radiated power. The transmit power for the cross-layer approach is
always lower than for the purely physical layer approach, and this difference
is more prominent when a packet loss constraint is imposed.

3.4.4 Gains in terms of energy brought by the cross-layer
approach w.r.t. the state-of-the art

As explained in the introduction, maximizing energy efficiency and min-
imizing energy are in fact equivalent in communications systems where re-
transmissions are allowed. Exploiting this interpretation here to go further
than just assessing the gains in terms of EE as done classically. Indeed,
the gain in terms of energy or average total power brought by the proposed
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cross-layer approach over the closest state-of-the art solution which is given
in [53] is assessed (the latter is obtained by assuming q → 1 whatever the
actual value of q). For q = 0.5 and q = 0.3, Fig. 3.3 shows that it is possible
to have improvements in terms of energy consumed by the device and not
just EE. This (relative) gain can be as high as 28% for q = 0.5 and 42% for
q = 0.3 in the setting under consideration. Interestingly, this gain can be
obtained under the same information assumption as [53] namely, only indi-
vidual SINR feedback is needed to implement the power control algorithm
which provides the NE performance (after convergence). Note that in this
case, q = 1 offers no gain as the situation is identical to that treated in [53]
while q → 0 would offer maximum gain.
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Figure 3.3: CAR: Plotting the energy consumed against b with q = 0.6 and
q = 0.3. Compare the performance of the proposed algorithm against using
the best-response dynamics algorithm from [53] where the presence of the
queue is ignored.
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Figure 3.4: CAR: Plotting the energy consumed against b with q = 0.5 and
q = 0.9. Compare the performance of the proposed algorithm against a
scheme that just minimizes the transmit power such that the SINR ≥ 25
dB.

As a second comparison in terms of energy, the energy consumed by a
transmitter when optimizing (3.4) is compared with what would obtained
by just minimizing the radiated power under an SINR constraint, which is
a classical approach. Fig. 3.4 corresponds to the relative gain in terms of
saved energy as a function of the fixed consumption cost b, for q = 0.5 and
q = 0.9, R = 8 Mbps and an SINR target of 25 dB for both approaches in the
single user case (interference can make achieving such a target impossible).
It is seen that an energy gain of up to 80% can be achieved for sufficiently
high values of b, which is a quite significant gain and can be easily attained
in practice (e.g., maximum radiated power for femto base stations is of the
order of one watt while the fixed consumption cost is typically of about a
few watts). Note that the gain observed here is maximum when q = 1 as
the highest transmit power is used in this case.
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3.4.5 Influence of the packet buffer size in the AAR scenario

So far, CAR scenario has been treated. In particular, this has allowed
the study of the influence of the parameter q. But, for AAR q is not fixed
and varies with the SINR. Fig. 3.5 represents, for different numbers of trans-
mitters (N ∈ {2, 3, 8}), the network sum-payoff versus the buffer size for a
static channel. The influence of interference (e.g., inter-cell interference) on
global energy-efficiency clearly appears. As an important comment, as this
simulation shows and many other simulations confirmed this observation
(including all simulations assuming CAR instead of AAR), when the buffer
size is greater than 10 typically, the asymptotic regime in terms of buffer size
can be assumed to be approximately reached. In practice, this means that,
when K is large enough, power control policies might be approximated by
implementing the power control policies obtained by assuming K → +∞,
which corresponds to switching between Cases 1 and 2 (in Sec. 3.2.2), de-
pending on the current SINR.
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Figure 3.5: AAR: Observe that the AAR sum-payoff at the NE is sensitive
to the interference level, as seen from the large difference between the two
user low and high interference case. With a low interference level, N = 8
has a higher sum-payoff than for N = 2 with a high interference level.

38



−60 −50 −40 −30 −20 −10 0
−15

−10

−5

0

5

Interference (dB)

G
a

in
 i
n

 E
E

 i
n

 %

Figure 3.6: AAR: Plot of percentage gain in EE v.s gi,j , i 6= j (keeping
gi,i = 1), where the gain is calculated by comparing the EE achieved using
the proposed AAR algorithm to the EE at the NE achieved by using the
algorithm ignoring the packet level. Observe that in the very low interference
regime, the proposed scheme outperforms the other algorithm. However in
the low-medium interference region, the NE is inefficient with a high PoA
and this results in poor performance.

Fig. 3.6 studies the average gain in EE (averaged over the channel fading)
when compared to that of a power control algorithm ignoring the packet level
versus the interference. Here see that when the interference is very low, the
NE of the proposed scheme performs better than an algorithm that ignores
the packet level. However, when under interference, the strategy under
the AAR scheme would be to use a very high power as EE is individually
optimized when the AAR achieves a higher packet rate. This results in a
sub-optimal NE as seen in the figure when the interference is in the [−25, 0]
dB range. This effects indicates that the cross-layer approach might induce
some performance loss w.r.t. the classical approach. This negative but
quite surprising result indicates that in distributed networks, refining the
modeling aspect can sometimes induce a performance loss; similar to other
known paradoxes in distributed networks such as the Braess paradox [63].
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Chapter 4

Other techniques to improve
the energy-efficiency

In this chapter, techniques that improve the energy efficiency of both
centralized and decentralized communication systems are discussed. Specif-
ically, for the case of centralized systems, the energy efficiency metric is
redefined by considering the dynamic nature of users that arrive and leave
the network based on individual data needs. Clearly, this approach can not
be carried over to a de-centralized problem (uplink for example) as a single
user does not have information on the other users in a completely distributed
system. Therefore, in the case of decentralized systems, a technique of ex-
changing CSI information through power level coding is proposed that can
significantly improve system efficiency.

4.1 Centralized systems

The contributions of this section are summarized as follows:

1. Consider a new energy efficiency metric that accounts for the overall
power consumption of the base station, including common channel and
fixed consumption parts.

2. Derive an optimal power allocation scheme that maximizes the energy
efficiency, while preserving Quality of Service (QoS).

3. Show that the power allocation that considers the dynamic behavior
of users is significantly different from the scheme optimized locally for
each state of the network. In addition to that, the former performs
better than the latter.
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4.1.1 System model

System description

Consider a transmitting base station with buffers of infinite (or very
large) size. The base station sends packets into a queue for each user which
is stored in these buffers. The packets arrive at each time slot TP (expressed
in seconds), each packet being of size Sp (expressed in bits). The data rate

Rp is equal to
Sp
TP

. The throughput when using all the available bandwidth
is denoted by R(ρ) (expressed in bits per second), when the receiver has
an average signal to interference plus noise ratio (SINR) of ρ. This SINR
depends directly on the transmit power P (expressed in Watts) as ρ = P

σ2 .
Here σ2 represents the average noise for a given radio condition (expressed in
Watts) and it depends on the distance of the receiver from the base station.

All packets of a user are assumed of the same size and the average
throughput on the radio interface, when the queue for the corresponding
user is active, is denoted by Ra(ρ) (expressed in bits per second) which de-
pends on the bandwidth available. When all the packets in the queue are
transmitted the queue becomes empty and inactive. Each packet stored in
the buffer is a collection of frames that are transmitted over the symbol time
Ts (expressed in seconds). Each frame is transmitted or retransmitted till it
goes through and an acknowledgment is received.

Td =
Sp

Ra(ρ)
(4.1)

If this duration exceeds TP , the time by which the next packet arrives, the
queue size becomes infinite and the transmitter is always on. Otherwise, the
probability of the transmitter to be active (Φ(ρ)) is given by the ratio of Td
to TP . Thus:

Φ(ρ) = max

(
Rp

Ra(ρ)
, 1

)
(4.2)

The values taken for R(ρ) from [64], are in fact, averaged over the fast
fading and are thus suitable for this model. When there are several users
in the network, the available bandwidth is divided among the active users.
Assume the bandwidth allocation to be equal among all users and this im-
plies that if N users are all active and experience the same radio conditions,
the throughput is reduced to R(ρ)

N .

Proposed performance metric

In the broadcast channel there are multiple users that have to be served.
In practice, users arrive randomly, and depart once they finish downloading
their requested data. New arrivals are blocked when the total number of
users crosses a certain limit defined by the base station. Each user may
experience a different radio condition from its peers.
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For convenience, the area covered by the base station is divided into
“zones”. Every user in the same zone, experiences the same radio conditions.
This implies that if the base station transmits at a certain power, then all
the users in the same zone experience the same SINR. The radio conditions
are determined by the average distance of the zone to the base station. If
there are M zones in total, define {σ2

1, σ
2
2, · · · , σ2

M} as the channel conditions
for each zone. Define the “state” of the system s = {N1, N2, · · · , NM}. The
state s represents the number of users in each zone. For example if there are
two zones, and there are no users the state is {0, 0}. When a user arrives to
zone one, the state becomes {1, 0}.

For a state s = {N1, N2, · · · , NM}, the power allocation scheme de-
fined as P = {P1, P2, · · · , PM} results in an SINR distribution of ρ =

{ρ1, ρ2, · · · ρM} among the zones 1 to M , where ρj =
Pj
σ2
j
.

First, define the notion of energy-efficiency for a given state or the “local”
energy-efficiency. This is useful as in practice, the base station can easily
measure this quantity only for a given state as it is unable to predict when
a new user will arrive. The “global” energy-efficiency defined as the average
of the energy-efficiency in each state weighted by their probabilities.

If there is always one and only one user, the energy-efficiency can be
defined based on [8] and other works as

ηSU =
R(ρ)Φ(ρ)

b+ PΦ(ρ)
(4.3)

where b is the constant power consumed by the base station while serving at
least one user 1. The proposed form is easy to interpret as R(ρ) represents
the average throughput when the transmitter is active and P is the cost
when the transmitter is active.

When the system is state s, the energy-efficiency is defined as:

ηs(P) =
R̄s(ρ)

P̄s(P)
(4.4)

where R̄s and P̄s represent the total throughput and power consumed re-
spectively in state s.

When the number of users is random, then the global energy-efficiency
function is defined as:

η̂ =
∑

s

π(s)R̄s

P̄s
(4.5)

Where π(s) is the probability of finding the base station at state s of user
distribution. The global energy-efficiency could alternately be defined as

1. This cost can have several origins like energy spent on the power amplifier, com-
putation, cooling mechanisms etc. Details of the power consumption model are given in
[45].
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ratio of the total throughput over all states to the total power over all
states. However, in practice, calculating the energy-efficiency for each state
and taking the average, is easier and more reasonable. The goal of this
work is to improve the above defined energy-efficiency of a transmitting
base station.

This metric can be physically interpreted as the average number of bits
that can be transmitted by spending one Joule of energy. Alternately, the
average power cost of the base station can be written an Traffic

η . Hence,
optimizing the global energy-efficiency amounts to minimizing the average
power consumption of the base station.

4.1.2 Optimal power allocation for a fixed number of users

In this section, consider the case where the number of users is fixed.
Refer to the optimization of the metric defined in this section as “local”
optimization as it deals with the optimization of a single state of the wireless
network. When the state of the network is given, the number of users in each
zone is known and can thus be used to calculate the relevant information
required to obtain and optimize the energy-efficiency. Assume a knowledge
of the average noise levels for each zone, i.e {σ2

1, σ
2
2, · · · , σ2

M} are known.

Homogeneous radio conditions

First, consider the problem where all users experience the same average
SINR, as the model is easier to be understood; the case of heterogeneous
SINRs will be exposed next. Let the total number of users in the cell be N .
As all the users experience the same radio conditions, s = {N}. Define the
average throughput experienced by any queue as Ra, to derive:

Ra(ρ) =

N−1∑

i=0

(
N − 1

i

)
Φ(ρ)i(1− Φ(ρ))N−1−iR(ρ)

i+ 1
(4.6)

where Φ(ρ) denotes the probability that any of the N users are actively
being served and is given as in equation 4.2. The summation is upto N − 1
as Ra is the throughput experienced by an active user, and so consider
the remaining N − 1 users. The Ra for every user is identical as all users
experience the same SINR for the same transmit power. This symmetry can
be exploited to conclude that the transmit power for each user will be equal
when optimized. Note that Ra(ρ) depends on Φ(ρ) and Φ(ρ) depends on
Ra(ρ) leading to a fixed point equation.

Clearly if N is large enough, then the demand in data rate will exceed the
maximum available throughput and Φ(ρ) becomes 1. On the other hand, if
N is small enough, the users may transmit their data faster than the packet
arrival speed causing the queue to empty occasionally. In this period, other
users can take advantage of the excess bandwidth.
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From Φ(ρ), the total power consumed can be calculated as

P̄s = b+ P (1− (1− Φ(ρ))N ) (4.7)

Here (1−Φ(ρ))N is the probability of all queues being empty. If any queue
is active the power consumed is P . The total throughput is R̄s = NΦ(ρ)Ra
leading to an energy-efficiency of

ηs =
NΦ(ρ)Ra(ρ)

b+ P (1− Φ(ρ))N
(4.8)

Heterogeneous radio conditions

Consider a more realistic setting where users experience different radio
conditions in each zone. Denoting the average throughput experienced by
zone j as Ra:j , compute

Ra:j(ρ) = R(ρj)

N1∑

i1=0

N2∑

i2=0

· · ·
Nj−1∑

ij=0

· · ·
NM∑

iM=0

(
N1

ii

)

×
(
N2

i2

)
· · · ×

(
Nj − 1

ij

)
× · · · ×

(
NM

iM

)
× (Φ1(ρ))i1

× (Φ2(ρ))i2 × · · · × (ΦM (ρ))iM × (1− Φ1(ρ))N1−i1

× (1− Φ2(ρ))N2−i2 × · · · × (1− Φj(ρ))Nj−ij−1

× · · · × (1− ΦM (ρ))NM−iM × 1

i1 + i2 + · · ·+ iM + 1
(4.9)

where

Φ(ρ)j = max

(
Rp

Ra:j(ρ)
, 1

)
(4.10)

Leading to a set of fixed point equations that can be solved to calculate
all Ra:j(ρ) for a given P. Equation (4.9) is similar to (4.6), but considers
the presence of users in other zones as well. The average power can be
calculated as

P̄s(P) = b+

N1∑

i1=0

· · ·
NM∑

iM=0

(1− δ(i1 + · · ·+ iM ))

× (Φ1(ρ))i1 × · · · × (ΦM (ρ))iM × P1i1 + · · ·+ PM iM
i1 + · · ·+ iM

× (1− Φ1(ρ))N1−i1 × · · · × (1− ΦM (ρ))NM−iM (4.11)

Where the δ function is used to exclude the state where all zones are empty
(δ(x) = 0 for all real x but 0, and δ(0) = 1). The energy-efficiency in this
state can be calculated with R̄s(ρ) =

∑M
i=1NiΦ(ρ)iRa:i and total power

from equation (4.11).
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4.1.3 Optimal power allocation considering the dynamic be-
havior of users

In the previous section, the energy-efficiency for fixed numbers of users
was optimized. To analyze the impact of power allocation on the network
performance and account for the users arrivals and departures, a flow-level
capacity analysis is required. The arrival rate can be modeled through a
Poisson process (of intensity λi in zone i) and users leave when they finish
streaming a file of average size F . When the total number of users exceed a
given threshold Nmax, new user arrivals are blocked.

Processor sharing analysis

When users with a finite workload are considered, the number of users
is not constant but varies dynamically during time. The distribution of the
number of users is determined by the traffic intensity within the cell. Indeed,
if the traffic intensity is large, more users connect to the system per unit
time and the average number of active users increases.

The heterogeneity in radio conditions translates into a larger service time
for cell edge users. When the system is in state s = {N1, N2, · · · , NM}, the
total number of users in the cell is N(s) = N1 + · · ·+NM . Based on [65], this
can be modeled as a Generalized Processor Sharing queue, whose evolution
is just described by the overall number of users in a cell. The solution of
the Markov process has the simple form

π(s) =
1

Γ

N(s)!
∏M
i=1Ni!

M∏

c=1

ΩNc
c∏Nc

j=1 jΦc;s(Nc=j)Ra:c;s(Nc=j)

(4.12)

where Ωc = Sλc and Γ is a normalizing constant. The notation s(Nc = j)
is used to take the Φ and Ra for the state s with j users in zone c.

In this model, the user blocking rate can be calculated as α =
∑

i λi
∑

x π(x),
x such that the system is full (N(x) = Nmax). Quality of service (QoS) is
measured through the user blocking rate. The QoS constraint is thus α ≤ ε,
where ε is the maximum tolerable blocking rate.

Optimal power allocation

The steady-state probabilities defined in the previous section are calcu-
lated knowing the throughputs for each state of the network. This through-
put will of course depend on the power allocation as explained in Sections II
and III. The power allocation has thus to be optimized taking into account
the dynamics of users. A power allocation policy P̂ is defined as a set of
actions for each of the possible states:

P̂ =
⋃

s

Ps (4.13)
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The global energy efficiency; knowing the policy P̂, is given by:

η̂(P̂) =
∑

s

π(s)R̄s(ρ)

P̄s(Ps)
(4.14)

The optimization problem can be defined as

P̂∗ = arg max[η̂(P̂)] (4.15)

And the maximum global energy-efficiency possible is η̂(P̂∗).
The idea behind this global optimization is that the power allocation

does not depend uniquely on the actual state of the network, but takes also
into account the future evolutions of the network. For instance, a power
allocation decision that is taken at one moment may have an influence on
the evolution of the state of the network by favoring a subset of users by a
better throughput. In the next section, the difference between this global
policy maximization and a local one, as defined in section III are studied.

4.1.4 Numerical results

In this section, simulations and numerical calculations are used to study
the properties of the energy-efficiency function and obtain the power allo-
cation that maximizes it. Consider the receiver and the transmitter to have
two antennas each forming a 2 × 2 MIMO system. The data rates for this
configuration which are LTE compliant are taken from [64] and are given as
a function of the SINR. For the single zone case, take σ2 = 1 mW while for
the two zone case, take {σ2

1, σ
2
2} = {1, 1

8} mW.

Numerical results for the local optimization

In figure 4.1, the energy-efficiency as a function of the transmit power is
shown. Here, due to symmetry, all the users use the same power. The results
show that the energy efficiency begins by increasing with the transmit power
increases, as users are able to reach higher throughputs. However, starting
from one point, users reach the maximal throughput they are able to reach
as, in LTE, modulation schemes are limited; the energy efficiency begins
thus decreasing as throughputs remain constant while power consumption
increases.
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Figure 4.1: η vs P with b
σ2 = 100 (20dB). Note that the energy-efficiency is

peaked at higher powers with additional users.

Numerical results for the global optimization

In this setting, the power allocation is not determined for a fixed number
of users, but for a given traffic intensity. the number of users is thus a
random variable whose distribution depends on the traffic intensity. The
optimal power allocation is the one that maximizes the energy efficiency
while maintaining a constraint on the QoS. Note that this optimal power
allocation is a matrix that gives, for each state of the network composed of
the number of users in the cell, the power allocation for each of the users.

Initially consider the cell with homogeneous radio conditions, i.e. sup-
pose that all the users experience the same SINR on average. In this setting,
if Nmax is the maximum number of users allowed, optimization is performed
over Nmax variables, i.e. the power used in each state. For the single zone
case take σ2 = 1 mW. The optimal power allocation is shown in figure 4.2.
Note that, in this case, the power allocation is a vector and not a matrix, as
all users experience the same radio conditions and have, by symmetry, the
same allocated power.
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Figure 4.2: The power allocation scheme (P1, · · · , P4) plotted against the
traffic Ω when η̂ is optimized. Also note that the QoS constraint of main-
taining the blocking rate below 0.01 is satisfied.
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Figure 4.3: η̂ plotted against the traffic Ω when η̂ is optimized and when η
is optimized for each state separately.

Figure 4.3 compares the energy-efficiency obtained for the local and
the global optimizations. As seen from the simulations (Figure 4.3), us-
ing a global optimization does not seem to yield much gains in the energy-
efficiency for the single zone case. This is because the throughput, and thus
service times, are the same for all users. Next, moving on to the two-zone
case (cell center and cell edge): Here, consider a cell divided into two con-
centric rings, and define the outer zone as the region when the SINR is 4.8
dB (3 times) lower than the SINR for the inner zone, when the transmit
power is unchanged. The outer zone also has 3 times the area of the inner
zone causing λ2 = 3λ1. With these parameters calculate the optimal global
energy-efficiency and corresponding power allocation for given values of λ1.
{σ2

1, σ
2
2} = {1, 1

3} mW. Figure 4.4 shows the energy efficiencies correspond-
ing to local and global optimizations. It is obvious that global optimization
yields much higher efficiency when users have heterogeneous radio condi-
tions. This is because, in the local optimization setting, the notion of call
duration cannot be taken into account as users are considered as always ac-
tive. The optimal power allocation will then tend to favor cell center users
in order to maximize throughput. However, when the dynamic behavior of
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users is taken into consideration, it is sometimes better to use more power
on cell edge users in order to let them finish their service quickly and quit
the system. Applying the policy obtained from the local optimization will
lead to users accumulating at the cell edge as they are not able to finish
their transfers.

Figure 4.4: η̂ plotted against the traffic Ω1 = λ1S when η̂ is optimized
and when η is optimized for each state separately. Also note that the QoS
constraint of maintaining the blocking rate below 0.01 is satisfied at all
points shown.

4.2 De-centralized systems

Interference networks have been a primary focus of interest to researchers
since the conception of wireless networks. Typically, in an interference net-
work, when there is no direct line of communication between the transmit-
ters; the transmitters use a distributed or selfish strategy and work at a
sub-optimal level of performance. For example, in the case of a distributed
interference network with multiple-carriers, the iterative water-filling algo-
rithm is considered to be the state of the art technique [66]. In [67] the
authors introduce the idea of coded power control where one decision maker
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that has knowledge of the future and global CSI (channel state information)
provides information of the optimal action to the second decision maker
through it’s actions. This work focuses on a more practical situation where
only imperfect local CSI is available at both the transmitters.

4.2.1 Motivation

Clearly, in a non-coperative setting (wi-fi for example), there seems to
be no motivation for the individual decision makers in a wireless network to
cooperate. This leads to an inefficient Nash equilibrium as seen in Chapter
3. However, this is mainly because the game considered in Chapter 3 was
the single shot power control game. In most practical cases, the game is
not a single shot game as the devices keep transmitting for a long time.
From the results shown in C.2, it can be seen that using the repeated game
framework, a Nash equilibrium of the repeated game can be found which
pareto-dominates the Nash of a single shot game.

In repeated games (RG), as the name suggests, the same game is played
several times. The long-term interactions between the players in such a
situation is studied under the RG framework. The players react to past
experience by taking into account what happened in all previous stages and
make decisions about their future choices. The resulting utility of each
player is an average of the utility of each stage. A game stage t corre-
sponds to the instant in which all players choose their actions simultane-
ously and independently and thus a profile of actions can be defined by
p(t) = (p1(t), p2(t), . . . , pN (t)). When assuming full monitoring, this profile
choice is observed by all the players and the game proceeds to the next stage.
In a repeated game with complete information and full monitoring, the Folk
theorem characterizes the set of possible equilibrium utilities. It states that
the set of Nash equilibrium in a RG is precisely the set of feasible and in-
dividually rational outcomes of the one-shot game (non-cooperative game).
Thus, it can be justified that playing any strategy that pareto-dominates
the Nash, is an equilibrium of the repeated game and hence feasible.

Of course, the next step would be in developing a method of achieving
such a point. From C.2, it is clear that in an interference network, achieving
such a point is not so straight-forward. The main goal of this section is to
enable distributed systems to communicate implicitly through their transmit
power levels and achieve an efficient equilibrium.

Contributions: The novel contributions of this section are two-fold. First,
a technique through which all the channel fading coefficients (gi,j) can be
calculated by exploiting just the SINR feedback is proposed. Second, a
method to exchange the calculated channel information through power level
modulation is explained. This efficiency of the proposed scheme is analyzed
quite extensively through several numerical simulations.
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4.2.2 System Model and technique overview

The system under consideration is that of K pairs of interfering trans-
mitters and receivers. Let the transmit power of user i be given by Pi and
the channel between transmitter j and receiver i be gj,i. In a many user
interference channel, the SINR at receiver i, γi is given by:

γi =
giiPi

1 +
∑

j 6=i
gjiPj

(4.16)

where the noise level is normalized to 1. Receiver i estimates this SINR at
each time slot and sends to transmitter i via a feedback channel γ̂i = γi+∆i,
the channel estimate. The error ∆i could be due to imperfect estimation,
quantization of the SINR and through error in the feedback channel. The
K dimensional vector formed by these transmit power levels is given by P .
The transmit power levels are assumed to be discrete and are either 0 (no
transmission), or belong to the finite set P, where ‖P‖ = M is the number
of available non-zero power levels. All the channel fading coefficients gi,j
are positive real numbers and can be expressed as elements of the K × K
matrix G. The utility of the system is given by W (P ,G), and the power
levels chosen at the globally efficient point are:

P ∗ = arg max
P

W (P ,G) (4.17)

This work provides a procedure by which the transmitters can estimate
partial information on G and exchange this information to obtain the com-
plete G. Once G is obtained P ∗ can be found and the system can operate
at the globally efficient point given by (4.17). Naturally, this point can be
perfectly achieved when ∆i = 0 and with a non-zero noise in the SINR
estimate, a scheme of achieving an approximately globally efficient point is
provided. The process of achieving the power control scheme as described by
(4.17) is divided into three phases. The first phase is involved in estimating
all the channel coefficients that are perceived by each receiver. Receiver 1
for example would estimate g1,1, g2,1, ..., gK,1. The second phase involves en-
coding this information into their transmit power levels as well as decoding
the information received by observing the power levels of the other trans-
mitters. The final phase would involve using all the collected information
available to all the transmitters and setting the power control scheme to the
one described by (4.17).

4.2.3 Phase 1: Channel estimation

The process of channel estimation is done by exploiting equation (4.16).
The first phase lasts for a duration of T1 frames. In each frame, each of
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the transmitters transmit at a power level given by Pi(t), t ∈ {1, 2, .., T1}.
This power control scheme for phase one is denoted by the matrix P1 and is
given by (P (1)T , P (2)T , ...P (T1)T )T . In order to estimate gj,i based on the
P1 choose, the sequence of SINRs γ = (γ(1), γ(2), ...γ(T1))T is exploited.
Define the matrix Si(γ,P

1) as



−γi(1)P1(1) −γi(1)P2(1) ... Pi(1) ... −γi(1)PK(1)
−γi(2)P1(2) −γi(2)P2(2) ... Pi(2) ... −γi(2)PK(2)

...
...

...
...

...
...

−γi(T1)P1(T1) −γi(T1)P2(T1) ... Pi(T1) ... −γi(T1)PK(T1)


 (4.18)

This allows the channel coefficients to be rewritten using the Moore-Penrose
pseudo-inverse as:

g
i

=




g1i
...
gKi


 =

(
Si(γ,P

1)HSi(γ,P
1)
)−1

Si(γ,P
1)H × γ (4.19)

However, as only γ̂ is available to the transmitter and not the actual
SINR γ, the channel vector can be estimated as:

ĝ
i

=
(
Si(γ̂,P

1)HSi(γ̂,P
1) + λI

)−1
Si(γ̂,P

1)H × γ̂ (4.20)

using the regularized inverse, where λ is the regularization factor. Of course,
the expected estimation error variance E[‖g

i
− ĝ

i
‖2] is minimized by the es-

timator (4.20) only when S is independent of the feedback noise, and the
channel statistics and the SINR feedback error have a specific distribution
(i.i.d and Gaussian). Generally in practice, the channel statistics is exponen-
tial and the structure of the feedback noise is unknown. and so the optimal
estimator for a general noise is unknown. For the purpose of simulations and
a meaningful analysis, the estimator given by (4.20) is used in this section.
At the end of Phase 1, each transmitter i estimates the channel vector g

i
as

ĝ
i
.

4.2.4 Phase 2: Coding and decoding the CSI to/from the
power levels

In the second phase, each transmitter encodes the information ĝ
i

onto
their power levels Pi(t) and decode the power levels used by the other trans-
mitters. This phase lasts for a duration of T2 frames. As there are M
power levels available and T2 frames, the total amount of information that
can be transferred in this phase by any transmitter is equal to log2(MT2) =
T2 log2(M) bits. The overall processing of the channel information estimated
and sent by transmitter i is given by:

g
i

Phase 1
====⇒ ĝ

i

Quantizer
======⇒< g

i
>
Coder
===⇒ Pi(t)

j−th Decoder
========⇒ j g̃

i
(4.21)
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where < g
i
> is the quantized channel vector and j g̃

i
is the channel vector

g
i

decoded by transmitter j.
Quantization: Thus, the first step in the second phase is for each of

the transmitters to quantize the real K dimensional vector ĝ
i

into MT2

symbols. Then, each of these symbols are associated to a power level vector
of size T2 with M possible power levels at each time. For this purpose, the
classical iterative ”Lloyd” algorithm could be used in order to minimize the
distortion of the coded channel. However this algorithm assumes that there
is no error on the information transferred but due to quantization, whereas
in this scheme, the estimate ĝ

i
has an error before quantization as well as an

error in decoding the power level (after quantization due to symbol detection
errors).

In the presence of an error just before the quantizer, [68] proposed an
alternative algorithm. In this work however, there could be an error both
before and after the quantization. The results in [69] exploit the statistics of
the error after quantization in order to minimize the distortion. Let the the
PDF of the noise due to channel estimation g

i
− ĝ

i
be given by φ() and the

probabilty of detecting the symbol l as symbol n (where n, l ∈ {1, 2, ..,MT2}
be given by πl,k. First select randomly N = MT2 sites sl, l ∈ {1, 2, ..N} from
a K-dimensional space. Then, the following steps are performed iteratively
until the N sites converge:

1. Calculate the Vornoi diagram of each of these N sites sl. For each site
the corresponding Vornoi region ul, l ∈ {1, 2, ..N} is defined by the
set of all points closer to that site than to any other, i.e., ul = {x :
‖x− sl‖ < ‖x− sk‖∀k 6= l}

2. Calculate the weighted centroids vl, l ∈ {1, 2, ..N} as follows [69]:

vl =

∫
ul
g
i
f(g

i
)
∑N

n=1 πn,l
∫
un
φ(y − g

i
)dydg

i∫
ul
f(g

i
)
∑N

n=1 πn,l
∫
un
φ(y − g

i
)dydg

i

(4.22)

where f(g
i
) is the PDF of the variable to quantize g

i
.

3. Set the N sites to be the N weighted centroids vl as calculated from
Step 2; sl = vl.

Power modulation and demodulation: This power control scheme for
phase two is denoted by the matrix P2 given by (P (T1+1)T , P (T1+2)T , ...P (T1+
T1)T )T . Once the quantized channel is coded onto the power levels, the next
step is to identify the power levels used by the other transmitters. In this
step each transmitter i broadcasts the quantized channel < g

i
> to every

other receiver. At the transmitter j at time t, the total interference that is
observed is estimated as

∑

k 6=j
Pkgk,j =

Pjgj,j
γ̂j(t)

− 1 (4.23)
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As gk,j∀k are known at j and Pk ∈ P, a maximum likelihood estimator
(MLE) can be used to get all PK(t). Once all the Pk(t) are found for all t in
the second phase. The power levels and the quantization codebook can be
used to retrieve the channel g

k
,∀k and thus obtain G. However as the MLE

could have a different estimate at each receiver j and so at each transmitter
j, a global channel estimate jG̃ is obtained.

4.2.5 Phase 3: Working at the globally efficient system point

By the end of phase two, the transmitter k possesses the distorted quan-
tized channel information {kĠi}. Therefore, at this point transmitter k
uses the power control policy given as PPSk (power control of user k in the
proposed scheme), found as the k − th element of kP ∗, such that:

kP ∗ = arg max
P

W (P ,k G̃) (4.24)

Clearly, in this situation, each transmitter k assumes that the other trans-
mitters also work at the same perceived power control solution kP ∗. How-
ever, as kg̃ji is not equal for all k, this results in a power control policy that
is a distortion of the solution in (4.17). The policy given by (4.24) becomes
exactly (4.17) when the SINR estimate at the transmitter is always perfect.
To analyze the efficiency of the working point PPSk , making use of extensive
monte-carlo simulations that are described in the following section.

4.2.6 Numerical Analysis

For the numerical analysis, a specific choice of the utility W is fixed, i.e.,

W (P ,G) =

∑
k log(1 + γk)∑
k bk + Pk

(4.25)

The choice of the utility is chosen to be the average energy efficiency for this
part with bk being the constant power consumed. Typical values for bk in a
small cell network are chosen and bk = 0.9W is fixed with max(Pk) = 0.1W .
The proposed scheme is also compared to the ”Nash equilibrium” point of
such a system where each transmitter blindly tries to optimize it’s own rate
resulting in PNEk = max(P). A distributed system that does not implement
the proposed scheme would naturally operate at this point.

Some other choices that are made for the purpose of simulations:

1. E[gi,i] = 1 when averaged over the fast fading.

2. The error in the SINR estimate is only due to quantization of the
feedback. The SINR estimate available at the transmitter is given by
γ̂ = Q(γ, β) where β is the number of quantization levels available.
For example, in an eight bit feedback channel, β = 28.

3. T1 = T2 = K.
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In Figure 4.5, the utility from using the proposed scheme over the NE

100
(
WPS

WNE − 1
)

is plotted against the ratio of the direct channel to the

cross channel. The figure shows that even when the feedback is only 4-bits,
the proposed scheme performs upto 200% better than the NE in the high
interference regime (E[gi,i/gi,j ] < 2∀i 6= j. On the other hand, when the
interference level is low (E[gi,i/gi,j ] > 6), it is seen that the NE outperforms
the proposed scheme due to the noisy feedback. Of course, when a 8 or 12
bit feedback is used, the proposed scheme starts to beat the NE. Therefore,
the conclusion that the proposed scheme should be used only in the case of
strongly interfering devices, is drawn.
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Figure 4.5: 100
(
WPS

WNE − 1
)

v.s E[gi,i/gi,j ]∀i 6= j. The gain in utility while

using the proposed scheme in phase 3 over the distributed choice at the NE
is plotted in percentage.

