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Résumé

Cette thèse est consacrée à l’étude des mesures convexes ainsi qu’aux analogies entre
la théorie de Brunn-Minkowski et la théorie de l’information.

Je poursuis les travaux de Costa et Cover qui ont mis en lumière des similitudes
entre deux grandes théories mathématiques, la théorie de Brunn-Minkowski d’une part
et la théorie de l’information d’autre part. Partant de ces similitudes, ils ont conjecturé,
comme analogue de la concavité de l’entropie exponentielle, que la racine n-ième du vol-
ume parallèle de tout ensemble compact de Rn est une fonction concave, et je résous cette
conjecture de manière détaillée. Par ailleurs, j’étudie les mesures convexes définies par
Borell et je démontre pour ces mesures une inégalité renforcée de type Brunn-Minkowski
pour les ensembles convexes symétriques.

Cette thèse se décompose en quatre parties. Tout d’abord, je rappelle un certain
nombre de notions de base. Dans une seconde partie, j’établis la validité de la conjecture
de Costa-Cover sous certaines conditions et je démontre qu’en toute généralité, cette
conjecture est fausse en exhibant des contre-exemples explicites. Dans une troisième
partie, j’étends les résultats positifs de cette conjecture de deux manières, d’une part en
généralisant la notion de volume et d’autre part en établissant des versions fonctionnelles.
Enfin, je prolonge des travaux récents de Gardner et Zvavitch en améliorant la concavité
des mesures convexes sous certaines hypothèses telles que la symétrie.

Mots clés : (B)-conjecture, Brunn-Minkowski, Entropie, Entropie exponentielle, En-
tropie de Rényi, Equation de Hamilton-Jacobi, Géométrie convexe, Isopérimétrie, Local-
isation, Mesure convexe, Mesure gaussienne, Théorie de l’information, Volume parallèle.
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Title

Geometry of Convex Measures and Links with the Information

Theory

Abstract

This thesis is devoted to the study of convex measures as well as the relationships
between the Brunn-Minkowski theory and the Information theory.

I pursue the works by Costa and Cover who highlighted similarities between two
fundamentals inequalities in the Brunn-Minkowski theory and in the Information theory.
Starting with these similarities, they conjectured, as an analogue of the concavity of
entropy power, that the n-th root of the parallel volume of every compact subset of Rn

is concave, and I give a complete answer to this conjecture. On the other hand, I study
the convex measures defined by Borell and I established for these measures a refined
inequality of the Brunn-Minkowski type if restricted to convex symmetric sets.

This thesis is split in four parts. First, I recall some basic facts. In a second part, I
prove the validity of the conjecture of Costa-Cover under special conditions and I show
that the conjecture is false in such a generality by giving explicit counterexamples. In
a third part, I extend the positive results of this conjecture by extending the notion of
the classical volume and by establishing functional versions. Finally, I generalize recent
works of Gardner and Zvavitch by improving the concavity of convex measures under
different kind of hypothesis such as symmetries.

Keywords: (B)-conjecture, Brunn-Minkowski, Convex geometry, Convex measure,
Entropy, Entropy power, Rényi entropy, Gaussian measure, Hamilton-Jacobi equation,
Isoperimetry, Information theory, Localization, Parallel volume.
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Chapter 1

Introduction

Cette thèse est consacrée à l’étude des mesures convexes ainsi qu’aux analogies entre la

théorie de Brunn-Minkowski et la théorie de l’information.

L’organisation de cette thèse est la suivante. La section 1.1 est la seule partie rédigée

en français et présente en détails mes travaux. Le reste est rédigée exclusivement en

anglais dans un soucis d’universalité et de large diffusion de ma thèse. Le chapitre 1 se

poursuit avec le rappel des notions de base de la théorie de Brunn-Minkowski et de la

théorie de l’information ainsi qu’avec la mise en lumière des liens que partagent ces deux

théories. Le deuxième chapitre sera consacré à mon premier article On the analogue of

the concavity of entropy power in the Brunn-Minkowski theory [38], en commun avec

Matthieu Fradelizi, à paraître dans Advances in Applied Mathematics, où nous traitons

la conjecture de Costa-Cover. Lors du troisième chapitre, je détaille la seconde partie de

mon deuxième article Concavity properties of extensions of the parallel volume [64], où

je démontre des propriétés de concavité pour des versions fonctionnelles de la conjecture

de Costa-Cover. Enfin, au dernier chapitre, j’explique la première partie de mon second

papier [64], où il est question d’étendre et de démontrer des propriétés de concavité

d’une généralisation du volume parallèle classique en étendant la mesure de Lebesgue

à des mesures convexes générales. Dans ce même chapitre, j’explique également mon

troisième papier On improvement of the concavity of convex measures [65], où il est

question d’améliorer la concavité des mesures convexes sous certaines hypothèses telles

que la symétries.

En annexe, on trouve une section Dictionnaire et une section Notations pour rappeler

les terminologies essentielles ainsi que les notations utilisées dans cette thèse.
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2 1. INTRODUCTION

1.1 Présentation de mes principaux travaux

Avant d’expliciter en détails mes principaux résultats, commençons par situer la théorie
de Brunn-Minkowski et la théorie de l’information en faisant une brève introduction
historique.

La théorie de Brunn-Minkowski est née des travaux précurseurs de Steiner en 1840 [81]
et de Brunn en 1887 [20]. Steiner, géomètre de renom, a démontré que le volume de
l’ensemble des points à distance inférieure ou égale à t ≥ 0 d’un polyèdre est une fonction
polynomiale en t. Brunn, durant sa thèse, a démontré que dans une direction fixée, la
racine carrée de l’aire des sections d’un ensemble convexe de l’espace est une fonction
concave.

Minkowski généralisa par la suite ces deux précédents résultats. Dans une édition
posthume de 1910 [66] dans laquelle ses travaux sont collectés, Minkowski démontre que
le résultat de Steiner est valable pour tout ensemble convexe et en toute dimension et
non plus seulement pour les polyèdres (en dimension 3). Ceci conduit à une importante
sous-partie de la théorie de Brunn-Minkowski : la théorie des volumes mixtes. Minkowski
généralise également le résultat de Brunn en démontrant la formule suivante valable pour
tous ensemble convexe et en toute dimension, que l’on appelle aujourd’hui inégalité de
Brunn-Minkowski :

|K + L|
1
n ≥ |K|

1
n + |L|

1
n , (1.1)

où K + L = {x + y;x ∈ K, y ∈ L} est appelée la somme de Minkowski des ensembles
K et L, où | · | désigne le volume et où n la dimension de l’espace sous-jacent. On
déduit de cette formule le résultat de Brunn en considérant K(t1), K(t2) et K

(
t1+t2

2

)
où K(t) = {x ∈ K;< x, θ >= t}, t ∈ R, désigne une section d’un ensemble convexe K
dans une direction fixée θ ∈ Sn−1.

L’inégalité de Brunn-Minkowski a ensuite été généralisée aux ensembles compact,
non plus nécessairement convexes, par Lusternik en 1935 [63]. Cette inégalité de Brunn-
Minkowski-Lusternik est d’une puissance remarquable puisqu’elle permet entre autre de
démontrer l’inégalité isopérimétrique en quelques lignes. Le problème isopérimétrique,
un des plus vieux problème de l’humanité, demande quelle figure géométrique maximise
la surface à périmètre donné, ou de manière duale quelle figure géométrique minimise le
périmètre à surface donnée. C’est un problème de minimisation qu’il est utile de savoir
résoudre.
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Comme on le sait, la solution au problème isopérimétrique est le cercle (en dimen-
sion 2), et plus généralement la boule euclidienne en dimension quelconque. Nous débu-
tons par définir la notion de périmètre de la manière suivante pour tout ensemble à bord
régulier A, que l’on appelle aire surfacique extérieure de Minkowski,

|∂A| = lim
ε→0+

|A+ εBn
2 | − |A|
ε

,

où Bn
2 désigne la boule euclidienne unité fermée de Rn.

En utilisant l’inégalité de Brunn-Minkowski (1.1), valable pour tout compact, on
obtient

|A+ εBn
2 | ≥

(
|A|

1
n + ε|Bn

2 |
1
n

)n
≥ |A|+ nε|A|

n−1
n |Bn

2 |
1
n .

Donc, |∂A| ≥ n|A|n−1
n |Bn

2 |
1
n . En remarquant que |∂Bn

2 | = n|Bn
2 |, il s’ensuit que

|∂A|
|A|1− 1

n

≥ |∂Bn
2 |

|Bn
2 |1−

1
n

.

En conclusion, à même volume, on obtient que le périmètre est minimisé par la boule
euclidienne. Ceci donne une démonstration courte et élégante d’un résultat important.

La théorie de l’information, quant à elle, a été développée suite aux travaux précurseurs
de Nyquist en 1928 [69] et Hartley la même année [48], ingénieurs en télécommuni-
cations, dont le but était entre autres de comparer l’efficacité de différents systèmes
de communication. Pour ce faire, il fallait pouvoir mesurer l’information et une telle
mesure a été développée : la notion de quantité d’information. L’intuition d’une telle
mesure est la suivante, plus un évènement a de chance de se produire, moins il apporte
de l’information. On a donc considéré la quantité − log(pi), où pi est la probabilité
d’une réalisation. D’un point de vue mathématiques, on aurait pu prendre n’importe
quelle fonction décroissante à la place de − log, mais c’est cette fonction qui a été choisi
à l’aide de l’expérience des ingénieurs. Suite à ces travaux précurseurs, Shannon en
1948 [78], également ingénieur en télécommunication, a développé plus profondément et
plus formellement ce que l’on appelle aujourd’hui la théorie de l’information. Il a entre
autres défini la notion d’entropie d’une variable aléatoire discrète X de loi {p1, . . . , pn}
de la manière suivante :

H(X) = −
n∑
i=1

pi log(pi),
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ainsi que pour une variable aléatoire continue X de densité f par

H(X) = −
∫
Rn
f(x) log(f(x)) dx,

pourvu que l’intégrale existe.

Cette notion d’entropie sert en quelque sorte à mesurer l’incertitude d’une variable
aléatoire. Par exemple, siX suit une loi binomiale de paramètre p ∈ [0, 1], alors l’entropie
de X sera nulle si p = 0 ou p = 1, ce qui correspond à une variable déterministe ; le
résultat est connu d’avance, il n’y a aucune incertitude. De plus, l’entropie est maximale
si et seulement si p = 1

2
, la valeur de p pour laquelle l’issue de X est la plus incertaine.

Par ailleurs, parmi toutes les lois de probabilités supportés sur un ensemble compact A,
c’est la loi uniforme sur A qui maximise l’entropie, ce qui concorde donc bien avec cette
idée d’incertitude.

Et c’est alors que la théorie de Brunn-Minkowski et la théorie de l’information purent
communiquer ensembles. Plusieurs mathématiciens en théorie de l’information ont re-
marqué des similitudes entre ces deux théories, notamment à travaux les travaux de
Costa et Cover en 1984 [25], puis par Dembo, Cover et Thomas au début des années
1990 [29], [30]. Ils ont mis en lumière des analogies entre deux inégalités fondamentales
dans chaque théorie, l’inégalité de Brunn-Minkowski (1.1) et l’inégalité de l’entropie ex-
ponentielle qui affirme que pour toutes variables aléatoires à densité et indépendantes
X et Y , l’inégalité suivante est vérifiée :

N(X + Y ) ≥ N(X) +N(Y ), (1.2)

où N(X) = 1
2πe

exp
(
2
n
H(X)

)
. Par homogénéité de l’entropie, l’inégalité (1.2) est équiv-

alente à l’inégalité entropique suivante,

H(X + Y ) ≥ H(X) +H(Y ). (1.3)

Par ailleurs, ils ont montré comment certaines méthodes pouvaient être adaptées à cha-
cune de ces deux théories, ceci permettant de démontrer de nouvelles inégalités

Au delà de ces ressemblances, il existe une approche qui unifie ces deux inégal-
ités. Pour ce faire, nous avons besoin de définir une nouvelle quantité en théorie de
l’information, la p-ième entropie de Rényi. Pour p ∈ [0; +∞], on définit la p-ième en-
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tropie de Rényi d’une variable aléatoire X de densité f par

Hp(X) =
1

1− p
log

(∫
Rn
fp(x) dx

)
,

où les cas limites sont interprétés par continuité. Plus précisément, on a

lim
p→1

Hp(X) = H(X), lim
p→0

Hp(X) = log(|supp(f)|),

où |supp(f)| désigne le volume du support de f . On comprend donc que l’existence
d’une inégalité de type entropie (1.3) pour la p-ième entropie de Rényi permettrait de
déduire à la fois l’inégalité de Brunn-Minkowski (1.1) et l’inégalité de l’entropie expo-
nentielle (1.2) par limites. Une telle inégalité existe bien et découle d’une inégalité de
Beckner, Brascamp et Lieb prouvée au milieu des années 1970 [6], [18].

Finalement, on est face à deux théories développées durant des époques différentes,
dans un contexte différent et des préoccupations différentes, d’une part par des géomètres
et d’autre part par des ingénieurs, et finalement on constate que ces deux théories sont
très proches et possèdent des racines communes.

Présentons maintenant l’essentiel de mes travaux et qui seront revus plus en détails
durant les prochains chapitres de cette thèse. Lors des travaux de Costa, Cover, Dembo
et Thomas, il est conjecturé des résultats dans la théorie de Brunn-Minkowski en analo-
gie avec des résultats déjà démontrés dans la théorie de l’information. Par exemple,
Costa ayant démontré dans [24] que l’entropie exponentielle d’une variable aléatoire X
à laquelle on ajoute un bruit gaussien de variance t indépendant de X, en tant que
fonction de t — autrement dit la fonction t 7→ N(X +

√
tZ) — est concave sur R+,

conjecture dans un travail en commun avec Cover [25], que la racine n-ième du volume
parallèle d’un ensemble compact à distance t, en tant que fonction de t, est concave sur
R+. Dans cette thèse, j’étudie de manière détaillée cette conjecture et j’ai démontré,
avec mon directeur de thèse Matthieu Fradelizi, le résultat suivant [38] :

Théorème 1. Soit A un ensemble compact de Rn. On note, pour t ∈ R+, VA(t) =

|A+ tBn
2 | le volume parallèle de A à distance t. Alors,

1. En dimension 1, VA est concave sur R+.



6 1. INTRODUCTION

2. En dimension 2, si A est connexe, alors V
1
2
A est concave sur R+. De plus, il existe

des ensembles A non connexes tels que VA ne soit pas concave sur R+.

3. En dimension n ≥ 3, il existe des ensemble étoilés A tels que V
1
n
A ne soit pas

concave sur R+.

4. Soit A un sous-ensemble compact de Rn. Si la fonction ε 7→ |εA+Bn
2 | est deux fois

dérivable dans un voisinage de 0 de dérivée seconde continue en 0, alors il existe
t0 ≥ 0 tel que V

1
n
A est concave sur [t0(A); +∞). En particulier, cela est valable si

A est fini.

Nous conjecturons également dans le même article [38] la validité de la conjecture
de Costa-Cover pour des valeurs de t suffisamment grandes et nous démontrons cette
conjecture sous conditions de régularité du volume parallèle (Théorème 1, point 4.).
Par ailleurs, nous mettons en évidence des liens entre la conjecture de Costa-Cover et
des inégalités géométriques fondamentales telles que l’inégalité de Brunn-Minkowski ou
l’inégalité isopérimétrique.

Récemment, Savaré et Toscani [75] ont démontré que la p-ième entropie exponentielle
de Rényi est concave, et cela pour tout p > 1− 2

n
, sans préciser ce qu’il se passait pour

p ≤ 1− 2
n
. Le théorème 1. montre qu’une telle concavité n’est pas valable pour p = 0.

En géométrie convexe, il est courant d’étendre des inégalités, ceci permettant parfois
de démontrer plus facilement des résultats purement géométriques, et nouant ainsi de
nouveaux liens avec d’autres théories mathématiques. L’inégalité de Brunn-Minkowski
peut se généraliser de plusieurs manières, nous en avons déjà vu une précédemment en
considérant la p-ième entropie de Rényi. Nous allons maintenant généraliser cette inégal-
ité en considérant cette fois-ci une version fonctionnelle. De cette version fonctionnelle
on déduira la version géométrique en considérant des fonctions indicatrices d’ensemble.
Dans la théorie de Brunn-Minkowski, la version fonctionnelle la plus célèbre est très
certainement l’inégalité de Prékopa-Leindler prouvée par Prékopa et Leindler entre 1971
et 1973 [70], [60], [71].

Pour ce faire, considérons la fonction h(z) = supz=αx+βy f(x)αg(y)β, où α, β ∈ R+ et
f , g sont deux fonctions mesurables positives définies sur Rn. En prenant f = 1A et g =

1B, où A et B sont deux ensembles compacts de Rn, on obtient que h(z) = 1αA+βB(z).
La conjecture de Costa-Cover peut donc être étendu en une version fonctionnelle en
considérant la fonction h(0)t (z) = supz=x+ty f(x)g(y)t, t ∈ R+.
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J’ai considéré et étudié une généralisation de cette version fonctionnelle dans [64] où
il est démontré le résultat suivant :

Théorème 2.

1. Soit γ ≥ − 1
n
. Soient f, g : Rn → R+ deux fonctions γ-concave. Alors la fonction

t 7→
∫
Rn h

(γ)
t (z) dz est γ

1+γn
-concave sur R+, où

h
(γ)
t (z) = sup

z=x+ty

f(x)>0; g(y)>0

(f(x)γ + tg(y)γ)
1
γ .

2. Soit γ ≤ 0. Soit f : R→ R+ telle que fγ soit une fonction positive, lipschitzienne
et bornée. Définissons pour tout y ∈ R, V (y) = |y|p

p
avec p ≥ 1, et

h
(γ)
t (z) = sup

z=x+ty

f(x)>0; V (y)>0

(f(x)γ + tV (y))
1
γ , h

(0)
t (z) = sup

z=x+ty
f(x)e−tV (y).

Si h(γ)t est de classe C2 et si limz→±∞
∂
∂z
h
(γ)
t (z) = 0, alors la fonction t 7→

∫
R h

(γ)
t (z) dz

est concave sur R+.

La première partie de ce résultat repose sur l’inégalité de Borell, Brascamp et Lieb
[16], [19]. La deuxième partie de ce résultat repose sur une analyse précise de la solution
de Hopf-Lax de l’équation de Hamilton-Jacobi.

Voyons maintenant encore une autre manière de généraliser l’inégalité de Brunn-
Minkowski, cette fois-ci en généralisant la mesure de Lebesgue. Borell a étudié en
1975 [16] ce qu’on appelle aujourd’hui lesmesures s-concaves, où s est un paramètre dans
[−∞; +∞]. Ces mesures vérifient par définition l’inégalité de type Brunn-Minkowski
suivante :

µ((1− λ)A+ λB) ≥ ((1− λ)µ(A)s + λµ(B)s)
1
s ,

pour tout λ ∈ [0, 1] et tous compacts A,B ⊂ Rn tels que µ(A)µ(B) > 0. La mesure
de Lebesgue apparaît alors comme étant une mesure 1

n
-concave. Les cas limites, s ∈

{−∞, 0,+∞}, s’interprètent par continuité. Par exemple, le cas s = 0 correspond à
ce que l’on appelle mesures log-concaves qui contient la mesure gaussienne, une mesure
fondamentale en probabilité. En conséquence de l’inégalité de Hölder, toute mesure
s-concave est r-concave pour tout r ≤ s. En particulier, toute mesure s-concave est
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−∞-concave et ces dernières sont appelées mesures convexes. Les mesures convexes ont
la propriété d’avoir un support convexe.

Maintenant que nous avons introduit les mesures convexes, il est assez aisé d’imaginer
une autre extension de la conjecture de Costa-Cover. Il suffit de remplacer la mesure de
Lebesgue par une mesure s-concave et remplacer la 1

n
-concavité par de la s-concavité,

la définition d’une fonction s-concave étant similaire à celle des mesures s-concaves. Je
démontre dans [64] le résultat suivant.

Théorème 3. Soit s ∈ [−∞; 1
2
] ∪ [1; +∞]. Soient A un ensemble compact de R et µ

une mesure s-concave de R. Alors, la fonction t 7→ V µ
A (t) = µ(A + tB1

2) est s-concave
sur R+. De plus, il existe des mesures s-concaves, avec s ∈]1

2
; 1[, tels que V µ

A ne soit pas
s-concave sur R+.

Je démontre ce résultat en utilisant une technique de localisation développée par
Kannan, Lovász et Simonovits dans les années 1990 [62], [57] dans sa forme établie par
Fradelizi et Guédon en 2004 [36].

Par ailleurs, ce résultat est valable en toute dimension lorsque s > 1, puisque dans ce
cas, la seule mesure s-concave non triviale est la mesure de Dirac en un point. Ce résultat
est également valable en toute dimension lorsque s = −∞ car la fonction t 7→ V µ

A (t)

est croissante ; et en toute dimension pour toute valeur de s lorsque l’ensemble A est
convexe. Cependant, puisque la conjecture de Costa-Cover est fausse en toute généralité
en dimension 2, on ne peut pas s’attendre à obtenir les résultats du théorème 3. en
dimension strictement supérieur à 1, de même pour le théorème 2.

Enfin, je discute d’une possible amélioration de la concavité des mesures convexes
sous des certaines hypothèses telles que la symétrie. Précisément, je mets en avant le
problème de savoir quelles sont les mesures qui satisfont une concavité au sens de Borell
en fonction de la classe d’ensemble considérée :

Question 1. Pour quelle valeur s dans [−∞,+∞], pour quelle classeM de mesures
positives et pour quelle classe C de couples d’ensembles boréliens de Rn a-t-on pour tout
µ ∈M, pour tout (A,B) ∈ C tels que µ(A)µ(B) > 0 et pour tout λ ∈ [0, 1],

µ((1− λ)A+ λB) ≥ ((1− λ)µ(A)s + λµ(B)s)
1
s ? (1.4)
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La partie droite de l’inégalité (1.4) doit être interprétée par continuité, c’est-à-dire par
µ(A)1−λµ(B)λ pour s = 0, par min(µ(A), µ(B)) pour s = −∞ et par max(µ(A), µ(B))

pour s = +∞.

Borell [16] a démontré que la question 1. admet une réponse positive si M est la
classe des mesures s-concave de Rn et si C est la classe des couples d’ensembles boréliens
de Rn.

Concernant la mesure de Lebesgue, la question 1. a été étudiée pour s = 1, par
Bonnesen [14], et est toujours étudiée (voir par exemple [50]).

Notons que la question 1. admet une réponse positive pour s = +∞ si M est la
classe des mesures convexes et si C est la classe des couples d’ensembles de même mesure.
En effet, on a alors pour tout λ ∈ [0, 1]

µ((1− λ)A+ λB) ≥ inf(µ(A), µ(B)),

par définition. Puisque µ(A) = µ(B), il s’ensuit que

µ((1− λ)A+ λB) ≥ µ(A) = max(µ(A), µ(A)) = max(µ(A), µ(B)).

Ce problème fait suite à des travaux très récents de Gardner et Zvavitch [42] dans
lesquels les auteurs démontrent une inégalité de type Brunn-Minkowski pour la mesure
gaussienne pour des ensembles très particuliers et conjecturent que la Question 1. admet
une réponse positive pour s = 1

n
, pour la mesure gaussienne et pour C la classe des couples

d’ensembles convexes symétriques de Rn ; la mesure gaussienne étant définie par

dγn(x) =
1

(2π)
n
2

e−
|x|2
2 dx, x ∈ Rn

où | · | désigne la norme euclidienne.

Je généralise dans [65] les résultats de Gardner et Zvavitch à des mesures plus
générales ainsi qu’à une classe d’ensemble plus générale. Précisément, je démontre les
résultats suivants :

Théorème 4.

1. Soit µ une mesure log-concave inconditionnelle et soit A ⊂ Rn un ensemble convexe
inconditionnel. Alors, pour tous A1, A2 ∈ {αA;α > 0} et pour tout λ ∈ [0, 1],



10 1. INTRODUCTION

nous obtenons

µ((1− λ)A1 + λA2)
1
n ≥ (1− λ)µ(A1)

1
n + λµ(A2)

1
n .

2. Soit µi, 1 ≤ i ≤ n, des mesures de densités φi : R → R+ telles que les φi sont
croissantes sur (−∞; 0] et décroissantes sur [0; +∞). Soit µ la mesure produit de
µ1, . . . , µn et soient A,B ⊂ Rn le produit de n sous-ensembles mesurables de R
tels que 0 ∈ A ∩B. Alors, pour tout λ ∈ [0, 1], nous avons

µ((1− λ)A+ λB)
1
n ≥ (1− λ)µ(A)

1
n + λµ(B)

1
n .