In Figure 4.6, the utility W (the sum rate in this case), is plotted against
the number of power levels used in phase 2. This figure shows that in most
cases using just two power levels in the best strategy.
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WGO , the efficiency of the proposed scheme w.r.t the global
optimum v.s the total number of power levels used in phase 2.
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Chapter 5

Conclusions and future
research

5.1 Concluding remarks

Chapter 2 proposes a framework for studying the problem of energy-
efficient pre-coding (which includes the problem of power allocation and
control) over MIMO channels under imperfect channel state information
and the regime of finite block length. As in [8], energy-efficiency is defined
as the ratio of the block success rate to the transmit power. But, in contrast
with [8] and the vast majority of works originating from it, an empirical
choice for the success rate is not assumed, such as taking f(x) = (1−e−x)L,
where L is the block length. Instead, the numerator of the proposed per-
formance metric is built from the notion of information, and more precisely
from the average information (resp. mutual information) in the case where
CSIT is available (resp. not available). This choice, in addition to giving
a more fundamental interpretation to the metric introduced in [8], allows
one to take into account in a relatively simple manner effects of practi-
cal interest such as channel estimation error and block length finiteness.
Both in the case where (imperfect) CSIT is available and not available, it
is shown that using all the available transmit power is not optimal. When
CSIT is available, whereas determining the optimal power allocation scheme
is a well known result (water-filling), finding the optimal total amount of
power to be effectively used is non-trivial. Interestingly, the corresponding
optimization problem can be shown to be quasi-convex and have a unique
solution, the latter being characterized by an equation which is easy to solve
numerically. Numerical results are provided to sustain the proposed ana-
lytical framework, from which interesting observations can be made which
include : block length finiteness gives birth to the existence of a non-trivial
trade-off between spectral efficiency and energy efficiency ; using optimal
power allocation brings a large gain in terms of energy-efficiency only when
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the channel has a large enough coherence time,demonstrating the value of
CSIT and channel training. The proposed framework is useful for engineers
since it provides considerable insights into designing the physical layer of
MIMO systems under several assumptions on CSI. The next part of this
chapter studied the performance of virtual MIMO systems from an energy
efficiency perspective. It defines an energy efficiency metric that takes into
account the capacity as well as the energy consumption. The power alloca-
tions of the different antennas is optimized and its shown that sleep mode
can bring a significant energy efficiency gain. This involves deactivating an-
tennas that do not have a significant contribution to the system capacity,
for a given number of users and radio channel conditions.

Compared to the closest related works, the work reported in Chapter
3 possesses three salient features: The (possible) existence of packet buffer
with finite size is taken into account; The total power consumed by the
transmitter is considered; The proposed formulation considers the QoS. Re-
markably, even though the derived energy-efficiency performance metric is
seemingly more complex, it possesses all the main properties necessary for
designing efficient distributed algorithms. Quite surprisingly, this is not
only true when the packet arrival rate is constant (CAR protocol) but also
when it is assumed to be adapted as a function of the SINR and the sub-
sequent packet loss through the AAR protocol. One of the consequences
of these properties is that the proposed iterative distributed power control
algorithm converges towards a unique Nash equilibrium of the power con-
trol game associated with both transport protocols. While the cross-layer
generalization of energy-efficient power control is supported by several key
analytical results, numerical results strongly support the proposed approach
as well. One of the key observations made from simulations is that a dis-
tributed power control scheme can perform as well as a centralized solution
in some situations; realistic settings under which the PoA is close to one are
clearly identified. Also, it is clearly explained why maximizing EE amounts
to minimizing energy in communication systems with re-transmission pro-
tocols and this key interpretation is exploited to assess the gain in terms of
saved energy brought by the proposed approach.

In Chapter 4, for the centralized system, it is seen that taking into ac-
count the dynamic nature of user traffic can significantly impact the average
energy efficiency of a network. The notion of a “global” energy-efficiency is
introduced, which is defined as the average of the energy-efficiencies of each
state the cell can be in. These states represent the traffic configurations, i.e.
the numbers and positions of users in the cell. Through extensive simula-
tions its seen that optimizing the global efficiency yields a different power
allocation from optimizing the efficiency of each individual state. Although
this difference can be neglected when considering a cell in which all users
experience the same average SINR, when considering a more realistic set-
ting where users are subject to heterogeneous radio conditions, the global
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optimization yields a considerable gain. This is because, when users are
considered as static, it may be optimal to give more power to cell center
in order to increase throughputs. However, when the dynamic behavior of
users is taken into account, giving more power to users with bad radio con-
ditions will allow them leaving the system faster and thus alleviating load
in the future. In a decentralized system, the repeated game approach can
be used to justify why even non-cooperative decision makers would prefer to
communicate and achieve a more efficient solution as a Nash equilibrium of
the repeated game. From the analysis conducted in the previous section, it
is seen that using power modulation to implicitly communicate with other
transmitters could potentially improve the performance of the system. The
performance gain when compared to a purely distributed solution is studied
numerically for a specific utility and the results are seen to be promising.
Note that the algorithm proposed here is quite general and can be applied
for any utility, not just the energy efficiency.

5.2 Open problems and possibilities for future re-
search

The proposed framework in Chapter 2 opens some interesting research
problems related to MIMO transmission, which include finding the optimal
pre-coding matrix for the general case of i.i.d. channel matrices under no
CSIT. This problem has not been solved even for the case of large MIMO
systems. Extending the proposed approach to the case of Rician channels
with spatial correlations,tackling the important case of multiuser MIMO
channels and considering the problem of distributed energy-efficient pre-
coding are left as open problems. The work on multi-user MIMO described
in Chapter 2 is applicable only for the specific case of a small cell cluster
with a centralized network and CSIT. Thus, many extensions of the work
described are possible. The most relevant extension is to apply the proposed
framework taking into account user traffic and a random number of users.
Another natural extension of the proposed framework is of course, to study
the effect of different classes of mobility on the virtual MIMO scheme and
to study a distributed network.

Some of the problems left open from the work described in Chapter 3
include the cross layer energy efficiency analysis in the multi-carrier case
and also the case of frequency selective channels, these extensions being po-
tentially related. When relevant, receivers might be assumed to implement
successive interference cancellation. In order to obtain more efficient equilib-
rium points (e.g., in the sense of the sum-payoff or a given fairness criterion),
it would be of high interest to exploit a more advanced game model such
as a stochastic game; this extension is especially relevant if the queue state
information has to be exploited. To go further in the direction of having a
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very realistic wireless network model, a less trivial, but very relevant exten-
sion would be to analyze the case of a time-varying number of users. This
is definitely both of practical and theoretical interest. Finally, the case of
CAR and AAR transmitters simultaneously active in the network has not
been studied yet.

The results in Chapter 4 on the centralized solution are in many ways
incomplete as only numerical results have been described. In addition, due to
high computational complexity of the problem, even the numerical solutions
can be found only for special cases. Thus, any sort of analytic results or
algorithmic improvement in finding an energy efficient solution would be a
significant step forward. In the distributed case, a theoretical analysis on
the efficiency of phases 1 and 2 is left as an open problem and for future
research. Additionally, note that the proposed method can also be easily
extended to a multi-carrier system with Phase 1 and 2 remaining as it is,
but with the information on each carrier channel fading matrix learned and
broadcasted in parallel on each carrier.
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ABSTRACT
This paper studies the impact of mobility on the power

consumption of wireless networks. With increasing mobil-
ity, we show that the network should dedicate a non negligi-
ble fraction of the useful rate to estimate the different degrees
of freedom. In order to keep the rate constant, we quantify
the increase of power required for several cases of interest.
In the case of a point to point MIMO link, we calculate the
minimum transmit power required for a target rate and out-
age probability as a function of the coherence time and the
number of antennas. Interestingly, the results show that there
is an optimal number of antennas to be used for a given co-
herence time and power consumption. This provides a lower
bound limit on the minimum power required for maintaining
a green network.

1. INTRODUCTION

The rapidly increasing demand for higher data rates has to
be met by network providers. Arbitrarily increasing the sig-
nal to noise ratio (SNR) is not possible due to mainly two
reasons. First, the transmit power of the Base Stations (BS)
has to be constrained for energy efficiency considerations.
Secondly, the transmit power has to be regulated due to elec-
tromagnetic restriction issues like in [10]. As a consequence,
it is of great importance to determine the minimum power a
transmitter requires to provide a certain target rate in wireless
communication.

A multiple input multiple output (MIMO) channel is a
well known and promising technique to increase the perfor-
mance of a point to point link. In essence, MIMO system
consists of multiple transmitting antennas and receiving an-
tennas. If we have perfect channel state information (CSI),
then increasing the number of antennas would always in-
crease the rate. However, if the channel has to be estimated
through training, time has to be spent for training each de-
gree of freedom. We consider the impact of mobility in a
MIMO system. In its full generality, this problem should be
treated as a non coherent MIMO channel for which the ca-
pacity is hard to determine (open problem). Therefore, we
restrict ourselves to a training mechanism which is subopti-
mal but provides tractable expressions. It was shown in [2]
that in the context of point to point MIMO, there is a tradeoff
between the channel estimate and the training time. A train-
ing time that maximizes the achievable rate was found in [2].
In this work we study how mobility affects the outage rates
in MIMO systems.

Our objective is to study the transmit power for a target
data rate, outage probability and coherence time. With an in-
finite coherence time, it is known that increasing the number

of antennas would cause the power consumption to decrease.
However, if the coherence time is small, a fraction of the time
has to be used for channel training which results in a higher
power consumption to transmit at the same rate. In this pa-
per, we tackle the problem of finding the optimum number
of antennas and training time for single input single output
(SISO), single input multiple output (SIMO), multiple input
single output (MISO) and MIMO systems.

The system model is described in Section 2. The perfor-
mance metric, schemes under which we calculate the trans-
mit power and the objectives of this paper are detailed in Sec-
tion 3. The power consumed in MISO, SIMO and MIMO
systems are calculated analytically and numerically in Sec-
tions 4 and 5. The power thus calculated is studied as a
function of the coherence time and the number of antennas.
Finally, we draw conclusions on the effect of mobility on
MIMO systems.

2. SYSTEM MODEL

Let us consider the input-output relationship of a MIMO sys-
tem given by:

y =

√
ρ
M
Hs+z (1)

where y ∈ CN is the received signal, the dimension N rep-
resenting the number of receive antennas. The transmit-
ted signal is s ∈ CM , where M is the number of transmit
antennas.H ∈ CM×N represents the channel connecting the
M transmit to the N receive antennas, and z ∈ CN represents
the additive noise. The matrix H, and the vectors s and z all
comprise of i.i.d complex Gaussian entries with mean zero
and variance unity, that is hi j,si,z j ∼ CN (0,1). The total
transmit power is proportional to ρ which is the average SNR
at each receive antenna.

We assume that the channel obeys the simple discrete-
time block-fading law, where the channel is constant for
some discrete time interval, after which it changes to an in-
dependent value that it holds for the next interval [1]. The
coherence time is essentially determined by the mobility of
the user and so if we calculate the dependency of the transmit
power with respect to the coherence time, we will establish
a relation between the mobility of a user and the correspond-
ing transmit power. We further assume that channel estima-
tion (via training) and data transmission is to be done within
this coherence time, after which a new training sequence is
done. The time for training in symbols will be given by t and
the coherence time in symbols by T . The inverse of the frac-
tion of time that is used for data transfer will be denoted by



ζ = (log2(e)(1− t
T ))
−1. (The log2(e) is for the conversion

of natural logarithms to base two). We also denote t
M by τ .

In the training phase, all M transmitting antennas broad-
cast orthogonal sequences of known pilot symbols of equal
power ρ on all antennas. The orthogonality condition im-
poses τ ≥ 1. The receiver estimates the channel H, based
on the observation of the pilot sequence, as Ĥ and the error
in estimation is given as H̃ =H− Ĥ. The channel estimate
normalized to variance one is given by H̄. From [2] we know
that the rate is lowest (worst case) when H̃ is Gaussian and
then, the channel model can be rewritten as

y =

√
ρe f f

M
H̄s+ l̄ (2)

where ρe f f is given by τρ2

1+ρ+ρτ and l̄ equal to ρH̃s+z nor-
malized to unit variance. (2) leads to a lower bound on the
mutual information and the achievable rate. Thus, all formu-
las derived in the following sections give lower bounds on the
achievable rate and upper bounds on the outage and transmit
power. This was verified to be an effective model in other
works as well (See [6]). The value of ρ can be calculated
from ρe f f by inverting the equation as

ρ =
Mρeff(1+ τ +

√
(1+ τ)2 + 4τ

ρeff
)

2t
(3)

3. METRICS

The performance metric that we consider in this paper is the
outage probability for a target rate. We evaluate the transmit
power as a function of the number of antennas for a given
coherence time with the outage Pout constrained for a target
rate R. We also find the least power that can achieve the target
rate and outage by optimizing over the number of antennas.

We have found in (2) an effective SNR under the as-
sumption of worst case noise. We only deal with the model
where power allocation is uniform among all the antennas
and so the rate we calculate is not the channel capacity but
the achievable rate. With this model we find a lower bound
γ on the achievable rate, in bits per second per channel use,
from [2] as

γ = ζ−1 logdet(I +ρe f f
H̄H̄H

M
) (4)

If the target data rate is represented by R, the outage prob-
ability Pout is defined as the probability that the rate in a chan-
nel realization (mutual information), γ is lower than R the
target rate.

Pout = P(γ < R) (5)

If P is the threshold outage probability required to main-
tain the quality of service (QoS), the performance metric has
to satisfy the constraint Pout ≤P . The transmission power is
evaluated under two schemes, the fixed power scheme where
transmission is always done at a constant power and the adap-
tive power scheme where transmission is done at the optimal
power to achieve the target outage rate. Now, we discuss
these two schemes in detail:

3.1 Fixed power scheme

The first scheme is applicable when transmission is al-
ways done with a constant power of ρ0 and we shall re-
fer to this as fixed power scheme. We calculate the ρ0 as
min(ρ , such as Pout(R,ρ) ≤ P) which is the lowest SNR
that can achieve the given outage probability for a target rate
in a MIMO system. Analyzing the behavior of ρ0 with re-
spect to changes in coherence time and the configuration of
the MIMO system will be useful to determine how mobility
affects the transmission power.

3.2 Adaptive power scheme

The second scheme assumes that power control is imple-
mented. In this model, the estimated channel state informa-
tion (CSI) is sent back to the transmitting antennas through
a feedback mechanism, which we assume to be instanta-
neous for simplicity. This assumption a a gross simplifica-
tion in reality and especially when considering small coher-
ence times, however as the qualitative results obtained will
not very much different, we ignore the feedback load. The
feedback in downlink MIMO is studied and optimized in [8]
and other related works and can be used to extend this pa-
per to include its effects. Based on the feedback, the optimal
power to achieve the target rate is used for transmission. If
the power required is more than ρ0 (The constant power de-
fined in the previous sub-section), transmission is halted1.
As the power in this scheme is a function of the channel,
for tractable measurements, the power calculated ρmin in this
case is the average power over all possible channel realiza-
tions, and we refer to this model as adaptive power scheme.
This model might be harder to implement due to the feed-
back mechanism required and larger Peak to average power
ratio (PAPR).

ρmin = EH(ρa(H)) (6)

where

ρa(H) =

{
ρ(H) if ρ(H)≤ ρ0
0 otherwise

4. THEORETICAL ANALYSIS

In this section we find expressions relating the outage rate
Pout and, the transmit power ρ0 in the fixed power scheme
and ρmin in the adaptive power scheme.

4.1 MISO

For the MISO system the optimal power allocation for the
best outage probability has been conjectured in [5] and later
on proved in [4]. Here we look at a MISO system with uni-
form power allocation. In this case, H̄H̄H reduces to a real
number and det(I +ρe f f

H̄H̄H

M ) becomes just 1+∑M
i=1 h̄i jh̄∗i j.

1This corresponds to a system where real time data processing is required
like in voice or video calls where the rate is fixed and the packets are dropped
if the power is insufficient as the transfer rate is fixed. For elastic services it
is possible to lower the rate and continue communication with the maximum
available power.



Thus we can rewrite (4) and (5) as

ρe f f =
M(exp(Rζ )−1)

∑M
i=1 ∑N

j=1 h̄i jh̄∗i j

=
M(exp(Rζ )−1)

ω2 (7)

where ∑M
i=1 h̄i jh̄∗i j is denoted as ω2. The distribution of ω2

is the Chi square distribution with 2M degrees of freedom,
ω2 ∼ χ2(2M) [9]. If the maximum power ρ is ρ0, corre-
sponding to a ρe f f of ρe f f 0 then, the outage is just the proba-
bility that ρe f f 0 ≤ M(exp(R)−1)

Trace(H̄H̄H )
. Defining Ω2

0 =
M(exp(Rζ )−1)

ρe f f 0
,

the outage can be calculated as

Pout =

∫ Ω0
0 ωM−1 exp(−ω

2 )dω
2MΓ(M)

=
γ(M, Ω0

2 )

Γ(M)
(8)

where Γ is the Gamma function and γ is the lower incomplete
Gamma function. The minimum average effective SNR, with
which this outage is achieved, can be calculated from (6), (7)
and (8) as

ρmin-eff =
M exp(Rζ −1)

2MΓ(M)

∫ ∞

Ω0

ωM−3 exp(−ω
2
)dω

=
M exp(Rζ −1)Γ (M, Ω0

2 )

Γ(M)
(9)

where Γ is the upper incomplete Gamma function. The ac-
tual average power in the adaptive power scheme can be ob-
tained as ρmin = ρ(ρmin-eff) using (3).

An interesting observation can be made while compar-
ing a single input single output (SISO) system and a MISO
system with M > 1. If we assume that the peak power
can be arbitrarily large to obtain an arbitrarily small out-
age, then the SISO system in the adaptive power scheme
will also consume an arbitrarily large power given by ρmin ∝
(limρ0→∞Ei( −1

rho0
) = ∞), where Ei is the exponential integral

that approaches infinity in this limit. However the MISO sys-
tem, with M = 2 for instance, will only consume a finite av-
erage power ρmin ∝ (limρ0→∞ exp( −1

rho0
) = 1). Outage in both

cases is limρ0→∞ 1− exp( −1
rho0

) = 0.

4.2 SIMO
Let us now look at a SIMO system with uniform power allo-
cation. In this case, H̄H̄H is a matrix of rank one, so it has
only one non-zero eigen value. This non-zero eigen value is
also the trace and is given as ∑N

j=1 h̄i jh̄∗i j. det(I +ρe f f H̄H̄H)

becomes just 1+∑N
j=1 h̄i jh̄∗i j as all the other eigen values are

zero. Thus we can rewrite (4) and (5) as

ρe f f =
(exp(Rζ )−1)

ω2∗
(10)

where ∑N
j=1 h̄i jh̄∗i j is denoted as ω2

∗ . The distribution of ω2
∗ is

also the Chi square distribution with 2N degrees of freedom, ,
ω2
∗ ∼ χ2(2N). If the maximum power ρ is ρ0, corresponding

to a ρe f f of ρe f f 0 then, the outage is just the probability that
ρe f f 0 ≤ (exp(Rζ )−1)

Trace(H̄H̄H )
. Defining Ω2

0∗ =
(exp(Rζ )−1)

ρe f f 0
, the outage

can be calculated as

Pout =
γ(N, Ω0∗

2 )

Γ(N)
(11)

where Γ is the Gamma function and γ is the lower incomplete
Gamma function. The minimum average effective SNR with
which this outage can be achieved can be calculated from (6),
(10) and (11) as

ρmin-eff =
exp(Rζ −1)Γ (N, Ω0∗

2 )

Γ(N)
(12)

where Γ is the upper incomplete Gamma function. The ac-
tual average power in the adaptive power scheme can be ob-
tained as ρmin = ρ(ρmin-eff) using (3).

4.3 MIMO
Calculating the outage probability in a general MIMO system
is a tedious process and also it does not give an interpretable
closed-form expression like in MISO or SIMO. Therefore,
here we use results from the field of large random matrices
to solve this problem and and show that the approximation
holds even for a finite number of antennas.

Lemma 1 Given H ∈ CN×M such that hi, j ∼CN (0,1). As
M,N→ ∞ such that limN,M→∞

N
M = c,

logdet(I +
ρe f f

M
(HHH))−Mµ = ψo (13)

Where µ = [c log(1 + ρe f f − ρe f f α) + log(1 + cρe f f −
ρe f f α)−α]

and α = 1
2 [1+ c+ρ−1

e f f −
√
(1+ c+ρ−1

e f f )
2−4c]

Then, ψo D−→ ψ (converges in distribution) where ψ ∼
N (0,σ) with σ =− log(1− α2

c ). The proof is in [3].

Lemma 1 gives us a simple and tractable expression to
obtain a relation between the transmit power and the achiev-
able rate. Additionally, we know how the rate converges in
distribution allowing us to calculate the outage by transform-
ing the complexity of working with 2MN random variables
H̄ to a single random variable ψ . Now let us consider a
MIMO system. From Lemma 1 we know that if the trans-
mit power is ρ0, the effective SNR can be found as ρe f f 0. If
we define σ0 = Rζ −Mµ(ρe f f 0), we have outage as

Pout ≈ P(ψ < Rζ −Mµ0)

=

∫ Rζ−Mµ0
−∞ exp(−ψ2

2σ2 )dψ
√

2πσ2

= 1−Q(
Mµ0−Rζ

σ
) (14)

where the Q function is the tail probability of the standard
normal distribution. This approximation and resulting cal-
culations are verified by simulations in the next section.
Consecutively, the minimum average SNR can be calculated
from (6), (13) and (14) as

ρmin =

∫ ∞
Mµ0−Rζ ρ(ρe f f (ψ))exp(−ψ2

2σ2 )dψ
√

2πσ2
(15)



4.4 The inverse calculation
In the previous sections we have detailed equations that ex-
press the outage probability as a function of ρ0. However,
our objective is to find ρ0 for a given threshold outage prob-
ability. This is achieved following these series of steps.
• Given an Outage probability threshold P0. Since the

Q-function is well known and invertable, we use the inverse
Q-function to find X = Mµ0−Rζ

σ .
• Now we use a linear search with ρ , M and t as the pa-

rameters to calculate Mµ0−Rζ
σ and match it with the X such

that ρ0 = min(ρ; Mµ0−Rζ
σ ≥ X). Where µ0 and σ are evalu-

ated as functions of ρe f f (ρ).
• Now using 15 we evaluate ρmin.
The results of these calculations are illustrated in the fol-

lowing section with our numerical results.

5. NUMERICAL RESULTS

All theoretical results obtained in the Section 4 are
verified using Monte-Carlo simulations. The the-
oretical results are compared to the results from
simulation by a linear search over ρ that yields
the desired Pout . Finally, we find {ρ0,M,N,τ},
such that ρ0 = min(ρ0(M,N,τ), such as M,N ∈
N,τ ≥ 1) and {ρmin,M∗,N∗,τ∗}, such that ρmin =
min(ρmin(M∗,N∗,τ∗), such as M∗,N∗ ∈ N,τ∗ ≥ 1).

5.1 MISO

Figure 1: MISO system with R = 1.44 bps per hz, P = 5% and
T = 25 symbols.

The SNR, ρ0 in the fixed power scheme and ρmin in the
adaptive power scheme for a MISO system, with a target rate
of 1.44 bps, outage rate of 5% and coherence time of 25 sym-
bols, are plotted against M = 1, ..16 in Figure 1. It is clear
from Figure 1 that there is an optimal number of antennas
for which the transmit power is minimized given a coher-
ence time. As the number of antennas increases the gain
from the additional degrees of freedom is lost due to the ad-
ditional training time required. Another noteworthy fact is
that the optimal number of antennas depends on the scheme
of power transmission. The explanation for this is that the
average SNR in the adaptive power scheme (ρmin) increases
as M grows larger due to the channel hardening effect, while
ρ0 is still decreasing due to the gain from higher degrees of

freedom. While ρ0 takes its lowest value at M = 6, ρmin is
minimized at M = 2.

5.2 SIMO

Figure 2: SIMO system with R = 1.44 bps per hz, P = 5% and
T = 25 symbols.

We also consider a SIMO system with the same param-
eters as the MISO system. The SNR, ρ0 in the fixed power
scheme and ρmin in the adaptive power scheme are plotted
against the number of antennas in Figure 2. Here we can
see that the SNR is a monotonically decreasing function of
the number of antennas. However, here we ignore the com-
putational power required and there is no additional training
required for the receiving antennas, so this result is expected.
Thus, increasing the number of receive antennas always im-
proves the achievable rate thus decreasing ρ0 and ρmin.

5.3 MIMO

Figure 3: MIMO system with R = 5.76 bps per hz, P = 5%, M = N and
T = 25 symbols.

The transmit power ρ0 in fixed power scheme and ρmin in
adaptive power scheme for a MIMO system with a target rate
of 5.76 bps and outage probability of 5% is plotted against
the number of antennas (N =M) with T = 25 in Figure 3. We
see that as the number of antennas increases the gain from the
additional degrees of freedom and increased capacity is lost
due to the additional training time required. The power in
this case is minimized when M = N = 13.



Figure 4: MIMO system with R= 5.76 bps per hz, P = 5%, M = 8
and N = 4.

Figure 4 plots the transmit power as a function of the
coherence time for a MIMO system with M = 8 and N = 4
(target rate of 5.75 bps and outage of less than 5%). We
see that as the coherence time increases the transmit power
decreases as expected. The slope of the curve also decreases
as T increases.

5.4 Application
Let us consider a MIMO system operating between a single
BS and a user with a mobile terminal of four receiving an-
tennas. The long term evolution (LTE) standards specify the
symbol duration to be 66.7µs [7]. Let us consider a carrier
frequency of 3 Ghz. If we consider a highly mobile user with
a speed of 100kmph, the coherence time in symbols is about
55. Using equation (14), we find the optimal number of trans-
mit antennas and the training time for a data rate of 16bps per
hertz (LTE spectral efficiency can be up to 15 bps per hertz)
and outage probability of less than 1%. Using a linear search
on M and t, we get the optimal number of antennas to be
8 and the training time to be 8 symbols corresponding to a
minimum required SNR of 20 dB, while using 4 or 16 anten-
nas would cost over 22 dB. If we consider a user with low
mobility with a speed of about 10kmph, the coherence time
is 550. The optimal number of antennas in this case would
be 17 and the training time is 42 symbols. This corresponds
to a minimum required SNR of about 16 dB while using just
4 antennas would cost over 20 dB.

6. CONCLUSION

In this paper, we have studied the impact of mobility on
MISO, SIMO and MIMO systems. In order to have a
tractable expression of the outage for a MIMO system we
used recent results from the field of large random matrices.
Simulations show these results to be tight even for two trans-
mit and receive antennas. The quality of service is measured
through the outage probability for a target rate in all cases
and equations relating the outage probability to the transmit
power were found. As a result, we see that given a coherence
time, there is an optimal number of antennas for which the
power required to transmit at a certain rate with a target out-
age probability is minimal. Studying a typical LTE system,
we find that optimizing the number of antennas and training
time can reduce power consumption up to 60% and that us-

ing adaptive power control can further reduce the power by
60%. Possible extensions of this work include the case of
multi-user networks.
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An Energy-Efficient Framework for the Analysis of
MIMO Slow Fading Channels

Vineeth S. Varma, Samson Lasaulce, Merouane Debbah, and Salah Eddine Elayoubi,

Abstract—In this work, a new energy-efficiency performance
metric is proposed for MIMO (multiple input multiple output)
point-to-point systems. In contrast with related works on energy-
efficiency, this metric translates the effects of using finite blocks
for transmitting, using channel estimates at the transmitter
and receiver, and considering the total power consumed by
the transmitter instead of the radiated power only. The main
objective pursued is to choose the best pre-coding matrix used
at the transmitter in the following two scenarios : 1) the one
where imperfect channel state information (CSI) is available at
the transmitter and receiver ; 2) the one where no CSI is available
at the transmitter. In both scenarios, the problem of optimally
tuning the total used power is shown to be non-trivial. In scenario
2), the optimal fraction of training time can be characterized
by a simple equation. These results and others provided in the
paper, along with the provided numerical analysis, show that
the present work can therefore be used as a good basis for
studying power control and resource allocation in energy-efficient
multiuser networks.

Index Terms—Channel training, energy efficiency, finite block
length, green communication, imperfect channel state informa-
tion, MIMO.

I. INTRODUCTION

Over the past two decades, designing energy-efficient com-
munication terminals has become an important issue. This is
not surprising for terminals which have to be autonomous
as far as energy is concerned, such as cellular phones, un-
plugged laptops, wireless sensors, and mobile robots. More
surprisingly, energy consumption has also become a critical
issue for the fixed infrastructure of wireless networks. For
instance, Vodafone’s global energy consumption for 2007-
2008 was about 3000 GWh [1], which corresponds to emitting
1.45 million tons of CO2 and represents a monetary cost of
a few hundred million Euros. This context explains, in part,
why concepts like “green communications” have emerged as
seen from [2], [3] and [4]. Using large multiple antennas,
virtual multiple input multiple output (MIMO) systems, and
small cells is envisioned to be one way of contributing to
reducing energy consumption drastically. The work reported
in this paper concerns point-to-point MIMO systems in which
communication links evolve in a quasi-static manner, these
channels are referred to as MIMO slow fading channels.
The performance metric considered for measuring energy-
efficiency of a MIMO communication corresponds to a trade-

V. S. Varma and S. E. Elayoubi are with the Orange Labs, 92130
Issy Les Moulineaux, France (e-mail: vineethsvarma@gmail.com; salahed-
dine.elayoubi@orange.com).

S. Lasaulce and M. Debbah are with SUPELEC, 91192 Gif-
sur-Yvette, France (e-mail: Samson.LASAULCE@lss.supelec.fr;
merouane.debbah@supelec.fr).

off between the net transmission rate (transmission benefit)
and the consumed power (transmission cost).

The ultimate goal pursued in this paper is a relatively
important problem in signal processing for communications.
It consists of tuning the covariance matrix of the transmit-
ted signal (called the pre-coding matrix) optimally. But, in
contrast with the vast literature initiated by [5] in which
the transmission rate is of prime interest, the present paper
aims at optimizing the pre-coding matrix in the sense of
energy-efficiency as stated in [6]. Interestingly, in [6] the
authors bridge a gap between the pioneering work by Verdú
on the capacity per unit cost for static channels [7] and the
more pragmatic definition of energy-efficiency proposed by
[8] for quasi-static single input single output (SISO) channels.
Indeed, in [6], energy-efficiency is defined as the ratio of
the probability that the channel mutual information is greater
than a given threshold to the used transmit power. Assuming
perfect channel state information at the receiver (CSIR) and
the knowledge of the channel distribution at the transmitter, the
pre-coding matrix is then optimized for several special cases.
While [6] provides interesting insights into how to allocate
and control power at the transmitter, a critical issue is left
unanswered; to what extent do the conclusions of [6] hold
in more practical scenarios such as those involving imperfect
CSI? Answering this question was one of the motivations for
the work reported here. Below, the main differences between
the approach used in this work and several existing relevant
works are reviewed.

In the proposed approach, the goal pursued is to maximize
the number of information bits transmitted successfully per
Joule consumed at the transmitter. This is different from the
most conventional approach which consists in minimizing
the transmit power under a transmission rate constraint: [9]
perfectly represents this body of literature. In the latter and
related works, efficiency is not the main motivation. [10]
provides a good motivation as to how energy-efficiency can be
more relevant than minimizing power under a rate constraint.
Indeed, in a communication system without delay constraints,
rate constraints are generally irrelevant whereas the way en-
ergy is used to transmit the (sporadic) packets is of prime
interest. Rather, our approach follows the original works on
energy-efficiency which includes [11], [8], [12], [13], [14]. The
current state of the art indicates that, since [6], there have been
no works where the MIMO case is treated by exploiting the
cumulative distribution of the channel mutual information (i.e.,
the outage probability) at the numerator of the performance
metric. As explained below, our analysis goes much further
than [6] by considering effects such as channel estimation error
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effects. In the latter respect, several works address the issue
of power allocation for outage probability minimization [15],
[16], [17] under imperfect channel state information. The latter
will serve as a basis for the analysis conducted in the present
paper. At this point, it is possible to state the contributions of
the present work.

In comparison to [6], which is the closest related work, the
main contributions of the paper can be summarized as follows:

• one of the scenarios under investigation concerns he case
where CSI is also available at the transmitter (only the
case with CSIR and CSI distribution at the transmitter is
studied in [6]).

• The assumption of perfect CSI is relaxed. In Sec. III,
it is assumed that only imperfect CSIT and imperfect
CSIR is available. Sec. IV considers the case with no
CSIT and imperfect CSIR. In particular, this leads us
to the problem of tuning the fraction of training time
optimally. Exploiting existing works for the transmission
rate analysis [18] and [19], it is shown that this problem
can also be treated for energy-efficiency.

• The realistic assumption of finite block length is made.
This is particularly relevant, since block finiteness is
also a source of outage and therefore impacts energy-
efficiency. Note that recent works on transmission under
the finite length regime such as [20] provide a powerful
theoretical background for possible extensions of this
paper.

• Instead of considering the radiated power only for the
cost of transmitting, the total power consumed by the
transmitter is accounted for. Based on works such as [21],
an affine relation between the two is assumed. Although
more advanced models can be assumed, this change is
sufficient to show that the behavior of energy-efficiency
is also modified.

The paper is therefore structured as follows. Sec. II de-
scribes the proposed framework to tackle the aforementioned
issues. Sec. III and IV treat the case with and without CSIT
respectively. They are followed by a section dedicated to
numerical results (Sec. V) whereas Sec. VI concludes the
paper with the main messages of this paper and some relevant
extensions.