3. Soit µ1 une mesure de densité φ : R → R+, telle que φ est croissante sur (−∞; 0]

et décroissante sur [0; +∞). Soit µ2 une mesure borélienne (n− 1)-dimensionnelle
et soit µ la mesure produit de µ1 et µ2. Soit A = A1 × Rn−1, où A1 est un sous-
ensemble mesurable de R et soit B un sous-ensemble mesurable de Rn tels que
0 ∈ A ∩B. Alors, pour tout λ ∈ [0, 1], nous obtenons

µ((1− λ)A+ λB) ≥ (1− λ)µ(A) + λµ(B).

4. Soit µ une mesure de densité φ : Rn → R+ telle que φ est − 1
n−1 -concave. Soient

A,B des sous-ensembles mesurables de Rn tels qu’il existe u ∈ Sn−1 tel que

sup
t∈R

µn−1(A ∩ (u⊥ + tu)) = sup
t∈R

µn−1(B ∩ (u⊥ + tu)),

où µn−1(A∩ (u⊥+ tu)) =
∫
A∩(u⊥+tu) φ(x) dx et de même pour µn−1(B ∩ (u⊥+ tu)).

Alors, pour tout λ ∈ [0, 1], nous avons

µ((1− λ)A+ λB) ≥ (1− λ)µ(A) + λµ(B).

Pour conclure, j’ai été confronté durant ma thèse à d’innombrables problèmes liés au
domaine de la géométrie convexe et son extension non convexe. Comme on a pu le voir, il
s’agit d’un domaine de recherche très actif, et dans lequel j’ai trouvé tant d’intéressantes
questions ouvertes et de beaux problèmes auxquels je souhaiterais continuer à apporter
ma pierre à l’édifice.
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1.2 Introduction

In this thesis, I pursue the study of convex measures as well as the relationships between
the Brunn-Minkowski theory and the Information theory. This thesis is situated in the
fields of the Convex geometry, the Brunn-Minkowski theory and the Information theory.

The organization of the thesis is the following. I start in this first chapter by in-
troducing the Brunn-Minkowski theory and the Information theory in a short historical
approach and by explaining the starting point of some fundamental tools that arise in
Convex and non-Convex geometry such as functional forms of geometric inequalities,
analogies between the Brunn-Minkowski theory and the Information theory, and con-
vex measures. The second chapter is devoted to my first paper On the analogue of
the concavity of entropy power in the Brunn-Minkowski theory [38], joint with Matthieu
Fradelizi, to appear in Advances in Applied Mathematics. In the third chapter, I explain
the second part of my second paper Concavity properties of extensions of the parallel
volume [64]. Finally, in the last chapter, I explain the first part of my second paper [64]
and also my third paper On improvement of the concavity of convex measures [65].

In appendix, one find a section Dictionary and a section Notations that recall the
basic terminologies and notations used in this thesis.

1.3 The Brunn-Minkowski theory

The Brunn-Minkowski theory was founded mainly by the works by Steiner, Brunn and
Minkowski. In his Ph.D. thesis, Brunn noticed that volume of sections in a direction of
a convex body has a concavity property. More precisely, he showed that the function
t 7→ |{x ∈ K;< x, θ >= t}|2 is a 1

2
-concave function on R, where K is a convex body in

R3 and θ ∈ Sn−1 is a direction (see Figure (1.1) below).
As his contemporaries, many of his works was stated in dimension 2 or 3 although

most of his results can be generalized in higher dimension.
Thereafter, Minkowski highlighted and generalized the result of Brunn. His coun-

terpart in mathematics is impressive and his works are collected in a posthumous edi-
tion [66]. Minkowski proved the following result, nowadays called the Brunn-Minkowski
inequality:

Theorem 1.3.1 (Minkowski [66]). Let K and L be two convex bodies in Rn, then

|K + L|
1
n ≥ |K|

1
n + |L|

1
n . (1.5)
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Figure 1.1: Hyperplane section of a convex body

Thereafter, Lusternik in [63] extended the Brunn-Minkowski inequality (1.5) to ar-
bitrary measurable sets in Rn such that the sum is measurable. Therefore, Lusternik
complete definitively (staying in geometry) the initial result of Brunn. Nowadays, one
sometimes refers to the Brunn-Minkowski-Lusternik inequality for the following inequal-
ity:

Theorem 1.3.2 (Lusternik [63]). Let A and B be two compact subsets of Rn, then

|A+B|
1
n ≥ |A|

1
n + |B|

1
n . (1.6)

The name of Lusternik is often omitted.

Replacing A by (1−λ)A and B by λB for λ ∈ [0, 1], one gets the following equivalent
formulation

|(1− λ)A+ λB|
1
n ≥ (1− λ)|A|

1
n + λ|B|

1
n . (1.7)

The Brunn-Minkowski inequality (1.7) is a fundamental inequality in mathematics.
The most important reason is that this inequality solves the (classical) isoperimetric
inequality in few lines. The isoperimetric inequality is a problem coming from real
preoccupations, namely it asks which geometric object minimizes the perimeter at given
volume, which is an interesting optimization problem. The answer is Euclidean balls
(circles in dimension 2, spheres in dimension 3). Moreover, this proof of the isoperimetric
inequality works in every dimension.

Let us see how the isoperimetric inequality results from the Brunn-Minkowski in-
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equality (1.6). In the sequel, we define the outer Minkowski surface area by

|∂A| = lim
ε→0+

|A+ εBn
2 | − |A|
ε

,

whenever the limit exists.

Corollary 1.3.3 (Isoperimetric inequality). Let A be a compact subset of Rn. Then,

|∂A|
|A|1− 1

n

≥ |∂Bn
2 |

|Bn
2 |1−

1
n

.

Proof. Using Brunn-Minkowski inequality (1.6), one has

|A+ εBn
2 | ≥

(
|A|

1
n + ε|Bn

2 |
1
n

)n
≥ |A|+ nε|A|

n−1
n |Bn

2 |
1
n .

Thus, |∂A| ≥ n|A|n−1
n |Bn

2 |
1
n . Notice that |∂Bn

2 | = n|Bn
2 |. Hence,

|∂A|
|A|1− 1

n

≥ |∂Bn
2 |

|Bn
2 |1−

1
n

.

Another important part of the Brunn-Minkowski theory is the notion of mixed vol-
ume. This notion has been highlighted by the precursor works of Steiner in [81] who
discovered that the parallel volume of special convex bodies has a polynomial expansion.

Figure 1.2: Parallel volume of a polygon
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Theorem 1.3.4 (Steiner [81]). Let A be a convex polyhedron of R3, then

|A+ tB3
2 | = a0 + a1t+ a2t

2 + a3t
3,

where a0, a1, a2, a3 are non-negative quantities depending on A and B3
2 .

In the example of Figure 1.2 above where A is a polygon, one can see with some
thought that

|A+ tB2
2 | = |A|+ P (A)t+ πt2,

where P (A) is the perimeter of A, and that this result holds for every polygon.
Nowadays, one refers to the Steiner formula for the following equality:

Theorem 1.3.5 (Steiner’s formula). Let A be a compact convex subset of Rn, then for
every t ≥ 0,

|A+ tBn
2 | =

n∑
i=0

(
n

i

)
V (A, [i];Bn

2 , [n− i])tn−i,

where V (A, [i];Bn
2 , [n− i]) are called the mixed volumes of A and Bn

2 .
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1.4 Functional versions

One can rely the field of geometry with the field of analysis by applying functional
inequalities to particular functions: indicator of sets. We will see how to derive the
Brunn-Minkowski inequality from a functional inequality: the Borell-Brascamp-Lieb
inequality:

Theorem 1.4.1 (Borell [16], Brascamp-Lieb [19]). Let γ ≥ − 1
n
. Let λ = (λ1, . . . , λm),

where λ1, . . . , λm are positive numbers such that
∑m

i=1 λi = 1, and let f1, . . . , fm, h :

Rn → R+ be non-negative measurable functions satisfying for every x1, . . . , xm ∈ Rn

such that f1(x1) · · · fm(xm) > 0,

h(λ1x1 + · · ·+ λmxm) ≥Mγ
λ (f1(x1), . . . , fm(xm)).

Then, ∫
Rn
h(x) dx ≥M

γ
1+γn

λ

(∫
Rn
f1(x) dx, . . . ,

∫
Rn
fm(x) dx

)
,

where

M θ
λ(a1, . . . , am) =



(
λ1a

θ
1 + · · ·+ λma

θ
m

) 1
θ if θ ∈ R \ {0}

aλ11 · · · aλmm if θ = 0

min(a1, . . . , am) if θ = −∞
max(a1, . . . , am) if θ = +∞

.

In Theorem 1.4.1, the case γ > 0 in dimension 1 has been proved by Henstock and
Macbeath in [49] and the case γ = 0 has been proved by Prékopa and Leindler in [70],
[60], [71].

Let us rewrite the γ = 0 case of Theorem 1.4.1 for two functions:

Theorem 1.4.2 (Prékopa-Leindler’s inequality). Let f and g be two non-negative mea-
surable functions defined on Rn. For every λ ∈ [0, 1], one has∫

Rn
sup

z=(1−λ)x+λy
f(x)g(y) dz ≥

(∫
Rn
f(x)

1
1−λ dx

)1−λ(∫
Rn
g(y)

1
λ dy

)λ
. (1.8)

Few years later, Beckner, Brascamp and Lieb gave another generalization of the
Prékopa-Leindler inequality (1.8):

Theorem 1.4.3 (Beckner [6], Brascamp-Lieb [18]). Let 0 ≤ p, q, r ≤ +∞ such that
1
r

+ 1 = 1
p

+ 1
q
and f ∈ Lp(Rn), g ∈ Lq(Rn). Let us denote cp = p

1
p

|p′|
1
p′
, where 1

p
+ 1

p′
= 1
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and similarly cq, cr.

If 1 ≤ p, q, r ≤ +∞, then

sup
f∈Lp, g∈Lq

‖f ? g‖Lr(Rn)
‖f‖Lp(Rn)‖g‖Lq(Rn)

=

(
cpcq
cr

)n
2

. (1.9)

If 0 ≤ p, q, r ≤ 1, then

inf
f∈Lp, g∈Lq

‖f ? g‖Lr(Rn)
‖f‖Lp(Rn)‖g‖Lq(Rn)

=

(
cpcq
cr

)n
2

. (1.10)

The case 1 ≤ p, q, r ≤ +∞ in Theorem 1.4.3 has been shown simultaneously by

Beckner [6] and Brascamp, Lieb [18]. However, contrary to Brascamp and Lieb, Beckner

did not treat the case 0 ≤ p, q, r ≤ 1.

One derives the Prékopa-Leindler inequality (1.8) from inequality (1.10) by consid-

ering

hR(z) =

(∫
Rn
f1−λ(z − y)(1−λ)Rgλ(y)λR dy

) 1
R−1

,

where f1−λ(x) = f
(

x
1−λ

)
and gλ(x) = g

(
x
λ

)
. By approximation, one may assume that f

and g are bounded and compactly supported. One then has

lim
R→+∞

hR(z) = sup
y∈Rn

f

(
z − y
1− λ

)1−λ

g
(y
λ

)λ
= sup

z=(1−λ)x+λy
f(x)1−λg(y)λ

:= h(z),

and furthermore, for R > max
(

1
1−λ ,

1
λ

)
,

‖hR‖L1(Rn) =

∫
Rn

(∫
Rn
f1−λ(x− y)(1−λ)Rgλ(y)λR dy

) 1
R−1

dx

= ‖f (1−λ)R
1−λ ? gλRλ ‖

1
R−1

L
1

R−1 (Rn)

≥

((
cpcq
cr

)n
2

‖f (1−λ)R
1−λ ‖Lp(Rn)‖gλRλ ‖Lq(Rn)

) 1
R−1

,
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where 1
p

= (1− λ)R, 1
q

= λR. Notice that

‖f (1−λ)R
1−λ ‖Lp(Rn) =

(
(1− λ)n‖f‖L1(Rn)

)(1−λ)R
,

‖gλRλ ‖Lq(Rn) =
(
λn‖g‖L1(Rn)

)λR
.

Thus,

‖hR‖L1(Rn) ≥
(
cpcq
cr

)n
2

1
R−1 (

(1− λ)n‖f‖L1(Rn)
)(1−λ) R

R−1
(
λn‖g‖L1(Rn)

)λ R
R−1 . (1.11)

Moreover, one has

lim
R→+∞

(
cpcq
cr

)n
2

1
R−1

=
1

(1− λ)n(1−λ)
1

λnλ
.

Hence, the right hand-side in inequality (1.11) tends to ‖f‖L1(Rn)‖g‖L1(Rn) when R tends
to +∞, and the left hand-side tends to ‖h‖L1(Rn).

A similar computation will be done in Theorem 1.6.1.

For p, q, r ≥ 1, Theorem 1.4.3 is a refinement of the classical Young inequality:

Theorem 1.4.4 (Young’s inequality [84]). Let 1 ≤ p, q, r ≤ +∞ such that 1
r

+1 = 1
p

+ 1
q

and f ∈ Lp(Rn), g ∈ Lq(Rn). Then,

‖f ? g‖Lr
‖f‖Lp‖g‖Lq

≤ 1. (1.12)

Another generalization of the Prékopa-Leindler inequality (1.8) is given by Barthe:

Theorem 1.4.5 (Barthe [5]). Let m ∈ N∗. For i ∈ {1, . . . ,m}, let ni ∈ N∗ and let
λi ∈ [0, 1] such that

∑m
i=1 λini = n, let Bi : Rn → Rni be a linear surjection, let

fi : Rni → R+ be non-negative measurable functions. Then,∫
Rn

sup
x=
∑m
i=1 λiB

∗
i (xi)

f1(x1) · · · fm(xm) dx ≥
√
DΠm

i=1

(∫
Rn
fi(xi)

1
λi dxi

)λi
, (1.13)

where the constant D is optimal and satisfies

D = inf
Ai∈S+

det(
∑m

i=1 ciB
∗
iAiBi)

Πm
i=1 det(Ai)ci

.
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One derives the Prékopa-Leindler inequality (1.8) from the Barthe inequality (1.13)
by taking for every i ∈ {1, . . . ,m}, ni = n and Bi = In the identity in Rn; in this case,
one has D = 1.

The most difficult part in the proof of inequality (1.8) is to prove the dimension 1

since the dimension n is directly derived by induction.

The Prékopa-Leindler inequality (1.8) can be seen as a reverse form of the classical
Hölder inequality, which was in fact proved earlier by Rogers:

Theorem 1.4.6 (Rogers [73], Hölder [51]). Let λ ∈ [0, 1] and let f, g : Rn → R+ be
non-negative measurable functions, then∫

Rn
f(x)g(x) dx ≤

(∫
Rn
f(x)

1
1−λ dx

)1−λ(∫
Rn
g(x)

1
λ dx

)λ
. (1.14)

A useful inequality on means follows from the Hölder inequality (1.14).

Lemma 1.4.7. Let f, g : Rn → R+ measurable and α, β, γ ∈ R ∪ {+∞} such that
β + γ ≥ 0 and 1

β
+ 1

γ
= 1

α
. Then, for every non-negative measure µ,

‖fg‖Lα(µ) ≤ ‖f‖Lβ(µ)‖g‖Lγ(µ).

Proof. Consider α > 0. Since β+γ
βγ

= 1
α
and β + γ ≥ 0, then βγ > 0 and then β > 0 and

γ > 0. We apply Hölder’s inequality (1.14) to f̃ = fα, g̃ = gα, p = β
α
, q = γ

α
. It follows

that ∫
fαgα =

∫
f̃ g̃ ≤

(∫
f̃p
) 1

p
(∫

g̃q
) 1

q

=

(∫
fβ
)α

β
(∫

gγ
)α

γ

.

The proof is similar for α < 0.

Corollary 1.4.8. Let α, β, γ ∈ R ∪ {+∞} such that β + γ ≥ 0 and 1
β

+ 1
γ

= 1
α
. Then,

for every a, b, c, d > 0 and λ ∈ [0, 1],

Mα
λ (ac, bd) ≤Mβ

λ (a, b)Mγ
λ (c, d). (1.15)

Proof. Let α, β, γ ∈ R∪{+∞} such that β+ γ ≥ 0 and 1
β

+ 1
γ

= 1
α
. Apply Lemma 1.4.7

to µ = (1−λ)δx0 +λδy0 and f, g such that f(x0) = a, f(y0) = b, g(x0) = c, g(y0) = d.

The Prékopa-Leindler inequality (1.8) is a functional version of the Brunn-Minkowski
inequality (1.6) since one derives it by taking f = 1A, g = 1B and h = 1(1−λ)A+λB in
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inequality (1.8). Indeed, it then follows that

|(1− λ)A+ λB| ≥ |A|1−λ|B|λ. (1.16)

By replacing A by A

|A|
1
n
, B by B

|B|
1
n
and λ by |B|

1
n

|A|
1
n+|B|

1
n
in inequality (1.16), one gets the

Brunn-Minkowski inequality (1.6). More generally, with the same argument, one can

show that a non-negative −∞-concave function and α homogeneous is in fact 1
α
-concave.

Let us see the power of the Brunn-Minkowski inequality (1.7) by showing that in fact

this inequality implies the Borell-Brascamp-Lieb inequality (Theorem 1.4.1) and thus

the Prékopa-Leindler inequality (1.8). Let us first start by proving this inequality in

dimension 1.

Lemma 1.4.9 (Henstock, Macbeath [49]). Let λ ∈ [0, 1] and γ ∈ [−∞,+∞]. Let

f, g, h : R → R+ be non-negative measurable functions satisfying for every x, y ∈ Rn

such that f(x)g(y) > 0,

h((1− λ)x+ λy) ≥Mγ
λ (f(x), g(y)).

Then, ∫
R
h(x) dx ≥Mγ

λ (‖f‖∞, ‖g‖∞)M1
λ

(∫
R f(x) dx

‖f‖∞
,

∫
R g(x) dx

‖g‖∞

)
.

Proof. Let us first assume that max(f) = max(g). Notice that

∫
R
h(x) dx =

∫
R

(∫ h(x)

0

dt

)
dx =

∫ +∞

0

|{h ≥ t}| dt.

Since max(f) = max(g), then for every 0 ≤ t ≤ max(f), the sets {f ≥ t}, {g ≥ t} are
non-empty and for t > max(f) the sets {f ≥ t}, {g ≥ t} are empty. Notice that for

every 0 ≤ t ≤ max(f)

{h ≥ t} ⊃ (1− λ){f ≥ t}+ λ{g ≥ t}.

It follows from the Brunn-Minkowski inequality (1.7) in dimension 1, that for every t ≥ 0

|{h ≥ t}| ≥ (1− λ)|{f ≥ t}|+ λ|{g ≥ t}|.
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Finally,∫
R
h(x) dx =

∫
R
|{h ≥ t}| dt ≥ (1− λ)

∫
R
|{f ≥ t}| dt+ λ

∫
R
|{g ≥ t}| dt

= (1− λ)

∫
R
f(x) dx+ λ

∫
R
g(x) dx

= M1
λ

(∫
R
f(x) dx,

∫
R
g(x) dx

)
.

For the general case, let us consider

f̃(x) =
f(x)

‖f‖∞
, g̃(x) =

g(x)

‖g‖∞
and h̃(x) =

h(x)

Mγ
λ (‖f‖∞, ‖g‖∞)

.

Since

Mγ
λ (f̃(x)‖f‖∞, g̃(y)‖g‖∞) ≥Mγ

λ (‖f‖∞, ‖g‖∞) min(f̃(x), g̃(y)),

it follows that

h((1− λ)x+ λy) ≥Mγ
λ (‖f‖∞, ‖g‖∞) min(f̃(x), g̃(y)).

Hence,

h̃((1− λ)x+ λy) ≥ min(f̃(x), g̃(y)).

Since max(f̃) = max(g̃), it follows that∫
R
h(x) dx ≥Mγ

λ (‖f‖∞, ‖g‖∞)M1
λ

(∫
R f(x) dx

‖f‖∞
,

∫
R g(x) dx

‖g‖∞

)
.

Proof of BM inequality (1.7) =⇒ BBL inequality (Theorem 1.4.1). Let γ ≥ − 1
n
and let

λ ∈ [0, 1]. For simplicity, we consider only three functions f, g, h : Rn → R+ satisfying

for every x, y ∈ Rn such that f(x)g(y) > 0,

h((1− λ)x+ λy) ≥Mγ
λ (f(x), g(y)).

In dimension 1 (n = 1), it is a direct consequence of Lemma (1.4.9) and inequal-
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ity (1.15) since∫
R
h(x) dx ≥ Mγ

λ (‖f‖∞, ‖g‖∞)M1
λ

(∫
R f(x) dx

‖f‖∞
,

∫
R g(x) dx

‖g‖∞

)
≥ M

γ
1+γ

λ

(∫
R
f(x) dx,

∫
R
g(x) dx

)
,

the last inequality being valid because γ ≥ −1 by assumption.

In general dimension, one has with the change of variable t = s
1
γ ,∫

Rn
h(x) dx =

∫ +∞

0

|{h ≥ t}| dt =
1

|γ|

∫ +∞

0

|{h ≥ s
1
γ }|s

1
γ
−1 ds.

Let us denote Fs = {f ≥ s
1
γ }, Gt = {g ≥ t

1
γ } and Hu = {h ≥ u

1
γ }. In the sequel, s and

t are such that s
1
γ ≤ ‖f‖∞ and t

1
γ ≤ ‖g‖∞. If x ∈ Fs and y ∈ Gt then

h((1− λ)x+ λy) ≥Mγ
λ (f(x), g(y)) ≥ ((1− λ)s+ λt)

1
γ .

It follows that (1−λ)Fs+λGt ⊂ H(1−λ)s+λt. From the Brunn-Minkowski inequality (1.7),
one gets

|H(1−λ)s+λt| ≥ |(1− λ)Fs + λGt| ≥
(

(1− λ)|Fs|
1
n + λ|Gt|

1
n

)n
.

Hence,

|H(1−λ)s+λt|((1− λ)s+ λt)
1−γ
γ ≥ M

1
n
λ (|Fs|, |Gt|)M

γ
1−γ
λ (s

1−γ
γ , t

1−γ
γ ))

≥ M
γ

1+(n−1)γ

λ (|Fs|s
1−γ
γ , |Gt|t

1−γ
γ )),

the last inequality being valid if γ ∈ [− 1
n−1 , 1] according to inequality (1.15). Let us

denote F (s) = |Fs|s
1−γ
γ , G(t) = |Gt|t

1−γ
γ and H(u) = |Hu|u

1−γ
γ . We just have shown

that
H((1− λ)s+ λt) ≥M

γ
1+(n−1)γ

λ (F (s), G(t)).

Since γ ≥ − 1
n
, we can apply the theorem in dimension 1 to the functions F,G,H to get∫

R
H(x) dx ≥M

γ
1+nγ

λ

(∫
R
F (x) dx,

∫
R
G(x) dx

)
,

that is ∫
Rn
h(x) dx ≥M

γ
1+nγ

λ

(∫
Rn
f(x) dx,

∫
Rn
g(x) dx

)
.
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For the moment, we have seen that one can deduce the Borell-Brascamp-lieb inequality

(Theorem 1.4.1) from the Brunn-Minkowski inequality (1.7) in the range γ ∈ [− 1
n
, 1].

To conclude the proof, one has to use a kind of homogeneity.

In the following, let us consider γ ≥ 1. Since Mγ
λ ≥M

− 1
n

λ , then∫
Rn
h(x) dx ≥ min

(∫
Rn
f(x) dx,

∫
Rn
g(x) dx

)
.

First, let us assume that
∫
Rn f(x) dx =

∫
Rn g(x) dx = 1. It follows that∫

Rn
h(x) dx ≥ min(1, 1) = 1 = M

γ
1+nγ

λ (1, 1) = M
γ

1+nγ

λ

(∫
Rn
f(x) dx,

∫
Rn
g(x) dx

)
.

For the general case, let us consider

F (x) =
f
((∫

f
) γ

1+nγ x
)

(∫
f
) 1

1+nγ

, G(y) =
g
((∫

g
) γ

1+nγ y
)

(∫
g
) 1

1+nγ

, H(z) =
h(Cz)

C
1
γ

,

where C = (1− λ)
(∫

f
) γ

1+nγ + λ
(∫

g
) γ

1+nγ . We check that

∫
Rn
F (x) dx =

∫
Rn

f
((∫

f
) γ

1+nγ x
)

(∫
f
) 1

1+nγ

dx =
1(∫
f
) 1

1+nγ

1(∫
f
) nγ

1+nγ

∫
f = 1.

Similarly, one has
∫
G = 1. Moreover, by letting µ = λ

C

(∫
g
) γ

1+nγ , one has

H((1− µ)u+ µv) =
1

C
1
γ

h(C((1− µ)u+ µv))

=
1

C
1
γ

h

(
(1− λ)

(∫
f

) γ
1+nγ

u+ λ

(∫
g

) γ
1+nγ

v

)

≥ 1

C
1
γ

(
(1− λ)f

((∫
f

) γ
1+nγ

u

)γ

+ λg

((∫
g

) γ
1+nγ

v

)γ) 1
γ

the last inequality being valid by assumption. It follows that

H((1− µ)u+ µv) ≥

(
1− λ
C

(∫
f

) γ
1+nγ

F (u)γ +
λ

C

(∫
g

) γ
1+nγ

G(v)γ

) 1
γ

= ((1− µ)F (u)γ + µG(v)γ)
1
γ .
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Since
∫
F =

∫
G = 1, one gets

∫
H ≥ 1, which is the desired inequality, recalling that

H(z) =
h(Cz)

C
1
γ

,

where C = (1− λ)
(∫

f
) γ

1+nγ + λ
(∫

g
) γ

1+nγ .
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1.5 The Information theory

The Information theory was founded mainly by the works of the engineers Nyquist [69],
Hartley [48] and Shannon [78]. With an initial aim of comparing the efficiency of dif-
ferent communication systems, they define a measure which quantify the transmission
of information. To this, a generic communication system has been thought of and taken
up by Shannon:

Figure 1.3: Generic communication system [78]

Shannon explained this schematic drawing as the following overview:

1. Information source: produces a message. For example, a sequence of letters as in
a telegraph system.

2. Transmitter: operates on the message for transmission over a channel. For example,
changing sounds into electrical currents as in telephony.

3. Channel: medium used to transmit the message from transmitter to receiver. For
example, wires, band of radio frequencies.

4. Receiver: performs the inverse operation of that done by the transmitter.

5. Destination: the person (or thing) for whom the message is intended.

A theory which excludes meaning

This theory of communication excludes meaning. It is restricted to the transfer of a
message. The content of the message should not have influence on ways to transport it.
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Shannon said in [78]:
These semantic aspects of communication are irrelevant to the engineering problem.
The significant aspect is that the actual message is one selected from a set of possible
messages. The system must be designed to operate for each possible selection, not just
the one which will actually be chosen since this is unknown at the time of design.

Quantity of information

In fact, the idea of measuring the information has already been proposed by the engi-
neer Ralph Hartley in [48]. Hartley introduced the concept of quantity of information.
The idea is that for a given event with realizations x1, . . . , xn with known probabilities
p1, . . . , pn respectively, we then define the quantity of information associated to xi by
− log(pi). This follows the intuition that the higher is the probability of the realisation
of an event, the less this event brings information. A natural remark is that one can
consider arbitrary non-increasing function instead of − log.

The logarithmic function: a natural choice?

Shannon in [78] reaffirmed what was heard before by Hartley, why the logarithmic mea-
sure is more convenient:

1. Parameters of engineering importance such as time, number of relays, etc., tend
to vary linearly with the logarithm of the number of possibilities. For example,
adding one relay to a group doubles the number of possible states of the relays.

2. It is nearer to our intuitive feeling as to the proper measure. This is closely related
to 1. since we intuitively measure entities by linear comparison with common
standards.

3. It is mathematically more suitable.

Shannon’s entropy

Shannon introduced a new measure from the notion of quantity of information: the
notion of uncertainty, what will soon after be called entropy. He was motivated to
determine how much choice is involved in the selection of an event in a set of possible
events whose only informations known are probabilities of occurrence. According to
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Shannon, such a measure, denoted by H(p1, . . . , pn) with p1 + · · ·+ pn = 1, satisfies the
following conditions:

1. H should be continuous in the pi.

2. If all pi are equal, pi = 1
n
, then H should be a monotonic increasing function of n.

3. If a choice is broken down into two successive choices, the original H should be
the weighted sum of the individual values of H.

Let us make few remarks. The function H shall be denoted by H(M), whereM is the
number of variables of H. Also, the condition 3. can be written in the following way:
For positive numbers n1, . . . , nr, and probabilities associated

p1 =
n1

N
, . . . , pr =

nr
N
,

where N = n1 + · · ·+ nr, then

H(N)(
p1
n1

, . . . ,
pr
nr

) = H(r)(p1, . . . , pr) +
r∑
i=1

piH
(ni)(

1

ni
, . . . ,

1

ni
).

where it is understood that

H(N)(
p1
n1

, . . . ,
pr
nr

) = H(N)(
p1
n1

, . . . ,
p1
n1︸ ︷︷ ︸

n1

, . . . ,
pr
nr
, . . . ,

pr
nr︸ ︷︷ ︸

nr

).

Theorem 1.5.1 (Shannon [78]). The only functions H that satisfy the three conditions
above are of the form:

H(p1, . . . , pr) = −K
n∑
i=1

pi log(pi),

where K is a positive constant.

Proof. Let s,m ∈ N∗. We first show by induction on m ∈ N∗ that

H(sm)(
1

sm
, . . . ,

1

sm
) = mH(s)(

1

s
, . . . ,

1

s
). (1.17)

For m = 1, it is direct. Let m ≥ 1 and assume that

H(sm)(
1

sm
, . . . ,

1

sm
) = mH(s)(

1

s
, . . . ,

1

s
).
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Applying the hypothesis 3. to p1 = · · · = pr = 1
s
and n1 = · · · = nr = sm, one gets

H(sm+1)(
p1
n1

, . . . ,
pr
nr

) = H(sm+1)(
1

sm+1
, . . . ,

1

sm+1
)

= H(s)(
1

s
, . . . ,

1

s
) +H(sm)(

1

sm
, . . . ,

1

sm
)

= H(s)(
1

s
, . . . ,

1

s
) +mH(s)(

1

s
, . . . ,

1

s
)

= (m+ 1)H(s)(
1

s
, . . . ,

1

s
).

Let t, s, n,m ∈ N∗ such that t ≤ s and

sm ≤ tn ≤ sm+1.

Hence,
m log(s) ≤ n log(t) ≤ (m+ 1) log(s).

Thus, after dividing by n log(s), ∣∣∣∣ log(t)

log(s)
− m

n

∣∣∣∣ ≤ 1

n
. (1.18)

We denote
A(n) = H(n)(

1

n
, . . . ,

1

n
).

By hypothesis 2., the function A is increasing and we get then

A(sm) ≤ A(tn) ≤ A(sm+1).

From equality (1.17), we get

mA(s) ≤ nA(t) ≤ (m+ 1)A(s).

It follows from inequality (1.18) that∣∣∣∣ log(t)

log(s)
− A(t)

A(s)

∣∣∣∣ ≤ 2

n
.

We deduce that for every t ∈ N∗,

A(t) = K log(t),
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with K > 0 by hypothesis 2..

Let p1, . . . , pr be rational numbers in (0, 1]. We write pi = ni
N

with N = n1 + · · ·+nr.
By hypothesis 3.,

A(N) = H(r)(p1, . . . , pr) +
r∑
i=1

piH
(ni)

(
1

ni
, . . . ,

1

ni

)
.

Hence,

H(r)(p1, . . . , pr) = A(N)−
r∑
i=1

piA(ni)

= K log(N)−K
r∑
i=1

pi log(ni)

= −K
r∑
i=1

pi log(pi).

Finally, by hypothesis 1., it follows that for every positive numbers p1, . . . , pr such that
p1 + · · ·+ pr = 1,

H(p1, . . . , pr) = −K
n∑
i=1

pi log(pi),

where K is a positive constant.

Remark. The constant K can be omitted by considering a suitable base for the loga-
rithm.

The theory

In the following, we present some basic facts about the Information theory, which are
inspired from [30], [26] and [53].

Definition 1.5.2 (Discrete entropy). Let X be a discrete random variable taking values
x1, . . . , xn with probabilities p1, . . . , pn respectively. The entropy of X is

H(X) = −
n∑
i=1

pi log(pi),

with the convention that 0 log(0) = 0.
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Example Consider that X follows a Bernoulli distribution with parameter p ∈ [0, 1].
A direct computation shows that

H(X) = −p log(p)− (1− p) log(1− p).

1. If p = 0 or p = 1, then X is deterministic and as expected by historical approach
of the entropy, we get H(X) = 0 (no uncertainty).

2. If p = 1
2
, then X is the most random as possible and as expected, we get H(X) =

− log(2) which is maximal over all possible values of p (the most uncertainty) (see
Figure (1.4) below).

Figure 1.4: Graph of H(X) with respect to p

Remark. As expected by historical approach, the discrete entropy of X does not
depend on the image of X but on the probabilities of realizations.

Property 1.5.3. Let X be discrete random variable. Then, for every a 6= 0 and every
b ∈ R, one has

H(aX + b) = H(X).

Proof. The law of X and the law of aX+b have the same probabilities of realization.

Definition 1.5.4 (Continuous entropy). Let X be a be random vector in Rn with prob-
ability density function f . The entropy of X is

H(X) = −
∫
f(x) log(f(x)) dx.
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Remark. The continuous entropy is also referred to as differential entropy. Since the

entropy only depends on the probability density f , the entropy ofX is sometimes written

H(f) instead of H(X).

Property 1.5.5. Let X be a continuous random vector in Rn. Then, for every a 6= 0

and every b ∈ R, one has

H(aX + b) = H(X) + n log(|a|).

Proof. Let us denote f the density of X. Then the density of aX + b is

g(u) =
1

|a|n
f

(
u− b
a

)
.

Hence,

H(aX + b) = −
∫
Rn
f

(
u− b
a

)
log

(
1

|a|n
f

(
u− b
a

))
1

|a|n
du

= −
∫
Rn
f(x) log

(
1

|a|n
f(x)

)
dx

= H(X) + n log(|a|).

Example

1. Let A be a compact subset of Rn and X be a random vector uniformly distributed

in A. Then,

H(X) = −
∫

1A(x)

|A|
log

(
1A(x)

|A|

)
dx =

1

|A|

∫
A

log(|A|) dx = log(|A|).

2. Let X be a random variable following a Gaussian distribution with expectation

m and variance σ2. Then, by translation invariance in Property 1.5.5, one can
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consider that m = 0 and then

H(X) = −
∫

e−
x2

2σ2

√
2πσ2

log

 e−
x2

2σ2

√
2πσ2

 dx

=
1√

2πσ2

∫
x2

2σ2
e−

x2

2σ2 dx+ log(
√

2πσ2)

= log(
√

2πeσ).

3. LetX be a random vector following a Gaussian distribution with covariance matrix
K, then

H(X) = log(
√

(2πe)n det(K)).

Definition 1.5.6 (Relative entropy - Discrete case). Let X and Y be two random vari-
ables with probabilities of realization p1, . . . , pn and q1, . . . , qn respectively. The relative
entropy of X with respect to Y is

D(X||Y ) =
n∑
i=1

pi log

(
pi
qi

)
.

Definition 1.5.7 (Relative entropy - Continuous case). Let X and Y be two random
vectors with probability densities f and g respectively. The relative entropy of X with
respect to Y is

D(X||Y ) =

∫
f log

(
f

g

)
.

Remark. The relative entropy is also referred to as Kullback-Leibler distance. How-
ever, it is not a distance since it is not symmetric.

Proposition 1.5.8. For every random variables X and Y ,

D(X||Y ) ≥ 0.

Proof. By Jensen’s inequality,

−D(X||Y ) =

∫
f log

(
g

f

)
≤ log

(∫
g

)
= log(1) = 0.
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Definition 1.5.9 (Entropy power). Let X be a continuous random vector in Rn. The
entropy power of X is

N(X) =
1

2πe
e

2
n
H(X),

where H(X) is the entropy of X.

Property 1.5.10. Let X be a continuous random vector in Rn. Then, for every a 6= 0

and every b ∈ R, one has
N(aX + b) = a2N(X).

Proof. Using Property 1.5.5, one gets

N(aX + b) =
1

2πe
e

2
n
H(aX+b) =

1

2πe
e

2
n
(n log(|a|)+H(X)) = a2N(X).

Definition 1.5.11 (Score function). Let X be a continuous random vector in Rn with
differentiable probability density f . The score function of X is

ρX(x) =
∇f(x)

f(x)
, x ∈ Rn.

Definition 1.5.12 (Fisher information). Let X be a continuous random vector in Rn

with score function ρX . The Fisher information of X is

I(X) = EX [|ρX |2] =

∫
Rn

|∇f(x)|2

f(x)
dx.

Property 1.5.13. Let X be a continuous random vector in Rn. Then, for every a 6= 0

and every b ∈ R, one has

I(aX + b) =
1

a2
I(X).

Proof. Let us denote f the density of X. Then the density of aX + b is

g(u) =
1

|a|n
f

(
u− b
a

)
.

It follows that,

I(aX + b) =

∫
Rn

1
|a|2n+2 |∇f

(
u−b
a

)
|2

1
|a|nf

(
u−b
a

) du =
1

a2

∫
Rn

|∇f(x)|2

f(x)
dx =

1

a2
I(X).
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Definition 1.5.14 (p-th Rényi entropy). Let p ∈ (0, 1)∪(1,+∞). Let X be a continuous

random vector in Rn. The p-th Rényi entropy of X is

Hp(X) =
1

1− p
log

(∫
Rn
fp(x) dx

)
Property 1.5.15. Let X be a continuous random vector in Rn. Then, for every a 6= 0

and every b ∈ R, one has

Hp(aX + b) = Hp(X) + n log(|a|).

Proof. The proof is similar as the proof of Property 1.5.5.

Proposition 1.5.16. Let X be a continuous random vector in Rn with probability density

f . Let us denote supp(f) the support or f .

1. If |supp(f)| < +∞, then limp→0Hp(X) = log(|supp(f)|).

2. limp→1Hp(X) = H(X).

3. limp→+∞Hp(X) = − log(‖f‖∞).

Proof. 1. One has,

log

(∫
fp(x) dx

)
= log

(∫
{f>0}

ep log(f(x)) dx

)
= log

(∫
{f>0}

[1 + p log(f(x)) + o(p)] dx

)
= log(|supp(f)|) + log

(
1 +

p

|supp(f)|

∫
[log(f(x)) + o(1)] dx

)
= log(|supp(f)|) +

p

|supp(f)|

∫
[log(f(x)) + o(1)] dx+ o(p).

Then,

lim
p→0

Hp(X) = log(|supp(f)|).
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2. One has, setting P = p− 1,

Hp(X) = − 1

P
log

(∫
fP (x)f(x) dx

)
= − 1

P
log

(∫
[1 + P log(f(x)) + o(p)]f(x) dx

)
= − 1

P
log

(
1 + P

∫
[log(f(x)) + o(1)]f(x) dx

)
= −

∫
[log(f(x)) + o(1)]f(x) dx+ o(1).

Then,
lim
p→1

Hp(X) = H(X).

3. One has,

Hp(X) =
1

1− p
log

(∫
Rn
fp(x) dx

)
= − log

(∫
Rn
fp−1(x)f(x) dx

) 1
p−1

.

It follows that
lim

p→+∞
Hp(X) = − log(‖f‖∞).

Distributions that maximise entropy

The next proposition reinforce Shannon’s intuition about his notion of uncertainty and
therefore the mathematical definition of Shannon’s entropy is satisfactory in this sense.

Proposition 1.5.17. Let A be a compact subset of Rn. Among all random vectors
compactly supported in A, the entropy is maximum for the uniform distribution on A.

Proof. Let X be a random vector in Rn supported in A and Y be a random vector
following the uniform distribution on A. Then, using Proposition 1.5.8,

0 ≤ D(X||Y ) =

∫
A

f(x) log(f(x)|A|) dx = −H(X) + log(|A|) = −H(X) +H(Y ).

The next proposition put forward the Gaussian distribution in Information theory.
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Proposition 1.5.18. For a given variance, the Gaussian distribution maximise the

entropy.

Proof. Let X be a random vector in Rn with probability density f and covariance matrix

(Kij) and Y be a random variable following the Gaussian distribution φ with covariance

matrix (Kij). Recall that

φ(x) =
1

(2π)
n
2 det(K)

e−
xtK−1x

2 .

By assumption, ∫
f(x)xixj dx = Kij =

∫
φ(x)xixj dx.

Using Proposition 1.5.8, it follows that

0 ≤ D(X||Y ) =

∫
f log(f)−

∫
f log(φ) =

∫
f log(f)−

∫
φ log(φ) = −H(X) +H(Y ).

de Bruijn’s identity

The de Bruijn identity rely two important quantities in Information theory, the entropy

and the Fisher information.

Proposition 1.5.19 (de Bruijn’s identity [80]). Let X be a continuous random vector

in Rn with finite covariances and Z be a standard Gaussian random vector independent

of X. Then, for every t ≥ 0,

d

dt
H(X +

√
tZ) =

1

2
I(X +

√
tZ). (1.19)

Proof. Let us denote ft the density of X +
√
tZ. A direct calculation shows that ft

satisfies the heat equation:
∂

∂t
ft(x) =

1

2
∆ft(x),
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where ∆ =
∑n

i=1
∂2

∂x2i
denotes the Laplace operator. It follows that

d

dt
H(X +

√
tZ) = −

∫
∂

∂t
ft(x) log(ft(x)) dx−

∫
ft(x)

∂

∂t
log(ft(x)) dx

= −
∫

1

2
∆ft(x) log(ft(x)) dx

=
1

2

∫
∇ft(x) · ∇ log(ft(x)) dx

=
1

2

∫
∇ft(x) · ∇ft(x)

ft(x)
dx

=
1

2
I(X +

√
tZ).

The Blachman-Stam inequality and the EPI

We present in this subsection an interesting inequality – the Blachman-Stam inequality
– that simply imply important inequalities in Information theory such that the entropy
power inequality (EPI), via de Bruijn’s identity (1.19). The entropy power inequality
was established by Shannon in [78]:

Theorem 1.5.20 (Entropy power inequality [78]). Let X and Y be two independent
continuous random vectors in Rn. Then,

N(X + Y ) ≥ N(X) +N(Y ). (1.20)

Notice that inequality (1.20) is equivalent to

H(
√
λX +

√
1− λY ) ≥ λH(X) + (1− λ)H(Y ), (1.21)

for every λ ∈ [0, 1]. Indeed, by replacing X by
√
λX and Y by

√
1− λY , λ ∈ [0, 1], in

inequality (1.20) and using concavity of the logarithm, one gets inequality (1.21). Con-
versely, by replacing X by X√

λ
and Y by Y√

1−λ , where λ = N(X)
N(X)+N(Y )

, in inequality (1.21),
one gets inequality (1.20).

We present a proof of the entropy power inequality (1.20) given by Blachman in [7].
The proof uses the Blachman-Stam inequality.
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Theorem 1.5.21 (Blachman [7], Stam [80]). Let X and Y be two independent contin-
uous random vectors in Rn. Then,

1

I(X + Y )
≥ 1

I(X)
+

1

I(Y )
. (1.22)

For the proof of the Blachman-Stam inequality (1.22), we will follow the book of
Johnson [53].

Lemma 1.5.22. Let X and Y be two independent random vectors. Let us denote Z =

X + Y . Let us denote ρX (resp. ρY , ρZ) the score function of X (resp. Y ,Z). Then,

ρZ(z) = E[ρX(X)|Z = z] = E[ρY (Y )|Z = z].

Proof. Let us denote f (resp. g, h) the density of X (resp. Y ,Z). One has

h(z) =

∫
f(x)g(z − x) dx.

Thus,

∂h

∂zi
(z) =

∫
f(x)

∂

∂zi
g(z − x) dx

= −
∫
f(x)

∂

∂xi
g(z − x) dx

=

∫ (
∂

∂xi
f(x)

)
g(z − x) dx.

where one uses an integration by parts in the last equality. Hence,

∂h
∂zi

(z)

h(z)
=

∫ (
∂

∂xi
f(x)

)
g(z − x)

h(z)
dx =

∫ ( ∂
∂xi
f(x)

f(x)

)
f(x)g(z − x)

h(z)
dx.

Thus,
(ρZ(z))i = E[(ρX(X))i |Z = z].

With the same argument, one has

(ρZ(z))i = E[(ρY (Y ))i |Z = z].
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Lemma 1.5.23. Let X and Y be two independent random vectors. Let λ ∈ [0, 1]. Then,

I(X + Y ) ≤ λ2I(X) + (1− λ)2I(Y ).

Proof. From Lemma 1.5.22, one has

ρZ(z) = E[ρX(X)|Z = z] = E[ρY (Y )|Z = z].

Thus, for every λ ∈ [0, 1],

ρZ(z) = E[λρX(X) + (1− λ)ρY (Y )|Z = z].

Hence,

I(X + Y ) = E[ρZ(z)2]

= E[E[λρX(X) + (1− λ)ρY (Y )|Z = z]2]

≤ E[λ2ρX(X)2 + (1− λ)2ρY (Y )2 + 2λ(1− λ)ρX(X)ρY (Y )]

= λ2I(X) + (1− λ)2I(Y ).

The last equality follows from

E[ρX(X)ρY (Y )] = E[ρX(X)]E[ρY (Y )] and E[ρX(X)] = 0.

Proof of Theorem 1.5.21. From Lemma 1.5.23, one has

I(X + Y ) ≤ min
λ∈[0,1]

λ2I(X) + (1− λ)2I(Y ).

A direct study of the function λ 7→ λ2I(X) + (1− λ)2I(Y ) shows that the minimum is
reached for λ = I(Y )/(I(X) + I(Y )). It follows that

1

I(X + Y )
≥ 1

I(X)
+

1

I(Y )
.

Two consequences follow from the Blachman-Stam inequality and de Bruijn’s identity.
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proof of entropy power inequality (1.20). LetX1, Y1 be two independent random vectors

and λ, t ∈ [0, 1]. Let X0, Y0 be standard Gaussian random vector independent of X1, Y1
and of each other.

Let us denote Xt =
√
tX1 +

√
1− tX0, Yt =

√
tY1 +

√
1− tY0 and Vt =

√
λXt +

√
1− λYt. One has

Vt =
√
t(
√
λX1 +

√
1− λY1) +

√
1− t(

√
λX0 +

√
1− λY0) =

√
tV1 +

√
1− tV0.

Let us denote s(t) = H(Vt)−λH(Xt)−(1−λ)H(Yt). The entropy power inequality (1.20)

is equivalent to s(1) ≥ 0 (c.f. inequality (1.21)). Notice that V0 is a standard Gaussian

random vector, then s(0) = 0. It is then sufficient to prove that s′(t) ≥ 0 to get the

entropy power inequality. One has

s(t) = H(V1 +

√
1− t
t

V0)− λH(X1 +

√
1− t
t

X0)− (1− λ)H(Y1 +

√
1− t
t

Y0),

then

s′(t) = − 1

2t2

(
I(V1 +

√
1− t
t

V0)− λI(X1 +

√
1− t
t

X0)− (1− λ)I(Y1 +

√
1− t
t

Y0)

)
.

It follows from Lemma (1.5.23) and the scaling property I(X) = α2I(αX) that

2ts′(t) = −I(Vt) + λI(Xt) + (1− λ)I(Yt) ≥ 0.

Corollary 1.5.24 (Concavity of entropy power). Let X be a continuous random vector

in Rn and let Z be a standard Gaussian random vector independent of X. Then, the

function t 7→ N(X +
√
tZ) is concave on R+.

Proof. Recall that N(X +
√
tZ) = 1

2πe
e

2
n
H(X+

√
tZ). Then,

d

dt
N(X +

√
tZ) =

2

n
N(X +

√
tZ)

d

dt
H(X +

√
tZ)

=
1

n
N(X +

√
tZ)I(X +

√
tZ) (identity (1.19)).
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d2

dt2
N(X +

√
tZ) =

1

n
N(X +

√
tZ)

(
d

dt
I(X +

√
tZ) +

1

n
I(X +

√
tZ)2

)
≤ 0 (Proposition (1.6.3), proved thereafter).

Nowadays, the classical Information theory presented above is sometimes called the
Shannon Information theory or the Hartley-Shannon Information theory.
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1.6 Relationships between the Brunn-Minkowski the-

ory and the Information theory

Many mathematicians have made the bridge between the Brunn-Minkowski theory and

the Information theory, notably with the precursor works of Costa, Cover, Dembo and

Thomas in [25], [29], [30]. This link is realized through fundamentals inequalities in

each theory: the Brunn-Minkowski inequality (1.7) and the entropy power inequality

(1.20). The following theorem provide a unifying view between the Brunn-Minkowski

inequality (1.7) and the entropy power inequality (1.20):

Theorem 1.6.1 (Rényi entropy inequality). Let λ ∈ [0, 1]. Let 0 < r ≤ +∞, r 6= 1. Let

p, q such that 1
p′

= λ
r′

and 1
q′

= 1−λ
r′

, where p′ is the conjugate of p defined by 1
p

+ 1
p′

= 1,

and similarly for q′, r′. Let X, Y be two independent random vectors. Then,

Hr(
√
λX +

√
1− λY )− λHp(X)− (1− λ)Hq(Y )

≥ Hr(φId)− λHp(φId)− (1− λ)Hq(φId),

where φId denotes the density of a Gaussian random vector whose covariance matrix is

Identity.