II. SYSTEM MODEL

A point-to-point multiple input and multiple output com-
munication unit is studied in this work. In this paper, the
dimensionality of the input and output is given by the numbers
of antennas but the analysis holds for other scenarios such as
virtual MIMO systems [22]. If the total transmit power is given
as P , the average SNR is given by :

ρ =
P

σ2
(1)

where σ2 is the reception noise variance.The signal at the
receiver is modeled by :

y =

√
ρ

M
Hs + z (2)

where H is the N × M channel transfer matrix and M (resp.
N ) the number of transmit (resp. receive) antennas. The entries
of H are i.i.d. zero-mean unit-variance complex Gaussian
random variables. The vector s is the M -dimensional column
vector of transmitted symbols follows a complex normal dis-
tribution, and z is an N -dimensional complex white Gaussian
noise distributed as N (0, I). Denoting by Q = E[ssH ] the
input covariance matrix (called the pre-coding matrix), which
satisfies

1

M
Tr(Q) = 1 (3)

where Tr stands for the trace operator. The power constraint
is expressed as :

P ≤ Pmax (4)

where Pmax is the maximum available power at the transmitter.
The channel matrix H is assumed to evolve in a quasi-static

manner : the channel is constant for some time interval, after
which it changes to an independent value that it holds for
the next interval [18]. This model is appropriate for the slow-
fading case where the time with which H changes is much
larger than the symbol duration.

A. Defining the energy efficiency metric

In this section, we introduce and justify the proposed
definition of energy-efficiency of a communication system
with multiple input and output antennas, and experiences slow
fading.

In [8], the authors study multiple access channels with SISO
links and use the properties of the energy efficiency function
defined as f(ρ)

P to establish a relation between the channel
state (channel complex gain) (h) and the optimal power (P ∗).
This can be written as:

P ∗ =
SNR∗σ2

|h|2 (5)

where SNR∗ is the optimal SNR for any channel state and
(when f is a sigmoidal/S-shaped function, i.e, it is initially
convex and after some point becomes concave) is the unique
strictly positive solution of

xf ′(x) − f(x) = 0 (6)

where 1 − f(.) is the outage probability. Formulating this
problem in the case of MIMO channels is non-trivial as there
is a problem of choosing the total transmit power as well as
the power allocation.

When the same (imperfect) CSI is available at the transmit-
ter and receiver, by estimating the channel for t time, and
sending the information to the transmitter for tf time, the
energy-efficiency νT is defined as:

νT (P,Q, Ĥ) =
R

(
1 − t+tf

T

)
FL

[
IICSITR(P,Q, Ĥ) − R

R0

]

aP + b
(7)

where R is the transmission rate in bit/s, T is the block
duration in s, R0 is a parameter which has unit Hz (e.g., the
system bandwidth), and a > 0, b ≥ 0 are parameters to relate
the transmitter radiated power to its total consumed power ;
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we define ξ = R
R0

as the spectral efficiency. IICSITR(P,Q, Ĥ)
denotes the mutual information with imperfect CSITR (the
receiver also has the exact same CSI as the transmitter). This
form of the energy-efficiency is inspired from early definitions
provided in works like [8], and studies the gain in data rate
with respect to the cost which is the power consumed. The
numerator represents the benefit associated with transmitting
namely, the net transmission rate (called the goodput in [23])
of the communication and is measured in bit/s. The goodput
comprises a term 1− t+tf

T which represents the loss in terms of
information rate due to the presence of a training and feedback
mechanism (for duration t seconds and tf seconds resp. in
a T s long block) 1. The denominator of (7) represents the
cost of transmission in terms of power. The proposed form
for the denominator of (7) is inspired from [21] where the
authors propose to relate the average power consumption of a
transmitter (base stations in their case),to the average radiated
or radio-frequency power by an affine model.

The term FL(.) represents the transmission success proba-
bility. The quantity FL(.) gives the probability that the “in-
formation” denoted by Î as defined in [24]) is greater than or
equal to the coding rate (ξ), i.e., it is the complementary cumu-
lative distribution function of the information Î , Prob(Î ≥ ξ).
Formally, Î is defined as Î = log

PDFX,Y (x,y)
PDFX(x)PDFY (y) , where

PDFX,Y and PDFX represents the joint and marginal proba-
bility distribution functions, x and y are samples of the process
X and Y , which in this case represent the transmitted and
received signals. The average mutual information I = E(Î)
is used to calculate this probability and FL(.) depends on
the difference between I and ξ. FL(.) can be verified to be
sigmoidal (this is the cumulative probability distribution func-
tion of a variable with a single peaked probability distribution
function) and FL(0) = 0.5 (If ξ = I , FL(.) is the probability
that a random variable is equal to or larger than its mean).
When CSIT is available, it is possible to ensure that the data
transmission rate is just below the channel capacity. If this is
done, then there is no possibility of outage when the block
length is infinite [25]. However, in most practical cases, the
block length is finite and this creates an outage effect which
depends on the block length L [24].

The bounds on FL can be expressed as
FL(IICSITR(0, 0,H) − ξ) = 0 (no reliable communication
when transmit power is zero) and as FL → 1 when
P → ∞. This proposed form for this function,
FL(IICSITR(P,Q, Ĥ) − ξ), is supported by works
like [24] and [26]. An approximation for this function
based on the automatic repeat request protocol [27] is
FL(x) = Qfunc(−Tx), where Qfunc is the tail probability
of the standard normal distribution.

Therefore, in the presence of CSI at the transmitter, outage
occurs even when the mutual information is more than the
targeted rate due to the noise and finite code-lengths. In
this scenario, the energy-efficiency is maximized when the
parameters Q and P are optimized.

1In this case, we assume that the feedback mechanism is sufficient to result
in perfect knowledge of Ĥ at the transmitter. This is done because, assuming
a different imperfect CSI at the transmitter from the receiver creates too much
complexity and this problem is beyond the scope of a single paper.

In the absence of CSI at the transmitter, the earlier definition
of energy efficiency is not suitable since H is random, νT

is also a random quantity. Additionally, in this case, it is
impossible to know if the data transmission rate is lower
than the instantaneous channel capacity as the channel varies
from block to block. Therefore, in this case, the source of
outage is primarily the variation of the channel [28], and
using (7) directly is not suitable. As the channel information
is unavailable at the transmitter, define Q = IM

M , meaning that
the transmit power is allocated uniformly over the transmit
antennas; in Sec. IV-C, we will comment more on this assump-
tion. Under this assumption, the average energy-efficiency can
be calculated as the expectation of the instantaneous energy-
efficiency over all possible channel realizations. This can be
rewritten as:

νR(P, t) =
R

(
1 − t

T

)
EH

(
FL

[
IICSIR(P,Q, Ĥ) − R

R0

])

aP + b
.

(8)
For large L, it has been shown in [28] (and later used in
other works like [6]) that the above equation can be well
approximated to :

νR(P, t) =
R

(
1 − t

T

)
PrH

[
IICSIR(P, t, Ĥ) ≥ ξ

]

aP + b
(9)

where PrH represents the probability evaluated over the real-
izations of the random variable H. Here, IICSIR represents
the mutual information of the channel with imperfect CSI
at the receiver. Let us comment on this definition of energy
efficiency. This definition is similar to the earlier definition in
all most ways. Here the parameter t, represents the length of
the training sequence used to learn the channel at the receiver2.
The major difference here is that the expression for the success
rate is the probability that the associated mutual information
is above a certain threshold. This definition of the outage
is shown to be appropriate and compatible with the earlier
definition when only statistical knowledge of the channel is
available [28].

Although very simple, these models allow one, in particular,
to study two regimes of interest.

• The regime where b
a is small allows one to study not

only communication systems where the power consumed
by the transmitter is determined by the radiated power but
also those which have to been green in terms of electro-
magnetic pollution or due to wireless signal restrictions
(see e.g., [29]).

• The regime where b
a is large allows one to study not

only communication systems where the consumed power
is almost independent of the radiated power but also those
where the performance criterion is the goodput.

Note that when b = 0, t → +∞, T → +∞, and t
T → 0

equation (9) boils down to the performance metric investigated
in [6].

2In this case, the optimization is done over P and t assuming imperfect
CSI at the receiver. A parameter here not explicitly stated, but indicated
nevertheless, is M due to the number of transmit antennas affecting the
effectiveness of training
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B. Modeling channel estimation noise

Each transmitted block of data is assumed to comprise
a training sequence in order for the receiver to be able to
estimate the channel; the training sequence length in symbols
is denoted by ts and the block length in symbols by Ts.
Continuous counterparts of the latter quantities are defined
by t = tsSd and T = TsSd, where Sd is the symbol duration
in seconds. In the training phase, all M transmitting antennas
broadcast orthogonal sequences of known pilot/training sym-
bols of equal power on all antennas. The receiver estimates
the channel, based on the observation of the training sequence,
as Ĥ and the error in estimation is given as ∆H = H − Ĥ.
Concerning the number of observations needed to estimate the
channel, note that typical channel estimators generally require
at least as many measurements as unknowns [19], that is to
say Nts ≥ NM or more simply

ts ≥ M. (10)

The channel estimate normalized to unit variance is denoted
by H̃. From [19] we know that the mutual information is
the lowest when the estimation noise is Gaussian. Taking the
worst case noise, it has been shown in [18] that the following
observation equation

ỹ =

√
ρeff(ρ, t)

M
H̃s + z̃ (11)

perfectly translates the loss in terms of mutual information3

due to channel estimation provided that the effective SNR
ρeff(ρ, t) and equivalent observation noise z̃ are defined prop-
erly namely,





z̃ =
√

ρ
M ∆Hs + z

ρeff(ρ, t) =
t

MSd
ρ2

1+ρ+ρ t
MSd

. (12)

As the worst case scenario for the estimation noise is assumed,
all formulas derived in the following sections give lower
bounds on the mutual information and success rates. Note that
the lower bound is tight (in fact, the lower bound is equal to
the actual mutual information) when the estimation noise is
Gaussian which is true in practical cases of channel estimation.
The effectiveness of this model will not be discussed here but
has been confirmed in many other works of practical interest
(see e.g., [31]). Note that the above equation can be utilized
for the cases of imperfect CSITR and CSIR as well as the
case of imperfect CSIR with no CSITR. This is because in
both cases, the outage is determined by calculating the mutual
information IICSITR or IICSIR respectively.

III. OPTIMIZING ENERGY-EFFICIENCY WITH IMPERFECT
CSITR AVAILABLE

When perfect CSITR or CSIR is available, the mutual
information of a MIMO system, with a pre-coding scheme

3It is implicitly assumed that the mutual information is taken between
the system input and output; this quantity is known to be very relevant to
characterize the transmission quality of a communication system (see e.g.
[30] for a definition).

Q and channel matrix H can be expressed as:

ICSITR(P,Q,H) = log

∣∣∣∣IM +
P

Mσ2
HQHH

∣∣∣∣ (13)

The notation |A| denotes the determinant of the (square)
matrix A. With imperfect CSIT, which is exactly the same
as the CSIR (i.e., both the transmitter and the receiver have
the same channel estimate Ĥ), a lower bound on the mutual
information can be found from several works like [15], [17]
etc. This lower bound for IICSITR is used, which is expressed
as:

IICSITR(P,Q, Ĥ) = log

∣∣∣∣IM + Ĥ
P

Mσ2(1 + ρσ2
E)

QĤH

∣∣∣∣
(14)

where Ĥ is the estimated channel and 1 − σ2
E is the variance

of Ĥ. Considering the block fading channel model, from [15]
and [19] we conclude that σ2

E = 1
1+ρ t

M

. Simplifying :

IICSITR(P,Q, Ĥ) = log
∣∣∣IM +

ρeff

M
ĤQĤH

∣∣∣ . (15)

Having defined the mutual information to be used for (7), we
proceed with optimizing νT .

A. Optimizing the pre-coding matrix Q

Studying (7) and (15), we see that varying the power
allocation (or the corresponding pre-coding matrix) Q, affects
only the success rate FL(.) and the total power P is the only
term that is present outside FL(.). As FL(.) is known to be an
increasing function, if the total power is a constant, optimizing
the energy efficiency νT amounts to simply maximizing the
mutual information IICSITR(P,Q, Ĥ). This is a well docu-
mented problem and it gives a “water-filling” type of solution
[32]. Rewriting (13) as

IICSITR(P,Q, Ĥ) = log
∣∣∣IM +

ρeff

M
DSDH

∣∣∣ (16)

where the optimal covariance matrix Q = VSVH is achieved
through the singular value decomposition of the channel
matrix Ĥ = UDVH and an optimal diagonal covariance ma-
trix S = diag[s1, . . . , smin(M,N), 0, . . . , 0]. The water-filling
algorithm can be performed by solving:

si =

(
µ − 1

ρ∥di∥2

)+

, for i = 1, 2, · · · , min(M,N) (17)

where di are the diagonal elements of D and µ is selected
such that Σ

min(M,N)
i=1 si = M . Here (x)+ = max(0, x), this

implies that si can never be negative. The actual number of
non-vanishing entries in S depends on the values of di as
well ρ (and thus P ). Examining (17), we can see that when
ρ → 0, the water-filling algorithm will lead to choosing sj =
M and si = 0 for all i ̸= j, where j is chosen such that
dj = max(di) (beamforming). Similarly for ρ → ∞, si =

M
min(M,N) (uniform power allocation).
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B. Determining the optimal total power

Q has been optimized in the previous section. From (7),
we see that the parameters that can be optimized in order to
maximize the energy efficiency are Q and P . Therefore, in
this section, we try to optimize P , the total power. Note that
for every different P , the optimal power allocation Q changes
according to (17) as ρ is directly proportional to P . Therefore
optimizing this parameter is not a trivial exercise. Practically,
P represents the total radio power, that is, the total power
transmitted by the antennas. This power determines the total
consumed power b + aP , of base stations or mobile terminals
and so, optimizing this power is of great importance.

In this section, a theorem on the properties of
νT (P,QWF (P ), Ĥ) is provided, where QWF (P ) is the
power allocation obtained by using the water-filling algorithm
and iteratively solving (17) with power P . This procedure is
said to be “iterative” because, after solving equation 17, if
any sj < 0, then we set sj = 0 and the equation is resolved
until the all solutions are positive. For optimization, desirable
properties on νT (P,QWF (P ), Ĥ) are differentiability, quasi-
concavity and the existence of a maximum. The following
theorem states that these properties are in fact satisfied by
νT .

Theorem 3.1: The energy-efficiency function
νT (P,QWF (P ), Ĥ) is quasi-concave with respect to P

and has a unique maximum νT (P ∗,QWF (P ∗), Ĥ), where P ∗

satisfies the following equation :

∂FL[IICSITR(P ∗,QW F (P ∗),Ĥ)−ξ]

∂P

(
P ∗ + b

a

)
(18)

−FL[IICSITR(P ∗,QWF (P ∗), Ĥ) − ξ] = 0

where ∂
∂P is the partial derivative.

The proof of this theorem can be found in Appendix A.
From the above theorem and equation, we can conclude that
the optimal transmit power for imperfect CSITR depends on
several factors like

• the channel estimate Ĥ,
• the target spectral efficiency ξ,
• the ratio of the constant power consumption to the radio-

frequency (RF) power efficiency b
a ,

• the channel training time t and
• the noise level σ2.

Note that in this model, we always assume the CSI at the
transmitter to be exactly identical to CSI at the receiver.
Because of this, we take the feedback mechanism to be perfect
and take a constant time tf . Although in practice, tf plays a
role in determining the efficiency and the optimal power, in
our model tf is a constant and does not appear in the equation
for P ∗. In our numerical results we focus on the impact of
Ĥ, ξ and b

a on P ∗ and ν∗. The impact of t is not considered
for this case, but is instead studied where we have no CSITR
and imperfect CSIR, this choice helps in making the results
presented easier to interpret and understand.

C. An illustrative special case : SISO channels

A study on energy-efficiency in SISO systems have been
studied in many works like [8] and [7]. However, the approach

used in this paper is quite novel even for the SISO case and
presents some interesting insights that have not been presented
before. For the case of SISO, the pre-coding matrix is a scalar
and Q = 1. The optimal power can be determined by solving
(18). For a SISO system with perfect CSITR and CSIR, FL

can be expressed as

FL[IICSITR(P ∗,QWF (P ∗), Ĥ) − ξ] =

Qfunction

(
L(1 + ∥h∥2ρ) ξ−log(1+∥h∥2ρ)

∥h∥2ρ

)
(19)

from [24]. Using this expression, we can find P ∗ maximizing
νT .

In the case of high SNR (and high ξ), a solution to this
problem can be found as

lim
ρ→∞

FL(P, 1, h) = Qfunc

(
L[ξ − log(1 + ∥h∥2ρ])

)
. (20)

Solving (18)

−L∥h∥2

√
π(1+∥h∥2ρ∗)

exp
(
−L2

[
ξ − log(1 + ∥h∥2ρ∗)

]2) (
ρ∗ + b

aσ2

)

−Qfunc

(
L[ξ − log(1 + ∥h∥2ρ∗])

)
= 0 .(21)

From the above equation it can be deduced that if b =
0, for large ξ, log(1 + ρ∗) ≈ ξ. While for low SNR,
limρ→0 FL(P, 1, h) = Qfunc

(
L ξ−log(1+∥h∥2ρ)

∥h∥2ρ

)
and so, if

b = 0,

1√
π

[
L + L ξ−|h∥2ρ∗

∥h∥2ρ∗

]
exp

(
−1
2

[
L ξ−∥h∥2ρ∗

∥h∥2ρ∗

]2
)

(22)

− Qfunc

(
L ξ−∥h∥2ρ∗

∥h∥2ρ∗

)
= 0

Substitute x = L ξ−∥h∥2ρ∗

∥h∥2ρ∗ and we have

1√
π

[L + x] exp

(−1

2
x2

)
− Qfunc (x) = 0. (23)

As seen from the above equation, the value of x depends
only on L the block length. For example if L = 10, we get
x ≈ −1.3. So, ρ∗ = 1.14 ξ

∥h∥2 . Whereas if L = 100 we get
ρ∗ = 1.02 ξ

∥h∥2 . Note that these calculations are true only for
ξ → 0 so that ρ → 0 is satisfied.

The above equations signify that for finite block lengths, the
energy efficiency at ξ → 0 is lower than the value calculated
in [7] (of course, a direct comparison does not make sense as
in [7], infinite block lengths are assumed). This suggests that
a non-zero value of ξ might optimize the energy efficiency.
This value is evaluated in our numerical section and we find
that the energy efficiency is optimized at a non-zero power.

D. Special Case: Infinite code-length and perfect CSITR

When a very large block is used then the achiev-
able rate approaches the mutual information [25], i.e
limL→∞,ICSITR−ξ→0+ FL(ICSITR − ξ) = 1. Therefore in this
limit, we can now simplify (7) to:

νT (P,Q, Ĥ) =
R0

(
1 − t+tf

T

)
ICSITR(P,Q, Ĥ)

aP + b
. (24)

This is done because we replace ξ with ICSITR to maximize
efficiency as FL is 0 when ICSITR < ξ, and choosing
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ξ → ICSITR maximizes efficiency. Water-filling optimizes
the efficiency in this situation as well, and so we use Q =
QWF (P ). It can be easily verified that for b → 0: νT is
maximized for P → 0. And in this case, water-filling also
implies that only the antenna with the best channel is used
to transmit. Interestingly, when in the domain of finite code-
lengths, our simulations indicate that there is a non-zero rate
and power that optimizes the energy-efficiency function.

For general b, νT is optimized for P ∗ satisfying:

∂ICSITR(P,QWF (P ), Ĥ)

∂P
(aP + b) − ICSITR(P,Q, Ĥ) = 0.

(25)
The above equation admits a unique maximum because

ICSITR(P,QWF (P ), Ĥ) is a concave function of P (can be
seen from Appendix A) and is mathematically appealing. For
limb→0 P ∗ = 0 and as b

a increases, P ∗ also increases. A
special case of this, with b = 0, and perfect CSITR, for a
SISO channel has been studied in [7].

IV. OPTIMIZING ENERGY-EFFICIENCY WITH NO CSIT AND
IMPERFECT CSIR

This problem has already been well analyzed in [6] when
perfect CSI is available at the receiver and b = 0. So, in this
paper we focus on the case when imperfect CSI is available
and is obtained through channel training. For IICSIR(P, t,H),
we use a lower bound on the mutual information obtained from
the equivalent observation equation (11), derived in [19]:

IICSIR(P, t, Ĥ) = log

∣∣∣∣IM +
1

M
ρeff

(
LP

σ2
, t

)
ĤĤH

∣∣∣∣ (26)

Note that here, Q = IM

M is used and has been shown to be
optimal in [6]. In this section our focus is to generalize [6]
to a more realistic scenario where the total power consumed
by the transmitter (instead of the radiated power only) and
imperfect channel knowledge are accounted for.

A. Optimal transmit power

By inspecting (9) and (26) we see that using all the available
transmit power can be suboptimal. For instance, if the available
power is large and all of it is used, then νR(P, t) tends to zero.
Since νR(P, t) also tends to zero when P goes to zero (see
[6]), there must be at least one maximum at which energy-
efficiency is maximized, showing the importance of using the
optimal fraction of the available power in certain regimes.
The objective of this section is to study those aspects namely,
to show that νR has a unique maximum for a fixed training
time length and provide the equation determining the optimum
value of the transmit power.

From [33] we know that a sufficient condition for the
function f(x)

x to have a unique maximum is that the function
f(x) be sigmoidal. To apply this result in our context, one can
define the function f by

f(ρeff) = Pr

[
log

∣∣∣∣IM +
1

M
ρeffHHH

∣∣∣∣ ≥ ξ

]
. (27)

For the SISO case, for a channel with h following a com-
plex normal distribution, it can be derived that f(ρ) =

exp
(
− 2ξ−1

ρ

)
which is sigmoidal. It turns out that proving

that f is sigmoidal in the general case of MIMO is a non-
trivial problem, as advocated by the current state of relevant
literature [6], [34], [35]. In [6], νR(P ) under perfect CSIR,
was conjectured to be quasi-concave for general MIMO, and
proven to be quasi-concave for the follwing special cases:

(a) M ≥ 1, N = 1;
(b) M → +∞, N < +∞, limM→∞ N

M = 0;
(c) M < +∞, N → +∞, limN→∞ M

N = 0;

(d) M → +∞, N → +∞, lim
M→+∞,N→+∞

M

N
= ℓ <

+∞;
(e) σ2 → 0;
(f) σ2 → +∞;

In the following proposition, we give a sufficient condition to
ensure that νR(P, t) is quasi-concave w.r.t P .

Proposition 4.1 (Optimization of νR(P, t) w.r.t P ): If
νR(P ) with perfect CSIR is quasi-concave w.r.t P , then
νR(P, t) is a quasi-concave function with respect to P , and
has a unique maximum.

This proposition is proved in Appendix B. The above propo-
sition makes characterizing the unique solution of ∂νR

∂P (P, t) =
0 relevant. This solution can be obtained through the root ρ∗

eff

(which is unique because of [33]) of:

L

σ2

(
P +

b

a

)
τρ [(τ + 1)ρ + 2]

[(τ + 1)2 + 1]
2 f ′(ρeff) − f(ρeff) = 0 (28)

with τ = ts

M . Note that P is related to ρ through P = σ2ρ
and ρ is related to ρeff through (12) and can be expressed as

ρ =
1

2τ
ρeff

√
(1 + τ)

2
+

4τ

ρeff
. (29)

Therefore (28) can be expressed as a function of ρeff and
solved numerically; once ρ∗

eff has been determined, ρ∗ follows
by (29), and eventually P ∗ follows by (1). As a special case
we have the scenario where b = 0 and τ → +∞; this case
is solved by finding the unique root of ρ∗f ′(ρ∗) − f(ρ∗) = 0
which corresponds to the optimal operating SNR in terms of
energy-efficiency of a channel with perfect CSI (as training
time is infinite). Note that this equation is identical to that in
[8] and in this work, we provide additional insights into the
form of the function f(.).

Quasi-concavity is an attractive property for the energy-
efficiency as quasi-concave functions can be easily optimized
numerically. Additionally, this property can also be used in
multi-user scenarios for optimization and for proving the
existence of a Nash Equilibrium in energy-efficient power
control games [8], [36], [37].

B. Optimal fraction of training time

The expression of νR(P, t) shows that only the numerator
depends on the fraction of training time. Choosing t = 0
maximizes 1− t

T but the block success rate vanishes. Choosing
t = T maximizes the latter but makes the former term go
to zero. Again, there is an optimal trade-off to be found.
Interestingly, it is possible to show that the function νR(P ∗, t)
is strictly concave w.r.t. t for any MIMO channels in terms of
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(M, N), where P ∗ is a maximum of νR w.r.t P . This property
can be useful when performing a joint optimization of νR

with respect to both P and t simultaneously. This is what the
following proposition states.

Proposition 4.2 (Maximization of ν(P ∗(t), t) w.r.t t):
The energy-efficiency function νR(P ∗(t), t) is a strictly
concave function with respect to t for any P ∗(t) satisfying
∂νR

∂P (P ∗, t) = 0 and ∂2νR

∂P 2 (P ∗, t) < 0, i.e, at the maximum of
νR w.r.t. P .

The proof of this proposition is provided in Appendix C.
The parameter space of νR is two dimensional and continuous
as both P and t are continuous and thus the set ν(P ∗(t), t) is
also continuous and the proposition is mathematically sound.
The proposition assures that the energy-efficiency can been
maximized w.r.t. the transmit power and the training time
jointly, provided νR(P, t) is quasi-concave w.r.t P for all t.
Based on this, the optimal fraction of training time is obtained
by setting ∂νR

∂t (P, t) to zero which can be written as:
(

Ts

M
− τ

)
ρ2(ρ + 1)

[τρ + ρ + 1]
2 f ′(ρeff) − f(ρeff) = 0 (30)

again with τ = ts

M . In this case, following the same reasoning
as for optimizing the νR w.r.t. P , it is possible to solve
numerically the equation w.r.t. ρeff and find the optimal ts,
which is denoted by t∗s .

Note that the energy-efficiency function is shown to be
concave only when it has already been optimized w.r.t P .
The optimization problem studied here is basically, a joint-
optimization problem, and we show that once ν(P, t) is
maximized w.r.t P for all t, then, ν(P ∗(t), t) is concave w.r.t t.
A solution to (30) exists only if νR has been optimized w.r.t
P . However, in many practical situations, this optimization
problem might not be readily solved as the optimization w.r.t
P for all t has to be implemented first.

The following proposition describes how the optimal train-
ing time behaves as the transmit power is very large:

Proposition 4.3 (Optimal t in the high SNR regime): We
have that: lim

P→+∞
t∗s = M for all MIMO systems.

The proof for this can be found in Appendix D.

C. Optimal number of antennas

So far we have always been assuming that the pre-coding
matrix was chosen to be the identity matrix i.e., Q = IM .
Clearly, if nothing is known about the channel, the choice
Q = IM is relevant (and may be shown to be optimal by
formulating the problem as an inference problem). On the
other hand, if some information about the channel is available
(the channel statistics as far as this paper is concerned), it
is possible to find a better pre-coding matrix. As conjectured
in [5] and proved in some special cases (see e.g., [34]), the
outage probability is minimized by choosing a diagonal pre-
coding matrix and a certain number of 1’s on the diagonal.
The position of the 1’s on the diagonal does not matter since
channel matrices with i.i.d. entries are assumed. However, the
optimal number of 1’s depends on the operating SNR. The
knowledge of the channel statistics can be used to compare the
operating SNR with some thresholds and lead to this optimal

number. Although we consider (9) as a performance metric
instead of the outage probability, we are in a similar situation
to [6], meaning that the optimal pre-coding matrix in terms
of energy-efficiency is conjectured to have the same form and
that the number of used antennas have to be optimized. In the
setting of this paper, as the channel is estimated, an additional
constraint has to be taken into account that is, the number
of transmit antennas used, M , cannot exceed the number of
training symbols ts. This leads us to the following conjecture.

Conjecture 4.4 (Optimal number of antennas): For a given
coherence time Ts, νR is maximized for M∗ = 1 in the limit of
P → 0. As P increases, M∗ also increases monotonically until
some P+ after which, M∗ and t∗s decreases. Asymptotically,
as P → ∞, M∗ = t∗s = 1.

This conjecture can be understood intuitively by noting that
the only influence of M on νR is through the success rate.
Therefore, optimizing M for any given P and t amounts to
minimizing outage. In [5], it is conjectured that the covariance
matrices minimizing the outage probability for MIMO chan-
nels with Gaussian fading are diagonal with either zeros or
constant values on the diagonal. This has been proven for the
special case of MISO in [34], we can conclude that the optimal
number of antennas is one in the very low SNR regime and
that it increments as the SNR increases. However, the effective
SNR decreases by increasing M (seen from expression of ρeff

and τ ) , this will result in the optimal M for each P with
training time lower than or equal to the optimal M obtained
with perfect CSI. Concerning special cases, it can be easily
verified that the optimal number of antennas is 1 at very low
and high SNR.

At last, we would like to mention a possible refinement
of the definition in (9) regarding M . Indeed, by creating a
dependency of the parameter b towards M one can better
model the energy consumption of a wireless device. For
instance, if the transmitter architecture is such that one radio-
frequency transmitter is used per antenna, then, each antenna
will contribute to a separate fixed cost. In such a situation the
total power can written as aP + Mb0 where b0 is the fixed
energy consumption per antenna. It can be trivially seen that
this does not affect the goodput in any manner and only brings
in a constant change to the total power as long as M is kept
a constant. Therefore, the optimization w.r.t P and t will not
change but it will cause a significant impact on the optimal
number of antennas to use.

V. NUMERICAL RESULTS AND INTERPRETATIONS

We present several simulations that support our conjectures
as well as expand on our analytical results. All simulations
are performed using Monte-Carlo simulations as there is no
expression available for the outage of a general MIMO system.

A. With imperfect CSITR available

The FL we use here is based on the results in [24], FL =
Qfunc(

ξ−IICSITR(P,QW F ,H)√
2ρ

(1+ρ)L

), L being the code-length. This is

the Gaussian approximation that is very accurate for L large
enough and from simulations we observe that for L ≥ 10 the
approximation is quite valid.
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First of all, numerical results are presented that support
and present our analytical results through figures. The first
two figures shown assume imperfect CSITR obtained through
training and use a 2 × 2 MIMO system. The quasi-concavity
of the the energy-efficiency function w.r.t the transmit power
is shown in Figure 1 for ξ = 1 and ξ = 4, and ts = 2 and
ts = 10. This figure shows that for a higher target rate, a
longer training time yields a better energy-efficiency. We also
observe that using a higher ξ can results in a better energy-
efficiency as in this figure. This motivates us to numerically
investigate if there is also an optimal spectral efficiency to
use, given a certain Ts, b

a and L. Figures 3 and 2 present the
results of this study.

Surprisingly, we observe that our plots are quasi-concave
and so there is an optimal target rate to use for each channel
condition and code-length. In Figure 2, νT is always optimized
over P and Q. Observe that ν∗

T (ξ) is also quasi-concave
and has a unique maximum for each value of di and ts
(representing the channel Eigen-values as from equations (16),
(17) and training time lengths). di is ordered in an ascending
order, i.e. in this case, with d2

1 ≤ d2
2. The parameters used

are: M = N = 2, R0 = 1bps, Ts = 100, L = 100 and
b
a = 1 mW with ts = 2, 10 and 20 for d2

1 = 1, d2
2 = 3,

and ts = 2 for d2
1 = d2

2 = 1.This figure also implies that
the training time and target rate can be optimized to yield the
maximum energy-efficiency for a given coherence-time and
channel fading. For infinite code-length the plot is maximized
at the solution of (25). While for Figure 3, perfect CSIT is
assumed with b = 0, at infinite block length, the optimal
transmit rate/power is zero as expected (also seen from (25)).
However, remarkably, for finite code-lengths there is a non-
zero optimal rate and corresponding optimal power as seen
from the figure.

Finally in Figure 4, we compare our energy efficiency func-
tion that uses optimized power allocation to uniform power
allocation, and present the gain from having CSIT. In both
cases, the training time and the transmit power is optimized
and we plot the optimized energy efficiency v.s Pmax. Note
that the optimized PA always yields a better performance when
compared to UPA and at low power, UPA has almost zero
efficiency while the optimal PA yields a finite efficiency. The
gain observed can be considered as the major justification in
using non-uniform power allocation and sending the channel
state information to the transmitter. However, when the block
length is small, imperfect CSIT results in a smaller gain as
seen from the relatively larger gap between Ts = 100 and
Ts = 10000 when compared to the size of the gap in UPA.

B. With no CSIT

We start off by confirming our conjecture that for a general
MIMO system, νR(P, t) has a unique maximum w.r.t P .
We also confirm that optimal values of training lengths
and transmit antennas represented by t∗s and M∗ are as
conjectured.

Once the analytical results have been established, we ex-
plore further and find out the optimal number of antennas
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= 10 mW for certain values of ξ and ts.
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Fig. 2. Optimal energy-efficiency (νT (P ∗,QWF )) in bits/J v.s spectral
efficiency (ξ) for a MIMO system with imperfect CSITR, M = N = 2,
R0 = 1bps, Ts = 100, L = 100 and b

a
= 1 mW.

and training time when νR has been optimized w.r.t P .
For this we use the optimized energy efficiency defined as
ν∗(P, t) = max{νR(p, t)∥p ∈ [0, P ]}. As we know νR to
be quasi-concave w.r.t P and having a unique maximum,
this newly defined ν∗ will indicate what is the best energy
efficiency achievable given a certain amount of transmit power
P . Hence, plotting ν∗ against P for various values of M or
ts can be useful to determine the optimal number of antennas
and training time while using the optimal power.

In the following plots we take σ2

L = 1mW so that P can
be expressed in dBm easily. Also note that b

a has the unit of
power and is expressed in Watts (W). We also use Sd = 15
µs from LTE standards [38].

Figure 5 studies the energy efficiency as a function of the
transmit power (P ) for different values of b

a and illustrates the
quasi-concavity of the energy efficiency function w.r.t P . The
parameters used are R = 1600, ξ = R

R0
= 16, Ts = 55 and

M = N = t = 4.
Figure 6 studies the optimized energy efficiency ν∗ as a

function of the transmit power with various values of ts.
The figure illustrates that beyond a certain threshold on the
available transmit power, there is an optimal training sequence
length that has to be used to maximize the efficiency, when
the optimization w.r.t P has been done, which has been
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Fig. 3. Optimal energy-efficiency (νT (P ∗,QWF )) v.s spectral efficiency
(ξ) for a MIMO system with perfect CSITR, M = N = 2, R0 = 1bps and
b
a

= 0.
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= 1 mW.

proven analytically in proposition 4.2. The parameters are
R = 1Mbps, ξ = 16, b

a = 0, M = N = 4, b
a = 0 and

Ts = 55.
Figure 7 studies the optimal training sequence length ts as

a function of the transmit power P . Note that in this case,
we are not optimizing the efficiency with respect to P and
so this figure illustrates proposition 4.3. With P large enough
ts = M becomes the optimal training time and for P small
enough ts = Ts − 1 as seen from the figure. The parameters
are R = 1600, b

a = 0 W, ξ = 16 and Ts = 10. (We use
Ts = 10, as if the coherence time is too large, the outage
probabilities for low powers that maximize the training time,
such that t∗s = Ts − 1, become too small for any realistic
computation.)

Figure 8 studies the optimal number of antennas M∗ as
a function of the transmit power P with the training time
optimized jointly with M . With P large enough M = ts = 1
becomes the optimal number of antennas and for P small
enough M = 1 as seen from the figure. This figure illustrates
conjecture 4.4. The parameters are R0 = 1Mbps, b

a = 10 mW
and Ts = 100.

From all of our theoretical and numerical results so far,
we can conclude that given a target spectral efficiency ξ, a
coherence block length Ts and number of receive antennas,

there is an optimal transmit power P ∗, transmit antennas M∗

and training time t∗s to use that optimizes the energy efficiency.
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discontinuity is due to the discreteness of ts.

VI. CONCLUSION

This paper proposes a framework for studying the problem
of energy-efficient pre-coding (which includes the problem
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ξ and N , and ts optimized jointly with M . The discontinuity is due to the
discreteness of M .

of power allocation and control) over MIMO channels under
imperfect channel state information and the regime of finite
block length. As in [8], energy-efficiency is defined as the ratio
of the block success rate to the transmit power. But, in contrast
with [8] and the vast majority of works originating from it, we
do not assume an empirical choice for the success rate such as
taking f(x) = (1 − e−x)L, L is the block length. Instead, the
numerator of the proposed performance metric is built from
the notion of information, and more precisely from the average
information (resp. mutual information) in the case where CSIT
is available (resp. not available). This choice, in addition
to giving a more fundamental interpretation to the metric
introduced in [8], allows one to take into account in a relatively
simple manner effects of practical interest such as channel
estimation error and block length finiteness. Both in the case
where (imperfect) CSIT is available and not available, it is
shown that using all the available transmit power is not opti-
mal. When CSIT is available, whereas determining the optimal
power allocation scheme is a well known result (water-filling),
finding the optimal total amount of power to be effectively
used is a non-trivial choice. Interestingly, the corresponding
optimization problem can be shown to be quasi-convex and
have a unique solution, the latter being characterized by an
equation which is easy to solved numerically. When CSIT is
not available, solving the pre-coding problem in the general
case amounts to solving the Telatar’s conjecture. Therefore, a
new conjecture is proposed and shown to become a theorem
in several special cases. Interestingly, in this scenario, it is
possible to provide a simple equation characterizing the opti-
mal fraction of training time. Numerical results are provided
to sustain the proposed analytical framework, from which
interesting observations can be made which includes : block
length finiteness gives birth to the existence of a non-trivial
trade-off between spectral efficiency and energy efficiency ;
using optimal power allocation brings a large gain in terms of
energy-efficiency only when the channel has a large enough
coherence time,demonstrating the value of CSIT and channel
training.

The proposed framework is useful for engineers since it
provides considerable insights into designing the physical layer

of MIMO systems under several assumptions on CSI. The
proposed framework also opens some interesting research
problems related to MIMO transmission, which includes :
finding the optimal pre-coding matrix for the general case of
i.i.d. channel matrices under no CSIT. Even in the case of large
MIMO systems, this problem is not solved ; extending the
proposed approach to the case of Rician channels with spatial
correlations ; tackling the important case of multiuser MIMO
channels ; considering the problem of distributed energy-
efficient pre-coding.

APPENDIX A
PROOF OF THEOREM 3.1

In order to prove that νT (P,QWF (P ),H) is quasi-
concave with respect to P and has a unique maximum
νT (P ∗,QWF (P ∗),H), we exploit the result in [33] which
states that if f(x) is an “S”-shaped or sigmoidal function, then
f(x)

x is a quasi-concave function with a unique maximum. An
“S”-shaped or sigmoidal function has been defined in [33] in
the following manner. A function f is “S” shaped, if it satisfies
the following properties:

1) Its domain is the interval [0, ∞).
2) Its range is the interval [0, 1).
3) It is increasing.
4) (“Initial convexity”) It is strictly convex over the interval

[0, xf ], with xf a positive number.
5) (“Eventual concavity”) It is strictly concave over any

interval of the form [xf , L], where xf < L.
6) It has a continuous derivative.

Considering the non-constant terms in νT , we see that what
we have to show is that FL(IICSITR(P,QWF (P ),H) − ξ) is
“S”-shaped w.r.t P . We already have that FL(x) is sigmoidal,
therefore all we have to show is that FL(g(P )) is also sig-
moidal where g(P ) = IICSITR(P,QWF (P ),H) − ξ. Trivially,
when P = 0, FL(IICSITR(P )) = 0 and limP→∞ FL = 1. The
rest can be proved using the following arguments:

• g(P ) is continuous: As P varies, QWF (P ) also is modi-
fied according to the iterative water-filling algorithm. This
results in using one antenna for low ρ to all antennas for
high values of ρ.
There exists certain “threshold” points of the total power,
P th

i , i = {1, . . . , M}, at which the number of anten-
nas used changes. The convention being, for P th

i−1 ≤
P ≤ P th

i , i number of antennas are used (s for the
rest are set to zero). P th

0 = 0 and P th
M = ∞ . If

ICSITR(P,QWF (P ),H) is continuous at these points,
then g(P ) is continuous. It can also be observed that in all
other points, ICSITR(P,QWF (P ),H) can be expressed as
ΣJ

i=1 log(1 + αi + βisi), J ≤ min(M,N). (α and β is
obtained from solving (17).) A “threshold” point occurs
when P = P th

j sj = 0 is obtained by solving (17).
The left hand limit is that j − 1 antennas are used and
so, ICSITR(P,QWF (P ),H) = Σj−1

i=1 log (1 + αi + βisi).
The right hand limit will be obtained by solving (17),
with s1 → 0 (assuming without loss of generality that
d2
1 is the smallest). This will yield a solution which can
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be easily seen to be the same as the left hand limit as
p1 → 0.

• We have shown g(P ) to be a finite sum of logarithms of a
monomial expansion of P in certain intervals (marked by
P th

i ) . For each interval it is trivial to see that FL(g(P ))
is also “S”-shaped. As g(P ) is continuous, FL(g(P )) is
“S”-shaped for all P .

• From Lemma B proved in Appendix B we can show
that FL(g(P ))

aP+b is also “S”-shaped by a simple change of
variable x = aP + b. Thus, we have νT (P,QWF (P ),H)
as a quasi-concave function with a unique maximum.

• With imperfect CSI, the only change is in
IICSITR(P ∗,QWF (P ∗), Ĥ) now given from
(15). The water-filling algorithm now replaces
H with Ĥ and so on. This maintains the
continuity of g(P ). However we now have
IICSITR(P,QWF (P ), Ĥ) = Σj

i=1 log
(
1 + αi+βisi

1+ρσ2
E

)
.

From [19] we have 1
1+ρσ2

E
as a concave function and

so even in this case, we have FL(g(P )) as a sigmoidal
function and νT (P,QWF (P ), Ĥ) as quasi-concave with a
unique maximum. As it is continuous and differentiable,
the maximum can be found as the unique solution to the
equation:

∂FL[IICSITR(P ∗,QW F (P ∗),Ĥ)−ξ]

∂P

(
P ∗ + b

a

)
(31)

−FL[IICSITR(P ∗,QWF (P ∗),H) − ξ] = 0

where ∂
∂P is the partial derivative.

QED

APPENDIX B
PROOF OF PROPOSITION 4.1

An “S”-shaped function has been defined in [33] in the
following manner. A function f is “S” shaped, if it satisfies
the properties as mentioned in Appendix A.

Lemma 1: If f is a “S” shaped function, the composite
function f ◦g(x) is also “S” shaped if g satisfies the following
properties:

1) g also satisfies conditions 1, 3, 4 and 6 but with g(0) =
b, b > 0.

2) lim
x→∞

f ′(x)g′(x) = 0.
3) g′′(x) is a decreasing function such that lim

x→∞
g′′(x) = 0.

The proof for the above Lemma is at the end of this section.
In [6], the authors prove that the energy efficiency function

with perfect CSI defined as the goodput ration to transmitted
RF signal power is a quasi concave function by showing that
the success rate function, f(ρ) is “S” shaped for the following
cases:

(a) M ≥ 1, N = 1;
(b) M → +∞, N < +∞;
(c) M < +∞, N → +∞;

(d) M → +∞, N → +∞, lim
M→+∞,N→+∞

M

N
= ℓ <

+∞;
(e) σ2 → 0;
(f) σ2 → +∞;

So, if we can show that the success rate function in our
situation is also “S” shaped, our proof is complete for all the
cases mentioned above. From (11) we know that the worst
case mutual information in the case of imperfect CSI with
training is mathematically equivalent to that of perfect CSI but
with ρ replaced by ρeff . Thus it is possible to replace f(ρ), in
the case of perfect CSI, by f(ρeff), when we study the case
of imperfect CSI, and so we can study the energy efficiency
function given by:

νR(P, t) = Rζ
f(ρeff(p(x)))

x
(32)

where x is a new variable that represents the total consumed
power and p(x) = L(x−b)

aσ2 . p′(x) > 0 and p′′(x) = 0 and
ρ′
eff(ρ) > 0 and lim

ρ→∞
ρ′′
eff(ρ) = 0. Thus ρeff and p satisfy the

conditions on g detailed in Lemma B. Hence we have proven
that the numerator is “S” shaped with respect to x and then
it immediately follows from the results in [33] that νR has
a unique maximum and is quasi-concave for all the specified
cases.

Proof of Lemma
Here we show that f ◦ g also satisfies all the properties of

the “S” function as described in [33].
1) Its domain is the domain of g which is clearly the non-

negative part of the real line; that is, the interval [0,∞).
2) Its range is the range of f , the interval [0, 1).
3) It is increasing as both f and g are increasing.
4) (“Initial convexity”). Note that f(g(x))′′ =

f ′′(y)g′(x) + g′′(x)f ′(y), with y = g(x). As all
terms in this expansion are positive in the interval
[0, xf ], f ◦ g is also convex in this interval. Also
note that as g′ and f ′ are strictly positive and g′′ is
decreasing, thus for y > xf once f(g(x))′′ < 0 it stays
negative till infinity. This implies that if there is an
inflexion point, it is unique.

5) (“Eventual concavity”) Consider h(x) = f(g(x))′ =
f ′(y)g′(x), due to the initial convexity and increasing
nature of h, h(xf ) = k, k > 0. lim

x→∞
f(g(xf ))′ = 0.

As h is continuous the mean value theorem imposes
h′(x) < 0 at some point. This implies that there exists
some point xd > 0 such that f ◦ g is concave in the
interval [xd, ∞] and convex before it.

6) It has a continuous derivative. (all the functions used
here are continuous)

Hence, f ◦ g is “S” shaped.
QED

APPENDIX C
PROOF OF PROPOSITION 4.2

Let us consider the second partial derivative of νR with
respect to t. (Note that this is possible as t is a real number
with the unit of time while ts is a natural number.) From (32),
νR(P, t) = K−1(1 − t

T )f(ρeff), with K−1 = R
x a constant if

P is held a constant.

K∂2ν

∂t2
= (1 − t

T )f ′′(ρeff)ρ′
eff(t)2 + (1 − t

T )f ′(ρeff)ρ′′
eff(t)

− 2
T f ′(ρeff)ρ′

eff(t) (33)
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In the above sum, it can be easily verified that the terms
f ′(ρeff)ρ′

eff(t) and f ′(ρeff) are positive and that ρ′′
eff(t) < 0.

Thus if we have f ′′(ρeff) < 0, then νR(t) is strictly concave.
The only way νR depends on P is through f(ρeff )

aP+b and Rζ
stays a constant if only P changes. So if we use the fact that
we are working at a maximum of νR with respect to ρ, i.e
∂ν
∂ρ = 0 and ∂2ν

∂ρ2 < 0, we have ∂ν
∂ρ as:

0 = f ′(ρeff)ρ′
eff(ρ)ρ−1 − f(ρeff)ρ−2 (34)

And, substituting (34) in ∂2ν
∂ρ2 < 0, that is:

f ′′(ρeff)(ρ′
eff)2ρ−1 − 2f ′(ρeff)ρ′

effρ−2 + 2f(ρeff)ρ−3 < 0

f ′′(ρeff)(ρ′
eff)2ρ−1 +

2

ρ
(0) < 0

f ′′(ρeff) < 0 (35)

Thus, using (35) in (33), we have the result that νR(P ∗, t)
is strictly concave w.r.t t.

QED

APPENDIX D
PROOF OF PROPOSITION 4.3

The equation that describes the optimal training time t∗s can
be written as:

(T − t∗s)f
′(ρeff)ρ′

eff(t)t=Sdt∗
s

− f(ρeff) = 0 (36)

Now, let us study the optimal training time t∗s in the very
high SNR regime, ie. when ρ → ∞. (Note that P → ∞ is
equivalent to ρ → ∞).

High SNR regime: Applying the limit of ρ → ∞ in (36),
we get that

Ts − t∗s = lim
ρ→∞

f(tρ(1 + t)−1)

ρf ′(tρ(1 + t)−1)
(37)

We know from various works including [6] that
lim

ρ→∞
f(tρ(1 + t)−1) = 1. Now let us consider f ′( t

1+tρ).

For a MISO system we know from [39] that:

fMISO(ρeff) =
γ

(
M, 2ξ−1√

ρeff

)

Γ(M)
(38)

where Γ is the Gamma function and γ is the lower incomplete
Gamma function. Now we can use the special property of the

incomplete gamma function, lim
x→0

γ(M, x)

xM
= 1/M detailed in

[40] to determine lim
ρ→∞

ρf(ρeff)′ ∝ ρ
−M/2
eff . Plugging this into

(37) we have:

lim
ρ→∞

Ts − t∗s =
1 + t

t
ρ

M/2
eff (39)

Thus νR is optimized when ts → −∞, but as M ≤ ts < Ts,
we have lim

ρ→∞
t∗s = M for all MISO systems.

Now for any MIMO system in general, using the eigen
value decomposition of HHH we have the eigenvalue de-
composition log2 |IM + ρ

M HHH | = log2(Π
L
i=1(1 + λi)),

where L = min(M, N) and λi are the eigenvalues of HHH .
Applying the limit on ρ and ignoring lower order terms we
have

lim
ρ→∞

f(ρeff) = Pr

[
ΠL

i=1λi ≥ 2ξ

ρL
eff

]
. (40)

We can observe that the above expression is a cumulative dis-
tribution function of ΠL

i=1λi and so it’s derivative is simply the
PDF of ΠL

i=1λi. For ρ → ∞ we have f ′(ρeff) = Pr[ΠL
i=1λi =

2ξ

ρL
eff

] As we know that the in general, if the number of transmit
antennas are the same, Pr[λMISO > x] ≤ Pr[ΠL

i=1λi > x] for
any x > 0 [35] . Thus f ′

MIMO(ρeff) < f ′
MISO(ρeff), implying

that for all MIMO systems lim
ρ→∞

t∗s = M from (37) and (39).
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Abstract—The major motivation behind this work is to op-
timize the sleep mode and transmit power level strategies in
a small cell cluster in order to maximize the proposed energy
efficiency metric. We study the virtual multiple input multiple
output (MIMO) established with each base station in the cluster
equipped with one transmit antenna and every user equipped
with one receive antennas each. The downlink energy efficiency
is analyzed taking into account the transmit power level as well
as the implementation of sleep mode schemes. In our extensive
simulations, we analyze and evaluate the performance of the
virtual MIMO through zero-forcing schemes and the benefits
of sleep mode schemes in small cell clusters. Our results show
that for certain configurations of the system, implementing a
virtual MIMO with several transmit antennas can be less energy
efficient than a system with sleep mode using OFDMA with a
single transmitting antenna for serving multiple users.

I. INTRODUCTION

The energy consumed by the radio access network infras-
tructure is becoming a central issue for operators [1]. The goal
of this work is to provide insights on how to design green radio
access networks, especially in the framework of virtual MIMO
systems. Indeed, classical network architectures are focused on
integrated, macro base stations, where each cell covers a pre-
determined area, and inter-cell interference is reduced by the
means of fixed frequency reuse patterns [2]. Heterogeneous
Networks (HetNets) introduced a new notion of small cells
where pico or femto base stations are deployed within the
coverage area of the macro base stations [3]. Virtual MIMO is
a step forward in this context that allows distributed systems of
base stations/antennas that cover a common area and cooperate
in order to increase the overall spectral efficiency [4]. This
paper focuses on these latter solutions and aims at addressing
the problem from an energy efficiency point of view.

For classical macro networks, early works focused on
designing energy-efficient power control mechanisms [5].
Therein, the authors define the energy-efficiency of a com-
munication as the ratio of the net data rate (called goodput) to
the radiated power; the corresponding quantity is a measure
of the average number of bits successfully received per joule
consumed at the transmitter. This metric has been used in
many works. Although fully relevant, the performance metric
introduced in [5] ignored the fact that transmitters consume a
constant energy regardless of their output power level [6]. The
impact of this constant energy has been studied for single user
point-to-point MIMO systems in [7]. Sleep mode mechanisms
have thus been regarded as a solution for this issue; they

consist in deactivating network resources that have low traffic
load, eliminating thus both the variable and constant parts of
the energy consumption [1]. This mechanism has been applied
to macro networks [1], as well as to heterogeneous networks
with macro and small cells [3]. Our aim in this paper is
to extend this concept to virtual MIMO networks, where an
antenna that is not significantly contributing to the network
capacity (for a given configuration of user positions and radio
channels) is put into sleep mode.

The remainder of this paper is organized as follows. In
section II, we present the system model and the resource
allocation scheme. Section III presents our energy efficiency
metric and optimizes it for a given system and channel con-
figuration, using sleep mode mechanisms. Section IV presents
some numerical examples and section V eventually concludes
the paper.

II. SYSTEM MODEL

The wireless system under consideration is the downlink
in a virtual MIMO system within a small cell cluster. To be
precise, each of the small cell base stations are connected to
a central processor and so they act as antennas for the virtual
MIMO as shown in Fig 1. We refer to the set of these base

Fig. 1. An example illustration of a 2×2 virtual MIMO with gi,j representing
the channel between BS antenna i and user j.

stations as the ”cluster”. Each user is equipped with a single
receive antenna. In order to eliminate interference zero-forcing
is implemented. We consider a block-fading channel model
where the channel fading stays is assumed to stay constant for
the duration of the block and changes from block to block. The
base stations require the channel state information available at



the user end in order to implement the zero-forcing technique.
Therefore, in each block channel a training and feedback
mechanism happens, after which data is transmitted. We also
assume that every base station is capable of entering into a
”sleep-mode”. In this mode, the base station does not send
any pilot signals and therefore does not perform the training
or feedback actions consuming a lesser quantity of power
compared to the active base stations. Let there be M base
stations in the cluster and K users. Define K = {1, 2, . . . ,K}
and M = {1, 2, . . . ,M} the sets of users and base station
antennas.

A. Power consumption model

As the transmit antennas are not co-located, each of them
have an individual power budget. When a base station is
active, it consumes a constant power of b due to the power
amplifier design and training or feedback costs. Additionally,
it consumes a power Pm‖xm‖2 proportional to the radiated
power, where Pm ≤ Pmax and ‖xm‖ ≤ 1 is the signal
transmitted and Pmax is the power constraint [1][6]. When it
is placed on sleep mode, it is assumed that it only consumes
power c where c < b. Denote by s the sleep mode state
vector of the cluster with elements sm ∈ {0, 1}. The base
station m is in sleep mode when sm = 1 and active when
sm = 0. Thus the power consumption of the m-th base station
is csi+(1−si)(b+Pm‖xm‖2). The total power consumption
of the cluster is given by:

Ptot =
M∑

m=1

csm + (1− sm)(b+ Pm‖xm‖2) (1)

For any given state of the cluster, we define ω(s) as the total
number of base stations that are active. This value can be
calculated as ω(s) = M −∑m sm. If M < K, zero-forcing
can not be used. However, if M > K, and ω(s) ≥ K, then
the zero-forcing technique can be implemented by choosing K
base stations to transmit the data signals after all ω(s) active
base stations train and obtain feedback on their channels.

B. The zero-forcing scheme

As there are K users connected to the ω(s) active base
stations, there are a total of ω(s) × K number of channels.
Let ζ = {1, 2, . . . , ω(s)} be the set of active base stations. We
denote by G with elements gl,k ∈ R the path fading between
base station l ∈ ζ and user k ∈ K, while H̄ with elements
h̄l,k ∈ C denotes the fast fading component, resulting in a
signal at k given by:

yk =

ω(s)∑

l=1

√
gl,kPl
σ2

h̄l,kxl + z (2)

where x is the signal transmitted with xl as its elements; z
is the normalized noise and σ2 the noise strength. Note that
gl,k can be determined based on the user location while h̄l,k
are i.i.d. zero-mean unit-variance complex Gaussian random
variables. We define H̃(G, H̄) as the combined channel matrix
with elements h̃l,k =

√
gl,kh̄l,k.

In our work, as we focus on the small-cell scenario where
the antennas are distributed over the cell in a dense manner,
we assume that every user can have a similar level of signal
strength. Define N = {1, 2, . . . , N} as the set of transmitting
antennas that perform zero forcing beam-forming. We define
β ∈ N → ζ as the function that describes which base stations
in ζ will be picked to transmit the data signals. Given BS
j ∈ N , the corresponding label for the BS in ζ is given by
β(j). Given ω(s) active base stations that perform training and
receive feedback on H̃, we define the effective channel matrix
as H(H̃, β), where its elements hj,k = h̃β(j),k. For zero-
forcing, we require that the number of transmitting antennas
is equal to the number of receiving antennas or K = N . With
this constraint, if H is an invertible matrix, we define:

x̄ = (H(H̃, β))−1u (3)

where u is a vector of length K, where uk which is the signal
received by the k-th user. In this work, we take ‖uk‖2 = 1 so
that each user obtains identical signal strengths. This constraint
has several benefits:

1) This results in a very ”fair” beam forming scheme as all
users experience equal signal strength and thus similar
data rates.

2) As the base station antennas are spread over the cell,
there is no user on the ”cell edge” or ”cell center”. In
this situation, equal SINRs for all users can result in
less congestion when user traffic patterns are taken into
account

3) Finally, the resulting system is far less complex and
easier to analyze than one with arbitary values for ‖uk‖2.

With these definitions, we can now precode the transmitted
signal as:

x =
x̄

α(H̃, β)
(4)

where α(H̃, β) = max(x̄m). This pre-coding works only if
all the Pj are equal, and so we chose Pj = P0. From this
point onwards, P0 represents the transmit power level of the
system with this pre-coding. The signal received by each of
the K users is given by:

yk =

√
P0

σ2

uk

α(H̃, β)
+ z (5)

Thus the SINR at each user is now given by

γk =
P0

‖α(H̃, β)‖2σ2
(6)

III. ENERGY EFFICIENCY OPTIMIZATION

This work aims at minimizing the energy consumption by
base stations. If each user in the network is connected to
download some data, then the total energy consumed by the
network is the total power consumed multiplied by the total
duration for which the user stays connected. Energy efficiency
(EE) is a metric that is often used to measure this, and
maximizing the energy efficiency leads to minimizing the total
energy consumed.



A. Defining the EE metric

Before defining the EE, we first calculate the total power
consumption of the network. From (1) and (4), the total power
consumed is given by:

Ptot(P0, H̃, β) =
M∑

m=1

csm + (1− sm)

×


b+ P0

∥∥∥∥∥
(H−1(H̃, β)u)β−1(m)

α(H̃, β)

∥∥∥∥∥

2



(7)

Here we define

∀m ∈M;β−1(m) =

{
j if j ∈ N exists s.t β(j) = m

0 otherwise.
(8)

and ()j is the j− th element if j 6= 0 and is 0 if j = 0. In this
scenario, we define the instantaneous energy efficiency as:

η(P0, H̃, β) =

∑
k f(γk(P0, H̃, β))

Ptot(P0, H̃, β)
(9)

where f() gives the effective throughput as a function of the
SINR. f(γk) = log(1 + γk) for example. However when we
study the base station energy efficiency for a longer duration,
the effects of fast fading in H̃ gets averaged and in this case
a more reasonable definition for the EE is:

η̄(P0,G, β) =
EH̄[

∑
k f(γk(P0, H̃(G, H̄), β))]

EH̄[Ptot(P0, H̃(G, H̄), β)]
(10)

B. Optimization w.r.t the transmit power

In this section, we show some properties of our energy
efficiency metric w.r.t P0. If the goal of a system is to
be energy efficient using power control, then one important
question arises: Is there a unique power for which the energy
efficiency is maximized ? We answer this question with the
following proposition:

Proposition 1: Given a certain path loss matrix G and a
selection of transmitting base stations β in the virtual MIMO
system, the average EE η̄(P0,G, β) is maximized for a unique
P ∗0 and is quasi-concave in P0.

Proof: Consider the SINR for each user γk. It can be
observed that ∂γk(P0,H̃,β))

∂P0
is a constant. So if f() is concave

in γk, it is also concave in P0. Now consider the numerator of
(10), EH̄[

∑
k f(γk(P0, H̃(G, H̄), β))]. This is a weighted sum

of several concave functions and is hence also concave itself.
Similarly, ∂Ptot(P0,H̃,β)

∂P0
can also be verified to be a constant.

Hence, ∂ EH̄[Ptot(P0,H̃,β)]
∂P0

is a constant. Thus η̄(P0,G, β) is the
ratio of a concave function of P0 to a linear function of P0.
This is known to be quasi-concave and has a unique maximum
P ∗0 satisfying:

∂η̄(P ∗0 ,G, β)

∂P0
= 0 (11)

�

This proposition guarantees that given a certain choice
of transmit antennas and a path fading matrix, the energy
efficiency can always be optimized w.r.t the transmit power
level P0.

C. Optimizing the selection of transmitting base stations

Given a certain sleep mode state s, there are ω(s) base
stations active that train and obtain feedback. From this set
ζ, K base stations have to be picked for zero-forcing. This
choice is mathematically expressed by β. The β that optimizes
the energy efficiency depends on the channel state H̃. The
following proposition details the method of choosing the β
that optimizes EE.

Proposition 2: When P0

b → 0, the β∗ that maximizes
η̄(P0,G, β) is obtained by:

β∗ = arg min[α(H̃, β); β ∈ {N → K}] (12)

Proof: By observing (6) it can be seen that γk(P0, H̃, β)
is maximized by picking β∗. And so

∑
k f(γk(P0, H̃, β)) is

maximized when β = β∗. When P0

b → 0, for β∗ and any β1

we have:

lim
P0
b →0

η̄(P0,G, β
∗)− η̄(P0,G, β1) =

(13)

EH̄[
∑
k f(γk(P0, H̃, β

∗))−∑k f(γk(P0, H̃, β1))]
∑M
m=1 csm + (1− sm)b

≥ 0

(14)

�
This implies that we pick β such that α(H̃, β) is minimized

for optimizing EE when b >> P0. From a practical point of
view, the above result is useful as it proposes an algorithm to
pick the right base stations based on the CSI obtained from
all the base stations that are active. The condition b >> P0 is
most applicable when the users are close to the base stations
resulting in a low P0 being used for maximizing EE.

IV. NUMERICAL RESULTS

In this section we use simulations and numerical calcula-
tions to study the effectiveness of our proposal as well as the
advantages offered. For the purpose of a thorough numerical
study, we will analyze two kinds of system settings A and B.
For both the configurations the common parameters are:

1) c = b
10 W

2) Pmax = 2 W
3) f(γ) = B log(1 + γ)
4) σ2 = 1 mW

Where B = 106 hz is the bandwidth.
The fast fading co-efficient we consider is h̄i,j =

o(πm,k)Ω + 0.1ξ. Where ξ ∈ CN(0, 1), a is the direct line
of sight factor which plays a dominant role in most small cell
networks, oπm,k

∈ 0, 1 is the shadow factor and o(pim,k) = 1
with probability πm,k. Here πm,k is the probability that the
receiver k has line of sight with the BS antenna m. We take
πm,k = 0.5 ∀(k,m) for our simulations.



The presented results study the case of two users K = 2
served by a small cell cluster of three base stations, i.e M = 3.
In addition to zero-forcing, when there are two users a single
base station could also alternately use Orthogonal Frequency-
Division Multiple Access (OFDMA) to serve the two users
and keep the other two BS in sleep mode (i.e . Our numerical
simulations study all these possible scenarios and compare
their respective EE performances.

In both of the settings presented below, we study two main
regimes of interest:

1) b = 1W : This regime represents the futuristic case
where power amplifier efficiencies are quite high and the
constant power consumed is lower than the maximum
RF output power.

2) b = 10W : This regime represents the more current state
of the art w.r.t power amplifier efficiency where in small
cell antennas, a large portion of the power is lost as a
fixed cost.

We also consider two possible values of Ω, the line of sight
factor. The case Ω = 10 is representative of pico-cells that are
deployed externally, whereas the case Ω = 0 represents femto-
cells deployed internally and no line of sight communication
is possible.

A. Setting A

The deployment of antennas and the user locations are
shown in Fig 2. In this setting we take gm,k = 1∀m, k.

Fig. 2. Setting A schematic

In Fig 3 we study the EE of a VMIMO system with a very
efficient power amplifier. In this figure, we notice that using
all available base station antennas is more efficient when line
of sight communications are possible. In this case, no BS is in
sleep mode and all the antennas train and obtain feedback on
their channels. The choice of β is very much relevant in this
scenario. However in the regime where there is no direct line
of sight (users are inside buildings), it becomes more efficient
to just use 2 BS antennas and put one on sleep mode. As the
configuration is symmetric, the choice of the base station in
sleep mode is not relevant.

In Fig 4 we study the EE of a VMIMO system with an
inefficient power amplifier. In this figure, we notice that using

Fig. 3. Setting A: EE v.s P0 for b = 1 W

Fig. 4. Setting A: EE v.s P0 for b = 10 W

all available base station antennas is not efficient even when
line of sight communications are possible. In this case, having
one BS in sleep mode and obtaining a 2×2 virtual MIMO with
the other remaining antennas is the most efficient. Suprisingly,
in the case of no line of sight, i.e Ω = 0, we observe that using
OFDMA with one BS active is the most efficient solution.
This is explained by the relative inefficiency of zero-forcing
in the low SNR regime, causing less energy to be spent by
having two BS antennas in sleep mode and just one antenna
transmitting for the two users in orthogonal frequencies.

B. Setting B

The deployement of antennas and the user locations are
shown in Fig 5. In this setting we take g1,1 = g2,1 = 4,
g3,1 = g1,2 = g2,2 = 0.1 and g3,2 = 10.

In Fig 6, similarly to what was done in the previous setting,
we study the EE of a VMIMO system with a very efficient
power amplifier. In this figure, for both Ω = 0 and Ω = 1 we
see that having to use 2 BS antennas and put one on sleep
mode is the most efficient. In this setting, the configuration of
BS and users are asymmetric and the BS to be put in sleep
mode has to be chosen carefully. BS 1 and 2 are symmetric
and are close to user 1, but 3 is closer to user 2. In this case



Fig. 5. Setting B schematic

Fig. 6. Setting B: EE v.s P0 for b = 1 W

choosing s1 = 1 or s2 = 1 is efficient, but s3 = 1 is highly
inefficient.

In this setting, we see from Fig 7 that unlike in Setting A,
using OFDMA to divide resources between the two users is
not as efficient as ZF due to the higher SNR when served by
nearby BS antennas. Like in Fig 6, choosing s1 = 1 or s2 = 1
and zero-forcing is always the most efficient solution.

V. CONCLUSION

This paper studies the performance of virtual MIMO sys-
tems from an energy efficiency perspective. It defines an
energy efficiency metric that takes into account the capacity as
well as the energy consumption, and considers both fixed and
variable parts of this latter. We optimize the power allocations
of the different antennas and show that sleep mode can bring
a significant energy efficiency gain. This involves deactivating
antennas that do not have a significant contribution to the
system capacity, for a given number of users and radio channel
conditions.

This work is applicable only for the specific case of a
small cell cluster with a centralized network and CSIT. Thus,
many extensions of the proposed work are possible. The
most relevant extension is to apply the proposed framework

Fig. 7. Setting B: EE v.s P0 for b = 10 W

taking into account user traffic and a random number of users.
Another natural extension of the proposed framework is of
course, to study the effect of different classes of mobility on
the virtual MIMO scheme and to study a distributed network.
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Abstract—In this work, we propose a new energy efficiency
metric which allows one to optimize the performance of a
wireless system through a novel power control mechanism.
The proposed metric possesses two important features. First,
it considers the whole power of the terminal and not just the
radiated power. Second, it can account for the limited buffer
memory of transmitters which store arriving packets as a queue
and transmit them with a success rate that is determined by the
transmit power and channel conditions. Remarkably, this metric
is shown to have attractive properties such as quasi-concavity
with respect to the transmit power and a unique maximum,
allowing to derive an optimal power control scheme. Based on
analytical and numerical results, the influence of the packet
arrival rate, the size of the queue, and the constraints in terms of
quality of service are studied. Simulations show that the proposed
cross-layer approach of power control may lead to significant
gains in terms of transmit power compared to a physical layer
approach of green communications.