Proof. Let f be the density of
√
λX and g be the density of

√
1− λY . Notice that

Hp(
√
λX) = −p′ log(‖f‖Lp)

Hq(
√

1− λY ) = −q′ log(‖g‖Lq)

Hr(
√
λX +

√
1− λY ) = −r′ log(‖f ? g‖Lr).

The argument is similar for r > 1 or 0 < r < 1. Let us assume that r > 1, then r′ ≥ 0.

By applying Theorem 1.4.3, one gets

‖f ? g‖Lr
‖f‖Lp‖g‖Lq

≤
(
cpcq
cr

)n
2

,

namely

−r′ log(‖f ? g‖Lr) + r′ log(‖f‖Lp) + r′ log(‖g‖Lq) ≥ −r′
n

2
log

(
cpcq
cr

)
.
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By assumption, r′ = p′λ = q′(1− λ). Thus,

Hr(
√
λX +

√
1− λY )− λHp(

√
λX)− (1− λ)Hq(

√
1− λY ) ≥ −r′n

2
log

(
cpcq
cr

)
,

Then, from homogeneity of the entropy,

Hr(
√
λX +

√
1− λY )− λHp(X)− (1− λ)Hq(Y )

≥ −r′n
2

log

(
cpcq
cr

)
+
n

2
λ log(λ) +

n

2
(1− λ) log(1− λ).

Notice that

log

(
cpcq
cr

)
= − λ

1− p
log

(
1

p

)
− 1− λ

1− q
log

(
1

q

)
+

1

1− r
log

(
1

r

)
+λ log(p′) + (1− λ) log(q′)− log(r′)

and

Hp(φId) =
n

2

(
log(2π) +

1

1− p
log

(
1

p

))
.

Hence,

−r′n
2

log

(
cpcq
cr

)
= Hr(φId)− λHp(φId)− (1− λ)Hq(φId)

+
n

2
(λ log(p′) + (1− λ) log(q′) + log(r′)).

using r′ = p′λ = q′(1− λ), one gets

n

2
(λ log(p′) + (1− λ) log(q′) + log(r′)) = −n

2
(λ log(λ) + (1− λ) log(1− λ)).

It follows that

−r′n
2

log

(
cpcq
cr

)
+
n

2
λ log(λ) +

n

2
(1− λ) log(1− λ)

= Hr(φId)− λHp(φId)− (1− λ)Hq(φId).

Finally,

Hr(
√
λX +

√
1− λY )− λHp(X)− (1− λ)Hq(Y )

≥ Hr(φId)− λHp(φId)− (1− λ)Hq(φId).
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Consequence 1. [Brunn-Minkowski inequality (1.7)]

Let λ ∈ [0, 1]. Let X and Y be two independent random vectors. Let us recall that

p− 1

p
= λ

r − 1

r
and

q − 1

q
= (1− λ)

r − 1

r
.

It follows that(
λ

1− p
+

1− λ
1− q

)
log

(
1

r

)
=

1

1− r
log

(
1

r

)
+

r

1− r
log

(
1

r

)
.

Hence, one has

lim
r→0

Hr(φId)− λHp(φId)− (1− λ)Hq(φId)

=
n

2
lim
r→0

(
1

1− r
log

(
1

r

)
− λ

1− p
log

(
1

p

)
− 1− λ

1− q
log

(
1

q

))
=

n

2
lim
r→0

(
−r

1− r
log

(
1

r

)
− λ

1− p
log

(
r

p

)
− 1− λ

1− q
log

(
r

q

))
=

n

2
(−λ log(λ)− (1− λ) log(1− λ)) .

By replacing X by
√
λX and Y by

√
1− λY , one gets

H0(λX + (1− λ)Y ) ≥ λH0(X) + (1− λ)H0(Y ).

By taking X uniformly distributed on A ⊂ Rn and Y uniformly distributed on B ⊂ Rn,

one gets

log(|λX + (1− λ)Y |) ≥ λ log(|X|) + (1− λ) log(|Y |).

Consequence 2. [Entropy power inequality (1.20)]

Let λ ∈ [0, 1]. Let X and Y be two independent random vectors. Using that H(φId) is

finite, one gets by tending r to 1 in Theorem 1.6.1 that

H(
√
λX +

√
1− λY ) ≥ λH(X) + (1− λ)H(Y ).
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A kind of dictionary

The objects of each theories are in correspondence with each other: to the compact sets in
the Brunn-Minkowski theory correspond the random vectors in the Information theory,
the Gaussian random vectors play the same role as the Euclidean balls, the entropy
power N corresponds to the 1/n power of the volume | · |1/n and, taking logarithms,
the entropy H is the analogue of the logarithm of the volume log | · |. However, an
interesting problem is to understand what can be the analogue of the independence in
the Brunn-Minkowski theory.

Let us summarize these analogies in the following table:

Information theory Brunn-Minkowski theory

Random vector X Compact A

Vector sum X + Y Minkowski sum A+B

Gaussian Z Euclidean ball Bn
2

N(X) |A| 1n

H(X) log(|A|)

Independence Convexity?

Table 1.1: Analoguous objects

Notice that if X has a uniform distribution on a measurable set A ⊂ Rn, then
H(X) = log(|A|).

Isoperimetric type inequalities in Information theory

Since there are similarities between the Brunn-Minkowski inequality (1.6) and the en-
tropy power inequality (1.20), a natural idea is to try to derive new inequalities in Infor-
mation theory from the entropy power inequality in the same way that we have seen in
Chapter 1 how to derive the classical isoperimetric inequality from the Brunn-Minkowski
inequality.
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Proposition 1.6.2 (Isoperimetric inequality for entropies [30]). Let X be a continuous
random vector. Then,

1

n
I(X)N(X) ≥ 1.

Proof. By taking Y =
√
tZ in inequality (1.20), where Z is a standard Gaussian random

vector independent of X, one gets using N(
√
tZ) = t,

1

t
(N(X +

√
tZ)−N(X)) ≥ 1,

and by tending t to 0, one gets

d

dt
N(X +

√
tZ)

∣∣∣∣
t=0

≥ 1.

Using de Bruijn’s identity (1.19), it follows that

1

n
I(X)N(X) ≥ 1.

Proposition 1.6.3 (Isoperimetric inequality for Fisher information [30]). Let X be a
continuous random vector and Z be a standard Gaussian random vector independent of
X. Then,

1

n
I(X)2 +

d

dt
I(X +

√
tZ)

∣∣∣∣
t=0

≤ 0.

Proof. By taking Y =
√
tZ in inequality (1.22), one gets

1

t

(
1

I(X +
√
tZ)
− 1

I(X)

)
≥ 1

n
,

and by tending t to 0, one gets

d

dt

(
1

I(X +
√
tZ)

)∣∣∣∣
t=0

≥ 1

n
.

In other words, one has

1

n
I(X)2 +

d

dt
I(X +

√
tZ)

∣∣∣∣
t=0

≤ 0.
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1.7 Convex measures

The Brunn-Minkowski inequality (1.7) can be generalized by considering more general
measure than the Lebesgue measure. In this view, Borell [15], [16] developed the theory
of convex measures whose definition is based on the Brunn-Minkowski inequality (1.7).
More precisely, Borell defined the notion of s-concave measure as a measure µ satisfying
the following Brunn-Minkowski type inequality:

µ((1− λ)A+ λB) ≥ ((1− λ)µ(A)s + λµ(B)s)
1
s , (1.23)

for every compact subsets A,B of Rn such that µ(A)µ(B) > 0 and for every λ ∈
[0, 1]. The Lebesgue measure is then seen as a 1

n
-concave measure. The parameter s

belongs to [−∞; +∞] and the limit cases are interpreted by continuity. Precisely, if
s = +∞ the right-hand side in (1.23) is max(µ(A), µ(B)); if s = 0 the right-hand side
is µ(A)1−λµ(B)λ and corresponds to log-concave measures; if s = −∞ the right-hand
side is min(µ(A), µ(B)). By inequality on geometric means, one has that a s-concave
measure is r-concave for every r ≤ s. Thus, every s-concave measure is −∞-concave.
The −∞-concave measures are also called convex measures.

Borell characterized s-concave measures in term of a certain concavity property of
its density.

Theorem 1.7.1 (Borell [16]). Let µ be a measure in Rn. Let H be the least affine
subspace which contains the support of µ and set n0 the dimension of H. Then, for
−∞ ≤ s ≤ 1

n0
, µ is s-concave if and only if µ admits a density f with respect to the

Lebesgue measure on H, where f is γ-concave with γ = s/(1 − sn0) ∈ [− 1
n0
,+∞].

Moreover, if s > 1, then µ is s-concave if and only if µ is a Dirac measure.

Theorem 1.7.1 permits to give more examples of s-concave measures. The case s = 0

corresponds to the log-concave ones. The most famous example of a log-concave measure
is the standard Gaussian measure

dγn(x) =
1

(2π)
n
2

e−
|x|2
2 dx, x ∈ Rn

where | · | stands for the Euclidean norm. These measures have particular interests.
For example, isoperimetric inequalities have been established for the Gaussian measure
dγn by Borell in [17] and independently by Sudakov and Cirel’son in [82], which states
that among sets of given Gauss measure, half-spaces minimize the Gauss surface area.
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Thereafter, Kannan, Lovász and Simonovits in [57] formulated their famous conjecture:
for the uniform measure on a convex body (which can be extended to arbitrary log-
concave measures) half-spaces are nearly minimizers. In dimension 1, Bobkov (see [8]
and reference therein) proved that among sets of given measure, half-lines minimize the
surface area. More recently, a refined statement has been established by Cianchi et al.
in [21]: in dimension n, a set of given Gauss measure and almost minimal Gauss surface
area is necessarily close to be a half-space. This result has been extended by De Castro
in [28] for all log-concave probability measures in dimension 1.
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1.8 Publications

This thesis is articulated around the three following publications which are available on
my personal web page or on the open archives HAL and arXiv.

1. On the analogue of the concavity of entropy power in the Brunn-Minkowski theory,
with Matthieu Fradelizi.
To appear in Advances in Applied Mathematics.
Described in Chapter 2.

2. Concavity properties of extensions of the parallel volume.
Submitted.
Described in Chapter 3 and Chapter 4.

3. On improvement of the concavity of convex measures.
Submitted.
Described in Chapter 4.



Chapter 2

The analogue of the concavity of
entropy power in the Brunn-Minkowski
theory

In this chapter, I present my paper On the analogue of the concavity of entropy power in

the Brunn-Minkowski theory [38], joint with Matthieu Fradelizi, to appear in Advances in

Applied Mathematics. In this paper, we investigate a conjecture of Costa and Cover [25]

and study its relationship with geometric inequalities such as the isoperimetric inequality

or the Brunn-Minkowski inequality.

2.1 The conjecture of Costa-Cover

First, let us explain the origin of the conjecture of Costa-Cover. Costa and Cover noticed

the similarity between the entropy power and the Brunn-Minkowski inequalities: for

every independent random vectors X, Y in Rn, with finite entropy and for every compact

sets A and B in Rn one has

N(X + Y ) ≥ N(X) +N(Y ) and |A+B|
1
n ≥ |A|

1
n + |B|

1
n ,

where | · | denotes the n-dimensional Lebesgue measure and

N(X) =
1

2πe
e

2
n
H(X)

49
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denotes the entropy power of X. Recall that for X with density f the entropy of X
is H(X) = −

∫
f ln f if the integral exists and H(X) = −∞ otherwise. Applying the

Brunn-Minkowski inequality to B = εBn
2 and letting ε tend to 0 one gets the classical

isoperimetric inequality
|∂A|
|A|n−1

n

≥ n|Bn
2 |

1
n =

|∂Bn
2 |

|Bn
2 |

n−1
n

,

where the outer Minkowski surface area is defined by

|∂A| = lim
ε→0+

|A+ εBn
2 | − |A|
ε

,

whenever the limit exists. In the same way, Costa and Cover applied the entropy power
inequality to Y =

√
εG, where G is a standard Gaussian random vector (the

√
ε comes

from the homogeneity of entropy power N(
√
εX) = εN(X)). Then by letting ε tending

to 0 and using de Bruijn’s identity

d

dt
H(X +

√
tG) =

1

2
I(X +

√
tG),

which states that the Fisher information (denoted by I) is the derivative of the en-
tropy along the heat semi-group, they obtained the following isoperimetric inequality
for entropy

N(X)I(X) ≥ n.

Notice that this inequality is equivalent to the Log-Sobolev inequality for the Gaussian
measure, see [2] chapter 9.

This analogy between the results of the Information theory and the Brunn-Minkowski
theory was later extended and further explained and unified through Young’s inequality
by Dembo [29] and later on by Dembo, Cover and Thomas [30]. Each of these theories
deal with a fundamental inequality, the Brunn-Minkowski inequality for the Brunn-
Minkowski theory and the entropy power inequality for the Information theory. The
objects of each theories are fellows, hence one can conjecture that properties of one
theory fit into the other theory.

Thus, Costa and Cover [25], as an analogue of the concavity of entropy power with
added Gaussian noise, which states that

t 7→ N(X +
√
tG)

is a concave function (see [24] and [83]), formulated the following conjecture.
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Conjecture 2.1.1 (Costa-Cover [25]). Let A be a bounded measurable set in Rn then
the function t 7→ |A+ tBn

2 |
1
n is concave on R+.

Notice that Guleryuz, Lutwak, Yang and Zhang [46] also pursued these analogies
between the two theories and more recently, Bobkov and Madiman [13] established an
analogue in Information theory of the Milman’s reverse Brunn-Minkowski inequality.

2.2 Basic properties of the parallel volume and links

with geometric inequalities

Notations

A set B is a convex body if B is a compact convex set of Rn with non-empty interior. If
0 is in the interior of B, then the gauge associated to B is the function ‖ · ‖B defined by
‖x‖B = inf{t > 0 : x ∈ tB}, for every x ∈ Rn. Let A be a bounded measurable subset
of Rn. For x ∈ Rn, we set dB(x,A) = inf{‖x − y‖B : y ∈ A} and we simply denote
d(x,A) = dBn2 (x,A). We denote by VA,B the function defined for t ≥ 0 by

VA,B(t) = |A+ tB|.

For B = Bn
2 , we simply denote VA = VA,Bn2 the (outer) parallel volume function of A

defined on R+ by
VA(t) = |A+ tBn

2 |.

The outer Minkowski surface area |∂A| of A may be defined using VA: if the function
VA admits a right derivative at 0 then one has

(VA)′+(0) = lim
t→0+

|A+ tBn
2 | − |A|
t

= |∂A|.

Connectedness properties of the parallel set

Let A be a bounded measurable subset of Rn and B be a convex body in Rn, then for
every t > 0 the set A+tB has a finite number of connected components and this number
is non-increasing as a function of t.

Indeed, let t > 0 and C be a connected component of A+ tB. Let x ∈ C, then there
exists a ∈ A such that x ∈ a + tB. Moreover a + tB is connected, hence a + tB ⊂ C
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since C is the connected component of x. Thus |C| ≥ |tB| > 0. Since |A + tB| is finite
and equal to the volume of the disjoint union of its connected components, there is a
finite number of them.

Let 0 < t0 ≤ t1. Denote by C1, . . . , CN the connected components of A + t0B. One
has A + t1B = ∪Ni=1(Ci + (t1 − t0)B) and since Ci + (t1 − t0)B is connected, it follows
that the number of connected components of A+ t1B is at most N .

Regularity properties of the parallel volume

Let A be a compact subset of Rn and B be a convex body in Rn containing 0 in its
interior. The function dB(·, A) is Lipschitz, hence from Federer’s co-area formula [32],
one has

VA,B(t) = |A+ tB| = |A|+
∫ t

0

Hn−1({x : dB(x,A) = s})ds, (2.1)

where Hn−1 denotes the (n− 1)-dimensional Hausdorff measure. Therefore the function
VA,B is absolutely continuous on R+.

Notice that for every bounded measurable subset A of Rn and every 0 < s < t, one
has

A+ sB ⊂ A+ tB ⊂ A+ tB.

From the continuity of VA,B, one gets that |A+ tB| = |A+ tB| for t > 0. Hence we may
assume in the following that A is compact.

Stachó [79] proved a better regularity for VA,B, he proved namely that the function
VA,B is a n-Kneser function, which means that for every 0 < t0 ≤ t1 and every λ ≥ 1,
one has

VA,B(λt1)− VA,B(λt0) ≤ λn(VA,B(t1)− VA,B(t0)). (2.2)

Stachó deduced that for every 0 < t0 < t1, the function

t 7→ VA,B(t)− tnVA,B(t1)− VA,B(t0)

tn1 − tn0

is concave on [t1,+∞). Thus VA,B admits right and left derivatives at every t > 0, which
satisfy

(VA,B)′+(t) ≤ (VA,B)′−(t) (2.3)
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and these two derivatives coincide for all t > 0 outside a countable set. Hence the outer

Minkowski surface area of A+ tBn
2 exists for every t > 0 and one has

|∂(A+ tBn
2 )| = lim

ε→0+

|A+ tBn
2 + εBn

2 | − |A+ tBn
2 |

ε
= (VA)′+(t). (2.4)

In Proposition 2.3.8 below, we show that the function VA is continuously differentiable

on [diam(A),+∞). If A is convex or with sufficiently regular boundary then the equal-

ity (2.4) also holds for t = 0. For precise statements and comparisons between the

outer Minkowski surface area and other measurements of ∂(A+ tBn
2 ), like the Hausdorff

measure, see [1].

Proposition 2.2.1. Let A and B be compact subsets of Rn with B convex, then the

function (s, t) 7→ |sA+ tB| is continuous on R+ × R+. Moreover the functions

t 7→ |A+ tB| − tn|B| and s 7→ |sA+B| − sn|A|

are non-decreasing. In particular, the function (s, t) 7→ |sA + tB| is non-decreasing in

each coordinate.

Proof. Let us prove the continuity. Let 0 ≤ t ≤ t′. Let r > 0 be such that A ⊂ rBn
2 and

B ⊂ rBn
2 . Then we have

|A+ tB| ≤ |A+ t′B| ≤ |A+ tB + r(t′ − t)Bn
2 |.

From (2.1) the function t′ 7→ |A + tB + t′rBn
2 | is continuous at 0, thus the function

t 7→ |A+ tB| is continuous on R+. Since for s > 0 and t ≥ 0

|sA+ tB| = sn
∣∣∣∣A+

t

s
B

∣∣∣∣
then (s, t) 7→ |sA + tB| is continuous on R∗+ × R+. We also have for every s ≥ 0 and

t ≥ 0

|tB| ≤ |sA+ tB| ≤ |srBn
2 + tB|

so (s, t) 7→ |sA + tB| is continuous on {0} × R+. It follows that the function (s, t) 7→
|sA+ tB| is continuous on R+ × R+.

The monotonicity follows from (2.2). Indeed, The inequality (2.2) may be written in
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a different way, as follows

|A+ λt1B| − |A+ λt0B| ≤ |λA+ λt1B| − |λA+ λt0B|.

Changing variables, it also means that for every 0 < s0 ≤ s1 and 0 < t0 ≤ t1

|s0A+ t1B| − |s0A+ t0B| ≤ |s1A+ t1B| − |s1A+ t0B|.

Applied first to s1 = 1 and s0 → 0, and then to t1 = 1 and t0 → 0, we deduce that the
functions

t 7→ VA,B(t)− tn|B| and s 7→ |sA+B| − sn|A|

are non-decreasing. In particular, the function (s, t) 7→ |sA + tB| is non-decreasing in
each coordinate.

Remark. If A and B are arbitrary compact sets, it is not necessarily true that the
function VA,B is non-decreasing as can be seen from the example of A = {0; 4} and
B = [−5,−3] ∪ [3, 5].

Links with geometric inequalities

Let us connect the Costa-Cover conjecture with the Brunn-Minkowski inequality and
the isoperimetric inequality. We first establish that the conjecture of Costa-Cover has
many equivalent reformulations.

Proposition 2.2.2. Let A and B be compact sets in Rn, with B convex. The following
properties are equivalent.
(i) t 7→ |A+ tB| 1n is concave on R+.
(ii) s 7→ |sA+B| 1n is concave on R+.
(iii) λ 7→ |(1− λ)A+ λB| 1n is concave on [0, 1].
(iv) (s, t) 7→ |sA+ tB| 1n is concave on R+ × R+.

Proof. (iv)=⇒(i), (iv)=⇒(ii) and (iv)=⇒(iii) are clear. Let us prove that (i)=⇒(iv), a
similar argument easily shows that (ii)=⇒(iv) and (iii)=⇒(iv). Let f : R+ → R and
g : R+ × R+ → R be defined by f(t) = |A + tB| 1n and g(s, t) = |sA + tB| 1n , for every
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s, t ∈ R+. For every t ≥ 0 and s > 0, we have, from the homogeneity of the volume

g(s, t) = sf

(
t

s

)
.

Thus for every λ ∈ [0, 1], s1, s2 ∈ (0,+∞) and t1, t2 ∈ R+ we get

g((1− λ)s1 + λs2, (1− λ)t1 + λt2)) = ((1− λ)s1 + λs2)f

(
(1− λ)t1 + λt2
(1− λ)s1 + λs2

)
.

Using the concavity of f , we deduce that

f

(
(1− λ)t1 + λt2
(1− λ)s1 + λs2

)
= f

(
(1− λ)s1

t1
s1

+ λs2
t2
s2

(1− λ)s1 + λs2

)

≥
(1− λ)s1f

(
t1
s1

)
+ λs2f

(
t2
s2

)
(1− λ)s1 + λs2

=
(1− λ)g(s1, t1) + λg(s2, t2)

(1− λ)s1 + λs2
.

We deduce that g is concave on (R∗+)2. Moreover, g is continuous on (R+)2 by Proposi-
tion 2.2.1. Hence g is concave on (R+)2.

Remark. Notice that if for two fixed compact sets A and B, with B convex, the
assertion (iii) of Proposition 2.2.2 holds true then for every λ ∈ [0, 1],

|(1− λ)A+ λB|
1
n ≥ (1− λ)|A|

1
n + λ|B|

1
n ,

which is the Brunn-Minkowski inequality. Hence the conjecture of Costa-Cover ((i) of
Proposition 2.2.2) implies the Brunn-Minkowski inequality in the case where one set is
convex.

Notice also that the conjecture of Costa-Cover provides a refinement of the Brunn-
Minkowski inequality for parallel sets of a fixed compact set A since it then follows that
for every λ ∈ [0, 1] and every t1, t2 ∈ R+,

|(1− λ)(A+ t1B) + λ(A+ t2B)|
1
n ≥ |A+ ((1− λ)t1 + λt2)B|

1
n

≥ (1− λ)|A+ t1B|
1
n + λ|A+ t2B|

1
n .

Let us study the connection with the isoperimetric inequality. The Costa-Cover



56
2. THE ANALOGUE OF THE CONCAVITY OF ENTROPY POWER IN THE

BRUNN-MINKOWSKI THEORY

conjecture implies that for every t ≥ 0 and every sufficiently regular compact set A

1

n

|∂A|n−1
|A|1− 1

n

= (V
1/n
A )′+(0) ≥ (V

1/n
A )′+(t) ≥ lim

t→+∞
(V

1/n
A )′+(t) =

1

n

|∂Bn
2 |n−1

|Bn
2 |1−

1
n

,

which is the isoperimetric inequality. This would give a non-increasing path from |∂A|n−1

|A|1−
1
n

to |∂B
n
2 |n−1

|Bn2 |
1− 1

n
through the family

(
|∂(A+ tBn

2 )|n−1
|A+ tBn

2 |1−
1
n

)
t∈R+

.

We may apply the same arguments for arbitrary convex body B instead of Bn
2 . Thus,

the conjecture that t 7→ VA,B(t)1/n is concave on R+ implies the following generalized
isoperimetric inequality, also known as Minkowski’s first inequality proved for example
in [77],

|∂BA|n−1
|A|1− 1

n

≥ |∂BB|n−1
|B|1− 1

n

= n|B|
1
n .