I. INTRODUCTION

For a long time, the problem of energy mainly concerned
autonomous, embarked, or mobile communication terminals.
Nowadays, with the existence of large networks involving both
fixed and nomadic terminals, the energy consumed by the fixed
infrastructure has also become a central issue for communica-
tions engineers [1]. The present work precisely falls into this
framework. More specifically, our goal is to provide insights
to researchers and engineers on how to devise power control
schemes in green wireless networks. Among pioneering works
on energy-efficient power control we find the paper by Good-
man et al [4]. Therein, the authors define the energy-efficiency
of a communication as the ratio of the net data rate (called
goodput) to the radiated power; the corresponding quantity is
a measure of the average number of bits successfully received
per joule consumed at the transmitter. This metric has been
used in many works. For example, in [16] it is applied to
the problem of distributed power allocation in multi-carrier
CDMA (code division multiple access systems) systems, in
[3] it is used to model the users delay requirements in energy-
efficient systems. In [5] it is re-interpreted as a capacity per
unit cost measure in MIMO (multiple input multiple output)
systems and in [6], it is used for subcarrier assignment in
distributed OFDMA (orthogonal frequency division multiple
access) multicellular networks. Although fully relevant, the
performance metric introduced in [4] has left several issues
unexplored which has motivated the work reported here.

First, in the definition of energy-efficiency given in works
like [11],[4] or [5], the transmission cost corresponds to

the radiated power that is, the power of the radio-frequency
signals; this is very useful in situations where electromagnetic
pollution has to be cut down. However, more generally, the
consumption of the whole device matters (e.g., because of the
power amplifier consumption). Second, in [4], the packets are
lost due to bad channel conditions while, here, we propose to
take into account the losses induced by the finite size of the
queue at the transmitter (which can model limited memory or
a certain delay constraint). Third, in [4] and related references,
energy-efficiency can be maximized while having a bad quality
of service (QoS) e.g., in terms of packet loss or equivalently in
terms of goodput. In this paper, we show that these three issues
can be, in fact, dealt with quite easily. The analysis is, however,
more complicated than some analysis like the one conducted
in [3] where the delay constraint is translated into a constraint
on the minimum signal-to-noise ratio (SNR). This is due to
a double effect, resulting from integrating a queueing model
(justifying the term “cross-layer design”) and considering the
whole terminal power (instead of the radiated power). The
queuing model is used in the spirit of [18] where a queuing
model is used to reach a certain QoS in CDMA systems with
multiple classes of traffic, but without energy considerations.
Another cross-layer queuing model has been proposed in [19]
but considering Shannon capacity under power constraints and
not energy-efficiency.

At this point, it is important to note that this work focuses
on point-to-point communications, which may be surprising
since power control is the problem of interest. There are at
least two strong reasons for this choice. First, the single-user
case captures the main effects we want to emphasize and
allows us to describe the proposed approach in a clear manner.
Second, as advocated by the existing works on power control
(see e.g., [4] and related works), once the single-user case is
fixed, the multiuser case is tractable provided some conditions
are met. One of these conditions is that the performance metric
has to possess some desirable properties (quasi-concavity, that
is shown to be verified for the proposed metric, is one of
them) and reasonably complex multiuser channel models are
considered (the multiple access channel is one of them).

This paper is structured in the following format. In Section
II, we present the system model and define the proposed
performance metric. In Section III, we conduct an analytical
study of the performance metric while Section IV provides
many numerical results to sustain the proposed approach.
Finally, we conclude the paper and some possible extensions



to this work are provided.

II. SYSTEM MODEL

We consider a buffer of size K at the transmitter. The
packets arrival follows a Bernoulli process with probability q,
i.e., at each time slot t (time is slotted) a new packet arrives
in the queue with probability q (this corresponds to classical
ON/OFF sources). All packets are assumed to be of the same
size S. The throughput on the radio interface equals to R
(bit/s) and depends on several parameters such as the mod-
ulation and coding scheme. We consider that the transmitter
is always active, meaning that it always transmits its packet
while the buffer is not empty. Each packet transmitted on the
channel is received without any errors with a probability which
depends on the quality of the channel and transmission power.
We denote the transmission power by p and we have f(p) as
the success probability of transmission of the packet on the
channel. f(p) is just assumed to be a sigmoidal function in our
derivations, in practice, good approximations for the success
rate function are f(p) = exp(−(2

R
R0 −1)σ

2

p ), for an unknown
channel, and f(p) = Q(K R

R0
−K log[1+ hh∗p

σ2 ]), with Q being
the “Q” function and K a constant, for a known channel. The
channel fading due to path loss is not treated separately but is
integrated into the average power of noise σ2. The success
probability depends in fact on the SNR = p

σ2 . However,
based on the block fading channel assumption, we make a
slight abuse of notations by using the notation f(p) instead
of f(SNR). In some places in this paper, we even remove the
variable p for the sake of clarity and use the notation f . We
denote by Qt the size of the queue at the transmitter at time
slot t. The size of the queue Qt is a Markov process on the
state space Q = {0, . . . ,K}. We have the following transition
probabilities ∀i, j ∈ Q, Pi,j := IP (Q(t + 1) = i|Q(t) = j)
given by:
• P0,0 = 1− q + qf ,
• PK,K = (1− q)(1− f) + q,
• for any state i ∈ {0, . . . ,K − 1}, Pi,i+1 = q(1− f),
• for any state i ∈ {1, . . . ,K}, Pi,i−1 = (1− q)f ,
• for any state i ∈ {1, . . . ,K−1}, Pi,i = (1− q)(1−f) +
fq.

A new packet is lost if the queue is full when it comes
in and the transmission of the packet currently on the radio
interface failed on the same time slot. Indeed, we consider that
a packet is in service (occupying the radio interface) until it is
transmitted successfully. Thus, a packet in service blocks the
queue during 1

f(p) time slots on the average. We assume that
an arrival of a packet in the queue and a departure (successful
transmission) at the same time slot can occur.

Given the transition probabilities above, the stationary prob-
ability of each state is given by (see e.g., [13]):

∀s ∈ S, Πs =
ρs

1 + ρ+ . . .+ ρK
, (1)

with
ρ =

q(1− f)

(1− q)f . (2)

When a packet arrives and finds the buffer full (meaning that
the packet currently on the radio interface is not transmitted
successfully), it is blocked and this event is considered as a
packet loss. The queue is full in the stationary regime with
probability ΠK :

ΠK =
ρK

1 + ρ+ . . .+ ρK
=
ρK(ρ− 1)

ρK+1 − 1
. (3)

A. Proposed performance metric

In order to evaluate the performance of this system, we
first determine the expression for the packet loss probability.
A packet is lost (blocked) only if a new packet arrives when
the queue is full and, on the same time slot, transmission of
the packet on the radio interface failed. Note that these two
events are independent because the event of “transmit or not”
for the current packet on the radio interface, does not impact
the current size of the queue, but only the one for the next
time slot. This amounts to considering that a packet coming at
time slot t, is rejected at the end of time slot t, the packet of
the radio interface having not been successfully transmitted.
We consider the stationary regime of the queue and then, the
fraction of lost packets, Φ, can be expressed as follows:

Φ(p) = [1− f(p)]ΠK(p). (4)

Thus the average data transmission rate is q[1 − Φ(p)]R.
Now, let us consider the cost of transmitting. For each packet
successfully transmitted, there have been 1

f(p) attempts on
an average [4]. For each time slot, irrespective of whether
transmissions occur, we assume that the transmitter consumes
energy. A simple model which allows one to relate the radiated
power to the total device consumed power is provided in
[14] is given by Pdevice = ap + b, where a ≥ 0, b ≥ 0
are some parameters; b precisely represents the consumed
power when the transmit power is zero. The average power
consumption is in our case b + pq(1−Φ)

f(p) (we assume without
loss of generality that a = 1). We are now able to define the
energy-efficiency metric η(p) as the ratio between the average
net data transmission rate and the average power consumption,
which gives:

η(p) =
q[1− Φ(p)]R

b+ pq[1−Φ(p)]
f(p)

. (5)

The above expression shows that the cross-layer design ap-
proach of power control is fully relevant when the transmitter
has a cost which is independent of the radiated power; other-
wise (when b = 0), one falls into the original framework of
[4].

B. Constraints on QoS and maximum power

As already mentioned in Section I, of the recurrent problems
with most works using the performance metric introduced in
[4] is that energy-efficiency can be maximized at a power level
which does not guarantee a minimum QoS. This is why we
also consider a constraint when maximizing (5): we assume
ΠK [1−f(p)] has to be less than ε where ε is the upper bound
on the packet loss. For example, in cellular systems, typical



values for ε are 0.1 or 0.01, based on the system requirements.
Adding this constraint restricts the range of power usable by
the transmitter by adding a lower bound on the power. This
lower bound depends on the entry probability q and on the
size of the queue K. An upper bound on the usable transmit
power Pmax can also be added to model realistic situations
when there is a limitation on the maximum power that can be
utilized.

III. ANALYTICAL RESULTS

Having defined the energy efficiency function, we will now
examine its properties.

A. The impact of the packet entry probability

First let us study the special case when q = 1: Here
we have, limq→1 ΠK = 1, then Φ = 1 − f(p) and we
have a simplified expression of the energy efficiency function
η = Rf(p)

b+p . This energy efficiency is a more general form of
the metric introduced in [4]. This particular case is in fact
identical to the situation when the system is modeled with a
purely physical layer approach. As the queue is always full,
transmission always takes place and so the energy efficiency of
the entire system is just the energy efficiency of transmission.

The next part of this section examines η as q decreases.
Logically, as q decreases, the average duration when the
buffer is empty increases causing a wasted consumption of
the fixed power during which no data is transmitted. Here, we
have a proposition that formulates and proves this reasoning
mathematically.

Proposition 1: The energy efficiency function is an increas-
ing function of q, i.e., dη

dq > 0.
Proof : η = 1

b
(1−Φ)q

+ p
f(p)

. If dΦ
dq <

1−Φ
q , then d (1−Φ)q

dq > 0

and from this, it follows that dη
dq > 0.

To prove this, we first calculate dρ
dq = 1−f(p)

f(p)
−1

(1−q)2 . Now

let us consider dΦ
dq = −Φ2 d(Φ−1)

dq . The term Φ−1 = 1 + 1
ρ +

..+ 1
ρK

and so we have dΦ−1

dq = ( 1
ρ2 + ..+ K

ρK+1 ) 1−f(p)
f(p)

−1
(1−q)2 .

Simplifying and using inequalities we have dΦ
dq ≤ 1−Φ

q .
�

B. The limiting case of infinite queue size

Consider the extreme case of an infinite queue, i.e., K →
∞.
• Case 1: f(p) < q; i.e., ρ > 1. We have that

limK→∞ΠK = ρ−1
ρ and a simplification yields Φ =

1−f(p)
q . Thus the energy efficiency becomes η = Rf(p)

b+p .
These expressions make sense as in the steady state, due
to a higher probability of entrance than exit, the queue
size blows up and there are always packets to transmit.

• Case 2: f(p) ≥ q; i.e., ρ ≤ 1. If f(p) = q, then ΠK = 1
K

and limK→∞ΠK = 0. For f(p) > q, we have also that
limK→∞ΠK = 0 and then simplification yields Φ = 0.
Thus the energy efficiency becomes η = R

b
q + p

f(p)

. These
expressions also make sense as in the steady state due to

a higher probability of exit, the buffer is never full and
there is no packet loss.

C. Optimizing the energy efficiency

In this paragraph, we prove that there exists a unique power
where the energy efficiency function is maximized when the
transmission rate is a sigmoidal or ”S”-shaped function of p.
In [11], it was shown that having a sigmoidal success rate f(p)

implies quasi-concavity and a unique maximum for f(p)
p . This

assumption was shown to be highly relevant from a practical
viewpoint in [4] as well as from an information theoretical
viewpoint in [5].

Theorem 1: The energy efficiency function η is quasi-
concave with respective to p and has a unique maximum de-
noted by η(p∗) if the efficiency function f(p) has a sigmoidal
shape.

Proof : Consider the asymptotic cases when p → 0 and
p → ∞, we have the limiting cases as limp→0 f(p) = 0 and
limp→∞ f(p) = 1 respectively.
• When p → 0: We have limp→0 Φ = 1 trivially and
limp→0 η = 0.
• When p→∞: limp→∞Φ = 0 and limp→∞ η = 0.
Thus from the extension of the mean value theorem proposed
in [17], we have dη

dp = 0 for at least one p.
Consider the function 1

η = A(p) + B(p), where A(p) =
p

f(p)R and B(p) = b
Rq(1−Φ) . From the earlier work in [11],

we have that A(p) is convex and that 1
A(p) is quasi-convex

and has a unique maximum at p∗0. df(p)
dp > 0 for all p. We

also know that for p > p∗0, and d2f(p)
dp2 < 0.

Now let us study the derivatives of the function B(p).

dB(p)

dp
=

b

Rq(1− Φ)2

dΦ

dp
(6)

and we have
d2B(p)

dp2
=

b

Rq(1− Φ)2
(
d2Φ

dp2
+

(
dΦ

dp
)2 2

1− Φ

)
. (7)

If B(p) is a monotonically decreasing function and is
convex for p ≥ p∗0, then we have 1

A(p)+B(p) to be quasi-
concave [15]. So in the following section of this proof we
will show that dB(p)

dp < 0 and d2B(p)
dp2 > 0.

For dB(p)
dp < 0, by examining equation 6, we see that showing

dΦ
dp < 0 is sufficient as the other terms are always positive.

Similarly, for d2B(p)
dp2 > 0, by examining equation 7, we see

that showing d2Φ
dp2 > 0 is sufficient as the other terms are also

always positive.

dΦ

dp
= (1− f(p))

dΠK

dp
−ΠK

df(p)

dp
. (8)

d2Φ

dp2
= (1− f(p))

d2ΠK

dp2
− 2

dΠK

dp

df(p)

dp
−ΠK

d2f(p)

dp2
. (9)

For dΦ
dp < 0, by examining equation 8, we see that showing

dΠK

dp < 0 is sufficient.



We have ρ = q
1−q

1−f(p)
f(p) and dρ

dp = −q
(1−q)f(p)2

df(p)
dp which is

negative. Express 1
ΠK

= 1 + 1
ρ + .. 1

ρK
. Differentiating with

respect to p, we have

dΠK

dp
= Π2

K

dρ

dp
(

1

ρ2
+ ..

K

ρK+1
). (10)

Similarly, for d2Φ
dp2 > 0, by examining equation 9, we see

that showing d2ΠK

dp2 > 0 is sufficient as d2f(p)
dp2 < 0 for p > p∗0

and dΠK

dp < 0. And from equation 10 we observe that as p
increases dΠK

dp increases. Thus following the argument from
the start, we have η(p) to be quasi-concave.
Since there exists some power p for which η(p) is maximized,
we have proved that there exists a unique p∗ for which the
energy efficiency is optimized. �

We are then able to determine the optimal power p∗ which
maximize the energy efficiency function, by solving the fol-
lowing equation:

0 =
−dΦ

dp
{b+

pq(1− Φ)

f(p)
}+(1−Φ){dΦ

dp

p

f(p)
+

d(p/f(p))

dp
}.

(11)

D. Behavior of p∗ with respect to q

When q → 0, the optimization problem is reduced to finding
p that maximizes f(p)

p . This can be obtained by calculating the
derivative of p∗ from equation 11 and applying the limit on q.
Indeed we have that limq→0

dΦ
dp = 0 and then equation (11)

is reducing to d(p/f(p))
dp = 0.

When q → 1, the optimization problem is reduced to finding
p that maximizes f(p)

p+b . This can be obtained by simply using
same ideas as previously.

E. Power Control with the QoS and maximum power con-
straint

The QoS constraint requires that Φ ≤ ε and then we have
to find the new properties of the energy efficiency function
satisfying this constraint. We define p0 := min(p|Φ(p) ≤ ε).

Proposition 2: For all p > p0, the constraint is satisfied,
i.e., Φ(p > p0) ≤ ε.

Proof : This is quite easy to see because from our earlier
proof we have that dΦ

dp < 0 and so Φ(p) ≤ Φ(p0) ≤ ε for all
p > p0. �

Additionally we also have another proposition which gives
the properties of p0 when the arrival probability, q, changes:

Proposition 3: If q2 > q1, then p0(q2) ≥ p0(q1).
Proof : This result can also be easily proved. From our earlier
proof we have dΦ

dq > 0 and so with the power p0(q2), we have
Φ(q1) ≤ Φ(q2) ≤ ε. Thus p0(q1) ≤ p0(q2). �

With these results, we show in the following proposition that
the energy efficiency function with the constraint, denoted by
η∗, can still be optimized and has a unique maximum.

Proposition 4: Given η(p) with a unique p∗ and a constraint
on Φ as Φ ≤ ε, satisfied by p ≥ p0; the modified energy
efficiency η∗ has a unique p∗∗ = min[max(p0, p

∗), pmax].

Proof : To proceed with our proof we solve the problem using
the KKT conditions (see e.g., [15]). The Lagrangian is defined
by:

L(p, λ1, λ2, λ3) = −η(p) +λ1(Φ−L) +λ2(p−Pmax)−λ3p.
(12)

The KKT conditions applied to the above quasi-convex opti-
mization problem yield

dL
dp = 0

Φ− L ≤ 0
p− Pmax ≤ 0

−p ≤ 0
λ1(Φ− L) = 0

λ2(p− Pmax) = 0
λ3(−p) = 0

λ1 ≥ 0
λ2 ≥ 0
λ3 ≥ 0

(13)

�
IV. NUMERICAL RESULTS

In this section we use simulations and numerical calcula-
tions to study the effectiveness of our proposal as well as the
advantages offered.

A. Convergence to steady state

So far in our model, we assume the system to be in the
steady state. However, in reality, it takes some time for the
system to reach the steady state. In order to study the rela-
tionship between the observed values for packet loss, and the
theoretical values, we devise the following simulation: Using
random number generators and a virtual queue we study the
fraction of packets lost for a fixed packet count (representing
time) to see how fast the simulated queue converges to the
steady state. For each total packet count, the simulation is
iterated 106 times for a queue size of K = 10. We observe
that with a packet count of about one thousand, the simulated
values of Φ are on an average the theoretically predicted value
(±4%).

B. Energy efficiency and power control

In this section we present some numerical results that bring
to focus the advantage of this cross layer approach over a
purely physical layer approach.

In the following section we consider the transmitter-receiver
pair to be a single input single output link with the success
function f(p) = exp(−(2

R
R0 −1)σ

2

p ). We also always consider
a queue of maximum size K = 10, Pmax = 35dBm,Pmin =
10dB, R = 4000bps and R0 = 1000. Note that as we
have q = 1 case being identical in theory to the case where
we just model the energy efficiency with a purely physical
layer approach as in [4] (after accounting for the fixed power
consumption of the transmitter b); if we optimize the energy
efficiency it will be optimal to use the power p∗(q = 1).
However if we consider the cross layer model the energy
efficiency is optimized at a different p∗ based on the transition



probability q. As p∗ ≤ p∗(q = 1), using the cross layer
optimization we have a gain which can be expressed as
10 log10(p

∗(q=1)
p∗ ) in dB.

In Figure 1 we study the energy efficiency of a system with
b
σ2 = 100. Here we see that as q decreases p∗ decreases. Also
seen from the same figure is the quasi-concavity of the energy
efficiency function and the asymptotic behavior.

Fig. 1: η vs p of a system with b
σ2 = 100 (20dB). Observe that the

function is quasi-concave for all q and that p∗ decreases as
q decreases.

In Figure 2 we study the energy efficiency of a system with
b
σ2 = 100 (20dB) and with a packet loss constraint of L =
0.01, i.e., Φ ≤ 0.01. Here we see that as q decreases the
minimum power required to satisfy the constraint. The quasi-
concavity of the energy efficiency function is clearly preserved
after the constraint and it has a unique maximum.

Fig. 2: EE of system with b
σ2 = 100 (20dB) and L = 0.01. Note

that in this plot, the quasi-concavity is retained and that p0
increases with q

In Figure 3 we study the gain in power with q = 0.5 plotted
against b

σ2 . For low values of b
σ2 we see that the gain for

ε = 0.1 is due to the constraint causing it to decrease with
b
σ2 , however beyond a certain value of b

σ2 , even the efficiency
function for q = 0 is optimized at p∗ (the constraint is met
for p ≤ p∗), the gain is due to the difference in p∗ which
increases with b

σ2 just like for the ε = 1 case.

Fig. 3: The gain in the optimal power while using a cross layer
model as opposed to a purely physical layer model i.e p∗(q=1)

p∗

plotted against b
σ2 .

In Figure 4 we study the gain in power with b
σ2 = 100

plotted against q. For low values of q we clearly see that
the gain in using the cross layer approach is the highest and
decreases with q.

Fig. 4: The gain in the optimal power while using a cross layer
model as opposed to a purely physical layer model i.e p∗(q=1)

p∗
plotted against q.

C. Application of the results on some useful cases

In a realistic situation, when there is no packet to transmit,
a base station consumes about 50% of the power it consumes
at full load [1]. On the other hand, the entry probability q can
change based on the service, protocol, traffic, etc:
• For q = 0.5, R = 256Kbps and R0 = 64Kbps, our

numerical calculations show that, for an SNR of 30 dB,
using p∗ = 3% of the transmit power is optimal. While
if the user was at a distance where the received SNR
is 20dB, using p∗ = 13% of the power is optimal. The
relationship between the optimal powers is clearly not
linear with the SNR.

• Consider now a system with q = 1
25 like in some

streaming systems that have data sent in one out of 25



frames. In this case, for the user with a SNR of 30dB,
p∗ = 1.5% and for 20dB, p∗ = 15%. The explanation for
this can be seen from the theoretical section, as q → 0,
optimizing η is the same as optimizing f(p)

p which has a
solution that is linear with the SNR.

V. CONCLUSION

We have examined the energy efficiency function consider-
ing the packet level dynamics of a system and incorporated
the effect of the finite buffer size. We find that modeling the
system in this form changes the shape of the energy efficiency
function. However the energy efficiency function retains its
property of quasi-concavity and has a unique maximum. In
this work, we also observe that if the packet entry probability
is small, the energy efficiency is deformed to a higher extent
causing the optimal power to be smaller than in a model
ignoring the packet level dynamics. This deformation is due
to the constant power consumption of the transmitter even
when it does not transmit. The effect of the constant power
consumption decreases as the path loss or noise increases and
in fact, it is the ratio between the constant power consumption
and the noise (with path loss) that determines the deformation.
If we impose a constraint on the packet loss, clearly the
buffer helps in decreasing this loss which causes a further
deformation in the shape of the energy efficiency function.

Many extensions of the proposed work are possible. The
most relevant extension is to apply the proposed framework
to the case of distributed power control over multiple access
channels; we already know that the existence of a pure Nash
equilibrium is guaranteed due to quasi-concavity of the energy-
efficiency [20]. Another natural extension of the proposed
framework is of course, the problem of resource allocation,
which is known to be non-trivial, the problem of power
allocation is indeed important in multi-carrier and MIMO
systems. It would also be fully relevant to study distributed
dynamics of the queues and power control policies leading
to steady states of the system. Another interesting aspect
concerns the case of variable transmission rate as a fixed
transmission rate is indeed not the best scheme to minimize
energy consumption.
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Abstract

The purpose of this paper is to design distributed energy-efficient power control policies

for interference wireless networks. The problem is tackled from a cross-layer perspective. In

addition to the physical layer and medium access control protocols, the presence of a finite

packet buffer at the transmitter side and the impact of transport protocols are considered. This

approach is relevant when the transmission cost is considered to be the total power consumed

by the transmitter instead of just the radiated power as assumed usually. A generalized energy-

efficiency performance metric integrating these features is constructed under two different

scenarios in terms of transport layer protocols characterized by a constant or an adaptive packet

arrival rate. The derived performance metric is shown to have several attractive properties,

which ensures convergence of the used distributed power control algorithm to a unique point;

this point is the equilibrium of a game for which the equilibrium analysis is conducted. A

thorough numerical analysis is provided to illustrate the effects of the proposed approach, and

provides several valuable insights in terms of designing interference management policies.
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I. Introduction

Designing green wireless networks [1], [2], [3] has become increasingly important for modern

wireless networks, in particular, to manage operating costs. A challenge for modern (beyond

4G and 5G) cellular networks is not only to respond to the explosion of data rates, but also

to manage network energy consumption. The concept of small cell networks appears as a

good candidate solution to raise such a challenge (see e.g., [4]). As small cell networks will

be distributed to large extent and subject to high inter-cell interference, designing distributed

energy-efficient interference management schemes appear as a natural need.

For being able to design green networks, an energy-efficiency (EE) metric is needed. In [5],

the EE of a communication between a transmitter and a receiver is defined as the ratio of the

net data rate to the radiated power; the corresponding quantity is a measure of the average

number of bits successfully received per joule consumed at the transmitter. Quite recently, there

has been a resurgence of interest in this performance metric. There are several reasons for

this and we will only provide a few of them. First, the EE as defined in [5], mathematically

translates in a simple manner the trade-off between the benefit of increasing the transmit power

in terms of data rate, and the induced cost in terms of consumed energy or amount of created

interference. Second, as motivated in [6], there are applications in which the allowable delay

is not tightly constrained. Therefore, the data rate is a less relevant measure than the energy

needed to transmit the information and EE naturally appears as a metric to be optimized. We

furthermore explain in this paper (Sec. III-A) why maximizing EE amounts to minimizing the

total energy consumed by the transmitter when packet retransmission is considered.

Remarkably, the energy-efficiency metric proposed in [5] possesses a good mathematical

structure for optimization, especially for the distributed case, which partly explains why it

has been applied in a large variety of scenarios of practical interest. Some examples are as

follows. In [7], it is applied to design a power allocation scheme in distributed multi-carrier

CDMA (code division multiple access systems) systems by using a static non-cooperative game

model (just as [5]). In [8], it is used to account for the users delay requirements in energy-efficient

wireless systems. In [9] and [10], also based on a static game model, the authors used the metric

under consideration for sub-carrier assignment in distributed OFDMA (orthogonal frequency

division multiple access) multicellular networks. In [11], the authors study the problem of

energy-efficient contention-based synchronization in OFDMA systems. In [12], [13], the authors
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study the problem of pre-coding in MIMO (multiple input multiple output) point-to-point

communication systems. In [14], the EE metric is exploited to study the impact of sensing

in terms of EE in cognitive radio networks.

Although fully relevant, the performance metric introduced in [5] and used in the related

works (this, in particular, includes those cited above) has left several issues unexplored, which

has motivated the work reported here. In [5], and all related references known to the authors, the

numerator of EE is (up to a constant) a packet success rate which only accounts for packet losses

due to bad channel conditions. In the present work, we propose a significant generalization of

the metric used in the aforementioned works to the case where packets are buffered in a finite

size queue. Therefore, the packet loss due to overflows is also taken into account. On the other

hand, we will show in Sec. III that accounting for this effect is relevant in terms of EE, only

when the transmitter has a cost in terms of consumed power independent of the radiated

power; this means that the transmitter consumes power even while waiting for new packets to

arrive. It turns out that this is precisely what happens for most wireless transmitters. Indeed,

the transmitter energy consumption is not only induced by the radiated power but also results

from other causes such as the transmitter supply consumption [16]. Note that the authors of [17]

were the first to consider a transmission cost of the type “radiated power + constant” to design

distributed power control strategies for multiple access channels; in their model, the constant

represents the computation power at the receiver. Our approach is markedly different from [17],

not only because the problem is tackled from a cross-layer perspective, but we also consider the

more general case of distributed interference networks with a quality of service (QoS) constraint.

For this purpose, two different models for the packet arrival rate are considered: 1) The quite

simple model where the arrival rate is a constant (which is referred to as CAR for constant arrival

rate). This case is useful e.g., for real-time traffic like video or streaming; 2) The more interesting

model in which the arrival rate is related to the SINR (signal-to-noise plus interference ratio)

through a quite generic relationship, is more suited to delay tolerant traffic like file transfer and

adaptive rate services like WebRTC [18]; this case is referred to as AAR for adaptive arrival

rate.

The main contributions of this paper can be summarized as follows1:

1) To the best of the author’s knowledge, this is the first time that the EE performance metric

1Note that preliminary results were presented in paper [19].
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originally introduced in [5] is generalized to a cross-layer approach, taking into account,

the effects of the presence of a queue with finite size at the transmitter;

2) Apart from a few exceptions (which includes [17], [19], [20]), all related works using EE in

the sense of [5] only consider the radiated power while, here, the total power consumed

by the transmitter is accounted for. Since an affine relation between the radiated power

and the total power is assumed [16], this might seem as an incremental change but the

presence of this fixed cost is the key ingredient which makes the cross-layer analysis fully

relevant;

3) The derived performance metric is shown to possess attractive mathematical properties.

Quite surprisingly, both in the case of CAR and AAR, it can be shown to be quasi-concave

with respect to the radiated power;

4) The above property is directly exploited to prove existence of a Nash equilibrium (NE) in

the two static power control games under investigation namely: The game based on CAR

with a constraint on the packet loss; The game based on a AAR protocol that automatically

controls the packet rates by observing the packet loss. To the best of our knowledge, the

former game is the first instance of an energy-efficient power control game to be identified

as being semi-continuous, which allows us to prove the existence of an equilibrium by

exploiting a fixed point theorem from [21];

5) Generalizing [5] and related references, the games under investigation are shown to be

standard [22], [23], which guarantees both NE uniqueness and the convergence of relevant

distributed optimization algorithms to this equilibrium such as those based on the iterative

water-filling idea [24], [25];

6) A thorough numerical analysis is provided to assess the benefits from taking the presence

of a queue with finite size into account and to give new insights into designing energy-

efficient communications systems.

This paper is structured as follows. In Sec. II, we present the general system model. In Sec.
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III, we construct the proposed performance metric highlighting contributions 1) and 2). In Sec.

IV, we define the two power control games of interest and conduct the equilibrium analysis,

which is essential to characterize the convergence of the used distributed algorithm (existence

and uniqueness of the convergence points), highlighting contributions 3), 4), and 5). Sec. V

highlights interesting numerical results that support the proposed approach, i.e, 6). Finally, we

conclude the paper and several extensions of this work are provided.

II. System model

The purpose of this section is to describe the communication model considered for cross-layer

energy-efficient power control, which consists in expressing the SINR and packet arrival rate

for a given user. A general interference network is considered with N transmitter-receiver pairs,

in which each transmitter communicates with its respective receiver, while under interference

from the other transmitters [26]. Let N = {1, 2, ...,N} be the set of transmitters. Transmitter i ∈ N
transmits with power level pi ∈ [0,Pmax], where Pmax > 0 is the maximum possible transmit

power, which is identical for all transmitters (the analysis does not lose its generality with this

assumption). The vector p =
(
p1, p2, . . . , pN

)
will be referred to as the power or action profile on

the current data block or packet. We also denote by p−i
, the (N−1) dimensional vector obtained

by removing the ith component from p. For notational simplicity, we also sometimes represent

p as (pi, p−i
), when the dependence of certain functions on pi has to be shown explicitly. By

transmitting at pi, each user i has a resulting SINR γi at his receiver of interest which is a

function of p, and is assumed to be given by:

γi(p) =
pigii

σ2
i +

N∑

j=1, j,i

p jg ji

(1)

where g ji represents the quasi-static or block fading channel gain of the link between transmitter

j and receiver i on a given band, σ2
i = σ

2 is the variance of the Gaussian noise at receiver i (these

variances can be assumed to be equal without any loss of mathematical generality). In wireless

systems such as those being implemented in recent cellular system standards, packets arrive

from an upper layer (e.g. IP layer) following an arrival rate that is related to the SINR. In this

paper, we assume that the packet arrival process follows a Bernoulli process with probability

qX(γi(p)) where X ∈ {CAR,AAR}; this corresponds to the classical ON/OFF sources [27]. In the
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case of CAR, it trivially expresses as:

∀i ∈ N , qCAR(γi(p)) = q (2)

with q ∈ [0, 1]. This is best used for real-time applications where delay is not tolerable, however,

in some applications this packet arrival model is not suitable. For instance, this is the case for

applications such as file transfer or browsing. In such a situation, there is no constant stream

of data and so the arrival rate can be optimized for best performance in terms of data rate and

QoS. This is one of the reasons why we also investigate the case of AAR for which we assume

that the arrival rate is given by:

∀i ∈ N , qAAR(γi(p)) = g(ΦAAR(γi(p))) (3)

where ΦAAR is the packet loss function and g is a function which is assumed to be continuous,

invertible, and has an inverse function g−1 which is twice differentiable, decreasing, and convex.

To provide a specific example, the widely used and very useful approximation of the arrival

rate process for the Transmission Control Protocol (TCP), which is due to [28], verifies these

conditions. Therein, g is merely given by g(Φ) = κ√
Φ

, where κ ∈ [0, 1] is a parameter which

depends on the system design and the round trip time. The resulting rate can be interpreted as

the average value for the rate.

Remark 1. The CAR protocol can also be seen as a constant piecewise approximation of

any adaptive arrival rate protocol in which arrival rate variations are much more slower than

channel variations. On the other hand, the AAR case aims at better understanding more complex

scenarios where both arrival rate and channel variations have quite similar time-scales. This is

close to WebRTC congestion control protocols, like the one proposed by Google [18], where the

sending rate is adapted based on the observed packet loss [29].

Remark 2. It would be possible to study a more general communication scenario by considering

multi-band communications, MIMO communications, or a more advanced reception scheme

(e.g., interference cancellation as in [30]). There are several reasons why we do not treat these

scenarios here. First, we want to emphasize in a manner as clear as possible the real contributions

of this paper namely, the introduction of a queue for the problem of energy-efficient power

control. Second, studying the power control problem is the main step towards these extensions.

For instance, in [7] in which the authors address EE over multi-carrier multiple access channels,

it is proved that the best selfish/equilibrium policy for a transmitter is to select its best carrier
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(in terms of SINR) and apply the single-carrier policy to tune the power level over this carrier.

Therefore, the assumed model can be understood as a single-band model (e.g., several base

stations which try to mitigate inter-cell interference on a given band) or a multi-band model for

which interference is managed for the selected channel or interference management is performed

independently from band to band.