Recall that for t ≥ 0, VA(t) = |A+tBn
2 | and that Costa and Cover [25] conjectured the

1
n
-concavity of VA on R+, for every compact A. They also noticed that their conjecture

holds true for A being convex. Let us repeat their argument. For every λ ∈ [0, 1] and t,
s ∈ R+, from the Brunn-Minkowski inequality, one obtains

|A+ ((1− λ)t+ λs)Bn
2 |

1
n = |(1− λ)(A+ tBn

2 ) + λ(A+ sBn
2 )|

1
n

≥ (1− λ)|A+ tBn
2 |

1
n + λ|A+ sBn

2 |
1
n .

Notice that from the same argument we deduce that for every convex sets A and B, the
function VA,B(t) = |A + tB| is 1

n
-concave on R+. Hence for convex sets A and B, the

properties (i)-(iv) of Proposition 2.2.2 holds true. In this case, the 1
n
-concavity of VA,B

on R+ is equivalent to the Brunn-Minkowski inequality (and true).

2.3 The 1
n-concavity of the parallel volume

In dimension 1

Let us prove the Costa-Cover conjecture in dimension 1.
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Proposition 2.3.1. Let A be a compact set in R and B be a convex body in R, then
t 7→ VA,B(t) = |A+ tB| is concave on R+.

Proof. We note that in dimension 1, for t0 > 0, A + t0B is a disjoint finite union of
intervals. Thus, by setting A+ t0B for an arbitrary t0 > 0 instead of A, we can assume
that A = ∪Ni=1[ai, bi], with ai, bi ∈ R, N ∈ N∗. Thus, for t sufficiently small,

VA,B(t) = |A+ tB| =
N∑
i=1

(bi − ai + |B|t) =
N∑
i=1

(bi − ai) + |B|Nt.

Thus VA,B is piecewise affine on R∗+. Moreover, when t increases, the slope of VA,B is
non-increasing since the number of intervals composing A+ tB is non-increasing. Using
that VA,B is continuous on R+, we conclude that it is concave on R+.

Remark. For arbitrary compact sets A and B, the function VA,B is not necessarily
concave as can be seen from the example of A = {0; 4} and B = [−5,−3] ∪ [3, 5], the
same example which was given in the remark after Proposition 2.2.1 to show that the
function VA,B is not necessarily increasing.

In dimension 2

We first prove the Costa-Cover conjecture for compact connected sets in dimension 2.

Theorem 2.3.2. Let A be a compact connected subset of R2. Then, VA : t 7→ |A+ tB2
2 |

is 1
2
-concave on R+.

Proof. We proceed by approximating A by finite sets, hence let us first assume that A
is finite, A = {x1, . . . , xN}. Let T = {t1, . . . , tm} ⊂ R+, with t1 < · · · < tm, be the
finite set of real numbers which are equal to |xi−xj |

2
for some i, j ∈ {1, . . . , N} or to the

radius of the circumscribed circle of a triangle (xi, xj, xk) for some i, j, k ∈ {1, . . . , N}.
For t > 0, let pA(t) be the number of connected components of A + tB2

2 and qA(t) be
the genus of A + tB2

2 . Notice that the functions pA and qA are piecewise constants on
R+ \ T and that VA is infinitely differentiable on R+ \ T , (see proposition 4.8 in [43]).

We use a key result established by Fiala in the context of Riemannian manifolds, see
[33], first part, section 9 vraies parallèles (see Remark (?) below to get an intuition of
this result): for every t ∈ (0; +∞) \ {t1, . . . , tm},

V ′′A(t) ≤ 2π(pA(t)− qA(t)).
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Notice that pA(t)− qA(t) is equal to the Euler-Poincaré characteristic of A+ tB2
2 .

Now, we consider t0 ∈ R+ such that A + t0B
2
2 is connected. Then for every t ≥ t0,

A+ tB2
2 is connected. Hence for every t ∈ (t0; +∞) \ {t1, . . . , tm},

V ′′A(t) ≤ 2π. (2.5)

Let us prove that VA is 1
2
-concave on (t0,+∞). By the isoperimetric inequality, we have

for every t ∈ (t0; +∞) \ {t1, . . . , tm},

4π|A+ tB2
2 | ≤ |∂(A+ tB2

2)|2,

we write this in this form
4πVA(t) ≤ V ′A(t)2,

thus, using (2.5),
2VA(t)V ′′A(t) ≤ V ′A(t)2.

Hence
(√

VA
)′′

(t) ≤ 0. We conclude that VA is 1
2
-concave on (ti, ti+1), for all i ≤ m− 1

and on (tm,+∞). From (2.3) we have (VA)′−(ti) ≥ (VA)′+(ti), thus VA is 1
2
-concave on

(t0,+∞).
Let us then consider a compact connected set A of R2. Let t0 > 0. Let (xN)N∈N∗

be a dense sequence in A. We denote, for N ∈ N∗, AN = {x1, . . . , xN}. There exists
N0 ∈ N∗ such that for every N ≥ N0, AN + t0B

2
2 is connected. For every N ≥ N0, we

have shown that VAN is 1
2
-concave on (t0; +∞). Moreover the sequence (AN)N → A in

the Hausdorff distance, thus by denoting dN = dH(AN , A), the Hausdorff distance, one
has, for every t > 0

AN + tB2
2 ⊂ A+ tB2

2 ⊂ AN + (t+ dN)B2
2 .

Applying the right-hand side inclusion to t replaced by t− dN where N satisfies dN < t,
we deduce

A+ (t− dN)B2
2 ⊂ AN + tB2

2 ⊂ A+ tB2
2 .

Hence by continuity of the function VA at the point t,

lim
N→+∞

VAN (t) = VA(t).

It follows that
√
VA is the pointwise limit of a sequence of concave functions, hence VA is
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1
2
-concave on (t0; +∞), for every t0 > 0. We conclude that VA is 1

2
-concave on R+.

Remark (?). The Dirichlet cells with respect to A (see Figure 2.1 below) are defined
for i ∈ {1, · · · , N} by

Di = {x ∈ R2; |x− xi| ≤ |x− xj|,∀j ∈ {1, . . . , N}}.

Figure 2.1: Dirichlet cells

For i ∈ {1, . . . , N} and t ≥ 0, let V i
A(t) = |(A+ tB2

2) ∩Di|. Notice that

VA(t) =
N∑
i=1

V i
A(t).

Let i ∈ {1, . . . , N}. We compute (V i
A)′′(t) in the case where Di is not bounded and

∂(xi + tB2
2) ∩ ∂Di is a set of exactly four points u1, u2, u3, u4. It will be not hard to

deduce (V i
A)′′(t) in the other cases. Say for example that the arc û1u2 ⊂ Di and the

arc û3u4 ⊂ Di. Since Di is a polyhedron, the points u1, u2, u3, u4 belong to at most
four edges, denoted by L1, L2, L3, L4. We denote by θi the angle ∠(Aff(L1),Aff(L2)),
by νi the angle ∠(Aff(L3),Aff(L4)), by δi(t) the angle ∠(u1, xi, u2), by ξi(t) the angle
∠(u3, xi, u4). The case L1 = L2 correspond to θi = π and the case L1 parallel to L2

correspond to θi = 0, and similarly for νi. We denote ai = d(xi, L1) and bi = d(xi, L2).
We define the angles αi(t) and βi(t) such that

sin(αi(t)) =
ai
t

and sin(βi(t)) =
bi
t
.
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Say for example that δi(t) = θi + αi(t) + βi(t). See Figure 2.2 below:

Figure 2.2: Inside a Dirichlet cell

Notice that
(V i

A)′(t) = tδi(t) + tξi(t).

We get
(tδi(t))

′ = θi + αi(t)− tan(αi(t)) + βi(t)− tan(βi(t)) ≤ θi.

With a similar computation, we also get

(tξi(t))
′ ≤ −νi.

we conclude that
(V i

A)′′(t) ≤ θi − νi.

Pursuing these computations and adding the obtained inequality, we get

V ′′A(t) =
N∑
i=1

(V i
A)′′(t) ≤ 2π(pA(t)− qA(t)).

Remarks.
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1. In the proof of Theorem 2.3.2, from the bound V ′′A(t) ≤ 2π(pA(t)− qA(t)) obtained
for every finite set A and for every t > 0 outside a finite number of points, one
deduces that for every compact subset A of R2 with finite connected components
pA, the function t 7→ VA(t)− pAπt2 is concave on (0; +∞). From Steiner’s formula
one has

Vconv(A)(t) = |conv(A)|+ t|∂(conv(A))|+ πt2.

If A is connected, it follows that

Vconv(A)(t)− VA(t) = |conv(A)|+ t|∂(conv(A))|+ πt2 − VA(t)

is convex as the sum of an affine function and a convex function. Notice that this
complements the result of Kampf [54] who proved that Vconv(A)(t)−VA(t) tends to
0 as t→ +∞.

2. If in Theorem 2.3.2 we replace B2
2 by an ellipsoid, i.e. by T (B2

2) where T is an
invertible linear transformation, then the result holds since

|A+ tT (B2
2)| = |T (T−1(A) + tB2

2)| = | det(T )||T−1(A) + tB2
2 |.

For a non-connected set A, the next proposition shows that the function VA is not
necessarily 1

n
-concave on R+ in dimension n ≥ 2.

Proposition 2.3.3. Let n ≥ 2. We set A = Bn
2 ∪ {2e1} (see Figure (2.3) below). The

function VA(t) = |A+ tBn
2 | is not 1

n
-concave on R+.

Figure 2.3: Counterexample

Proof. For every t ∈ [0, 1
2
), we have

|A+ tBn
2 | = |(Bn

2 ∪ {2e1}) + tBn
2 | = |Bn

2 + tBn
2 |+ |tBn

2 | = |Bn
2 |((1 + t)n + tn).

Since the 1
n
-power of this function is not concave (it is strictly convex), VA is not 1

n
-

concave on R+ for n ≥ 2.
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Remark. This counterexample shows that the Brunn-Minkowski inequality doesn’t
imply the 1

n
-concavity of the parallel volume for non convex sets.

Remark. The concavity of entropy power in Information theory and the 1
n
-concavity

of the parallel volume in the Brunn-Minkowski theory can be seen as the concavity of
the same underlying quantity in Information theory, namely the p-th Rényi entropy
power, respectively for p = 1 and for p = 0. A concavity property for the p-th Rényi
entropy power has been shown by Savaré and Toscani in [75] for p > 1 − 2

n
, where n is

the dimension and Proposition 2.3.3 shows that it does not hold for p = 0.

In dimension n ≥ 3

We may ask if the Costa-Cover conjecture still holds for connected sets in dimension
n ≥ 3. The next proposition shows that this is false: even for star-shaped body, the
function VA is not necessarily 1

n
-concave on R+.

Proposition 2.3.4. Let n ≥ 3. We set A = ([−1, 1]3 ∪ [e1, le1]) × [−1, 1]n−3, where
l ≥ n4 (see Figure (2.4) below). The function VA(t) = |A + tBn

2 | is not 1
n
-concave on

R+.

Figure 2.4: Counterexample

Proof. Define C = {0}3 × [−1, 1]n−3. For t ∈ [0, 1], we have

|A+ tBn
2 | = |[−1, 1]n + tBn

2 |+ |[(1 + t)e1, le1] + C + tBn
2 ∩ e⊥1 |

+|{le1}+ C + t(Bn
2 )+|

where
(Bn

2 )+ = {x ∈ Bn
2 : x1 ≥ 0}.
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We use Steiner’s formula for each term. One has

|[−1, 1]n + tBn
2 | =

n∑
k=0

(
n

k

)
tk2n−k|Bk

2 |k.

For the second term, we first notice that

|[(1 + t)e1, le1] + C + tBn
2 ∩ e⊥1 |n = (l − 1− t)|C + tBn

2 ∩ e⊥1 |n−1.

Using for example [77] p. 294 formula (5.3.23), we get that the coefficient of t2 in the
Steiner expansion of |C + tBn

2 ∩ e⊥1 |n−1 is equal to π2n−3. The third term is equal to t3

times a polynomial. Thus, there are coefficients a0, . . . , an such that for t ∈ [0, 1],

VA(t) = a0 + a1t+ · · ·+ ant
n,

with a0 = 2n, a1 = n2n and a2 = 2n−3π (n(n− 1) + l − 1) . Since l ≥ 2n2, it follows
directly that

n

n− 1
VA(0)V ′′A(0)− V ′A(0)2 > 0.

Hence (V
1/n
A )′′(0) > 0, thus V 1/n

A is not concave in a neighborhood of 0.

We have seen that the Costa-Cover conjecture does not hold in general. We still
conjecture that the following weaker form may hold.

Conjecture 2.3.5. Let A be a compact subset of Rn and B be a convex body in Rn.
Then there exists t0 such that the function VA,B(t) = |A+ tB| is 1

n
-concave on [t0,+∞).

We have shown that this conjecture is true in dimension 1 and in dimension 2 for
B = B2

2 . Indeed, in dimension 2, we have seen that it is true for every compact connected
set. Since for every compact subset A of R2 the set A+tB2

2 is connected for t ≥ 1
2
diam(A),

it follows that t 7→ |A+ tB2
2 | is 1

2
-concave on [1

2
diam(A),+∞).

We prove the Conjecture 2.3.5 in some particular cases in dimension n ≥ 3.

Proposition 2.3.6. Let A be a compact subset of Rn. Then the function t 7→ |A +

tconv(A)|1/n is affine on [n; +∞). If moreover ∂conv(A) ⊂ A then t 7→ |A+tconv(A)|1/n

is affine on [1; +∞).
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Proof. It was noticed by Schneider [76] that for every t ≥ n,

A+ tconv(A) = (1 + t)conv(A).

We conclude that t 7→ |A+ tconv(A)| 1n is affine on [n; +∞).
If moreover ∂conv(A) ⊂ A then for every x ∈ conv(A) there exists two points

y, z in ∂conv(A) such that x ∈ [y, z]. Say, for example, that |x − y| ≤ |x − z| then
u = 2x− y ∈ [y, z] ⊂ conv(A). Hence

x =
y + u

2
∈ ∂conv(A) + conv(A)

2
.

Finally

conv(A) ⊂ ∂conv(A) + conv(A)

2
⊂ A+ conv(A)

2
⊂ conv(A).

We deduce that A + tconv(A) = (1 + t)conv(A), for every t ≥ 1. We conclude that
t 7→ |A+ tconv(A)| 1n is affine on [1; +∞).

Remark. More generally, Schneider introduced in [76] the quantity

c(A) = inf{t ≥ 0;A+ tconv(A) = (1 + t)conv(A)}.

Clearly t 7→ |A+ tconv(A)| 1n is affine on [c(A); +∞). The above proposition establishes
that c(A) ≤ n in general and c(A) ≤ 1 if ∂conv(A) ⊂ A. Notice that if A ⊂ Rn is
connected then c(A) ≤ n− 1, see [76].

Theorem 2.3.7. Let A be a compact set in Rn. If the function ε 7→ |εA+Bn
2 | is twice

differentiable in a neighbourhood of 0, with second derivative continuous at 0, then there
exists t0 ≥ 0 such that the function VA(t) = |A + tBn

2 | is 1
n
-concave for t ≥ t0. In

particular this holds for A being finite.

Proof. Kampf proved in [55], Lemma 28, that for every compact set A there exists a
constant C which depends on n,A so that for every t ≥ 1,

0 ≤ |conv(A) + tBn
2 | − |A+ tBn

2 | ≤ Ctn−3.

Then, setting ε = 1
t
, for every ε ∈ (0, 1], one deduces

0 ≤ |εconv(A) +Bn
2 | − |εA+Bn

2 | ≤ Cε3. (2.6)
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We denote gconv(A)(ε) = |εconv(A) + Bn
2 | and gA(ε) = |εA + Bn

2 |, since gA is twice
differentiable at 0 it follows that

gA(0) = gconv(A)(0) ; g′A(0) = g′conv(A)(0) ; g′′A(0) = g′′conv(A)(0).

From Steiner’s formula, we get gconv(A)(0) = |Bn
2 | and

g′conv(A)(0) = nV (conv(A), Bn
2 [n− 1]),

g′′conv(A)(0) = n(n− 1)V (conv(A)[2], Bn
2 [n− 2]).

If conv(A) is not homothetic to Bn
2 , then from the equality case of the Alexandrov-

Fenchel inequality, see [77], Theorem 6.6.8, page 359, we get

|Bn
2 |V (conv(A)[2], Bn

2 [n− 2]) < V (conv(A), Bn
2 [n− 1])2,

that is
n

n− 1
gconv(A)(0)g′′conv(A)(0) < g′conv(A)(0)2.

Thus we deduce that
n

n− 1
gA(0)g′′A(0) < g′A(0)2.

Since gA, g′A and g′′A are continuous at 0, there exists ε0 > 0 such that for every ε ∈ [0, ε0],

n

n− 1
gA(ε)g′′A(ε) ≤ g′A(ε)2.

Hence the function gA is 1
n
-concave on [0, ε0]. We conclude by Proposition 2.2.2, setting

t0 = 1
ε0
, that t 7→ |A + tBn

2 | is 1
n
-concave on [t0,+∞). If conv(A) is homothetic to Bn

2

then the result follows from Proposition 2.3.6.
If A is finite then the function ε 7→ |εA + Bn

2 | is analytic in a neighbourhood of 0,
see [43].

Remarks.

1. The preceding theorem is still valid if one replaces Bn
2 by a convex body B = rBn

2 +

M , for some r > 0 and some convex bodyM such that its support function hB(u) =

max{< x, u >, x ∈ B} is twice differentiable on Rn \ {0} because inequality (2.6)
holds with these assumptions (see [55]).
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2. The function ε 7→ |εA+Bn
2 | is not necessarily twice differentiable in a neighbour-

hood of 0 as can be seen from the following example. In dimension 2, we consider
the points I = (1, 1), J = (1, 0) and A = I ∪ J ∪ {(cos(1/k), sin(1/k)), k ≥ 1}.
Then, A is compact but for every t0 ∈ R+, the function VA(t) = |A + tB2

2 | is not
twice differentiable on (t0,+∞).

In fact, one can show that the function VA(t) = |A+tBn
2 | is continuously differentiable

on [diam(A); +∞).

Proposition 2.3.8. Let A be a compact subset of Rn. Then the function VA(t) =

|A+tBn
2 | is continuously differentiable on [diam(A); +∞), the function gA(ε) = |εA+Bn

2 |
is continuously differentiable on (0, diam(A)−1)] and differentiable at 0 with g′A(0) =

nV (conv(A), Bn
2 [n− 1]).

Proof. Rataj et al. in [72], Theorem 3.3, showed that V ′A(t) exists for every t ≥ diam(A),
thus we have for every t ≥ diam(A)

V ′A(t) = |∂(A+ tBn
2 )|.

Moreover, if (AN) is a sequence of non-empty compact subset of Rn tending in Hausdorff
distance to a compact subset A of Rn, then by [79], theorem 3, for every t > 0 such that
V ′A(t) exists

lim
N→+∞

|∂(AN + tBn
2 )| = |∂(A+ tBn

2 )|.

Let t ≥ diam(A), we apply this result to AN = A + tNB
n
2 , where (tN) is a sequence of

non-negative numbers tending to 0. We obtain that

lim
N→+∞

V ′A (t+ tN) = V ′A(t).

Hence, V ′A is right continuous at t. Let t, t0 be such that t > t0 > diam(A), we now apply
the result of Stachó to AN = A+ (t0 − tN)Bn

2 , where (tN) is a sequence of non-negative
numbers tending to 0. We obtain

lim
N→+∞

|∂(AN + (t− t0)Bn
2 )| = |∂(A+ t0B

n
2 + (t− t0)Bn

2 )|

that is
lim

N→+∞
V ′A (t− tN) = V ′A(t).
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Hence, V ′A is left continuous at t. We conclude that VA is continuously differentiable on

[diam(A),+∞).

Let us denote gA(ε) = |εA+Bn
2 |. Since

gA(ε) = |εA+Bn
2 | = εnVA

(
1

ε

)
one gets that gA is continuously differentiable on (0, 1

diam(A)
]. Moreover, from the in-

equality (2.6), valid for every compact set A, one deduces that gA is also differentiable

at 0, with g′A(0) = nV (conv(A), Bn
2 [n− 1]).

A special case in dimension 3

We have seen that for every finite subset A of Rn, there exists t0(A) such that the

function VA(t) = |A + tBn
2 | is 1

n
-concave for t ≥ t0(A). In dimension 3, we can give a

bound on t0(A) in terms of the geometry of A.

In the sequel, A denotes a finite subset of R3. We denote by Di a Dirichlet-Voronoi

cell with respect to A = {x1, . . . , xN}, defined for i ∈ {1, · · · , N} by

Di = {x ∈ R3; |x− xi| ≤ |x− xj|,∀j ∈ {1, . . . , N}}.

The following condition can be found in [56].

Condition (?) For all faces F of the polytope conv(A), and all edges E of F , we have

∀x ∈ E, d(x,A ∩ E) = d(x,A ∩ F ).

For example, if conv(A) is simplicial, this condition holds if and only if each face of

conv(A) is a triangle with only acute angles. In general, this condition holds if and only

if for every face F of conv(A), for every edge [a, b] of F and for every vertex c of F , the

angle (ca, cb) is acute.

Proposition 2.3.9. Let A be a finite set in R3 satisfying the condition (?). Then,

VA(t) = |A+ tB3
2 | is 1

3
-concave on [t0(A); +∞), where

t0(A) = min{t ≥ diam(A) ; Di ⊂ A+ tB3
2 , for all boundedDi}.
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Proof. Kampf and Kiderlen have shown in [56] that for every t > t0(A),

|conv(A) + tB3
2 | − |A+ tB3

2 | = a0 +
∑
p≥1

apt
−2p+1

with for all p ≥ 0, ap ≥ 0. Since Vconv(A) is polynomial thus VA is twice differentiable on

(t0(A); +∞). It follows that for every t > t0(A),

V ′A(t) = V ′conv(A)(t) +
∑
p≥1

(2p− 1)apt
−2p

V ′′A(t) = V ′′conv(A)(t)−
∑
p≥1

2p(2p− 1)apt
−2p−1.

Then, for every t > t0(A),

VA(t) ≤ Vconv(A)(t), V
′
A(t) ≥ V ′conv(A)(t) and V ′′A(t) ≤ V ′′conv(A)(t). (2.7)

The Brunn-Minkowski inequality implies that Vconv(A) is 1
3
-concave on R+. We conclude

that for every t > t0(A),

3

2
VA(t)V ′′A(t) ≤ 3

2
Vconv(A)(t)V

′′
conv(A)(t) ≤ V ′conv(A)(t)

2 ≤ V ′A(t)2.

So, VA is 1
3
-concave on [t0(A); +∞).

Remarks

1. For an arbitrary compact subset A of R3, if there exists a sequence (xN)N∈N∗

dense in A such that for every N , the set AN satisfies the condition (?), where

AN = {x1, . . . , xN}, and such that t0(AN) is uniformly bounded in N by a t0, then

the function t 7→ |A+ tB3
2 | will be 1

3
-concave on [t0; +∞).

2. In dimension n ≥ 4, there is no hope to prove the inequalities (2.7) because for A

being two points at distance 2, one has for every t ≥ 1

V ′A(t) = n|Bn
2 |tn−1 + 2(n− 1)|Bn−1

2 |t
∫ 1

0

(t2 − x2)
n−3
2 dx

< n|Bn
2 |tn−1 + 2(n− 1)|Bn−1

2 |tn−2 = V ′conv(A)(t).
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2.4 Further analogies

In Information theory, the Blachman-Stam inequality ([7] and [80]) (1.22), which states
that for every independent random vectors X and Y in Rn with non-zero Fisher infor-
mation one has

1

I(X + Y )
≥ 1

I(X)
+

1

I(Y )
,

directly implies all previous mentioned inequalities of Information theory: the entropy
power inequality (1.20) (thus the Log-Sobolev inequality for Gaussian measure) and the
concavity of entropy power. This last inequality also called the isoperimetric information
inequality may be deduced from the Blachman-Stam inequality in the same way as
the isoperimetric entropy inequality was deduced from the entropy power inequality, by
applying it to Y =

√
εG and letting ε tend to 0 (see Chapter 1).

Let us now investigate the analogue of the Fisher information and the Blachman-
Stam inequality in the Brunn-Minkowski theory. Recall de Bruijn’s identity

I(X) =
d

dt |t=0
2H(X +

√
tG).

Since the entropy H is the analogue of the logarithm of the volume log |· |, Dembo, Cover
and Thomas [30] proposed, as an analogue of the Fisher information I, the quantity

d

dε |ε=0
(log |A+ εBn

2 |) =
|∂A|
|A|

,

for sufficiently regular compact sets A. Thus, in analogy with the Blachman-Stam
inequality, one may wonder if for every regular compact sets A and B,

|A+B|
|∂(A+B)|

≥ |A|
|∂A|

+
|B|
|∂B|

. (2.8)

Even restricted to the case where A and B are convex sets, checking the validity of this
inequality is not an easy task and it was conjectured by Dembo, Cover and Thomas [30]
that the inequality (2.8) holds true in this particular case. In [35], it was shown that this
conjecture (for convex sets) holds true in dimension 2 but is false in dimension n ≥ 3.
In particular, it was proved that, if n ≥ 3, there exists a convex body K such that the
inequality (2.8) cannot be true for all A,B ∈ {K + tBn

2 ; t ≥ 0}. It was also proved that
if B is a segment then there exists a convex body A for which (2.8) is false.