III. A new energy-efficiency performance metric

A. Construction

In [5], EE is defined as the ratio between the average net data transmission rate and the

power consumed for sending a given packet. When the radiated power is considered as the

transmission cost, this ratio merely equals
R f (γi(p))

pi
. The quantity R is the gross data rate on the

radio interface and is a constant w.r.t. the power levels. It depends on several parameters such as

the modulation and coding scheme [5], [8]. Each packet transmitted on the channel is received

without any errors with a probability which depends on the quality of the communication link,

the interference, and transmit power levels. The corresponding block or packet success rate (also

called efficiency function) is precisely the function f (γi(p)) above. The function f : [0,+∞) →
[0, 1] is a sigmoidal2 or S-shaped function verifying f (0) = 0 and lim

x→∞ f (x) = 1 (see [41] for more

details). Common examples for f are f (x) = (1−e−x)M [8], f (x) = e− c
x [12], [13], where M ≥ 1 is the

packet length and c > 0 is some constant related to spectral efficiency (this relation is specified in

Sec. V). Energy-efficiency is particularly relevant when packet retransmission is allowed. When

there is no retransmission, the energy3 consumed to send V bits while transmitting at the power

level pi is pi
V
R . Minimizing energy amounts to minimizing pi. However, when retransmission

is allowed (typically by using an automatic repeat request -ARQ- protocol, that is used at the

physical layer independently of the architecture at the upper layer), the average duration to send

a packet equals V
R f (γi(p)) and the energy consumed becomes pi

V
R f (γi(p)) . Clearly, minimizing energy

amounts to maximizing EE. This means that, at least in presence of re-transmissions, the classical

approach which consists in minimizing pi (subject to some QoS constraints) induces a loss in

terms of minimizing the energy consumption; this will be illustrated in Sec. V. In the scenario

investigated in this paper, the fact that both the total power consumed by the transmitter and

2A sigmoidal function is a function which is initially convex for γ ∈ [0, γ+] and eventually concave for γ ∈ [γ+,∞).

3Here, the energy under consideration is the energy associated with the radiated signal.
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the presence of a packet buffer with finite size are considered makes the construction of energy-

efficiency more involving than the aforementioned derivation.

A simple model which allows one to relate the radiated power to the total consumed power

is provided in [16]; it is given by Ptotal,i = api+b, where a ≥ 0, b ≥ 0 are some parameters. We will

assume without loss of generality that a = 1. The quantity b precisely represents the consumed

power when the radiated power is zero4. If ΦX, X ∈ {CAR,AAR}, represents the packet loss due

to both bad channel conditions and packet buffer finiteness (more details about this is provided

a little further), a packet is re-transmitted5 qX(γi)[1−ΦX(γi)]
f (γi)

times on average, the average power

consumption is in our case b + pi
qX(γi)[1−ΦX(γi)]

f (γi)
. Since the net data rate or goodput is given by

RqX(γi)[1 − ΦX(γi)], we are now able to define the EE metric ηi,X(p) as the ratio between the

average net data transmission rate and the average power consumption, which gives:

ηi,X(p) = R
qX(γi(p))

[
1 −ΦX(γi(p))

]

b + pi
qX(γi(p))

[
1−ΦX(γi(p))

]

f (γi)

. (4)

This definition shows that the cross-layer design approach of power control is fully relevant

in terms of EE when the transmitter has a cost, which is independent of the radiated power;

otherwise, when b = 0, one falls into the original framework of [5]. On the other hand, when b

is large, the EE function behaves like a packet success rate function.

Although the efficiency function f (which is assumed to be sigmoidal) can be easily related to

the SINR through simple functions such as those mentioned previously, expressing the packet

loss function is more involving. Relating ΦX to the SINR is the purpose of what follows. A

packet is declared to be lost (blocked) only if a new packet arrives when the packet buffer is

full and, on the same time-slot, transmission of the packet on the radio interface failed. Note

that these two events are independent because the event of “transmit or not” for the current

packet on the radio interface, does not impact the current size of the queue, but only the one for

the next time slot. This amounts to considering that a packet coming at time slot t, is rejected at

the end of time slot t, the packet of the radio interface having not been successfully transmitted.

By considering the stationary regime of the queue and assuming the protocol X, the fraction of

4This power consumption occurs even when data is not transmitted due to various causes such as pilot signaling,

power amplifier consumption, cooling costs, etc.

5For the sake of clarity, here and in other places in the paper, p is omitted from the notations.
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lost packets ΦX can be expressed as follows:

ΦX(γi(p)) = [1 − f (γi(p))]ΠX(γi(p)) (5)

where ΠX(γi) is the stationary probability that the packet buffer is full. Indeed, as already

mentioned, each transmitter is assumed to be equipped with a device that allows the packets

to be stored in a memory buffer (of size K ≥ 1) before transmission. Packets arrive into the

buffer and get transmitted through a queuing process at the buffer. Denote by Qi,t the size of

the queue for transmitter i at time slot t. The size of the queue Qi,t is a Markov process on the

state space Qi = {0, 1, . . . ,K}. It is known (see [31] for example) that in the stationary regime of

the stochastic process Qi,t the probability that the size of the queue equals K is given by:

ΠX(γi(p)) =
ωK

X(γi(p))

1 + ωX(γi(p)) + . . . + ωK
X(γi(p))

(6)

with

ωX(γi(p)) =
qX(γi(p))

[
1 − f (γi(p))

]

[
1 − qX(γi(p))

]
f (γi(p))

(7)

where X ∈ {CAR,AAR}.
In the case of X = AAR, the packet arrival rate qAAR is a function of the packet loss and

the packet loss, a function of qAAR. The following proposition ensures that the AAR process

achieves an average packet arrival rate according to the following proposition. For the purpose

of making the inter-dependency of the two following equations clear, we express explicitly in

these equations, some of the parameters used implicitly in the rest of the paper.

Proposition 3.1: The packet arrival rate qAAR is obtained as the unique fixed point of these

equations:

ΦAAR(γi(p)) = (1 − f (γi(p)))ΠAAR(γi(p)) (8)

where ΠAAR(γi(p)) has qAAR as a parameter as seen from (7) and (6), and:

qAAR(ΦAAR) = g(ΦAAR). (9)

Proof: It can be verified that the two equations are continuous and differentiable. The packet

arrival rate qAAR(γi) ranges from 0 < g(0) ≤ 1 to 0 ≤ g(1) < g(0) and ΦAAR(γi) ranges from 0 to

1. Based on the properties of ΦAAR given in App. A, ΦAAR ranges from 0 to 1 as q goes from

0 to 1. Now study F(qAAR) , ΦAAR(γi, qAAR) − g−1(qAAR). The function F(qAAR) is a continuous

and differentiable function in the interval of q ∈ [0, 1]. A point such that F(qAAR) = 0 is a fixed
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point for this set of equations. Based on the mean value theorem [32], and from the limits

limq→0 F(qAAR) ≤ 0 and limq→1 F(qAAR) ≥ 0, we have F(qAAR) = 0 for some q ∈ [0, 1]. Also note

that F(q) is strictly increasing and so the point where F(qAAR) = 0 is unique.

The fixed point equation can be solved as:

g−1(qAAR(γi(p))) = [1 − f (γi(p))]
ωi(γi(p))K

∑K
j=0ωi(γi(p)) j

(10)

and has a unique solution.

Remark 3. For b > 0, it can be seen that for any X ∈ {CAR,AAR}, qX → 1 ⇒ ωX → +∞ ⇒
ΠX → 1⇒ ΦX → 1 − f , which means that one falls into the framework of [17].

Remark 4. When the packet arrival is constant (i.e., X = CAR), the dependency of ΠX regarding

the SINR follows a simple relation. However, when the AAR protocol is assumed, the relation-

ship is less trivial. Indeed, the packet loss ΦX depends on ωX through (5) and (6). The quantity

ωX depends on the arrival rate qX. But, in the AAR case, qX also depends on the packet loss.

This is the reason why we assume that, under the AAR protocol assumption, each transmitter

operates at the fixed point associated with the aforementioned dependency chain. Therefore,

this amounts to fixing the packet loss function to have a certain form. AAR can thus be seen

as an indirect way of imposing a certain QoS on the transmission. To be more specific, if one

assumes an arrival rate process which can be approximated as in [28] (namely, g(Φ) = κ√
Φ

) and

the regime of large buffer size K→∞, the operating packet arrival rate function can be shown

to be :

lim
K→∞

qAAR(γi) = f (γi)
1 +

√
1 + 4

(
κ

f (γi)

)2

2
. (11)

Remark 5. In the above equations, we have implicitly made a symmetry assumption: the

efficiency and arrival rate functions are assumed to be identical for all users. This choice allows

one to gain in terms of clarity while the extension to the non-symmetric case is ready. For the

same reason, the gross data rates at which the users transmit Ri, i ∈ N , have been assumed to

be equal (to R bit/s).

Remark 6. As the form of the performance metric under consideration implicitly indicates

(see (4)), the choice made in this paper is not to account for possible memory effects which

would be due e.g., to correlated channel realizations from block to block or the state of the

queue. This choice is coherent with the related literature on EE which originates from [5] and

the merit of it is that the corresponding power control policies remain distributed in the sense
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of the required knowledge to implement it. As seen in Sec. IV, a transmitter only needs to

know its instantaneous SINR to tune its power level on the current block and therefore manage

EE and created interference. Exploiting stochastic models can be seen as a relevant extension

of the present paper which would lead to a better performance (provided all the additional

parameters required are well estimated) but at the expense of obtaining power control policies

which are (possibly much) more demanding computationally and requiring (possibly much)

more information (see e.g., [33][34]). Summarizing, the proposed approach can be seen as a

reasonable tradeoff between performance gain in terms of EE and ease of implementation.

B. Properties

The EE function ηi,X possesses a very attractive property regarding its dependency toward pi.

This is what the next proposition states.

Proposition 3.2: For all i ∈ N , the EE function ηi,CAR(p) is quasi-concave w.r.t. pi and has a

unique maximum point denoted by p∗i (p−i
).

The proof relies, in particular, on the sigmoidness assumption for f and can be found in App.

A for the CAR case and in App. A-B for the AAR case. This result is very useful for the NE

analysis which is conducted in Sec. IV. Remarkably, the quasi-concavity property is not only

available in the case of CAR but also in the case of AAR, which is not obvious a priori.

In order to obtain more insights about the impact of having a buffer on energy-efficiency, we

now briefly analyze the case of CAR. The following result holds.

Proposition 3.3: Let X = CAR. For all i ∈ N , the EE function ηi,X is a strictly increasing function

of the parameter q.

Proof: Let p be fixed and remove the dependency toward p and γi from the notations. The EE

function can be rewritten as ηi,CAR =
1

b
(1−ΦCAR)q+

pi
f

. Clearly, if the sufficient condition ∂ΦCAR
∂q < 1−ΦCAR

q

holds, then ∂
∂q (1 − ΦCAR)q > 0. From this, it follows that ∂ηi,CAR

∂q > 0. Let us prove the sufficient

condition. The derivative ∂ΦCAR
∂q can also be written as ∂ΦCAR

∂q = −Φ2
CAR

∂(Φ−1
CAR)
∂q with Φ−1

CAR = 1 +
1
ωCAR
+ .. + 1

ωK
CAR

. Using
∂ωCAR

∂q
=

1 − f
f

1
(1 − q)2 (12)

implies that
∂Φ−1

CAR

∂q
=




1
ωCAR

+ .. +
K
ωK

CAR




1
q(1 − q)

>
1

ΠCARq(1 − q)
. (13)
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The sufficient condition follows by using 1
ΠCARq(1−q) > 0 and thus ∂ΦCAR

∂q < 0 < 1−ΦCAR
q .

This proposition mathematically translates the following intuition. If the packet arrival rate

q decreases, the average duration during which the buffer is empty increases. Since there is a

fixed transmission cost b, this induces a waste of energy.

To conclude this section, let us analyze the limit of large buffer size. Two sub-cases can be

distinguished.

• Case 1: qX > f (γi(p)), i.e., ωX > 1. We have that the steady-state probability of having a full

buffer lim
K→∞
ΠX =

ωX − 1
ωX

and a simplification yields ΦX = 1 − f (γi(p))

qX
. Thus the EE becomes

lim
K→∞
ηi,X(p) =

R f (γi(p))

b + pi
. This means that a higher probability of entrance than exit causes

the queue size to blow up, and there are always packets to be transmitted, which explains

why one falls into the framework of [17] in Case 1.

• Case 2: qX ≤ f (γi(p)), i.e., ωX ≤ 1. If f (γi(p)) = qX, then ΠX =
1
K and lim

K→∞
ΠX = 0. For

f (γi(p)) > qX, we have also that lim
K→∞
ΠX = 0 and then simplification yields ΦX → 0. Thus

the EE becomes lim
K→∞
ηi,X(p) =

R
b

qX
+

pi

f (γi(p))

. This means that, even with the fixed consumption

cost b, the EE performance metric to be optimized becomes
f (γi(p))

pi
(i.e., the same metric as

[5]). This is also quite intuitive, as in the steady state, due to a higher probability of exit,

the buffer is never full and there is no packet loss due to buffer overflow.

Remark 7. The above special case analysis suggests that, in the regime of large buffer size, the

power control policies may be obtained from an approximated payoff function which is simpler

than the exact expression (4). It is seen that, depending on the current value of the SINR and

arrival rate, the approximated payoff function coincides either with that of [5] or [17].

C. QoS constraint

To conclude this part, we will mention how the QoS constraint is treated in our analysis.

As already mentioned in Sec. I, one of the recurrent problems with most works using the

performance metric introduced in [5] is that EE can be maximized at a power level which does

not guarantee a minimum QoS. This is why, in the case of CAR, we also consider a constraint

when maximizing (4): the packet loss rate ΠCAR[1 − f (γi)] has to be less than an upper bound

ǫ. For example, in cellular systems, typical values for ǫ are 0.1 or 0.01, based on the system

requirements. Adding this constraint restricts the range of power usable by the transmitter by
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adding a lower bound on the power. This lower bound depends on the entry probability q and

on the size of the queue K. At last, our choice is not to impose this constraint for the AAR

protocol since, by construction, this protocol aims at automatically adapting the packet arrival

rate to congestion.

IV. Equilibrium analysis and distributed power control algorithm

Since it is assumed that transmitter i, i ∈ N , can only control the variable pi of the N−variable

function ηi,X(p) and is assumed to consider the energy-efficiency of his own communication, the

power control problem is naturally distributed in terms of the decision. The ultimate goal of

this section is to propose a power control algorithm which is distributed both in terms of the

decision and information (only individual SINR feedback is required to adapt the power level).

While the algorithm itself is directly inspired from existing works, its convergence analysis does

not follow from a direct adaptation of existing results. We first begin by an equilibrium analysis

of two non-cooperative games associated with the two considered power control scenarios (CAR

and AAR), before proposing the algorithm and proving its convergence.

A. Equilibrium analysis of the associated games

A non-cooperative game under strategic form is merely given by an ordered triplet (see e.g.,

[23]). With the notations of this paper it writes as

GX =
(
N , {Pi}i∈N ,

{
ui,X

}
i∈N

)
(14)

where the set of decision-makers (DMs) or players is therefore the set of transmitters, the action

space for DM i is Pi = [0,Pmax], and ui,X is the payoff function of DM i when the arrival rate

model is X. As explained in Sec. II, when CAR is assumed, a QoS constraint is imposed on the

packet loss. Under this assumption, the payoff function is chosen to be:

ui,CAR(p) =

∣∣∣∣∣∣∣∣∣∣

ηi,CAR(p) if ΦCAR(γi(p)) ≤ ǫ

R
q
[
1 −ΦCAR(γi(p))

]

b + Pmax
otherwise

. (15)

This payoff definition means that as long as the QoS constraint can be met, energy-efficiency

maximization is pursued. However, if the constraint cannot be met, goodput maximization or

packet loss minimization is sought. Note that, for any constraint ǫ, the action space of any DM

i is still the interval [0,Pmax]. The constraint is instead merged into the payoff function in such
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a manner that as long as the constraint is not satisfied, it is always optimal to increase power.

For the AAR case, the payoff function is simply defined by

ui,AAR(p) = ηi,AAR(p). (16)

A fundamental solution concept for a non-cooperative game is the Nash equilibrium. There

are at least two important reasons for this. When operating at an NE, a network possesses a form

of strategic stability: a transmitter which changes his power control policy while the others keep

on using the equilibrium policies, will see this payoff decreased or maintained in the best case.

The second reason is that, under some conditions, important iterative distributed optimization

algorithms such as the sequential best-response dynamics (called sequential iterative water-

filling in the literature of distributed power allocation whose objective is to maximize the

transmission rate) converge to an NE. It turns out that the two games under study verify a

simple sufficient condition which allows the second feature to be exploited. All of this gives

us a strong reason for conducting the equilibrium analysis for the two defined games in order

to show that the two games above possess an equilibrium, to prove that it is unique and to

provide a simple distributed optimization algorithm which converges to it. This is the purpose

of the following propositions which follow the definition of a Nash equilibrium in our context.

Definition 4.1: The vector of transmit power levels pNE
X

is a pure Nash equilibrium of the game

GX if:

∀i ∈ N , ∀pi ∈ Pi, ui,X(pNE) ≥ ui,X(pi, pNE
−i,X

). (17)

Proposition 4.2: For X ∈ {CAR,AAR}, the game GX admits at least one pure Nash equilibrium.

Proof: The proof is based on a fixed point theorem proved in [21]. The called theorem states

that if the action spaces are compact convex sets, every payoff function of the game is upper

semi-continuous w.r.t. the action profile (p in our context), and for any DM i the payoff function

is quasi-concave w.r.t. to the individual action (pi in our context), then the game possesses a

pure Nash equilibrium. For X ∈ {CAR,AAR}, the action space is [0,Pmax] which is a compact

convex space. When X = CAR, ui,X is upper semi-continuous w.r.t pi whereas it is continuous

when X = AAR. From Prop. 3.2, we know that for any X, individual quasi-concavity is available.

This concludes the proof.

To our knowledge, all related works on energy-efficient power control use utilities which

are continuous with the power profile p. Interestingly, a relevant power control game in which

continuity is not available can be exhibited for the case of X = CAR.
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Proposition 4.3: For X ∈ {CAR,AAR}, the game GX admits a unique pure Nash equilibrium,

for which the equilibrium power policy will be denoted by pNE
X

.

Proof: The proof of this result mainly relies on one important property of the studied games,

namely both games are standard in the sense of [22]. In App. C we prove that the DMs’ best-

responses are always standard functions; by definition, the best-response of a DM i to the

(reduced) action profile p−i
is the set-valued function defined by BRi,X(p−i

) = arg max
pi

ui(p). If the

best-responses of all the DM’s are standard, then the game is also standard, which completes

our proof.

B. The proposed distributed interference management algorithm

The property of the previous proposition is also sufficient to guarantee convergence of some

important distributed optimization algorithms. Note that the argmax set mentioned in the proof

is a singleton (a scalar value), which can be checked from App. B for CAR and App. A-B for

AAR. While this property is available for the scenario studied in [5] and many related works,

it is seen here that, although the proposed QoS oriented cross-layer approach leads us to more

complex and more general utilities, this property is still valid.

This means that for these algorithms, not only is convergence ensured, but the convergence

point is also unique. This is very useful to characterize the performance of an implemented

distributed power control algorithm. Here, we only mention one of such algorithms: the asyn-

chronous or sequential best-response dynamics. This algorithm is well known in game theory

[35] and draws its roots from the paper by Cournot [36]. It has been used in [5] and is often

used because convergence to the NE can be guaranteed. Let pNE
X

be the unique NE of GX. For

the algorithm, we define p(t) as the power control policy in the previous time slot, and p(t + 1)

as the power control policy for the current time slot. Algorithm 1 implements the sequential

best-response dynamics for GX:

Several comments are in order.

1) We have assumed that DM 1 updates first, who is followed by DM 2, etc. In fact, this

order can be arbitrary provided it is fixed (see e.g., [37]).

2) To update the power levels m times, a duration corresponding to mN time-slots is required.

3) The quantity δ > 0 corresponds to the accuracy level wanted for the stopping criteria in

terms of convergence to the NE.
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Algorithm 1 Sequential best-response dynamics
∆← 2δ ⊲ Initialize the observed difference in power levels over time, δ is the tolerance.

p0 ← (Pmax,Pmax, . . . ,Pmax) ⊲ The starting power is uniform power with Pmax.

t← 0 ⊲ The starting time is 0.

while ∆ ≥ δ do ⊲ The outer loop that iterates till the power policies converge.

for i = 1→ N do ⊲ The inner loop iterating over the DM indices.

Γi =
γi(pt)

pt
i

⊲ Using the SINR feedback from its receiver, DM i calculates the

interference term Γi for the previous time slot.

p∗ ← arg maxp




RqX(pΓi)(1 −ΦX(pΓi))

b +
p

f (pΓi)
qX(pΓi)(1 −ΦX(pΓi))




⊲ Calculate the optimal power that

maximizes the EE.

if X=CAR then

p+ ← min(p;ΦCAR(pΓi) ≥ ǫ) ⊲ Calculate the minimum power to satisfy the QoS

constraint.

pt+1
i ← min(max(p∗, p+),Pmax) ⊲ Choose the optimal power for CAR if less than

Pmax and more than p+.

else

pt+1
i ← min(p∗,Pmax) ⊲ Choose the optimal power for AAR if less than Pmax.

end if

end for

∆← maxi(|pt+1
i − pt

i |)
t← t + 1

end while

4) The algorithm 1 is completely distributed in the sense that to update his power, a DM

only needs to know the SINR corresponding to his chosen power level, i.e., BRi,X(p−i
)

can be calculated by knowing γi for some pi. This is typically achieved using a feedback

mechanism and does not require a central entity that provides knowledge of the channel

conditions or power levels chosen by the other DMs.
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V. Numerical results

A. General setup

Unless explicitly stated otherwise, the following choices and parameters are assumed for all

the simulations provided here:

• The number of users or transmitters is set to two (N = 2). This scenario was chosen because

the behavior of various metrics like the price of anarchy (PoA) can be easily analyzed in this

situation. The case of “high interference”, as defined below, is also studied to compensate

for this choice. In addition, some specific figures also study the case with more interferers.

• The block success rate function is chosen as in [13]: f (γi) = exp
[
−

(
2

R
R0 −1
γi

)]
where R0 = 1

MHz is the bandwidth used and the gross data rate is R = 1 bit/s.

• When the adaptive arrival rate scenario is considered, it it is assumed that g(φ) = 0.1√
φ

.

• We define the low (resp. high) interference scenario as: E(gii) = 2.5 and E(gi j) = 0.5 for j , i

(resp. E(gii) = 2.5 and E(gi j) = 2 for j , i). For some simulations, the channel gains will be

assumed to be fixed while for the others it will follow classical block Rayleigh fading. The

values indicated will be the instantaneous channel fading when the scenario considered is

static and otherwise will indicate the variance.

• The noise level is set to σ2 = 1 mW; the maximum power Pmax = 1000 mW; buffer size of

K = 10; ǫ = 1 (packet loss constraint) and the fixed power consumption b = 1000 mW.

• To measure the global efficiency of the interference network with respect to the centralized

solution, we use the price of anarchy. [38] gave a definition of PoA where the optimal

situation correpsponds to a POA equal to 1, while other situations correspond to a PoA> 1:

∀X ∈ {CAR,AAR}, PoAX =

max
p

∑

i

ui,X(p)

∑

i

ui,X(pNE)
. (18)

B. About the considered EE performance metric

Here we assume a single-user scenario i.e., N = 1, a fixed channel gain (namely g11 = 2.5),

and the arrival rate to be fixed (CAR scenario). Fig. 1 depicts the EE (4) as a function of the

chosen radiated power for different values of the fixed consumption cost b and packet arrival

rate q. First, the figure illustrates what has already been proved through Prop. 3.2 namely, EE

is quasi-concave w.r.t. the radiated power. Second, we fix q to one and assess the influence of b.

As b increases, the curve becomes less peaky. In fact, if b becomes very high, EE tends to merely
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becomes a packet success rate function. This means that power control becomes irrelevant since

it merely boils down to transmitting at maximum power whatever the channel conditions. Now

we fix b to 1000 mW. By moving from the arrival rate of q = 1 (framework of [17]) to q = 0.6

(with a buffer size of K = 10), it is seen that the EE curve is quite significantly changed and

the optimal radiated power changes from 460 mW to 320 mW. In the next section, the gain in

terms of radiated power brought by the cross-layer approach is quantified in a more general

scenario.
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Fig. 1. CAR: EE against p1, i.e., the energy efficiency as a function of the transmit power for various values of the

constant power (b) and packet arrival rate (qCAR).

C. Influence of the packet arrival rate in the CAR scenario

Here we assume the low interference scenario. For K = 10, Fig. 2 represents the gains

in dB in terms of radiated power which is brought by the proposed cross-layer approach

(after convergence of the proposed distributed power control algorithm) w.r.t. the conventional

approach in which it is (implicitly) assumed that q → 1 [17]. The gain is therefore defined by

10 log10




pNE
i [q→ 1]

pNE
i [q]


, for a given i ∈ {1, 2, 3}, say i = 1 (the gain is the same for the different

transmitters since the average channel gains are identical). The gain is represented as a function
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of the packet arrival rate. It is seen that, for different numbers of transmitter-receiver pairs (N = 2

or N = 3) and a raw packet error rate of ǫ = 0.1 (by raw it is meant before re-transmission),

the gain is significant if the arrival rate is typically less than 0.5. Gains as high as 10 dB (with

N − 1 = 2 interfering users on the same band) or 30 dB (with N − 1 = 1 interfering user on the

same band). If the raw QoS constraint is relaxed (ǫ = 1), quite similar observations can be made.

These gains are not in terms of energy consumed by the whole transmit device but they mean

that transmitters use much less radiated power and therefore create much less interference,

while reaching the same QoS.
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Fig. 2. CAR: 10 log10

(
pNE

1 [q→ 1]

pNE
1 [q]

)
against q, i.e., the ratio of equilibrium power levels in the cross-layer case to

the case where the buffer is ignored and arrival rate is one. Interestingly, our cross-layer approach does not only

allow the EE to be maximized but also allows significant gains in terms of radiated power. The transmit power for

the cross-layer approach is always lower than for the purely physical layer approach, and this difference is more

prominent when a packet loss constraint is imposed.

In the low interference static channel scenario, Fig. 3 depicts the PoA or price of having a

distributed network versus the packet arrival rate for different buffer sizes (K = 1 and K = 10)

and a raw packet error rate of ǫ = 0.02. In contrast with existing works on EE, the PoA can be
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Fig. 3. CAR: Here, a given realization is assumed for the channel. In contrast with existing works on energy-efficient

power control which assume q → 1 and therefore always obtain a high value for the PoA, it is seen here that low

values are actually reachable when the packet rate is sufficiently small. With a large enough buffer size (K), even for

ǫ = 0.02, the NE is close to centralized solution if the right q is used.

small in energy-efficient interference networks. This occurs when the arrival rate is typically less

than 0.4 and for a reasonably large buffer size; K = 10 is in fact quite small while K = 1 is the

minimum buffer size possible and corresponds a very extreme case. The jump observed in the

figure around q = 0.4 at low interference and q = 0.5 at high interference. This occurs when q ≥
f (γNE). This jump in the PoA occurs when the value of q crosses this threshold, as the equilibrium

power control policy before the jump corresponds to a power control policy closer to the one

seen in [5], while after the jump, the equilibrium is closer to the one in [17]. It is therefore worth

noting that, under some realistic conditions, a distributed interference management policies can
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Fig. 4. Contrarily to Fig. 3 which assumes a given channel realization, this figure is obtained by averaging over

channel realizations. The CDF of the PoA provides information about how often the price of having a distributed

system is low or high. In this figure as well, we see that even in the high interference regime, a small arrival rate

can lead to an efficient equilibrium more often.

perform as well as a centralized one. To our knowledge, this observation has not been made

before in the literature originating from [5] because all the corresponding works assume that

the transmitter has always packets to send while this is not the case in many real scenarios

(download speeds are often limited by server speeds).

Since our observations regarding the PoA might be thought to be related to the specific realiza-

tion of the channel, we now provide numerical results which have been obtained by averaging

over channel realizations. Fig. 4 shows the cumulative distribution function (CDF) of the PoA

for four parameter settings: Low interference scenario and qCAR = 0.2; Low interference scenario

and qCAR = 0.8; High interference scenario and qCAR = 0.2; and finally, high interference scenario

and qCAR = 0.8. This figure confirms that the loss on optimality induced by decentralization is

rather small if transmissions are sporadic and interference is not severe.

Now, Fig. 5 represents the network sum-payoff, which is an absolute performance measure.

In the high interference scenario, for K = 10, a raw QoS of ǫ = 0.02, the figure depicts the sum-
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Fig. 5. CAR: Remarkably, this figure shows that a communication system can be optimized in terms of used traffic

or service. Indeed, there exists an optimal packet rate at which the network EE is maximized. As the number of

users increases, the q that corresponds to the best equilibrium, in terms of sum-payoff, decreases. Note that this plot

is for the high interference case with ǫ = 0.02 resulting in a low equilibrium payoff for N = 8.

payoff versus q for different numbers of transmitter-receiver pairs (N ∈ {2, 3, 4, 6}). This figure

illustrates that the sum-payoff at the NE is maximized at a particular q which is seen to decrease

with the number of transmitters. This can be intuitively understood, as if the packet arrival rate

is reduced, it is possible for more transmitters to experience the same QoS and transmit at a

lower power. On the other hand, a very small q implies that the network resources are not

being sufficiently exploited, resulting in low efficiency.

D. Gains in terms of energy brought by the cross-layer approach w.r.t. the state-of-the art

To our knowledge, existing works in the literature originating from [5] do not interpret EE

maximization as energy minimization. As explained in the paper, both problems are in fact

equivalent in communications systems where re-transmissions are allowed. We exploit this

interpretation here to go further than just assessing the gains in terms of EE as done classically.

Indeed, we assess the gain in terms of energy or average total power brought by the proposed

cross-layer approach over the closest state-of-the art solution which is given in [17] (the latter

is obtained by assuming q → 1 whatever the actual value of q). For q = 0.5 and q = 0.3, Fig.
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6 shows that it is possible to have improvements in terms of energy consumed by the device

and not just EE. This (relative) gain can be as high as 28% for q = 0.5 and 42% for q = 0.3 in the

setting under consideration. Interestingly, this gain can be obtained under the same information

assumption as [17] namely, only individual SINR feedback is needed to implement the power

control algorithm which provides the NE performance (after convergence). Note that in this

case, q = 1 offers no gain as the situation is identical to that treated in [17] while q→ 0 would

offer maximum gain.
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Fig. 6. CAR: Plotting the energy consumed against b with q = 0.6 and q = 0.3. We compare the performance of our

proposed algorithm against using the best-response dynamics algorithm from [17] where the presence of the queue

is ignored.

As a second comparison in terms of energy, we compared the energy consumed by a trans-

mitter when optimizing (4) with what would obtained by just minimizing the radiated power

under an SINR constraint, which is a classical approach. Fig. 7 corresponds to the relative gain

in terms of saved energy as a function of the fixed consumption cost b, for q = 0.5 and q = 0.9,

R = 8 Mbps and an SINR target of 25 dB for both approaches in the single user case (interference

can make achieving such a target impossible). It is seen that an energy gain of up to 80% can

be achieved for sufficiently high values of b, which is a quite significant gain and can be easily

attained in practice (e.g., maximum radiated power for femto base stations is of the order of
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Fig. 7. CAR: Plotting the energy consumed against b with q = 0.5 and q = 0.9. We compare the performance of our

proposed algorithm against a scheme that just minimizes the transmit power such that the SINR ≥ 25 dB. We show

that our proposed algorithm satisfies this constraint and still consumes less energy.

one watt while the fixed consumption cost is typically of about a few watts). Note that the gain

observed here is maximum when q = 1 as the highest transmit power is used in this case.

E. Influence of the packet buffer size in the AAR scenario

So far, we have been assuming the CAR scenario. In particular, this has allowed us to study in

detail the influence of the parameter q. But, for AAR q is not fixed and varies with the SINR. Fig.

8 represents, for different numbers of transmitters (N ∈ {2, 3, 8}), the network sum-payoff versus

the buffer size for a static channel. The influence of interference (e.g., inter-cell interference) on

global energy-efficiency clearly appears. As an important comment, as this simulation shows

and many other simulations confirmed this observation (including all simulations assuming

CAR instead of AAR), when the buffer size is greater than 10 typically, the asymptotic regime

in terms of buffer size can be assumed to be approximately reached. In practice, this means

that, when K is large enough, power control policies might be approximated by implementing

the power control policies obtained by assuming K → +∞, which corresponds to switching

between Cases 1 and 2 (in Sec. III-B), depending on the current SINR.
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Fig. 8. AAR: We observe that the AAR sum-payoff at the NE is sensitive to the interference level, as seen from

the large difference between the two user low and high interference case. With a low interference level, N = 8 has a

higher sum-payoff than for N = 2 with a high interference level.

Fig. 9 studies the average gain in EE (averaged over the channel fading) when compared

to that of a power control algorithm ignoring the packet level versus the interference. Here

we see that when the interference is very low, the NE of the proposed scheme performs better

than an algorithm that ignores the packet level. However, when under interference, the strategy

under the AAR scheme would be to use a very high power as EE is individually optimized

when the AAR achieves a higher packet rate. This results in a sub-optimal NE as seen in the

figure when the interference is in the [−25, 0] dB range. This effects indicates that the cross-

layer approach might induce some performance loss w.r.t. the classical approach. The authors

wanted to emphasize this negative but quite surprising result since it indicates that in distributed

networks, refining the modeling aspect can sometimes induce a performance loss; this result

can be related to other known paradoxes in distributed networks such as the Braess paradox

[39].
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Fig. 9. AAR: Here, we plot the percentage gain in EE v.s gi, j, i , j (keeping gi,i = 1), where the gain is calculated by

comparing the EE achieved using the proposed AAR algorithm to the EE at the NE achieved by using the algorithm

ignoring the packet level. We observe that in the very low interference regime, the proposed scheme outperforms

the other algorithm. However in the low-medium interference region, the NE is inefficient with a high PoA and this

results in poor performance.