In another direction, one may also ask if (2.8) holds true for B being arbitrary
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Euclidean ball and for every compact set A. In this case, applying (2.8) to A replaced
by A+ sBn

2 and B = (t− s)Bn
2 , one would have, for every 0 ≤ s ≤ t,

|A+ tBn
2 |

|∂(A+ tBn
2 )|
≥ |A+ sBn

2 |
|∂(A+ sBn

2 )|
+ (t− s) |B

n
2 |

|∂Bn
2 |

=
|A+ sBn

2 |
|∂(A+ sBn

2 )|
+
t− s
n

,

with the notations given above, this would mean that

t 7→ VA(t)

(VA)′+(t)
− t

n

is non-decreasing on (0,+∞). This is equivalent to the 1
n
-concavity of VA, which is the

Costa-Cover conjecture.



Chapter 3

A functional version of the parallel
volume

In this chapter, I present the second part of my paper Concavity properties of extensions
of the parallel volume [64]. In this paper, I give a functional version of the conjecture of
Costa-Cover and I establish concavity properties of this new functional.

3.1 Functional version

We have seen in Chapter 1 that geometric inequalities can be extended into functional
forms. The most famous extension of this type in the Brunn-Minkowski theory is cer-
tainly the Prékopa-Leindler inequality (1.8). Functional versions provide new proofs of
geometric inequalities and provide new applications. Another examples of such exten-
sions is a functional version of the Blaschke-Santalò inequality and the Mahler conjecture
(see e.g. [4], [3], [39], [40], [59]).

To do so, we consider in this chapter a functional version of parallel sets of A ⊂ Rn

and then we study concavity properties of a certain functional associated to it. More
precisely, let f : Rn → R+ be a measurable non-negative function and g : Rn → R+ be
a log-concave function, we define the function h(0)t , t ∈ R+, by

h
(0)
t (z) = sup

z=x+ty
f(x)g(y)t, z ∈ Rn,

and in the following, we study concavity properties of the function t 7→
∫
Rn h

(0)
t (z) dz on

R+.

71
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The classical parallel set of A is a particular case by taking f = 1A and g = 1Bn2 .
Indeed, one then has

1A(x)1Bn2 (y) =

{
1 if x ∈ A and y ∈ Bn

2

0 otherwise
,

hence for every z ∈ Rn and for every t ∈ R+, h
(0)
t (z) = 1A+tBn2 (z).

We also study concavity properties of the function t 7→
∫
Rn h

(γ)
t (z) dz on R+, where

h
(γ)
t (z) = sup

z=x+ty

f(x)>0; g(y)>0

(f(x)γ + tg(y)γ)
1
γ ,

and where γ ∈ R \ {0}, f : Rn → R+ is a measurable non-negative function and
g : Rn → R+ is a γ-concave function.

In chapter 2, we have seen that the classical parallel volume of convex sets is 1
n
-concave

on R+. Since γ-concave functions are the analogue of convex sets, it is natural to expect a
concavity property of a functional version of the parallel volume for γ-concave functions.

Proposition 3.1.1. Let γ ≥ − 1
n
. Let f, g : Rn → R+ be two γ-concave functions. Then

the function t 7→
∫
Rn h

(γ)
t (z) dz is γ

1+γn
-concave on R+, where

h
(γ)
t (z) = sup

z=x+ty

f(x)>0; g(y)>0

(f(x)γ + tg(y)γ)
1
γ , h

(0)
t (z) = sup

z=x+ty
f(x)g(y)t.

Proof. We first treat the case γ 6= 0. For convenience, let us denote ht = h
(γ)
t . Let

λ ∈ [0, 1] and t1, t2 ∈ R+. We want to show that

∫
Rn
h(1−λ)t1+λt2(z) dz ≥

(
(1− λ)

(∫
Rn
ht1(z) dz

) γ
1+γn

+ λ

(∫
Rn
ht2(z) dz

) γ
1+γn

) 1+γn
γ

.

From the Borell-Brascamp-Lieb inequality, c.f. Theorem 1.4.1 (dimensional Prékopa’s
inequality), it is sufficient to show that

∀ z1, z2 ∈ Rn, h(1−λ)t1+λt2((1− λ)z1 + λz2) ≥ ((1− λ)ht1(z1)
γ + λht2(z2)

γ)
1
γ .

By assumptions, the functions f and g are γ-concave and thus are continuous. By
truncation, one can assume that f and g are compactly supported. Hence, the supremum
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in the definition of ht is a maximum. Let z1, z2 ∈ Rn and λ ∈ [0, 1]. We write for

i ∈ {1, 2},

hti(zi) = max
x∈Rn

(
f(x)γ + tig

(
zi − x
ti

)γ) 1
γ

.

Let x1, x2 ∈ Rn such that

∀i ∈ {1, 2}, hti(zi) =

(
f(xi)

γ + tig

(
zi − xi
ti

)γ) 1
γ

.

We denote

h = h(1−λ)t1+λt2((1− λ)z1 + λz2) and t = (1− λ)t1 + λt2.

We get

h = sup
x∈Rn

(
f(x)γ + tg

(
(1− λ)z1 + λz2 − x

t

)γ) 1
γ

≥
(
f((1− λ)x1 + λx2)

γ + tg

(
(1− λ)z1 + λz2 − ((1− λ)x1 + λx2)

t

)γ) 1
γ

=

(
f((1− λ)x1 + λx2)

γ + tg

(
(1− λ)t1

t

z1 − x1
t1

+
λt2
t

z2 − x2
t2

)γ) 1
γ

≥
(

(1− λ)f(x1)
γ + λf(x2)

γ + (1− λ)t1g

(
z1 − x1
t1

)γ
+ λt2g

(
z2 − x2
t2

)γ) 1
γ

= ((1− λ)ht1(z1)
γ + λht2(z2)

γ)
1
γ .

The case γ = 0 follows with the same argument, using the Prékopa-Leindler inequal-

ity (1.8).

A consequence of the Hölder inequality (1.14) (see Corollary 1.4.8) is that if f :

Rn → R+ is β-concave and g : Rn → R+ is γ-concave, then fg is α-concave for every

α, β, γ ∈ R ∪ {+∞} such that β + γ ≥ 0 and 1
β

+ 1
γ

= 1
α
. A generalized form of

Proposition 3.1.1 follows:

Proposition 3.1.2. Let γ ≥ − 1
n
. If a measure µ has a β-concave density, with β ≥ −γ,

and if f, g : Rn → R+ are two γ-concave functions, then t 7→
∫
Rn h

(γ)
t (z) dµ(z) is α

1+αn
-

concave on R+, where 1
β

+ 1
γ

= 1
α
.
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Proof. By assumption, f, g : Rn → R+ are γ-concave functions, with γ ≥ − 1
n
, and

dµ(z) = φ(z) dz, where φ : Rn → R+ is a β-concave function, with β such that β+γ ≥ 0.

Let t1, t2 ∈ R+ and z1, z2 ∈ Rn. We have seen in Proposition 3.1.1 that

h
(γ)
(1−λ)t1+λt2((1− λ)z1 + λz2) ≥

(
(1− λ)h

(γ)
t1 (z1)

γ + λh
(γ)
t2 (z2)

γ
) 1
γ
.

It follows from the Hölder inequality (1.14) (see Corollary 1.4.8) that

h
(γ)
(1−λ)t1+λt2((1−λ)z1+λz2)φ((1−λ)z1+λz2) ≥

(
(1− λ)(h

(γ)
t1 (z1)φ(z1))

α + λ(h
(γ)
t2 (z2)φ(z2))

α
) 1
α
,

where α is such that 1
α

= 1
β

+ 1
γ
. From the Borell-Brascamp-Lieb inequality, c.f. Theo-

rem 1.4.1, it follows that

∫
Rn
h
(γ)
(1−λ)t1+λt2(z)φ(z) dz ≥

(
(1− λ)

(∫
Rn
h
(γ)
t1 (z)φ(z) dz

)s
+ λ

(∫
Rn
h
(γ)
t2 (z)φ(z) dz

)s) 1
s

,

where s = α
1+αn

. We conclude that the function t 7→
∫
Rn h

(γ)
t (z) dµ(z) is α

1+αn
-concave

on R+.

Before starting the study of concavity properties of the function t 7→
∫
R h

(γ)
t (z) dz in

dimension 1, let us rely h(γ)t with the Hopf-Lax solution of the Hamilton-Jacobi equation.

Since by assumption g is γ-concave, hence for γ < 0 one has gγ = V , where V is a convex

function. It follows that

h
(γ)
t (z) = sup

x∈Rn

(
f(x)γ + tV

(
z − x
t

)) 1
γ

=
(
Q

(V )
t fγ(z)

) 1
γ
,

where for arbitrary convex function V and arbitrary function u,

Q
(V )
t u(z) = inf

x∈Rn

(
u(x) + tV

(
z − x
t

))
.

This expression can be extended to γ = 0 in the same way, by writing

h
(0)
t (z) = sup

x∈Rn
f(x)e−tV ( z−xt ) = e−Q

(V )
t (− log(f))(z).

The Hopf-Lax solution has a particular interest. For example, it can be used to show

that hypercontractivity of this solution is equivalent to get log-Sobolev inequalities (see
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e.g. [9], [44]). We pursue the study of this solution by asking for concavity properties in
time of the Hopf-Lax solution of the Hamilton-Jacobi equation.

In the sequel, we assume that

lim
|z|→+∞

V (z)

|z|
= +∞.

For Lipschitz continuous function u, it is known (see e.g. [31]) that Q(V )
t u is the solution,

called Hopf-Lax solution, of the following partial differential equation, called Hamilton-
Jacobi equation: {

∂
∂t
h(t, z) + V ∗(∇h(t, z)) = 0 on (0,+∞)× Rn

h(t, z) = u(z) on {t = 0} × Rn
,

where V ∗ is the Legendre transform of V defined on Rn by

V ∗(y) = sup
x∈Rn

(< x, y > −V (x)).

It is shown in [31] that if u is Lipschitz continuous on Rn then Q
(V )
t u is Lipschitz

continuous on [0,+∞) × Rn. However, for arbitrary convex function V , t 7→ Q
(V )
t u is

not necessarily continuous on 0.
Let us show partial positive answers to concavity properties of the function t 7→∫

R h
(γ)
t (z) dz in dimension 1. In fact, in dimension 1, we can improve the concavity

expected:

Theorem 3.1.3. Let γ ∈ (−∞; 0]. Let f : R → R+ be such that fγ (to be interpreted
by − log(f) when γ = 0) is a bounded Lipschitz continuous function. Let us define for
every y ∈ R, V (y) = |y|p

p
with p ≥ 1, and for every z ∈ R,

h
(γ)
t (z) = sup

z=x+ty

f(x)>0; V (y)>0

(f(x)γ + tV (y))
1
γ , h

(0)
t (z) = sup

z=x+ty
f(x)e−tV (y).

If h(γ)t is twice continuously differentiable and if limz→±∞
∂
∂z
h
(γ)
t (z) = 0, then the function

t 7→
∫
R h

(γ)
t (z) dz is concave on R+.

Proof. We treat the case γ 6= 0, the case γ = 0 follows with the same argument. Let us
denote for t ∈ R+,

F (t) =

∫
R
h
(γ)
t (z) dz.
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For p = 1, the function F is constant. We then consider p > 1. We have seen above that

h
(γ)
t (z) =

(
Q

(V )
t fγ(z)

) 1
γ
.

For convenience, we set h(t, z) = Q
(V )
t fγ(z) and h′ = ∂

∂z
h. We get by a direct computa-

tion that
F ′(t) = −1

γ

∫
R
V ∗ (h′)h

1−γ
γ ,

F ′′(t) =
1

γ

∫
R
h′′ ((V ∗)′(h′))

2
h

1−γ
γ +

1− γ
γ2

∫
R
(V ∗(h′))2h

1−2γ
γ .

We assumed that V (u) = |u|p
p
. Hence V ∗(u) = |u|q

q
, with 1

p
+ 1

q
= 1. It follows that

F ′′(t) =
1

γ

∫
R
h′′(h′)2q−2h

1−γ
γ +

1− γ
γ2

∫
R

(h′)2q

q2
h

1−2γ
γ .

Integration by parts with h′′(h′)2q−3 and h′h
1−γ
γ gives

1

γ

∫
R
h′′(h′)2q−2h

1−γ
γ = − 1

2q − 2

(
1

γ

∫
R
h′′(h′)2q−2h

1−γ
γ +

1− γ
γ2

∫
R
(h′)2qh

1−2γ
γ

)
.

Then
2q − 1

γ

∫
R
h′′(h′)2q−2h

1−γ
γ = −1− γ

γ2

∫
R
(h′)2qh

1−2γ
γ .

Finally,

F ′′(t) = −1− γ
γ2

(q − 1)2

q2(2q − 1)

∫
R
(h′)2qh

1−2γ
γ ≤ 0.

We conclude that t 7→
∫
R h

(γ)
t (z) dz is concave on R+.
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3.2 Links with weighted Brascamp-Lieb-type inequal-

ities

In this section, we express the s-concavity, s ∈ R, of the function t 7→
∫
Rn h

(γ)
t (z) dz in

term of a weighted Brascamp-Lieb-type inequality.

Proposition 3.2.1. Let γ ∈ (− 1
n
; 0) and s ∈ R. Let f : Rn → R+ be such that fγ is a

bounded Lipschitz continuous function. Let V : Rn → R+ be a convex function such that

lim|z|→+∞ V (z)/|z| = +∞ and such that the Legendre transform V ∗ is differentiable. Let

us define for every z ∈ Rn,

h
(γ)
t (z) = sup

z=x+ty

f(x)>0; V (y)>0

(f(x)γ + tV (y))
1
γ .

If h(γ)t is twice continuously differentiable and if G ∈ L2(µ), where

dµ(z) =
(Q

(V )
t fγ(z))

1
γ∫

(Q
(V )
t fγ)

1
γ

dz and G =
V ∗(∇Q(V )

t fγ)

Q
(V )
t fγ

,

then the function t 7→
∫
Rn h

(γ)
t (z) dz is s-concave if and only if

V arµ (G) ≤ − γ

1− γ

∫
< (HessQ

(V )
t fγ)(∇V ∗)(∇Q(V )

t fγ), (∇V ∗)(∇Q(V )
t fγ) >

Q
(V )
t fγ

dµ

+
γ − s
1− γ

(∫
G dµ

)2

,

Proof. To prove the s-concavity of the function F : t 7→
∫
Rn h

(γ)
t (z) dz, it is a natural

idea to proceed by differentiation. We have seen previously that one may write

h
(γ)
t (z) =

(
Q

(V )
t fγ(z)

) 1
γ
.

For convenience, we set φ = fγ and Qt = Q
(V )
t . We get by a direct computation

∂

∂t
h
(γ)
t = −1

γ
V ∗(∇Qtφ)(Qtφ)

1−γ
γ ,
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∂2

∂t2
h
(γ)
t =

1

γ
< (HessQtφ)(∇V ∗)(∇Qtφ), (∇V ∗)(∇Qtφ) > (Qtφ)

1−γ
γ

+
1− γ
γ2

(V ∗(∇Qtφ))2(Qtφ)
1−2γ
γ .

Thus the function F is s-concave if and only if F (t)F ′′(t) ≤ (1− s)F ′(t)2 if and only if

V arµ (G) ≤ − γ

1− γ

∫
< (HessQtφ)(∇V ∗)(∇Qtφ), (∇V ∗)(∇Qtφ) >

Qtφ
dµ

+
γ − s
1− γ

(∫
G dµ

)2

,

where

dµ(z) =
(Qtφ(z))

1
γ∫

(Qtφ)
1
γ

dz and G =
V ∗(∇Qtφ)

Qtφ
.

Remark. For γ = 0 and V (u) = |u|2
2
, one may use the same argument to get that

t 7→
∫
Rn h

(0)
t (z) dz is s-concave if and only if

V arµ(|∇Qtφ|2) ≤ 4

∫
< (HessQtφ)∇Qtφ,∇Qtφ > dµ,

where φ = − log f and

dµ(z) =
e−Qtφ(z)∫

e−Qtφ
dz.

From Proposition 3.1.1, if f is γ-concave then the inequality of Proposition 3.2.1 is
true and we get the following weighted Brascamp-Lieb-type inequality by tending t to
0:

Corollary 3.2.2. Let γ ∈ (− 1
n
; 0). For every V, φ : Rn → R+ convex differentiable

functions such that lim|z|→+∞ V (z)/z = +∞ and such that G ∈ L2(µ), where dµ(z) =

φ
1
γ (z)∫
φ

1
γ

dz and G = V (∇φ)
φ

, we get

V arµ(G) ≤ − γ

1− γ

∫
< (Hessφ)−1∇Gφ,∇Gφ >

φ
dµ+

γ − s
1− γ

(∫
G dµ

)2

,

We reproved a result of Bobkov and Ledoux in [12] (for a smaller class of function G)
who used the same idea since Corollary 3.2.2 is derived from the Borell-Brascamp-Lieb
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inequality (dimensional Prékopa inequality) but using a more suitable function instead
of the Hopf-Lax solution we used. In fact, Bobkov and Ledoux already noticed in [10]
that one can deduce the classical Brascamp-Lieb inequality from the classical Prékopa
inequality (corresponding to the log-concave case). This idea has been explored by
Cordero-Erausquin and Klartag in [23] where they showed that in fact the converse
is true, i.e. we can derive the Prékopa inequality from the Brascamp-Lieb inequality.
More recently, Nguyen in [68] generalized the work of Cordero-Erausquin and Klartag in
the case of γ-concave measure (even for γ ≥ 0) and improved the Brascamp-Lieb-Type
inequality of Bobkov-Ledoux (inequality (3.2.2)).
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Chapter 4

Concavity properties of convex
measures

In this chapter, the first section is devoted to the first part of my paper Concavity prop-
erties of extensions of the parallel volume [64]. In this paper, I generalize the notion of
parallel volume by considering general convex measures instead of the Lebesgue measure
and I prove concavity properties for this new functional.

In the second part of this chapter, I present my paper On improvement of the con-
cavity of convex measures [65]. In this paper, I prove that a general subclass of convex
measures are 1

n
-concave in the terminology of Borell under additional assumptions on

the measure or on the sets, such as symmetries. This generalizes a result of Gardner
and Zvavitch [42].

4.1 The parallel µ-volume

In this section, we generalize the parallel volume in the more general context of s-
concave measures instead of the Lebesgue measure, by considering the function t 7→
µ(A+ tBn

2 ), where A is a compact subset of Rn. We will establish concavity property of
this generalized parallel volume, called parallel µ-volume in the following. More precisely,
given a s-concave measure µ, we will show in special cases that the function t 7→ µ(A+

tBn
2 ) is s-concave on R+, which generalizes works in Chapter 2 about the concavity of

the classical parallel volume.

Let a ∈ Rn. The Dirac measure δ{a} is +∞-concave and we notice that the function
t 7→ δ{a}(A + tBn

2 ) is constant on its support and thus is +∞-concave on R+. Since

81
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the function t 7→ µ(A + tBn
2 ) is non-decreasing, it follows that the parallel µ-volume is

−∞-concave on R+ for every non-negative measure.
Notice that for every s-concave µ, the parallel µ-volume of every convex set A is

s-concave on R+. Indeed, let µ be a s-concave measure and A be a compact convex
subset of Rn, then for every λ ∈ [0, 1] and every t1, t2 ∈ R+, we get

µ(A+ ((1− λ)t1 + λt2)B
n
2 ) = µ((1− λ)(A+ t1B

n
2 ) + λ(A+ t2B

n
2 ))

≥ ((1− λ)µ(A+ t1B
n
2 )s + λµ(A+ t2B

n
2 )s)

1
s .

Notice also that the s-concavity of the parallel µ-volume of a fixed compact set A,
with µ s-concave, gives a refinement since it then follows that

µ((1− λ)(A+ t1B
n
2 ) + λ(A+ t2B

n
2 )) ≥ µ(A+ ((1− λ)t1 + λt2)B

n
2 )

≥ ((1− λ)µ(A+ t1B
n
2 )s + λµ(A+ t2B

n
2 )s)

1
s .

In the sequel, µ will denote a s-concave measure which admits a density with respect
to the n-dimensional Lebesgue measure. For µ 6= 0, one has s ≤ 1

n
.

We first establish a preliminary lemma in dimension 1.

Lemma 4.1.1. Let s ≤ 1. Let A be a compact subset of R and µ be a s-concave measure
in R. Let us denote for t ∈ R+, V µ

A (t) = µ(A + tB1
2). Then (V µ

A )s (to be interpreted by
log(V µ

A ) if s = 0) admits left and right derivatives on R∗+. We denote ((V µ
A )s)′− (resp.

((V µ
A )s)′+) the left (resp. right) derivative of (V µ

A )s. If s ≥ 0, then

((V µ
A )s)′− ≥ ((V µ

A )s)′+

and if s < 0, then
((V µ

A )s)′− ≤ ((V µ
A )s)′+.

Proof. We denote ψ the density of µ. Notice that for every t0 > 0, the set A + t0B
1
2 is

a disjoint finite union of intervals. Then, setting A+ t0B
1
2 instead of A, we can assume

that A = ∪Ni=1[ai, bi], with a1 < b1 < · · · < aN < bN . If N = 1, we get for every t ∈ R+,

V µ
A (t) =

∫ b1+t

a1−t
ψ(x) dx.

Hence, V µ
A is differentiable on R+. It follows that ((V µ

A )s)′− = ((V µ
A )s)′+. If N ≥ 2,

we denote ti = bi+ai+1

2
, for i ∈ {1, . . . , N − 1}. We notice that V µ

A is differentiable on
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R+ \ {t1, . . . , tN−1} and for every t ∈ R+ \ {t1, . . . , tN−1}, we get

(V µ
A )′+(t) =

∑
a∈∂(A+tB1

2)

ψ(a)

(V µ
A )′−(t) =

∑
a∈∂(A+t int(B1

2))

ψ(a).

Notice that A+ tB1
2 = A+ t int(B1

2) thus ∂(A + tB1
2) ⊂ ∂(A + t int(B1

2)). Hence for
every i ∈ {1, . . . , N − 1}, we get

(V µ
A )′−(ti) ≥ (V µ

A )′+(ti).

For every t 6= ti and s 6= 0, one has

((V µ
A )s)′(t) = s(V µ

A )′(t)(V µ
A )s−1(t),

thus we conclude that if s > 0 then ((V µ
A )s)′− ≥ ((V µ

A )s)′+, and if s < 0 then ((V µ
A )s)′− ≤

((V µ
A )s)′+. For every t 6= ti and s = 0, one has

(log(V µ
A ))′(t) =

(V µ
A )′(t)

V µ
A (t)

,

thus (log(V µ
A ))′− ≥ (log(V µ

A ))′+.

Let us study the concavity of the parallel µ-volume first in dimension 1.

Theorem 4.1.2. Let s ≤ 1
2
. Let A be a compact subset of R and µ0 be a s-concave

measure in R. Then, the function t 7→ V µ0
A (t) = µ0(A+ tB1

2) is s-concave on R+.

Proof. Let s ≤ 1
2
. For s = −∞, we noticed above that the result holds true. We assume

−∞ < s ≤ 1
2
. We also assume s 6= 0, the case s = 0 follows by continuity. Let µ0 be a

s-concave measure on R and A be a compact subset of R. Notice that for every t > 0,
A + tB1

2 is a disjoint finite union of intervals. Thus, by setting A + tB1
2 for arbitrary

t > 0 instead of A, we can assume that A = ∪Ni=1[ai, bi], with ai < bi and N ∈ N∗. We
also assume N ≥ 2, otherwise A is convex and we immediately conclude. Notice that
for

t0 =
1

2
sup

i=1,...,N−1
|ai+1 − bi|,

then A + t0B
1
2 is convex and for every t < t0, the set A + tB1

2 is not convex. Thus,
t 7→ µ0(A+ tB1

2) is s-concave on [t0,+∞).
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Now, let us show that t 7→ µ0(A + tB1
2) is s-concave on (0; t0). We use a localiza-

tion theorem due to Kannan, Lovász and Simonovits [62], [57] in the more precise form
established by Fradelizi and Guédon [36], [37]. We denote K = A + t0B

1
2 , then K is a

convex body. We consider the restriction of µ0 over K, then it is a finite measure that we
can assume to be a probability measure without loss of generality. For convenience, we
always denote this measure µ0. We call P(K) the set of all probabilities whose support
is included in K. We have µ0 ∈ P(K).

Step 1: Reduction to extremal measures.
Let t1, t2 ∈ (0, t0) such that µ0(A+ t1B

1
2)µ0(A+ t2B

1
2) > 0. We want to show that

µ0

(
A+

t1 + t2
2

B1
2

)
≥
(
µ0(A+ t1B

1
2)s

2
+
µ0(A+ t2B

1
2)s

2

) 1
s

(4.1)

which is sufficient because of the continuity property of V µ0
A . We assume t1 < t2 without

loss of generality. Let 0 < ε < t2− t1. We will prove that V µ0
A is s-concave on [t1 + ε, t2]

which will imply inequality (4.1) by continuity. We set

αε =

(
1

2

(
µ0(A+ t2B

1
2)s

µ0(A+ (t1 + ε)B1
2)s

+ 1

)) 1
s

and
βε =

µ0(A+ t2B
1
2)

µ0(A+ (t1 + ε)B1
2)
.

Notice that βε ≥ 1. If βε = 1, then V µ0
A is constant on [t1 + ε, t2] and thus is s-concave.

We assume thereafter that βε > 1. We define f : K → R by

f = 1A+t2B1
2
− βε1int(A+(t1+ε)B1

2)

and we set
Pf =

{
µ ∈ P(K);µ s-concave such that

∫
f dµ ≥ 0

}
.

Notice that f is upper semi-continuous and that µ0 ∈ Pf . At last, we define Φε :

P(K)→ R by
Φε = αε1A+t1B1

2
− 1

int
(
A+

(t1+ε)+t2
2

B1
2

).
Notice that Φε is upper semi-continuous and convex. We shall prove that for every
µ ∈ Pf , Φε(µ) ≤ 0. It will then follow that φε(µ0) ≤ 0 and by tending ε to 0, we will
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get inequality (4.1). By the geometric localization theorem [36], we get

sup
µ∈Pf

Φε(µ) = Φε(ν)

where ν is either a Dirac measure at a point x such that f(x) ≥ 0, or either a proba-
bility measure which admits a s-affine density supported on a segment [a, b], such that∫
f dν = 0 and ∀x ∈ (a, b),

∫
[x,b]

f dν < 0.

Step 2: s-concavity for extremal measures
- We assume that ν = δx with x such that f(x) ≥ 0. The condition f(x) ≥ 0 says that

1A+t2B1
2
(x) ≥ βε1int(A+(t1+ε)B1

2)
(x).

Since βε > 1, it follows that x /∈ int(A+ (t1 + ε)B1
2) and thus x /∈ A+ t1B

1
2 . Hence,

Φε(δx) = −δx
(

int

(
A+

(t1 + ε) + t2
2

B1
2

))
≤ 0.

- We assume that ν admits a density ψ γ-affine with

γ =
s

1− s
,

supported in a segment [a, b], i.e. for every x in R, ψ(x) = (mx + p)
1
γ 1[a,b](x), with m

and p such that for every x ∈ [a, b], mx + p ≥ 0. Without loss of generality, we can
assume that m = 1. We also assume that ν satisfies

∫
f dν = 0 and

∫
[x,b]

f dν < 0 on
(a, b). We will show that

ν

(
A+

(t1 + ε) + t2
2

B1
2

)
≥
(
ν(A+ (t1 + ε)B1

2)s

2
+
ν(A+ t2B

1
2)s

2

) 1
s

.

It will follow that
Φε(ν) ≤ 0.

In fact, we will prove the s-concavity of t 7→ V ν
A (t) = ν(A + tB1

2) on [t1 + ε, t2] by
differentiation. The proof will be local on [t1 + ε, t2]. The condition

∫
[x,b]

f dν < 0 on
(a, b) says that for every x ∈ (a, b)

ν((A+ t2B
1
2) ∩ [x, b]) < βεν((A+ (t1 + ε)B1

2) ∩ [x, b]). (4.2)
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If b /∈ A+ (t1 + ε)B1
2 , then there exists x ∈ (a, b) such that (A+ (t1 + ε)B1

2)∩ [x, b] = ∅.
This contradicts (4.2). It follows that b ∈ A+ (t1 + ε)B1

2 . For convenience, we denote A
for A+ (t1 + ε)B1

2 . Notice that 1− γ ≥ 0 and 1 + γ ≥ 0.

Case 1: The case γ > 0.
Sub-case 1: The case a /∈ A.
Recall that b ∈ A. The set A is a disjoint finite union of intervals, then we can assume
that A = ∪N−1i=1 [ai, bi] ∪ [aN , b], with a < a1 < b1 < · · · < aN < b. We denote V ν

A (t) =

ν(A+ tB1
2). For t small enough, we get

V ν
A (t) =

N−1∑
i=1

∫ bi+t

ai−t
(x+ p)

1
γ dx+

∫ b

aN−t
(x+ p)

1
γ dx

(V ν
A )′(t) =

N−1∑
i=1

(
(bi + t+ p)

1
γ + (ai − t+ p)

1
γ

)
+ (aN − t+ p)

1
γ

(V ν
A )′′(t) =

1

γ

(
N−1∑
i=1

(
(bi + t+ p)

1−γ
γ − (ai − t+ p)

1−γ
γ

)
− (aN − t+ p)

1−γ
γ

)

=
1

γ

(
−(a1 − t+ p)

1−γ
γ +

N∑
i=2

(
(bi−1 + t+ p)

1−γ
γ − (ai − t+ p)

1−γ
γ

))
≤ 0.

Hence, V ν
A is concave, which is an improvement of the result expected.

Sub-case 2: The case a ∈ A.
We can assume that A = [a, b1] ∪ · · · ∪ [aN , b], with a < b1 < · · · < aN < b. For t small
enough, we get

V ν
A (t) =

∫ b1+t

a

(x+ p)
1
γ dx+

N−1∑
i=2

∫ bi+t

ai−t
(x+ p)

1
γ dx+

∫ b

aN−t
(x+ p)

1
γ dx

(V ν
A )′(t) = (b1 + t+ p)

1
γ + · · ·+ (aN − t+ p)

1
γ

(V ν
A )′′(t) =

1

γ

(
N∑
i=2

(
(bi−1 + t+ p)

1−γ
γ − (ai − t+ p)

1−γ
γ

))
≤ 0.

Hence, V ν
A is concave.
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Case 2: The case γ < 0.

In the following, we use the notations

ai(t) = (ai − t+ p)
1
γ , bi(t) = (bi + t+ p)

1
γ , b = (b+ p)

1
γ .

Notice that

0 ≤ b ≤ aN(t) ≤ · · · ≤ b1(t) ≤ a1(t).

Sub-case 1: The case a /∈ A.

For t small enough, we get

V ν
A (t) =

N−1∑
i=1

∫ bi+t

ai−t
(x+ p)

1
γ dx+

∫ b

aN−t
(x+ p)

1
γ dx

=
γ

γ + 1

(
N−1∑
i=1

(
bi(t)

γ+1 − ai(t)γ+1
)

+ bγ+1 − aN(t)γ+1

)

(V ν
A )′(t) =

N−1∑
i=1

(bi(t) + ai(t)) + aN(t)

(V ν
A )′′(t) =

1

γ

(
N−1∑
i=1

(
bi(t)

1−γ − ai(t)1−γ
)
− aN(t)1−γ

)
.

We have V ν
A s-concave if and only if V ν

A (t)(V ν
A )′′(t) ≤ (1− s)(V ν

A )′(t)2 if and only if(
N−1∑
i=1

(
bi(t)

γ+1 − ai(t)γ+1
)

+ bγ+1 − aN(t)γ+1

)

×

(
N−1∑
i=1

(
bi(t)

1−γ − ai(t)1−γ
)
− aN(t)1−γ

)

≤

(
N−1∑
i=1

(bi(t) + ai(t)) + aN(t)

)2

.

For convenience, we write bi for bi(t) and ai for ai(t). In fact, we prove a stronger

inequality:(
N−1∑
i=1

(
bγ+1
i − aγ+1

i

)
+ bγ+1 − aγ+1

N

)(
N−1∑
i=1

(
b1−γi − a1−γi

)
− a1−γN

)
≤

N−1∑
i=1

(
b2i + a2i

)
+ a2N .
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We prove this inequality by induction on N ≥ 2. For N = 2, we have to prove

(
bγ+1
1 − aγ+1

1 + bγ+1 − aγ+1
2

) (
b1−γ1 − a1−γ1 − a1−γ2

)
≤ b21 + a21 + a22. (4.3)

We get

(4.3) ⇐⇒ b1+γ1 (−a1−γ1 − a1−γ2 )− a1+γ1 (b1−γ1 − a1−γ2 )

+b(b1−γ1 − a1−γ1 − a1−γ2 )− a1+γ2 (b1−γ1 − a1−γ1 ) ≤ 0

⇐⇒ −a1−γ2 b1+γ1 − a1+γ1 (b1−γ1 − a1−γ2 ) + b(b1−γ1 − a1−γ1 − a1−γ2 )

−a1+γ2 b1−γ1 + a1−γ1 (a1+γ2 − b1+γ1 ) ≤ 0,

and each term is non-positive.

Let N ≥ 2. We assume that(
N−1∑
i=1

(
bγ+1
i − aγ+1

i

)
+ bγ+1 − aγ+1

N

)(
N−1∑
i=1

(
b1−γi − a1−γi

)
− a1−γN

)
≤

N−1∑
i=1

(
b2i + a2i

)
+ a2N .

and we want to show that(
N∑
i=1

(
bγ+1
i − aγ+1

i

)
+ bγ+1 − aγ+1

N+1

)(
N∑
i=1

(
b1−γi − a1−γi

)
− a1−γN+1

)
≤

N∑
i=1

(
b2i + a2i

)
+a2N+1.

Using the induction hypothesis, it is sufficient to show that(
N−1∑
i=1

(
bγ+1
i − aγ+1

i

)
+ bγ+1 − aγ+1

N

)(
b1−γN − a1−γN+1

)
+
(
b1+γN − a1+γN+1

)
×

(
N−1∑
i=1

(
b1−γi − a1−γi

)
− a1−γN + b1−γN − a1−γN+1

)
≤ b2N + a2N+1.

This is equivalent to(
N−1∑
i=1

(
bγ+1
i − aγ+1

i

)
+ bγ+1 − aγ+1

N

)(
b1−γN − a1−γN+1

)
+
(
b1+γN − a1+γN+1

)
×

(
N−1∑
i=1

(
b1−γi − a1−γi

)
− a1−γN

)
− b1+γN a1−γN+1 − a

1+γ
N+1b

1−γ
N ≤ 0,

and each term is non-positive.
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Sub-case 2: The case a ∈ A.
We have seen in case 1, sub-case 2, that for t small enough

(V ν
A )′′(t) =

1

γ

(
N∑
i=2

(
bi−1(t)

1−γ − ai(t)1−γ
))

.

This quantity is non-positive. Hence V ν
A is concave.

It follows that V ν
A is piecewise s-concave on [t1 + ε, t2]. From Lemma 4.1.1, we deduce

that V ν
A is s-concave on [t1 + ε, t2]. Hence,

Φε(ν) ≤ 0.

We conclude that V µ0
A is s-concave on (0, t0).

We have already seen the s-concavity of V µ0
A on [t0,+∞). Once again we use

Lemma 4.1.1 to conclude that V µ0
A is s-concave on R∗+. Finally, by the non-decreasing

property of V µ0
A , it follows that V µ0

A is s-concave on R+.

Remark. The result holds true if we replace the Euclidean ball by arbitrary symmetric
convex body of R. But it is not necessarily true for arbitrary convex body B. For
example, let 0 < s ≤ 1

2
, and consider B = [0, 1], A = [0, 1] ∪ [2, 3] and dµ(x) =

x
1
γ 1[0,3](x) dx, with γ = s

1−s . Then, µ is a s-concave measure. For t ∈ [0, 1
2
) we get

V µ
A (t) = µ(A+ tB) =

γ

γ + 1

(
(1 + t)

γ+1
γ + 3

γ+1
γ − 2

γ+1
γ

)
.

Thus
V µ
A (0)(V µ

A )′′(0)− (1− s)(V µ
A )′(0)2 =

1

γ + 1

(
3
γ+1
γ − 2

γ+1
γ

)
> 0.

Hence V µ
A is not s-concave on R+. For s = 0, the same example works. For s < 0, one

can take B = [−1, 0], A = [0, 1] ∪ [2, 3] and dµ(x) = x
1
γ 1[a,3](x) dx, with γ = s

1−s and a
sufficiently small.

We can’t use the geometric localization theorem for s ∈ (1
2
, 1), see [36]. In fact,

for s ∈ (1
2
, 1), such concavity of the parallel µ-volume is false but under particular

conditions, we can show an improvement of the concavity expected. First, let us give a
counterexample in dimension 1 for s ∈ (1

2
, 1).
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Proposition 4.1.3. Let s ∈ (1
2
, 1), thus γ = s

1−s > 1. Let b = 10(1 − 2
1−γ
γ )−1 and

µ be a measure such that dµ(x) = x
1
γ 1[0,b](x)dx. We set A = [0, 1] ∪ [2, b]. Then,

t 7→ V µ
A (t) = µ(A+ tB1

2) is not s-concave on R+.

Proof. For every t ∈ [0, 1
2
),

V µ
A (t) =

γ

γ + 1

(
(1 + t)

1+γ
γ + b

1+γ
γ − (2− t)

1+γ
γ

)
,

(V µ
A )′(t) = (1 + t)

1
γ + (2− t)

1
γ ,

(V µ
A )′′(t) =

1

γ

(
(1 + t)

1−γ
γ − (2− t)

1−γ
γ

)
.

Hence,

V µ
A (0)(V µ

A )′′(0)− (1− s)(V µ
A )′(0)2 =

1

γ + 1

(
b

1+γ
γ (1− 2

1−γ
γ )− 2

1−γ
γ − 2

1+2γ
γ

)
.

But γ > 1, thus 1− 2
1−γ
γ > 0 and since

b >

(
2

1+2γ
γ + 2

1−γ
γ

1− 2
1−γ
γ

) γ
γ+1

it follows that
V µ
A (0)(V µ

A )′′(0)− (1− s)(V µ
A )′(0)2 > 0.

We conclude that V µ
A is not s-concave on R+.

We denote by supp(µ) the support of µ and by dist(A, supp(µ)c) the distance between
A and the complement of the support of µ which equal to +∞ if the support of µ is R.

Proposition 4.1.4. Let s ≥ 1
2
. Let µ be a s-concave measure in R and A be a compact

subset of R such that dist(A, supp(µ)c) > 0. Then t 7→ V µ
A (t) = µ(A+ tB1

2) is concave
on [0, dist(A, supp(µ)c)].

Proof. First, we assume that s = 1
2
. Hence µ admits a 1-concave density ψ. Then, for

t ∈ [0, dist(A, supp(µ)c)) we get

V µ
A (t) =

N∑
i=1

∫ bi+t

ai−t
ψ(x) dx,

(V µ
A )′(t) =

N∑
i=1

(ψ(bi + t) + ψ(ai − t)) .
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Since ψ is concave, it follows that for every i ∈ {1, . . . , N}, the function t 7→ ψ(bi +

t) + ψ(ai − t) is non-increasing. Thus (V µ
A )′ is non-increasing. We conclude that V µ

A is
concave on [0, dist(A, supp(µ)c)].

Finally, if µ is s-concave with s ≥ 1
2
, then µ is 1

2
-concave and we conclude from the

first part of the proof that V µ
A is concave on [0, dist(A, supp(µ)c)].

We finish the study in dimension 1 with the 1-concave measures. We assume that µ
is 1-concave. Hence,

∀x ∈ R, dµ(x) = C1[a,b](x)dx

with C > 0 is a constant and [a, b] an interval of R, with a < b. Then it follows by a
direct computation that t 7→ µ(A+ tB1

2) is 1-concave on R+.

In dimension n ≥ 2, we have seen in Proposition 2.3.3 that the Costa-Cover conjec-
ture 2.1.1 is false, and thus even for the classical parallel volume, one can’t expect such
concavity in general.

This could appear surprising since we get positive results in dimension 1 with the
geometric localization theorem. In general, this localization technique permits to reduce
an inequality for general convex measures in n dimension to measures whose support is
a segment and density is a power of an affine function (see e.g. [45], [34]). Let us explain
why we can’t exit from dimension 1 here. The reduction done in dimension 1 with lo-
calization works the same way in dimension n and we get the following equivalence for
every compact set A of Rn:
i) V µ

A is s-concave for every µ s-concave.
ii) V ν

A is s-concave for every ν s-affine on a segment [a, b].
However, ii) is not true in dimension n ≥ 2 since we can construct an explicit counterex-
ample to show that in fact the function t 7→ |(A + tBn

2 ) ∩ [a, b]|1 is not continuous and
hence not s-concave. For example, consider A = {(0, 0)} ∪ {(3, 0)} ∪ {(x, 1);x ∈ [1, 2]}
and [a, b] = {(x, 0);x ∈ [0, 3]}.

For the classical parallel volume, we have seen in Theorem 2.3.2 that in dimension 2
the function t 7→ |A+tB2

2 | is 1
2
-concave on R+, if A is a connected subset of R2. However,

the next proposition shows that this is false in the general case of s-concave measures.

Proposition 4.1.5. In dimension 2, there exists a connected set A and a 1
2
-concave

measure µ such that t 7→ µ(A+ tB2
2) is not 1

2
-concave on R+.
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Figure 4.1: Counterexample

Proof. We set dµ(x) = 1B2
1
(x)dx, where B2

1 denotes the unit ball for the `21 norm. Hence,
µ is 1

2
-concave. We construct the points B = (−1, 0), C = (−0.5,−0.5), D = (0.5, 0.5),

E = (0, 1), F = (−2, 0), G = (0,−2), H = (0,−1), I = (2, 0), J = (1, 0). We set (see
Figure (4.1) above)

A = conv(BCDE) ∪ [FB] ∪ [FG] ∪ [GH] ∪ [GI] ∪ [IJ ].

Then A is connected and for every t ∈ [0, 1
8
], we get

V µ
A (t) = µ(A+ tB2

2) =

√
2

2
+
√

2t+
π

2
t2.

It follows that (√
V µ
A

)′′
(0) > 0.

We conclude that t 7→ µ(A+ tB2
2) is not 1

2
-concave on R+.

Remark. Notice that we can adapt the counterexample of Proposition 4.1.5 to show
that there exists, in dimension n ≥ 2, a s-concave measure µ such that for every r ∈
(−∞; s) there exists a compact connected subset A of Rn such that t 7→ µ(A + tBn

2 ) is
not r-concave on R+.
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4.2 On improvement of the concavity of convex mea-

sures

Recently, Gardner and Zvavitch [42] proved that the Gaussian measure γn in Rn satisfies
a Brunn-Minkowski type inequality for particular sets. Namely they showed that for
coordinate boxes A and B, i.e. a product of intervals, containing the origin in Rn, or for
A,B which are dilates of the same symmetric convex set, and for every λ ∈ [0, 1], one
has

γn((1− λ)A+ λB)
1
n ≥ (1− λ)γn(A)

1
n + λγn(B)

1
n , (4.4)

and they conjectured that inequality (4.4) holds for every A,B ⊂ Rn convex symmetric.
As a consequence of the Prékopa-Leindler inequality (1.8) [70], [60], [71], the Gaussian
measure satisfies for every compact sets A,B ⊂ Rn and for every λ ∈ [0, 1],

γn((1− λ)A+ λB) ≥ γn(A)1−λγn(B)λ. (4.5)

Using the terminology of Borell [16] (see Chapter 1 for further details), this inequality
means that the Gaussian measure is a log-concave measure. By inequality on means,
inequality (4.4) is stronger than inequality (4.5), hence the results of Gardner and Zvav-
itch improves the concavity of the Gaussian measure by showing that this measure is
1
n
-concave if restricted to the particular class of sets described in inequality (4.4).

We will see that these results of Gardner and Zvavitch can be extended to the more
general class of convex measures. This is the mathematical underlying idea of the Gaus-
sian Brunn-Minkowski inequality (4.4), i.e. under symmetry assumptions, one can im-
prove a certain property, here the concavity of a measure. However, we will see that
symmetries are not the only hypothesis that permits to improve the concavity of a
measure.

This section is devoted to study the following question:

Question 1. For which s ∈ [−∞,+∞], for which classM of Borel measures and for
which class C of couples of Borel subsets of Rn one has for every µ ∈ M, for every
(A,B) ∈ C such that µ(A)µ(B) > 0 and for every λ ∈ [0, 1],

µ((1− λ)A+ λB) ≥ ((1− λ)µ(A)s + λµ(B)s)
1
s ? (4.6)
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The right-hand side of inequality (4.6) has to be interpreted by µ(A)1−λµ(B)λ for s = 0,
by min(µ(A), µ(B)) for s = −∞ and by max(µ(A), µ(B)) for s = +∞.

Borell [16] (see also [19]) proved that Question 1. has a positive answer if M is the
class of s-concave measures in Rn and if C is the class of couples of Borel subsets of Rn

(see Chapter 1).

If restricted to the Lebesgue measure, Question 1. has been explored for s = 1, by
Bonnesen [14], and is still studied (see e.g. [50]).

In the following, we study Question 1.

Preliminaries

A subset A of Rn is said to be symmetric if A = −A. A function f : Rn → R is said to be
unconditional if there exists a basis (a1, . . . , an) of Rn such that for every x =

∑n
i=1 xiai ∈

Rn and for every ε = (ε1, . . . , εn) ∈ {−1, 1}n, one has f(
∑n

i=1 εixiai) = f(x). A subset
A of Rn is said to be unconditional if the indicator function of A, denoted by 1A, is
unconditional. A measure with density is said to be symmetric (resp. unconditional) if
its density is even (resp. unconditional).

A natural generalization of convex measures are measures with −∞-concave density.
From the results of Borell (Theorem 1.7.1), a measure with γ-concave density where
γ < − 1

n
, does not satisfied a concavity property of the form (1.23) (but satisfies another

form of concavity [27]). However, we will show that if restricted to special sets, such
measures are 1

n
-concave.

We call sub-convex measure a measure with −∞-concave density. Notice that convex
measures are sub-convex.

Brunn-Minkowski type inequality for sub-convex measures

In this section, we partially answer to Question 1. by investigating possible improvements
of the concavity of sub-convex measures. Gardner and Zvavitch [42] noticed in the case
of the Gaussian measure, that the position of the sets A and B plays an important role.
Indeed, since for s-concave probability measures µ, with s ≤ 0, the density tends to 0

at infinity and the support of the density can be equal to Rn, one can find sets A and
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B such that A contain the origin and A+B
2

is far from the origin. Thus for r > 0, the
inequality

µ

(
A+B

2

)r
≥ µ(A)r + µ(B)r

2

will not be satisfied. Hence, the position of the sets A and B is an inherent constraint
of the problem. Notice also that in the definition of s-concave measures, the condition
µ(A)µ(B) > 0 is already a constraint on the position of A and B with respect to the
support of µ.

Notice that Question 1. has a positive answer for s = +∞ ifM is the class of convex
measures and if C is the class of couples of Borel sets with same measure. Indeed, one
then has for every λ ∈ [0, 1]

µ((1− λ)A+ λB) ≥ inf(µ(A), µ(B)),

by definition. Since µ(A) = µ(B), it follows that

µ((1− λ)A+ λB) ≥ µ(A) = max(µ(A), µ(A)) = max(µ(A), µ(B)).

Notice also that for every measure µ and for every Borel sets A,B ⊂ Rn such that
A ⊂ B, one has for every λ ∈ [0, 1],

µ((1− λ)A+ λB) ≥ min(µ(A), µ(B)),

since in this case one has, (1− λ)A+ λB ⊃ (1− λ)A+ λA ⊃ A.

The case of symmetric measures and symmetric sets

Under symmetry assumptions, the best concavity one can obtain is 1
n
by considering

for example the Lebesgue measure, which fulfils a lot of symmetries (unconditional),
and two dilates of Bn

2 (which are unconditional). This was noticed by Gardner and
Zvavitch [42] also for the Gaussian measure.

A sufficient condition to ensure that a measure µ in Rn is 1
n
-concave in the class of

dilates of a fixed Borel set A ⊂ Rn is that the function t 7→ µ(tA) is 1
n
-concave. The

following proposition gives a sufficient condition for this.

Proposition 4.2.1. Let φ : Rn → R+ be a measurable function such that for every
x ∈ Rn, the function t 7→ φ(tx) is non-increasing on R+. Let µ be a measure with
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density φ and A be a Borel subset of Rn containing 0. If the function t 7→ µ(etA) is
log-concave on R, then the function t 7→ µ(tA) is 1

n
-concave on R+.