VI. Conclusion

Compared to the closest related works, the work reported in this paper possesses three salient

features: The (possible) existence of packet buffer with finite size is taken into account; The total

power consumed by the transmitter is considered; The proposed formulation considers the

QoS. Remarkably, even though the derived energy-efficiency performance metric is seemingly

more complex, it possesses all the main properties necessary for designing efficient distributed

algorithms. Quite surprisingly, this is not only true when the packet arrival rate is constant

(CAR protocol) but also when it is assumed to be adapted as a function of the SINR and the

subsequent packet loss through the AAR protocol. One of the consequences of these properties

is that the proposed iterative distributed power control algorithm converges towards a unique

Nash equilibrium of the power control game associated with both transport protocols.

While the cross-layer generalization of energy-efficient power control is supported by several

key analytical results, numerical results strongly support our approach as well. One of the key
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observations made from simulations is that a distributed power control scheme can perform as

well as a centralized solution in some situations; realistic settings under which the PoA is one

are clearly identified. Also, it is clearly explained why maximizing EE amounts to minimizing

energy in communication systems with re-transmission protocols and this key interpretation is

exploited to assess the gain in terms of saved energy brought by the proposed approach.

The proposed approach might be extended in many relevant ways. To address more general

wireless scenarios, the most simple extension would be to address the multi-carrier case and

also the case of frequency selective channels, these extensions being potentially related. When

relevant, receivers might be assumed to implement successive interference cancellation. In order

to obtain more efficient equilibrium points (e.g., in the sense of the sum-payoff or a given

fairness criterion), it would be of high interest to exploit a more advanced game model such

as a stochastic game; this extension is especially relevant if the queue state information has to

be exploited. To go further in the direction of having a very realistic wireless network model, a

less trivial, but very relevant extension would be to analyze the case of a time-varying number

of users. This is definitely both of practical and theoretical interest. Finally, the case of CAR

and AAR transmitters simultaneously active in the network has not been studied in this paper.

However, our results for quasi-concavity are independent of the protocol used by the other DMs

and so the existence of the NE is guaranteed, while uniqueness is left for future extensions.
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Appendix A

Proof of quasi-concavity

Proof: To prove that ηi,X(p
i
) is quasi-concave w.r.t pi, we consider its reciprocal

1
ηi,X(p

i
)
= Ai(p) + BX(γi(p)), where;

Ai(p
i
) =

pi

R f (γi(p))
, the physical layer factor which depends on the transmit power and the SINR.

BX(γi(p)) =
b

RqX(γi(p))[1 − ΦX(γi(p))]
, the cross-layer factor which depends on the protocol X and

the SINR.
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Recall that f (γ) is increasing and initially convex for γ ∈ [0, γ+] and eventually concave for

γ ∈ [γ+,∞). So, we have that Ai(p) is decreasing in the interval γi(p) ∈ [0, γ+] and convex w.r.t pi

for γi(p) ∈ [γ+,∞). If a function is continous and differenciable, then it is sufficient to show that

it is convex at all local minima/maxima for quasi-convexity. The inverse function we consider

is strictly decreasing in the interval [0, γ+] and thus, can not have a maxima/minima in this

interval. Hence, once we prove that it is convex in the other interval, we prove quasi-concavity

of the original function.

If BX(γi(p)) is a monotonically decreasing function and is convex for γi ≥ γ+, then we have
1

Ai(p) + BX(γi(p))
quasi-concave w.r.t pi [40], [41].

From (1),
∂γi(p)

∂pi
is a constant and in the following sections, to prove that

∂BX

∂pi
< 0 and

∂2BX

∂p2
i

> 0, we just prove that:

∂BX

∂γi
< 0, and

∂2BX

∂γ2
i

> 0.

A. The case of CAR

In this sub-section we prove that the required conditions for quasi-concavity are satisifed

under a CAR scheme. For CAR, qCAR(γi(p)) = q is a constant. Now let us study the derivatives

of the function BCAR(γi) w.r.t γi;

∂BCAR(γi)
∂γi

=
b

Rq(1 − ΦCAR(γi))2

∂ΦCAR(γi)
∂γi

, (19)

and

∂2BCAR(γi)
∂γ2

i

=
b

Rq(1 − ΦCAR(γi))2



∂2ΦCAR(γi)
∂γ2

i

+

(
∂ΦCAR(γi)
∂pi

)2 2
1 − ΦCAR(γi)


 . (20)

From (19), we see that showing ∂ΦCAR
∂γi
< 0 is sufficient for proving that ∂BCAR(γi)

∂γi
< 0 as the other

terms are always positive.



IEEE TRANSACTIONS ON VEHICULAR TECHNOLOGY 29

Similarly, ∂
2ΦCAR

∂γ2
i
> 0 is sufficient for proving that ∂

2BCAR(p)
∂γ2

i
> 0.

∂ΦCAR

∂γi
=

(
1 − f (γi)

) ∂ΠCAR

∂γi
−ΠCAR

∂ f (γi)
∂γi

(21)

∂2ΦCAR

∂γ2
i

=
(
1 − f (γi)

) ∂2ΠCAR

∂p2 −

2
∂ΠCAR

∂γi

∂ f (γi)
∂γi

−ΠCAR
∂2 f (γi)
∂γ2

i

. (22)

For ∂ΦCAR
∂γi
< 0, by examining (21), we see that showing ∂ΠCAR

∂γi
< 0 is sufficient.

We have ωCAR =
q

1−q
1− f (γi)

f (γi)
and so:

∂ωCAR

∂γi
=

−q
(1 − q) f (γi)2

∂ f (γi)
∂γi

< 0. (23)

It can be easily verified that ∂
2ωCAR

∂γ2
i
> 0 for γi ≥ γ+. Express 1

ΠCAR
= 1+ 1

ωCAR
+...+ 1

ωK
CAR

. Differentiating

with respect to γi, we have

∂ΠCAR

∂γi
= Π2

CAR
∂ωCAR

∂γi




1
ω2

CAR

+ ... +
K
ωK+1

CAR


 < 0. (24)

Again, it can be verified that ∂
2ΠCAR

∂γ2
i
> 0. Thus, we have:

∂ΦCAR

∂γi
< 0 (25)

and
∂2ΦCAR

∂γ2
i

> 0 (26)

Now, following the argument from the start, we have ηCAR(pi, p−i
) to be quasi-concave.

Since there exists some power pi for which ηi,CAR(pi) is maximized, we have proved that there

exists a unique p∗i for which the EE is optimized.

�

We are able to determine the optimal power p∗i which maximize the EE function, by solving

the following equation:

0 = −∂ΦCAR
∂pi

(
b + piq(1−ΦCAR)

f (γi(p))

)
+

(1 − ΦCAR)
(
∂ΦCAR
∂pi

pi

f (γi(p)) +
∂(pi/ f (γi(p)))

∂pi

)
. (27)
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B. The case of AAR

In this sub-section we prove that the required conditions for quasi-concavity are satisifed

under an AAR scheme. For AAR, qAAR(γi(p)) is determined by the (10). In AAR, from (3), we

know q = g(φ) and so Φ = g−1(q) where g−1 is the function inverse of g(.) which is assumed to

exist, be double differentiable, strictly decreasing and convex.

And so we have the following equation for BAAR(γi):

BAAR(γi(p)) =
b

R(qAAR(1 − g−1(qAAR(γi(p)))
. (28)

Now let us study the derivatives of the function BAAR w.r.t γi as ∂γi

∂pi
> 0 and is a constant. So

the sign of these derivatives do not change even when differentiated w.r.t pi.

−b
R
∂BAAR(γi)
∂γi

= (29)

q′AAR(γi)(1 − g−1(qAAR)) − qAAR(γi)q′AAR(γi)(g−1)′(qAAR)

[qAAR(γi)(1 − g−1(qAAR(γi)))]2

and

R
b
∂2BAAR(γi)
∂γ2

i

= (30)

[q′AAR(γi)(1 − g−1(qAAR)) − qAAR(γi)q′AAR(γi)(g−1)′(qAAR)]2

[qAAR(γi)(1 − g−1(qAAR(γi)))]3

− [q′′AAR(γi)(1 − g−1(qAAR)) − 2q′AAR(γi)2(g−1)′(qAAR)]

[qAAR(γi)(1 − g−1(qAAR(γi)))]2 +

qAAR(γi)[q′′AAR(γi)(g−1)′(qAAR) + q′AAR(γi)2(g−1)′′(qAAR)]

[qAAR(γi)(1 − g−1(qAAR(γi)))]2

From the above expressions, we deduce that the requirements for BAAR to be decreasing and

convex, knowing (g−1)′(qAAR) ≤ 0 and (g−1)′′(qAAR) ≥ 0 is that

∂qAAR(γi)
∂γi

≥ 0. (31)

∂2qAAR(γi)
∂γ2

i

≤ 0. (32)

Now, we exploit the AAR based fixed point equation:

g−1(qAAR(γi)) =
1 − f (γi)

1 + ωAAR(γi)−1 + ωAAR(γi)−2 + · · · + ωAAR(γi)−K . (33)
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Differentiating (33) w.r.t γi once, we get that
∂qAAR(γi)
∂γi

≥ 0 and differentiating twice, we get

that the inequality (32) is satisfied for γi ≥ γ+.

Thus we have shown that ηi,AAR is quasi-concave w.r.t pi for the AAR case.

�

Appendix B

Proof of existence of a pure NE in GCAR

Proof: Here we use the result in [21] (Corollary of Theorem 2 in [21]) which states that:

Theorem 1: ∀i, Ai ⊂ RN be non-empty, convex and compact, and let Ui : Ai → R be quasi-

concave in ui and upper semi-continuous. Define Vi(a−i) = max[Ui(ai, a−i)]. If Vi is lower semi-

continuous in a−i then, the game (N ,A,U) has a pure NE.

In this section, we prove that ui,CAR is upper semi-continuous and that the newly defined

function Vi(p−i
) = max[ui,CAR(pi, p−i

)] is lower semi-continuous. Here, we identify Vi as the payoff

of the best-response, i.e., Vi(p−i
) = ui,CAR(BRi,CAR(p−i

), p−i
). Studying the specific cases of GCAR:

Note that
q[1 −ΦCAR(γi)]R

b + Pmax
< ηi,CAR(p); ∀(pi < Pmax). Define p+i (p−i

) : ΦCAR(γi(p+i (p−i
), p−i

)) = ǫ and

p∗i (p−i
) :
∂ηCAR(p∗i (p−i

), p−i
)

∂pi
= 0. There are several cases possible:

1) p+i (p−i
) ≥ Pmax: Here, ui,CAR(p) is a strictly increasing function and maximizes at Pmax.

2) p∗i (p−i
) ≤ p+i (p−i

) < Pmax: Here ui,CAR(p) is a strictly increasing function in the interval

pi = [0, p+i (p−i
)) and after a point of discontinuity at p+i (p−i

), is strictly decreasing in the

interval [p+i (p−i
),Pmax]. So ui,CAR maximizes at p+i (p−i

).

3) p+i (p−i
) < p∗i (p−i

): ui,CAR(p) is strictly increasing in the interval [0, p+i (p−i
)) and after a point

of discontinuity at u+i , is quasi-concave in the interval [p+i (p−i
),Pmax]. So ui,CAR maximizes

at p∗i (p−i
).

In all three cases, ui,CAR(p) is upper semi-continuous and quasi-concave (See Appendix A for

properties of ηi,CAR). Also, ui(p∗i (p−i
), p−i

) is a continuous function in p−i
and for small p−i

,

BRi,CAR(p−i
) = p∗i . After the point where p∗i (p−i

) = p+i (p−i
), as p−i

increases further, BRi,CAR(p−i
) = p+i

which is also continuous. And so BRi,CAR(p−i
) is in fact continuous and increasing in p−i

.

Vi is continuous in the interval p−i
≤ p+−i

: p+i (p+−i
) = Pmax and is given by ηi,CAR. For p−i

> p+−i
,

Vi jumps down according to the definition in (15) and is thus, lower semi-continuous. Using

Theorem 1, we have the result that the Game admits a pure NE.

�
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Appendix C

Best-responses for GX are standard

This proof holds for both cases of CAR and AAR. Here, we prove that the best-responses are

monotonic and scalable (standard) if ηi,X(p) is quasi-concave w.r.t pi. A function F(x) is standard,

if it satisfies the following properties:

1) F(x1) ≥ F(x2), if x1 ≥ x2: Monotonic

2) F(λx) ≤ λF(x), if λ ≥ 1: Scalable

Consider P− j := λp− j
, where λ > 1.

BR j,X(p− j
) can be calculated by solving for γ∗j in

0 =
∂A(ρ∗j, p j)

∂p j
+
∂B(γ∗j)

∂p j
(34)

which can be simplified to

0 = Â(γ∗j) + C(p− j
)B̂(γ∗j) (35)

where Â(γ∗j) =
f (γ∗j) − f ′(γ∗j)γ

∗
j

f 2(γ∗j)
, C(p− j

) =
b

σ2 +
∑

i, j hipi
and B̂(γ∗j) =

∂B(γ∗j)

∂γ j
. As A is convex and

B̂ negative, (proved in App. A), we can conclude that γ∗j(P− j) ≤ γ∗j(p− j
). Thus, BR j,X(P− j) ≤

λBRj,X(p− j
) as p j = γ j(σ2 +

∑
i, j gi jpi). Therefore the best-responses for the game are scalable.

Now consider P− j ≥ λp− j
such that (σ2 +

∑
i, j gi jPi) = λ(σ2 +

∑
i, j gi jpi) , where λ > 1. Let γ∗∗j

(where BRj,X( ˙p− j
) = γ∗∗j (σ2 +

∑
i, j hiPi) is the best-response) satisfy

0 = Â(γ∗∗j ) +
C(p− j

)

λ
B̂(γ∗∗j ) (36)

Now replace γ∗∗j by
γ∗j
λ and we have

Â(γ∗jλ
−1) +

C(p− j
)

λ B̂(γ∗jλ
−1) ≤ (37)

λ−1Â(γ∗j) +
C(p− j

)

λ2 B̂(γ∗j) ≤ (38)

Â(γ∗j)+C(p− j
)B̂(γ∗j)

λ ≤ 0. (39)

The above inequalities are a result of the properties of Â and B̂ given in App. A.

Which shows that γ∗∗j ≥
γ∗j
λ and thus, BR j,X(P− j) ≥ BRj,X(p− j

) and hence the best-responses are

monotonic.

As all the powers played are positive, the best-response functions satisfy the two requirements

and so are standard functions. �
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Abstract—In this work, we propose a novel power allocation
mechanism which allows one to optimize the energy-efficiency of
base stations operating in the downlink. The energy-efficiency
refers to the amount of bits that can be transmitted by the
base station per unit of energy consumed. This work studies
the impact of flow-level dynamics on the energy efficiency
of base stations, by considering user arrivals and departures.
Our proposed power allocation scheme optimizes the energy-
efficiency, accounting for the dynamic nature of users (referred
to as the global energy-efficiency). We emphasize our numerical
results that study the influence of the radio conditions, transmit
power and the user traffic on the energy-efficiency in an LTE
compliant framework. Finally, we show that the power allocation
scheme that considers traffic dynamics, is significantly different
from the power allocation scheme when the number of users is
considered as constant, and that it has a better performance.

I. INTRODUCTION

For a long time, the problem of energy in the field of
communications revolved around autonomous, embarked, or
mobile terminals. Nowadays, with the existence of large
networks involving both fixed and nomadic terminals and
the larger data rates supported, the energy consumed by
the fixed infrastructure has also become a central issue for
communications engineers [1]. As stated by the project Green-
Touch, the telecommunications industry currently account for
2% of the global carbon footprint, of which the major portion
comes through the energy consumed at base stations [2]. This
has led to the growing awareness for the need to reduce energy
consumption as well as to optimize the use of energy in order
to gain maximum benefit out of every unit of energy spent. The
present work falls into this framework, more specifically, our
goal is to devise the power allocation schemes for base stations
in green wireless networks with the focus on downlink. The
novelty of this work is in treating the problem of energy-
efficiency and power allocation for dynamic users, i.e for users
who, like in most practical cases, arrive randomly with a finite
workload and depart after finishing it.

Among the pioneering works on energy-efficient power
control is the work by Goodman et al [5] in which the authors
define the energy-efficiency of a communication as the ratio
of the net data rate to the radiated power; the corresponding
quantity is a measure of the average number of bits suc-
cessfully received per joule consumed at the transmitter. This
metric has motivated many works. A survey on works that

deal with this metric can be found in [6]. Other works like
[8] deal with the energy-efficiency metric, and it is applied
to the problem of distributed power allocation in multi-carrier
CDMA (code division multiple access systems) systems, in
[4] it is used to model the users delay requirements in energy-
efficient systems.

Summarizing the literature overview for energy-efficiency
optimization, we conclude that although several works con-
sider deal with this problem, they do not take into account
several key-aspects of the network. First, in the definition of
energy-efficiency, the number of users in the system is fixed,
corresponding to a full buffer traffic model. In a real system,
users arrive and depart and the number of users in the system
is a dynamic quantity. Secondly, the transmission cost usually
corresponds to the radiated power that is, the power of the
radio-frequency signals. In this paper, we propose a power al-
location scheme that responds to these two needs: considering
the dynamic behaviour of users and taking into account the
whole power consumption and not only the radiated power.
This work uses a cross-layer approach, which deals with both
the Media Access Control (MAC) layer, as well as the flow
level (user arrivals and departures) in Orthogonal Frequency-
Division Multiple Access (OFDMA) systems that are LTE
compliant. Similar cross-layer approaches have been used in
works like [9] and [7], but the metric used is often the capacity
or data rates maximized under power constraints, while in this
work we deal here with energy-efficiency optimization.

The original contributions of this paper are summarized as
follows:

1) We consider a new energy efficiency metric that ac-
counts for the overall power consumption of the base
station, including common channel and fixed consump-
tion parts.

2) We derive an optimal power allocation scheme that max-
imizes the energy efficiency, while preserving Quality of
Service (QoS).

3) We show that the power allocation that considers the
dynamic behavior of users is significantly different from
the scheme optimized locally for each state of the
network. In addition to that, the former performs better
than the latter. To the best of our knowledge, this is
the first time where such a flow level power allocation
scheme is derived.



This paper is structured as follows. In Section II, we present
the system model and define the proposed performance metric.
In Section III, we derive the optimal power allocation scheme
when supposing that the number of users is fixed. Section IV
shows how to deal with the dynamic behavior of users. Sec-
tion V provides numerical results comparing both approaches
(local vs. global optimization). Finally, we conclude the paper
and suggest some possible extensions to this work.

II. SYSTEM MODEL

A. System description

We consider a transmitting base station with buffers of
infinite (or very large) size. The base station sends packets
into a queue for each user which is stored in these buffers.
The packets arrive at each time slot TP (expressed in seconds),
each packet being of size Sp (expressed in bits). The data rate
Rp is equal to Sp

TP
. The throughput when using all the available

bandwidth is denoted by R(ρ) (expressed in bits per second),
when the receiver has an average signal to interference plus
noise ratio (SINR) of ρ. This SINR depends directly on the
transmit power P (expressed in Watts) as ρ = P

σ2 . Here
σ2 represents the average noise for a given radio condition
(expressed in Watts) and it depends on the distance of the
receiver from the base station. Note that in this work, the
effects of fast fading are not studied and we just consider the
average SINR.

All packets of a user are assumed of the same size and the
average throughput on the radio interface, when the queue
for the corresponding user is active, is denoted by Ra(ρ)
(expressed in bits per second) which depends on the bandwidth
available. When all the packets in the queue are transmitted
the queue becomes empty and inactive. We assume that the
transmitter always transmits packets while the queue is not
empty. Each packet stored in the buffer is a collection of
frames that are transmitted over the symbol time Ts (expressed
in seconds). Each frame is transmitted or retransmitted till
it goes through and an acknowledgment is received. With
these assumptions we proceed to calculate the average packet
duration Td in the buffer.

Td =
Sp

Ra(ρ)
(1)

If this duration exceeds TP , the time by which the next packet
arrives, the queue size becomes infinite and the transmitter is
always on. Otherwise, the probability of the transmitter to be
active (Φ(ρ)) is given by the ratio of Td to TP . Thus we have:

Φ(ρ) = max

(
Rp

Ra(ρ)
, 1

)
(2)

In this work, we focus on an OFDMA system that suits
LTE standards, and obtain the throughput R(ρ) by link level
simulations as described in [3]. The values taken for R(ρ)
from [3], are in fact, averaged over the fast fading and are
thus suitable for our model. When there are several users in
the network, the available bandwidth is divided among the
active users. We assume the bandwidth allocation to be equal

among all users and this implies that if N users are all active
and experience the same radio conditions, the throughput is
reduced to R(ρ)

N .

B. Proposed performance metric

In the broadcast channel there are multiple users that have to
be served. In practice, users arrive randomly, and depart once
they finish downloading their requested data. New arrivals
are blocked when the total number of users crosses a certain
limit defined by the base station. Each user may experience a
different radio condition from its peers.

For convenience, we divide the area covered by the base
station into “zones”. Every user in the same zone, experiences
the same radio conditions. This implies that if the base
station transmits at a certain power, then all the users in the
same zone experience the same SINR. The radio conditions
are determined by the average distance of the zone to the
base station. If we have M zones in total, we can define
{σ2

1 , σ2
2 , · · · , σ2

M} as the channel conditions for each zone. We
then define the “state” of the system s̄ = {N1, N2, · · · , NM}.
The state s̄ represents the number of users in each zone. For
example if there are two zones, and there are no users the state
is {0, 0}. When a user arrives to zone one, the state becomes
{1, 0}.

For a state s̄ = {N1, N2, · · · , NM}, the power allocation
scheme defined as P = {P1, P2, · · · , PM} results in an SINR
distribution of ρ̂ = {ρ1, ρ2, · · · ρM} among the zones 1 to M ,
where ρj =

Pj

σ2
j

.
First, we define the notion of energy-efficiency for a given

state or the “local” energy-efficiency. This is useful as in
practice, the base station can easily measure this quantity
only for a given state as it is unable to predict when a new
user will arrive. The “global” energy-efficiency defined as the
average of the energy-efficiency in each state weighted by their
probabilities.

If there is always one and only one user, the energy-
efficiency can be defined based on [5] and other works as

ηSU =
R(ρ)Φ(ρ)

b + PΦ(ρ)
(3)

where b is the constant power consumed by the base station
while serving at least one user1. The proposed form is easy to
interpret as R(ρ) represents the average throughput when the
transmitter is active and P is the cost when the transmitter is
active.

When the system is state s̄, the energy-efficiency is defined
as:

ηs̄(P) =
R̄s̄(ρ̂)

P̄s̄(P)
(4)

where R̄s̄ and P̄s̄ represent the total throughput and power
consumed respectively in state s̄.

1This cost can have several origins like energy spent on the power amplifier,
computation, cooling mechanisms etc. Details of the power consumption
model are given in [1].



When the number of users is random, then the global
energy-efficiency function is defined as:

η̂ =
∑

s̄

π(̄s)R̄s̄

P̄s̄
(5)

Where π(̄s) is the probability of finding the base station at
state s̄ of user distribution. The global energy-efficiency could
alternately be defined as ratio of the total throughput over all
states to the total power over all states. However, in practice,
calculating the energy-efficiency for each state and taking
the average, is easier and more reasonable. The goal of this
work is to improve the above defined energy-efficiency of a
transmitting base station.

This metric can be physically interpreted as the average
number of bits that can be transmitted by spending one Joule
of energy. Alternately, the average power cost of the base
station can be written an Traffic

η . Hence, optimizing the global
energy-efficiency amounts to minimizing the average power
consumption of the base station.

III. OPTIMAL POWER ALLOCATION FOR A FIXED NUMBER
OF USERS

In this section we consider the case where the number
of users is fixed. We will refer to the optimization of the
metric defined in this section as “local” optimization as it
deals with the optimization of a single state of the wireless
network. When the state of the network is given, we know
the number of users in each zone and can thus calculate
the relevant information required to obtain and optimize the
energy-efficiency. For our calculations we assume a knowledge
of the average noise levels for each zone, i.e {σ2

1 , σ2
2 , · · · , σ2

M}
are known.

A. Homogeneous radio conditions

First, we consider the problem where all users experience
the same average SINR, as the model is easier to be under-
stood; the case of heterogeneous SINRs will be exposed next.
Let the total number of users in the cell be N . As all the users
experience the same radio conditions, s̄ = {N}. In this case
if we define the average throughput experienced by any queue
as Ra, we can derive:

Ra(ρ) =
N−1∑

i=0

(
N − 1

i

)
Φ(ρ)i(1 − Φ(ρ))N−1−i R(ρ)

i + 1
(6)

where Φ(ρ) denotes the probability that any of the N users
are actively being served and is given as in equation 2. The
summation is upto N −1 as Ra is the throughput experienced
by an active user, and so we consider the remaining N − 1
users. The Ra for every user is identical as all users experience
the same SINR for the same transmit power. This symmetry
can be exploited to conclude that the transmit power for each
user will be equal when optimized. Note that Ra(ρ) depends
on Φ(ρ) and Φ(ρ) depends on Ra(ρ) leading to a fixed point
equation.

Clearly if N is large enough, then the demand in data
rate will exceed the maximum available throughput and Φ(ρ)

becomes 1. On the other hand, if N is small enough, the users
may transmit their data faster than the packet arrival speed
causing the queue to empty occasionally. In this period, other
users can take advantage of the excess bandwidth.

From Φ(ρ), the total power consumed can be calculated as

P̄s̄ = b + P (1 − (1 − Φ(ρ))N ) (7)

Here (1−Φ(ρ))N is the probability of all queues being empty.
If any queue is active the power consumed is P . The total
throughput is R̄s̄ = NΦ(ρ)Ra leading to an energy-efficiency
of

ηs̄ =
NΦ(ρ)Ra(ρ)

b + P (1 − Φ(ρ))N
(8)

B. Heterogeneous radio conditions

Consider a more realistic setting where users experience
different radio conditions in each zone. Denoting the average
throughput experienced by zone j as Ra:j , we can compute

Ra:j(ρ̂) = R(ρj)

N1∑

i1=0

N2∑

i2=0

· · ·
Nj−1∑

ij=0

· · ·
NM∑

iM=0

(
N1

ii

)

×
(

N2

i2

)
· · · ×

(
Nj − 1

ij

)
× · · · ×

(
NM

iM

)
× (Φ1(ρ̂))i1

× (Φ2(ρ̂))i2 × · · · × (ΦM (ρ̂))iM × (1 − Φ1(ρ̂))N1−i1

× (1 − Φ2(ρ̂))N2−i2 × · · · × (1 − Φj(ρ̂))Nj−ij−1

× · · · × (1 − ΦM (ρ̂))NM −iM × 1

i1 + i2 + · · · + iM + 1
(9)

where
Φ(ρ̂)j = max

(
Rp

Ra:j(ρ̂)
, 1

)
(10)

Leading to a set of fixed point equations that can be solved
to calculate all Ra:j(ρ̂) for a given P. Equation (9) is similar
to (6), but considers the presence of users in other zones as
well. The average power can be calculated as

P̄s̄(P) = b +

N1∑

i1=0

· · ·
NM∑

iM=0

(1 − δ(i1 + · · · + iM ))

× (Φ1(ρ̂))i1 × · · · × (ΦM (ρ̂))iM × P1i1 + · · · + PM iM
i1 + · · · + iM

× (1 − Φ1(ρ̂))N1−i1 × · · · × (1 − ΦM (ρ̂))NM −iM (11)

Where the δ function is used to exclude the state where all
zones are empty (δ(x) = 0 for all real x but 0, and δ(0) =
1). The energy-efficiency in this state can be calculated with
R̄s̄(ρ̂) =

∑M
i=1 NiΦ(ρ̂)iRa:i and total power from equation

(11).

IV. OPTIMAL POWER ALLOCATION CONSIDERING THE
DYNAMIC BEHAVIOR OF USERS

In the previous section, we optimized the energy-efficiency
for fixed numbers of users. To analyze the impact of power
allocation on the network performance and account for the
users arrivals and departures, a flow-level capacity analysis is
required. The arrival rate can be modeled through a Poisson
process (of intensity λi in zone i) and users leave when they



finish streaming a file of average size F (we assume that F is
the same for all users). When the total number of users exceed
a given threshold Nmax, new user arrivals are blocked.

A. Processor sharing analysis

When users with a finite workload are considered, the
number of users is not constant but varies dynamically during
time. The distribution of the number of users is determined
by the traffic intensity within the cell. Indeed, if the traffic
intensity is large, more users connect to the system per unit
time and the average number of active users increases. In
this section, we show how to compute the distribution of the
number of users knowing the traffic intensity.

The heterogeneity in radio conditions translates into a larger
service time for cell edge users. When the system is in state
s̄ = {N1, N2, · · · , NM}, the total number of users in the cell
is N (̄s) = N1 + · · · + NM . Based on [7], we can model
the system as a Generalized Processor Sharing queue, whose
evolution is just described by the overall number of users in a
cell. The solution of the Markov process has the simple form

π(̄s) =
1

Γ

N (̄s)!
∏M

i=1 Ni!

M∏

c=1

ΩNc
c∏Nc

j=1 jΦc;̄s(Nc=j)Ra:c;̄s(Nc=j)

(12)

where Ωc = Sλc and Γ is a normalizing constant. The notation
s̄(Nc = j) is used to take the Φ and Ra for the state s̄ with
j users in zone c.

In this model, the user blocking rate can be calculated as
α =

∑
i λi

∑
x π(x), x such that the system is full (N(x) =

Nmax). Quality of service (QoS) is measured through the user
blocking rate. The QoS constraint is thus α ≤ ϵ, where ϵ is
the maximum tolerable blocking rate.

B. Optimal power allocation

The steady-state probabilities defined in the previous section
are calculated knowing the throughputs for each state of the
network. This throughput will of course depend on the power
allocation as explained in Sections II and III. The power
allocation has thus to be optimized taking into account the
dynamics of users. A power allocation policy P̂ is defined as
a set of actions for each of the possible states:

P̂ =
∪

s̄

Ps̄ (13)

The global energy efficiency; knowing the policy P̂, is given
by:

η̂(P̂) =
∑

s̄

π(̄s)R̄s̄(ρ̂)

P̄s̄(Ps̄)
(14)

The optimization problem can be defined as

P̂∗ = arg max[η̂(P̂)] (15)

And the maximum global energy-efficiency possible is η̂(P̂∗).
The idea behind this global optimization is that the power

allocation does not depend uniquely on the actual state of the
network, but takes also into account the future evolutions of the
network. For instance, a power allocation decision that is taken

at one moment may have an influence on the evolution of the
state of the network by favoring a subset of users by a better
throughput. We will study in the next section the difference
between this global policy maximization and a local one, as
defined in section III.

V. NUMERICAL RESULTS

In this section, we use simulations and numerical calcula-
tions to study the properties of the energy-efficiency function
and obtain the power allocation that maximizes it. We consider
the receiver and the transmitter to have two antennas each
forming a 2 × 2 MIMO system. The data rates for this
configuration which are LTE compliant are taken from [3] and
are given as a function of the SINR. For the single zone case
we take σ2 = 1 mW while for the two zone case we have
{σ2

1 , σ2
2} = {1, 1

8} mW. We begin by illustrating the results
when the network is optimized supposing that the number of
users is fixed. The dynamic behavior of users is taken into
account afterwards and the performance of the network is
compared for both schemes.

A. Numerical results for the local optimization

We begin by illustrating the power allocation scheme when
the dynamic behavior of users is not taken into account, and
when all users are subject to the same radio conditions. In
figure 1, we show the energy-efficiency as a function of the
transmit power. Here, due to symmetry, all the users use
the same power. The results show that the energy efficiency
begins by increasing with the transmit power increases, as
users are able to reach higher throughputs. However, starting
from one point, users reach the maximal throughput they are
able to reach as, in LTE, modulation schemes are limited; the
energy efficiency begins thus decreasing as throughputs remain
constant while power consumption increases.

Fig. 1. η vs P with b
σ2 = 100 (20dB). Note that the energy-efficiency is

peaked at higher powers with additional users.

In figure 2, we consider the case of two users: one in the
“inner” zone (near base station) and the other in the “outer”
zone (at cell edge). In this case, the system has a sufficient
capacity to support both users and the energy efficiency is
optimized when more power is used on the outer zone which



compensates for its lower SINR. Here the total throughput can
thus be increased by using more power on the outer zone user.
However in figure 3, we have three users in both the inner and
outer zones. Here the throughput of the wireless network is
not sufficient for all the users and so the energy-efficiency is
optimized by simply putting more power in the inner zone
with the higher SINR as the total throughput is not improved
by putting more power into the outer zone.

Fig. 2. η over combinations of P1 and P2 with b
σ2
1

= 100 (20dB), N1 =

N2 = 1. Zone 2 corresponds to a lower SINR and in this case the efficiency
is optimized by using more power on the zone 2 user.

Fig. 3. η over combinations of P1 and P2 with b
σ2 = 100 (20dB), N1 =

N2 = 3. As before, zone 2 corresponds to a lower SINR and interestingly, in
this case, the efficiency is optimized by using more power along the zone 1
user. This is because with 3 users in each zone, the demanded rate exceeds the
maximum available throughput and so, optimization is done by using power
on users with a better SINR.

B. Numerical results for the global optimization

We have illustrated, till now, the performance of the system
when the number of users is fixed. In this section, we consider
the dynamic behavior of users. In this setting, the power
allocation is not determined for a fixed number of users, but for
a given traffic intensity. the number of users is thus a random
variable whose distribution depends on the traffic intensity.
The optimal power allocation is the one that maximizes the
energy efficiency while maintaining a constraint on the QoS.
Note that this optimal power allocation is a matrix that gives,
for each state of the network composed of the number of users
in the cell, the power allocation for each of the users.