Proof. Let µ be a measure with density φ satisfying the assumptions of Proposition 4.2.1
and let A be a Borel subset of Rn containing 0. Let us denote F (t) = µ(tA), for t ∈ R+.
Notice that F is non-decreasing and continuous on R+. By assumption, the function
t 7→ F (et) is log-concave on R. It follows that the right derivative of F , denoted by F ′+,
exists everywhere and that t 7→ tF ′+(t)/F (t) is non-increasing on (0,+∞).

Notice that the function F is 1
n
-concave on R+ if and only if the function

t 7→
tF ′+(t)

F (t)

F (t)
1
n

t

is non-increasing on R+. A direct change of variables shows that

F (t)

tn
=

∫
A

φ(tx) dx.

By assumption, the function t 7→ φ(tx) is non-increasing on R+. It follows that the
function t 7→ F (t)

1
n/t is non-increasing on (0,+∞). Hence, the function t 7→ (F (t)

1
n )′+

is non-increasing on (0,+∞) as the product of two non-negative non-decreasing functions
on (0,+∞). We conclude that F is 1

n
-concave on R+.

Remarks.

1. Proposition 4.2.1 is established in [42] for the Gaussian measure by differentiating
twice.

2. The assumption t 7→ φ(tx) is non-increasing on R+ is satisfied if φ is an even
−∞-concave function.

Proposition 4.2.1 is related to the (B)-conjecture. This conjecture was posed by W.
Banaszczyk [58] and asks whether the function t 7→ γn(etA) is log-concave on R, for every
convex symmetric set A ⊂ Rn. The (B)-conjecture was proved by Cordero-Erausquin,
Fradelizi and Maurey in [22]. In the same paper [22], the authors have also showed
that for every unconditional log-concave measure µ and for every unconditional convex
subset A ⊂ Rn, the function t 7→ µ(etA) is log-concave on R. Using this and the point 2.
of the previous remark, we may apply Proposition 4.2.1 to get the following corollary:
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Corollary 4.2.2. Let µ be an unconditional log-concave measure and let A be an un-

conditional convex subset of Rn. Then, the measure µ is 1
n
-concave in the class of dilates

of A. More precisely, for every A1, A2 ∈ {αA;α > 0} and for every λ ∈ [0, 1], we get

µ((1− λ)A1 + λA2)
1
n ≥ (1− λ)µ(A1)

1
n + λµ(A2)

1
n .

Remark. Very recently, Livne Bar-on [61] and Saroglou [74] proved, using different

methods, that in dimension 2 for the uniform measure µK on a symmetric convex set

K ⊂ R2, the function t 7→ µK(etA) is log-concave on R for every symmetric convex set

A ⊂ R2. However, for our problem, this information is not useful since the uniform

measure on a convex subset of Rn is a 1
n
-concave measure.

A natural question is to ask if the role of the symmetry can be relaxed. Initially,

Question 1. was posed for the Gaussian measure [42]. Even restricted to this measure, it

has been shown by Nayar and Tkocz in [67], that for the Gaussian measure in dimension 2

there exists non-symmetric convex sets A and B in R2 satisfying 0 ∈ A ⊂ B and such

that

γ2

(
A+B

2

) 1
2

<
γ2(A)

1
2 + γ2(B)

1
2

2
. (4.7)

It is then direct to construct explicit counter-example in every dimension n ≥ 2. More-

over, the counterexample in [67] shows more than inequality (4.7). It shows that

γ2

(
A+B

2

)s
<
γ2(A)s + γ2(B)s

2
, (4.8)

for every s ≥ 1 − 2
π
. However, it could be interesting to know what happens for s ∈

(0, 1− 2
π
).

Notice that the same counterexample with the following log-concave unconditional

measure instead of the Gaussian measure

dµ(x, y) = e−|x|e−|y| dx dy, (x, y) ∈ R2

satisfies inequality (4.8) for every s > 0.

Thus, in general, the symmetry assumption on the measure is not sufficient.
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On the other hand, the concavity of a non-symmetric convex measure cannot be
improved in general in the class of symmetric sets even in dimension 1:

Proposition 4.2.3. Let 0 < s < 1 and r > s. There exists a s-concave measure µ in R
and symmetric sets A,B ⊂ R such that

µ

(
A+B

2

)
<

(
µ(A)r + µ(B)r

2

) 1
r

.

Proof. Let us define dµ(x) = x1/γ1R+(x) dx, with γ = s
1−s > 0. Let us consider the sets

A = [−a, a] and B = [−b, b] with 0 < a < b. Notice that

lim
a→0

µ

(
A+B

2

)
= µ

(
B

2

)
=
µ(B)

2
1
s

= lim
a→0

(
µ(A)s + µ(B)s

2

) 1
s

.

Since µ(A) 6= µ(B), it follows from inequalities on means that

(
µ(A)s + µ(B)s

2

) 1
s

<

(
µ(A)r + µ(B)r

2

) 1
r

.

we conclude that for a sufficiently small,

µ

(
A+B

2

)
<

(
µ(A)r + µ(B)r

2

) 1
r

.

Thus, in general, the symmetry assumption on the sets is not sufficient.

The case of sets with a maximal section of equal measure

In this section, we consider C to be the class of couples of Borel subsets of Rn having in
a direction, a maximal section of equal measure. A famous result of Bonnesen [14] (for
convex sets) states that if A,B ⊂ Rn satisfy

sup
t∈R
|A ∩ (u⊥ + tu)|n−1 = sup

t∈R
|B ∩ (u⊥ + tu)|n−1,

where | · |n−1 denotes the (n−1)-dimensional Lebesgue measure, then for every λ ∈ [0, 1],
one has

|(1− λ)A+ λB| ≥ (1− λ)|A|+ λ|B|.
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This result of Bonnesen can be extended to more general measures than the Lebesgue
measure as a direct consequence of a functional version established by Henstock and
Macbeath in dimension 1 (see Proposition 4.2.4 below) and later on by Dancs and Uhrin
in higher dimension (see Proposition 4.2.8 below).

Proposition 4.2.4 (Henstock, Macbeath [49]). Let λ ∈ [0, 1]. Let f, g, h : R → R+ be
non-negative measurable functions such that max(f) = max(g) and such that for every
x, y ∈ R

h((1− λ)x+ λy) ≥ min(f(x), g(y)).

Then, one has ∫
R
h(x) dx ≥ (1− λ)

∫
R
f(x) dx+ λ

∫
R
g(x) dx.

We deduce the following result:

Proposition 4.2.5. Let φ : R → R+ be a −∞-concave function such that max(φ) is
attained in a ∈ R. Let µ be a measure with density φ. Let A,B be Borel subsets of R
such that a ∈ A ∩B. Then, for every λ ∈ [0, 1], we have

µ((1− λ)A+ λB) ≥ (1− λ)µ(A) + λµ(B).

Proof. Let λ ∈ [0, 1]. We define, for every x ∈ R, h(x) = φ(x)1(1−λ)A+λB(x), f(x) =

φ(x)1A(x), g(x) = φ(x)1B(x). Notice that for every x, y ∈ R one has

h((1− λ)x+ λy) ≥ min(f(x), g(y)),

and max(f) = max(g) = φ(a). It follows from Proposition 4.2.4 that∫
R
h(x) dx ≥ (1− λ)

∫
R
f(x) dx+ λ

∫
R
g(x) dx.

In other words, we get

µ((1− λ)A+ λB) ≥ (1− λ)µ(A) + λµ(B).

Remark. Proposition 4.2.5 was established in [42] in the particular case where µ is the
Gaussian measure and where A,B ⊂ R are convex. In the same paper, the authors were
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able to remove the convexity assumption for only one set, by using long computations
and they did not know whether one can remove the convexity assumption on the second
set. Our method bypass the use of geometric tools and relies on the functional version
Proposition 4.2.4.

Conversely, if a measure µ in R, admitting a density φ with respect to the Lebesgue
measure, satisfies

µ((1− λ)A+ λB) ≥ (1− λ)µ(A) + λµ(B),

for every λ ∈ [0, 1] and for every symmetric convex sets A,B ⊂ R, then one has for
every λ ∈ [0, 1] and for every a, b ∈ R+,∫ (1−λ)a+λb

−((1−λ)a+λb)
φ(x) dx ≥ (1− λ)

∫ a

−a
φ(x) dx+ λ

∫ b

−b
φ(x) dx.

It follows that the function t 7→ φ(t) + φ(−t) is non-increasing on R+. Notice that this
condition is satisfied for more general functions than −∞-concave functions attaining
the maximum at 0.

However, one can see with the same argument that if one assume A,B ⊂ R convex
containing 0 (not necessarily symmetric), then it follows that the density φ is necessarily
non-decreasing on (−∞; 0] and non-increasing on [0; +∞). Notice that this is equivalent
to the fact that the density φ is −∞-concave and max(φ) is attained at 0.

By tensorization, Proposition 4.2.5 leads to the following corollary:

Corollary 4.2.6. Let µi, 1 ≤ i ≤ n, be measures with densities φi : R → R+ such that
φi are non-decreasing on (−∞; 0] and non-increasing on [0; +∞). Let µ be the product
measure of µ1, . . . , µn and let A,B ⊂ Rn be the product of n Borel subsets of R such that
0 ∈ A ∩B. Then, for every λ ∈ [0, 1], we have

µ((1− λ)A+ λB)
1
n ≥ (1− λ)µ(A)

1
n + λµ(B)

1
n .

Proof. We follow [42]. By assumption, A = Πn
i=1Ai and B = Πn

i=1Bi, where for every
i ∈ {1, . . . , n}, Ai and Bi are Borel subsets of R containing 0. Let λ ∈ [0, 1]. Notice that

(1− λ)A+ λB = Πn
i=1((1− λ)Ai + λBi).
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Using Proposition 4.2.5 and an inequality of Minkowski (see e.g. [47]), one deduces that

µ((1− λ)A+ λB)
1
n = (Πn

i=1 µi((1− λ)Ai + λBi))
1
n

≥ (Πn
i=1 ((1− λ)µi(Ai) + λµi(Bi)))

1
n

≥ (Πn
i=1(1− λ)µi(Ai))

1
n + (Πn

i=1λµi(Bi))
1
n

= (1− λ)µ(A)
1
n + λµ(B)

1
n .

Another consequence of Proposition 4.2.5 is that some particular product measures
are concave measures if one set is a union of slabs containing the origin.

Corollary 4.2.7. Let µ1 be a measure with density φ : R → R+, such that φ is non-
decreasing on (−∞; 0] and non-increasing on [0; +∞). Let µ2 be a (n− 1)-dimensional
measure and let µ be the product measure of µ1 and µ2. Let A = A1 × Rn−1, where A1

is a Borel subset of R and let B be a Borel subset of Rn such that 0 ∈ A∩B. Then, for
every λ ∈ [0, 1], we have

µ((1− λ)A+ λB) ≥ (1− λ)µ(A) + λµ(B).

Corollary 4.2.7 was established in [42] in the particular case where µ is the Gaussian
measure and where one set is convex and with the weaker conclusion that the measure
is 1

n
-concave.

Proof. We follow [42]. Let us denote BS = Pe1(B) × Rn−1, where Pe1(B) denotes the
orthogonal projection of B on the first coordinate axis. Then, for every λ ∈ [0, 1), one
has

(1− λ)A+ λB = (1− λ)A+ λBS.

It follows, using Proposition 4.2.5, that

µ((1− λ)A+ λB) = µ((1− λ)A+ λBS)

= µ(((1− λ)A1 + λPe1(B))× Rn−1)

= µ1((1− λ)A1 + λPe1(B)) · µ2(Rn−1)

≥ ((1− λ)µ1(A1) + λµ1(Pe1(B))) · µ2(Rn−1)

= (1− λ)µ(A) + λµ(BS)

≥ (1− λ)µ(A) + λµ(B).
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On the other hand, Proposition 4.2.4 can be turned in dimension n. First, let us

define for a non-negative measurable function f : Rn → R+ and for u ∈ Sn−1,

mu(f) = sup
t∈R

∫
u⊥
f(x+ tu) dx.

Proposition 4.2.8 (Dancs, Uhrin [27]). Let − 1
n−1 ≤ γ ≤ +∞, λ ∈ [0, 1] and f, g, h :

Rn → R+ be non-negative measurable functions such that for every x, y ∈ Rn,

h((1− λ)x+ λy) ≥ ((1− λ)f(x)γ + λg(y)γ)
1
γ .

If there exists u ∈ Sn−1 such that mu(f) = mu(g) < +∞, then∫
Rn
h(x) dx ≥ (1− λ)

∫
Rn
f(x) dx+ λ

∫
Rn
g(x) dx.

We deduce the following result. First, let us denote for a measure µ with density φ,

for a Borel subset A ⊂ Rn and for a hyperplane H ⊂ Rn,

µn−1(A ∩H) =

∫
A∩H

φ(x) dx.

Proposition 4.2.9. Let µ be a measure with density φ : Rn → R+ such that φ is

− 1
n−1-concave. Let A,B be Borel subsets of Rn. If there exists u ∈ Sn−1 such that

sup
t∈R

µn−1(A ∩ (u⊥ + tu)) = sup
t∈R

µn−1(B ∩ (u⊥ + tu)),

then, for every λ ∈ [0, 1], we have

µ((1− λ)A+ λB) ≥ (1− λ)µ(A) + λµ(B).

Proof. Let λ ∈ [0, 1]. Let us take f = φ1A, g = φ1B and h = φ1(1−λ)A+λB. Then, for

every x, y ∈ Rn, one has

h((1− λ)x+ λy) ≥ ((1− λ)f(x)γ + λg(y)γ)
1
γ ,
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where γ = − 1
n−1 . Moreover,∫
u⊥
f(x+ tu) dx =

∫
A∩(u⊥+tu)

φ(x) dx = µn−1(A ∩ (u⊥ + tu)).

It follows that mu(f) = mu(g). From Proposition 4.2.8, we get that

µ((1− λ)A+ λB) ≥ (1− λ)µ(A) + λµ(B).

Application to the parallel volume

Let us see how improvements of the concavity of sub-convex measures can improve
the concavity of a generalized form of the parallel volume. The parallel volume of
a measurable subset A of Rn, namely the function t 7→ |A + tBn

2 |, is a particularly
interesting functional in geometry, which has been highlighted by the precursor works
of Steiner in [81]. Even nowadays, the parallel volume and its generalized forms are
still studied (see e.g. [52], [55]). Moreover, this notion of parallel volume leads to the
powerful theory of mixed volumes (see [77] for further details).

As a consequence of the Brunn-Minkowski inequality (1.7), one can see that if A ⊂ Rn

is convex, then the parallel volume of A is 1
n
-concave on R+. More generally, if a measure

µ is s-concave, with s ∈ [−∞; +∞], in the class of sets of the form {A + tB; t ∈ R+},
where A and B are convex subsets of Rn, then the generalized parallel volume t 7→
µ(A+ tB) is s-concave on R+. Indeed, for every t1, t2 ∈ R+ and for every λ ∈ [0, 1], one
gets

µ(A+ ((1− λ)t1 + λt2)B) = µ((1− λ)(A+ t1B) + λ(A+ t2B))

≥ ((1− λ)µ(A+ t1B)s + λµ(A+ t2B)s)
1
s .

Using this and Corollary 4.2.6, we get the following corollary:

Corollary 4.2.10. Let µi, 1 ≤ i ≤ n, be measures with densities φi : R→ R+ such that
φi are non-decreasing on (−∞; 0] and non-increasing on [0; +∞). Let µ be the product
measure of µ1, . . . , µn and let A,B ⊂ Rn be coordinate boxes containing the origin. Then
the function t 7→ µ(A+ tB) is 1

n
-concave on R+.
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In the case of non-convex sets, this property of concavity is no more true in general,
even for the classical parallel volume |A+ tBn

2 | as seen in Chapter 2.
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Dictionary

The Brunn-Minkowski theory

Definition 4.2.11 (γ-concave function). Let γ ∈ R and f : Rn → R+ be a non-negative
function. One says that f is γ-concave if for every λ ∈ [0, 1] and for every compact sets
x, y ∈ Rn such that f(x)f(y) > 0, one has

f((1− λ)x+ λy) ≥ ((1− λ)f(x)γ + λf(y)γ)
1
γ .

The limit cases are interpreted by continuity, i.e. the right-hand side of this inequality is
equal to f(x)1−λg(y)λ for s = 0, to min(f(x), g(y)) for s = −∞ and to max(f(x), g(y))

for s = +∞. Notice that a 1-concave function is concave on its support, that a −∞-
concave function has its level sets {x; f(x) ≥ t} convex, and that a +∞-concave function
is constant on its support.

Definition 4.2.12 (s-concave measure). Let s ∈ R and µ be a non-negative measure.
One says that µ is s-concave if for every λ ∈ [0, 1] and for every compact sets A,B ⊂ Rn

such that µ(A)µ(B) > 0, one has

µ((1− λ)A+ λB) ≥ ((1− λ)µ(A)s + λµ(B)s)
1
s .

The limit cases are interpreted by continuity, i.e. the right-hand side of this inequality
is equal to µ(A)1−λµ(B)λ for s = 0, which corresponds to log-concave measures, to
min(µ(A), µ(B)) for s = −∞ and to max(µ(A), µ(B)) for s = +∞.

Definition 4.2.13 (Cone). A set A is a cone if for every x ∈ A and every λ ≥ 0, then
λx ∈ A.

Definition 4.2.14 (Convex body). A set K is a convex body if K is a compact convex
set with non-empty interior.
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Definition 4.2.15 (Convex combination). A point x ∈ Rn is a convex combination of
x1, . . . , xk ∈ Rn if there exists non-negative real λ1, . . . , λk such that

∑k
i=1 λi = 1 and

x =
∑k

i=1 λixi.

Definition 4.2.16 (Convex hull). Let A be a subset of Rn. The convex hull of A is
the set of all convex combination of point of A. It is also the intersection of all convex
containing A. It is also the smallest convex set containing A.

Definition 4.2.17 (Convex set). A set C is convex if for every x, y ∈ C and for every
λ ∈ [0, 1], then (1− λ)x+ λy ∈ C.

Definition 4.2.18 (Dilation). Let A be a subset of Rn and λ ∈ R. The dilation of A by
λ is

λA = {λa; a ∈ A}.

Definition 4.2.19 (Halfspace). Let H be a hyperplane. The halfspaces determined by
H are the sets

H+ = {x ∈ Rn;<θ, x>≥ α} and H− = {x ∈ Rn ;< θ, x >≤ α}.

Definition 4.2.20 (Hyperplane). A hyperplane H of Rn is an affine subspace of dimen-
sion n− 1. It is the set

H = {x ∈ Rn ; < x, θ >= α}

for some θ ∈ Sn−1 and α ∈ R.

Definition 4.2.21 (Minkowski sum). Let A and B be two subsets of Rn. The Minkowski
sum of A and B is

A+B = {a+ b; a ∈ A, b ∈ B}.

Definition 4.2.22 (Norm). A function | · | : Rn → R+ is a norm if

1. For every x ∈ Rn, if |x| = 0, then x = 0.

2. For every x ∈ Rn and for every λ ≥ 0, one has |λx| = λ|x|.

3. For every x, y ∈ Rn, one has |x+ y| ≤ |x|+ |y|.

Definition 4.2.23 (Orthogonal of a set). Let A be a subset of Rn. The orthogonal of A
is the set

{x ∈ Rn ; ∀y ∈ A,< x, y >= 0}.



Definition 4.2.24 (Orthogonal projection on a set). Let A and K be two subsets of Rn.
The orthogonal projection of K on A is the set

{x ∈ A ; ∃u ∈ A⊥, x+ u ∈ K}.

Definition 4.2.25 (Parallel set). Let A be a subset of Rn. The parallel set of A at
distance t ≥ 0 is the set A+ tBn

2 .

Definition 4.2.26 (Parallel volume). Let A be a measurable subset of Rn. The parallel
volume of A is the volume of the parallel set of A, namely |A+ tBn

2 |, t ∈ R+.

Definition 4.2.27 (Parallel µ-volume). Let µ be a non-negative measure. Let A be a
subset of Rn. The parallel µ-volume of A is the measure, with respect to µ, of the parallel
set of A, namely µ(A+ tBn

2 ), t ∈ R+.

Definition 4.2.28 (Polytope). A polytope is the convex hull of a finite number of points.

Definition 4.2.29 (Polyhedron). A polyhedron is a finite intersection of halfspaces.

Definition 4.2.30 (Semi-norm). A function p : Rn → R+ is a semi-norm if

1. For every x ∈ Rn and for every λ ≥ 0, one has p(λx) = λp(x).

2. For every x, y ∈ Rn, one has p(x+ y) ≤ p(x) + p(y).

Definition 4.2.31 (Simplex). A simplex in Rn is the convex hull of (n+ 1) points not
all contained in a strict affine subspace of Rn.

Definition 4.2.32 (Support hyperplane). Let A be a subset of Rn. A hyperplane H is
a support hyperplane of C if there exists x ∈ C ∩H and such that C ⊂ H+ or C ⊂ H+.



The Information theory

Definition 4.2.33 (Entropy - Discrete case). Let X be a discrete random variable taking
values x1, . . . , xn with probabilities p1, . . . , pn respectively. The entropy of X is

H(X) = −
n∑
i=1

pi log(pi),

with the convention that 0 log(0) = 0.

Definition 4.2.34 (Entropy - Continuous case). Let X be a be random vector in Rn

with probability density function f . The entropy of X is

H(X) = −
∫
f log(f).

Definition 4.2.35 (Entropy power). Let X be a continuous random vector in Rn. The
entropy power of X is

N(X) =
1

2πe
e

2
n
H(X),

where H(X) is the entropy of X.

Definition 4.2.36 (Fisher information). Let X be a continuous random vector in Rn

with score function ρX . The Fisher information of X is

I(X) = EX [|ρX |2] =

∫
Rn

|∇f(x)|2

f(x)
dx.

Definition 4.2.37 (Relative entropy - Discrete case). Let X and Y be two random vari-
ables with probabilities of realization p1, . . . , pn and q1, . . . , qn respectively. The relative
entropy of X with respect to Y is

D(X||Y ) =
n∑
i=1

pi log

(
pi
qi

)
.

Definition 4.2.38 (Relative entropy - Continuous case). Let X and Y be two random
vectors with probability densities f and g respectively. The relative entropy of X with
respect to Y is

D(X||Y ) =

∫
f log

(
f

g

)
.



Definition 4.2.39 (p-th Rényi entropy). Let p ∈ (0, 1)∪(1,+∞). Let X be a continuous
random vector in Rn. The p-th Rényi entropy of X is

Hp(X) =
1

1− p
log

(∫
Rn
fp(x) dx

)
.

Definition 4.2.40 (Score function). Let X be a continuous random vector in Rn with
probability density f . The score function of X is

ρX(x) =
∇f(x)

f(x)
, x ∈ Rn.





Notations

N: Set of non-negative integers
R: Set of real numbers
R+: Set of non-negative real numbers
Rn: Set of n-tuples with value in R
{e1, . . . , en}: Canonical basis of Rn

< ·, · >: Scalar product
|x|: Euclidean norm of x ∈ Rn

Bn
2 : Euclidean closed unit ball
Sn−1: Euclidean closed unit sphere
d(x,A): Distance from the point x to the set A
∈: Belong to
⊂: Included in
A,B: Subsets of Rn

K,L: Convex bodies of Rn

A+B : Minkowski sum of A and B
λA: Dilates of A
|A|: Volume of A
VA: Parallel volume of A
1A: Indicator function of A
A⊥: Orthogonal of A
Aff(A): Affine space generated by A
∂A: Boundary of A
conv(A): Convex hull of A
diam(A): Diameter of A
card(A): Cardinal of A
int(A): Interior of A
A: closure of A

119



∠: Anglê : Arc
f, g, h: Functions
f ? g: Convolution of f and g
f ′+: Right derivative of f
f ′−: Left derivative of f
∂
∂x
: Partial derivative

∇f : Gradient of f
∆: Laplace operator
Hess(f): Hessian of f
Lp: Set of p-integrable functions
‖f‖p: Lp norm of f
supp(f): Support of f
lim fn: Limit of the sequence (fn)

det(M): Determinant of M
HessM : Hessian of M
X,Y : Random vectors in Rn

E[X]: Expectation of X
V ar(X): Variance of X
H(X): Entropy of X
N(X): entropy power of X
Hp(X): p-th Rényi entropy of X
I(X): Fisher information of X
ρX : Score function of X
D(X||Y ): Relative entropy of X with respect to Y
log: Logarithm function
e: Exponential function
µ: non-negative measure
Hn: n-dimensional Hausdorff measure
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