Initially we consider the cell with homogeneous radio con-
ditions, i.e. we suppose that all the users experience the same
SINR on average. In this setting, if Nmax is the maximum
number of users allowed, optimization is performed over
Nmax variables, i.e. the power used in each state. For the
single zone case we take σ2 = 1 mW. The optimal power
allocation is shown in figure 4. Note that, in this case, the
power allocation is a vector and not a matrix, as all users
experience the same radio conditions and have, by symmetry,
the same allocated power.

Fig. 4. The power allocation scheme (P1, · · · , P4) plotted against the traffic
Ω when η̂ is optimized. Also note that the QoS constraint of maintaining the
blocking rate below 0.01 is satisfied.

Figure 5 compares the energy-efficiency obtained for the
local and the global optimizations. Recall that, by local, we
mean that the optimization is done for each state independently
from the others, taking into account only the observed number
of users and not the future evolutions of the system. As seen
from the simulations (Figure 5), using a global optimization
does not seem to yield much gains in the energy-efficiency
for the single zone case. This is because the throughput, and
thus service times, are the same for all users. We next move
on to the two-zone case (cell center and cell edge). Here we
consider a cell divided into two concentric rings, and define the
outer zone as the region when the SINR is 4.8 dB (3 times)



Fig. 5. η̂ plotted against the traffic Ω when η̂ is optimized and when η is
optimized for each state separately.

lower than the SINR for the inner zone, when the transmit
power is unchanged. The outer zone also has 3 times the area
of the inner zone causing λ2 = 3λ1. With these parameters
we attempt to calculate the optimal global energy-efficiency
and corresponding power allocation for given values of λ1.
We have {σ2

1 , σ2
2} = {1, 1

3} mW. Figure 6 shows the energy
efficiencies corresponding to local and global optimizations.
It is obvious that global optimization yields much higher
efficiency when users have heterogeneous radio conditions.
This is because, in the local optimization setting, the notion
of call duration cannot be taken into account as users are
considered as always active. The optimal power allocation
will then tend to favor cell center users in order to maximize
throughput. However, when the dynamic behavior of users is
taken into consideration, it is sometimes better to use more
power on cell edge users in order to let them finish their service
quickly and quit the system. Applying the policy obtained from
the local optimization will lead to users accumulating at the
cell edge as they are not able to finish their transfers.

Fig. 6. η̂ plotted against the traffic Ω1 = λ1S when η̂ is optimized and when
η is optimized for each state separately. Also note that the QoS constraint of
maintaining the blocking rate below 0.01 is satisfied at all points shown.

VI. CONCLUSION

In this work we study and optimize the flow level energy
efficiency of base stations in LTE. We introduce the notion
of a “global” energy-efficiency which is defined as the aver-
age of the energy-efficiencies of each state the cell can be
in. These states represent the traffic configurations, i.e. the
numbers and positions of users in the cell. Through extensive
simulations we see that optimizing the global efficiency yields
a different power allocation from optimizing the efficiency of
each individual state. Although this difference can be neglected
when considering a cell in which all users experience the same
average SINR, when considering a more realistic setting where
users are subject to heterogeneous radio conditions, the global
optimization yields a considerable gain. This is because, when
users are considered as static, it may be optimal to give more
power to cell center in order to increase throughputs. However,
when the dynamic behavior of users is taken into account,
giving more power to users with bad radio conditions will
allow them leaving the system faster and thus alleviating load
in the future. When compared to the local optimization, it is
observed that the global optimization improves the energy-
efficiency up to a factor of 50%.
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Alcatel Lucent Chair of Supélec. This work is part of the
European Celtic project “Operanet2”.

REFERENCES

[1] L. Saker and S-E. Elayoubi, “Sleep mode implementation issues in
green base stations”, IEEE PIMRC 2010, Istanbul, September 2010

[2] GreenTouch at “http://www.greentouch.org/”
[3] J.B Landre, Z.E Rawas, R.Visoz, and S Bouguermouh, “Realistic

Performance of LTE in a macro-cell environment”, IEEE VTC 2012
[4] F. Meshkati, H. Poor, S. Schwartz, “Energy Efficiency-Delay Trade-

offs in CDMA Networks: A Game-Theoretic Approach”, in Transac-
tions on Information Theory, vol. 55, no. 7, 2009.

[5] D. J. Goodman, and N. Mandayam, “Power Control for Wireless
Data”, IEEE Personal Communications, vol. 7, pp. 48-54, Apr. 2000.

[6] E. V. Belmega, S. Lasaulce, and M. Debbah, “A survey on energy-
efficient communications”, IEEE Intl. Symp. on Personal, Indoor and
Mobile Radio Communications (PIMRC 2010).

[7] R. Combes, S.E. Elayoubi, Z. Altman, “Cross-layer analysis of
scheduling gains: Application to LMMSE receivers in frequency-
selective Rayleigh-fading channels”. WiOpt - 2011, 133-139

[8] F. Meshkati, M. Chiang, H. Poor and S. Schwartz, “A game-theoretic
approach to energy-efficient power control in multicarrier CDMA
systems ”, in JSAC, vol. 24, no. 6, 2006.

[9] E. Altman , K. Avrachenkov, N. Bonneau, M. Debbah, R. El-Azouzi,
D. Menasche, “Constrained Stochastic Games in Wireless Networks”,
in proceedings of GlobeCom, 2007.



C.2 BLACKSEACOM-2013

• M. Mhiri, V.S Varma, M.L. Truest, S. Lasaulce and A. Samet, ”On
the benefits of repeated game models for green cross-layer power control in
small cell”, BlackSeaComm 2013

139



On the benefits of repeated game models for green
cross-layer power control in small cells

(Invited Paper)
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mael.le.treust@emt.inrs.ca

Abstract—In this paper, we consider the problem of distributed
power control for multiple access channels when energy-efficiency
has to be optimized. In contrast with related works, the presence
of a queue at each transmitter is accounted for and globally
efficient solutions are sought. To this end, a repeated game model
is exploited and shown to lead to solutions which are distributed
in the sense of the decision, perform well globally, and may rely
on limited channel state information at the transmitter.

Index Terms—distributed power control, energy efficiency,
repeated game, channel state information.

I. INTRODUCTION

Designing energy-efficient communication systems has be-
come a critical issue in modern day wireless networks. The
problem treated in this work deals with power control when
energy efficiency (EE) has to be optimized. This metric (EE)
has been defined in [1] as a ratio of the net data rate (goodput)
to the transmit power level. The problem was formulated as a
non-cooperative game where each transmitter aims at selfishly
maximizing its individual energy-efficiency. The considered
solution is the Nash equilibrium (NE) which is shown to be
unique but generally Pareto inefficient. To deal with this inef-
ficiency, an operating point (OP) was proposed in [2] where
repeated game was exploited. Authors in [2] showed that when
playing with the developed OP according to a cooperation
plan, only channel state information (CSI) is needed and
transmitters can improve the social welfare (sum of utilities).
Recently, a generalized EE metric has been proposed in [3] for
two important transport layer protocols (Transmission Control
Protocol (TCP) and User Datagram Protocol (UDP)). The new
EE metric is based on a cross-layer approach and takes into
account the effects of the presence of a queue with a finite
size at the transmitter. An interference channel system was
studied and it was shown that a unique NE exists for a non-
cooperative game. In this paper, we consider the problem of
distributed power control with the new EE metric according
to UDP protocol developed in [3] and for multiple access
channels (MAC) system. Our goal is to find another unique
solution concept which is efficient and may rely on limited CSI
at the transmitter. We refer to a repeated game model (RG)

developed in [2] and try to apply the results on the cross-
layer power control game. One of the major mathematical
distinction between the two metrics used is the presence of
a constant power term in the denominator of the EE metric.
Although it appears to be a small change, the structure of
the equilibrium solution is quite different. The optimal SINR
when using the [1] metric is independent of the channel state.
This property is lost when accounting for the constant power
consumption, and motivates us to propose a new OP for the
cross-layer metric. The main contributions of this work are:

1) Study the RG when using the cross layer EE as the
utility of the game;

2) Establish the threshold on the game length beyond which
the equilibrium policy can be pareto-optimal;

3) Propose a new OP that is efficient and can be reached
in a distributed manner.

This paper is structured as follows. In section II-A, we
introduce the system model under study. Then, we define (in
section II-B) the static power control game. This is followed
(section II-C) by a review of the non-cooperative one-shot
game. In section III, we give the formulation of the RG model.
In section IV, we introduce the new OP and an equilibrium
for the finite RG is proposed. Numerical results are presented
and discussed in section V. Finally, concluding remarks are
proposed in section VI.

II. PROBLEM STATEMENT

A. System model

The communication network under study is that of a MAC
system, where N small transmitters are communicating with
a receiver and are operating in the same frequency band.
Transmitter i ∈ {1, . . . , N} sends a signal

√
pixi with power

pi ∈ [0, Pmax
i ] where Pmax

i > 0 is the maximum transmit
power. The channel gain of the link between transmitter i and
the destination is denoted as gi. Thus, the baseband signal



received is written:

yi = gi
√
pixi +

N∑

j=1
j 6=i

gj
√
pjxj + ni, (1)

with ni is additive white Gaussian noise (AWGN) with mean
0 and variance σ2

i . We assume that σ2
i is identical for all the

transmitters such that: σ2
i = σ2. Therefore, the resulting SINR

γi at the receiver is given by:

γi(p) =
pi|gi|2

σ2 +
1

L

N∑

j=1
j 6=i

pj |gj |2
, (2)

where p = (p1, p2, . . . , pN ) is the power vector which will
describe later the power actions of the N transmitters and L
refers to the spreading factor [3].

We assume that the described system is based on the IP
(Internet Protocol) stack where packets arrive from an upper
layer into a finite memory buffer of size K (in packets). Here,
the considered protocol is UDP for which the packet arrival
process follows a Bernoulli process with a constant probability
q, independent from the SINR. This results in an effective
packet loss denoted by Φ(γi) and an energy efficiency ηi given
by:

ηi(pi,p−i) =
Rq(1− Φ(γi(p)))

b+
qpi(1− Φ(γi(p)))

f(γi(p))

, (3)

where p−i = (p1, .., pi−1, pi+1, .., pN ), R is the used through-
put (in bit/s) and b represents the fixed consumed power when
the radiated power is zero [3].

B. Static power control game

The major motivation behind this work is in order to
establish an efficient equilibrium point to which a completely
distributed system can converge to. A non-cooperative game
has been introduced in [3] where the existence of a unique
Nash equilibrium was proved. Here, we are looking for
more efficient solutions which are distributed in the sense of
the decision making, but may rely on limited channel state
information at the transmitter. As motivated in [3], the power
control can be modeled by a strategic form game (see e.g.,
[4]).

Definition 2.1: The game is defined by the ordered triplet
G =

(
N , (Ai)i∈N , (ui)i∈N

)
where

• N is the set of players. Here, the players of the game are
the sources/transmitters, N = {1, . . . , N};

• Ai is the set of actions. Here, the action of
source/transmitter i consists in choosing pi in its action
set Ai = [0, Pmax

i ];
• ui is the utility function of each user according to UDP

given by:

ui(pi,p−i) = ηi(pi,p−i) (4)

The function f : [0,+∞)→ [0, 1] is a sigmoidal efficiency
function which corresponds to the packet success rate verifying
f(0) = 0 and lim

x→+∞
f(x) = 1. The function Φ identifies

the packet loss due to both bad channel conditions and the
finiteness of the packet buffer. This can be calculated as:

Φ(γi) = (1− f(γi))ΠK(γi) (5)

where ΠK(γi) is the stationary probability that the buffer is
full and is given by:

ΠK(γi) =
ωK(γi)

1 + ω(γi) + . . .+ ωK(γi)
(6)

with:
ω(γi) =

q(1− f(γi))

(1− q)f(γi)
(7)

In [3], the authors prove that the non-cooperative game with
rational players, G, allows for a unique pure Nash equilibrium
(NE). This NE is the set of powers from which no player
has anything to gain by changing only his own strategy
unilaterally. This is explained in the following section.

C. Review of the non-cooperative game

The non-cooperative power control game has been investi-
gated in [3] where the quasi-concavity of the utility function
given in (4) was proved. Accordingly, as the NE represents the
fundamental solution for a non-cooperative game, existence
and uniqueness of such a solution have been studied and
demonstrated as well. Thus, the optimal power denoted as p∗i
is obtained by setting ∂ui/∂pi to zero, which leads to solve
the following equation:

bγ′iΦ
′(γi) + q

(
1− Φ(γi)

f(γi)

)2

[f(γi)− piγ′if ′(γi)] = 0, (8)

where γ′i =
dγi
dpi

=
γi
pi

, f ′ =
df

dγi
and Φ′ =

dΦ

dγi
.

However, the NE solution is not always Pareto efficient for
many scenarios. An example is presented in Fig. 1 where we
stress that the NE is far from the Pareto frontier. Motivated by
the need to design an efficient solution relying on limited CSI
at the transmitter, we move to the repeated game framework.

Fig. 1. Pareto inefficiency of the NE.



III. REPEATED POWER CONTROL GAME

In repeated games (RG), as the name suggests, the same
game is played several times. The long-term interactions
between the players in such a situation is studied under
the RG framework. The players react to past experience by
taking into account what happened in all previous stages
and make decisions about their future choices [5], [6]. The
resulting utility of each player is an average of the utility
of each stage. A game stage t corresponds to the instant
in which all players choose their actions simultaneously and
independently and thus a profile of actions can be defined
by p(t) = (p1(t), p2(t), . . . , pN (t)). When assuming full
monitoring, this profile choice is observed by all the players
and the game proceeds to the next stage [6]. The sequence of
actions pi(t) of a transmitter i at time t defines his history
denoted as h(t) = pi(t) = (pi(1), pi(2), . . . , pi(t − 1)) and
which lies in the set Ht = Pt−1

i . Before playing stage t, all
histories are known by all the players [2]. According to the
above descriptions, a pure strategy δi,t of player i ∈ N is a
mapping from Ht to the action set Ai = [0, Pmax

i ] specifying
the action to choose after each history [2], [6]:

δi,t :

∣∣∣∣
Ht → [0, Pmax

i ]
h(t) 7→ pi(t)

(9)

We define the joint strategy δ = (δ1, δ2, . . . , δN ) as the vector
of all the players strategies.

In this paper, we are interested in the finite repeated game,
i.e the game is played for a finite number of steps (T steps).
The utility function of each player results from averaging over
the instantaneous utilities over all the game stages. At each
stage t, the instantaneous utility of player i is a function of
the profile of actions of all the players p(t).

Definition 3.1: The utility function of the ith player for the
finite RG is the arithmetic average of the sum of the utilities
for the initial T first stages [6], [7]. We have [2]:

vTi (δ) =
1

T

T∑

t=1

ui(p(t)) for the finite RG (10)

where T ≥ 1 defines the number of game stages in the finite
RG.
An equilibrium solution of the RG is defined in the following
manner:

Definition 3.2: A joint strategy δ satisfies the equilibrium
condition for the finite repeated game if for all players i ∈ N ,
for all other strategies δ′i, we have vTi (δ) ≥ vTi (δ′i, δ−i). It
means that no deviating strategy δ′i can increase the utility
vti(δ

′
i, δ−i) of any one player.

This equilibrium solution is exactly what we are interested
in, as a strategy δ satisfying the above condition would be
precisely what rational players in a RG would play. In an
RG with complete information and full monitoring, the Folk
theorem characterizes the set of possible equilibrium utilities
[2], [6]. It states that the set of Nash equilibrium in a RG is
precisely the set of feasible and individually rational outcomes
of the one-shot game (non-cooperative game) [5], [6]. In an

RG, interesting patterns of behavior between players can be
seen and studied. This includes: rewarding and punishing, co-
operation and threats, transmitting information and concealing
[5].

IV. AN OPERATING POINT AND REPEATED GAME
CHARACTERIZATION

A. New OP for the game G
Consider the operating point (OP) described in [2]. It is

identified by a subset of points of the achievable utility region
such that pi|gi|2 = pj |gj |2 for all (i, j) ∈ N . The optimal
subset of powers consists of the solutions of the following
system of equations:

∀(i, j) ∈ N ,
∂ui
∂pi

(p) = 0 with pi|gi|2 = pj |gj |2 (11)

with ui is the utility function defined in (4).
Due to the presence of the parameter b which we consider

different from 0, it can be observed that there will be N
different solutions corresponding to equation (11) in terms of
pi and thus the operating point from [2] is not well defined
when using the utility defined in [3]. To deal with this problem,
a new OP is proposed. The new OP consists in setting pi|gi|2
to a constant denoted as α that can be optimized. We propose
to determine a unique optimal α by maximizing the expected
sum utility over all the channel states as follows:

α̃ = arg maxEg

[
N∑

i=1

ui(α, g)

]
(12)

When playing at the OP, the power played by the ith player,
denoted as p̃i, is given by:

p̃i =
α̃

|gi|2
(13)

In the following section, we focus on the characterization
of the finite RG.

B. Repeated power control game characterization
As a first step, we determine the minimum number of stages

(Tmin) corresponding to the finite RG. When the number of
stages in the game is less than Tmin, the equilibrium of the
RG is to simply play at the NE. However, if T > Tmin, a
more efficient equilibrium point can be reached. Assuming
that channel gains |gi|2 lie in a compact set [ηmin

i , ηmax
i ] [2],

we have the following proposition:
Proposition 4.1 (Equilibrium solution for the finite RG.):

For a finite RG, if T > Tmin, then the corresponding
equilibrium solution is given by [2]:

δi,t :

∣∣∣∣∣∣

p̃i for t ∈ {1, 2, . . . , T − Tmin}
p∗i for t ∈ {T − Tmin + 1, . . . , T}
Pmax
i for any deviation detection

(14)

where Tmin is:

Tmin=




Aηmax
i

bηmin
i

+γ̄iσ
2B
− Gηmax

i
bηmin
i

+α̃H

Eηmin
i

bηmax
i

+γ∗
i (σ2+ 1

L

∑
j 6=i p∗j η

max
i )F

−
Cηmin
i

bηmax
i

+γ̂i(σ2+ 1
L

∑
j 6=i pmax

j
ηmax
i )D




(15)



The proof for this proposition is given in Appendix A, as
well as the quantities A, B, C, D, E, F , G and H . γ∗i is the
SINR at the NE while γ̄i and γ̂i are the SINRs related to the
utility max and the utility minmax respectively (see Appendix
A).

V. NUMERICAL RESULTS

We consider a scenario with a MAC where N transmitters
are communicating with their corresponding receiver (e.g. base
station). The efficiency function is assumed to be f(x) =

e−c/x where c = 2
R
R0 − 1 with R and R0 are the throughput

and the used bandwidth and supposed to be 1 Mbps and 1
MHz respectively. The other parameters are set as follows:
• σ2 = 10−3 W
• b = 10−2 W
• K = 10
• q = 0.5
• Pmax

i = Pmax = 10−1 W
The channel gains are assumed to be |gi|2 = 1 and |gj |2 = 0.5.
Our simulations consist in showing firstly the advantage of the
OP regarding the NE of the one shot game. Thus, we plot the
achievable utility region, the NE and the proposed OP when
considering a system of two transmitters and a spreading factor
L = 2. In Fig. 2, the region delimited by the Pareto frontier
and the minmax level defines, according to the Folk theorem,
the possible set of equilibrium utilities of the RG. In addition,
we highlight that the new OP dominates in terms of Pareto
the NE and it is Pareto efficient.

Fig. 3 represents the ratio wFRG
wNE

for the finite RG as a
function of the number of stages. We have:

wFRG
wNE

=

∑N
i=1(

∑T−Tmin

t=1 ũi(p(t)) +
∑T
t=T−Tmin+1 u

∗
i (p(t)))

∑N
i=1

∑T
t=1 u

∗
i (p(t))

(16)
We consider a system with 25 transmitters and a spreading

factor L = 100. We proceed to an averaging over channel
gains lying in a compact set such that 10 log10

ηmax

ηmin
= 20.

According to equation (15), the minimum number of stages
Tmin is equal to 1200. According to this figure, we deduce
that the social welfare can be improved when playing an RG.

Fig. 2. Pareto dominance and Pareto efficiency of the proposed OP regarding
the NE.

Fig. 3. Improvement of the social welfare in finite repeated game vs the
Nash equilibrium. While the efficiency of the RG while using the traditional
metric defined in [1] seems to be higher, it requires a longer game than in
the cross layer model.

Figure 3 plots the improvement of the social welfare as
defined in 16. This improvement obtained is compared for case
when using the metric defined in [1] to the cross-layer metric
used. The required time for profiting from the RG scenario
is much lower in the cross-layer case, but the improvement
seems to be relatively smaller. However, note that the NE in
the cross-layer game itself is more efficient than the NE in
[1] and so in absolute terms, the proposed OP is still quite
efficient and can be utilized for shorter games. This validates
our approach and shows that the RG formulation is a useful
technique for efficient distributed power control.

VI. CONCLUSION

In this paper, we study an efficient solution for a relevant
game with a new EE metric considering a cross-layer approach
and taking into account the effects of the presence of a queue
with a finite size at the transmitter. As the NE is generally
inefficient in terms of Pareto, we design a new OP and exploit
a repeated game model to improve the performance of a MAC
system. We contribute to express the analytic form for the
minimum number of stages in a finite RG. Moreover, our
approach provides an efficient solution relying on limited CSI
at the transmitter when comparing to the NE and contributes
to considerable gains in terms of social welfare for the finite
RG.

APPENDIX A
PROPOSITION 4.1

The utilities max and minmax are expressed respectively as
follows:

ūi = maxp−i maxpi ui(pi,p−i)

ûi = minp−i maxpi ui(pi,p−i)

As a first step, we determine the power pi maximising ui
and which we denote as ṗi. This amounts to reduce ∂ui/∂pi
to 0. We recall that we consider the following notations: γ′i =
dγi
dpi

= γi
pi

, f ′ = df
dγi

and Φ′ = dΦ
dγi

.
The power ṗi maximising ui is then the solution of the

following equation:

b
γi
pi

Φ′(γi)+q
(

1−Φ(γi)

f(γi)

)2

[f(γi)−γif ′(γi)]=0 (17)



Therefore, the expression of the maximum utility function
writes as:

u̇i(ṗi,p−i)=
Rq(1−φ(γ̇i))

b+
ṗiq(1−φ(γ̇i))

f(γ̇i)

,

with:

γ̇i=
ṗi|gi|2

σ2+ 1
L

∑
j 6=i pj |gj |2

In a second step, we are interested in studying the behavior
of u̇i(ṗi,p−i) as a function of pj for j 6= i; which amounts
to calculating the sign of ∂u̇i(ṗi,p−i)

∂pj
,which is shown to be

negative in [3]. Therefore ∂u̇i(ṗi,p−i)
∂pj

< 0. As u̇i is a
decreasing function of pj , it reaches its maximum when pj = 0
and it is minimum when pj = pmax

j (for all j 6= i).

A. Expression of ūi

The utility u̇i reaches its maximum when pj = 0. When
substituting pj = 0 in the SINR expression γ̇i, this allows the
determination of the optimal power ṗi:

b
|gi|2
σ2 Φ′(γi)+q

(
1−Φ(γi(pi))

f(γi(pi))

)2

[f(γi(pi))−γif ′(γi(pi))]=0 (18)

As the latter equation is a function of the SINR, the solution
will be in terms of SINR and will be denoted as γ̄i. The
corresponding optimal power is p̄i = γ̄iσ

2

|gi|2 . Then, we have:

ūi=
Rq(1−φ(γ̄i))

b+
γ̄iσ

2

|gi|2
q(1−φ(γ̄i))
f(γ̄i)

B. Expression of ûi

We proceed as described previously and determine the
optimal SINR denoted as γ̂i which is the solution of the
following equation:

b|gi|2
σ2+ 1

L

∑
j 6=i pmax

j
|gj |2

Φ′(γi)+q
(

1−Φ(γi)

f(γi)

)2

[f(γi)−γif ′(γi)]=0 (19)

Then, we have:

ûi=
Rq(1−φ(γ̂i))

b+
γ̂i
|gi|2

(σ2+ 1
L

∑
j 6=i pmax

j
|gj |2) q(1−φ(γ̂i))

f(γ̂i)

C. Existence proof of γ̂i and γ̄i

Both equations (18) and (19) are resulting from the same
equation (17) for two different forms of the SINR (γ̄i for
pj = 0 and γ̂i for pj = pmax

j ). Showing the existence of these
two solutions amounts to prove the existence of the solution of
equation (17). However, according to the study established in
[3], it was proved that ui is quasi-concave in (pi,p−i) and then
it exists γ+ such that the first derivative of ui regarding to pi
is strictly positive on [0, γ+] and strictly negative on [γ+,+∞]
for all pj ∈ [0, pmax

j ] : the first derivative is continous and is
equal to zero in γ+. According to the utility which we are
studying (max or minmax), γ+ is either γ̄i (eq. (18)) or γ̂i
(eq. (19)).

D. Proof

From [2], we have:

ūi(p(t)) +

T∑

s=T−Tmin+1

Eg{ûi(p(s))} ≤

ũi(p(t)) +
T∑

s=T−Tmin+1

Eg{u∗i (p(s))} (20)

The SINR γ̃i refers to the SINR when playing the new
OP. In order to simplify expressions, we use the following
notations:

A = Rq(1− φ(γ̄i))

B = q(1−φ(γ̄i))
f(γ̄i)

C = Rq(1− φ(γ̂i))

D = q(1−φ(γ̂i))
f(γ̂i)

E = Rq(1− φ(γ∗i ))

F =
q(1−φ(γ∗i ))
f(γ∗i )

G = Rq(1− φ(γ̃i))

H = q(1−φ(γ̃i))
f(γ̃i)

The inequality (20) becomes:

A|gi|2
b|gi|2+γ̄iσ

2B
+
∑T
s=T−Tmin+1 Eg

[
C|gi|2

b|gi|2+γ̂i(σ2+ 1
L

∑
j 6=i pmax

j
|gj |2)D

]

≤ G|gi|2
b|gi|2+α̃H

+
∑T
s=T−Tmin+1 Eg

[
E|gi|2

b|gi|2+γ∗
i (σ2+ 1

L

∑
j 6=i p∗j |gj |

2)F

]

and simplifying:

Tmin=




Aηmax
i

bηmin
i

+γ̄iσ
2B
− Gηmax

i
bηmin
i

+α̃H

Eηmin
i

bηmax
i

+γ∗
i (σ2+ 1

L

∑
j 6=i p∗j η

max
i )F

−
Cηmin
i

bηmax
i

+γ̂i(σ2+ 1
L

∑
j 6=i pmax

j
ηmax
i )D
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the Finite Blocklength Regime,” IEEE Trans. Information Theory, vol.
56, no. 5, pp. 2307–2359, May 2010.

[25] F. Richter, A. J. Fehske, and G. Fettweis, “Energy Efficiency Aspects of
Base Station Deployment Strategies for Cellular Networks”, Proceedings
of VTC Fall, pp. 1-5, Dresden, 2009.

146



[26] S. K. Jayaweera, “A virtual MIMO-based cooperative communications
architecture for energy-constrained wireless sensor networks”, IEEE
Trans. Wireless Commun., vol. 5, pp. 984-989, May 2006.

[27] F. Meshkati, H. V. Poor, S. C. Schwartz, and N. B. Mandayam, “An
energy-efficient approach to power control and receiver design in wireless
data networks,” IEEE Trans. Commun., vol. 52, pp. 1885-1894, Nov.
2005.

[28] D. Buckingham, and M.C. Valenti, “The information-outage proba-
bility of finite-length codes over AWGN channels”, IEEE Information
Sciences and Systems, 2008. CISS 2008.

[29] C.E. Shannon, “A Mathematical Theory of Communication”, Bell Sys-
tem Technical Journal, vol. 27, pp. 379-423, 623-656, July, October,
1948.

[30] J. Hoydis, R. Couillet, P. Piantanida, and M. Debbah, “A Random Ma-
trix Approach to the Finite Blocklength Regime of MIMO Fading Chan-
nels”, IEEE International Symposium on Information Theory (ISIT),
pp. 2181 - 2185, Cambridge, 2012.

[31] Q. Liu, S. Zhou, and G. B. Giannakis, “Cross-Layer Combining of
Adaptive Modulation and Coding with Truncated ARQ Over Wireless
Links, IEEE Trans. Wireless Commun., vol. 3, no. 5, pp. 1746-1755,
Sept. 2004.

[32] L.H. Ozarow, S. Shamai, and A.D. Wyner, ”Information theoretic con-
siderations for cellular mobile radio”, IEEE Vehicular Technology, vol.
43, No. 2, pp 359-378, May. 1994.

[33] FCC Sec.15.249, Operation within the bands 902-928 MHz, 2400-2483.5
MHz, 5725-5875 MHZ, and 24.0-24.25 GHz, Oct. 2011.

[34] T. M. Cover, and J. A. Thomas, “Elements of information theory”,
Wiley-Interscience, New York, NY, 1991.

[35] S. Lasaulce, and N. Sellami, “On the Impact of using Unreliable Data on
the Bootstrap Channel Estimation Performance”, Proc. IEEE SPAWC,
Italy, June 2003, pp. 348-352.

[36] D. Love, R. Heath, V. Lau, D. Gesbert, B. Rao, and M. Andrews, “An
overview of limited feedback in wireless communication systems”, IEEE
Journal on Selected Areas Communications, vol 26, pp. 1341-1365, 2008.

[37] V. Rodriguez, “An Analytical Foundation for Ressource Management
in Wireless Communication”, IEEE Proc. of Globecom, San Francisco,
CA, USA, pp. 898-902, Dec. 2003.

[38] E. A. Jorswieck, and H. Boche, “Outage probability in multiple antenna
systems”, European Transactions on Telecommunications, vol. 18, pp.
217-233, 2006.

147



[39] A. Edelman, “Eigenvalues and Condition Numbers of Random Matri-
ces”, PhD thesis, Department of Mathematics, Massachusetts Institute
of Technology, Cambridge, MA, 1989.

[40] S. Lasaulce, and H. Tembine, “Game Theory and Learning for Wireless
Networks: Fundamentals and Applications”, Academic Press, pp. 1-336,
Aug. 2011, ISBN 978-0123846983.

[41] S. Lasaulce, M. Debbah, and E. Altman, Methodologies for analyzing
equilibria in wireless games, IEEE Signal Processing Magazine, vol. 26,
no: 5, pp. 41-52, Sep. 2009.

[42] 3GPP TR 36.814 v0.4.1, “Further Advancements for E-UTRA”, Phys-
ical Layer Aspects, Feb. 2009.

[43] M. Alexander, F. A. Graybill, and D. C. Boes (1974). “Introduction
to the Theory of Statistics” (Third Edition, p. 241-246). McGraw-Hill.
ISBN 0-07-042864-6.

[44] Digital Library of Mathematical Functions, Incomplete Gamma func-
tions, 8.11. [Online] Available: http://dlmf.nist.gov/8.11#i

[45] L. Saker, S-E. Elayoubi and H-O. Scheck, System selection and sleep
mode for energy saving in cooperative 2G/3G networks, IEEE VTC 2009-
Fall.

[46] S-E. Elayoubi and O. Ben Haddada, Uplink intercell interference and
capacity in 3G LTE systems, IEEE ICON 2007.

[47] L. Saker, S-E. Elayoubi, R. Combes and T. Chahed, Optimal control of
wake up mechanisms of femtocells in heterogeneous networks, Selected
Areas in Communications, IEEE Journal on 30 (3), 664-672.

[48] C.X Wang, X. Hong, X. Ge and X. Cheng, Cooperative MIMO channel
models: A survey, IEEE communications magazine, Vol: 48, issue 2,
2010.

[49] C. Desset et al. , Flexible power modeling of LTE base stations, IEEE
Wireless Comm. and Networking Conference: Mobile and Wireless Net-
works, 2012.

[50] A. B. Carleial, “Interference channels”, IEEE Trans. on Information
Theory, vol. 24, no. 1, pp. 60-70, 1978.

[51] H. Takagi, L. Kleinrock, “Output processes in contention packet broad-
casting systems”, IEEE Trans. on Comm., vol. 33, no. 11, pp. 1191-1199,
1985.

[52] J. Padhye, V. Firoiu, D. Towsley, J. Kurose, “Modeling TCP Through-
put: A simple model and its empirical validation”, SIGCOMM Comput
Comm. Rev, Volume: 28, Issue: 4, Publisher: ACM, Pages: 303-314,
1998.

148



[53] S. M. Betz, H. V. Poor, “Energy efficient communications in CDMA
networks: A game Theoretic analysis considering operating costs”, IEEE
Trans. on Signal Processing, 56(10-2): 5181-5190, 2008.

[54] H. Alvestrand, S. Holmer, and H. Lundin, A Google Congestion Control
Algorithm for Real-Time Communication on the World Wide Web, 2013,
IETF Internet Draft.

[55] V. Singh, A. Lozano, and J. Ott, Performance Analysis of Receive-Side
Real-Time Congestion Control for WebRTC, In Proc. of IEEE Packet
Video (Vol. 2013).

[56] S. Lasaulce, Y. Hayel, R. El Azouzi, and M. Debbah, “Introducing
hierarchy in energy games”, IEEE Transactions on Wireless Communi-
cations,” Vol. 8, No. 7, pp. 3833–3843, Jul. 2009.

[57] R. W. Wolff, “Stochastic modeling and the theory of queues”, Engle-
wood Cliffs, NJ: Prentice-Hall, 1989.

[58] F. Baccelli and B. Blaszczyszyn, Stochastic geometry and wireless net-
works: Theory, Foundations and Trends in Networking, vol. 3, no. 3-4,
pp. 249449, 2009.

[59] F. Meshkati, H. Poor, S. Schwartz, “Energy efficiency - delay tradeoffs
in CDMA networks: A game-theoretic approach”, in Trans. on Informa-
tion Theory, vol. 55, no. 7, 2009.

[60] D. Fudenberg and J. Tirole, “Game theory”, MIT Press, 1991.

[61] A. Cournot, “Recherches sur les principes mathématiques de la théorie
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